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Spécialité Mathématiques Appliquées

par
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RésuméCette thèse est onsarée à l'étude des équations de Gross�Pitaevskii et de Landau�Lifshitz,qui présentent d'importantes appliations en physique. L'équation de Gross�Pitaevskii modélisedes phénomènes de l'optique non linéaire, de la super�uidité et de la ondensation de Bose�Einstein, tandis que l'équation de Landau�Lifshitz dérit la dynamique de l'aimantation dansdes matériaux ferromagnétiques.Lorsqu'on modélise la matière à très basse température, on fait l'hypothèse que l'intera-tion des partiules est pontuelle. L'équation de Gross�Pitaevskii lassique s'en déduit alors enprenant omme interation une masse de Dira. Cependant, di�érents types de potentiels nonloaux probablement plus réalistes ont aussi été proposés par des physiiens pour modéliser desinterations plus générales. Dans un premier temps, on s'intéressera à donner des onditions suf-�santes ouvrant une variété assez large d'interations non loales et telles que le problème deCauhy assoié soit globalement bien posé ave des onditions non nulles à l'in�ni. Par la suite,on étudiera les ondes progressives de e modèle non loal et on donnera des onditions tellesque l'on puisse déterminer les vitesses pour lesquelles il n'existe pas de solution non onstanted'énergie �nie.Conernant l'équation de Landau�Lifshitz, on s'intéressera aussi aux ondes progressives d'éner-gie �nie. On montrera la non existene d'ondes progressives non onstantes d'énergie petite endimensions deux, trois et quatre, sous l'hypothèse que l'énergie soit inférieure au moment dansle as de la dimension deux. En outre, on donnera aussi dans le as bidimensionnel la desriptiond'une ourbe minimisante qui pourrait donner une approhe variationnelle pour onstruire dessolutions de l'équation de Landau�Lifshitz. Finalement, on dérira le omportement à l'in�ni desondes progressives d'énergie �nie.Mots-lés : Équation de Shrödinger non loale, Équation de Gross�Pitaevskii, Ondes progres-sives, Caratère globalement bien posé, Conditions non nulles à l'in�ni, Équation de Landau�Lifshitz, Appliations harmoniques, Appliations de Shrödinger.AbstratThis thesis is devoted to the study of the Gross�Pitaevskii equation and the Landau�Lifshitz equation, whih have important appliations in physis. The Gross�Pitaevskii equationmodels phenomena of nonlinear optis, super�uidity and Bose�Einstein ondensation, while theLandau�Lifshitz equation desribes the dynamis of magnetization in ferromagneti materials.When modeling matter at very low temperatures, it is usual to suppose that the interationbetween partiles is puntual. Then the lassial Gross�Pitaevskii equation is derived by takingas interation the Dira delta funtion. However, di�erent types of nonloal potentials, probablymore realisti, have also been proposed by physiists to model more general interations. First,we will fous on provide su�ient onditions that over a broad variety of nonloal interations



and suh that the assoiated Cauhy problem is globally well-posed with nonzero onditionsat in�nity. After that, we will study the traveling waves for this nonloal model and we willprovide onditions suh that we an ompute a range of speeds in whih nononstant �niteenergy solutions do not exist.Conerning the Landau�Lifshitz equation, we will also be interested in �nite energy travelingwaves. We will prove the nonexistene of nononstant traveling waves with small energy indimensions two, three and four, provided that the energy is less than the momentum in thetwo-dimensional ase. In addition, we will also give, in the two-dimensional ase, the desriptionof a minimizing urve whih ould give a variational approah to build solutions of the Landau-Lifshitz equation. Finally, we desribe the asymptoti behavior at in�nity of the �nite energytraveling waves.Keywords: Nonloal Shrödinger equation, Gross�Pitaevskii equation, Traveling waves, Globalwell-posedness, Nonzero onditions at in�nity, Landau�Lifshitz equation, Harmoni maps, Shrödingermaps.



Chapitre 1Introdution générale
1.1 L'équation de Gross�Pitaevskii non loale1.1.1 Motivation physiqueA�n de dérire la inétique d'un gaz de Bose, dont les bosons de masse m interagissentfaiblement, Gross [52℄ et Pitaevskii [86℄ ont trouvé, dans l'approximation de Hartree, que lafontion d'onde Ψ régissant le ondensat véri�e l'équation

i~∂tΨ(x, t) = − ~2

2m
∆Ψ(x, t) + Ψ(x, t)

∫

RN

|Ψ(y, t)|2V (x− y) dy, dans RN × R, (1.1)où N est la dimension spatiale et V dérit l'interation entre les bosons. L'approximation la plustypique, où V est onsidéré omme une masse de Dira, onduit à l'équation de Gross�Pitaevskiique l'on appellera l'équation de Gross�Pitaevskii lassique ou loale (voir sous-setion 1.1.2). Cemodèle loal ave des onditions non nulles à l'in�ni a été intensivement utilisé en raison de sonappliation à plusieurs domaines de la physique, omme la super�uidité, l'optique non linéaireet la ondensation de Bose�Einstein [62, 61, 65, 26℄. Il semble ependant naturel d'analyserl'équation (1.1) dans le as d'interations plus générales. En e�et, dans l'étude de la super�uidité,des supersolides et de la ondensation de Bose�Einstein, di�érents types de potentiels non loauxont été proposés [6, 32, 96, 87, 63, 1, 103, 27, 23℄.Pour obtenir une équation sans dimension, on prend le niveau moyen de l'énergie par l'unitéde masse E0 d'un boson de masse m et l'on pose
ψ(x, t) = exp

(
imE0t

~

)
Ψ(x, t).Alors (1.1) prend la forme

i~∂tψ(x, t) = − ~2

2m
∆ψ(x, t)−mE0ψ(x, t) + ψ(x, t)

∫

RN

|ψ(y, t)|2V (x− y) dy. (1.2)En onsidérant le hangement d'éhelle, pour λ > 0 à hoisir,
u(x, t) =

1

λ
√
mE0

(
~√

2m2E0

)N
2

ψ

(
~x√
2m2E0

,
~t

mE0

)
,3



Chapitre 1. Introdution généraleon déduit de (1.2) que
i∂tu(x, t) + ∆u(x, t) + u(x, t)

(
1− λ2

∫

RN

|u(y, t)|2V(x− y) dy

)
= 0,ave

V(x) = V

(
~x√
2m2E0

)
.Si on admet que la onvolution entre V et une onstante est bien dé�nie et égale à une onstantepositive, il est alors naturel de hoisir

λ2 = (V ∗ 1)−1.Ave e hoix, l'équation (1.2) est équivalente à
i∂tu+∆u+ λ2u(V ∗ (1− |u|2)) = 0 dans RN × R. (1.3)Cette dédution onduit à onsidérer de manière plus générale l'équation de Gross�Pitaevskiinon loale érite sous la forme
i∂tu+∆u+ u(W ∗ (1− |u|2)) = 0 dans RN × R. (GPN)Si W est une distribution paire réelle, (GPN) est une équation Hamiltonienne et son énergie,donnée par

EW (u(t)) =
1

2

∫

RN

|∇u(t)|2 dx+
1

4

∫

RN

(W ∗ (1− |u(t)|2))(1 − |u(t)|2) dx, (1.4)est formellement onservée. Si de plus on s'intéresse à des fontions d'énergie �nie, elles doiventavoir des onditions non nulles à l'in�ni. En partiulier, on étudiera le problème de Cauhy pourl'équation (GPN) ave une donnée initiale u(0) = u0 véri�ant
|u0(x)| → 1, lorsque |x| → ∞. (1.5)On donne maintenant trois types de noyaux (non loaux) qui nous serviront pour illustrer nosrésultats. D'abord, on onsidère le potentiel proposé par V. S. Shhesnovih et R. A. Kraenkeldans [96℄ pour ε > 0,

Wε(x) =





1

2πε2
K0

( |x|
ε

)
, N = 2,

1

4πε2|x| exp
(
−|x|
ε

)
, N = 3,

(1.6)où K0 est la fontion de Bessel modi�ée de deuxième type (également appelée fontion de Ma-Donald). De ette façon Wε pourrait être onsidéré omme une approximation de la masse deDira, puisque Wε → δ, lorsque ε → 0, au sens des distributions. Un deuxième exemple desinterations non loales est le soft ore potential1|x|≤a(x) =

{
1, si |x| < a,

0, sinon, (1.7)ave a > 0, qui est utilisé dans [63, 1℄ pour l'étude de supersolides. Finalement, on onsidère
W = aδ + bK, a, b ∈ R, (1.8)4



1.1. L'équation de Gross�Pitaevskii non loaleoù K est le noyau singulier
K(x) =

x21 + x22 − 2x23
|x|5 , x ∈ R3\{0}. (1.9)Le potentiel (1.8)�(1.9) modélise les fores dipolaires dans un gaz quantique (voir [23℄, [103℄).Maintenant on raisonne de façon formelle et on onsidère une fontion onstante u0 de moduleégal à un. Comme (GPN) est invariant par un hangement de phase, on peut supposer que u0 = 1.Alors, l'équation linéarisée de (GPN) autour de u0 est donnée par

i∂tũ−∆ũ+ 2W ∗ Re(ũ) = 0. (1.10)En érivant ũ = ũ1 + iũ2 et en prenant les parties réelle et imaginaire de (1.10), on a
−∂tũ2 −∆ũ1 + 2W ∗ ũ1 = 0,

∂tũ1 −∆ũ2 = 0,d'où
∂2ttũ− 2W ∗ (∆ũ) + ∆2ũ = 0. (1.11)En imposant ũ = ei(ξ.x−wt), w ∈ R, ξ ∈ RN , omme une solution de (1.11), on obtient la relationde dispersion
(w(ξ))2 = |ξ|4 + 2Ŵ (ξ)|ξ|2, (1.12)où Ŵ désigne la transformée de Fourier de W :

F(f)(ξ) = f̂(ξ) =

∫

RN

f(x)e−ix.ξ dx.En supposant que Ŵ est positif et ontinu à l'origine, on a dans le régime des ondes longues,i.e. ξ ∼ 0, que
w(ξ) ∼ (2Ŵ (0))1/2|ξ|.Par onséquent, dans e régime, on peut identi�er (2Ŵ (0))1/2 à la vitesse des ondes sonores(aussi appelée la vitesse sonique), on pose don
cs(W ) = (2Ŵ (0))1/2. (1.13)La relation de dispersion (1.12) a été observée pour la première fois par Bogoliubov [14℄ dansl'étude d'un gaz de Bose�Einstein et sous ertaines onsidérations physiques, il a établi que le gazdevait se déplaer à une vitesse inférieure à cs(W ) pour préserver ses propriétés de super�uidité.Cette valeur sera fondamentale dans l'étude des ondes progressives pour ette équation.1.1.2 Le problème de Cauhy pour l'équation de Gross�PitaevskiiComme nous l'avions signalé à la sous-setion préédente, au as où les interations sontmodélisées par un noyau W égal à une masse de Dira, (GPN) prend la forme Gross�Pitaevskiilassique

i∂tu+∆u+ u(1− |u|2) = 0 dans RN × R, (GP)5



Chapitre 1. Introdution généraleOn note alors que la fontionnelle (1.4) orrespond à l'énergie de Ginzburg�Landau
EGL(u(t)) ≡ Eδ(u(t)) =

1

2

∫

RN

|∇u(t)|2 dx+
1

4

∫

RN

(1− |u(t)|2)2 dx,qui est bien dé�nie dans l'espae d'énergie
E(RN ) = {u ∈ L1lo(RN ) : ∇u ∈ L2(RN ), 1− |u|2 ∈ L2(RN )}.Comme on l'a déjà mentionné, on s'intéresse à des fontions d'énergie �nie qui imposent desonditions non nulles à l'in�ni. Don il faut hoisir des espaes bien adaptés à ette ondition.Par exemple, on pourrait utiliser les espaes de Zhidkov :

Xk(RN ) = {u ∈ L∞(RN ) : ∇u ∈ Hk−1(RN )}.En e�et, le premier résultat dans le as unidimensionnel est le suivant.Théorème 1 ([104, 105℄). Le problème de Cauhy pour l'équation (GP) est globalement bienposé dans l'espae X1(R).Quelques années plus tard, le théorème 1 a été étendu par C. Gallo (voir aussi O. Goubet)Théorème 2 ([38, 45℄). Soit 1 ≤ N ≤ 2. Alors le problème de Cauhy pour l'équation (GP) estglobalement bien posé dans l'espae XN (RN ) pour une donnée initiale u0 ∈ E(RN ) ∩XN (RN ).P. Gérard a étudié le problème diretement dans E(RN ), espae métrique omplet pour ladistane
d(u, v) = ‖u− v‖X1+H1 + ‖|u|2 − |v|2‖L2 .Il montre le aratère bien posé en dimension 1 ≤ N ≤ 3 et aussi en dimension N = 4 sous uneondition de petitesse de la donnée initiale. Plus préisément,Théorème 3 ([41, 40℄). Soit 1 ≤ N ≤ 3. Pour tout u0 ∈ E(RN ), il existe une solution u ∈

C(R, E(RN )) de (GP) de donnée initiale u(0) = u0. De plus, pour tout R > 0 et tout T > 0,il existe C > 0 tel que pour tous u0, ũ0 tels que EGL(u) ≤ R et EGL(ũ0) ≤ R, les solutionsorrespondantes véri�ent
sup
|t|≤T

d(u(t), ũ(t)) ≤ Cd(u0, ũ0).En outre, pour N = 4, il existe δ > 0 tel que pour tout u0 ∈ E(RN ) véri�ant E(u0) ≤ δ, ilexiste une solution u ∈ C(R, E(RN )) de (GP) de donnée initiale u(0) = u0. De plus, le aratèrelipshitzien du �ot énoné i-dessus est aussi véri�é.Une autre approhe pour étudier e problème est de travailler autour des états d'équilibreonstants ū = eiθ, ave θ ∈ R. Puisque (GPN) est invariant par un hangement de phase, on seréduit au as ū = 1. Dans e adre, F. Béthuel et J.-C. Saut [12℄ ont établiThéorème 4 ([12℄). Soit 2 ≤ N ≤ 3. Alors le problème de Cauhy pour l'équation (GP) estglobalement bien posé dans l'espae 1 +H1(RN ).Dans [39℄, C. Gallo a onsidéré une approhe qui généralise le adre du théorème 4 dans desespaes du type φ+H1(RN ), où φ est une fontion régulière d'énergie �nie.6



1.1. L'équation de Gross�Pitaevskii non loaleThéorème 5 ([39℄). Soit 1 ≤ N ≤ 3. Alors pour toute fontion φ véri�ant
φ ∈ C3(RN ) ∩ L∞(RN ), ∇φ ∈ H3(RN ), |φ|2 − 1 ∈ L2(RN ),l'équation (GP) est globalement bien posée dans φ+H1(RN ).Finalement dans le as N ≥ 4, S. Gustafson et al. ([54℄) ont étudié le omportement à l'in�nides petites perturbations des états d'équilibre. En partiulier, ils ont obtenu le aratère bienposé du problème, pour des donnés initiales petites.Théorème 6 ([54℄). Soit N ≥ 4 et s ≥ N/2−1. Il existe δ > 0 tel que pour toute donnée initiale

u(0) = 1+u0, véri�ant ‖u0‖Hs ≤ δ, le problème de Cauhy pour l'équation (GP) est globalementbien posé dans l'espae 1+Hs(RN ).Une des questions lés que le présent travail tente de résoudre est la suivante : quelles ondi-tions doit-on imposer à W pour que le problème de Cauhy (GPN) soit globalement bien posé ?Bien entendu, on herhe des onditions assez générales telles que la masse de Dira et les po-tentiels (1.6), (1.7) et (1.8)-(1.9) soient inlus. Pour ette raison, on travaillera dans les espaes
Mp,q(R

N ) = {V ∈ S′(RN ) : ∃C ≥ 0 t.q. ‖V ∗ f‖Lq ≤ C‖f‖Lp , ∀f ∈ Lp(RN )},i.e., les espaes de distributions tempérées V telles que l'opérateur linéaire f 7→ V ∗ f est bornéde Lp(RN ) dans Lq(RN ). On note par ‖V ‖p,q sa norme.On supposera qu'il existe
p1, p2, p3, p4, q1, q2, q3, q4, s1, s2 ∈ [1,∞),en véri�ant

N

N − 2
> p4,

2N

N − 2
> p2, p3, s1, s2 ≥ 2, 2 ≥ q1 >

2N

N + 2
, q3, q4 >

N

2
si N ≥ 3et

p2, p3, s1, s2 ≥ 2, 2 ≥ q1 > 1 si 2 ≥ N ≥ 1,tels que 



W ∈ M2,2(R
N ) ∩

4⋂

i=1

Mpi,qi(R
N ),

1

p3
+

1

q2
=

1

q1
,

1

p1
− 1

p3
=

1

s1
,

1

q1
− 1

q3
=

1

s2
si N ≥ 3.

(WN )On rappelle que si p > q, alors Mp,q = {0}. Par onséquent, si l'on suppose que W n'est pasnulle, les nombres i-dessus doivent satisfaire q2, q3 ≥ 2. De plus, l'existene de s1, s2 et lesrelations en (WN ) impliquent
N

N − 2
> p1, q2 >

N

2
,

1

p1
− 1

p3
∈
(
N − 2

2N
,
1

2

]
,

1

q1
− 1

q3
∈
(
N − 2

2N
,
1

2

] si N ≥ 3.Dans le as où N ∈ {1, 2, 3}, on peut hoisir (p4, q4) = (2, 2) dans (WN ). Don la onditionque W ∈ Mp4,q4(R
N ) n'est pas triviale seulement lorsque N ≥ 4. 7



Chapitre 1. Introdution générale

Figure 1.1 � Pour N > 4, le plan (1/p, 1/q) est représenté à gauhe, dans le sens que
(1/p1, 1/q1) ∈ R1, (1/p2, 1/q2), (1/p3, 1/q3) ∈ R2, (1/p4, 1/q4) ∈ R3. À droite, les zones om-brées symbolisent le fait que (1/q1, 1/q3) ∈ R4 et (1/p1, 1/p3) ∈ R5, pour N > 6.La �gure 1.1 montre shématiquement l'emplaement de es nombres dans le arré unitaire.On remarque que la ondition (WN ) implique que W ∈ M2,2(R

N ). En outre, puisque
W ∈ M2,2(R

N ) ⇐⇒ Ŵ ∈ L∞(RN ),en utilisant l'identité de Planherel, on en déduit que
EW (v) =

1

2

∫

RN

|∇v|2 + 1

4(2π)N

∫

RN

Ŵ | ̂1− |v|2|2 < +∞, (1.14)pour tout v ∈ E(RN ).A première vue, il n'est pas évident de véri�er les hypothèses sur W . Le but de la propositionsuivante onsiste à donner des onditions su�santes pour assurer (WN ).Proposition 7.
(i) Soit 1 ≤ N ≤ 3. Si W ∈ M2,2(R

N ) ∩M3,3(R
N ), alors W satisfait (WN ). Par ailleurs,si W véri�e (WN ) ave pi = qi, 1 ≤ i ≤ 3, alors W ∈ M2,2(R

N ) ∩M3,3(R
N ).

(ii) Soit N ≥ 4. On suppose que W ∈ Mr,r(R
N ) pour tout 1 < r < ∞. De plus, s'il existe

r̄ > N/4 tel que W ∈ Mp,q(R
N ), pour tout 1 − 1/r̄ < 1/p < 1, où 1/q = 1/p + 1/r̄ − 1,alors W véri�e (WN ).Comme on l'a remarqué préédemment, l'énergie est formellement onservée si W est unedistribution paire réelle. Rappelons qu'une distribution à valeurs réelles est dite paire si

〈W,ψ〉 = 〈W, ψ̃〉, ∀ψ ∈ C∞
0 (RN ;R),où ψ̃(x) = ψ(−x).Cependant, la onservation de l'énergie n'est pas su�sante pour étudier le omportement entemps long du problème de Cauhy ar l'énergie potentielle n'est pas néessairement positive et8



1.1. L'équation de Gross�Pitaevskii non loalela nature non loale du problème nous empêhe d'obtenir des bornes pontuelles. Ce terme peutêtre ontr�lé si on suppose de plus que W est une distribution positive ou en supposant que 'estune distribution dé�nie positive. Plus préisément, on dit que W est une distribution positive si
〈W,ψ〉 ≥ 0, ∀ψ ≥ 0, ψ ∈ C∞

0 (RN ;R),et que 'est une distribution dé�nie positive si
〈W,ψ ∗ ψ̃〉 ≥ 0, ψ ∈ C∞

0 (RN ;R).On véri�era ette ondition en utilisant le fait que pour une distribution paire réelle W ∈
M2,2(R

N ) (voir la proposition 3.2.2)
W est dé�nie positive ⇐⇒ Ŵ ≥ 0 p.p. sur RN .De plus, on dira qu'une distribution paire réelle W ∈ M2,2(R

N ) est stritement dé�nie positivesi
inf ess Ŵ > 0.Remarque. Ces deux notions sont indépendantes. Comme on le verra après, il existe des distri-butions positives qui ne sont pas dé�nies positives et il existe des distributions dé�nies positivesqui ne sont pas positives.De (1.14), on remarque que si W est dé�nie positive, on a EW (v) ≥ 0 pour tout v ∈ E(RN ).Cependant, dans le as où W est positive, le terme assoié à l'énergie potentielle peut devenirnégatif et on n'a don pas de ondition de signe sur EW (v). Le tableau 1.1 présente un résumédes propriétés véri�ées par les potentiels disutés à la sous-setion 1.1.1.Noyau Positive Déf. positive Strit. déf. positive (WN ) est véri�ée

δ oui oui oui N ∈ {1, 2, 3}
Wε oui oui non N ∈ {2, 3}1|x|≤a oui non non N ≥ 1

aδ + bK non oui, si a ≥ b̃ ≥ 0 oui, si a > b̃ ≥ 0 N = 3ou a ≥ −2b̃ ≥ 0 ou a > −2b̃ ≥ 0

b̃ ≡ (4πb)/3 Tableau 1.1 � Propriétés véri�ées par ertains noyaux.Pour établir un résultat sur le aratère bien posé de (GPN), on suit l'approhe de [39℄ et ononsidère des données initiales u0 qui appartiennent à l'espae φ+H1(RN ), ave φ une fontiond'énergie �nie. Plus préisément, on suppose que φ est une fontion omplexe qui satisfait
φ ∈W 1,∞(RN ), ∇φ ∈ H2(RN ) ∩ C(Bc), |φ|2 − 1 ∈ L2(RN ), (1.15)où Bc désigne le omplémentaire de n'importe quelle boule B ⊆ RN , de sorte que, en partiulier,

φ satisfait (1.5).Remarque. On ne suppose pas que φ a une limite à l'in�ni. Dans le as où N ∈ {1, 2} unefontion qui satisfait (1.15) peut avoir des osillations ompliquées, par exemple (voir [41, 40℄)
φ(x) = exp(i(ln(2 + |x|)) 1

4 ), x ∈ R2. 9



Chapitre 1. Introdution généraleOn note aussi que toute fontion véri�ant (1.15) appartient à l'espae de Sobolev homogène
Ḣ1(RN ) = {ψ ∈ L2

loc(R
N ) : ∇ψ ∈ L2(RN )}.En partiulier, si N ≥ 3 il existe z0 ∈ C ave |z0| = 1 tel que φ − z0 ∈ L

2N
N−2 (RN ) (voir parexemple [59℄). En hoisissant α ∈ R tel que z0 = eiα et omme l'équation (GPN) est invariantpar un hangement de phase, on peut supposer que φ − 1 ∈ L

2N
N−2 (RN ), mais on n'utilise pasexpliitement ette déroissane, a�n de gérer dans le même temps le as de la dimension deux.Notre résultat prinipal onernant le aratère bien posé du problème de Cauhy est lesuivant.Théorème 8. Soit W une distribution réelle paire qui véri�e (WN ).

(i) On suppose que l'une des onditions suivantes est véri�ée
(a) N ≥ 2 et W est une distribution dé�nie positive.
(b) N ≥ 1, W ∈ M1,1(R

N ) et W est une distribution positive.Alors le problème de Cauhy (GPN) est globalement bien posé dans φ + H1(RN ). Pluspréisément, pour tout w0 ∈ H1(RN ) il existe un unique w ∈ C(R,H1(RN )), pour lequel
φ + w résout (GPN) ave la donnée initiale u0 = φ + w0 et pour tout intervalle bornéfermé I ⊂ R, le �ot w0 ∈ H1(RN ) 7→ w ∈ C(I,H1(RN )) est ontinu. Par ailleurs,
w ∈ C1(R,H−1(RN )) et l'énergie est onservée

EW (φ+ w0) = EW (φ+ w(t)), ∀t ∈ R. (1.16)
(ii) On suppose que W est stritement dé�nie positive. Alors (GPN) est globalement bienposé dans φ+H1(RN ) pour tout N ≥ 1 et on a la onservation de l'énergie (1.16).Par ailleurs, si u est la solution assoiée à la donnée initiale u0 ∈ φ + H1(RN ), on al'estimation de roissane

‖u(t)− φ‖L2 ≤ C|t|+ ‖u0 − φ‖L2 ,pour tout t ∈ R, où C est une onstante positive qui dépend seulement de E0, W, φ et
inf ess Ŵ .Finalement on a régularité H2, .-à-d. si u0 ∈ φ + H2(RN ), alors u − φ ∈ C(R,H2(RN )) ∩

C1(R, L2(RN )).On déduit du tableau 1.1 les as où l'on peut appliquer le théorème 8. Par exemple, enutilisant la partie (ii) du théorème 8, on retrouve les résultats des théorèmes 4 et 5, et aussil'estimation de roissane prouvée dans [2℄, dans e as-là. D'autre part, la masse de Dira nesatisfait pas (WN ) si N ≥ 4, et don le théorème 8 ne peut pas être appliqué. En fait, ommeil est établi dans les théorèmes 3 et 6, dans e as-là une ondition de petitesse pour la donnéeinitiale semble néessaire.En outre, si le potentiel onverge vers une masse de Dira, omme 'est le as des noyaux
Wε donnés par (1.6) lorsque ε→ 0, les solutions orrespondantes onvergent vers la solution duproblème loal au sens du résultat suivant.Proposition 9. Soient 1 ≤ N ≤ 3 et (Wn)n∈N une suite de distributions paires réelles dans
M2,2(R

N ) ∩M3,3(R
N ) telles que un est la solution globale de (GPN) donnée par le théorème 8,ave Wn à la plae de W, pour une donnée initiale dans φ+H1(RN ). On suppose que

lim
n→∞

Wn =W∞, dans M2,2(R
N ) ∩M3,3(R

N ),10



1.1. L'équation de Gross�Pitaevskii non loaleave ‖W∞‖M2,2∩M3,3 > 0 †. Alors un → u dans C(I,H1(RN )), pour tout intervalle fermé borné
I ⊂ R, où u est la solution de (GPN) ave W =W∞ et la même donnée initiale.Du théorème 8 et de la proposition 7 on tire le résultat suivant pour les noyaux intégrables.Corollaire 10. Soit W une fontion réelle paire telle que W ∈ L1(RN ) si 1 ≤ N ≤ 3 et W ∈
L1(RN ) ∩ Lr(RN ), pour un ertain r > N

4 , si N ≥ 4. On suppose aussi que l'une des onditionssuivantes est véri�ée
• N ≥ 1 et W ≥ 0 p.p. sur RN .
• N ≥ 2 et Ŵ ≥ 0 p.p. sur RN .Alors le problème de Cauhy pour (GPN) est globalement bien posé dans φ+H1(RN ).Comme l'a remarqué C. Gallo dans [39℄, le aratère bien posé dans un espae omme φ +

H1(RN ) permet de gérer le problème ave des données initiales dans l'espae d'énergie E(RN )en utilisant des solutions dites mild. On rappelle que u ∈ C(R, E(RN )) est appelée une solutionmild de (GPN) si elle véri�e la formule de Duhamel
u(t) = eit∆u0 + i

∫ t

0
ei(t−s)∆(u(s)(W ∗ (1− |u(s)|2)) ds, t ∈ R.On se reportera à [41, 40℄ pour des résultats omplémentaires sur l'ation du semi-groupe deShrödinger dans E(RN ).Ave les mêmes arguments que [39℄, on peut également gérer le problème ave des donnéesinitiales dans l'espae d'énergie. Par ailleurs, dans le as 1 ≤ N ≤ 4, on prouve que la solutiondans l'espae d'énergie ave la ondition initiale u0 ∈ E(RN ), appartient néessairement à u0 +

H1(RN ), sous-ensemble strit de E(RN ).Cela donne aussi l'uniité dans l'espae d'énergie pour 1 ≤ N ≤ 4, omme suit.Théorème 11. Soit W omme dans le théorème 8. Alors pour tout u0 ∈ E(RN ), il existe ununique w ∈ C(R,H1(RN )) tel que u := u0 + w résout (GPN). Par ailleurs, si 1 ≤ N ≤ 4 et
v ∈ C(R, E(RN )) est une solution mild de (GPN) ave v(0) = u0, alors v = u.En�n, on étudie la onservation du moment et de la masse pour (GPN). Comme ela a étédisuté dans plusieurs travaux (voir [7, 9, 77, 10℄) les quantités lassiques de masse

M(u) =

∫

RN

(1− |u|2) dx,et de moment vetoriel
P (u) = (P1(u), . . . , PN (u)) =

∫

RN

〈〈i∇u, u〉〉,où 〈〈z1, z2〉〉 = Re(z1z2), sont formellement onservées mais elles ne sont pas bien dé�nies pourtout u ∈ φ+H1(RN ). Ainsi, il est néessaire de donner un ertain sens généralisé à es quantités.À la setion 3.7, on expliquera en détail une notion de moment généralisé et de masse généraliséequi permettent d'obtenir les résultats suivants sur les lois de onservation.
†. (‖·‖M2,2∩M3,3

:= max{‖·‖M2,2
, ‖·‖M3,3

}) 11



Chapitre 1. Introdution généraleThéorème 12. Soit N ≥ 1 et u0 ∈ φ+H1(RN ). Alors le moment généralisé est onservé parle �ot de la solution u de (GPN) donnée par le théorème 8.Théorème 13. Soit 1 ≤ N ≤ 4. En plus de (1.15), on suppose que ∇φ ∈ L
N

N−1 (RN ) si N ∈
{3, 4}. Si la masse généralisée de u0 ∈ φ+H1(RN ) est �nie, alors la masse généralisée assoiéeà la solution de (GPN) donnée par le théorème 8 est onservée par le �ot.Un des premiers travaux qui onsidère un modèle non loal pour l'équation de Gross�Pitaevskii est elui de Y. Pomeau et S. Ria [87℄ qui introduisent le noyau (1.7) pour modéliserun super�uide ave un roton. En fait, la théorie de la super�uidité de l'hélium II de Landaua�rme que la ourbe de dispersion doit présenter un minimum loal non nul appelé roton (voir[71, 37℄), e phénomène a été orroboré plus tard par des observations expérimentales ([34℄). Bienque le modèle pris en ompte dans [87℄ a un bon ajustement ave e minimum, il ne donne pasla vitesse orrete du son. Pour ette raison, N. Berlo� dans [5℄ a proposé le potentiel

W (x) = (α+ βA2|x|2 + γA4|x|4) exp(−A2|x|2), x ∈ R3, (1.17)où les paramètres A, α, β et γ sont hoisis de façon à avoir la bonne vitesse du son. Cependant,l'existene d'un minimum loal implique que Ŵ doit être stritement négatif dans un voisinagedu point où le minimum est atteint. De plus, une simulation numérique dans [5℄ montre quedans e as les solutions présentent un phénomène de onentration de masse qui n'a pas de sensphysique. Jusqu'à un ertain point, nos résultats sont en aord ave es observations, dans lesens où le théorème 8 ne peut pas être appliqué au potentiel (1.17), ar Ŵ et W sont négatifsdans une ertaine partie du domaine. Toutefois, on montrera au hapitre 3 que le problème deCauhy est loalement bien posé dans φ+H1(RN ) pour tout noyau pair réel véri�ant (WN ) ; enpartiulier il est loalement bien posé pour le potentiel (1.17).On a démontré que si Ŵ ≥ 0 sur RN le problème de Cauhy est globalement bien poséet on a donné des exemples de fontions positives pour lesquelles sa transformée de Fourierhange de signe et les solutions assoiées restent globales. Par ailleurs, le noyau du paragraphei-dessus montre un exemple où le potentiel et sa transformée de Fourier hangent de signe, etla solution assoiée n'est pas globale. C'est une question ouverte d'établir préisément le r�le dees hangements de signe pour l'existene globale des solutions de (GPN).1.1.3 Les ondes progressives pour l'équation de Gross�PitaevskiiUne onde progressive qui se propage selon la diretion x1 à une vitesse c est une solution dela forme
uc(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ).Ainsi on déduit de l'équation (GPN) que le pro�l de v satisfait
ic∂1v +∆v + v(W ∗ (1− |v|2)) = 0, dans RN . (OPNc)En utilisant la onjugaison omplexe, on peut se restreindre au as c ≥ 0. On note aussi quetoute onstante omplexe de module un véri�e (OPNc), de sorte qu'on se référera à elles ommeles solutions triviales. La question naturelle qu'on se pose pour ette équation est : quelles sontles onditions sur W et c a�n de déterminer s'il existe des solutions d'énergie �nie où pas ?12



1.1. L'équation de Gross�Pitaevskii non loaleDans le as où W est une masse de Dira, (OPNc) devient
ic∂1v +∆v + v(1− |v|2) = 0, dans RN , (OPc)et les questions d'existene et non existene ont fait l'objet de nombreux travaux. Les premiersrésultats ont été établis dans le programme de C. A. Jones, S. J. Putterman et P. H. Roberts ([62,61℄). En utilisant des développements formels et des simulations numériques, ils ont déterminéqu'en dimension deux et trois, l'équation (OPc) possède des solutions non onstantes d'énergie�nie, à symétrie axiale autour de l'axe x1, pour toute vitesse

c ∈ (0,
√
2),ainsi que pour c ∈ {0} ∪ [

√
2,∞) les seules solutions d'énergie �nie sont les onstantes. Enutilisant la première omposante du moment p ≡ P1, ils traent les branhes des solutions dansle plan énergie E � moment p, en obtenant les �gures 1.2 et 1.3. Dans les deux as ils trouventune vitesse ritique c∗ ∈ (0,
√
2) telle que les solutions possèdent des tourbillons seulement si

c < c∗.

p

E

c∗
b c→ 0

c→
√
2Figure 1.2 � Courbe de l'énergie E en fontion du moment p dans le as N = 2.

p

E c→
√
2

c∗
b c→ 0

p0

E0Figure 1.3 � Courbe de l'énergie E en fontion du moment p dans le as N = 3.Dans le as de la dimension un, (OPc) est omplètement intégrable et les solutions sontexpliites. 13



Chapitre 1. Introdution généraleThéorème 14 ([101, 7℄). Soient N = 1, c ≥ 0 et v ∈ E(R) une solution de (OPc).(i) Si c ≥ √
2, alors v est une onstante de module un.(ii) Si 0 ≤ c <
√
2, alors v est soit onstante de module un, soit égale, à multipliation par uneonstante de module un et translation près, à la fontion

vc(x) =

√
1− c2

2
tanh

(√
2− c2

2

)
− i

c√
2
.Dans le as N ≥ 2, on a les résultats suivants d'existene et de non existene.Théorème 15 ([22, 12, 47, 49℄). Soit N ≥ 2 et v ∈ E(RN ) une solution de (TWc). On supposequ'on se plae dans l'un des as suivants(i) c = 0.(ii) c > √

2.(iii) N = 2 et c = √
2.Alors v est une fontion onstante de module un.Théorème 16 ([12, 11, 25, 8, 77℄). Soit N ≥ 2. Il existe un ensemble non vide A ⊂ (0,

√
2) telque pour tout c ∈ A, il existe une solution non onstante de (TWc) dans E(RN ). Par ailleurs, si

N ≥ 3, alors il existe une solution non onstante de (TWc) dans E(RN ) pour tout c ∈ (0,
√
2).De ette façon, on voit que √

2 est une valeur ritique pour l'équation (OPc). D'ailleurs,omme δ̂ = 1, elle orrespond à la vitesse des ondes sonores donnée par (1.13) :
cs(δ) =

√
2.Par rapport au omportement qualitatif des solutions d'énergie �nie de (OPc), E. Tarquini amontré dans [99℄ l'existene d'une valeur minimale E(N, c) pour l'énergie de Ginzburg�Landaudes ondes progressives.Théorème 17 ([99℄). Soient N ≥ 2 et 0 < c <

√
2. Il existe une onstante E(N, c) > 0, qui nedépend que de la dimension N et de la vitesse c telle que toute solution non onstante v ∈ E(RN )de (OPc) véri�e

EGL(v) ≥ E(N, c).Par ailleurs,
E(N, c) → 0, lorsque c→ √

2.En partiulier, les seules solutions possibles de (OPc) ave une énergie plus petite que E(N, c)sont les onstantes.Bien entendu, le théorème 17 n'empêhe pas l'existene des ondes progressives d'énergiepetite. D'ailleurs, dans la �gure 1.2 on voit des solutions ave des énergies arbitrairement petites.F. Béthuel, P. Gravejat et J.-C. Saut [8℄ ont amélioré e résultat en dimension trois, en démontrantqu'il existe une énergie minimale indépendante de c. En même temps, ils montrent l'existene dela ourbe de solutions en aord ave la �gure 1.2 et de la ourbe de solutions en bleu dans la�gure 1.3.14



1.1. L'équation de Gross�Pitaevskii non loaleLa preuve de l'énergie minimale dans [8℄ repose sur l'estimation
EGL(v) ≥

(
Kc2(1 + c2)

∫

RN

Lc(ξ)
2dξ

)−1

, pour tout c ∈ (0,
√
2], (1.18)où K est une onstante universelle et

Lc(ξ) =
|ξ|2

|ξ|4 + 2|ξ|2 − c2ξ21
.L'inégalité (1.18) est valable pour tout N ≥ 2 et v ∈ E(RN ), solution non onstante de (OPc)telle que

inf{|v(x)| | x ∈ RN} ≥ 1

2
. (1.19)On note que si l'énergie E(v) est petite, l'estimation (1.19) est forément véri�ée (voir [99, 8℄),elle ne représente don auune restrition. Un alul diret montre que

∫

RN

Lc(ξ)
2dξ =





π√
2(2− c2)

, N = 2,

π2

c
arcsin

(
c√
2

)
, N = 3,

∞, N ≥ 4,

(1.20)don (1.18) implique une borne inférieure pour l'énergie seulement en dimension trois. Cependant,il ne donne pas l'existene d'une énergie minimale en dimension supérieure à trois. Le but duhapitre 2 est de montrer qu'en e�et il est possible d'étendre e résultat à toute dimension N ≥ 3.Plus préisément,Théorème 18. Soit N ≥ 3. Il existe une onstante positive E(N), qui ne dépend que de N , telleque pour toute solution non onstante v ∈ E(RN ) de (OPc), on a
EGL(v) ≥ E(N).En partiulier, il n'existe pas de solution non onstante pour (OPc) d'énergie petite.1.1.4 Non existene pour l'équation (OPNc)Maintenant on revient à l'équation des ondes progressives non loale (OPNc). Les argumentsdes setions préédentes suggèrent qu'un résultat de non existene omme elui établi au théo-rème 15 pourrait être généralisé au as non loal, en utilisant la vitesse des ondes sonores (1.13)omme vitesse ritique. Autrement dit, on pourrait onjeturer la non existene de solutions pourdes vitesses

c > cs(W ) ≡ (2Ŵ (0))1/2.Le but du hapitre 4 est de donner une réponse dans ette diretion. On travaillera ave desdistributions paires réelles dé�nies positives dans M2,2(R
N ) telles que(A1) Ŵ est di�érentiable p.p. sur RN et pour tout j, k ∈ {1, . . . , N} l'appliation

ξ → ξj∂kŴ (ξ)est bornée et ontinue p.p. sur RN ; 15



Chapitre 1. Introdution générale(A2) Ŵ est de lasse C2 dans un voisinage de l'origine et Ŵ (0) > 0.De plus, si N ≥ 4, on admet que
W ∈ MN/(N−1),∞(RN ) ∩M2N/(N−2),∞(RN ) ∩M2N/(N−2),2N/(N−2)(R

N ). (1.21)On remarque que la ondition (1.21) est plus restritive que (WN ) en dimension N ≥ 4, maison en a besoin pour assurer la régularité des ondes progressives. Plus préisément, on prouve auhapitre 4 que si W ∈ M2,2(R
N ), sous l'hypothèse supplémentaire (1.21) si N ≥ 4, alors toutesolution v ∈ E(RN ) de (OPNc) est régulière et

|v(x)| → 1, ∇v(x) → 0, lorsque |x| → ∞.D'autre part, la ondition (1.21) est véri�ée au moins pour tout W ∈ L1(RN ) ∩ LN (RN ).On peut maintenant énoner notre premier résultat de non existene pour l'équation (GPN)de la façon suivante :Théorème 19. Soient N ≥ 2 et W ∈ M2,2(R
N ) une distribution paire réelle dé�nie positivevéri�ant (A1) et (A2). Si N ≥ 4, on admet aussi (1.21). On suppose que c > cs(W ) et qu'ilexiste des onstantes σ1, . . . , σN ∈ R telles que

Ŵ (ξ) + αc

N∑

k=2

σkξk∂kŴ (ξ)− σ1ξ1∂1Ŵ (ξ) ≥ 0, pour presque tout ξ ∈ RN , (1.22)et
N∑

k=2

σk +min

{
−σ1 − 1,

σ1 − 1

αc + 2
, 2αcσj + σ1 − 1

}
≥ 0, (1.23)pour tout j ∈ {2, . . . , N}, où αc := c2/(cs(W ))2−1. Alors il n'existe pas de solution non onstantepour (OPNc) dans E(RN ).Les hypothèses du théorème 19 sont relativement tehniques. Cependant, omme nous allonsle voir il permet de traiter des nombreux exemples onrets. Pour appliquer le théorème 19 ona besoin de véri�er l'existene des onstantes σ1, . . . , σN véri�ant (1.22) et (1.23). Pour failiterette tâhe, on donne deux orollaires où les onditions pour la non existene sont expriméesseulement en fontion de W .Corollaire 20. Soient N ≥ 2 et W ∈ M2,2(R

N ) une distribution paire réelle dé�nie positivevéri�ant (A1) et (A2). Si N ≥ 4, on admet aussi (1.21). On suppose que c > cs(W ) et que
Ŵ (ξ) ≥ max

{
1,

2

N − 1

} N∑

k=2

|ξk∂kŴ (ξ)|+ |ξ1∂1Ŵ (ξ)|, pour presque tout ξ ∈ RN . (1.24)Alors il n'existe pas de solution non onstante pour (OPNc) dans E(RN ).Corollaire 21. Soient N ≥ 2 et W ∈ M2,2(R
N ) une distribution paire réelle dé�nie positivevéri�ant (A1) et (A2). Si N ≥ 4, on admet aussi (1.21). On suppose que

cs(W ) < c ≤ cs(W )

(
1 + inf

ξ∈RN

(N − 1)Ŵ (ξ)
∑N

k=2|ξk∂kŴ (ξ)|

)1/2

, pour presque tout ξ ∈ RN . (1.25)Alors il n'existe pas de solution non onstante pour (OPNc) dans E(RN ).16



1.1. L'équation de Gross�Pitaevskii non loaleConernant les ondes statiques, on a le résultat suivant.Théorème 22. Soient N ≥ 2 et W ∈ M2,2(R
N ) une distribution paire réelle dé�nie positivevéri�ant (A1). Si N ≥ 4, on admet aussi (1.21). On suppose que c = 0 et que

ξj∂jŴ (ξ) ≤ 0, pour presque tout ξ ∈ RN , (1.26)pour tout j ∈ {1, . . . , N}. Alors il n'existe pas de solution non onstante pour (OPNc) dans
E(RN ).Si l'on onsidère le potentiel W = aδ, a > 0, on a que Ŵ = a et don ∇Ŵ = 0. De ettefaçon les onditions (1.24), (1.25) et (1.26) sont véri�ées et en onséquene on peut appliquer leorollaire 20 ou 21 et le théorème 22 pour onlure la non existene de solutions non trivialespour l'équation (OPNc) pour tout

c ∈ {0} ∪ (
√
2a,∞). (1.27)En partiulier, en prenant a = 1, on retrouve le théorème 15 dans les as (i) et (ii).Considère maintenant une perturbation de la masse de Dira en dimension N ∈ {2, 3} :

Wε = δ + εf, ε ≥ 0,où f est une fontion paire réelle telle que f, |x|2f, |x|∇f ∈ L1(RN ), de sorte que Ŵε = 1+ εf̂ ∈
C2(RN ). Puisque

x̂j∂kf = −(δj,kf̂ + ξk∂j f̂),on a
‖f̂‖L∞(RN ) ≤ ‖f‖L1(RN ), ‖ξk∂j f̂‖L∞(RN ) ≤ ‖f‖L1(RN ) + ‖xj∂kf‖L1(RN ).Ainsi W satisfait les onditions (A1) et (A2) si ε < ‖f‖−1

L1(RN )
, et dans e as la vitesse des ondessonores

cs := cs(W ) =

(
2 + 2ε

∫

RN

f

)1/2

,est bien dé�nie. En outre, (1.24) est véri�ée si
ε <

(
4‖f‖L1(RN ) +

N∑

k=1

‖xk∂kf‖L1(RN )

)−1

. (1.28)Par onséquent, sous la ondition (1.28), le orollaire 20 implique la non existene de solutionsnon triviales de (OPNc) dans E(RN ) pour tout c ∈ (cs,∞).Comme autre exemple, on reprend le noyau (1.6), dont la transformée de Fourier est
Ŵε(ξ) =

1

(1 + ε2|ξ|2) .De façon plus générale, on onsidère les noyaux Wa,b de la forme
Ŵa,b(ξ) = ρa,b(r) ≡

1

(1 + ar2)b/2
, r = |ξ|, a, b > 0, 17



Chapitre 1. Introdution généraledon
cs := cs(Wa,b) =

√
2.De ette façon, Wa,b est une distribution paire réelle dé�nie positive et puisque Ŵa,b ∈ L∞(RN ),

Wa,b ∈ M2,2(R
N ) pour N ∈ {2, 3}. De plus, l'hypothèse (A2) est satisfaite. De plus, on peutvéri�er que Wa,b ∈ L1(RN ) ∩ LN (RN ) pour tout N ≥ 4 et b > N − 1, e qui implique (1.21).D'autre part, un alul élémentaire montre que (A1) et (1.26) sont véri�és pour tout a, b > 0. Lethéorème 22 implique don la non existene d'ondes statiques (c = 0) non triviales de (OPNc)dans E(RN ) dans les as suivants(a) N = 2 ou 3 ;(b) N ≥ 4, b > N − 1.De plus, en utilisant les orollaires 20 et 21 on peut aluler les intervalles suivants pour la vitesseoù il n'existe pas de solution non onstante de (OPNc) dans E(RN ) :() N = 2, b ≤ 1/2, c ∈ (cs,∞) ;(d) N = 2, b > 1/2, c ∈ (cs,

√
2 + 2/b ] ;(e) N = 3, b ≤ 1, c ∈ (cs,∞) ;(f) N = 3, b > 1, c ∈ (cs,

√
2 + 2/b ] ;(g) N ≥ 4, b > N − 1, c ∈ (cs,
√

2 + 2/b ].On remarque que si b→ 0, Ŵa,b → 1 et don W → δ, au sens des distributions. Ainsi les as(a), () et (e) peuvent être vus omme une généralisation du théorème 15 dans les as (i) et (ii).Lorsque b augmente, on a une borne supérieure pour l'intervalle de la vitesse. Une interprétationpossible de ette borne est que lorsque la valeur de b augmente, le noyau devient de plus en plusépars dans le sens où sa masse est de moins en moins onentrée prohe de l'origine et l'e�etnon loal est don moins loalisé. Cependant, nous ne savons pas si e type de borne supérieureest simplement une onséquene de notre preuve ou si en fait, pour des potentiels partiuliers, ilpourrait même exister plusieurs intervalles de vitesses où on a existene et non existene.Dans le théorème 19 on a admis que Ŵ est de lasse C2 dans un voisinage de l'origine.Cependant, on voit que le noyau (1.8) ne satisfait pas ette ondition. En fait, il n'est mêmepas ontinu en zéro et la vitesse des ondes sonores n'est pas orretement dé�nie. Une questionnaturelle est de savoir s'il est possible d'a�aiblir ette hypothèse sur la régularité. Le point léoù apparaît que Ŵ est de lasse C2 est l'étude des ensembles
Γj,c ≡ {ν = (ν1, ν2) ∈ R2 : |ν|4 + 2Ŵ (ν1e1 + ν2ej)|ν|2 − c2ν21 = 0}, j ∈ {2, . . . , N},où {ek}k∈{1,...,N} est la base anonique de RN , qui jouent un r�le fondamental dans la preuvedu théorème 19. De façon générale, si Ŵ est de lasse C2, on peut appliquer le lemme de Morseet en déduire que si c > cs(W ), alors, dans un voisinage de l'origine, Γj,c est dérit par deuxourbes γ+j,c et γ+j,c, dont l'allure est donnée dans la �gure 1.4 et véri�ant

ℓj,c ≡ lim
t→0+

(
γ+j,c(t)

t

)2

= lim
t→0+

(
γ−j,c(t)

t

)2

.En onlusion, si W n'est pas de lasse C2 mais l'ensemble Γj,c satisfait les propriétés men-tionnées i-dessus, on peut établir une généralisation du théorème 19. On préise ette disussionen introduisant la ondition :18



1.1. L'équation de Gross�Pitaevskii non loale
γ+j,c(t)

γ−j,c(t)

t

Figure 1.4 � L'ensemble Γj,c au voisinage de l'origine pour Ŵ de lasse C2.(A3) Pour tout j ∈ {2, . . . , N} et c > 0, il existe δ > 0 et deux fontions γ+j,c et γ−j,c, dé�niessur l'intervalle (0, δ), tels que l'ensemble Γj,c ∩ B(0, δ) est de mesure de Lebesgue nulle,
γ±j,c ∈ C1((0, δ)), et

γ+j,c(t) > 0, γ−j,c(t) < 0, (t, γ±j,c(t)) ∈ Γj,c, pour tout t ∈ (0, δ).Par ailleurs, les limites suivantes existent et sont égales
lim
t→0+

(
γ+j,c(t)

t

)2

= lim
t→0+

(
γ−j,c(t)

t

)2

=: ℓj,c.On peut maintenant établir une version générale du théorème 19.Théorème 23. Soient N ≥ 2, c > 0 et W ∈ M2,2(R
N ) une distribution paire réelle dé�niepositive véri�ant (A1) et (A3) ave

ℓc := ℓ1,c = ℓ2,c = · · · = ℓN,c > 0. (1.29)Si N ≥ 4, on admet aussi (1.21). On suppose qu'il existe des onstantes σ1, . . . , σN ∈ R tellesque
Ŵ (ξ) + ℓc

N∑

k=2

σkξk∂kŴ (ξ)− σ1ξ1∂1Ŵ (ξ) ≥ 0, pour presque tout ξ ∈ RN , (1.30)et
N∑

k=2

σk +min

{
−σ1 − 1,

σ1 − 1

ℓc + 2
, 2ℓcσj + σ1 − 1

}
≥ 0, (1.31)pour tout j ∈ {2, . . . , N}. Alors il n'existe pas de solution non onstante pour (OPNc) dans

E(RN ).On remarque que la ondition (1.29) est néessaire pour que les solutions soient non onstantes(voir hapitre 4). 19



Chapitre 1. Introdution généraleOn rappelle que le potentiel (1.8)�(1.9) est donné par
W = aδ + bK, ave K(x) =

x21 + x22 − 2x23
|x|5 , x ∈ R3\{0}.Par le tableau 1.1, W ∈ M2,2(R

N ) et est une distribution paire réelle dé�nie positive pour tous
a, b̃ tels que

a ≥ b̃ ≥ 0 ou a > −2b̃ ≥ 0, (1.32)où b̃ = (4πb)/3. De plus, un alul élémentaire montre que (A1) est aussi véri�é. On expliquemaintenant omment le théorème 23 permet de déduire la non existene de solutions non trivialespour (OPNc) dans E(RN ), pour tout
(2max{a− b̃, a})1/2 < c <∞, (1.33)à ondition que a > 0 et que l'une des deux onditions apparaissant dans (1.32) soit véri�ée.En fait, puisque la transformée de Fourier de W est

Ŵ (ξ) = a+ b̃

(
3ξ23
|ξ|2 − 1

)
, ξ ∈ R3\{0},on voit que la ourbe Γ2,c est donnée par une fontion régulière et on peut don se restreindreau as où le lemme de Morse s'applique, e qui fournit l'existene des ourbes γ±2,c ave ℓ2,c =

c2/(2a) − 1. Par ontre, Γ3,c est dérit par l'équation
(x2 + y2)2 + 2Ŵ (xe1 + ye3)(x

2 + y2)− c2x2 = 0. (1.34)Cependant, (1.34) est une équation algébrique que l'on peut résoudre expliitement et onlureque les ourbes γ±3,c sont données par
γ±3,c(t) = ±

√
−t2 − a− 2b̃+

√
6b̃t2 + (a+ 2b̃)2 + c2t2,pour tout |t| < c2 − 2(a− b̃). Par onséquent (A3) est satisfait et

ℓ3,c = −1 + (6b̃+ c2)/(2(a + 2b̃)).On note que par (1.32), ℓ3,c est une onstante positive bien dé�nie et que la ondition (1.29), i.e.
ℓ3,c = ℓ2,c, implique que

(c2 − 3a)b = 0.Le as b = 0 a déjà été traité (voir (1.27)). Si b 6= 0, on a que c2 = 3a et don ℓc := ℓ2,c = ℓ3,c =
1/2. Ensuite, en prenant σ1 = 0 et σ2 = σ3 = 1/2, (1.31) est satisfait et le membre à droite del'inégalité (1.30) devient

a+ b̃

(
3
ξ23
|ξ|2

(
1− ξ22

2|ξ|2
)
− 1

)
+

3b̃

2

ξ23
|ξ|2

(
1− ξ23

|ξ2|

)
,qui est positif par (1.32). Par onséquent, on onlut du théorème 23 qu'il n'existe pas de solutionnon triviale de (OPNc) dans E(RN ), pour a > 0 et b véri�ant (1.32) et (1.33).20



1.2. L'équation de Landau�Lifshitz1.2 L'équation de Landau�LifshitzL'équation de Landau�Lifshitz a été introduite par L. Landau et E. Lifshitz dans [72℄ pourdérire la dynamique de l'aimantation dans un milieu ferromagnétique. Elle s'exprime sous laforme
∂tm+m× Feff(m) = 0, m(t, x) ∈ S2, t ∈ R, x ∈ RN , (1.35)où m = (m1,m2,m3) représente le veteur de densité d'aimantation et Feff est le hamp e�etif,.-à-d. moins le gradient L2 de l'énergie

ELL(m) = Ee(m) + Eani(m).Notons qu'une des partiularités essentielles du modèle est la ontrainte m(t, x) ∈ S2, qui exprimeque la norme du veteur m reste onstante et unitaire (|m(x, t)| = 1). Les deux termes quiomprennent l'énergie totale ELL sont l'énergie d'éhange :
Ee(m) =

1

2

∫

RN

|∇m|2 dx,et l'énergie d'anisotropie :
Eani(m) =

1

2

∫

RN

ẽ(m)2 dx.Cette dernière dépend du type de milieu qu'on onsidère ([60, 66℄). Les modèles les plus fréquentssont
ẽ(m) = 0, (milieu isotrope), (1.36)
ẽ(m) = 1−m2

3, (milieu anisotrope uniaxial dans la diretion e3), (1.37)
ẽ(m) = m2

3, (milieu anisotrope planaire). (1.38)En termes de l'équation (1.35), es densités donnent
∂tm+m× (∆m+ λm3e3) = 0, m(t, x) ∈ S2, t ∈ R, x ∈ RN , (LLλ)où λ = 0, λ = 1 et λ = −1 orrespondent respetivement aux as (1.36), (1.37), (1.38). Deplus, si m est régulier, en di�éreniant deux fois la ondition |m(t, x)|2 = 1, on véri�e que

m ·∆m = −|∇m|2, de sorte qu'en prenant le produit vetoriel de m ave l'équation (1.35), onpeut réérire (1.35) sous la forme
m× ∂tm = ∆m+ |∇m|2m+ λ(m3e3 −m2

3m). (1.39)Ainsi, dans les as d'un matériel ferromagnétique isotrope (λ = 0), on retrouve l'équation desShrödinger maps. Ce type d'équations a été intensivement étudiée en raison de ses appliationsdans plusieurs domaines de la physique et des mathématiques. On se reportera à [53℄ pour unaperçu et à [3℄ pour quelques résultats réents sur le aratère bien posé du problème de Cauhy.En matière de solutions partiulières, plusieurs travaux de physiiens montrent l'existenede solutions loalisées intéressantes, surtout en dimension deux, où ils trouvent des solutions devortiité non triviale. Cependant, il n'y a pas beauoup de résultats rigoureux d'un point de vuemathématique. Nous rappelons que pour N = 2, la harge magnétique est dé�nie par
w(v) = 〈v, ∂1v × ∂2v〉. 21



Chapitre 1. Introdution généraleAinsi, si v est une fontion d'énergie �nie, onstante à l'in�nie, son degré S2 est donné par
d(v) =

1

4π

∫

R2

w(v) dx.Cette quantité prend des valeurs entières qui oïnident ave le degré topologique de l'appliation
v ◦Π : S2 → S2, où Π se réfère à la projetion stéréographique par rapport au p�le nord (0, 0, 1)(voir [19℄). De plus, on a la borne inférieure suivante

Ee(v) ≥ 4π|d(v)|, (1.40)pour tout v ∈ H1
loc(R

2;S2) ∩ Ḣ1(R2). Dans le as isotrope λ = 0, un exemple de solutionsd'énergie �nie sont les instantons de Belavin�Polokov Qn = (Qn
1 , Q

n
2 , Q

n
3 ) donnés par

Qn
1 + iQn

2 = (x1 + ix2)
n, Qn

3 =
1− (x21 + x22)

n

1 + (x21 + x22)
n
, n ∈ Z, (1.41)de degré d(Qn) = n, pour lesquelles l'inégalité (1.40) est atteint, .-à-d.

Ee(Qn) = 4π|n|.On réfèrera à [4, 89℄ pour les détails de es aluls et à [70℄ pour d'autres exemples de solutionsstatiques expliites dans le as isotrope.Lorsque le matériel présente une anisotropie (λ 6= 0), un argument formel du type Derrik�Pohozaev ([33, 89, 84℄) montre que l'existene d'une solution statique v (indépendante de t) endimension N ≥ 2 implique que
(N − 2)Ee(v) + λNEa(v) = 0.Cette relation suggère que dans le as N = 2, l'anisotropie empêhe l'existene des solutionsstatiques d'énergie �nie. En utilisant des méthodes numérique, B. Piette et W. Zakrzewski ([85℄)trouvent des ondes solitaires périodiques en temps de degré n ∈ Z pour l'équation (1.35) dans leas N = 2 et λ = 1. Plus préisément, en oordonnées sphériques

(sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)), θ ∈ [0, π], φ ∈ [0, 2π), (1.42)elles s'expriment sous la forme
θ = θw(r), φ = nχ− ωt+ φ0, (1.43)où r et χ sont les oordonnées polaires dans R2, et φ0 une fontion quelonque en raison de l'in-variane de l'équation par un hangement de phase. Plus tard, e résultat a été rigoureusementprouvé par S. Gustafson et J. Shatah [55℄. D'autre part, X. Pu et B. Guo [88℄ ont montré quela présene de l'anisotropie est fondamentale, au sens où si λ = 0, il n'existe pas de solutiond'énergie �nie de l'équation (1.35) pour N = 2 sous la forme (1.43).Dans la présene d'anisotropie planaire (λ = −1), l'existene de solutions loalisées a étéanalysée par N. Papaniolaou et P. N. Spathis dans [83℄, dans les as N = 2 et N = 3, enutilisant des développements formels et des méthodes numériques. Ils herhaient des ondesprogressives d'énergie �nie qui se propagent à vitesse c selon l'axe x1, .-à-d. qui s'exprimentsous la forme

mc(x, t) = u(x1 − ct, x2, . . . , xN ),22



1.2. L'équation de Landau�Lifshitzde façon qu'elles résolvent
−∆u = |∇u|2u+ u23u− u3e3 + cu× ∂1u. (OPLLc)Notons que le hangement de variable m 7→ −m permet de se réduire au as c ≥ 0. Dans [83℄ils montrent qu'il existe une branhe de solutions de (OPLLc) à symétrie axiale autour de l'axe

x1, pour toute vitesse c ∈ (0, 1) et ils onjeturent aussi qu'il n'y a pas de solution non trivialepour c supérieur ou égal à 1. Même si es solutions ont un degré zéro (d(u) = 0), elles ont desseteurs à topologie non triviale. Plus préisément, dans le as de la dimension deux, dans [83℄les auteurs alulent une vitesse ritique c∗ ≈ 0.78 telle que pour c < c∗, il existe exatementdeux points qu'on appellera tourbillon (ou vortex) q± = (±ac, 0), (ac > 0) tels que u3(q±) = 1et |u3| < 1 sur R2 \ {q±}. De plus, loin de es deux points, u3 est presque nulle et la fontion ureouvre l'hémisphère supérieur de la sphère S2. D'ailleurs, si on onsidère la fontion (à valeursomplexes)
ψ =

u1 + iu2
1 + u3

,on véri�e que
∆ψ +

1− |ψ|2
1 + |ψ|2ψ + ic∂1ψ =

2ψ̄

1 + |ψ|2 (∇ψ · ∇ψ). (1.44)Cette équation ressemble fortement à l'équation des ondes progressives de Gross�Pitaevskii(OPNc). D'autre part, la fontion ψ s'annule sur q± et autour de haque point q± le degré
S1 de ψ/|ψ| est

deg

(
ψ

|ψ| , ∂B(q±, r),S1
)

=
1

2π

∫

∂B(q±,r)
∂τφ

± = ±1,pour r > 0 petit, où ψ = |ψ|eiφ± sur ∂B(q±, r) et ∂τ est la dérivée tangentielle. On onlutqu'aux points q± la fontion ψ a deux tourbillons, de degré 1 et −1 haun.Pour des vitesses c ∈ (c∗, 1), on a que ‖u3‖L∞(R2) < 1 et il n'y a don pas de phénomènesdes tourbillons. En utilisant la ourbe de dispersion de l'énergie en fontion de la premièreomposante du moment vetoriel
p(u) = −

∫

R2

x2w(u),es solutions sont représentées dans la �gure 1.5. En partiulier, on voit que la ourbe présenteun minimum non nul.Le as de la dimension trois est similaire ave une valeur ritique c∗ ≈ 0, 93 telle que lessolutions de (OPLLc) présentent ette fois-i une struture tourbillonnaire en forme d'anneau(vortex ring) seulement pour c < c∗. Le dessin de la ourbe énergie-moment en dimension troisressemble aussi à la �gure 1.5.En omparant es types de solutions ave les résultats dérits pour les ondes progressives à lasous-setion 1.1.3 pour l'équation de Gross�Pitaevskii, on reonnait le même type de phénomèneset les travaux de N. Papaniolaou et P. N. Spathis peuvent être onsidérés omme une généralisa-tion des études de C. A. Jones, S. J. Putterman et P. H. Roberts dans [62, 61℄. Cependant, il estimportant de remarquer une di�érene fondamentale : la ourbe de dispersion énergie�momentpour l'équation de Gross�Pitaevskii tend vers zéro lorsque p → 0 dans les as de la dimensiondeux (voir la �gure 1.2). Un des objetifs prinipaux du hapitre 5 est préisément d'établir quela ourbe des solutions reste éloignée de l'origine (voir �gure 1.5). 23



Chapitre 1. Introdution générale
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Figure 1.5 � Courbe de l'énergie E en fontion du moment p dans le as de la dimension deux.Réemment, F. Lin et J. Wei [74℄ ont prouvé rigoureusement l'existene de solutions d'éner-gie �nie de l'équation (OPLLc), pour c petit en dimension deux et trois, par des argumentsperturbatifs. Une autre approhe pour montrer l'existene pourrait être de onsidérer le pro-blème de minimisation de l'énergie sous la ontrainte du moment �xé, omme on en disutera àla sous-setion suivante.1.3 Étude des ondes progressives de l'équation de Landau�LifshitzplanaireDans le reste de ette introdution nous onsidérons le problème des ondes progressives pourl'équation de Landau�Lifshitz à anisotropie planaire, .-à-d. les solutions de l'équation (OPLLc).On note que toute onstante dans S1×{0} véri�e (OPLLc), nous les appellerons les solutionstriviales de (OPLLc). De plus, on s'intéresse à des solutions d'énergie �nie
E(v) =

1

2

∫

RN

|∇v|2 + 1

2

∫

RN

v23 < +∞,don l'espae naturel assoié est
E(RN ) = {v ∈ L1

loc(R
N ,R3) : ∇v ∈ L2(RN ), v3 ∈ L2(RN ), |v| = 1 p.p. sur RN}.On remarque que dans le as N = 1, l'équation (OPLLc) est omplètement intégrable et quel'on peut aluler les solutions d'énergie �nie expliitement de la forme suivante :Proposition 24 ([79, 81, 91℄). Soient N = 1, c ≥ 0 et u ∈ E(R) une solution de (OPLLc).24



1.3. Étude des ondes progressives de l'équation de Landau�Lifshitz planaire(i) Si c ≥ 1, alors u est onstante.(ii) Si 0 ≤ c < 1, alors u est soit onstante dans S1 × {0}, soit égale (à translation de u et àrotation omplexe de ǔ ≡ u1 + iu2 près) à la fontion
u1 = c sech(

√
1− c2 x), u2 = tanh(

√
1− c2 x), u3 = ±

√
1− c2 sech(

√
1− c2 x).De plus, si 0 < c < 1, on a les relations suivantes entre l'énergie E, le moment p et lavitesse c :

E(u) = 2
√

1− c2, E(p) = 2 sin
(p
2

) et dE

dp
= cos(p) = c.

p

E
E = p

π

2

Figure 1.6 � Courbe de l'énergie E en fontion du moment p dans le as de la dimension un.La �gure 1.6 montre l'énergie omme fontion du moment. En partiulier, on note qu'ilexiste des solutions d'énergie petite, mais qu'il y a une valeur maximale pour l'énergie et pourle moment, a�n d'avoir des solutions non triviales.1.3.1 Le moment et la ourbe minimisante en dimension deuxLe moment vetoriel (en dimension deux) P = (P1, P2) est donné par
P1(v) = −

∫

R2

x2w(v), P2 =

∫

R2

x1w(v), (1.45)qui, au moins formellement, est onservé par le �ot des solutions de l'équation (1.35). Cependant
P n'est pas bien dé�ni dans E(R2), puisque l'appliation

v ∈ E(R2) → x2w(v) ∈ Rn'est pas néessairement intégrable. Par ontre, si on suppose qu'il existe R ≡ R(u) tel que l'ona le relèvement
v̌ ≡ v1 + iv2 = ̺eiθ, sur B(0, R)c, (1.46)25



Chapitre 1. Introdution généraleoù ̺ ≡
√
v21 + v22 =

√
1− v23 et ̺, θ ∈ Ḣ1(B(0, R)c), il en déoule que la vortiité est donnée par

w(v) = − rot(v3∇θ),où rot(f1, f2) = ∂1f2 − ∂2f1. Si on admet que le relèvement est valable sur tout R2, en intégrantformellement par parties, on déduit que
P1(v) =

∫

R2

v3∂1θ, P2(v) =

∫

R2

v3∂1θ. (1.47)D'autre part, pour j ∈ {1, 2},
|v3∂jθ| ≤

|v3||1− v23 |
1
2 |∂jθ|

(1− ‖v3‖2L∞(R2)
)1/2

≤ e(v)

(1− ‖v3‖2L∞(R2)
)1/2

,où e(v) est la densité d'énergie
e(v) ≡ 1

2
(|∇v|2 + v23) =

1

2

( |∇v3|2
1− v23

+
(
1− v23

)
|∇θ|2 + v23

)
.On en déduit alors que l'expression pour le moment donné par (1.47) est bien dé�nie lorsquela fontion a un relèvement global. Cependant l'existene de e relèvement est une question denature topologique. Cette question est en fait liée au degré S1 de l'appliation

v̌

|v̌| : ∂B(0, R) → S1,lorsque v̌/|v̌| est bien dé�ni. On remarque que es types de problèmes ressemblent à eux quel'on a déjà renontrés dans l'étude des ondes progressives pour l'équation de Gross�Pitaevskii(voir [7, 77, 10, 31℄). Pour pallier à et inonvénient, nous onsidérons l'espae
Ẽ(R2) = {v ∈ E(R2) : ∃R ≥ 0 t.q. ‖v3‖L∞(B(0,R))c) < 1}.et omme on le montrera au hapitre 5, pour tout v ∈ Ẽ(R2), il existe R ≡ R(v) tel que l'on a lerelèvement (1.46). De plus, on peut donner une notion de moment généralisé valable pour tout

v ∈ Ẽ(R2). D'autre part, on verra que toute solution de (OPLLc) dans E(R2) appartient aussi à
Ẽ(R2), ette dé�nition sera alors su�samment générale pour énoner nos résultats.Une di�ulté supplémentaire de la dé�nition du moment est sa non invariane par translation.En fait, en utilisant la fontion de translation τa dé�nie par

τaf(·) = f(· − a), a = (a1, a2) ∈ R2,on a pour p ≡ P1

p(τau) = p(u)− 4πa2d(u).Cependant, les solutions progressives trouvées par N. Papaniolaou et P. N. Spathis dans [83℄sont de degré zéro (d(u) = 0), don on pourrait se restreindre à e type de solutions.En outre, au moins formellement, une méthode possible pour onstruire une solution u ∈
E(R2) pour (OPLLc), ave un moment presrit p(u) ≡ P1(u) = p, est de onsidérer le problèmede minimisation

inf
{
E(v) : v ∈ Ẽ(R2), p(v) = p

}
.26



1.3. Étude des ondes progressives de l'équation de Landau�Lifshitz planaireNéanmoins, de façon similaire a (1.40), on a que
inf
{
E(v) : v ∈ Ẽ(R2), d(v) 6= 0

}
= 4π, (1.48)e qui montre que des solutions ave grande énergie ne pourraient être obtenues en onsidérantdes fontions à degré non nulle. Pour es raisons, on étudiera la ourbe minimisante

E0
min(p) = inf

{
E(v) : v ∈ Ẽ(R2), p(v) = p, d(v) = 0

}
.Au hapitre 5, on montrera les résultats suivants.Théorème 25. La fontion p → E0

min(p) est onave, roissante et Lipshitz ontinue. De plus,
|E0

min(p) −E0
min(q)| ≤ |p− q|,pour tout p, q > 0. En partiulier

E0
min(p) ≤ p, pour tout p > 0,et l'appliation Ξ(p) := p → p−E0
min(p) est ontinue, onvexe et roissante sur R+. En partiu-lier, il existe p0 ≥ 0 tel que Ξ(p) = 0, pour tout p ≤ p0. De plus, si 0 < p < p0, alors E0

min(p) = pet l'in�mum n'est pas atteint.Proposition 26. Soit p > 0. Supposons que E0
min(p) est atteint pour une fontion up. Alors upest une solution régulière de l'équation (OPLLc) à vitesse c = c(up) qui véri�e

0 ≤ d+

dp

(
E0

min(p)
)
≤ c(up) ≤

d−

dp

(
E0

min(p)
)
≤ 1,où d+/dp et d−/dp désignent les dérivées latérales.Le théorème 25 et la proposition 26 onordent parfaitement ave les résultats dans [83℄ et la�gure 1.5. Ainsi, ils sont un premier pas pour essayer d'établir l'existene des ondes progressivesde manière variationnelle. Un de nos résultats prinipaux (voir théorème 31) a pour onséquenele théorème 32 qui établit que la ourbe minimisante n'atteint pas son in�mum prohe de p = 0.Cela justi�e que la ourbe des solutions de la �gure 1.5 est loin de l'origine, une di�érene trèsimportante par rapport aux solutions de l'équation de Gross�Pitaevskii en dimension deux † (voir�gure 1.2).1.3.2 Remarques sur la régularitéDans l'étude des propriétés générales de l'équation (OPLLc), le premier problème est larégularité des solutions d'énergie �nie. À première vue, on note que l'équation de Landau�Lifshitz est beauoup moins régularisante que l'équation de Gross�Pitaevskii. De plus, le termeen gradient arré dans l'équation (OPLLc) nous empêhe d'invoquer les estimations habituellesde régularité elliptique. Toutefois, ertains éléments de la théorie des appliations harmoniques(voir par exemple [58℄) peuvent être adaptés pour traiter ette équation en dimension deux etobtenir le résultat suivant :

†. mais très similaire à la situation renontrée en dimension supérieure à deux 27



Chapitre 1. Introdution généraleProposition 27. Soient c ≥ 0 et u ∈ E(R2) une solution de (OPLLc). Alors u ∈ C∞(R2)∩Ẽ(R2).De plus, il existe des onstantes ε0 > 0 et K(ε0) > 0 telles que si E(u) ≤ ε0, alors
‖u3‖L∞(R2) + ‖∇u‖2L∞(R2) ≤ K(ε0)(1 + c)E(u)1/2.Cependant en dimension supérieure ou égale à trois, la question de la régularité est beauoupplus di�ile. Par exemple, si l'on onsidère l'équation des appliations harmoniques

−∆v = |∇v|2v, dans B(0, 1) ⊂ RN , v ∈ S2, (1.49)on trouve que pour N = 3 la fontion v(x) = x/|x| ∈ S2 est une solution d'énergie �nie dis-ontinue à l'origine. De plus, T. Rivière [90℄ a onstruit des solutions d'énergie �nie de (1.49)presque partout disontinues, pour tout N ≥ 3. Pour ette raison, pour établir nos résultats endimension N ≥ 3, on supposera que les solutions appartiennent à l'ensemble E(RN ) ∩ UC(RN),où UC(RN) dénote l'ensemble de fontions uniformément ontinues. Sous ette hypothèse, unrésultat lassique (voir [16, 69, 64, 80℄) implique que u est en fait régulier. Plus préisément, onpeut établir que :Lemme 28. Soient N ≥ 3, c ≥ 0 et u ∈ E(RN ) ∩ UC(RN) une solution de (OPLLc). Don
u ∈ C∞(RN ) ∩ Ẽ(RN ). De plus, si N ∈ {3, 4} et c ∈ [0, 1], il existe ε0,K, α > 0, indépendantsde u et c, tel que si E(u) ≤ ε0, alors

‖u3‖L∞(RN ) + ‖∇u‖L∞(RN ) ≤ KE(u)α.On remarque que la proposition 27 et le lemme 28 onstituent une étape préliminaire vers lapreuve des résultats de non existene énonés à la sous-setion suivante.1.3.3 Résultats de non existene et omportement à l'in�niNotre résultat prinipal est dans le même esprit que le théorème 18. Plus préisément, onmontre l'existene d'une borne inférieure pour l'énergie en dimension N ≥ 2, e qui implique lanon existene d'ondes progressives non triviales d'énergie petite.Théorème 29. Soit N ∈ {3, 4}. Il existe une onstante µ > 0 telle que, pour toute solution nontriviale u ∈ E(R2) ∩ UC(R2) de (OPLLc) ave c ∈ (0, 1], on a
E(u) ≥ µ.En partiulier, il n'existe pas de solution non triviale d'énergie petite de (OPLLc) de vitesse

c ∈ (0, 1].Comme il a été remarqué dans [56℄, en dimension deux il n'y a pas d'onde progressive régulièred'énergie �nie de vitesse c = 0. Plus généralement, on a la proposition suivante pour les ondesstatiques.Proposition 30. Soient N ≥ 2 et u ∈ E(RN ) une solution de (OPLLc) ave c = 0. On admetaussi que u ∈ UC(RN ) si N ≥ 3. Alors u est une solution triviale.Dans le as de la dimension deux, le problème de la non existene est plus déliat et pourl'établir on a besoin que l'énergie soit petite et inférieure ou égale au moment.28



1.3. Étude des ondes progressives de l'équation de Landau�Lifshitz planaireThéorème 31. Soit M ≥ 0. Il existe une onstante κM > 0 telle que pour toute solution nontriviale u ∈ E(R2) de (OPLLc), ave c ∈ (0, 1) et satisfaisant E(u) ≤ p(u) +M(1− c2), on a
E(u) ≥ κM .En partiulier, en prenantM = 0, on déduit qu'il n'existe pas de solution non triviale de (OPLLc)de vitesse c ∈ (0, 1) telle que son énergie soit petite et inférieure ou égale à son moment.Bien que la ondition E(u) ≤ p(u) restreigne l'ensemble des solutions pour lequel le théorèmepréèdent est valable, il est su�sant pour établir le théorème suivant qui établit la non existenede solutions minimisantes données par la ourbe E0

min(p).Théorème 32. Soit κ0 > 0 la onstante donnée par le théorème 31 ave M = 0. Alors pour tout
p ∈ (0, κ0), l'in�mum du problème de minimisation assoié à E0

min(p) n'est pas atteint.Par ailleurs, même si on ne peut pas montrer que la ondition E(u) ≤ p(u) +M(1 − c2) esttoujours satisfaite, en général on a l'estimation à priori suivante :Proposition 33. Soient c ∈ (0, 1) et u ∈ E(R2) une solution de (OPLLc). Alors pour tout ε > 0,il existe ε̄ > 0 tel que si E(u) ≤ ε̄, on a
E(u) ≤ (1 + ε)p(u).Un des points lé dans notre étude de l'équation de Landau�Lifshitz est le fait que si

‖u3‖L∞(RN ) < 1, alors u3 satisfait l'équation
∆2u3 −∆u3 + c2∂1,1u3 = −∆F + c∂1(divG), (1.50)où G = (G1, . . . GN ) := u1∇u2 − u2∇u1 et F = 2e(u)u3 + cG1. Dans le as général on peutétablir une équation similaire en introduisant une fontion de tronature. On note que l'opérateurdi�érentiel

∆2 −∆+ c2∂1,1est elliptique si et seulement si c ≤ 1, e qui montre que la valeur c = 1 est ritique pourl'équation (OPLLc).Comme on le détaillera au hapitre 5, à partir de (1.50) on obtient
u3 = Lc ∗ F − c

N∑

j=1

Lc,j ∗Gj ,où
L̂c =

|ξ|2
|ξ|4 + |ξ|2 − c2ξ21

, L̂c,j =
ξ1ξj

|ξ|4 + |ξ|2 − c2ξ21
. (1.51)Une identité similaire est véri�ée par ∇θ. En utilisant es équations, les arguments donnés dans[15, 28, 48, 51℄ nous permettent d'obtenir une déroissane algébrique pour les solutions de vitesse

c ∈ (0, 1).En outre, puisque les noyaux dans (1.51) sont les mêmes que eux qui apparaissent dansl'étude de l'équation de Gross�Pitaevskii, à ondition de prouver une ertaine déroissane algé-brique des solutions de (OPLLc) (voir orollaire 5.7.2), on peut appliquer la théorie développéedans [48℄ et onlure la proposition suivante. 29



Chapitre 1. Introdution généraleProposition 34. Soient N ≥ 3, c ∈ (0, 1) et u ∈ E(RN ) une solution de (OPLLc). On admetaussi que u ∈ UC(RN ) si N ≥ 3. Alors il existe R(u) > 0 tel que
|u3(x)|+ |∇θ(x)|+ |∇ǔ(x)| ≤ K(c, u)

1 + |x|N ,

|∇u3(x)|+ |D2θ(x)|+ |D2ǔ(x)| ≤ K(c, u)

1 + |x|N+1
,

|D2u3(x)| ≤
K(c, u)

1 + |x|N+2
,pour tout x ∈ B(0, R(u))c.Finalement, en utilisant es estimations et les arguments [51℄, on peut aluler préisémentla limite à l'in�ni de es solutions omme suit.Théorème 35. Soient N ≥ 2, c ∈ (0, 1) et u ∈ E(RN ) une solution de (OPLLc). On admetaussi que u ∈ UC(RN ) si N ≥ 3. Alors il existe une onstante λ∞ ∈ C et deux fontions

ǔ∞, u3,∞ ∈ C(SN−1;R) telles que
|x|N−1(ǔ(x)− λ∞)− iλ∞ǔ∞

(
x

|x|

)
→ 0,

|x|Nu3(x)− u3,∞

(
x

|x|

)
→ 0,uniformément lorsque |x| → ∞. De plus, en supposant sans perte de généralité que λ∞ = 1, ona

ǔ∞(σ) =
ασ1

(1− c2 + c2σ21)
N
2

+
N∑

j=2

βjσj

(1− c2 + c2σ21)
N
2

,

u3,∞(σ) = αc

(
1

(1− c2 + c2σ21)
N
2

− Nσ21

(1− c2 + c2σ21)
N+2

2

)
−Nc

N∑

j=2

βj
σ1σj

(1 − c2 + c2σ21)
N+2

2

,pour tout σ = (σ1, . . . , σN ) ∈ SN−1, où
α =

Γ
(
N
2

)

2π
N
2

(1− c2)
N−3

2

(
2c

∫

RN

e(u)u3 dx− (1− c2)

∫

RN

G1(x) dx

)
,

βj = −Γ
(
N
2

)

2π
N
2

(1− c2)
N−1

2

∫

RN

Gj(x) dx.
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Chapter 2Nonexistene for travelling waves withsmall energy for the Gross�Pitaevskiiequation in dimension N ≥ 3

AbstratWe prove that the Ginzburg�Landau energy of non-onstant travelling waves of the Gross�Pitaevskii equation has a lower positive bound, depending only on the dimension, in any dimen-sion larger or equal to three. In partiular, we onlude that there are no nononstant travellingwaves with small energy.RésuméNon existene pour les ondes progressives d'énergie petite pour l'équation deGross�Pitaevskii en dimension N ≥ 3. On démontre que l'énergie de Ginzburg�Landaudes ondes progressives non onstantes de l'équation de Gross�Pitaevskii est bornée inférieurementpar une onstante positive qui ne dépend que de la dimension, pour toute dimension supérieureou égale à trois. En partiulier, on en déduit qu'il n'existe pas d'onde progressive non onstanted'énergie petite.2.1 Version française abrégéeOn s'intéresse aux ondes progressives non onstantes d'énergie �nie pour l'équation de Gross-Pitaevskii
i∂tΨ = ∆Ψ+Ψ(1− |Ψ|2) dans RN ×R,en dimension N ≥ 3. Les ondes progressives pour ette équation sont des solutions de la forme

Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ),où la fontion v véri�e l'équation
ic∂1v +∆v + v(1− |v|2) = 0 dans RN . (2.1.1)31



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationGrâe aux résultats de Gravejat [47℄, on peut supposer que la vitesse c de l'onde progressiveest telle que 0 < c ≤
√
2. Le Hamiltonien assoié à (2.1.1) est l'énergie de Ginzburg-Landaudonnée par

E(v) =
1

2

∫

RN

|∇v|2 + 1

4

∫

RN

(1− |v|2)2.Tarquini a montré dans [99℄ l'existene d'une valeur minimale E(N, c) pour l'énergie deGinzburg-Landau des ondes progressives, qui ne dépend que de la dimension N et de la vitesse
c, e qui implique que les seules solutions possibles de (2.1.1) de vitesse c ave une énergie pluspetite que E(N, c) sont les onstantes. Béthuel, Gravejat et Saut [8℄ ont amélioré e résultat endimension trois, en démontrant qu'il existe une énergie minimale Ē indépendante de c. Dans etartile on montre qu'il est possible d'étendre e dernier résultat pour toute dimension N ≥ 3.Plus préisément,Théorème 2.1.1. Soit N ≥ 3. Il existe une onstante positive E(N), qui ne dépend que de N ,telle que pour toute solution non onstante v de (2.1.1), on ait

E(v) ≥ E(N).En partiulier, il n'existe pas de solution non onstante pour (2.1.1) d'énergie petite.2.2 IntrodutionThe Gross�Pitaevskii equation
i∂tΨ = ∆Ψ+Ψ(1− |Ψ|2) on RN × R,whose Hamiltonian is the Ginzburg�Landau energy given by
E(v) =

1

2

∫

RN

|∇Ψ|2 + 1

4

∫

RN

(1− |Ψ|2)2,appears as a relevant model in several areas of physis: super�uidity, superondutivity, nonlinearoptis and the Bose-Einstein ondensation (see e.g. [52, 62, 61, 86℄). In this work, we investigatethe energy of travelling waves to this equation, i.e. solutions of the form
Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ).Here, the parameter c ∈ R orresponds to the speed of the travelling waves. Using omplexonjugation, we may restrit to the ase c ≥ 0. The equation for the pro�le v is given by

ic∂1v +∆v + v(1− |v|2) = 0 on RN . (2.2.1)2.3 Main resultA result of Tarquini [99℄ states that there exists a minimal value E(N, c) for the Ginzburg-Landau energy of travelling waves, depending only on N and c. This lower bound for the energy32



2.4. Proof of main resultfuntional implies that nononstant �nite energy solutions of (2.2.1) of su�iently small energy,with respet to their speed, are exluded in dimension N ≥ 2. Furthermore
E(N, c) → 0 as c→

√
2.This result has been reently improved by Béthuel, Gravejat and Saut [8℄ in dimension three,proving that there exists some universal positive bound for the energy funtional for nononstanttravelling waves.Our aim is to extend the result of Béthuel, Gravejat and Saut [8℄ in any dimension larger thanthree, and therefore also to improve the nonexistene theorem of Tarquini [99℄. More preisely,our main result isTheorem 2.3.1. Let N ≥ 3. There exists some positive onstant E(N), depending only on N,suh that any nononstant �nite energy solution v of (2.2.1) satis�es

E(v) ≥ E(N).In partiular, there are no nononstant solutions of (2.2.1) with small energy.2.4 Proof of main resultIn dimension N ≥ 3, it follows from [47℄ that the speed of nononstant �nite energy solutionsof (2.2.1) satisfy 0 < c ≤
√
2. From Lemma 3 in [99℄, we dedue that
‖1− |v|2‖L∞(RN ) ≤ K(N)E(v)

1
2(N+1) ,where K(N) is a positive onstant, depending only on N . Therefore, hoosing a possibly smalleronstant E(N), we may assume that v satis�es

inf{|v(x)|, x ∈ RN} ≥ 1

2
. (2.4.1)We reall that v is a smooth funtion (see e.g. [35℄), and then in view of (2.4.1), v may beexpressed as v = ρeiϕ, where ρ and ϕ are salar funtions, and ϕ is de�ned modulo a multipleof 2π. De�ning also the quantity η = 1− ρ2, we have

∆2η − 2∆η + c2∂21η = −2∆(|∇v|2 + η2 − cη∂1ϕ)− 2c∂1 div(η∇ϕ). (2.4.2)Applying the Fourier transform to (2.4.2), we obtain
η̂(ξ) = Lc(ξ)F̂ (ξ), (2.4.3)where

F̂ (ξ) = 2R̂0(ξ)− 2c

N∑

j=2

ξ2j
|ξ|2 R̂1(ξ) + 2c

N∑

j=2

ξ1ξj
|ξ|2 R̂j(ξ), (2.4.4)

R0 = |∇v|2 + η2, Rj = η∂jϕ, j ∈ {1, . . . , N}, and
Lc(ξ) =

|ξ|2
|ξ|4 + 2|ξ|2 − c2ξ21

. (2.4.5)Now we reall two results of Béthuel, Gravejat and Saut. The �rst one orresponds to Lemma2.9 in [8℄, and the seond one is an immediate extension to RN of some part of the argumentused in Lemma 2.15 (see inequality (2.65) in [8℄). 33



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationLemma 2.4.1. Let v be a nononstant �nite energy solution to (2.2.1) satisfying (2.4.1). Then,
E(v) ≤ 7c2‖η‖2L2(RN ).Lemma 2.4.2. For any 1 < q <∞, there exists a positive onstant K(N, q), depending only on

N and q, suh that
‖F‖Lq(RN ) ≤ K(N, q)E(v)

1
q .We denote Lc the operator given bŷ

Lc(f) = Lcf̂ , ∀f ∈ S(RN ).We reall that in the ase that there exists a onstant K suh that
‖Lc(f)‖Lq(RN ) ≤ K‖f‖Lp(RN ),

Lc is alled a Fourier multiplier from Lp to Lq. We notie that identity (2.4.3) implies that ηis the value of the multiplier operator assoiated to Lc, evaluated in the funtion F given by(2.4.4), that is
Lc(F ) = η. (2.4.6)In order to omplete the proof of Theorem 2.3.1, we need the following lemma, whose proofwe postpone to the next setion.Lemma 2.4.3. Let c ∈ (0,

√
2]. For any 2

2N−1 ≤ α ≤ 2
N and 1

1−α < q < ∞, Lc given by (2.4.5)is a Fourier multiplier from Lp to Lq, with 1
p = 1

q + α. More preisely, there exists a positiveonstant K(N,α, q), depending only on N , α and q, suh that
‖Lc(f)‖Lq(RN ) ≤ K(N,α, q)‖f‖Lp(RN ), ∀f ∈ Lp(RN ). (2.4.7)In view of (2.4.6), applying Lemma 2.4.3, with

α =
2

2N − 1
and q = 2,we dedue that there exists a positive onstant K(N), depending only on N , suh that

‖η‖L2(RN ) ≤ K(N)‖F‖
L

2(2N−1)
2N+3 (RN )

. (2.4.8)Combining Lemma 2.4.1, Lemma 2.4.2 and (2.4.8), we onlude that
E(v) ≤ 7c2‖η‖2L2(RN ) ≤ 7c2K(N)E(v)

2N+3
2N−1 . (2.4.9)Sine c ∈ (0,

√
2], inequality (2.4.9) implies that E(v) ≥ (14K(N))

1−2N
4 , whih �nishes the proofof Theorem 2.3.1.34



2.5. Proof of Lemma 2.4.32.5 Proof of Lemma 2.4.3Here we use the standard multi-index notation, i.e. if k = (k1, . . . , kN ) ∈ NN , ξ = (ξ1, . . . , ξN ) ∈
RN then Dk = ∂k1ξ1 · · · ∂kNξN , |k| =∑N

j=1 kj and ξk =
∏N

j=1 ξ
kj
j .Lemma 2.5.1. Let c ∈ (0,

√
2]. For any k = (k1, . . . , kN ) ∈ {0, 1}N , m = |k|, 1 ≤ m ≤ N , Lcis a smooth funtion on RN\{0} and

DkLc(ξ) =
ξk

(|ξ|4 + 2|ξ|2 − c2ξ21)
m+1

Pm,c(|ξ|2, ξ21), (2.5.1)where Pm,c is a two-variable polynomial of degree m+ 1. More preisely, for x, y ∈ R,
Pm,c(x, y) = γm(c)xm+1 +

m∑

i,j=0
1≤i+j≤m

γm,i,j(c)x
iyj, (2.5.2)where {γm,i,j}mi,j=1 and γm are polynomial funtions of the variable c. Furthermore, in the ase

k1 = 1, setting αm = γm,1,0, βm = γm,0,1 and
λm(c) =

αm(c) + βm(c)

2− c2
,we have

αm(c) = (−1)m+122m−1(m− 1)!c2, (2.5.3)
βm(c) = (−1)m+122m−2(m− 1)!c2

(
c2(n− 1)− 2n

)
, (2.5.4)

λm(c) = (−1)m+122m−2(m− 1)!(m − 1)c2. (2.5.5)In partiular, λm is a well de�ned and bounded funtion on (0,
√
2).Proof. The di�erentiability of Lc is immediate. The ase m = 1 is heked expliitly, sine wehave

∂iLc(ξ) =
2ξi

(|ξ|4 + 2|ξ|2 − c2ξ21)
2

(
− |ξ|4 − c2ξ21 + c2δ1,i|ξ|2

)
. (2.5.6)We �x now m, with 1 < m ≤ N . Let us suppose that (2.5.1) and (2.5.2) are valid forsome 1 ≤ n < m. We take any r = (r1, . . . , rN ) ∈ {0, 1}N suh that |r| = n + 1 and de�ne

j∗ = max{1 ≤ j ≤ N | rj = 1}. Then j∗ > 1, and we onsider r̃ = (r̃1, . . . , r̃N ) ∈ {0, 1}N givenby r̃i = rj(1− δi,j∗), i, j ∈ {1, . . . , N}. Therefore, |r̃| = n and we have,
DrLc(ξ) = ∂1j∗

(
∂ r̃11 ∂

r̃2
2 . . . ∂ r̃NN Lc

)
(ξ) =

ξr

(|ξ|4 + 2|ξ|2 − c2ξ21)
n+2

Pn+1,c(|ξ|2, ξ21), (2.5.7)where
Pn+1,c(|ξ|2, ξ21) = 2∂xPn,c(|ξ|2, ξ21)(|ξ|4 + 2|ξ|2 − c2ξ21)− (n+ 1)(4|ξ|2 + 4)Pn,c(|ξ|2, ξ21). 35



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationUsing this indutive argument, we onlude the �rst part of the lemma, that is, identities (2.5.1)and (2.5.2). In order to dedue, in the ase k1 = 1, that the oe�ients of lower terms areexpliitly given by (2.5.3) and (2.5.4), we use the same indutive argument but we replae thepolynomial expression (2.5.7) by the following one
Pn+1,c(x, y) = γ̄n(c)x

n+2 +

n+1∑

i,j=0
2≤i+j≤n

γ̄n,i,j(c)x
iyj − 4nαn(c)x− (2c2αn(c) + 4(n + 1)βn(c))y,for some {γ̄n,i,j}ni,j=1, γ̄n, polynomial funtions of the variable c. The formulas (2.5.3) and(2.5.4) allow us to �nish the indution. Finally we notie that identity (2.5.5) is an immediateonsequene of (2.5.3) and (2.5.4).An important property that follows from identities (2.5.3)-(2.5.5) is that for small values of

ξ, we may ompute an expliit bound for Pm,c, that isLemma 2.5.2. For any c ∈ [0,
√
2] and 0 < |ξ| ≤ 1, k = (1, k2, . . . , kN ), m = |k|, we have

|Pm,c(|ξ|2, ξ21)| ≤ K(N)(|ξ|4 + 2|ξ|2 − c2ξ21),where K(N) is a positive onstant depending only on N .Proof. The only deliate terms of Pm,c to estimate are the ones assoiated to |ξ|2 and ξ21 , this is
αm(c)|ξ|2 + βm(c)ξ21 . Indeed, the other terms of Pm,c(|ξ|2, ξ21) are easily bounded by K(N)|ξ|4,for some onstant K(N) depending only on N . For example,

|γm,1,1(c)|ξ21 |ξ|2 ≤
1

2
‖γm,1,1‖L∞[0,

√
2](ξ

4
1 + |ξ|4) ≤ K(N)|ξ|4 ≤ K(N)(|ξ|4 + 2|ξ|2 − c2ξ21),where we used that the L∞-norm in [0,

√
2] of the funtions γm,i,j only depends on the dimension.Next we derive the bound for αm(c)|ξ|2 + βm(c)ξ21 . Denoting ξ = rσ, where 0 < r ≤ 1 and

σ = (σ1, σ⊥) ∈ SN−1, this is equivalent to prove that
∃K > 0,∀c ∈ [0,

√
2], ∀σ1 ∈ [0, 1], ∀r ∈ (0, 1], |αm(c) + σ21βm(c)| ≤ K(r2 + 2− c2σ21). (2.5.8)Using the ontinuity of αm and βm, inequality (2.5.8) automatially follows from

∃K > 0, ∀c ∈ [0,
√
2), ∀ρ ∈ [0, 1], |αm(c) + ρβm(c)| ≤ K(2− c2ρ). (2.5.9)We shall prove (2.5.9) arguing by ontradition. If (2.5.9) were false, there would exist sequenes

Kn → ∞, cn ∈ [0,
√
2), cn → c̄ ∈ [0,

√
2], ρn → ρ̄ ∈ [0, 1], (2.5.10)suh that

|αm(cn) + ρnβm(cn)| > Kn(2− c2nρn) ≥ 0. (2.5.11)In partiular,
lim
n→∞

2− c2nρn
|αm(cn) + ρnβm(cn)|

= 0. (2.5.12)36



2.5. Proof of Lemma 2.4.3From the ontinuity of αm and βm, the denominator in (2.5.12) is bounded, so that (2.5.12)implies c̄2ρ̄ = 2, and hene c̄ = √
2 and ρ̄ = 1. Setting εn = 1− ρn and sn = εn

2−c2n
, we write

2− c2nρn
|αm(cn) + ρnβm(cn)|

=
1 + snc

2
n

|λm(cn)− snβm(cn)|
. (2.5.13)Passing possibly to a subsequene, sn → s̄, with s̄ ∈ [0,∞]. We note from Lemma 2.5.1 that βmand λm are bounded funtions of c. If s̄ ∈ [0,∞), we take the limit in (2.5.13), so that in viewof (2.5.12), we dedue that s̄ = −1

2 , whih is a ontradition. We may handle the ase s̄ = ∞ ina similar way, with the di�erene that we �rst divide the numerator and the denominator of ther.h.s. of (2.5.13) by sn. Then passing to the limit, we dedue that c̄ = 0, whih gives us again aontradition.Now we are able to dedue a uniform bound (with respet to the speed) for Lc.Proposition 2.5.1. Let c ∈ (0,
√
2] and k = (k1, k2, . . . , kN ) ∈ {0, 1}N , with |k| ≤ N . Then forany |ξ| ≥ 1,

|DkLc(ξ)| ≤
K(N)

|ξ||k|+2
, (2.5.14)and for any 0 < |ξ| ≤ 1,

|DkLc(ξ)| ≤
K(N)|ξk|

(|ξ|4 + 2|ξ|2 − c2ξ21)
|k|+1

(
(1− k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)

)
, (2.5.15)where K(N) is a onstant depending only on N .Proof. From (2.5.1) and (2.5.2), with m = |k|, we onlude that for any |ξ| ≥ 1,

|DkLc(ξ)| ≤ K(N)|ξ|−3m−4|Pm,c(|ξ|2, ξ21)| ≤ K(N)|ξ|−3m−4|ξ|2(m+1),whih proves (2.5.14). To derive (2.5.15), we note that in view of (2.5.1), it is enough to provethat for any 0 < |ξ| ≤ 1,
|Pm,c(|ξ|2, ξ21)| ≤ K(N)((1 − k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)). (2.5.16)If k1 = 0, inequality (2.5.16) is trivial. In the ase k1 = 1, this bound orresponds exatly toLemma 2.5.2.Proof of Lemma 2.4.3. Firstly, we notie that the ondition N ≥ 3 implies 0 < α < 1, so thatthe set of valid pairs p ≥ 1 and q ≥ 1 is not empty. From Proposition 2.5.1 we onlude that,for any |ξ| ≥ 1, k = (k1, . . . , kN ) ∈ {0, 1}N , |k| ≤ N ,

N∏

j=1

|ξj|α+kj
∣∣∣DkLc(ξ)

∣∣∣ ≤ K(N)

|ξ|2−Nα
≤ K(N), (2.5.17)37



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationprovided that α ≤ 2
N , for some onstant K(N) depending only on N . On the other hand, if

0 < |ξ| ≤ 1, we set ξ = rσ, with r > 0 and σ = (σ1, σ⊥) ∈ SN−1. Then we have that |ξj| ≤ r|σ⊥|,for any j ∈ {2, . . . , N}, and also that
|ξ|4 + 2|ξ|2 − c2ξ21 ≥ r2(r2 + 2σ2⊥),for any c ∈ (0,

√
2]. From (2.5.15), we onlude that
N∏

j=1

|ξj|α+kj
∣∣∣DkLc(ξ)

∣∣∣ ≤ K(N)
r2(|k|−k1+1)+αN |σ⊥|α(N−1)+2(|k|−k1)

r2(|k|−k1+1)(r2 + 2σ2⊥)
|k|−k1+1

≤ K(N)max{r, |σ⊥|}α(2N−1)−2 ≤ K(N), (2.5.18)for any k = (k1, . . . , kN ) ∈ {0, 1}N , |k| ≤ N , on ondition that α ≥ 2
2N−1 .Finally, from (2.5.17) and (2.5.18) we have that for every 2

2N−1 ≤ α ≤ 2
N ,

sup{|ξk1+α
1 · · · ξkN+α

1 DkLc(ξ)|, ξ ∈ RN\{0}, k ∈ {0, 1}N , |k| ≤ N} ≤ K(N),and therefore Lemma 2.4.3 is now an immediate onsequene of Lizorkin's multiplier theorem(see e.g. [75℄ and Theorem A.1).2.6 Appendix: Fourier multipliers and the Lizorkin theoremIn this appendix we reall some fats of Fourier multipliers and we give a sketh of the proofof the Lizorkin theorem.For m ∈ S′(RN ), we de�ne the operator M by
M̂(f) = mf̂, ∀f ∈ S(RN ), (A.1)where S(RN ) is the Shwartz spae and S′(RN ) is the spae of tempered distributions. We notethat (A.1) an also be reast in the form of the onvolution equation
Mf = g ∗ f, ∀f ∈ S(RN ),where m = ĝ.In the ase that there exist K > 0 and 1 ≤ p ≤ q ≤ ∞ suh that

‖M(f)‖Lq(RN ) ≤ K‖f‖Lp(RN ), ∀f ∈ S(RN ), (A.2)we say that m is an (Lp, Lq)-multiplier and M is its assoiated (Lp, Lq)-multiplier operator. If
p = q, we just say Lp-multiplier and Lp-multiplier operator, respetively. We observe that if m isan (Lp, Lq)-multiplier, with q < ∞, then M has a unique bounded extension to Lp(RN ), whihalso satis�es (A.2). The smallest onstant K satisfying (A.2) will be denoted ‖M‖p,q.For example, in the ase p = q = 2, we have that m is an L2-multiplier if and only if
m ∈ L∞(RN ). In fat, if m is an L2-multiplier, then for every f ∈ L2(RN ), Mf ∈ L2(RN ) andby the Planherel theorem,

‖mf̂‖L2(RN ) = (2π)
N
2 ‖M(f)‖L2(RN ) ≤ (2π)

N
2 ‖M‖2,2‖f‖L2(RN ) = ‖M‖2,2‖f̂‖L2(RN ).38



2.6. Appendix: Fourier multipliers and the Lizorkin theoremSine the Fourier transform is an isomorphism in L2(RN ), we onlude that
‖mf‖L2(RN ) ≤ ‖M‖2,2‖f‖L2(RN ), ∀f ∈ L2(RN ).Therefore m belongs to L2(RN ), and |m(ξ)| ≤ ‖M‖2,2 a.e. on RN . On the other hand, if

|m(ξ)| ≤ C a.e., by the Planherel Theorem,
‖M(f)‖L2(RN ) = ‖mf̂‖L2(RN ) ≤ C‖f̂‖L2(RN ) = C‖f‖L2(RN )By de�nition, this means that ‖M‖2,2 ≤ C.As an example of multiplier, we onsider the funtion

m(ξ) =
ξiξj
|ξ|2 , ∀ξ ∈ RN \ {0}. (A.3)From the Riesz potential theory (see e.g. [98℄), we have that m is an Lp-multiplier, for any

1 < p <∞. This result an also be dedued from following theorem due to Lizorkin.Theorem A.1 ([75, 76℄). Let m ∈ CN (RN \{0}), 1 < p ≤ q <∞ and suppose that exists M > 0suh that
sup{|ξk1+α

1 · · · ξkN+α
N Dkm(ξ)| : ξ ∈ RN \ {0}, k ∈ {0, 1}N} ≤M, (A.4)where α = 1

p − 1
q . Then m is an (Lp, Lq)-multiplier. Moreover, there exists a onstant K > 0,depending only on N, p and q, suh that

‖M‖p,q ≤ KM.For the sake of ompleteness, we give the sketh of the proof given in [75℄ and [76℄.Proof. The basi idea is to deompose m in dyadi regions and then express m as the integralof a potential in eah one. For this representation, we �nally prove that m is a multiplier inadequate spaes.Let us �rst reall some elementary fats. Given f ∈ C∞
0 (RN ) and n = (n1, . . . , nN ) ∈ ZN weset

Un = {ξ ∈ RN | 2nj < |ξ| ≤ 2nj+1, j = 1, . . . , N}.Then
f =

∑

n∈ZN

fn,where
fn(x) = F−1(1nf̂). (A.5)Here F−1 denotes the inverse of the Fourier transform and 1n is the harateristi funtion ofthe set Un. For 1 < p < ∞, we de�ne the spae Lp

2(R
N ) as the losure of ompat supportedfuntions with respet to the norm

‖f‖Lp
2(R

N ) =



∫

RN


∑

n∈ZN

f2n(x)




p
2

dx




1
p

.We reall that Lp
2(R

N ) is a Banah spae and that by the Littlewood-Paley theorem (Theorem A.2below), it oinides with the spae Lp(RN ), with equivalene of norms. 39



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationTheorem A.2 ([94℄). Let 1 < p < ∞ and f ∈ Lp(RN ). Then there exist onstants c1 and c2,independent of f , suh that
c1‖f‖Lp(RN ) ≤ ‖f‖Lp

2(R
N ) ≤ c2‖f‖Lp(RN ).Going bak to the prove of Theorem A.1, the �rst step is to deompose the operator M as

M = A3A2A1, ating aording to the following sheme
Lp(RN )

A1−→ Lp
2(R

N )
A2−→ Lq

2(R
N ),

A3−→ Lq(RN )where for all n ∈ ZN ,
(A1(f))n = F−1(f̂1n), .
(A2(g))n = F−1(mĝn1n),for all g ≡ (gn)n∈ZN ∈ Lp

2(R
N ), and

A3(g) = F−1


∑

n∈ZN

ĝn


 .The map A1 is bounded by Theorem A.2. We also have that A1(L

p(RN )) is a subspae of
Lp
2(R

N ) and it ontains the funtions (gn)n∈ZN for whih ĝn vanishes outside Un. We also notiethat Theorem A.2 implies the ontinuity of the map A3 : A2A1(L
p(RN )) → Lq(RN ). To provethe ontinuity of A2, we assume for simpliity that p < q. We will give several lemmas provedin [75℄ that yield the onlusion and we only give some remarks about their proofs.Lemma A.3. For any n ∈ ZN , there exists a bounded variation funtion ρn suh that

mn(ξ) ≡ m(ξ)1n(ξ) = ∫ ξ1

−∞
· · ·
∫ ξN

−∞

ρn(η)dη

(ξ1 − η1)α · · · (ξN − ηN )α
, (A.6)and

var
ξ∈RN

ρn(ξ) =

∫

RN

|ρ′n(ξ)|dξ ≤ cM, (A.7)for some onstant c > 0, independent of m, n and M .Proof idea. The integral equation (A.6) an be expliitly solved using the Fourier transform,resulting
ρn = c




N∏

j=1

1

ξ1−α
j


 ∗ ∂ξ1...ξNmn,where the last derivate is onsidered in a distributional sense. From here, using (A.4), it isstraightforward to verify (A.7).Now we explain how to obtain the bounds for some intermediate multipliers.Lemma A.4. Let 1 < p < q <∞. Then

Iα(f)(x) =

∫

RN

f(y)

N∏

j=1

1

|xj − yj|1−α
dyis an (Lp, Lq)-multiplier operator.40



2.6. Appendix: Fourier multipliers and the Lizorkin theoremProof. The ase N = 1 is the Hardy�Littlewood�Sobolev theorem (see e.g. [98℄). The generalase follows from an indutive argument.In terms of the Fourier transform, the operator Iα an be expressed as
Îαf(ξ) = c(N,α)

N∏

j=1

1

|ξj |α
f̂(ξ), ∀f ∈ S(RN ).Similarly, for η = (η1, . . . , ηN ) ∈ RN , we onsider the operator Jα,η given by

Ĵα,ηf(ξ) = (ξ − η)−α
+ f̂(ξ), ∀f ∈ S(RN ),where (·)+ is the funtion x+ = max{0, x}, ∀x ∈ R. Then we haveLemma A.5. Let 1 < p < q < ∞, α = 1

p − 1
q , η ∈ RN and f ∈ Lp(RN ). Then Jα,η is an

(Lp, Lq)-multiplier operator.Now we return to the terms of type (A.6).Lemma A.6. Let 1 < p < q <∞ and
m(ξ) =

∫ ξ1

−∞
· · ·
∫ ξN

−∞

ρ(η)dη

(ξ1 − η1)α+ · · · (ξN − ηN )α+
, (A.8)where ρ is a bounded variation funtion, with

var
ξ∈RN

ρ(ξ) =

∫

RN

|ρ(η)|dη ≤M, (A.9)then m is an-(Lp, Lq) multiplier. Moreover the respetive multiplier operator M satis�es
‖M‖p,q ≤ cM,for some onstant c > 0 independent of M .Proof. From the de�nition of M,

Mf(x) =
1

(2π)N

∫

RN

m(ξ)f̂(ξ)eix·ξdξ

=
1

(2π)N

∫

RN

(∫

RN

(ξ − η)−α
+ ρ(η)dη

)
f̂(ξ)eix·ξdξ

=
1

(2π)N

∫

RN

(∫

RN

(ξ − η)−α
+ f̂(ξ)eix·ξdξ

)
ρ(η)dη

=

∫

RN

Jα,η(f)(x)ρ(η)dη.Then, using the Minkowski inequality, we have
‖Mf‖Lq(RN ) ≤

∫

RN

‖Jα,η(f)‖Lq(RN )|ρ(η)|dη,so that, by Lemma A.5 and (A.9),
‖Mf‖Lq(RN ) ≤M‖Jα,η‖p,q‖f‖Lp(RN ),whih �nishes the proof. 41



Chapter 2. Nonexistene for travelling waves with small energy for the GP equationIn the ase of a funtion f = (fn)n∈ZN in Lp
2(R

N ), the Fourier transform is understood in thesense f̂ = (f̂n)n∈ZN ,and the onvolution with a distribution h ∈ S′(RN ) as
h ∗ f = (h ∗ fn)n∈ZN .In this manner,
ĥ ∗ f = ĥ̂f = (ĥf̂n)n∈ZN .and hene it is possible to give an Lp

2 − Lq
2 version of Lemma A.6. Furthermore, it ould beextended to a family of multipliers given by a family of bounded variation funtions.Lemma A.7. Let 1 < p < q <∞ and

mn(ξ) =

∫ ξ1

−∞
· · ·
∫ ξN

−∞

ρn(η)dη

(ξ1 − η1)
α
+ · · · (ξN − ηN )α+

, n ∈ ZN ,where ρn are bounded variation funtions satisfying
sup
n∈ZN

var
ξ∈RN

ρn(ξ) ≤M.Then mn is an (Lp
2, L

q
2)-multiplier, in the sense that the operator Mn de�ned by

M̂n(f) = mf̂, ∀f ∈ Lp
2(R

N )satis�es
‖Mn(f )‖Lq

2(R
N ) ≤ cM ∀f ∈ Lp

2(R
N ).From Lemmas A.3 and A.7, we onlude that A2 is ontinous and then the proof of Theo-rem A.1 is ompleted.AknowledgementsThe author is grateful to Fabrie Béthuel for helpful omments and suggestions on this work.
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Chapter 3Global well-posedness for a nonloalGross-Pitaevskii equation withnon-zero ondition at in�nity
AbstratWe study the Gross-Pitaevskii equation involving a nonloal interation potential. Our aim isto give su�ient onditions that over a variety of nonloal interations suh that the assoiatedCauhy problem is globally well-posed with non-zero boundary ondition at in�nity, in any di-mension. We fous on even potentials that are positive de�nite or positive tempered distributions.Keywords Nonloal Shrödinger equation; Gross-Pitaevskii equation; Global well-posedness;Initial value problem.Mathematis Subjet Classi�ation 35Q55; 35A05; 37K05; 35Q40; 81Q99.3.1 Introdution3.1.1 The problemIn order to desribe the kineti of a weakly interating Bose gas of bosons of mass m, Gross[52℄ and Pitaevskii [86℄ derived in the Hartree approximation, that the wavefuntion Ψ governingthe ondensate satis�es

i~∂tΨ(x, t) = − ~2

2m
∆Ψ(x, t) + Ψ(x, t)

∫

RN

|Ψ(y, t)|2V (x− y) dy, on RN × R, (3.1.1)where N is the spae dimension and V desribes the interation between bosons. In the mosttypial �rst approximation, V is onsidered as a Dira delta funtion, whih leads to the standardloal Gross-Pitaevskii equation. This loal model with non-vanishing ondition at in�nity has43



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationbeen intensively used, due to its appliation in various areas of physis, suh as super�uidity,nonlinear optis and Bose-Einstein ondensation [62, 61, 65, 26℄. It seems then natural to analyzethe equation (3.1.1) for more general interations. Indeed, in the study of super�uidity, super-solids and Bose-Einstein ondensation, di�erent types of nonloal potentials have been proposed[6, 32, 96, 87, 63, 1, 103, 27, 23℄.To obtain a dimensionless equation, we take the average energy level per unit mass E0 of aboson, and we set
ψ(x, t) = exp

(
imE0t

~

)
Ψ(x, t).Then (3.1.1) turns into

i~∂tψ(x, t) = − ~2

2m
∆ψ(x, t)−mE0ψ(x, t) + ψ(x, t)

∫

RN

|ψ(y, t)|2V (x− y) dy. (3.1.2)De�ning the resaling
u(x, t) =

1

λ
√
mE0

(
~√

2m2E0

)N
2

ψ

(
~x√
2m2E0

,
~t

mE0

)
,from (3.1.2) we dedue that

i∂tu(x, t) + ∆u(x, t) + u(x, t)

(
1− λ2

∫

RN

|u(y, t)|2V(x− y) dy

)
= 0,with

V(x) = V

(
~x√
2m2E0

)
.If we assume that the onvolution between V and a onstant is well-de�ned and equal to apositive onstant, hoosing λ2 = (V ∗ 1)−1, equation (3.1.2) is equivalent to

i∂tu+∆u+ λ2u(V ∗ (1− |u|2)) = 0 on RN × R. (3.1.3)More generally, we onsider the Cauhy problem for the nonloal Gross-Pitaevskii equation withnon-zero initial ondition at in�nity in the form
{
i∂tu+∆u+ u(W ∗ (1− |u|2)) = 0 on RN × R,

u(0) = u0,
(NGP)where

|u0(x)| → 1, as |x| → ∞. (3.1.4)If W is a real-valued even distribution, (NGP) is a Hamiltonian equation whose energy givenby
E(u(t)) =

1

2

∫

RN

|∇u(t)|2 dx+
1

4

∫

RN

(W ∗ (1− |u(t)|2))(1 − |u(t)|2) dxis formally onserved.In the ase that W is the Dira delta funtion, (NGP) orresponds to the loal Gross-Pitaevskii equation and the Cauhy problem in this instane has been studied by Béthuel and44



3.1. IntrodutionSaut [12℄, Gérard [41℄, Gallo [39℄, among others. As mentioned before, in a more general frame-work the interation kernel W ould be nonloal. For example, Shhesnovih and Kraenkel in[96℄ onsider for ε > 0,
Wε(x) =





1

2πε2
K0

( |x|
ε

)
, N = 2,

1

4πε2|x| exp
(
−|x|
ε

)
, N = 3,

(3.1.5)where K0 is the modi�ed Bessel funtion of seond kind (also alled MaDonald funtion). Inthis way Wε might be onsidered as an approximation of the Dira delta funtion, sine Wε → δ,as ε → 0, in a distributional sense. Others interesting nonloal interations are the soft orepotential
W (x) =

{
1, if |x| < a,

0, otherwise, (3.1.6)with a > 0, whih is used in [63, 1℄ to the study of supersolids, and also
W = α1δ + α2K, α1, α2 ∈ R, (3.1.7)where K is the singular kernel

K(x) =
x21 + x22 − 2x23

|x|5 , x ∈ R3\{0}. (3.1.8)The potential (3.1.7)-(3.1.8) models dipolar fores in a quantum gas (see [23℄, [103℄).3.1.2 Main resultsIn order to inlude interations suh as (3.1.7)-(3.1.8), it is appropriate to work in the spae
Mp,q(R

N ), that is the set of tempered distributions W suh that the linear operator f 7→W ∗ fis bounded from Lp(RN ) to Lq(RN ). We denote by ‖W‖p,q its norm. We will suppose that thereexist
p1, p2, p3, p4, q1, q2, q3, q4, s1, s2 ∈ [1,∞),with

N

N − 2
> p4,

2N

N − 2
> p2, p3, s1, s2 ≥ 2, 2 ≥ q1 >

2N

N + 2
, q3, q4 >

N

2
if N ≥ 3and

p2, p3, s1, s2 ≥ 2, 2 ≥ q1 > 1 if 2 ≥ N ≥ 1,suh that 



W ∈ M2,2(R
N ) ∩

4⋂

i=1

Mpi,qi(R
N ),

1

p3
+

1

q2
=

1

q1
,

1

p1
− 1

p3
=

1

s1
,

1

q1
− 1

q3
=

1

s2
if N ≥ 3.

(WN )We reall that if p > q, then Mp,q = {0}. Therefore if we suppose that W is not zero, thenumbers above have to satisfy q2, q3 ≥ 2. In addition, the existene of s1, s2 and the relations in(WN ) imply that
N

N − 2
> p1, q2 >

N

2
,

1

p1
− 1

p3
∈
(
N − 2

2N
,
1

2

]
,

1

q1
− 1

q3
∈
(
N − 2

2N
,
1

2

] if N ≥ 3. 45



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equation

Figure 3.1: For N > 4, the piture on the left represents the (1/p, 1/q)-plane, in the sense that
(1/p1, 1/q1) ∈ R1, (1/p2, 1/q2), (1/p3, 1/q3) ∈ R2, (1/p4, 1/q4) ∈ R3. In the piture on the right,the shaded areas symbolize that (1/q1, 1/q3) ∈ R4 and (1/p1, 1/p3) ∈ R5, for N > 6.Figure 3.1 shematially shows the loation of these numbers in the unit square.To hek the hypothesis (WN ) it is onvenient to use some properties of the spaesMp,q(R

N ).For instane, for any 1 < p ≤ q < ∞, Mp,q(R
N ) = Mq′,p′(R

N ) and for any 1 ≤ p ≤ 2,
M1,1(R

N ) ⊆ Mp,p(R
N ) ⊆ M2,2(R

N ) ([46℄). In Proposition 3.1.3 we give more expliit onditionsto ensure (WN ).As remarked before, the energy is formally onserved if W is a real-valued even distribution.We reall that a real-valued distribution is said to be even if
〈W,φ〉 = 〈W, φ̃〉, ∀φ ∈ C∞

0 (RN ;R),where φ̃(x) = φ(−x). However, the onservation of energy is not su�ient to study the longtime behavior of the Cauhy problem, beause the potential energy is not neessarily nonnegativeand the nonloal nature of the problem prevents us to obtain pointwise bounds. We are ableto ontrol this term assuming further that W is a positive distribution or supposing that it is apositive de�nite distribution. More preisely, we say that W is a positive distribution if
〈W,φ〉 ≥ 0, ∀φ ≥ 0, φ ∈ C∞

0 (RN ;R),and that it is a positive de�nite distribution if
〈W,φ ∗ φ̃〉 ≥ 0, φ ∈ C∞

0 (RN ;R). (3.1.9)These type of distributions frequently arise in the physial models (see Subsetion 3.1.3). Inpartiular, the real-valued even positive de�nite distributions inlude a large variety of modelswhere the interation between partiles is symmetri. In Setion 3.2 we state further propertiesof this kind of potentials.As Gallo in [39℄, we onsider the initial data u0 for the problem (NGP) belonging to thespae φ +H1(RN ), with φ a funtion of �nite energy. More preisely, from now on we assume46



3.1. Introdutionthat φ is a omplex-valued funtion that satis�es
φ ∈W 1,∞(RN ), ∇φ ∈ H2(RN ) ∩ C(Bc), |φ|2 − 1 ∈ L2(RN ), (3.1.10)where Bc denotes the omplement of some ball B ⊆ RN , so that in partiular φ satis�es (3.1.4).Remark 3.1.1. We do not suppose that φ has a limit at in�nity. In dimensions N = 1, 2 afuntion satisfying (3.1.10) ould have ompliated osillations, suh as (see [41, 40℄)

φ(x) = exp(i(ln(2 + |x|)) 1
4 ), x ∈ R2.We note that any funtion verifying (3.1.10) belongs to the Homogeneous Sobolev spae

Ḣ1(RN ) = {ψ ∈ L2
loc(R

N ) : ∇ψ ∈ L2(RN )}.In partiular, if N ≥ 3 there exists z0 ∈ C with |z0| = 1 suh that φ − z0 ∈ L
2N
N−2 (RN ) (seee.g. Theorem 4.5.9 in [59℄). Choosing α ∈ R suh that z0 = eiα and sine the equation (NGP)is invariant by a phase hange, one an assume that φ − 1 ∈ L

2N
N−2 (RN ), but we do not useexpliitly this deay in order to handle at the same time the two-dimensional ase.Our main result onerning the global well-posedness for the Cauhy problem is the following.Theorem 3.1.2. Let W be a real-valued even distribution satisfying (WN ).

(i) Assume that one of the following is veri�ed
(a) N ≥ 2 and W is a positive de�nite distribution.
(b) N ≥ 1, W ∈ M1,1(R

N ) and W is a positive distribution.Then the Cauhy problem (NGP) is globally well-posed in φ + H1(RN ). More preisely,for every w0 ∈ H1(RN ) there exists a unique w ∈ C(R,H1(RN )), for whih φ + w solves(NGP) with the initial ondition u0 = φ+ w0 and for any bounded losed interval I ⊂ R,the �ow map w0 ∈ H1(RN ) 7→ w ∈ C(I,H1(RN )) is ontinuous. Furthermore, w ∈
C1(R,H−1(RN )) and the energy is onserved

E0 := E(φ+ w0) = E(φ+ w(t)), ∀t ∈ R. (3.1.11)
(ii) Assume that there exists σ > 0 suh that

ess inf Ŵ ≥ σ. (3.1.12)Then (NGP) is globally well-posed in φ + H1(RN ), for all N ≥ 1 and (3.1.11) holds.Moreover, if u is the solution assoiated to the initial data u0 ∈ φ+H1(RN ), we have thegrowth estimate
‖u(t)− φ‖L2 ≤ C|t|+ ‖u0 − φ‖L2 , (3.1.13)for any t ∈ R, where C is a positive onstant that depends only on E0, W, φ and σ.We make now some remarks about Theorem 3.1.2.� The ondition (WN ) implies that W ∈ M2,2(R

N ), so that Ŵ ∈ L∞(RN ) and therefore theondition (3.1.12) makes sense. 47



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equation� In ontrast with (3.1.13), as we prove in Setion 3.5, the growth estimate for the solutiongiven by Theorem 3.1.2-(i) is only exponential
‖u(t)− φ‖L2 ≤ C1e

C2|t|(1 + ‖u0 − φ‖L2), t ∈ R,for some onstants C1, C2 only depending on E0, W and φ.� Aordingly to Remark 3.1.1 and the Sobolev embedding theorem, after a phase hangeindependent of t, the solution u of (NGP) given by Theorem 3.1.2 also satis�es that
u− 1 ∈ L

2N
N−2 (RN ) if N ≥ 3.� In dimensions 1 ≤ N ≤ 3 we an hoose (p4, q4) = (2, 2) in (WN ). Consequently, theondition that W ∈ Mp4,q4(R

N ) is nontrivial only when N ≥ 4.At �rst sight, it is not obvious to hek the hypotheses on W . The purpose of the next resultis to give su�ient onditions to ensure (WN ).Proposition 3.1.3.
(i) Let 1 ≤ N ≤ 3. If W ∈ M2,2(R

N ) ∩M3,3(R
N ), then W ful�ls (WN ). Furthermore, if

W veri�es (WN ) with pi = qi, 1 ≤ i ≤ 3, then W ∈ M2,2(R
N ) ∩M3,3(R

N ).
(ii) Let N ≥ 4. Assume that W ∈ Mr,r(R

N ) for every 1 < r < ∞. Also suppose that thereexists r̄ > N
4 suh that W ∈ Mp,q(R

N ), for every 1− 1
r̄ <

1
p < 1 with 1

q = 1
p +

1
r̄ − 1. Then

W satis�es (WN ).We onlude from Proposition 3.1.3 that the Dira delta funtion veri�es (WN ) in dimensions
1 ≤ N ≤ 3. Sine δ̂ = 1, Theorem 3.1.2-(ii) reovers the results of global existene for the loalGross-Pitaevskii equation in [12, 41, 39℄ and the growth estimate proved in [2℄. In addition, ifthe potential onverges to the Dira delta funtion, the orrespondent solutions onverge to thesolution of the loal problem as a onsequene of the following result.Proposition 3.1.4. Assume that 1 ≤ N ≤ 3. Let (Wn)n∈N be a sequene of real-valued distri-butions in M2,2(R

N ) ∩M3,3(R
N ) suh that un is the global solution of (NGP) given by Theo-rem 3.1.2, with Wn instead of W, for some initial data in φ+H1(RN ), and

lim
n→∞

Wn =W∞, in M2,2(R
N ) ∩M3,3(R

N ), (3.1.14)with ‖W∞‖M2,2∩M3,3 > 0 (‖·‖M2,2∩M3,3 := max{‖·‖M2,2 , ‖·‖M3,3}). Then un → u in C(I,H1(RN )),for any bounded losed interval I ⊂ R, where u is the solution of (NGP) with W =W∞ and thesame initial data.On the other hand, the Dira delta funtion does not satisfy (WN ) if N ≥ 4 and thereforeTheorem 3.1.2 annot be applied. In fat, to our knowledge there is no proof for the globalwell-posedness to the loal Gross-Pitaevskii equation in dimension N ≥ 4 with arbitrary initialondition. For small initial data, Gustafson et al. [54℄ proved global well-posedness in dimensions
N ≥ 4 as well as Gérard [41℄ in the four-dimensional energy spae.As a onsequene of Theorem 3.1.2 and Proposition 3.1.3 we derive the next result for inte-grable kernels.Corollary 3.1.5. Let W be a real-valued even funtion suh that W ∈ L1(RN ) if 1 ≤ N ≤ 3and W ∈ L1(RN ) ∩ Lr(RN ), for some r > N

4 , if N ≥ 4. Assume also that W is positive de�niteif N ≥ 2, or that it is nonnegative. Then the Cauhy problem (NGP) is globally well-posed in
φ+H1(RN ).48



3.1. IntrodutionAs Gallo remarks in [39℄, the well-posedness in a spae suh as φ +H1(RN ) makes possibleto handle the problem with initial data in the energy spae
E(RN ) = {u ∈ H1lo(RN ) : ∇u ∈ L2(RN ), 1− |u|2 ∈ L2(RN )},equipped with the distane

d(u, v) = ‖u− v‖X1+H1 + ‖|u|2 − |v|2‖L2 . (3.1.15)Here X1(RN ) denotes the Zhidkov spae
X1(RN ) = {u ∈ L∞(RN ) : ∇u ∈ L2(RN )}.We reall that u ∈ C(R, E(RN )) is alled a mild solution of (NGP) if it satis�es the Duhamelformula

u(t) = eit∆u0 + i

∫ t

0
ei(t−s)∆(u(s)(W ∗ (1− |u(s)|2)) ds, t ∈ R.We note that by Lemma 3.6.3 the integral in the r.h.s is atually �nite (see [41, 40℄ for furtherresults about the ation of Shrödinger semigroup on E(RN )). With the same arguments of [39℄,we may also handle the problem with initial data in the energy spae. Moreover, in the ase

1 ≤ N ≤ 4, we prove that a solution in the energy spae with initial ondition u0 ∈ E(RN ),neessarily belongs to u0 + H1(RN ), whih is a proper subset of E(RN ). This also gives theuniqueness in the energy spae for 1 ≤ N ≤ 4, as follows.Theorem 3.1.6. Let W be as in Theorem 3.1.2. Then for any u0 ∈ E(RN ), there exists aunique w ∈ C(R,H1(RN )) suh that u := u0 +w solves (NGP). Furthermore, if 1 ≤ N ≤ 4 and
v ∈ C(R, E(RN )) is a mild solution of (NGP) with v(0) = u0, then v = u.The next proposition shows that the hypotheses made on the potential W also ensure the
H2-regularity of the solutions.Proposition 3.1.7. Let W be as in Theorem 3.1.2 and u be the global solution of (NGP) forsome initial data u0 ∈ φ+H2(RN ). Then u− φ ∈ C(R,H2(RN )) ∩ C1(R, L2(RN )).Finally, we study the onservation of momentum and mass for (NGP). As has been disussedin several works (see [7, 9, 77, 10℄) the lassial onepts of momentum and mass, that is

p(u) =

∫

RN

〈〈i∇u, u〉〉 dx and M(u) =

∫

RN

(1− |u|2) dx,with 〈〈z1, z2〉〉 = Re(z1z2), are not well-de�ned for u ∈ φ+H1(RN ). Thus it is neessary to givesome generalized sense to these quantities. In Setion 3.7 we will explain in detail a notion ofgeneralized momentum and generalized mass suh that we have the next results on onservationlaws.Theorem 3.1.8. Let N ≥ 1 and u0 ∈ φ+H1(RN ). Then the generalized momentum is onservedby the �ow of the assoiated solution u of (NGP) given by Theorem 3.1.2.Theorem 3.1.9. Let 1 ≤ N ≤ 4. In addition to (3.1.10), assume that ∇φ ∈ L
N

N−1 (RN ) if
N = 3, 4. Suppose that u0 ∈ φ+H1(RN ) has �nite generalized mass. Then the generalized massof the assoiated solution of (NGP) given by Theorem 3.1.2 is onserved by the �ow. 49



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equation3.1.3 Examples(i) Given the spherially symmetri interation of bosons, it is usual to suppose that W isradial, that is W (x− y) = R(|x− y|), with R : [0,∞) → R. Using the fat that the Fouriertransform of a radial funtion is also radial, we may write Ŵ (ξ) = ρ(|ξ|), for some funtion
ρ : [0,∞) → R. Notiing that δ̂ = 1, a next order of approximation would be to onsider(see e.g. [96℄)

ρ(r) =
1

1 + ε2r2
, ε > 0.Then the Fourier inversion theorem implies that W is given by (3.1.5) for N = 2, 3. ByProposition 3.2.2, (3.1.5) is indeed a positive de�nite funtion, sine ρ is nonnegative. Forthis potential we also have that K0(x) ≈ ln

(
2
x

) as x → 0, and K0(x) ≈
√

π
2x exp(−x) as

x→ ∞ (see e.g. [73℄, p. 136), hene W ∈ L1(RN ) for N = 2, 3. Therefore it is possible toinvoke Corollary 3.1.5.(ii) By Lemma 3.2.3, the funtion given by (3.1.6) annot be positive de�nite, sine it isbounded and it does not oinide with any ontinuous funtion a.e. However, W is anonnegative funtion that belongs to L1(RN )∩L∞(RN ). Therefore Corollary 3.1.5 an beapplied in any dimension.(iii) We reall that if Ω is an even funtion, smooth away from the origin, homogeneous ofdegree zero, with zero mean-value on the sphere
∫

SN−1

Ω(σ) dσ = 0,then
K(x) =

Ω(x)

|x|N , x ∈ RN\{0},de�nes a tempered distribution K in the sense of prinipal value, that oinides with Kaway from the origin. Moreover, for any f ∈ S(RN ), x ∈ RN ,
(K ∗ f)(x) = p.v.∫

RN

K(y)f(x− y) dy = lim
ε→0

∫

1
ε
>|y|>ε

Ω(y)

|y|N f(x− y) dy, (3.1.16)
K ∈ Mp,p(R

N ) for every 1 < p < ∞, and the Fourier transform of K belongs to L∞(RN )(f. [98℄). Therefore
W = α1δ + α2K (3.1.17)is a positive de�nite distribution if α1 is large enough and then Theorem 3.1.2-(ii) gives aglobal solution of (NGP) in any dimension. For instane, we may onsider in dimensionthree the funtion K given by (3.1.8). Sine (see [23℄)

K̂(ξ) =
4π

3

(
3ξ23
|ξ|2 − 1

)
, ξ ∈ R3\{0},(3.1.17) is positive de�nite by Proposition 3.2.2 if

α1 ≥
4π

3
α2 ≥ 0 or α1 ≥ −8π

3
α2 ≥ 0. (3.1.18)Therefore, if (3.1.18) is veri�ed we may apply Theorem 3.1.2-(i)-(a). Moreover, if theinequalities in (3.1.18) are strit, we have also the growth estimate of Theorem 3.1.2-(ii).50



3.1. Introdution(iv) Let us reall that to pass from the original equation (3.1.1) to (3.1.3) (and hene to (NGP))we only need the onstant V ∗ 1 be positive. If we take V as the potential given in theexamples (i) or (ii), then V ∈ L1(RN ) and
V ∗ 1 =

∫

RN

V (x) dx > 0.Therefore Theorem 3.1.2 also provides the global well-posedness for the equation (3.1.1). Ifwe want to onsider V as in the example (iii), the meaning of K∗1 is not obvious. However,(3.1.16) still makes sense if f ≡ 1. In fat, using (3.1.16),
(K ∗ 1)(x) = lim

ε→0

∫ ε−1

ε

∫

S2

Ω(σ)

r3
r2 dσ dr = 0.Then if V is given by (3.1.17), V ∗ 1 = α1 and we have the same onlusion as before,provided that α1 > 0.One of the �rst works that introdues the nonloal interation in the Gross-Pitaevskii equationwas made by Pomeau and Ria in [87℄ onsidering the potential (3.1.6). Their main purpose wasto establish a model for super�uids with rotons. In fat, the Landau theory of super�uidity ofHelium II says that the dispersion urve must exhibit a roton minimum (see [71, 37℄) as wasorroborated later by experimental observations ([34℄). Although the model onsidered in [87℄has a good �t with the roton minimum, it does not provide a orret sound speed. For thisreason Berlo� in [5℄ proposes the potential

W (x) = (α+ βA2|x|2 + γA4|x|4) exp(−A2|x|2), x ∈ R3, (3.1.19)where the parameters A, α, β and γ are hosen suh that the above requirements are satis�ed.However, the existene of this roton minimum implies that Ŵ must be negative in some interval.In addition, a numerial simulation in [5℄ shows that in this ase the solution exhibits nonphysialmass onentration phenomenon, for ertain initial onditions in φ + H1(R3). At some point,our results are in agreement with these observations in the sense that Theorem 3.1.2 annot beapplied to the potential (3.1.19), beause Ŵ and W are negative in some interval. However, byProposition 3.1.3 we may use the following loal well-posedness resultTheorem 3.1.10. Let W be a distribution satisfying (WN ). Then the Cauhy problem (NGP) isloally well-posed in φ+H1(RN ). More preisely, for every w0 ∈ H1(RN ) there exists T > 0 suhthat there is a unique w ∈ C([−T, T ],H1(RN )), for whih φ + w solves (NGP) with the initialondition u0 = φ+w0. In addition, w is de�ned on a maximal time interval (−Tmin, Tmax) where
w ∈ C1((−Tmin, Tmax),H

−1(RN )) and the blow-up alternative holds: ‖w(t)‖H1(RN ) → ∞, as t→
Tmax if Tmax < ∞ and ‖w(t)‖H1(RN ) → ∞, as t → Tmin if Tmin < ∞. Furthermore, supposingthat W is a real-valued even distribution, for any bounded losed interval I ⊂ (−Tmin, Tmax) the�ow map w0 ∈ H1(RN ) 7→ w ∈ C(I,H1(RN )) is ontinuous and the energy and the generalizedmomentum are onserved on (−Tmin, Tmax).It is an open question to establish whih are the exat impliations of hange of sign of theFourier transform of the potential for the global existene of the solutions of (NGP). As proposedin [6℄, a way to handle this problem would be to add a higher-order nonlinear term in (3.1.1)to avoid the mass onentration phenomenon, maintaining the orret phonon-roton dispersionurve. 51



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationThis paper is organized as follows. In the next setion we give several results about positivede�nite and positive distributions. In Setion 3 we establish some onvolution inequalities thatinvolve the hypothesis (WN ) and we give the proof of Corollary 3.1.5. We prove the loal well-posedness in Setion 3.4 and also Propositions 3.1.4 and 3.1.7. Theorem 3.1.2 is ompleted inSetion 3.5. In Setion 3.6 we brie�y reall the arguments that lead to Theorem 3.1.6 and inSetion 3.7 we study the onservation of momentum and mass.3.2 Positive de�nite and positive distributionsThe purpose of this setion is to reall some lassial results for positive de�nite and positivedistributions, in the ontext of Theorem 3.1.2. We also state some properties that we do notuse in the next setions, but are useful to better understand the type of potentials onsidered inTheorem 3.1.2.L. Shwartz in [95℄ de�nes that a (omplex-valued) distribution T is positive de�nite if
〈T, φ ∗ φ̆〉 ≥ 0, ∀φ ∈ C∞

0 (RN ;C), (3.2.1)with φ̆(x) = φ(−x). In virtue of our hypothesis on W, we have preferred to adopt the simplerde�nition (3.1.9). The relation between these two possible de�nitions is given in the followinglemma.Lemma 3.2.1. Let T be a real-valued distribution.
(i) If T is positive de�nite (in the sense of (3.1.9)) and even, then T ful�ls (3.2.1).
(ii) If T veri�es (3.2.1), then T is even.In partiular, an even real-valued distribution is positive de�nite (in the sense of (3.1.9)) if andonly if it satis�es (3.2.1).Proof. Suppose that T is positive de�nite in the sense of (3.1.9). Let φ ∈ C∞

0 (RN ;C), with
φ = φ1 + iφ2, φ1, φ2 ∈ C∞

0 (RN ;R). Then
〈T, φ ∗ φ̆〉 = 〈T, φ1 ∗ φ̃1〉+ 〈T, φ̃2 ∗ φ2〉+ i〈T, φ̃1 ∗ φ2〉 − i〈T, φ1 ∗ φ̃2〉. (3.2.2)Sine T is even,

〈T, φ̃1 ∗ φ2〉 = 〈T, φ1 ∗ φ̃2〉.Therefore the imaginary part in the r.h.s. of (3.2.2) is zero. The real part is positive beause Tis positive de�nite, whih implies that T veri�es (3.2.1).For the proof of (ii), see [95℄.The next result haraterizes the positive de�nite distributions under the hypotheses of The-orem 3.1.2. In partiular, it gives a simple way to hek the positive de�niteness in terms of theFourier transform.Proposition 3.2.2. Let W ∈ M2,2(R
N ) be an even real-valued distribution. The followingassertions are equivalent

(i) W is a positive de�nite distribution.
(ii) Ŵ ∈ L∞(RN ) and Ŵ (ξ) ≥ 0 for almost every ξ ∈ RN .52



3.2. Positive de�nite and positive distributions
(iii) For every f ∈ L2(RN ;R),

∫

RN

(W ∗ f)(x)f(x) dx ≥ 0.Proof. (i) ⇒ (ii). By Lemma 3.2.1, we may apply the so-alled Shwartz-Bohner Theorem(see [95℄, p. 276). Then there exists a positive measure µ ∈ S′(RN ) suh that Ŵ = µ. Sine
W ∈ M2,2(R

N ), we have that Ŵ ∈ L∞(RN ), and therefore Ŵ is a nonnegative boundedfuntion.(ii) ⇒ (iii). Sine W ∈ M2,2(R
N ), W ∗ f ∈ L2(RN ). From the fat that S(RN ) is dense in

L2(RN ), we also have that
Ŵ ∗ f = Ŵ f̂ .Using that f is real-valued, by Parseval's theorem we �nally dedue

∫

RN

(W ∗ f)(x)f(x) dx = (2π)−N

∫

RN

Ŵ (ξ)|f̂(ξ)|2 dξ ≥ 0,where we have used that Ŵ ≥ 0 for the last inequality.(iii) ⇒ (i). This impliation diretly follows from the fat that C∞
0 (RN ;R) ⊂ L2(RN ;R).We remark that a positive de�nite distribution is not neessarily a positive distribution. Forinstane, we onsider the Laguerre-Gaussian funtions

Wm(x) = e−|x|2
m∑

k=0

(−1)k

k!

(
m+ N

2

m− k

)
|x|2k, x ∈ RN , m ∈ N. (3.2.3)These funtions are negative in some subset of RN and sine Ŵm ≥ 0 (see e.g. [36℄, p. 38),Proposition 3.2.2 shows that they are positive de�nite funtions. We also have that Wm ∈

L1(RN ) ∩ L∞(RN ). Then Corollary 3.1.5 gives global existene of (NGP) for the potential(3.2.3) in any dimension N ≥ 2.In the ase that the onsidered distribution is atually a bounded funtion, its positive def-initeness gives some regularity. In other diretion, the onept of positive de�niteness may berelated to the same onept used for matries. We reall some of these results in the next lemma.Lemma 3.2.3. Let W be an even real-valued positive de�nite distribution.
(i) If W ∈ L∞(RN ), then it oinides almost everywhere with a ontinuous funtion.
(ii) If W is ontinuous, then W (0) = ‖W‖L∞(RN ) and for all x1, . . . , xm ∈ RN , m ≥ 1, thematrix given by Ajk =W (xj − xk), j, k ∈ {1, . . . ,m}, is a positive semi-de�nite matrix.Proof. Taking into onsideration Lemma 3.2.1, these statements are proved in [95℄.The importane of the ondition (3.1.12) is that it gives the following oerivity property tothe potential energy.Lemma 3.2.4. Assume that W ∈ M2,2(R

N ) veri�es (3.1.12). Then for all f ∈ L2(RN ;R),
σ‖f‖2L2 ≤

∫

RN

(W ∗ f)(x)f(x) dx ≤ ‖W‖2,2‖f‖2L2 . (3.2.4)53



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationProof. The �rst inequality follows from Parseval's theorem,
∫

RN

(W ∗ f)(x)f(x) dx = (2π)−N

∫

RN

Ŵ (ξ)|f̂(ξ)|2 dξ ≥ σ‖f‖2L2 .The seond inequality in (3.2.4) is immediate sine W ∈ M2,2(R
N ).The purpose of the last lemma in this setion is to establish some properties of the positivedistributions whih appear in Theorem 3.1.2. In partiular, we show that for these distributions(WN ) is automatially veri�ed if 1 ≤ N ≤ 3.Lemma 3.2.5. Let W ∈ M1,1(R

N ) be a positive distribution. Then W ∈ Mp,p(R
N ), for any

1 ≤ p ≤ ∞ and W is a positive Borel measure of �nite mass. If 1 ≤ N ≤ 3 we also have that Wsatis�es (WN ).Proof. SineW ∈ M1,1(R
N ), it is well known thatW is a (omplex-valued) �nite Borel measure.Then W ∈ M∞,∞(RN ) and by interpolation W ∈ Mp,p(R

N ) for any 1 ≤ p ≤ ∞. Finally,the fat that W is a positive distribution implies that it is a positive measure (f. [95℄). ByProposition 3.1.3 we onlude that W satis�es (WN ), if 1 ≤ N ≤ 3.3.3 Some onsequenes of assumption (WN)We �rst establish some inequalities involving the onvolution withW that explain in part howthe hypothesis (WN ) works. After that, we give the proof of Proposition 3.1.3 and Corollary 3.1.5.From now on we adopt the standard notation C(·, ·, . . . ) to represent a generi onstant thatdepends only on eah of its arguments, and possibly on some �xed numbers suh as the dimension.In the ase that W ∈ Mp,q(R
N ) we use C(W ) to denote a onstant that only depends on thenorm ‖W‖p,q. We also use the notation p′ for the onjugate exponent of p given by 1/p+1/p′ = 1.Lemma 3.3.1. Let W ∈ Mp1,q1(R

N ) ∩Mp2,q2(R
N ) ∩Mp3,q3(R

N ), with
p1, p2, p3, q1, q2, q3 ≥ 1 and 1

p3
+

1

q2
=

1

q1
.Suppose that there are s1, s2 ≥ 1, suh that

1

p1
− 1

p3
=

1

s1
,

1

q1
− 1

q3
=

1

s2
.Then for any u, v ∈ S(RN )

‖(W ∗ u)v‖Lq1 ≤ ‖W‖p2,q2‖u‖Lp2‖v‖Lp3 ,

‖(W ∗ u)v‖Lq1 ≤ ‖W‖p3,q3‖u‖Lp3‖v‖Ls2 ,

‖W ∗ (uv)‖Lq1 ≤ ‖W‖p1,q1‖u‖Lp3‖v‖Ls1 .Proof. The proof is a diret onsequene of Hölder inequality and the hypotheses on W .Lemma 3.3.2. Assume that W satis�es (WN ) and that N ≥ 4. Then W ∈ M N
N−2

,2(R
N ),

W ∈ M N
N−2

,N
2
(RN ) and W ∈ M2,N

2
(RN ).54



3.3. Some onsequenes of assumption (WN)Proof. From the Riesz-Thorin interpolation theorem and the fat that (12 , 2
N

) and (N−2
N , 2

N

)belong to the onvex hull of
{(

1

2
,
1

2

)
,

(
1

p1
,
1

q1

)
,

(
1

p3
,
1

q3

)
,

(
1

p4
,
1

q4

)}
,we onlude that W ∈ M2,N

2
(RN ) and W ∈ M N

N−2
,N
2
(RN ). Sine the onjugate exponent of

N
N−2 is N

2 , W ∈ M2,N
2
(RN ) implies that W ∈ M N

N−2
,2(R

N ).Lemma 3.3.3. Assume that W satis�es (WN ). Then for any u, v, w ∈ S(RN ),
‖(W ∗ (uv))w‖Lγ̃ ≤ C(W )‖u‖Ls̃‖v‖Lr̃‖w‖Lr̃ , (3.3.1)for some 2 > γ̃ > 2N

N+2 , 2N
N−2 > r̃, s̃ > 2 if N ≥ 3, and 2 > γ̃ > 1, ∞ > r̃, s̃ > 2 if N = 1, 2.Proof. If N ≥ 4, by Lemma 3.3.2 we have thatW ∈ M N

N−2
,N
2
(RN ). Sine alsoW ∈ Mp4,q4(R

N ),from the Riesz-Thorin interpolation theorem we dedue that there exist p̄ and q̄ suh that
W ∈ Mp̄,q̄(R

N ),
N

N − 1
< p̄ <

N

N − 2
,

N

2
< q̄ < N. (3.3.2)Now we set

1

r̃
= min

{
1

2

(
1− 1

q̄

)
,
1

2p̄

}
,
1

γ̃
=

1

q̄
+

1

r̄
,
1

s̃
=

1

p̄
− 1

r̃
.In view of (3.3.2), we have 2N

N+2 < γ̃ < 2 and 2 < r̃, s̃ < N−2
2N . By Hölder inequality, we onludethat

‖(W ∗ (uv))w‖Lγ̃ ≤ ‖W ∗ (uv)‖Lq̄‖w‖Lr̃

≤ ‖W‖p̄,q̄‖uv‖Lp̄‖w‖Lr̃

≤ ‖W‖p̄,q̄‖u‖Ls̃‖v‖Lr̃‖w‖Lr̃ .If N = 1, 2, 3, the proof is simpler. It is su�ient to take q̄ = 2, p̄ = 2, s̃ = r̃ = 4, γ̃ = 4
3 in thelast inequality to dedue (3.3.1).Lemma 3.3.4. Assume that W satis�es (WN ).

(i) For any u ∈ φ+H1(RN ) we have (W ∗ (1− |u|2))(1 − |u|2) ∈ L1(RN )

(ii) If W is also an even real-valued distribution, then for any u ∈ φ+H1(RN ) and h ∈ H1(RN ),
∫

RN

(W ∗ 〈〈u, h〉〉)(1 − |u|2) dx =

∫

RN

(W ∗ (1− |u|2))〈〈u, h〉〉 dx. (3.3.3)Proof. Let u = φ + w, with w ∈ H1(RN ). If N ≥ 4, by (3.1.10) and the Sobolev embeddingtheorem, we dedue that
(1− |φ|2 − 2〈〈φ,w〉〉 − |w|2) ∈ L2(RN ) + L

N
N−2 (RN ). 55



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationBy Lemma 3.3.2 we have that the map h 7→ W ∗ h is ontinuous from L2(RN ) + L
N

N−2 (RN ) to
L2(RN ) ∩ LN

2 (RN ) and sine N−2
N + 2

N = 1, by Hölder inequality we onlude that
(W ∗ (1− |φ|2 − 2〈〈φ,w〉〉 − |w|2))(1 − |φ|2 − 2〈〈φ,w〉〉 − |w|2) ∈ L1(RN ). (3.3.4)If 1 ≤ N ≤ 3, (3.3.4) follows from the fat that |w|2 ∈ L2(RN ). This onludes the proof of (i).A similar argument shows that ‖(W ∗ 〈〈u, h〉〉)(1 − |u|2)‖L1 <∞. Then using that W is evenand Fubini's theorem we obtain (ii).The previous lemmas will be useful in the next setions, in partiular to prove the loalwell-posedness of (NGP). Now we give the proofs of Proposition 3.1.3 and Corollary 3.1.5, thatinvolve some straightforward omputations.Proof of Proposition 3.1.3. For the �rst part of (i), we note that the hypothesis implies thatW ∈

Mp,p(R
N ) for any 3

2 ≤ p ≤ 3. Then it is su�ient to take p1 = q1 = 3
2 , p2 = p3 = q2 = q3 = 3and p4 = q4 = 2 to see that (WN ) is ful�lled. For the seond part of (i), we need prove that

W ∈ M3,3(R
N ). Realling that Mp,q(R

N ) = Mq′,p′(R
N ) for 1 < p ≤ q <∞ and using the Rieszinterpolation theorem, we have that W ∈ Ms,t(R

N ), for every (s−1, t−1) in the onvex hull of
{(

1

2
,
1

2

)}
∪

3⋃

j=1

{(
1

pj
,
1

qj

)
,

(
1− 1

qj
, 1− 1

pj

)}
. (3.3.5)By hypothesis, pi = qi, i = 1, 2, 3, thus (WN ) implies that

1

p2
+

1

p3
=

1

p1
, 2 ≥ p1 and p2, p3 ≥ 2.Hene the onvex hull of (3.3.5) simpli�es to

{
(x, x) ∈ R2 : min

{
1− 1

p1
,
1

p2
,
1

p1
− 1

p2

}
≤ x ≤ max

{
1

p1
, 1− 1

p2
, 1− 1

p1
+

1

p2

}}
.Arguing by ontradition, it is simple to see that

min

{
1− 1

p1
,
1

p2
,
1

p1
− 1

p2

}
≤ 1

3
and 2

3
≤ max

{
1

p1
, 1− 1

p2
, 1− 1

p1
+

1

p2

}
.Therefore W ∈ Ms,s(R

N ), for every 3
2 ≤ s ≤ 3. In partiular W ∈ M2,2(R

N ) ∩M3,3(R
N ).To prove (ii), we notie that by interpolation we have that W ∈ Mα,β(R

N ), for all α, βsatisfying
1 ≤ α, β,

1

α
−
(
1− 1

r̄

)
≤ 1

β
≤ 1

α
. (3.3.6)We now de�ne

p2 = p3 =

{
3, if 4 ≤ N ≤ 5,
sN

sN−1 , if 6 ≤ N,
q2 = q3 =

{
3, if 4 ≤ N ≤ 5,

N, if 6 ≤ N,

p1 =

{
3
2 , if 4 ≤ N ≤ 5,
N

N−1 , if 6 ≤ N,
q1 =

{
3
2 , if 4 ≤ N ≤ 5,
p3q2
p3+q2

, if 6 ≤ N,56



3.4. Loal existene
p4 =

2r̄
2r̄−1 , q4 = 2r̄, where

sN =





N

4
+ εN , if 6 ≤ N ≤ 7,

2(N + 1)

N + 2
, if 8 ≤ N,and εN > 0 is hosen small enough suh that 0 < εN < 2− N

4 if 6 ≤ N ≤ 7. Then we have that
2N

N + 2
< sN < 2, for any N ≥ 6. (3.3.7)Using that r̄ > N

4 and (3.3.7), we an verify that the hoie of (pi, qi), i ∈ {1, . . . , 4}, satis�es(3.3.6) with α = pi and β = qi, as well as all the others restritions in the hypothesis (WN ),whih ompletes the proof.Proof of Corollary 3.1.5. By Young inequality we have thatW ∈ Mp,p(R
N ), for any 1 ≤ p ≤ ∞.In partiular the ondition W ∈ M1,1(R

N ) is ful�lled. If 1 ≤ N ≤ 3, the onlusion is aonsequene of Proposition 3.1.3 and Theorem 3.1.2. If N ≥ 4, by Young inequality we havethat W ∈ Mp,q(R
N ), for all 1 − 1

r ≤ 1
p ≤ 1, with 1

q = 1
p + 1

r − 1. Then the proof follows againfrom Proposition 3.1.3 and Theorem 3.1.2.3.4 Loal existeneIn order to prove Theorem 3.1.2 we �rst are going to prove the loal well-posedness. The-orem 3.1.10 is based on the fat that if we set u = w + φ, then u is a solution of (NGP) withinitial ondition u0 = φ+ w0 if and only if w solves
{
i∂tw +∆w + f(w) = 0 on RN × R,

w(0) = w0,
(3.4.1)with

f(w) = ∆φ+ (w + φ)(W ∗ (1− |φ+ w|2)).We deompose f as
f(w) = g1(w) + g2(w) + g3(w) + g4(w), (3.4.2)with

g1(w) = ∆φ+ (W ∗ (1− |φ|2))φ,
g2(w) = −2(W ∗ 〈〈φ,w〉〉)φ,
g3(w) = −(W ∗ |w|2)φ− 2(W ∗ 〈〈φ,w〉〉)w + (W ∗ (1− |φ|2))w,
g4(w) = −(W ∗ |w|2)w.The next lemma gives some estimates on eah of these funtions.Lemma 3.4.1. Assume thatW satis�es (WN ). Using the numbers given by (WN ) and Lemma 3.3.3,let r1 = r2 = 2, r3 = p3, r4 = r̃, ρ1 = ρ2 = 2, ρ3 = q′1 and ρ4 = γ̃′. Then

gj ∈ C(H1(RN ),H−1(RN )), j ∈ {1, 2, 3, 4}. (3.4.3)57



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationFurthermore, for any M > 0 there exists a onstant C(M,W,φ) suh that
‖gj(w1)− gj(w2)‖

L
ρ′
j
≤ C(M,W,φ)‖w1 − w2‖

L
rj
, (3.4.4)for all w1, w2 ∈ H1(RN ) with ‖w1‖H1 , ‖w2‖H1 ≤M , and

‖gj(w)‖
W

1,ρ′
j
≤ C(M,W,φ)(1 + ‖w‖

W 1,rj
), (3.4.5)for all w ∈ H1(RN ) ∩W 1,rj(RN ) with ‖w‖H1 ≤M .Proof. Sine g1 is a onstant funtion of w, g1 ∈ C(H1(RN ),H−1(RN )) and (3.4.4) is trivial inthis ase. The ondition (3.4.5) follows from the estimate

‖g1(w)‖H1 ≤‖∇φ‖H2 + ‖W‖2,2(‖1 − |φ|2‖L2‖φ‖W 1,∞ + 2‖φ‖2L∞‖∇φ‖L2).Similarly we obtain for g2,
‖g2(w1)− g2(w2)‖L2 ≤ 2‖W‖2,2‖φ‖2L∞‖w1 − w2‖L2and

‖∇g2(w)‖L2 ≤ 2‖W‖2,2‖φ‖L∞

(
‖φ‖L∞‖∇w‖L2 + 2‖∇φ‖L∞‖w‖L2

)

≤ C(W,φ)‖w‖H1 .Then we dedue (3.4.4) and (3.4.5) for j = 2.For g3, we have
g3(w2)− g3(w1) = (W ∗ (|w1|2 − |w2|2))φ+ 2(W ∗ 〈〈φ,w1 − w2〉〉)w1

+ 2(W ∗ 〈〈φ,w2〉〉)(w1 −w2) + (W ∗ (1− |φ|2))(w1 − w2).The assumption (WN ) allows to apply Lemma 3.3.1 and then we derive
‖g3(w2)− g3(w1)‖Lρ′3

≤ C(W,φ)‖w1 − w2‖Lr3 (‖w1‖Ls1 + ‖w2‖Ls1

+2‖w1‖Ls2 + 2‖w2‖Lp2 + 1).
(3.4.6)More preisely, the dependene on φ of the onstant C(W,φ) in the last inequality is givenexpliitly by max{‖φ‖L∞ , ‖1− |φ|2‖Lp2}. By the Sobolev embedding theorem

H1(RN ) →֒ Lp(RN ), ∀ p ∈
[
2,

2N

N − 2

] if N ≥ 3 and ∀ p ∈ [2,∞) if N = 1, 2. (3.4.7)In partiular,
‖w1‖Ls1 + ‖w2‖Ls1 + 2‖w1‖Ls2 + 2‖w2‖Lp2 ≤ C(‖w1‖H1 + ‖w2‖H1),whih together with (3.4.6) gives us (3.4.4) for g3. With the same type of omputations, taking

w ∈ H1(RN ), ‖w‖H1 ≤M , we have
‖∇g3(w)‖Lρ′3

≤C(M,W,φ)(‖∇w‖Lr3 + ‖w‖Lr3 ),where the dependene on φ is in terms of ‖φ‖L∞ , ‖∇φ‖L∞ , ‖1− |φ|2‖Lp2 and ‖∇φ‖Lp2 .58



3.4. Loal existeneFor g4, applying Lemma 3.3.3 we obtain
‖g4(w1)− g4(w2)‖Lρ′

4
≤ C(W )‖w1 − w2‖Lr4 ((‖w1‖Ls + ‖w2‖Ls)‖w1‖Lr4

+‖w2‖Ls‖w2‖Lr4 )and
‖∇g4(w)‖Lρ′

4
≤C(W )‖∇w‖Lr4‖w‖Lr4‖w‖Ls .As before, using (3.4.7), we onlude that g4 veri�es (3.4.4)-(3.4.5).Sine for 2 ≤ j ≤ 4, 2 ≤ rj <

2N
N−2 (2 ≤ rj < ∞ if N = 1, 2), we have the ontinuousembeddings

H1(RN ) →֒ Lrj (RN ) and Lr′j (RN ) →֒ H−1(RN ).Then inequality (3.4.4) implies (3.4.3), for j ∈ {2, 3, 4}.Now we analyze the potential energy assoiated to (3.4.1). For any v ∈ H1(RN ) we set
F (v) :=

∫

RN

〈〈∆φ, v〉〉 dx − 1

4

∫

RN

(W ∗ (1− |φ+ v|2))(1 − |φ+ v|2) dx, (3.4.8)and using the notation of Lemma 3.4.1, we �x for the rest of this setion
r = max{r1, r2, r3, r4, ρ1, ρ2, ρ3, ρ4}. (3.4.9)Lemma 3.4.2. Assume that W satis�es (WN ). Then the funtional F is well-de�ned on

H1(RN ). If moreover W is a real-valued even distribution, we have the following properties.
(i) F is Fréhet-di�erentiable and

F ∈ C1(H1(RN ),R) with F ′ = f. (3.4.10)
(ii) For any M > 0, there exists a onstant C(M,W,φ) suh that

|F (u)− F (v)| ≤ C(M,W,φ)(‖u − v‖L2 + ‖u− v‖Lr ), (3.4.11)for any u, v ∈ H1(RN ), with ‖u‖H1 , ‖v‖H1 ≤M .Proof. By Lemma 3.3.4, F is well-de�ned in H1(RN ) for any N . To prove (i), we ompute nowthe Gâteaux derivative of F . For h ∈ H1(RN ) we have
dGF (v)[h] = lim

t→0

F (v + th)− F (v)

t

=

∫

RN

〈〈∆φ, h〉〉 dx +
1

2

∫

RN

(W ∗ 〈〈φ+ v, h〉〉)(1 − |φ+ v|2) dx

+
1

2

∫

RN

(W ∗ (1− |φ+ v|2))〈〈φ + v, h〉〉 dx.Sine W is an even distribution, (3.3.3) implies that the last two integrals are equal. Finally weget that
dGF (v)[h] =

∫

RN

〈〈f(v), h〉〉 dx = 〈f(v), h〉H−1,H1 . 59



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationFrom (3.4.2) and (3.4.3), we have that f ∈ C(H1(RN ),H−1(RN )). Hene the map v → dGF (v) isontinuous fromH1(RN ) toH−1(RN ), whih implies that F is ontinuously Fréhet-di�erentiableand satis�es (3.4.10).For the proof of (ii), using (3.4.10) and the mean-value theorem, we have
F (u)− F (v) =

∫ 1

0

d

ds
F (su+ (1− s)v) ds =

∫ 1

0
〈f(su+ (1 − s)v), u − v〉H−1,H1 ds.Then by Lemma 3.4.1,

|F (u)− F (v)| ≤ sup
s∈[0,1]

4∑

j=1

‖gj(su+ (1− s)v)‖
L
ρ′
j
‖u− v‖Lρj

≤
4∑

j=1

C(M,W,φ)(‖u‖Lrj + ‖v‖Lrj + 1)‖u − v‖Lρj .

(3.4.12)Sine we assume that ‖u‖H1 , ‖v‖H1 ≤M , (3.4.7) implies that
‖u‖Lrj + ‖v‖Lrj + 1 ≤ C(M). (3.4.13)Also, it follows from Lp-interpolation and Young's inequality that

‖u− v‖Lρj ≤ ‖u− v‖θj
L2‖u− v‖1−θj

Lr ≤ ‖u− v‖L2 + ‖u− v‖Lr , (3.4.14)with θj = 2(r−ρj)
ρj(r−2) . By ombining (3.4.12), (3.4.13) and (3.4.14), we obtain (ii).Proof of Theorem 3.1.10. Realling that r was �xed in (3.4.9), we de�ne q by 1

q = N
2

(
1
2 − 1

r

).Given T,M > 0, we onsider the omplete metri spae
XT,M = {w ∈ L∞((−T, T ),H1(RN )) ∩ Lq((−T, T ),W 1,r(RN )) :

‖w‖L∞((−T,T ),H1) ≤M, ‖w‖Lq((−T,T ),W 1,r) ≤M},endowed with the distane
dT (w1, w2) = ‖w1 − w2‖L∞((−T,T ),L2) + ‖w1 − w2‖Lq((−T,T ),Lr). (3.4.15)The estimates given in Lemmas 3.4.1, 3.4.2 and the Strihartz estimates show that the funtional

Φ(w) = eit∆w0 + i

∫ t

0
ei(t−s)∆f(w(s)) dsis a ontration in XT,M for some M ≤ C(‖w0‖H1 +1) and T small enough, but depending onlyon ‖w0‖H1 . Then we have a solution given by Banah's �xed-point theorem. The arguments toomplete Theorem 3.1.10 are rather standard. For instane, Theorem 4.4.6 in [24℄ automatiallyimplies the existene, uniqueness, the blow-up alternative and that the funtion L(t) given by

L(t) := L1(t) +
1

4

∫

RN

(W ∗ (1− |φ+ w(t)|2))(1− |φ+ w(t)|2) dx,with
L1(t) =

1

2

∫

RN

|∇w(t)|2 dx−
∫

RN

〈〈∆φ,w(t)〉〉 dx,60



3.4. Loal existeneis onstant for all t ∈ (−Tmin, Tmax). Notiing that
L1(t) =

1

2

∫

RN

|∇w(t) +∇φ|2 dx− 1

2

∫

RN

|∇φ|2 dx,we onlude that the energy is onserved.However, the ontinuous dependene on the initial data in H1(RN ) is not obvious, beausethe distane (3.4.15) does not involve derivatives. Therefore we give the omplete proof of thispoint. Here we will omit the dependene on W and φ in the generi onstant C, sine it playsno role in the analysis of ontinuous dependene. Let w0,n, w0 ∈ H1(RN ) be suh that
w0,n → w0 in H1(RN ).Then for some n0 ≥ 0,

‖w0,n‖H1 ≤ ‖w0‖H1 + 1, ∀n ≥ n0.We denote wn and w the solutions with initial data w0,n and w0, respetively. Then by the�xed-point argument, there exist T > 0 and a onstant C(‖w0‖H1), both depending only on
‖w0‖H1 , suh that wn and w are de�ned in [−T, T ] for all n ≥ n0 and

‖wn‖L∞((−T,T ),H1) + ‖w‖L∞((−T,T ),H1) ≤ C(‖w0‖H1), ∀n ≥ n0. (3.4.16)Sine
wn(t)− w(t) = eit∆(w0,n − w0) + i

∫ t

0
ei(t−s)∆(f(wn(s))− f(w(s))) ds,using Strihartz estimates we have that

dT (wn, w) ≤ C‖w0,n − w0‖L2 + C

4∑

j=1

‖gj(wn)− gj(w)‖
L
γ′
j ((−T,T ),L

ρ′
j )
, (3.4.17)with 1

γj
= N

2

(
1
2 − 1

ρj

). By Lemma 3.4.1, (3.4.16), using as in (3.4.14) an Lp-interpolationinequality and Young's inequality, we dedue that
‖gj(wn)− gj(w)‖ρ′j ≤ C(‖w0‖H1)(‖wn − w‖L2 + ‖wn − w‖Lr ). (3.4.18)Applying Hölder inequality with βj = 1

γ′
j
− 1

q ,
‖wn − w‖

L
γ′
j ((−T,T ),Lr)

≤ ‖wn − w‖Lq((−T,T ),Lr)(2T )
βj . (3.4.19)Notie that 0 < βj ≤ 1 sine 2 ≤ ρj , rj <

2N
N−2 . Assuming T ≤ 1 and putting together (3.4.18)and (3.4.19) we onlude that

‖gj(wn)− gj(w)‖
L
γ′
j ((−T,T ),L

ρ′
j )

≤ C(‖w0‖H1)T βdT (wn, w), (3.4.20)with β = min{βj , 1/γ′j : 1 ≤ j ≤ 4}. Choosing T suh that 4T βC(‖w0‖H1) ≤ 1
2 , (3.4.17) and(3.4.20) give

dT (wn, w) ≤ 2C(‖w0‖H1)‖w0,n − w0‖H1 .Hene
wn → w, in C([−T, T ], L2(RN )) ∩ Lq((−T, T ), Lr(RN )). 61



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationThus from (3.4.16) and the Gagliardo-Nirenberg inequality, we onlude that wn → w in
C([−T, T ], Lp(RN )), for every 2 ≤ p < ∞ if N = 1, 2 and 2 ≤ p < 2N

N−2 if N ≥ 3. Usingthe inequality (3.4.11) in Lemma 3.4.2, it follows that F (wn) → F (w) in C([−T, T ]). Sine theenergy is onserved for w and wn, this implies that
‖∇wn‖L2 → ‖∇w‖L2 in C([−T, T ]).In addition, from the equation i∂twn = −∆wn − f(wn) in [−T, T ], we get

‖∂twn‖H−1 ≤ ‖wn‖H1 +

4∑

j=1

‖gj(wn)‖H−1 ,Hene Lemma 3.4.1 and (3.4.16) provide a uniform bound for wn in C1([−T, T ],H−1(RN )).Therefore wn → w in C([−T, T ],H1(RN )) (see Proposition 1.3.14 in [24℄). A overing argumentallows us to �nish the proof in any losed bounded interval.Sine the generalized momentum still needs a preise de�nition, we will postpone the proofof its onservation until Setion 3.7.We prove now Propositions 3.1.4 and 3.1.7 beause the arguments involved are very similarto those used in this setion. For these proofs we suppose that Theorem 3.1.2 is already proved.Proof of Proposition 3.1.4. Let un = φ+wn and u∞ = φ+w∞, where wn, w∞ ∈ C(R,H1(RN )),be the global solution of (NGP) with potentials Wn and W∞, respetively, with the same initialdata u0 = φ + w0, with w0 ∈ H1(RN ). In the same spirit of the proof of Theorem 3.1.10, for
v ∈ H1(RN ), we set

fn(v) = g1,n(v) + g2,n(v) + g3,n(v) + g4,n(v),with
g1,n(v) = ∆φ+ (Wn ∗ (1− |φ|2))φ,
g2,n(v) = −2(Wn ∗ 〈〈φ, v〉〉)φ,
g3,n(v) = −(Wn ∗ |v|2)φ− 2(Wn ∗ 〈〈φ, v〉〉)w + (Wn ∗ (1− |φ|2))v,
g4,n(v) = −(Wn ∗ |v|2)v,for any n ∈ N ∪ {∞}. Notiing that for any v1, v2 ∈ H1(RN ), 1 ≤ j ≤ 4,
gj,n(v1)− gj,m(v2) = (gj,n(v1)− gj,n(v2)) + (gj,n(v2)− gj,m(v2)) ,Proposition 3.1.3, Lemma 3.3.1, the proof of Lemma 3.3.3 and the same argument given inLemma 3.4.1 allows us to onlude that (we omit from now on the dependene on φ)

‖gj,n(v1)− gj,m(v2)‖
L
ρ′
j
≤ C(Wn,M)‖v1 − v2‖Lrj + C(Wn −Wm,M)(‖v2‖Lrj+1), (3.4.21)for any n,m ∈ N ∪ {∞} and v1, v2 ∈ H1(RN ) with ‖v1‖H1 , ‖v2‖H1 ≤ M , with (the new hoieof) ρj , rj given by

ρ1 = ρ2 = r1 = r2 = 2, ρ3 = r3 = 3, ρ4 = r4 = 4, (3.4.22)and
C(W,M) = σ(W )C(M), with σ(W ) = max{‖W‖2,2, ‖W‖3,3}. (3.4.23)62



3.4. Loal existeneBy the uniqueness provided by Theorem 3.1.2, the funtions wn are given by the �xed-pointargument of the proof of Theorem 3.1.10. Sine the estimates for the �xed point an be obtainedusing Lemma 3.4.1, but with the values in (3.4.22), and by (3.1.14) we may assume that for
k = 2, 3

1

2
‖W∞‖k,k ≤ ‖Wn‖k,k ≤ 2‖W∞‖k,k,so that we have uniform bounds on Wn. Therefore we onlude that there exist some T ≤ 1 and

C > 0 that only depend on ‖w0‖H1 , ‖W∞‖2,2 and ‖W∞‖3,3 suh that
‖wn‖L∞((−T,T ),H1) ≤ C, for any n ∈ N ∪ {∞}. (3.4.24)Using the distane

dT (w1, w2) = ‖w1 − w2‖L∞((−T,T ),L2) + ‖w1 − w2‖
L

8
N ((−T,T ),L4)

,the estimates (3.4.21), (3.4.24) and following the lines of the proof of Theorem 3.1.10, it leads to
dT (wn, w∞) ≤ Cσ(Wn −W∞).Hene the hypothesis (3.1.14) and (3.4.23) imply that

wn → w∞ in C([−T, T ], L2(RN )) ∩ L 8
N ((−T, T ), L4(RN )).Then (3.4.24) and the Gagliardo-Nirenberg inequality imply that

wn → w∞ in C([−T, T ], Lp(RN )), ∀ p ∈ [2,∞) if N = 1, 2 and ∀ p ∈
[
2,

2N

N − 2

) if N ≥ 3.(3.4.25)We denote by Fn the funtion given by (3.4.8), withW replaed byWn, so that the onservedenergy for eah un is
En(un(t)) = ‖∇wn(t)‖L2 + Fn(wn(t)) = ‖∇w0‖L2 + Fn(w0), for any t ∈ R. (3.4.26)The inequality (3.4.21) and similar arguments as in the proof of Lemma 3.4.2 give for any

v1, v2 ∈ H1(RN ) with ‖v1‖H1 , ‖v2‖H1 ≤M , that there exists a onstant C depending only on
M , ‖W∞‖2,2 and ‖W∞‖3,3, suh that

|Fn(v1)− Fm(v2)| ≤ C (‖v1 − v2‖L2 + ‖v1 − v2‖L4) + Cσ(Wn −Wm). (3.4.27)By putting together (3.4.24), (3.4.25) and (3.4.27), we dedue that Fn(wn) → F∞(w∞) in
C([−T, T ]). Then by (3.4.26) we have that ‖∇wn‖L2 → ‖∇w∞‖L2 in C([−T, T ]). The on-lusion follows as in the proof of Theorem 3.1.10.Proof of Proposition 3.1.7. Using the notation introdued at the beginning of this setion, byLemma 5.3.1 in [24℄, we only need to prove that for any 1 ≤ j ≤ 4 and any w ∈ Hs(RN ) suhthat ‖w‖H1 ≤M, we have

‖gj(w)‖L2 ≤ C(W,M,φ) (1 + ‖w‖Hs) , (3.4.28)63



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationfor some 0 < s < 2. From the estimate (3.4.5) in Lemma 3.4.1 and the Sobolev embeddingtheorem, we have the inequality (3.4.28) for j = 1, 2 for any s ≥ 1. For j = 3, 4 we note that bythe Sobolev embedding theorem,
W 1,p(RN ) →֒ L2(RN ), ∀p ∈

[
2N

N + 2
, 2

] if N ≥ 3 and ∀p ∈ [1, 2] if N = 1, 2,and for any
r ∈

[
2,

2N

N − 2

]
, if N ≥ 3 and r ∈ [2,∞) if N = 1, 2,there exists 3

2 < s < 2 suh that Hs(RN ) →֒ W 1,r(RN ). Thus we have for j = 3, 4 that
W 1,ρ′j (RN ) →֒ L2(RN ) and Hsj (RN ) →֒ W 1,rj(RN ), for some sj < 2. Setting s = max{s3, s4},from the inequality (3.4.5) we obtain estimate (3.4.28)3.5 Global existeneIn order to omplete the proof of Theorem 3.1.2 we need to prove that the solutions givenby Theorem 3.1.10 are global. We do this by establishing an appropriate estimate for ‖w(t)‖H1 .We distinguish three subases, assoiated to the di�erent assumptions on W .Proof of Theorem 3.1.2-(i)-(a). We reall that by Theorem 3.1.10 we already have the onser-vation of energy

E0 =
1

2

∫

RN

|∇w(t) +∇φ|2 dx+
1

4

∫

RN

(W ∗ (|φ+ w(t)|2 − 1))(|φ + w(t)|2 − 1) dx, (3.5.1)for any t ∈ (−Tmin, Tmax). Sine we are assuming that W is a positive de�nite distribution, thepotential energy, i.e. the seond integral in (3.5.1), is nonnegative. Hene
1

2

∫

RN

|∇w(t) +∇φ|2 dx ≤ E0and using the elementary inequality
∫

RN

|∇w∇φ| dx ≤ 1

4
‖∇w‖2L2 + ‖∇φ‖2L2 , (3.5.2)we onlude that

‖∇w(t)‖2L2 ≤ 4E0 + 2‖∇φ‖2L2 , t ∈ (Tmin, Tmax), (3.5.3)whih gives a uniform bound for ‖∇w(t)‖L2 . Therefore we only need an appropriate bound for
‖w(t)‖L2 to onlude that

sup{‖w(t)‖H1 : t ∈ (−Tmin, Tmax)} <∞. (3.5.4)In virtue of the blow-up alternative in Theorem 3.1.10, we will dedue from (3.5.4) that Tmax =
Tmin = ∞, whih will omplete the proof.64



3.5. Global existeneNow we prove the bound for ‖w(t)‖L2 . For any t ∈ (−Tmin, Tmax), we multiply (in the
H−1 −H1 duality sense) the equation (3.4.1) by iw, to get

1

2

d

dt
‖w(t)‖2L2 =Re

∫

RN

if(w(t))w(t) dx

=− Im

∫

RN

(∆φ+ φ(W ∗ (1− |φ+ w(t)|2))w(t) dx.Then
1

2

∣∣∣∣
d

dt
‖w(t)‖2L2

∣∣∣∣ ≤‖∆φ‖L2‖w(t)‖L2 + ‖φ‖L∞

∫

RN

|W ∗ (|φ+ w(t)|2 − 1)||w(t)| dx. (3.5.5)We bound the last integral in (3.5.5) by H1(t) +H2(t), with
H1(t) =

∫

RN

|W ∗ (|φ|2 − 1 + 2〈〈φ,w(t)〉〉)||w(t)| dx,

H2(t) =

∫

RN

|W ∗ |w(t)|2||w(t)| dx.Sine W ∈ M2,2(R
N ),
|H1(t)| ≤‖W ∗ (|φ|2 − 1 + 2〈〈φ,w〉〉)‖L2‖w(t)‖L2

≤‖W‖2,2
(
‖|φ|2 − 1‖L2 + 2‖φ‖L∞‖w(t)‖L2

)
‖w(t)‖L2 .Therefore we have

|H1(t)| ≤ C(W,φ)(1 + ‖w(t)‖2L2). (3.5.6)If N ≥ 4, by Lemma 3.3.2 and the Sobolev embedding theorem,
|H2(t)| ≤‖W ∗ |w(t)|2‖L2‖w(t)‖L2

≤C(W )‖w(t)‖2
L

2N
N−2

‖w(t)‖L2

≤C(W )‖∇w(t)‖2L2‖w(t)‖L2 .By (3.5.3) we onlude that
|H2(t)| ≤ C(W,φ,E0)‖w(t)‖L2 , for all N ≥ 4. (3.5.7)If N = 2, 3, we only need to use that W ∈ M2,2(R

N ), together with the Gagliardo-Nirenberginequality. In fat,
|H2(t)| ≤‖W ∗ |w(t)|2‖L2‖w(t)‖L2

≤C(W )‖w(t)‖2L4‖w(t)‖L2

≤C(W )‖∇w(t)‖
N
2

L2‖w(t)‖
3−N

2

L2 .Sine we are onsidering N = 2, 3, using (3.5.3) it follows that
‖H2(t)‖L2 ≤ C(W,φ,E0)(1 + ‖w(t)‖2L2), N = 2, 3. (3.5.8)65



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationFrom inequalities (3.5.5)�(3.5.8) we have that for any N ≥ 2

∣∣∣∣
d

dt
‖w(t)‖2L2

∣∣∣∣ ≤ C(W,φ,E0)(1 + ‖w(t)‖2L2), t ∈ (−Tmin, Tmax). (3.5.9)By Gronwall's lemma we onlude that
‖w(t)‖L2 ≤ C(W,φ,E0)e

C(W,φ,E0)|t|(1 + ‖w0‖L2), t ∈ (−Tmin, Tmax).As we disussed before, this estimate implies (3.5.4), whih �nishes the proof if W is positivede�nite.Remark 3.5.1. We note that the argument given in the proof Theorem 3.1.2-(i)-(a) fails indimension N = 1. In this ase if we apply the Gagliardo-Nirenberg inequality to H2, insteadof (3.5.9) we obtain a bound for ‖w(t)‖2L2 in terms of ‖w(t)‖5/2
L2 , whih prevents to onludeapplying Gronwall's lemma.Proof of Theorem 3.1.2-(i)-(b). In the ase thatW is a positive distribution, we annot infer from(3.5.1) a uniform bound on ‖∇w(t)‖L2 . However, using that W ∈ M1,1(R

N ), we will see that
‖∇w(t)‖L2 an be bounded in terms of ‖w(t)‖L2 and that we may dedue an inequality suh as(3.5.9) (without assuming that ‖∇w(t)‖L2 is a priori bounded). Then the onlusion follows asbefore.Let A = 4‖φ‖L∞ + 1. Setting

wA(x, t) = w(x, t)χ({y ∈ RN : |w(y, t)| ≤ A})(x),
wAc(x, t) = w(x, t)χ({y ∈ RN : |w(y, t)| > A})(x),where χ is the harateristi funtion, we dedue that w = wA + wAc , |w| = |wA| + |wAc |,

|w|2 = |wA|2 + |wAc |2 and
∫

RN

(W ∗ (|φ+ w(t)|2 − 1))(|φ + w(t)|2 − 1) dx = I1(t) + I2(t) + I3(t), (3.5.10)with
I1(t) =

∫

RN

(W ∗ (|φ|2 − 1 + 2〈〈φ,w(t)〉〉))(|φ|2 − 1 + 2〈〈φ,w(t)〉〉) dx

+ 2

∫

RN

(W ∗ |w(t)|2)(|φ|2 − 1) dx,

I2(t) =

∫

RN

(W ∗ |w(t)|2)(4〈〈φ,wA(t)〉〉+ |wA(t)|2) dx,

I3(t) =

∫

RN

(W ∗ |w(t)|2)(4〈〈φ,wAc(t)〉〉+ |wAc(t)|2) dx.Notie that we have used that W is even to deompose it in terms of I1, I2 and I3. Sine theenergy (3.5.1) is onserved in the maximal interval (−Tmin, Tmax), using (3.5.2) and (3.5.10), wehave that for any t ∈ (−Tmin, Tmax),
‖∇w(t)‖2L2 + I3(t) ≤ |I1(t)|+ |I2(t)|+ 4|E0|+ 2‖∇φ‖2L2 . (3.5.11)66



3.5. Global existeneSine W is a positive distribution, the hoie of A implies that
I3(t) ≥

∫

RN

(W ∗ |w(t)|2)|wAc(t)|(|wAc(t)| − 4‖φ‖L∞) dx

≥
∫

RN

(W ∗ |w(t)|2)|wAc(t)| dx ≥ 0,

(3.5.12)so that I3 is nonnegative. Using that W ∈ M1,1(R
N ) we also have

|I1(t)| ≤‖W‖2,2(‖|φ|2 − 1‖L2 + 2‖φ‖L∞‖w‖L2)2 + 2‖W‖1,1‖w‖2L2(‖φ‖2L∞ + 1) (3.5.13)and
|I2(t)| ≤ ‖W‖1,1(4A‖φ‖L∞ +A2)‖w(t)‖2L2 . (3.5.14)From inequalities (3.5.11), (3.5.13) and (3.5.14), we obtain that

‖∇w(t)‖2L2 + I3(t) ≤ C(W,φ,E0)(1 + ‖w(t)‖2L2), (3.5.15)for any t ∈ (−Tmin, Tmax).Let us set
J1(t) =

∫

RN

|(W ∗ (|φ|2 − 1 + 2〈〈φ,w(t)〉〉))w(t)| dx,

J2(t) =

∫

RN

|(W ∗ |w(t)|2)wA(t)| dx,

J3(t) =

∫

RN

|(W ∗ |w(t)|2)wAc(t)| dx.Then the last integral in (3.5.5) is bounded by J1(t)+ J2(t)+ J3(t). As before, we onlude that
J1(t) + J2(t) ≤ C(W,φ)(1 + ‖w(t)‖2L2). (3.5.16)From (3.5.12) we have J3(t) ≤ I3(t). Then (3.5.15) and (3.5.12) imply that
J3(t) ≤ C(W,φ,E0)(1 + ‖w(t)‖2L2). (3.5.17)The estimates (3.5.16) and (3.5.17), together with (3.5.5), provide again the inequality (3.5.9),and then the proof is ompleted as in the previous ase.Proof of Theorem 3.1.2-(ii). As before, the loal well-posedness follows from Theorem 3.1.10.Moreover, from Theorem 3.1.2-(i)-(a) we have the global well-posedness for N ≥ 2. From Propo-sition 3.2.2 we have that W is a positive de�nite distribution and, as shown before, this im-plies that ‖∇w(t)‖L2 is uniformly bounded in the maximal interval (−Tmin, Tmax) in terms of

E0 and φ (see inequality (3.5.3)). Then it only remains to prove the inequality (3.1.13), for
t ∈ (−Tmin, Tmax).The argument follows the lines of the proof in [2℄ for the loal Gross-Pitaevskii equation. Forsake of ompleteness we give the details.Sine W is positive de�nite, from the onservation of energy we have

0 ≤
∫

RN

(W ∗ (|φ+ w(t)|2 − 1))(|φ + w(t)|2 − 1) dx ≤ 4E0. (3.5.18)67



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationOn the other hand, Lemma 3.2.4 gives a lower bound for the potential energy
σ‖|φ+ w(t)|2 − 1‖2L2 ≤

∫

RN

(W ∗ (|φ+ w(t)|2 − 1))(|φ + w(t)|2 − 1) dx. (3.5.19)From (3.5.5) and using Hölder inequality we obtain
1

2

∣∣∣∣
d

dt
‖w(t)‖2L2

∣∣∣∣ ≤‖∆φ‖L2‖w(t)‖L2 + ‖W‖2,2‖φ‖L∞‖|φ+ w(t)|2 − 1‖L2‖w(t)‖L2 . (3.5.20)Thus from (3.5.18), (3.5.19) and (3.5.20), we have that for any δ > 0

1

2

∣∣∣∣
d

dt
(‖w(t)‖2L2 + δ)

∣∣∣∣ ≤ (‖w(t)‖2L2 + δ)
1
2

(
‖∆φ‖L2 + ‖W‖2,2‖φ‖L∞

√
4E0

σ

)
.Dividing by ‖w(t)‖2L2 + δ > 0, integrating and then taking δ → 0 we onlude that

‖w(t)‖L2 ≤
(
‖∆φ‖L2 + ‖W‖2,2‖φ‖L∞

√
4E0

σ

)
|t|+ ‖w0‖L2 , (3.5.21)for any t ∈ (−Tmin, Tmax). As disussed before, this implies that ‖w(t)‖H1 is uniformly boundedin (−Tmin, Tmax). Therefore by the blow-up alternative, we infer that Tmin = Tmax = ∞. Sine

u(t) = w(t) + φ and u0 = w0 + φ, (3.5.21) implies (3.1.13), �nishing the proof.3.6 Equation (NGP) in energy spaeWe reall the following results about the energy spae E(RN ). We refer to [41, 40, 39℄ fortheir proofs.Lemma 3.6.1. Let u ∈ E(RN ). Then there exists φ ∈ C∞
b ∩ E(RN ) with ∇φ ∈ H∞(RN ), and

w ∈ H1(RN ) suh that u = φ+w.Lemma 3.6.2. Let 1 ≤ N ≤ 4. Then E(RN ) is a omplete metri spae with the distane(3.1.15), E(RN ) +H1(RN ) ⊂ E(RN ) and the maps
u ∈ E(RN ) 7→ ∇u ∈ L2(RN ), u ∈ E(RN ) 7→ 1− |u|2 ∈ L2(RN ),

(u,w) ∈ E(RN )×H1(RN ) 7→ u+ w ∈ E(RN )are ontinuous.Lemma 3.6.3. Assume 1 ≤ N ≤ 4. Let W ∈ M2,2(R
N ), u ∈ C(R, E(RN )), v ∈ C(R, L2(RN ))and

Φ(t) :=

∫ t

0
ei(t−s)∆u(s)(W ∗ v(s)) ds, t ∈ [0, T ].Then Φ ∈ C([0, T ], L2(R2)) and there exists a universal onstant C suh that

‖Φ‖L∞((0,T ),L2) ≤ Cmax{T, T 8−N
8 }‖W‖2,2(‖1−|u|2‖L∞((0,T ),L2)+‖∇u‖L∞((0,T ),L2))‖v‖L∞((0,T ),L2).68



3.7. Other onservation lawsProof. By Lemma 1 in [41℄ and Lemma 3.6.2, we may deompose u(t) = u1(t) + u2(t), with
‖u1‖L∞(R,L∞) ≤ 3 and

‖u2‖L∞((0,T ),H1) ≤ C(‖1− |u|2‖L∞((0,T ),L2) + ‖∇u‖L∞((0,T ),L2)). (3.6.1)Let us set
Φj(t) :=

∫ t

0
ei(t−s)∆uj(s)(W ∗ v(s)) ds, j = 1, 2.By the Strihartz estimates we have that Φ1 ∈ C([0, T ], L2(R2)) and

‖Φ1‖L∞((0,T ),L2) ≤ CT‖W‖2,2‖v‖L∞(R,L2). (3.6.2)Sine (8/N, 4) is an admissible Strihartz pair in dimension 1 ≤ N ≤ 4, we also infer that
Φ2 ∈ C([0, T ], L2(R2)) and

‖Φ2‖L∞((0,T ),L2) ≤ CT
8−N

8 ‖u(W ∗ v)‖L∞(R,L4/3)

≤ CT
8−N

8 ‖W‖2,2‖u‖L∞(R,L4)‖v‖L∞(R,L2)

(3.6.3)Combining (3.6.1)-(3.6.3) and using the Sobolev embedding H1(RN ) →֒ L4(RN ), the onlusionfollows.Proof of Theorem 3.1.6. After Theorem 3.1.2, the proof follows the same arguments given in[39℄. For sake of ompleteness we sketh the proof.Given u0 ∈ E(RN ), by Lemma 3.6.1 we have that u0 = φ+ w̃0, for some w̃0 ∈ H1(RN ) and φsatisfying (3.1.10). Thus Theorem 3.1.2 gives a solution of (NGP) of the form u = φ + w̃, with
w̃ ∈ C(R,H1(RN )). Therefore u = u0 + w, with w = w̃ − w̃0 is the desired solution. To provethe uniqueness in the energy spae, we onsider 1 ≤ N ≤ 4. Let v ∈ C(R, E(RN )) be a mildsolution of (NGP) with v(0) = u0. It is su�ient to show that v− u0 ∈ C(R,H1(RN )), beausethen we may apply the uniqueness result given by Theorem 3.1.2. We do this by proving that
u− v ∈ C(R,H1(RN )). Note that by Lemma 3.6.2, u ∈ u0 +C(R,H1(RN )) ⊂ C(R, E(RN )) and
∇u,∇v ∈ C(R, L2(RN )). It only remains to prove that u − v ∈ C(R, L2(RN )). Let T > 0 and
t ∈ [0, T ], then

u(t)− v(t) = i

∫ t

0
ei(t−s)∆(G(u(s)) −G(v(s))) ds,with

G(u)−G(v) = u(W ∗ (|v|2 − |u|2)) + (u− v)(W ∗ (1− |v|2)).Applying Lemma 3.6.3 to u(W ∗ (|v|2 − |u|2)) and (u − v)(W ∗ (1 − |v|2)), we onlude that
u− v ∈ C([0, T ], L2(RN )).3.7 Other onservation lawsIn this setion we onsider a global solution u of (NGP) given by Theorem 3.1.2. We havealready seen that the energy is onserved by the �ow of this solution. Now we disuss the notionsof momentum and mass assoiated to the equation (NGP), that are also formally onserved. 69



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equation3.7.1 The momentumThe vetorial momentum for (NGP) is given by
p(u) =

1

2

∫

RN

〈〈i∇u, u〉〉 dx. (3.7.1)A formal omputation shows that the derivative of the momentum is zero and thus it is aonserved quantity. Moreover, if u = φ+ w we have
p(u) =

1

2

∫

RN

〈〈i∇φ, φ〉〉 dx+
1

2

∫

RN

〈〈i∇w,w〉〉 dx

+
1

2

∫

RN

〈〈i∇φ,w〉〉 dx+
1

2

∫

RN

〈〈i∇w,φ〉〉 dx.Here the problem is that 〈〈i∇φ, φ− 1〉〉 and 〈〈i∇w,φ − 1〉〉 are not neessarily integrable for w ∈
C(R,H1(RN )). However, a formal integration by parts yields

p(u) =
1

2

∫

RN

〈〈i∇φ, φ〉〉 dx+
1

2

∫

RN

〈〈i∇w,w〉〉 dx+

∫

RN

〈〈i∇φ,w〉〉 dx, (3.7.2)reduing the ill-de�ned term to 〈〈i∇φ, φ〉〉, supposing that we an justify the integration by parts.In order to give a rigorous sense to these omputations, we use the following de�nition proposedby Mari³ in [77℄.De�nition 3.7.1. Let Xj(R
N ) = {∂jv : v ∈ Ḣ1(RN )}, with j = 1, . . . , N. For any h1 ∈ L1(RN )and h2 ∈ Xj(R

N ) we de�ne the linear operator Lj on L1(RN ) + Xj(R
N ) by

Lj(h1 + h2) =
1

2

∫

RN

h1 dx.Lemma 3.7.2. Let N ≥ 2 and j ∈ {1, . . . , N}. Then
∫

RN

h = 0, for any h ∈ L1(RN ) ∩ Xj(R
N ).In partiular Lj is a well-de�ned linear ontinuous operator on L1(RN )+Xj(R

N ) in any dimen-sion N ≥ 2.Proof. The proof of Lemma 3.7.2 is given by Mari³ (Lemma 2.3 in [77℄) in the ase N ≥ 3.The same argument works in dimension two, provided that a funtion in Ḣ1(R2) de�nes atempered distribution. In fat, this last point was shown by Gérard (see [40℄, p. 8), onludingthe proof.Following the ideas proposed in [77℄ in dimension N ≥ 3, we have the following result that isessential to de�ne our notion of momentum.Lemma 3.7.3. Let N ≥ 2, j = 1, . . . , N and w ∈ H1(RN ). Then 〈〈i∂jφ, φ〉〉 ∈ L1(RN )+Xj(R
N ),

〈〈i∂jφ,w〉〉 ∈ L1(RN ), 〈〈iφ, ∂jw〉〉 ∈ L1(RN ) + Xj(R
N ) and

Lj(〈〈i∂jφ,w〉〉) = −Lj(〈〈iφ, ∂jw〉〉). (3.7.3)70



3.7. Other onservation lawsProof. The assumption (3.1.10) implies that there is a radius R > 1 suh that |φ(x)| ≥ 1
2 ,for all x ∈ B(0, R)c and φ is C1 in B(0, R)c. Then, there are some salar funtions ρ̃, θ̃ ∈

C1(B(0, R)c) ∩H1lo(B(0, R)c) suh that
φ = ρ̃eiθ̃, on B(0, R)c.Moreover, sine ∂jφ ∈ L2(RN ) and

|∂jφ|2 = |∂j ρ̃|2 + ρ̃2|∂j θ̃|2, on B(0, R)cwe dedue that ∂j ρ̃, ∂j θ̃ ∈ L2(B(0, R)c). By Whitney extension theorem (f. [68℄, p. 167), thereexist salar funtions ρ, θ ∈ C1(RN ) suh that ρ = ρ̃ and θ = θ̃ on B(0, R)c. Setting
φ1 = ρeiθ and φ2 = φ− φ1,we have

〈〈i∂jφ, φ〉〉 = 〈〈i∂jφ1, φ1〉〉+ 〈〈i∂jφ1, φ2〉〉+ 〈〈i∂jφ2, φ1〉〉+ 〈〈i∂jφ2, φ2〉〉. (3.7.4)Sine suppφ2, supp∇φ2 ⊂ B̄(0, R), the last three terms in the r.h.s. of (3.7.4) belong to L1(RN ).For the remaining term, a diret omputation gives
〈〈i∂jφ1, φ1〉〉 = −ρ2∂jθ = (1− ρ2)∂jθ − ∂jθ, on RN . (3.7.5)The fat that ∂j θ̃ ∈ L2(B(0, R)c) implies that ∂jθ ∈ L2(RN ) and from (3.1.10) it follows that

|ρ|2 − 1 ∈ L2(RN ). Therefore from (3.7.5) we onlude that 〈〈i∂jφ1, φ1〉〉 ∈ L1(RN )+Xj(R
N ) andhene 〈〈i∂jφ, φ〉〉 ∈ L1(RN ) + Xj(R

N ).To �nish the proof, we notie that from (3.1.10) and the above omputations we also havethat φ1 ∈ Ḣ1(RN ) ∩ C1(RN ) ∩ W 1,∞(RN ) and φ2 ∈ H1(RN ). Then a slight modi�ationof the argument given in Lemma 2.5 in [77℄, allows us to dedue that 〈〈i∂jφ,w〉〉 ∈ L1(RN ),
〈〈iφ, ∂jw〉〉 ∈ L1(RN ) + Xj(R

N ) and the identity (3.7.3).In virtue of Lemma 3.7.3 and making an analogy to (3.7.1), for N ≥ 2 and u ∈ φ+H1(RN ),we de�ne the generalized momentum q = (q1, . . . , qN ) as
qj(u) = Lj(〈〈i∂ju, u〉〉), j = 1 . . . , N.Furthermore, by (3.7.3) we have

qj(u) = Lj(〈〈i∂jφ, φ〉〉) +
1

2

∫

RN

〈〈i∂jw,w〉〉 dx+

∫

RN

〈〈i∂jφ,w〉〉 dx, (3.7.6)whih an be seen as a rigorous formulation of (3.7.2).In dimension one, the operator Lj is not well-de�ned. In fat, following the idea of the proofof Lemma 3.7.3, if we assume that u = ρeiθ then
〈〈iu′, u〉〉 = −ρ2θ′ = (1− ρ2)θ′ − θ′.Supposing that lim

R→∞
(θ(R)− θ(−R)) exists, we would have

∫

R

θ′(x) dx = lim
R→∞

(θ(R)− θ(−R)). (3.7.7)Thus we neessarily need to modify the de�nition of the momentum in the one-dimensional aseto take into aount the phase hange (3.7.7). This approah is taken in [9℄ using the followingnotion of untwisted momentum. 71



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationDe�nition 3.7.4. For u ∈ φ+H1(R), we de�ne the operator L on φ+H1(R) by
L(u) = lim

R→∞

(
1

2

∫ R

−R
〈〈iu′, u〉〉 dx+

1

2
(arg u(R)− arg u(−R))

) mod π (3.7.8)In [9℄ it is proved that the limit in (3.7.8) atually exists. Therefore, as in the higher dimen-sional ase, we de�ne the generalized momentum in dimension one as
q1(u) = L(u).The following result shows that this de�nition gives us an analogous expression to (3.7.6).Lemma 3.7.5 ([9℄). Let u = φ+ w, w ∈ H1(R). Then

q1(u) = L(φ) + 1

2

∫

R

〈〈iw′, w〉〉 dx+

∫

R

〈〈iφ′, w〉〉 dx.Now that we have explained the notion of generalized momentum in any dimension, we anproeed to prove Theorem 3.1.8.Proof of Theorem 3.1.8. In view of the ontinuous dependene of the �ow, Lemma 3.7.5, (3.7.6)and Proposition 3.1.7, we only need to prove the onservation of momentum for u0 = φ+w0, with
w0 ∈ H2(RN ). Thus we assume that u− φ = w ∈ C(R,H2(RN )) ∩ C1(R, L2(RN )). Integratingby parts we have that for any j = 1, . . . , N and t ∈ R,

∂tqj(u(t)) = ∂t

(
1

2

∫

RN

〈〈i∂jw(t), w(t)〉〉 dx+

∫

RN

〈〈i∂jφ,w(t)〉〉 dx
)

=

∫

RN

〈〈i∂j(w(t) + φ), ∂tw(t)〉〉 dx

=

∫

RN

〈〈i∂ju(t), ∂tu(t)〉〉 dx

=

∫

RN

〈〈∂ju(t),∆u(t) + u(t)(W ∗ (1− |u(t)|2))〉〉 dx.Sine |∇u(t)|2 ∈W 1,1(RN ), an integration by parts leads to
∂tqj(u(t)) = −1

2

∫

RN

∂j|∇u(t)|2 dx+

∫

RN

(W ∗ (1− |u(t)|2))〈〈u(t), ∂ju(t)〉〉 dx

=

∫

RN

(W ∗ (1− |u(t)|2))〈〈u(t), ∂ju(t)〉〉 dx.
(3.7.9)Now we notie that

∂j
(
(1− |u|2)(W ∗ (1− |u|2))

)
= −2〈〈u, ∂ju〉〉(W ∗ (1−|u|2))−2(1−|u|2)(W ∗〈〈u, ∂ju〉〉). (3.7.10)From (3.7.10) and Lemma 3.3.4, we have

∫

RN

〈〈u, ∂ju〉〉(W ∗ (1− |u|2)) dx =

∫

RN

(1− |u|2)(W ∗ 〈〈u, ∂ju〉〉) dx. (3.7.11)Sine ((1− |u(t)|2)(W ∗ (1− |u(t)|2))
)
∈ W 1,1(RN ), from (3.7.9), (3.7.10) and (3.7.11) we inferthat

∂tqj(u(t)) = −1

4

∫

RN

∂j
(
(W ∗ (1− |u(t)|2))(1 − |u(t)|2)

)
dx = 0,onluding the proof.72



3.7. Other onservation lawsRemark 3.7.6. This argument also proves the onservation of momentum stated in Theorem3.1.10.3.7.2 The massIn a reent artile, Béthuel et al. [10℄ give a de�nition for the mass for the loal Gross-Pitaevskii equation in the one-dimensional ase. In this subsetion we try to extend this notionto higher dimensions.Let χ ∈ C∞
0 (R;R) be a funtion suh that χ(x) = 1 if |x| ≤ 1, χ(x) = 0 if |x| ≥ 2 and

‖χ′‖L∞ , ‖χ′′‖L∞ ≤ 2. For any R > 0, a ∈ RN , we set
χa,R(x) = χ

( |x− a|
R

)
, x ∈ RNand the quantities

m+(u) = inf
a∈RN

lim sup
R→∞

∫

RN

(1− |u|2)χa,R dx, m−(u) = sup
a∈RN

lim inf
R→∞

∫

RN

(1− |u|2)χa,R dx.In the ase that 1− |u|2 ∈ L1(RN ), m+(u) = m−(u). More generally, if u is suh that m+(u) =
m−(u), we de�ne the generalized mass as

m(u) ≡ m+(u) = m−(u).The following result is a more aurate version of Theorem 3.1.9 and shows that the general-ized mass is onserved if N ≤ 4. However, we need a faster deay for φ in dimensions three andfour, whih is at least satis�ed by the travelling waves in the loal problem (see [48℄).Theorem 3.7.7. Let 1 ≤ N ≤ 4. In addition to (3.1.10), assume that ∇φ ∈ L
N

N−1 (RN ) if
N = 3, 4. Suppose that u0 ∈ φ + H1(RN ) with m+(u0) (respetively m−(u0)) �nite. Then theassoiated solution of (NGP) given by Theorem 3.1.2 satis�es m+(u(t)) = m+(u0) (respetively
m−(u(t)) = m−(u0)), for any t ∈ R. In partiular, if u0 has �nite generalized mass, then thegeneralized mass is onserved by the �ow, that is m(u(t)) = m(u0), for any t ∈ R.Proof. Let u0 = φ + w0 and u = φ+ w, w0 ∈ H1(RN ), w ∈ C(R,H1(RN )) ∩ C1(R,H−1(RN )).We take a sequene w0,n ∈ H2(RN ) suh that w0,n → w0 in H1(RN ). By Proposition 3.1.7 andthe ontinuous dependene property of Theorem 3.1.2, the solutions un = φ+wn of (NGP) withinitial data φ+ w0,n satisfy

wn ∈ C(R,H2(RN )) ∩ C1(R, L2(RN )) and wn → w in C(I,H1(RN )), (3.7.12)for any bounded losed interval I.Setting η(t) = 1 − |u(t)|2, ηn(t) = 1 − |un(t)|2 and using that the funtions un are solutionof (NGP), it follows
∂tηn(t) = −2Re(iun(t)∆un(t)).Then integrating by parts

∂t

(∫

RN

ηn(t)χa,R dx

)
=

∫

RN

∂tηn(t)χa,R dx = I1(t) + I2(t) + I3, (3.7.13)73



Chapter 3. Global well-posedness for a nonloal Gross-Pitaevskii equationwith
I1(t) = −2 Im

∫

RN

(wn(t)∇wn(t) + wn(t)∇φ)∇χa,R dx,

I2(t) = −2 Im

∫

RN

φ∇wn(t)∇χa,R dx,

I3 = −2 Im

∫

RN

φ∇φ∇χa,R dx.Notiing that ‖∆χa,R‖L2 ≤ CR
N−4
2 , we have that ‖∇χa,R‖L∞ and ‖∆χa,R‖L2 are uniformlybounded in a and R. Setting

Ωa,R = {x ∈ RN : R < |x− a| < 2R}and using the Cauhy-Shwarz inequality we have
|I1(t)| ≤ C(φ)‖wn(t)‖L2(Ωa,R)(‖∇wn(t)‖L2(Ωa,R) + 1). (3.7.14)For I2, we �rst integrate by parts
I2(t) = 2 Im

∫

RN

wn(t)(∇φ∇χa,R + φ∆χa,R) dx,thus
|I2(t)| ≤ C(φ)‖wn(t)‖L2(Ωa,R). (3.7.15)Using Hölder inequality, it follows that

|I3| ≤




‖φ‖L∞‖∇φ‖L2(Ωa,R)‖∇χa,R‖L2 , if N = 1

‖φ‖L∞‖∇φ‖
L

N
N−1 (Ωa,R)

‖∇χa,R‖
L
N , if 2 ≤ N ≤ 4.

(3.7.16)Note that the hoie of χ implies that ‖∇χa,R‖LN is uniformly bounded in a and R in anydimension, and so is ‖∇χa,R‖L2 in dimension one. Then by putting together (3.7.13)-(3.7.16),we obtain
∣∣∣∣∂t
(∫

RN

ηn(t)χa,Rdx

)∣∣∣∣ ≤ C(φ)(‖wn(t)‖L2(Ωa,R)(1 + ‖∇wn(t)‖L2) + ‖∇φ‖LN∗ (Ωa,R)),with N∗ = 2 if N = 1 and N∗ = N
N−1 if 2 ≤ N ≤ 4. Integrating this inequality between 0 and tand, by (3.7.12), passing to the limit we have

∣∣∣∣
∫

RN

η(t)χa,R dx−
∫

RN

η(0)χa,R dx

∣∣∣∣ ≤

C(φ)

∫ |t|

0
‖w(s)‖L2(Ωa,R)(1 + ‖∇w(s)‖L2) ds+ C(φ)|t|‖∇φ‖LN∗ (Ωa,R). (3.7.17)From the proof of Theorem 3.1.2, we dedue that for some onstant K, depending only on w0,

E0, φ and W,
‖w(t)‖L2 ≤ KeK|t|, ‖∇w(t)‖L2 ≤ KeK|t|. (3.7.18)74



3.7. Other onservation lawsThen, by Cauhy-Shwarz inequality,
∫ |t|

0
‖w(s)‖L2(Ωa,R)(1 + ‖∇w(s)‖L2) ds ≤KeK|t|

∫ |t|

0
‖w(s)‖L2(Ωa,R) ds

≤KeK|t||t| 12
(∫ |t|

0

∫

Ωa,R

|w(s)|2 dx ds
) 1

2

.This inequality together with (3.7.18), the dominated onvergene theorem and (3.7.17) implythat
lim

R→∞

(∫

RN

(1− |u(t)|2)χa,R dx−
∫

RN

(1− |u0|2)χa,R dx

)
= 0.The onlusion follows from the de�nition of m+, m− and m.An interesting open question is to extend the statement of Theorem 3.1.9 to a more meaningfulnotion of mass suh as

m
+(u) = inf

a∈R
lim sup
R→∞

∫

B(a,R)
(1− |u|2) dx, m

−(u) = sup
a∈R

lim inf
R→∞

∫

B(a,R)
(1− |u|2) dx.In fat, in the one-dimensional ase, one an hoose a test funtion χ suh that

‖χa,R‖L2(supp(∇χa,R))is uniformly bounded in a and R. Then one an see that Theorem 3.1.9 remains true replaing mby m, reovering a result of Béthuel et al. (see Appendix in [10℄). However, in higher dimensionswe do not know if this is possible.
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Chapter 4Nonexistene of traveling waves for anonloal Gross�Pitaevskii equation
AbstratWe onsider a Gross�Pitaevskii equation with a nonloal interation potential. We providesu�ient onditions on the potential suh that there exists a range of speeds in whih nontrivialtraveling waves do not exist.Keywords: Nonloal Shrödinger equation, Gross�Pitaevskii equation, Traveling waves, Po-hozaev identities, Nonzero onditions at in�nity.Mathematis Subjet Classi�ation 35Q55; 35Q40; 35Q51; 35B65; 37K40; 37K05; 81Q99.4.1 Introdution4.1.1 The problemWe onsider �nite energy traveling waves for the nonloal Gross�Pitaevskii equation

i∂tu−∆u− u(W ∗ (1− |u|2)) = 0, u(x, t) ∈ C, x ∈ RN , t ∈ R. (4.1.1)Here ∗ denotes the onvolution in RN and W is a real-valued even distribution. The aim of thiswork is to provide su�ient onditions on the potential W suh that these traveling waves areneessarily onstant for a ertain range of speeds. Equation (4.1.1) is Hamiltonian and its energy
E(u(t)) =

1

2

∫

RN

|∇u(t)|2 dx+
1

4

∫

RN

(W ∗ (1− |u(t)|2))(1 − |u(t)|2) dxis formally onserved. A traveling wave of speed c that propagates along the x1-axis is a solutionof the form
uc(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ).79



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationHene the pro�le v satis�es
ic∂1v +∆v + v(W ∗ (1− |v|2)) = 0 in RN , (NTWc)and by using omplex onjugation, we an restrit us to the ase c ≥ 0. Note that any onstant(omplex-valued) funtion v of modulus one veri�es (NTWc), so that we refer to them as thetrivial solutions.Notie that, in the ase that W oinides with the Dira delta funtion, (NTWc) redues tothe lassial Gross�Pitaevskii equation

ic∂1v +∆v + v(1− |v|2) = 0 in RN . (TWc)Equation (TWc) has been intensively studied in the last years. We refer to [7℄ for a survey. Fromnow on we suppose that N ≥ 2 and we reall the following results.Theorem 4.1.1 ([22, 12, 47, 49℄). Let v ∈ H1
loc(R

N ) be a �nite energy solution of (TWc).Assume that one of the following ases hold(i) c = 0.(ii) c > √
2.(iii) N = 2 and c = √

2.Then v is a onstant funtion of modulus one.Theorem 4.1.2 ([12, 11, 25, 8, 77℄). There is some nonempty set A ⊂ (0,
√
2) suh that forall c ∈ A there exists a nononstant �nite energy solution of (TWc). Furthermore, assume that

N ≥ 3. Then there exists a nononstant �nite energy solution of (TWc) for all 0 < c <
√
2.It would be reasonable to expet to generalize in some way these theorems to the nonloalequation (NTWc). The aim of this paper is to investigate the analogue of Theorem 4.1.1 in theases (i) and (ii). Before stating our preise results, we give some motivation about the ritialspeed.4.1.2 Physial motivationAs explained in [31℄, (4.1.1) an be onsidered as a generalization of the equation

i~∂tΨ(x, t) =
~2

2m
∆Ψ(x, t) + Ψ(x, t)

∫

RN

|Ψ(y, t)|2V (x− y) dy, in RN × R, (4.1.2)introdued by Gross [52℄ and Pitaevskii [86℄ to desribe the kineti of a weakly interating Bosegas of bosons of mass m, where Ψ is the wavefuntion governing the ondensate in the Hartreeapproximation and V desribes the energy interation between bosons.In the most typial approximation, V is onsidered as a Dira delta funtion. Then thismodel has appliations in several areas of physis, suh as super�uidity, nonlinear optis andBose�Einstein ondensation [62, 61, 65, 26℄. It seems then natural to analyze equation (4.1.2) formore general interations. Indeed, in the study of super�uidity, supersolids and Bose�Einsteinondensation, di�erent types of nonloal potentials have been proposed [14, 6, 32, 96, 87, 63,103, 27, 23, 1℄.80



4.1. IntrodutionLet us now proeed formally and onsider a onstant funtion u0 of modulus one. Sine(4.1.1) is invariant by a hange of phase, we an assume u0 = 1. Then the linearized equation of(4.1.1) at u0 is given by
i∂tũ−∆ũ+ 2W ∗ Re(ũ) = 0. (4.1.3)Writing ũ = ũ1 + iũ2 and taking real and imaginary parts in (4.1.3), we get
−∂tũ2 −∆ũ1 + 2W ∗ ũ1 = 0,

∂tũ1 −∆ũ2 = 0,from where we dedue that
∂2ttũ− 2W ∗ (∆ũ) + ∆2ũ = 0. (4.1.4)By imposing ũ = ei(ξ·x−wt), w ∈ R, ξ ∈ RN , as a solution of (4.1.4), we obtain the dispersionrelation
(w(ξ))2 = |ξ|4 + 2Ŵ (ξ)|ξ|2, (4.1.5)where Ŵ denotes the Fourier transform of W . Supposing that Ŵ is positive and ontinuous atthe origin, we get in the long wave regime, i.e. ξ ∼ 0,
w(ξ) ∼ (2Ŵ (0))1/2|ξ|.Consequently, in this regime we an identify (2Ŵ (0))1/2 as the speed of sound waves (also alledsoni speed), so that we set
cs(W ) = (2Ŵ (0))1/2.The dispersion relation (4.1.5) was �rst observed by Bogoliubov [14℄ on the study of Bose�Einstein gas and under some physial onsiderations he established that the gas should movewith a speed less than cs(W ) to preserve its super�uid properties. From a mathematial pointof view and omparing with Theorems 4.1.1 and 4.1.2, this enourages us to think that thenonexistene of a nontrivial solution of (NTWc) is related to the ondition

c > cs(W ). (4.1.6)Atually, in Subsetion 4.1.4 we provide results in this diretion and in Subsetion 4.1.5 wespeify the disussion for some expliit potentials W whih are physially relevant.4.1.3 Hypotheses on WLet us introdue the spaes Mp,q(R
N ) of tempered distributions W suh that the linearoperator f 7→ W ∗ f is bounded from Lp(RN ) to Lq(RN ). We will use the following hypotheseson W .(H1) W is a real-valued even temperated distribution.(H2) W ∈ M2,2(R

N ). Moreover, if N ≥ 4,
W ∈ MN/(N−1),∞(RN ) ∩M2N/(N−2),∞(RN ) ∩M2N/(N−2),2N/(N−2)(R

N ). (4.1.7)(H3) Ŵ is di�erentiable a.e. on RN and for all j, k ∈ {1, . . . , N} the map ξ → ξj∂kŴ (ξ) isbounded and ontinuous a.e. on RN . 81



Chapter 4. Nonexistene of traveling waves for a nonloal GP equation(H4) Ŵ ≥ 0 a.e. on RN .(H5) Ŵ is of lass C2 in a neighborhood of the origin and Ŵ (0) > 0.Reall that the onditionW ∈ M2,2(R
N ) is equivalent to Ŵ ∈ L∞(RN ) (see e.g. [46℄). Therefore(H4) makes sense provided that (H2) holds. It is proved in [31℄ that under the assumptions (H1),(H2) and (H4) the Cauhy problem for (4.1.1) with nonzero ondition at in�nity is globally well-posed. Atually, ondition (4.1.7) is more restritive than the one used in [31℄ in dimension

N ≥ 4, but we need it to ensure the regularity of solutions. More preisely, in Setion 4.2 weprove that under the hypothesis (H2), the solutions of (NTWc) are smooth and satisfy
|v(x)| → 1, ∇v(x) → 0, as |x| → ∞.On the other hand, by Lemma 4.2.3, (4.1.7) is at least ful�lled for W ∈ L1(RN ) ∩ LN (RN ).Assumption (H2) also implies that E(v) is �nite in the energy spae

E(RN ) = {ϕ ∈ H1
loc(R

N ) : 1− |ϕ|2 ∈ L2(RN ),∇ϕ ∈ L2(RN )}.Furthermore, if (H4) also holds, then by the Planherel identity
E(v) =

1

2

∫

RN

|∇v|2 + 1

4(2π)N

∫

RN

Ŵ | ̂1− |v|2|2 ≥ 0.In Subsetion 4.1.5 we show several examples of distributions W satisfying the onditions (H1)�(H5).4.1.4 Statement of the resultsTheorem 4.1.3. Assume that W satis�es (H1)�(H5). Let c > cs(W ) and suppose that thereexist onstants σ1, . . . , σN ∈ R suh that
Ŵ (ξ) + αc

N∑

k=2

σkξk∂kŴ (ξ)− σ1ξ1∂1Ŵ (ξ) ≥ 0, for a.a. ξ ∈ RN , (4.1.8)and
N∑

k=2

σk +min

{
−σ1 − 1,

σ1 − 1

αc + 2
, 2αcσj + σ1 − 1

}
≥ 0, (4.1.9)for all j ∈ {2, . . . , N}, where αc := c2/(cs(W ))2 − 1. Then nontrivial solutions of (NTWc) in

E(RN ) do not exist.To apply Theorem 4.1.3 we need to verify the existene of the onstants σ1, . . . , σN satisfying(4.1.8) and (4.1.9). To avoid this task, we provide two orollaries where the onditions for thenonexistene of traveling waves are expressed only in terms of W .Corollary 4.1.4. Assume that W satis�es (H1)�(H5) and also that
Ŵ (ξ) ≥ max

{
1,

2

N − 1

} N∑

k=2

|ξk∂kŴ (ξ)|+ |ξ1∂1Ŵ (ξ)|, for a.a. ξ ∈ RN . (4.1.10)Suppose that c > cs(W ). Then nontrivial solutions of (NTWc) in E(RN ) do not exist.82



4.1. IntrodutionCorollary 4.1.5. Assume that W satis�es (H1)�(H5). Suppose that
cs(W ) < c ≤ cs(W )

(
1 + inf

ξ∈RN

(N − 1)Ŵ (ξ)
∑N

k=2|ξk∂kŴ (ξ)|

)1/2

, for a.a. ξ ∈ RN . (4.1.11)Then nontrivial solutions of (NTWc) in E(RN ) do not exist.Conerning the stati waves, we have the following result.Theorem 4.1.6. Assume that W satis�es (H1)�(H4). Suppose that c = 0 and that
ξj∂jŴ (ξ) ≤ 0, for a.a. ξ ∈ RN , (4.1.12)for all j ∈ {1, . . . , N}. Then nontrivial solutions of (NTWc) in E(RN ) do not exist.Note that in the ase W = aδ, a > 0, Ŵ = a and so that ∇Ŵ = 0. Then onditions (4.1.10),(4.1.11) and (4.1.12) hold. Therefore, invoking Corollary 4.1.4 or 4.1.5 and Theorem 4.1.6 weobtain the nonexistene of nontrivial solutions for all

c ∈ {0} ∪ (
√
2a,∞). (4.1.13)In partiular, onsidering a = 1, we reover Theorem 4.1.1 in the ases (i) and (ii).So far, in view of (H5), we have assumed that Ŵ is regular in a neighborhood of the origin,whih in partiular allows us to de�ne cs(W ). However there are interesting examples of kernelsprovided by the physial literature suh that Ŵ is not ontinuous at the origin and then cs(W )is not properly de�ned. For this reason we will work with a more general geometri ondition on

Ŵ . More preisely, denoting by {ek}k∈{1,...,N} the anonial unitary vetors of RN , we introduethe funtion
wj(ν1, ν2) := Ŵ (ν1e1 + ν2ej), (ν1, ν2) ∈ R2, j ∈ {2, . . . , N}, (4.1.14)and the set

Γj,c := {ν = (ν1, ν2) ∈ R2 : |ν|4 + 2wj(ν)|ν|2 − c2ν21 = 0}.Then Theorem 4.1.3 an be generalized if we replae (H5) by the ondition(H6) For all j ∈ {2, . . . , N} and c > 0, there exist δ > 0 and two funtions γ+j,c and γ−j,c,de�ned on the interval (0, δ), suh that the set Γj,c ∩ B(0, δ) has Lebesgue measure zero,
γ±j,c ∈ C1((0, δ)), and

γ+j,c(t) > 0, γ−j,c(t) < 0, (t, γ±j,c(t)) ∈ Γj,c, for all t ∈ (0, δ).Moreover, the following limits exist and are equal
lim
t→0+

(
γ+j,c(t)

t

)2

= lim
t→0+

(
γ−j,c(t)

t

)2

=: ℓj,c.Figure 4.1 illustrates ondition (H6). The fat that (H5) and (4.1.6) atually imply (H6) is provedin Setion 4.4 (see Lemma 4.4.1). We also note that from (H6) we infer that limt→0+ γ
±
j,c(t) = 0.Moreover, if Ŵ is even in eah omponent, that is

Ŵ ((−1)m1x1, (−1)m2x2, . . . , (−1)mNxN ) = Ŵ (x1, x2, . . . , xN ),for all (m1, . . . ,mN ) ∈ {0, 1}N , then γ−j,c = −γ+j,c, for all j ∈ {2, . . . , N}.On the other hand, if the values ℓj,c are positive, a neessary ondition for the existene of anontrivial �nite energy solution of (NTWc) is that they are equal. 83



Chapter 4. Nonexistene of traveling waves for a nonloal GP equation
γ+j,c(t)

γ−j,c(t)

√
ℓj,c t

−
√
ℓj,c t

0
t

Figure 4.1: The urves γ±j,c of ondition (H6).Lemma 4.1.7. Let c > 0. Assume that W satis�es (H1)�(H4) and (H6) with ℓj,c > 0, for all
j ∈ {2, . . . , N}. Let v ∈ E(RN ) be a nontrivial solution of (NTWc) in E(RN ). Then

ℓ1,c = ℓ2,c = · · · = ℓN,c.Now we are ready to state our main result in its general form.Theorem 4.1.8. Let c > 0. Assume that W satis�es (H1)�(H4) and (H6), with
ℓc := ℓ1,c = ℓ2,c = · · · = ℓN,c > 0. (4.1.15)Suppose that there exist onstants σ1, . . . , σN ∈ R suh that

Ŵ (ξ) + ℓc

N∑

k=2

σkξk∂kŴ (ξ)− σ1ξ1∂1Ŵ (ξ) ≥ 0, for a.a. ξ ∈ RN , (4.1.16)and
N∑

k=2

σk +min

{
−σ1 − 1,

σ1 − 1

ℓc + 2
, 2ℓcσj + σ1 − 1

}
≥ 0, (4.1.17)for all j ∈ {2, . . . , N}. Then nontrivial solutions of (NTWc) in E(RN ) do not exist.Finally, we give the orresponding analogue of Corollaries 4.1.4�4.1.5.Corollary 4.1.9. Let c > 0. Assume that W satis�es (H1)�(H4), (H6) and (4.1.15). Supposethat either (4.1.10) or

lc ≤ inf
ξ∈RN

(N − 1)Ŵ (ξ)
∑N

k=2|ξk∂kŴ (ξ)|hold. Then nontrivial solutions of (NTWc) in E(RN ) do not exist.84



4.1. Introdution4.1.5 ExamplesIn this subsetion we provide some potentials of physial interest for whih the Cauhyproblem for (4.1.1) is globally well-posed (see [31℄).(I) Given the spherially symmetri interation of partiles, in physial models it is usual tosuppose that W is radial and then so is its Fourier transform, namely
Ŵ (ξ) = ρ(|ξ|),for some funtion ρ : [0,∞) → R. Assuming that ρ is di�erentiable, we ompute

ξk∂kŴ (ξ) = ρ′(|ξ|) ξ
2
k

|ξ| , for all ξ ∈ RN \ {0}. (4.1.18)Then, using that ∑N
k=2 ξ

2
k = |ξ|2 − ξ21 and that |ξk| ≤ |ξ|, we obtain that onditions (4.1.10) and(4.1.11) are respetively satis�ed if

max

{
1,

2

N − 1

}
≤ inf

r>0

ρ(r)

|ρ′(r)|r , (4.1.19)and
2ρ(0) < c2 ≤ 2ρ(0)

(
1 + inf

r>0

ρ(r)

|ρ′(r)|r

)
. (4.1.20)We onsider now a generalization of the model proposed by Shhesnovih and Kraenkel [96℄

ρ(r) =
1

(1 + ar2)b/2
, a, b > 0,so that

cs := cs(W ) =
√
2.It is immediate to verify that hypotheses (H1),(H3)�(H5) are satis�ed. Also, sine Ŵ ∈ L∞(RN ),(H2) is ful�lled for N = 2, 3. Moreover, by Proposition 6.1.5 in [46℄, we onlude that W ∈

L1(RN ) ∩ LN (RN ) for N ≥ 4 provided that b > N − 1. On the other hand,
inf
r>0

ρ(r)

|ρ′(r)|r = inf
r>0

1 + ar2

abr2
=

1

b
. (4.1.21)Therefore, using (4.1.18)�(4.1.21) and invoking Corollaries 4.1.4,4.1.5 and Theorem 4.1.6, weonlude that in the following ases there is nonexistene of nontrivial solutions of (NTWc) in

E(RN )(a) N = 2, b ≤ 1/2, c ∈ (cs,∞).(b) N = 2, b > 1/2, c ∈ (cs,
√

2 + 2/b).() N = 3, b ≤ 1, c ∈ (cs,∞).(d) N = 3, b > 1, c ∈ (cs,
√

2 + 2/b).(e) N ≥ 4, b > N − 1, c ∈ (cs,
√

2 + 2/b).(f) N = 2 or 3, c = 0.(g) N ≥ 4, b > N − 1, c = 0. 85



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationWe remark that if b→ 0, Ŵ → 1 and then W → δ in a distributional sense. Thus the ases (a)and () ould be seen as a generalization of Theorem 4.1.1 in the ases (i) and (ii).(II) Let N = 2, 3 and
Wε = δ + εf, ε ≥ 0,where f is an even real-valued funtion, suh that f, |x|2f, |x|∇f ∈ L1(RN ). Then Ŵε = 1+εf̂ ∈

C2(RN ). Sine
x̂j∂kf = −(δj,kf̂ + ξk∂j f̂), (4.1.22)we have

‖f̂‖L∞(RN ) ≤ ‖f‖L1(RN ), ‖ξk∂j f̂‖L∞(RN ) ≤ ‖f‖L1(RN ) + ‖xj∂kf‖L1(RN ).Then we see that W satis�es onditions (H1)�(H5) provided that ε < ‖f‖−1
L1(RN )

and that thesoni speed given by
cs := cs(W ) =

(
2 + 2ε

∫

R2

f

)1/2

,is well-de�ned. Moreover (4.1.10) is ful�lled if
ε <

(
4‖f‖L1(RN ) +

N∑

k=1

‖xk∂kf‖L1(RN )

)−1

. (4.1.23)Therefore, under ondition (4.1.23), Corollary 4.1.4 implies the nonexistene of nontrivial solu-tions of (NTWc) in E(RN ) for any c ∈ (cs,∞).(III) The following potential used in [23, 103℄ to model dipolar fores in a quantum gas yieldsan example in R3 where the speed of sound is not properly de�ned. Let
W = aδ + bK, a, b ∈ R,where K is the singular kernel

K(x) =
x21 + x22 − 2x23

|x|5 , x ∈ R3\{0}.In the sequel, we will dedue from Lemma 4.1.7 and Theorem 4.1.8 that there is nonexistene ofnontrivial �nite energy solutions of (NTWc) in E(RN ) for all
(2max{a− b̃, a})1/2 < c <∞, (4.1.24)with b̃ = (4πb)/3, provided that a > 0 and either

a ≥ b̃ ≥ 0 or a > −2b̃ ≥ 0. (4.1.25)We now turn to the proof of ondition (4.1.24). In fat, sine (see [23℄)
Ŵ (ξ) = a+ b̃

(
3ξ23
|ξ|2 − 1

)
, ξ ∈ R3\{0},

W satis�es (H1)�(H4) if one of the onditions in (4.1.25) holds. However, Ŵ is not ontinuousat the origin. More preisely, in terms of the funtion de�ned in (4.1.14), we have that w2 is86



4.1. Introdutiononstant equal to a > 0 and by Lemma 4.4.1 there exist urves γ±2 with ℓ2,c = c2/(2a) − 1. Onthe other hand, w3 is not ontinuous at the origin but assuming (4.1.24) we an expliitly solvethe algebrai equation
(x2 + y2)2 + 2w3(x, y)(x

2 + y2)− c2x2 = 0and dedue that
γ±3,c(t) = ±

√
−t2 − a− 2b̃+

√
6b̃t2 + (a+ 2b̃)2 + c2t2,for |t| < c2 − 2(a− b̃). Therefore (H6) holds and ℓ3,c = −1 + (6b̃+ c2)/(2(a+2b̃)). Note that by(4.1.25), ℓ3,c is a well-de�ned positive onstant. By Lemma 4.1.7, a neessary ondition so thatthe equation (NTWc) has nontrivial solutions is ℓ3,c = ℓ2,c, whih leads us to

(c2 − 3a)b = 0.The ase b = 0 has already been analyzed (see (4.1.13)). If b 6= 0, we obtain c2 = 3a. Hene
ℓc := ℓ2,c = ℓ3,c = 1/2. Then, taking σ1 = 0 and σ2 = σ3 = 1/2, (4.1.17) is satis�ed and the l.h.s.of (4.1.16) reads

a+ b̃

(
3
ξ23
|ξ|2

(
1− ξ22

2|ξ|2
)
− 1

)
+

3b̃

2

ξ23
|ξ|2

(
1− ξ23

|ξ2|

)
,whih is nonnegative by (4.1.25). Therefore, by Theorem 4.1.8, there is nonexistene of nontrivialsolutions of (NTWc) in E(RN ), provided that (4.1.24) and (4.1.25) hold.As proved in [31℄, the Cauhy problem is also globally well-posed for other interations suhas the soft ore potential

W (x) =

{
1, if |x| < a,

0, otherwise,with a > 0. However, our results do not apply to this kernel, sine the hanges of sign of Ŵ willprevent that an inequality suh as (4.1.16) an be satis�ed. Moreover, in this ase the energyould be negative making the analysis more di�ult. Nevertheless, Ŵ is positive near the originand the soni speed is still well de�ned, so that it is an open question to establish whih are theexat impliations of hange of sign of the Fourier transform in the nonexistene results.4.1.6 Outline of the proofs and organization of the paperWe reall that Theorem 4.1.1-(i) follows from a lassial Pohozaev identity. Gravejat in [47℄proves Theorem 4.1.1-(ii) by ombining the respetive Pohozaev identity with an integral equalityobtained from the Fourier analysis of the equation satis�ed by 1−|v|2. Our results are derived inthe same spirit. In the next setion we prove that onditions (H1) and (H2) imply the regularityof solutions of (NTWc). In Setion 4.3 we prove that ondition (H6) allows us to generalize thearguments in [47℄ so that we an derive the integral identity (4.3.1). The fat that the set Γj,c isdesribed by the urves γ±j,c is a onsequene of the Morse lemma, as explained in Setion 4.4.In Setion 4.5 we establish a Pohozaev identity for (NTWc) with a �remainder term� de-pending on the derivatives of Ŵ . Although this identity an be formally obtained for rapidlydeaying funtions, its proof for funtions in E(RN ) is the major tehnial di�ulty of this paper87



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationand relies on Fourier analysis and the fat that W is even. As in [22℄, we then see in Setion 4.6that Theorem 4.1.6 is a straightforward onsequene of this relation.In Setion 4.6 we also show that we an reast the identities desribed above as a suitablelinear system of equations for whih we an invoke the Farkas lemma to obtain the nonexisteneonditions given in Theorems 4.1.8 and 4.1.3. The orollaries stated in Subsetion 4.1.4 thenfollow by hoosing the values of σ1, . . . , σN appropriately.Notations. We adopt the standard notation C(·, ·, . . . ) to represent a generi onstant thatdepends only on eah of its arguments. For any x, y ∈ RN , z, w ∈ C, we denote the innerproduts in RN and C, respetively, by x · y =
∑N

i=1 xiyi and 〈z, w〉 = Re(zw). The Kronekerdelta δk,j takes the value one if k = j and zero otherwise. F(f) or f̂ stand for the Fouriertransform of f , namely
F(f)(ξ) = f̂(ξ) =

∫

R2

f(x)e−ix·ξ dx,and F−1 for its inverse.4.2 Regularity of solutionsFrom now on we �x c ≥ 0. We assume that there exists a solution v = v1 + iv2 (v1, v2real-valued) of (NTWc) in E(RN ). We also set the real-valued funtions
ρ := |v| = (v21 + v22)

1/2, η := 1− |v|2.Lemma 4.2.1. Assume that W ∈ M2,2(R
N ). Then v ∈ W

2, 4/3
loc (RN ). Suppose further that

2 ≤ N ≤ 3. Then v is smooth and bounded. Moreover, η and ∇v belong to W k,p(RN ), for all
k ∈ N, 2 ≤ p ≤ ∞.Proof. Let x̄ ∈ RN and Br := B(x̄, r) the ball of enter x̄ and radius r. Then

‖v‖L4(B1) = ‖|v|2‖L2(B1) ≤ ‖|v|2 − 1‖L2(RN ) + ‖1‖L2(B1) ≤ E(v) + C(N). (4.2.1)On the other hand, we an deompose v as v = z1+ z2+ z3, where z1, z2 and z3 are the solutionsof the following equations {
−∆z1 = 0, in B1,

z1 = v, on ∂B1,
(4.2.2)

{
−∆z2 = ic∂1v, in B1,

z2 = 0, on ∂B1,
(4.2.3)

{
−∆z3 = v(W ∗ η), in B1,

z3 = 0, on ∂B1.
(4.2.4)Sine z1 is a harmoni funtion,

‖z1‖Ck(B1/2)
≤ C(N, k,E(v)),88



4.2. Regularity of solutionsfor all k ∈ N. Using the Hölder inequality, (4.2.1) and ellipti regularity estimates (see e.g. [43℄),we also have
‖z2‖W 2,2(B1) ≤ C(N,E(v)), ‖z3‖W 2,4/3(B1)

≤ C(N,E(v))‖Ŵ ‖L∞(RN )‖η‖L2(RN ).Therefore ‖v‖W 2,4/3(B1/2)
≤ C(N,E(v), η,W ). Furthermore, by the Sobolev embedding theoremwe dedue that ‖v‖L∞(B1/2) is bounded for N = 2 and then this bound holds uniformly in

R2. If N = 3, we onlude that ‖v‖L12(B1/2) is uniformly bounded. Then using the samedeomposition (4.2.2)�(4.2.4) in the ball B1/4, idential arguments prove that ‖v‖W 2,12/7(B1/4)
≤

C(N,E(v), η,W ), whih by the Sobolev embedding theorem in dimension three implies that
‖v‖L∞(B1/4) is uniformly bounded. Consequently, v ∈ L∞(RN ) for N = 2, 3.Finally, using again (4.2.2)�(4.2.4) and a standard bootstrap argument, we onlude that
v ∈W k,∞(RN ) for all k ∈ N.Now, setting w = ∂jv, j ∈ {1, . . . , N}, and di�erentiating (NTWc) with respet to xj , weobtain for any λ ∈ R

Lλ(w) := −∆w − ic∂1w + λw = ∂jv(W ∗ η) + v(W ∗ ∂jη) + λw, in RN .Sine ∇v ∈ L∞(RN ) ∩ L2(RN ), we dedue that the r.h.s. belongs to L2(RN ). Then, for λ > 0large enough, we an apply the Lax�Milgram theorem to the operator Lλ to dedue that w ∈
H2(RN ). Thus ∇v ∈ H2(RN ) and a bootstrap argument shows that ∇v ∈ Hk(RN ), for all k ∈ Nand therefore, by interpolation, ∇v, η ∈W k,p(RN ), for all p ≥ 2 and k ∈ N.In Lemma 4.2.1, we needed to di�erentiate the equation (NTWc) to improve the regularity,whih required that W ∗ ∇η was well-de�ned. If N ≥ 4, proeeding as in Lemma 4.2.1, we anonly infer that ∇η ∈ L

4/3
loc (R

N ) so that it is not lear that we an give a sense to the termW ∗∇η.On the other hand, if N ≥ 3, the fat that ∇v ∈ L2(RN ) implies that there exists z0 ∈ C with
|z0| = 1 suh that v − z0 ∈ L

2N
N−2 (RN ) (see e.g. [59, Theorem 4.5.9℄). Moreover, sine (NTWc)is invariant by a hange of phase, we an assume that v − 1 ∈ L

2N
N−2 (RN ). Therefore,

∇η = −2〈v − 1,∇v〉 − 2〈1,∇v〉 ∈ LN/(N−1)(RN ) + L2(RN ). (4.2.5)Then it would be reasonable to suppose that W ∈ MN/N−1,q(R
N ), for some q ≥ N/N − 1.However, this is not enough to invoke the ellipti regularity estimates and that is reason whywe work with the assumption (4.1.7) in (H2) if N ≥ 4. We remark that to establish preiseonditions on W that ensure the regularity of solutions of (NTWc) in higher dimensions goesbeyond the sope of this paper.Lemma 4.2.2. Let N ≥ 4. Assume that W satis�es (H2). Then v is bounded and smooth.Moreover, η and ∇v belong to W k,p(RN ), for all k ∈ N, 2 ≤ p ≤ ∞.Proof. From (4.1.7), by duality (see e.g. [46℄) we infer that W ∈ M1,N (RN )∩M1,2N/(N+2)(R

N ).Then, from the Riesz�Thorin interpolation theorem and the fat that (1/2, (N − 2)/(2N)) and
((N − 1)/N, (N − 2)/(2N)) belong to the onvex hull of

{(
1

2
,
1

2

)
,

(
N − 1

N
, 0

)
,

(
N − 2

2N
, 0

)
,

(
1,

1

N

)
,

(
1,
N + 2

2N

)}
, 89



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationwe onlude that
W ∈ M2,2N/(N−2)(R

N ) and W ∈ MN/(N−1),2N/(N−2)(R
N ). (4.2.6)As mentioned before, we an assume that ṽ := v− 1 ∈ L

2N
N−2 (RN ). Then using (H2), (4.2.5) and(4.2.6), we are led to

W ∗ η,W ∗ ∇η ∈ L∞(RN ) ∩ L2N/(N−2)(RN ). (4.2.7)Now we reast (NTWc) as
Lλ(ṽ) := −∆ṽ − ic∂1ṽ + λṽ = ṽ((W ∗ η) + λ) +W ∗ η, in RN , (4.2.8)for some λ > 0. By (4.2.7), the r.h.s. of (4.2.8) belongs to L2N/(N−2)(RN ). Then hoosing

λ large enough, we an apply ellipti regularity estimates to the operator Lλ to onlude that
ṽ ∈W 2,2N/(N−2)(RN ). Then

∂j,kη = −2(〈v − 1, ∂j,kv〉+ 〈∂jv, ∂kv〉+ 〈1, ∂j,kv〉) ∈ LN/(N−1)(RN ) + L2N/(N−2)(RN ),for any 1 ≤ j, k ≤ N . Therefore, by (4.1.7) and (4.2.6), W ∗ ∂j,kη ∈ L∞(RN ) ∩ L2N/(N−2).Thus the r.h.s. of (4.2.8) belongs to W 2,2N/(N−2)(RN ), so that ṽ ∈ W 4,2N/(N−2)(RN ). Abootstrap argument yields that ṽ ∈W k,2N/(N−2)(RN ), for any k ∈ N. By the Sobolev embeddingtheorem, we onlude that v ∈ W k,∞(RN ) for any k ∈ N. Then the onlusion follows as inLemma 4.2.1.Lemma 4.2.3. Let W ∈ L1(RN ) if 2 ≤ N ≤ 3 and W ∈ L1(RN ) ∩ LN (RN ) if N ≥ 4. Then Wful�lls (H2).Proof. Sine W ∈ L1(RN ), by the Young inequality we have
‖W ∗ f‖Lp(RN ) ≤ ‖W‖L1(RN )‖f‖Lp(RN ), for any p ∈ [1,∞].Then, taking p = 2, we onlude that (H2) holds for 2 ≤ N ≤ 3. For N ≥ 4, we have

W ∈ L1(RN ) ∩ LN (RN ). In partiular, W ∈ L2N/(N+2)(RN ) and the Young inequality impliesthat
‖W ∗ f‖L∞(RN ) ≤ ‖W‖LN (RN )‖f‖LN/(N−1)(RN ),

‖W ∗ f‖L∞(RN ) ≤ ‖W‖L2N/(N+2)(RN )‖f‖L2N/(N−2)(RN ).Therefore (H2) is satis�ed.Corollary 4.2.4. Assume that W satis�es (H2). Then v is smooth and bounded. Moreover, ηand ∇v belong to W k,p(RN ), for all k ∈ N, 2 ≤ p ≤ ∞, and
ρ(x) → 1, ∇v(x) → 0, as |x| → ∞. (4.2.9)Furthermore, there exists a smooth lifting of v. More preisely, there exist R0 > 0 and a smoothreal-valued funtion θ de�ned on B(0, R0)

c, with ∇θ ∈ W k,p(B(0, R0)
c), for all k ∈ N, 2 ≤ p ≤

∞, suh that
ρ ≥ 1

2
and v = ρeiθ on B(0, R0)

c. (4.2.10)90



4.3. An integral identityProof. The �rst part is exatly Lemmas 4.2.1 and 4.2.3. In partiular, v and ∇v are uniformlyontinuous on RN . Then, sine 1 − |v|2 ∈ L2(RN ) and ∇v ∈ L2(RN ), we obtain (4.2.9). Theexistene of the lifting satisfying (4.2.10) follows as in [78, Proposition 2.5℄. From (4.2.10) wealso dedue that
|∇v|2 = |∇ρ|2 + ρ2|∇θ|2 on B(0, R0)

c.Sine ρ ≥ 1/2 on B(0, R0)
c, we infer that ∇θ ∈W k,p(B(0, R0)

c), for all k ∈ N, 2 ≤ p ≤ ∞.By virtue of Corollary 4.2.4, we introdue the funtion φ ∈ C∞(RN ), |φ| ≤ 1, suh that
φ = 0 on B(0, 2R0) and φ = 1 on B(0, 3R0)

c. In this way, we an assume the funtion φθ iswell-de�ned on RN . This will be useful in the next setion to work with global funtions in termsof θ. In fat, we end this setion with the following result.Lemma 4.2.5. Assume that W satis�es (H2). Then
G := v1∇v2 − v2∇v1 −∇(φθ), on RN , (4.2.11)belongs to W k,p(RN ), for all k ∈ N and 1 ≤ p ≤ ∞.Proof. By Corollary 4.2.4, G ∈ C∞(RN ) and moreover

G = −η∇θ on B(0, 3R0)
c.Sine ∇θ ∈ W k,p(B(0, R0)

c) and η ∈ W k,p(B(0, R0)
c), for all k ∈ N, 2 ≤ p ≤ ∞, the onlusionfollows.4.3 An integral identityThe aim of this setion is to prove the following integral identity.Proposition 4.3.1. Let c > 0. Suppose that (H2) and (H6) hold with ℓj,c > 0, for some

j ∈ {2, . . . , N}. Then
∫

R2

(|∇v|2 + η(W ∗ η)) = −c ℓj,c
1 + ℓj,c

∫

R2

(v1∂1v2 − v2∂1v1 − ∂1(φθ)). (4.3.1)We note that sine W satis�es (H2), all the results of Setion 4.2 hold. On the other hand,from (NTWc) we dedue that η = 1− |v|2 satis�es
∆η = −F + 2W ∗ η − 2c∂1(φθ). (4.3.2)where
F := 2|∇v|2 + 2η(W ∗ η) + 2cG1.and G = (G1, . . . , GN ) was de�ned in (4.2.11). Considering real and imaginary parts in (NTWc)and multiplying them by v2 and v1, respetively, it follows that

div(G) = v1∆v2 − v2∆v1 −∆(φθ) =
c

2
∂1η −∆(φθ). (4.3.3)91



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationTherefore, from (4.3.2) and (4.3.3), we onlude that
∆2η − 2∆(W ∗ η) + c2∂211η = −∆F + 2c∂1(divG), in RN . (4.3.4)Sine we are assuming (H2), by Corollary 4.2.4 and Lemma 4.2.5, we have that F,G ∈W k,1(RN )∩

W k,2(RN ), for all k ∈ N, so that (4.3.4) stands in L2(RN ). Taking the Fourier transform inequation (4.3.4) and setting
R(ξ) := |ξ|4 + 2Ŵ (ξ)|ξ|2 − c2ξ21 and H(ξ) := |ξ|2F̂ (ξ)− 2c

N∑

j=1

ξ1ξjĜj(ξ),we get
R(ξ)η̂(ξ) = H(ξ), in L2(RN ). (4.3.5)Lemma 4.3.2. Let c > 0. Suppose that (H2) and (H6) hold. Then for all j ∈ {2, . . . , N},

H(te1 + γ±j,c(t)ej) = 0, for all t ∈ (0, δ), (4.3.6)where δ is given by (H6).Proof. We �x j ∈ {2, . . . , N} and we prove (4.3.6) for γ+j,c, sine the proof for γ−j,c is analogous.To simplify the notation, we put γ := γ+j,c. As stated before, F,G ∈ W k,1(RN ) ∩W k,2(RN ), forall k ∈ N. In partiular F,G ∈ L1(RN ), so that F̂ , Ĝ ∈ C(RN ). Thus H is a ontinuous funtionon RN .Let δ > 0 given by (H6). Arguing by ontradition, we suppose that there exist t0 ∈ (0, δ)and a onstant A > 0 suh that |H(ξ̃)| ≥ A, where ξ̃ = t0e1 + γ(t0)ej . By the ontinuity of H,there exists r > 0 suh that |H(ξ)| ≥ A, for all ξ ∈ Vr, where
Vr = B(ξ̃, r) ∩ {αe1 + βej : α, β ∈ R}.Thus Vr is a two-dimensional set and sine t0 > 0, we an hoose r small enough suh that

0 /∈ Vr. Then (4.3.5) yields
|η̂(ξ)|2 ≥ A2

(R(ξ))2
, for all ξ ∈ Vr \ Γj,c. (4.3.7)We laim that

I :=

∫

Vr\Γj,c

dξ1dξj
(R(ξ))2

= +∞. (4.3.8)Sine by hypothesis Γj,c ∩ B(0, δ) has measure zero, (4.3.7) and (4.3.8) ontradit that η̂ ∈
L2(RN ).To prove (4.3.8), sine Vr is a two-dimensional set, we identify it as a subset of R2 and sothat we write e2 instead of ej . Then, sine Γj,c ∩B(0, δ) has measure zero,

I =

∫

Vr

dξ1dξ2
(R(ξ))2

.To ompute the integral we �straighten out� the urve γ. Namely, we introdue the hange ofvariables
ξ1 = ν1 =: Φ1(ν1, ν2),

ξ2 = ν2 + γ(ν1) =: Φ2(ν1, ν2).92



4.3. An integral identitySine γ is a C1-funtion, so is Φ. Moreover, there is some set Ur suh that Vr = Φ(Ur) and
|det(JΦ(ν))| = 1 for all ν ∈ Ur. Setting T (ν) := R(Φ(ν)), ν ∈ Ur, the hange of variablestheorem yields

I =

∫

Ur

dν1dν2
(T (ν))2

. (4.3.9)Furthermore, sine T ∈ C1(Ur) and T (ν1, 0) = 0 for all (ν1, 0) ∈ Ur, the Taylor theorem impliesthat for any (ν1, ν2) ∈ Ur, there is some ν̄ ∈ Ur suh that
T (ν1, ν2) = T (ν1, 0) +

∂T

∂ν2
(ν̄)ν2 =

∂T

∂ν2
(ν̄)ν2. (4.3.10)On the other hand, by (H2), Ŵ ∈ L∞(RN ) and by (H3), ∇W ∈ L∞(Vr), so that ‖Ŵ‖W 1,∞(Vr) <

∞. Thus ‖∇T‖L∞(Ur) ≤ C(r, γ)(1 + ‖Ŵ‖W 1,∞(Vr)) and from (4.3.10) we onlude that
|T (ν)| ≤ C(r, γ)(1 + ‖Ŵ‖W 1,∞(Vr))|ν2|, for all ν ∈ Ur. (4.3.11)From (4.3.9) and (4.3.11), taking ν̃ = (ν̃1, ν̃2) ∈ Ur suh that ξ̃ = Φ(ν̃) and ε > 0 small enough,we onlude that

I ≥ C(r, γ, Ŵ )

∫

Ur

dν1dν2
ν22

≥ C(r, γ, Ŵ )

∫ ν̃1+ε

ν̃1−ε

∫ ε

−ε

dν2dν1
ν22

= +∞,whih onludes the proof.Finally, we give the proof of identity (4.3.1).Proof of Proposition 4.3.1. By Lemma 4.3.2, setting ξ±(t) = te1 + γ±j,c(t)ej , we have
(t2 + (γ±j,c(t))

2)F̂ (ξ±(t))− 2ct2Ĝ1(ξ
±(t)) − 2ctγ±j,c(t)Ĝj(ξ

±(t)) = 0, t ∈ (0, δ).Dividing by t2 and passing to the limit t→ 0+,
(1 + ℓj,c)F̂ (0)− 2cĜ1(0)− 2c

√
ℓj,cĜj(0) = (1 + ℓj,c)F̂ (0)− 2cĜ1(0) + 2c

√
ℓj,cĜj(0) = 0.Therefore, sine ℓj,c > 0, Ĝj(0) = 0 and (1 + ℓj,c)F̂ (0) = 2cĜ1(0), whih is preisely (4.3.1).As a onsequene of Proposition 4.3.1, we obtain Lemma 4.1.7.Proof of Lemma 4.1.7. From (4.3.1), setting

J(v) =

∫

R2

(|∇v|2 + η(W ∗ η)) and P (v) = ∫
R2

(v1∂1v2 − v2∂1v1 − ∂1(φθ)),we infer that
ℓj,c(J(v) + cP (v)) = −J(v). (4.3.12)Sine v is nononstant and Ŵ ≥ 0, we have that J(v) > 0. Then we dedue from (4.3.12) that

J(v) + cP (v) 6= 0 and
ℓj,c = − J(v)

J(v) + cP (v)
.Sine the r.h.s. of the equality does not depend on j, the onlusion follows. 93



Chapter 4. Nonexistene of traveling waves for a nonloal GP equation4.4 The set Γj,c under the ondition (H5)In Setion 4.3 we have seen that identity (4.3.1) is a onsequene of the struture of the set
Γj,c. More preisely, it relies on the fat that (H6) provides the existene of δ > 0 and two urves
γ±j,c suh that

{(t, y±(t)) : t ∈ (−δ, δ)} ⊆ Γj,c.If Ŵ is of lass C2 in a neighborhood of the origin and
αc :=

c2

(cs(W ))2
− 1 > 0,we an use the Morse lemma to justify the existene of the urves γ±j,c and to onlude thatset Γj,c onsists of exatly these two urves near the origin. Therefore the set Γj,c looks likeFigure 4.2 and ondition (H6) is ful�lled.

γ+j,c(t)

γ−j,c(t)

t

Figure 4.2: The set Γj,c near the origin for Ŵ of lass C2.Lemma 4.4.1. Assume that (H1) and (H5) hold. Assume also that αc > 0. Then, for eah
j ∈ {2, . . . , N}, there exist δ > 0 and funtions y± ∈ C1((−δ, δ)) ∩ C2((−δ, δ) \ {0}) suh that

Γj,c ∩B(0, δ) = {(t, y±(t)) : t ∈ (−δ, δ)}. (4.4.1)Moreover,
lim
t→0+

y±(t)/t = ±√
αc, (4.4.2)

y+ is stritly inreasing and y− is stritly dereasing. In partiular, (H6) is satis�ed with lj,c = αc.Proof. Let us set
Rj(ν) := |ν|4 + 2wj(ν)|ν|2 − c2ν21 , ν = (ν1, ν2) ∈ R2.In view of (H5), Rj ∈ C2(B(0, δ0)), for some δ0 > 0. Sine wj is even, we have that ∂1wj(0, 0) =

∂2wj(0, 0) = 0. Then we obtain Rj(0, 0) = 0, ∇Rj(0, 0) = 0,
∂2Rj

∂ν21
(0, 0) = −4αcwj(0, 0) < 0,

∂2Rj

∂ν22
(0, 0) = 4wj(0, 0) > 0,

∂2Rj

∂ν1∂ν2
(0, 0) = 0. (4.4.3)94



4.5. A Pohozaev identityTherefore by the Morse lemma (see e.g. [82, Theorem II℄) there exist two neighborhoods of theorigin U, V ⊂ R2 and a loal di�eomorphism Φ : U → V suh that
Rj(Φ

−1(z)) = −2αcwj(0, 0)z
2
1 + 2wj(0, 0)z

2
2 , for all z = (z1, z2) ∈ V. (4.4.4)Moreover, denoting Φ = (Φ1,Φ2) we have for 1 ≤ j, k ≤ 2

∂Φj

∂νk
(ν) → δj,k, as |ν| → 0. (4.4.5)From (4.4.4) we dedue that near the origin the set of solutions of Rj ◦ Φ−1 = 0 is given by thelines

{(t,±√
αct) : t ∈ (−δ, δ)},where we take δ > 0 suh that the set is ontained in V . Sine Φ is a di�eomorphism we onludethat

Γj,c ∩B(0, δ) = {(x±1 (t), x±2 (t)) : t ∈ (−δ, δ)}, (4.4.6)where
Φ1(x

±
1 , x

±
2 ) = t, (4.4.7)

Φ2(x
±
1 , x

±
2 ) = ±√

αct. (4.4.8)Moreover, di�erentiating relation (4.4.7) with respet to t and using (4.4.5), we infer that
(x±1 )

′(t) → 1 as t → 0. Therefore we an reast (4.4.6) as in (4.4.1) with y± ∈ C1((−δ, δ)) ∩
C2((−δ, δ) \ {0}). Furthermore, di�erentiating (4.4.8) and using again (4.4.5) we onlude that

(y±)′(0) = ±√
αc.Sine y± ∈ C1((−δ, δ)), taking a possible smaller value δ, this implies (4.4.2) and that y+ and

y− are stritly inreasing and dereasing on (−δ, δ), respetively.4.5 A Pohozaev identityIn this setion we establish the following Pohozaev identity.Proposition 4.5.1. Assume that (H1)�(H3) hold. Then
E(v) =

∫

R2

|∂1v|2 +
1

4(2π)N

∫

R2

ξ1∂1Ŵ |η̂|2 dξ, (4.5.1)
E(v) =

∫

R2

|∂jv|2 −
c

2

∫

R2

(v1∂1v2 − v2∂1v1 − ∂1(φθ)) +
1

4(2π)N

∫

R2

ξj∂jŴ |η̂|2 dξ, (4.5.2)for all j ∈ {2, . . . , N}.Note that by Lemma 4.2.5, G1 = v1∂1v2 − v2∂1v1 − ∂1(φθ) ∈ L1(RN ), thus every integral in(4.5.1) and (4.5.2) is �nite. As mentioned in Setion 4.1, in the ase that W is the Dira deltafuntion this result is well-known (see [22, 12, 47, 78℄). The standard tehnique is to introdue afuntion χ ∈ C∞(R), with χ(x) = 1 for |x| < 1 and χ(x) = 0 for |x| > 2, and χn(x) := χ(x/n).Then, multiplying (NTWc) by xjχn∂j v̄ and taking real part, we are led to
〈ic∂1v +∆v, xjχn∂jv〉 −

1

2
(W ∗ η)xjχn∂jη = 0, on RN , (4.5.3)95



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationwhere we have used that
〈v, ∂jv〉 = −1

2
∂jη.Conerning (4.5.3), we reall the following result.Lemma 4.5.2 ([22, 12, 47, 78℄). Let ϕ = ϕ1 + iϕ2 ∈ E(RN )∩C∞(RN ). Assume that there exist

R∗ > 0 and a smooth real-valued funtion θ̃ de�ned on B(0, R∗)c, with ∇θ̃ ∈ L2(B(0, R∗)c), suhthat
|ϕ| ≥ 1

2
and ϕ = |ϕ|eiθ̃ on B(0, R0)

c.Let φ̃ ∈ C∞(RN ), suh that φ̃ = 0 on B(0, 2R∗) and φ̃ = 1 on B(0, 3R∗)c. Then for all
j ∈ {1, . . . , N}, we have

lim
n→∞

∫

R2

〈i∂1ϕ, xjχn∂jϕ〉 =
1

2
(1− δ1,j)

∫

R2

(ϕ1∂1ϕ2 − ϕ2∂1ϕ1 − ∂1(φ̃θ̃)), (4.5.4)
lim
n→∞

∫

R2

〈∆ϕ, xjχn∂jϕ〉 = −
∫

R2

|∂jϕ|2 +
1

2

∫

R2

|∇ϕ|2, (4.5.5)
lim
n→∞

−1

2

∫

R2

xjχn(1− |ϕ|2)∂j(1− |ϕ|2) = 1

4

∫

R2

(1− |ϕ|2)2. (4.5.6)Therefore, from (4.5.3) and Lemma 4.5.2, Proposition 4.5.1 follows in the ase W = δ. Tomotivate our approah, let us brie�y reall the proof of (4.5.6). First, we integrate by parts toobtain
An : = −1

2

∫

R2

xjχn(1− |ϕ|2)∂j(1− |ϕ|2)

=
1

2

∫

R2

χn(1− |ϕ|2)2 + 1

2

∫

R2

xj∂jχn(1− |ϕ|2)∂j(1− |ϕ|2)−An.Then, invoking the dominated onvergene theorem,
An =

1

4

∫

R2

χn(1− |ϕ|2)2 + 1

4

∫

R2

xj∂jχn(1− |ϕ|2)∂j(1− |ϕ|2) → 1

4

∫

R2

(1− |ϕ|2)2,as n → ∞. In partiular, we see that due to a symmetry property, we an write An in terms ofintegrals to whih we an apply the dominated onvergene theorem. However, in our nonloalase we annot use this trik and we have to analyze the integral assoiated to the potentialenergy more arefully. We rely in partiular on the following general result.Proposition 4.5.3. Let f ∈ L2(RN ) ∩H1
loc(R

N ) be a real-valued funtion and W ∈ M2,2(R
N ).Assume also that (H1) and (H3) hold. Then, for all j ∈ {1, . . . , N},

lim
n→∞

−1

2

∫

R2

(W ∗ f)xjχn∂jf =
1

4

∫

RN

(W ∗ f)f − 1

4(2π)N

∫

RN

ξj∂jŴ (ξ)|f̂(ξ)|2dξ. (4.5.7)The proof of Proposition 4.5.3 is rather tehnial, so that we postpone it. Assuming theresult, we now give the proof of the Pohozaev identity.96



4.5. A Pohozaev identityProof of Proposition 4.5.1 assuming Proposition 4.5.3. By putting together (4.5.3)�(4.5.5) (with
ϕ = v) and Proposition 4.5.3, we have for j ∈ {1, . . . , N},

1

2

∫

R2

|∇v|2 + 1

4

∫

RN

(W ∗ η)η =

∫

R2

|∂jv|2 − (1− δ1,j)
c

2

∫

R2

(v1∂1v2 − v2∂1v1 − ∂1(χθ))

+
1

4(2π)N

∫

RN

ξj∂jŴ (ξ)|η̂(ξ)|2dξ,whih is exatly (4.5.1)�(4.5.2).We remark that the main problem in order to establish the onvergene in (4.5.7) is that fdoes not deay fast enough at in�nity. Indeed, let us suppose that xjf, xj∂jf ∈ L2(RN ). Thenby the dominated onvergene theorem and the Planherel identity we have
Bn := −1

2

∫

R2

(W ∗ f)xjχn∂jf → − 1

2(2π)N

∫

R2

Ŵ f̂ x̂j∂jf , as n→ ∞.Using (4.1.22), we onlude that
lim
n→∞

Bn =
1

2(2π)N

∫

R2

Ŵ |f̂ |2 + 1

2(2π)N

∫

R2

Ŵξj f̂∂j f̂ (4.5.8)
=

1

4

∫

R2

(W ∗ f)f − 1

4(2π)N

∫

R2

ξj∂jŴ |f̂ |2,where we have used the Planherel identity, integration by parts and that ∂j f̂ ∈ L2(RN ). Thisyields (4.5.7), but only under these more restritive assumptions. If we only have that f ∈
L2(RN ) ∩H1

loc(R
N ), we an neither invoke the dominated onvergene theorem nor justify thatthe seond integral in the r.h.s. of (4.5.8) is �nite. Therefore, to deal with the limit n → ∞ inProposition 4.5.3, we �rst establish the following lemma.Lemma 4.5.4. Let g ∈ L2(RN ) and F ∈ L∞(RN × RN). Assume also that F (·, 0) ∈ L∞(RN )and that

F (ξ, rn) → F (ξ, 0), as |rn| → 0, for a.a. ξ ∈ RN . (4.5.9)For ϕ ∈ C∞
0 (RN ), we set

ϕ̂n(ξ) := nN ϕ̂(nξ) and Ψn(ξ) :=

∫

RN

F (ξ, r)g(ξ − r)ϕ̂n(r) dr, (4.5.10)for a.a. ξ ∈ RN . Then
Ψn → (2π)NF (·, 0)g(·)ϕ(0), in L2(RN ), as n→ ∞. (4.5.11)Proof. Let
Ψ(ξ) := (2π)NF (ξ, 0)g(ξ)ϕ(0), for a.a. ξ ∈ RN .We notie that by (4.5.10)

∫

RN

ϕ̂n(r)dr =

∫

RN

ϕ̂(r)dr = (2π)Nϕ(0), (4.5.12)so that
Ψn(ξ)−Ψ(ξ) =

∫

RN

(F (ξ, r)g(ξ − r)− F (ξ, 0)g(ξ))ϕ̂n(r)dr. 97



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationThen
|Ψn(ξ)−Ψ(ξ)| ≤‖F‖L∞(R2N )

∫

RN

|g(ξ − r)− g(ξ)||ϕ̂n(r)|dr

+ |g(ξ)|
∫

RN

|F (ξ, r)− F (ξ, 0)||ϕ̂n(r)|dr.
(4.5.13)On the other hand, using (4.5.10) and integrating by parts, we are led to

|ϕ̂n(ξ)| =nN
∣∣∣∣
∫

RN

ϕ(y)e−inξ·ydy

∣∣∣∣

=
nN−2l

|ξ|2l
∣∣∣∣
∫

RN

∆lϕ(y)e−inξ·ydy

∣∣∣∣ ≤
nN−2l

|ξ|2l ‖∆lϕ‖L1(RN ),for any l ∈ N and any ξ 6= 0. Invoking this estimate for l = N and the Minkowski integralinequality, we get
∥∥∥∥
∫

B(0,1/
√
n)c

|g(ξ − r)− g(ξ)||ϕ̂n(r)|dr
∥∥∥∥
L2(RN )

≤ 2‖g‖L2(RN )‖ϕ̂n‖L1(B(0,1/
√
n)c)

≤ C(N,ϕ)

nN/2
‖g‖L2(RN ).

(4.5.14)Similarly, we obtain
∥∥∥∥|g(ξ)|

∫

B(0,1/
√
n)c

|F (ξ, r)−F (ξ, 0)||ϕ̂n(r)|dr
∥∥∥∥
L2(RN )

≤ C(N,ϕ)

nN/2
‖F‖L∞(R2N )‖g‖L2(RN ). (4.5.15)On the other hand, using again the Minkowski integral inequality and (4.5.10),

∥∥∥∥
∫

B(0,1/
√
n)
|g(ξ − r)− g(ξ)||ϕ̂n(r)|dr

∥∥∥∥
L2(RN )

≤
∥∥∥‖g(· − r)− g‖L2(RN )|ϕ̂n(r)|

∥∥∥
L1(B(0,1/

√
n))

≤ sup
|y|≤1/

√
n

‖g(· − y)− g‖L2(RN )‖ϕ̂n‖L1(B(0,1/
√
n))

≤ sup
|y|≤1/

√
n

‖g(· − y)− g‖L2(RN )‖ϕ̂‖L1(RN ).Sine g ∈ L2(RN ), we know that
sup
|y|≤h

‖g(· − y)− g‖L2(RN ) → 0, as h→ 0,so that ∥∥∥∥
∫

B(0,1/
√
n)
|g(ξ − r)− g(ξ)||ϕ̂n(r)|dr

∥∥∥∥
L2(RN )

→ 0, as n→ +∞. (4.5.16)We now turn to the seond term in the r.h.s. of (4.5.13). By a hange of variables, we get thatit is equal to
|g(ξ)|

∫

B(0,
√
n)
|F (ξ, r/n) − F (ξ, 0)||ϕ̂(r)|dr. (4.5.17)98



4.5. A Pohozaev identitySine ϕ̂ ∈ L1(RN ) and
|F (ξ, r/n)− F (ξ)||ϕ̂(r)| ≤ 2‖F‖L∞(R2N )|ϕ̂(r)|,we an dedue from (4.5.9) and the dominated onvergene theorem that

∫

B(0,
√
n)
|F (ξ, r/n) − F (ξ)||ϕ̂(r)|dr → 0, as n→ +∞,for a.a. ξ ∈ RN . On the other hand,

|g(ξ)|
∫

B(0,
√
n)
|F (ξ, r/n)− F (ξ)||ϕ̂(r)|dr ≤ 2‖F‖L∞(R2N )‖ϕ̂‖L1(RN )|g(ξ)|,Therefore, again by the dominated onvergene theorem,

∥∥∥∥|g(ξ)|
∫

B(0,
√
n)
|F (ξ, r/n)− F (ξ)||ϕ̂(r)|dr

∥∥∥∥
L2(RN )

→ 0, as n→ +∞.By ombining with (4.5.13)�(4.5.17), we onlude (4.5.11), whih �nishes the proof of Lemma 4.5.4.Proof of Proposition 4.5.3. Setting Wm = F−1(χmŴ ) = F−1(χm) ∗ W , we have that Wm iseven, Wm ∈ C∞(RN ),
Ŵm → Ŵ , ∇Ŵm → ∇Ŵ a.e. and Wm ∗ g → W ∗ g in L2(RN ), (4.5.18)for all g ∈ L2(RN ), as m→ ∞. Therefore

In,m := −1

2

∫

R2

(Wm ∗ f)xjχn∂jf −→
m→∞

In := −1

2

∫

R2

χn(W ∗ f)xj∂jf. (4.5.19)Moreover, sine the Fourier transform of all derivatives of Wm have ompat support, they arebounded in L2(RN ). Then, by the Planherel theorem, we onlude that
Wm ∈W k,2(RN ), for all k ∈ N. (4.5.20)In partiular, this implies that Wm ∗ f belongs to C1(RN ) ∩ L2(RN ), with

∂j(Wm ∗ f) = ∂jWm ∗ f.Thus, integrating by parts, we have that
In,m = Pn,m +Qn,m, (4.5.21)where

Pn,m =
1

2

∫

R2

(∂jWm ∗ f)xjχnf and Qn,m =
1

2

∫

R2

(Wm ∗ f)(χn + xj∂jχn)f.By (4.5.18),
lim

m→∞
Qn,m =

1

2

∫

R2

(W ∗ f)(χn + xj∂jχn)f. (4.5.22)99



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationSine |xj∂jχ(x)| ≤ 2‖χ′‖L∞(R), by the dominated onvergene theorem,
lim
n→∞

∫

R2

(W ∗ f)(χn + xj∂jχn)f =

∫

R2

(W ∗ f)f.On the other hand, by the Cauhy�Shwarz inequality,
∫

R2

|∂jWm(x− y)f(y)|dy ≤ ‖∂jWm‖L2(RN )‖f‖L2(RN ), x ∈ RN ,so that
∫

R2

∫

R2

|∂jWm(x− y)f(y)xjf(x)χn(x)|dydx ≤ 2n‖∂jWm‖L2(RN )‖f‖2L2(RN )‖χn‖L2(RN ). (4.5.23)Sine Wm is an even funtion, ∂Wm is odd. Then, by (4.5.23) we an use the Fubini theorem todedue that
Pn,m =

1

4

∫

RN

∫

RN

∂jWm(x− y)f(y)f(x)
(
xjχn(x)− yjχn(y)

)
dydx, (4.5.24)Let us denote

Gn,m(x) :=

∫

RN

∂jWm(x− y)f(y)
(
xjχn(x)− yjχn(y)

)
dy, (4.5.25)for a.a. x ∈ RN . Arguing as before, using the Young inequality and (4.5.20), we have

‖Gn,m‖L1(RN ) ≤ ‖∂jWm‖L2(RN )‖f‖L2(RN )‖xjχn‖L1(RN ) + ‖∂jWm‖L∞(RN )‖fxjχn‖L1(RN ),

‖Gn,m‖L2(RN ) ≤ ‖∂jWm‖L2(RN )‖f‖L2(RN )‖xjχn‖L2(RN ) + ‖∂jWm‖L2(RN )‖fxjχn‖L1(RN ).Thus Gn,m ∈ L1(RN ) ∩ L2(RN ). Moreover, sine the funtion x 7→ xjχn(x) is smooth on RN ,we an write
xjχn(x)− yjχn(y) =

N∑

k=1

(xk − yk)θk(y, x− y),where
θk(y, z) :=

∫ 1

0

(
δj,kχn(y + tz) +

(
yj + tzj

)
∂kχn(y + tz)

)
dt.Therefore, the funtion Gn,m may be written almost everywhere as

Gn,m(x) =
N∑

k=1

∫

RN

(xk − yk)∂jWm(x− y)f(y)θk(y, x− y)dy,so that its Fourier transform is equal to
Ĝn,m(p) =

N∑

k=1

∫

RN

∫

RN

(xk − yk)∂jWm(x− y)f(y)θk(y, x− y)e−ip·xdydx

=
N∑

k=1

∫

RN

∫

RN

zk∂jWm(z)f(y)θk(y, z)e
−ip·(y+z)dydz

=
1

(2π)N

N∑

k=1

∫

RN

∫

RN

zk∂jWm(z)f̂(p− r)θ̃k(r, z)e
−ip·zdrdz,100



4.5. A Pohozaev identitywhere
θ̃k(r, z) :=

∫

RN

θk(y, z)e
−ir·ydy

=

∫

RN

(∫ 1

0

(
δj,kχn(y + tz) +

(
yj + tzj

)
∂kχn(y + tz)

)
dt

)
θk(y, z)e

−ir·ydy

=

∫ 1

0
eitr·z

(
δj,kχ̂n(r) + ŷj∂kχn(r)

)
dt.Hene, we are led to

Ĝn,m(p) =
1

(2π)N

N∑

k=1

∫

RN

∫ 1

0

̂zk∂jWm(p− rt)f̂(p − r)
(
δj,kχ̂n(r) + ŷj∂kχn(r)

)
dt dr.At this stage, we note that by (4.5.18) and (4.1.22),

̂zk∂jWm(p) → ẑk∂jW (p) = −pj∂kŴ (p)− δk,jŴ (p) a.e, as m→ +∞,whereas
| ̂zk∂jWm(p)| ≤

(
1 + 2‖χ′‖L∞(R)

)
‖Ŵ‖L∞(RN ) + ‖pj∂kŴ‖L∞(RN ),for a.a. p ∈ RN . Invoking the dominated onvergene theorem, we dedue that

Ĝn,m(p) → Ĝn(p), as m→ +∞,for a.a. p ∈ RN , where
Ĝn(p) :=

1

(2π)N

N∑

k=1

∫

RN

∫ 1

0
ẑk∂jW (p− rt)f̂(p− r)

(
δj,kχ̂n(r) + ŷj∂kχn(r)

)
dt dr.Moreover, sine

∣∣Ĝn,m(p)
∣∣ ≤ 1

(2π)N

N∑

k=1

((
1 + 2‖χ′‖L∞(R)

)
‖Ŵ‖L∞(RN ) + ‖pj∂jŴ‖L∞(RN )

)
×

×
∫

RN

|f̂(p− r)|
∣∣∣δj,kχ̂n(r) + ŷj∂kχn(r)

∣∣∣dr,it follows again from the dominated onvergene theorem that
Ĝn,m → Ĝn in L2(RN ), as m→ +∞.Hene, realling (4.5.24) and (4.5.25), we are led to

Pn,m → Pn :=
1

4

∫

RN

Gn(x)f(x)dx, as m→ +∞. (4.5.26)Finally, sine
χ̂n(p) = nN

∫

RN

χ1(y)e
−inp·ydy = nN χ̂1(p),

ŷj∂kχn(p) = nN
∫

RN

yj∂kχ1(y)e
−inp·ydy = nN ŷj∂kχ1(np), 101



Chapter 4. Nonexistene of traveling waves for a nonloal GP equation
χ1 = 1 and ∂kχ1 = 0 on B(0, 1), applying Lemma 4.5.4 with

ϕ = δj,kχ1 + yj∂kχ1, F (p, r) =

∫ 1

0
ẑk∂jW (p− rt) dt, g = f̂ ,we onlude that

Ĝn → ẑj∂jWf̂ in L2(RN ), as n→ ∞. (4.5.27)Therefore, in view of (4.5.26), (4.5.27) and the Planherel identity, we have
Pn → 1

4(2π)N

∫

RN

ẑj∂jW (p)|f̂(p)|2dp, as n→ +∞.By ombining with (4.1.22), (4.5.19), (4.5.21), (4.5.22) and (4.5.26), we obtain (4.5.7).4.6 Proof of the main resultsFor the onveniene of the reader, we �rst reall the Farkas Lemma (see e.g. [93℄).Lemma 4.6.1 (Farkas' Lemma). Let A ∈ Rm×n and b ∈ Rm. Then one and only one of thesystems
• Ax = b, x ≥ 0, x ∈ Rn,
• AT y ≥ 0, bT y < 0, y ∈ Rm,has a solution.Here the notation x ≥ 0 means that all oordinates of the vetor are nonnegative. We arenow in position to provide the proofs of the results stated in Subsetion 4.1.4.Proof of Theorem 4.1.8. For j ∈ {1, . . . , N}, let us introdue the notation

Kj :=
1

2

∫

R2

|∂jv|2, K :=

N∑

j=1

Kj , Rj :=
1

4(2π)N

∫

R2

ξj∂jŴ |η̂|2,

P :=

∫

R2

(v1∂1v2 − v2∂1v1 − ∂1(χθ)), U :=
1

4

∫

R2

(W ∗ η)η.In this way
E(v) = K + U (4.6.1)and Propositions 4.3.1 and 4.5.1 read

K + 2U = − c ℓc
2(1 + ℓc)

P, (4.6.2)
K + U = 2K1 +R1, (4.6.3)
K + U = 2Kj −

c

2
P +Rj, (4.6.4)for all j ∈ {2, . . . , N}. From (4.6.2) and (4.6.4), we obtain

(1 + 2ℓc)Kj +
N∑

k=1
k 6=j

Kk + (ℓc + 2)U = −ℓcRj, j ∈ {2, . . . , N}. (4.6.5)102



4.6. Proof of the main resultsTherefore, we an write (4.6.1), (4.6.3) and (4.6.5) as the linear system Az = b, with
z = (K1,K2, . . . ,Kn,U), b = (R1,−ℓcR2, . . . ,−ℓcRN , E(v))and A ∈ RN+1×N+1 given by

Ai,j =





−1, if i = j = 1,

2 + ℓc, if j = N + 1, 1 < i < N + 1,

1 + 2ℓc, if i = j, i 6= 1,

1, otherwise.Let σ = (σ1, σ2, . . . , σN ,−1). If K = 0, v is onstant. Therefore we suppose that K > 0. Thenusing (4.1.16),
bTσ = σ1R1 − ℓc

N∑

k=2

σkRk − E(v)

=
1

4(2π)N

∫

R2

|η̂(ξ)|2
(
σ1ξ1∂1Ŵ (ξ)− ℓc

N∑

k=2

σkξk∂kŴ (ξ)− Ŵ (ξ)

)
dξ −K

≤ −K < 0.

(4.6.6)
On the other hand,

(ATσ)j =





−σ1 +
∑N

k=2 σk − 1, if j = 1,

σ1 +
∑N

k=2 σk + 2ℓcσj − 1, if 2 ≤ j ≤ N,

σ1 + (ℓc + 2)
∑N

k=2 σk − 1, if 2 ≤ j = N + 1.Consequently, by (4.1.17), ATσ ≥ 0. However, sine z ≥ 0, this inequality together with (4.6.6)ontradit Lemma 4.6.1.Proof of Theorem 4.1.3. It is an immediate onsequene of Theorem 4.1.8 and Lemma 4.4.1.Proof of Theorem 4.1.6. Using the notation of the proof of Theorem 4.1.8, by (4.1.12) and Propo-sition 4.5.1 we onlude that
K + U ≤ 2Kj , for all j ∈ {1, . . . , N}.Thus, summing over j,

U ≤ 2−N

N
K. (4.6.7)Sine N ≥ 2, K ≥ 0 and U ≥ 0, inequality (4.6.7) implies that U = 0 and therefore v isonstant.Proof of Corollary 4.1.4. Let us take σ1 = −1 and σ̄ := σ2 = · · · = σN > 0. In order to ful�ll(4.1.9), we �nally �x

σ̄ = max

{
2

(N − 1)(αc + 2)
,

2

N − 1 + αc

}
. 103



Chapter 4. Nonexistene of traveling waves for a nonloal GP equationThen αcσ̄ ≤ max{1, 2/(N − 1)}, so that
Ŵ (ξ) + αc

N∑

k=2

σk|ξk∂kŴ (ξ)| ≥ Ŵ (ξ)−max

{
1,

2

N − 1

} N∑

k=2

|ξk∂kŴ (ξ)| − |ξ1∂1Ŵ (ξ)|.Therefore the onlusion follows from (4.1.10) and Theorem 4.1.3.Proof of Corollary 4.1.5. Taking σ1 = 0 and σ2 = · · · = σN = 1/(N − 1), we have that (4.1.9) issatis�ed. Let
m := inf

ξ∈RN

(N − 1)Ŵ (ξ)
∑N

k=2|ξk∂kŴ (ξ)|
.If m = +∞, ξj∂jŴ (ξ) = 0 for a.a. ξ ∈ RN , for all j ∈ {2, . . . , N} and then (4.1.8) is ful�lled. If

m <∞, we note that (4.1.11) implies αc ≤ m, so that
Ŵ (ξ) + αc

N∑

k=2

σk|ξk∂kŴ (ξ)| ≥ m− αc

N − 1

N∑

k=2

|ξk∂kŴ (ξ)| ≥ 0.Then Theorem 4.1.3 yields the onlusion.Proof of Corollary 4.1.9. The proof is analogous to that of Corollaries 4.1.4 and 4.1.5. The onlydi�erene is that we invoke Theorem 4.1.8 instead of Theorem 4.1.3 to onlude.AknowledgementsThe author is grateful to F. Béthuel for interesting and helpful disussions and to P. Gravejatfor his ollaboration in proving Proposition 4.5.3.
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Chapter 5Traveling waves for the Landau�Lifshitzequation
AbstratWe onsider �nite energy traveling waves for the Landau�Lifshitz equation with easy-planeanisotropy. Using tools from the theory of harmoni maps and ideas developed for the Gross�Pitaevskii equation, we establish several properties of these solutions suh as their regularity andasymptoti behavior at in�nity. Our main result establishes a lower bound for the energy ofnontrivial traveling waves. In partiular, this provides a nonexistene result of traveling wavesof small energy. In addition, in the two-dimensional ase, we desribe a minimizing urve whihould give a variational approah to build solutions for the Landau�Lifshitz equation.Keywords and phrases: Landau�Lifshitz equation, Harmoni maps, Shrödinger maps, Travelingwaves.5.1 Introdution5.1.1 The problemIn this work we onsider the Landau�Lifshitz equation

∂tm+m× (∆m+ λm3e3) = 0, m(t, x) ∈ S2, t ∈ R, x ∈ RN , (5.1.1)where e3 = (0, 0, 1), λ ∈ R and m = (m1,m2,m3). This equation was originally introdued byL. Landau and E. Lifshitz in [72℄ to desribe the dynamis of magnetization in a ferromagnet.Here the parameter λ takes into aount the anisotropy of suh material. More preisely, thevalue λ = 0 orresponds to the isotropi ase, meanwhile λ > 0 and λ < 0 orrespond to materialswith an easy-axis and an easy-plane anisotropy, respetivily (see [66, 60℄).The isotropi ase λ = 0 reovers the Shödinger map equation
∂tm+m×∆m = 0, (5.1.2)105



Chapter 5. Traveling waves for the Landau�Lifshitz equationwhih has been intensively studied due to its appliations in several areas of physis and mathe-matis. We refer to [53℄ for a survey and to [3℄ for reent results on the global well-posedness ofthe Cauhy problem. In terms of loalized solutions, there are several physiists' works that bymeans of numerial simulations and formal omputations have found solutions with nontrivialtopology, espeially in dimension N = 2. Let us reall that for N = 2 the magneti harge isgiven by
w(v) = 〈v, ∂1v × ∂2v〉,and then for any �nite energy map v, onstant at in�nity, we an de�ne its degree as
d(v) =

1

4π

∫

R2

w(v) dx. (5.1.3)This quantity is an integer value that oinides with the topologial degree S2 of the map
v ◦ Π : S2 → S2, where Π refers to the stereographi projetion with respet to the North Pole
(0, 0, 1) (see [19℄). Moreover, we have [4℄

1

2

∫

R2

|∇v(x)|2 dx ≥ 4π|d(v)|, (5.1.4)for all v ∈ H1
loc(R

2;S2)∩ Ḣ1(R2), and the equality in (5.1.4) is ahieved by the Belavin�Polokovinstantons Qn = (Qn
1 , Q

n
2 , Q

n
3 ),

Qn
1 + iQn

2 = (x1 + ix2)
n, Qn

3 =
1− (x21 + x22)

n

1 + (x21 + x22)
n
, n ∈ Z,of degree d(Qn) = n, that are stati solutions of (5.1.2) (see [4, 89℄).However, when the material presents an anisotropy (λ 6= 0), a formal Derrik�Pohozaevsaling argument (see e.g. [33, 89, 84℄) rules out the existene of stati solutions in dimension

N ≥ 2. For N = 2, using numerial methods, B. Piette and W. Zakrzewski [85℄ �nd solitarywaves periodi in time, of degree n, for any n ∈ Z, for the equation (5.1.1) with λ > 0. Later,this result was proved rigorously by S. Gustafson and J. Shatah [55℄, and X. Pu and B. Guo [88℄showed that λ 6= 0 is a neessary ondition to the existene of this type of solutions.In this paper we are interested in the ase of easy-plane anisotropy λ < 0. By a salingargument we an suppose from now on that λ = −1. Then the energy of (5.1.1) is given by
E(m) =

1

2

∫

RN

(
|∇m|2 +m2

3

)
,and it is formally onserved due to the Hamiltonian struture of (5.1.1). If m is smooth, bydi�erentiating twie the ondition |m(t, x)|2 = 1 we obtain m · ∆m = −|∇m|2, so that takingross produt of m and (5.1.1), we an reast (5.1.1) as

m× ∂tm = ∆m+ |∇m|2m− (m3e3 −m2
3m). (5.1.5)Using formal developments and numerial simulations, N. Papaniolaou and P. N. Spathis [83℄�nd in dimensions N ∈ {2, 3} nononstant �nite energy traveling waves of (5.1.5), propagatingwith speed c along the x1-axis, i.e. of the form

mc(x, t) = u(x1 − ct, x2, . . . , xN ).106



5.1. IntrodutionBy substituting mc in (5.1.5), the pro�le u satis�es
−∆u = |∇u|2u+ u23u− u3e3 + cu× ∂1u. (TWc)Notie that without loss of generality we an restrit us to the ase c ≥ 0. Also, we see that anyonstant in S1 × {0} satis�es (TWc), so that we refer to them as the trivial solutions. Sine weare interested in �nite energy solutions, the natural energy spae to work in is

E(RN ) = {v ∈ L1
loc(R

N ;R3) : ∇v ∈ L2(RN ), v3 ∈ L2(RN ), |v| = 1 a.e. on RN}.Equation (TWc) orresponds formally to the Euler�Lagrange equation assoiated to the problemof minimizing the energy for a �xed momentum (see Subsetion 5.1.2).In [83℄ the authors determine a branh of nontrivial solutions of (TWc), axisymmetri aroundthe axis x1, for any speed c ∈ (0, 1) and they also onjetured that there is no nontrivial solutionfor c ≥ 1. Although the total harge of these solutions is zero (d(u) = 0), they have areas withnontrivial topology. More preisely, in the two-dimensional ase, they ompute a ritial speed
c∗ ≈ 0.78 suh that for any c ∈ (0, c∗), there are exatly two points q± = (±ac, 0) (ac > 0),suh that u3(q±) = 1 and |u3| < 1 on R2 \ {q±}. Moreover, far away these points |u3| is almostzero and the funtion u overs the upper hemisphere of S2. Furthermore, using the stereographivariable

ψ =
u1 + iu2
1 + u3

,we have that ψ satis�es
∆ψ +

1− |ψ|2
1 + |ψ|2ψ − ic∂1ψ =

2ψ̄

1 + |ψ|2 (∇ψ · ∇ψ),that seems like a perturbed equation for the traveling waves for the Gross�Pitaevskii equation(see [7℄). The funtion ψ vanishes only at q± and around eah point q± the degree S1 of ψ/|ψ| is
deg

(
ψ

|ψ| , ∂B(q±, r),S1
)

=
1

2π

∫

∂B(q±,r)
∂τφ

± = ±1,for r > 0 small, where ψ = |ψ|eiφ± on ∂B(q±, r) and ∂τ is the tangential derivative. Thereforethe funtion ψ has two vorties at q± of degree ±1.For speeds c ∈ (c∗, 1), we have that ‖u3‖L∞(R2) < 1 and then the solution has no vorties.Using the dispersion urve of energy as a funtion of the �rst omponent of the (vetorial)momentum, i.e.
p(u) = −

∫

R2

x2w(u),these solutions are depited in Figure 5.1. In partiular, we see that the urve has a nonzerominimum.The three-dimensional ase is similar with a ritial value c∗ ≈ 0, 93 suh that the solutionsof (TWc) have this time a vortex ring struture for c < c∗. The design of the energy-momentumurve in dimension three is also similar to Figure 5.1.This type of solutions look like to those found by C. A. Jones, S. J. Putterman and P. H. Robertsfor the Gross�Pitaevskii equation [62, 61℄ and studied from a mathematial point of view in [8, 77℄.It is important to reall that the energy-momentum urve for the Gross�Pitaevskii equation tends107



Chapter 5. Traveling waves for the Landau�Lifshitz equation
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Figure 5.1: Curve of energy E as a funtion of the momentum p in the two-dimensional ase.to zero as p → 0 in the two-dimensional ase. This onstitutes a fundamental di�erene withthe urve for the solutions of the Landau�Lifshitz equation, that remains far from the origin (seeFigure 5.1). One of the main objetives of this paper is to establish rigorously that the urve ofminimizing solutions is far from the origin (see Theorem 5.1.10).Reently, F. Lin and J. Wei [74℄ proved the existene of nontrivial �nite energy solutions ofthe equation (TWc) for small values of c in dimension two and three by perturbative arguments.Another approah to show their existene might be to onsider the problem of minimization ofenergy under the onstraint of momentum, as will be disussed in the next subsetion.In the ase N = 1, (TWc) is ompletely integrable and we an ompute the solutions in
E(R) expliitly (see Setion 5.9). Moreover, expressing the energy in terms of the momentum ofeah nontrivial solution, we obtain Figure 5.2. In partiular we note that there are solutions ofsmall energy, but there is a maximum value for the energy and the momentum, in order to havenontrivial solutions.
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Figure 5.2: Curve of energy E as a funtion of the momentum p in the one-dimensional ase.108



5.1. Introdution5.1.2 The momentum and the minimization urveThe vetorial momentum P = (P1, P2) (in dimension two) is given by
P1(v) = −

∫

R2

x2w(v) dx, P2(v) =

∫

R2

x1w(v) dx, (5.1.6)whih, at least formally, is onserved by the �ow of the equation (5.1.5). However the momentumis not well-de�ned in E(R2), sine the map v ∈ E(R2) → x2w(v) ∈ R is not neessarily integrable.Let us suppose that there is R ≡ R(v) suh that we have the lifting (see Lemma 5.2.4)
v̌ ≡ v1 + iv2 = ̺eiθ, on B(0, R)c, (5.1.7)where ̺ ≡

√
v21 + v22 =

√
1− v23 and ̺, θ ∈ Ḣ1(B(0, R)c). It follows that

w(v) = − curl(v3∇θ),where curl(f1, f2) = ∂1f2 − ∂2f1. Assuming that the lifting holds on R2, a formal integration byparts yields
P1(v) =

∫

R2

v3∂1θ, P2(v) =

∫

R2

v3∂2θ. (5.1.8)Sine for j ∈ {1, 2},
|v3∂jθ| ≤

|v3||1− v23 |
1
2 |∂jθ|

(1− ‖v3‖2L∞(R2)
)1/2

≤ e(v)

(1− ‖v3‖2L∞(R2)
)1/2

, (5.1.9)where e(v) is the energy density
e(v) ≡ 1

2
(|∇v|2 + v23) =

1

2

( |∇v3|2
1− v23

+
(
1− v23

)
|∇θ|2 + v23

)
,it follows that the expression for the momentum (5.1.8) is well-de�ned when the funtion has aglobal lifting. However the existene of the lifting is a matter of topologial nature. In fat, thisissue is related to the degree S1 of the appliation

v̌

|v̌| : ∂B(0, R) → S1,provide that v̌/|v̌| is well-de�ned. Note that these types of problems have also been enounteredin the study of the traveling waves for the Gross�Pitaevskii equation (see [7, 77, 10, 31℄). Tooverome this drawbak, we an onsider the spae
Ẽ(R2) = {v ∈ E(R2) : ∃R ≥ 0 s.t. ‖v3‖L∞(B(0,R))c) < 1},and, as we will show later, for all v ∈ Ẽ(R2) there exists R ≡ R(v) suh that the lifting (5.1.7)holds. In addition, we provide a notion of generalized momentum valid for all v ∈ Ẽ(R2). Onthe other hand, we will see that any solution of (TWc) in E(R2) also belongs to Ẽ(R2) (seeCorollary 5.2.5) and then this de�nition will be su�iently general for our sopes.Another di�ulty is that (5.1.6) is not invariant under translations. In fat, setting p ≡ P1and using the translation funtion τa de�ned by

τaf(·) = f(· − a), a = (a1, a2) ∈ R2, 109



Chapter 5. Traveling waves for the Landau�Lifshitz equationwe have
p(τau) = p(u)− 4πa2d(u). (5.1.10)However, the traveling waves found in [83℄ have degree zero (d(u) = 0), so we ould restrit usto this type of solutions.At least formally, a possible method to onstrut a solution u ∈ Ẽ(R2) for (TWc), with apresribed momentum p(u) = p is to onsider the minimization problem

inf
{
E(v) : v ∈ Ẽ(R2), p(v) = p

}
.However, similar to (5.1.4), we have that

inf
{
E(v) : v ∈ Ẽ(R2), d(v) 6= 0

}
= 4π,whih shows that high energy solutions annot be obtained by onsidering funtions with nonzerodegree. For these reasons, we onsider the minimizing urve

E0
min(p) = inf

{
E(v) : v ∈ Ẽ(R2), p(v) = p, d(v) = 0

}
,for whih we establish the following results.Theorem 5.1.1. The funtion p → E0

min(p) is onave, nondereasing and Lipshitz ontinuous.Moreover,
|E0

min(p)− E0
min(q)| ≤ |p− q|,for all p, q > 0. In partiular

E0
min(p) ≤ p, for all p > 0,and the map Ξ(p) := p → p − E0
min(p) is ontinuous, onvex and nondereasing on R+. Inpartiular, there exists p0 ≥ 0 suh that Ξ(p) = 0, for all p ≤ p0.Remark 5.1.2. If the onstant p0 given by Theorem 5.1.1 is positive, it an be shown that forany p ∈ (0, p0), the in�mum of E0

min(p) is not ahieved.As a onsequene of Theorem 5.1.1, the lateral derivatives of E0
min exist for any p > 0 andsatisfy

0 ≤ d+

dp

(
E0

min(p)
)
≤ d−

dp

(
E0

min(p)
)
≤ 1. (5.1.11)Moreover, the lateral derivatives oinide exept for a (possibly empty) ountable set.Proposition 5.1.3. Let p > 0 and assume that E0

min(p) is attained by a funtion up. Then upis a smooth solution of (TWc) of speed c = c(up) satisfying
0 ≤ d+

dp

(
Emin(p)

)
≤ c(up) ≤

d−

dp

(
Emin(p)

)
≤ 1. (5.1.12)Moreover c(up) ∈ (0, 1).Remark 5.1.4. It is also possible to prove that, up to a translation, that up is axisymmetri,i.e. there exists a funtion up : R× R+ → R suh that

up(x) = up(x1, |x2|), for all x = (x1, x2) ∈ R2.110



5.1. IntrodutionTheorem 5.1.1 and Proposition 5.1.3 are in agreement with the results in [83℄ and Figure5.1. Thus these results ould help to establish the existene of traveling waves by variationalmethods. One of our main results has as onsequene that the minimizing urve does not reahits in�mum lose to p = 0 (see Theorem 5.1.10). This justi�es that the urve of solutions inFigure 5.1 is far from the origin, a very important di�erene ompared to the solutions of theGross�Pitaevskii equation in dimension two.5.1.3 Remarks on regularity of traveling wavesIn the study of general properties of the equation (TWc), the �rst problem is the regularityof �nite energy solutions. We notie that the square-gradient term prevents us from invokingthe usual ellipti regularity estimates. Moreover, a well-known regularity result says that ev-ery ontinuous solution in H1(Ω) of suh an ellipti system with quadrati growth belongs to
H2,2

loc (Ω) ∩ C
0,α
loc (Ω) (see [42, 69, 16, 64℄). In dimension N = 2 some elements of the theory ofharmoni maps (see e.g. [58℄) an be adapted to prove the ontinuity of solutions in E(R2),leading to the following result.Proposition 5.1.5. Let c ≥ 0 and u ∈ E(R2) be a solution of (TWc). Then u ∈ C∞(R2)∩Ẽ(R2),

u3 ∈ Lp(R2) for all p ∈ [2,∞] and ∇u ∈W k,p(R2) for all k ∈ N and p ∈ [2,∞]. Moreover, thereexist onstants ε0 > 0 and K(ε0) > 0 suh that
‖u3‖L∞(R2) ≤ K(ε0)(1 + c)E(u)1/2, (5.1.13)
‖∇u‖L∞(R2) ≤ K(ε0)(1 + c)E(u)1/4, (5.1.14)provided that E(u) ≤ ε0.On the other hand, in dimension N ≥ 3, it is not possible to have suh a result. Indeed, ifwe onsider the equation

−∆v = |∇v|2v, in B(0, 1) ⊂ RN , v ∈ S2, (5.1.15)we have that v(x) = x→ x/|x| is a �nite energy solution disontinuous at the origin. MoreoverT. Rivière [90℄ proved that (5.1.15) has disontinuous solutions almost everywhere, for anyN ≥ 3.However, the solutions found in [74℄ and [83℄ of (TWc) are smooth. Thus, in higher dimensions,we will assume that the traveling waves belong to the spae E(RN ) ∩ UC(RN), where UC(RN )denotes the set of uniformly ontinuous funtions. Under this assumption, by lassial arguments(see e.g. [16, 69, 64, 80℄) we an dedue that the solutions of our problem are smooth and wean establish the following estimates.Lemma 5.1.6. Let N ≥ 3, c ≥ 0 and u ∈ E(RN ) ∩ UC(RN ) be a solution of (TWc). Then
u ∈ C∞(RN )∩Ẽ(RN ) and ∇u ∈W k,p(RN ) for all k ∈ N and p ∈ [2,∞]. Moreover, if N ∈ {3, 4}and c ∈ [0, 1], there exist ε0,K, α > 0, independent of u and c, suh that

‖u3‖L∞(RN ) ≤ KE(u)α (5.1.16)and
‖∇u‖L∞(RN ) ≤ KE(u)α, (5.1.17)provided that E(u) ≤ ε0. 111



Chapter 5. Traveling waves for the Landau�Lifshitz equation5.1.4 Nonexistene results and asymptoti behavior at in�nityOur main result is in the same spirit of a result proved by the author for the Gross�Pitaevskiiequation in [30℄ (see also [8℄). Preisely, we show the existene of a lower bound for the energy,whih implies the nonexistene of nontrivial traveling waves of small energy.Theorem 5.1.7. Let N ∈ {3, 4}. Then there exists a onstant µ > 0 suh that for any u ∈
E(RN ) ∩ UC(RN ) nontrivial solution of (TWc) with c ∈ (0, 1], we have

E(u) ≥ µ. (5.1.18)In partiular, nontrivial traveling waves of small energy with speed c ∈ (0, 1] do not exist.As notied in [56℄ in dimension two, there is no smooth stati solution of (TWc), i.e. withspeed c = 0. More generally, we obtain the following result for stati waves.Proposition 5.1.8. Let N ≥ 2. Assume that u ∈ E(RN ) is a solution of (TWc) with c = 0.Suppose also that u ∈ UC(RN ) if N ≥ 3. Then u is a trivial solution.In the ase of dimension N = 2, the nonexistene problem is more deliate and we need tosuppose that the energy is ontrolled by the momentum.Theorem 5.1.9. For every M ≥ 0, there exists a onstant κM > 0 suh that for any u ∈ E(R2)nontrivial solution of (TWc) with c ∈ (0, 1), we have
E(u) ≥ κM , (5.1.19)provided that E(u) ≤ p(u) +M(1 − c2). In partiular, taking M = 0, nontrivial traveling waveswith speed c ∈ (0, 1) suh that their energy is less than or equal to their momentum do not exist.Although the ondition E(u) ≤ p(u) restrits the set of traveling waves, it is su�ient toestablish the nonexistene of minimizing solutions given by the urve E0

min(p).Theorem 5.1.10. Let κ0 be the onstant given by Theorem 5.1.9 with M = 0. Then for any
0 < p < κ0 the in�mum of the minimization problem assoiated to E0

min(p) is not ahieved.Even though we annot show that the ondition E(u) ≤ p(u)+M(1− c2) is valid in general,we an prove that a similar a priori estimate holds.Proposition 5.1.11. Let c ∈ (0, 1). Assume that u ∈ E(R2) is a nontrivial solution of (TWc).Then there exists ε0 > 0 suh that
E(u) ≤ p(u) +

31

6
‖u3‖2L∞(R2)p(u),provided that E(u) ≤ ε0. In partiular, for all L > 1, there exists ε(L) > 0, independent of uand c, suh that

E(u) ≤ Lp(u),provided that E(u) ≤ ε(L).112



5.1. IntrodutionProposition 5.1.11 shows that if one an prove an a priori estimate suh as
‖u3‖2L∞(R2)p(u) ≤M(1− c2),for some universal onstant M , then Theorem 5.1.9 holds without the restrition E(u) ≤ p(u)+

M(1− c2).A key point in our study of (TWc) is that the lifting (5.1.7) allows us to obtain the equation
∆2u3 −∆u3 + c2∂211u3 = −∆F + c∂1(divG), on RN , (5.1.20)where
G = (G1, G2) := u1∇u2 − u2∇u1 −∇(χθ), on RN ,

F = 2e(u)u3+cG1, and χ is a C∞(RN )-funtion suh that |χ| ≤ 1, χ = 0 on B(0, 2R) and χ = 1on B(0, 3R)c, if R > 0. In the ase that R = 0, it is enough to take χ = 1 on RN . We note thatthe di�erential operator
∆2 −∆+ c2∂211is ellipti if and only if c ≤ 1, whih shows that c = 1 is a ritial value for the equation (TWc).From (5.1.20) we an obtain the onvolution equation

u3 = Lc ∗ F − c

N∑

j=1

Lc,j ∗Gj , (5.1.21)where
L̂c =

|ξ|2
|ξ|4 + |ξ|2 − c2ξ21

, L̂c,j =
ξ1ξj

|ξ|4 + |ξ|2 − c2ξ21
, (5.1.22)and a similar identity holds for ∇(χθ). Using these equations, arguments introdued in [15, 28,48, 51℄ allow us to establish the deay of the solutions for c ∈ (0, 1). Moreover, sine the kernelsin (5.1.22) are the same as those appearing in the Gross�Pitaevskii equation, after proving somealgebrai deay of the solutions of (TWc) (see Corollary 5.7.2), we an apply the theory developedin [48℄ to obtain the following estimates.Proposition 5.1.12. Let N ≥ 2 and c ∈ (0, 1). Assume that u ∈ E(RN ) is a solution of (TWc).Suppose further that u ∈ UC(RN ) if N ≥ 3. Then there exist onstants R(u),K(c, u) ≥ 0 suhthat

|u3(x)|+ |∇θ(x)|+ |∇ǔ(x)| ≤ K(c, u)

1 + |x|N , (5.1.23)
|∇u3(x)|+ |D2θ(x)|+ |D2ǔ(x)| ≤ K(c, u)

1 + |x|N+1
, (5.1.24)

|D2u3(x)| ≤
K(c, u)

1 + |x|N+2
, (5.1.25)for all x ∈ B(0, R(u))c.Finally, using Proposition 5.1.12 and the arguments in [51℄, we an ompute preisely thelimit at in�nity of these solutions. 113



Chapter 5. Traveling waves for the Landau�Lifshitz equationTheorem 5.1.13. Let N ≥ 2 and c ∈ (0, 1). Assume that u ∈ E(RN ) is a solution of (TWc).Suppose further that u ∈ UC(RN ) if N ≥ 3. Then there exist a onstant λ∞ ∈ C and twofuntions ǔ∞, u3,∞ ∈ C(SN−1;R) suh that
|x|N−1(ǔ(x)− λ∞)− iλ∞ǔ∞

(
x

|x|

)
→ 0, (5.1.26)

|x|Nu3(x)− u3,∞

(
x

|x|

)
→ 0, (5.1.27)uniformly as |x| → ∞. Moreover, assuming without loss of generality that λ∞ = 1, we have

ǔ∞(σ) =
ασ1

(1− c2 + c2σ21)
N
2

+
N∑

j=2

βjσj

(1− c2 + c2σ21)
N
2

, (5.1.28)
u3,∞(σ) = αc

(
1

(1− c2 + c2σ21)
N
2

− Nσ21

(1− c2 + c2σ21)
N+2

2

)
−Nc

N∑

j=2

βj
σ1σj

(1 − c2 + c2σ21)
N+2

2

,(5.1.29)where σ = (σ1, . . . , σN ) ∈ SN−1,
α =

Γ
(
N
2

)

2π
N
2

(1− c2)
N−3

2

(
2c

∫

RN

e(u)u3 dx− (1− c2)

∫

RN

G1(x) dx

)and
βj = −Γ

(
N
2

)

2π
N
2

(1− c2)
N−1

2

∫

RN

Gj(x) dx.Notations. For a funtion m taking values on R3, that is m = (m1,m2,m3), we de�ne m̌as the omplex-valued funtion m̌ = m1 + im2. The N -dimensional unit sphere is SN = {x ∈
RN+1 : |x| = 1} and in the ase N = 1 we also use the identi�ation S1 ∼= {z ∈ C : |z| = 1}.The inner produt in R3 will be denoted by 〈·, ·〉 or just · and the ross produt by ×. Given
x = (x1, x2), f : R2 → R2, f = (f1, f2), g, h : R2 → R3, g = (g1, g2, g3), h = (h1, h2, h3), we set
x⊥ = (−x2, x1), ∇⊥ = (−∂2, ∂1), curl(f) = ∂1f2 − ∂2f1 and

∇g : ∇h =

3∑

i=1

∇gi · ∇hi.Let A ∈ R3×3 and b ∈ R3, then the produt of A and b is denoted by A.b ∈ R3. For y ∈ RN and
r ≥ 0, B(y, r) or Br(y) denote the open ball of enter y and radius r (whih is empty for r = 0).In the ase that there is no onfusion, we put simply Br.

F(f) or f̂ stand for the Fourier transform of f , namely
F(f)(ξ) = f̂(ξ) =

∫

R2

f(x)e−ix·ξ dx.We also adopt the standard notation K(·, ·, . . . ) to represent a generi onstant that dependsonly on eah of its arguments.114



5.2. Regularity of traveling waves5.2 Regularity of traveling wavesIn this setion we follow some of the elements developed to the study of the harmoni mapequation. In partiular, the next lemma is a onsequene of the Wente lemma [102, 21, 100℄ andHélein's trik [57, 58℄.Lemma 5.2.1. Let Ω ⊂ R2 be a smooth bounded domain and g ∈ L2(Ω). Assume that u ∈
H1(Ω,S2) satis�es

−∆u = |∇u|2u+ g, in Ω. (5.2.1)Let r > 0 and x ∈ Ω suh that B(x, r) ⊆ Ω. Then for i ∈ {1, 2, 3} we have
osc

B(x,r/2)
ui ≤ K

(
min

{
‖∇u‖L2(B(x,r)), ‖ui‖L∞(∂Br)

}
+ ‖∇u‖2L2(B(x,r))

+r‖g‖L2(B(x,r))

(
1 + ‖∇u‖L2(B(x,r))

))
,

(5.2.2)for some universal onstant K > 0. In partiular u ∈ C(Ω). Moreover, if the trae of u on ∂Ωbelongs to C(∂Ω), then u ∈ C(Ω̄) and
‖ui‖L∞(Ω) ≤ ‖ui‖L∞(∂Ω) +K(Ω)(‖∇u‖2L2(Ω) + ‖g‖L2(Ω)(1 + ‖∇u‖L2(Ω))), (5.2.3)for some onstant K(Ω) depending only on Ω. Furthermore, when Ω = ωR ≡ {Rx, x ∈ ω},where ω is a �xed domain and R > 0, estimate (5.2.3) an be written as

‖gi‖L∞(ωR) ≤ ‖gi‖L∞(∂ωR) +K
(
‖∇g‖2L2(ωR)) +R‖f‖L2(ωR)

(
1 + ‖∇g‖L2(ωR)

))
, (5.2.4)where K only depends on ω.Proof. As for the standard harmoni maps, we reast (5.2.1) as

−∆ui =
3∑

j=1

vij · ∇uj + gi, in Ω, i = 1, 2, 3, (5.2.5)where vi,j = ui∇uj − uj∇ui. Then
div(vi,j) = ujgi − uigj and ‖div(vi,j)‖L2(Ω) ≤ 2‖g‖L2(Ω). (5.2.6)Let us onsider hi,j ∈ H2(Ω) the solution of

{
∆hi,j = div(vi,j), in Ω,

hi,j = 0, on ∂Ω. (5.2.7)Thus
‖∇hi,j‖L2(Ω) ≤ ‖vi,j‖L2(Ω) ≤ 2‖∇u‖L2(Ω). (5.2.8)Sine div(vi,j − ∇hi,j) = 0, with vi,j − ∇hi,j ∈ L2(Ω), there exists wi,j ∈ H1(Ω) (see e.g. [44,Thm 2.9℄) suh that

vi,j = ∇hi,j +∇⊥wij, in Ω. (5.2.9)115



Chapter 5. Traveling waves for the Landau�Lifshitz equationNow we deompose u as ui = φi +ϕi +ψi, where φi, ϕi, ψi are the solutions of the equations{
−∆φi = 0 in U,

φi = ui, on ∂U, (5.2.10)
{
−∆ϕi = ∇h · ∇u+ gi, in U,

ϕi = 0, on ∂U, (5.2.11)
{
−∆ψi = ∇⊥w · ∇u, in U,

ψi = 0, on ∂U, (5.2.12)where U is an open smooth domain suh that Br ⊆ U ⊆ Ω. We now prove (5.2.2) for r = 1,supposing that B1 ⊆ U , sine then (5.2.2) follows from a saling argument. First, invokingTheorem B.1 we have that
osc
B1/2

φi ≤ Kmin
{
‖∇φi‖L2(B2/3)

, ‖φi‖L2(B2/3)

}
. (5.2.13)Also, some standard omputations and the maximum priniple yield

‖∇φi‖L2(U) ≤ ‖∇ui‖L2(U) and ‖φi‖L∞(U) ≤ ‖ui‖L∞(∂U). (5.2.14)Thus from (5.2.13) and (5.2.14) we onlude that
osc
B1/2

φi ≤ Kmin
{
‖∇ui‖L2(U), ‖ui‖L∞(∂U)

}
. (5.2.15)For ϕi, Theorem B.2 gives

osc
B1

ϕi ≤ K(‖∇h · ∇u‖L3/2(B1)
+ ‖g‖L2(B1)). (5.2.16)To estimate the �rst term in the r.h.s. of (5.2.16), we use the Hölder inequality

‖∇h · ∇u‖L3/2(B1)
≤ ‖∇h‖L6(B1)‖∇u‖L2(B1), (5.2.17)and the Sobolev embedding theorem

‖∇h‖L6(B1) ≤ K(‖∇h‖L2(B1) + ‖D2h‖L2(B1)). (5.2.18)By ombining (5.2.6), (5.2.16), (5.2.17), (5.2.18) and L2-regularity estimates for (5.2.7), we areled to
osc
B1

ϕi ≤ K‖g‖L2(B1)(1 + ‖∇u‖L2(B1)). (5.2.19)Similarly, sine W 2,p(U) →֒ C(Ū), for all p > 1, we also have
‖ϕi‖C(Ū ) ≤ K(U)‖g‖L2(U)(1 + ‖∇u‖L2(U))). (5.2.20)To estimate ψi we invoke the Wente estimate (see [100℄, [58℄), so that

‖ψi‖C(Ū) + osc
U
ψi ≤ K‖∇w‖L2(U)‖∇u‖L2(U) ≤ K‖∇u‖2L2(U), (5.2.21)where we have used (5.2.8) and (5.2.9) for the last inequality.Therefore, taking U = B1 and putting together (5.2.15), (5.2.19) and (5.2.21), we onlude(5.2.2) with r = 1.If the trae of u on ∂Ω belongs to C(∂Ω), we take Ω = U and then from (5.2.10) we havethat φi ∈ C2(Ω) ∩ C(Ω̄). Sine ϕi, ψi ∈ C(Ω̄), we onlude that ui ∈ C(Ω̄) and (5.2.3) followsfrom (5.2.14), (5.2.20) and (5.2.21). Finally, using again a saling argument, we get (5.2.4).116



5.2. Regularity of traveling wavesLet us onsider the ellipti system,
∆u = f(x, u,∇u), in Ω,where Ω is a smooth open bounded set and f is a smooth funtion with quadrati growth
|f(x, z, p)| ≤ A+B|p|2.As mentioned before, well-known regularity results imply that every ontinuous solution inH1(Ω)belongs to H2,2

loc (Ω) ∩ C
0,α
loc (Ω). Using some of the arguments that lead to this result, we get thefollowing estimate for ‖∇u‖L∞ .Lemma 5.2.2. Let y ∈ R2, r > 0 and Br ≡ B(y, r). Assume that u ∈ H1(Br,S

2) satis�es
−∆u = |∇u|2u+ f(x, u(x),∇u(x)), in Br, (5.2.22)where f ∈ L∞(Br)×C(R3)×C(R3×3) and |f(x, z, p)| ≤ C1+C2|p|, for some onstants C1, C2 ≥ 0,for all x ∈ Br, z ∈ R3, p ∈ R3×3. Suppose that

A ≡ A(u, r) :=
oscBr u(1 + r2(C1 + C2

2 ))

1− 3 oscBr u
≤ 1

32
. (5.2.23)Then

‖D2u‖L2(Br/2)
+ ‖∇u‖2L4(Br/2)

≤ Kr−1
(
‖∇u‖L2(Br) + ‖g‖L2(Br)

)
, (5.2.24)where g(x) = f(x, u(x),∇u(x)). Assume further that f(x, z, p) = f̃(x) + Rf (x, z, p), for somefuntions f̃ ∈ L∞(Br), Rf ∈ L∞(Br) × C(R3) × C(R3×3), with |Rf (x, z, p)| ≤ C3|p|, for someonstant C3 ≥ 0, for all x ∈ Br, z ∈ R3, p ∈ R3×3. Then,

‖∇u‖L∞(Br/4) ≤Kr
−1‖∇u‖L2(Br) +Kr−2/3

(
‖∇u‖2L2(Br)

(r−2 + r−4/3) + ‖g‖2L2(Br)

+ ‖f̃‖L3(Br) + C3r
−1/3‖∇u‖1/3

L2(Br)

(
‖∇u‖1/3

L2(Br)
+ ‖g‖1/3

L2(Br)

))
,

(5.2.25)where K is some universal onstant.Proof. As mentioned before, Lemma 5.2.1 and the quadrati growth of the r.h.s. of (5.2.22)imply that u ∈ H2,2
loc (Ω). In fat, this ould be seen by repeating the following arguments with�nite di�erenes instead of weak derivatives. As standard in the analysis of this type of equations,we let ρ ∈ (0, r) and χ ∈ C∞

0 (Br), with χ(x) = 1 if |x| ≤ ρ,
|χ| ≤ 1 and |∇χ| ≤ K/(r − ρ), on Br. (5.2.26)Then setting η = χ|∇u|, taking inner produt in (5.2.1) with (u − u(x0))η

2 and integrating byparts we obtain
∫

Br

|∇u|2η2 + 2

∫

Br

〈∇u.(u− u(x0)), η∇η〉 =
∫

Br

|∇u|2u · (u− u(x0))η
2 +

∫

Br

η2g · (u− u(x0)).(5.2.27)Then, using the elementary inequality 2ab ≤ a2 + b2,
|η2g · (u− u(x0))| ≤ η2(C1 + C2|∇u|) osc

Br

(u) ≤ C1η
2 osc

Br

(u) + η2|∇u|2 osc
Br

(u) +
1

4
C2
2η

2 osc
Br

(u).117



Chapter 5. Traveling waves for the Landau�Lifshitz equationIn a similar fashion, we estimate the remaining terms in (5.2.27). Then, using the Poinaréinequality
‖η‖L2(Br) ≤

r

j0
‖∇η‖L2(Br),where j0 ≈ 2.4048 is the �rst zero of the Bessel funtion, and that |u| = 1, we onlude that

∫

Br

|∇u|2η2 ≤ oscBr u(1 + r2(C1 + C2
2 ))

1− 3 oscBr u

∫

Br

|∇η|2,where we bounded 1/j0 and 1/(4j0) by 1 to simplify the estimate. Thus,
∫

Br

|∇u|4χ2 ≤ A

∫

Br

(|D2u|2χ2 + |∇u|2|∇χ|2)). (5.2.28)On the other hand, taking inner produt in (5.2.22) with ∂k(χ2∂ku), integrating by parts andsumming over k = 1, 2, we have
−
∫

Br

χ2|D2u|2 − 2
∑

i∈{1,2}
j,k∈{1,2,3}

∫

Br

∂jkuiχ∂jχ∂kui =
∑

i∈{1,2}

∫

Br

(|∇u|2ui + gi)(2χ∇χ∇ui + χ2∆ui).Using again the inequalities 2ab ≤ εa2 + b2/ε and ab ≤ εa2 + b2/4ε, we are led to
∫

Br

χ2|D2u|2 ≤ 1

1− 3ε

∫

Br

(
(2 + ε−1)|∇u|2|∇χ|2 + (1 + 4ε−1)|∇u|4χ2 + (1 + 4ε−1)χ2|g2|) .Then, minimizing with respet to ε, it follows that

∫

Br

χ2|D2u|2 ≤ 16

∫

Br

(|∇u|2|∇χ|2 + |∇u|4χ2 + χ2|g2|). (5.2.29)Combining (5.2.26), (5.2.28) and (5.2.29), we infer that
∫

Bρ

|∇u|4 ≤ KA

1− 16A

(
1

(r − ρ)2

∫

Br

|∇u|2 +
∫

Br

|g|2
)
, (5.2.30)

∫

Bρ

|D2u|2 ≤ K

1− 16A

(
1 +A

(r − ρ)2

∫

Br

|∇u|2 +
∫

Br

|g|2
)
. (5.2.31)Taking ρ = r/2 and using that A ≤ 1/32, (5.2.24) follows.Now we deompose u as ui = φi + ψi, where

{
−∆φi = 0, in Br/2,

φi = ui, on ∂Br/2.
(5.2.32)

{
−∆ψi = |∇u|2ui + f̃i + (Rf (x, u,∇u))i, in Br/2,

ψi = 0, on ∂Br/2,
(5.2.33)Sine φi is a harmoni funtion,

‖∇φi‖L∞(Br/4) ≤ Kr−1‖∇φi‖L2(Br/2),118



5.2. Regularity of traveling wavesso that using also (5.2.14), we obtain the estimate
‖∇φi‖L∞(Br/4) ≤ Kr−1‖∇ui‖L2(Br/2)

. (5.2.34)For ψi, we reall that using the Lp-regularity theory for the Laplaian and a saling argument,for h ∈ Lp(BR) the solution v ∈ H1
0 (BR) of the equation −∆v = h satis�es

‖∇v‖L∞(BR) ≤ K(p)R1−2/p‖h‖Lp(BR), for all p > 2.Applying this estimate with p = 3 to (5.2.33), we get
‖∇ψi‖L∞(Br/2) ≤ Cr−2/3

(
‖∇u‖2L6(Br/2)

+ ‖f̃‖L3(Br/2)
+ C3‖∇u‖L3(Br/2)

)
. (5.2.35)Also, by the Sobolev embedding theorem, we have

‖∇u‖L6(Br/2)
≤ K

(
‖D2u‖L2(Br/2)

+ r−2/3‖∇u‖L2(Br/2)

)
. (5.2.36)Therefore, by putting together (5.2.24), (5.2.34), (5.2.35), (5.2.36) and the interpolation inequal-ity

‖∇u‖L3(Br/2)
≤ ‖∇u‖1/3

L2(Br/2)
‖∇u‖2/3

L4(Br/2)
,we dedue (5.2.25).Now we turn bak to equation (TWc). By setting

Ex,r(u) =

∫

B(x,r)
e(u), x ∈ R2, r > 0,we obtain the following result.Corollary 5.2.3. There exist ε0 > 0 and a positive onstant K(ε0), suh that for any c ≥ 0 and

u ∈ E(R2) solution of (TWc) satisfying
Ex,r(u) ≤ ε0,for some x ∈ R2 and r ∈ (0, 1], we have

osc
B(x,r/2)

u ≤ K(1 + c)Ex,r(u)
1/2, (5.2.37)

‖∇u‖L∞(B(x,r/4)) ≤ K(1 + c)Ex,r(u)
1/4r−2/3. (5.2.38)In partiular, if E(u) ≤ ε0, then

‖u3‖L∞(R2) ≤ K(1 + c)E(u)1/2, (5.2.39)
‖∇u‖L∞(R2) ≤ K(1 + c)E(u)1/4. (5.2.40)Proof. Estimates (5.2.37) and (5.2.38) follow from Lemmas 5.2.1 and 5.2.2. Then, taking r = 1,we onlude that (5.2.40) holds. Now we turn to (5.2.39). For any y ∈ R2 we have

2E(u) ≥
∫

B(y,1/2)
u23 ≥

π

4
min

B(y,1/2)
|u3|2. (5.2.41)On the other hand, by Lemma 5.2.1,

max
B(y,1/2)

|u3| ≤ osc
B(y,1/2)

u3 + min
B(y,1/2)

|u3| ≤ K(1 + c)E(u)1/2 + min
B(y,1/2)

|u3|. (5.2.42)By ombining (5.2.41) and (5.2.42), we are led to (5.2.39). 119



Chapter 5. Traveling waves for the Landau�Lifshitz equationProof of Proposition 5.1.5. Sine u has �nite energy, for every ε > 0, there exists ρ > 0 suhthat for all y ∈ R2

Ey,ρ(u) ≤ ε. (5.2.43)In fat, sine e(u) ∈ L1(R2), by Lemma B.3, for every ε > 0 we an deompose e(u) = e1,ε(u) +
e2,ε(u) suh that

‖e1,ε(u)‖L1(R2) ≤ ε/2 and ‖e2,ε(u)‖L∞(R2) ≤ Kε,for some onstant Kε. Then for any y ∈ R2,
‖e2,ε(u)‖L1(B(y,ρ)) ≤ Kεπρ

2.Taking
ρ =

(
ε

2Kεπ

)1/2

,we obtain (5.2.43). Thus, invoking Corollary 5.2.1, with ε = ε0 and r = min{1, ρ}, we onludethat
‖∇u‖L∞(B(y,r/2)) ≤ K(1 + c)ε

1/2
0 , for all y ∈ R2.Therefore u ∈W 1,∞(R2), with ‖∇u‖L∞(R2) ≤ K(1 + c)ε

1/2
0 . Di�erentiating (TWc), we �nd that

v = ∂ju, j = 1, 2, satis�es
Lλ(v) := −∆v −∇u∇vu+ c(u× ∂1v) + λv = |∇u|2v + 2u3v3u+ u23v − v3u− u3v + λv, in R2.Sine ∇u ∈ L∞(R2)∩L2(R2), we dedue that the r.h.s. of the formula above belongs to L2(R2).Therefore taking λ > 0 large enough, we an invoke the Lax�Milgram theorem to dedue that
v ∈ H2(R2). Then, by the Sobolev embedding theorem, D2u ∈ Lp(R2), for all p ∈ [2,∞) and abootstrap argument allows us to onlude that ∇u ∈ W k,p(R2) for all k ∈ N and p ∈ [2,∞]. Inpartiular, u3 is uniformly ontinuous, so that u3(x) → 0, as |x| → ∞ and u ∈ Ẽ(R2).The estimates (5.1.13) and (5.1.14) are given by Corollary 5.2.3.Now we reall a well-known result that gives the existene of the lifting for any funtion in
Ẽ(RN ). For the sake of ompleteness, we sketh its proof.Lemma 5.2.4. Let N ≥ 2 and v ∈ Ẽ(RN ). Then there exists R ≥ 0 suh that v admits thelifting

v̌(x) = ̺(x)eiθ(x), on B(0, R)c, (5.2.44)where ̺ =
√

1− v23 and θ is a real-valued funtion. Moreover, ̺, θ ∈ H1
loc(B(0, R)c) and

∇̺,∇θ ∈ L2(B(0, R)c)).Proof. Sine v ∈ E(RN ) and ‖v3‖L∞(B(0,r)c) < 1, for some r ≥ 0, the funtion
ψ = v̌/|v̌|is well-de�ned on B(0, r)c and ψ ∈ H1

loc((B(0, r)c). If r > 0, invoking the extension theorem forSobolev spaes, we infer that there exists ψ̃ ∈ H1
loc(R

N ) suh that ψ̃ = ψ on Bc
r+1. In the asethat r = 0, B(0, r)c = RN and ψ is de�ned globally, but we also denote it by ψ̃ to treat both120



5.2. Regularity of traveling wavesases. By results in [13, 17℄ we have that for every simply onneted smooth bounded domain
Ω ⊆ RN there exists a real-valued funtion θΩ ∈ H1(Ω) suh that

ψ̃ = eiθΩ , on Ω.Then, onsidering Ω = Br+n ≡ B(0, r+n), n ≥ 1, we have a sequene of funtions θn ∈ H1(Br+n)suh that ψ̃ = eiθn on Br+n. Notiing that
ψ̃ = eiθn = eiθn+1 , on Br+n,we have that θn+1(x) − θn(x) ∈ 2πZ, for a.e. x ∈ Br+n. Sine a funtion in H1(Br+n) takinginteger values is onstant (see [17, Theorem B.1℄), we onlude that there exists kn ∈ Z suhthat θn+1 − θn = 2πkn on Br+n. Therefore the funtion

θ(x) =

{
θ1(x), if x ∈ Br+1,

θn+1(x)− 2π
∑n

j=1 kj , if x ∈ Br+n+1 \Br+n, n ≥ 1.is well-de�ned and
θ(x) = θn+1(x)− 2π

n∑

j=1

kj , a.e. on Br+n+1,for all n ≥ 1, so that θ ∈ H1
loc(R

N ) and (5.2.44) holds with R = r if r = 0 and R = r + 2otherwise. Finally, we notie that
|∇v̌|2 = ̺2|∇θ|2 + |∇̺|2 on B(0, R)c (5.2.45)and that 1 − ‖v3‖2L∞(B(0,R)c) = inf{̺(x)2 : x ∈ B(0, R)c} > 0. Sine ∇v ∈ L2(R2), we onludethat ∇̺,∇θ ∈ L2(B(0, R)c).Corollary 5.2.5. Let c ≥ 0 and u ∈ E(R2) be a solution of (TWc). Then there is R ≥ 0 suhthat the lifting ǔ(x) = ̺(x)eiθ(x), holds on B(0, R)c and satis�es ∇̺,∇θ ∈ W k,p(B(0, R)c) forany k ≥ 2 and p ∈ [2,∞]. Moreover, there exists a onstant ε(c) > 0, depending only on c, suhthat if E(u) ≤ ε(c), then we an take R = 0.Proof. By Proposition 5.1.5, u ∈ Ẽ(R2) and then Lemma 5.2.4 gives us the existene of thelifting, whose properties follow from Proposition 5.1.5 and (5.2.45). The last assertion is animmediate onsequene of (5.2.39).In the ase N ≥ 3, some regularity for the solutions of the equation (5.2.1) an be obtainedonsidering that u is a stationary solution in the sense introdued by R. Moser in [80℄.De�nition 5.2.6. Let Ω ⊂ RN be a smooth bounded domain and g ∈ Lp(Ω;R3). A solution

u ∈ H1(Ω;S2) of (5.2.1) is alled stationary if
div(|∇u|2ej − 2∇u.∂ju) = 2∂ju · g, in Ω, (5.2.46)for all j ∈ {1, . . . , N} in the distribution sense. 121



Chapter 5. Traveling waves for the Landau�Lifshitz equationIf we suppose that u is a smooth solution of (5.2.1), then
div(|∇u|2ej − 2∇u.∂ju) = −2∆u · ∂ju = 2g · ∂ju,so it is a stationary solution. However not every solution u ∈ H1(Ω;S2) of (5.2.1) satis�es(5.2.46). The advantage of stationary solutions is that they satisfy a monotoniity formula thatallows to generalize some standard results for harmoni maps. However, when g belongs only to

L2(Ω), the regularity estimates hold only for N ≤ 4.Lemma 5.2.7 ([80℄). Let N ≤ 4 and y ∈ RN . Assume that u ∈ H1(B(y, 1);S2)∩W 1,4(B(y, 1))is a stationary solution of (5.2.1), with Ω = B(y, 1) and g ∈ L2(B(y, 1)). Then there exist K > 0and ε0 > 0, depending only on N, suh that if
‖∇u‖L2(B(y,1)) + ‖g‖L2(B(y,1)) = ε ≤ ε0,we have

‖∇u‖L4(B(y,1/4)) ≤ Kε
1
2 .Applying this result to equation (TWc), we are led to the following estimate.Lemma 5.2.8. Let N ≤ 4. There exist K > 0 and ε0 > 0, depending only on N , suh that forany solution u ∈ E(RN ) ∩C∞(RN ) of (TWc), with c ∈ [0, 1], satisfying

E(u) ≤ ε0,we have
‖∇u‖L4(B(x,1)) ≤ KE(u)1/2.Now we are in position to omplete the regularity result in higher dimensions stated in theintrodution.Proof of Lemma 5.1.6. Sine u ∈ UC(RN ) and ‖u3‖L2(RN ) < ∞, we have that u ∈ Ẽ(RN ).Realling again a lassial results for ellipti systems with quadrati growth (see [16, 69, 64℄),

u ∈ UC(RN) yields that u ∈ C∞(RN ). This is due to the fat that now we are assuming that uis uniformly ontinuous and then we an hoose r > 0 small suh that the osillation of u on theball B(y, r) is small, uniformly in y. Then we an make the quantity A(u, r) de�ned in (5.2.23)as small as needed, and repeat the �rst part of the proof of Lemma 5.2.2 to onlude that for all
y ∈ R2

‖D2u‖L2(B(y,r/2)) + ‖∇u‖2L4(B(y,r/2)) ≤ K(N)r−1
(
‖∇u‖L2(B(y,r)) + ‖u3‖L2(B(y,r))

)
, (5.2.47)for some onstant K(N) and r > 0 small enough, independent of y. At this stage we note thatwe annot follow the rest of the argument of Lemma 5.2.2, sine it relies on the two-dimensionalSobolev embeddings. However, it is well-known that using (5.2.47) it is possible to dedue that

∇u ∈ Lp(RN ), for all p ≥ 2. More preisely, as disussed before, there exists r ∈ (0, 1] suh that
osc

B(y,2N r)
u ≤ 1

8(1 + c)(2N − 1)
, for all y ∈ RN . (5.2.48)Then, by iterating Lemma B.5, we have

∫

B(y,r)
|∇u|2N+2 ≤ K(N)(1 + c)2N

E(u)

r2N
, for all y ∈ RN . (5.2.49)122



5.2. Regularity of traveling wavesBy proeeding as in the proof of Lemma 5.2.2, deomposing ui as ui = φi + ϕi where
{
−∆φi = 0, in B(y, r),

φi = ui, on ∂B(y, r),

{
−∆ψi = |∇u|2ui + u23ui − δi,3u3 + cu× ∂1u, in B(y, r),

ψi = 0, on ∂B(y, r).In view of (5.2.49), ellipti regularity estimates imply that ψi ∈ W 2,N+1(B(y, r)) and then bythe Sobolev embedding theorem we an establish an upper bound for ‖∇ψi‖L∞(B(y,r)) in termsof powers of E(u). Sine φi is a harmoni funtion, we also obtain this type of estimates for φi asin the proof of Lemma 5.2.25. Then we onlude that ∇u ∈ L∞(RN ), so that, by interpolation,
∇u ∈ Lp(RN ), for all p ∈ [2,∞]. Proeeding as in the proof of Proposition 5.1.5, we onludethat ∇u ∈W k,p(RN ), for all k ∈ N and p ∈ [2,∞].Now we turn to (5.1.16) and (5.1.17). Let us �rst take N = 3 and ε0 given by Lemma 5.2.8,suh that E(u) ≤ ε0. Then, by the Morrey inequality,

osc
B(y,1/2)

u ≤ K‖∇u‖L4(B(y,1)) ≤ KE(u)1/2, (5.2.50)for all y ∈ R3 and for all c ∈ [0, 1]. Taking ε0 smaller if neessary, (5.2.48) holds with r = 1/16and then so it does (5.2.49) (with r = 1/16). Hene the previous omputations give a bound for
∇u ∈ L∞(R3) depending only on E(u), whih yields (5.1.17).In order to prove (5.1.16), we estimate the minimum of |u3| on B(y, 1/2) as in (5.2.41), andusing (5.2.50) we onlude that

max
B(y,1/2)

|u3| ≤ KE(u)1/2,whih implies (5.1.16).It only remains to onsider the ase N = 4. Note that the r.h.s. of (5.2.48) is less than orequal to 1/112, for c ∈ [0, 1]. Let r∗ > 0 be the maximal radius given by the uniform ontinuityof u for this value, i.e.
r∗ = sup

{
ρ > 0 : ∀x, z ∈ R4, |x− z| ≤ ρ⇒ |u(x) − u(z)| ≤ 1/112

}
.We laim that r∗ ≥ 1/2 for ε0 small. Arguing by ontradition, we suppose that 0 < r∗ < 1/2.Sine (B.2) is satis�ed for any y ∈ R4, with r = r∗ and s = 2, Lemma B.5 implies that

‖∇u‖6L6(B(y,r∗/2))
≤ 8

(
1 +

16

r2∗

)
‖∇u‖4L4(B(y,r∗))

.Sine 0 < r∗ < 1/2, the Morrey inequality implies that
osc

B(y,r∗/4)
u ≤ K1r

1
3∗ ‖∇u‖L6(B(y,r∗/2)) ≤ K2r

1
3∗

(
1 +

16

r2∗

) 1
6

‖∇u‖
2
3

L4(B(y,r∗))
≤ K3E(u)

1
3 , (5.2.51)where we have used Lemma 5.2.8 for the last inequality and K3 > 0 is a universal onstant.Finally we notie that there exists a universal onstant ℓ ∈ N suh that for any x ∈ R4, there isa olletion of points y1, y2, . . . , yℓ ∈ R4 suh that

osc
B(x,2r∗)

u ≤
ℓ∑

k=1

osc
B(yk ,r∗/4)

u. 123



Chapter 5. Traveling waves for the Landau�Lifshitz equationThus, using (5.2.51),
osc

B(x,2r∗)
u ≤ ℓK3E(u)

1
3 .Taking ε0 ≤ 1/(112ℓK3)

3, we get that oscB(x,2r∗) ≤ 1/112, whih ontradits the de�nition of
r∗. Therefore,

osc
B(x,1/2)

u ≤ 1/112, for all x ∈ R4.Moreover, the same argument shows that
osc

B(y,1/8)
u ≤ KE(u)1/3, for all y ∈ R4,and then (5.1.16) and (5.1.17) follow as before.5.3 The momentum5.3.1 De�nition of momentum in Ẽ(RN)As disussed in the introdution, one of the main tehnial di�ulties in the study of theLandau�Lifshitz equation is to provide a proper de�nition of momentum in the energy spae. Infat, for N ≥ 2, we formally de�ne the vetorial momentum in the j-diretion by

Pj(v) = − 1

N − 1

N∑

k=1

∫

RN

xkv · (∂jv × ∂kv) = − 1

N − 1

N∑

k=1
k 6=j

∫

RN

xkv · (∂jv × ∂kv),but it is not lear that this quantity is well-de�ned in E(RN ). As proved in Setion 5.2, thesolutions of (TWc) that we are onsidering belong to Ẽ(RN ) and therefore by Lemma 5.2.4 theyadmit the lifting
v = (̺eiθ, v3)at in�nity. Then, assuming that v is of lass C2, we obtain

v · (∂jv × ∂kv) = v3̺(∂j̺∂kθ − ∂k̺∂jθ) + ̺2(∂jθ∂kv3 − ∂kθ∂jv3) = ∂k(v3∂jθ)− ∂j(v3∂kθ),where we have used that v23 = 1 − ̺2 for the last equality. In onsequene, if the lifting for vholds in the whole spae, a formal integration by parts yields
Pj(v) =

∫

RN

v3∂jθ,whih is well-de�ned in E(RN ). However it is not lear how to give a sense to an integration byparts of the type ∫

RN

xk(∂kf1 − ∂jf2) = −
∫

RN

f1,

j 6= k, for a funtion f ∈ L1(RN ). This di�ulty, that also appears in the ontext of theGross�Pitaevskii equation, an be handle by de�ning a generalized momentum as an analogue tothe de�nition given in [31℄ (see also [77℄). For the sake of simpliity, we fous only on the �rstomponent of the vetorial momentum p ≡ P1 and introdue the notation
wk(v) ≡ v · (∂1v × ∂kv), k ∈ {2, . . . , N}.In partiular, w = w2.124



5.3. The momentumDe�nition 5.3.1. Let k ∈ {2, . . . , N}. We set Lk(R
N ) = {h ∈ L1(RN ) : xkh ∈ L1(RN )} and

Xj(R
N ) = {∂jv ∈ S′(RN ) : v ∈ L1(RN ) ∩ L2(RN )}, for j ∈ {1, . . . , N}. For any h1 ∈ X1(R

N ),
h2 ∈ Xk(R

N ) and h3 ∈ Lk(R
N ), we de�ne the appliation Lk on X1(R

N ) + Xk(R
N ) + Lk(R

N ),by
Lk(h1 + h2 + h3) =

∫

RN

xkh3 −
∫

RN

v,where ∂kv = h2.Endowing Lk(R
N ) and Xj(R

N ) with the norms
‖h‖Lk

= ‖h‖L1(RN ) +

∫

RN

|xkh|, ‖∂jv‖Xj = ‖v‖L1(RN ) + ‖v‖L2(RN ),they are Banah spaes. The next result shows that Lk is atually a well-de�ned linear ontinuousoperator.Lemma 5.3.2. Let k ∈ {2, . . . , N}.
(a) For any h ∈ Lk(R

N ) ∩ X1(R
N ), ∫

RN

xkh = 0. (5.3.1)
(b) For any h ∈ Lk(R

N ) ∩ Xk(R
N ),

∫

RN

xkh = −
∫

RN

v,where ∂kv = h.

(c) For any h ∈ X1(R
N )∩Xk(R

N ), suh that h = ∂1v = ∂ku, for some v, u ∈ L1(RN )∩L2(RN ),we have ∫

RN

v =

∫

RN

u = 0. (5.3.2)In partiular Lk is a well-de�ned linear ontinuous operator on X1(R
N ) + Xk(R

N ) + Lk(R
N ).Proof. For the proof of (a), we onsider v ∈ L1(RN ) with ∂1v = h and a ut-o� funtion

η ∈ C∞
0 (R, [0, 1]) suh that η(x) = 1 if |x| ≤ 1, η(x) = 0 if |x| ≥ 2, and |η′| ≤ 2 on R. Setting

ηm(x) = η(|x|/m) and integrating by parts we have
∫

R2

ηm(x)xkh =

∫

R2

∂1ηm(x)xkv.Then, sine xkh ∈ L1(RN ), |∂1ηm(x)xk| ≤ 4 and ∂1ηm(x) → 0 as m → ∞, invoking thedominated onvergene theorem we an pass to the limit m→ ∞ and (5.3.1) follows. The proofof (b) is similar and thus we omit it.Now we turn to the proof of (c). First we remark that if v, u ∈ W 1,1(RN ) the result followsas before, using that
∫

RN

ηmx1∂1v =

∫

RN

ηmx1∂ku,

∫

RN

ηmxk∂1v =

∫

RN

ηmxk∂ku,integrating by parts and letting m → ∞. For the general ase, we proeed as in [77, Lemma2.3℄. Sine v, u ∈ L1(RN ) ∩ L2(RN ), we have that the orresponding Fourier transforms v̂ and125



Chapter 5. Traveling waves for the Landau�Lifshitz equation
û belong to C(RN ) ∩ L2(RN ), so that (5.3.2) is equivalent to v̂(0) = û(0) = 0. Arguing byontradition, let us suppose that û(0) 6= 0 (the ase v̂(0) 6= 0 is analogous), then there exist
r0 > 0 and m > 0 suh |û| ≥ m, a.e. on B(0, r0). By hypothesis ∂1v = ∂ku in S′(RN ), so that
ξ1v̂ = ξkû in L2(RN ). Therefore,

|v̂| ≥ |ξk|
|ξ1|

m, a.e. on B(0, r0),whih ontradits that v̂ ∈ L2(RN ).In Lemma 5.3.4 below we will prove that
wk(v) ∈ X1(R

N ) + Xk(R
N ) + Lk(R

N ), for all k ∈ {2, . . . , N}, (5.3.3)for any v ∈ Ẽ(RN ). Then we an �nally give a proper de�nition for the momentum.De�nition 5.3.3. Let v ∈ Ẽ(RN ). We de�ne the generalized momentum of v as
p(v) = − 1

N − 1

N∑

k=2

Lk(wk(v)).Lemma 5.3.4. Let v ∈ Ẽ(RN ). Then (5.3.3) holds. Moreover, if v satis�es ‖v3‖L∞(RN ) < 1, wehave
p(v) =

∫

RN

v3∂1θ, (5.3.4)where v̌ =
√

1− v23e
iθ.Let η ∈ C∞

0 (R) suh that 0 ≤ η ≤ 1 on R, η = 1 on B(0, 1), η = 0 on B(0, 2)c and |η′| ≤ 2.Setting ηm : RN → R by ηm(x) = η(|x|/m), m ∈ N \ {0}, we have
Lk(wk(v)) = lim

m→∞

∫

RN

xkηmwk(v). (5.3.5)Furthermore, if v ∈ Ẽ(RN ) ∩ C2(RN ), there exists a sequene rn → ∞ suh that
Lk(wk(v)) = lim

rn→∞

∫

B(0,rn)
xkwk(v), (5.3.6)for all k ∈ {2, . . . , N}. In partiular,

p(v) = − lim
rn→∞

1

N − 1

N∑

k=2

∫

B(0,rn)
xkwk(u).Proof. Let R ≥ 0 given by Lemma 5.2.4 suh that v̌ = ̺eiθ on B(0, R)c. For any r > 0 we de�netwo funtions χr, χ̃r ∈ C∞(RN ) suh that

χr(x) =

{
0, if |x| ≤ r,

1, if |x| ≥ r + 1,
and χ̃r =

{
0, if |x| ≤ r + 2,

1, if |x| ≥ r + 3,
(5.3.7)126



5.3. The momentumand for r > R we set
̺r = χr̺, θr = χ̃rθ, v̌r = ̺re

iθr , a.e. on RN ,so that we extend v to RN as vr = (v̌r, v3). Clearly, we annot assure that |vr| = 1 on RN , butthe di�erent supports of χr and χ̃r will allow us to overome this di�ulty.Writing v = v − vr + vr, we have
wk(v) = V(v, vr) +wk(vr), (5.3.8)with

V(v, vr) = v · (∂1v × ∂k(v − vr) + ∂1(v − vr)× ∂kvr) + (v − vr) · (∂1vr × ∂kvr).Sine v − vr has ompat support, V(v, vr) ∈ Lk(R
N ). To treat the other term, we ompute

wk(vr) = v3̺r(∂j̺r∂kθr − ∂k̺r∂jθr) + ̺2r(∂jθr∂kv3 − ∂kθr∂jv3).Although the equality ̺2r = 1− v23 does not hold on the whole spae, this equality is valid on theopen set {|x| > r + 1} and sine θr ≡ 0 on B(0, r + 2), we have
̺r∂l̺r∂mθr = −v3∂lv3∂mθr, a.e. on RN , for all l,m ∈ {1, . . . , N}.Therefore

wk(vr) = ∂kv3∂1θr − ∂1v3∂kθr a.e. on RN . (5.3.9)Now we laim that
∂kv3∂1θr − ∂1v3∂kθr = ∂k(v3∂1θr)− ∂1(v3∂kθr) in S′(RN ). (5.3.10)To prove (5.3.10), we take a sequene θn,r ∈ C2(RN ) suh that ∇θn,r → ∇θr in L2(RN ), as

n → ∞. It is lear that (5.3.10) holds with θn,r instead of θr. On the other hand, sine
v3 ∈ L∞(RN ) and ∇v3 ∈ L2(RN ), for any φ ∈ S(RN ) we have

∫

RN

(∂kv3∂1θn,r − ∂1v3∂kθn,r)φ→
∫

RN

(∂kv3∂1θr − ∂1v3∂kθr)φ, as n→ ∞,and
〈∂k(v3∂1θn,r)− ∂1(v3∂kθn,r), φ〉S′(RN ),S(RN ) = −

∫

RN

v3∂1θn,r∂kφdx+

∫

RN

v3∂kθn,r∂1φdx

→ −
∫

RN

v3∂1θr∂kφdx+

∫

RN

v3∂kθr∂1φdx,as n→ ∞. Being the l.h.s. of the last two expressions equal, we are led to (5.3.10). Combiningwith (5.3.8) and (5.3.9), we onlude that
wk(v) = V(v, vr) + ∂k(v3∂1θr)− ∂1(v3∂kθr) in S′(RN ). (5.3.11)In partiular (5.3.3) is satis�ed and by De�nition 5.3.1 we are led to

Lk(wk(v)) = −
∫

RN

v3∂1θr +

∫

RN

xkV(v, vr). (5.3.12)127



Chapter 5. Traveling waves for the Landau�Lifshitz equationSine xkηm ∈ S(RN ), from (5.3.11), we dedue that
∫

RN

xkηmwk(v) =

∫

RN

xkηmV(v, vr)−
∫

RN

∂k(xkηm)v3∂1θr +

∫

RN

∂1(xkηm)v3∂kθr.Sine xkV(v, vr), v3∂kθr ∈ L1(RN ), ∂j(xkηm) = δj,kηm+xk∂jηm and |xk∂jηm| ≤ 4, the dominatedonvergene theorem yields that
lim

m→∞

∫

RN

xkηmw(v) =

∫

RN

xkV(v, vr)−
∫

RN

v3∂1θr.Comparing with (5.3.12), we onlude that (5.3.5) holds.In the ase that v ∈ C2(RN ), we have that θr ∈ C2(RN ) and (5.3.11) holds in RN , so thatwe an multiply (5.3.11) by xk and integrate by parts on B(0, ρ) to obtain
∫

B(0,ρ)
xkwk(v) = −

∫

B(0,ρ)
v3∂1θr +

∫

B(0,ρ)
xkv3V(v, vr)−

∫

∂B(0,ρ)
xkv3(∂kθrν1 − ∂1θrνk).(5.3.13)Sine v3∇θr ∈ L1(RN ), by Lemma B.4 there is a sequene ρn → ∞ suh that

∫

∂B(0,ρn)
xkv3(∂kθrν1 − ∂1θrνk) → 0.Finally, passing to the limit ρn → ∞ in (5.3.13) we obtain

lim
rn→∞

∫

B(0,ρn)
xkwk(v) = −

∫

RN

v3∂1θr +

∫

RN

V(v, vr).Comparing with (5.3.12), (5.3.6) follows.In the ase that ‖v3‖L∞(RN ) < 1, v̌ =
√

1− v23e
iθ a.e. on RN , so that the funtions χr and

χ̃r are not neessary, and we an dedue that (5.3.11) holds with V ≡ 0. Hene (5.3.4) followsimmediately.5.3.2 Further properties in dimension twoA useful fat of Sobolev spaes is the density of smooth funtions with ompat support.However, when restriting to funtions taking values in S2 this property is not always preserved.For instane, if N ≥ 3 we do not have suh a result. To see this it is enough to onsider
B(0, 1) ⊂ R3 and v(x) = x/|x| ∈ H1(B(0, 1)) that annot be approximated by smooth funtionsin the H1-norm (see [92℄ for details). On the other hand, in the two-dimensional ase, thedensity result is true (see [92, 20℄). More preisely, for N = 2 and A > 0 we endow E(R2) withthe distane

dAE (u, v) ≡
(
‖u− v‖2L2(B(0,A)) + ‖∇u−∇v‖2L2(R2) + ‖u3 − v3‖2L2(R2)

) 1
2 . (5.3.14)Note that for B > A > 0, it follows from the Sobolev embedding theorem that there exists aonstant K(A,B) suh that

dAE (u, v) ≤ dBE (u, v) ≤ K(A,B)dAE (u, v), (5.3.15)for any u, v ∈ E(R2). Therefore the distanes dAE and dBE are equivalent. Now we an state thefollowing density result.128



5.3. The momentumLemma 5.3.5. Let A > 0 and v ∈ E(R2). There exists a sequene of funtions (vn)n∈N in
E∞
0 (R2) ≡ E(R2) ∩ {f : R2 → R3 : ∃λ ∈ S1 × {0} s.t. f − λ ∈ C∞

0 (R2)},suh that
dAE (v, vn) → 0, as n→ ∞. (5.3.16)Moreover, if ‖v‖L∞(B(0,R)c) < 1 for some R > 0, then

‖vn‖L∞(B(0,R+1)c) ≤ ‖v‖L∞(B(0,R)c). (5.3.17)The proof of Lemma 5.3.5 follows the same ideas of the lassial result of Shoen and Ulhen-bek [92℄ (see also [20℄), so we omit it.Corollary 5.3.6. Let v ∈ Ẽ(R2). Then there exists a sequene of funtions (vn)n∈N ∈ E∞
0 (R2)suh that

dAE (v, vn) → 0 and p(vn) → p(v), as n→ ∞.Proof. Sine v ∈ Ẽ(R2), we have that δ ≡ ‖v3‖L∞(B(0,R)c) < 1 for some R > 0. In viewof Lemma 5.3.5, we only need to verify that the sequene vn given by Lemma 5.3.5, up to asubsequene, satis�es
p(vn) → p(v), as n→ ∞. (5.3.18)Let ε > 0. By Lemma 5.3.4 there exists an integer mε > 0, suh that

∣∣∣∣∣p(v) +
∫

B(0,2m)
x2w(v)ηm

∣∣∣∣∣ ≤ ε/3, for all m ≥ mε, (5.3.19)and we an assume that 2mε > R+ 1.To ompute the momentum of the sequene vn, sine vn is smooth and (vn)3 ∈ C∞
0 (R2),using (5.3.6), we get

p(vn) = −
∫

R2

x2w(vn) = −
∫

B(0,2m)
x2w(vn)ηm −

∫

B(0,m)c
x2w(vn)(1− ηm), for all m ∈ N.(5.3.20)Sine dAE (v, vn) → 0, there exist funtions f ∈ L2(R2), g ∈ L2(R2;R3) suh that, up to asubsequene,

|(vn)3| ≤ f, |∇(vn)j | ≤ gj , for j ∈ {1, 2, 3}, for all n ∈ N, (5.3.21)and
(vn)3 → v3, ∇vn → ∇v in L2(R2), as n→ ∞. (5.3.22)Invoking (a modi�ed version of) Lemma B.4, there exists m̃ε ≥ mε suh that
1

2
√
1− δ2

(
5

∫

Bc
m̃ε

(f2 + |g|2) + ρε

∫

∂Bm̃ε

(f2 + |g|2)
)

≤ ε

3
, (5.3.23)where Bm̃ε = B(0, m̃ε). Sine, for r > R + 1 we have the lifting v̌n = ̺ne
iθn on B(0, R + 1)c,then∫

Bc
r

x2(1− ηm)w(vn) = −
∫

Bc
r

(1− ηm − x2∂2ηm)(vn)3∂1θn −
∫

Bc
r

x2∂2ηm(vn)3∂2θn

+

∫

∂B(0,r)
x2(1− ηm)((vn)3∂1θnν2 − (vn)3∂1θnν1).

(5.3.24)129



Chapter 5. Traveling waves for the Landau�Lifshitz equationSine |1− ηm| ≤ 1, |ηm| ≤ 1, |xk∂jηm| ≤ 4, by ombining with (5.1.9), (5.3.17), (5.3.21), (5.3.22)and (5.3.24), we onlude that
∣∣∣∣∣

∫

Bc
m̃ε

x2(1− ηm)w(vn)

∣∣∣∣∣ ≤
ε

3
, for all n,m ∈ N. (5.3.25)From (5.3.15), dm̃ε

E (v, vn) → 0, as n→ ∞, so that, up to a subsequene,
vn → v, a.e. on B(0, m̃ε). (5.3.26)Hene, (5.3.23) and the dominated onvergene theorem imply that there exists nε ∈ N suhthat ∣∣∣∣∣

∫

Bm̃ε

x2ηmw(vn)−
∫

Bm̃ε

x2ηmw(v)

∣∣∣∣∣ ≤
ε

3
, for all n ≥ nε, m ∈ N. (5.3.27)Finally, using (5.3.19), (5.3.20), (5.3.25) and (5.3.27) with m = m̃ε, we obtain

|p(vn)− p(v)| ≤ ε, for all n ≥ nε,whih onludes the proof.We end this setion by showing that the de�nition of generalized momentum has the expeteddiretional derivative.Lemma 5.3.7. Let v ∈ Ẽ(R2) and φ ∈ C∞
0 (R2;R3). Then

lim
s→0

p(vs)− p(v)

s
=

∫

R2

〈φTv , ∂1v × v〉 =
∫

R2

〈φ, ∂1v × v〉, (5.3.28)where vs = (v + sφ)/|v + sφ| and φTv = φ− 〈φ, v〉v (the tangential omponent of φ).Proof. First we notie that vs is well-de�ned for |s| < 1/‖φ‖L∞(R2). Moreover,
vs = v + sφTv + s2g(s, v, φ),for s small, where g satis�es

|g(s, v, φ)| ≤ K(‖φ‖L∞(R2))|φ|,for some onstant K(‖φ‖L∞(R2)). Then
w(vs) = w(v) + s〈φTv , ∂1v × ∂2v〉+ 〈v, ∂1φTv × ∂2v〉+ 〈v, ∂1v × ∂2φ

T
v 〉+ s2g̃(s, v, φ), (5.3.29)where g̃ satis�es

|g̃(s, v, φ)| ≤ K(‖φ‖W 1,∞(R2))(|φ||∇v| + |φ||∇v|2 + |∇φ|). (5.3.30)Using some standard identities for the ross produt, we hek that
〈φTv , ∂1v × ∂2v〉 = 0, a.e. on R2.130



5.4. Pohozaev identitiesWe also notie that
〈vn, ∂1φTv × ∂2vn〉+ 〈vn, ∂1vn × ∂2φ

T
v 〉 = ∂2〈φTv , vn × ∂1vn〉 − ∂1〈φTv , vn × ∂2vn〉,for any vn ∈ C2(R2). In partiular, we onsider a sequene vn ∈ C2(R2) suh that ∇vn → ∇v in

L2(R2). Moreover, we an assume that there exists V ∈ L2(R2) suh that
|∇vn| ≤ V and ∇vn → ∇v, a.e. on R2,so that, by the dominated onvergene theorem, we an argue as in the proof of Lemma 5.3.4and onlude that

〈v, ∂1φTv × ∂2v〉+ 〈vn, ∂1v × ∂2φ
T
v 〉 = ∂2〈φTv , v × ∂1v〉 − ∂1〈φTv , v × ∂2v〉, in S′(R2).Therefore

w(vs)−w(v)

s
= ∂2〈φTv , v × ∂1v〉 − ∂1〈φTv , v × ∂2v〉+ sg̃(s, v, φ).Notiing that w(vs)− w(v) and g̃ have ompat support, De�nition 5.3.3 yields

p(vs)− p(v)

s
= −L2

(
w(vs)− w(v)

s

)
=

∫

R2

〈φTv , v × ∂1v〉 − s

∫

R2

x2g̃(s, v, φ). (5.3.31)By (5.3.30), we an invoke again the dominated onvergene theorem and pass to the limit s→ 0,so that the �rst equality in (5.3.28) follows. The seond one is immediate, sine v · (∂1v × v) = 0.5.4 Pohozaev identitiesThe generalized momentum de�ned in Setion 5.3 allows us to establish the following Po-hozaev identities for (TWc).Proposition 5.4.1. Let u ∈ Ẽ(RN ) ∩C2(RN ) be a solution of (TWc). Then we have
E(u) =

∫

R2

|∂1u|2 dx, (5.4.1)
E(u) =

∫

R2

|∂ku|2 dx− cLk(wk(u)), for all k ∈ {2, . . . , N}. (5.4.2)Proof. Taking inner produt between (TWc) and xk∂ku, 1 ≤ k ≤ N , integrating by parts in theball B(0, R) and using that u · ∂ku = 0, we obtain
∫

B(0,R)
|∂ku|2 −

1

2

∫

B(0,R)
|∇u|2 −

∫

∂B(0,R)

∂u

∂ν
· ∂kuxk +

∫

∂B(0,R)
|∇u|2xkνk =

1

2

∫

B(0,R)
u23 −

1

2

∫

∂B(0,R)
u23xkνk + c

∫

B(0,R)
(∂1u× ∂ku) · uxk,where ν denotes the exterior normal of the ball B(0, R) and ∂u

∂ν = (∇u1 · ν,∇u2 · ν,∇u3 · ν).Then, using Lemma 5.3.4, there is a sequene rn → ∞ suh that
E(u) =

∫

RN

|∂ku|2 − c lim
rn→∞

∫

RN

xku · (∂1u× ∂ku) =

∫

RN

|∂ku|2 − cLk(wk(u)),for all j ∈ {1, . . . , N}, whih ompletes the proof. 131



Chapter 5. Traveling waves for the Landau�Lifshitz equationCorollary 5.4.2. Let u ∈ E(R2) be a solution of (TWc). Then
∫

R2

u23 dx = cp(u). (5.4.3)Proof. Writing ∫

R2

u23 dx = 2E(u)−
∫

R2

|∂1u|2 dx−
∫

R2

|∂2u|2 dx,sine u ∈ C2(R2) by Proposition 5.1.5, the result is a diret onsequene of Proposition 5.4.1.5.5 Convolution equations and further integrabilityThrough this setion, we �x u ∈ Ẽ(RN )∩UC(RN ) a solution of (TWc) for a speed c ∈ [0, 1].Using the results of Setion 5.2, we have that u ∈ C∞(RN ) and it admits the lifting
ǔ = ̺eiθ, a.e. on B(0, R)c,for some R ≥ 0. If ‖u3‖L∞(R2) < 1, we take R = 0. Now we reall some de�nitions given inSubsetion 5.1.4. Let χ ∈ C∞(RN ) be suh that |χ| ≤ 1, χ = 0 on B(0, 2R) and χ = 1 on

B(0, 3R)c, if R > 0. In the ase that R = 0, we let χ = 1 on RN . In this way, we an assumethat the funtion χθ is well-de�ned on RN , that
G = (G1, G2) := u1∇u2 − u2∇u1 −∇(χθ), on RN , (5.5.1)is smooth and that

G = −u23∇θ on B(0, 3R)c. (5.5.2)Therefore G ∈W k,p(RN ), for all k ∈ N and 1 ≤ p ≤ ∞.For u = (u1, u2, u3), equation (TWc) reads
−∆u1 = 2e(u)u1 + c(u2∂1u3 − u3∂1u2), (5.5.3)
−∆u2 = 2e(u)u2 + c(u3∂1u1 − u1∂1u3), (5.5.4)
−∆u3 = 2e(u)u3 − u3 + c(u1∂1u2 − u2∂1u1). (5.5.5)Then, using (5.5.3) and (5.5.4),

div(G) =u1∆u2 − u2∆u1 −∆(χθ)

=c(∂1u3 − u3u · ∂1u)−∆(χθ)

=c∂1u3 −∆(χθ),

(5.5.6)where we used the fat that u · ∂1u = 0. By ombining with (5.5.5), we obtain (5.1.20). TakingFourier transform in (5.1.20), we get
(
|ξ|4 + |ξ|2 − c2ξ21

)
û3(ξ) = |ξ|2F̂ (ξ)− c

N∑

j=1

ξ1ξjĜj(ξ), (5.5.7)and hene
û3(ξ) = Lc(ξ)

(
F̂ (ξ)− c

ξ21
|ξ|2 Ĝ1(ξ)− c

ξ1ξ2
|ξ|2 Ĝ2(ξ)

)
, (5.5.8)132



5.5. Convolution equations and further integrabilitywhere
Lc(ξ) =

|ξ|2
|ξ|4 + |ξ|2 − c2ξ21

.Equivalently, we an write (5.5.8) as the onvolution equation (5.1.21) where L̂c = Lc. Similarly,from (5.5.6) and (5.5.8), for j ∈ {1, . . . , N},
∂j(χθ) = cLc,j ∗ F − c2

N∑

k=1

Tc,j,k ∗Gk −
N∑

k=1

Rj,k ∗Gk, (5.5.9)where
T̂c,j,k =

ξ1ξjξk
|ξ|2(|ξ|4 + |ξ|2 − c2ξ21)

and R̂j,k =
ξjξk
|ξ|2 ,for all j, k ∈ {1, . . . , N}. These kernels also appear in the Gross�Pitaevskii equation and theirproperties are studied in [48, 51, 30℄. In order to obtain some estimates, a key element is thefollowing multiplier theorem due to Lizorkin.Theorem 5.5.1 ([75℄). Let m ∈ CN (RN \ {0}) and α ∈ [0, 1). Suppose that exists M > 0 suhthat

sup
{
|ξk1+α
1 · · · ξkN+α

N Dkm(ξ)| : ξ ∈ RN \ {0}, k ∈ {0, 1}N
}
≤M.Then m is a Fourier multiplier from Lp(RN ) to Lq(RN ), for all q ∈ (1/(1 − α),∞), where

1/p = α+ 1/q. More preisely, there exists a positive onstant K(N,α, q), suh that
‖M ∗ f‖Lq(RN ) ≤ K(N,α, q)M‖f‖Lp(RN ), ∀f ∈ Lp(RN ), (5.5.10)where m = M̂.Proposition 5.5.2. Let α ∈ [0, 1) and c ∈ [0, 1). Then Lc is a Fourier multiplier from Lp(R2)to Lq(R2), with 1/p = 1/q + α. Moreover, there exists a positive onstant K(α, q) independentof c suh that

‖Lc ∗ f‖Lq(R2) ≤ K(α, q)‖f‖Lp(R2), ∀f ∈ Lp(R2), if α ∈ [2/3, 1), (5.5.11)
‖Lc ∗ f‖Lq(R2) ≤

K(α, q)

(1− c2)3
‖f‖Lp(R2), ∀f ∈ Lp(R2), if α ∈ [0, 2/3). (5.5.12)Proof. In the ase that α ∈ [2/3, 1), the result is a partiular ase of [30, Lemma 3.3℄. Moreover,from [30℄ we also have

|ξ1|k1+α|ξ2|k2+α|DkLc(ξ)| ≤
K

|ξ|2−2α
, for all |ξ| ≥ 1, k ∈ {0, 1}2. (5.5.13)We also note that

|ξ|4 + |ξ|2 − c2ξ21 = |ξ|4 + (1− c2)ξ21 + ξ22 ≥ (1− c2)|ξ|2. (5.5.14)Thus
|Lc(ξ)| ≤

1

1− c2
. (5.5.15)133



Chapter 5. Traveling waves for the Landau�Lifshitz equationNow we ompute for i = 1, 2

∂iLc(ξ) =
2ξi

(|ξ|4 + |ξ|2 − c2ξ21)
2

(
− |ξ|4 − c2ξ21 + c2δ1,i|ξ|2

)
. (5.5.16)Therefore, for 0 < |ξ| ≤ 1, using that |ξ|4 ≤ |ξ|2 and (5.5.14),

|ξi|1+α|∂iLc(ξ)| ≤
2|ξ|4+α(1 + 2c2)

|ξ|4(1− c2)2
≤ K

(1− c2)2
. (5.5.17)A similar omputation yields

|ξ1|1+α|ξ2|1+α|∂212Lc(ξ)| ≤
K

(1− c2)3
, for all 0 < |ξ| ≤ 1. (5.5.18)By putting together (5.5.13), (5.5.15)�(5.5.18) and invoking Theorem 5.5.1, we obtain (5.5.12).In the ase of the L2-norm, the following omputation will be useful.Lemma 5.5.3. For any c ∈ [0, 1), we have

‖Lc‖L2(R2) =
π

(1− c2)1/4
.Proof. Using polar oordinates, we obtain

‖Lc‖2L2(R2) =

∫ ∞

0

∫ 2π

0

r dθ dr

(r2 + 1− c2 cos2(θ))2
=

1

2

∫ 2π

0

dθ

1− c2 cos2(θ)
.Then, using the hange of variables t = tan(θ), straightforward omputations yield the result.As a onsequene, we obtain an improvement on the integrability of u3 that until now belongsonly to L2(R2) ∩ L∞(R2).Proposition 5.5.4. Let c ∈ [0, 1). For any p ∈ (1, 2), we have that u3 ∈ Lp(R2). Moreover, if

‖u3‖L∞(R2) < 1, then
‖u3‖Lq(R2) ≤ K(α, q)‖u3‖L∞(R2)E(u)

1
2
+α

2
+ 1

2q , if α ∈ [2/3, 1), (5.5.19)
‖u3‖Lq(R2) ≤

K(α, q)

(1− c2)3
‖u3‖L∞(R2)E(u)

1
2
+α

2
+ 1

2q , if α ∈ [0, 2/3), (5.5.20)for all q ∈ (1/(1 − α),∞). Furthermore,
‖u3‖L2(R2) ≤

K

(1− c2)1/4
‖u3‖L∞(R2)E(u). (5.5.21)Proof. Let us reall that by Proposition 5.1.5, F,G1, G2 ∈ Lp(R2), for all p ∈ [1,∞]. On theother hand, from the Riesz-operator theory we have that the funtions ξ 7→ ξiξj/|ξ|2 are Lq-multipliers for any q ∈ (1,∞) and 1 ≤ i, j ≤ 2. Thus by (5.5.8) and invoking Proposition 5.5.2with α = 0, we onlude that u3 ∈ Lq(R2), for all q ∈ (1,∞).134



5.5. Convolution equations and further integrabilityUnder the assumption ‖u3‖L∞(R2) < 1, we have G = −u23∇θ on R2. Then, by Corollary 5.2.3and (5.1.9),
‖F‖Lr(R2) + ‖Gj‖Lr(R2) ≤ K‖u3‖L∞(R2)‖e(u)‖Lr(R2)

≤ K‖u3‖L∞(R2)‖e(u)‖1−1/r
L∞(R2)

‖e(u)‖1/r
L1(R2)

≤ K‖u3‖L∞(R2)E(u)1/2(1+1/r) ,for any r ∈ [1,∞) and 1 ≤ j ≤ 2. Therefore, ombining with (5.1.21), (5.5.11) and (5.5.12), weobtain (5.5.19) and (5.5.20).Finally, applying the Planherel identity to (5.5.8) and using Lemma 5.5.3
‖u3‖L2(R2) ≤ ‖Lc‖L2(R2)

(
‖F̂‖L∞(R2) + ‖Ĝ1‖L∞(R2) + ‖Ĝ2‖L∞(R2)

)

≤ ‖Lc‖L2(R2)

(
‖F‖L1(R2) + ‖G1‖L1(R2) + ‖G2‖L1(R2)

)

≤ K

(1− c2)1/4
‖u3‖L∞(R2)E(u),whih established inequality (5.5.21).In the ase N ≥ 3, a similar analysis an be made, inluding the ritial value c = 1.Proposition 5.5.5. Let N ≥ 3 and c ∈ (0, 1]. Then u3 ∈ Lp(RN ), for all p ∈ (1, 2). Moreover,if ‖u3‖L∞(RN ) < 1, we have

‖u3‖L2(RN ) ≤ K(N)‖u3‖L∞(R2)

(
1 + ‖∇u3‖

2N−5
2(2N−1)

L∞(RN )

)
E(u)

2N+3
2(2N−1) . (5.5.22)Proof. Let us reall that from [30, Lemma 4.3℄,

‖Lc ∗ f‖L2(RN ) ≤ K(N)‖f‖
L

2(2N−1)
2N+3 (RN )

.Then, the same omputations as those in the proof of Proposition 5.5.4, yield
‖u3‖L2(RN ) ≤ K(N)


‖F‖

L
2(2N−1)
2N+3 (RN )

+

N∑

j=1

‖Gj‖
L

2(2N−1)
2N+3 (RN )




≤ K(N)‖u3e(u)‖
L

2(2N−1)
2N+3 (RN )

≤ K(N)‖u3‖L∞(RN )‖e(u)‖
2N−5

2(2N−1)

L∞(RN )
‖e(u)‖

2N+3
2(2N−1)

L1(RN )
,and sine |u3| ≤ 1, we are led to (5.5.22). Finally, the same type of omputations as in the proofof Proposition 5.5.2 allows us to apply Theorem 5.5.1 to dedue that Lc is an Lp-multiplier, forall q ∈ (1,∞). Then we onlude that u3 ∈ Lp(RN ), for all p ∈ (1, 2) in a similar way to theproof of Proposition 5.5.4.Lemma 5.5.6. For all k ∈ N and p ∈ (1,∞], we have u3,∇(χθ) ∈W k,p(RN ). 135



Chapter 5. Traveling waves for the Landau�Lifshitz equationProof. By Proposition 5.1.5 and Lemma 5.1.6, it remains only to treat the ase p ∈ (1, 2).Di�erentiating (5.1.21) and (5.5.9), we have
∂αu3 = Lc ∗ ∂αF − c

N∑

j=1

Lc,j ∗ ∂αGj ,

∂α∂j(χθ) = cLc,j ∗ ∂αF − c2
N∑

k=1

Tc,j,k ∗ ∂αGk −
N∑

k=1

Rj,k ∗ ∂αGk,for all α ∈ NN . The onlusion follows by observing that Lc,j,Tc,j,k and Rj,k are Lp-multipliersfor all p ∈ (1,∞), that u3,∇(χθ),∇u ∈ W k,p(RN ) for all k ∈ N and p ∈ [2,∞) and using theLeibniz rule.Corollary 5.5.7. Let N ≥ 2 and c ∈ [0, 1). Then the funtion θ is bounded on B(0, R)c andthere exists θ̄ ∈ R suh that
θ(x) → θ̄, as |x| → ∞. (5.5.23)Proof. By Lemma 5.5.6, ∇θ ∈ Lp(RN ), for all 1 < p ≤ ∞. Then there exists θ̄ ∈ R suh that

θ − θ̄ ∈ L
Np
N−p (RN ) (see e.g. [59, Theorem 4.5.9℄). Sine ∇θ ∈ L∞(RN ), θ ∈ UC(RN ) andtherefore (5.5.23) follows.Proof of Proposition 5.1.8. For c = 0, we dedue from (5.4.1) and (5.4.2) that ‖u3‖L2(RN ) = 0,so that u3 ≡ 0. Thus ǔ = eiθ on RN and using (TWc) (see (5.6.2) below) we dedue that ∆θ = 0on RN . Therefore, by Corollary 5.5.7, we have that θ is a bounded harmoni funtion, whihimplies that it is onstant and so that ǔ is a onstant funtion taking values in S1.5.6 Properties of vortexless solutionsIn this setion we assume that c ∈ (0, 1] and that the orresponding nontrivial solution

u ∈ Ẽ(RN ) ∩ UC(RN ) of (TWc) satis�es
‖u3‖L∞(RN ) < 1. (5.6.1)This implies that ǔ = ̺eiθ, on R2, and therefore we an reast (TWc) as

div(̺2∇θ) = c∂1u3, (5.6.2)
−∆̺+ ̺|∇θ|2 = 2e(u)̺ − cu3̺∂1θ, (5.6.3)
−∆u3 = (2e(u) − 1)u3 + c̺2∂1θ. (5.6.4)From these equations we obtain the following useful integral relations.136



5.6. Properties of vortexless solutionsLemma 5.6.1. Assume that (5.6.1) holds. Then we have the following identities
∫

RN

̺2|∇θ|2 = c

∫

RN

u3∂1θ, (5.6.5)
∫

RN

|∇̺|2 +
∫

RN

̺2|∇θ|2 = 2

∫

RN

e(u)̺2 − c

∫

RN

u3̺
2∂1θ, (5.6.6)

2

∫

RN

̺|∇̺|2 + 2

∫

RN

e(u)u3
2̺ =

∫

RN

̺u23|∇θ|2 + c

∫

RN

̺u33∂1θ, (5.6.7)
∫

RN

|∇u3|2 +
∫

RN

u23 = 2

∫

RN

e(u)u23 + c

∫

RN

̺2u3∂1θ. (5.6.8)Proof. First we reall that by Lemma B.4, for any f ∈ L2(R2), there exists a sequene Rn → ∞suh that ∫

∂B(0,Rn)
|f | ≤ (2π)1/2

(ln(Rn))1/2
. (5.6.9)Now we multiply (5.6.2) by θ and integrate by parts on the ball B(0, Rn). Using the fat that

u3,∇θ ∈ L2(RN ) and u3, ̺, θ ∈ L∞(RN ), we an hoose Rn as in (5.6.9) suh that the integralson ∂B(0, Rn) go to zero and (5.6.5) follows.To obtain (5.6.6), (5.6.7) and (5.6.8), we multiply (5.6.3) by ̺, (5.6.3) by u23 and (5.6.4) by
u3, and proeed in a similar way.Now we give the proof of a more preise version of Proposition 5.1.11.Proposition 5.6.2. Assume that ‖u3‖L∞(R2) ≤ 1/2. Then

‖u3‖L∞(R2) ≥
√
2√
7

√
1− c2 (5.6.10)and

E(u) ≤ 1

2

(
31

3
‖u3‖2L∞(R2) + 1 + c

)∫

RN

u23. (5.6.11)In partiular, for all L > 1, there exists ε(L) > 0 suh that if E(u) ≤ ε̄(L), then
E(u) ≤ Lp(u). (5.6.12)Proof. Let δ = ‖u3‖L∞(R2) ∈ [0, 1/2]. First we note that Corollary 5.4.2 and (5.6.5) imply

∫

R2

̺2|∇θ|2 = c

∫

R2

u3∂1θ =

∫

R2

u23. (5.6.13)From (5.6.7) and the Cauhy�Shwarz inequality, we obtain
2
√

1− δ2
∫

R2

|∇̺|2 ≤ δ2√
1− δ2

∫

R2

(̺∇θ)2 + cδ2
(∫

u23

) 1
2
(∫

(̺2∇θ)2
) 1

2

. (5.6.14)Using (5.6.13) and the fat that
1√

1− δ2
≤ 2, (5.6.15)137



Chapter 5. Traveling waves for the Landau�Lifshitz equationwe onlude that ∫

RN

|∇̺|2 ≤ δ2(2 + c)

∫

RN

u23 ≤ 3δ2
∫

RN

u23. (5.6.16)Similarly, from (5.6.8), (5.6.13), (5.6.16) and the Cauhy�Shwarz inequality,
∫

RN

|∇u3|2 +
∫

RN

u23 ≤ δ2
∫

RN

(|∇u|2 + u23) + c

(∫

RN

(̺∂1θ)
2

)1/2(∫

RN

u23

)1/2

≤ δ2
∫

RN

(|∇u|2 + u23) + c

∫

RN

u23.

(5.6.17)Combining with (5.6.13) and (5.6.16), we obtain
(
1− δ2

) ∫

RN

|∇u3|2 ≤
(
δ2(1 + 3δ2)− (1− c)

) ∫

RN

u23.Sine δ ≤ 1/2 and c ∈ (0, 1], we an simplify the estimate as
∫

RN

|∇u3|2 ≤
4

3

(
7δ2

4
− (1− c)

)∫

RN

u23 ≤
7δ2

3

∫

RN

u23. (5.6.18)In partiular, we see that
7δ2

4
≥ (1− c)is a neessary ondition for the existene of nontrivial solutions. Writing

1− c =
1− c2

1 + c
≥ 1− c2

2
,(5.6.10) follows. By plugging (5.6.13), (5.6.16) and (5.6.18) in (5.6.17), we have

∫

RN

|∇u3|2 +
∫

RN

u23 ≤
(
22δ2

3
+ c

)∫

RN

u23,whih ombined with (5.6.13) and (5.6.16), yields
E(u) ≤ 1

2

(
31δ2

3
+ 1 + c

)∫

RN

u23.Using that c ≤ 1 and invoking again Corollary 5.4.2 and (5.2.39), there exists ε̄ suh that
E(u) ≤ (K(ε̄)E(u) + 1)p(u),provided that E(u) ≤ ε̄, whih yields (5.6.12).In the higher dimensional ase, our estimate is not as preise as in the ase N = 2, but it issu�ient for our purposes.Proposition 5.6.3. Assume that ‖u3‖L∞(RN ) ≤ 1/2. Then

E(u) ≤ 3

∫

RN

u23. (5.6.19)138



5.6. Properties of vortexless solutionsProof. The main di�erene with the proof of Proposition 5.6.2 is that (5.6.13) is no longer valid.However setting δ = ‖u3‖L∞(R2) ∈ (0, 1/2], by the Cauhy�Shwarz inequality we have
∫

RN

u3∂1θ ≤
(∫

RN

u23

) 1
2
(∫

RN

(∂1θ)
2

) 1
2

≤ 1√
1− δ2

(∫

RN

u23

) 1
2
(∫

RN

(̺2∇θ)2
) 1

2

.Thus from (5.6.5), ∫

RN

ρ2|∇θ|2 ≤ c2

1− δ2

∫

RN

u23 ≤
4

3

∫

RN

u23. (5.6.20)Combining with (5.6.14) (that is also valid for N ≥ 2) and (5.6.15), we are led to
∫

RN

|∇ρ|2 ≤
(
2

3
+

1

2
√
3

)∫

RN

u23. (5.6.21)Similarly, using the �rst inequality in (5.6.17), (5.6.20) and (5.6.21), we dedue that
∫

RN

|∇u3|2 ≤
4

3

(
1

4

(
2

3
+

1

2
√
3
+

4

3

)
+

(
4

3

)1/2

− 1

)∫

RN

u23 ≤
∫

RN

u23. (5.6.22)Finally, by putting together (5.6.20), (5.6.21) and (5.6.22),
E(u) ≤ 1

2

(
4

3
+

2

3
+

1

2
√
3
+ 2

)∫

RN

u23 ≤ 3

∫

RN

u23.To keep our notation short, now we set
ǫ ≡

√
1− c2.Then the Pohozaev identities and (5.6.5) give the following estimate.Proposition 5.6.4. Let N = 2 and assume that ‖u3‖L∞(RN ) ≤ 1/2. Suppose also that E(u) ≤

ε1, for some ε1 > 0. Then
p(u)− E(u) +

1

2

∫

R2

|∇u3|2
1− u23

= p(u)
ǫ2

1 +
√
1− ǫ2

, (5.6.23)In partiular, if there exists M ≥ 0 suh that E(u) ≤ p(u) +Mǫ2, we have
∫

R2

|∇u3|2 ≤ 2(p(u) +M)ǫ2. (5.6.24)Proof. By adding (5.4.3) and (5.6.5), we obtain
E(u)− cp(u) =

1

2

∫

R2

|∇u3|2
1− u23

.Then, using the de�nition of ǫ we are led to (5.6.23). If E(u) ≤ p(u) +Mǫ2, inequality (5.6.24)is a diret onsequene of (5.6.23). 139



Chapter 5. Traveling waves for the Landau�Lifshitz equationUsing estimate (5.6.24), we an improve (5.5.21) as follows.Proposition 5.6.5. Let N = 2, c ∈ (0, 1) and E(u) ≤ ε1, ‖u3‖L∞(R2) ≤ 1/2. Assume that thereexists a onstant M ≥ 0 suh that E(u) ≤ p(u) +Mǫ2. Then
‖u3‖L∞(R2) ≤ K(M,p, ε1)ǫ

2/p, for all p ∈ (2,∞), (5.6.25)and
‖u3‖L2(R2) ≤ K(M,p, ε1)ǫ

2/p−1/2E(u), for all p ∈ (2,∞). (5.6.26)Proof. By the Morrey inequality, for any p > 2, there exists a onstant K(p) suh that
|u3(x)− u3(y)| ≤ K(p)|x− y|1−2/p‖∇u3‖Lp(R2), (5.6.27)for all x, y ∈ R2. Sine E(u) ≤ ε1, in view of (5.1.9), we have p(u) ≤ 2ε1/

√
3. Hene, using(5.2.40) and (5.6.24), for any p ∈ (2,∞),

‖∇u3‖Lp(R2) ≤ ‖∇u3‖L∞(R2)‖∇u3‖2/pL2(R2)
≤ K(M,ε1)2

1+1/pε
1/4+1/p
1 ǫ2/p. (5.6.28)By ombining (5.6.27) and (5.6.28) we obtain

‖u3‖L∞(R2) −K21+1/pε
1/4+1/p
1 ǫ2/p|x− y|1−2/p ≤ |u3(y)|.At this stage we �x the radius r as

r1−2/p =
‖u3‖L∞(R2)

K22+1/pε
1/4+1/p
1 ǫ(u)2/p

,so that
1

2
‖u3‖L∞(R2) ≤ |u3(y)|, for all y ∈ B(x, r). (5.6.29)Then, integrating on the ball B(x, r) we onlude that

(∫

B(x,r)
|u3(y)|q

) 1
q

≥ π
1
q

2
‖u3‖L∞(R2)r

2
q

≥ K(p, q, ε1)‖u3‖L∞(R2)

(
‖u3‖L∞(R2)ǫ(u)

− 2
p

) 2p
q(p−2)

,

(5.6.30)where we have used (5.6.29). On the other hand, letting α = 2/3 and q = 4 in Proposition 5.5.4,we have
‖u3‖L4(R2) ≤ K(M,ε1)‖u3‖L∞(R2). (5.6.31)Taking q = 4 in (5.6.30) and ombining with (5.6.31), we onlude (5.6.25). Finally, (5.6.26)follows from (5.5.21) and (5.6.25).At this point we dispose of all the elements to prove our nonexistene results.140



5.7. Deay at in�nityProof of Theorem 5.1.7. Let ε0 given by Lemma 5.1.6 suh that if E(u) ≤ ε0, then (5.1.16) and(5.1.17) hold. In the ase that E(u) ≥ ε0, (5.1.18) is satis�ed taking µ ≤ ε0. By ombiningProposition 5.5.5 and estimate (5.6.19) in Proposition 5.6.3, we onlude that
E(u) ≤ 3‖u3‖2L2(RN ) ≤ K(N)E(u)

2N+3
2N−1 . (5.6.32)Thus, sine u is nononstant, E(u) > 0 and so that

K ≤ K(N)
−(2N−1)

4 ≤ E(u), (5.6.33)for some K > 0. Therefore, taking µ = min{ε0,K}, the proof is omplete.Proof of Theorem 5.1.9. By virtue of (5.2.39), we an �x ε1 > 0 suh that if E(u) ≤ ε1, then
‖u3‖L∞(R2) ≤ 1/2. In the ase that E(u) ≥ ε1, (5.1.19) is satis�ed taking κM ≤ ε1. Otherwise,
E(u) ≤ ε1 and we an invoke Proposition 5.6.5 with p = 3, so that

‖u3‖L2(R2) ≤ K(M,ε1)ǫ(u)
1/6E(u). (5.6.34)Also, sine ‖u3‖2L∞(R2) ≤ 1/4 and c < 1, (5.6.11) in Proposition 5.6.2 yields

E(u) ≤ 3‖u3‖2L2(R2). (5.6.35)Using (5.6.34) and (5.6.35), we get
E(u) ≤ K(M,ε1)ǫ

1/3E(u)2.Sine u is nononstant, E(u) > 0 and then
E(u) ≥ 1

K(M,ε1)(1− c2)1/6
≥ 1

K(M,ε1)
.Setting

κM = min

{
ε1,

1

K(M,ε1)

}
,the onlusion follows.5.7 Deay at in�nityIn this setion we provide some further analysis on the behavior at in�nity for �nite energytraveling waves with speed c ∈ (0, 1). In view of (5.1.21) and (5.5.9), the ideas developed in[15, 29℄ allow us to study the deay at in�nity. Moreover, sine the kernels in (5.1.21) and (5.5.9)are the same as those for the traveling waves for the Gross�Pitaevskii equation, we an applyseveral results obtained by P. Gravejat [48, 50, 51℄ to the equation (TWc).The key step is to obtain some deay at in�nity of the solutions of (TWc). This an beahieved following the arguments in [11℄.Proposition 5.7.1. Assume that c ∈ (0, 1). Let u ∈ E(RN ) be a solution of (TWc). Supposefurther that u ∈ UC(RN) if N ≥ 3. Then there exist onstants R1, α > 0 suh that for all

R ≥ R1, ∫

B(0,R)c
e(u) ≤

(
R1

R

)α ∫

B(0,R1)c
e(u). (5.7.1)141



Chapter 5. Traveling waves for the Landau�Lifshitz equationProof. By Corollary 5.2.5, there exists R0 > 0 suh that equations (5.6.2)�(5.6.4) hold on
B(0, Rc

0). Let ρ > r ≥ R0 and
Ωr,ρ = {r ≤ |x| ≤ ρ}.Multiplying (5.6.2) by θ − θr, with θr = 1

|∂Br|
∫
∂Br

θ, and integrating by parts, we get
∫

Ωr,ρ

̺2∇θ2 = c

∫

Ωr,ρ

u3∂1θ +

∫

∂Ωr,ρ

(θ − θr)̺
2∂νθ − c

∫

∂Ωr,ρ

(θ − θr)u3ν1, (5.7.2)where ν denotes the outward normal to Ωr,ρ.We reall that the Poinaré inequality for ∂Br reads
∫

∂Br

(θ − θr)
2 ≤ r2

∫

∂Br

|∇τθ|2. (5.7.3)Then we obtain
∣∣∣∣
∫

∂Br

(θ − θr)̺
2∂νθ

∣∣∣∣ ≤ r

(∫

∂Br

|∇θ|2
)1/2(∫

∂Br

|ρ∇θ|2
)1/2

≤ r√
1− δ2

∫

∂Br

|ρ∇θ|2,where δ = ‖u3‖L∞(Bc
r)
. Similarly, using also the inequality ab ≤ a2/2 + b2/2,

∣∣∣∣∣

∫

∂Ωr,ρ

(θ − θr)u3ν1

∣∣∣∣∣ ≤
r√

1− δ2

∫

∂Br

e(u) and ∣∣∣∣∣

∫

Bc
r

u3∂1θ

∣∣∣∣∣ ≤
1√

1− δ2

∫

Bc
r

e(u).On the other hand, by Lemma 5.5.6 and Corollary 5.5.7,
(θ − θr)̺

2∂νθ, (θ − θr)u3ν1 ∈ L2(B(0, R0)
c).Then by Lemma B.4, we onlude that there exists a sequene ρn → ∞ suh that

∫

∂Bρn

(θ − θr)̺
2∂νθ → 0 and ∫

∂Bρn

(θ − θr)u3ν1 → 0. (5.7.4)Therefore, taking ρ = ρn, using (5.7.2)�(5.7.4) and the dominated onvergene theorem weonlude that ∫

Bc
r

̺2∇θ2 ≤ c√
1− δ2

∫

Bc
r

e(u) +
3r√
1− δ2

∫

∂Br

e(u).In the same way, multiplying (5.6.4) by u3, integrating by parts on the set Ωr,ρ̃n , for a suitablesequene ρ̃n → ∞, we are led to
∫

Bc
r

(|∇u3|2 + u23) ≤ (2δ2 + c)

∫

Bc
r

e(u) +

∫

∂Br

e(u).Sine c < 1, we an hoose r large enough suh that
1

2(1− δ2)

(
2δ2 + c

(
1 +

1√
1− δ2

))
< 1.Therefore, notiing that

e(u) ≤ 1

2(1 − δ2)
(|∇u3|2 + ̺2|∇θ|2 + u23), (5.7.5)142



5.7. Deay at in�nitywe onlude that there exists a onstant K(δ, c) > 0 suh that
∫

Bc
r

e(u) ≤ K(δ, c)r

∫

∂Br

e(u). (5.7.6)Sine
d

dr

∫

Bc
r

e(u) = −
∫

∂Br

e(u),we an integrate inequality (5.7.6) to onlude that
∫

Bc
R

e(u) ≤
( r
R

)1/K(c,δ)
∫

Bc
r

e(u), for all R ≥ r,whih ompletes the proof.Corollary 5.7.2. Under the hypotheses and notations of Proposition 5.7.1, we have
|·|βe(u) ∈ L1(RN ) and |·|β(|F |+ |G1|+ |G2|) ∈ L1(RN ),for all β ∈ [0, α).Proof. Sine u ∈ C∞(RN ), the fat that |·|βe(u) ∈ L1(R2) is a diret onsequene of Proposi-tion 5.7.1 (see e.g. [48, Proposition 28℄).On the other hand, we take R large enough suh that ‖u3‖L∞(Bc

R) ≤ 3/4. Then using that
|u3| ≤ 1 and (5.5.2) we dedue that

|F |+ |G1|+ |G2| ≤ 2e(u) +
u23
2

+
|∇θ|2
2

≤ 2e(u) +
u23
2

+ ̺2|∇θ|2 ≤ 5e(u),and then the onlusion follows.The properties of the kernels appearing in equations (5.1.21) and (5.5.9) has been extensivelystudied in [48℄. Indeed, using the sets
Mk(R

N ) =
{
f : RN → C : sup

x∈RN

|x|k|f(x)| <∞
}
, k ∈ N,

M(RN ) =
{
f ∈ C∞(RN \ {0};C) : Dkf ∈ Mk(R

N ) ∩Mk+2(R
N ), for all k ∈ N

}
,it is proved that

DnLc,D
nLc,j,D

nTc,j,k ∈ Mα+n(R
N ), for all 1 ≤ j, k ≤ N, n ∈ N, α ∈ (N − 2, N ], (5.7.7)

L̂c, L̂c,j, T̂c,j,k ∈ M(RN ). (5.7.8)Similar results hold for the omposed Riesz kernels Rj,k. Combining these results with Corol-lary 5.7.2, equations (5.1.21) and (5.5.9) allow us to obtain the following algebrai deay.Lemma 5.7.3. For any n ∈ N,
u3,D

n(∇(χθ)),Dn(∇ǔ) ∈ MN (RN ) and Dnu3 ∈ MN+1(R
N ). 143



Chapter 5. Traveling waves for the Landau�Lifshitz equationProof. In view of Corollary 5.7.2, the proof follows using the same arguments in [48, Theorem 11℄.Proof of Proposition 5.1.12. Inequality (5.1.23) and the estimate for ∇u3 in (5.1.24) are parti-ular ases of Lemma 5.7.3. A sightly improvement of Lemma 5.7.3 is neessary for the deay ofthe seond derivatives in (5.1.24) and (5.1.25). This an be done by following the lines in [50,Theorem 6℄, whih ompletes the proof.The pointwise onvergene at in�nity follows from the general arguments in [50℄, valid for allfuntions satisfying (5.7.8).Lemma 5.7.4 ([50℄). Assume that T is a tempered distribution whose Fourier transform T̂ =
P/Q is a rational fration whih belongs to M(RN ) and suh that Q 6= 0 on RN \{0}. Then thereexists a funtion T∞ ∈ L∞(SN−1;C) suh that

RNT (Rσ) → T∞(σ), as R→ ∞, for all σ ∈ SN−1.Moreover, assume that f ∈ C∞(RN ) ∩ L∞(RN ) ∩M2N (RN ). Then g ≡ T ∗ f satis�es
RNg(Rσ) → T∞(σ)

∫

RN

f(x) dx, as R→ ∞, for all σ ∈ SN−1.Roughly speaking, it only remains to pass to the limit in the terms assoiated to the Rieszkernels Ri,j . For this purpose, we also reall the following.Lemma 5.7.5 ([50℄). Assume that f ∈ C∞(RN ) ∩ L∞(RN ) ∩M2N (RN ) with ∇f ∈ L∞(RN ) ∩
M2N+1(R

N ). Then g ≡ Rj,k ∗ f satis�es for all j, k ∈ {1, . . . , N},
RNg(Rσ) → (2π)−

N
2 Γ

(
N

2

)
(δj,k −Nσjσk)

∫

RN

f(x) dx, as R→ ∞, for all σ ∈ SN−1.Finally, we provide a sketh of the proof of Theorem 5.1.13.Proof of Theorem 5.1.13. In view of (5.1.21), (5.7.8) and Lemma 5.7.3, we an apply Lemma 5.7.4to the funtion u3 to onlude that there exists u3,∞ ∈ L∞(SN−1;R) suh that
RNu3(Rσ) → u3,∞(σ), as R→ ∞, for all σ ∈ SN−1, (5.7.9)where
u3,∞(σ) =Lc,∞(σ)

∫

RN

F − c

N∑

j=1

Lc,j,∞(σ)

∫

RN

Gj , (5.7.10)for some funtions Lc,∞,Lc,j,∞. Moreover, adapting [51, Proposition 2℄, we obtain
Lc,∞(σ) =

Γ
(
N
2

)
(1− c2)

N−3
2 c2

2π
N
2 (1− c2 + c2σ21)

N
2

(
1− Nσ21

1− c2 + c2σ21

)
,

Lc,j,∞(σ) =
Γ
(
N
2

)
(1 − c2)

N−1
2

2π
N
2 (1− c2 + c2σ21)

N
2

(
δj,1(1− c2)−

δj,1+1

2 − N(1− c2)−δj,1σ1σj
1− c2 + c2σ21

)
,

(5.7.11)144



5.7. Deay at in�nitywhih gives (5.1.29).Now we turn to equation (5.5.9). Proeeding as before and using also Lemma 5.7.5, we inferthat there exist funtions θj∞ ∈ L∞(SN−1;R), j ∈ {1, . . . , N} suh that
RN∂jθ(Rσ) → θj∞(σ), as R→ ∞,for all j ∈ {1, . . . , N}, and also that θj∞ is given by

θj∞(σ) = cLc,j,∞(σ)

∫

RN

F −
N∑

k=1

(
c2Tc,j,k,∞(σ) +

Γ
(
N
2

)

2π
N
2

(δj,k −Nσjσk)

)∫

RN

Gk. (5.7.12)As before, adapting [51, Proposition 2℄ we have
Tc,j,k,∞ =

Γ
(
N
2

)

2π
N
2 c2

(
(1− c2)

N
2

(
δj,k(1− c2)−

δj,1+δk,1+1

2

(1− c2 + c2σ21)
N
2

− N(1− c2)−δj,1−δk,1+
1
2σjσk

(1− c2 + c2σ21)
N+2

2

)

−δj,k +Nσjσk

)
.

(5.7.13)At this stage, we invoke Corollary 5.5.7 and suppose that θ̄ = 0. Then by [50, Lemma 10℄,
Rθ(Rσ) → θ∞(σ) := − 1

N − 1

N∑

j=1

σjθ
j
∞, as R→ ∞. (5.7.14)A further analysis shows that the onvergene in (5.7.9) and (5.7.14) are uniform, whih impliesthat

RN−1(ǔ(Rσ)− 1) = RN−1

(√
1− u23(Rσ) exp(iθ(Rσ)) − 1

)
→ iθ∞(σ), in L∞(SN−1).By ombining with the expression for θj∞ above, (5.1.26) follows with λ∞ = 1 and ǔ∞ = θ∞,provided that θ̄ = 0. Moreover, using (5.7.10)�(5.7.14) and that

N∑

j=1

σjLc,j,∞(σ) = −Γ
(
N
2

)
(N − 1)(1 − c2)

N−3
2 σ1

2π
N
2 (1− c2 + c2σ21)

N
2

,

N∑

j=1

σjTc,j,k,∞(σ) = −Γ
(
N
2

)
(N − 1)σk

2π
N
2 c2

(
(1− c2)

N
2
− 1

2
−δk,1

(1− c2 + c2σ21)
N
2

− 1

)
,we obtain (5.1.28).In the ase that θ̄ 6= 0, it is enough to rede�ne the funtion G in (5.5.1) as

G = u1∇u2 − u2∇u1 −∇(χ(θ − θ̄))and then we an establish an equation suh as (5.5.9) for ∂j(χ(θ − θ̄)). Sine θ(x) − θ̄ → 0, as
x→ ∞, we onlude as before that there exists θ∞ ∈ L∞(SN−1;R) suh that

RN−1

(√
1− u23(Rσ) exp(i(θ(Rσ)− θ̄)− 1

)
→ iθ∞(σ), in L∞(SN−1).Sine √1− u23(Rσ) exp(i(θ(Rσ)− θ̄) = ǔ(Rσ) exp(−iθ̄), taking λ∞ = exp(iθ̄), we onlude that

RN−1(ǔ(Rσ)− λ∞) → iλ∞θ∞, in L∞(SN−1),whih ompletes the proof of Theorem 5.1.13. 145



Chapter 5. Traveling waves for the Landau�Lifshitz equation5.8 The minimizing urve in dimension twoThe purpose of this setion is to prove Theorem 5.1.1 and Proposition 5.1.3. We do this bya series of lemmas.Lemma 5.8.1. Let A > 0 and λ ∈ S1 × {0}. Given any number s > 0, there exists a sequeneof nononstant funtions (vn)n∈N in E∞
0 (R2), with vn − λ ∈ C∞

0 (R2), satisfying
d(vn) = 0, p(vn) = s, dAE (vn, λ) ≤ K(A)

√
s, and E(vn) → s, as n→ ∞.In partiular, E0

min(p) ≤ p, for any p ≥ 0, and the map p 7→ Ξ(p) is nonnegative.Proof. Let λ = (cos(θ), sin(θ), 0) for some real number θ. For ϕ,ψ ∈ C∞
0 (R2) \ {0}, we de�ne

v ≡
(√

1− ψ2 cos(θ + ϕ),
√

1− ψ2 sin(θ + ϕ), ψ
)
.Assuming further that ‖ψ‖L∞(R2) < 1/2, we have that √1− ψ2 is well-de�ned and smooth on

R2. As a onsequene, the funtion v is also a well-de�ned smooth funtion and we an ompute
E(v) =

1

2

∫

R2

( |∇ψ|2
1− ψ2

+
(
1− ψ2

)
|∇ϕ|2 + ψ2

)
and p(v) =

∫

R2

ψ∂1ϕ.We next introdue the resaled funtions
vnµ,ν(x1, x2) ≡

(√
1− µ2ψ2 cos(θ + νϕ),

√
1− µ2ψ2 sin(θ + νϕ), µψ

)(x1
n
,
x2
n2

)
, for µ, ν ∈ R.Then

E(vnµ,ν) =
n2

2

∫

R2

(µ2(|∂1ψ|2 + n−2|∂2ψ|2)
n(1− µ2ψ2)

+
ν2

n

(
1−µ2ψ2

)(
|∂1ϕ|2+n−2|∂2ϕ|2

)
+nµ2ψ2

)
, (5.8.1)and, by Lemma 5.3.4, we an ompute the momentum as

p(vnµ,ν) = n2µν

∫

R2

ψ∂1ϕ. (5.8.2)Finally, we look for parameters µ ∈ R, ν ∈ R and n ∈ N \ {0}, suh that the onlusions ofLemma 5.8.1 hold.Conerning the energy, we �rst notie that the terms inluding derivatives in the x2-diretionare negligible with respet to the terms inluding derivatives in the x1-diretion. Assumingfurthermore that µ and ν are small parameters (so that the momentum remains bounded as
n→ ∞), we dedue that, at least formally,

E(vnµ,ν) ≃
n2

2

∫

R2

(ν2
n
|∂1ϕ|2 + nµ2ψ2

)
, (5.8.3)as n → ∞. Realling that we searh parameters suh that E(vnµ,ν) ≃ p(vnµ,ν) (and that theinequality 2ab ≤ a2 + b2 holds with equality if and only if a = b), formulas (5.8.2) and (5.8.3)suggest to hoose the funtion ψ = ∂1ϕ and the parameter ν = nµ, then to �x the value of µ sothat p(vnµ,nµ) = s, i.e.

µ ≡
(

s

n3
∫
R2(∂1ϕ)2

) 1
2
. (5.8.4)146



5.8. The minimizing urve in dimension twoConsequently, µ ≥ 1 for n is large enough, the map vn ≡ vnµ,nµ belongs to Ẽ(R2), with vn − λ ∈
C∞
c (R2) and p(vn) = s. Combining (5.8.1) with (5.8.4), its energy satis�es

E(vn) → s, as n→ ∞.Sine the funtion ϕ is hosen suh that ‖ψ‖L∞(R2) = ‖∂1ϕ‖L∞(R2) < 1/2, the funtion vn alsotakes values in the set {x ∈ S2 : |x3| < µ/2}. Therefore, the topologial degree of the smoothmap vn ◦Π, where Π refers to the stereographi projetion, is equal to 0 for n large enough. Asa onsequene, the quantity d(vn) is equal to 0 for n large.In order to omplete the proof of Lemma 5.8.1, it remains to estimate the distane dAE (vn, λ).In this diretion, ombining (5.8.1) and (5.8.4) with the fat that µ‖∂1ϕ‖L∞(R2) < 1/2 for nlarge enough, we infer that
‖∇vn‖2L2(R2) + ‖(vn)3‖2L2(R2) ≤ 2E(vn) ≤ 3n3µ2

∫

R2

(
|∇∂1ϕ|2 + |∇ϕ|2

)
≤ K(ϕ)s, (5.8.5)for some K(ϕ) > 0. On the other hand, we an write

|vn − λ|2 = 2
(
1− (1− µ2|∂1ϕ|2)

1
2 cos(nµϕ)

)
≤ µ2

(
2|∂1ϕ|2 + n2ϕ2

)
,so that ∫

B(0,A)
|vn − λ|2 ≤ µ2n3

∫

En
A

(
2|∂1ϕ|2 + n2ϕ2

)
,where En

A ≡ {y ∈ R2 : y21 + n2y22 < A2/n2}. In view of (5.8.4), it follows that
∫

B(0,A)
|vn − λ|2 ≤ µ2n3

(
2

∫

R2

|∂1ϕ|2 +
πA2

n
‖ϕ‖2L∞(R2)

)
≤ K(A,ϕ)s,for some K(A,ϕ). Given that ϕ is �xed, we drop the dependene on ϕ. We dedue from (5.8.5)and the last estimate that there exists some onstant K(A), suh that

dAE (vn, λ) ≤ K(A)
√
s.This onludes the proof of Lemma 5.8.1, sine the last assertions in Lemma 5.8.1 are immediateonsequenes of the de�nitions of E0

min and Ξ.Lemma 5.8.2. Let v ∈ Ẽ(R2) with d(v) = 0. There exists a sequene of maps (vn)n∈N in E∞
0 (R2)suh that d(vn) = 0, p(vn) = p(v),

vn → v in E(R2) and E(vn) → E(v), as n→ ∞. (5.8.6)In partiular, given any p ≥ 0,
E0

min(p) = inf
{
E(v) : v ∈ Ẽ(R2), v − λ ∈ C∞

0 (R2), λ ∈ S1 × {0}, d(v) = 0 and p(v) = p,
}
.Proof. By Lemma 5.3.5 there exist funtions (vn)n∈N in E∞

0 (R2) suh that vn − λn ∈ C∞
0 (R2)for some vetor λn ∈ S1 × {0}, satisfying

dAE (v, vn) → 0, and p(vn) → p(v), as n→ ∞. (5.8.7)147



Chapter 5. Traveling waves for the Landau�Lifshitz equationIn partiular E(vn) → E(v), as n→ ∞ and by Lemma B.6,
d(vn) → d(v) = 0, as n→ ∞. (5.8.8)In the ase p(v) 6= 0, we introdue the resaled funtions vn de�ned by
vn(x1, x2) ≡ vn(x1, µnx2),where µn ≡ p(vn)/p(v). In this way, in view of (5.8.7), µn → 1, and vn → v in E(R2), whihimplies (5.8.6) and also that d(vn) → d(v). Sine d is an integer-valued funtion, we an assume,up to a subsequene, that d(vn) = 0 for any n ∈ N. In regard of Lemma 5.3.4, a straightforwardomputation shows that

p(vn) = −
∫

R2

x2w(vn) = − 1

µn

∫

R2

x2w(vn) = p(v).This onludes the proof of the �rst assertion in Lemma 5.8.2 in the ase p(v) 6= 0.When p(v) = 0, the proof is slightly more involved. In this ase, we may assume that
p(vn) 6= 0 for n su�iently large. Otherwise, up to a subsequene, the onlusion holds with
vn = vn. As before, we an assume that d(vn) = 0 for any n ∈ N. Given two positive numbers
A > 0 and δ > 0, we invoke Lemma 5.8.1 to onstrut a map wn

δ ∈ E(R2), with wn
δ−λn ∈ C∞

0 (R2),suh that
d(wn

δ ) = 0, p(wn
δ ) = δ, E(wn

δ ) ≤ |δ|, and dAE (w
n
δ , λn) ≤ K(A)

√
|δ|,for some onstant K(A) > 0. Denoting w̃n

δ (x1, x2) = wn
δ (−x1, x2), this onstrution is alsopossible for any δ < 0. We then onsider the map vn de�ned by

vn =





vn, on supp(vn − λn),

wn
δn
(· − an), on supp(wn

δn
(· − an)− λn),

λn, elsewhere.Here the parameter δn is equal to −p(vn), so that δn → 0, as n → ∞, while the point an ∈ R2is hosen large enough suh that the supports of vn − λn and wn
δn
(· − an)− λn do not interset.We note that vn belongs to E(R2), with vn − λn ∈ C∞

0 (R2). Moreover, we have
d(vn) = d(vn) + d(wn

δn) = 0,while, by onstrution,
|E(vn)−E(v)| ≤ |E(vn)−E(v)|+ |E(wn

δn)| → 0, and dAE (vn, v) ≤ dAE (vn, v) + dAE (w
n
δn , λn) → 0,as n→ ∞. For the momentum, using (5.3.6) we have

p(vn) = p(vn)−
∫

R2

x2w(w
n
δn)(x− an)dx = p(vn) + p(wn

δn)− 4π(an)2d(w
n
δn).Hene, sine p(wn

δn
) = −p(vn), p(vn) = 0, whih ompletes the proof of the �rst assertion.The seond assertion is then a diret onsequene of the �rst one, one it is proved that theset

{v ∈ Ẽ(R2) : d(v) = 0, p(v) = p}is not empty. This again follows from Lemma 5.8.1.148



5.8. The minimizing urve in dimension twoThe previous results will allow us to dedue the Lipshitz ontinuity of the urve E0
min.Corollary 5.8.3. Let (p, q) ∈ R2

+. Then,
|E0

min(p) −E0
min(q)| ≤ |p− q|. (5.8.9)In partiular, the funtion p 7→ E0

min(p) is ontinuous on R+, while the funtion p 7→ Ξ(p) isnonnegative, nondereasing and ontinuous on R+.Proof. We assume without loss of generality that q ≥ p. We show �rst that
Emin(q) ≤ Emin(p) + (q− p). (5.8.10)For that purpose, let δ > 0 be given. By Lemma 5.8.2, there is a map vδ ∈ E∞

0 (R2) and
λδ ∈ S1 × {0}, with vδ − λδ ∈ C∞

0 (RN ), suh that
p(vδ) = p and E(vδ) ≤ E0

min(p) +
δ

2
. (5.8.11)Now we set s = q − p and invoking Lemma 5.8.1, we have a funtion wδ ∈ E∞

0 (R2) suh that
wδ − λδ ∈ C∞

0 (R2),
p(wδ) = s and E(wδ) ≤ s+

δ

2
. (5.8.12)Then we an take a sequene of points aδ ∈ R2 suh that the supports of wδ−λδ and vδ(·−aδ)−λδdo not interset and then we de�ne

vδ =





vδ, on supp(vδ − λδ),

wδδ (· − aδ), on supp(wδ(· − aδ)− λδ),

λδ, elsewhere.

(5.8.13)In partiular, we have
E(vδ) = E(vδ) + E(wδ) and p(v) = p(vδ) + p(wδ) = p+ s = q.Then from (5.8.11) and (5.8.12) it follows that

Emin(q) ≤ E(v) = E(vδ) + s+
δ

2
≤ E0

min(p) + (q− p) + δ,whih yields (5.8.10) in the limit δ → 0.Next we turn to the inequality
Emin(p) ≤ Emin(q) + (q− p). (5.8.14)As before, in the proof of Lemma 5.8.2, we an onstrut funtions ṽδ, w̃δ ∈ E∞

0 (R2), suh that
ṽδ − λ̃δ, w̃δ − λ̃δ ∈ C∞

0 (R2), for some λ̃δ ∈ S1 × {0},
p(ṽδ) = q, p(w̃δ) = −s, E(ṽδ) ≤ Emin(q) +

δ

2
and E(w̃δ) ≤ s+

δ

2
.Then, onsidering a sequene of points ãδ ∈ R2 suh that the supports of w̃δ−λ̃δ and ṽδ(·−ãδ)−λ̃δdo not interset, we de�ne the funtion ṽδ as in (5.8.13), hanging vδ, wδ and aδ by ṽδ, w̃δ and

ãδ, respetively. Then we dedue that p(ṽδ) = p(ṽδ)− s = p and
Emin(p) ≤ E(ṽδ) = E(ṽδ) + E(w̃δ) ≤ Emin(q) + s+ δ,so that (5.8.14) follows letting δ → 0. This ompletes the proof of Corollary 5.8.3, the lastassertion being a onsequene of (5.8.9). 149



Chapter 5. Traveling waves for the Landau�Lifshitz equationLemma 5.8.4. Let p, q ≥ 0. Then,
E0

min

(
p+ q

2

)
≥ E0

min(p) +E0
min(q)

2
.Proof. The main idea is to onstrut omparison maps using a re�etion argument. For thatpurpose, for any a ∈ R and v ∈ Ẽ∞

0 (R2), suh that d(v) = 0, we onsider the map T±
a v de�nedby T±

a v = v ◦ P±
a , where P+

a (resp. P−
a ) restrited to the set Γ+

a = {x = (x1, x2) ∈ R2, x2 ≥ a}(resp. the set Γ−
a = {x = (x1, x2) ∈ R2, x2 ≤ a}) is the identity, whereas its restrition to theset Γ−

a (resp. Γ+
a ) is the symmetry with respet to the plane of equation x2 = a. In oordinates,this reads

T+
a v(x1, x2) =

{
v(x1, x2), if x2 ≥ a,

v(x1, 2a− x2), if x2 ≤ a.The expression for T−
a v is similar, reversing the inequalities. We verify that T±

a v belongs to
Ẽ(R2) and that

E(T±
a v) = 2

∫

Γ±
a

e(v). (5.8.15)Also, sine (T±
a v)3 has ompat support, using (5.3.6) we an ompute

p(T±
a v) = 2

(
−
∫

Γ±
a

x2w(v) + a

∫

Γ±
a

w(v)

)
.In partiular, sine d(v) = 0, this implies that

p(T+
a v) + p(T−

a v) = 2p(v). (5.8.16)We notie that the funtion a 7→ p(T+
a f) is ontinuous and, by the Lebesgue theorem, tends tozero, as a→ +∞. Also, sine d(v) = 0, we have

p(T+
a v) = 2 (p(v) + ad(v)) = 2p(v), as a→ −∞.Therefore, it follows by ontinuity that for every α ∈ (0, p(v)), there exists a number a ∈ R suhthat

p(T+
a v) = 2α. (5.8.17)Hene, from (5.8.16)

p(T−
a v) = 2(p(v)− α). (5.8.18)Next, by Lemma 5.8.1, for any p, q ≥ 0 and δ > 0 there exists a funtion w ∈ Ẽ∞

0 (R2) suhthat d(w) = 0,
p(w) =

p+ q

2
and E(w) ≤ Emin

(
p+ q

2

)
+
δ

2
.Invoking (5.8.17) and (5.8.18) for v = w and α = p/2, we an �nd some a ∈ R suh that

p(T+
a w) = p and p(T−

a w) = q.It then follows from (5.8.15) that
Emin(p) ≤ E(T+

a w) ≤ 2

∫

Γ+
a

e(w) and Emin(q) ≤ E(T−
a w) ≤ 2

∫

Γ−
a

e(w).150



5.8. The minimizing urve in dimension twoAdding these two inequalities, we obtain
Emin(p) + Emin(q) ≤ 2E(w) ≤ 2Emin

(
p+ q

2

)
+ δ.The onlusion follows letting δ → 0.Corollary 5.8.5. The funtion p 7→ E0

min(p) is onave and nondereasing on R+.Proof. Continuous funtions f satisfying the inequality
f
(
p+ q

2

)
≥ f(p) + f(q)

2are onave. Similarly, onave nonnegative funtions on R+ are nondereasing, so that, in viewof Corollary 5.8.3 and Lemma 5.8.4, E0
min is onave and nondereasing on R+.Proof of Theorem 5.1.1. All the statements in Theorem 5.1.1 follows from Corollaries 5.8.3 and5.8.5.Proof of Proposition 5.1.3. For simpliity, we denote u = up. For all φ ∈ C∞

0 (R2;R3), we de�nethe funtionals dp and dE by
dE(u)[φ] :=

∫

R2

∇u : ∇φTu + u3〈φTu , e3〉,

dp(u)[φ] :=

∫

R2

φTu (u× ∂1u) =

∫

R2

φ(u× ∂1u).Now we laim that there exists ϕ ∈ C∞
0 (R2;R3) suh that

dp(u)[ϕ] 6= 0. (5.8.19)Indeed, otherwise dp(u)[φ] = 0 for all φ ∈ C∞
0 (R2;R3), so that u× ∂1u = 0 a.e. on R2. Then

x2∂2u · (u× ∂1u) = x2u · (∂1u× ∂2u) = 0.By de�nition of p, this gives that p(u) = L(w(u)) = L(0) = 0, whih ontradits the fat that
p(u) = p > 0. This yields (5.8.19).Let ψ ∈ C∞

0 (R2;R3) suh that dp(u)[ψ] = 0. Then we de�ne the funtion
F (s, t) = p(u+ sψ + tϕ), for all (s, t) ∈ R2,so that F (0, 0) = p,

∂F

∂s
(0, 0) = dp(u)(ψ) = 0 and ∂F

∂t
(0, 0) = dp(u)(ϕ) 6= 0. (5.8.20)Therefore, by the impliit funtion theorem, there exist δ > 0 and a funtion f ∈ C1((−δ, δ))suh that f(0) = f ′(0) = 0 and

p(u+ sψ + f(s)ϕ) = p, for all s ∈ (−δ, δ). 151



Chapter 5. Traveling waves for the Landau�Lifshitz equationTaking δ > 0 smaller if neessary, sine d(u) = 0, invoking Lemma B.6, we also have
d(u+ sψ + f(s)ϕ) = 0, for all s ∈ (−δ, δ).Therefore, by de�nition of u,

E(u) ≤ E(u+ sψ + f(s)ϕ), for all s ∈ (−δ, δ),so that, di�erentiating at s = 0 and using that f ′(0) = 0, we obtain dE(u)(ψ) = 0. Therefore(see e.g. [18, Lemma 3.2℄) there exists a onstant c ∈ R suh that
c dp(u)[φ] = dE(u)[φ], for all φ ∈ C∞

0 (R2;R3). (5.8.21)Hene u is a solution of (TWc) and Proposition 5.1.5 implies that u is smooth.It only remains to prove (5.1.12). For this purpose, in view of (5.8.19), we onsider
ϕ̃ =

ϕ

dp(u)[ϕ]
.Then, by (5.8.21), c = dE(u)[ϕ̃] and de�ning the urve γ := up + tϕ̃, we have

E(γ(t)) = Emin(p) + ct+ O
t→0

(t2).Moreover, from (5.3.31),
p(γ(t)) = p+ s, where s = t+ t2K(t, u, ϕ̃),and K(t, u, ϕ̃) is C1-funtion of t, for t small. Then, by the impliit funtion theorem, in aneighborhood of the origin we an express the relation s = t + t2K(t, u, ϕ̃) as a funtion of s,that is

t(s) = s+ o(s2).Consequently,
Emin(p+ s)− Emin(p) ≤ E(γ(t(s))) − Emin(p) ≤ cs+ O

s→0
(s2),and letting s → 0±,

d+

dp

(
Emin(p)

)
≤ c(up) ≤

d−

dp

(
Emin(p)

)
.By ombining with (5.1.11), (5.1.12) follows. If c = 1, sine E(u) = Emin(p) ≤ p = p(u), by(5.4.2) we onlude that ∫

R2

|∂2u|2 ≤ 0,whih implies that u is onstant, in ontradition with the fat that p > 0. Finally, we rule outthat c = 0 by Proposition 5.1.8.Finally, we proof that the in�mum of E0
min(p) is not attained for p > 0 small.Proof of Theorem 5.1.10. Arguing by ontradition, we assume that for some p ∈ (0, κ0), thereexists up ∈ Ẽ(R2) suh that

E0
min(p) = E(up).Sine by Theorem 5.1.1 we have E0

min(p) ≤ p, we onlude that E(up) < κ0, whih is a ontra-dition with Theorem 5.1.9.152



5.9. The one-dimensional ase5.9 The one-dimensional aseIn this setion we onsider the ase N = 1. Then the equation (TWc) is integrable and thesolutions are given expliitly by the next proposition.Proposition 5.9.1 ([79, 81, 91℄). Let N = 1 and c ≥ 0. Assume that u ∈ E(R) is a nontrivialsolution of (TWc). Then 0 ≤ c < 1 and, up to a translation of u and a rotation of ǔ, the solutionis given by
u1 = c sech(

√
1− c2 x), (5.9.1)

u2 = tanh(
√

1− c2 x), (5.9.2)
u3 = ±

√
1− c2 sech(

√
1− c2 x). (5.9.3)Moreover, if 0 < c < 1, we an write

ǔ =
√

1− u23 exp(iθ), (5.9.4)where
θ = arctan

(
sinh(

√
1− c2 x)

c

)
. (5.9.5)Proof. Sine N = 1, (TWc) reads

−u′′1 = 2e(u)u1 + c(u2u
′
3 − u3u

′
2), (5.9.6)

−u′′2 = 2e(u)u2 + c(u3u
′
1 − u1u

′
3), (5.9.7)

−u′′3 = 2e(u)u3 − u3 + c(u1∂1u2 − u2u
′
1). (5.9.8)Also, as in (5.5.6), we have

(u1u
′
2 − u′1u

′
2)

′ = cu′3. (5.9.9)Thus, imposing that u′1, u′2 and u3 vanish at in�nity, we integrate (5.9.9) to obtain
u1u

′
2 − u′1u

′
2 = cu3. (5.9.10)Replaing (5.9.9) in (5.9.8), we get

u′′3 + 2e(u)u3 − (1− c2)u3 = 0. (5.9.11)Now, multiplying (5.9.6), (5.9.7), (5.9.11) by u′1, u′2, u′3, respetively and adding these relationswe have
−(|u′|2)′ = 2e(u)(u21 + u22 + u23)

′ − c2(u23)
′. (5.9.12)Sine |u| = 1, (u21 + u22 + u23)

′ = 0. Therefore integrating (5.9.12) we onlude that
|u′|2 = u23, (5.9.13)so that e(u) = u23 and equation (5.9.11) redues to

u′′3 − 2u33 − (1− c2)u3 = 0. (5.9.14)153



Chapter 5. Traveling waves for the Landau�Lifshitz equationAs before, multiplying (5.9.14) by u′3 and integrating, we onlude that
(u′3)

2 = u23((1− c2)− u23). (5.9.15)Sine equation (5.9.14) is invariant under translation, supposing u3 not identially zero, we anassume that
|u3(0)| = max{|u3(x)| : x ∈ R} > 0.Therefore

u′3(0) = 0, (5.9.16)and from (5.9.15) and (5.9.16),
u23(0) = 1− c2. (5.9.17)In partiular we dedue that if c ≥ 1, u3 ≡ 0, whih implies that u1 and u2 are onstant. If

0 ≤ c < 1, by the Cauhy�Lipshitz theorem, equation (5.9.14) with initial onditions (5.9.16)and u3(0) = √
1− c2 or u3(0) = −

√
1− c2 has a unique solution. It is straightforward to hekthat

u3(x) = ±
√

1− c2 sech(
√

1− c2 x) (5.9.18)is the desired solution. Moreover, (5.9.18) shows that ‖u3‖L∞(R) < 1 if c ∈ (0, 1). Hene, for
c ∈ (0, 1), we an write

ǔ =
√

1− u23e
iθ,and then (5.9.9) yields

θ′ =
cu3

1− u23
. (5.9.19)From (5.9.18) and (5.9.19), we are led to

θ = θ0 + arctan

(
sinh(

√
1− c2 x)

c

)
,for some onstant θ0 ∈ R, whih proves (5.9.4)�(5.9.5). Using some standard identities fortrigonometri and hyperboli funtions, we also obtain (5.9.1)�(5.9.3), for c ∈ (0, 1). It onlyremains to show that for c = 0, (5.9.1) and (5.9.2) are the unique solutions of (5.9.6)�(5.9.7).Indeed, sine e(u)(x) = u23(x) = sech2(x), we reast (5.9.1) and (5.9.2) as

−ǔ′′ = 2 sech2(x)ǔ, (5.9.20)and from (5.9.13) we an asumme that, up to a multipliation by a omplex number of modulusone,
ǔ′(0) = 1. (5.9.21)Then the Cauhy�Lipshitz theorem provides the existene of a unique solution of (5.9.20)�(5.9.21) in a neighborhood of x = 0, and it is immediate to hek that ǔ(x) = tanh(x) is thesolution, whih onludes the proof.In the one-dimensional ase, the momentum is formally given by

p(u) =

∫

R

u3(u1u
′
2 − u2u

′
1)

1− u23
.154



5.10. AppendixIf ‖u3‖L∞(R) < 1, we see that
p(u) =

∫
u3θ

′,and therefore it agrees with the orresponding expression in the higher dimensional ase. Nowwe have the following.Corollary 5.9.2. Assume that c ∈ [0, 1) and let uc ∈ E(R) be a solution of (TWc). Then
E(uc) = 2

√
1− c2. (5.9.22)Moreover,

p(uc) ≡
∫

R

u3θ
′ = 2arctan

(√
1− c2

c

)
, for c ∈ (0, 1). (5.9.23)In partiular, we an write expliitly E as a funtion of p as

E(p) = 2 sin(p/2) (5.9.24)and
dE

dp
= cos(p) = c, (5.9.25)for c ∈ (0, 1).Proof. Using (5.9.3) and (5.9.13), we have

E(u) =

∫

R

u23 =
√
1− c2

∫

R

sech2(x) dx = 2
√

1− c2.For the momentum, (5.9.19) yields
p(u) =

∫

R

u3θ
′ = c

∫

R

u23
1− u23

= c(1 − c2)

∫

R

sech2(
√
1− c2x)

1− (1− c2) sech2(
√
1− c2x)

dx.Then, using the hange of variables y =
√
1−c2

c tanh(
√
1− c2 x), we obtain (5.9.23), from wherewe dedue that

c =
1

tan2(p/2)
= cos(p/2). (5.9.26)Finally, from (5.9.22) and (5.9.26), we establish (5.9.24), from where (5.9.25) is an immediateonsequene.5.10 AppendixFor the onveniene of the reader we reall some well-known results used in this paper. Weassume Ω to be a smooth open bounded domain of RN .Theorem B.1 ([97, 67℄). Let u ∈ H1(Ω), suh that ∆u = 0 on D′(Ω). Then there are onstants

0 < α ≤ 1, α = α(N), and K > 0 suh that if x ∈ Ω and 0 < ρ < r < dist(x,Ω),
osc
Bρ

u ≤ K
(ρ
r

)α ‖u‖L2(Br)

rN/2
. 155



Chapter 5. Traveling waves for the Landau�Lifshitz equationMoreover, if N = 2, then
osc
Bρ

u ≤ K(ln(ρ/r))−1/2‖∇u‖L2(Br).for some K > 0.Theorem B.2 ([97℄). Let p > N/2 and f ∈ Lp(Ω). Assume that u ∈ H1
0 (Ω) is solution of

−∆u = f, in Ω.Then u is Hölder ontinuous in Ω̄. Moreover, for ρ > 0, there exists a onstant K(ρ) suh that
osc
Bρ∩Ω

u ≤ K(ρ)‖f‖Lp(Ω).Lemma B.3. Let f ∈ L1(RN ). Then for every ε > 0 there exists K(ε) suh that f = f1 + f2a.e. on RN and
‖f2‖L1(R2) ≤ ε, ‖f1‖L∞(R2) ≤ K(ε).Proof. Let

f1,k =





k, if f ≥ k,

f, if |f | ≤ k,

−k, if f ≤ −k.and f2,k = f − f1,k. Then
‖f2,k‖L1(RN ) ≤ 2

∫

{|f |≥k}
|f |. (B.1)Sine

|{|f | ≥ k}| =
∫

{|f |≥k}
1 ≤

∫

R2

1

k
‖f‖L1(R2) → 0, as k → ∞,invoking the dominated onvergene theorem and (B.1), we onlude that ‖f2,k‖L1(RN ) → 0, as

k → ∞ and the onlusion follows.Lemma B.4. Let N ≥ 1. Assume that f ∈ Lp(B(0, R0)
c), for some R0 ≥ 0 and p ∈ [1,∞).Let q ≥ 1 suh that q ∈ [(1 − 1/N)p, p]. Then there exists a sequene Rn → ∞ suh that for all

s ∈ [0, Nq/p −N + 1] we have
Rs

n

∫

∂B(0,Rn)
|f |qdσ ≤ K(p, q,N)

(lnRn)q/p
, as n→ ∞,for some onstant K(p, q,N) > 0.Proof. Sine f ∈ Lp(B(0, R0)

c),
∫ ∞

R0

(∫

∂B(0,r)
|f |p

)
dr <∞,and thus there is a sequene Rn → ∞, as n→ ∞, suh that

∫

∂B(0,Rn)
|f |p ≤ 1

Rn ln(Rn)
.156



5.10. AppendixThen, using the Hölder inequality we obtain
(∫

∂B(0,Rn)
|f |q
)1/q

≤ (C(N)RN−1
n )1/q−1/p 1

(Rn lnRn)1/p
,from where the result follows.Lemma B.5. Let c ≥ 0 and u ∈ C∞(RN ) ∩ UC(RN) be a solution of (TWc). Assume that

osc
B(y,r)

u ≤ 1

8(1 + c)(2s + 1)
, (B.2)for some y ∈ RN , r > 0 and s ≥ 1. Then

∫

B(y,r/2)
|∇u|2(s+1) ≤ 4(1 + c)2

(
1 +

16

r2

)∫

B(y,r)
|∇u|2s. (B.3)Proof. The ideas of the proof are based on lassial omputations for ellipti equations withquadrati growth (see e.g. [69, 16, 64℄). Therefore we only provide the main ideas, in order toshow the dependene on u, c, s and N as stated. We set Br ≡ B(y, r) and η ∈ C∞

0 (Br) a funtionsuh that 0 ≤ η ≤ 1,
|∇η| ≤ 4

r
on Br and η ≡ 1 on Br/2. (B.4)Finally, we �x w = |∇u|2, whih is smooth by hypothesis, so that
|∇w| ≤ 2w1/2|D2u|. (B.5)We now divide the omputations in several steps.Step 1. If oscBr u ≤ 1/4, we have

∫

Br

η2ws+1 ≤ 2 osc
Br

u

(∫

Br

|∇η|2ws +
2s + 1

2

∫

Br

η2|D2u|ws−1

)
.Indeed, sine ∫

Br

η2ws+1 =

∫

Br

η2∇u− u(y) · ∇uw2,integrating by parts and using (B.5), we dedue that
∫

Br

η2ws+1 ≤ osc
Br

u

(
2

∫

Br

η|∇η|ws+1/2 + (2s+ 1)

∫

Br

η2|D2u|ws

)
. (B.6)Using the elementary inequalities 2ab ≤ a2 + b2 and ab ≤ a2 + b2/4 in the �rst and seondintegrals in the r.h.s. of (B.6), we obtain

(1− 2 osc
Br

u)

∫

Br

η2ws+1 ≤ osc
Br

u

(∫

Br

|∇η|2ws +
(2s + 1)2

4

∫

Br

η2|D2u|ws−1

)
.Sine oscBr u ≤ 1/4, we onlude Step 1. 157



Chapter 5. Traveling waves for the Landau�Lifshitz equationStep 2. We have
1

2

∫

Br

η2|D2u|2ws−1 ≤ 2

∫

Br

|∇η|2ws +
N∑

k=1

∫

Br

∂k(∆u) · ∂ku η2ws−1.Let k ∈ {1, . . . , N} and φk = η2ws−1∂ku ∈ C∞
0 (Br). Then, several integrations by parts yield

N∑

j=1

∫

Br

∂2kiu · φk =

∫

Br

∂k(∆u) · φk. (B.7)On the other hand, using that
∂iw = 2

N∑

j=1

∂uj · ∂2kiu,a straightforward omputation gives
N∑

j,k=1

∫

Br

∂2kiu · φk =

∫

Br

η2|D2u|2ws−1 + 2
N∑

j,k=1

∫

Br

η∂jηw
s−1∂2jku · ∂ku

+
s− 1

2

∫

Br

η2ws−2|∇w|2.
(B.8)Then the onlusion of this step follows ombining (B.7) and (B.8), notiing that the last integralin the r.h.s. of (B.8) is nonnegative, and that

2

N∑

j,k=1

|η∂jηws−1∂2jku · ∂ku| ≤ 2

N∑

j,k=1

η|∂2jku|w
s−1
2 · |∂jη||∂ku|w

s−1
2 ≤ 1

2
η2|D2u|2ws−1 + 2|∇η|2ws.Step 3. For all δ > 0, we have

N∑

j=1

|∂j∆u · ∂ju| ≤ δ(c + 1)|D2u|2 +
(
c+

c

δ
+ 4
)
w + (1 + c)w2.Using (TWc) and the fat that |u| = 1, it is simple to hek that

N∑

j=1

|∂j∆u · ∂ju| ≤ 2w|D2u|+ w2 + 4w + 2cw3/2 + 2c|D2u|w1/2.Combining with the fat that 2ab ≤ δa2 + δ−1b, for all δ > 0, we �nish Step 3.Step 4.
1

4

∫

Br

η2|D2u|2ws−1 ≤ 2

∫

Br

|∇η|2ws + (4c2 + 5c+ 4)

∫

Br

η2ws + (c+ 1)

∫

Br

η2ws+1.Step 4 follows immediately from Steps 2 and 3, taking δ = (4(c+ 1))−1.158



5.10. AppendixNow we are in position to �nish the proof of Lemma B.5. In fat, ombining Steps 1 and 4,we are led to
(1− 4(c+ 1)(2s + 1) osc

Br

u)

∫

Br

η2ws+1 ≤ 2 osc
Br

u

(
(8s+ 5)

∫

Br

|∇η|2ws+

2(4c2 + 5c+ 4)(2s + 1)

∫

Br

η2ws

)
.Also, we see that (B.2) implies that

1/2 ≤ (1− 4(c+ 1)(2s + 1) osc
Br

u),and that
2 osc

Br

u ·max{8s+ 5, 2(4c2 + 5c+ 4)(2s + 1)} ≤ 2(4c2 + 5c+ 4)

4(1 + c)
≤ 2(1 + c2).By ombining with (B.4), we onlude (B.3).Lemma B.6. The degree given by (5.1.3) is well-de�ned and ontinuous from E(R2) to Z.Proof. Sine

|w(v)| ≤ |∂1v||∂2v| ≤
1

2
|∇v|2 ≤ e(v), (B.9)the funtional d is well-de�ned from E(R2) to R. Conerning the ontinuity, we know that, given

ε > 0 and a v ∈ E(R2), there exists R > 0 suh that
∫

B(0,R)c
e(v) ≤ ε.Invoking again (B.9), we dedue that

∣∣∣∣
∫

B(0,R)c
w(w)

∣∣∣∣ ≤
1

2

∫

B(0,R)c
|∇w |2 ≤ ε+

1

2

(
‖∇v‖L2(R2)+‖∇w‖L2(R2)

)
‖∇w−∇v‖L2(R2), (B.10)for any w ∈ E(R2). We next introdue a funtion χ ∈ C∞

0 (R2, [0, 1]) suh that χ = 1 on B(0, R)and χ = 0 on B(0, 2R)c. Combining with (B.9) and (B.10), we are led to
∣∣d(v)−d(w)

∣∣ ≤ 1

4π

∣∣∣∣
∫

R2

χ
(
w(v)−w(w)

)∣∣∣∣+
1

4π

(
ε+

1

2

(
‖∇v‖L2(R2)+‖∇w‖L2(R2)

)
‖∇w−∇v‖L2(R2)

)
.(B.11)We also have

w(v)− w(w) = 〈v− w , ∂1v× ∂2v〉+ 〈w , ∂1(v− w)× ∂2v〉+ 〈w , ∂1w × ∂2(v− w)〉, (B.12)so that
∣∣∣∣
∫

R2

χ
(
w(v)− w(w)

)∣∣∣∣ ≤
∣∣∣∣
∫

R2)
χ〈v− w , ∂1v× ∂2v〉

∣∣∣∣

+
(
‖∇v‖L2(R2) + ‖∇w‖L2(R2)

)
‖∇v−∇w‖L2(R2).

(B.13)159



Chapter 5. Traveling waves for the Landau�Lifshitz equationIntegrating by parts the integral in the r.h.s. of (B.13), we ompute
∫

R2

χ〈v− w , ∂1v× ∂2v〉 =
1

2

(
−
∫

R2

∂1χ〈v− w , v× ∂2v〉 −
∫

R2

χ〈∂1(v− w), v× ∂2v〉

+

∫

R2

∂2χ〈v− w , v × ∂1v〉+
∫

R2

〈∂2(v − w), v × ∂1v〉
)
.

(B.14)Atually, the integration by parts is only possible when the derivative ∂212v makes sense andis su�iently integrable. However, we an use the density of H2(R2;R3) into H1(R2;R3) toapproah the funtion v by a sequene of funtions (vn)n∈N for whih (B.14) is satis�ed. Then,we will invoke the ontinuity of both the left and right-hand sides of (B.14) with respet tothe onvergene in H1(R2,R3) in order to establish (B.14) in the general ase. In any ase, wededue from (B.14) that
∣∣∣∣
∫

R2

χ〈v− w , ∂1v× ∂2v〉
∣∣∣∣ ≤‖∇χ‖L∞(R2)‖v− w‖L2(B(0,2R))‖∇v‖L2(R2)

+ ‖∇v−∇w‖L2(R2)‖∇v‖L2(R2).Combining with (B.11) and (B.13), we are led to
∣∣d(v)−d(w)

∣∣ ≤ C
(
‖∇v‖L2(R2)+‖∇w‖L2(R2)

)(
‖∇v−∇w‖L2(R2)+‖v−w‖L2(B(0,2R))

)
+ε, (B.15)where C = max{3, ‖∇χ‖L∞(R2)}/4π. At this stage, reall that, given any positive number A,there exists a positive onstant K(A,R) suh that

d2RE (f, g) ≤ K(A,R)dAE (f, g),for any f, g ∈ E(R2). In view of (B.15), it follows that the funtional d is ontinuous on E(R2). Inpartiular, d is integer-valued sine its restrition to the dense subset E∞(R2) is integer-valued.This ompletes the proof of Lemma B.6.
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