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de mes packages R !
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❧❛ rè❣❧❡ ❞✉ ▼❆P✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✶✶ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ à ❧✬❛✐❞❡ ❞❡s rés✉❧t❛ts ❞✉

♠♦❞è❧❡ M2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✶✷ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳

✭✷✵✶✵✮ ❡t ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ M1 ❡t ❧❡ ❍▼▼ M2 s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s
❍✸❑✾♠❡✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✺✳✶✸ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡s ♣❡t✐ts ❛①❡s ❞✉ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡
❡t ❞❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✺✳✶✹ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡s ❣r❛♥❞s ❛①❡s ❞❡s ❣r♦✉♣❡s ❜r✉✐t✱
✐❞❡♥t✐q✉❡ ❡t ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és ❛✈❡❝ ❧❡s ❛❥✉st❡♠❡♥ts ❞❡s ❞❡♥s✐tés
❡st✐♠é❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✺✳✶✺ ●r❛♣❤❡ ❍✸❑✾♠❡✷ ♦❜t❡♥✉ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ s♦✉s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té
❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡ ❡t ❛✈❡❝ s✐① ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✱
❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ♣❛r ❧❛ rè❣❧❡ ❞✉ ▼❆P✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✺✳✶✻ ❉✐✛ér❡♥❝❡ ❞❡ ❝❧❛ss❡♠❡♥t ❡♥tr❡ ❧❡s ♠♦❞è❧❡sM2 ❡t ✶✻✻✻✲σ2
1σ

2
2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✺✳✶✼ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ à ❧✬❛✐❞❡ ❞❡s rés✉❧t❛ts ❞✉
♠♦❞è❧❡ ✶✻✻✻✲σ2

1σ
2
2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✺✳✶✽ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ❍▼▼ ✐♥✐t✐❛❧ ❛✈❡❝ ✹✵ ❝♦♠♣♦s❛♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✺✳✶✾ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✺✳✷✵ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬❛❥✉st❡♠❡♥t ❞❡s ❞❡♥s✐tés ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
✺✳✷✶ ❊①❡♠♣❧❡ ❞✬✉♥ ❣è♥❡ ❞é❝❧❛ré s✉r✲❡①♣r✐♠é✱ ♦ù ❧❡s s♦♥❞❡s ✐♥tr♦♥✐q✉❡s ♦♥t t❡♥✲

❞❛♥❝❡ à êtr❡ ❧✐ssé❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❍▼▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✷✷ ❈♦♠♣❛r❛✐s♦♥ ❞❡s q✉❛tr❡ ♠♦❞è❧❡s s✉r ❞❡✉① ré❣✐♦♥s ♦ù ❧❡s ❣è♥❡s s♦♥t ❡①♣r✐♠és✳✶✶✺
✺✳✷✸ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ❋▲❆●❞❜✰✰✳ ✳ ✳ ✳ ✳ ✶✶✼
✺✳✷✹ ❊①❡♠♣❧❡ ❞❡ tr♦✐s ✐♥tr♦♥s ❞é❝❧❛rés s♦✉s✲❡①♣r✐♠és ❛✈❡❝ ✉♥❡ ♣r♦❜❛❜✐❧✐té ❛ ♣♦s✲

t❡r✐♦r✐ s✉♣ér✐❡✉r❡ à ✵✳✼✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✺✳✷✺ ❊①❡♠♣❧❡ ❞✬✉♥❡ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❣è♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❚❛❜❧❡ ❞❡s ✜❣✉r❡s ✈✐✐

✺✳✷✻ ❊①❡♠♣❧❡ ❞✬✉♥❡ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ré❣✐♦♥ ✐❞❡♥t✐q✉❡♠❡♥t ❡①♣r✐♠é❡
❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✈✐✐✐ ❚❛❜❧❡ ❞❡s ✜❣✉r❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▲✐st❡ ❞❡s t❛❜❧❡❛✉①

✸✳✶ ❚❛✉① ❞❡ ❜♦♥♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡t ❧❡✉r é❝❛rt✲t②♣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✸✳✷ P♦✉r❝❡♥t❛❣❡ ❞✬❡st✐♠❛t✐♦♥s ❝♦rr❡❝t❡s ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ♣♦✉r ❝❤❛q✉❡

❝♦♥❞✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✶ ❚❛❜❧❡❛✉ ❞❡s ❡st✐♠❛t❡✉rs ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ♣♦✉r ❧❡s ❞❡✉① ré♣❧✐❝❛ts
❜✐♦❧♦❣✐q✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✷ ❊st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞✉ ♠♦❞è❧❡ ❍▼▼
M2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✸ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠♦❞è❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳✶✵✽
✺✳✹ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠♦❞è❧❡s ❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡✱ ❡♥ ❢♦♥❝✲

t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
✺✳✺ ❚❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❡♥tr❡ ❧❡ ♠♦❞è❧❡ ❍▼▼ M2 ❡t ❧❡ ♠♦❞è❧❡ s♦✉s

❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té ❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡ ❡t ❛✈❡❝
s✐① ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✺✳✻ ❆❥✉st❡♠❡♥t ❞❡s q✉❛tr❡ ♠♦❞è❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✺✳✼ Pr♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s ❞❛♥s ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞✬❛♥♥♦t❛t✐♦♥✳✶✶✻
✺✳✽ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ✐♥t❡r❣é♥✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✾ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ✐♥tr♦♥✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✶✵ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ❡①♦♥✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼
✺✳✶✶ ❊①❡♠♣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✺✳✶✷ ❘és✉❧t❛ts ♦❜t❡♥✉s s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷ ❛✈❡❝ ✉♥❡ ❢♦rt❡ ♣r♦♣♦rt✐♦♥

❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹
✺✳✶✸ ❘és✉❧t❛ts ♦❜t❡♥✉s s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ✐ss✉ ❞❡ P❡♥t❡r♠❛♥ ❡t ❛❧✳ ✭✷✵✵✼✮

❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



① ▲✐st❡ ❞❡s t❛❜❧❡❛✉①

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❘és✉♠é

▲❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s s♦♥t ❞❡s ♣✉❝❡s à ❤❛✉t❡ ❞❡♥s✐té ♣❡r♠❡tt❛♥t ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s
❣é♥♦♠❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ❊❧❧❡s s♦♥t ✐♠♣❧✐q✉é❡s ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡t
❞❡ ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① tr❛♥s❝r✐ts ❣râ❝❡ ❛✉① ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡✱ ❛✐♥s✐ q✉❡
❞❛♥s ❧✬ét✉❞❡ ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❣râ❝❡ ❛✉① ❡①♣ér✐❡♥❝❡s
❞❡ ❈❤■P✲❝❤✐♣✳ ❉❛♥s ❧✬♦❜❥❡❝t✐❢ ❞✬❛♥❛❧②s❡r ❞❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡t ❞❡ tr❛♥s❝r✐♣t♦♠❡✱
♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❢♦♥❞é❡ s✉r ❧❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✱ ❡♥ ♣❛rt✐❝✉✲
❧✐❡r ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és✱ q✉✐ s♦♥t ❞❡s ♠ét❤♦❞❡s ✉s✉❡❧❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥✲
s✉♣❡r✈✐sé❡✳ ▲❡s ❝❛r❛❝tér✐st✐q✉❡s ❜✐♦❧♦❣✐q✉❡s ❞✉ s✐❣♥❛❧ ✐ss✉ ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s t❡❧❧❡s
q✉❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❡t ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡
s♦♥t ✐♥té❣ré❡s ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ♠♦❞è❧❡s s♦♥t ❛❞❛♣tés ❡♥ ❢♦♥❝t✐♦♥ ❞❡
❧❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❡t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st ♣r♦♣♦sé❡ ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞✬❡①♣ér✐❡♥❝❡s✳
◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞♦♥t
❧✬✉♥ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ré❢ér❡♥❝❡ ✭❈❤■P✲❝❤✐♣✮✱ ❛✐♥s✐ q✉✬✉♥ ♠♦✲
❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ ❧♦rsq✉❡ ❧❡s
❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❥♦✉❡♥t ❞❡s rô❧❡s s②♠étr✐q✉❡s ✭tr❛♥s❝r✐♣t♦♠❡✮✳ ❊♥✜♥✱ ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥
s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❛✉t♦r✐s❛♥t ❞❡s ❞✐str✐❜✉t✐♦♥s ♣❧✉s ✢❡①✐❜❧❡s ♣♦✉r ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st
❡♥✈✐s❛❣é❡✳ ❉❛♥s ✉♥ ♦❜❥❡❝t✐❢ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s
❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s ❡t ♣♦✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s✳
P✉✐s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉❛♥t
✉♥❡ ré❣✐♦♥ ❞✬✐♥térêt✱ t❡❧❧❡ q✉❡ ❧❡s ❣è♥❡s✳ ▲❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s s♦♥t ✐❧❧✉strés s✉r ❞❡s ❥❡✉①
❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡t ❞❡ tr❛♥s❝r✐♣t♦♠❡ ✐ss✉s ❞✬✉♥❡ ♣✉❝❡ ◆✐♠❜❧❡●❡♥ ❝♦✉✈r❛♥t
❧❡ ❣é♥♦♠❡ ❡♥t✐❡r ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷ ❘és✉♠é

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆❜str❛❝t

❚✐❧✐♥❣ ❛rr❛②s ♠❛❦❡ ♣♦ss✐❜❧❡ ❛ ❧❛r❣❡ s❝❛❧❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ❣❡♥♦♠❡ ✇✐t❤ ❤✐❣❤
r❡s♦❧✉t✐♦♥✳ ❇✐♦❧♦❣✐❝❛❧ q✉❡st✐♦♥s ✉s✉❛❧❧② ❛❞❞r❡ss❡❞ ❛r❡ ❡✐t❤❡r t❤❡ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♦r t❤❡
❞❡t❡❝t✐♦♥ ♦❢ tr❛♥s❝r✐❜❡❞ r❡❣✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✈✐❛ tr❛♥s❝r✐♣t♦♠✐❝ ❡①♣❡r✐✲
♠❡♥ts✱ ❛♥❞ ❛❧s♦ t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ t❤❛♥❦s t♦ ❈❤■P✲❝❤✐♣ ❡①♣❡r✐♠❡♥ts✳ ■♥
♦r❞❡r t♦ ❛♥❛❧②s❡ ❈❤■P✲❝❤✐♣ ❛♥❞ tr❛♥s❝r✐♣t♦♠✐❝ ❞❛t❛✱ ✇❡ ♣r♦♣♦s❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ♠♦❞❡❧s✱
❡s♣❡❝✐❛❧❧② ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s✱ ✇❤✐❝❤ ❛r❡ ♣❛rt ♦❢ ✉♥s✉♣❡r✈✐s❡❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♠❡t❤♦❞s✳
❚❤❡ ❜✐♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ t✐❧✐♥❣ ❛rr❛②s s✐❣♥❛❧✱ s✉❝❤ ❛s t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡
❜❡t✇❡❡♥ ♦❜s❡r✈❛t✐♦♥s ❛❧♦♥❣ t❤❡ ❣❡♥♦♠❡ ❛♥❞ str✉❝t✉r❛❧ ❛♥♥♦t❛t✐♦♥ ❛r❡ ✐♥t❡❣r❛t❡❞ ✐♥
t❤❡ ♠♦❞❡❧✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠♦❞❡❧s ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❜✐♦❧♦❣✐❝❛❧ q✉❡st✐♦♥ ❛t ❤❛♥❞ ❛♥❞
❛ ♠♦❞❡❧ ✐s ♣r♦♣♦s❡❞ ❢♦r ❡❛❝❤ t②♣❡ ♦❢ ❡①♣❡r✐♠❡♥t✳ ❲❡ ♣r♦♣♦s❡ ❛ ♠✐①t✉r❡ ♦❢ r❡❣r❡ss✐♦♥s
❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t✇♦ s❛♠♣❧❡s✱ ✇❤❡♥ ♦♥❡ s❛♠♣❧❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❢❡r❡♥❝❡
s❛♠♣❧❡ ✭❈❤■P✲❝❤✐♣✮✱ ❛♥❞ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●❛✉ss✐❛♥ ♠♦❞❡❧ ✇✐t❤ ❝♦♥str❛✐♥ts ♦♥ t❤❡
✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✇❤❡♥ t❤❡ t✇♦ s❛♠♣❧❡s ♣❧❛② s②♠♠❡tr✐❝❛❧ r♦❧❡s ✭tr❛♥s❝r✐♣t♦♠❡✮✳
❋✐♥❛❧❧②✱ ❛ s❡♠✐✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞✱ ❛❧❧♦✇✐♥❣ ♠♦r❡ ✢❡①✐❜❧❡ ❡♠✐ss✐♦♥
❞✐str✐❜✉t✐♦♥s✳ ❲✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❝❧❛ss✐✜❝❛t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ❢❛❧s❡✲♣♦s✐t✐✈❡ ❝♦♥tr♦❧
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ t✇♦✲❝❧✉st❡r ❝❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ ❢♦r ✐♥❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡♥✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❛ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥s ❢♦r♠✐♥❣ ❛ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st s✉❝❤ ❛s ❛
❣❡♥❡✳ ❚❤❡ ❞✐✛❡r❡♥t ♠♦❞❡❧s ❛r❡ ✐❧❧✉str❛t❡❞ ♦♥ r❡❛❧ ❈❤■P✲❝❤✐♣ ❛♥❞ tr❛♥s❝r✐♣t♦♠✐❝ ❞❛t❛s❡ts
❝♦♠✐♥❣ ❢r♦♠ ❛ ◆✐♠❜❧❡●❡♥ t✐❧✐♥❣ ❛rr❛② ❝♦✈❡r✐♥❣ t❤❡ ❡♥t✐r❡ ❣❡♥♦♠❡ ♦❢ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹ ❆❜str❛❝t

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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❉❡♣✉✐s ✉♥❡ q✉✐♥③❛✐♥❡ ❞✬❛♥♥é❡s✱ ❧✬ét✉❞❡ ❡①❤❛✉st✐✈❡ ❞❡ ❧✬❛❝t✐✈✐té ❞❡s ❣é♥♦♠❡s ❡st
❡♥✈✐s❛❣❡❛❜❧❡ ❣râ❝❡ à ❧✬é♠❡r❣❡♥❝❡ ❞❡s t❡❝❤♥♦❧♦❣✐❡s à ❤❛✉t ❞é❜✐t✳ ❈❡s t❡❝❤♥♦❧♦❣✐❡s s♦♥t
s❛♥s ❝❡ss❡ ♣❡r❢❡❝t✐♦♥♥é❡s ❡t ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ♣❡r♠❡t ✉♥❡ ❡①♣❧♦r❛t✐♦♥
❞✉ ❣é♥♦♠❡ ❡♥t✐❡r à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ▲❡s t✐❧✐♥❣ ❛rr❛②s s♦♥t ❞❡s ♣✉❝❡s à ❤❛✉t❡ ❞❡♥s✐té ❞♦♥t
❧❡s s♦♥❞❡s s♦♥t ré❣✉❧✐èr❡♠❡♥t ❡s♣❛❝é❡s✱ ❝♦✉✈r❛♥t ❧✬✐♥té❣r❛❧✐té ❞✉ ❣é♥♦♠❡ ❞✬✉♥ ♦r❣❛♥✐s♠❡
❡t ♥❡ ♥é❝❡ss✐t❛♥t ❛✉❝✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❜✐♦❧♦❣✐q✉❡ ❛ ♣r✐♦r✐✳ ▲❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s s♦♥t
✉t✐❧✐sé❡s ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ❡①♣ér✐❡♥❝❡s✱ ♣♦✉r ét✉❞✐❡r ❧❡s ❛❜❡rr❛t✐♦♥s ❝❤r♦♠♦s♦♠✐q✉❡s
✭❈●❍✮✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ✭tr❛♥s❝r✐♣t♦♠❡✮ ❡t ❧❡s ♠é❝❛♥✐s♠❡s ❞❡
❝♦♥trô❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ✭❈❤■P✲❝❤✐♣✮✳ ❊❧❧❡s s♦♥t ❞❡s ♦✉t✐❧s ❞✬✐♥✈❡st✐❣❛t✐♦♥ ❞❡
❝❤♦✐①✱ ❡t ♣❛rt✐❝✐♣❡♥t ❛✉ss✐ à ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ ♥♦✉✈❡❧❧❡s ✉♥✐tés tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡s✳
▲❛ ✜♥❛❧✐té ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡t ❞❡ tr❛♥s❝r✐♣t♦♠❡ ❡st ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s
♣❤é♥♦♠è♥❡s ❞❡ ré❣✉❧❛t✐♦♥ ❡t ❞✬❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡s ❡t ❞✬❛♠é❧✐♦r❡r ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡
❞❡ ❧✬♦r❣❛♥✐s♠❡ ét✉❞✐é✳

❈♦♠♣t❡ t❡♥✉ ❞❡ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥s ❣é♥éré❡s ❡t ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞❡s ♠❡s✉r❡s
✭❡♥✈✐r♦♥ ✶ ♠✐❧❧✐♦♥ ❞❡ s♦♥❞❡s ♣❛r ♣✉❝❡✮✱ ✉♥❡ ❛♥❛❧②s❡ ♠❛♥✉❡❧❧❡ ❞❡✈✐❡♥t très r❛♣✐❞❡♠❡♥t
❢❛st✐❞✐❡✉s❡ ❡t s♦✉r❝❡ ❞✬❡rr❡✉rs✳ ■❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s ♥♦♠❜r❡✉① ❜✐❛✐s
t❡❝❤♥✐q✉❡s ❡①✐st❛♥ts✱ ❛✐♥s✐ q✉❡ ❞❡ ❧❛ ✈❛r✐❛❜✐❧✐té ❜✐♦❧♦❣✐q✉❡ ✐♥❤ér❡♥t❡✳ ▲✬❡①♣❧♦✐t❛t✐♦♥ ❞❡s
❞♦♥♥é❡s ♥❡ ♣❡✉t s❡ ❢❛✐r❡ s❛♥s ❧✬❛✐❞❡ ❞❡ ♣r♦❝é❞✉r❡s ❛✉t♦♠❛t✐q✉❡s ❡✣❝❛❝❡s✳ ▲❡ r❡❝♦✉rs
❛✉① ♠♦②❡♥s ✐♥❢♦r♠❛t✐q✉❡s ♣♦✉r ❣ér❡r ❡t ❡①♣❧♦✐t❡r ❝❡tt❡ ♠✉❧t✐t✉❞❡ ❞❡ ❞♦♥♥é❡s ❡st ❞❡✈❡♥✉
✐♥❞✐s♣❡♥s❛❜❧❡ ❡t ❧❡s ♦✉t✐❧s ❜✐♦✐♥❢♦r♠❛t✐q✉❡s ❞❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts s♦♥t ❡ss❡♥t✐❡❧s
♣♦✉r ❢❛✐r❡ ❢❛❝❡ à ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ ♣r♦❜❧è♠❡✳ ▲❡s ♠ét❤♦❞❡s ♠❛t❤é♠❛t✐q✉❡s ❡t st❛t✐st✐q✉❡s
s♦♥t ❞❡✈❡♥✉❡s ✐♥❝♦♥t♦✉r♥❛❜❧❡s ♣♦✉r ❧✬❛♥❛❧②s❡ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❞♦♥♥é❡s✳

▲✬♦❜❥❡❝t✐❢ ❞❡ ♠❛ t❤ès❡ ❡st ❞❡ ♣r♦♣♦s❡r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣ré❝✐s❡ ❞❡s ✐♥t❡♥s✐tés
❞✬❤②❜r✐❞❛t✐♦♥ ❣é♥éré❡s ♣❛r ✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ♣♦✉r ❝❛r❛❝tér✐s❡r ❧❡s ❞✐✛ér❡♥❝❡s ❡①✐st❛♥t
❡♥tr❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❜✐♦❧♦❣✐q✉❡s✳ ❊♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥
s✉♣❡r✈✐sé❡✱ ❥✬❛✐ ❞é✈❡❧♦♣♣é ❞❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❞é❞✐és à ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s
❞❡ ❈❤■P✲❝❤✐♣ ❡t ❞❡ tr❛♥s❝r✐♣t♦♠❡✳ ■❧s ♣❡r♠❡tt❡♥t ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥
❜✐♦❧♦❣✐q✉❡ ❞✐s♣♦♥✐❜❧❡ ✿ ❧✬♦r❣❛♥✐s❛t✐♦♥ séq✉❡♥t✐❡❧❧❡ ❞❡s s♦♥❞❡s ✭❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡✮ ❡t
❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ❞✉ ❣é♥♦♠❡✳

▲❡s ❝❤❛♣✐tr❡s ✶ ❡t ✷ s♦♥t ❞❡s ❝❤❛♣✐tr❡s ✐♥tr♦❞✉❝t✐❢s✳

▲❡ ❝❤❛♣✐tr❡ ✶ ❡①♣♦s❡ ❧❡s ♥♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ✉t✐❧✐sé❡s ❞❛♥s ❝❡ tr❛✈❛✐❧ ❛✐♥s✐
q✉❡ ❧✬❡♥❥❡✉ ❞❡ ❧✬ét✉❞❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❡t ❞✉ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✳ ◆♦✉s
❡①♣❧✐q✉♦♥s ❧❡ ♣r✐♥❝✐♣❡ ❞❡s t✐❧✐♥❣ ❛rr❛②s ❡t ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞✬❛♣♣❧✐❝❛t✐♦♥✱ ♣✉✐s ♥♦✉s
♥♦✉s ✐♥tér❡ss♦♥s ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ❧❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❡♥
✉♥❡ q✉❡st✐♦♥ st❛t✐st✐q✉❡✳

▲❡ ❝❤❛♣✐tr❡ ✷ ❞♦♥♥❡ ❧❡s ❢♦♥❞❡♠❡♥ts st❛t✐st✐q✉❡s s✉r ❧❡sq✉❡❧s s♦♥t ét❛❜❧✐s ❧❡s ❞✐✛ér❡♥ts

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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♠♦❞è❧❡s ❞é✈❡❧♦♣♣és ❞❛♥s ❝❡tt❡ t❤ès❡✳ ◆♦✉s ♣rés❡♥t♦♥s ❧❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✱
❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és✱ ❛✐♥s✐ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✉t✐❧✐sé ♣♦✉r
❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s✳

▲❡s ❝❤❛♣✐tr❡s ✸ ❡t ✹ ♣rés❡♥t❡♥t ❧❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❞é✈❡❧♦♣♣és ❞❛♥s ❝❡tt❡
t❤ès❡✱ ❡♥ ♣ré❝✐s❛♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥✱ ❧✬✐♥❢ér❡♥❝❡ ♣✉✐s ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✳

▲❡ ❝❤❛♣✐tr❡ ✸ ❡st ❝♦♥s❛❝ré à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❞❡✉① s✐❣♥❛✉① ❣é♥érés ♣❛r ✉♥❡ ♣✉❝❡
t✐❧✐♥❣ ❛rr❛② ❛✈❡❝ ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ ◆♦✉s ♠♦❞é❧✐s♦♥s ❧❛ ❧♦✐ ❞❡
❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡ ❝♦♥❝❡r♥❛♥t ❧❡s
s♦♥❞❡s ✭❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❡t ❛♥♥♦t❛t✐♦♥✮✱ ♣✉✐s ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥✱
q✉✐ s❡r❛ ❝❤♦✐s✐❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡✳ P♦✉r ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣✱
❧❛ ♠ét❤♦❞❡ ❈❤■P♠✐① ✭▼❛rt✐♥✲▼❛❣♥✐❡tt❡ ❡t ❛❧✳✱ ✷✵✵✽✮ ♠♦❞é❧✐s❡ ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡
❞❡✉① ré❣r❡ss✐♦♥s ❧✐♥é❛✐r❡s ❧❡ s✐❣♥❛❧ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ✐♠♠✉♥♦✲♣ré❝✐♣✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t
❛✉ s✐❣♥❛❧ ❞❡ ré❢ér❡♥❝❡ ❞❡ ❧✬❆❉◆ ❣é♥♦♠✐q✉❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ ❡♥s✉✐t❡ été ❣é♥ér❛❧✐sé❡
♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s s✐♠✉❧t❛♥é♠❡♥t
✭▼✉❧t✐❈❤■P♠✐①✮✳ P♦✉r ❧✬❛♥❛❧②s❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡ ✭❞✐✛ér❡♥❝❡ ❡♥tr❡ ❞❡✉①
❝♦♥❞✐t✐♦♥s ❞✬❡①♣r❡ss✐♦♥✮ ♦✉ ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ✐♠♠✉♥♦✲♣ré❝✐♣✐tés
❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ❈❤■P✲❝❤✐♣✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❥♦✐♥t❡ ❞❡s ❞❡✉① s✐❣♥❛✉①
❛✈❡❝ ✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ✭❇ér❛r❞ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❜✐♦❧♦❣✐q✉❡
❞❡s ❞♦♥♥é❡s ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡ s♦✉s ❢♦r♠❡ ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✳
❈❡tt❡ ♠ét❤♦❞❡ ré♣♦♥❞ s✐♠✉❧t❛♥é♠❡♥t ❛✉① ❞❡✉① q✉❡st✐♦♥s s♦✉❧❡✈é❡s ❧♦rs ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡
tr❛♥s❝r✐♣t♦♠❡ ✿ ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ré❣✐♦♥s tr❛♥s❝r✐t❡s ❡t ❧✬ét✉❞❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞✬❡①♣r❡ss✐♦♥
❡♥tr❡ ❞❡✉① ❝♦♥❞✐t✐♦♥s✳ ❊♥✜♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ♥♦✉s ❛✛r❛♥❝❤✐r ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡
❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ♣♦✉r ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s
✢❡①✐❜❧❡✱ ♦ù ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ❣❛✉ss✐❡♥♥❡s✳ ▲✬♦❜❥❡❝t✐❢
❡st ❛✐♥s✐ ❞✬♦❜t❡♥✐r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❡t ❞♦♥❝ ❞❡ ♠✐❡✉① ❞é✜♥✐r ❧❛ ❢r♦♥t✐èr❡ ❞❡
❝❧❛ss✐✜❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❣r♦✉♣❡s✳

▲❡ ❝❤❛♣✐tr❡ ✹ s✬✐♥tér❡ss❡ à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ◆♦✉s ♣rés❡♥t♦♥s ❞✬❛❜♦r❞
❧❡s ❞✐✛ér❡♥t❡s ♣♦ss✐❜✐❧✐tés ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s✱ ♣✉✐s ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❝♦♥trô❧❡
❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❞❛♥s ❧❡ ❝❛s ❞✬♦❜s❡r✈❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s ❡t ♣♦✉r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥
q✉✐ ♥❡ ❝♦♠♣♦rt❡ q✉❡ ❞❡✉① ❣r♦✉♣❡s✳ ❙♦✉s ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡✱ ♥♦✉s
♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉❛♥t ✉♥❡ ré❣✐♦♥
❞✬✐♥térêt ❡♥ ❣é♥ér❛❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ ♦❜s❡r✈❛t✐♦♥✳
❈❡tt❡ ♣r♦❝é❞✉r❡ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❝❧❛ss❡r ❞❡s ré❣✐♦♥s t❡❧❧❡s q✉❡ ❧❡s ❣è♥❡s✱ q✉✐ ❝♦✉✈r❡♥t
♣❧✉s✐❡✉rs s♦♥❞❡s à ❧❛ ❢♦✐s✳

▲❡ ❝❤❛♣✐tr❡ ✺ ❝♦♥❝❡r♥❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ♣r♦♣♦sé❡s s✉r ❞❡s ❥❡✉①
❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ✐ss✉s ❞❡ ❧❛ ♣✉❝❡ ♣❡r♠❡tt❛♥t ❞✬❛♥❛❧②s❡r ❧❡ ❣é♥♦♠❡ ❞❡ ❧❛ ♣❧❛♥t❡ ❆r❛❜✐✲
❞♦♣s✐s t❤❛❧✐❛♥❛✳ ◆♦✉s ❛✈♦♥s ❛♥❛❧②sé ♣r✐♥❝✐♣❛❧❡♠❡♥t tr♦✐s t②♣❡s ❞✬❡①♣ér✐❡♥❝❡s ✭ét✉❞❡ ❞✬✉♥❡
♠❛rq✉❡ ❝❤r♦♠❛t✐♥✐❡♥♥❡ ♣♦✉r ❧❡ ❈❤■P✲❝❤✐♣ ❡t ❧❡ ❈❤■P✲❝❤✐♣ ■P✴■P✱ ❡t ét✉❞❡ ❞❡ ❞❡✉① ❝♦♥❞✐✲
t✐♦♥s ❞✬❡①♣r❡ss✐♦♥ ♣♦✉r ❧❡ tr❛♥s❝r✐♣t♦♠❡✮✱ ❡t ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✳ ▲❡s
❛♣♣♦rts ❞❡ ❧❛ ♠ét❤♦❞❡ s♦♥t ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❞❛♥s ✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥✱ ❡♥ ❝♦♠♣❛r❛✐s♦♥
❛✈❡❝ ❞✬❛✉tr❡s ♠ét❤♦❞❡s ♣r♦♣♦sé❡s ♣♦✉r ❛♥❛❧②s❡r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s✳ ◆♦✉s ♣rés❡♥✲
t♦♥s é❣❛❧❡♠❡♥t ❧❡s ❞❡✉① ♣❛❝❦❛❣❡s ❘ ❛ss♦❝✐és ❛✉① ♠ét❤♦❞❡s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ♠ét❤♦❞❡s
♣❛r ❧✬éq✉✐♣❡ é♣✐❣é♥ét✐q✉❡ ❡t é♣✐❣é♥♦♠✐q✉❡ ✈é❣ét❛❧❡s ❞❡ ❧✬❊◆❙ ❞❛♥s ✉♥ ♣r♦❥❡t ❜✐♦❧♦❣✐q✉❡
❞✬❛♥❛❧②s❡ ❞❡ ❞✐✛ér❡♥t❡s ♠❛rq✉❡s ❝❤r♦♠❛t✐♥✐❡♥♥❡s ❝❤❡③ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ❛ ❞♦♥♥é ❧✐❡✉
à ❞❡✉① ♣✉❜❧✐❝❛t✐♦♥s ✭▼♦❣❤❛❞❞❛♠ ❡t ❛❧✳✱ ✷✵✶✶ ❀ ❘♦✉❞✐❡r ❡t ❛❧✳✱ ✷✵✶✶✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❤❛♣✐tr❡ ✶

❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❙♦♠♠❛✐r❡
✶ ◆♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✶ ▲✬❆❉◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❙éq✉❡♥ç❛❣❡ ❞❡s ❣é♥♦♠❡s✱ ❆♥♥♦t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸ ▲✬❡①♣r❡ss✐♦♥ ❡t ❧❡ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷ ➱✈♦❧✉t✐♦♥ ❞❡s t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✶ Pr✐♥❝✐♣❡ ❞❡s ♣✉❝❡s à ❆❉◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✷ ▲❡s t✐❧✐♥❣ ❛rr❛②s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸ ❯t✐❧✐s❛t✐♦♥ ❞❡s t✐❧✐♥❣ ❛rr❛②s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✶ ❊①♣ér✐❡♥❝❡s ❞❡ ❚r❛♥s❝r✐♣t♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✸✳✷ ❊①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✹ Pr♦❜❧é♠❛t✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

❇✐❜❧✐♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❈❡ ❝❤❛♣✐tr❡ ✐♥tr♦❞✉❝t✐❢ ♣rés❡♥t❡ ❧❡s ♥♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ q✉✐ s❡r♦♥t ✉t✐❧❡s ❞❛♥s ❝❡tt❡
t❤ès❡✳ ▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ♥♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐q✉❡ ♠♦❧é❝✉❧❛✐r❡ t❡❧❧❡s q✉❡
❧✬❆❉◆✱ ❧❡s ❣è♥❡s ❡t ❧❡s ❣é♥♦♠❡s ✭❙❡❝t✐♦♥ ✶✮✳ ▲❛ ❙❡❝t✐♦♥ ✷ s✬✐♥tér❡ss❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t
❞❡s t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡s ♣✉❝❡s à ❆❉◆ ❡t t✐❧✐♥❣ ❛rr❛②s ✭♣✉❝❡s ❞❡
❝♦✉✈❡rt✉r❡ ♦✉ ♣❛✈❛❣❡s ❡♥ ❢r❛♥ç❛✐s✮ q✉✐ ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r ❧✬❛❝t✐✈✐té ❞✬✉♥ ❣é♥♦♠❡✳ ▲❡s
❞✐✛ér❡♥t❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ❛✐♥s✐ q✉✬✉♥❡ r❡✈✉❡ ❞❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡
❢♦♥t ❧✬♦❜❥❡t ❞❡ ❧❛ ❙❡❝t✐♦♥ ✸✳ ▲❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❝♦♥s✐❞éré❡ ❞❛♥s ❝❡tt❡ t❤ès❡ ❡t ❧❡
♣r♦❜❧è♠❡ st❛t✐st✐q✉❡ ❛ss♦❝✐é s♦♥t ♣rés❡♥tés ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✹✳

✶ ◆♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡

▲❛ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ❡st ❛♣♣❛r✉❡ ❛✉ ❳❳❡ s✐è❝❧❡✱ à ❧❛ s✉✐t❡ ❞❡ ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡s ❧♦✐s
❞❡ ❧❛ ❣é♥ét✐q✉❡✱ ❧❛ ❞é❝♦✉✈❡rt❡ ❞❡s ❝❤r♦♠♦s♦♠❡s ❡t ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬❛❝✐❞❡ ❞és♦①②r✐❜♦♥✉✲
❝❧é✐q✉❡ ✭❆❉◆✮ ❝♦♠♠❡ s✉♣♣♦rt ❝❤✐♠✐q✉❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✳ ❆♣rès ❧❛ ❞é❝♦✉✈❡rt❡
❞❡ ❧❛ str✉❝t✉r❡ ❡♥ ❞♦✉❜❧❡ ❤é❧✐❝❡ ❞❡ ❧✬❆❉◆ ❡♥ ✶✾✺✸ ♣❛r ❏❛♠❡s ❲❛ts♦♥ ✭✶✾✷✽✲ ✮ ❡t ❋r❛♥❝✐s
❈r✐❝❦ ✭✶✾✶✻✲✷✵✵✹✮✱ ❧❛ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ❛ ❝♦♥♥✉ ❞✬✐♠♣♦rt❛♥ts ❞é✈❡❧♦♣♣❡♠❡♥ts ♣♦✉r
❞❡✈❡♥✐r ✉♥ ♦✉t✐❧ ✐♥❝♦♥t♦✉r♥❛❜❧❡ ❞❡ ❧❛ ❜✐♦❧♦❣✐❡ ♠♦❞❡r♥❡ à ♣❛rt✐r ❞❡s ❛♥♥é❡s ✶✾✼✵✳ ❊❧❧❡ ❛
♣♦✉r ♦❜❥❡❝t✐❢ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❛✉ ♥✐✈❡❛✉
♠♦❧é❝✉❧❛✐r❡✳ ▲❡s ♣r♦❝❡ss✉s ét✉❞✐és s♦♥t ❧❛ ré♣❧✐❝❛t✐♦♥✱ ❧❛ tr❛♥s❝r✐♣t✐♦♥ ❡t ❧❛ tr❛❞✉❝t✐♦♥ ❞✉
♠❛tér✐❡❧ ❣é♥ét✐q✉❡✳

✶✳✶ ▲✬❆❉◆

▲✬❛❝✐❞❡ ❞és♦①②r✐❜♦♥✉❝❧é✐q✉❡ ✭❆❉◆✮ ❡st ✉♥❡ ♠♦❧é❝✉❧❡ ❛❧❧♦♥❣é❡✱ ♣♦✉✈❛♥t ♠❡s✉r❡r
♣❧✉s✐❡✉rs ❝❡♥t✐♠ètr❡s ❞❡ ❧♦♥❣✳ ▲✬❆❉◆ ❡st ❝♦♥st✐t✉é ❞❡ ❞❡✉① ❜r✐♥s ❛♥t✐♣❛r❛❧❧è❧❡s s❡ ❢❛✐s❛♥t
❢❛❝❡✱ q✉✐ s✬❛ss♦❝✐❡♥t ❡♥ ❢♦r♠❛♥t ✉♥❡ ❞♦✉❜❧❡ ❤é❧✐❝❡✳ ❈❡s ❞❡✉① ❜r✐♥s s♦♥t ❞❡s séq✉❡♥❝❡s
♦r❞♦♥♥é❡s ❞❡ ♥✉❝❧é♦t✐❞❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s✳ ❯♥ ♥✉❝❧é♦t✐❞❡ ❡st ❝♦♠♣♦sé ❞✬✉♥ ♦✉ ♣❧✉s✐❡✉rs
❣r♦✉♣❡♠❡♥ts ♣❤♦s♣❤❛t❡s✱ ❞✬✉♥ s✉❝r❡ ✭❞és♦①②r✐❜♦s❡✮ ❡t ❞✬✉♥❡ ❜❛s❡ ❛③♦té❡✳ ■❧ ❡①✐st❡ q✉❛tr❡
❜❛s❡s ❛③♦té❡s ❞✐✛ér❡♥t❡s ✿ ❧✬❛❞é♥✐♥❡ ✭♥♦té❡ ❆✮ ❡t ❧❛ ❣✉❛♥✐♥❡ ✭♥♦té❡ ●✮ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡s
P✉r✐♥❡s✱ ❡t ❧❛ t❤②♠✐♥❡ ✭♥♦té❡ ❚✮ ❡t ❧❛ ❝②t♦s✐♥❡ ✭♥♦té❡ ❈✮ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡s P②r✐♠✐❞✐♥❡s✳
▲❡s ❜❛s❡s ❛③♦té❡s s♦♥t ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞❡✉① à ❞❡✉①✱ ✉♥❡ ♣✉r✐q✉❡ s✬❛ss♦❝✐❛♥t t♦✉❥♦✉rs
à ✉♥❡ ♣②r✐♠✐❞✐q✉❡✳ ❆✐♥s✐✱ ❧✬❛❞é♥✐♥❡ ❡st ❝♦♠♣❧é♠❡♥t❛✐r❡ à ❧❛ t❤②♠✐♥❡ ❡t ❧❛ ❣✉❛♥✐♥❡ ❡st
❝♦♠♣❧é♠❡♥t❛✐r❡ à ❧❛ ❝②t♦s✐♥❡✳ ▲❡s ❜❛s❡s ❛③♦té❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s s♦♥t r❡❧✐é❡s ❡♥tr❡ ❡❧❧❡s
♣❛r ❞❡s ❧✐❛✐s♦♥s ❤②❞r♦❣è♥❡s✳ ■❧ ② ❛ ❞❡✉① ❧✐❛✐s♦♥s ❤②❞r♦❣è♥❡ ❡♥tr❡ ❆ ❡t ❚ ❡t tr♦✐s ❡♥tr❡
❈ ❡t ●✳ ❈❡s q✉❛tr❡ ❜❛s❡s ❛③♦té❡s ❛ss✉r❡♥t ❞♦♥❝ ❧❛ ❝♦♠♣❧é♠❡♥t❛r✐té ❞❡s ❞❡✉① ❜r✐♥s ❞❡
❧❛ ♠♦❧é❝✉❧❡ ❞✬❆❉◆ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✶✮✳ ●râ❝❡ à ❧✬❛❧t❡r♥❛♥❝❡ ♥♦♥ ❛❧é❛t♦✐r❡ ❞❡s q✉❛tr❡ ❜❛s❡s
❛③♦té❡s ❆✱ ❈✱ ❚✱ ●✱ t♦✉t❡s ❧❡s séq✉❡♥❝❡s ♥✉❝❧é♦t✐❞✐q✉❡s ❝♦♥st✐t✉❡♥t ✉♥ ♠❡ss❛❣❡ ❝♦❞é
♣♦rt❛♥t ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❣é♥ét✐q✉❡s✳

❈❤❡③ ❧❡s ♣r♦❝❛r②♦t❡s ✭❝♦♠♠❡ ❧❡s ❜❛❝tér✐❡s ♣❛r ❡①❡♠♣❧❡✮✱ ❧✬❆❉◆ ❡st ❣é♥ér❛❧❡♠❡♥t
♣rés❡♥t s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ s❡✉❧ ❝❤r♦♠♦s♦♠❡ ❝✐r❝✉❧❛✐r❡ ❧✐❜r❡ ❞❛♥s ❧❡ ❝②t♦♣❧❛s♠❡ ❞❡ ❧❛
❝❡❧✉❧❧❡✳ ❈❤❡③ ❧❡s ❡✉❝❛r②♦t❡s✱ ❧✬❆❉◆ ❡st ♣rés❡♥t ❞❛♥s ❧❡ ♥♦②❛✉ ❝❡❧❧✉❧❛✐r❡✱ s♦✉s ❢♦r♠❡
❧✐♥é❛✐r❡ ❡t s❝✐♥❞é ❡♥ ♣❧✉s✐❡✉rs ❝❤r♦♠♦s♦♠❡s✳ P♦✉r ♣❡r♠❡ttr❡ s❛ ❝♦♠♣❛❝t✐♦♥✱ ❧✬❆❉◆ ❡st
❝♦♥❞✐t✐♦♥♥é ❡♥ ❝❤r♦♠❛t✐♥❡✳ ▲❛ ❝❤r♦♠❛t✐♥❡ ❝♦rr❡s♣♦♥❞ à ❧✬❛ss♦❝✐❛t✐♦♥ ❞❡ ❧✬❆❉◆ ❡t ❞❡
♣r♦té✐♥❡s q✉✐ s♦♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡s ❤✐st♦♥❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r ♥✐✈❡❛✉ ❞✬♦r❣❛♥✐s❛t✐♦♥✱
q✉❡❧q✉❡s ♣❛✐r❡s ❞❡ ❜❛s❡s ❞✬❆❉◆ s✬❡♥r♦✉❧❡♥t ❛✉t♦✉r ❞✬✉♥ ♦❝t❛♠èr❡ ❞✬❤✐st♦♥❡s ♣♦✉r ❢♦r♠❡r
✉♥ ♥✉❝❧é♦s♦♠❡✳ ❉❛♥s ✉♥ s❡❝♦♥❞ ♥✐✈❡❛✉ ❞✬♦r❣❛♥✐s❛t✐♦♥✱ ❧❡s ♥✉❝❧é♦s♦♠❡s s❡ ❝♦♠♣❛❝t❡♥t ❡t
❢♦r♠❡♥t ✉♥❡ ❤é❧✐❝❡✳ ❈❡tt❡ ❤é❧✐❝❡ ❡st ✜♥❛❧❡♠❡♥t ❝♦♥❞❡♥sé❡ ❡♥ ❡✉❝❤r♦♠❛t✐♥❡ ✭❝♦♥❞❡♥s❛t✐♦♥
❧é❣èr❡✮ ♦✉ ❡♥ ❤étér♦❝❤r♦♠❛t✐♥❡ ✭❝♦♥❞❡♥s❛t✐♦♥ ♣r♦♥♦♥❝é❡✮ ❝♦♥st✐t✉❛♥t ❧❡ tr♦✐s✐è♠❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



◆♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ✾

❋✐❣✳ ✶✳✶✿ ❈♦♠♣❧é♠❡♥t❛r✐té ❞❡s ❜❛s❡s ❞❛♥s ❧❛ ❞♦✉❜❧❡ ❤é❧✐❝❡ ❞✬❆❉◆✳

❡t ❞❡r♥✐❡r ♥✐✈❡❛✉ ❞✬♦r❣❛♥✐s❛t✐♦♥ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✷✮✳ ❯♥❡ ♠♦❧é❝✉❧❡ ❞✬❆❉◆ ❧✐♥é❛✐r❡ ❧♦♥❣✉❡
❞❡ ✶✵ ❝❡♥t✐♠ètr❡s ❡st ❛✐♥s✐ ❝♦♥❞❡♥sé❡ ❡♥ ✉♥ ❝❤r♦♠♦s♦♠❡ ♠❡s✉r❛♥t à ♣❡✐♥❡ ✶✵ ♠✐❝r♦♠ètr❡s✳

❋✐❣✳ ✶✳✷✿ ❘❡♣❧✐❡♠❡♥t ✭❝♦♥❞❡♥s❛t✐♦♥✮ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ❞✬❆❉◆ ♣❛r s♣✐r❛❧✐s❛t✐♦♥ ❛✉t♦✉r ❞❡s
❤✐st♦♥❡s ❥✉sq✉✬à ♦❜t❡♥t✐♦♥ ❞❡ ❝❤r♦♠♦s♦♠❡s✳

▲✬❆❉◆ ❡st ♣rés❡♥t ❞❛♥s t♦✉t❡s ❧❡s ❝❡❧❧✉❧❡s ✈✐✈❛♥t❡s ❡t s❛ str✉❝t✉r❡ ❡t s❡s ♣r♦♣r✐étés
❝❤✐♠✐q✉❡s ❧✉✐ ♣❡r♠❡tt❡♥t ❞❡ r❡♠♣❧✐r ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣♦rt❛♥t❡s✳ ❙❛ ❢♦♥❝t✐♦♥ ♣r✐♥❝✐♣❛❧❡
❡st ❞❡ st♦❝❦❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡ ♥é❝❡ss❛✐r❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t ❛✉ ❢♦♥❝t✐♦♥♥❡♠❡♥t
❞✬✉♥ ♦r❣❛♥✐s♠❡✱ ❝♦♥t❡♥✉❡ ❞❛♥s ❧✬❡♥❝❤❛î♥❡♠❡♥t ♥♦♥✲❛❧é❛t♦✐r❡ ❞❡ ♥✉❝❧é♦t✐❞❡s✳ ❯♥❡ ❛✉tr❡
❢♦♥❝t✐♦♥ ❡ss❡♥t✐❡❧❧❡ ❞❡ ❧✬❆❉◆ ❡st ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡ ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❞❡ ❣é♥ér❛t✐♦♥ ❡♥
❣é♥ér❛t✐♦♥ ❧♦rs ❞❡ ❧❛ r❡♣r♦❞✉❝t✐♦♥ ✭❞❡ ♠❛♥✐èr❡ ✐♥té❣r❛❧❡ ♦✉ ♥♦♥✮✳ ❈✬❡st ❧❡ s✉♣♣♦rt ❞❡
❧✬❤éré❞✐té✳ ▲✬✐♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ❧✬❆❉◆ ♣❡✉t êtr❡ ♠♦❞✐✜é❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ♣❛r
❞❡s ♠✉t❛t✐♦♥s ❞✉❡s ♣r✐♥❝✐♣❛❧❡♠❡♥t à ❞❡s ❡rr❡✉rs ❧♦rs ❞❡ ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡s séq✉❡♥❝❡s
❞✬❆❉◆ ✭❛❥♦✉t✱ ❞é❧ét✐♦♥ ♦✉ s✉❜st✐t✉t✐♦♥ ❞❡ ♥✉❝❧é♦t✐❞❡s✮✱ ♦✉ ❜✐❡♥ ♣❛r ❞❡s r❡❝♦♠❜✐♥❛✐s♦♥s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✵ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❣é♥ét✐q✉❡s✳ ❈❡❧❛ ❛❜♦✉t✐t à ✉♥❡ ❞✐✈❡rs✐té ❞❡s ✐♥❞✐✈✐❞✉s ❡t à ✉♥❡ é✈♦❧✉t✐♦♥ ♣♦ss✐❜❧❡ ❞❡s
❡s♣è❝❡s ❣râ❝❡ à ❧❛ sé❧❡❝t✐♦♥ ♥❛t✉r❡❧❧❡✳

▲✬❆❉◆ ❡st ✐♥❞✐s♣❡♥s❛❜❧❡ à ❧❛ s②♥t❤ès❡ ❞❡s ♣r♦té✐♥❡s✱ ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞❡ ❧✬❛❝✐❞❡
r✐❜♦♥✉❝❧é✐q✉❡ ✭❆❘◆✮✳ ❉❛♥s ❧❛ ❝❡❧❧✉❧❡✱ ❧✬❆❘◆ ❡st ♣r♦❞✉✐t ♣❛r tr❛♥s❝r✐♣t✐♦♥ à ♣❛rt✐r ❞❡
❧✬❆❉◆ s✐t✉é ❞❛♥s ❧❡ ♥♦②❛✉✳ ▲✬❆❘◆ ❡st ❞♦♥❝ ✉♥❡ ❝♦♣✐❡ ❞✬✉♥❡ ré❣✐♦♥ ❞✬✉♥ ❜r✐♥ ❞✬❆❉◆ ❡t
♣❡r♠❡t ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✳ ▲✬❆❘◆ ❛ ❞❡ ♥♦♠❜r❡✉s❡s s✐♠✐❧❛r✐tés
❛✈❡❝ ❧✬❆❉◆✱ ❛✈❡❝ ❝❡♣❡♥❞❛♥t q✉❡❧q✉❡s ❞✐✛ér❡♥❝❡s ✐♠♣♦rt❛♥t❡s ✿ s✉r ❧❡ ♣❧❛♥ ❞❡ ❧❛ str✉❝✲
t✉r❡✱ ❧✬❆❘◆ ❝♦♥t✐❡♥t ✉♥ r✐❜♦s❡ à ❧❛ ♣❧❛❝❡ ❞✉ ❞és♦①②r✐❜♦s❡ ❞❡ ❧✬❆❉◆✱ ❝❡ q✉✐ r❡♥❞ ❧✬❆❘◆
❝❤✐♠✐q✉❡♠❡♥t ♣❧✉s ✐♥st❛❜❧❡✳ ▲❛ t❤②♠✐♥❡ ❞❡ ❧✬❆❉◆ ❡st r❡♠♣❧❛❝é❡ ♣❛r ❧✬✉r❛❝✐❧❡ ✭♥♦té❡ ❯✮✱
q✉✐ ♣♦ssè❞❡ ❧❡s ♠ê♠❡s ♣r♦♣r✐étés ❞✬❛♣♣❛r✐❡♠❡♥t ❞❡ ❜❛s❡ ❛✈❡❝ ❧✬❛❞é♥✐♥❡✳ ❙✉r ❧❡ ♣❧❛♥ ❢♦♥❝✲
t✐♦♥♥❡❧✱ ❧✬❆❘◆ ❡st ❧❡ ♣❧✉s s♦✉✈❡♥t tr♦✉✈é ❞❛♥s ❧❡s ❝❡❧❧✉❧❡s s♦✉s ❢♦r♠❡ s✐♠♣❧❡ ❜r✐♥ ❡t ❧❡s
♠♦❧é❝✉❧❡s ❞✬❆❘◆ s♦♥t ❣é♥ér❛❧❡♠❡♥t ♣❧✉s ❝♦✉rt❡s q✉❡ ❝❡❧❧❡s ❞✬❆❉◆✳ ▲✬❆❘◆ ♣❡✉t ❛✈♦✐r ❞✐❢✲
❢ér❡♥t❡s ❢♦♥❝t✐♦♥s ✿ ✐❧ ❛ss✉r❡ s♦✐t ✉♥❡ ❢♦♥❝t✐♦♥ str✉❝t✉r❛❧❡✱ s♦✐t ✉♥❡ ❢♦♥❝t✐♦♥ ❡♥③②♠❛t✐q✉❡
✭s②♥t❤ès❡ ❞❡s ♣r♦té✐♥❡s✱ ❡①♣♦rt❛t✐♦♥ ❞❡s ♣r♦té✐♥❡s✱ ❡t❝✳✮✱ s♦✐t ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s♣♦rt
❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✳ ▲✬❆❘◆ ❞❡ t②♣❡ ♠❡ss❛❣❡r ✭❆❘◆♠✮ ❡st tr❛❞✉✐t ♣❛r ❧❡ r✐❜♦s♦♠❡
✭❝♦♠♣❧❡①❡ ♥✉❝❧é♦✲♣r♦té✐q✉❡✮ ❡♥ séq✉❡♥❝❡s ❞✬❛❝✐❞❡s ❛♠✐♥és q✉✐ ❢♦r♠❡♥t ❧❡s ♣r♦té✐♥❡s✳ ▲❡s
♣r♦té✐♥❡s s♦♥t ❞❡s é❧é♠❡♥ts ❡ss❡♥t✐❡❧s q✉✐ r❡♠♣❧✐ss❡♥t ❞❡s ❢♦♥❝t✐♦♥s ❞✐✈❡rs❡s ❛✉ s❡✐♥ ❞❡
❧❛ ❝❡❧❧✉❧❡ ✿ ❧❡s ♣r♦té✐♥❡s ❡♥③②♠❛t✐q✉❡s ❝❛t❛❧②s❡♥t ❧❡s ré❛❝t✐♦♥s ❝❤✐♠✐q✉❡s ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❧❡s
♣r♦té✐♥❡s ❞❡ str✉❝t✉r❡ ♣❡r♠❡tt❡♥t à ❧❛ ❝❡❧❧✉❧❡ ❞❡ ♠❛✐♥t❡♥✐r s♦♥ ♦r❣❛♥✐s❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡✱
❧❡s ♣r♦té✐♥❡s ❞❡ tr❛♥s♣♦rt ❛ss✉r❡♥t ❧❡ tr❛♥s❢❡rt ❞❡ ❞✐✛ér❡♥t❡s ♠♦❧é❝✉❧❡s à ❧✬✐♥tér✐❡✉r ❡t à
❧✬❡①tér✐❡✉r ❞❡s ❝❡❧❧✉❧❡s✱ ❧❡s ♣r♦té✐♥❡s ré❣✉❧❛tr✐❝❡s ❥♦✉❡♥t ✉♥ rô❧❡ ❞❛♥s ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❡①✲
♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ✭❢❛❝t❡✉rs ❞❡ tr❛♥s❝r✐♣t✐♦♥✮ ♦✉ ♣♦✉r ❧❛ ❝♦♠♣❛❝t✐♦♥ ❞❡ ❧✬❆❉◆ ✭❤✐st♦♥❡s✮✱
❡t❝✳ ❊♥ ❢❛✐t✱ ❧❛ ♠❛❥♦r✐té ❞❡s ❢♦♥❝t✐♦♥s ❝❡❧❧✉❧❛✐r❡s ❡st ❛ss✉ré❡ ♣❛r ❞❡s ♣r♦té✐♥❡s✳

✶✳✷ ❙éq✉❡♥ç❛❣❡ ❞❡s ❣é♥♦♠❡s✱ ❆♥♥♦t❛t✐♦♥

▲❡ ❣é♥♦♠❡ ❡st ❧✬❡♥s❡♠❜❧❡ ❞✉ ♠❛tér✐❡❧ ❣é♥ét✐q✉❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉✳ ■❧ ❝♦♥t✐❡♥t t♦✉t❡s ❧❡s
séq✉❡♥❝❡s ❞✬❆❉◆ ❝♦❞❛♥t❡s ✭tr❛♥s❝r✐t❡s ❡♥ ❆❘◆ ♠❡ss❛❣❡rs ❡t tr❛❞✉✐t❡s ❡♥ ♣r♦té✐♥❡s✱
❝♦♠♠✉♥é♠❡♥t ❛♣♣❡❧é❡s ❣è♥❡s ♦✉ ♣❧✉s ♣ré❝✐sé♠❡♥t ❣è♥❡s ❝♦❞❛♥t ♣♦✉r ✉♥❡ ♣r♦té✐♥❡✮
❡t ♥♦♥✲❝♦❞❛♥t❡s ✭♥♦♥ tr❛♥s❝r✐t❡s✱ ♦✉ tr❛♥s❝r✐t❡s ❡♥ ❆❘◆ ♠❛✐s ♥♦♥ tr❛❞✉✐t❡s✮✳ ▲❛
❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞✬✉♥ ❣é♥♦♠❡ ♣❛ss❡ ♣❛r s♦♥ séq✉❡♥ç❛❣❡✱ q✉✐ ❝♦♥s✐st❡ à
❞ét❡r♠✐♥❡r ❧✬♦r❞r❡ ❞✬❡♥❝❤❛î♥❡♠❡♥t ❞❡s ♥✉❝❧é♦t✐❞❡s ❞❡ ❧✬❆❉◆✳ ▲❛ t❛✐❧❧❡ ❞❡s ❣é♥♦♠❡s ét❛♥t
❞❡ ♣❧✉s✐❡✉rs ♠✐❧❧✐♦♥s ❞❡ ❜❛s❡s ✭♦✉ ♠é❣❛❜❛s❡s✮✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦✉♣❧❡r ❧❡s ❛♣♣r♦❝❤❡s
❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ❛✈❡❝ ❝❡❧❧❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡ ♣♦✉r ♣♦✉✈♦✐r séq✉❡♥❝❡r ❞❡s ❣é♥♦♠❡s
❡♥t✐❡rs✳ ❉❡♣✉✐s ✶✾✽✾✱ ❞✬✐♠♣♦rt❛♥ts ♣r♦❣rès t❡❝❤♥♦❧♦❣✐q✉❡s ❡t ✐♥❢♦r♠❛t✐q✉❡s ♦♥t ♣❡r♠✐s
❞✬❛tt❡✐♥❞r❡ ❛✉❥♦✉r❞✬❤✉✐ ✉♥❡ ✈✐t❡ss❡ ❣❧♦❜❛❧❡ ❞❡ séq✉❡♥ç❛❣❡ ❞❡ ✶ ✵✵✵ ♥✉❝❧é♦t✐❞❡s ♣❛r s❡❝♦♥❞❡✳

▲❡ ♣r❡♠✐❡r ✈ér✐t❛❜❧❡ séq✉❡♥ç❛❣❡ ❞✬✉♥ ❣é♥♦♠❡ ❡st ♣✉❜❧✐é ❡♥ ✶✾✼✷✱ ✐❧ s✬❛❣✐t ❞✉ ✈✐r✉s
❜❛❝tér✐♦♣❤❛❣❡ ▼❙✷✳ ❉❡s ❜❛❝tér✐❡s t❡❧❧❡s q✉❡ ❊s❝❤❡r✐❝❤✐❛ ❝♦❧✐ ♦✉ ❇❛❝✐❧❧✉s s✉❜t✐❧✐s ♦♥t
été séq✉❡♥❝é❡s ❡♥ ✶✾✾✼ ❡♥ r❛✐s♦♥ ❞❡ ❧❡✉r ✐♠♣♦rt❛♥❝❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡
❢♦♥❞❛♠❡♥t❛❧❡✱ ♦✉ ❡♥ r❛✐s♦♥ ❞❡ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ✐♥❞✉str✐❡❧❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
❛❣r♦✲❛❧✐♠❡♥t❛✐r❡✳ ❯♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❣é♥♦♠❡s ❞❡ ♣r♦❝❛r②♦t❡s ♣❛t❤♦❣è♥❡s ♦♥t ❛✉ss✐
été séq✉❡♥❝és✳ ▲❛ ♣r✐♦r✐té ❛ ❡ss❡♥t✐❡❧❧❡♠❡♥t été ❞♦♥♥é❡ ❛✉① ♣❛t❤♦❣è♥❡s ❞❡ ❧✬❤♦♠♠❡✱
♣✉✐sq✉❡ ❧❛ ♠♦✐t✐é ❞❡s ♠❛❧❛❞✐❡s ❤✉♠❛✐♥❡s ❡st ❞✬♦r✐❣✐♥❡ ❜❛❝tér✐❡♥♥❡✳ ❈❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱
❧❡ séq✉❡♥ç❛❣❡ ❞❡s ❣é♥♦♠❡s ♣r♦❝❛r②♦t❡s s✬❡st ré✈é❧é ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♣r♦❞✉❝t✐❢✳ ❯♥ ❣é♥♦♠❡
❜❛❝tér✐❡♥ ❡st séq✉❡♥❝é t♦✉s ❧❡s ❞❡✉① ♠♦✐s ❡t ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ séq✉❡♥❝❡s ❝♦♠♣❧èt❡s ❞❡
❣é♥♦♠❡s ❜❛❝tér✐❡♥s ♦♥t été ♦❜t❡♥✉❡s✳ ❈❤❡③ ❧❡s ❡✉❝❛r②♦t❡s✱ ❧❡s ❣é♥♦♠❡s ❞❡ ❧❛ ❧❡✈✉r❡
❙❛❝❝❤❛r♦♠②❝❡s ❝❡r❡✈✐s✐❛❡ ✭✶✾✾✼✮✱ ❞✉ ✈❡r ♥é♠❛t♦❞❡ ❈❛❡♥♦r❤❛❜❞✐t✐s ❡❧❡❣❛♥s ✭✶✾✾✽✮✱ ❡t
❞❡ ❧❛ ❞r♦s♦♣❤✐❧❡ ❉r♦s♦♣❤✐❧❛ ♠❡❧❛♥♦❣❛st❡r ✭✷✵✵✵✮ ♦♥t été ❧❡s ♣r❡♠✐❡rs séq✉❡♥❝és✳ ❈❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



◆♦t✐♦♥s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ✶✶

♦r❣❛♥✐s♠❡s ♦♥t été ❝❤♦✐s✐s ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ♣❡t✐t❡ t❛✐❧❧❡ ❞❡ ❧❡✉r ❣é♥♦♠❡✱ ❛✐♥s✐ q✉❡ ♣♦✉r
❧❡✉r ✐♥térêt é❝♦♥♦♠✐q✉❡ ♦✉ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳ ▲❡ ♣r❡♠✐❡r
séq✉❡♥ç❛❣❡ ❝♦♠♣❧❡t ❞✉ rè❣♥❡ ✈é❣ét❛❧ ❝♦♥❝❡r♥❡ ❧❛ ♣❧❛♥t❡ ♠♦❞è❧❡ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱
✐❧ ❛ été t❡r♠✐♥é ❡♥ ✷✵✵✵✳ ▲❛ ❝♦♠♣❧❡①✐té ❡t ❧❛ ❣r❛♥❞❡ t❛✐❧❧❡ ❞❡s ❣é♥♦♠❡s ❞❡s ♣❧❛♥t❡s
r❡♥❞❡♥t ❧❡✉r séq✉❡♥ç❛❣❡ ❞✐✣❝✐❧❡✳ ❊♥ ♣❧✉s ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ s❡✉❧s q✉❛tr❡ ❣é♥♦♠❡s
❞❡ ♣❧❛♥t❡s s♦♥t ❛✉❥♦✉r❞✬❤✉✐ ❡♥t✐èr❡♠❡♥t séq✉❡♥❝és ✭❧❡ r✐③ ❖r②③❛ s❛t✐✈❛ ❡♥ ✷✵✵✺✱ ❧❡
♣❡✉♣❧✐❡r P♦♣✉❧✉s tr✐❝❤♦❝❛r♣❛ ❡♥ ✷✵✵✻✱ ❧❛ ✈✐❣♥❡ ❱✐t✐s ✈✐♥✐❢❡r❛ ❡♥ ✷✵✵✼ ❡t ❧❡ s♦❥❛ ●❧②❝✐♥❡
♠❛①✳ ❡♥ ✷✵✶✵✮✳ ▲❛ ♣✉❜❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ ❝❛rt❡ ❞✉ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❡st ❛♥♥♦♥❝é❡ ♦❢✲
✜❝✐❡❧❧❡♠❡♥t ❧❡ ✷✻ ❥✉✐♥ ✷✵✵✵ ❡t ❧❡ ♣r❡♠✐❡r ❣é♥♦♠❡ ❝♦♠♣❧❡t ❞✬✉♥ ✐♥❞✐✈✐❞✉ ❡st ♣✉❜❧✐é ❡♥ ✷✵✵✼✳

❊♥ ❣é♥ér❛❧✱ ❧✬♦❜❥❡❝t✐❢ ♥✬❡st ♣❛s s❡✉❧❡♠❡♥t ❞❡ séq✉❡♥❝❡r ✉♥ ❣é♥♦♠❡ ❛✈❡❝ ✉♥ t❛✉① ❞✬❡rr❡✉r
♠✐♥✐♠❛❧✱ ♠❛✐s ❛✉ss✐ ❞✬✐❞❡♥t✐✜❡r t♦✉s ❧❡s ❣è♥❡s ❞❛♥s ❝❡tt❡ ❣r❛♥❞❡ q✉❛♥t✐té ❞❡ ❞♦♥♥é❡s✳ ▲❡
♣r♦❝❡ss✉s ♣❡r♠❡tt❛♥t ❞✬✐❞❡♥t✐✜❡r ❧❡s ❧✐♠✐t❡s ❡♥tr❡ ❧❡s ❣è♥❡s ❡t ❞✬❛✉tr❡s ❝❛r❛❝tér✐st✐q✉❡s s✉r
❧❛ séq✉❡♥❝❡ ❞✬❆❉◆ ❜r✉t❡ ❡st ❛♣♣❡❧é ❛♥♥♦t❛t✐♦♥ ❞✉ ❣é♥♦♠❡✳ ▲✬❛♥♥♦t❛t✐♦♥ ❞✬✉♥ ❣é♥♦♠❡
❝♦♥s✐st❡ à tr❛✐t❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❜r✉t❡ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❛ séq✉❡♥❝❡ ✿

✕ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ❛ ♣♦✉r ❜✉t ❞❡ ♣ré❞✐r❡ ❧❛ str✉❝t✉r❡ ❞❡s ❣è♥❡s ❡t ❧❡✉r ♣♦s✐✲
t✐♦♥ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡✱ ❛✐♥s✐ q✉❡ ❧❡✉r ♦r❣❛♥✐s❛t✐♦♥ ✭❣è♥❡s ✉♥✐q✉❡s ♦✉ ❡♥ ♦♣ér♦♥✱ ❛✈❡❝
❞❡s séq✉❡♥❝❡s ♣r♦♠♦tr✐❝❡s✱ ❞❡s t❡r♠✐♥❛t❡✉rs✱ ❡t❝✳✮✳ ▲❡ ♣r♦❜❧è♠❡ ❝r✉❝✐❛❧ ❞❡ ❧✬❛♥❛❧②s❡
❞❡ séq✉❡♥❝❡s ❣é♥♦♠✐q✉❡s ❡st ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s séq✉❡♥❝❡s ❝♦❞❛♥t❡s✳ ▲✬✐❞❡♥t✐✜❝❛t✐♦♥
❞❡s ✉♥✐tés tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡s ❡st ♣❧✉tôt ❢❛❝✐❧❡ ❝❤❡③ ❧❡s ♣r♦❝❛r②♦t❡s ❣râ❝❡ à ❧❛ ♣♦ss✐❜✐✲
❧✐té ❞✬✐❞❡♥t✐✜❡r r❡❧❛t✐✈❡♠❡♥t ❢❛❝✐❧❡♠❡♥t ❧❡s ♣r♦♠♦t❡✉rs ❞❡s ❣è♥❡s✳ ▲❛ ❢r❛❝t✐♦♥ ❝♦❞❛♥t❡
❞❡s ❣é♥♦♠❡s ♣r♦❝❛r②♦t❡s ❡st ❣❧♦❜❛❧❡♠❡♥t très é❧❡✈é❡✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✾✵✪✳ ❖♥ ❡st✐♠❡
❛✉❥♦✉r❞✬❤✉✐ q✉❡ ❧❡ ❣é♥♦♠❡ ❞✬✉♥ ♦r❣❛♥✐s♠❡ ♣r♦❝❛r②♦t❡ t❡❧ q✉✬✉♥❡ ❜❛❝tér✐❡ ❝♦♠♣♦rt❡
q✉❡❧q✉❡s ♠✐❧❧✐❡rs ❞❡ ❣è♥❡s✳ ❈❤❡③ ❧❡s ❡✉❝❛r②♦t❡s✱ ❧❡ ❞é❝♦✉♣❛❣❡ ❞❡s ❣è♥❡s ❡♥ ✐♥tr♦♥s
❡t ❡①♦♥s✱ ❡t ❧❛ ♣rés❡♥❝❡ ❞❡ ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s✱ ♣❛r❢♦✐s très ✈❛st❡s✱ ❝♦♠♣❧✐q✉❡♥t
r❛❞✐❝❛❧❡♠❡♥t ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s séq✉❡♥❝❡s ❝♦❞❛♥t❡s✳ ▲❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s✱ ✉♥ ❣è♥❡
❝♦♠♠❡♥❝❡ ♣❛r ✉♥❡ séq✉❡♥❝❡ ❞❡ ♥✉❝❧é♦t✐❞❡s ❛♣♣❡❧é❡ ♣r♦♠♦t❡✉r✱ ❞♦♥t ❧❡ rô❧❡ ❡st ❞❡
♣❡r♠❡ttr❡ ❧✬✐♥✐t✐❛t✐♦♥ ❡t s✉rt♦✉t ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥ ❞❡ ❧✬❆❉◆ ❡♥ ❆❘◆✱
❡t s❡ t❡r♠✐♥❡ ♣❛r ✉♥❡ séq✉❡♥❝❡ t❡r♠✐♥❛tr✐❝❡ q✉✐ ♠❛rq✉❡ ❧❛ ✜♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥
✭❝❢✳ ❋✐❣✉r❡ ✶✳✸✮✳

❋✐❣✳ ✶✳✸✿ ❙tr✉❝t✉r❡ ❞✬✉♥ ❣è♥❡ ❡✉❝❛r②♦t❡✳ ❯❚❘ ❂ ré❣✐♦♥ tr❛♥s❝r✐t❡ ♥♦♥ tr❛❞✉✐t❡✳

▲❡ ❣é♥♦♠❡ ❞✬✉♥ ❡✉❝❛r②♦t❡ ❝♦♠♣♦rt❡ ❡♥tr❡ ❡♥✈✐r♦♥ ✻ ✵✵✵ ❣è♥❡s ♣♦✉r ❧❛ ❧❡✈✉r❡ ❙❛❝✲
❝❤❛r♦♠②❝❡s ❝❡r❡✈✐s✐❛❡ ❥✉sq✉✬à ❡♥✈✐r♦♥ ✸✶ ✵✵✵ ❣è♥❡s ♣♦✉r ❧❛ ❞❛♣❤♥✐❡ r♦✉❣❡✱ ❛✉ss✐
❛♣♣❡❧é❡ ♣✉❝❡ ❞✬❡❛✉ ✭❉❛♣❤♥✐❛ ♣✉❧❡① ✮✳ ▲✬❍♦♠♠❡ ♣♦ssè❞❡ ❡♥✈✐r♦♥ ✷✸ ✵✵✵ ❣è♥❡s✳

✕ ❧✬❛♥♥♦t❛t✐♦♥ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❛ ♣♦✉r ❜✉t ❞❡ ♣ré❞✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ♣♦t❡♥t✐❡❧❧❡ ❞❡
❝❡s ❣è♥❡s ❡t ❧❡✉rs ✐♥t❡r❛❝t✐♦♥s ♣r♦❜❛❜❧❡s✳ ▲✬❛♥♥♦t❛t✐♦♥ ♣❡✉t êtr❡ ❛✉t♦♠❛t✐q✉❡✱
❝✬❡st✲à✲❞✐r❡ s✬❛♣♣✉②❡r s✉r ❞❡s ❛❧❣♦r✐t❤♠❡s r❡❝❤❡r❝❤❛♥t ❞❡s s✐♠✐❧❛r✐tés ✭❞❡ séq✉❡♥❝❡s✱
❞❡ str✉❝t✉r❡s✱ ❞❡ ♠♦t✐❢s✱ ✳✳✳✮✱ ♣❡r♠❡tt❛♥t ❞❡ ♣ré❞✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉♥ ❣è♥❡✳ ❊❧❧❡
❛❜♦✉t✐t ❛✉ tr❛♥s❢❡rt ✓ ❛✉t♦♠❛t✐q✉❡ ✔ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ✜❣✉r❛♥t ❞❛♥s ❧✬ét✐q✉❡tt❡
❞✬✉♥ ❣è♥❡ s✐♠✐❧❛✐r❡ ❞✬✉♥ ❣é♥♦♠❡ ❞é❥à ❛♥♥♦té ❛✉ ❣é♥♦♠❡ ❡♥ ❝♦✉rs ❞✬❛♥♥♦t❛t✐♦♥✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✷ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

▲✬❛♥♥♦t❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❡st ♣❛r❢♦✐s ❝♦♠♣❧été❡ ♣❛r ✉♥❡ ❛♥♥♦t❛t✐♦♥ ♠❛♥✉❡❧❧❡
ré❛❧✐sé❡ ♣❛r ❞❡s ❡①♣❡rts q✉✐ ✈❛❧✐❞❡♥t ♦✉ ✐♥✈❛❧✐❞❡♥t ❧❛ ♣ré❞✐❝t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs
❝♦♥♥❛✐ss❛♥❝❡s ♦✉ ❞❡ rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉①✳ ❈❡❧❧❡✲❝✐ ♣❡✉t ❛✐♥s✐ é✈✐t❡r ❧❡ tr❛♥s❢❡rt
❛✉t♦♠❛t✐q✉❡ ❞✬❡rr❡✉rs ❡t ❞♦♥❝ ❧❡✉r ♣r♦♣❛❣❛t✐♦♥✳

▲✬❡♥❥❡✉ ❛❝t✉❡❧ ❡st ❞❡ séq✉❡♥❝❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡s♣è❝❡s✱ ❞✬❛♠é❧✐♦r❡r ❡t ❞❡ ❝♦♠♣❧ét❡r
❧✬❛♥♥♦t❛t✐♦♥ ❞❡s ❣é♥♦♠❡s✱ ❛✐♥s✐ q✉❡ ❞✬ét✉❞✐❡r ❧❡s ❣è♥❡s ❛✜♥ ❞✬❛❝❝é❞❡r à ✉♥❡ ♠❡✐❧❧❡✉r❡
❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❡✉r ❢♦♥❝t✐♦♥✳ ▲✬❡①♣❧♦r❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡s ❣è♥❡s ♣❡✉t ♣❛r ❡①❡♠♣❧❡
♣❡r♠❡ttr❡ ❞✬✐♠♣♦rt❛♥ts ♣r♦❣rès ♠é❞✐❝❛✉① ❣râ❝❡ à ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s r❡s♣♦♥s❛❜❧❡s ❞❡
♠❛❧❛❞✐❡s ❣é♥ét✐q✉❡s✳ ❈❤❡③ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❣è♥❡s ✐♠♣❧✐q✉és ❞❛♥s
❧❛ ❧✐❜ér❛t✐♦♥ ❞❡s ❣r❛✐♥❡s ❡t ❞❡s ❣è♥❡s r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛ ♠❛t✉r❛t✐♦♥ ❞❡s ❢r✉✐ts ❛ ❞é❥à ❞❡s
r❡t♦♠❜é❡s ❝❤❡③ ❧❡s ❡s♣è❝❡s ❝✉❧t✐✈é❡s ✭❇❡r♥♦t ❡t ❛❧✳✱ ✷✵✵✶ ❀ ❲✐❧❦✐♥s♦♥ ❡t ❛❧✳✱ ✶✾✾✼✮✳

✶✳✸ ▲✬❡①♣r❡ss✐♦♥ ❡t ❧❡ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s

▲✬❛✈❛♥❝é❡ t❡❝❤♥♦❧♦❣✐q✉❡ ❡♥ ♠❛t✐èr❡ ❞❡ séq✉❡♥ç❛❣❡ ❞❡s ❣é♥♦♠❡s ❡t ❞✬❛♥♥♦t❛t✐♦♥ ❛ ♣❡r✲
♠✐s ♥♦t❛♠♠❡♥t ❧✬ét✉❞❡ ❡t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❣è♥❡s✳ ❯♥ ❣è♥❡ ❡st ✉♥❡ séq✉❡♥❝❡ ❞✬❆❉◆
❝♦♥ç✉❡ ♣♦✉r êtr❡ tr❛♥s❝r✐t❡ ❡♥ ❆❘◆✳ ▲❛ ♠♦❧é❝✉❧❡ ❞✬❆❘◆ ❛✐♥s✐ ♣r♦❞✉✐t❡ ♣❡✉t s♦✐t êtr❡
tr❛❞✉✐t❡ ❡♥ ♣r♦té✐♥❡ ✭❡❧❧❡ ❡st ❞❛♥s ❝❡ ❝❛s ❛♣♣❡❧é❡ ❆❘◆ ♠❡ss❛❣❡r✮✱ s♦✐t êtr❡ ❞✐r❡❝t❡♠❡♥t
❢♦♥❝t✐♦♥♥❡❧❧❡ ✭❝✬❡st ❧❡ ❝❛s ♣♦✉r ❧❡s ❆❘◆ r✐❜♦s♦♠❛✉① ♦✉ ❧❡s ❆❘◆ ❞❡ tr❛♥s❢❡rt✮✳ ❈❤❡③ ❧❡s
❡✉❝❛r②♦t❡s✱ ✉♥ ❣è♥❡ ❡st ❝♦♥st✐t✉é ❞✬✉♥❡ ❛❧t❡r♥❛♥❝❡ ❞❡ séq✉❡♥❝❡s ❝♦❞❛♥t❡s✱ ♥♦♠♠é❡s ❡①♦♥s✱
❡t ❞❡ séq✉❡♥❝❡s ♥♦♥ ❝♦❞❛♥t❡s✱ ❧❡s ✐♥tr♦♥s✱ q✉✐ s❡r♦♥t é❧✐♠✐♥és ❞❡ ❧✬❆❘◆ ♠❡ss❛❣❡r ❧♦rs ❞✉
♣r♦❝❡ss✉s ❞✬é♣✐ss❛❣❡✱ ❛✈❛♥t ❧❛ tr❛❞✉❝t✐♦♥ ❡♥ ♣r♦té✐♥❡✳ ▲❡ ♣r♦❝❡ss✉s ❞✬é♣✐ss❛❣❡ ❞❡s ✐♥tr♦♥s
♣❡r♠❡t ❛✉ss✐ ❞❡ s✉♣♣r✐♠❡r ❞❡ ❢❛ç♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❝❡rt❛✐♥s ❡①♦♥s ❞❡ ❧✬❆❘◆✱ ❞♦♥♥❛♥t ❧❛
♣♦ss✐❜✐❧✐té à ♣❛rt✐r ❞✬✉♥ ✉♥✐q✉❡ ❣è♥❡ ❞❡ ♣r♦❞✉✐r❡ ♣❧✉s✐❡✉rs ♣r♦té✐♥❡s ❞✐✛ér❡♥t❡s✳ ❖♥ ♣❛r❧❡
❛❧♦rs ❞✬é♣✐ss❛❣❡ ❛❧t❡r♥❛t✐❢✳
P♦✉r ❧❛ ♣❧✉♣❛rt ❞❡s ♦r❣❛♥✐s♠❡s ❡✉❝❛r②♦t❡s✱ ✉♥❡ ❜♦♥♥❡ ♣❛rt✐❡ ❞❡ ❧✬❆❉◆ ♥✬❡st ♣❛s ❝♦❞❛♥t❡✳
❈❡t ❆❉◆ ♥♦♥ ❝♦❞❛♥t✱ ❛✉ss✐ ♥♦♠♠é ❆❉◆ ✐♥t❡r❣é♥✐q✉❡✱ ❡st ❞❡ ♣❧✉s ❡♥ ♣❧✉s ét✉❞✐é ❡t s❡♠❜❧❡
êtr❡ ✐♠♣❧✐q✉é ❞❛♥s ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✱ ♥♦t❛♠♠❡♥t ♣❛r ♠♦❞✐✜❝❛t✐♦♥ ❞✉
♥✐✈❡❛✉ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❧✬❆❉◆✳ ❊♥ ❡✛❡t✱ ❧❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ ❧✬❆❉◆ ❡♥ ❝❤r♦♠❛t✐♥❡
❡st ❡ss❡♥t✐❡❧ ♣♦✉r ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❛❝t✐✈✐té ❞✉ ❣é♥♦♠❡ ❝❤❡③ ❧❡s ❡✉❝❛r②♦t❡s✳ ▲❛ str✉❝t✉r❡
♦r❣❛♥✐s❛t✐♦♥♥❡❧❧❡ ❞❡ ❧✬❆❉◆ ❞❛♥s ❧❡ ♥♦②❛✉ ❝♦♥st✐t✉❡ ❡♥ ❡❧❧❡✲♠ê♠❡ ✉♥ ♠é❝❛♥✐s♠❡ ❞❡ ré♣r❡s✲
s✐♦♥ ♦✉ ❞✬❛❝t✐✈❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥ ❞❡s ❣è♥❡s✳ P♦✉r ❛❝t✐✈❡r ❧❛ tr❛♥s❝r✐♣t✐♦♥ ❞✬✉♥ ❣è♥❡
❞♦♥♥é ❞❛♥s ✉♥❡ ❝❡❧❧✉❧❡✱ ❧❛ ❝❤r♦♠❛t✐♥❡ ❝♦♠♣r✐s❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ❝♦♥trô❧❡ ❞✉ ❣è♥❡ ❞♦✐t
êtr❡ ♠♦❞✐✜é❡ ♦✉ ❛❧téré❡ ❞❡ ❢❛ç♦♥ à êtr❡ ♣❡r♠✐ss✐✈❡ à ❧❛ tr❛♥s❝r✐♣t✐♦♥✳ ▲❡s ❣è♥❡s ❧♦❝❛❧✐sés
❞❛♥s ❧✬❡✉❝❤r♦♠❛t✐♥❡ s♦♥t ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t tr❛♥s❝r✐ts ❝❛r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❧é❣èr❡✳ ❈❡s
♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧✬ét❛t tr❛♥s❝r✐♣t✐♦♥♥❡❧ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ s♦♥t ❣é♥ér❛❧❡♠❡♥t ❡♥ ❧✐❡♥ ❞✐r❡❝t
❛✈❡❝ ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ✐♠♣✉t❛♥t ❧❡s ❤✐st♦♥❡s ✭♠ét❤②❧❛t✐♦♥✱ ❛❝ét②❧❛t✐♦♥✱ ✉❜✐q✉✐t✐♥❛t✐♦♥ ♦✉
♣❤♦s♣❤♦r✐❧❛t✐♦♥✮✳ ▲❡s ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐st♦♥❡✱ ❧❛ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆ ❡t ❞✬❛✉tr❡s ❢❛❝t❡✉rs
t❡❧s q✉❡ ❧❡s ♣❡t✐ts ❆❘◆ ♦✉ ❧❡s ❡♥③②♠❡s ❞❡ r❡♠♦❞❡❧❛❣❡ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡✱ ❞é✜♥✐ss❡♥t ❞❡s
ét❛ts ❝❤r♦♠❛t✐♥✐❡♥s ❞✐st✐♥❝ts q✉✐ ♠♦❞✉❧❡♥t ❧✬❛❝❝ès à ❧✬❆❉◆ ✭❇❡r❣❡r✱ ✷✵✵✼✮ ❡t s♦♥t ❞♦♥❝ ❞❡s
♠é❝❛♥✐s♠❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✳ ▲✬✉♥ ❞❡s ❞é✜s ❛❝t✉❡❧s
❡♥ ❜✐♦❧♦❣✐❡ ❡st ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ rô❧❡ ❞❡ ❝❤❛q✉❡ ❣è♥❡ ❛✉ s❡✐♥ ❞✬✉♥❡ ❝❡❧❧✉❧❡ ❡t ❞❡ ❝♦♥♥❛îtr❡
s❡s ❝♦♥❞✐t✐♦♥s ❞✬❡①♣r❡ss✐♦♥✳

✷ ➱✈♦❧✉t✐♦♥ ❞❡s t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t

❉❡♣✉✐s ❧❡ ❞é❜✉t ❞❡s ❛♥♥é❡s ✶✾✻✵✱ ❧❡s ❜✐♦❧♦❣✐st❡s ♠♦❧é❝✉❧❛✐r❡s ♦♥t ❛♣♣r✐s à ❝❛r❛❝tér✐s❡r✱
✐s♦❧❡r ❡t ♠❛♥✐♣✉❧❡r ❧✬❆❉◆✱ s✉♣♣♦rt ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✱ ❛✐♥s✐ q✉❡ ❧✬❆❘◆ ❡t ❧❡s
♣r♦té✐♥❡s✱ ♠♦❧é❝✉❧❡s str✉❝t✉r❡❧❧❡s ❡t ❡♥③②♠❛t✐q✉❡s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s ❞❡s ❝❡❧❧✉❧❡s✳ ▲❛

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



➱✈♦❧✉t✐♦♥ ❞❡s t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t ✶✸

♠❛❥♦r✐té ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ s♦♥t ❢♦♥❞é❡s s✉r ❧✬❤②❜r✐❞❛t✐♦♥✱ t❡❝❤♥✐q✉❡
q✉✐ r❡♣♦s❡ s✉r ❧❛ ❝♦♠♣❧é♠❡♥t❛r✐té ❞❡s ❜❛s❡s ❛③♦té❡s ❡♥tr❡ ❡❧❧❡s✳ ❊♥ ❡✛❡t✱ s✐ ❧✬♦♥ ♣❧❛❝❡
❞❡✉① s✐♠♣❧❡s ❜r✐♥s ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞✬❆❉◆ ❞❛♥s ✉♥ ♠ê♠❡ ♠✐❧✐❡✉✱ ✐❧s ✈♦♥t ♥❛t✉r❡❧❧❡♠❡♥t
s✬❛ss♦❝✐❡r✳
❊♥ ✶✾✼✼✱ ❞❡✉① t❡❝❤♥✐q✉❡s ❞❡ séq✉❡♥ç❛❣❡ ❞❡s ❛❝✐❞❡s ♥✉❝❧é✐q✉❡s ❛♣♣❛r❛✐ss❡♥t à ♣❡✉ ♣rès
s✐♠✉❧t❛♥é♠❡♥t ✿ ❧❛ ♠ét❤♦❞❡ ❡♥③②♠❛t✐q✉❡ ❞❡ ❋ré❞ér✐❝❦ ❙❛♥❣❡r ❡t ❧✬❛♣♣r♦❝❤❡ ❝❤✐♠✐q✉❡ ❞❡
❲❛❧t❡r ●✐❧❜❡rt ❡t ❆❧❧❛♥ ▼❛①❛♠✳ ●râ❝❡ ❛✉① ❝♦♥♥❛✐ss❛♥❝❡s ❛❝q✉✐s❡s s✉r ❧❡s ❡♥③②♠❡s✱ ❧❛ ♣r❡✲
♠✐èr❡ ❡st ♣ré❢éré❡ à ❧❛ s❡❝♦♥❞❡✱ q✉✐ ❡st tr♦♣ t♦①✐q✉❡✳ ❊♥ ✶✾✽✹✱ ❧❛ t❡❝❤♥✐q✉❡ ❞✬❛♠♣❧✐✜❝❛t✐♦♥
❣é♥ét✐q✉❡✱ ♦✉ P❈❘ ✭P♦❧②♠❡r❛s❡ ❈❤❛✐♥ ❘❡❛❝t✐♦♥✮✱ q✉✐ ♣❡r♠❡t ❞✬❛♠♣❧✐✜❡r sé❧❡❝t✐✈❡♠❡♥t
t♦✉t❡ séq✉❡♥❝❡ ❞✬❆❉◆✱ ❞❡✈✐❡♥t r❛♣✐❞❡♠❡♥t ✉♥ ♦✉t✐❧ ♣✉✐ss❛♥t ❡t ✐♥❞✐s♣❡♥s❛❜❧❡ ❛✉ séq✉❡♥✲
ç❛❣❡ ❞❡s ❣é♥♦♠❡s ♣✉✐sq✉✬✐❧ ❢❛✉t ♣❧✉s✐❡✉rs ♠✐❧❧✐♦♥s ❞❡ ❝♦♣✐❡s ❞✬✉♥❡ ♠♦❧é❝✉❧❡ ❞✬❆❉◆ ♣♦✉r
♣♦✉✈♦✐r ❛♥❛❧②s❡r s❛ séq✉❡♥❝❡✳
❉❡♣✉✐s ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞✬❛♥♥é❡s✱ ❞✐✈❡rs❡s t❡❝❤♥✐q✉❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s ❛✜♥ ❞✬❛❜♦r❞❡r
❧✬ét✉❞❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✳ ▲❡s ♣r❡♠✐èr❡s ❛♣♣r♦❝❤❡s ♣r♦♣♦sé❡s✱ ❧❡ ❙♦✉t❤❡r♥ ❜❧♦t ❡t
❧❡ ♥♦rt❤❡r♥ ❜❧♦t✱ ♣❡r♠❡tt❡♥t ❞✬✐❞❡♥t✐✜❡r ❡t ❞❡ ❧♦❝❛❧✐s❡r ✉♥❡ séq✉❡♥❝❡ ♣❛rt✐❝✉❧✐èr❡ ❞✬❆❉◆
♦✉ ❞✬❆❘◆ ❞❛♥s ✉♥ ❣é♥♦♠❡ ❡♥t✐❡r✳ ▲❡ ❙♦✉t❤❡r♥ ❜❧♦t ✭r❡s♣❡❝t✐✈❡♠❡♥t ♥♦rt❤❡r♥✮ ❡st ✉♥❡
t❡❝❤♥✐q✉❡ ❞❡ tr❛♥s❢❡rt ❞❡s ♠♦❧é❝✉❧❡s ❞✬❆❉◆ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❆❘◆✮ s✉r ✉♥❡ ♠❡♠❜r❛♥❡✱
❧❡s ♠♦❧é❝✉❧❡s ét❛♥t ♣ré❛❧❛❜❧❡♠❡♥t sé♣❛ré❡s ♣❛r t❛✐❧❧❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ é❧❡❝tr♦♣❤♦rès❡✳ ▲❛ ❞é✲
t❡❝t✐♦♥ ❡st ré❛❧✐sé❡ ♣❛r ❤②❜r✐❞❛t✐♦♥ ❛✈❡❝ ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❢r❛❣♠❡♥ts ❞✬❆❉◆ ♠❛rq✉és✱ ❞❡
séq✉❡♥❝❡ ❝♦♥♥✉❡✳ ❈❡s t❡❝❤♥✐q✉❡s s❡ ❧✐♠✐t❡♥t à ❧✬❛♥❛❧②s❡ ❞✬✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞❡ ❣è♥❡s à ❧❛
❢♦✐s ❡t ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬❛♣♣ré❤❡♥❞❡r ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳
P❧✉s ré❝❡♠♠❡♥t✱ ❧❛ t❡❝❤♥✐q✉❡ ❙❆●❊ ✭❙❡r✐❛❧ ❆♥❛❧②s✐s ♦❢ ●❡♥❡s ❊①♣r❡ss✐♦♥✱ ❱❡❧❝✉❧❡s❝✉
❡t ❛❧✳✱ ✶✾✾✺✮✱ ♣❡r♠❡t ❞✬✐❞❡♥t✐✜❡r ❡t ❞❡ q✉❛♥t✐✜❡r✱ s✐♠✉❧t❛♥é♠❡♥t✱ ❧❡ ♥✐✈❡❛✉ ❞✬❡①♣r❡ss✐♦♥
❞❡ ♣❧✉s✐❡✉rs ♠✐❧❧✐❡rs ❞❡ ❣è♥❡s✱ ❞❛♥s ✉♥ t②♣❡ ❝❡❧❧✉❧❛✐r❡ ❞♦♥♥é✳ ❈❡tt❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à
ré❛❧✐s❡r ✉♥ ✐♥✈❡♥t❛✐r❡ ❞❡s tr❛♥s❝r✐ts ♣❛r séq✉❡♥ç❛❣❡ ❡♥ sér✐❡ ❞❡ ❝♦✉rts ❢r❛❣♠❡♥ts ❞✬❆❉◆
❝♦♠♣❧é♠❡♥t❛✐r❡ ✭❆❉◆❝✮✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st très s❡♥s✐❜❧❡✱ ♠❛✐s ❛✉ss✐ ❧♦♥❣✉❡ à ♠❡ttr❡ ❡♥
÷✉✈r❡ ❡t ❝♦ût❡✉s❡✳ P❛r❛❧❧è❧❡♠❡♥t à ❧❛ ♠ét❤♦❞❡ ❙❆●❊✱ s♦♥t ❛♣♣❛r✉❡s✱ ✈❡rs ❧❛ ✜♥ ❞❡s ❛♥✲
♥é❡s ✶✾✾✵✱ ❧❡s ♣✉❝❡s ♦✉ ♠✐❝r♦❛rr❛②s✱ ♠♦✐♥s ❝♦ût❡✉s❡s ❡t s✉rt♦✉t ♣❧✉s é✈♦❧✉t✐✈❡s ❡♥ t❡r♠❡s
❞✬❛♣♣❧✐❝❛t✐♦♥s✳ ❊❧❧❡s s♦♥t r❛♣✐❞❡♠❡♥t ❞❡✈❡♥✉❡s ✉♥ ♦✉t✐❧ ♣r✐✈✐❧é❣✐é ❡t ❧❛ t❡❝❤♥♦❧♦❣✐❡ ❞❡s
♣✉❝❡s ❡st ❡①trê♠❡♠❡♥t ré♣❛♥❞✉❡ ❛✉❥♦✉r❞✬❤✉✐✳ ■❧ ❡①✐st❡ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♣✉❝❡s ♣♦✉r ét✉✲
❞✐❡r t♦✉s ❧❡s ♥✐✈❡❛✉① ♠♦❧é❝✉❧❛✐r❡s ✿ ♣✉❝❡s à ❆❉◆✱ ♣✉❝❡s à ♣r♦té✐♥❡s✱ ❡t❝✳ ❉❛♥s ❧❛ s✉✐t❡✱
♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ✉♥✐q✉❡♠❡♥t ❛✉① ♣✉❝❡s à ❆❉◆ ✭❙❝❤❡♥❛ ❡t ❛❧✳✱ ✶✾✾✺✮✳

✷✳✶ Pr✐♥❝✐♣❡ ❞❡s ♣✉❝❡s à ❆❉◆

❯♥❡ ♣✉❝❡ à ❆❉◆ ❡st ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♠✐❧❧✐❡rs ❞❡ ♣✉✐ts ♠✐❝r♦s❝♦♣✐q✉❡s s✉r ✉♥ s✉♣♣♦rt
s♦❧✐❞❡ ♠✐♥✐❛t✉r❡ t❡❧ q✉✬✉♥❡ ❧❛♠❡ ❞❡ ♠✐❝r♦s❝♦♣❡ ✭q✉✐ ♣❡✉t êtr❡ ❞✉ ✈❡rr❡✱ ❞✉ s✐❧✐❝✐✉♠ ♦✉
❞✉ ♣❧❛st✐q✉❡✮✳ ▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❜❛s❡ ❞❡s ♣✉❝❡s à ❆❉◆ ❡st ❧✬❤②❜r✐❞❛t✐♦♥ ♠♦❧é❝✉❧❛✐r❡ ✿ ✉♥
♠é❧❛♥❣❡ ❝♦♠♣❧❡①❡ ❞✬❆❉◆ ❡st ♠❛rq✉é ♣✉✐s ❤②❜r✐❞é ❛✈❡❝ ❞❡s ❆❉◆ ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞❡
séq✉❡♥❝❡ ❝♦♥♥✉❡✱ ✜①és s✉r ❧❛ s✉r❢❛❝❡ ❞✬✉♥ s✉♣♣♦rt s♦❧✐❞❡ à ❞❡s ♣♦s✐t✐♦♥s ❞ét❡r♠✐♥é❡s✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢r❛❣♠❡♥ts ❞✬❆❉◆ ❞✬✐♥térêt✱ s✐♠♣❧❡ ❜r✐♥ ❡t ❛♠♣❧✐✜é ♣❛r
❧❛ t❡❝❤♥✐q✉❡ ❞❡ P❈❘✱ ❡st ❞é♣♦sé s✉r ❧❛ ♣✉❝❡ ❞❛♥s ❝❤❛q✉❡ ♣✉✐ts✳ ❈❡s ♠♦❧é❝✉❧❡s ❞✬❆❉◆
✜①é❡s s♦♥t ❛♣♣❡❧é❡s ✏s♦♥❞❡s✑✳ ▲✬❤②❜r✐❞❛t✐♦♥ ❝♦♥s✐st❡ à ♣❧❛❝❡r ❞❡s ♠♦❧é❝✉❧❡s ✏❝✐❜❧❡s✑✱
❡①tr❛✐t❡s ❞✬✉♥❡ ❝✉❧t✉r❡ q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❛♥❛❧②s❡r ❡t ♠❛rq✉é❡s ❛✈❡❝ ✉♥ ✢✉♦r♦❝❤r♦♠❡✱
s✉r ❧❡ s✉♣♣♦rt ♦ù s♦♥t ✜①é❡s ❧❡s s♦♥❞❡s✳ ▲❡s ❝✐❜❧❡s✱ q✉✐ s♦♥t ❛✉ss✐ ❞❡s ♠♦❧é❝✉❧❡s s♦✉s
❢♦r♠❡ s✐♠♣❧❡ ❜r✐♥✱ ✈♦♥t ♥❛t✉r❡❧❧❡♠❡♥t s✬❛♣♣❛r✐❡r ❛✉① s♦♥❞❡s ❞❡ séq✉❡♥❝❡ ❝♦♠♣❧é♠❡♥t❛✐r❡
♣♦✉r ❞♦♥♥❡r ❞❡ ❧✬❆❉◆ ❞♦✉❜❧❡ ❜r✐♥✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❛ s♦♥❞❡ ❡st ♥♦♥ r❡str✐❝t✐✈❡✱ ❡t ❡♥
q✉❛♥t✐té ❧❛r❣❡♠❡♥t s✉✣s❛♥t❡ ♣♦✉r ❛❝❝✉❡✐❧❧✐r t♦✉t❡s ❧❡s ❝✐❜❧❡s ♣rés❡♥t❡s ❞❛♥s ❧✬é❝❤❛♥t✐❧❧♦♥
❛♥❛❧②sé✳ ▲❛ q✉❛♥t✐té ❞✬❆❉◆ ✢✉♦r❡s❝❡♥t ❤②❜r✐❞é ❡st ❞♦♥❝ s✉♣♣♦sé❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛
q✉❛♥t✐té ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ❝✐❜❧❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❞❡ ❞é♣❛rt✳ ❈❤❛q✉❡ s♦♥❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✹ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❞❡ ❧❛ ♣✉❝❡ ❡st ❡♥s✉✐t❡ ❡①❝✐té❡ ♣❛r ✉♥ ❧❛s❡r ♣♦✉r ré❝✉♣ér❡r ❧❛ ✢✉♦r❡s❝❡♥❝❡ é♠✐s❡ ✈✐❛ ✉♥
♣❤♦t♦✲♠✉❧t✐♣❧✐❝❛t❡✉r ✭P▼❚✮ ❝♦✉♣❧é à ✉♥ ♠✐❝r♦s❝♦♣❡ ❝♦♥❢♦❝❛❧✳ ❖♥ ♠❡s✉r❡ ❧❛ q✉❛♥t✐té ❞❡
s✐❣♥❛❧ ❞❛♥s ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬é♠✐ss✐♦♥ ❞✉ ✢✉♦r♦❝❤r♦♠❡✳ ❯♥❡ ✐♠❛❣❡ ❞♦♥t ❧❡ ♥✐✈❡❛✉
❞❡ ❣r✐s r❡♣rés❡♥t❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ✢✉♦r❡s❝❡♥❝❡ ❧✉❡ ❡st ❛❧♦rs ♦❜t❡♥✉❡✳ ❈❤❛q✉❡ ♣✐①❡❧ ❞❡
❧✬✐♠❛❣❡ s❝❛♥♥é❡ r❡♣rés❡♥t❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ✢✉♦r❡s❝❡♥❝❡ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✹✮✳
■❧ ❡①✐st❡ ❞❡✉① ❣r❛♥❞❡s ❢❛♠✐❧❧❡s ❞❡ ♣✉❝❡s à ❆❉◆✱ ❧✬✉♥❡ ♥❡ ♣♦✉✈❛♥t r❡❝❡✈♦✐r q✉✬✉♥
é❝❤❛♥t✐❧❧♦♥ ❞❡ ❝❡❧❧✉❧❡ ♣❛r ❧❛♠❡ ❡t ❧✬❛✉tr❡ ♣♦✉✈❛♥t r❡❝❡✈♦✐r ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞✐✛ér❡♥ts
✭❝♦rr❡s♣♦♥❞❛♥t à ❞❡✉① ❝♦♥❞✐t✐♦♥s q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❝♦♠♣❛r❡r✮✱ ❝❤❛❝✉♥ ❧❛❜❡❧❧✐sé ❛✈❡❝ ✉♥
✢✉♦r♦❝❤r♦♠❡ ❞❡ ❝♦✉❧❡✉r ❞✐✛ér❡♥t❡✳ P♦✉r ❝❡s ❞❡r♥✐èr❡s✱ ❣é♥ér❛❧❡♠❡♥t ❛♣♣❡❧é❡s ♣✉❝❡s ❞❡✉①
❝♦✉❧❡✉rs✱ ❞❡✉① ✐♠❛❣❡s ❡♥ ♥✐✈❡❛✉ ❞❡ ❣r✐s s♦♥t ❣é♥éré❡s ✭✉♥❡ ♣♦✉r ❝❤❛q✉❡ ✢✉♦r♦❝❤r♦♠❡✮✳
❚r❛❞✐t✐♦♥♥❡❧❧❡♠❡♥t✱ ♦♥ ♥❡ ✈✐s✉❛❧✐s❡ ✜♥❛❧❡♠❡♥t q✉✬✉♥❡ s❡✉❧❡ ✐♠❛❣❡✱ ♦❜t❡♥✉❡ ❡♥ s✉♣❡r♣♦✲
s❛♥t ❧❡s ❞❡✉① ♣ré❝é❞❡♥t❡s ❡t ❡♥ r❡♠♣❧❛ç❛♥t ❧❡s ♥✐✈❡❛✉① ❞❡ ❣r✐s ♣❛r ❞❡s ♥✐✈❡❛✉① ❞❡ ✈❡rt
♣♦✉r ❧❛ ♣r❡♠✐èr❡ ✐♠❛❣❡ ❡t ❞❡s ♥✐✈❡❛✉① ❞❡ r♦✉❣❡ ♣♦✉r ❧❛ s❡❝♦♥❞❡✳ ▲❡s s♦♥❞❡s ♣❡✉✈❡♥t ❞♦♥❝
êtr❡ r❡♣rés❡♥té❡s ❛✈❡❝ ❞❡s ❝♦✉❧❡✉rs ❛❧❧❛♥t ❞✉ ✈❡rt ✭s❡✉❧❡♠❡♥t ❞❡ ❧✬❆❉◆ ❞❡ ❧❛ ♣r❡♠✐èr❡
❝♦♥❞✐t✐♦♥ ✜①é✮ ❛✉ r♦✉❣❡ ✭s❡✉❧❡♠❡♥t ❞❡ ❧✬❆❉◆ ❞❡ ❧❛ s❡❝♦♥❞❡ ❝♦♥❞✐t✐♦♥ ✜①é✮ ❡♥ ♣❛ss❛♥t
♣❛r ❧❡ ❥❛✉♥❡ ✭❆❉◆ ❞❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s ✜①é ❡♥ q✉❛♥t✐té é❣❛❧❡✮✳

❋✐❣✳ ✶✳✹✿ ❋❛❜r✐❝❛t✐♦♥ ❞❡s ♣✉❝❡s à ❆❉◆✳

❉✐✛ér❡♥ts t②♣❡s ❞❡ ♣✉❝❡s à ❆❉◆

■❧ ❡①✐st❡ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♣✉❝❡s à ❆❉◆ q✉✐ ♦♥t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✐✛ér❡♥t❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡s séq✉❡♥❝❡s ❞é♣♦sé❡s s✉r ❧❛ ♣✉❝❡✳ ◆♦✉s ❡♥ ♣rés❡♥t♦♥s ❜r✐è✈❡♠❡♥t ❞❡✉①✳

▲❡s ♣✉❝❡s ❙◆P ✭❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠✮ ♣❡r♠❡tt❡♥t ❞❡ ❢❛✐r❡ ❞❡ ❧❛ ❣é♥ét✐q✉❡
à ❤❛✉t❡ rés♦❧✉t✐♦♥✳ ▲❡ ♣♦❧②♠♦r♣❤✐s♠❡ ♥✉❝❧é♦t✐❞✐q✉❡ ❡st ❧❛ ✈❛r✐❛t✐♦♥ ✭♠✉t❛t✐♦♥✮ ❞✬✉♥❡
s❡✉❧❡ ♣❛✐r❡ ❞❡ ❜❛s❡s ❞✉ ❣é♥♦♠❡ ❡♥tr❡ ✐♥❞✐✈✐❞✉s ❞✬✉♥❡ ♠ê♠❡ ❡s♣è❝❡✳ ▲❡s ❙◆P r❡♣rés❡♥t❡♥t
✾✵✪ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛t✐♦♥s ❣é♥ét✐q✉❡s ❤✉♠❛✐♥❡s✳ ▲❡s s♦♥❞❡s s♦♥t ❢❛❜r✐q✉é❡s à ♣❛rt✐r
❞✬♦❧✐❣♦♥✉❝❧é♦t✐❞❡s s②♥t❤ét✐sés ❛②❛♥t ❧❛ séq✉❡♥❝❡ ❞✉ ❙◆P ♣♦✉r ❝❤❛q✉❡ ♠✉t❛t✐♦♥ ❝♦♥♥✉❡✳
P✉✐s ❧❡s s♦♥❞❡s s♦♥t ❤②❜r✐❞é❡s ❛✈❡❝ ❧✬❆❉◆ ❞✬✉♥ ✐♥❞✐✈✐❞✉✳

▲❡s ♣✉❝❡s ❞✬❡①♣r❡ss✐♦♥ ♣❡r♠❡tt❡♥t ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞✬❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡s à ❧✬❛✐❞❡
❞❡ ♠✐❧❧✐❡rs ❞❡ s♦♥❞❡s r❡♣rés❡♥t❛♥t ❧❡s ❣è♥❡s✳ ▲❡s ❝✐❜❧❡s s♦♥t ❛❧♦rs ❞❡s ❆❘◆♠ tr❛♥s❢♦r✲
♠és ❡♥ ❆❉◆❝ ♣❛r tr❛♥s❝r✐♣t✐♦♥ ✐♥✈❡rs❡✳ ▲❡s ♠❡s✉r❡s ❞✉ ♥✐✈❡❛✉ ❞✬❡①♣r❡ss✐♦♥ ❞❡ ♣❧✉s✐❡✉rs
♠✐❧❧✐❡rs ❞❡ ❣è♥❡s ❞❛♥s ✉♥ t②♣❡ ❝❡❧❧✉❧❛✐r❡ ❡t ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ♣❤②s✐♦❧♦❣✐q✉❡ ❡t✴♦✉ ♣❛t❤♦❧♦✲
❣✐q✉❡ ♣❛rt✐❝✉❧✐❡r ♣❡r♠❡tt❡♥t ❧✬❛♥❛❧②s❡ s✐♠✉❧t❛♥é❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s tr❛♥s❝r✐ts✳ ▲❛ ♠❡s✉r❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❯t✐❧✐s❛t✐♦♥ ❞❡s t✐❧✐♥❣ ❛rr❛②s ✶✺

à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❣é♥✐q✉❡ ❡st ♠♦t✐✈é❡ ♥♦t❛♠♠❡♥t ♣❛r ❧✬❤②♣♦t❤ès❡ q✉❡ ❧✬ét❛t
❢♦♥❝t✐♦♥♥❡❧ ❞✬✉♥ ♦r❣❛♥✐s♠❡ ❡st ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡ ❞é❝r✐t ♣❛r ❧❛ q✉❛♥t✐té ❞❡ ❝❤❛q✉❡ ❆❘◆
♣rés❡♥t ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ à ✉♥ ✐♥st❛♥t ❞♦♥♥é✳

✷✳✷ ▲❡s t✐❧✐♥❣ ❛rr❛②s

❉❡♣✉✐s ✉♥❡ ❞✐③❛✐♥❡ ❞✬❛♥♥é❡s✱ ❧❡s ♣✉❝❡s à ❆❉◆ s❡ ♣❡r❢❡❝t✐♦♥♥❡♥t ♣♦✉r ♣r♦♣♦s❡r ✉♥❡
❝♦✉✈❡rt✉r❡ ✐♥té❣r❛❧❡ ❞✉ ❣é♥♦♠❡✱ ❝❡ s♦♥t ❧❡s t✐❧✐♥❣ ❛rr❛②s✳ ▲❛ t❡❝❤♥✐q✉❡ r❡st❡ ❧❛ ♠ê♠❡✱
♠❛✐s ❞❡s ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡ s♦♥❞❡s ♣❡✉✈❡♥t êtr❡ ✜①é❡s s✉r ✉♥❡ ♠ê♠❡ ♣✉❝❡✳ ❊♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ s♦♥❞❡ ❡t ❞❡ ❧✬❡s♣❛❝❡♠❡♥t ❡♥tr❡ s♦♥❞❡s✱ ❞✐✛ér❡♥ts ❞❡❣rés
❞❡ rés♦❧✉t✐♦♥ ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s✳ ▲❡s s♦♥❞❡s ♥❡ r❡♣rés❡♥t❡♥t ♣❧✉s ✉♥✐q✉❡♠❡♥t ❞❡s
❣è♥❡s ♠❛✐s ❝♦✉✈r❡♥t ❧✬✐♥té❣r❛❧✐té ❞✉ ❣é♥♦♠❡ ❞✬✉♥ ♦r❣❛♥✐s♠❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ s♦♥
❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡✳
■❧ ❡①✐st❡ ❞❡✉① t❡❝❤♥✐q✉❡s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❢❛❜r✐❝❛t✐♦♥ ❞❡s t✐❧✐♥❣ ❛rr❛②s✳ ▲❛ ♣r❡♠✐èr❡ ❡st
❧❛ ♣❤♦t♦❧✐t❤♦❣r❛♣❤✐❡ ✿ ❡❧❧❡ ✐♠♣❧✐q✉❡ ✉♥❡ s②♥t❤ès❡ ✐♥ s✐t✉ ♦ù ❧❡s s♦♥❞❡s✱ ❞✬❡♥✈✐r♦♥ ✷✺❜♣✱
s♦♥t ❝♦♥str✉✐t❡s s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ ♣✉❝❡✳ ▲❛ s❡❝♦♥❞❡ t❡❝❤♥✐q✉❡ ❝♦♥s✐st❡ ❡♥ ❧✬✐♠♣r❡ss✐♦♥
♠é❝❛♥✐q✉❡ ❞❡s s♦♥❞❡s s✉r ❧❛ ♣✉❝❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♠❛❝❤✐♥❡s q✉✐ ♣❧❛❝❡♥t ♣ré❝✐sé♠❡♥t ❧❡s
s♦♥❞❡s ❞é❥à s②♥t❤ét✐sé❡s✳ ▲❡s tr♦✐s ❢❛❜r✐❝❛♥ts ♣r✐♥❝✐♣❛✉① ❞❡ t✐❧✐♥❣ ❛rr❛②s s♦♥t ❆✛②♠❡tr✐①✱
◆✐♠❜❧❡●❡♥ ✭❘♦❝❤❡✮ ❡t ❆❣✐❧❡♥t✳
❇✐❡♥ q✉❡ ❧❛ ❞❡♥s✐té ❞❡s t✐❧✐♥❣ ❛rr❛②s ♥❡ ❝❡ss❡ ❞✬❛✉❣♠❡♥t❡r ♣♦✉r ❛tt❡✐♥❞r❡ q✉❛s✐♠❡♥t
❞❡✉① ♠✐❧❧✐♦♥s ❞❡ s♦♥❞❡s ❛✉❥♦✉r❞✬❤✉✐✱ ✐❧ r❡st❡r❛ t♦✉❥♦✉rs ❞❡s ❧✐♠✐t❡s ♣r❛t✐q✉❡s ✐♠♣♦sé❡s
♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s q✉✐ ♣❡✉✈❡♥t êtr❡ s②♥t❤ét✐sé❡s s✉r ✉♥❡ ♣✉❝❡✳ ▲❛ ❝♦✉✈❡rt✉r❡
❝♦♠♣❧èt❡ ❞✬✉♥ ❣r❛♥❞ ❣é♥♦♠❡ ❡✉❝❛r②♦t❡ ✭∼ ✸ ●♦✮ ♣❡✉t t❤é♦r✐q✉❡♠❡♥t êtr❡ ♦❜t❡♥✉❡
♠❛✐s ✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣✉❝❡s s❡r❛✐t ❛❧♦rs ♥é❝❡ss❛✐r❡ ❡t ❞❡ t❡❧❧❡s ❡①♣ér✐❡♥❝❡s ♥❡
s♦♥t ♣❛s ❡♥✈✐s❛❣❡❛❜❧❡s ♥❡ s❡r❛✐t✲❝❡ q✉❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ✜♥❛♥❝✐❡r ✭▼♦❝❦❧❡r ❡t ❊❝❦❡r✱
✷✵✵✺✮✳ ❘é❝❡♠♠❡♥t✱ ❧❛ t❡❝❤♥♦❧♦❣✐❡ ❞❡ ◆❡①t ●❡♥❡r❛t✐♦♥ ❙❡q✉❡♥❝✐♥❣ ✭◆●❙✮ ré✈♦❧✉t✐♦♥♥❡ ❧❡
❞♦♠❛✐♥❡ ❝❛r ❡❧❧❡ ♣r♦❞✉✐t ❞✐r❡❝t❡♠❡♥t ❞❡s séq✉❡♥❝❡s ♥✉❝❧é♦t✐❞✐q✉❡s s❛♥s ✉t✐❧✐s❛t✐♦♥ ❞✬✉♥
s✉♣♣♦rt✳ ▲❛ ♥♦✉✈❡❧❧❡ ❣é♥ér❛t✐♦♥ ❞❡ séq✉❡♥❝❡✉rs à très ❤❛✉t ❞é❜✐t ♣❡r♠❡t ❞❡ séq✉❡♥❝❡r✱
❡♥ q✉❡❧q✉❡s ❥♦✉rs✱ ♣❧✉s✐❡✉rs ❣✐❣❛❜❛s❡s ❞✬❆❉◆ ❝♦♠♣♦sés ❞❡ ❝♦✉rts ❢r❛❣♠❡♥ts ✭✸✺✲✺✵ ♥t✮✳

✸ ❯t✐❧✐s❛t✐♦♥ ❞❡s t✐❧✐♥❣ ❛rr❛②s

▲❡s t✐❧✐♥❣ ❛rr❛②s s♦♥t ✉t✐❧✐sé❡s ❞❛♥s ❞❡ ♥♦♠❜r❡✉① t②♣❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s ❝♦♠♠❡ ❧✬ét✉❞❡
❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❛✈❡❝ ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡ ✭▼♦❝❦❧❡r ❡t ❊❝❦❡r✱ ✷✵✵✺ ❀
❨❛♠❛❞❛ ❡t ❛❧✳✱ ✷✵✵✸ ❀ ❍❛♥❛❞❛ ❡t ❛❧✳✱ ✷✵✵✼✮✳ ▲❛ t❡❝❤♥♦❧♦❣✐❡ ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ♣❡r♠❡t
❧✬ét✉❞❡ ❡①❤❛✉st✐✈❡ ❞❡ ❧✬❛❝t✐✈✐té tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡ ❞✬✉♥ ❣é♥♦♠❡✳ ❈❡t ♦✉t✐❧ ♣❡r♠❡t ❞✬❛♥♥♦✲
t❡r ❞❡ ♠❛♥✐èr❡ ♣❧✉s ❝♦♠♣❧èt❡ ❧❛ ❢r❛❝t✐♦♥ tr❛♥s❝r✐t❡ ❞✉ ❣é♥♦♠❡ ❡♥ ♠❡tt❛♥t ❡♥ é✈✐❞❡♥❝❡
❞❡ ♥♦✉✈❡❧❧❡s ✉♥✐tés tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡s q✉✐ ❛✈❛✐❡♥t é❝❤❛♣♣é ❛✉① ♠ét❤♦❞❡s ❞✬❛♥♥♦t❛t✐♦♥
❝❧❛ss✐q✉❡s ❡♥ r❛✐s♦♥ ❞❡ ❧❡✉r ♦r✐❣✐♥❛❧✐té str✉❝t✉r❛❧❡ ✭♣❡t✐t❡ t❛✐❧❧❡✱ ❛♥t✐s❡♥s✱ ❣è♥❡s à ❆❘◆✱
❡t❝✳✱ ❆✉❜♦✉r❣ ❡t ❘♦✉③é✱ ✷✵✵✶✮✳ ❉❡ t❡❧❧❡s ♣✉❝❡s s♦♥t ❛✉ss✐ ✉t✐❧✐sé❡s ♣♦✉r ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡
❈❤■P✲❝❤✐♣ q✉✐ ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ♣r♦té✐♥❡s✴❆❉◆✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛
♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆✱ ❧❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ♦✉ ❧❡s ❢❛❝t❡✉rs ❞❡ tr❛♥s❝r✐♣t✐♦♥
✭❇✉❝❦ ❛♥❞ ▲✐❡❜✱ ✷✵✵✹✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ❡①♣ér✐❡♥❝❡s ❈●❍ ✭❈♦♠♣❛r❛t✐✈❡ ●❡♥♦♠✐❝ ❍②✲
❜r✐❞✐③❛t✐♦♥✮ ♣❡r♠❡tt❡♥t ❧❛ ❞ét❡❝t✐♦♥ ❞✬❛❧tér❛t✐♦♥s ❝❤r♦♠♦s♦♠✐q✉❡s ✭P✐♥❦❡❧ ❡t ❛❧✳✱ ✶✾✾✽ ❀
❙♥✐❥❞❡rs ❡t ❛❧✳✱ ✷✵✵✶✮✳ ❊❧❧❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s ♣♦✉r ét✉❞✐❡r ❧❡s ❞é❧ét✐♦♥s✱ ✐♥s❡rt✐♦♥s ❡t
❛♠♣❧✐✜❝❛t✐♦♥s ❞❡s s❡❣♠❡♥ts ❞✬❆❉◆ ❞❛♥s ✉♥ ❣é♥♦♠❡✳ ❉✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s ❡①✐st❡♥t ♣♦✉r
❞ét❡r♠✐♥❡r ❧❡s ✈❛r✐❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♣✐❡s ❞✬❆❉◆ ❝♦♠♠❡ ❧❛ s❡❣♠❡♥t❛t✐♦♥ ✭❍✉♣é ❡t ❛❧✳✱
✷✵✵✹ ❀ P✐❝❛r❞ ❡t ❛❧✳✱ ✷✵✵✺✮ ♦✉ ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ✭❋r✐❞❧②❛♥❞ ❡t ❛❧✳✱ ✷✵✵✹ ❀ ❙❡✐❢❡rt
❡t ❛❧✳✱ ✷✵✵✾✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✻ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ✉♥✐q✉❡♠❡♥t ❛✉① ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡
❡t ❞❡ ❈❤■P✲❝❤✐♣ q✉✐ ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r r❡s♣❡❝t✐✈❡♠❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡t ❧❡✉rs
♠é❝❛♥✐s♠❡s ❞❡ ❝♦♥trô❧❡✳

✸✳✶ ❊①♣ér✐❡♥❝❡s ❞❡ ❚r❛♥s❝r✐♣t♦♠❡

▲❡ tr❛♥s❝r✐♣t♦♠❡ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❆❘◆ ♠❡ss❛❣❡rs ✭❆❘◆♠✮ ♣r♦❞✉✐ts ❧♦rs ❞✉ ♣r♦❝❡s✲
s✉s ❞❡ tr❛♥s❝r✐♣t✐♦♥ ❞✬✉♥ ❣é♥♦♠❡✱ ❞❛♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞♦♥♥é❡✳ ▲❡s ❆❘◆ ♠❡ss❛❣❡rs s♦♥t
✉♥❡ ❝♦♣✐❡ ❞❡s ❣è♥❡s q✉✐ s♦♥t à ❧✬ét❛t ❛❝t✐❢ ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳ ▲❛ ♣❧✉♣❛rt ❞✬❡♥tr❡ ❡✉① s♦♥t
tr❛❞✉✐ts ❡♥ ♣r♦té✐♥❡s ♣♦✉r ♣❛rt✐❝✐♣❡r ❛✉① ❞✐✈❡rs❡s ❢♦♥❝t✐♦♥s ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❇✐❡♥ q✉❡ ❧❡s
❆❘◆♠ ♥❡ ❝♦♥st✐t✉❡♥t q✉✬✉♥❡ ét❛♣❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✱ ❧❡✉r ❛❜♦♥❞❛♥❝❡ ❡st s♦✉✈❡♥t
❝♦rré❧é❡ à ❧✬❛❝t✐✈✐té ❞❡s ♣r♦té✐♥❡s ❝♦❞é❡s ❡t ❧❡✉r q✉❛♥t✐✜❝❛t✐♦♥ ❡st ♣❧✉s ❢❛❝✐❧❡ à ré❛❧✐s❡r q✉❡
❝❡❧❧❡ ❞❡s ♣r♦té✐♥❡s✳ ▲❛ q✉❛♥t✐✜❝❛t✐♦♥ s②sté♠❛t✐q✉❡ ❞❡s ❆❘◆♠ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ ✐♥❞✐✲
❝❛t✐♦♥ r❡❧❛t✐✈❡ ❞✉ t❛✉① ❞❡ tr❛♥s❝r✐♣t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ❣è♥❡s ❞❛♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞♦♥♥é❡✳
❆✐♥s✐✱ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❡t ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞✉ tr❛♥s❝r✐♣t♦♠❡ ❞❛♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞♦♥♥é❡
♣❡r♠❡t ❞✬✐❞❡♥t✐✜❡r ❧❡s ❣è♥❡s ❛❝t✐❢s ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❡t ❧❡s ❢❛♠✐❧❧❡s ♦✉ rés❡❛✉① ❢♦♥❝t✐♦♥♥❡❧s
❞❡ ❣è♥❡s ♠✐s ❡♥ ❥❡✉✳ ▲❡s t✐❧✐♥❣ ❛rr❛②s s♦♥t ✉t✐❧✐sé❡s ♣♦✉r ♠❡s✉r❡r s✐♠✉❧t❛♥é♠❡♥t ❧❡ ♥✐✈❡❛✉
❞✬❡①♣r❡ss✐♦♥ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❆❘◆♠ ❞❛♥s ✉♥ ❜✉t ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❣è♥❡s ♦✉ ♣♦✉r
❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞✐✛ér❡♥ts ét❛ts ❜✐♦❧♦❣✐q✉❡s ✭❝❢✳ ❋✐❣✉r❡ ✶✳✺✮✳

❋✐❣✳ ✶✳✺✿ ❆❝q✉✐s✐t✐♦♥ ❞❡s ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡✳

▲❡s ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡ ♦♥t ❞❡✉① ♦❜❥❡❝t✐❢s ❞✐✛ér❡♥ts ✿ ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ré✲
❣✐♦♥s tr❛♥s❝r✐t❡s ❡t ❧✬ét✉❞❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡♥tr❡ ♣❧✉s✐❡✉rs ❝♦♥❞✐t✐♦♥s ✭❛♥❛❧②s❡
❞✐✛ér❡♥t✐❡❧❧❡✮✳ ▲❛ ♣❧✉♣❛rt ❞❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s s✬✐♥tér❡ss❡♥t à ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ré✲
❣✐♦♥s tr❛♥s❝r✐t❡s✳ ❈❡rt❛✐♥❡s s♦♥t ❢♦♥❞é❡s s✉r ❧❡s t❡sts st❛t✐st✐q✉❡s s♦♥❞❡ ♣❛r s♦♥❞❡ ✭♣❛r
❡①❡♠♣❧❡ ❧❡ t❡st ❞❡ ❋✐s❤❡r ❞é✈❡❧♦♣♣é ♣❛r ❍❛❧❛s③ ❡t ❛❧✳✱ ✷✵✵✻✮✱ ❞✬❛✉tr❡s s♦♥t ❞❡s ♠ét❤♦❞❡s
❞❡ s❡❣♠❡♥t❛t✐♦♥ ✭❍✉❜❡r ❡t ❛❧✳✱ ✷✵✵✻ ❀ ❩❡❧❧❡r ❡t ❛❧✳✱ ✷✵✵✽✮ ♦✉ ❞❡s ❍▼▼ ✭◆✐❝♦❧❛s ❡t ❛❧✳✱
✷✵✵✾✮✳ ▲✬✐♥té❣r❛t✐♦♥ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❝♦♠♠❡ ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❛ été ♣r♦♣♦sé❡ ❞❛♥s ✉♥
❝❛❞r❡ s✉♣❡r✈✐sé ✭❉✉ ❡t ❛❧✳✱ ✷✵✵✻ ❀ ▼✉♥❝❤ ❡t ❛❧✳✱ ✷✵✵✻✮✳ ➱t♦♥♥❛♠♠❡♥t✱ ♣❡✉ ❞❡ ♠ét❤♦❞❡s
s♦♥t ❝♦♥s❛❝ré❡s à ❧✬ét✉❞❡ ❞❡s ♣r♦✜❧s ❞✬❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡s s❡❧♦♥ ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s✳ ▲❛
♠ét❤♦❞❡ ❣❙❆▼ ✭●❤♦s❤ ❡t ❛❧✳✱ ✷✵✵✼✮ ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❙❆▼✱ q✉✐ ♠♦❞é❧✐s❡ ❧✬❡①♣r❡s✲
s✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♣♦✉r ✉♥❡ ré❣✐♦♥ ❞♦♥♥é❡ ✭❡♥s❡♠❜❧❡ ❞❡ s♦♥❞❡s ❛❣ré❣é❡s✮ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❯t✐❧✐s❛t✐♦♥ ❞❡s t✐❧✐♥❣ ❛rr❛②s ✶✼

❝♦♥st❛♥t❡ ♣❛r ♠♦r❝❡❛✉①✳ ❉❛♥s ❧❛ ♠ét❤♦❞❡ ❚✐❧❡▼❛♣ ✭❏✐ ❡t ❲♦♥❣✱ ✷✵✵✺✮ ✉♥ t❡st st❛t✐s✲
t✐q✉❡ ❡st ♣r♦♣♦sé ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡ sé♣❛ré♠❡♥t✱ ❢♦♥❞é s✉r ✉♥ ♠♦❞è❧❡ ❜❛②és✐❡♥ ❡♠♣✐r✐q✉❡
❤✐ér❛r❝❤✐q✉❡ ❀ ❝❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❧❛ ❝♦♠♣❛r❛✐s♦♥ ♠✉❧t✐♣❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥s✳

✸✳✷ ❊①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣

▲✬✐♠♠✉♥♦♣ré❝✐♣✐t❛t✐♦♥ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s
♣r♦té✐♥❡s ❡t ❧✬❆❉◆ ❛✐♥s✐ q✉❡ ❞✐✛ér❡♥ts ét❛ts ❝❤r♦♠❛t✐♥✐❡♥s ❛ss♦❝✐és à ❞❡s ét❛ts ❞✬❛❝t✐✈✐té
❞✐st✐♥❝ts ❞✉ ❣é♥♦♠❡✳ ❈❡❧❛ ♣❛rt✐❝✐♣❡ à ❧✬ét✉❞❡ ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥
❞❡s ❣è♥❡s ❞❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✳ ▲❡ ❈❤■P✲❝❤✐♣ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❧❛ t❡❝❤♥✐q✉❡
❞✬✐♠♠✉♥♦♣ré❝✐♣✐t❛t✐♦♥ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ✭❈❤■P✮ ❛✈❡❝ ❧❡ ♣r✐♥❝✐♣❡ ❞❡s ♣✉❝❡s à ❆❉◆ ✭❝❤✐♣✮✱
❝❡ q✉✐ ♣❡r♠❡t ✉♥❡ ét✉❞❡ à ❧✬é❝❤❡❧❧❡ ❞✉ ❣é♥♦♠❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣r♦té✐♥❡s✲❆❉◆✳ ❈❡❧❛
♣❡r♠❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✬ét✉❞✐❡r ❧❡s ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐st♦♥❡ ❡t ❧❛ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆✱ ❛✐♥s✐
q✉❡ ❞❡ ❧♦❝❛❧✐s❡r ❧❡s s✐t❡s ❞❡ ✜①❛t✐♦♥ ❞❡s ❢❛❝t❡✉rs ❞❡ tr❛♥s❝r✐♣t✐♦♥✳
▲✬♦r✐❣✐♥❛❧✐té ❡t ❧✬✐♥térêt ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ✈✐❡♥♥❡♥t ❞✉ ❢❛✐t q✉❡ ❧✬❡①tr❛❝t✐♦♥ ❞✬❆❉◆ s❡
❢❛✐t ✐♥ ✈✐✈♦✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ ✐❞é❡ ♣❧✉s ré❛❧✐st❡ ❞❡s ♣r♦❝❡ss✉s à ❧✬♦❡✉✈r❡ ❞❛♥s
❧❡s ❝❡❧❧✉❧❡s ❧♦rs ❞❡ ❧✬✐♥✐t✐❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳ ▲❛ t❡❝❤♥✐q✉❡ ❞✬✐♠♠✉♥♦♣ré❝✐♣✐t❛t✐♦♥
❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ♥é❝❡ss✐t❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ❛♥t✐❝♦r♣s s♣é❝✐✜q✉❡ ❞❡ ❧❛ ♣r♦té✐♥❡ ét✉❞✐é❡✱
❡t ♦♥ ♦❜t✐❡♥t✱ ❛♣rès ♣❧✉s✐❡✉rs ét❛♣❡s ❞✬✉♥ ♣r♦t♦❝♦❧❡ ♣ré❝✐s ✭♣ré❝✐♣✐t❛t✐♦♥ ❞❡s ❝♦♠♣❧❡①❡s
❆❉◆✲♣r♦té✐♥❡✲❛♥t✐❝♦r♣s✱ ♣✉r✐✜❝❛t✐♦♥ ❞❡ ❧✬❆❉◆✱ sé♣❛r❛t✐♦♥ ❞✉ ❝♦♠♣❧❡①❡ ❆❉◆✲♣r♦té✐♥❡✱
❡t❝✳✮✱ ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ❢r❛❣♠❡♥ts ❞✬❆❉◆ ❞✬❛ss❡③ ❝♦✉rt❡ t❛✐❧❧❡ ❡t ❞♦♥t ♦♥ s❛✐t q✉✬✐❧s
✐♥t❡r❛❣✐ss❡♥t ❛✈❡❝ ❧❛ ♣r♦té✐♥❡ sé❧❡❝t✐♦♥♥é❡ ♣❛r ❧✬❛♥t✐❝♦r♣s✳ ▲❛ ♣❛rt✐❡ ❈❤■P ❡st s✉✐✈✐❡
❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❝❧❛ss✐q✉❡ s✉r ♣✉❝❡ ♦ù ❧✬❆❉◆ ✐♠♠✉♥♦♣ré❝✐♣✐té ✭❢r❛❣♠❡♥ts ❧✐és à ❧❛
♣r♦té✐♥❡ ❞✬✐♥térêt✮✱ ♥♦té ■P✱ ❡t ❧✬❆❉◆ t♦t❛❧ ✭♥♦té ■◆P❯❚✮ s♦♥t ♠❛rq✉és ❛✈❡❝ ✉♥
✢✉♦r♦❝❤r♦♠❡ ♣✉✐s ❤②❜r✐❞és s✉r ❧❛ ♣✉❝❡ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✻✮✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❡♥s✉✐t❡ ❞❡ ❝♦♠♣❛r❡r
❧❡s ✐♥t❡♥s✐tés ♦❜t❡♥✉❡s ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❧❡s ré❣✐♦♥s
❣é♥♦♠✐q✉❡s ♦ù ❧❛ ♣r♦té✐♥❡ ❞✬✐♥térêt ✐♥t❡r❛❣✐t ❛✈❡❝ ❧✬❆❉◆✳ ▲❡ s✐❣♥❛❧ ■◆P❯❚ ét❛♥t
♣rés❡♥t ♣❛rt♦✉t s✉r ❧❛ ♣✉❝❡ ✭♣✉✐sq✉✬✐❧ r❡♣rés❡♥t❡ ❧✬❆❉◆ t♦t❛❧✮✱ ❝❡❧❛ r❡✈✐❡♥t à ❞ét❡❝t❡r ❧❡s
s♦♥❞❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ✐❧ ② ❛ ✉♥ s✐❣♥❛❧ ■P ♣❧✉s ❢♦rt q✉❡ ❧❡ s✐❣♥❛❧ ■◆P❯❚ ✭ré❣✐♦♥s ❡♥r✐❝❤✐❡s✮✳

❋✐❣✳ ✶✳✻✿ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❈❤■P✲❝❤✐♣✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✽ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

▲❛ ✜♥❛❧✐té ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡st ❞❡ ❞ét❡❝t❡r ❧❡s ré❣✐♦♥s ❞✉ ❣é♥♦♠❡ ❧✐é❡s
à ✉♥❡ ♣r♦té✐♥❡ ❡t ❞♦♥❝ ❡♥r✐❝❤✐❡s ♣❛r ✐♠♠✉♥♦♣ré❝✐♣✐t❛t✐♦♥ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡✳ ❉✐✈❡rs❡s
♠ét❤♦❞❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s ♣♦✉r tr♦✉✈❡r ❝❡s ré❣✐♦♥s✳ ❏♦❤♥s♦♥ ❡t ❛❧✳ ✭✷✵✵✻✮ ♦♥t ♣r♦♣♦sé
✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❢♦♥❞é s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ séq✉❡♥❝❡ ❞❡s s♦♥❞❡s✳ ▲❡✉r ❛❧❣♦r✐t❤♠❡✱
❛♣♣❡❧é ▼❆❚ ✭▼♦❞❡❧✲❜❛s❡❞ ❆♥❛❧②s✐s ♦❢ ❚✐❧✐♥❣ ❛rr❛②s✮✱ ❡st ❞é❞✐é à ❧✬❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s
❞❡ ♣✉❝❡s ❆✛②♠❡tr✐①✳ ▲✐ ❡t ❛❧✳ ✭✷✵✵✺✮ ♦♥t ♣r♦♣♦sé ✉♥ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é à ❞❡✉①
ét❛ts✱ ✉t✐❧✐sé ♣♦✉r ❡st✐♠❡r ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❡♥r✐❝❤✐ss❡♠❡♥t ❞❡ ❝❤❛q✉❡ s♦♥❞❡✳ ❈❡s ❞❡✉①
♠ét❤♦❞❡s ❢♦♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❡♥r✐❝❤✐❡s à ❞ét❡❝t❡r ❡st ❢❛✐❜❧❡✳
❈❡tt❡ ❤②♣♦t❤ès❡ ❡st r❛✐s♦♥♥❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ét✉❞❡s ❞❡ ❢❛❝t❡✉r ❞❡ tr❛♥s❝r✐♣t✐♦♥✱
♠❛✐s ♣❛s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ♠♦❞✐✜❝❛t✐♦♥ ❞✬❤✐st♦♥❡ ♦✉ ❞❡ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆ ♦ù ✉♥ ❢♦rt
❡♥r✐❝❤✐ss❡♠❡♥t ❡st ❛tt❡♥❞✉✳ ❍✉♠❜✉r❣✱ ❇✉❧❣❡r ❡t ❙t♦♥❡ ✭✷✵✵✽✮ ♦♥t s✉❣❣éré ✉♥❡ ♣r♦❝é❞✉r❡
❞✬❡st✐♠❛t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ❞✬✉♥ ♠♦❞è❧❡ ❞❡ t②♣❡ ❍▼▼ ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛
❝❤r♦♠❛t✐♥❡ ♦ù ❧❡s ré❣✐♦♥s ❞✬✐♥térêt ❛tt❡♥❞✉❡s s♦♥t ❧♦♥❣✉❡s ❡t ♥♦♠❜r❡✉s❡s✳ ▲❡s ❞♦♥♥é❡s ❞❡
❈❤■P✲❝❤✐♣ ♣❡✉✈❡♥t ❛✉ss✐ êtr❡ ❛♥❛❧②sé❡s ❝♦♠♠❡ ✉♥ s✐❣♥❛❧ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❞❛♥s ❧❡q✉❡❧
♦♥ r❡❝❤❡r❝❤❡ ❞❡s ♣✐❝s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧♦❣✲r❛t✐♦ ❡♥tr❡ ❧❡s ✐♥t❡♥s✐tés ❞❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✳
▲❡s ❛♥❛❧②s❡s s♦♥t ❛❧♦rs s♦✉✈❡♥t ❡✛❡❝t✉é❡s ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❢❡♥êtr❡ ❣❧✐ss❛♥t❡ ✭❈❛✇❧❡②
❡t ❛❧✳✱ ✷✵✵✹✮ ❡t ❞❡s t❡sts st❛t✐st✐q✉❡s✳ ❑❡❧❡s ❡t ❛❧✳ ✭✷✵✵✹✮ ❡t ❍❡ ❡t ❛❧✳ ✭✷✵✵✾✮ ♦♥t ♣r♦♣♦sé
r❡s♣❡❝t✐✈❡♠❡♥t ✉♥ t❡st ❞❡ ❲❡❧❝❤ ❡t ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❲✐❧❝♦①♦♥ ♥♦♥ ♣❛r❛♠étr✐q✉❡ ❞❡ ❧❛
s♦♠♠❡ ❞❡s r❛♥❣s ♣♦✉r ❝♦♠♣❛r❡r ❧❡ s✐❣♥❛❧ ❡♥tr❡ ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✳

❍❛❜✐t✉❡❧❧❡♠❡♥t ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ❈❤■P✲❝❤✐♣✱ ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❝♦✲❤②❜r✐❞és
s♦♥t ❧❡s ❢r❛❣♠❡♥ts ❞✬❆❉◆ ❛ss♦❝✐és à ❧❛ ♣r♦té✐♥❡ ❞✬✐♥térêt ♦✉ à ✉♥❡ ♠❛rq✉❡ ❝❤r♦♠❛t✐✲
♥✐❡♥♥❡ ✭■P✮ ❡t ❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧ ✭■◆P❯❚✮ ✭❝♦♠♠❡ ❞é❝r✐t ❝✐✲❞❡ss✉s✮✳ ❉❛♥s ❝❡ t②♣❡
❞✬❡①♣ér✐❡♥❝❡✱ ❧❡ rés✉❧t❛t ❡st ❜✐♥❛✐r❡ ✭❡♥r✐❝❤✐ ♦✉ ♣❛s✮ ❡t ♥❡ ♣❡r♠❡t ♣❛s ✉♥❡ é✈❛❧✉❛t✐♦♥
q✉❛♥t✐t❛t✐✈❡ ❞✉ s✐❣♥❛❧✳ ▲❛ t❡❝❤♥✐q✉❡ ❞✉ ❈❤■P✲❝❤✐♣ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬ét✉❞✐❡r ❞✐r❡❝✲
t❡♠❡♥t ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞✬❆❉◆ ✐♠♠✉♥♦♣ré❝✐♣✐tés ✭❝♦rr❡s♣♦♥❞❛♥t
à ❞❡✉① ❝♦♥❞✐t✐♦♥s ❞✐st✐♥❝t❡s✮✱ s❛♥s ❤②❜r✐❞❡r s✉r ❧❛ ♣✉❝❡ ❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧✳ ❈❡tt❡
t❡❝❤♥✐q✉❡ ❡st ❛♣♣❡❧é❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✭❝❢✳ ❋✐❣✉r❡ ✶✳✼✮✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r ✉♥❡
❞✐✛ér❡♥❝❡ ❞✬❡♥r✐❝❤✐ss❡♠❡♥t ❡♥tr❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s q✉✐ ♦♥t ❛❧♦rs ✉♥ rô❧❡ s②♠étr✐q✉❡✳
❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ♦♥t ♣r♦♣♦sé ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❛✈❡❝
❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡ ♣♦✉r ét✉❞✐❡r ❧❛ ❞✐✛ér❡♥❝❡ ❞✬❡♥r✐❝❤✐ss❡♠❡♥t✳

❋✐❣✳ ✶✳✼✿ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



Pr♦❜❧é♠❛t✐q✉❡ ✶✾

✹ Pr♦❜❧é♠❛t✐q✉❡

▲✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ♥é❝❡ss✐t❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞❡s
st❛t✐st✐q✉❡s ❛❞❛♣té❡s ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ✐ss✉s ❞✬❡①♣ér✐❡♥❝❡s ❞❡
❈❤■P✲❝❤✐♣ ✭■P✴■◆P❯❚✮✱ ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✭■P ❝♦♥❞✐t✐♦♥ ✶✴■P ❝♦♥❞✐t✐♦♥ ✷✮✱ ♦✉ ❞❡
tr❛♥s❝r✐♣t♦♠❡ ✭❝♦♥❞✐t✐♦♥ ✶✴❝♦♥❞✐t✐♦♥ ✷✮✳

◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡
❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ♣♦✉r ❝❛r❛❝tér✐s❡r ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s s♦♥❞❡s✳
❈❡❧❛ r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r ✉♥ st❛t✉t ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✳ P♦✉r ❧❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣✱ ✐❧
② ❛ ❞❡✉① st❛t✉ts ♣♦ss✐❜❧❡s ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡ ✿ ❡♥r✐❝❤✐ ♦✉ ♥♦r♠❛❧ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✽✮✳ P♦✉r ❧❡s
❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s ♦✉ ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P✱ ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s s♦♥t s②♠étr✐q✉❡s✱
❝❡❧❛ r❡✈✐❡♥t à ❝❛r❛❝tér✐s❡r q✉❛tr❡ ❝♦♠♣♦rt❡♠❡♥ts ❞✐✛ér❡♥ts ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡ ✿ ♥♦♥ ❤②✲
❜r✐❞é✱ ❤②❜r✐❞é ✐❞❡♥t✐q✉❡♠❡♥t ❞❛♥s ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ♦✉ ❜✐❡♥ ❤②❜r✐❞é ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t
❞❛♥s ❧✬✉♥ ❞❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ✭❝❢✳ ❋✐❣✉r❡ ✶✳✾✮✳

❋✐❣✳ ✶✳✽✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s ❞❡✉① ❣r♦✉♣❡s à ❞é✜♥✐r ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡
❈❤■P✲❝❤✐♣✳

❋✐❣✳ ✶✳✾✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s q✉❛tr❡ ❣r♦✉♣❡s à ❞é✜♥✐r ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡
❞❡ tr❛♥s❝r✐♣t♦♠❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✵ ❈♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

▲❛ ♣❧✉♣❛rt ❞❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s s♦♥t ❢♦♥❞é❡s s✉r ❧❡ ❧♦❣✲r❛t✐♦ ❞❡s ✐♥t❡♥s✐tés ❞❡s
❞❡✉① ❝♦♥❞✐t✐♦♥s ✭❝❢✳ ❙❡❝t✐♦♥ ✸✮✳ ❈❡♣❡♥❞❛♥t✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧♦❣✲r❛t✐♦ ♣❡✉t ♠❛sq✉❡r ❧❛
♠✉❧t✐♠♦❞❛❧✐té ❞❡s ❞♦♥♥é❡s ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❞✐♠❡♥s✐♦♥✳ P♦✉r s✬❛✛r❛♥❝❤✐r ❞❡
❝❡ ♣r♦❜❧è♠❡✱ ✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡ tr❛✈❛✐❧❧❡r ❞✐r❡❝t❡♠❡♥t ❛✈❡❝ ❧❡s ❞❡✉① ♠❡s✉r❡s ❞❡ ❝❤❛q✉❡
s♦♥❞❡✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡ ❧❛ s♣é❝✐✜❝✐té ❞✉ s✐❣♥❛❧
✐ss✉ ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s✳ ❊♥ ❡✛❡t ❧❡ s✐❣♥❛❧ ❡st ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♠♣t❡ t❡♥✉ ❞❡s ❞❡✉①
✐♥t❡♥s✐tés à ❝♦♠♣❛r❡r✱ ❡t ❧♦♥❣✐t✉❞✐♥❛❧ ♣✉✐sq✉❡ ❧❡s s♦♥❞❡s s♦♥t ré❣✉❧✐èr❡♠❡♥t ré♣❛rt✐❡s ❧❡
❧♦♥❣ ❞✉ ❣é♥♦♠❡✳ ▲❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ s✐❣♥❛❧ ✐♥❞✐q✉❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡
❞❡s s♦♥❞❡s ❛❞❥❛❝❡♥t❡s ❝♦✉✈r❛♥t ❧❛ ♠ê♠❡ ré❣✐♦♥ ❣é♥♦♠✐q✉❡ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✶✵✮✳ ❉✬❛✉tr❡
♣❛rt✱ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ♥♦✉s ✐♥❢♦r♠❡ s✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡s s♦♥❞❡s ❞❛♥s ✉♥❡ ré❣✐♦♥
✐♥t❡r❣é♥✐q✉❡✱ ❡①♦♥✐q✉❡ ♦✉ ✐♥tr♦♥✐q✉❡ ✭❝❢✳ ❋✐❣✉r❡ ✶✳✶✶✮✳ ❈❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❞♦✐t é❣❛❧❡♠❡♥t
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ tr❛♥s❝r✐♣t♦♠❡✱ ♣✉✐sq✉❡
❧❡s s♦♥❞❡s s✐t✉é❡s ❞❛♥s ✉♥❡ ré❣✐♦♥ ❡①♦♥✐q✉❡ ♦♥t ♣❧✉s ❞❡ ❝❤❛♥❝❡ ❞✬êtr❡ ❡①♣r✐♠é❡s q✉❡
❝❡❧❧❡s s✐t✉é❡s ❞❛♥s ❞❡s ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s ♦✉ ✐♥tr♦♥✐q✉❡s ✭ré❣✐♦♥s ♥♦♥ ❝♦❞❛♥t❡s✮✳ P♦✉r
♣❛r✈❡♥✐r à ✉♥❡ t❡❧❧❡ ♠♦❞é❧✐s❛t✐♦♥✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✱ q✉✐ s♦♥t
✐♥tr♦❞✉✐ts ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✳

❋✐❣✳ ✶✳✶✵✿ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ s✐❣♥❛❧ ✿ ❢❛✐❜❧❡ ❞❛♥s ❧❡s ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s ❡t
✐♥tr♦♥✐q✉❡s ❡t ❢♦rt ❞❛♥s ❧❡s ❡①♦♥s ❡①♣r✐♠és✳ ▲❡s ✐♥tr♦♥s s♦♥t r❡♣rés❡♥tés ❡♥ ❜❧❡✉ ❝❧❛✐r ❡t

❧❡s ❡①♦♥s ❡♥ ❜❧❡✉ ❢♦♥❝é✳

❋✐❣✳ ✶✳✶✶✿ ❊①❡♠♣❧❡ ❞✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ s✉r ✉♥❡ ré❣✐♦♥ ❞✬✉♥ ❣❡♥♦♠❡✳
❈❛rrés ❥❛✉♥❡s ✿ s♦♥❞❡s ❀ ✢è❝❤❡s ❜❧❡✉❡s ✿ ❡①♦♥s ❞❡ ❣è♥❡s ❀ tr❛✐ts ✜♥s ❡♥tr❡ ✢è❝❤❡s ✿ ✐♥tr♦♥s

❞❡ ❣è♥❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✷✶

❇✐❜❧✐♦❣r❛♣❤✐❡

❆✉❜♦✉r❣✱ ❙✳ ❛♥❞ ❘♦✉③é✱ P✳ ✭✷✵✵✶✮✳ ●❡♥♦♠❡ ❛♥♥♦t❛t✐♦♥✳ P❧❛♥t P❤②s✐♦❧♦❣② ❛♥❞ ❇✐♦❝❤❡♠✐str②
✸✾✱ ✶✽✶✲✶✾✸✳

❇❡r❣❡r✱ ❙✳▲✳ ✭✷✵✵✼✮✳ ❚❤❡ ❝♦♠♣❧❡① ❧❛♥❣✉❛❣❡ ♦❢ ❝❤r♦♠❛t✐♥ r❡❣✉❧❛t✐♦♥ ❞✉r✐♥❣ tr❛♥s❝r✐♣t✐♦♥✳
◆❛t✉r❡ ✹✹✼✱ ✹✵✼✲✹✶✷✳

❇❡r♥♦t✱ ❆✳✱ ❈❤♦✐s♥❡✱ ◆✳ ❛♥❞ ❙❛❧❛♥♦✉❜❛t✱ ▼✳ ✭✷✵✵✶✮✳ ❙éq✉❡♥ç❛❣❡ ❞❡s ❣é♥♦♠❡s ❡✉❝❛r②♦t❡s ✿
❆r❛❜✐❞♦♣s✐s✱ ❧❡ q✉❛tr✐è♠❡ é❧é♠❡♥t✳ ♠é❞❡❝✐♥❡✴s❝✐❡♥❝❡s ✶✼✱ ✽✷✾✲✽✸✺✳
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s❤✐❢t ❛♥❞ ❞r✐❢t✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✺✭✶✽✮✱ ✷✸✹✶✲✷✸✹✼✳

P✐❝❛r❞✱ ❋✳✱ ❘♦❜✐♥✱ ❙✳✱ ▲❛✈✐❡❧❧❡✱ ▼✳✱ ❱❛✐ss❡✱ ❈✳ ❛♥❞ ❉❛✉❞✐♥✱ ❏❏✳ ✭✷✵✵✺✮✳ ❆ st❛t✐st✐❝❛❧ ❛♣✲
♣r♦❛❝❤ ❢♦r ❛rr❛② ❈●❍ ❞❛t❛ ❛♥❛❧②s✐s✳ ❇▼❈ ❇✐♦✐♥❢♦r♠❛t✐❝s ✻ ✿✷✼✳

P✐♥❦❡❧✱ ❉✳✱ ❙❡❣r❛✈❡s✱ ❘✳✱ ❙✉❞❛r✱ ❉✳✱ ❈❧❛r❦✱ ❙✳✱ P♦♦❧❡✱ ■✳✱ ❑♦✇❜❡❧✱ ❉✳✱ ❈♦❧❧✐♥s✱ ❈✳✱ ❑✉♦✱ ❲✳▲✳✱
❈❤❡♥✱ ❈✳ ❛♥❞ ❩❤❛✐✱ ❨✳ ✭✶✾✾✽✮✳ ❍✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦❢ ❉◆❆ ❝♦♣② ♥✉♠❜❡r ✈❛r✐❛t✐♦♥
✉s✐♥❣ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝ ❤②❜r✐❞✐③❛t✐♦♥ t♦ ♠✐❝r♦❛rr❛②s✳ ◆❛t✳●❡♥❡t✳ ✷✵✱ ✷✵✼✲✷✶✶✳

❙❝❤❡♥❛✱ ▼✳✱ ❙❤❛❧♦♥✱ ❉✳✱ ❉❛✈✐s✱ ❘✳❲✳ ❡t ❛❧✳ ✭✶✾✾✺✮✳ ◗✉❛♥t✐t❛t✐✈❡ ♠♦♥✐t♦r✐♥❣ ♦❢ ❣❡♥❡ ❡①✲
♣r❡ss✐♦♥ ♣❛tt❡r♥s ✇✐t❤ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❉◆❆ ♠✐❝r♦❛rr❛②✳ ❙❝✐❡♥❝❡ ✷✼✵ ✹✻✼✲✹✼✵✳

❙❡✐❢❡rt✱ ▼✳✱ ❇❛♥❛❡✐✱ ❆✳✱ ❑❡✐❧✇❛❣❡♥✱ ❏✳✱ ▼❡tt❡✱ ▼✳❋✳✱ ❍♦✉❜❡♥✱ ❆✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❈♦❧♦t✱ ❱✳✱
●r♦ss❡✱ ■✳ ❛♥❞ ❙tr✐❝❦❡rt✱ ▼✳ ✭✷✵✵✾✮✳ ❆rr❛②✲❜❛s❡❞ ●❡♥♦♠❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❆r❛❜✐❞♦♣s✐s
❡❝♦t②♣❡s ✉s✐♥❣ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❇✐♦s✐❣♥❛❧s✱ P♦rt♦ ✭P♦rt✉❣❛❧✮✳

❙♥✐❥❞❡rs✱ ❆✳▼✳✱ ◆♦✇❛❦✱ ◆✳✱ ❙❡❣r❛✈❡s✱ ❘✳✱ ❇❧❛❝❦✇♦♦❞✱ ❙✳ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❆ss❡♠❜❧② ♦❢ ♠✐❝r♦❛r✲
r❛②s ❢♦r ❣❡♥♦♠❡✲✇✐❞❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❉◆❆ ❝♦♣② ♥✉♠❜❡r✳ ◆❛t✳●❡♥❡t✳ ✷✾✱ ✷✻✸✲✷✻✹✳

❱❡❧❝✉❧❡s❝✉✱ ❱✳❊✱ ❩❤❛♥❣✱ ▲✳✱ ❱♦❣❡❧st❡✐♥✱ ❇✳ ❛♥❞ ❑✐♥③❧❡r✱ ❑✳❲✳ ✭✶✾✾✺✮✳ ❙❡r✐❛❧ ❛♥❛❧②s✐s ♦❢
❣❡♥❡ ❡①♣r❡ss✐♦♥✳ ❙❝✐❡♥❝❡ ✷✼✵✱ ✹✽✹✲✹✽✼✳

❲✐❧❦✐♥s♦♥✱ ❏✳◗✳✱ ▲❛♥❛❤❛♥✱ ▼✳❇✳✱ ❈❧❛r❦✱ ❉✳●✳✱ ❇❧❡❡❝❦❡r✱ ❆✳❇✳✱ ❈❤❛♥❣✱ ❈✳✱ ▼❡②❡r♦✇✐t③✱
❊✳▼✳ ❛♥❞ ❑❧❡❡✱ ❍✳❏✳ ✭✶✾✾✼✮✳ ❆ ❞♦♠✐♥❛♥t ♠✉t❛♥t r❡❝❡♣t♦r ❢r♦♠ ❆r❛❜✐❞♦♣s✐s ❝♦♥❢❡rs
❡t❤②❧❡♥❡ ✐♥s❡♥s✐t✐✈✐t② ✐♥ ❤❡t❡r♦❧♦❣♦✉s ♣❧❛♥ts✳ ◆❛t✉r❡ ❇✐♦t❡❝❤♥♦❧♦❣② ✶✺✱ ✹✹✹✲✹✹✼✳

❨❛♠❛❞❛✱ ❑✳✱ ▲✐♠✱ ❏✳✱ ❉❛❧❡✱ ❏✳▼✳ ❡t ❛❧✳ ✭✷✵✵✸✮✳ ❊♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ tr❛♥s❝r✐♣t✐♦♥❛❧ ❛❝t✐✈✐t②
✐♥ t❤❡ ❆r❛❜✐❞♦♣s✐s ❣❡♥♦♠❡✳ ❙❝✐❡♥❝❡ ✸✵✷✱ ✽✹✷✲✽✹✻✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✷✸

❩❡❧❧❡r✱ ●✳✱ ❍❡♥③✱ ❙✳❘✳✱ ▲❛✉❜✐♥❣❡r✱ ❙✳✱ ❲❡✐❣❡❧✱ ❉✳ ❛♥❞ ❘äts❝❤✱ ●✳ ✭✷✵✵✽✮✳ ❚r❛♥s❝r✐♣t ♥♦r✲
♠❛❧✐③❛t✐♦♥ ❛♥❞ s❡❣♠❡♥t❛t✐♦♥ ♦❢ t✐❧✐♥❣ ❛rr❛② ❞❛t❛✳ P❛❝✐✜❝ ❙②♠♣♦s✐✉♠ ♦♥ ❇✐♦❝♦♠♣✉t✐♥❣
✶✷✱ ✺✷✼✲✺✸✽✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✹ ❇✐❜❧✐♦❣r❛♣❤✐❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❤❛♣✐tr❡ ✷

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

❙♦♠♠❛✐r❡
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▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✻ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

✶ ■♥tr♦❞✉❝t✐♦♥

▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❛ ♣r✐s ❛✉❥♦✉r❞✬❤✉✐ ✉♥❡ ♣❧❛❝❡ ✐♠♣♦rt❛♥t❡ ❡♥ ❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s
❡①♣❧♦r❛t♦✐r❡ ❡t ❞é❝✐s✐♦♥♥❡❧❧❡✱ t❛♥t ❛✉ ♥✐✈❡❛✉ ❞❡s ❞♦♠❛✐♥❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s q✉❡ ❞❡s
❞é✈❡❧♦♣♣❡♠❡♥ts ♠ét❤♦❞♦❧♦❣✐q✉❡s✳ ■❧ ❡①✐st❡ ❞❡✉① t②♣❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✿ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥
s✉♣❡r✈✐sé❡ ❡t ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ ❊♥ ❝❧❛ss✐✜❝❛t✐♦♥ s✉♣❡r✈✐sé❡✱ ❧❡s ❝❧❛ss❡s
s♦♥t s✉♣♣♦sé❡s ❝♦♥♥✉❡s ❡t ❧✬♦♥ ❞✐s♣♦s❡ ❞✬❡①❡♠♣❧❡s ❞❛♥s ❝❤❛q✉❡ ❝❧❛ss❡✳ ❈❡❧❛ ❝♦♥✈✐❡♥t ❡♥
♣❛rt✐❝✉❧✐❡r ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣r✐s❡ ❞❡ ❞é❝✐s✐♦♥ ❛✉t♦♠❛t✐sé❡✱ ❡♥ ❛✛❡❝t❛♥t t♦✉t❡ ♥♦✉✈❡❧❧❡
♦❜s❡r✈❛t✐♦♥ à ❧✬✉♥ ❞❡s ❣r♦✉♣❡s ♣ré❛❧❛❜❧❡♠❡♥t ❞é✜♥✐s✳ ■❧ s✬❛❣✐t✱ ♣❛r ❡①❡♠♣❧❡✱ ❞✬ét❛❜❧✐r ✉♥
❞✐❛❣♥♦st✐❝ ♠é❞✐❝❛❧ à ♣❛rt✐r ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❝❧✐♥✐q✉❡ ❞✬✉♥ ♣❛t✐❡♥t✱ ♦✉ ❞❡ ❞♦♥♥❡r ✉♥❡
ré♣♦♥s❡ à ❧❛ ❞❡♠❛♥❞❡ ❞❡ ♣rêt ❜❛♥❝❛✐r❡ ❞❡ ❧❛ ♣❛rt ❞✬✉♥ ❝❧✐❡♥t s✉r ❧❛ ❜❛s❡ ❞❡ s❛ s✐t✉❛t✐♦♥
♣❡rs♦♥♥❡❧❧❡✳ ❊♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✱ ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❛✉① ❝❧❛ss❡s
♥✬❡st ♣❛s ❝♦♥♥✉❡✳ ❈✬❡st ❥✉st❡♠❡♥t ❝❡tt❡ ❛♣♣❛rt❡♥❛♥❝❡ q✉✬✐❧ s✬❛❣✐t ❞❡ r❡tr♦✉✈❡r à ♣❛rt✐r
❞❡s ❞❡s❝r✐♣t❡✉rs ❞✐s♣♦♥✐❜❧❡s✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ✈✐s❡ ❞♦♥❝ à ❞ét❡r♠✐♥❡r ✉♥❡
str✉❝t✉r❡ ✐♥tr✐♥sèq✉❡ ❛✉① ❞♦♥♥é❡s ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ❝♦♠♠❡ s❡✉❧❡ ✐♥❢♦r♠❛t✐♦♥
❞✐s♣♦♥✐❜❧❡✳ ❈❡tt❡ str✉❝t✉r❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s ❞♦✐t s❛t✐s❢❛✐r❡ ❞❡✉① ♦❜❥❡❝t✐❢s s✐♠✉❧t❛♥é♠❡♥t ✿
✉♥❡ ❣r❛♥❞❡ ❤♦♠♦❣é♥éïté ❞❛♥s ❝❤❛q✉❡ ❝❧❛ss❡ ✭❧❡s ❞♦♥♥é❡s ❞✬✉♥❡ ♠ê♠❡ ❝❧❛ss❡ s❡ r❡ss❡♠❜❧❡♥t
❧❡ ♣❧✉s ♣♦ss✐❜❧❡✮ ❡t ✉♥❡ ❜♦♥♥❡ sé♣❛r❛t✐♦♥ ❞❡s ❝❧❛ss❡s ✭❧❡s ❞♦♥♥é❡s ❞❡ ❝❧❛ss❡s ❞✐✛ér❡♥t❡s
s♦♥t ❧❡s ♣❧✉s ❞✐✛ér❡♥t❡s ♣♦ss✐❜❧❡✮✳
■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ♠ét❤♦❞❡s ❞é❞✐é❡s à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ ▲❡s ♠ét❤♦❞❡s
✐ss✉❡s ❞❡ ❧❛ st❛t✐st✐q✉❡ s♦♥t ❞✐✈✐sé❡s ❡♥ ❞❡✉① ❣r❛♥❞❡s ❝❛té❣♦r✐❡s ✿ ❧❡s ♠ét❤♦❞❡s ❞✐t❡s ❞❡
♣❛rt✐t✐♦♥♥❡♠❡♥t ❡t ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✳ ▲❡s ♠ét❤♦❞❡s ❞❡ ♣❛rt✐t✐♦♥♥❡♠❡♥t ✭♠ét❤♦❞❡s
❤✐ér❛r❝❤✐q✉❡s ♦✉ K✲♠❡❛♥s ♣❛r ❡①❡♠♣❧❡✮ ❢♦♥t ♣❛rt✐❡ ❞❡s ♠ét❤♦❞❡s ❡①♣❧♦r❛t♦✐r❡s✱ q✉✐ ♥❡
❢♦♥t ❛♣♣❡❧ à ❛✉❝✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ st❛t✐st✐q✉❡✳ ▲❡ r❡❣r♦✉♣❡♠❡♥t ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡♥ ❝❧❛ss❡s
s✬❛♣♣✉✐❡ s✉r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ❣é♦♠étr✐q✉❡s ✭❡♥ ❡♠♣❧♦②❛♥t ❧❡s ♥♦t✐♦♥s ❞❡ s✐♠✐❧❛r✐té✱
❞✐ss✐♠✐❧❛r✐té ❡t ❞✐st❛♥❝❡ ❡♥tr❡ ♣♦✐♥ts✮ ❛❧♦rs q✉❡ ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✱ q✉✐ s❡ ♣❧❛❝❡♥t
❞❛♥s ✉♥ ❝❛❞r❡ ♣r♦❜❛❜✐❧✐st❡✱ s♦♥t ❢♦♥❞és s✉r ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡
❧❛ ♣♦♣✉❧❛t✐♦♥✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❜♦r❞♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ♣❛r
❝❡tt❡ ❛♣♣r♦❝❤❡ ♣r♦❜❛❜✐❧✐st❡ q✉✐ ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡s ❞♦♥♥é❡s✳
▲❡ s✉♣♣♦rt ♣r♦❜❛❜✐❧✐st❡ ❛ ❞❡✉① ❛✈❛♥t❛❣❡s ♠❛❥❡✉rs ✿ ❞✬✉♥❡ ♣❛rt✱ ✐❧ ♣❡r♠❡t ❞✬❛✈♦✐r ❛❝❝ès
à ❞❡s ♣r♦❜❛❜✐❧✐tés ❞✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ✐♥❞✐✈✐❞✉s ❛✉① ❞✐✛ér❡♥t❡s ❝❧❛ss❡s✳ ❈✬❡st ❞✬❛✐❧❧❡✉rs
à ♣❛rt✐r ❞❡ ❝❡s ♣r♦❜❛❜✐❧✐tés q✉❡ s✬ét❛❜❧✐t ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ❝❛❞r❡ ❢♦r♠❡❧
❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ♣❡r♠❡t ❞✬❛♣♣♦rt❡r ❞❡s s♦❧✉t✐♦♥s ❛✉ ♣r♦❜❧è♠❡ ❞✉ ❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡
❝❧❛ss❡s✳ ▲❡s ♠♦❞è❧❡s ❧❡s ♣❧✉s ✉t✐❧✐sés s♦♥t ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ✜♥✐ ❞❡ ❞✐str✐❜✉t✐♦♥s ❞❡
♣r♦❜❛❜✐❧✐té✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡s ❞♦♥♥é❡s s♦♥t ✈✉❡s ❝♦♠♠❡ ét❛♥t ✐ss✉❡s ❞✬✉♥ ♠é❧❛♥❣❡
❞❡ ❞✐str✐❜✉t✐♦♥s✱ ♦ù ❝❤❛q✉❡ ❞✐str✐❜✉t✐♦♥ ❡st ❛ss♦❝✐é❡ à ✉♥❡ ❝❧❛ss❡ ❞✐✛ér❡♥t❡✳ ▲✬❤②♣♦t❤ès❡
s♦✉s✲❥❛❝❡♥t❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡st q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✬✉♥❡ ♠ê♠❡ ❝❧❛ss❡ s♦♥t
✐ss✉❡s ❞✬✉♥❡ ♠ê♠❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❛
❜✐❡♥✲sûr ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉❡✳

❉❛♥s ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t✱ ❡♥ ♣❧✉s ❞✬êtr❡ str✉❝t✉ré❡s ❡♥ ❝❧❛ss❡s✱
♦r❣❛♥✐sé❡s s♣❛t✐❛❧❡♠❡♥t✳ ❈✬❡st ❧❡ ❝❛s ❞❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s ❞♦♥t ❧❡s s♦♥❞❡s ♣rés❡♥t❡♥t
✉♥❡ ♦r❣❛♥✐s❛t✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ✭❝❢✳ ❈❤❛♣✐tr❡ ✶✮✳ ❊♥ ❡✛❡t✱ ❞❡✉① s♦♥❞❡s
❛❞❥❛❝❡♥t❡s ❝♦✉✈r❛♥t ✉♥❡ ♠ê♠❡ ré❣✐♦♥ ❣é♥♦♠✐q✉❡ ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡ ❡♥
t❡r♠❡s ❞✬❤②❜r✐❞❛t✐♦♥✳ ■❧ ❡st ❞♦♥❝ ❡ss❡♥t✐❡❧ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❞❛♥s ❧❛
♠♦❞é❧✐s❛t✐♦♥✳ ▲✬♦✉t✐❧ st❛t✐st✐q✉❡ ❛♣♣r♦♣r✐é s♦♥t ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♦✉ ❍✐❞❞❡♥
▼❛r❦♦✈ ▼♦❞❡❧s ✭❍▼▼✮ q✉✐ s♦♥t ❞❡s ♠ét❤♦❞❡s ✉s✉❡❧❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡
♣♦✉r ♠♦❞é❧✐s❡r ❞❡s ♦❜s❡r✈❛t✐♦♥s ♦r❞♦♥♥é❡s✳ ■❧s ❢♦✉r♥✐ss❡♥t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❝❛♣❛❜❧❡ ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞è❧❡ ✷✼

s❛✐s✐r ❞❡s r❡❧❛t✐♦♥s ❞❡ ❞é♣❡♥❞❛♥❝❡ ❡t ✈✐s❡♥t à tr♦✉✈❡r ❞❡s ❣r♦✉♣❡s ❞✐st✐♥❝ts ❞❛♥s ✉♥ ❥❡✉ ❞❡
❞♦♥♥é❡s✳ ■♥tr♦❞✉✐ts ♣❛r ❇❛✉♠ ❡t P❡tr✐❡ ✭✶✾✻✻✮✱ ✐❧s ♣❡✉✈❡♥t êtr❡ ✈✉s ❝♦♠♠❡ ✉♥ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ✜♥✐ ❞❡ ❞✐str✐❜✉t✐♦♥s ❛✉q✉❡❧ s✬❛❥♦✉t❡ ✉♥❡ ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡
❞✉ ♣r♦❝❡ss✉s ❝❛❝❤é✳ ❈✬❡st ❝❡ ♣r♦❝❡ss✉s ❝❛❝❤é q✉✐ ❞é❝r✐t ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s
❛✉① ❝❧❛ss❡s ❡t q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à r❡❝♦♥str✉✐r❡ ❞❛♥s ✉♥ ♦❜❥❡❝t✐❢ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✳ ▲❡s
❍▼▼ r❡♣♦s❡♥t s✉r ❧✬❤②♣♦t❤ès❡ q✉✬✉♥❡ séq✉❡♥❝❡ ♥✬❡st ♣❛s ❞✐r❡❝t❡♠❡♥t ❣é♥éré❡ ♣❛r ✉♥❡
❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♠❛✐s ✐♥❞✐r❡❝t❡♠❡♥t ♣❛r ❞❡s ❧♦✐s ❞❡ ♣r♦❜❛❜✐❧✐tés ❛tt❛❝❤é❡s ❛✉① ét❛ts
❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✳ ■❧s s♦♥t ✉t✐❧✐sés ♣♦✉r ❞❡✉① r❛✐s♦♥s ♣r✐♥❝✐♣❛❧❡s ✿ ❧❛ ♣r❡♠✐èr❡ ❡st
❧❛ ♣♦ss✐❜✐❧✐té ❞✬❡①♣❧✐q✉❡r ❧❡s ✈❛r✐❛t✐♦♥s ❞✉ ♣r♦❝❡ss✉s ♦❜s❡r✈é à ♣❛rt✐r ❞❡s ✈❛r✐❛t✐♦♥s ❞✬✉♥
♣r♦❝❡ss✉s s♦✉s✲❥❛❝❡♥t ❝❛❝❤é✳ ▲❛ s❡❝♦♥❞❡ r❛✐s♦♥ ❡st ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ♣ré❞✐r❡ ✉♥ ♣r♦❝❡ss✉s
♥♦♥ ♦❜s❡r✈é à ♣❛rt✐r ❞✬✉♥ ♣r♦❝❡ss✉s ♦❜s❡r✈é✳
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡✱ ❧❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣❡r♠❡tt❡♥t ❞❡ ❜é♥é✜❝✐❡r ❞❡
❧✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts ❞❡ ❧❛ st❛t✐st✐q✉❡ ♠❛t❤é♠❛t✐q✉❡ ✿ ❧♦✐s ♠✉❧t✐✈❛r✐é❡s ♣❛r❛♠étr✐q✉❡s✱
❡st✐♠❛t✐♦♥✱ ❝❤♦✐① ❞❡ ♠♦❞è❧❡s✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s
♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ♦ù ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t s✉♣♣♦sé❡s ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❞❛♥s ❧❡ ❝♦♥t❡①t❡
❞❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ✭❙❡❝t✐♦♥ ✷✮✳ ▲❛ ♠ét❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
♥❡ ❞♦♥♥❡ ♣❛s ❧✬❡①♣r❡ss✐♦♥ ❡①♣❧✐❝✐t❡ ❞❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝❡s ♠♦❞è❧❡s✳ ◆♦✉s
❛✈♦♥s ❞♦♥❝ r❡❝♦✉rs à ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ q✉✐ ❡st ❝❧❛ss✐q✉❡♠❡♥t ✉t✐❧✐sé ❞❛♥s ❝❡ ❝❛s✱ ✐❧ ❡st
♣rés❡♥té ❙❡❝t✐♦♥ ✸✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s ❡st
❜r✐è✈❡♠❡♥t ❛❜♦r❞é ❙❡❝t✐♦♥ ✹✳

✷ ▼♦❞è❧❡

❙♦✐❡♥t n ✐♥❞✐✈✐❞✉s ✐ss✉s ❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥ P str✉❝t✉ré❡ ❡♥ K ❝❧❛ss❡s ✿ P =
K⋃

k=1

Ck

❡t ∀k 6= k′, Ck ∩ C ′k = ∅✳ ▲✬é❝❤❛♥t✐❧❧♦♥ X = {X1, . . . , Xn} ❞❡ t❛✐❧❧❡ n ❡st ❛❧é❛t♦✐r❡
❞❡ ré❛❧✐s❛t✐♦♥s x1, . . . , xn✳ ▲❛ ✈❛r✐❛❜❧❡ Xt ❡st s✉♣♣♦sé❡ êtr❡ ✐ss✉❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
❞❡ ❧❛ ❝❧❛ss❡ Ck à ❧❛q✉❡❧❧❡ ❧✬✐♥❞✐✈✐❞✉ t ❛♣♣❛rt✐❡♥t✳ ▲❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s X1, . . . , Xn

♣r♦✈✐❡♥♥❡♥t ❞♦♥❝ ❞✬✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s✳
P✉✐sq✉❡ ❧✬♦❜❥❡❝t✐❢ ❡st ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡♥ K ❝❧❛ss❡s ✭❧❡ ♥♦♠❜r❡ K ét❛♥t
s♣é❝✐✜é ✐♥✐t✐❛❧❡♠❡♥t✮✱ ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❛✉① ❞✐✛ér❡♥t❡s ❝❧❛ss❡s ❡st ✉♥❡
✐♥❢♦r♠❛t✐♦♥ ♠❛♥q✉❛♥t❡ ❛✉ r❡❣❛r❞ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s✳ ❖♥ ✐♥tr♦❞✉✐t ✉♥❡ ✈❛r✐❛❜❧❡
❛❧é❛t♦✐r❡ ❧❛t❡♥t❡ Zt✱ s♦✉✈❡♥t ❛♣♣❡❧é❡ ✏❧❛❜❡❧✑✱ q✉✐ ❡st é❣❛❧❡ à k s✐ ❧✬✐♥❞✐✈✐❞✉ t ❛♣♣❛rt✐❡♥t
à ❧❛ ❝❧❛ss❡ k✳ ❖♥ ♥♦t❡ ❛✉ss✐ Zt = {Zt1, . . . , ZtK} ✉♥ ✈❡❝t❡✉r ❞❡ ❜♦♦❧é❡♥ ♦ù Ztk = 1 s✐
❧✬✐♥❞✐✈✐❞✉ t ❛♣♣❛rt✐❡♥t à ❧❛ ❝❧❛ss❡ k ❡t Ztℓ = 0, ∀ ℓ 6= k✳ ❈❡s ✈❛r✐❛❜❧❡s ❞✬❛♣♣❛rt❡♥❛♥❝❡ Ztk

♥❡ s♦♥t ♣❛s ♦❜s❡r✈é❡s ❡t ✐❧ s✬❛❣✐t ❞❡ ❧❡s r❡❝♦♥str✉✐r❡✳ ▲❡ ❝♦✉♣❧❡ (X,Z) ❢♦r♠❡ ❝❡ q✉❡ ❧✬♦♥
❛♣♣❡❧❧❡ ❧❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s✱ ♦ù X ❝♦rr❡s♣♦♥❞ ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈é❡s ❡t Z ❝♦rr❡s♣♦♥❞
à ❧❛ ❝❧❛ss❡ ♥♦♥ ♦❜s❡r✈é❡ ❞❡s ✐♥❞✐✈✐❞✉s✳ ▲❛ ✜❣✉r❡ ✷✳✶ ✐❧❧✉str❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥
❞❡ ❞♦♥♥é❡s ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ✐ss✉❡s ❞❡ tr♦✐s ❝❧❛ss❡s q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ r❡tr♦✉✈❡r✳
❈♦♥❝❡r♥❛♥t ❧✬✐❞❡♥t✐✜❛❜✐❧✐té ❞✉ ♠♦❞è❧❡✱ ♣✉✐sq✉❡ ❧❡s Zt ♥❡ s♦♥t ♣❛s ♦❜s❡r✈é❡s✱ ❧❡ ♠♦❞è❧❡ ❡st
✐♥✈❛r✐❛♥t ♣♦✉r t♦✉t❡ ♣❡r♠✉t❛t✐♦♥ ❞❡s ❧❛❜❡❧s {1, ..., K}✳ ▲❡ ♠♦❞è❧❡ ❛ ❞♦♥❝ K! ❞é✜♥✐t✐♦♥s
éq✉✐✈❛❧❡♥t❡s✳

▲❡ ♠♦❞è❧❡ ♥é❝❡ss✐t❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ Z ❡t ❞❡ ❧❛ ❧♦✐ ❞❡s
♦❜s❡r✈❛t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✱ ❛♣♣❡❧é❡ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❞❡ X|Z✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✽ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

▲❡ ♠♦❞è❧❡ ❈❡ q✉✬♦♥ ❛ ✿ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ❈❡ q✉✬♦♥ ✈❡✉t ✿ ❞♦♥♥é❡s ❝♦♠♣❧èt❡s
Z = ❄ Z : 1 = ◦, 2 = +, 3 = ∗

❋✐❣✳ ✷✳✶✿ ■❧❧✉str❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✳

✷✳✶ ▲♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡

❉❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✱ ❧❡s ✈❛r✐❛❜❧❡s {Z1, ..., Zn} s♦♥t s✉♣♣♦sé❡s ✐♥❞é♣❡♥❞❛♥t❡s✳
▲❡s ✈❛r✐❛❜❧❡s Zt s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ✐♥❞✐q✉❛♥t ❧❡ ❧❛❜❡❧ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡t s♦♥t
s✉♣♣♦sé❡s êtr❡ ❞✐str✐❜✉é❡s s❡❧♦♥ ✉♥❡ ❧♦✐ ♠✉❧t✐♥♦♠✐❛❧❡ ❞❡ ♣r♦❜❛❜✐❧✐tés p1, ..., pK ✱ ♦ù pk =
P {Zt = k} ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣r✐♦r✐ ❞✬❛♣♣❛rt❡♥❛♥❝❡ à ❧❛ ♣♦♣✉❧❛t✐♦♥ k ✿

Zt ∼M(1; p1, ..., pK),

❛✈❡❝ 0 ≤ pk ≤ 1 ❡t
∑

k pk = 1✳

❉❛♥s ✉♥ ❍▼▼✱ ❧❡s ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s {Z1, ..., Zn} s♦♥t ❧✐é❡s ❡♥tr❡ ❡❧❧❡s ♣❛r ❞❡s
❞é♣❡♥❞❛♥❝❡s ♠❛r❦♦✈✐❡♥♥❡s✳ ❖♥ s✉♣♣♦s❡ q✉❡ Z ❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❤♦♠♦❣è♥❡
❞✬♦r❞r❡ ✶✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧❡ ♣❛ssé ❡st rés✉♠é❡ ❞❛♥s
❧✬♦❜s❡r✈❛t✐♦♥ ❧❛ ♣❧✉s ré❝❡♥t❡ ✿ ❧❛ ❧♦✐ ❞❡ Zt ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à {Z1, Z2, ..., Zt−1} ❡st é❣❛❧❡
à ❧❛ ❧♦✐ ❞❡ Zt ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à Zt−1✳ ▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ Z ❡st ♥♦té❡ π✱ ❞❡
❞✐♠❡♥s✐♦♥ K ×K✱ ❡t ❞♦♥t ❧❡ t❡r♠❡ ❣é♥ér❛❧ πkℓ ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧✬ét❛t k
à ❧✬ét❛t ℓ ❡♥ ✉♥❡ ét❛♣❡ ✿ πkℓ = P {Zt = ℓ|Zt−1 = k} ♣♦✉r t♦✉t t. ▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥
❡st st♦❝❤❛st✐q✉❡ ✿ ∀k, ℓ, πkℓ ≥ 0 ❡t ❧❛ s♦♠♠❡ ❞❡s t❡r♠❡s ❞❡ ❝❤❛q✉❡ ❧✐❣♥❡ ❡st é❣❛❧❡ à ✶ ✿
∀k, ∑ℓ πkℓ = 1✳
❖♥ ❛ Z1 ∼M(1;m)✱ ♦ù m ❡st ❧❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❞❡ π✳
▲❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❞❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈ s♦♥t ❞♦♥♥é❡s ❡♥ ❆♥♥❡①❡ ✺✳✶✳ ◆♦t♦♥s
q✉❡ s✐ t♦✉t❡s ❧❡s ❧✐❣♥❡s ❞❡ π s♦♥t é❣❛❧❡s✱ ❧❡ ♠♦❞è❧❡ ❡st r❛♠❡♥é ❛✉ ❝❛s s✐♠♣❧❡ ❞❡s ♠♦❞è❧❡s
❞❡ ♠é❧❛♥❣❡✳

✷✳✷ ▲♦✐ ❞✬é♠✐ss✐♦♥

▲❡s ✈❛r✐❛❜❧❡s ♦❜s❡r✈é❡s Xt s♦♥t s✉♣♣♦sé❡s ✐♥❞é♣❡♥❞❛♥t❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① ✈❛✲
r✐❛❜❧❡s ❧❛t❡♥t❡s Z ✭♣r✐♥❝✐♣❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡✮ ✿

(Xt|Zt = k) ∼ fk(.),

♦ù fk ❡st ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ❝❧❛ss❡ k✳ ❖♥ s❡ ♣❧❛❝❡ ❞❛♥s ✉♥ ❝❛❞r❡ ♣❛r❛♠étr✐q✉❡✱ ✐✳❡✳
fk ❡st s✉♣♣♦sé❡ ❛♣♣❛rt❡♥✐r à ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❧♦✐s ♣❛r❛♠étré❡s ✿ fk(.) = f(.; θk)✱ ♦ù f ❡st
❝❛r❛❝tér✐sé❡ ♣❛r ❧❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s θk ❡t θk s♦♥t ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ f
❞❛♥s ❧❛ ❝❧❛ss❡ k✳
❈♦♠♠❡ P {Xt = x} =

∑
k P {Xt = x|Zt = k}P {Zt = k}✱ ❧❛ ❞❡♥s✐té ❞❡Xt ❡st ✉♥ ♠é❧❛♥❣❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



■♥❢ér❡♥❝❡ ✷✾

❞❡ K ❞❡♥s✐tés ♣❛r❛♠étr✐q✉❡s✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ♠❛r❣✐♥❛❧❡ ❞❡ Xt s✬é❝r✐t ❞♦♥❝ ❝♦♠♠❡ ✉♥
♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ✿

g(xt;φ) =
K∑

k=1

νkf(xt; θk),

♦ù φ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✳ ▲❡ ❝♦❡✣❝✐❡♥t νk = pk ❞❛♥s ❧❡ ❝❛s
❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ r❡♣rés❡♥t❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞✬✐♥❞✐✈✐❞✉s ❛♣♣❛rt❡♥❛♥t à ❧❛ ❝❧❛ss❡
k✱ ❡t νk = mt

k ❞❛♥s ❧❡ ❝❛s ❞❡s ❍▼▼ ♣✉✐sq✉❡ Zt ∼ M(1;mt) ❛✈❡❝ mt = mπt−1✱ ❡t
mk = P {Z1 = k}✳

▲❡s ❋✐❣✉r❡s ✷✳✷ ❡t ✷✳✸ r❡♣rés❡♥t❡♥t ❧❡s r❡❧❛t✐♦♥s ❞❡ ❞é♣❡♥❞❛♥❝❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❞❛♥s
❧❡ ❝❛s ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡t ❞✬✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é❡ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲✬❛❜✲
s❡♥❝❡ ❞✬❛r❝ ❡♥tr❡ ❞❡✉① s♦♠♠❡ts s✐❣♥✐✜❡ q✉❡ ❧❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ❝♦♥❝❡r♥é❡s s♦♥t
✐♥❞é♣❡♥❞❛♥t❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① ❛✉tr❡s ✈❛r✐❛❜❧❡s✳

❋✐❣✳ ✷✳✷✿ ●r❛♣❤❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡✳

❋✐❣✳ ✷✳✸✿ ●r❛♣❤❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❞✬✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é❡
❞✬♦r❞r❡ ✶✳

▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡st ét❛❜❧✐❡ à ♣❛rt✐r ❞❡ ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✬❛♣✲
♣❛rt❡♥❛♥❝❡ à ❧❛ ❝❧❛ss❡ ❛✉ ✈✉ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ✿

τtk = P {Zt = k|X = x} .

▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡st ét✉❞✐é❡ ♣❧✉s ❡♥ ❞ét❛✐❧ ❛✉ ❝❤❛♣✐tr❡ ✹✳

✸ ■♥❢ér❡♥❝❡

▲❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣rés✉♠❡♥t ❧✬❡①✐st❡♥❝❡ ❞❡ ✈❛r✐❛❜❧❡s ✐♥♦❜s❡r✈❛❜❧❡s
❞✐r❡❝t❡♠❡♥t ♠❛✐s ❞♦♥t ♦♥ ♣❡✉t ♠❡s✉r❡r ♦✉ ♦❜s❡r✈❡r ❧❡s ❡✛❡ts✳ ▲✬❤②♣♦t❤ès❡ ❢♦♥❞❛♠❡♥t❛❧❡
❡st q✉❡ ❧❡s ❝♦✈❛r✐❛t✐♦♥s ❡♥tr❡ ✈❛r✐❛❜❧❡s ♦❜s❡r✈é❡s s✬❡①♣❧✐q✉❡♥t ♣❛r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡
❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ♦❜s❡r✈é❡ ❛✉① ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s
♣❡✉t ❛❧♦rs êtr❡ ✈✉ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s✳
▲❡ ✈❡❝t❡✉r ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ à ❡st✐♠❡r ❡st φ = (p, θ) ♣♦✉r ❧❡s ♠é❧❛♥❣❡s ❡t
φ = (m,π, θ) ♣♦✉r ❧❡s ❍▼▼✳ ❉❡ ♥♦♠❜r❡✉① tr❛✈❛✉① ♦♥t été ❞é✈❡❧♦♣♣és ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
❞❡ ❧✬❡st✐♠❛t✐♦♥ ❝❛r ❧❡s ❢♦r♠✉❧❡s ❡①♣❧✐❝✐t❡s ❞❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ♥✬❡①✐st❡♥t ♣❛s
s♦✉s ✉♥❡ ❢♦r♠❡ s✐♠♣❧❡ ❡t ♥é❝❡ss✐t❡♥t ❞❡s ♣r♦❝é❞✉r❡s ❞✬❡st✐♠❛t✐♦♥ ✐tér❛t✐✈❡s✳ P❧✉s✐❡✉rs
❛♣♣r♦❝❤❡s ♣❡✉✈❡♥t êtr❡ ❡♥✈✐s❛❣é❡s ♣♦✉r ❡st✐♠❡r φ✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ♠ét❤♦❞❡ ❞❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✸✵ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

♠♦♠❡♥ts✱ ❧❛ ♠ét❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦✉ ❧❡s ❛♣♣r♦❝❤❡s ❜❛②és✐❡♥♥❡s✳
◆é❛♥♠♦✐♥s✱ ❧❛ ♠ét❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡st ❧❛ ♣❧✉s ✉t✐❧✐sé❡✱ ♣r✐♥❝✐♣❛❧❡✲
♠❡♥t ❣râ❝❡ à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ t❤é♦r✐❡ st❛t✐st✐q✉❡ ❡t à ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼
✭❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦✉ ❆❧❣♦r✐t❤♠❡ ❞✬❊st✐♠❛t✐♦♥ ❡t ▼❛①✐♠✐s❛t✐♦♥ ❡♥
❢r❛♥ç❛✐s✮ ❛ss♦❝✐é✳

▲❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ✭♦✉ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡✮

L(X;φ) = logP (X;φ) = log
∑

Z

P (X,Z;φ)

♥é❝❡ss✐t❡ ❧❡ ❝❛❧❝✉❧ ❞❡ Kn t❡r♠❡s✱ ❝❡ q✉✐ ❡st ✐♠♣♦ss✐❜❧❡ ❡♥ ♣r❛t✐q✉❡✳ ▲❛ s♦❧✉t✐♦♥ ❡st ❞✬❛✈♦✐r
r❡❝♦✉rs à ❞❡s ❛❧❣♦r✐t❤♠❡s ✐tér❛t✐❢s ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ♠❛①✐♠✉♠ ♦✉ ❞❡ ♠✐♥✐♠✉♠ ❞✬✉♥❡ ❢♦♥❝✲
t✐♦♥✳ ▲✬❛❧❣♦r✐t❤♠❡ ❧❡ ♣❧✉s ✉t✐❧✐sé ❡st ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✱ ♣r♦♣♦sé ♣❛r ❉❡♠♣st❡r ❡t ❛❧✳ ✭✶✾✼✼✮✳

✸✳✶ Prés❡♥t❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❡s ❡st✐♠❛t❡✉rs ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
❞❡s ♣❛r❛♠ètr❡s φ ❞✬✉♥ ♠♦❞è❧❡ P (X,Z|φ) ❛✈❡❝ Z ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❧❛t❡♥t❡✳ ▲✬✐❞é❡
❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ❡st ❞❡ tr❛✈❛✐❧❧❡r ♥♦♥ ♣❛s ❛✈❡❝ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s
♠❛✐s ❛✈❡❝ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s ✭♦✉ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❝♦♠♣❧été❡✮✱
♣❧✉s ❢❛❝✐❧❡ à ♠❛♥✐♣✉❧❡r ❡t q✉✐ ♦✛r❡ ✉♥❡ s♦❧✉t✐♦♥ s✐♠♣❧❡ ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s✳
▲✬❛✈❛♥t❛❣❡ ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ❡st q✉✬✐❧ ❡st ❢❛❝✐❧❡ à ✐♠♣❧é♠❡♥t❡r ❡t q✉✬✐❧ ❢♦✉r♥✐t ❡♥ ❣é♥ér❛❧
❞❡s ❢♦r♠❡s ❡①♣❧✐❝✐t❡s ❞❡s ❡st✐♠❛t❡✉rs✳

➚ ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ ❇❛②❡s✱ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ s❡ ❞é❝♦♠♣♦s❡ ❞❡ ❧❛ ♠❛♥✐èr❡
s✉✐✈❛♥t❡ ✿

L(X;φ) = L(X,Z;φ)− L(Z|X;φ)

❊♥ ❛♣♣❧✐q✉❛♥t ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈é❡s X✱ ♦♥ ♦❜t✐❡♥t ✿

L(X;φ) = ❊ [L(X,Z;φ)|X]− ❊ [L(Z|X;φ)|X] .

▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ❝♦♥s✐st❡ ❡♥ ❧✬♦♣t✐♠✐s❛t✐♦♥ ✐♥❞✐r❡❝t❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s
♦❜s❡r✈é❡s ✈✐❛ ❧✬♦♣t✐♠✐s❛t✐♦♥ ✐tér❛t✐✈❡ ❞❡ ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡
❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s✳ ◆♦t♦♥s φ(h) ❧❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ à ❧✬✐tér❛t✐♦♥ h✱ ♦♥ ♦❜t✐❡♥t ✿

❊
[
L (X1, ..., Xn;φ) |φ(h)

]
= Q(φ;φ(h))−H(φ;φ(h)) ✭✷✳✶✮

❛✈❡❝

Q(φ;φ(h)) = ❊
[
L ((X1, Z1), ..., (XnZn);φ) |X,φ(h)

]

H(φ;φ(h)) = ❊
[
logP (Z|X;φ)|X,φ(h)

]

❈❤❛q✉❡ ✐tér❛t✐♦♥ ❝♦♥s✐st❡ ❡♥ ❞❡✉① ét❛♣❡s ✿
✕ ➱t❛♣❡ ❊ ✭❊①♣❡❝t❛t✐♦♥✮ ✿ ❈❛❧❝✉❧❡r Q(φ;φ(h))✱
✕ ➱t❛♣❡ ▼ ✭▼❛①✐♠✐s❛t✐♦♥✮ ✿ ❆❝t✉❛❧✐s❡r ❧❡s ♣❛r❛♠ètr❡s ❛✈❡❝ φ(h+1) =

Argmaxφ

{
Q(φ;φ(h))

}
✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



■♥❢ér❡♥❝❡ ✸✶

▲❡s ét❛♣❡s ❊ ❡t ▼ s♦♥t ✐téré❡s ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳
▲❛ ♣r♦♣r✐été ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✱ ét❛❜❧✐❡ ♣❛r ❉❡♠♣st❡r ❡t ❛❧✳ ✭✶✾✼✼✮✱ ❡st q✉❡
❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ❛✉❣♠❡♥t❡ à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ✿

L(X;φ(h+1)) ≥ L(X;φ(h)).

❊♥ ❡✛❡t✱ ❧✬ét❛♣❡ ▼ ❣❛r❛♥t✐t Q(φ;φ(h+1)) ≥ Q(φ;φ(h)), ❡t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬✐♥é❣❛❧✐té ❞❡
❏❡♥s❡♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r H(φ;φ(h+1)) ≤ H(φ;φ(h)). ❆✐♥s✐✱ ❧❛ q✉❛♥t✐té H(φ;φ(h)) ❞✐♠✐♥✉❡
à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ❡t ❧❛ s✉✐t❡ ❞é✜♥✐❡ ♣❛r

φ(h+1) = Argmax
φ

{
Q(φ;φ(h))

}

❢❛✐t t❡♥❞r❡ L (X1, ..., Xn;φ) ✈❡rs ✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧ s✐ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s
♦❜s❡r✈é❡s ❡st ♠❛❥♦ré❡✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ♥✬② ❛ ♣❛s ❞✬❛ss✉r❛♥❝❡ ❞❡ tr♦✉✈❡r ❧❡ ♠❛①✐♠✉♠ ❣❧♦❜❛❧✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ét❛♣❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❞❛♥s ❧❡ ❝❛s
❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡t ❞❡s ❍▼▼✳

✸✳✷ ➱t❛♣❡ ❊

❙❡❧♦♥ ❆r❝❤❡r ❡t ❚✐tt❡r✐♥❣t♦♥ ✭✷✵✵✷✮✱ ❧✬ét❛♣❡ ❊ ❝♦♥s✐st❡ ❡♥ ✉♥❡ r❡st❛✉r❛t✐♦♥ ♣r♦❜❛❜✐❧✐st❡
❞❡ t♦✉t❡s ❧❡s séq✉❡♥❝❡s ❞✬ét❛ts ♣♦ss✐❜❧❡s✳ ❊♥ ❡✛❡t✱ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡
✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡st❛✉r❛t✐♦♥✲♠❛①✐♠✐s❛t✐♦♥✳
▲✬ét❛♣❡ ❊ ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✱ ♥♦✉s tr❛✐t❡r♦♥s
❞♦♥❝ sé♣❛ré♠❡♥t ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡t ❧❡s ❍▼▼✳
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ♥♦t❡ Ztk = 1 s✐ ❧❡ ♣r♦❝❡ss✉s Z ♣r✐s ❡♥ ❧✬✐♥st❛♥t t ❡st é❣❛❧ à k✳

▼♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡

❉✬❛♣rès ❧❛ ❢♦r♠✉❧❡ ❞❡ ❇❛②❡s✱ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s s✬é❝r✐t ✿

L(X,Z;φ) = L(Z;φ) + L(X|Z;φ)

=
n∑

t=1

K∑

k=1

Ztk log pk +
n∑

t=1

K∑

k=1

Ztk log f(Xt; θk)

=
n∑

t=1

K∑

k=1

Ztk[log pk + log f(Xt; θk)] .

▲✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s s❛❝❤❛♥t X s✬é❝r✐t ❛❧♦rs ✿

Q(φ, φ(h)) = ❊

[
n∑

t=1

K∑

k=1

Ztk log
{
p

(h)
k f(Xt; θ

(h)
k )
}
|X,φ(h)

]
,

=
n∑

t=1

K∑

k=1

❊
[
Ztk|X,φ(h)

]
log
{
p

(h)
k f(Xt; θ

(h)
k )
}
,

=
n∑

t=1

K∑

k=1

τtk log
{
p

(h)
k f(Xt; θ

(h)
k )
}
. ✭✷✳✷✮

❆✐♥s✐ ❧✬ét❛♣❡ ❊ q✉✐ ❝♦♥s✐st❡ à ❝❛❧❝✉❧❡r Q(φ, φ(h)) s❡ ré❞✉✐t ❛✉ ❝❛❧❝✉❧ ❞❡s τtk✱ ♣r♦❜❛❜✐❧✐tés
❛ ♣♦st❡r✐♦r✐ ❞✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡ ❧✬✐♥❞✐✈✐❞✉ t à ❧❛ ❝❧❛ss❡ k✳ ❊❧❧❡s s♦♥t ❝❛❧❝✉❧é❡s ♣❛r ❧❛ rè❣❧❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✸✷ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

❞❡ ❇❛②❡s à ♣❛rt✐r ❞❡ ❧❛ ✈❛❧❡✉r ❝♦✉r❛♥t❡ ❞❡s ♣❛r❛♠ètr❡s φ(h) = (p(h), θ(h)) ✿

τ
(h+1)
tk =

p
(h)
k f(Xt; θ

(h)
k )

∑K
l=1 p

(h)
l f(Xt; θ

(h)
l )

❍▼▼

❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❍▼▼✱ ❧❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ❡st φ = (m,π, θ)✱ ♦ù m ❡st
❧❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❡t π ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥✳ ▲❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s
❞♦♥♥é❡s ❝♦♠♣❧èt❡s s✬é❝r✐t ✿

L(X,Z;φ) =
K∑

k=1

Z1k log(mk) +
n∑

t=1

K∑

ℓ=1

Ztℓ log[f(Xt; θℓ)] +
∑

t≥2

K∑

k=1

K∑

ℓ=1

Zt−1,kZtℓ log(πkℓ).

❖♥ r❡♠❛rq✉❡ q✉❡ s❡✉❧ ❧❡ ❞❡r♥✐❡r t❡r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥✱ q✉✐ ❝♦rr❡s♣♦♥❞ à L(Z;φ)✱ ❞✐✛èr❡
♣❛r r❛♣♣♦rt ❛✉① ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✳

▲✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s s❛❝❤❛♥t X s✬é❝r✐t ✿

Q(φ, φ(h)) =
K∑

k=1

E [Z1k|X] log(m
(h)
k ) +

n∑

t=1

K∑

ℓ=1

E [Ztℓ|X] log[f(Xt; θ
(h)
ℓ )]

+
∑

t≥2

K∑

k=1

K∑

ℓ=1

E [Zt−1,kZtℓ|X] log(π
(h)
kℓ ).

❖♥ r❡♠❛rq✉❡ q✉❡ E [Ztℓ|X] r❡♣rés❡♥t❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ q✉❡ ❧✬✐♥❞✐✈✐❞✉ t
❛♣♣❛rt✐❡♥♥❡ à ❧❛ ❝❧❛ss❡ ℓ✱ ♥♦té❡ τtℓ✳

▲❛ str✉❝t✉r❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ r❡st❡ s✐♠♣❧❡✱ ❝❡ q✉✐ r❡♥❞ ❧❡ ❝❛❧❝✉❧ ❞❡
P (Z|X) ♣♦ss✐❜❧❡✳ ▲✬ét❛♣❡ ❊ ♣❡✉t êtr❡ ❡✣❝❛❝❡♠❡♥t ✐♠♣❧é♠❡♥té❡ ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐t
✏❛✈❛♥t✲❛rr✐èr❡✑ ♦✉ ✏❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✑ ✐♥tr♦❞✉✐t ♣❛r ❇❛✉♠ ❡t ❛❧✳ ✭✶✾✼✵✮ ♣✉✐s ❉❡✈✐❥✈❡r
✭✶✾✽✺✮✳
❈❡t ❛❧❣♦r✐t❤♠❡ ❡st ❜❛sé s✉r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ❞❡s ♣r♦❜❛❜✐❧✐tés τtℓ q✉✐ tr❛❞✉✐t
❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❡♥tr❡ ❧❡ ♣❛ssé ❡t ❧❡ ❢✉t✉r ❞✉ ♣r♦❝❡ss✉s à ❝❤❛q✉❡ ✐♥st❛♥t t✳
❖♥ ♥♦t❡ ♣❛r ❧❛ s✉✐t❡ Xb

a = {Xa, ..., Xb} ❛✈❡❝ a < b✳

τtℓ = P (Ztℓ|Xn
1 ) =

P (Ztℓ, X
n
1 )

P (Xn
1 )

=
P (Xn

t+1|Ztℓ)P (Ztℓ, X
t
1)

P (Xn
t+1|X t

1)P (X t
1)

=
P (Xn

t+1|Ztℓ)

P (Xn
t+1|X t

1)︸ ︷︷ ︸
❇❛❝❦✇❛r❞ Btℓ

×P (Ztℓ|X t
1)︸ ︷︷ ︸

❋♦r✇❛r❞ Ftℓ

❉❡✈✐❥✈❡r ✭✶✾✽✺✮ ♠♦♥tr❡ q✉❡ ❧❡s q✉❛♥t✐tés Ftℓ = P (Ztℓ|X t
1) ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s à

❧✬❛✐❞❡ ❞✬✉♥❡ ♣❛ss❡ ❛✈❛♥t ✭❝✬❡st✲à✲❞✐r❡ ❞❡ ✶ à n✮ t❛♥❞✐s q✉❡ ❧❡s q✉❛♥t✐tés Btℓ =
P (Xn

t+1
|Ztℓ)

P (Xn
t+1
|Xt

1
)

✭♦✉ ❞✐r❡❝t❡♠❡♥t τtℓ ❝❛r τtℓ = Btℓ × Ftℓ✮ ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s ♣❛r ✉♥❡ ♣❛ss❡ ❛rr✐èr❡
✭❝✬❡st✲à✲❞✐r❡ ❞❡ n à ✶✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



■♥❢ér❡♥❝❡ ✸✸

• ➱t❛♣❡ ❋♦r✇❛r❞

P♦✉r t = 1✱

F1ℓ = P (Z1ℓ|X1) =
mℓf(X1; θℓ)∑
ℓmℓf(X1; θℓ)

,

❡t ∀ t 6= 1✱
Ftℓ ∝

∑

k

πkℓFt−1,kf(Xt; θℓ) . ✭✷✳✸✮

• ➱t❛♣❡ ❇❛❝❦✇❛r❞

P♦✉r t = n✱

τnℓ = Fnℓ = P (Znℓ|Xn
1 ) ,

❡t ∀ t 6= n✱

τtℓ = Ftℓ

∑

k

πℓkτt+1,k

Gt+1,k

, ✭✷✳✹✮

❛✈❡❝ Gt+1,k = P (Zt+1,k|X t
1) =

∑
ℓ πℓkFtℓ✳

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s ❢♦r♠✉❧❡s ✷✳✸ ❡t ✷✳✹ s♦♥t ❞♦♥♥é❡s ❡♥ ❆♥♥❡①❡ ✺✳✷ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡
❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❤♦♠♦❣è♥❡✳

❈❛❧❝✉❧ ❞❡ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡✳ ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❛ ré❝✉rr❡♥❝❡ ❛✈❛♥t
♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ♣✉✐sq✉❡

P (X1, ..., Xn) = P (X1)
n∏

t=2

P (Xt|X t−1
1 ) =

n∏

t=1

[
K∑

ℓ=1

f(Xt; θℓ)
K∑

k=1

πkℓFt−1,k

]
.

◆♦t♦♥s αk(t) = P (X1, ..., Xt, Ztk|θ)✱ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣ré❝é❞❡♥t❡ s✬é❝r✐t ❛❧♦rs ✿

P (X1, ..., Xn) =
K∑

k=1

αk(n) .

❘❛❜✐♥❡r ✭✶✾✽✾✮ ♣✉✐s ❇✐❧♠❡s ✭✶✾✾✽✮ ♦♥t ✐♥tr♦❞✉✐t ✉♥❡ ♣r♦❝é❞✉r❡ ré❝✉rs✐✈❡ ♣♦✉r ❝❛❧❝✉❧❡r
❝❡tt❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✿

✶✳ αk(1) = mkf(X1; θk)

✷✳ αℓ(t+ 1) = f(Xt+1; θℓ)
K∑

k=1

πkℓαk(t)

✸✳ P (X1, ..., Xn) =
K∑

k=1

αk(n)

❈❡♣❡♥❞❛♥t✱ ❝❡ ❝❛❧❝✉❧ ♣♦s❡ ❞❡s ♣r♦❜❧è♠❡s ♥✉♠ér✐q✉❡s✳ ▲❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r f ❡t α
ét❛♥t ❣é♥ér❛❧❡♠❡♥t ♣❡t✐t❡s ❡t ❧❛ ré❝✉rr❡♥❝❡ s❡ ❢❛✐s❛♥t s✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ f ♣❛r α✱
♦♥ ❛tt❡✐♥t r❛♣✐❞❡♠❡♥t ❧❡s ❧✐♠✐t❡s ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧✬♦r❞✐♥❛t❡✉r✱ ❡t ❧♦rsq✉❡ ❧❡
♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s n ❞é♣❛ss❡ ✺✵✵✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♥✉❧❧❡✳
P♦✉r é✈✐t❡r ❝❡ ♣r♦❜❧è♠❡✱ ✐❧ ❢❛✉t ♣♦♥❞ér❡r α ♣❛r ✉♥❡ q✉❛♥t✐té ❛st✉❝✐❡✉s❡♠❡♥t ❝❤♦✐s✐❡✳ ◆♦✉s
♣r♦♣♦s♦♥s ❧❛ ♣r♦❝é❞✉r❡ ré❝✉rs✐✈❡ s✉✐✈❛♥t❡ ✿

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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✶✳ A1,k = αk(1)

K∑

k=1

αk(1)

✷✳ At,k = λt

K∑

ℓ=1

At−1,ℓπℓkf(Xt; θk) , ❛✈❡❝ λt = 1 /
K∑

ℓ=1

K∑

k=1

At−1,ℓπℓkf(Xt; θk) .

✸✳ P (X1, ..., Xn) =
K∑

k=1

αk(n) =
1

n∏

t=1

λt

K∑

k=1

An,k .

❈♦♠♠❡
K∑

k=1

An,k = 1✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡✈✐❡♥t ✿

logP (X1, ..., Xn) = −
n∑

t=1

log(λt).

✸✳✸ ➱t❛♣❡ ▼

▲✬ét❛♣❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ ❡st ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡t ♣♦✉r ❧❡s
❍▼▼ ✿ ❧❡s ♣❛r❛♠ètr❡s s♦♥t ♦❜t❡♥✉s ❡♥ ♠❛①✐♠✐s❛♥t ❧✬❡s♣ér❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s
❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈é❡s✳

❉❛♥s ❧❡ ❝❛s ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✱ ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ✭✷✳✷✮ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs τtk
♦❜t❡♥✉❡s à ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡ s✬é❝r✐t ✿

φ(h+1) = Argmax
φ=(p,θ)

n∑

t=1

K∑

k=1

τ
(h+1)
tk log {pkf(Xt; θk)}

▲✬❡st✐♠❛t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❞✉ ♠é❧❛♥❣❡ ❡st ♦❜t❡♥✉❡ ❡♥ ♠❛①✐♠✐s❛♥t s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡
K∑

k=1

pk = 1 ❧✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ✿

p̂ = Argmax
p

∑

t,k

τtk log pk .

❊♥ ✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞✉ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡✱ ♦♥ ♦❜t✐❡♥t ✿

p
(h+1)
k =

∑n
t=1 τ

(h)
tk

n
.

❉❛♥s ❧❡ ❝❛s ❞❡s ❍▼▼✱ ♦♥ ♦❜t✐❡♥t ✉♥ ❡st✐♠❛t❡✉r ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛
❢♦r♠❡ ✿

π
(h+1)
kℓ ∝

∑

t≥2

E(Zt−1,kZtℓ|X)

∝ Ft−1,kπkℓτt,ℓ
Gt,ℓ

▲❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ m ❡st r❡♠✐s❡ à ❥♦✉r ❛✈❡❝ ❧❡ ✈❡❝t❡✉r ♣r♦♣r❡ ♥♦r♠❛❧✐sé ❛ss♦❝✐é
à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ ✶ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ π✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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▲❡s ♣❛r❛♠ètr❡s θk ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦♥t ❡st✐♠és ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❞❛♥s ✉♥ ♠♦❞è❧❡
❞❡ ♠é❧❛♥❣❡ ❡t ❞❛♥s ✉♥ ❍▼▼✳

θ̂ = Argmax
θ

∑

t,k

τtk log f(Xt, θk).

❖♥ s✉♣♣♦s❡ q✉❡ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t ❞✉ ♠é❧❛♥❣❡ ✭♦✉ ❞✉ ❍▼▼✮ ❛♣♣❛rt✐❡♥t à ✉♥❡ ❢❛♠✐❧❧❡
❞❡ ❧♦✐s ♣❛r❛♠étré❡s ❡t ❧❡ ❝❤♦✐① s❡ r❡str❡✐♥t ❣é♥ér❛❧❡♠❡♥t à ❞❡s ❧♦✐s ❝❧❛ss✐q✉❡s ❛♣♣❛rt❡♥❛♥t
à ❧❛ ❢❛♠✐❧❧❡ ❡①♣♦♥❡♥t✐❡❧❧❡✳

❊①❡♠♣❧❡ ❣❛✉ss✐❡♥

❉❛♥s ❧❡ ❝❛s ❝♦♥t✐♥✉✱ ❧❡ ♠♦❞è❧❡ ♣❛r❛♠étr✐q✉❡ ❧❡ ♣❧✉s ✉t✐❧✐sé s✉r ❘d ❡st ❧❛ ❧♦✐ ♠✉❧t✐♥♦r♠❛❧❡
N (µk,Σk)✱ ♦ù µk ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ❘d ❞és✐❣♥❛♥t ❧❛ ♠♦②❡♥♥❡ ❞✉ ❝♦♠♣♦s❛♥t k ❡t Σk ❡st ❧❛
♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❞❡ ❞✐♠❡♥s✐♦♥ K ×K✳ ▲❛ ❞❡♥s✐té ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥
❣❛✉ss✐❡♥♥❡ s✉r ❘d ❡st ❞é✜♥✐❡ ❛✉ ♣♦✐♥t xt ♣❛r ✿

f(xt|µk,Σk) =
1

(2π)d/2
[det(Σk)]

−1/2 exp

{
−1

2
(xt − µk)

T Σ−1
k (xt − µk)

}
,

♦ù xT r❡♣rés❡♥t❡ ❧❛ tr❛♥s♣♦sé❡ ❞❡ x✳

▲✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s s✬é❝r✐t ✿

Q(φ, φ(h)) = −1

2

n∑

t=1

K∑

k=1

τtk
{
log [det(Σk)] + (xt − µk)

T Σ−1
k (xt − µk)

}

+
n∑

t=1

K∑

k=1

τtk log(πk)−
dn

2
log(2π).

▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s µ ❡t Σ s♦♥t ❞♦♥♥és ♣❛r ✿

µ̂k =

∑n
t=1 τtk xt∑n

t=1 τtk
, ∀ k = 1, ..., K.

Σ̂k =

∑n
t=1 τtk(xt − µ̂k)(xt − µ̂k)

T

∑n
t=1 τtk

, ∀ k = 1, ..., K.

❖♥ r❡♠❛rq✉❡ q✉❡ ❝❡ s♦♥t s✐♠♣❧❡♠❡♥t ❞❡s ✈❡rs✐♦♥s ♣♦♥❞éré❡s ❞❡s ❡st✐♠❛t❡✉rs ✉s✉❡❧s✳

▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛♥❝❡✳ ▲❛ ❞❡♥s✐té ❣❛✉ss✐❡♥♥❡ ♠♦❞é❧✐s❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡❧❧✐♣✲
s♦ï❞❛❧❡ ❞❡ ❝❡♥tr❡ µk ❞♦♥t ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♦♠étr✐q✉❡s ✭✈♦❧✉♠❡✱ ❢♦r♠❡✱ ♦r✐❡♥t❛t✐♦♥✮
♣❡✉✈❡♥t êtr❡ ❝♦♥trô❧é❡s ❣râ❝❡ à ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ s♣❡❝tr❛❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ Σk

✭❇❛♥✜❡❧❞ ❡t ❘❛❢t❡r②✱ ✶✾✾✸✮✳ ❈❤❛q✉❡ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ ❞❡s ❝♦♠♣♦s❛♥ts ❞✉ ♠é❧❛♥❣❡ ♣❡✉t
s✬é❝r✐r❡ ✿

Σk = λkDkAkD
T
k , ✭✷✳✺✮

♦ù λk r❡♣rés❡♥t❡ ❧❡ ✈♦❧✉♠❡ ✭λk = det(Σk)
1/2✮✱ Dk r❡♣rés❡♥t❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❡t Ak r❡♣rés❡♥t❡

❧❛ ❢♦r♠❡ ❞❡ ❧✬❡❧❧✐♣s❡✳ ▲❛ ♠❛tr✐❝❡ Dk ❡st ❧❛ ♠❛tr✐❝❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Σk ❡t Ak

❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ t❡❧❧❡ q✉❡ det(Ak) = 1 ❛✈❡❝ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♥♦r♠❛❧✐sé❡s ❞❡
Σk s✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❛♥s ❧✬♦r❞r❡ ❞é❝r♦✐ss❛♥t✳ ❉❛♥s ❧❡s ♠♦❞è❧❡s ❣❛✉ss✐❡♥s ♠✉❧t✐✈❛r✐és✱
❧❛ ✈❛r✐❛♥❝❡ ✐♥❞✉✐t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❡t ❞❡s ✈❛r✐❛♥❝❡s ❤étér♦s❝é❞❛st✐q✉❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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❞♦♥♥❡♥t s♦✉✈❡♥t ❞❡s rés✉❧t❛ts ✐♥st❛❜❧❡s✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣❡r♠❡t ❞♦♥❝ ❞❡ ♣r❡♥❞r❡
❡♥ ❝♦♠♣t❡ ❛✉ ♠✐❡✉① ❧❡s ❞✐✛ér❡♥t❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ✈❛r✐❛♥❝❡✳ ❊♥ ♣❡r♠❡tt❛♥t ❛✉①
♣❛r❛♠ètr❡s ✈♦❧✉♠❡s✱ ❢♦r♠❡s ❡t ♦r✐❡♥t❛t✐♦♥s ❞❡ ✈❛r✐❡r ♦✉ ❞✬êtr❡ é❣❛✉① ❡♥tr❡ ❧❡s ❝❧❛ss❡s✱ ♦♥
♦❜t✐❡♥t q✉❛t♦r③❡ ♠♦❞è❧❡s ❞✐✛ér❡♥ts ❡t ❢❛❝✐❧❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡s✳ ❈❡s q✉❛t♦r③❡ ♠♦❞è❧❡s
s♦♥t ❞ét❛✐❧❧és ❞❛♥s ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮ ✿ ✐❧ ② ❛ ❤✉✐t ♠♦❞è❧❡s ❣é♥ér❛✉①✱ q✉❛tr❡
♠♦❞è❧❡s ❛✈❡❝ ❞❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡ ❞✐❛❣♦♥❛❧❡s ❡t ❞❡✉① ♠♦❞è❧❡s ❛✈❡❝ ❞❡s ❢♦r♠❡s
s♣❤ér✐q✉❡s ✭Ak = I✮✳ ▲❡s ❡st✐♠❛t❡✉rs ❞❡ λk✱ Dk ❡t Ak s♦♥t ❞ét❛✐❧❧és ♣♦✉r ❝❤❛q✉❡ ♠♦❞è❧❡
❞❛♥s ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮✳
▲❛ ❣é♦♠étr✐❡ ♣❛rt✐❝✉❧✐èr❡ r❡♣rés❡♥té❡ ♣❛r ❝❤❛q✉❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r s✐♠♣❧❡✲
♠❡♥t ♥♦♥ s❡✉❧❡♠❡♥t ❧❡s ❝❧❛ss❡s ♠❛✐s ❛✉ss✐ ❧❡✉rs s✐♠✐❧✐t✉❞❡s é✈❡♥t✉❡❧❧❡s✱ ❡t ❛✐♥s✐ ❞✬❛✐❞❡r à
❧❡✉r ✐♥t❡r♣rét❛t✐♦♥✳

✸✳✹ ■♥✐t✐❛❧✐s❛t✐♦♥ ❡t ❛rrêt ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

❈♦♠♠❡ t♦✉s ❧❡s ❛❧❣♦r✐t❤♠❡s ✐tér❛t✐❢s✱ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♥é❝❡ss✐t❡ ✉♥❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡s
♣❛r❛♠ètr❡s ❡t ✉♥ ❝r✐tèr❡ ❞✬❛rrêt✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣❛rt✐r ❞✬✉♥❡ ♣❛rt✐t✐♦♥
♣❛rt✐❝✉❧✐èr❡ ❞❡s ❞♦♥♥é❡s ♦✉ ❞❡ ✈❛❧❡✉rs ❞❡ ♣❛r❛♠ètr❡s ♣ré❞é✜♥✐❡s✳ P❛r ❝♦♥tr❡✱ s✐ ❧✬♦♥ ♥❡
❞✐s♣♦s❡ ❞✬❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❛ ♣r✐♦r✐✱ ❧❡s ♣❛r❛♠ètr❡s φ(0) ♦✉ τ (0) ♣❡✉✈❡♥t êtr❡ ✐♥✐t✐❛❧✐sés
❛✉ ❤❛s❛r❞✳ ▲❡ ♣r✐♥❝✐♣❛❧ ♣r♦❜❧è♠❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❡st s❛ s❡♥s✐❜✐❧✐té ❛✉① ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s
✭❑❛r❧✐s ❡t ❳❡❦❛❧❛❦✐✱ ✷✵✵✸✮✳ ❈♦♠♠❡ ❧✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ ✈❡rs ❞❡s ♠❛①✐♠❛ ❧♦❝❛✉① ❞❡ ❧❛
✈r❛✐s❡♠❜❧❛♥❝❡✱ ❧❡s rés✉❧t❛ts ♣❡✉✈❡♥t êtr❡ ❞✐✛ér❡♥ts s❡❧♦♥ ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥✳ ❈✬❡st ♣♦✉rq✉♦✐
❧✬ét❛♣❡ ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❡st ❝r✉❝✐❛❧❡✳ ❉✐✛ér❡♥t❡s ♣r♦❝é❞✉r❡s ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ♦♥t été ♣r♦♣♦sé❡s
✭❝❢✳ ▼❛✐tr❛✱ ✷✵✵✾ ♣♦✉r ✉♥❡ r❡✈✉❡ ❞ét❛✐❧❧é❡✮ ♠❛✐s ❛✉❝✉♥❡ ♠ét❤♦❞❡ ♥❡ s❡♠❜❧❡ ✈r❛✐♠❡♥t
♠❡✐❧❧❡✉r❡ q✉❡ ❧❡s ❛✉tr❡s✳ ❯♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❝♦♥s✐st❡ à ré♣ét❡r ❧✬❛❧❣♦r✐t❤♠❡ à ♣❛rt✐r
❞❡ ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s ❞✐✛ér❡♥t❡s ❡t à r❡t❡♥✐r ❝❡❧❧❡ ♠❛①✐♠✐s❛♥t ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡✱
♠❛✐s ❝❡❝✐ ♣❡✉t ❞❡✈❡♥✐r ❛❧❣♦r✐t❤♠✐q✉❡♠❡♥t ❝♦ût❡✉①✳ ❖♥ ♣❡✉t ❛✉ss✐ t❡st❡r ♣❧✉s✐❡✉rs ✈❛❧❡✉rs
✐♥✐t✐❛❧❡s s❛♥s ❛tt❡♥❞r❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♠❛✐s ❡♥ ❧✬❛rrêt❛♥t ❞ès q✉❡

Lm − Lm−1

Lm − L0
≤ 10−2 ,

♦ù Lm ❡st ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡ à ❧✬✐tér❛t✐♦♥ m✳ ▲❛ ✈❛❧❡✉r s❡✉✐❧ 10−2 ❡st ✜①é❡
❛r❜✐tr❛✐r❡♠❡♥t✳
❇✐❡r♥❛❝❦✐✱ ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✷✵✵✸✮ ♦♥t ♣r♦♣♦sé ✉♥❡ str❛té❣✐❡ ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❡✣❝❛❝❡ ❡♥
tr♦✐s ét❛♣❡s ✿

✶✳ ●é♥ér❡r p ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧❡s✳

✷✳ ❊①é❝✉t❡r ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❢♦✐s à ❝❤❛q✉❡ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ❛✈❡❝
✉♥ ♥♦♠❜r❡ ✜①❡ ❞✬✐tér❛t✐♦♥s✳

✸✳ ❈❤♦✐s✐r ❧❛ s♦❧✉t✐♦♥ ♦✛r❛♥t ❧❛ ♠❡✐❧❧❡✉r❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣❛r♠✐ ❧❡s p t❡sts✱ ♥♦té❡ p∗✳

❈❡tt❡ str❛té❣✐❡ ♣❡✉t êtr❡ ❡♥❝♦r❡ ❛♠é❧✐♦ré❡ ❡♥ ré♣ét❛♥t ❧❡s tr♦✐s ét❛♣❡s x ❢♦✐s ❡t ❡♥ ✉t✐❧✐s❛♥t
❧❡s p∗1, ..., p

∗
x ❡♥ t❛♥t q✉❡ ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❛♥s ❧✬ét❛♣❡ ✶✳

❯♥❡ ❛✉tr❡ s♦❧✉t✐♦♥ ❡st ❞✬✐♥✐t✐❛❧✐s❡r ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♠ét❤♦❞❡s ❤❡✉r✐st✐q✉❡s ❢♦♥✲
❞é❡s s✉r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ❣é♦♠étr✐q✉❡s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣❛r ❝❧❛ss✐✜❝❛t✐♦♥
❛s❝❡♥❞❛♥t❡ ❤✐ér❛r❝❤✐q✉❡ ❝♦♠♠❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❢♦♥❝t✐♦♥♥❡ ❜✐❡♥ s✐ ❧❡s ♣♦♣✉✲
❧❛t✐♦♥s s♦♥t ❜✐❡♥ sé♣❛ré❡s ❡t ♣♦✉r ❞❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ t❛✐❧❧❡ r❛✐s♦♥♥❛❜❧❡✳ ❊♥ ❣é♥ér❛❧✱
❛✉❝✉♥❡ str❛té❣✐❡ ♥❡ ❢♦♥❝t✐♦♥♥❡ ❜✐❡♥ ✉♥✐❢♦r♠é♠❡♥t ❞❛♥s t♦✉s ❧❡s ❝❛s✱ ❞♦♥❝ ❧❛ ♣r❛t✐q✉❡
✉s✉❡❧❧❡ ❡st ❞✬❡ss❛②❡r ❞✐✛ér❡♥t❡s str❛té❣✐❡s ❡t ❞❡ ❝❤♦✐s✐r ❧❛ s♦❧✉t✐♦♥ ❞❡ ♣❧✉s ❣r❛♥❞❡ ✈r❛✐s❡♠✲
❜❧❛♥❝❡✳

▲❡ ❝r✐tèr❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❡✉t êtr❡ ❝❤♦✐s✐ s♦✐t s✉r ✉♥❡ ❞✐✛ér❡♥❝❡ r❡❧❛t✐✈❡ ❞❡ ❧❛
❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❡♥tr❡ ❞❡✉① ✐tér❛t✐♦♥s s✉❝❝❡ss✐✈❡s✱ s♦✐t s✉r ❧❡s ♣❛r❛♠ètr❡s✳ ▲✬❛❧❣♦r✐t❤♠❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



■♥❢ér❡♥❝❡ ✸✼

♣❡✉t ❛✉ss✐ êtr❡ ❛rrêté ❛♣rès ✉♥ ♥♦♠❜r❡ ♣ré❞é✜♥✐ ❞✬✐tér❛t✐♦♥s✳

✸✳✺ ❱❛r✐❛♥t❡s ❡t ❡①t❡♥s✐♦♥s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

❉❡♣✉✐s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✱ ❞❡ ♥♦♠❜r❡✉s❡s ✈❛r✐❛♥t❡s ♦♥t ✈✉ ❧❡ ❥♦✉r✳
❈❡s ✈❛r✐❛♥t❡s ♣❡r♠❡tt❡♥t ❞❡ ré♣♦♥❞r❡ ❛✉① ❞✐✣❝✉❧tés q✉✐ ♣❡✉✈❡♥t êtr❡ r❡♥❝♦♥tré❡s ♣♦✉r
❧❡ ❝❛❧❝✉❧ ❞❡ Q(φ, φ(h)) à ❧✬ét❛♣❡ ❊✱ ♣♦✉r ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ Q(φ, φ(h)) à ❧✬ét❛♣❡ ▼✱ ♦✉
❜✐❡♥ ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞❡ ♠❡✐❧❧❡✉r❡s ♣❡r❢♦r♠❛♥❝❡s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡
❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳
• ▲✬❛❧❣♦r✐t❤♠❡ ❈❊▼ ❡st ✉♥❡ ✈❡rs✐♦♥ ❝❧❛ss✐✜❛♥t❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✭❈ ♣♦✉r ❝❧❛ss✐✲
✜❝❛t✐♦♥✮ ♣r♦♣♦sé❡ ♣❛r ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✷✮✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧✬❛❧❣♦r✐t❤♠❡ ❊▼
q✉✐ s❡ ♣♦s✐t✐♦♥♥❡ ❞❛♥s ✉♥❡ ♦♣t✐q✉❡ ❞✬❡st✐♠❛t✐♦♥✱ ❧✬❛❧❣♦r✐t❤♠❡ ❈❊▼ ♣r✐✈✐❧é❣✐❡ ❧❛ ❝❧❛s✲
s✐✜❝❛t✐♦♥ ❡♥ ♦♣t✐♠✐s❛♥t ❞✐r❡❝t❡♠❡♥t ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s✱ ❣râ❝❡
à ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ét❛♣❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✳ ▲✬❛❧❣♦r✐t❤♠❡ ❈❊▼ ❝♦♥✈❡r❣❡ ❡♥ ✉♥
♥♦♠❜r❡ ✜♥✐ ❞✬✐tér❛t✐♦♥s✱ ♠❛✐s ♥❡ ❝♦♥✈❡r❣❡ ♣❛s ✈❡rs ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡✳

• ▲♦rsq✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ à ❧✬ét❛♣❡ ▼ ❞❡ ♠❛①✐♠✐s❛t✐♦♥✱ ❧✬❛❧❣♦r✐t❤♠❡
❣r❛❞✐❡♥t✲❊▼ ❢♦✉r♥✐t ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ✐tér❛t✐✈❡ ❛✉ ❝❛❧❝✉❧ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❡①♣❧✐❝✐t❡✳ ❉❡
♠ê♠❡✱ ❧✬❛❧❣♦r✐t❤♠❡ ●❡♥❡r❛❧✐③❡❞ ❊▼ ✭●❊▼✮ ❡st ✉♥❡ ✈❡rs✐♦♥ ❣é♥ér❛❧✐sé❡ ❞❡ ❧✬❛❧❣♦✲
r✐t❤♠❡ ❊▼ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ φ(h+1) ❛❝t✉❛❧✐sé❡ à ❧✬ét❛♣❡ ▼ ♥❡
♠❛①✐♠✐s❡ ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t Q ♠❛✐s ❧✬❛✉❣♠❡♥t❡ s✐♠♣❧❡♠❡♥t t❡❧ q✉❡ ✿

Q(φ(h+1)|φ(h)) ≥ Q(φ(h)|φ(h)).

• ❈❡❧❡✉① ❡t ❉✐❡❜♦❧t ✭✶✾✽✺✮ ♦♥t ✐♥tr♦❞✉✐t ❧✬❛❧❣♦r✐t❤♠❡ ❙❊▼ ❡♥ ✈✉❡ ❞❡ ré♣♦♥❞r❡ ❛✉①
❧✐♠✐t❛t✐♦♥s ❞❡ ❧✬❊▼ t❡❧❧❡s q✉❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❛✉① ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s ♦✉ ❧❛ ❝♦♥✈❡r❣❡♥❝❡
❡♥ ❞❡s ♣♦✐♥ts st❛t✐♦♥♥❛✐r❡s st❛❜❧❡s ♠❛✐s ✐♥❞és✐r❛❜❧❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳
▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ rés✐❞❡ ❞❛♥s ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡
❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s à ♣❛rt✐r✱ ♥♦♥ ♣❛s ❞❡ s♦♥ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡✱ ♠❛✐s ❣râ❝❡ à
✉♥❡ é✈❛❧✉❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡❧❧❡✲❝✐ ✈✐❛ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ét❛♣❡ st♦❝❤❛st✐q✉❡ ❞❡
❝❧❛ss✐✜❝❛t✐♦♥ ✭ét❛♣❡ ❙✮ ❡♥tr❡ ❧❡s ét❛♣❡s ❊ ❡t ▼✱ ♦ù ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s
❛✉① ❝❧❛ss❡s ❡st t✐ré❡ ❛❧é❛t♦✐r❡♠❡♥t s❡❧♦♥ ✉♥❡ ❧♦✐ ♠✉❧t✐♥♦♠✐❛❧❡ ❞❡ ♣❛r❛♠ètr❡s τtk✳

• ❲❡✐ ❡t ❚❛♥♥❡r ✭✶✾✾✶✮ ♦♥t ♣r♦♣♦sé ❞✬ét❡♥❞r❡ ❧✬❛❧❣♦r✐t❤♠❡ ❙❊▼ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❧✬❛❧✲
❣♦r✐t❤♠❡ ▼♦♥t❡ ❈❛r❧♦ ❊▼ ✭▼❈❊▼✮✳ ❈❡t ❛❧❣♦r✐t❤♠❡ r❡♣♦s❡ s✉r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❧✬❡s♣ér❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈é❡s ♣❛r
✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ▼♦♥t❡ ❈❛r❧♦✳ ■❧ ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❝❛❧❝✉❧ ♣♦✉✈❛♥t
✐♥t❡r✈❡♥✐r à ❧✬ét❛♣❡ ❊✳

❖♥ tr♦✉✈❡r❛ ✉♥❡ r❡✈✉❡ ❡①❤❛✉st✐✈❡ ♣❧✉s ❞ét❛✐❧❧é❡ ❞❡s ✈❛r✐❛♥t❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❞❛♥s
▼❝▲❛❝❤❧❛♥ ❡t ❑r✐s❤♥❛♥ ✭✷✵✵✽✮✳

▼✐s❡ ❡♥ ♣r❛t✐q✉❡

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✐♥t❡♥s✐✈❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❛ s✉s❝✐té ❧✬❛♣♣❛r✐t✐♦♥
❞❡ ♥♦♠❜r❡✉① ❧♦❣✐❝✐❡❧s ♦✉ ♣❛❝❦❛❣❡s✳ ▼❝❧✉st ✭❋r❛❧❡② ❡t ❘❛❢t❡r②✱ ✷✵✵✻✮ ❡st ✉♥ ♣❛❝❦❛❣❡ ❘
❞é✈❡❧♦♣♣é ❡♥ ❋❖❘❚❘❆◆ ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡s ❣❛✉ss✐❡♥s ♠✉❧t✐✈❛r✐és✳ ▲❡s q✉❛t♦r③❡
♣❛r❛♠étr✐s❛t✐♦♥s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❞✐s♣❡rs✐♦♥ Σk ♣rés❡♥té❡s ❙❡❝t✐♦♥ ✸✳✸ s♦♥t ❞✐s♣♦♥✐❜❧❡s✳
▼❝❧✉st s✬❛♣♣✉✐❡ s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❡t s✉r ❧❡ ❝r✐tèr❡ ❇■❈
♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s✳ ▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ❡st ✐♥✐t✐❛❧✐sé ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛♣♣r♦❝❤❡
♣❛r ❝❧❛ss✐✜❝❛t✐♦♥ ❛s❝❡♥❞❛♥t❡ ❤✐ér❛r❝❤✐q✉❡✳ ❙❛ ✢❡①✐❜✐❧✐té ❡t s❡s ❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s ❢♦♥t ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✸✽ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

❝❡ ♣❛❝❦❛❣❡ ❧✬✉♥ ❞❡s ♣❧✉s ♣♦♣✉❧❛✐r❡s✳ ▼■❳▼❖❉ ✭❇✐❡r♥❛❝❦✐ ❡t ❛❧✳✱ ✷✵✵✻✮ ❡st ✉♥ ❧♦❣✐❝✐❡❧ é❝r✐t
❡♥ ❈✰✰ ✐♥t❡r❢❛❝é ❛✈❡❝ ❙❝✐❧❛❜ ♦✉ ▼❛t❧❛❜ ❡♥t✐èr❡♠❡♥t ❞é❞✐é ❛✉① ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✳ ■❧
♣r♦♣♦s❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❛✈❡❝ ❞❡s ❞✐str✐❜✉t✐♦♥s ♠✉❧t✐♥♦♠✐❛❧❡s ♦✉ ❞❡s ❣❛✉ss✐❡♥♥❡s
♠✉❧t✐✈❛r✐é❡s✱ ❛✐♥s✐ q✉❡ ❧❡s ❞✐✛ér❡♥t❡s ♣❛r❛♠étr✐s❛t✐♦♥s ❞❡ ❧❛ ✈❛r✐❛♥❝❡✳ ▼■❳▼❖❉ ♦✛r❡
❞✐✛ér❡♥t❡s ♣♦ss✐❜✐❧✐tés ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❡t ♣❧✉s✐❡✉rs ❝r✐tèr❡s ❞✬❛rrêt ♣♦✉r ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✳
❉✐✛ér❡♥ts ❝r✐tèr❡s ♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ❛✐♥s✐ q✉❡ ♣❧✉s✐❡✉rs ✈❛r✐❛♥t❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
❊▼ s♦♥t ❛✉ss✐ ✐♥❝❧✉s ❞❛♥s ❧❡ ❧♦❣✐❝✐❡❧✳

✹ ❙é❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s

❯♥❡ ❞✐✣❝✉❧té ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ❡st ❧❡ ❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s
K✳ ❈❡ ♥♦♠❜r❡ ♣❡✉t êtr❡ ✜①é ♣❛r ❧❛ ♥❛t✉r❡ ♠ê♠❡ ❞❡ ❧❛ q✉❡st✐♦♥ ♣♦sé❡✱ ♠❛✐s ❞❛♥s ❧❛
♣❧✉♣❛rt ❞❡s ❝❛s ✐❧ ❡st ✐♥❝♦♥♥✉ ❛ ♣r✐♦r✐ ❡t ❝❤♦✐s✐r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s ❡st s♦✉✈❡♥t ✉♥❡
q✉❡st✐♦♥ à ❧❛q✉❡❧❧❡ ✐❧ ❢❛✉t ré♣♦♥❞r❡✳ ❘❡♠❛rq✉♦♥s ❞✬❛❜♦r❞ q✉✬✉♥ ❝❤♦✐① ♣r❛❣♠❛t✐q✉❡ ❞✉
♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s ❡st ❞❡ sé❧❡❝t✐♦♥♥❡r ✉♥❡ ♣❛rt✐t✐♦♥ ❞♦♥t ✐❧ s❡r❛ ♣♦ss✐❜❧❡ ❞✬✐♥t❡r♣rét❡r
❧❡s ❝❧❛ss❡s✳ ❈❤♦✐s✐r ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts K ❞✬✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❝♦♥st✐t✉❡ ✉♥
♣r♦❜❧è♠❡ ♠❛❥❡✉r q✉✐ ♥✬❡st ♣❛s ❡♥❝♦r❡ ❝♦♠♣❧èt❡♠❡♥t rés♦❧✉✳ ❙✐ ❧❡ ❜✉t ❡st ❞❡ ♠♦❞é❧✐s❡r ✉♥❡
❞❡♥s✐té q✉❡❧❝♦♥q✉❡✱ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts s✉r ❧✬❛♣♣❛r❡♥❝❡ ❞❡ ❧❛ ❞❡♥s✐té
♥✬❛ q✉❡ ♣❡✉ ❞✬✐♠♣❛❝t✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧♦rsq✉❡ ❝❡ ♥♦♠❜r❡ ❡st ❣r❛♥❞✳ ❈❡♣❡♥❞❛♥t✱ s✐ ❧❡s
♠é❧❛♥❣❡s s♦♥t ✉t✐❧✐sés ❞❛♥s ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ❡st
❛❧♦rs ❡ss❡♥t✐❡❧ ❝❛r ✐❧ ❝♦rr❡s♣♦♥❞ s♦✉✈❡♥t à ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡ ✭ré❡❧❧❡ ♦✉ s✉♣♣♦sé❡✮✳
▲❡s ❞❡✉① ♣r✐♥❝✐♣❛❧❡s ♠ét❤♦❞❡s ♣❡r♠❡tt❛♥t ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts s♦♥t
❢♦♥❞é❡s s✉r ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ✿ ❝❡ s♦♥t ❧❡s ❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ ❡t ❧❡s t❡sts ❞✬❤②♣♦t❤ès❡s✳
◆♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ✉♥✐q✉❡♠❡♥t ❛✉① ❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥✳

▲❡ ❝❛❞r❡ ♣r♦❜❛❜✐❧✐st❡ ❞❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣r♦♣♦s❡r ❞❡s
s♦❧✉t✐♦♥s ❛✉ ♣r♦❜❧è♠❡ ❞✉ ❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ❞❛♥s ❧❡ ♠é❧❛♥❣❡ ❡♥ ✉t✐❧✐s❛♥t
❞❡s ❝r✐tèr❡s st❛t✐st✐q✉❡s ❝❧❛ss✐q✉❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s✳ ▲❡ ❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s
♣❡✉t ❞♦♥❝ êtr❡ ❢♦r♠✉❧é ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ❡t ♣❡✉t êtr❡ ré❛❧✐sé
❛✈❡❝ ✉♥ ❝r✐tèr❡ ♣é♥❛❧✐sé ❞❡ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿

L(X; φ̂K)− β pen(K),

♦ù L(X; φ̂K) ❡st ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ♣r✐s❡ ❡♥ s♦♥ ♠❛①✐♠✉♠ ♣♦✉r ✉♥
♠♦❞è❧❡ à K ♣♦♣✉❧❛t✐♦♥s✱ β ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ❡t pen(K) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❛♣♣❡❧é❡
♣é♥❛❧✐té q✉✐ r❡♣rés❡♥t❡ ❧❛ ♣é♥❛❧✐té ❞✉ ♠♦❞è❧❡ à K ♣♦♣✉❧❛t✐♦♥s✳ ❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛s✱
❧❛ ♣é♥❛❧✐té ❡st ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❡st✐♠❡r ♣♦✉r ❧❡ ♠♦❞è❧❡
❝♦♥s✐❞éré✳ ❖♥ ❝❤♦✐s✐t ❧❡ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s q✉✐ ♠❛①✐♠✐s❡ ❧❡ ❝r✐tèr❡ ♣é♥❛❧✐sé ❝♦♥s✐❞éré✳ ❈❡
t②♣❡ ❞❡ ❝r✐tèr❡ t❡♥t❡ ❞♦♥❝ ❞❡ ré❛❧✐s❡r ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧✬❛❞éq✉❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ❛✉①
❞♦♥♥é❡s✱ ♠❡s✉ré ♣❛r ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ♠❛①✐♠❛❧❡ ❡t ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❝❡❧✉✐✲❝✐✱ ♠❡s✉ré
♣❛r s❛ ❞✐♠❡♥s✐♦♥✳ ❈❡s ❝r✐tèr❡s ♦♥t été ❞❛✈❛♥t❛❣❡ ét✉❞✐és ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ♠♦❞è❧❡s ❞❡
♠é❧❛♥❣❡ q✉❡ ♣♦✉r ❧❡s ❍▼▼✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❙é❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ✸✾

❈r✐tèr❡ ❆■❈

❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❢réq✉❡♥t✐st❡✱ ✉♥ ✏❜♦♥✑ ♠♦❞è❧❡ ❡st ❝❡❧✉✐ q✉✐ ré❛❧✐s❡ ✉♥ ❜♦♥ ❝♦♠♣r♦♠✐s
✓ ❜✐❛✐s✲✈❛r✐❛♥❝❡ ✔✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ❧❡ ❝r✐tèr❡ ❆■❈ ✭❆❦❛✐❦❡ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥✮ ❛ été ❞é✲
✈❡❧♦♣♣é ♣❛r ❆❦❛✐❦❡ ✭✶✾✼✹✮ ❛✈❡❝ ✉♥❡ ♣é♥❛❧✐té q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s
n ✿

AIC(K) = L(X; φ̂K)− νK ,

♦ù νK ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♠♦❞è❧❡ K✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥
♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❛✈❡❝ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ ♥♦♥ ❝♦♥tr❛✐♥t❡
νK = 6K − 1✱ ❡t ♣♦✉r ✉♥ ♠♦❞è❧❡ ❍▼▼✱ νK = K2 + 5K − 1✳

❈r✐tèr❡ ❇■❈

▲❡ ❝r✐tèr❡ ❇■❈ ✭❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥✮ ✭❙❝❤✇❛r③✱ ✶✾✼✼✮ s❡ ♣❧❛❝❡ ❞❛♥s ✉♥❡
❛♣♣r♦❝❤❡ ❜❛②és✐❡♥♥❡ ❡t ♣r♦♣♦s❡ ✉♥❡ ♣é♥❛❧✐té ❞é♣❡♥❞❛♥t ❞❡ n ✭❝❢✳ ▲❡❜❛r❜✐❡r ❡t ▼❛r②✲
❍✉❛r❞✱ ✷✵✵✹ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ❝r✐tèr❡ ❇■❈✱ ✉♥ ✏❜♦♥✑ ♠♦❞è❧❡ ❡st
❝❡❧✉✐ q✉✐ ♠❛①✐♠✐s❡ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ✐♥té❣ré❡ ✭s✉r ❧❡s ♣❛r❛♠ètr❡s✮ ❧♦rsq✉❡ ❝❤❛q✉❡ ♠♦❞è❧❡
❡♥ ❝♦♠♣ét✐t✐♦♥ ❡st éq✉✐♣r♦❜❛❜❧❡ ❛ ♣r✐♦r✐✳ ▲❡ ❝r✐tèr❡ ❇■❈ s✬é❝r✐t ✿

BIC(K) = L(X; φ̂K)− log n

2
× νK ,

♦ù νK ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♠♦❞è❧❡ K✳
❈❡s ❞❡✉① ❝r✐tèr❡s s♦♥t ❜❛sés s✉r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❛s②♠♣t♦t✐q✉❡s✳ ▲❡ ❝r✐tèr❡ ❇■❈
❡st ❧❡ ❝r✐tèr❡ ❧❡ ♣❧✉s ✉t✐❧✐sé ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✱ ❆■❈ ❢❛✈♦r✐s❛♥t s♦✉✈❡♥t ❧❡s
♠♦❞è❧❡s tr♦♣ ❝♦♠♣❧❡①❡s✳ ❉✬❛✉tr❡s ❛♣♣r♦❝❤❡s ♦♥t été ❝♦♥s✐❞éré❡s ♣♦✉r ❧❛ sé❧❡❝t✐♦♥
❞❡ ♠♦❞è❧❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❜❛②és✐❡♥ ✭❝❢✳ ❑❛ss ❡t ❘❛❢t❡r②✱ ✶✾✾✺ ♣♦✉r ✉♥ ét❛t ❞❡ ❧✬❛rt
❝♦♠♣❧❡t✮✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❝r✐tèr❡ ❇■❈ ❡st s♦✉✈❡♥t ♣ré❢éré ♣♦✉r s❛ s✐♠♣❧✐❝✐té ❞✬✐♠♣❧é✲
♠❡♥t❛t✐♦♥ ❡t ♣♦✉r s❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s✳ ❑❡r✐❜✐♥ ✭✷✵✵✵✮ ❛ ♠♦♥tré q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ❇■❈ ❝♦♥❞✉✐t à ✉♥ ❡st✐♠❛t❡✉r ❝♦♥s✐st❛♥t ❞✉ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✳

❈r✐tèr❡ ■❈▲

▲✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ ♥✬ét❛♥t ♣r♦❜❛❜❧❡♠❡♥t ♣❛s ✈ér✐✜é❡ ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ✐ss✉❡ ❞❡
❞♦♥♥é❡s ré❡❧❧❡s✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❡s ❝r✐tèr❡s ❝❧❛ss✐q✉❡s sé❧❡❝t✐♦♥♥❡♥t ✉♥ ♥♦♠❜r❡
très ✐♠♣♦rt❛♥t ❞❡ ❝♦♠♣♦s❛♥ts ♣♦✉r ❧❡ ♠é❧❛♥❣❡ ❛✜♥ ❞❡ ré❛❧✐s❡r ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛
❧♦✐ ✐♥❝♦♥♥✉❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥✳ ❙✐ ❧✬♦♥ ✈❡✉t q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❤♦✐① ❞❡ ♠♦❞è❧❡ r❡t✐❡♥♥❡ ✉♥
♠♦❞è❧❡ ♣r♦❞✉✐s❛♥t ❞❡s ❝❧❛ss❡s ❜✐❡♥ sé♣❛ré❡s t♦✉t ❡♥ r❡s♣❡❝t❛♥t ❛✉ ♠✐❡✉① ❧❛ ❞✐str✐❜✉t✐♦♥
❞❡s ❞♦♥♥é❡s✱ ❧✬✐❞é❡ ❡st ❞❡ r❡♣♦rt❡r ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥
❞❛♥s ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❤♦✐① ❞❡ ♠♦❞è❧❡✳ ❉❛♥s ❝❡tt❡ ♣❡rs♣❡❝t✐✈❡✱ ❇✐❡r♥❛❝❦✐✱ ❈❡❧❡✉① ❡t ●♦✈❛❡rt
✭✷✵✵✵✮ ♦♥t ♣r♦♣♦sé ❧❡ ❝r✐tèr❡ ■❈▲ ✭■♥t❡❣r❛t❡❞ ❈♦♠♣❧❡t❡ ▲✐❦❡❧✐❤♦♦❞✮ q✉✐ ♣é♥❛❧✐s❡ ❧❛ ❧♦❣✲
✈r❛✐s❡♠❜❧❛♥❝❡ ❝♦♠♣❧été❡ ✭❡t ♥♦♥ ♦❜s❡r✈é❡✮ ♣❛r ❧❡ ♠ê♠❡ t❡r♠❡ ❞❡ ❝♦♠♣❧❡①✐té q✉❡ ❧❡ ❝r✐tèr❡
❇■❈✳ ❊♥ ♣r❛t✐q✉❡✱ ❝❡ ❝r✐tèr❡✱ à ♠❛①✐♠✐s❡r✱ é✈❛❧✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ❞♦♥♥❛♥t ❧✐❡✉
à ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❡rt✐♥❡♥t❡ ❞❡s ❞♦♥♥é❡s✳ ▲❡ ❝r✐tèr❡ ■❈▲ s✬é❝r✐t ✿

ICL(K) = L(X, Ẑ; φ̂K)− νK

2
log(n), ✭✷✳✻✮

♦ù ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ Z ❡st r❡♠♣❧❛❝é❡ ♣❛r s♦♥ ♠♦❞❡ ❛ ♣♦st❡r✐♦r✐ ét❛♥t ❞♦♥♥é φ̂K ✳ ▲❛
❞é✜♥✐t✐♦♥ ❞❡ ■❈▲ ❞♦♥♥é❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✷✳✻✮ r❡♣♦s❡ s✉r ✉♥ ♣❛rt✐t✐♦♥♥❡♠❡♥t ❞✉r ❞❡s
❞♦♥♥é❡s✳ ▼❝▲❛❝❤❧❛♥ ❡t P❡❡❧ ✭✷✵✵✵✮ ♦♥t ♣r♦♣♦sé ❞❡ r❡♠♣❧❛❝❡r Ẑ ♣❛r ❧❛ ✈❛❧❡✉r ❛tt❡♥❞✉❡ ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹✵ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

Z ❝♦♠♣t❡ t❡♥✉ ❞❡s ♦❜s❡r✈❛t✐♦♥s✱ ✐❡ ❊[Ztk|X]✳
❍❛t❤❛✇❛② ✭✶✾✽✻✮ ❛ ♠♦♥tré ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡ ❡♥
✉♥❡ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❝♦♠♣❧été❡ ❡t ✉♥ t❡r♠❡ ❡♥tr♦♣✐q✉❡ ✭❝❢✳ ❊q✉❛t✐♦♥ ✷✳✶✮ ✿

❊ [L(X,Z;φK)|X] = L(X;φK) + Ent(K),

♦ù ❧✬❡♥tr♦♣✐❡ ♠❡s✉r❡ ❧❛ sé♣❛r❛❜✐❧✐té ❞❡s ♣♦♣✉❧❛t✐♦♥s✳ P♦✉r ❞❡s ♣♦♣✉❧❛t✐♦♥s très sé♣❛ré❡s
✭♥♦♥ ✐♠❜r✐q✉é❡s✮✱ Ent(K) ❡st ♣r♦❝❤❡ ❞❡ 0✳
❆✐♥s✐ ❧❡ ❝r✐tèr❡ ■❈▲ ❡st éq✉✐✈❛❧❡♥t ❛✉ ❝r✐tèr❡ ❇■❈ ❛✈❡❝ ✉♥ t❡r♠❡ ❞❡ ♣é♥❛❧✐té s✉♣♣❧é♠❡♥t❛✐r❡✱
q✉✐ ❡st ❧✬❡♥tr♦♣✐❡ −❊ [logP (Z|X)]✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣❡r♠❡t ❞✬✐♥t❡r♣rét❡r ■❈▲ ❝♦♠♠❡
✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ♣❛r ✉♥ t❡r♠❡ ❞❡ ❝♦♠♣❧❡①✐té ❞✉ ♠♦❞è❧❡
❡t ✉♥ t❡r♠❡ ❞✬✐♠❜r✐❝❛t✐♦♥ ❞❡s ❝❧❛ss❡s✱ ❝❡ q✉✐ éq✉✐✈❛✉t à ✉♥ ❝r✐tèr❡ ❇■❈ ♣é♥❛❧✐sé ♣❛r ❝❡
t❡r♠❡ ❞✬✐♠❜r✐❝❛t✐♦♥✳ ■❈▲ ♣é♥❛❧✐s❡ ❞♦♥❝ ❧❡s ♠♦❞è❧❡s ♣r♦❞✉✐s❛♥t ❞❡s ❝❧❛ss❡s tr♦♣ ✐♠❜r✐q✉é❡s✳
❖♥ r❡♠❛rq✉❡ q✉❡ ■❈▲ ❡st ❛✉ss✐ s✐♠♣❧❡ à ❝❛❧❝✉❧❡r q✉❡ ❇■❈✱ ♠❛✐s s♦♥ ét✉❞❡ t❤é♦r✐q✉❡ ❡st
♣❧✉s ❝♦♠♣❧❡①❡ ✭❇❛✉❞r②✱ ✷✵✵✾✮✳
▲❡ ❝r✐tèr❡ ■❈▲ ❛ été ét❛❜❧✐ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ♠é❧❛♥❣❡ ✐♥❞é♣❡♥❞❛♥t✱ ♠❛✐s ❈❡❧❡✉① ❡t
❉✉r❛♥❞ ✭✶✾✽✺✮ ♦♥t ♠♦♥tré ❞❛♥s ✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ q✉✬✐❧ s❡♠❜❧❡ ❛✈♦✐r ❧❡ ♠ê♠❡
❝♦♠♣♦rt❡♠❡♥t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❍▼▼✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥♥❡①❡s ✹✶

✺ ❆♥♥❡①❡s

✺✳✶ ❉é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❞❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈

■♥tr♦❞✉✐t❡s ❡♥ ✶✽✽✾ ♣❛r ●❛❧t♦♥ ❡t ❲❛ts♦♥✱ ❧❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈ s♦♥t ✉t✐❧✐sé❡s ♣♦✉r
ét✉❞✐❡r ❧✬é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡ ♣❤é♥♦♠è♥❡s ❛❧é❛t♦✐r❡s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛
♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥❡ é♣✐❞é♠✐❡ ♦✉ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝♦✉rs ❞❡ t✐tr❡s ❜♦✉rs✐❡rs✱ ♦✉ ❜✐❡♥ ♣♦✉r
❣ér❡r ❧❡s s②stè♠❡s ❞❡ ✜❧❡ ❞✬❛tt❡♥t❡✳

❯♥ ♣r♦❝❡ss✉s ✭❛❧é❛t♦✐r❡ ♦✉ st♦❝❤❛st✐q✉❡✮ r❡♥❞ ❝♦♠♣t❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥✱ ❛✉ ❝♦✉rs ❞✉
t❡♠♣s✱ ❞✬✉♥ ♣❤é♥♦♠è♥❡ ❛❧é❛t♦✐r❡✳ ❖♥ ♥♦t❡ Zt ❧✬ét❛t ❞✉ ♣❤é♥♦♠è♥❡ ❛✉ t❡♠♣s t✳ Zt ❡st ✉♥❡
✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡✳
• ▲❛ ❧♦✐ ❞❡ Zt ❞é♣❡♥❞ ❡♥ ❣é♥ér❛❧ ❞❡ t✳
• P♦✉r ❞❡✉① ❞❛t❡s t1 ❡t t2 q✉❡❧❝♦♥q✉❡s✱ Zt1 ❡t Zt2 ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥t❡s✳

❯♥ ♣r♦❝❡ss✉s Zt ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❞❡ ▼❛r❦♦✈ s✐ ❧❛ ❧♦✐ ❞❡ Zt ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t
à ✉♥❡ sér✐❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❛♥tér✐❡✉r❡s {Z1, Z2, ..., Zt−1} ❡st é❣❛❧❡ à ❧❛ ❧♦✐ ❞❡ Zt ❝♦♥❞✐✲
t✐♦♥♥❡❧❧❡♠❡♥t à ❧✬♦❜s❡r✈❛t✐♦♥ ❧❛ ♣❧✉s ré❝❡♥t❡ Zt−1✳ ❈❡tt❡ ♣r♦♣r✐été s✉♣♣♦s❡ q✉❡ t♦✉t❡
❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧❡ ♣❛ssé ❡st rés✉♠é❡ ❞❛♥s ❧✬♦❜s❡r✈❛t✐♦♥ ❧❛ ♣❧✉s ré❝❡♥t❡✳

❙♦✐t ε ❧✬❡s♣❛❝❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ✈❛r✐❛❜❧❡s Zt ♣r❡♥♥❡♥t ❧❡✉rs ✈❛❧❡✉rs✳
❯♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞✬♦r❞r❡ ✶ ❡st ✉♥ ♣r♦❝❡ss✉s q✉✐ ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❞❡ ▼❛r❦♦✈✱ ❡t
♣♦✉r ❧❡q✉❡❧ ❧❡ t❡♠♣s ❡t ❧✬❡s♣❛❝❡ ε é✈♦❧✉❡♥t ❞❛♥s ❡♥s❡♠❜❧❡ ❞é♥♦♠❜r❛❜❧❡✳
❊♥ ♥♦t❛♥t i0✱i1✱✳✳✱it ❞❡s ét❛ts q✉❡❧❝♦♥q✉❡s ❞❡ ε✱ ❧❛ ♣r♦♣r✐été ❞❡ ▼❛r❦♦✈ s✬é❝r✐t ✿

P {Zt+1 = it+1|Z0 = i0, ..., Zt = it} = P {Zt+1 = it+1|Zt = it} .
❯♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❡st ❞✐t❡ ❤♦♠♦❣è♥❡ s✐ ❧❡s ♣r♦❜❛❜✐❧✐tés ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❝✐✲❞❡ss✉s

♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ t✱ ❝✬❡st✲à✲❞✐r❡ s✐ ∀(k, ℓ) ∈ ε ✿
P {Zt+1 = ℓ|Zt = k} = P {Z1 = ℓ|Z0 = k} .

▲❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❡♥ ✉♥❡ ét❛♣❡ ❡st ✿

πkℓ = P {Zt+1 = ℓ|Zt = k} ♣♦✉r t♦✉t t.

▲❛♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st ❧❛ ♠❛tr✐❝❡ π ❞♦♥t ❧❡ t❡r♠❡ ❣é♥ér❛❧ πkℓ ❡st ❧❛ ♣r♦❜❛❜✐❧✐té
❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧✬ét❛t k à ❧✬ét❛t ℓ ❡♥ ✉♥❡ ét❛♣❡✳ ❈✬❡st ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ ❡t ✐♥❞é♣❡♥❞❛♥t❡
❞✉ t❡♠♣s✳

π =




π11 . . . π1K
✳✳✳

✳✳✳
πK1 . . . πKK





▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st st♦❝❤❛st✐q✉❡ ✿ ∀k, ℓ, πkℓ ≥ 0 ❡t ❧❛ s♦♠♠❡ ❞❡s t❡r♠❡s ❞❡
❝❤❛q✉❡ ❧✐❣♥❡ ❡st é❣❛❧❡ à ✶ ✿ ∀k, ∑ℓ πkℓ = 1✳

❖♥ ❛♣♣❡❧❧❡ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦rr❡s♣♦♥❞❛♥t à
t♦✉t ✈❡❝t❡✉r ♣r♦♣r❡ ❛ss♦❝✐é à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ ✶ ❞❡ π ✿

m = m.π

❯♥ t❡❧ ✈❡❝t❡✉r m r❡♥❞ ❝♦♠♣t❡ ❞✬✉♥ ❝♦♠♣♦rt❡♠❡♥t st♦❝❤❛st✐q✉❡ st❛❜❧❡ ❞✉ s②stè♠❡✳

❯♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ Zt ❞✬♦r❞r❡ ✶ à K ét❛ts✱ ❤♦♠♦❣è♥❡ ❞❛♥s ❧❡ t❡♠♣s✱ ❡st ❞é✜♥✐❡
♣❛r ❧❡s ♣❛r❛♠ètr❡s s✉✐✈❛♥ts ✿

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹✷ ▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s

• ❧❡s ♣r♦❜❛❜✐❧✐tés ✐♥✐t✐❛❧❡s mk = P {Z1 = k}✱ ♣♦✉r k = 1, ..., K✱ ❛✈❡❝
∑

k mk = 1✳
• ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡ tr❛♥s✐t✐♦♥ πkℓ = P {Zt = ℓ|Zt−1 = k}✱ ♣♦✉r k, ℓ = 1, ..., K✱ ❛✈❡❝∑

ℓ πkℓ = 1✳

▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐tés ✐♥✐t✐❛❧❡ m0 ❡t ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡
tr❛♥s✐t✐♦♥ π s✉✣t ♣♦✉r ❞é❝r✐r❡ ❝♦♠♣❧èt❡♠❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❛✉
❝♦✉rs ❞✉ t❡♠♣s✳ ❊♥ ❡✛❡t✱ ♦♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

P {Zn = k} = m0.π
n.

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✱ ❧❡ t❡♠♣s ❞❡ sé❥♦✉r ❞❛♥s ❧✬ét❛t k ❡st ♠♦❞é❧✐sé
✐♠♣❧✐❝✐t❡♠❡♥t✳ ❘❡st❡r u ❢♦✐s ❞❛♥s ✉♥ ét❛t ❝♦♥s✐st❡ à ❜♦✉❝❧❡r ✭u− 1✮ ❢♦✐s ♣✉✐s à s♦rt✐r✳ ▲❛
❧♦✐ ❞✬♦❝❝✉♣❛t✐♦♥✱ ♦✉ ❞✉ t❡♠♣s ❞❡ sé❥♦✉r ❞❛♥s ❧✬ét❛t k✱ ❡st ❧❛ ❧♦✐ ❣é♦♠étr✐q✉❡ ❞❡ ♣❛r❛♠ètr❡
1 − πkk✱ ♦ù πkℓ ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧✬ét❛t k à ❧✬ét❛t ℓ✳ ▲❡ t❡♠♣s ♠♦②❡♥ ❞❡
sé❥♦✉r ❞❛♥s ❧✬ét❛t k ❡st ❞♦♥❝ é❣❛❧ à 1/(1− πkk)✳

✺✳✷ ❉é♠♦♥str❛t✐♦♥s ❞❡s ❢♦r♠✉❧❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋♦r✲
✇❛r❞✴❇❛❝❦✇❛r❞

▲❛ ré❝✉rr❡♥❝❡ ❛✈❛♥t ✭❋♦r✇❛r❞✮ ✐♠♣❧✐q✉❡ ❧❡ ❝❛❧❝✉❧ ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡ ✜❧tr❛❣❡
Ftℓ = P (Ztℓ|X t

1) ♣♦✉r ❝❤❛q✉❡ ét❛t ℓ ❞✉ t❡♠♣s ✶ ❛✉ t❡♠♣s n✳ ▲❡s ❝❛❧❝✉❧s s♦♥t ❞♦♥♥és ♣♦✉r
✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❤♦♠♦❣è♥❡✳
❖♥ ♥♦t❡ Xb

a = {Xa, ..., Xb} ❛✈❡❝ a < b✱ ❡t Ztk = 1 s✐ ❧❡ ♣r♦❝❡ss✉s Z ♣r✐s ❡♥ ❧✬✐♥st❛♥t t ❡st
é❣❛❧ à k

• ■♥✐t✐❛❧✐s❛t✐♦♥ ♣♦✉r t = 1 ✿

F1ℓ = P (Z1ℓ|X1) =
mℓf(X1; θℓ)∑
ℓmℓf(X1; θℓ)

.

• P♦✉r t = 2, ..., n ✿

Ftℓ = P (Ztℓ|X t
1) =

P (Ztℓ, X
t
1)

P (X t
1)

=

∑
k P (Zt−1,k, Ztℓ, X

t
1)

P (X t
1)

=

∑
k P (Zt−1,k, Ztℓ, Xt|X t−1

1 )P (X t−1
1 )

P (Xt|X t−1
1 )P (X t−1

1 )

❖r✱ ♦♥ s❛✐t q✉❡ ✿

P (Zt−1,k, Ztℓ, Xt|X t−1
1 ) = P (Xt|X t−1

1 , Zt−1,k, Ztℓ)× P (Zt−1,k, Ztℓ|X t−1
1 )

= P (Xt|Ztℓ)× P (Zt−1,k, Ztℓ|X t−1
1 )

= P (Xt|Ztℓ)× P (Ztℓ|X t−1
1 , Zt−1,k)× P (Zt−1,k|X t−1

1 )

= P (Xt|Ztℓ)︸ ︷︷ ︸
φℓ(Xt)

× P (Ztℓ|Zt−1,k)︸ ︷︷ ︸
❩ ❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈

×P (Zt−1,k|X t−1
1 )︸ ︷︷ ︸

Ft−1,k

❉♦♥❝ ❡♥ r❡♠♣❧❛❝❛♥t ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ♣ré❝é❞❡♥t❡ ❞❡ Ftℓ✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❢♦r♠✉❧❡ ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥♥❡①❡s ✹✸

ré❝✉rr❡♥❝❡ s✉✐✈❛♥t❡ ✿

Ftℓ =

∑
k P (Xt|Ztℓ)P (Ztℓ|Zt−1,k)P (Zt−1,k|X t−1

1 )

P (Xt|X t−1
1 )

=
f(Xt; θℓ)

∑
k πkℓFt−1,k∑

ℓ f(Xt; θℓ)
∑

k πkℓFt−1,k

.

▲❛ ré❝✉rr❡♥❝❡ ❛rr✐èr❡ ✭❇❛❝❦✇❛r❞✮ ❝♦♥s✐st❡ à ❝❛❧❝✉❧❡r s♦✐t Btℓ s♦✐t ❞✐r❡❝t❡♠❡♥t τtℓ ✭❝❛r
τtℓ = Btℓ × Ftℓ✮ ♣♦✉r ❝❤❛q✉❡ ét❛t ℓ ❡♥ r❡❝✉❧❛♥t ❞❡ n à ✶✳

• ■♥✐t✐❛❧✐s❛t✐♦♥ ♣♦✉r t = n ✿

τnℓ = Fnℓ = P (Znℓ|Xn
1 )

• P♦✉r t = n− 1, ..., 1 ✿

τtℓ =
∑

k

P (Zt+1,k, Ztℓ|Xn
1 ) =

∑

k

P (Ztℓ|Xn
1 , Zt+1,k)︸ ︷︷ ︸

Ztℓ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡s Xn
t+1

P (Zt+1,k|Xn
1 )︸ ︷︷ ︸

τt+1,k

=
∑

k

P (Ztℓ|X t
1, Zt+1,k)τt+1,k

=
∑

k

P (Zt+1,k, Ztℓ, X
t
1)

P (Zt+1,k, X t
1)

τt+1,k

❖r ♦♥ ❛ ✿

P (Zt+1,k, Ztℓ, X
t
1) = P (Zt+1,k|Ztℓ, X

t
1)P (Ztℓ|X t

1)P (X t
1)

= P (Ztℓ|X t
1)P (Zt+1,k|Ztℓ)P (X t

1)

❡t ✿

P (Zt+1,k, X
t
1) = P (Zt+1,k|X t

1)P (X t
1)

=
∑

ℓ

P (Zt+1,k, Ztℓ|X t
1)P (X t

1)

=
∑

ℓ

P (Zt+1,k|X t
1, Ztℓ)︸ ︷︷ ︸

Zt+1,k ✐♥❞ ❞❡ Xt
1

P (Ztℓ|X t
1)P (X t

1)

=
∑

ℓ

πℓkFtℓP (X t
1)

❊♥ ♥♦t❛♥t Gt+1,k = P (Zt+1,k|X t
1) =

∑
ℓ πℓkFtℓ ❡t ❡♥ r❡♠♣❧❛❝❛♥t ❞❛♥s ❧✬❡①♣r❡ss✐♦♥

♣ré❝é❞❡♥t❡ ❞❡ τtℓ✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❢♦r♠✉❧❡ ❞❡ ré❝✉rr❡♥❝❡ s✉✐✈❛♥t❡ ✿

τtℓ =
∑

k

P (Ztℓ|X t
1)P (Zt+1,k|Ztℓ)P (X t

1)

Gt+1,kP (X t
1)

τt+1,k

=
∑

k

P (Ztℓ|X t
1)P (Zt+1,k|Ztℓ)

Gt+1,k

τt+1,k

= Ftℓ

∑

k

πℓkτt+1,k

Gt+1,k

.

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹✹ ❇✐❜❧✐♦❣r❛♣❤✐❡

❇✐❜❧✐♦❣r❛♣❤✐❡

❆❦❛✐❦❡✱ ❍✳ ✭✶✾✼✹✮✳ ❆ ♥❡✇ ❧♦♦❦ ❛t st❛t✐st✐❝❛❧ ♠♦❞❡❧ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ❆❈✲✶✾ ✼✶✻✲✼✷✸✳

❆r❝❤❡r✱ ●✳❊✳❇✳ ❛♥❞ ❚✐tt❡r✐♥❣t♦♥✱ ❉✳▼✳ ✭✷✵✵✷✮✳ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❢♦r ❤✐❞❞❡♥ ▼❛r❦♦✈
❝❤❛✐♥s✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡ ✶✵✽ ✸✻✺✲✸✾✵✳

❆③❛ïs✱ ❏✳▼✳✱ ●❛ss✐❛t✱ ❊✳ ❛♥❞ ▼❡r❝❛❞✐❡r✱ ❈✳ ✭✷✵✵✾✮✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❢♦r ❣❡♥❡r❛❧
♠✐①t✉r❡ ♠♦❞❡❧s ✇✐t❤ ♦r ✇✐t❤♦✉t str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r✳ ❊❙❆■▼ ✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐s✲
t✐❝s ✶✸ ✸✵✶✲✸✷✼✳

❇❛♥✜❡❧❞✱ ❏✳❉✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✸✮✳ ▼♦❞❡❧✲❜❛s❡❞ ●❛✉ss✐❛♥ ❛♥❞ ♥♦♥✲●❛✉ss✐❛♥ ❝❧✉st❡✲
r✐♥❣✳ ❇✐♦♠❡tr✐❝s ✹✾ ✽✵✸✲✽✷✶✳

❇❛✉❞r②✱ ❏✳P✳ ✭✷✵✵✾✮✳ ❙é❧❡❝t✐♦♥ ❞❡ ▼♦❞è❧❡ ♣♦✉r ❧❛ ❈❧❛ss✐✜❝❛t✐♦♥ ◆♦♥ ❙✉♣❡r✈✐sé❡✳ ❈❤♦✐① ❞✉
◆♦♠❜r❡ ❞❡ ❈❧❛ss❡s✳ ❚❤ès❡ ❞❡ ❉♦❝t♦r❛t✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ❳■✳

❇❛✉♠✱ ▲✳❊✳✱ P❡tr✐❡✱ ❚✳✱ ❙♦✉❧❡s✱ ●✳ ❛♥❞ ❲❡✐ss✱ ◆✳ ✭✶✾✼✵✮✳ ❆ ♠❛①✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ♦❝✲
❝✉rr✐♥❣ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣r♦❜❛❜✐❧✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❆♥♥❛❧s ♦❢
▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s ✹✶ ✶✻✹✲✶✼✶✳

❇❛✉♠✱ ▲✳ ❛♥❞ P❡tr✐❡✱ ❚✳ ✭✶✾✻✻✮✳ ❙t❛t✐st✐❝❛❧ ■♥❢❡r❡♥❝❡ ❢♦r Pr♦❜❛❜✐❧✐st✐❝ ❋✉♥❝t✐♦♥s ♦❢ ❋✐♥✐t❡
❙t❛t❡ ▼❛r❦♦✈ ❈❤❛✐♥s✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s ✸✼ ✶✺✺✹✲✶✺✻✸✳

❇✐❡r♥❛❝❦✐✱ ❈✳✱ ❈❡❧❡✉①✱ ●✳✱ ●♦✈❛❡rt✱ ●✳✱ ❛♥❞ ▲❛♥❣r♦❣♥❡t✱ ❋✳ ✭✷✵✵✻✮✳ ▼♦❞❡❧✲❜❛s❡❞ ❝❧✉st❡r✐♥❣
❛♥❞ ❞✐s❝r✐♠✐♥❛♥t ❛♥❛❧②s✐s ✇✐t❤ t❤❡ ▼■❳▼❖❉ s♦❢t✇❛r❡✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞
❉❛t❛ ❆♥❛❧②s✐s ✺✶✴✷ ✺✽✼✲✻✵✵✳

❇✐❡r♥❛❝❦✐✱ ❈✳✱ ❈❡❧❡✉①✱ ●✳ ❛♥❞ ●♦✈❛❡rt✱ ●✳ ✭✷✵✵✸✮✳ ❈❤♦♦s✐♥❣ st❛rt✐♥❣ ✈❛❧✉❡s ❢♦r t❤❡ ❊▼
❛❧❣♦r✐t❤♠ ❢♦r ❣❡tt✐♥❣ t❤❡ ❤✐❣❤❡st ❧✐❦❡❧✐❤♦♦❞ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ♠✐①t✉r❡ ♠♦❞❡❧s✳
❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s ✹✶ ✺✻✶✲✺✼✺✳

❇✐❡r♥❛❝❦✐✱ ❈✳✱ ❈❡❧❡✉①✱ ●✳ ❛♥❞ ●♦✈❛❡rt✱ ●✳ ✭✷✵✵✵✮✳ ❆ss❡ss✐♥❣ ❛ ♠✐①t✉r❡ ♠♦❞❡❧ ❢♦r ❝❧✉st❡r✐♥❣
✇✐t❤ t❤❡ ✐♥t❡❣r❛t❡❞ ❝♦♠♣❧❡t❡❞ ❧✐❦❡❧✐❤♦♦❞✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s ❛♥❞
▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡ ✷✷✭✼✮ ✼✶✾✲✼✷✺✳

❇✐❧♠❡s✱ ❏✳❆✳ ✭✶✾✾✽✮✳ ❆ ❣❡♥t❧❡ ❚✉t♦r✐❛❧ ♦❢ t❤❡ ❊▼ ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥ t♦ P❛✲
r❛♠❡t❡r ❊st✐♠❛t✐♦♥ ❢♦r ●❛✉ss✐❛♥ ▼✐①t✉r❡ ❛♥❞ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s✳ ■♥t❡r♥❛t✐♦♥❛❧
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ■♥st✐t✉t❡✳

❈❡❧❡✉①✱ ●✳ ❛♥❞ ❉✐❡❜♦❧t✱ ❏✳ ✭✶✾✽✺✮✳ ❚❤❡ ❙❊▼ ❛❧❣♦r✐t❤♠ ✿ ❛ ♣r♦❜❛❜✐❧✐st✐❝ t❡❛❝❤❡r ❛❧❣♦r✐t❤♠
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❊▼ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠✐①t✉r❡ ♣r♦❜❧❡♠✳ ❈♦♠♣✳ ❙t❛t✐s✳ ◗✉❛t❡r❧② ✷
✼✸✲✽✷✳

❈❡❧❡✉①✱ ●✳ ❛♥❞ ❉✉r❛♥❞✱ ❏✳❇✳ ✭✷✵✵✽✮✳ ❙❡❧❡❝t✐♥❣ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧ ❙t❛t❡ ◆✉♠❜❡r ✇✐t❤
❈r♦ss✲❱❛❧✐❞❛t❡❞ ▲✐❦❡❧✐❤♦♦❞✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ✺✹✶✲✺✻✹✳

❈❡❧❡✉①✱ ●✳ ❛♥❞ ●♦✈❛❡rt✱ ●✳ ✭✶✾✾✺✮✳ ●❛✉ss✐❛♥ P❛rs✐♠♦♥✐♦✉s ❈❧✉st❡r✐♥❣ ▼♦❞❡❧s✳ P❛tt❡r♥
❘❡❝♦❣♥✐t✐♦♥ ✷✽ ✼✽✶✲✼✾✸✳

❈❡❧❡✉①✱ ●✳ ❛♥❞ ●♦✈❛❡rt✱ ●✳ ✭✶✾✾✷✮✳ ❆ ❈❧❛ss✐✜❝❛t✐♦♥ ❊▼ ❆❧❣♦r✐t❤♠ ❢♦r ❈❧✉st❡r✐♥❣ ❛♥❞
❚✇♦ ❙t♦❝❤❛st✐❝ ✈❡rs✐♦♥s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s ✶✹ ✸✶✺✲✸✸✷✳

❈❤❡♥✱ ❍✳ ❛♥❞ ❈❤❡♥✱ ❏✳ ✭✷✵✵✶✮✳ ▲❛r❣❡ s❛♠♣❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❢♦r
♥♦r♠❛❧ ♠✐①t✉r❡s✳ ❈❛♥❛❞✳ ❏✳ ❙t❛t✐st✳ ✷✾ ✷✵✶✲✷✶✻✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✹✺

❈❤❡♥✱ ❏✳ ❛♥❞ ❑❛❧❜✢❡✐s❝❤❜✱ ❏✳❉✳ ✭✶✾✾✻✮✳ P❡♥❛❧✐③❡❞ ♠✐♥✐♠✉♠✲❞✐st❛♥❝❡ ❡st✐♠❛t❡s ✐♥ ✜♥✐t❡
♠✐①t✉r❡ ♠♦❞❡❧s✳ ❈❛♥❛❞✳ ❏✳ ❙t❛t✐st✳ ✷✹ ✶✻✼✲✶✼✺✳

❈❤❡♥✱ ❏✳ ❛♥❞ ❑❛❧❜✢❡✐s❝❤❜✱ ❏✳❉✳ ✭✷✵✵✺✮✳ ▼♦❞✐✜❡❞ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ✐♥ ✜♥✐t❡ ♠✐①t✉r❡
♠♦❞❡❧s ✇✐t❤ ❛ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡ ✶✷✾
✾✸✲✶✵✼✳

❈❤❡r♥♦✛✱ ❍✳ ✭✶✾✺✹✮✳ ❖♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦✳ ❆♥♥✳ ▼❛t❤✳ ❙t❛t✐st✐❝s ✷✺
✺✼✸✲✺✼✽✳

❉❛❝✉♥❤❛✲❈❛st❡❧❧❡✱ ❉✳ ❛♥❞ ●❛ss✐❛t✱ ❊✳ ✭✶✾✾✼✮✳ ❚❡st✐♥❣ ✐♥ ❧♦❝❛❧❧② ❝♦♥✐❝ ♠♦❞❡❧s✱ ❛♥❞ ❛♣♣❧✐✲
❝❛t✐♦♥ t♦ ♠✐①t✉r❡ ♠♦❞❡❧s✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳ ✶ ✿✷✽✺✲✸✶✼✳

❉❛❝✉♥❤❛✲❈❛st❡❧❧❡✱ ❉✳ ❛♥❞ ●❛ss✐❛t✱ ❊✳ ✭✶✾✾✾✮✳ ❚❡st✐♥❣ t❤❡ ♦r❞❡r ♦❢ ❛ ♠♦❞❡❧ ✉s✐♥❣ ❧♦❝❛❧❧②
❝♦♥✐❝ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✿ ♣♦♣✉❧❛t✐♦♥ ♠✐①t✉r❡s ❛♥❞ st❛t✐♦♥❛r② ❆❘▼❆ ♣r♦❝❡ss❡s✳ ❆♥♥✳
❙t❛t✐st✳ ✷✼✭✹✮ ✿✶✶✼✽✲✶✷✵✾✳

❉❡♠♣st❡r✱ ❆✳P✳✱ ▲❛✐r❞✱ ◆✳▼✳ ❛♥❞ ❘✉❜✐♥✱ ❉✳❇✳ ✭✶✾✼✼✮✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ✐♥❝♦♠✲
♣❧❡t❡ ❞❛t❛ ✈✐❛ t❤❡ ❊▼ ❛❧❣♦r✐❤t♠ ✭✇✐t❤ ❞✐s❝✉ss✐♦♥✮✳ ❏✳ ❘✳ ❙t❛t✐s✳ ❙♦❝✳ ❇ ✸✾ ✶✲✸✽✳

❉❡✈✐❥✈❡r✱ P✳❆✳ ✭✶✾✽✺✮✳ ❇❛✉♠✬s ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ r❡✈✐s✐t❡❞✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥
▲❡tt❡rs ✸ ✸✻✾✲✸✼✸✳

❋♦r❡♠❛♥✱ ▲✳❆✳ ✭✶✾✾✸✮✳ ●❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈✐t❡r❜✐ ❛❧❣♦r✐t❤♠✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s
❆♣♣❧✐❡❞ ✐♥ ❇✉s✐♥❡ss ❛♥❞ ■♥❞✉str② ✹ ✸✺✶✲✸✻✼✳

❋♦r♥❡②✱ ●✳❉✳❏r ✭✶✾✼✸✮✳ ❚❤❡ ❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊✳

❋r❛❧❡②✱ ❈✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳ ❊✳ ✭✷✵✵✻✮✳ ▼❈▲❯❙❚ ✈❡rs✐♦♥ ✸ ❢♦r ❘ ✿ ◆♦r♠❛❧ ♠✐①t✉r❡ ♠♦❞❡❧✐♥❣
❛♥❞ ♠♦❞❡❧✲❜❛s❡❞ ❝❧✉st❡r✐♥❣✳ ❚❡❝❤✳ ❘❡♣✳ ✺✵✹✱ ❯♥✐✈❡rs✐t② ♦❢ ❲❛s❤✐♥❣t♦♥✱ ❉❡♣❛rt♠❡♥t ♦❢
❙t❛t✐st✐❝s✱ ❙❡❛tt❧❡✱ ❲❆✳

●❛r❡❧✱ ❇✳ ✭✷✵✵✶✮✳ ▲✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❢♦r ✉♥✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ♠✐①t✉r❡✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐s✲
t✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡ ✾✻✭✷✮ ✿✸✷✺✲✸✺✵✳

●❛r❡❧✱ ❇✳ ❛♥❞ ●♦✉ss❛♥♦✉✱ ❋✳ ✭✷✵✵✷✮✳ ❘❡♠♦✈✐♥❣ s❡♣❛r❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✐♥ ❛ ✶ ❛❣❛✐♥st ✸✲
❝♦♠♣♦♥❡♥ts ❣❛✉ss✐❛♥ ♠✐①t✉r❡ ♣r♦❜❧❡♠✳ ♥ ❈❧❛ss✐✜❝❛t✐♦♥✱ ❈❧✉st❡r✐♥❣ ❛♥❞ ❞❛t❛ ❆♥❛❧②s✐s✱
❙♦❦♦❧♦✇s❦✐ ❆✳ ❛♥❞ ❇♦❝❤ ❍✳❍✳✭❊❞s✮✱ ❇❡r❧✐♥✳ ❙♣r✐♥❣❡r✳ ✻✶✲✼✸✳

❍❛t❤❛✇❛②✱ ❘✳❏✳ ✭✶✾✽✻✮✳ ❆♥♦t❤❡r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡♠ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐①t✉r❡ ❞✐str✐❜✉✲
t✐♦♥s✳ ❙t❛t✐st✐❝s ✫ Pr♦❜❛❜✐❧✐t② ▲❡tt❡rs ✹ ✺✸✲✺✻✳

❑❛r❧✐s✱ ❉✳ ❛♥❞ ❳❡❦❛❧❛❦✐✱❊✳ ✭✷✵✵✸✮✳ ❈❤♦♦s✐♥❣ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❊▼ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥✐t❡
♠✐①t✉r❡s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s✱ ✹✶✭✸✮ ✿✺✼✼✲✺✾✵✳

❑❛ss✱ ❊✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✺✮✳ ❇❛②❡s ❢❛❝t♦rs✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ st❛t✐st✐❝❛❧
❆ss♦❝✐❛t✐♦♥ ✾✵ ✼✼✸✲✼✾✺✳

❑❡r✐❜✐♥✱ ❈✳ ✭✷✵✵✵✮✳ ❈♦♥s✐st❡♥t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ ♠✐①t✉r❡ ♠♦❞❡❧s✳ ❙❛♥❦❤②✠❛ ❙❡r✳
❆ ✻✷✭✶✮ ✿✹✾✲✻✻✳

▲❡❜❛r❜✐❡r✱ ❊✳ ❛♥❞ ▼❛r②✲❍✉❛r❞✱ ❚✳ ✭✷✵✶✶✮✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ P♦❧②❝♦♣✐é ❆❣r♦✲
P❛r✐s❚❡❝❤✳

▲❡❜❛r❜✐❡r✱ ❊✳ ❛♥❞ ▼❛r②✲❍✉❛r❞✱ ❚✳ ✭✷✵✵✹✮✳ ▲❡ ❝r✐tèr❡ ❇■❈ ✿ ❢♦♥❞❡♠❡♥ts t❤é♦r✐q✉❡s ❡t
✐♥t❡r♣rét❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✺✸✶✺✱ ■◆❘■❆✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹✻ ❇✐❜❧✐♦❣r❛♣❤✐❡

▼❛✐tr❛✱ ❘✳ ✭✷✵✵✾✮✳ ■♥✐t✐❛❧✐③✐♥❣ ♣❛rt✐t✐♦♥✲♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊✴❆❈▼ ❚r❛♥s❛❝✲
t✐♦♥s ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❛♥❞ ❇✐♦✐♥❢♦r♠❛t✐❝s ✻ ✶✹✹✲✶✺✼✳

▼❝▲❛❝❤❧❛♥✱ ●✳❏✳ ❛♥❞ ❑r✐s❤♥❛♥✱ ❚✳ ✭✷✵✵✽✮✳ ❚❤❡ ❊▼ ❆❧❣♦r✐t❤♠ ❛♥❞ ❊①t❡♥s✐♦♥s✳ ❲✐❧❡②
❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✳

▼❝▲❛❝❤❧❛♥✱ ●✳❏✳ ❛♥❞ P❡❡❧✱ ❉✳ ✭✷✵✵✵✮✳ ❋✐♥✐t❡ ▼✐①t✉r❡ ▼♦❞❡❧s✳ ◆❡✇ ❨♦r❦ ✿ ❏♦❤♥ ❲✐❧❡②✳

P✐❝❛r❞✱ ❋✳ ✭✷✵✵✼✮✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♠✐①t✉r❡ ♠♦❞❡❧s✳ ❙❙❇ ❘❡s❡❛r❝❤ ❘❡♣♦rt ✼✳

❘❛❜✐♥❡r✱ ▲✳❘✳ ✭✶✾✽✾✮✳ ❆ t✉t♦r✐❛❧ ♦♥ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s ❛♥❞ s❡❧❡❝t❡❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥
❙♣❡❡❝❤ ❘❡❝♦❣♥✐t✐♦♥✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊✳

❘✐❝❤❛r❞s♦♥✱ ❙✳ ❛♥❞ ●r❡❡♥✱ P✳❏✳ ✭✶✾✾✼✮✳ ❖♥ ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s ♦❢ ♠✐①t✉r❡s ♦❢ ✇✐t❤ ❛♥
✉♥❦♥♦✇♥ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts✳ ❏✳ ❘♦②✳ ❙t❛t✐st✳ ❙♦❝✳ ❇ ✺✾ ✼✸✶✲✼✾✷✳

❙❝❤✇❛r③✱ ●✳ ✭✶✾✼✼✮✳ ❊st✐♠❛t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♠♦❞❡❧✳
❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✻ ✹✻✶✲✹✻✹✳

❲❡✐✱ ●✳❈✳●✱ ❛♥❞ ❚❛♥♥❡r✱ ▼✳❆✳ ✭✶✾✾✶✮✳ ❆ ▼♦♥t❡✲❈❛r❧♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❊▼ ❛❧✲
❣♦r✐t❤♠ ❛♥❞ t❤❡ ♣♦♦r ♠❛♥✬s ❞❛t❛ ❛✉❣♠❡♥t❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥
❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥ ✽✺ ✻✾✾✲✼✵✹✳

❲✐❧❦s✱ ❙✳ ✭✶✾✸✽✮✳ ❚❤❡ ❧❛r❣❡ s❛♠♣❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ❢♦r t❡st✐♥❣ ❝♦♠♣♦s✐t❡
❤②♣♦t❤❡s❡s✳ ❆♥♥✳ ▼❛t❤✳ ❙t❛t✐st✐❝s ✾ ✻✵✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❤❛♣✐tr❡ ✸

▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s

❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❙♦♠♠❛✐r❡
✶ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✶ ❘é❣r❡ss✐♦♥s ❧✐♥é❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✷ ▲♦✐ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✸ ▼é❧❛♥❣❡ ❞❡ ❣❛✉ss✐❡♥♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸ ❆♥♥❡①❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✸✳✶ ❊st✐♠❛t❡✉rs ❞✉ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ s♦✉s ❝♦♥tr❛✐♥t❡s ✳ ✳ ✼✷

✸✳✷ ❊st✐♠❛t❡✉rs ❞✉ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ s♦✉s ❝♦♥tr❛✐♥t❡s ❞❡
❝♦❧✐♥é❛r✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

❇✐❜❧✐♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✹✽ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

▲❡ ♠♦❞è❧❡ ❞♦✐t ré♣♦♥❞r❡ à ❞❡✉① ❡①✐❣❡♥❝❡s ❡ss❡♥t✐❡❧❧❡s ✿ êtr❡ r❛✐s♦♥♥❛❜❧❡♠❡♥t s✐♠♣❧❡
♣♦✉r q✉❡ ❧✬✐♥❢ér❡♥❝❡ s♦✐t ré❛❧✐s❛❜❧❡✱ t♦✉t ❡♥ s❛✐s✐ss❛♥t ❛✉ ♠✐❡✉① ❧❡s ❝❛r❛❝tér✐st✐q✉❡s
❜✐♦❧♦❣✐q✉❡s✳ ▲♦rs ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②✱ ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ ❝❛r❛❝tér✐s❡r ❧❡
❝♦♠♣♦rt❡♠❡♥t ❞❡ ❝❤❛q✉❡ s♦♥❞❡ ❡♥ ❞é✜♥✐ss❛♥t ✉♥ st❛t✉t ♣♦✉r ❝❤❛❝✉♥❡✳ ▲❡s s♦♥❞❡s ét❛♥t
ré❣✉❧✐èr❡♠❡♥t ré♣❛rt✐❡s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❡t s✉✣s❛♠♠❡♥t ♣r♦❝❤❡s✱ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡
❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡①✐st❛♥t ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ❞✬✐♥t❡♥s✐tés s✉❝❝❡ss✐✈❡s ❡st ❡ss❡♥t✐❡❧❧❡ ❞❛♥s
❧❛ ♠♦❞é❧✐s❛t✐♦♥✳ ▲❡s ♠♦❞è❧❡s ❍▼▼ ♣❡r♠❡tt❡♥t ❞✬✐♥té❣r❡r ❧❡s ❞é♣❡♥❞❛♥❝❡s ❧♦❝❛❧❡s q✉✐
♣❡✉✈❡♥t ❡①✐st❡r ❡♥tr❡ ❧❡s s♦♥❞❡s ✭❝❢✳ ❈❤❛♣✐tr❡ ✷✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡
❞✉ ❣é♥♦♠❡ ✐♥❢♦r♠❡ ❞❡s ❞✐✛ér❡♥t❡s ❢❛❝✉❧tés ❞❡s s♦♥❞❡s à êtr❡ ❡①♣r✐♠é❡s ✭❝❢✳ ❈❤❛♣✐tr❡ ✶✮✱ ❡t
❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡ à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s
✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ♦ù t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡ ❝♦♥❝❡r♥❛♥t
❧❡s s♦♥❞❡s ❡st ✉t✐❧✐sé❡ ✿ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❜✐♦❧♦❣✐q✉❡s s♦♥t ✐♥té❣ré❡s ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥
❞❡ ❧❛ ❧♦✐ ❞✉ st❛t✉t ❝❛❝❤é ❞❡s s♦♥❞❡s ✭❝❢✳ ❙❡❝t✐♦♥ ✶✮✳ ▲❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ❝❤♦✐s✐❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❡t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st ♣r♦♣♦sé❡ ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞✬❡①♣ér✐❡♥❝❡s
✭❝❢✳ ❙❡❝t✐♦♥ ✷✮✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣✱ ❧❡s ❞♦♥♥é❡s s♦♥t ♠♦❞é❧✐sé❡s
♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✶✮✳ P♦✉r ❧❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ♦✉ ❞❡
tr❛♥s❝r✐♣t♦♠❡✱ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ✉♥❡ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ✭❙❡❝t✐♦♥ ✷✳✷✮✳ P✉✐s
♥♦✉s ♣r♦♣♦s♦♥s ❞❡ r❛✣♥❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❝❛r ❧✬❤②♣♦t❤ès❡ ❞❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡
♥✬❡st ♣❛s ❢♦r❝é♠❡♥t ❛❞❛♣té❡ ❛✉ ❝❛s ❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ✭❙❡❝t✐♦♥ ✷✳✸✮ ✿ ✉♥❡ ♠♦❞é❧✐s❛✲
t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ♦ù ❧❡s ❧♦✐s ❞✬é♠✐ss✐♦♥ s♦♥t ❡❧❧❡s✲♠ê♠❡s ❞❡s ♠é❧❛♥❣❡s ❡st ❡♥✈✐s❛❣é❡✳

✶ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡

◆♦✉s ♣r♦♣♦s♦♥s q✉❛tr❡ ♠♦❞è❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡ ♣❡r♠❡tt❛♥t ❞❡ ❞é✜♥✐r
❧❡ st❛t✉t ❞❡ ❝❤❛q✉❡ s♦♥❞❡✳ ❈❡s ♠♦❞è❧❡s ❞✐✛èr❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡
✐♥té❣ré❡✱ ❛❧❧❛♥t ❞✉ ♣❧✉s s✐♠♣❧❡ ❛✉ ♣❧✉s ❝♦♠♣❧❡t ✭❝❢✳ ❋✐❣✉r❡ ✸✳✶✮✳

❋✐❣✳ ✸✳✶✿ ❉é✜♥✐t✐♦♥ ❞❡s s♦✉s✲♠♦❞è❧❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ✹✾

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✱ ❧❛ ♣♦s✐t✐♦♥ ❞❡s s♦♥❞❡s ❡st ✐♠♣♦rt❛♥t❡
♣✉✐sq✉✬❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❤❛✉t❡ ❞❡♥s✐té ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ✐❧ ❡①✐st❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❞❡
s✐❣♥❛❧ ❡♥tr❡ ❧❡s s♦♥❞❡s ❛❞❥❛❝❡♥t❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ✐♥❢♦r♠❡ s✉r ❧❛
❧♦❝❛❧✐s❛t✐♦♥ ❞❡s s♦♥❞❡s ❞❛♥s ❧❡s ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s✱ ✐♥tr♦♥✐q✉❡s ♦✉ ❡①♦♥✐q✉❡s✳ ❈❡tt❡
✐♥❢♦r♠❛t✐♦♥ ❡st ✉t✐❧❡✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s✱ ❝❛r ❧❡s
s♦♥❞❡s ❛♥♥♦té❡s ❡①♦♥✐q✉❡s s❡r♦♥t ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞é❡s ♣❛r r❛♣♣♦rt ❛✉① s♦♥❞❡s
♥♦♥ ❝♦❞❛♥t❡s s✐t✉é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡ ♦✉ ❞❛♥s ❧❡s ✐♥tr♦♥s✳ ▲✬❛❥✉st❡♠❡♥t ❞✬✉♥ ♠ê♠❡
♠♦❞è❧❡ ❞✬✉♥ ❜♦✉t à ❧✬❛✉tr❡ ❞✉ ❣é♥♦♠❡ ♥❡ s❛✉r❛✐t r❡✢ét❡r ❧✬❤étér♦❣é♥é✐té q✉✐ ♣❡✉t ❡①✐st❡r
❡♥tr❡ ❧❡s ré❣✐♦♥s ❞❡ ♥❛t✉r❡ ❞✐✛ér❡♥t❡ ❛✉ s❡✐♥ ❞✉ ❣é♥♦♠❡✱ ♥♦t❛♠♠❡♥t ❡♥tr❡ ❧❡ ❝♦❞❛♥t
❡t ❧✬✐♥t❡r❣é♥✐q✉❡✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ s♦♥❞❡s ✈♦✐s✐♥❡s ❡t ❧✬❛♥♥♦t❛t✐♦♥ s♦♥t ❞♦♥❝ ❞❡✉①
❝❛r❛❝tér✐st✐q✉❡s ❜✐♦❧♦❣✐q✉❡s à ✐♥té❣r❡r ❞❛♥s ❧❡ ♠♦❞è❧❡✳

❖♥ ♥♦t❡ Zt ∈ {1, ..., K} ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ st❛t✉t ❝❛❝❤é ❞❡ ❧❛ s♦♥❞❡ t✳
▲❡ ♥♦♠❜r❡ ❞✬ét❛ts ❝❛❝❤és K ❡st s✉♣♣♦sé ❝♦♥♥✉✱ ✐❧ ❡st ❞ét❡r♠✐♥é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♥❛t✉r❡
❞❡s ❞♦♥♥é❡s✳ ❖♥ ♥♦t❡ Zt = k s✐ ❧❛ s♦♥❞❡ t ❛♣♣❛rt✐❡♥t ❛✉ ❣r♦✉♣❡ k✳
▲✬❛♥♥♦t❛t✐♦♥ ❞❡ ❧❛ s♦♥❞❡ t ❡st ♥♦té❡ Ct ∈ {1, ..., A}✳ ▲❡s ❞✐✛ér❡♥t❡s ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥
à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞é♣❡♥❞❡♥t ❞❡s ❞♦♥♥é❡s ét✉❞✐é❡s✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ Ct = a s✐ ❧❛
s♦♥❞❡ t ❡st ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ a✳

❉é✜♥✐t✐♦♥ ❞❡s q✉❛tr❡ ♠♦❞è❧❡s

▲❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡✱ ♥♦téM1✱ ❡st ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ s❛♥s ❛❥♦✉t ❞✬✐♥❢♦r♠❛t✐♦♥✱
♦ù ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ s✉✐t ✉♥❡ ❧♦✐ ♠✉❧t✐♥♦♠✐❛❧❡ ❞❡ ♣❛r❛♠ètr❡s p1, ..., pK ✳

Zt ∼M(p1, ..., pK), ❛✈❡❝ 0 ≤ pk ≤ 1 ❡t
K∑

k=1

pk = 1 .

▲❡ ❞❡✉①✐è♠❡ ♠♦❞è❧❡ ♣r♦♣♦sé t✐❡♥t ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ✿ ♦♥ s✉♣♣♦s❡ q✉❡ {Zt} ❡st
✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞✬♦r❞r❡ ✶✱ ❞❡ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ π✳ ❈❡ ♠♦❞è❧❡ ❡st ♥♦té M2✳ ▲❡
st❛t✉t ❞❡ ❧❛ s♦♥❞❡ à ❧❛ ♣♦s✐t✐♦♥ t✲✶ ❞♦♥♥❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣♦✉r ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡ à ❧❛
♣♦s✐t✐♦♥ t✳

P (Zt = ℓ|Zt−1 = k) = πkℓ .

▲❡ tr♦✐s✐è♠❡ ♠♦❞è❧❡ ✭M3✮ ❝♦♥s✐❞èr❡ ❞❡s ❞♦♥♥é❡s ♥❡ ♣rés❡♥t❛♥t ♣❛s ❞❡ str✉❝t✉r❡ s♣❛✲
t✐❛❧❡ ♣❛rt✐❝✉❧✐èr❡✱ ♠❛✐s t✐❡♥t ❝♦♠♣t❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥✳ ▲❡s {Zt} s♦♥t ❛❧♦rs s✉♣♣♦sés ✐♥❞é♣❡♥✲
❞❛♥ts ❡t ❞✐str✐❜✉és s❡❧♦♥ ✉♥❡ ❧♦✐ ♠✉❧t✐♥♦♠✐❛❧❡ ❞❡ ♣❛r❛♠ètr❡s pa

1, ..., p
a
K ♦ù pa

k ❝♦rr❡s♣♦♥❞
à ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❞✉ ❣r♦✉♣❡ k ♣♦✉r ❧❛ ❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ a✳

Zt|Ct = a ∼M(pa
1, ..., p

a
K), ❛✈❡❝ 0 ≤ pa

k ≤ 1 ❡t
K∑

k=1

pa
k = 1 .

▲❡ q✉❛tr✐è♠❡ ❡t ❞❡r♥✐❡r ♠♦❞è❧❡✱ ♥♦téM4✱ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦✲
♥✐❜❧❡ ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡ ✿ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧❛ s♦♥❞❡ ❧❡ ❧♦♥❣ ❞✉ ❝❤r♦♠♦s♦♠❡ ❡t s♦♥ ❛♥♥♦t❛t✐♦♥
str✉❝t✉r❛❧❡ ✭❡①♦♥✱ ✐♥tr♦♥✱ ✐♥t❡r❣é♥✐q✉❡✱ ❡t❝✳✮✳ ❆✉ss✐✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈
❝❛❝❤é ❤étér♦❣è♥❡ ♣❡r♠❡tt❛♥t ❞❡ ❞✐st✐♥❣✉❡r ❞✐✛ér❡♥t❡s ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥✳ ▲❛ ♠❛tr✐❝❡
❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞✐✛èr❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ ✿ ❡❧❧❡
❡st ♥♦té❡ πa✱ ❞❡ ❝♦❡✣❝✐❡♥t

πa
kl = P (Zt = l|Zt−1 = k, Ct = a) .

▲❡s ♦❜s❡r✈❛t✐♦♥s {Xt} s♦♥t s✉♣♣♦sé❡s ✐♥❞é♣❡♥❞❛♥t❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉① {Zt}✳ ▲❡
♠♦❞è❧❡ ❡st s❝❤é♠❛t✐sé ❋✐❣✉r❡ ✸✳✷✳ ❆✐♥s✐✱ ❛✉ ✜♥❛❧✱ ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡ t ❞é♣❡♥❞ à ❧❛ ❢♦✐s
❞❡ s♦♥ ❛♥♥♦t❛t✐♦♥ ❡t ❞✉ st❛t✉t ❞❡ ❧❛ s♦♥❞❡ t− 1✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✺✵ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❋✐❣✳ ✸✳✷✿ ●r❛♣❤❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ♠❛r❦♦✈✐❡♥♥❡s ❞✬♦r❞r❡ ✶ ❛✈❡❝ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥✳

■♥❢ér❡♥❝❡

▲✬✐♥❢ér❡♥❝❡ ❞❡s ♠♦❞è❧❡s M1 ❡t M2 ❡st ❝❧❛ss✐q✉❡✱ ❡❧❧❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✳
◆♦✉s ❞ét❛✐❧❧♦♥s ✐❝✐ ✉♥✐q✉❡♠❡♥t ❧✬✐♥❢ér❡♥❝❡ ❞❡s ♠♦❞è❧❡s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬❛♥♥♦t❛t✐♦♥✳
P♦✉r ❧❡ ♠♦❞è❧❡ M3✱ ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ s♦♥t ❞é✜♥✐❡s ♣❛r

τtk = P (Zt = k|Ct = a,Xt = xt) .

▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡t ❞❡s ♣r♦♣♦rt✐♦♥s s♦♥t ✿

τ̂tk =∝ p̂a
kf(xt, θ̂k) ,

p̂a
k =

∑
t∈a τ̂tk

❝❛r❞(t ∈ a) .

P♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é ❤étér♦❣è♥❡ M4✱ ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ ❧♦❣✲
✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s s✬é❝r✐t ✿

E [L(X,Z;φ)|X,C] =
∑

k

E(Z1,k|X) log(mC1

k ) +
∑

tkℓa

E(Zt−1,kZt,ℓ|X) log(πa
kℓ)

+
∑

tℓ

τtℓ log(f(xt, θk)) .

▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡t ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ s♦♥t ❝❛❧❝✉❧és
à ❧✬❛✐❞❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋♦r✇❛r❞✴❇❛❝❦✇❛r❞ ♣♦✉r ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❤étér♦❣è♥❡ ✿

τ̂tk = Ft,k

∑

ℓ

π
Ct+1

kℓ τt+1,ℓ

Gt+1,ℓ

,

❛✈❡❝

Ft,l =
f(xt, θℓ)

∑K
k=1 π

Ct

kℓFt−1,k∑K
ℓ=1 f(xt, θℓ)

∑K
k=1 π

Ct

kℓFt−1,k

❡t Gt+1,ℓ =
∑

k

π
Ct+1

kℓ Ft,k .

▲✬❡st✐♠❛t❡✉r ❞✬✉♥ t❡r♠❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st ✿

π̂Ct

kℓ =
∑

t∈a

Ft−1,kπ
Ct

kℓ τtℓ
Gt,ℓ

,

♦ù ❧✬♦♥ r❡♠❛rq✉❡ q✉❡ ❧❛ s♦♠♠❡ s✉r t ❡st ❞✐s❝♦♥t✐♥✉❡ ✿ s✐ ❧❛ s♦♥❞❡ t ❛♣♣❛rt✐❡♥t à ❧❛
❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ a✱ ❧❛ s♦♥❞❡ t− 1 ♥✬❛♣♣❛rt✐❡♥t ♣❛s ❢♦r❝é♠❡♥t à a✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✺✶

❈❤♦✐① ❞✉ ♠♦❞è❧❡

❙✐ ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s ❝♦♠♣❧❡t ❡st s❛♥s ❞♦✉t❡ ❧❡ ♣❧✉s ❛♣♣r♦♣r✐é ♣♦✉r ❛♥❛❧②s❡r ❞❡s ❞♦♥♥é❡s
t✐❧✐♥❣ ❛rr❛②s✱ t♦✉s ❧❡s s♦✉s✲♠♦❞è❧❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧❡ ♠♦❞è❧❡ s❛♥s ❛♥✲
♥♦t❛t✐♦♥ ♣♦✉rr❛ êtr❡ ✉t✐❧✐sé s✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❛♥❛❧②s❡r ❞❡s ❞♦♥♥é❡s ❝♦♥❝❡r♥❛♥t ✉♥ ♦r❣❛♥✐s♠❡
♣❛s ❡♥❝♦r❡ séq✉❡♥❝é ♦✉ ❞♦♥t ❧✬❛♥♥♦t❛t✐♦♥ ♥✬❡st ♣❛s ❡♥❝♦r❡ ❛ss❡③ ✜❛❜❧❡✳ ❊♥ ❡✛❡t✱ ❧✬❛♥♥♦t❛✲
t✐♦♥ ❞❡s ❣é♥♦♠❡s ❡st ✉♥ ♣r♦❝❡ss✉s ❝♦♥t✐♥✉❡❧❧❡♠❡♥t r❡♠✐s ❡♥ ❝❛✉s❡✱ q✉✐ ♣❡✉t ❝♦♥t❡♥✐r ❞❡s
❡rr❡✉rs ✭❝❢✳ ❈❤❛♣✐tr❡ ✶✮✳ ❉❡ ♠ê♠❡✱ s✐ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬❛♥❛❧②s❡ ❡st ❧❛ ❞ét❡❝t✐♦♥ ❞❡
♥♦✉✈❡❛✉① s✐t❡s ❞❡ tr❛♥s❝r✐♣t✐♦♥✱ ✐❧ ♣❛r❛ît ❝❧❛✐r q✉❡ ❧❡ ♠♦❞è❧❡ s❛♥s ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛♥♥♦✲
t❛t✐♦♥ ❛ ♣r✐♦r✐ ❡st ♣ré❢ér❛❜❧❡✳ ▲❡ ❝❤♦✐① ❞✉ ♠♦❞è❧❡ ❡t ❧❡s ❞✐✛ér❡♥t❡s ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥
à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ s♦♥t ❞✐s❝✉tés ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞♦♥♥é❡s ét✉❞✐é❡s✳

✷ ▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥

▲❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ❝❤♦✐s✐❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡✱ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❡st
❞✐✛ér❡♥t❡ s❡❧♦♥ ❧❡ t②♣❡ ❞✬❡①♣ér✐❡♥❝❡s✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ t✐❡♥t ❝♦♠♣t❡ ❞❡ ❧❛ s♣é❝✐✜❝✐té ❞✉
s✐❣♥❛❧ ✐ss✉ ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s q✉✐ ❡st ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♠♣t❡ t❡♥✉ ❞❡s ❞❡✉① ✐♥t❡♥s✐tés
à ❝♦♠♣❛r❡r✳ ▲❡s ♠♦❞è❧❡s ♣r♦♣♦sés s♦♥t ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❜✐✈❛r✐és q✉✐ ♣❡r♠❡tt❡♥t
❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡ ❞❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❤②❜r✐❞és s✉r ✉♥❡ ♣✉❝❡✳
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ✉♥✐q✉❡♠❡♥t ❛✉① ❧♦✐s ❞✬é♠✐ss✐♦♥✱ ❡t ♣❛r ❛❜✉s ❞❡
❧❛♥❣❛❣❡ ♥♦✉s ❞és✐❣♥❡r♦♥s ♣❛r ✏♠é❧❛♥❣❡✑ ❧❛ ❧♦✐ ❞❡s ♦❜s❡r✈❛t✐♦♥s✱ q✉❡❧❧❡ q✉❡ s♦✐t ❧✬❤②♣♦t❤ès❡
❞❡ ❞é♣❡♥❞❛♥❝❡ s♦✉s✲❥❛❝❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✳

✷✳✶ ❘é❣r❡ss✐♦♥s ❧✐♥é❛✐r❡s

▲♦rs ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ❈❤■P✲❝❤✐♣✱ ❧❡s s✐❣♥❛✉① ❣é♥érés ♣❛r ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s
s♦♥t ❧❡ s✐❣♥❛❧ ■P ❡t ❧❡ s✐❣♥❛❧ ■◆P❯❚✳ ▲❡ s✐❣♥❛❧ ■P ❝♦rr❡s♣♦♥❞ à ❧✬❆❉◆ ✐♠♠✉♥♦♣ré❝✐♣✐té✱
❝✬❡st✲à✲❞✐r❡ ❧❡s ❢r❛❣♠❡♥ts ❞✬❆❉◆ ❛ss♦❝✐és à ❧❛ ♣r♦té✐♥❡ ❞✬✐♥térêt ♦✉ à ✉♥❡ ♠❛rq✉❡ ❝❤r♦✲
♠❛t✐♥✐❡♥♥❡ ❀ ❧❡ s✐❣♥❛❧ ■◆P❯❚ ❝♦rr❡s♣♦♥❞ à ❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧ ✭❝❢✳ ❈❤❛♣✐tr❡ ✶✮✳ ❯♥❡
♦❜s❡r✈❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ❡st q✉❡ ❧❡s ❞❡✉① s✐❣♥❛✉① ✐ss✉s ❞❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ♥❡ s♦♥t
♣❛s éq✉✐✈❛❧❡♥ts✳ ❊♥ ❡✛❡t✱ ❧✬■◆P❯❚ ❝♦rr❡s♣♦♥❞ à ❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧ ❡t ♣❡✉t êtr❡ ❝♦♥s✐✲
❞éré ❝♦♠♠❡ ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ré❢ér❡♥❝❡✳ ◆♦✉s ♠♦❞é❧✐s♦♥s ❞♦♥❝ ❧✬■P ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à
❧✬■◆P❯❚✳ ▲❛ ❋✐❣✉r❡ ✸✳✸ ♠♦♥tr❡ q✉❡ ❧❡ s✐❣♥❛❧ ■P ♥❡ ❞é♣❡♥❞ ♣❛s s❡✉❧❡♠❡♥t ❞✉ st❛t✉t ❞❡
❧❛ s♦♥❞❡✱ ♠❛✐s ❛✉ss✐ ❞✉ s✐❣♥❛❧ ■◆P❯❚✳ ❖♥ ❞✐st✐♥❣✉❡ ❞❡✉① ♥✉❛❣❡s ❞❡ ♣♦✐♥ts✱ ❧✬✉♥ ❝♦rr❡s✲
♣♦♥❞❛♥t ❛✉① s♦♥❞❡s ❡♥r✐❝❤✐❡s ✭s✐❣♥❛❧ ■P ❃ s✐❣♥❛❧ ■◆P❯❚✮ ❡t ❧✬❛✉tr❡ ❛✉① s♦♥❞❡s ♥♦r♠❛❧❡s
✭s✐❣♥❛❧ ■P ♣r♦❝❤❡ ❞✉ s✐❣♥❛❧ ■◆P❯❚✮✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❞❡ r❡tr♦✉✈❡r ❝❡s ❞❡✉① ♣♦♣✉❧❛t✐♦♥s ❛✜♥
❞✬✐❞❡♥t✐✜❡r ❧❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ♦ù ❧❛ ♣r♦té✐♥❡ ❞✬✐♥térêt s❡ ✜①❡✳ ❊♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
▼❛r✐❡✲▲❛✉r❡ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ❚r✐st❛♥ ▼❛r②✲❍✉❛r❞ ❡t ❙té♣❤❛♥❡ ❘♦❜✐♥✱ ♥♦✉s ❛✈♦♥s ❞é✲
✈❡❧♦♣♣é ✉♥❡ ♠ét❤♦❞❡ ❛♣♣❡❧é❡ ❈❤■P♠✐①✱ ❢♦♥❞é❡ s✉r ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s
❧✐♥é❛✐r❡s✱ ♣♦✉r ♠✐❡✉① ❝❛r❛❝tér✐s❡r ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬■P ❡t ❧✬■◆P❯❚✳ ▲❡ ♠♦❞è❧❡ M1 s♦✉s
❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡st ♣✉❜❧✐é ❞❛♥s ▼❛rt✐♥✲▼❛❣♥✐❡tt❡ ❡t ❛❧✳✱ ✷✵✵✽
✭❝❢✳ ❆♥♥❡①❡ ❆✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✺✷ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❋✐❣✳ ✸✳✸✿ ❉♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ✿ ■P ❝♦♥tr❡ ■◆P❯❚✳

❛✮ ▼♦❞è❧❡

❙♦✐t Xt = (xt, Yt) ❧❡s ✐♥t❡♥s✐tés ❧♦❣✲■◆P❯❚ ❡t ❧♦❣✲■P ❞❡ ❧❛ s♦♥❞❡ t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱
❡t Zt s♦♥ st❛t✉t ✭✐♥❝♦♥♥✉✮ q✉✐ ❡st ❜✐♥❛✐r❡✳ ❖♥ ♥♦t❡ Zt = 1 s✐ ❧❛ s♦♥❞❡ t ❛♣♣❛rt✐❡♥t à ❧❛
♣♦♣✉❧❛t✐♦♥ ❡♥r✐❝❤✐❡✱ ❡t Zt = 0 s✐ ❡❧❧❡ ❛♣♣❛rt✐❡♥t à ❧❛ ♣♦♣✉❧❛t✐♦♥ ♥♦r♠❛❧❡✳ ❖♥ s✉♣♣♦s❡ q✉❡
❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬■P ❡t ❧✬■◆P❯❚ ❡st ❧✐♥é❛✐r❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♣♦♣✉❧❛t✐♦♥✱ ♠❛✐s ❛✈❡❝ ❞❡s
♣❛r❛♠ètr❡s ❞✐✛ér❡♥ts✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ✿

Yt ∼ N (a0 + b0xt , σ
2) s✐ Zt = 0 ✭s♦♥❞❡ ♥♦r♠❛❧❡✮

Yt ∼ N (a1 + b1xt , σ
2) s✐ Zt = 1 ✭s♦♥❞❡ ❡♥r✐❝❤✐❡✮

▲❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❡st ❞♦♥❝ θk = (ak, bk, σ
2) ♣♦✉r k = 0, 1✱ ❡♥ ♣❧✉s

❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✳

❍❛❜✐t✉❡❧❧❡♠❡♥t✱ ❧❛ q✉❛♥t✐té ét✉❞✐é❡ ♣♦✉r ❛♥❛❧②s❡r ❧❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡st
❧❡ ❧♦❣✲r❛t✐♦ ✭■P✴■◆P❯❚✮✳ ▲❛ ♣❧✉♣❛rt ❞❡s ♠ét❤♦❞❡s ❝❤❡r❝❤❡♥t à ✐❞❡♥t✐✜❡r ❧❡s s♦♥❞❡s
❡♥r✐❝❤✐❡s ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❧♦❣✲r❛t✐♦ ❡st ❜✐♠♦❞❛❧❡✳ ❖♥ r❡♠❛rq✉❡
q✉✬✉♥❡ ❛♥❛❧②s❡ ❢♦♥❞é❡ s✉r ❧❡ ❧♦❣✲r❛t✐♦ ✭■P✴■◆P❯❚✮ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù
b0 = b1 = 1 ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s✳ ▲❛ ✜❣✉r❡ ✸✳✹ ré❛❧✐sé❡ ❛✈❡❝ ❞❡s
❞♦♥♥é❡s s✐♠✉❧é❡s ♠♦♥tr❡ q✉❡ s❡✉❧❡s ❞❡s ❞r♦✐t❡s ❞❡ ♣❡♥t❡s é❣❛❧❡s ❡t ♣❛r❛❧❧è❧❡s à ❧❛ ♣r❡♠✐èr❡
❜✐ss❡❝tr✐❝❡ ❢♦✉r♥✐ss❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡s ❧♦❣✲r❛t✐♦s ♣❛r❢❛✐t❡♠❡♥t ❜✐♠♦❞❛❧❡✳ ❚r❛✈❛✐❧❧❡r
❛✈❡❝ ❧❡ ❧♦❣✲r❛t✐♦ r❡✈✐❡♥t à ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ♣❡♥t❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❡st ❧❛
♠ê♠❡ q✉❡❧ q✉❡ s♦✐t ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡✱ ❝❡ q✉✐ ❡st r❛r❡♠❡♥t ❧❡ ❝❛s ❛✈❡❝ ❞❡s ❞♦♥♥é❡s ré❡❧❧❡s✳

▲❡ ♠♦❞è❧❡ ❝✐✲❞❡ss✉s ♣❡✉t êtr❡ ❛❞❛♣té ♣♦✉r ❣ér❡r s✐♠✉❧t❛♥é♠❡♥t ♣❧✉s✐❡✉rs ré♣❧✐❝❛ts
❜✐♦❧♦❣✐q✉❡s ✭▼✉❧t✐❈❤■P♠✐①✮✳
◆♦t♦♥s (xtr, Ytr) ❧❡s ✐♥t❡♥s✐tés ❧♦❣✲■◆P❯❚ ❡t ❧♦❣✲■P ❞❡ ❧❛ s♦♥❞❡ t ♣♦✉r ❧❡ ré♣❧✐❝❛t r✳ P♦✉r
❝❤❛q✉❡ ré♣❧✐❝❛t ❜✐♦❧♦❣✐q✉❡ r✱ ♦♥ ❛ ❧❡s r❡❧❛t✐♦♥s s✉✐✈❛♥t❡s ✿

Ytr ∼ N (a0r + b0rxtr , σ
2
r) s✐ ❧❛ s♦♥❞❡ ❡st ♥♦r♠❛❧❡

Ytr ∼ N (a1r + b1rxtr , σ
2
r) s✐ ❧❛ s♦♥❞❡ ❡st ❡♥r✐❝❤✐❡

▲❡s ré♣❧✐❝❛ts s♦♥t s✉♣♣♦sés ✐♥❞é♣❡♥❞❛♥ts✱ ❝❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞♦♥❝ ❞❡ ❞ét❡r♠✐♥❡r ✉♥ ✉♥✐q✉❡
st❛t✉t ♣❛r s♦♥❞❡ ♣♦✉r t♦✉s ❧❡s ré♣❧✐❝❛ts✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✺✸

❋✐❣✳ ✸✳✹✿ ❉♦♥♥é❡s s✐♠✉❧é❡s✳ ❍❛✉t ✿ ❉❡✉① ♣♦♣✉❧❛t✐♦♥s ❛✈❡❝ ❞❡s r❡❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❡
♣❡♥t❡s é❣❛❧❡s✳ ▲✬❤✐st♦❣r❛♠♠❡ ❞❡s ❧♦❣✲r❛t✐♦s ❝♦rr❡s♣♦♥❞❛♥t ❡st ❜✐♠♦❞❛❧✳ ❇❛s ✿ ❉❡✉① ♣♦✲
♣✉❧❛t✐♦♥s ❛✈❡❝ ❞❡s r❡❧❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❡ ♣❡♥t❡s ❞✐✛ér❡♥t❡s✳ ▲✬❤✐st♦❣r❛♠♠❡ ❞❡s ❧♦❣✲r❛t✐♦s

❝♦rr❡s♣♦♥❞❛♥t ❡st ✉♥✐♠♦❞❛❧✳

❜✮ ■♥❢ér❡♥❝❡

▲❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ❡st ✉t✐❧✐sé ♣♦✉r ❝❧❛ss❡r ❧❡s s♦♥❞❡s ❞❛♥s ❧❛ ♣♦✲
♣✉❧❛t✐♦♥ ❡♥r✐❝❤✐❡ ♦✉ ♥♦r♠❛❧❡✳ ▲❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ s♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡s ❞❡✉①
ré❣r❡ss✐♦♥s (a0, b0, a1, b1) ❡t ❧❛ ✈❛r✐❛♥❝❡ σ2 ✭❛✐♥s✐ q✉❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡
❧❛t❡♥t❡✮✳ ■❧s s♦♥t ❡st✐♠és à ❧✬❛✐❞❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✭❝❢✳ ❈❤❛♣✐tr❡ ✷✮✳ ❆✜♥ ❞✬é✈✐t❡r ❧❡s
♣r♦❜❧è♠❡s ❞❡ s❡♥s✐❜✐❧✐té ❛✉① ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡s ✈❛✲
❧❡✉rs ✐♥✐t✐❛❧❡s ✐ss✉❡s ❞✉ ♣r❡♠✐❡r ❛①❡ ❞✬✉♥❡ ❆♥❛❧②s❡ ❡♥ ❈♦♠♣♦s❛♥t❡s Pr✐♥❝✐♣❛❧❡s ✭❆❈P✮✳ ➚
❧✬ét❛♣❡ ❊✱ ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ τtk s♦♥t ❝❛❧❝✉❧é❡s ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✱ ét❛♥t ❞♦♥♥é
❧✬✐♥t❡♥s✐té ■P ❡t ■◆P❯❚✳ ➚ ❧✬ét❛♣❡ ▼✱ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❝❤❛q✉❡ ❝❧❛ss❡ s♦♥t ❡st✐♠és✱ ❡♥
✉t✐❧✐s❛♥t ✉♥❡ ré❣r❡ss✐♦♥ ♣♦♥❞éré❡✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ♣♦✐❞s s♦♥t ❞♦♥♥és ♣❛r ❧❡s ♣r♦❜❛❜✐❧✐tés
❛ ♣♦st❡r✐♦r✐✳ ▲❡s ❡st✐♠❛t❡✉rs ❞❡ θk s♦♥t ❞♦♥♥és ♣❛r ❧❡s ❢♦r♠✉❧❡s ❝❧❛ss✐q✉❡s ❞❡ ré❣r❡ss✐♦♥
❧✐♥é❛✐r❡ ✿

b̂k =

∑
t τ̂tk(xt − x̄k)(Yt − Ȳk)∑

t τ̂tk(xt − x̄k)2
,

♦ù x̄k =
P

t τ̂tkxt
P

t τ̂tk
❡t Ȳk =

P

t τ̂tkYt
P

t τ̂tk
✳

âk = Ȳk − b̂kx̄k .

σ̂2 =
1

n

∑

t

∑

k

τ̂tk

[
Yt − (âk + b̂kxt)

]2
.

✷✳✷ ▲♦✐ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡

❉❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❡①♣ér✐❡♥❝❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s ♦✉ ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P✱ ✐❧ s✬❛❣✐t
❞✬ét✉❞✐❡r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❞❡✉① ❝♦♥❞✐t✐♦♥s ✭✉♥ ♠✉t❛♥t ❡t ✉♥ s❛✉✈❛❣❡ ♣❛r ❡①❡♠♣❧❡✮✳
▲❡s s✐❣♥❛✉① ❣é♥érés ♣❛r ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❥♦✉❡♥t ✉♥ rô❧❡ s②♠étr✐q✉❡✳ ▲✬♦❜❥❡❝t✐❢ ❡st
❞❡ ❞✐st✐♥❣✉❡r q✉❛tr❡ ❣r♦✉♣❡s ❜✐♦❧♦❣✐q✉❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡s ✿ ✉♥ ❣r♦✉♣❡ ♦ù ✐❧ ♥✬② ❛ ♣❛s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✺✹ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❞✬❤②❜r✐❞❛t✐♦♥ ✭❣r♦✉♣❡ ❜r✉✐t✮✱ ✉♥ ❣r♦✉♣❡ ♦ù ❧✬❤②❜r✐❞❛t✐♦♥ ❡st ✐❞❡♥t✐q✉❡ ❞❛♥s ❧❡s ❞❡✉①
é❝❤❛♥t✐❧❧♦♥s ✭❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✮ ❡t ❞❡✉① ❣r♦✉♣❡s ❞❛♥s ❧❡sq✉❡❧s ❧✬❤②❜r✐❞❛t✐♦♥ ❡st ♣❧✉s ❢♦rt❡
❞❛♥s ✉♥ é❝❤❛♥t✐❧❧♦♥ q✉❡ ❞❛♥s ❧✬❛✉tr❡ ✭❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és✮ ✭❝❢✳ ❋✐❣✉r❡ ✸✳✺✮✳

❋✐❣✳ ✸✳✺✿ ●❛✉❝❤❡ ✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s q✉❛tr❡ ❣r♦✉♣❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡
❡①♣ér✐❡♥❝❡ ❞❡ tr❛♥s❝r✐♣t♦♠❡ ✭❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① ❝♦♥❞✐t✐♦♥s ❞✬❡①♣r❡ss✐♦♥✮✳ ❉r♦✐t❡ ✿ ❘❡✲
♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s q✉❛tr❡ ❣r♦✉♣❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ❈❤■P✲❝❤✐♣

■P✴■P ✭ét✉❞❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ❡♥tr❡ ✉♥ s❛✉✈❛❣❡ ❡t ✉♥ ♠✉t❛♥t✮✳

❛✮ ▼♦❞è❧❡

❙♦✐t Xt = (X1t, X2t) ❧❡s ❧♦❣✲✐♥t❡♥s✐tés ❞❡ ❧❛ s♦♥❞❡ t ♣♦✉r ❝❤❛q✉❡ é❝❤❛♥t✐❧❧♦♥✱ ❡t Zt

s♦♥ st❛t✉t✳ ❈♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à Zt ♦♥ ❝♦♥s✐❞èr❡ q✉❡ ❧❡s Xt s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❡t q✉✬✐❧s
s✉✐✈❡♥t ✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ à K = 4 ❝♦♠♣♦s❛♥ts ✿

Xt|Zt = k ∼ f(. ;µk,Σk) ∀ k = 1, ..., K ,

♦ù f ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞❡♥s✐té ❞✉ kè♠❡ ❝♦♠♣♦s❛♥t ❞✉ ♠é❧❛♥❣❡✳ ❖♥ s✉♣♣♦s❡ q✉❡ f(.) ❡st
❧❛ ❞❡♥s✐té ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❞❡ ♣❛r❛♠ètr❡s (µk,Σk)✱ ♦ù µk

❡st ❧❛ ♠♦②❡♥♥❡ ❡t Σk ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡✳ ▲❛ ❞❡♥s✐té f ❡st ❞é✜♥✐❡ ♣❛r ✿

f(Xt ;µk,Σk) =
1

2π
[det(Σk)]

−1/2 exp

{
−1

2
(xt − µk)

T Σ−1
k (xt − µk)

}
.

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ❙❡❝t✐♦♥ ✸✳✸✱ ❧❛ ❞❡♥s✐té ❣❛✉ss✐❡♥♥❡ ♠♦❞é❧✐s❡
✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡❧❧✐♣s♦ï❞❛❧❡ ❞❡ ❝❡♥tr❡ µk ❞♦♥t ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♦♠étr✐q✉❡s ✭✈♦❧✉♠❡✱
❢♦r♠❡✱ ♦r✐❡♥t❛t✐♦♥✮ ♣❡✉✈❡♥t êtr❡ ❝♦♥trô❧é❡s ❣râ❝❡ à ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ s♣❡❝tr❛❧❡ ❞❡ ❧❛
♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ Σk ✭❇❛♥✜❡❧❞ ❡t ❘❛❢t❡r②✱ ✶✾✾✸✮ ✿

Σk = λkDkAkD
T
k , ✭✸✳✶✮

♦ù λk r❡♣rés❡♥t❡ ❧❡ ✈♦❧✉♠❡✱ Dk r❡♣rés❡♥t❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❡t Ak r❡♣rés❡♥t❡ ❧❛ ❢♦r♠❡✳
■❧ ❡①✐st❡ ❞é❥à ❞❡ ♥♦♠❜r❡✉① ♠♦❞è❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦♣♦sés ♣❛r ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮✳
◆♦✉s ❛✈♦♥s ❛♣♣❧✐q✉é ❝❡s ♠♦❞è❧❡s s✉r ❧❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ♠❛✐s ❧❡s q✉❛tr❡ ❝♦♠♣♦s❛♥ts

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✺✺

♦❜t❡♥✉s ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬✐❞❡♥t✐✜❡r ❝♦rr❡❝t❡♠❡♥t ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ❜✐♦❧♦❣✐q✉❡♠❡♥t
✐♥t❡r♣rét❛❜❧❡s r❡♣rés❡♥tés s❝❤é♠❛t✐q✉❡♠❡♥t ❋✐❣✉r❡ ✸✳✺✳
▲❡ ♠♦❞è❧❡ sé❧❡❝t✐♦♥♥é ♣❛r ❧❡s ❝r✐tèr❡s ❇■❈ ❡t ■❈▲ ❡st ❧❡ ♠♦❞è❧❡ ❣é♥ér❛❧ λkDkAkD

T
k ✱

♦ù t♦✉t❡s ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ✈❛r✐❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦♠♣♦s❛♥t✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s
♥❡ s♦♥t ♣❛s s❛t✐s❢❛✐s❛♥ts ✭❝❢✳ ❋✐❣✉r❡ ✸✳✻✮✳ ❊♥ ❡✛❡t✱ ✉♥ s❡✉❧ ❝♦♠♣♦s❛♥t ❝♦✉✈r❡ ❧❡s ❣r♦✉♣❡s
❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és ❡t tr♦✐s ❝♦♠♣♦s❛♥ts s♦♥t ❝♦♥❝❡♥trés ❛✉t♦✉r ❞❡s ❢❛✐❜❧❡s ✐♥t❡♥s✐tés
♦ù s❡ tr♦✉✈❡ ❧❛ ♠❛❥♦r✐té ❞❡s s♦♥❞❡s✳

❋✐❣✳ ✸✳✻✿ ●❛✉❝❤❡ ✿ ■s♦❞❡♥s✐té ❞❡s q✉❛tr❡ ❣❛✉ss✐❡♥♥❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ λkDkAkD
T
k ✱ ❉r♦✐t❡ ✿

❈❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s ❡♥ q✉❛tr❡ ❣r♦✉♣❡s ❛✈❡❝ ❧❛ rè❣❧❡ ❞✉ ▼❆P✳

▲❡s ♠♦❞è❧❡s q✉✐ ❝♦♥s✐❞èr❡♥t ✉♥ ✈♦❧✉♠❡ ❝♦♥st❛♥t ♣♦✉r ❧❡s q✉❛tr❡s ❝♦♠♣♦s❛♥ts s♦♥t
✉♥ ♣❡✉ ♠❡✐❧❧❡✉rs ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧✬✐♥t❡r♣rét❛t✐♦♥✱ ♠❛✐s ❞❡✉① ❝♦♠♣♦s❛♥ts s♦♥t très
❝❤❡✈❛✉❝❤❛♥ts ❡t ♦♥ ♥❡ r❡tr♦✉✈❡ ♣❛s ❧❡ ❣r♦✉♣❡ ❞✬✐♥t❡♥s✐tés ❢❛✐❜❧❡s r❡♣rés❡♥t❛♥t ❧❡ ❜r✉✐t✳
❇❡❛✉❝♦✉♣ ❞❡ s♦♥❞❡s s♦♥t ❛❧♦rs ❞é❝❧❛ré❡s ❤②❜r✐❞é❡s à t♦rt ✭❝❢✳ ❋✐❣✉r❡ ✸✳✼✮✳

❋✐❣✳ ✸✳✼✿ ●❛✉❝❤❡ ✿ ■s♦❞❡♥s✐té ❞❡s ✹ ❣❛✉ss✐❡♥♥❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ λDkAkD
T
k ✱ ❉r♦✐t❡ ✿

❈❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s ❡♥ ✹ ❣r♦✉♣❡s ❛✈❡❝ ❧❛ rè❣❧❡ ❞✉ ▼❆P✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✺✻ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❆✜♥ ❞❡ ♠♦❞é❧✐s❡r ❛✉ ♠✐❡✉① ❧❡s ❞♦♥♥é❡s✱ ♥♦✉s ❛❥♦✉t♦♥s ❞♦♥❝ ❞❡s ❝♦♥tr❛✐♥t❡s ❛✉① ♠♦✲
❞è❧❡s ♣r♦♣♦sés ♣❛r ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮ ✭❝❢✳ ❋✐❣✉r❡ ✸✳✽✮✳ ▲❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥✲
t❛✐r❡s s♦♥t ❞é❞✉✐t❡s ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ❜✐♦❧♦❣✐q✉❡s ✐ss✉❡s ❞❡s ❞♦♥♥é❡s✳ ❊♥ ❡✛❡t✱ ♥♦✉s s❛✈♦♥s
q✉❡ ❧❡ ❣r♦✉♣❡ ❞❡ ❢❛✐❜❧❡s ✐♥t❡♥s✐tés ✭❣r♦✉♣❡ ❜r✉✐t✮ ❡t ❧❡ ❣r♦✉♣❡ ♦ù ❧❡s ✐♥t❡♥s✐tés ❞❡s s♦♥❞❡s
♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡ ❞❛♥s ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ✭❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✮ ♦♥t ❧❛ ♠ê♠❡
♦r✐❡♥t❛t✐♦♥✱ q✉✐ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ ♣r❡♠✐èr❡ ❜✐ss❡❝tr✐❝❡✳ ◆♦✉s s✉♣♣♦s♦♥s ❞♦♥❝ q✉❡ ❧❛ ♠❛✲
tr✐❝❡ ❞✬♦r✐❡♥t❛t✐♦♥ D ❡st ✐❞❡♥t✐q✉❡ ♣♦✉r ❝❡s ❞❡✉① ❣r♦✉♣❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ❡st ❝♦♥♥✉ q✉❡
❧❡ ♣❛r❛♠ètr❡ ❞❡ ✈❛r✐❛♥❝❡ ❡st ❧❡ ♣❧✉s ❞✐✣❝✐❧❡ à ♠♦❞é❧✐s❡r ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡s
❣❛✉ss✐❡♥s ❡t q✉❡ ❞❡s ✈❛r✐❛♥❝❡s ❤étér♦s❝é❞❛st✐q✉❡s ❞♦♥♥❡♥t s♦✉✈❡♥t ❞❡s rés✉❧t❛ts ✐♥st❛❜❧❡s✳
❯♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ✈❛r✐❛♥❝❡ ❡st ❞♦♥❝ ❛✉ss✐ ✐♠♣♦sé❡✳ ❖♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ ❞✐s♣❡rs✐♦♥
❛✉t♦✉r ❞✉ ❣r❛♥❞ ❛①❡ ❞❡ ❧✬❡❧❧✐♣s❡ s♦✐t s✐♠✐❧❛✐r❡ ❞❛♥s ❧❡s q✉❛tr❡ ❣r♦✉♣❡s✳ ➱t❛♥t ❞♦♥♥é q✉❡
❧❛ ♣r❡♠✐èr❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ Σk ❡st ❛ss♦❝✐é❡ ❛✉ ❣r❛♥❞ ❛①❡ ❞❡ ❧✬❡❧❧✐♣s❡ ❡t q✉❡ ❧❛ ❞❡✉①✐è♠❡
❡st ❛ss♦❝✐é❡ ❛✉ ♣❡t✐t ❛①❡✱ ❧❛ s❡❝♦♥❞❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ Σk ❡st s✉♣♣♦sé❡ ❝♦♥st❛♥t❡ ❞❛♥s ❧❡s
q✉❛tr❡ ❣r♦✉♣❡s✳

❋✐❣✳ ✸✳✽✿ ❊①♣❧✐❝❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥✳

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡ ❡t s♦✉s ♥♦s ❝♦♥tr❛✐♥t❡s✱ ❧❡
♠♦❞è❧❡ ❡st ❞♦♥❝ rés✉♠é ❛✐♥s✐ ✿

Σk = DkΛkD
T
k , ♣♦✉r k = 1, ..., 4 ;

D1 = D2 = D ;

Λk =

(
u1k 0
0 u2

)
, ❛✈❡❝ u1k > u2, ♣♦✉r k = 1, ..., 4.

♦ù ❧❡s ❣r♦✉♣❡s ✶ ❡t ✷ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ❣r♦✉♣❡s ❞❡ ♠ê♠❡ ♦r✐❡♥t❛t✐♦♥ ✭❣r♦✉♣❡ ✐❞❡♥t✐q✉❡
❡t ❣r♦✉♣❡ ❜r✉✐t✮ ❡t ❧❛ ♠❛tr✐❝❡ Λk ✭Λk = λkAk✮ ❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ q✉✐ ❝♦♥t✐❡♥t ❧❡s
✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ Σk✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✺✼

▲✬♦r✐❣✐♥❛❧✐té ❞❡ ❝❡ ♠♦❞è❧❡ ❡st ❞❡ ♣r♦♣♦s❡r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛✈♦✐r ❝❡rt❛✐♥s ❝♦♠♣♦s❛♥ts
❛✈❡❝ ✉♥❡ ♦r✐❡♥t❛t✐♦♥ ✜①❡ ❡t ❞✬❛✉tr❡s ❝♦♠♣♦s❛♥ts ❛✈❡❝ ✉♥❡ ♦r✐❡♥t❛t✐♦♥ ❧✐❜r❡✳ ❉❡ ♣❧✉s ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ✜①❡r s❡✉❧❡♠❡♥t ❧✬✉♥❡ ❞❡s ❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞❛♥s ❧❡ ❝❤♦✐① ❞✉ ✈♦❧✉♠❡ ❡t ❞❡
❧❛ ❢♦r♠❡ ♣♦✉r ✉♥ ♠ê♠❡ ❝♦♠♣♦s❛♥t ❞✉ ♠♦❞è❧❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ♣❧✉s ✢❡①✐❜❧❡ q✉❡ ❝❡❧❧❡
❞❡ ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮ ♦ù ❝❤❛q✉❡ t❡r♠❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st s♦✐t é❣❛❧ ♣♦✉r t♦✉s
❧❡s ❣r♦✉♣❡s✱ s♦✐t s♣é❝✐✜q✉❡ ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡✳

▲❡ ♠♦❞è❧❡ ❡st ❞é❝r✐t ♣♦✉r K = 4 ❣r♦✉♣❡s✱ ♠❛✐s ❧❡s ♠♦❞è❧❡s ❛✈❡❝ K = 2 ❡t K = 3 s♦♥t
é❣❛❧❡♠❡♥t ❡♥✈✐s❛❣❡❛❜❧❡s✳ ❊♥ ❡✛❡t✱ s❡❧♦♥ ❧❡s ❡①♣ér✐❡♥❝❡s✱ ❧✬✉♥ ❞❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡✲
♠❡♥t ❤②❜r✐❞és ✭♦✉ ❧❡s ❞❡✉①✮ ♣❡✉✈❡♥t ♥❡ ♣❛s ❡①✐st❡r s✐ ❧❡s é❝❤❛♥t✐❧❧♦♥s s♦♥t s✉✣s❛♠♠❡♥t
s❡♠❜❧❛❜❧❡s✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞✬♦r✐❡♥t❛t✐♦♥ ❞❡s ❞❡✉① ♣r❡♠✐❡rs ❝♦♠♣♦s❛♥ts r❡st❡ ✐♥❝❤❛♥❣é❡
❝❛r ♦♥ s✉♣♣♦s❡ q✉✬✐❧ ❡①✐st❡ t♦✉❥♦✉rs ❞❡s s♦♥❞❡s ♥♦♥ ❤②❜r✐❞é❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❤②❜r✐❞é❡s
❞❛♥s ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s✳

▲❡ ♠♦❞è❧❡ M1 ❧❡ ♣❧✉s s✐♠♣❧❡ ✭s❛♥s ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ♥✐ ❞❡
❧✬❛♥♥♦t❛t✐♦♥✮ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ▼♦❞✉❧❛❞ ✭❇ér❛r❞ ❡t ❛❧✳✱ ✷✵✵✾✱ ❆♥♥❡①❡
❇✮✱ ❧❡ ♠♦❞è❧❡ ❝♦♠♣❧❡t M4 ❡st s♦✉♠✐s ❞❛♥s ❙❆●▼❇ ✭❝❢✳ ❆♥♥❡①❡ ❊✮✳

❜✮ ■♥❢ér❡♥❝❡

▲❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ ❞✉ ♠♦❞è❧❡ s♦♥t ❡st✐♠és à ❧✬❛✐❞❡ ❞✬✉♥ ❛❧✲
❣♦r✐t❤♠❡ ❊▼✳ ▲✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❡st ré❛❧✐sé❡ ❡♥ ❞é✜♥✐ss❛♥t ❧❡s q✉❛tr❡
❣r♦✉♣❡s ♣❛r ❞❡s ❝♦♥tr❛✐♥t❡s ❣é♦♠étr✐q✉❡s✳ ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ♣r♦✲
♣♦rt✐♦♥ ✐♥✐t✐❛❧❡ ❞❡ s♦♥❞❡s ♦✉ ♣❛r ✉♥❡ ✐♥t❡♥s✐té ♠❛①✐♠❛❧❡ ✜①é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡
❜✐♦❧♦❣✐q✉❡✱ ❡t ❧❡s tr♦✐s ❛✉tr❡s ❣r♦✉♣❡s s♦♥t ❞ét❡r♠✐♥és à ❧✬❛✐❞❡ ❞❡ ❞❡✉① ❞r♦✐t❡s éq✉✐❞✐st❛♥t❡s
❞❡ ❧❛ ♣r❡♠✐èr❡ ❜✐ss❡❝tr✐❝❡✳

❉❛♥s ❧✬ét❛♣❡ ▼✱ tr♦✉✈❡r ❧✬❡st✐♠❛t❡✉r ❞❡ Σk r❡✈✐❡♥t à tr♦✉✈❡r ❧❡s ❡st✐♠❛t❡✉rs ❞❡ D✱
Dk ❡t Λk✱ ♦ù ❧❡s ❡st✐♠❛t❡✉rs ❞❡ D ❡t Λk s♦♥t s♣é❝✐✜q✉❡s ♣♦✉r s❛t✐s❢❛✐r❡ ❧❡s ❝♦♥tr❛✐♥t❡s
✐♠♣♦sé❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞é✜♥✐ ❙❡❝t✐♦♥ ✷✳✷✳

▲✬❡st✐♠❛t❡✉r ❞❡ µ ❡st ✿

µ̂ = X̄k =

∑n
t=1 τ̂tkXt∑n

t=1 τ̂tk
.

▲✬❡st✐♠❛t❡✉r ❞❡ Dk ♣♦✉r ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥ts ❞✬♦r✐❡♥t❛t✐♦♥ ❞✐✛ér❡♥t❡ ❡st ❧❡ ♠ê♠❡
q✉❡ ❝❡❧✉✐ ♣r♦♣♦sé ♣❛r ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮ ♣♦✉r ❞❡s ❝♦♠♣♦s❛♥ts ❞✬♦r✐❡♥t❛t✐♦♥s ❞✐✛é✲
r❡♥t❡s✳ ❈✬❡st ❧❛ ♠❛tr✐❝❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡Wk✱ ♦ùWk =

∑n
t=1 τtk(Xt−X̄k)(Xt−X̄k)

T ✳

▲✬❡st✐♠❛t❡✉r ❞❡ D ❡st ❞é✜♥✐ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙♦✐t Wk =
∑n

t=1 τtk(Xt − X̄k)(Xt − X̄k)
T ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❧❛ ❢♦r♠❡(

w1k w2k

w2k w4k

)
❡t Λk =

(
u1k 0
0 u2

)
,

❛✈❡❝ u1k > u2, ♣♦✉r k = 1, ..., 4. ▲✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ❧❛ ♠❛✲
tr✐❝❡ ❞✬♦r✐❡♥t❛t✐♦♥ D ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s ❞❡✉① ♣r❡♠✐❡rs ❝♦♠♣♦s❛♥ts ❞❡ ♠ê♠❡ ♦r✐❡♥t❛t✐♦♥

❡st ❞❡ ❧❛ ❢♦r♠❡

( √
d̂ −

√
1− d̂√

1− d̂
√
d̂

)
✱ ♦ù d̂ ❡st ❧❡ ♠✐♥✐♠✉♠ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✿

f(d) =
2∑

k=1

{
d2w1k + 2w2kd

√
1− d2 + w4k(1− d2)

u1k

+
d2w4k + 2w2kd

√
1− d2 + w1k(1− d2)

u2

}

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✺✽ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

▲✬❡st✐♠❛t❡✉r d̂ ❡st ❞é✜♥✐ ♣❛r ✿

d̂2 − 1

2
= ± N1,4

2
[
{N1,4}2 + 4 {N2}2]1/2

, ❛✈❡❝ d̂ > 0, ✭✸✳✷✮

♦ù N1,4 =
2∑

k=1

(ŵ1k − ŵ4k)(û2 − û1k)/û1kû2 ❡t N2 =
2∑

k=1

ŵ2k(û2 − û1k)/û1kû2✳

▲✬❡st✐♠❛t❡✉r ❞❡ Λk ❡st ❞é✜♥✐ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙♦✐t Bk ❧❛ ♠❛tr✐❝❡ ❞é✜♥✐❡ ♣❛r Bk = DT
kWkDk ❞❡ ❧❛ ❢♦r♠❡

(
b1k b3k

b4k b2k

)
✳

▲✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ Λk ❡st ❞❡ ❧❛ ❢♦r♠❡

(
û1k 0
0 û2

)
✱ ♦ù

{
û1k = b̂1k/

∑n
t=1 τ̂tk

û2 =
∑4

k=1 b̂2k/n
✭✸✳✸✮

❆✉ ✜♥❛❧✱ ❧✬❡st✐♠❛t❡✉r ❞❡ Σk ❡st ❞♦♥❝ ✿

Σ̂k =

{
D̂T

k Λ̂kD̂k s✐ k ≥ 2

D̂T Λ̂kD̂ s✐ k < 2,

❛✈❡❝ D̂ ❞é✜♥✐ ♣❛r ✭✸✳✷✮✱ D̂k ❡st ❧❛ ♠❛tr✐❝❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Wk ❡t Λ̂k ❞é✜♥✐ ♣❛r
✭✸✳✸✮✳ ▲❡s ♣r❡✉✈❡s ❞❡s ❢♦r♠✉❧❡s ❞✬❡st✐♠❛t✐♦♥ s♦♥t ❞♦♥♥é❡s ❞❛♥s ❧✬❆♥♥❡①❡ ✸✳✶✳

✷✳✸ ▼é❧❛♥❣❡ ❞❡ ❣❛✉ss✐❡♥♥❡s

▲❡s ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❝♦♥s✐❞èr❡♥t ❣é♥ér❛❧❡♠❡♥t ❞❡s ❧♦✐s ❞✬é♠✐ss✐♦♥ ♣❛r❛♠é✲
tr✐q✉❡s ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡✳ ▲❡ ❝❤♦✐① ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ♣♦✉r ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ré❛❧✐sé ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♣r♦❜❧è♠❡✱ ♠❛✐s ✐❧ ❡st ❛✉ss✐ ♠♦t✐✈é ♣❛r ❧❛ s✐♠♣❧✐❝✐té ❞❡s ❝❛❧❝✉❧s✳ ❊♥ ♣r❛t✐q✉❡✱
❧❡s ❞♦♥♥é❡s ♥❡ s♦♥t ♣❛s t♦✉❥♦✉rs ❝♦♥❢♦r♠❡s à ❝❡s ❤②♣♦t❤ès❡s ❞❡ ❞✐str✐❜✉t✐♦♥✳ ▲❛ ❋✐❣✉r❡ ✸✳✾
r❡♣rés❡♥t❡ ❧✬❤✐st♦❣r❛♠♠❡ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡s ❣r❛♥❞s ❛①❡s ❞✉ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡
❡t ❞❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és✳ ▲❡s ❤✐st♦❣r❛♠♠❡s s♦♥t ❝♦♥str✉✐ts à ♣❛rt✐r
❞❡s ❞♦♥♥é❡s ♣♦♥❞éré❡s ♣❛r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✉ ❣r♦✉♣❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬❛①❡
s✉r ❧❡q✉❡❧ ♦♥ ♣r♦❥❡tt❡✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ❞✐str✐❜✉t✐♦♥s ❡♠♣✐r✐q✉❡s ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡
♥❡ s♦♥t ❝❧❛✐r❡♠❡♥t ♣❛s ✉♥✐♠♦❞❛❧❡s ❡t ♥❡ ❝♦rr❡s♣♦♥❞❡♥t ♣❛s à ❞❡s ❞✐str✐❜✉t✐♦♥s ❣❛✉ss✐❡♥♥❡s✳

❘é❝❡♠♠❡♥t✱ ❙✉♥ ❡t ❛❧✳ ✭✷✵✵✾✮ ♦♥t ♣r♦♣♦sé ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ❞❡✉① ❞✐str✐❜✉t✐♦♥s
♣♦✉r ❛♥❛❧②s❡r ❞❡s ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣✱ ♦ù ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ♥♦♥
❡♥r✐❝❤✐ss❡♠❡♥t ❞❡s s♦♥❞❡s ❡st s✉♣♣♦sé❡ s②♠étr✐q✉❡ ♠❛✐s ♣❛s ❢♦r❝é♠❡♥t ❣❛✉ss✐❡♥♥❡✱ ❝❡ q✉✐
♣❡r♠❡t ✉♥❡ ♣❧✉s ❣r❛♥❞❡ ✢❡①✐❜✐❧✐té✳ ❈❤❛t③✐s ✭✷✵✶✵✮ ♣r♦♣♦s❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥s
♥♦♥ ❡❧❧✐♣t✐q✉❡s ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ✢❡①✐❜❧❡ ❞❛♥s ❧❡ ❝❛s ❍▼▼✳ ■❧ ♣ré❝♦♥✐s❡
❧❛ ❞✐str✐❜✉t✐♦♥ ▼◆■● ✭▼✉❧t✐✈❛r✐❛t❡ ◆♦r♠❛❧ ■♥✈❡rs❡ ●❛✉ss✐❛♥✮ q✉✐ ❛ ✉♥❡ q✉❡✉❡ ❞❡
❞✐str✐❜✉t✐♦♥ ♣❧✉s ❧♦✉r❞❡ q✉❡ ❧❛ ❣❛✉ss✐❡♥♥❡ ❡t q✉✐ ♦✛r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ♠♦❞é❧✐s❡r ❞❡s
❞✐str✐❜✉t✐♦♥s ❛s②♠étr✐q✉❡s✳ ❯♥❡ ❛✉tr❡ ♠❛♥✐èr❡ ❞❡ r❡♥❞r❡ ❧❡s ❞✐str✐❜✉t✐♦♥s ♣❧✉s ✢❡①✐❜❧❡s
❡st ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ♠é❧❛♥❣❡s ❞❡ ❞✐str✐❜✉t✐♦♥s✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ✉♥❡
♠♦❞é❧✐s❛t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✺✾

❋✐❣✳ ✸✳✾✿ ●❛✉❝❤❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ❣r❛♥❞ ❛①❡ ❞✉ ❣r♦✉♣❡ ✐❞❡♥✲
t✐q✉❡ ∆2 ❀ ❈❡♥tr❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ❣r❛♥❞ ❛①❡ ❞✉ ❣r♦✉♣❡ ❞✐✛é✲
r❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞é ❞❛♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ∆3 ❀ ❉r♦✐t❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s

s✉r ❧❡ ❣r❛♥❞ ❛①❡ ❞✉ ❣r♦✉♣❡ ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞é ❞❛♥s ❧✬❛✉tr❡ ❝♦♥❞✐t✐♦♥ ∆4✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ♥♦✉s ❛✛r❛♥❝❤✐r ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ❞✐str✐❜✉t✐♦♥
❣❛✉ss✐❡♥♥❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❝♦♠♠❡ ét❛♥t ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s
❣❛✉ss✐❡♥♥❡s ✭❝❢ ❙❡❝t✐♦♥ ❛✮✮✳ ❉❡✉① ❛♣♣r♦❝❤❡s s♦♥t ❡♥✈✐s❛❣é❡s ✿ ❧✬✉♥❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡
❝♦❧✐♥é❛r✐té ❞❡s ❝♦♠♣♦s❛♥ts ❞❛♥s ❧❡s ❣r♦✉♣❡s✱ ❡t ❧✬❛✉tr❡ ♣❧✉s ❣é♥ér❛❧❡✱ s❛♥s ❝♦♥tr❛✐♥t❡s s✉r
❧❡s ❝♦♠♣♦s❛♥ts✳ ❈❡tt❡ s❡❝♦♥❞❡ ❛♣♣r♦❝❤❡ ❛ été ❞é✈❡❧♦♣♣é❡ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙t❡✈❡♥♥
❱♦❧❛♥t ✶✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❞✬♦❜t❡♥✐r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡
❡t ❞♦♥❝ ❞❡ ♠✐❡✉① ❞é✜♥✐r ❧❛ ❢r♦♥t✐èr❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❣r♦✉♣❡s✳ ▲✬✐♥❢ér❡♥❝❡ ❡st
ré❛❧✐sé❡ ❛✈❡❝ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✭❝❢ ❙❡❝t✐♦♥ ❜✮✮✳ ▲❛ ❙❡❝t✐♦♥ ❝✮ s✬✐♥tér❡ss❡ ❛✉ ❝❤♦✐① ❞✉
♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❞❛♥s ❧❡s ♠é❧❛♥❣❡s ❞❡ ♠é❧❛♥❣❡✳ ❉❛♥s ❧❛ ❙❡❝t✐♦♥ ❞✮✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡
✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❢♦✉r♥✐ss❛♥t ✉♥ ❛❣❡♥❝❡♠❡♥t ❞❡s ❝♦♠♣♦s❛♥ts ❞❛♥s ❝❤❛q✉❡
❣r♦✉♣❡✳ ❈❡tt❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ❡st r❡q✉✐s❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ❡st✐♠❛t❡✉rs✳ ❊♥✜♥✱ ❧❛ ❙❡❝t✐♦♥
❡✮ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ♣♦✉r é✈❛❧✉❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❝r✐tèr❡s ❞❡ sé✲
❧❡❝t✐♦♥ ❞é✜♥✐s ❙❡❝t✐♦♥ ❝✮ ❡t ♣♦✉r ❝♦♠♣❛r❡r ❧❡s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ✐♥tr♦❞✉✐ts ❙❡❝t✐♦♥ ❞✮✳

❛✮ ▼♦❞è❧❡

❙♦✐❡♥t {Xt}1,...,n ❧❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s✱ ♦ù Xt ∈ ❘d✳ ❖♥ ♥♦t❡ {Zt} ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✱
♣r❡♥❛♥t s❡s ✈❛❧❡✉rs ❞❛♥s {1, ..., K}✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s {Xt} s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❝♦♥❞✐t✐♦♥✲
♥❡❧❧❡♠❡♥t à Z✱ ❞❡ ❧♦✐ ❞✬é♠✐ss✐♦♥ ψk ✭k = 1, ..., K✮ ✿

Xt|Zt = k ∼ ψk . ✭✸✳✹✮

▲❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ψk ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ét❛♥t ❡❧❧❡✲♠ê♠❡ ✉♥ ♠é❧❛♥❣❡ ❞❡ Lk ❞✐str✐❜✉t✐♦♥s
♣❛r❛♠étr✐q✉❡s ✿

ψk =

Lk∑

ℓ=1

ηkℓf(.; θkℓ), ✭✸✳✺✮

♦ù ηkℓ ❡st ❧❛ ♣r♦♣♦rt✐♦♥ ❞✉ ℓ✲✐è♠❡ ❝♦♠♣♦s❛♥t ❞✉ ❣r♦✉♣❡ k ✭∀ℓ ∈ {1, ..., Lk}✱ 0 < ηkℓ < 1
❡t
∑

ℓ ηkℓ = 1✮ ❡t Lk ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ❞✉ ❣r♦✉♣❡ k✳ ❖♥ ♥♦t❡ L ❧❡ ♥♦♠❜r❡ ❞❡
❝♦♠♣♦s❛♥ts ❞✉ ♠♦❞è❧❡ ❡t

∑K
k=1 Lk = L✳

✶❯▼❘ ❆❣r♦P❛r✐s❚❡❝❤✴■◆❘❆ ▼■❆ ✺✶✽

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✻✵ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

◆♦t♦♥s q✉❡ ❝❡ ♠♦❞è❧❡ ♣❡✉t êtr❡ é❝r✐t ❞❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ✉♥❡
s❡❝♦♥❞❡ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ {Wt} ♣r❡♥❛♥t s❡s ✈❛❧❡✉rs ❞❛♥s {1, ..., L}✱ ❡t ❛✈❡❝ ✉♥❡ ❞✐str✐❜✉t✐♦♥
♣❛r❛♠étr✐q✉❡ st❛♥❞❛r❞ ✭❣❛✉ss✐❡♥♥❡✮ ❝♦♠♠❡ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✿

∀ t, Xt|Wtkℓ = 1 ∼ f(.; θkℓ) .

❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❍▼▼✱ ❧❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s Z ❡t W s♦♥t ❞❡✉① ❝❤❛î♥❡s ❞❡
▼❛r❦♦✈ ❡♠❜♦îté❡s✳ ▲❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ {Zt} ❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞❡ ❞✐str✐❜✉t✐♦♥
st❛t✐♦♥♥❛✐r❡ m q✉✐ ♣r❡♥❞ s❡s ✈❛❧❡✉rs ❞❛♥s ❧✬❡♥s❡♠❜❧❡ {1, ..., K} t❛♥❞✐s q✉❡ {Wt} ❡st ✉♥❡
❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ q✉✐ ♣r❡♥❞ s❡s ✈❛❧❡✉rs ❞❛♥s {1, ..., L}✳ ▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ W ✱
♥♦té❡ Ω = {ωk,ℓ;k′,ℓ′} ❛✈❡❝ (k, k′) ∈ {1, ..., K}2 ❡t (ℓ, ℓ′) ∈ {1, ..., Lk}2 ❡st ❝♦♥tr❛✐♥t❡ t❡❧❧❡
q✉❡ ✿

ωk,ℓ;k′,ℓ′ = πk,k′ηk′ℓ′ , ✭✸✳✻✮

♦ù π ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ Z✳▲❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❡st ✿
Θ = (Π,m, {ηkℓ}k,ℓ, {θkℓ}k,ℓ)✳
❈❡ ♠♦❞è❧❡ ♥✬❡st ❛❝t✉❡❧❧❡♠❡♥t ♣❛s ❞é✜♥✐ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬❛♥♥♦t❛t✐♦♥ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡
❞❛♥s ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ❞❡✉① ❛♣♣r♦❝❤❡s ❞✐✛ér❡♥t❡s s♦♥t ❡♥✈✐s❛❣é❡s ✿ ❧✬✉♥❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡
❝♦❧✐♥é❛r✐té ❞❡s ❝♦♠♣♦s❛♥ts ❞❛♥s ❧❡s ❣r♦✉♣❡s✱ ❡t ❧✬❛✉tr❡ ♣❧✉s ❣é♥ér❛❧❡✱ s❛♥s ❝♦♥tr❛✐♥t❡s s✉r
❧❡s ❝♦♠♣♦s❛♥ts✳

▼♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ ▲❡ ♣r❡♠✐❡r ♠♦❞è❧❡ ♣r♦♣♦sé ❡st s✐♠✐❧❛✐r❡
à ❝❡❧✉✐ ♣rés❡♥té ❙❡❝t✐♦♥ ✷✳✷✱ ♠❛✐s ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡ ❡st ✉♥ ♠é❧❛♥❣❡
❞❡ ❣❛✉ss✐❡♥♥❡s ❛✉ ❧✐❡✉ ❞✬✉♥❡ ✉♥✐q✉❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡✳ ❈❡ ♠♦❞è❧❡ ❡st ❞é✈❡❧♦♣♣é
♣♦✉r ✉♥ ♥♦♠❜r❡ ✜①❡ ❞❡ ❣r♦✉♣❡s K = 4✱ ♦ù ❧❡s q✉❛tr❡ ❣r♦✉♣❡s s♦♥t ❝❡✉① ♣rés❡♥tés
❙❡❝t✐♦♥ ✷✳✷ ✿ ❣r♦✉♣❡ ❜r✉✐t✱ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✱ ❡t ❞❡✉① ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és
✭♥♦tés r❡s♣❡❝t✐✈❡♠❡♥t ❣r♦✉♣❡s ✶✱ ✷✱ ✸ ❡t ✹✮✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s tr♦✐s ❛①❡s ∆2✱ ∆3 ❡t ∆4

❝♦rr❡s♣♦♥❞❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉ ❣r❛♥❞ ❛①❡ ❞❡s ❣r♦✉♣❡s ✷✱ ✸ ❡t ✹✱ ❡t ❝♦♥❝♦✉r❛♥ts ❛✉
❜❛r②❝❡♥tr❡ ❞✉ ❣r♦✉♣❡ ❜r✉✐t✳ ▲❡s ❝♦♠♣♦s❛♥ts ❣❛✉ss✐❡♥s ❞✉ ❣r♦✉♣❡ k s♦♥t ❝♦♥tr❛✐♥ts à êtr❡
❝♦❧✐♥é❛✐r❡s ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ∆k ♣♦✉r k = 2, 3, 4 ✭❝❢ ❋✐❣✉r❡ ✸✳✶✵✮✳

❙♦✐t Xt = (X1t, X2t) ❧❡s ❧♦❣✲✐♥t❡♥s✐tés ❞❡ ❧❛ s♦♥❞❡ t✳
• ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st ✉♥ ❣r♦✉♣❡ ♣❛rt✐❝✉❧✐❡r✱ ❝♦♥s✐❞éré ❝✐r❝✉❧❛✐r❡ ❡t r❡♣rés❡♥té ♣❛r ✉♥❡

❣❛✉ss✐❡♥♥❡ s♣❤ér✐q✉❡ ✿

Xt|Zt = 1 ∼ N
((

µ1
1

µ2
1

)
, σ2I2

)
.

• ▲❡s tr♦✐s ❛✉tr❡s ❣r♦✉♣❡s s♦♥t ❝❤❛❝✉♥ r❡♣rés❡♥tés ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ❣❛✉ss✐❡♥♥❡s✳
▲❛ ♣r♦❥❡❝t✐♦♥ ❞❡s ❞♦♥♥é❡s s✉r ❧❡s ❛①❡s ∆k ♥♦✉s ♣❡r♠❡t ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ♠é✲
❧❛♥❣❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ ❙♦✐❡♥t (Utk, Vtk) ❧❡s ❝♦♦r❞♦♥♥é❡s ❞❡ (X1t, X2t) ❞❛♥s ❧❡ r❡✲
♣èr❡ (∆k,∆

⊥
k )✳ ❖♥ ❝♦♥s✐❞èr❡ ✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❧❡ ❧♦♥❣ ❞❡ ❝❤❛q✉❡

❛①❡ ∆k ❡t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ✉♥✐q✉❡ ♣♦✉r t♦✉s ❧❡s ❝♦♠♣♦s❛♥ts s❡❧♦♥ ∆⊥
k ✿

(Vtk|Zt = k) ∼ N (0, σ2) ❡t (Utk|Zt = k) ∼ ψk ,

♦ù ψk ❡st ❞é✜♥✐ ❝♦♠♠❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✺✮✱ ❛✈❡❝ ηkℓ ❡st ❧❛ ♣r♦♣♦rt✐♦♥ ❞✉ ℓ✲✐è♠❡
❝♦♠♣♦s❛♥t ❞✉ ♠é❧❛♥❣❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ k ❡t f(.; θkℓ) ∼ N (µkl, σ

2
kl) .

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✻✶

❋✐❣✳ ✸✳✶✵✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s ♠é❧❛♥❣❡s ❞❡ ❣❛✉ss✐❡♥♥❡s ❞❛♥s ❝❤❛q✉❡ ❣r♦✉♣❡✱
❧❡ ❧♦♥❣ ❞❡s tr♦✐s ❛①❡s✳

▼♦❞è❧❡ s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ ▲❡ s❡❝♦♥❞ ♠♦❞è❧❡ ♣r♦♣♦sé ❡st ✉♥ ♠♦❞è❧❡
s❛♥s ❝♦♥tr❛✐♥t❡s ♣❛rt✐❝✉❧✐èr❡s s✉r ❧❡s ❝♦♠♣♦s❛♥ts✳ ❈❤❛q✉❡ ❝♦♠♣♦s❛♥t ❡st ❞✐str✐❜✉é s❡❧♦♥
✉♥❡ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ s♣❤ér✐q✉❡✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ ❡st s✉♣♣♦sé❡ ✐❞❡♥t✐q✉❡
♣♦✉r t♦✉s ❧❡s ❝♦♠♣♦s❛♥ts ✭❝❢ ❋✐❣✉r❡ ✸✳✶✶✮✳ ❈❡ ♠♦❞è❧❡ ❡st ♣❧✉s ❣é♥ér❛❧ q✉❡ ❧❡ ♣ré❝é❞❡♥t✱
❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✜①é é❣❛❧ à 4✳

❋✐❣✳ ✸✳✶✶✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s ❝♦♠♣♦s❛♥ts ❣❛✉ss✐❡♥s s♣❤ér✐q✉❡s s❛♥s
❝♦♥tr❛✐♥t❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✻✷ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❜✮ ■♥❢ér❡♥❝❡

▲✬✐♥❢ér❡♥❝❡ ♣❡✉t êtr❡ ré❛❧✐sé❡ ❛✈❡❝ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✳ ➚ ❧✬ét❛♣❡ ▼✱ ❧❡s ❡st✐♠❛t❡✉rs ❞❡s
♣❛r❛♠ètr❡s s♦♥t ♦❜t❡♥✉s ❡♥ ♠❛①✐♠✐s❛♥t ✿

❊ [logP (X,Z; Θ)|X] = ❊ [logP (Z; Θ)|X] + ❊ [logP (X|Z; Θ)|X] . ✭✸✳✼✮

▲❛ ♠❛①✐♠✐s❛t✐♦♥ ❞✉ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✼✮ ❡st ❝❧❛ss✐q✉❡ ❡t rés✉❧t❡ ❡♥ ❧✬❡s✲
t✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ✭❝❢✳ ❈❤❛♣✐tr❡ ✷✮✳ ❈♦♠♠❡
❧❡s ❧♦✐s ❞✬é♠✐ss✐♦♥ s♦♥t ❞❡s ♠é❧❛♥❣❡s✱ ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞✉ s❡❝♦♥❞ t❡r♠❡

❊ [logP (X|Z; Θ)|X] =
∑

t

∑

k

τtk log

[
∑

ℓ

ηkℓf(Xt; θkℓ)

]
✭✸✳✽✮

♥é❝❡ss✐t❡ ❞❡s ❝❛❧❝✉❧s s✉♣♣❧é♠❡♥t❛✐r❡s✳ ❉❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✽✮✱ τtk ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦s✲
t❡r✐♦r✐ q✉✬✉♥❡ ♦❜s❡r✈❛t✐♦♥ t ❛♣♣❛rt✐❡♥♥❡ ❛✉ ❣r♦✉♣❡ k✱ ❞é✜♥✐❡ ♣❛r P (Zt = k|X) ❡t ❡st
❡st✐♠é❡ à ❧✬ét❛♣❡ ❊✳
◆♦t♦♥s q✉❡ ♣♦✉r k ✜①é✱ ❧✬éq✉❛t✐♦♥ ✭✸✳✽✮ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈❡rs✐♦♥ ♣♦♥❞éré❡ ❞❡ ❧❛ ✈r❛✐s❡♠✲
❜❧❛♥❝❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ✐♥❞é♣❡♥❞❛♥t✳ ❖♥ ♣❡✉t ❞♦♥❝ ❛♣♣❧✐q✉❡r ✉♥❡ s❡❝♦♥❞❡ ❢♦✐s
❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡
{Wt}t q✉✐ ❢❛✐t ré❢ér❡♥❝❡ ❛✉ ❝♦♠♣♦s❛♥t ℓ ❞✉ ❣r♦✉♣❡ k t❡❧❧❡ q✉❡ ✿

(Wtk|Zt = k) ∼M(ηk)

♦ù ηk ❡st ❧❡ ✈❡❝t❡✉r (ηk1, ..., ηkLk
)✳

❖♥ ❛ ✿

❊ [logP (X|Z; Θ)|X] = ❊ [logP (X,W |Z; Θ)|X]− ❊ [logP (W |X,Z; Θ)|X] . ✭✸✳✾✮

P❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❝❧❛ss✐q✉❡ ✭❛✈❡❝ ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡✮✱ ❧❛ ♣r♦✲
♣r✐été ❢♦♥❞❛♠❡♥t❛❧❡ ét❛❜❧✐❡ ♣❛r ❉❡♠♣st❡r ❡t ❛❧✳ ✭✶✾✼✼✮ ✭❝❢✳ ❈❤❛♣✐tr❡ ✷✱ ❙❡❝t✐♦♥ ✸✳✶✮ ♣❡✉t
êtr❡ ❛♣♣❧✐q✉é❡ à ❧✬éq✉❛t✐♦♥ ✭✸✳✾✮✳ ▼❛①✐♠✐s❡r ❊ [logP (X|Z; Θ)|X] ❡♥ Θ r❡✈✐❡♥t ❞♦♥❝ à
♠❛①✐♠✐s❡r ✉♥✐q✉❡♠❡♥t ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❊ [logP (X,W |Z; Θ)|X]✱ ❡t ♦♥ ❛ ✿

❊ [logP (X,W |Z; Θ)|X] = ❊ [logP (X|W,Z; Θ)|X] + ❊ [logP (W |Z; Θ)|X]

=
∑

t

τtk
∑

ℓ

δtkℓ log f(Xt; θkℓ) +
∑

t

τtk
∑

ℓ

δtkℓ log ηkℓ✭✸✳✶✵✮

♦ù δtkℓ = ❊ [Wtkℓ = 1|Zt = k,Xt] .

▲❛ ♠ét❤♦❞❡ ❞✬✐♥❢ér❡♥❝❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ♣❛r❛♠étr✐q✉❡ st❛♥❞❛r❞ ♣❡✉t à ♣rés❡♥t
êtr❡ ❛♣♣❧✐q✉é❡ ♣♦✉r ❡st✐♠❡r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✶✵✮✳ ➚ ❧✬ét❛♣❡ ❊ ♦♥ ❛ ✿

δ̂tkℓ =
η̂kℓf(Xt; θ̂kℓ)∑Lk

ℓ=1 η̂kℓf(Xt; θ̂kℓ)
, ✭✸✳✶✶✮

❡t à ❧✬ét❛♣❡ ▼ ✿

η̂kℓ =

∑
t τ̂tkδ̂tkℓ∑

t τ̂tk
❡t θ̂kℓ = Argmax

θkℓ

∑

t

τ̂tk
∑

ℓ

δ̂tkℓ log f(Xt; θkℓ) . ✭✸✳✶✷✮

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✻✸

▼♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ ▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s s♣é❝✐✜q✉❡s
❛✉ ♠♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té s♦♥t ❞♦♥♥és ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ❝✐✲❞❡ss♦✉s✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❖♥ ♥♦t❡ ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ❞❡ ✶ à ✹✱ ♦ù ✶ ❡st ❧❡ ❣r♦✉♣❡ ❜r✉✐t✳
▲✬❡st✐♠❛t❡✉r ❞❡ µkℓ ✭♣♦✉r k = 2, 3, 4✮ ❡st ✿

µ̂kℓ =

∑
t τ̂tkδ̂tkℓUtk∑

t τ̂tkδ̂tkℓ

.

❖♥ ❛

µ̂1
1 =

∑
t τ̂t1X1t∑

t τ̂t1
❡t µ̂2

1 =

∑
t τ̂t1X2t∑

t τ̂t1
.

▲✬❡st✐♠❛t❡✉r ❞❡ σ2
kℓ ✭♣♦✉r k = 2, 3, 4✮ ❡st ✿

σ̂2
kℓ =

∑
t τ̂tkδ̂tkℓ(Utk − µ̂kℓ)

2

∑
t τ̂tkδ̂tkℓ

.

▲✬❡st✐♠❛t❡✉r ❞❡ σ2 ❡st ✿

σ̂2 =

∑
t τ̂t1(X1t − µ̂1

1)
2 +

∑
t τ̂t1(X2t − µ̂2

1)
2 +

∑4
k=2

∑Lk

ℓ=1

∑
t τ̂tkδ̂tkℓV

2
tk∑

t τ̂t1 +
∑

t τ̂t1 +
∑4

k=2

∑Lk

ℓ=1

∑
t τ̂tkδ̂tkℓ

.

❙♦✐t ∆k ❧❛ ❞r♦✐t❡ ❞❡ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r ~dk = (dk,
√

1− d2
k) r❡♣rés❡♥t❛♥t ❧❡ ❣r❛♥❞ ❛①❡ ❞✉

❣r♦✉♣❡ k✳ ▲✬❡st✐♠❛t❡✉r ❞❡ ∆k ✭♣♦✉r k = 2, 3, 4✮ ❡st ❞♦♥♥é ♣❛r ✿

d̂k = ❆r❣♠✐♥(Q̂2 + Q̂3) ,

♦ù

Q̂2 =
4∑

k=2

Lk∑

ℓ=1

∑

t

τ̂tkδ̂tkℓ log f(Utk; µ̂kℓ, σ̂
2
kℓ) ,

Q̂3 =
4∑

k=2

Lk∑

ℓ=1

∑

t

τ̂tkδ̂tkℓ log f(Vtk; 0, σ̂
2)+
∑

t

τ̂t1 log f(X1t; µ̂
1
1, σ̂

2)+
∑

t

τ̂t1 log f(X2t; µ̂
2
1, σ̂

2) .

▲❡s ❞ét❛✐❧s ❞❡s ❝❛❧❝✉❧s ❞❡s ❡st✐♠❛t❡✉rs s♦♥t ❞♦♥♥és ❡♥ ❆♥♥❡①❡ ✸✳✷✳
❈❡ ♠♦❞è❧❡ ❡st ✐❧❧✉stré s✉r ❞❡s ❞♦♥♥é❡s ré❡❧❧❡s✱ ❡t ❧❡s ❛❥✉st❡♠❡♥ts ❞❡s ❞❡♥s✐tés s✉r
❧❡s ❤✐st♦❣r❛♠♠❡s ❞❡ ❧❛ ❋✐❣✉r❡ ✸✳✾ s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ❙❡❝t✐♦♥ ✸✳✸✳ ▲❡
❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡ ❛✐♥s✐ q✉❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ✈❛r✐❛♥❝❡ rés✐✲
❞✉❡❧❧❡ σ2 ✐❞❡♥t✐q✉❡ ❞❛♥s t♦✉s ❧❡s ❣r♦✉♣❡s s♦♥t ❛✉ss✐ ❞✐s❝✉tés ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ❙❡❝t✐♦♥ ✸✳✸✳

▼♦❞è❧❡ s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ ▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡
s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té s♦♥t ❝❡✉① ❞é✜♥✐s ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✸✳✶✶✮ ❡t ✭✸✳✶✷✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✻✹ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

❝✮ ❙é❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K ♦✉ ❞✉ ♥♦♠❜r❡
❞❡ ❝♦♠♣♦s❛♥ts L q✉✐ ❡st s♦✉✈❡♥t ✐♥❝♦♥♥✉ ❡♥ ♣r❛t✐q✉❡✳ ◆♦✉s ✐♥tr♦❞✉✐s♦♥s tr♦✐s ❝r✐tèr❡s
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣é♥❛❧✐sé❡ ♣♦✉r ❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✱ ❛❞❛♣tés ❛✉ ❝♦♥t❡①t❡ ❞❡s
❍▼▼ ❧♦rsq✉❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ✭❞é✜♥✐❡ éq✉❛t✐♦♥ ✭✸✳✺✮✮✳

▲♦rsq✉✬✉♥ ❣r♦✉♣❡ ❡st ❝❛r❛❝tér✐sé ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ❝♦♠♣♦s❛♥ts✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
t②♣❡ ❇■❈ ♣♦✉r ❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❡st ✿

BIC(K,L) = logP (X; Θ̂K,L)− νK,L

2
log(n), ✭✸✳✶✸✮

♦ù νK,L ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♠♦❞è❧❡ à K ❣r♦✉♣❡s ❡t L ❝♦♠♣♦s❛♥ts✳
❈♦♥❝❡r♥❛♥t ❧❡ ❝r✐tèr❡ ■❈▲✱ ❞❡✉① ❛♣♣r♦❝❤❡s s♦♥t ❡♥✈✐s❛❣❡❛❜❧❡s✳ ▲❛ ♣❧✉s s✐♠♣❧❡ ❡st ❞❡ ❧❡
❞é✜♥✐r à ♣❛rt✐r ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ W ✳

ICLW (K,L) = logP (X,Z,W ; Θ̂K,L)− ❊Z|X [H(W |Z,X)]−H(Z|X)− νK,L

2
log(n)✭✸✳✶✹✮

❈❡♣❡♥❞❛♥t✱ ❧❛ ❢♦r♠✉❧❡ ❞✉ ❝r✐tèr❡ ICLW ❞é✜♥✐❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✶✹✮ ❡st ❢♦♥❞é❡ ✉♥✐q✉❡✲
♠❡♥t s✉r ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ W s❡ ré❢ér❛♥t ❛✉① ❝♦♠♣♦s❛♥ts ❡t ♥♦♥ ❛✉① ❣r♦✉♣❡s✳ ▲✬♦❜❥❡❝t✐❢
♣r✐♥❝✐♣❛❧ ét❛♥t ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✱ ♥♦✉s ❞é✜♥✐ss♦♥s ✉♥ ❛✉tr❡ ❝r✐tèr❡✱ ♥♦té
ICLZ(K)✱ ❢♦♥❞é s✉r ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❝♦♠♣❧èt❡ ✐♥té❣ré❡ P (X,Z|Θ) ✿

ICLZ(K,L) = logP (X,Z; Θ̂K,L)−H(Z|X)− νK,L

2
log(n) . ✭✸✳✶✺✮

▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ICLW ❡t ICLZ ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡♥✲
tr♦♣✐❡s HW ❡t HZ ✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❡st✐♠é ♣❛r ICLW ❛ t❡♥❞❛♥❝❡ à êtr❡ ♣❧✉s ❣r❛♥❞
q✉❡ ❝❡❧✉✐ ❡st✐♠é ♣❛r ICLZ ✳
❉❛♥s ❧❡ ❝❛s ✐♥❞é♣❡♥❞❛♥t✱ BIC ❡t ICLW s♦♥t ❝♦♥st❛♥ts q✉❡❧ q✉❡ s♦✐t ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s
✭❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ L ❡t ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡ r❡st❡
t♦✉❥♦✉rs ❧❛ ♠ê♠❡✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ❝r✐tèr❡ ICLZ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✳
❆✐♥s✐✱ ❛✉❝✉♥ ❞❡ ❝❡s ❝r✐tèr❡s ♥❡ ♣❡✉t êtr❡ ✉t✐❧✐sé ♣♦✉r ❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❞❛♥s
❧❡ ❝❛s ✐♥❞é♣❡♥❞❛♥t✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❍▼▼✱ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ✈❛r✐❡ ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ νK,L ❞é♣❡♥❞ ❞❡ K ❡t L✱ ❧❡ ♥♦♠❜r❡ ❞❡
♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✬✉♥ ❍▼▼ à K ét❛ts ❞✐✛èr❡ ❞❡ ❝❡❧✉✐ ❞✬✉♥ ❍▼▼ à K−1 ét❛ts✳ ▲❡s tr♦✐s
❝r✐tèr❡s ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ ❛♣♣❧✐q✉és ♣♦✉r ❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✳

❞✮ ■♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

▲✬✐♥❢ér❡♥❝❡ ❞✉ ♠♦❞è❧❡✱ ♣rés❡♥té❡ ❙❡❝t✐♦♥ ❜✮✱ r❡q✉✐❡rt ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛❣❡♥❝❡♠❡♥t
❞❡s ❝♦♠♣♦s❛♥ts ❞❛♥s ❝❤❛q✉❡ ❣r♦✉♣❡✳

▼♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ P♦✉r ❧❡ ♠♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡
❝♦❧✐♥é❛r✐té✱ ❝❡t ❛❣❡♥❝❡♠❡♥t ❡st ❝♦♥♥✉ ✈✐❛ ❧❡s ❝♦♥tr❛✐♥t❡s ✐♠♣♦sé❡s ❞❛♥s ❧❡ ♠♦❞è❧❡✳
▲✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❡st ❞ét❡r♠✐♥é❡ à ❧✬❛✐❞❡ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❧❡
♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ♣rés❡♥té ❙❡❝t✐♦♥ ✷✳✷✳

▼♦❞è❧❡ s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té✳ P♦✉r ❧❡ ♠♦❞è❧❡ s❛♥s ❝♦♥tr❛✐♥t❡s✱ ❝❡tt❡
ét❛♣❡ ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❡st ❢♦♥❞❛♠❡♥t❛❧❡✳ ❊♥ ❡✛❡t✱ ❧❡s ❝♦♠♣♦s❛♥ts ♥❡ s♦♥t ♣❛s ❞é✜♥✐s ♣❛r
r❛♣♣♦rt à ✉♥ ❣r♦✉♣❡✳ ▲✬✐❞é❡ ♥❛t✉r❡❧❧❡ ❞❡ t❡st❡r t♦✉s ❧❡s r❡❣r♦✉♣❡♠❡♥ts ♣♦ss✐❜❧❡s ❞❡s
❝♦♠♣♦s❛♥ts ♥✬❡st ♣❛s ré❛❧✐s❛❜❧❡ ❝❛r ❡❧❧❡ ❝♦♥❞✉✐t à ✉♥❡ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡ tr♦♣

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✻✺

é❧❡✈é❡✳ ❈❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝♦♠♣♦s❛♥ts ❛ s✉s❝✐té ✉♥ ❝❡rt❛✐♥ ✐♥térêt✳ ❉❛♥s
❧❡ ❝❛s ✐♥❞é♣❡♥❞❛♥t✱ ❚❛♥tr✉♠ ❡t ▼✉r✉❛ ✭✷✵✵✸✮ ♦♥t ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❤✐ér❛r❝❤✐q✉❡
❞❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝♦♠♣♦s❛♥ts ❣❛✉ss✐❡♥s ❢♦♥❞é❡ s✉r ✉♥ ❝r✐tèr❡ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❉❡✉①
❝♦♠♣♦s❛♥ts s♦♥t ❢✉s✐♦♥♥és s✐ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❡✉r ❝♦♠❜✐♥❛✐s♦♥ s✉r ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡st ❧❛
♣❧✉s ❢❛✐❜❧❡✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡ ♠é❧❛♥❣❡ ❞❡s ❞❡✉① ❝♦♠♣♦s❛♥ts ❡st ❛❥✉sté s❡❧♦♥ ✉♥❡ ✉♥✐q✉❡
❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞♦♥t ❧❡s ♣❛r❛♠ètr❡s s♦♥t ♦❜t❡♥✉s à ♣❛rt✐r ❞❡ ❝❡s ❞❡✉① ❝♦♠♣♦s❛♥ts✳
▲✐ ✭✷✵✵✺✮ ❛ ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ♥♦♥✲❤✐ér❛r❝❤✐q✉❡ ❢♦♥❞é❡ s✉r ❧✬❛♣♣r♦❝❤❡ ❞❡s k✲♠❡❛♥s✳
❈❡tt❡ ♠ét❤♦❞❡ s✉♣♣♦s❡ ✐♠♣❧✐❝✐t❡♠❡♥t q✉❡ ❧❡s ❝♦♠♣♦s❛♥ts s♦♥t ❞❡ ❢♦r♠❡ s♣❤ér✐q✉❡ ❡t
❡st ❞♦♥❝ s♦✉s ♦♣t✐♠❛❧❡ ♣♦✉r ❞✬❛✉tr❡s ❢♦r♠❡s ❞❡ ❞✐str✐❜✉t✐♦♥✳ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ♦♥t
♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❤✐ér❛r❝❤✐q✉❡ ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ❣r♦✉♣❡s à
♣❛rt✐r ❞❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❞✬❡♥tr♦♣✐❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❞❡♥s✐té rés✉❧t❛♥t ❞❡
❝❤❛q✉❡ ❣r♦✉♣❡ ❡st ❞é✜♥✐❡ ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❝♦♥❞✉✐t à ✉♥❡
♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉① ❛✉tr❡s ♠ét❤♦❞❡s✱
❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ♥❡ s❡ ❝♦♥❝❡♥tr❡♥t ♣❛s ✉♥✐q✉❡♠❡♥t s✉r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✱ ♠❛✐s ❛✉ss✐
s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❡s ♠ét❤♦❞❡s ❞✬❛♣♣❛r✐❡♠❡♥t ❞❡s
❝♦♠♣♦s❛♥ts ❞❛♥s ❧❡ ❝❛s ❣❛✉ss✐❡♥ ✐♥❞é♣❡♥❞❛♥t✱ ✈♦✐r ❍❡♥♥✐❣ ✭✷✵✶✵✮✳

▲❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❡st ❞é✜♥✐❡ ❞❛♥s ❧❡ ❝❛s ❞✬♦❜s❡r✈❛t✐♦♥s
✐♥❞é♣❡♥❞❛♥t❡s✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬ét❡♥❞r❡ ❝❡tt❡ ♠ét❤♦❞❡ s♦✉s ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡
♠❛r❦♦✈✐❡♥♥❡✳ ◆♦✉s ♣rés❡♥t♦♥s ❞♦♥❝ ✉♥❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❢♦✉r♥✐ss❛♥t ✉♥
❛❣❡♥❝❡♠❡♥t ❞❡s K ❣r♦✉♣❡s ❧♦❝❛❧❡♠❡♥t ♦♣t✐♠❛❧✱ à ♣❛rt✐r ❞✬✉♥ ♣r♦❝é❞é ❤✐ér❛r❝❤✐q✉❡✳ ❈❡tt❡
✐♥✐t✐❛❧✐s❛t✐♦♥ ❝♦♥s✐st❡ à ❢✉s✐♦♥♥❡r ❧❡s L ❝♦♠♣♦s❛♥ts ❡♥ K ❣r♦✉♣❡s✳ ➚ ❝❤❛q✉❡ ét❛♣❡ ❞✉
♣r♦❝❡ss✉s ❤✐ér❛r❝❤✐q✉❡✱ ❧❡s ❝♦♠♣♦s❛♥ts i ❡t j ❧❡s ♣❧✉s ♣❡rt✐♥❡♥ts s♦♥t sé❧❡❝t✐♦♥♥és ♣♦✉r
êtr❡ ❛♣♣❛r✐és✳ ❈❡❧❛ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ ♦♣t✐♠✉♠ ❧♦❝❛❧ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s❡ ♣❧❛❝❡ à ❧✬✐tér❛t✐♦♥ G ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❛s❝❡♥❞❛♥t❡ ✿
❧❡ ♠♦❞è❧❡ ❛ été ré❞✉✐t ❞❡ L à G ❣r♦✉♣❡s ❡t ❧✬♦❜❥❡❝t✐❢ ❡st ♠❛✐♥t❡♥❛♥t ❞✬♦❜t❡♥✐r ❧❛ ♠❡✐❧❧❡✉r❡
❝♦♠❜✐♥❛✐s♦♥ ❡♥ G− 1 ❣r♦✉♣❡s✳
▲❡ t❡r♠❡ ✏❝♦♠♣♦s❛♥t✑ s❡ ré❢èr❡ ✐♥❞✐✛ér❡♠♠❡♥t à ✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❞❡ ❞✐str✐❜✉✲
t✐♦♥s f ✭❛✉❝✉♥ ❛♣♣❛r✐❡♠❡♥t✮ ♦✉ ψ ✭❛✉ ♠♦✐♥s ✉♥ ❛♣♣❛r✐❡♠❡♥t✮✳

▲❛ ❞é✜♥✐t✐♦♥ ❞✉ ♠♦❞è❧❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❍▼▼ ✭❙❡❝t✐♦♥ ❛✮✮ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r tr♦✐s
❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ❞✐✛ér❡♥ts ❢♦♥❞és r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ X✱ ❞❡
X,W ❡t ❞❡ X,Z✳ ▲❡s tr♦✐s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t s♦♥t ❞é✜♥✐s ♣❛r ✿

∇1
ij = ❊

[
logP (X;G′i∪j)|X

]
, ∇2

ij = ❊
[
logP (X,W ;G′i∪j)|X

]
, ∇3

ij = ❊
[
logP (X,Z;G′i∪j)|X

]
.

✭✸✳✶✻✮

♦ù G′i∪j ❡st ❧❡ ♠♦❞è❧❡ à G − 1 ❣r♦✉♣❡s ♦❜t❡♥✉ ❡♥ ❝♦♠❜✐♥❛♥t ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥ts i ❡t j
❞✉ ♠♦❞è❧❡ à G ❣r♦✉♣❡s✳
▲❡s ❞❡✉① ❝♦♠♣♦s❛♥ts i ❡t j ❛♣♣❛r✐és s♦♥t ❝❡✉① ♠❛①✐♠✐s❛♥t ❧✬✉♥ ❞❡s ❝r✐tèr❡s ∇kℓ ✿

(i, j) = Argmax
k,ℓ∈{1,...,G}2

∇kℓ . ✭✸✳✶✼✮

◆♦t♦♥s q✉❡ ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ∇ ♣❡✉t êtr❡ ❞é✜♥✐❡ ❞❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ à ❧✬❛✐❞❡ ❞❡s
❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ✿

Argmax
i,j∈{1,...,G}2

∇1
ij = Argmin

i,j∈{1,...,G}2

[
BIC(G)−BIC(G′i∪j)

]
,

Argmax
i,j∈{1,...,G}2

∇2
ij = Argmin

i,j∈{1,...,G}2

[
ICLW (G)− ICLW (G′i∪j)

]
,

Argmax
i,j∈{1,...,G}2

∇3
ij = Argmin

i,j∈{1,...,G}2

[
ICLZ(G)− ICLZ(G′i∪j)

]
.

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✻✻ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

▲♦rsq✉✬✉♥ ♥♦✉✈❡❛✉ ❝♦♠♣♦s❛♥t i′ ❡st ❢♦r♠é à ♣❛rt✐r ❞❡ ❧❛ ré✉♥✐♦♥ ❞❡s ❞❡✉① ❝♦♠♣♦s❛♥ts
i ❡t j✱ ✉♥ ♠♦❞è❧❡ à G − 1 ❣r♦✉♣❡s ❡st ♦❜t❡♥✉✱ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❞❡♥s✐té ❞✉ ❣r♦✉♣❡ i′ ❡st ❧❡
♠é❧❛♥❣❡ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡s ❝♦♠♣♦s❛♥ts i ❡t j✳
❉❛♥s ❧❡ ♠♦❞è❧❡ à G − 1 ❣r♦✉♣❡s✱ ❧❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ♥❡ ❝♦rr❡s♣♦♥❞❡♥t ♣❛s à
❝❡✉① ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❈❡❝✐ s✬❡①♣❧✐q✉❡ ♣❛r ❧❡s ❝♦♥tr❛✐♥t❡s ❛♣♣❧✐q✉é❡s à ❧❛
♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ♣❡r♠❡tt❛♥t ❞❡ r❡st❡r ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❍▼▼ à ❝❤❛q✉❡ ét❛♣❡✳ ❆✜♥
❞✬❛♣♣r♦❝❤❡r ✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧✱ q✉❡❧q✉❡s ✐tér❛t✐♦♥s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ s♦♥t ❡✛❡❝t✉é❡s
♣♦✉r ♠❡ttr❡ à ❥♦✉r ❧❡s ♣❛r❛♠ètr❡s✳

▲✬❛❧❣♦r✐t❤♠❡ ❝✐✲❞❡ss♦✉s rés✉♠❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❝♦♠♣♦s❛♥ts ❞✬✉♥
❍▼▼✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❝r✐tèr❡ ❞✬❛♣♣❛r✐❡♠❡♥t ∇1 ❡t ❧❡ ❝r✐tèr❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡ ICLZ

❞é✜♥✐ ❞❛♥s ❧❛ s❡❝t✐♦♥ ❝✮✳ ▲❡s ❝r✐tèr❡s ∇1 ❡t ICLZ s❡♠❜❧❡♥t êtr❡ ❧❡s ♣❧✉s ❛♣♣r♦♣r✐és ❞✬❛♣rès
❧✬ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❙❡❝t✐♦♥ ❡✮✳

❆❧❣♦r✐t❤♠❡✳

✶✳ ■♥❢ér❡r ✉♥ ❍▼▼ à L ❝♦♠♣♦s❛♥ts✳

✷✳ P♦✉r G = L,L− 1, ..., 1
• ❙é❧❡❝t✐♦♥♥❡r ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥ts i ❡t j à ❝♦♠❜✐♥❡r t❡❧s q✉❡ ✿

(i, j) = Argmax
k,ℓ∈{1,...,G}2

∇1
kℓ,

• ❖♥ ♦❜t✐❡♥t ✉♥ ♠♦❞è❧❡ à G − 1 ❣r♦✉♣❡s ♦ù ❧❛ ❞❡♥s✐té ❞✉ ❝♦♠♣♦s❛♥t i′ ❡st ❛❥✉sté❡
♣❛r ❧❡ ♠é❧❛♥❣❡ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡s ❝♦♠♣♦s❛♥ts i ❡t j✳

• ▼❡ttr❡ à ❥♦✉r ❧❡s ♣❛r❛♠ètr❡s ❛✈❡❝ q✉❡❧q✉❡s ✐tér❛t✐♦♥s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

✸✳ ❙é❧❡❝t✐♦♥♥❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K̂ ✿

K̂ = Argmax
ℓ∈{L,...,1}

ICLZ(ℓ)

◆♦t♦♥s q✉❡ ❝❡tt❡ ♣r♦❝é❞✉r❡ ♥é❝❡ss✐t❡ ✉♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ✐♠♣♦rt❛♥t ❞❡ ♣❛r ❧✬✐♠♣❧é✲
♠❡♥t❛t✐♦♥ ❞❡s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ✐♠♣❧✐q✉❛♥t ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡✱
❛✐♥s✐ q✉✬à ❝❛✉s❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♠♦❞è❧❡s ❝♦♥s✐❞érés ❞❛♥s ❧❛ ♣r♦❝é❞✉r❡ ❤✐ér❛r❝❤✐q✉❡ q✉✐
✈❛✉t

∑L
k=K k(k − 1)/2✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛❝t✉❡❧❧❡♠❡♥t à ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❝❡ t❡♠♣s

❞❡ ❝❛❧❝✉❧✳ ❯♥❡ s♦❧✉t✐♦♥ ❝♦♥s✐st❡ à ré❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡s ♠♦❞è❧❡s à ❡①♣❧♦r❡r ❡♥ ✉t✐❧✐s❛♥t ✉♥
❝r✐tèr❡ ❞✬é❧❛❣❛❣❡ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r ✉♥✐q✉❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥ts ❧❡s ♣❧✉s ♣❡rt✐♥❡♥ts
✭❝❡ ♣♦✐♥t ❡st ❞✐s❝✉té ♣❧✉s ❡♥ ❞ét❛✐❧ ❡♥ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✻✼

❡✮ ➱t✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥✳

❉❛♥s ❝❡ ♣❛r❛❣r❛♣❤❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ q✉✐ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡s
♣❡r❢♦r♠❛♥❝❡s ❞❡s ❞✐✛ér❡♥ts ❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ BIC✱ ICLW ❡t ICLZ ✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s
♣❡r❢♦r♠❛♥❝❡s ❞❡s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ❞❡ ❝♦♠♣♦s❛♥ts ∇1✱ ∇2 ❡t ∇3 s♦♥t ❝♦♠♣❛ré❡s✱ ❡t
❝❡tt❡ ét✉❞❡ ❝♦♥s✐st❡ ❛✉ss✐ ❡♥ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❝r✐tèr❡s
❞❡ sé❧❡❝t✐♦♥ ❡t ❞✬❛♣♣❛r✐❡♠❡♥t✳ ❯♥ ❛✉tr❡ ♦❜❥❡❝t✐❢ ❞❡ ❧✬ét✉❞❡ ❡st ❞✬✐❧❧✉str❡r ❧✬❛✈❛♥t❛❣❡ ❞❡ ❧❛
♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s ❡♥ ❝♦♠♣❛r❛♥t ♥♦tr❡ ♠ét❤♦❞❡ à ❝❡❧❧❡
♣r♦♣♦sé❡ ♣❛r ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❞❛♥s ❧❡ ❝❛s ✐♥❞é♣❡♥❞❛♥t✳

▲❡ ♣❧❛♥ ❞❡ s✐♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞ à ❝❡❧✉✐ ét✉❞✐é ♣❛r ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❞❛♥s ❧❡q✉❡❧
✉♥❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡ ❛ été ❛❥♦✉té❡✳ P♦✉r ❝❡❧❛✱ ✉♥❡ ✈❛r✐❛❜❧❡ {Zt}t ❡st s✐♠✉❧é❡
s❡❧♦♥ ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ q✉✐ ♣r❡♥❞ s❡s ✈❛❧❡✉rs ❞❛♥s {1, ..., 4}✳ ▲❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st
✉♥❡ ❣❛✉ss✐❡♥♥❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ♣♦✉r ❧❡s ❞❡✉① ♣r❡♠✐❡rs ét❛ts ❡t ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞❡✉①
❣❛✉ss✐❡♥♥❡s ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ♣♦✉r ❧❡s ❞❡✉① ❛✉tr❡s✳ ■❧ ② ❛ ❞♦♥❝ s✐① ❝♦♠♣♦s❛♥ts ❛✉ t♦t❛❧ ❡t
s❡✉❧❡♠❡♥t q✉❛tr❡ ❣r♦✉♣❡s✳ ❆✜♥ ❞❡ ♠❡s✉r❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡✱ ♥♦✉s
❝♦♥s✐❞ér♦♥s q✉❛tr❡ ♠❛tr✐❝❡s ❞❡ tr❛♥s✐t✐♦♥ ❞✐✛ér❡♥t❡s t❡❧❧❡s q✉❡ ∀k ∈ {1, ..., 4}, P (Zt =
k|Zt−1 = k) = a✱ ❛✈❡❝ a ∈ {0.8, 0.7, 0.6, 0.5}✱ ❡t P (Zt = k′|Zt−1 = k) = (1− a)/3✳
P♦✉r ❝♦♥trô❧❡r ❧❛ ❞✐s♣❡rs✐♦♥ ❞❡s ❞♦♥♥é❡s✱ ✉♥ ♣❛r❛♠ètr❡ b ❡st ✐♥tr♦❞✉✐t ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡

✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ Σℓ ❞❡ ❧❛ ℓ✲✐è♠❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ t❡❧ q✉❡ Σℓ = b

(
σℓ1 σℓ12

σℓ12 σℓ2

)
✱

♦ù b ∈ {1, 3, 5, 7}✳ ▲❡s ❣r♦✉♣❡s s♦♥t ❜✐❡♥ sé♣❛rés s✐ b = 1 ✭❝❛s ❞❡ ❇❛✉❞r② ❡t ❛❧✳✱ ✷✵✶✵✮✱ ❡t
b = 7 ❝♦rr❡s♣♦♥❞ à ✉♥ ❢♦rt r❡❝♦✉✈r❡♠❡♥t ❞❡s ❣r♦✉♣❡s✳ ▲❛ ❋✐❣✉r❡ ✸✳✶✷ ♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡
❞❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s s✐♠✉❧é❡s ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ b✳

❋✐❣✳ ✸✳✶✷✿ ❊①❡♠♣❧❡ ❞❡ ❞♦♥♥é❡s s✐♠✉❧é❡s✳ ❍❛✉t ❣❛✉❝❤❡ ✿ b = 1✱ ❝❛s s✐♠♣❧❡✱ q✉✐ ❝♦rr❡s♣♦♥❞
à ❝❡❧✉✐ ét✉❞✐é ♣❛r ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❀ ❍❛✉t ❞r♦✐t ✿ b = 3 ❀ ❇❛s ❣❛✉❝❤❡ ✿ b = 5 ❀ ❇❛s ❞r♦✐t ✿

b = 7✳ ❈❤❛q✉❡ ❣r♦✉♣❡ ❡st r❡♣rés❡♥té ♣❛r ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ s②♠❜♦❧❡✴❝♦✉❧❡✉r✳

P♦✉r ❝❤❛❝✉♥❡ ❞❡s ✶✻ ❝♦♥✜❣✉r❛t✐♦♥s ♣♦ss✐❜❧❡s ❞✉ ❝♦✉♣❧❡ (a, b)✱ 100 ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡
t❛✐❧❧❡ n = 800 ♦♥t été s✐♠✉❧és✳ ▲❡ ♣❛❝❦❛❣❡ ▼❝❧✉st ✭❋r❛❧❡② ❡t ❘❛❢t❡r②✱ ✶✾✾✾✮ ❛ été ✉t✐❧✐sé
♣♦✉r ❡st✐♠❡r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳
✭✷✵✶✵✮✳ ▲✬✐♥❢ér❡♥❝❡ ❞✉ ❍▼▼ à L ét❛ts ❞❡ ♥♦tr❡ ♠ét❤♦❞❡ ❛ été ré❛❧✐sé❡ s♦✉s ❧✬❤②♣♦t❤ès❡
❞❡ ❞✐str✐❜✉t✐♦♥s s♣❤ér✐q✉❡s ♣♦✉r ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡✲

❝♦✈❛r✐❛♥❝❡ s✬é❝r✐t

(
σ2 0
0 σ2

)
✳ ❈❡tt❡ ♠❛tr✐❝❡ ❡st ❝♦♠♠✉♥❡ à t♦✉s ❧❡s ❝♦♠♣♦s❛♥ts✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✻✽ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

◆♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳
Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ét✉❞✐♦♥s ❧✬✐♥térêt ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ ❝♦♠♣❛✲
r❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❡t ♥♦tr❡ ❛♣♣r♦❝❤❡✳ P♦✉r ❝♦♠♣❛r❡r ❧❛ ♠ét❤♦❞❡
♣r♦♣♦sé❡ ❛✈❡❝ ❝❤❛❝✉♥ ❞❡s tr♦✐s ❝r✐tèr❡s ❡t ❧❛ ♠ét❤♦❞❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡
▼❙❊ ✭▼❡❛♥ ❙q✉❛r❡ ❊rr♦r ♦✉ ❊rr❡✉r ◗✉❛❞r❛t✐q✉❡ ▼♦②❡♥♥❡✮ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳
▲❡ ▼❙❊ é✈❛❧✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ❡st✐♠é❡ τ̂ (m) ❞✬✉♥❡ ♠ét❤♦❞❡
m ❛✈❡❝ ❧❛ ♣r♦❜❛❜✐❧✐té t❤é♦r✐q✉❡ τ (th) ✿

MSE(m) =
1

C

C∑

c=1

1

n

n∑

t=1

||τ̂ (m)
t − τ

(th)
t ||2 , ✭✸✳✶✽✮

♦ù C ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥é❡s✱ C = 100✳
P❧✉s ❧❡ ▼❙❊ ❡st ♣❡t✐t✱ ♣❧✉s ❧❛ ♠ét❤♦❞❡ ❡st ♣❡r❢♦r♠❛♥t❡✳
◆♦✉s é✈❛❧✉♦♥s ❡♥s✉✐t❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ∇1✱ ∇2 ❡t ∇3 ❡♥
t❡r♠❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❧✬❛✐❞❡ ❞✉ ▼❙❊✳ ❉✬❛✉tr❡ ♣❛rt✱ ét❛♥t ❞♦♥♥é q✉❡ ♥♦tr❡ ❜✉t ❡st
❞❡ ❝❧❛ss❡r ❧❡s ❞♦♥♥é❡s ❡♥ ✉♥ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❞♦♥♥é✱ ✉♥ ✐♥❞✐❝❛t❡✉r ✐♥tér❡ss❛♥t ❡st ❧❡
t❛✉① ❞❡ ❜♦♥♥❡ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❈❡ t❛✉① ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ❧❛ ❥✉st❡ss❡ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥
❡st✐♠é❡✳ ◆♦✉s ❝❛❧❝✉❧♦♥s ❝❡ t❛✉① ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ s✐♠✉❧❛t✐♦♥ ❞é❝r✐t❡s
♣ré❝é❞❡♠♠❡♥t✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ♦❜t❡♥✉❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ rè❣❧❡ ❞✉ ▼❆P ✭▼❛①✐♠✉♠ ❆
P♦st❡r✐♦r✐✮ s✉r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳
❊♥✜♥✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞✉ ❝r✐tèr❡ ❞❡ sé❧❡❝t✐♦♥ ❡t ❞✉ ❝r✐tèr❡
❞✬❛♣♣❛r✐❡♠❡♥t q✉✐ ❞♦♥♥❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✳

• ■♥térêt ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡✳
▲❛ ❋✐❣✉r❡ ✸✳✶✸ ♣rés❡♥t❡ ❧❡s ✈❛❧❡✉rs ❞✉ ▼❙❊ ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳
❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❢♦✉r♥✐t ❞❡ ❜♦♥s
rés✉❧t❛ts ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ❧❡s ❝♦♠♣♦s❛♥ts s♦♥t ❜✐❡♥ sé♣❛rés ✭b = 1✱ à ❣❛✉❝❤❡
❞❡ ❝❤❛q✉❡ ❣r❛♣❤✐q✉❡✮✳ ❈❡❝✐ ♣❡✉t✲êtr❡ ❡①♣❧✐q✉é ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡✉r ❝r✐tèr❡ ❞✬❛♣♣❛✲
r✐❡♠❡♥t ❞é♣❡♥❞ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♦♠étr✐q✉❡s ❞❡s ❝♦♠♣♦s❛♥ts✳
❉❛♥s ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣❧✉s ❝♦♠♣❧❡①❡s✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❡s ❝♦♠♣♦s❛♥ts s♦♥t
✐♠❜r✐q✉és✱ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❛♣♣♦rt❡ ✉♥ ❣❛✐♥ s✉r ❧✬❡st✐♠❛t✐♦♥
❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳ ❊♥ ❡✛❡t✱ ❧♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ b ❛✉❣♠❡♥t❡✱ ❧❛ ✈❛❧❡✉r
❞✉ ▼❙❊ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮ ❛✉❣♠❡♥t❡✱ ❛❧♦rs q✉❡ ❧❛ ♠ét❤♦❞❡ ♣r♦✲
♣♦sé❡ ✐❝✐ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❍▼▼ s❡♠❜❧❡ ♣❧✉s st❛❜❧❡ q✉❡❧ q✉❡ s♦✐t ❧❡ ❝r✐tèr❡ ✉t✐❧✐sé✳

• ➱t✉❞❡ ❞❡s ❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t✳
▲✬♦❜❥❡❝t✐❢ ❡st ❞❡ tr♦✉✈❡r ❧❡ ❝r✐tèr❡ ❞✬❛♣♣❛r✐❡♠❡♥t ♣❡r♠❡tt❛♥t ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♠❜✐✲
♥❛✐s♦♥ ❞❡s ❝♦♠♣♦s❛♥ts ❞✬✉♥ ❍▼▼✳ ❊♥ ét✉❞✐❛♥t ❧❡ ▼❙❊✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡s tr♦✐s
❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ♥❡ ❞♦♥♥❡♥t ♣❛s ❧❡s ♠ê♠❡s rés✉❧t❛ts ✭❝❢✳ ❋✐❣✉r❡ ✸✳✶✸✮✳ ▲❡ ❝r✐✲
tèr❡∇1 ❢♦✉r♥✐t ❧❡s ♠❡✐❧❧❡✉rs rés✉❧t❛ts ♣♦✉r ❧❛ ♣❧✉♣❛rt ❞❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s a ❡t
b✳ ❈❡❝✐ ♥✬❡st ♣❛s ét♦♥♥❛♥t ❝❛r ❧✬❛❧❣♦r✐t❤♠❡ ❤✐ér❛r❝❤✐q✉❡ ❛✈❡❝ ❧❡ ❝r✐tèr❡ ∇1 ❡t ❧✬❛❧❣♦✲
r✐t❤♠❡ ❊▼ ♠❛①✐♠✐s❡♥t t♦✉s ❧❡s ❞❡✉① ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡✳ ❆✐♥s✐✱ ♦♥ s✬❛tt❡♥❞
à ❝❡ q✉❡ ❧❡ ❝r✐tèr❡ ∇1 ❞♦♥♥❡ ❧❡s ♠❡✐❧❧❡✉r❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❝♦♠♣♦s❛♥ts✱ ❝♦♠♣❛ré❡s
❛✉① ❞❡✉① ❛✉tr❡s ❝r✐tèr❡s ♣r♦♣♦sés✳ ▲♦rsq✉❡ ❧❡s ❣r♦✉♣❡s s♦♥t ❜✐❡♥ sé♣❛rés✱ ❧❡s ❝r✐tèr❡s
∇3 ❡t ∇1 ♣r♦❞✉✐s❡♥t ❞❡s ❡st✐♠❛t✐♦♥s s✐♠✐❧❛✐r❡s✱ q✉❡❧ q✉❡ s♦✐t ❧❡ ♥✐✈❡❛✉ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡✳ ❉❛♥s ❧❡s ❝❛s ❞❡ ❢♦rt❡ ❞é♣❡♥❞❛♥❝❡✱ ❧❡s rés✉❧t❛ts ❣é♥érés ♣❛r ∇2 s♦♥t ❛♥❛❧♦❣✉❡s
à ❝❡✉① ❞❡s ❞❡✉① ❝r✐tèr❡s ♣ré❝é❞❡♥ts✳ ❈❡♣❡♥❞❛♥t✱ ❧♦rsq✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ❞é♣❡♥❞❛♥❝❡
❡st ❢❛✐❜❧❡✱ ∇2 ❞♦♥♥❡ ❞❡s ❡st✐♠❛t✐♦♥s ❛ss❡③ é❧♦✐❣♥é❡s ❞❡s ✈r❛✐❡s✱ ♠ê♠❡ s✐ ❧❡s ❣r♦✉♣❡s
s♦♥t ❢❛❝✐❧❡♠❡♥t ❞✐st✐♥❣✉❛❜❧❡s ✭b = 1, 3✮✳ ▲❡s ❝r✐tèr❡s ∇2 ❡t ∇3 s♦♥t ❞✐r❡❝t❡♠❡♥t ❧✐és
à ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s✱ ❝✬❡st ♣♦✉rq✉♦✐✱ q✉❛♥❞ ❧❡ ♥✐✈❡❛✉ ❞❡ ❞é♣❡♥❞❛♥❝❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✻✾

❡st ❢❛✐❜❧❡✱ ✐❧s s♦♥t ♠♦✐♥s ♣❡rt✐♥❡♥ts ♣♦✉r ❡st✐♠❡r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ q✉❡
∇1✳

❋✐❣✳ ✸✳✶✸✿ ❱❛❧❡✉rs ❞✉ ▼❙❊ ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳ ▲❡s ❣r❛♣❤✐q✉❡s
r❡♣rés❡♥t❡♥t ❞❡s ♥✐✈❡❛✉① ❞❡ ❞é♣❡♥❞❛♥❝❡ ❞✐✛ér❡♥ts ✿ ❢♦rt❡ ❞é♣❡♥❞❛♥❝❡ ✭❤❛✉t ❣❛✉❝❤❡✮ à
❢❛✐❜❧❡ ✭❇❛s ❞r♦✐t✮✳ ✏∆✑ ✿ ▼ét❤♦❞❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮✱ ✏◦✑ ✿ ∇1✱ ✏♦✑ ✿ ∇2✱ ✏×✑ ✿ ∇3✳

▲❛ ❋✐❣✉r❡ ✸✳✶✹ ❞é❝r✐t ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é❝❛rt✲t②♣❡ ❞✉ ▼❙❊ ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐t✐♦♥ ❞❡
s✐♠✉❧❛t✐♦♥✳ ▲❡ ❝r✐tèr❡ ∇1 ❢♦✉r♥✐t ✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❧❡s ♠❡✐❧❧❡✉rs rés✉❧t❛ts ♣❛r♠✐ ❧❡s
q✉❛tr❡ ♠ét❤♦❞❡s✱ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♥✐✈❡❛✉ ❞❡ ❞é♣❡♥❞❛♥❝❡ é❧❡✈é✳

❋✐❣✳ ✸✳✶✹✿ ➱❝❛rt✲t②♣❡ ❞✉ ▼❙❊ ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳ ▲❡s ❣r❛♣❤✐q✉❡s
r❡♣rés❡♥t❡♥t ❞❡s ♥✐✈❡❛✉① ❞❡ ❞é♣❡♥❞❛♥❝❡ ❞✐✛ér❡♥ts ✿ ❢♦rt❡ ❞é♣❡♥❞❛♥❝❡ ✭❤❛✉t ❣❛✉❝❤❡✮ à
❢❛✐❜❧❡ ✭❇❛s ❞r♦✐t✮✳ ✏∆✑ ✿ ▼ét❤♦❞❡ ❞❡ ❇❛✉❞r② ❡t ❛❧✳ ✭✷✵✶✵✮✱ ✏◦✑ ✿ ∇1✱ ✏♦✑ ✿ ∇2✱ ✏×✑ ✿ ∇3✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✼✵ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

▲❡ t❛❜❧❡❛✉ ✸✳✶ ♣rés❡♥t❡ ❧❡s ❞✐✛ér❡♥ts t❛✉① ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡t ❧❡✉r é❝❛rt✲t②♣❡✳

♠♦②❡♥♥❡ ✭s❞✮
❈r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ∇1 ∇3 ∇2

❛❂✵✳✽

❜❂✶ ✵✳✾✾✽ ✭✵✳✵✵✵✷✮ ✵✳✾✾✽ ✭✵✳✵✵✵✷✮ ✵✳✾✾✹ ✭✵✳✵✵✶✮
❜❂✸ ✵✳✾✼✻ ✭✵✳✵✵✵✻✮ ✵✳✾✼✻ ✭✵✳✵✵✵✻✮ ✵✳✾✼✷ ✭✵✳✵✵✶✮
❜❂✺ ✵✳✾✺✶ ✭✵✳✵✵✵✾✮ ✵✳✾✺✶ ✭✵✳✵✵✵✾✮ ✵✳✾✹✼ ✭✵✳✵✵✶✮
❜❂✼ ✵✳✾✺✵ ✭✵✳✵✵✶✶✮ ✵✳✾✹✽ ✭✵✳✵✵✷✶✮ ✵✳✾✹✺ ✭✵✳✵✶✽✮

❛❂✵✳✼

❜❂✶ ✵✳✾✾✻ ✭✵✳✵✵✵✸✮ ✵✳✾✾✻ ✭✵✳✵✵✵✷✮ ✵✳✾✾✶ ✭✵✳✵✵✸✻✮
❜❂✸ ✵✳✾✻✻ ✭✵✳✵✵✵✽✮ ✵✳✾✻✻ ✭✵✳✵✵✵✼✮ ✵✳✾✹✼ ✭✵✳✵✵✸✶✮
❜❂✺ ✵✳✾✷✽ ✭✵✳✵✵✷✼✮ ✵✳✾✷✹ ✭✵✳✵✵✹✻✮ ✵✳✾✵✾ ✭✵✳✵✵✸✸✮
❜❂✼ ✵✳✽✽✾ ✭✵✳✵✵✸✺✮ ✵✳✼✽✶ ✭✵✳✵✶✶✷✮ ✵✳✽✺✾ ✭✵✳✵✵✺✶✮

❛❂✵✳✻

❜❂✶ ✵✳✾✼✾ ✭✵✳✵✵✼✷✮ ✵✳✾✾✺ ✭✵✳✵✵✵✹✮ ✵✳✾✺✾ ✭✵✳✵✵✾✺✮
❜❂✸ ✵✳✾✹✽ ✭✵✳✵✵✸✺✮ ✵✳✾✹✺ ✭✵✳✵✵✺✺✮ ✵✳✽✻✹ ✭✵✳✵✵✾✸✮
❜❂✺ ✵✳✾✵✺ ✭✵✳✵✵✷✻✮ ✵✳✼✽✸ ✭✵✳✵✶✷✷✮ ✵✳✼✽✶ ✭✵✳✵✶✵✼✮
❜❂✼ ✵✳✽✹✻ ✭✵✳✵✵✺✾✮ ✵✳✻✸✻ ✭✵✳✵✶✵✸✮ ✵✳✼✸✶ ✭✵✳✵✶✵✾✮

❛❂✵✳✺

❜❂✶ ✵✳✾✻✸ ✭✵✳✵✵✺✺✮ ✵✳✾✽✻ ✭✵✳✵✵✸✻✮ ✵✳✽✺✺ ✭✵✳✵✶✸✵✮
❜❂✸ ✵✳✽✾✾ ✭✵✳✵✵✺✼✮ ✵✳✽✻✶ ✭✵✳✵✶✵✾✮ ✵✳✻✻✹ ✭✵✳✵✶✵✹✮
❜❂✺ ✵✳✽✶✼ ✭✵✳✵✵✾✶✮ ✵✳✻✶✾ ✭✵✳✵✶✵✸✮ ✵✳✻✵✽ ✭✵✳✵✶✵✹✮
❜❂✼ ✵✳✼✺✼ ✭✵✳✵✵✾✹✮ ✵✳✺✻✹ ✭✵✳✵✵✻✺✮ ✵✳✺✼✹ ✭✵✳✵✵✽✺✮

❚❛❜✳ ✸✳✶✿ ❚❛✉① ❞❡ ❜♦♥♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡t ❧❡✉r é❝❛rt✲t②♣❡ ✭s❞✮✳ ❍❛✉t ✿ ❋♦rt❡ ❞é♣❡♥✲
❞❛♥❝❡✳ ❇❛s ✿ ❢❛✐❜❧❡ ❞é♣❡♥❞❛♥❝❡✳ ▲❡s ✈❛❧❡✉rs ❡♥ ❣r❛s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♠❡✐❧❧❡✉rs t❛✉① ❞❡

❝❧❛ss✐✜❝❛t✐♦♥ ❝❛❧❝✉❧és ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s tr♦✐s ♠ét❤♦❞❡s✳

❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ s✐♠✉❧❛t✐♦♥✱ ❧❡ ❝r✐tèr❡ ∇1 ❢♦✉r♥✐t ❧❡s ♠❡✐❧❧❡✉rs t❛✉①
❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❆♣♣❛r✐❡r ❧❡s ❝♦♠♣♦s❛♥ts ❛✈❡❝ ∇3 ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts
♣r♦❝❤❡s ✭✈♦✐r❡ ♠❡✐❧❧❡✉rs✮ q✉❡ ❝❡✉① ♦❜t❡♥✉s ♣❛r ∇1 q✉❛♥❞ b ❡st é❣❛❧ à 1 ♦✉ 3✳
❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❞❡s ❝❛s ♣❧✉s ❝♦♠♣❧❡①❡s✱ ∇1 ❡st ♥❡tt❡♠❡♥t ♠❡✐❧❧❡✉r✳ ▲❡s rés✉❧t❛ts
❣é♥érés ♣❛r ❧❡ ❝r✐tèr❡ ∇2 s♦♥t ❧❡s ♠♦✐♥s s❛t✐s❢❛✐s❛♥ts ✭❝❢✳ ❋✐❣✉r❡ ✸✳✶✸✮✳

• ➱t✉❞❡ ❞❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ ❡t ❞✬❛♣♣❛r✐❡♠❡♥t✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❡♥ ❝♦♠♣❛r❛♥t ❧❡s ♥❡✉❢
❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❞❡s tr♦✐s ❝r✐tèr❡s✳ ❈❡ ♥♦♠❜r❡ ❡st é❣❛❧ à 4 ♣♦✉r ❧❡s ❥❡✉① ❞❡
❞♦♥♥é❡s s✐♠✉❧é❡s✳ ▲❡ t❛❜❧❡❛✉ ✸✳✷ ❞é❝r✐t ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬❡st✐♠❛t✐♦♥s ❝♦rr❡❝t❡s ❞✉
♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✱ ❝❛❧❝✉❧é ♣♦✉r ❝❤❛q✉❡ ♥✐✈❡❛✉ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❡t ♣♦✉r ❝❤❛q✉❡ ✈❛❧❡✉r
❞❡ b✳
▲❛ ♣r❡♠✐èr❡ r❡♠❛rq✉❡ ❡st q✉❡ s✐ ❧❡ ❝r✐tèr❡ ICLW ❡st ✉t✐❧✐sé ❡♥ t❛♥t q✉❡ ❝r✐tèr❡
❞❡ sé❧❡❝t✐♦♥✱ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❡st ♠❛✉✈❛✐s❡ q✉❡❧s q✉❡ s♦✐❡♥t ❧❡s
❝r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❧❡ ❝r✐tèr❡ ICLW ❛ t❡♥❞❛♥❝❡ à s✉r❡st✐♠❡r ❧❡ ♥♦♠❜r❡
❞❡ ❣r♦✉♣❡s ❝❛r ✐❧ ❡st ❢♦♥❞é s✉r ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ W q✉✐ ❡st ❧✐é❡ ❛✉① L ❝♦♠♣♦s❛♥ts
✐♥✐t✐❛✉①✳ ■❧ s❡♠❜❧❡ ♣❧✉s ❥✉❞✐❝✐❡✉① ❞✬❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❛✈❡❝ ❧❡s ❝r✐tèr❡s
BIC ❡t ICLZ q✉✐ ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ W ✳ ▲❡ t❛❜❧❡❛✉ ✸✳✷ ✐♥❞✐q✉❡ q✉❡ ❧❛ ♠❡✐❧❧❡✉r❡
❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❡st ♦❜t❡♥✉❡ ❛✈❡❝ ICLZ q✉❡❧ q✉❡ s♦✐t ❧❡ ❝r✐tèr❡
❞✬❛♣♣❛r✐❡♠❡♥t✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



▼♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ✼✶

❈r✐tèr❡s ❞✬❛♣♣❛r✐❡♠❡♥t ∇1 ∇3 ∇2

❈r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ ❇■❈ ICLZ ICLW ❇■❈ ICLZ ICLW ❇■❈ ICLZ ICLW

❛❂✵✳✽
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❜❂✼ ✵✳✾✺ ✵✳✾✾ ✵✳✶✷ ✵✳✾✼ ✵✳✾✼ ✵✳✷✻ ✵✳✾✶ ✵✳✾✽ ✵✳✶

❛❂✵✳✼
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❜❂✺ ✵✳✾✶ ✵✳✾✽ ✵✳✵✹ ✵✳✾✺ ✵✳✾✽ ✵✳✷✽ ✵✳✾✶ ✵✳✾✼ ✵✳✵✷
❜❂✼ ✵✳✽✾ ✵✳✾✾ ✵✳✵✼ ✵✳✽✻ ✵✳✾✽ ✵✳✶✻ ✵✳✾✸ ✵✳✾✽ ✵✳✵✾

❛❂✵✳✻
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❜❂✺ ✵✳✾✵ ✵✳✾✽ ✵✳✵✼ ✵✳✽✻ ✵✳✾✾ ✵✳✷✹ ✵✳✽✺ ✵✳✽✽ ✵✳✵✾
❜❂✼ ✵✳✾✹ ✵✳✾✺ ✵✳✵✾ ✵✳✾✶ ✵✳✾✼ ✵✳✷✻ ✵✳✽✾ ✵✳✾✺ ✵✳✵✻

❛❂✵✳✺

❜❂✶ ✵✳✼✾ ✵✳✾✵ ✵✳✹✸ ✵✳✾✶ ✵✳✾✹ ✵✳✼✺ ✵✳✼✻ ✵✳✾✵ ✵✳✸✵
❜❂✸ ✵✳✽✻ ✵✳✾✶ ✵✳✶✺ ✵✳✾✶ ✵✳✾✻ ✵✳✹✸ ✵✳✽✻ ✵✳✼✼ ✵✳✶✷
❜❂✺ ✵✳✾✶ ✵✳✾✹ ✵✳✶✹ ✵✳✾✷ ✵✳✾✺ ✵✳✸✻ ✵✳✾✷ ✵✳✽✵ ✵✳✶✵
❜❂✼ ✵✳✾✸ ✵✳✾✷ ✵✳✶✻ ✵✳✾✻ ✵✳✾✽ ✵✳✹✷ ✵✳✽✾ ✵✳✼✽ ✵✳✶✵

❚❛❜✳ ✸✳✷✿ P♦✉r❝❡♥t❛❣❡ ❞✬❡st✐♠❛t✐♦♥s ❝♦rr❡❝t❡s ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ♣♦✉r ❝❤❛q✉❡ ❝♦♥❞✐✲
t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥✳ ❍❛✉t ✿ ❢♦rt❡ ❞é♣❡♥❞❛♥❝❡✳ ❇❛s ✿ ❢❛✐❜❧❡ ❞é♣❡♥❞❛♥❝❡✳ ▲❡s ✈❛❧❡✉rs ❡♥ ❣r❛s

❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♠❡✐❧❧❡✉rs t❛✉① ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❝❛❧❝✉❧és ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s tr♦✐s
♠ét❤♦❞❡s✳

▲✬ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❛ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ✉♥ ré❡❧ ❣❛✐♥ ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥✲
❞❛♥❝❡✱ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧♦rsq✉❡ ❧❡s ❝♦♠♣♦s❛♥ts s♦♥t ✐♠❜r✐q✉és✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ♠♦♥tré q✉❡
❧❡ ❝r✐tèr❡ ❞✬❛♣♣❛r✐❡♠❡♥t ∇1 ❞♦♥♥❡ ❧❡s ♠❡✐❧❧❡✉rs rés✉❧t❛ts ♣❛r♠✐ ❧❡s tr♦✐s ❝r✐tèr❡s ♣r♦♣♦sés✳
❊♥ ❡✛❡t✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡st ♣r♦❝❤❡ ❞❡s ✈r❛✐❡s ✈❛❧❡✉rs ❡t ❝❡s
❡st✐♠❛t✐♦♥s s♦♥t st❛❜❧❡s ❡♥ t❡r♠❡s ❞❡ ▼❙❊✳ ❈❡tt❡ r❡♠❛rq✉❡ ❛ été ❝♦♥✜r♠é❡ ♣❛r ❧✬ét✉❞❡
❞✉ t❛✉① ❞❡ ❜♦♥♥❡ ❝❧❛ss✐✜❝❛t✐♦♥✳
❈♦♥❝❡r♥❛♥t ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s✱ ❧✬ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ s✉❣❣èr❡ ❞❡ sé❧❡❝✲
t✐♦♥♥❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❛✈❡❝ ICLZ ✳ P♦✉r ❝♦♥❝❧✉r❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬✉t✐❧✐s❡r ∇1

❝♦♠♠❡ ❝r✐tèr❡ ❞✬❛♣♣❛r✐❡♠❡♥t ❡t ❞✬❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s ❛✈❡❝ ICLZ ✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✼✷ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

✸ ❆♥♥❡①❡s

✸✳✶ ❊st✐♠❛t❡✉rs ❞✉ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ s♦✉s
❝♦♥tr❛✐♥t❡s

◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❡ ♠♦❞è❧❡ ❡st ❞é✜♥✐ ❛✐♥s✐ ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✷✮ ✿





Σk = DkΛkD
T
k , ♣♦✉r k = 1, ..., 4;

D1 = D2 = D ;

Λk =

(
u1k 0
0 u2

)
, ❛✈❡❝ u1k > u2, ♣♦✉r k = 1, ..., 4.

♦ù ❧❡s ❣r♦✉♣❡s ✶ ❡t ✷ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ❣r♦✉♣❡s ❞❡ ♠ê♠❡ ♦r✐❡♥t❛t✐♦♥ ❡t ❧❛ ♠❛tr✐❝❡ Λk

✭Λk = λkAk✮ ❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ q✉✐ ❝♦♥t✐❡♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ Σk✳

▲✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❡st s♣é❝✐✜q✉❡ ♣♦✉r s❛t✐s❢❛✐r❡ ❧❡s ❝♦♥tr❛✐♥t❡s ✐♠♣♦sé❡s s✉r
❧❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡✳

P♦s♦♥s Wk =
∑n

t=1 τtk(xt − x̄k)(xt − x̄k)
T ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❧❛ ❢♦r♠❡

(
w1k w2k

w2k w4k

)
✱ ❛✈❡❝

x̄k =
Pn

t=1
τ̂tkxt

Pn
t=1

τ̂tk
✳ ❖♥ ♥♦t❡ nk =

n∑

t=1

τ̂tk ✱ n =
K∑

k=1

nk ❡t tr(A) ❧❛ tr❛❝❡ ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

▲✬❡①♣r❡ss✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s
❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à X ❞✉ ♠♦❞è❧❡✱ ♥♦té❡ Q✱ ❡st ✿

Q =
K∑

k=1

nk log(πk)− n log(2π) +
1

2

K∑

k=1

nk log
[
det{(DkΛkD

T
k )−1}

]

−1

2

K∑

k=1

tr{(DkΛkD
T
k )−1Wk} −

1

2

K∑

k=1

nk(x̄k − µk)
T (DkΛkD

T
k )−1(x̄k − µk).

▼❛①✐♠✐s❡r Q r❡✈✐❡♥t à ♠✐♥✐♠✐s❡r F =
∑K

k=1 tr((DkΛkD
T
k )−1Wk) +∑K

k=1 nk log(det(DkΛkD
T
k )).

❆♣rès s✐♠♣❧✐✜❝❛t✐♦♥ ✿

F =
K∑

k=1

tr(DT
kWkDkΛ

−1
k ) +

K∑

k=1

nk log(det(Λk))

❊♥ é❝r✐✈❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡s ♠❛tr✐❝❡s ❞✬♦r✐❡♥t❛t✐♦♥ ❞❡ ♠❛♥✐èr❡ ♣❧✉s ❣é♥ér❛❧❡ ❛✈❡❝ ✉♥
ℓ ✜①é✱ ♦♥ ❛ ✿

Σk = DT
k ΛkDk si k ≥ ℓ

Σk = DT ΛkD si k < ℓ

❆✉ ✜♥❛❧✱ ♦♥ ❞♦✐t ♠✐♥✐♠✐s❡r ✿

F =
ℓ∑

k=1

tr(DTWkDΛ−1
k ) +

K∑

k=ℓ+1

tr(DT
kWkDkΛ

−1
k ) +

K∑

k=1

nk log {det(Λk)} ,

❛✈❡❝ ℓ = 2 ❡t K = 4 ❞❛♥s ♥♦tr❡ ❝❛s✳

❉❛♥s ❧✬ét❛♣❡ ▼✱ tr♦✉✈❡r ❧✬❡st✐♠❛t❡✉r ❞❡ Σk r❡✈✐❡♥t à tr♦✉✈❡r ❧❡s ❡st✐♠❛t❡✉rs ❞❡ D✱ Dk

❡t Λk q✉✐ s♦♥t ❞♦♥❝ ❝❛❧❝✉❧és ❡♥ ♠✐♥✐♠✐s❛♥t F ✳ ❖♥ r❡♠❛rq✉❡ q✉❡ s❡✉❧ Λk ❡st ♣rés❡♥t ❞❛♥s
❧❡s tr♦✐s t❡r♠❡s ❞❡ F ✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥♥❡①❡s ✼✸

❊st✐♠❛t❡✉r ❞❡ D

▼✐♥✐♠✐s❡r ❋ ❡♥ ❉ r❡✈✐❡♥t à ♠✐♥✐♠✐s❡r f(D) =
∑2

k=1 tr(DΛ−1
k DTWk)✳ ❖♥ ♣❡✉t réé❝r✐r❡

f(D) s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿

f(D) =
2∑

k=1

(
d′1Wkd1

u1k

+
d′2Wkd2

u2

)
,

♦ù d′1 ❡st ❧❡ ♣r❡♠✐❡r ✈❡❝t❡✉r ❞❡ ❧❛ ♠❛tr✐❝❡ ❉ ❡t d′2 ❧❡ s❡❝♦♥❞✳
P✉✐sq✉❡ ❉ ❡st ✉♥❡ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡ ❡t ♥♦r♠é❡✱ ❡❧❧❡ ❡st ❞❡ ❧❛ ❢♦r♠❡( √

d −
√

1− d√
1− d

√
d

)
✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t f(D) ❡t ❡♥ ❞ér✐✈❛♥t ♣❛r r❛♣♣♦rt à ❞✱ ♦♥ ♦❜t✐❡♥t

✉♥ ♣ô❧②♥♦♠❡ ❞❡ ❞❡❣ré ✹ ❡♥ ❞ q✉✐ s❡ rés♦✉t ❢❛❝✐❧❡♠❡♥t✳
▲✬❡st✐♠❛t❡✉r ❞❡ d̂ ❡st ❞é✜♥✐ ♣❛r ✿

d̂2 − 1

2
= ± N1,4

2
[
{N1,4}2 + 4 {N2}2]1/2

, ❛✈❡❝ d̂ > 0,

♦ù N1,4 =
2∑

k=1

(ŵ1k − ŵ4k)(û2 − û1k)/û1kû2 ❡t N2 =
2∑

k=1

(ŵ2k)(û2 − û1k)/û1kû2✳

❊st✐♠❛t❡✉r ❞❡ Dk

▲✬❡st✐♠❛t❡✉r ❞❡ Dk ♣♦✉r ❧❡s ❝♦♠♣♦s❛♥ts k = 3, 4 ❞✬♦r✐❡♥t❛t✐♦♥ ❞✐✛ér❡♥t❡ ❡st ❧❡ ♠ê♠❡
q✉❡ ❝❡❧✉✐ ♣r♦♣♦sé ♣❛r ❈❡❧❡✉① ❡t ●♦✈❛❡rt ✭✶✾✾✺✮ ♣♦✉r ❞❡s ❝♦♠♣♦s❛♥ts ❞✬♦r✐❡♥t❛t✐♦♥s ❞✐✛é✲
r❡♥t❡s✳ ▲❛ ♠❛tr✐❝❡ Wk ❡st ❝❛rré❡✱ s②♠étr✐q✉❡ ❡t ré❡❧❧❡✳ ❊❧❧❡ ❡st ❞♦♥❝ ❞✐❛❣♦♥❛❧✐s❛❜❧❡ ❞❛♥s
✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✳ ❖♥ ♣♦s❡Wk = LkΩkL

T
k ✱ ♦ù Ωk ❡st ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❛✈❡❝ ❧❡s ✈❛✲

❧❡✉rs ♣r♦♣r❡s ❞❡Wk ❞❛♥s ❧✬♦r❞r❡ ❞é❝r♦✐ss❛♥t✳ ❖♥ ♦❜t✐❡♥t F =
∑K

k=l tr(D
T
k LkΩkL

T
kDkΛ

−1
k )✱

❛✈❡❝ Λ−1
k ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❛✈❡❝ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❛♥s ❧✬♦r❞r❡ ❝r♦✐ss❛♥t✳ ❖♥ ❞é❞✉✐t q✉❡

DT
k Lk = Id✱ ❝✬❡st✲à✲❞✐r❡ Dk = Lk✱ ♦ù Lk ❡st ❧❛ ♠❛tr✐❝❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Wk✳

❊st✐♠❛t❡✉r ❞❡ Λk

❙♦✐t Bk ❧❛ ♠❛tr✐❝❡ ❞é✜♥✐❡ ♣❛r Bk = DT
kWkDk ❞❡ ❧❛ ❢♦r♠❡

(
b1k b3k

b4k b2k

)
✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t

❧❛ tr❛❝❡ ❡t ❧❡ ❞ét❡r♠✐♥❛♥t✱ ♦♥ ♣❡✉t réé❝r✐r❡ ❋ s♦✉s ❧❛ ❢♦r♠❡ ✿

F =
4∑

k=1

(b1ku
−1
1k + b2ku

−1
2 ) +

4∑

k=1

nk {log(u1k) + log(u2)} ,

❡t ♠✐♥✐♠✐s❡r ❋ ❡♥ Λk r❡✈✐❡♥t à ♠✐♥✐♠✐s❡r ❋ ❡♥ u1k ❡t u2✳ ❖♥ ❞♦✐t rés♦✉❞r❡ ❧❡ s②stè♠❡
s✉✐✈❛♥t ✿{

∂F
∂u1k

= −b1k

u2
1k

+ nk

u1k
= 0

∂F
∂u2

=
−

PK
k=1

b2k

u2
2

+
PK

k=1
nk

u2
= 0

▲✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ Λk ❡st ❞❡ ❧❛ ❢♦r♠❡

(
û1k 0
0 û2

)
✱ ♦ù

{
û1k = b̂1k/nk

û2 =
∑4

k=1 b̂2k/n .

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✼✹ ▼♦❞è❧❡s ❞❡ ▼❛r❦♦✈ ❝❛❝❤és ♣♦✉r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s

✸✳✷ ❊st✐♠❛t❡✉rs ❞✉ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ s♦✉s
❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té

❈❡tt❡ ❛♥♥❡①❡ ♣rés❡♥t❡ ❧❡s ❝❛❧❝✉❧s ❞❡s ❡st✐♠❛t❡✉rs ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡
❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✸✮✳
▲❡s q✉❛tr❡ ❣r♦✉♣❡s s♦♥t ❞ét❡r♠✐♥és à ❧✬❛✐❞❡ ❞✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧
♣rés❡♥té ❙❡❝t✐♦♥ ✷✳✷ ✿ ❣r♦✉♣❡ ❜r✉✐t✱ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✱ ❡t ❞❡✉① ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t
❤②❜r✐❞és✳ ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st ❝♦♥s✐❞éré ❝✐r❝✉❧❛✐r❡ ❡t r❡♣rés❡♥té ♣❛r ✉♥❡ ❣❛✉ss✐❡♥♥❡ s♣❤é✲
r✐q✉❡✳ ▲❡s tr♦✐s ❛✉tr❡s ❣r♦✉♣❡s s♦♥t ❝❤❛❝✉♥ r❡♣rés❡♥tés ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ❣❛✉ss✐❡♥♥❡s✳ ▲❡s
❡st✐♠❛t❡✉rs ❞✉ ♠♦❞è❧❡ s♦♥t ❝❛❧❝✉❧és ❡♥ ♠❛①✐♠✐s❛♥t ❧✬éq✉❛t✐♦♥ ✭✸✳✶✵✮ q✉✐ ❝♦rr❡s♣♦♥❞ à ✿

∑

t

∑

k

∑

ℓ

❊ [Zt,kWtkℓ | X] log(ψk) =
∑

t

∑

k

∑

ℓ

❊ [Zt,kWtkℓ | X] log {ηkℓf(Xt; θkℓ)} .

❊♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s (Utk, Vtk) ♣r♦❥❡tés ❞❡ (X1t, X2t) ❞❛♥s ❧❡ r❡♣èr❡ (∆k,∆
⊥
k )

❡t ❡♥ ♥♦t❛♥t ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ❞❡ ✶ à ✹✱ ♦ù ✶ ❡st ❧❡ ❣r♦✉♣❡ ❜r✉✐t✱ ♦♥ ♦❜t✐❡♥t ✿
∑

tkℓ

[Zt,kWtkℓ | X] log {ηkℓf(Xt; θkℓ)} =
∑

t

[Zt,1 | X] log
{
f(X1t;µ

1
1, σ

2)f(X2t; µ
2
1, σ

2)
}

+
4∑

k=2

∑

tℓ

[Zt,kWtkℓ | X] log
{
ηkℓf(Utk;µkℓ, σ

2
kℓ)f(Vtk; 0, σ

2)
}

.

❖♥ r❡♠❛rq✉❡ q✉❡ ❊ [Zt,1 | X] = τt1 ❡t ❊ [Zt,kWtkℓ | X] = τtk ❊ [Wtkℓ | Zt,k, X] ❡t ♦♥ ♥♦t❡

δtkℓ = ❊ [Wtkℓ | Zt,k, X] .

❖♥ ❛
∑

l δtkℓ = 1✳

P♦✉r s✐♠♣❧✐✜❡r✱ ♥♦t♦♥s ✿

Q1 =
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ log ηkℓ ,

Q2 =
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ log f(Utk;µkℓ, σ
2
kℓ) ,

Q3 =
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ log f(Vtk; 0, σ
2)+

∑

t

τt1 log f(X1t;µ
1
1, σ

2)+
∑

t

τt1 log f(X2t;µ
2
1, σ

2) .

❊st✐♠❛t❡✉r ❞❡ µkℓ ✭♣♦✉r k = 2, 3, 4✮

Q2 =
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ log f(Utk;µkℓ, σ
2
kℓ)

=
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ log

[
1√

2πσkℓ

exp

( −1

2σ2
kℓ

(Utk − µkℓ)
2

)]

=
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ

[
−1

2
log(2π)− 1

2
log(σ2

kℓ)−
1

2σ2
kℓ

(Utk − µkℓ)
2

]

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s
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❊♥ ❛♥♥✉❧❛♥t ❧❛ ❞ér✐✈é❡ ❞❡ Q2 ♣❛r r❛♣♣♦rt à µkℓ✱ ♦♥ ❛ ✿

∂Q2

∂µkℓ

=
1

σ̂2
kℓ

∑

t

τ̂tkδ̂tkℓ(Utk − µ̂kℓ) = 0

❉♦♥❝

µ̂kℓ =

∑
t τ̂tkδ̂tkℓUtk∑

t τ̂tkδ̂tkℓ

.

❊st✐♠❛t❡✉r ❞❡ σ̂2
kℓ ✭♣♦✉r k = 2, 3, 4✮ ❊♥ ❛♥♥✉❧❛♥t ❧❛ ❞ér✐✈é❡ ❞❡ Q2 ♣❛r r❛♣♣♦rt à σ2

kℓ✱
♦♥ ♦❜t✐❡♥t ✿

∂Q2

∂σ2
kℓ

=
−1

2σ̂2
kℓ

∑

t

τ̂tkδ̂tkℓ +
1

2σ̂4
kℓ

∑

t

τ̂tkδ̂tkℓ(Utk − µ̂kℓ)
2 = 0.

❉✬♦ù

σ̂2
kℓ =

∑
t τ̂tkδ̂tkℓ(Utk − µ̂kℓ)

2

∑
t τ̂tkδ̂tkℓ

.

❖♥ r❡♠❛rq✉❡ q✉❡ ❧✬♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t ❝❛❧❝✉❧❡r ❧❡s ❡st✐♠❛t❡✉rs ❞❡s ✈❛r✐❛♥❝❡s ❛✈❡❝ ❞❡s
❝♦♥tr❛✐♥t❡s ❞✐✛ér❡♥t❡s✳
• ❙✐ ♦♥ s✉♣♣♦s❡ q✉✬♦♥ ❛ ❧❛ ♠ê♠❡ ✈❛r✐❛♥❝❡ ♣♦✉r t♦✉s ❧❡s ❝♦♠♣♦s❛♥ts ❞✬✉♥ ♠ê♠❡ ❣r♦✉♣❡✱

♦♥ ♦❜t✐❡♥t ✿

σ̂2
k =

n∑

t=1

Lk∑

ℓ=1

τ̂tkδ̂tkℓ(Utk − µ̂kℓ)
2

n∑

t=1

Lk∑

ℓ=1

τ̂tkδ̂tkℓ

.

• ❙✐ ♦♥ s✉♣♣♦s❡ q✉✬♦♥ ❛ ❧❛ ♠ê♠❡ ✈❛r✐❛♥❝❡ ♣♦✉r t♦✉s ❧❡s ❝♦♠♣♦s❛♥ts ❞❡ t♦✉s ❧❡s ❣r♦✉♣❡s✱
♦♥ ♦❜t✐❡♥t ✿

σ̂2
U =

1

n

n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τ̂tkδ̂tkℓ(Utk − µ̂kℓ)
2 .

❊st✐♠❛t❡✉r ❞❡ σ̂2

Q3 =
∑

t

τt1

[
−1

2
log(2π)− 1

2
log(σ2)− (X1t − µ1

1)
2

2σ2

]

+
∑

t

τt1

[
−1

2
log(2π)− 1

2
log(σ2)− (X2t − µ2

1)
2

2σ2

]

+
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ

[
−1

2
log(2π)− 1

2
log(σ2)− V 2

tk

2σ2

]

∂Q3

∂σ2
= − 1

2σ2

∑

t

τt1 +
1

2σ4

∑

t

τt1(X1t − µ1
1)

2 − 1

2σ2
σ2
∑

t

τt1 +
1

2σ4

∑

t

τt1(X2t − µ2
1)

2

− 1

2σ2

n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓ +
1

2σ4

n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τtkδtkℓV
2
tk

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✼✻ ❇✐❜❧✐♦❣r❛♣❤✐❡

❊♥ ❛♥♥✉❧❛♥t ❧❛ ❞ér✐✈é❡✱ ♦♥ ♦❜t✐❡♥t ✿

σ̂2 =

n∑

t=1

τ̂t1(X1t − µ̂1
1)

2 +
n∑

t=1

τ̂t1(X2t − µ̂2
1)

2 +
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τ̂tkδ̂tkℓV
2
tk

n∑

t=1

τ̂t1 +
n∑

t=1

τ̂t1 +
n∑

t=1

4∑

k=2

Lk∑

ℓ=1

τ̂tkδ̂tkℓ

.

❊st✐♠❛t✐♦♥ ❞❡ ∆k ✭♣♦✉r k = 2, 3, 4✮ ∆k ❡st ❧❛ ❞r♦✐t❡ r❡♣rés❡♥t❛♥t ❧❡ ❣r❛♥❞ ❛①❡ ❞✉
❣r♦✉♣❡ k✳ ❈✬❡st ❧❛ ❞r♦✐t❡ ❞❡ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r ~dk = (dk,

√
1− d2

k) ♣❛ss❛♥t ♣❛r ❧❡ ❜❛r②❝❡♥tr❡
❞✉ ❣r♦✉♣❡ k ♥♦té X̄k ✭X̄k =

∑
t τ̂tkXt/

∑
t τ̂tk✮ ❡t ♣❛r ❧❡ ❜❛r②❝❡♥tr❡ ❞✉ ❣r♦✉♣❡ ❜r✉✐t ♥♦té

X̄1✳
❖♥ ❡st✐♠❡ ∆k ❡♥ ♠✐♥✐♠✐s❛♥t Q2 +Q3✱ ♦ù Uk ❡t Vk s♦♥t é❝r✐ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ dk ✿

(
Uk

Vk

)
= A−1

k

(
X̄1k

X̄2k

)
− A−1

k

(
X̄11

X̄21

)
,

❛✈❡❝ A−1
k =

(√
1− d2

k dk

−dk

√
1− d2

k

)
.

❆✉ ✜♥❛❧✱
d̂k = ❆r❣♠✐♥(Q̂2 + Q̂3).

❊♥ ♣r❛t✐q✉❡✱ d̂k ❡st ♦❜t❡♥✉ à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♦♣t✐♠✐③❡ ❞✉ ❧♦❣✐❝✐❡❧ ❘✳

❇✐❜❧✐♦❣r❛♣❤✐❡

❇❛♥✜❡❧❞✱ ❏✳❉✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✸✮✳ ▼♦❞❡❧✲❜❛s❡❞ ●❛✉ss✐❛♥ ❛♥❞ ♥♦♥✲●❛✉ss✐❛♥ ❝❧✉st❡✲
r✐♥❣✳ ❇✐♦♠❡tr✐❝s ✹✾ ✽✵✸✲✽✷✶✳

❇❛✉❞r②✱ ❏✳P✳✱ ❘❛❢t❡r②✱ ❆✳❊✳✱ ❈❡❧❡✉①✱ ●✳✱ ▲♦✱ ❑✳ ❛♥❞ ●♦tt❛r❞♦✱ ❘✳ ✭✷✵✵✽✮✳ ❈♦♠❜✐♥✐♥❣
▼✐①t✉r❡ ❈♦♠♣♦♥❡♥ts ❢♦r ❈❧✉st❡r✐♥❣✳ ❏❈●❙✳

❇ér❛r❞✱ ❈✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳✲▲✳✱ ❚♦✱ ❆✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❈♦❧♦t✱ ❱✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✵✾✮✳
▼é❧❛♥❣❡s ❣❛✉ss✐❡♥s ❜✐❞✐♠❡♥s✐♦♥♥❡❧s ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞❡ ❝❤r♦✲
♠❛t✐♥❡ ✐♠♠✉♥♦♣ré❝✐♣✐té❡✳ ▲❛ r❡✈✉❡ ❞❡ ▼❖❉❯▲❆❉✱ ✹✵ ✺✸✲✻✽✳

❈❡❧❡✉①✱ ●✳ ❛♥❞ ●♦✈❛❡rt✱ ●✳ ✭✶✾✾✺✮✳ ●❛✉ss✐❛♥ P❛rs✐♠♦♥✐♦✉s ❈❧✉st❡r✐♥❣ ▼♦❞❡❧s✳ P❛tt❡r♥
❘❡❝♦❣♥✐t✐♦♥ ✷✽ ✼✽✶✲✼✾✸✳

❈❤❛t③✐s✱ ❙✳P✳ ✭✷✵✶✵✮✳ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s ✇✐t❤ ◆♦♥❡❧❧✐♣t✐❝❛❧❧② ❈♦♥t♦✉r❡❞ ❙t❛t❡ ❉❡♥✲
s✐t✐❡s✳ ■❊❊❊ ❚r❛♥s✳ P❛tt❡r♥ ❆♥❛❧✳ ▼❛❝❤✳ ■♥t❡❧❧✳ ✸✷✭✶✷✮ ✷✷✾✼✲✷✸✵✹✳

❉❡♠♣st❡r✱ ❆✳P✳✱ ▲❛✐r❞✱ ◆✳▼✳ ❛♥❞ ❘✉❜✐♥✱ ❉✳❇✳ ✭✶✾✼✼✮✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ✐♥❝♦♠✲
♣❧❡t❡ ❞❛t❛ ✈✐❛ t❤❡ ❊▼ ❛❧❣♦r✐❤t♠ ✭✇✐t❤ ❞✐s❝✉ss✐♦♥✮✳ ❏✳ ❘✳ ❙t❛t✐s✳ ❙♦❝✳ ❇ ✸✾ ✶✲✸✽✳

❋r❛❧❡②✱ ❈✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✾✮✳ ▼❝❧✉st ✿ ❙♦❢t✇❛r❡ ❢♦r ▼♦❞❡❧✲❜❛s❡❞ ❈❧✉st❡r ❆♥❛❧②s✐s✳
❏♦✉r♥❛❧ ♦❢ ❈❧❛ss✜❝❛t✐♦♥ ✶✻ ✷✾✼✲✸✵✻✳

❍❡♥♥✐❣✱ ❈✳ ✭✷✵✶✵✮✳ ▼❡t❤♦❞s ❢♦r ♠❡r❣✐♥❣ ●❛✉ss✐❛♥ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✳ ❆❞✈ ❉❛t❛ ❆♥❛❧
❈❧❛ss✐❢ ✸✲✸✹✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✼✼

▲❛✈✐❡❧❧❡✱ ▼✳ ✭✷✵✵✺✮✳ ❯s✐♥❣ ♣❡♥❛❧✐③❡❞ ❝♦♥tr❛sts ❢♦r t❤❡ ❝❤❛♥❣❡✲♣♦✐♥t ♣r♦❜❧❡♠✳ ❙✐❣♥❛❧ Pr♦✲
❝❡ss✐♥❣ ✽✺ ✶✺✵✶✲✶✺✶✵✳

▲✐✱ ❏✳ ✭✷✵✵✺✮✳ ❈❧✉st❡r✐♥❣ ❜❛s❡❞ ♦♥ ❛ ♠✉❧t✐❧❛②❡r ♠✐①t✉r❡ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧
❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s ✺✹✼✲✺✻✽✳

▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ▼❛r②✲❍✉❛r❞✱ ❚✳✱ ❇ér❛r❞✱ ❈✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✵✽✮✳ ❈❤■P♠✐① ✿
♠✐①t✉r❡ ♠♦❞❡❧ ♦❢ r❡❣r❡ss✐♦♥s ❢♦r t✇♦✲❝♦❧♦r ❈❤■P✲❝❤✐♣ ❛♥❛❧②s✐s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✹ ✿✐✶✽✶✲
✐✶✽✻✳

❙❝❤✇❛r③✱ ●✳ ✭✶✾✼✽✮✳ ❊st✐♠❛t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♠♦❞❡❧✳
❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✻ ✹✻✶✲✹✻✹✳

❙✉♥✱ ❲✳✱ ❇✉❝❦✱ ▼✳❏✳✱ P❛t❡❧✱ ▼✳ ❛♥❞ ❉❛✈✐s✱ ■✳❏✳ ✭✷✵✵✾✮✳ ■♠♣r♦✈❡❞ ❈❤■P✲❝❤✐♣ ❛♥❛❧②s✐s ❜② ❛
♠✐①t✉r❡ ♠♦❞❡❧ ❛♣♣r♦❛❝❤✳ ❇▼❈ ❇✐♦✐♥❢♦r♠❛t✐❝s ✶✵ ✿✶✼✸✳

❚❛♥tr✉♠✱ ❏✳ ❛♥❞ ▼✉r✉❛✱ ❆✳ ✭✷✵✵✸✮✳ ❆ss❡ss♠❡♥t ❛♥❞ ♣r✉♥✐♥❣ ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧ ❜❛s❡❞
❝❧✉st❡r✐♥❣✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ❈❧✉st❡r✐♥❣✱ ❆❈▼ Pr❡ss✳

❚✉r♥❡r✱ ❚✳❘✳ ✭✷✵✵✵✮✳ ❊st✐♠❛t✐♥❣ t❤❡ Pr♦♣❛❣❛t✐♦♥ ❘❛t❡ ♦❢ ❛ ❱✐r❛❧ ■♥❢❡❝t✐♦♥ ♦❢ P♦t❛t♦
P❧❛♥ts ✈✐❛ ▼✐①t✉r❡s ♦❢ ❘❡❣r❡ss✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡r✐❡s ❈
✭❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✮ ✹✾✭✸✮ ✸✼✶✲✸✽✹✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✼✽ ❇✐❜❧✐♦❣r❛♣❤✐❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❤❛♣✐tr❡ ✹

❈❧❛ss✐✜❝❛t✐♦♥

❙♦♠♠❛✐r❡
✶ ❘è❣❧❡ ❞✉ ▼❆P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✶✳✶ ❙❡✉✐❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✶✳✷ ❆ss♦❝✐❛t✐♦♥ ❞❡ ❣r♦✉♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✷ ❈♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸ ❈❧❛ss✐✜❝❛t✐♦♥ ❞❡ ré❣✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✶ Pr♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ ré❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✷ ❘è❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

❇✐❜❧✐♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽✵ ❈❧❛ss✐✜❝❛t✐♦♥

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ❞❡s ✐♥t❡♥s✐tés ❞❡s s♦♥❞❡s à ❧✬❛✐❞❡ ❞❡ ♠♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✳ ❉✬✉♥ ♣♦✐♥t ❞❡
✈✉❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✱ ❧❡ ❜✉t ✉❧t✐♠❡ ❡st ❞❡ ❝❧❛ss❡r ❝❤❛q✉❡ s♦♥❞❡ ❞❛♥s ✉♥
❣r♦✉♣❡ ❛✜♥ ❞❡ ❞é✜♥✐r s♦♥ st❛t✉t✳
❯♥❡ ❢♦✐s ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❡st✐♠és✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ s♦♥❞❡
❞✬❛♣♣❛rt❡♥✐r ❛✉ ❣r♦✉♣❡ k ❡st ❝❛❧❝✉❧é❡ ✿

τtk = P {Zt = k|X = x} .
▲❛ ❋✐❣✉r❡ ✹✳✶ ♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s ♦ù ❧❡s s♦♥❞❡s s♦♥t
❝♦❧♦ré❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡st✐♠é❡s à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡
ré❣r❡ss✐♦♥s ✭❝❢✳ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶✮✳ ▲❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ✐♥❞✐q✉❡♥t ❧❡ ❞❡❣ré ❞❡
❝♦♥✜❛♥❝❡ ❞✉ ❝❧❛ss❡♠❡♥t ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡t ❝✬❡st à ♣❛rt✐r ❞❡ ❝❡s ♣r♦❜❛❜✐❧✐tés q✉❡ s✬ét❛❜❧✐t
❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❖♥ r❡♠❛rq✉❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ré❣✐♦♥ ❛✉① ❢r♦♥t✐èr❡s ❞❡s ❣r♦✉♣❡s ♦ù ❧❛
❝❧❛ss✐✜❝❛t✐♦♥ ❡st ❞✐✣❝✐❧❡ à ❞ét❡r♠✐♥❡r✳

❋✐❣✳ ✹✳✶✿ ▲❡s s♦♥❞❡s s♦♥t ❝♦❧♦ré❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐
❞✬❛♣♣❛rt❡♥✐r ❛✉ ❣r♦✉♣❡ ❞✉ ❤❛✉t ✿ r♦✉❣❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣r♦❜❛❜✐❧✐té ❃ ✵✳✾✱ ♠❛rr♦♥ ❃
✵✳✽✱ ♦r❛♥❣❡ ❃ ✵✳✻✱ ❥❛✉♥❡ ❃ ✵✳✺✱ ✈❡rt ❃ ✵✳✸✱ ❡t ❜❧❡✉ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣r♦❜❛❜✐❧✐té ❁ ✵✳✸✳

❉❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❛ rè❣❧❡ ❞✉ ▼❛①✐♠✉♠ ❆ P♦st❡r✐♦r✐ q✉✐ ❡st ❝♦✉r❛♠✲
♠❡♥t ✉t✐❧✐sé❡ ♣♦✉r ét❛❜❧✐r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞❡✉① ✈❛r✐❛♥t❡s✳ P✉✐s✱ ♥♦✉s ♣r♦♣♦s♦♥s
✉♥ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s q✉✐ ♣❡r♠❡t ❞✬é✈✐t❡r ✉♥ tr♦♣ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡rr❡✉rs ❞❡ ❝❧❛s✲
s✐✜❝❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ♦ù ✐❧ ♥✬② ❛ q✉❡ ❞❡✉①
❣r♦✉♣❡s ✭❙❡❝t✐♦♥ ✷✮✳ ❊♥✜♥✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❧❛ ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r
✉♥❡ ♦❜s❡r✈❛t✐♦♥ à ✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s✱ ❡t ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ rè❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛✲
t✐♦♥ ♣♦✉r ❝❧❛ss❡r ❞✐r❡❝t❡♠❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉❛♥t ✉♥❡ ré❣✐♦♥ ❞✬✐♥térêt
✭❙❡❝t✐♦♥ ✸✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❘è❣❧❡ ❞✉ ▼❆P ✽✶

✶ ❘è❣❧❡ ❞✉ ▼❆P

P♦✉r ❝❧❛ss❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s à ♣❛rt✐r ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✱ ❧❛ ♠ét❤♦❞❡ ❧❛ ♣❧✉s
✉t✐❧✐sé❡ ❡st ❧❛ rè❣❧❡ ❞✉ ▼❛①✐♠✉♠ ❆ P♦st❡r✐♦r✐ ✭▼❆P✮ q✉✐ ❛ss✐❣♥❡ ❝❤❛q✉❡ ♦❜s❡r✈❛t✐♦♥ à
❧❛ ♣♦♣✉❧❛t✐♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ❡st ❧❛ ♣❧✉s ❣r❛♥❞❡✳

Ẑt = Argmax
k

P {Zt = k|X = x} = Argmax
k

τtk .

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s✱ ❧❛ rè❣❧❡ ❞✉ ▼❆P r❡✈✐❡♥t à ❝♦♠♣❛r❡r ❧❡s
♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ à ✉♥❡ ✈❛❧❡✉r s❡✉✐❧ ❞❡ 0.5✳

▲❛ rè❣❧❡ ❞✉ ▼❆P ❡st très s✐♠♣❧❡ à ♠❡ttr❡ ❡♥ ÷✉✈r❡✱ ♠❛✐s ❡❧❧❡ ♣rés❡♥t❡ ✉♥ ✐♥❝♦♥✈é♥✐❡♥t
♠❛❥❡✉r ✿ ❧❡ ❝❧❛ss❡♠❡♥t ❡st tr♦♣ ❛r❜✐tr❛✐r❡✳ ❊♥ ❡✛❡t✱ ✉♥❡ s♦♥❞❡ s✐t✉é❡ à ❧❛ ❢r♦♥t✐èr❡ ❞❡ ❞❡✉①
❣r♦✉♣❡s ❛ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ très ♣r♦❝❤❡s ♣♦✉r ❝❡s ❞❡✉① ❣r♦✉♣❡s ✭τtk ≃ τtk′✮✱ ❡t
❧❡ ❝❧❛ss❡♠❡♥t ♣❛r ❧❛ rè❣❧❡ ❞✉ ▼❆P ♥✬❡st ❛❧♦rs ♣❛s très ✜❛❜❧❡✳

✶✳✶ ❙❡✉✐❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥

❉❛♥s ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s✱ ♥❡ ♣❛s ❞é✜♥✐r ❞❡ ❝❧❛ss❡♠❡♥t ♣♦✉r ✉♥❡ ♦❜s❡r✈❛t✐♦♥ ❡st ♣ré✲
❢ér❛❜❧❡ à ✉♥❡ ♠❛✉✈❛✐s❡ ♣ré❞✐❝t✐♦♥✳ ▲✬✐♥térêt ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡st ❞❡ ♣❡r♠❡ttr❡
❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❝❧❛ss❡♠❡♥ts ✐♥❝❡rt❛✐♥s✳ ❆✜♥ ❞✬é✈✐t❡r ❧❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ✉♥
s❡✉✐❧ s ♣❡✉t êtr❡ ✜①é ❛r❜✐tr❛✐r❡♠❡♥t s✉r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ♥❡ ❝❧❛ss❡r q✉❡
❧❡s ♦❜s❡r✈❛t✐♦♥s ❞♦♥t ❧✬✉♥❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡st ❢♦rt❡✳ ❈❡ s❡✉✐❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥
❛r❜✐tr❛✐r❡ ❞é❧✐♠✐t❡ ✉♥❡ ♠❛r❣❡ ❞❡ ♥♦♥ ❝❧❛ss❡♠❡♥t ❛✉t♦✉r ❞❡ ❝❤❛❝✉♥ ❞❡s ❣r♦✉♣❡s ✭❝❢✳ ❋✐❣✉r❡
✹✳✷✮✳

Ẑt =

{
k s✐ Argmax

ℓ
τtℓ = k ❡t τtk > s

0 s✐♥♦♥

♦ù Ẑt = 0 ❝♦rr❡s♣♦♥❞ à ✉♥❡ s♦♥❞❡ t ♥♦♥ ❝❧❛ssé❡✳

❋✐❣✳ ✹✳✷✿ ❈❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s ❡♥ q✉❛tr❡ ❣r♦✉♣❡s ❛✈❡❝ ✉♥ s❡✉✐❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ é❣❛❧ à
✵✳✼✳ ▲❛ ③♦♥❡ ❞❡ ♥♦♥ ❝❧❛ss❡♠❡♥t ❡st ❡♥ ❜❡✐❣❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽✷ ❈❧❛ss✐✜❝❛t✐♦♥

✶✳✷ ❆ss♦❝✐❛t✐♦♥ ❞❡ ❣r♦✉♣❡s

❯♥❡ ❛✉tr❡ ♠❛♥✐èr❡ ❞❡ ré❞✉✐r❡ ❧❡s ❝❧❛ss❡♠❡♥ts ✐♥❝❡rt❛✐♥s ❡st ❞✬❛ss♦❝✐❡r ❞✐✛ér❡♥ts ❣r♦✉♣❡s
q✉✐✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ♣♦sé❡✱ ♣❡✉✈❡♥t êtr❡ r❡❣r♦✉♣és ♣♦✉r ét❛❜❧✐r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥
s♣é❝✐✜q✉❡✳ ▲❡s ❞✐✛ér❡♥t❡s ❝❧❛ss✐✜❝❛t✐♦♥s s♦♥t ❢❛❝✐❧❡s à ré❛❧✐s❡r ♣✉✐sq✉✬✐❧ s✉✣t ❞❡ s♦♠♠❡r
❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞❡s ❣r♦✉♣❡s ♣ré❞é✜♥✐s✳
❆✐♥s✐✱ ♣♦✉r ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ♦✉ ❞❡ tr❛♥s❝r✐♣t♦♠❡ ♣♦✉r ❧❡sq✉❡❧❧❡s ♥♦✉s
♣r♦♣♦s♦♥s ✉♥ ♠♦❞è❧❡ à q✉❛tr❡ ❝♦♠♣♦s❛♥ts ✭❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷✮✱ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❡✉t
êtr❡ ♠♦❞✐✜é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✐♥térêt ❜✐♦❧♦❣✐q✉❡✳ ❙✐ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❡st ❞❡ ❞✐st✐♥❣✉❡r
❧❡s ❞✐✛ér❡♥❝❡s ❞✬❤②❜r✐❞❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s✱ ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ tr♦✐s ❣r♦✉♣❡s
❡st s❛t✐s❢❛✐s❛♥t❡✳ ■❧ s✉✣t ♣♦✉r ❝❡❧❛ ❞❡ s♦♠♠❡r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✉ ❣r♦✉♣❡
✐❞❡♥t✐q✉❡♠❡♥t ❤②❜r✐❞é ❡t ❝❡❧❧❡s ❞✉ ❣r♦✉♣❡ ❜r✉✐t ✭♣❛s ❞✬❤②❜r✐❞❛t✐♦♥✮✳ ❯♥❡ ❛✉tr❡ ♣♦ss✐❜✐❧✐té
❡st ❞❡ ❝❧❛ss❡r ❡♥ ❞❡✉① ❣r♦✉♣❡s s❡✉❧❡♠❡♥t✱ ❧✬✉♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❤②❜r✐❞❛t✐♦♥ ✐❞❡♥t✐q✉❡
❞❛♥s ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✱ ❡t ❧✬❛✉tr❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❤②❜r✐❞❛t✐♦♥ ❞✐✛ér❡♥t❡✱ s❛♥s
❞✐st✐♥❣✉❡r ❧❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és ✭❝❢✳ ❋✐❣✉r❡ ✹✳✸ ré❛❧✐sé❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡
❍▼▼ M2 ❞é✜♥✐ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶✮✳ ❙✐ ❧✬♦❜❥❡❝t✐❢ ❜✐♦❧♦❣✐q✉❡ ❡st ♣❧✉tôt ❞❡ tr♦✉✈❡r
❞❡s ré❣✐♦♥s ❤②❜r✐❞é❡s✱ ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ ❞❡✉① ❣r♦✉♣❡s ♣❡✉t êtr❡ ❝❤♦✐s✐❡ ❡♥ sé♣❛r❛♥t ❧❡
❣r♦✉♣❡ ❜r✉✐t ❞❡s tr♦✐s ❛✉tr❡s✳

❋✐❣✳ ✹✳✸✿ ❈❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s ❡♥ ✹ ❣r♦✉♣❡s ✭❣❛✉❝❤❡✮✱ ✸ ❣r♦✉♣❡s ✭❝❡♥tr❡✮✱ ✷ ❣r♦✉♣❡s
✭❞r♦✐t❡✮✳

❙✉r ❧✬❡①❡♠♣❧❡ ❞♦♥♥é ❋✐❣✉r❡ ✹✳✹ ✭ré❛❧✐sé❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥✲
s✐♦♥♥❡❧ M1 ❞é✜♥✐ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶✱ ♣♦✉r ✉♥❡ ♠❡✐❧❧❡✉r❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s ❢r♦♥t✐èr❡s✮✱
♦♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ③♦♥❡ ❞❡ ♥♦♥ ❝❧❛ss❡♠❡♥t ❡st ré❞✉✐t❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à
tr♦✐s ♦✉ ❞❡✉① ❣r♦✉♣❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ✶✶✳✾✪ ❡t ✾✳✸✪ ❞❡ s♦♥❞❡s ♥♦♥ ❝❧❛ssé❡s✮ ♣❛r r❛♣♣♦rt
à ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à q✉❛tr❡ ❣r♦✉♣❡s ✭✶✷✳✺✪ ❞❡ s♦♥❞❡s ♥♦♥ ❝❧❛ssé❡s✮✳

❈❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛♥t❡s ❞❡ ❧❛ rè❣❧❡ ❞✉ ▼❆P r❡st❡♥t ♣r❛❣♠❛t✐q✉❡s ❡t ♣❡✉ ❢♦r♠❡❧❧❡s✱
❡t ❧❡s ❞✐✣❝✉❧tés ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❛✉① ❢r♦♥t✐èr❡s ❞❡s ❣r♦✉♣❡s ♥❡ s♦♥t ♣❛s rés♦❧✉❡s✳ ❉❛♥s
❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♣r♦❝é❞✉r❡ ♣❡r♠❡tt❛♥t ❞❡ ❝♦♥trô❧❡r ❧❡s ❡rr❡✉rs
❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s ❡t ♣♦✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s
✐♥❞é♣❡♥❞❛♥t❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s ✽✸

❋✐❣✳ ✹✳✹✿ ❈❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s ❛✈❡❝ ✉♥ s❡✉✐❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ é❣❛❧ à ✵✳✼ ✭③♦♥❡ ❡♥ ❜❡✐❣❡✮✳
●❛✉❝❤❡ ✿ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ ✹ ❣r♦✉♣❡s ❛✈❡❝ ✶✷✳✺✪ ❞❡ s♦♥❞❡s ♥♦♥ ❝❧❛ssé❡s✳ ❈❡♥tr❡ ✿ ❝❧❛ss✐✜❝❛✲
t✐♦♥ ❡♥ ✸ ❣r♦✉♣❡s ❛✈❡❝ ✶✶✳✾✪ ❞❡ s♦♥❞❡s ♥♦♥ ❝❧❛ssé❡s✳ ❉r♦✐t❡ ✿ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ ✷ ❣r♦✉♣❡s

❛✈❡❝ ✾✳✸✪ ❞❡ s♦♥❞❡s ♥♦♥ ❝❧❛ssé❡s✳

✷ ❈♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s

❖♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s ✭K = 2✮✱ s♦✉s ❧✬❤②♣♦t❤ès❡
❞✬♦❜s❡r✈❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s✳ ◆♦✉s r❡♣r❡♥♦♥s ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ❞é✜♥✐
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉① ❣r♦✉♣❡s✱ ❧❡s ❞❡✉① ❣r♦✉♣❡s ❥♦✉❡♥t ❣é♥ér❛❧❡♠❡♥t
✉♥ rô❧❡ ❞✐✛ér❡♥t ✿ ✉♥ s❡✉❧ ❞❡s ❞❡✉① ❣r♦✉♣❡s ❡st ✉♥ ❣r♦✉♣❡ ❞✬✐♥térêt✳ ❆✜♥ ❞✬é✈✐t❡r ❞❡
tr♦♣ ♥♦♠❜r❡✉s❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞✬✐♥térêt✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥
❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s✱ ♦ù ✉♥ ❢❛✉①✲♣♦s✐t✐❢ ❡st ✉♥❡ ♦❜s❡r✈❛t✐♦♥ ❝❧❛ssé❡ à t♦rt ❞❛♥s ❧❡
❣r♦✉♣❡ ❞✬✐♥térêt✳ ❉❛♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ❈❤■P✲❝❤✐♣ ♦ù ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡
❝❧❛ss❡r ❧❡s s♦♥❞❡s ❡♥ ❞❡✉① ❣r♦✉♣❡s ✭✉♥ ❣r♦✉♣❡ ❡♥r✐❝❤✐✱ ♥♦té ✶✱ ❡t ✉♥ ❣r♦✉♣❡ ♥♦r♠❛❧✱ ♥♦té
✵✮✱ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s ❡♥r✐❝❤✐❡s ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♠♣♦rt❛♥t❡ ❞✬✉♥ ♣♦✐♥t ❞❡
✈✉❡ ❜✐♦❧♦❣✐q✉❡✳ ▲❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s s✬✐♥tér❡ss❡ ❞♦♥❝ ✉♥✐q✉❡♠❡♥t à ❧❛ ♣r♦❜❛❜✐❧✐té
❞✬❛✛❡❝t❡r ✉♥❡ s♦♥❞❡ à t♦rt ❞❛♥s ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐✳

▲✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s ❡♥r✐❝❤✐❡s à ♣❛rt✐r ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ r❡✈✐❡♥t à
tr♦✉✈❡r ✉♥ s❡✉✐❧ s t❡❧ q✉❡ s✐ τt1 > s✱ ❧❛ s♦♥❞❡ t ❡st ❞é❝❧❛ré❡ ❡♥r✐❝❤✐❡✳ ▲❛ rè❣❧❡ ❞✉ ▼❆P
✜①❡ ❧❡ s❡✉✐❧ s = 1/2✱ ❝❡ q✉✐ s✐❣♥✐✜❡ ✐♠♣❧✐❝✐t❡♠❡♥t q✉❡ ❧❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❛♥s
❧❛ ♣♦♣✉❧❛t✐♦♥ ❡♥r✐❝❤✐❡ ❡t ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ♥♦r♠❛❧❡ ♦♥t ❧❡ ♠ê♠❡ ❝♦ût✳ ▲❡ ❝♦♥trô❧❡ ❞❡
❢❛✉①✲♣♦s✐t✐❢s ♣❡r♠❡t ❞❡ ❝♦♥trô❧❡r ❧❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ ❞ét❡r♠✐♥❛♥t ✉♥ s❡✉✐❧ s ❞❡
♠❛♥✐èr❡ ♥♦♥ ❛r❜✐tr❛✐r❡✳
◆♦✉s ❞é✜♥✐ss♦♥s ❧❛ rè❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ s✉✐✈❛♥t❡ ✿

Ẑt = ✶{τt1>s} .

❉❛♥s ❧❛ t❤é♦r✐❡ ❞❡s t❡sts ❞✬❤②♣♦t❤ès❡s✱ ❧❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❡st ré❛❧✐sé ❡♥ ❝♦♥trô❧❛♥t
❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ r❡❥❡t❡r à t♦rt ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❛✉ ❝♦♥trô❧❡ ❞✉
r✐sq✉❡ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡✱ ❧❡ t❛✉① ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡
❡st ❝♦♥trô❧é ♣❛r ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛✛❡❝t❡r ✉♥❡ s♦♥❞❡ à t♦rt ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❡♥r✐❝❤✐❡✳ ▲❡
r✐sq✉❡ à ❝♦♥trô❧❡r ❡st ✿

P{Ẑt = 1 | Zt = 0, Xt = xt} .
❊♥ ♣r❛t✐q✉❡✱ ♦♥ ✜①❡ ✉♥ ♥✐✈❡❛✉ α t❡❧ q✉❡ ✿

P{Ẑt = 1 | Zt = 0, Xt = xt} ≤ α , ✭✹✳✶✮

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽✹ ❈❧❛ss✐✜❝❛t✐♦♥

❡t ♦♥ ❝❤❡r❝❤❡ ❧❡ s❡✉✐❧ s ❝♦rr❡s♣♦♥❞❛♥t✳ ▲❡ s❡✉✐❧ s ❞é♣❡♥❞ à ❧❛ ❢♦✐s ❞❡ α ❡t ❞✉ ❧♦❣✲■◆P❯❚
xt ❡t ❞♦✐t ❞♦♥❝ êtr❡ ❝❛❧❝✉❧é ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ◆♦t♦♥s Xt = (xt, Yt) ❧❡s ✐♥t❡♥s✐tés ❧♦❣✲■◆P❯❚ ❡t ❧♦❣✲■P ❞❡ ❧❛ s♦♥❞❡ t✱
r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t Zt s♦♥ st❛t✉t✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ♠❛r❣✐♥❛❧❡ ❞❡ Yt✱ ♣♦✉r ✉♥ ♥✐✈❡❛✉ ❞✬■◆P❯❚
xt ❞♦♥♥é✱ ❡st ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞❡✉① ré❣r❡ss✐♦♥s ✿

(1− p)f(Yt;xt, θ0) + pf(Yt;xt, θ1),

♦ù p r❡♣rés❡♥t❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❡♥r✐❝❤✐❡s✱ ❡t f(·;x, θk) ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞❡♥s✐té
❞❡ ♣r♦❜❛❜✐❧✐té ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞❡ ♠♦②❡♥♥❡ µk = ak + bkx ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2

♣♦✉r k = 0, 1✳
▲❡ s❡✉✐❧ s q✉✐ ❣❛r❛♥t✐t P{Ẑt = 1 | Zt = 0, Xt = xt} ≤ α ❡st ✿

s =
expλ

1 + expλ
,

♦ù

λ =

(
µ1 − µ0

σ

)(
u1−α −

µ1 − µ0

2σ

)
− log

(
1− p

p

)
,

♦ù u1−α ❡st ❧❡ q✉❛♥t✐❧❡ ❞❡ N (0, 1) ❛✉ ♥✐✈❡❛✉ α✳

Pr❡✉✈❡ ✶✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❛ s♦♥❞❡ t✱ ❞✬■P Yt ❡t ❞✬■◆P❯❚ xt ❛♣♣❛rt✐❡♥t ❛✉ ❣r♦✉♣❡
❡♥r✐❝❤✐ s✐ ❡t s❡✉❧❡♠❡♥t s✐ τt1 > s✱ ❛✈❡❝ ✿

τt1 = Pxt
{Zt = 1 | yt} =

pf(yt;xt, θ1)

(1− p)f(yt;xt, θ0) + pf(yt;xt, θ1)
,

♦ù p r❡♣rés❡♥t❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❡♥r✐❝❤✐❡s✱ θ1 ❡st ❧❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s
(a1, b1, σ) ❡t f(yt;xt, θ1) ❡st ❧❛ ❞❡♥s✐té ❞❡ ❧❛ ❧♦✐ N (µ1 = a1 + b1x, σ

2)✱ ❡t ♦ù θ0 ❡st ❧❡
✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s (a0, b0, σ) ❡t f(yt;xt, θ0) ❡st ❧❛ ❞❡♥s✐té ❞❡ ❧❛ ❧♦✐ N (µ0 = a0+b0x, σ

2)✳

▲✬éq✉❛t✐♦♥ ✭✹✳✶✮ ♣❡✉t êtr❡ réé❝r✐t❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

P{pf(yt;xt, θ1)(1− s)− s(1− p)f(yt;xt, θ0) > 0 | Zt = 0, Xt = xt} ≤ α. ✭✹✳✷✮

▲❡ s❡✉✐❧ s ❡st s♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥✱ q✉✐ ♥♦✉s ❛♠è♥❡ à ét✉❞✐❡r ❧❡ s✐❣♥❡ ❞✬✉♥ ♣♦❧②♥ô♠❡
❞✉ s❡❝♦♥❞ ❞❡❣ré ❡♥ yt✳

❊♥ r❡♠♣❧❛ç❛♥t ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té f(yt;xt, θ0) ❡t f(yt;xt, θ1) ♣❛r
❧❡✉r ❡①♣r❡ss✐♦♥✱ ♦♥ ♦❜t✐❡♥t q✉❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✷✮ ❡st éq✉✐✈❛❧❡♥t❡ à ✿

P

[
2
(µ1 − µ0)

σ2
yt + (µ2

0 − µ2
1)

1

σ2
− 2 log

(
s(1− p)

(1− s)p

)
> 0 | Zt = 0, Xt = xt

]
≤ α.

P♦s♦♥s

γ = (µ2
0 − µ2

1)
1

σ2
− 2 log

(
s(1− p)

(1− s)p

)
·

❊♥ ❝❡♥tr❛♥t ❡t ré❞✉✐s❛♥t✱ ♦♥ ♦❜t✐❡♥t ✿

P

[
yt − µ0

σ
>

−γσ
2(µ1 − µ0)

− µ0

σ
| Zt = 0, Xt = xt

]
≤ α.

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s ✽✺

P✉✐sq✉❡ ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡ t ❡st ♥♦r♠❛❧ ✭Zt = 0✮✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ Yt ❡st ✉♥❡ ❣❛✉ss✐❡♥♥❡
❞❡ ♠♦②❡♥♥❡ µ0 = a0 + b0xt ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2✳ ❖♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❡st ✿

−γσ
2(µ1 − µ0)

= u1−α +
µ0

σ
,

♦ù u1−α ❡st ❧❡ q✉❛♥t✐❧❡ ❞❡ N (0, 1) ❛✉ ♥✐✈❡❛✉ α✳
❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ γ✱ ♦♥ ❛ ✿

2σ log

(
s

1− s

)
= 2u1−α(µ1 − µ0)−

1

σ
(µ1 − µ0)

2 − 2σ log

(
1− p

p

)
·

▲✬❡①♣r❡ss✐♦♥ ❞✉ s❡✉✐❧ s ❡st ❞♦♥❝ ❞♦♥♥é❡ ♣❛r ✿

s =
expλ

1 + expλ
,

♦ù

λ =

(
µ1 − µ0

σ

)(
u1−α −

µ1 − µ0

2σ

)
− log

(
1− p

p

)
· �

❈❡ ❝♦♥trô❧❡ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡s ❡rr❡✉rs ❞❡ ❝❧❛ss❡♠❡♥t ❞❛♥s ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐✳ ▲❛
♠ê♠❡ str❛té❣✐❡ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ ♣♦✉r ❝♦♥trô❧❡r ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛ss✐❣♥❡r ✉♥❡ s♦♥❞❡
à t♦rt ❞❛♥s ❧❡ ❣r♦✉♣❡ ♥♦r♠❛❧✳ ◆♦t♦♥s t♦✉t ❞❡ ♠ê♠❡ q✉❡ ❧❡s q✉❛♥t✐tés ✐♥t❡r✈❡♥❛♥t ❞❛♥s
❧✬❡①♣r❡ss✐♦♥ ❞❡ λ s♦♥t t♦✉t❡s ❡st✐♠é❡s✳

P❡rs♣❡❝t✐✈❡s ❞✉ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s

▲❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ♣r♦♣♦sé ❝✐✲❞❡ss✉s ♥✬❡st ❞é✜♥✐ q✉❡ ♣♦✉r K = 2 ❡t ❞❛♥s
❧❡ ❝❛s ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡✳ ❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❍▼▼✱ ✐❧ ❡①✐st❡ ✉♥❡ ♣r♦❝é❞✉r❡ ❞❡
❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ♣♦✉r ❧❡s t❡sts ♠✉❧t✐♣❧❡s ✭❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡✱ ❙✉♥ ❡t ❈❛✐✱ ✷✵✵✾✮
❧♦rsq✉✬✐❧ ♥✬② ❛ q✉❡ ❞❡✉① ❣r♦✉♣❡s✳ ▲❛ rè❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

τt1 > s ⇒ Ẑt = 1 ⇔ s♦♥❞❡ t ❞é❝❧❛ré❡ ❡♥r✐❝❤✐❡,

♦ù s ❡st ✉♥ s❡✉✐❧ ❛r❜✐tr❛✐r❡ q✉✐ ❞♦✐t êtr❡ ✜①é✳ ❖♥ ♥♦t❡ P(x) ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♥❞❡s t t❡❧
q✉❡ τt > s ❡t ♦♥ ❛ ✿

❋̂❉❘(s) =

∑
t∈P(x)(1− τ̂t)

❝❛r❞(P(x))

❊♥ ♣r❛t✐q✉❡✱ ♦♥ ✜①❡ ❋̂❉❘ ≤ α ❡t ♦♥ tr♦✉✈❡ ❧❡ s❡✉✐❧ s ❞é♣❡♥❞❛♥t ❞❡ α✳
❯♥❡ ♣❡rs♣❡❝t✐✈❡ ✐♥tér❡ss❛♥t❡ s❡r❛✐t ❞✬ét❡♥❞r❡ ❧❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❛✉ ❝❛s ♦ù ❧✬♦♥

❛ ♣❧✉s ❞❡ ❞❡✉① ❣r♦✉♣❡s ✭K > 2✮✱ ❝❡ q✉✐ ❡st ❞✐✣❝✐❧❡ à ❝❛✉s❡ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✐♥tr✐♥sèq✉❡
❞✬✉♥ ❢❛✉①✲♣♦s✐t✐❢✳ ❯♥❡ s♦❧✉t✐♦♥ s✐♠♣❧❡ ❝♦♥s✐st❡ à s❡ r❛♠❡♥❡r à ❞❡✉① ♣♦♣✉❧❛t✐♦♥s ❞✬✐♥térêt
❡♥ s♦♠♠❛♥t ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞❡s ❞✐✛ér❡♥ts ❣r♦✉♣❡s ❛ss♦❝✐és ✭❝❢✳ ❙❡❝t✐♦♥ ✶✳✷✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽✻ ❈❧❛ss✐✜❝❛t✐♦♥

✸ ❈❧❛ss✐✜❝❛t✐♦♥ ❞❡ ré❣✐♦♥s

❊♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ❡♥ ❣é♥ér❛❧ ❝❧❛ssé❡s ✐♥❞✐✈✐❞✉❡❧✲
❧❡♠❡♥t✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡rt❛✐♥s ❝❛s✱ ❧✬♦❜s❡r✈❛t✐♦♥ ♥✬❡st ♣❛s ✉♥❡ ✉♥✐té ♣❡rt✐♥❡♥t❡ ❡t ✐❧
❡st ♣ré❢ér❛❜❧❡ ❞❡ ❝❧❛ss❡r ❝♦♥❥♦✐♥t❡♠❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ P♦✉r ❧❡s ❞♦♥♥é❡s t✐✲
❧✐♥❣ ❛rr❛②s✱ ❧❡s s♦♥❞❡s ♥❡ s♦♥t ♣❛s ❞❡s ✉♥✐tés ❜✐♦❧♦❣✐q✉❡♠❡♥t ♣❡rt✐♥❡♥t❡s✳ ❊♥ ❡✛❡t✱ ❞❛♥s
❧❡s ❛♥❛❧②s❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ s✬✐♥tér❡ss❡ ♣❧✉tôt ❛✉ st❛t✉t ❞✬✉♥❡ ré❣✐♦♥
❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ✉♥ ❣è♥❡✱ ❝♦✉✈r❛♥t ❣é♥ér❛❧❡♠❡♥t ♣❧✉s✐❡✉rs s♦♥❞❡s✳ ◆é❛♥♠♦✐♥s✱ ❧❛ ♣❧✉✲
♣❛rt ❞❡s ♠ét❤♦❞❡s ❛♣♣❧✐q✉é❡s ❛✉① t✐❧✐♥❣ ❛rr❛②s ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡
❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❢♦✉r♥✐ss❡♥t ✉♥ rés✉❧t❛t ♣❛r s♦♥❞❡✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ré❣✐♦♥s ❜✐♦❧♦❣✐✲
q✉❡♠❡♥t ✐♥tér❡ss❛♥t❡s ♥✬❡st ♣❛s ✉♥ ♣r♦❝é❞é ❤❛❜✐t✉❡❧✳ ▲❡s q✉❡❧q✉❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s
♣♦✉r ❞♦♥♥❡r ✉♥ rés✉❧t❛t ♣❛r ré❣✐♦♥ s♦♥t ❢♦♥❞é❡s s✉r ✉♥❡ ❛♣♣r♦❝❤❡ ♣❛r ❢❡♥êtr❡ ❣❧✐ss❛♥t❡
♦ù ❧❡s ✐♥t❡♥s✐tés ❞❡s s♦♥❞❡s s♦♥t ❢✉s✐♦♥♥é❡s ❛ ♣r✐♦r✐ ✭❏♦❤♥s♦♥ ❡t ❛❧✳✱ ✷✵✵✻✮✳ ▲❛ ♠ét❤♦❞❡
♣r♦♣♦sé❡ ♣❛r ▲✐ ❡t ❛❧✳ ✭✷✵✵✺✮ ❡st ❞❡ ❞é✜♥✐r ✉♥❡ ré❣✐♦♥ ❛ ♣♦st❡r✐♦r✐ à ♣❛rt✐r ❞❡ ❝r✐tèr❡s
✜①és ✿ ❡❧❧❡ ❞♦✐t ❝♦♥t❡♥✐r ❛✉ ♠♦✐♥s ❞❡✉① s♦♥❞❡s ❛②❛♥t ✉♥❡ ✈❛❧❡✉r ❞✬❡♥r✐❝❤✐ss❡♠❡♥t ♣♦s✐t✐✈❡
❞❛♥s ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ❈❤■P✱ ❡t ❛✉ ♠♦✐♥s ✉♥❡ s♦♥❞❡ ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❞✬❡♥r✐❝❤✐ss❡♠❡♥t
✐♥❢ér✐❡✉r❡ à −15 ❞❛♥s ❧✬é❝❤❛♥t✐❧❧♦♥ ❞❡ ré❢ér❡♥❝❡✳ ▼❛✐s ❝❡s ♠ét❤♦❞❡s ♥❡ ❝♦♥s✐❞èr❡♥t ♣❛s ❧❡s
ré❣✐♦♥s q✉✐ ♦♥t ✉♥❡ ♦r❣❛♥✐s❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡s ré❣✐♦♥s ♥♦♥ ❝♦♥♥❡①❡s
❝♦✉✈❡rt❡s ♣❛r ♣❧✉s✐❡✉rs s♦♥❞❡s ♥♦♥✲❛❞❥❛❝❡♥t❡s t❡❧❧❡s q✉❡ ❧❡s ❣è♥❡s ❛✈❡❝ ❧❡✉rs ❡①♦♥s ❡t ❧❡✉rs
✐♥tr♦♥s✳

✸✳✶ Pr♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ ré❣✐♦♥

◆♦✉s ❣é♥ér❛❧✐s♦♥s ❧❡ ❝❛❧❝✉❧ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ ♦❜s❡r✈❛t✐♦♥ à ✉♥
❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❛②❛♥t ✉♥❡ str✉❝t✉r❡ ❛r❜✐tr❛✐r❡✳ ▲❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés
❛ ♣♦st❡r✐♦r✐ ♣♦✉r ✉♥❡ ♦❜s❡r✈❛t✐♦♥ ❡st ❧❡ ❝r✐tèr❡ ♥❛t✉r❡❧ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✬✉♥❡ ré❣✐♦♥✳ ■❧
♣❡r♠❡t ❞❡ r❡st❛✉r❡r ❧♦❝❛❧❡♠❡♥t ❧❡ ❝❤❡♠✐♥ ❝❛❝❤é✱ ❡t ✉♥❡ ré❣✐♦♥ ❡st ❞é❝❧❛ré❡ ❛♣♣❛rt❡♥❛♥t ❛✉
❣r♦✉♣❡ k s✐ ❧❡ ❝❤❡♠✐♥ ❝❛❝❤é r❡st❡ ❞❛♥s ❧✬ét❛t k ❞✉r❛♥t t♦✉t❡ ❧❛ ré❣✐♦♥✳ ❖♥ ❞é✜♥✐t ❧❛ ♣r♦✲
❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ Pgk,X ❞✬✉♥❡ ré❣✐♦♥ g ❞✬❛♣♣❛rt❡♥✐r ❛✉ ❣r♦✉♣❡ k ❝♦♠♠❡ ❧❛ ♣r♦❜❛❜✐❧✐té
q✉❡ t♦✉t❡s ❧❡s s♦♥❞❡s ❞❡ ❧❛ ré❣✐♦♥ ❛♣♣❛rt✐❡♥♥❡♥t ❛✉ ❣r♦✉♣❡ k ✿

Pgk,X = P (∀t ∈ g, Zt = k | X,C) , ✭✹✳✸✮

♦ù X ❝♦rr❡s♣♦♥❞ ❛✉① ♦❜s❡r✈❛t✐♦♥s✱ ❡t C à ❧✬❛♥♥♦t❛t✐♦♥✳
▲❛ ré❣✐♦♥ ❡st ❞✐t❡ ❤♦♠♦❣è♥❡ ♣✉✐sq✉❡ t♦✉t❡s ❧❡s s♦♥❞❡s ♦♥t ❧❡ ♠ê♠❡ st❛t✉t✳
◆♦t♦♥s q✉❡ ❧❡s ré❣✐♦♥s à ❝❧❛ss❡r ❞♦✐✈❡♥t êtr❡ ❞é✜♥✐❡s ❛ ♣r✐♦r✐✳

❯♥❡ ré❣✐♦♥ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s♦♥❞❡s✱ ♣❛s ❢♦r❝é♠❡♥t ❝♦♥♥❡①❡✱ ♠❛✐s q✉✐
♣❡✉t êtr❡ ❞é❝♦♠♣♦sé❡ ❡♥ s♦✉s✲ré❣✐♦♥s ❞❡ s♦♥❞❡s ❛❞❥❛❝❡♥t❡s✳ ❊♥ ré❢ér❡♥❝❡ à ❧❛ str✉❝t✉r❡
❞❡s ❣è♥❡s ❡t s❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s ❛♣♣❡❧❡r♦♥s ❵❣è♥❡s✬ ❝❡s ré❣✐♦♥s✱ ❵❡①♦♥s✬ ❧❡s
s♦✉s✲ré❣✐♦♥s ❡t ❵✐♥tr♦♥s✬ ❧❡s ❡s♣❛❝❡s ❡♥tr❡ ❧❡s s♦✉s✲ré❣✐♦♥s✳
❉❛♥s ❧❡s ❣è♥❡s ❡✉❝❛r②♦t❡s✱ ❧❡s ❡①♦♥s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ré❣✐♦♥s ❝♦❞❛♥t❡s q✉✐ s♦♥t é♣✐ssé❡s
♣♦✉r ❢♦r♠❡r ❧❡ tr❛♥s❝r✐t ❞✬❆❘◆♠✱ ❛♣rès é❧✐♠✐♥❛t✐♦♥ ❞❡s ✐♥tr♦♥s✱ q✉✐ ♥❡ s♦♥t ♣❛s ❡①♣r✐♠és✳
▲❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✬✉♥ ❣è♥❡ s♦♥t ❞♦♥❝ ♦❜t❡♥✉❡s ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥✐q✉❡♠❡♥t
❧❡s s♦♥❞❡s ❡①♦♥✐q✉❡s ❝♦✉✈r❛♥t ❧❡ ❣è♥❡✳

◆♦✉s ❝❛❧❝✉❧♦♥s ❧❛ ♣r♦❜❛❜✐❧✐té Pgk,X ❞é✜♥✐❡ à ❧✬éq✉❛t✐♦♥ ✭✹✳✸✮ ♣♦✉r ✉♥ ❣è♥❡ g ❛✈❡❝ Q
❡①♦♥s ✭❡t Q− 1 ✐♥tr♦♥s✮✳ ❖♥ ♥♦t❡ eq ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ s♦♥❞❡ ❞❡ ❧✬❡①♦♥ q ❡t iq ❧❛
♣♦s✐t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ s♦♥❞❡ ❞❡ ❧✬✐♥tr♦♥ q ❀ ❛✐♥s✐ iq − 1 ❝♦rr❡s♣♦♥❞ à ❧❛ ❞❡r♥✐èr❡ s♦♥❞❡ ❞❡
❧✬❡①♦♥ q − 1✳ ❖♥ ♥♦t❡ ♣❛r ❝♦♥✈❡♥t✐♦♥ iQ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ s♦♥❞❡ ❛♣rès ❧❛ ✜♥ ❞✉
❣è♥❡✳ ▲❡ s❝❤é♠❛ ❡①♣❧✐❝❛t✐❢ ❞✉ ❝❛❧❝✉❧ ♣♦✉r ✉♥ ❣è♥❡ ❛✈❡❝ Q ❡①♦♥s ❡st ❞♦♥♥é ❋✐❣✉r❡ ✹✳✺✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❧❛ss✐✜❝❛t✐♦♥ ❞❡ ré❣✐♦♥s ✽✼

❋✐❣✳ ✹✳✺✿ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥ ❣è♥❡ ❛✈❡❝ Q ❡①♦♥s

❘❡♠❛rq✉♦♥s q✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡✱ ❧❡s ♣r♦❜❛❜✐❧✐tés
❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❞❡ ❧❛ ré❣✐♦♥ ♥❡ s♦♥t ♣❛s é❣❛❧❡s ❛✉ ♣r♦❞✉✐t ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡ ❝❤❛q✉❡
s♦♥❞❡ ❝♦✉✈r❛♥t ❧❛ ré❣✐♦♥✳ ▲❡ ❝❛❧❝✉❧ ❞♦♥♥é Pr♦♣♦s✐t✐♦♥ ✺ ❡st ❞é✜♥✐ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ♣r✐s❡
❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❡t s♦✉s ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡ ✭❝♦rr❡s♣♦♥❞❛♥t
❛✉ ▼♦❞è❧❡ M4 ❞✉ ❝❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❖♥ ♥♦t❡ Xv
u = {Xt}u≤t≤v ✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ❞✬✉♥❡ ré❣✐♦♥ g

❞✬❛♣♣❛rt❡♥✐r ❛✉ ❣r♦✉♣❡ k s✬é❝r✐t ✿

Pgk,X = P (∀t ∈ g, Zt = k|X,C)

= P (Ze1
= k|Xe1

1 , C)×
(

i1−1∏

t=e1+1

Ak,t

)
×

Q−1∏

q=2



Bk,q ×
iq−1∏

t=eq+1

Ak,t





×Bk,Q ×




iQ−2∏

t=eQ+1

Ak,t



× P (ZiQ−1 = k|ZiQ−2 = k,Xn
iQ−1) ,

♦ù Ak,s = P (Zs = k | Zs−1 = k,Xs, C) ❡t
Bk,q = P (Zeq

= k | Ziq−1−1 = k,X
eq

iq−1
, C)✱ ❛✈❡❝ C = {Ct}✳

■❞é❡ ❞❡ ❧❛ ♣r❡✉✈❡✳

Pgk,X = P (∀ e s♦♥❞❡ ❡①♦♥, Ze = k | X, C)

= P (Ze1
= k | Xe1

1 , C)︸ ︷︷ ︸
s♦♥❞❡ ✶ ❥✉sq✉✬à ❧❛ ♣r❡♠✐èr❡ s♦♥❞❡ ❞❡ ❧✬❡①♦♥ ✶

×
i1−1∏

s=e1+1

P (Zs = k | Zs−1 = k,Xs, C)

︸ ︷︷ ︸
s♦♥❞❡s ❞❡ ❧✬❡①♦♥ ✶

×
Q−1∏

q=2




P (Zeq = k | Ziq−1−1 = k, X

eq

iq−1
, C)

︸ ︷︷ ︸
♣r❡♠✐èr❡ s♦♥❞❡ ❞❡ ❧✬❡①♦♥ q

×
iq−1∏

s=eq+1

P (Zs = k | Zs−1 = k,Xs, C)

︸ ︷︷ ︸
s♦♥❞❡s ❞❡ ❧✬❡①♦♥ q





×P (ZeQ
= k | ZiQ−1−1 = k, X

eQ

iQ−1
, C)

︸ ︷︷ ︸
♣r❡♠✐èr❡ s♦♥❞❡ ❞❡ ❧✬❡①♦♥ ◗

×
iQ−2∏

s=eQ+1

P (Zs = k | Zs−1 = k, Xs, C)

︸ ︷︷ ︸
s♦♥❞❡s ❞❡ ❧✬❡①♦♥ ◗

× P (ZiQ−1 = k | ZiQ−2 = k, Xn
iQ−1)︸ ︷︷ ︸

❞❡r♥✐èr❡ s♦♥❞❡ ❞❡ ❧✬❡①♦♥ ◗ ❥✉sq✉✬à ❧❛ s♦♥❞❡ ♥

.

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✽✽ ❈❧❛ss✐✜❝❛t✐♦♥

❚♦✉s ❝❡s t❡r♠❡s ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧és ❛✈❡❝ ❧❛ ♣r♦❝é❞✉r❡ ❋♦r✇❛r❞ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋♦r✲
✇❛r❞✴❇❛❝❦✇❛r❞✳ �

❯♥ ❣è♥❡ ❡st ✉♥❡ ré❣✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ♣✉✐sq✉✬✐❧ ❡st ❝♦♠♣♦sé ❞✬✐♥tr♦♥s ❡t ❞✬❡①♦♥s✳ ▲❡ ❝❛❧❝✉❧
❡st s✐♠♣❧✐✜é ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ré❣✐♦♥ ❝♦♥♥❡①❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ré❣✐♦♥s ❢❛✐t❡ ❛
♣r✐♦r✐ r❡♥❞ ♣♦ss✐❜❧❡ ❧✬ét✉❞❡ ❞❡ ❧✬é♣✐ss❛❣❡ ❛❧t❡r♥❛t✐❢ ❡♥ ♠♦❞✐✜❛♥t ❧❛ ❧✐st❡ ❞❡s ❡①♦♥s ❛ss♦❝✐és
à ✉♥ ❣è♥❡✳ ❈❡❧❛ ♣❡r♠❡t ❛✉ss✐ ❞✬❡①❝❧✉r❡ ❧❡ ❞❡r♥✐❡r ❡①♦♥ ♣♦✉r ❧❡q✉❡❧ ❧❡ ♥✐✈❡❛✉ ❞✬❡①♣r❡ss✐♦♥
♣♦✉rr❛✐t êtr❡ ✐♥❢ér✐❡✉r ❡♥ r❛✐s♦♥ ❞✉ ♣r♦t♦❝♦❧❡ ❞❡ ♠❛rq✉❛❣❡ ✉t✐❧✐sé ❧♦rs ❞❡s ❡①♣ér✐❡♥❝❡s
t✐❧✐♥❣ ❛rr❛②s ✭◆✐❝♦❧❛s ❡t ❛❧✳✱ ✷✵✵✾✮✳

✸✳✷ ❘è❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥

◆♦✉s ♣rés❡♥t♦♥s à ♣rés❡♥t ✉♥❡ ♣r♦❝é❞✉r❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s ❡♥ ❞❡✉① ét❛♣❡s✳
◆♦✉s ❞é✜♥✐ss♦♥s ❞✬❛❜♦r❞ ✉♥ ❝r✐tèr❡ ❞✬❤♦♠♦❣é♥é✐té✱ ♣✉✐s ✉♥❡ rè❣❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦♥❞é❡
s✉r ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳

✶✳ ▲❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ✉♥ ❣è♥❡ ❞✬êtr❡ ❤♦♠♦❣è♥❡ q✉❡❧ q✉❡ s♦✐t ❧❡ st❛t✉t ❡st
K∑

k=1

Pgk,X ✳

◆♦✉s ✈ér✐✜♦♥s ❞✬❛❜♦r❞ s✐ ❧❡ ❣è♥❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ❤♦♠♦❣è♥❡ ❡♥ ❡①❛♠✐♥❛♥t
✉♥ r❛t✐♦ s✐♠✐❧❛✐r❡ à ✉♥ ❢❛❝t❡✉r ❞❡ ❇❛②❡s ✿

K∑

k=1

Pgk,X /
K∑

k=1

Pgk , ✭✹✳✹✮

♦ù Pgk ❡st ❧❛ ✈❡rs✐♦♥ ♥♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡ Pgk,X ✳

Pgk = P (∀t ∈ g, Zt = k|C)

= mE
k × (πE

kk)
PQ

q=1
(iq−eq)−1 ×

Q−1∏

q=1

[(πI)eq+1−iq ]kk ,

♦ù ❧❡s ❡①♣♦s❛♥ts E ❡t I s❡ ré❢èr❡♥t ❛✉① ❝❛té❣♦r✐❡s ❡①♦♥✐q✉❡s ❡t ✐♥tr♦♥✐q✉❡s✱ r❡s♣❡❝✲
t✐✈❡♠❡♥t✳

✷✳ ▲❡ ❝❛❧❝✉❧ ❞❡ Pgk,X ❞é♣❡♥❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ❣è♥❡✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ ✐♠♣❧✐q✉❡
✉♥ ♣r♦❞✉✐t ❞❡ ♣r♦❜❛❜✐❧✐tés ❛✈❡❝ ❛✉t❛♥t ❞❡ t❡r♠❡s q✉❡ ❞❡ s♦♥❞❡s ❡①♦♥✐q✉❡s ❞❛♥s
❧❡ ❣è♥❡✱ Pgk,X t❡♥❞ ✈❡rs ③ér♦ ♣♦✉r ❧❡s ❣è♥❡s ❧♦♥❣s✳ ❆✜♥ ❞❡ ❝♦♥trô❧❡r ❧✬❡✛❡t ❞❡ ❧❛
❞é♣❡♥❞❛♥❝❡ ❞❡ Pgk,X à ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❣è♥❡s✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ✉♥❡ ❝♦rr❡❝t✐♦♥ ❧✐♥é❛✐r❡
❝♦♥❝❡r♥❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❡①♦♥s ❡t ❧❡ ♥♦♠❜r❡ ❞✬❡①♦♥s ❞❛♥s ❧❡ ❣è♥❡ s✉r ❧❡ ❧♦❣✲r❛t✐♦
❞é✜♥✐ ➱q✉❛t✐♦♥ ✭✹✳✹✮✳ ❈❡ ❧♦❣✲r❛t✐♦ ❝♦rr✐❣é ❡st ❞é✜♥✐ ❝♦♠♠❡ ✉♥ ❝r✐tèr❡ ✉♥✐st❛t✉t q✉✐
❡st ✉♥ ♦✉t✐❧ ❞✬❛✐❞❡ à ❧❛ ❞é❝✐s✐♦♥✳ ■❧ ❞♦✐t êtr❡ ♣♦s✐t✐❢ ❡t ❧❡ ♣❧✉s é❧❡✈é ♣♦ss✐❜❧❡ ♣♦✉r
❝♦♥s✐❞ér❡r ❧❛ ré❣✐♦♥ ❤♦♠♦❣è♥❡✳ ▲✬❛✈❛♥t❛❣❡ ❞❡ ❝❡ ❝r✐tèr❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ❞✬♦✛r✐r
❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ♥❡ ♣❛s ❝❧❛ss❡r ❧❡ ❣è♥❡ s✬✐❧ ❡st tr♦♣ ❤étér♦❣è♥❡ ❡♥ t❡r♠❡s ❞❡ st❛t✉ts
❞✐✛ér❡♥ts ❞❡s s♦♥❞❡s ❝♦✉✈r❛♥t ❧❡ ❣è♥❡✳

✸✳ ❙✐ ❧❡ ❣è♥❡ ❡st ❞é❝❧❛ré ❤♦♠♦❣è♥❡✱ ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡ ❝♦♥s✐st❡ à ❝❧❛ss❡r ❧❡ ❣è♥❡ ❞❛♥s
❧✬✉♥ ❞❡s K ❣r♦✉♣❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳ ❖♥ ♥♦t❡ q✉❡ ❧❛ s♦♠♠❡
❞❡s Pgk,X ♣♦✉r k ∈ {1, ...K} ♥✬❡st ♣❛s é❣❛❧❡ à ✶✱ ♣✉✐sq✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡✲
♠❡♥t ❧❡ ❝❛s ❞✬✉♥ ❣è♥❡ ❤♦♠♦❣è♥❡✳ ■❧ ❡①✐st❡ ❜✐❡♥ sûr ❜❡❛✉❝♦✉♣ ❞✬❛✉tr❡s ♣♦ss✐❜✐❧✐tés
♦ù t♦✉t❡s ❧❡s s♦♥❞❡s ❞✬✉♥ ♠ê♠❡ ❣è♥❡ ♥✬♦♥t ♣❛s ❢♦r❝é♠❡♥t ❧❡ ♠ê♠❡ st❛t✉t✳ ❈❡tt❡
❤②♣♦t❤ès❡ s✐♠♣❧✐✜❝❛tr✐❝❡ ❞✬❤♦♠♦❣é♥é✐té ❡st ❞✐s❝✉t❛❜❧❡✱ ♠❛✐s ♣❡✉t ❢❛❝✐❧❡♠❡♥t êtr❡
♠♦❞✐✜é❡ ❝❛r ❧❡s ❝❛❧❝✉❧s s♦♥t ❣é♥ér✐q✉❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✽✾

▲❡ ❣è♥❡ g ❡st ✜♥❛❧❡♠❡♥t ❛ttr✐❜✉é ❛✉ ❣r♦✉♣❡ k ♣♦✉r ❧❡q✉❡❧ ❧❛ ♣r♦❜❛❜✐❧✐té
Pgk,X/

∑
ℓ Pgℓ,X ❡st ❧❛ ♣❧✉s é❧❡✈é❡ ✿

Ẑg = Argmax
k

Pgk,X

K∑

ℓ=1

Pgℓ,X

.

❈❡s ♣r♦❜❛❜✐❧✐tés s♦♥t r❡♥♦r♠❛❧✐sé❡s ♣♦✉r q✉❡ ❧❛ s♦♠♠❡ s✉r k s♦✐t é❣❛❧❡ à ✶✳

▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❛r ré❣✐♦♥ ❡st ✐❧❧✉stré❡ s✉r q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡ ❣è♥❡s ❞❛♥s ❧❡
❝❤❛♣✐tr❡ ✺ ❙❡❝t✐♦♥ ✹✳✸✳

❇✐❜❧✐♦❣r❛♣❤✐❡

❏♦❤♥s♦♥✱ ❲✳❊✳✱ ▲✐✱ ❲✳✱ ▼❡②❡r✱ ❈✳❆✳✱ ●♦tt❛r❞♦✱ ❘✳✱ ❈❛rr♦❧❧✱ ❏✳❙✳✱ ❇r♦✇♥✱ ▼✳ ❛♥❞ ▲✐✉✱ ❳✳❙✳
✭✷✵✵✻✮✳ ▼♦❞❡❧✲❜❛s❡❞ ❛♥❛❧②s✐s ♦❢ t✐❧✐♥❣✲❛rr❛②s ❢♦r ❈❤■P✲❝❤✐♣✳ P◆❆❙ ✶✵✸✱ ✶✷✹✺✼✲✶✷✹✻✷✳

▲✐✱ ❲✳✱ ▼❡②❡r✱ ❆✳ ❛♥❞ ▲✐✉✱ ❳✳❙✳ ✭✷✵✵✺✮✳ ❆ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ ❢♦r ❛♥❛❧②③✐♥❣ ❈❤■P✲
❝❤✐♣ ❡①♣❡r✐♠❡♥ts ♦♥ ❣❡♥♦♠❡ t✐❧✐♥❣ ❛rr❛②s ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣✺✸ ❜✐♥❞✐♥❣ s❡q✉❡♥❝❡s✳
❇✐♦✐♥❢♦r♠❛t✐❝s ✷✶✶✱ ✷✼✹✲✷✽✷✳

◆✐❝♦❧❛s✱ P✳✱ ▲❡❞✉❝✱ ❆✳✱ ❘♦❜✐♥✱ ❙✳✱ ❘❛s♠✉ss❡♥✱ ❙✳✱ ❏❛r♠❡r✱ ❍✳ ❛♥❞ ❇❡ss✐èr❡s✱ P✳ ✭✷✵✵✾✮✳
❚r❛♥s❝r✐♣t✐♦♥❛❧ ❧❛♥❞s❝❛♣❡ ❡st✐♠❛t✐♦♥ ❢r♦♠ t✐❧✐♥❣ ❛rr❛② ❞❛t❛ ✉s✐♥❣ ❛ ♠♦❞❡❧ ♦❢ s✐❣♥❛❧
s❤✐❢t ❛♥❞ ❞r✐❢t✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✺✭✶✽✮✱ ✷✸✹✶✲✷✸✹✼✳

❙✉♥✱ ❲✳ ❛♥❞ ❈❛✐✱ ❚✳❚✳ ✭✷✵✵✾✮ ▲❛r❣❡✲s❝❛❧❡ ♠✉❧t✐♣❧❡ t❡st✐♥❣ ✉♥❞❡r ❞❡♣❡♥❞❡♥❝❡✳ ❏✳❘✳ ❙t❛✲
t✐st✳❙♦❝✳ ❇✱ ✼✶ P❛rt✷ ✸✾✸✲✹✷✹✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✾✵ ❇✐❜❧✐♦❣r❛♣❤✐❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈❤❛♣✐tr❡ ✺

❆♣♣❧✐❝❛t✐♦♥s

❙♦♠♠❛✐r❡
✶ ❈♦♥t❡①t❡ ❡t ♦✉t✐❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✶✳✶ P❧❛♥t❡ ♠♦❞è❧❡ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✶✳✷ ❈❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ♣✉❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✶✳✸ ◆♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✶✳✹ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❛♥s ❋▲❆●❞❜✰✰ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✷ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✷✳✶ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✷✳✷ ➱t✉❞❡ ❞❡ ❧✬é♣✐❣é♥♦♠❡ ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ❛✈❡❝ ▼✉❧t✐❈❤■P♠✐① ✳ ✳ ✶✵✵

✷✳✸ P❛❝❦❛❣❡ ❈❤■P♠✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✸ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✳ ✶✵✸

✸✳✶ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧M2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✸✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✸✳✸ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡s ❞❡ ♠é❧❛♥❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥♥é❡s ❣r❛✐♥❡
✈s ❢❡✉✐❧❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✹✳✶ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠♦❞è❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✹✳✷ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧M4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✹✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♣❛r ❣è♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✹ ❉ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① tr❛♥s❝r✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✹✳✺ P❛❝❦❛❣❡ ❚❆❍▼▼❆♥♥♦t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✺ ➱t✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s ✲ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

❇✐❜❧✐♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✾✷ ❆♣♣❧✐❝❛t✐♦♥s

▲❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❝❡tt❡ t❤ès❡ s♦♥t ❣é♥ér✐q✉❡s ❡t ♣❡r♠❡tt❡♥t
❧✬❡①♣❧♦✐t❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s✳ ❊❧❧❡s ♦♥t été ❛♣♣❧✐q✉é❡s à tr♦✐s t②♣❡s
❞✬❡①♣ér✐❡♥❝❡s ✐ss✉s ❞✉ ♣r♦❥❡t ❆◆❘✴●é♥♦♣❧❛♥t❡ ❚✐❧✐♥❣ ❆rr❛② ●❡♥♦♠❡ ✭❚❆●✮✱ q✉✐ ❛
❞é❜✉té ❡♥ ✷✵✵✼✱ ❝♦♦r❞♦♥♥é ♣❛r ❧✬❯♥✐té ❞❡ ❘❡❝❤❡r❝❤❡ ❡♥ ●é♥♦♠✐q✉❡ ❱é❣ét❛❧❡ ✭❯❘●❱✮
s♣é❝✐❛❧✐sé❡ ❞❛♥s ❧❛ ●é♥♦♠✐q✉❡ ❞❡s P❧❛♥t❡s ✭❯♥✐té ▼✐①t❡ ❞❡ ❘❡❝❤❡r❝❤❡ ■◆❘❆✴❯♥✐✈❡rs✐té
❊✈r②✲❱❛❧ ❞✬❊ss♦♥♥❡ ❊❘▲✶ ❈◆❘❙✮✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ♣r♦❥❡t ét❛✐t ❞❡ ❝♦♥❝❡✈♦✐r✱ ✈❛❧✐❞❡r ❡t
❡①♣❧♦✐t❡r ✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ✉♥✐q✉❡ ❝♦✉✈r❛♥t ❧❡ ❣é♥♦♠❡ ❡♥t✐❡r ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳
▲✬✐❞é❡ ét❛✐t ❞❡ ❝ré❡r ✉♥ ♦✉t✐❧ ♣♦✉r t♦✉t❡ ❧❛ ❝♦♠♠✉♥❛✉té tr❛✈❛✐❧❧❛♥t s✉r ❆r❛❜✐❞♦♣s✐s ❛✜♥
❞✬ét✉❞✐❡r ❧✬❛❝t✐✈✐té ❞✉ ❣é♥♦♠❡ ❞❡ ❝❡tt❡ ♣❧❛♥t❡ ♠♦❞è❧❡✳ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❡tt❡ ♣✉❝❡
♦♥t été ♠✐s❡s ❛✉ ♣♦✐♥t ♣♦✉r ❞✐✈❡rs t②♣❡s ❞✬❡①♣ér✐♠❡♥t❛t✐♦♥s ✭♠ét❤②❧❛t✐♦♥ ❞❡ ❧✬❆❉◆✱
❈❤■P✲❝❤✐♣✱ ❘■P✲❝❤✐♣✱ ❞ét❡❝t✐♦♥ ❡t ❛♥❛❧②s❡ ❞❡ tr❛♥s❝r✐ts ❝♦❞❛♥ts ❡t ♥♦♥✲❝♦❞❛♥ts✱ ❡t❝✳✮✳ ▲❡s
❞♦♥♥é❡s ❛♥❛❧②sé❡s ❞❛♥s ❝❡tt❡ t❤ès❡ ❝♦♥❝❡r♥❡♥t ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■◆P❯❚✱
❈❤■P✲❝❤✐♣ ■P✴■P ❡t tr❛♥s❝r✐♣t♦♠❡✳

◆♦✉s ❞é❝r✐✈♦♥s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♥ér❛❧❡s ❞❡ ❧❛ ♣✉❝❡✱ ♥♦✉s ❞✐s❝✉✲
t♦♥s ❜r✐è✈❡♠❡♥t ❞❡ ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡t ♥♦✉s ♣rés❡♥t♦♥s ❧❡ ❧♦❣✐❝✐❡❧ ❞❡ ✈✐s✉❛❧✐✲
s❛t✐♦♥ ❞❡s rés✉❧t❛ts ❞é✈❡❧♦♣♣é à ❧✬❯❘●❱✳ ▲❡s ❙❡❝t✐♦♥s ✷✱ ✸ ❡t ✹ ♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t
❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❡t ❧❡s ✐♥t❡r♣rét❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ❞❡s tr♦✐s t②♣❡s ❞✬❡①♣ér✐❡♥❝❡s ❛♥❛✲
❧②sé❡s✳ ▲❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s s♦♥t ❛✉t♦♠❛t✐sé❡s s♦✉s ❢♦r♠❡ ❞❡ ♣❛❝❦❛❣❡s ❘ ❛✜♥ ❞✬êtr❡
❞✐r❡❝t❡♠❡♥t ✉t✐❧✐s❛❜❧❡s ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s ✭❝❢✳ ❙❡❝t✐♦♥s ✷✳✸ ❡t ✹✳✺✮✳ ❊♥✜♥ ✉♥❡ ét✉❞❡ ❞❡
s✐♠✉❧❛t✐♦♥ ♣❡r♠❡tt❛♥t ❞❡ ❝♦♠♣❛r❡r ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❡①♣❧♦✐t❛t✐♦♥ ❞❡ ♣✉❝❡s t✐❧✐♥❣
❛rr❛②s ❡st ♣r♦♣♦sé❡ ❙❡❝t✐♦♥ ✺✳

✶ ❈♦♥t❡①t❡ ❡t ♦✉t✐❧s

✶✳✶ P❧❛♥t❡ ♠♦❞è❧❡ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛

❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ ❞❡ s♦♥ ♥♦♠ ❝♦♠♠✉♥ ✏❆r❛❜❡tt❡ ❞❡s ❉❛♠❡s✑ ♦✉ ✏❋❛✉ss❡ ❆r❛❜❡t✲
t❡✑✱ ❡st ✉♥❡ ♣❧❛♥t❡ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡s ❇r❛ss✐❝❛❝é❡s ✭❈r✉❝✐❢èr❡s✮ à ❧❛q✉❡❧❧❡ ❛♣♣❛rt✐❡♥♥❡♥t ❞❡
♥♦♠❜r❡✉s❡s ❡s♣è❝❡s ❝✉❧t✐✈é❡s ✉t✐❧✐sé❡s ❞❛♥s ❧✬❛❧✐♠❡♥t❛t✐♦♥ ✭❝❤♦✉✱ ♥❛✈❡t✱ r❛❞✐s✱ ♠♦✉t❛r❞❡✱
❡t❝✮✳ ❈✬❡st ✉♥❡ ♣❧❛♥t❡ ❤❡r❜❛❝é❡ ♠❡s✉r❛♥t ✷✺ à ✸✺ ❝♠ ❞❡ ❤❛✉t à ❧✬â❣❡ ❛❞✉❧t❡ ✭❝❢✳ ❋✐❣✉r❡
✺✳✶✮✳ ❈❡tt❡ ♣❧❛♥t❡ ❡st ✉♥ ♦r❣❛♥✐s♠❡ ♠♦❞è❧❡ ♣♦✉r ❧❛ r❡❝❤❡r❝❤❡ ❣é♥ét✐q✉❡ ❞❛♥s ❧❡ ♠♦♥❞❡
✈é❣ét❛❧✳ ▲❡s r❛✐s♦♥s ❞❡ ❝❡ ❝❤♦✐① s♦♥t ♥♦♠❜r❡✉s❡s ✿ s♦♥ ❣é♥♦♠❡ ❡st ❧✬✉♥ ❞❡s ♣❧✉s ♣❡t✐ts
❞✉ ♠♦♥❞❡ ✈é❣ét❛❧ ❛✈❡❝ s❡s ✺ ❝❤r♦♠♦s♦♠❡s r❡❣r♦✉♣❛♥t ❡♥✈✐r♦♥ ✶✷✵ ♠✐❧❧✐♦♥s ❞❡ ♣❛✐r❡s ❞❡
❜❛s❡s✱ s♦✐t ❡♥✈✐r♦♥ ✈✐♥❣t ❢♦✐s ♣❧✉s ♣❡t✐t q✉❡ ❝❡❧✉✐ ❞❡ ♣❧❛♥t❡s ❝✉❧t✐✈é❡s ❝♦♠♠❡ ❧✬♦r❣❡ ♦✉
❧❡ ♠❛ïs✳ ❙♦♥ ❝②❝❧❡ ❞❡ r❡♣r♦❞✉❝t✐♦♥✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ♣❛r ❛✉t♦❢é❝♦♥❞❛t✐♦♥✱ ❡st ❝♦✉rt ✭✻ à
✽ s❡♠❛✐♥❡s✮ ❡t ♣❡✉t s✬❛❝❝♦♠♣❧✐r ❡♥t✐èr❡♠❡♥t ✐♥ ✈✐tr♦✳ ❈✬❡st ✉♥❡ ♣❧❛♥t❡ ❞❡ ♣❡t✐t❡ t❛✐❧❧❡
✭❡♥ ❧❛❜♦r❛t♦✐r❡ ♦♥ ♣❡✉t ❝✉❧t✐✈❡r ✉♥ ♠✐❧❧✐❡r ❞❡ ♣✐❡❞s s✉r ✉♥ ♠ètr❡ ❝❛rré✮ ❡t très ♣r♦❧✐✜q✉❡
✭♣❧✉s✐❡✉rs ♠✐❧❧✐❡rs ❞❡ ❣r❛✐♥❡s à ❝❤❛q✉❡ ❣é♥ér❛t✐♦♥✮✳ P❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ♠✉t❛t✐♦♥s
s♦♥t ❝♦♥♥✉❡s ❡t ❜❡❛✉❝♦✉♣ s♦♥t ❛✐sé♠❡♥t ❞ét❡❝t❛❜❧❡s à ❧✬♦❡✐❧ ♥✉ ✭❝♦✉❧❡✉r✱ ♣♦✐❧s✱ ✢❡✉rs✱
❡t❝✳✮✳ ❉❡ ♣❧✉s✱ ❧✬❛❜s❡♥❝❡ ❞✬✐♥térêts é❝♦♥♦♠✐q✉❡s s✉r ❝❡tt❡ ❡s♣è❝❡ ❢❛❝✐❧✐t❡ ❧❛ ❞✐✛✉s✐♦♥ ❞❡s
✐♥❢♦r♠❛t✐♦♥s ❡♥tr❡ ❧❛❜♦r❛t♦✐r❡s✳ ❊♥ ✷✵✵✵ ❝❡ ❢✉t ❧❡ ♣r❡♠✐❡r ❣é♥♦♠❡ ✈é❣ét❛❧ séq✉❡♥❝é✱ ❛✈❡❝
❡♥✈✐r♦♥ ✷✺ ✵✵✵ ❣è♥❡s ✐❞❡♥t✐✜és ❡t ❧♦❝❛❧✐sés✳ ▲❡s r❡❝❤❡r❝❤❡s ❝♦♥t✐♥✉❡♥t ♣♦✉r ét❛❜❧✐r ❧❛
❢♦♥❝t✐♦♥ ❞❡ ❝❤❛❝✉♥ ❞✬❡✉①✳

✶➱q✉✐♣❡ ❞❡ ❘❡❝❤❡r❝❤❡ ▲❛❜❡❧❧✐sé❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥t❡①t❡ ❡t ♦✉t✐❧s ✾✸

❋✐❣✳ ✺✳✶✿ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳

✶✳✷ ❈❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ♣✉❝❡

▲❛ ♣✉❝❡ ✉t✐❧✐sé❡ ❡st ✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ❞❡✉① ❝♦✉❧❡✉rs à ♦❧✐❣♦s ❝♦✉rts ✐ss✉❡ ❞❡ ❧❛
t❡❝❤♥♦❧♦❣✐❡ ◆✐♠❜❧❡●❡♥✳ ❈❡tt❡ ♣✉❝❡ ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❡ ❣é♥♦♠❡ ♥✉❝❧é❛✐r❡ ❞✬❆r❛❜✐❞♦♣s✐s
t❤❛❧✐❛♥❛✱ ❝♦♠♣♦sé ❞❡ ❝✐♥q ❝❤r♦♠♦s♦♠❡s ❡t ❞❡s ❣é♥♦♠❡s ♠✐t♦❝❤♦♥❞r✐❛❧ ❡t ❝❤❧♦r♦♣❧❛st✐q✉❡ à
❧✬❛✐❞❡ ❞✬❡♥✈✐r♦♥ ✼✷✵ ✵✵✵ s♦♥❞❡s ré♣❛rt✐❡s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳ ▲❡s s♦♥❞❡s s♦♥t s②♥t❤ét✐sé❡s
✐♥ s✐t✉ ♣❛r ✉♥ ♣r♦❝é❞é ❞❡ ♣❤♦t♦❧✐t❤♦❣r❛♣❤✐❡✳ P♦✉r ❞ét❡r♠✐♥❡r ❧❡✉r ❡♠♣❧❛❝❡♠❡♥t✱ ❧❡
❣é♥♦♠❡ ❡st s❡❣♠❡♥té ❡♥ ❢❡♥êtr❡s ❞❡ ✶✻✺ ♥t à ❧✬✐♥tér✐❡✉r ❞❡sq✉❡❧❧❡s s♦♥t ❞❡ss✐♥é❡s ❞❡s
s♦♥❞❡s ❞❡ ❧♦♥❣✉❡✉r ✈❛r✐❛❜❧❡ ✭❡♥tr❡ ✺✵ ❡t ✼✺ ♥t✱ ❧❛ ♠♦②❡♥♥❡ ét❛♥t ❡♥✈✐r♦♥ ❞❡ ✺✺ ♥t✮✳
❆✐♥s✐ ❞❡✉① s♦♥❞❡s ❝♦♥sé❝✉t✐✈❡s ♥❡ ❞♦✐✈❡♥t ♣❛s êtr❡ sé♣❛ré❡s ♣❛r ♣❧✉s ❞❡ ✷✸✵ ♥t✳ ❯♥❡
❛♥❛❧②s❡ ❞❡s❝r✐♣t✐✈❡ ✐♥❞✐q✉❡ q✉❡ ❧✬é❝❛rt ♠♦②❡♥ ❡st ❞❡ ✶✶✷ ♥t ♣♦✉r ❧❡s ❝✐♥q ❝❤r♦♠♦s♦♠❡s✳
❈❡♣❡♥❞❛♥t✱ ❝❡rt❛✐♥❡s ré❣✐♦♥s ❞❡ ❢❛✐❜❧❡ ❝♦♠♣❧❡①✐té✱ ❧❡ ♣❧✉s s♦✉✈❡♥t ♣ér✐❝❡♥tr♦♠ér✐q✉❡s✱
r✐❝❤❡s ❡♥ ♠✐❝r♦✲s❛t❡❧❧✐t❡s ❡t ❡♥ é❧é♠❡♥ts ré♣étés✱ ♥❡ s♦♥t ♣❛s ❡♥❝♦r❡ séq✉❡♥❝é❡s✳ ▲❛
s♦❝✐été ◆✐♠❜❧❡●❡♥ ♥✬❛ ❞♦♥❝ ♣❛s ♣✉ ❢❛❜r✐q✉❡r ❞❡ s♦♥❞❡s ❞❛♥s ❝❡s ré❣✐♦♥s ♠❛✐s ❧❡ ♥♦♠❜r❡
❞✬❡s♣❛❝❡s s✉♣ér✐❡✉rs à ✷✸✵ ♥t r❡st❡ t♦✉t ❞❡ ♠ê♠❡ ♣❡t✐t ♣❛r r❛♣♣♦rt ❛✉ ♥♦♠❜r❡ t♦t❛❧ ❞❡
s♦♥❞❡s✳
▲❡s ❝❤r♦♠♦s♦♠❡s ❝❤❧♦r♦♣❧❛st✐q✉❡s ❡t ♠✐t♦❝❤♦♥❞r✐❛✉① s♦♥t r❡♣rés❡♥tés ❞✐✛ér❡♠♠❡♥t ❞❡s
❝❤r♦♠♦s♦♠❡s ♥✉❝❧é❛✐r❡s✱ ❛✈❡❝ ✉♥❡ t❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡s s♦♥❞❡s ♣❧✉s ♣❡t✐t❡ ❡t ✉♥ ❡s♣❛❝❡♠❡♥t
♠♦②❡♥ ❡♥tr❡ s♦♥❞❡s ♣❧✉s ❣r❛♥❞✳ ❈❡❝✐ ❡st ❞û à ❧❡✉r ♣❧✉s ♣❡t✐t❡ t❛✐❧❧❡ ❡t ❛✉ ❢❛✐t q✉✬✐❧s ♦♥t
✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ré❣✐♦♥s ♥♦♥ séq✉❡♥❝é❡s✳

❆✜♥ ❞❡ ♠❛îtr✐s❡r ❛✉ ♠✐❡✉① ❧✬ét❛♣❡ ❞✬❤②❜r✐❞❛t✐♦♥ ❧♦rs ❞❡ ❧❛ ♣ré♣❛r❛t✐♦♥ ❞❡ ❧❛ ♣✉❝❡✱ ✐❧
❡st ♣ré❢ér❛❜❧❡ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❞❡s ❞❡✉① ❜r✐♥s ❞✬❆❉◆ s♦✐t ❧❛ ♠ê♠❡ ♣♦✉r
t♦✉t❡s ❧❡s s♦♥❞❡s✳ ❈❡tt❡ t❡♠♣ér❛t✉r❡ ❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞✉ t❛✉① ❞❡ ●❈ ❞❛♥s ❧❛ séq✉❡♥❝❡
♥✉❝❧é♦t✐❞✐q✉❡ ❡t ❡st ♠❡s✉ré❡ ❣râ❝❡ ❛✉ ❚♠✳ ❖♥ s✬❛tt❡♥❞ à ❝❡ q✉✬✉♥ ♦❧✐❣♦ à ❚♠ ❢❛✐❜❧❡ ✭<
✼✻✝✮ ❤②❜r✐❞❡ ♠♦✐♥s ❜✐❡♥✱ ❡t q✉✬à ❧✬✐♥✈❡rs❡✱ ✉♥ ♦❧✐❣♦ à ❚♠ é❧❡✈é ✭> ✼✻✝✮ ❤②❜r✐❞❡ ❞❡ ❢❛ç♦♥
❢♦rt❡ ♠❛✐s ♠♦✐♥s s♣é❝✐✜q✉❡✳ ▲❛ ♣❛rt✐❝✉❧❛r✐té ❞❡s ♣✉❝❡s ◆✐♠❜❧❡●❡♥ ❡st ❞✬❛ss✉r❡r ❧❛ ♣❧✉s
❣r❛♥❞❡ ❤♦♠♦❣é♥é✐té ❞✬❤②❜r✐❞❛t✐♦♥ ♣♦ss✐❜❧❡ ❡♥tr❡ ❧❡s s♦♥❞❡s ❡t ❧❡s ❝✐❜❧❡s ❡♥ ❝❤♦✐s✐ss❛♥t
❞❡s s♦♥❞❡s ❛②❛♥t t♦✉t❡s ✉♥ ❚♠ ♣r♦❝❤❡ ❞❡ ✼✻✝✳ ❈✬❡st ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s s♦♥❞❡s
◆✐♠❜❧❡●❡♥ s♦♥t ❞❡ ❧♦♥❣✉❡✉r ✈❛r✐❛❜❧❡✱ ❝❡❧❛ ♣❡r♠❡t ❞❡ ❝❤♦✐s✐r ❝❡❧❧❡s q✉✐ ♦♥t ❧❡ ❚♠ ❧❡
♣❧✉s ♣r♦❝❤❡ ♣♦ss✐❜❧❡ ❞❡ ✼✻✝❈✳ ❯♥❡ ❛♥❛❧②s❡ ❞❡s❝r✐♣t✐✈❡ ♠♦♥tr❡ q✉❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ❚♠
s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♥❞❡s ❡st ✼✹✳✼✝❈✱ ❧❛ ♠é❞✐❛♥❡ ❡st ✼✺✳✼✝❈✳ ◆é❛♥♠♦✐♥s✱ à ❝❛✉s❡ ❞❡s
❝♦♥tr❛✐♥t❡s ❢♦rt❡s s✉r ❧❛ ❧♦♥❣✉❡✉r ❡t ❧✬❡s♣❛❝❡♠❡♥t ❞❡s s♦♥❞❡s ✐♠♣♦sé❡s s✉r ❧❡ ❞❡s✐❣♥ ❞❡ ❧❛
♣✉❝❡✱ ❧❡ ❚♠ ✈❛r✐❡ ❜❡❛✉❝♦✉♣✱ ❡♥tr❡ ✻✵ ❡t ✾✵✝❈ ✭❝❢✳ ❋✐❣✉r❡ ✺✳✷✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✾✹ ❆♣♣❧✐❝❛t✐♦♥s

❋✐❣✳ ✺✳✷✿ ❍✐st♦❣r❛♠♠❡ ❞❡s ❚♠✳

▲❛ s♣é❝✐✜❝✐té ❞✬✉♥❡ s♦♥❞❡ r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❢♦✐s ♦ù ❧✬♦♥ tr♦✉✈❡ ❧❛ s♦♥❞❡ ❞❛♥s ❧❡
❣é♥♦♠❡✳ ❈❡tt❡ s♣é❝✐✜❝✐té ♣❡✉t ✐♥✢✉❡r s✉r ❧❛ ✈❛❧❡✉r ❞✉ s✐❣♥❛❧ ❞✬❤②❜r✐❞❛t✐♦♥✳ ❊♥ ❡✛❡t✱ s✐
✉♥❡ s♦♥❞❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ séq✉❡♥❝❡ ré♣été❡ ♣❧✉s✐❡✉rs ❢♦✐s ❞❛♥s ❧❡ ❣é♥♦♠❡✱ ❧❡ s✐❣♥❛❧
❞✬❤②❜r✐❞❛t✐♦♥ s❡r❛ ♣❧✉s ❢♦rt ✉♥✐q✉❡♠❡♥t à ❝❛✉s❡ ❞✉ ❢❛✐t q✉✬✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
♣r♦té✐♥❡s ♣❡✉t ✈❡♥✐r s❡ ✜①❡r ❞❡ss✉s✳ ▲❛ s♣é❝✐✜❝✐té ❞❡ ❧❛ s♦♥❞❡ ❛ été ❝❛❧❝✉❧é❡ à ❧✬❛✐❞❡ ❞✉
❧♦❣✐❝✐❡❧ ❙P❆❉❙ ✭❚❤❛r❡❛✉ ❡t ❛❧✳✱ ✷✵✵✸✮ ❞é✈❡❧♦♣♣é à ❧✬❯❘●❱✳ ▲❡ ❝❛❧❝✉❧ ❞❡ s♣é❝✐✜❝✐té s❡
❜❛s❡ s✉r ❞❡s ❛❧✐❣♥❡♠❡♥ts ❧♦❝❛✉① ❝❤❡r❝❤❛♥t à ❞ét❡❝t❡r ❧❡s ré❣✐♦♥s ♣❛r❛❧♦❣✉❡s ✭✐ss✉❡s ❞✬✉♥
é✈é♥❡♠❡♥t ❞❡ ❞✉♣❧✐❝❛t✐♦♥✮ ❧❡s ♣❧✉s ♣r♦❝❤❡s ❡t à ❡st✐♠❡r ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
✭♣♦✉r❝❡♥t❛❣❡ ❞✬✐❞❡♥t✐té✮ ❡♥tr❡ ❧❛ s♦♥❞❡ ❡t ❧❛ ré❣✐♦♥ ♣❛r❛❧♦❣✉❡ ❧❛ ♣❧✉s ♣r♦❝❤❡✳ ◗✉❛tr❡
♥✐✈❡❛✉① ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s♦♥t ❞é✜♥✐s ✿ ❧❡ ♥✐✈❡❛✉ ✶ ❝♦rr❡s♣♦♥❞ à ✉♥ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐❞❡♥t✐té
✐♥❢ér✐❡✉r à ✹✵✪✱ ❧❡ ♥✐✈❡❛✉ ✷ ❝♦rr❡s♣♦♥❞ à ✉♥ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐❞❡♥t✐té ❝♦♠♣r✐s ❡♥tr❡ ✹✵✪ ❡t
✼✵✪✱ ❧❡ ♥✐✈❡❛✉ ✸ ❝♦rr❡s♣♦♥❞ à ✉♥ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐❞❡♥t✐té s✉♣ér✐❡✉r à ✼✵✪ ❡t ❧❡ ♥✐✈❡❛✉ ✹
❝♦rr❡s♣♦♥❞ à ✉♥ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐❞❡♥t✐té é❣❛❧ à ✶✵✵✪✳ ▲❡s s♦♥❞❡s ❛②❛♥t ✉♥ ♣♦✉r❝❡♥t❛❣❡
❞✬✐❞❡♥t✐té é❣❛❧ à ✶✵✵✪ s♦♥t ❛♣♣❡❧é❡s s♦♥❞❡s r❡♣❡❛t✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉✬✐❧ ② ❛ ❛✉ ♠♦✐♥s ✉♥❡
❛✉tr❡ ré❣✐♦♥ ❞✉ ❣é♥♦♠❡ ❡①❛❝t❡♠❡♥t ✐❞❡♥t✐q✉❡✳ ▲❡ ❧♦❣✐❝✐❡❧ ❙P❆❉❙ ❛ ♣❡r♠✐s ❞✬ét❛❜❧✐r
q✉✬❡♥✈✐r♦♥ ✽✪ ❞❡s s♦♥❞❡s ❞❡ ❧❛ ♣✉❝❡ s♦♥t ❞❡s s♦♥❞❡s r❡♣❡❛t✳

❇✐❡♥ q✉❡ ❧❡s s♦♥❞❡s s♦✐❡♥t ❞❡ss✐♥é❡s s❛♥s t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡✱ ✐❧
❡st ♣♦ss✐❜❧❡ ❞❡ ❝❛r❛❝tér✐s❡r ✉❧tér✐❡✉r❡♠❡♥t ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s s♦♥❞❡s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡tt❡ ❛♥♥♦t❛t✐♦♥✳ ▲❡s s♦♥❞❡s ♣❡✉✈❡♥t ❝♦✉✈r✐r ✐♥té❣r❛❧❡♠❡♥t ❞❡s ré❣✐♦♥s
✐♥t❡r❣é♥✐q✉❡s✱ ❡①♦♥✐q✉❡s ♦✉ ✐♥tr♦♥✐q✉❡s✱ ♠❛✐s ❛✉ss✐ êtr❡ à ❝❤❡✈❛❧ s✉r ❞❡✉① ré❣✐♦♥s✳ ▲❛
❞❡s❝r✐♣t✐♦♥ ❞❡ t♦✉s ❧❡s ❝❛s ♣♦ss✐❜❧❡s ❡st s❝❤é♠❛t✐sé❡ ❋✐❣✉r❡ ✺✳✸✳ ▲❛ ♠❛❥♦r✐té ❞❡s s♦♥❞❡s
✭✻✼✪✮ ❝♦✉✈r❡ ❞❡ ❧✬✐♥t❡r❣é♥✐q✉❡✱ ✶✹✪ ❞❡s s♦♥❞❡s ❝♦✉✈r❡♥t ✉♥ ❡①♦♥ ❡t ✹✪ ❝♦✉✈r❡♥t ✉♥
✐♥tr♦♥✳ ▲❡s ✶✺✪ r❡st❛♥t❡s s♦♥t ♣♦✉r ♠♦✐t✐é ❞❡s s♦♥❞❡s ♥♦♥ s♣é❝✐✜q✉❡s ❡t ❡♥✜♥ ✼✪ ❞❡s
s♦♥❞❡s ❝♦✉✈r❡♥t ❞❡s ré❣✐♦♥s ❝❤❡✈❛✉❝❤❛♥t ❞❡✉① ❛♥♥♦t❛t✐♦♥s ❞✐✛ér❡♥t❡s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✸✮✳
❈❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬❛♥♥♦t❛t✐♦♥ ❞❛♥s ❧❡s ♠♦❞è❧❡s
st❛t✐st✐q✉❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥t❡①t❡ ❡t ♦✉t✐❧s ✾✺

❋✐❣✳ ✺✳✸✿ ●❛✉❝❤❡ ✿ ❉❡s❝r✐♣t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s ♣♦ss✐❜✐❧✐tés ❞✬❛♥♥♦t❛t✐♦♥ ♣♦✉r ✉♥❡ s♦♥❞❡✳
▲❛ s♦♥❞❡ ❡st r❡♣rés❡♥té❡ ♣❛r ✉♥ ❝❛rré ❜❧❡✉ r❛②é✱ ❧❡s ❞❡✉① r❡❝t❛♥❣❧❡s ✭❜❧❡✉ ❡t✴♦✉ ✈❡rt✮
r❡♣rés❡♥t❡♥t s♦✐t ❞❡✉① ❣è♥❡s ❛❞❥❛❝❡♥ts✱ s♦✐t ❞❡✉① ❡①♦♥s s✉❝❝❡ss✐❢s ❞✬✉♥ ♠ê♠❡ ❣è♥❡✳ ❉r♦✐t❡ ✿

❘é♣❛rt✐t✐♦♥ ❞❡s s♦♥❞❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❛♥♥♦t❛t✐♦♥✳

✶✳✸ ◆♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s

▲❡s ❜✐❛✐s t❡❝❤♥✐q✉❡s s♦♥t ♥♦♠❜r❡✉① ❡t ❛✛❡❝t❡♥t ❞❡ ♠❛♥✐èr❡ ♥♦♥ ♥é❣❧✐❣❡❛❜❧❡ ❧❛ ♠❡s✉r❡
❞❡ ❧✬✐♥t❡♥s✐té ❞❡s s♦♥❞❡s✳ ▲❡ ❜✉t ❞❡ ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡st ❞❡ ❧❡s q✉❛♥t✐✜❡r ♣✉✐s
❞❡ ❧❡s ❝♦rr✐❣❡r✳ ▲❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❝♦♥st✐t✉❡ ✉♥ ♦❜❥❡t ❞✬ét✉❞❡ ❡♥ s♦✐✳ ❙♠②t❤✱
❨❛♥❣ ❡t ❙♣❡❡❞ ✭✷✵✵✸✮ ♣r♦♣♦s❡♥t ✉♥❡ ét✉❞❡ ❝♦♠♣❧èt❡ ❞❡s q✉❡st✐♦♥s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡s
❞♦♥♥é❡s ❞❡ ♣✉❝❡s à ❆❉◆✳
P♦✉r ❧❡s ♣✉❝❡s ♦ù ❞❡✉① é❝❤❛♥t✐❧❧♦♥s s♦♥t ❝♦❤②❜r✐❞és✱ ❧❡ ❜✐❛✐s ♣r✐♥❝✐♣❛❧ ❡st ❧❡ ❜✐❛✐s
❞❡ ♠❛rq✉❛❣❡ ❧✐é à ✉♥❡ ❞✐✛ér❡♥❝❡ ❞✬✐♥❝♦r♣♦r❛t✐♦♥ ❞❡s ❞❡✉① ✢✉♦r♦❝❤r♦♠❡s✳ ❊♥ ❡✛❡t✱
❧✬é❝❤❛♥t✐❧❧♦♥ ♠❛rq✉é ❛✈❡❝ ❧❡ ✢✉♦r♦❝❤r♦♠❡ ✈❡rt ❛ ❞❡s ✐♥t❡♥s✐tés ❣❧♦❜❛❧❡♠❡♥t ♣❧✉s é❧❡✈é❡s
q✉❡ ❝❡❧✉✐ ♠❛rq✉é ❡♥ r♦✉❣❡✳ P♦✉r é❧✐♠✐♥❡r ❝❡t ❡✛❡t✱ ♦♥ ✉t✐❧✐s❡ ✉♥ ❞✐s♣♦s✐t✐❢ ❡♥ ❞②❡✲s✇❛♣
✭❇♦✉❧✐❝❛✉t ❡t ●❛♥❞r✐❧❧♦♥✱ ✷✵✵✹✮✳ ▲❡ ♣r✐♥❝✐♣❡ ❞✉ ❞②❡✲s✇❛♣ ❡st ❞❡ ❢❛✐r❡ ✉♥❡ ré♣ét✐t✐♦♥
t❡❝❤♥✐q✉❡ ❡♥ ✐♥✈❡rs❛♥t ❧❡s ♠❛rq✉❛❣❡s✱ ❝❤❛q✉❡ tr❛✐t❡♠❡♥t ❡st ❛✐♥s✐ ♠❛rq✉é ♣❛r ❧❡s ❞❡✉①
✢✉♦r♦❝❤r♦♠❡s✳ ▲❡s ✈❛❧❡✉rs ❞❡s ✐♥t❡♥s✐tés ❞❡s s✐❣♥❛✉① s♦♥t ❡♥s✉✐t❡ ♠♦②❡♥♥é❡s s✉r ❧❡s ❞❡✉①
♣✉❝❡s ❞✉ ❞②❡✲s✇❛♣✳

❚♦✉t❡s ❧❡s ❡①♣ér✐❡♥❝❡s ❛♥❛❧②sé❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♦♥t été ❡✛❡❝t✉é❡s s✉r ❞❡s ♣✉❝❡s
◆✐♠❜❧❡●❡♥ ❞❡✉①✲❝♦✉❧❡✉rs ❞é❝r✐t❡s ❙❡❝t✐♦♥ ✶✳✷✳ P♦✉r ❝❤❛q✉❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ❞❡✉① ré♣❧✐❝❛ts
❜✐♦❧♦❣✐q✉❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s ❡t ❧❡s ❤②❜r✐❞❛t✐♦♥s s♦♥t ré❛❧✐sé❡s ❡♥ ❞②❡✲s✇❛♣✳ ▲❡s ✐♥t❡♥s✐tés
❞❡s s✐❣♥❛✉① ♦❜t❡♥✉❡s ♣♦✉r ❝❤❛q✉❡ tr❛✐t❡♠❡♥t s♦♥t ♠♦②❡♥♥é❡s s✉r ❧❡ ❞②❡ s✇❛♣ ♣♦✉r ❝♦rr✐❣❡r
❧❡s ❜✐❛✐s ❞❡ ♠❛rq✉❛❣❡ ❣è♥❡ s♣é❝✐✜q✉❡✳ ❉❡ ♣❧✉s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ❧♦❣❛r✐t❤♠❡s ❡♥ ❜❛s❡ ✷
❞❡s ✐♥t❡♥s✐tés ❞❡s s✐❣♥❛✉① ❝❛r ❝❡❧❛ ♣❡r♠❡t ❞❡ st❛❜✐❧✐s❡r ❧❛ ✈❛r✐❛♥❝❡ ❡t ❞✬❛✈♦✐r ✉♥❡ é❝❤❡❧❧❡
❞❡ ✈❛❧❡✉rs ♣❧✉s ♣❡t✐t❡✳
▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ét❛♣❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡
❝❛r ❧❡s s♦♥❞❡s ❞❡ ❧❛ ♣✉❝❡ ét❛✐❡♥t ré♣❛rt✐❡s s✉r tr♦✐s ❧❛♠❡s ❞✐✛ér❡♥t❡s✱ ❝❡ q✉✐ ❛ ❡♥❣❡♥❞ré ❞❡s
❜✐❛✐s t❡❝❤♥✐q✉❡s s✉♣♣❧é♠❡♥t❛✐r❡s✳ ❈♦♠♠❡ ❧❡s s✐❣♥❛✉① ■P ❡t ■◆P❯❚ ❞✐✛èr❡♥t s❡♥s✐❜❧❡♠❡♥t✱
❧❡s ❞♦♥♥é❡s ♦♥t été ♥♦r♠❛❧✐sé❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ s✉✐✈❛♥t ✭❛❞❛♣té
❞✉ ♠♦❞è❧❡ ❞é❝r✐t ❞❛♥s ❑❡rr ❡t ❛❧✳✱ ✷✵✵✷✮ ✿
◆♦t♦♥s Yplfts ❧❡ log2 ❞✉ s✐❣♥❛❧ ❞❡ ❧❛ s♦♥❞❡ s s✉r ❧❛ ♣✉❝❡ ♣ ❡t ❧❛ ❧❛♠❡ ❧✱ ❞❡ tr❛✐t❡♠❡♥t t
❡t ♠❛rq✉é ❛✈❡❝ ❧❡ ✢✉♦r♦❝❤r♦♠❡ ❢✳ ❖♥ s✬✐♥tér❡ss❡ ✉♥✐q✉❡♠❡♥t ❛✉① ❡✛❡ts q✉✐ ♥❡ ❝♦♥❝❡r♥❡♥t

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✾✻ ❆♣♣❧✐❝❛t✐♦♥s

♣❛s ❧❛ s♦♥❞❡ s✳

Yplfts = µ+ αp + βl + (αβ)pl + γf + (αγ)pf + Eplfts. ✭✺✳✶✮

♦ù
• αp + βl + (αβ)pl ❝♦rr❡s♣♦♥❞ à ❧✬❡✛❡t s✉♣♣♦rt ✭❧❛♠❡ + ♣✉❝❡ + ✐♥t❡r❛❝t✐♦♥s✮✱
• γf ❝♦rr❡s♣♦♥❞ à ❧✬❡✛❡t ✢✉♦r♦❝❤r♦♠❡✱
• (αγ)pf ❝♦rr❡s♣♦♥❞ à ❧✬❡✛❡t ♣✉❝❡×✢✉♦r♦❝❤r♦♠❡✱
• ❧❡s rés✐❞✉s Eplfts s♦♥t s✉♣♣♦sés ✐♥❞é♣❡♥❞❛♥ts✱ ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉és ❡t ❝❡♥trés✳

▲❡s ❜✐❛✐s s♦♥t q✉❛♥t✐✜és ❡♥ ❡st✐♠❛♥t ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✱ ♣✉✐s s♦✉str❛✐ts ❞❡s
❞♦♥♥é❡s ❜r✉t❡s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❡s ❛♥❛❧②s❡s s♦♥t ❡✛❡❝t✉é❡s s✉r ❧❡s ❞♦♥♥é❡s ♥♦r♠❛❧✐sé❡s
Êplfts✳

✶✳✹ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❛♥s ❋▲❆●❞❜✰✰

❋▲❆●❞❜✰✰✶ ✭❉èr♦③✐❡r ❡t ❛❧✳✱ ✷✵✶✶✮ ❡st ✉♥❡ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ✐♥té❣r❛t✐✈❡ ❞é❞✐é❡ à ❧❛
❣é♥♦♠✐q✉❡ str✉❝t✉r❛❧❡ ❡t ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡s ♣❧❛♥t❡s✱ ❞é✈❡❧♦♣♣é❡ à ❧✬❯❘●❱✳ ❆❝t✉❡❧❧❡♠❡♥t✱
❡❧❧❡ ❣èr❡ ❧❡s ❣é♥♦♠❡s ❞✬ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ ❞✬❖r②③❛ s❛t✐✈❛ ✭r✐③✮✱ ❞❡ ❱✐t✐s ✈✐♥✐❢❡r❛ ✭✈✐❣♥❡✮
❡t ❞❡ P♦♣✉❧✉s tr✐❝❤♦❝❛r♣❛ ✭♣❡✉♣❧✐❡r✮✳ ❋▲❆●❞❜✰✰ ❡st ✉t✐❧✐sé❡ ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s ♣♦✉r
ét✉❞✐❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡s ❣è♥❡s ✈é❣ét❛✉① ❡♥ ❧❡s ❝♦♥s✐❞ér❛♥t ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❧❛r❣❡ ✿ ✉♥
❡♥✈✐r♦♥♥❡♠❡♥t ❝❤r♦♠♦s♦♠✐q✉❡✱ ✉♥❡ ❢❛♠✐❧❧❡ ♠✉❧t✐❣é♥✐q✉❡ ❡t✴♦✉ ✉♥ rés❡❛✉ ❢♦♥❝t✐♦♥♥❡❧✳
▲❡s ♦✉t✐❧s ❞✬❡①♣❧♦r❛t✐♦♥ s♦♥t ❞é✈❡❧♦♣♣és ❞❡ ♠❛♥✐èr❡ ❣é♥ér✐q✉❡ ❛✜♥ ❞❡ ♣♦✉✈♦✐r s✬❛♣♣❧✐q✉❡r
à ❞✐✛ér❡♥ts ❣é♥♦♠❡s ❡t ♣♦✉✈♦✐r st♦❝❦❡r✱ ♦r❣❛♥✐s❡r✱ ✈✐s✉❛❧✐s❡r ❡t ❡①♣❧♦✐t❡r ❞❡ ♥♦♠❜r❡✉①
t②♣❡s ❞❡ ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s t❡❧❧❡s q✉❡ ❧❡s ❛♥♥♦t❛t✐♦♥s str✉❝t✉r❛❧❡s ❡t ❢♦♥❝t✐♦♥♥❡❧❧❡s✱ ❧❡s
séq✉❡♥❝❡s tr❛♥s❝r✐t❡s ✭❊❙❚s✱ ❆❉◆❝✱ · · · ✮✱ ❧❡s ♠♦t✐❢s ♣r♦té✐q✉❡s✱ ❧❡s séq✉❡♥❝❡s ré♣été❡s✱ ❡t❝✳
❋▲❆●❞❜✰✰ s✬❛rt✐❝✉❧❡ ❡♥ ❞❡✉① ♣❛rt✐❡s ✿ ✉♥❡ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ♣❡r♠❡tt❛♥t ❧❡ st♦❝❦❛❣❡ ❡t ✉♥❡
✐♥t❡r❢❛❝❡ ❣r❛♣❤✐q✉❡ ✭❞é✈❡❧♦♣♣é❡ ❡♥ ❏❛✈❛✮ ♣❡r♠❡tt❛♥t ✉♥❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❡t ✉♥❡ ✐♥t❡rr♦❣❛t✐♦♥
❛✐sé❡s ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥✳

➱t❛♥t ❞♦♥♥é ❧❡ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❞♦♥♥é❡s ✐ss✉❡s ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ t✐❧✐♥❣ ❛rr❛②✱
❧✬❡①♣❧♦✐t❛t✐♦♥ ❡t ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts ❞❡✈✐❡♥♥❡♥t ❞✐✣❝✐❧❡s✳ P♦✉rt❛♥t✱ ❧❛ ✈✐s✉❛❧✐s❛✲
t✐♦♥ ❞❡s rés✉❧t❛ts ❢❛✐t ♣❛rt✐❡ ✐♥té❣r❛♥t❡ ❞❡ ❧✬❛♥❛❧②s❡ ❡t ❝♦♥st✐t✉❡ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❛♥s
❧✬✐♥❢ér❡♥❝❡ ❞✬❤②♣♦t❤ès❡s ❜✐♦❧♦❣✐q✉❡s✳ ❉✉r❛♥t ♠❛ t❤ès❡ ❥✬❛✐ tr❛✈❛✐❧❧é ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
❙❛♥❞r❛ ❉èr♦③✐❡r ❡t ❙é❜❛st✐❡♥ ❆✉❜♦✉r❣ ✭➱q✉✐♣❡ ❜✐♦✐♥❢♦r♠❛t✐q✉❡ ♣♦✉r ❧❛ ❣é♥♦♠✐q✉❡ ♣ré✲
❞✐❝t✐✈❡✱ ❯❘●❱✮ ❛✜♥ ❞❡ ♠❡ttr❡ ❛✉ ♣♦✐♥t ✉♥ ♦✉t✐❧ ❞❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s
♦❜t❡♥✉s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥ ♠♦❞✉❧❡ ❏❛✈❛ ❛ été ✐♥té❣ré à ❋▲❆●❞❜✰✰ ❛✜♥ ❞❡ ♣❡r✲
♠❡ttr❡ ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❣é♥éré❡s à ♣❛rt✐r ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✹✮✳
▲❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❝♦♥❝❡r♥❡ ❧❡s s♦♥❞❡s ❡t ❧❡✉rs ❝❛r❛❝tér✐st✐q✉❡s ✭séq✉❡♥❝❡✱ ❚♠✱ ✉♥✐❝✐té ❞❛♥s
❧❡ ❣é♥♦♠❡✱ ❡t❝✳✮ ❛✐♥s✐ q✉❡ ❧❡✉r ♣♦s✐t✐♦♥ r❡❧❛t✐✈❡ ♣❛r r❛♣♣♦rt ❛✉① ❛♥♥♦t❛t✐♦♥s str✉❝t✉r❛❧❡s
❞✉ ❣é♥♦♠❡✳ ❯♥ ♠♦❞✉❧❡ ❞❡ ✈✐s✉❛❧✐s❛t✐♦♥ st❛t✐st✐q✉❡ ❛ ❡♥s✉✐t❡ été ❛❥♦✉té✳ ❈❤❛q✉❡ s♦♥❞❡
♣❡✉t êtr❡ ❝♦❧♦ré❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s ♦❜t❡♥✉s ♣♦✉r ❧✬❡①♣ér✐❡♥❝❡ ❛♥❛❧②sé❡✳
▲❛ ❝♦✉❧❡✉r ❞❡s s♦♥❞❡s ❞é♣❡♥❞ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡st✐♠é❡s ♣❛r ❧❡ ♠♦❞è❧❡ st❛t✐s✲
t✐q✉❡ ✭❝❢✳ ❋✐❣✉r❡ ✺✳✺✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❛✐♥s✐ q✉❡ ❧❡s ❝♦✉❧❡✉rs
❛ss♦❝✐é❡s ❛✉① K ❣r♦✉♣❡s s♦♥t ❞é✜♥✐s ♣❛r ❧✬✉t✐❧✐s❛t❡✉r✳ ▲❡ r❡❝t❛♥❣❧❡ r❡♣rés❡♥t❛♥t ❧❛ s♦♥❞❡
❡st ❞✐✈✐sé ❡♥ K r❡❝t❛♥❣❧❡s ❞❡ t❛✐❧❧❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉① K ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡t
❝♦❧♦rés ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❣r♦✉♣❡ ❝♦rr❡s♣♦♥❞❛♥t✳

✶❤tt♣ ✿✴✴✉r❣✈✳❡✈r②✳✐♥r❛✳❢r✴❋▲❆●❞❜✰✰

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ✾✼

❋✐❣✳ ✺✳✹✿ ❋❡♥êtr❡ ❞❡ ❋▲❆●❞❜✰✰ ♦ù ❧✬♦♥ ✈✐s✉❛❧✐s❡ ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞✬❛♥♥♦t❛t✐♦♥ str✉❝✲
t✉r❛❧❡✱ ❛✐♥s✐ q✉❡ ❧❡s s♦♥❞❡s ✭❝❛rrés ❥❛✉♥❡s✮✳

❋✐❣✳ ✺✳✺✿ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s s♦✉s ❢♦r♠❡ ❞❡ ❝♦✉❧❡✉r s✉r ❝❤❛q✉❡ s♦♥❞❡✳
▲❛ ❝♦✉❧❡✉r ❞❡s s♦♥❞❡s ❞é♣❡♥❞ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳

✷ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣

▲❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ♦♥t été ❧❡s ♣r❡♠✐èr❡s ❞♦♥♥é❡s ♣r♦❞✉✐t❡s ❛✈❡❝ ❧❛ ♣✉❝❡
t✐❧✐♥❣ ❛rr❛② ❞✬❆r❛❜✐❞♦♣s✐s ♣rés❡♥té❡ ❙❡❝t✐♦♥ ✶✳ ❆✈❛♥t ❡①♣❧♦✐t❛t✐♦♥✱ ❧❛ ♣✉❝❡✱ ❛✐♥s✐ q✉❡ ❧❛
♠ét❤♦❞❡ ❞✬❛♥❛❧②s❡ ♦♥t été ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ✈❛❧✐❞é❡s s✉r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s s♣é❝✐✲
✜q✉❡♠❡♥t ❝❤♦✐s✐✳ ❈❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❤✐st♦♥❡ ❍✸
tr✐✲♠ét❤②❧é❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❧②s✐♥❡ ✾ ✭❍✸❑✾♠❡✸✮ ❝❤❡③ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ ■❧ ❛ ❞é❥à été
ét✉❞✐é ♣❛r ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮ s✉r ✉♥❡ ♣✉❝❡ ❝♦✉✈r❛♥t ✉♥✐q✉❡♠❡♥t ❧❡ ❝❤r♦♠♦s♦♠❡ ✹ ❞✬❆r❛✲
❜✐❞♦♣s✐s ❡t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♦♥t été ✈❛❧✐❞és ❜✐♦❧♦❣✐q✉❡♠❡♥t✳ ▲❡ ♠ê♠❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s
❛ ❞♦♥❝ été ❛♥❛❧②sé ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❈❤■P♠✐①✱ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ♣rés❡♥té
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶ ✭▼❛rt✐♥✲▼❛❣♥✐❡tt❡ ❡t ❛❧✳✱ ✷✵✵✽✮ ❡t ❞❡s ❝♦♠♣❛r❛✐s♦♥s ❛✈❡❝ ❞✬❛✉tr❡s
♠ét❤♦❞❡s ❛✐♥s✐ q✉✬❛✈❡❝ ❧❡s rés✉❧t❛ts ❞❡ ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮ ♦♥t ♣❡r♠✐s ❞❡ ✈❛❧✐❞❡r ❧❛ ♠é✲
t❤♦❞❡ ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✶✮✳ ❉❡ ♥♦♠❜r❡✉s❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ♦♥t ❡♥s✉✐t❡ été ❛♥❛❧②sé❡s
❛✜♥ ❞✬ét✉❞✐❡r ❧✬é♣✐❣é♥♦♠❡ ❞✬❆r❛❜✐❞♣♦s✐s t❤❛❧✐❛♥❛ ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✷✮✳ ▲❡ ♣❛❝❦❛❣❡ ❘ ❛ss♦❝✐é
à ❧❛ ♠ét❤♦❞❡ ❈❤■P♠✐① ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ❡st ♣rés❡♥té ❙❡❝t✐♦♥ ✷✳✸✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✾✽ ❆♣♣❧✐❝❛t✐♦♥s

✷✳✶ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✸

▲✬♦❜❥❡❝t✐❢ ❜✐♦❧♦❣✐q✉❡ ❡st ❞✬✐❞❡♥t✐✜❡r ❧❡s ré❣✐♦♥s ❞✉ ❣é♥♦♠❡ q✉✐ s♦♥t ❞❡s ❝✐❜❧❡s ❞❡
❍✸❑✾♠❡✸✳ ▲❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❤②❜r✐❞és r❡♣rés❡♥t❡♥t ❧✬❆❉◆ ✐♠♠✉♥♦♣ré❝✐♣✐té ✭■P✮ ❡t
❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧ ✭é❝❤❛♥t✐❧❧♦♥ ❞❡ ré❢ér❡♥❝❡ ■◆P❯❚✮✱ ❡t ✐❧ ❢❛✉t ❞ét❡❝t❡r ❧❡s s♦♥❞❡s
❡♥r✐❝❤✐❡s✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s s♦♥❞❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ✈❛❧❡✉r ❞✉ s✐❣♥❛❧ ■P ❡st s✐❣♥✐✜❝❛t✐✈❡♠❡♥t
♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬■◆P❯❚✳

❛✮ ❆♥❛❧②s❡ ❛✈❡❝ ❈❤■P♠✐①

▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✸ ❛ été ❛♥❛❧②sé ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❈❤■P♠✐①✱ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ♣rés❡♥té ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶ ✭▼❛rt✐♥✲▼❛❣♥✐❡tt❡ ❡t ❛❧✳✱ ✷✵✵✽✱
❝❢✳ ❆♥♥❡①❡❆✮✳ ▲❡s ♠♦❞è❧❡s ❍▼▼ ❡t ❛♥♥♦t❛t✐♦♥ ♣rés❡♥tés ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶ ♥✬❛②❛♥t
été ❞é✈❡❧♦♣♣és q✉✬✉❧tér✐❡✉r❡♠❡♥t✱ ❝❡tt❡ ❛♥❛❧②s❡ ❛ été ❢❛✐t❡ s♦✉s ❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥✲
❞❛♥❝❡ ❞❡s s♦♥❞❡s✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡♥ ❞❡✉① ❣r♦✉♣❡s ✭❡♥r✐❝❤✐ ❡t ♥♦r♠❛❧✮ ❡st
♦❜t❡♥✉❡ ❛✈❡❝ ❧❡ ❝♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s ♣rés❡♥té ❈❤❛♣✐tr❡ ✹ ❙❡❝t✐♦♥ ✷✱ ❡♥ ✜①❛♥t α = 0.01✳

◆♦✉s ♣rés❡♥t♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧✬❛♥❛❧②s❡ ❞✉ ❝❤r♦♠♦s♦♠❡ ✹✳
▲❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ s♦♥t ❞♦♥♥é❡s ❚❛❜❧❡ ✺✳✶✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s
♣❛r❛♠ètr❡s ❡st✐♠és b̂ ❞❡s ♣❡♥t❡s ♥❡ s♦♥t ♣❛s é❣❛✉① à ✶✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧✬❤②♣♦t❤ès❡
s♦✉s✲❥❛❝❡♥t❡ ❞❡s ♠ét❤♦❞❡s ❢♦♥❞é❡s s✉r ❧❡ ❧♦❣✲r❛t✐♦ ♥✬❡st ♣❛s ✈ér✐✜é❡ ❞❛♥s ❝❡t ❡①❡♠♣❧❡ ✭❝❢✳
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶✮✳
P♦✉r é✈❛❧✉❡r ❧❛ r❡♣r♦❞✉❝t✐❜✐❧✐té ❞❡s ❛♥❛❧②s❡s✱ ♥♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s rés✉❧t❛ts ♣♦✉r ❞❡✉①
ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s ✿ ❧❡s ❡st✐♠❛t✐♦♥s ♦❜t❡♥✉❡s s♦♥t s❡♠❜❧❛❜❧❡s ♣♦✉r ❧❡s ❞❡✉① ré♣❧✐❝❛ts✳

❝♦♥st❛♥t❡ a ♣❡♥t❡ b ✈❛r✐❛♥❝❡ σ2 ♣r♦❜❛❜✐❧✐té π

❘❊P✶ ●r♦✉♣❡ ◆♦r♠❛❧ ✶✳✹✼ ✵✳✽✷ ✵✳✹✷ ✵✳✼✹
●r♦✉♣❡ ❊♥r✐❝❤✐ ✲✵✳✹✼ ✶✳✶✼ ✵✳✹✷ ✵✳✷✻

❘❊P✷ ●r♦✉♣❡ ◆♦r♠❛❧ ✷✳✷✾ ✵✳✼✺ ✵✳✸✽ ✵✳✼✻
●r♦✉♣❡ ❊♥r✐❝❤✐ ✵✳✹✼ ✶✳✵✼ ✵✳✸✽ ✵✳✷✹

❚❛❜✳ ✺✳✶✿ ❚❛❜❧❡❛✉ ❞❡s ❡st✐♠❛t❡✉rs ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ♣♦✉r ❧❡s ❞❡✉① ré♣❧✐❝❛ts ❜✐♦❧♦✲
❣✐q✉❡s✳

❆♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ❛✈❡❝ ❝♦♥trô❧❡ ❞❡s ❢❛✉①✲♣♦s✐t✐❢s✱ ❡♥✈✐r♦♥ ✶✼✪ ❞❡s s♦♥❞❡s s♦♥t ❞é❝❧❛✲
ré❡s ❡♥r✐❝❤✐❡s ♣♦✉r ❧❡ ré♣❧✐❝❛t ❜✐♦❧♦❣✐q✉❡ ✶✱ ❡t ✶✺✳✺✪ ♣♦✉r ❧❡ ré♣❧✐❝❛t ✷✳ ❊♥✈✐r♦♥ ✼✺✪ ❞❡s
s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ❞❛♥s ❧❡ ♣r❡♠✐❡r ré♣❧✐❝❛t ❧❡ s♦♥t é❣❛❧❡♠❡♥t ❞❛♥s ❧❡ ❞❡✉①✐è♠❡✳ ▲❛
♣♦♣✉❧❛t✐♦♥ ❞❡ s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ❡st r❡♣rés❡♥té❡ ❡♥ r♦✉❣❡ s✉r ❧❛ ❋✐❣✉r❡ ✺✳✻✳

❆♣rès ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ♠❛❧❣ré ❧✬❛❜s❡♥❝❡ ❞❡ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❡ ♠♦❞è❧❡✱ ❧❡s s♦♥❞❡s ❡♥r✐❝❤✐❡s s♦♥t r❡❣r♦✉♣é❡s s♦✉s ❢♦r♠❡
❞❡ ♣❧❛❣❡✳ ❉❡ ♣❧✉s✱ ❧❡s ré❣✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♣❧❛❣❡s ❞❡ s♦♥❞❡s ❡♥r✐❝❤✐❡s s♦♥t r✐❝❤❡s ❡♥
❣è♥❡s✱ ❝❡ q✉✐ ❡st ❝♦❤ér❡♥t ❛✈❡❝ ❧❡ ❢❛✐t q✉❡ ❍✸❑✾♠❡✸ ❡st ✉♥❡ ♠❛rq✉❡ ❡✉❝❤r♦♠❛t✐♥✐❡♥♥♥❡✳
❈❡tt❡ ♠❛rq✉❡ ❡✉❝❤r♦♠❛t✐♥✐❡♥♥❡ ❛ ❞é❥à ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ét✉❞❡ ❞❛♥s ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮✱
❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ❝♦✉✈r❛♥t ✉♥✐q✉❡♠❡♥t ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✳ ▲❡s ré❣✐♦♥s
✐❞❡♥t✐✜é❡s ♦♥t été ✈❛❧✐❞é❡s ❜✐♦❧♦❣✐q✉❡♠❡♥t✳ P❧✉s ❞❡ ✼✺✪ ❞❡s s♦♥❞❡s ❞✉ ❝❤r♦♠♦s♦♠❡ ✹
❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ♣❛r ❈❤■P♠✐① ❝♦✉✈r❡♥t ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ✐❞❡♥t✐✜é❡s ♣❛r ❚✉r❝❦
❡t ❛❧✳ ✭✷✵✵✼✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ✾✾

❋✐❣✳ ✺✳✻✿ ❘és✉❧t❛ts ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ré❣r❡ss✐♦♥ ♣♦✉r ❧❡ ❝❤r✹ ✭❘❡♣✶✮✱ ❛✈❡❝ ❧❡s ❞r♦✐t❡s ❞❡
ré❣r❡ss✐♦♥ ❡st✐♠é❡s✳ ❊♥ r♦✉❣❡ ✿ s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥✳

▲❡s rés✉❧t❛ts s♦♥t s✐♠✐❧❛✐r❡s ♣♦✉r ❧❡s q✉❛tr❡ ❛✉tr❡s ❝❤r♦♠♦s♦♠❡s ❞✉ ❣é♥♦♠❡ ♥✉❝❧é❛✐r❡✳
❖♥ ♦❜t✐❡♥t ❡♥tr❡ ✶✺✪ ❡t ✶✼✪ ❞❡ s♦♥❞❡s ❡♥r✐❝❤✐❡s s❡❧♦♥ ❧❡s ❝❤r♦♠♦s♦♠❡s✳ ▲❡s ❣é♥♦♠❡s
❝❤❧♦r♦♣❧❛st✐q✉❡ ❡t ♠✐t♦❝❤♦♥❞r✐❛❧ ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣❛rt✐❝✉❧✐❡r ♣✉✐sq✉✬✐❧ ♥✬❡①✐st❡ ♣❛s
❞❡ ré❣✐♦♥s ❝✐❜❧❡s ❞❡ ❍✸❑✾♠❡✸ ❡♥ ❞❡❤♦rs ❞✉ ❣é♥♦♠❡ ♥✉❝❧é❛✐r❡✳ ▲❡ ❝❛s ❞✉ ❣é♥♦♠❡ ♠✐t♦✲
❝❤♦♥❞r✐❛❧ ❡st ❝♦♠♣❧❡①❡ ❝❛r ❝❡rt❛✐♥❡s ré❣✐♦♥s ♦♥t été ❞✉♣❧✐q✉é❡s ❞❛♥s ❧❡ ❣é♥♦♠❡ ♥✉❝❧é❛✐r❡
s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✷✱ ♥♦✉s ♥❡ ❧✬ét✉❞✐❡r♦♥s ❞♦♥❝ ♣❛s ❡♥ ❞ét❛✐❧✳ ▲❡ ❣é♥♦♠❡ ❝❤❧♦r♦♣❧❛st✐q✉❡
❝♦♥st✐t✉❡ ✉♥ ❜♦♥ ❡①❡♠♣❧❡ t❡st ♦ù ❧✬♦♥ s✬❛tt❡♥❞ à ♥✬❛✈♦✐r q✉✬✉♥❡ s❡✉❧❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ s♦♥❞❡s
♥♦r♠❛❧❡s ❡t ❛✉❝✉♥❡ s♦♥❞❡ ❡♥r✐❝❤✐❡✳ ▲❡ ♠♦❞è❧❡ sé❧❡❝t✐♦♥♥é ♣❛r ❇■❈ ♣♦✉r ❧❡ ❣é♥♦♠❡ ❝❤❧♦✲
r♦♣❧❛st✐q✉❡ ❡st ✉♥ ♠♦❞è❧❡ à ❞❡✉① ❞r♦✐t❡s ❞❡ ré❣r❡ss✐♦♥ ✭❝❢✳ ❋✐❣✉r❡ ✺✳✼✮✱ ♠❛✐s s❡✉❧❡♠❡♥t ✶✺
s♦♥❞❡s s♦♥t ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s✳ ▲❡ ❝r✐tèr❡ ❇■❈ ✈❛✉t ✶✽✵ ♣♦✉r ❧❡ ♠♦❞è❧❡ à ❞❡✉① ❞r♦✐t❡s ❞❡
ré❣r❡ss✐♦♥ ❝♦♥tr❡ ✶✽✽ ♣♦✉r ❧❡ ♠♦❞è❧❡ à ✉♥❡ s❡✉❧❡ ♣♦♣✉❧❛t✐♦♥✳ ▲❡s rés✉❧t❛ts s♦♥t s✐♠✐❧❛✐r❡s
s✉r ❧❡ ❞❡✉①✐è♠❡ ré♣❧✐❝❛t ❜✐♦❧♦❣✐q✉❡✳

❋✐❣✳ ✺✳✼✿ ❘és✉❧t❛ts ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ré❣r❡ss✐♦♥ ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ❝❤❧♦r♦♣❧❛st✐q✉❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✵✵ ❆♣♣❧✐❝❛t✐♦♥s

❜✮ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s

◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s rés✉❧t❛ts ❢♦✉r♥✐s ♣❛r ❈❤■P♠✐① ❛✈❡❝ ❝❡✉① ❞❡ ❞❡✉① ❛✉tr❡s
♠ét❤♦❞❡s ✭❝❤♦✐s✐❡s ♣❛r♠✐ ❝❡❧❧❡s ♣✉❜❧✐é❡s ❧♦rs ❞❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧✮ ✿ ❧❛ ♠ét❤♦❞❡
❈❤■P❖❚❧❡ ✭❇✉❝❦✱ ◆♦❜❡❧ ❡t ▲✐❡❜✱ ✷✵✵✺✮ ❡t ❧❡ ❧♦❣✐❝✐❡❧ ❞❡ ◆✐♠❜❧❡●❡♥✳ ▲❛ s♦❝✐été ◆✐♠❜❧❡●❡♥
❢♦✉r♥✐t ❛✈❡❝ ❧❛ ♣✉❝❡ ✉♥❡ ❧✐st❡ ❞❡ s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞ét❡❝t✐♦♥
❞❡ ♣✐❝s✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛♣♣❧✐q✉❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ♣❡r♠✉t❛t✐♦♥ ♣♦✉r tr♦✉✈❡r ❧❡s ♣✐❝s
st❛t✐st✐q✉❡♠❡♥t s✐❣♥✐✜❝❛t✐❢s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧♦❣✲r❛t✐♦ ❞❡s ✐♥t❡♥s✐tés✳ ❈❤■P❖❚❧❡ ❡st ✉♥❡
♠ét❤♦❞❡ ❞é❞✐é❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♣✐❝s✱ ✉t✐❧✐s❛♥t ✉♥❡ ❛♣♣r♦❝❤❡ ♣❛r ❢❡♥êtr❡ ❣❧✐ss❛♥t❡ s✉r ❧❡
❧♦❣✲r❛t✐♦✳ ❉❡✉① ♣❛r❛♠ètr❡s✱ ✐♥✢✉❛♥t s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣✐❝s ❞ét❡❝tés✱ ❞♦✐✈❡♥t êtr❡ ✜①és ✿
♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥êtr❡ à ✺✵✵ ❡t ❧❡ ♣❛s à ✶✵✵✳
❉✬❛✉tr❡ ♣❛rt✱ ❧❡s rés✉❧t❛ts ❞❡s tr♦✐s ♠ét❤♦❞❡s ♦♥t été ❝♦♠♣❛rés ❛✉① ré❣✐♦♥s ✈❛❧✐❞é❡s ♣❛r
❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ❝♦♥s✐❞éré❡s ❝♦♠♠❡ ré❢ér❡♥❝❡✳

▲❡s s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ♣❛r ❈❤■P♠✐① ✐♥❝❧✉❡♥t ♣r❡sq✉❡ t♦✉t❡s ❝❡❧❧❡s tr♦✉✈é❡s
❡♥r✐❝❤✐❡s ♣❛r ❧❡ ❧♦❣✐❝✐❡❧ ◆✐♠❜❧❡●❡♥✱ ♠❛✐s ❝♦✉✈r❡♥t ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ♣❧✉s ❧❛r❣❡s✳
P❛r ❛✐❧❧❡✉rs ❈❤■P♠✐① ✐❞❡♥t✐✜❡ ❞✬❛✉tr❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ♥♦♥ ❞ét❡❝té❡s ♣❛r ❧❡ ❧♦❣✐❝✐❡❧
◆✐♠❜❧❡●❡♥ ✭✈♦✐r ❋✐❣✉r❡ ✺✳✽✮✱ ❡t q✉✐ s♦♥t ✈❛❧✐❞é❡s ♣❛r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s rés✉❧t❛ts
❞❡ ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❈❤■P♠✐① ❞ét❡❝t❡ ✸✵ ✹✼✼ s♦♥❞❡s ❡♥r✐❝❤✐❡s✱ ❞♦♥t ✷✹ ✺✼✺ ❡♥ ❝♦♠♠✉♥
❛✈❡❝ ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❈❤■P❖❚❧❡ ❞ét❡❝t❡ ✷✹ ✸✺✼ s♦♥❞❡s ✭✷✵ ✽✻✻ ❝♦♠♠✉♥❡s ❛✈❡❝ ❚✉r❝❦
❡t ❛❧✳ ✭✷✵✵✼✮✮ ❡t ◆✐♠❜❧❡●❡♥ ❞ét❡❝t❡ ✶✾ ✽✸✼ s♦♥❞❡s ✭✶✻ ✻✵✵ ❝♦♠♠✉♥❡s ❛✈❡❝ ❚✉r❝❦ ❡t ❛❧✳
✭✷✵✵✼✮✮ ✭✈♦✐r ❋✐❣✉r❡ ✺✳✾✮✳ P❛r♠✐ ❧❡s tr♦✐s ♠ét❤♦❞❡s✱ ❈❤■P♠✐① ❢♦✉r♥✐t ❧❡s rés✉❧t❛ts ❧❡s ♣❧✉s
♣r♦❝❤❡s ❞❡ ❧❛ ♣✉❜❧✐❝❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡✳
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ❣é♥♦♠❡ ❝❤❧♦r♦♣❧❛st✐q✉❡✱ ❈❤■P❖❚❧❡ ❞ét❡❝t❡ ❛✉ss✐ ❞❡s s♦♥❞❡s
❡♥r✐❝❤✐❡s✱ s✉♣ér✐❡✉r❡s ❡♥ ♥♦♠❜r❡ à ❝❡❧❧❡s ❞ét❡❝té❡s ♣❛r ❈❤■P♠✐①✳ ▲❡ ❧♦❣✐❝✐❡❧ ◆✐♠❜❧❡●❡♥
❢♦✉r♥✐t ✉♥✐q✉❡♠❡♥t ❧❡s ❛♥❛❧②s❡s ❞❡s ❝❤r♦♠♦s♦♠❡s ♥✉❝❧é❛✐r❡s✳

❋✐❣✳ ✺✳✽✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s rés✉❧t❛ts ❛✈❡❝ SignalMapTM s✉r ✉♥❡ ré❣✐♦♥ ❞✉ ❝❤r♦♠♦s♦♠❡
✹ ✿ ❧❛ ✶èr❡ ❧✐❣♥❡ ❞♦♥♥❡ ❧✬❛♥♥♦t❛t✐♦♥ ❞✉ ❣é♥♦♠❡ ✭❧❡s ♣❧❛❣❡s ❡♥ r♦s❡ s♦♥t ❞❡s ❣è♥❡s✮ ❀ ❧❛
✷è♠❡ ❧✐❣♥❡ ❝♦rr❡s♣♦♥❞ ❛✉① rés✉❧t❛ts ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❞ét❡❝t✐♦♥ ❞❡ ♣✐❝s ❞❡ ◆✐♠❜❧❡●❡♥
✭❧❡s ♣✐❝s s♦♥t ❡♥ ❝♦✉❧❡✉r ♣❛r ❞❡ss✉s ❧❡s s♦♥❞❡s✱ ❝♦❧♦rés s❡❧♦♥ ❧❛ ✈❛❧❡✉r ❞✉ ❋❉❘✮ ❀ ❧❛ ✸è♠❡
❧✐❣♥❡ ❝♦rr❡s♣♦♥❞ ❛✉① s♦♥❞❡s ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s ♣❛r ❈❤■P♠✐① ✭❡♥ r♦✉❣❡✮ ❛✈❡❝ ✉♥ ❝♦♥trô❧❡
❞❡ ❢❛✉① ♣♦s✐t✐❢s ❞❡ s❡✉✐❧ α = 0.01 ❀ ❧❛ ✹è♠❡ ❧✐❣♥❡ ❝♦rr❡s♣♦♥❞ ❛✉① rés✉❧t❛ts ❞❡ ❈❤■P♦t❧❡

✭❢❡♥êtr❡❂✺✵✵✱ ♣❛s❂✶✵✵✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ✶✵✶

❋✐❣✳ ✺✳✾✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❱❡♥♥ rés✉♠❛♥t ❧❡s rés✉❧t❛ts ❞❡s tr♦✐s ♠ét❤♦❞❡s✳ ▲❡ ♥♦♠❜r❡ ❞❡
s♦♥❞❡s ❡♥r✐❝❤✐❡s ❡st ❡♥ ♥♦✐r✱ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s ✈❛❧✐❞é❡s ♣❛r ❚✉r❝❦ ❡t ❛❧✳ ✭✷✵✵✼✮ ❡st ❡♥

❜❧❡✉✱ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s ❞ét❡❝té❡s ✉♥✐q✉❡♠❡♥t ♣❛r ❧❛ ♠ét❤♦❞❡ ❡st ❡♥ r♦✉❣❡✳

✷✳✷ ➱t✉❞❡ ❞❡ ❧✬é♣✐❣é♥♦♠❡ ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ❛✈❡❝
▼✉❧t✐❈❤■P♠✐①

❯♥❡ ❢♦✐s ❧❛ ♣✉❝❡ ❡t ❧❛ ♠ét❤♦❞❡ ✈❛❧✐❞é❡s s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✸✱ ❡❧❧❡s ♦♥t
été ✉t✐❧✐sé❡s ❞❛♥s ❞❡s ♣r♦❥❡ts ❜✐♦❧♦❣✐q✉❡s ♣♦✉r ❛♥❛❧②s❡r ❞❡ ♥♦♠❜r❡✉s❡s ❡①♣ér✐❡♥❝❡s ❞❡
❈❤■P✲❝❤✐♣✱ ❞❛♥s ❧✬♦❜❥❡❝t✐❢ ❞✬ét✉❞✐❡r ❧✬é♣✐❣é♥♦♠❡ ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ ▲❡s ♠♦❞✐✜❝❛✲
t✐♦♥s ❞✬❤✐st♦♥❡ ❡t ❧❛ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆ ❞é✜♥✐ss❡♥t ❞✐✛ér❡♥ts ét❛ts ❝❤r♦♠❛t✐♥✐❡♥s q✉✐
❡♥❣❡♥❞r❡♥t ❞❡s ét❛ts tr❛♥s❝r✐♣t✐♦♥♥❡❧s ❞✐st✐♥❝ts✳ ❆✐♥s✐✱ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ♣ré❝✐s❡ ❞❡ ❧❛
❝❤r♦♠❛t✐♥❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✱ q✉✐ ❞é✜♥✐t ❧✬é♣✐❣é♥♦♠❡✱ ❝♦♥tr✐❜✉❡ à ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛
tr❛♥s❝r✐♣t✐♦♥ ❞✉ ❣é♥♦♠❡✳ ▲❡s ♣r✐♥❝✐♣❡s ❣♦✉✈❡r♥❛♥t ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧✬é♣✐❣é♥♦♠❡ r❡st❡♥t
❛ss❡③ ♣❡✉ ❝♦♠♣r✐s✱ ❝✬❡st ♣♦✉rq✉♦✐ ✐❧s ✐♥tér❡ss❡♥t ❧❡s ❜✐♦❧♦❣✐st❡s✳ ❊♥ ré♣♦♥s❡ ❛✉① ❜❡s♦✐♥s
❞❡s ❜✐♦❧♦❣✐st❡s ♣♦✉r ét✉❞✐❡r s✐♠✉❧t❛♥é♠❡♥t ♣❧✉s✐❡✉rs ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s✱ ❧❡s ❞♦♥♥é❡s
♦♥t été ❛♥❛❧②sé❡s ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ▼✉❧t✐❈❤■P♠✐①✱ ❛❞❛♣té❡ ❞❡ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡ ❡t
❛❧✳ ✭✷✵✵✽✮✱ ♣rés❡♥té❡ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ré❛❧✐sé❡ ❡♥ ❝♦♥trô❧❛♥t ✉♥
❝r✐tèr❡ ❛♥❛❧♦❣✉❡ ❛✉ ❋❉❘ ✭▼❛r②✲❍✉❛r❞ ❡t ❛❧✳✱ ✷✵✶✵✮✱ q✉✐ ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❞✉ ❝♦♥trô❧❡ ❞❡
❢❛✉①✲♣♦s✐t✐❢s ♣rés❡♥té ❈❤❛♣✐tr❡ ✹ ❙❡❝t✐♦♥ ✷ ♣♦✉r ❧❡ ❝♦♥trô❧❡ ❞❡ t❡sts ♠✉❧t✐♣❧❡s✳ ▲❡s s♦♥❞❡s
♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ r✐sq✉❡ ❛❥✉sté ♣❛r ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ ❡st ✐♥❢ér✐❡✉r à
✵✳✵✶ s♦♥t ❞é❝❧❛ré❡s ❡♥r✐❝❤✐❡s✳
▲❡s s♦♥❞❡s ✈♦✐s✐♥❡s ❡♥r✐❝❤✐❡s s♦♥t ❡♥s✉✐t❡ r❡❣r♦✉♣é❡s ❡♥ ❞♦♠❛✐♥❡s✱ ❡♥ ❡①✐❣❡❛♥t ✉♥❡
séq✉❡♥❝❡ ♠✐♥✐♠❛❧❡ ❞❡ ✹✵✵ ♣❛✐r❡s ❞❡ ❜❛s❡s ✭♣❜✮ ❡t ❡♥ ♣❡r♠❡tt❛♥t ✉♥ é❝❛rt ♠❛①✐♠❛❧ ❞❡ ✷✵✵
♣❜✳ ❆✐♥s✐✱ ❧❡s s♦♥❞❡s ✐s♦❧é❡s ❡♥r✐❝❤✐❡s ♥❡ s♦♥t ♣❛s ❝♦♥s✐❞éré❡s ❞❛♥s ❧❡s ❛♥❛❧②s❡s✳

P♦✉r ❝❛r❛❝tér✐s❡r ❧❡s ét❛ts ❝❤r♦♠❛t✐♥✐❡♥s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱
❘♦✉❞✐❡r ❡t ❛❧✳ ✭✷✵✶✶✮ ♦♥t ❣é♥éré ❞❡s ❝❛rt❡s é♣✐❣é♥♦♠✐q✉❡s ♣♦✉r ❤✉✐t ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐s✲
t♦♥❡ ✭❍✸❑✹♠❡✷ ❡t ✸✱ ❍✸❑✷✼♠❡✶ ❡t ✷✱ ❍✸❑✸✻♠❡✸✱ ❍✸❑✺✻❛❝✱ ❍✹❑✷✵♠❡✶ ❡t ❍✷❇✉❜✮ ❡♥
✉t✐❧✐s❛♥t ✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ❝♦✉✈r❛♥t ❧❡ ❝❤r♦♠♦s♦♠❡ ✹ ❞✬❆r❛❜✐❞♦♣s✐s ❛✈❡❝ ✉♥❡ rés♦❧✉t✐♦♥
❞✬❡♥✈✐r♦♥ ✾✵✵ ♣❜✳ ◗✉❛tr❡ ❝❛rt❡s é♣✐❣é♥♦♠✐q✉❡s ♦❜t❡♥✉❡s ♣ré❝é❞❡♠♠❡♥t ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
♣♦✉r ❍✸❑✾♠❡✷ ❡t ✸✱ ❍✸❑✷✼♠❡✸ ❡t ❧❛ ♠ét❤②❧❛t✐♦♥ ❞❡ ❧✬❆❉◆ ✭✺♠❈✮ ♦♥t ❛✉ss✐ été ❝♦♥s✐✲
❞éré❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞❡s ♣r♦✜❧s é♣✐❣é♥♦♠✐q✉❡s ♦♥t été ❡✛❡❝t✉és ♣♦✉r s❡♣t ❞❡s ♠❛rq✉❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✵✷ ❆♣♣❧✐❝❛t✐♦♥s

♣ré❝é❞❡♥t❡s ✭❍✸❑✹♠❡✷ ❡t ✸✱ ❍✸❑✷✼♠❡✶✱ ❍✸❑✷✼♠❡✸✱ ❍✸❑✸✻♠❡✸✱ ❍✷❇✉❜ ❡t ✺♠❈✮ ❡♥ ✉t✐✲
❧✐s❛♥t ❧❛ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ♣rés❡♥té❡ ❙❡❝t✐♦♥ ✶ ❝♦✉✈r❛♥t ❧❡ ❣é♥♦♠❡ ❡♥t✐❡r ❞✬❆r❛❜✐❞♦♣s✐s
❛✈❡❝ ✉♥❡ rés♦❧✉t✐♦♥ ❞❡ ✶✻✺ ♣❜✳ ▲❡s ❛♥❛❧②s❡s ❞❡s ❤✉✐t ♠❛rq✉❡s ❝❤r♦♠❛t✐♥✐❡♥♥❡s s✉r ❧❛ ♣✉❝❡
❝♦✉✈r❛♥t ❧❡ ❝❤r♦♠♦s♦♠❡ ✹ ❛✐♥s✐ q✉❡ ❧❡s ❛♥❛❧②s❡s ❞❡s s❡♣t ♠❛rq✉❡s s✉r ❧❛ ♣✉❝❡ ❝♦✉✈r❛♥t ❧❡
❣é♥♦♠❡ ❡♥t✐❡r ♦♥t été ré❛❧✐sé❡s ❛✈❡❝ ▼✉❧t✐❈❤■P♠✐①✳
▲❡ ♣r♦✜❧❛❣❡ é♣✐❣é♥♦♠✐q✉❡ ❞✬❆r❛❜✐❞♦♣s✐s ❛ ❢♦✉r♥✐ ❞❡s ✐♥❞✐❝❛t✐♦♥s s✉r ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡
❧✬❛❝t✐✈✐té tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡ ❡t ❧❡s ♠❛rq✉❡s ❝❤r♦♠❛t✐♥✐❡♥♥❡s✳ P❛r ❡①❡♠♣❧❡✱ ❍✸❑✹♠❡✸ ❡t
❍✸❑✸✻♠❡✷ s♦♥t ❞ét❡❝té❡s r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① ❡①tré♠✐tés ✸✬ ❡t ✺✬ ❞❡s ❣è♥❡s ❛❝t✐✈❡♠❡♥t
tr❛♥s❝r✐ts✱ t❛♥❞✐s ❍✸❑✷✼♠❡✸ ❡st ❧❛r❣❡♠❡♥t ❝♦rré❧é❡ ❛✈❡❝ ❧❛ ré♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ✭❖❤✱
P❛r❦ ❡t ✈❛♥ ◆♦❝❦❡r✱ ✷✵✵✽✮✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ♠ét❤②❧❛t✐♦♥ ❞❡ ❧✬❆❉◆ ✭✺♠❈✮ ❛ ✉♥❡ ❞♦✉❜❧❡
❧♦❝❛❧✐s❛t✐♦♥✳ ❊❧❧❡ ❡st ♣rés❡♥t❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❛♥s ❧❡s ré❣✐♦♥s ❤étér♦❝❤r♦♠❛t✐♥❡s✱ s✉r ❧❡s
é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s ❡t ré♣étés✱ ♦ù ❡❧❧❡ ❡st ❛ss♦❝✐é❡ à ❍✸❑✾♠❡✷ ❡t ❍✸❑✷✼♠❡✶✱ ♠❛✐s
❛✉ss✐ ❞❛♥s ❡♥✈✐r♦♥ ✸✵✪ ❞❡s ❣è♥❡s✱ ❞♦♥t ♣❧✉s✐❡✉rs s♦♥t ❝❛r❛❝tér✐sés ♣❛r ❞❡s ♥✐✈❡❛✉① ❞✬❡①✲
♣r❡ss✐♦♥ ♠♦❞éré❡ ✭❇❡r♥❛t❛✈✐❝❤✉t❡ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❞✬❍✸❑✸✻♠❡✸✱ ❍✸❑✾♠❡✸
❡t ❍✷❇✉❜ s✉r ❧❡s ré❣✐♦♥s ❝♦❞❛♥t❡s ❞❡s ❣è♥❡s ❡①♣r✐♠és s✉❣❣èr❡ q✉❡ ❝❡s ♠♦❞✐✜❝❛t✐♦♥s s♦♥t
❧✐é❡s à ❧✬é❧♦♥❣❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳
▲❡s ❛♥❛❧②s❡s ✐♥té❣r❛t✐✈❡s ✐♥❞✐q✉❡♥t q✉❡ ❝❡s ✶✷ ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡✱ q✉✐ ❝♦✉✈r❡♥t
à ❡❧❧❡s s❡✉❧❡s ❡♥✈✐r♦♥ ✾✵✪ ❞✉ ❣é♥♦♠❡✱ s♦♥t ♣rés❡♥t❡s à ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♣♦s✐t✐♦♥ ❞❛♥s ✉♥
♥♦♠❜r❡ ❧✐♠✐té ❞❡ ❝♦♠❜✐♥❛✐s♦♥s✳ ❉❡ ♣❧✉s✱ ❘♦✉❞✐❡r ❡t ❛❧✳ ✭✷✵✶✶✮ ♦♥t ♠♦♥tré q✉❡ ❧✬é♣✐❣é✲
♥♦♠❡ ❞✬❆r❛❜✐❞♦♣s✐s ♣❡✉t êtr❡ ♣❛rt✐t✐♦♥♥é ❡♥ ✹ t②♣❡s ❝❤r♦♠❛t✐♥✐❡♥s ♣r✐♥❝✐♣❛✉①✱ ❛✈❡❝ ❞❡s
♣r♦♣r✐étés ❢♦♥❝t✐♦♥♥❡❧❧❡s ❞✐st✐♥❝t❡s✳ ❈❡s t②♣❡s ❝❤r♦♠❛t✐♥✐❡♥s ❢♦r♠❡♥t ❞❡s ❞♦♠❛✐♥❡s ❝♦✉rts
❡t très ❡♥tr❡❝♦✉♣és ❧❡ ❧♦♥❣ ❞✉ ❝❤r♦♠♦s♦♠❡✳
❈❡tt❡ ♣r❡♠✐èr❡ ét✉❞❡ ❞❡ ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ❝❤❡③ ❆r❛❜✐❞♦♣s✐s s✉❣❣èr❡ ❞❡s
♣r✐♥❝✐♣❡s ❞✬♦r❣❛♥✐s❛t✐♦♥ s✐♠♣❧❡s ❡t ❢♦✉r♥✐t ❧❡s ♣r✐♥❝✐♣❡s ❞❡ ❜❛s❡s ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ q✉✐
❢❛ç♦♥♥❡♥t ❧✬❛❝t✐✈✐té tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡ ❝❤❡③ ❧❡s ♣❧❛♥t❡s✳

▼♦❣❤❛❞❞❛♠ ❡t ❛❧✳ ✭✷✵✶✶✮ s❡ s♦♥t ✐♥tér❡ssés à ❧✬❤ér✐t❛❣❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐st♦♥❡
❞❛♥s ❧❡s ❤②❜r✐❞❡s ✐♥tr❛✲s♣é❝✐✜q✉❡s ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ P❡✉ ❞✬✐♥❢♦r♠❛t✐♦♥s ♦♥t à ❝❡
❥♦✉r été ét❛❜❧✐❡s s✉r ❧❛ st❛❜✐❧✐té ♦✉ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡
❡♥ ré♣♦♥s❡ à ✉♥❡ ❤②❜r✐❞❛t✐♦♥ ✐♥tr❛✲❡s♣è❝❡s✳ ❉❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ❡t ❞❡ ❈●❍
♦♥t été ré❛❧✐sé❡s ♣♦✉r ét✉❞✐❡r ❧❛ st❛❜✐❧✐té ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐st♦♥❡s ❡♥ ré♣♦♥s❡ à
❧✬❤②❜r✐❞❛t✐♦♥ ✐♥tr❛✲❡s♣è❝❡s ❞❡ ❞✐✈❡rs é❝♦t②♣❡s ❝♦♥s❛♥❣✉✐♥s ❞✬❆r❛❜✐❞♦♣s✐s ✭❈♦❧✲✵✱ ❈✷✹ ❡t
❈✈✐✮✳ ▲❡s ♠♦❞✐✜❝❛t✐♦♥s ❞✬❤✐st♦♥❡ ❍✸❑✹♠❡✷ ❡t ❍✸❑✷✼♠❡✸ ♦♥t été ❝♦♠♣❛ré❡s à ❧✬é❝❤❡❧❧❡
❞✉ ❣é♥♦♠❡ ❡♥tr❡ ❧❡s é❝♦t②♣❡s ♣❛r❡♥t❛✉① ❈♦❧✲✵✱ ❈✷✹ ❡t ❈✈✐ ❡t ❧❡✉r ❞❡s❝❡♥❞❛♥❝❡ ❤②❜r✐❞❡✳
❊♥ ❝♦♠❜✐♥❛♥t ❧✬❤②❜r✐❞❛t✐♦♥ ❞❡ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ ❡t ❧❡ ♣r♦✜❧❛❣❡ é♣✐❣é♥♦♠✐q✉❡✱
▼♦❣❤❛❞❞❛♠ ❡t ❛❧✳ ✭✷✵✶✶✮ ♦♥t ♠♦♥tré q✉❡ ❧❡s ♣❛tr♦♥s ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❍✸❑✹♠❡✷ ❡t
❍✸❑✷✼♠❡✸ s♦♥t ❣❧♦❜❛❧❡♠❡♥t s✐♠✐❧❛✐r❡s ❞❛♥s ❞✐✈❡rs é❝♦t②♣❡s ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ ❡t
❞❡♠❡✉r❡♥t ❧❛r❣❡♠❡♥t ✐♥❝❤❛♥❣és ❞❛♥s ❧❡✉r ❞❡s❝❡♥❞❛♥❝❡ ❋✶✳ ❍✸❑✹♠❡✷ ❡t ❍✸❑✷✼♠❡✸ s♦♥t
♣❧✉tôt st❛❜❧❡s ❡♥ ré♣♦♥s❡ à ❧✬❤②❜r✐❞❛t✐♦♥ ✐♥tr❛✲❡s♣è❝❡s✱ ❛✈❡❝ ✉♥ ❤ér✐t❛❣❡ ❛❞❞✐t✐❢ ❞❛♥s ❧❛
❞❡s❝❡♥❞❛♥❝❡ ❤②❜r✐❞❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❛♥❛❧②s❡s ♦♥t ré✈é❧é q✉✬✐❧ ❡①✐st❡ ❞❡ ❢❛✐❜❧❡s ✈❛r✐❛t✐♦♥s
❞❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❝❤r♦♠❛t✐♥❡ ♣❛r♠✐ ❧❡s é❝♦t②♣❡s ❞✬❆r❛❜✐❞♦♣s✐s✱ ❧❡s ♣♦❧②♠♦r♣❤✐s♠❡s
❞❡ séq✉❡♥❝❡ s❡ tr♦✉✈❛♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❛♥s ❞❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s✳ ▲❛ ❣❛♠♠❡ ❞❡
❝❡s ✈❛r✐❛t✐♦♥s ❡st ♣❧✉s é❧❡✈é❡ ♣♦✉r ❍✸❑✷✼♠❡✸ ✭❣é♥ér❛❧❡♠❡♥t ✉♥❡ ♠❛rq✉❡ ré♣r❡ss✐✈❡✮ q✉❡
♣♦✉r ❍✸❑✹♠❡✷ ✭❣é♥ér❛❧❡♠❡♥t ✉♥❡ ♠❛rq✉❡ ❛❝t✐✈❡✮✳

✷✳✸ P❛❝❦❛❣❡ ❈❤■P♠✐①

▲♦rsq✉❡ ❧❛ ♠ét❤♦❞❡ ❡st ✉t✐❧✐sé❡ ❝♦♠♠❡ ✉♥ ♦✉t✐❧ ❞✬❛♥❛❧②s❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s
ét✉❞❡s✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ♣r♦♣♦s❡r ❛✉① ✉t✐❧✐s❛t❡✉rs ✉♥ ♦✉t✐❧ ❛✉t♦♠❛t✐q✉❡ ❡t ❡✣❝❛❝❡✳ ▲❛
♠ét❤♦❞❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ✭❝❢✳ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶✮ ❡t ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦♥trô❧❡ ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✶✵✸

❢❛✉①✲♣♦s✐t✐❢s ✭❝❢✳ ❈❤❛♣✐tr❡ ✹ ❙❡❝t✐♦♥ ✷✮ s♦♥t ✐♠♣❧é♠❡♥tés s♦✉s ❘ ✭❢♦♥❝t✐♦♥ ❈❤■P♠✐①✳❘✮✳
▲✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ♣❡✉t s❡ ❢❛✐r❡ ❞❡ ♠❛♥✐èr❡
❛❧é❛t♦✐r❡✱ ♦✉ ❡♥ ✉t✐❧✐s❛♥t ❞❡✉① ❞r♦✐t❡s ✐ss✉❡s ❞✉ ♣r❡♠✐❡r ❛①❡ ❞✬✉♥❡ ❆♥❛❧②s❡ ❡♥ ❈♦♠♣♦✲
s❛♥t❡s Pr✐♥❝✐♣❛❧❡s ✭❆❈P✮ ❛♣♣❧✐q✉é❡ ❛✉ ❥❡✉ ❞❡ ❞♦♥♥é❡s✳ ▲❡s ❞❡✉① ❞r♦✐t❡s s♦♥t ❝❤♦✐s✐❡s
r❡s♣❡❝t✐✈❡♠❡♥t ❛✈❡❝ ✉♥❡ ♣❡♥t❡ ✺✪ ♣❧✉s ❢♦rt❡ ♦✉ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡ ❡st✐♠é❡ ♣❛r ❧✬❆❈P✳
▲❡ ♣r♦❣r❛♠♠❡ sé❧❡❝t✐♦♥♥❡ ❧❡ ♠♦❞è❧❡ à ✉♥ ❝♦♠♣♦s❛♥t ✭ré❣r❡ss✐♦♥ ❧✐♥é❛✐r❡ s✐♠♣❧❡✮ ♦✉ ❞❡✉①
❝♦♠♣♦s❛♥ts ✭♠é❧❛♥❣❡ ❞❡ ❞❡✉① ré❣r❡ss✐♦♥s✮ q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ❝r✐tèr❡ ❇■❈ ✭❙❝❤✇❛r③✱ ✶✾✼✼✱
❝❢✳ ❈❤❛♣✐tr❡ ✷ ❙❡❝t✐♦♥ ✹✮✳ ❊♥ ❡✛❡t✱ s✐ ❧❛ ♣r♦té✐♥❡ ❞✬✐♥térêt ♥✬❛ ❛✉❝✉♥❡ ❝✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡
q✉✬❛✉❝✉♥❡ s♦♥❞❡ ♥✬❡st ❡♥r✐❝❤✐❡✱ ✉♥❡ ré❣r❡ss✐♦♥ ❧✐♥é❛✐r❡ s✐♠♣❧❡ ❡st s✉✣s❛♥t❡ ♣♦✉r ❛❥✉st❡r
❧❡s ❞♦♥♥é❡s✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♠♦❞è❧❡ ❡st é❣❛❧ à 4k − 1✱
♦ù k ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ❞✉ ♠♦❞è❧❡✳

▲❛ ❢♦♥❝t✐♦♥ ❈❤■P♠✐①✳❘ ♥é❝❡ss✐t❡ ✉♥ ✜❝❤✐❡r ❞✬❡♥tré❡ ❝♦♠♣♦rt❛♥t ✸ ❝♦❧♦♥♥❡s ✿ ❧✬✐❞❡♥t✐✲
✜❛♥t ❞❡ ❧❛ s♦♥❞❡✱ ❧✬✐♥t❡♥s✐té ■◆P❯❚ ❡t ❧✬✐♥t❡♥s✐té ■P✳ ❊♥ s♦rt✐❡✱ ❧❡ ♣r♦❣r❛♠♠❡ r❡t♦✉r♥❡
❧✬❡st✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ✭❧✬♦r❞♦♥♥é❡ à ❧✬♦r✐❣✐♥❡ ❡t ❧❛
♣❡♥t❡ ♣♦✉r ❝❤❛q✉❡ ❞r♦✐t❡✱ ❧❡s ✈❛r✐❛♥❝❡s ❡t ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡
s♦♥❞❡s ❞❛♥s ❝❤❛q✉❡ ♣♦♣✉❧❛t✐♦♥✮✱ ✉♥ ❣r❛♣❤❡ ❛✈❡❝ ❧❡s ✷ ❞r♦✐t❡s ❞❡ ré❣r❡ss✐♦♥ ❡t ❧❡s s♦♥❞❡s
❡♥r✐❝❤✐❡s ❝♦❧♦ré❡s ❡♥ r♦✉❣❡✱ ❡t ✉♥ ✜❝❤✐❡r t❡①t❡ ❝♦♠♣♦rt❛♥t ✻ ❝♦❧♦♥♥❡s ✿ ❧✬✐❞❡♥t✐✜❛♥t ❞❡ ❧❛
s♦♥❞❡✱ ❧✬✐♥t❡♥s✐té ■◆P❯❚✱ ❧✬✐♥t❡♥s✐té ■P✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ❞✬êtr❡ ❡♥r✐❝❤✐✱ ❧❡ s❡✉✐❧
❝❛❧❝✉❧é ♣❛r ❧❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉① ♣♦s✐t✐❢ ❡t ❧❡ st❛t✉t ✭✵ s✐ ♥♦r♠❛❧✱ ✶ s✐ ❡♥r✐❝❤✐✮✳
❉❛♥s ❧❡ ♣❛❝❦❛❣❡✱ ❞❡s ❝♦❞❡s ♣❡r❧ ❡t ❘ ♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ ❢♦r♠❡ ❧❡s ❞♦♥♥é❡s à ♣❛rt✐r
❞❡s ✜❝❤✐❡rs ♣❛✐r ❢♦✉r♥✐s ♣❛r ◆✐♠❜❧❡●❡♥✱ ❛✐♥s✐ q✉❡ ❞❡ ré❛❧✐s❡r ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❆◆❖❱❆
♣rés❡♥té❡ ❙❡❝t✐♦♥ ✶✳✸✳

▲❛ ♠ét❤♦❞❡ ❈❤■P♠✐① ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ à ❞✐✛ér❡♥t❡s q✉❡st✐♦♥s ❜✐♦❧♦❣✐q✉❡s ✭♠♦❞✐✜✲
❝❛t✐♦♥s ❞✬❤✐st♦♥❡✱ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆✱ ♣r♦♠♦t❡✉rs✱ ❡t❝✳✮✳ ❊❧❧❡ ❢♦♥❝t✐♦♥♥❡ ♣♦✉r ❞✐✛ér❡♥ts
♦r❣❛♥✐s♠❡s ❡t s✬❛❞❛♣t❡ ❛✉① ❞✐✛ér❡♥t❡s s✐t✉❛t✐♦♥s✱ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s
❡♥r✐❝❤✐❡s✳ ❆❝t✉❡❧❧❡♠❡♥t✱ ❡❧❧❡ ❡st ✉t✐❧✐sé❡ s✉r ❧❛ ♣❧❛t❡❢♦r♠❡ ❞❡ ❧✬❯❘●❱ ♣♦✉r ❛♥❛❧②s❡r ❧❛
♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆ ❝❤❡③ ❧❡ ❜♦✈✐♥ ❡t ❡❧❧❡ ❡st ♠✐s❡ à ❞✐s♣♦s✐t✐♦♥ ❞❡s ❜✐♦❧♦❣✐st❡s ❞❡ ❧✬éq✉✐♣❡
é♣✐❣é♥ét✐q✉❡ ❡t é♣✐❣é♥♦♠✐q✉❡ ✈é❣ét❛❧❡s ❞❡ ❧✬❊◆❙ ✭❈◆❘❙ ❯▼❘ ✽✶✾✼✮ ❛✈❡❝ q✉✐ ♥♦✉s ❛✈♦♥s
❝♦❧❧❛❜♦ré✳

▲❛ ❢♦♥❝t✐♦♥ ❈❤■P♠✐①✳❘ ❡st ❞✐s♣♦♥✐❜❧❡ s✉r ❧❡ s✐t❡ ❤tt♣✿✴✴✇✇✇✳❛❣r♦♣❛r✐st❡❝❤✳❢r✴

♠✐❛✴❞♦❦✉✳♣❤♣❄✐❞❂♣r♦❞✉❝t✐♦♥s✿❧♦❣✐❝✐❡❧s✳ ▲❡s ♣❛❝❦❛❣❡s ✏❈❤■P♠✐①❍▼▼✑ ✭♣❡r♠❡tt❛♥t
❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s✮✱ ✏▼✉❧t✐❈❤■P♠✐①✑ ✭♣❡r♠❡tt❛♥t
❧✬❛♥❛❧②s❡ s✐♠✉❧t❛♥é❡ ❞❡ ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s✮ ❡t ✏▼✉❧t✐❈❤■P♠✐①❍▼▼✑ ✭❞é♣❡♥❞❛♥❝❡ ❞❡s
❞♦♥♥é❡s ❡t ❛♥❛❧②s❡ s✐♠✉❧t❛♥é❡ ❞❡ ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s✮ s♦♥t ❞✐s♣♦♥✐❜❧❡s s✉r ❞❡♠❛♥❞❡✳
▲❡s ♣❛❝❦❛❣❡s ❛✈❡❝ ❍▼▼ ♥é❝❡ss✐t❡♥t ❞❡s ✜❝❤✐❡rs ♦r❞♦♥♥és ❡♥ ❡♥tré❡ ❡t ♥✬❡✛❡❝t✉❡♥t ♣❛s ❞❡
❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s✳

✸ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡
❍✸❑✾♠❡✷

▲❛ t❡❝❤♥✐q✉❡ ❞✉ ❈❤■P✲❝❤✐♣ ■P✴■P ♣❡r♠❡t ❞✬ét✉❞✐❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡
❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞✬❆❉◆ ✐♠♠✉♥♦♣ré❝✐♣✐tés ✭❝♦rr❡s♣♦♥❞❛♥t à ❞❡✉① ❝♦♥❞✐t✐♦♥s ❞✐st✐♥❝t❡s✮✱
s❛♥s ❤②❜r✐❞❡r s✉r ❧❛ ♣✉❝❡ ❧✬❆❉◆ ❣é♥♦♠✐q✉❡ t♦t❛❧✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r ✉♥❡
❞✐✛ér❡♥❝❡ ❞✬❡♥r✐❝❤✐ss❡♠❡♥t ❡♥tr❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s q✉✐ ♦♥t ❛❧♦rs ✉♥ rô❧❡ s②♠étr✐q✉❡✳
❉❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ét✉❞✐é✱ ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❝♦✲❤②❜r✐❞és s✉r ❧❛ ♣✉❝❡ ✈✐s❡♥t à

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s

http://www.agroparistech.fr/mia/doku.php?id=productions:logiciels
http://www.agroparistech.fr/mia/doku.php?id=productions:logiciels


✶✵✹ ❆♣♣❧✐❝❛t✐♦♥s

ét✉❞✐❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❤✐st♦♥❡ ❍✸ ❞✐✲♠ét❤②❧é❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❧②s✐♥❡ ✾ ✭❍✸❑✾♠❡✷✮
❝❤❡③ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ ▲❡ ❜✉t ❡st ❞✬ét✉❞✐❡r ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ ♠ét❤②❧❛t✐♦♥ ❡♥tr❡ ✉♥
é❝❤❛♥t✐❧❧♦♥ s❛✉✈❛❣❡ ❡t ✉♥ é❝❤❛♥t✐❧❧♦♥ ♠✉t❛♥t ✭♠✉t❛♥t ♥r♣❞✶❛❜✱ q✉✐ ❡st ✉♥ ❞♦✉❜❧❡ ♠✉t❛♥t
♣♦❧■❱ ❡t ♣♦❧❱✮ ❡♥ ❞é✜♥✐ss❛♥t q✉❛tr❡ ❣r♦✉♣❡s ❞❡ s♦♥❞❡s ✿ ♣❛s ❞✬❤②❜r✐❞❛t✐♦♥ ✭❣r♦✉♣❡
❜r✉✐t✮✱ ♠ét❤②❧❛t✐♦♥ ✐❞❡♥t✐q✉❡ ✭❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✮✱ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ❝❤❡③ ❧❡ ♠✉t❛♥t
✭❣r♦✉♣❡ ❛♣♣❛✉✈r✐✮✱ ❣❛✐♥ ❞❡ ♠ét❤②❧❛t✐♦♥ ❝❤❡③ ❧❡ ♠✉t❛♥t ✭❣r♦✉♣❡ ❡♥r✐❝❤✐✮✳
❈❡tt❡ ♠ét❤②❧❛t✐♦♥ ❞✬❤✐st♦♥❡ ❡st ❢❛✐❜❧❡♠❡♥t ♣rés❡♥t❡ ❞❛♥s ❧❡ ❣é♥♦♠❡✱ ❡t ❧❡ ♠✉t❛♥t ❡st
❝♦♥♥✉ ♣♦✉r ❛✈♦✐r ✉♥❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉ s❛✉✈❛❣❡ ✭❇❡r♥❛t❛✈✐❝❤✉t❡ ❡t ❛❧✳✱
✷✵✵✽✮✳ ▲❡s ♣r♦♣♦rt✐♦♥s ❛tt❡♥❞✉❡s s♦♥t ❡♥✈✐r♦♥ ✶✺✪ ❞❡s s♦♥❞❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐
❡t ✺✪ ❞❡s s♦♥❞❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐✳

◆♦✉s ❛✈♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❛♥❛❧②sé ❝❡s ❞♦♥♥é❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐✲
♠❡♥s✐♦♥♥❡❧ ❞é✜♥✐ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷ s♦✉s ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s
✭❝❢✳ ❙❡❝t✐♦♥ ✸✳✶✮✳ ◆♦✉s ❛✈♦♥s ❡♥s✉✐t❡ ❝♦♠♣❛ré ❧❡s rés✉❧t❛ts à ❝❡✉① ♦❜t❡♥✉s ♣❛r ❏♦❤❛♥♥❡s
❡t ❛❧✳ ✭✷✵✶✵✮✱ q✉✐ ♦♥t ♣r♦♣♦sé ✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s
s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡ ✭❝❢✳ ❙❡❝t✐♦♥ ✸✳✷✮✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ré✲❛♥❛❧②sé ❝❡s ❞♦♥♥é❡s
❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ♣♦✉r ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ♣rés❡♥té❡ ❈❤❛♣✐tr❡ ✸
❙❡❝t✐♦♥ ✷✳✸ ❛✜♥ ❞✬✐❧❧✉str❡r ❧❡s ❛♠é❧✐♦r❛t✐♦♥s ❛♣♣♦rté❡s ♣❛r ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ✢❡①✐❜❧❡
✭❝❢✳ ❙❡❝t✐♦♥ ✸✳✸✮✳

✸✳✶ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ M2

▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷ ❡st ❛♥❛❧②sé ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❞é✜♥✐
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷✳ ▲❛ ❧♦✐ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ ❡st ✉♥ ❍▼▼ s❛♥s ♣r✐s❡ ❡♥ ❝♦♠♣t❡
❞❡ ❧✬❛♥♥♦t❛t✐♦♥✱ ♠♦❞è❧❡ ♥♦té M2✱ ❞é✜♥✐ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶✳ ❊♥ ❡✛❡t✱ ❧❡s ♠♦❞✐✜❝❛t✐♦♥s
❞✬❤✐st♦♥❡ ❛✛❡❝t❡♥t ❞❡ ❧❛r❣❡s ré❣✐♦♥s ❛❞❥❛❝❡♥t❡s ❞❡ ❧✬❤✐st♦♥❡ ✭❍✉♠❜✉r❣✱ ❇✉❧❣❡r ❡t ❙t♦♥❡✱
✷✵✵✽✮ ❞♦♥❝ ❧❡s s♦♥❞❡s ❡♥r✐❝❤✐❡s s♦♥t ❞ét❡❝té❡s ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡s é❧é♠❡♥ts tr❛♥s✲
♣♦s❛❜❧❡s ♠❛✐s ❛✉ss✐ ❞❛♥s ❧❡✉r ❡♥✈✐r♦♥♥❡♠❡♥t✳ ❈♦♠♠❡ ❧❛ ♠ét❤②❧❛t✐♦♥ ♥✬❛✛❡❝t❡ ♣❛s ✉♥❡
❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ s♣é❝✐✜q✉❡✱ ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ♥❡ s♦♥t ♣❛s
✉t✐❧❡s ♣♦✉r ❞ét❡❝t❡r ❧❡s s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡♥r✐❝❤✐❡s✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ré❛❧✐sé❡
❛✈❡❝ ❧❛ rè❣❧❡ ❞✉ ▼❆P✳

◆♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ❧❡s rés✉❧t❛ts ❞❡s ❛✉tr❡s
❝❤r♦♠♦s♦♠❡s ét❛♥t s✐♠✐❧❛✐r❡s✳ ▲❡s ♣❛r❛♠ètr❡s ❝♦♥tr❛✐♥ts ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❣❛✉ss✐❡♥♥❡
❞✉ ♠♦❞è❧❡ M2 s♦♥t ❞♦♥♥és ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✺✳✷✳ ▲❡s ♠❛tr✐❝❡s ❞✬♦r✐❡♥t❛t✐♦♥ ❉ ❡st✐♠é❡s
♣♦✉r ❧❡s ❣r♦✉♣❡s ❜r✉✐t ❡t ✐❞❡♥t✐q✉❡ s♦♥t é❣❛❧❡s✱ ❡t très ♣r♦❝❤❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬♦r✐❡♥t❛t✐♦♥
❛tt❡♥❞✉❡ ♣♦✉r ✉♥❡ ❞✐r❡❝t✐♦♥ s✉r ❧❛ ♣r❡♠✐èr❡ ❜✐ss❡❝tr✐❝❡✳ ▲❛ ❞❡✉①✐è♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧❛
♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡ Σ ❡st ✐❞❡♥t✐q✉❡ ❞❛♥s ❧❡s q✉❛tr❡ ❣r♦✉♣❡s✳ ❖♥ ♥♦t❡ q✉❡ ❧❛ ♠❛tr✐❝❡ ❞❡
✈❛r✐❛♥❝❡ ❡st✐♠é❡ ❞✉ ❣r♦✉♣❡ ❜r✉✐t ❡st ♣r♦❝❤❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ s♣❤ér✐q✉❡✳

▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st✐♠é❡ ❡st

π̂ =





0.87 0.01 0.07 0.05
0.01 0.93 0.04 0.02
0.14 0.04 0.77 0.05
0.16 0.04 0.07 0.73



 .

❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡ tr❛♥s✐t✐♦♥ s♦♥t é❧❡✈é❡s s✉r ❧❛ ❞✐❛❣♦♥❛❧❡✱ ❝❡ q✉✐
s✐❣♥✐✜❡ q✉❡ ❧❛ s♦♥❞❡ t+ 1 ❛ t❡♥❞❛♥❝❡ à r❡st❡r ❞❛♥s ❧❡ ♠ê♠❡ ❣r♦✉♣❡ q✉❡ ❧❛ s♦♥❞❡ t✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✶✵✺

❜r✉✐t ✐❞❡♥t✐q✉❡ ❛♣♣❛✉✈r✐ ❡♥r✐❝❤✐
µ̂ ✭✼✳✻ ❀✼✳✻✮ ✭✶✷✳✾ ❀✶✷✳✼✮ ✭✾✳✸ ❀✽✳✶✮ ✭✽✳✸ ❀✾✳✸✮

D̂

(
✵✳✼✶ ✲✵✳✼✵
✵✳✼✵ ✵✳✼✶

) (
✵✳✼✶ ✲✵✳✼✵
✵✳✼✵ ✵✳✼✶

) (
−0.92 0.39
−0.39 −0.92

) (
0.44 −0.90
0.90 0.44

)

Λ̂

(
0.13 0
0 ✵✳✶✻

) (
6.34 0
0 ✵✳✶✻

) (
1.28 0
0 ✵✳✶✻

) (
1.37 0
0 ✵✳✶✻

)

Σ̂

(
0.15 −0.01
−0.01 0.15

) (
3.28 3.09
3.09 3.22

) (
1.11 0.4
0.4 0.33

) (
0.39 0.47
0.47 1.14

)

❚❛❜✳ ✺✳✷✿ ❊st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞✉ ♠♦❞è❧❡ ❍▼▼
M2✳

▲❡ ❣r❛♣❤❡ ♦❜t❡♥✉ ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ❞♦♥♥é ❋✐❣✉r❡ ✺✳✶✵✳ ▲❡s ♣r♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s
❞❛♥s ❝❤❛❝✉♥ ❞❡s ❣r♦✉♣❡s s♦♥t ✹✸✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❜r✉✐t✱ ✷✸✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✱
✷✶✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐ ❡t ✶✸✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐✳

❋✐❣✳ ✺✳✶✵✿ ●r❛♣❤❡ ♦❜t❡♥✉ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❍▼▼M2 ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ♣❛r ❧❛ rè❣❧❡ ❞✉
▼❆P✳ ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st ❡♥ ❣r✐s✱ ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡ ❡st ❡♥ ♥♦✐r✱ ❧❡ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐ ❡st

❡♥ ✈❡rt ❡t ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐ ❡st ❡♥ r♦✉❣❡✳

▲❛ ♠♦❞✐✜❝❛t✐♦♥ ❞✬❤✐st♦♥❡ ét✉❞✐é❡ ❡st ✉♥❡ ♠❛rq✉❡ ❤étér♦❝❤r♦♠❛t✐♥✐❡♥♥❡✳ ▲❛ ♣❧✉♣❛rt
❞❡s ré❣✐♦♥s ❝♦✉✈❡rt❡s ♣❛r ❍✸❑✾♠❡✷ s♦♥t ❝♦♥t✐❣ü❡s ❡t ❝♦✉✈r❡♥t ♣❧✉s✐❡✉rs ♠é❣❛❜❛s❡s ❞❛♥s
❧❡s ré❣✐♦♥s ♣ér✐❝❡♥tr♦♠ér✐q✉❡s ♦✉ ❞❛♥s ❧✬❤étér♦❝❤r♦♠❛t✐♥❡ ✐♥t❡rst✐t✐❡❧❧❡ ✭❝♦♠♠❡ ❧❡ ❦♥♦❜
s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✮✱ ♠❛✐s ✐❧ ② ❛ ❛✉ss✐ ❞❡s ♣❡t✐t❡s ré❣✐♦♥s ✭î❧♦ts ❞✬❤étér♦❝❤r♦♠❛t✐♥❡✮
❧♦❝❛❧✐sé❡s ❞❛♥s ❧✬❡✉❝❤r♦♠❛t✐♥❡ ❡t q✉✐ ❝♦✉✈r❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s
✭❇❡r♥❛t❛✈✐❝❤✉t❡ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❝♦rr♦❜♦r❡♥t ❝❡s ✐♥❢♦r♠❛t✐♦♥s ✿ ✾✶✳✸✪
❞❡s s♦♥❞❡s ❞❛♥s ❧✬❤étér♦❝❤r♦♠❛t✐♥❡ s♦♥t ♠ét❤②❧é❡s ❛❧♦rs q✉❡ s❡✉❧❡♠❡♥t ✹✾✳✺✪ ❧❡ s♦♥t ❞❛♥s
❧✬❡✉❝❤r♦♠❛t✐♥❡✳ ❉❛♥s ❧✬❤étér♦❝❤r♦♠❛t✐♥❡✱ ✽✷✪ ❞❡s s♦♥❞❡s ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ✐❞❡♥t✐q✉❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✵✻ ❆♣♣❧✐❝❛t✐♦♥s

❡♥tr❡ ❧❡ s❛✉✈❛❣❡ ❡t ❧❡ ♠✉t❛♥t ❛❧♦rs q✉❡ s❡✉❧❡♠❡♥t ✾✳✺✪ ❞❡s s♦♥❞❡s s♦♥t ✐❞❡♥t✐q✉❡s ❞❛♥s
❧✬❡✉❝❤r♦♠❛t✐♥❡✳ ❉❡ ♣❧✉s✱ ✺✻✪ ❞❡s s♦♥❞❡s ♠ét❤②❧é❡s ❝♦✉✈r❡♥t ✉♥ é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ♦✉
✉♥❡ ré❣✐♦♥ ❡♥✈✐r♦♥♥❛♥t❡ ❞❡ ✺✵✵ ♣❛✐r❡s ❞❡ ❜❛s❡s ✭♣❜✮✳

▲❡s ♣r♦❜❛❜✐❧✐tés ❞❡ tr❛♥s✐t✐♦♥ ❞✉ ♠♦❞è❧❡ ❍▼▼ ❢♦✉r♥✐ss❡♥t ❞❡s ✐♥❞✐❝❛t✐♦♥s s✉r ❧❛
❧♦♥❣✉❡✉r ❞❡s ré❣✐♦♥s ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡ ♣❛r ❧❡ ❜✐❛✐s ❞✉ t❡♠♣s ♠♦②❡♥ ❞❡ sé❥♦✉r t❤é♦r✐q✉❡
✭❞✐str✐❜✉t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡s ré❣✐♦♥s ❡♥r✐❝❤✐❡s✮✳ ▲❛ t❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡s
s✐t❡s ❞❡ ✜①❛t✐♦♥ ❡st ❞❡ ✶✹✳✸ s♦♥❞❡s ✭❝♦rr❡s♣♦♥❞❛♥t à ✸ ✷✽✾ ♣❜✮ ♣♦✉r ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✱
✹✳✺ s♦♥❞❡s ✭✶ ✵✸✺ ♣❜✮ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐✱ ✸✳✼ s♦♥❞❡s ✭✽✺✶ ♣❜✮ ♣♦✉r ❧❡ ❣r♦✉♣❡
❡♥r✐❝❤✐ ❡t ✼✳✼ s♦♥❞❡s ✭✶ ✼✼✶ ♣❜✮ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❜r✉✐t✳ ▲❡s s✐t❡s ❞❡ ✜①❛t✐♦♥ ét❛♥t s♦✉✈❡♥t
❞❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s✱ ❝❡s ❡st✐♠❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s
❡♥r✐❝❤✐s ♦✉ ❛♣♣❛✉✈r✐s s♦♥t tr♦✐s ❢♦✐s ♣❧✉s ♣❡t✐ts q✉❡ ❧❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s q✉✐ ♦♥t ✉♥
❝♦♠♣♦rt❡♠❡♥t ✐❞❡♥t✐q✉❡ ❡♥tr❡ ❧❡ ♠✉t❛♥t ❡t ❧❡ s❛✉✈❛❣❡✳ ❈❡❝✐ s✉❣❣èr❡ q✉❡ ❧❡ ♠✉t❛♥t ❛✛❡❝t❡
♣r✐♥❝✐♣❛❧❡♠❡♥t ❧❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s ❞❡ ❧✬❡✉❝❤r♦♠❛t✐♥❡ q✉✐ s♦♥t ❣é♥ér❛❧❡♠❡♥t ✷ à ✸
❢♦✐s ♣❧✉s ♣❡t✐ts q✉❡ ❝❡✉① ❞❡ ❧✬❤étér♦❝❤r♦♠❛t✐♥❡✳

▲✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ ✭s✐t✉é ❡♥tr❡ ❧❡s ♣♦s✐t✐♦♥s ✺ ✸✷✻ ✹✺✽ ❡t ✺ ✸✸✶ ✺✽✵ s✉r ❧❡
❝❤r♦♠♦s♦♠❡ ✹✮ ❡st ❝♦♥♥✉ ♣♦✉r ❛✈♦✐r ✉♥❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ❝❤❡③ ❧❡ ♠✉t❛♥t✳ ▲❛ ré❣✐♦♥
ré❣✉❧❛tr✐❝❡ ❞❡ ▼❊❚❆✶ ❡st s✐t✉é❡ ❛✉ ❞é❜✉t ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ♣✉✐sq✉✬♦♥ ② tr♦✉✈❡
❞❡s ♣❡t✐ts ❆❘◆ ✐♠♣❧✐q✉és ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ ♠ét❤②❧❛t✐♦♥✳ ◆♦tr❡ ♠ét❤♦❞❡ ❞é❝❧❛r❡ ❧❛
♣r❡♠✐èr❡ ♠♦✐t✐é ❞❡s s♦♥❞❡s ❝♦✉✈r❛♥t ▼❊❚❆✶ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥
❝❤❡③ ❧❡ ♠✉t❛♥t✳ ▲❡s ❛✉tr❡s s♦♥❞❡s s♦♥t ❞é❝❧❛ré❡s ✐❞❡♥t✐q✉❡♠❡♥t ♠ét❤②❧é❡s ❡♥tr❡ ❧❡s ❞❡✉①
é❝❤❛♥t✐❧❧♦♥s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✶✶✮✳

❋✐❣✳ ✺✳✶✶✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ à ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧
❋▲❆●❞❜✰✰ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞✉ ♠♦❞è❧❡ M2 ✭♣♦s✐t✐♦♥s ✺✸✷✻✹✺✽✲✺✸✸✶✺✽✵✱ ❝❤r✹✮✳ ▲❡s
s♦♥❞❡s s♦♥t ❞✬❛❜♦r❞ ❞é❝❧❛ré❡s ❛✈❡❝ ✉♥❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ❝❤❡③ ❧❡ ♠✉t❛♥t ✭✈❡rt✮✱ ♣✉✐s

✐❞❡♥t✐q✉❡♠❡♥t ♠ét❤②❧é❡s ✭♥♦✐r✮✳

✸✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❝♦♠♣❛r♦♥s ❧❡s rés✉❧t❛ts ♣rés❡♥tés ❝✐✲❞❡ss✉s ❛✈❡❝ ❧❡ ♠♦❞è❧❡
M2 à ❝❡✉① ♦❜t❡♥✉s ♣❛r ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❈❡tt❡ ❝♦♠♣❛r❛✐s♦♥ ❡st ré❛❧✐sé❡ s✉r ❧❡ ❥❡✉
❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ❍✸❑✾♠❡✷✳ ❯♥❡ ét✉❞❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s ❡st ❛✉ss✐ ❡✛❡❝t✉é❡
❙❡❝t✐♦♥ ✺ s✉r ❞❡s ❞♦♥♥é❡s s✐♠✉❧é❡s✳

❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ♦♥t ♣r♦♣♦sé ❞❡✉① ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❛✈❡❝ q✉❛tr❡ ❣❛✉ss✐❡♥♥❡s
❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡✳ P♦✉r s✐♠♣❧✐✜❡r ❧❡s ♥♦t❛t✐♦♥s✱
♦♥ ♥♦t❡ ✶✱ ✷✱ ✸✱ ✹ ❧❡s ❣r♦✉♣❡s ❝♦rr❡s♣♦♥❞❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① ❣r♦✉♣❡s ❜r✉✐t✱ ✐❞❡♥t✐q✉❡✱
❛♣♣❛✉✈r✐ ❡t ❡♥r✐❝❤✐✳ ▲❡ ♣r❡♠✐❡r ♠♦❞è❧❡✱ ❛♣♣❡❧é ♠♦❞è❧❡ ✏❢✉❧❧✲s✇✐t❝❤✐♥❣✑✱ ✜①❡ ❧❡s ❝♦♥tr❛✐♥t❡s
s✉✐✈❛♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡ ✿ ~µ1 = (µ1, µ1)✱ ~µ2 = (µ2, µ2)✱ ~µ3 = (µ2, µ1)✱
~µ4 = (µ1, µ2) ❡t ❧❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡ ❞❡s ❣r♦✉♣❡s ✸ ❡t ✹ s♦♥t é❣❛❧❡s ✭Σ3 = Σ4✮✳ ▲❡
s❡❝♦♥❞ ♠♦❞è❧❡✱ ❛♣♣❡❧é ✏✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣✑✱ ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡ ❢✉❧❧✲s✇✐t❝❤✐♥❣ ❛✈❡❝ ❞❡s
❝♦♥tr❛✐♥t❡s ♠♦✐♥s r❡str✐❝t✐✈❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ✿ ~µ3 = (µ4, µ3) ❡t ~µ4 = (µ3, µ4)✳
◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡ ♠♦❞è❧❡ ❍▼▼M2 ❛✈❡❝ ❝❡s ❞❡✉① ♠♦❞è❧❡s s✉r ❧❡s ❞♦♥♥é❡s ❍✸❑✾♠❡✷✳

▲❡ ♠♦❞è❧❡ ❢✉❧❧✲s✇✐t❝❤✐♥❣ ❝♦♥❞✉✐t à ✉♥❡ ♣❧✉s ♣❡t✐t❡ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧✲
❧❡♠❡♥t ❡♥r✐❝❤✐❡s ✭✼✳✽✪ ❛♣♣❛✉✈r✐❡s ❝❤❡③ ❧❡ ♠✉t❛♥t ❡t ✶✳✷✪ ❡♥r✐❝❤✐❡s ❝❤❡③ ❧❡ ♠✉t❛♥t✱ ❝❢✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✶✵✼

❋✐❣✉r❡ ✺✳✶✷✮ q✉❡ ❧❡ ❍▼▼ ✭r❡s♣❡❝t✐✈❡♠❡♥t ✷✷✪ ❡t ✶✹✪✮✳ ▲✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶✱
❞é❝❧❛ré ❛♣♣❛✉✈r✐ ❛✈❡❝ M2 ✭✈♦✐r ❝✐✲❞❡ss✉s✮✱ ❡st ❞é❝❧❛ré ✐❞❡♥t✐q✉❡♠❡♥t ♠ét❤②❧é ❛✈❡❝ ❧❡
♠♦❞è❧❡ ❢✉❧❧✲s✇✐t❝❤✐♥❣✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣ ♥❡ s❡♠❜❧❡ ♣❛s êtr❡
❛♣♣r♦♣r✐é❡ ♣♦✉r ❧❡s s♦♥❞❡s ❛②❛♥t ❞❡s ✐♥t❡♥s✐tés s✐♠✐❧❛✐r❡s ❡♥tr❡ ✽ ❡t ✶✵ ❡t q✉✐ ❞❡✈r❛✐❡♥t
êtr❡ ❞é❝❧❛ré❡s ✐❞❡♥t✐q✉❡♠❡♥t ♠ét❤②❧é❡s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✶✷✮✳
❊♥ ❝♦♠♣❛r❛♥t ❧❡s rés✉❧t❛ts ❞✉ ♠♦❞è❧❡ ❍▼▼M2 ❛✈❡❝ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ♥♦tr❡ ♠♦✲
❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡M1 ✭♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡✱ s❛♥s ❞é♣❡♥❞❛♥❝❡✮✱ ♥♦✉s ♥♦t♦♥s q✉❡ ❧❛ ❝❧❛ss✐✜✲
❝❛t✐♦♥ ❝♦rr❡❝t❡ ❞❡s s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡♥r✐❝❤✐❡s ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡s ❝♦♥tr❛✐♥t❡s
✐♠♣♦sé❡s s✉r ❧❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡ ❞❛♥s ❧❡ ♠♦❞è❧❡✳ ▲✬❛✈❛♥t❛❣❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞✉ ❍▼▼
❡st ❞❡ ❢♦✉r♥✐r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ q✉✐ ♥❡ s❡ ❢♦♥❞❡ ♣❛s ✉♥✐q✉❡♠❡♥t s✉r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ❣é♦✲
♠étr✐q✉❡s ✭♣♦s✐t✐♦♥ ❞❡s Xt ♦❜s❡r✈és✮✱ ♠❛✐s ❛✉ss✐ s✉r ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ ❧❛ s♦♥❞❡ t ✭❣râ❝❡
à ❧✬❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡✮✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ♠♦❞è❧❡ ❍▼▼ M2 ❛ t❡♥❞❛♥❝❡ à ❞é❝❧❛r❡r
❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡♥r✐❝❤✐❡s ❧❡s s♦♥❞❡s ❛②❛♥t ❞❡s ✐♥t❡♥s✐tés s✐♠✐❧❛✐r❡s ❡♥tr❡ ✽ ❡t ✶✵✳
❊♥ ❝♦♥❝❧✉s✐♦♥✱ ✐❧ s❡♠❜❧❡ q✉❡ ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡✱ ❧❡s ❝♦♥tr❛✐♥t❡s s②♠étr✐q✉❡s s✉r
❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡s ❡t ❧❡s ✈❛r✐❛♥❝❡s é❣❛❧❡s ♣♦✉r ❧❡s ❣r♦✉♣❡s ✸ ❡t ✹ ❝♦♥❞✉✐s❡♥t à ✉♥
♠♦❞è❧❡ tr♦♣ s✐♠♣❧❡ ♣♦✉r ❛♥❛❧②s❡r ❝❡s ❞♦♥♥é❡s✳ ❯♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ❡st ❛✉ss✐
ré❛❧✐sé❡ s✉r ❞❡s ❞♦♥♥é❡s s✐♠✉❧é❡s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✺✳

❋✐❣✳ ✺✳✶✷✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳
✭✷✵✶✵✮ ❡t ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❡t ❧❡ ❍▼▼ s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷✳ ❍❛✉t✲❣❛✉❝❤❡ ✿
♠♦❞è❧❡ ❢✉❧❧✲s✇✐t❝❤✐♥❣✱ ❍❛✉t✲❞r♦✐t ✿ ♠♦❞è❧❡ ✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣✱ ❇❛s✲❣❛✉❝❤❡ ✿ ♠♦❞è❧❡ ❞❡

♠é❧❛♥❣❡ M1✱ ❇❛s✲❞r♦✐t ✿ ❍▼▼ M2✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✵✽ ❆♣♣❧✐❝❛t✐♦♥s

✸✳✸ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡s ❞❡ ♠é❧❛♥❣❡

▲❡s ❞❡✉① ❛♣♣r♦❝❤❡s ♣r♦♣♦sé❡s ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✸✱ ♦ù ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ✉♥
♠é❧❛♥❣❡ ❞❡ ❣❛✉ss✐❡♥♥❡s✱ ♦♥t ❛✉ss✐ été ❛♣♣❧✐q✉é❡s s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷✳

❛✮ ▼ét❤♦❞❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té

P♦✉r ❧❛ ♠ét❤♦❞❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té ✭♣rés❡♥té❡ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✸✮✱ ❧❡
♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K ❡st ✜①é à ✹ ❡t ♥♦✉s ❛✈♦♥s ét✉❞✐é ♣❧✉s✐❡✉rs ♠♦❞è❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉
♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳ ▲❡ ❝❤♦✐① ❞❡s ♠♦❞è❧❡s ❡st r❡str❡✐♥t ❛✉ ❝❛s ♦ù ❧✬♦♥ ❛ ✉♥
♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ✐❞❡♥t✐q✉❡ ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡✱ ❡♥tr❡ ❞❡✉① ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡
✭♠♦❞è❧❡ ♥♦té ✶✷✷✷✱ ♦ù ❧❡s ❝❤✐✛r❡s ❝♦rr❡s♣♦♥❞❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts
♣♦✉r ❧❡ ❣r♦✉♣❡ ❜r✉✐t✱ ✐❞❡♥t✐q✉❡✱ ❛♣♣❛✉✈r✐ ❡t ❡♥r✐❝❤✐✮ ❡t s❡♣t ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡ ✭♥♦té
✶✼✼✼✮✳ ❈❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ♦♥t été ❝♦♠♣❛rés à ❧✬❛✐❞❡ ❞❡s ❝r✐tèr❡s ❞❡ sé❧❡❝t✐♦♥ ♣rés❡♥tés
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ❝✮ ❡t ❧❡s rés✉❧t❛ts s♦♥t ❞♦♥♥és ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✺✳✸✳ ▲❡s ❝r✐tèr❡s BIC ❡t
ICLZ sé❧❡❝t✐♦♥♥❡♥t ❧❡ ♠♦❞è❧❡ à ❝✐♥q ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳

✶✷✷✷ ✶✸✸✸ ✶✹✹✹ ✶✺✺✺ ✶✻✻✻ ✶✼✼✼
♥❜♣❛r❛♠ ✻✾ ✶✷✸ ✷✵✼ ✸✵✸ ✹✶✼ ✺✹✾
✲✷✯▲♦❣❱r❛✐s ✹✼✽✹✼✼ ✹✼✼✸✻✽ ✹✼✼✸✼✸ ✹✼✼✶✶✻ ✹✼✼✵✼✶ ✹✼✼✶✵✸
BIC ✹✼✽✽✾✺ ✹✼✼✽✾✶ ✹✼✽✵✵✵ ✹✼✼✽✹✾ ✹✼✼✾✵✽ ✹✼✽✵✹✺
ICLZ ✺✵✽✷✶✻ ✺✵✻✶✽✶ ✺✵✻✶✺✾ ✺✵✺✾✶✺ ✺✵✺✾✾✸ ✺✵✻✶✼✻

❚❛❜✳ ✺✳✸✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠♦❞è❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳

▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ❛✈❡❝ ❝❡ ♠♦❞è❧❡ à ❝✐♥q ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡
s♦♥t ❡①❛❝t❡♠❡♥t ✐❞❡♥t✐q✉❡s à ❝❡✉① ♦❜t❡♥✉s ♣❛r ❧❡ ♠♦❞è❧❡M2 ♣rés❡♥tés ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✸✳✶✳
❆♣rès ❞✐s❝✉ss✐♦♥ ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s✱ ❧✬❤②♣♦t❤ès❡ ❞❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ σ2 ✐❞❡♥t✐q✉❡ ♣♦✉r
t♦✉s ❧❡s ❣r♦✉♣❡s ♥❡ s❡♠❜❧❛✐t ♣❛s très ❛♣♣r♦♣r✐é❡ ♣♦✉r ❝❡ t②♣❡ ❞❡ ❞♦♥♥é❡s ❡t ♥♦✉s ❛✈♦♥s
❞♦♥❝ ♠♦❞✐✜é ❝❡tt❡ ❤②♣♦t❤ès❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝♦♥♥❛✐ss❛♥❝❡s ❜✐♦❧♦❣✐q✉❡s✳ ■❧ s✬❛✈èr❡ q✉❡ ❧❛
✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és ♣❡✉t êtr❡ ❧❛r❣❡♠❡♥t s✉♣ér✐❡✉r❡
à ❝❡❧❧❡ ❞❡s ❣r♦✉♣❡s ❜r✉✐t ❡t ✐❞❡♥t✐q✉❡✱ ❝❡ q✉✐ ❡st ✈ér✐✜é s✉r ❧❛ ❋✐❣✉r❡ ✺✳✶✸ ❞❡s ❞✐str✐❜✉t✐♦♥s
❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ♣❡t✐t ❛①❡ ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡✳

❋✐❣✳ ✺✳✶✸✿ ●❛✉❝❤❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ♣❡t✐t ❛①❡ ❞✉ ❣r♦✉♣❡ ✐❞❡♥✲
t✐q✉❡ ❀ ❈❡♥tr❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ♣❡t✐t ❛①❡ ❞✉ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐ ❀

❉r♦✐t❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡ ♣❡t✐t ❛①❡ ❞✉ ❣r♦✉♣❡ ❡♥r✐❝❤✐✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✶✵✾

◆♦✉s ❛✈♦♥s ❞♦♥❝ ✐♥tr♦❞✉✐t ❞❡✉① ✈❛r✐❛♥❝❡s rés✐❞✉❡❧❧❡s ❞✐✛ér❡♥t❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ✿ σ2
1

♣♦✉r ❧❡s ❣r♦✉♣❡s ❜r✉✐t ❡t ✐❞❡♥t✐q✉❡ ✭♥♦tés ✶ ❡t ✷✮ ❡t σ2
2 ♣♦✉r ❧❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t

❤②❜r✐❞és ✭♥♦tés ✸ ❡t ✹✮✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❛✉ ❝❛❧❝✉❧ ❞❡ ❧✬❡st✐♠❛t❡✉r ❞❡ σ2 ✭❈❤❛♣✐tr❡ ✸
❆♥♥❡①❡ ✸✳✷✮✱ ❧❡s ❡st✐♠❛t❡✉rs ❞❡ σ2

1 ❡t σ2
2 s♦♥t ❞♦♥♥és ♣❛r ✿

σ̂2
1 =

∑
t τ̂t1(X1t − µ̂1

1)
2 +

∑
t τ̂t1(X2t − µ̂2

1)
2 +

∑L2

ℓ=1

∑
t τ̂t2δ̂t2ℓV

2
t2∑

t τ̂t1 +
∑

t τ̂t1 +
∑L2

ℓ=1

∑
t τ̂t2δ̂t2ℓ

,

❡t

σ̂2
2 =

∑4
k=3

∑Lk

ℓ=1

∑
t τ̂tkδ̂tkℓV

2
tk∑4

k=3

∑Lk

ℓ=1

∑
t τ̂tkδ̂tkℓ

.

▲❡s ❝r✐tèr❡s BIC ❡t ICLZ sé❧❡❝t✐♦♥♥❡♥t ❝❡tt❡ ❢♦✐s✲❝✐ ❧❡ ♠♦❞è❧❡ à s✐① ❝♦♠♣♦s❛♥ts ♣❛r
❣r♦✉♣❡✱ ♥♦té ✶✻✻✻✲σ2

1σ
2
2 ✭❝❢✳ ❚❛❜❧❡ ✺✳✹✮✳

✶✷✷✷✲σ2
1σ

2
2 ✶✸✸✸✲σ2

1σ
2
2 ✶✹✹✹✲σ2

1σ
2
2 ✶✺✺✺✲σ2

1σ
2
2 ✶✻✻✻✲σ2

1σ
2
2 ✶✼✼✼✲σ2

1σ
2
2

♥❜♣❛r❛♠ ✼✵ ✶✷✹ ✷✵✽ ✸✵✹ ✹✶✽ ✺✺✵
✲✷✯▲♦❣❱r❛✐s ✹✺✺✶✾✺ ✹✺✸✶✹✾ ✹✺✷✹✻✺ ✹✺✷✷✷✸ ✹✺✷✵✺✻ ✹✺✶✾✾✼
BIC ✹✺✺✻✷✺ ✹✺✸✻✽✸ ✹✺✸✶✵✹ ✹✺✷✾✻✼ ✹✺✷✾✵✹ ✹✺✷✾✺✵
ICLZ ✹✽✻✷✽✺ ✹✽✷✾✽✽ ✹✽✶✻✻✷ ✹✽✶✷✺✼ ✹✽✶✵✷✽ ✹✽✶✵✹✶

❚❛❜✳ ✺✳✹✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠♦❞è❧❡s ❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡✱ ❡♥ ❢♦♥❝t✐♦♥
❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳

▲❡s ❛❥✉st❡♠❡♥ts ❞❡s ❞❡♥s✐tés ❡st✐♠é❡s ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡ s♦♥t r❡♣rés❡♥tés s✉r ❧❡s
❤✐st♦❣r❛♠♠❡s ❞❡s ❞♦♥♥é❡s ♣r♦❥❡té❡s s✉r ❧❡s ❣r❛♥❞s ❛①❡s ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡ ✭❝❢✳ ❋✐❣✉r❡
✺✳✶✹✮✳

❋✐❣✳ ✺✳✶✹✿ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡t ❛❥✉st❡♠❡♥t ❞❡ ❧❛ ❞❡♥s✐té ❡st✐♠é❡ ♣♦✉r ❝❤❛q✉❡
❣r♦✉♣❡ ✭❜r✉✐t ❡♥ ❣r✐s✱ ✐❞❡♥t✐q✉❡ ❡♥ ❜❧❡✉✱ ❛♣♣❛✉✈r✐ ❡♥ ✈❡rt ❡t ❡♥r✐❝❤✐ ❡♥ r♦✉❣❡✮✳ P♦✉r ❧❡s
❣r♦✉♣❡s ✐❞❡♥t✐q✉❡✱ ❛♣♣❛✉✈r✐ ❡t ❡♥r✐❝❤✐✱ ❧❡s ❞♦♥♥é❡s s♦♥t ♣r♦❥❡té❡s s✉r ❧❡ ❣r❛♥❞ ❛①❡ ❞✉

❣r♦✉♣❡ ❝♦rr❡s♣♦♥❞❛♥t✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✶✵ ❆♣♣❧✐❝❛t✐♦♥s

▲❡ ❣r❛♣❤❡ ♦❜t❡♥✉ ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ✶✻✻✻✲σ2
1σ

2
2 ❡st ♣rés❡♥té ❋✐❣✉r❡

✺✳✶✺✳ ▲❡s ♣r♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❣r♦✉♣❡s s♦♥t ✹✵✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❜r✉✐t✱
✶✽✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✱ ✷✼✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐ ❡t ✶✺✪ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❡♥✲
r✐❝❤✐✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ❋✐❣✉r❡ ✺✳✶✵ ♦❜t❡♥✉❡ ♣❛r ❧❡ ♠♦❞è❧❡ M2✱ ♦♥ r❡♠❛rq✉❡ q✉❡
❧❡s ❢r♦♥t✐èr❡s ❞✉ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡ s♦♥t ré❞✉✐t❡s✳ ■❧ ② ❛ ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s
❞✬✐♥t❡♥s✐tés é❧❡✈é❡s ❝❧❛ssé❡s ❞❛♥s ❧❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞és✳ P❛r ❝♦♥tr❡✱ ❧❡s
s♦♥❞❡s ❞✬✐♥t❡♥s✐tés s✐♠✐❧❛✐r❡s ❡♥tr❡ ✽ ❡t ✶✵ ♦♥t t❡♥❞❛♥❝❡ à êtr❡ ❞é❝❧❛ré❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t
❤②❜r✐❞é❡s✳ ❊♥ ❝♦♠♣❛r❛♥t ❧❡s ❝❧❛ss✐✜❝❛t✐♦♥s à ❧✬❛✐❞❡ ❞✬✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ✭❝❢✳ ❚❛❜❧❡
✺✳✺✮✱ ♦♥ tr♦✉✈❡ ❡♥✈✐r♦♥ ✾✵✪ ❞❡s s♦♥❞❡s ❛②❛♥t ❧❡ ♠ê♠❡ st❛t✉t ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s✳ ▲❛
♣❧✉s ❣r♦ss❡ ❞✐✛ér❡♥❝❡ ❞❡ ❝❧❛ss❡♠❡♥t ✐♥t❡r✈✐❡♥t ♣♦✉r ❞❡s s♦♥❞❡s ❝❧❛ssé❡s ❞❛♥s ❧❡s ❣r♦✉♣❡s
❜r✉✐t ❡t ✐❞❡♥t✐q✉❡ ❛✈❡❝M2✱ ❡t q✉✐ s♦♥t ❝❧❛ssé❡s ❞❛♥s ❧❡s ❣r♦✉♣❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐✲
❞és ❛✈❡❝ ✶✻✻✻✲σ2

1σ
2
2✳ ▲❛ ❋✐❣✉r❡ ✺✳✶✻ ✐❧❧✉str❡ ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ ❝❧❛ss❡♠❡♥ts ❡♥tr❡ ❧❡s ❞❡✉①

♠♦❞è❧❡s✳

❋✐❣✳ ✺✳✶✺✿ ●r❛♣❤❡ ♦❜t❡♥✉ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ s♦✉s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té ❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡
rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡ ❡t ❛✈❡❝ s✐① ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡ ✭✶✻✻✻✲σ2

1σ
2
2✮✱ ❛♣rès ❝❧❛ss✐✜❝❛t✐♦♥

♣❛r ❧❛ rè❣❧❡ ❞✉ ▼❆P✳ ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st ❡♥ ❣r✐s✱ ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡ ❡st ❡♥ ♥♦✐r✱ ❧❡ ❣r♦✉♣❡
❛♣♣❛✉✈r✐ ❡st ❡♥ ✈❡rt ❡t ❧❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐ ❡st ❡♥ r♦✉❣❡✳

❳
❳

❳
❳

❳
❳

❳
❳

❳
❳

❳
❳

✶✻✻✻✲σ2
1σ

2
2

M2 ❇r✉✐t ■❞❡♥t✳ ❆♣♣❛✉✈r✐ ❊♥r✐❝❤✐

❇r✉✐t ✹✹✸✵✽ ✻ ✸✷✾ ✶✶✸
■❞❡♥t✳ ✶ ✶✾✾✵✻ ✸ ✵
❆♣♣❛✉✈r✐ ✷✹✻✻ ✸✺✺✽ ✷✸✶✾✶ ✶✸✽✶
❊♥r✐❝❤✐ ✶✵✻✽ ✶✾✸✵ ✺✹✺ ✶✷✽✾✹

❚❛❜✳ ✺✳✺✿ ❚❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❡♥tr❡ ❧❡ ♠♦❞è❧❡ ❍▼▼M2 ❡t ❧❡ ♠♦❞è❧❡ s♦✉s ❝♦♥tr❛✐♥t❡s
❞❡ ❝♦❧✐♥é❛r✐té ❛✈❡❝ ✉♥❡ ✈❛r✐❛♥❝❡ rés✐❞✉❡❧❧❡ ❞✐✛ér❡♥t❡ ❡t ❛✈❡❝ s✐① ❝♦♠♣♦s❛♥ts ♣❛r ❣r♦✉♣❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ✲ ➱t✉❞❡ ❞❡ ❍✸❑✾♠❡✷ ✶✶✶

❋✐❣✳ ✺✳✶✻✿ ❉✐✛ér❡♥❝❡ ❞❡ ❝❧❛ss❡♠❡♥t ❡♥tr❡ ❧❡s ♠♦❞è❧❡s M2 ❡t ✶✻✻✻✲σ2
1σ

2
2✳ ▲❡s s♦♥❞❡s

❞✐✛ér❡♠♠❡♥t ❝❧❛ssé❡s s♦♥t ❡♥ r♦✉❣❡✳

▲✬é❧❡♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ ♣rés❡♥té ❙❡❝t✐♦♥ ✸✳✶ ❡st s❝❤é♠❛t✐sé ❋✐❣✉r❡ ✺✳✶✼ ❛✈❡❝
❧❡s rés✉❧t❛ts ❞✉ ♠♦❞è❧❡ ✶✻✻✻✲σ2

1σ
2
2✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❝❡tt❡ ❢♦✐s✲❝✐✱ ❧❛ ♠❛❥♦r✐té ❞❡s s♦♥❞❡s

❡st ❞é❝❧❛ré❡ ❛✈❡❝ ✉♥❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥ ❝❤❡③ ❧❡ ♠✉t❛♥t✳

❋✐❣✳ ✺✳✶✼✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ à ❧✬❛✐❞❡ ❞❡s rés✉❧t❛ts ❞✉ ♠♦✲
❞è❧❡ ✶✻✻✻✲σ2

1σ
2
2✳ ▲❡s s♦♥❞❡s s♦♥t ♠❛❥♦r✐t❛✐r❡♠❡♥t ❞é❝❧❛ré❡s ❛✈❡❝ ✉♥❡ ♣❡rt❡ ❞❡ ♠ét❤②❧❛t✐♦♥

❝❤❡③ ❧❡ ♠✉t❛♥t ✭✈❡rt✮✳

❜✮ ▼ét❤♦❞❡ s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té

◆♦✉s ❛✈♦♥s ❛✉ss✐ ✐❧❧✉stré ❧❛ ♠ét❤♦❞❡ s❛♥s ❝♦♥tr❛✐♥t❡s ✭♣rés❡♥té❡ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥
✷✳✸✮ s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷✳ ❊♥ r❛✐s♦♥ ❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧ é❧❡✈é ✭q✉✐ ❡st ❞✐s❝✉té
❡♥ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s✮✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ♥♦tr❡ ♠ét❤♦❞❡ s✉r ✉♥ é❝❤❛♥t✐❧❧♦♥
s♣é❝✐✜q✉❡ ❞❡ ✺✵✵✵ s♦♥❞❡s ❞✉ ❝❤r♦♠♦s♦♠❡ ✹ ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱ ❡♥tr❡ ❧❡s ♣♦s✐t✐♦♥s
✺✷✸✼✹✼✸ ❡t ✻✵✼✶✵✷✸✳

◆♦✉s ❝❤♦✐s✐ss♦♥s ❛r❜✐tr❛✐r❡♠❡♥t ❧❡ ♥♦♠❜r❡ ✐♥✐t✐❛❧ ❞❡ ❝♦♠♣♦s❛♥ts L = 40 ❡t ♥♦✉s
❛❥✉st♦♥s ✉♥ ❍▼▼ ❛✈❡❝ ✹✵ ❝♦♠♣♦s❛♥ts s♣❤ér✐q✉❡s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✶✽✱ ●❛✉❝❤❡✮ ❛✈❛♥t ❞❡
❞ér♦✉❧❡r ❧✬❛❧❣♦r✐t❤♠❡ ❤✐ér❛r❝❤✐q✉❡ ❛✈❡❝ ∇1 ❝♦♠♠❡ ❝r✐tèr❡ ❞✬❛♣♣❛r✐❡♠❡♥t ❡t ICLZ ❝♦♠♠❡
❝r✐tèr❡ ❞❡ sé❧❡❝t✐♦♥✳
▲❛ ❋✐❣✉r❡ ✺✳✶✽ ✭❉r♦✐t❡✮ r❡♣rés❡♥t❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ✜♥❛❧❡✱ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s sé❧❡❝✲
t✐♦♥♥é ♣❛r ICLZ ❡st 8✳ ❈❡tt❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❤✉✐t ❣r♦✉♣❡s ❡st ❢❛❝✐❧❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡
❡t ❝♦❤ér❡♥t❡ ❛✈❡❝ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❜✐♦❧♦❣✐q✉❡✳ ▲❡ ❣r♦✉♣❡ ❜r✉✐t ❡st r❡♣rés❡♥té ❡♥ ❣r✐s✳ ▲❡s
q✉❛tr❡ ❣r♦✉♣❡s s✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① s♦♥❞❡s ✐❞❡♥t✐q✉❡♠❡♥t ❤②❜r✐❞é❡s ❞❛♥s
❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s✳ ❈❡s s♦♥❞❡s s♦♥t ❢❛✐❜❧❡♠❡♥t ♠ét❤②❧é❡s ✭❣r♦✉♣❡ ♥♦✐r✮ ♦✉ ❢♦rt❡♠❡♥t
♠ét❤②❧é❡s ✭❣r♦✉♣❡ ❝②❛♥✮✳ ▲❡ ❣r♦✉♣❡ ❡♥r✐❝❤✐ ❡st ❡♥ r♦✉❣❡✱ t❛♥❞✐s q✉❡ ❧❡s ❞❡✉① ❣r♦✉♣❡s
✈❡rts ✭❞✉ ❝ôté ❞r♦✐t ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡✮ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① s♦♥❞❡s ❛♣♣❛✉✈r✐❡s ❡♥ ♠ét❤②❧❛t✐♦♥✳
▲❡s ♣r♦♣♦rt✐♦♥s ❞❡s ❣r♦✉♣❡s ❡♥r✐❝❤✐ ❡t ❛♣♣❛✉✈r✐ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t 6.5% ❡t 15.5%✱ ❝❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✶✷ ❆♣♣❧✐❝❛t✐♦♥s

q✉✐ ❡st très ♣r♦❝❤❡ ❞❡s ♣r♦♣♦rt✐♦♥s ❛tt❡♥❞✉❡s ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s ✭5% ❡t 15%✱ ❝❢✳ ❙❡❝t✐♦♥
✸✮✳ ▲❡s ❢r♦♥t✐èr❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ s♦♥t ♠✐❡✉① ❞é✜♥✐❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❛✉ ♥✐✈❡❛✉ ❞❡s s♦♥❞❡s
❞✬✐♥t❡♥s✐tés ❡♥tr❡ ✽ ❡t ✶✵ q✉✐ s♦♥t ♠❛❥♦r✐t❛✐r❡♠❡♥t ❝❧❛ssé❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ ✐❞❡♥t✐q✉❡✳
❉✬❛✉tr❡ ♣❛rt✱ ♥♦tr❡ ♠ét❤♦❞❡ ✐❞❡♥t✐✜❡ 75% ❞❡s s♦♥❞❡s ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶
❝♦♠♠❡ ét❛♥t ❛♣♣❛✉✈r✐❡s ✭❝❢✳ ❋✐❣✉r❡ ✺✳✶✾✮✳

❋✐❣✳ ✺✳✶✽✿ ●❛✉❝❤❡ ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ❍▼▼ ✐♥✐t✐❛❧ ❛✈❡❝ ✹✵ ❝♦♠♣♦s❛♥ts✳ ❉r♦✐t❡ ✿ ❈❧❛ss✐✲
✜❝❛t✐♦♥ ♦❜t❡♥✉❡ ❛♣rès ❛♣♣❛r✐❡♠❡♥t ❞❡s ❝♦♠♣♦s❛♥ts✱ ❝❤❛q✉❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ✉♥ ❣r♦✉♣❡

s♣é❝✐✜q✉❡✳

❋✐❣✳ ✺✳✶✾✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬é❧é♠❡♥t tr❛♥s♣♦s❛❜❧❡ ▼❊❚❆✶ à ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧
❋▲❆●❞❜✰✰✳ ❈❤❛q✉❡ s♦♥❞❡ ❡st ❝♦❧♦ré❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✬❛♣✲

♣❛rt❡♥✐r à ❝❤❛❝✉♥ ❞❡s ❣r♦✉♣❡s ✿ ❣r♦✉♣❡ ❛♣♣❛✉✈r✐ ❡♥ ✈❡rt

▲❡s ❞❡♥s✐tés ❡st✐♠é❡s ♣❛r ❧❛ ♠ét❤♦❞❡ s❛♥s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té s♦♥t r❡♣rés❡♥té❡s
♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡ s✉r ❧❛ ❋✐❣✉r❡ ✺✳✷✵✳ ▲❡s ❤✐st♦❣r❛♠♠❡s ♦♥t été ❝♦♥str✉✐ts ❡♥ ♣r♦❥❡t❛♥t
❧❡s ❞♦♥♥é❡s✱ ♣♦♥❞éré❡s ♣❛r ❧❡✉r ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐✱ s✉r ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s✳ ▲❡s
❞✐str✐❜✉t✐♦♥s ❡♠♣✐r✐q✉❡s ♥❡ s♦♥t ❝❧❛✐r❡♠❡♥t ♣❛s ✉♥✐♠♦❞❛❧❡s ❡t ❝♦♥s✐❞ér❡r ✉♥ ♠é❧❛♥❣❡ ❞❡
❞✐str✐❜✉t✐♦♥s ♣❡r♠❡t ✉♥ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t ♣❛r r❛♣♣♦rt à ✉♥❡ ✉♥✐q✉❡ ❣❛✉ss✐❡♥♥❡✳
◆♦t♦♥s t♦✉t❡❢♦✐s q✉❡ s✐ ❧✬♦♥ ✜①❡ ❛r❜✐tr❛✐r❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s à K = 4 ✭❛✉ ❧✐❡✉
❞❡ ✽ sé❧❡❝t✐♦♥♥é ♣❛r ❧❡ ❝r✐tèr❡ ICLZ✮✱ ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ♦❜t❡♥✉s ♣❛r ❧❛ ♠ét❤♦❞❡ s❛♥s
❝♦♥tr❛✐♥t❡s ❞❡ ❝♦❧✐♥é❛r✐té ♥❡ s♦♥t ♣❧✉s ❜✐♦❧♦❣✐q✉❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥♥é❡s ❣r❛✐♥❡ ✈s ❢❡✉✐❧❧❡ ✶✶✸

❋✐❣✳ ✺✳✷✵✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬❛❥✉st❡♠❡♥t ❞❡s ❞❡♥s✐tés ♣♦✉r ❝❤❛q✉❡ ❣r♦✉♣❡✳ ▲❡s ❝♦✉❧❡✉rs
❞❡s ❞❡♥s✐tés ❡st✐♠é❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ❝♦✉❧❡✉rs ❞❡s ❣r♦✉♣❡s ❞❡ ❧❛ ❋✐❣✉r❡ ✺✳✶✽✳

✹ ❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥✲
♥é❡s ❣r❛✐♥❡ ✈s ❢❡✉✐❧❧❡

▲♦rs ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ tr❛♥s❝r✐♣t♦♠❡✱ ❞❡✉① ♦❜❥❡❝t✐❢s s♦♥t ❣é♥ér❛❧❡♠❡♥t ❝♦♥s✐❞érés ✿
❧✬ét✉❞❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡♥tr❡ ❞❡✉① ❝♦♥❞✐t✐♦♥s ❡t ❧❛ ❞ét❡❝t✐♦♥ ❞❡
ré❣✐♦♥s tr❛♥s❝r✐t❡s✳
▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❛♥❛❧②sé ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❛ ❞✐✛ér❡♥❝❡ ❞✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡♥tr❡ ❧❡s
❣r❛✐♥❡s ❞✐① ❥♦✉rs ❛♣rès ♣♦❧❧✐♥✐s❛t✐♦♥ ✭✶✵❞❛♣✮ ❡t ❧❡s ❢❡✉✐❧❧❡s ❞✬❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ ▲✬♦❜❥❡❝✲
t✐❢ ♣r✐♥❝✐♣❛❧ ❡st ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s ❡♥ ❝❧❛ss❛♥t ❧❡s s♦♥❞❡s
❡♥ q✉❛tr❡ ❣r♦✉♣❡s ✿ ✉♥ ❣r♦✉♣❡ ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞✬❤②❜r✐❞❛t✐♦♥ ✭❜r✉✐t✮✱ ✉♥ ❣r♦✉♣❡ ❞✬❡①♣r❡ss✐♦♥
✐❞❡♥t✐q✉❡ ❡♥tr❡ ❧❛ ❢❡✉✐❧❧❡ ❡t ❧❛ ❣r❛✐♥❡ ✭✐❞❡♥t✐q✉❡✮✱ ✉♥ ❣r♦✉♣❡ ♦ù ❧✬❡①♣r❡ss✐♦♥ ❡st ♣❧✉s ❢❛✐❜❧❡
❝❤❡③ ❧❛ ❣r❛✐♥❡ ✭s♦✉s✲❡①♣r✐♠é✮ ❡t ✉♥ ❣r♦✉♣❡ ♦ù ❧✬❡①♣r❡ss✐♦♥ ❡st ♣❧✉s ❢♦rt❡ ❝❤❡③ ❧❛ ❣r❛✐♥❡
✭s✉r✲❡①♣r✐♠é✮✳ ❯♥ ❛✉tr❡ ♦❜❥❡❝t✐❢ ❡st ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ ♥♦✉✈❡❧❧❡s ré❣✐♦♥s tr❛♥s❝r✐t❡s✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s q✉❛tr❡ s♦✉s✲♠♦❞è❧❡s ♣rés❡♥tés
❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶ ✭❝❢✳ ❙❡❝t✐♦♥ ✹✳✶✮✱ ❡t ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝
❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t ✭❙❡❝t✐♦♥ ✹✳✷✮✳ ◆♦✉s ❞♦♥♥♦♥s ❡♥s✉✐t❡ q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡
❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s ✭❝❢✳ ❙❡❝t✐♦♥ ✹✳✸✮✳ ▲❛ ❞ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡s ré❣✐♦♥s tr❛♥s❝r✐t❡s ❢❛✐t
❧✬♦❜❥❡t ❞❡ ❧❛ ❙❡❝t✐♦♥ ✹✳✹✳

✹✳✶ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠♦❞è❧❡s

◆♦✉s ❝♦♠♣❛r♦♥s ❧❡s q✉❛tr❡ s♦✉s✲♠♦❞è❧❡s ♣rés❡♥tés ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✶ ❡♥ t❡r♠❡s
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡✱ s❛♥s ❛♥♥♦t❛t✐♦♥ ♥✐ ❞é✲
♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡✱ ❡st ♥♦té M1✳ ▲❡ ♠♦❞è❧❡ M2 ❝♦rr❡s♣♦♥❞ ❛✉ ❍▼▼✱ M3 ❡st ❧❡ ♠♦❞è❧❡
❛✈❡❝ ❛♥♥♦t❛t✐♦♥ ♠❛✐s s❛♥s ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡✱ ❡tM4 ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡ ❍▼▼ ❛✈❡❝
❛♥♥♦t❛t✐♦♥ ✉t✐❧✐s❛♥t t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡✳ ▲❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ❡st ✉♥❡ ❣❛✉ss✐❡♥♥❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✶✹ ❆♣♣❧✐❝❛t✐♦♥s

❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ✭♠♦❞è❧❡ ♣rés❡♥té ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷✮✱ ♦ù ❧❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♠❛✲
tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡ s♦♥t ✈❛❧❛❜❧❡s ♣♦✉r ❧❡s q✉❛tr❡ s♦✉s✲♠♦❞è❧❡s✳
P♦✉r ❧❡ ♠♦❞è❧❡ M4✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ❞❡✉① ♣♦ss✐❜✐❧✐tés ♣♦✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛té❣♦r✐❡s
❞✬❛♥♥♦t❛t✐♦♥ ✿
• ❙♦✐t a = 7 ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥✱ ❝♦rr❡s♣♦♥❞❛♥t à ❝❡❧❧❡s ❞é✜♥✐❡s ❙❡❝t✐♦♥ ✶✳✷ ✿ ❡①♦✲
♥✐q✉❡✱ ✐♥tr♦♥✐q✉❡✱ ✐♥t❡r❣é♥✐q✉❡ ❡t q✉❛tr❡ ❝❛té❣♦r✐❡s s✉♣♣❧é♠❡♥t❛✐r❡s q✉✐ r❡♣rés❡♥t❡♥t
❧❡s s♦♥❞❡s ❝❤❡✈❛✉❝❤❛♥t ✉♥ ❡①♦♥ ❡t ✉♥ ✐♥tr♦♥ ♦✉ ❜✐❡♥ ✉♥ ❡①♦♥ ❡t ❞❡ ❧✬✐♥t❡r❣é♥✐q✉❡
✭❛✈❡❝ ❞❡✉① ❝❛té❣♦r✐❡s ❞✐✛ér❡♥t❡s s❡❧♦♥ q✉❡ ❧❛ s♦♥❞❡ ❝♦✉✈r❡ ♠❛❥♦r✐t❛✐r❡♠❡♥t ❧✬❡①♦♥✱
❧✬✐♥tr♦♥ ♦✉ ❧✬✐♥t❡r❣é♥✐q✉❡✮✳

• ❙♦✐t a = 3 ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥ ✿ ❡①♦♥✐q✉❡✱ ✐♥tr♦♥✐q✉❡ ❡t ✐♥t❡r❣é♥✐q✉❡✱ ♦ù s❡✉❧s
❧❡s ❡①♦♥s s♦♥t s✉♣♣♦sés êtr❡ ❡①♣r✐♠és✳ ▲❡s s♦♥❞❡s ❝❤❡✈❛✉❝❤❛♥t ♣❧✉s✐❡✉rs ❝❛té❣♦r✐❡s
❞✬❛♥♥♦t❛t✐♦♥ s♦♥t ✐♥té❣ré❡s ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ r❡❝♦✉✈r❡♠❡♥t ❡st
♠❛❥♦r✐t❛✐r❡✳

▲❡ t❛❜❧❡❛✉ ✺✳✻ ♣rés❡♥t❡ ❧✬❛❥✉st❡♠❡♥t ❞❡s q✉❛tr❡ ♠♦❞è❧❡s ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✳ ❊♥
❝♦♠♣❛r❛♥t ❧❡s ♠♦❞è❧❡sM1 ❡tM3 ♦✉ ❧❡s ♠♦❞è❧❡sM2 ❡tM4✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❝♦♠❜✐✲
♥❛✐s♦♥ ❞✉ ❍▼▼ ❛✈❡❝ ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞✬❛♥♥♦t❛t✐♦♥ ❝♦♥❞✉✐t à ✉♥❡ ré❡❧❧❡ ❛♠é❧✐♦r❛t✐♦♥ ❡♥
t❡r♠❡s ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡ ❇■❈ ❡st ♦❜t❡♥✉❡
❡♥ ❛❥♦✉t❛♥t ❧✬❛♥♥♦t❛t✐♦♥ ❛✉ ♠♦❞è❧❡✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❡st ✉♥❡ ✐♥❢♦r♠❛t✐♦♥
très ✉t✐❧❡ ❞❛♥s ✉♥ ♦❜❥❡❝t✐❢ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❝❛✉s❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ✐♥tr✐♥sèq✉❡ ❞❡s s♦♥❞❡s
❡①♦♥✐q✉❡s ♦✉ ✐♥t❡r❣é♥✐q✉❡s✳ ▲❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡s ❝r✐tèr❡s ❇■❈ ❡t ■❈▲ ❡st ❛tt❡✐♥t❡ ♣♦✉r ❧❡
♠♦❞è❧❡ ❝♦♠♣❧❡t M4✱ ❝❡ q✉✐ s✉❣❣èr❡ q✉❡ t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞✐s♣♦♥✐❜❧❡s ❞♦✐✈❡♥t êtr❡
♣r✐s❡s ❡♥ ❝♦♠♣t❡✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❡ ♠♦❞è❧❡M4 ❞✐✛èr❡♥t très ♣❡✉ ❡♥ ❢♦♥❝t✐♦♥
❞✉ ♥♦♠❜r❡ ❞❡ ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❛✉❣♠❡♥t❡
❧♦❣✐q✉❡♠❡♥t ❛✈❡❝ ❧❛ ✈❛❧❡✉r ❞❡ a✱ ♠❛✐s ❧❡s ✈❛❧❡✉rs ❞❡s ❝r✐tèr❡s ❇■❈ ❡t ■❈▲ s♦♥t s✐♠✐❧❛✐r❡s
♣♦✉r a = 3 ❡t a = 7✳ ❯♥❡ ❞❡s r❛✐s♦♥s ❡st ♣❡✉t✲êtr❡ q✉✬✐❧ ② ❛ ♣❡✉ ❞❡ s♦♥❞❡s ❞❛♥s ❧❡s q✉❛tr❡
❝❛té❣♦r✐❡s ❝❤❡✈❛✉❝❤❛♥t❡s ❛❥♦✉té❡s✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❧❛ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ✉t✐❧✐sé❡✳

M1 M2 M3 , a = 3 M4 , a = 3 M4 , a = 7
♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ✶✾ ✸✶ ✷✺ ✻✶ ✶✷✶
−2 ❧♦❣✲✈r❛✐s❡♠❜❧❛♥❝❡ ✹✵✻✷✹✾ ✸✼✶✸✵✾ ✸✼✸✷✽✸ ✸✺✻✻✶✼ ✸✺✺✾✹✾
❇■❈ ✹✵✻✹✻✾ ✸✼✶✻✻✽ ✸✼✸✺✼✸ ✸✺✼✸✷✸ ✸✺✼✸✺✵
■❈▲ ✹✸✻✶✾✼ ✹✶✷✼✵✻ ✸✾✾✾✽✻ ✸✾✽✷✼✷ ✸✾✽✶✽✻

❚❛❜✳ ✺✳✻✿ ❆❥✉st❡♠❡♥t ❞❡s ✹ ♠♦❞è❧❡s✳ M1 ❂ ♠é❧❛♥❣❡✱ M2 ❂ ❍▼▼✱ M3❂ ♠é❧❛♥❣❡ ✰
❛♥♥♦t❛t✐♦♥✱M4 ❂ ❍▼▼✰ ❛♥♥♦t❛t✐♦♥✳ ▲❛ ✈❛❧❡✉r ❞❡ a ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ❝❛té❣♦r✐❡s

❞✬❛♥♥♦t❛t✐♦♥✳

❊♥ t❡r♠❡s ❞✬✐♥t❡r♣rét❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡ ♠♦❞è❧❡ ❍▼▼ ❛ t❡♥❞❛♥❝❡
à ❧✐ss❡r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s✳ ▲♦rsq✉✬✉♥❡ s♦♥❞❡ ✐s♦❧é❡ ❡st ❞é❝❧❛ré❡ ❡①♣r✐♠é❡ ❞❛♥s
✉♥❡ ré❣✐♦♥ ✐♥t❡r❣é♥✐q✉❡ ❡♥ r❛✐s♦♥ ❞✬✉♥❡ ✐♥t❡♥s✐té ❛♥♦r♠❛❧❡♠❡♥t é❧❡✈é❡✱ ❧❡ ❧✐ss❛❣❡ ♣❡r♠❡t
❞❡ ❝♦rr✐❣❡r ❧❡ st❛t✉t ❞❡ ❝❡tt❡ s♦♥❞❡ ❡♥ ✉♥ st❛t✉t ♥♦♥ ❡①♣r✐♠é✳ ❈❡♣❡♥❞❛♥t✱ ❝❡ ❧✐ss❛❣❡ ♥✬❡st
♣❛s ✐♥tér❡ss❛♥t ♣♦✉r ✉♥❡ s♦♥❞❡ ✐♥tr♦♥✐q✉❡ ✐s♦❧é❡ ❡♥tr❡ ❞❡✉① s♦♥❞❡s ❡①♦♥✐q✉❡s ❡①♣r✐♠é❡s
✭❝❢✳ ❋✐❣✉r❡ ✺✳✷✶✮✳ ▲✬❛❥♦✉t ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❞❛♥s ❧❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞❡ ❝♦rr✐❣❡r ❝❡ ❧✐ss❛❣❡✳
❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♠♦❞è❧❡ M4 ✭❍▼▼ ❡t ❛♥♥♦t❛t✐♦♥✮ ❞♦♥♥❡ ❝❧❛✐r❡♠❡♥t ❞❡s ré❣✐♦♥s ♣❧✉s
❤♦♠♦❣è♥❡s✱ q✉✐ s♦♥t ♣❧✉s ❢❛❝✐❧❡s à ✐♥t❡r♣rét❡r ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❜✐♦❧♦❣✐q✉❡ ✭❝❢✳ ❋✐❣✉r❡ ✺✳✷✷✮✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❞♦♥❝ ❧❡ ♠♦❞è❧❡ M4 ♣♦✉r ❛♥❛❧②s❡r ❝❡s ❞♦♥♥é❡s
❞✬❡①♣r❡ss✐♦♥✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥ a = 3 ❡st ♣ré❢éré ♣♦✉r ❢❛❝✐❧✐t❡r ❧❡s
✐♥t❡r♣rét❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥♥é❡s ❣r❛✐♥❡ ✈s ❢❡✉✐❧❧❡ ✶✶✺

❋✐❣✳ ✺✳✷✶✿ ❊①❡♠♣❧❡ ❞✬✉♥ ❣è♥❡ ❞é❝❧❛ré s✉r✲❡①♣r✐♠é✱ ♦ù ❧❡s s♦♥❞❡s ✐♥tr♦♥✐q✉❡s ♦♥t t❡♥❞❛♥❝❡
à êtr❡ ❧✐ssé❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❍▼▼ ✭r♦✉❣❡❂s✉r✲❡①♣r✐♠é✱ ❣r✐s❂♥♦♥✲❡①♣r✐♠é✮✳

❋✐❣✳ ✺✳✷✷✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s q✉❛tr❡ ♠♦❞è❧❡s s✉r ❞❡✉① ré❣✐♦♥s ♦ù ❧❡s ❣è♥❡s s♦♥t ❡①♣r✐♠és✳
▲❡s ré❣✐♦♥s ❞é❝❧❛ré❡s ❡①♣r✐♠é❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❍▼▼✰❆♥♥♦t❛t✐♦♥ s♦♥t ♣❧✉s ❤♦♠♦❣è♥❡s✳
❙✉r ❧❛ ré❣✐♦♥ ❞❡ ❞r♦✐t❡✱ ♦♥ r❡♠❛rq✉❡ q✉❡ t♦✉s ❧❡s ❡①♦♥s ❞✬✉♥ ♠ê♠❡ ❣è♥❡ ♥❡ s♦♥t ♣❛s

✐❞❡♥t✐✜és ❞❛♥s ✉♥ ♠ê♠❡ ❣r♦✉♣❡✳

▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞❡s s♦♥❞❡s ♥é❝❡ss✐t❡ ❞✬❛✈♦✐r ❞❡s s♦♥❞❡s
ré❣✉❧✐èr❡♠❡♥t ré♣❛rt✐❡s ❧❡ ❧♦♥❣ ❞✉ ❝❤r♦♠♦s♦♠❡✳ ❉❡ ♥♦♠❜r❡✉① ❛rt✐❝❧❡s s✉❣❣èr❡♥t ✉♥❡ ré✐♥✐✲
t✐❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❧♦rsq✉❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① s♦♥❞❡s ✈♦✐s✐♥❡s ❡st tr♦♣
❣r❛♥❞❡✱ ❣é♥ér❛❧❡♠❡♥t à ❝❛✉s❡ ❞❡ ré❣✐♦♥s ♥♦♥ séq✉❡♥❝é❡s s✉r ❧❡ ❣é♥♦♠❡ ✭❏✐ ❡t ❲♦♥❣✱ ✷✵✵✺ ❀
▲✐ ❡t ❛❧✳✱ ✷✵✵✺✮✳ ▲♦rsq✉❡ ❧✬❛♥♥♦t❛t✐♦♥ ❡st ✐♥té❣ré❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❍▼▼✱ ✉♥ ♣r♦❜❧è♠❡
❛♥❛❧♦❣✉❡ ❡st ♠✐s ❡♥ é✈✐❞❡♥❝❡✳ ❊♥ ❡✛❡t✱ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡st ❞✐✛ér❡♥t❡ ♣♦✉r ❝❤❛q✉❡
❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ ❡t ♣❛r ❝♦♥✈❡♥t✐♦♥✱ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ✉t✐❧✐sé❡ ❝♦rr❡s♣♦♥❞ à
❝❡❧❧❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❞❡ ❧❛ s♦♥❞❡ t✳ ❙✐ ❧✬❛♥♥♦t❛t✐♦♥ ❝❤❛♥❣❡ ❡♥tr❡ ❧❛ s♦♥❞❡ t ❡t ❧❛ s♦♥❞❡
t+ 1✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡✱ ❡t ❝❡s ❝❤❛♥❣❡♠❡♥ts s♦♥t ❢réq✉❡♥ts ❧❡
❧♦♥❣ ❞✉ ❝❤r♦♠♦s♦♠❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥tr❡ ❧❡s ❡①♦♥s ❡t ❧❡s ✐♥tr♦♥s✳ ◆♦✉s tr❛✈❛✐❧❧♦♥s ❞♦♥❝
❛❝t✉❡❧❧❡♠❡♥t s✉r ✉♥ ♠♦❞è❧❡ ♦ù ✉♥❡ ré✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ s❡r❛✐t ✐♥té❣ré❡
❛✉ ♠♦❞è❧❡M4 à ❝❤❛q✉❡ ❝❤❛♥❣❡♠❡♥t ❞✬❛♥♥♦t❛t✐♦♥ ✭à ❧✬❛✐❞❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡
❝♦rr❡s♣♦♥❞❛♥t❡✮✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✶✻ ❆♣♣❧✐❝❛t✐♦♥s

✹✳✷ ❆♥❛❧②s❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ M4

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❡s ❞♦♥♥é❡s ♦♥t été ❛♥❛❧②sé❡s ❛✈❡❝
❧❡ ♠♦❞è❧❡ M4 ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❞❡s s♦♥❞❡s ❡t ❧❛ ❝♦♥♥❛✐ss❛♥❝❡
❞❡ ❧✬❛♥♥♦t❛t✐♦♥✳ ❚r♦✐s ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡s ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡
tr❛♥s❝r✐♣t♦♠❡ s♦♥t ❝♦♥s✐❞éré❡s ✿ ✐♥t❡r❣é♥✐q✉❡✱ ✐♥tr♦♥✐q✉❡ ❡t ❡①♦♥✐q✉❡✳
◆♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s
♣♦✉r ❧❡s ❛✉tr❡s ❝❤r♦♠♦s♦♠❡s ét❛♥t s✐♠✐❧❛✐r❡s✳ ▲❡s ♣r♦♣♦rt✐♦♥s ❡st✐♠é❡s ❞✉ ♠♦❞è❧❡ s♦♥t
♣rés❡♥té❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✺✳✼✳ ❈❡s rés✉❧t❛ts ♣r♦✉✈❡♥t q✉❡ ❧❡s ♣r♦♣♦rt✐♦♥s ❞❛♥s ❝❤❛q✉❡
❣r♦✉♣❡ ❞é♣❡♥❞❡♥t ❢♦rt❡♠❡♥t ❞❡ ❧❛ ❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥✳ ❘❛✐s♦♥♥❛❜❧❡♠❡♥t✱ ✐❧ ② ❛ ✉♥❡
♠❛❥♦r✐té ❞❡ s♦♥❞❡s ✐♥t❡r❣é♥✐q✉❡s ♦✉ ✐♥tr♦♥✐q✉❡s ♥♦♥✲❡①♣r✐♠é❡s ✭✉♥❡ ❞✐s❝✉ss✐♦♥ ❛✉ s✉❥❡t
❞❡s s♦♥❞❡s ❡①♣r✐♠é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡ ❡t ❧✬✐♥t♦♥✐q✉❡ ❡st ♣r♦♣♦sé❡ ❙❡❝t✐♦♥ ✹✳✹✮✳ ❆✉
❝♦♥tr❛✐r❡✱ ✼✽✪ ❞❡s s♦♥❞❡s s♦♥t ❡①♣r✐♠é❡s ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❡①♦♥✐q✉❡✳

■♥t❡r❣é♥✐q✉❡ ■♥tr♦♥✐q✉❡ ❊①♦♥✐q✉❡
❇r✉✐t ✽✹ ✻✵ ✷✷
■❞❡♥t✳ ✶ ✼ ✹✶

❙♦✉s✲❡①♣ ✾ ✷✹ ✷✸
❙✉r✲❡①♣ ✻ ✾ ✶✹

❚❛❜✳ ✺✳✼✿ Pr♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s ❞❛♥s ❧❡s q✉❛tr❡ ❣r♦✉♣❡s ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞✬❛♥♥♦t❛t✐♦♥
✭❡♥ ✪✮

▲❡s ♠❛tr✐❝❡s ❞❡ tr❛♥s✐t✐♦♥ ❞❡s ❝❛té❣♦r✐❡s ✐♥t❡r❣é♥✐q✉❡ ❡t ✐♥tr♦♥✐q✉❡ s♦♥t s✐♠✐❧❛✐r❡s ✭❝❢✳
❚❛❜❧❡ ✺✳✽ ❡t ❚❛❜❧❡ ✺✳✾✮ ✿ q✉❡❧ q✉❡ s♦✐t ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡ t✱ ❧❛ s♦♥❞❡ t + 1 ❛ ❡♥tr❡ ✼✵✪
❡t ✾✺✪ ❞❡ ❝❤❛♥❝❡ ❞✬êtr❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❜r✉✐t✳ ❈❡❝✐ ❡st ❞✐✛ér❡♥t ♣♦✉r ❧❡s s♦♥❞❡s ❡①♦♥✐q✉❡s
♦ù ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❛ ❞❡ ❢♦rt❡s ♣r♦❜❛❜✐❧✐tés s✉r ❧❛ ❞✐❛❣♦♥❛❧❡✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❛
s♦♥❞❡ t + 1 ❛ ✉♥❡ ❢♦rt❡ ♣r♦❜❛❜✐❧✐té ✭✽✵ ✪ à ✾✵✪✮ ❞✬❛✈♦✐r ❧❡ ♠ê♠❡ st❛t✉t q✉❡ ❧❛ s♦♥❞❡ t
✭❝❢✳ ❚❛❜❧❡ ✺✳✶✵✮✳

❇r✉✐t ■❞❡♥t✳ ❙♦✉s✲❡①♣ ❙✉r✲❡①♣
❇r✉✐t ✽✼ ✶ ✼ ✺
■❞❡♥t✳ ✾✺ ✸ ✶ ✶
❙♦✉s✲❡①♣ ✼✼ ✶ ✶✾ ✸
❙✉r✲❡①♣ ✼✺ ✷ ✺ ✶✽

❚❛❜✳ ✺✳✽✿ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ✐♥t❡r❣é♥✐q✉❡✳

❇r✉✐t ■❞❡♥t✳ ❙♦✉s✲❡①♣ ❙✉r✲❡①♣
❇r✉✐t ✽✼ ✷ ✽ ✸
■❞❡♥t✳ ✽✾ ✵ ✶ ✶✵
❙♦✉s✲❡①♣ ✺✺ ✷ ✹✸ ✵
❙✉r✲❡①♣ ✾✻ ✶ ✵ ✸

❚❛❜✳ ✺✳✾✿ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ✐♥tr♦♥✐q✉❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥♥é❡s ❣r❛✐♥❡ ✈s ❢❡✉✐❧❧❡ ✶✶✼

❇r✉✐t ■❞❡♥t✳ ❙♦✉s✲❡①♣ ❙✉r✲❡①♣
❇r✉✐t ✽✸ ✶✹ ✸ ✵
■❞❡♥t✳ ✷ ✾✵ ✻ ✷
❙♦✉s✲❡①♣ ✼ ✺ ✽✼ ✶
❙✉r✲❡①♣ ✽ ✻ ✶ ✽✺

❚❛❜✳ ✺✳✶✵✿ ▼❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❛té❣♦r✐❡ ❡①♦♥✐q✉❡✳

▲❛ ❋✐❣✉r❡ ✺✳✷✸ ♠♦♥tr❡ q✉❡ ❧❡s s♦♥❞❡s ❞é❝❧❛ré❡s ❞❛♥s ✉♥ ♠ê♠❡ ❣r♦✉♣❡ s♦♥t r❡❣r♦✉♣é❡s
❡♥ ré❣✐♦♥s ❣é♥♦♠✐q✉❡s✳ ❯♥ ❣è♥❡ ❡st ❝♦✉✈❡rt ♣❛r ✉♥❡ ♠❛❥♦r✐té ❞❡ s♦♥❞❡s ❛②❛♥t ❧❡ ♠ê♠❡
st❛t✉t ❡①❝❡♣té ❧❡s s♦♥❞❡s ✐♥tr♦♥✐q✉❡s q✉✐ s♦♥t r❛✐s♦♥♥❛❜❧❡♠❡♥t ❞é❝❧❛ré❡s ♥♦♥✲❡①♣r✐♠é❡s✳
❚♦✉s ❝❡s rés✉❧t❛ts s❡♠❜❧❡♥t ❝♦❤ér❡♥ts ❡t ❝♦♥✜r♠❡♥t ❧❡s ❝♦♥♥❛✐ss❛♥❝❡s ❜✐♦❧♦❣✐q✉❡s s✉r ❝❡s
❞♦♥♥é❡s ❞✬❡①♣r❡ss✐♦♥✳

❋✐❣✳ ✺✳✷✸✿ ❱✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ❋▲❆●❞❜✰✰✳ ❊①❡♠♣❧❡
❞❡ ❞❡✉① ❣è♥❡s✱ ❞♦♥t ❧✬✉♥ ❡st ❝♦✉✈❡rt ♣❛r ❞❡s s♦♥❞❡s s♦✉s✲❡①♣r✐♠é❡s ✭❡♥ ✈❡rt✮ ❡t ❧✬❛✉tr❡ ❡st
❝♦✉✈❡rt ♣❛r ❞❡s s♦♥❞❡s s✉r✲❡①♣r✐♠é❡s ✭❡♥ r♦✉❣❡✮✳ ▲❡s ✢è❝❤❡s ❡♥ ❜❧❡✉ ❝♦rr❡s♣♦♥❞❡♥t ❛✉①

❣è♥❡s✱ ❧❡ tr❛✐ts ✜♥s ❡♥tr❡ ❧❡s ✢è❝❤❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✐♥tr♦♥s✳

✹✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♣❛r ❣è♥❡

❊♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ré❣✐♦♥s ❞♦♥♥é❡ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹ ❙❡❝t✐♦♥
✸✱ ♥♦✉s tr♦✉✈♦♥s ✽✶✪ ❞❡ ❣è♥❡s ❛②❛♥t ✉♥❡ ✈❛❧❡✉r ❞❡ ❝r✐tèr❡ ✉♥✐st❛t✉t s✉♣ér✐❡✉r❡ à ③ér♦
✭❝♦rr❡s♣♦♥❞❛♥t à ✶ ✼✸✻ ❣è♥❡s✮✳ P❛r♠✐ ❝❡s ✶ ✼✸✻ ❣è♥❡s✱ ✾✷✵ s♦♥t ❞é❝❧❛rés ✐❞❡♥t✐q✉❡♠❡♥t
❡①♣r✐♠és ❡♥tr❡ ❧❛ ❣r❛✐♥❡ ❡t ❧❛ ❢❡✉✐❧❧❡✱ ✸✶✽ s♦♥t ❞é❝❧❛rés s♦✉s✲❡①♣r✐♠és ❝❤❡③ ❧❛ ❣r❛✐♥❡ ❡t ✶✽✶
s♦♥t ❞é❝❧❛rés s✉r✲❡①♣r✐♠és ❝❤❡③ ❧❛ ❣r❛✐♥❡✳ ➚ ❧✬❛✐❞❡ ❞❡s s♦rt✐❡s ❣r❛♣❤✐q✉❡s ❞❡ ●❡♥❡✈❡st✐❣❛✲
t♦r✱ q✉✐ ❡st ✉♥❡ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❞❡ rés✉❧t❛ts ❞✬❛♥❛❧②s❡ ❞✉ tr❛♥s❝r✐♣t♦♠❡ ✭❩✐♠♠❡r♠❛♥♥
❡t ❛❧✳✱ ✷✵✵✹✮✱ ❤✉✐t ❣è♥❡s ♦♥t été ❝❧❛✐r❡♠❡♥t ✐❞❡♥t✐✜és ❝♦♠♠❡ ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t tr❛♥s❝r✐ts
❞❛♥s ❧❡s ❣r❛✐♥❡s✳ P❛r♠✐ ❝❡s ❤✉✐t ❣è♥❡s✱ s❡♣t ♦♥t ✉♥❡ ✈❛❧❡✉r ❞❡ ❝r✐tèr❡ ✉♥✐st❛t✉t s✉♣ér✐❡✉r❡
à ✵ ❡t s♦♥t ❞é❝❧❛rés s✉r✲❡①♣r✐♠és ❞❛♥s ❧❡s ❣r❛✐♥❡s ❛✈❡❝ ♥♦tr❡ ❝❛❧❝✉❧✳

▲❡s ❡①❡♠♣❧❡s ❞❡ tr♦✐s ❣è♥❡s s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✺✳✶✶✳ P♦✉r ❝❤❛q✉❡ ❣è♥❡ ♥♦✉s
❞✐s♣♦s♦♥s ❞❡ s♦♥ ✐❞❡♥t✐✜❛♥t✱ ❞✉ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s✱ ❞✉ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s ❡①♦♥✐q✉❡s✱ ❞❡
❧✬❛♥♥♦t❛t✐♦♥ ❞❡ ❝❤❛q✉❡ s♦♥❞❡✱ ❞✉ st❛t✉t ❞é✜♥✐ ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✱ ❞✉ ❝r✐tèr❡ ✉♥✐st❛t✉t ❡t
❡♥✜♥ ❞❡s ✹ ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞✉ ❣è♥❡✳

▲❡ ❣è♥❡ ❆❚✹●✵✵✷✶✵ ❛ ✉♥❡ ✈❛❧❡✉r ✉♥✐st❛t✉t ♣♦s✐t✐✈❡ ❡t ♦♥ ♣❡✉t ❞é✜♥✐r s♦♥ st❛t✉t ❝♦♠♠❡
ét❛♥t s✉r✲❡①♣r✐♠é✳ ❈❡❧❛ ❝♦rr♦❜♦r❡ ❛✈❡❝ ❧❡s st❛t✉ts ♦❜t❡♥✉s ♣❛r s♦♥❞❡✳ ▲❡ ❣è♥❡ ❆❚✹●✵✵✸✾✵
❛ ✉♥❡ ✈❛❧❡✉r ✉♥✐st❛t✉t é❣❛❧❡ à ✲✵✳✸✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❝❡ ❣è♥❡ ♥✬❡st ♣❛s ❤♦♠♦❣è♥❡ ❡t ✐❧
♥✬❡st ❞♦♥❝ ♣❛s ❝❧❛ssé✳ ▲❡ ❣è♥❡ ❆❚✹●✵✵✶✶✵ ❛ ✉♥❡ ✈❛❧❡✉r ✉♥✐st❛t✉t ♣♦s✐t✐✈❡ ❡t ♦♥ ♣❡✉t
❞é✜♥✐r s♦♥ st❛t✉t ❝♦♠♠❡ ét❛♥t ✐❞❡♥t✐q✉❡♠❡♥t ❡①♣r✐♠é ❞❛♥s ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✳ ❉❛♥s
❝❡ ❝❛s✱ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✉ ❣è♥❡ ❞♦♥♥❡ ✉♥ rés✉❧t❛t ♥❡tt❡♠❡♥t ♣❧✉s ❢❛❝✐❧❡ à ✐♥t❡r♣rét❡r q✉❡
❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉❡ ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✶✽ ❆♣♣❧✐❝❛t✐♦♥s

■❉ ❆❚✹●✵✵✷✶✵ ❆❚✹●✵✵✸✾✵ ❆❚✹●✵✵✶✶✵
♥❜ ♣r♦❜❡s ✽ ✾ ✶✶

♥❜ ❡①♦♥✐❝ ♣r♦❜❡s ✺ ✽ ✶✶
Ct ❊✳❊✳❊✳■✳■✳■✳❊✳❊ ❱✳❊✳❊✳❊✳❊✳❊✳❊✳❊✳❊ ❊✳❊✳❊✳❊✳❊✳❊✳❊✳❊✳❊✳❊✳❊
Ẑt ✹✳✹✳✹✳✶✳✶✳✶✳✹✳✹ ✶✳✷✳✷✳✷✳✸✳✸✳✶✳✶✳✶ ✷✳✷✳✷✳✷✳✷✳✷✳✹✳✹✳✹✳✹✳✶

❝r✐tèr❡ ✉♥✐st❛t✉t ✺✳✸ ✲✵✳✸ ✸
Qgk,X

P

l Qgl,X
✵ ❀ ✵ ❀ ✵ ❀ ✶ ✵ ❀ ✵✳✼ ❀ ✵✳✶ ❀ ✵✳✷ ✵ ❀ ✶ ❀ ✵ ❀ ✵ ❀

❚❛❜✳ ✺✳✶✶✿ ❊①❡♠♣❧❡s ❞❡ ✷ ❣è♥❡s✳ P♦✉r ❧✬❛♥♥♦t❛t✐♦♥✱ ❊❂❡①♦♥✱ ■❂✐♥tr♦♥✱ ❱❂✐♥t❡r❣é♥✐q✉❡✳
P♦✉r ❧❡s st❛t✉ts✱ ✶❂❜r✉✐t✱ ✷❂✐❞❡♥t✐q✉❡✱ ✸❂s♦✉s✲❡①♣r✐♠é✱ ✹❂s✉r✲❡①♣r✐♠é✳

✹✳✹ ❉ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① tr❛♥s❝r✐ts

❉❛♥s ❧❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ét❛✐t ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ s♦♥❞❡s ♦✉
❞❡ ❣è♥❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠és✳ ▼❛✐s ✉♥ ❛✉tr❡ ❞é✜ ♠❛❥❡✉r ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♣✉❝❡s
t✐❧✐♥❣ ❛rr❛②s ❡st ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① tr❛♥s❝r✐ts ✭❏❛r✈✐s ❡t ❘♦❜❡rts♦♥✱ ✷✵✶✶✮✳ ❊♥ ❡✛❡t✱
❧❛ t❡❝❤♥♦❧♦❣✐❡ ❞❡s ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ❞♦♥t ❧❡s s♦♥❞❡s ♦♥t ❧❛ ♣❛rt✐❝✉❧❛r✐té ❞❡ ❝♦✉✈r✐r ❧✬✐♥✲
té❣r❛❧✐té ❞✉ ❣é♥♦♠❡ ❛✈❡❝ ✉♥❡ ❤❛✉t❡ rés♦❧✉t✐♦♥ ❡t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ str✉❝✲
t✉r❛❧❡ r❡♥❞ ♣♦ss✐❜❧❡ ❧✬ét✉❞❡ ❡①❤❛✉st✐✈❡ ❞❡ ❧✬❛❝t✐✈✐té tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡ ❞✬✉♥ ❣é♥♦♠❡✳ ▲❡s
❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ ♥♦✉✈❡❧❧❡s ✉♥✐tés tr❛♥s✲
❝r✐♣t✐♦♥♥❡❧❧❡s q✉✐ ❛✈❛✐❡♥t é❝❤❛♣♣é ❛✉① ♠ét❤♦❞❡s ❞✬❛♥♥♦t❛t✐♦♥ ❝❧❛ss✐q✉❡s ❡♥ r❛✐s♦♥ ❞❡ ❧❡✉r
♦r✐❣✐♥❛❧✐té str✉❝t✉r❛❧❡ ✭♣❡t✐t❡ t❛✐❧❧❡✱ ❛♥t✐s❡♥s✱ ❣è♥❡s à ❆❘◆✱ ❡t❝✳✮✳ ❇✐❡♥ q✉❡ ♥♦tr❡ ♠♦❞è❧❡
s♦✐t ❝♦♥str✉✐t s✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✱ ✐❧ ♣❡r♠❡t ❛✉ss✐ ❧❛ ❞ét❡❝t✐♦♥ ❞❡
♥♦✉✈❡❛✉① s✐t❡s ❞❡ tr❛♥s❝r✐♣t✐♦♥✳ ❯♥❡ ❛♥❛❧②s❡ ❡①♣❧♦r❛t♦✐r❡ ❛ ♣❡r♠✐s ❞❡ ❞ét❡❝t❡r ❞❡s ♣❧❛❣❡s
❞❡ s♦♥❞❡s ❡①♣r✐♠é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡ q✉✐ s✉❣❣èr❡♥t ❝❧❛✐r❡♠❡♥t ❞❡ ♥♦✉✈❡❛✉① ❣è♥❡s✳ P❛r
❛✐❧❧❡✉rs✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♠♦♥tr❡♥t ét♦♥♥❛♠♠❡♥t ❜❡❛✉❝♦✉♣ ❞❡ tr❛♥s❝r✐♣t✐♦♥ ❞❛♥s ❧❡s
✐♥tr♦♥s ❡♥ ✺✬❯❚❘ ✭✹✵✪ ❞❡s s♦♥❞❡s ✐♥tr♦♥✐q✉❡s s♦♥t ❞é❝❧❛ré❡s ❡①♣r✐♠é❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉
✺✳✼✱ ❝❢✳ ❋✐❣✉r❡ ✺✳✷✹✮✳ ❈❡❧❛ s❡♠❜❧❡ ❝♦❤ér❡♥t ❛✈❡❝ ❧✬❛rt✐❝❧❡ ré❝❡♥t ❞❡ ❈❡♥✐❦ ❡t ❛❧✳ ✭✷✵✶✵✮ q✉✐
s✉♣♣♦s❡ ✉♥ rô❧❡ ❢♦♥❝t✐♦♥♥❡❧ ❞❡s ✐♥tr♦♥s ❝♦✉rts ❡♥ ✺✬❯❚❘✳

❋✐❣✳ ✺✳✷✹✿ ❊①❡♠♣❧❡ ❞❡ tr♦✐s ✐♥tr♦♥s ❞é❝❧❛rés s♦✉s✲❡①♣r✐♠és ❛✈❡❝ ✉♥❡ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡✲
r✐♦r✐ s✉♣ér✐❡✉r❡ à ✵✳✼✺✳

❙✐ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬ét✉❞❡ ❡st ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡s ré❣✐♦♥s tr❛♥s❝r✐♣t✐♦♥♥❡❧❧❡s
❛✜♥ ❞✬❛♠é❧✐♦r❡r ❧✬❛♥♥♦t❛t✐♦♥ ❡①✐st❛♥t❡✱ ✐❧ s✬❛✈èr❡ ❧♦❣✐q✉❡ ❞❡ ♥❡ ♣❛s ✉t✐❧✐s❡r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡
❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❛ ♣r✐♦r✐✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ♠♦❞è❧❡ ❍▼▼ s❛♥s ❛♥♥♦t❛t✐♦♥ M2 s❡♠❜❧❡ ❞♦♥❝
♣❧✉s ❛♣♣r♦♣r✐é✳ ◆♦t♦♥s t♦✉t❡❢♦✐s q✉❡ ❧❡ ♠♦❞è❧❡M4 ❛✈❡❝ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥
❞ét❡❝t❡ ❛✉ss✐ ❞❡s ré❣✐♦♥s ❡①♣r✐♠é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡✱ ♠❛✐s ❡♥ ♠♦✐♥s ❣r❛♥❞ ♥♦♠❜r❡✳
❈❡s ré❣✐♦♥s✱ ❞ét❡❝té❡s ♠❛❧❣ré ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ✐♥t❡r❣é♥✐q✉❡ s✉r ❧❡s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❆♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s tr❛♥s❝r✐♣t♦♠❡ ✲ ➱t✉❞❡ ❞❡s ❞♦♥♥é❡s ❣r❛✐♥❡ ✈s ❢❡✉✐❧❧❡ ✶✶✾

s♦♥❞❡s✱ s♦♥t s✉♣♣♦sé❡s êtr❡ ✈r❛✐♠❡♥t ❛✉t❤❡♥t✐q✉❡s✱ ❝✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ❢♦❝❛❧✐s♦♥s ♥♦tr❡
❛♥❛❧②s❡ ❞❡ss✉s✳

▲❛ ❞✐✣❝✉❧té ❡st ❞❡ ❣é♥ér❛❧✐s❡r ❝❡tt❡ ét✉❞❡ ❛✉ ❣é♥♦♠❡ ❡♥t✐❡r ♣♦✉r ❞ét❡❝t❡r ❞❡s ré❣✐♦♥s
✐♥tér❡ss❛♥t❡s ❞❡ ♠❛♥✐èr❡ ❛✉t♦♠❛t✐q✉❡✳ ■❧ ❡①✐st❡ ❞❡s t❡sts st❛t✐st✐q✉❡s ❢♦♥❞és s✉r ❧❡s st❛t✐s✲
t✐q✉❡s ❞❡ ❜❛❧❛②❛❣❡ ✭s❝❛♥✮ ♣♦✉r é✈❛❧✉❡r ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❞❡ ❝❧✉st❡rs ❛t②♣✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ ❢❡♥êtr❡ ❞❡ ❜❛❧❛②❛❣❡ ✭●❧❛③✱ P♦③❞♥②❛❦♦✈ ❡t ❲❛❧❧❡♥st❡✐♥✱ ✷✵✵✾✮✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s
❣é♥ér❛❧✱ ❧✬❡①♣r❡ss✐♦♥ ❡①❛❝t❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ s❝❛♥ ♥✬❡st ♣❛s ❝♦♥♥✉❡
❡t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❜❛sé❡s s✉r ❞❡s ❤❡✉r✐st✐q✉❡s s♦♥t ♣r♦♣♦sé❡s✳

❊♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✐❝❤❡❧ ❑♦s❦❛s ✶✱ ♥♦✉s ❛✈♦♥s ♠✐s ❛✉ ♣♦✐♥t ✉♥ ❛❧❣♦r✐t❤♠❡
♣❡r♠❡tt❛♥t ✉♥❡ ❛♥❛❧②s❡ ❡①♣❧♦r❛t♦✐r❡ ❞✉ ❣é♥♦♠❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♥✬❛ss✉r❡ ❛✉❝✉♥❡ ❣❛r❛♥t✐❡
st❛t✐st✐q✉❡ ♠❛✐s ❡st ❛❧❣♦r✐t❤♠✐q✉❡♠❡♥t ❡✣❝❛❝❡✱ ❝❡ q✉✐ ❡st ❡ss❡♥t✐❡❧ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡
❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳ ❈❡t ❛❧❣♦r✐t❤♠❡ ♣❡r♠❡t ❞❡ ❞ét❡❝t❡r ❞❡s ré❣✐♦♥s ✐♥tér❡ss❛♥t❡s ❞❡
♠❛♥✐èr❡ ❛✉t♦♠❛t✐q✉❡ ✿ ❞❛♥s ❧❡ ❝❛s ❞❡s ❡①♣ér✐❡♥❝❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s✱ ✐❧ ❛ été ✉t✐❧✐sé
♣♦✉r r❡❝❤❡r❝❤❡r ❞❡s ♣❧❛❣❡s ❞❡ s♦♥❞❡s ❡①♣r✐♠é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡✳ ▲❡ ♣r♦❣r❛♠♠❡ ❡st
é❝r✐t ❡♥ ❈✰✰ ❡t ❝♦rr❡s♣♦♥❞ à ✉♥❡ r❡❝❤❡r❝❤❡ ❞❡ s♦♠♠❡ ♣❛rt✐❡❧❧❡ ♠❛①✐♠❛❧❡ ❛✐♥s✐ q✉❡ ❞❡
s❛ ❧♦❝❛❧✐s❛t✐♦♥✳ ▲❡s s♦♥❞❡s ❡①♣r✐♠é❡s ❞❛♥s ❧✬✐♥t❡r❣é♥✐q✉❡ s♦♥t ♥♦té❡s ♣♦s✐t✐✈❡♠❡♥t ❡t
t♦✉t❡s ❧❡s ❛✉tr❡s s♦♥❞❡s s♦♥t ♥♦té❡s ♥é❣❛t✐✈❡♠❡♥t✳ ▲✬❛❧❣♦r✐t❤♠❡ ❡st ✐tér❛t✐❢ ✿ ✐❧ ❞ét❡❝t❡ ❡♥
♣r❡♠✐❡r ❧❛ ♣❧✉s ❣r❛♥❞❡ ♣❧❛❣❡ ❞❡ s♦♥❞❡s ❡①♣r✐♠é❡s ✭❝❡❧❧❡ ❞❡ ♣❧✉s ❣r❛♥❞❡ s♦♠♠❡ ❝✉♠✉❧é❡✮✱
♣✉✐s ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ✐❧ tr♦✉✈❡ t♦✉t❡s ❧❡s ❛✉tr❡s ❥✉sq✉✬à ♦❜t❡♥✐r ❞❡s ♣❧❛❣❡s ❞❡ ❧♦♥❣✉❡✉r
✶ ✭❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ✉♥✐q✉❡ s♦♥❞❡✮✳
❈❡ ♣r♦❣r❛♠♠❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❡s ♣♦s✐t✐♦♥s ❞❡s ♣❧❛❣❡s s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ❞✬✉♥❡ ♠❛♥✐èr❡
r❛♣✐❞❡✱ ✜❛❜❧❡ ✭♥♦♥ s✉❜❥❡❝t✐✈❡✮ ❡t ♣ré❝✐s❡✳ ▲❛ ❝♦♠♣❧❡①✐té ❡♥ t❡♠♣s ✭♣♦✉r tr♦✉✈❡r ✉♥❡
♣❧❛❣❡✮ ❡t ❡♥ ♦❝❝✉♣❛t✐♦♥ ♠é♠♦✐r❡ s♦♥t t♦✉t❡s ❞❡✉① ❧✐♥é❛✐r❡s✳
▲❛ ❞✐✣❝✉❧té ❡st ❞❡ ❝❤♦✐s✐r ❧❡ ❝♦❡✣❝✐❡♥t ♣♦s✐t✐❢ ♦✉ ♥é❣❛t✐❢ ❞❡s s♦♥❞❡s ♣✉✐sq✉❡ ❝❡❧❛ ♠♦❞✐✜❡
❧❡s s♦♠♠❡s ♣❛rt✐❡❧❧❡s ❝✉♠✉❧é❡s ❡t ❝❤❛♥❣❡ ❞♦♥❝ r❛❞✐❝❛❧❡♠❡♥t ❧❛ s♦❧✉t✐♦♥ ❞❡s ♣❧❛❣❡s
♣r♦♣♦sé❡s✳ ❊♥ ❡✛❡t✱ ♣❧✉s ✐❧ ❡st ♣❡t✐t ♣❧✉s ❧❡s ♣❧❛❣❡s ❞❡ s♦♥❞❡s ❡①♣r✐♠é❡s ♣♦✉rr♦♥t êtr❡
♣❛rs❡♠é❡s ❞❡ s♦♥❞❡s ♥♦♥ ❡①♣r✐♠é❡s✳ ❉❛♥s ❝❡tt❡ ❛♥❛❧②s❡✱ ♥♦✉s ❛✈♦♥s ❛r❜✐tr❛✐r❡♠❡♥t ❝❤♦✐s✐
❝❡ ❝♦❡✣❝✐❡♥t é❣❛❧ à ✶✳

❆✜♥ ❞❡ ré❞✉✐r❡ ❧✬❛♥❛❧②s❡✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ✉♥✐q✉❡♠❡♥t ❛✉① ré❣✐♦♥s
❡①♣r✐♠é❡s ❝♦✉✈r❛♥t ♣❧✉s ❞❡ ❝✐♥q s♦♥❞❡s ❝♦♥sé❝✉t✐✈❡s ❡t ❞ét❡❝té❡s ❞❛♥s ❧❡s ❞❡✉① ré♣❧✐❝❛ts
❜✐♦❧♦❣✐q✉❡s✱ ❝❡ q✉✐ ❝♦♥❞✉✐t à ✶✹✸ ré❣✐♦♥s s✉r t♦✉t ❧❡ ❣é♥♦♠❡✳ ◆♦✉s ❛✈♦♥s ❞❛♥s ✉♥
♣r❡♠✐❡r t❡♠♣s ❝♦♠♣❛ré ❝❡s ré❣✐♦♥s à ❧✬❛♥♥♦t❛t✐♦♥ ❢♦✉r♥✐❡ ♣❛r ❚❆■❘✶✵✶✳ ❙✉r ❧❡s ✶✹✸
ré❣✐♦♥s✱ ✽✷ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♦t❤❡r❘◆❆✱ s♥❘◆❆✱ s♥♦❘◆❆✱ r❘◆❆✱ t❘◆❆✱ ♥♣❝❘◆❆✱
♣s❡✉❞♦❣è♥❡✱ ❣è♥❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s ♦✉ ❣è♥❡s ❝♦❞❛♥t ♣♦✉r ✉♥❡ ♣r♦té✐♥❡✱ ♣rés❡♥ts
❞❛♥s ❧✬❛♥♥♦t❛t✐♦♥ ♦✣❝✐❡❧❧❡✳ ▲✬❛♥♥♦t❛t✐♦♥ ❚❆■❘✶✵ ❛ ❞♦♥❝ ✈❛❧✐❞é ✺✼✪ ❞❡s ré❣✐♦♥s ❞ét❡❝té❡s✳
▲❡s ✻✶ ré❣✐♦♥s r❡st❛♥t❡s ✭♥♦♥ ❛♥♥♦té❡s ♦✣❝✐❡❧❧❡♠❡♥t✮ ♦♥t été ❛♥❛❧②sé❡s ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✱
❡♥ ❡①♣❧♦r❛♥t t♦✉s ❧❡s ✐♥❞✐❝❡s ❞❡ tr❛♥s❝r✐♣t✐♦♥ ré♣❡rt♦r✐és ✿ ❧❡s ❊❙❚ ✭❊①♣r❡ss❡❞ ❙❡q✉❡♥❝❡
❚❛❣s✮✱ ♦ù ❧✬♦♥ r❡♣èr❡ ❝❡✉① q✉✐ ❞✐s♣♦s❡♥t ❞✬✉♥ ✐♥tr♦♥ ♦✉ ❞✬✉♥❡ q✉❡✉❡ ♣♦❧②❆ ♣❡r♠❡tt❛♥t
❞❡ ❧❡s ♦r✐❡♥t❡r ❞❡ ♠❛♥✐èr❡ ♥♦♥ ❛♠❜✐❣ü❡✱ ❧❡s ▼P❙❙ ♠❘◆❆ q✉✐ ✐♥❞✐q✉❡♥t ✉♥❡ ✜♥ ❞❡
tr❛♥s❝r✐♣t✐♦♥✱ ❧❡s ▼■❘ ✭♣ré❞✐❝t✐♦♥s ❞❡ ♠✐❝r♦❘◆❆✮ ❡t ❧❡s ❣è♥❡s ♣ré❞✐ts ♣❛r ❧❡ ❧♦❣✐❝✐❡❧
❊✉❣è♥❡ ✭❙❝❤✐❡① ❡t ❛❧✳✱ ✷✵✵✶✮✳ ❖♥ ❝❤❡r❝❤❡ ❛✉ss✐ ❞❡s s✐♠✐❧❛r✐tés ❞❡ ré❣✐♦♥s ❝❤❡③ ❞✬❛✉tr❡s
♦r❣❛♥✐s♠❡s✳ ❖♥ ✈ér✐✜❡ ❧❡s ré❣✐♦♥s q✉✐ ♦♥t ✉♥ ❣è♥❡ ❡①♣r✐♠é s✉r ❧❡ ❜r✐♥ ❝♦♠♣❧é♠❡♥t❛✐r❡✱
s✐❣♥❛❧❛♥t é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥❡ ré❣✐♦♥ ré❣✉❧❛tr✐❝❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ♦♥ ❝r♦✐s❡ ❧❡s ré❣✐♦♥s ❛✈❡❝
❧❡s ♣r❡♠✐èr❡s ❞♦♥♥é❡s ❘◆❆s❡q ✭❢❡✉✐❧❧❡s✮✳

✶❯▼❘ ❆❣r♦P❛r✐s❚❡❝❤✴■◆❘❆ ▼■❆ ✺✶✽
✶❇❛s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❜✐♦❧♦❣✐❡ ❣é♥ét✐q✉❡ ❡t ♠♦❧é❝✉❧❛✐r❡ ❞❡ ❧❛ ♣❧❛♥t❡ ♠♦❞è❧❡ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✱

❤tt♣✿✴✴✇✇✇✳❛r❛❜✐❞♦♣s✐s✳♦r❣✴

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s

http://www.arabidopsis.org/


✶✷✵ ❆♣♣❧✐❝❛t✐♦♥s

▲❡s ❋✐❣✉r❡s ✺✳✷✺ ❡t ✺✳✷✻ ♣rés❡♥t❡♥t ❞❡✉① ❡①❡♠♣❧❡s ❞❡ ré❣✐♦♥s ❡①♣r✐♠é❡s ❞❛♥s
❧✬✐♥t❡r❣é♥✐q✉❡ ♣❛r♠✐ ❧❡s ✻✶✱ ❛✈❡❝ ❧❡s ✐♥❞✐❝❡s ❞❡ tr❛♥s❝r✐♣t✐♦♥ ❞ét❡❝tés✳ ▲❛ ♣r❡♠✐èr❡ ré❣✐♦♥
❝♦rr❡s♣♦♥❞ à ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❣è♥❡✱ ✈❛❧✐❞é❡ ♣❛r ✉♥ ▼P❙❙ ♠❘◆❆✱ ✉♥ ❣è♥❡ ❊✉❣è♥❡ ♣ré❞✐t
❡t ✷✸ ❊❙❚ ❞♦♥t ✹ ♦♥t ✉♥ ✐♥tr♦♥ ❝♦♥✜r♠❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳ ▲❛ s❡❝♦♥❞❡
ré❣✐♦♥ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ré❣✐♦♥ ✐❞❡♥t✐q✉❡♠❡♥t ❡①♣r✐♠é❡✱ ✈❛❧✐❞é❡ ♣❛r ✉♥ ▼P❙❙ ♠❘◆❆✱
✷✸ ❊❙❚ q✉✐ ♦♥t ✉♥ ✐♥tr♦♥ ❝♦♥✜r♠❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳ ❉❡ ♣❧✉s✱ ✉♥ ❣è♥❡
s♦✉s✲❡①♣r✐♠é s✉r ❧❡ ❜r✐♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❡st ❛❞❥❛❝❡♥t à ❧❛ ré❣✐♦♥✳

❋✐❣✳ ✺✳✷✺✿ ❊①❡♠♣❧❡ ❞✬✉♥❡ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❣è♥❡✱ ✈❛❧✐❞é❡ ♣❛r ✉♥
▼P❙❙ ♠❘◆❆ ✭❞r❛♣❡❛✉ ❜❧❡✉✮✱ ✉♥ ❣è♥❡ ❊✉❣è♥❡ ♣ré❞✐t ✭✢è❝❤❡ ✈✐♦❧❡tt❡✮ ❡t ✷✸ ❊❙❚ ✭✢è❝❤❡s

r♦s❡s✮ ❞♦♥t ✹ ♦♥t ✉♥ ✐♥tr♦♥ ❝♦♥✜r♠❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳

❋✐❣✳ ✺✳✷✻✿ ❊①❡♠♣❧❡ ❞✬✉♥❡ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ré❣✐♦♥ ✐❞❡♥t✐q✉❡♠❡♥t ❡①♣r✐♠é❡
✭s♦♥❞❡s ❡♥ ♥♦✐r✮✱ ✈❛❧✐❞é❡ ♣❛r ✉♥ ▼P❙❙ ♠❘◆❆ ✭❞r❛♣❡❛✉ ❜❧❡✉✮✱ ✷✸ ❊❙❚ ✭✢è❝❤❡s r♦s❡s✮ q✉✐
♦♥t ✉♥ ✐♥tr♦♥ ❝♦♥✜r♠❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❝r✐♣t✐♦♥✳ ❯♥ ❣è♥❡ s♦✉s✲❡①♣r✐♠é s✉r ❧❡

❜r✐♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❡st ❛❞❥❛❝❡♥t à ❧❛ ré❣✐♦♥ ✭s♦♥❞❡s ❡♥ ✈❡rt✮✳

✹✳✺ P❛❝❦❛❣❡ ❚❆❍▼▼❆♥♥♦t

▲❡ ♣❛❝❦❛❣❡ ✏❚❆❍▼▼❆♥♥♦t✑ ♣r♦♣♦s❡ ❧❡s q✉❛tr❡ ❞✐✛ér❡♥ts ♠♦❞è❧❡s ♣rés❡♥tés ❈❤❛♣✐tr❡
✸ ❙❡❝t✐♦♥ ✶ ❛✈❡❝ ❧❛ ❧♦✐ ❞✬é♠✐ss✐♦♥ ♣rés❡♥té❡ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷✳ ■❧ ❡st ❞✐s♣♦♥✐❜❧❡ s✉r
❧❡ ❈❘❆◆ ✭❤tt♣✿✴✴❝r❛♥✳r✲♣r♦❥❡❝t✳♦r❣✴✮✳

▲❡ ♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛té❣♦r✐❡s ❞✬❛♥♥♦t❛t✐♦♥ a s♦♥t ✜①és ♣❛r
❧✬✉t✐❧✐s❛t❡✉r✳
▲✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ♣❡✉t s❡ ❢❛✐r❡ ❞❡ ♠❛♥✐èr❡ ❛❧é❛✲
t♦✐r❡ ✭♦❜❧✐❣❛t♦✐r❡ s✐ K 6= 3 ♦✉ 4✮✱ ♦✉ ❡♥ ✜①❛♥t ❞❡s ❝♦♥tr❛✐♥t❡s✳ P♦✉r K = 4✱ ❧✬✉t✐❧✐s❛t❡✉r
♣❡✉t ❢❛✐r❡ ✈❛r✐❡r ❧❡s ♣r♦♣♦rt✐♦♥s ✐♥✐t✐❛❧❡s ❞❡ s♦♥❞❡s ❞❛♥s ❧❡s ❣r♦✉♣❡s ❜r✉✐t ❡t ✐❞❡♥t✐q✉❡✱
❡t ❧❡s ❣r♦✉♣❡s s♦♥t ❞é✜♥✐s ♣❛r ❞❡s ❝♦♥tr❛✐♥t❡s ❣é♦♠étr✐q✉❡s à ❧✬❛✐❞❡ ❞❡ ❞❡✉① ❞r♦✐t❡s ♣❛✲
r❛❧❧è❧❡s ❡t éq✉✐❞✐st❛♥t❡s ❞❡ ❧❛ ❜✐ss❡❝tr✐❝❡ ❞❡s ❛①❡s✳ P♦✉r K = 3✱ ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❡st ❢♦♥❞é❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s

http://cran.r-project.org/


➱t✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s ✲ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s ✶✷✶

s✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❞❡✉① ❞r♦✐t❡s ❛✉t♦✉r ❞❡ ❧❛ ❜✐ss❡❝tr✐❝❡ ❞❡s ❛①❡s✳ ▲✬✉t✐❧✐s❛t❡✉r ✜①❡ ✉♥❡
✐♥t❡♥s✐té ♠❛①✐♠✉♠ ♣♦✉r ❧❡ ❣r♦✉♣❡ ❜r✉✐t✱ ✉♥❡ ❝♦♦r❞♦♥♥é❡ ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡s ❞r♦✐t❡s ❡t ✉♥
❛♥❣❧❡ ❞✬é❝❛rt❡♠❡♥t ❡♥tr❡ ❧❡s ❞r♦✐t❡s✳

▲❡s ✜❝❤✐❡rs ❞✬❡♥tré❡ ❝♦♠♣♦rt❡♥t tr♦✐s ❝♦❧♦♥♥❡s ✿ ❧✬✐❞❡♥t✐✜❛♥t ❞❡ ❧❛ s♦♥❞❡✱ ❧✬✐♥t❡♥s✐té
❞❡ ❧❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥ ❡t ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ s❡❝♦♥❞❡ ❝♦♥❞✐t✐♦♥✳ ▲❡s ♠♦❞è❧❡s ❛✈❡❝ ❍▼▼
♥é❝❡ss✐t❡♥t ❞❡s ✜❝❤✐❡rs ♦r❞♦♥♥és ❡♥ ❡♥tré❡✱ ❡t ❧❡s ♠♦❞è❧❡s ❛✈❡❝ ❛♥♥♦t❛t✐♦♥ ♥é❝❡ss✐t❡♥t
✉♥❡ q✉❛tr✐è♠❡ ❝♦❧♦♥♥❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❝❛té❣♦r✐❡ ❞✬❛♥♥♦t❛t✐♦♥ ❞❡ ❝❤❛q✉❡ s♦♥❞❡✳
❊♥ s♦rt✐❡✱ ❧❡ ♣r♦❣r❛♠♠❡ r❡t♦✉r♥❡ ❧✬❡st✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ✭♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❞❛♥s ❝❤❛q✉❡ ❣r♦✉♣❡✱ ♠♦②❡♥♥❡s ❡t ✈❛r✐❛♥❝❡s ❞❡ ❝❤❛q✉❡
❣❛✉ss✐❡♥♥❡✱ ❛✐♥s✐ q✉❡ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❞❛♥s ❧❡ ❝❛s
❞❡s ♠♦❞è❧❡s ❍▼▼✮✱ ✉♥ ❣r❛♣❤❡ ❛✈❡❝ ❧❡s s♦♥❞❡s ❝♦❧♦ré❡s s❡❧♦♥ ❧❡✉r ❣r♦✉♣❡ ❞✬❛♣♣❛rt❡♥❛♥❝❡✱
❡t ✉♥ ✜❝❤✐❡r t❡①t❡ ❝♦♠♣♦rt❛♥t ❧✬✐❞❡♥t✐✜❛♥t ❞❡ ❧❛ s♦♥❞❡✱ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥
✭■♥t✶✮✱ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ s❡❝♦♥❞❡ ❝♦♥❞✐t✐♦♥ ✭■♥t✷✮✱ ❧❡ ❧♦❣✲r❛t✐♦ ✭■♥t✶✴■♥t✷✮✱ ❧❡s ♣r♦❜❛❜✐❧✐tés
❛ ♣♦st❡r✐♦r✐ ❞✬❛♣♣❛rt❡♥✐r à ❝❤❛❝✉♥ ❞❡s ❣r♦✉♣❡s✱ ❧❡ st❛t✉t ❞❡ ❧❛ s♦♥❞❡✳ ▲❛ ❝❧❛ss✐✜❝❛t✐♦♥
♣❡✉t êtr❡ ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞✬✉♥ s❡✉✐❧ ✭✜①é ♣❛r ❧✬✉t✐❧✐s❛t❡✉r✮ ❞❡ ♥♦♥ ❝❧❛ss❡♠❡♥t ❞❡s s♦♥❞❡s
✐♥❝❡rt❛✐♥❡s✳
❉❛♥s ❧❡ ♣❛❝❦❛❣❡✱ ❞❡s ❝♦❞❡s ♣❡r❧ ❡t ❘ ♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ ❢♦r♠❡ ❧❡s ❞♦♥♥é❡s à ♣❛rt✐r
❞❡s ✜❝❤✐❡rs ♣❛✐r ❢♦✉r♥✐s ♣❛r ◆✐♠❜❧❡●❡♥✱ ❛✐♥s✐ q✉❡ ❞❡ ré❛❧✐s❡r ❛✉ ❝❤♦✐① ✉♥❡ ♥♦r♠❛❧✐s❛t✐♦♥
❧♦✇❡ss ♦✉ ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❆◆❖❱❆ ♣rés❡♥té❡ ❙❡❝t✐♦♥ ✶✳✸✳

▲❡ ♣❛❝❦❛❣❡ ❡st ✉t✐❧✐sé ❞❛♥s ❧✬éq✉✐♣❡ ✏❊♣✐❣é♥ét✐q✉❡ ❡t é♣✐❣é♥♦♠✐q✉❡ ✈é❣ét❛❧❡✑ ✭❈◆❘❙
❯▼❘ ✽✶✾✼✮ ❞✐r✐❣é❡ ♣❛r ❱✐♥❝❡♥t ❈♦❧♦t à ❧✬■♥st✐t✉t ❞❡ ❇✐♦❧♦❣✐❡ ❞❡ ❧✬❊❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣é✲
r✐❡✉r❡✱ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P ❡t ❞❡ tr❛♥s❝r✐♣t♦♠❡✱
❛✐♥s✐ q✉❡ s✉r ❧❛ ♣❧❛t❡❢♦r♠❡ tr❛♥s❝r✐♣t♦♠❡ ❞❡ ❧✬❯❘●❱ ✭éq✉✐♣❡ ❣é♥♦♠✐q✉❡ ❢♦♥❝t✐♦♥♥❡❧❧❡
❞✬❆r❛❜✐❞♦♣s✐s✮✳
▲❡s ❡①♣ér✐❡♥❝❡s tr❛♥s❝r✐♣t♦♠✐q✉❡s ét✉❞✐❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡♥tr❡ ❞❡s s♦✉❝❤❡s
s❛✉✈❛❣❡s ❡t ❞❡s s♦✉❝❤❡s ♠✉t❛♥t❡s ❞✬❆r❛❜✐❞♣♦s✐s t❤❛❧✐❛♥❛✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧✬❛♥❛❧②s❡ ❞✉ ♠✉✲
t❛♥t ❞❞♠✶ ❞♦♥♥❡ ❞❡s rés✉❧t❛ts ✐♥tér❡ss❛♥ts ❛✈❡❝ ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ✐❞❡♥t✐✜é❡ ❞❡ s♦♥❞❡s s✉r✲
❡①♣r✐♠é❡s ❝♦ï♥❝✐❞❛♥t ❝❧❛✐r❡♠❡♥t ❛✈❡❝ ❞❡s é❧é♠❡♥ts tr❛♥s♣♦s❛❜❧❡s✳
▲❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ■P✴■P s✬✐♥tér❡ss❡♥t à ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤②❧❛t✐♦♥ ❞✬❆❉◆
♦✉ ❞❡ ❞✐✛ér❡♥t❡s ♠❛rq✉❡s ❞✬❤✐st♦♥❡ ❡♥tr❡ ❞❡s s♦✉❝❤❡s s❛✉✈❛❣❡s ❡t ❞❡s s♦✉❝❤❡s ♠✉t❛♥t❡s
❞✬❆r❛❜✐❞♣♦s✐s t❤❛❧✐❛♥❛✱ ❛✐♥s✐ q✉✬à ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✐❣♥é❡s ❞✐✛ér❡♥t❡s ❞✬❡♣✐❘■▲ ✭q✉✐ ♦♥t
❧❡ ♠ê♠❡ ❣é♥♦t②♣❡✱ ♠❛✐s ✉♥ é♣✐❣é♥♦t②♣❡ ❞✐✛ér❡♥t✮✳ ❉❡ ♥♦♠❜r❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s ♦♥t ✉♥
♥♦♠❜r❡ r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡ ❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡♥r✐❝❤✐❡s✱ ❛✈❡❝ ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❛♣✲
♣❛✉✈r✐❡ s♦✉✈❡♥t s♦✉s✲r❡♣rés❡♥té❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❛♣♣❛✉✈r✐❡
❛✈❡❝ ❚❆❍▼▼❆♥♥♦t ♥✬❡st ❣é♥ér❛❧❡♠❡♥t ♣❛s s❛t✐s❢❛✐s❛♥t❡✳ ▲❡ ♠♦❞è❧❡ ❛✈❡❝ K = 3 ♣♦♣✉❧❛✲
t✐♦♥s ❡st ♣❧✉s ❛❞❛♣té✱ ♠❛✐s ♥❡ ♣❡r♠❡t ♣❛s ❞❡ ❞ét❡❝t❡r ❧❡s q✉❡❧q✉❡s s♦♥❞❡s ❛♣♣❛✉✈r✐❡s q✉✐
s♦♥t t♦✉t❡❢♦✐s ✐♥tér❡ss❛♥t❡s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❜✐♦❧♦❣✐q✉❡✳

✺ ➱t✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s ✲ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s

❆✜♥ ❞❡ ✈❛❧✐❞❡r ♥♦tr❡ ♠ét❤♦❞❡✱ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é ✉♥❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s ❡t ❝♦♠♣❛ré
♥♦tr❡ ❛♣♣r♦❝❤❡ ❛✈❡❝ tr♦✐s ♠ét❤♦❞❡s ✿ ❈❤■P❖❚❧❡ ✭❇✉❝❦✱ ◆♦❜❡❧ ❡t ▲✐❡❜✱ ✷✵✵✺✮✱ ❧❛ ♠ét❤♦❞❡
❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ❡t ❝❡❧❧❡ ❞❡ ❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❈♦♠♠❡ ✐❧ ♥✬② ❛ ♣❛s ❞✬❛♥♥♦t❛t✐♦♥
❞❛♥s ❧❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s s✐♠✉❧és✱ ♥♦✉s ❛✈♦♥s ❛♣♣❧✐q✉é ❧❡ ♠♦❞è❧❡ M2 ❝♦rr❡s♣♦♥❞❛♥t ❛✉
❍▼▼ ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♠❛tr✐❝❡s ❞❡ ✈❛r✐❛♥❝❡✳ ❈❡tt❡ ét✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ♥✬❡st
♣❛s s♣é❝✐✜q✉❡ ❛✉① ❡①♣ér✐❡♥❝❡s ❞❡ ❈❤■P✲❝❤✐♣ ♦✉ ❞❡ tr❛♥s❝r✐♣t♦♠❡✳ ❊❧❧❡ ❡st ré❛❧✐sé❡ ❞❛♥s ✉♥
❝♦♥t❡①t❡ ❣é♥ér❛❧ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① ❝♦♥❞✐t✐♦♥s ♠❛✐s ❧❡ ✈♦❝❛❜✉❧❛✐r❡ ✉t✐❧✐sé ❡st ❝❡❧✉✐
❞❡s ❞♦♥♥é❡s ❞✬❡①♣r❡ss✐♦♥✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✷✷ ❆♣♣❧✐❝❛t✐♦♥s

P❧❛♥ ❞❡ s✐♠✉❧❛t✐♦♥

◆♦✉s ❛✈♦♥s ❣é♥éré ❞❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ t❛✐❧❧❡ n = 90 000 ♣♦✉r ❧❡sq✉❡❧s ❧✬✐♥térêt ❡st
❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ▲❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s s♦♥t s✐♠✉❧és
❛✈❡❝ ✉♥❡ ✈❛r✐❛❜❧❡ ❧❛t❡♥t❡ Z ét❛♥t ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞✬♦r❞r❡ ✶ q✉✐ ♣r❡♥❞ s❡s ✈❛❧❡✉rs
❞❛♥s {1, ..., 4}✳ ▲❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s✐t✐♦♥ π ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡m ♦♥t été ❛❥✉sté❡s
s✉r ❧❡s ❞♦♥♥é❡s ré❡❧❧❡s ❞é❝r✐t❡s ❝✐✲❞❡ss♦✉s✳

P♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ❧✬❤②♣♦t❤ès❡ ❣❛✉ss✐❡♥♥❡✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s X ♦♥t été é❝❤❛♥t✐❧❧♦♥♥é❡s
s❡❧♦♥ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❛♥s ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ❣r♦✉♣❡s ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s
ré❡❧❧❡s✱ ❛✜♥ ❞✬êtr❡ s❡♠❜❧❛❜❧❡s à ❞❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛② ré❛❧✐st❡s✳ ▲❡ réé❝❤❛♥t✐❧❧♦♥♥❛❣❡
❡st ré❛❧✐sé ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❡♥ t❛♥t q✉❡ ♣♦✐❞s ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✳
❉❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ♦♥t été ❝❤♦✐s✐s ❛✈❡❝ ❞✐✛ér❡♥t❡s ♣r♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s
❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ▲❡ ♣r❡♠✐❡r ❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ♣rés❡♥té à ❧❛ ❙❡❝t✐♦♥ ✸✱ ❝♦♥❝❡r♥❡
❧✬ét✉❞❡ ❞✬✉♥❡ ♠❛rq✉❡ ❝❤r♦♠❛t✐♥✐❡♥♥❡ ✭❍✸❑✾♠❡✷✮ ❝❤❡③ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ♣♦✉r ✉♥
s❛✉✈❛❣❡ ❡t ✉♥ ♠✉t❛♥t✳ ❉❛♥s ❝❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ❡♥✈✐r♦♥ ✸✵✪ ❞❡ s♦♥❞❡s s♦♥t ❝❡♥sé❡s
êtr❡ ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ▲❡ s❡❝♦♥❞ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❡st ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❞❡
❈❤■P✲❝❤✐♣ ❡♥ ❧✐❜r❡ ❛❝❝ès✱ ✐ss✉ ❞❡ P❡♥t❡r♠❛♥ ❡t ❛❧✳ ✭✷✵✵✼✮✱ q✉✐ ❝♦♠♣❛r❡ ❧❡ ♣r♦✜❧ ❞❡
♠ét❤②❧❛t✐♦♥ ❞✬✉♥ t②♣❡ s❛✉✈❛❣❡ ❞✬❆r❛❜✐❞♦♣s✐s à ❝❡❧✉✐ ❞✬✉♥ tr✐♣❧❡ ♠✉t❛♥t✳ ❈❡tt❡ ét✉❞❡
❝♦♥❞✉✐t à ❞❡ ❢❛✐❜❧❡s ♣r♦♣♦rt✐♦♥s ❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳

◆♦✉s ❛✈♦♥s ❛♥❛❧②sé ❧❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s s✐♠✉❧és ❛✈❡❝ ❧❡ ♠♦❞è❧❡M2 ❡t ❛✈❡❝ tr♦✐s ❛✉tr❡s
♠ét❤♦❞❡s✳
• ❈❤■P❖❚❧❡ ❡st ✉♥❡ ♠ét❤♦❞❡ ❞é❞✐é❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♣✐❝s ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❝❧❛s✲
s✐q✉❡s ❞❡ ❈❤■P✲❝❤✐♣✳ P❛r ❝♦♥séq✉❡♥t✱ ❡❧❧❡ ♥❡ ❢♦✉r♥✐t q✉❡ ❞❡✉① ♣♦♣✉❧❛t✐♦♥s✳ ❊❧❧❡ ✉t✐✲
❧✐s❡ ✉♥❡ ❛♣♣r♦❝❤❡ ♣❛r ❢❡♥êtr❡ ❣❧✐ss❛♥t❡ ❢♦♥❞é❡ s✉r ❧❡ ❧♦❣✲r❛t✐♦✳ ▲❛ t❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥êtr❡
❡t ❧❡ ♣❛s s♦♥t ❧❡s ❞❡✉① ♣❛r❛♠ètr❡s à ré❣❧❡r✳ ❆✈❡❝ ❧❡s ♣❛r❛♠ètr❡s ♣❛r ❞é❢❛✉t✱ ❈❤■✲
P❖❚❧❡ ♥❡ ❞ét❡❝t❡ q✉✬✉♥ s❡✉❧ ♣✐❝✳ ◆♦✉s ♣r❡♥♦♥s ❧❡s ♣❛r❛♠ètr❡s t❛✐❧❧❡ ❞❡ ❢❡♥êtr❡❂✷✵✵
❡t ♣❛s❂✺✵✱ ❝❡ q✉✐ s❡♠❜❧❡ êtr❡ ✉♥❡ ❜♦♥♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞♦♥♥❛♥t ✉♥ ♥♦♠❜r❡ r❛✐s♦♥✲
♥❛❜❧❡ ❞❡ ♣✐❝s ♣♦✉r ❝❤❛q✉❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s s✐♠✉❧é❡s✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❛ ✈❛❧❡✉r
❛❜s♦❧✉❡ ❞✉ ❧♦❣✲r❛t✐♦ ♣♦✉r ✐♠✐t❡r ❧❡s s✐t✉❛t✐♦♥s ❤❛❜✐t✉❡❧❧❡♠❡♥t ❛♥❛❧②sé❡s✳

• ❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮ ♦♥t ♣r♦♣♦sé ✉♥ ❍▼▼ à tr♦✐s ét❛ts ♠♦❞é❧✐s❛♥t ❧❡s ❧♦❣✲r❛t✐♦s
❞❡s ❞❡✉① ✐♥t❡♥s✐tés✳ ❈❡tt❡ ♠ét❤♦❞❡ r❡q✉✐❡rt ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ❛ ♣r✐♦r✐
❡♥ ✉t✐❧✐s❛♥t ❧❡s ❞✐str✐❜✉t✐♦♥s ❛ ♣r✐♦r✐✳ ▲❡ ❝❤♦✐① ❞❡s ♣r✐♦rs ♥✬❡st ♣❛s ❢❛❝✐❧❡ ❡t ❝❡✉①
❞♦♥♥és ♣❛r ❞é❢❛✉t ♥❡ ❢♦✉r♥✐ss❡♥t ♣❛s tr♦✐s ♣♦♣✉❧❛t✐♦♥s✳ ❈✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ❧❡s
❛✈♦♥s ♠♦❞✐✜és✳ ◆♦✉s ♣♦s♦♥s st❛rt❉✐str✐❜✉t✐♦♥ ❂ ✭✵✳✶✱✵✳✼✱✵✳✷✮✱ ♠❡❛♥s ❂ ✭✲✶✱✵✳✵✱✶✮✱
st❞s ❂ ✭✵✳✸✱✶✱✵✳✺✮✱ s❝❛❧❡❖❢❆♣r✐♦r✐▼❡❛♥s ❂ ✭✵✳✶✱✶✱✼✺✮ ❡t s❤❛♣❡❖❢❙t❛♥❞❛r❞❉❡✈✐❛t✐♦♥s
❂ ✭✷✵✱ ✶ ❀ ✶✵✵✮✳

• ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ♦♥t ♣r♦♣♦sé ❞❡✉① ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❞❡ q✉❛tr❡ ❣❛✉ss✐❡♥♥❡s
❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♠♦②❡♥♥❡s ♣♦✉r ❧✬❛♥❛❧②s❡
s✐♠✉❧t❛♥é❡ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s✳ ❈❡s ❞❡✉① ♠♦❞è❧❡s s♦♥t ❞é❝r✐ts ♣❧✉s ♣ré❝✐sé♠❡♥t
❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✸✳✷✳

❉❛♥s ❧❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s s✐♠✉❧és✱ ❧❡ ❜✉t ❡st t♦✉❥♦✉rs ❞✬✐❞❡♥t✐✜❡r ❧❡s q✉❛tr❡ ❣r♦✉♣❡s✳
▲❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ré❛❧✐sé❡ ❛✈❡❝ ❧❛ rè❣❧❡ ❞✉ ▼❆P ♣♦✉r ♥♦tr❡ ♠♦❞è❧❡ M2 ❡t ❧❡ ♠♦❞è❧❡
❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❚♦✉t❡❢♦✐s✱ ❈❤■P❖❚❧❡ ❡t ❧❛ ♠ét❤♦❞❡ ❞❡ ❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮ ♥❡
❢♦✉r♥✐ss❡♥t ♣❛s q✉❛tr❡ ❣r♦✉♣❡s ✿ ❧❡s ❣r♦✉♣❡s ❜r✉✐t ❡t ✐❞❡♥t✐q✉❡ s♦♥t ❢✉s✐♦♥♥és✳ ▲❛ ♠ét❤♦❞❡
❞❡ ❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮ ❛♣♣❧✐q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❱✐t❡r❜✐ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❛ séq✉❡♥❝❡
❞✬ét❛ts ❧❛ ♣❧✉s ♣r♦❜❛❜❧❡ ❡t ❞♦♥♥❡r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s♦♥❞❡s ❡♥ tr♦✐s ❣r♦✉♣❡s✳ P♦✉r
❈❤■P❖❚❧❡✱ ❧❡s s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s s♦♥t ❞é❞✉✐t❡s ❞❡s ♣✐❝s ❞ét❡❝tés ❡t ✐❧
② ❛ s❡✉❧❡♠❡♥t ❞❡✉① ❣r♦✉♣❡s✳ P♦✉r ❝♦♠♣❛r❡r ♥♦tr❡ ♠ét❤♦❞❡ ❛✈❡❝ ❝❡❧❧❡s ❞❡ ❙❡✐❢❡rt ❡t ❛❧✳
✭✷✵✵✾✮ ❡t ❈❤■P❖❚❧❡✱ ♥♦✉s ❛✈♦♥s ❛❞❞✐t✐♦♥♥é ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ ❞❡s ❣r♦✉♣❡s ❜r✉✐t
❡t ✐❞❡♥t✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ tr♦✐s ❣r♦✉♣❡s✱ ❡t ❛✉ss✐ ❧❡s ♣r♦❜❛❜✐❧✐tés ❛

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



➱t✉❞❡ ❞❡ s✐♠✉❧❛t✐♦♥s ✲ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ♠ét❤♦❞❡s ✶✷✸

♣♦st❡r✐♦r✐ ❞❡s ❣r♦✉♣❡s s✉r✲❡①♣r✐♠és ❡t s♦✉s✲❡①♣r✐♠és ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥
❞❡✉① ❣r♦✉♣❡s✳

▲❡s ♠ét❤♦❞❡s s♦♥t ❝♦♠♣❛ré❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧t❛ts ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥ t❡r♠❡s ❞❡
s❡♥s✐❜✐❧✐té✱ ❞❡ s♣é❝✐✜❝✐té ❡t ❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡ ✭❋❉❘✮ ♣♦✉r ✉♥ ❣r♦✉♣❡ ❞♦♥♥é k✳ ▲❛
s❡♥s✐❜✐❧✐té ❡st ❞é✜♥✐❡ ❝♦♠♠❡ TPk

TPk+FNk
✱ ❧❛ s♣é❝✐✜❝✐té ❡st ❞é✜♥✐❡ ❝♦♠♠❡ TNk

TNk+FPk
✱ ❡t ❧❡ ❋❉❘

❡st ❞é✜♥✐ ❝♦♠♠❡ FPk

TPk+FPk
, ♦ù ✿

TPk =
∑

t

✶(Ẑt=k)✶(Zt=k) FNk =
∑

t

✶(Ẑt=k)✶(Zt 6=k)

FPk =
∑

t

✶(Ẑt 6=k)✶(Zt=k) TNk =
∑

t

✶(Ẑt 6=k)✶(Zt 6=k)

◆♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❡s s♦♥❞❡s ❞é❝❧❛ré❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ▲❛ s❡♥s✐❜✐❧✐té
❡t ❧❛ s♣é❝✐✜❝✐té ❞♦✐✈❡♥t êtr❡ ❣r❛♥❞❡s ❛❧♦rs q✉❡ ❧❡ ❋❉❘ ❡st s♦✉❤❛✐té ♣❡t✐t✳

❘és✉❧t❛ts

▲❡s rés✉❧t❛ts s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡s t❛❜❧❡❛✉① ✺✳✶✷ ❡t ✺✳✶✸✳
▲❡s ♣✐❝s ❞ét❡❝tés ♣❛r ❧❛ ♠ét❤♦❞❡ ❈❤■P❖❚❧❡ r❡♣rés❡♥t❡♥t s❡✉❧❡♠❡♥t ❡♥tr❡ ✸✶✪ ❡t ✸✺✪ ❞❡
s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s ♣♦✉r ❧❡s ❞❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s✳ ▲❡ ♠♦❞è❧❡ ✏✢❡①✐❜❧❡✲
s✇✐t❝❤✐♥❣✑ ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ❢♦✉r♥✐t ❞❡ ♠❡✐❧❧❡✉rs rés✉❧t❛ts q✉❡ ❧❡ ♠♦❞è❧❡ ✏❢✉❧❧✲
s✇✐t❝❤✐♥❣✑✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s ❞♦♥❝ s✉r ❧❡ ♠♦❞è❧❡ ✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r
❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ❧❡ ♠♦❞è❧❡ ✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣ ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ❡t ❧❛ ♠ét❤♦❞❡ ❞❡
❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮ ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡✳ ■❧s ♦♥t tr♦✉✈é r❡s♣❡❝t✐✈❡♠❡♥t ✽✺✪ ♦✉
✽✷✪ ❞❡ s♦♥❞❡s s♦✉s✲❡①♣r✐♠é❡s ❡t ✻✸✪ ♦✉ ✼✷✪ ❞❡ s♦♥❞❡s s✉r✲❡①♣r✐♠é❡s✳

❉❛♥s ❧❡ s❡❝♦♥❞ ❥❡✉ ❞❡ ❞♦♥♥é❡s ♦ù ♣❡✉ ❞❡ s♦♥❞❡s s♦♥t ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✱ ❧❡s
❞❡✉① ♠ét❤♦❞❡s s❡ ❝♦♠♣♦rt❡♥t ❞✐✛ér❡♠♠❡♥t✳ ▲❛ ♠ét❤♦❞❡ ❞❡ ❙❡✐❢❡rt ❡t ❛❧✳ ✭✷✵✵✾✮ s❡♠❜❧❡
❛✈♦✐r ❞❡s ❞✐✣❝✉❧tés à tr♦✉✈❡r ❧❡ ❣r♦✉♣❡ s✉r✲❡①♣r✐♠é ✭s❡✉❧❡♠❡♥t ✺✺✪ ❞❡ s♦♥❞❡s ❞ét❡❝té❡s✮✳
❆✉ ❝♦♥tr❛✐r❡✱ ❧❡ ♠♦❞è❧❡ ✢❡①✐❜❧❡✲s✇✐t❝❤✐♥❣ ❞❡ ❏♦❤❛♥♥❡s ❡t ❛❧✳ ✭✷✵✶✵✮ tr♦✉✈❡ ✶✵✵✪ ❞❡
s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✱ ♠❛✐s ❞ét❡❝t❡ ❞✉ ♠ê♠❡ ❝♦✉♣ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
❢❛✉①✲♣♦s✐t✐❢s ✭❋❉❘ ❂ ✾✾✪✮✳ ❊♥✈✐r♦♥ ✹✵ ✵✵✵ s♦♥❞❡s ❛✈❡❝ ❞❡s ✐♥t❡♥s✐tés s✐♠✐❧❛✐r❡s ❡♥tr❡
✽ ❡t ✶✵ s♦♥t ❞é❝❧❛ré❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s ❛❧♦rs q✉✬❡❧❧❡s ❞❡✈r❛✐❡♥t êtr❡ ❞é❝❧❛ré❡s
❞❛♥s ❧❡s ❣r♦✉♣❡s ✐❞❡♥t✐q✉❡ ♦✉ ❜r✉✐t✳ ❉❛♥s ❧❡s ❞❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s s✐♠✉❧és✱ ♥♦tr❡
♠♦❞è❧❡ M2 ✐❞❡♥t✐✜❡ ♣❧✉s ❞❡ ✽✸✪ ❞❡s s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✱ ❛✈❡❝ ♠♦✐♥s ❞❡
❢❛✉①✲♣♦s✐t✐❢s ✭❋❉❘ ❡♥tr❡ ✷✪ ❡t ✶✸✪✮✳ P❛r♠✐ ❧❡s q✉❛tr❡ ♠ét❤♦❞❡s✱ ❧❡ ♠♦❞è❧❡M2 ❛ ❢♦✉r♥✐
❧❡s ♠❡✐❧❧❡✉rs tr✐♣❧❡ts ❞❡ s❡♥s✐❜✐❧✐té✱ s♣é❝✐✜❝✐té ❡t ❋❉❘✱ q✉❡❧ q✉❡ s♦✐t ❧❡ ♥♦♠❜r❡ ❞❡ s♦♥❞❡s
❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✳
❆✜♥ ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡✱ ♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t
s✐♠✉❧é ❞❡✉① ❛✉tr❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ♦ù ❧❡ ❝❤❡♠✐♥ ❝❛❝❤é Z ❛ été é❝❤❛♥t✐❧❧♦♥♥é ❞❛♥s
✉♥ ♣r♦❝❡ss✉s ❞❡ s❛✉t à q✉❛tr❡ ét❛ts✱ ❛✈❡❝ ❞❡s tr❛♥s✐t✐♦♥s ♠❛r❦♦✈✐❡♥♥❡s ❡♥tr❡ ét❛t ❡t
❞❡s t❡♠♣s ❞❡ sé❥♦✉r s✉✐✈❛♥t ❧❛ ❧♦✐ ❇✐♥♦♠✐❛❧❡ ◆é❣❛t✐✈❡ ✭❛✉ ❧✐❡✉ ❞❡ ❣é♦♠étr✐q✉❡✮✳ ❉❡s
rés✉❧t❛ts s✐♠✐❧❛✐r❡s s♦♥t ♦❜t❡♥✉s✳ ▲❡s tr✐♣❧és ❞❡ s❡♥s✐❜✐❧✐té✱ s♣é❝✐✜❝✐té ❡t ❋❉❘ ♦❜t❡♥✉s
❛✈❡❝ ❧❡ ♠♦❞è❧❡ M2 s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ✭✾✷✱✾✾✱✹✮ ❡t ✭✾✶✱✾✾✱✺✮ ♣♦✉r ❧❡s ❞❡✉① ❣r♦✉♣❡s
❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠és ❞❛♥s ❧❡ ♣r❡♠✐❡r ❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ✭✾✾✱✶✵✵✱✸✮ ❡t ✭✽✺✱✶✵✵✱✶✻✮ ❞❛♥s
❧❡ ❞❡✉①✐è♠❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✳ ❈❡❧❛ ❣❛r❛♥t✐t q✉❡ ♥♦tr❡ ♠♦❞è❧❡ ♥✬❡st ♣❛s tr♦♣ ❞é♣❡♥❞❛♥t ❞❡
❧✬❤②♣♦t❤ès❡ ♠❛r❦♦✈✐❡♥♥❡✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✷✹ ❇✐❜❧✐♦❣r❛♣❤✐❡

❜r✉✐t ✐❞❡♥t✐q✉❡ s♦✉s✲❡①♣ s✉r✲❡①♣
Z ✸✽✶✸✺ ✶✾✺✷✼ ✶✾✹✶✸ ✶✷✾✷✺

❈❤■P❖❚❧❡ ✾✾✱ ✸✺✱ ✷✼ ✸✺✱ ✾✾✱ ✻
M2 ✇✐t❤ ✷ ❣r♦✉♣s ✾✼✱ ✾✹✱ ✹ ✾✹✱ ✾✹✱ ✺

❙❡✐❢❡rt ❡t ❛❧✳ ✾✷✱ ✼✾✱ ✶✶ ✽✷✱ ✾✺✱ ✶✽ ✼✷✱ ✾✽✱ ✶✸
M2 ✇✐t❤ ✸ ❣r♦✉♣s ✾✽✱ ✾✸✱ ✹ ✾✷✱ ✾✾✱ ✻ ✾✵✱ ✾✾✱ ✻
❏♦❤❛♥♥❡s ❡t ❛❧✳ ✾✹✱ ✾✵✱ ✶✷ ✽✷✱ ✶✵✵✱ ✵✳✶ ✽✺✱ ✽✾✱ ✸✶ ✻✸✱ ✾✾✱ ✶✶

❚❆❍▼▼❆♥♥♦tM2 ✾✻✱ ✾✻✱ ✺ ✾✾✱ ✶✵✵✱ ✶ ✾✷✱ ✾✽✱ ✻ ✾✵✱ ✾✾✱ ✻

❚❛❜✳ ✺✳✶✷✿ ❏❡✉ ❞❡ ❞♦♥♥é❡s ❍✸❑✾♠❡✷ ❛✈❡❝ ✉♥❡ ❢♦rt❡ ♣r♦♣♦rt✐♦♥ ❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡✲
♠❡♥t ❡①♣r✐♠é❡s✳ ▲❛ ♥♦t❛t✐♦♥ ❝♦rr❡s♣♦♥❞ ❞❛♥s ❧✬♦r❞r❡ à s❡♥s✐❜✐❧✐té✱ s♣é❝✐✜❝✐té ❡t ❋❉❘✱ ❡♥

✪✳

❜r✉✐t ✐❞❡♥t✐q✉❡ s♦✉s✲❡①♣ s✉r✲❡①♣
Z ✹✺✸✵✵ ✹✸✹✵✶ ✼✽✷ ✺✶✼

❈❤■P❖❚❧❡ ✶✵✵✱ ✸✶✱ ✶ ✸✶✱ ✶✵✵✱ ✵
M2 ✇✐t❤ ✷ ❣r♦✉♣s ✶✵✵✱ ✾✶✱ ✵✳✶ ✾✶✱ ✶✵✵✱ ✻

❙❡✐❢❡rt ❡t ❛❧✳ ✾✽✱ ✾✾✱ ✵ ✶✵✵✱ ✾✾✱ ✹✽ ✺✺✱ ✾✽✱ ✽✹
M2 ✇✐t❤ ✸ ❣r♦✉♣s ✶✵✵✱ ✾✶✱ ✵✳✶ ✾✼✱ ✶✵✵✱ ✷ ✽✷✱ ✶✵✵✱ ✶✷
❏♦❤❛♥♥❡s ❡t ❛❧✳ ✷✸✱ ✾✻✱ ✶✸ ✼✹✱ ✼✾✱ ✶✷ ✶✵✵✱ ✶✵✵✱ ✸✶ ✶✵✵✱ ✺✻✱ ✾✾

❚❆❍▼▼❆♥♥♦tM2 ✽✺✱ ✽✹✱ ✶✻ ✽✸✱ ✽✺✱ ✶✻ ✾✼✱ ✶✵✵✱ ✷ ✽✸✱ ✶✵✵✱ ✶✸

❚❛❜✳ ✺✳✶✸✿ ❏❡✉ ❞❡ ❞♦♥♥é❡s ✐ss✉ ❞❡ P❡♥t❡r♠❛♥ ❡t ❛❧✳ ✭✷✵✵✼✮ ❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ♣r♦♣♦rt✐♦♥
❞❡ s♦♥❞❡s ❞✐✛ér❡♥t✐❡❧❧❡♠❡♥t ❡①♣r✐♠é❡s✳ ▲❛ ♥♦t❛t✐♦♥ ❝♦rr❡s♣♦♥❞ ❞❛♥s ❧✬♦r❞r❡ à s❡♥s✐❜✐❧✐té✱

s♣é❝✐✜❝✐té ❡t ❋❉❘✱ ❡♥ ✪✳

❇✐❜❧✐♦❣r❛♣❤✐❡

❇ér❛r❞✱ ❈✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✲▲✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✶✶✮ ▼✐①t✉r❡ ♠♦❞❡❧ ❛♣♣r♦❛❝❤ t♦
❝♦♠♣❛r❡ t✇♦ s❛♠♣❧❡s ♦❢ t✐❧✐♥❣ ❛rr❛② ❞❛t❛ ✿ ❈❤■P✲❝❤✐♣ ❛♥❞ ❚r❛♥s❝r✐♣t♦♠❡✳ ❙t❛t✐st✐❝❛❧
❆♣♣❧✐❝❛t✐♦♥s ✐♥ ●❡♥❡t✐❝s ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ✶✵✱ ■ss✳ ✶✱ ❆rt✐❝❧❡ ✺✵✳

❇❡r♥❛t❛✈✐❝❤✉t❡✱ ❨✳❱✳✱ ❩❤❛♥❣✱ ❳✳✱ ❈♦❦✉s✱ ❙✳✱ P❡❧❧❡❣r✐♥✐✱ ▼✳ ❛♥❞ ❏❛❝♦❜s❡♥✱ ❙✳❊✳ ✭✷✵✵✽✮✳
●❡♥♦♠❡✲❲✐❞❡ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❍✐st♦♥❡ ❍✸ ▲②s✐♥❡ ◆✐♥❡ ▼❡t❤②❧❛t✐♦♥ ✇✐t❤ ❈❍● ❉◆❆
▼❡t❤②❧❛t✐♦♥ ✐♥ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛✳ P▲♦❙ ❖◆❊ ✸✭✾✮ ✿❡✸✶✺✻✳

❇♦✉❧✐❝❛✉t✱ ❏✳❋✳ ❛♥❞ ●❛♥❞r✐❧❧♦♥✱ ❖✳ ✭✷✵✵✹✮✳ ■♥❢♦r♠❛t✐q✉❡ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞✉ tr❛♥s❝r✐♣t♦♠❡✳
❈❤❛♣✐tr❡ ❚❡❝❤♥✐q✉❡s st❛t✐st✐q✉❡s ♣♦✉r ❧✬❛♥❛❧②s❡ ❞✉ tr❛♥s❝r✐♣t♦♠❡✳ ❍❡r♠ès✳

❇✉❝❦✱ ▼✳❏✳✱ ◆♦❜❡❧✱ ❆✳❇✳ ❛♥❞ ▲✐❡❜✱ ❏✳❉✳ ✭✷✵✵✺✮✳ ❈❤■P❖❚❧❡ ✿ ❛ ✉s❡r✲❢r✐❡♥❞❧② t♦♦❧ ❢♦r t❤❡
❛♥❛❧②s✐s ♦❢ ❈❤■P✲❝❤✐♣ ❞❛t❛✳ ●❡♥♦♠❡ ❇✐♦❧✳ ✻✭✶✶✮✳

❈❡♥✐❦✱ ❈✳✱ ❉❡rt✐✱ ❆✳✱ ▼❡❧❧♦r✱ ❏✳❈✳✱ ❇❡rr✐③✱ ●✳❋✳ ❛♥❞ ❘♦t❤✱ ❋✳P✳ ✭✷✵✶✵✮✳ ●❡♥♦♠❡✲✇✐❞❡
❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ♦❢ ❤✉♠❛♥ ✺✬✉♥tr❛♥s❧❛t❡❞ r❡❣✐♦♥ ✐♥tr♦♥s✳ ●❡♥♦♠❡ ❇✐♦❧♦❣② ✶✶ ✿❘✷✾✳

❉èr♦③✐❡r✱ ❙✳✱ ❙❛♠s♦♥✱ ❋✳✱ ❚❛♠❜②✱ ❏✳P✳✱ ●✉✐❝❤❛r❞✱ ❈✳✱ ❇r✉♥❛✉❞✱ ❱✳✱ ●r❡✈❡t✱ P✳✱ ●❛❣♥♦t✱
❙✳✱ ▲❛❜❡❧✱ P✳✱ ▲❡♣❧é✱ ❏✳❈✳✱ ▲❡❝❤❛r♥②✱ ❆✳ ❛♥❞ ❆✉❜♦✉r❣✱ ❙✳ ✭✷✵✶✶✮✳ ❊①♣❧♦r❛t✐♦♥ ♦❢ ♣❧❛♥t
❣❡♥♦♠❡s ✐♥ t❤❡ ❋▲❆●❞❜✰✰ ❡♥✈✐r♦♥♠❡♥t✳ P❧❛♥t ▼❡t❤♦❞s ✼✭✶✮ ✿✽✳

●❧❛③✱ ❏✳✱ P♦③❞♥②❛❦♦✈✱ ❱✳ ❛♥❞ ❲❛❧❧❡♥st❡✐♥✱ ❙✳ ✭✷✵✵✾✮✳ ❙❝❛♥ ❙t❛t✐st✐❝s ▼❡t❤♦❞s ❛♥❞ ❆♣♣❧✐✲
❝❛t✐♦♥s✳ ❙t❛t✐st✐❝s ❢♦r ■♥❞✉str② ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ❇✐r❦❤❛✉s❡r✳

❍✉♠❜✉r❣✱ P✳✱ ❇✉❧❣❡r✱ ❉✳ ❛♥❞ ❙t♦♥❡✱ ●✳ ✭✷✵✵✽✮✳ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❢♦r r♦❜✉st ❍▼▼
❛♥❛❧②s✐s ♦❢ ❈❤■P✲❝❤✐♣ ❞❛t❛✳ ❇▼❈ ❇✐♦✐♥❢♦r♠❛t✐❝s ✾ ✿✸✹✸✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✷✺

❏❛r✈✐s✱ ❑✳ ❛♥❞ ❘♦❜❡rts♦♥✱ ▼✳ ✭✷✵✶✶✮✳ ❚❤❡ ♥♦♥❝♦❞✐♥❣ ✉♥✐✈❡rs❡✳ ❇▼❈ ❇✐♦❧♦❣② ✾ ✿✺✷✳

❏✐✱ ❍✳ ❛♥❞ ❲♦♥❣✱ ❲✳❍✳ ✭✷✵✵✺✮✳ ❚✐❧❡▼❛♣ ✿ ❝r❡❛t❡ ❝❤r♦♠♦s♦♠❛❧ ♠❛♣ ♦❢ t✐❧✐♥❣ ❛rr❛② ❤②❜r✐✲
❞✐③❛t✐♦♥s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✶✱ ✸✻✷✾✲✸✻✸✻✳

❏♦❤❛♥♥❡s✱ ❋✳✱ ❲❛r❞❡♥❛❛r✱ ❘✳✱ ❈♦❧♦♠é✲❚❛t❝❤é ▼✳ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❈♦♠♣❛r✐♥❣ ❣❡♥♦♠❡✲✇✐❞❡
❝❤r♦♠❛t✐♥ ♣r♦✜❧❡s ✉s✐♥❣ ❈❤■P✲❝❤✐♣ ♦r ❈❤■P✲s❡q✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✻ ✶✵✵✵✲✶✵✵✻✳

❑❡rr✱ ▼✳❑✳✱ ❆❢s❤❛r✐✱ ❈✳❆✳✱ ❇❡♥♥❡tt✱ ▲✳✱ ❇✉s❤❡❧✱ P✳✱ ▼❛rt✐♥❡③✱ ❏✳✱ ❲❛❧❦❡r✱ ◆✳❏✳ ❛♥❞ ❈❤✉r✲
❝❤✐❧❧✱ ●✳❆✳ ✭✷✵✵✷✮✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♠✐❝r♦❛rr❛② ❡①♣❡r✐♠❡♥t ✇✐t❤
r❡♣❧✐❝❛t✐♦♥✳ ❙t❛t✐st✐❝❛ ❙✐♥✐❝❛ ✶✷ ✷✵✸✲✷✶✼✳

▲✐✱ ❲✳✱ ▼❡②❡r✱ ❆✳ ❛♥❞ ▲✐✉✱ ❳✳❙✳ ✭✷✵✵✺✮✳ ❆ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ ❢♦r ❛♥❛❧②③✐♥❣ ❈❤■P✲
❝❤✐♣ ❡①♣❡r✐♠❡♥ts ♦♥ ❣❡♥♦♠❡ t✐❧✐♥❣ ❛rr❛②s ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣✺✸ ❜✐♥❞✐♥❣ s❡q✉❡♥❝❡s✳
❇✐♦✐♥❢♦r♠❛t✐❝s ✷✶✶✱ ✷✼✹✲✷✽✷✳

▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ▼❛r②✲❍✉❛r❞✱ ❚✳✱ ❇ér❛r❞✱ ❈✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✵✽✮✳ ❈❤■P♠✐① ✿
♠✐①t✉r❡ ♠♦❞❡❧ ♦❢ r❡❣r❡ss✐♦♥s ❢♦r t✇♦✲❝♦❧♦r ❈❤■P✲❝❤✐♣ ❛♥❛❧②s✐s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✹ ✿✐✶✽✶✲
✐✶✽✻✳

▼❛r②✲❍✉❛r❞✱ ❚✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ❇ér❛r❞✱ ❈✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✶✵✮✳ ❙t❛t✐st✐❝❛❧
♠❡t❤♦❞♦❧♦❣② ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐✲s❛♠♣❧❡ ❈❤■P✲❝❤✐♣ ❡①♣❡r✐♠❡♥ts✳ ■♥t❡r♥❛t✐♦♥❛❧
❇✐♦♠❡tr✐❝ ❈♦♥❢❡r❡♥❝❡ ❋❧♦r✐❛♥♦♣♦❧✐s ✭❇rés✐❧✮✳

▼♦❣❤❛❞❞❛♠✱ ❆✳▼✳❇✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❙❡✐❢❡rt✱ ▼✳✱ ❇ér❛r❞✱ ❈✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ❆s❤✲
t✐②❛♥✐✱ ❘✳❑✳✱ ❍♦✉❜❡♥✱ ❆✳✱ ❈♦❧♦t✱ ❱✳ ❛♥❞ ▼❡tt❡✱ ▼✳❋✳ ✭✷✵✶✶✮✳ ❆❞❞✐t✐✈❡ ✐♥❤❡r✐t❛♥❝❡ ♦❢
❤✐st♦♥❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ✐♥tr❛✲s♣❡❝✐✜❝ ❤②❜r✐❞s✳ ❚❤❡ P❧❛♥t ❏♦✉r♥❛❧✳

❖❤✱ ❙✳✱ P❛r❦✱ ❙✳ ❛♥❞ ✈❛♥ ◆♦❝❦❡r✱ ❙✳ ✭✷✵✵✽✮✳ ●❡♥✐❝ ❛♥❞ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥s ❢♦r P❛❢✶❈ ✐♥
❝❤r♦♠❛t✐♥ ♠♦❞✐✜❝❛t✐♦♥ ❛♥❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ❆r❛❜✐❞♦♣s✐s✳ P▲♦❙ ●❡♥❡t ✹ ✿❡✶✵✵✵✵✼✼✳

P❡♥t❡r♠❛♥✱ ❏✳✱ ❩✐❧❜❡r♠❛♥✱ ❉✳✱ ❍✉❤✱ ❏✳❍✳✱ ❇❛❧❧✐♥❣❡r✱ ❚✳✱ ❍❡♥✐❦♦✛✱ ❙✳ ❛♥❞ ❋✐s❝❤❡r ❘✳▲✳
✭✷✵✵✼✮✳ ❉◆❆ ❞❡♠❡t❤②❧❛t✐♦♥ ✐♥ t❤❡ ❆r❛❜✐❞♦♣s✐s ❣❡♥♦♠❡✳ P◆❆❙ ✶✵✹ ✻✼✺✷✲✻✼✺✼✳

❘♦✉❞✐❡r✱ ❋✳✱ ❆❤♠❡❞✱ ■✳✱ ❇ér❛r❞✱ ❈✳✱ ❙❛r❛③✐♥✱ ❆✳✱ ▼❛r②✲❍✉❛r❞✱ ❚✳ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♥t❡❣r❛t✐✈❡
❡♣✐❣❡♥♦♠✐❝ ♠❛♣♣✐♥❣ ❞❡✜♥❡s ❢♦✉r ♠❛✐♥ ❝❤r♦♠❛t✐♥ st❛t❡s ✐♥ ❆r❛❜✐❞♦♣s✐s✳ ❚❤❡ ❊▼❇❖
❏♦✉r♥❛❧ ✸✵ ✶✾✷✽✲✶✾✸✽✳

❙❝❤✐❡①✱ ❚✳✱ ▼♦✐s❛♥✱ ❆✳ ❛♥❞ ❘♦✉③é✱ P✳ ✭✷✵✵✶✮✳ ❊✉●❡♥❡ ✿ ❆♥ ❊✉❝❛r②♦t✐❝ ●❡♥❡ ❋✐♥❞❡r t❤❛t
❝♦♠❜✐♥❡s s❡✈❡r❛❧ s♦✉r❝❡s ♦❢ ❡✈✐❞❡♥❝❡✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣②✱ ❊❞s✳ ❖✳ ●❛s❝✉❡❧ ❛♥❞ ▼✲❋✳
❙❛❣♦t✱ ▲◆❈❙ ✷✵✻✻✱ ✶✶✶✲✶✷✺✳

❙❝❤✇❛r③✱ ●✳ ✭✶✾✼✽✮✳ ❊st✐♠❛t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♠♦❞❡❧✳
❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✻ ✹✻✶✲✹✻✹✳

❙❡✐❢❡rt✱ ▼✳✱ ❇❛♥❛❡✐✱ ❆✳✱ ❑❡✐❧✇❛❣❡♥✱ ❏✳✱ ▼❡tt❡✱ ▼✳❋✳✱ ❍♦✉❜❡♥✱ ❆✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❈♦❧♦t✱ ❱✳✱
●r♦ss❡✱ ■✳ ❛♥❞ ❙tr✐❝❦❡rt✱ ▼✳ ✭✷✵✵✾✮✳ ❆rr❛②✲❜❛s❡❞ ●❡♥♦♠❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❆r❛❜✐❞♦♣s✐s
❡❝♦t②♣❡s ✉s✐♥❣ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❇✐♦s✐❣♥❛❧s✳

❙♠②t❤✱ ●✳❑✳✱ ❨❛♥❣✱ ❨✳❍✳ ❛♥❞ ❙♣❡❡❞✱ ❚✳P✳ ✭✷✵✵✸✮✳ ❙t❛t✐st✐❝❛❧ ✐ss✉❡s ✐♥ ❝❉◆❆ ♠✐❝r♦❛rr❛②
❞❛t❛ ❛♥❛❧②s✐s✳ ▼❡t❤♦❞s ✐♥ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ✷✷✹ ✿✶✶✶✲✶✸✻✳

❚❤❛r❡❛✉✱ ❱✳✱ ❉é❤❛✐s✱ P✳✱ ❙❡r✐③❡t✱ ❈✳✱ ❍✐❧s♦♥✱ P✳✱ ❘♦✉③é✱ P✳ ❛♥❞ ❆✉❜♦✉r❣✱ ❙✳ ✭✷✵✵✸✮✳ ❆✉t♦✲
♠❛t✐❝ ❞❡s✐❣♥ ♦❢ ❣❡♥❡✲s♣❡❝✐✜❝ s❡q✉❡♥❝❡ t❛❣s ❢♦r ❣❡♥♦♠❡✲✇✐❞❡ ❢✉♥❝t✐♦♥❛❧ st✉❞✐❡s✳ ❇✐♦✐♥✲
❢♦r♠❛t✐❝s ✶✾✭✶✼✮ ✿✷✶✾✶✲✽✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✷✻ ❇✐❜❧✐♦❣r❛♣❤✐❡

❚✉r❝❦✱ ❋✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❋❛rr♦♥❛✱ ❙✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✲▲✳✱ ●✉✐❧❧❛✉♠❡✱ ❊✳✱ ❇✉✐s✐♥❡✱
◆✳✱ ●❛❣♥♦t✱ ❙✳✱ ▼❛rt✐❡♥ss❡♥✱ ❘✳✱ ❈♦✉♣❧❛♥❞✱ ●✳ ❛♥❞ ❈♦❧♦t✱ ❱✳ ✭✷✵✵✼✮✳ ❆r❛❜✐❞♦♣s✐s
❚❋▲✷✴▲❍P✶ ❙♣❡❝✐✜❝❛❧❧② ❆ss♦❝✐❛t❡s ✇✐t❤ ●❡♥❡s ▼❛r❦❡❞ ❜② ❚r✐♠❡t❤②❧❛t✐♦♥ ♦❢ ❍✐st♦♥❡
❍✸ ▲②s✐♥❡ ✷✼✳ P▲♦❙ ●❡♥❡t✳✈ ✸✭✻✮✳

❩✐♠♠❡r♠❛♥♥✱ P✳✱ ❍✐rs❝❤✲❍♦✛♠❛♥♥✱ ▼✳✱ ❍❡♥♥✐❣✱ ▲✳ ❛♥❞ ●r✉✐ss❡♠✱ ❲✳ ✭✷✵✵✹✮✳ ●❊◆❊❱❊❙✲
❚■●❆❚❖❘✳ ❆r❛❜✐❞♦♣s✐s ♠✐❝r♦❛rr❛② ❞❛t❛❜❛s❡ ❛♥❞ ❛♥❛❧②s✐s t♦♦❧❜♦①✳ P❧❛♥t P❤②s✐♦❧♦❣②
✶✸✻✭✶✮✱ ✷✻✷✶✲✷✻✸✷✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❣é✲
♥♦♠✐q✉❡s ✐ss✉❡s ❞❡ t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t✳ ▲✬❛♣♣r♦❝❤❡ ❛❞♦♣té❡ ❡st ❝❡❧❧❡ ❞❡s ♠♦❞è❧❡s
à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❡t ❞❡s ♠♦❞è❧❡s ❞❡ ▼❛r❦♦✈
❝❛❝❤és✱ q✉✐ s♦♥t ❞❡s ♠ét❤♦❞❡s ✉s✉❡❧❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ P♦✉r ♦❜t❡♥✐r
✉♥❡ ❛♥❛❧②s❡ ♣❡rt✐♥❡♥t❡ ❞❡s ❞♦♥♥é❡s✱ ✐❧ ❡st ❡ss❡♥t✐❡❧ q✉❡ ❧❡ ♠♦❞è❧❡ s❛✐s✐ss❡ ❛✉ ♠✐❡✉①
❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❜✐♦❧♦❣✐q✉❡s ❡t t✐❡♥♥❡ ❝♦♠♣t❡ ❞❡ ❧❛ s♣é❝✐✜❝✐té ❞❡s ❞♦♥♥é❡s✳ ❉❛♥s ❧❡
❝❛s ❞❡ ♣✉❝❡s t✐❧✐♥❣ ❛rr❛②s ❞❡✉① ❝♦✉❧❡✉rs✱ ❧❡ s✐❣♥❛❧ ❡st ❜✐❞✐♠❡♥s✐♦♥♥❡❧✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s
❛♣♣❛r❛✐ss❡♥t ❞❡ ♠❛♥✐èr❡ séq✉❡♥t✐❡❧❧❡ ♣✉✐sq✉❡ ❧❡s s♦♥❞❡s s♦♥t ré❣✉❧✐èr❡♠❡♥t ré♣❛rt✐❡s ❧❡
❧♦♥❣ ❞✉ ❣é♥♦♠❡✱ ❡t ❧✬❛♥♥♦t❛t✐♦♥ str✉❝t✉r❛❧❡ ❞✉ ❣é♥♦♠❡ ✐♥❢♦r♠❡ ❞❡ ❧❛ ♣ré❞✐s♣♦s✐t✐♦♥
❞❡s s♦♥❞❡s à êtr❡ ❡①♣r✐♠é❡s✳ ❚♦✉t❡s ❝❡s ❝❛r❛❝tér✐st✐q✉❡s ❜✐♦❧♦❣✐q✉❡s s♦♥t ✐♥té❣ré❡s ❞❛♥s
❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♣r♦♣♦sé❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ♠♦❞è❧❡s s♦♥t ❛❞❛♣tés ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛
q✉❡st✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❡t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st ♣r♦♣♦sé❡ ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞✬❡①♣ér✐❡♥❝❡s✳
◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s
❞♦♥t ❧✬✉♥ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ré❢ér❡♥❝❡✱ ❡t ✉♥ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥
❜✐❞✐♠❡♥s✐♦♥♥❡❧ ❧♦rsq✉❡ ❧❡s ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❥♦✉❡♥t ❞❡s rô❧❡s s②♠étr✐q✉❡s✳ ❊♥✜♥✱ ✉♥❡
♠♦❞é❧✐s❛t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❛✉t♦r✐s❛♥t ❞❡s ♠é❧❛♥❣❡s ❞❡ ❞✐str✐❜✉t✐♦♥s ♣❧✉s ✢❡①✐❜❧❡s
q✉✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❡st ❡♥✈✐s❛❣é❡ ♣♦✉r ♠✐❡✉① s✬❛❥✉st❡r ❛✉① ❞♦♥♥é❡s ré❡❧❧❡s✳
▲❛ s❡❝♦♥❞❡ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧ ❡st ❛♣♣♦rté❡ ❡♥ t❡r♠❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s
♦❜s❡r✈❛t✐♦♥s✳ ❉❛♥s ❧❡ ❝❛s ❞✬♦❜s❡r✈❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s ❡t ♣♦✉r ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ à ❞❡✉①
❣r♦✉♣❡s✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥trô❧❡r ❧❡s ❡rr❡✉rs
❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✳ P✉✐s✱ s♦✉s ❤②♣♦t❤ès❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s
à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉❛♥t ✉♥❡ ré❣✐♦♥ ❞✬✐♥térêt ❡♥
❣é♥ér❛❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐✳

❈♦♠♠❡ ♥♦✉s ❡♥ ❛✈♦♥s ❞é❥à ❞✐s❝✉té ❈❤❛♣✐tr❡ ✹ ❙❡❝t✐♦♥ ✷✱ ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ✐♥tér❡ss❛♥t❡
s❡r❛✐t ❞✬ét❡♥❞r❡ ❧❡ ❝♦♥trô❧❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s q✉❛♥❞ ✐❧ ② ❛ ♣❧✉s q✉❡ ❞❡✉① ❣r♦✉♣❡s ❞❛♥s ❧❛
❝❧❛ss✐✜❝❛t✐♦♥✱ ❡t ❛✉ss✐ ♣♦✉r ❧❡s rés✉❧t❛ts ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❛r ré❣✐♦♥✳
❉✬❛✉tr❡ ♣❛rt✱ ❧❡ tr❛✈❛✐❧ ❞❡ ♠♦❞é❧✐s❛t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❛✈❡❝ ❞❡s ♠é❧❛♥❣❡s ❞❡ ♠é❧❛♥❣❡s
❞❡ ❞✐str✐❜✉t✐♦♥s ✭❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✸✮ ❡st très ♣r♦♠❡tt❡✉r ❛✉ r❡❣❛r❞ ❞❡ ❧✬❡st✐♠❛✲
t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡s ❣r♦✉♣❡s ❡t ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉❡s s✉r q✉❡❧q✉❡s ❡①❡♠♣❧❡s
❞✬❛♣♣❧✐❝❛t✐♦♥s ✭❝❢✳ ❈❤❛♣✐tr❡ ✺ ❙❡❝t✐♦♥ ✸✳✸✮✳ ▲✬✐♥té❣r❛t✐♦♥ ❞❡ ❧✬❛♥♥♦t❛t✐♦♥ ❛✉ ♠♦❞è❧❡
❛♠é❧✐♦r❡r❛✐t ❡♥❝♦r❡ ❝❡rt❛✐♥❡♠❡♥t ❧❡s rés✉❧t❛ts✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ♠ét❤♦❞❡✱ ❢♦♥❞é❡ s✉r ❧❛
❝♦♠❜✐♥❛✐s♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞❡ ❝♦♠♣♦s❛♥ts à ❧✬❛✐❞❡ ❞❡ ❝r✐tèr❡s ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣é♥❛❧✐sé❡✱
♥✬❡st ❛♣♣❧✐❝❛❜❧❡ ❡♥ t❡♠♣s r❛✐s♦♥♥❛❜❧❡ q✉❡ ♣♦✉r ❞❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ ❧✬♦r❞r❡ ❞✉ ♠✐❧❧✐❡r
❞✬♦❜s❡r✈❛t✐♦♥s✱ ❝❡ q✉✐ ❡st ❡♥✈✐r♦♥ ❝❡♥t ❢♦✐s ♠♦✐♥s q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ✐ss✉❡s
❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ t✐❧✐♥❣ ❛rr❛②✳ ❈❡❧❛ ❡st ❞û ❛✉ ❢❛✐t q✉❡ ❧❡s ❝r✐tèr❡s ✐♠♣❧✐q✉❡♥t ❧❡ ❝❛❧❝✉❧ ❞❡
❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦❜s❡r✈é❡ ♥é❝❡ss✐t❛♥t ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡ ❧✬ét❛♣❡ ❢♦r✇❛r❞ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✱ ❞♦♥t ❧❛ ❝♦♠♣❧❡①✐té ❡st ❧✐♥é❛✐r❡ ❡♥ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ ❊♥
❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙t❡✈❡♥♥ ❱♦❧❛♥t✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s ❛❝t✉❡❧❧❡♠❡♥t s✉r ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥
❞✬✉♥❡ ét❛♣❡ ❞✬é❧❛❣❛❣❡ ♣❡r♠❡tt❛♥t ❞❡ ré❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡s ♠♦❞è❧❡s à ❡①♣❧♦r❡r ❞❛♥s ❧❛
♣r♦❝é❞✉r❡ ❤✐ér❛r❝❤✐q✉❡✳ ❈❡❝✐ ♣❡✉t êtr❡ ❢❛✐t ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❝r✐tèr❡ ❞✬é❧❛❣❛❣❡ q✉✐ ♣❡r♠❡t ❞❡

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✶✷✽ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❝♦♥s✐❞ér❡r ✉♥✐q✉❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥ts à ❛ss♦❝✐❡r ❧❡s ♣❧✉s ♣❡rt✐♥❡♥ts✳ ▲❡s ❝r✐tèr❡s ✉s✉❡❧s
t❡❧s q✉❡ ❧❛ ❞✐st❛♥❝❡ ❡✉❝❧✐❞✐❡♥♥❡ ♥❡ s♦♥t ♣❛s ❛❞♣❛tés ❛✉ ❝♦♥t❡①t❡ ❞❡s ❍▼▼ ❝❛r ✐❧s ♥❡
t✐❡♥♥❡♥t ♣❛s ❝♦♠♣t❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s✳ ■❧ ❢❛✉t ❞é✜♥✐r ✉♥ ❝r✐tèr❡ q✉✐
♣r❡♥❞ ❡♥ ❝♦♠♣t❡ à ❧❛ ❢♦✐s ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ❝♦♠♣♦s❛♥ts ❡t ❧❛ ❞é♣❡♥❞❛♥❝❡ ♠❛r❦♦✈✐❡♥♥❡
❞❡s ♦❜s❡r✈❛t✐♦♥s✳

▲❡s ♠ét❤♦❞❡s ♣r♦♣♦sé❡s ❞❛♥s ❝❡tt❡ t❤ès❡ ♦♥t été ❞é✈❡❧♦♣♣é❡s ❞❛♥s ❧✬♦❜❥❡❝t✐❢ ❞❡
ré♣♦♥❞r❡ à ❞❡s q✉❡st✐♦♥s ❜✐♦❧♦❣✐q✉❡s ❝♦♥❝rèt❡s✱ ❝❡ q✉✐ ❛ s✉s❝✐té ❞❡ ♥♦♠❜r❡✉s❡s ❝♦❧❧❛❜♦✲
r❛t✐♦♥s ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s ❡t ❜✐♦✐♥❢♦r♠❛t✐❝✐❡♥s✱ ❛✈❛♥t✱ ♣❡♥❞❛♥t ❡t ❛♣rès ❧❛ ♠♦❞é❧✐s❛t✐♦♥✳
❈❡tt❡ ✐♥t❡r❛❝t✐♦♥ ❡st ❡ss❡♥t✐❡❧❧❡ ❡t ❝♦♥tr✐❜✉❡ à ✉♥❡ ♠❡✐❧❧❡✉r❡ ♠♦❞é❧✐s❛t✐♦♥✱ ❛❞❛♣té❡ ❛✉①
❞✐✛ér❡♥ts t②♣❡s ❞❡ ❞♦♥♥é❡s✳ ▲❛ ✈❛❧✐❞❛t✐♦♥ ❡t ❧✬❡①♣❧♦✐t❛t✐♦♥ ❞❡s ♠ét❤♦❞❡s r❡q✉✐èr❡♥t
é❣❛❧❡♠❡♥t ❞❡s ❝♦♠♣ét❡♥❝❡s ♠✉❧t✐✲❞✐s❝✐♣❧✐♥❛✐r❡s✳ ▲❛ ✜♥❛❧✐té ❞❡ ♠♦♥ tr❛✈❛✐❧ ❡st ❞❡ ♣r♦♣♦s❡r
❛✉① ❜✐♦❧♦❣✐st❡s ✉♥ ♦✉t✐❧ ❛✉t♦♠❛t✐q✉❡ ❡✣❝❛❝❡ ♣❡r♠❡tt❛♥t ❞✬❛♥❛❧②s❡r ❧❡✉rs ❞♦♥♥é❡s ❡t
❞❡ ❢♦✉r♥✐r ❞❡s rés✉❧t❛ts ❜✐♦❧♦❣✐q✉❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡s✳ ❈❡❝✐ ❛ été ré❛❧✐sé s♦✉s ❢♦r♠❡ ❞❡
♣❛❝❦❛❣❡s ❘ ❡t ❣râ❝❡ à ❧✬♦✉t✐❧ ❞❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s rés✉❧t❛ts st❛t✐st✐q✉❡s ✐♥té❣ré à ❧❛ ❜❛s❡
❞❡ ❞♦♥♥é❡s ❋▲❆●❞❜✰✰✳

❉❛♥s ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ❞✬❛♠é❧✐♦r❛t✐♦♥ ❞❡s ♦✉t✐❧s ♠✐s à ❞✐s♣♦s✐t✐♦♥ ❞❡s ✉t✐❧✐s❛t❡✉rs
❜✐♦❧♦❣✐st❡s✱ ❧❛ ❣❡st✐♦♥ s✐♠✉❧t❛♥é❡ ❞❡ ♣❧✉s✐❡✉rs ré♣❧✐❝❛ts ❜✐♦❧♦❣✐q✉❡s ❡st ✐♠♣♦rt❛♥t❡✳ ❈❡tt❡
❛❞❛♣t❛t✐♦♥ ❛ ❞é❥à été ré❛❧✐sé❡ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❈❤■P♠✐① ❞❡ ♠é❧❛♥❣❡ ❞❡ ré❣r❡ss✐♦♥s ✭❛✈❡❝
▼✉❧t✐❈❤■P♠✐①✱ ❝❢✳ ❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✶✮ ❡t ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣♦✉r
❧❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧✳
❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♠♦❞è❧❡ ❣❛✉ss✐❡♥ ❜✐❞✐♠❡♥s✐♦♥♥❡❧ ♣♦✉rr❛✐t êtr❡ ❣é♥ér❛❧✐sé à ❧❛ ❝♦♠♣❛r❛✐s♦♥
❞❡ d > 2 é❝❤❛♥t✐❧❧♦♥s✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✱ ❧✐♥é❛✐r❡ ❡♥ d ❡t q✉❛❞r❛t✐q✉❡ ❡♥ ❧❡
♥♦♠❜r❡ ❞❡ ❣r♦✉♣❡s K✱ r❡st❡ ❡♥❝♦r❡ très ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt ❛✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳
❚♦✉t❡❢♦✐s✱ ❧❛ ❞✐✣❝✉❧té ♠❛❥❡✉r❡ r❡♣♦s❡ s✉r ❧❡s ❝♦♥tr❛✐♥t❡s ❣é♦♠étr✐q✉❡s ❞❛♥s ❧❡ ♠♦❞è❧❡
✭❈❤❛♣✐tr❡ ✸ ❙❡❝t✐♦♥ ✷✳✷✮ q✉✐ ❞❡✈r♦♥t êtr❡ r❡❞é✜♥✐❡s ❡♥ ❞✐♠❡♥s✐♦♥ s✉♣ér✐❡✉r❡✳
P❛r ❛✐❧❧❡✉rs✱ ♥♦✉s s♦✉❤❛✐t♦♥s ♥♦✉s ✐♥tér❡ss❡r ❛✉ ♣r♦❜❧è♠❡✱ ✐♥tr✐♥sèq✉❡ ❛✉ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡✱ ❞❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✬✉♥ ❣r♦✉♣❡ q✉✐ ♥❡ ❝♦♥t✐❡♥t q✉❡ ♣❡✉ ❞✬♦❜s❡r✈❛t✐♦♥s✳
❊♥ ❡✛❡t✱ ❞❛♥s ❝❡rt❛✐♥❡s ❡①♣ér✐❡♥❝❡s✱ ✉♥❡ ♣r♦♣♦rt✐♦♥ très ❢❛✐❜❧❡ ❞❡ s♦♥❞❡s ❡st ❛tt❡♥❞✉❡
♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t ❤②❜r✐❞é❡ ❞❛♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ❡t ❧❡ ❣r♦✉♣❡ ❝♦rr❡s♣♦♥❞❛♥t ♥✬❡st ❛❧♦rs
♣❛s ✐❞❡♥t✐✜é ❝♦♥✈❡♥❛❜❧❡♠❡♥t✳ ▲❡ ♠♦❞è❧❡ ❝♦♥s✐❞ér❛♥t ✉♥ ❣r♦✉♣❡ ❞❡ ♠♦✐♥s ✭K = 3 ❛✉ ❧✐❡✉
❞❡ K = 4✮ ♥✬❡st ♣❛s s❛t✐s❢❛✐s❛♥t ❝❛r ❝✬❡st ❥✉st❡♠❡♥t ❝❡tt❡ ♣♦♣✉❧❛t✐♦♥ q✉✐ ✐♥tér❡ss❡ ❧❡
❜✐♦❧♦❣✐st❡✳ ❯♥ ❝❛❧❝✉❧ ❞❡ ❞✐st❛♥❝❡ ❞❡ ▼❛❤❛❧❛♥♦❜✐s ♦✉ ✉♥ t❡st ❞✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s s♦♥❞❡s
❛✉① ❣r♦✉♣❡s ♣♦✉rr❛ êtr❡ ❡♥✈✐s❛❣é✳

▲❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡ séq✉❡♥ç❛❣❡ à ❤❛✉t✲❞é❜✐t s♦♥t ❡♥ ❝♦♥st❛♥t❡ é✈♦❧✉t✐♦♥ ❞❡♣✉✐s
❧✬❛♣♣❛r✐t✐♦♥ ❞❡s ♣✉❝❡s à ❆❉◆✳ ▲❛ ❞❡♥s✐té ❞❡s t✐❧✐♥❣ ❛rr❛②s ♥❡ ❝❡ss❡ ❞✬❛✉❣♠❡♥t❡r ♣♦✉r
❛tt❡✐♥❞r❡ q✉❛s✐♠❡♥t ❞❡✉① ♠✐❧❧✐♦♥s ❞❡ s♦♥❞❡s ❛✉❥♦✉r❞✬❤✉✐✳ ▲❛ q✉❛♥t✐té ❞❡ ❞♦♥♥é❡s
❣r❛♥❞✐ss❛♥t❡ ❛ ✐♠♣❧✐q✉é ✉♥ ❢♦rt ✐♥✈❡st✐ss❡♠❡♥t ❡♥ t❡r♠❡s ❞✬❛♥❛❧②s❡✳ ❆❧♦rs q✉✬❡♥ ✷✵✵✹
❞❡ ♥♦♠❜r❡✉① ❛rt✐❝❧❡s ❛✈❛✐❡♥t s♦✉❧✐❣♥é ❧❛ ♥é❝❡ss✐té ❞❡ ♠❡ttr❡ ❛✉ ♣♦✐♥t ❞❡s ♣r♦❝é❞✉r❡s
st❛t✐st✐q✉❡s ❡✣❝❛❝❡s ✭❇✉❝❦ ❡t ▲✐❡❜✱ ✷✵✵✹✮✱ ✐❧ ❡①✐st❡ ❛✉❥♦✉r❞✬❤✉✐ ❜❡❛✉❝♦✉♣ ❞❡ ♠ét❤♦❞❡s
♣♦✉r ❛♥❛❧②s❡r ❧❡s ❞♦♥♥é❡s t✐❧✐♥❣ ❛rr❛②s✳ ▲❡s ♠ét❤♦❞❡s s♦♥t ✈❛r✐é❡s✱ ♠❛✐s ❧❡s ♠♦❞è❧❡s à
✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s s❡♠❜❧❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❢❛✐r❡ ❝♦♥s❡♥s✉s✳
P❛r❛❧❧è❧❡♠❡♥t✱ ❞❡♣✉✐s ❞❡✉① ♦✉ tr♦✐s ❛♥s✱ ❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡ séq✉❡♥ç❛❣❡ ♦♥t ❝♦♥♥✉
✉♥❡ ✈ér✐t❛❜❧❡ ré✈♦❧✉t✐♦♥ ❣râ❝❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬♦✉t✐❧s ♣♦✉r ❧❡ séq✉❡♥ç❛❣❡ ♣❛r❛❧❧è❧❡
♠❛ss✐❢ ❞❡s ♠♦❧é❝✉❧❡s ❞✬❆❉◆✱ q✉✐ ❢♦✉r♥✐ss❡♥t ✉♥❡ rés♦❧✉t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞✉ ♥✉❝❧é♦t✐❞❡✳ ▲❛
t❡❝❤♥♦❧♦❣✐❡ ❛♣♣❡❧é❡ ◆❡①t ●❡♥❡r❛t✐♦♥ ❙❡q✉❡♥❝✐♥❣ ✭◆●❙✮ ♣r♦❞✉✐t ♣❧✉s✐❡✉rs ❣✐❣❛❜❛s❡s ❞❡
séq✉❡♥❝❡s ♥✉❝❧é♦t✐❞✐q✉❡s ❡♥ q✉❡❧q✉❡s ❥♦✉rs s❡✉❧❡♠❡♥t✱ ❡t s❛♥s ✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ s✉♣♣♦rt✳
❈❡tt❡ t❡❝❤♥✐q✉❡ ❛ été ét❡♥❞✉❡ à ❧✬❛♥❛❧②s❡ ❞✉ tr❛♥s❝r✐♣t♦♠❡ ✭❘◆❆✲❙❡q✮ ❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✶✷✾

♣r♦té✐♥❡s✲❆❉◆ ✭❈❤■P✲❙❡q✮✳ ❆✈❡❝ ✉♥ ❛❝❝ès ❞✐r❡❝t à ❧❛ séq✉❡♥❝❡✱ ❧❡ ❘◆❆✲❙❡q ♣❡r♠❡t
❞✬❛♥❛❧②s❡r ❧❡ tr❛♥s❝r✐♣t♦♠❡ ❞❡ ♠❛♥✐èr❡ ♣❧✉s ✜♥❡✱ ❛✈❡❝ ✉♥❡ très ❣r❛♥❞❡ s❡♥s✐❜✐❧✐té ❞❡
❞ét❡❝t✐♦♥ ❡t ✉♥❡ ❣❛♠♠❡ ❞②♥❛♠✐q✉❡ ❞✬❡①♣r❡ss✐♦♥ ♣❧✉s ❧❛r❣❡ q✉❡ ♣♦✉r ❧❡s t✐❧✐♥❣ ❛rr❛②s✳
❈❡♣❡♥❞❛♥t✱ ❝♦♠♠❡ t♦✉t❡ ♥♦✉✈❡❧❧❡ t❡❝❤♥♦❧♦❣✐❡✱ ❧❛ t❡❝❤♥♦❧♦❣✐❡ ◆●❙ r❡st❡ ♣♦✉r ❧✬✐♥st❛♥t
❝♦ût❡✉s❡ ✭séq✉❡♥❝❡r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❝♦ût❡ ❡♥✈✐r♦♥ ✩✶✵✵✵✱ s♦✐t ❞✐① ❢♦✐s ♣❧✉s q✉✬✉♥❡ ♣✉❝❡✮
❡t s♦✉✛r❡ ❞❡ ❜✐❛✐s t❡❝❤♥✐q✉❡s ✐♥❝♦♥trô❧és ✭❖s❤❧❛❝❦✱ ❘♦❜✐♥s♦♥ ❡t ❨♦✉♥❣✱ ✷✵✶✵✮✳ ❊❧❧❡
s♦✉❧è✈❡ ❞❡ ♥♦✉✈❡❧❧❡s q✉❡st✐♦♥s ❝♦♠♠❡ ❧✬❛ss❡♠❜❧❛❣❡ ❞❡s ❣é♥♦♠❡s ♦✉ ❧❡ r❡❛❞ ♠❛♣♣✐♥❣✱ ❛✐♥s✐
q✉❡ ❝♦♠♠❡♥t ❝❤♦✐s✐r ✉♥❡ ♣r♦❢♦♥❞❡✉r ❞❡ séq✉❡♥ç❛❣❡ s✉✣s❛♥t❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❛♥❛❧②s❡
✭❝✬❡st✲à✲❞✐r❡ ❝♦♠❜✐❡♥ ❞❡ ❢♦✐s ❧✬é❝❤❛♥t✐❧❧♦♥ ❞♦✐t êtr❡ séq✉❡♥❝é✮✳ ❉❡ ♣❧✉s✱ ❛❧♦rs q✉❡ ❧❡ s✐❣♥❛❧
❞✬✉♥❡ ♣✉❝❡ t✐❧✐♥❣ ❛rr❛② ❡st ❞é✜♥✐ ❝♦♠♠❡ ✉♥❡ ✈❛❧❡✉r ❞✬✐♥t❡♥s✐té ♣♦✉r ❝❤❛q✉❡ s♦♥❞❡✱ ❧❡
s✐❣♥❛❧ ❞❡s ❞♦♥♥é❡s ◆●❙ ❡st ❞é✜♥✐ ❝♦♠♠❡ ✉♥ ❝♦♠♣t❛❣❡ ❞✉ ♥♦♠❜r❡ ❞❡ r❡❛❞s ✭❝♦✉rts
❢r❛❣♠❡♥ts ❞✬❆❉◆✮ ❝❤❡✈❛✉❝❤❛♥t ❝❤❛q✉❡ ♣❛✐r❡ ❞❡ ❜❛s❡✳ ❈❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❧❛ ♥❛t✉r❡
❞❡s ❞♦♥♥é❡s ♥é❝❡ss✐t❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ str❛té❣✐❡s ❞✬❛♥❛❧②s❡ ❛♣♣r♦♣r✐é❡s ❡t ♣♦s❡ ❞❡s
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ABSTRACT

Motivation: Chromatin immunoprecipitation (ChIP) combined with

DNA microarray is a high-throughput technology to investigate DNA–

protein binding or chromatin/histone modifications. ChIP–chip data

require adapted statistical method in order to identify enriched

regions. All methods already proposed are based on the analysis

of the log ratio (Ip/Input). Nevertheless, the assumption that the log

ratio is a pertinent quantity to assess the probe status is not always

verified and it leads to a poor data interpretation.

Results: Instead of working on the log ratio, we directly work with the

Ip and Input signals of each probe by modeling the distribution of the

Ip signal conditional to the Input signal. We propose a method named

ChIPmix based on a linear regression mixture model to identify actual

binding targets of the protein under study. Moreover, we are able to

control the proportion of false positives. The efficiency of ChIPmix

is illustrated on several datasets obtained from different organisms

and hybridized either on tiling or promoter arrays. This validation

shows that ChIPmix is convenient for any two-color array whatever

its density and provides promising results.

Availability: The ChIPmix method is implemented in R and is

available at http://www.agroparistech.fr/mia/outil_A.html

Contact: marie_laure.martin@agroparistech.fr

1 INTRODUCTION

Chromatin immunoprecipitation (ChIP) is a well-established

procedure used to investigate proteins associated with DNA. ChIP on

chip involves analysis of DNA recovered from ChIP experiments by

hybridization to microarray. In a two-color ChIP–chip experiment,

two samples are compared: DNA fragments crosslinked to a protein

of interest (IP) and genomic DNA (Input). The two samples are

differentially labeled and then co-hybridized on a single array. The

goal is then to identify actual binding targets of the IP, i.e. probes

whose IP signal is significantly larger than the Input signal.

Many authors have already pointed out the need for efficient

statistical procedures to detect enriched probes (Buck and Lieb,

2004; Keles, 2007). Recently, two strategies have been widely

applied for the detection of enriched DNA regions. The first strategy

takes advantage of the spatial structure of the data. Since probes are

positioned all along the genome, if one region is enriched we expect

several adjacent probes to obtain high ratio measurements, resulting

in a ‘peak’ of intensity. Spatial methods such as sliding windows

∗
To whom correspondence should be addressed.

†
The authors wish it to be known that, in their opinion, the first two authors

should be regarded as joint First Authors.

(Cawley et al., 2004; Keles, 2007) or Hidden Markov Models

(Ji and Wong, 2005; Li et al., 2005) have been proposed to detect

these peaks. Alternatively, the second strategy is to consider that the

whole population of probes can be divided into two components: the

population of IP-enriched genomic fragments, and the population of

genomic DNA that is not IP enriched. Different statistical methods

have been proposed to distinguish between the two populations by

considering the distribution of the ratios (or their associated rank).

Assuming that a non-negligible proportion of the fragments are

enriched, the log ratio distribution is bimodal, the highest mode

corresponding to the enriched population. A probe is then declared

enriched when its ratio exceeds a selected cutoff, which is fixed

according to the data distribution (Buck and Lieb, 2004).

Importantly, both strategies assume that the log ratio measurement

is a pertinent statistical quantity to assess the probe status (enriched

or not). This assumption is correct if the distribution of the ratio

mostly depends on the status (normal/enriched) of the probe.

Figure 1A shows the ideal situation described in Buck and Lieb

(2004), where the distribution is bimodal. In many applications,

the distribution of the log ratios is closer to Figure 1B, and the

performance of log ratio-based methods may be poor. At least two

technical reasons may explain the difference between the ideal and

real cases. First, there are some technical difficulties to obtain the

IP sample: it requests the use of a very specific antibody and a

careful experimental process to avoid a high level of contamination.

The second reason comes from the possible cross-hybridization

phenomena.

From observation of Figure 1, we argue that it is worth working

directly with the two measurements of each probe (Input and IP)

rather than with the log ratio. In Figure 1C, we observe that

the relationship between the two measurements is almost linear.

Working on log ratio amounts to stating that the slope of the

linear relationship is the same whatever the status of the probe. In

many cases the slopes are different: Figure 2 (synthetic data) shows

that even a slight difference between the two slopes may turn the

distribution of the log ratios into unimodal rather than bimodal, as

observed for the NimbleGen slide in Figure 1.

In this work, we propose a new statistical method that we call

ChIPmix, based on a mixture model of regressions. This framework

allows us to well characterize the IP–Input relationship, and to

provide a statistical procedure to control the proportion of probes

wrongly classified as enriched. The article is organized as follows.

The statistical model and the procedure for false positive control

are described in Section 2. In Section 3, we consider several

large datasets obtained from different organisms and hybridized on

different array types (tiling or promoter). We show that the method

© The Author 2008. Published by Oxford University Press. All rights reserved. For Permissions, please email: journals.permissions@oxfordjournals.org i181
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Fig. 1. (A) Ideal log ratio distribution with two distinct peaks. (B) Log ratio distribution on a real example (NimbleGen array). (C) Associated plot of IP

versus Input (NimbleGen array).

A B

DC

Fig. 2. Synthetic data. (A,B) Two populations with linear relationship and equal slopes. The corresponding log ratio histogram is bimodal. (C,D) Two

populations with linear relationship but different slopes. The corresponding log ratio histogram is unimodal.

outperforms competing methods in terms of sensitivity. The main

conclusions and some possible extensions are discussed in Section 4.

2 STATISTICAL FRAMEWORK

2.1 Model and inference

Let (xi,Yi) be the log-Input and log-IP intensities of probe i,

respectively. The (unknown) status of the probe is characterized

through a label Zi which is 1 if the probe is enriched and 0 if it is

normal (not enriched). We assume the Input–IP relationship to be

linear whatever the population, but with different slope and intercept.

More precisely, we have:

Yi = a0 +b0xi +ǫi if Zi =0 (normal)

= a1 +b1xi +ǫi if Zi =1 (enriched)

where ǫi is a Gaussian random variable with mean 0 and variance

σ 2. Such a model is named a mixture model of regressions.
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The marginal distribution of Yi for a given level of Input xi is

(1−π )φ0(Yi|xi)+πφ1(Yi|xi), (1)

where π is the proportion of enriched probes, and φj(·|x) stands for

the probability density function (PDF) of a Gaussian distribution

with mean aj +bjx and variance σ 2.

The mixture model is used to classify probes as normal or

enriched. To do this, we calculate the probability of a probe to be

enriched given its Input and IP intensities. This probability is called

the posterior probability and is defined from Equation (1) by

τi =Pr{Zi =1 |xi,Yi}=
πφ1(Yi|xi)

(1−π )φ0(Yi|xi)+πφ1(Yi|xi)
. (2)

The mixture parameters (proportion, intercepts, slopes and

variance) are estimated using the EM algorithm. The EM algorithm

is dedicated to the class of incomplete data models where the

status of the observations is unknown. In the E step, the posterior

probability for each observation to belong to each class is calculated.

In the M step, the parameters of each class are estimated using a

weighted regression, in which the weights are given by the posterior

probabilities. This algorithm is implemented in the mixreg function

of the mixreg R package (Turner, 2000). Figure 4A shows the

application of Chipmix on the NimbleGen high-density array data,

presented in Section 3.3.

In the mixreg function, the initial values of the parameters

must be given by the users otherwise they are chosen randomly.

Nevertheless, the EM algorithm is well-known to be sensitive to

the initial values (Bohning and Seidel, 2003; Karlis and Xekalaki,

2003) and to solve this difficulty, we propose initial values derived

from the first axis of the Principal Component Analysis (PCA) of

the whole dataset (see the ChIPmix R function for details).

The mixture model with two linear regressions is adapted if the

protein under study has some targets. When the protein has no target,

all probes belong to the normal class. In this case, a simple linear

regression is sufficient to fit the data. For each dataset the two

models (one or two classes) are fitted and the best model is selected

according to the BIC criterion (Schwarz, 1978).

2.2 False discovery control

Posterior probabilities are used to classify probes into the normal or

enriched class, using the following classification rule

τi >s ⇒ Ẑi =1 classified as enriched,

where s is an arbitrary threshold that has to be fixed. In the context

of mixture models, s is usually fixed to 1/2 (Maximum A Posteriori

rule) which implicitly means that misclassifications in population 0

or in population 1 have the same cost.

In ChIP–chip experiments, where false positives are of concern,

it is important to control the false positive proportion and to fix s

accordingly. In the hypothesis test theory, the false discovery control

is performed by controlling the probability to reject wrongly the

null hypothesis. We propose an analogous concept in the mixture

model framework. Our aim is to control the probability for a probe

to be wrongly assigned to the enriched class. Therefore, we want

Pr{τi >s |xi,Zi =0} to be equal to a predefined level α. In practice,

we fix α and we find the threshold s depending on α and xi (see

Appendix).

3 RESULTS

We present three applications of ChIPmix to assess the performance

of the method whatever the specificity and density of the array (tiling

or promoter array). The first two applications validate the method on

already published data. The third dataset is used to compare ChIPmix

with existing methods.

3.1 Promoter DNA methylation in the human genome

Weber et al. (2007) measured DNA methylation using a NimbleGen

microarray representing 15 609 promoter regions of the human

genome. Each promoter region is covered by 15 probes and is

classified into a category according to its CpG rate. We focus on

the analysis of the class ICP (intermediate CpG promoter). Weber

et al. based their classification on the mean log ratio value for the

15 probes per promoter region. If this value was larger than 0.4

(threshold based on bisulfite sequencing), the promoter region was

declared hypermethylated. Among the 2056 promoter regions under

study, 460 were declared hypermethylated.

We applied ChIPmix to these data without averaging the 15 values

per promoter region. The estimated proportion π of enriched probes

was 0.794. This is in keeping with a large proportion of targets

expected in such experiments. The estimated regression slopes were

b̂0 =0.613 for the normal class and b̂1 =1.162 for the enriched one,

which shows that the Input–Ip relations substantially differ between

the two status. At the level α=0.01, a total of 1706 promoter

regions were found to have at least one probe enriched. Except

for one region, all the promoter regions of the Weber’s list have

at least enriched probe, and 403 have 5 or more enriched probes.

Besides, ChIPmix identified 38 promoter regions with 9 probes or

more classified as enriched that were not detected in Weber et al.

(2007).

3.2 Histone modification in Arabidopsis thaliana

Turck et al. (2007) studied several histone modifications of

A.thaliana using a custom genomic tiling array of Chromosome 4.

To declare a tile enriched, they developed a two-step method based

on a Gaussian mixture model and a total of 2775 tiles were found

to be marked by histone H3 trimethylated at lysine 27 (H3K27me3)

according to their analysis.

We analyzed the same dataset using ChIPmix. The estimated

proportion and slopes were π̂ =0.361, b̂0 =0.907 and b̂1 =1.167.

The tiles classified as enriched at risk α=0.01 include all the tiles

found by Turck et al. (2007) plus 2346 others: 1404 tiles extend

the genomic region already found marked by H3K27me3 and 942

tiles form 62 new genomic regions. The difference between the two

slopes enables us to better discriminate the two classes for high Input

intensities. This may explain the higher number of enriched probes

detected by ChIPmix.

3.3 NimbleGen high-density array (Histone

modification H3K9me3)

In this last example, we considered Chip–chip data produced on a

two-color NimbleGen array of 1 132 140 probes. Each chromosome

of the model plant A.thaliana is covered by about 200 000 probes.

Such very high-density arrays are more and more popular, so we

need to assess the efficiency of ChIPmix on such a very large dataset.
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From a biological point of view, the same IP and Input samples

were already hybridized on a custom genomic tilling array covering

the Chromosome 4 (Turck et al., 2007). Regions identified in Turck

et al. (2007) were biologically validated and are used as true

positives. In addition, the chloroplastic genome can be used as a

negative control, since no histone modification target is expected

in this region. We did not use the mitochondrial genome as a

negative control since some regions have been duplicated in the

nuclear genome. From a statistical point of view, since ChIPmix

does not take the spatial structure into account, it is important

to compare it with methods using this information. We compared

our results with those provided by the NimbleGen software and

ChIPOTle method (Buck et al., 2005). NimbleGen software uses a

permutation-based algorithm to find statistically significant peaks,

using scaled log ratio data, and ChIPOTle method uses a sliding

window approach.

Two biological replicates were available, for which hybridizations

were performed in dye-swap. We performed a normalization step to

remove technical biases as well as dye bias. Since the Input and IP

samples differed substantially, array-by-array normalization such as

lowess could not be applied. We quantified biases by an ANOVA

model (Kerr et al., 2002), and removed them from the raw data.

The IP and Input signals for each biological replicate were averaged

on the dye-swap to remove the gene-specific dye bias. Analyses per

chromosome were performed on the normalized data.

For a risk α=0.01, a total of 30 477 probes were detected in the

first replicate and 27 553 in the second. The intersection contains

more than two-thirds of the probes declared enriched in at least

one replicate (23 546 probes). Although ChIPmix does not take the

spatial structure of the genome into account, enriched probes are

clustered in genomic regions (Fig. 3). These regions are rich in genes

and corroborate the results of Turck et al. (2007), who have shown

that H3K9me3 is actually a euchromatin mark. Moreover, more than

80% of the probes classified as enriched in this experiment cover

genomic regions already found in Turck et al. (2007).

For the chloroplastic genome, the BIC criterion selected a two

component regression model. For the first biological replicate, two

2-probe clusters and one 3-probe cluster were declared enriched.

On the same replicate, ChIPOTle (window = 500 and step = 100)

found five 2-probe clusters, two 3-probe cluster and one 6-probe

cluster. With other parameters (window = 200 and step = 50), the

number of detected peaks increased. Results are similar for the

second biological replicate, and one cluster was declared enriched

with ChIPmix in both biological replicates (two with ChIPOTle).

NimbleGen did not provide the analysis of the chloroplastic genome.

We also compared ChIPmix to the results given by NimbleGen

and ChIPOTle on Chromosome 4, studied in Turck et al. (2007).

The probes declared enriched by ChIPmix include almost all

of those found enriched by the NimbleGen software, but cover

much larger genomic regions. Moreover ChIPmix identifies other

genomic regions not found by the NimbleGen software (Fig. 3),

that are validated by a comparison with results of Turck et al.

(2007). ChIPmix detects 30 477 enriched probes, including 24 575 in

common with Turck et al. (2007). ChIPOTle detects 24 357 probes

[20 866 common with Turck et al. (2007)] and NimbleGen detects

19 837 probes [16 600 common with Turck et al. (2007)] (Fig. 4B).

Among the three methods ChIPmix provides the closest results to

the reference publication.

4 DISCUSSION

We propose a statistical method based on mixture of regression to

classify probes in ChIP–chip experiments. Our approach accounts

for different relations between IP and Input intensity in the two

classes of probes (enriched and normal). The ChIPmix method

outperforms the standard approaches based on the log ratio.

We presented various applications each dedicated to one specific

biological question (histone modification and DNA methylation on

different organisms). ChIPmix can also be applied to the detection

of transcription factor binding sites (TFBS, results not shown).

Fig. 3. Genomic region of Chromosome 4 of A.thaliana visualized with SignalMapTM . In the first line annotation is given, the boxes are the genes, the second

line shows the genomic regions found by the NimbleGen software. Thick bars are not enriched and the others bars are colored according to a FDR value and

are all enriched. The third line gives the probes declared enriched by ChIPmix with α=0.01. The fourth line gives the results of ChIPOTle (window = 500,

step = 100).
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Fig. 4. (A) IP intensities versus Input Intensities colored according to the posterior probabilities τ̂i. Colors change every 20% (blue: τ̂i <20%, red: τ̂i >80%).

The two lines are the two estimated linear regressions of the mixture. (B) Venn diagram summarizing the results of the three methods.

The method is valid when the proportion of positive probes is

expected to be large (e.g. histone modification), or small (e.g.

TFBS). Through the examples we have shown that ChIPmix is

convenient for any two-color chip whatever its density (array size

from thousands to hundreds of thousands of probes) and the nature

of the probe (tiling and promoter arrays).

ChIPmix does not account for the spatial structure of the

data. While this could be seen as a drawback, we showed that

enriched probes are clustered into genomic regions in the presented

applications. Moreover, this may become perfectly relevant for

specific experiments as well as RIP-chip, which investigates

interactions between protein and RNA (Schmitz-Linneweber et al.,

2005) or ChIP–chip experiments performed on array where

promoter are represented by only one probe (see project SAP at

www.psb.ugent.be/SAP/).

The only parameter of the ChIPmix method is the risk α, which

can be easily interpreted. In contrast, two parameters have to be

tuned in the ChIPOTle method (window size and step). The tuning

of this two parameters depends on both the experimental protocol

and the array type. The results are very sensitive to this tuning.

The proposed strategy can be extended in different ways. The

ChIPmix extension to the unequal variance case is straightforward.

However, the equal variance case provides an efficient framework

for the false discovery control. If the equality of variance is not

assumed, the calculations given in appendix do not hold anymore,

and the solving of the equation system becomes much more

complex.

The proposed regression models allow us to correct the IP

intensity with respect to the Input one. Other elements may influence

the level of IP signal. Weber et al. (2007) show that the CpG rate

has to be taken into account to classify probes. The specificity of

the probes (number of hits) may also alter the IP intensity. All this

information can be considered as covariates and added in the model.

This will lead to a mixture of multiple regression for which the

statistical framework is almost the same as the one we propose.

The proportion of false negative results can be controlled in the same

way as the false discovery described in Section 2.2. This allows us

to evaluate the sensitivity of the classification at each Input level.

Moreover, the two criteria (false negative and false discovery) can

be combined to derive a threshold s that optimizes some trade-off

between them.
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APPENDIX

We propose to control the probability for a normal probe i to be

wrongly assigned to the enriched class:

Pr{τi >s |xi,Zi =0}=α. (3)

In practice, we fix α and we find the threshold s depending on α and

xi. Using definition 2, Pr{τi >s |xi,Zi =0} can be rewritten as

Pr{(1−π )φ0(Yi|xi)(1−s)−sπφ1(Yi|xi)>0 |xi,Zi =0}.

Replacing the probability density functions φ0(Yi|xi) and φ1(Yi|xi)

with their expression, we get Equation (3) equivalent to

Pr

(
2

(a0 −a1)+(b0 −b1)xi

σ 2
Yi +γ (s,xi)>0 |xi,Zi =0

)
=α, (4)

where

γ (s,xi) =
(a0 +b0xi)

2 −(a1 +b1xi)
2

σ 2

−2log{s(1−π )}+2log{(1−s)π}.

Since the status of probe i is normal (Zi =0), the distribution of Yi

is a Gaussian with mean a0 +b0xi and variance σ 2, and we deduce

that Equation (4) is equivalent to solve

γ (s,xi)=
2(a0 −a1 +(b0 −b1)xi)

σ

{
u1−α +

(a0 +b0xi)

σ

}
,

where u1−α is the (1−α) quantile of Gaussian with mean 0 and

variance 1.

Using the definition of γ (s,xi), the expression of threshold s is

given by

s=
eλ

1+eλ
,

where

λ =

(
a1 −a0 +(b1 −b0)xi

σ

)(
u1−α −

a1 −a0 +(b1 −b0)xi

2σ

)

−log

(
1−π

π

)
·
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Résumé L’immunoprécipitation de la chromatine (ChIP) permet d’étudier les in-
teractions entre les protéines et l’ADN ainsi que différents états chromatiniens. Le
ChIP-chip est une technique combinant l’immunoprécipitation de la chromatine avec
le principe des puces à ADN, ce qui permet une étude à l’échelle du génome. Nous
nous intéressons ici à l’analyse des différences entre deux échantillons d’ADN im-
munoprécipité. Biologiquement, on s’attend à distinguer quatre groupes différents :
un groupe d’ADN non-immunoprécipité, un groupe d’ADN immunoprécipité identi-
quement dans les deux échantillons et deux groupes dans lesquels l’ADN est immu-
noprécipité en quantités différentes. Nous modélisons ces données par un mélange de
gaussiennes bidimensionnelles à quatre composants. Les matrices de variance sont
contraintes afin d’intégrer des connaissances biologiques. Les paramètres sont estimés
par l’algorithme EM. Nous appliquons cette méthode pour étudier la différence de
méthylation d’une histone entre l’écotype sauvage de la plante modèle Arabidopsis

thaliana et un mutant.
Mots-clés : Mélange gaussien, décomposition spectrale, algorithme EM,

ChIP-chip.

Résumé Chromatin immunoprecipitation (ChIP) enables to investigate interac-
tions between proteins and DNA and also various chromatin states. ChIP-chip is
a well-established procedure combining chromatin immunoprecipitation with DNA
microarrays, which allows a study of the whole genome. We are interested in the
analyze of the differences between two immunoprecipitated DNA samples. From a
biological point of view, we expect to distinguish four different groups : a group of
non-immunoprecipited DNA, a group of immunoprecipited DNA in both samples,
and then two groups in which DNA is differently immunoprecipited. We propose to
model these data with a mixture of two-dimensional Gaussians with four compo-
nents. Biological knowledges are included as constraints on the variance matrices.
The parameters are estimated by the EM algorithm. This method is applied to Nim-
bleGen data in order to study the histone methylation difference between the wild
ecotype of the model plant Arabidopsis thaliana and a mutant.
Keywords : Gaussian mixture, eigenvalue decomposition, EM algorithm,

ChIP-chip.
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1 Introduction

La connaissance des mécanismes de régulation des gènes est essentielle pour com-
prendre certains concepts biologiques importants. On sait par exemple que le développement
d’un organisme dépend grandement de l’harmonisation de l’expression de ses gènes. Après
le séquençage entier des génomes à grande échelle, le défi consiste donc aujourd’hui à com-
prendre le fonctionnement des gènes, c’est-à-dire à déterminer leur fonction et leur patron
d’expression.

Dans le noyau des cellules eucaryotes, l’ADN est fractionné en chromosomes et il est
condensé sous forme de chromatine. La chromatine est un complexe ADN-protéines qui
joue un rôle essentiel dans le contrôle de l’activité des gènes. Les protéines présentes
sont principalement des histones. La condensation de l’ADN en chromatine s’organise
de manière séquentielle et ordonnée. En premier lieu, 147 paires de bases d’ADN s’en-
roulent autour d’un octamère d’histones pour former un nucléosome. Dans un second
niveau d’organisation, les nucléosomes se compactent et forment une hélice. Cette hélice
est finalement condensée en euchromatine (condensation légère) ou en hétérochromatine
(condensation plus prononcée) constituant un troisième niveau d’organisation. Les gènes
localisés dans l’euchromatine peuvent être plus facilement transcrits car la condensation
est légère. Cette structure d’organisation du génome dans le noyau constitue en elle-même
un mécanisme de répression ou d’activation de la transcription des gènes. En effet, pour
activer la transcription d’un gène donné dans une cellule, la chromatine comprise dans la
région de contrôle du gène doit être modifiée ou altérée de façon à être permissive à la
transcription. Les modifications post-traductionnelles d’histone (comme la méthylation,
l’acétylation, l’ubiquitination ou la phosphorilation) sont des mécanismes impliqués dans
la régulation de l’expression des gènes (Turck et al. [18]).

L’immunoprécipitation de la chromatine (ChIP) permet d’étudier les interactions entre
les protéines et l’ADN ainsi que différents états chromatiniens associés à des états d’acti-
vité distincts du génome. Le ChIP-chip est une technique combinant l’immunoprécipitation
de la chromatine avec le principe des puces à ADN (Amaratunga et Cabrera [1]), ce qui
permet une étude à l’échelle du génome. Habituellement dans une expérience de ChIP-
chip, les deux échantillons co-hybridés sont les fragments d’ADN associés à la protéine
d’intérêt ou à une marque chromatinienne (IP) et l’ADN génomique total (INPUT). Le
but est ensuite de détecter les sondes de la puce pour lesquelles il y a un signal IP afin
d’identifier les régions génomiques où la protéine d’intérêt se fixe.

Buck et Lieb [7] ont montré la nécessité de développer de nouvelles méthodes statis-
tiques pour détecter les sondes enrichies dans les expériences de ChIP-chip. Récemment,
deux stratégies ont été largement appliquées : la première tient compte de la structure
spatiale des données (Cawley et al. [9], Keles [14]) et la seconde considère que la totalité
des sondes peut être divisée en deux populations : les sondes enrichies et les non-enrichies
(Buck et Lieb [7], Turck et al. [18], Martin-Magniette et al. [15]). Différentes méthodes
statistiques ont été proposées pour distinguer ces deux populations : toutes sont fondées
sur la distribution du log-ratio log(IP/INPUT ) (Buck et Lieb [7], Turck et al. [18]),
exceptée la méthode proposée par Martin-Magniette et al. [15] qui utilise un mélange de
régressions pour modéliser la loi de l’IP conditionnellement à l’INPUT.
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La technique du ChIP-chip permet également d’étudier directement la différence entre
deux échantillons d’ADN immunoprécipités, sans hybrider sur la puce l’ADN génomique
total (INPUT). À notre connaissance il n’existe pas de méthode pour analyser ce type de
données (IP/IP) dans la littérature. Les méthodes de segmentation initialement développées
pour l’analyse des données CGH (Hupé et al. [13], Olshen et al. [16], Picard et al. [17])
pourraient être utilisées, mais les régions génomiques non immunoprécipitées et les régions
immunoprécipitées identiquement dans les deux échantillons seraient indistinguables. De
plus ces méthodes sont assez coûteuses en temps de calcul pour des puces tiling-array qui
ont un grand nombre de sondes.

L’objectif de notre travail est de proposer une modélisation conjointe des signaux IP
obtenus par un modèle de mélange de gaussiennes bi-dimensionnelles. La description des
données est détaillée section 2. Les mélanges gaussiens bidimensionnels modélisés à l’aide
d’une décomposition de la matrice de variance sont étudiés section 3. Les connaissances
biologiques sont prises en compte sous forme de contraintes sur les paramètres du modèle
et sur le nombre de composants. Cette modélisation est détaillée dans la section 4. Une ap-
plication de la méthode sur des données issues de la technologie NimbleGen est présentée
dans la section 5.

2 Description des données

Les données analysées concernent la plante modèle Arabidopsis thaliana. Les deux
échantillons co-hybridés sur la puce visent à étudier le comportement de l’histone H3
diméthylée au niveau de la lysine 9 (H3K9me2). On compare un échantillon sauvage et
un échantillon mutant (mutant nrpdlalb).
L’expérience est faite en dye-swap (Boulicaut et Gandrillon [6]) : le principe est de faire
une répétition technique en inversant les marquages. Chaque traitement est ainsi marqué
par les deux fluorochromes, ce qui permet de contrôler le biais dû au marquage (biais
technique). Les intensités des signaux sont ensuite moyennées sur le dye-swap.
La puce à ADN utilisée est une puce tiling-array à oligos courts issue de la technolo-
gie NimbleGen. Cette puce permet d’étudier le génome nucléaire d’Arabidopsis thaliana,
composé de cinq chromosomes et des génomes mitochondrial et chloroplastique. La puce
est constituée d’environ 700 000 sondes.

Lorsque l’on étudie des données de ChIP-chip IP/IP, on s’attend à distinguer quatre
groupes (cf Figure 1) :

– Un groupe d’intensité faible qui correspond aux séquences d’ADN qui ne sont pas
immunoprécipitées (bruit).

– Un groupe où les séquences d’ADN sont immunoprécipitées en même quantité chez
le sauvage et chez le mutant. Cela correspond aux endroits sur le génome où l’histone
est méthylée identiquement dans les deux échantillons. Ce groupe sera défini dans
la suite comme groupe normal.

– Deux groupes où les séquences d’ADN sont immunoprécipitées en quantités différentes
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chez le sauvage et chez le mutant. Le taux de méthylation de l’histone H3K9me2
peut être plus faible chez le mutant (groupe appauvri), ou bien au contraire, plus
élevé (groupe enrichi).

Fig. 1 – Comparaison de deux échantillons de chromatine immunoprécipitée (sauvage vs
mutant) : Identification schématique des différents groupes.

3 Modèle de mélanges gaussiens bidimensionnels

Dans cette section, nous rappelons brièvement l’approche de classification par les
mélanges gaussiens et reprenons la modélisation des modèles de mélanges gaussiens à
l’aide d’une décomposition des matrices de variance, puis nous appliquons certains modèles
définis dans Biernacki et al. [4] à nos données.

3.1 Approche par classification

Si le but de l’analyse est la classification, le label de chaque donnée est manquant
au regard de l’échantillon observé. Notons Zik, ce label pour l’individu i, qui est une
variable aléatoire égale à 1 si le point xi appartient à la population k et 0 sinon. Les va-
riables {Z1, ...Zn} (avec Zi = {Zi1, ..., ZiK}) sont supposées indépendantes et suivent une
loi multinomiale de probabilités π1, ..., πK , qui sont les proportions des K classes dans le
mélange. Si nous notons Y le vecteur des données complètes (X,Z) où seul X est observé,
alors cette reformulation montre clairement que les modèles de mélange peuvent être vus
comme un cas particulier des modèles à structure cachée comme par exemple les modèles
de Markov cachés (Cappé et al. [8], Ephraim et Merhav [12]), la différence étant que les
variables {Z1, ...Zn} sont supposées ici indépendantes.
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Dans notre travail, la variable observée Xi = (X1i, X2i) est le signal log-IP de chaque
échantillon pour la sonde i et nous supposons que les observations proviennent d’un
mélange de densités gaussiennes. La densité du couple s’écrit :

f(Xi, ψ) =
K∑

k=1

πkφ(Xi|µk,Σk),

où πk est la proportion du k -ième composant du mélange (0 < πk < 1 ∀k = 1, ..., K et∑K
k=1 πk = 1), ψ = (π1, ..., πK−1, µ1, ..., µK ,Σ1, ...,ΣK) est le vecteur des paramètres du

mélange et φ(.|µk,Σk) est la densité d’une distribution gaussienne bidimensionnelle de
moyenne µk et de variance Σk définis au point xi par :

φ(xi|µk,Σk) =
1

2π
[det(Σk)]

−1/2 exp

{
−1

2
(xi − µk)

′Σ−1
k (xi − µk)

}
,

où M’ représente la transposée de M.

Nous calculons les probabilités conditionnelles que la sonde i appartienne à chacun
des groupes sachant l’ensemble des observations. Nous rappelons que par définition, la
probabilité conditionnelle que la sonde i appartienne au groupe k sachant l’ensemble des
observations est définie par :

τik =
π̂kφ(Xi|µ̂k, Σ̂k)∑K
l=1 π̂lφ(Xi|µ̂l, Σ̂l)

.

Nous pouvons ensuite classer la sonde i en l’attribuant au groupe pour lequel la probabilité
conditionnelle est la plus grande (règle du Maximum A Posteriori).

3.2 Paramétrisation spectrale des matrices de variance

La densité gaussienne modélise une distribution ellipsöıdale de centre µk dont les ca-
ractéristiques géométriques (volume, forme, orientation) sont définies à l’aide d’une décomposition
spectrale de la matrice de variance Σk. Pour cela, nous reprenons une paramétrisation
proposée par Banfield et Raftery [2] qui permet de proposer de nombreux modèles de
classification. Cette paramétrisation considère la décomposition spectrale des matrices de
variance :

Σk = λkDkAkD
′
k , (1)

où λk représente le volume (λk = det(Σk)
1/2), Dk représente l’orientation et Ak représente

la forme de l’ellipse. La matrice Dk est la matrice des vecteurs propres de Σk et Ak

est une matrice diagonale telle que det(Ak) = 1 avec les valeurs propres normalisées de
Σk sur la diagonale dans l’ordre décroissant. En permettant aux paramètres volumes,
formes et orientations de varier ou d’être égaux entre les classes, on obtient 14 modèles de
mélanges gaussiens différents et facilement interprétables. Les 14 modèles sont détaillés
dans Celeux et Govaert [10] : il y a 8 modèles généraux, 4 modèles avec des matrices de
variance diagonales et 2 modèles avec des formes sphériques (Ak = I).
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3.3 Application de 4 modèles de classification aux données

Les 14 modèles de classification (Celeux et Govaert [10]) sont implémentés dans le
logiciel MIXMOD [4]. À la vue des données IP/IP (cf Figure 1), nous considérons unique-
ment les modèles à quatre composants d’orientations différentes, c’est-à-dire les modèles
λDkAD

′
k, λkDkAD

′
k, λDkAkD

′
k et λkDkAkD

′
k. En reprenant les conventions de Celeux

et Govaert [10], nous notons λ (respectivement D, A) lorsque le volume (respectivement
l’orientation, la forme) est égal pour tous les composants, et λk (respectivement Dk, Ak)
lorsque le volume (respectivement l’orientation, la forme) est différent pour tous les com-
posants.
On peut choisir le meilleur modèle à l’aide du critère BIC ou du critère ICL. Le critère BIC
(Bayesian Information Criterion, Schwarz (1978)) est très utilisé pour les modèles à struc-
ture cachée, en particulier les modèles de mélange. Soit x = (x1, ..., xn) un n-échantillon
où xi = (xi1, xi2) est le signal log-IP observé pour un individu i, le critère BIC du modèle
m vaut :

BICm = −2 log
{
f(x|ψ̂m)

}
+ νm log(n),

où ψ̂m est l’estimateur des paramètres pour le modèle m et νm est le nombre de paramètres
du modèle m. Le critère ICL (Integrated Complete-data Likelihood, Biernacki et al. [5])
prend en compte la capacité d’un modèle de mélange à révéler une structure en classes
dans les données. Il correspond au critère BIC pénalisé par un terme d’entropie qui mesure
le degré d’imbrication des composants :

ICLm = BICm +Hm,

où Hm correpond à l’entropie du modèle m, avec :

Hm = −2
n∑

i=1

K∑

k=1

zik log(τik).

Les deux critères sélectionnent le modèle λkDkAkD
′
k. Ce modèle est celui qui a le plus

de paramètres à estimer (23 paramètres pour un mélange de 4 gaussiennes bidimension-
nelles), ce qui n’est pas un problème étant donné le très grand nombre de données (environ
150 000 observations par jeu de données).
Les résultats obtenus avec le modèle λkDkAkD

′
k ne nous satisfont pas (cf Figure 2). En

effet, un seul composant couvre les groupes enrichi et appauvri et trois composants sont
presque concentriques autour du groupe d’ADN non immunoprécipité (bruit). Ceci est dû
au fait que la densité de points est beaucoup plus importante au niveau du groupe d’ADN
non immunoprécipité qui regroupe environ 50% des données.

Les modèles non choisis par les critères BIC et ICL et qui considèrent un volume,
λ, constant pour les quatres composants sont un peu meilleurs du point de vue de l’in-
terprétation, mais deux composants sont très chevauchants et on ne retrouve pas le groupe
d’ADN non immunoprécipité. Beaucoup de sondes sont alors classées dans le groupe ap-
pauvri à tort (cf Figure 3).
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Fig. 2 – Droite : Isodensité des 4 gaussiennes pour le modèle λkDkAkD
′
k, Gauche : Clas-

sement des sondes en 4 groupes avec la règle du MAP

Fig. 3 – Droite : Isodensité des 4 gaussiennes pour le modèle λDkAkD
′
k, Gauche : Clas-

sement des sondes en 4 groupes avec la règle du MAP

4 Modélisation des données avec prise en compte des

connaissances biologiques

4.1 Modélisation

Afin de modéliser au mieux les données, nous ajoutons des contraintes aux modèles
détaillés section 3.3. Les contraintes supplémentaires sont déduites de connaissances bio-
logiques que nous avons sur les données. En effet, nous avons vu dans la section 2 que
l’on s’attend à identifier 4 groupes différents lorsqu’on analyse des données de ChIP-chip
IP/IP. Le nombre de composants du modèle de mélange est donc fixé à K=4. De plus,
nous avons certaines connaissances sur les 4 groupes que l’on souhaite identifier : le groupe
d’ADN non immunoprécipité et le groupe normal ont la même orientation proche de la
première bissectrice. D’autre part, on suppose que le bruit est égal dans chaque groupe,
ce qui revient à fixer la deuxième valeur propre de Σk. En effet, la première valeur propre
est associée au grand axe de l’ellipse et la deuxième est associée au petit axe de l’ellipse.
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Cette dernière hypothèse est utile pour contraindre la modélisation car des variances
hétéroscédastiques donnent souvent des résultats très instables et ne permettent pas de
retrouver les 4 groupes de la Figure 1.
Nous reprenons la paramétrisation définie section 3.2 :

Σk = λkDkAkD
′
k.

Afin d’avoir le même bruit dans chaque groupe, on contraint la seconde valeur propre de
Σk à être constante dans les 4 groupes. Les deux groupes qui ont la même orientation
auront la même matrice D. En utilisant la décomposition des matrices de variance et sous
nos contraintes, on obtient donc :






Σk = λkDkAkD
′
k = DkΛkD

′
k, pour k = 1, .., 4, avec Λk = λkAk

D1 = D2 = D

Λk =

(
u1k 0
0 u2

)
, avec u1k > u2, pour k = 1, .., 4.

De manière plus générale, on peut écrire :
{

Σk = D′kΛkDk si k ≥ 2
Σk = D′ΛkD si k < 2,

où les groupes 1 et 2 correspondent aux groupes de même orientation (groupe normal
et groupe d’ADN non immunoprécipité) et la matrice Λk est une matrice diagonale qui
contient les valeurs propres de Σk.

L’originalité de ce modèle est de proposer la possibilité d’avoir certains composants
avec une orientation fixe et d’autres composants avec une orientation libre. De plus il est
possible de fixer seulement l’une des deux valeurs propres dans le choix du volume et de
la forme pour un même composant du modèle. Dans le logiciel MIXMOD [4], le choix de
fixer ou pas le volume, l’orientation ou la forme est obligatoirement le même pour tous
les composants du modèle.

4.2 Estimation des paramètres par l’algorithme EM

Si le label de chaque donnée était observé, l’estimation des paramètres du mélange
serait évidente puisque les paramètres de chaque composant φ(xi;µk,Σk) seraient estimés
avec les individus de la population k. Mais les labels sont inconnus et l’estimation ne peut
être fondée que sur les données observées x1, ..., xn. Il n’existe pas de formules explicites
pour les estimateurs des paramètres d’un mélange, on a besoin de procédures d’estimation
itératives. Le vecteur de paramètres Ψ = (π1, ..., π3, µ1, ..., µ4,Σ1, ...,Σ4) est estimé à l’aide
de l’algorithme EM.
Pour trouver l’estimateur des matrices de variance Σk, il faut maximiser l’espérance de la
log-vraisemblance des données complétées en Σk, ce qui revient à minimiser F en D, Dk

et Λk, où F est définie par :

F =
2∑

k=1

tr(D′WkDΛ−1
k ) +

4∑

k=3

tr(D′kWkDkΛ
−1
k ) +

4∑

k=1

nk log {det(Λk)} ,
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où Wk =
∑n

i=1 τik(xi − x̄k)(xi − x̄k)
′.

On remarque que seul Λk est présent dans les 3 termes de F. Pour D et Dk, minimiser
F revient simplement à minimiser le terme où ils apparaissent. L’estimateur de Dk pour
k = 3, 4 est le même que celui proposé par Celeux et Govaert [10] pour des composants
d’orientations différentes, c’est-à-dire D̂k est la matrice des vecteurs propres de Wk.

Proposition 1 Soit Wk =
∑n

i=1 τik(xi−x̄k)(xi−x̄k)
′ est une matrice de la forme

(
w1k w2k

w2k w4k

)
.

L’estimateur du maximum de vraisemblance de la matrice d’orientation D identique pour

les deux premiers composants est de la forme

( √
d̂ −

√
1− d̂√

1− d̂
√
d̂

)
, où d̂ est un réel

positif défini par :

d̂ =






1
2

+
 

2
k=1

(w1k−w4k)

2
♥√

(
 

2
k=1

(w1k−w4k))2+4(
 

2
k=1

(w2k))2
♦ si

∑2
k=1(w1k − w4k) > 0

1
2
−

 

2
k=1

(w1k−w4k)

2
♥√

(
 

2
k=1

(w1k−w4k))2+4(
 

2
k=1

(w2k))2
♦ sinon.

(2)

Idée de la preuve 1 Minimiser F en D revient à minimiser f(D) =
∑2

k=1 tr(DΛ−1
k D′Wk).

On peut réécrire f(D) sous la forme suivante :

f(D) =
2∑

k=1

(
d′1Wkd1

u1k

+
d′2Wkd2

u2

)
,

où d′1 est le premier vecteur de la matrice D et d′2 le second.

Puisque D est une matrice orthogonale et normée, elle est de la forme

( √
d −

√
1− d√

1− d
√
d

)
.

En développant f(D) et en dérivant par rapport à d, on obtient un pôlynome de degré 4

en d qui se résout facilement. On remarque alors que D ne dépend plus de Λ. Ce résultat

analytique n’est valable qu’en dimension 2. �

Proposition 2 Soit Bk la matrice définie par Bk = D′kWkDk de la forme

(
b1k b3k

b4k b2k

)
.

L’estimateur du maximum de vraisemblance de Λk est de la forme

(
û1k 0
0 û2

)
, où

{
û1k = b1k/nk

û2 =
∑4

k=1 b2k/n
(3)

Idée de la preuve 2 En développant la trace et le déterminant, on peut réécrire F sous

la forme :

F =
4∑

k=1

(b1ku
−1
1k + b2ku

−1
2 ) +

4∑

k=1

nk {log(u1k) + log(u2)} ,

et minimiser F en Λk revient à minimiser F en u1k et u2. �
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L’estimateur de Σk est donc :

Σ̂k =

{
D̂′kΛ̂kD̂k si k ≥ 2

D̂′Λ̂kD̂ si k < 2,

avec D̂ défini par (2), D̂k est la matrice des vecteurs propres de Wk et Λ̂k défini par (3).

5 Application sur un jeu de données réel

Nous appliquons cette méthode sur les données de méthylation d’histone présentées
section 2. Les données analysées concernent le chromosome 4 d’Arabidopsis thaliana qui
est couvert par 111 699 sondes.

5.1 Initialisation de l’algorithme EM

Les résultats fournis par l’algorithme EM sont dépendants de l’initialisation. Il est im-
portant de choisir une bonne initialisation afin de ne pas tomber sur un maximum local.
En pratique, on peut initialiser l’algorithme avec les résultats fournis par les différents
modèles de MIXMOD [4] ou bien définir une classification initiale bien choisie. Il est sou-
vent plus facile de définir des probabilités conditionnelles pour chaque sonde (on peut par
exemple s’appuyer sur la Figure 1) que de proposer une matrice initiale Σk pertinente.
Le critère d’arrêt choisi pour l’algorithme EM est un critère de convergence sur les pa-
ramètres avec ε = 10−6.
Nous avons testé 11 initialisations différentes et les résultats obtenus diffèrent selon l’ini-
tialisation. Huit des 11 initialisations nous donnent le modèle auquel on s’attend biologi-
quement représenté schématiquement Figure 1. Mais il reste des différences : les sondes
difficiles à classer qui sont au centre des 4 composants sont, selon les modèles, classées soit
normales, soit appauvries, soit la moitié est classée appauvrie et l’autre moitié enrichie.
Les paramètres estimés des composants ne sont alors pas les mêmes.

5.2 Critères BIC et ICL

La sélection de modèles permet de choisir le modèle minimisant le critère BIC ou le
critère ICL donnés section 3.3. Le modèle minimisant à la fois le critère BIC et le critère
ICL est le modèle λkDkAkD

′
k présenté Figure 2 (cf Table 1). Ce n’est pas le modèle que

l’on voudrait sélectionner biologiquement. Ceci est surement dû au fait que les classes ne
sont pas des gaussiennes en réalité.

5.3 Estimation des paramètres

Nous présentons les résultats du modèle initialisé avec des probabilités conditionnelles.
Les paramètres du mélange estimés par l’algorithme EM sont donnés dans la Table 2. Les
proportions de chacun des groupes correspondent à celles attendues par les biologistes. En
effet, on sait que la méthylation de cette histone n’est présente qu’en faible proportion dans
le génome. Or nous trouvons environ 39% des sondes dans le groupe non immunoprécipité.
Nous savons aussi que la différence de méthylation est majoritairement appauvrie chez
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Modèle λkDkAkD
′
k Modèle λDkAkD

′
k Modèle 1 Modèle 2

nb de paramètres 23 20 18 18

BIC 578 171 637 770 606 643 613 470

ICL 607 488 690 126 639 101 640 582

Tab. 1 – Critères BIC et ICL selon les modèles. Modèle 1 correspond à notre modèle ini-
tialisé avec des probabilités conditionnelles, Modèle 2 correspond à notre modèle initialisé
avec des paramètres bien choisis

le mutant et très rarement enrichie. Le groupe appauvri regroupe 22% des sondes et le
groupe enrichi en regroupe seulement 13%.
D’autre part, la matrice d’orientation D estimée pour les groupes 1 et 2 est très proche
de la matrice d’orientation attendue pour une direction sur la première bissectrice.

Groupe 1 Groupe 2 Groupe 3 Groupe 4
π̂ 0.39 0.26 0.13 0.22

µ̂ [7.56 ;7.54] [12.19 ;12.04] [8.07 ;9.17] [9.10 ;7.95]

D̂

(
0.71 −0.70
0.70 0.71

) (
0.71 −0.70
0.70 0.71

) (
0.32 −0.94
0.94 0.32

) (
−0.96 0.26
−0.26 −0.96

)

Λ̂

(
0.11 0
0 0.14

) (
9.42 0
0 0.14

) (
1.41 0
0 0.14

) (
1.29 0
0 0.14

)

Σ̂

(
0.12 −0.01
−0.01 0.12

) (
4.8 4.64
4.64 4.75

) (
0.27 0.39
0.39 1.28

) (
1.21 0.29
0.29 0.22

)

Tab. 2 – Estimation des paramètres. Les groupes 1 et 2 correspondent aux groupes
normaux (le groupe 1 est le groupe non-immunoprécipité), le groupe 3 correspond au
groupe enrichi et le groupe 4 correspond au groupe appauvri.

On obtient quatre groupes en classant chaque sonde dans le groupe pour laquelle la
probabilité conditionnelle est la plus grande (cf Figure 4).
D’un point de vue biologique, le plus important est dans un premier temps de distinguer
les sondes enrichies ou appauvries (c’est-à-dire là où le taux de méthylation est différent
entre le sauvage et le mutant). On peut donc considérer les groupes de même orientation
(groupes 1 et 2) comme un seul groupe qui correspond à un taux de méthylation iden-
tique dans les deux échantillons (groupe normal). On veut donc classer les sondes en trois
groupes : normal, appauvri ou enrichi. Pour cela, on somme les probabilités conditionnelles
des groupes 1 et 2. Une autre possibilité est de classer en deux groupes seulement, un
groupe qui correspond à une méthylation identique dans les deux échantillons, et l’autre
qui correspond à un taux de méthylation différent entre les deux échantillons. Pour cela,
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on somme les probabilités conditionnelles des groupes 1 et 2 et celles des groupes 3 et 4.
Lorsque l’on classe en 4 groupes, on trouve bien les 4 groupes comme attendus sur la figure
1, mais il est probable que les sondes aux frontières de deux classes aient des probabilités
conditionnelles très proches pour les deux classes et soient donc mal classées. Comme
nous préférons ne pas avoir d’information sur une sonde plutôt que d’avoir une informa-
tion fausse, nous fixons un seuil de classification à 0.7, ce qui délimite une marge de non
classement autour de chacun des groupes (cf Figure 5). Avec un seuil à 0.7, seulement
12.5% des sondes ne sont pas classées. On peut bien sûr faire de même avec les classements
en 2 ou 3 groupes, le nombre de sondes non classées est alors plus faible (11.9% pour un
classement en 3 groupes et 9.3% pour un classement en 2 groupes).

Fig. 4 – Classement des sondes en 4 groupes (gauche), 3 groupes (centre), 2 groupes
(droite).

Fig. 5 – Classement des sondes en 4 groupes (gauche) avec un seuil de classification à 0.7
(zone en gris), 3 groupes (centre), 2 groupes (droite).
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5.4 Interprétations biologiques

Nous avons ensuite comparé les résultats à l’annotation connue d’Arabidopsis tha-

liana à l’aide du logiciel SignalMapTM fourni par NimbleGen (cf Figure 6). Bien que
notre modèle ne prenne pas en compte la structure spatiale des sondes le long du chro-
mosome, les sondes déclarées normales, enrichies ou appauvries chez le mutant sont re-
groupées sous forme de plage. On s’attend évidemment à ce que des sondes contigües
aient le même comportement. D’autre part, la marque H3K9me2 étudiée est une marque
hétérochromatinienne présente sur environ 15% du génome. La plupart des régions cou-
vertes par H3K9me2 sont contigües et couvrent plusieurs mégabases dans les régions
péricentromériques ou dans l’hétérochromatine interstitielle comme le knob du chromo-
some 4, mais il existe aussi des régions plus petites (ilôts d’hétérochromatine) situées
dans l’euchromatine et qui couvrent majoritairement des éléments transposables (Berna-
tavichute et al. [3]). Nous savons aussi qu’il y a peu de différences entre le sauvage et le
mutant pour le taux de méthylation d’H3K9me2. Nos résultats corroborent parfaitement
ces connaissances. En effet, on observe une majorité de sondes déclarées non méthylées le
long du chromosome 4, mais dans la région péricentromérique (entre les positions 2 800 000
et 5 000 000) et autour du knob (entre les positions 1 600 000 et 2 300 000), on remarque
une majorité de sondes du groupe normal et des larges plages de sondes du groupe appau-
vri ou enrichi. On détecte aussi des plages de sondes, plus petites, appartenant au groupe
enrichi ou appauvri situées dans l’euchromatine et qui couvrent des éléments transposables
(cf Figure 6). Environ 10% des sondes du génome couvrent des éléments transposables,
et on trouve 26% des sondes du groupe normal couvrant un élément transposable. Un
test du χ2 montre une différence significative. Il y a clairement un biais et on peut donc
dire que la marque H3K9me2 est majoritairement présente sur les éléments transposables.

Fig. 6 – Comparaison à l’annotation. En bleu les gènes (1ère ligne), en violet les éléments
transposables (2ème ligne). En rouge, les sondes où la méthylation est identique entre le
sauvage et le mutant. En noir les sondes déclarées enrichies, en bleu les appauvries, en
jaunes les non-méthylées (3ème ligne).
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6 Conclusion

Nous proposons une méthode fondée sur un mélange de gaussiennes bidimension-
nelles contraintes pour l’analyse de données de ChIP-chip IP/IP. La connaissance biolo-
gique des données est prise en compte. Les paramètres sont estimés par l’algorithme EM.
Cette méthode donne des résultats convaincants pour l’analyse d’un jeu de données réel
concernant la méthylation d’une histone. Nous souhaitons aussi analyser d’autres types
de données où il n’y aurait que 3 groupes à définir (pas d’appauvri, pas d’enrichi ou pas
de non-immunoprécipité). Bien que notre modèle ne prenne pas en compte la structure
spatiale des sondes le long du chromosome, les sondes déclarées normales, enrichies ou
appauvries sont regroupées sous forme de plage. Une amélioration naturelle consiste à
prendre en compte la structure spatiale des sondes en utilisant un modèle de type HMM.
D’autre part, on peut aussi rajouter des contraintes de symétrie entre les groupes appau-
vri et enrichi.
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SUMMARY

Plant genomes are earmarked with defined patterns of chromatin marks. Little is known about the stability of

these epigenomes when related, but distinct genomes are brought together by intra-species hybridization.

Arabidopsis thaliana accessions and their reciprocal hybrids were used as a model system to investigate the

dynamics of histone modification patterns. The genome-wide distribution of histone modifications H3K4me2

and H3K27me3 in the inbred parental accessions Col-0, C24 and Cvi and their hybrid offspringwas compared by

chromatin immunoprecipitation in combination with genome tiling array hybridization. The analysis revealed

that, in addition to DNA sequence polymorphisms, chromatin modification variations exist among accessions

of A. thaliana. The range of these variations was higher for H3K27me3 (typically a repressive mark) than for

H3K4me2 (typically an active mark). H3K4me2 and H3K27me3 were rather stable in response to intra-species

hybridization, with mainly additive inheritance in hybrid offspring. In conclusion, intra-species hybridization

does not result in gross changes to chromatin modifications.

Keywords: Arabidopsis thaliana, epigenome, heterosis, histone methylation, intra-specific hybrids, ChIP on

chip.

INTRODUCTION

Extensive studies of DNA methylation and histone modifi-

cations in Arabidopsis thaliana (Turck et al., 2007; Zhang

et al., 2007, 2009; Cokus et al., 2008) and rice (Oryza sativa)

(He et al., 2010; Zemach et al., 2010) have revealed that plant

genomes are earmarked by well-defined patterns of chro-

matin marks. In the context of their transcriptional activity or

inactivity, particular sequence classes such as genes or

repeat elements are preferentially associated with distinct

patterns of DNA methylation and histone modifications

(Roudier et al., 2009; Teixeira and Colot, 2010).

The combining of related but distinct genomes with their

respective patterns of chromatin marks in inter-species

hybridization and allopolyploid formation often results in

changes to chromatin marks. In hybrids of various Arabid-

opsis species, one parental set of ribosomal RNA genes

was shown to be silenced within a few generations, but

could be re-activated by interfering with either DNA

methylation or histone deacetylation, suggesting a pivotal

role for chromatin modification in the regulation of expres-

sion of orthologous genes (Lee and Chen, 2001; Lawrence

et al., 2004). Gene expression studies in synthetic allopoly-

ploid Arabidopsis (Comai, 2000) and cotton (Gossypium

hirsutum) (Brubaker et al., 1999) revealed that gene silenc-

ing occurs during the first or second generation after

hybridization. However, other studies in allopolyploid

Spartina anglica, Brassica juncea and cotton showed that

the activity of parental genomes remained unchanged

(Axelsson et al., 2000; Liu et al., 2001; Baumel et al.,

2002). Induction of DNA methylation changes after hybrid-

ization was reported for synthetic Cucumis allopolyploids

(Chen and Chen, 2008). Similarly, in experimentally syn-

thesized Brassica napus (Xu et al., 2009) and Arabidopsis

allopolyploids (Madlung et al., 2002), 7 and 8%, respec-

tively, of the tested DNA sites showed changes in cytosine

methylation status in comparison with their respective

diploid progenitors.
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Less is known about the stability or dynamics of chroma-

tin modifications in response to intra-species hybridization.

Limited differential DNA methylation (approximately 1%

gain or loss) in comparison with the respective progenitors

was found for intra-species hybrids of rice (Xiong et al.,

1999) and cotton (Zhao et al., 2008). In two rice cultivars from

different sub-species, Oryza sativa japonica and O. sativa

indica, variation of DNA methylation, and, to a lower extent,

variation of histone modifications H3K4me3 and H3K27me3,

was observed between parental lines. In reciprocal hybrids

of the two rice sub-species, distinct non-additive patterns of

chromatin marks were observed. The level of changes after

hybridization was higher for DNA methylation, and both

histone modifications were mainly inherited additively in

the hybrids (He et al., 2010). Inbred accessions of A. thaliana

also display substantial DNA methylation variation between

each other (Vaughn et al., 2007). Investigation of the DNA

methylation pattern in two different accessions of A. thali-

ana and their reciprocal F1 hybrid progeny showed that DNA

methylation polymorphisms are mostly inherited additively,

with only limited changes after hybridization (Zhang et al.,

2008; Banaei Moghaddam et al., 2010; Groszmann et al.,

2011).

Here, we determined whether intra-species crosses be-

tween inbred lines lead to changes in chromatin marks other

than DNA methylation using accessions of A. thaliana as

a model. We selected histone H3 dimethylated at lysine 4

(H3K4me2) and histone H3 trimethylated at lysine 27

(H3K27me3) as contrasting histone H3 modifications marks

(Fuchs et al., 2006; Kouzarides, 2007; Roudier et al., 2009).

Histone H3K4me2 was chosen as a general euchromatic

mark that is absent from silent repeat elements, and

H3K27me3 was chosen as a euchromatic mark that is mostly

associated with genes repressed by polycomb repressive

complex 2 (Schubert et al., 2006; Turck et al., 2007; Zhang

et al., 2007). A genome-wide ‘ChIP on chip’ analysis of

H3K4me2 distribution in A. thaliana indicated that 6%

of sequences are targeted by this mark (Zhang et al., 2009).

Of these target regions, 93% were genes, with particular

enrichment of H3K4me2 in the promoter and 5¢ end of

transcribed regions, and only 1.3% of the target regions

were transposable elements (TEs). In contrast, histone

H3K27me3 is associated with silent genes distributed in

euchromatic regions that are subject to tissue-specific or

developmentally regulated expression (Turck et al., 2007;

Zhang et al., 2007). Genome-wide analyses revealed that at

least 15–20% of A. thaliana genes are targeted by this

histone mark and show tissue-specific expression patterns.

H3K27me3-marked domains are largely coincident with the

entire transcribed region of genes (Turck et al., 2007; Zhang

et al., 2007).

To study the stability of histone modification patterns in

response to intra-species hybridization of various inbred

accessions of A. thaliana (Col-0, C24 and Cvi), we performed

chromatin immunoprecipitation in combination with gen-

ome tiling array hybridization (ChIP on chip) analyses.

Changes in the H3K27me3 and H3K4me2 distribution

between Col-0, Cvi and C24 were identified, with a greater

range of variations for H3K27me3 than H3K4me2. H3K4me2

and H3K27me3 were rather stable after intra-species hybrid-

ization, with additive inheritance in Col-0 · Cvi and Col-

0 · C24 F1 hybrid offspring. Changes in the distribution of

histone modifications after hybridization were detected in

346 genes for H3K4me2 in Col-0 · Cvi progeny, and in 1233

and 876 genes for H3K27me3 in Col-0 · Cvi and Col-0 · C24

progeny, respectively. However, these changes were rather

random and were not associated with particular sequence

categories.

RESULTS

Genomic sequence variation among A. thaliana accessions

resides mainly in transposable elements

Comparative genomic hybridization (CGH) experiments

were performed using Arabidopsis whole-genome tiling

NimbleGen arrays to identify differences in the genomic

sequences of A. thaliana accessions Cvi and C24 compared

to the reference accession Col-0. The CGH analysis, which

detects copy number variation and sequence polymor-

phisms, was a necessary prerequisite for the comparison of

histone modification patterns between Cvi, C24 and Col-0.

Based on this information, it was possible to distinguish

whether differential hybridization signals of labelled DNA

derived from immunoprecipitated chromatin from the vari-

ous accessions were due to differences in histone modifica-

tions rather than variation in the DNA sequence. In total, 6.0

and 5.5% of tiles showed significant CGH polymorphisms

Table 1 CGH analysis for Col-0 versus C24 and Col-0 versus Cvi

Col-0

versus

Cvi

Col-0

versus

C24

Percentage of tiles showing

CGH polymorphism

6.0 5.5

Percentage of tiles with lower copy

number in C24 or Cvi (total size in kb)

5.3 (5395) 5.2 (5221)

Number of tiles per domain 2–369 2–372

Mean size of domain (kb) 3.3 3.9

90% of domains had a size

of less than (kb)

6 8

Size of largest domain (kb) 40 57

Percentage of tiles with higher

copy number in C24 or Cvi

(total size in kb)

0.67 (631) 0.35 (308)

Number of tiles per domain 2–169 2–54

Mean size of domain (kb) 3.0 1.9

90% of domains had a size

of less than (kb)

6.5 4

Size of largest domain (kb) 26 9
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for Col-0 versus Cvi and Col-0 versus C24, respectively

(Table 1). Most of the CGH polymorphic tiles indicated a

decrease in copy number of the corresponding sequence in

C24 and Cvi compared to Col-0.

Further analysis focused on CGH polymorphic domains

containing two or more consecutive CGH polymorphic tiles

(Table 1). Of the tiles present in CGH polymorphic domains

identified between Col-0 and Cvi, as well between Col-0 and

C24, 93% were identical. However, copy number varied in

some cases in opposite directions between accessions, with

an increase in Col-0 versus Cvi and a decrease in Col-0 versus

C24, and vice versa. Annotation of tiles within CGH polymor-

phic domains indicated that copy number variation mainly

affects TEs, while genic regions and 5¢ and 3¢ untranslated

regions (UTRs) are more conserved between the analysed

accessions (Figure 1). Ontology categorization of the genes

(excluding TEs) associated with CGH polymorphic domains

according to the Munich Information Center for Protein

Sequences (MIPS) Functional Catalogue (Ruepp et al., 2004)

indicated an excess of genes with functions in signal trans-

duction (Figure 2, category 30) or cell defence (Figure 2,

category 32). As annotated TEs were excluded prior to

ontology analysis, they are absent from the gene ontology

data (Figure 2, category 38). In addition, unclassifiedproteins

(Figure 2, category 99) were common.

In summary, the CGH data revealed sequence polymor-

phisms among the analysed accessions of A. thaliana.

These polymorphisms occurred in all types of sequences,

but TEs and genes involved in signal transduction and cell

defence were over-represented.

Genome-wide patterns of histone modifications H3K4me2

and H3K27me3 show variation among A. thaliana

accessions

Next, we performed ChIP on chip analysis using Arabidopsis

whole-genome tiling NimbleGen arrays to determine the

genome-wide distribution of H3K4me2 in accessions Col-0

and Cvi and in Col-0 · Cvi F1 hybrids, and of H3K27me3

in Col-0, Cvi and C24, and in Col-0 · Cvi and Col-0 · C24

F1 hybrids. The quality of ChIP assays was confirmed

by quantitative PCR using primers specific for sequences

known to be associated with H3K4me2 or H3K27me3

(Figure S1) from previous studies (Turck et al., 2007; Zhang

et al., 2007, 2009).

Tiles showing polymorphic hybridization signals in CGH

were excluded from the ChIP on chip analysis to avoid the

influence of sequence differences among accessions. Tiles

that were found to be significantly associated with a given

modification in any of the analysed genotypes were

assigned to histone modification domains of at least three

successive tiles that correspond to a region of at least 0.3 kb

(Table S1). Given the mean size of chromatin fragments

(0.8 kb) and the resolution provided by the NimbleGen

microarrays (165 bp) used in the ChIP on chip experiments,

tiles that could not be assigned to such domains were not

considered for further analysis. Subsequently, histone mod-

ification domains were categorized according to the TAIR8

annotation into genes or TEs. In the case of large domains, it

may be that one domain simultaneously harbours genic

sequences and TEs.

First the distribution of histone modifications was com-

pared between parental accessions Col-0 and Cvi, as well as

Col-0 and C24 (Figure S2). H3K4me2, a classical euchromatic

histone mark, was associated with domains ranging in

length from 314 bp to 31.2 and 21.9 kb in Col-0 and Cvi,

respectively (Table 2 and Figure S3). Overall, 94% of these

Figure 1. Classification of CGH polymorphic tiles based on their sequence

types.

CGH polymorphic tiles between A. thaliana accessions (a) Col-0 versus Cvi

and (b) Col-0 versus C24, were classified based on annotation (TAIR8) of their

underlying sequences. Red and green bars represent tiles with higher and

lower copy numbers in Cvi (a) and C24 (b) relative to Col-0, respectively. Grey

bars indicate controls by random counts. Cases of significant deviation

between CGH data (green or red bars) and random counts (grey bars) as

indicated by a P value <0.01 are indicated by asterisks.
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domains coincided with genes (Table S2) and 9%

with TE sequences (Table S3). Intersection analysis of

H3K4me2-marked domains in Col-0 and Cvi revealed that

87% of themwere common between both accessions. These

common domains coincided with 93% (21 908) of the

genes and 60% (1526) of the TE sequences associated

with H3K4me2 (Figure 3). The length of the 13% of

H3K4me2-marked regions that differed between the two

accessions (Table 3) ranged from 314 bp to 6.7 kb, and

corresponded to 4.6% (1053) and 2.6% (581) of the genes and

26% (537) and 23.9% (479) of the TE sequences in Col-0 and

Cvi, respectively (Table 3). Overall, a larger proportion of

TEs than genes showed H3K4me2 polymorphisms. How-

ever, the absolute numbers of genes and TEs showing

differential association with H3K4me2 between Col-0 and

Cvi were similar, as fewer TEs than genes are associated

with this histone modification.

Genes that were differentially associatedwith H3K4me2 in

either of the parental lines were randomly distributed in

various gene ontology groups according to the MIPS Func-

tional Catalogue (Figure S4) (Ruepp et al., 2004) and the

DAVID tool (Table S4) (Huang et al., 2009). Similar results

were obtained for the distribution of H3K4me2 in and

between Col-0 and C24 accessions analysed using a chro-

mosome 4 tiling array (data not shown) (Turck et al., 2007).

H3K27me3, a histone mark associated with the repression

of genes, was found over domains ranging from 315 bp to

26.7 kb in length (Table 2 and Figure S3) in Col-0, Cvi and

C24. In Col-0, 67% of these domains coincided with genes

and 36% with TEs. Similar results were obtained for Cvi and

Figure 2. Ontology classification of genes local-

ized in CGH polymorphic regions.

Genic sequences (according to TAIR8) that were

found to be localized in CGH polymorphic

regions indentified between (a) Col-0 and Cvi

and (b) Col-0 and C24 were classified into gene

ontology groups according to the MIPS Func-

tional Catalogue (Ruepp et al., 2004) to identify

potentially over-represented categories. Black

bars indicate the frequencies of CGH polymor-

phic genic sequences; as a control, grey bars

indicate the frequency of randomly selected

genic sequences in the various gene ontology

classes as a percentage of the total number of

genes in each class. Asterisks indicate cases

of significant deviation between the frequencies

of polymorphic and randomly selected se-

quences in a given category with a P value

<0.001.

Table 2 H3K4me2- and H3K27me3-associated domains in Col-0, Cvi and C24

Experimenta Genotype Modification

Associated tiles

(from total

of 717 235)

Number

of

domains

Domain size (kb) Annotation

Maximum Minimum Mean Genes TEs

A Col-0 H3K4me2 287 285 21 539 31.2 0.3 2.2 22 961 2063

Cvi H3K4me2 281 000 20 972 21.9 0.3 2.2 22 489 2005

B Col-0 H3K27me3 140 035 11 182 22.7 0.3 2.1 9125 4950

Cvi H3K27me3 138 791 12 585 20 0.3 1.9 9326 5357

C Col-0 H3K27me3 147 318 9834 26.7 0.3 2.5 9427 4704

C24 H3K27me3 125 947 10 068 22.5 0.3 2.1 8118 4471

aChromatin preparations for experiments A and B were performed in parallel but the one for experiment C was performed independently.
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C24 (Figure 3, Table 2, and Tables S2 and S3). Intersection

analysis of H3K27me3-marked domains revealed that 87% of

them were common between Col-0 and Cvi. These common

domains coincided with 80% (8198) of the genes and 58%

(4055) of the TEs marked by H3K27me3 (Figure 3). Com-

pared to H3K4me2, fewer genes and more TEs were

associated with H3K27me3 in Col-0 and Cvi (Figure 3). Some

H3K27me3 domains were unique to one of the analysed

accessions (Table 3). The length of these H3K27me3 poly-

morphic domains ranged from 314 bp to 6.6 kb in Col-0 and

5.7 kb in Cvi. These domains coincided with 9% (927) and

11% (1128) of the genes, and 17% (895) and 25% (1302) of

the TEs associated with H3K27me3, respectively. Consistent

results were obtained for comparison of H3K27me3

polymorphic domains between Col-0 and C24 (Figure 3

and Table 3). Thus, in general, more TEs coincided with

H3K27me3 than with H3K4me2 polymorphic domains.

Similar numbers of genes and TEs were differentially

associated with H3K27me3 in Col-0 compared to Cvi and

Col-0 compared to C24. These genes were randomly

distributed in various gene ontology groups (Figure S4

and Table S4).

Comparison of genes associated with H3K27me3 in the

reference accession Col-0 with those found in previous

studies (Turck et al., 2007; Zhang et al., 2007) revealed

approximately 80% overlap, indicating good reproducibility

despite the differences in Plant materials and Experimental

Procedures (Figure S5). In addition, our study identified

H3K27me3-associated genes that were not found in previous

studies.

Taken together, our findings indicate that H3K4me2 and

H3K27me3 distribution patterns are highly conserved in

different A. thaliana accessions, with few local variations in

a random manner regardless of TEs and gene ontology.

Intra-species hybridization mediates limited alterations

in H3K4me2 and H3K27me3 distribution patterns

We next investigated whether intra-species hybridization

could generate alternative distribution patterns of H3K4me2

in hybrid offspring between Col-0 and Cvi (Figure 4a–c,

Figure S2, and Tables S1–S3). In order to focus on the most

relevant cases, the analysis was performed on domains that

were associated with H3K4me2 exclusively in both parental

accessions, but not in F1 hybrid progeny (Figure 4d, cate-

gory IV), or in the F1 hybrid progeny, but not in the parental

accessions (Figure 4d, category III). The few hybridization-

responsive domains identified (3% of all H3K4me2-associ-

ated domains) corresponded to 346 genes and 226 TEs (1.5

and 8% of H3K4me2-associated genes and TEs, respectively)

and their length ranged from 0.3 to 1.6 kb (Table 4). In

comparison to genes, TEs were over-represented among

hybridization-responsive H3K4me2 domains. The hybrid-

ization-responsive H3K4me2-associated genes were ran-

domly distributed between various ontology groups and

gene families (Figure S6 and Table S4). Similar results were

Table 3 H3K4me2 and H3K27me3 polymorphic domains in Col-0 versus Cvi and Col-0 versus C24

Experimenta
Specific for

accession

Modific

ation

Number

of domain

Domain size (kb) Annotation

Maximum Minimum Mean Genes TEs

A Col-0 H3K4me2 1585 6.6 0.3 0.67 1053 537

Cvi H3K4me2 1041 4.8 0.3 0.72 581 479

B Col-0 H3K27me3 1339 4.6 0.3 0.72 927 895

Cvi H3K27me3 2141 5.7 0.3 0.81 1128 1302

C Col-0 H3K27me3 2053 7.4 0.3 0.9 1762 1249

C24 H3K27me3 1503 6.7 0.3 0.77 453 1016

aChromatin preparations for experiments A and B were performed in parallel but the one for experiment C was performed independently.

Figure 3. Intersection analysis of domains, genes and TEs associated with

H3K4me2 or H3K27me3 in three A. thaliana accessions.

The sets of (a) domains, (b) genes and (c) TEs that were found to be associated

with H3K27me3 or H3K4me2 in ChIP on chip experiments using whole-

genome NimbleGen tiling arrays in A. thaliana accessions Col-0 (green

circles), Cvi (yellow circles) and C24 (red circles) were subjected to intersec-

tion analysis to determine common elements (intersection area of two circles)

and unique elements (areas outside intersections). Due to the analysis

method, the sums of domain numbers do not necessarily correspond to the

total numbers of domains in Table 2.
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found for Col-0 · C24 F1 hybrids in ChIP on chip analysis

using the chromosome 4 tiling array (data not shown).

Whole-genome comparison (Figure S2) and intersection

analysis of H3K27me3-marked domains, genes and TE

sequences involved were also performed for Col-0, Cvi and

Col-0 · Cvi (Figure 4). Hybridization-responsive domains

(13% of all H3K27me3-associated domains; Figure 4d,

categories III and IV) corresponded to 1233 genes and 654

TEs (11 and 10% of total H3K27me3-associated genes and

TEs, respectively), and ranged in size from 0.3 to 2.2 kb

(Table 4). No over-representation of either TEs or genes was

detected. The hybridization-responsive H3K27me3-marked

genes were randomly distributed between ontology groups

and gene families (Figure S6 and Table S4). Similar

Figure 4. Intersection analysis of domains, genes and TEs associated with H3K4me2 or H3K27me3 in A. thaliana accessions and their F1 hybrids.

(a–c) The sets of (a) domains, (b) genes and (c) TEs that were found to be associated with H3K27me3 or H3K4me2 in ChIP on chip experiments using whole-genome

NimbleGen tiling arrays in A. thaliana parental accessions Col-0 (green circles), Cvi (yellow circles) and C24 (red circles), and their F1 hybrids Col-0 · Cvi, and

Col-0 · C24, respectively (blue circles), were subjected to intersection analysis.

(d) The seven areas of each three-circle intersection diagram define seven categories of elements. Categories I and II comprise cases in which a histone mark is

detected in one of the parental accessions (P1 or P2, respectively), but not in the other parental accession or the F1 hybrid. Category III comprises cases in which a

histone mark is detected in neither parental accession, but is present in the F1 hybrid. Category IV comprises cases in which a histone mark is detected in both

parental accessions, but not in the F1 hybrid. Categories V and VI comprise cases in which a histone mark is detected in one of the parental accessions (P1 or P2,

respectively) and in the F1 hybrid, but not in the other parental accession. Category VII comprises cases in which a histone mark is detected in both parental

accessions and the F1 hybrid. Categories III and IV indicate changes in histone marks in F1 hybrids in comparison with the parental accessions, while the other

categories either indicate no change (category VII) or are not conclusive with regard to changes (categories I, II, V and VI).

Table 4 H3K4me2 and H3K27me3 hybridization-responsive domains in Col-0 · Cvi and Col-0 · C24

Experimenta Crosses Modifications

Hybridization-responsive domains (Figure 4, categories III and IV)

Number

of domains

Domain size (kb) Annotation

Maximum Minimum Mean Genes TEs

A Col-0 · Cvi H3K4me2 582 1.6 0.3 0.6 346 226

B Col-0 · Cvi H3K27me3 1901 2.2 0.3 0.6 1233 654

C Col-0 · C24 H3K27me3 1363 2.4 0.3 0.6 876 674

aChromatin preparations for experiment A and B were performed in parallel but the one for experiment C was performed independently.
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H3K27me3 dynamics were found in Col-0 · C24 hybrids

(Figure 4a–c and Tables S1–S3).

In conclusion, the genome-wide distribution of H3K4me2

is rather stable and that of H3K27me3 is slightly more

dynamic in response to intra-species hybridization. TEs as

well as genes showed changes in both histone modifica-

tions. No obvious over-representation of particular gene

ontology groups or families was found. The changes in the

two marks analysed happened largely independently. For

very few genes, histone modifications changed simulta-

neously in response to hybridization (Figure S7).

DISCUSSION

By combining comparative genomic hybridization and

epigenomic profiling, we have shown that H3K4me2 and

H3K27me3 distribution patterns are overall very similar in

various Arabidopsis thaliana accessions, and remain largely

unchanged in their F1 progeny.

Sequence polymorphisms between A. thaliana accessions

are mainly found in transposable elements and genes

undergoing rapid evolution

Our CGH analysis of the genomes of Cvi and C24 relative to

Col-0 identified regions showing DNA sequence polymor-

phism between these accessions of A. thaliana. The number

of polymorphic regions identifiedbyCGHwas slightly higher

for Cvi than for C24 in comparison with Col-0. This is con-

sistent with a previous analysis based on single nucleotide

polymorphisms, which indicated that Cvi is more divergent

fromCol-0 than C24 is (Schmid et al., 2003; Clark et al., 2007).

As TE sequences change more rapidly than genes (Kazaz-

ian, 2004), sequence differences between A. thaliana acces-

sions are not randomly distributed, and TEs differ more than

other parts of the genome (Figure 1). A similar non-random

distribution of sequence polymorphisms was previously

found by CGH analysis between A. thaliana accessions

(Clark et al., 2007) and between maize (Zea mays) inbred

lines B73 and Mo17 (Springer et al., 2009). In maize,

approximately 70% of polymorphic regions were located in

intergenic regions.

Among the CGH polymorphic regions, gene ontology

analysis indicated over-representation of functions associ-

ated with signal transduction and cell defence (Figure 2).

Copy number variation between accessions of A. thaliana

has previously been reported for loci involved in plant

disease resistance (Noel et al., 1999). Furthermore, consis-

tent with our findings, a comparison of 20 accessions of

A. thaliana bymicroarray-based whole-genome re-sequenc-

ing revealed that members of defence-related families such

as nucleotide-binding leucine-rich repeat genes and recep-

tor-like kinase genes are over-represented among genes that

are affected by sequence polymorphisms (Clark et al., 2007).

The enhanced rate of sequence variation indicates rapid

evolution of these gene families.

Fewer CGH polymorphic tiles indicated an increase in

copy number in C24 and Cvi compared with those that

indicated a decrease in copy number in both accessions

(Figure 1). This could be due to the fact that the tiling arrays

used in this study are based on the Col-0 reference

sequence. Thus, sequences that solely exist in Col-0 but

not in C24 or Cvi are classified as absent from C24 or Cvi,

whereas sequences that solely exist in C24 or Cvi but not in

Col-0 are not detected. Therefore, our CGH results probably

under-estimate the level of sequence polymorphism be-

tween A. thaliana accessions. CGH-identified polymorphic

sequences were excluded from the ChIP on chip analysis, as

it was impossible to distinguish whether differences in

signal intensities between the accessions were due to

differences in the DNA sequence or the histone modification

status. Thus, the possibility cannot be excluded that some

fast-evolving genomic regions that were removed from

analysis showed differential chromatin marking between

accessions.

Histone modification patterns are conserved between

accessions of A. thaliana

Several previous studies have detected differential DNA

methylation in various A. thaliana accessions (Vaughn et

al., 2007; Zhang et al., 2008; Banaei Moghaddam et al.,

2010). Not only sequence conservation, but also DNA

methylation patterns, were found to be more similar be-

tween Col-0 and C24 than between Col-0 and Cvi (Vaughn

et al., 2007). Our ChIP on chip data extend these observa-

tions to histone H3K4me2 and H3K27me3 distribution pat-

terns. These differ between accessions of A. thaliana,

consistent with the situation observed in cultivars of rice (He

et al., 2010).

Among domains with different histone modification

status between accessions, the mean length was <1 kb for

both histone marks, while the mean length of the conserved

H3K4me2- and H3K27me3-marked domains exceeded 2 kb.

Thus, polymorphic histone modification domains are

restricted to rather small regions. Despite their shorter

length, these differentially marked domains may be associ-

ated with locus-specific differential regulation in the various

accessions. For instance, TE sequences next to genes can

affect their transcriptional regulation through deposition

of repressive chromatin modifications. A TE in an intron of

FLOWERING LOCUS C (FLC) in A. thaliana accession Lands-

berg erecta causes transcriptional inactivation of this locus,

and consequently earlier flowering of Ler in comparison

to Col-0 (Liu et al., 2004). TEs also alter the expression of

adjacent genes in wheat (Triticum aestivum) (Kashkush

et al., 2003). It remains to be determined whether the

regions differentially marked by the repressive H3K27me3

or active H3K4me2modifications in Cvi or C24 in comparison

to Col-0 also show differential expression between acces-

sions.
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Consistently, we found that polymorphisms in H3K27me3

(typically a repressive mark) were associated with both TEs

and genes. In contrast, polymorphisms in H3K4me2 (typi-

cally an active mark) were mainly restricted to genes. This

agrees well with genome-wide high-resolution analyses of

histone modifications in Saccharomyces cerevisiae and

mammals, which detected H3K4me2 in regions undergoing

transcription across the body (Pokholok et al., 2005) and in

the vicinity of active genes (Bernstein et al., 2005). Histone

modification polymorphisms in genes were not associated

with particular gene ontology classes.

The mechanisms by which histone modification polymor-

phisms are maintained over generations are not clear (Saze,

2008). On the one hand, heritable maintenance of particular

chromatin states cannot be excluded. On the other

hand, chromatin modifications may alter as consequences

of changes in transcriptional activity. In A. thaliana,

H3K27me3 is deposited by polycomb repressive complex 2

(Schubert et al., 2006), and has been found to be associated

with approximately 4400 genes, many of which are differ-

entially expressed during development (Zhang et al., 2007).

As accessions may have evolved specific developmental

programs (Chen, 2010), some of the H3K27me3 polymor-

phisms observed in our study could correspond to differ-

ences in gene expression patterns. Indeed, gene activity and

H3K4 and H3K27 methylation levels were correlated in

different rice cultivars (He et al., 2010).

The observed similarities and differences suggest a role

for chromatin modifications in addition to that of DNA

sequence polymorphisms in the diversity of various acces-

sions of A. thaliana.

Inheritance of H3K27me3 and H3K4me2 distribution

patterns in hybrid offspring is additive and only to a

small extent responsive to intra-specific hybridization

Comparison of H3K4me2 and H3K27me3 distribution pat-

terns between hybrid offspring and parental inbred lines

revealed limited changes in intra-specific hybrids. These

results are in agreementwith a previous study onA. thaliana

accessions and their intra-specific hybrids regarding the

distribution of histonemethylationmarks at the microscopic

level (BanaeiMoghaddam et al., 2010), aswell as a study that

compared histone methylation patterns in hybrids between

rice cultivars (He et al., 2010). Similarly, inheritance of DNA

methylation polymorphisms has been shown to be additive

(Zhang et al., 2008; Banaei Moghaddam et al., 2010).

We conclude that intra-specific hybridization in A. thali-

ana does not result in global epigenomic rearrangements.

More investigations are required to analyse whether this

conclusion is also valid for other chromatin modifications.

More generally, it would be interesting to determine

whether heritable variations in epigenomic patterns

between inbred lines contribute to hybrid performance in

addition to sequence polymorphisms.

EXPERIMENTAL PROCEDURES

Plant materials

A. thaliana accessions Col-0, C24 and Cvi and their reciprocal F1
hybrid offspring Col-0 · C24, C24 · Col-0, Col-0 · Cvi and Cvi ·

Col-0 were used (Banaei Moghaddam et al., 2010). Approximately

400 seeds of each sample were surface-sterilized and cultured in

liquid medium, and grown for 10 days under controlled conditions

with 16 h light per day (light intensity of approximately 100 lE), 22�C

day temperature and 18�C night temperature (Lippman et al., 2004).

DNA extraction, chromatin immunoprecipitation and

array hybridization

Plant genomic DNA used for CGH was extracted using the Qiagen

DNeasy plant DNA extraction system (http://www.qiagen.com/)

according to manufacturer’s instructions. ChIP assays were per-

formed essentially as described previously (Gendrel et al., 2005)

using anti-H3K4me2 (07-030) and H3K27me3 (07-449) antibodies

from Upstate/Millipore (http://www.millipore.com). Each experi-

ment was performed in two biological replicates.

DNA recovered after immunoprecipitation (IP) and directly from

input Col-0 chromatin (INPUT), or genomic DNA extracted from the

various genotypes, was amplified, differentially labelled and co-

hybridized in dye-swap experiments to correct for dye biases, as

previously described (Lippman et al., 2004; Turck et al., 2007) for the

chromosome 4 tilingmicroarray, or according to themanufacturer’s

instructions for the whole-genome tiling arrays (Roche NimbleGen,

http://www.nimblegen.com). The Arabidopsis chromosome 4 tiling

microarray comprised 21 800 printed features, with a mean size of

1 kb, covering themain part of chromosome 4. The heterochromatic

knob on the short arm and several megabases of pericentromeric

heterochromatin are included, and account for 16% of the 18.6 Mb

covered by the array (Martienssen et al., 2005). Details of array

design and production are described by Vaughn et al. (2007). This

platform has been deposited to the Gene Expression Omnibus

(GEO) under accession number GPL10172. The whole-genome

tiling microarray consists of 50–75 nt tiles, with a mean spacing of

165 nt, that are distributed across the entire genome sequence

(TAIR7) without repeat masking. These tiles have a mean melting

temperature of 74�C, and 88% of them match a unique position in

the genome. This customdesignwas split into two arrays of 360 718

tiles each, using every other tile in each array (GEO accessions

GPL10919 and GPL10920).

Comparative genomic hybridization (CGH) analysis

CGH experiments were performed for Col-0 versus Cvi and Col-0

versus C24. Data obtained using Arabidopsis whole-genome tiling

NimbleGen arrays were analysed using hidden Markov models

(Seifert et al., 2009). A fully connected three-state hidden Markov

model with state-specific Gaussian emission densities was adapted

to each CGH experiment using a Bayesian Baum–Welch algorithm.

Decoding of the status of each tile (deleted, unchanged or amplified)

was performed using the Viterbi algorithm. Groups of contiguous

tiles with log ratios that were significant different from zero for each

set of compared accessions were interpreted as representing

regions of copy number variation. For interpretation of CGH data,

only contiguous CGH polymorphic tiles that were consistently

found in both directions of dye-swap experiments were included.

ChIP on chip analysis

Raw hybridization data obtained with the chromosome 4 tiling

array were normalized as described previously (Turck et al., 2007),
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and an ANOVA model was applied to whole-genome data to

remove technical biases. Normalized data were analysed using

the ChIPmix method (Martin-Magniette et al., 2008), which was

adapted to handle multiple biological replicates simultaneously.

This method is based on a mixture model of regressions, the

parameters of which are estimated using an expectation-max-

imization (EM) algorithm. For each tile, a posterior probability,

defined as the probability of enrichment given the log(INPUT) and

log(IP) intensities, is used to classify the tile into the normal or

enriched class. A false-positive risk is determined by defining the

probability of obtaining a posterior probability at least as extreme

as the one that is actually observed when the tile is normal. False-

positive risks are then adjusted by the Benjamini–Hochberg pro-

cedure, and tiles for which the adjusted false-positive risk is lower

than 0.01 are considered enriched. Previously published data

(Turck et al., 2007; Vaughn et al., 2007) were re-analysed using the

same procedure. Neighbouring enriched tiles are combined into

domains, requiring minimal runs of 1.6 kb or 300 bp and allowing

maximal gaps of 800 or 200 bp for chromosome 4 or whole-

genome data, respectively. Enriched but isolated tiles were not

considered for further analyses.

Scatter plots and Pearson correlation analyses revealed higher

correlation between data sets for histone modification polymorphic

tiles among biological replicates for one accession than between

datasets of different accessions (Figure S8). ChIP assays were

validated by quantitative PCR for sequences known to be associated

or not associated with the histone modification of interest (Fig-

ure S1 and Table S5) (Turck et al., 2007; Zhang et al., 2007, 2009).

For subsequent analysis of ChIP on chip data for Col-0, Cvi and C24

and their intra-specific hybrids, all CGH polymorphic tiles (including

singletons and those tiles that were detected only in one of two CGH

technical replicates) were excluded.

Data availability and computational analyses

Raw and processed data have been deposited to the National Center

for Biotechnology Information Gene Expression Omnibus (http://

www.ncbi.nlm.nih.gov/geo/) under accession GSE24836, and to

CATdb (http://urgv.evry.inra.fr/CATdb) (Samson et al., 2004; Gagnot

et al., 2008). In addition, array data and genome annotations are

available for visualization at http://epigara.biologie.ens.fr/cgi-bin/

gbrowse/a2e/. Gene ontology and gene family analysis were

performed using the MIPS Functional Catalogue (http://mips.

helmholtz-muenchen.de/proj/funcatDB/) (Ruepp et al., 2004) and

the DAVID tool (http://david.abcc.ncifcrf.gov/) (Huang et al., 2009).
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Post-translational modification of histones and DNA

methylation are important components of chromatin-

level control of genome activity in eukaryotes. However,

principles governing the combinatorial association of

chromatin marks along the genome remain poorly under-

stood. Here, we have generated epigenomic maps for eight

histone modifications (H3K4me2 and 3, H3K27me1 and 2,

H3K36me3, H3K56ac, H4K20me1 and H2Bub) in the

model plant Arabidopsis and we have combined these

maps with others, produced under identical conditions,

for H3K9me2, H3K9me3, H3K27me3 and DNA methyla-

tion. Integrative analysis indicates that these 12 chromatin

marks, which collectively cover B90% of the genome, are

present at any given position in a very limited number of

combinations. Moreover, we show that the distribution

of the 12 marks along the genomic sequence defines

four main chromatin states, which preferentially index

active genes, repressed genes, silent repeat elements and

intergenic regions. Given the compact nature of the

Arabidopsis genome, these four indexing states typically

translate into short chromatin domains interspersed with

each other. This first combinatorial view of the Arabidopsis

epigenome points to simple principles of organization as

in metazoans and provides a framework for further studies

of chromatin-based regulatory mechanisms in plants.

The EMBO Journal (2011) 30, 1928–1938. doi:10.1038/

emboj.2011.103; Published online 12 April 2011

Subject Categories: chromatin and transcription; plant

biology

Keywords: Arabidopsis; chromatin; DNA methylation;

epigenome; histone modifications

Introduction

Packaging of DNA into chromatin is pivotal for the regulation

of genome activity in eukaryotes. The basic unit of chromatin

is the nucleosome, which is composed of 147 bp of

DNA wrapped around a protein octamer composed of two

molecules each of the core histones H2A, H2B, H3 and

H4. Covalent modifications of histones, DNA methylation,

incorporation of histone variants, and other factors, such as

chromatin-remodelling enzymes or small RNAs, all contri-

bute to defining distinct chromatin states that modulate

access to DNA (Berger, 2007; Kouzarides, 2007). In particular,

different histone modifications are thought to act sequentially

or in combination in order to confer distinct transcriptional

outcomes (Strahl and Allis, 2000; Jenuwein and Allis, 2001;

Berger, 2007; Lee et al, 2010a). More generally, it is now well

established that the precise composition of chromatin along

the genome, which defines the epigenome, participates in the

selective readout of the genomic sequence.

Thanks in part to a compact, almost fully sequenced

and well-annotated genome, the flowering plant Arabi-

dopsis thaliana has become a model of choice for exploring

the epigenomes of multicellular organisms and the contri-

bution of chromatin to the regulation of genome activity

during development or in response to the environment.

Indeed, epigenomic profiling in Arabidopsis has begun to

provide insights into the relationship between transcriptional

activity and localization of chromatin marks or histone

variants (Roudier et al, 2009; Feng and Jacobsen, 2011).

For instance, H3K4me3 and H3K36me2 are detected at

the 50- and 30-ends of actively transcribed genes, respec-

tively (Oh et al, 2008; Zhang et al, 2009), while H3K27me3

broadly marks repressed genes (Turck et al, 2007; Zhang

et al, 2007; Oh et al, 2008). In contrast, cytosine methyla-

tion (5mC) has a dual localization. It is present pre-

dominantly over silent transposable elements (TEs) and

other repeats, where it is associated with H3K9me2 and
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H3K27me1, but also in the body of B30% of genes, many of

which are characterized by moderate expression levels

(Lippman et al, 2004; Zhang et al, 2006; Zilberman et al,

2006; Turck et al, 2007; Vaughn et al, 2007; Bernatavichute

et al, 2008; Cokus et al, 2008; Lister et al, 2008; Jacob

et al, 2010). Furthermore, the variant histone H2A.Z,

which is preferentially deposited near the 50-end of genes

and promotes transcriptional competence, antagonizes DNA

methylation and vice versa (Zilberman et al, 2008). However,

extensive combinatorial analyses of these and other chroma-

tin marks have not been performed so far in Arabidopsis

and meta-analysis of published data is complicated by the

fact that biological materials and methodologies often differ

between studies.

Here, we report the epigenomic profiles of eight histone

modifications (H3K4me2, H3K4me3, H3K27me1, H3K27me2,

H3K36me3, H3K56ac, H4K20me1 and H2Bub). Integrative

analyses of these and other profiles, previously obtained

under identical conditions for DNA methylation, H3K9me2,

H3K9me3 and H3K27me3 (Turck et al, 2007; Vaughn et al,

2007), indicate a low combinatorial complexity of chromatin

marks in Arabidopsis, as recently reported for metazoans

(Wang et al, 2008; Hon et al, 2009; Ernst and Kellis, 2010;

Gerstein et al, 2010; Roy et al, 2010; Kharchenko et al, 2011;

Liu et al, 2011; Riddle et al, 2011; Zhou et al, 2011).

Furthermore, our study identifies four main chromatin states

in Arabidopsis, which have distinct indexing functions and

which typically form short domains interspersed with each

other. This first comprehensive view of the Arabidopsis

epigenome suggests simple principles of organization, as

recently proposed for Drosophila (Filion et al, 2010), and

provides a resource to refine our understanding of the control

of genome activity at the level of chromatin.

Results

Epigenomic profiling of 12 chromatin marks

Epigenomic maps were generated for eight histone modi-

fications (H3K4me2, H3K4me3, H3K27me1, H3K27me2,

H3K36me3, H3K56ac, H2Bub and H4K20me1) using chroma-

tin extracted from young seedlings and immunoprecipita-

tion followed by hybridization to a tiling microarray that

covers the entire chromosome 4 of Arabidopsis at B900 bp

resolution (Turck et al, 2007). Data previously obtained for

5mC (Vaughn et al, 2007), H3K9me2, H3K9me3 and

H3K27me3 (Turck et al, 2007) using similar materials and

methodologies were also considered. Epigenomic profiling

was additionally performed for seven of these marks

(H3K4me2, H3K4me3, H3K27me1, H3K27me3, H3K36me3,

H2Bub and 5mC) using a tiling microarray covering the

whole-genome sequence at 165 bp resolution. Chromosome

4 and whole-genome maps were also obtained for histone

H3 to control for nucleosome occupancy. The 12 marks

were chosen because they were shown in previous studies

to be associated with distinct transcriptional activities or

subnuclear localization in Arabidopsis. In addition, our

selection was focussed to a large extent on histone lysine

methylation, which exists in three forms (mono-, di- and tri-

methylation) and therefore has a versatile indexing potential

(Sims and Reinberg, 2008).

Collectively, the 12 chromatin marks cover almost all

of the regions that are detectably associated with histone

H3, which amount to B90% of the total genome sequence

(data not shown; Chodavarapu et al, 2010). The distribution

of each chromatin modification was characterized in detail

along chromosome 4. In agreement with previous reports

(Lippman et al, 2004; Turck et al, 2007; Zhang et al, 2007,

2009; Oh et al, 2008; Tanurdzic et al, 2008), H3K4me2,

H3K4me3, H3K9me3, H3K27me3 and H3K56ac are mostly

found in euchromatin (Figure 1A; Supplementary Figure S1;

Supplementary Table I), which reflects the fact that these

different modifications are associated almost exclusively with

genes (Figure 1B). H2Bub and H3K36me3, for which no

epigenomic maps have been reported to date in plants,

are also characterized by a predominant distribution over

genes. In contrast, H4K20me1 is found in heterochromatin

mainly and associates with TE and other repeat element

sequences (Figure 1B), like H3K9me2 (Lippman et al, 2004;

Bernatavichute et al, 2008). The present analysis reveals

in addition that, like 5mC (Zhang et al, 2006; Zilberman

et al, 2006), H3K27me1 and H3K27me2 are dual marks

associated not only with TEs but also with a fraction of

genes (Supplementary Tables II–IV).

Each chromatin mark defines domains of contiguous tiles

and the number of these domains ranges from 306 for

H3K9me2 to 1163 for H3K4me3. For H3K4me3, H3K36me3,

H3K56ac, H3K9me3, H2Bub or H3K27me3, domains have

similar median length between euchromatin and hetero-

chromatin and mostly coincide with single transcription

units (Supplementary Table II; Supplementary Figure S2).

By contrast, H3K9me2, H4K20me1, H3K27me1, H3K27me2

and 5mC form small domains in euchromatin but large

domains in heterochromatin, as a result of the dense cluster-

ing of TE and other repeat sequences in the latter

(Supplementary Figure S2; Supplementary Table II).

Combinatorial analysis of chromatin marks

As a first step in exploring the combinatorial deposition

patterns of chromatin marks, unbiased pairwise association

analyses were carried out. A heat map generated from the

calculated association values (Supplementary Table V) and

organized by hierarchical clustering reveals two clear groups

of correlated pairs that distinguish genes from TE sequences

(Figure 1C). Next, co-occurrence of marks was registered

over each of the B20 000 tiles of the chromosome 4 array.

Of the 212¼ 4096 combinations theoretically possible, only

665 were observed and among these, only 38 concerned at

least 100 tiles (Supplementary Figure S3A). This indicates

therefore a limited repertoire of chromatin signatures in

Arabidopsis, as in other eukaryotes (Ernst and Kellis, 2010;

Kharchenko et al, 2011; Liu et al, 2011). The four prevalent

combinations of marks are H3K27me1þ 5mCþH3K9me2þ

H4K20me1þH3K27me2, H3K56AcþH2BubþH3K4me3þ

H3K4me2þH3K9me3þH3K36me3, H3K27me3þH3K27me2þ

H3K4me2 and H3K27me3þH3K27me2, which cover 10.9,

6.8, 4.7 and 4.6% of the tiling array, respectively. Whereas

the first combination is almost exclusively associated with

TE sequences, the other three are mainly present over

genes (Supplementary Figure S3B). Furthermore, like

H3K27me3þH3K27me2, most of the remaining combina-

tions represented by at least 100 tiles are subcombinations

of the three prevalent ones (Supplementary Figure S3B and

data not shown).
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To complement this tile-centric analysis and to identify the

prevalent combinatorial patterns of the 12 chromatin marks,

unsupervised c-means clustering was performed. The num-

ber of clusters (k) was varied from 2 to 11 and k¼ 4 was

determined to be optimal in maximizing homogeneity within

clusters and heterogeneity between them. The four chromatin

states (CS1–CS4) defined by these four clusters are also

identified by PCA analysis (data not shown), thus reinforcing

their significance. Whereas CS1 regroups B90% of the tiles

associated with H3K4me3, H3K36me3, H3K9me3 and H2Bub

as well as the majority of H3K4me2- and H3K56ac-marked

sequences, H3K27me3 and H3K27me2 are the most prevalent

modifications in CS2 (Figure 2A). As expected from their

composition, CS1 and CS2 are mainly associated with

genes (Figure 2B) and have antagonistic indexing func-

tions, being prevalent among active and repressed/lowly

expressed genes, respectively (Figure 2C). CS3, which is

associated predominantly with TE sequences (Figure 2B),

regroups most of the tiles marked by H3K9me2, H4K20me1

and H3K27me1 as well as B50% of those marked by

H3K27me2 and 5mC (Figure 2A). In contrast to the other

three chromatin states, CS4 is not particularly enriched in any

chromatin mark (Figure 2A) and is found mainly outside of

genes and TE sequences (Figure 2B). Nonetheless, CS4 also

marks B10% of genes, most of which display low expression

(Figure 2C). In keeping with the domain layout of individual

marks, CS1–CS4 typically form small domains interspersed

with each other, except in cytologically defined heterochro-

matin, where CS3 forms larger domains as a result of

the clustering of TE sequences (Figure 2D; Supplementary

Figure S4).

Chromatin signatures of genes

To investigate further the chromatin indexing of genes,

pairwise analysis of chromatin modifications was carried

out specifically over genic tiles, which revealed a tight

association between H3K4me3 and H3K56ac, between

H3K36me3, H3K9me3 and H2Bub and between H3K27me2

and H3K27me3 (Figure 3A). Next, average enrichment levels

were calculated within and around genes for all marks except

H3K9me2 and H4K20me1, which are almost exclusively

associated with TE and other repeat sequences. As shown
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in Figure 3B, values are highest within the transcribed

region for the 10 chromatin modifications considered and

are typically lowest upstream or downstream of it. However,

distribution patterns vary substantially between marks, as

previously established in several instances (Turck et al, 2007;

Zhang et al, 2007; Jacob et al, 2010). H3K4me3, H3K56ac,

H3K4me2, H3K36me3 and H3K9me3 all peak at the 50-end

of the transcribed region, but the first two marks more

sharply than the other three (Figure 3B). In contrast,

H2Bub as well as H3K27me1 are highest more centrally,

5mC is most enriched in the 30-half of the transcribed region

and both H3K27me2 and H2K27me3 show an even distribu-

tion across transcribed regions. Finally, H3K27me2 differs

from all other marks including H3K27me3 in that it remains

high in flanking regions, a difference which does not

result from the presence of H3K27me2-marked TE sequences
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adjacent to genes nor from the lower signal to noise ratio

measured for this mark (see legend of Figure 3A, data not

shown). Using the genome-wide profiles obtained for seven

chromatin modifications, we could show in addition that

contrary to H3K27me3, which preferentially marks small

genes as noted before (Luo and Lam, 2010), H2Bub,

H3K36me3, 5mC and, to a lesser extent, H3K4me2 as

well as H3K4me3 tend to be associated with longer

genes (Figure 3C). Unlike these chromatin modifications,

H3K27me1 does not exhibit preferential association in rela-

tion to gene length (Figure 3C).

It has been established that H3K4me3 and H3K56ac mark

genes that are highly and broadly expressed (Oh et al, 2008;

Tanurdzic et al, 2008; Zhang et al, 2009). Conversely,

H3K27me3 is preferentially associated with genes that are

expressed at low levels or in a tissue-specific manner (Turck

et al, 2007; Zhang et al, 2007; Oh et al, 2008; Jacob et al, 2010)

and 5mC tends to mark moderately expressed genes

(Zilberman et al, 2006; Vaughn et al, 2007). Our analysis

confirms these results and indicates in addition that H2Bub,

H3K36me3 and H3K9me3 tend to mark highly expressed

genes, like H3K4me3 and H3K56ac (Figure 4A). On the

other hand, H3K4me2 does not appear to index genes in

relation to their expression level and H3K27me1 as well

as H3K27me2 tend to be associated with genes that are

expressed at low level or in a tissue-specific manner, like

H3K27me3 (Figure 4A and B). However, H3K27me1 and

H3K27me2/3 mark largely non-overlapping sets of genes

with different ontologies (Figure 3A; Supplementary Tables

III, IV, VI and VII), which suggests the existence of two
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distinct gene repression systems associated with methylation

of H3K27. For most chromatin marks, average enrichment

levels correlate either positively or negatively with expression

levels (Figure 4C). Thus, values for H3K4me3, H3K56ac,

H3K36me3, H2Bub and H3K9me3 increase gradually with

gene expression, at least up to mid expression levels, whereas

values for H3K27me1, H3K27me2 and H3K27me3 show an

opposite trend. Whether these correlations reflect expression

of genes in a variable number of cells, or true differential

enrichment in relation to expression level, remains to be

determined.

Collectively, our findings indicate that H3K4me3 and

H3K27me3 are diagnostic of two antagonist chromatin

states that are associated with most active and repressed

genes, respectively. However, B13% (3433 out of 27 294)

of genes marked by H3K4me3 or H3K27me3 in whole

seedlings present both marks, in agreement with previous

observations (Oh et al, 2008; Zhang et al, 2009). To explore

this further, H3K4me3 and H3K27me3 were mapped genome-

wide using chromatin extracted from roots and profiles

were compared with those obtained for whole seedlings

(this study) or aerial parts only (Oh et al, 2008). Out of

the 3433 genes with both marks in whole seedlings, 284

genes (8.3%) are only marked by H3K4me3 in roots and

by H3K27me3 in aerial parts or vice versa (Figure 5A;

Supplementary Table VIII). Correspondingly, a majority of

these genes show differential expression between roots

and aerial parts (Figure 5B), which is in contrast to genes

with persistent co-marking in both plant parts (Figure 5A

and C). Thus, it can be concluded that co-marking in

whole seedlings results for a number of genes from the

mixing of cells with opposite chromatin indexing in the

two plant parts. By extension, it is likely that persistent

co-marking in one or the other plant parts (Figure 5A) reflects

similar mixing of cells with distinct epigenomes, but this time

within organs. Co-marking could nevertheless correspond

to bona fide bivalent marking in some cases, as originally

reported in mammals for key regulatory genes poised for

activation (Wang et al, 2009) and as also described in

Arabidopsis for a small number of genes encoding transcrip-

tion factors (Jiang et al, 2008; Berr et al, 2010). In this respect,

it is noteworthy that ontology analysis of the 224 genes

with persistent co-marking in both roots and aerial parts

(Figure 5A) indicates significant enrichment for terms asso-

ciated with regulation of transcription (data not shown).

Discussion

A small number of prevalent chromatin states index

the Arabidopsis genome

Using an integrative analysis of the distribution of 12 chro-

matin marks, we show that the Arabidopsis epigenome

is organized around four predominant chromatin states

with distinct biochemical, transcriptional and sequence prop-

erties. This representation refines the classical segmentation

between cytologically defined heterochromatin and euchro-

matin. A first chromatin state (CS1) corresponds to trans-

criptionally active genes and is typically enriched in the

trimethylated forms of H3K4 and H3K36. Two further states

correspond to two distinct types of repressive chromatin.

H3K27me3-marked repressive chromatin (CS2) is mainly

associated with genes under PRC2-mediated repression

(Turck et al, 2007; Zhang et al, 2007), while H3K9me2- and

H4K20me1-marked repressive chromatin (CS3) corresponds

to classical heterochromatin and is almost exclusively located
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over silent TEs (Lippman et al, 2004; Bernatavichute et al,

2008). A fourth chromatin state (CS4) is characterized by the

absence of any prevalent mark and is associated with weakly

expressed genes and intergenic regions.

This rather simple organization of Arabidopsis chromatin

into four main states shows similarities with that recently

reported for Drosophila cells. Indeed, based on the

integration of epigenomic maps obtained for 53 chromatin

proteins, it was concluded that the Drosophila epigenome

is organized into a mosaic of five principal chromatin

types that display distinct functional properties (Filion et al,

2010). Specifically, Arabidopsis CS2 and CS3 are similar

to Drosophila ‘BLUE’ and ‘GREEN’ chromatin types, which

correspond to repressive chromatin associated with the

Polycomb pathway and classical heterochromatin, respec-

tively. Furthermore, CS4, which has no prevalent chromatin

mark and indexes some weakly expressed genes as well

as intergenic regions is reminiscent of Drosophila ‘BLACK’

chromatin, which is relatively gene poor and constitutes a

repressive environment distinct from heterochromatin. In

contrast, transcriptionally active chromatin is represented

by a single chromatin state in Arabidopsis (CS1) but by

two distinct types in Drosophila that differ in several ways,

including the enrichment of H3K36me3 in ‘YELLOW’ but

not in ‘RED’ chromatin.

Other large-scale epigenomic studies have been performed

in yeast (Liu et al, 2005), C. elegans (Gerstein et al, 2010;

Liu et al, 2011), Drosophila (Kharchenko et al, 2011; Roy et al,

2010; Riddle et al, 2011) and human cells (Wang et al, 2008;

Hon et al, 2009; Ernst and Kellis, 2010; Zhou et al, 2011),

which all indicate a relatively low combinatorial complexity

of chromatin marks. Furthermore, the two main repressive

chromatin states defined in Arabidopsis (CS2 and CS3)

have similar counterparts in metazoans, indicating that they

are highly conserved between plants and animals. On the

other hand, the single predominant chromatin state (CS1)

that we have identified for transcriptionally active genes

in Arabidopsis has no obvious equivalent in these other

organisms. Instead, several chromatin states have been

associated with expressed genes in other organisms. This

discrepancy likely results from the smaller size of genes

and intergenic regions in Arabidopsis (B2 kb each on

average), as well as the relatively lower resolution of our

data. Indeed, our analysis shows that distribution patterns

vary substantially between chromatin marks associated

with active genes (Figure 3B), which suggests that CS1

could be further refined into at least two additional chromatin

signatures, specific to the promoter and transcribed region of

these genes.

Although the number of chromatin states identified via

this type of integrative approach may appear surprisingly

low, such analyses aim to identify prevalent combinations

of chromatin marks or chromatin proteins. Furthermore,

the heterogeneity of the biological material used in many

of these studies, including ours, likely hampered the

detection of certain chromatin states such as those that are

specific to rare cell types. Ultimately, only a knowledge of

the epigenomes of individual cell types will enable a full

understanding of the functional impact of chromatin-level

regulation on genome activity.

Chromatin indexing of genes in Arabidopsis

Our work indicates that the Arabidopsis epigenome is mainly

organized at the level of single transcription units and

that the distribution of chromatin marks along genes is linked

to the transcription process (Figures 2 and 3). For example,

H3K4me3 peaks around the transcription start site of

actively expressed genes, as observed in all other eukar-

yotes examined to date (Rando and Chang, 2009). Similarly,

H3K56ac is specifically located at gene promoters and

shows preferential marking of active genes, suggesting that,

like in yeast, it could facilitate rapid transcriptional activation

(Williams et al, 2008). In contrast to H3K4me3, H3K4me2

shows no particular association with highly expressed genes
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or with specific parts of genes. Rather than being a constitu-

tive mark of transcription, H3K4me2 may be implicated in

fine tuning of tissue-specific expression, as recently reported

in mammals (Pekowska et al, 2010).

The distribution of H3K36me3, H3K9me3 and H2Bub

over the transcribed regions of expressed genes suggests

that these modifications are linked with transcriptional elon-

gation. In the case of H2Bub, this is in agreement with the

distribution reported in mammals and yeast (Minsky et al,

2008; Schulze et al, 2009). For H3K9me3, enrichment over

the coding region of expressed genes in Arabidopsis (this

study; Caro et al, 2007; Turck et al, 2007; Charron et al, 2009)

contrasts with the enrichment predominantly over hetero-

chromatin in animals. However, association with the trans-

cribed regions of some active genes has been reported in

mammals (Vakoc et al, 2005, 2006; Squazzo et al, 2006).

Whether H3K9me3 could serve different outcomes depending

on genomic and or chromatin context and whether it has

any role in transcription regulation in plants remains to

be determined. Given the discrepancy between the low

amounts of H3K9me3 reported in bulk histones (Jackson

et al, 2004; Johnson et al, 2004) and its apparent abun-

dance reported by ChIP-chip, it is also possible that the

H3K9me3 antibody we used recognizes another modification

in Arabidopsis, which would be H3K36me3 based on our

epigenomic analysis. However, in vitro competition assays

using an H3K36me3 peptide suggest that this is unlikely

(Supplementary Figure S5).

H3K36me3 preferentially marks exons of transcribed genes

in yeast, C. elegans and mammals (Kolasinska-Zwierz et al,

2009) and it was shown to be involved in the control of

alternative splicing in mammals (Luco et al, 2010). In

Arabidopsis, however, H3K36me3 peaks in the first half of

the coding region, which is in contrast to the 30-end enrich-

ment reported in other organisms (Wang et al, 2009). This

preferential enrichment at the 50-end, which is not dependent

on gene length, could indicate that the principles governing

H3K36me3 deposition differ between plants and other eukar-

yotes. In fact, H3K36me3 distribution in Arabidopsis resem-

bles that of H3K79me3 in mammals (Wang et al, 2009).

As Arabidopsis lacks a clear homologue of the H3K79

methyltransferase Dot1 and has no H3K79me3 (Zhang et al,

2007), it is possible that H3K36me3 in plants serves a

function equivalent to H3K79me3 in other eukaryotes.

Furthermore, H3K36me2 could have a role similar to that

attributed to H3K36me3 in other eukaryotes, as it peaks at the

30-end of expressed genes in Arabidopsis (Oh et al, 2008).

Chromatin marks associated with transcription have been

proposed to cross talk and serve as checkpoints in budding

yeast and mammals (Suganuma and Workman, 2008; Weake

and Workman, 2008; Lee et al, 2010a). A similar scenario

could be envisioned in Arabidopsis based on the chromatin

marks that predominate in CS1, whereby the RNA poly-

merase II-associated factor 1 complex would induce mono-

ubiquitylation of H2B via the activity of the Rad6-Bre1

ubiquitin ligase homologues UBC1, 2 and 3 as well as

HUB1 and 2, as shown at the FLC gene (Cao et al, 2008;

Gu et al, 2009; Schmitz et al, 2009). H2Bub deposition would

in turn help recruit COMPASS (COMplex Proteins ASsociated

with Set1), thus mediating deposition of H3K4me3 and

potentially H3K36me3 (in place of H3K79me3) as well

as H3K36me2. Similarly to other eukaryotes, initiation

of another round of transcription would require the

activity of the Ubp8 ubiquitin protease homologue, UBP26,

which catalyses H2B deubiquitylation (Sridhar et al, 2007).

Consistent with this, H3K36me3 but not H3K36me2 nor

H3K4me3 is almost lost at the 50-end of the gene FLC

in ubp26 mutant plants and this loss is associated with

a reduction of FLC expression (Schmitz et al, 2009).

The steady-state distribution pattern of H2Bub observed

over expressed genes presumably results from targeted

deubiquitylation of H2B at the 50-end and probably 30-end

of the transcribed region, rather than from an increased

ubiquitylation of H2B towards the middle of the gene.

Our epigenomic profiling of the three forms of H3K27

indicates that methylation of this lysine residue is generally

associated with repressive chromatin and that its indexing

function depends on the degree of modification (mono-,

di- and tri-methylation). Thus, in agreement with previous

studies, H3K27me3, which is the hallmark of CS2, is almost

exclusively present over transcriptionally repressed genes

(Turck et al, 2007; Zhang et al, 2007), while H3K27me1 is

prevalent over silent TEs in pericentromeric regions, where it

is thought to prevent over-replication (Jacob et al, 2009,

2010). Our analysis reveals in addition that H3K27me2 is

enriched over H3K27me3-marked genes, as well as of over

TE sequences. Although immunolocalization of H3K27me2

at chromocenters (Fuchs et al, 2006) was proposed to

result from cross-reactivity of antibodies with H3K27me1

in Arabidopsis (Jacob et al, 2009), we did not observe

extensive cross-reactivity of the H3K27me2 antibodies used

in our study with H3K27me1 (Supplementary Figure S5).

Moreover, while all forms of methylated H3K27 can be

found over genes and are associated with transcriptional

repression, little overlap is observed between the small

group of genes marked by H3K27me1 and the much larger

set of genes marked by H3K27me2/3, suggesting that these

modifications define two repressive pathways with distinct

gene targets (Supplementary Tables VI and VII). Whereas

H3K27me3 deposition is catalysed by the evolutionarily

conserved Polycomb Repressive Complexes 2 (Kohler and

Hennig, 2010; Bouyer et al, 2011), H3K27me1 deposition

over TE sequences is partly dependent on the activity of the

two SET-domain proteins ATXR5 and ATXR6 (Jacob et al,

2009). Whether H3K27me1 deposition over genes requires

the same or different histone methyltransferases and whether

it is associated with the control of DNA replication remain to

be determined. Irrespective of the mechanisms involved, it is

noteworthy that whereas H3K27me1-marked TE sequences

are also co-marked with H3K9me2 and 5mC, this is not the

case for H3K27me1-marked genes.

Acetylation of H3K56 is another chromatin mark that has

been linked with the replication process. In Arabidopsis cell

cultures, early replicating sequences form broad domains of

H3K56ac (Lee et al, 2010b). Our epigenomic profiling of

H3K56ac reveals mostly short domains located at the 50-end

of expressed genes, which correspond to the replication-

independent incorporation of acetylated H3K56. However, a

few large domains (B20kb) are also detected, which span

several genes, intergenic regions and TEs. As our epigenomic

maps have been derived from whole seedlings that comprise

only a small proportion of mitotic cells, these large H3K56ac

domains might correspond to sequences frequently used as

endoreplication origins.
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Although most Arabidopsis genes are associated with

chromatin states CS1 or CS2, B10% are instead associated

with CS4, which is characterized by the absence of any

prevalent chromatin mark among the 12 that were analysed

in this work (Figure 3). Analysis of additional chromatin

marks and proteins will be required to determine more

precisely the nature of CS4 and notably the extent of

its similarity to the repressive chromatin type BLACK of

Drosophila (Filion et al, 2010).

To conclude, the first integrative view of the Arabidopsis

epigenome provided here could be compared with a first

sketch, which is progressively refined until a complete blue-

print is produced. Importantly, key aspects of the Arabidopsis

epigenome are already apparent in this first sketch, like the

relative simplicity of designing principles, which appears to

be shared with metazoans.

Materials and methods

Immunoprecipitation of chromatin and methylated DNA,
labelling and microarray hybridization
All experiments were performed using wild-type Arabidopsis
thaliana accession Columbia seedlings grown for 10 days either in
liquid MS (whole seedlings) or on MS agar plates (roots and aerial
parts) supplemented with 1% sucrose under long day conditions.
ChIP and Me-DIP assays were carried out essentially as described
(Lippman et al, 2005) using commercially available antibodies
(Supplementary Table IX; Supplementary Figure S5). Specificity of
the H3K27me2 and H3K9me3 antibodies was tested by peptide
competition and western blotting analysis on nuclear extracts
(Supplementary Figure S5) as described in Bouyer et al (2011) using
H3K27me3, H3K27me2, H3K27me1, H3K9me3 and H3K36me3
peptides (Millipore, 12-565, 12-566, 12-567, 12-568 and Diagenode
sp-058-050, respectively). Immunoprecipitated DNA (IP) and input
DNA (INPUT) were amplified, differentially labelled and co-
hybridized in dye-swap experiments as described (Lippman
et al, 2004; Turck et al, 2007) for the chromosome 4 tiling array
or according to the manufacturer’s instructions for the Roche
NimbleGen whole-genome tiling array. Two biological replicates
were analySed (two dye-swaps). The chromosome 4 array contains
21 800 printed features, on average B900 bp in size. The hetero-
chromatic knob on the short arm and several megabases of
pericentromeric heterochromatin are included and account for
16% of the 18.6Mb covered by the array. Details of array
design and production are described in Vaughn et al (2007). This
platform has been deposited to GEO under accession number
GPL10172. The whole-genome tiling array consists of 50–75nt tiles,
with 110 nt spacing on average, that are tiled across the entire
genome sequence (TAIR7), without repeat masking. Tiles have
a melting temperature of 741C on average and 88% of them
match a unique position in the genome. This custom design was
either split into two arrays of 360718 tiles each, with every other
tile on each array (GEO accessions GPL10911 and GPL10918) or
synthesized in triplicates of 711 320 tiles each on a single array
(GEO accession GPL11005).

ChIP- and Me-DIP-chip data analysis
Hybridization data were normalized as described previously for the
chromosome 4 array (Turck et al, 2007) or using an ANOVA model
was applied to remove technical biases from data obtained using
the whole-genome array. Data were averaged on the dye-swap to
remove tile-specific dye bias. Normalized data were analysed using
the ChIPmix method (Martin-Magniette et al, 2008), which was
adapted to handle multiple biological replicates simultaneously.
This method is based on a mixture model of regressions, the
parameters of which are estimated using the EM algorithm. For each
tile, a posterior probability is defined as the probability to be
enriched given the log(Input) and log(IP) intensities, and is used to
assign each tile into a normal or enriched class. A false-positive risk
is determined by defining the probability of obtaining a posterior
probability at least as extreme as the one that is actually observed
when the tile is normal. False-positive risks are then adjusted by the

Benjamini–Hochberg procedure and tiles for which the adjusted
false-positive risk is o0.01 are declared enriched. Previously
published data (Turck et al, 2007; Vaughn et al, 2007) were
re-analysed using the same procedure. Neighbouring enriched tiles
are joined into domains by requiring a minimal run of 1.6 kb
or 400 bp and allowing a maximal gap of 800 or 200 bp for data
obtained using the chromosome 4 or whole-genome arrays, respec-
tively. Thus, ‘singletons’ are not considered for further analyses.

Computational analyses
General bioinformatics methods including positional, quantitative
and class-based computations were conducted in Excel and using
ad hoc scripts written in R, PERL or Python. Genes and transposable
elements were annotated based on TAIR8 and other sequences are
assumed to be intergenic. Gene Ontology analyses were done using
the GOrilla (Eden et al, 2009) with an additional correction for
multiple testing of the P-values. Pairwise association analysis,
which is directional unlike correlation analysis, was calculated by
scoring the frequency of co-occurrence of pairs of chromatin
modifications among the 12 marks analysed on the chromosome 4
tiling array.

Whole seedlings transcriptome data were retrieved from
Schmid et al (2005) and genes were binned into 20 expression
percentiles according to their absolute expression values. Within
each expression percentile, the number of genes marked by a
given chromatin modification was calculated and represented as a
percentage of all the genes marked by this modification. Shannon
entropy for each set of marked genes was calculated as described
(Zhang et al, 2006) using publicly available developmental
expression series (Schmid et al, 2005), after filtering genes that
showed no expression in any conditions.

Fuzzy c-means clustering using R MCLUST package was
performed to classify tiles into principal chromatin states based
on the 12 epigenomic maps. c-means clustering computes member-
ship values for each tile towards all the clusters and all the
membership values add up to 1. Each tile was assigned to one
cluster only, based on a membership value equal or higher to 0.5.
To identify the optimal number of clusters (k), cluster validity
value, which is an estimate of homogeneity within the clusters and
heterogeneity between them, was calculated for clusters from
k¼ 2–11.

Data availability
Raw and processed data have been deposited to NCBI’s Gene
Expression Omnibus (GEO; http://www.ncbi.nlm.nih.gov/geo/)
under the super-series accession GSE24710 and to CATdb (http://
urgv.evry.inra.fr/CATdb) (Samson et al, 2004; Gagnot et al, 2008).
In addition, array data and genome annotation are displayed using
a Generic Genome Browser, available for visualization at http://
epigara.biologie.ens.fr/index.html.

Supplementary data
Supplementary data are available at The EMBO Journal Online
(http://www.embojournal.org).
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ChIP-chip and Transcriptome
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Aubourg, and Stéphane Robin

Abstract

Tiling arrays make possible a large-scale exploration of the genome thanks to probes which

cover the whole genome with very high density, up to 2,000,000 probes. Biological questions

usually addressed are either the expression difference between two conditions or the detection of

transcribed regions. In this work, we propose to consider both questions simultaneously as an

unsupervised classification problem by modeling the joint distribution of the two conditions. In

contrast to previous methods, we account for all available information on the probes as well as

biological knowledge such as annotation and spatial dependence between probes. Since probes are

not biologically relevant units, we propose a classification rule for non-connected regions covered

by several probes. Applications to transcriptomic and ChIP-chip data of Arabidopsis thaliana

obtained with a NimbleGen tiling array highlight the importance of a precise modeling and of the

region classification. The "TAHMMAnnot" package is implemented in R and C and is freely

available from CRAN.

KEYWORDS: bivariate Gaussian mixture, hidden Markov model, tiling arrays, unsupervised

classification

Author Notes: The authors thank F. Roudier and V. Colot from IBENS for providing ChIP-chip

data and for helpful discussions of biological interpretation, and S. Derozier and A. Lecharny from

URGV for their help in bioinformatic analysis. The authors are grateful to S. Balzergue from

URGV for providing transcriptomic tiling array data. This work was funded by MIA, GAP and

MICA departments of INRA.



1 Introduction

For 15 years, the study of large-scale genomes has been possible thanks to DNA

microarrays which originally had probes designed on genes. The tiling arrays now

propose probes which cover the whole genome without a priori knowledge of struc-

tural annotation. The density is still increasing and companies now offer tiling ar-

rays with 2 million probes. Thanks to technological advances and to the miniatur-

ization of the support, tiling arrays have become a usual tool in biology laboratories.

They make possible a large-scale exploration of the genome with a reasonable cost.

Recently, Next Generation Sequencing (NGS) technology has revolutionized the

domain because it directly produces nucleotide sequences. However, like any new

technology, it remains expensive and suffers for now from uncontrolled technical

biases (Oshlack, Robinson, and Young, 2010). NGS technology also raises new

questions on read mapping or genome assembly. For all these reasons, tiling ar-

rays, with a technology which is well controlled, remain widely used. They are a

powerful tool for analyzing all kinds of experiments and are used in a wide range

of studies such as DNA methylation, chromatin modification or transcription fac-

tor analysis with ChIP-chip experiments (Buck and Lieb, 2004), DNA copy num-

ber variation detection with CGH (Pinkel, Segraves, Sudar, Clark, Poole, Kowbel,

Collins, Kuo, Chen, and Zhai, 1998, Snijders, Nowak, Segraves, Blackwood, and

et al., 2001) and surveys of genomic transcriptional activities or transcript mapping

with transcriptional experiments (Mockler, Chan, Sundaresan, and et al., 2005, Ya-

mada, Lim, Dale, and et al., 2003, Hanada, Zhang, Borevitz, Li, and Shiu, 2007).

For comparative genomic hybridization, many different approaches exist

for determining DNA copy number variations in CGH data such as segmentation

(Hupé, Stransky, Thiery, Radvanyi, and Barillot, 2004, Picard, Robin, Lavielle,

Vaisse, and Daudin, 2005) or Hidden Markov Models (Fridlyand, Snijders, Pinkel,

Albertson, and Jain, 2004, Seifert, Banaei, Keilwagen, Mette, Houben, Roudier,

Colot, Grosse, and Strickert, 2009).

Transcriptomic experiments may have one of two different purposes: the

detection of transcribed regions or the study of gene expression across several con-

ditions (also called differential analysis). Most methods previously developed for

tiling array transcriptomic data deal with the first purpose. Among them, some

methods are based on probe-by-probe statistical tests (e.g. Fisher test developed

by Halasz, van Batenburg, Perusse, Hua, Lu, White, and Bussemaker (2006)) and

others are based on segmentation methods such as Huber, Toedling, and Steinmetz

(2006) or Zeller, Henz, Laubinger, Weigel, and Rätsch (2008) or HMM (Nico-

las, Leduc, Robin, Rasmussen, Jarmer, and Bessières, 2009). The incorporation

of annotation knowledge has also been proposed in a supervised framework (Du,

Rozowsky, Korbel, Zhang, Royce, Schultz, Snyder, and Gerstein, 2006; Munch,
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Gardner, Arctander, and Krogh, 2006). Surprisingly few methods are devoted to

the study of gene expression profiles across samples based on tiling arrays. Some

methods aggregate probes within regions and then apply hypothesis testing. The

method gSAM (Ghosh, Hirsch, Sekinger, Kapranov, Struhl, and Gingeras, 2007) is

an extension of SAM, which models the differential expression of a given region

by a constant piece-wise function. In the TileMap method (Ji and Wong, 2005)

each probe is used separately and a test statistic is proposed, based on a hierarchical

empirical Bayes model.

For ChIP-chip experiments where the chromatin immunoprecipitation sam-

ple (ChIP) and the reference sample of genomic DNA are compared, the main goal

is to detect regions enriched by ChIP. Johnson, Li, Meyer, Gottardo, Carroll, Brown,

and Liu (2006) proposed a Model-based Analysis of Tiling arrays (MAT) algorithm

dedicated to Affymetrix arrays. MAT models the baseline probe behavior based

on probe sequence characteristics and genome copy number. Li, Meyer, and Liu

(2005) proposed to model the behavior of each probe and a 2-state HMM is then

used to estimate the enrichment probability at each probe location. In these two

methods it is assumed that only a small proportion of probes is enriched by ChIP.

This assumption is reasonable for ChIP-chip experiments dealing with transcription

factors but not for histone modification or DNA methylation where a large enrich-

ment is expected. Humburg, Bulger, and Stone (2008) have suggested a parameter

estimation procedure for robust HMM analysis of chromatin structure where sev-

eral long regions of interest are expected. ChIP-chip data can also be seen as one

signal along the genome when using the log-ratio between the intensities of the

ChIP and the reference samples. Analyses are then usually done using a sliding

window (Cawley, Bekiranov, Ng, and et al., 2004) and statistic tests. Keles, van de

Laan, Dudoit, and Cawley (2004) and He, Li, Zhou, Deng, Zhao, and Luo (2009)

have respectively proposed the Welch t-statistic and the non parametric Wilcoxon

rank-sum method.

When two samples are compared, most methods rely on the log-ratios. But

this can mask the multimodality of the data due to the dimension reduction. To over-

come this problem, Martin-Magniette, Mary-Huard, Bérard, and Robin (2008) have

argued that is worth working directly with the two measurements of each probe. For

ChIP-chip data, they have proposed to model the distribution of the ChIP sample

conditionally to the reference sample by a mixture of two linear regressions. The

same idea was used by Johannes, Wardenaar, Colomé-Tatché, and et al. (2010) to

directly compare two ChIP samples. Assuming that the samples play a symmet-

ric role, they introduced a bidimensional mixture model of four components with

constraints on the mean parameters to study the differential enrichment.

In this article, we focus on the modeling of the joint distribution with an

unsupervised classification point of view to study the difference between two ChIP
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or transcriptomic samples. Comparing the two samples requires distinguishing four

different biologically interpretable groups of probes: a group with similar behavior

in both samples, a group with higher intensity in the first sample than in the sec-

ond sample, a symmetric group with higher intensity in the second sample and a

last group with low intensity in both samples which can be viewed as noise, corre-

sponding to the non-transcribed regions (cf Figure 1).

Figure 1: Schematic explanation of the 4 groups to consider when comparing two

samples. Example of transcriptomic data.

A parametric classification method based on multivariate mixture models permits

a direct comparison of two (or more) samples. This differs from a log-ratio based

study which does not distinguish the group of identical behavior from the noise

group. Our method simultaneously analyses the expression difference between two

conditions and detects hybridized regions. In contrast to previous methods, we

consider all the available information: the intensity of the two signals, the position

of the probe along the genome and its structural annotation. The position of the

probe is important because there is a signal dependence between adjacent probes

due to the high resolution of tiling arrays. Structural annotation informs us about

the location of the probes in intergenic, exonic or intronic regions (see Figure 2,

screen capture of FLAGdb++ (Samson, Brunaud, Duchêne, De Oliveira, Caboche,

Lecharny, and Aubourg, 2004)). This must be accounted for as, in a transcriptomic

experiment, probes annotated as exonic are more likely to be hybridized whereas

intergenic or intronic (non-coding) probes should be mainly in the noise group.
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We use a 4-state heterogenous hidden Markov model with bidimensional Gaussian

emission densities to gather all this information. Finally since genome annotation

is an on-going process with possible errors, we will discuss the relevance of its use

for each specific application.

Figure 2: Example of genome annotation. Yellow squares: probes; blue arrows:

known genes. The arrows correspond to exons and the fine lines between arrows

correspond to introns.

Most methods provide probe-by-probe results. As for the classification pur-

pose, the HMM provides an answer for each probe, via the posterior probabilities.

However probes are not relevant units from a biological point of view. Although

HMM are widely used for classification problems in genomic data, the classifica-

tion of biologically interesting regions is not a common practice. To get a result by

region, the most commonly used method is a sliding window approach where the

probe signals are merged a priori. Another method proposed by Li et al. (2005)

is to define a region as at least two probes with positive log-odds enrichment val-

ues in the ChIP sample and at least one probe with a log-odds enrichment value

lower than −15 in the control sample. But these methods do not deal with regions

covered by several non-adjacent probes, such as genes with exons and introns. We

propose a new solution deriving a posterior probability for a region given a priori

with arbitrary structure (such as a non-connected region) and also a procedure of

gene classification which allows us to quickly get a list of differentially expressed

genes. This calculation clearly improves the classification of regions compared to

the results derived from the classification of the probes.

The article is organized as follows. The statistical model is described in

Section 2.1. The inference is given in Section 2.2. Section 2.3 describes the clas-

sification method for a probe and a gene. In Section 3, we discuss the different

sub-models and the method is illustrated on NimbleGen tiling arrays for transcrip-

tomic and ChIP-chip data of the plant Arabidopsis thaliana. We also perform a

simulation study in Section 3.3 to compare our approach with three existing meth-

ods. The main conclusions and some possible extensions are discussed in Section

4. The method is implemented in R and C and is freely available from CRAN, with

the “TAHMMAnnot” package.
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2 Methods

We propose a non-supervised classification model to compare the intensities of the

two samples hybridized on the array for each probe. It accounts for all available

information for each probe: the two intensities to be compared, the position of the

probe along the chromosome and the current annotation of the probe (for exam-

ple exonic, intronic, intergenic, transposable element, etc). As in Johannes et al.

(2010), our method does not deal with the usual log-ratio but rather considers the

two intensities separately and the joint signal of the two samples is modeled.

2.1 Model

For probe t, we denote

• Xt = (Xt1,Xt2) the log-intensities for both samples,

• Ct ∈ {1, ...P} the annotation category,

• Zt ∈ {1, ...K} the unknown status.

In our case, K = 4, Groups 1 and 2 will refer respectively to ‘noise’ and ‘identical’

probes, whereas Groups 3 and 4 will refer to differentially hybridized probes. To

account for the dependence between adjacent probes, we assume that the process

{Zt} is a first order Markov chain with heterogenous transition π p depending on the

annotation category:

P(Zt = l|Zt−1 = k,Ct = p) = π
p
kl

We then assume that the {Xt} are independent conditionally to the {Zt} with distri-

bution

(Xt |Zt = k) ∼ N (µk,Σk).

The parameters µk and Σk of the Gaussian distribution do not depend on the anno-

tation category.

If there is no spatial dependence, the {Zt} are independent and distributed

according to a multinomial of parameter π
p
k which corresponds to the proportion

of probes from group k in annotation category p. If there is no annotation and no

spatial dependence, the model comes down to a mixture model with four compo-

nents. All these sub-models are discussed in Section 3. We focus on the model

with K = 4 groups, but the models with K = 2 and K = 3 are also possible if a dif-

ferential expression does not exist in one (or two) directions. The constraint of the

orientation of the first two components remains unchanged. If there is no biological

information about the number of groups, the choice between a model with 2, 3 or 4

groups can be made with a selection criterion such as BIC.

5

Bérard et al.: Unsupervised Classification for Tiling Arrays

Published by De Gruyter, 2011



2.2 Inference

We use the parametrization proposed by Banfield and Raftery (1993) which enables

us to characterize geometric properties of the Gaussian density (volume, shape,

orientation). This parametrization considers the eigenvalue decomposition of the

variance matrix of the group k:

Σk = DkΛkD′k.

The matrix Λk describes both the volume and the shape of the ellipse associated

with the Gaussian distribution. The matrix Dk describes the orientation of this el-

lipse. A similar decomposition of variance matrix is studied by Celeux and Govaert

(1995) in the Gaussian mixture context and is implemented in the Mixmod software

(Biernacki, Celeux, Echenim, Govaert, and Langrognet, 2007) and in the Mclust R

package (Fraley and Raftery, 2006, revised 2010). In their approach, each term of

the decomposition is either equal in all groups or specific to each group.

In our case we need an intermediate modeling. By definition groups 1 and

2 should have the same orientation (see Figure 1), which implies that D1 = D2.

Furthermore the dispersion around the main axis is expected to be similar in all

groups, which amounts to fixing the second eigenvalue of Σk for all groups. This

can be summarized as

Σk = DkΛkD′k, for k = 1, ...,4;

D1 = D2;

Λk =

(
u1k 0

0 u2

)
, with u1k > u2, for k = 1, ...,4.

The parameters {π p}, {µk}, {Dk}, {u1k} and u2 are estimated using the EM algo-

rithm. The E-step is achieved with the Forward-Backward algorithm (Baum (1972),

Rabiner (1989)). This model requires a specific M-step to satisfy the prescribed

constraints on the variance matrices (see Appendix for formulas). These constraints

cannot be satisfied with Mixmod or Mclust. In Johannes et al. (2010) the constraints

are related to the means which assumes a strong symmetry in the distribution of the

data.

2.3 Posterior probabilities for a region

The posterior probability for each probe to belong to each group

τtk,X = P(Zt = k|X ,C), where X = {Xt},
is obtained as a by-product of the Forward-Backward algorithm and can be used

for probe classification. Nevertheless, the probe may not be the relevant biologi-

cal entity and we would rather look at the status of a region such as a gene or a
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transposable element. We propose the analogous calculation of the posterior prob-

abilities for a region. Many quantities could be calculated but our criterion is the

natural classification criterion for a region in the context of HMM. It is a general-

ization of the posterior probabilities, which allows us to locally restore the hidden

path. A region is declared in the group k if the hidden path remains in the k-th state

throughout this region.

We define a region as a set of probes that can be decomposed into sub-

regions of adjacent probes. As a reference to the gene structure and without loss of

generality, we will refer to these sub-regions as ‘exons’ and to the spaces between

them as ‘introns’. In eukaryotic genes, exons correspond to coding regions that are

spliced together in the transcript to become the mRNA, after removal of introns,

which are not expressed. We define the posterior probability for such a region g to

belong to group k as the probability for all its probes to belong to group k:

Qgk,X = P(∀t ∈ g,Zt = k|X ,C) (1)

A region is covered by several probes and our definition considers the case of a

homogeneous region, which is when all probes have the same status. We compute

this probability for a gene g with Q exons (and Q− 1 introns). We denote eq the

position of the first probe of exon q and iq the position of the first probe of intron q;

thus iq − 1 refers to the last probe of exon q− 1. As convention, we denote iQ the

position of the first probe after the end of the gene. We also denote Xv
u = {Xt}u≤t≤v.

We get

Qgk,X = P(∀t ∈ g,Zt = k|X ,C)

= P(Ze1
= k|Xe1

1 )×

(
i1−1

∏
t=e1+1

Ak,t

)
×

Q−1

∏
q=2

(
Bk,q ×

iq−1

∏
t=eq+1

Ak,t

)

×Bk,Q ×

(
iQ−2

∏
t=eQ+1

Ak,t

)
×P(ZiQ−1 = k|ZiQ−2 = k,Xn

iQ−1),

where Ak,s = P(Zs = k|Zs−1 = k,Xs,C),

Bk,q = P(Zeq
= k|Ziq−1−1 = k,X

eq

iq−1
,C), with C = {Ct}.

All these terms can be calculated with the Forward recursion of the Forward / Back-

ward algorithm. Note that the sum of the Qgk,X for k ∈ {1, ...4} is not equal to one,

as all probes from the same gene may not have the same status. Changing the list

of exons associated to a gene allows us to account for alternative splicing or to ex-

clude the last exon for which the expression level could be lower due to the labeling

protocol (Nicolas et al., 2009).
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3 Applications

We now illustrate the use of the proposed modeling on both ChIP-chip and tran-

scriptomic data. All experiments have been carried out on a two-color NimbleGen

array of about 700 000 probes designed to insure a constant hybridization tempera-

ture. For each dataset two biological replicates are available, for which hybridiza-

tions are performed in dye-swap. The normalization step is done by averaging on

the dye-swap the two signals of each technical replicate to remove the gene-specific

dye bias (Mary-Huard, Picard, and Robin, 2006). Analyses are performed per chro-

mosome on the normalized data. Then we present a simulation study to compare

our approach with 3 existing methods.

3.1 ChIP-chip dataset

We analyse the data from a histone modification (H3K9me2) study in Arabidop-

sis thaliana for a wildtype and a mutant (polIV). We directly compare the ChIP

samples of the wildtype and the mutant to study their difference in methylation.

The methylation mainly affects transposable elements but also large adja-

cent regions (Humburg et al., 2008). Therefore the enriched probes are expected to

be found both in the transposable elements and in wide neighboring regions. As the

methylation does not affect a specific annotation category, the standard annotation

information is not useful to detect enriched probes. This suggests using an HMM

model without the annotation knowledge.

The histone methylation under study is known to be weakly present in the

genome and the mutant is known to have a loss of methylation compared to the

wildtype (Bernatavichute, Zhang, Cokus, Pellegrini, and Jacobsen, 2008). We find

consistent results as shown by the estimated proportions in each group given by

our model: 43% noise, 21% identical, 22% loss in mutant, 14% gain in mutant.

The studied histone modification is also known as a heterochromatin mark. Most

regions covered by H3K9me2 are adjacent and cover several megabases in pericen-

tromeric regions or in interstitial heterochromatin regions (a tightly packed form of

chromatin) as the knob of chromosome 4, but there are also smaller regions (islands

of heterochromatin) located in euchromatin (a lightly packed form of chromatin)

and covering mainly transposable elements (Bernatavichute et al., 2008). The re-

sults obtained using our method corroborate this information: 91.3% of probes in

heterochromatin are methylated whereas only 49.5% of probes in euchromatin are

methylated. In heterochromatin, 82% of probes have identical behaviour between

wildtype and mutant whereas only 9.5% of probes are identical in euchromatin.

Moreover 56% of methylated probes cover transposable elements or a 500 base-

pair (bp) surrounding region.
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The transition probabilities provide insights about the length of regions from

each group through mean sojourn time. The average size of the binding sites is 14.3

probes (corresponding to 3289bps) for the identical group, 4.5 probes (1035bps)

for the group with lost in mutant, 3.7 probes (851bps) for the group enriched in

mutant and 7.7 probes (1771bps) for the noise group. These calculations show that

impoverished or enriched regions are three times smaller than regions with identi-

cal behaviour between wildtype and mutant. Moreover, the transposable elements

are 2 to 3 times smaller in the euchromatin compared to the heterochromatin. This

suggests that most of the methylation losses of the mutant occur in transposable

elements from the euchromatin. The transposable element META1 (located be-

tween positions 5326458 and 5331580 on chromosome 4) is known to have a loss

of methylation in the mutant. The regulatory region of META1 is located at the

beginning of the transposable element with small RNAs which are involved in the

methylation process. Our method declared the first half of the probes covering

META1 (near the start position) in the group where methylation is lost. The other

probes are declared identically methylated between the two samples. This example

shows the advantage of the high resolution of the tiling array.

Comparison with the models of Johannes et al. (2010) As in Section 2.1, Groups

1 and 2 refer respectively to ‘noise’ and ‘identical’ probes, whereas Groups 3 and

4 correspond to differentially enriched probes. Johannes et al. (2010) proposed

two mixture models of 4 bidimensional Gaussian distributions with constraints on

the mean parameters. The first model is a full-switching model (Model 2) where

the component means are constrained as follows: �µ1 = (µ1,µ1), �µ2 = (µ2,µ2),
�µ3 = (µ2,µ1), �µ4 = (µ1,µ2) and the covariance matrices of Groups 3 and 4 are

equal (Σ3 = Σ4). The flexible-switching model (so-called Model 3) is the full-

switching model (Model 2) with less restrictive constraints on �µ3 = (µ4,µ3) and

�µ4 = (µ3,µ4). We compared the HMM model with their models on the H3K9me2

dataset. Model 2 leads to a smaller proportion of differentially enriched regions

(7.8% lost in mutant and 1.2% gain in mutant, see Figure 3) than the HMM (22%

and 14% respectively). The transposable element META1 that is declared differen-

tially enriched with our model (see above) is found in the identical group according

to their Model 2. The classification of Model 3 seems to be unsuitable for probes

with similar intensities between 8 and 10 where more probes are expected to be de-

clared in the identical group (see Figure 3). By comparing the results of the HMM

with the results given by our simplest model (mixture model, without dependence),

we note that the good definition of the differentially enriched probes is a conse-

quence of the constraints on the variance matrices we put in the model. In fact, the

added advantage of HMM is only to provide blurred boundaries between groups
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(due to the dependence assumption). In conclusion, it seems that the independence

assumption, the symmetrical constraints on the means, and the equal variances for

the differentially enriched probes lead to a model which is too simple to analyze

such data. These two models also do not fit well the transcriptional dataset defined

in Section 3.2 (results not shown).

Figure 3: Classification comparison between the two models of Johannes et al.

(2010) and the mixture model and HMM on H3K9me2 dataset. top left: full-

switching model (Model 2), top right: flexible-switching model (Model 3), bottom

left: mixture model, bottom right: HMM.

3.2 Transcriptional dataset

We now study the gene differential expression between the leaf and the seed 10

days after pollination of the plant Arabidopsis thaliana. First we compare the 4

sub-models, second we present the results by gene, then we consider the detection

of new transcribed regions. In the results, over-expressed (under-expressed) refers

to probes with a higher (smaller) signal in the seed.
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Table 1: Fit of the 4 models. M1 = mixture, M2 = HMM, M3= mixture + annota-

tion, M4 = HMM + annotation.
M1 M2 M3 M4

number of parameters 19 31 25 61

−2 log-likelihood 406249 371309 373283 356617

BIC 406469 371668 373573 357323

ICL 436197 412706 399986 398272

3.2.1 Comparison of the 4 models

The model presented in Section 2.1 uses all available information and is referred

to as model M4. For the annotation, P = 3 categories are considered: intergenic,

intron and exon, and only exonic RNA is expected to be found in the sample. Model

M4 can be simplified if either the structural annotation (Model M2) or spatial de-

pendence between probes (Model M3) is not taken into account. Model M1 is the

simplest model with neither annotation nor spatial dependence. It comes down to

an independent mixture model. The constraints on the variance matrices detailed

in Section 2.2 are kept in all models. Table 1 presents the fit of the four models

for chromosome 4. First we note that combining the HMM with the annotation

information leads to a real improvement in terms of likelihood. This can be seen

when comparing models M1 and M3 or models M2 and M4. In both cases, the

best BIC is obtained when adding the annotation in the model. The full model M4

achieves the best BIC criterion, suggesting that all available information should be

taken into account. Biernacki, Celeux, and Govaert (2000) proposed an alternative

selection criterion named ICL dedicated to classification purposes. In contrast to

BIC which aims at finding the best fitting of the data distribution, the purpose of

the ICL criterion is to assess the number of mixture components that leads to the

most reliable clustering (with small entropy of the posterior distribution). It is a

penalised criterion based on the integrated likelihood which corresponds to the BIC

penalised by the entropy. ICL has been established in the independent mixture con-

text but Celeux and Durand (2008) have shown in a simulation study that it seems

to have the same behaviour in the HMM context. According to ICL, model M4 is

also chosen, so we use model M4 to compare the two transcriptomic samples.

As expected, intergenic probes mostly belong to the noise group (84%) and

few belong to expressed groups: 9% in the under-expressed group and 6% in the

over-expressed. Intronic probes display a similar, although different, repartition:

60% noise, 7% identical, 24% under-expressed and 9% over-expressed (cf Section

3.2.3 for discussion about expressed probes in intergenic and intronic regions). As

expected, most exonic probes (78%) belong to the expressed groups: 41% identi-
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cal, 23% under-expressed and 14% over-expressed. The transition matrices for the

intronic and intergenic categories are very similar (not shown): whatever the status

of probe t, probe t +1 has a 70% to 95% chance of being noise. This is different for

the exonic probes where the transition matrix has high probabilities on the diagonal

meaning that probe t + 1 has high probability (80% to 90%) of having the same

status as probe t. All these results seem to be coherent with what is expected for

transcriptomic data.

3.2.2 Gene classification

We now consider the classification of each gene. To this end, we compute the pos-

terior probability Qgk,X defined in Equation (1). The advantage of our classification

criterion is to offer the possibility not to classify the gene if it is too heteroge-

neous in terms of probe status covering the gene. In fact we propose to classify

the genes via a two-step procedure. The probability for a gene to be homogeneous

whatever the status is ∑k Qgk,X . We first verify whether the gene has homogeneous

status by considering a ratio similar to a Bayes factor: ∑k Qgk,X/∑k Qgk, where

Qgk = P(∀t ∈ g,Zt = k|C) is the non-conditional version of Qgk,X , which is for a

gene

Qgk = mE
k × (πE

kk)
∑

Q
q=1(iq−eq)−1 ×

Q−1

∏
q=1

[(π I)eq+1−iq]kk ,

where superscripts E and I refer to the exonic and intronic categories, respectively.

As its computation involves a product of probabilities with as many terms

as the number of exonic probes in the gene, Qgk,X goes to zero for long genes. The

ratio with Qgk does not correct this effect; therefore we apply an additional linear

correction on the log-ratio with respect to the length of exons and the number of

exons in the gene. We define this corrected log-ratio as a unistatus value which

is a tool for decision support. If the homogeneous assumption seems verified, the

second step is to calculate the conditional posterior probability Qgk,X/∑l Qgl,X to

assign the gene to the group k for which this posterior probability is the highest.

We found 80% of genes which have a unistatus value higer than 0 (corre-

sponding to 22528 genes). Among these 22528 genes, 11900 are declared identi-

cally expressed in the seed and in the leaf, 3632 are declared under-expressed in

the seed and 2667 are declared over-expressed in the seed. It is difficult to interpret

biologically these results given the fact that the functional annotation is still un-

clear. Available tools are databases such as Genevestigator (Zimmermann, Hirsch-

Hoffmann, Hennig, and Gruissem, 2004) which makes possible the visualization

of gene expression across thousands of experimental conditions through data from

Affymetrix microarrays. To illustrate how our results confirm the actual knowledge
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in biology, we identified 96 genes linked to seed using Flagdb++ which summa-

rizes all available information on annotation. Among them, 70 have a probe on

Affymetrix microarray and are so represented in Genevestigator. Only 8 genes are

known for sure to be specifically expressed in the mature silique which is the ex-

perimental condition under study hybridized on the tiling array. For the other 62

genes, their expression is not located specifically in the mature silique but also in

other development stage of seed. Among these 8 genes, 7 have a unistatus value

higer than 0 and are declared over-expressed in the seed with our calculation. For

the others, the expression is not clearly located in seed, which makes it difficult the

comparison.

3.2.3 Detection of new transcripts

Although our model is built for the comparison of two samples, it also allows the

detection of previously unknown transcription sites thanks to the high resolution of

the tiling array. To this aim, the model without annotation seems more suitable,

since we are bringing it into question. A lot of regions with expressed probes are

found in intergenic regions: 1328 small regions with 2 or 3 consecutive expressed

probes, 185 regions with 4 or 5 consecutive expressed probes and 90 regions with

more than 5 consecutive probes (including 25 regions with more than 10 consecu-

tive probes). For the 90 regions with more than 5 consecutive probes, we check with

other annotation information such as Expressed Sequence TAG (EST) or genes pre-

dicted by the Eugene software (Schiex, Moisan, and Rouzé, 2001) which are not yet

in the official TAIR annotation. We found 39 regions matching with annotation like

small RNA, rRNA, tRNA, including 12 regions corresponding to a coding sequence

defined in Eugene and 10 corresponding to transcriptional units recently annotated

due to the presence of EST. Figure 4 (from FLAGdb++ (Samson et al., 2004))

shows examples of results for two annotated genes and also for two expressed re-

gions which correspond to EST and Eugene genes. Moreover the obtained results

show many other interesting things, such as surprisingly many transcriptions in the

introns in 5’UTR (40% of intronic probes declared expressed in Section 3.2.1). This

seems to be consistent with a recent article of Cenik, Derti, Mellor, Berriz, and Roth

(2010) assuming a functional role of 5’UTR short introns.

3.3 Simulation study

We performed a simulation study to compare our approach with 3 existing methods:

ChIPOTle (Buck, Nobel, and Lieb, 2005), the method of Johannes et al. (2010) and

the one of Seifert et al. (2009). As there is no annotation in the simulation datasets,
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Figure 4: Presentation of results in Flagdb++. Circles represent EST, blue arrows

are official TAIR annotation genes and violet arrows represent Eugene genes. The

small rectangles are probes colored according to their status: grey if not expressed,

black if identically expressed and red or green if differentially expressed. On the

first 2 lines, there are 2 expressed genes covered by a majority of probes with the

same status except the intronic probes which are reasonably declared as not ex-

pressed. The last 2 lines present expressed probes where there are no official genes

but the signal coincides with EST and/or Eugene genes.

we applied our model M2 corresponding to the simple HMM with constraints on

the variance matrices.

3.3.1 Design

We generated two datasets of size n = 90 000 for which we are interested in retriev-

ing the differentially expressed probes. The first two datasets are simulated with

a latent variable Z being a first order Markov chain taking its values in {1, ...,4}.
The transition matrix π and the stationary distribution m have been adjusted on real

datasets described below. To overcome the Gaussian assumption, the observations

X were sampled according to an empirical distribution in each of the four groups

of a real dataset. More precisely, the observations are sampled from real datasets in

order to be similar to realistic tiling array data. The resampling is done using the

posterior probabilities as weight for each probe. Two real datasets have been cho-

sen with different expected proportions of differentially expressed probes. The first

dataset, presented in Section 3.1, concerns the study of a histone mark (H3K9me2)

in Arabidopsis thaliana for a wildtype and a mutant (polIV). In this dataset, about

30% of probes are expected to be differentially expressed. The second dataset is

a publicly available ChIP-chip dataset coming from Penterman, Zilberman, Huh,

Ballinger, Henikoff, and R.L. (2007) which compares the methylation profile of a
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wild-type Arabidopsis plant to that of a triple mutant. It leads to low proportions of

differentially expressed probes.

We analysed the synthetic datatsets with Model M2 and with three other

methods.

• ChIPOTle is a method dedicated to peak-finding in classical ChIP-chip exper-

iments. Therefore it only provides two populations. It uses a sliding window

approach based on the log-ratio. The window size and step parameters have

to be tuned. With default parameters, ChIPOTle detects only one peak. We

put window=200 and step=50, which seems to be a good combination giv-

ing a reasonable number of peaks for each simulated dataset. We used the

absolute value of the log-ratio to mimic situations usually analysed.

• Seifert et al. (2009) proposed a three-state HMM that models the log-ratios of

the two intensities. It requires the incorporation of a priori knowledge using

prior distributions. The choice of the priors is not easy and those given by

default do not provide three populations. Hence we modified them. We put

startDistribution = (0.1,0.7,0.2), means = (-1,0.0,1), stds = (0.3,1,0.5), scale-

OfAprioriMeans = (0.1,1,75) and shapeOfStandardDeviations = (20;1;100).

• Johannes et al. (2010) proposed two mixture models of four bidimensional

Gaussian distributions with constraints on the mean parameters for the si-

multaneous analysis of two samples. These two models are described more

precisely in Section 3.1.

In the simulated datasets, we are looking for the four groups defined in

Section 1. The classification is done with the MAP rule for our model M2 and the

model of Johannes et al. (2010). However, ChIPOTle and the method of Seifert et al.

(2009) do not provide four groups: they merge the noise and the identical groups.

The method of Seifert et al. (2009) applies the Viterbi algorithm to determine the

most probable state sequence and give a classification of probes into three groups.

For ChIPOTle, the differentially expressed probes are deduced from the detected

peaks and there are only two groups. To compare our method with the ones of

Seifert et al. (2009) and ChIPOTle, we summed the posterior probabilities of the

noise and identical groups to obtain a classification into three groups, and also those

of the over-expressed and under-expressed groups to obtain a classification into two

groups.

The methods are compared using the classification results in terms of sensi-

tivity, specificity and False Discovery Rate (FDR) for a given group k. The sensi-

tivity is defined as:
T Pk

T Pk+FNk
, the specificity is defined as

T Nk

T Nk+FPk
, and the FDR is

defined as
FPk

T Pk+FPk
, where:
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We hence focus on the probes assigned as differentially expressed. Both sensitivity

and specificity are expected to be large whereas FDR is hoped to be small.

3.3.2 Results

The results are presented in Tables 2 and 3. The peaks detected with the ChIPOTle

method only represent between 31% and 35% of differentially expressed probes

for the two datasets. The flexible-switching model (Model 3) of Johannes et al.

(2010) provides better results than the full-switching model (Model 2); therefore

we focus on Model 3. In the first dataset, Model 3 of Johannes et al. (2010) and the

method of Seifert et al. (2009) have similar behavior. They respectively find 85%

or 82% of under-expressed probes and 63% or 72% of over-expressed probes. In

the second dataset where few probes are differentially expressed, the two methods

behave differently. The method of Seifert et al. (2009) has difficulty finding the

over-expressed group (only 55% of detected probes). On the contrary, Model 3

of Johannes et al. (2010) finds 100% of differentially expressed probes but detects

a lot of false positives in return (FDR=99%). About 40 000 probes with similar

intensities between 8 and 10 are declared differentially expressed whereas they are

expected to be declared in the identical or in the noise group. In the two simulated

datasets, our model M2 identifies more than 83% of differentially expressed probes,

with fewer false positives (FDR between 2 and 13%). Among the four methods,

Model M2 provided the best triplets of sensitivity, specificity and FDR whatever

the proportion of differentially expressed probes in the dataset.

In order to overcome the Markovian dependency assumption, we also sim-

ulated two other datasets where the hidden path Z was sampled in a 4-state jump

process with Markovian between-state transitions and Negative Binomial sojourn

times (instead of Geometric). Similar results are obtained. The triplets of sensitiv-

ity, specificity and FDR obtained with Model M2 are (92,99,4) and (91,99,5) for the

two differentially expressed groups in the first dataset respectively, and (99,100,3)

and (85,100,16) in the second dataset. This ensures that our model is not too de-

pendent on the Markovian assumption.

T Pk = ∑
t

1(Ẑt=k)1(Zt=k) FNk = ∑
t

1(Ẑt=k)1(Zt 6=k)

FPk = ∑
t

1(Ẑt 6=k)1(Zt=k) T Nk = ∑
t

1(Ẑt 6=k)1(Zt 6=k)
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Table 2: Dataset derived from H3K9me2 with a large proportion of differentially

expressed probes. The notation corresponds to the order sensitivity, specificity,

FDR in %.
noise identical under-expressed over-expressed

Z 38135 19527 19413 12925

ChIPOTle 99, 35, 27 35, 99, 6

M2 with 2 groups 97, 94, 4 94, 94, 5

Seifert et al. 92, 79, 11 82, 95, 18 72, 98, 13

M2 with 3 groups 98, 93, 4 92, 99, 6 90, 99, 6

Johannes et al. M3 94, 90, 12 82, 100, 0.1 85, 89, 31 63, 99, 11

TAHMMAnnot M2 96, 96, 5 99, 100, 1 92, 98, 6 90, 99, 6

Table 3: Dataset derived from Penterman et al. (2007) with a small proportion of

differentially expressed probes. The notation corresponds to the order sensitivity,

specificity, FDR, in %.

noise identical under-expressed over-expressed

Z 45300 43401 782 517

ChIPOTle 100, 31, 1 31, 100, 0

M2 with 2 groups 100, 91, 0.1 91, 100, 6

Seifert et al. 98, 99, 0 100, 99, 48 55, 98, 84

M2 with 3 groups 100, 91, 0.1 97, 100, 2 82, 100, 12

Johannes et al. M3 23, 96, 13 74, 79, 12 100, 100, 31 100, 56, 99

TAHMMAnnot M2 85, 84, 16 83, 85, 16 97, 100, 2 83, 100, 13

4 Discussion

Tiling array is a powerful technology which requires adapted statistical methods to

deal with the large quantity and the variability of data. We focus on the comparison

of two samples from transcriptomic or ChIP-chip experiments and also on the de-

tection of transcribed regions by directly modeling the joint distribution of the two

sample intensities. We consider all the available information from the probes: the

intensity of the two signals, the dependence between neighboring probes and the

structural annotation. The annotation knowledge is very useful information with

the aim of classification because of the intrinsic difference between exonic or in-

tergenic probes. This method can be used for ChIP-chip or transcriptomic data

whenever there are two conditions to compare. Both one-color and two-color tiling

arrays can be analysed. This method could be adapted for the comparison of d > 2

samples. The number of parameters would be linear in d and quadratic in K but
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still very small compared to the number of observations. However, the definition

of generic geometrical constraints in dimension d is not straightforward and would

need to be adapted to the experimental design. A simulation study highlighted the

performance of our approach and applications on Arabidopsis thaliana tiling array

show the ability of the model to interpret the data and provide a new insight on

gene expression or gene expression control as well as new biological hypotheses.

Arabidopsis thaliana is a model plant with a very well-known genome annotation

but for many organisms the annotation is not available or unreliable. That is why

the sub-models are also useful. The model without annotation allows us not to be

limited by the quality of the available annotation and this model is also useful to

detect new genes to improve the current official annotation.

This work also raises the question of classification. The results are given

by probe and by region. We compute a posterior probability by region and we pro-

pose a procedure for region classification. The most common regions are the genes

which are non-connected regions, but any other region can be defined. It would be

interesting to control the False Discovery Rate, i.e. the expected proportion of mis-

classifications, in the case of having 4 groups and under the dependence hypothesis,

and also for the results given by region. Moreover it is clear that the assumption of

a normal distribution for the emission distribution may not be realistic. We are now

working on a model where the emission distributions are themselves mixtures, in

order to get more flexible distributions and therefore a better fit to real data.

A Appendix: Computation of the estimates of D and Λ.

Recall that Xt = (Xt1,Xt2) are the log-intensities for both samples, t varies from 1 to
n, where n is the total number of observations.

Let X̄k =
∑n

t=1 τtk,X Xt

nk
, where nk =

n

∑
t=1

τtk,X .

Let Wk =
n

∑
t=1

τtk,X(Xt− X̄k)(Xt− X̄k)
′ be a matrix like

(
w1k w2k

w2k w4k

)
and

Λk =

(
u1k 0

0 u2

)
, with u1k > u2, for k = 1, ...,4. The maximum likelihood estimator

of the orientation matrix D identical for the first two components with the same

orientation is in the form of

(
d̂ −

√
1− d̂2

√
1− d̂2 d̂

)
, where d̂ is the minimum of

the function:

f (d) =
2

∑
k=1

{
d2w1k +2w2kd

√
1−d2 +w4k(1−d2)

u1k

+
d2w4k +2w2kd

√
1−d2 +w1k(1−d2)

u2

}
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The estimator of d̂ is defined by:

d̂2− 1

2
= ± N1,4

2
[{

N1,4

}2
+4{N2}2

]1/2
, with d̂ > 0,

where N1,4 =
2

∑
k=1

(w1k−w4k)(u2−u1k)/u1ku2 and N2 =
2

∑
k=1

(w2k)(u2−u1k)/u1ku2.

Let Bk be a matrix defined by Bk = D′kWkDk like

(
b1k b3k

b4k b2k

)
.

The maximum likelihood estimator of Λk is in the form of

(
û1k 0

0 û2

)
, where

⎧
⎪⎨

⎪⎩

û1k = b1k/nk

û2 =
4

∑
k=1

b2k/n.
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❝✐❡♥t❧② ❙❡❣♠❡♥t✐♥❣ ❚✐❧✐♥❣ ❆rr❛② ❉❛t❛ ✐♥ ❚r❛♥s❝r✐♣t✐♦♥❛❧ ❛♥❞ ❈❤■P✲❝❤✐♣ ❊①♣❡r✐♠❡♥ts ✿
❙②st❡♠❛t✐❝❛❧❧② ■♥❝♦r♣♦r❛t✐♥❣ ❱❛❧✐❞❛t❡❞ ❇✐♦❧♦❣✐❝❛❧ ❑♥♦✇❧❡❣❞❣❡✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✷✭✷✹✮✱
✸✵✶✻✲✸✵✷✹✳

❋♦r❡♠❛♥✱ ▲✳❆✳ ✭✶✾✾✸✮✳ ●❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈✐t❡r❜✐ ❛❧❣♦r✐t❤♠✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s
❆♣♣❧✐❡❞ ✐♥ ❇✉s✐♥❡ss ❛♥❞ ■♥❞✉str② ✹ ✸✺✶✲✸✻✼✳

❋♦r♥❡②✱ ●✳❉✳❏r ✭✶✾✼✸✮✳ ❚❤❡ ❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊✳

❋r❛❧❡②✱ ❈✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✾✮✳ ▼❝❧✉st ✿ ❙♦❢t✇❛r❡ ❢♦r ▼♦❞❡❧✲❜❛s❡❞ ❈❧✉st❡r ❆♥❛❧②s✐s✳
❏♦✉r♥❛❧ ♦❢ ❈❧❛ss✜❝❛t✐♦♥ ✶✻ ✷✾✼✲✸✵✻✳

❋r❛❧❡②✱ ❈✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳ ❊✳ ✭✷✵✵✻✮✳ ▼❈▲❯❙❚ ✈❡rs✐♦♥ ✸ ❢♦r ❘ ✿ ◆♦r♠❛❧ ♠✐①t✉r❡ ♠♦❞❡❧✐♥❣
❛♥❞ ♠♦❞❡❧✲❜❛s❡❞ ❝❧✉st❡r✐♥❣✳ ❚❡❝❤✳ ❘❡♣✳ ✺✵✹✱ ❯♥✐✈❡rs✐t② ♦❢ ❲❛s❤✐♥❣t♦♥✱ ❉❡♣❛rt♠❡♥t ♦❢
❙t❛t✐st✐❝s✱ ❙❡❛tt❧❡✱ ❲❆✳

❋r✐❞❧②❛♥❞✱ ❏✳✱ ❙♥✐❥❞❡rs✱ ❆✳▼✳✱ P✐♥❦❡❧✱ ❉✳✱ ❆❧❜❡rts♦♥✱ ❉✳●✳ ❛♥❞ ❏❛✐♥✱ ❆✳◆✳ ✭✷✵✵✹✮✳ ❍✐❞❞❡♥
▼❛r❦♦✈ ♠♦❞❡❧s ❛♣♣r♦❛❝❤ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛rr❛② ❈●❍ ❞❛t❛✳ ❏ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s
✾✵✱ ✶✸✷✲✶✺✸✳

●❛r❡❧✱ ❇✳ ✭✷✵✵✶✮✳ ▲✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❢♦r ✉♥✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ♠✐①t✉r❡✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐s✲
t✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡ ✾✻✭✷✮ ✿✸✷✺✲✸✺✵✳

●❛r❡❧✱ ❇✳ ❛♥❞ ●♦✉ss❛♥♦✉✱ ❋✳ ✭✷✵✵✷✮✳ ❘❡♠♦✈✐♥❣ s❡♣❛r❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✐♥ ❛ ✶ ❛❣❛✐♥st ✸✲
❝♦♠♣♦♥❡♥ts ❣❛✉ss✐❛♥ ♠✐①t✉r❡ ♣r♦❜❧❡♠✳ ♥ ❈❧❛ss✐✜❝❛t✐♦♥✱ ❈❧✉st❡r✐♥❣ ❛♥❞ ❞❛t❛ ❆♥❛❧②s✐s✱
❙♦❦♦❧♦✇s❦✐ ❆✳ ❛♥❞ ❇♦❝❤ ❍✳❍✳✭❊❞s✮✱ ❇❡r❧✐♥✳ ❙♣r✐♥❣❡r✳ ✻✶✲✼✸✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✵✽ ❇✐❜❧✐♦❣r❛♣❤✐❡

●❤♦s❤✱ ❙✳✱ ❍✐rs❝❤✱ ❍✳❆✳✱ ❙❡❦✐♥❣❡r✱ ❊✳❆✳✱ ❑❛♣r❛♥♦✈✱ P✳✱ ❙tr✉❤❧✱ ❑✳ ❛♥❞ ●✐♥❣❡r❛s✱ ❚✳❘✳
✭✷✵✵✼✮✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❛❧②s✐s ❢♦r ❤✐❣❤ ❞❡♥s✐t② t✐❧✐♥❣ ♠✐❝r♦❛rr❛② ❞❛t❛✳ ❇▼❈ ❇✐♦✐♥❢♦r♠❛✲
t✐❝s✱ ✽ ✿✸✺✾✳

●❧❛③✱ ❏✳✱ P♦③❞♥②❛❦♦✈✱ ❱✳ ❛♥❞ ❲❛❧❧❡♥st❡✐♥✱ ❙✳ ✭✷✵✵✾✮✳ ❙❝❛♥ ❙t❛t✐st✐❝s ▼❡t❤♦❞s ❛♥❞ ❆♣♣❧✐✲
❝❛t✐♦♥s✳ ❙t❛t✐st✐❝s ❢♦r ■♥❞✉str② ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ❇✐r❦❤❛✉s❡r✳

❍❛❧❛s③✱ ●✳✱ ✈❛♥ ❇❛t❡♥❜✉r❣✱ ▼✳❋✳✱ P❡r✉ss❡✱ ❏✳✱ ❍✉❛✱ ❙✳✱ ▲✉✱ ❳✳❏✳✱ ❲❤✐t❡✱ ❑✳P✳ ❛♥❞ ❇✉ss❡✲
♠❛❦❡r✱ ❍✳ ✭✷✵✵✻✮✳ ❉❡t❡❝t✐♥❣ tr❛♥s❝r✐♣t✐♦♥❛❧❧② ❛❝t✐✈❡ r❡❣✐♦♥s ✉s✐♥❣ ❣❡♥♦♠✐❝ t✐❧✐♥❣ ❛rr❛②s✳
●❡♥♦♠❡ ❇✐♦❧♦❣② ✼✳

❍❛♥❛❞❛✱ ❑✳✱ ❩❤❛♥❣✱ ❳✳✱ ❇♦r❡✈✐t③✱ ❏✳❖✳✱ ▲✐✱ ❲✳❍✳ ❛♥❞ ❙❤✐✉✱ ❙✳❍✳ ✭✷✵✵✼✮✳ ❆ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ♥♦✈❡❧ ❝♦❞✐♥❣ s♠❛❧❧ ♦♣❡♥ r❡❛❞✐♥❣ ❢r❛♠❡s ✐♥ t❤❡ ✐♥t❡r❣❡♥✐❝ r❡❣✐♦♥s ♦❢ t❤❡ ❆r❛❜✐❞♦♣s✐s
t❤❛❧✐❛♥❛ ❣❡♥♦♠❡ ❛r❡ tr❛♥s❝r✐❜❡❞ ❛♥❞✴♦r ✉♥❞❡r ♣✉r✐❢②✐♥❣ s❡❧❡❝t✐♦♥✳ ●❡♥♦♠❡ ❘❡s❡❛r❝❤
✶✼✱ ✻✸✷✲✻✹✵✳

❍❛t❤❛✇❛②✱ ❘✳❏✳ ✭✶✾✽✻✮✳ ❆♥♦t❤❡r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡♠ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐①t✉r❡ ❞✐str✐❜✉✲
t✐♦♥s✳ ❙t❛t✐st✐❝s ✫ Pr♦❜❛❜✐❧✐t② ▲❡tt❡rs ✹ ✺✸✲✺✻✳

❍❡✱ ❑✳✱ ▲✐✱ ❳✳✱ ❩❤♦✉✱ ❏✳✱ ❉❡♥❣✱ ❳✳❲✳✱ ❩❤❛♦✱ ❍✳ ❛♥❞ ▲✉♦✱ ❏✳ ✭✷✵✵✾✮✳ ◆❚❆P ✿ ❢♦r ◆✐♠❜❧❡●❡♥
t✐❧✐♥❣ ❛rr❛② ❈❤■P✲❝❤✐♣ ❞❛t❛ ❛♥❛❧②s✐s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✺✱ ✶✽✸✽✲✶✽✹✵✳

❍❡♥♥✐❣✱ ❈✳ ✭✷✵✶✵✮✳ ▼❡t❤♦❞s ❢♦r ♠❡r❣✐♥❣ ●❛✉ss✐❛♥ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✳ ❆❞✈ ❉❛t❛ ❆♥❛❧
❈❧❛ss✐❢ ✸✲✸✹✳

❍✉❜❡r✱ ❲✳✱ ❚♦❡❞❧✐♥❣✱ ❏✳ ❛♥❞ ❙t❡✐♥♠❡t③✱ ▲✳▼✳ ✭✷✵✵✻✮✳ ❚r❛♥s❝r✐♣t ♠❛♣♣✐♥❣ ✇✐t❤ ❤✐❣❤✲
❞❡♥s✐t② ♦❧✐❣♦♥✉❝❧❡♦t✐❞❡ t✐❧✐♥❣ ❛rr❛②s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✷✭✻✮✱ ✶✾✻✸✲✶✾✼✵✳

❍✉♠❜✉r❣✱ P✳✱ ❇✉❧❣❡r✱ ❉✳ ❛♥❞ ❙t♦♥❡✱ ●✳ ✭✷✵✵✽✮✳ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❢♦r r♦❜✉st ❍▼▼
❛♥❛❧②s✐s ♦❢ ❈❤■P✲❝❤✐♣ ❞❛t❛✳ ❇▼❈ ❇✐♦✐♥❢♦r♠❛t✐❝s ✾ ✿✸✹✸✳

❍✉♣é✱ P✳✱ ❙tr❛♥s❦②✱ ◆✳✱ ❚❤✐❡r②✱ ❏✳P✳✱ ❘❛❞✈❛♥②✐✱ ❋✳ ❛♥❞ ❇❛r✐❧❧♦t✱ ❊✳ ✭✷✵✵✹✮✳ ❆♥❛❧②s✐s ♦❢
❛rr❛② ❈●❍ ❞❛t❛ ✿ ❢r♦♠ s✐❣♥❛❧ r❛t✐♦ t♦ ❣❛✐♥ ❛♥❞ ❧♦ss ♦❢ ❉◆❆ r❡❣✐♦♥s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s✱
✷✵✭✶✽✮ ✿✸✹✶✸✲✸✹✷✷✳

❏❛r✈✐s✱ ❑✳ ❛♥❞ ❘♦❜❡rts♦♥✱ ▼✳ ✭✷✵✶✶✮✳ ❚❤❡ ♥♦♥❝♦❞✐♥❣ ✉♥✐✈❡rs❡✳ ❇▼❈ ❇✐♦❧♦❣② ✾ ✿✺✷✳

❏✐✱ ❍✳ ❛♥❞ ❲♦♥❣✱ ❲✳❍✳ ✭✷✵✵✺✮✳ ❚✐❧❡▼❛♣ ✿ ❝r❡❛t❡ ❝❤r♦♠♦s♦♠❛❧ ♠❛♣ ♦❢ t✐❧✐♥❣ ❛rr❛② ❤②❜r✐✲
❞✐③❛t✐♦♥s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✶✱ ✸✻✷✾✲✸✻✸✻✳

❏♦❤❛♥♥❡s✱ ❋✳✱ ❲❛r❞❡♥❛❛r✱ ❘✳✱ ❈♦❧♦♠é✲❚❛t❝❤é ▼✳ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❈♦♠♣❛r✐♥❣ ❣❡♥♦♠❡✲✇✐❞❡
❝❤r♦♠❛t✐♥ ♣r♦✜❧❡s ✉s✐♥❣ ❈❤■P✲❝❤✐♣ ♦r ❈❤■P✲s❡q✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✻ ✶✵✵✵✲✶✵✵✻✳

❏♦❤♥s♦♥✱ ❲✳❊✳✱ ▲✐✱ ❲✳✱ ▼❡②❡r✱ ❈✳❆✳✱ ●♦tt❛r❞♦✱ ❘✳✱ ❈❛rr♦❧❧✱ ❏✳❙✳✱ ❇r♦✇♥✱ ▼✳ ❛♥❞ ▲✐✉✱ ❳✳❙✳
✭✷✵✵✻✮✳ ▼♦❞❡❧✲❜❛s❡❞ ❛♥❛❧②s✐s ♦❢ t✐❧✐♥❣✲❛rr❛②s ❢♦r ❈❤■P✲❝❤✐♣✳ P◆❆❙ ✶✵✸✱ ✶✷✹✺✼✲✶✷✹✻✷✳

❑❛r❧✐s✱ ❉✳ ❛♥❞ ❳❡❦❛❧❛❦✐✱❊✳ ✭✷✵✵✸✮✳ ❈❤♦♦s✐♥❣ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❊▼ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥✐t❡
♠✐①t✉r❡s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s✱ ✹✶✭✸✮ ✿✺✼✼✲✺✾✵✳

❑❛ss✱ ❊✳ ❛♥❞ ❘❛❢t❡r②✱ ❆✳❊✳ ✭✶✾✾✺✮✳ ❇❛②❡s ❢❛❝t♦rs✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ st❛t✐st✐❝❛❧
❆ss♦❝✐❛t✐♦♥ ✾✵ ✼✼✸✲✼✾✺✳

❑❡❧❡s✱ ❙✳✱ ✈❛♥ ❞❡ ▲❛❛♥✱ ▼✳✱ ❉✉❞♦✐t✱ ❙✳ ❛♥❞ ❈❛✇❧❡②✱ ❙✳❊✳ ✭✷✵✵✹✮✳ ▼✉❧t✐♣❧❡ ❚❡st✐♥❣ ▼❡t❤♦❞s
❢♦r ❈❤■P✲❝❤✐♣ ❤✐❣❤ ❞❡♥s✐t② ♦❧✐❣♦♥✉❝❧❡♦t✐❞❡ ❛rr❛② ❞❛t❛✳ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❇❡r❦❡❧❡②
❉✐✈✐s✐♦♥ ♦❢ ❇✐♦st❛t✐st✐❝s ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s ✶✹✼✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



❇✐❜❧✐♦❣r❛♣❤✐❡ ✷✵✾

❑❡r✐❜✐♥✱ ❈✳ ✭✷✵✵✵✮✳ ❈♦♥s✐st❡♥t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ ♠✐①t✉r❡ ♠♦❞❡❧s✳ ❙❛♥❦❤②✠❛ ❙❡r✳
❆ ✻✷✭✶✮ ✿✹✾✲✻✻✳

❑❡rr✱ ▼✳❑✳✱ ❆❢s❤❛r✐✱ ❈✳❆✳✱ ❇❡♥♥❡tt✱ ▲✳✱ ❇✉s❤❡❧✱ P✳✱ ▼❛rt✐♥❡③✱ ❏✳✱ ❲❛❧❦❡r✱ ◆✳❏✳ ❛♥❞ ❈❤✉r✲
❝❤✐❧❧✱ ●✳❆✳ ✭✷✵✵✷✮✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♠✐❝r♦❛rr❛② ❡①♣❡r✐♠❡♥t ✇✐t❤
r❡♣❧✐❝❛t✐♦♥✳ ❙t❛t✐st✐❝❛ ❙✐♥✐❝❛ ✶✷ ✷✵✸✲✷✶✼✳

▲❛✈✐❡❧❧❡✱ ▼✳ ✭✷✵✵✺✮✳ ❯s✐♥❣ ♣❡♥❛❧✐③❡❞ ❝♦♥tr❛sts ❢♦r t❤❡ ❝❤❛♥❣❡✲♣♦✐♥t ♣r♦❜❧❡♠✳ ❙✐❣♥❛❧ Pr♦✲
❝❡ss✐♥❣ ✽✺ ✶✺✵✶✲✶✺✶✵✳

▲❡❜❛r❜✐❡r✱ ❊✳ ❛♥❞ ▼❛r②✲❍✉❛r❞✱ ❚✳ ✭✷✵✵✹✮✳ ▲❡ ❝r✐tèr❡ ❇■❈ ✿ ❢♦♥❞❡♠❡♥ts t❤é♦r✐q✉❡s ❡t
✐♥t❡r♣rét❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✺✸✶✺✱ ■◆❘■❆✳

▲❡❜❛r❜✐❡r✱ ❊✳ ❛♥❞ ▼❛r②✲❍✉❛r❞✱ ❚✳ ✭✷✵✶✶✮✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♥♦♥ s✉♣❡r✈✐sé❡✳ P♦❧②❝♦♣✐é ❆❣r♦✲
P❛r✐s❚❡❝❤✳

▲✐✱ ❏✳ ✭✷✵✵✺✮✳ ❈❧✉st❡r✐♥❣ ❜❛s❡❞ ♦♥ ❛ ♠✉❧t✐❧❛②❡r ♠✐①t✉r❡ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧
❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s ✺✹✼✲✺✻✽✳

▲✐✱ ❲✳✱ ▼❡②❡r✱ ❆✳ ❛♥❞ ▲✐✉✱ ❳✳❙✳ ✭✷✵✵✺✮✳ ❆ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧ ❢♦r ❛♥❛❧②③✐♥❣ ❈❤■P✲
❝❤✐♣ ❡①♣❡r✐♠❡♥ts ♦♥ ❣❡♥♦♠❡ t✐❧✐♥❣ ❛rr❛②s ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣✺✸ ❜✐♥❞✐♥❣ s❡q✉❡♥❝❡s✳
❇✐♦✐♥❢♦r♠❛t✐❝s ✷✶✶✱ ✷✼✹✲✷✽✷✳

▼❛✐tr❛✱ ❘✳ ✭✷✵✵✾✮✳ ■♥✐t✐❛❧✐③✐♥❣ ♣❛rt✐t✐♦♥✲♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊✴❆❈▼ ❚r❛♥s❛❝✲
t✐♦♥s ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❛♥❞ ❇✐♦✐♥❢♦r♠❛t✐❝s ✻ ✶✹✹✲✶✺✼✳

▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ▼❛r②✲❍✉❛r❞✱ ❚✳✱ ❇ér❛r❞✱ ❈✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✵✽✮✳ ❈❤■P♠✐① ✿
♠✐①t✉r❡ ♠♦❞❡❧ ♦❢ r❡❣r❡ss✐♦♥s ❢♦r t✇♦✲❝♦❧♦r ❈❤■P✲❝❤✐♣ ❛♥❛❧②s✐s✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✹✱ ✶✽✶✲
✶✽✻✳

▼❛r②✲❍✉❛r❞✱ ❚✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ❇ér❛r❞✱ ❈✳ ❛♥❞ ❘♦❜✐♥✱ ❙✳ ✭✷✵✶✵✮✳ ❙t❛t✐st✐❝❛❧
♠❡t❤♦❞♦❧♦❣② ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐✲s❛♠♣❧❡ ❈❤■P✲❝❤✐♣ ❡①♣❡r✐♠❡♥ts✳ ■♥t❡r♥❛t✐♦♥❛❧
❇✐♦♠❡tr✐❝ ❈♦♥❢❡r❡♥❝❡ ❋❧♦r✐❛♥♦♣♦❧✐s ✭❇rés✐❧✮✳

▼❝▲❛❝❤❧❛♥✱ ●✳❏✳ ❛♥❞ ❑r✐s❤♥❛♥✱ ❚✳ ✭✷✵✵✽✮✳ ❚❤❡ ❊▼ ❆❧❣♦r✐t❤♠ ❛♥❞ ❊①t❡♥s✐♦♥s✳ ❲✐❧❡②
❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✳

▼❝▲❛❝❤❧❛♥✱ ●✳❏✳ ❛♥❞ P❡❡❧✱ ❉✳ ✭✷✵✵✵✮✳ ❋✐♥✐t❡ ▼✐①t✉r❡ ▼♦❞❡❧s✳ ◆❡✇ ❨♦r❦ ✿ ❏♦❤♥ ❲✐❧❡②✳

▼♦❝❦❧❡r✱ ❚✳❈✳ ❛♥❞ ❊❝❦❡r✱ ❏✳❘✳ ✭✷✵✵✺✮✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❉◆❆ t✐❧✐♥❣ ❛rr❛②s ❢♦r ✇❤♦❧❡ ❣❡♥♦♠❡
❛♥❛❧②s✐s✳ ●❡♥♦♠✐❝s ✽✺✱ ✶✲✶✺✳

▼♦❣❤❛❞❞❛♠✱ ❆✳▼✳❇✳✱ ❘♦✉❞✐❡r✱ ❋✳✱ ❙❡✐❢❡rt✱ ▼✳✱ ❇ér❛r❞✱ ❈✳✱ ▼❛rt✐♥✲▼❛❣♥✐❡tt❡✱ ▼✳▲✳✱ ❆s❤✲
t✐②❛♥✐✱ ❘✳❑✳✱ ❍♦✉❜❡♥✱ ❆✳✱ ❈♦❧♦t✱ ❱✳ ❛♥❞ ▼❡tt❡✱ ▼✳❋✳ ✭✷✵✶✶✮✳ ❆❞❞✐t✐✈❡ ✐♥❤❡r✐t❛♥❝❡ ♦❢
❤✐st♦♥❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ ❆r❛❜✐❞♦♣s✐s t❤❛❧✐❛♥❛ ✐♥tr❛✲s♣❡❝✐✜❝ ❤②❜r✐❞s✳ ❚❤❡ P❧❛♥t ❏♦✉r♥❛❧✳

▼✉♥❝❤✱ ❑✳✱ ●❛r❞♥❡r✱ P✳P✳✱ ❆r❝t❛♥❞❡r✱ P✳ ❛♥❞ ❑r♦❣❤✱ ❆✳ ✭✷✵✵✻✮✳ ❆ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧
❛♣♣r♦❛❝❤ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ❡①♣r❡ss✐♦♥ ❢r♦♠ ❣❡♥♦♠✐❝ t✐❧✐♥❣ ♠✐❝r♦ ❛rr❛②s✳ ❇▼❈ ❇✐♦✐♥❢♦r✲
♠❛t✐❝s✱ ✼ ✿✷✸✾✳

◆✐❝♦❧❛s✱ P✳✱ ▲❡❞✉❝✱ ❆✳✱ ❘♦❜✐♥✱ ❙✳✱ ❘❛s♠✉ss❡♥✱ ❙✳✱ ❏❛r♠❡r✱ ❍✳ ❛♥❞ ❇❡ss✐èr❡s✱ P✳ ✭✷✵✵✾✮✳
❚r❛♥s❝r✐♣t✐♦♥❛❧ ❧❛♥❞s❝❛♣❡ ❡st✐♠❛t✐♦♥ ❢r♦♠ t✐❧✐♥❣ ❛rr❛② ❞❛t❛ ✉s✐♥❣ ❛ ♠♦❞❡❧ ♦❢ s✐❣♥❛❧
s❤✐❢t ❛♥❞ ❞r✐❢t✳ ❇✐♦✐♥❢♦r♠❛t✐❝s ✷✺✭✶✽✮✱ ✷✸✹✶✲✷✸✹✼✳

❖❤✱ ❙✳✱ P❛r❦✱ ❙✳ ❛♥❞ ✈❛♥ ◆♦❝❦❡r✱ ❙✳ ✭✷✵✵✽✮✳ ●❡♥✐❝ ❛♥❞ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥s ❢♦r P❛❢✶❈ ✐♥
❝❤r♦♠❛t✐♥ ♠♦❞✐✜❝❛t✐♦♥ ❛♥❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ❆r❛❜✐❞♦♣s✐s✳ P▲♦❙ ●❡♥❡t ✹ ✿❡✶✵✵✵✵✼✼✳

▼♦❞è❧❡s à ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ t✐❧✐♥❣ ❛rr❛②s



✷✶✵ ❇✐❜❧✐♦❣r❛♣❤✐❡

❖s❤❧❛❝❦✱ ❆✳✱ ❘♦❜✐♥s♦♥✱ ▼✳❉✳ ❛♥❞ ❨♦✉♥❣✱ ▼✳❉✳ ✭✷✵✶✵✮✳ ❋r♦♠ ❘◆❆✲s❡q r❡❛❞s t♦ ❞✐✛❡r❡♥t✐❛❧
❡①♣r❡ss✐♦♥ r❡s✉❧ts✳ ●❡♥♦♠❡ ❇✐♦❧♦❣② ✶✶ ✿✷✷✵✳

P❡♥t❡r♠❛♥✱ ❏✳✱ ❩✐❧❜❡r♠❛♥✱ ❉✳✱ ❍✉❤✱ ❏✳❍✳✱ ❇❛❧❧✐♥❣❡r✱ ❚✳✱ ❍❡♥✐❦♦✛✱ ❙✳ ❛♥❞ ❋✐s❝❤❡r ❘✳▲✳
✭✷✵✵✼✮✳ ❉◆❆ ❞❡♠❡t❤②❧❛t✐♦♥ ✐♥ t❤❡ ❆r❛❜✐❞♦♣s✐s ❣❡♥♦♠❡✳ P◆❆❙ ✶✵✹ ✻✼✺✷✲✻✼✺✼✳

P✐❝❛r❞✱ ❋✳ ✭✷✵✵✼✮✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♠✐①t✉r❡ ♠♦❞❡❧s✳ ❙❙❇ ❘❡s❡❛r❝❤ ❘❡♣♦rt ✼✳

P✐❝❛r❞✱ ❋✳✱ ❘♦❜✐♥✱ ❙✳✱ ▲❛✈✐❡❧❧❡✱ ▼✳✱ ❱❛✐ss❡✱ ❈✳ ❛♥❞ ❉❛✉❞✐♥✱ ❏❏✳ ✭✷✵✵✺✮✳ ❆ st❛t✐st✐❝❛❧ ❛♣✲
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