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Abstract

Since its introduction by Bloembergen in 1949, nuclear spin diffusion has been a topic
of significant interest in magnetic resonance. Spin diffusion, which can be defined as the
transfer of spin polarisation induced by the dipolar interaction, is a ubiquitous transport
mechanism in solids. Experimental observations of spin diffusion contain structural in-
formation. However, the many-body nature of the problem makes it difficult to describe
from first principles. The central goal of this thesis is to obtain a quantitative descrip-
tion of the spin diffusion phenomenon from first-principles, through the development of
suitable models of the underlying many-body dynamics. To that end we first consider an
extension of an existing approach that relies on a master equation to describe the polari-
sations, for the case of proton-driven carbon-13 spin diffusion (PDSD). Second, a novel
approach is introduced for the simulation of the time evolution of selected observables
for large strongly coupled nuclear spin systems, using low-order correlations in Liouville
space (LCL). Following the introduction of this new simulation method, Liouville-space
reduction in solids is analysed in more detail, in order to identify the conditions under
which the LCL approximation is valid. Finally, using the LCL model, simulations of pro-
ton spin diffusion (PSD) and PDSD are performed, directly from crystal geometry and
with no adjustable parameters, and are found to be in excellent agreement with experi-
mental measurements for polycrystalline organic solids.

Keywords: spin diffusion, magnetic resonance, solid-state NMR spectroscopy, com-
puter simulation
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Depuis 1949, date à laquelle Bloembergen en introduisit le concept, la diffusion de
spin nucléaire suscite un vif intérêt en résonance magnétique. La diffusion de spin, qui
peut être définie comme le transfert de polarisation de spin induit par l’interaction dipo-
laire, est un mécanisme omniprésent dans les solides. Les mesures expérimentales de ce
phénomène contiennent des informations sur la structure du système étudié. La diffusion
de spin est cependant un problème quantique à N corps, ce qui rend sa description ab
initio relativement difficile. L’objectif principal de cette thèse est d’obtenir une descrip-
tion quantitative et ab initio de la diffusion de spin, en modélisant de manière adéquate
la dynamique à N corps sous-jacente. Tout d’abord, nous exploitons une approche exis-
tante, reposant sur l’utilisation d’une équation maître pour les polarisations, dans le cas
de la diffusion de spin entre carbones permise par les protons (PDSD). Ensuite, nous
introduisons une méthode permettant de simuler l’évolution temporelle d’un ensemble
d’observables pour un système de spins nucléaires fortement couplés, en utilisant les cor-
rélations de petit ordre dans l’espace de Liouville (LCL). Le modèle LCL fournit une
description précise du transfert de polarisation pour les systèmes polycristallins soumis à
la rotation à l’angle magique. Après avoir décrit le modèle, nous analysons plus en détail
la réduction de l’espace de Liouville pour les solides, afin d’identifier les conditions dans
lesquelles l’approximation LCL est valide. Enfin, nous effectuons des simulations de la
diffusion de spin entre protons (PSD) et entre carbones (PDSD), à partir de la structure
des cristaux étudiés et sans aucun paramètre libre, et nous constatons pour des solides
organiques polycristallins que leur accord avec les mesures expérimentales est excellent.

Mots-clés: diffusion de spin, résonance magnétique, spectroscopie RMN de l’état
solide, simulation par ordinateur



Résumé de la thèse

La diffusion de spin nucléaire

La diffusion de spin nucléaire est un phénomène omniprésent dans les solides. Elle est
susceptible d’intervenir dès lors qu’existe une distribution non uniforme de polarisation.
Une telle distribution peut être due à la présence de sources ou de puits de polarisation.
Elle peut également être induite par l’expérimentateur, avec comme objectif d’exploiter
le phénomène pour obtenir des informations d’intérêt. Dans la première partie (chap. 2)
différentes approches pour modéliser et observer la diffusion de spin sont présentées, ainsi
que divers exemples de son utilisation pour des études structurales.

Le type de modèle pertinent pour décrire la diffusion de spin nucléaire dans une sit-
uation donnée dépend notamment des résolutions, spatiale et temporelle, avec lesquelles
le phénomène est observé. Il est dans certain cas possible de considérer la polarisation
comme une fonction continue de l’espace, dont l’évolution temporelle est régie par une
équation de diffusion. Une équation maître pour les polarisations peut également être
utilisée, lorsque plusieurs sites sont observés individuellement. Ces modèles ne prennent
cependant pas en compte la nature cohérente de la dynamique de spin au cours du transfert
de polarisation.

De nombreuses méthodes ont été développées afin d’observer expérimentalement la
diffusion de spin nucléaire. Il est dans une certaine mesure possible de la caractériser en
étudiant des phénomènes dans lesquels elle intervient indirectement, comme la relaxation
longitudinale. En spectroscopie de résonance magnétique nucléaire (RMN) haute résolu-
tion, la méthode de choix pour observer la diffusion de spin de manière quantitative est la
spectroscopie bidimensionelle d’échange. Il est possible d’observer soit directement les
noyaux d’intérêt, soit des noyaux “espions” qui bénéficient d’une résolution plus élevée.

La diffusion de spin nucléaire joue un rôle central dans la caractérisation structurale
des solides par spectroscopie de RMN. Elle est en particulier aujourd’hui largement util-
isée pour la biologie structurale, l’étude des matériaux, et la cristallographie de petites
molécules par RMN du solide. Les applications présentées exploitent en général une
équation de diffusion ou une équation maître pour les polarisations afin d’extraire des in-
formations structurales des mesures expérimentales, bien que ces modèles ne soient pas
toujours valides.

ix
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Equation maître et simulation de raies à zero-quantum
pour décrire la diffusion de spin permise par les protons
Pour la diffusion de spin entre carbones dans des molécules organiques, l’interaction dipo-
laire avec les protons permet de compenser la différence d’énergie entre les états Zeeman
des carbones. L’analyse de ce mécanisme conduit sous certaines hypothèses à une équa-
tion maître qui régit l’évolution temporelle des polarisations pour les carbones. Dans la
deuxième partie (chap. 3), nous envisageons l’utilisation de ce modèle pour un solide
polycristallin soumis à la rotation à l’angle magique.

Des courbes de diffusion de spin carbone (PDSD, pour proton driven spin diffusion)
ont été enregistrées pour un acide aminé, la L-histidine.H2O.HCl. Ces courbes sont
raisonnablement décrites par une équation maître, et il est donc possible de définir et
de mesurer des constantes de vitesse de diffusion, qui décrivent l’échange de polarisation
entre groupes de carbones cristallographiquement équivalents. La qualité de la mesure
des constantes de vitesse de diffusion est améliorée en analysant une série de spectres, ce
qui permet notamment de prendre en compte les transferts relayés.

L’expression théorique de la constante de vitesse de diffusion montre qu’elle dépend
pour une paire de carbones donnée du carré du couplage internucléaire et d’une fonc-
tion de la raie à zero quantum. Afin d’exploiter les expériences PDSD, cette fonction
doit en général être déterminée de manière empirique. Ici nous utilisons des simulations
numériques de l’évolution temporelle rapide des corrélations carbone-carbone sous l’effet
du bain de protons. Il est possible avec des simulations exactes prenant en compte un car-
bone ainsi que les douze protons les plus proches d’obtenir des raies à un quantum. Les
raies à zero quantum peuvent ensuite être obtenues par convolution de raies à un quantum.

L’utilisation d’une équation maître pour analyser les courbes PDSD, puis de simula-
tions de raies à zero quantum, permet de calculer des distances internucléaires “effectives”
dont l’accord avec les distances mesurées par diffraction de rayons X illustre la pertinence
du modèle pour des études structurales. Les hypothèses sur lesquelles le modèle repose
ne sont cependant pas toujours vérifiées, en particulier pour les constantes de couplage
homonucléaire importantes l’accord entre constantes de vitesse de diffusion calculées et
expérimentales n’est pas quantitatif.

Simulation numérique utilisant les corrélations de petit or-
dre dans l’espace de Liouville
Les simulations numériques prenant en compte un très grand nombre de spins ne peuvent
pas être effectuées en décrivant de manière exhaustive l’espace des spins, car la taille
de celui-ci croit de manière exponentielle lorsque le nombre de spins augmente. Nous
présentons donc dans la troisième partie (chap. 5) une méthode permettant de simuler
l’évolution temporelle d’observables d’intérêt pour des systèmes de spins fortement cou-
plés et de grande taille.

Le développement de modèles alternatifs est rendu nécessaire notamment par le fait
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que l’utilisation d’une équation maître n’est en principe valide que lorsqu’existe une sé-
paration des échelles de temps sur lesquelles évoluent les polarisations d’une part et les
corrélations entre spins d’autre part. Le modèle que nous proposons, nommé LCL (pour
low-order correlations in Liouville space), repose sur l’utilisation des corrélations de petit
ordre dans l’espace de Liouville. Il exploite le fait que sous certaines conditions l’effet
des corrélations d’ordre élevé sur l’évolution temporelle des observables d’intérêt peut
être négligé. Son principal avantage est que la taille de l’espace de Liouville réduit croit
de manière polynomiale et non exponentielle lorsque le nombre de spins augmente, ce qui
permet de prendre en compte un nombre bien plus élevé de spins que pour une simulation
utilisant la totalité de l’espace de Liouville.

La possibilité de simuler un grand nombre de spins repose également sur le choix de
l’algorithme utilisé pour intégrer l’équation du mouvement. Pour l’implémentation de
LCL, nous utilisons la méthode Suzuki-Trotter, qui nécessite de stocker en mémoire un
seul exemplaire de la matrice densité, et aucun opérateur agissant dans l’espace de Liou-
ville. Cet algorithme est utilisé dans le programme Tourbillon, que nous avons développé
et qui permet de simuler le transfert de polarisation dans des systèmes de plus de 100
spins.

Afin d’explorer la validité du modèle LCL, nous comparons des simulations de trans-
fert de polarisation effectuées avec LCL et des simulations exactes. Dans le cas d’un sys-
tème statique, il ne semble pas possible de réduire la taille de l’espace de Liouville sans
modifier de manière excessive l’évolution des polarisations. Pour un système soumis à la
rotation à l’angle magique, en revanche, les simulations LCL et les simulations exactes
présentent un bien meilleur accord. Cet accord devient excellent lorsqu’une moyenne est
effectuée sur toutes les orientations possibles du système.

Le modèle LCL permet donc de simuler le transfert de polarisation dans des systèmes
de spins de grande taille pour des solides polycristallin soumis à la rotation à l’angle
magique, ce qui correspond à des conditions expérimentales usuelles en RMN du solide.

Dynamique et thermodynamique de spin dans des espaces
de Liouville réduits
L’utilisation d’espaces de Liouville réduits n’est pas toujours possible pour simuler la
dynamique de spin dans les solides, et nous étudions plus en détail dans la quatrième
partie (chap. 6) les propriétés de la réduction de l’espace de Liouville pour le transfert de
polarisation dans les solides.

La dépendance temporelle induite par la rotation à l’angle magique, ainsi que la sim-
plification résultant de la moyenne sur toutes les orientations possibles du système, sem-
blent jouer un rôle essentiel dans la validité de la réduction de l’espace de Liouville. Nous
illustrons cet effet avec des simulations, sans cependant réussir à fournir d’explication an-
alytique et quantitative.

Il est intéressant d’étudier les populations des corrélations exclues de l’espace de Li-
ouville réduit lors de l’évolution temporelle décrite dans un espace de Liouville complet.
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Loin d’être négligeable, la contribution des corrélations d’ordre élevé constitue la ma-
jeure partie de la matrice densité après seulement quelques centaines de microsecondes
d’évolution. Cette propriété révèle que le succès de la réduction de l’espace de Liou-
ville dans les solides repose sur un mécanisme très différent de celui exploité pour les
simulations de RMN en solution.

L’étude numérique de transferts prolongés montre par ailleurs que les simulations ef-
fectuées dans des espaces complets d’une part, réduits d’autre part, diffèrent par la valeur
atteinte par les polarisations dans l’état de quasi-équilibre. Afin de caractériser cette
propriété, nous adaptons un formalisme existant pour la prédiction des quasi-équilibres
par un calcul dans le domaine de fréquence. Cette approche révèle que la réduction de
l’espace de Liouville induit un comportement en apparence ergodique pour les observ-
ables d’intérêt.

L’ensemble des propriétés identifiées pour le modèle LCL permet d’envisager la de-
scription quantitative de certaines expériences.

Simulation ab initio de la diffusion de spin
Dans la cinquième partie (chap. 7), munis de l’ensemble des propriétés identifiées précé-
demment, nous exploitons le modèle LCL pour prédire des courbes expérimentales de dif-
fusion de spin, en utilisant seulement la structure du système étudié, sans aucun paramètre
empirique.

Pour la diffusion de spin entre protons (PSD, pour proton spin diffusion), le fait de
pouvoir simuler un système comportant un grand nombre de spins permet de prendre en
compte la totalité du contenu d’une maille primitive. Il est alors possible d’appliquer des
conditions aux limites périodiques, et donc de rendre compte de la nature étendue d’un
solide tout en incluant une information structurale précise. Nous utilisons le modèle LCL
pour prédire les courbes de diffusion dans deux solides organiques, le thymol et la β -L-
aspartyl-L-alanine; un très bon accord entre simulation et expérience est observé pour ces
deux systèmes.

Pour la diffusion de spin entre carbones permise par les protons (PDSD), ce sont les
propriétés thermodynamiques du modèle LCL, associées à la possibilité de prendre en
compte un nombre accru de protons, qui permettent de surmonter les limites observées à
la fois pour des simulations exactes et pour l’approche reposant sur une équation maître.
Nous illustrons l’excellent accord entre les mesures expérimentales et les simulations avec
les courbes PDSD enregistrées pour la L-histidine.H2O.HCl.

L’utilisation d’espaces de Liouville judicieusement réduits permet donc d’obtenir,
pour des solides organiques polycristallins soumis à la rotation à l’angle magique, un
accord entre simulations ab initio et mesures expérimentales qui n’était pas envisageable
précédemment.
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Chapter 1

Introduction

Over the past several decades, nuclear magnetic resonance (NMR) has been demonstrated
to be uniquely suited to exploring the structure and dynamics of a large range of systems
at the atomic level. In the solid state, although there still exist a number of fundamental
obstacles to the full realisation of high-resolution NMR spectroscopy, there has been a
steady development of methods to overcome these barriers and thus provide access to
systems and information that are beyond the reach of other techniques.

The complexity of the nuclear interactions probed by solid-state NMR spectroscopy is
both a blessing and a curse. The potentially rich information content of solid-state NMR
spectroscopic measurements is often difficult to disentangle due to the overwhelmingly
complex underlying spin dynamics. In particular, abundant nuclear spins of large mag-
netogyric ratio are strongly coupled by the dipolar interaction in the solid state. Due to
its geometrical dependence, the dipolar interaction leads to measurements that contain
extensive structural information. At the same time, the ability to remove its effect on the
spin dynamics is a mandatory step towards high-resolution, because its large magnitude
and homogeneous nature lead, in general, to broad and featureless spectra. Such a dual-
ity is notably found in organic solids, where protons form extended networks of strongly
coupled spins.

A key feature of the dipolar interaction is that it gives rise to correlations among
large numbers of spins. The resulting many-body dynamics can be treated in a collec-
tive fashion in many cases, especially when the ensemble of strongly coupled spins can
be considered as a perturbation to the system of interest, or when its dynamics is mon-
itored with a relatively coarse resolution. Such simplifications are no longer possible,
however, when the correlated ensemble is observed at a high resolution in space and time.
Although numerical simulation based on the Liouville von Neumann equation would in
principle be fully suitable to describe coherent dipolar-driven spin dynamics, they are in
practice limited to a small number of spins by the “exponential wall” met by numerical
implementations of the exact description of many-body problems.

Nuclear spin diffusion is a prototypical many-body problem in magnetic resonance.
Spin diffusion, which can be defined as the transfer of polarisation between spins in-
duced by the dipolar interaction, was introduced by Bloembergen in the early days of
magnetic resonance, and has since remained a topic of significant interest. Nowadays,
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2 INTRODUCTION Ch. 1

steady increases in the resolution with which polarisation transfer can be monitored in
NMR spectroscopy provide experimental measurements that challenge existing models
of this phenomenon. In particular, the description of spin diffusion from first principles at
a site-specific level remains a largely open problem.

In high-resolution solid-state NMR spectroscopy, spin diffusion is at the heart of many
structural studies. From mixtures of polymers to nanocrystalline proteins, an extensive set
of systems has been characterised with spin-diffusion based methods that in general rely
on simplified models of the spin dynamics and on numerical simulation of relatively small
spin systems. Existing models have led to numerous successful applications, but they
nevertheless face acknowledged limitations, and a strong impetus thus exists to make
progress in this field. In addition, spin diffusion also plays a role in other processes,
such as relaxation and hyperpolarisation, and is a test bed of spin dynamical concepts in
quantum information processing.

The central goal of this thesis is to obtain a quantitative description of the spin diffu-
sion phenomenon from first-principles, through the development of suitable models of the
underlying many-body dynamics. A strong emphasis is put on the study of polarisation
transfer among carbons and protons in polycrystalline solids under magic-angle spinning.
In particular, simulation methods are introduced that can be used to predict experimental
measurements of proton spin diffusion and proton-driven carbon-13 spin diffusion di-
rectly from geometry and with no adjustable parameters. The concepts discussed here are
equally relevant in other areas that will, however, only be referred to infrequently.

The present manuscript reports investigations carried out at the centre de RMN à très
hauts champs, from the autumn of 2008 to the spring of 2011. In order to set the stage,
an overview of existing methods to observe and model spin diffusion is first given in
chapter 2. A range of structural studies are also described, to simultaneously highlight
the current successes and potential future developments of spin-diffusion based methods,
with a focus on structural biology and NMR crystallography.

In chapter 3, we consider a master-equation approach to the description of proton-
driven carbon-13 spin diffusion, which is already used extensively to interpret experi-
mental measurements. We propose refinements to improve its accuracy, and open the
possibility to employ it in a parameter-free manner. First, we illustrate how experimental
measurements of spin diffusion rate constants can be made more accurate by the analysis
of a series of spin exchange spectra. Second, we show that numerical simulations can pro-
vide a missing link between experimentally measurable rate constants and the structural
information of interest.

The results discussed in chapter 3 provide some insight into the possibility to describe
the dynamics of spin diffusion from first principles, and in particular into the distinctive
features of polarisation transfer among protons and among carbons. For that reason, the
theoretical basis of the master-equation approach is outlined in chapter 4, after a brief
summary of the Liouville formalism employed in the rest of the manuscript. Chapter 4
gives both an interpretation of the master-equation approach, and provides a framework
and a motivation for the developments of alternative models.
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In chapter 5, we introduce an approach for the description of large, strongly coupled
nuclear-spin systems, based on the simulation of the time evolution of selected observ-
ables from low-order correlations in Liouville space. The model, which we call LCL,
is found to provide accurate simulation of polarisation transfer for polycrystalline sam-
ples under magic-angle spinning. LCL simulations, implemented in a memory-efficient
way in the Tourbillon program, avoid the exponential wall of quantum simulation and
make it possible to simulate the dynamics of over a hundred nuclear spins. Despite these
favourable features, however, Liouville-space reduction in solids is only partly under-
stood, and some underlying mechanisms are discussed in chapter 6. In particular, we
show how the combination of Liouville-space reduction and of the time-dependence in-
duced by magic-angle spinning dramatically affects the dynamics and thermodynamics
of polarisation transfer.

Finally, building on the analysis of existing models and on the approaches developed
here, we show in chapter 7 that accurate simulations can be performed for polycrystalline
organic solids under magic-angle spinning, which reproduce experimental measurements
of both proton spin diffusion and proton-driven carbon-13 spin diffusion. Specifically,
small organic molecules with known crystal structures are used to illustrate how an ap-
propriate choice of spin system and simulation approach, motivated by the analyses per-
formed throughout the thesis, can lead to an unprecedented agreement between first-
principles simulation and experiments.
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Chapter 2

Nuclear spin diffusion

2.1 Introduction

Nuclear spin diffusion was first introduced by Bloembergen in 1949 to account for unex-
pected values of relaxation times in solids [1]. Paramagnetic impurities were expected to
act as powerful relaxation sinks, albeit with a limited spatial range, and a mechanism was
thus necessary for nuclear polarisation to travel from the bulk of the sample to the relax-
ing impurities. Spin diffusion has subsequently turned out to be a ubiquitous phenomenon
in solids, and has over the years been regarded alternatively as a key ingredient in vari-
ous types of experiments, as a spin dynamical challenge, and as a tool for a large range
of applications. Several reviews have been written on spin diffusion in various contexts
[2–5].

Nuclear spin diffusion can be defined as the transfer of polarisation between homonu-
clear spins driven by the dipolar interaction. No precise and unambiguous definition ex-
ists, however, and the phrase “spin diffusion” encompasses a variable range of processes.
In this chapter, we will focus on “spontaneous” polarisation transfer, which occurs in the
absence of a radio-frequency irradiation. In any case, spin diffusion in solids should be
distinguished from its counterpart in solution-state NMR, where the term refers to the
relayed nature of incoherent transfers of polarisation due to the Overhauser effect.

Spontaneous transfers of polarisation can occur whenever a non-uniform distribution
of polarisation exists. Such a situation is found when polarisation is produced or depleted
faster in certain regions of a sample, and spin diffusion is then one of the mechanisms
that tends to drive the system to equilibrium. Non-uniform distributions of polarisation
can also be generated by differentiating groups of spins according to a spectroscopic pa-
rameter that allows for their individual selection, typically their chemical shift. The latter
situation is exploited in experimental approaches that explicitly aim at characterising the
spin diffusion process, while the former explains why spin diffusion is ubiquitous as part
of the longitudinal relaxation process in solids.

As the dipolar interaction depends on the length and orientation of internuclear vec-
tors, experimental studies of spin diffusion potentially have a rich content of structural
information. For that reason, spin diffusion has been a central tool in studies by solid-
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state NMR for many years and for a large variety of samples. In general, however, spin
diffusion is a many-body process, and the extraction of structural information from ex-
periments is still, to a large extent, an open problem. Both the determination of pair-wise
distances from experimental data and the prediction of polarisation transfer curves for a
given structure are only possible in specific cases or in a qualitative manner.

Attempts to understand and to exploit spin diffusion require some degree of mod-
elling. The pertinent approach to describe the phenomenon, however, depends signifi-
cantly on the space and time resolutions with which it is observed, and on the mechanism
involved. For example, in studies performed with low resolution, polarisation can often
be considered as a continuous function of space, the time-evolution of which is governed
by a diffusion equation. In contrast, some observations can only be accounted for by
a quantum-mechanical description of all of the spins involved. These notions are illus-
trated qualitatively in Fig. 2.1. Although derivations from first principles exist for each
approach, it should be noted that they have often been used successfully for applications
far outside their range of validity.

In this chapter, we will first outline the basic principles of the spin diffusion phe-
nomenon, and approaches that have been developed to model it in various contexts. We
will then describe experimental methods that have been used to observe spin diffusion,
and consider three areas in which spin diffusion plays a central role, with a strong empha-
sis on high-resolution solid-state NMR spectroscopy of crystalline systems.

2.2 Modelling spin diffusion

2.2.1 Equation of motion
In the solid state, nuclear spins are coupled through space by the dipolar interaction. For
a homonuclear pair of spins i j, the dipolar interaction in its high-field secular form can be
written:

Hi j =−µ0γ2h̄
4πr3

i j

1
2
�
3cos2 θi j −1

��
2IizI jz −

1
2
�
Ii+I j−+ Ii−I j+

��
, (2.1)

where ri j is the internuclear distance, and θi j is the angle between the internuclear vector
and the static magnetic field. The so-called “flip-flop” term, Ii+I j− + Ii−I j+, which is
non-secular for a heteronuclear spin pair, is responsible for polarisation transfer.

As illustrated experimentally by the formation of polarisation echoes [6–9], spin dif-
fusion is a fully coherent phenomenon. That is, for a system described by a density matrix
σ , the evolution of σ is governed by the Liouville-von Neumann equation

d
dt

σ =−i[H,σ ], (2.2)

where the Hamiltonian H consists of the dipolar interaction and of other relevant contri-
butions. The phrase “spin diffusion”, which is in apparent contradiction with the idea of a
coherent process, was originally coined because the time evolution of the polarisation for
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Figure 2.1: Modelling spin diffusion. (a) Diffusion equation: the spin polarisation can be consid-
ered as a function of the position in the sample; polarisation "diffuses" in the sample. (b) Master
equation for the polarisation: the variables are the single-spin polarisations; nuclear spins ex-
change polarisation with a given rate constant. (c) Density matrix: all the multi-spin correlations
are taken into accounts; the spin dynamics are fully coherent and can be regarded as a series of ro-
tations. The spin polarisation is represented in yellow, orange and red depending on its intensity.
Black arrows represent the time evolution. Spin diffusion arises in all cases from homonuclear
flip-flop transitions, depicted by pairs of spins shown in blue throughout the figure.
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an ensemble of spins is largely described by a diffusion law when observed with a suf-
ficiently coarse resolution in space or in time. Even at higher resolution, the many-body
dynamics of a large system can degenerate into a simplified behaviour, where the coherent
nature of the phenomenon is not strikingly apparent. Out of the huge number of degrees
of freedom of the system, only a few are actually observed experimentally, and a mas-
ter equation for the observed polarisations can often model experimental measurements
successfully.

There are also many cases in which the coherent nature of the dynamics has to be ac-
counted for when modelling spin diffusion. In a limited number of situations, analytical
solutions of the equation of motion can be found. For example, in experiments performed
under magic-angle spinning where the spinning frequency matches the chemical-shift
difference between two nuclei, a two-body Hamiltonian largely governs the effective spin
dynamics [10–12]. In general, however, no such simplification exists. Although numeri-
cal simulation based on the Liouville von-Neumann equation could in principle be used to
predict spin diffusion for a given system, such an approach is prevented by the exponen-
tial wall of quantum simulations, which puts the large nuclear spin systems that would
be required out of reach. Modelling spin diffusion is thus still to some extent an open
problem, for which new approaches have to be developed.

2.2.2 Diffusion equation
The use of a diffusion equation to describe polarisation transfer was first introduced on
a mostly phenomenological basis by Bloembergen [1], and was later explored by several
authors [13, 14] (see Ref. [15] for a review). In such a description, the polarisation is a
function of the position in the sample, and its time evolution is given by:

d
dt
�P = D∆�P, (2.3)

where D is a diffusion coefficient and ∆ is the Laplacian operator. As explained by
Abragam [16], a qualitative reasoning for a regular lattice of spins yields Eq. 2.3 with
a diffusion coefficient D of the form

D =Wa2, (2.4)

where a is the the lattice spacing, and W is the probability per unit time of a flip-flop
transition for a pair of nearest-neighbours spins, which itself depends in a complex way on
the geometry of the system. Several approaches have been suggested to derive a diffusion
equation from first principles [17–24]. Although they rely on different formalisms, these
derivations yield similar expressions for the diffusion coefficient.

Equation 2.3 describes the behaviour of the bulk polarisation only. In the presence of
paramagnetic centres, nuclei are frequently modelled by separating bulk nuclei that are
far from the centres, and core nuclei that interact directly with them. Additional terms are
necessary in Eq. 2.3 to account for the interaction of the core nuclei with paramagnetic
centres, and of the core nuclei with the bulk nuclei. We will not give a detailed description
of these considerations here.
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The use of a diffusion equation was originally introduced and derived to describe the
behaviour of a system of identical spins observed with a coarse spatial resolution. As will
be seen in the following sections, it has subsequently been used with success in a range
of different contexts.

2.2.3 Master equation for the polarisations
With the advent of two-dimensional NMR [25, 26] and high-resolution solid-state NMR
[27, 28], it became possible to observe polarisation transfer between chemical sites for
nuclei of low magnetogyric ratio, such as carbon-13. This led to the notion of “spectral”
spin diffusion, which can be seen as taking place in frequency space, between resonances
for which there exists a difference in frequency much larger than the homonuclear dipolar
coupling between them. In contrast to the case of purely “spatial” spin diffusion, which
occurs between spins with identical or negligibly different resonance frequencies, in spec-
tral spin diffusion the flip-flop process is not energy conserving, and an external source of
energy is required for polarisation transfer to occur.

Suter and Ernst used a thermodynamic treatment to describe spectral spin diffusion
in a system of S spins in the presence of abundant I spins of high magnetogyric ratio
[29, 30]. In such a system, the energy required for polarisation transfer between S spins is
provided by the dipolar reservoir of the I spins, and the process is refered to as “I-driven”.
In this thermodynamic treatment, the only relevant variables are the spin polarisations Mi,
the time evolution of which is governed by a master equation:

d
dt

M = KM. (2.5)

Derivations were also proposed by Henrichs et al. [31], and Kubo and McDowell [32]
to justify the use of a master equation, and to provide expressions for the spin diffusion
rate constants ki j = [K]i j. The latter authors also considered the case of a sample under
magic-angle spinning [33]. All derivations are based on the assumption that there exists
a separation of time scales between the slow transfer of polarisation between S spins and
the fast decoherence of a two-S zero-quantum coherence.

In the case of a homonuclear dipolar interaction between S spins much smaller than
the SI and II dipolar interactions, the rate constant for a spin pair i j is of the general form
[30–33]:

ki j ∝ ω2
i jF [Gi j(ν)], (2.6)

where

ωi j =
µ0γ2

S h̄
4πr3

i j
, (2.7)

is the dipolar coupling and F [G(ν)] is a function of the zero-quantum lineshape G(ν).
Formally, G(ν) is the Fourier transform of the free-induction decay of a two-S zero-
quantum coherence under the action of the surrounding I spins; it provides a measure
of the overlap between the homogeneously broadened S resonances. Suter and Ernst
studied doubly 13C-labelled malonic acid to illustrate the use of a kinetic model to analyse
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Figure 2.2: Spin diffusion in doubly 13C-labelled malonic acid. (a) Time evolution of the ratio
between the cross-peak volume (C) and the diagonal-peak volume (D), measured from a series of
2D spin exchange spectra recorded for various mixing times. (b) Experimental measurement of
the zero-quantum lineshape. Reproduced from Ref. [30], c� 1985 American Physical Society.

spectral spin diffusion [30]. Figure 2.2 shows the time evolution of the ratio between the
cross and diagonal peaks that they measured with a series of 2D spin exchange spectra;
a fit to an exponential was used to measure the spin diffusion rate constant. The spin
diffusion rate constant was then analysed, with a zero-quantum lineshape characterised
experimentally, to illustrate the validity of Eq. 2.6. The experimental technique will be
described in section 2.3.2.

Equation 2.6 has been used extensively for structural studies, as it links an exper-
imentally measurable quantity, the spin diffusion rate constant for a spin pair ki j, to a
geometrical information of interest, the internuclear distance ri j. The zero-quantum line-
shape G(ν), however, is in general unknown and difficult to determine. Kinetic models
with rate constants of the form given in Eq. 2.6 have also been used to describe other
types of spin diffusion experiments, with a variable degree of empiricism.

2.2.4 Numerical simulation of the density matrix
The coherent evolution of a spin system can in principle be described exactly with a nu-
merical integration of the Liouville von-Neumann equation. In situations where a small
spin system was indeed studied experimentally, numerical simulations have been used
with some success to model spin diffusion [34, 35], and in particular to describe coher-
ent oscillations that cannot be modelled by a diffusion equation or a master equation for
the polarisations [36]. State-of-the-art spin simulations in solid-state NMR are, however,
limited to about a dozen strongly coupled spins, and thus cannot be used to model quan-
titatively spin diffusion within large nuclear-spin systems, as observed in Ref. [37], for
example.
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Figure 2.3: Polarisation transfer in a linear chain of 8 protons, aligned parallel to the magnetic
field B0. The initial polarisation is concentrated on the first spin, and the normalised polarisation
of each spin is observed. Atomic coordinates are given in Ref. [38]. Reproduced from Ref. [38],
c� 1997 Elsevier Science.

Numerical simulations of spin diffusion performed with small spin systems can be dif-
ficult to interpret and to relate to experimental observations. For example, the observation
of so-called non-ergodic quasi-equilibria in small spin system has raised questions about
the long term behaviour of large nuclear-spin systems [38], which are still largely open
to this day [39], and led to a discussion of the interpretation of spin thermodynamics for
small spin systems [40, 41]. Figure 2.3 shows an example of quasi-equilibrium obtained
by Brüschweiler and Ernst with numerical simulations of polarisation transfer in a linear
chain of 8 protons [38]. In such a simulation, the total polarisation does not equilibrate,
even after a very long simulation time.

Even when a diffusion equation or a master equation is empirically observed to model
experimental data with reasonable accuracy and with a limited number of free parameters,
there is sometimes no detailed understanding of how the underlying many-body dynamics
result in a simplified behaviour. The inability to perform direct numerical simulations for
large spin systems is also a limitation in these cases.

2.2.5 Mixed approaches
In order to model the time-evolution of experimental observables for large systems of
dipolar coupled spins, a full quantum description of a small fraction of the total num-
ber of variables has to be associated with a simplified description of the remaining im-
mense number of variables involved. For example, R. R. Ernst and co-workers have intro-
duced the use of a spin diffusion superoperator to describe the effect of a large number of
strongly coupled protons on a small number of carbons and protons [42]. This superop-
erator approach was used by M. Ernst and co-workers to describe spin diffusion between
S spins in the presence of a bath of strongly coupled I spins [43]. In another study, Meier
and co-workers treated the effect of passive spins as a perturbation of the spin dynamics
of a pair of active spins [44, 45].

Waugh and co-workers have explored the possibility of using classical gyromagnets
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to describe spin diffusion [46, 47], and one could think of a separation between a core of
quantum spins surrounded by a bath of classical spins. In this thesis, we will explore an
alternative separation between a core and a bath, performed in Liouville space between
low-order and high-order correlations [48, 49], and show how it can be used to model
spin diffusion [50]. We will also consider the use of numerical simulation of the density
matrix to describe the dynamics on a short time-scale, coupled to a master equation to
model the polarisation transfer process [51].

2.3 Observing spin diffusion

2.3.1 Influence on other processes
In many experiments, spin diffusion plays a role as a mechanism for polarisation transfer
towards a sink or from a source of polarisation. Spin diffusion is then in general modelled
as a diffusive process, and a value of the diffusion coefficient D can be determined from
experimental measurements of relaxation times. We will not describe this approach in
more detail, and in the following we will focus instead on experimental methods that
aim at recording the time evolution of the polarisations for several sites during the spin
exchange process.

2.3.2 Spin diffusion between resolvable resonances
In NMR spectroscopy, multidimensional experiments are a powerful way to observe spin
diffusion between spins that have different chemical shifts, as first demonstrated by Szev-
erenyi et al. for carbon-13 nuclei [52] and by Caravatti et al. for proton nuclei [53]. Figure
2.4 shows spin diffusion spectra recorded by these authors. In a typical 2D spin exchange
experiments, the spins precess under the sole effect of their chemical shift during the evo-
lution and detection periods, and polarisation transfer occurs during the mixing period
[54]. The 2D spectrum at a given mixing time then provides a quantitative depiction of
the exchange process, and full spin diffusion build-up curves can be obtained by recording
a set of experiments for a series of mixing times. The 2D spin exchange pulse sequence
and spectrum are depicted in Fig. 2.5. Selective excitations can also be used to monitor
spin diffusion from a given site in a one-dimensional experiment.

In solid-state NMR, achieving sufficient resolution to obtain site-specific information
in systems of increasing sizes is a continuing challenge. The dipolar interaction, which
is at the origin of the spin diffusion process, leads to homogeneously broadened NMR
peaks, and its effect on the spin dynamics thus has to be, in general, suppressed during
the evolution and detection periods of a spin exchange experiment. For nuclei of relatively
low magnetogyric ratio, such as carbon-13, the combination of magic-angle spinning [55–
57] and heteronuclear decoupling pulse sequences [58] can provide high-resolution, and
2D spin exchange pulse sequences based on the paradigmatic CPMAS concepts [27, 28,
59] are routinely used. For nuclei of high magnetogyric ratio, and in particular for protons,
removing the effect of the dipolar interaction on spectral resolution while simultaneously
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Figure 2.4: 2D spin diffusion spectra. (a) 2D 13C-13C spin diffusion spectrum of powdered 1,4
dimethoxybenzene at natural abundance, recorded with 2.5 kHz MAS and a mixing time of 90 s.
(b) 2D 1H-1H spin diffusion spectrum of a blend of polystyrene and poly(vinyl methyl ether) cast
from chloroform, recorded with 2.8 kHz MAS and a mixing time of 100 ms. Reproduced from
Ref. [52], c� 1982 Academic Press and Ref. [53], c� 1985 American Chemical Society.
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Figure 2.5: (a) 2D spin exchange pulse sequence. (b) Schematic spectrum. (c) Schematic build-
up curves. For spin diffusion experiments, the chemical-shift interaction HCS is encoded during
the evolution and detection period, and the dipolar interaction HD induces spin diffusion during
the mixing period. In a 2D spectrum, off-diagonal peaks correspond to a transfer of polarisation
during the mixing period; an example is shown here for two types of spins i and j.
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leaving as much of the chemical shift interaction as possible unaltered has proved to be
a difficult challenge. Homonuclear dipolar decoupling pulse sequences can nevertheless
now provide site-specific information for a large range of systems [60], and have been
used to record 2D proton spin diffusion experiments.

Spin diffusion between I spins can also be monitored with a “spy detection” scheme
introduced by Zhang et al. [61], which relies on a heteronuclear polarisation transfer step
to and from neighbouring S spins. This approach was extended to 2D experiments to
observe spin diffusion between protons, with S spins chosen to provide high-resolution
during evolution and detection [62, 63]; it is today widely exploited in biomolecular NMR
for uniformly 13C and 15N labelled systems. An alternative monitoring scheme has also
been proposed by Scholz et al., who exploited the mixed rotary and rotational resonance
conditions to follow the decay of the difference in polarisation between two carbons with
radio-frequency irradiation on protons only [64].

It should be noted that the ability to individually monitor resonances does not imply
that they are spectrally separated in the sense of the spectral spin diffusion process de-
scribed in section 2.2.3. The homonuclear dipolar interaction, which is not suppressed
during the mixing period, can still be significantly larger than the frequency differences
between the observed resonances.

2.3.3 Spin diffusion between regions with different mobility
A non-uniform distribution of polarisation can also be generated by exploiting a differ-
ence of mobility between several groups of spins in a given sample. This approach is
notably used to study spin diffusion between regions in a sample that have different re-
laxation times. For example, in the Goldman-Shen experiment [65], which is one of the
early experiments introduced to monitor spin exchange, a free-precession delay is used
to selectively depolarise regions of a sample that have shorter transverse relaxation times.
Polarisation transfer from the slow-relaxing regions to the fast-relaxing regions is then
monitored with a series of 1D experiments. Variations on this approach have been devel-
oped, where the free-precession delay is replaced, for example, by a multiple quantum
filter that selects the less mobile regions. Various examples are discussed in Refs. [66]
and [67].

2.3.4 Purely spatial spin diffusion
All the approaches described above rely to some extent on a source of non-equivalence
to study the spin diffusion process, be it a difference in chemical shift or in relaxation
time. Purely spatial diffusion between equivalent spins, although it has been subject of
extensive theoretical investigation, has to date only been measured experimentally twice.
Zhang and Cory [68] used a method inspired by incoherent NMR scattering experiments
to measure the spin diffusion coefficient in reciprocal space and Meier and co-workers
performed a real-space measurement using spatially and time resolved magnetic reso-
nance force microscopy [69]. Both groups studied a sample of calcium fluoride, one of
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the prototypical solids for the study of spin diffusion [1], where the ensemble of fluo-
rine forms a regular network of equivalent spins that are strongly coupled by the dipolar
interaction.

2.4 Structural investigation

2.4.1 Materials
Spin diffusion experiments have been used extensively to study the morphology of poly-
mers, and in particular to determine the size of domains in mixtures of polymers [4].
Because of their high magnetogyric ratio and high natural abundance, protons are a probe
of choice for this class of samples, and many methods have been developed to create gra-
dients of polarisation and to study polarisation transfer over long distances. In a typical
application, polarisation is depleted selectively in the least mobile region of a polymer
blend, and the build-up back to equilibrium is monitored and used to obtain structural in-
formation. For this type of measurement, diffusion coefficients have to be either estimated
with standard formulae or determined independently from a different sample.

Spin diffusion between carbons has also been explored as a tool to study polymers,
for both 13C-enriched [70] and natural-abundance [71] samples. Carbon spin diffusion
in natural-abundance samples occurs, however, on much longer time-scales [52, 70–73].
Spin diffusion in polymers has been reviewed by several authors [22, 66, 74], and is
covered in the book by Schmidt-Rhor and Spiess [4].

Spin diffusion between protons and driven by protons has also been used to charac-
terise hydrated inorganic materials and hybrid materials. For example, Alonso, Massiot
and co-workers have studied organically modified silicates and mesoporous silica mem-
branes, on scales of up to several hundreds of nanometers [75, 76].

We will not review the methods developed to study these materials in further detail,
instead we will focus in the rest of this section on methods that exploit the link between
crystal geometry and high-resolution spin diffusion data.

2.4.2 Small molecules
As in the case of polymers, protons are in principle the nuclei of choice for NMR-based
structural studies in organic solids [77]. The practical use of spin diffusion between pro-
tons for structure determination of small molecules with atomic resolution remains, how-
ever, a challenging task, which requires both a way to monitor polarisation transfer with
sufficient resolution, and a reliable model to link experimental data and structural infor-
mation. Several groups have started to address this challenge, which is made particularly
critical by the fact that the resulting protocols are suitable for powdered samples, for
which diffraction-based methods are not generally applicable.

Baldus and co-workers have used a spy detection scheme to observe spin diffusion
between protons in isotopically enriched molecules, in the so-called XHHY experiments,
with X,Y ∈ {C, N} [78]. The resulting spin diffusion build-up curves, analysed in the
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initial regime with a spin pair approximation, were used to define distance restraints and
thus drive the structure determination of a tripeptide [79]. In a similar approach, classifi-
cations of 1H-1H contacts were used to study L-tyrosine-ethylester [80], and to determine
the structure of an anti-cancer agent, epothilone B [81], shown in Fig. 2.6 with a CHHC
spectrum. In all three cases, a diluted sample was used, so that only intermolecular con-
tacts had to be taken into account in the analysis.

Polarisation transfer between protons can also in some cases be observed directly
with 1H-1H spin exchange pulse sequences that employ homonuclear dipolar decoupling
during evolution and detection. With this approach, Brus and co-workers measured pro-
ton spin diffusion in glycine, and tried to model polarisation transfer between spin pairs
as a diffusive process [82], optionally taking motional effects into account [83]. In a
more comprehensive study, Elena et al. recorded full build-up curves for a dipeptide,
β -L-aspartyl-L-alanine, and used a master-equation approach to predict spin diffusion
build-up curves for a given crystal structure [84]. The comparion between predicted and
experimental build-up curves was then successfully used to drive a structure search [85].
The resulting structure and a proton spin diffusion spectrum are shown in Fig. 2.7. This
protocol, which is applicable to compounds at natural abundance, was subsequently used
to study thymol [86].

As an alternative to spy detection and homonuclear dipolar decoupling, Fujiwara and
co-workers have suggested using stereo array isotope labelling to obtain high-resolution
for proton detection. They performed experiments with the amino acid valine [87], and
analysed them with a recently developed model [88].

Carbon-13 spin exchange experiments have also been performed on small molecules.
In a series of studies, Luz, Tekely and co-workers monitored proton-driven spin diffu-
sion in organic solids and used a master-equation approach to its description [89–92]. For
samples of tropolone and durene, they assessed the relative contributions of spin diffusion
and self-diffusion to the spin exchange process [89, 90]; it was necessary to take into ac-
count the statistical distribution of carbon-13 to model the exchange process. For a set of
selectively labelled compounds, they used one-dimensional experiments to monitor spin
diffusion between chemically equivalent nuclei and to determine internuclear distances
[91, 92].

Information about the relative orientation of interaction tensors can also be obtained
from spin diffusion experiments, as first illustrated by Henrichs et al. [93], and later
exploited quantitatively by Ernst and co-workers [94, 95] and Tycko and co-workers
[96, 97]. In this type of studies, the dynamics of the spin-exchange process are less
relevant and the shapes of the correlation peaks are analysed after a long equilibration
time.

2.4.3 Biomolecules

Spin diffusion played a central role in the first use of solid-state NMR to determine the
structure of a protein, α-spectrin SH3, reported by Castellani et al. [98]. More precisely,
2D 13C experiments with a proton-driven carbon-13 spin diffusion mixing time, collo-
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Figure 2.6: Structure determination of epothilone B. (a) 2D CHHC spectrum of 13C-labelled pow-
dered epothilone B, recorded with 11 kHz MAS and a mixing time of 100 µs. (b) Comparison
of the 10 lowest-energy solid-state NMR structures derived from CHHC data (grey) and the x-ray
structure (black). Reproduced from Ref. [81], c� 2007 Wiley.
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Figure 2.7: NMR crystallography of β -L-aspartyl-L-alanine. (a) 2D 1H-1H spin diffusion spec-
trum of powdered β -L-aspartyl-L-alanine, recorded with 22 kHz MAS and a mixing time of 220
µs. (b) 16 lowest-energy solid-state NMR structures derived from PSD data. (c) Comparison be-
tween the structure obtained from the averaged of the 16 lowest-energy structures and the x-ray
structure (orange). Reproduced from Ref. [84], c� 2005 American Chemical Society and Ref. [85],
c� 2006 American Chemical Society.
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Figure 2.8: Structure determination of α-spectrin SH3. (a) 2D 13C-13C PDSD spectrum of selec-
tively 13C-labelled α-spectrin SH3, recorded with 8 kHz MAS and a mixing time of 500 ms. The
sample was grown on [2-13C]glycerol. (b) 12 of the 15 lowest-energy solid-state NMR structures
derived from PDSD data, representing the fold of α-spectrin SH3. Reproduced from Ref. [98], c�
2002 Nature Publishing Group.

quially referred to as PDSD experiments, were used to define carbon-carbon distance
restraints. The structure and a 2D 13C-13C PDSD spectrum are shown in Fig. 2.8. Spin
diffusion between protons has also been used to define distance restraints, with XHHY
experiments, which have been subsequently used in combination with other restraints to
determine the structure of a protein. In fact, several protein structures determined so far
were obtained with some information derived from PDSD or XHHY experiments [99–
107].

Even when a large number of correlations are observed in multidimensional spin ex-
change experiments, their usefulness for structural investigation is not guaranteed. In par-
ticular, long-range distance constraints, which are most useful to determine the structure
of a macromolecule, are in general not straightforward to obtain. Spin diffusion among
protons is well adapted for the collection of non-trivial constraints, as illustrated by Lange
et al. [78] and de Boer et al. [108]. For carbon-13 spin diffusion, Grommek et al. have
argued that long-range information could be obtained from PDSD experiments even in
fully-labelled samples [43], and such experiments have indeed been used to determine
the structure of the small protein ubiquitin [101]. It has also been shown, however, that a
straightforward interpretation of PDSD spectra was hindered by the complex underlying
dynamics of the spin diffusion process [101]. Many other techniques based on homonu-
clear dipolar recoupling have been developed to collect distance information; they are
reviewed in, e.g., Ref. [109] and their relative merits will not be discussed here.

A more advanced analysis of PDSD experiments has been used by Fujiwara and co-
workers to determine the structure of the light-harvesting bacteriochlorophyll c assembly
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[110]. They used a kinetic model to account for relayed transfer in the analysis of a
series of PDSD spectra. In order to exploit the relationship expressed in Eq. 2.6 and to
obtain distance restraints, they approximated zero-quantum lineshapes by convolutions of
experimentally measured single-quantum lineshapes.

A kinetic model has also been used by Hong and co-workers to extract structural in-
formation from a series of CODEX experiments performed on a membrane protein. The
equilibrium magnetisation obtained in CODEX experiments was used to determine the
oligomeric number of the protein [111], and the analysis of the time-dependent polarisa-
tion transfer between carbon-13 and between fluorine-19 made it possible to determine
intermolecular distances [112]. CODEX experiments have also been used to study the
tertiary structure of a cell wall [113].

Interestingly, no boundaries exist between the various forms that spin diffusion can
take and the domain in which it is used, and approaches inspired by studies of polymers,
both in terms of experiment and modelling, are being developed to study the interaction
between water and membrane proteins [114–116].

2.5 Perspectives
Spin diffusion has been a topic of interest since the early days of magnetic resonance
and is still fuelling intensive methodological developments. Although many successful
applications continue to be reported, in particular for structural studies, the question of
describing spin diffusion from first principles, at the level of resolution with which it can
today be observed, is still to a large extent unaddressed. A better understanding of spin
diffusion from first principles is not only a subject of academic interest, it is also expected
to lead to an improvement in existing methods and to the emergence of new approaches
to structure determination.
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Chapter 3

Master-equation approach to the
description of proton-driven spin
diffusion

3.1 Introduction

The spontaneous transfer of polarisation among carbons in organic molecules, which is
made possible by their interaction with surrounding protons and therefore named proton-
driven spin diffusion (PDSD), is currently being used extensively for structural studies
[101, 104–107]. PDSD experiments and their applications have been described in chapter
2. The through-space transfer of polarisation that the dipolar interaction induces between
homonuclear spins encodes structural information [4], and in contrast to transfer mecha-
nisms relying on dipolar recoupling, spontaneous spin diffusion can be observed with one
of the simplest possible two-dimensional correlation experiments. PDSD spectra, which
are expected to contain not only short-range information [43, 117], provide qualitative in-
formation about spatial proximity that can be turned into coarse distance restraints. Such
qualitative models are known to be flawed [101], but since the PDSD process involves not
only a large assembly of carbon nuclei but also an even larger number of protons, a direct
numerical simulation of the underlying spin dynamics is in general not possible, and sim-
plified models are therefore necessary to make a quantitative link between structure and
spectra [2–4].

Master-equation approaches to the description of polarisation transfer have been used
extensively to analyse incoherent dipolar-driven processes in solution-state NMR [54]. In
the solid-state, several studies have shown that the coherent action of surrounding protons
can in some cases be described with a simple kinetic model [16, 30–33], and master-
equation approaches have been used to study 13C PDSD in a variety of systems [70–
72, 89–92, 110, 112, 118–120], as well as other related polarisation transfer processes
[79, 80, 84–86, 121–126]. In particular, the structure of a large 13C-labelled biomolecular
assembly has recently been derived from PDSD data with a kinetic model [110]. In this
simplified description, the rate constants involve both internuclear distances and a quantity

23
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that captures the contribution of the proton bath to the polarisation transfer process. This
latter quantity, discussed in detail below, in general has to be determined empirically.

In this chapter, we illustrate the use of a master-equation approach to the description
of PDSD in polycrystalline L-histidine.H2O.HCl under magic-angle spinning. We first
show that full PDSD build-up curves can be accurately described with a kinetic model.
We then consider the link between the rate constants and the effective dipolar couplings,
which can be calculated from the known crystal structure. We then show that numerical
simulations of the zero-quantum lineshapes, directly from crystal geometry and with no
adjustable parameters, are accurate enough to capture the contribution of the proton bath
to the proton-driven spin diffusion rate constants. Finally, using carbon-carbon internu-
clear distances we illustrate the potential of the master-equation approach for structural
studies.

3.2 Outline of the master-equation approach

3.2.1 Time evolution of experimental observables
As explained in section 2.2.3, in a master-equation approach to the description of polarisa-
tion transfer for a system of N homonuclear spins, the time evolution of the polarisations
is described by:

d
dt

M = KM. (3.1)

M is a vector of coefficients of the carbon polarisations {Mi}, and [K]i j, hereafter noted
ki j, is the rate constant for the transfer from spin j to spin i. For a system containing groups
of equivalent spins, it is useful to introduce the summed polarisations M�

p for groups of
equivalent spins

M�
p =

Np

∑
i=1

Mai , (3.2)

where p denotes a group of Np equivalent spins, and the sum is over all spins {ai} in the
group. Spins can be considered as equivalent if they are related by a symmetry operation
that leaves the exhange matrix unchanged. Using this set of variables, the rate matrix
becomes block-diagonal, and only the block involving the summed polarisations has to
be taken into account. The other variables, the detailed expression of which is irrelevant,
can be dropped from the description. The kinetic model then simplifies to

d
dt

M� = K�M�, (3.3)

where

k�pq =
1

Np

Np

∑
i=1

Nq

∑
j=1

kaib j . (3.4)

This simplification would not be possible for groups that include non-equivalent spins, as
discussed by Robyr et al. in Ref. [119]. Equation 3.4 can be simplified by considering the
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fact that, because the spins in a given group are equivalent, the sum ∑Nq
j=1 kaib j is identical

for all values of i :

k�pq =
Nq

∑
j=1

ka1b j . (3.5)

For proton-driven spin diffusion in polycrystalline solids under magic-angle spinning,
assuming that a single rate constant can be defined for a given pair of spins, nuclear
spins are equivalent if they are crystallographically equivalent according to the definition
introduced by Haeberlen [127], i.e., if the nuclei are related by a symmetry operation of
the crystal. There are then as many groups of equivalent spins as there are spins in the
asymmetric unit, and the sums over all spins in a group are sums over asymetric units. In
consequence, for a system where all the carbons in the asymmetric unit are resolved in
the experimental spectra, Eq. 3.3 describes the time evolution of the peak volumes in a
PDSD experiment.

3.2.2 PDSD rate constants and effective dipolar couplings
In proton-driven spin diffusion, the transfer of polarisation between carbons, which would
in the absence of protons be quenched by the large energy difference between the Zeeman
energy levels of the carbons, is made possible by the dipolar interaction of the carbons
with surrounding protons, which act as an energy bath. Building on this qualitative de-
scription, several studies have shown that, under certain conditions, the rate constant for
the transfer of polarisation between two carbons ki j is expected to be proportional to the
square of the dipolar coupling ωi j between these two carbons and can be expressed as

ki j = κω2
i jF [Gi j(ν)], (3.6)

where

ωi j =
µ0γ2

Ch̄
4πr3

i j
; (3.7)

γC is the carbon magnetogyric ratio, ri j is the internuclear distance between spin i and j,
and κ is a geometrical factor [30–33]. F [Gi j(ν)] is a function of the zero-quantum line-
shape Gi j(ν), which is the Fourier transform of the free-induction decay of a transverse
two-carbon zero-quantum correlation under the action of the surrounding protons. This
term captures the contribution of the proton bath to the polarisation transfer process.

Combining Eq. 3.5 and 3.6, the rate constant for the transfer between groups of crys-
tallographically equivalent spins can be written:

k�pq = κ
Nq

∑
j=1

ω2
a1b j

F [Ga1b j(ν)]. (3.8)

For a given pair of carbons, if the ensemble of protons acting on a each carbon are in-
dependent, the zero-quantum lineshape for the carbon pair can be approximated by the
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convolution of the single-quantum lineshape for each carbon [2]. This assumption of un-
correlated proton baths is not strictly valid for a 13C-labelled polycrystalline system [128].
If such an approximation is made for all the carbon pairs in the system, then, as all the
spins in the group q are equivalent, the term F [Ga1b j(ν)] becomes identical for all spin
pairs (a1,b j), regardless of the value of j. Equation 3.8 can then be factored as,

k�pq = κω2
pq,effF [Ga1b1(ν)], (3.9)

where

ω2
pq,eff =

Nq

∑
j=1

ω2
a1b j

. (3.10)

The quantity ωpq,eff, sometimes called “effective dipolar coupling”, is straightforward to
calculate for a given crystal structure. Effective dipolar couplings have been suggested as
a measure of the overall coupling between groups of nuclei [129], and have notably been
used in earlier studies of spin diffusion [32].

3.3 Characterisation of the zero-quantum lineshape

3.3.1 Measurements of spin diffusion rate constants
Proton-driven spin diffusion, like many other polarisation transfer processes, can be mon-
itored experimentally using a pseudo-3D setup, which consists of recording 2D NMR
spectra for a series of mixing times, as explained in section 2.3.2. The pulse sequence
used in PDSD experiments and a representative spectrum are shown in Fig. 3.1. In PDSD,
the system evolves freely during the mixing period, and polarisation transfer occurs spon-
taneously. The evolution of the peak volumes as a function of the mixing time can be
organised into an array of build-up curves, which reflects the structure of 2D spectra and
provides a convenient way to visualise and analyse the data.

Figure 3.2 shows experimental PDSD build-up curves for a polycrystalline sample of
13C-labelled L-histidine.H2O.HCl (1, see Fig. 3.3), measured at 10 kHz MAS; build-up
curves were also recorded at 15 and 20 kHz MAS. PDSD spectra are commonly recorded
at spinning frequencies of 12 kHz or less, which provide a compromise between the facts
that increasing the spinning frequency simultaneously leads to an improved resolution and
to a slow down of the polarisation transfer process. In particular, it has been observed that
PDSD is virtually quenched at spinning frequencies of 60 kHz and above [132]. The fact
that the mixing period is free of radio-frequency irradiation makes the PDSD sequence
particularly robust with respect to experimental imperfections. However, the link between
PDSD data and structure is difficult to make.

The full quantum-mechanical description of spin diffusion in large nuclear spin sys-
tems is not possible in the general case, and drastic simplifications are necessary. As
explained in section 3.2, in a master-equation approach to the description of polarisa-
tion transfer in polycrystalline samples under magic-angle spinning, the only variables
are the summed polarisations M�

p for groups of crystallographically equivalent carbons,
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Figure 3.1: Pulse sequence for the 2D 13C-13C PDSD experiment and 2D 13C-13C PDSD spectrum
recorded with 15 kHz MAS and a mixing time τ of 25 ms for L-histidine.H2O.HCl. Experiments
were performed on a standard-bore Bruker Avance II NMR spectrometer operating at a 1H Larmor
frequency of 700 MHz using a 2.5 mm double-resonance MAS probe spinning the sample at
frequencies of 10, 15, and 20 kHz. Two-dimensional PDSD experiments with values of the mixing
time of up to 500 ms were recorded in random order. The CP contact time was 1 ms, and the
acquisition time was 30 ms. SPINAL-64 [130] at a nutation frequency of 80 kHz was used for
heteronuclear decoupling during the evolution and detection period. 512 increments of 8 transients
each were recorded using the States method [131], with a recycle delay between scans of 3 s,
resulting in a total experimental time of about 3.5 h for each spectrum.
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Figure 3.2: PDSD build-up curves recorded for a polycrystalline sample of L-histidine.H2O.HCl
with 10 kHz MAS. Experimental measurements (blue) and curves calculated with a kinetic model
(red) are shown. Experimental curves were obtained by integrating peak volumes in a series of
2D PDSD experiments. The rate constants used in the kinetic model were determined from the
experimental curves using a least-error matrix analysis.
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Figure 3.3: Chemical structure of L-histidine.H2O.HCl.
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Figure 3.4: Crystal structure of L-histidine.H2O.HCl. Carbon atoms are depicted in green, hydro-
gen in white, oxygen in red, nitrogen in blue and chlorine in brown.

the time evolution of which is governed by a kinetic model. Here we chose to study L-
histidine.H2O.HCl, which has a well-resolved peak for each carbon in the asymmetric
unit, i.e., for each group of crystallographically equivalent carbons, and a single known
polymorphic form, the structure of which, shown in Fig 3.4, has been determined accu-
rately by neutron diffraction on a single crystal sample (refcode histcm12 in the Cam-
bridge Structural Database [133]).

Although rate constants can be measured in the initial regime [134] or in principle
calculated from a single spectrum [135, 136], considering the full build-up curves makes
it possible to assess the accuracy with which experimental data can be described with a
master-equation approach. The curves calculated with Eq. 3.3 for rate constants deter-
mined with the least-error matrix analysis introduced by Macura and co-workers [137]
are also shown in Fig. 3.2, illustrating the fact that the master equation approach is ap-
propriate for this polycrystalline amino acid. It should be noted that the least-error matrix
analysis also makes it possible to assess the information content of each spectrum [137],
and reveals here that mixing times longer than 75 ms contribute very little to the measured
values of the rate constants.

Some key features of the PDSD process are well illustrated by this study. In particular,
the role of relayed transfer can be noticed by comparing the intensity of some cross-
peaks, which, after only a few tens of milliseconds, are relatively intense although they
correspond to a small rate constant for direct transfer. Values of PDSD rate constants k�pq
obtained with a least-error matrix analysis of the full experimental build-up curves are
given in table 3.1, and it can be seen, for example, that after 50 ms the Cβ /Cγ and Cβ /Cδ
cross peaks have comparable volumes, although the corresponding rate constants for the
direct transfer differ by an order of magnitude. Also, as will be discussed in more detail in
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Table 3.1: Measured PDSD rate constants, in Hertz, for L-histidine.H2O.HCl with 10 kHz MAS,
determined using a least-error matrix analysis of a series of 2D PDSD spectra. Rate constants
were obtained from PDSD build-up curves using the least-error matrix analysis developed by
Macura and co-workers [137], which consists of taking a weighted average of the rate constants
determined by an independent full-matrix analysis of each 2D spectrum, with weights determined
by an iterative least squares approach. Estimates of the uncertainty for the rate constants were
obtained using the formula given in Ref. [137] with a uniform estimated measurement uncertainty
for the experimental peak volumes of 0.5% of the initial volume of a diagonal peak. A spectrum
with τ = 0 ms is also needed for the full-matrix analysis, as the non-uniform CP efficiencies result
in non-uniform total volumes for each row of the 2D spectra [138].

CO Cε Cδ Cγ Cα Cβ
Cβ *
Cα * 67.9-72.8
Cγ * 2.8-5.9 7.1-10.3
Cδ * 111-115 2.2-6.6 86.1-90.7
Cε * 6.2-7.9 4.7-5.8 < 1 1.4-3.1
CO * < 1 1.3-4.2 6.7-8.7 90.5-93.5 5.8-9.0

the next section, although they vary over a large range of values, the PDSD rate constants
are not related in a simple way to structural information.

3.3.2 Comparison with squared effective dipolar couplings
As explained in section 3.2, under the assumption of uncorrelated proton baths, the ele-
ments of the rate matrix K� can then be written as

k�pq ∝ ω2
pq,effF [Ga1b1(ν)], (3.11)

where ω2
pq,eff is the effective dipolar coupling between two groups of crystallographically

equivalent spins. The crystal structure of L-histidine.H2O.HCl has been determined by
neutron diffraction, and it is thus possible to calculate, from the crystal geometry, effec-
tive dipolar coupling constants between groups of equivalent spins, which include both
intramolecular and intermolecular couplings. It can be noted that in a larger biomolecular
system, the effective dipolar couplings would in most cases not be significantly different
from the dipolar coupling corresponding to the shortest inter-spin distance, but that in
crystals of a small organic molecule the difference can be significant; the approach here
is fully general. For L-histidine.H2O.HCl, effective dipolar couplings can differ from the
dipolar coupling for a single pair by more than 50 % in extreme cases, with in most cases
differences ranging from less than 1 % to 25 %.

If we assume that Eq. 3.11 is applicable, although the assumption of uncorrelated pro-
ton baths is not strictly valid for a 13C-labelled polycrystalline system [128], we should
compare the experimentally measurable quantity k�pq with the structural information of
interest ω2

pq,eff for all pairs of groups of equivalent nuclei. Table 3.2 shows the ratios be-
tween the PDSD rate constants measured experimentally and the squared effective dipolar
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Table 3.2: Ratios, in microseconds, between PDSD rate constants and squared effective dipolar
couplings for L-histidine.H2O.HCl with 10 kHz MAS. Squared effective dipolar couplings were
determined from a single-crystal neutron diffraction structure.

CO Cε Cδ Cγ Cα Cβ
Cβ *
Cα * 0.8
Cγ * 2.0-4.2 1.7-2.4
Cδ * 0.6-0.7 0.5-1.4 0.8-0.9
Cε * 0.6-0.8 0.4-0.5 < 2.5 1.7 - 3.8
CO * < 1.3 0.7-2.4 4.4-5.7 1.1 1.4-2.2

couplings. It can be seen that they vary by more than one order of magnitude, which would
result in a factor of more than 50 % in distance estimates if the contribution of the proton
baths to the PDSD rate constants is not accounted for in a pair-specific manner. From
a practical point of view, this issue can be circumvented by empirically determining the
ratios k�pq/ω2

pq,eff for reference compounds [112], or by using experimentally measured
single-quantum lineshapes [110]. Here we assess the possibility to use numerical simula-
tions of zero-quantum lineshapes to predict the ratios k�pq/ω2

pq,eff, starting from the crystal
geometry.

3.3.3 Numerical simulation of the zero-quantum lineshape

Exact numerical simulations of NMR experiments can routinely be used to describe sys-
tems of about a dozen strongly coupled nuclear spins [139–141], and such a system size is
in general insufficient to perform a direct simulation of the PDSD process. It has recently
been shown, however, that numerical simulations can be used to describe homogeneously
broadened 1H lineshapes under magic-angle spinning [129, 142]. Here we explore the
possibility to describe carbon lineshapes homogeneously broadened by carbon-proton and
proton-proton dipolar interactions.

A study of the convergence behaviour of carbon single-quantum lineshapes as the
number of surrounding protons is increased shows that 10 protons or more are required
to obtain a reasonably converged lineshape, as illustrated in Fig. 3.5 with example free-
induction decays and lineshapes. In order to perform a direct simulation of zero-quantum
lineshapes, a system consisting of two carbons and of the unions of two groups of about
10 protons each would be thus be required. Such a system size, even if there exists some
overlap between the groups of protons, is in general not manageable with numerical sim-
ulations performed by programs that rely on a full description of the spin space. In con-
sequence, all the zero-quantum lineshapes considered here were obtained as convolutions
of single-quantum lineshapes.

Here we used SPINEVOLUTION [141] to simulate single-quantum lineshapes for all
the carbons in the asymmetric unit of L-histidine.H2O.HCl. For each simulation, the spin
system consisted of a single carbon and the 12 protons that are nearest to this carbon;
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Figure 3.5: Examples of simulated powder-averaged carbon single-quantum free-induction de-
cays and lineshapes with 10 kHz MAS. Curves are shown for the Cα (left) and the Cγ (right) of
L-histidine.H2O.HCl. In each simulation, the system consisted of a single carbon and of the N
protons that are the closest to this carbon. Atomic coordinates were taken from a crystal structure
(CSD entry: histcm12), and a ZCW set of 144 orientations was used for the simulation.
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such a 13-spin system corresponds to the current maximum number of spins that can
be simulated with SPINEVOLUTION. Once a single-quantum lineshape had been simu-
lated for each carbon in the asymmetric unit, zero-quantum lineshapes were obtained as
convolutions of single-quantum lineshapes, with each single-quantum lineshape centred
at the chemical shift precession frequency of the corresponding carbon. Both heteronu-
clear carbon-proton and homonuclear proton-proton dipolar couplings were taken into
account in the simulations, and they lead to a homogeneously broadened single-quantum
lineshape. Chemical shift anisotropies (CSAs) are not, however, expected to have a sig-
nificant effect on the zero-quantum lineshapes, and they were thus not included in the
simulations reported here; we have verified the validity of this approximation by compar-
ing simulations with and without CSA. Other polarisation-transfer mechanisms involving
CSA cannot be excluded.

A selection of zero-quantum lineshapes calculated in this manner is shown in Fig. 3.6,
where it can be seen that they vary significantly from one pair of carbons to another.
Using the expression for the rate constant for the transfer of polarisation in polycrystalline
systems under magic-angle spinning derived by Kubo and McDowell [33], the element of
the rate matrix can be written

k�pq =
1

15
ω2

pq,eff

�
Ga1b1(νr)+

1
2

Ga1b1(2νr)

�
. (3.12)

The ratios between the PDSD rate constants and the effective dipolar couplings can thus
be estimated by summing the intensity of the simulated lineshapes at the spinning fre-
quency and at twice the spinning frequency, indicated by crosses in Fig. 3.6. It should be
noted that Eq. 3.12 provides PDSD rate constants for powder-averaged PDSD build-up
curves, and involves powder-averaged zero-quantum lineshapes. Although there exists
in principle a distribution of rate constants for a polycrystalline sample, we have in this
study followed Kubo and McDowell and considered only powder-averaged quantities.

Figure 3.7 shows the comparison between the calculated value of the function of the
zero-quantum lineshape and the experimentally determined ratio 15k�pq/ω2

pq,eff, for spin-
ning frequencies of 10, 15 and 20 kHz. Remarkably, the non-trivial influence of the
spinning frequency on the rate constants is overall correctly reproduced, and the quantita-
tive agreement between the predicted and measured values is, with a few exceptions, very
good. Notably, the spinning frequency dependence is not monotonic in many cases, but
varies in a complex manner, which depends strongly on the pairwise chemical-shift dif-
ferences. When chemical-shift differences are not taken into account, then the predicted
values typically lie above (50 µs or larger) the measured values, and they either decay
monotonically or do not change significantly with spinning frequency. The complex de-
pendence of the rate constants on spinning frequency is found to be dominated by the
proximity to rotational-resonance [10, 11] due to varying chemical shift differences. Not
accounting for the pair-specific nature of the ratios would lead to an incorrect relationship
between internuclear distances and PDSD rate constants.

It can be seen in Fig. 3.7 that the ratios that are unambiguously overestimated by the
calculation correspond to pairs of carbons for which there exists a very short internu-
clear distance, such as Cα and Cβ . For such pairs, the approximation of uncorrelated
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Figure 3.6: Examples of simulated powder-averaged zero-quantum lineshapes for L-
histidine.H2O.HCl with 10 kHz MAS. The lineshapes are shown for the Cα -Cδ pair (top) and
the Cα -Cε pair (bottom). Red crosses indicate the intensity of the zero-quantum lineshape at the
spinning frequency and at twice the spinning frequency. Zero-quantum lineshapes were obtained
as convolution of single-quantum lineshapes; each single quantum lineshape was simulated with
a system consisting a single carbon and of the 12 protons that are closest to this carbon. Atomic
coordinates were taken from a crystal structure (CSD entry: histcm12), and a ZCW set of 538
orientations was used for the simulation.
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Figure 3.7: Ratios between PDSD rate constants and squared effective dipolar couplings for L-
histidine.H2O.HCl. Experimental (green) and calculated (blue) values are shown for three spin-
ning frequencies. Experimental values were obtained by dividing experimental PDSD rate con-
stants by squared effective dipolar couplings determined from a single-crystal neutron diffraction
structure. Calculated values were obtained from numerical simulations of zero-quantum line-
shapes. A 1D 13C CPMAS spectrum is shown as an inset.
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proton baths is questionable and may be the cause of the observed discrepancy; also, the
homonuclear carbon-carbon coupling is not always much smaller than the heteronuclear
carbon-proton couplings. For the other ratios, such as the ratios for Cα/β and Cδ/ε , there
is good agreement between calculation and experiments.

Most importantly, it should be noted that the comparison shown here is parameter-free,
and in particular involves no overall scaling of the experimental and calculated quantities,
with the latter being obtained from first principles. Numerical simulations of the zero-
quantum lineshapes can thus provide a more quantitative link between structural informa-
tion and experimentally measurable quantities.

3.4 Consequences for structural studies
As both a summary and a perspective, the link between structural information and NMR
data made possible by a master-equation approach to the description of PDSD using sim-
ulated zero-quantum lineshapes can be evaluated using carbon-carbon internuclear dis-
tances. Using PDSD rate constants determined by a least-error matrix analysis of a se-
ries of 2D PDSD spectra, and ratios between PDSD rate constants and squared effective
dipolar couplings determined with numerical simulations of zero-quantum lineshapes, the
following “effective distances” can be calculated:

rnmr
pq,eff = Apq

�
k�pq

�−1/6
, (3.13)

where the prefactor is

Apq =

�
µ0γ2

Ch̄
4π

�1/3� 1
15

�
Ga1b1(νr)+

1
2

Ga1b1(2νr)

��1/6
. (3.14)

These effective distances, which are the structural information of interest for the PDSD
experiments, can be compared with the corresponding values determined by neutron
diffraction:

rneutron
pq,eff =

�
Nq

∑
j=1

�
rneutron

a1b j

�−6
�−1/6

. (3.15)

The comparison between rnmr
pq,eff and rneutron

pq,eff for L-histidine.H2O.HCl with 10 kHz MAS is
shown in Fig. 3.8, and the strong observed correlation illustrates from a structural point of
view the fact that the spin dynamics relevant to the PDSD phenomenon are well described,
without any adjustable parameters, by the approach outlined in this study.

This becomes particularly pertinent if we consider a more traditional approach to the
analysis of PDSD data. Figure 3.8 also shows distance estimates obtained by analysing a
single 2D PDSD spectrum recorded with a mixing time of 25 ms. The analysis assumes
a linear relationship between normalised cross-peak volumes and the inverse sixth power
of internuclear distances, and uses directly-bonded carbons for calibration (as described
in the figure caption). Large systematic errors are observed for the distance estimates
obtained with this approach, which neither accounts for relayed transfer nor accounts for
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Figure 3.8: Effective internuclear distances in L-histidine.H2O.HCl, as obtained in a master-
equation approach to the description of PDSD (blue) and estimated with the analysis of a sin-
gle 2D PDSD spectrum (red), plotted against reference values calculated from a crystal structure
determined by neutron diffraction. Values shown in blue were obtained using PDSD rate con-
stants determined with a least-error matrix analysis of a series of 2D PDSD spectra, and ratios
between PDSD rate constants and squared effective dipolar couplings determined with numerical
simulations of zero-quantum lineshapes. Values shown in red were obtained from a single PDSD
spectrum recorded with a mixing time of 25 ms. First, each row was normalised to a total intensity
of one, and then the spectrum was symmetrised with respect to the diagonal. Finally, cross-peak
volumes were converted into distance estimates by assuming a linear relationship between the
cross-peak volumes and the inverse sixth power of effective distances, with a proportionality fac-
tor chosen to give the best agreement with neutron diffraction data for effective distances that
involve pairs of directly-bonded carbons. PDSD spectra were recorded with 10 kHz MAS.
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the variable ratios between PDSD rate constants and squared effective dipolar couplings
[101]. Figure 3.8 thus illustrates the shortcoming of a straightforward analysis of the
PDSD phenomenon, and the possibility to link structural information and NMR data ac-
curately in a parameter-free manner with the method developed here, which could help
overcome these shortcomings.

3.5 Conclusions
A master-equation approach to the description of proton-driven spin diffusion has been
shown to be appropriate for a 13C-labelled polycrystalline amino acid under magic-angle
spinning. The ratios between the rate constants for the transfer of polarisation and effec-
tive dipolar couplings are found to vary by more than one order of magnitude, a fact that
in conjunction with relayed transfer makes the quantitative use of PDSD data difficult.
Numerical simulations are shown, however, to be accurate enough to capture the contri-
bution of the proton bath to the PDSD rate constants, and thus to provide an estimate of
the ratio between the structural information of interest and an experimentally measurable
quantity. This provides the missing quantitative link between measured polarisation ex-
change rate constants and internuclear distances. Generalisation to PDSD in biomolecular
solids is readily envisaged, providing potential for a central role in structure determination
by solid-state NMR.



Chapter 4

Interlude: Liouville space

4.1 Introduction

When modelling spin diffusion, complexity arises from the fact that the small set of vari-
ables of interest, the single-spin polarisations, are coupled to an immense number of ad-
ditional variables, the multi-spin correlations. Modelling spin diffusion is thus a specific
instance of a general undertaking, for which many approaches have been developed. In
particular, simplified descriptions become possible when there exists a separation of time-
scales between the slow evolution of the system of interest and the fast evolution of the
bath of additional variables. In nuclear magnetic resonance, for example, Redfield re-
laxation theory relies on such a separation of time-scales to treat the coupling between
nuclear-spin degrees of freedom and atomic motion [16].

For spin diffusion, a separation of time-scales can exist between the slow transfer of
polarisation and the much faster dynamics of multi-spin correlations. These correlations
can then be considered as a bath, and such a picture leads to a master-equation for the
polarisations [30–32]. In general, however, both the polarisations and multi-spin correla-
tions evolve on comparable time-scales.

In this chapter, we give a brief overview of the projection-operator method, which is
a possible approach to describe the time evolution of a system of interest coupled to a
bath [143, 144]. We then show how this method can be used to derive expressions of
spin diffusion rate constants, for polarisation transfer among weakly coupled S spins in
the presence of strongly coupled I spins. No new results are introduced, but a single
consistent framework is provided to discuss existing analyses, such as the one exploited
in chapter 3, and to introduce alternative models. All derivations are given here using
a Liouville-space formalism [54, 143, 144], which we briefly summarise. Although the
consequences are mostly notational in this chapter, the Liouville-space formalism is an
integral part of the methods introduced in subsequent chapters.

39
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4.2 System and evolution
For a given system, a Liouville space can be defined by considering operators in Hilbert
space as vectors in Liouville space. Operators that act on Liouville-space vectors are usu-
ally called “superoperators”, and the term “operator” then refers to a vector in Liouville
space.

The density matrix σ that describes the system is a vector in Liouville space, and the
time evolution of the density matrix is governed by the Liouville-von Neumann equation
of motion:

d
dt
|σ�= L̂|σ�, (4.1)

where L̂ is the Liouvillian, defined here as the superoperator that describes a commutator
with the Hamiltonian H in Hilbert space:

L̂|σ�= |− i[H,σ ]�. (4.2)

The Liouvillian can in general also include a relaxation superoperator, but only coherent
contributions to the time evolution will be considered here.

A formal solution of the equation of motion can be written by introducing the propa-
gator Û(t,0) defined by the relationship

d
dt

Û(t,0) = L̂(t)Û(t,0). (4.3)

The propagator can formally be written

Û(t,0) = ˆ̂T exp
�� t

0
L̂(t �)dt �

�
, (4.4)

where ˆ̂T is the time-ordering operator. It should be noted that in the following, the time-
dependence of the density matrix and of superoperators will not always be made explicit.

The scalar product between two operators A and B is defined in Liouville space as

�A|B�= Tr(A†B). (4.5)

The expectation value of a physical observable Q is then given by

�Q�= �Q|σ�. (4.6)

In the following, we will frequently consider the expectation value of an observable Q
after an evolution during t under the effect of a Liouvillian L for an initial density matrix
σ0 = σ(0), which is given by:

�Q�(t) = �Q|Û(t,0)|σ0�. (4.7)
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4.3 Projection operators and memory functions

4.3.1 Reformulation of the equation of motion
There are many situations in which only a small number of observables are of interest
to the experimentalist. It is then pertinent to derive an equation of motion that involves
only a restricted set of variables. The projection-operator method is a possible approach
to the derivation of such an equation, which involves a reformulation of the Liouville-von
Neumann equation in a form that is amenable to the development of approximate models
[143, 144].

The time-derivative of the expectation value of an observable can be written

d
dt
�Q�= �Q|L̂|σ�. (4.8)

In order to derive a set of equations that involve the expectation values of a selection of
operators of interest Qi, the description of the system is separated into two contributions,
that of the operators of interest and that of the rest of Liouville space. A projection
superoperator on the operators of interest is defined as

P̂ = ∑
i

|Qi��Qi|
�Qi|Qi�

. (4.9)

The density matrix can then be written:

|σ�= P̂|σ�+(1̂− P̂)|σ�. (4.10)

With such a decomposition, Eq. 4.8 becomes

d
dt
�Qi�= �Qi|L̂P̂|σ�+ �Qi|L̂(1̂− P̂)|σ�. (4.11)

As explained in Ref. [143, 144], after introducing a formal expression of (1̂− P̂)|σ� the
following equation is obtained

d
dt
�Qi�(t) = K +L+M, (4.12)

where

K =
m

∑
j=1

�Qi|L̂(t)|Q j�
�Q j|Q j�

�Q j�(t); (4.13)

L = �Qi|L̂(t)Ŝ(t,0)(1̂− P̂)|σ0�; (4.14)

M =
m

∑
j=1

� t

0
dt �

�Qi|L̂(t)Ŝ(t, t �)(1̂− P̂)L̂(t �)|Q j�
�Q j|Q j�

�Q j�(t), (4.15)

and
Ŝ(t, t �) = ˆ̂T exp

�� t

t �
(1̂− P̂)L̂(t ��)dt ��

�
. (4.16)
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In Eq. 4.12, the term K describes the dynamics within the set of operators of interest, and
the term M describes the effect of the discarded operators on the operators of interest. In
most experimental situations, the initial state is prepared as a combination of operators
of interest, and the term L is zero. Equation Eq. 4.12 is still fully general and is of
little practical use as such. It does provide, however, a convenient framework to develop
approximate descriptions.

4.3.2 Master-equation in the short correlation time limit
The projection-operator method is notably appropriate when a separation of timescales
exists between the slow evolution of the variables of interest and the fast evolution of
the discarded variables. As explained in Refs [143, 144], it is in most cases possible to
assume that the operators of interest satisfy

[Qi,Q j] = 0, (4.17)

and that the initial density matrix is prepared as a combination of operators of interest
only

(1̂− P̂)|σ0�= 0. (4.18)

Under these assumptions, only the term M in Eq. 4.12 is non-zero and the equation be-
comes

d
dt
�Qi�(t) =

m

∑
j=1

� t

0
dt �Ki j(t, t �)�Q j�(t), (4.19)

where the memory functions Ki j(t, t �) have been introduced:

Ki j(t, t �) =
�Qi|L̂(t)Ŝ(t, t �)(1̂− P̂)L̂(t �)|Q j�

�Q j|Q j�
. (4.20)

Memory functions involve the dynamics of discarded variables; they often only depend,
exactly or within a reasonable approximation, on the time difference τ = t − t �. If the
memory functions decay as τ increases and the relevant correlation time τc that is very
small compared to the timescale on which the variables of interest evolve, a simple master
equation is obtained for the variables of interest:

d
dt
�Qi�(t) =

m

∑
j=1

ki j�Q j�(t), (4.21)

where
ki j =

� ∞

0
dτKi j(τ). (4.22)

The memory functions and the resulting rate constants ki j are in general impossible to
calculate exactly, because they involve the very large set of discarded operators. Once a
master-equation has been derived, empirical expression of the rate constants or approxi-
mate expressions of the memory functions are thus in general employed.
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4.4 Application to proton-driven spin diffusion

4.4.1 Interactions
The projection-operator method can be used to derive a master equation for the description
of polarisation transfer among weakly coupled S spins in the presence of strongly coupled
I spins. The relevant interactions are recalled here before deriving expressions for the spin
diffusion rate constants. For a system of S and I spins the Liouvillian can be written

L̂ = L̂SS + L̂SI + L̂II + L̂S, (4.23)

where L̂AB is the dipolar interaction between spins A and B and L̂A is the chemical-shift
interaction for spins A. Spins one-half are considered here, and it is assumed that the
chemical-shift interaction for I spins is negligible compared to the homonuclear dipolar
interaction L̂II . These assumptions correspond notably to the case of spin diffusion among
carbons made possible by surrounding protons.

For a system of S spins, the high-field secular homonuclear dipolar interaction can be
written

HSS = ∑
i> j

ωi j

�
2SizS jz −

1
2
�
Si+S j−+Si−S j+

��
, (4.24)

where

ωi j =−
µ0γ2

S h̄
4πr3

i j

1
2
�
3cos2 θi j −1

�
(4.25)

is the dipolar coupling between i and j in the laboratory frame; ri j is the internuclear
distance, and θi j is the angle between the internuclear vector and the static magnetic field.
For a heteronuclear pair, the “flip-flop” term is non secular and the high-field secular
heteronuclear dipolar Hamiltonian is thus

HSI = ∑
i

∑
u

ωiu2SizIuz. (4.26)

For a system under magic angle spinning, the Liouvillian is time dependent and the
dipolar coupling in the laboratory frame can be written

ωi j(t) = ωP
i j ∑

m
Ameimωrt , (4.27)

where

ωP
i j =−

µ0γ2
S h̄

4πr3
i j

(4.28)

is the dipolar coupling in the principal axis frame. The coefficient Am can be expressed
with Wigner rotation matrices, as explained for example in Ref. [12]

Am = D(2)
0−m(ΩPR)d

(2)
−m0(θm); (4.29)

ΩPR is the set of Euler angles that relates the principal axis frame P to the rotor frame R,
and θm = cos−1(1/

√
3) is the magic angle.
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4.4.2 Existence and expression of rate constants
4.4.2.1 General expression

If the homonuclear dipolar interaction between S spins is much smaller than the other
interactions, the evolution of the carbon polarisations occurs on a long time scale, while
multi-spin correlations evolve on a shorter time-scale. The projection-operator method
can then be applied in the short correlation time limit to derive a master equation for the
polarisations Siz

d
dt
�Siz�(t) =

m

∑
j=1

ki j�S jz�(t), (4.30)

where

ki j =
� ∞

0
dτ

�Siz|L̂(t)Ŝ(t, t − τ)(1̂− P̂)L̂(t − τ)|S jz�
�S jz|S jz�

. (4.31)

The total Liouvillian can be separated into two contributions

L̂ = L̂1 + L̂0, (4.32)

where
L̂1 = L̂SS (4.33)

governs the slow dynamics of the polarisations and

L̂0 = L̂SI + L̂II + L̂I (4.34)

governs the fast dynamics of the multi-spin correlations. As the evolution caused by L̂1 is
slow, the expression for the rate constant becomes

ki j =
1

�S jz�2

� ∞

0
�Siz|L̂1(t)Û0(t, t − τ)L̂1(t − τ)|S jz�dτ, (4.35)

where
Û0(t, t − τ) = ˆ̂T exp

�� t

t−τ
L̂0(t)dt

�
, (4.36)

and where the relationships L̂|Siz� = L̂1|Siz� and �Siz|L̂1|S jz� = 0, valid for any pair of S
spins (i, j), have been taken into account.

4.4.2.2 Time-independent interaction

For a time-independent Liouvillian, the expression for the rate constant becomes:

ki j =
1

�S jz�2

� ∞

0
�Siz|L̂1Û0(τ,0)L̂1|S jz�dτ. (4.37)

Considering the relationship:

L̂1Siz =−i ∑
j �=i

ω ji
1
2
�
Si+S j−−Si−S j+

�
, (4.38)
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the rate constant can be written

ki j =
1
2

ω2
i j

1
�SY,i j�2

� ∞

0
�SY,i j|Û0(τ,0)|SY,i j�dτ. (4.39)

where the two-S zero-quantum transverse coherence SY,i j = Si+S j− − Si−S j+ has been
introduced.

Introducing the zero-quantum lineshape

Gi j(ν) =
1

�SY,i j�2

� ∞

0
�SY,i j|Û0(τ,0)|SY,i j�e2iπντdτ, (4.40)

which is the Fourier transform of the free-induction decay of a two-S zero-quantum
transverse coherence under the action of the SS and SI dipolar interaction and of the S
chemical-shift interaction, the rate constant becomes:

ki j =
1
2

ω2
i jGi j(0). (4.41)

This expression for the rate constant, which is applicable to proton-driven spin diffusion
in static solids, has been derived by several groups [30–32]. Several approaches were em-
ployed for the derivation, and Suter and Ernst for example used second-order perturbation
theory [30], while Henrichs et al. employed the projection-operator method [31].

4.4.2.3 Periodic interaction

For a system under magic-angle spinning, the interactions are time-dependent and the
expression for the rate constant becomes:

ki j =
1
2
�
ωP

i j
�2

× ∑
m,m�

AmAm�
1

�S jz�2

� ∞

0
�SY,i j|Û0(t, t − τ)|SY,i j�ei(m+m�)ωrte−2iπmνrτdτ. (4.42)

At this stage, an approximation is made by assuming that the rate constant is time-
independent. This approximation consists of assuming that the time-periodic contribu-
tions to the rate constant are negligible, and that the propagator Û0(t, t − τ) depends neg-
ligibly on t. Under these assumptions the expression of the rate constant is

ki j =
1
2
�
ωP

i j
�2 ∑

m
AmA−m

1
�S jz�2

� ∞

0
�SY,i j|Û0(τ,0)|SY,i j�e−2iπmνrτdτ. (4.43)

Introducing the zero-quantum lineshape defined in Eq. 4.40:

ki j =
1
2
�
ωP

i j
�2 �A1A−1

�
Gi j(νr)+Gi j(−νr)

�
+A2A−2

�
Gi j(2νr)+Gi j(−2νr)

��
. (4.44)

In order to describe polarisation transfer in a polycrystalline sample, an approximation is
made by assuming that a single rate constant can be defined and obtained as an average



46 INTERLUDE: LIOUVILLE SPACE Ch. 4

over all orientations. In addition, the coefficients AmA−m and the zero-quantum lineshape
are averaged separately. If these approximations were valid, the rate constant would be:

ki j =
1

30
�
ωP

i j
�2
��

Gi j(νr)+Gi j(−νr)
�
+

1
2
�
Gi j(2νr)+Gi j(−2νr)

��
, (4.45)

where Gi j is the powder-averaged zero-quantum lineshape for the spin pair i j. Equation
4.45 has been derived by Kubo and McDowell with a related approach [33]. A final sim-
plification is possible by taking into account the symmetry of the zero-quantum lineshape:

ki j =
1

15
�
ωP

i j
�2 ℜ

�
Gi j(νr)+

1
2

Gi j(2νr)

�
. (4.46)

4.4.3 Simulation of lineshapes
4.4.3.1 Motivation

The projection-operator method in the short correlation time limit provides a justification
for the use of a master equation to describe proton-driven spin diffusion, and a formal
expression for the spin diffusion rate constants. However, the zero-quantum lineshapes,
which capture the contribution of the bath of protons to the transfer of polarisations among
carbons, in general do not have a known analytical form. A possibility to address this
problem is to assume a simple analytical form that involves a small number of empirical
parameters. In chapter 3 of this thesis, we have developed a parameter-free description
that relies on numerical simulations of the zero-quantum lineshapes. These simulations,
which can also be seen as explicit calculations of memory functions for a bath of multi-
spin correlations, involve further simplifications that are described here.

4.4.3.2 Implementation

Several properties of the zero-quantum lineshapes can be exploited in the calculation of
polarisation-transfer rate constants from first principles. As the coherence order is con-
served for each S spin individually for an evolution governed by L̂0, Eq. 4.40 can also be
written

Gi j(ν) =
1

�Ii+I j−�2

� ∞

0
ℜ
�
�Ii+I j−|Û0(t,0)|Ii+I j−�

�
e2iπνtdt, (4.47)

If the system can be divided into groups consisting of a single S spin and a number of sur-
rounding I spins, such that the interactions between groups are negligible, the Liouvillian
L̂0 can be approximated as

L̂0 �
NS

∑
i=1

L̂0,i, (4.48)
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where each L̂0,i describes the interactions within a given group. The free-induction decay
of a zero-quantum coherence can then be written as the product of the free-induction
decay of single-quantum coherences

�Ii+I j−|Û0(t,0)|Ii+I j−�= �Ii+|Û0,i(t,0)|Ii+��I j−|Û0, j(t,0)|I j−�, (4.49)

where
Û0,i(t,0) = ˆ̂T exp

�� t

0
L̂0,i(t �)dt �

�
. (4.50)

The zero-quantum lineshape is then equal to the convolution of two single-quantum line-
shapes. Although the assumption of non-interacting groups of I spins was not always
justified, such an approximation was made in chapter 3 to simulate zero-quantum line-
shapes.

It can also be noted that, as the chemical-shift interaction for the S spins commutes
with the SI and II dipolar interaction, its action can be calculated as

�Ii+I j−|Û0(t,0)|Ii+I j−�= exp
�
−i(ωi +ω j)t

�
�Ii+I j−|ÛII,SI(t,0)|Ii+I j−�. (4.51)

where
ÛII,SI(t,0) = ˆ̂T exp

�� t

0

�
L̂II(t �)+ L̂SI(t �)

�
dt �

�
, (4.52)

and where only isotropic chemical shifts have been taken into account. Numerical simula-
tions of single-quantum free-induction decays thus do not have to include chemical-shift
evolution. In practice, the quantities were thus calculated:

�Ii+|ÛII,SI(t,0)|Ii+�. (4.53)

4.5 Conclusions
The Liouville-space formalism and the projection-operator method have been outlined
and used to derive a master equation for proton-driven spin diffusion. In this framework,
numerical simulations of zero-quantum lineshapes, such as the ones employed in chapter
3, can be seen as explicit calculations of memory functions for a bath of multi-spin cor-
relations. However, the separation of time-scales on which the master-equation approach
relies does not always exist. In particular, a separation of time-scales is not expected for
spin diffusion among strongly coupled spins. This limitation provides a motivation for
the development of alternative models, which can be cast in a similar framework, as will
be shown in the following chapters.
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Chapter 5

Numerical simulation from low-order
correlations in Liouville space

5.1 Introduction

Numerical simulations play a significant role in the understanding and development of
magnetic resonance experiments [139–141, 145, 146], as they can provide access to the
structural and dynamical properties of a large variety of systems, as well as insight into
the underlying spin dynamics [4, 54]. In solid-state NMR spectroscopy, the dynamics of
the observables are dominated by coherent interactions, and the ability to understand and
manipulate these interactions is of central importance. Simulations based on numerical
integration of the Liouville-von-Neumann equation are therefore appropriate in this con-
text, and they today routinely complement or even replace analytical treatments. In many
cases, relatively small spin systems are sufficient to characterise the parameter space of a
pulse sequence, and, for example, to identify the regime in which it is expected to perform
best. Such simulations are limited, even with highly optimised algorithms [141, 147] and
methods exploiting translational symmetry [148], to systems of about fifteen spins, due
to the exponential scaling of the size of the spin space. Solid-state simulation programs
usually give an explicit description of all coherent evolution occurring in the spin space,
and such a description is currently out of reach for large spin systems.

In the course of solid-state NMR experiments, correlations can build up within ex-
tended networks of strongly coupled spins [149–152], and the simulation of large nuclear
spin systems is thus a key objective. In organic solids, the dipolar interaction with and
among protons in general dominates the spin dynamics; describing large systems is thus
relevant not only for proton experiments, but also for experiments involving rare nuclei
of lower magnetogyric ratio, such as carbon-13. In order to capture the dynamics of
dipolar-coupled systems, simplified models of the spin systems and of the interactions
have been developed [30, 47, 142, 153–157] and used, for example, to understand 1H
[142] or 13C [155] lineshapes under magic-angle spinning. Such models either sacrifice
structural information or else rely on an incoherent description of the spin dynamics, and
they usually require the use of empirical parameters. These limitations are particularly

49
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relevant in the case of structural studies of organic solids, where a coherent description of
relatively small spin systems cannot reproduce experimental measurements quantitatively
on the full experimental timescale [37, 88, 158].

An alternative approach to approximating the coherent dynamics of large spin systems
is to exclude a portion of the full Liouville space from the simulation. NMR simulation
using a reduced Liouville space was first introduced in solids by Brüschweiler and Ernst,
who used a “cogwheel” model of spin motion in a solid to simulate the short-term dy-
namics of a chain of 10 spins [159]. In solution-state magnetic resonance, Kuprov and
coworkers have developed efficient strategies to identify and remove negligibly populated
spin states [160–164], and have used these strategies for applications in biomolecular
NMR [165] and spin chemistry [160]. In their scheme, small clusters of nearest-neighbor
spins are defined, and spin i interacts directly with spin j in the simulation only if the two
spins belong to the same cluster. However, in the case where each spin is strongly coupled
to many other spins, e.g., a strongly coupled lattice of protons in a solid, the applicability
of this approach has not been established.

The number of spins that can be simulated, either in full or reduced Liouville spaces,
depends critically on the scheme used to numerically integrate the equations of motion.
Commonly-used NMR simulation programs depend on a variety of numerical schemes;
while diagonalisation and exponentiation of the Hamiltonian provides an intuitive and re-
liable approach [139], other methods have been shown to perform significantly better in
many cases [141, 147, 148]. Current methods of implementing any of these numerical
schemes require that the Hamiltonian or the Liouvillian of the system be stored in the
computer memory, along with one or more propagators, or at least their non-zero ele-
ments. Memory requirements are commonly dominated by the need to store such evolu-
tion matrices. Alternative numerical approaches exists, in which the memory requirement
scales as the vector describing the spin state, rather than the evolution matrices that act
on that vector. They have notably been explored in the closely related field of quantum
computing [166], in particular to simulate the decoherence process [167].

In this chapter, we introduce a method of simulating large, densely coupled nuclear
spin systems in a reduced Liouville space. First, we make a case for Liouville-space
reduction in solids, and discuss the design of reduced Liouville spaces for an evolution
governed by the dipolar interaction. The resulting model, which we call LCL, describes
the time evolution of experimental observables from low-order correlations in Liouville
space. Then, we describe a numerical scheme based on the Suzuki-Trotter algorithm
[168], which allows for high-order numerical accuracy without requiring storage of a large
evolution matrix. Finally, we show that our approach can be used to simulate the coherent
dynamics of a powdered sample under magic-angle spinning for over 100 nuclear spins.
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5.2 Theory

5.2.1 Motivation

Simulation of the full Liouville space for large, densely coupled spin systems is hindered
by the requirement to take into account explicitly all possible multi-spin correlations that
can develop during the course of a process of interest. In general, however, only a small
fraction of Liouville space is observed experimentally; in most solid-state NMR experi-
ments, only single-spin and few-spin coherences are observed. Accurate description of
a fraction of Liouville space only is in itself a goal of significant interest, for which no
general approach exists.

Several methods have been developed to describe the time-evolution of a limited set
of variables of interest, when their evolution occurs on a time-scale much shorter than
that on which additional variables evolve. For densely coupled nuclear spin systems, no
such separation of time-scales exists between the evolution of experimental observables
and that of the rest of Liouville space. There is a possibility, however, that a reduced
Liouville space can nevertheless be found, so that an exact description of the reduced
Liouville space associated with a simplified description of the rest of Liouville space
makes it possible to capture the coherent dynamics of experimental observables, while
keeping the total number of variables manageable.

There are reasons to expect the effect of high-order correlations on the evolution of
experimental observables to be relatively simple in a number of situations. For exam-
ple, in multiple-quantum NMR [151] phase interference among high-order coherences
hinders the observation of their excitation, and special efforts have to be made to obtain
multiple-quantum spectra [150]. For experiments performed with magic-angle spinning,
there is an additional expectation that the region of Liouville space which effectively con-
tributes to the time evolution of detected observables might shrink. For example, it has
been shown that sample rotation at frequencies of the order of the highest couplings often
allows analysis of sideband intensities using only two-spin coherences [169].

In the following, we explore the possibility to simulate polarisation transfer in a re-
duced Liouville space that includes only low-order correlations, an approach that we call
LCL. The LCL model can be seen as a projection-operator method, where the operators
of interest are extended to include a selection of low-order correlations. From this point
of view, LCL exploits the fact that the “memory” of high-order correlations has in some
cases a negligible effect on the evolution of experimental observables.

5.2.2 Picturing Liouville space for dipolar-coupled nuclear spins

The density matrix σ that describes a system of N nuclear spins I = 1/2 can be considered
as a vector of dimension 22N in Liouville space [54], and can be expressed as a linear
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combination of basis vectors Br:

σ(t) =
22N

∑
r=1

br(t)Br. (5.1)

Here we use a basis set consisting of products of single-spin operators [170]

Br = 2qr−1
N

∏
i=1

Ii,r, (5.2)

where
Ii,r ∈ {Ei, Iiz,

Ii+√
2
,

Ii−√
2
}. (5.3)

The product is over all spins i, and qr is the number of spins i for which the single-spin
operator Ii,r is not the identity operator Ei. For a given product operator Br of the form
given in Eq. 5.2, a spin order and a coherence order can be defined. The spin order is
given by qr, and can be seen as the number of spins that are correlated in the state Br.
The coherence order is q+− q−, where q+ (resp. q−) is the number of raising operators
Ii+/

√
2 (resp. lowering operators Ii−/

√
2) appearing in the product. Both quantities are

useful in designing reduced Liouville spaces.
In the solid state, the spin dynamics for abundant nuclear spins I = 1/2 of high mag-

netogyric ratio, such as protons, are dominated by the dipolar interaction. For a system of
N homonuclear spins the high-field secular dipolar Hamiltonian is

HII = ∑
i> j

−µ0γ2h̄
4πr3

i j

1
2
(3cos2 θi j −1)(2IizI jz −

1
2
�
Ii+I j−+ Ii−I j+

�
, (5.4)

where the sum is over all pairs of nuclei (i, j), ri j is the internuclear distance, and θi j is
the angle between the internuclear vector and the static magnetic field. In the following,
we will sometimes refer to the dipolar coupling between i and j in the laboratory frame,
defined as

ωi j =−µ0γ2h̄
4πr3

i j

1
2
(3cos2 θi j −1). (5.5)

The time evolution of the density matrix σ under the action of a Hamiltonian H is
governed by the Liouville-von Neumann equation:

dσ
dt

= L̂|σ�= |− i[H,σ ]�, (5.6)

where L̂ is the Liouvillian of the system. For strongly coupled systems, the dipolar inter-
action results in the growth of correlations among large numbers of spins. However, this
growth occurs through well defined pathways, which can be determined by mapping the
connectivity between coherences in Liouville space: the action of the dipolar Liouvillian
on any product operator of the type described in Eq. 5.2 can be calculated using the rela-
tions given in Table 5.1. For example, the two-spin coherence I1+I2− is connected to the
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Table 5.1: Commutators of the homonuclear dipolar Hamiltonian HII
i j = ωi j

�
H1

i j − 1
2 H2

i j

�
and op-

erators A, where H1
i j = 2IizI jz and H2

i j = Ii+I j−+ Ii−I j+. Operators that commute with Hamiltonian
HII

i j are not shown.

A [H1
i j,A] [H2

i j,A]

Iiz 0 −2 Ii+√
2

I j−√
2
+2 Ii−√

2
I j+√

2
Ii+√

2
2 Ii+√

2
I jz −2Iiz

I j+√
2

Ii−√
2

−2 Ii−√
2
I jz 2Iiz

I j−√
2

2Iiz
I j+√

2
I j+√

2
− Ii+√

2

2Iiz
I j−√

2
− I j−√

2
Ii−√

2

2 Ii+√
2

I j−√
2

0 I jz − Iiz

one-spin coherences I1z and I2z and to the three-spin coherences 2IizI1+I2−, where i is any
spin different from 1 and 2:

I1+I2−
HII

12−−→ I1z − I2z

I1+I2−
HII

i1 ,H
II
i2−−−−→ 2IizI1+I2−. (5.7)

It can be noted that, as the coherence order is conserved during evolution under the secular
Hamiltonian, and as the initial density matrix for polarisation-transfer processes has a
coherence order of zero, the basis set can be rigourously restricted to product operators of
coherence order zero, for the special case of polarisation transfer [54].

For simulations in reduced Liouville spaces, the central hypothesis is that not all cor-
relations among spins in the system have to be taken into account to reproduce accurately
the time evolution of observables of interest. The spin order provides a simple and rea-
sonable criterion for selecting the set of product operators to be included in the reduced
Liouville space, and we have used this criterion in choosing reduced spaces for simu-
lations of spontaneous polarisation transfer. As illustrated in Fig. 5.1, the zero-quantum
subspace for spins I = 1/2 can be pictured as successive layers that correspond to correla-
tions among an increasing number of spins, i.e, to increasing spin orders; LCL simulations
are carried out within a reduced space that consists of the minimum number of layers that
enable an accurate simulation of the polarisations. Figure 5.1 is inspired by a picture
previously introduced for multiple-quantum NMR [171], based on the notion of a walk
in Liouville space. Such a picture has also been used to study the growth of multi-spin
correlations in the NMR free-induction decay [172]. As will be shown in section 5.3, it
is convenient to visualise the evolution in Liouville space as the motion of a collection of
interconnected cog-wheels, as initially suggested by Brüschweiler and Ernst [159]. These
cog-wheels are represented by circles in Fig. 5.1.

Although spin-space reduction in solids is explored here for dipolar-coupled nuclear
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Figure 5.1: Schematic representation of the zero-quantum subspace for a homonuclear system of
I = 1/2 spins. Groups of product operators are connected by the homonuclear dipolar interaction,
and the cyclical evolution under the couplings is represented by circles. Green (resp. blue) circles
correspond to the action of Hamiltonian H1 (resp. H2) defined in table 5.1. In a reduced Liouville
space with qmax = 4, product operators in grey are excluded.

spins I = 1/2, the same formalism can in principle be applied to spins I > 1/2 and other
interactions.

5.2.3 Formal Liouville-space reduction

A reduced Liouville space X can be defined by excluding from the full Liouville space
correlations among more than qmax spins. Such a reduction can formally be obtained by
using a reduced Liouvillian L̂X defined as

L̂X = P̂X L̂P̂X , (5.8)

where P̂X is a projection operator for the the reduced Liouville space. Expressed in the
product-operator basis set introduced above, P̂X is a 22N × 22N diagonal matrix that has
1 on the diagonal for basis operators that are kept in the reduced Liouville space, and
0 everywhere else. It can be noted that, within the reduced Liouville space, the time
evolution of the system is still unitary, as the anti-Hermicity of the Liouvillian is preserved
by the reduction process.

The size of a reduced Liouville space that excludes all coherences involving more than
qmax spins, where qmax is small with respect to the number of spins, scales polynomially
instead of exponentially with the number of spins. This key feature of LCL simulations is
illustrated in Fig. 5.2 for the case of polarisation transfer in a homonuclear system of I =
1/2 spins. In combination with numerical methods described in section 5.3, this scaling
property makes it possible to simulate a number of spins that is an order of magnitude
larger than the number that can be handled by exact simulations.
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Figure 5.2: Scaling property of the density matrix for a simulation of polarisation transfer in a
homonuclear system of I = 1/2 spins. The number of elements in the density matrix is shown
for the full Liouville space (blue) and for reduced Liouville spaces that excludes all coherences
involving more than qmax = 4 (green) or qmax = 5 spins (magenta).

5.2.4 Heteronuclear spin systems

Reduced spin spaces can also be appropriate to describe a heteronuclear spin system,
when there is one or more group of densely coupled spins. Here we consider the case of
a system of NC carbons and NH protons, for which it is convenient to expand the density
matrix using the following product operators:

Br = 2qr−1
NC

∏
u=1

Su,r

NH

∏
i=1

Ii,r, (5.9)

where

Su,r ∈ {Eu,Suz,
Su+√

2
,
Su−√

2
}

Ii,r ∈ {Ei, Iiz,
Ii+√

2
,

Ii−√
2
}. (5.10)

Here the products are over all carbons u and all protons i, and qr is the spin-order for the
product operator Br. Carbons and protons are chosen for illustrative purposes and can be
replaced by any other group of abundant or rare spins.

The action of the homonuclear carbon-carbon and proton-proton dipolar Liouvillian
on any product operator of the form given in Eq. 5.9 can be calculated using the relations
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Table 5.2: Commutators of the heteronuclear dipolar Hamiltonian HSI
ui = 2ωuiSuzIiz and operators

A. Operators that commute with Hamiltonian HSI
ui are not shown.

A [Hl
ui,A]

Su+√
2

2Su+√
2

Iiz

Su−√
2

−2Su−√
2

Iiz

Ii+√
2

2Suz
Ii+√

2
Ii−√

2
−2Suz

Ii−√
2

2Su+√
2

Iiz
Su+√

2

2Su−√
2

Iiz −Su−√
2

2Suz
Ii+√

2
Ii+√

2

2Suz
Ii−√

2
− Ii−√

2

given in table 5.1. For the heteronuclear dipolar Liouvillian

HIS =
NC

∑
u=1

NH

∑
i=1

−µ0γCγHh̄
4πr3

ui

1
2
(3cos2 θui −1)2SuzIiz, (5.11)

the relations given in table 5.2 can be used.
A reduced Liouville space can be designed by excluding from the full Liouville space

all correlations among more than qC,max carbons or qH,max protons. Again, it can be
helpful to picture the connectivity among coherences due to the dipolar interaction, and
an example is shown in Fig. 5.3.

5.3 Tourbillon: 100 nuclear spins and beyond

5.3.1 Numerical integration scheme
The density matrix σ after an evolution of duration τ under the action of the time-
dependent Liouvillian L̂ can formally be written as

|σ(τ)� = Û(τ,0)|σ(0)�

= ˆ̂T exp
�� τ

0
L̂(t)dt

�
|σ(0)�, (5.12)

where Û(τ,0) = ˆ̂T exp
�� τ

0 L̂(t)dt
�

is the time-evolution operator, and where ˆ̂T is the
Dyson time-ordering operator. For time-dependent homonuclear dipolar interactions, the
Liouvillian is dynamically homogeneous, i.e., it does not commute with itself at different
times [173], and in general Û(τ,0) cannot be calculated analytically.
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Figure 5.3: Schematic representation of part of the zero-quantum subspace for a heteronuclear
system of I = 1/2 and S = 1/2 spins. Groups of product operators are connected by the homonu-
clear II dipolar interaction, and the cyclical evolution under the couplings is represented by circles.
Green (resp. blue) circles correspond to the action of Hamiltonian H1 (resp. H2) defined in table
5.1. In a reduced Liouville space with qI,max = 4, product operators in grey are excluded. Sw
represents any product operator involving only S single spin operators, and the effect of the SI and
SS dipolar interactions are not shown.

A first approximation is made by considering that the Liouvillian is piecewise time-
independent during steps of duration ∆t. Under this approximation, the density matrix
becomes:

|σ(τ)� �
�

P−1

∏
p=0

exp
�
L̂(tp)∆t

�
�
|σ(0)�, (5.13)

where τ = P∆t and tp = p∆t. The task then consists of calculating the product |σ(tp)�=
exp(L̂(tp−1)∆t)|σ(tp−1)� for a time-independent L̂(tp−1) (in the rest of this section, the
time-dependence of L̂ will not be shown explicitly, and L̂ is taken to represent the Liou-
villian at a given time-step).

Various algorithms exist to calculate the propagator exp(L̂∆t), which can be used to
perform matrix-vector multiplications. An alternative is to calculate directly the density
matrix |σ �� = exp(L̂∆t)|σ� for a given |σ� without explicitly calculating the propagator.
In choosing a numerical algorithm to implement the LCL scheme, we have considered
efficient use of memory to be the top priority and have therefore selected a scheme which
does not explicitly calculate the propagator. The motivation for this choice can be seen
by considering the number of coherences included in an LCL simulation of 100 protons,
using qmax = 4. For a simulation of spin diffusion which has an initial state consisting of
polarisation on certain spins, the number of basis elements needed for an LCL simulation
is 7.6×107. If the coefficient of each of these is stored as an 8-byte double-length float,
then the memory required to store the density matrix is about 600 MB. Since a given
spin is coupled to all other spins through the dipolar interaction, the reduced Liouvillian
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L̂X contains many couplings between coherences, and the number of non-zero matrix
elements is 2 to 3 orders of magnitude larger than the number of coherences.

For the Suzuki-Trotter (ST) algorithm [168], only a single copy of the density matrix
has to be stored in computer memory, and no explicit storage is needed for a Liouvillian,
a propagator, or an object of similar size such as an eigenvector matrix [166]. For this
reason, we used the ST algorithm, although faster algorithms exist; it should be noted that
such a choice is in general not compatible with methods that make full use of the time
and γ-angle periodicity inherent to solid-state NMR simulations, and in particular with
the COMPUTE family of algorithms [141, 174–176].

To apply the ST algorithm, the total Liouvillian L̂ is written as a sum of terms L̂ =
∑M

m=1 L̂m, chosen such that the evolution under each L̂m can be calculated analytically in
small subspaces that are invariant under L̂m. The decomposition is in general not unique,
and neither is the number of terms M in the decomposition. In the context of NMR, spin
dynamics are often visualised and calculated as successive rotations in low-dimensional
subspaces, so the ST algorithm can be applied in a natural way. In its simplest form, the
ST algorithm is a first order (ST1) method where the rotations are implemented succes-
sively for each term in the decomposition of the Liouvillian:

exp

�
M

∑
m=1

L̂i∆t

�
=

M

∏
m=1

exp
�
L̂m∆t

�
+O(∆t2). (5.14)

The ST1 scheme is identical to the use of the Zassenhaus formula suggested by Brüschweiler
and Ernst in their cogwheel model [159]. The Suzuki-Trotter scheme, however, can be
taken to higher orders by using an appropriately ordered sequence of rotations; for exam-
ple, the second-order (ST2) propagator, which we use here, is given by:

exp

�
M

∑
m=1

L̂m∆t

�
=

M

∏
m=1

exp
�

L̂m
∆t
2

�

×
1

∏
m=M

exp
�

L̂m
∆t
2

�

+O(∆t3). (5.15)

For both ST1 and ST2, memory requirements and CPU requirements per timestep scale
linearly with the number of elements in the density matrix. For polarisation transfer in a
system of homonuclear spins I = 1/2, they are thus well described by the curves shown
in Fig. 5.2. As the simulations are performed “directly” in the time domain, and as the
accumulated error grows as τ(∆t)k for a scheme of order k, the CPU requirements scale
in principle as τ1+1/k if the accumulated error is kept constant [166, 167].

It should be noted that there are other ways to propagate the density matrix without an
explicit calculation of the propagator. Some of these methods require storing the Liouvil-
lian, usually in sparse format, and some simply require a function that returns the product
L̂|σ� for a given |σ� [166]. Here we chose a method that only requires a single copy of the
density matrix and that can nevertheless be taken to higher-order in a systematic manner.
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In addition, when a product-operator basis set is used, only a few matrices of size 4×4 or
smaller are needed to describe NMR interactions with the ST algorithm.

5.3.2 Rotation matrices
To implement the ST algorithm, it is first necessary to select an appropriate decomposition
of the total Liouvillian. For the dipolar interaction various decompositions have been
suggested [166], and here we use the pair decomposition

L̂ = ∑
i> j

L̂i j, (5.16)

where each term L̂i j in the sum corresponds to the interaction between a pair of nuclear
spins.

For each term L̂i j in equation 5.16, the total Liouville space, described with the
product-operator basis set introduced in section 5.2, can be decomposed into one-, two-,
and four-dimensional subspaces, in which the progagator exp(L̂i j∆t) has a simple analyt-
ical expression. Moreover, the time evolution in these subspaces corresponds to the usual
rotations among product operators, and the block-diagonal propagators can be expressed
in terms of a small number of closed-form matrices. We will use the notation R̂(θ) to
represent these rotation matrices, where θ = ωi j∆t is the angle of rotation associated with
the propagator exp(L̂i j∆t). Matrix elements for the various R̂(θ) can be obtained using
the commutators given in table 5.1 and a generalised sandwich formula [177],

exp(L̂φ)|A�= |A�cos(φ)− i|B�sin(φ), (5.17)

which is valid for |A� and |B� such that L̂|A�=−i|B� and L̂|B�=−i|A�.

5.3.2.1 Homonuclear dipolar interaction

For the secular dipolar interaction between two homonuclear spins i and j, any product
operator of the basis set introduced in section 5.2 either is invariant under L̂i j or belongs
to a subspace of dimension 4 in which the time evolution is described by the following
matrices:

R̂0(θ) =
1
2





1+ cos(θ) 1− cos(θ) −isin(θ) isin(θ)
1− cos(θ) 1+ cos(θ) isin(θ) −isin(θ)
−isin(θ) isin(θ) 1+ cos(θ) 1− cos(θ)
isin(θ) −isin(θ) 1− cos(θ) 1+ cos(θ)



 (5.18)

in subspaces of the form (IizB�
r, I jzB�

r,2
Ii+√

2
I j−√

2
B�

r,2
Ii−√

2
I j+√

2
B�

r);

R̂+(θ) = (5.19)




cos(θ)cos(θ/2) −sin(θ)sin(θ/2) −isin(θ)cos(θ/2) −icos(θ)sin(θ/2)
−sin(θ)sin(θ/2) cos(θ)cos(θ/2) −icos(θ)sin(θ/2) −isin(θ)cos(θ/2)
−isin(θ)cos(θ/2) −icos(θ)sin(θ/2) cos(θ)cos(θ/2) −sin(θ)sin(θ/2)
−icos(θ)sin(θ/2) −isin(θ)cos(θ/2) −sin(θ)sin(θ/2) cos(θ)cos(θ/2)




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in subspaces of the form( Ii+√
2
B�

r,
I j+√

2
B�

r,2
Ii+√

2
I jzB�

r,2
I j+√

2
IizB�

r);

R̂−(θ) = R̂∗
+(θ) (5.20)

in subspaces of the form ( Ii−√
2
B�

r,
I j−√

2
B�

r,2
Ii−√

2
I jzB�

r,2
I j−√

2
IizB�

r), where in each case B�
r repre-

sents a product operator involving neither spin i nor spin j.

5.3.2.2 Heteronuclear dipolar interaction

For the dipolar interaction between two heteronuclear spins i and j, only the longitudinal
part of the dipolar interaction is secular, and subspaces of dimension 2 can be identified.
The rotation matrices are:

R̂�
+(θ) =

�
cos(θ) −isin(θ)

−isin(θ) cos(θ)

�
(5.21)

in subspaces of the form (Su+√
2

B�
r,2

Su+√
2

IizB�
r), and ( Ii+√

2
B�

r,2Suz
Ii+√

2
B�

r);

R̂�
−(θ) = R̂�∗

+(θ) (5.22)

in subspaces of the form (Su−√
2

B�
r,2

Su−√
2

IizB�
r) and ( Ii−√

2
B�

r,2Suz
Ii−√

2
B�

r), where in each case B�
r

represents a product operator involving neither spin u nor spin j.

5.3.2.3 Chemical shift

The chemical-shift interaction can be taken into account by adding to the decomposition
of the total Liouvillian a term ∑i L̂i, where each term L̂i corresponds to the chemical-shift
Liouvillian for a given spin i. For the product-operator basis set used here, which involves
single-spin shift operators, the action of the Liouvillian L̂i consists of a change of phase
for all shift operators that involve spin i. For example, the two spin coherence I1+I2−
evolves under the chemical-shift Liouvillian L̂1 according to

exp(L̂1∆t)|I1+I2−�= exp(iω1∆t)|I1+I2−�, (5.23)

where ω1 is the precession frequency of spin 1 in the rotating frame.

5.3.3 Actual Liouville-space reduction
For the second-order Suzuki-Trotter scheme using the pair decomposition, the propagator
can be written

Û(∆t) =

�
N

∏
i=1

i−1

∏
j=1

exp
�

L̂i j
∆t
2

��

×
�

1

∏
i=N

1

∏
j=i−1

exp
�

L̂i j
∆t
2

��
. (5.24)
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This propagator is not calculated explicitly; instead, for each pair (i, j), the coefficients in
the expansion of the density matrix are grouped in vectors of size 1, 2 or 4, and multiplied
by appropriate rotation matrices.

For a simulation in a reduced Liouville space X , where the time evolution is governed
by the reduced Liouvillian L̂X , the rotations are implemented only for coherences that
belong to the reduced space.

5.3.4 Magic-angle spinning and powder averaging
As is usual in NMR simulations, spherical tensors are used to describe the spatial part of
the dipolar interaction and its transformations. This topic has been discussed extensively
before (see for example Ref. [178] and [140]) and will not be reviewed in detail here.

For a given pair of spins (i, j), the spatial part of the secular dipolar coupling expressed
in the laboratory frame, ωi j, is obtained by a series of rotations, starting with a rotation
from the principal axis system of the interaction (P) to the crystal frame of reference (C),
and then to the rotor frame (R), and finally to the laboratory frame (L). These rotations
are described by the set of Euler angles Ωi j

PC, ΩCR and ΩRL, respectively.
The crystal frame is the same for all spin pairs, and the set of Euler angles ΩCR thus

describes the orientation of the whole system with respect to the rotor. Powder-averaged
quantities are obtained by running separate simulations for an ensemble of sets of angles
{ΩCR,p}, where each angle set ΩCR,p corresponds to a given crystallite, and then averag-
ing the expectation values of the observables of interest over the ensemble of orientations.
Note that this process is perfectly adapted for parallelisation.

For a system under magic-angle-spinning, the time-dependent coupling constants in-
volved in the secular dipolar Hamiltonian (see Eq. 5.4) can be written

ωi j(t) =
2

∑
m=−2

2

∑
m�=−2

ωP
i j D(2)

0m(ΩPC)D
(2)
mm�(ΩCR)

×exp(im�ωrt)d(2)
m�0(θm) (5.25)

where
ωP

i j =−
µ0γiγ jh̄
4πr3

i j
(5.26)

is the dipolar coupling in the principal axis frame, θm = cos−1(1/
√

3) is the magic angle,
ωr is the spinning frequency of the rotor, and the D(l)

mm� are Wigner rotation matrices. In
our simulation, magic-angle spinning is taken into account by updating the laboratory-
frame dipolar coupling ωi j(t) at each step of the simulation.

We have explained in detail how LCL simulations of free evolution can be performed
for powdered samples under magic-angle spinning, using an algorithm that involves min-
imal memory requirements. This approach has been implemented in a program which we
call Tourbillon, a name chosen in reference to the cog-wheel model of Brüschweiler and
Ernst [159].
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Figure 5.4: Chemical structure of β -L-aspartyl-L-alanine.

5.4 Accurate simulation of polarisation transfer in spin-
ning powders

5.4.1 Comparison with exact simulations

In order to assess the applicability of the LCL model, exact simulations carried out with
the software SPINEVOLUTION [141] on molecules containing up to 12 protons were com-
pared with simulations performed in reduced Liouville spaces. Figure 5.5 illustrates typ-
ical results obtained for a single orientation of a static molecule containing 12 protons,
β -L-aspartyl-L-alanine (2, see Fig. 5.4). The simulations using only low-order correla-
tions in Liouville space reproduce the exact evolution for a very short initial time period,
but after 100 µs, large errors develop in the simulations having qmax = 5 (dashed curves),
i.e., in the simulations for which product operators involving more than 5 correlated spins
were excluded. The simulations performed in a further reduced space, qmax = 4 (dotted
curves), show pathological departure from the exact simulations (solid curves) as well
as from the curves corresponding to qmax = 5. Similar short-term accuracy was reported
using a cogwheel model to propagate the density matrix in a reduced Liouville space
which excluded product operators involving more than 3 correlated spins [159]. The error
present in these LCL simulations shows that the excluded regions of Liouville space are
relevant for simulations of a single static crystal. Although it may be possible to account
for the effect of high-order correlations in a simplified manner, we explored here instead
regimes in which it can be entirely neglected.

The accuracy of the LCL simulations is significantly improved by adding spinning to
the simulation, as shown in Fig. 5.6. Whereas in the static case, agreement was obtained
for about 50 µs, the agreement with exact simulations (solid curves) is preserved under
10 kHz MAS for longer time periods (around 250 µs), and the decay of the initial polari-
sation, although not reproduced exactly, is qualitatively correct for both qmax = 4 (dotted
curves) and qmax = 5 (dashed curves). The accuracy of the LCL simulations is further
improved by the combination of spinning and powder averaging, as shown in Fig. 5.7,
in which the exact curves are now quantitatively reproduced using the LCL scheme for
times up to 1000 µs, corresponding to the whole of the experimentally relevant timescale.
The Liouville space that includes 4-spin correlations (qmax = 4) is now sufficient to re-
produce detailed features of the spin diffusion curves. Further Liouvilles-space reduction
is detrimental, however, and simulations performed with qmax = 3 only show a short-term
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Figure 5.5: Simulations of polarisation transfer for a single molecule of β -L-aspartyl-L-alanine.
Exact simulations (solid) of this system of 12 protons are compared to simulations performed in
reduced Liouville spaces that exclude coherences involving more than qmax = 4 spins (dotted) or
qmax = 5 spins (dashed). The initial density matrix is σ(0) = ICH2,z, and the observables �ICH2,z�
(red) and �ICHasp,z� (blue) are plotted. The colour code is shown in Fig. 5.4. Atomic coordinates
for a single molecule are taken from a crystal structure (CSD entry: fumtem). The time step in the
simulation is 1 µs.

agreement with exact simulations.
To validate the observations made for β -L-aspartyl-L-alanine, LCL simulations were

compared with exact simulations performed for a collection of 25 10-proton organic
molecules and 15 12-proton organic molecules randomly selected from the Cambridge
Structural Database (CSD) [133]. The simulations were performed for systems under
magic-angle spinning. For a system containing N protons, an exact powder-averaged
simulation was performed for each of the N distinct initial states σ(0) = Iiz, and each of
these simulations yielded N curves �Iiz�/||I1z||2; i.e., a total of 4660 exact curves were
compared against LCL curves. The full set of curves is available in the supplementary
information of Ref. [48]. The error in the LCL simulations was characterised by calculat-
ing a root-mean square (rms) error for each curve, and the distribution of rms errors for
the set of 10-proton curves and the set of 12-proton curves was found to be to be similar.
Among the qmax = 4 and qmax = 5 curves, respectively, 78% and 95% had an rms error of
0.01 or less, as shown in Fig. 5.8.

These results support the hypothesis that for spinning organic powders, the dynamics
of spin diffusion among protons can be accurately modelled using a small fraction of the
full Liouville space. In the case of a 12-proton system, for instance, Table 5.3 shows
that the dimension of the qmax = 4 reduced Liouville space is less than 0.1% as large as
that of the full Liouville space. An additional finding is that reduced Liouville spaces
adequate for simulating these dynamics can be obtained simply by excluding all products
of single-spin operators involving more than qmax = 4 or qmax = 5 correlated spins.
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Figure 5.6: Simulations of polarisation transfer for a single molecule of β -L-aspartyl-L-alanine
under 10 kHz MAS. Exact simulations (solid) of the 12-proton system are compared to simulations
performed in reduced Liouville spaces that exclude coherences involving more than qmax = 4 spins
(dotted) or qmax = 5 spins (dashed). The initial state, observables, atomic coordinates and time
step are the same as in Fig. 5.5.
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Figure 5.7: Powder-averaged simulations of polarisation transfer for a single molecule of β -L-
aspartyl-L-alanine under 10 kHz MAS. Exact simulations (solid) of the 12-proton system are
compared to simulations performed in reduced Liouville spaces that exclude coherences involving
more than qmax = 4 spins (dotted) or qmax = 5 spins (dashed). The initial state, observables, atomic
coordinates and time step are the same as in Fig 5.5, and a ZCW set of 50 orientations is used for
the powder average.
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Figure 5.8: The rms error for 4660 polarisation curves obtained from 25 10-proton systems and 15
12-proton systems. For each curve, exact simulations were compared with simulations performed
in reduced Liouville spaces that excluded coherences involving more than qmax = 4 or qmax = 5
spins.

Table 5.3: The dimensions of Liouville spaces that can be used for simulation of polarisation
transfer within 10-proton and 12-proton systems. The full Liouville space includes all possible
spin correlations among the N protons. Given an initial state defined by polarisations on certain
protons, exact simulations of the evolution under a secular spin Hamiltonian can be performed
with the zero-quantum subspace. The reduced Liouville spaces are subspaces of the zero-quantum
subspace, formed by excluding product operators involving more than qmax correlated spins.

Full Liouville Zero-quantum Reduced spaces
space subspace k = 4 k = 5

10 protons 1.0×106 1.8×105 5.0×103 1.8×104

12 protons 1.7×107 2.7×106 1.1×104 5.2×104

5.4.2 Large-scale simulation
A key feature of the LCL simulation scheme is that its favourable scaling properties allow
simulation of large systems. As a demonstration, we have simulated powder-averaged
spin diffusion curves for a spinning lattice of 144 protons, i.e., the twelve molecules con-
tained in three primitive unit cells of β -L-aspartyl-L-alanine. We used a maximum spin
order qmax = 4, which will provide a sufficient accuracy to make comparisons with exper-
imental data, while enabling efficient simulations for large numbers of spins. We note that
Fig. 5.9 shows the expected qualitative similarity between the curves for the two systems,
although quantitative differences are present. The full Liouville space for the 144-proton
system has dimension 5× 1086, which makes the full density matrix impossible to sim-
ulate. The reduced Liouville space has dimension 3× 108, and the LCL simulation for
a single orientation used 1 GB of random-access memory and required only 8 hours of
computing time on a single 2.8 GHz processor.

5.5 Conclusions
It has been found that exact powder-averaged simulations of polarisation transfer within
spinning organic crystals can be quantitatively reproduced over the full experimentally
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Figure 5.9: Powder-averaged simulations of polarisation transfer in a system of 144 protons
(solid) and a system of 12 protons (dotted) under 10 kHz MAS. The simulations are performed
in a reduced Liouville space that excludes coherences involving more than qmax = 4 spins. The
12-proton system is a single molecule of β -L-aspartyl-L-alanine, while the 144-proton system is
a rectangular block of three primitive unit cells of the same molecule. For the system of 144
spins, the minimum image convention [179] is used to define periodic boundary conditions, and
the observables are summed over crystallographically equivalent spins. The initial density matrix
is σ(0) = ICH2,z, and the observables �ICH2,z� (red) and �ICHasp,z� (blue) are plotted. Atomic coor-
dinates are taken from a crystal structure (CSD entry: fumtem). The time step in the simulation is
1 µs, and a ZCW set of 50 orientations is used for the powder average.
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relevant timescale using reduced Liouville spaces that include only low-order correla-
tions. The simulation model, which uses only low-order correlations in Liouville space,
has been implemented by means of an algorithm that minimises memory requirements.
Since the dimension of the reduced spaces scales polynomially rather than exponentially
with the number of spins, simulations are feasible for over 100 nuclear spins. LCL sim-
ulations have been shown to be accurate under certain conditions, which are relevant for
many solid-state NMR experiments, but empirical testing is still needed to determine the
limits of this simulation method.
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Chapter 6

Spin dynamics and thermodynamics in
reduced Liouville spaces

6.1 Introduction

Numerical simulation based on the Liouville-von Neumann equation is used intensively
in magnetic resonance to understand and control the behaviour of nuclear spins [139–141,
145, 146]. However, the size of the density matrix that describes a spin system increases
exponentially with the number of spins, and such simulation is intrinsically limited to
relatively small systems. As some processes cannot be described with only about a dozen
spins, a strong incentive exists to develop alternative schemes that provide access to larger
spin systems. Spin-space reduction has been introduced as a way to increase the capacity
of spin simulation, ideally at no cost in terms of accuracy. For the sparsely coupled
networks of spins found in solution, spin-space reduction schemes aim at identifying and
removing regions in Liouville space that remain unpopulated throughout the simulation,
and systematic approaches have been developed to reliably prune and propagate density
matrices [160–163]. In solids, although the existence of densely coupled networks could
seem to preclude attempts at reduction, simulations of polarisation transfer in reduced
Liouville spaces have been found to be accurate for powdered systems under magic-angle
spinning, a regime which is particularly relevant in solid-state NMR spectroscopy. The so-
called LCL scheme is not always a valid approach, however, and in particular for a static
solid it has been observed that an exact description of high-order correlations is in general
needed to capture the dynamics of polarisation transfer [159]. The validity of the LCL
approximation has been confirmed in a largely empirical way, by a comparison between
exact and LCL simulations for a large set of systems. The lack of better understanding of
Liouville-space reduction in solids prevents the use of a systematic approach to identify
other situations in which reduced Liouville spaces could successfully describe the spin
dynamics of large, strongly coupled systems.

The long-term behaviour of a closed quantum system can to some extent be stud-
ied computationally, and for systems of nuclear spins several authors have explored the
numerical spin thermodynamics of polarisation transfer. In particular, the prediction of

69



70 SPIN DYNAMICS AND THERMODYNAMICS Ch. 6

! "

"
"

!"

! !

!#$

! !

!
$

Figure 6.1: Chemical structure of a molecule of L-serylglycine

quasi-equilibrium states, and the possible manifestation of such states in actual experi-
ments, have been considered for spin diffusion and cross-polarisation [38, 40, 41, 156,
180–182]. The concepts of spin thermodynamics in magnetic resonance have emerged
well before the advent of intensive numerical simulations [183], and have notably been
used to study double-resonance experiments [154]. For example, the existence of subtle
quasi-equilibria has proved to be relevant for the understanding of the cross polarisation
process [154]. Also, the existence of bounds for polarisation transfer in closed nuclear
spin systems has been analysed by Sorensen and Levitt [177, 184–186]. There are still
several open questions about the relationships between computational and experimental
spin thermodynamics [40, 41], but the underlying formalisms can provide significant in-
sight into a range of processes in magnetic resonance.

In this chapter, we describe an investigation into the dynamics and thermodynamics
of spin systems described in reduced Liouville spaces. First, we consider the influence of
magic-angle spinning and powder averaging on the accuracy of LCL simulations of po-
larisation transfer. Then, we illustrate the unusual nature of the approximation introduced
by Liouville-space reduction in a spinning solid, by showing that the reduction scheme
excludes coherences making a large contribution to the exact density matrix but a negli-
gible net contribution to the evolution of experimental observables. Finally, we introduce
an approach for numerical studies of quasi-equilibria in reduced Liouville spaces, which
we use to characterise the long-term behaviour of LCL simulations.

6.2 Validity of Liouville-space reduction

6.2.1 Magic-angle spinning
The influence of magic-angle spinning on LCL simulations of polarisation transfer can be
illustrated by a series of simulations for a system of strongly coupled protons. A compari-
son between powder-averaged exact and LCL simulations for a 10-spin system consisting
of the protons of a molecule of L-serylglycine (see scheme in Fig. 6.1) is shown in Fig. 6.2.
It can be seen that a progressive increase of the spinning frequency dramatically increases

the time period during which the exact time evolution of the experimental observables is
correctly reproduced by an LCL simulation, up to the point where the exact curve is well
approximated throughout the experimentally relevant time period.

For a spinning frequency of 10 kHz, the spinning frequency and the dipolar couplings
are of comparable magnitude. In addition, the typical time resolution of the experimental
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Figure 6.2: Influence of the spinning frequency on a powder-averaged simulation of polarisation
transfer for a 10-spin system consisting of the protons in a single molecule of L-serylglycine. Sim-
ulations are performed in the full Liouville space (solid), and in reduced Liouville spaces where
all coherences involving more than qmax = 4 (dotted) or qmax = 5 (dashed) spins are excluded.
The initial density matrix is σ(0) = ICH2ser,z, and the observables are �ICH2ser,z� (red) and �ICHser,z�
(blue). The colour code is shown in Fig. 6.1. Atomic coordinates for a single molecule are taken
from a crystal structure (CSD entry: sergly). The timestep in the simulation is 0.5 µs, and a ZCW
set of 50 orientations is used for powder averaging.
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observation is smaller than the rotor period, especially for the short-term dynamics, which
are of particular interest in the context of structural studies. For these reasons, the accu-
racy of LCL simulations under MAS cannot be simply understood in terms of an effective
interaction that would describe the time evolution over a rotor period. In particular, the
hypothesis of an effective dipolar coupling greatly reduced by MAS does not account for
the observed behaviour. This is illustrated in Fig. 6.2, where the initial transfer rates are
not significantly reduced by magic-angle spinning for spinning frequencies of up to 10
kHz.

A formal analysis of the time-dependent expectation values of the single-spin po-
larisations could explain the influence of magic-angle spinning both on the exact spin
dynamics and on the agreement between exact and LCL simulations. Such an analysis
has been developed by Mark Butler, who used a Taylor expansion to compare the con-
tribution of low-order correlations to the dynamics of the observables in static systems
and in systems under magic-angle spinning [187]. Although the analytical expressions
obtained are encouraging, they do not account so far for the time-scale during which LCL
simulations are accurate for systems under MAS. Filip et al. have combined Floquet the-
ory and perturbation theory in a Liouville-space formalism to describe the dynamics of
strongly coupled spins under fast magic-angle spinning [169, 188, 189]. They found that
under fast magic-angle spinning, spinning sideband intensities can be analysed by taking
into account few-spin correlations [169]. Their approach or a similar approach relying on
Floquet theory [190–194] could potentially be adapted to the case of polarisation transfer
under magic-angle spinning.

6.2.2 Powder averaging

The error in LCL simulations, which can be quantified by a comparison between exact
and LCL simulations, can be mapped as a function of crystallite orientation for a given
polarisation curve. The orientation of a crystallite is here defined by the set of Euler
angles (α,β ,γ) that relates an arbitrary crystal frame of reference to the rotor frame. A
large number of hypotheses can be formulated and explored with numerical simulations.
Here we will give two specific examples, illustrated with a simulation of polarisation
transfer among the protons of a molecule of L-alanine.

Figure 6.3 shows the time evolution of the error for a set of crystallite orientations that
differ by their value of the angle γ . First, it can be seen that the error seems to be simply
shifted in time for crystallite orientations that differ only by their value of the angle γ , i.e.,
for crystallites that belong to a given carousel [195]. Second, it can also be observed that
after an initial monotonic increase, the error undergoes a periodic oscillation with time.
Magic-angle spinning thus seems to refocus the difference between exact and LCL results
over a rotor period.

Figure 6.4 shows the orientation dependence of the error over the unit sphere, which
is mapped by the angles (α,β ). The polarisation curve was averaged over the angle γ ,
as additional symmetries are known to exist in some cases for such carousel averages
[174, 195]. No particular pattern has been identified in this and in similar figures, and the
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Figure 6.3: Time evolution of the error for an LCL simulation of polarisation transfer for a set of
crystallite orientations that differ by their value of the angle γ . The system consists of the 7 protons
in a molecule of L-alanine. The error is calculated as the difference between an exact simulation
and a simulation performed in a reduced Liouville space that excludes coherences involving more
than qmax = 4 spins Atomic coordinates for a single molecule are taken from a crystal structure
(CSD entry: lalnin12). The initial density matrix is σ(0) = ICH,z and the observable is �INH3a,z�.
The timestep in the simulation is 0.5 µs.



74 SPIN DYNAMICS AND THERMODYNAMICS Ch. 6

Figure 6.4: Orientation dependence of the error for an LCL simulation of polarisation transfer.
The system consists of the 7 protons in a molecule of L-alanine. The unit sphere mapped by
the angles (α,β ) is shown. The error is calculated as the root-mean square difference between an
exact simulation and a simulation performed in a reduced Liouville space that excludes coherences
involving more than qmax = 4 spins. The timestep, atomic coordinates, initial density matrix and
observable are the same as in Fig. 6.3. The error is calculated for the whole polarisation curve; for
both simulations the polarisation curve is averaged over the angle γ .

accuracy of LCL simulation for powder-averaged quantities thus does not seem to result
from a regular behaviour of the error as a function of crystallite orientation.

Additional simulations were performed, with different parameters, but they did not
provide further insight into the influence of powder averaging on the accuracy of LCL
simulations.

6.3 Specificity of Liouville-space reduction in solids

6.3.1 Population of excluded coherences

Some insight into the spin dynamics can be obtained by analysing a spin-order decom-
position of the density matrix, i.e., by analysing the way in which high-order correlations
develop during the evolution. For a density matrix expressed using the product operators
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Figure 6.5: Spin-order decomposition of the density matrix for a 10-spin system consisting of the
protons in a molecule of L-serylglycine, after 200 µs of evolution under 10 kHz MAS for an initial
density matrix σ(0) = ICH2ser,z. The decomposition is shown for simulations performed in the full
Liouville space (blue) and in a reduced Liouville space that excludes all coherences involving more
than qmax = 4 spins (green). The decomposition shown here corresponds to a single orientation,
and is representative of most orientations.

given in Eq. 5.2, the spin-order decomposition {Ip}p=0,N can be calculated as

Ip = ∑
qr=p

|br|2, (6.1)

where the sum is over values of r for which qr = p. For example, I3 is evaluated at a given
time t during the evolution by summing the squared coefficients |br(t)|2 for all product
operators involving 3 correlated spins. For LCL simulations, which are performed using
a basis set for which each basis vector has a well-defined spin order, the coefficients Ip
are straightforward to calculate. For simulations in full Liouville spaces, which were
performed here with SPINEVOLUTION [141], it is first necessary to express the density
matrix in an appropriate basis set; the method we used to perform this transformation is
described in section 6.3.2.

Figure 6.5 shows the spin-order decomposition of the density matrix for a typical ex-
ample of a 10-proton system under 10 kHz magic-angle spinning, for both exact and LCL
simulations. After only 200 µs of evolution, it can be seen that the coherences that are ex-
cluded from the reduced Liouville space make a large contribution in the exact dynamics
to �σ(t)�2. In addition, there is a large discrepancy between the contribution made by the
low-order coherences in the reduced and full Liouville spaces. The latter observation is a
direct consequence of the former, since �σ(t)�2 ≡ 1 under both the full Liouvillian and
the reduced Liouvillian. However, we note that the values of the polarisations are correct,
and this holds throughout the simulation.

Figure 6.5 highlights the fact that the accuracy of LCL simulations is not achieved by
excluding coherences that are unimportant for the exact dynamics of the density matrix σ ;
rather, the excluded coherences make a large contribution to the evolution of σ but a neg-
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Figure 6.6: Number Np of product operators of a given spin order in the zero-quantum subspace
of a system of 10 spins I = 1/2.

ligible net contribution to the evolution of the experimental observable being simulated.
The mechanism of LCL thus contrasts with the use of spin-space reduction in solution-
state magnetic resonance, where analytical and numerical schemes have been designed to
identify coherences that make a negligible contribution to �σ(t)�2 [160–162].

It can be noted that after a sufficiently long period of evolution the distribution of
coefficients Ip for the spin-order decomposition is found to be qualitatively similar to the
distribution of integers Np, where Np is defined for a given system of spins I = 1/2 as
the number of operators of spin order p. The distribution of Np can be calculated as
described in section 6.3.3, and the rough similarity between {Ip} and {Np} can be seen
by comparing figures 6.5 and 6.6. A similar phenomenon has been observed in multiple-
quantum NMR, where statistical models can often be used to describe the excitation of
multiple-quantum coherences [151, 171].

6.3.2 Change of basis set

NMR simulation programs, such as SPINEVOLUTION [141], often represent the density
matrix σ for a system of N spins I = 1/2 as an operator in Hilbert space, using a basis set
consisting of Zeeman product states. The matrix elements of σ in this Hilbert-space basis
can be identified with the coefficients cs obtained by expanding σ as a vector in Liouville
space:

σ = ∑csCs, (6.2)

where the Liouville-space basis elements Cs are product operators of the form

Cs =
N

∏
i=1

Ii,s, (6.3)
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with Ii,s ∈ {Ii+, Ii−, Iiα , Iiβ}, and with the α and β single-spin operator defined by

Iiα =
1
2

Ei + Iiz,

Iiβ =
1
2

Ei − Iiz. (6.4)

Using Eq. 6.4, the elements of the change-of-basis matrix from the basis set {Cs} to the
basis set {Br} described in section 5.2 can be calculated. This change-of-basis matrix can
be calculated once and for all for a given N, and the density matrix in the basis set {Br}
can then be obtained by using an NMR simulation program to write the elements of σ in
the {Cs} basis and then multiplying by the change-of-basis matrix.

In order to write the change-of-basis matrix explicitly and to use it to perform matrix-
vector multiplication in Liouville space, a scheme is required to index the basis sets. For
vectors in Hilbert space, Zeeman product states can be conveniently indexed by identify-
ing the state of each spin with a bit. Here, the product operators can be indexed with a
similar approach, using 2 bits for each single-spin operator and the convention:

Ei ↔ 00 Iiz ↔ 11 Ii+ ↔ 01 Ii− ↔ 10, (6.5)

for the basis set {Br} used in Tourbillon, and

Iiα ↔ 00 Iiβ ↔ 11 Ii+ ↔ 01 Ii− ↔ 10, (6.6)

for the basis set {Cs} used in SPINEVOLUTION.

6.3.3 Dimension of the spin-order subspaces
In the basis set introduced in section 5.2, the number of product operators having a spin
order of zero, i.e., belonging to the zero-quantum subspace, is

�2N
N
�

[54]. Within the zero-
quantum subspace, the number of product operators that have spin order q and include
exactly c raising operators in the product is

s(q,c) =
�

N
c

��
N − c

c

��
N −2c
q−2c

�
, (6.7)

i.e., the number of ways to choose c distinct spins for which the product will include
the raising operator Ii+; multiplied by the number of ways to choose c distinct spins for
which the product will include the lowering operator Ii−, with these c spins chosen from
the N−c spins not already associated with a raising operator; multiplied by the number of
ways to choose q−2c distinct spins among the remaining N −2c spins, to be represented
in the product by an operator Iiz. For a given q, the total number S(q) of zero-quantum
operators of spin order q can be found by summing s(q,c) over the integers c ≥ 0 such
that q−2c ≥ 0:

S(q) = ∑
c,q−2c≥0

s(q,c)

= ∑
c,q−2c≥0

�
N
c

��
N − c

c

��
N −2c
q−2c

�
. (6.8)
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Figure 6.7: Long-term behaviour of a powder-averaged simulation of polarisation transfer for a
10-spin system consisting of the protons in a single molecule of L-serylglycine under 10 kHz
MAS. Simulations are performed in the full Liouville space (solid), and in reduced Liouville
spaces where all coherences involving more than qmax = 4 (dotted) or qmax = 5 (dashed) spins
are excluded. The initial density matrix, observables, atomic coordinates, timestep and set of
orientations are the same as in Fig. 6.2.

6.4 Quasi-equilibria in full and reduced Liouville spaces

6.4.1 Calculation in the time domain
We have observed, by studying a large number of polarisation-transfer curves for a selec-
tion of organic solids, that a quasi-equilibrium is in general reached on the experimental
timescale, i.e., within about a millisecond for protons and a hundred milliseconds for car-
bons. In such a quasi-equilibrium, although the state of the system is still time-dependent,
the single-spin polarisations no longer evolve. A quasi-equilibrium can result from the
fully coherent evolution of a closed system, and is distinct from the equilibrium that can
be reached through the interaction of the system with a bath.

For polarisation transfer among homonuclear spins I under magic-angle spinning, the
quasi-equilibrium observed in exact numerical simulations in general corresponds to a
uniform distribution of the initial polarisation over the spins in the system. LCL simula-
tions adequately reproduce this aspect, as illustrated in Fig. 6.7, which shows the quasi-
equilibria of two polarisation-transfer curves in an LCL simulation of a 10-spin system
consisting of the protons in a single molecule of L-serylglycine.

In contrast, polarisation transfer among S spins, in the presence of surrounding I spins,
leads for small spin systems to a quasi-equilibrium where the S spins have unequal po-
larisations [3]. Such quasi-equilibria are in general not correctly reproduced by LCL
simulations. For example, in a system consisting of two carbons and several protons, the
difference polarisation reaches a quasi-equilibrium value which is not zero in the exact
dynamics, while in LCL simulations performed with qH,max = 4, the difference polari-
sation reaches a quasi-equilibrium value of zero. Fig. 6.8 illustrates this discrepancy for
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Figure 6.8: Long-term behaviour of a powder-averaged simulation of polarisation transfer for a
spin system consisting of the Cα and Cβ carbons (labelled 1 and 2, respectively) and the seven
protons of a molecule of L-alanine under 10 kHz MAS. Simulations are performed in the full
Liouville space (solid), and in reduced Liouville spaces where all coherences involving more than
qH,max = 4 (dotted) or qH,max = 5 (dashed) spins are excluded. The initial density matrix is σ(0) =
S1z, and the observable is �S1z − S2z�. Atomic coordinates for a single molecule are taken from a
crystal structure (CSD entry: lalnin12). The timestep in the simulation is 0.5 µs, and a ZCW set
of 50 orientations is used for powder averaging.

a system consisting of the Cα and Cβ carbons and the seven protons of a molecule of
L-alanine.

It should be noted that LCL simulations of polarisation transfer among carbons in the
presence of protons nevertheless share certain features of LCL simulations of polarisation
transfer among protons. In particular, magic-angle spinning is observed to increase the
time during which LCL simulations reproduce the exact dynamics, and powder averaging
improves the accuracy of the LCL curves, as illustrated later in Fig. 6.9.

6.4.2 Prediction of quasi-equilibrium expectation values
6.4.2.1 Numerical spin thermodynamics in Liouville space

The results obtained with “direct” time-domain simulations of polarisation transfer can
be analysed in more detail with a numerical study of the operator that governs the time-
evolution. The theory for the prediction of quasi-equilibria in the frequency domain is
well-known (see for example Ref. [40, 41]). It is in general, however, explained with a
formalism where the density matrix is considered as an operator in Hilbert space. Such
a description is not applicable as such to simulations in reduced Liouville space, and we
thus describe here an approach adapted to a Liouville-space formalism.

As will be seen below, predicting numerically the quasi-equilibrium value of an ob-
servable requires an explicit representation of the operator that governs the time evolution.
One of the central features of the Tourbillon implementation of LCL is that it only ever
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Figure 6.9: Short-term behaviour of a simulation of polarisation transfer for a spin system consist-
ing of the Cα and Cβ carbons (labelled 1 and 2, respectively) and the seven protons of a molecule
of L-alanine. Simulations are performed in the full Liouville space (solid), and in reduced Liou-
ville spaces where all coherences involving more than qH,max = 4 (dotted) or qH,max = 5 (dashed)
spins are excluded. The initial density matrix, observables, atomic coordinates, and set of orienta-
tions are the same as in Fig. 6.8, and the timestep is 1 µs.
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stores a single copy of the density matrix and no operator that acts on that matrix. There-
fore, it is not well-suited to predicting quasi-equilibria in the frequency domain.

A method has been designed and implemented by Meghan Halse to calculate an ex-
plicit representation of the Liouvillian using the basis set described in section 5.2.2 and
an arbitrary value of the maximum spin order qmax [196]. While the matrix elements of
the Liouvillian can be calculated using the rules for evolution given in Tables 5.1 and 5.2,
the main difficulty is the design of an indexing scheme that makes it possible to order
the basis elements. Notably, the intuitive scheme used for example in the change-of-basis
scheme described in section 5.2 is not compatible as such with a Liouville-space reduction
performed according to spin order.

It can be noted that in the absence of Liouville-space reduction, quasi-equilibria can
be equivalently studied with explicit representations of operators in Hilbert space. Such
representation can be printed by various simulation software, and further manipulated
numerically. The figures shown in this section were obtained with this approach.

6.4.2.2 Static Liouvillian

The Liouvillian L̂, either full or reduced, is an anti-Hermitian operator, and it can thus be
diagonalised. Let {−iωs, |s�} be a full set of eigenvalues and eigenvectors of the Liouvil-
lian; any operator can be expanded in this eigenbasis, and in particular the density matrix
at time zero, σ0 ≡ σ(0), can be written

|σ0�=
22N

∑
s=1

�s|σ0�
�s�2 |s�. (6.9)

After an evolution during t under the action of L̂, the density matrix becomes

|σ(t)�=
22N

∑
s=1

exp(−iωst)
�s|σ0�
�s�2 |s�, (6.10)

and the expectation value of an observable Q is

�Q�(t) =
22N

∑
s=1

exp(−iωst)
�s|σ0�
�s�2 �Q|s�. (6.11)

The notion of “quasi-equilibrium” arises from the fact that, after a sufficiently long evo-
lution time, the time-dependent coefficients exp(−iωst) will be entirely out of phase,
and the contribution to the expectation value of Q of the projections of σ0 on the eigen-
vectors with non-zero eigenvalues will cancel out. The expectation value of Q thus has
a long-term, time-independent value �Q�qe. Introducing the set of eigenvectors Am with
eigenvalue zero, that is, the constants of motion for an evolution governed by L̂, the quasi-
equilibrium value of Q takes the form

�Q�qe =
M

∑
m=1

�Am|σ0�
�Am�2 �Q|Am�, (6.12)
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where M is the total number of constants of motion.
Equation 6.12 suggests a definition for a quasi-equilibrium density matrix

|σqe�=
M

∑
m=1

�Am|σ0�
�Am�2 |Am�, (6.13)

such that
�Q�qe = �Q|σqe�. (6.14)

The quasi-equilibrium density matrix σqe is the projection of the initial density matrix
on the constants of motion of the Liouvillian. As explained by Waugh, the notion of
quasi-equilibrium is only really meaningful for the expectation value of observables, as
the density matrix keeps on evolving even after a very long time [40, 41].

Eq. 6.13 and 6.14 provide a recipe to calculate numerically the quasi-equilibrium
expectation value of an observable for a given Liouvillian. First, the Liouvillian is di-
agonalised. Then, the density matrix is written in an eigenbasis, and projected onto the
constants of motion to yield the quasi-equilibrium density matrix. Finally, the expectation
value of the observable of interest is calculated for the quasi-equilibrium density matrix.
An example of such a calculation is shown in Fig. 6.10 for a simulation of polarisation
transfer in a system of seven protons. In this example, the time-dependent contributions
to the expectation value of the polarisation do not entirely cancel out, and there are thus
residual oscillations around the quasi-equilibrium value.

It can be noted that in a full Liouville space, the eigenvalues of the Liouvillian cor-
respond to differences of eigenvalues of the Hamiltonian. In the absence of acciden-
tal degeneracies, the constants of motion of a full Liouvillian are thus the projectors in
Hilbert space on the eigenvectors of the Hamiltonian. This structure is lost in general for
a reduced Liouvillian, a fact which might contribute to explain the differences in quasi-
equilibria between full and reduced Liouville spaces. In contrast to a calculation based
on the matrix representation of the Hamiltonian in Hilbert space, the approach described
here applies to both full and to reduced Liouville spaces.

6.4.2.3 Periodic Liouvillian: stroboscopic observation

For solid-state NMR experiments performed with magic-angle spinning, nuclear interac-
tions vary periodically with time at a frequency ωr/2π . An effective Liouvillian ˆ̄L, which
describes the time-evolution of the system over a rotor period, can be defined such that

exp( ˆ̄Lτr) = Û(τr,0)

= ˆ̂T exp
�� τr

0
L̂(t)dt

�
, (6.15)

where τr is the rotor-period, Û(τr,0) is the propagator over a rotor period, and ˆ̂T is the
time-ordering operator; the effective Liouvillian is not unique, and in particular its eigen-
values are defined modulo ωr. In practice, an effective Liouvillian can be calculated
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Figure 6.10: Long-term behaviour of a simulation of polarisation transfer in a static system of 7
protons. The system consists of the 7 protons in a molecule of L-alanine, and a single orientation
is considered. The simulation is performed in a full Liouville space, and the quasi-equilibrium
value, shown as a magenta line, is calculated using the approach described in section 6.4.2 for a
static interaction. The black line corresponds to a value of the polarisation equal to 1/7th of its
initial value. Atomic coordinates for a single molecule are taken from a crystal structure (CSD
entry: lalnin12). The initial density matrix and the observable are ICH3a,z.
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Figure 6.11: Long-term behaviour of a simulation of polarisation transfer in a system of 7 protons
with 10 kHz MAS. The system consists of the 7 protons in a molecule of L-alanine, and a single
orientation is considered. The simulation is performed in a full Liouville space, and the quasi-
equilibrium value, shown as a magenta line, is calculated using the approach described in section
6.4.2 for a static interaction. The stroboscopically sampled polarisation curve is shown in red. The
black line corresponds to a value of the polarisation equal to 1/7th of its initial value. The initial
density matrix, atomic coordinates and observable are the same as in Fig. 6.10.

numerically by considering that L̂ is piece-wise time-independent, calculating the propa-
gator over a rotor period, and taking the logarithm of the effective propagator.

The approach considered in section 6.4.2.2 can be employed for an evolution gov-
erned by the effective Liouvillian ˆ̄L, to obtain a quasi-equilibrium density matrix σ̄qe and
the corresponding expectation values ¯�Q�qe = �Q|σ̄qe�. In the context of a system under
MAS, these quantities provide a description for an observation every rotor period, i.e.,
the calculated quasi-equilibrium values correspond to a stroboscopically sampled signal.
An example is shown in Fig. 6.11, for a simulation of polarisation transfer in a system of
seven protons, specifically chosen such that the quasi-equilibrium values are distinct for
the full polarisation curve and for the stroboscopically sampled polarisation curve.

6.4.2.4 Periodic Liouvillian: general case

Maricq has developed an approach to study quasi-equilibria for time-periodic interactions
[197–199], which can be adapted to a Liouville-space formalism. To derive a practical
formula, it is here convenient to start from a formal expression of the quasi-equilibrium
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expectation value of an observable:

�Q�qe = lim
t→∞

1
t

� t

0
�Q�(t �)dt �

= lim
t→∞

1
t

� t

0
�Q|Û(t �,0)|σ0�dt �. (6.16)

According to Floquet’s theorem [200], the propagator Û(t,0) can be written as the product
of a time-periodic operator P̂(t) and of a propagator for a time-independent, effective
Liouvillian ˆ̄U(0, t) = exp( ˆ̄Lt):

Û(t) = P̂(t)exp( ˆ̄Lt). (6.17)

Equation 6.16 can thus be written

�Q�qe = lim
t→∞

1
t

� t

0
�Q̃(t �)| ˆ̄U(t �,0)|σ0�dt �, (6.18)

with
Q̃(t) = P̂†(t)Q. (6.19)

The vector Q̃(t) is time-periodic and can thus be expressed as a Fourier series Q̃(t) =
∑m Q̃m exp(iωrt). If L̄ is chosen such that its eigenvalues are folded in the interval
]−ωr/2,ωr/2], then only the time-independent component of Q̃ will contribute to the
integral, which becomes

�Q�qe = lim
t→∞

1
t

� t

0
�Q̃0| ˆ̄U(t �,0)|σ0�(t �)dt �. (6.20)

The effective Liouvillian ˆ̄L is a time-independent operator, and it is possible to define
a quasi-equilibrium density matrix with respect to ˆ̄L as explained in section 6.4.2.2.
The quasi-equilibrium expectation value for Q is then the expectation value of the zero-
frequency component of the time-periodic observable Q̃ for the quasi-equilibrium density
matrix defined with respect to ˆ̄L:

�Q�qe = �Q̃0|σ̄qe�. (6.21)

The zero-frequency component of the time-periodic vector Q̃ can also be calculated nu-
merically if the interactions are considered as piece-wise time independent, and Eq. 6.21
thus provides a practical recipe to calculate the quasi-equilibrium value of Q. As an ex-
ample, Fig. 6.12 shows the calculated quasi-equilibrium for a simulation of polarisation
transfer in a 7-spin system with magic-angle spinning.

An alternative approach has been used by Sakellariou et al. to predict quasi-equilibria
for systems under magic-angle spinning [156, 180]. The method, also based on Floquet’s
theorem, consists of using an explicit representation of a Floquet Hamiltonian, truncated
to some finite dimension. Equivalent results can be obtained with the two approaches, pro-
vided that convergence is ensured with respect to the number of steps in the discretisation
of the time-dependent interaction in one case, and to the size of the Floquet Hamiltonian
in the other case.
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Figure 6.12: Long-term behaviour of a simulation of polarisation transfer in a system of 7 protons
with 10 kHz MAS. The system consists of the 7 protons in a molecule of L-alanine, and a single
orientation is considered. The simulation is performed in a full Liouville space, and the quasi-
equilibrium value, shown as a green line, is calculated using the approach described in section
6.4.2 for a time-periodic interaction. The black line corresponds to a value of the polarisation
equal to 1/7th of its initial value. The initial density matrix, atomic coordinates and observable are
the same as in Fig. 6.10.
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6.4.3 Calculation in the frequency domain
6.4.3.1 General expression of the quasi-equilibrium polarisations

The properties of LCL simulations described qualitatively in section 6.4.1 can be anal-
ysed in the frequency domain, with numerical calculations of the constants of motion.
For a static system, the time-independent Liouvillian can be considered, while for a sys-
tem under magic-angle spinning, constants of motion can be calculated with the effective
Liouvillian. For an ensemble of N homonuclear spins, the total polarisation Fz = ∑ Iiz is
always a constant of motion, which plays a particular role in the spin thermodynamics of
the system. We will thus consider a full set of M constants of motion Am, chosen to be
orthogonal and such that A1 = Fz.

Using Eq. 6.12, for an initial density matrix consisting of a single polarised spin i, the
quasi-equilibrium value of the polarisation for spin j is

�I jz�qe

�I1z�2 =
1

�I1z�2

M

∑
m=1

�Am|Iiz�
�Am�2 �I jz|Am�, (6.22)

The contribution of the total polarisation can be calculated explicitly, and the expression
then becomes

�I jz�qe

�I1z�2 =
1
N
+

1
�I1z�2

M

∑
m=2

�Am|Iiz�
�Am�2 �I jz|Am�. (6.23)

The long-term expectation value for a single-spin polarisation thus consists of the projec-
tion on the total polarisation, which corresponds to a uniform distribution of the polari-
sation among all the spins, and of the contribution of additional constants of motion. In
particular, for spin i

�Iiz�qe

�I1z�2 =
1
N
+

1
�I1z�2

M

∑
m=2

|�Am|Iiz�|2

�Am�2 . (6.24)

The quasi-equilibrium polarisation for the spin initially polarised is thus in general more
than 1 Nth of the total polarisation, and equality is only obtained if the contribution of all
the constants of motion with m > 1 constants is negligible compared to that of the total
polarisation.

6.4.3.2 Ergodicity in reduced Liouville spaces

A system for which the total polarisation is the only “relevant” constant of motion, i.e.,
the only constant of motion that makes a significant contribution to the quasi-equilibrium
value of experimental observables, is said to be ergodic. Numerical simulations of po-
larisation transfer for small spin systems are not expected to be ergodic in that sense, as
illustrated for example in the case of static systems [38, 40, 41]. Non-ergodic behaviour
is also the norm for simulations of polarisation transfer in small systems with magic-
angle spinning, although the degree of departure from a uniform distribution of the total
polarisation is in general very small for homonuclear spin systems.
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Table 6.1: Quasi-equilibrium expectation values for the single-spin polarisations in a system of 5
protons, in full and reduced Liouville spaces. The system consists of the 5 protons in a molecule of
glycine, and a single orientation is considered. The calculations are performed in a full Liouville
space and in a reduced Liouville space that excludes coherences involving more that qmax = 4
spins. Quasi-equilibrium values are calculated using the approach described in section 6.4.2 for a
time-periodic interaction. The value given in row i and column j corresponds to an initial density
matrix σ(0) = Ii,z and an observable �I j,z�. Atomic coordinates for a single molecule are taken
from a crystal structure (CSD entry: glycin05).

full reduced
1 2 3 4 5 1 2 3 4 5

1 0.38 0.22 0.20 0.11 0.09 0.20 0.20 0.20 0.20 0.20
2 0.15 0.28 0.28 0.15 0.15 0.20 0.20 0.20 0.20 0.20
3 0.28 0.25 0.25 0.11 0.11 0.20 0.20 0.20 0.20 0.20
4 0.11 0.12 0.13 0.45 0.18 0.20 0.20 0.20 0.20 0.20
5 0.09 0.12 0.14 0.18 0.47 0.20 0.20 0.20 0.20 0.20

Extensive numerical studies have shown, however, that for systems under magic-angle
spinning described in reduced Liouville spaces, the total polarisation is the only relevant
constant of motion for polarisation transfer [196]. More precisely, the quasi-equilibrium
value for the single-spin polarisations seems to be analytically 1 Nth of the total polar-
isation. In consequence, the polarisation curves obtained show an apparently ergodic
behaviour. A formal expression of this property is that for a Liouvillian L̂, the effective
reduced Liouvillian ˆ̄LX has constants of motion Am that verify

�Am|Iiz�= 0 for m > 1, (6.25)

where
ˆ̄LX Am = 0 and �Am|Fz�= 0 for m > 1. (6.26)

An example of this behaviour is given in table 6.1, where the quasi-equilibrium polari-
sations are compared, for a 5-spin system, for simulations in full and reduced Liouville
spaces. Although its validity has been verified with a large set of calculations, no deriva-
tion of Eq. 6.25 has been found so far. It should be noted that Eq. 6.25 is in general not
verified for a static system.

The effectively ergodic behaviour of systems under MAS described in reduced Li-
ouville spaces contributes to the ability of LCL simulations to reproduce or not exact
simulations for systems of a dozen spins of less. For exact simulations of polarisation
transfer in a purely homonuclear spin system under MAS, the quasi-equilibrium polar-
isations approach 1 Nth of the total polarisation rapidly when the size of the system is
increased, as illustrated in Fig. 6.7. In contrast, for polarisation transfer in a system of
S spins in the presence of heteronuclear I spins, non-ergodic behaviour is in general ob-
served, as illustrated in Fig. 6.8, and LCL simulations thus fail to reproduce exact simula-
tions. As explained in section 6.4.2, the analysis outlined here is applicable, for systems
under MAS, to an observation every rotor period. Additional calculations also suggest,
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however, that �Q�qe = ¯�Q�qe, i.e., the apparently ergodic behaviour does not seem to be
related to stroboscopic sampling.

It should be noted that the simulations analysed here did not include any chemical-
shift difference. Taking such differences into account will add a layer of complexity
to the spin dynamics and thermodynamics, in both full and reduced Liouville spaces.
Results obtained in the absence of chemical-shift differences are nevertheless useful to
characterise LCL simulation.

6.5 Conclusions
Some properties of Liouville-space reduction in solids have been illustrated with numer-
ical simulation in both the time and the frequency domain. It has been observed that
accurate LCL simulation of polarisation transfer relies on the exclusion of coherences
that make a large contribution to the exact density matrix but a negligible net contribu-
tion to the evolution of experimental observables. It has also been shown that the spin
thermodymanics of polarisation transfer are modified in reduced Liouville spaces, and
in particular that spin systems described with the LCL approach show an effectively er-
godic behaviour. In spite of an imperfect understanding of Liouville-space reduction in
solids, the current LCL approach provides a way to describe polarisation transfer in an
experimentally relevant regime.
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Chapter 7

Ab initio simulation of spin diffusion

7.1 Introduction

The study of spin diffusion has led to a great variety of applications, such as the determi-
nation of atomic-resolution structures of proteins [201] and the measurement of domain
sizes in polymer blends [4]. Experimentally, fully quantitative methods have been devel-
oped to detect spin diffusion between spins with resolvable resonance frequencies, using
2D correlation NMR techniques [54]. As spin diffusion is driven by dipolar couplings
between spins, which depend directly on molecular geometry, it can in principle be ex-
ploited to determine structures. In practice, however, modelling spin diffusion is anything
but simple and is now one of the key barriers to accurate NMR-driven structure determi-
nation of solid materials.

As discussed in chapter 2, spin diffusion is usually described approximately using a
diffusion equation or a kinetic model, with expressions for the rate constants either ob-
tained from simplified models or chosen empirically [4, 16]. These approaches all involve
some level of approximation, however, and notably all the models used today overlook
to some extent the coherent nature of the spin diffusion process, and are thus unable to
describe many experimental features influencing the transfer. While it is in principle pos-
sible to compute spin diffusion ab initio, by numerically solving the Liouville-von Neu-
mann equation for a system of strongly coupled nuclear spins, this approach quickly hits
the “exponential wall” preventing simulation of large quantum mechanical systems, and
the number of spins that can be simulated exactly is largely insufficient to capture the spin
diffusion process. This constitutes not only a fundamental limitation of the understanding
of spin diffusion dynamics, but also of its usefulness for structural studies.

In this chapter, we show that ab initio simulation in reduced Liouville spaces can quan-
titatively reproduce experimental multi-spin polarisation transfer curves measured from
spin diffusion experiments among protons (PSD) and among carbons (PDSD) in pow-
dered organic solids under magic-angle spinning, using a network of dipolar couplings
derived only from geometry, and with no adjustable parameters aside from renormalisa-
tion. These simulations are shown to capture the full dynamics observed experimentally,
and thus provide a way to predict spin diffusion for a given structure.

91
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Figure 7.1: Pulse sequences for the 2D 1H (top) and 13C (bottom) spin exchange experiments.

7.2 Comparing simulation and experiment

7.2.1 Initial density matrix and observables
As explained in section 2.3.2, spin diffusion can be observed experimentally using the 2D
pulse sequences shown in Fig. 7.1 for a set of mixing times {τ}. In the 2D spectrum, a
transfer of polarisation during the mixing time τ from spins observed at frequency ν1 to
spins observed at frequency ν2 results in a cross peak at frequency coordinates (ν1,ν2).
The peak volumes as a function of the mixing time τ , Pexp(ν1,ν2,τ), can be conveniently
arranged in a M×M matrix, where M is the number of resolved peaks in the 1D spectrum,
and are usually plotted as a M×M matrix of build-up curves.

The simulations performed here did not consider the effect of the full spin-exchange
pulse sequence on an equilibrium initial state. Instead, only the mixing period was con-
sidered, and simulations were performed for a series of non-equilibrium initial states. The
appropriate choice of initial density matrices and observables, in order to make a compar-
ison with experimental build-up curves, can be understood from an analysis of the 2D
spin exchange pulse sequence. In the absence of experimental imperfections, the volume
of the (ν1,ν2) peak for a mixing time τ can be written formally [54]:

Psim(ν1,ν2,τ) =
N2

∑
j=1

�Ib jz|Û(τ,0)|
N1

∑
i=1

Iaiz�, (7.1)

where the first and second summations are over groups of spins {ai}i=1,N1 and {b j} j=1,N2
that are observed at frequency ν1 and ν2 respectively, Û(τ,0) is the time-evolution super-
operator for a mixing time τ . In the absence of unresolved or accidentally isochronous
chemical sites, the spins observed at frequency ν1 are equivalent; the notion of equiva-
lence will be analysed more precisely in section 7.2.3. The expression for the peak volume
can then be simplified to:

Psim(ν1,ν2,τ) = N1

N2

∑
j=1

�Ib jz|Û(τ,0)|Ia1z,� (7.2)
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where a1 is any spin belonging to the group of equivalent spins observed at frequency
ν1. In consequence, the build-up curves can be simulated by performing one independent
calculation for each group of equivalent spins, with an initial density matrix that corre-
sponds to a single polarised spin σ(0) = Ia1z, and observables that consist of the summed
polarisations for groups of equivalent spins ∑ j�Ib jz�. The resulting curves can be pro-
cessed to take into account accidentally isochronous chemical sites and unresolved peaks,
by simply summing over groups that correspond to a given peak in the 2D NMR spectra.

The experimental and simulated spin diffusion build-up curves are related by an over-
all normalisation factor

Pexp(ν1,ν2,τ) = ξ Psim(ν1,ν2,τ), (7.3)

where ξ depends on many experimental contributions that are not measured. In order to
compare simulated and experimental data, ξ was determined here from a least-squares fit
between the calculated and experimental peak volumes. Separate values were obtained
for each initial density matrix, i.e., for each line in the M×M matrix of build-up curves;
these additional degrees of freedom make it possible to account for some effects that
are not included in the simulation, such as the non-ideality of the experimental pulse
sequence.

In order to simulate spin diffusion 2D spectra instead of build-up curves, the effect of
the full spin exchange pulse sequence would have to be considered, for large spin systems.
This has recently been shown to be practical for experiments where 13C is observed in
both dimensions [202], as the 13C single-quantum dynamics of the evolution and detection
periods can be simulated to a large extent with clusters consisting of a single carbon
surrounded by a few protons. In the current implementation of this mixed approach, a
master-equation approach is used to describe the mixing period, but LCL could be used
in a similar way [202].

7.2.2 Extended periodic systems
In organic solids, intermolecular 1H-1H couplings can contribute as much as intramolec-
ular couplings to the dynamics of spin diffusion among protons. Not only is the 1H-1H
dipolar interaction very intense, but in addition in a typical geometry protons are the most
external nuclei in a molecule. Consequently, in the absence of experimental isotopic di-
lution, accurate modelling of spin diffusion among protons in organic solids requires a
system that includes more than an isolated molecule.

Using reduced spin spaces, spin diffusion can be simulated from first principles among
more than 100 protons, and such a system size allows both the extended nature of a solid
and precise structural information to be included in the simulation. Most importantly, the
system size accessible with LCL is larger than the number of protons in a primitive unit
cell for a large range of organic solids. As a result, a simulation cell consisting of one
or more primitive unit cells can be used; this then allows the use of periodic boundary
conditions, which can be applied using the minimum image convention [179] so as to
decrease the unrealistically high proportion of spins located at the edges of the system that
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(a)

(b)

(c)

Figure 7.2: Application of periodic boundary conditions to a simulation cell, using the minimum
image convention, illustrated for a single primitive unit cell of β -L-aspartyl-L-alanine. The spin
system consists of the protons contained in a simulation cell (a), and each proton i interacts with
the protons located in a simulation cell centred on i, as illustrated for an NH3 (b) and a CH2 (c)
proton.

would be present in the case of an isolated cluster of spins. This approach is illustrated
in Fig. 7.2, by the application of the minimum image convention to the simulation of
an entire unit cell of the crystal formed by β -L-aspartyl-L-alanine. In order to obtain
meaningful results, the convergence of simulated curves with respect to the number of
unit cells included in the system has to be assessed, and for the systems studied here we
have found that a single primitive unit cell is satisfactory.

For spin diffusion among carbons in fully 13C-enriched systems, the inclusion of in-
termolecular 13C-13C couplings is expected to be less mandatory to obtain a fair descrip-
tion of the experimentally observed spin dynamics, even for relatively small molecules.
Simulations performed with small spin systems can nevertheless suffer from pathological
behaviours for subtle spin dynamical reasons, as discussed in section 7.4.
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7.2.3 Symmetry and equivalence
In the discussion above, the notion of “equivalence” has been employed somewhat loosely,
and a clearer meaning should be given to this term. For extended periodic systems, Hae-
berlen has introduced the notions of magnetic equivalence and crystallographic equiva-
lence [127]. By definition, two spins are crystallographically equivalent if they are related
by any symmetry operation of the crystal, and magnetically equivalent if they are related
by translation or inversion. Two properties are of particular interest for studies of spin
diffusion. Anisotropic spin interactions, such as the secular dipolar Hamiltonian, are left
unchanged by a translation or inversion of the system, while they are in general modified
by other symmetry operations. In contrast, isotropic interactions are left unchanged by
any symmetry operation. It should be noted that the definitions introduced by Haeberlen
are distinct from the definitions of chemical and magnetic equivalence used in solution-
state NMR, and from the notion of total magnetic equivalence introduced by Levitt and
coworkers [203].

For the analysis of spin-diffusion build-up curves experiments, two spins ai and ai�

can be regarded as equivalent if the initial states σ(0) = Iaiz and σ �(0) = Iai�z yield the
same set of polarisation transfer curves {∑ j < Ib jz >}. For a single orientation, magnetic
equivalence is in general necessary for two spins to be equivalent according to that crite-
rion. For a polycrystalline system, however, the expression of the peak volumes given in
Eq. 7.1 becomes

Psim(ν1,ν2,τ) =
N2

∑
j
�Ib jz|Û(τ,0)|

N1

∑
i=1

Iaiz�, (7.4)

where the bar denotes an average over all orientations. Equation 7.4 can be rearranged as

Psim(ν1,ν2,τ) =
N1

∑
i=1

N2

∑
j=1

�Ib jz|Û(τ,0)|Iaiz�. (7.5)

For two nuclei ai and ai� that are crystallographically equivalent but magnetically inequiv-
alent, the sums of powder-averaged curves ∑ j �Ib jz|Û(τ,0)|Iaiz� and ∑ j �Ib jz|Û(τ,0)|Iai�z�,
where j runs over an ensemble of crystallographically equivalent nuclei, are equal, al-
though the sums ∑ j�Ib jz|Û(τ,0)|Iaiz� and ∑ j�Ib jz|Û(τ,0)|Iai�z� are not. The equality can
be understood by noting that the set of crystallites where ai is polarised and the set of
crystallites where ai� is polarised are identical if ai and ai� are related by a rotation or a
screw rotation, and related by an inversion if ai and ai� are related by a reflection or a glide
reflection. In consequence, the peak volumes for a polycrystalline sample can be written

Psim(ν1,ν2,τ) = N1�
N2

∑
j=1

Ib jz|Û(τ,0)|Ia1z� (7.6)

for groups of N1 and N2 crystallographically equivalent spins.
In conclusion, simulating spin diffusion build-up curves for an extended periodic sys-

tem requires one simulation for each group of magnetically equivalent spins in the case
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Figure 7.3: Chemical structure of thymol.

of a single orientation, and one powder-averaged simulation for each group of crystallo-
graphically equivalent spins in the case of a polycrystalline sample. It should be noted
that, in addition to reducing the influence of edge effects, the use of a unit cell under
periodic boundary conditions makes it possible to preserve, for a finite spin system, the
symmetry properties of a periodic extended system. In the absence of periodic boundary
conditions, a system consisting of more than one asymmetric unit would not in general
have the same symmetry properties as the extended system from which it is extracted.

7.3 Proton spin diffusion

7.3.1 Accurate simulation from crystal geometry
We have shown that LCL simulations are able to reproduce the exact dynamics of a system
of strongly coupled protons for powdered samples under magic-angle spinning, and that
the use of reduced spin spaces makes it possible to simulate large systems of homonuclear
spins. We can thus make a comparison between experimental proton spin diffusion build-
up curves and simulations performed for a known crystal structure, using a primitive unit
cell under periodic boundary conditions.

Figures 7.4 and 7.5 show the comparison between experimental measurements and
LCL simulations for two organic solids, β -L-aspartyl-L-alanine (2, see Fig. 5.4) and thy-
mol (3, see Fig. 7.3); a good agreement is obtained between experimental and simulated
build-up curves for both systems. In particular, simulations do in most cases reproduce
both the short-term variations of the polarisations, which depend on the local environ-
ment of the spins, and the longer-term “quasi-equilibrium” values, which result from the
extended nature of the system. This agreement is particularly impressive if we consider
that there are no adjustable parameters in this simulation: the spin diffusion behaviour is
derived directly from the atomic coordinates.

The experimental proton spin diffusion build-up curves were recorded by Bénédicte
Elena and Elodie Salager, as described in Ref. [84, 86]. β -L-aspartyl-L-alanine was stud-
ied at a MAS frequency of 6.25 kHz and a 1H Larmor frequency of 500 MHz, and thymol
was studied at a MAS frequency of 6.6 kHz and a 1H Larmor frequency of 700 MHz. For
both systems, only one crystal structure is known, and is available from the Cambridge
Structural Database [133] (entry code FUMTEM for β -L-aspartyl-L-alanine and IPMEPL
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Figure 7.4: Comparison between experimental (blue) and simulated (green) proton spin diffusion
build-up curves for a powdered sample of β -L-aspartyl-L-alanine under 6.25 kHz MAS. The sim-
ulated curves were obtained from LCL simulations of a system consisting of the 48 protons in
a primitive unit cell under periodic boundary conditions. Atomic coordinates are taken from a
crystal structure (CSD entry: fumtem). The time step in the simulation is 1 µs, and a ZCW set of
50 orientations is used for the powder average. Experimental details are given in Ref. [84].
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Figure 7.5: Comparison between experimental (blue) and simulated (green) proton spin diffusion
build-up curves for a powdered sample of thymol under 6.6 kHz MAS. The simulated curves were
obtained from LCL simulations of a system consisting of the 84 protons in a primitive unit cell
under periodic boundary conditions. Atomic coordinates are taken from a crystal structure (CSD
entry: ipmepl). The time step in the simulation is 1 µs, and a ZCW set of 50 orientations is used
for the powder average. Experimental details are given in Ref. [86].
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Figure 7.6: Crystal structure of thymol. The content of a primitive unit cell is shown in colour.

for thymol). LCL simulations were performed with proton positions taken from the single
crystal X-ray diffraction data, shown in Fig. 7.6 and 7.2, where in each case the content
of a primitive unit cell is highlighted.

As explained in section 7.2.1, while simulated build-up curves can be obtained from
crystal geometry, a renormalisation is necessary to calibrate the scales of the experimental
and simulated observables, which are both initially arbitrary. Such a renormalisation was
performed for the comparison shown in Figs 7.4 and 7.5.

7.3.2 Role of intermolecular couplings
The fact that large dipolar-coupled networks are required to accurately simulate spin dif-
fusion among protons can be further illustrated by comparing experimental data and data
simulated for an isolated molecule. It can be seen in Fig. 7.7, where a single molecule
of thymol is considered, that the discrepancies between experimental and simulated data
are much more significant than for the curves obtained with a full primitive unit cell un-
der periodic boundary conditions. As highlighted by the expanded plots in Fig. 7.7, in
particular, simulations for isolated molecules often fail to reproduce the initial variations
due to the local environment, which can involve close intermolecular contacts. In addi-
tion, the curves obtained with a small spin system in many cases do not reach the correct
quasi-equilibrium value after 1 ms. These observations further highlight the fact that PSD
build-up curves contain information about the full crystal structure, not just the molecular
conformation.

It can be noted that the simulations shown in Fig. 7.7 were also performed with the
LCL approach. No significant difference would be expected between an LCL and an exact
simulation of a system of 14 protons, but the exact simulation cannot be performed with
available software. This highlights the simple fact that even intramolecular polarisation
transfer cannot be addressed with exact simulations when the number of protons in a
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Figure 7.7: Comparison between experimental (blue) and simulated (magenta) proton spin diffu-
sion build-up curves for a powdered sample of thymol under 6.6 kHz MAS. The simulated curves
were obtained from LCL simulations of a 14-proton system consisting of the protons in a single
molecule of thymol. Atomic coordinates are taken from a crystal structure (CSD entry: ipmepl),
and a ZCW set of 50 orientations is used for the powder average. Experimental details are given
in Ref. [86]. Full set of build-up curves (top); Enlarged views of three selected curves (bottom).



Ch. 7 AB INITIO SIMULATION OF SPIN DIFFUSION 101

! !"# !"$
!

!"#

!"$

!"%

!"&

'(
)*
+,
-.
/0
(1
+2)
"/
"3

! !"# !"$
!

!"#

!"$

45
#
6++

07879:+;70(+2013

!

!"#

!"$

45#6++

!

!"#

!"$

!"%

!"&
45#)++

45
#
)++

Figure 7.8: Comparison between experimental measurements (blue), LCL simulation (green), and
an empirical rate-matrix modelling (red) of proton spin diffusion build-up curves for a powdered
sample of β -L-aspartyl-L-alanine under 6.25 kHz MAS. LCL simulations were performed using a
48-proton system consisting of the protons in a primitive unit cell of β -L-aspartyl-L-alanine under
periodic boundary conditions, and the results of the rate-matrix analysis are taken from Ref. [84].
A zoom on the portion of the matrix of build-up curves corresponding to the CH2 group of β -L-
aspartyl-L-alanine is shown.

single molecule is too large.

7.3.3 Coherent features of the observed spin dynamics
It has previously been shown that a master-equation for the polarisations, which is in this
case largely empirical, can be used to model spin diffusion among protons with a good
accuracy [84, 86]. For the two systems studied here, an overall similar agreement with
experiments is obtained for the empirical master-equation approach and for LCL simu-
lations. Some features of the experimental curves, however, cannot be captured by the
empirical model, as they arise from the coherent nature of the underlying spin dynamics.
This is particularly well illustrated for the case of the CH2 protons of β -L-aspartyl-L-
alanine shown in Fig. 7.8, where the initial strong variations of the build-up curves are
more accurately predicted by the ab initio method.

The rate-matrix approach has been used to drive a structure search [85, 86], and in such
a context the fact that some strong-coupling dynamics are not present can be a limitation.
Fitting the curves with a kinetic model will lead to a systematic distortion of the crystal
geometry to try to compensate for the erroneous spin dynamics. The LCL simulation
accurately captures the relevant dynamics, without any need for adjustment, and could
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thus be used to refine a structure.
The relevance of an ab initio approach to the simulation of spin diffusion is further

reinforced by the fact that it provides a straightforward way to account for experimentally
relevant parameters such as the magic-angle spinning frequency. When a master-equation
approach is used to describe of proton spin diffusion, the dependence of the rate constants
on these parameters is difficult to include in a first-principles derivation, and leads to a
case-by-case empirical fitting.

7.4 Proton-driven carbon-13 spin diffusion

7.4.1 Thermodynamic wall of exact simulations
In relatively small systems of carbons and protons, spin diffusion among carbons in gen-
eral does not lead to a uniform distribution of the total carbon polarisation, even af-
ter an infinitely long time. Instead, the single-carbon polarisations reach subtle quasi-
equilibrium values, which depend on the detailed form of the dipolar interaction. Quasi-
equilibrium in polarisation transfer have been discussed in section 6.4. Such quasi-
equilibria can be observed numerically even in the absence of 13C chemical-shift dif-
ferences. When chemical-shift differences are taken into account, the departure of the
quasi-equilibrium polarisations from a uniform distribution is expected to be even more
significant. In part for that reason, exact simulations of proton-driven carbon-13 spin
diffusion are not expected to bear much resemblance to experimental measurements.

Build-up curves acquired for 13C-labelled samples can be used to assess the possibility
to perform direct simulations of proton-driven carbon-13 spin diffusion. Figure 7.9 shows
a comparison between experimental and simulated build-up curves for a polycrystalline
sample of L-histidine.H2O.HCl with 15 kHz MAS. The experimental build-up curves have
already been analysed with a master-equation approach in chapter 3, and here we consider
numerical simulation of the density matrix. As the maximum number of spins that can be
simulated with SPINEVOLUTION is 13, and as a single molecule of histidine comprises 6
carbons, a system of 6 carbons and 7 protons was used, with the protons chosen accord-
ing to their effective dipolar couplings to the 6 carbons. It can be seen in Fig. 7.9 that
only the first few milliseconds of the spin diffusion process observed experimentally are
reasonably captured by exact simulations. The simulated curves rapidly depart from the
experimental ones, and entirely stop to evolve, so that the experimental build-up curves
are overall not well reproduced. It can be noted that for spin diffusion among carbons,
chemical-shift differences play a key role in the mechanism for polarisation transfer, and
cannot simply be removed from the description of the spin dynamics. The dramatic effect
of chemical-shift differences has already been observed by Grommek et al., who then
used a 1H relaxation superoperator to facilitate polarisation transfer among carbons [43].
They did not report, however, a comparison between experimental and simulated data.

In striking contrast to the behaviour obtained for exact simulations, experimental spin
diffusion build-up curves in general display a full equilibration of the carbon polarisations.
In consequence, the fact that simulations of polarisation transfer in reduced Liouville
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Figure 7.9: Comparison between experimental (blue) and simulated (magenta) proton-driven spin
diffusion build-up curves for a powdered sample of L-histidine.H2O.HCl under 15 kHz MAS. The
simulated curves were obtained from exact simulations of a system of 6 carbons and 7 protons,
consisting of all the carbons of a molecule of L-histidine.H2O.HCl and of the 7 protons that are
the most strongly coupled to these carbons. Atomic coordinates are taken from a crystal structure
(CSD entry: histcm12), and a ZCW set of 50 orientations is used for the powder average. Exper-
imental details are given in Fig. 3.1. Here the normalisation for each row was performed so that
the calculated and experimental initial volumes of the diagonal peaks are identical.
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spaces display an effectively ergodic behaviour, which can be seen as a deleterious artefact
when comparisons with exact simulations are made for small spin systems, turns out to be
an efficient way to bypass a thermodynamic wall for the prediction of experimental spin
diffusion build-up curves.

7.4.2 Accurate simulation from crystal geometry

The observations collected so far suggest that LCL simulation could be used to simulate
spin diffusion among carbons, with an appropriately designed reduced Liouville space.
First, the notion of a separation of time-scales, illustrated in the discussion of the master-
equation approach, between the slow transfer of polarisation between carbon pairs and the
fast decoherence of carbon-carbon correlations under the action of surrounding protons,
suggests that coherences involving more than 2 carbons can be excluded from the reduced
Liouville space. Then, the results obtained with LCL simulations performed with a max-
imum proton spin order of 4, which reproduce both exactly simulated and experimental
proton spin dynamics, suggest that a similar reduction should be appropriate to capture
the effect of the proton bath on the carbon spin dynamics of interest. Finally, the ergodic
behaviour forced upon experimental observables by Liouville-space reduction could com-
pensate for the high significance of constants of motion other than the total polarisation,
which is apparent in exact simulations but absent from experimental measurements.

Figure 7.10 shows a comparison between experimental PDSD build-up curves and
LCL simulations performed directly from crystal geometry, for a polycrystalline sample
of L-histidine.H2O.HCl under 15 kHz MAS; comparisons were also made for curves at
10 and 20 kHz MAS. Excellent agreement is obtained, on the full time scale and for the
three spinning frequencies. Importantly, the simulated build-up curves shown in Fig. 7.10
are obtained without any adjustable parameters, and a comparison of the 3 sets of curves
shows that the influence of the spinning frequency is correctly described.

Simulations were performed with a system consisting of the 6 carbons and 10 protons
of a single molecule of histidine, in a reduced Liouville space that excludes coherences
involving more than 2 carbons or 4 protons. A series of additional simulations were also
performed to assess the influence of the number of protons on the simulated curves. Sim-
ulated build-up curves obtained with 13 protons do not show significant changes, and thus
suggest that the curves obtained with 10 protons are reasonably converged. Simulations
performed with 7 protons, however, show clear discrepancies with the experimental data,
and thus reveal that the drastic differences between Fig. 7.9 and 7.10 result from two com-
plementary contributions. First, the modified spin thermodynamics in reduced Liouville
spaces make it possible to obtain a full equilibration of the polarisations. Second, the
larger number of protons that can be taken into account yields a more accurate value of
the intantaneous rates of transfer.

The simulations shown here were obtained with a single molecule of histidine. Al-
though intermolecular couplings are not expected to be as significant as for spin diffusion
among protons, they contribute to some extent to the observed spin dynamics. In partic-
ular, the most noticeable discrepancies between experiment and LCL simulation are ob-
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Figure 7.10: Comparison between experimental (blue) and simulated (green) proton driven spin
diffusion build-up curves for a powdered sample of L-histidine.H2O.HCl under 15 kHz MAS. The
simulated curves were obtained from LCL simulations of a system of 6 carbons and 10 protons,
consisting of a single molecule of L-histidine.H2O.HCl. Atomic coordinates are taken from a
crystal structure (CSD entry: histcm12). The time step in the simulation is 0.5 µs, and a ZCW set
of 50 orientations is used for the powder average. Experimental details are given in Fig. 3.1
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tained for the polarisation curves of Cε , for which the ratios between intramolecular and
intermolecular couplings are the largest. Improved results could be obtained by taking
into account several molecules in the simulation. The current implementation of LCL,
however, cannot conveniently be used to simulate proton-driven spin diffusion for very
large systems. As explained in section 5.3, memory requirements are not a limitation, as
they are kept to a minimum by the use of an algorithm that only requires a single copy of
the density matrix. Simulation times, however, can become excessively long. Simulations
are performed in the time domain, with a time step determined by the fast dynamics of the
protons, while the phenomenon of interest occurs on a much longer time scale. Several
approaches could be used to address this deficiency, such as the use of multiple time steps
in the simulation.

It can finally be noted that polarisation transfer is equally well reproduced for all
the carbon pairs, including those with a very strong 13C-13C dipolar coupling. These
pairs are not correctly described in the master-equation approach using simulated zero-
quantum lineshape, a fact that, although it is not a limitation for structural studies, pre-
vents the accurate prediction of build-up curves from crystal geometry. The comparison
shown in Fig. 7.10 is thus, to the best of our knowledge, the first accurate simulation of
proton-driven carbon-13 simulation in a fully 13C-labelled systems, directly from crystal
geometry and without any adjustable parameters.

7.5 Conclusions
Simulations in reduced Liouville spaces have been shown to provide an accurate descrip-
tion of spin diffusion for polycrystalline solids under magic-angle spinning. For polari-
sation transfer both among carbons and among protons, the ability of the LCL model to
describe fast proton dynamics is an essential ingredient of the simulation. For proton spin
diffusion, the use of large spin systems then makes it possible to include most of the in-
teractions that contribute to the experimental dynamics. For proton-driven carbon-13 spin
diffusion, the long-term behaviour of the single-spin polarisations in reduced Liouville
spaces, combined with the correctly described effect of surrounding protons, also leads to
an accurate description over the full experimental time scale. The ability to predict spin
diffusion from crystal geometry is a key ingredient to extract detailed structural informa-
tion from experimental NMR measurements, and the parameter-free approach introduced
here could thus contribute to future structural studies.



Chapter 8

Conclusions

As illustrated throughout this thesis, spin diffusion plays a central role in nuclear mag-
netism and its description from first principles is, to some extent, an open problem, largely
because of the many-body nature of the underlying spin dynamics. Progress in this respect
has been reported here, for high-resolution solid-state NMR studies of polycrystalline or-
ganic solids under magic-angle spinning. The approaches developed during this thesis
could contribute to the improvement of applications that exploit spin diffusion, and could
also turn out to be pertinent for the description of other processes.

For spin diffusion among carbons facilitated by surrounding protons, the possibility
to simulate numerically the fast decoherence of carbon correlations has proved useful, in
the context of a master-equation approach, to link experimentally measurable rate con-
stants with structural information. The parameter-free analysis introduced here could be
exploited to improve the interpretation of experimental data that are commonly acquired
for structural studies.

Although the master-equation approach to the description of proton-driven carbon-13
spin diffusion has been shown to be very effective in practice, it does not fully capture the
dynamics of this process, as the assumptions on which the model relies are in some cases
not justified. The obstacles met by simplified descriptions are even more acute for spin
diffusion among protons, as in most cases no approximation is applicable a priori. No-
tably, under magic-angle spinning both the internal multi-body dynamics and the external
modulation occur on a comparable time scale. Alternative approaches are thus necessary.

We have observed that the time evolution of experimental observables can in some
cases be described accurately in reduced Liouville spaces that include only low-order
correlations. A model based on this finding, which we call LCL, has been developed to
describe the spin dynamics of large systems of strongly coupled nuclear spins. The LCL
approach has empirically been found to be applicable for the experimentally relevant case
of powdered systems under magic-angle spinning, through a comparison with simulations
performed in full Liouville spaces. However, Liouville-space reduction in solids remains
imperfectly understood, and requires further study to increase its full range of potential
applications.

Using LCL, we have performed simulations of spin diffusion among protons, and
showed that experimental measurements could be reproduced with good accuracy using
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information about the crystal geometry only and no adjustable parameter. An appropriate
choice of spin system is required to capture the experimentally observed behaviour, and
the large systems accessible with LCL make it possible to simulate primitive unit cells un-
der periodic boundary conditions, and thus to simultaneously capture the extended nature
of a solid and include detailed structural information.

The concepts on which the master-equation approach relies and the ability of LCL to
describe the fast dynamics of proton spin diffusion have been brought together to perform
simulations of proton-driven carbon-13 spin diffusion in reduced spin spaces, which show
an excellent agreement with experimental measurements. Additional investigation is re-
quired to further validate and better understand the methods introduced here, but these
methods appear to capture to a large extent the many-body dynamics of nuclear spin dif-
fusion for polycrystalline organic solids under magic-angle spinning.

LCL could be exploited to describe other phenomena, especially if a more compre-
hensive understanding of Liouville-space reduction in solids emerges. Improved imple-
mentations of existing schemes could also be designed; LCL has been implemented in
the independent Tourbillon program, and it could be interfaced with existing software for
practical applications. Finally, although it has turned out to be negligible in the case of
polycrystalline solids under magic-angle spinning, the effect of excluded variables on the
dynamics of experimental observables could be taken into account in an effective way, to
broaden the applicability of Liouville-space reduction in solids.



Afterword

The work reported in this thesis has raised several questions that have yet to be addressed.
Perhaps the most intriguing of these questions relate to the unusual spin dynamics ob-
served in the reduced Liouville spaces utilised in the LCL method. For example, the effect
of multi-spin correlations on the time evolution of single-spin observables has been ob-
served to differ dramatically between the cases of a static and of a periodic time-dependent
interaction. No analysis has been proposed, however, to account rigourously and quantita-
tively for the effect of magic-angle spinning on the short and medium-term spin dynamics
in full and reduced Liouville spaces. The validation of the LCL model for polycrystalline
systems under magic-angle spinning presented in this thesis remains largely empirical. In
addition, no derivation has been found to explain the intriguing long-term behaviour of
LCL simulations. The apparently ergodic behaviour observed for systems under magic-
angle spinning described in reduced Liouville spaces, which is a key feature of the LCL
approach for the accurate simulation of experimental measurements of spin diffusion, is
well characterised numerically, but not well understood analytically. Progress with re-
spect to one or both of these questions would make it possible to better understand and
eventually predict the validity of Liouville-space reduction for a broader range of interac-
tions in nuclear magnetic resonance.

At the time of writing, several hypotheses are being explored to develop a general
criterion for the validity of Liouville-space reduction in spin simulations. A strong moti-
vation is provided by the goal of developing a microscopic, quantum-mechanical descrip-
tion of dynamic nuclear polarisation.1,2 Large ensembles of nuclear spins are involved in
the DNP process, in which nuclear spin diffusion is expected to play an important role.
It has been recently hypothesised that the fast relaxation of high-order correlations could
lead to unpopulated states that can safely be removed from the description of the system,2
although no experimental validation has yet been proposed. It is also conceivable that a
simplified description could be found to account for the effect of multi-spin correlations
that are actually populated, and thus to remove them from the explicit description of the
system.

Aside from the more theoretical aspects of the simulation schemes presented in this
thesis, there is room also for improvement in the practical implementation of Liouville-
space reduction. The Tourbillon scheme has very favourable memory requirements, but
it involves a case-by-case implementation of the operators and interactions of interest.
Other implementations are far more flexible, at the cost of more significant memory re-
quirements. Towards the goal of a highly optimised but also flexible implementation of
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Liouville-space reduction, there remains much to be learned from the approximations and
numerical methods employed in related fields, such as quantum information processing.

With significant progress in both the theoretical understanding as well as the practical
implementation of Liouville-space reduction, polynomially-scaling simulations of large
spin systems could become routine in NMR spectroscopy for solving a range of problems
related to interactions between large groups of spins.

Lyon, the 4th of May 2011

1 Y. Hovav, A. Feintuch, and S. Vega. Dynamic nuclear polarization assisted spin
diffusion for the solid effect case. J. Chem. Phys., 134:074509, 2011.

2 A. Van Der Drift, A. Karabanov, I. Kuprov and W. Köckenberger. Liouville space
caculations of solid effect dynamic nuclear polarisation using state space restriction meth-
ods. The 52nd ENC, Asilomar, 2011.
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