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Résumé

Cette these est consacrée a ’étude des équations de Gross—Pitaevskii et de Landau-Lifshitz,
qui présentent d’importantes applications en physique. L’équation de Gross—Pitaevskii modélise
des phénomeénes de 'optique non linéaire, de la superfluidité et de la condensation de Bose—
Einstein, tandis que ’équation de Landau—Lifshitz décrit la dynamique de ’aimantation dans
des matériaux ferromagnétiques.

Lorsqu’on modélise la matiére & trés basse température, on fait I’hypothése que l'interac-
tion des particules est ponctuelle. L’équation de Gross—Pitaevskii classique s’en déduit alors en
prenant comme interaction une masse de Dirac. Cependant, différents types de potentiels non
locaux probablement plus réalistes ont aussi été proposés par des physiciens pour modéliser des
interactions plus générales. Dans un premier temps, on s’intéressera & donner des conditions suf-
fisantes couvrant une variété assez large d’interactions non locales et telles que le probleme de
Cauchy associé soit globalement bien posé avec des conditions non nulles & I'infini. Par la suite,
on étudiera les ondes progressives de ce modéle non local et on donnera des conditions telles
que 'on puisse déterminer les vitesses pour lesquelles il n’existe pas de solution non constante
d’énergie finie.

Concernant ’équation de Landau—Lifshitz, on s’intéressera aussi aux ondes progressives d’éner-
gie finie. On montrera la non existence d’ondes progressives non constantes d’énergie petite en
dimensions deux, trois et quatre, sous ’hypothése que I’énergie soit inférieure au moment dans
le cas de la dimension deux. En outre, on donnera aussi dans le cas bidimensionnel la description
d’une courbe minimisante qui pourrait donner une approche variationnelle pour construire des
solutions de I’équation de Landau—Lifshitz. Finalement, on décrira le comportement & l'infini des
ondes progressives d’énergie finie.

Mots-clés : Equation de Schrédinger non locale, Equation de Gross-Pitaevskii, Ondes progres-
sives, Caractére globalement bien posé, Conditions non nulles a I'infini, Equation de Landau-
Lifshitz, Applications harmoniques, Applications de Schrédinger.

Abstract

This thesis is devoted to the study of the Gross—Pitaevskii equation and the Landau—
Lifshitz equation, which have important applications in physics. The Gross—Pitaevskii equation
models phenomena of nonlinear optics, superfluidity and Bose—Einstein condensation, while the
Landau-Lifshitz equation describes the dynamics of magnetization in ferromagnetic materials.

When modeling matter at very low temperatures, it is usual to suppose that the interaction
between particles is punctual. Then the classical Gross—Pitaevskii equation is derived by taking
as interaction the Dirac delta function. However, different types of nonlocal potentials, probably
more realistic, have also been proposed by physicists to model more general interactions. First,
we will focus on provide sufficient conditions that cover a broad variety of nonlocal interactions



and such that the associated Cauchy problem is globally well-posed with nonzero conditions
at infinity. After that, we will study the traveling waves for this nonlocal model and we will
provide conditions such that we can compute a range of speeds in which nonconstant finite
energy solutions do not exist.

Concerning the Landau-Lifshitz equation, we will also be interested in finite energy traveling
waves. We will prove the nonexistence of nonconstant traveling waves with small energy in
dimensions two, three and four, provided that the energy is less than the momentum in the
two-dimensional case. In addition, we will also give, in the two-dimensional case, the description
of a minimizing curve which could give a variational approach to build solutions of the Landau-
Lifshitz equation. Finally, we describe the asymptotic behavior at infinity of the finite energy
traveling waves.

Keywords: Nonlocal Schrodinger equation, Gross—Pitaevskii equation, Traveling waves, Global
well-posedness, Nonzero conditions at infinity, Landau-Lifshitz equation, Harmonic maps, Schrédinger
maps.



Chapitre 1

Introduction générale

1.1 L’équation de Gross—Pitaevskii non locale

1.1.1 Motivation physique

Afin de décrire la cinétique d’'un gaz de Bose, dont les bosons de masse m interagissent
faiblement, Gross [52| et Pitaevskii [86] ont trouvé, dans l’approximation de Hartree, que la
fonction d’onde ¥ régissant le condensat vérifie I’équation

2
ihOy VU (z,t) = —zh—mA\If(:U,t) + U(z,t) /N|\If(y,t)|2V(:U —y)dy, dans RY x R, (1.1)
R

ol N est la dimension spatiale et V' décrit I'interaction entre les bosons. L’approximation la plus
typique, oit V est considéré comme une masse de Dirac, conduit & I’équation de Gross—Pitaevskii
que l'on appellera ’équation de Gross—Pitaevskii classique ou locale (voir sous-section 1.1.2). Ce
modéle local avec des conditions non nulles & I'infini a été intensivement utilisé en raison de son
application & plusieurs domaines de la physique, comme la superfluidité, 'optique non linéaire
et la condensation de Bose-Einstein [62, 61, 65, 26]|. Il semble cependant naturel d’analyser
I’équation (1.1) dans le cas d’interactions plus générales. En effet, dans I’étude de la superfluidité,
des supersolides et de la condensation de Bose—Einstein, différents types de potentiels non locaux
ont été proposés [6, 32, 96, 87, 63, 1, 103, 27, 23|.

Pour obtenir une équation sans dimension, on prend le niveau moyen de 1’énergie par 'unité
de masse & d’un boson de masse m et 'on pose

V(1) = exp (im§°t> W(z,b).

Alors (1.1) prend la forme

2

WO (. ) =~ A, ) — mpb(ant) + vlat) [ W OPV@-n)dy (12)

En considérant le changement d’échelle, pour A > 0 & choisir,

vl

(2.1) 1 ( h > ¢< hx ht >
u\xr = R ——
’ AméEy \vV2m2&, Vi 2m250’ mé&y )’

3



Chapitre 1. Introduction générale

on déduit de (1.2) que

iOwu(x,t) + Au(z, t) + u(x,t) <1 —\2 /RN|u(y, 12V (x —y) dy> =0,

avec

hx
V)=V ——| .
( ) < vV 2m250 >
Si on admet que la convolution entre ) et une constante est bien définie et égale & une constante
positive, il est alors naturel de choisir

M=Wx1)"h
Avec ce choix, I’équation (1.2) est équivalente a
10 + Au + N2u(V * (1 — |u?)) = 0 dans RY x R. (1.3)

Cette déduction conduit a considérer de maniére plus générale I’équation de Gross—Pitaevskii
non locale écrite sous la forme

i + Au+ u(W % (1 — |u|?)) = 0 dans RY x R. (GPN)

Si W est une distribution paire réelle, (GPN) est une équation Hamiltonienne et son énergie,
donnée par

Bu(u) = 5 [ IVu®F o3 [ 07«0 - @)~ u@F) e, (14

est formellement conservée. Si de plus on s’intéresse a des fonctions d’énergie finie, elles doivent
avoir des conditions non nulles & I'infini. En particulier, on étudiera le probléme de Cauchy pour
I’équation (GPN) avec une donnée initiale u(0) = ug vérifiant

lup(x)] — 1, lorsque |z| — oo. (1.5)

On donne maintenant trois types de noyaux (non locaux) qui nous serviront pour illustrer nos
résultats. D’abord, on considére le potentiel proposé par V. S. Shchesnovich et R. A. Kraenkel

dans [96] pour € > 0,
1 2]
—Ky | — N =2
2me? " < € ) ’ ’

We(z) = 1 eXp(_p:_|>, N_3. (1.6)

4me?|z|

ou K est la fonction de Bessel modifiée de deuxiéme type (également appelée fonction de Mac-
Donald). De cette fagon W, pourrait étre considéré comme une approximation de la masse de
Dirac, puisque W, — ¢, lorsque ¢ — 0, au sens des distributions. Un deuxiéme exemple des
interactions non locales est le soft core potential

1, silz| <a,
lmga(lﬂ) - {0 sinon (17)

avec a > 0, qui est utilisé dans [63, 1] pour I’étude de supersolides. Finalement, on considére

W =ad + bK, a,beR, (1.8)



1.1. L’équation de Gross—Pitaevskii non locale

ou K est le noyau singulier

72 + 23 — 223
2>

K(z) = z € R3\{0}. (1.9)

Le potentiel (1.8)-(1.9) modélise les forces dipolaires dans un gaz quantique (voir [23], [103]).

Maintenant on raisonne de fagon formelle et on considére une fonction constante ug de module
égal a un. Comme (GPN) est invariant par un changement de phase, on peut supposer que uy = 1.
Alors, 'équation linéarisée de (GPN) autour de wug est donnée par

i0yu — Au + 2W « Re(a) = 0. (1.10)
En écrivant @ = 1y + 9 et en prenant les parties réelle et imaginaire de (1.10), on a

—Oilio — Ay +2W x 11 =0,
dyily — Ay = 0,
d’out
024 — 2W x (AQ) + A%0 = 0. (1.11)

En imposant @ = e/&#=w%) 4 e R, & € RV, comme une solution de (1.11), on obtient la relation
de dispersion

(w())? = [&]" +2W (©) I, (1.12)
ott W désigne la transformée de Fourier de W :
FN© = F&) = [ f@)e " dr.

En supposant que W est positif et continu & I’origine, on a dans le régime des ondes longues,
ie. &~ 0, que
W 1/2
w(€) ~ (2W(0))'/[¢].

Par conséquent, dans ce régime, on peut identifier (ZW(O))U 2 4 la vitesse des ondes sonores
(aussi appelée la vitesse sonique), on pose donc

cs(W) = (2W(0))/2 (1.13)

La relation de dispersion (1.12) a été observée pour la premiére fois par Bogoliubov [14] dans
I’étude d’un gaz de Bose—Einstein et sous certaines considérations physiques, il a établi que le gaz
devait se déplacer a une vitesse inférieure a cs(WW') pour préserver ses propriétés de superfluidité.
Cette valeur sera fondamentale dans I’étude des ondes progressives pour cette équation.

1.1.2 Le probléme de Cauchy pour ’équation de Gross—Pitaevskii

Comme nous 'avions signalé a la sous-section précédente, au cas ol les interactions sont
modélisées par un noyau W égal a une masse de Dirac, (GPN) prend la forme Gross—Pitaevskii
classique

i0u + Au+u(l — [u)?) =0 dans RY xR, (GP)

5



Chapitre 1. Introduction générale

On note alors que la fonctionnelle (1.4) correspond a I’énergie de Ginzburg—Landau

Pau(u(t) = Ba(u) = 3 [ [Vu@®Pdo+ [ (s

qui est bien définie dans I'espace d’énergie

ERN) ={ue LL.(RY): Vu e L2RY), 1 |u|? € L*RY)}.

Comme on 'a déja mentionné, on s’intéresse & des fonctions d’énergie finie qui imposent des
conditions non nulles & l'infini. Donc il faut choisir des espaces bien adaptés a cette condition.
Par exemple, on pourrait utiliser les espaces de Zhidkov :

XFRN) = {u e L®RY) : Vu € H* 1 (RM)}.
En effet, le premier résultat dans le cas unidimensionnel est le suivant.

Théoréme 1 ([104, 105]). Le probléme de Cauchy pour 'équation (GP) est globalement bien
posé dans l'espace X'(R).

Quelques années plus tard, le théoréme 1 a été étendu par C. Gallo (voir aussi O. Goubet)

Théoréme 2 ([38, 45]). Soit 1 < N < 2. Alors le probléeme de Cauchy pour [’équation (GP) est
globalement bien posé dans l'espace XN (RY) pour une donnée initiale ug € E(RY) N XN (RN).

P. Gérard a étudié le probléme directement dans £(RY), espace métrique complet pour la
distance

_ 2 2
d(u,v) = |lu = vlx1pm + [[ul” = o7l 2.
Il montre le caractére bien posé en dimension 1 < N < 3 et aussi en dimension N = 4 sous une
condition de petitesse de la donnée initiale. Plus précisément,

Théoréme 3 ([41, 40]). Soit 1 < N < 3. Pour tout ug € E(RYN), il exviste une solution u €
C(R,ERN)) de (GP) de donnée initiale u(0) = ug. De plus, pour tout R > 0 et tout T > 0,
il existe C > 0 tel que pour tous ug, gy tels que Egr(u) < R et Eqr(tuy) < R, les solutions
correspondantes vérifient

sup d(u(t),a(t)) < Cd(ugp, o).
jt|<T

En outre, pour N = 4, il existe § > 0 tel que pour tout ug € ERN) vérifiant €(ug) < 6, il
eziste une solution u € C(R,E(RYN)) de (GP) de donnée initiale u(0) = ug. De plus, le caractére
lipschitzien du flot énoncé ci-dessus est aussi vErifié.

Une autre approche pour étudier ce probléme est de travailler autour des états d’équilibre
constants @ = €%, avec § € R. Puisque (GPN) est invariant par un changement de phase, on se
réduit au cas u = 1. Dans ce cadre, F. Béthuel et J.-C. Saut [12] ont établi

Théoréme 4 ([12]|). Soit 2 < N < 3. Alors le probleme de Cauchy pour ’équation (GP) est
globalement bien posé dans l’espace 1 + H(RY).

Dans [39], C. Gallo a considéré une approche qui généralise le cadre du théoréme 4 dans des
espaces du type ¢ + H'(R™), oil ¢ est une fonction réguliére d’énergie finie.

6



1.1. L’équation de Gross—Pitaevskii non locale

Théoréme 5 ([39]). Soit 1 < N < 3. Alors pour toute fonction ¢ vérifiant
¢ € C3(RY)N L=(RY), Vo € H*RY), |4 — 1 e L*RY),
Uéquation (GP) est globalement bien posée dans ¢ + H'(RY).
Finalement dans le cas N > 4, S. Gustafson et al. ([54]) ont étudié le comportement a l'infini

des petites perturbations des états d’équilibre. En particulier, ils ont obtenu le caractére bien
posé du probléme, pour des donnés initiales petites.

Théoréme 6 (|54]). Soit N >4 et s > N/2—1. Il existe § > 0 tel que pour toute donnée initiale
u(0) = 14ug, vérifiant ||up||gs < 6, le probléme de Cauchy pour l'équation (GP) est globalement
bien posé dans l'espace 1+H*(RY).

Une des questions clés que le présent travail tente de résoudre est la suivante : quelles condi-
tions doit-on imposer a W pour que le probléme de Cauchy (GPN) soit globalement bien posé ?
Bien entendu, on cherche des conditions assez générales telles que la masse de Dirac et les po-
tentiels (1.6), (1.7) et (1.8)-(1.9) soient inclus. Pour cette raison, on travaillera dans les espaces

MpqRY) ={V € S'(RY) :3C > 0 tuq. ||V * fllza < C|fl|ze, Vf € LP(RY)},

i.e., les espaces de distributions tempérées V telles que 'opérateur linéaire f — V x f est borné
de LP(RY) dans L(RY). On note par ||V|,, sa norme.

On supposera qu’il existe
P1,D2, D3, P4, 1,92, G35 44, 51, 52 € [1,00),

en vérifiant

N IN
N_2 Pt N9

N .
>p2,p3, 81,52 > 2, 2> q > Q3,Q4>E siN >3

2N
N+2
et

P2,P3,81,82 > 2, 2>q1>1 si2>N2>1,

tels que

4
We MQ,Q(RN) n ﬂ Mbpiq; (RN)a
=1 (Wn)

1 1 1 1 1 1 1 1 1 )

—_— t—=—, ———=—, ———=— s N2>3.

p3 q2 q pr p3  S1 q 43 52
On rappelle que si p > ¢, alors M, , = {0}. Par conséquent, si I'on suppose que W n’est pas
nulle, les nombres ci-dessus doivent satisfaire ¢o,q3 > 2. De plus, l'existence de si, s9 et les

relations en (Wpy) impliquent

N 1 1 (N—Q 1} 1 1 (N—Q 1
’Ch qs3

>p1, 2>, ————€ ToN 9 —} si N > 3.

N -2 2 D1 pP3 2N 2

Dans le cas ou N € {1,2,3}, on peut choisir (p4,q4) = (2,2) dans (Wpy). Donc la condition
que W € My, 4, (RY) n’est pas triviale seulement lorsque N > 4.



Chapitre 1. Introduction générale

1 1
N2 | S N2 |
IN IN ]
Ry
1 1 .
2 2
Rs
N-—2 )
IN
2 2
N Y
Ro R3 Ry
0 N—2 1 N-2 1 0 N-2 1 N+42 N—2 N—1 1
3N 2 N 32N 2 32N N N

Figure 1.1 — Pour N > 4, le plan (1/p,1/q) est représenté & gauche, dans le sens que

(1/p1,1/q1) € Ri, (1/p2,1/q2),(1/p3,1/q3) € Ra, (1/ps,1/qs) € R3. A droite, les zones om-
brées symbolisent le fait que (1/q1,1/q3) € Ry et (1/p1,1/p3) € Rs, pour N > 6.

La figure 1.1 montre schématiquement ’emplacement de ces nombres dans le carré unitaire.
On remarque que la condition (Wy) implique que W € Ma2(RY). En outre, puisque
W e MZQ(RN) <~ /W € LOO(RN),

en utilisant l'identité de Plancherel, on en déduit que

1 1 o —
Pwv) =5 [ IV + e [ W0l < +oc, (1.14)

pour tout v € E(RY).

A premiére vue, il n’est pas évident de vérifier les hypothéses sur W. Le but de la proposition
suivante consiste & donner des conditions suffisantes pour assurer (Wy).

Proposition 7.
(i) Soit1 < N < 3. Si W € Mao(RN) N M3 3(RY), alors W satisfait (Wy). Par ailleurs, si
W wvérifie (Wy) avee p; = q;, 1 <i <3, alors W € Maa(RY) N Mj3(RY).
(i3) Soit N > 4. On suppose que W € M, (RY) pour tout 1 < r < co. De plus, s’il existe
7> N/4 tel que W € My o(RY), pour tout 1 —1/F < 1/p <1, ou1/q=1/p+1/F — 1,
alors W wvérifie Wn).

Comme on 'a remarqué précédemment, ’énergie est formellement conservée si W est une
distribution paire réelle. Rappelons qu’une distribution & valeurs réelles est dite paire si

(W) = (W), Ve CRY;R),
ot Y(z) = ¢(—z).

Cependant, la conservation de ’énergie n’est pas suffisante pour étudier le comportement en
temps long du probléme de Cauchy car 1’énergie potentielle n’est pas nécessairement positive et

8



1.1. L’équation de Gross—Pitaevskii non locale

la nature non locale du probléme nous empéche d’obtenir des bornes ponctuelles. Ce terme peut
étre controlé si on suppose de plus que W est une distribution positive ou en supposant que c’est
une distribution définie positive. Plus précisément, on dit que W est une distribution positive si

(W) 20, Yo >0, v € CF(RY;R),
et que c’est une distribution définie positive si
(W x4) 20, ¢ € C5*(RY;R).
On vérifiera cette condition en utilisant le fait que pour une distribution paire réelle W €
Mo (RY) (voir la proposition 3.2.2)
W est définie positive <= 1% >0 p.p. sur RV,

De plus, on dira qu’une distribution paire réelle W € MQ,Q(RN ) est strictement définie positive
si
infess W > 0.

Remarque. Ces deux notions sont indépendantes. Comme on le verra aprés, il existe des distri-
butions positives qui ne sont pas définies positives et il existe des distributions définies positives
qui ne sont pas positives.

De (1.14), on remarque que si W est définie positive, on a Ey/(v) > 0 pour tout v € £(RY).
Cependant, dans le cas ot W est positive, le terme associé & 1’énergie potentielle peut devenir
négatif et on n’a donc pas de condition de signe sur Eyy(v). Le tableau 1.1 présente un résumé
des propriétés vérifiées par les potentiels discutés & la sous-section 1.1.1.

Noyau | Positive Déf. positive Strict. déf. positive | (Wpy) est vérifiée
) oui oui oui N €{1,2,3}
W, oui oui non N € {2,3}
lgl<a ‘ oui non non N>1
ad + bK non oui,siazgzo 0ui,sia>l~)20 N=3
oua2—2520 oua>—2l;20

b= (4mb)/3
Tableau 1.1 — Propriétés vérifiées par certains noyaux.
Pour établir un résultat sur le caractére bien posé de (GPN), on suit 'approche de [39] et on

considére des données initiales ug qui appartiennent a ’espace ¢ + H 1(RN ), avec ¢ une fonction
d’énergie finie. Plus précisément, on suppose que ¢ est une fonction complexe qui satisfait

¢ € W (RY), Vo € H*RY)NC(BY), |¢|* — 1€ LXRY), (1.15)

ot B¢ désigne le complémentaire de n’importe quelle boule B C RY, de sorte que, en particulier,
¢ satisfait (1.5).

Remarque. On ne suppose pas que ¢ a une limite & l'infini. Dans le cas ou N € {1,2} une
fonction qui satisfait (1.15) peut avoir des oscillations compliquées, par exemple (voir [41, 40])

é(x) = exp(i(In(2 + |2]))7), € R2.
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On note aussi que toute fonction vérifiant (1.15) appartient & I’espace de Sobolev homogéne
HY(RY) = {¢ € Lio(R") : Vi € L2(R™)}.

2N
En particulier, si N > 3 il existe z9 € C avec |z9] = 1 tel que ¢ — zg € L¥-2(RY) (voir par
exemple [59]). En choisissant o € R tel que zp = €'* et comme ’équation (GPN) est invariant
2N
par un changement de phase, on peut supposer que ¢ — 1 € LN-2 (RN ), mais on n’utilise pas
explicitement cette décroissance, afin de gérer dans le méme temps le cas de la dimension deux.

Notre résultat principal concernant le caractére bien posé du probléme de Cauchy est le
suivant.

Théoréme 8. Soit W une distribution réelle paire qui vérifie (Wy).
(1) On suppose que l'une des conditions suivantes est vérifiée
(a) N >2 et W est une distribution définie positive.
(b) N>1, W e My1(RY) et W est une distribution positive.

Alors le probléeme de Cauchy (GPN) est globalement bien posé dans ¢ + H'(RY). Plus
précisément, pour tout wy € HY(RYN) il existe un unique w € C(R, H'(RN)), pour lequel
¢ + w résout (GPN) avec la donnée initiale ug = ¢ + wo et pour tout intervalle borné
fermé I C R, le flot wy € HY(RN) — w € C(I,H'(RYN)) est continu. Par ailleurs,
w € CYR, H-Y(RY)) et I’énergie est conservée

Ew(¢ + wp) = Ew(¢ + w(t)), Vvt € R. (1.16)

(11) On suppose que W est strictement définie positive. Alors (GPN) est globalement bien posé
dans ¢ + H*(RN) pour tout N > 1 et on a la conservation de ’énergie (1.16).

Par ailleurs, si u est la solution associée a la donnée initiale ug € ¢ + H'(RN), on a
Uestimation de croissance

[u(t) = ¢llL2 < Clt| + [luo — ¢l 2,

pour tout t € R, ou C est une constante positive qui dépend seulement de Eo, W, ¢ et
infess W.

Finalement on a régularité H?, c.-a-d. si ug € ¢ + H*(RY), alors u — ¢ € C(R, H*(RY)) N
CH(R, L*(RY)).

On déduit du tableau 1.1 les cas ou 'on peut appliquer le théoréme 8. Par exemple, en
utilisant la partie (ii) du théoréme 8, on retrouve les résultats des théorémes 4 et 5, et aussi
lestimation de croissance prouvée dans [2|, dans ce cas-la. D’autre part, la masse de Dirac ne
satisfait pas (Wy) si N > 4, et donc le théoréme 8 ne peut pas étre appliqué. En fait, comme
il est établi dans les théorémes 3 et 6, dans ce cas-la une condition de petitesse pour la donnée
initiale semble nécessaire.

En outre, si le potentiel converge vers une masse de Dirac, comme c’est le cas des noyaux
W donnés par (1.6) lorsque € — 0, les solutions correspondantes convergent vers la solution du
probléme local au sens du résultat suivant.

10



1.1. L’équation de Gross—Pitaevskii non locale

Proposition 9. Soient 1 < N < 3 et (Wy)nen une suite de distributions paires réelles dans
Mo 2(RN) N M3 3(RY) telles que uy, est la solution globale de (GPN) donnée par le théoreme 8,
avec W,, a la place de W, pour une donnée initiale dans ¢ + H*(RY). On suppose que

lim W,, = W, dans MQQ(RN) N M373(RN),

n—oo

avee ||[Wes | Maanmss > 0. Alors u, — u dans C(I, HY(RY)), pour tout intervalle fermé borné
I CR, ouu estla solution de (GPN) avec W = W, et la méme donnée initiale.

Du théoréme 8 et de la proposition 7 on tire le résultat suivant pour les noyaux intégrables.

Corollaire 10. Soit W une fonction réelle paire telle que W € LY(RY) si 1< N <3 et W €
LY RN N L"(RYN), pour un certain r > %, si N > 4. On suppose aussi que l'une des conditions
sutvantes est vérifiée

e N>1etW >0 p.p. sur RV,
o N>2 et/WZOp.p. sur RN
Alors le probléeme de Cauchy pour (GPN) est globalement bien posé dans ¢ + H'(RN).

Comme ’a remarqué C. Gallo dans [39], le caractére bien posé dans un espace comme ¢ +
H'(RYN) permet de gérer le probléme avec des données initiales dans l'espace d’énergie £(RY)
en utilisant des solutions dites mild. On rappelle que u € C(R,E(RY)) est appelée une solution
mild de (GPN) si elle vérifie la formule de Duhamel

t
u(t) = Bug+i [ IV ¢ (L uls)P)ds. LR,
0
On se reportera a [41, 40] pour des résultats complémentaires sur I’action du semi-groupe de

Schrodinger dans &(RY).

Avec les mémes arguments que [39], on peut également gérer le probléme avec des données
initiales dans ’espace d’énergie. Par ailleurs, dans le cas 1 < N < 4, on prouve que la solution
dans l'espace d’énergie avec la condition initiale ug € € (RN ), appartient nécessairement a wug +
H'(RY), sous-ensemble strict de £(RY).

Cela donne aussi 'unicité dans I'espace d’énergie pour 1 < N < 4, comme suit.

Théoréme 11. Soit W comme dans le théoreme 8. Alors pour tout ug € E(RY), il eviste un
unique w € C(R, HY(RN)) tel que u := ug + w résout (GPN). Par ailleurs, si 1 < N < 4 et
v e C(R,EMRN)) est une solution mild de (GPN) avec v(0) = ug, alors v = u.

Enfin, on étudie la conservation du moment et de la masse pour (GPN). Comme cela a été
discuté dans plusieurs travaux (voir [7, 9, 77, 10]) les quantités classiques de masse

M) = [ (1 fuP) da,
]RN
et de moment vectoriel

P(u) = (P1(u),...,Pn(u)) = /RN (iVu,u),

7. (H||M220M33 = maX{||'HM2,27 ||HM33 })

11



Chapitre 1. Introduction générale

ou (z1,22) = Re(z1Z2), sont formellement conservées mais elles ne sont pas bien définies pour
tout u € ¢+ H'(RY). Ainsi, il est nécessaire de donner un certain sens généralisé a ces quantités.
A la section 3.7, on expliquera en détail une notion de moment généralisé et de masse généralisée
qui permettent d’obtenir les résultats suivants sur les lois de conservation.

Théoréme 12. Soit N > 1 et ug € ¢ + H'(RY). Alors le moment généralisé est conservé par
le flot de la solution u de (GPN) donnée par le théoréme 8.

N
Théoréme 13. Soit 1 < N < 4. En plus de (1.15), on suppose que Vo € L1 (RY) si N €
{3,4}. Si la masse généralisée de ug € ¢ + H'(RY) est finie, alors la masse généralisée associée
a la solution de (GPN) donnée par le théoréme 8 est conservée par le flot.

Un des premiers travaux qui considére un modéle non local pour I’équation de Gross—
Pitaevskii est celui de Y. Pomeau et S. Rica [87] qui introduisent le noyau (1.7) pour modéliser
un superfluide avec un roton. En fait, la théorie de la superfluidité de I’hélium II de Landau
affirme que la courbe de dispersion doit présenter un minimum local non nul appelé roton (voir
[71, 37]), ce phénomeéne a été corroboré plus tard par des observations expérimentales ([34]). Bien
que le modele pris en compte dans [87] a un bon ajustement avec ce minimum, il ne donne pas
la vitesse correcte du son. Pour cette raison, N. Berloff dans [5] a proposé le potentiel

W(z) = (a+ ﬁAQ\xIQ + 7A4]x\4) exp(—AQ\xP), z € R3, (1.17)

ou les paramétres A, o, B et v sont choisis de fagon & avoir la bonne vitesse du son. Cependant,
Iexistence d’'un minimum local implique que W doit étre strictement négatif dans un voisinage
du point ou le minimum est atteint. De plus, une simulation numérique dans [5] montre que
dans ce cas les solutions présentent un phénomeéne de concentration de masse qui n’a pas de sens
physique. Jusqu’a un certain point, nos résultats sont en accord avec ces observations, dans le
sens oll le théoréme 8 ne peut pas étre appliqué au potentiel (1.17), car W et W sont négatifs
dans une certaine partie du domaine. Toutefois, on montrera au chapitre 3 que le probléme de
Cauchy est localement bien posé dans ¢+ H'(R™) pour tout noyau pair réel vérifiant WWy) ; en
particulier il est localement bien posé pour le potentiel (1.17).

On a démontré que si W > 0 sur RY le probléme de Cauchy est globalement bien posé
et on a donné des exemples de fonctions positives pour lesquelles sa transformée de Fourier
change de signe et les solutions associées restent globales. Par ailleurs, le noyau du paragraphe
ci-dessus montre un exemple ol le potentiel et sa transformée de Fourier changent de signe, et
la solution associée n’est pas globale. C’est une question ouverte d’établir précisément le role de
ces changements de signe pour 'existence globale des solutions de (GPN).

1.1.3 Les ondes progressives pour I’équation de Gross—Pitaevskii

Une onde progressive qui se propage selon la direction x; & une vitesse ¢ est une solution de
la forme

ue(z,t) =v(xy —ctyxy), x, = (z2,...,TN).

Ainsi on déduit de I’équation (GPN) que le profil de v satisfait
icorw + Av + (W x (1 — |[v*)) =0, dans RY. (OPNc)

12



1.1. L’équation de Gross—Pitaevskii non locale

En utilisant la conjugaison complexe, on peut se restreindre au cas ¢ > 0. On note aussi que
toute constante complexe de module un vérifie (OPN¢), de sorte qu’on se référera a elles comme
les solutions triviales. La question naturelle qu’on se pose pour cette équation est : quelles sont
les conditions sur W et ¢ afin de déterminer s’il existe des solutions d’énergie finie ot pas ?

Dans le cas ou W est une masse de Dirac, (OPN¢) devient
icow + Av +v(l — [v]?) =0, dans RY, (OPc¢)

et les questions d’existence et non existence ont fait I’objet de nombreux travaux. Les premiers
résultats ont été établis dans le programme de C. A. Jones, S. J. Putterman et P. H. Roberts (|62,
61]). En utilisant des développements formels et des simulations numériques, ils ont déterminé
qu’en dimension deux et trois, '’équation (OPc) posséde des solutions non constantes d’énergie
finie, & symétrie axiale autour de I’axe 1, pour toute vitesse

ce (0,v2),

ainsi que pour ¢ € {0} U [v/2,00) les seules solutions d’énergie finie sont les constantes. En
utilisant la premiére composante du moment p = P, ils tracent les branches des solutions dans
le plan énergie F¥ — moment p, en obtenant les figures 1.2 et 1.3. Dans les deux cas ils trouvent
une vitesse critique ¢* € (0,v/2) telle que les solutions possédent des tourbillons seulement si
c<c.

c—0

c— V2

p

Figure 1.2 — Courbe de I'énergie E en fonction du moment p dans le cas N = 2.

Dans le cas de la dimension un, (OPc) est complétement intégrable et les solutions sont
explicites.

Théoréme 14 ([101, 7]). Soient N =1, ¢ > 0 et v € E(R) une solution de (OPc).
(i) Sic>+/2, alors v est une constante de module un.

(ii) Si0<c< V2, alors v est soit constante de module un, soit égale, & multiplication par une
constante de module un et translation prés, a la fonction

c? V2 —¢c? e
ve(r) =1/1 = Etanh <T> — z%.

Dans le cas N > 2, on a les résultats suivants d’existence et de non existence.
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Po p

Figure 1.3 — Courbe de I’énergie F en fonction du moment p dans le cas N = 3.

Théoréme 15 ([22, 12, 47, 49]). Soit N > 2 et v € ERYN) une solution de (TWe). On suppose
qu’on se place dans l'un des cas suivants

(i) ¢=0.
(1) ¢> /2.
(iii) N =2 etc=+/2.

Alors v est une fonction constante de module un.

Théoréme 16 ([12, 11, 25, 8, 77]). Soit N > 2. Il existe un ensemble non vide A C (0,/2) tel
que pour tout ¢ € A, il existe une solution non constante de (TWe) dans E(RYN). Par ailleurs, si
N >3, alors il existe une solution non constante de (TWe) dans E(RN) pour tout ¢ € (0,1/2).

De cette facon, on voit que v/2 est une valeur critique pour 1’équation (OPc¢). D’ailleurs,
comme § = 1, elle correspond a la vitesse des ondes sonores donnée par (1.13) :

cs(0) = V2.

Par rapport au comportement qualitatif des solutions d’énergie finie de (OPc), E. Tarquini a
montré dans [99] Pexistence d’une valeur minimale (N, ¢) pour I'énergie de Ginzburg-Landau
des ondes progressives.

Théoréme 17 ([99]). Soient N > 2 et 0 < ¢ < /2. Il existe une constante E(N,c) > 0, qui ne
dépend que de la dimension N et de la vitesse c telle que toute solution non constante v € E(RY)
de (OPc) vérifie

EGL(U) > 5(N, C).

Par ailleurs,
E(N,c) = 0, lorsque ¢ — /2.

En particulier, les seules solutions possibles de (OPc) avec une énergie plus petite que E(N,c)
sont les constantes.

Bien entendu, le théoréme 17 n’empéche pas 'existence d’ondes progressives d’énergie petite.
D’ailleurs, dans la figure 1.2 on voit des solutions avec des énergies arbitrairement petites. F.
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Béthuel, P. Gravejat et J.-C. Saut 8] ont amélioré ce résultat en dimension trois, en démontrant
qu’il existe une énergie minimale indépendante de c. En méme temps, ils montrent 'existence de
la courbe de solutions en accord avec la figure 1.2 et de la courbe de solutions en bleu dans la
figure 1.3.

La preuve de I’énergie minimale dans [8] repose sur l’estimation
-1
Egr(v) > <K02(1 + 02)/ Lc(§)2d£> , pour tout ¢ € (0,v/2], (1.18)
RN
oll K est une constante universelle et

S Jp—
A e g

L’inégalité (1.18) est valable pour tout N > 2 et v € £(RY), solution non constante de (OPc)
telle que

—_

inf{|v(z)| |z € RV} > =, (1.19)

[\)

On note que si I'énergie E(v) est petite, 'estimation (1.19) est forcément vérifiée (voir [99, §|),
elle ne représente donc aucune restriction. Un calcul direct montre que

s

T 5 N = 27
2(2 - ¢?)
2
Le(§?dé =™ sin[-2) N =3 (1.20)
/RN - arcsin %) ,
oo, N 2 45

donc (1.18) implique une borne inférieure pour 1’énergie seulement en dimension trois. Cependant,
il ne donne pas 'existence d’une énergie minimale en dimension supérieure a trois. Le but du
chapitre 2 est de montrer qu’en effet il est possible d’étendre ce résultat a toute dimension N > 3.
Plus précisément,

Théoréme 18. Soit N > 3. Il existe une constante positive E(N), qui ne dépend que de N, telle
que pour toute solution non constante v € E(RN) de (OPc), on a

EGL(U) > 5(N)

En particulier, il n’existe pas de solution non constante pour (OPc) d’énergie petite.

1.1.4 Non existence pour I’équation (OPNc)

Maintenant on revient a I’équation des ondes progressives non locale (OPNc). Les arguments
des sections précédentes suggérent qu'un résultat de non existence comme celui établi au théo-
réme 15 pourrait étre généralisé au cas non local, en utilisant la vitesse des ondes sonores (1.13)
comme vitesse critique. Autrement dit, on pourrait conjecturer la non existence de solutions pour
des vitesses

¢ > cs(W) = (2W(0)) /2.

Le but du chapitre 4 est de donner une réponse dans cette direction. On travaillera avec des
distributions paires réelles définies positives dans M272(RN ) telles que
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(A1) W est différentiable p.p. sur RY et pour tout j, k € {1,..., N} 'application

£ = &OW(E)

est bornée et continue p.p. sur RY ;
(A2) W est de classe C2 dans un voisinage de l'origine et /W(O) > 0.
De plus, si N > 4, on admet que

W € Mpj(v—1),00 RY) N Man/(nv—2).00 RY) N Moy (n—2) an/v—2) (RY). (1.21)

On remarque que la condition (1.21) est plus restrictive que (Wy) en dimension N > 4, mais
on en a besoin pour assurer la régularité des ondes progressives. Plus précisément, on prouve au
chapitre 4 que si W € M272(RN ), sous ’hypothése supplémentaire (1.21) si NV > 4, alors toute
solution v € E(RY) de (OPNc) est réguliére et

lv(z)] = 1, Vou(z) — 0, lorsque |z| — oo.

D’autre part, la condition (1.21) est vérifiée au moins pour tout W € L*(R™) n LY (RY).

On peut maintenant énoncer notre premier résultat de non existence pour I’équation (GPN)
de la fagon suivante :

Théoréme 19. Soient N > 2 et W € M272(RN) une distribution paire réelle définie positive
vérifiant (Ay) et (A2). Si N > 4, on admet aussi (1.21). On suppose que ¢ > cs(W) et qu’il
eriste des constantes o1,...,0n € R telles que

N
W(€) + e Zak@@kW(f) — 1 &OW(€) > 0, pour presque tout £ € RV, (1.22)
k=2
et
N
. o1 — 1
Zak—}—mm{—al—1,—,2acaj+01—1} >0, (1.23)
Qe+ 2
k=2
pour tout j € {2,..., N}, ot o := ¢ /(cs(W))2—1. Alors il n'existe pas de solution non constante

pour (OPNe¢) dans E(RY).

Les hypothéses du théoréme 19 sont relativement techniques. Cependant, comme nous allons
le voir il permet de traiter de nombreux exemples concrets. Pour appliquer le théoréme 19 on
a besoin de vérifier I'existence des constantes oy, ...,on vérifiant (1.22) et (1.23). Pour faciliter
cette tache, on donne deux corollaires o les conditions pour la non existence sont exprimées
seulement en fonction de W.

Corollaire 20. Soient N > 2 et W € M;g(RN) une distribution paire réelle définie positive
vérifiant (Ay) et (A2). Si N >4, on admet aussi (1.21). On suppose que ¢ > cs(W) et que

—~

N
W(§) > max {1, %} Z|§kakW(£)| + |€131/I/T7(£)|, pour presque tout £ € RN, (1.24)
k=2

Alors il n’existe pas de solution non constante pour (OPNc) dans E(RY).
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Corollaire 21. Soient N > 2 et W € ./\/1272(]RN) une distribution paire réelle définie positive
vérifiant (Ay) et (Ag). Si N >4, on admet aussi (1.21). On suppose que

— 1/2
. (N -DW(E)
cs (W c<cs(W)|1 inf — . 1.25
(W) < e < ey )< + o, Zsz\ﬁk@kW(f)!> (1.25)

Alors il n'existe pas de solution non constante pour (OPNe) dans E(RY).

Concernant les ondes statiques, on a le résultat suivant.

Théoréme 22. Soient N > 2 et W € M272(RN) une distribution paire réelle définie positive
vérifiant (Ay). Si N >4, on admet aussi (1.21). On suppose que ¢ =0 et que

£j(9j/ﬂ7(£) <0, pour presque tout £ € RY, (1.26)

pour tout j € {1,...,N}. Alors il n'existe pas de solution non constante pour (OPNc) dans

E(RNM).

Si 'on considére le potentiel W = ad, a > 0, on a que W = a et donc VIV = 0. De cette
fagon les conditions (1.24), (1.25) et (1.26) sont vérifiées et en conséquence on peut appliquer le
corollaire 20 ou 21 et le théoréme 22 pour conclure la non existence de solutions non triviales
pour I’équation (OPNc¢) pour tout

c € {0} U (v2a,0). (1.27)
En particulier, en prenant a = 1, on retrouve le théoréme 15 dans les cas (i) et (ii).
Considére maintenant une perturbation de la masse de Dirac en dimension N € {2,3} :
We=d04+¢f, >0,

oil f est une fonction paire réelle telle que f, |z|2f, ||V f € LY(RY), de sorte que W.=1+4¢f €
C%(RY). Puisque
2,0uf = =01 f + &5 ),
on a
£l e @y < MFllpi@nys 16805 Fll oo @y < IF Ny + 1250k F 1l 1y

Ainsi W satisfait les conditions (A1) et (Az) sie < Hszll(RN), et dans ce cas la vitesse des ondes

sonores
1/2
cs =cs(W) = (2 + 26/ f) ,
RN

est bien définie. En outre, (1.24) est vérifiée si
N ~1
€< <4HfHL1(RN) + Z||$kakf||Ll(RN)> . (1.28)

k=1

Par conséquent, sous la condition (1.28), le corollaire 20 implique la non existence de solutions
non triviales de (OPN¢) dans £(RY) pour tout ¢ € (cs,00).
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Comme autre exemple, on reprend le noyau (1.6), dont la transformée de Fourier est

—~ 1
WHOZG:QEW-

De facon plus générale, on considére les noyaux W, de la forme

= 1

Wap(§) = pap(r) = m, r=1¢|, a,b>0,

donc
cs = cs(Wayp) = V2.

De cette fagon, W, est une distribution paire réelle définie positive et puisque Wa,b € L>®(RY),
Wap € Mao(RY) pour N € {2,3}. De plus, I'hypothése (As) est satisfaite. De plus, on peut
vérifier que W, € LY(RY) N LY (RY) pour tout N > 4 et b > N — 1, ce qui implique (1.21).
D’autre part, un calcul élémentaire montre que (A;) et (1.26) sont vérifiés pour tout a,b > 0. Le
théoréme 22 implique donc la non existence d’ondes statiques (¢ = 0) non triviales de (OPNc)
dans £(RY) dans les cas suivants

(a) N =2ou3;

(b) N>4,b> N — 1.
De plus, en utilisant les corollaires 20 et 21 on peut calculer les intervalles suivants pour la vitesse
ol il n’existe pas de solution non constante de (OPN¢) dans &(RY) :

(c) N=2,0<1/2, c€ (c5,00);

(d =2,b>1/2, c€ (cs,\/2+2/b];

) N

(e) N=3,0<1, c€ (c5,00);

(f) N=3,0>1, ce (cs\/2+2/b];

(g) N>4,0>N —1, ce (cs,1/2+2/0].

On remarque que si b — 0, me — 1 et donc W — §, au sens des distributions. Ainsi les cas
(a), (c) et (e) peuvent étre vus comme une généralisation du théoréme 15 dans les cas (i) et (ii).
Lorsque b augmente, on a une borne supérieure pour I'intervalle de la vitesse. Une interprétation
possible de cette borne est que lorsque la valeur de b augmente, le noyau devient de plus en plus
épars dans le sens ot sa masse est de moins en moins concentrée proche de l'origine et 'effet
non local est donc moins localisé. Cependant, nous ne savons pas si ce type de borne supérieure
est simplement une conséquence de notre preuve ou si en fait, pour des potentiels particuliers, il
pourrait méme exister plusieurs intervalles de vitesses ol on a existence et non existence.

Dans le théoréme 19 on a admis que W est de classe C2 dans un voisinage de ’origine.
Cependant, on voit que le noyau (1.8) ne satisfait pas cette condition. En fait, il n’est méme
pas continu en zéro et la vitesse des ondes sonores n’est pas correctement définie. Une question
naturelle est de savoir s’il est possible d’affaiblir cette hypothése sur la régularité. Le point clé
ot apparait que W est de classe C? est I’étude des ensembles

Fje={v=(n,1m)e R?: |V|4 + 2/I/I7(V161 + I/er)|l/|2 — 021/12 =0}, je{2,...,N},

ott {ex}req1,..,n} est la base canonique de RY ., qui jouent un role fondamental dans la preuve

du théoréme 19. De fagon générale, si W est de classe C?, on peut appliquer le lemme de Morse
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1.1. L’équation de Gross—Pitaevskii non locale

et en déduire que si ¢ > ¢s(WW), alors, dans un voisinage de l'origine, I'; . est décrit par deux
courbes ’y;-; et ’y;c, dont I'allure est donnée dans la figure 1.4 et vérifiant

+ (¢ 2 ~(t 2
ljc= lim L() = lim L() .
' t—0+ t t—0+ t

Figure 1.4 — L’ensemble I'; . au voisinage de l'origine pour W de classe C2.

En conclusion, si W n’est pas de classe C? mais 1’ensemble I'; . satisfait les propriétés men-
tionnées ci-dessus, on peut établir une généralisation du théoréme 19. On précise cette discussion
en introduisant la condition :

(A3) Pour tout j € {2,...,N} et ¢ > 0, il existe § > 0 et deux fonctions vfc et v, ., définies
sur l'intervalle (0,0), tels que I'ensemble I'; . N B(0, ) est de mesure de Lebesgue nulle,
Ve € C1((0,0)), et
’yj'-fc(t) >0, 7;.(t) <0, (t,’yfc(t)) €T'j., pour toutte (0,9).

Par ailleurs, les limites suivantes existent et sont égales

2 _ 2
lim [ =—— | = lim [ —— | =:{;..
t—0+ t t—0+ t '

On peut maintenant établir une version générale du théoréme 19.

Théoréme 23. Soient N > 2, ¢ > 0 et W € Mao(RYN) une distribution paire réelle définie
positive vérifiant (Ay) et (As) avec

be=lio=Vlyo="-=UNn.>0. (1.29)
Si N > 4, on admet aussi (1.21). On suppose qu’il existe des constantes o1,...,0n € R telles
que
—_ N —~ —~
W(E) + e > ou&udkW (§) — &AW (€) > 0, pour presque tout & € RV, (1.30)

k=2
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Chapitre 1. Introduction générale

et
N
. o1 — 1
Zak +min{ -0y — 1, ——,2l.0;+ 01— 1, >0, (1.31)
le+2
k=2
pour tout j € {2,...,N}. Alors il n'existe pas de solution non constante pour (OPNec) dans
E(RM).

On remarque que la condition (1.29) est nécessaire pour que les solutions soient non constantes
(voir chapitre 4).

On rappelle que le potentiel (1.8)—(1.9) est donné par

2 2 9.2
W =ad + bK, avec K(x):w, z € R*\{0}.
x

Par le tableau 1.1, W € MZQ(RN ) est une distribution paire réelle définie positive pour tous a,g
tels que
a>b>0 ou a>—2b>0, (1.32)

ot b = (47b)/3. De plus, un calcul élémentaire montre que (A;) est aussi vérifie. On explique
maintenant comment le théoréme 23 permet de déduire la non existence de solutions non triviales
pour (OPNc¢) dans £(RY), pour tout

(2max{a — b,a})"/? < ¢ < o0, (1.33)

a condition que a > 0 et que 1'une des deux conditions apparaissant dans (1.32) soit vérifiée.

En fait, puisque la transformée de Fourier de W est

o N 2
W<£>=a+b(%— ) ¢ € R*\{0},

on voit que la courbe I'y . est donnée par une fonction réguliére et on peut donc se restreindre
au cas ou le lemme de Morse s’applique, ce qui fournit 'existence des courbes ’yQic avec lo . =
c?/(2a) — 1. Par contre, I's . est décrit par I'équation

(x% 4+ 42)% + QW(azel +ye3)(x? + %) — Za? = 0. (1.34)

Cependant, (1.34) est une équation algébrique que 'on peut résoudre explicitement et conclure
que les courbes v?fc sont données par

Vao(t) = i\/—tQ —a—2b+ \/6Bt2 + (a4 20)2 + 22,
pour tout || < ¢ — 2(a — b). Par conséquent (As) est satisfait et
l30=—14 (6b+c?)/(2(a + 2b)).
On note que par (1.32), £3 . est une constante positive bien définie et que la condition (1.29), i.e.
(3. = {3, implique que

(¢ = 3a)b = 0.
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1.2. L’équation de Landau—Lifshitz

Le cas b= 0 a déja été traité (voir (1.27)). Si b # 0, on a que ¢ = 3a et donc £, := ly . = l3 . =
1/2. Ensuite, en prenant o1 = 0 et o0 = 03 = 1/2, (1.31) est satisfait et le membre a droite de
I'inégalité (1.30) devient

- (&3 ( ¢2 > ) 3b &3 ( 5%)
b33 (1- 32 ) _ 283 [ 53
ot (lsl? T A A

qui est positif par (1.32). Par conséquent, on conclut du théoréme 23 qu’il n’existe pas de solution
non triviale de (OPNc) dans £(RY), pour a > 0 et b vérifiant (1.32) et (1.33).

1.2 L’équation de Landau—Lifshitz

L’équation de Landau-Lifshitz a été introduite par L. Landau et E. Lifshitz dans [72] pour
décrire la dynamique de 'aimantation dans un milieu ferromagnétique. Elle s’exprime sous la
forme

om +m x Feg(m) =0, m(t,z) €S? teR, z e RY, (1.35)

ou m = (my, mg, ms3) représente le vecteur de densité d’aimantation et Feg est le champ effectif,
c.-a-d. moins le gradient L? de I’énergie

Erp(m) = Ee(m) + Eani(m).

Notons qu'une des particularités essentielles du modéle est la contrainte m(t, z) € S?, qui exprime
que la norme du vecteur m reste constante et unitaire (|m(z,t)] = 1). Les deux termes qui
comprennent ’énergie totale Er; sont I’énergie d’échange :

1

Bem) =5 [ 9wl da.

et I’énergie d’anisotropie :

Fyni (m) = % /]R é(m)d.

Cette derniére dépend du type de milieu qu’on considére (|60, 66]). Les modéles les plus fréquents
sont

é(m) =0, (milieu isotrope), (1.36)
é(m) =1—m2, (milieu anisotrope uniaxial dans la direction e3), (1.37)
é(m) = m3, (milieu anisotrope planaire). (1.38)

En termes de I’équation (1.35), ces densités donnent

om +m x (Am+ Mnge3) =0, m(t,z) €S? t € R, z € RY, (LLy)
ot A =0, A =1et A = —1 correspondent respectivement aux cas (1.36), (1.37), (1.38). De
plus, si m est régulier, en différenciant deux fois la condition |m(t,z)|*> = 1, on vérifie que

m - Am = —|Vm|?, de sorte qu'en prenant le produit vectoriel de m avec ’équation (1.35), on
peut réécrire (1.35) sous la forme

m x Oym = Am + |Vm|*m + A(mses — m3m). (1.39)
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Chapitre 1. Introduction générale

Ainsi, dans les cas d’'un matériel ferromagnétique isotrope (A = 0), on retrouve 1’équation des
Schrodinger maps. Ce type d’équations a été intensivement étudiée en raison de ses applications
dans plusieurs domaines de la physique et des mathématiques. On se reportera a [53] pour un
apercu et & [3| pour quelques résultats récents sur le caractére bien posé du probléme de Cauchy.

En matiére de solutions particuliéres, plusieurs travaux de physiciens montrent 1’existence
de solutions localisées intéressantes, surtout en dimension deux, ot ils trouvent des solutions de
vorticité non triviale. Cependant, il n’y a pas beaucoup de résultats rigoureux d’un point de vue
mathématique. Nous rappelons que pour N = 2, la charge magnétique est définie par

w(v) = (v,01v X Ov).

Ainsi, si v est une fonction d’énergie finie, constante a I'infinie, son degré S? est donné par

d(v) = ﬁ /R2 w(v) dz.

Cette quantité prend des valeurs entiéres qui coincident avec le degré topologique de I'application
voll:S? — S2, ou II se référe a la projection stéréographique par rapport au péle nord (0,0, 1)
(voir [19]). De plus, on a la borne inférieure suivante

Ee(v) > 4r|d(v)], (1.40)

pour tout v € HL (R%*S?)nN HI(IR{Q). Dans le cas isotrope A = 0, un exemple de solutions

loc
d’énergie finie sont les instantons de Belavin-Polokov Q" = (QF, QY, Q%) donnés par

1— (22 +23)"

, nez, 1.41
T+ @ a3 )

Q7 +1Q5 = (x1 +ix2)", Q5 =

de degré d(Q™) = n, pour lesquels I'inégalité (1.40) est atteinte, c.-a-d.
E(Q™) = 4r|n|.

On réferera a [4, 89] pour les détails de ces calculs et & [70] pour d’autres exemples de solutions
statiques explicites dans le cas isotrope.

Lorsque le matériel présente une anisotropie (A # 0), un argument formel du type Derrick—
Pohozaev (]33, 89, 84|) montre que l'existence d’une solution statique v (indépendante de t) en
dimension N > 2 implique que

(N — 2)E.(v) + AN E,(v) = 0.

Cette relation suggére que dans le cas N = 2, I'anisotropie empéche 'existence de solutions
statiques d’énergie finie. En utilisant des méthodes numériques, B. Piette et W. Zakrzewski
([85]) trouvent des ondes solitaires périodiques en temps de degré n € Z pour 1’équation (1.35)
dans le cas N =2 et A = 1. Plus précisément, en coordonnées sphériques

(sin(0) cos(¢), sin(6) sin(¢), cos(0)), 0 € [0, 7], ¢ € [0, 27), (1.42)
elles s’expriment sous la forme
0 =04(r), ¢ =nx—wt+ ¢o, (1.43)
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1.2. L’équation de Landau—Lifshitz

ol 7 et x sont les coordonnées polaires dans R?, et ¢ une fonction quelconque en raison de l'in-
variance de 1’équation par un changement de phase. Plus tard, ce résultat a été rigoureusement
prouvé par S. Gustafson et J. Shatah [55]. D’autre part, X. Pu et B. Guo [88] ont montré que
la présence de 'anisotropie est fondamentale, au sens ou si A = 0, il n’existe pas de solution
d’énergie finie de 'équation (1.35) pour N = 2 sous la forme (1.43).

Dans la présence d’anisotropie planaire (A = —1), l'existence de solutions localisées a été
analysée par N. Papanicolaou et P. N. Spathis dans [83], dans les cas N = 2 et N = 3, en
utilisant des développements formels et des méthodes numériques. Ils cherchaient des ondes
progressives d’énergie finie qui se propagent & vitesse c¢ selon 'axe x1, c.-4-d. qui s’expriment
sous la forme

me(x,t) = u(zy — ct,z2,...,2N),

de fagon qu’elles résolvent
—Au = |Vul?u + u%u — uzes + cu X Oqu. (OPLL,)

Notons que le changement de variable m — —m permet de se réduire au cas ¢ > 0. Dans [83]
ils montrent qu’il existe une branche de solutions de (OPLL,) a symétrie axiale autour de I’axe
x1, pour toute vitesse ¢ € (0,1) et ils conjecturent aussi qu’il n’y a pas de solution non triviale
pour ¢ supérieur ou égal a 1. Méme si ces solutions sont de degré nul (d(u) = 0), elles ont des
secteurs a topologie non triviale. Plus précisément, dans le cas de la dimension deux, dans [83]
les auteurs calculent une vitesse critique ¢* = 0.78 telle que pour ¢ < ¢*, il existe exactement
deux points qu’on appellera tourbillons (ou vortices) ¢* = (£a,0), (a. > 0) tels que uz(qg*) = 1
et |ug| < 1 sur R%\ {¢*}. De plus, loin de ces deux points, u3 est presque nulle et la fonction u
recouvre I’hémisphére supérieur de la sphére S2. D’ailleurs, si on considére la fonction (a valeurs
complexes)

_up taug
w_ 1+’U,3’
on vérifie que ~
L LI 29
AYp+ ——— +icop = ——— (VY - V). 1.44
Vet i = T (Ve V) (1.44)

Cette équation ressemble fortement a 1’équation des ondes progressives de Gross—Pitaevskii
(OPNc). D’autre part, la fonction 1) s’annule sur g% et autour de chaque point ¢& le degré

St de /9| est
1

w + 1 / +
—_ 0B = =41
deg <‘w’7a (q 7/’0)7S 27_[_ BB( i,T‘) aT(b 7

pour r > 0 petit, ou ¢ = ]w\eid’i sur 0B(qT,r) et O, est la dérivée tangentielle. On conclut
qu’aux points ¢ la fonction 1 a deux tourbillons, de degré 1 et —1 chacun.

Pour des vitesses ¢ € (c*, 1), on a que [lus||f®2) < 1 et il n’y a donc pas de tourbillons. En
utilisant la courbe de dispersion de I’énergie en fonction de la premiére composante du moment
vectoriel

) == [ | azutw).

ces solutions sont représentées dans la figure 1.5. En particulier, on voit que la courbe présente
un minimum non nul.

Le cas de la dimension trois est similaire avec une valeur critique ¢* =~ 0,93 telle que les
solutions de (OPLL,) présentent cette fois-ci une structure tourbillonnaire en forme d’anneau
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E E=p
+ 30 /

0 15 30 45 60

Figure 1.5 — Courbe de I’énergie F en fonction du moment p dans le cas de la dimension deux.

(vortez ring) seulement pour ¢ < ¢*. Le dessin de la courbe énergie-moment en dimension trois
ressemble aussi a la figure 1.5.

En comparant ces types de solutions avec les résultats décrits pour les ondes progressives & la
sous-section 1.1.3 pour I’équation de Gross—Pitaevskii, on reconnait le méme type de phénoménes
et les travaux de N. Papanicolaou et P. N. Spathis peuvent étre considérés comme une généralisa-
tion des études de C. A. Jones, S. J. Putterman et P. H. Roberts dans [62, 61]|. Cependant, il est
important de remarquer une différence fondamentale : la courbe de dispersion énergie—-moment
pour I’équation de Gross—Pitaevskii tend vers zéro lorsque p — 0 dans les cas de la dimension
deux (voir la figure 1.2). Un des objectifs principaux du chapitre 5 est précisément d’établir que
la courbe des solutions reste éloignée de 'origine (voir figure 1.5).

Récemment, F. Lin et J. Wei [74] ont prouvé rigoureusement ’existence de solutions d’éner-
gie finie de I'équation (OPLL,), pour ¢ petit en dimension deux et trois, par des arguments
perturbatifs. Une autre approche pour montrer 'existence pourrait étre de considérer le pro-
bléme de minimisation de ’énergie sous la contrainte du moment fixé, comme on en discutera a
la sous-section suivante.

1.3 Etude des ondes progressives de I’équation de Landau—Lifshitz
planaire

Dans le reste de cette introduction nous considérons le probléme des ondes progressives pour
l’équation de Landau—Lifshitz a anisotropie planaire, c.-a-d. les solutions de I’équation (OPLL,).

On note que toute constante dans S! x {0} vérifie (OPLL,), nous les appellerons les solutions
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1.3. Etude des ondes progressives de l’équation de Landau-Lifshitz planaire

triviales de (OPLL,). De plus, on s’intéresse a des solutions d’énergie finie

1 1
E(v) = —/ |Vv|2 + —/ vg < 400,
2 RN 2 RN

donc 'espace naturel associé est

ERYN) ={ve LL.RY,R?) : Vv € L2RY), v € L*(RY), |v| =1 p.p. sur RV},

On remarque que dans le cas N = 1, I’équation (OPLL,.) est complétement intégrable et que
I’on peut calculer les solutions d’énergie finie explicitement de la forme suivante :

Proposition 24 (|79, 81, 91]). Soient N =1, ¢ > 0 et u € E(R) une solution de (OPLL,).
(i) Sic>1, alors u est constante.

(ii) Si0 < c <1, alors u est soit constante dans S* x {0}, soit égale (@ translation de u et
rotation complexe de @ = uy + iug prés) a la fonction

up = csech(v/1—c?x), wy=tanh(v/1—c?x), wuz==+V1-c%sech(v/1—c?x).

De plus, si 0 < ¢ < 1, on a les relations suivantes entre l’énergie E, le moment p et la

vitesse ¢ :
. (D dFE
E(uw)=2v/1-¢2, E :2sm<—> et — = cos(p) = c.
(u) (p) 5 0 (p)
F
E=p

ol /./ ............ :

p

i

Figure 1.6 — Courbe de I’énergie F en fonction du moment p dans le cas de la dimension un.

La figure 1.6 montre I’énergie comme fonction du moment. En particulier, on note qu’il
existe des solutions d’énergie petite, mais qu’il y a une valeur maximale pour ’énergie et pour
le moment, afin d’avoir des solutions non triviales.

1.3.1 Le moment et la courbe minimisante en dimension deux

Le moment vectoriel (en dimension deux) P = (Py, P,) est donné par
Pi(v) = —/ row(v), Po»= / ziw(v), (1.45)
R2 R2
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qui, au moins formellement, est conservé par le flot des solutions de I’équation (1.35). Cependant
P n’est pas bien défini dans £(R?), puisque I'application

v € E(R?) = zow(v) €R

n’est pas nécessairement intégrable. Par contre, si on suppose qu’il existe R = R(u) tel que I'on
a le relevement '
v = vy +ivy = e, sur B(0, R)S, (1.46)

ot o = /v +v3 = /1—v3 et 0,0 € H'(B(0, R)°), il en découle que la vorticité est donnée par

w(v) = —rot(vsVh),

ou rot(f1, f2) = 01 fo — G2 f1. Si on admet que le relévement est valable sur tout R?, en intégrant
formellement par parties, on déduit que

Pl(v) == / 1)3819, PQ(’U) == / 1)3619. (147)
R2 R2
D’autre part, pour j € {1,2},

jo3]|1 — v3|2|9;0) e(v)
(1- HU3H200(R2))1/2 (1 HU3H%00(R2))1/27

lv30;0] <

ou e(v) est la densité d’énergie

_ }(|V03|2

v 2 2
Vol +08) = 3 (75

e(v) = + (1—v§)|V9|2—|—v§).

DN =

On en déduit alors que 'expression pour le moment donné par (1.47) est bien définie lorsque
la fonction a un relévement global. Cependant 'existence de ce relévement est une question de
nature topologique. Cette question est en fait liée au degré S' de I'application

|@<

:0B(0,R) — S*,

¢

lorsque 0/|0] est bien défini. On remarque que ces types de problémes ressemblent a ceux que
I'on a déja rencontrés dans ’étude des ondes progressives pour 1’équation de Gross—Pitaevskii
(voir [7, 77, 10, 31]). Pour pallier & cet inconvénient, nous considérons ’espace

E(R?) = {v € ER?) : IR > 0 t.q. ||vs|| e (B0.1)) < 1}-

et comme on le montrera au chapitre 5, pour tout v € S(RQ), il existe R = R(v) tel que 'on a le
relévement (1.46). De plus, on peut donner une notion de moment généralisé valable pour tout
v € £(R?). D’autre part, on verra que toute solution de (OPLL,.) dans £(R?) appartient aussi a
E(R?), cette définition sera alors suffisamment générale pour énoncer nos résultats.

Une difficulté supplémentaire de la définition du moment est sa non invariance par translation.
En fait, en utilisant la fonction de translation 7, définie par

f()=f(—a), a=(ai,az) €R?

on a pour p= P
p(Teu) = p(u) — dmazd(u).
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1.3. Etude des ondes progressives de l’équation de Landau-Lifshitz planaire

Cependant, les ondes progressives trouvées par N. Papanicolaou et P. N. Spathis dans [83] sont
de degré zéro (d(u) = 0), donc on pourrait se restreindre a ce type de solutions.

En outre, au moins formellement, une méthode possible pour construire une solution u €
E(R?) pour (OPLL,.), avec un moment prescrit p(u) = Pi(u) = p, est de considérer le probléme
de minimisation

inf {E(v) : v € ER?), p(v) = p}.

Néanmoins, de fagon similaire a (1.40), on a que
inf {E(v) :v € ER?), d(v) # 0} = 4m, (1.48)

ce qui montre que des solutions avec grande énergie ne pourraient étre obtenues en considérant
des fonctions de degré non nul. Pour ces raisons, on étudiera la courbe minimisante

E2(p) =inf {E(v) 1 v € ER?), p(v) =p, d(v) = 0}.
Au chapitre 5, on montrera les résultats suivants.

Théoréme 25. La fonction p — E°

i (D) est concave, croissante et Lipschitz continue. De plus,

|Egun(p) - Egun(q” < |p - q|’
pour tout p,q > 0. En particulier
Eronln(p) S P, pour tout p> Oa

et Uapplication Z(p) := p — p — E°._(p) est continue, conveze et croissante sur R,. En particu-
lier, il existe po > 0 tel que Z(p) = 0, pour tout p < pg. De plus, si 0 < p < po, alors E. (p) =p
et linfimum n’est pas atteint.

Proposition 26. Soit p > 0. Supposons que EO. (p) est atteint pour une fonction up. Alors uy
est une solution réguliere de l’équation (OPLL,) a vitesse ¢ = c(uyp) qui vérifie

0<£(EO (1) < < )<d—_(E0 (p) <1
_dp minlJ —Cup—dp min‘J = 5

o d¥ /dp et d~ /dp désignent les dérivées latérales.

Le théoréeme 25 et la proposition 26 concordent parfaitement avec les résultats dans [83] et
la figure 1.5. Ainsi, ils sont un premier pas pour essayer d’établir I'existence d’ondes progressives
de maniére variationnelle. Un de nos résultats principaux (voir théoréme 31) a pour conséquence
le théoréme 32 qui établit que la courbe minimisante n’atteint pas son infimum proche de p = 0.
Cela justifie que la courbe des solutions de la figure 1.5 est loin de l'origine, une différence trés
importante par rapport aux solutions de I’équation de Gross-Pitaevskii en dimension deux T (voir
figure 1.2).

t. mais trés similaire a la situation rencontrée en dimension supérieure a trois
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1.3.2 Remarques sur la régularité

Dans I’étude des propriétés générales de ’équation (OPLL.), le premier probléme est la
régularité des solutions d’énergie finie. A premiére vue, on note que l’équation de Landau-
Lifshitz est beaucoup moins régularisante que I’équation de Gross—Pitaevskii. De plus, le terme
en gradient carré dans I’équation (OPLL.) nous empéche d’invoquer les estimations habituelles
de régularité elliptique. Toutefois, certains éléments de la théorie des applications harmoniques
(voir par exemple [58]) peuvent étre adaptés pour traiter cette équation en dimension deux et
obtenir le résultat suivant :

Proposition 27. Soient ¢ > 0 et u € E(R?) une solution de (OPLL,). Alorsu € C™(R?)NE(R?).
De plus, il existe des constantes eg > 0 et K(eg) > 0 telles que si E(u) < g, alors

sl e ) + IVl 2y < K(20) (1 + ) E(u) /2.

Cependant en dimension supérieure ou égale a trois, la question de la régularité est beaucoup
plus difficile. Par exemple, si ’on considére I’équation des applications harmoniques

—Av = |Vv|2v, dans B(0,1) C ]RN, veS? (1.49)

on trouve que pour N = 3 la fonction v(z) = z/|x| € S? est une solution d’énergie finie dis-
continue a l'origine. De plus, T. Riviére [90] a construit des solutions d’énergie finie de (1.49)
presque partout discontinues, pour tout N > 3. Pour cette raison, pour établir nos résultats en
dimension N > 3, on supposera que les solutions appartiennent & '’ensemble £(RY) N UC(RY),
ott UC(RY) dénote I'ensemble de fonctions uniformément continues. Sous cette hypothése, un
résultat classique (voir [16, 69, 64, 80]) implique que u est en fait réguliére. Plus précisément, on
peut établir que :

Lemme 28. Soient N > 3, ¢ > 0 et u € ERM) N UCRYN) une solution de (OPLL.). Donc
u € C®RV)NERYN). De plus, si N € {3,4} et c € [0,1], il existe g9, K, > 0, indépendants
de u et c, tel que si E(u) < &g, alors

[usl oo vy + IVl oo vy < KE(u)®.

On remarque que la proposition 27 et le lemme 28 constituent une étape préliminaire vers la
preuve des résultats de non existence énoncés a la sous-section suivante.

1.3.3 Reésultats de non existence et comportement a I’infini

Notre résultat principal est dans le méme esprit que le théoréme 18. Plus précisément, on
montre I'existence d’une borne inférieure pour I’énergie en dimension N > 2, ce qui implique la
non existence d’ondes progressives non triviales d’énergie petite.

Théoréme 29. Soit N € {3,4}. Il existe une constante p > 0 telle que, pour toute solution non
triviale u € E(R?) N UC(R?) de (OPLL,.) avec c € (0,1], on a

E(u) > p.

En particulier, il n’existe pas de solution non triviale d’énergie petite de (OPLL.) de vitesse
ce (0,1].
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1.3. Etude des ondes progressives de l’équation de Landau-Lifshitz planaire

Comme il a été remarqué dans [56], en dimension deux il n’y a pas d’onde progressive réguliére
d’énergie finie de vitesse ¢ = 0. Plus généralement, on a la proposition suivante pour les ondes
statiques.

Proposition 30. Soient N > 2 et u € E(RY) une solution de (OPLL.) avec ¢ = 0. On admet
aussi que u € UC(RYN) si N > 3. Alors u est une solution triviale.

Dans le cas de la dimension deux, le probléme de la non existence est plus délicat et pour
I’établir on a besoin que ’énergie soit petite et inférieure ou égale au moment.

Théoréme 31. Soit M > 0. Il existe une constante kp; > 0 telle que pour toute solution non
triviale u € E(R?) de (OPLL,), avec ¢ € (0,1) et satisfaisant E(u) < p(u) + M(1 —c?), on a

E(u) > K)M-

En particulier, en prenant M = 0, on déduit qu’il n’existe pas de solution non triviale de (OPLL,)
de vitesse ¢ € (0,1) telle que son énergie soit petite et inférieure ou égale G son moment.

Bien que la condition E(u) < p(u) restreigne ’ensemble des solutions pour lequel le théoréme
précédent est valable, il est suffisant pour établir le théoréme suivant qui établit la non existence
de solutions minimisantes données par la courbe E?, (p).

Théoréme 32. Soit kg > 0 la constante donnée par le théoréeme 31 avec M = 0. Alors pour tout
p € (0,K0), Uinfimum du probléeme de minimisation associé a EO. (p) n’est pas atteint.

min

Par ailleurs, méme si on ne peut pas montrer que la condition E(u) < p(u) + M(1 — c?) est
toujours satisfaite, en général on a l’estimation & priori suivante :

Proposition 33. Soient c € (0,1) et u € E(R?) une solution de (OPLL,). Alors pour tout ¢ > 0,
il existe £ > 0 tel que si E(u) <&, on a

E(u) < (1+&)p(u).

Un des points clé dans notre étude de 1’équation de Landau-Lifshitz est le fait que si
[usl oo mny < 1, alors ug satisfait 'équation

AQU;J, — Aus + 02({9171213 = -—-AF + Cal(div G), (1.50)

ou G = (G1,...Gn) = u1Vuy — ugVuy et F = 2e(u)ug + ¢G;. Dans le cas général on peut
établir une équation similaire en introduisant une fonction de troncature. On note que 'opérateur
différentiel

A? — A+ 0231,1

est elliptique si et seulement si ¢ < 1, ce qui montre que la valeur ¢ = 1 est critique pour
I'équation (OPLL,).

Comme on le détaillera au chapitre 5, & partir de (1.50) on obtient
N
uz = EC*F—CZECJ*GJ’,
j=1
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ou )
a i o &
Le= 7 5 a0 Loi = 7 2 _ 2¢2°
S + €17 — € S + €17 — &
Une identité similaire est vérifiée par VO. En utilisant ces équations, les arguments donnés dans
[15, 28, 48, 51] nous permettent d’obtenir une décroissance algébrique pour les solutions de vitesse
ce (0,1).

(1.51)

En outre, puisque les noyaux dans (1.51) sont les mémes que ceux qui apparaissent dans
I’étude de ’équation de Gross—Pitaevskii, & condition de prouver une certaine décroissance algé-
brique des solutions de (OPLL,) (voir corollaire 5.7.2), on peut appliquer la théorie développée
dans [48] et conclure la proposition suivante.

Proposition 34. Soient N > 3, c € (0,1) et u € E(RY) une solution de (OPLL.). On admet
aussi que u € UC(RN) si N > 3. Alors il eviste R(u) > 0 tel que

K(c,u)
. < flou)
)| + [V0(a)| + V)| < 720
K(c,u)
D? D*u(z)| < ————
|Vus(x)| + |[D0(x)| + |Du(zx)| < 1+ [g[N+D
K(c,u)
D? < ——5
| D ug ()| < 1+ |z|N+2

pour tout x € B(0, R(u))°.

Finalement, en utilisant ces estimations et les arguments [51], on peut calculer précisément
la limite & I'infini de ces solutions comme suit.

Théoréme 35. Soient N > 2, c € (0,1) et u € ERY) une solution de (OPLL.). On admet
aussi que u € UC(RYN) si N > 3. Alors il eviste une constante \oo € C et deuz fonctions
lioos Us,co € C(SVNTLR) telles que

12[¥ "1 (@(2) = Aoo) — iAaofing (%) 0,

z
|x|NU3(az) — U300 <m> — 0,

uniformément lorsque |z| — oo. De plus, en supposant sans perte de généralité que Aoo =1, on
a

oo N Bio
1 ! i0j
Uoo(0) = + ,
ST By
N
1 NU% 010
u37 (O-) = ac - _NC IB ,
N <<1—02+c%%)% <1—c2+c202)N2“> jZQ 1@t 2ot)s
pour tout o = (o1,...,0n) € SN71, on
r& _
= (?v) (1 _CQ)TS <20/ e(u)us dr — (1 —02) G1(x) dw) ,
272 RN RN
r& _
Bj=— (?v) (1- 62)% Gj(x)dx
27‘(’3 RN
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Chapter 2

Nonexistence for travelling waves with
small energy for the Gross—Pitaevskii
equation in dimension N > 3

Abstract

We prove that the Ginzburg-Landau energy of non-constant travelling waves of the Gross—
Pitaevskii equation has a lower positive bound, depending only on the dimension, in any dimen-
sion larger or equal to three. In particular, we conclude that there are no nonconstant travelling
waves with small energy.

Résumé

Non existence pour les ondes progressives d’énergie petite pour I’équation de
Gross—Pitaevskii en dimension N > 3. On démontre que ’énergie de Ginzburg-Landau
des ondes progressives non constantes de I’équation de Gross—Pitaevskii est bornée inférieurement
par une constante positive qui ne dépend que de la dimension, pour toute dimension supérieure
ou égale a trois. En particulier, on en déduit qu’il n’existe pas d’onde progressive non constante
d’énergie petite.

2.1 Version frangaise abrégée

On s’intéresse aux ondes progressives non constantes d’énergie finie pour ’équation de Gross-

Pitaevskii
i0,¥ = AU + U (1 — |¥)?) dans RY x R,

en dimension N > 3. Les ondes progressives pour cette équation sont des solutions de la forme
U(z,t) =v(xy —ct,zy), x, =(x2,...,ZN),
ou la fonction v vérifie I’équation

icoyw + Av +v(1 — [v]?) = 0 dans RV, (2.1.1)
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Chapter 2. Nonexistence for travelling waves with small energy for the GP equation

Grace aux résultats de Gravejat [47], on peut supposer que la vitesse ¢ de 'onde progressive
est telle que 0 < ¢ < v/2. Le Hamiltonien associé a (2.1.1) est 'énergie de Ginzburg-Landau

donnée par
1 1
B =5 [ Vel [ =P
2 ]RN 4 RN

Tarquini a montré dans [99] l'existence d’une valeur minimale £(N,c) pour l'énergie de
Ginzburg-Landau des ondes progressives, qui ne dépend que de la dimension N et de la vitesse
¢, ce qui implique que les seules solutions possibles de (2.1.1) de vitesse ¢ avec une énergie plus
petite que (N, c) sont les constantes. Béthuel, Gravejat et Saut [8] ont amélioré ce résultat en
dimension trois, en démontrant qu’il existe une énergie minimale £ indépendante de c. Dans cet
article on montre qu’il est possible d’étendre ce dernier résultat pour toute dimension N > 3.
Plus précisément,

Théoréme 2.1.1. Soit N > 3. Il existe une constante positive E(N), qui ne dépend que de N,
telle que pour toute solution non constante v de (2.1.1), on ait

E(v) > E(N).

En particulier, il n’existe pas de solution non constante pour (2.1.1) d’énergie petite.

2.2 Introduction

The Gross—Pitaevskii equation
100 = AU + U(1 — |¥[?) on RN x R,

whose Hamiltonian is the Ginzburg—Landau energy given by

1 1
B =5 [ VP [ v

appears as a relevant model in several areas of physics: superfluidity, superconductivity, nonlinear
optics and the Bose-Einstein condensation (see e.g. [52, 62, 61, 86]). In this work, we investigate
the energy of travelling waves to this equation, i.e. solutions of the form

\I}(I',t) :U(I'l—ct,xj_), r| = (1'2,...,1']\[)-

Here, the parameter ¢ € R corresponds to the speed of the travelling waves. Using complex
conjugation, we may restrict to the case ¢ > 0. The equation for the profile v is given by

icorw + Av +v(1 — [v]?) = 0 on RY. (2.2.1)

2.3 Main result

A result of Tarquini [99] states that there exists a minimal value £(NV,¢) for the Ginzburg-
Landau energy of travelling waves, depending only on /N and c¢. This lower bound for the energy
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2.4. Proof of main result

functional implies that nonconstant finite energy solutions of (2.2.1) of sufficiently small energy,
with respect to their speed, are excluded in dimension N > 2. Furthermore

E(N,c) -0 as c¢— V2

This result has been recently improved by Béthuel, Gravejat and Saut [8] in dimension three,
proving that there exists some universal positive bound for the energy functional for nonconstant
travelling waves.

Our aim is to extend the result of Béthuel, Gravejat and Saut [8] in any dimension larger than
three, and therefore also to improve the nonexistence theorem of Tarquini [99]. More precisely,
our main result is

Theorem 2.3.1. Let N > 3. There exists some positive constant E(N), depending only on N,
such that any nonconstant finite energy solution v of (2.2.1) satisfies

E(v) > E(N).

In particular, there are no nonconstant solutions of (2.2.1) with small energy.

2.4 Proof of main result

In dimension N > 3, it follows from [47] that the speed of nonconstant finite energy solutions
of (2.2.1) satisfy 0 < ¢ < v/2. From Lemma 3 in [99], we deduce that

1
1= o[l oo vy < K (N)E(v) @0,

where K(N) is a positive constant, depending only on N. Therefore, choosing a possibly smaller
constant £(V), we may assume that v satisfies

inf{|o(z)],z € RN} > % (2.4.1)

We recall that v is a smooth function (see e.g. [35]), and then in view of (2.4.1), v may be
expressed as v = pe’®, where p and ¢ are scalar functions, and ¢ is defined modulo a multiple
of 27. Defining also the quantity n = 1 — p?, we have

A%y —2An 4 20in = —2A(|Vo]? + 177 — endip) — 2¢0 div(nV). (2.4.2)
Applying the Fourier transform to (2.4.2), we obtain
7€) = L) F(5), (2.4.3)
where
F(€) = 2Ry (¢ QCZ |£|2 )+ 2¢ Z Efg R;( (2.4.4)

€2
€14+ 2/¢]7 — 26}

Le(§) = (2.4.5)

Now we recall two results of Béthuel, Gravejat and Saut. The first one corresponds to Lemma
2.9 in [8], and the second one is an immediate extension to RY of some part of the argument
used in Lemma 2.15 (see inequality (2.65) in [8]).
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Lemma 2.4.1. Let v be a nonconstant finite energy solution to (2.2.1) satisfying (2.4.1). Then,

B(v) < 7¢ nll3 gy

Lemma 2.4.2. For any 1 < q < 00, there exists a positive constant K(N,q), depending only on
N and q, such that

1
1F | Loy < K(N,q)E(v)s.

We denote L. the operator given by
Lo(f)=Lcf, VfeSRY).
We recall that in the case that there exists a constant K such that

[Le(P)la@yy < Kl fll L@y

L. is called a Fourier multiplier from LP to L?. We notice that identity (2.4.3) implies that n
is the value of the multiplier operator associated to L., evaluated in the function F' given by
(2.4.4), that is

L.(F)=n. (2.4.6)

In order to complete the proof of Theorem 2.3.1, we need the following lemma, whose proof
we postpone to the next section.

Lemma 2.4.3. Let ¢ € (0,V2]. For any 532~ < a < % and 2= < ¢ < 00, L. given by (2.4.5)

is a Fourier multiplier from LP to L9, with * = L + . More precisely, there exists a positive
constant K (N, «,q), depending only on N, « and q, such that

I£e(H)lLa@ny < KN, @, @) fllo@n)s Vf € LPRY). (2.4.7)

In view of (2.4.6), applying Lemma 2.4.3, with

2
CTON 1

and ¢ =2,
we deduce that there exists a positive constant K (N), depending only on N, such that

Il z2@yy < KNI 2ev-0 - (2.4.8)

L 2NF3 (RN)

Combining Lemma 2.4.1, Lemma 2.4.2 and (2.4.8), we conclude that

2N+3

E(v) <TE||nl|72@ny < 7K (N)E(v) 21, (2.4.9)

1-2

Since ¢ € (0,/2], inequality (2.4.9) implies that F(v) > (14K (N)) 4N, which finishes the proof
of Theorem 2.3.1.
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2.5 Proof of Lemma 2.4.3

Here we use the standard multi-index notation, i.e. if k = (ky,..., ky) € NV, € = (&,...,¢N) €
k k N N k;j
RN then D¥ = Og) Oy |kl = 32521 kj and ¢k = | J R

Lemma 2.5.1. Let ¢ € (0,v/2]. For any k = (k1,...,kn) € {0,1}Y, m = |k|, 1 <m < N, L.
is a smooth function on RN\{0} and

gk
(1€]* + 2% — &)+

DFL.(€) = P (€%, 60), (2.5.1)

where Py, . 1s a two-variable polynomial of degree m + 1. More precisely, for x,y € R,

m
Poo(7,9) = Y (c)2™ ! + Z Ymyij (€)' Yy, (2.5.2)
=
1<t j<m

where {’Ym,i,j}’[f}:l and Y, are polynomial functions of the variable c¢. Furthermore, in the case
k1 =1, setting aum = Ym,1,0, Bm = Ym,0,1 and

am () + Bm(c)

Am(€) = 2 — 2 ’
we have
am(c) = (1) F122m=1(m )12, (2.5.3)
Bm(c) = (=1)"+122m2(m — 1)1e* (*(n — 1) — 2n) , (2.5.4)
Am(c) = (=1)™122m=2 (1 — 1)!(m — 1)c2. (2.5.5)

In particular, Ay, is a well defined and bounded function on (0, \/5)

Proof. The differentiability of L. is immediate. The case m = 1 is checked explicitly, since we
have

2&;

OLel®) = e aep — ey

(= lel* = ¢ + o ilel?). (2:5.6)

We fix now m, with 1 < m < N. Let us suppose that (2.5.1) and (2.5.2) are valid for
some 1 < n < m. We take any r = (r1,...,rny) € {0,1}" such that |r| = n + 1 and define
j* =max{l < j < N | r; = 1}. Then j* > 1, and we consider 7 = (71,...,7n) € {0,1}"¥ given
by 7 = rj(1 — & ;+), 4,5 € {1,..., N}. Therefore, |F| = n and we have,

57"
(1€]* + 21¢]? — e263)+2

D Le(€) = 0 (971052 ... O} L) (6) = Porrc(€2,6D),  (257)

where
Poi1,c(€17,€3) = 20. P c (1613 €D (1] + 21€° — *€7) — (n+ 1) (41> + 4) P (1%, 7).
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Using this inductive argument, we conclude the first part of the lemma, that is, identities (2.5.1)
and (2.5.2). In order to deduce, in the case k; = 1, that the coefficients of lower terms are
explicitly given by (2.5.3) and (2.5.4), we use the same inductive argument but we replace the
polynomial expression (2.5.7) by the following one

n+1

Pn-i-l,c(xy y) g"t? + Z 'Yn,z,] x y - 4nan(c)m - (2020%(0) + 4(” + 1)5n(c))ya

i,j=0
2<i+j<n

for some {¥n;};'j=1, ¥n, polynomial functions of the variable c. The formulas (2.5.3) and

(2.5.4) allow us to finish the induction. Finally we notice that identity (2.5.5) is an immediate
consequence of (2.5.3) and (2.5.4). O

An important property that follows from identities (2.5.3)-(2.5.5) is that for small values of
&, we may compute an explicit bound for P, ., that is

Lemma 2.5.2. For any c € [0,v/2] and 0 < |[¢| <1, k = (1,k,...,ky), m = |k|, we have

| P (€17, 60)] < K(N)(I€]* + 21¢* — 2€7),

where K(N) is a positive constant depending only on N.

Proof. The only delicate terms of P, . to estimate are the ones associated to |£ > and €2, this is
m(€)[€]? + Bm(c)€2. Indeed, the other terms of P, .(|€|%,£7) are easily bounded by K (N)|¢|4,
for some constant K (N) depending only on N. For example,

1
m1 (Q)IEF 1] < 5”’Ym@,lHLoo[o,\/i](G1 +IE[) < K(N)E < K(N)(IE]* + 217 - *¢7),

where we used that the L°-norm in [0, v/2] of the functions 7, ;. ; only depends on the dimension.
Next we derive the bound for ay,(c)|¢|* + Bm(c)&2. Denoting £ = ro, where 0 < r < 1 and
o = (01,01) € S¥71 this is equivalent to prove that

3K > 0,Ve € [0,V2], Yo, € [0,1], Vr € (0,1], |am(c) + 02Bm(c)| < K(r? +2 — ?0?). (2.5.8)
Using the continuity of a,,, and f,,, inequality (2.5.8) automatically follows from
3K >0, Ve e [0,v2), Vp € [0,1], |am(c) + pBm(c)| < K(2—?p). (2.5.9)

We shall prove (2.5.9) arguing by contradiction. If (2.5.9) were false, there would exist sequences

K, = 00, ¢, €[0,V2), ¢, =€ [0,V2], pp — p€[0,1], (2.5.10)
such that
|otm (¢n) + prBm(cn)| > Kn(2 — 2 pp) > 0. (2.5.11)
In particular,
2 _ 2
lim “nfn = 0. (2.5.12)

n—00 ‘Oém(Cn) + pnﬁm(cn)‘
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From the continuity of o, and f3,,, the denominator in (2.5.12) is bounded, so that (2.5.12)
implies @p = 2, and hence ¢ = v/2 and p = 1. Setting ¢, =1 — p,, and s, = 57y, We write

2 —c2py, _ 1+ spc2 (2.5.13)
latm (en) + pnBm(cn)| | Am(cn) — Snﬁm(cn” o

Passing possibly to a subsequence, s, — §, with § € [0, 00]. We note from Lemma 2.5.1 that S,
and A, are bounded functions of ¢. If § € [0,00), we take the limit in (2.5.13), so that in view
of (2.5.12), we deduce that 5 = —%, which is a contradiction. We may handle the case 5 = oo in
a similar way, with the difference that we first divide the numerator and the denominator of the
r.h.s. of (2.5.13) by s,,. Then passing to the limit, we deduce that ¢ = 0, which gives us again a
contradiction. O

Now we are able to deduce a uniform bound (with respect to the speed) for L..

Proposition 2.5.1. Let ¢ € (0,v/2] and k = (k1, ks, ..., kn) € {0,1}V, with |k| < N. Then for
any [§| =1,

K(N
IDPLe(€)] < 7\§!|(’“+)2’ (2.5.14)
and for any 0 < [§| < 1,
k
DL € e e Lt (1= k)IER + Rl + 24P~ E€), (25.19)

(1€]* + 21¢[* — c2€7)

where K(N) is a constant depending only on N.

Proof. From (2.5.1) and (2.5.2), with m = |k|, we conclude that for any |{| > 1,
[DPL(O)] < KNI P o (€], €1)] < K (N)Jg| 2~ g2,

which proves (2.5.14). To derive (2.5.15), we note that in view of (2.5.1), it is enough to prove
that for any 0 < |£] < 1,

|Prc (€1, 60| < K(N)((1 = ka)[€]* + ka(l€]* + 20¢]* — €€7)). (2.5.16)

If k1 = 0, inequality (2.5.16) is trivial. In the case k1 = 1, this bound corresponds exactly to
Lemma 2.5.2. O

Proof of Lemma 2.4.3. Firstly, we notice that the condition N > 3 implies 0 < a < 1, so that

the set of valid pairs p > 1 and ¢ > 1 is not empty. From Proposition 2.5.1 we conclude that,
for any ‘5’ > 17 k= (k17"'7kN) € {071}N7 ’k‘ < N7

N
[Tl [prLe)] < S0 < k), (25.17)
j=1

=l =
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provided that a < %, for some constant K (N) depending only on N. On the other hand, if

0< ¢ <1, weset & =ro, withr >0and o = (01,0,) € S¥~L. Then we have that |¢;| < r|o |,
for any j € {2,..., N}, and also that

[€* + 21 = ¢t = r2(r* + 207),
for any ¢ € (0,/2]. From (2.5.15), we conclude that

N
H ’é‘j‘a’"'k?j

J=1

P2k kit ) taN | | a(N=1)+2(k| k1)

r2(F =R (12 4 262 )H=Fit1

DEL(¢)| < K(N)

< K(N)max{r, o, [}*@N=D=2 < K(N), (2.5.18)
for any k = (k1,...,kn) € {0,1}", |k| < N, on condition that @ > 72—.
Finally, from (2.5.17) and (2.5.18) we have that for every 72— < a < £,
Sup{’fflJra e ngJraDkLC(f)’v § € RN\{O}7 ke {07 1}N7 ‘k’ < N} < K(N)7

and therefore Lemma 2.4.3 is now an immediate consequence of Lizorkin’s multiplier theorem
(see e.g. [75] and Theorem A.1). O

2.6 Appendix: Fourier multipliers and the Lizorkin theorem

In this appendix we recall some facts of Fourier multipliers and we give a sketch of the proof
of the Lizorkin theorem.

For m € S'(RY), we define the operator M by
M(f) =mf, vfeS®Y), (A1)

where S(RY) is the Schwartz space and S’(R") is the space of tempered distributions. We note
that (A.1) can also be recast in the form of the convolution equation

Mf=gxf, VfeSRY),
where m = 3.

In the case that there exist K > 0 and 1 < p < ¢ < oo such that
[IM(F)lpaeny < Kl fllpny, Vf € S(RY), (A.2)

we say that m is an (LP, L9)-multiplier and M is its associated (LP, L9)-multiplier operator. If
p = q, we just say LP-multiplier and LP-multiplier operator, respectively. We observe that if m is
an (LP, LY)-multiplier, with ¢ < 0o, then M has a unique bounded extension to LP(R"), which
also satisfies (A.2). The smallest constant K satisfying (A.2) will be denoted || M|, q-

For example, in the case p = ¢ = 2, we have that m is an L%-multiplier if and only if
m € L®(RY). In fact, if m is an L?-multiplier, then for every f € L2(RN), Mf € L*(RY) and
by the Plancherel theorem,

HmeLQ(]RN) = (2m)> HM(f)HLQ(RN) < (2m)2 HMHZ?HJCHL?(RN) = HMHQ,ZHJCHLQ(]RN)-
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Since the Fourier transform is an isomorphism in L?(RY), we conclude that
Imfllz@ny < IMll22llfllz@y),  Vf e L2RY).

Therefore m belongs to L2(RY), and |m(¢)| < ||M|l22 a.e. on RY. On the other hand, if
Im(§)| < C a.e., by the Plancherel Theorem,

IMF)ll 2 @ny = Imfllz@ny < Cllfllz@yy = CllF 2@
By definition, this means that ||[M|l22 < C.

As an example of multiplier, we consider the function

m(§) = vé € R\ {0}, (A.3)
From the Riesz potential theory (see e.g. [98]), we have that m is an LP-multiplier, for any
1 < p < co. This result can also be deduced from following theorem due to Lizorkin.

Theorem A.1 (75, 76]). Let m € CN(RV\{0}), 1 < p < q¢ < oo and suppose that exists M > 0
such that
sup{|¢7* - e TUDMm(€)] - £ e RVA{0}, ke {011V} < M, (A4)

where o = 1 — %. Then m is an (LP, L?)-multiplier. Moreover, there exists a constant K > 0,

depending only on N,p and q, such that
[Mllp,g < KM.

For the sake of completeness, we give the sketch of the proof given in [75] and [76].

Proof. The basic idea is to decompose m in dyadic regions and then express m as the integral
of a potential in each one. For this representation, we finally prove that m is a multiplier in
adequate spaces.

Let us first recall some elementary facts. Given f € C°(RY) and n = (n1,...,ny) € ZV we
set

Up={¢cRV |27 <|¢f < 2%t j=1,...,N}.

Then
F=>" fu
nezZN
where R
fu(z) = f_l(lnf)- (A.5)

Here F~! denotes the inverse of the Fourier transform and 1, is the characteristic function of
the set U,,. For 1 < p < oo, we define the space L} (RM) as the closure of compact supported
functions with respect to the norm

gy = | [ | 2 @) aa

nezZN

We recall that L5 (RY) is a Banach space and that by the Littlewood-Paley theorem (Theorem A.2
below), it coincides with the space LP(RY), with equivalence of norms.
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Theorem A.2 ([94]). Let 1 < p < oo and f € LP(RY). Then there exist constants c; and cz,
independent of f, such that

allfllce@yy < I fllz@yy < c2llfllze@ny)-

Going back to the prove of Theorem A.1, the first step is to decompose the operator M as
M = A3A5Aq, acting according to the following scheme

LPRYN) A pp®RN) 22 LyRN), A LaRY)
where for all n € ZV,
(A1) = FH(F1n), -
(A2(g))n = F~(mgaly),
for all g = (gn)nezn € LH(RY), and

A3(g) =F! Z Gn

neZN

The map A; is bounded by Theorem A.2. We also have that A;(LP(RY)) is a subspace of
LE(RY) and it contains the functions (gy), ez for which g, vanishes outside U,,. We also notice
that Theorem A.2 implies the continuity of the map Ag : Az Ay (LP(RY)) — L4(RY). To prove
the continuity of Ay, we assume for simplicity that p < q. We will give several lemmas proved
in [75] that yield the conclusion and we only give some remarks about their proofs.

Lemma A.3. For any n € ZY, there exists a bounded variation function p, such that

L [ pn(n)dn
mal©) =mn ) = [ [ L, (A6
and

dan pu(©) = [ Il < e (A7)

for some constant ¢ > 0, independent of m, n and M.

Proof idea. The integral equation (A.6) can be explicitly solved using the Fourier transform,

resulting
N

1
Pn =C Hfl——a * Ogy.gn M,
j=15j

where the last derivate is considered in a distributional sense. From here, using (A.4), it is
straightforward to verify (A.7). O

Now we explain how to obtain the bounds for some intermediate multipliers.

Lemma A.4. Let 1 <p < q<oo. Then
N 1
(@ = [ 0] s
: RN ]1_[1 |z —y;|t
is an (LP, L?)-multiplier operator.
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Proof. The case N = 1 is the Hardy-Littlewood-Sobolev theorem (see e.g. [98]). The general
case follows from an inductive argument. O

In terms of the Fourier transform, the operator I, can be expressed as

1. (&) H!é‘ ’a ), VYfeSRM).
J

Similarly, for = (91, ...,n5) € RV, we consider the operator Ja,y given by

Taad ©) = (€=m7F(©), VfeSE®Y),
where (-)4 is the function z; = max{0,z}, Vo € R. Then we have
Lemma A.5. Let 1l < p < q < o0, a= % — L1 neRN and f € LP(RN). Then Ju, is an
(LP, L9)-multiplier operator.
Now we return to the terms of type (A.6).
Lemma A.6. Let 1 <p < q< oo and

O [ f et 9

where p is a bounded variation function, with

var_p(€) = /R Jomldn < M, (A.9)

EERN

then m is an-(LP, L) multiplier. Moreover the respective multiplier operator M satisfies
[Mllp.qg < M,

for some constant ¢ > 0 independent of M.

Proof. From the definition of M,
1

~

Mf(z) = m(€) f(€)e™dg

N N

2

2
%\ﬁ;\%\

z

< | E=miteln )dn) fle)ered
(

/R N i3 ix'5d£> p(n)dn
- / () (@)pm)dn

Then, using the Minkowski inequality, we have

1M iy < [ e Pllagen otmlan,
so that, by Lemma A.5 and (A.9),

[MFlla@ny < M| Japllpgll e @y,
which finishes the proof. U
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In the case of a function f = (f,,),cz~ in LH(RY), the Fourier transform is understood in the
sense

= (Fa)nezv,

and the convolution with a distribution h € S’(RY) as

hxf=(h* fp)pezn.

In this manner,

Bk = hf = (hfu) ez

and hence it is possible to give an L) — LI version of Lemma A.6. Furthermore, it could be
extended to a family of multipliers given by a family of bounded variation functions.

Lemma A.7. Let 1 <p < q< o0 and

A pn(n)dn N
m"“)‘/w /oo<sl—m>i---<5N—nN>i’ ner

where p, are bounded variation functions satisfying

sup var < M.
Sup e pn(§) <

Then my, is an (L, L1)-multiplier, in the sense that the operator M, defined by

M, (f) =mf, Vfe L5RN)

satisfies
M () gy < M Vfe LERY).

From Lemmas A.3 and A.7, we conclude that A is continous and then the proof of Theo-
rem A.1l is completed. O
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Chapter 3

(Global well-posedness for a nonlocal
Gross-Pitaevskil equation with
non-zero condition at infinity

Abstract

We study the Gross-Pitaevskii equation involving a nonlocal interaction potential. Our aim is
to give sufficient conditions that cover a variety of nonlocal interactions such that the associated
Cauchy problem is globally well-posed with non-zero boundary condition at infinity, in any di-
mension. We focus on even potentials that are positive definite or positive tempered distributions.
Keywords Nonlocal Schrédinger equation; Gross-Pitaevskii equation; Global well-posedness;
Initial value problem.

Mathematics Subject Classification 35Q55; 35A05; 37K05; 35Q40; 81Q99.

3.1 Introduction

3.1.1 The problem

In order to describe the kinetic of a weakly interacting Bose gas of bosons of mass m, Gross
[52] and Pitaevskii [86] derived in the Hartree approximation, that the wavefunction ¥ governing
the condensate satisfies

h2
ihOy U (z,t) = —%A\I/(x,t) + U(z,t) /N]\If(y,t)\QV(x —y)dy, on RY x R, (3.1.1)
R

where N is the space dimension and V describes the interaction between bosons. In the most
typical first approximation, V is considered as a Dirac delta function, which leads to the standard
local Gross-Pitaevskii equation. This local model with non-vanishing condition at infinity has

43



Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

been intensively used, due to its application in various areas of physics, such as superfluidity,
nonlinear optics and Bose-Einstein condensation [62, 61, 65, 26]. It seems then natural to analyze
the equation (3.1.1) for more general interactions. Indeed, in the study of superfluidity, super-
solids and Bose-Einstein condensation, different types of nonlocal potentials have been proposed

6, 32, 96, 87, 63, 1, 103, 27, 23).

To obtain a dimensionless equation, we take the average energy level per unit mass & of a

boson, and we set
im&ot
P(z,t) = exp <th0 > U(z,t).

Then (3.1.1) turns into
, h? 2
ih0u (2. 0) = —5 - A, ) — mEi(e0) + 6(et) [ W@ OPVE-pdy. (312)
RN

Defining the rescaling

N
2

] R A G
T AWmE \V2m2E, 2m2&, m& )’

from (3.1.2) we deduce that

iOwu(z,t) + Au(x,t) + u(x,t) <1 —\? /RN]u(y,t)IQV(x —v) dy) =0,

If we assume that the convolution between V and a constant is well-defined and equal to a
positive constant, choosing A% = (V * 1)~1, equation (3.1.2) is equivalent to

with

i + Au+ N2u(V * (1 — |u?)) =0 on RY x R. (3.1.3)

More generally, we consider the Cauchy problem for the nonlocal Gross-Pitaevskii equation with
non-zero initial condition at infinity in the form

i0pu + Au+ u(W (1 — [uf*)) = 0 on RY xR, (NGP)
’LL(O) = Uug,
where
”LL()(-%')‘ — 1, as ]m\ — Q. (3.1.4)

If W is a real-valued even distribution, (NGP) is a Hamiltonian equation whose energy given
by
1 1
Bu(t) =5 [ [Vu®Pdot g [ V(1= P~ fu)) do
RN RN

is formally conserved.

In the case that W is the Dirac delta function, (NGP) corresponds to the local Gross-
Pitaevskii equation and the Cauchy problem in this instance has been studied by Béthuel and
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Saut [12], Gérard [41], Gallo [39], among others. As mentioned before, in a more general frame-
work the interaction kernel W could be nonlocal. For example, Shchesnovich and Kraenkel in
[96] consider for e > 0,

1 T
ko (7). w2
—_—— N pu—
4re?|x| P < € >’ ’

where K| is the modified Bessel function of second kind (also called MacDonald function). In
this way W, might be considered as an approximation of the Dirac delta function, since W, — ¢,
as € — 0, in a distributional sense. Others interesting nonlocal interactions are the soft core
potential

W(z) = {1’ ifle] <a, (3.1.6)

0, otherwise,
with a > 0, which is used in |63, 1| to the study of supersolids, and also
W =10 + as K, a1, a9 € R, (3.1.7)
where K is the singular kernel

22 + 23 — 223
2>

The potential (3.1.7)-(3.1.8) models dipolar forces in a quantum gas (see [23], [103]).

K(z) = z € R3\{0}. (3.1.8)

3.1.2 Main results

In order to include interactions such as (3.1.7)-(3.1.8), it is appropriate to work in the space
Mpvq(RN ), that is the set of tempered distributions W such that the linear operator f — W x f
is bounded from LP(RY) to LY(RY). We denote by ||W||,, its norm. We will suppose that there
exist

P1,P2,P3,P4,491,92, 43,94, 51,52 € [17 00)7

with
2N 2N N
> N _9° >2, 2>q > >— ifN>3
N_9 Py N PpP3SL52224 2241 N2 304 = 5 1 =z
and
P2, p3,81,82>2, 2>q1>1 if2>N2>1,
such that .
We MQ,Q(RN) N ﬂ Mbpiq; (RN)a
=1 (WN)
1 1 1 1 1 1 1 1 1
—Ft—=—, ———=—, ——=—=—if N>3.

p3 q q prop3s s1 @ g3 S2
We recall that if p > ¢, then M, , = {0}. Therefore if we suppose that W is not zero, the
numbers above have to satisfy ¢o, g3 > 2. In addition, the existence of s1, s3 and the relations in
(Wx) imply that
N N 1 1 (N -2 1} 1 1 <N -2 1

S A2 N>
N-g PL = p1 pse 2N ’2} =

2N 2

q1 qs3
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1 1
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Figure 3.1: For N > 4, the picture on the left represents the (1/p,1/q)-plane, in the sense that

(1/p1,1/q1) € Ry, (1/p2,1/q2), (1/ps3,1/q3) € Ra, (1/p4,1/qs) € Rs. In the picture on the right,
the shaded areas symbolize that (1/q1,1/q3) € Ry and (1/p1,1/p3) € Rs, for N > 6.

Figure 3.1 schematically shows the location of these numbers in the unit square.

To check the hypothesis (Wy) it is convenient to use some properties of the spaces an(RN ).
For instance, for any 1 < p < ¢ < 00, M, (RY) = My (RY) and for any 1 < p < 2,
M1 (RY) C M, ,(RY) C Mo o(RY) ([46]). In Proposition 3.1.3 we give more explicit conditions
to ensure (Wn).

As remarked before, the energy is formally conserved if W is a real-valued even distribution.
We recall that a real-valued distribution is said to be even if

(W, ) = (W, ¢), Yo e CFRY;R),

where 5(35) = ¢(—x). However, the conservation of energy is not sufficient to study the long
time behavior of the Cauchy problem, because the potential energy is not necessarily nonnegative
and the nonlocal nature of the problem prevents us to obtain pointwise bounds. We are able
to control this term assuming further that W is a positive distribution or supposing that it is a
positive definite distribution. More precisely, we say that W is a positive distribution if

(W,¢) >0, VYé>0, ¢€CERY;R),

and that it is a positive definite distribution if

(W,p¢) >0, ¢€CPRY;R). (3.1.9)

These type of distributions frequently arise in the physical models (see Subsection 3.1.3). In
particular, the real-valued even positive definite distributions include a large variety of models
where the interaction between particles is symmetric. In Section 3.2 we state further properties
of this kind of potentials.

As Gallo in [39], we consider the initial data ug for the problem (NGP) belonging to the
space ¢ + H I(RN ), with ¢ a function of finite energy. More precisely, from now on we assume

46



3.1. Introduction

that ¢ is a complex-valued function that satisfies
¢ € WHRRN), Vo € HX(RY)NC(B°), |¢|> -1 € LARY), (3.1.10)
where B¢ denotes the complement of some ball B C R¥ | so that in particular ¢ satisfies (3.1.4).

Remark 3.1.1. We do not suppose that ¢ has a limit at infinity. In dimensions N = 1,2 a
function satisfying (3.1.10) could have complicated oscillations, such as (see [41, 40])

é(x) = exp(i(In(2 + |z))3), € R

We note that any function verifying (3.1.10) belongs to the Homogeneous Sobolev space
H'(RY) = {¢ € Lj,o(RY) : V§ € L*(R")}.

In particular, if N > 3 there exists zp € C with |z9] = 1 such that ¢ — 2y € L%(RN ) (see
e.g. Theorem 4.5.9 in [59]). Choosing a € R such that zy = €** and since the equation (NGP)

2N
is invariant by a phase change, one can assume that ¢ — 1 € L¥-2(R"Y), but we do not use
explicitly this decay in order to handle at the same time the two-dimensional case.

Our main result concerning the global well-posedness for the Cauchy problem is the following.

Theorem 3.1.2. Let W be a real-valued even distribution satisfying (Whn').
(i) Assume that one of the following is verified
(a) N >2 and W is a positive definite distribution.
(b) N>1, W e My 1(RN) and W is a positive distribution.

Then the Cauchy problem (NGP) is globally well-posed in ¢ + H'(RN). More precisely,
for every wy € HY(RYN) there exists a unique w € C(R, HY(RN)), for which ¢ + w solves
(NGP) with the initial condition ug = ¢ + wo and for any bounded closed interval I C R,
the flow map wy € H*RYN) w— w € C(I, HY(RY)) is continuous. Furthermore, w €
CHR, H Y (RN)) and the energy is conserved

Ey = E(¢p+wy) = E(¢p+w(t)), Vt € R. (3.1.11)
(13) Assume that there exists o > 0 such that
essinf W > o. (3.1.12)

Then (NGP) is globally well-posed in ¢ + H*(RY), for all N > 1 and (3.1.11) holds.
Moreover, if u is the solution associated to the initial data ug € ¢ + H'(RY), we have the

growth estimate
[u(t) — ¢ll2 < Clt + [luo — ¢l L2s (3.1.13)

for any t € R, where C is a positive constant that depends only on Eg, W, ¢ and o.

We make now some remarks about Theorem 3.1.2.

— The condition (Wy) implies that W € Mz o(RY), so that W e L™ (RY) and therefore the
condition (3.1.12) makes sense.
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— In contrast with (3.1.13), as we prove in Section 3.5, the growth estimate for the solution
given by Theorem 3.1.2-(i) is only exponential

lu(t) = ll2 < CLe™ M1+ Jug = @llp2),  tER,

for some constants C7, Cy only depending on Ey, W and ¢.

— Accordingly to Remark 3.1.1 and the Sobolev embedding theorem, after a phase change
independent of ¢, the solution u of (NGP) given by Theorem 3.1.2 also satisfies that u—1 €

2N
Ly-z(RN) if N > 3.
— In dimensions 1 < N < 3 we can choose (p4,q4) = (2,2) in (Wy). Consequently, the
condition that W € M,, ,,(RY) is nontrivial only when N > 4.

At first sight, it is not obvious to check the hypotheses on W. The purpose of the next result
is to give sufficient conditions to ensure Wy).

Proposition 3.1.3.
(i) Let 1 <N < 3. If W € Maos(RN) N M33(RY), then W fulfils (Wy). Furthermore, if W
verifies (Wn) with p; = q;, 1 <1i <3, then W € MQ,Q(RN) N M373(RN).
(i) Let N > 4. Assume that W € M,..(RYN) for every 1 < r < oo. Also suppose that there
exists ¥ > % such that W € M,, ,(RY), for every 1 — % < % < 1 with % = %—l— % —1. Then
W satisfies Wn).

We conclude from Proposition 3.1.3 that the Dirac delta function verifies (Wy) in dimensions
1 < N < 3. Since 5= 1, Theorem 3.1.2-(ii) recovers the results of global existence for the local
Gross-Pitaevskii equation in [12, 41, 39] and the growth estimate proved in [2]. In addition, if
the potential converges to the Dirac delta function, the correspondent solutions converge to the
solution of the local problem as a consequence of the following result.

Proposition 3.1.4. Assume that 1 < N < 3. Let (Wy)nen be a sequence of real-valued distri-
butions in Mao(RY) N Mz 3(RN) such that u, is the global solution of (NGP) given by Theo-
rem 3.1.2, with W, instead of W, for some initial data in ¢ + H'(RN), and
lim W, = Wao, in Mao(RY) N Mjzz(RY), (3.1.14)
n—o0
with HWOOHM2,2OM3,3 >0 (”'”M2,20/\43,3 = max{”'”M2,27 H“Mas}) Then w, — u in C(LHI(RN)):
for any bounded closed interval I C R, where u is the solution of (NGP) with W = W, and the
same initial data.

On the other hand, the Dirac delta function does not satisfy (Wy) if N > 4 and therefore
Theorem 3.1.2 cannot be applied. In fact, to our knowledge there is no proof for the global
well-posedness to the local Gross-Pitaevskii equation in dimension N > 4 with arbitrary initial
condition. For small initial data, Gustafson et al. [54] proved global well-posedness in dimensions
N > 4 as well as Gérard [41] in the four-dimensional energy space.

As a consequence of Theorem 3.1.2 and Proposition 3.1.3 we derive the next result for inte-
grable kernels.

Corollary 3.1.5. Let W be a real-valued even function such that W € L*(RY) if 1 < N <3
and W € LYRN) N L"(RYN), for some r > &L, if N > 4. Assume also that W is positive definite

if N > 2, or that it is nonnegative. Then the Cauchy problem (NGP) is globally well-posed in
¢+ H'(RY).
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As Gallo remarks in [39], the well-posedness in a space such as ¢ + H'(RY) makes possible
to handle the problem with initial data in the energy space

ERN) = {u € Hp [RY) : Vu € L*(RY), 1— |u|* € L*(RY)},
equipped with the distance
d(u,v) = = vlx1pm + [Jul® = o] 2. (3.1.15)
Here X'(R”) denotes the Zhidkov space
XYRY) = {u e L®RY) : Vu € L*(RY)}.

We recall that u € C(R,E(RY)) is called a mild solution of (NGP) if it satisfies the Duhamel
formula

u(t) = Py —i—i/t A (u(s)(W s (1 — |u(s)?))ds, teR.
0

We note that by Lemma 3.6.3 the integral in the r.h.s is actually finite (see [41, 40] for further
results about the action of Schrédinger semigroup on £(RY)). With the same arguments of [39)],
we may also handle the problem with initial data in the energy space. Moreover, in the case
1 < N < 4, we prove that a solution in the energy space with initial condition ug € &(R™N),
necessarily belongs to ug + H'(RY), which is a proper subset of £(R"). This also gives the
uniqueness in the energy space for 1 < N < 4, as follows.

Theorem 3.1.6. Let W be as in Theorem 3.1.2. Then for any uy € E(RY), there exists a
unique w € C(R, HY(RN)) such that u := ug +w solves (NGP). Furthermore, if 1 < N < 4 and
v e C(R,EMRN)) is a mild solution of (NGP) with v(0) = ug, then v = u.

The next proposition shows that the hypotheses made on the potential W also ensure the
H?-regularity of the solutions.

Proposition 3.1.7. Let W be as in Theorem 3.1.2 and u be the global solution of (NGP) for
some initial data ug € ¢ + H*(RYN). Then u — ¢ € C(R, H*(RY)) N CH(R, L2(RY)).

Finally, we study the conservation of momentum and mass for (NGP). As has been discussed
in several works (see [7, 9, 77, 10]) the classical concepts of momentum and mass, that is

p(u) :/ (iVu,u)dxr and M(u) :/ (1 — |ul?) de,
RN RN
with (21, 20) = Re(21%2), are not well-defined for u € ¢ + H'(RY). Thus it is necessary to give
some generalized sense to these quantities. In Section 3.7 we will explain in detail a notion of
generalized momentum and generalized mass such that we have the next results on conservation
laws.

Theorem 3.1.8. Let N > 1 and ug € ¢+ H'(RY). Then the generalized momentum is conserved
by the flow of the associated solution u of (NGP) given by Theorem 8.1.2.

Theorem 3.1.9. Let 1 < N < 4. In addition to (3.1.10), assume that V¢ € L%(RN) if
N = 3,4. Suppose that ug € ¢+ HI(RN) has finite generalized mass. Then the generalized mass
of the associated solution of (NGP) given by Theorem 3.1.2 is conserved by the flow.
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3.1.3 Examples

(i)

(iii)

50

Given the spherically symmetric interaction of bosons, it is usual to suppose that W is
radial, that is W(x —y) = R(|z —y]|), with R : [0,00) — R. Using the fact that the Fourier
transform of a radial function is also radial, we may write W () = p(|¢]), for some function
p :[0,00) — R. Noticing that 5= 1, a next order of approximation would be to consider
(see e.g. [96])

_ 1
=T
Then the Fourier inversion theorem implies that W is given by (3.1.5) for N = 2,3. By
Proposition 3.2.2, (3.1.5) is indeed a positive definite function, since p is nonnegative. For
this potential we also have that Ko(z) =~ In (2) as z — 0, and Ko(z) ~ /7= exp(—z) as
r — oo (see e.g. [73], p. 136), hence W € LY(RY) for N = 2,3. Therefore it is possible to
invoke Corollary 3.1.5.

p(r) e > 0.

By Lemma 3.2.3, the function given by (3.1.6) cannot be positive definite, since it is
bounded and it does not coincide with any continuous function a.e. However, W is a
nonnegative function that belongs to L'(R™) N L>(RY). Therefore Corollary 3.1.5 can be
applied in any dimension.

We recall that if € is an even function, smooth away from the origin, homogeneous of
degree zero, with zero mean-value on the sphere

/ Qo) do =0,
SN-1

K(x) = % r € RV\{0),

then

defines a tempered distribution X in the sense of principal value, that coincides with K
away from the origin. Moreover, for any f € S(RY), 2 € RV,

(K f)(@)=p.v. | K(y)f(r—y)dy = lim &?V) (z —y) dy, (3.1.16)
RN 2015 y1>e |y

K € M, ,(RY) for every 1 < p < oo, and the Fourier transform of K belongs to L>(RY)
(cf. [98]). Therefore
W = o016 + K (3.1.17)

is a positive definite distribution if oy is large enough and then Theorem 3.1.2-(ii) gives a
global solution of (NGP) in any dimension. For instance, we may consider in dimension
three the function K given by (3.1.8). Since (see [23])

~ e 2
K(€) = % (% - ) ,  £eRM\{0},

(3.1.17) is positive definite by Proposition 3.2.2 if
4 8
oy > ?TFOQ >0 or oy > —?ﬂag > 0. (3.1.18)

Therefore, if (3.1.18) is verified we may apply Theorem 3.1.2-(i)-(a). Moreover, if the
inequalities in (3.1.18) are strict, we have also the growth estimate of Theorem 3.1.2-(ii).



3.1. Introduction

(iv) Let us recall that to pass from the original equation (3.1.1) to (3.1.3) (and hence to (NGP))
we only need the constant V % 1 be positive. If we take V' as the potential given in the
examples (i) or (ii), then V € LY(RY) and

V*lz/ V(z)dx > 0.
RN

Therefore Theorem 3.1.2 also provides the global well-posedness for the equation (3.1.1). If
we want to consider V' as in the example (iii), the meaning of K1 is not obvious. However,
(3.1.16) still makes sense if f = 1. In fact, using (3.1.16),

(K*1)(x —hm/ / — rdadr—O
e—0 s2 T

Then if V is given by (3.1.17), V x 1 = a3 and we have the same conclusion as before,
provided that a1 > 0.

One of the first works that introduces the nonlocal interaction in the Gross-Pitaevskii equation
was made by Pomeau and Rica in [87] considering the potential (3.1.6). Their main purpose was
to establish a model for superfluids with rotons. In fact, the Landau theory of superfluidity of
Helium II says that the dispersion curve must exhibit a roton minimum (see |71, 37]) as was
corroborated later by experimental observations (|34]). Although the model considered in [87]
has a good fit with the roton minimum, it does not provide a correct sound speed. For this
reason Berloff in [5] proposes the potential

W(z) = (a4 BA%|z|* + vAY|z|Y) exp(— A%|z[*), = € R3, (3.1.19)

where the parameters A, a, 8 and v are chosen such that the above requirements are satisfied.
However, the existence of this roton minimum implies that W must be negative in some interval.
In addition, a numerical simulation in [5] shows that in this case the solution exhibits nonphysical
mass concentration phenomenon, for certain initial conditions in ¢ + H*(R3). At some point,
our results are in agreement with these observations in the sense that Theorem 3.1.2 cannot be
applied to the potential (3.1.19), because W and W are negative in some interval. However, by
Proposition 3.1.3 we may use the following local well-posedness result

Theorem 3.1.10. Let W be a distribution satisfying WWy). Then the Cauchy problem (NGP) is
locally well-posed in ¢+ H'(RN). More precisely, for every wo € H'(RY) there ewists T > 0 such
that there is a unique w € C([-T,T], H*(RY)), for which ¢ + w solves (NGP) with the initial
condition ug = ¢+wy. In addition, w is defined on a mazimal time interval (—Timin, Tmax) where
w € CY((—Tmins Timax), HH(RN)) and the blow-up alternative holds: |Jw(t)]| g (RN) = 00, ast —
Tax if Tmax < 00 and HUJ(t)HHl(RN) — 00, as t — Tmin if Tmin < 00. Furthermore, supposing
that W is a real-valued even distribution, for any bounded closed interval I C (—Tin, Tmax) the
flow map wy € H'(RN) = w € C(I, HY(RN)) is continuous and the energy and the generalized
momentum are conserved on (—Tiin, Tmax)-

It is an open question to establish which are the exact implications of change of sign of the
Fourier transform of the potential for the global existence of the solutions of (NGP). As proposed
in [6], a way to handle this problem would be to add a higher-order nonlinear term in (3.1.1)
to avoid the mass concentration phenomenon, maintaining the correct phonon-roton dispersion
curve.

51



Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

This paper is organized as follows. In the next section we give several results about positive
definite and positive distributions. In Section 3 we establish some convolution inequalities that
involve the hypothesis (Wy) and we give the proof of Corollary 3.1.5. We prove the local well-
posedness in Section 3.4 and also Propositions 3.1.4 and 3.1.7. Theorem 3.1.2 is completed in
Section 3.5. In Section 3.6 we briefly recall the arguments that lead to Theorem 3.1.6 and in
Section 3.7 we study the conservation of momentum and mass.

3.2 Positive definite and positive distributions

The purpose of this section is to recall some classical results for positive definite and positive
distributions, in the context of Theorem 3.1.2. We also state some properties that we do not
use in the next sections, but are useful to better understand the type of potentials considered in
Theorem 3.1.2.

L. Schwartz in [95] defines that a (complex-valued) distribution T is positive definite if
(T, ¢+ ) >0, V¢eCRY;C), (3.2.1)

with quﬁ(x) = ¢(—x). In virtue of our hypothesis on W, we have preferred to adopt the simpler
definition (3.1.9). The relation between these two possible definitions is given in the following
lemma.
Lemma 3.2.1. Let T be a real-valued distribution.

(1) If T is positive definite (in the sense of (3.1.9)) and even, then T fulfils (3.2.1).

(13) If T verifies (3.2.1), then T is even.

In particular, an even real-valued distribution is positive definite (in the sense of (3.1.9)) if and
only if it satisfies (3.2.1).

Proof. Suppose that T' is positive definite in the sense of (3.1.9). Let ¢ € C§°(RY;C), with
¢ = ¢1 +iga, 1,02 € CS°(RN;R). Then

(T, ¢ % @) = (T, 1 % 1) + (T, b % o) + (T, by * da) — (T, by * ). (3.2.2)
Since T is even, B B
(T, 1 % ¢2) = (T, ¢1 % ¢a).

Therefore the imaginary part in the r.h.s. of (3.2.2) is zero. The real part is positive because T'
is positive definite, which implies that 7" verifies (3.2.1).

For the proof of (ii), see [95]. O

The next result characterizes the positive definite distributions under the hypotheses of The-
orem 3.1.2. In particular, it gives a simple way to check the positive definiteness in terms of the
Fourier transform.

Proposition 3.2.2. Let W € MZQ(RN) be an even real-valued distribution. The following
assertions are equivalent

(1) W is a positive definite distribution.
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) We L®(RN) and /I/I?(g) > 0 for almost every £ € RV,
(iii) For every f € L2(RV;R),

/R W« @) () dr > 0

Proof. (i) = (ii). By Lemma 3.2.1, we may apply the so-called Schwartz-Bochner Theorem
(see [95], p. 276). Then there exists a positive measure u € S’(RY) such that W = u. Since
W € May2(RY), we have that = L>(RY), and therefore Wis a nonnegative bounded
function.
(ii) = (iii). Since W € Myoo(RY), W x f € L%(RY). From the fact that S(RY) is dense in
L?(R™N), we also have that

Wf=WF.

Using that f is real-valued, by Parseval’s theorem we finally deduce

L n@f@de = o [ WeIFeR o

RN

where we have used that W > 0 for the last inequality.
(iii) = (i). This implication directly follows from the fact that C§°(RY;R) C L2(R™;R). O

We remark that a positive definite distribution is not necessarily a positive distribution. For
instance, we consider the Laguerre-Gaussian functions

Win(z) = eIl Z % <Tnt Ii)\x]%, zeRY, meN. (3.2.3)
k=0

These functions are negative in some subset of RY and since W, >0 (see e.g. [36], p. 38),
Proposition 3.2.2 shows that they are positive definite functions. We also have that W,, €
LYRY) N L>®(RY). Then Corollary 3.1.5 gives global existence of (NGP) for the potential
(3.2.3) in any dimension N > 2.

In the case that the considered distribution is actually a bounded function, its positive def-
initeness gives some regularity. In other direction, the concept of positive definiteness may be
related to the same concept used for matrices. We recall some of these results in the next lemma.

Lemma 3.2.3. Let W be an even real-valued positive definite distribution.
(i) If W € L>®(RY), then it coincides almost everywhere with a continuous function.
(i) If W is continuous, then W(0) = ||W||peomny and for all x1,... 2y € RN, m > 1, the
matriz given by A, = W(x; —xr), 4,k € {1,...,m}, is a positive semi-definite matriz.

Proof. Taking into consideration Lemma 3.2.1, these statements are proved in [95]. U

The importance of the condition (3.1.12) is that it gives the following coercivity property to
the potential energy.

Lemma 3.2.4. Assume that W € Mao(RYN) verifies (3.1.12). Then for all f € L?(RY;R),

all Iz < /RN(W*f)(w)f(ﬁﬂ) dz < |W||z2ll 1172 (3.2.4)
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

Proof. The first inequality follows from Parseval’s theorem,

L0 = D@ = @0 [ TR de > ol

RN

The second inequality in (3.2.4) is immediate since W € Mg o(RY). O

The purpose of the last lemma in this section is to establish some properties of the positive
distributions which appear in Theorem 3.1.2. In particular, we show that for these distributions
(W) is automatically verified if 1 < N < 3.

Lemma 3.2.5. Let W € My 1(RY) be a positive distribution. Then W € M, ,(RY), for any
1 <p<ooand W is a positive Borel measure of finite mass. If 1 < N < 3 we also have that W
satisfies (Wn).

Proof. Since W € M 1(RY), it is well known that W is a (complex-valued) finite Borel measure.
Then W € Mo oo(RY) and by interpolation W € M, ,(RY) for any 1 < p < oco. Finally,
the fact that W is a positive distribution implies that it is a positive measure (cf. [95]). By
Proposition 3.1.3 we conclude that W satisfies (Wy), if 1 < N < 3. O

3.3 Some consequences of assumption (Wy)

We first establish some inequalities involving the convolution with W that explain in part how
the hypothesis (Wy) works. After that, we give the proof of Proposition 3.1.3 and Corollary 3.1.5.

From now on we adopt the standard notation C(-,-,...) to represent a generic constant that
depends only on each of its arguments, and possibly on some fixed numbers such as the dimension.
In the case that W € M, ,(RY) we use C(W) to denote a constant that only depends on the
norm ||W|,.4. We also use the notation p’ for the conjugate exponent of p given by 1/p+1/p’ = 1.

Lemma 3.3.1. Let W € My, o (RY) N My, 4o (RY) N My, 4o (RY), with

1 1 1
P1,P2,P3,41,492,43 >1 and —+ —=—.

p3 G2 q1
Suppose that there are si,s0 > 1, such that

1 1 1 1 1 1

props st @1 g3 2
Then for any u,v € S(RV)
(W s w)vllpar < [[Wllps g0 [l oz || 0] Los

(W w)ol[par < [[W[pg gsllullzes 0] o2
W (wo)[[par < [IWl[py g0 [lullzes 0] o1

Proof. The proof is a direct consequence of Hélder inequality and the hypotheses on W. U
Lemma 3.3.2. Assume that W satisfies Wy) and that N > 4. Then W € M ~_,(RY),
N-—-27
W e MNN ~(RY) and W € .MQE(RN).
—27 2 72
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Proof. From the Riesz-Thorin interpolation theorem and the fact that (%, %) and (%, %)
belong to the convex hull of

E2) ) Gra) Gea))
2°2)'\pi'q1) \p3s'q3) \pa qa) )’

we conclude that W € M, y (RV) and W € M

& is & W€M2N(RN) 1mphes that W e M

N E(RN). Since the conjugate exponent of
N—-272
ol

RM). O
Lemma 3.3.3. Assume that W satisfies (Wy). Then for any u,v,w € S(RY),
(W (uo))wl[ s < COV)lull s llvll o7 [wll 7, (3.3.1)

for some2>7 > 25 2N > F 5> 240 N >3, and2>5>1,00>F§>2if N=1,2.

Proof. If N > 4, by Lemma 3.3.2 we have that W € M _~_ ~ (RY). Since also W € M,, ,,(RY),
N—-2’2
from the Riesz-Thorin interpolation theorem we deduce that there exist p and ¢ such that
N N N
5.q(RY p — <g<N. 3.2
WeMpgRY), S <P<y—5 5 <I< (3:3.2)

Now we set
1 . {1( 1) 1}
—=mins=-(1——=1],—,,
T 2 2p

In view of (3.3.2), we have N+2 <A<2and 2 < 7,8 < 2N . By Hélder inequality, we conclude
that
(W (uo))wl|py < [W s (uo)|| pal|wl| 7
< [[Wllp,glluv] Lo [[w]| 7

< [Wllpgllullslloll 7 llwll 7

If N =1,2,3, the proof is simpler. It is sufficient to take 2, p=2,8§=
last inequality to deduce (3.3.1). O

=
S
N
ol
—-
=
—
=
@

Lemma 3.3.4. Assume that W satisfies (Wn).
(i) For any u € ¢ + H'(RN) we have (W * (1 — |ul?))(1 — |u|?) € L}(RY)

(ii) If W is also an even real-valued distribution, then for any u € ¢+ H'(RY) and h € H'(RY),
[0V (1= Py de = [ 5 (1= ) b} dn (3.33)
RN RN

Proof. Let u = ¢ + w, with w € HY(RY). If N > 4, by (3.1.10) and the Sobolev embedding
theorem, we deduce that

(1= |6 —2(¢, w) — |w|?) € LP(RY) + L~ (RY),
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By Lemma 3.3.2 we have that the map h + W x h is continuous from L?(R™) + L%(RN) to
L*RM)n L%(RN ) and since 222 + 2 = 1, by Hélder inequality we conclude that

(W (1= [g]” = 2(, w) — [w]*))(1 — |6]* — 2(¢, w) — w]*) € L'(RY). (3.3.4)
If 1 < N <3, (3.3.4) follows from the fact that |w|> € L2(R"™). This concludes the proof of (i).

A similar argument shows that ||(W * (u, h))(1 — |u|?*)||;1 < co. Then using that W is even
and Fubini’s theorem we obtain (ii). O

The previous lemmas will be useful in the next sections, in particular to prove the local
well-posedness of (NGP). Now we give the proofs of Proposition 3.1.3 and Corollary 3.1.5, that
involve some straightforward computations.

Proof of Proposition 3.1.3. For the first part of (i), we note that the hypothesis implies that W €
M, ,(RY) for any % < p < 3. Then it is sufficient to take p; = ¢1 = %, Py =pP3 =¢q2 =¢q3 = 3
and py = q4 = 2 to see that (Wy) is fulfilled. For the second part of (i), we need prove that
W € Mj33(RY). Recalling that M, ,(RY) = M (RN) for 1 < p < ¢ < oo and using the Riesz
interpolation theorem, we have that W € M, +(RY), for every (s~1,#71) in the convex hull of

3
11 1 1 1 1
G2 UlGa) ) eas
2°2 2 W\pi 4 qj Pj
By hypothesis, p; = ¢;, i = 1,2, 3, thus (Wy) implies that

1 1 1
—+—=—, 2>piand pr,p3>2.
b2 p3 N

Hence the convex hull of (3.3.5) simplifies to

5 . 1 1 1 1 1 1 1 1
(z,z) e R :minql—- —, — — - — % <z <maxq—,1——1——+ —5".
b1 P2 P11 P2 b1 b2 b1 D2

Arguing by contradiction, it is simple to see that
1 1 1 1 1 2 1 1 1 1
min{l——,—,———}g— and —gmax{—,l——,l———i——}.
PL P2 D1 D2 3 3 P1 P2 P P2
Therefore W € M s(RY), for every 3 < s < 3. In particular W € Mao(RY) N M3 3(RM).

To prove (ii), we notice that by interpolation we have that W € M, z(RY), for all «,f
satisfying

1<a,8 1 1 1 <1<1 (3.3.6)
o — - - = - < —. 3.
-7« )] T BT «
We now define
L if 4 < N <5, _f3, if4<N<5,
PEET A, 6N, PEZBZAN e < N,
3, if4<N <5, 3, if 4 < N <5,
b1 = N . q1 = .
N_1’ lfGSN, ngféz’ 1f6§N,
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Py = %, qq = 27, where
N .
5 tew if6 <N <7,
SNZY2(N +1)
N+2 '
and ey > 0 is chosen small enough such that 0 < ey < 2 — % if 6 < N < 7. Then we have that

if 8 < N,

2N
N +2

< sy <2, forany N > 6. (3.3.7)

Using that 7 > % and (3.3.7), we can verify that the choice of (p;,q;), i € {1,...,4}, satisfies
(3.3.6) with @ = p; and 8 = ¢;, as well as all the others restrictions in the hypothesis (Wy),
which completes the proof. U

Proof of Corollary 3.1.5. By Young inequality we have that W € Mp,p(IR{N), for any 1 < p < oo.
In particular the condition W € Mj 1(RY) is fulfilled. If 1 < N < 3, the conclusion is a
consequence of Proposition 3.1.3 and Theorem 3.1.2. If N > 4, by Young inequality we have
that W € M, ,(RY), for all 1 — % < % < 1, with % =14 % — 1. Then the proof follows again

p
from Proposition 3.1.3 and Theorem 3.1.2. ]

3.4 Local existence

In order to prove Theorem 3.1.2 we first are going to prove the local well-posedness. The-
orem 3.1.10 is based on the fact that if we set u = w + ¢, then u is a solution of (NGP) with
initial condition ug = ¢ 4+ wq if and only if w solves

{i@tw + Aw + f(w) =0 on RY x R, (3.4.1)
w(0) = wo,
with
Flw) = Ad + (w + @) (W * (1 — |¢ + w[?)).
We decompose f as
f(w) = g1(w) + ga(w) + g3(w) + ga(w), (3.4.2)

with

g1(w) = Mg+ (W = (1= [6*)9,

g2(w) = =2(W * (¢, w))¢,

g3(w) = —(W = [w]*)¢ — 2(W * (¢, w))w + (W * (1 — [¢[*) Jw,

ga(w) = —(W * [w[*)w.

The next lemma gives some estimates on each of these functions.

Lemma 3.4.1. Assume that W satisfies (Wn'). Using the numbers given by Wx) and Lemma 3.3.3,
letry =r2=2,13=p3, 14 =7, p1 = p2 =2, p3 =qy and py = 7. Then

g; € C(H'RM), H Y (RY)), j € {1,2,3,4}. (3.4.3)

o7
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Furthermore, for any M > 0 there exists a constant C(M, W, ¢) such that
lg; (wr) = g(w2)ll ;< C(M, W, §)[[wr —wall .., (3.4.4)
for all wy,ws € HY(RN) with ||wy || g1, [|we]| g2 < M, and
lg; (W)l 1, < COM W, 9) (1 + [ ) (3.4.5)

for allw € H'RN) n WL (RN) with ||wl|gr < M.

Proof. Since g; is a constant function of w, g1 € C(H'(RY), H~}(RY)) and (3.4.4) is trivial in
this case. The condition (3.4.5) follows from the estimate

lgr (@)l <IVllmz + [Wllz2(IL = 16 2| Gllwre + 2016 ]1 700 VI 2)-
Similarly we obtain for go,
lg2(w) = g2(w2)llz2 < 2(W 22l @l 7o llwr — w22
and

IVga(w)llrz < 2[Wl22ll@llzee (@]l o Vwllzz + 2V oo [Jw]l 2)
<SCW, 9)|lwll g

Then we deduce (3.4.4) and (3.4.5) for j = 2.

For g3, we have
g3(w2) — gs(wi) = (W * (lwr [ —[w2[*))¢ + 2(W * (b, w1 — wa))wn
+ 2(W x (d, w2)) (wi —wa) + (W (1 = |¢]*)) (w1 — wy).
The assumption (Wy) allows to apply Lemma 3.3.1 and then we derive

llgs(w2) = gs(wi)l py, < C(W,@)|lwr — wallLrs ([lwrllzer + [Jwz|zs

(3.4.6)
+2[lwi ||z + 2ljwa|e2 + 1).

More precisely, the dependence on ¢ of the constant C'(W,¢) in the last inequality is given
explicitly by max{||¢|| =, |1 — |¢|?||zr2 }. By the Sobolev embedding theorem

HYRY) — LP(RY), Vpe [2 if N >3andVpec[200)if N=1,2. (3.4.7)

2N
"N —2
In particular,
lwillLs + [JwallLsr + 2[[wil[Le2 + 2[lwz|Lre < C(|Jwill g1 + [Jwall 1),

which together with (3.4.6) gives us (3.4.4) for gs. With the same type of computations, taking
w € HYRY), ||lw||gr < M, we have
IVgs ()|, <C(M, W, ¢)([[Vwlrrs + [[w]Lrs),

LP3 —

where the dependence on ¢ is in terms of ||@||r=, ||V@| Lz, [|1 — |¢]?||rz and ||V o| ez
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For g4, applying Lemma 3.3.3 we obtain

llga(w1) — ga(w2)l p, < CW)|Jw1 = wel|pra ((lwillzs + [lwallzs)[[willzra
+lwzllLs |wz||Lra)
and

IVga(w)ll , <CW)IVwl[prafw][prafw] s

As before, using (3.4.7), we conclude that g4 verifies (3.4.4)-(3.4.5).

Since for 2 < j < 4,2 < r; < % (2 <rj < o0oif N =1,2), we have the continuous
embeddings
HYRY) — L (RY) and L7 (RN) — H-YRY).

Then inequality (3.4.4) implies (3.4.3), for j € {2,3,4}. O
Now we analyze the potential energy associated to (3.4.1). For any v € H'(R") we set

1
F(v) = / (Ag,v) dx — Z/ (W (1 —[¢+v[) (1 —|¢+v]?) de, (3.4.8)
RN RN
and using the notation of Lemma 3.4.1, we fix for the rest of this section

T = Max{r1,72,73,74, P1, P2, P3, P4 }- (3.4.9)

Lemma 3.4.2. Assume that W satisfies (Wpy). Then the functional F is well-defined on
HY(RN). If moreover W is a real-valued even distribution, we have the following properties.

(1) F is Fréchet-differentiable and
F e CYHYRN),R) with F' = f. (3.4.10)
(13) For any M > 0, there exists a constant C(M, W, ¢) such that
|F(u) = F(v)] < C(M, W, ¢)(|lu = vl 2 + [lu = v]|zr), (3.4.11)

for any u,v € HY(RN), with ||u g1, vl g < M.

Proof. By Lemma 3.3.4, F is well-defined in H'(R") for any N. To prove (i), we compute now
the Gateaux derivative of F. For h € H'(RY) we have

G )H] =l F(v+ t%;) — F(v)

:/RN<<A¢,h>>dm+%/RN(W* (6 +v,m))(1— | +v]*) da
1

3 /RN(W * (1= [ +v*)){¢ + v, h) da.

Since W is an even distribution, (3.3.3) implies that the last two integrals are equal. Finally we
get that

dgF(v)[h] = / (f(v),h) dx = (f(v),h) g1 g -

RN
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

From (3.4.2) and (3.4.3), we have that f € C(H*(RY), H~}(R")). Hence the map v — dgF(v) is
continuous from H'(RY) to H~1(RY), which implies that F is continuously Fréchet-differentiable
and satisfies (3.4.10).

For the proof of (ii), using (3.4.10) and the mean-value theorem, we have

1 1
d
F(u / P F(su+ 1—s)v)ds:/ (f(su+ (1 —s)v),u —v)g-1 1 ds.
0 0
Then by Lemma 3.4.1,
4
[F(u) = F(v)] < P > llgi(sut (1= s)v)ll s lu— vlle;
s€
= (3.4.12)
Z (M, W, 9)(lull s + vl + Dllu —vl[ge; -
Since we assume that ||ul|z1, |||z < M, (3.4.7) implies that
ullprs + vl +1 < C(M). (3.4.13)
Also, it follows from LP-interpolation and Young’s inequality that
0; 1-0;
s = oll o < Ml = 0% = vl 57% < flu = w2 + = ollor, (3.4.14)
with 6, = 2r=py) By combining (3.4.12), (3.4.13) and (3.4.14), we obtain (ii). O

pj(r=2)

Proof of Theorem 3.1.10. Recalling that r was fixed in (3.4.9), we define ¢ by % = % (% - %)
Given T, M > 0, we consider the complete metric space

Xrr = {w € L®((~T,T), H*(R™)) n LY((~T,T), W' (RY)) :
1wl oo (=1, 11) < M, Nwl|pa—1,7),Wwrry < M},
endowed with the distance
dr(wi, w2) = w1 — wa|[Leo((—1.7).22) + W1 — w2l La(—17),L7)- (3.4.15)

The estimates given in Lemmas 3.4.1, 3.4.2 and the Strichartz estimates show that the functional

¢
d(w) = ePwy + 2/ =34 f(w(s)) ds
0

is a contraction in X7 ps for some M < C(||wg||gr +1) and T small enough, but depending only
on ||wgl||f1. Then we have a solution given by Banach’s fixed-point theorem. The arguments to
complete Theorem 3.1.10 are rather standard. For instance, Theorem 4.4.6 in [24] automatically
implies the existence, uniqueness, the blow-up alternative and that the function L(t) given by

L) = L)+ 7 [ W (1= o+ w1 = 16+ (o)) da.

with
L) =g [ IVePde = [ 1aow(o)ds,
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3.4. Local existence

is constant for all ¢ € (—Tiin, Tmax)- Noticing that

1

1
L) =5 [ Vult)+ Volrde -5 [ V6P da,

we conclude that the energy is conserved.

However, the continuous dependence on the initial data in H'(R?Y) is not obvious, because
the distance (3.4.15) does not involve derivatives. Therefore we give the complete proof of this
point. Here we will omit the dependence on W and ¢ in the generic constant C, since it plays
no role in the analysis of continuous dependence. Let wg ,,wo € H L(RY) be such that

wo, — wo  in HY(RY).
Then for some ng > 0,
[wonllz < llwollg +1,  ¥n > ne.

We denote w, and w the solutions with initial data wg, and wq, respectively. Then by the
fixed-point argument, there exist 7" > 0 and a constant C(||wpl||g1), both depending only on
|lwo|l 71, such that w, and w are defined in [=7,7T] for all n > ny and

lwnll oo (=), 51) + Wl Loo (—11), 51y < C(llwollgr),  Vn > ng. (3.4.16)
Since .
wi () = w(t) = " (wo,n — wo) + %/ IR (f(wn(s)) = flw(s)))ds,
0
using Strichartz estimates we have that

4

dr (wn, w) < Cllwon — woll 2 + C Y _[lg; (wn) — gj(w)
j=1

HL% ((fT,T),Lp;')’ (3417)

with % =4 (% - %) By Lemma 3.4.1, (3.4.16), using as in (3.4.14) an LP-interpolation

inequality and Young’s inequality, we deduce that

195 (wn) = g5 (W)l < Clllwoll ) (lwn — wllz2 + lwn —wllLr)- (3.4.18)

Applying Hélder inequality with 8; = % — %,
J

[wp —wl| < Nwn = wllga—1,7),0m) (2T)%. (3.4.19)

N (1))
Notice that 0 < 8; < 1 since 2 < pj,r; < % Assuming 7' < 1 and putting together (3.4.18)
and (3.4.19) we conclude that

< O(JJwoll g )T dr (wy, w), (3.4.20)

ng (wn) — gj(w)HLw}((,T,T),LPQ) -

with 8 = min{3;,1/7; : 1 < j < 4}. Choosing T' such that ATPC(|Jwol 1) < 3, (3.4.17) and
(3.4.20) give
dr (wn, w) < 2C(|lwoll 1) [won — woll -

Hence
w, — w, in C([-T,T], L*(R™)) N LI((—=T,T), L" (RY)).
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

Thus from (3.4.16) and the Gagliardo-Nirenberg inequality, we conclude that w, — w in
C([-T,T],LP(RY)), for every 2 < p < oo if N = 1,2 and 2 < p < 2 if N > 3. Using
the inequality (3.4.11) in Lemma 3.4.2, it follows that F(w,) — F(w) in C([-T,T]). Since the
energy is conserved for w and w,, this implies that

[IVwn||rz = [Vw|p2 in C([=T,T]).

In addition, from the equation i0,w, = —Aw,, — f(wy,) in [-T,T], we get

4
l0vwall -1 < llwnlla + Y llgj (wa)ll -1,
j=1

Hence Lemma 3.4.1 and (3.4.16) provide a uniform bound for w, in CY([-T,T], H 1(RYN)).
Therefore w,, — w in C([-T,T], H*(RY)) (see Proposition 1.3.14 in [24]). A covering argument
allows us to finish the proof in any closed bounded interval.

Since the generalized momentum still needs a precise definition, we will postpone the proof

of its conservation until Section 3.7. O

We prove now Propositions 3.1.4 and 3.1.7 because the arguments involved are very similar
to those used in this section. For these proofs we suppose that Theorem 3.1.2 is already proved.

Proof of Proposition 3.1.4. Let tu, = ¢ +w, and ts, = ¢+ Weo, Where wy,, woo € C(R, H(RY)),
be the global solution of (NGP) with potentials W,, and W, respectively, with the same initial
data ug = ¢ + wp, with wy € H'(RY). In the same spirit of the proof of Theorem 3.1.10, for
v e HYRN), we set

Fa(8) = G10(0) + G20(0) + g3.0(0) + Gan(v),

with
g1n(0) = Ap + (Wi x (1 = |9]%)) 9,
92 (v) = =2(Wy % (o, v)) 0,
g3.n(0) = =Wy 5 [0])§ = 2(Wy # (&, 0))w + (Wi (1= [6[*))o,
910 (V) = —(Wo % [0[*)o,
for any n € NU {oo}. Noticing that for any v1,ve € H'(RV), 1 < j < 4,

Gin(v1) = gjm(v2) = (gjn(v1) = gjn(v2)) + (gjn(v2) — gjm(v2)),

Proposition 3.1.3, Lemma 3.3.1, the proof of Lemma 3.3.3 and the same argument given in
Lemma 3.4.1 allows us to conclude that (we omit from now on the dependence on ¢)

19jn(01) = Gjm (V) o < C(Wa, M)[or = va|[prs + C(We = Win, M)([[og]lprs+1),  (34.21)

for any n,m € NU {oo} and v1,vy € HY(RY) with ||v1 || g1, [|va]/gn < M, with (the new choice
of) pj, rj given by
p1:p2:’l“1:7’2:2, p3:’l“3:3, p4:’l“4:4, (3422)

and

C(W, M) = o(W)C(M), with o(W) = max{|[W |22, |W]ls.3}- (3.4.23)
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3.4. Local existence

By the uniqueness provided by Theorem 3.1.2, the functions w, are given by the fixed-point
argument of the proof of Theorem 3.1.10. Since the estimates for the fixed point can be obtained
using Lemma 3.4.1, but with the values in (3.4.22), and by (3.1.14) we may assume that for
k=23

1
§HWoon,k < Wallkk < 2[[Weo |l ks

so that we have uniform bounds on W,,. Therefore we conclude that there exist some 7' < 1 and
C > 0 that only depend on ||wo|| g1, [[Wssll2,2 and |[Wl|3,3 such that

|wnll Loo(—r,1),m1) < €, for any n € NU {oo}. (3.4.24)
Using the distance

dr(wi,w2) = |lwy — wzHLoo((_T,T),p) + [Jwy — wQHL%((—T,T),L‘l)’
the estimates (3.4.21), (3.4.24) and following the lines of the proof of Theorem 3.1.10, it leads to
dp (W, Weo) < Co(Wy, — Woo).
Hence the hypothesis (3.1.14) and (3.4.23) imply that
Wp = oo in C([=T,T], L2RN)) N LN (=T, T), L*(RY)).
Then (3.4.24) and the Gagliardo-Nirenberg inequality imply that
Wy, = Weo in C([=T,T], LP(RY)), Vp € [2,00) if N=1,2 and Vp € [2, NQ—JL if N> 3.
(3.4.25)

We denote by F,, the function given by (3.4.8), with W replaced by W, so that the conserved
energy for each u,, is

E,(un(t)) = [[Vwn(t)| 12 + Fo(wn(t)) = ||Vwollr2 + Fn(wg), for any ¢t € R. (3.4.26)

The inequality (3.4.21) and similar arguments as in the proof of Lemma 3.4.2 give for any
v1,ve € HYRN) with ||vy|| g1, [[ve]l 1 < M, that there exists a constant C' depending only on
M, |[Weoll2,2 and ||[Wa||3,3, such that

\Fn(vl) — Fm(vg)’ <C (Hvl — UQHLQ + H?)l — UQHL“) + CO’(Wn — Wm) (3.4.27)
By putting together (3.4.24), (3.4.25) and (3.4.27), we deduce that F,(w,) — Fs(ws) in

C([-T,T]). Then by (3.4.26) we have that |Vwy||r2 — [[Vwsl|/z2 in C([-T,T]). The con-
clusion follows as in the proof of Theorem 3.1.10. O

Proof of Proposition 3.1.7. Using the notation introduced at the beginning of this section, by
Lemma 5.3.1 in [24], we only need to prove that for any 1 < j < 4 and any w € H*(R") such
that [|w||z1 < M, we have

lgj(w)llrz < C(W, M, $) (14 [[w]a:), (3.4.28)
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

for some 0 < s < 2. From the estimate (3.4.5) in Lemma 3.4.1 and the Sobolev embedding
theorem, we have the inequality (3.4.28) for j = 1,2 for any s > 1. For j = 3,4 we note that by
the Sobolev embedding theorem,

WLPRN) — L2RY), Vp e []\[2—1\_[2,2} if N>3and Vpe[l,2]if N =1,2,

and for any

2N
T€[2, 2],ifN23 and r € [2,00) if N =1,2,

N —

there exists 3 < s < 2 such that H*(RY) — W (RY). Thus we have for j = 3,4 that

W (RY) — L*RY) and H®% (RN) — WLTi(RY), for some s; < 2. Setting s = max{s3, s4},
from the inequality (3.4.5) we obtain estimate (3.4.28) O

3.5 Global existence

In order to complete the proof of Theorem 3.1.2 we need to prove that the solutions given
by Theorem 3.1.10 are global. We do this by establishing an appropriate estimate for ||w(t)]| 1.
We distinguish three subcases, associated to the different assumptions on W.

Proof of Theorem 3.1.2-(i)-(a). We recall that by Theorem 3.1.10 we already have the conser-
vation of energy

1

Bo=g [ IVu(t)+VoPde+ [ W6+ D)o+ wf ~Dds,  (35.)

for any ¢ € (—Tinin, Tmax)- Since we are assuming that W is a positive definite distribution, the
potential energy, i.e. the second integral in (3.5.1), is nonnegative. Hence

1

—/ \Vw(t) + Vo> dz < E
2 ]RN

and using the elementary inequality
1
[ Vvl ds < JIVulfs + Vo, (3.52)

we conclude that
V()72 < 4B +2(Vell72, ¢ € (Tin, Tiax), (3.5.3)

which gives a uniform bound for ||Vw(t)| ;2. Therefore we only need an appropriate bound for
|lw(t)|| 2 to conclude that

sup{||w(®)||z1 : t € (—Tmins Tmax)} < 00. (3.5.4)

In virtue of the blow-up alternative in Theorem 3.1.10, we will deduce from (3.5.4) that Ti,ax =
Tiin = 00, which will complete the proof.
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3.5. Global existence

Now we prove the bound for ||w(t)||z2. For any ¢ € (—Tmin, Tmax), we multiply (in the
H~! — H! duality sense) the equation (3.4.1) by 7w, to get

3wt =Re [ it d
= —Im RN(M + (W (1 — |¢ + w(t)]*)w(t) da.
Then
5| 10O | <IAdlello@lss + 1ol [ 170+ 0P = Dlw@l s G55)

We bound the last integral in (3.5.5) by Hi(t) + Ha(t), with

(0 = [ W« (168 =1+ 240 w(ODlfu(o)] da,
Ho(t) = [ W« (o) o) de.
Since W € M;g(RN),

[HL(@)] <[W * (j61* = 1+ 2(d, w))l| 2 w(®)]] 2
<[W 22 (Il1¢]* = 122 + 206 ]l oo [lw(®)l] 2) 1w (@) [ 2.

Therefore we have

HL(1)] < COW, 6)(1 + [w(®) [22). (3.5.6)
If N > 4, by Lemma 3.3.2 and the Sobolev embedding theorem,
| Ha(t)] <|[W s [w(t)? 2 [l (t)]| 2
SCW)[lw®)])? ax w2
L N—2
<CW)|[Vw(t)|7allw(®)]l 2.
By (3.5.3) we conclude that

|Ha(t)| < C(W, ¢, Ep)||w(t)||pz, forall N >4. (3.5.7)

If N = 2,3, we only need to use that W € M;g(RN), together with the Gagliardo-Nirenberg
inequality. In fact,

[ Ha(8)] <[IW s Jw(t) ]| 2 [lw(?) [ 2
<CW)|lw(®)|IZallw ()]l 2

)
N 3N
<SCW)[Vw@)ll 2 llw®)l 2 *-
Since we are considering N = 2,3, using (3.5.3) it follows that
1Ha(t)l|z2 < C(W, 6, Eo)(1 + [lw(t)||72), N =2,3. (3.5.8)
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

From inequalities (3.5.5)—(3.5.8) we have that for any N > 2

< C(W gb’ EO)(l + Hw( )H%Q)’ te (_TminaTmax)- (3'5'9)

PRl
By Gronwall’s lemma we conclude that
Hw(t)HL2 < C(VVa gb, EO)GC(W’d)’EO)M(l + H’U)OHLQ)a le (_Tmina Tmax)-

As we discussed before, this estimate implies (3.5.4), which finishes the proof if W is positive
definite. n

Remark 3.5.1. We note that the argument given in the proof Theorem 3.1.2-(i)-(a) fails in
dimension N = 1. In this case if we apply the Gagliardo- Nlrenberg inequality to Ho, instead
of (3.5.9) we obtain a bound for [|[w(t)||2, in terms of |lw(t) which prevents to conclude

applying Gronwall’s lemma.

||L27

Proof of Theorem 3.1.2-(i)-(b). In the case that W is a positive distribution, we cannot infer from
(3.5.1) a uniform bound on |[Vw(t)|| ;2. However, using that W € My 1(RY), we will see that
IVw(t)||2 can be bounded in terms of ||w(¢)||;2 and that we may deduce an inequality such as
(3.5.9) (without assuming that |[Vw(t)|| 2 is a priori bounded). Then the conclusion follows as
before.

Let A = 4||¢||p + 1. Setting

(z,t)x({y € RN : lw(y, t)| < A})(x),
(z,t)x({y € RN : lw(y, t)| > A})(x),

where y is the characteristic function, we deduce that w = wg + wae, |w| = |wa| + |wael,
wf? = Jwal? + [wac

wa(z,t)

w(x
wae(x,t) = w(z

and

L 07 5 (o w®F = 0)(0+ w)F ~ D de = L) + RO + B0, (35.10)
with
RO = [ 07 (6 = 1+ 200, 0OD)(10F 1+ 206, 0(0)}) do
w2 [ w0 -1 do
B(0) = [ W [0 (A6 wa @) + fwa®)P) de.
B(O) = [ W [w@)) (16, wac (0} + oac(0)) do.
Notice that we have used that W is even to decompose it in terms of I;, I and I3. Since the

energy (3.5.1) is conserved in the maximal interval (—Tiin, Timax), using (3.5.2) and (3.5.10), we
have that for any ¢ € (—Tnin, Tmax),

IVw(t)lIF2 + I3(t) < [L(0)] + [2(t)] + 4| Bo| + 2/ V|72 (3.5.11)
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Since W is a positive distribution, the choice of A implies that

I3(t) = /RN(W # [w(®)*) wae (O] (lwae (t)] = 4]l ze) dz

(3.5.12)
> [ W s u®P) s (o] do > 0
RN
so that I3 is nonnegative. Using that W € M 1(RY) we also have
L] <IW ll22(11” = Lz + 20l oo [wllz2)* + 21 W |1 [wl|Z2 ([l|7e + 1) (3.5.13)
and
L] < W11 (Al + A%)lw(@)]I7.. (3.5.14)
From inequalities (3.5.11), (3.5.13) and (3.5.14), we obtain that
IVw(t)Is + Is(t) < COW, 6, Bo)(1+ (b)), (35.15)

for any t € (—Tiin, Tmax)-

Let us set
D)= [ 10V % (16 = 1+ 206, w(0))u(d)] de.
Bt = [ 1OV @) Pyoa(o) da,
Iat) = [ 10V at) Py (®)] de
Then the last integral in (3.5.5) is bounded by Jy (t) + Ja(t) + J3(t). As before, we conclude that
B(E) + D) < COW6)(1 + (1) ). (35.16)
From (3.5.12) we have J3(t) < I3(t). Then (3.5.15) and (3.5.12) imply that

Js(t) < C(W, ¢, Bo)(1 + w(t)]3,)- (3.5.17)

The estimates (3.5.16) and (3.5.17), together with (3.5.5), provide again the inequality (3.5.9),
and then the proof is completed as in the previous case. ]

Proof of Theorem 3.1.2-(ii). As before, the local well-posedness follows from Theorem 3.1.10.
Moreover, from Theorem 3.1.2-(i)-(a) we have the global well-posedness for N > 2. From Propo-
sition 3.2.2 we have that W is a positive definite distribution and, as shown before, this im-
plies that ||Vw(t)||z2 is uniformly bounded in the maximal interval (—Tiin, Tmax) in terms of
Ey and ¢ (see inequality (3.5.3)). Then it only remains to prove the inequality (3.1.13), for
t e (_TminaTmax)-

The argument follows the lines of the proof in [2| for the local Gross-Pitaevskii equation. For
sake of completeness we give the details.

Since W is positive definite, from the conservation of energy we have
0< / (W * (| +w(t)]* = 1))(J¢ + w(t)|? — 1) dz < 4. (3.5.18)
RN
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Chapter 8. Global well-posedness for a nonlocal Gross-Pitaevskii equation

On the other hand, Lemma 3.2.4 gives a lower bound for the potential energy

olll¢ +w(®)* - 1]72 < /RN(W + (l¢+w(t)]* = 1) (¢ +w(t)]® — 1) da. (3.5.19)

From (3.5.5) and using Holder inequality we obtain

<[Agll 2w (®)ll 2 + [Wllz2llll=lll¢ + w®)* = U z2llw(®)ll 2. (3.5.20)

5| s
Thus from (3.5.18), (3.5.19) and (3.5.20), we have that for any § > 0
1|d 1 4Eq
5|10 +9)| < (12 + 0 <\|A¢||Lz W ol 22 )

Dividing by [|w(t)[|2, + & > 0, integrating and then taking 6 — 0 we conclude that

1E,

[w(®)llze < <HA¢HL2 +Will22ll6l e 7) [t + [lwoll 2, (3.5.21)
for any ¢ € (—Tmin, Imax)- As discussed before, this implies that ||w(t)||g1 is uniformly bounded
in (—Tiin, Tmax). Therefore by the blow-up alternative, we infer that Ty, = Tiax = 00. Since
u(t) = w(t) + ¢ and up = wo + ¢, (3.5.21) implies (3.1.13), finishing the proof. O

3.6 Equation (NGP) in energy space

We recall the following results about the energy space £(RY). We refer to [41, 40, 39] for
their proofs.

Lemma 3.6.1. Let u € E(RY). Then there exists ¢ € C° NERY) with Vo € H*(RY), and
w € HY(RN) such that u = ¢ + w.

Lemma 3.6.2. Let 1 < N < 4. Then E(RY) is a complete metric space with the distance
(3.1.15), ERN) + HYRN)  E(RYN) and the maps

ue€ ERYN) = Vue L2RY), ue ERY) 1 — |uf?> € L2(RY),
(u,w) € ERN) x HYRY) = u 4w € ERY)

are continuous.

Lemma 3.6.3. Assume 1 < N < 4. Let W € Mao(RY), u € C(R,ERY)), v € C(R, L2(RY))
and

t
Bt) = [ ()W wols)) ds, ¢ € 0.7].
0
Then ® € C([0,T], L?>(R?)) and there exists a universal constant C' such that

8N
1| oo ((0.7),22) < Cmax{T, T HWlla2(I11=|ul*|| zoo ((0,7,2) I Vtll oo (0,7, 22)) 101 oo (0,7),12) -
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Proof. By Lemma 1 in [41] and Lemma 3.6.2, we may decompose u(t) = uy(t) + ua(t), with
HulHLoo(RLoo) < 3 and

HU2HL°°((0,T),H1) <C(h - ‘u’2”L°°((O,T),L2) + HVUHLO"((O,T),L2))- (3.6.1)

Let us set .
Q;i(t) := /0 e )Ry (s) (W v(s))ds, j=1,2.

By the Strichartz estimates we have that ®; € C([0,7], L?(R?)) and
1911l oo (0,1),22) < CT[W|2,2]|v]| Loo (L2} (3.6.2)

Since (8/N,4) is an admissible Strichartz pair in dimension 1 < N < 4, we also infer that
®y € C([0,7T], L*(R?)) and

8—N
| e < CTS [u(W )|
@2l Lo ((0,),12) < l Moo @, zar2) (3.6.3)

8N
< OT s |[W22llull Lo, .4y [0/ oo (.22

Combining (3.6.1)-(3.6.3) and using the Sobolev embedding H(RY) « L*(R"), the conclusion
follows. O

Proof of Theorem 3.1.6. After Theorem 3.1.2, the proof follows the same arguments given in
[39]. For sake of completeness we sketch the proof.

Given ug € £(RY), by Lemma 3.6.1 we have that ug = ¢ + 1, for some @y € H'(RY) and ¢
satisfying (3.1.10). Thus Theorem 3.1.2 gives a solution of (NGP) of the form u = ¢ 4+ w, with
w € C(R, HY(RY)). Therefore u = ug + w, with w = @ — Wy is the desired solution. To prove
the uniqueness in the energy space, we consider 1 < N < 4. Let v € C(R,E(RY)) be a mild
solution of (NGP) with v(0) = ug. It is sufficient to show that v —ug € C(R, H'(RY)), because
then we may apply the uniqueness result given by Theorem 3.1.2. We do this by proving that
u—v € C(R, HY(RY)). Note that by Lemma 3.6.2, u € up + C(R, H'(RY)) c C(R,£(RY)) and
Vu, Vv € C(R, L2(RY)). It only remains to prove that u —v € C(R, L(RY)). Let T > 0 and
t €0, 7], then

t
u(t) — o(t) = [ I Gluls) - Glul)ds,

0
with
G(u) = G(v) = u(W * ([v]* = [uf*)) + (u = 0)(W * (1 = [v]*)).
Applying Lemma 3.6.3 to u(W * (Jv|? — |u|?)) and (u — v)(W * (1 — |[v]?)), we conclude that
u—v e C([0,T], L>(RY)). O

3.7 Other conservation laws

In this section we consider a global solution u of (NGP) given by Theorem 3.1.2. We have
already seen that the energy is conserved by the flow of this solution. Now we discuss the notions
of momentum and mass associated to the equation (NGP), that are also formally conserved.
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3.7.1 The momentum

The vectorial momentum for (NGP) is given by

1

p(u) = 5 /]RN (iVu,u) dz. (3.7.1)

A formal computation shows that the derivative of the momentum is zero and thus it is a
conserved quantity. Moreover, if u = ¢ + w we have

p(u) :% /]RN (iVe, o) dr + % /]RN (iVw,w) dx
+ 1 /RN (iVo,w) dx + %/ (iVw, ¢) dx.

2 RN
Here the problem is that (iV¢, ¢ — 1) and (iVw,$ — 1) are not necessarily integrable for w €
C(R, H'(RY)). However, a formal integration by parts yields

p(u) = l/]RN (iVo,d) dx + % /]RN (iVw,w) dz +/ (iVo,w) dx, (3.7.2)

2 RN

reducing the ill-defined term to (iV¢, ¢), supposing that we can justify the integration by parts.
In order to give a rigorous sense to these computations, we use the following definition proposed
by Maris in [77].

Definition 3.7.1. Let X;(RN) = {9;jv: v € H'(RN)}, with j = 1,...,N. For any hy € L*(RN)
and hy € X;(RY) we define the linear operator L; on L*(RN) + X;(RY) by
1
Lj(hl + hg) = 5/ hi dx.
Lemma 3.7.2. Let N >2 and j € {1,...,N}. Then

/ h =0, foranyhc L*RY)NA;RY).
RN

In particular L; is a well-defined linear continuous operator on LY(RN) + X;(RY) in any dimen-
ston N > 2.

Proof. The proof of Lemma 3.7.2 is given by Marig (Lemma 2.3 in [77]) in the case N > 3.
The same argument works in dimension two, provided that a function in H'(R?) defines a
tempered distribution. In fact, this last point was shown by Gérard (see [40], p. 8), concluding
the proof. O

Following the ideas proposed in [77] in dimension N > 3, we have the following result that is
essential to define our notion of momentum.

Lemma 3.7.3. Let N > 2, j=1,...,N andw € H'(RY). Then (i0;¢,¢) € L'(RY)+X;(R"),
(i0;¢,w) € LYRY), (ip, 0jw) € LYRY) + A;(RY) and

Lj((i9;¢,w)) = —L;({i¢, 9jw)). (3.7.3)
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Proof. The assumption (3.1.10) implies that there is a radius R > 1 such that |¢(z)| >

for all x € B(0,R)¢ and ¢ is C' in B(0,R)°. Then, there are some scalar functions p, 6
CL(B(0,R)°) N H} _(B(0, R)°) such that

loc

1
2
€

o= ﬁeig, on B(0, R)".
Moreover, since 9;¢ € L*(RY) and
0;6]* = 10;1* + 7?10, on B(0, R)*
we deduce that 9;p,8;0 € L*(B(0, R)°). By Whitney extension theorem (cf. [68], p. 167), there
exist scalar functions p, § € C*(RY) such that p = and 6 = 6 on B(0, R)¢. Setting
¢1=pe’ and ¢y =¢— ¢,

we have

(100, 0) = (i0;61, 1) + (i0;01, P2) + (i0; P2, P1) + (i0; 92, P2). (3.7.4)

Since supp ¢2, supp Vo C B(0, R), the last three terms in the r.h.s. of (3.7.4) belong to L'(RY).
For the remaining term, a direct computation gives

<<i6j¢1, ¢1>> = —p28j9 = (1 - p2)8j9 - 8j9, on RN. (375)

The fact that 9;0 € L?(B(0, R)) implies that 9;0 € L*>(RY) and from (3.1.10) it follows that
|p|> — 1 € L%(RY). Therefore from (3.7.5) we conclude that (i9;¢1,¢1) € LY (RY)+ X;(RY) and
hence (i0;¢, ¢) € LY(RY) + x;(RY).

To finish the proof, we notice that from (3.1.10) and the above computations we also have
that ¢, € HY(RN) N CYRN) N WE°(RY) and ¢o € HY(RN). Then a slight modification
of the argument given in Lemma 2.5 in [77], allows us to deduce that (id;¢,w) € L*(RYN),
(ig,0;w) € LY(RY) + X;(RY) and the identity (3.7.3). O

In virtue of Lemma 3.7.3 and making an analogy to (3.7.1), for N > 2 and u € ¢ + H'(R"),
we define the generalized momentum q = (q1,...,qN) as
¢j(u) = Lj((i0ju,u)), j=1...,N.
Furthermore, by (3.7.3) we have
. 1 . .
(0 = Li({i0s0,0) + 5 [ (0w whda+ [ tidyoup e (3.7.6)

which can be seen as a rigorous formulation of (3.7.2).

In dimension one, the operator L; is not well-defined. In fact, following the idea of the proof
of Lemma 3.7.3, if we assume that u = pe? then

(i u) = —p*0 = (1 — p>)o — 0.
Supposing that P}im (0(R) — 0(—R)) exists, we would have
—00
/ 0 (x)d = lim (0(R) — 0(—R)). (3.7.7)
R R—o0

Thus we necessarily need to modify the definition of the momentum in the one-dimensional case
to take into account the phase change (3.7.7). This approach is taken in [9] using the following
notion of untwisted momentum.
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Definition 3.7.4. Foru € ¢ + H'(R), we define the operator £ on ¢ + H*(R) by

R
L(u) = P}l_rgo <% /_R (i, u) do + % (argu(R) — arg u(—R))) mod 7 (3.7.8)

In [9] it is proved that the limit in (3.7.8) actually exists. Therefore, as in the higher dimen-
sional case, we define the generalized momentum in dimension one as

q1(u) = L(u).

The following result shows that this definition gives us an analogous expression to (3.7.6).

Lemma 3.7.5 ([9]). Let u = ¢ +w, w € H'(R). Then

q1(u) = L(¢) + 3 /]R (iw', w) dz + /]R (i¢/, w) dx

Now that we have explained the notion of generalized momentum in any dimension, we can
proceed to prove Theorem 3.1.8.

Proof of Theorem 3.1.8. In view of the continuous dependence of the flow, Lemma 3.7.5, (3.7.6)
and Proposition 3.1.7, we only need to prove the conservation of momentum for ug = ¢+wg, with
wp € H?*(RY). Thus we assume that u — ¢ = w € C(R, H*(RY)) N C}(R, L2(RY)). Integrating
by parts we have that for any j =1,..., N and t € R,

Oug; (u(t)) = 0y (% /R iy (n),w(H) dr + /R iy, () dx)
= [ 403 (wlt) + 6).Bu(t)} da
= / (i0ju(t), Opu(t)) dx
RN
= [ (000 Aut) + u(®V ¢ (1~ ) )}
Since |Vu(t)|? € WLH(RY), an integration by parts leads to
oy (u(®) =5 [ IV dr+ [ OV (1= O ) (o). 0u(t)} da
= [ O = (= [P ). 0yu )

Now we notice that
03 (1 = )W+ (1 — [uf?))) = 2, By} (W (1 uf?)) — 2(1 — [uf2) (W s fu, Dyu}). (3.7.10)
From (3.7.10) and Lemma 3.3.4, we have
/ (u, Qju) (W (1 — |ul?)) dz = / (1 — ul®)(W * (u, 9ju)) dx. (3.7.11)
RN RN

Since ((1 — [u(®)[*)(W = (1 — |u(t)[?))) € WHL(RYN), from (3.7.9), (3.7.10) and (3.7.11) we infer
that

(3.7.9)

[0 (V= (1= [ )L~ [u(e))) e =0,
concluding the proof. O

.-Jklr—‘

6tQj
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Remark 3.7.6. This argument also proves the conservation of momentum stated in Theorem
3.1.10.

3.7.2 The mass

In a recent article, Béthuel et al. [10| give a definition for the mass for the local Gross-
Pitaevskii equation in the one-dimensional case. In this subsection we try to extend this notion
to higher dimensions.

Let x € C°(R;R) be a function such that x(z) = 1if |z| < 1, x(x) = 0 if |z] > 2 and
Il 2o, IxX" |ee < 2. For any R > 0, a € RV, we set

Xa,R(T) = X (%) ., zeRN

and the quantities

m*(u) = inf limsup/ (1 — |u|®)Xa,rdx, m (u)= sup liminf/ (1 — |u|®)Xa,r dz.
a€RY R oo JRN acRN BR—oo JrN

In the case that 1 — |u|> € LY(RY), m*(u) = m~(u). More generally, if u is such that m™*(u) =

m~ (u), we define the generalized mass as

The following result is a more accurate version of Theorem 3.1.9 and shows that the general-
ized mass is conserved if N < 4. However, we need a faster decay for ¢ in dimensions three and
four, which is at least satisfied by the travelling waves in the local problem (see [48]).

Theorem 3.7.7. Let 1 < N < 4. In addition to (3.1.10), assume that V¢ € L%(RN) if
N = 3,4. Suppose that ug € ¢ + HY(RYN) with m™ (ug) (respectively m~(ug)) finite. Then the
associated solution of (NGP) given by Theorem 3.1.2 satisfies m™ (u(t)) = m™ (ug) (respectively
m~(u(t)) = m~(ug)), for any t € R. In particular, if ug has finite generalized mass, then the
generalized mass is conserved by the flow, that is m(u(t)) = m(ugp), for any t € R.

Proof. Let ug = ¢ +wp and u = ¢ +w, wy € H'(RY), w € O(R, H'(RY)) n CY(R, H~}(RY)).
We take a sequence wq, € H?(RY) such that wo,, — Wo in H'(RY). By Proposition 3.1.7 and
the continuous dependence property of Theorem 3.1.2, the solutions u,, = ¢+ w, of (NGP) with
initial data ¢ + wo ,, satisfy

w, € C(R, HXRY)) N CY(R, LA (RY)) and w, — w in C(I, HY(RY)), (3.7.12)
for any bounded closed interval I.

Setting n(t) = 1 — |u(t)|?, 7,(t) = 1 — |u,(¢)|> and using that the functions u, are solution
of (NGP), it follows
O (t) = —2 Re(iy, (t) Aun(t)).

Then integrating by parts
o ([ mOands) = [ amOnands =10+ p0) 41 (6713
R R
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with
Li(t) =—2Im (Wn (t)Vwy (t) + W (t)Vé)VXa,r d,
]RN

IQ (t) = —2Im avwn(t)VXa,R dm,
RN

I3 = —21m/ VOV Xa R dT.
RN

Noticing that ||Axarllrz < CR¥, we have that ||Vxqrlze and ||Axer|z2 are uniformly
bounded in @ and R. Setting

Qur={reRY:R< |z —a| <2R}
and using the Cauchy-Schwarz inequality we have

[L1(1)] < C(@)lwn ()l 22 (0, o) IV ()l 22(0, 5) +1)- (3.7.14)

For I,, we first integrate by parts

I (t) = 2Im wn(t)(v$VXa,R + aAXa,R) dzx,
RN
thus
[L>(1)] < C(@)lwn(t)|| L2, ) (3.7.15)

Using Hélder inequality, it follows that

191l IV Sl L2 (00 ) IV Xa, R I 25 if N =1

|I3] < .
||€Z5HL<><>||V€Z5HL%(Q )HVXCL,RHLN’ if2<N <4

(3.7.16)

a,R

Note that the choice of x implies that ||Vxg gl ~ is uniformly bounded in a and R in any
dimension, and so is ||[Vxg rl/z2 in dimension one. Then by putting together (3.7.13)-(3.7.16),
we obtain

o0 ( [ m00xonds )

with N* =2 if N =1and N* = % if 2 < N < 4. Integrating this inequality between 0 and ¢

and, by (3.7.12), passing to the limit we have

< C(O)(lwn (Bl 20, ) (X + [[Vwn (Bl £2) + [Vl Ly (0, 1))

<

‘/ n(t)xa,Rd:v—/ 1(0)Xa,r dz
RN RN

It
C(¢)/O lw(s)l|L2(Q, 5) (L + [Vw(s)l|r2) ds + C(@)[L{ [Vl v @, z)- (3.7-17)

From the proof of Theorem 3.1.2, we deduce that for some constant K, depending only on wy,
Ey, ¢ and W,
lw(t)|| 2 < KeXH || Vw(t)| 2 < KK, (3.7.18)
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Then, by Cauchy-Schwarz inequality,

[t]
[ 100+ 190 )5 <K [l

1
2
<KXz </ / |2da:ds> :

This inequality together with (3.7.18), the dominated convergence theorem and (3.7.17) imply

that
lim (/ (1 — [u(t)|*)Xa.r dz —/ (1 — |uo|*)Xa.r d:c> = 0.
R—o0 RN RN
The conclusion follows from the definition of m*, m~ and m. O

An interesting open question is to extend the statement of Theorem 3.1.9 to a more meaningful
notion of mass such as

mT(u) = inf hmsup/ (1 —|uf*)dz, m (u)= suphmlnf/ (1 — |ul?) dz
B(a,R) B(a,R)

a€R R _y~o cR R—oo

In fact, in the one-dimensional case, one can choose a test function y such that

1 Xa,R HLQ(SUPP(VXa,R))

is uniformly bounded in a and R. Then one can see that Theorem 3.1.9 remains true replacing m
by m, recovering a result of Béthuel et al. (see Appendix in [10]). However, in higher dimensions
we do not know if this is possible.
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Nonexistence of traveling waves for a
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Abstract

We consider a Gross—Pitaevskii equation with a nonlocal interaction potential. We provide
sufficient conditions on the potential such that there exists a range of speeds in which nontrivial
traveling waves do not exist.
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4.1 Introduction

4.1.1 The problem

We consider finite energy traveling waves for the nonlocal Gross—Pitaevskii equation
i0u — Au—u(W (1 —|u*)) =0, u(z,t) €C, z€RY, teR. (4.1.1)

Here * denotes the convolution in RV and W is a real-valued even distribution. The aim of this
work is to provide sufficient conditions on the potential W such that these traveling waves are
necessarily constant for a certain range of speeds. Equation (4.1.1) is Hamiltonian and its energy

Bu) = 5 [ [Vu®P d+ 3 [ 0V (0= @)~ [u(o)) da

is formally conserved. A traveling wave of speed c¢ that propagates along the x1-axis is a solution
of the form

uc(z,t) =v(xy —ctyxy), = = (x2,...,ZN).

79



Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

Hence the profile v satisfies
icorw + Av + (W * (1 — |[v*)) =0 in RY, (NTWe)

and by using complex conjugation, we can restrict us to the case ¢ > 0. Note that any constant
(complex-valued) function v of modulus one verifies (NTWc¢), so that we refer to them as the
trivial solutions.

Notice that, in the case that W coincides with the Dirac delta function, (NTW¢) reduces to
the classical Gross—Pitaevskii equation

icow + Av +v(l — [v]*) = 0in RY. (TWe)

Equation (TW¢) has been intensively studied in the last years. We refer to [7] for a survey. From
now on we suppose that N > 2 and we recall the following results.

Theorem 4.1.1 ([22, 12, 47, 49]). Let v € HL _(RY) be a finite energy solution of (TWc).
Assume that one of the following cases hold

(i) ¢=0.

(ii) ¢ > /2.
(iii) N =2 and c = /2.

Then v is a constant function of modulus one.

Theorem 4.1.2 ([12, 11, 25, 8, 77|). There is some nonempty set A C (0,v/2) such that for
all ¢ € A there exists a nonconstant finite energy solution of (TWe). Furthermore, assume that
N > 3. Then there exists a nonconstant finite energy solution of (TWc) for all 0 < ¢ < /2.

It would be reasonable to expect to generalize in some way these theorems to the nonlocal
equation (NTWc). The aim of this paper is to investigate the analogue of Theorem 4.1.1 in the
cases (i) and (ii). Before stating our precise results, we give some motivation about the critical
speed.

4.1.2 Physical motivation

As explained in [31], (4.1.1) can be considered as a generalization of the equation

2
1hoy ¥ (z,t) = ;—mA\If(x,t) + U(z,t) /N|\If(y,t)|2V(x —y)dy, in RY xR, (4.1.2)
R

introduced by Gross [52] and Pitaevskii [86] to describe the kinetic of a weakly interacting Bose
gas of bosons of mass m, where ¥ is the wavefunction governing the condensate in the Hartree
approximation and V' describes the energy interaction between bosons.

In the most typical approximation, V is considered as a Dirac delta function. Then this
model has applications in several areas of physics, such as superfluidity, nonlinear optics and
Bose-Einstein condensation (62, 61, 65, 26]. It seems then natural to analyze equation (4.1.2) for
more general interactions. Indeed, in the study of superfluidity, supersolids and Bose—Einstein
condensation, different types of nonlocal potentials have been proposed [14, 6, 32, 96, 87, 63,
103, 27, 23, 1].
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Let us now proceed formally and consider a constant function wg of modulus one. Since
(4.1.1) is invariant by a change of phase, we can assume ug = 1. Then the linearized equation of
(4.1.1) at ug is given by

i0yu — Au + 2W « Re(a) = 0. (4.1.3)

Writing @ = 4y + 2 and taking real and imaginary parts in (4.1.3), we get

—Oilip — Ay +2W x 11 =0,
Ol — Atip = 0,

from where we deduce that
L1 — 2W  (Al) + A%u = 0. (4.1.4)
By imposing @ = /€%~ 4 € R, ¢ € RV, as a solution of (4.1.4), we obtain the dispersion

relation

(w(€)? = €| +2W (©)[¢]%, (4.1.5)

where W denotes the Fourier transform of . Supposing that W is positive and continuous at
the origin, we get in the long wave regime, i.e. £ ~ 0,

w(€) ~ (2W(0))2[e].

1/2

Consequently, in this regime we can identify (2/1/17(0)) as the speed of sound waves (also called

sonic speed), so that we set
cs(W) = (2W(0))/2.

The dispersion relation (4.1.5) was first observed by Bogoliubov [14] on the study of Bose—
Einstein gas and under some physical considerations he established that the gas should move
with a speed less than ¢s(W) to preserve its superfluid properties. From a mathematical point
of view and comparing with Theorems 4.1.1 and 4.1.2, this encourages us to think that the
nonexistence of a nontrivial solution of (NTWc) is related to the condition

c>cs(W). (4.1.6)
Actually, in Subsection 4.1.4 we provide results in this direction and in Subsection 4.1.5 we

specify the discussion for some explicit potentials W which are physically relevant.

4.1.3 Hypotheses on W

Let us introduce the spaces M, ,(RY) of tempered distributions W such that the linear
operator f + W x f is bounded from LP(R™) to LI(RY). We will use the following hypotheses
on W.

(H1) W is a real-valued even temperated distribution.
(H2) W € Mao(RY). Moreover, if N > 4,

W e MN/(Nfl),oo(RN) N MQN/(N72),00(RN) N Man/(N—2),2N/(N-2) (RM). (4.1.7)

(H3) W is differentiable a.e. on RY and for all j,k € {1,...,N} the map & — @(%W(f) is
bounded and continuous a.e. on RY.
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(H4) W >0ae on RV,
(H5) W is of class C2 in a neighborhood of the origin and W (0) > 0.

Recall that the condition W € Ma o (RY) is equivalent to WerL> (RY) (see e.g. [46]). Therefore
(H4) makes sense provided that (H2) holds. It is proved in [31] that under the assumptions (H1),
(H2) and (H4) the Cauchy problem for (4.1.1) with nonzero condition at infinity is globally well-
posed. Actually, condition (4.1.7) is more restrictive than the one used in [31] in dimension
N > 4, but we need it to ensure the regularity of solutions. More precisely, in Section 4.2 we
prove that under the hypothesis (H2), the solutions of (NTWc) are smooth and satisfy

lv(x)] — 1, Vo(z) — 0, as |z| — oo.
On the other hand, by Lemma 4.2.3, (4.1.7) is at least fulfilled for W € LY(R™) n LNV (RY).
Assumption (H2) also implies that E(v) is finite in the energy space
ERY) = {p € Hipe(RY) : 1 = |of* € L*(RY), Vi € L2(RY)}.

Furthermore, if (H4) also holds, then by the Plancherel identity

1 ) 1 0
_1 _ >
E(v) 2/RN|W| + G /RNW|1 o2 > 0.

In Subsection 4.1.5 we show several examples of distributions W satisfying the conditions (H1)-
(H5).

4.1.4 Statement of the results

Theorem 4.1.3. Assume that W satisfies (H1)~(H5). Let ¢ > ¢s(W) and suppose that there
exist constants o1,...,0n € R such that

N
W) +ac Y op&rdeW(€) — &AW (€) > 0, for a.a. & € RY, (4.1.8)
k=2
and
N
. o1 — 1
Y op+ming —o1 —1,—— 20,0+ 01— 1} >0, (4.1.9)
P o+ 2

for all j € {2,..., N}, where a. := c*/(cs(W))? — 1. Then nontrivial solutions of (NTWe) in
E(RN) do not ewist.

To apply Theorem 4.1.3 we need to verify the existence of the constants oy, ..., on satisfying

(4.1.8) and (4.1.9). To avoid this task, we provide two corollaries where the conditions for the
nonexistence of traveling waves are expressed only in terms of W.

Corollary 4.1.4. Assume that W satisfies (H1)—(H5) and also that

N
W () > max {1, %} kZQMkakW(sﬂ +|aaW ()], for a.a. £ € RN, (4.1.10)

Suppose that ¢ > cs(W). Then nontrivial solutions of (NTWc) in E(RY) do not ewist.
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Corollary 4.1.5. Assume that W satisfies (H1)-(H5). Suppose that

— 1/2
. (N -1DW(E)
cs (W c<cs(W)|1 inf — . 4.1.11
(W) < e < ey )< + inf, Zsz|fkakW(£)|> ( )

Then nontrivial solutions of (NTWc) in E(RY) do not ewist.

Concerning the static waves, we have the following result.

Theorem 4.1.6. Assume that W satisfies (H1)—(H4). Suppose that ¢ =0 and that
ijjW@) <0, for a.a. £ € RY, (4.1.12)
for all j € {1,...,N}. Then nontrivial solutions of (NTWc) in E(RY) do not ewist.

Note that in the case W = ad, a > 0, W = a and so that VIV = 0. Then conditions (4.1.10),
(4.1.11) and (4.1.12) hold. Therefore, invoking Corollary 4.1.4 or 4.1.5 and Theorem 4.1.6 we
obtain the nonexistence of nontrivial solutions for all

c e {0} U (V2a,00). (4.1.13)
In particular, considering a = 1, we recover Theorem 4.1.1 in the cases (i) and (ii).

So far, in view of (H5), we have assumed that W is regular in a neighborhood of the origin,
which in particular allows us to define ¢s(W). However there are interesting examples of kernels
provided by the physical literature such that W is not continuous at the origin and then cs(W)
is not properly defined. For this reason we will work with a more general geometric condition on
W. More precisely, denoting by {ek}ke{17..., ~y the canonical unitary vectors of RY, we introduce
the function -

w;(v1,12) = W(vier + aej),  (1,10) €R?, j€{2,...,N}, (4.1.14)
and the set
Ljei={v=(v1,m) € R?: vt + 2wj(l/)|1/|2 — 2 =0},
Then Theorem 4.1.3 can be generalized if we replace (H5) by the condition
(H6) For all j € {2,...,N} and ¢ > 0, there exist 6 > 0 and two functions ’y;fc and v;
defined on the interval (0,¢), such that the set I'; . N B(0,6) has Lebesgue measure zero,
;. € C*((0,6)), and

V() >0, ;) <0, (t,7;,(t) €Ty, forallte(0,0).

Moreover, the following limits exist and are equal

2 _ 2
lim [ =—— | = lim [ —— | =:{;..
t—0+ t t—0+ t '

Figure 4.1 illustrates condition (H6). The fact that (H5) and (4.1.6) actually imply (H6) is proved
in Section 4.4 (see Lemma 4.4.1). We also note that from (H6) we infer that lim,_,q+ ’yj»,:c(t) = 0.

Moreover, if W is even in each component, that is
W((—l)mlxl, (—1)™2zg,...,(-1)™"NayN) = W(ml, Z2,...,TN),
for all (mq,...,my) € {0,1}", then Vie = —yjfc, for all j € {2,...,N}.
On the other hand, if the values /; . are positive, a necessary condition for the existence of a
nontrivial finite energy solution of (NTWe) is that they are equal.
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Y= lct

Figure 4.1: The curves ch of condition (H6).

Lemma 4.1.7. Let ¢ > 0. Assume that W satisfies (H1)~(H4) and (H6) with ¢;. > 0, for all
je{2,...,N}. Let v € E(RN) be a nontrivial solution of (NTWe) in E(RN). Then

gl,c = gQ,c == €N,c-

Now we are ready to state our main result in its general form.

Theorem 4.1.8. Let ¢ > 0. Assume that W satisfies (H1)—(H4) and (H6), with

be=lic=Vlyeo="-=IUN.>0. (4.1.15)
Suppose that there exist constants o1,...,0n € R such that
—_ N —~ —~
W(E) +Le Y | okl W(§) — &1 W (€) > 0, for a.a. & € RV, (4.1.16)
k=2
and
N
> 0} + min o -1, st b o —1L >0 (4.1.17)
k 1 ) gc +92 y 4teUj 1 = U, L.

for all j €{2,...,N}. Then nontrivial solutions of (NTWc) in ERYN) do not ewist.

Finally, we give the corresponding analogue of Corollaries 4.1.4—4.1.5.

Corollary 4.1.9. Let ¢ > 0. Assume that W satisfies (H1)-(H4), (H6) and (4.1.15). Suppose
that either (4.1.10) or

—

I, < inf (]]Vv_l)mi(f)
EERN Zk:2|£kakw(£)|

hold. Then nontrivial solutions of (NTWe) in E(RY) do not exist.
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4.1.5 Examples

In this subsection we provide some potentials of physical interest for which the Cauchy
problem for (4.1.1) is globally well-posed (see [31]).

(I) Given the spherically symmetric interaction of particles, in physical models it is usual to
suppose that W is radial and then so is its Fourier transform, namely

W(€) = p(le]),

for some function p : [0,00) — R. Assuming that p is differentiable, we compute

5

€1’

Then, using that 7, &2 = |¢|? — ¢} and that |&] < |€], we obtain that conditions (4.1.10) and
(4.1.11) are respectively satisfied if

GOW () = p'(I¢]) for all € € RV \ {0}. (4.1.18)

2 . p(r)
1, —— 5 < inf 4.1.1
max{ ’N—l} =0l )
and ")
.. pr
2p(0) < ¢ <2p(0) [ 1+ inf . 4.1.20
pl0) < < 2(0) (14 1f A (4.1.20)
We consider now a generalization of the model proposed by Shchesnovich and Kraenkel [96]
__ Y aso
p(?”) - (1 —|—ar2)b/2’ a, > ’
so that
cs i=cs(W) = V2.

It is immediate to verify that hypotheses (H1),(H3)-(H5) are satisfied. Also, since We L>®(RY),
(H2) is fulfilled for N = 2,3. Moreover, by Proposition 6.1.5 in [46], we conclude that W &
LYRNY) N LN (RYN) for N > 4 provided that b > N — 1. On the other hand,

1+ar? 1
inf L0 _ e itar 1 (4.1.21)
r>0 |p/(r)|r >0 abr? b

Therefore, using (4.1.18)—(4.1.21) and invoking Corollaries 4.1.4,4.1.5 and Theorem 4.1.6, we
conclude that in the following cases there is nonexistence of nontrivial solutions of (NTWc¢) in

E(RN)

(a) N=2,b<1/2 c€ (cs,00).

(b) N=2,b>1/2, c € (cs,\/2 + 2/b).
(c) N=3,b<1, c€ (cs,00).

(d) N=3,b>1, c€ (cs1/2+2/b).

(e) N>4,b>N —1,cc (cs,1/2+2/b).
(f) N=2or3,c=0.

(@ N>4,b>N—1,¢=0.
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

We remark that if b — 0, W — 1 and then W — § in a distributional sense. Thus the cases (a)
and (c) could be seen as a generalization of Theorem 4.1.1 in the cases (i) and (ii).

(IT) Let N =2,3 and
We=0d0+¢f, >0,

where f is an even real-valued function, such that f, |z|?f, |z|Vf € L*(RY). Then W.=1+4¢ef €
C?(RY). Since

2Ok f = = + &5 /), (4.1.22)
we have

1F 1 Lo @y < IFllpinys 16805 Fll oo @ny < IFNlpr ey + 250k F 1l 1y

Then we see that W satisfies conditions (H1)—(H5) provided that ¢ < || f Hzll( and that the

sonic speed given by
1/2
cs =cs(W) = (2 + 26/ f) ,
RN

is well-defined. Moreover (4.1.10) is fulfilled if

RN)

N -1
e < <4HfHL1(RN) + ZkaakaLl(RN)> . (4.1.23)

k=1

Therefore, under condition (4.1.23), Corollary 4.1.4 implies the nonexistence of nontrivial solu-
tions of (NTWe) in £(RY) for any ¢ € (cs, 00).

(III) The following potential used in [23, 103| to model dipolar forces in a quantum gas yields
an example in R? where the speed of sound is not properly defined. Let

W =ad + bK, a,beR,
where K is the singular kernel

2 4 .2 2
_x]+ ) — 223

K(x) = 2P .z eRAM\{0}

In the sequel, we will deduce from Lemma 4.1.7 and Theorem 4.1.8 that there is nonexistence of
nontrivial finite energy solutions of (NTWe) in £(RY) for all

(2max{a — b,a})"/? < ¢ < o0, (4.1.24)
with b = (47b)/3, provided that a > 0 and either

a>b>0 or a>-2b>0. (4.1.25)
We now turn to the proof of condition (4.1.24). In fact, since (see [23])

P N 2
W<£>=a+b(%— ) ¢ € R*\{0},

W satisfies (H1)-(H4) if one of the conditions in (4.1.25) holds. However, W is not continuous
at the origin. More precisely, in terms of the function defined in (4.1.14), we have that w» is

86



4.1.  Introduction

constant equal to @ > 0 and by Lemma 4.4.1 there exist curves 75 with f5. = ¢/(2a) — 1. On
the other hand, ws is not continuous at the origin but assuming (4.1.24) we can explicitly solve
the algebraic equation

(2% + %)% + 2us(2,y) (@ + %) — *a® = 0

and deduce that

Vé%c(t) = i\/_152 —a— 25 + \/65152 + (a + 2[3)2 + 02t2,

for [t| < ¢ —2(a —b). Therefore (H6) holds and £3,. = —1 4 (6b+ ¢?)/(2(a + 2b)). Note that by
(4.1.25), 3 is a well-defined positive constant. By Lemma 4.1.7, a necessary condition so that
the equation (NTW¢) has nontrivial solutions is ¢3 . = £ ., which leads us to

(¢ = 3a)b = 0.

The case b = 0 has already been analyzed (see (4.1.13)). If b # 0, we obtain ¢? = 3a. Hence
lo =1Ly, =l3.=1/2. Then, taking oy = 0 and 09 = 03 = 1/2, (4.1.17) is satisfied and the Lh.s.

of (4.1.16) reads
- §§< 5%) > 3E§§< §§>
bl 325 —_ =2 ) =53 _ 23
“t <315\2 o) ) T e )

which is nonnegative by (4.1.25). Therefore, by Theorem 4.1.8; there is nonexistence of nontrivial
solutions of (NTWc) in £(RY), provided that (4.1.24) and (4.1.25) hold.

As proved in [31], the Cauchy problem is also globally well-posed for other interactions such

as the soft core potential
1, if |z| < a,

0, otherwise,

with a > 0. However, our results do not apply to this kernel, since the changes of sign of W will
prevent that an inequality such as (4.1.16) can be satisfied. Moreover, in this case the energy
could be negative making the analysis more difficult. Nevertheless, Wis positive near the origin
and the sonic speed is still well defined, so that it is an open question to establish which are the
exact implications of change of sign of the Fourier transform in the nonexistence results.

4.1.6 Outline of the proofs and organization of the paper

We recall that Theorem 4.1.1-(i) follows from a classical Pohozaev identity. Gravejat in [47]
proves Theorem 4.1.1-(ii) by combining the respective Pohozaev identity with an integral equality
obtained from the Fourier analysis of the equation satisfied by 1—|v|2. Our results are derived in
the same spirit. In the next section we prove that conditions (H1) and (H2) imply the regularity
of solutions of (NTW¢). In Section 4.3 we prove that condition (H6) allows us to generalize the
arguments in [47] so that we can derive the integral identity (4.3.1). The fact that the set I'; . is
described by the curves ch is a consequence of the Morse lemma, as explained in Section 4.4.

In Section 4.5 we establish a Pohozaev identity for (NTWe¢) with a “remainder term” de-

pending on the derivatives of w. Although this identity can be formally obtained for rapidly
decaying functions, its proof for functions in £(R¥) is the major technical difficulty of this paper
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

and relies on Fourier analysis and the fact that W is even. As in [22|, we then see in Section 4.6
that Theorem 4.1.6 is a straightforward consequence of this relation.

In Section 4.6 we also show that we can recast the identities described above as a suitable
linear system of equations for which we can invoke the Farkas lemma to obtain the nonexistence
conditions given in Theorems 4.1.8 and 4.1.3. The corollaries stated in Subsection 4.1.4 then
follow by choosing the values of o1, ...,0n appropriately.

Notations. We adopt the standard notation C(-,-,...) to represent a generic constant that
depends only on each of its arguments. For any z,y € RV, z,w € C, we denote the inner
products in RY and C, respectively, by z -y = Zfil x;y; and (z,w) = Re(zw). The Kronecker
delta ¢y ; takes the value one if k¥ = j and zero otherwise. F(f) or f stand for the Fourier
transform of f, namely

~

FN©=fe) = [ faetan

and F~! for its inverse.

4.2 Regularity of solutions

From now on we fix ¢ > 0. We assume that there exists a solution v = vy + ivy (v1, Vg
real-valued) of (NTWc) in £(RY). We also set the real-valued functions

1/2

pi=v| = (v% —1—1)%) , ni=1-— ]v[Q.

Lemma 4.2.1. Assume that W € Mao(RY). Then v € W2’4/3(RN), Suppose further that

loc

2 < N < 3. Then v is smooth and bounded. Moreover, n and Vv belong to WEP(RN), for all
keN,2<p<co.

Proof. Let & € RN and B, := B(z,r) the ball of center Z and radius r. Then
lollzazy = MloPllzzes,y < Mo = 1z@y) + 12, < E@) + C(N). (4.2.1)

On the other hand, we can decompose v as v = z1 + 29 + 23, where z1, zo0 and z3 are the solutions
of the following equations

—AZl == O, in Bl, (4 9 2)
z1 =v, ondBy, o

—Az9 = icOiv, in Bi, (42.3)
2o =0, on 0B, -

—Azz =v(W xn), in By, (4.2.4)
z3 =0, on 0Bj. o

Since z; is a harmonic function,
HzluCk(Bl/g) < C(N7 k, E(U))v
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4.2.  Regularity of solutions

for all k € N. Using the Holder inequality, (4.2.1) and elliptic regularity estimates (see e.g. [43]),
we also have

[z2llw228,) < C(N, E(v)),  l2sllwaarss,) < CIN, EQ)IW | oo @myllll L2 @)

Therefore HUHWZ‘*/?’(BI/Q) < C(N, E(v),n,W). Furthermore, by the Sobolev embedding theorem
we deduce that [[v]|ze(p, ,) is bounded for N = 2 and then this bound holds uniformly in
R If N = 3, we conclude that |[v[|;12(p, /») is uniformly bounded. Then using the same
decomposition (4.2.2)-(4.2.4) in the ball By /4, identical arguments prove that ||U||W2’12/7(B1/4) <

C(N,E(v),n,W), which by the Sobolev embedding theorem in dimension three implies that
|vll£ee (B, ,) is uniformly bounded. Consequently, v € L®(RY) for N = 2,3.

Finally, using again (4.2.2)—(4.2.4) and a standard bootstrap argument, we conclude that
v € W (RN) for all k € N.

Now, setting w = d;v, j € {1,..., N}, and differentiating (NTWc) with respect to z;, we
obtain for any A € R

Ly(w) := —Aw — icw +  w = ju(W % 1) +v(W % 9;n) +  w, in RV,

Since Vv € L¥(RM) N L?(RY), we deduce that the r.h.s. belongs to L>(R™). Then, for A > 0
large enough, we can apply the Lax—Milgram theorem to the operator L) to deduce that w €
H?(RYN). Thus Vv € H?(RY) and a bootstrap argument shows that Vo € H¥(RY), for all k € N
and therefore, by interpolation, Vv, n € W*P(RN), for all p > 2 and k € N. O

In Lemma 4.2.1, we needed to differentiate the equation (NTWc) to improve the regularity,
which required that W x Vn was well-defined. If N > 4, proceeding as in Lemma 4.2.1, we can

only infer that Vi € Lﬁ)/ 5’ (R™) so that it is not clear that we can give a sense to the term W * V.

On the other hand, if N > 3, the fact that Vo € L2(RY) implies that there exists zg € C with
|z0| = 1 such that v — zg € L%(RN) (see e.g. |59, Theorem 4.5.9]). Moreover, since (NTWc)

is invariant by a change of phase, we can assume that v — 1 € L%(RN ). Therefore,
Vi = —2(v —1,Vo) — 2(1, Vo) € LNV/O-D(RN) 4 L2(RY). (4.2.5)

Then it would be reasonable to suppose that W € ./\/(N/N_Lq(RN), for some ¢ > N/N — 1.
However, this is not enough to invoke the elliptic regularity estimates and that is reason why
we work with the assumption (4.1.7) in (H2) if N > 4. We remark that to establish precise
conditions on W that ensure the regularity of solutions of (NTW¢c¢) in higher dimensions goes
beyond the scope of this paper.

Lemma 4.2.2. Let N > 4. Assume that W satisfies (H2). Then v is bounded and smooth.
Moreover, 1 and Vv belong to WEP(RN), for allk € N, 2 < p < oo.

Proof. From (4.1.7), by duality (see e.g. [46]) we infer that W € My ny(RY)NM; oy (v42)(RY).
Then, from the Riesz—Thorin interpolation theorem and the fact that (1/2, (N —2)/(2N)) and
(N —1)/N,(N —2)/(2N)) belong to the convex hull of

{G2) (550)- (5 0) - (o5) - (-53)
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

we conclude that
W e M2,2N/(N—2) (RN) and W € MN/(N—l),QN/(N—Q) (RN)- (4.2.6)

As mentioned before, we can assume that 0 :=v—1 € LN (R™). Then using (H2), (4.2.5) and
(4.2.6), we are led to
W s, W« Ve L2RN) n L2V N=2(RN), (4.2.7)

Now we recast (NTWe) as
Ly(®) := —=AD —ic1 D+ X0 =0(W xn) + X))+ Wxn, in RY, (4.2.8)

for some A > 0. By (4.2.7), the r.h.s. of (4.2.8) belongs to L*N/(N=2(RN). Then choosing
A large enough, we can apply elliptic regularity estimates to the operator Ly to conclude that
o € W22N/(N=2)(RN). Then

Dikn = —2((v — 1,9, 1v) + (3jv, o) + (1,9, 4v)) € LY WN=D(RN) 4 [N/ IN=2(RN),

for any 1 < j,k < N. Therefore, by (4.1.7) and (4.2.6), W * 9;,n € L®RN) n LN/ (N=2),
Thus the r.hs. of (4.2.8) belongs to W22N/(N=2(RN) 5o that & € WH2N/(N=2(RN), A
bootstrap argument yields that o € Wh2N/(N=2) (RN), for any k € N. By the Sobolev embedding
theorem, we conclude that v € W**°(RY) for any k& € N. Then the conclusion follows as in
Lemma 4.2.1. O

Lemma 4.2.3. Let W € LY(RY) if2< N <3 and W € L'RN)NLYRYN) if N > 4. Then W
fulfills (H2).

Proof. Since W € L'(R"), by the Young inequality we have
W * fHLP(]RN) < HWHLl(RN)HfHLP(]RN)a for any p € [1, 00].

W e LYRYN) n LY (RY). In particular, W € L*N/(N+2)(RN) and the Young inequality implies
that

Then, taking p = 2, we conclude that (H2) holds for 2 < N < 3. For N > 4, we have

W s fll oo vy < IW s ey L1l Lvrv—n vy
IW s fll ooy < W | panyovee) vy [ f 1| L2y ov-2) vy -

Therefore (H2) is satisfied. O

Corollary 4.2.4. Assume that W satisfies (H2). Then v is smooth and bounded. Moreover, n
and Vv belong to WFP(RN), for all k € N, 2 < p < 00, and

p(x) — 1, Vu(z) — 0, as |z| — oo. (4.2.9)

Furthermore, there exists a smooth lifting of v. More precisely, there exist Ry > 0 and a smooth
real-valued function 6 defined on B(0, Ro)¢, with VO € WkP(B(0, Ro)°), for allk € N, 2 < p <

oo, such that

p> and v =pe?  on B(0,Ry)°. (4.2.10)

DN | =
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Proof. The first part is exactly Lemmas 4.2.1 and 4.2.3. In particular, v and Vv are uniformly
continuous on RY. Then, since 1 — |v|?> € L2(RY) and Vv € L*(RY), we obtain (4.2.9). The
existence of the lifting satisfying (4.2.10) follows as in |78, Proposition 2.5]. From (4.2.10) we
also deduce that

Vo2 = |Vp|? + p?|VO>  on B(0, Ry)".

Since p > 1/2 on B(0, Ry)¢, we infer that VO € W*P(B(0, Ry)®), for all k € N, 2 <p <oo. [
By virtue of Corollary 4.2.4, we introduce the function ¢ € C®(RY), |¢| < 1, such that
¢ = 0 on B(0,2Ry) and ¢ = 1 on B(0,3Rp)¢. In this way, we can assume the function @6 is

well-defined on RY. This will be useful in the next section to work with global functions in terms
of 0. In fact, we end this section with the following result.

Lemma 4.2.5. Assume that W satisfies (H2). Then
G := 01V — vV — V(¢0), on RV, (4.2.11)

belongs to WFP(RN), for all k € N and 1 < p < co.

Proof. By Corollary 4.2.4, G € C*°(R") and moreover
G =-nV6 on B(0,3Rp)".

Since VO € W*P(B(0, Ry)¢) and € WHP(B(0, Ry)¢), for all k € N, 2 < p < oo, the conclusion
follows. O

4.3 An integral identity

The aim of this section is to prove the following integral identity.

Proposition 4.3.1. Let ¢ > 0. Suppose that (H2) and (H6) hold with £;. > 0, for some
j€{2,...,N}. Then

e

T iy, g (1002~ 00— (00 (431)

/ (Vo + (W *n) = -
RN
We note that since W satisfies (H2), all the results of Section 4.2 hold. On the other hand,
from (NTWe) we deduce that = 1 — |v|? satisfies
An = —F +2W % n — 2c01(¢9). (4.3.2)

where
F = 2|Vl 4 2n(W *n) 4 2¢G1.

and G = (Gy,...,Gy) was defined in (4.2.11). Considering real and imaginary parts in (NTW¢)
and multiplying them by v9 and vy, respectively, it follows that

div(G) = v1Avs — vaAvy — A(¢h) = gam — A(¢h). (4.3.3)
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Therefore, from (4.3.2) and (4.3.3), we conclude that
A% = 2A(W 1) + 20%n = —AF + 2¢9,(divG), in RY. (4.3.4)

Since we are assuming (H2), by Corollary 4.2.4 and Lemma 4.2.5, we have that F, G € W1 (RV)N
WHF2(RN), for all k € N, so that (4.3.4) stands in L?(R"). Taking the Fourier transform in
equation (4.3.4) and setting

R(E) = [¢]' + 2W ()€ — P&} and  H(E) := [¢[F(€) —2@&@

we get
R(E)7(§) = H(E), in LXRY). (4.3.9)
Lemma 4.3.2. Let ¢ > 0. Suppose that (H2) and (H6) hold. Then for all j € {2,...,N},
H(tey + 'yjfc(t)ej) =0, forallte(0,6), (4.3.6)

where 0 is given by (H6).

Proof. We fix j € {2,...,N} and we prove (4.3.6) for 7 o» since the proof for v, is analogous.
To simplify the notation, we put v := ’y+ As stated before F,G € WEL(RN) 0 Wk2(RN), for
all k € N. In particular F, G € LY (RY), so that F, G € C(RY). Thus H is a continuous function
on RV,

Let 6 > 0 given by (H6). Arguing by contradiction, we suppose that there exist ¢y € (0,9)
and a constant A > 0 such that [H(§)| > A, where & = tge; + v(to)e;. By the continuity of H,
there exists r > 0 such that |H(§)| > A, for all £ € V., where

V., = B(&,r) N {ae + Bej 1 a, B € R}.

Thus V,. is a two-dimensional set and since ty > 0, we can choose r small enough such that
0 ¢ V. Then (4.3.5) yields

A2
nE? > Rop frale VT (4.3.7)
We claim that dérde
I:= 3 = too. 3.
fo, G = s

Since by hypothesis I'j . N B(0,5) has measure zero, (4.3.7) and (4.3.8) contradict that 7 €
L2 (RM).

To prove (4.3.8), since V; is a two-dimensional set, we identify it as a subset of R? and so
that we write e instead of e;. Then, since I'; . N B(0, §) has measure zero,

- [ dads
» (R(6))?
To compute the integral we “straighten out” the curve . Namely, we introduce the change of
variables
& =v1 =: ®1(v1, 1),

52 =19 + ’y(l/l) =: (132(V1,I/2).
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Since v is a C'-function, so is ®. Moreover, there is some set U, such that V, = ®(U,) and
|det(J®(v))| = 1 for all v € U,. Setting T(v) := R(®(v)), v € U,, the change of variables

theorem yields
dl/ldl/g
I= / — . (4.3.9)
(T(w))?
Furthermore, since T € C'(U,.) and T(v1,0) = 0 for all (v1,0) € U,, the Taylor theorem implies
that for any (v1,12) € Uy, there is some v € U, such that

T(v1,v5) = T(1n,0) + 2 (9)y = SVTZ (7). (4.3.10)

On the other hand, by (H2), W € L>(RY) and by (H3), VW € L>(V;), so that | W |y 1.0 (1) <
0o. Thus VT oo (u,y < C(r,7)(1 + HWHWI,OO(VT)) and from (4.3.10) we conclude that

T (v)] <C(r,vy)(1+ H/WHWI,OO(VT))|V2|, for all v € U,. (4.3.11)

From (4.3.9) and (4.3.11), taking & = (i1, ) € U, such that £ = ®(#) and & > 0 small enough,
we conclude that

—~ v1te
1200 ) [ 5 oa W) [ = P = 4,
T 2 —€

which concludes the proof. O
Finally, we give the proof of identity (4.3.1).

Proof of Proposition 4.3.1. By Lemma 4.3.2, setting £ (t) = tey + 'yjfc(t)ej, we have

(£ 4 () E(EE () = 2e°Gr(E(1) — 277, ()G (€5(1)) =0, ¢ € (0,0).
Dividing by t? and passing to the limit ¢ — 0F,
(14 ;) F(0) — 2¢G1(0) — 2¢/7;.G(0) = (1 + £; ) F(0) — 2¢G1(0) + 2¢+/4;,.G;(0) = 0.

Therefore, since ¢;. > 0, Gj(()) =0and (1+ €j7c)F(0) = 2¢G1(0), which is precisely (4.3.1). O
As a consequence of Proposition 4.3.1, we obtain Lemma 4.1.7.
Proof of Lemma 4.1.7. From (4.3.1), setting

J(v) = /RN(]VUIQ +n(W xn)) and P(v) = /RN (v101v2 — V20101 — D1 (9P0)),
we infer that
Ui o(J(v) + cP(v)) = —J(v). (4.3.12)

Since v is nonconstant and W > 0, we have that J(v) > 0. Then we deduce from (4.3.12) that
J(v) + cP(v) # 0 and

J(v)
£j7c = T TN LDl
J(v) + cP(v)
Since the r.h.s. of the equality does not depend on j, the conclusion follows. O
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

4.4 The set I';, under the condition (H5)

In Section 4.3 we have seen that identity (4.3.1) is a consequence of the structure of the set
I'j .. More precisely, it relies on the fact that (H6) provides the existence of 6 > 0 and two curves
’yfc such that

{(t,y™ (1) : t € (=6,0)} STy
If W is of class C2 in a neighborhood of the origin and

02

Qo= ——=—1>0,
‘ (cs(W))?
we can use the Morse lemma to justify the existence of the curves vjic and to conclude that
set I'; . consists of exactly these two curves near the origin. Therefore the set I'; . looks like
Figure 4.2 and condition (H6) is fulfilled.

Vi (t)

’YJ,C(t)

Figure 4.2: The set I'; . near the origin for W of class C2.

Lemma 4.4.1. Assume that (H1) and (H5) hold. Assume also that o, > 0. Then, for each
j€{2,...,N}, there exist 6 > 0 and functions y* € C*((—6,0)) N C%((=45,8) \ {0}) such that

T;.NB(0,0) = {(t,y=(t)) : t € (=6,6)}. (4.4.1)
Moreover,
Jim, yE(t) )t = £ /ag, (4.4.2)

y™T is strictly increasing and y~ is strictly decreasing. In particular, (H6) is satisfied with l; . = a.

Proof. Let us set
R;(v) = [v[* + 2w;(v)|v]* — v, v =(v,1m) € R%

In view of (H5), R; € C?(B(0,d)), for some &y > 0. Since wj is even, we have that 9 w;(0,0) =
0»w;(0,0) = 0. Then we obtain R;(0,0) =0, VR;(0,0) =0,
O*R;
ov?

9?2 R;
81/22

82R;
6u1 (91/2

(0,0) = —4aw;(0,0) <0,

(0,0) = 4w;(0,0) > 0,

(0,0)=0.  (4.4.3)
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4.5. A Pohozaev identity

Therefore by the Morse lemma (see e.g. [82, Theorem II]) there exist two neighborhoods of the
origin U,V C R? and a local diffeomorphism ® : U — V such that

Ri(®71(2)) = —2a,w;(0,0)2] + 2w;(0,0)23, for all z = (21, 22) € V. (4.4.4)
Moreover, denoting ® = (®1, P3) we have for 1 < j, k < 2

0%,

a—yk(u) — 0k, as|v] —=0. (4.4.5)

From (4.4.4) we deduce that near the origin the set of solutions of R; o ®~1 = 0 is given by the
lines

{(t, £y/act) : t € (=9,0)},
where we take § > 0 such that the set is contained in V. Since @ is a diffeomorphism we conclude
that

TN B(0,8) = {(«F(t), 25 (1)) : t € (=5,9)}, (4.4.6)

where
Oy (af,2F) =t, (4.4.7)
Do(af,2F) = /et (4.4.8)

Moreover, differentiating relation (4.4.7) with respect to ¢ and using (4.4.5), we infer that
(xE)'(t) — 1 as t — 0. Therefore we can recast (4.4.6) as in (4.4.1) with y= € C'((=4,6)) N
C?((—6,0) \ {0}). Furthermore, differentiating (4.4.8) and using again (4.4.5) we conclude that

(v*) (0) = /.

Since y* € C!((—4,9)), taking a possible smaller value §, this implies (4.4.2) and that y* and
y~ are strictly increasing and decreasing on (—d,d), respectively. O

4.5 A Pohozaev identity

In this section we establish the following Pohozaev identity.
Proposition 4.5.1. Assume that (H1)—(H3) hold. Then
1 ~
Ew)= [ |owP+ ——x HWi*d 45.1
)= [ 0wk + e [ ao Pk i (45.1)
c 1 e
Ew)= [ |9 -3 O1vy — v20ivy — 91(¢0)) + ——— O;Wnl*d¢, (452
)= [ 00 =5 [ (@dne —vdro —01(00) + g5 [ oW (452)
forallje{2,...,N}.

Note that by Lemma 4.2.5, G; = v101v2 — v201v1 — 01(¢0) € Ll(RN), thus every integral in
(4.5.1) and (4.5.2) is finite. As mentioned in Section 4.1, in the case that W is the Dirac delta
function this result is well-known (see [22, 12, 47, 78]). The standard technique is to introduce a
function y € C*°(R), with x(x) =1 for |z| < 1 and x(z) = 0 for |z| > 2, and x,(z) := x(x/n).
Then, multiplying (NTWe) by x;x,0;0 and taking real part, we are led to

1
(icO1v 4+ Av, 2 xn05v) — §(W «m2ixn0in =0, onRY (4.5.3)
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

where we have used that
1
(v, Ojv) = —505m.

Concerning (4.5.3), we recall the following result.

Lemma 4.5.2 ([22, 12, 47, 78]). Let ¢ = @1 +ips € ERN)NC®(RY). Assume that there exist
R* > 0 and a smooth real-valued function 0 defined on B(0, R*)¢, with VO € L?(B(0, R*)¢), such
that

1 ;
| >3 and @ =|ele”  on B(0,Ro)".

Let ¢ € C>(RY), such that 6 =0 on B(0,2R*) and ¢ = 1 on B(0,3R*)¢.  Then for all
je{l,...,N}, we have

. . 1 -

lim [ (019, 2jxn0;0) = 5(1 - 514)/ (910102 — 20101 — D1(90)), (4.5.4)
n—oo /pN 2 RN

1

i . N — 2 L 2
I [ et = - [ 1o+ [ 196l (45.5)

. 1 1

tim 5 [ apalt =Py - o) = [ - leP (45.6)
n—oo RN RN

Therefore, from (4.5.3) and Lemma 4.5.2, Proposition 4.5.1 follows in the case W = 4. To
motivate our approach, let us briefly recall the proof of (4.5.6). First, we integrate by parts to
obtain

1
An=—3 /RN zixn(1 = )85 (1 = |¢f*)

1

1
=5 L= 1oPR 45 [ ol = 1)1~ o) - A,
RN RN

Then, invoking the dominated convergence theorem,

_ 1 a2, L .._2._21/_22
A= [ =l + 1 [ mopa =00 - 1ot 1 [ 0= 1ol

as n — oo. In particular, we see that due to a symmetry property, we can write A,, in terms of
integrals to which we can apply the dominated convergence theorem. However, in our nonlocal
case we cannot use this trick and we have to analyze the integral associated to the potential
energy more carefully. We rely in particular on the following general result.

Proposition 4.5.3. Let f € L>(RY) N HL (RY) be a real-valued function and W € Mao(RYN).
Assume also that (H1) and (H3) hold. Then, for all j € {1,...,N},

1

. 1 1 —~
mq—iéMWanﬂm@fzZAQOV*ﬁf—ﬂ;wféN@@W@NﬂQP%- (45.7)

The proof of Proposition 4.5.3 is rather technical, so that we postpone it. Assuming the
result, we now give the proof of the Pohozaev identity.

96



4.5. A Pohozaev identity

Proof of Proposition 4.5.1 assuming Proposition 4.5.3. By putting together (4.5.3)—(4.5.5) (with
¢ = v) and Proposition 4.5.3, we have for j € {1,..., N},

C

1 1
3 [ Vel g [ Wamn= [ ol - =655 [ (oo vadher - 51(x6))
RN 4 RN RN 2 RN
1 T (eVae) |2
+W/RN §i0;W (&) n(8)]7dg,
which is exactly (4.5.1)—(4.5.2). O

We remark that the main problem in order to establish the convergence in (4.5.7) is that f
does not decay fast enough at infinity. Indeed, let us suppose that x;f,x;0;f € L?(RYN). Then
by the dominated convergence theorem and the Plancherel identity we have

1

1 =
B = _— 174 . . _ 9. )
n 5 /]RN( * flzixn0if — 2m)N /RN Wfx;0;f, asn— o0

Using (4.1.22), we conclude that

lim B, = W /RN WIf?+ ﬁ /RN We;fo;f (4.5.8)
= i/{RN(W*f)f— @/RN@@W’J?R

where we have used the Plancherel identity, integration by parts and that (9jf€ L?(RN). This
yields (4.5.7), but only under these more restrictive assumptions. If we only have that f €
LA RN) N HL (RY), we can neither invoke the dominated convergence theorem nor justify that

the second integral in the r.h.s. of (4.5.8) is finite. Therefore, to deal with the limit n — oo in
Proposition 4.5.3, we first establish the following lemma.

Lemma 4.5.4. Let g € L*(RY) and F € L¥(RN x RN). Assume also that F(-,0) € L>=(RY)
and that

F(&,rp) — F(£,0), as|rp| =0, for a.a. € € RY. (4.5.9)
For ¢ € C§°(RY), we set
Gn(&) :=n"P(ng) and () = /RN F(&,7)g(§ = 7)&n(r) dr, (4.5.10)

for a.a. € € RN. Then

U, — 2m)NF(-,0)g(:)p(0), in L*(RY), as n — oc. (4.5.11)

Proof. Let
(€)== (2m)V F(£,0)9(£)p(0), for a.a. £ € RV,

We notice that by (4.5.10)

/ O (r)dr = / o(r)dr = (27T)Ng0(0), (4.5.12)
RN RN

so that
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

Then

(W (§) — ¥(E)] SHFHLoo(RQN)/ 19§ —7) — 9(O)|@n(r)|dr
(4.5.13)

RN
+19()] /RN |F(&,7) = F(£,0)[|@n(r)|dr

On the other hand, using (4.5.10) and integrating by parts, we are led to

n(&)] =n" / m)e—ms-ydy‘
RN
niN—2 e V-2
:W /RN Alp(y)e gydy‘ < HE ”Al@HLl(RN),

for any [ € N and any £ # 0. Invoking this estimate for [ = N and the Minkowski integral
inequality, we get

<2\l 2@y 1@nll L1 (B0,1/vm))
L2(RY) . (4.5.14)
N, ¢
=" N2 ||9HL2(RN)-

H / 19(¢ = 1) — g(©) |5 () dr
B(0,1/4/n)e

Similarly, we obtain

C(N, ¢
< flTp)HFHLOO(RQN)Hg”LQ(RN). (4.5.15)

a1 [ pen-F ol
B(0,1/v/n)° L2(RN)

On the other hand, using again the Minkowski integral inequality and (4.5.10),

” /B(O,l/ﬁ) 19(§ — 1) — g(§)||Pn(r)|dr

L2(RN)
< c—1r) = D,
< ot =) = gl a0
< sup |lg(- —y) = gllre@m|@nll L1 (0,1 /vm)
lyl<1/v/n BOLV)
< sup |lg(- = v) = gllL2@™ 1@l L1 mry-
ly|<1/vn
Since g € L2(RY), we know that
sup [|9( —y) — gllL2@ny = 0, as h =0,
ly|<h
so that
” / l9(§ —7) — g(E)|@n(r)|dr — 0, as n — 4oc. (4.5.16)
B(0,1/y/n) L2(RN)

We now turn to the second term in the r.h.s. of (4.5.13). By a change of variables, we get that
it is equal to

l9(E)] [F(§,r/n) = F(&0)[|@(r)]dr, (4.5.17)
B(0,v/n)

98



4.5. A Pohozaev identity

Since @ € L'(RY) and
[E(&;r/n) = FE|p(r)] < 2/ F[ oo mam) 19(r)],

we can deduce from (4.5.9) and the dominated convergence theorem that

[ IR/ - F©IRwldr -0, as 0 +ox,
B(0,v/n)
for a.a. £ € RN, On the other hand,
9(&)] [F(&,r/n) = F(&)|@(r)ldr < 2[|F|| oo men) 1]l 21wy 9 (€)1,
B(0,v/n)

Therefore, again by the dominated convergence theorem,

— 0, as n — 4oo.

'W@»meﬁﬂawm—F@mwmm

L2(RN)

By combining with (4.5.13)—(4.5.17), we conclude (4.5.11), which finishes the proof of Lemma 4.5.4.
O

Proof of Proposition 4.5.3. Setting W,,, = .F*l(xm/VV) = F Y (xm) * W, we have that W,, is
even, W, € C°(RY),

Wy = W, VW, — VW ae. and Wy, xg — W x g in L2(RY), (4.5.18)

for all g € L2(RY), as m — oo. Therefore

1

1
Inm = —5/ (Wi * flxjxn0if — I = ——/ Xn(W * fa;0;f. (4.5.19)
RN m—o0 2 RN

Moreover, since the Fourier transform of all derivatives of W,, have compact support, they are
bounded in L?(R"). Then, by the Plancherel theorem, we conclude that

Wy, € WE2(RYN),  for all k € N. (4.5.20)
In particular, this implies that W,, * f belongs to C*(RY) N L2(RY), with
3j(Wm * f) = 8ij * f

Thus, integrating by parts, we have that

In,m = Pn,m + Qn,m, (4521)
where
1 1
Pn,m = _/ (aij*f)ijnf and Qn,m = _/ (Wm*f)(Xn+$jann)f-
2 RN 2 RN
By (4.5.18),
. 1
Jim Qum =5 /R W ) (230700 (4.5.22)
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

Since [z;05x(x)| < 2||x|| < (r), by the dominated convergence theorem,

i [ OV« 0w+ 000 = [ 001

n—oo RN

On the other hand, by the Cauchy-Schwarz inequality,
L 105Wonta = ) £y < 105 Wonlgam [ ey, € B,
so that
Lo Wit ) ey < 20005 Wonleo) L o Dl ey (529

Since Wy, is an even function, 0W,, is odd. Then, by (4.5.23) we can use the Fubini theorem to
deduce that

Pam =7 [ [, &5Wnlee = 000 F@) 50 (5) = a0 (45.24)
RN JRN
Let us denote
Gn,m(x) = a]Wm(x - y)f(y) (ijn(x) - ijn(y))dya (4'5'25)

RN

for a.a. 2 € RY. Arguing as before, using the Young inequality and (4.5.20), we have

”Gn,mHLl(RN) < Hajwm”L?(RN)HfHL2(RN)H”UanHLl(RN) + Haj‘Wm”LOO(RN)foanHLl(RN)a
1Gnmllr2@yy < 10iWmll L2y 1f | 2@y 12Xl L2y + 10iWnll 2@y L 25X L1 v -

Thus Gpm € LYRY) N L2(RY). Moreover, since the function = + X, () is smooth on RY,
we can write

N
2ixn(®) = Yixn(y) = > _(zr — ye)Ok(y,  — ),
k=1

where )
Ouy,2) = [ (Bonly +2) + (0 + 1) Ooxaly + £2)) .
0

Therefore, the function G, ,, may be written almost everywhere as

N
n=3 / (e — )0 Wi (& — ) £ (0)00 (4 = — ) dy,
k=1 /RY

so that its Fourier transform is equal to

N .
= /RN /RN (2% — Y)W (2 — ) £ ()0 (y, & — y)e P @ dyda
=1
N
N Z /]RN /RN 2k0jWin(2).f (4) 0k (v, 2)e P W2 dydz
k=1
N
— W Z /RN /RN z;c@ij(Z)f(p — YO (r, 2)e~ P drdz,
k=1
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4.5. A Pohozaev identity

where

TR PR
]RN
1
:/RN (/0 (5j,an(y +tz) + (y; + t2j) Oexn(y + tz))dt> Or(y, 2)e " Vdy
1 -
:/ eltrz (5j,k5<\n(r) + yjaan(T)) dt.
0
Hence, we are led to
~ 1 N
m(P) (%)N;/N/ B "

At this stage, we note that by (4.5.18) and (4.1.22),

)

K._;

(p— )<5j,k@(7°) + yj/al;n(r)> dt dr.

260, Win(p) = 20, W (p) = —p;0sW (p) — 0 ;W (p) acc, as m — +o0,

whereas - . .
240 Won ()] < (14 2 o ) ) IVl o oy + 12506 W | o vy

for a.a. p € RY. Invoking the dominated convergence theorem, we deduce that
@nm(p) — @n(p), as m — +oo,

for a.a. p € RY, where

Go(p) = " Z/N/ zka Wi(p—rt)f(p— )< 8k Xn (T )—i—yj@kxn(r)) dt dr.
Moreover, since
_ 1 XN _ _
|Grm (p)] < @0y Z <(1 + 2(IX | oo @) W [l oo vy + HpjajWHLoo(RN)) X

k=1
< 1= 18500 + 550000
it follows again from the dominated convergence theorem that
@n,m — @n in LQ(RN), as m — 4-00.

Hence, recalling (4.5.24) and (4.5.25), we are led to
P,y — P, = 1 Gn(z)f(z)dz, as m — +o0. (4.5.26)
RN

Finally, since
Talo) =0 [ aly)e "y = V)
R

500 =1 [ oo "y = w00 (),
R
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

x1 = 1 and 9gx1 = 0 on B(0, 1), applying Lemma 4.5.4 with

1 —
o= 61+ uidn,  Flpor) = / SO —rtydt, g=T,
0

we conclude that
Gn — 2;0;W§ in L*RY), asn — .

Therefore, in view of (4.5.26), (4.5.27) and the Plancherel identity, we have

1 — ~
P 1w [ SOV @) dp, 25— o

By combining with (4.1.22), (4.5.19), (4.5.21), (4.5.22) and (4.5.26), we obtain (4.5.7).

4.6 Proof of the main results

For the convenience of the reader, we first recall the Farkas Lemma (see e.g. [93]).

(4.5.27)

Lemma 4.6.1 (Farkas’ Lemma). Let A € R™*" and b € R™. Then one and only one of the

systems

e Axr =b, >0, x € R",

e ATy >0,b"y <0, yeR™,

has a solution.

Here the notation > 0 means that all coordinates of the vector are nonnegative. We are

now in position to provide the proofs of the results stated in Subsection 4.1.4.

Proof of Theorem 4.1.8. For j € {1,..., N}, let us introduce the notation

N

.._1 P — . ,._# 9.7 1512

K= [ Jol /c._jzllcj, R) = 5w | o
1
P = (v101v9 — V01V — O1(X0)), U := Z/ (W s n)n.
RN RN
In this way
Ewv)=K+U

and Propositions 4.3.1 and 4.5.1 read

K+2U = — cle_p

(1+2.)
,C"'Z/{ZQICI +R1)

/c+u:2/cj—g7>+7zj,
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4.6. Proof of the main results

for all j € {2,...,N}. From (4.6.2) and (4.6.4), we obtain

N
(L4 20)K5 + Y K+ (e + 20U = —LR;, je{2,...,N}. (4.6.5)

k=1
ki
Therefore, we can write (4.6.1), (4.6.3) and (4.6.5) as the linear system Az = b, with
z = (’Cl,,CQ, cee ,’Cn,U), b= (Rl, —ECRQ, ey —ECRN, E(U))
and A € RNTIXN+L given by
1, ifi=j=1,
2+ 4, ifj=N+1,1<i<N+1,
1420, ifi=j, i#1,

1, otherwise.

Aij =

Let 0 = (01,092,...,0n,—1). If £ =0, v is constant. Therefore we suppose that X > 0. Then
using (4.1.16),

N

blo = o1R1 — chUkRk — E(v)
k=2
1 PO = al o (4.6.6)
~a2mN /RN'"@ (015101W<5> - fckZchkskakW@) - W(£>> dé — K
< -K<0.

On the other hand,

—o1+ Y0k — 1, if j =1,
(ATo); =S o1+ SN yop+ 2005 —1, if2<j<N,
o1+ (le+2) 3N Jor—1, if2<j=N+1.

Consequently, by (4.1.17), Ao > 0. However, since z > 0, this inequality together with (4.6.6)
contradict Lemma 4.6.1. O

Proof of Theorem 4.1.3. It is an immediate consequence of Theorem 4.1.8 and Lemma 4.4.1. O

Proof of Theorem 4.1.6. Using the notation of the proof of Theorem 4.1.8, by (4.1.12) and Propo-
sition 4.5.1 we conclude that

K+U<2K;, forallje{l,...,N}.

Thus, summing over j,
2—N

U< K. (4.6.7)

Since N > 2, K > 0 and U > 0, inequality (4.6.7) implies that &/ = 0 and therefore v is
constant. |
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Chapter 4. Nonezistence of traveling waves for a nonlocal GP equation

Proof of Corollary 4.1.4. Let us take 01 = —1 and ¢ := 09 = --- = on > 0. In order to fulfill
(4.1.9), we finally fix

_ 2 2
U_max{(N—l)(ac+2)’N—1+ac}'
Then a.6 < max{1,2/(N — 1)}, so that

N N
W) + 00> 6 (O] > W(©) —max {1, 57 b Sl ()] - koW (o)
k=2

k=2
Therefore the conclusion follows from (4.1.10) and Theorem 4.1.3. O
Proof of Corollary 4.1.5. Taking o1 =0 and 09 = --- = oy = 1/(N — 1), we have that (4.1.9) is

satisfied. Let e
(N - DW(E)

n N = .
EERN Zkzg |£kakW(£)|

If m = +o0, @@*W({) =0foraa. £ €RY forallj€{2,...,N} and then (4.1.8) is fulfilled. If
m < 0o, we note that (4.1.11) implies a. < m, so that

m =

N
W(E +ac20k|§k5kW( §)] = 0.
k=2 k=2
Then Theorem 4.1.3 yields the conclusion. O

Proof of Corollary 4.1.9. The proof is analogous to that of Corollaries 4.1.4 and 4.1.5. The only
difference is that we invoke Theorem 4.1.8 instead of Theorem 4.1.3 to conclude. O
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Chapter 5

Traveling waves for the Landau—Lifshitz
equation

Abstract

We consider finite energy traveling waves for the Landau-Lifshitz equation with easy-plane
anisotropy. Using tools from the theory of harmonic maps and ideas developed for the Gross—
Pitaevskii equation, we establish several properties of these solutions such as their regularity and
asymptotic behavior at infinity. Our main result establishes a lower bound for the energy of
nontrivial traveling waves. In particular, this provides a nonexistence result of traveling waves
of small energy. In addition, in the two-dimensional case, we describe a minimizing curve which
could give a variational approach to build solutions for the Landau—Lifshitz equation.

Keywords and phrases: Landau—Lifshitz equation, Harmonic maps, Schrédinger maps, Traveling
waves.

5.1 Introduction

5.1.1 The problem

In this work we consider the Landau—Lifshitz equation
om +m x (Am+ Mnge3) =0, m(t,z) €S? t € R, z € RY, (5.1.1)

where e3 = (0,0,1), A € R and m = (my, mo, m3). This equation was originally introduced by
L. Landau and E. Lifshitz in [72] to describe the dynamics of magnetization in a ferromagnet.
Here the parameter \ takes into account the anisotropy of such material. More precisely, the
value A = 0 corresponds to the isotropic case, meanwhile A > 0 and A < 0 correspond to materials
with an easy-axis and an easy-plane anisotropy, respectivily (see [66, 60]).

The isotropic case A = 0 recovers the Schédinger map equation

Om +m x Am =0, (5.1.2)
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

which has been intensively studied due to its applications in several areas of physics and mathe-
matics. We refer to [53| for a survey and to [3] for recent results on the global well-posedness of
the Cauchy problem. In terms of localized solutions, there are several physicists’ works that by
means of numerical simulations and formal computations have found solutions with nontrivial
topology, especially in dimension N = 2. Let us recall that for N = 2 the magnetic charge is
given by

w(v) = (v,01v X Oav),

and then for any finite energy map v, constant at infinity, we can define its degree as

" 4r

d(v) = — /R w(o)dr. (5.1.3)

This quantity is an integer value that coincides with the topological degree S? of the map
voll:S? — S?, where II refers to the stereographic projection with respect to the North Pole
(0,0,1) (see [19]). Moreover, we have

%/RQ|Vv(x)|2dx > drld(v)), (5.1.4)

for all v € HL_(R?;S?) N H(R?), and the equality in (5.1.4) is achieved by the Belavin-Polokov
instantons Q™ = (Q7, Q5,Q%),

1 — (] +a3)"

QY +1iQ5 = (71 +iz2)", Q5 = T+ (@24 )

n €7z,

of degree d(Q") = n, that are static solutions of (5.1.2) (see [4, 89]).

However, when the material presents an anisotropy (A # 0), a formal Derrick—Pohozaev
scaling argument (see e.g. [33, 89, 84]) rules out the existence of static solutions in dimension
N > 2. For N = 2, using numerical methods, B. Piette and W. Zakrzewski [85] found solitary
waves periodic in time of degree n, for any n € Z, for the equation (5.1.1) with A > 0. Later,
this result was proved rigorously by S. Gustafson and J. Shatah [55]. Moreover, X. Pu and B.
Guo [88] showed that A # 0 is a necessary condition to the existence of these types of solutions.

In this paper we are interested in the case of easy-plane anisotropy A < 0. By a scaling
argument we can suppose from now on that A = —1. Then the energy of (5.1.1) is given by

Bm) =3 [ (VmP + ).

and it is formally conserved due to the Hamiltonian structure of (5.1.1). If m is smooth, by
differentiating twice the condition |m(t,z)|?> = 1 we obtain m - Am = —|Vm|?, so that taking
cross product of m and (5.1.1), we can recast (5.1.1) as

m x Oym = Am + |Vm|*m — (mzez — m3m). (5.1.5)

Using formal developments and numerical simulations, N. Papanicolaou and P. N. Spathis [83]
found in dimensions N € {2, 3} nonconstant finite energy traveling waves of (5.1.5), propagating
with speed ¢ along the xi-axis, i.e. of the form

me(z,t) = u(z) — ct,za,...,TN).
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By substituting m, in (5.1.5), the profile u satisfies
—Au = |Vul?u + uiu — uzes + cu X dyu. (TW,)

Notice that without loss of generality we can restrict us to the case ¢ > 0. Also, we see that any
constant in S* x {0} satisfies (TW,.), so that we refer to them as the trivial solutions. Since we
are interested in finite energy solutions, the natural energy space to work in is

ERYN) ={ve LL . (RY;R? : Vv e LA RY), v € L*(RY), |v] =1 a.e. on RV},

Equation (TW,) corresponds formally to the Euler-Lagrange equation associated to the problem
of minimizing the energy for a fixed momentum (see Subsection 5.1.2).

In [83] the authors determine a branch of nontrivial solutions of (TW,), axisymmetric around
the axis x1, for any speed ¢ € (0, 1) and they also conjectured that there is no nontrivial solution
for ¢ > 1. Although the total charge of these solutions is zero (d(u) = 0), they have areas with
nontrivial topology. More precisely, in the two-dimensional case, they compute a critical speed
c* ~ 0.78 such that for any ¢ € (0,c*), there are exactly two points ¢& = (%+a.,0) (a. > 0),
such that u3(¢%) = 1 and |us| < 1 on R?\ {¢*}. Moreover, far away these points |u3| is almost
zero and the function u covers the upper hemisphere of S?. Furthermore, using the stereographic
variable

_up tiug
w_ 1+’U,3’
we have that 1 satisfies
- 2¢
A+ —————=1p —icop = ———— (Vi - Vip),
VT gEY e = (Ve V)

that seems like a perturbed equation for the traveling waves for the Gross—Pitaevskii equation
(see [7]). The function 1) vanishes only at ¢* and around each point ¢ the degree S of 1/|¢)] is

Y + 1> 1/ +
deg | —,0B(q",r),S" | = — O = %1,
g(wr (@) 21 JoB(g*,r)

for r > 0 small, where 1) = \wlewi on B(¢*,r) and O, is the tangential derivative. Therefore
the function ¢ has two vortices at ¢ of degree +1.

For speeds ¢ € (c*,1), we have that |lus| ;e ®2) < 1 and then the solution has no vortices.
Using the dispersion curve of energy as a function of the first component of the (vectorial)
momentum, i.e.

p(w) = = [ awutu)

these solutions are depicted in Figure 5.1. In particular, we see that the curve has a nonzero
minimum.

The three-dimensional case is similar with a critical value ¢* ~ 0,93 such that the solutions
of (TW,) have this time a vortex ring structure for ¢ < ¢*. The design of the energy-momentum
curve in dimension three is also similar to Figure 5.1.

This type of solutions look like to those found by C. A. Jones, S. J. Putterman and P. H. Roberts
for the Gross—Pitaevskii equation [62, 61| and studied from a mathematical point of view in [8, 77].
It is important to recall that the energy-momentum curve for the Gross—Pitaevskii equation tends
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0 15 30 45 60

Figure 5.1: Curve of energy F as a function of the momentum p in the two-dimensional case.

to zero as p — 0 in the two-dimensional case. This constitutes a fundamental difference with
the curve for the solutions of the Landau-Lifshitz equation, that remains far from the origin (see
Figure 5.1). One of the main objectives of this paper is to establish rigorously that the curve of
minimizing solutions is far from the origin (see Theorem 5.1.10).

Recently, F. Lin and J. Wei [74] proved the existence of nontrivial finite energy solutions of
the equation (TW,) for small values of ¢ in dimension two and three by perturbative arguments.
Another approach to show their existence might be to consider the problem of minimization of
energy under the constraint of momentum, as will be discussed in the next subsection.

In the case N = 1, (TW,) is completely integrable and we can compute the solutions in
E(R) explicitly (see Section 5.9). Moreover, expressing the energy in terms of the momentum of
each nontrivial solution, we obtain Figure 5.2. In particular we note that there are solutions of
small energy, but there is a maximum value for the energy and the momentum, in order to have
nontrivial solutions.

Figure 5.2: Curve of energy E as a function of the momentum p in the one-dimensional case.
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5.1.2 The momentum and the minimization curve

The vectorial momentum P = (P;, P») (in dimension two) is given by

Pi(v) =— /R2 zow(v)dz, Py(v) = /R2 ziw(v) dz, (5.1.6)

which, at least formally, is conserved by the flow of the equation (5.1.5). However the momentum
is not well-defined in £(R?), since the map v € £(R?) — xow(v) € R is not necessarily integrable.
Let us suppose that there is R = R(v) such that we have the lifting (see Lemma 5.2.4)

v = vy +ivy = g€, on B(0, R)°, (5.1.7)

where o = /v +v3 = /1 — 03 and 9,0 € H'(B(0, R)). It follows that
w(v) = —curl(v3 V),

where curl(fy, f2) = 01 fo — Oaf1. Assuming that the lifting holds on R?, a formal integration by
parts yields

Pl(v) == / 1)3819, PQ(’U) == / U3629. (518)
R2 R2
Since for j € {1, 2},

JvllL — 3|2 1056] _ e(v)
(1= 03l ey 2 = (1= 032 o)) 72

where e(v) is the energy density

(IVof* +v3)

e(v) = = l(|Vv3|2

2 2 .2
2T + (1 —v3)|V| +v3),

1
2
it follows that the expression for the momentum (5.1.8) is well-defined when the function has a
global lifting. However the existence of the lifting is a matter of topological nature. In fact, this
issue is related to the degree S' of the application

|@<

:0B(0,R) — S*,

¢

provide that ©/|v| is well-defined. Note that these types of problems have also been encountered
in the study of the traveling waves for the Gross—Pitaevskii equation (see [7, 77, 10, 31]). To
overcome this drawback, we can consider the space

ER?) ={v e ER?) : IR > 0 s.t. |Jvg]|z(p0.R)) < 1},

so that for all v € £(R?) there exists R = R(v) such that the lifting (5.1.7) holds. In addition,
we provide a notion of gemeralized momentum valid for all v € S(RQ). On the other hand, we
will see that any solution of (TW,) in £(R?) also belongs to £(R?) (see Corollary 5.2.5) and then
this definition will be sufficiently general for our scopes.

Another difficulty is that (5.1.6) is not invariant under translations. In fact, setting p = P,
and using the translation function 7, defined by

Taf(') :f('_a)7 a:(a17a2) GRQa
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

we have
p(Tau) = p(u) — dmwazd(u). (5.1.10)

However, the traveling waves found in [83] have degree zero (d(u) = 0), so we could restrict us
to this type of solutions.

At least formally, a possible method to construct a solution u € & (R?) for (TW,), with a
prescribed momentum p(u) = p is to consider the minimization problem

inf {E(v) : v € ER?), p(v) =p}.
However, similar to (5.1.4), we have that
inf {E(v) :v € ER?), d(v) # 0} = 4m,

which shows that high energy solutions cannot be obtained by considering functions with nonzero
degree. For these reasons, we consider the minimizing curve

EYin(p) = inf {E(v) : v € ER?), p(v) = p, d(v) =0},
for which we establish the following results.

Theorem 5.1.1. The function p — Eglin(p) s concave, nondecreasing and Lipschitz continuous.
Moreover,

‘Egun(p) - Egun(q)‘ < ‘p - q‘7
for all p,q > 0. In particular

E2(p) <p,  forallp >0,

and the map Z(p) := p — p — EO. (p) is continuous, conver and nondecreasing on Ry. In
particular, there exists pg > 0 such that Z(p) = 0, for all p < po.

Remark 5.1.2. If the constant py given by Theorem 5.1.1 is positive, it can be shown that for
any p € (0,po), the infimum of E®. (p) is not achieved.

As a consequence of Theorem 5.1.1, the lateral derivatives of Egl
satisfy

exist for any p > 0 and

in

0<£(E0_ (p))<d__(E0. (p))<1 (5.1.11)
= dp min —= dp min — = T

Moreover, the lateral derivatives coincide except for a (possibly empty) countable set.

Proposition 5.1.3. Let p > 0 and assume that Egﬁn(p) is attained by a function uy. Then wy
is a smooth solution of (TW.) of speed ¢ = c(uy) satisfying

0 < L (Bunl®) < cluy) < - () <1 (5.1.12)
_dp min(P)) = p_dp min(P)) < L. A

Moreover c(uy) € (0,1).

Remark 5.1.4. It is also possible to prove that, up to a translation, that wu, is axisymmetric,
i.e. there exists a function uy : R x Ry — R such that

up(z) = up(z1, [T2]), for all x = (x1,29) € R?.
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5.1. Introduction

Theorem 5.1.1 and Proposition 5.1.3 are in agreement with the results in [83] and Figure
5.1. Thus these results could help to establish the existence of traveling waves by variational
methods. One of our main results has as consequence that the minimizing curve does not reach
its infimum close to p = 0 (see Theorem 5.1.10). This justifies that the curve of solutions in
Figure 5.1 is far from the origin, a very important difference compared to the solutions of the
Gross—Pitaevskii equation in dimension two.

5.1.3 Remarks on regularity of traveling waves

In the study of general properties of the equation (TW,), the first problem is the regularity
of finite energy solutions. We notice that the square-gradient term prevents us from invoking
the usual elliptic regularity estimates. Moreover, a well-known regularity result says that ev-
ery continuous solution in H'(Q) of such an elliptic system with quadratic growth belongs to
H120’C2(Q) N C'IOO’S{(Q) (see [42, 69, 16, 64]). In dimension N = 2 some elements of the theory of
harmonic maps (see e.g. [58]) can be adapted to prove the continuity of solutions in &(R?),

leading to the following result.

Proposition 5.1.5. Let ¢ > 0 andu € E(R?) be a solution of (TW.). Thenu € C®(R?)NE(R?),
uz € LP(R?) for all p € [2,00] and Vu € W*P(R2) for all k € N and p € [2,00]. Moreover, there
exist constants g > 0 and K (eg) > 0 such that

[us]| oo (r2y < K (20)(1+ ¢)E(u)'/?, (5.1.13)
IV ul| oo r2y < K (0)(1+ ¢) E(u)'/4, (5.1.14)

provided that E(u) < eg.

On the other hand, in dimension N > 3, it is not possible to have such a result. Indeed, if
we consider the equation

—Av =|Vols, in B(0,1) CRY, v €§?, (5.1.15)

we have that v(z) = ¢ — z/|z| is a finite energy solution discontinuous at the origin. Moreover
T. Riviéere [90] proved that (5.1.15) has discontinuous solutions almost everywhere, for any N > 3.
However, the solutions found in [74| and [83] of (TW,.) are smooth. Thus, in higher dimensions,
we will assume that the traveling waves belong to the space £(RY) N UC(RY), where UC(RY)
denotes the set of uniformly continuous functions. Under this assumption, by classical arguments
(see e.g. [16, 69, 64, 80]) we can deduce that the solutions of our problem are smooth and we
can establish the following estimates.

Lemma 5.1.6. Let N > 3, ¢ > 0 and u € ERM)YNUCRYN) be a solution of (TW,.). Then
u € C®RM)NERYN) and Vu € WEP(RN) for all k € N and p € [2,00]. Moreover, if N € {3,4}
and c € [0, 1], there exist €9, K, > 0, independent of u and c, such that

||u3HL°°(]RN) < KE(u)O‘ (5116)

and

provided that E(u) < eg.
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

5.1.4 Nonexistence results and asymptotic behavior at infinity

Our main result is in the same spirit of a result proved by the author for the Gross—Pitaevskii
equation in [30] (see also [8]). Precisely, we show the existence of a lower bound for the energy,
which implies the nonexistence of nontrivial traveling waves of small energy.

Theorem 5.1.7. Let N € {3,4}. Then there exists a constant p > 0 such that for any u €
ERN)NUCRYN) nontrivial solution of (TW,.) with ¢ € (0,1], we have

E(u) > p. (5.1.18)

In particular, nontrivial traveling waves of small energy with speed ¢ € (0,1] do not exist.

As noticed in [56] in dimension two, there is no smooth static solution of (TW,), i.e. with
speed ¢ = 0. More generally, we obtain the following result for static waves.

Proposition 5.1.8. Let N > 2. Assume that u € ERY) is a solution of (TW,) with ¢ = 0.
Suppose also that u € UC(RN) if N > 3. Then u is a trivial solution.

In the case of dimension N = 2, the nonexistence problem is more delicate and we need to
suppose that the energy is controlled by the momentum.

Theorem 5.1.9. For every M > 0, there exists a constant kp; > 0 such that for any u € £(R?)
nontrivial solution of (TW.) with ¢ € (0,1), we have

E(u) > Ky, (5.1.19)

provided that E(u) < p(u) + M (1 — ¢?). In particular, taking M = 0, nontrivial traveling waves
with speed ¢ € (0,1) such that their energy is less than or equal to their momentum do not exist.

Although the condition F(u) < p(u) restricts the set of traveling waves, it is sufficient to
establish the nonexistence of minimizing solutions given by the curve E%. (p).

Theorem 5.1.10. Let kg be the constant given by Theorem 5.1.9 with M = 0. Then for any
0 < p < Ko the infimum of the minimization problem associated to Egﬁn(p) s not achieved.

Even though we cannot show that the condition F(u) < p(u)+ M(1 — ¢?) is valid in general,
we can prove that a similar a priori estimate holds.

Proposition 5.1.11. Let c € (0,1). Assume that u € £(R?) is a nontrivial solution of (TW.,).
Then there exists €9 > 0 such that

31
E(u) < p(u) + g”u?’H%OO(R%P(U%

provided that E(u) < eg. In particular, for all L > 1, there exists (L) > 0, independent of u
and c, such that
E(u) < Lp(u),

provided that E(u) < e(L).

112



5.1. Introduction

Proposition 5.1.11 shows that if one can prove an a priori estimate such as
2 2
||U3HL<><>(R2)P(U) < M(1-c),

for some universal constant M, then Theorem 5.1.9 holds without the restriction E(u) < p(u) +
M(1—c?).

A key point in our study of (TW,) is that the lifting (5.1.7) allows us to obtain the equation
A2uz — Aug + 20} us = —AF 4 ¢01(divG), on RY, (5.1.20)
where
G = (Gl, GQ) = U1VUQ - uQVul - V(X@), on RN,

F = 2e(u)uz +cG1, and x is a C°(RY)-function such that |x| < 1, x = 0 on B(0,2R) and x = 1
on B(0,3R)¢, if R > 0. In the case that R = 0, it is enough to take x = 1 on R, We note that
the differential operator

A% — A+ 207

is elliptic if and only if ¢ < 1, which shows that ¢ =1 is a critical value for the equation (TW,).

From (5.1.20) we can obtain the convolution equation

N
ug=LoxF—cY Lej*Gj, (5.1.21)
j=1
where )
L d L. $16; (5.1.22)

CTEE IR -2 T e e - g

and a similar identity holds for V(x#). Using these equations, arguments introduced in [15, 28,
48, 51] allow us to establish the decay of the solutions for ¢ € (0,1). Moreover, since the kernels
in (5.1.22) are the same as those appearing in the Gross—Pitaevskii equation, after proving some
algebraic decay of the solutions of (TW,) (see Corollary 5.7.2), we can apply the theory developed
in [48] to obtain the following estimates.

Proposition 5.1.12. Let N > 2 and c € (0,1). Assume that u € E(RY) is a solution of (TW..).
Suppose further that u € UC(RYN) if N > 3. Then there exist constants R(u), K (c,u) > 0 such
that

s (@)] + [VO()| + [Va(e)| < % (5.1.23)
\Vusz(z)| + |D?0(z)| + |D*u(x)| < %, (5.1.24)
| D?us ()| < % (5.1.25)

for all x € B(0, R(u))°.

Finally, using Proposition 5.1.12 and the arguments in [51], we can compute precisely the
limit at infinity of these solutions.
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Theorem 5.1.13. Let N > 2 and c € (0,1). Assume that u € E(RY) is a solution of (TW..).
Suppose further that v € UC(RN) if N > 3. Then there exist a constant Aoy € C and two
functions Ui, uz 0o € C(SY71;R) such that

2N () = Aoo) — iAsoling (é—|> 0, (5.1.26)

x
2N uz () — u3.00 <m> — 0, (5.1.27)

N
. (e70x] ﬂjo-]
floo(7) = * ) (5.1.28)
h (1—c2+c23)% ;(1—02+0202)]§
N
1 NU% 010;
U3,00(0) = ac _ ~NeST B ,
N <<1—02+c20%)% <1—c2+c202)N2“> jZ; "1t 2or)s
(5.1.29)
where 0 = (o1,...,0n) € SV,
r & _
o=y (2 [ ctomds—1-) [ Gia)ao)
2m2 RN RN
and
r& _
Bj=— (?v) (1_02)¥ Gj(x)dx.
2m2 RN

Notations. For a function m taking values on R3, that is m = (m1,m2, m3), we define m
as the complex-valued function 7 = my + img. The N-dimensional unit sphere is SV = {z €
RN*1 . |z| = 1} and in the case N = 1 we also use the identification S' = {z € C : |z| = 1}.
The inner product in R? will be denoted by (-,-) or just - and the cross product by x. Given
T = (.%'1,.%'2), f ' R% — R2, f = (fl,fz), g,h ‘R%2 — R3, g = (gl,gg,gg), h = (hl,hz,hg), we set
at = (—x2,21), V- = (=02,01), curl(f) = O1f2 — Do f1 and

3
Vg:Vh=>Y Vg Vh.
i=1

Let A € R33 and b € R3, then the product of A and b is denoted by A.b € R3. For y € RY and
r >0, B(y,r) or B.(y) denote the open ball of center y and radius r (which is empty for r = 0).
In the case that there is no confusion, we simply put B,.

F(f) or fstand for the Fourier transform of f, namely

~

F(HE) = f(& = o f(z)e™ ™ da.

We also adopt the standard notation K(-,-,...) to represent a generic constant that depends
only on each of its arguments.
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5.2 Regularity of traveling waves

In this section we use some of the elements developed to the study of the harmonic map
equation. In particular, the next lemma is a consequence of the Wente lemma [102, 21, 100| and
Hélein’s trick [57, 58|.

Lemma 5.2.1. Let Q C R? be a smooth bounded domain and g € L*(Q). Assume that u €
HY(Q,S?) satisfies
—Au=|Vul*u+g, inQ. (5.2.1)

Let r > 0 and x € Q such that B(z,r) C Q. Then for any i € {1,2,3} we have

osc u; < K(min{HquLQ(B(x,r))a [ will Lo o, } + HVUH%%B(J;W))
Blar/2) (5.2.2)

7090l 20 (1 + IVl 22030.00)) )

for some universal constant K > 0. In particular u € C(2). Moreover, if the trace of u on 9

belongs to C(02), then u € C()) and

luill e () < il e o) + K (QIVul 2y + l9llz20) (1 + [Vull2(@))), (5:2.3)

for some constant K () depending only on Q. Furthermore, when Q = wr = {Rx, * € w},
where w is a fivzed domain and R > 0, estimate (5.2.3) can be written as

I9ill oo wr) < N19ill Lo (Bwr) + K(HVQH%?(WR)) + R|| fll 2 () (1 + ||V9HL2(MR))), (5.2.4)

where K only depends on w.

Proof. As for the standard harmonic maps, we recast (5.2.1) as

3
—Auy =Y vy Vuj+gi, inQ, =123 (5.2.5)
j=1
where v; ; = u;Vu; — ujVu,;. Then

div(vi;) = wjgi —uig; and  [[div(vij)lr29) < 2l9lr2()- (5.2.6)

Let us consider h; ; € H%(2) the solution of

Ah;j =div(vj), inQ, (5:2.7)
h@j = 0, on 0f).
Thus
IVhijllz) < lvijllz@) < 2IVullr2)- (5.2.8)

Since div(v;; — Vh; ;) = 0, with v; ; — Vh; ; € L*(Q), there exists w; ; € H'(Q) (see e.g. [44,
Thm 2.9]) such that
Vij = Vhi,j + Vlwij, in Q. (5.2.9)
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Now we decompose u as u; = ¢; + @; + 1;, where ¢;, ;, 1; are the solutions of the equations

—A(ﬁl =0 in U,
{ A o oU (5.2.10)
—Ap; =Vh-Vu+g;, inU,
4 R (5.2.11)
©; = 07 on BU,
—AtY; =V+iw-Vu, inU,
{ im0 . (5.2.12)

where U is an open smooth domain such that B, C U C Q. We now prove (5.2.2) for r = 1,
supposing that B; C U, since then (5.2.2) follows from a scaling argument. First, invoking
Theorem B.1 we have that

gee 61 < K min {HV@HLQ(BQ/S), H@HL2<BQ/3>} . (5.2.13)

Also, some standard computations and the maximum principle yield

IVoillL2@wy < [IVuillz2@y  and  |{[@ill Loy < [[will Lo ov)- (5.2.14)
Thus from (5.2.13) and (5.2.14) we conclude that
ge ¢ < K min {||Vui|| 20y, [l oo o0y } - (5.2.15)
1/2

For ¢;, Theorem B.2 gives
oseoi < K(IVh - Vul ey + ol (5.2.16)

To estimate the first term in the r.h.s. of (5.2.16), we use the Holder inequality

195 Vulsaayy < IVhl s | Vull 2z (52.17)
and the Sobolev embedding theorem

VR Loy < K(IVhl|L28,) + 1D 2(8y))- (5.2.18)

By combining (5.2.6), (5.2.16), (5.2.17), (5.2.18) and L2-regularity estimates for (5.2.7), we are
led to

osc @i < Kllgllzz(m) (1 + [Vull2(y))- (5.2.19)
Similarly, since W2P(U) < C(U), for all p > 1, we also have
Ieillo@y < KWOgllrzw) (1 + [Vull 2y))- (5.2.20)
To estimate 1; we invoke the Wente estimate (see [100], [58]), so that
il + 050%‘ < K|Vwll g2y IVull g2y < KHVUH%WW (5.2.21)
where we have used (5.2.8) and (5.2.9) for the last inequality.

Therefore, taking U = B and putting together (5.2.15), (5.2.19) and (5.2.21), we conclude
(5.2.2) with r = 1.

If the trace of u on 92 belongs to C(99), we take Q = U and then from (5.2.10) we have
that ¢; € C?(2) N C(Q). Since p;,1; € C(Q), we conclude that u; € C(Q) and (5.2.3) follows
from (5.2.14), (5.2.20) and (5.2.21). Finally, using again a scaling argument, we get (5.2.4). O
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Let us consider the elliptic system,
Au = f(x,u,Vu), inQ,
where (2 is a smooth open bounded set and f is a smooth function with quadratic growth
|f(z,2,p)| < A+ Blpf.

As mentioned before, well-known regularity results imply that every continuous solution in H'(€2)
belongs to HIQOCZ(Q) N CZOOS‘(Q) Using some of the arguments that lead to this result, we get the
following estimate for ||Vu/|feo.

Lemma 5.2.2. Let y € R%2, r > 0 and B, = B(y,r). Assume that u € H'(B,,S?) satisfies
—Au = |Vul|?u + f(x,u(z), Vu(z)), in By, (5.2.22)

where f € L®(B,)xC(R})xC(R**3) and | f(x, z,p)| < C1+Ca|p|, for some constants Cy,Cy > 0,
for all x € B,, z € R3, p € R3*3. Suppose that

. 1 2 2 1
A= A(u,r) = osc, u(l+17(Ch + C3)) < —. (5.2.23)
1—-3oscg,. u 32
Then
1Dl 25, ) + IVl ) < Kr ™ (IVullzzz,) + lolzm,) (5.2.24)

where g(x) = f(z,u(z), Vu(x)). Assume further that f(x,z,p) = f(x) + R¢(x,2,p), for some

functions f € L>®(B,), Ry € L®(B,) x C(R3) x C(R3*3), with |Rs(x, z,p)| < Cslp|, for some
constant C3 > 0, for all x € B,, z € R3, p € R3*3. Then,

IVl (5, ) KT IVl z2gs,) + K72 (19035, (772 +774%) 4+ gl3a ) )
7 _ 1/3 1/3 1/3 ’
+ 175,y + Cor™ IVl s (190l 5, + 9N 5,) )

where K is some universal constant.

Proof. As mentioned before, Lemma 5.2.1 and the quadratic growth of the r.h.s. of (5.2.22)
imply that u € Hﬁ)g(Q) In fact, this could be seen by repeating the following arguments with
finite differences instead of weak derivatives. As standard in the analysis of this type of equations,
we let p € (0,7) and x € C3°(B,), with x(z) =1 if |z| < p,

x| <1 and |Vx|<K/(r—p), on B,. (5.2.26)

Then setting 7 = x|Vul|, taking inner product in (5.2.1) with (u — u(z))n? and integrating by
parts we obtain

/ V2P + 2 / (V. (u — u(zo)), V) = / IVl (u— uao))r? + / g - (u— ulzo)).

B, r r By
(5.2.27)
Then, using the elementary inequality 2ab < a® + b,

1
g - (u = u(z0))| < n*(Cr + Ca|Vul) oge(u) < Crrp? ose(u) + 0’| Vul* ose(u) + 7 C3n’ osc(u).
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

In a similar fashion, we estimate the remaining terms in (5.2.27). Then, using the Poincaré
inequality

r
H77HL2(Br) < %HVUHB(BT)?

where jp & 2.4048 is the first zero of the Bessel function, and that |u| = 1, we conclude that

1+7r%(Cy+C2
/B]Vu\QnQSOSCBTu( +r(Cy + 2))/BW77’2’

1—-3oscp,. u

where we bounded 1/jp and 1/(4jp) by 1 to simplify the estimate. Thus,

[ vults? <4 [ (D2l 1Val1oag) (5.2.28)

On the other hand, taking inner product in (5.2.22) with 9y, (x?0xu), integrating by parts and
summing over k = 1,2, we have

- / DM -2 > / OjruiXOixOhui = / (IVul2u; + g:)(2x VX Vu; + x2Au).
Br ie{1,2) ie{1,2)
J,ke{1,2,3}

Using again the inequalities 2ab < ea® + b?/c and ab < ea® + b?/4e, we are led to

/ | D%ul? <
B,

Then, minimizing with respect to ¢, it follows that

; ((2 4 g_l)Nu\Q\VX\Q +(1+ 45_1)\Vu]4x2 +(1+ 48_1))(2\92]) .

/B D%l < 16 /B (V29X + [Vulx® + 2l (5.2.20)

Combining (5.2.26), (5.2.28) and (5.2.29), we infer that

KA 1
Vul|* < ( /Vu2 /92>, 5.2.30
J vt < 5 (e [, 9+ [ 1o (5230
K 1+ A
2 2< 2 2 9.
[0 < =5 (o [, 190+ [ 1o (5.2.31)

Taking p = r/2 and using that A <1/32, (5.2.24) follows.

Now we decompose u as u; = ¢; + 1;, where

—A¢; =0, in B, /9,
¢ /2 (5.2.32)
¢i = Uy, on 8Br/2-
—AY; = |VulPu; + fi + (Rp(z,u,Vu));, in B, s, (5.2.33)
,l/}i = 07 on 837’/2’

Since ¢; is a harmonic function,
-1
IV&ill (B, < Kr™ [Véillrzs, ),
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5.2.  Regularity of traveling waves

so that using also (5.2.14), we obtain the estimate

IV6ill oo (s, < Kr [ Vuill 2 s (5.2.34)

7‘/2).
For 1);, we recall that using the LP-regularity theory for the Laplacian and a scaling argument,
the solution v € Hé(B r) of the equation —Av = h satisfies

90l () < KRBy, for all p > 2.
Applying this estimate with p = 3 to (5.2.33), we get
IVYill LB, ,,) < Cr2/3 (||VUH%6(BT/2) + HJEHLS(BT/Q) + C3||VUHL3(BT/2)> . (5.2.35)
Also, by the Sobolev embedding theorem, we have
IVullLss, ) < K <HD2UHL2(BT/2) + T72/3|’VUHL2(BT/2)> : (5.2.36)
Therefore, by putting together (5.2.24), (5.2.34), (5.2.35), (5.2.36) and the interpolation inequal-
ity

1/3
L2(B, s

we deduce (5.2.25). O

2/3

IVullLs (s, ,) < IVull yIVallzs

Now we turn back to equation (TW,.). By setting
E,r(u) = / e(u), =€ R2r >0,
B(z,r)

we obtain the following result.

Corollary 5.2.3. There exist g > 0 and a positive constant K (g¢), such that for any ¢ > 0 and
u € E(R?) solution of (TW,) satisfying

Ear,r(u) < eo,
for some x € R? and r € (0,1], we have
B(gsrc/Q) u< K(1+4¢)Eyp,(u)'/?, (5.2.37)
HVUHL‘X’(B(LT/@) < K(l + C)Em,r(u)1/4r_2/3- (5238)
In particular, if E(u) < eg, then
[ us|| oo (r2) < K (1+ ¢)E(u)Y/?, (5.2.39)
[ Vul| poo g2y < K(1+ ¢)B(u)/*. (5.2.40)

Proof. Estimates (5.2.37) and (5.2.38) follow from Lemmas 5.2.1 and 5.2.2. Then, taking r = 1,
we conclude that (5.2.40) holds. Now we turn to (5.2.39). For any y € R? we have

2E(u) > /B(y,1/2) 32 B(r;llr/lz)\u;»,lz (5.2.41)
On the other hand, by Lemma 5.2.1,
max |ug| < osc wuz+ min \u;»,] <K(+4¢)Ew)Y?+ min |us|. (5.2.42)
Bly,1/2) B(y,1/2) B(y,1/2) B(y,1/2)
By combining (5.2.41) and (5.2.42), we are led to (5.2.39). O
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Proof of Proposition 5.1.5. Since u has finite energy, for every € > 0, there exists p > 0 such
that for all y € R?
Ey,(u) <e. (5.2.43)

In fact, since e(u) € L'(R?), by Lemma B.3, for every ¢ > 0 we can decompose e(u) = e1e(u) +
€2« (u) such that
lere ()o@ <e/2 and ez (u)ll o) < Ke,

for some constant K.. Then for any y € R?,

ez, (W)l L1 (B(y.p) < K.mp?.

B - 1/2
p= 2K ’

we obtain (5.2.43). Thus, invoking Corollary 5.2.1, with £ = ¢ and r = min{1, p}, we conclude
that

Taking

HVUHLO‘J(B(y,r/Z)) < K(l + 0)55/2, for all y € R2.

Therefore u € WH*°(R?), with ||Vul|feogz) < K(1+ 0)8(1)/2. Differentiating (TW,), we find that
v = Oju, j = 1,2, satisfies

Ly(v) := —Av — VuVou + c(u x 81v) + A = |Vul*v + 2uzvzu + udv — v3u — ugv + v, in R?.

Since Vu € L®(R?)N L%(R?), we deduce that the r.h.s. of the formula above belongs to L?(R?).
Therefore taking A > 0 large enough, we can invoke the Lax—Milgram theorem to deduce that
v € H%(R?). Then, by the Sobolev embedding theorem, D?u € LP(R?), for all p € [2,00) and a
bootstrap argument allows us to conclude that Vu € W¥*P(R?) for all k € N and p € [2,00]. In
particular, uz is uniformly continuous, so that uz(z) — 0, as |z| — co and u € £(R?).

The estimates (5.1.13) and (5.1.14) are given by Corollary 5.2.3. O

~ Now we recall a well-known result that gives the existence of the lifting for any function in
E(RY). For the sake of completeness, we sketch its proof.

Lemma 5.2.4. Let N > 2 and v € ERYN). Then there exists R > 0 such that v admits the
lifting

o(z) = o(x)e’®® | on B(0, R)C, (5.2.44)
where ¢ = \/1—v2 and 0 is a real-valued function. Moreover, 0,6 € H{ (B(0,R)) and
Vo,V € L?(B(0, R)°)).

Proof. Since v € E(RY) and [[vs]| o (p(0,r)e) < 1, for some r > 0, the function
) =0/0]

is well-defined on B(0,7)¢ and ¢ € Hlloc((B~(O, r)¢). If r > 0, invoking the extension theorem for

Sobolev spaces, we infer that there exists v € Hﬁ)C(RN) such that ¢ = 1 on Fi_H. In the case
that r = 0, B(0,7)¢ = RY and 4 is defined globally, but we also denote it by 1 to treat both
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5.2.  Regularity of traveling waves

cases. By results in [13, 17] we have that for every simply connected smooth bounded domain
Q C RY there exists a real-valued function g € H'(Q) such that

=€ onQ.

Then, considering Q = B;4,, = B(0,7+n), n > 1, we have a sequence of functions 6,, € H'(B,,,)
such that ) = € on B,,. Noticing that

=€ = e+ on B,

we have that 0, 1(x) — 0,(x) € 277Z, for a.e. * € B,,,. Since a function in H'(B,,,) taking
integer values is constant (see [17, Theorem B.1|), we conclude that there exists k, € Z such
that 0,41 — 6, = 2wk, on B,,. Therefore the function

H(x) _ Hl(x), ifx e By,
9n+1($) — 27 Z?:l k_]a if v € Br+n+1 \Br+na n > 15

is well-defined and
0(z) = Opia(x) — QWZ kj, a.e. on Byjiny,
7=1

for all n > 1. In particular 6 € H! (RY) and (5.2.44) holds with R=r if r =0 and R = r + 2
otherwise. Finally, we notice that

Vo2 = 0*|V0)? + |Vo|* on B(0, R)° (5.2.45)

and that 1 — HU3H2°°(B(O R)e) = inf{o(z)? : x € B(0, R)°} > 0. Since Vv € L?(R?), we conclude
that Vo, V6 € L?(B(0, R)°). O

Corollary 5.2.5. Let ¢ > 0 and u € E(R?) be a solution of (TW.). Then there is R > 0 such
that the lifting u(x) = o(x)e'®® holds on B(0, R)® and satisfies Vo,V0 € W*P(B(0, R)°) for
any k > 2 and p € [2,00]. Moreover, there exists a constant £(c) > 0, depending only on ¢, such
that if E(u) < e(c), then we can take R = 0.

Proof. By Proposition 5.1.5, u € € (R?) and then Lemma 5.2.4 gives us the existence of the
lifting, whose properties follow from Proposition 5.1.5 and (5.2.45). The last assertion is an
immediate consequence of (5.2.39). O

In the case N > 3, some regularity for the solutions of the equation (5.2.1) can be obtained
considering that u is a stationary solution in the sense introduced by R. Moser in [80].

Definition 5.2.6. Let Q C RY be a smooth bounded domain and g € LP(Q;R3). A solution
u € HY(;S?) of (5.2.1) is called stationary if

div(|Vul?e; — 2Vu.0;u) = 20;u - g, in Q, (5.2.46)
forall j € {1,... N} in the distribution sense.
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

If we suppose that u is a smooth solution of (5.2.1), then
div(|Vul?e; — 2Vw.0ju) = —2Au - dju = 2g - d;u,

so it is a stationary solution. However not every solution u € H!(£2;S?) of (5.2.1) satisfies
(5.2.46). The advantage of stationary solutions is that they satisfy a monotonicity formula that
allows to generalize some standard results for harmonic maps. However, when g belongs only to
L?(€2), the regularity estimates hold only for N < 4.

Lemma 5.2.7 ([80]). Let N <4 andy € RN . Assume that u € H*(B(y,1); SH ) NnW4(B(y, 1))
is a stationary solution of (5.2.1), with Q = B(y,1) and g € L?>(B(y,1)). Then there exist K > 0
and g9 > 0, depending only on N, such that if

IVullL2(By,1)) + 9ll22(B(y,1)) = € < €0,

we have

NI

[VullLa(Bey,1/4)) < Ke2.

Applying this result to equation (TW,.), we are led to the following estimate.

Lemma 5.2.8. Let N < 4. There exist K > 0 and €y > 0, depending only on N, such that for
any solution u € ERN) N C®(RY) of (TW..), with c € [0, 1], satisfying

E(u) < €0,

we have
IVull LBy < KE(u)2.

Now we are in position to complete the regularity result in higher dimensions stated in the
introduction.

Proof of Lemma 5.1.6. Since v € UC(RY) and |usll 2@y < oo, we have that u € ERM).
Recalling again a classical results for elliptic systems with quadratic growth (see [16, 69, 64]),
u € UC(RY) yields that u € C°°(RY). This is due to the fact that now we are assuming that u
is uniformly continuous and then we can choose r > 0 small such that the oscillation of u on the
ball B(y,r) is small, uniformly in y. Then we can make the quantity A(u,r) defined in (5.2.23)
as small as needed and repeat the first part of the proof of Lemma 5.2.2 to conclude that for all
y € R?

1Dl 2 (By,r/2) + IVUlLa By < KNI (1Vull 2w + luslleseaey) - (5:247)

for some constant K (N) and r > 0 small enough, independent of y. At this stage we note that

we cannot follow the rest of the argument of Lemma 5.2.2; since it relies on the two-dimensional

Sobolev embeddings. However, it is well-known that using (5.2.47) it is possible to deduce that

Vu € LP(RY), for all p > 2. More precisely, as discussed before, there exists 7 € (0, 1] such that
1

< for all y € RY. 24
B " S BTN 1) Ay (5:2.48)

Then, by iterating Lemma B.5, we have

E
/ V>N T2 < K(N)(1 + c)QN%, for all y € RY. (5.2.49)
B(y,r)
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5.2.  Regularity of traveling waves

By proceeding as in the proof of Lemma 5.2.2, we decompose u; as u; = ¢; + ;, where

—Ag¢; =0, in B(y,r),
Qbi = U4, on aB(y’ T‘),

—Ay; = \Vu]Qu, + u%u, — 52‘73U3 4+ cu X Oju, in B(y,?“),
; =0, on dB(y,r).

In view of (5.2.49), elliptic regularity estimates imply that 1; € W2¥+1(B(y,r)) and then by
the Sobolev embedding theorem we can establish an upper bound for |[Vy;||fc(p(y,r)) in terms
of powers of E(u). Since ¢; is a harmonic function, we obtain a similar estimate for ¢; as in
the proof of Lemma 5.2.25. Then we conclude that Vu € L>®(RY), so that, by interpolation,
Vu € LP(RYN), for all p € [2,00]. Proceeding as in the proof of Proposition 5.1.5, we conclude
that Vu € WEP(RY), for all k € N and p € [2, 00].

Now we turn to (5.1.16) and (5.1.17). Let us first take N = 3 and ¢y given by Lemma 5.2.8,
such that E(u) < eg. Then, by the Morrey inequality,

<K < KE(u)Y/? 5.2.50
5O, U S IVullzapy,1y) < KE(u)/~, ( )

for all y € R3 and for all ¢ € [0,1]. Taking ey smaller if necessary, (5.2.48) holds with r = 1/16
and then so it does (5.2.49) (with » = 1/16). Hence the previous computations give a bound for
Vu € L*®(R3) depending only on F(u), which yields (5.1.17).

In order to prove (5.1.16), we estimate the minimum of |us| on B(y,1/2) as in (5.2.41), and
using (5.2.50) we conclude that

< KE(u)'/?
phax |us| (u)™/=,
which implies (5.1.16).
It only remains to consider the case N = 4. Note that the r.h.s. of (5.2.48) is less than or

equal to 1/112, for ¢ € [0,1]. Let r, > 0 be the maximal radius given by the uniform continuity
of u for this value, i.e.

re =sup{p>0:Vz,z e R |z — 2| < p = |u(z) —u(z)| < 1/112}.

We claim that 7, > 1/2 for g small. Arguing by contradiction, we suppose that 0 < r, < 1/2.
Since (B.2) is satisfied for any y € R*, with 7 = r, and s = 2, Lemma B.5 implies that

16
HVU’HLG(B (y,r/2)) <8 (1 + ) HVUHL4 (B(y,r%))"

Since 0 < r, < 1/2, the Morrey inequality implies that

1 1 16
osc u< Kir? ||VUHL6(B(y,r*/2)) < Kor (1 + ﬁ

1
6 2 )
3 1
B(y,rs«/4) > HVUHUI(B(%T*))SKBE(U)S, (5.2.51)

*

where we have used Lemma 5.2.8 for the last inequality and K3 > 0 is a universal constant.
Finally we notice that there exists a universal constant ¢ € N such that for any x € R?*, there is
a collection of points y1, s, ...,y € R* such that

12
0SC E OSC
B(z, 27"*)

ykvr*
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Thus, using (5.2.51),

w\»—‘

B(g‘,SQ(;’*)u <UK3E(u)s.

Taking €9 < 1/(112¢K3)3, we get that 08CB(z,2r,) < 1/112, which contradicts the definition of
r«. Therefore,

osc u<1/112, for all z € R*.
B(z,1/2)

Moreover, the same argument shows that

osc u< KE(u)Y?, forallyeR?
B(y,1/8)

and then (5.1.16) and (5.1.17) follow as before. O

5.3 The momentum

5.3.1 Definition of momentum in £(RY)

As discussed in the introduction, one of the main technical difficulties in the study of the
Landau-Lifshitz equation is to provide a proper definition of momentum in the energy space. In
fact, for N > 2, we formally define the vectorial momentum in the j-direction by

P;(v) Z/RNmkv (Ojv x Ogv) = Z/RNmkv (0jv x Opv),
k#]

but it is not clear that this quantity is well-defined in & (RN). As proved in Section 5.2, the
solutions of (TW,) that we are considering belong to £(R") and therefore by Lemma 5.2.4 they
admit the lifting

v = (Qeie’ U3)

at infinity. Then, assuming that v is of class C?, we obtain
v - (950 % Opv) = v30(9; 000 — O1,00;0) + 0°(3;00kv3 — OkB0jv3) = Ok (v30;0) — 0;(v304H),

where we have used that v% = 1 — o? for the last equality. In consequence, if the lifting for v
holds in the whole space, a formal integration by parts yields

Pi(o) = [

which is well-defined in £(RY). However it is not clear how to give a sense to an integration by

parts of the type
/ Tk (Okf1 — 0jf2) = / f1,
RN

j # k, for a function f € L'(RY). This difficulty, that also appears in the context of the
Gross—Pitaevskii equation, can be handle by defining a generalized momentum as an analogue to
the definition given in [31] (see also [77]). For the sake of simplicity, we focus only on the first
component of the vectorial momentum p = P; and introduce the notation

wg(v) =v- (v X Ov), ke{2,...,N}.

In particular, w = ws.
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Definition 5.3.1. Let k € {2,...,N}. We set Ly(RY) = {h € LYRY) : zxh € LY(RY)} and
X;(RY) = {90 € S'(RY) : v € LYRYN) N L2(RN)}, for j € {1,...,N}. For any hy € X3 (RY),
he € X(RY) and hy € Ly(RY), we define the application Lj, on Xy (RN) + X, (RY) 4+ Ly (RY),

by
Ly(h1 + ho + h3) = / Tphs — / v,
RN RN
where Opv = ha.
Endowing L (RY) and &;(RY) with the norms
1Pl = [12]l 1 ey +/RN|ﬂfkh|, 10j0ll2; = [0l 1oy + [0l 2R,

they are Banach spaces. The next result shows that Ly, is actually a well-defined linear continuous
operator.

Lemma 5.3.2. Let k€ {2,...,N}.
(a) For any h € Li(RY) N X (RY),

/ zh = 0. (5.3.1)
RN

/ rph = —/ v,
RN RN
where Opv = h.

(¢) Foranyh € X1(RVN)NXL(RY), such that h = 01v = Ou, for some v,u € LY RN)NLA(RY),

we have
/ v= / u=0. (5.3.2)
RN RN

In particular Ly, is a well-defined linear continuous operator on Xy(RN) + Xp(RN) 4 Lg(RN).

(b) For any h € L(RY) N X, (RY),

Proof. For the proof of (a), we consider v € LY(RY) with djv = h and a cut-off function
n € C3°(R,[0,1]) such that n(z) = 1if |z| <1, n(x) = 0if |x| > 2, and || <2 on R. Setting
Nm(z) = n(Jz|/m) and integrating by parts we have

/nm(x)xkh:/ O () TR0,
R2 R2

Then, since xh € LYRY), |O1nm(x)xr] < 4 and 91np(r) — 0 as m — oo, invoking the
dominated convergence theorem we can pass to the limit m — oo and (5.3.1) follows. The proof
of (b) is similar and thus we omit it.

Now we turn to the proof of (c). First we remark that if v,u € W1(RY) the result follows
as before, using that

/ Umxlalv :/ 77m$1(9kU, / nmxkalv :/ nmxkakua
RN RN RN RN

integrating by parts and letting m — oo. For the general case, we proceed as in |77, Lemma
2.3]. Since v,u € LY(RN) N L2(RY), we have that the corresponding Fourier transforms ¢ and
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

@ belong to C(RY) N L2(RY), so that (5.3.2) is equivalent to #(0) = @4(0) = 0. Arguing by
contradiction, let us suppose that 4(0) # 0 (the case ©(0) # 0 is analogous), then there exist
7o > 0 and m > 0 such |4 > m, a.e. on B(0,79). By hypothesis ;v = dpu in S'(RY), so that
&0 = & in L2(RY). Therefore,

(31

|o] > ==m, a.e. on B(0,rp),

~ &

which contradicts that ¢ € L2(RY). O

In Lemma 5.3.4 below we will prove that
wi(v) € X (RY) + X, (RY) + L (RY), forall ke {2,...,N}, (5.3.3)
for any v € € (RN). Then we can finally give a proper definition for the momentum.

Definition 5.3.3. Let v € E(RN). We define the generalized momentum of v as

.
p(v) = “N_1 ngLk(wk(v))

Lemma 5.3.4. Let v € E(RYN). Then (5.3.3) holds. Moreover, if v satisfies V3] oo (mivy < 1, we
have

p(v) = /]RN 03010, (5.3.4)

where ¥ = /1 — vgew.
Letn € CP(R) such that 0 <np <1 onR, n=1 on B(0,1), n =10 on B(0,2)¢ and || < 2.
Setting ny : RY = R by g (z) = n(jz|/m), m € N\ {0}, we have

Li(wg(v)) = lim TpNmwg (V). (5.3.5)

m—00 RN

Furthermore, if v € E(RN) N C*(RYN), there exists a sequence r,, — 0o such that

Li(wg(v)) = lim zpwi(v), (5.3.6)

=20 B(O,T‘n)

for allk € {2,...,N}. In particular,
p(v) =— lim —— / rrwg (u
(v) = - lim Z o

Proof. Let R > 0 given by Lemma 5.2.4 such that o = ge? on B(0, R)®. For any r > 0 we define
two functions x,, X, € C*°(R") such that

0, if |z| <, . 0, if |z] <r+2,
x) = _ and = _ 5.3.7
xr(2) {1, if ] > 7+ 1, Xr {1, if || > 7+ 3, (5.37)
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5.8. The momentum

and for r > R we set
0r = Xr0s O = X0, U, = 0, ae. on RY,

so that we extend v to RY as v, = (0p,v3). Clearly, we cannot assure that |v,| = 1 on RY, but
the different supports of x, and x, will allow us to overcome this difficulty.

Writing v = v — v, + v,,, we have
wg(v) = V(v,vp) + wi(vy), (5.3.8)
with
V(v,v,) =v- (010 X (v —vy) + (v — vp) X Ogvr) + (v —v,) - (D10, X Ogvy).
Since v — v, has compact support, V(v,v,) € Ly (RN ). To treat the other term, we compute
Wi (vy) = v30-(0;0:Ok0y — O10r0;0,) + 02(0;0,0kv3 — O 0jvs3).

Although the equality ¢? = 1 — v% does not hold on the whole space, this equality is valid on the
open set {|z| > r 4+ 1} and since 6, = 0 on B(0,r + 2), we have

070107 Omby = —030030m0,, a.e. on RV, for all [,m € {1,...,N}.

Therefore
wy,(vy) = 03016, — O1v30k0, a.e. on RY. (5.3.9)

Now we claim that
3kU3319r - 61@38k(9r = ({9]6(?)33167») - 61 (Ugak(gr) in S/(RN). (5.3.10)

To prove (5.3.10), we take a sequence 0, € C%(RY) such that V0,, — V60, in L>(RY), as
n — oo. It is clear that (5.3.10) holds with 6, , instead of 6,. On the other hand, since
v3 € L®(RY) and Vvs € L2(RY), for any ¢ € S(RY) we have

/RN (Okv3010p,r — 010300, ) — /RN (Okv3010; — 01v30,0, )¢, as n — oo,
and
(O (v3016y,r) — O1(v30K0n,1), §) 51 (RN), S(RNY = — /RN V3010, Ok dx + /RN v30k 0y, 01 ¢ dx

— — Ugalarak(ﬁ dx +/ U38k0r81¢ d.%',
RN RN

as n — oo. Being the Lh.s. of the last two expressions equal, we are led to (5.3.10). Combining
with (5.3.8) and (5.3.9), we conclude that

wk(v) = V(U,UT) + 6]6(?)38167») -0 (Ugak(gr) in S/(RN). (5.3.11)

In particular (5.3.3) is satisfied and by Definition 5.3.1 we are led to

Luwn(v)) = - [

v3(319r—|—/ zpV (v, vp). (5.3.12)
RN RN
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Since zx7, € S(RY), from (5.3.11), we deduce that

/ TN Wi (V) :/ TNV (v, 0p) — Ok (T1Nm)v3010;, + 01 (Tkm ) V3010,
RN RN RN RN

Since 3 V(v, vy.), v30k0, € L' (RY), 0j(xkNm) = 6 kNm~+xk0jNm and |20y | < 4, the dominated
convergence theorem yields that

lim xknmw(v):/ ka(v,vr)—/ v3016,.
m—oo JpN RN RN

Comparing with (5.3.12), we conclude that (5.3.5) holds.

In the case that v € C2(RY), we have that 6, € C?(R") and (5.3.11) holds in R, so that
we can multiply (5.3.11) by zj and integrate by parts on B(0, p) to obtain

/ kak(?}) = —/ 1)38167» +/ 1‘]#)31%1),%») — / xkvg(akerul — 310ruk).
B(0,p) B(0,p) B(0,p) 0B(0,p)
(5.3.13)

Since v3V#, € Ll(RN), by Lemma B.4 there is a sequence p,, — co such that
/ xkvg(akerul — ({9167»I/k) — 0.

Finally, passing to the limit p, — oo in (5.3.13) we obtain

lim zpwi(v) = —/ 1)3816?T+/ V(v,vp).
=90 JB(0,pn) RN RN

Comparing with (5.3.12), (5.3.6) follows.

In the case that [|[vs]|ec @y <1, 0 = /1 — v%ew a.e. on RY | so that the functions x, and
Xr are not necessary, and we can deduce that (5.3.11) holds with ¥V = 0. Hence (5.3.4) follows
immediately. O

5.3.2 Further properties in dimension two

A useful fact of Sobolev spaces is the density of smooth functions with compact support.
However, when restricting to functions taking values in S? this property is not always preserved.
For instance, if N > 3 we do not have such a result. To see this it is enough to consider
B(0,1) € R? and v(z) = x/|z| € H*(B(0,1)) that cannot be approximated by smooth functions
in the Hl-norm (see [92] for details). On the other hand, in the two-dimensional case, the
density result is true (see [92, 20]). More precisely, for N = 2 and A > 0 we endow &(R?) with
the distance

NI

d?(uav) = (||u - UH%Q(B(O,A)) +[[Vu — VUH%Q(RQ) + flus — 1)3H%2(R2)) : (5.3.14)

Note that for B > A > 0, it follows from the Sobolev embedding theorem that there exists a
constant K (A, B) such that

d2 (u,v) < dB(u,v) < K(A, B)d2 (u,v), (5.3.15)

for any u,v € £(R?). Therefore the distances d? and df are equivalent. Now we can state the
following density result.
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5.8. The momentum

Lemma 5.3.5. Let A > 0 and v € E(R?). There exists a sequence of functions (vp)nen in
EF(RY) =EMR)N{f:R? 5 R®: IneS! x {0} s.t. f— )€ C(R?)},
such that
d2(v,v,) = 0, as n — co. (5.3.16)
Moreover, if [|v]|zee(B(0,r)e) < 1 for some R >0, then
[onll Lo (B0, R+1)e) < [0llLoc (B0, R)e)- (5.3.17)
The proof of Lemma 5.3.5 follows the same ideas of the classical result of Schoen and Ulhen-
beck [92] (see also [20]), so we omit it.

Corollary 5.3.6. Let v € E(R?). Then there exists a sequence of functions (vn)nen € E°(R?)
such that
d2(v,v,) = 0 and p(v,) = p(v), as n — oco.

Proof. Since v € £(R?), we have that § = vl oo (B(0,R)e)y < 1, for some R > 0. In view
of Lemma 5.3.5, we only need to verify that the sequence v, given by Lemma 5.3.5, up to a
subsequence, satisfies

p(vy) = p(v), as n — oo. (5.3.18)

Let € > 0. By Lemma 5.3.4 there exists an integer m. > 0, such that

<¢g/3, forall m>me, (5.3.19)

mw+/ -
B(0,2m)

and we can assume that 2m, > R + 1.

To compute the momentum of the sequence vy, since v, is smooth and (v,)3 € C§° (R2),
using (5.3.6), we get

p(vn) = —/ xow(vy,) = —/ oW (Vp )y, — / xow(vy)(1 —ny),  for all m € N.
R2 B(0,2m) B(0,m)e

(5.3.20)
Since d‘g“(v,vn) — 0, there exist functions f € L2(R?), g € L*(R?;R3) such that, up to a
subsequence,
|(vn)3| < f’ |v(vn)]| < 95, for J € {1’253}5 for all n € N, (5321)
and
(vn)3 = v3, Vo, — Vo in L*(R?), as n — oo. (5.3.22)

Invoking (a modified version of) Lemma B.4, there exists m. > m. such that

N11__52 <5/BC~ (f* +1g) +Pe/ (f*+ W)) < % (5.3.23)

where By, = B(0,7.). Since, for 7 > R+ 1 we have the lifting ©,, = 0,¢"" on B(0, R + 1),
then

/ .%'2(1 - nm)w(vn) = _/ (1 —hm — anQnm)(vn)?)alen - / $232nm(vn)3820n

b b b (5.3.24)

+/ 23(1 = 1) ((00)3010n72 — (v0)301011).
DB (0,r)
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Since |1 = | < 1, || < 1, |2107m| < 4, by combining with (5.1.9), (5.3.17), (5.3.21), (5.3.22)
and (5.3.24), we conclude that

[ a1 = mauten)

Me

< g for all n,m € N. (5.3.25)

From (5.3.15), d?f (v,v,) — 0, as n — oo, so that, up to a subsequence,
v, = v, a.e. on B(0,m,). (5.3.26)

Hence, (5.3.23) and the dominated convergence theorem imply that there exists n. € N such

that
/

Finally, using (5.3.19), (5.3.20), (5.3.25) and (5.3.27) with m = m., we obtain

< -, foralln>n.,, meN. (5.3.27)

W[ m

1’277mw(vn) - / x2nmw(v)
B,

Ip(vn) —p(v)] <e, forall n>ng,

which concludes the proof. O

We end this section by showing that the definition of generalized momentum has the expected
directional derivative.

Lemma 5.3.7. Let v € £(R?) and ¢ € C°(R*R3). Then

lim p(vs) = p(v) = /ﬂ@(gbf,@lv X v) = /R2<¢, 01v X v), (5.3.28)

s—0 S
where vy = (v + 5¢)/|v + s¢| and ¢I = ¢ — (¢, v)v (the tangential component of ¢).
Proof. First we notice that vs is well-defined for [s| < 1/||¢| 00 (m2). Moreover,
vs = v+ sy, + s7g(s,v, ),
for s small, where g satisfies

|g(s,v, ¢)| < K(||¢HL°°(R2))|¢|’

for some constant K (||¢[| ;o (r2)). Then

w(vs) = w(v) + (@, O1v x Oov) + (v, 0101 X Dov) + (v, 01v X Do) ) + 5%G(s,v,4), (5.3.29)
where ¢ satisfies

30,0, 8)| < K (l6llwroe@2)) (18] V0] + 6] Vol? + Vo). (5.3.30)
Using some standard identities for the cross product, we check that

<¢Za O1v X Ov) = 0, a.e. on R2.
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We also notice that
(Un, 10T X Bav) 4 (v, D10, X Da@L) = Oa(dL, vy X Dy — O {PL, vy X Daup),

for any v, € C%(R?). In particular, we consider a sequence v,, € C?(R?) such that Vv, — Vv in
L?(R?). Moreover, we can assume that there exists V' € L?(R?) such that

|Vu,| <V and Vu, — Vv, a.e. on R?

so that, by the dominated convergence theorem, we can argue as in the proof of Lemma 5.3.4 to
conclude that

(0,011 X Dav) + (vn, D10 X DadL) = (P, v x D1v) — (L, v x Dyv), in S'(R?).

Therefore
w(vs) —w(v)

=0 ((ﬁf,v X O1v) — 81<¢;‘)F,v X Oav) + sg(s,v, @).

Noticing that w(vs) — w(v) and § have compact support, Definition 5.3.3 yields

ps) =p() _ (M) _ /RQ (6T v x Do) — S/RQ 223(s,0,0).  (5.3.31)

S

By (5.3.30), we can invoke again the dominated convergence theorem and pass to the limit s — 0,
so that the first equality in (5.3.28) follows. The second one is immediate, since v - (O1v x v) = 0.
O

5.4 Pohozaev identities

The generalized momentum defined in Section 5.3 allows us to establish the following Po-
hozaev identities for (TW,).

Proposition 5.4.1. Let u € E(RN) N C%(RYN) be a solution of (TW,). Then we have
E(u) :/ |O1u|? da, (5.4.1)
R2

E(u) = /R?|akU|2 dr — cLi(wg(u)),  forallk e {2,...,N}. (5.4.2)

Proof. Taking inner product between (TW,.) and z0ku, 1 < k < N, integrating by parts in the
ball B(0, R) and using that u - dyu = 0, we obtain

1
/ |Opul? — = / |Vu|* — / Ou Oruzxy + / \Vul|?zpvp =
B(0,R) 2 JBo,R) aB(0,R) OV dB(0,R)

1 1
5 / Ug - —/ u%xkuk + c/ (O1u X Ogu) - uxy,
2 JB(o,R) 2 JaB(o,R) B(0,R)

where v denotes the exterior normal of the ball B(0, R) and % = (Vuy - v,Vug - v,Vus - v).
Then, using Lemma 5.3.4, there is a sequence r,, — oo such that

E(u) = / |Opul? — ¢ lim zpu - (O1u X Ogpu) = / |Opul? — cL(wi(u)),
RN RN

Tp—>00 RN

for all j € {1,..., N}, which completes the proof. O
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Corollary 5.4.2. Let u € E(R?) be a solution of (TW.). Then

/ u3 dr = cp(u). (5.4.3)
R2

/u3dx—2E /lalu\de—/ |Oou|? du,
R2

since u € C%(R?) by Proposition 5.1.5, the result is a direct consequence of Proposition 5.4.1. [

Proof. Writing

5.5 Convolution equations and further integrability

Through this section, we fix u € £E(RY)NUC(RY) a solution of (TW,) for a speed ¢ € [0,1].
Using the results of Section 5.2, we have that u € C*(R") and it admits the lifting

i =pe?, ae on B(0,R),

for some R > 0. If [usllpoor2)y < 1, we take R = 0. Now we recall some definitions given in
Subsection 5.1.4. Let y € C*°(R¥) be such that |x| < 1, x = 0 on B(0,2R) and xy = 1 on
B(0,3R)¢, if R > 0. In the case that R = 0, we let Y = 1 on RY. In this way, we can assume
that the function y is well-defined on R, that

G = (G1,G3) == u1Vuy — usVu; — V(x0), onRY, (5.5.1)

is smooth and that

G = —uiVh on B(0,3R)". (5.5.2)
Therefore G € W*P(RN), for all k € N and 1 < p < 0.

For w = (uy,u2,us), equation (TW,.) reads

—Auy = 2e(u)uy + c(ugdiug — ugdiug), (5.5.3)
—Aug = 2e(u)ug + c(ugdyug — uidius), (5.5.4)
—Aug = 2e(u)ug — uz + c(u;Orug — ugdiuy). (5.5.5)

Then, using (5.5.3) and (5.5.4),
div(G) =u1Aug — ugAug — A(x0)
=c(O1ug — usu - O1u) — A(x0) (5.5.6)
=cOiuz — A(x0),

where we used the fact that « - d;u = 0. By combining with (5.5.5), we obtain (5.1.20). Taking
Fourier transform in (5.1.20), we get

(11" + [€]* = ¢*€3) Ts(€) = |E[PF (¢ —cZa@ (5.5.7)
and hence
3(8) = Le(€) (ﬁ@) |22G1<5) fafjag(g)) (55.8)
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where

R
e 2 - 2

Equivalently, we can write (5.5.8) as the convolution equation (5.1.21) where Lo = L. Similarly,

from (5.5.6) and (5.5.8), for j € {1,..., N},

Le(€)

N N
0;(x0) = cLej* F =Y TojuxGr— Y Rj* G, (5.5.9)
k=1 k=1
where
7 §1&&k d Ryp— &k

I IER(ET ¥ IR - 2ed)

for all j,k € {1,...,N}. These kernels also appear in the Gross—Pitaevskii equation and their
properties are studied in [48, 51, 30]. In order to obtain some estimates, a key element is the
following multiplier theorem due to Lizorkin.

Theorem 5.5.1 ([75]). Let m € CN(RN \ {0}) and a € [0,1). Suppose that exists M > 0 such
that
sup { €1 - el UDEm(e)] € e RV {0}, ke {01}V } < M.

Then m is a Fourier multiplier from LP(R™) to LYRN), for all ¢ € (1/(1 — a),00), where
1/p = a+1/q. More precisely, there exists a positive constant K(N,«,q), such that

M % fllLo@ny < K(N, @, )M || fll Lo @y, Vf € LPRY), (5.5.10)

—

where m = M.

Proposition 5.5.2. Let a € [0,1) and c € [0,1). Then L. is a Fourier multiplier from LP(R?)
to LY(R2), with 1/p = 1/q + . Moreover, there exists a positive constant K(«,q) independent
of ¢ such that

H’CC * f||L‘1(R2) < K(a’q)HfHLP(]RQ)a vf € LP(RQ)’ ZfOé € [2/35 1)5 (5511)
K
10 ey < e ey V7 € PR, i€ [0,2/3) (5512

Proof. In the case that a € [2/3,1), the result is a particular case of [30, Lemma 3.3]. Moreover,
from [30] we also have

&1 |Frregy) Rt DR L(6)) < IEIQL—ZO‘ for all €] > 1, k € {0,1}2. (5.5.13)
We also note that
P+ IEP -G =1+ (1- g+ 8 > (1 - A)EP (5.5.14)
Thus 1
Le(Ol < T (5.5.15)
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Now we compute for i = 1,2

2¢;
(IE]* + 1€]? — c2¢})?

Therefore, for 0 < [£] < 1, using that |£|* < |¢]? and (5.5.14),

O Lel6) = (=11 = et + o). (5.5.16)

dgfrei+2) K
1+
&[T 0iLe(§)] < a_EF Sa-ar (5.5.17)
A similar computation yields
&1 [T Eo T 0, Le(€)] < for all 0 < |¢] < 1. (5.5.18)

By putting together (5.5.13), (5.5.15)—(5.5.18) and invoking Theorem 5.5.1, we obtain (5.5.12).
O

In the case of the L2-norm, the following computation will be useful.

Lemma 5.5.3. For any c € [0,1), we have

7T
[ Lellp2(r2) = m-
Proof. Using polar coordinates, we obtain

L B /OO /2” rdf dr _ 1/% &
AL2®) = o Jo (r2+1—c2cos2(0))2 2 )y 1—c2cos2(h)

Then, using the change of variables ¢t = tan(€), straightforward computations yield the result. [

As a consequence, we obtain an improvement on the integrability of ug that until now belongs
only to L?(R?) N L>(R?).

Proposition 5.5.4. Let ¢ € [0,1). For any p € (1,2), we have that ug € LP(R?). Moreover, if
”u;J,HLoo(R2) <1, then

1,0, 1 .
||u3HLq(]R2) < K(a’Q)||u3||L°°(R2)E(u)2+2+2qa ZfOZ € [2/35 1)5 (5519)
K(o,q lyag 1 .
Hu;»,HLq(Rz) < ﬁ“ug”Lm(R2)E(u)2+2+2q’ ZfOé € [0,2/3), (5520)

for all g € (1/(1 — a),00). Furthermore,

K

lusll2rzy < ——5 g7z llusll oo m2) E(u). (5.5.21)
(1-¢?) /

Proof. Let us recall that by Proposition 5.1.5, F,Gy,Gy € LP(R?), for all p € [1,00]. On the
other hand, from the Riesz-operator theory we have that the functions & — &¢&;/|¢|* are L9-
multipliers for any ¢ € (1,00) and 1 < 4,5 < 2. Thus by (5.5.8) and invoking Proposition 5.5.2
with o = 0, we conclude that uz € LI(R?), for all ¢ € (1,00).
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Under the assumption |[ug[zer2) < 1, we have G' = —u%V6 on R2. Then, by Corollary 5.2.3
and (5.1.9),

1F |2 @2y + Gl g2y < K llusll oo g2y (@) e g2y
< K [Jusll o gy lle () | ey eI gy < K[l oo 2y B () /20417,

for any r € [1,00) and 1 < j < 2. Therefore, combining with (5.1.21), (5.5.11) and (5.5.12), we
obtain (5.5.19) and (5.5.20).

Finally, applying the Plancherel identity to (5.5.8) and using Lemma 5.5.3

lusllzage) < el z2z) (1F1l o ge) + 1G1lomz) + 1Ga lee2) )

< | Lellp2(m2) (HFHLl(RQ) + |G|l 2y + ||G2||L1(]R2))
K
< m“us”Lw(R?)E(u),

which established inequality (5.5.21). O

In the case N > 3, a similar analysis can be made, including the critical value ¢ = 1.

Proposition 5.5.5. Let N > 3 and c¢ € (0,1]. Then uz € LP(RN), for all p € (1,2). Moreover,
if l[usll oo mvy < 1, we have

2N-—-5

— _2N+43
HU3HL2(RN) < K(N)HugHLoo(RQ) (1 + HVUgHiZJ\{R}\))> E( )2(2N D (5.5.22)

Proof. Let us recall that from [30, Lemma 4.3],

[Le* fllp2mny < K(N)IfIl 2ev-1
I ONT3 (RN)

Then, the same computations as those in the proof of Proposition 5.5.4, yield

L7ZNF3 (RV)

N
lusllz2@my < K(N) | 1P| agn-n +;HGJ~HL%(RN)

< K(N)|uze(u )H 2eN-1)

NS (RN)
2N — 5 2N+3
2(2N— 2(2N—
< K(N)lus|l oo vy lle(u) | 72 5wy le(w) | 55y -

and since |us| < 1, we are led to (5.5.22). Finally, the same type of computations as in the proof
of Proposition 5.5.2 allows us to apply Theorem 5.5.1 to deduce that L. is an LP-multiplier, for
all ¢ € (1,00). Then we conclude that uz € LP(RY), for all p € (1,2) in a similar way to the
proof of Proposition 5.5.4. U

Lemma 5.5.6. For all k € N and p € (1,00], we have uz, V(x0) € WFP(RN).
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Proof. By Proposition 5.1.5 and Lemma 5.1.6, it remains only to treat the case p € (1,2).
Differentiating (5.1.21) and (5.5.9), we have

N
0%usg = Lo x0°F — cZﬁcJ * 0°Gj,
j=1

N N
0%0j(x0) = cLjx 0F — c? Z Teji* 0°Gr, — ZRM * 0°Gl,
k=1 k=1

for all & € N¥. The conclusion follows by observing that Lecj, Tejr and R are LP-multipliers
for all p € (1,00), that us, V(x0), Vu € WEP(RN) for all k € N and p € [2,00) and using the
Leibniz rule. 0

Corollary 5.5.7. Let N > 2 and ¢ € [0,1). Then the function 6 is bounded on B(0,R)¢ and
there exists 0 € R such that

O(x) =0, as|z| — oco. (5.5.23)

Proof. By Lemma 5.5.6, VO € LP(RY), for all 1 < p < co. Then there exists § € R such that

0 —0 ¢ L%(RN) (see e.g. [59, Theorem 4.5.9]). Since VO € L®(RY), § € UC(RY) and
therefore (5.5.23) follows. U

Proof of Proposition 5.1.8. For ¢ = 0, we deduce from (5.4.1) and (5.4.2) that |lus|| 2@~y = 0,
so that uz = 0. Thus @ = ¢ on RY and using (TW,.) (see (5.6.2) below) we deduce that Af = 0
on RY. Therefore, by Corollary 5.5.7, we have that 6 is a bounded harmonic function, which
implies that it is constant and so that @ is a constant function taking values in S'. U

5.6 Properties of vortexless solutions

In this section we assume that ¢ € (0,1] and that the corresponding nontrivial solution
u € ERN)NUC(RY) of (TW,.) satisfies

|usl oo @y < 1. (5.6.1)

This implies that @ = ge?, on R?, and therefore we can recast (TW.) as

div(0*V0) = cOyus, (5.6.2)
— Ao+ 0|VO* = 2¢(u)o — cuz0d1, (5.6.3)
— Aug = (2e(u) — 1)ug + co?016. (5.6.4)

From these equations we obtain the following useful integral relations.
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Lemma 5.6.1. Assume that (5.6.1) holds. Then we have the following identities

/ 0°|VO|* = c/ u3010, (5.6.5)
RN RN
/ ]VQ!Q—F/ 0%|Vo|)? = 2/ e(u)o? —c/ u30°010, (5.6.6)
RN RN RN RN
2/ Q|VQ|2—|—2/ e(u)u;fg:/ Qu§|v9|2+c/ ou3010, (5.6.7)
RN RN RN RN
/ |Vus)? +/ ui = 2/ e(u)u? —|—c/ 0*u3010. (5.6.8)
RN RN RN RN
Proof. First we recall that by Lemma B.4, for any f € L?(R?), there exists a sequence R,, — 00
such that 12
(2)
fl < : (5.6.9)
/83(0,Rn) (In(Rn))'/2

Now we multiply (5.6.2) by 6 and integrate by parts on the ball B(0, R,). Using the fact that
uz, VO € L2(RY) and us, 0,0 € L= (RY), we can choose R,, as in (5.6.9) such that the integrals
on 0B(0, R,,) go to zero and (5.6.5) follows.

To obtain (5.6.6), (5.6.7) and (5.6.8), we multiply (5.6.3) by o, (5.6.3) by u3 and (5.6.4) by
ug, and proceed in a similar way. O
Now we give the proof of a more precise version of Proposition 5.1.11.

Proposition 5.6.2. Assume that ||uz| feo®2) < 1/2. Then

[usllLoore) = == \/ 1—c? (5.6.10)
and
1/31, )
E(u) < 3 §HU3||LOO(R2) +1+c¢ o u3. (5.6.11)

In particular, for all L > 1, there exists (L) > 0 such that if E(u) < &(L), then

E(u) < Lp(u). (5.6.12)

Proof. Let § = ||uz|| foo(r2) € [0,1/2]. First we note that Corollary 5.4.2 and (5.6.5) imply

/RQ 2V = C/RQ usthf = /R ul. (5.6.13)

From (5.6.7) and the Cauchy—Schwarz inequality, we obtain

m/ﬁ/ Vol? < m [ (090 + * </u§>;</(g2V9)2>;. (5.6.14)

Using (5.6.13) and the fact that

<2, 5.6.15
T3 < ( )
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

we conclude that

lé&vm%gﬁ@+qﬂgu§§%%4N@. (5.6.16)

Similarly, from (5.6.8), (5.6.13), (5.6.16) and the Cauchy—-Schwarz inequality,

1/2 1/2
/\Vu3\2+/ u§g52/ (\Vu]2+u§)+c</ (9619)2) </ ug)
RY RY RY RY RY (5.6.17)

§52/ (|Vu|2—i—u§)—i—c/ u3.
RN RN

Combining with (5.6.13) and (5.6.16), we obtain

(LJ%AMwm%qﬁu+%%—u—mA%@.

N

Since 6 < 1/2 and ¢ € (0, 1], we can simplify the estimate as

4 2 2
/ Vus|? < = <E —(1— c)> / ui < E/ us. (5.6.18)
RN 3 4 RN 3 RN

In particular, we see that

2

is a necessary condition for the existence of nontrivial solutions. Writing

1— 2 1— 2
1l—c= 2 5
1+c¢ 2

(5.6.10) follows. By plugging (5.6.13), (5.6.16) and (5.6.18) in (5.6.17), we have

2252
RN RN 3 RN

which combined with (5.6.13) and (5.6.16), yields

1 (/3162
E(u) < = 3—+1+c / u3.
2 3 RN

Using that ¢ < 1 and invoking again Corollary 5.4.2 and (5.2.39), there exists & such that
E(u) < (K(€)E(u) + 1)p(u),

provided that E(u) < &, which yields (5.6.12). O

In the higher dimensional case, our estimate is not as precise as in the case N = 2, but it is
sufficient for our purposes.

Proposition 5.6.3. Assume that |[us|pecmny < 1/2. Then
_E(u)§§3b/‘ u3. (5.6.19)
RN
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5.6.  Properties of vortezless solutions

Proof. The main difference with the proof of Proposition 5.6.2 is that (5.6.13) is no longer valid.
However setting § = [|u|| o (r2) € (0,1/2], by the Cauchy-Schwarz inequality we have

/RNugalag </RNU§>% (/RN(ale)Qf < \/11——52 </RN“§>% (/RN(QQW)Qf-

Thus from (5.6.5),

2
2 2 ¢ o _ 4 2
Vo~ < < - . 5.6.20
Combining with (5.6.14) (that is also valid for N > 2) and (5.6.15), we are led to
2 1
VolP <5+ —)/ u3. 5.6.21
Lweks(3455) [ (5.621)

Similarly, using the first inequality in (5.6.17), (5.6.20) and (5.6.21), we deduce that

af1/2 1 4 4\ 12
/RN|VU3|2§§<Z <§+ﬁ+§>+<§> —1) /RNugg/RNug. (5.6.22)

Finally, by putting together (5.6.20), (5.6.21) and (5.6.22),

1/4 2 1
FE < —(=4+= —+2 2<3 2.
(“)—2<3+3+2\/§Jr )/RNU?’_ /]RNUB

To keep our notation short, now we set

e=vV1-—c2.

Then the Pohozaev identities and (5.6.5) give the following estimate.

Proposition 5.6.4. Let N = 2 and assume that |[us||pecmny < 1/2. Suppose also that E(u) <
€1, for some €1 > 0. Then

(u)_E(u)+3/ Vusl® _ oy (5.6.23)
p 2 12 PTIviZ e o

In particular, if there exists M > 0 such that E(u) < p(u) + Me%, we have

/R?|VU3|2 < 2(p(u) + M)é2. (5.6.24)

Proof. By adding (5.4.3) and (5.6.5), we obtain

L[ [ Vugl
E(u) — ep(u) = 5/]1%2 2
3

Then, using the definition of ¢ we are led to (5.6.23). If E(u) < p(u) + Me?, inequality (5.6.24)
is a direct consequence of (5.6.23). O
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Using estimate (5.6.24), we can improve (5.5.21) as follows.

Proposition 5.6.5. Let N =2, c € (0,1) and E(u) < &1, [Jus|| pom2) < 1/2. Assume that there
exists a constant M > 0 such that E(u) < p(u) + Me2. Then

[usl| oo m2) < K (M, p,e1)e*’?,  for all p € (2,00), (5.6.25)

and
usll 22y < K (M, p,e0)e/P 2 E(u),  for all p € (2,00), (5.6.26)

Proof. By the Morrey inequality, for any p > 2, there exists a constant K (p) such that
lus (@) — us(y)| < K(p)|z — y"">/7 (V| o2, (5.6.27)

for all z,y € R2. Since F(u) < €1, in view of (5.1.9), we have p(u) < 2¢1/v/3. Hence, using
(5.2.40) and (5.6.24), for any p € (2,00),

2 1/441
IVus||r 2y < Hvu3||L°°(R2)HVUBHL/QZE]RQ) < K(M,ey)2"H1/pe)/ TP, (5.6.28)
By combining (5.6.27) and (5.6.28) we obtain
4 _
g ooy = K22 PP — y 7 < fug(y)]

At this stage we fix the radius r as

F1=2/p — ||u3HL°°(]R2)
K22+1/p€}/4+1/p6(u)2/p '

so that
sl gy < lus(w)l, - for all y € B(a, 7). (5.6.29)
Then, integrating on the ball B(z,r) we conclude that
1

1
7 ma 2
(/ ru3<y>\q> > 7 sl e ey
B(.r) (5.6.30)

-2 q(;f%
> K (p, g, 20) gl ooy (103l oo roye(w) 7 )

)

where we have used (5.6.29). On the other hand, letting « = 2/3 and ¢ = 4 in Proposition 5.5.4,
we have

”u3HL4(R2) < K(M,El)HuguLoo(R2). (5631)

Taking ¢ = 4 in (5.6.30) and combining with (5.6.31), we conclude (5.6.25). Finally, (5.6.26)
follows from (5.5.21) and (5.6.25). O

At this point we dispose of all the elements to prove our nonexistence results.
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Proof of Theorem 5.1.7. Let gy given by Lemma 5.1.6 such that if E(u) < &g, then (5.1.16) and
(5.1.17) hold. In the case that E(u) > g, (5.1.18) is satisfied taking p < g9. By combining
Proposition 5.5.5 and estimate (5.6.19) in Proposition 5.6.3, we conclude that

2 2N+3
E(u) < 3HU3HL2(RN) < K(N)E(u)2~N-T. (5.6.32)
Thus, since u is nonconstant, E(u) > 0 and so that
—(2N-1)
K <K(N)” 7 <E(u), (5.6.33)
for some K > 0. Therefore, taking p = min{eg, K}, the proof is complete. U

Proof of Theorem 5.1.9. By virtue of (5.2.39), we can fix €1 > 0 such that if F(u) < e1, then
lul|Loom2) < 1/2. In the case that E(u) > €1, (5.1.19) is satisfied taking ks < e1. Otherwise,
E(u) < &1 and we can invoke Proposition 5.6.5 with p = 3, so that

sl < KM, 21)e(w) /S B(w) (5.6.34)
Also, since HU3||%OO(R2) <1/4 and ¢ < 1, (5.6.11) in Proposition 5.6.2 yields
B(u) < 3||us|| 72 g2)- (5.6.35)
Using (5.6.34) and (5.6.35), we get
E(u) < K(M,e1)e 3 E(u)?.

Since wu is nonconstant, F(u) > 0 and then

E(u) > ! > 1
T K(M,e1)(1 —c2)V/6 = K(M,e1)
Setting
. 1
Ky = min {51, KOMe)) }
the conclusion follows. O

5.7 Decay at infinity

In this section we provide some further analysis on the behavior at infinity for finite energy
traveling waves with speed ¢ € (0,1). In view of (5.1.21) and (5.5.9), the ideas developed in
[15, 29] allow us to study the decay at infinity. Moreover, since the kernels in (5.1.21) and (5.5.9)
are the same as those for the traveling waves for the Gross—Pitaevskii equation, we can apply
several results obtained by P. Gravejat [48, 50, 51] to the equation (TW,).

The key step is to obtain some decay at infinity of the solutions of (TW,). This can be
achieved following the arguments in [11].

Proposition 5.7.1. Assume that ¢ € (0,1). Let u € ERYN) be a solution of (TW,). Suppose
further that w € UC(RYN) if N > 3. Then there exist constants Ri,a > 0 such that for all

R > Ry,
Ri\“
e(u) < | —= e(u). (5.7.1)
B(0,R)* R B(0,R1)°
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Proof. By Corollary 5.2.5, there exists Ry > 0 such that equations (5.6.2)—(5.6.4) hold on
B(0,R§). Let p>r > Ry and
Qp=A{r <lz| <p}.

Multiplying (5.6.2) by 6 — 6,., with 6, = @ faBr f, and integrating by parts, we get

/ 0°V6? = ¢ /
Qrp Qr

where v denotes the outward normal to €2, .

u3010 + / (0 —6,)0%0,6 — c/ (0 — 0, )uzvy, (5.7.2)
o, Q.

P

We recall that the Poincaré inequality for 0B, reads

/ 0 —0,)° < r2/ V0. (5.7.3)
OB, OB
Then we obtain

1/2 1/2
0 — 0,)0%0,0 <r</ va?) (/ ve2> <L/ Vo2,
/an o <r( [ 190 [ evor) < s [ v

where 0 = [|uz||poc(pe). Similarly, using also the inequality ab < a%/2 +v?/2,

”
0 — 0 )usr| < —— e(u u3010
/am,p( Juzvy #1—52/3& () /B 301

On the other hand, by Lemma 5.5.6 and Corollary 5.5.7,

<

and

(6 —0,)0%0,0, (6 — 6,)usvy € L2(B(0, Ry)°).

Then by Lemma B.4, we conclude that there exists a sequence p, — oo such that
/ (0 —0,)0°0,0 -0 and / (0 — 6,)uszvy — 0. (5.7.4)
aBpn aBPn

Therefore, taking p = pp, using (5.7.2)—(5.7.4) and the dominated convergence theorem we

conclude that 5
Voe < / e(u —|—7/ e(u).
/BQ V1—62 g() V1—102 Jam, )

c
™

In the same way, multiplying (5.6.4) by us, integrating by parts on the set §, 5., for a suitable
sequence p, — 00, we are led to

J

Since ¢ < 1, we can choose r large enough such that

(IVusf? + u2) < (267 + ¢) /
B

e(u) + /6 N e(w).

c c
T T

1 1
—_(26? 14+ —— <1
2<1—52>< *"’( W—l—(v))
Therefore, noticing that

1

< 2, 2 2, .2 e
e(u) < 72(1 — 52)(\VU3I + 0%|VO|* + u3), (5.7.5)
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we conclude that there exists a constant K (4, c¢) > 0 such that

/B ) S Ko / e(u). (5.7.6)

OB

d
o == e,

we can integrate inequality (5.7.6) to conclude that

J

which completes the proof. O

Since

1/K(c,6
e(u) < (%) I )/BC e(u), forall R>r,

R
Corollary 5.7.2. Under the hypotheses and notations of Proposition 5.7.1, we have

[Pe(u) € L'RY)  and  |/(|F| +|G1| +1Gz2)) € L'(RY),
for all B € [0, ).
Proof. Since u € C®(RY), the fact that |-|%e(u) € L'(R?) is a direct consequence of Proposi-
tion 5.7.1 (see e.g. [48, Proposition 28]).

On the other hand, we take R large enough such that |lus||ze(pe) < 3/4. Then using that
lug| <1 and (5.5.2) we deduce that l

Vo[
2

2
u3
2

2
IF|+|G1| +(Ga| < 2e(w) + 2 + =5 < 2e(u) + 52 + 02| VO] < Se(u),

and then the conclusion follows. O

The properties of the kernels appearing in equations (5.1.21) and (5.5.9) has been extensively
studied in [48]. Indeed, using the sets

M (RY) = {f ‘RY = C: sup |z|f|f(z)| < oo}, keN,

z€eRN
M(RY) = {f € RN\ {0};C) : D*f € My(RY) N My1o(RY), for all k € N},
it is proved that
D"Le,D"Lej, D" To it € Main(RY), forall 1 <j, k<N, neN, ae (N-2,N], (5.7.7)

ECaEC,jaﬁ,jk € M(RN) (578)

Similar results hold for the composed Riesz kernels R; ;. Combining these results with Corol-
lary 5.7.2, equations (5.1.21) and (5.5.9) allow us to obtain the following algebraic decay.

Lemma 5.7.3. For any n € N,

uz, D"(V(x9)), D"(Vi) € My(RY) and  D"uz € My 1 (RY).
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Proof. In view of Corollary 5.7.2, the proof follows using the same arguments in |48, Theorem 11].

O

Proof of Proposition 5.1.12. Inequality (5.1.23) and the estimate for Vug in (5.1.24) are partic-
ular cases of Lemma 5.7.3. A sightly improvement of Lemma 5.7.3 is necessary for the decay of
the second derivatives in (5.1.24) and (5.1.25). This can be done by following the lines in [50,
Theorem 6|, which completes the proof. O

The pointwise convergence at infinity follows from the general arguments in [50], valid for all
functions satisfying (5.7.8).

Lemma 5.7.4 ([50]). Assume that T is a tempered distribution whose Fourier transform T =
P/Q is a rational fraction which belongs to M(RYN) and such that Q # 0 on RN\ {0}. Then there
exists a function Ta, € L®(SN71;C) such that

RNT(Ro) — To(0), as R— oo, forallo € SN71,

Moreover, assume that f € C®°(RY) N L®RN) N Man (RY). Then g =T * f satisfies

RNg(Ro) — Two(0) f(z)dx, as R— oo, foralloeSN™1
RN

Roughly speaking, it only remains to pass to the limit in the terms associated to the Riesz
kernels R; ;. For this purpose, we also recall the following.

Lemma 5.7.5 ([50]). Assume that f € C®(RY) N L®RY) N Moy (RY) with Vf € L=°RN) N
Moy 41 (RN). Then g = Rk *x [ satisfies for all j,k € {1,..., N},

N
RNg(Ro) — (277)_%1’ <5> (0% — Najak)/ f(z)dz, as R— oo, forallocSVL
RN

Finally, we provide a sketch of the proof of Theorem 5.1.13.

Proof of Theorem 5.1.13. In view of (5.1.21), (5.7.8) and Lemma 5.7.3, we can apply Lemma 5.7.4
to the function us to conclude that there exists u3 € L>®(SV~1;R) such that

RNuz(Ro) — ug 00(0), as R — oo, for all o € SV71, (5.7.9)

where

N
s o0 (0) =Loroo(0) /R - c; Lojo(o) /R G (5.7.10)

for some functions L o, L, j0o- Moreover, adapting [51, Proposition 2|, we obtain

F N 1—c 5 C No?
e
2 2

T2 Y (1- @ 1 o) =+ o}
N L | - (5.7.11)
F(3)-c ) § gyttt N(1—¢7)%1010;
Lejool0) =—% N Giai(l—c)" "2 — 1— 2+ 252 ’
22 (1 — c2—|—c201)2 —c* +coy
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which gives (5.1.29).

Now we turn to equation (5.5.9). Proceeding as before and using also Lemma 5.7.5, we infer
that there exist functions 64, € L>(SV~4R), j € {1,..., N} such that

RN9,0(Ro) — 02 (o), as R — oo,
for all j € {1,..., N}, and also that 62, is given by

, N r (%)
0% (o) = Cﬁc,j,oo(a)/ F =Y | @Tejhool0) + —37 (64 — Nojoy) / G (5.7.12)
RN 1 2n2 RN

As before, adapting [51, Proposition 2| we have

’chkoo _ P(%) ((1_62)g<5j,k(1 —02)

212 ¢2 (1—c%+c20?)

_ 6j,1+6k,1+1
2

N+2

B N(l _ 02)5j715k,1+é0-j0-k>
(1—c%+c2od) 2

N
2

(5.7.13)

—05k + NUjUk .
At this stage, we invoke Corollary 5.5.7 and suppose that § = 0. Then by [50, Lemma 10],
N
1 j
RO(Ro) = 0so(0) 1=~ > o0, as R— oo (5.7.14)
j=1

A further analysis shows that the convergence in (5.7.9) and (5.7.14) are uniform, which implies
that

RNY(a(Ro) —1) = RN 1 <\ /1 —u3(Ro) exp(if(Ro)) — 1) — i0so(0), in L(SNTL).

By combining with the expression for 0% above, (5.1.26) follows with A\og = 1 and o, = O,
provided that & = 0. Moreover, using (5.7.10)—(5.7.14) and that

N-3
OWN-1)1-c)"=2 o
2 (1— 2+ 202z

N r(Y)(N -1 ) 50k
ZO'J"]Z7J‘,]§7OO(O') - _ (2 ) ( )Uk (1 C ) R 1 :
j=1

2% 2 (1—c2+c20?)>

L (

N
N 0iLejoo(0) =~
j=1

we obtain (5.1.28).
In the case that 6 # 0, it is enough to redefine the function G in (5.5.1) as
G = u1Vus — uaVuy — V(x(0 — 0))

and then we can establish an equation such as (5.5.9) for 9;(x(0 — 0)). Since 6(z) — 6 — 0, as
x — 0o, we conclude as before that there exists 0, € L°(SV~1;R) such that

RN ( 1 —u2(Ro) exp(i(f(Ro) — 0) — 1> — i0so(0), in L(SNTL).

Since 1/1 — u3(Ro) exp(i(0(Ro) — 0) = u(Ro) exp(—if), taking Ao = exp(if), we conclude that
RN7Ya(Ro) — Aso) = idaobfos, in L®(SNTL),
which completes the proof of Theorem 5.1.13. O
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

5.8 The minimizing curve in dimension two

The purpose of this section is to prove Theorem 5.1.1 and Proposition 5.1.3. We do this by
a series of lemmas.

Lemma 5.8.1. Let A > 0 and A € St x {0}. Given any number s > 0, there exists a sequence
of nonconstant functions (vp)nen in EL(R?), with v, — A € C°(R?), satisfying

d(v) =0, p(vy) =8, df (v, \) < K(A)Vs, and E(v,) — s, as n — oo.

In particular, E°. (p) < p, for any p >0, and the map p — Z(p) is nonnegative.

Proof. Let A = (cos(8),sin(#),0) for some real number 0. For ¢,9 € C§°(R?) \ {0}, we define

v=(V1=4¢2cos(d + ), /1 —¢?sin(0 + ¢),v).

Assuming further that [[1)|| e (r2) < 1/2, we have that /1 — 12 is well-defined and smooth on
R2. As a consequence, the function v is also a well-defined smooth function and we can compute

2 1— 2

We next introduce the rescaled functions

Uy (21, 2) = (V1= p2y2cos(0 + v), /1 — p2? sin(0 + vep), wb) (ﬂ, %), for u,v € R.

n

B =3 [ (-0 +0?) and ple) - [, vore

Then

N 1> (|019]* + n2]0a9)]?)
st = [, (S5

v? _
Vv 5 +;(1—u2¢2) (\814,0\2—1-71 2\82<p\2)+n,u2¢2), (5.8.1)
and, by Lemma 5.3.4, we can compute the momentum as

p(vy,) = n’pw / Por1p. (5.8.2)
RQ

Finally, we look for parameters u € R, v € R and n € N\ {0}, such that the conclusions of
Lemma 5.8.1 hold.

Concerning the energy, we first notice that the terms including derivatives in the zo-direction
are negligible with respect to the terms including derivatives in the xi-direction. Assuming
furthermore that p and v are small parameters (so that the momentum remains bounded as
n — o0), we deduce that, at least formally,

n2

2

Bp,) = [ (S 1ol + npe?) 5.8.3
o) =g [ (S0 + mtv?). (583)
as n — oo. Recalling that we search parameters such that E(v;,) ~ p(vy,) (and that the
inequality 2ab < a? + b? holds with equality if and only if a = b), formulas (5.8.2) and (5.8.3)
suggest to choose the function ¥ = 0;¢ and the parameter v = nu, then to fix the value of u so
that p(vy; ,,,,) = 5, i.e.

5

n=( fR2<also>2>

NI

(5.8.4)
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Consequently, 1 > 1 for n is large enough, the map v, = vj; ,,, belongs to (‘:’(RQ), with v, — A\ €
C>®(R?) and p(v,) = 5. Combining (5.8.1) with (5.8.4), its energy satisfies

E(v,) — s, as n — 0.

Since the function ¢ is chosen such that [|¢[| oo @2y = [|O10] fo(r2) < 1/2, the function v, also
takes values in the set {x € S? : 3] < u/2}. Therefore, the topological degree of the smooth
map v, o I, where II refers to the stereographic projection, is equal to 0 for n large enough. As
a consequence, the quantity d(v,,) is equal to 0 for n large.

In order to complete the proof of Lemma 5.8.1, it remains to estimate the distance d?(vn, A).
In this direction, combining (5.8.1) and (5.8.4) with the fact that pu||01p| @2y < 1/2 for n
large enough, we infer that

V0l + el < 25(0n) < 3% [ (VoL +1Vef) < K()s, (585)
for some K (¢) > 0. On the other hand, we can write

1
[on = A2 = 2(1 = (1 = #211p[2)3 cos(nug) < 2 (2016 +n%6?),
so that
/ o — A2 < u2n3/ (2ol + n2302>,
B(0,A) E%

where E% = {y € R?: 42 + n?y3 < A%/n?}. In view of (5.8.4), it follows that

TA?

for some K (A, ). Given that ¢ is fixed, we drop the dependence on ¢. We deduce from (5.8.5)
and the last estimate that there exists some constant K (A), such that

42 (v, \) < K(A)V5.

This concludes the proof of Lemma 5.8.1, since the last assertions in Lemma 5.8.1 are immediate
consequences of the definitions of E®. and E. O

min

Lemma 5.8.2. Let v € E(R?) with d(v) = 0. There evists a sequence of maps (va)ners in £5°(R?)
such that d(v,) =0, p(v,) = p(v),

v, = vin ER?) and E(v,) — E(v), as n — oo. (5.8.6)
In particular, given any p > 0,

E)i(p) =inf {E(v):v e ER?), v—Xe CF(R?), AeS! x {0}, d(v) =0 and p(v) =p, }.

m

Proof. By Lemma 5.3.5 there exist functions (b, )nen in E5°(R?) such that v, — A, € C§°(R?)
for some vector \, € S! x {0}, satisfying

d2(v,0,) = 0, and p(v,) = p(v), asn — oco. (5.8.7)
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

In particular E(v,) — E(v), as n — oo and by Lemma B.6,

d(v,) — d(v) =0, asn— oo. (5.8.8)

In the case p(v) # 0, we introduce the rescaled functions v,, defined by

Un (21, 22) = vp (21, pnT2),

where p1, = p(v,)/p(v). In this way, in view of (5.8.7), pn, — 1, and v, — v in £(R?), which
implies (5.8.6) and also that d(v,) — d(v). Since d is an integer-valued function, we can assume,
up to a subsequence, that d(v,) = 0 for any n € N. In regard of Lemma 5.3.4, a straightforward
computation shows that

1

p(vp) = — /R2 zow(vy,) = o s xow(vy,) = p(v).

This concludes the proof of the first assertion in Lemma 5.8.2 in the case p(v) # 0.

When p(v) = 0, the proof is slightly more involved. In this case, we may assume that
p(vy,) # 0 for n sufficiently large. Otherwise, up to a subsequence, the conclusion holds with
Up = 0,. As before, we can assume that d(v,) = 0 for any n € N. Given two positive numbers
A > 0and§ > 0, we invoke Lemma 5.8.1 to construct a map wj € £(R?), with wf—\, € C§°(R?),
such that

d(w?) =0, p(wgb) =0, E(wgb) < ‘5‘7 and d?(wgba)‘n) < K(A) ‘5‘7

for some constant K(A) > 0. Denoting w§(x1,22) = w§(—x1,22), this construction is also
possible for any 6 < 0. We then consider the map v,, defined by

O, on supp(v, — Ap),
Un = w?n( - an), on supp(wg‘n(- - an) - )‘n),
An, elsewhere.

Here the parameter 4, is equal to —p(v,,), so that §, — 0, as n — oo, while the point a,, € R?
is chosen large enough such that the supports of v, — A\, and wg‘n( — ap) — A, do not intersect.
We note that v, belongs to £(R?), with v, — A, € C§°(R?). Moreover, we have

d(vn) = d(v,) +d(wg,) =0,
while, by construction,
|E(v) = E(v)| < |E(0,) = E()] + [E(wf,)| = 0, and d¢ (va, v) < dg (0,0) + dg (wf , An) = 0,

as n — oo. For the momentum, using (5.3.6) we have
p(vn) = p(on) — /2 zaw(wg, ) (@ — an)de = p(on) + p(wg,) — 4m(an)2d(ws, ).
R
Hence, since p(wj ) = —p(0,), p(vy) = 0, which completes the proof of the first assertion.

The second assertion is then a direct consequence of the first one, once it is proved that the
set

{v € E(R?) - d(v) =0, p(v) =p}

is not empty. This again follows from Lemma 5.8.1. O

148



5.8. The minimizing curve in dimension two

The previous results will allow us to deduce the Lipschitz continuity of the curve E9

Corollary 5.8.3. Let (p,q) € R2. Then,
| Extin (P) — Bgn(@)] < |p — q- (5.8.9)

In particular, the function p — EC. (p) is continuous on R, while the function p — Z(p) is

nonnegative, nondecreasing and continuous on R.

Proof. We assume without loss of generality that q > p. We show first that

For that purpose, let § > 0 be given. By Lemma 5.8.2, there is a map vs € £5°(R?) and
As € St x {0}, with b5 — A5 € CS°(RY), such that

J

p(os) =p and  E(vs) < Epin(p) + 5.
Now we set s = q — p and invoking Lemma 5.8.1, we have a function ws € E§°(R?) such that
ws — A\§ € CgO(RQ),

(5.8.11)

0
plws) =s and FE(ws) <s+ 3 (5.8.12)

Then we can take a sequence of points a; € R? such that the supports of ws—\s and vs(-—ag)—As
do not intersect and then we define

05, on supp(vs — As),
vs = § we,; (- — as), on supp(ws(- — as) — As), (5.8.13)
As, elsewhere.

In particular, we have
E(vs) = E(vs) + E(ws) and  p(v) = p(vs) + p(ws) =p +5=q.
Then from (5.8.11) and (5.8.12) it follows that

J
Eunin(q) < B(v) = E(v5) + 5+ 5 < Epin(p) + (9 = p) +9,
which yields (5.8.10) in the limit 6 — 0.

Next we turn to the inequality

Enin(p) < Ewin(q) + (9 — p). (5.8.14)

As before, in the proof of Lemma 5.8.2, we can construct functions 05,15 € E5°(R?), such that
05 — s, W5 — As € C§°(IR?), for some A5 € S! x {0},

N N N B N )
p(vs) = q, p(ws) = —s, B(95) < Emin(q) +5 and  E(ws) <5+ 5.

Then, considering a sequence of points a5 € R? such that the supports of w;—\s and 65(-—&5)—5\5
do not intersect, we define the function o5 as in (5.8.13), changing vs, ws and as by vs, Ws and
ag, respectively. Then we deduce that p(0s) = p(bs) —s = p and

Emin(p) < E(7~}5) = E(65) + E(UN)(g) < Emin(q) +5+ 57
so that (5.8.14) follows letting 6 — 0. This completes the proof of Corollary 5.8.3, the last

assertion being a consequence of (5.8.9). O
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Chapter 5. Traveling waves for the Landau—Lifshitz equation

Lemma 5.8.4. Let p,q > 0. Then,

m(p;q)zzEgm@);Eﬁmm)

Ep,
Proof. The main idea is to construct comparison maps using a reflection argument. For that
purpose, for any ¢ € R and v € g(‘]x’(R2), such that d(v) = 0, we consider the map va defined
by T v = v o PF, where P;5 (resp. P, ) restricted to the set I'} = {x = (z1,22) € R%, 25 > a}
(resp. the set I'; = {x = (x1,22) € R?, 25 < a}) is the identity, whereas its restriction to the
set I'; (resp. T'}) is the symmetry with respect to the plane of equation 2o = a. In coordinates,

this reads
v(x1,x2), if 9 > a,

T(jv(azl,m) = {

v(xy,2a — xz2), if 29 < a.

The expression for T, v is similar, reversing the inequalities. We verify that T:Xv belongs to
E(R?) and that

Eﬂfv%:2z;e@) (5.8.15)

Also, since (Tfv)3 has compact support, using (5.3.6) we can compute

MﬂﬁﬁzQ(—A%wa0+aA§w@0.

In particular, since d(v) = 0, this implies that
p(T, ) +p(T; v) = 2p(v). (5.8.16)

We notice that the function a — p(T, f) is continuous and, by the Lebesgue theorem, tends to
zero, as a — +00. Also, since d(v) = 0, we have

p(T;fv) =2 (p(v) + ad(v)) = 2p(v), as a — —oo.

Therefore, it follows by continuity that for every o € (0,p(v)), there exists a number a € R such
that
(T, v) = 2a. (5.8.17)

a

Hence, from (5.8.16)
p(T, v) =2(p(v) — ). (5.8.18)

Next, by Lemma 5.8.1, for any p,q > 0 and § > 0 there exists a function w € ggo(RQ) such
that d(w) =0,
p+q ptay . o
= 1 < B (21 Z
p(w) 5 and F(w) < Emm< 5 ) + 5
Invoking (5.8.17) and (5.8.18) for v = w and a = p/2, we can find some a € R such that
p(T;w)=p and p(T, w)=gq.

a

It then follows from (5.8.15) that

Euinlp) < E(Tw) <2 [

r
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5.8. The minimizing curve in dimension two

Adding these two inequalities, we obtain

Emin(p) + Emin(q) S 2E(w) S 2E/jmin (—

. )+5.

The conclusion follows letting § — 0. U

Corollary 5.8.5. The function p — ES. (p) is concave and nondecreasing on R

Proof. Continuous functions f satisfying the inequality

f(p —QF q) S f(P)-;f(UI)

are concave. Similarly, concave nonnegative functions on R are nondecreasing, so that, in view
of Corollary 5.8.3 and Lemma 5.8.4, Er?iin is concave and nondecreasing on R . O

Proof of Theorem 5.1.1. All the statements in Theorem 5.1.1 follows from Corollaries 5.8.3 and
5.8.5. O

Proof of Proposition 5.1.5. For simplicity, we denote u = uy,. For all ¢ € C§°(R%;R?), we define
the functionals dp and dE by

dE(u)|¢] := » Vu: Véy, +uz(dy,es),
dpu)lg) = | S (u x Dru) = L, Pux ).
Now we claim that there exists ¢ € C§°(R?; R?) such that
dp(u)[e] # 0. (5.8.19)
Indeed, otherwise dp(u)[¢] = 0 for all ¢ € C§°(R?;R3), so that u x dyu = 0 a.e. on R% Then
x20ou - (u X Au) = xou - (ru X dau) = 0.

By definition of p, this gives that p(u) = L(w(u)) = L(0) = 0, which contradicts the fact that
p(u) =p > 0. This yields (5.8.19).

Let ¢ € C§°(R?%;R?) such that dp(u)[y)] = 0. Then we define the function
F(s,t) = p(u+ s + ty), for all (s,t) € R?,
so that F'(0,0) = p,

oF

%(0,0) =dp(u)(¢)) =0 and 88—1;(0,0) = dp(u)(p) # 0. (5.8.20)

Therefore, by the implicit function theorem, there exist § > 0 and a function f € C1((—6,5))
such that f(0) = f/(0) = 0 and

p(u+ s+ f(s)p) =p, for all s € (=6,0).
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Taking 0 > 0 smaller if necessary, since d(u) = 0, invoking Lemma B.6, we also have
du+ s+ f(s)p) =0, for all s € (—9,9).
Therefore, by definition of u,
E(u) < E(u+ s+ f(s)p), forall s € (—4,9),

so that, differentiating at s = 0 and using that f’(0) = 0, we obtain dE(u)(y)) = 0. Therefore
(see e.g. [18, Lemma 3.2]) there exists a constant ¢ € R such that

cdp(u)[p] = dE(u)[¢], for all ¢ € CS°(R?;R3). (5.8.21)
Hence u is a solution of (TW,.) and Proposition 5.1.5 implies that u is smooth.

It only remains to prove (5.1.12). For this purpose, in view of (5.8.19), we consider

G _ ¥
dp(u)[¢]
Then, by (5.8.21), ¢ = dE(u)[¢] and defining the curve v := u, + tp, we have

— . 2
E(V(t)) - Emln(p) +ct+ tgo(t )
Moreover, from (5.3.31),
p(y(t)) = p+s, where s =t + t°K(t,u,p),

and K (t,u,) is C'-function of ¢, for ¢+ small. Then, by the implicit function theorem, in a
neighborhood of the origin we can express the relation s = t + t2K(t,u, p) as a function of s,
that is

t(s) = 5 + o(s?).

Consequently,

Enin(p +5) = Buin(p) < E((£(5))) = Enmin(p) < cs+ O (s%),

s—0

and letting s — 0F,

‘jl (B )<cup)<;l—p(Emin(p)).
(5.1.1

2) follows. If ¢ = 1, since E(u) = Enin(p) < p = p(u), by

/ |0aul® <0,
RQ

which implies that w is constant, in contradiction with the fact that p > 0. Finally, we rule out
that ¢ = 0 by Proposition 5.1.8. U

By combining with (5.1.11),
(5.4.2) we conclude that

Finally, we proof that the infimum of F mm(p) is not attained for p > 0 small.

Proof of Theorem 5.1.10. Arguing by contradiction, we assume that for some p € (0, ko), there
exists up, € E(R?) such that

Egnn(p) = E(up)
Since by Theorem 5.1.1 we have EO. (p) < p, we conclude that E(uy) < ko, which is a contra-
diction with Theorem 5.1.9. O
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5.9 The one-dimensional case

In this section we consider the case N = 1. Then the equation (TW,) is integrable and the
solutions are given explicitly by the next proposition.

Proposition 5.9.1 ([79, 81, 91|). Let N =1 and ¢ > 0. Assume that u € E(R) is a nontrivial
solution of (TW.). Then 0 < c¢ < 1 and, up to a translation of u and a rotation of @, the solution
s given by

uy = csech(v/1 — 2 x), (5.9.1)
ug = tanh(yv/1 — 2 x), (5.9.2)
ug = £V 1 — ?sech(v/1 — 2 x). (5.9.3)

Moreover, if 0 < ¢ < 1, we can write

i =1/1—u3exp(if), (5.9.4)

where
inh(v/1 — 2
6 = arctan (sm ( < m)) . (5.9.5)
c
Proof. Since N =1, (TW,) reads
—uf = 2e(u)uy + cluguly — uguy), (5.9.6)
—uy = 2e(u)ug + c(uzuy — uguy), (5.9.7)
—uf = 2e(u)uz — uz + c(uyOrug — ugul). (5.9.8)
Also, as in (5.5.6), we have
(uguh — ujuh)" = cul. (5.9.9)
Thus, imposing that u}, v and ug vanish at infinity, we integrate (5.9.9) to obtain
uyuhy — uhuh = cug. (5.9.10)
Replacing (5.9.9) in (5.9.8), we get
ufy + 2e(u)uz — (1 — *)uz = 0. (5.9.11)

Now, multiplying (5.9.6), (5.9.7), (5.9.11) by u}, u, u}, respectively and adding these relations
we have
—([ ") = 2e(u)(uf +u3 +u3) = (uf)". (5.9.12)

Since |u| = 1, (u? + u2 4+ u2)’ = 0. Therefore integrating (5.9.12) we conclude that
[u'|? = w3, (5.9.13)
so that e(u) = u3 and equation (5.9.11) reduces to
uy —2u3 — (1 —c*ug = 0. (5.9.14)
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As before, multiplying (5.9.14) by w4 and integrating, we conclude that
(u5)? = u3((1 = &) —u3). (5.9.15)

Since equation (5.9.14) is invariant under translation, supposing us not identically zero, we can
assume that

luz(0)] = max{|ug(x)| : € R} > 0.

Therefore
u5(0) = 0, (5.9.16)
and from (5.9.15) and (5.9.16),
ui(0) =1— 2. (5.9.17)

In particular we deduce that if ¢ > 1, ug = 0, which implies that u; and uo are constant. If
0 < ¢ < 1, by the Cauchy-Lipschitz theorem, equation (5.9.14) with initial conditions (5.9.16)
and u3(0) = V1 —¢? or uz(0) = —v/1 — ¢? has a unique solution. It is straightforward to check
that

ug(z) = £V 1 — ?sech(v/1— 2 x) (5.9.18)

is the desired solution. Moreover, (5.9.18) shows that |[us||e®) < 1 if ¢ € (0,1). Hence, for

c € (0,1), we can write
u=1/1 —ugeie,

cus

and then (5.9.9) yields

o (5.9.19)

p— 2.
1—uz

From (5.9.18) and (5.9.19), we are led to

0 = 0y + arctan (Sinh( 1-c x)>
c )

for some constant 6y € R, which proves (5.9.4)—(5.9.5). Using some standard identities for
trigonometric and hyperbolic functions, we also obtain (5.9.1)—(5.9.3), for ¢ € (0,1). It only
remains to show that for ¢ = 0, (5.9.1) and (5.9.2) are the unique solutions of (5.9.6)—(5.9.7).
Indeed, since e(u)(x) = u3(z) = sech?(x), we recast (5.9.1) and (5.9.2) as

—i" = 2sech?(x)u, (5.9.20)

and from (5.9.13) we can asumme that, up to a multiplication by a complex number of modulus
one,
'(0) = 1. (5.9.21)

Then the Cauchy—Lipschitz theorem provides the existence of a unique solution of (5.9.20)—
(5.9.21) in a neighborhood of x = 0, and it is immediate to check that @(xz) = tanh(z) is the
solution, which concludes the proof. O

In the one-dimensional case, the momentum is formally given by

/ /
uz(Ui1ly — uU2U
p(u)—/ ( 12 2 1)'
R —u3
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If [|us|| oo (r) < 1, we see that

p(u) = /U?ﬂ',

and therefore it agrees with the corresponding expression in the higher dimensional case. Now
we have the following.

Corollary 5.9.2. Assume that c € [0,1) and let u. € E(R) be a solution of (TW.). Then

E(ue) = 2v/1 — 2. (5.9.22)

Moreover,

p(ue) = /Ru?ﬁ' = 2arctan ( 1c_ 02> , for c€(0,1). (5.9.23)

In particular, we can write explicitly E as a function of p as

E(p) = 2sin(p/2) (5.9.24)
and iE

i cos(p) = ¢, (5.9.25)
force (0,1).

Proof. Using (5.9.3) and (5.9.13), we have
E(u) :/u§: \/1—02/sech2(x)dm:2\/1—02,
R R

For the momentum, (5.9.19) yields

2 h2 /1 — 2
p(u) = / U39/ = C/ Y3 5 = C(l — 62)/ sec ( 3 ¢ :C) dx.
R r1—uj R 1—(1—c?)sech”(v1— c%x)

Then, using the change of variables y = —Vlc_CQ tanh(v/1 — ¢? x), we obtain (5.9.23), from where
we deduce that

1
©7 tan’(p/2)
Finally, from (5.9.22) and (5.9.26), we establish (5.9.24), from where (5.9.25) is an immediate
consequence. O

= cos(p/2). (5.9.26)

5.10 Appendix

For the convenience of the reader we recall some well-known results used in this paper. We
assume € to be a smooth open bounded domain of RY.

Theorem B.1 (97, 67]). Let u € H'(S), such that Au = 0 on D'(Q). Then there are constants
0<a<l,a=aN), and K >0 such that if x € Q and 0 < p < r < dist(z,Q),

oscu < K
By

<P)a HUHLQ(BT).

r rN/2
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Moreover, if N =2, then
oscu < K(in(p/r)~2|Vull s,
P

for some K > 0.

Theorem B.2 ([97]). Let p > N/2 and f € LP(Q). Assume that u € H}(SY) is solution of
—Au=f inQ.

Then w is Hélder continuous in Q. Moreover, for p > 0, there exists a constant K(p) such that

g%ugK@MWm@-

Lemma B.3. Let f € LY(RYN). Then for every ¢ > 0 there exists K(c) such that f = f1 + fo
a.e. on RN and

[fellbime) <& | filloere) < K(e).

Proof. Let
k, it f>k,
fie=9qf i[fI <k,
ki f < —k
and for = f — fix. Then
eallisesy <2 [ 1Al (B.1)
{IF1=k}
Since 1
Azml= [ 1< [ Siflaes 20 koo,
{If1=k} R?
invoking the dominated convergence theorem and (B.1), we conclude that || fok|lp1mryy — 0, as
k — oo and the conclusion follows. O

Lemma B.4. Let N > 1. Assume that f € LP(B(0,Ro)°), for some Ry > 0 and p € [1,00).
Let ¢ > 1 such that g € [(1 — 1/N)p,p|. Then there exists a sequence R, — oo such that for all
s€[0,Nq/p— N + 1] we have

K N
Rfl/ ]f]quSM, as n — oo,
OB(0,Rn) (In R,,)/P

for some constant K(p,q, N) > 0.

Proof. Since f € LP(B(0, Rp)°),

/ </ ]f]p> dr < oo,
Ro dB(0,r)

and thus there is a sequence R,, — 0o, as n — oo, such that

1
fIP < o—s.
/63(0,Rn) i Ry In(R;,)
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Then, using the Holder inequality we obtain

1/q
1
fla < (C(N)RN-1 1/q—1/p 7
</83(0,Rn)’ | (O(N) ) (RnIn Ry,)Y/P

from where the result follows. O

Lemma B.5. Let ¢ > 0 and u € C®(RY) NUCRY) be a solution of (TW,). Assume that

1
o u< B.2
Blor) = 81+ o)(2s + 1)’ (B2)

for somey € RN, r >0 and s > 1. Then

1
/ [V 26+ < 4(1 + ¢)? (1 + —S) / V|2, (B.3)
B(y.r/2) /) By

Proof. The ideas of the proof are based on classical computations for elliptic equations with
quadratic growth (see e.g. [69, 16, 64|). Therefore we only provide the main ideas, in order to
show the dependence on u, ¢, s and N as stated. We set B, = B(y,r) and n € C§°(B,) a function
such that 0 <n <1,

4
|[Vn| < - on B, and n=1on B,p. (B.4)
T
Finally, we fix w = |Vu|?, which is smooth by hypothesis, so that
(V| < 2w'/?|D%u|. (B.5)

We now divide the computations in several steps.

Step 1. If oscp, u < 1/4, we have

2 1
/ ,'72w8+1 S 208C U (/ |V77|2w8 + i 772|D2u|w5—1> )
r B By 2 By

Indeed, since
/ Pwst = / 7’V — u(y) - Vuw?,

integrating by parts and using (B.5), we deduce that

/ Pw'Tt < oscu <2/ n| Vw2 + (25 + 1)/ 772|D2u|w8> . (B.6)
T T BT'

B

Using the elementary inequalities 2ab < a? + b and ab < a? + b?/4 in the first and second
integrals in the r.h.s. of (B.6), we obtain

2s + 1)
(1 —2o0sc u)/ w'™ < oscu / IV 2w® + (s;)/ | D?ulw®™1 ) .
B, - B B, 4 B

Since oscp, u < 1/4, we conclude Step 1.
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Step 2. We have

N
1
—/ n?| D*ufw® ™t < 2/ |V 2w® + Z O (Au) - Opun*w*™L.
2 /B, B, — /B

Let k € {1,...,N} and ¢y = n’w* *0u € C§°(B,). Then, several integrations by parts yield

N
2 o — Au) - b .
; [ R0 /B () -0 (B.7)

On the other hand, using that
N
Oiw =2 Z duj - O%;u,
j=1

a straightforward computation gives

N N
Z/ 3131‘%%:/ | D*ufPw ™ + 2 Z/ ndymuw® 0 - Opu
jk=1"Br Br jk=1"Br (B.8)

-1
S / n2w372|vw|2.
2 B,

Then the conclusion of this step follows combining (B.7) and (B.8), noticing that the last integral
in the r.h.s. of (B.8) is nonnegative, and that

_|_

s—1

N N
_ s—1 1 _
2 3 oy~ O pul <2 Y 0Otz - [mllkulw’z < SoP | Dl 42|V,
Jk=1 Jk=1

Step 3. For all § > 0, we have

N
Z|8jAu -95ul < 6(c+ 1)|D*ul* + <c + g + 4) w4+ (1 + c)w?
j=1

Using (TW,) and the fact that |u| = 1, it is simple to check that

N
Z|6jAu - 9ju| < 2w|D?u| + w? + 4w + 2cw®/? 4 2¢| D?ulw/?.
j=1

Combining with the fact that 2ab < da® 4+ 6~ 1b, for all 6 > 0, we finish Step 3.
Step 4.

1

—/ | D%ul?w ™! < 2/ |V 2w® + (4¢2 +5c—|—4)/
B, B

T anS—i—(c—i—l)/ 772ws+1.

T T

Step 4 follows immediately from Steps 2 and 3, taking § = (4(c +1))~L.
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5.10. Appendiz

Now we are in position to finish the proof of Lemma B.5. In fact, combining Steps 1 and 4,
we are led to

(1—4(c+1)(2s+1)oscu) / PwTt < 20‘§cu <(83 +5) [ |VnPw+
T r T Br

2(4c® + 5c+4)(2s + 1) / n%ﬁ) .

T

Also, we see that (B.2) implies that

1/2<(1—4(c+1)(2s+1) cgf:u),

and that

2(4c? + 5c + 4)

0+0 < 2(1 4 ).

2C)B§CU -max{8s + 5,2(4c> + 5c +4)(2s + 1)} <

By combining with (B.4), we conclude (B.3). O
Lemma B.6. The degree given by (5.1.3) is well-defined and continuous from E(R?) to Z.
Proof. Since
1
()] < 010]1920] < 2T < ev). (B.9)

the functional d is well-defined from &€(R?) to R. Concerning the continuity, we know that, given
e>0and a v € £(R?), there exists R > 0 such that

/ e(v) <e.
B(0,R)°

Invoking again (B.9), we deduce that

1 1
Lo | <g [ 9wl < e (90l + IVl [ Vo= Vol e, (510)
B(0,R)e B(0,R)°

for any w € £(R?). We next introduce a function x € C§°(R?,[0,1]) such that x = 1 on B(0, R)
and y = 0 on B(0,2R)¢. Combining with (B.9) and (B.10), we are led to

[d(o)~d(w)] < 1

1 1
AQ X(’U}(U)—’LU(ZU)) “FE <€+§ (HVUHLQ(RQ)—FHVWHLQ(RQ)) HVZI/—VUHL2(R2)) .
(B.11)
We also have

w(t)) — w(w) = <U —w, O1v X 620> + (w,@l(n — w) X (920> + (w,@lw X 82(0 — w)), (B.12)

so that

/R2 x (w(v) — w(w))‘ < /R2) x(v — w, D10 X Dab)

+ (IVollL2gey + IVl r2(r2)) VO — Vol 12g2).

(B.13)
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Integrating by parts the integral in the r.h.s. of (B.13), we compute

/ (0 — w, 810 x By0) :1<— B1x (b — w, b X Do) —/ (01(6 — w), 0 x Dy)
RQ 2 RQ RQ

(B.14)

+ 82X<U —w,b X 310> +/

<32(U — w),n X 31U>>.
R2 R2

Actually, the integration by parts is only possible when the derivative 0%, makes sense and
is sufficiently integrable. However, we can use the density of H?(R?;R3) into H'(R?R3) to
approach the function v by a sequence of functions (v,,)nen for which (B.14) is satisfied. Then,
we will invoke the continuity of both the left and right-hand sides of (B.14) with respect to
the convergence in H'(R?,R3) in order to establish (B.14) in the general case. In any case, we
deduce from (B.14) that

<V oo 2y lo — @l L2 (B(0,2R) VOl L2 (R2)

/ X(U — w,@ln X 820>
R2

+|[Vo — vaLQ(RQ)HVUHL?(R?)-

Combining with (B.11) and (B.13), we are led to
|d(0)—d(w)| < C(IIV0ll 2@+ IVwllz2ee) ) (IVo-Vellpa@ey+ o -l 25 2my ) +2, (B.15)

where C' = max{3, |[[Vx|| e ®2)}/47. At this stage, recall that, given any positive number A,
there exists a positive constant K (A, R) such that

A3 (f,9) < K(A, R)d2(f.9),

for any f,g € £(R?). In view of (B.15), it follows that the functional d is continuous on £(R?). In
particular, d is integer-valued since its restriction to the dense subset £%°(R?) is integer-valued.
This completes the proof of Lemma B.6. U
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