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vi INTRODUCTIONThis dissertation is made up of two disjoint parts. In the �rst part, weintrodu
e a generalization of the Lapla
e operator to Finsler geometry and startits study. In the se
ond part we 
on
entrate on the study of periodi
 orbits ofAnosov �ows in 3-manifolds.Finsler Geometry and Lapla
ianFinsler geometry has always been in the shadow of Riemannian geometry.Yet it was introdu
ed by Riemann himself in his famous 1854 �habilitationss-
hrift� in Göttingen. Riemann realized that the minimal 
ondition to obtain anintegral notion of length on a manifold was to equip the tangent bundle with afamily of norms. Unfortunately, Minkowski's work on 
onvex geometry was still40 years away, and the norms not obtained from a s
alar produ
t were not wellunderstood. Riemann abandoned the general 
ase with these words:Die Untersu
hung dieser allgemeinern Gattung würde zwar keinewesentli
h andere Prin
ipien erfordern, aber ziemli
h zeitraubendsein und verhältnissmässig auf die Lehre vom Raume wenig neuesLi
ht werfen, zumal da si
h die Resultate ni
ht geometris
h aus-drü
ken lassen; [101℄The investigation of this more general kind would require no reallydi�erent prin
iples, but would take 
onsiderable time and throw littlenew light on the theory of spa
e, espe
ially as the results 
annot begeometri
ally expressed 1;It was only in 1918 that, under the dire
tion of Carathéodory, Paul Finslerstudied the general 
ase during his Ph.D. [57℄ and laid the basis of this theory.Nowadays, Finsler geometry is relatively well understood but many Rieman-nian problems still await their Finsler equivalent. One problem that 
ame upfrequently in the past years was the development of global analyti
al tools.In Riemannian geometry, the Lapla
e�Beltrami operator on a Riemannianmanifold has long held its pla
e as one of the most important obje
ts in geo-metri
 analysis. Among the reasons is that, its spe
trum, while being physi
allymotivated, shows an intriguing and intimate 
onne
tion with the global geom-etry of the manifold.In the �rst part of this dissertation, I introdu
e a dynami
al generalizationof the Lapla
e operator to Finsler geometry. Note that it is not the �rst gen-eralization; Bao and La
key [15℄, Shen [102℄ and Centore [36℄ all gave di�erentde�nitions. But as the Lapla
e�Beltrami operator admits several equivalent def-initions, it is not very surprising that generalizations of di�erent de�nitions givedi�erent operators. We will see that ours produ
es a linear, ellipti
, symmet-ri
, se
ond-order di�erential operator and is su�
iently simple to allow expli
it
omputations of spe
tra. I also hope that the reader will be 
onvin
ed that ourde�nition is natural.Geodesi
 �ow and Hilbert formLet us start by introdu
ing the main notions used here.1. Translated by William Kingdon Cli�ord [40℄



viiA Finsler metri
 on a manifold M is a smooth 
olle
tion of strongly 
onvex,not ne
essarily symmetri
, norms F (x, ·) on ea
h tangent spa
e TxM ; here,strongly 
onvex means that the Hessian of F 2(x, ·) is positive de�nite. Notethat, as a norm is uniquely de�ned by its unit ball, we 
an also think of a Finslerstru
ture has a 
olle
tion of open 
onvex set on ea
h tangent spa
e 
ontaining,but not 
entered at, 0 and su
h that the boundary of ea
h 
onvex set has ade�nite positive Hessian. This strong 
onvexity assumption might seem a bitodd, but it is often ne
essary, for instan
e to obtain an equation of geodesi
s.This notion of Finsler metri
 is probably the most 
ommon one, but unfor-tunately also the most restri
tive. In parti
ular Hilbert geometries, whi
h haveknown a renewed interest in the past few years, are not in
luded in this de�ni-tion: Hilbert metri
s are only C0 out of the zero se
tion. But in this dissertationas often, a regularity at least C2 is ne
essary. However, the smooth Finslerianworld is still mu
h wider than the Riemannian one and ri
h in new phenomena(see for instan
e [78℄ and [41℄ or the survey [3℄).There are many 
lassi
al examples of Finsler metri
s. A 
lass that will playa 
entral role in this dissertation are the Randers metri
s. These metri
s havemany interests: they are physi
ally motivated [95℄ and 
ome up in many di�erentdomains [11℄. Moreover, they 
onstitute one of the simplest 
lasses of Finslermetri
s: they are just obtained by adding a di�erential 1-form to a Riemannianmetri
, rendering their study tra
table.Our approa
h to Finsler geometry is due to Patri
k Foulon: He introdu
ed[59℄ several tools that allow the study of the geometry via its dynami
s, insteadof using 
onne
tions and lo
al 
oordinates, hen
e eliminating one of the most
ommon 
riti
isms of Finsler geometry, i.e., too many indi
es.The 
ornerstone of our study will therefore be the geodesi
 �ow. Geodesi
�ows traditionally live on the unit tangent bundle of the manifold; however, inorder to 
ompare geodesi
 �ows of di�erent Finsler metri
s, we will always seethem in the homogenized tangent bundle:
HM := (TM r {0})/R+.Another 
entral obje
t of our study is the Hilbert form A asso
iated with aFinsler metri
; It is a di�erential 1-form on HM , obtained by taking the verti
alderivative of the Finsler metri
. Thanks to the strong 
onvexity hypothesis, itis 
onta
t, i.e., if n is the dimension of M , then A∧ dAn−1 is a volume on HM .The link between A and the Finsler metri
 that will be most helpful to us is thefollowing:The Hilbert form A entirely determines the dynami
s of the Finsler metri
:If we write X for the ve
tor �eld generating the geodesi
 �ow, then X is theReeb �eld of A, i.e., it is de�ned by the following equations:

{
A(X) = 1

iXdA = 0Foulon's philosophy is to study Finsler geometry only via X , A and obje
tsbuilt from them.Finsler�Lapla
ianAs we already mentioned, there are several equivalent de�nitions for theLapla
e�Beltrami operator (see for instan
e [66℄). Histori
ally, it was de�ned



viii INTRODUCTIONon C2 fun
tions on Rn as:
∆f(p) =

∑

i

∂2f

∂x2i
(p),and this de�nition 
an be extended from Rn to a Riemannian manifold by takingthe xi to be normal 
oordinates at p for the Riemannian metri
. An intrinsi
de�nition is given by taking the divergen
e of the gradient. And �nally, theHodge Lapla
ian, a
ting on di�erential forms, is de�ned by dδ + δd where δ isthe 
o-di�erential.We 
an see right now why di�erent generalizations of this operator to theFinslerian 
ontext 
ould give very di�erent operators. Consider the de�nitiongiven by the divergen
e of the gradient: The divergen
e of a ve
tor �eld isde�ned by taking the Lie derivative of a given volume; so it is not spe
i�
allyRiemannian. The gradient is not either: it is just the derivative of a fun
tionseen as an element of the tangent, instead of the 
o-tangent. So an identi�
ationbetween TM and its dual T ∗M gives a gradient. And there is su
h a 
anoni
alidenti�
ation given by a Finsler metri
: the Legendre transform (see 1.2 forthe de�nition). However, the di�eren
e with the Riemannian 
ase is that theLegendre transform is in general not linear. Hen
e, generalizing the Lapla
eoperator via this method gives a non-linear operator. It was done by Shen [102℄but as natural and interesting as it is, it is not what we were looking for in aLapla
ian.Bao and La
key [15℄ gave a generalization of the Hodge Lapla
ian and Cen-tore [35℄ built an operator su
h that harmoni
 fun
tions verify the mean valueproperty.All these de�nitions rely on the 
hoi
e of a volume on the manifold, whi
h
an be a problem as there are several 
andidates in Finsler geometry (see forinstan
e [5, 29℄).In this dissertation, we generalize the histori
al de�nition. The problem isthat there is no good notion of orthogonality in Finsler geometry, so we 
annotdire
tly apply the Riemannian de�nition. Before explaining our de�nition, letus start with a remark:If f is a fun
tion on R2 and cθ(t) the ray from 0 making an angle θ with the

x-axis, then, a dire
t and easy 
omputation shows that:
∫ 2π

θ=0

d2

dt2
f (cθ(t))

∣∣∣∣
t=0

dθ = π

(
∂2f

∂x2
(0) +

∂2f

∂y2
(0)

)This simple remark gives the idea for our generalization: instead of takingthe sum of derivatives along orthonormal dire
tions, we 
an 
onsider an averageover all dire
tions! But to be able to 
onsider an average, we need to �nd ameasure for it, i.e., a solid angle naturally asso
iated with a Finsler metri
.As the Hilbert form A is a 
onta
t form, there is a truly 
anoni
al volumeform asso
iated with a Finsler metri
, but only on HM , and not on M as inthe Riemannian 
ase.If we denote by π : HM → M the 
anoni
al proje
tion and by V HM :=
ker dπ the set of ve
tors tangent to the �bers HxM , then a (solid) angle is givenby a nowhere-vanishing form on V HM . To obtain a natural notion of angle, we
an just split the 
anoni
al volume A∧ dAn−1 into an angle and a volume formon the base manifold, normalizing in order to get ba
k the eu
lidean angle:



ixProposition. Let (M,F ) be a Finsler metri
. There exists a unique volumeform ΩF on M and an (n− 1)-form αF on HM that is nowhere zero on V HMand su
h that:
αF ∧ π∗ΩF = A ∧ dAn−1,and, for all x ∈M , ∫

HxM

αF = volEucl(S
n−1)And we 
an de�ne our Finsler�Lapla
e operator:De�nition. Let (M,F ) be a Finsler metri
. For f ∈ C2(M) and x ∈ M , weset

∆F f(x) :=
n

volEucl (Sn−1)

∫

ξ∈HxM

d2f

dt2
(cξ(t))

∣∣∣∣
t=0

αFx (ξ),where cξ is the geodesi
 leaving x in the dire
tion ξ ∈ HxM .And we obtain exa
tly what we hoped for:Theorem A. Let (M,F ) be a Finsler metri
. Then ∆F is a se
ond-orderdi�erential operator. Furthermore:(i) ∆F is ellipti
,(ii) ∆F is symmetri
, i.e., for any f, g ∈ C∞(M),
∫

M

f∆F g − g∆F f ΩF = 0.(iii) ∆F 
oin
ides with the Lapla
e�Beltrami operator when F is Riemannian.As we will see (in se
tion 2.1), the proof of this result is made very simplethanks to our de�nition.Let us also point out the following 
onsequen
e of (i) and (ii): ∆F is unitarilyequivalent to a S
hrödinger operator.The proof of this last point is based on the following (known) result, whi
his of parti
ular interest for us:Proposition. Let (M, g) be a 
losed Riemannian manifold and ω a volume formon M . There exists a unique se
ond-order di�erential operator ∆g,ω on M withreal 
oe�
ients su
h that its symbol is the dual metri
 g⋆, it is symmetri
 withrespe
t to ω and zero on 
onstants.If a ∈ C∞(M) is su
h that ω = a2vg, where vg is the Riemannian volume, thenfor ϕ ∈ C∞(M):
∆g,ωϕ = ∆gϕ− 1

a2
〈∇ϕ,∇a2〉.The symbol of an ellipti
 se
ond-order di�erential operator always gives aRiemannian (
o)-metri
. So the above proposition tells us that our Finsler�Lapla
e operator is uniquely determined by its symbol and the volume ΩF .This leads to a few remarks:First, there are far more Finsler metri
s than pairs (Riemannian metri
,volume), so there are many Finsler metri
s sharing the same Lapla
ian. Soour Finsler�Lapla
e operator 
annot 
arry as mu
h information as the metri
it 
omes from. But this 
an be seen as an interesting sour
e of questions: For



x INTRODUCTIONinstan
e, does sharing the same Lapla
ian implies that the metri
s share somegeometri
al or dynami
al properties?The operators ∆g,ω are 
alled weighted Lapla
ians and were introdu
ed byChavel et Feldman [38℄ and by Davies [47℄. They have been under mu
h studysin
e then (see for instan
e [71℄ or [42℄) and it seems natural to ask whether we
ould get a better understanding of them via the study of our Finsler�Lapla
ianor vi
e-versa.Whi
h takes us to our last remark: Can we obtain every weighted Lapla
ianas a Finsler�Lapla
ian? As there are more Finsler metri
s than pairs (Rieman-nian metri
, volume), we 
onje
ture that the answer is positive.On surfa
es, we prove that it is indeed the 
ase, and that it is enough to
onsider Randers metri
s to obtain every pair. Unfortunately, our proof isbased on the lo
al expression we obtained for Randers surfa
es and it 
annotbe generalized as su
h.Energy and spe
trumAs expe
ted from a Lapla
ian, on 
ompa
t manifolds our operator admitsa dis
rete spe
trum. We give the two 
lassi
al proofs; the �rst is just theappli
ation of the general theory of unbounded ellipti
 symmetri
 operators.The se
ond, via the Min-Max method, is more interesting for a future study ofthe spe
trum. It relies on the introdu
tion of the following energy asso
iatedwith ∆F :
E(u) :=

n

volEucl (Sn−1)

∫

HM

|LX (π∗u)|2A ∧ dAn−1With this energy, we generalize several 
lassi
al Riemannian results. First,we prove that harmoni
 fun
tions are always obtained as minima of the energy.Se
ond, we study how the energy varies inside a 
onformal 
lass and show thatit is invariant when n = 2, whi
h allows us to show:Theorem B. Let (Σ, F ) be a Finsler surfa
e. If f : Σ C∞

−−→ R and Ff = efF .Then,
∆Ff = e−2f∆F .Expli
it representation and 
omputation of spe
trumIn order to prove, even to ourself, that our operator was worth studying,we felt that it was essential to give examples. Indeed, the fa
t that we manageto obtain expli
it spe
tral data for Finslerian metri
s is for us an asset of ouroperator.But 
omputing spe
tra is a daunting task, even in the Riemannian 
ase.Indeed, the full spe
tra of the Lapla
e�Beltrami operator is known only for themodel spa
es Hn, Rn and Sn and some of their quotients. In order to have any
han
e of 
omputing a spe
trum, we looked for Finsler metri
s with 
onstant�ag 
urvature (the �ag 
urvature is the generalization to Finsler geometry ofthe se
tional 
urvature, see [48, 14℄). But note that model spa
es do not exist inFinsler geometry; for any R, there is an in�nite number of non-isometri
 Finslermetri
s of 
onstant �ag 
urvatureR. Another problem is having a
tual examplesof 
onstant 
urvature metri
s on 
losed manifold. Among known examples, we
hose to study the ones that seem to us to be most interesting and manageable.



xiIf the �ag 
urvature is negative and the manifold is 
ompa
t, then a theoremof Akbar-Zadeh [2℄ implies that the Finsler stru
ture is in fa
t Riemannian (thisis still true for 
ompa
t lo
ally symmetri
 Finsler metri
s [62℄).In the same arti
le, Akbar-Zadeh showed that a simply 
onne
ted 
ompa
tmanifold endowed with a metri
 of positive 
onstant �ag 
urvature is a sphere(see also [94℄ for the pin
hed 
urvature 
ase). But from a metri
 standpoint,things get mu
h more ex
iting: Bryant [27, 28℄ 
onstru
ted a two-parameterfamily of (proje
tively �at) metri
s of 
onstant 
urvature 1 on the 2-sphere.Previously, Katok [78℄ had 
onstru
ted a family of one-parameter deformationsof the standard metri
 on S2 in order to obtain examples of metri
s with onlya �nite number of 
losed geodesi
s. This example was later generalized andstudied by Ziller [111℄. Radema
her [94℄ proved that the Katok�Ziller metri
son the 2-sphere have 
onstant �ag 
urvature. Note that Foulon [58℄ has a proofthat Katok�Ziller metri
s on any spa
e have 
onstant �ag 
urvature.These metri
s were the perfe
t 
andidate for us. They are dynami
allyinteresting and they admit adequate expli
it formulas (see [94℄ for the sphereand Proposition 3.2.2 in general) making them somewhat easier to study. Inthe 
ase of the 2-sphere, we obtain an approximation of the spe
trum as well asthe following:Theorem C. For a family of Katok�Ziller metri
s Fε on the 2-sphere, if λ1(ε)is the smallest non-zero eigenvalue of −∆Fε , then:
λ1(ε) = 2− 2ε2 =

8π

volΩFε (S2)
. (1)Note that this result exhibits a family of Finslerian metri
s realizing whatis known to be the maximum for the �rst eigenvalue of the Lapla
e�Beltramioperator on S2 [72℄. We unfortunately do not yet know whether this is also amaximum in the Finsler setting.Finally as Katok�Ziller metri
s also exists on tori, we studied them andobtained their spe
trum. Note that the �at 
ase does not lead to new opera-tors. Indeed, for any lo
ally Minkowski stru
ture on a torus, we show that theFinsler�Lapla
e operator is the same as the Lapla
e�Beltrami operator asso
i-ated with the symbol metri
 (see Remark 3.2.5). It is nonetheless interesting todo the 
omputations as this gives some insight, shows some limits of what 
an beexpe
ted from this operator and proves on
e again that 
omputations are feasi-ble. For instan
e, we will see that there is no Poisson formula linking the lengthspe
trum of the Finsler metri
 and the spe
trum of the Finsler�Lapla
ian. Fi-nally, if we one day want to obtain topologi
al bounds on the spe
trum, we will�rst have to understand these easy examples.Negative 
urvature, spe
trum and geometry at in�nityThe world of negative 
urvature is immensely ri
h in terms of the intera
tionsbetween geometry, dynami
s, ergodi
 theory and the spe
trum of the Lapla
ian.Let M be a 
losed Riemannian manifold of stri
tly negative 
urvature and

M̃ its universal 
over. M̃ admits a visual boundary M̃(∞) 
arrying (at least)three natural 
lass of measures:� The Liouville measure 
lass, obtained by proje
ting Lebesgue measureson unit spheres to the boundary along geodesi
 rays;



xii INTRODUCTION� The Patterson-Sullivan measure 
lass νx;� The harmoni
 measures µx, whi
h 
an be obtained as the measures solvingthe Diri
hlet problem at in�nity, i.e., if f ∈ C0(M̃(∞)), then
u(x) :=

∫

ξ∈M̃(∞)

f(ξ)dµx(ξ)is the unique fun
tion that veri�es ∆F̃u = 0 on M̃ and u(x) → f(ξ) when
x→ ξ ∈ M̃(∞).Kaimanovi
h [75℄ showed that there exists a 
onvex isomorphism betweenthe 
one of Radon measures on ∂2M̃ := M̃(∞) × M̃(∞) r {diag} invariant by

π1(M) and the 
one of Radon measures on HM invariant by the geodesi
 �ow.Via this 
orresponden
e, we 
an obtain the Patterson�Sullivan measures fromthe Bowen�Margulis measure.It is also known that all these measure 
lasses are ergodi
 with respe
t tothe a
tion of the fundamental group on M̃(∞) (ea
h measure in a measure 
lassis π1(M)-quasi-invariant, so ergodi
ity 
an be de�ned as usual).In the 
ase of 
onstant 
urvature, these three 
lasses are equal. Katok [79℄and Ledrappier [84℄ showed that, on surfa
es, if any of these two 
lasses 
o-in
ides, then the metri
 has 
onstant 
urvature. In higher dimensions, if theharmoni
 and Patterson�Sullivan measures 
oin
ides, then the universal 
overof the manifold is a symmetri
 spa
e [24℄.Ledrappier obtained his regularity theorem as a 
orollary of a more generalresult, valid in any dimension: νx = µx if and only if λ1 = h2/4, where λ1 isthe bottom of the essential spe
trum of −∆F̃ and h the topologi
al entropy.As we introdu
ed a Finsler�Lapla
ian, it was tempting to try to adapt theabove results to our 
ase. Indeed, if F is negatively 
urved, then the geodesi
�ow is again 
onta
t Anosov ([60℄) and, if F is reversible, then M̃ is Gromov-hyperboli
. So M̃ also admits a visual boundary, whi
h naturally 
arries theLiouville measure 
lass and the Patterson�Sullivan measure 
lass (see [44℄). Westudied existen
e of harmoni
 measures.One general method to solve the Diri
hlet problem at in�nity and obtainharmoni
 measures is via potential theory. Martin [86℄ 
onstru
ted a boundaryasso
iated to a pair (M̃,∆F̃ ). If the Martin boundary is redu
ed to its minimalpart and if it is homeomorphi
 to the visual boundary, then we 
an dedu
e theexisten
e of harmoni
 measures. An
ona [6℄ identi�ed the Martin and the visualboundaries for a very general 
lass of ellipti
 operators on Gromov-hyperboli
spa
es.We prove that our operator satis�es the 
onditions for An
ona's theorem.Furthermore, we show that the identi�
ation between the Martin and the visualboundary is Hölder-
ontinuous as in the Riemannian 
ase. This allows us to
opy the work of Ledrappier [83℄ to show ergodi
 properties of the harmoni
measures:Theorem D. Let (M,F ) be a 
losed, negatively 
urved, reversible Finsler man-ifold, M̃ its universal 
over and µx the family of harmoni
 measures on M̃(∞);we have the following properties:(i) The harmoni
 measure 
lass {µx} is ergodi
 for the a
tion of π1(M) on
M̃(∞).



xiii(ii) For any x ∈ M̃ , there exists a weight f : ∂2M̃ → R, su
h that the mea-sure fµx ⊗ µx is ergodi
 for the a
tion of π1(M) on ∂2M̃ .(iii) There exists a unique measure µ on HM , ergodi
 with respe
t to thegeodesi
 �ow, su
h that its image under Kaimanovit
h 
orresponden
e is
fµx ⊗ µx.Rigidity results however are still out of rea
h.Finally, note also that we do obtain a dynami
al upper bound for the bottomof the spe
trum of −∆F̃ :Theorem E. Let (M,F ) be a 
losed, negatively 
urved, (not ne
essarily re-versible) Finsler n-manifold and (M̃, F̃ ) its universal 
over. If λ1 is the bottomof the essential spe
trum of −∆F̃ and h the topologi
al entropy, then,

λ1 ≤ nh2

4
.And we have a topologi
al lower bound, without 
urvature assumptions,thanks to a generalization of a theorem of Brooks [26℄:Theorem F. Let (M,F ) be a 
losed (not ne
essarily reversible) Finsler mani-fold and (M̃, F̃ ) its universal 
over. If λ1 is the bottom of the essential spe
trumof −∆F̃ . Then,

λ1 = 0 if and only if π1(M) is amenable.Angle and 
o-angle: Finsler geometry and its Hamiltonian
ounter-partAs our generalization of the Lapla
e operator relies essentially on the angle
αF , we brie�y studied it. For instan
e, we show that we 
an re
ognize when aFinsler surfa
e is Riemannian just by looking at the angle.Now, re
all that αF is obtained by splitting the 
anoni
al volume form
A ∧ dAn−1. But looking on the 
o-tangent side, we 
an see that there areother 
anoni
al volume forms: Indeed, a Finsler metri
 F : TM → R+ uniquelydetermines an Hamiltonian F ∗ : T ∗M → R+ via the Legendre transform. T ∗Mis a symple
ti
 manifolds and hen
e admits a 
anoni
al volume dλn, where λ isthe Liouville 1-form. Finally, in the same manner that we obtain the Hilbertform A, we 
an obtain a one-form B on H∗M , the homogenized 
o-tangentbundle, naturally asso
iated with F ∗. The one-form B is also a 
onta
t formand therefore B ∧ dBn−1 is a 
anoni
al volume form on H∗M .Fortunately, all these volumes are pretty simply linked together: A∧dAn−1 isthe pull-ba
k of B∧dBn−1 by the Legendre transform of F . And, if r̂ : T̊ ∗M →
H∗M is the 
anoni
al proje
tion, then r̂∗B ∧ dBn−1 = λ ∧ dλn−1/(F ∗)n (seese
tion 1.2).We 
an 
arry out the 
onstru
tion of our angle form on the homogenized 
o-tangent bundle, by splitting B∧dBn−1 into a volume form onM and a 
o-angle
βF . We show that βF is the push-forward of αF via the Legendre transform andthat the volume on M is the same. This proves that 
arrying the 
onstru
tionof our Finsler�Lapla
e operator on the 
o-tangent gives the same operator.



xiv INTRODUCTIONThe study of the symple
ti
 side is often very interesting. For instan
e, we
an remark that the volume ΩF that we obtain is the Holmes-Thompson volume(see se
tion 1.5). More surprisingly, we show that a Finsler metri
 is uniquelydetermined by its volume and its 
o-angle βF (Corollary 1.3.12).Skewed R-
overed Anosov �owsAnosov ([10℄) managed to extra
t from geodesi
 �ows in negatively 
urvedmanifolds the minimal 
ondition giving their hyperboli
ity. Sin
e then, Anosov�ows be
ame an immense sour
e of wonder in dynami
al systems. In the se
ondpart of this dissertation, we 
on
entrate on a �topologi
ally ni
e� kind of Anosov�ows on 3-manifolds and study their periodi
 orbits.Thierry Barbot and Sergio Fenley started studying Anosov �ows via theirtransverse geometry and we follow their lead. The main obje
ts under studyhere are the orbit spa
e and the leaf spa
es : If φt is an Anosov �ow on a 3-manifold M , M̃ its universal 
over and φ̃t the lifted �ow, then the orbit spa
eof φt is de�ned as M̃ quotiented out by the relation �being on the same orbitof φ̃t�, and the stable (resp. unstable) leaf spa
e is M̃ quotiented out by therelation �being on the same weak stable (resp. weak unstable) leaf of φ̃t.�For Anosov �ows on 3-manifolds, the orbit spa
e is always homeomorphi
 to
R2 [16, 55℄, but in general the leaf spa
es are non-Hausdor�. An Anosov �ow is
alled R-
overed if one (and hen
e both, see [16, 55℄) of its leaf spa
e is home-omorphi
 to R. Fenley and Barbot proved that if a stable leaf of φ̃t interse
tsevery unstable leaves, then φt is a suspension of an Anosov di�eomorphism. Sothe interesting 
ase is the other one and Fenley 
alled these �ows skewed.It is fairly easy to see that the geodesi
 �ow of a negatively 
urved (Finsleror Riemannian) surfa
e is a skewed R-
overed Anosov �ow. A re
ent resultby (again) Barbot and Fenley [20℄ in fa
t shows that it is (topologi
ally) theonly one on Seifert-�bered spa
e. But if you stop 
ontrolling the topology,many non-algebrai
 examples exist (geodesi
 �ows and suspension of Anosovdi�eomorphisms are 
alled algebrai
 Anosov �ows be
ause they are topologi
ally
onjugate to the a
tion of a one-parameter group on a quotient Γ\G/K, where
G is a Lie group, K a 
ompa
t Lie subgroup and Γ a dis
rete subgroup a
ting
o-
ompa
tly on G/K, see [108℄).In [55℄, Fenley produ
ed a wealth of skewed R-
overed Anosov �ows onatoroidal, not Seifert-�bered 3-manifolds. Remark also that the 
onstru
tionof Foulon and Hasselblatt [63℄ leads to non-algebrai
 �ows whi
h are 
onta
t,hen
e skewed R-
overed (see [19℄).Hyperboli
 manifolds and isotopy 
lassWhen the manifold is atoroidal and not Seifert-�bered, so for instan
e hy-perboli
, skewed R-
overed have a surprising quality: every periodi
 orbit isfreely homotopi
 to in�nitely many other ones. This is in sharp 
ontrast withthe geodesi
 �ow 
ase where free homotopy 
lasses are trivial.We got interested in the following question: given a periodi
 orbit, what 
anwe say about its isotopy 
lass? In order to underline its interest, let us rephrasethis question. Given a periodi
 orbit, its free homotopy 
lass gives us a 
olle
tionof topologi
ally equivalent embedding of S1, i.e., knots, in a three-manifold. So



xvare these knots di�erent? Here we understand �di�erent� in the traditional senseof knot theory.Note that the questions about the type of knots that one 
an obtain fromperiodi
 orbits of �ows are not new, and very interesting (the reader 
an 
onsultGhys' arti
le on this subje
t [68℄).In 
ollaboration with Sergio Fenley, we showed that all orbits in a free ho-motopy 
lass are isotopi
. If the answer is a bit disappointing, the way weobtain this result is quite interesting and opens some new questions. Thurston[107℄, Calegari [32℄ and Fenley [56℄ proved that there exist pseudo-Anosov �ows
onstru
ted from the geometry of some R-
overed foliations. We obtain theisotopy between the periodi
 orbits of φt by pushing them via a well-
hosenpseudo-Anosov �ow.Embedded 
ylinders and periodi
 orbitsAn isotopy between periodi
 orbits 
reates an immersed 
ylinder, so wespe
ialized our study to when we 
an obtain an embedded 
ylinder between twoperiodi
 orbits.By adapting results of Barbot [20℄, we showed that the existen
e of embeddedannuli between orbits is essentially linked to the a
tion of the fundamentalgroup on the orbit spa
e. Moreover, we 
an on
e again use the tools given byThurston's work on R-
overed foliations.We show that there exist some periodi
 orbits that 
annot be joined to anyother by an embedded 
ylinder. In a forth
oming paper with S. Fenley, we willshow that the �
o-
ylindri
al 
lasses� are always �nite.Stru
ture of this dissertationIn Chapter 1, we introdu
e the ne
essary notions for the study of Finslergeometry via its dynami
 and re
all a number of results. We also present thesymple
ti
 side and the main properties of the Legendre transform. Readersfamiliar with these topi
s should start in Se
tion 1.3 where we introdu
e theangle αF and the 
o-angle βF∗ (Propositions 1.3.5 and 1.3.7). We then studysome properties of these angles and remark that the volume ΩF is the Holmes-Thompson volume.Chapter 2 is the 
ore of this work, it introdu
es the Finsler�Lapla
e oper-ator (De�nition 2.1.1) and proves Theorem A. It then introdu
es the energy(De�nition 2.2.4) and proves that the spe
trum 
an be obtained via the Min-Max prin
iple (Theorems 2.2.11 and 2.2.13). The Chapter 
loses with the proofthat, in dimension 2, the Finsler�Lapla
e operator is still (almost) a 
onformalinvariant (Theorem 2.3.1).In Chapter 3 we study examples. We show that we 
an obtain a lo
al 
oor-dinates expression of our operator for Randers surfa
es (Proposition 3.1.3). Wethen use that expression to show that every weighted Lapla
ian on surfa
es 
anbe obtained from a Randers metri
 (Proposition 3.1.6). We then spe
ialize toKatok�Ziller metri
s on the sphere and the torus, giving expli
it spe
tral data



xvi INTRODUCTION(Theorems 3.2.6, 3.2.9 and Corollary 3.2.8).In Chapter 4, we �nally 
on
entrate on the link between the Lapla
ian andthe geodesi
 �ow in negative 
urvature. We start by showing Theorem E (Propo-sition 4.2.1) and Theorem F (Theorem 4.2.6). We then introdu
e some of thepotential theory needed for An
ona's theorem (se
tion 4.3) and prove that thehomeomorphism between the Martin and visual boundary is Hölder (Theorem4.3.22). We show that An
ona's theorem applies to our operator and dedu
ethat the Diri
hlet problem at in�nity still admits a unique solution (Corollary4.4.2). We �nish the �rst part by generalizing Ledrappier's proof that harmoni
measures are ergodi
 (Theorem 4.5.2).Chapter 5 
onstitutes the se
ond part of this dissertation. We start byre
alling a number of results of Barbot and Fenley on Anosov �ows, then thework of Thurston, Calegari and Fenley on R-
overed foliations. We then showthat homotopi
 orbits are isotopi
 (Theorem 5.3.3). We start the study of �
o-
ylindri
al� 
lasses and relate it to the a
tion of the fundamental group on theuniversal 
ir
le.
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xviii INTRODUCTION EN FRANÇAISCette thèse 
omporte deux parties distin
tes, la première traite d'un nouvelopérateur de Lapla
e en géométrie de Finsler et la se
onde de l'étude de 
ertainstypes de �ots d'Anosov dans des variétés atoroidales.Géométrie de Finsler et lapla
ienLa géométrie de Finsler a toujours été le parent pauvre de la géométrieriemannienne. Elle fut pourtant introduite par Riemann lui-même lors de safameuse �habilitationss
hrift� de 1854. En e�et, Riemann réalisa que la 
onditionminimale pour introduire une notion de longueur sur une variété était d'avoirune famille 
ontinue de normes sur 
haque espa
e tangent. Malheureusement,la géométrie 
onvexe de Minkowski était en
ore distante d'au moins 40 ans etles normes ne provenant pas d'un produit s
alaire n'étaient pas en
ore bien
omprises. Riemann s'éloigna don
 du 
adre général, disant :� Die Untersu
hung dieser allgemeinern Gattung würde zwarkeine wesentli
h andere Prin
ipien erfordern, aber ziemli
h zeitraubendsein und verhältnissmässig auf die Lehre vom Raume wenig neuesLi
ht werfen, zumal da si
h die Resultate ni
ht geometris
h aus-drü
ken lassen �[101℄L'étude de 
e 
adre plus général ne né
essite pas de prin
ipes réelle-ment di�érents, mais prendrait un temps 
onsidérable et n'apporteraitpeu ou pas d'é
lairage nouveau sur la théorie de l'espa
e, d'autantplus que les résultats ne peuvent être exprimés géométriquement 2Il fallut don
 attendre 1918 pour que, sous l'impulsion de Carathéodory, PaulFinsler étudie dans sa thèse [57℄ 
e 
as général et jette ainsi les bases de lathéorie qui porte aujourd'hui son nom.La géométrie de Finsler est désormais assez bien 
onnue, mais nombre dequestions résolues en géométrie riemannienne attendent en
ore un équivalent�nslérien. Depuis plusieurs années, l'une des questions ré
urrentes en géométriede Finsler est le développement d'outils d'analyse globale généralisant 
eux degéométrie riemannienne.L'opérateur de Lapla
e�Beltrami est sans doute le plus important de 
esobjets, et 
e pour de multiples raisons. Son spe
tre en parti
ulier joue un r�leessentiel ; il est la preuve d'une 
onnexion 
omplexe et intrigante entre le lapla-
ien et la géométrie de la variété qui le porte. Dans la première partie de 
ettethèse, j'introduis une généralisation de l'opérateur de Lapla
e�Beltrami auxmétriques de Finsler. Ce n'est pas la première fois que 
e
i est fait, Bao etLa
key [15℄, Centore [36℄ et Shen [102℄ ont 
ha
un proposé des généralisations.Il n'est pas très étonnant qu'il en soit ainsi : l'opérateur de Lapla
e�Beltrami ad-met plusieurs dé�nitions équivalentes, mais des extensions de 
haque dé�nitionpeuvent donner des résultats bien di�érents dans le 
adre �nslérien. Nous es-pérons 
onvain
re le le
teur que notre 
onstru
tion est naturelle et su�sammentsimple pour pouvoir obtenir des données spe
trales.Flot géodésique et forme de HilbertAvant de 
ontinuer, il semble important de rappeler les notions utilisées i
i.2. Tradu
tion par l'auteur



xixUne métrique de Finsler sur M sera pour nous la donnée d'une famillede normes fortement 
onvexes F (x, ·) sur 
haque espa
e tangent TxM , variantde manière lisse ; par fortement 
onvexe, on entend que le hessien de F 2(x, ·)est dé�ni positif. Nous ne nous restreignons 
ependant pas au 
as des normessymétriques, 
'est-à-dire 
elles véri�ant F (x,−v) = F (x, v). De manière équiva-lente, une métrique de Finsler est obtenue par la donnée d'une famille d'ouverts
onvexes (
ontenants mais pas né
essairement 
entrés en 0) sur 
haque espa
etangent, variant régulièrement et telle que le bord de 
haque 
onvexe soit àhessien dé�ni positif : 
e 
onvexe-là est la boule unité de la norme. Notons quenous utilisons 
ette 
ondition de forte 
onvexité 
ar elle permet par exempled'avoir une équation des géodésiques.Cette notion de métrique de Finsler est sans doute la plus répandue, maisaussi la plus restri
tive. Par exemple, les géométries de Hilbert, qui ont 
onnu unregain d'intérêt 
es dernières années, ne sont en général que C0 hors de la se
tionnulle. Malheureusement, une régularité au moins C2 est souvent né
essaire pourle 
al
ul variationnel et sera indispensable dans 
ette thèse. Malgré tout, lemonde �nslérien lisse reste néanmoins bien plus vaste que le monde riemannienet ri
he en phénomènes nouveaux (voir [78℄ ou [41℄ ou [3℄ par exemple).Parmi les métriques de Finsler, les métriques de Randers sont un 
as parti-
ulièrement intéressant pour de multiples raisons. D'abord, elles sont obtenuesen ajoutant une 1-forme di�érentielle à une métrique riemannienne, et sont don
parmi les plus simples des métriques non-riemanniennes. Mais surtout, elles ap-paraissent naturellement dans de nombreux domaines des mathématiques ainsiqu'en physique ou en biologie [11℄. Elles 
onstitueront don
 une famille d'exem-ples privilégiés au 
ours de 
ette thèse.L'appro
he que nous utilisons pour étudier la géométrie de Finsler est due àPatri
k Foulon [59℄. Il développa un 
ertain nombre d'outils permettant l'étudede la géométrie de manière intrinsèque via sa dynamique au lieu de l'étudier viades 
onne
tions et les 
al
uls en 
oordonnées lo
ales qui l'a

ompagnent.L'objet essentiel i
i sera don
 le �ot géodésique asso
ié à F , qui vit na-turellement sur le �bré en sphère unité T 1M . Cependant, pour pouvoir étudierdi�érents �ots sans 
hanger d'espa
e, il sera plus intéressant de voir les �otsgéodésiques dans le �bré homogène
HM := (TM r {0})/R+.Un autre élément in
ontournable pour notre étude est la forme de Hilbert A,une 1-forme di�érentielle sur HM 
anoniquement asso
iée à F . Grâ
e à la forte
onvexité de F , A est une forme de 
onta
t : si n est la dimension de M ,

A ∧ dAn−1 est une forme volume sur HM .Si l'on note X le 
hamp de ve
teur engendrant le �ot géodésique de F , alors
X est le 
hamp de Reeb de A, 
'est-à-dire qu'il est uniquement déterminé parles équations suivantes :

{
A(X) = 1

iXdA = 0Toute notre étude est uniquement basée sur la forme de Hilbert A, le �otgéodésique X et des objets obtenus à partir de A et X .



xx INTRODUCTION EN FRANÇAISFinsler�lapla
ienEn géométrie riemannienne, il y a plusieurs dé�nitions équivalentes pourl'opérateur de Lapla
e (voir [66℄ par exemple) : la plus évoluée est sans doutel'opérateur de Hodge�Lapla
e agissant sur les formes di�érentielles ; pour l'opéra-teur de Lapla
e�Beltrami sur les fon
tions, la plus synthétique est donnée parla divergen
e du gradient ; vient en�n la plus �basique�, la dé�nition historique,qui exprime le lapla
ien d'une fon
tion en un point p 
omme
∆f(p) =

∑

i

∂2f

∂x2i
(p),où xi sont des 
oordonnées normales au point p pour la métrique riemannienne
onsidérée.Notons que Bao et La
key [15℄ développèrent une généralisation de la pre-mière dé�nition et Shen [102℄ une généralisation de la se
onde. Nous nous atta-
hons à étendre la dé�nition historique. Centore [36℄ ne généralise pas vraimentla dé�nition du lapla
ien, mais plut�t la propriété que les fon
tions harmoniquesvéri�ent la propriété de la moyenne. Nous montrerons au 
ours de 
ette thèseque tout 
es opérateurs sont di�érents, mais on peut remarquer tout de suiteque l'opérateur de Shen ne se situe pas dans la même 
atégorie. En e�et, sonopérateur est non-linéaire 
ar la généralisation du gradient à la géométrie deFinsler n'est pas linéaire.Le problème pour généraliser le lapla
ien historique est que la notion d'ortho-gonalité n'est pas adaptée à la géométrie de Finsler. L'idée pour obtenir unopérateur de Lapla
e est alors de faire une moyenne des dérivées se
ondes danstoutes les dire
tions, au lieu de ne 
onsidérer que des dire
tions orthogonales.Reste alors à dé�nir 
e que veut dire moyenne dans 
e 
as : nous devons intro-duire une mesure d'angle αF en 
haque point, asso
iée naturellement à notremétrique de Finsler.L'existen
e d'un angle en géométrie de Finsler n'est pas évident. Cependant,
omme A est une forme de 
onta
t, il existe un volume sur HM 
anoniquementasso
ié à une métrique de Finsler. De là, il n'y a qu'un pas pour dé�nir un anglenaturel, il su�t de 
onsidérer la famille de mesures 
onditionnelles sur les �bres

HxM et de normaliser de telle manière que l'aire des �bres soit l'aire d'unesphère unité eu
lidienne :Proposition. Soient (M,F ) une variété de Finsler, π : HM →M la proje
tion
anonique et VHM := kerdπ le �bré verti
al. Il existe une unique forme volume
ΩF sur M et une (n − 1)-forme di�érentielle αF sur HM , ne s'annulant passur V HM , telle que :

αF ∧ π∗ΩF = A ∧ dAn−1,et, pour tout x ∈M , ∫

HxM

αF = volEucl(S
n−1)Nous pouvons alors dé�nir notre opérateur de Finsler�Lapla
e :Dé�nition. Soit (M,F ) une variété de Finsler. Pour f ∈ C2(M) et x ∈ M ,



xxion pose
∆F f(x) :=

n

volEucl (Sn−1)

∫

ξ∈HxM

d2f

dt2
(cξ(t))

∣∣∣∣
t=0

αFx (ξ),où cξ est la géodésique partant de x dans la dire
tion ξ ∈ HxM .Et nous obtenons exa
tement 
e que l'on voulait :Théorème A. Soit (M,F ) une variété de Finsler. L'opérateur ∆F est un opéra-teur di�érentiel du se
ond ordre qui, de plus, véri�e :(i) ∆F est elliptique ;(ii) ∆F est symétrique, i.e., pour f, g ∈ C∞(M),
∫

M

f∆F g − g∆F f ΩF = 0;(iii) lorsque F est une métrique riemannienne, ∆F 
oïn
ide ave
 l'opérateurde Lapla
e�Beltrami.Il est à noter que la preuve de 
e résultat est très fa
ile grâ
e à la dé�nitionde ∆F .Nous rappelons aussi la 
onséquen
e suivante de (i) et (ii) : ∆F est unitairementéquivalent à un opérateur de S
hrödinger.La preuve de 
e dernier point est essentiellement basée sur le résultat (
onnu)suivant, qui est parti
ulièrement intéressant pour nous :Proposition. Soient (M, g) une variété riemannienne fermée et ω une formevolume sur M . Alors, il existe un unique opérateur di�érentiel du se
ond ordreà 
oe�
ients réels ∆g,ω sur M qui est symétrique par rapport à ω, nul sur les
onstantes et dont le symbole est donné par la métrique duale g∗.De plus, si a ∈ C∞(M) est telle que ω = a2vg, où vg est le volume riemannien,alors pour ϕ ∈ C∞(M) :
∆g,ωϕ = ∆gϕ− 1

a2
〈∇ϕ,∇a2〉.Rappelons que le symbole d'un opérateur elliptique du se
ond ordre donnetoujours une (
o)-métrique riemannienne, don
 en appliquant le résultat 
i-dessus, nous pouvons remarquer que l'opérateur que nous introduisons est unique-ment déterminé par son symbole et le volume ΩF . On se doit i
i de faire quelquesremarques.Premièrement, il y a beau
oup plus de métriques de Finsler que de 
ou-ples (métrique riemannienne, forme volume), don
 il y a for
ément beau
oup demétriques de Finsler ayant le même lapla
ien. Cela peut-être pris soit 
omme unin
onvénient, 
ar notre opérateur n'est pas aussi �n que l'opérateur de Lapla
e�Beltrami, soit 
omme une belle sour
e de questions : par exemple, les métriquesayant le même lapla
ien partagent-elles des propriétés géométriques ou dy-namiques ? Nous espérons que le le
teur préférera, 
omme nous, 
ette se
ondeinterprétation.Les opérateurs ∆g,ω sont appelés lapla
iens à poids et furent introduits parChavel et Feldman [38℄ et par Davies [47℄. Ils ont depuis été beau
oup étudiés



xxii INTRODUCTION EN FRANÇAIS(voir par exemple [71℄ ou [42℄) et il est naturel de se demander s'il serait parfoisintéressant de passer par la géométrie de Finsler pour les étudier ou inversementd'étudier notre opérateur à travers eux.Ce
i nous amène à notre dernière remarque : peut-on obtenir tous les lapla-
iens à poids via une métrique de Finsler ? Comme nous avons déjà vu qu'il y abeau
oup plus de métriques de Finsler que de 
ouples (métrique riemannienne,forme volume), nous sommes tentés de 
onje
turer que la réponse est positive.Nous montrons d'ailleurs que 
'est le 
as pour les surfa
es et qu'il su�t alorsde 
onsidérer des métriques de Randers. Malheureusement, notre preuve estbasée sur l'expression lo
ale que nous obtenons pour les surfa
es de Randers, ilest don
 impossible de la généraliser en l'état.Spe
tre et ÉnergieComme attendu d'un lapla
ien qui se respe
te, l'opérateur de Finsler�Lapla
esur les variétés 
ompa
tes admet un spe
tre dis
ret. Nous donnons les deuxpreuves 
lassiques de 
e résultat. La première est juste l'appli
ation de la théoriegénérale des opérateurs linéaires non-bornés, elliptiques et symétriques. La se
-onde appro
he, par la méthode du Min-Max, est plus intéressante pour unefuture étude du spe
tre ; elle repose sur l'introdu
tion d'une énergie asso
iée àl'opérateur :
E(u) :=

n

volEucl (Sn−1)

∫

HM

|LX (π∗u)|2A ∧ dAn−1.Ave
 
ette énergie, nous généralisons plusieurs résultats riemanniens. Première-ment, nous montrons que les fon
tions harmoniques sont obtenues 
omme minimade l'énergie (
e résultat est d'ailleurs une étape essentielle dans la méthode duMin-Max). Deuxièmement, nous étudions 
omment varie l'énergie lorsque l'on
onsidère une 
lasse 
onforme de métriques de Finsler. Nous montrons :Proposition. Soient (M,F ) une variété de Finsler de dimension n, f : M C∞

−−→
R et Ff = efF . Soit Ef l'énergie asso
iée à Ff . Alors, pour tout u ∈ H1 (M),

Ef (u) =
n

volEucl (Sn−1)

∫

HM

e(n−2)f (LXπ
∗u)2 A ∧ dAn−1.En parti
ulier, lorsque n = 2, l'énergie est un invariant 
onforme.Et en déduisons une généralisation du résultat riemannien 
lassique :Théorème B. Soient (Σ, F ) une surfa
e de Finsler, f : Σ C∞

−−→ R et Ff = efF .Alors
∆Ff = e−2f∆F .Représentation lo
ale et 
al
ul de spe
tresUn nouvel opérateur, aussi naturel soit-il, n'est intéressant que s'il est étudi-able. Pour nous, 
ela veut dire que l'on doit être en mesure de produire des ex-emples purement �nslériens où l'on arrive à déterminer un spe
tre. La méthodedu Min-Max mentionnée plus haut est bien utile d'un point de vue théorique,ou pour obtenir des majorations, mais pour obtenir une formule expli
ite du



xxiiispe
tre, la seule méthode éprouvée reste le 
al
ul en 
oordonnées. Mais avantde se lan
er tête baissée dans des exemples, il faut d'abord déterminer lesquelsont une 
han
e d'aboutir.Même pour l'opérateur de Lapla
e�Beltrami, 
al
uler le spe
tre est une tâ
heextrêmement ardue ; les seuls exemples 
omplètement 
onnus sont les espa
esmodèles Hn, Rn et Sn ainsi que 
ertains de leurs quotients. Or, il n'y a pasd'espa
es modèles en géométrie de Finsler : en e�et, pour tout R, il existe unein�nité de métriques �nslérienne non isométriques à 
ourbure 
onstante R. Nousavons don
 étudié, parmi 
es métriques à 
ourbure 
onstante, 
elles qui nousapparaissent intéressantes et abordables.En 
ourbure négative, un théorème d'Akbar-Zadeh [2℄ (voir aussi [62℄ pourle 
as lo
alement symétrique) montre que, sur les variétés fermées, les seulesstru
tures ayant une 
ourbure 
onstante sont en fait riemanniennes.En 
ourbure positive, Akbar-Zadeh [2℄ prouva que le revêtement universelétait toujours une sphère (voir aussi [94℄ pour la preuve en 
ourbure pin
ée).D'un point de vue métrique, les 
hoses deviennent plus intéressantes : Bryant[27, 28℄ 
onstruisit une famille à deux paramètres de métriques (proje
tivementplates) à 
ourbure 
onstante égale à 1 sur S2. Bien avant 
ela, Katok [78℄ avait
onstruit une famille à un paramètre de déformation de la métrique standardsur la sphère. Ziller [111℄ étudia la géométrie de 
es exemples et les généralisaà d'autres espa
es. L'intérêt majeur de 
es exemples et la raison même de leurinvention, est que l'on obtient des métriques (de Finsler) sur Sn aussi pro
hesde la métrique standard que l'on veut, mais n'ayant qu'un nombre �ni d'or-bites périodiques. Radema
her [94℄ prouva que les métriques de Katok�Zillersur la sphère sont aussi à 
ourbure 
onstante égale à 1 en remarquant qu'elles
oïn
idaient ave
 des exemples qu'avait indépendamment 
onstruit Shen [103℄.Notons que P. Foulon [58℄ a une preuve du fait que toutes les 
onstru
tions deKatok�Ziller sont à 
ourbure 
onstante, quel que soit l'espa
e.Ces métriques sont pour nous parfaites : elles admettent une é
riture expli
iteassez fa
ile (voir [94℄ pour la sphère et la proposition 3.2.2 en général), 
e quiest bien utile pour nos 
al
uls, et sont extrêmement intéressantes d'un point devue dynamique. Nous obtenons une approximation du spe
tre ainsi que :Théorème C. Soit Fε la famille de métriques de Katok�Ziller sur S2. La pluspetite valeur propre non nulle de −∆Fε est :
λ1(ε) = 2− 2ε2 =

8π

volΩFε (S2)
.Ce résultat, en plus de prouver qu'il est possible d'obtenir expli
itement desvaleurs propres pour des métriques de Finsler, exhibe un phénomène nouveau.Pour les métriques riemanniennes sur la sphère, Hers
h [72℄ démontra que lebas du spe
tre était majoré par 8π/vol(S2), l'égalité n'étant réalisée que pourla métrique standard. I
i, nous avons un exemple d'une famille à un paramètreréalisant le maximum riemannien. Nous ne savons malheureusement pas en
oresi 
'est aussi un maximum dans le 
as des métriques de Finsler. Notons que lapreuve de Hers
h repose sur le fait qu'il n'y a qu'une seule 
lasse 
onforme demétriques riemanniennes sur la sphère et ne peut don
 malheureusement pas segénéraliser telle quelle.Les métriques de Katok�Ziller peuvent aussi être 
onstruites sur les toreset nous 
al
ulons le spe
tre pour 
es exemples. Les opérateurs obtenus ne sont



xxiv INTRODUCTION EN FRANÇAIStoutefois pas nouveaux dans 
es 
as-là. En e�et, nous montrons que pour toutemétrique de Finsler lo
alement Minkowskienne sur un tore, 
'est-à-dire telleque la norme de Finsler ne dépend (lo
alement) pas du point sur la variété,l'opérateur de Finsler�Lapla
e asso
ié est donné par le lapla
ien de son symbole.Le 
al
ul du symbole su�t don
 pour déterminer le spe
tre. Il est 
ependantintéressant d'étudier 
es exemples 
ar ils permettent de 
omprendre 
ertaineslimites de notre opérateur ; par exemple, nous ne pourrons pas espérer avoir unlien aussi dire
t qu'en géométrie riemannienne entre le spe
tre des longueurset le spe
tre du lapla
ien. En outre, s'il on veut un jour obtenir des bornestopologiques pour le spe
tre, il faudra d'abord le faire sur 
es exemples.Courbure négative, spe
tre et géométrie à l'in�niLa 
ourbure négative est sans doute la plus intéressante d'un point de vuede l'intera
tion entre géométrie, dynamique, théorie ergodique et spe
tre dulapla
ien.SoitM une variété riemannienne fermée à 
ourbure négative et M̃ son revête-ment universel. M̃ admet une frontière à l'in�ni M̃(∞), supportant naturelle-ment trois 
lasses de mesures :� les mesures de Liouville, elles sont obtenues en projetant la mesure deLebesgue à l'in�ni le long de rayons géodésiques ;� les mesures de Patterson�Sullivan νx ;� les mesures harmoniques µx, 
e sont les mesures solutions du problème deDiri
hlet à l'in�ni. Plus pré
isément, si f ∈ C0(M̃(∞)), alors
u(x) :=

∫

ξ∈M̃(∞)

f(ξ)dµx(ξ)est l'unique fon
tion véri�ant ∆F̃u = 0 sur M̃ et u(x) → f(ξ) quand
x→ ξ ∈ M̃(∞).Kaimanovit
h [75℄ démontra qu'il existe un isomorphisme 
onvexe entre le
�ne des mesures de Radon sur ∂2M̃ := M̃(∞) × M̃(∞) r {diag} invariantespar π1(M) et le 
�ne des mesures de Radon sur HM invariante par le �otgéodésique. Via 
e résultat on peut obtenir les mesures de Patterson�Sullivan àpartir de la mesure de Bowen�Margulis.Il est aussi 
onnu que 
haque 
lasse de mesures 
i-dessus est ergodique parrapport à l'a
tion du groupe fondamental.Si la 
ourbure est 
onstante, 
es trois 
lasses de mesures 
oïn
ident. Desrésultats de Katok [79℄ et Ledrappier [84℄ montrent que, en dimension 2, dès quedeux mesures 
oïn
ident, la métrique doit être à 
ourbure 
onstante. Ledrappierobtient 
e résultat de rigidité 
omme 
orollaire du résultat suivant : en dimensionquel
onque, νx = µx si et seulement si λ1 = h2/4, où λ1 est le bas du spe
tredu lapla
ien et h est l'entropie topologique du �ot géodésique. Dans 
e 
as, G.Besson, G. Courtois et S. Gallot [24℄ prouvèrent que la variété est un espa
esymétrique.Il est tentant de 
her
her à adapter 
es résultats à notre 
as. En e�et, si Fest une métrique à 
ourbure négative sur une variété 
ompa
te M , alors le �otgéodésique est en
ore Anosov ([60℄) et si, de plus, F est réversible, le revêtementuniversel est Gromov-hyperbolique ([50℄). M̃ admet don
 aussi une frontièrevisuelle et les mesures de Liouville et de Patterson-Sullivan sont dé�nies de la



xxvmême manière. Je me suis don
 intéressé à l'existen
e des mesures harmoniquespour l'opérateur de Finsler�Lapla
e.Une méthode générale pour obtenir des mesures harmoniques est via lathéorie du potentiel. On 
onstruit la frontière de Martin pour le 
ouple (M̃,∆F̃ )puis on montre que 
ette frontière est homéomorphe à la frontière visuelle. An-
ona [6℄ prouva un théorème très général identi�ant la frontière de Martin àla frontière visuelle, pour une large 
lasse d'opérateurs elliptiques sur une var-iété Gromov-hyperbolique. Nous montrons que son théorème s'applique à notreopérateur, et en déduisons l'existen
e de mesures harmoniques. En fait, nousmontrons que l'homéomorphisme entre la frontière de Martin et la frontièrevisuelle est Hölder régulier (en généralisant [9℄). Ce
i nous permet d'utiliserles travaux de Ledrappier [83℄ pour montrer que les mesures harmoniques onttoujours les mêmes propriétés ergodiques :Théorème D. Soient (M,F ) une variété de Finsler fermée à 
ourbure négativeet µx la famille de mesures harmoniques sur M̃(∞). Les propriétés suivantessont véri�ées :(i) la 
lasse des mesures harmoniques {µx} est ergodique pour l'a
tion de
π1(M) sur M̃(∞) ;(ii) pour tout x ∈ M̃ , il existe un poids f : ∂2M̃ → R, telle que la mesure
fµx ⊗ µx est ergodique pour l'a
tion de π1(M) sur ∂2M̃ ;(iii) il existe une unique mesure µ sur HM , ergodique pour le �ot géodésique,telle que son image par la 
orresponden
e de Kaimanovit
h soit fµx⊗µx.Notons que dans le (i), les mesures µx sont seulement quasi-invariantes, maisque l'on peut dé�nir �ergodique� de la même manière.Les résultats de rigidité, eux, restent en
ore hors de portée.Finalement, notons aussi que nous obtenons une borne supérieure pour lebas du spe
tre en 
ourbure négative :Théorème E. Soient (M,F ) une variété de Finsler fermée à 
ourbure négative,

∆F̃ l'opérateur de Finsler�Lapla
e sur le revêtement universel de M et λ1 le basdu spe
tre de −∆F̃ . On a
λ1 ≤ nh2

4
,où n est la dimension de M et h l'entropie topologique du �ot géodésique de

(M,F ).Nous obtenons aussi une borne inférieure topologique, et sans 
ondition de
ourbure, grâ
e à une généralisation d'un résultat de Brooks [26℄ :Théorème F. Soient (M,F ) est une variété de Finsler 
ompa
te et λ1 le basdu spe
tre de −∆F̃ . Alors,
λ1 = 0 si et seulement si π1(M) est moyennableAngle et 
o-angle : la géométrie de Finsler et son pendanthamiltonienNotre généralisation de l'opérateur de Lapla
e repose entièrement sur ladé�nition de l'angle αF , nous nous sommes don
 atta
hés à l'étudier un mini-



xxvi INTRODUCTION EN FRANÇAISmum. Par exemple, dans le 
as des surfa
es, nous montrons 
omment l'on peutre
onnaître qu'une métrique est riemannienne à son angle.Rappelons que l'angle αF est obtenu en dé
omposant le volume 
anonique
A∧dAn−1 sur HM entre une partie verti
ale et une partie provenant de la base.Mais en 
onsidérant le 
�té symple
tique, on voit qu'il existe un autre volume
anoniquement asso
ié à F .En e�et, il est maintenant bien 
onnu qu'une métrique de Finsler F : TM →
R détermine uniquement un hamiltonien F ∗ : T ∗M → R et que l'on passe del'un à l'autre via la transformée de Legendre. T ∗M est une variété symple
tiqueet admet don
 un volume 
anonique dλn, où λ est la 1-forme de Liouville. Deplus, de la même manière que l'on obtient la forme de Hilbert A, on peut obtenirune 1-forme B sur H∗M asso
iée à F ∗, où H∗M est l'homogénéisé de T ∗M . Laforme B est aussi de 
onta
t et nous avons don
 une forme volume B ∧ dBn−1sur H∗M .Heureusement, tous 
es volumes sont liés assez simplement. Si l'on note
r̂ : T̊ ∗M → H∗M la proje
tion 
anonique, alors r̂∗B = λ/F ∗ et don
 r̂∗B ∧
dBn−1 = λ∧dλn−1/(F ∗)n. En�n, la transformée de Legendre permet de passerde A ∧ dAn−1 à B ∧ dBn−1 (voir se
tion 1.2).De la même manière que l'on a obtenu αF , on obtient un 
o-angle βF∗ endé
omposant le volume B ∧ dBn−1, et la transformée de Legendre permet depasser de αF à βF∗ .Considérer le 
�té symple
tique est souvent intéressant pour l'étude de lagéométrie de Finsler. Cela nous permet de remarquer que le volume ΩF appa-raissant dans la dé
omposition de A∧dAn−1 est le volume de Holmes-Thompson.Plus surprenant, nous montrons aussi qu'une métrique de Finsler est unique-ment déterminée par son 
o-angle et son volume.Flots d'Anosov alignables en biaisAnosov [10℄ parvint à extraire des �ots géodésiques en 
ourbure négativeles 
onditions minimales né
essaires à leur 
omportement hyperbolique. Depuis,les �ots d'Anosov forment une sour
e virtuellement inépuisable de questions enthéorie des systèmes dynamiques.J'étudie, dans la se
onde partie de ma thèse, des questions topologiques liéesaux orbites périodiques de 
ertains �ots d'Anosov en dimension trois.Mes travaux se basent sur l'étude, initiée par Thierry Barbot et Sergio Fenley,de la géométrie transverse des �ots d'Anosov. Les prin
ipaux objets d'intérêtsont alors l'espa
e des orbites ainsi que les espa
es des feuilles : si φt est un �otd'Anosov sur une 3-variété 
ompa
te M , l'espa
e des orbites est dé�ni 
ommele revêtement universel M̃ quotienté par la relation �être sur la même orbite� etl'espa
e des feuilles (in)stables 
omme M̃ quotienté par la relation �être sur lamême feuille (in)stable�.Si l'espa
e des orbites est toujours homéomorphe à R2, les espa
es des feuillesne sont en général pas Hausdor�. Un �ot d'Anosov est dit alignable si ses espa
esdes feuilles sont homéomorphes à R, 
e qui en fait des �ots topologiquementsympathiques. Barbot prouva que, s'il existe un relevé d'une feuille stable inter-se
tant toutes les feuilles instables, alors un �ot alignable est topologiquement
onjugué à une suspension d'un di�éomorphisme d'Anosov. Les autres �ots sontappelés �ots alignables en biais et sont l'objet de notre étude.



xxviiIl est assez fa
ile de remarquer que le �ot géodésique d'une surfa
e à 
our-bure négative est un �ot alignable en biais, et 
'est d'ailleurs topologiquement leseul sur les �brés de Seifert (à revêtement �ni près, voir [20℄). Mais lorsque l'on
onsidère des 3-variétés plus générales de nombreux exemples non algébriquesexistent. (Les �ots géodésiques ainsi que les suspensions de di�éomorphismed'Anosov sont appelés �ots d'Anosov algébriques 
ar ils sont topologiquement
onjugués à l'a
tion d'un groupe à un paramètre sur un quotient du type
Γ\G/K, où G est un groupe de Lie, K un sous-groupe de Lie 
ompa
t et Γun sous-groupe dis
ret agissant de manière 
o
ompa
t sur G/K, voir [108℄).Fenley [55℄ fût le premier à 
onstruire de tels exemples, mais remarquonsque la 
onstru
tion de Foulon et Hasselblatt [63℄ en produit aussi.Cas des variétés hyperboliquesLorsque la variété est atoroïdale et n'est pas un �bré de Seifert, 
es �ots ontune parti
ularité remarquable : 
haque orbite périodique est librement homotopeà une in�nité d'autres orbites. Ce
i est aux antipodes du �ot géodésique sur unesurfa
e hyperbolique où il n'y a au plus qu'une orbite périodique dans une 
lassed'homotopie libre. (Une telle géodésique existe pour toute 
lasse d'homotopielibre dans π1(Σ), mais pas pour toute 
lasse dans π1(HΣ)).Nous nous sommes intéressés à la question suivante : étant donnée une 
lassed'homotopie libre d'orbites périodiques, que peut-on dire sur la 
lasse d'isotopie ?Pour souligner l'intérêt de 
ette question, nous nous permettons de la para-phraser : une 
lasse d'homotopie libre donne une 
olle
tion in�nie de plonge-ments homotopiquement équivalents de S1, 
'est-à-dire une 
olle
tion de noeuds,dans une 3-variété ; 
es noeuds sont-il di�érents au sens de la théorie des noeuds
lassique ?Notons que les questions sur les types de noeuds formés par des orbites pério-diques de �ots ne sont pas nouvelles, mais très intéressantes (voir par exempleles travaux de Ghys [68℄).En 
ollaboration ave
 Sergio Fenley, nous prouvons que toutes les orbiteshomotopes sont en fait aussi isotopes. Même si la réponse peut être un peudé
evante, la manière d'obtenir 
ette isotopie est intéressante : on pousse 
haqueorbite par un �ot pseudo-Anosov obtenu, grâ
e aux travaux de Thurston [107℄,par la géométrie des feuilletages stables et instables.Cylindres plongés et orbites périodiquesUne isotopie entre deux orbites 
réant un 
ylindre immergé, on peut s'in-téresser à quand apparaît un 
ylindre plongé entre deux orbites. En adaptantdes résultats de Barbot [18, 20℄, on peut montrer que 
ette question dépendessentiellement de l'a
tion du groupe fondamental sur l'espa
e des orbites, et onpeut à nouveau se ramener à l'utilisation des objets dé�nis par Thurston sur lesfeuilletages.Nous montrons qu'il existe des orbites périodiques ne pouvant être reliéesà au
une autre par un 
ylindre plongé. Dans une pro
haine publi
ation ave
S. Fenley, nous montrerons qu'en général, il n'y a qu'un nombre �ni d'orbitespouvant être reliées de 
ette manière dans une 
lasse d'homotopie libre.



xxviii INTRODUCTION EN FRANÇAISStru
ture de la thèseLe 
hapitre 1 introduit d'abord les notions né
essaires à l'étude de la géométriede Finsler via sa dynamique, et rappelle un 
ertain nombre de résultats. Nousdéveloppons aussi le point de vue symple
tique et la transformée de Legendre.Le le
teur averti peut 
ommen
er la le
ture dire
tement à la se
tion 1.3, danslaquelle nous introduisons l'angle αF (proposition 1.3.5) ainsi que son pendantdans l'espa
e 
otangent βF∗ (proposition 1.3.7). Puis nous étudions quelquespropriétés de 
es angles et remarquons que le volume ΩF est le volume deHolmes-Thompson (se
tion 1.5).Le 
hapitre 2 est le 
÷ur de 
e travail. Nous y introduisons l'opérateurde Finsler�Lapla
e (dé�nition 2.1.1) et y prouvons le théorème A. Nous intro-duisons ensuite l'énergie asso
iée (dé�nition 2.2.4) et montrons que le spe
trepeut être obtenu grâ
e à l'énergie par la méthode du Min-Max (théorèmes 2.2.11et 2.2.13). En�n, nous utilisons l'énergie pour généraliser la preuve que l'opéra-teur de Lapla
e est, à un poids près, un invariant 
onforme en dimension 2(théorème 2.3.1).Le 
hapitre 3 se 
on
entre sur des exemples. Nous montrons d'abord quel'on peut obtenir relativement aisément une expression en 
oordonnées lo
alesde l'opérateur de Finsler�Lapla
e pour les surfa
es de Randers (proposition3.1.3). Cela nous permet d'ailleurs de montrer que tous les lapla
iens à poidssur les surfa
es peuvent être obtenus 
omme le Finsler�lapla
ien d'une métriquede Randers (proposition 3.1.6). Nous étudions ensuite le 
as des métriques deKatok�Ziller sur le tore et la sphère, exhibant leur spe
tre dans le premier 
as(théorème 3.2.6) et une approximation de 
elui-
i dans le se
ond ainsi que lethéorème C (théorème 3.2.9 et 
orollaire 3.2.8).Le 
hapitre 4 s'attaque au lien entre le lapla
ien et le �ot géodésique en 
our-bure négative. Nous prouvons les théorèmes E (proposition 4.2.1) et F (théorème4.2.6). Nous introduisons ensuite les outils né
essaires à l'énon
é du théorèmed'An
ona sur l'homéomorphisme entre la frontière de Martin et la frontière vi-suelle et prouvons que 
ette homéomorphisme est Hölder régulier (théorème4.3.22). Nous montrons ensuite que nous pouvons appliquer le théorème d'An-
ona à notre opérateur (théorème 4.4.1) et en déduisons l'existen
e de solutionsau problème de Diri
hlet à l'in�ni (
orollaire 4.4.2). En�n, nous généralisons lapreuve de Ledrappier [83℄ sur les propriétés ergodiques des mesures harmoniques(théorème 4.5.2).Le 
hapitre 5 
onstitue la se
onde partie de 
ette thèse. Nous 
ommençonspar rappeler les résultats de Barbot et Fenley dont nous avons besoin sur les �otsd'Anosov, puis les travaux de Thurston, Calegari et Fenley sur les feuilletages.Nous montrons ensuite que toutes les orbites homotopes sont isotopes (théorème5.3.3). Nous terminons par l'étude des 
lasses �
o-
ylindriques� et leurs liens ave
l'a
tion du groupe fondamental sur le 
er
le universel asso
ié.
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4 CHAPTER 1. DYNAMICAL FORMALISM1.1 De�nitionsWe will explain here the formalism that we will use in this dissertationregarding Finsler geometry, following in that respe
t the work introdu
ed byPatri
k Foulon in [59℄.1.1.1 NotationsFor the readers' 
onvenien
e, we will start with a list of notations that willbe used throughout this text but de�ned later:In this dissertation, we only 
onsider orientable manifolds.IfM is a manifold, TM is its tangent bundle and T ∗M its 
o-tangent bundle.
T̊M (resp. T̊ ∗M) is the tangent (resp. 
o-tangent) bundle minus the zerose
tion. HM and H∗M are the (
o)-homogenized bundles.
p|M : TM →M
p̂|M : T ∗M →M

r : T̊M → HM
r̂ : T̊ ∗M → H∗M
π : HM →M
π̂ : H∗M →M
LF : T̊M → T̊ ∗M the Legendre transform.
ℓF : HM → H∗M the Legendre transform on the homogeneous bundles.If α is a p-form on a manifold (where p 
an be equal to 0), then dα is theexterior derivative of α. Otherwise, if f : M → N is a map between manifolds,
df : TM → TN is the di�erential of the map.
V HM = ker dπ.

LZ stands for the Lie derivative of the ve
tor �eld Z.In all of this dissertation, an ∗ in supers
ript (resp. subs
ript) of a map willmean the pull-ba
k (resp. the push-forward) of the following obje
t.1.1.2 Finsler metri
 and geodesi
 �owLet M be a smooth manifold of dimension n, there are several de�nitionsof Finsler metri
 in the literature, we will use what is probably the most 
om-mon and, unfortunately, the most restri
tive of smooth, strongly 
onvex Finslerstru
ture:De�nition 1.1.1. A smooth Finsler metri
 on M is a 
ontinuous fun
tion
F : TM → R+ that is:1. C∞ ex
ept on the zero se
tion,2. positively homogeneous, i.e., F (x, λv) = λF (x, v) for any λ > 0,3. positive-de�nite, i.e., F (x, v) ≥ 0 with equality i� v = 0,4. strongly 
onvex, i.e., ( ∂2F 2

∂vi∂vj

)

i,j

is positive-de�nite.If, for any (x, v) ∈ TM , F (x,−v) = F (x, v), then we say that F is reversible.A Finsler metri
 
an be thought of as a smooth family {Ix} of strongly 
onvexsets 
ontaining 0 in ea
h tangent spa
e TxM , or equivalently as a smooth family



1.1. DEFINITIONS 5of Minkowski norms. If the 
onvex sets are always ellipsoids 
entered at 0 thenthe Finsler metri
 is 
alled Riemannian.Some examples of Finsler metri
s in
lude for instan
e smooth and strongly
onvex deformations of Riemannian metri
s. In [95℄, G. Randers introdu
edthe following: take g a Riemannian metri
 on M , θ a 1-form on M and de�ne
F :=

√
g + θ. If θ has norm less than 1, then F is a Finsler metri
 (see [14℄).Randers metri
s are an important parti
ular example of Finsler stru
tures: theyare the simplest kind of non-Riemannian metri
s, arise a lot in physi
s and havebeen widely studied. Note that Randers metri
s are never reversible.Under our 
onditions, it 
an be shown that F de�nes a distan
e on M by:for x, y ∈M ,

d(x, y) = inf
c

∫ 1

0

F (c(t), ċ(t))dt,where c runs over all C1-by-part paths su
h that c(0) = x and c(1) = y. Notethat for a non-reversible Finsler metri
, the distan
e fun
tion will not be sym-metri
.In the de�nition, the positive homogeneity 
ondition is ne
essary to ensurethat 
hanging the parametrization of a 
urve does not 
hange its length and thethird point assures us that a 
onstant path does not have positive length. Thelast requirement is not as self-explanatory as the others, but asking for F to be
onvex in the se
ond variable implies that the length stru
ture is lower semi-
ontinuous whi
h, in turns, implies that the length of a re
ti�able path 
omputedwith d is the same as its �integral length� 
omputed with the formula above(see [29℄). Using this distan
e, we 
an de�ne geodesi
s as 
urves that lo
allyminimize the distan
e and hen
e a geodesi
 �ow on the unit tangent bundle.Note that our stronger assumption for 
onvexity is ne
essary for our purpose, forinstan
e to obtain geodesi
s as solutions of a se
ond-order di�erential equation,or equivalently, so that the Hilbert form A, de�ned below, is a 
onta
t form.The right pla
e to study dynami
al obje
ts (by this, we mean obje
ts linkedto the geodesi
 �ow) seems to be the unit tangent bundle. However, in order tostudy �ows asso
iated to di�erent Finsler metri
s without having to 
hange thespa
e, we study everything on the homogenized tangent bundle:
HM = T̊M/R+

∗ .We write r : T̊M → HM and π : HM →M for the 
anoni
al proje
tions.Remark that the �bers of π de�nes a 
anoni
al distribution on THM , 
alled theverti
al distribution V HM . It is the set of ve
tors in THM that are tangent toa �ber of π, or equivalently, V HM := Ker dπ.Hilbert formTo a Finsler metri
 F , we 
an 
anoni
ally asso
iate a 1-formA onHM , 
alledthe Hilbert form, in the following manner: for (x, ξ) ∈ HM and Z ∈ T(x,ξ)HM ,
hoose v ∈ TxM su
h that r(x, v) = (x, ξ) and set
A(x,ξ)(Z) := lim

ε→0

F (x, v + εdπ(Z))− F (x, v)

ε
. (1.1)The homogeneity of F implies that the de�nition of A does not depend on the
hoi
e of v. Note that we 
an also de�ne the verti
al derivative of F : it is the
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1-form dvF : TM → T ∗TM su
h that, for any (x, v) ∈ TM and Z ∈ T(x,v)TM ,

dvF(x,v)(Z) := lim
ε→0

F (x, v + εdp(Z))− F (x, v)

ε
.And we 
learly have

dvF = r∗A.Theorem 1.1.2 (Hilbert, . . . , Foulon [59℄). A is a 
onta
t form, i.e., A∧dAn−1is a volume form on M . Furthermore, if X denotes its Reeb �eld, then Xgenerates the geodesi
 �ow for F .Re
all that a Reeb �eld is uniquely determined by the following two equa-tions: {
A(X) = 1

iXdA = 0
(1.2)Sket
h of proof. Proving that A is 
onta
t 
an be done in lo
al 
oordinates,using that F is strongly 
onvex and 1-homogeneous, via the Euler formula. Toprove the a�rmation about the Reeb �eld, we just have to remark that equation1.2 is a very ni
e way to write the Euler-Lagrange equations.Remark 1.1.3. This implies that the 
anoni
al volume A ∧ dAn−1 is invariantby the �ow, i.e.,

LX
(
A ∧ dAn−1

)
= 0. (1.3)The Reeb �eld X is a se
ond order di�erential equation, as de�ned in [59℄,i.e.,De�nition 1.1.4. A ve
tor �eld X on HM is 
alled a se
ond order di�erentialequation if the following diagram 
ommutes:

THM
dπ // TM

r // HM

Id
uukkkkkkkkkkkkkkkkk

HM

X

OOThere is an easy and very useful lemma about se
ond order di�erential equa-tions:Lemma 1.1.5. If X1, X2 are two se
ond order di�erential equations on HM ,then there exists a fun
tion m : HM → R and a verti
al ve
tor �eld Y ∈ V HMsu
h that
X2 = mX1 + Y. (1.4)Proof. By de�nition, r ◦ dπ ◦ X1 = r ◦ dπ ◦ X2, so there exists m : HM → Rsu
h that dπ ◦X1 = mdπ ◦X2, so X1 −mX2 ∈ V HM .



1.1. DEFINITIONS 71.1.3 Dynami
al derivative and Ja
obi endomorphismFoulon de�ned many obje
ts asso
iated with a geodesi
 �ow, hen
e generaliz-ing some Riemannian 
on
epts, like 
urvature, in a purely intrinsi
 way, withoutrequiring any of the 
onne
tions in Finsler geometry. However, we do not wishto introdu
e those obje
ts at length (or at all), be
ause it is already done (bothin Fren
h and English) in the following arti
les: [59, 60, 61, 48, 49, 50, 46℄.Moreover we will not use that mu
h of this ma
hinery, at least dire
tly. In [48℄in parti
ular, the reader 
an �nd mu
h about the link between Foulon's de�ni-tions and their Riemannian (or 
onne
tion-obtained, Finsler) equivalent. In [46℄or [45℄, Mi
kaël Crampon even generalizes these methods to Hilbert geometry(so to some Finsler metri
 with very low regularity). However, as we do needsome results further on, we introdu
e the bare minimum.There exists a C∞-linear operator HX : V HM → THM , 
alled the horizon-tal endomorphism su
h that, if we set hXHM := HX(V HM), we have:
THM = V HM ⊕ hXHM ⊕ R ·X.We write Id = pv + ph + pX for the asso
iated proje
tions.Note that this de
omposition generalizes the 
lassi
al verti
al/horizontal de-
omposition in Riemannian geometry. Let us also state the following easy fa
t:Lemma 1.1.6. Let Z ∈ T(x,ξ)HM su
h that dπ(Z) = (x, v) ∈ TM . Let λ ∈ Rsu
h that Z = λX + h+ Y , then

λ ≤ F (x, v), with equality i� r(x, ξ) = (x, v).Proof. As A is zero on HXHM ⊕VHM , we have A(Z) = λ. Now, let u ∈ TxMsu
h that r(x, u) = (x, ξ), then
A(Z) = lim

ε→0

1

ε
(F (x, u + εdπ(Z))− F (x, u))

≤ lim
ε→0

1

ε
(F (x, u) + εF (x, v)− F (x, u)) ,where the last line is obtained by 
onvexity of F , giving us that λ ≤ F (x, v).The equality 
ondition 
omes from the fa
t that F is strongly, hen
e stri
tly,
onvex.There exists a �rst-order di�erential operator DX de�ned on the spa
e of C1ve
tor �elds on HM , 
alled the dynami
al derivative asso
iated with X . Thesplitting THM = V HM⊕hXHM⊕R ·X is invariant by DX and for any ve
tor�eld Y : HM → V HM

HX(Y ) = −[X,Y ] +DX(Y ) (1.5)In the following, upper
ase letters will refer to ve
tor �elds.The spa
e HM 
omes naturally equipped with a Riemannian metri
 g su
hthat g(X,X) = 1, the above splitting of THM is orthogonal and, for any
y1, y2 ∈ V(x,ξ)HM , if we 
hoose Y1, Y2 any extensions of y1 and y2 to verti
alve
tor �elds, then

g(y1, y2) = dA([X,Y2], Y1). (1.6)



8 CHAPTER 1. DYNAMICAL FORMALISMFurthermore, g is 
ompatible with DX , i.e., LXg(Y1, Y2) = g(DXY1, Y2) +
g(Y1, DXY2). g is 
alled the verti
al metri
.There exists a C∞-linear operator RX : THM → THM , 
alled the Ja
obiendomorphism or 
urvature endomorphism. It is de�ned by:

RX(X) = 0, RX(Y ) = pv([X,HX(Y )]), RX(h) = HX(pv[X,h]). (1.7)1.1.4 Cartan's stru
ture equationsLet Σ be a surfa
e and F a Finsler metri
 on it, there is a way to generalizeCartan's stru
ture equations to this Finsler setting using Foulon's formalism.Foulon never published the proof, A. Reissmann did it in a not easily availablepreprint [100℄, so we provide his proof. Note that Bryant [27, 28℄ gives the sameresult using a di�erent presentation.Proposition 1.1.7 (Cartan's stru
ture equations). Let (Σ, F ) be a Finsler sur-fa
e. Let Y ′ be the unique verti
al ve
tor �eld su
h that g(Y ′, Y ′) = 1 and
h = HX(Y ′) ∈ hXHM . If we write k for the fun
tion on HΣ su
h that
RX(Y ′) = kY ′, then we have the following relations:





[X,Y ′] = −h,
[X,h] = kY ′,

[Y ′, h] = −X + aY ′ + bh,where a, b : HM → R satis�es LXb = a and LXa+ bk − LY ′k = 0.Note that Y ′ is unique be
ause we 
onsider only orientable manifold.Proof. Let start out by 
omputing [X,Y ′]. As g(Y ′, Y ′) = 1 and DX is 
om-patible with g, we have:
0 = LX (g(Y ′, Y ′)) = 2g(DXY

′, Y ′).Hen
e DXY
′ and Y ′ are orthogonal, but DX leaves V HΣ invariant, so DXY

′ =
0 whi
h yields, by equation (1.5):

h = − [X,Y ′] .Now let us 
ompute the three proje
tions of [X,h].First re
all that kerA 
oin
ides with hXHΣ⊕V HΣ and that A is invariantby X . So the equality LX(A(h)) = (LXA)(h) + A([X,h]) yields A([X,h]) = 0,hen
e the proje
tion of [X,h] along X is null.By de�nition (see [59℄), DXh = ph([X,h]) and applying the same argu-ment used on Y ′ above shows that DXh = 0. And �nally, again by de�nition,
RX(Y ) = pv([X,HX(Y )]).We are left with [Y ′, h]. By 
hoi
e of Y ′, we have that dA([X,Y ′] , Y ′) = 1,so dA(Y ′, h) = 1. Now,

dA(Y ′, h) = LY ′ (A(h)) − Lh (A(Y
′))−A ([Y ′, h]) = −A ([Y ′, h]) ,so the proje
tion of [Y ′, h] along X is −1 and proje
ting on the horizontal andverti
al distributions shows that there exist two real-valued fun
tions a and bon HΣ su
h that [Y ′, h] = −X + aY ′ + bh.



1.1. DEFINITIONS 9We �nish by proving the assertions about the Lie derivatives of a and b.They follow from Bian
hi identity. Indeed, we have
[X, [Y ′, h]] = [X,−X + aY ′ + bh]

= a [X,Y ′] + (LXa)Y
′ + b [X,h] + (LXb)h

= −ah+ (LXa)Y
′ + bRX(Y ′) + (LXb)h,

[h, [X,Y ′]] = 0,

[Y ′, [h,X ]] =
[
Y ′,−RX(Y ′)

]

= − (LY ′k) (Y ′),So writing that [X, [Y ′, h]] + [h, [X,Y ′]] + [Y ′, [h,X ]] = 0 yields:
(−a+ LXb)h+ (LXa+ bk − LY ′k)Y ′ = 0.This implies that LXb = a and LXa+ bk − LY ′k = 0.Proposition 1.1.8. b is identi
ally zero if and only if F is Riemannian.Proof. Suppose that b = 0. Remark that, as LXb = a, we immediately get that

a = 0.Denote by χs the �ow generated by Y ′, take x ∈ Σ and 
hoose a point
u0 ∈ HxΣ. We set v(s) := dπ

(
Xχs(u0)

), by 
onstru
tion, we have F (v(s)) = 1and so v is a parametrization of the unit 
ir
le F−1(1) at x. The goal is to showthat v parametrizes an Eu
lidean 
ir
le.We start by 
omputing v̇ = dv
ds ; By de�nition, we have

[Y ′, X ]χs(u0)
= lim

ε→0

1

ε

(
dχ−ε

(
Xχs+ε(u0)

)
−Xχs(u0)

)
,therefore, using that π ◦ χ−ε = π,

dπ
(
[Y ′, X ]χs(u0)

)
= lim

ε→0

1

ε

(
dπ ◦ dχ−ε

(
Xχs+ε(u0)

)
− dπ

(
Xχs(u0)

))

= lim
ε→0

1

ε
(v(s+ ε)− v(s))

= v̇.So, by Cartan's stru
ture equations, we get that v̇ = dπ(h). Similar 
ompu-tations shows that v̈ = dπ ([Y ′, h]). Applying dπ to the last of the stru
tureequations shows that:
v̈ = −v + bv̇. (1.8)So assuming that b is identi
ally null gives us a di�erential equation for whi
hevery integral 
urves are Eu
lidean 
ir
les. Hen
e, F 
omes from a quadrati
form.Now assume that F is Riemannian. Re
all (see [59℄) that in that 
ase, forany u in HxΣ, dπu is an isometry from (R ·X ⊕ hXHΣ)u equipped with theverti
al metri
 gu onto TxΣ. Thus, by the above 
omputations, v̇ is orthogonalto v and F (v̇) = 1, taking the derivative shows that v̇ is orthogonal to v̈, whi
h,by equation (1.8) yields that b = 0.



10 CHAPTER 1. DYNAMICAL FORMALISM1.2 Cotangent spa
e and Legendre transformIn this se
tion, we will re
all the 
onstru
tion of the Legendre transformasso
iated to a Finsler metri
 and the dual Finsler metri
. The Legendre trans-form gives a natural di�eomorphism between the tangent and the 
otangentbundles. The 
onstru
tion is well-known in Finsler geometry and even betterknown in the Hamiltonian 
ontext as is the dual Finsler metri
, but some ofthe results proved below might be less well-known. We also try to give intrinsi
proofs whenever we 
an.De�nition 1.2.1. We de�ne the dual Finsler metri
 F ∗ : T ∗M → R by: for
(x, p) ∈ T ∗M ,

F ∗(x, p) = sup{p(v) | v ∈ TxM su
h that F (x, v) = 1}. (1.9)Remark 1.2.2. F ∗ is a Finsler 
o-metri
, that is, it veri�es the same 
onditionsas in De�nition 1.1.1 but on the 
otangent.De�nition 1.2.3. The Legendre transform LF : TM → T ∗M asso
iated with
F is de�ned by LF (x, 0) = (x, 0) and, for (x, v) ∈ T̊M and u ∈ T ∗

xM ,
LF (x, v)(u) :=

1

2

d

dt
F 2(x, v + tu)

∣∣∣∣
t=0

. (1.10)As F 2 is 2-homogeneous, we have that LF is 1-homogeneous, so we 
anproje
t LF to the homogenized bundles. Set H∗M := T̊ ∗M/R+
∗ and write

ℓF : HM → H∗M for the proje
tion.We 
an also 
onstru
t ℓF via the Hilbert form A; As A is zero on V HM =
ker dπ, for any (x, ξ) ∈ HM , the linear fun
tion (dπ(x,ξ))∗

(
A(x,ξ)

)
: TM → Ris well de�ne and taking its 
lass in H∗M gives ℓF . Remark that LF (x, v) =

F (x, v)(dπr(x,v))∗
(
Ar(x,v)

). Considering dire
tly ℓF , instead of LF , 
an be quitehelpful sometimes.Proposition 1.2.4. We have the following properties:1. F = F ∗ ◦ LF2. ℓF is a di�eomorphism, LF is a bije
tion from TM to T ∗M and a di�eo-morphism out of the zero se
tion.3. The following diagram 
ommutes:
T̊ ∗M

r̂ //

p̂

||yy
yy

yy
yy

H∗M
π̂

""EE
EE

EE
EE

E

M M

T̊M

LF

OO

r
//

p

bbEEEEEEEE

HM

ℓF

OO

π

<<yyyyyyyyyProof. We start with 1.: Let (x, v) ∈ TM , then F ∗◦LF (x, v) = sup{LF (x, v)(u) |
F (x, u) = 1}. Now, for any u su
h that F (x, u) = 1, we 
hoose Z ∈ Tr(x,v)HMsu
h that dπ(Z) = (x, u) and we have

LF (x, v)(u) = F (x, v)Ar(x,v)(Z) ≤ F (x, v)F (x, u) = F (x, v),



1.2. COTANGENT SPACE AND LEGENDRE TRANSFORM 11with equality i� r(x, v) = r(x, u) (by Lemma 1.1.6). This implies that F ∗ ◦
LF (x, v) = F (x, v).For 2., several things are already 
lear; The unique pre-image of 0 by LFis 0, ℓF and LF are as smooth as F out of the zero se
tion and �nally, ℓF isbije
tive i� LF is, so we will prove inje
tivity or surje
tivity for one of them andit will imply it for the other.The inje
tivity is given by Lemma 1.1.6; Indeed, suppose that there exist
ξ1, ξ2 ∈ HxM distin
t and µ ∈ R+ su
h that (dπ)∗A(x,ξ1) = µ(dπ)∗A(x,ξ2). Let
u1, u2 ∈ TxM su
h that r(x, ui) = (x, ξi) and F (x, ui) = 1, then, by Lemma1.1.6,

1 = (dπ)∗A(x,ξ1)(u1) = µ(dπ)∗A(x,ξ2)(u1) < µ,and swit
hing u1 and u2 gives µ < 1.To prove surje
tivity; take p ∈ T̊ ∗
xM and set µ = F ∗(x, p). Let vp ∈ TxMsu
h that F (x, vp) = 1 and p(vp) = µ, i.e., vp is the ve
tor realizing the supre-mum in equation (1.9) and write (x, ξp) := r(x, vp).Let h ∈ (hXHM)(x,ξp) and w = dπ(h), we 
laim that p(w) = 0.Assume the 
laim for a moment and re
all that dπ(x,ξp) is a bije
tion from

(hXHM ⊕ R ·X)(x,ξp) to TxM . So, for any u ∈ TxM , there are λ and h su
hthat u = λdπ(X(x, ξp)) + dπ(h), that is, u = λvp + w. Therefore
p(u) = λp(vp) = λµ = µ(dπ)∗A(x,ξp)(λvp + w) = µ(dπ)∗A(x,ξp)(u)and the surje
tivity would be proven. So we just need to prove the 
laim.Let h ∈ (hXHM)(x,ξp) and set c(t) :=

vp+tdπ(h)
F (x,vp+tdπ(h))

. By de�nition of vp,
d
dtp (c(t))

∣∣
t=0

= 0 so
0 =

d

dt
p (c(t))

∣∣∣∣
t=0

= p

(
dπ(h)

F (x, vp + tdπ(h))
− A(x,ξp)(h)vp

F 2(x, vp + tdπ(h))

)
.As A(x,ξp)(h) = 0, we get that p(dπ(h)) = 0, whi
h proves our 
laim.Now, writing LF in lo
al 
oordinates, we 
an easily see that its Ja
obian is givenby ( ∂2F 2

∂vi∂vj

)

i,j

and as this matrix is non-degenerate, LF is a lo
al di�eomor-phism, hen
e a global one be
ause it is bije
tive.Finally, the fa
t that the diagram 
ommutes is trivial.De�nition 1.2.5. We set B :=
(
ℓ−1
F

)∗
A, it is a 
onta
t form and we write X∗for its Reeb �eld.Lemma 1.2.6. The following diagram 
ommutes:

TH∗M
dπ̂ // TM

r // HM

H∗M

X∗

OO

ℓ−1
F

55jjjjjjjjjjjjjjjjNote also that the proje
tion by p̂ of the integral 
urves of X∗ are geodesi
s ofthe metri
 on M .



12 CHAPTER 1. DYNAMICAL FORMALISMProof. As B =
(
ℓ−1
F

)∗
A and X∗ is the Reeb �eld of B, we have that X∗ =(

ℓ−1
F

)
∗X (just verify that B ((ℓ−1

F

)
∗X
)
= 1 and i(ℓ−1

F )
∗

XdB = 0), and sin
e
π̂ ◦ ℓF = π, we get that the proje
tions to M of the integral 
urves of X∗ arethe same as those of X , whi
h proves the se
ond a�rmation.As X∗ =

(
ℓ−1
F

)
∗X , we 
an rewrite it as X ◦ ℓ−1

F = dℓ−1
F ◦X∗, and X being ase
ond order di�erential equation, we get that

ℓ−1
F = r ◦ dπ ◦X ◦ ℓ−1

F = r ◦ dπ ◦ dℓ−1
F ◦X∗ = r ◦ dπ̂ ◦X∗.Lemma 1.2.7. Let H : T ∗M → R be a Finsler 
o-metri
, then we 
an de�ne

H∗ : TM → R by:
H∗(x, v) = sup{p(v) | p ∈ T ∗

xM su
h that H(x, p) = 1}.

H∗ satis�es the following properties:1. H∗ is a Finsler metri
.2. If F is a Finsler metri
, then F ∗∗ = F .3. We de�ne the Legendre transform asso
iated with H, LH : T ∗M → TM ,by
LH(x, p1)(p2) :=

1

2

d

dt
H2(x, p1 + tp2)

∣∣∣∣
t=0

,where we identi�ed TM and T ∗∗M . It is a di�eomorphism out of the zerose
tion. Furthermore, if F is a Finsler metri
 then LF∗ ◦LF = IdTM and
LF ◦ LF∗ = IdT∗M .4. H = H∗ ◦ LH .Proof. We do not prove the �rst point nor the third one, as we will not use itin this dissertation. Note also that the proof of 4. is the same as in Proposition1.2.4. The only thing we will use later is 2., so we prove it:Set F ′(x, v) := sup{p(v) | p ∈ T ∗

xM su
h that F ∗(x, p) = 1}, we want toshow that F ′ = F , by homogeneity, it su�
es to show it on the F -unit 
ir
le.Let v ∈ TxM su
h that F (x, v) = 1.First, if we set p := LF (x, v) ∈ T ∗
xM then, by de�nition, we have p(v) =

F (x, v) = F ∗(x, p) = 1, so F ′(x, v) ≥ F (x, v).Now, if we take p0 su
h that F ∗(x, p0) = 1 and p0(v) = F ′(x, v), again byde�nition
F ′(x, v) = p0(v) ≤ F ∗(x, p0) = 1 = F (x, v).The following result was 
ommuni
ated to us by P. Foulon and might be al-ready known to others, however, we are not aware of the existen
e of a publishedproof and hen
e give one:Theorem 1.2.8 (Foulon [58℄). Any Finsler metri
 on M de�nes the same
onta
t stru
ture on H∗M . That is, if F is a Finsler metri
 on M and B =(

ℓ−1
F

)∗
A, the distribution kerB ⊂ TH∗M is independent of F . Furthermore, ifwe denote by λ the Liouville form on T ∗M , we have

r̂∗B =
λ

F ∗ , (1.11)
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r̂∗B ∧ dBn−1 =

λ ∧ dλn−1

(F ∗)n
. (1.12)Proof. We will start by showing equation (1.11). First re
all the de�nition of theLiouville form: for any (x, p) ∈ T ∗M , λ(x,p) = p ◦ dp̂|M , where p̂|M : T ∗M →Mis the base point proje
tion. In order to show that r̂∗B = λ

F∗
, we will provethat their pull-ba
k by LF 
oin
ides.On one hand, as r̂ ◦ LF = r ◦ ℓF , we have:

L∗
F r̂

∗B = r∗ℓ∗FB = r∗A = dvF,and on the other hand,
L∗
F

(
λ

F ∗

)
=

L∗
Fλ

F ∗ ◦ LF
=

L∗
Fλ

F
.Now let us 
ompute L∗

Fλ: For (x, v) ∈ TM and Z ∈ T(x,v)TM ,
(L∗

Fλ)(x,v) (Z) = λLF (x,v) (dLF (Z))
= LF (x, v) ◦ dp̂|M ◦ dLF (Z)
= LF (x, v) ◦ dp|M (Z)

=
1

2

d

dt
F 2
(
x, v + tdp|M (Z)

)

= F (x, v)dvF(x,v)(Z).And we proved equation (1.11). On
e we have that, the uniqueness of the
onta
t stru
ture is trivial.For the last equality, we have:
r̂∗dB = dr̂∗B =

dλ

F ∗ − λ ∧ dF ∗

(F ∗)2
.Therefore r̂∗dBn−1 =

(
dλ
F∗

)n−1
+ λ ∧ (Something), so:

r̂∗B ∧ dBn−1 =
λ ∧ dλn−1

(F ∗)n
+ λ ∧ λ ∧ (Something) = λ ∧ dλn−1

(F ∗)n
.Corollary 1.2.9. If B and B1 
orrespond to two Finsler metri
s F and F1,then there exists a fun
tion f : H∗M → R su
h that B1 = fB.Proof. By equation (1.11),

r̂∗B1 =
F ∗

F ∗
1

r̂∗B,hen
e the result.



14 CHAPTER 1. DYNAMICAL FORMALISM1.3 Angle and volume in Finsler geometryWe will give here a de�nition of a solid angle in Finsler geometry, i.e., avolume form on ea
h HxM naturally asso
iated with the Finsler metri
. Evenif the 
onstru
tion seems to be known, this angle does not appears as su
h inthe literature, at least to the best of the knowledge of the author. We will also
onstru
t a similar solid �
o-angle�, i.e., a volume form on ea
h H∗
xM .Simultaneously to the angle, the 
onstru
tion gives a volume form on M , wewill show that this volume is the Holmes-Thompson volume for Finsler geometry[73℄.There are already several di�erent angles de�ned in Finsler geometry. Wedid not however try to 
ompare known Finsler angles to this new one, makingjust a qui
k address to that problem in se
tion 1.4.1.3.1 Constru
tionAs we have seen in se
tion 1.1, the only truly 
anoni
al volume asso
iatedwith F is given by A∧ dAn−1. We are going to split this volume on HM into avolume on the base manifoldM and a volume on ea
h �bersHxM in a 
anoni
alway. From now on, we will assume that M is oriented and will only 
onsidervolumes preserving the orientation.The 
onstru
tion is in two steps; First,Lemma 1.3.1. Let ω be a volume form on M , then there exists a (n− 1)-form

αω on HM su
h that
αω ∧ π∗ω = A ∧ dAn−1.Moreover, the value taken by αω on V HM is uniquely determined.Proof. The existen
e of some αω is straightforward, we just 
omplete a n-form

π∗ω into a (2n− 1)-form A ∧ dAn−1.The uniqueness is given by the following. Let Y1, . . . , Yn−1 ∈ V HM be (n− 1)linearly independent verti
al ve
tor �elds, then Y1, . . . , Yn−1, X , [X,Y1] , . . . ,
[X,Yn−1] are linearly independent (see [59, Theorem II.1℄). Therefore, we musthave:

αω (Y1, . . . , Yn−1) =
A ∧ dAn−1 (Y1, . . . , Yn−1, X, [X,Y1] , . . . , [X,Yn−1])

π∗ω (X, [X,Y1] , . . . , [X,Yn−1])
.Note that αω does give us a notion of solid angle, despite its non-uniqueness:Lemma 1.3.2. For any ω, the integral

lω(x) =

∫

HxM

αω (1.13)does not depend on the 
hoi
e of αω.Proof. Follows from the fa
t that the forms αω are the same on V HM .
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ondly, in order to have a reasonable notion of angle, we wish the volumeof the �bers to be 
onstant. To 
oin
ide with the Riemannian 
ase we take this
onstant to be the volume of a Eu
lidean sphere. It turns out that this 
onditionis realized for a unique volume form on M , hen
e giving a really natural way toasso
iate a pair angle/volume with a Finsler metri
:Lemma 1.3.3. There exists a unique volume form ΩF onM su
h that, ∀x ∈M ,
lΩ

F

(x) = volEu
l (Sn−1
)
.Moreover, if ω is any volume on M , then ΩF is given by:

ΩF =
lωvolEu
l (Sn−1)

ω. (1.14)Before getting on to the proof, let us state the following remark whi
h hassome interest of its own and will be needed afterwards:Remark 1.3.4. If ω′ is another volume form on M , preserving the orientation,and f : M → R∗
+ su
h that ω′ = fω. Then,
αfω ∧ π∗ (fω) = αfω ∧ fπ∗ω = A ∧ dAn−1.And so, for any Y1, . . . , Yn ∈ V HM ,

iY1 . . . iYn
αfω =

1

f
iY1 . . . iYn

αω. (1.15)Proof of Lemma 1.3.3. Let cn = volEucl

(
Sn−1

) and Ω = lω

cn
ω, then the remarkshows that, on V HM , αΩ = cn

lω α
ω. Whi
h in turns yield:

lΩ(x) =

∫

HxM

αΩ =

∫

HxM

cn
lω(x)

αω =
cn
lω(x)

∫

HxM

αω = cn.The uniqueness is also straightforward.We 
an summarize the 
onstru
tion in the following:Proposition 1.3.5. There exists a unique volume form ΩF onM and a (n−1)-form αF on HM , never zero on V HM , su
h that:
αF ∧ π∗ΩF = A ∧ dAn−1, (1.16)and, for all x ∈M , ∫

HxM

αF = volEucl(S
n−1) (1.17)Remark 1.3.6. Let us emphasize again that αF is not unique, only its restri
tionto V HM , whi
h is what we need to have a solid angle.We will see later (se
tion 1.5) that ΩF is in fa
t the well-known Holmes-Thompson volume.



16 CHAPTER 1. DYNAMICAL FORMALISM1.3.2 CoangleTaking the Hamiltonian point of view, we 
an see that the volume B∧dBn−1on H∗M is as 
anoni
al as A ∧ dAn−1, so we 
ould have 
arried out the above
onstru
tion on the homogenized 
otangent bundle H∗M . The exa
t same stepsgives the following:Proposition 1.3.7. There exists a unique volume form ΩF
∗ onM and a (n−1)-form βF

∗ on H∗M , never zero on V H∗M := kerdπ̂, su
h that:
βF

∗ ∧ π̂∗ΩF
∗

= B ∧ dBn−1, (1.18)and, for all x ∈M , ∫

H∗

xM

βF
∗

= volEucl(S
n−1). (1.19)Fortunately for our 
laim of �natural� angle and volume asso
iated with F ,there is a relationship between our two 
onstru
tions:Proposition 1.3.8. Re
all that ℓF : HM → H∗M denote the Legendre trans-form. Then

ΩF = ΩF
∗

αF = ℓ∗Fβ
F∗where the se
ond equality holds on V HM .In the sequel, when the metri
 is 
lear from the 
ontext, we will often forgetthe supers
ript when writing αF , βF∗ or ΩF .Proof. First, note that

A∧dAn−1 = ℓ∗F
(
B ∧ dBn−1

)
= ℓ∗F

(
βF

∗ ∧ π̂∗ΩF
∗

)
= ℓ∗F

(
βF

∗

)
∧ ℓ∗F π̂∗

(
ΩF

∗

)
.As π̂ ◦ ℓF = π we have that ℓ∗F π̂∗ (ΩF∗

)
= π∗ΩF

∗ , whi
h yields
A ∧ dAn−1 = ℓ∗Fβ

F∗ ∧ π∗ΩF
∗

.It remains to show that the length of the �bers for ℓ∗FβF∗ are equal to volEucl

(
Sn−1

)as the uniqueness part in Proposition 1.3.5 would then prove the 
laim. By the
hange of variables formula and the de�nition of βF∗ , we have for any x ∈M

∫

HxM

ℓ∗Fβ
F∗

=

∫

ℓF (HxM)

βF
∗

=

∫

H∗

xM

βF
∗

= volEucl

(
Sn−1

)
.1.3.3 Angle and 
onformal 
hangeHere we will show two properties relating our angle and 
onformal 
hangeof Finsler metri
s. The �rst says that the angle and 
oangle are invariant under
onformal 
hange, whi
h is natural. The se
ond is more surprising; the 
oangledetermines the 
onformal 
lass of a Finsler metri
, therefore a Finsler metri
 isuniquely determined by a 
oangle and a volume form on the manifold.



1.3. ANGLE AND VOLUME IN FINSLER GEOMETRY 17Proposition 1.3.9. Let (M,F ) be a Finsler manifold, f : M C∞

−−→ R, Ff = efF ,
αf , βf and Ωf the angle, 
o-angle and volume form of Ff . Then αf = α on
V HM , βf = β on V H∗M and Ωf = enfΩ.Proof. Using the de�nition of the Hilbert form, we immediately have Af = efA,so

Af ∧ dAn−1
f = enfA ∧ dAn−1.Let ω be a volume form onM . Let αωF and αωFf

be the two (n−1)-forms de�nedby αωF ∧ π∗ω = A ∧ dAn−1 and αωFf
∧ π∗ω = Af ∧ dAn−1

f . We have,
αωFf

∧ π∗ω = enfαωF ∧ π∗ω.From there we get that, for any Y1, . . . , Yn−1 ∈ V HM :
iY1 . . . iYn−1 (α

ω
F ∧ π∗ω) = αωF (Y1, . . . , Yn−1)π

∗ω,

iY1 . . . iYn−1

(
αωFf

∧ π∗ω
)
= αωFf

(Y1, . . . , Yn−1)π
∗ω,therefore:

αωFf
(Y1, . . . , Yn−1)π

∗ω = enfαωF (Y1, . . . , Yn−1)π
∗ω,whi
h leads to:

αωFf
(Y1, . . . , Yn−1) = enfαωF (Y1, . . . , Yn−1) .And we dedu
e that, for any x ∈M ,

∫

HxM

αωFf
= enf(x)

∫

HxM

αωF ,The two volume forms Ω and Ωf on M asso
iated with F and Ff are given by(see equation (1.14)):
Ωf =

∫
HxM

αωFf

cn
ω, and Ω =

∫
HxM

αωF

cn
ω.Whi
h yields:

Ωf = enfΩ. (1.20)Using the de�nition of αf and equation (1.20), we obtain:
enfαf ∧ π∗Ω = αf ∧ π∗Ωf = Af ∧ dAn−1

f = enfA ∧ dAn−1 = enfα ∧ π∗Ω.Whi
h in turns implies that, for any Y1, . . . , Yn−1 ∈ V HM , we have
α (Y1, . . . , Yn−1) = αf (Y1, . . . , Yn−1) .Applying the following lemma will prove the 
laim about the 
o-angles.Lemma 1.3.10. If Ff = efF , then ℓF = ℓFf

.Proof. Re
all (see Se
tion 1.2) that for (x, ξ) ∈ HM , ℓF (x, ξ) is given by the
lass in H∗
xM of A(x,ξ) seen as an element of T ∗

xM . Now Af = efA, therefore,
A(x,ξ) and Af (x,ξ) are in the same 
lass. Hen
e ℓF = ℓFf

.



18 CHAPTER 1. DYNAMICAL FORMALISMProposition 1.3.11. Let β and β1 be 
oangles asso
iated with two Finslermetri
s F and F1. If β and β1 are equal on V H∗M , then there exists a positivefun
tion f on M su
h that F1 = fF .Proof. By equation (1.12), we have that B∧dBn−1 =
(
F∗

1

F∗

)n
B1∧dBn−1

1 , where
F∗

1

F∗
is seen as a fun
tion on H∗M , we 
all it f for the moment, note that f ispositive.Using the de�nition of 
oangle, we have that:

β ∧ π̂∗Ω = fnβ1 ∧ π̂∗Ω1 = fnβ ∧ π̂∗Ω1.Now, applying iY1 . . . iYn−1 to both sides, for every Y1, . . . , Yn−1 ∈ VH∗M , showsthat we must have π̂∗Ω = fnπ̂∗Ω1. That is, f must be 
onstant on the �bers.Hen
e, we 
an see f as a fun
tion on M . And, as f =
F∗

1

F∗
, we get, F ∗

1 = fF ∗,with f : M → R. So F ∗
1 and F ∗ di�ers by a 
onformal 
hange. From there, it iseasy to dedu
e it for F1 and F :Re
all that F ∗∗

1 = F1 (see Lemma 1.2.7), therefore:
F1(x, v) = sup{p(v) | p ∈ T ∗

xM su
h that F ∗
1 (x, p) = 1}

= sup{p(v) | p ∈ T ∗
xM su
h that f(x)F ∗(x, p) = 1}

= f(x)F (x, v).Corollary 1.3.12. A Finsler metri
 F is uniquely determined by the two forms
βF and ΩF .Note that this 
orollary gives an interesting 
hara
terization of a Finsler met-ri
. However, given two su
h forms, we did not try to give 
onditions implyingthat they 
ome from a Finsler metri
 even so it is an interesting question.Remark that it would seem natural to have the above proposition also truefor angles (instead of 
oangles). Unfortunately, we do not know if that is the
ase. One thing is sure: it is not, as it might seem, a dire
t 
onsequen
e ofProposition 1.3.11: If α = α1, we just have β1 =

(
ℓF ◦ ℓ−1

F1

)∗
(β), but we havenot yet found a reason to believe that having the same angle would implie thatthe Legendre transforms are the same.1.4 Angles in dimension twoIn dimension 2, a solid angle is the same thing as a traditional angle, inthis se
tion, we qui
kly go over a few properties of our angle. It is not aimedto be anything like a thorough study of the angle, more of a qui
k overlook ofsome questions that at on
e 
ame to our mind. First, we study the relationshipbetween this angle and another that is traditionally used in Finsler geometry,then we state some easy properties of the rotation generated by this angle.1.4.1 A 
hara
terization of Riemannian surfa
eRe
all that there is a 
anoni
al Riemannian metri
 g on V HM given by:

g(y1, y2) = dA ([X,Y2] , Y1) ,



1.4. ANGLES IN DIMENSION TWO 19where Y1 and Y2 are verti
al ve
tor �elds su
h that Yi(x, v) = yi. This de�nes adistan
e fun
tion on ea
h HxΣ, that is: an angle. Note that this gives an anglein any dimension, not just a solid angle as our αF .Even though the presentation of this metri
 was given by P. Foulon, theangle that it de�nes was known well before him, be
ause it turns out that thisverti
al metri
 is the same as the one obtained by 
onsidering ( ∂2F 2

∂vi∂vj

)

i,j

.Our goal in this se
tion is to show that αF is in general very di�erent fromthe angle obtained via the verti
al metri
, we will show even more: In dimension
2, if those angles 
oin
ides at a point, then the Finsler metri
 is Riemannian atthat point.Proposition 1.4.1. Let Y be the verti
al ve
tor �eld su
h that αF (Y ) = 1 and
Y ′ ∈ V HΣ su
h that g(Y ′, Y ′) = 1. Let c : HM → R, su
h that Y ′ = cY .If c is 
onstant on the �bers, then F is Riemannian.Proof. If c is 
onstant on the �bers, then

A ∧ iY ′dA = iY ′(A ∧ dA) = α(Y ′)π∗Ω = cπ∗Ω
an be proje
ted to M , therefore LY ′ (A ∧ iY ′dA) = 0. And a dire
t 
omputa-tion gives LY ′ (A ∧ iY ′dA) = A∧LY ′ (iY ′dA), we dedu
e that LY ′ (iY ′dA) is nullon V HM ⊕ hXHM . In parti
ular, if h = HX(Y ′), then LY ′ (iY ′dA) (h) = 0.Using Cartan's stru
ture equations (Proposition 1.1.7), we have:
LY ′ (iY ′dA) (h) = iY ′ (diY ′dA) (h)

= d (iY ′dA) (h, Y ′)

= Lh (iY ′dA(Y ′))− LY ′ (iY ′dA(h))− iY ′dA ([h, Y ′])

= −LY ′ (LY ′A(h)− LhA(Y
′)−A([H,Y ′]))− dA ([h, Y ′] , Y ′)

= −LY ′ (−A(X − aY ′ − bh))− dA (X − aY ′ − bh, Y ′)

= −LY ′(1)− dA (−bh, Y ′)

= −bdA ([X,Y ′] , Y ′)

= −b.So b = 0, whi
h is equivalent to F being Riemannian (by Proposition 1.1.8).1.4.2 Rotations and reversibilityProposition 1.4.2. Let (Σ, F ) be a Finsler 2-manifold. There exists a uniqueverti
al ve
tor �eld Y : HΣ → V HΣ su
h that α(Y ) = 1. The one-parametergroup θt generated by Y is su
h that ∀(x, ξ) ∈ HΣ, t ∈ R,
{
π
(
θt(x, ξ)

)
= x

θ2π(x, ξ) = (x, ξ)
(1.21)Proof. Take a non-degenerate verti
al ve
tor �eld Y1 and set Y := Y1/α (Y1).Uniqueness is due to the fa
t that V HΣ is 1-dimensional.As Y is a non-degenerate smooth ve
tor �eld, it generates a one-parametergroup θt, and the �rst part of (1.21) follows from the fa
t that Y is verti
al.



20 CHAPTER 1. DYNAMICAL FORMALISMThe se
ond 
laim follows from the fa
t that the length of the �bers is takento be 2π:If we set x ∈ Σ, for any ξ ∈ HxΣ, t 7→ θt(x, ξ) gives a parametrization of HxΣ.Let T(x,ξ) ∈ R+ be the period of θt(x, ξ) it is easy to see that this period doesnot depends on ξ. Indeed, if ξ1, ξ2 ∈ HxΣ, there exists t < T(x,ξ1) su
h that
θt(x, ξ1) = (x, ξ2), therefore

θT(x,ξ1)(x, ξ2) = θT(x,ξ1)
(
θt(x, ξ1)

)
= θt+T(x,ξ1)(x, ξ1) = θt(x, ξ1) = (x, ξ2);so T(x,ξ1) is also a period for ξ2. Now, as the length of the �bers is 2π, we 
ansee that the period must be 2π:

2π =

∫

HxΣ

α =

∫ Tx

0

α
(
θ̇(t)

)
dt =

∫ Tx

0

α (Y ) dt =

∫ Tx

0

dt = Tx.Therefore, for any (x, ξ) ∈ HΣ, θ2π (x, ξ) = (x, ξ).The �rst question that sprang to our mind about this rotation is its linkwith the reversibility of the metri
. We prove here something that seems verynatural: if the metri
 is reversible, then rotating a ve
tor by π gives its opposite.Note that this is not a 
hara
terization of reversible metri
s. Indeed, as we willsee in the proof, if we write s : HM → HM su
h that s(x, ξ) = (x,−ξ), theonly thing we need is that s∗α = α.Proposition 1.4.3. Let (Σ, F ) be a Finsler 2-manifold. If F is reversible and
(x, ξ) ∈ HΣ, then

θπ (x, ξ) = (x,−ξ) . (1.22)Proof. Let s : TΣ → TΣ, (x, v) 7→ (x,−v) be the lo
al symmetry.If F is reversible, then s∗dvF = −dvF : for (x, v) ∈ TΣ and Z ∈ T(x,v)TΣ,
s∗ (dvF )(x,v) (Z) = dvF(x,−v)(dsZ)

= lim
ǫ→0

1

ǫ
(F (x,−v + ǫdπ ◦ dsZ)− F (x,−v))

= lim
ǫ→0

1

ǫ
(F (x, v − ǫdπ Z)− F (x, v))

= −dvF(x,v)(Z).Now, if we also denote by s the symmetry on HΣ, we have shown that s∗A =
−A. Therefore s∗ (A ∧ dA) = A∧dA and, using the de�nition of the angle form,we obtain s∗α = α.
s is a di�eomorphism of HΣ, so for x ∈ Σ and U ⊂ HxΣ measurable, the 
hangeof variable formula gives ∫

U

s∗α =

∫

s(U)

α, (1.23)if ξ ∈ HxΣ and U is one interval from ξ to −ξ, then HxΣ = U ∪ s (U) and
2π =

∫

HxΣ

α =

∫

U

α+

∫

s(U)

α = 2

∫

U

α.Re
all that there exists t0 su
h that U = {θt(ξ) | t ∈ [0, t0]}, so
π =

∫

U

α =

∫ t0

0

αθt(ξ)

(
θ̇t(ξ)

)
dt =

∫ t0

0

dt = t0,therefore −ξ = θπ (ξ).



1.5. ΩF IS THE HOLMES-THOMPSON VOLUME 211.5 Ω
F is the Holmes-Thompson volumeContrarily to Riemannian geometry, there is no 
anoni
al volume in Finslergeometry. We do not go into the reason for that as it is very well explainedin [29℄. There is however a 
ertain number of �natural� volumes that has 
omeup in 
onvex geometry (see [29, 5℄), among them the most studied ones are theBusemann-Hausdor� and the Holmes-Thompson volumes.The Busemann-Hausdor� volume ([30℄) is obtained by 
onsidering a Finslermanifold as a metri
 spa
e and taking its Hausdor� measure, but Alvarez-Paivaand Ber
k [4℄ showed that despite its naturality, it might not be the �good� one.The Holmes-Thompson volume ([73℄) 
omes from the symple
ti
 stru
tureof the 
o-tangent bundle of a manifold. Re
all that, if λ denotes the Liouvilleform on T ∗M , then dλ is the 
anoni
al symple
ti
 form on T ∗M and (dλ)

n
/n!is the Liouville volume. Now the Holmes-Thompson volume VolHT asso
iatedwith a Finsler metri
 F is de�ned by: Let U a Borel set on M and B∗U :=

{(x, p) ∈ T ∗M | p̂|M (x, p) ∈ U, F ∗(x, p) < 1} ⊂ T ∗M , then:VolHT (U) =
1

ǫn

∫

B∗U

(dλ)
n

n!
, (1.24)where ǫn is the volume of the unit ball in the Eu
lidean spa
e En.Remark that, if we denote by S∗M the 
o-tangent sphere bundle, i.e., the subsetof T ∗M given by (F ∗)−1(1), then an appli
ation of Stokes Theorem shows that:VolHT (U) =

1

ǫn

∫

S∗U

λ ∧ (dλ)n−1

n!
.We 
an now prove that ΩF 
orresponds to VolHT : For U a Borel set in M ,an appli
ation of Fubini (see lemma 2.1.11) gives:

∫

U

ΩF =
1

volEucl (Sn−1)

∫

H∗U

βF ∧ π̂∗ΩF =
1

volEucl (Sn−1)

∫

H∗U

B ∧ dBn−1.Now, by Theorem 1.2.8, we have that r̂∗B∧dBn−1 = λ∧(dλ)n−1

(F∗)n , and r̂ : T̊ ∗M →
H∗M is a di�eomorphism when restri
ted to S∗M . So, by the 
hange of variableformula, we obtain:
∫

H∗U

B∧dBn−1 =

∫

r̂(S∗U)

B∧dBn−1 =

∫

S∗U

λ ∧ (dλ)
n−1

(F ∗)n
=

∫

S∗U

λ∧(dλ)
n−1

.Therefore,
∫

U

ΩF =
1

volEucl (Sn−1)

∫

S∗U

λ∧(dλ)n−1
=

n!ǫn
volEucl (Sn−1)

VolHT (U) = (n−1)!VolHT (U).(1.25)So we proved the following:Proposition 1.5.1. Let F be a Finsler metri
 on a n-manifold, then
ΩF = (n− 1)!VolHT .



22 CHAPTER 1. DYNAMICAL FORMALISMBefore moving on, we wish to make a few remarks:First, we 
ould get rid of the 
onstant by 
onsidering A ∧ dAn−1/(n − 1)!instead of just A∧dAn−1. However our aim was never to study this volume andso we felt that adding this 
onstant would unne
essarily weigh on the reda
tion.Indeed, almost everything in this dissertation is invariant under a 
hange ofvolume by a 
onstant, the only ex
eption being the a
tual 
omputation of thevolume of a Finsler manifold. However, our only a
tual 
omputation of volumeis in dimension two.Se
ond, we must admit that until very re
ently, we wrongly believed that ΩFwas di�erent from the Holmes-Thompson volume. Hen
e in this dissertation,we prove every 
laim we make about this volume even so they are probably
lassi
al results.Finally and on a side note, it is interesting that the Holmes-Thompson isvery well-known, but that the naturally asso
iated angle does not seem to havebeen studied, so we hope that we repair at least a little that injusti
e.



Chapter 2Finsler�Lapla
e operator
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24 CHAPTER 2. FINSLER�LAPLACE OPERATOR2.1 A natural Finsler�Lapla
e operator2.1.1 De�nitionIn this se
tion we will introdu
e our generalization of the operator of Lapla
e�Beltrami, and begin by re
alling its di�erent equivalent de�nitions in Rieman-nian geometry:The �histori
� Lapla
ian on Rn is de�ned as
∆ =

∑

i

∂2

∂x2i
.So, given a Riemannian metri
 g, at any point p, we 
an 
hoose normal 
oordi-nates and use the above expression. For generi
 lo
al 
oordinates (x1, . . . , xn),where the metri
 reads g = [gij ], the lo
al expression be
omes:

∆LB :=
1√detg ∂

∂xi

(√detggij ∂

∂xj

)
.A possibly more agreeable, 
oordinate-free expression for the Lapla
ian is:

∆LBf = div (∇f) ,where ∇f is the gradient for g of f and div is the divergen
e operator (see, forinstan
e, [66℄).Finally, the Hodge�Lapla
e operator gives an expression for the Lapla
ian ondi�erential forms (see [66℄ or [110℄).The use of the Lapla
e operator is giganti
, exhibiting deep links betweenits spe
tral data and the geometry of the manifold 
arrying it (for a proofof this a�rmation, the reader 
an 
onsult, for a start, [21, 22, 37℄ and thenmove forward on to the thousands of arti
les on this subje
t). Hen
e, giving ageneralization of this operator to the Finslerian 
ontext is of great importan
e,espe
ially if we manage to 
onstru
t one having the same kind of behavior.There have already been several generalizations of the Lapla
e operator [15,36, 102℄, ea
h starting from a di�erent de�nition of the Lapla
e�Beltrami andobtaining di�erent operators. This 
an be seen either as a drawba
k or a newsour
e of interest for Finsler geometry. Indeed, it is not un
ommon that when wetry to broaden a de�nition, what was equivalent turns out not to stay this way,often yielding some important insight in the pro
ess. And this is parti
ularlytrue of Finsler geometry, as the history of Finslerian 
onne
tions, for instan
e,proves.Bao and La
key [15℄ gave a generalization of the Hodge-star, allowing themto de�ne a Finslerian Hodge�Lapla
e operator. Shen [102℄ gave the very naturalgeneralization of div (∇) to Finsler metri
s. Indeed, the gradient of a fun
tionis just its derivative seen as an element of the tangent spa
e, i.e. its pullba
kby the Legendre transform. So 
learly this is not just Riemannian. But notehowever that for Finsler metri
s, the Legendre transform is in general not lin-ear, so Shen's Lapla
ian is not linear. Remark also that to de�ne a divergen
e,one needs to 
hoose a volume form on the manifold and, as we have alreadymentioned, there is no 
anoni
al volume in Finsler geometry. Finally, Centore



2.1. FINSLER�LAPLACIAN 25[36℄ did not use dire
tly one of the above de�nitions, but the fa
t that harmoni
fun
tions satisfy the mean-value property and designed an operator in order tokeep that property. Here, on
e again, his de�nition relies on the 
hoi
e of onevolume.Our approa
h for a generalization relies on the �rst de�nition, as the sum ofthe se
ond derivatives in orthonormal dire
tions. As there is no good notion oforthogonality in Finsler geometry, we 
onsider instead the average of the se
ondderivatives in every dire
tion. The average being taken with respe
t to the anglewe introdu
ed in se
tion 1.3. More pre
isely, we introdu
e:De�nition 2.1.1. Let F be a Finsler metri
 on a n-manifold M . We de�nethe Finsler�Lapla
e operator, denoted ∆F , by
∆F f(x) =

n

volEucl (Sn−1)

∫

HxM

L2
X(π

∗f)αF ,for every x ∈M and every f : M → R (or C) su
h that the integral exists.As we will see in the next se
tion, the 
onstant n
volEucl(Sn−1) is 
hosen so that

∆F is the Lapla
e�Beltrami operator when F is Riemannian.Remark 2.1.2. Note that we 
an de�ne a Lapla
e-like operator in this fashionfor any 
onta
t form on a homogenized bundle HM . We have not pursued thestudy of this more general kind. However, it should be 
lear that everythingthat still makes sense in this more general 
ontext would stay true.It is already 
lear from the de�nition that ∆F is a linear di�erential operatorof order two. It also verifes the following:Theorem 2.1.3. Let F be a Finsler metri
 on M , then ∆F is a se
ond-orderdi�erential operator, furthermore:(i) ∆F is ellipti
,(ii) ∆F is symmetri
, i.e., for any f, g ∈ C∞
0 (M),

∫

M

f∆F g − g∆F f ΩF = 0.(iii) Therefore, ∆F is unitarily equivalent to a S
hrödinger operator.(iv) ∆F 
oin
ides with the Lapla
e�Beltrami operator when F is Rieman-nian.Remark that our de�nition of Lapla
e operator 
ould be applied with anyangle. However, to obtain a symmetri
 operator, we fundamentally rely on thefa
t that αF and ΩF 
omes from the volume A∧dAn−1, whi
h is invariant by thegeodesi
 �ow. So, in order to get an operator satisfying the above 
onditions,the only 
hoi
e we really made was to ask for the volume of ea
h �ber to be
onstant with respe
t to αF .We split the proof of the theorem in the next four se
tions. Note that all theproofs are surprisingly easy, whi
h is, in my opinion, an asset of this operator.2.1.2 The Riemannian 
aseWe start by proving Theorem 2.1.3 (iv).



26 CHAPTER 2. FINSLER�LAPLACE OPERATORProposition 2.1.4. Let g be a Riemannian metri
 on M , F =
√
g, ∆F theFinsler�Lapla
e operator and ∆g the usual Lapla
e�Beltrami operator. Then,

∆F = ∆g.Proof. We will 
ompute both operators in normal 
oordinates for g and showthat they 
oin
ides.Let p ∈ M and x1, . . . , xn normal 
oordinates around it. Denote by v1, . . . , vntheir 
anoni
al lift to TxM . For f : M → R, the Lapla
e�Beltrami operator is
∆gf(p) =

∑

i

∂2f

∂x2i
(p).The �rst step to 
ompute the Finsler�Lapla
e operator is to 
ompute theHilbert form A and the geodesi
 �ow X . In order to write A, we identify HMwith T 1M and 
oordinates onHpM are then given by the vi's with the 
ondition√∑

(vi)2 = 1.The verti
al derivative of F at p is dvFp = vi√∑
(vi)2

dxi. So Ap = vi dx
i and

dAp = dvi ∧ dxi. Hen
e X(p, ·) = vi
∂
∂xi

. Indeed, we just need to 
he
k that
Ap (Xp) = 1 and (iXdA)p = 0: both equalities follow from ∑

(vi)
2 = 1.Let f : M → R, then

L2
X (π∗f) (p, v) = vivj

∂2f

∂xi∂xj
(p, v),so, the Finsler�Lapla
e operator is:

∆F f(p) =
n

volEucl Sn−1

∫

HpM

vivj α
∂2f

∂xi∂xj
(p),And the proof follows from the next two 
laims.Claim 2.1.5. For all i 6= j,

∫

HpM

vivj α = 0Proof. HpM is parametrized by HpM = {(v1, . . . , vn) | vi ∈ [−1, 1]}.A parity argument then yields the desired result.Claim 2.1.6. For any 1 ≤ i ≤ n,
∫

HpM

v2i α =
volEucl S

n−1

nProof. As the vi's are symmetri
 by 
onstru
tion, we have that for any i 6= j,
∫

HpM

v2i α =

∫

HpM

v2j α.So,
n

∫

HpM

v2i α =
∑

j

∫

HpM

v2j α =

∫

HpM

∑

j

v2j α =

∫

HpM

1α = volEucl S
n−1.



2.1. FINSLER�LAPLACIAN 272.1.3 Ellipti
ityWe now prove Theorem 2.1.3 (i).Proposition 2.1.7. ∆F : C∞(M) → C∞(M) is an ellipti
 operator. The sym-bol σF is given by
σFx (ξ1, ξ2) =

n

volEucl (Sn−1)

∫

HxM

LX(π∗ϕ1)LX(π∗ϕ2)α
Ffor ξ1, ξ2 ∈ T ∗

xM , where ϕi ∈ C∞(M) su
h that ϕi(x) = 0 and dϕi x = ξi.Remark 2.1.8. If we identify the unit tangent bundle T 1M with the homogenizedtangent bundle HM and write again αF for the angle form on T 1M , then thesymbol is given by
σFx (ξ1, ξ2) =

n

volEucl (Sn−1)

∫

v∈T 1
xM

ξ1(v)ξ2(v)α
F (v)for ξ1, ξ2 ∈ T ∗

xM .The symbol of an ellipti
 se
ond-order di�erential operator is a non-degeneratesymmetri
 2-tensor on the 
otangent bundle, and therefore de�nes a Rieman-nian metri
 on M . This gives one more way to obtain a Riemannian metri
from a Finsler one. Let ∆σ be the Lapla
e�Beltrami operator asso
iated withthe symbol metri
, then ∆F −∆σ is a di�erential operator of �rst order, so isgiven by a ve
tor �eld Z on M . The Finsler�Lapla
e operator therefore is aLapla
e�Beltrami operator together with some �drift� given by Z. We will latersee that our operator is in fa
t 
hara
terized by its symbol and the symmetry
ondition (se
tion 2.1.5).Proof. To show that ∆ is ellipti
 at p ∈ M , it su�
es to show that for ea
h
ϕ : M → R su
h that ϕ(p) = 0 and dϕ|p is non-null, and for u : M → R+ wehave ∆F (ϕ2u)(p) > 0 unless u(p) = 0.We �rst 
ompute L2

X

(
π∗ϕ2u

):
L2
X

(
π∗ϕ2u

)
= LX

(
2π∗ϕuLX (π∗ϕ) + π∗ϕ2LX (π∗u)

)
,

= 2π∗u (LX (π∗ϕ))2 + 2π∗ϕuL2
X (π∗ϕ)

+ 4π∗ϕLX (π∗ϕ)LX (π∗u) + 2π∗ϕ2L2
X (π∗u) .Evaluating at (p, ξ) ∈ HM , we obtain,

L2
X

(
π∗ϕ2u

)
(p, ξ) = 2u(p) (LXπ

∗ϕ)2 (p, ξ) .Therefore,
∆F (ϕ2u)(p) =

n

volEucl (Sn−1)

∫

HpM

2u(p) (LXπ
∗ϕ)2 α,

=
2u(p)n

volEucl (Sn−1)

∫

HpM

(LXπ
∗ϕ)2 α > 0.



28 CHAPTER 2. FINSLER�LAPLACE OPERATOR2.1.4 SymmetryWe have an hermitian produ
t de�ned on the spa
e of C∞ 
omplex fun
tionswith 
ompa
t support on M by
〈f, g〉 =

∫

M

f(x)g(x)ΩF .So we 
an now prove Theorem 2.1.3 (ii).Proposition 2.1.9. ∆F is symmetri
 for 〈·, ·〉 on C∞
0 (M), i.e., for any f, g ∈

C∞
0 (M), we have:

〈∆F f, g〉 = 〈f,∆F g〉.Remark 2.1.10. The proof of this result is remarkably simple due to our 
hoi
eof angle form and volume. Indeed, as α ∧ π∗Ω is the 
anoni
al volume on HM ,it is invariant by the geodesi
 �ow (i.e., LX(α ∧ π∗Ω) = 0) whi
h is the key tothe 
omputation.In order to prove the proposition, we �rst need a Fubini-like result. It is
ertainly known, but as it appears to us that it would take less time to do itthan try to look for a referen
e in the literature, we provide the proof below.Lemma 2.1.11. Let f : HM → C be a 
ontinuous, integrable fun
tion on HM .We have, ∫

M

(∫

HxM

f(x, ·)α
)
Ω =

∫

HM

f α ∧ π∗Ω. (2.1)Proof. In the following, we will write fx : HxM → C for f(x, ·).Let {Ua} be a trivializing open 
overing for π : HM → M , i.e., there exists Ssu
h that, for every a, there exists an homeomorphism ϕa : HUa = π−1 (Ua) →
Ua × S. Moreover, for every x ∈ Ua, ϕa(x, dot) : HxM = HxUa → S is also anhomeomorphism.Let {ϕa} be a partition of unity subordinated to {Ua}, we have

∫

M

(∫

HxM

fxα

)
Ω =

∑

a

∫

Ua

ϕa(x)

(∫

HxM

fxα

)
Ω.Let x ∈ Ua, we set αax :=

(
ϕa(x, ·)−1

)∗
α, it is a (n − 1)-form on S, but, byde�nition of ϕa, αax does not depends on x, just on a, so we write αa := αax. Wehave ∫

Ua

ϕa(x)

(∫

HxM

fxα

)
Ω =

∫

Ua

ϕa(x)

(∫

S

fxα
a

)
Ω.Then applying Fubini's Theorem (see, for instan
e, [23℄) gives:

∫

Ua

ϕa(x)

(∫

S

fxα

)
Ω =

∫

Ua×S
ϕafα

a ∧Ω.Now, we have ϕ∗
aα

a ∧ Ω = α ∧ π∗Ω, hen
e we get:
∫

Ua×S
ϕafα ∧Ω =

∫

HUa

ϕafα ∧ π∗Ω.



2.1. FINSLER�LAPLACIAN 29Summing over a, we �nally obtain:
∫

M

(∫

HxM

fxα

)
Ω =

∑

a

∫

Ua

ϕa(x)

(∫

HxM

fxα

)
Ω =

∑

a

∫

HUa

ϕafα ∧ π∗Ω

=

∫

HM

(
∑

a

ϕa

)
fα ∧ π∗Ω =

∫

HM

fα ∧ π∗Ω.We 
an now pro
eed with theProof of Proposition 2.1.9. Let f, g :M
C∞

−−→ C and set cn := n
volEucl(Sn−1) .

〈∆F f, g〉 =
∫

M

g∆F f Ω

= cn

∫

M

g

(∫

HxM

L2
X(π

∗f)α

)
Ω

= cn

∫

M

(∫

HxM

π∗gL2
X(π∗f)α

)
Ω

= cn

∫

HM

π∗gL2
X(π∗f) α ∧ π∗Ω,where the last equality follows from the pre
eding lemma. As α ∧ π∗Ω = A ∧

dAn−1 we 
an write
〈∆F f, g〉 = cn

∫

HM

π∗gL2
X(π

∗f) A ∧ dAn−1.Now,
LX

(
π∗gLX(π∗f)A ∧ dAn−1

)
= π∗gL2

X(π∗f)A ∧ dAn−1

+ LX(π∗g)LX(π∗f)A ∧ dAn−1 + π∗gLX(π∗f)LX(A ∧ dAn−1).The last part of the above equation vanishes be
ause of (1.3). We also have:
LX

(
π∗gLX(π

∗f)A ∧ dAn−1
)
= d

(
iXπ∗gLX(π

∗f)A ∧ dAn−1
)
.Hen
e

〈∆F f, g〉 = n

volEucl (Sn−1)

[∫

HM

d
(
iXπ∗gLX(π

∗f)A ∧ dAn−1
)

− LX(π∗g)LX(π
∗f)A ∧ dAn−1

]
.As M is 
losed, HM is 
losed and applying Stokes Theorem gives (2.2), thusproving the 
laim.In the proof we obtained a Finsler version of Green's formulas:



30 CHAPTER 2. FINSLER�LAPLACE OPERATORProposition 2.1.12. 1. For any f, g ∈ C∞(M), we have:
〈∆F f, g〉 = −n

volEucl (Sn−1)

∫

HM

LX(π∗g)LX(π
∗f)A ∧ dAn−1. (2.2)2. Let U be a submanifold of M of the same dimension and with boundaries.Then for any f ∈ C∞(U), we have:

∫

U

∆F f ΩF =
n

volEucl (Sn−1)

∫

∂HU

LX(π∗f)dAn−1 (2.3)2.1.5 A 
hara
terization of ∆FThe following results were explained to us by Yves Colin de Verdière andare probably well known to many people. However, they might not be knownto everyone and are quite interesting so we provide them with the proofs.Lemma 2.1.13. Let (M, g) be a 
losed Riemannian manifold and ω a volumeform on M . There exists a unique se
ond-order di�erential operator ∆g,ω on Mwith real 
oe�
ients su
h that its symbol is the dual metri
 g⋆, it is symmetri
with respe
t to ω and zero on 
onstants.If a ∈ C∞(M) is su
h that ω = a2vg, where vg is the Riemannian volume, thenfor ϕ ∈ C∞(M):
∆g,ωϕ = ∆gϕ− 1

a2
〈∇ϕ,∇a2〉.Before getting on to the proof, this result deserves a few remarks:� We have seen above that, to a Finsler metri
, we 
an asso
iate a volumeand a Riemannian metri
 via the symbol of the Finsler�Lapla
e operator.This Lemma tells us that 
onversely a volume together with a Riemannianmetri
 gives a Lapla
e-like operator. So, going ba
k to the problem of�nding a �good� Lapla
ian in Finsler geometry, whenever you asso
iate avolume together with a Riemannian metri
 to a Finsler metri
, by thislemma, you 
an de
lare that you obtained a Finsler�Lapla
e operator.The di�eren
e then between a �good� and a �bad� operator seems to meto be the de�nition of the operator and the links that 
an be made betweenthis operator and the geometry of the manifold. I hope the reader will be
onvin
ed that our operator should deserve the former quali�
ation.� As there are many more Finsler metri
s than pairs (volume/Riemannianmetri
), this lemma shows that many Finsler metri
s will share the sameFinsler�Lapla
ian.� A related question raised by Yves Colin de Verdières was to determine therange of pairs (volume/Riemannian metri
) that 
an be obtained from aFinsler metri
. We prove that we get everything in the 
ase of surfa
es(Proposition 3.1.6), but we do not know the general answer.� The operators of the type ∆g,ω seem to have been introdu
ed by Chaveland Feldman [38℄ and Davies [47℄. They are 
alled weighted Lapla
e oper-ators and have been quite widely studied (see, for instan
e [71℄).� Up to now we only 
onsidered our operators to a
t on C∞(M). In the nextse
tion, for the purpose of spe
tral theory, we will start 
onsidering themas unbounded operators on L2(M,ω). By 
onsidering the Friedri
h exten-sion, the above result stays true repla
ing �symmetri
� by �self-adjoint�(we re
all the de�nitions in the Appendix 2.A).



2.1. FINSLER�LAPLACIAN 31Proof. It is evident from the de�nition of ∆g,ω that it is zero on 
onstant, thatits symbol is g∗ and that for ϕ, ψ ∈ C∞(M),
∫

M

ψ∆g,ωϕ ω =

∫

M

g∗ (dϕ, dψ) ω =

∫

M

ϕ∆g,ωψ ωLet us now prove the uniqueness. Let ∆1 and ∆2 be two se
ond-orderdi�erential operators su
h that they are null on 
onstants and have the samesymbol. This implies that there exists a smooth ve
tor �eld Z on M su
h that
∆1 −∆2 = LZ .Now, suppose that both operators are symmetri
 with respe
t to ω. We get,∫
M ϕLZψ − ψLZϕω = 0 for any ϕ, ψ ∈ C∞(M). And taking ψ = 1 yields∫
M LZϕω = 0.But, if Z is not zero, it is easy to 
onstru
t a fun
tion ϕ ∈ C∞(M) su
hthat LZϕ > 0 in any open set that does not 
ontain a singular point of Z. Soby 
ontinuity, Z must be null.An important 
onsequen
e of this lemma is that any symmetri
, ellipti
linear se
ond order operator is unitarily equivalent to a S
hrödinger operator.Proposition 2.1.14. Let ∆g,ω, vg and a be as above. De�ne U : L2 (M,ω) →
L2 (M, vg) by Uf = af . Then U∆g,ωU

−1 = ∆g + V is a S
hrödinger operatorwith potential V = a∆g,ωa
−1.Remark 2.1.15. This fa
t shows that the spe
tral theory of our operator restri
tsto the theory for S
hrödinger operators su
h that the in�mum of the spe
trumis zero.Proof. It su�
es to show that U∆g,ωU

−1 − V is symmetri
 with respe
t to ω,null on 
onstants and has g∗ for symbol, be
ause then Lemma 2.1.13 provesthe 
laim. It is 
learly null on 
onstants and the symmetry property is obviousby 
onstru
tion. Let x ∈ M and ϕ ∈ L2 (M, vg) be su
h that ϕ(x) = 0 and
dϕx 6= 0. We have

(
U∆g,ωU

−1 − V
)
ϕ2(x) = a∆g,ω(ϕ

2a−1)(x) = ∆g,ω(ϕ
2)(x). (2.4)Therefore the symbol of (U∆g,ωU

−1 − V
) is the same as that of ∆g,ω .2.1.6 Relation to other Lapla
iansWe did not pursue the study of the 
omparison between this Finsler�Lapla
eoperator and those introdu
ed before by Bao and La
key [15℄ and Centore [36℄.However, we 
an make the following easy remark.Suppose that L is a se
ond-order di�erential operator on a 
losed manifold,null on 
onstants and symmetri
 with respe
t to two volumes Ω1 and Ω2, then

Ω1 is a 
onstant multiple of Ω2. Indeed, if we write Ω2 = fΩ1, then for anyfun
tion g,
0 =

∫

M

Lg Ω2 =

∫

M

(Lg)f Ω1 =

∫

M

gLf Ω1,hen
e Lf = 0, so, if M is 
losed, f = 
st.So an easy way to see that our Finsler�Lapla
e operator is di�erent fromCentore's is by remarking that his operator is symmetri
 with respe
t to theBusemann-Hausdor� volume and applying the above remark.
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tral theoryMost of the results of this se
tion follows from the general theory of ellipti
,symmetri
 operator on 
ompa
t manifolds. However, we felt that for the 
on-venien
e of the reader as well as for the interest of the results it was worthwhileto give the proofs. Hen
e we either reprodu
ed or adapted the proofs to ourspe
ial 
ase.2.2.1 The spa
e H1In order to deal with the spe
tral theory of our operator, we will stop seeingit as a
ting on C∞ fun
tions but as an unbounded operator on L2(M). We
olle
ted in appendix 2.A the basi
 de�nitions and the main results that weneed.We start by de�ning a very useful fun
tional spa
e. Let C∞
0 (M) be the spa
eof smooth fun
tions with 
ompa
t support on M (so that if M is boundaryless,then the se
ond 
ondition is empty). Consider the following inner produ
t on

C∞
0 (M):

〈u, v〉1 =

∫

M

uv Ω+

∫

HM

LX (π∗u)LX (π∗v) A ∧ dAn−1and denote by ‖·‖1 the asso
iated norm.De�nition 2.2.1. We let H1(M) be the 
ompletion of C∞
0 (M) with respe
t tothe norm ‖ · ‖1 .Remark 2.2.2. Using the Riemannian metri
 given by the symbol of the Lapla-
ian, we have:

〈u, v〉1 =

∫

M

uv Ω+

∫

M

∇u∇v Ω.Note also that we do not use the 
lassi
al notations of H1(M) and H1
0 (M) forthe 
ompletion of respe
tively C∞(M) and C∞

0 (M). But as our main fo
us willlater be 
losed manifolds, we did not feel it worth introdu
ing two notations.
H1(M) is a Sobolev spa
e and we have the following embedding result (see[90, Lemma 3.9.3℄):Theorem 2.2.3 (Relli
h�Kondra
hov). IfM is 
ompa
t with smooth boundary,then H1(M) is 
ompa
tly embedded in L2(M).The Finsler�Lapla
e operator is an unbounded operator on L2(M) withdomain in H1(M).2.2.2 Energy integral and Rayleigh quotientDe�nition 2.2.4. For any fun
tion u ∈ H1(M), we de�ne the Energy of u by:

E(u) :=
n

volEucl (Sn−1)

∫

HM

|LX (π∗u)|2A ∧ dAn−1 (2.5)and the Rayleigh quotient by
R(u) :=

E(u)∫
M u2 Ω

. (2.6)



2.2. SPECTRAL THEORY 33Remark 2.2.5. The energy as well as the Rayleigh quotient 
an also be de�nedusing the 
otangent setting, i.e. for any u ∈ H1(M), we have
E(u) :=

n

volEucl (Sn−1)

∫

H∗M

|LX∗ (π̂∗u)|2B ∧ dBn−1,where B = (ℓ−1
F )∗A and X∗ is its Reeb �eld (see Chapter 1).The Energy we de�ned is naturally linked to the Finsler�Lapla
e operator:Theorem 2.2.6. u ∈ H1(M) is a minimum of the energy if and only if u isharmoni
, i.e., ∆F (u) = 0.Remark 2.2.7. When M is 
losed, this just proves that the only harmoni
 fun
-tions are 
onstant. But this result stays true without restri
tions on the manifoldand is therefore fundamental when used on manifolds with boundaries.Proof. Let u, v ∈ H1(M) we want to 
ompute d

dtE(v+tu). Let cn = n
volEucl(Sn−1) ,we have

E(v + tu) = cn

∫

HM

(LXπ
∗v)2 + 2tLXπ

∗vLXπ
∗u+ t2 (LXπ

∗u)2 A ∧ dAn−1,(2.7)therefore,
d

dt
(E(v + tu))|t=0

= 2cn

∫

HM

LXπ
∗vLXπ

∗uA ∧ dAn−1,and, applying the Finsler�Green formula (Proposition 2.1.12, note that u ∈
H1(M) implies that u|∂M = 0 hen
e the Finsler�Green formula applies withoutmodi�
ations even when M has a boundary), we obtain:

d

dt
(E(v + tu))|t=0

= 2

∫

HM

u∆F vΩF .So, if v is harmoni
, then it is a 
riti
al point of the energy, and (2.7) showsthat it must be a minimum. Conversely, if v is a 
riti
al point, then for any
u ∈ H1(M), 〈∆F v, u〉 = 0, whi
h yields ∆F v = 0.2.2.3 Spe
trumTheorem 2.2.8. Let M be a 
ompa
t manifold and F a Finsler metri
 on M .1. The set of eigenvalues of −∆F 
onsists of an in�nite, unbounded sequen
eof non-negative real numbers λ0 < λ1 < λ2 < . . . .2. Ea
h eigenvalue has �nite multipli
ity and the eigenspa
es 
orrespondingto di�erent eigenvalues are L2 (M,Ω)-orthogonal.3. The dire
t sum of the eigenspa
es is dense in L2 (M,Ω) for the L2-normand dense in Ck (M) for the uniform Ck-topology.For the 
onvenien
e of the reader, we will give the adaptation to this spe
ial
ase of the two 
lassi
al proofs of Riemannian geometry (see, for instan
e [21℄).The �rst one uses the whole ma
hinery of the theory of unbounded operators,the se
ond one uses the min-max prin
iple and is, in my opinion, more agreeable.Before starting the proof, we wish to re
all one spe
ial 
hara
teristi
 ofellipti
 operator (see, for instan
e [90, Theorem 3.9.1℄):



34 CHAPTER 2. FINSLER�LAPLACE OPERATORTheorem 2.2.9 (Ellipti
 Regularity theorem). Let L be an ellipti
 operatoron a smooth manifold M . If s ∈ H1(M) is su
h that Ls ∈ C∞ (M), then
s ∈ C∞ (M).One 
lassi
al problem of partial di�erential equations is, given a di�erentialoperator L onM and a smooth fun
tion w, to �nd a smooth fun
tion u su
h that
Lu = w and u verifying some additional 
onditions on the boundary of M if itexists. Finding solutions to this problem is generally hard, but 
an sometimes besimpli�ed by weakening the expe
ted regularity of u. These solutions are 
alledweak solutions. Now, if the operator is ellipti
, then �nding weak solutions issu�
ient due to the above regularity theorem! This te
hnique of �nding weaksolutions is applied in the following proofs. (We did not wish to go into anydetail about weak/
lassi
al solutions as it is not the main 
on
ern here and it
an be found in many books on PDEs, see for instan
e [69, 104℄.)Proof of Theorem 2.2.8: �rst method. −∆F is a positive, symmetri
 operator,so its Friedri
h extension F exists (see Theorem 2.A.9). F is a 
losed, positive,self-adjoint operator, so its spe
trum is in R+. Now take any µ not in R+, byde�nition, the resolvent Rµ := (F− µ Id) is a bounded operator from L2(M)onto the domain of F whi
h is H1. By Relli
h-Kondra
hov Theorem, the embed-ding H1(M) →֒ L2(M) is 
ompa
t, so Rµ is a 
ompa
t operator. Therefore, bythe 
lassi
al result on the spe
trum of 
ompa
t operators (see for instan
e [99,Theorem VI.16℄), we dedu
e that F has an in�nite, unbounded, dis
reet spe
-trum. Finally, as −∆F is ellipti
, so is F, hen
e all its eigenfun
tions are smooth(by the ellipti
 regularity theorem) and so are in the domain of −∆F .The following proof is 
lassi
al for the Lapla
e�Beltrami operator (and staystrue in a mu
h wider setting, see [97℄). Here, we adapted the proof given in [21℄.Proof of Theorem 2.2.8: The Min-Max method. Let

µ1 = inf{R(u) : u ∈ H1(M),

∫

M

|u|2Ω 6= 0}.As R(u) ≥ 0, µ1 exist. Using the Relli
h-Kondra
hov theorem, we show thatfrom a sequen
e un ∈ H1(M) su
h that R(un) tends to µ1, we 
an extra
t asubsequen
e 
onverging in L2(M) to a fun
tion in H1(M). Therefore, µ1 isrealized on H1(M). De�ne E1 as all v ∈ H1(M) su
h that R(v) = µ1 or v = 0.The se
ond step of the proof is to show that E1 is an eigenspa
e for ∆F .Claim 2.2.10. We have the following 
hara
terization:
v ∈ E1 ⇔ ∀u ∈ H1(M), 〈u, v〉1 =

(
µ1

cn
+ 1

)
〈u, v〉. (2.8)Proof of Claim. The impli
ation from right to left is trivial, just take u = v, sowe fo
us on the other impli
ation.Choose any v ∈ E1, u ∈ H1(M) and t ∈ R su�
iently small, we haveR (v + tu) ≥

R(v) = µ1, so the derivative at t = 0 of the fun
tion t 7→ R (v + tu) is zero. Wedenote cn := n
volEucl(Sn−1) , dire
t 
omputation gives:
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R (v + tu) = cn

∫
HM

(LXv)
2
+ 2tLXvLXu+ o(t) A ∧ dAn−1

∫
M v2 + 2tuv + o(t) Ω

=
cn∫

M v2 Ω

(∫

HM

(LXv)
2
+ 2tLXvLXu+ o(t) A ∧ dAn−1

)

×
(
1− 1∫

M
v2 Ω

∫

M

2tuv Ω+ o(t)

)
,

= R(v) + 2t
cn∫

M
v2 Ω

(
−
∫
HM (LXv)

2
A ∧ dAn−1

∫
M
v2 Ω

∫

M

uv Ω

+

∫

HM

LXvLXu A ∧ dAn−1

)
+ o(t),

= R(v) +
2t∫

M
v2 Ω

(−µ1〈u, v〉+ cn (〈u, v〉1 − 〈u, v〉)) + o(t).So writing that the term in t is 0 yields the 
hara
terization (2.8).Claim 2.2.10 shows �rst that E1 is a ve
tor spa
e. Furthermore, as the ‖.‖1-norm and the ‖.‖-norm are proportional on E1, using on
e more the Relli
h-Kondra
hov theorem, it shows that the balls of E1 are 
ompa
t in L2(M), so
E1 is �nite dimensional.Using the Finsler-Green formula (proposition 2.1.12), we 
an rewrite equa-tion (2.8) as

v ∈ E1 ⇔ ∀u ∈ H1(M), 〈∆v, u〉0 = −µ1〈u, v〉0, (2.9)that is, an element of E1 is a weak solution of the 
losed eigenvalue problem,for the eigenvalue µ1. So the ellipti
 regularity theorem yields that E1 is inside
C∞(M), and that all the weak solutions are in fa
t 
lassi
al solutions.To get the next eigenvalue, set H1 (resp. L1) the orthogonal 
omplement of E1with regard to ‖.‖1 (resp. ‖.‖) and we de�ne

µ2 = inf{R(u) : u ∈ H1, u 6= 0}.Claim 2.2.10 shows that H1 ⊂ L1, and these spa
es are 
losed in H1(M) and
L2(M) respe
tively. So, the in
lusion H1 ⊂ L1 is 
losed and we 
an applythe same arguments to show that µ2 is attained, and that the spa
e of fun
-tions E2 that realizes this minimum is the eigenspa
e for µ2. By de�nition,
µ2 > µ1. Redoing the previous steps, we 
onstru
t a sequen
e of eigenvalues
0 ≤ µ1 < µ2 < µ3... together with a sequen
e of asso
iated, mutually or-thogonal, �nite dimensional subspa
es of H1(M), E1, E2, . . . . The sequen
e isne
essarily in�nite be
ause H1(M) is in�nite dimensional and the Ei are only�nite dimensional.To �nish the proof of the �rst part of the theorem, we must show thatthe sequen
e {µi} is unbounded. If it was bounded by a real number µ, we
ould take an in�nite sequen
e {φi} of orthonormal fun
tions in L2(M) su
hthat R(φi) ≤ µ for every i (just take a L2-orthonormal basis of every Ei's),so ‖φi‖1 ≤ µ + 1, and as the in
lusion H1(M) →֒ L2(M) is 
ompa
t we wouldobtain a subsequen
e of orthonormal fun
tions whi
h 
onverges in L2(M), whi
his absurd.



36 CHAPTER 2. FINSLER�LAPLACE OPERATORThe advantage of the above proof is that it gives an a
tual expression foreigenvalues. Let us summarize it in the following:Theorem 2.2.11 (Min-Max prin
iple). If M is a 
ompa
t manifold, then the�rst eigenvalue of −∆F is given by
λ0 = inf

{
R(u) | u ∈ H1(M)

}
,and its eigenspa
e E0 is the set of fun
tions realizing the above in�mum. Thefollowing eigenvalues are given by

λk = inf

{
R(u)

∣∣∣∣ u ∈
k−1⋂

i=1

E⊥
i

}
,where their eigenspa
es Ek are given by the set of fun
tions realizing the abovein�mum.Remark 2.2.12. In parti
ular, if M is 
losed, the �rst non-zero eigenvalue is

λ1 = inf{R(u) | u ∈ H1(M),

∫

M

u Ω = 0}.The Min-Max prin
iple admits another formulation:Theorem 2.2.13 (Min-Max prin
iple (bis)). LetM be a 
ompa
t manifold and
λk the kth-eigenvalue (
ounted with multipli
ity) of −∆F , then

λk = inf
Vk

sup
u∈Vk

R(u), (2.10)where the in�mum is taken over all the k-dimensional subspa
es of H1(M) when
M is 
losed, and k + 1-dimensional when M has a non-empty boundary.Proof. The proof given in [21℄ applies without any modi�
ations.When M is non-
ompa
t, we do not have su
h a ni
e spe
tra. However, westill have the following:Proposition 2.2.14. The in�mum of the essential spe
trum of −∆F on a non-
ompa
t manifold is given by:

λ1 = inf{R(u) | u ∈ H1(M)}. (2.11)Proof. This result is a 
onsequen
e of the Friedri
h extension (see Theorem2.A.9).2.3 Behavior under 
onformal 
hangeAs for the Lapla
e�Beltrami operator, the Energy allows us to give a simpleproof that the Lapla
ian is a 
onformal invariant only in dimension 2.Theorem 2.3.1. Let (Σ, F ) be a Finsler surfa
e, f : Σ C∞

−−→ R and Ff = efF .Then,
∆Ff = e−2f∆F .



2.3. BEHAVIOR UNDER CONFORMAL CHANGE 37We �rst prove the following result:Proposition 2.3.2. Let (M,F ) be a Finsler manifold of dimension n, f : M C∞

−−→
R and Ff = efF . Set Ef the Energy asso
iated with Ff . Then, for u ∈ H1 (M)

Ef (u) = cn

∫

HM

e(n−2)f (LXπ
∗u)2 A ∧ dAn−1,where cn = n

volEucl(Sn−1) .In parti
ular, when n = 2 the Energy is a 
onformal invariant.Proof. The subs
ript f indi
ates that we refer to the obje
t asso
iated with theFinsler metri
 Ff . Xf is a se
ond-order di�erential equation, so (see Lemma1.1.5) there exists a fun
tion m : HM → R and a verti
al ve
tor �eld Y su
hthat
Xf = mX + Y.We have already seen (in se
tion 1.3.3) that Af = efA and that Af ∧ dAn−1

f =

enfA∧dAn−1. Using Af (Xf) = 1 and that V HM is in the kernel of A we have
1 = efA (mX + Y ) = efmA (X) = efm.Now,

Ef (u) = cn

∫

HM

(
LXf

π∗u
)2
Af ∧ dAn−1

f ,

= cn

∫

HM

(LmX+Y π
∗u)2 enf A ∧ dAn−1,

= cn

∫

HM

enf (mLXπ
∗u+ LY π

∗u)2 A ∧ dAn−1.As u is a fun
tion on the base and Y is a verti
al ve
tor �eld, LY π∗u = 0. Sothe pre
eding equation be
omes:
Ef (u) = cn

∫

HM

enfm2 (LXπ
∗u)2 A ∧ dAn−1,

= cn

∫

HM

e(n−2)f (LXπ
∗u)2 A ∧ dAn−1.Proof of Theorem 2.3.1. Let u, v ∈ H1 (Σ), we have already shown (Theorem2.2.6) that: d

dt (E(v + tu))|t=0
= −2

∫
Σ
u∆F v Ω.The 
onformal invarian
e of the Energy yields: for u, v ∈ H1 (Σ)

−2

∫

Σ

u∆F v Ω = −2

∫

Σ

u∆Ff v Ωf = −2

∫

Σ

e2fu∆Ff v Ω,where we used Ωf = e2fΩ (see equation (1.20)) to obtain the last equality. We
an re-write this last equality as: for u, v ∈ H1 (Σ)

〈
(
∆F − e2f∆Ff

)
v, u〉 = 0, (2.12)whi
h yields the desired result.



38 CHAPTER 2. FINSLER�LAPLACE OPERATOR2.A Unbounded operators and the Friedri
h ex-tensionWe give here a qui
k presentation of unbounded operators and the resultsthat we used above. We refer to [76℄ or to the series of books [99, 96, 98, 97℄ forthe details and the proofs.2.A.1 Some basi
 de�nitionsLet H be a Hilbert spa
e and 〈·, ·〉 its s
alar produ
t.De�nition 2.A.1. An unbounded operator L is a linear map from a denselinear subspa
e of H, 
alled the domain of L and denoted by D(L), into H. L1is an extension of L if D(L1) ⊃ D(L) and if L1ϕ = Lϕ for any ϕ ∈ D(L).De�nition 2.A.2. An unbounded operator L is 
alled 
losed if its graph Γ(L)is 
losed in H ×H. The graph of L is the set of pairs:
Γ(L) := {(ψ,Lψ) | ψ ∈ D(L)rbrace ⊂ H ×H.

L is 
alled 
losable if there exists a 
losed extension of L.De�nition 2.A.3. Let L be a 
losed unbounded operator on H and D(L) itsdomain. A 
omplex number λ is said to be in the resolvent set for L if L− λ Idis a bije
tion from D(L) to H su
h that its inverse is bounded. We denote theresolvent set of L by ρ(L), and Rλ(L) := (L− λ Id)
−1 is 
alled the resolvent of

L.The set σ(L) := C r ρ(L) is the spe
trum.The point spe
trum 
onsists of those elements in the spe
trum whi
h areeigenvalues.2.A.2 The Friedri
h extensionDe�nition 2.A.4. Let L be an unbounded operator on H. Let D(L∗) be theset of ϕ ∈ H for whi
h there exists a ψ ∈ H su
h that
〈Lρ, ϕ〉 = 〈ρ, ψ〉, for ρ ∈ D(L).For any su
h ϕ ∈ D(L∗), we set L∗ϕ := ψ. L∗ is 
alled the adjoint of L.Note that we always have D(L) ⊂ D(L∗), this will provide the di�eren
ebetween being symmetri
 and self-adjoint:De�nition 2.A.5. L is 
alled symmetri
 if L∗ is an extension of L, i.e., if for

ϕ, ψ ∈ D(L)
〈Lψ,ϕ〉 = 〈ψ,Lϕ〉.

L is 
alled self-adjoint if L = L∗, i.e., if L is symmetri
 and D(L) = D(L∗).There are many 
riteria to determine whether a symmetri
 operator is self-adjoint (see [99℄) however we do not re
all them as we will not use them dire
tly.Indeed, for the operator studied in this thesis there exists a self-adjoint extension
alled the Friedri
h extension (see below Theorem 2.A.9). But, before statingthat result, we will need some more de�nitions.



2.A. UNBOUNDED OPERATORS AND THE FRIEDRICH EXTENSION39De�nition 2.A.6. L is 
alled semi-bounded if there exists a positive 
onstant
C su
h that 〈Lψ, ψ〉 ≥ −C‖ψ‖2 for all ψ ∈ D(L).When C 
an be taken to be 0, then we say that L is positive.De�nition 2.A.7. An unbounded quadrati
 form q on H is a bilinear form
q : D(q) ×D(q) → R, where D(q) is a dense linear subspa
e of H. It is 
alledsymmetri
 if q(ϕ, ψ) = q(ψ, ϕ) for any ϕ, ψ ∈ D(q) and semi-bounded if thereexists a positive 
onstant C su
h that q(ψ, ψ) ≥ −C‖ψ‖2 for all ψ ∈ D(L).As we de�ned an extension of an unbounded operator, we de�ne in the samemanner an extension of a quadrati
 form.To a symmetri
 operator L, we 
an naturally asso
iate a symmetri
 quadrati
form, just by letting qL(ϕ, ψ) = 〈ϕ,Lψ〉 for any ϕ, ψ ∈ D(L). For boundedoperators, Riesz lemma gives a one-to-one 
orresponden
e, but this is not alwaystrue for unbounded quadrati
 forms.De�nition 2.A.8. Let q be a semi-bounded quadrati
 form, q(ψ, ψ) ≥ −C‖ψ‖2for all ψ ∈ D(L). It is 
alled 
losed if D(q) is 
omplete under the norm:

‖ψ‖C+1 =
√
q(ψ, ψ) + (C + 1)‖ψ‖2.A semi-bounded quadrati
 form q is 
alled 
losable if there exists a 
losed ex-tension q of qTheorem 2.A.9 (Friedri
h extension). Let L be a symmetri
 semi-boundedoperator and let q(ϕ, ψ) := 〈Lψ,ϕ〉 for ψ, ϕ ∈ D(L). Then q is a 
losablequadrati
 form, its 
losure q̂ is the quadrati
 form asso
iated with a self-adjointoperator L̂. L̂ is the unique self-adjoint extension of L with domain in D(q̂).Furthermore, the lower bound of its spe
trum is the lower bound of q.Proof. See, for instan
e, [96, Theorem X.23℄ or [76, p. 325�.℄
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42 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRAIn this 
hapter, we give expli
it representations for our Finsler�Lapla
e op-erator. We start with general Randers metri
s on surfa
es and then give expli
itspe
tra for some Katok-Ziller metri
s.3.1 Finsler�Lapla
e operator for Randers metri
s3.1.1 Some generalities on Randers metri
sAmong the 
lassi
al examples of non-Riemannian Finsler metri
s, the Ran-ders metri
s play an important role, arise naturally in physi
s ([95℄) and havebeen widely studied. Let us give the de�nition:Let g be a Riemannian metri
 on M and θ a 1-form on M , de�ne, for
(x, v) ∈ TM

F (x, v) =
√
gx(v, v) + θx(v).If the norm of θ with respe
t to g is stri
tly less than one, than F is a Finslermetri
 (see [14℄) and it is 
alled a Randers metri
.Note that Randers metri
s are never reversible if they are not Riemannian.One advantage of Randers metri
s in our 
ase is that it is parti
ularly easyto 
ompute the volume and angle forms.Proposition 3.1.1. Let denote by Ω0, α0 and X0 the volume form, angle formand geodesi
 �ow asso
iated with the Riemannian metri
 g. We have

ΩF = Ω0

αF = (1 + π∗θ(X0))α0Remark 3.1.2. The above result holds in general whenever a Finsler metri
 Fdi�ers from a reversible Finsler metri
 F0 by a 1-form θ.The fa
t that the Holmes-Thompson volume for Randers metri
s is equal to theRiemannian volume is already known (see for instan
e [39℄) but maybe not verywidely.Proof. By de�nition of A (see Chapter 1), for any (x, ξ) ∈ HM and Z ∈
T(x,ξ)HM , we have

A(x,ξ)(Z) = lim
ε→0

F0 (x, v + εdπ(Z))− F0 (x, v) + εθx (dπ(Z))

ε

= A0 (x,ξ) (Z) + π∗θ(Z).From now on we will write θ instead of π∗θ as it will simplify notations andhopefully not lead to any 
onfusion. Using this notation, we have: A = A0 + θand therefore dA = dA0 + dθ.Note that dAn−1 = dAn−1
0 +T where T is a (2n− 2)-form. So, as dθ is a 2-formnull on V HM , and for Y1, Y2 ∈ V HM , iY1iY2dA0 = 0, T 
an be given at most

n− 2 verti
al ve
tors, i.e., if Y1, . . . Yn−1 ∈ VHM , then iY1 . . . iYn−1T = 0. Nowthis implies that the top-form A∧T is null, hen
e A∧dAn−1 = (A0+θ)∧dAn−1
0 .As A ∧ dAn−1 and A0 ∧ dAn−1

0 are both volume forms, there exists a fun
tion
λ su
h that A ∧ dAn−1 = λA0 ∧ dAn−1

0 . We have
iX0(A ∧ dAn−1) = (1 + θ(X0))dA

n−1
0 = λdAn−1

0 ,



3.1. FINSLER�LAPLACE OPERATOR FOR RANDERS METRICS 43therefore λ = 1 + θ(X0).Let αΩ0 be de�ned by αΩ0 ∧ π∗Ω0 = A ∧ dAn−1 (it exists by Lemma 1.3.1).We have αΩ0 ∧π∗Ω0 = λA0 ∧dAn−1
0 = λα0 ∧π∗Ω0, hen
e αΩ0 and λα0 
oin
ideon V HM . It is then immediate (see Se
tion 1.3.1) that

Ω =

∫
HxM

(1 + θ(X0))α0

volEucl (Sn−1)
Ω0.As the metri
 g is Riemannian, it is reversible, therefore ∫

HxM
θ(X0)α0 mustbe zero. Hen
e Ω = Ω0 and α = (1 + θ(X0))α0.With our knowledge of the angle and volume forms for Randers metri
s, we
an give a more expli
it expression of our Finsler�Lapla
e operator. Indeed,re
all that there exists a fun
tion m : HM → R and a verti
al ve
tor �eld

Y0 su
h that X = mX0 + Y0 (be
ause X and X0 are se
ond-order di�erentialequations, see se
tion 1.1.2).As 1 = A(X) = mA0(X0)+mθ(X0), we get that m = (1+θ(X0))
−1. Hen
e,we 
an rewrite the Finsler�Lapla
e operator as:

∆F f(p) =
n

volEucl(Sn−1)

(∫

HpM

1

1 + θ(X0)
L2
X0

(π∗f) α0

+

∫

HpM

(−LX0 (θ(X0))

(1 + θ(X0))2
+

−LY0 (θ(X0))

(1 + θ(X0))3

)
LX0(π

∗f) α0

)
. (3.1)We agree that this formula does not represent a great improvement 
omparedto the de�nition. However, note that the symbol of ∆F is determined only bythe �rst integral, so to obtain a 
oordinate expression, we 
an just 
ompute thesymbol and then use the formula in Lemma 2.1.13 and traditional Riemannianlo
al expressions.A parti
ularly easy 
ase arises from Randers metri
s that are also Minkowskymetri
s (see Remark 3.2.5).3.1.2 The symbol of the Lapla
ian on Randers surfa
esThis part is unfortunately a quite heavy 
omputational se
tion, but ourjusti�
ation for doing so is two-fold.First, we want to 
ompute expli
itly the symbol for any Randers metri
 ona surfa
e to prove that it 
an be done by hand. Furthermore, this expressionindi
ates what kind of Riemannian metri
 we 
an expe
t to 
ome from a Randersmetri
 via the symbol of its Finsler-Lapla
ian.Whi
h brings us to our se
ond goal: We give an answer, in the 
ase of

2-dimensional manifolds, to the question of whi
h pairs (Riemannian metri
,volume) 
an be obtain from a Finsler metri
 via the Finsler-Lapla
ian (seese
tion 2.1.5).Proposition 3.1.3. Let F =
√
g + θ be a Randers metri
 on a 2-dimensionalmanifold, (x, y) be normal 
oordinates for g at p, (σij(p)) be the symbol at p of
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∆F . We write θ = θxdx+ θydy and T :=

θx−iθy
2 = |T |eiϕ. We have:

σ11(p) =
1√

1− ‖θ‖2

(
1 + cos (2ϕ)

(
1−

√
1− ‖θ‖2

1 +
√
1− ‖θ‖2

)) (3.2)
σ22(p) =

1√
1− ‖θ‖2

(
1− cos (2ϕ)

(
1−

√
1− ‖θ‖2

1 +
√
1− ‖θ‖2

)) (3.3)
σ12(p) =

sin (2ϕ)√
1− ‖θ‖2

(
1−

√
1− ‖θ‖2

1 +
√
1− ‖θ‖2

)
, (3.4)where ‖θ‖ is the norm of θ with respe
t to the Riemannian metri
 g.Remark 3.1.4. One interest of this result is that it shows that for a given Rie-mannian metri
 g, no two Randers metri
s F =

√
g + θ gives the same symbol,hen
e the same Lapla
ian. We 
an also obtain a full 
oordinate expression ofthe Lapla
ian for Randers surfa
es by using the formula given in Lemma 2.1.13,however, I doubt that it would yield mu
h information in the general 
ase, so Ihave not done it.So now, given a 
ouple (ggoal,Ωgoal) our aim is to give a 
ondition for theexisten
e of a Randers metri
 F =

√
g + θ su
h that ΩF = Ωgoal and, if wedenote by gσ the dual of the symbol of ∆F , then gσ = ggoal.We remark that the above lo
al expression of the symbol already gives a 
ondi-tion on the volumes;Corollary 3.1.5. Let F =

√
g + θ be a Randers metri
 on a 2-manifold, and

gσ the dual of the symbol of ∆F . Then
Ωgσ =

√√√√
√
1− ‖θ‖2

(
1 +

√
1− ‖θ‖2

)2

4
ΩF .Using this result, we see that the norm of θ is uniquely determined by thequotient Ωgσ

ΩF , and so, a �rst 
ondition to get a positive answer to the abovequestion is that the quotient Ωggoal
Ωgoal 
an be realized by the norm of a 1-form.A trivial 
ounter-example would be to take any ggoal on the 2-sphere and

Ωgoal to be a 
onstant multiple of Ωggoal , as we 
annot have a 1-form on thesphere with 
onstant norm we get a negative answer to our question.However, this question was spurred by the fa
t that ∆F = ∆g,Ω (where ∆g,Ωis de�ned in Lemma 2.1.13) and the question was really �
an we obtain everyse
ond-order, ellipti
, symmetri
 operator that are zero on the 
onstants froma Finsler�Lapla
e operator?�.But, again from Lemma 2.1.13, it is 
lear that ∆g,Ω = ∆g,KΩ for any 
on-stant K > 0, so we should not be too upset about not being able to get all thepossible Ωgoal but just one in ea
h 
onstant multiple 
lass.So in order to answer our question, we will have to re
onstru
t a Randersmetri
 just from the information given by a Riemannian metri
 of the formobtained in Proposition 3.1.3.We des
ribed the 1-form θ by its norm and a 
ertain angle ϕ, whi
h dependson the normal 
oordinates we 
hose. Now, suppose that on a 
ontra
tible set
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U , we are given two smooth fun
tions k : U → R+ and ϕ : U → [0, 2π], aRiemannian metri
 g and a preferred 
hoi
e of 
oordinates (x, y). With thisinformation, we 
an 
onstru
t a 1-form θ su
h that its norm for g is k and su
hthat ϕ is the angle 
omputed in the (unique) normal 
oordinates (xn, yn) for
g su
h that xn and x are 
ollinear. In other words, to re
onstru
t θ from itsnorm k and angle ϕ what we really need is a Riemannian metri
 and a ve
tor�eld that is not zero when k is not zero. This remark is all we need to provethe following:Proposition 3.1.6. Let g1 be a Riemannian metri
 on a 2-manifold M and Ωa volume form on M . Denote by µ : M → R∗

+ the fun
tion su
h that Ωg1 = µΩ.Let K := supµ, suppose that either M is 
ontra
tible and K <∞ or that M is
ompa
t. Then there exists a Randers metri
 F su
h that Ω = KΩF and g1 isthe dual of the symbol of ∆F .Remark 3.1.7. The proof we give is entirely based on the 
oordinate expressionwe obtained before, but it would be mu
h more interesting to have a 
oordinate-free proof in order to generalize it to any dimension.We now get on to the proofs.Proof of Proposition 3.1.3. Equation (3.1) shows that the symbol of F at p isobtained by 
omputing:
1

π

∫

HpM

1

1 + θ (X0)
L2
X0

(π∗f)α0.In normal 
oordinates (x, y, θ) at p on HM , it is easy to 
he
k that
(X0)p = cos θ

∂

∂x
+ sin θ

∂

∂y
,

(A0)p = cos θdx+ sin θdy,

(A0 ∧ dA0)p = −dθ ∧ dx ∧ dy.Therefore we 
an write, α0 = dθ, θ (X0) = θx cos θ + θy sin θ and L2
X0

(π∗f) =

cos2 θ ∂f∂2x + sin2 θ ∂f∂2y + 2 cos θ sin θ ∂f
∂x∂y . Hen
e the symbol at p is:

σ11(p) =
1

π

∫ 2π

0

cos2 θ

1 + θx cos θ + θy sin θ
dθ,

σ22(p) =
1

π

∫ 2π

0

sin2 θ

1 + θx cos θ + θy sin θ
dθ,

σ12(p) =
1

π

∫ 2π

0

cos θ sin θ

1 + θx cos θ + θy sin θ
dθ.Unfortunately, la
k of knowledge on my part asso
iated with Maple's unhelpfull-ness prevented me to give a 
omputerized 
omputation, therefore I give belowthe by-hand 
omputations proving the proposition (and would strongly advisethe reader to skip the next two pages).
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all that T =
θx−iθy

2 and let R :=
θx+iθy

2 and
z = eiθ, we have:

σ22 =

∫

S1

(
1
2i

(
z − z−1

))2

1 + Tz +Rz−1

dz

iz
=
i

4

∫

S1

z4 − 2z2 + 1

Tz4 + z3 +Rz2
dz.We are going to apply the Residue Theorem, hen
e we must found the zeros ofthe polynomial Tz4 + z3 +Rz2 and 
ompute the residues.

Tz4 + z3 +Rz2 = Tz2
(
z − z−

) (
z − z+

)
, (3.5)where

z− =
−1−

√
1− 4|T |2
2T

, z+ =
−1 +

√
1− 4|T |2
2T

.As we had 
hosen the 1-form θ with a norm stri
tly less than 1, we have 4|T |2 =
θ2x + θ2y < 1, so z− and z+ are well-de�ned reals. Furthermore, as θ is non-null,
|z−| > 1, so z− is not inside the unit dis
. The poles of z4−2z2+1

Tz4+z3+Rz2 inside theunit dis
 are then 0 and z+. As
z4 − 2z2 + 1

Tz4 + z3 +Rz2
=

z2

T (z − z−) (z − z+)
− 2

T (z − z−) (z − z+)

+
1

Tz2 (z − z−) (z − z+)
,we get:

Resz+

(
z2

(z − z−) (z − z+)

)
=

(z+)
2

z+ − z−
, (3.6)

Resz+

(
2

(z − z−) (z − z+)

)
=

2

z+ − z−
, (3.7)

Resz+

(
1

z2 (z − z−) (z − z+)

)
=

1

(z+)2 (z+ − z−)
, (3.8)

Res0

(
1

z2 (z − z−) (z − z+)

)
=

z+ + z−

(z+ − z−)2
. (3.9)Then, using the Residue Theorem, we obtain,

∫

S1

z2

T (z − z−) (z − z+)
dz =

2iπ

T

(z+)
2

z+ − z−
,

∫

S1

− 2

T (z − z−) (z − z+)
dz = −2iπ

T

(z+)
2

z+ − z−
,

∫

S1

1

Tz2 (z − z−) (z − z+)
dz =

2iπ

T

(
1

(z+)
2
(z+ − z−)

+
z+ + z−

(z+ − z−)2

)
,and the sum of these three integrals gives σ22:

σ22 =
2i2π

4T

(
(z+)

2

z+ − z−
− 2

z+ − z−
+

1

(z+)
2
(z+ − z−)

+
z+ + z−

(z+ − z−)2

)
. (3.10)
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z++z− = − 1

T
, z+z− =

R

T
, z+−z− =

√
1− |T |2
T

and (z+)2 = −
(
z+ +R

T

)
.So

σ22 = − 1

2T

1

(z+z−)2

((((
z+
)2 − 2

) (
z+z−

)2
+

(
z+z−

z+

)2
)

1

z+ − z−
+ z+ + z−

)

= − 1

2T

1

(z+z−)2
1

z+ − z−

((
z+
)4 (

z−
)2 − 2

(
z+z−

)2
+
(
z+
)2)

= − 1

2T

1

z+ − z−

(
(
z+
)2
(
1 +

1

(z+z−)2

)
− 2

)

= − 1

2T

T√
1− |T |2

(
−
(
z+ +R

T

)(
1 +

T 2

R2

)
− 2

)

=
1

2
√
1− |T |2

(
2 +

(
z+

T
+
R

T

)(
1 +

T 2

R2

))
.We de�ne ϕ as the argument of T so that,

z+

T
=

−1 +
√
1− |T |2

2|T |2e2iϕ and R

T
= e−2iϕ.Hen
e:

σ22 =
1

2
√
1− |T |2

(
2 + e−2iϕ

(
−1 +

√
1− |T |2

2|A|2 + 1

)
(
1 + e4iϕ

)
)
,

=
1√

1− |T |2
+

1√
1− |T |2

cos (2ϕ)

(
1 +

−1 +
√
1− 4|T |2

2|T |2

)
.Using that ‖θ‖2 = 4|T |2 =

(
1−

√
1− 4|T |2

)(
1 +

√
1− 4|T |2

) gives the for-mula (3.3).Computation of σ11: Using the above notations, we have
σ11 = − i

4π

∫

S1

z4 + 2z2 + 1

Tz4 + z3 +Rz2
dz.We need to 
ompute the residues at 0 and z+ of z2

(z−z−)(z−z+) , 2
(z−z−)(z−z+) and

1
z2(z−z−)(z−z+) . The values of this residues are given by equations (3.6) to (3.9),so, applying on
e again the Residue Theorem, we get:

σ11 =
−2i2

4T

(
(z+)

2

z+ − z−
+

2

z+ − z−
+

1

(z+)
2
(z+ − z−)

+
z+ + z−

(z+ − z−)2

)
.Then, as above, we re-write this formula to have something that behaves wellwhen |T | tends to 0. By doing the same transformations as in the 
ase of σ22,we obtain:
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σ11 =

1

2T

1

z+ − z−

(
(
z+
)2
(
1 +

1

(z+z−)2

)
+ 2

)
,simplifying on
e again, we get:

σ11 =
1

2T

T√
1− |T |2

(
−
(
z+ +R

T

)(
1 +

T 2

R2

)
+ 2

)

=
1

2
√
1− |T |2

(
2−

(
z+

T
+
R

T

)(
1 +

T 2

R2

))
.

=
1

2
√
1− |T |2

(
2− e−2iϕ

(
−1 +

√
1− |T |2

2|A|2 + 1

)
(
1 + e4iϕ

)
)
,

=
1√

1− |T |2
− 1

2
√
1− |T |2

cos (2ϕ)

(
2 +

−1 +
√
1− 4|T |2

|T |2

)
,that we 
an re-write as (3.2).Computation of σ12: The now usual transformations gives:

2σ12 = − 1

2πT

∫

S1

z2

(z − z+) (z − z−)
+

1

z2 (z − z+) (z − z−)
dz.The residues we need are given by the formulas (3.6), (3.8) and (3.9), so weobtain:

2σ12 = − i

T

(
(z+)

2

z+ − z−
− 1

(z+)2 (z+ − z−)
− z+ + z−

(z+ − z−)2

)

= − iπ
T

(z+)
2

(z+ − z−)

(
1− 1

(z+z−)2

)
.Simplifying in the same fashion as above yields:

2σ12 = − i

T

T√
1− 4|T |2

z+ +R

T

(
1−

(
T

R

)2
)
,

= − i√
1− 4|T |2

(
−1 +

√
1− 4|T |2

2|T |2e2iϕ + e−2iϕ

)
(
1− e4iϕ

)
,

= − sin (2ϕ)√
1− 4|T |2

(
2 +

−1 +
√
1− 4|T |2

|T |2

)
.We gave lo
al expression of σ in normal 
oordinate for g, now we generalizeit to any lo
al 
oordinates, and by the same o

asion, we prove Corollary 3.1.5:Lemma 3.1.8. Let F =

√
g + θ and gσ be the dual of the symbol of ∆F . Let

|g| := det g, then we have:
|gσ| =

√
1− ‖θ‖2

(
1 +

√
1− ‖θ‖2

)2

4
|g|,
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al 
oordinates on M and write g = [gij ] and gσ = [gσ;ij ] inthis basis. Then:
gσ;11 =

g11
4

((
1 +

√
1− ‖θ‖2

)2
+ ‖θ‖2 cos(2ϕ)

)

gσ;12 =
g12
4

(
1 +

√
1− ‖θ‖2

)2
+

1

4
‖θ‖2

(
−g12 cos(2ϕ) +

√
|g| sin(2ϕ)

)

gσ;22 =
g22
4

(
1 +

√
1− ‖θ‖2

)2
+

1

4
‖θ‖2

(
g11g22 − 2g212

g11
cos(2ϕ) + 2

g12
√
|g|

g11
sin(2ϕ)

)where ϕ is given in Proposition 3.1.3, 
omputed in the normal 
oordinates for
g given by ( x√

g11
,− g12√

g11
√
|g|
x+

√
g11√
|g|
y

).Proof. If F =
√
g+θ, then, a

ording to Proposition 3.1.3, in normal 
oordinatesat p for g, we have:

|σ| = 4

b(1 + b)2
,where b :=√1− ‖θ‖2. Hen
e, swit
hing from normal 
oordinates to any 
oor-dinates gives the 
laim and therefore Corollary 3.1.5 be
ause it is well knownthat the volume form of a Riemannian metri
 is given by the square-root of itsdeterminant.Note that (xn, yn) :=

(
x√
g11

,− g12√
g11
√
|g|
x+

√
g11√
|g|
y

) are normal 
oordi-nates for g; Let
T :=




√
g11

g12√
g11

0

√
|g|√
g11


 ,we have that T (xn, yn) = (x, y) and tTT = [gij ].Now, as gσ = σ∗, in the normal 
oordinate (xn, yn) at p, we have, using Propo-sition 3.1.3:

gσ(p) =
1

4

[
(1 + b)2 − (1− b2) cos(2ϕ) (1− b2) sin(2ϕ)

(1− b2) sin(2ϕ) (1 + b)2 + (1 − b2) cos(2ϕ)

]and tTgσ(p)T gives gσ in the (x, y) 
oordinates.Proof of Proposition 3.1.6. Let g1 and Ω be respe
tively a Riemannian metri
and a volume form on a 2-manifold M . Let µ : M → R∗
+ be the fun
tion su
hthat Ωg1 = µΩ, we write K := supx∈M µ(x), by hypothesis K is �nite, and set

µ′ := µ
K .We 
hoose a smooth ve
tor �eld Z on M su
h that it is non-zero on µ′−1{1}.Su
h a ve
tor �eld exists by hypothesis, indeed, either M is 
ontra
tible andwe 
an take Z to be never zero, or M is supposed to be 
ompa
t, whi
h for
e

µ′−1{1} to be non-empty.Now our goal is to 
onstru
t a Riemannian metri
 g and a 1-form θ su
h that g1is obtained from the Randers metri
 F =
√
g+ θ via the symbol of the Finsler�Lapla
e operator and Ω = 1

KΩF .



50 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRAWe set b : M → ]0, 1] to be the unique fun
tion su
h that
b(1 + b)2

4
= µ′ 2 ,su
h a b exists, and is smooth, by de�nition of µ′.At any point z ∈ µ′−1{1}, we set g(z) := g1(z) and θz = 0.Now, take z /∈ µ′−1{1} and 
hoose lo
al 
oordinates (x, y) around z su
h that

Z(z) and ∂
∂x

∣∣
z
are 
ollinear (su
h 
oordinates exist as µ′−1{1} is 
losed).In order to avoid too mu
h subs
ript 
lutter, we write g1 =

[
u v
v w

] in the
(x, y) 
oordinates.In those 
oordinates, we de�ne g(z) by:





g11(z) :=
4u

(1 + b)2

g12(z) :=
4v − (1 − b2)

√
uw−v2
µ′

(1 + b)2

g22(z) :=

4w − 2(1− b2)
√
uw−v2
µ′

(
4v−(1−b2)

√
uw−v2

µ′

4u

)

(1 + b)
2

.

Remark that it implies that




√
uw − v2 = µ′√|g|

4u = g11(z) (1 + b)
2

4v = g12(z) (1 + b)
2
+ (1− b2)

√
|g(z)|

4w = g22(z) (1 + b)
2
+ 2(1− b2)

g12(z)
√
|g(z)|

g11(z)where again we wrote |g| = g11(z)g22(z) − g12(z)
2. Only the �rst equation isnot evident, but the 
omputation 
an be done by hand or plugging g(z) in yourfavorite formal 
omputation program.By Lemma 3.1.8, the se
ond system of equations shows that g1(z) = gσ(z)where gσ is the dual symbol 
oming from the Randers metri
 Fz =√g(z)+ θz,where θz is de�ned by ‖θz‖2g = 1 − b(z)2 and ϕ(z) = π/4, i.e., θz is Lg ◦ Z(z)rotated (for the metri
 g) by π/2. Moreover, ΩF = Ωg be
ause F is Randers,and Ωgσ =

√
b(1− b)2

4
Ωg. By our 
hoi
e of b, we have

µ′ΩF = Ωg1 = Kµ′Ω,so ΩF = KΩ as wanted.For the moment, given any point z and lo
al 
oordinates (x, y) around z(satisfying the above 
ondition with respe
t to Z) we 
onstru
ted a s
alar prod-u
t g(z) on TzM and an element θz of T ∗
zM whi
h veri�es our 
on
lusion. Butin order to be done, we still need to show two things; First the de�nitions of
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g(z) and θz must be independent of the lo
al 
oordinates we 
hoose, and on
ewe have that, it remains to be shown that everything is smooth.Let us prove the independen
e of g(z) from the 
oordinates (x, y):For any z ∈ µ′−1{1} there exists only one lo
al 
oordinate system (xn, yn)that is normal for g1 at z and su
h that Z(z) is 
ollinear to ∂

∂xn

∣∣
z
. In these
oordinates, g(z) := [gnij(z)] is given by





gn11(z) :=
4

(1 + b)2

gn12(z) := − (1 − b2)

λ (1 + b)
2

gn22(z) :=
4 + 2(1− b2)2 1

4λ2

(1 + b)2

.A transformation from (xn, yn) to (x, y) is given by
Tz :=




√
u(z) v(z)√

u(z)

0

√
u(z)w(z)−v(z)2√

u(z)


 .and to get the independen
e, we just need to verify that

tTz

[
gn11(z) gn12(z)
gn12(z) gn22(z)

]
Tz =

[
g11(z) g12(z)
g12(z) g22(z)

]
.This is easily done, even by hand.So g is well de�ned and as θ just depends on g, b and Z, it is also well-de�ned.We are left with the smoothness issue, whi
h is easy, indeed, b is a smoothfun
tion be
ause µ′ is, so g is also smooth be
ause of how we de�ned it, and�nally as θ depends just on g, b and Z, all of whi
h are smooth, it is smooth.3.2 Finsler�Lapla
ian and spe
tral data for Katok�Ziller metri
sWhen we started studying this Finsler�Lapla
e operator, one of our �rstgoals was to show that it was �usable�, that is, that we 
ould take purely Fins-lerian examples and 
ompute the spe
trum and the eigenfun
tions.However, 
omputing spe
tral data is a daunting task even in the Rieman-nian 
ase. Indeed, past the three model spa
es Rn, Sn and Hn and some of theirquotients, we do not know any full spe
tra of a Lapla
e�Beltrami operator. So,in order to have any 
han
e of su

ess, we wanted to start with some equivalentof a Finsler model spa
e, but as this does not exist, we settled for just 
onstant�ag 
urvature, preferably on surfa
es.Akbar-Zadeh [2℄ showed that any 
losed surfa
e endowed with a Finsler met-ri
 of 
onstant negative �ag 
urvature is in fa
t Riemannian. On the 2-sphere



52 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRAhowever, the Finsler 
ase is ri
her, Bryant [27, 28℄ 
onstru
ted a 2-parameterfamily of su
h metri
s. Katok previously [78℄, had 
onstru
ted a 1-parameterfamily of Finsler metri
 on the sphere whi
h later turned out to be of 
onstant�ag 
urvature 1 (see [94℄).We 
hose to study Katok's examples for several reasons, the main being itsdynami
al interest. Indeed, they were 
onstru
ted to give examples of metri
son the 2-sphere with only a �nite number of 
losed geodesi
s at a time when itwas thought impossible. Furthermore, the 
onstru
tion method was generalizedby Ziller [111℄ and so we use these metri
s to give examples of spe
tral data inthe torus 
ase. Lastly, these metri
s admits a quite agreeable expli
it expression
ompared to the above mentioned Bryant's examples (see Proposition 3.2.2 and
ompare to equation (12.7.4) on p.346 of [14℄). We re
all the 
onstru
tion, ina slightly more general 
ontext than in [111℄, as well as some other propertiesbelow.3.2.1 Constru
tionLet M be a 
losed manifold and F0 a smooth Finsler metri
 on M . Wesuppose furthermore that M admits a Killing �eld V , i.e., V is a ve
tor �eldon M su
h that the one-parameter group of di�eomorphisms that it generatesare isometries for F0. Katok-Ziller examples are 
onstru
ted in the Hamiltoniansetting.Re
all that the Legendre transform LF0 : TM → T ∗M asso
iated with F0 isa di�eomorphism out of the zero se
tion and that H0 := F0 ◦ L−1
0 : T ∗M → Ris a Finsler 
o-metri
 (see se
tion 1.2).We 
onsider T ∗M as a symple
ti
 manifold with 
anoni
al form ω. Anyfun
tion H : T ∗M → R give rise to an Hamiltonian ve
tor �eld XH de�ned by

dH(y) = ω (XH , y) , for all y ∈ TT ∗M.We de�ne H1 : T ∗M → R by
H1(x) := x(V ),and, for su�
iently small ε, we set
Hε := H0 + εH1.

Hε is smooth of the zero-se
tion, homogeneous of degree one, and also strongly
onvex for su�
iently small ε, therefore, the Legendre transform Lε : T ∗M →
TM asso
iated to 1

2H
2
ε is a global di�eomorphism, so we 
an state theDe�nition 3.2.1. The family of generalized Katok-Ziller metri
s on M asso-
iated to F0 and V is given by

Fε = Hε ◦ L−1
εKatok, in his �rst example took F0 to be the standard Riemannian metri
on Sn and showed that some of these metri
s had only a �nite number of 
losedgeodesi
s. Ziller [111℄ then showed that for ε irrational, there was in fa
t n
losed geodesi
s for n even and n− 1 for n odd. In general, Bangert and Long



3.2. SPECTRAL DATA FOR KZ METRICS 53[13℄ showed that every non-reversible Finsler metri
 on S2 has at least 2 
losedgeodesi
s. The minimal number of 
losed geodesi
s is still unknown in higherdimension.As we will use lo
al 
oordinates formulas for the Katok-Ziller metri
s onthe torus and the sphere, we 
an state the general formula in lo
al 
oordinateswhen F0 is Riemannian. The 
omputations of this metri
s in lo
al 
oordinatesis probably not new (see Radema
her [94℄ for the expression on the sphere) andwas 
ommuni
ated to us in this more general form by Foulon.Proposition 3.2.2 (Foulon [58℄). Let F0 =
√
g be a Riemannian metri
 on M ,

V a Killing �eld on M , and Fε the Katok-Ziller metri
 asso
iated. Then
Fε(x, ξ) =

1

1− ε2g (V, V )

[√
g (ξ, ξ) (1− ε2g (V, V )) + ε2g (V, ξ)2 − εg (V, ξ)

]
.Proof. Let x ∈ M , we 
hoose the normal 
oordinates (ξi) on TxM , so that wehave F 2

0 (x, ξ) =
∑
ξ2i . We will write p for an element of T ∗

xM , and pi will bethe asso
iated 
oordinates. As F0 is Riemannian, we have
H0 (x, p) = ||p|| =

√∑
(pi)2.

Hε is then given by
Hε (x, p) = H0 (x, p) + εH1 (x, p)

= ||p||+ ε 〈p|V 〉 ,and if we set
Lε = dv

(
1

2
H2
ε

)
: T ∗M → TM,we have

Fε (x, ξ) = Hε ◦ L−1
ε (x, ξ) .In order to 
ompute Fε, we will �rst 
ompute Lε, re
all that ∂

∂xi
represents ave
tor basis of TxM ;

Lε (x, p) =
∂

∂pi

(
1

2
H2
ε

)
∂

∂xi

=
∂

∂pi

[
1

2
||p||2 + ε||p|| 〈p|V 〉+ ε2

2
〈p|V 〉2

]
∂

∂xi

=

[
pi + ε

(
pi

||p|| 〈p|V 〉+ ε||p||Vi
)
+ ε2Vi 〈p|V 〉

]
∂

∂xi

=
(
pi + ε||p||Vi

)(
1 +

ε

||p|| 〈p|V 〉
)

∂

∂xi
.Using that Hε (x, p) = Fε (Lε (x, p)) and setting p

||p|| = u, we obtain:
||p||+ ε 〈p|V 〉 = Fε

(
||p||

(
ui + εVi

)(
1 +

ε

||p|| 〈p|V 〉
)

∂

∂xi

)

= (||p||+ ε 〈p|V 〉)Fε
((
ui + εVi

) ∂

∂xi

)

1 = Fε

((
ui + εVi

) ∂

∂xi

)
.



54 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRALet ξ = Lε (x, p), we have obtained that:
ξ = Fε (x, ξ) (u+ εV ) ,where this equality must be understood 
oordinate by 
oordinate. Therefore,

〈u|V 〉 = 1

Fε (x, ξ)
〈ξ|V 〉 − ε||V ||2,and

||ξ||2 = F 2
ε (x, ξ)

[
||u||2 + 2ε 〈u|V 〉+ ε2||V ||2

]

= F 2
ε (x, ξ)

[
1 + 2ε

〈ξ|V 〉
Fε (x, ξ)

− 2ε2||V ||2 + ε2||V ||2
]
.And we are led to solve:

F 2
ε (x, ξ)

(
1− ε2||V ||2

)
+ 2ε 〈ξ|V 〉Fε (x, ξ)− ||ξ||2 = 0,whi
h yields:

Fε (x, ξ) =
−ε 〈ξ|V 〉+

√
ε2 〈ξ|V 〉2 + (1− ε2||V ||2) ||ξ||2
(1− ε2||V ||2) .Before getting on to the examples, we want to point out the following prop-erty of those Katok-Ziller examples:Theorem 3.2.3 (Foulon [58℄). The �ag 
urvatures of the family of Katok-Zillermetri
s are 
onstant.3.2.2 On the TorusLet T be a n-dimensional torus, g a �at metri
 on T and V a Killing �eldfor g. Let Fε be the asso
iated Katok�Ziller metri
, we have:Proposition 3.2.4. There exists a (unique) Riemannian metri
 σε su
h that

∆Fε = ∆σε .Proof. This result follows from the fa
t that all the obje
ts involved are invariantby translations, hen
e independent of the point on the torus. Indeed, V is aKilling �eld on T and so is translation invariant. From Proposition 3.2.2, wededu
e that Fε is independent of the base point on the torus, whi
h yields, viaequation (3.1) and Proposition 3.1.1 that both the symbol σε and the volume
ΩFε are 
onstant on T. Now, re
all (see Lemma 2.1.13) that ∆Fε = ∆σ −
1
a2 〈∇σϕ,∇σa2〉, where a is the fun
tion su
h that ΩFε = a2Ωσ. So as a is
onstant, ∇σa2 = 0 and we get the result.Remark 3.2.5. The above result of 
ourse holds for any �Minkowsky-Randersspa
e� (i.e., a Randers metri
 depending only on the tangent ve
tor and noton the base-point on the manifold) and we 
ould therefore use what is knownon the Riemannian spe
trum on subsets of Rn to obtain the Finsler�Lapla
espe
trum of these spa
es.
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tual 
omputation of the Finsler�Lapla
e operator forKatok�Ziller metri
s on the 2-torus to get an idea of how the Katok�Zillertransformation a
tually a
ts on the spe
trum. This 
ould be obtained by doingthe right 
hange of variables in the formula of Proposition 3.1.3, however, dire
t
omputations are not far longer and were already typed, therefore that is howwe pro
eed.An example in dimension twoWe set T = R2/Z2, (x, y) (global) 
oordinates on T and (ξx, ξy) lo
al 
oor-dinates on TpT. Let ε < 1, the Katok-Ziller metri
 on T asso
iated with thestandard metri
 and the Killing �eld V = ∂
∂x , is given by:

Fε(x, y; ξx, ξy) =
1

1− ε2

(√
ξ2x + (1 − ε2)ξ2y − εξx

)
,Theorem 3.2.6. The Lapla
e operator, in lo
al 
oordinates, is given by

∆Fε =
2
(
1− ε2

)

1 +
√
1− ε2

(√
1− ε2

∂2

∂x2
+

∂2

∂y2

)and the spe
trum is the set of λ(p,q), (p, q) ∈ Z2, given by:
λ(p,q) = 4π2 2

(
1− ε2

)

1 +
√
1− ε2

(√
1− ε2p2 + q2

)
.Re
all that for any �at Riemannian tori, the Poisson formula gives a linkbetween the eigenvalues of the Lapla
ian and the length of the periodi
 orbits.In the 
ase at hand we lose this relationship, as there is a priori no link betweenthe length of the periodi
 geodesi
s for the Finsler metri
 and the length of the
losed geodesi
s in the isospe
tral torus.Proof. Verti
al derivative and 
oordinate 
hange.In the lo
al 
oordinates (x, y, ξx, ξy) on TT we have:

dvFε =
1

1− ε2
(fxdx+ fydy) ,where

fx :=
ξx√

ξ2x + (1− ε2)ξ2y

− ε and fy :=
ξy√

ξ2x + (1− ε2)ξ2y

.We 
hoose a lo
al 
oordinate system (x, y, θ) on HT where θ is determined by




cos θ = fx + ε

sin θ =
fy√
1− ε2

,As the Hilbert form A is the proje
tion on HT of the verti
al derivative of F ,we have:
A =

1

1− ε2

(
(cos θ − ε)dx +

√
1− ε2 sin θdy

)
.



56 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRALiouville volume and angle form.We have:
dA =

1

1− ε2

(
− sin θdθ ∧ dx+

√
1− ε2 cos(θ)dθ ∧ dy

)

A ∧ dA =

(
1

1− ε2

) 3
2

(−1 + ε cos θ) dθ ∧ dx ∧ dy.Therefore α = (1− ε cos(θ)) dθ.Geodesi
 �ow.Let X = Xx
∂
∂x +Xy

∂
∂y +Xθ

∂
∂θ be the geodesi
 �ow, equation (1.2) is equivalentto: 




Xθ = 0

sin(θ)Xx −
√

1− ε2 cos(θ)Xy = 0

(cos(θ) − ε)Xx +
√
1− ε2 sin(θ)Xy = 1− ε2Hen
e Xx = 1−ε2

1−ε cos(θ) cos(θ), Xy =
√
1−ε2

1−ε cos(θ) sin(θ) and Xθ = 0.The Lapla
ian.The se
ond Lie derivative of X is L2
X = X2

x
∂2

∂x2 +X2
y
∂2

∂y2 +XxXy
∂2

∂x∂y . So, for
p ∈ S

∆ε =
1

π

(∫

HpS

X2
xα

∂2

∂x2
+

∫

HpS

X2
yα

∂2

∂y2
+

∫

HpS

XxXyα
∂2

∂x∂y

)
.As Xx and Xy are of di�erent parity (in θ) we have ∫

HpS
XxXyα = 0. Hen
e

∆ε =
1

π

(∫

HpS

X2
xα

∂2

∂x2
+

∫

HpS

X2
yα

∂2

∂y2

)
.Dire
t 
omputation gives:

∫

HpS

X2
xα = 2π

(
1− ε2

) 3
2

1 +
√
1− ε2

,

∫

HpS

X2
yα = 2π

1− ε2

1 +
√
1− ε2

.Therefore, the Finsler�Lapla
e operator is given by
∆ε =

2
(
1− ε2

) 3
2

1 +
√
1− ε2

∂2

∂x2
+

2
(
1− ε2

)

1 +
√
1− ε2

∂2

∂y2
.The spe
trum.To 
ompute the spe
trum we 
onsider Fourier series of fun
tions on T.Any fun
tion f ∈ C∞(T) 
an be written as:

f(x, y) =
∑

(p,q)∈Z2

c(p,q)e
2iπ(px+qy)and we are led to solve:

∆Fεf + λf =
∑

(p,q)∈Z2

c(p,q)
[
−4π2

(
ap2 + bq2

)
+ λ
]
e2iπ(px+qy) = 0 (3.11)
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a =

2
(
1− ε2

)3/2

1 +
√
1− ε2

and b =
2
(
1− ε2

)

1 +
√
1− ε2

.Now, for any (p, q) ∈ Z2, λ(p,q) = 4π2 2(1−ε2)
1+

√
1−ε2

(√
1− ε2p2 + q2

) is a solutionto (3.11).3.2.3 On the 2-SphereLet S2r{N,S} = {(φ, θ) | φ ∈ ]0, π[ , θ ∈ [0, 2π]} be polar 
oordinates on thesphere minus the poles, and take (φ, θ; ξφ, ξθ) the asso
iated lo
al 
oordinateson TS2 r {N,S}. All the formulas afterwards 
an be extended by taking φ = 0and φ = π for the North and South poles.The Katok�Ziller metri
s asso
iated with the standard metri
 and the Killing�eld V = sin(φ) ∂∂θ are given by:
Fε (φ, θ; ξφ, ξθ) =

1

1− ε2 sin2(φ)

(√(
1− ε2 sin2(φ)

)
ξ2φ + sin2(φ)ξ2θ − ε sin2(φ)ξθ

)
,Theorem 3.2.7. The Finsler�Lapla
e operator on (S2, Fε) is given by:

∆Fε =
2

1 +
√
1− ε2 sin2(φ)

[
1

sin2(φ)

(
1− ε2 sin2(φ)

) 3
2
∂2

∂θ2

+
(
1− ε2 sin2(φ)

) ∂2

∂φ2
+

cos(φ)

sin(φ)

(
ε2 sin2(φ) +

√
1− ε2 sin2(φ)

)
∂

∂φ

]
. (3.12)By 
omputing the Lapla
ian asso
iated with the symbol metri
, we 
anremark that this Lapla
ian is not a Riemannian Lapla
ian, 
ontrarily to the �attorus 
ase above. Hen
e the question of it being isospe
tral to a RiemannianLapla
ian be
omes non-trivial, but we do not know the answer.Re
all that the spe
trum of the Lapla
e�Beltrami operator on S2 is {−l(l+

1) | l ∈ N} and that an eigenspa
e is spanned by fun
tions Y ml with m ∈ Zsu
h that −l ≤ m ≤ l. These fun
tions are 
alled spheri
al harmoni
s and arede�ned by:
Y ml (φ, θ) := eimθPml (cos(φ)) ,where Pml is the asso
iated Legendre polynomial.We 
an see 
learly from formula (3.12) that when ε tends to 0 we obtain theusual Lapla
e�Beltrami operator on S2, we will therefore look for eigenfun
tions
lose to the spheri
al harmoni
s. It turns out that the Y m1 are eigenfun
tionsof ∆Fε for any ε, whi
h yields:Corollary 3.2.8. The smallest non-zero eigenvalue of −∆Fε is
λ1 = 2− 2ε2 =

8πvolΩFε (S2)
(3.13)It is of multipli
ity two and the eigenspa
e is generated by Y 1

1 and Y −1
1 .
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t that we have the above formula for λ1 is quite interesting; �rst,it shows us that there do exist relationships between some geometri
al dataasso
iated with a Finsler metri
 (here the volume) and the spe
trum of theFinsler�Lapla
e operator. Se
ondly, re
all the following result:Theorem (Hers
h [72℄). For any Riemannian metri
 g on S2,
λ1 ≤ 8πvolg (S2) .Furthermore, the equality is realized only in the 
onstant 
urvature 
ase.So the Katok�Ziller metri
s on S2 give us a 
ontinuous family of metri
srealizing that equality! We do not know however whether this is a Finslerianmaximum or not.Note that we also have ∆FεY 0
1 = −2Y 0

1 . However, the Y ml with l ≥ 2 areno longer eigenfun
tions of ∆Fε . This is probably related to the breaking of thesymmetries that the Katok�Ziller metri
s indu
e.In the following, if m happens to be greater than l, we set Y ml = 0. We denoteby 〈·, ·〉 the inner produ
t on L2
(
S2
) de�ned by:

〈f, g〉 =
∫ 2π

0

∫ π

0

f ḡ sin(φ)dφdθ.Theorem 3.2.9. Let f be an eigenfun
tion for ∆Fε and λ its eigenvalue. Thereexist unique l and m in N, 0 ≤ m ≤ l, su
h that f = aY ml + bY −m
l + g, where

g uniformly tends to 0 with ε, and
λ = −l(l+ 1) + ε2

[
m2

2 (2l − 1)

(
2 (l + 1) +

3l (l − 1)

(2l+ 3)

)

+
3l (l − 1)

2 (2l − 1)

(
1 +

l2 + l − 1

(2l + 3) (2l− 1)

)]
+ o

(
ε2
)
. (3.14)Note that the Katok�Ziller transformation gets rid of most of the degenera
yof the spe
trum. If ε 6= 0, the eigenvalues are at most of multipli
ity two, andare of multipli
ity 2l+ 1 if ε is zero.We 
an state even more on the multipli
ity of eigenvalues. De�ne Ψ: S2 → S2by

Ψ(φ, θ) := (π − φ,−θ)Theorem 3.2.7 implies that ∆Fε is stable by Ψ i.e., for any g, (∆Fεg
)
◦ Ψ =

∆Fε (g ◦Ψ). So if f is an eigenfun
tion for λ then f ◦Ψ also. Therefore, eitherthe subspa
e generated by f is stable by Ψ or λ is of multipli
ity at least (andhen
e exa
tly) two.Remark 3.2.10. When ε > 0, Fε is not preserved by Ψ.Proof of Theorem 3.2.7This proof follows the same lines as Theorem 3.2.6, the 
omputations beingmore involved and a bit lengthy. We just give the main steps.
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al derivative and 
hange of 
oordinates.Set gε (φ, θ; ξφ, ξθ) = (1− ε2 sin2(φ)
)
ξ2φ + sin2(φ)ξ2θ . We have

dvFε =
∂Fε
∂ξφ

dφ +
∂Fε
∂ξθ

dθwhere ∂Fε
∂ξφ

=
ξφ√
gε

and ∂Fε
∂ξθ

=
1

1− ε2 sin2(φ)

(
ξθ sin

2(φ)√
gε

− ε sin2(φ)

).From now on we 
onsider the lo
al 
oordinates ψ ∈ [0, 2π] on H(φ,θ)S
2, de�nedby, 




cos(ψ) =
ξθ sin(φ)√

gε

sin(ψ) =

√
1− ε2 sin2(φ)

ξφ√
gεHilbert form and Liouville volume.As in the above 
oordinates, we have ∂Fε

∂ξφ
=

sin(ψ)√
1− ε2 sin2(φ)

and ∂Fε
∂ξθ

=

1

1− ε2 sin2(φ)

(
sin(φ) cos(ψ)− ε sin2(φ)

), we dedu
e that the Hilbert form Aasso
iated to Fε is given by
A =

1

1− ε2 sin2(φ)
(f1dφ+ f2dθ) ,with f1 =

√
1− ε2 sin2(φ) sin(ψ) and f2 = sin(φ) cos(ψ)− ε sin2(φ). In order tosimplify the 
omputations, note that f1 is odd in ψ, f2 is even and they do notdepend on θ. The exterior derivative of A is given by:

dA =
1

1− ε2 sin2(φ)

(
∂f1
∂ψ

dψ ∧ dφ +
∂f2
∂ψ

dψ ∧ dθ + f3dφ ∧ dθ
)
.where

∂f1
∂ψ

=

√
1− ε2 sin2(φ) cos(ψ),

∂f2
∂ψ

= − sin(φ) sin(ψ),

f3 = cos(φ)
cos(ψ)− 2ε sin(φ) + ε2 sin2(φ) cos(ψ)

1− ε2 sin2(φ)
.Now, we have A ∧ dA = 1

(1−ε2 sin2(φ))2

(
−f1 ∂f2∂ψ + f2

∂f1
∂ψ

)
dψ ∧ dφ ∧ dθ and

−f1 ∂f2∂ψ + f2
∂f1
∂ψ = sin(φ)

√
1− ε2 sin2(φ) (1− ε sin(φ) cos(ψ)). Therefore

A ∧ dA =
sin(φ)

(
1− ε2 sin2(φ)

)3/2 (1− ε sin(φ) cos(ψ)) dψ ∧ dφ ∧ dθ. (3.15)We 
an now use the 
onstru
tion of the angle form (see Se
tion 1.3.1). Let
α′ be the 1-form asso
iated to the volume dφ ∧ dθ on S2, on V HS2 we have

α′ = − 1
(
1− ε2 sin2(φ)

)2
(
f1
∂f2
∂ψ

− f2
∂f1
∂ψ

)
dψ.



60 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRAIf we denote by l(p) the length for α′ of the �ber above a point p ∈ S2 we obtain
l(p) =

∫

HpS
2

α′

= − 1
(
1− ε2 sin2(φ)

)2
∫ 2π

0

(
f1
∂f2
∂ψ

− f2
∂f1
∂ψ

)
dψ,

=
2π

(
1− ε2 sin2(φ)

) 3
2

sin(φ),where we used again that
f1
∂f2
∂ψ

− f2
∂f1
∂ψ

= sin(φ)

√
1− ε2 sin2(φ) (−1 + ε sin(φ) cos(ψ)) .As α = 2π

l(p)α
′ we obtain:

α = (1− ε sin(φ) cos(ψ)) dψ. (3.16)Geodesi
 �ow.Let X = Xψ
∂
∂ψ +Xθ

∂
∂θ +Xφ

∂
∂φ be the geodesi
 �ow of Fε. As X is the Reeb�eld of A, we 
an use equations (1.2) to determine X . We have:

0 = iXdA =
1

1− ε2 sin2(φ)

((
−∂f1
∂ψ

Xφ −
∂f2
∂ψ

Xθ

)
dψ+

(
Xφf3 +Xψ

∂f2
∂ψ

)
dθ

+

(
−Xθf3 +Xψ

∂f1
∂ψ

)
dφ

)
,and

1 = A(X) =
1

1− ε2 sin2(φ)
(f1Xφ + f2Xθ) .The above equations give the system:





∂f1
∂ψ

Xφ +
∂f2
∂ψ

Xθ = 0

Xφf3 +Xψ
∂f2
∂ψ

= 0

−Xθf3 +Xψ
∂f1
∂ψ

= 0

f1Xφ + f2Xθ = 1− ε2 sin2(φ)

.Whi
h yields:
Xθ =

1− ε2 sin2(φ)

sin(φ)

cos(ψ)

1− ε sin(φ) cos(ψ)
,

Xφ =

√
1− ε2 sin2(φ)

sin(ψ)

1− ε sin(φ) cos(ψ)
,

Xψ =
1√

1− ε2 sin2(φ)

cos(φ)

sin(φ)

cos(ψ)− 2ε sin(φ) + ε2 sin2(φ) cos(ψ)

1− ε sin(φ) cos(ψ)
.
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e operator.Let f : S2 → R. We start by 
omputing L2
Xπ

∗f .As ∂
∂ψ (π∗f) = 0 and X does not depend on θ we get:
L2
Xπ

∗f = X2
θ

∂2f

∂θ2
+XθXφ

∂2f

∂φ∂θ
+XφXθ

∂2f

∂θ∂φ
+Xφ

∂Xθ

∂φ

∂f

∂θ

+Xφ
∂Xφ

∂φ

∂f

∂φ
+X2

φ

∂2f

∂φ2
+Xψ

∂Xθ

∂ψ

∂f

∂θ
+Xψ

∂Xφ

∂ψ

∂f

∂φ
.Sin
e we are only interested in ∫HxS

2 L
2
Xπ

∗fα, we 
an use the parity properties(with respe
t to ψ) of the fun
tions Xθ, Xφ and Xψ (whi
h are respe
tivelyeven, odd and even) to get rid of half of the above terms. We obtain:
π∆Fεf(p) =

∫

HpS
2

X2
θ α

∂2f

∂θ2
+

∫

HpS
2

X2
φ α

∂2f

∂φ2

+

∫

HpS
2

(
Xψ

∂Xφ

∂ψ
+Xφ

∂Xφ

∂φ

)
α
∂f

∂φ
.Dire
t 
omputation (with a little help from Maple) yields:

∆Fε =
2
(
1− ε2 sin2(φ)

) 3
2

sin2(φ)

(
1 +

√
1− ε2 sin2(φ)

) ∂2

∂θ2
+ 2

1− ε2 sin2(φ)

1 +
√
1− ε2 sin2(φ)

∂2

∂φ2

+
2 cos(φ)

sin(φ)


2− 1

1 +
√
1− ε2 sin2(φ)

−
√
1− ε2 sin2(φ)


 ∂

∂φ
.This 
on
ludes the proof of Theorem 3.2.7.Proof of Theorem 3.2.9We state the following property of spheri
al harmoni
s that will be useful inlater 
omputations:Proposition 3.2.11. Let l ∈ N, and m ∈ Z, su
h that |m| ≤ l, then theasso
iated Legendre polynomial Pml (cos(φ)), denoted here by P̃ml , is a solutionto the equation:

∂2P̃ml
∂φ2

+
cos(φ)

sin(φ)

∂P̃ml
∂φ

+

(
l(l+ 1)− m2

sin2(φ)

)
P̃ml = 0, (3.17)They verify (see [1, formulas 8.5.3 to 8.5.5℄):

(2l− 1) cos(φ)P̃ml−1 = (l −m)P̃ml + (l +m− 1) P̃ml−2, (3.18a)
sin(φ)

∂P̃ml
∂φ

= l cos(φ)P̃ml − (l +m)P̃ml−1, (3.18b)
sin(φ)P̃ml =

1

2l + 1

(
P̃m+1
l−1 − P̃m+1

l+1

)
. (3.18
)



62 CHAPTER 3. EXPLICIT REPRESENTATIONS AND SPECTRAThe spheri
al harmoni
s are an orthogonal Hilbert basis of L2
(
S2
) and theirnorm is given by:

||Y ml || =
√

4π

2l+ 1

(l +m)!

(l −m)!
. (3.19)We 
an now pro
eed with the proof. Take f an eigenfun
tion of ∆Fε and

λ the asso
iated eigenvalue. As the Y ml form an Hilbert basis of L2
(
S2
), thereexist aml su
h that:

f =
+∞∑

l=0

∑

|m|≤l
aml Y

m
l ,where the 
onvergen
e is a priori in the L2-norm. The ellipti
 regularity theoremimplies that f ∈ C∞ (S2

), therefore the 
onvergen
e above is uniform. So
∆Fεf =

∑+∞
l=0

∑
|m|≤l a

m
l ∆FεY ml .Let l,m be �xed, the equation 〈∆Fεf, Y ml 〉 = λ〈f, Y ml 〉 yields:

λaml ‖Y ml ‖2 =

+∞∑

k=0

∑

|n|≤k
ank 〈Y ml ,∆FεY nk 〉. (3.20)Claim 3.2.12. For any l,m we have:

∆FεY ml = −l(l+ 1)Y ml

+
ε2

(
1 +

√
1− ε2 sin2(φ)

)2

[(
1 + 2

√
1− ε2 sin2(φ)

)
l (l − 1) sin2(φ)Y ml

+
(
2m2

(
1− ε2 sin2(φ)

))
Y ml + 2

l2 +m2 + l

2l+ 1

(
1 + 2

√
1− ε2 sin2(φ)

)
Y ml

− 2(l +m)(l +m− 1)

(
1 + 2

√
1− ε2 sin2(φ)

)
Y ml−2

]
. (3.21)Proof. By the formula (3.12) for ∆Fε , we have:

∆FεY ml =
2

1 +
√
1− ε2 sin2(φ)

[
1

sin2(φ)

(
1− ε2 sin2(φ)

) 3
2 (−m2)Y ml

+eimθ

(
(
1− ε2 sin2(φ)

) ∂2

∂φ2
P̃ml

+
cos(φ)

sin(φ)

(
ε2 sin2(φ) +

√
1− ε2 sin2(φ)

)
∂

∂φ
P̃ml

)]
,



3.2. SPECTRAL DATA FOR KZ METRICS 63Applying �rst equation (3.17) and then equation (3.18b), we get
∆FεY ml =

2

1 +
√
1− ε2 sin2(φ)

[
−m2 1

sin2(φ)

(
1− ε2 sin2(φ)

) 3
2 Y ml

+eimθ

(
cos(φ)

sin(φ)

(
−1 + 2ε2 sin2(φ) +

√
1− ε2 sin2(φ)

)
∂

∂φ
P̃ml

−
(
1− ε2 sin2(φ)

) (
l(l + 1)− m2

sin2(φ)

)
P̃ml

)]

=
2

1 +
√
1− ε2 sin2(φ)

[
(
1− ε2 sin2(φ)

) (
−l(l+ 1) +

m2

sin2(φ)

(
1−

√
1− ε2 sin2(φ)

))
Y ml

+

(
−1 + 2ε2 sin2(φ) +

√
1− ε2 sin2(φ)

)
l
cos2(φ)

sin2(φ)
Y ml

− l +m

sin2(φ)

(
l −m

2l − 1
Y ml +

l +m− 1

2l− 1
Y ml−2

)]
.And after a bit of rearranging, we get

∆FεY ml = −l(l + 1)Y ml + ε2

[
1 + 2

√
1− ε2 sin2(φ)

(
1 +

√
1− ε2 sin2(φ)

)2 l (l − 1) sin2(φ)Y ml

+
2m2

(
1− ε2 sin2(φ)

)
(
1 +

√
1− ε2 sin2(φ)

)2 Y
m
l + 2

l2 +m2 + l

2l + 1

1 + 2
√
1− ε2 sin2(φ)

(
1 +

√
1− ε2 sin2(φ)

)2Y
m
l

− 2(l +m)(l +m− 1)
1 + 2

√
1− ε2 sin2(φ)

(
1 +

√
1− ε2 sin2(φ)

)2Y
m
l−2

]
,whi
h gives our 
laim after some more simpli�
ations.Using the 
laim, equation (3.20) be
omes:

λaml ‖Y ml ‖2 =
+∞∑

k=0

amk 〈Y ml ,∆FεY mk 〉.Now, we 
an use an expansion of ∆FεY mk in powers of ε.Claim 3.2.13. For any l,m, we have:
∆FεY ml = −l(l + 1)Y ml + ε2

[
3l(l+ 1)

4
sin2(φ)Y ml

+

(
m2

2
+

3
(
l(l+ 1) +m2

)

2l+ 1

)
Y ml +

3

2
(l +m)(l +m− 1)Y ml−2

]
+O

(
ε4
)
.(3.22)
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laim follows on
e again from a straightforward 
omputation.Using this se
ond 
laim and the orthogonality of the spheri
al harmoni
s, equa-tion (3.20) now reads:
λaml ‖Y ml ‖2 = −l(l+ 1)aml ‖Y ml ‖2 + aml ε

2

[
3l(l+ 1)

4
〈sin2(φ)Y ml , Y ml 〉

+

(
m2

2
+

3
(
l(l + 1) +m2

)

2l+ 1

)
‖Y ml ‖2

]

+
∑

k 6=l
amk ε

2

[
3k(k + 1)

4
〈sin2(φ)Y mk , Y ml 〉+3

2
(k+m)(k+m−1)〈Y mk−2, Y

m
l 〉
]
+O

(
ε4
)
.(3.23)Claim 3.2.14. There is at most one l su
h that 1

am
l

is bounded independentlyof ε.Proof. Equation (3.23) shows that, if 1
am
l

is bounded as ε tends to 0, then λtends to −l(l+ 1), therefore we 
an have only one su
h l.Let l be given by the previous 
laim, (3.23) redu
es to:
λ = −l(l+ 1) +

ε2

‖Y ml ‖2

[
3l(l+ 1)

4
〈sin2(φ)Y ml , Y ml 〉

+

(
m2

2
+

3
(
l(l+ 1) +m2

)

2l+ 1

)
‖Y ml ‖2

]
+ o

(
ε2
)
.Some more 
omputations (using equations (3.18
), (3.19) and the orthogonalityof the spheri
al harmoni
s) give:

〈sin2(φ)Y ml , Y ml 〉
‖Y ml ‖2 = 2

l2 + l − 1 +m2

(2l + 3) (2l− 1)
.So that:

λ = −l(l+ 1) + ε2

[
3l(l+ 1)

2

l2 + l − 1 +m2

(2l+ 3) (2l − 1)

+

(
m2

2
+

3
(
l(l + 1) +m2

)

2l + 1

)]
+ o

(
ε2
)
. (3.24)From this equation, we dedu
e:Claim 3.2.15. There 
an only be one m su
h that 1

am
l

or 1
a−m

l

is boundedindependently of ε.Proof. Otherwise, we would �nd two di�erent 
oe�
ients in ε2 for λ.We sum up what we proved: There exist unique l,m ∈ N, a, b ∈ C and
g : S2 → C su
h that:

f = aY ml + bY −m
l + gFurthermore, for any p ∈ S2, |g(p)| tends to 0 with ε and the asso
iated eigen-value veri�es equation (3.24). That is, we proved Theorem 3.2.9.



3.2. SPECTRAL DATA FOR KZ METRICS 65First eigenvalue and volumeWe �nish by proving Corollary 3.2.8. Re
all:Corollary 3.2.8. The smallest non-zero eigenvalue of −∆Fε is
λ1 = 2− 2ε2 =

8πvolΩ (S2)
.It is of multipli
ity two and the eigenspa
e is generated by Y 1

1 and Y −1
1 .Proof. Computation using either (3.21) or dire
tly Theorem 3.2.7 gives∆FεY 1

1 =
(−2+2ε2)Y 1

1 and∆FεY −1
1 = (−2+2ε2)Y −1

1 . It also yields ∆FεY 0
1 = −2Y 0

1 , nowTheorem 3.2.9 shows that the eigenfun
tions for the �rst (non-zero) eigenvaluemust live in the vi
inity of the spa
e generated by Y 1
1 , Y

0
1 and Y −1

1 , therefore
λ1 = 2− 2ε2.Now using equation (3.15) we get that the Finsler volume form for (S2, Fε)is

ΩFε =
sin(φ)

(
1− ε2 sin2(φ)

)3/2 dθ ∧ dφ.So volΩ (S2) = 4π

1− ε2
.Hen
e,

λ1 =
8πvolΩ (S2)

.
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68 CHAPTER 4. SPECTRUM AND GEOMETRY AT INFINITYOur fo
us here will be the study of the links between the Finsler�Lapla
e op-erator and the dynami
s or geometry for Finsler metri
s with negative 
urvature(in the sense of equation (1.7)).In Riemannian manifolds of negative 
urvature, there are (at least) threenatural 
lasses of measures on the boundary at in�nity: the Liouville (or vi-sual) measure 
lass, whi
h is obtain by pushing the Lebesgue measure on unitspheres to the boundary via the geodesi
 �ow; the Patterson-Sullivan measure
lass, whi
h 
an be obtain from the Bowen-Margulis measure via Kaimanovi
h
orresponden
e (see [75℄); and the Harmoni
 measure 
lass whi
h is linked tothe Lapla
e�Beltrami operator in a way that we will expli
it later.In the 
ase of surfa
es we have a famous rigidity phenomenon: when two ofthose 
lasses are equivalent, it for
es the Riemannian metri
 to be of 
onstant
urvature (this is due to Katok [79, 77℄ and Ledrappier [84℄).In higher dimensions, Ledrappier [84℄ showed that equality between the Har-moni
 and Patterson-Sullivan 
lasses is equivalent to λ1 = h2

4 , where λ1 is thebottom of the spe
trum of∆ and h is the topologi
al entropy. In [24℄, G. Besson,G. Courtois and S. Gallot proved that λ1 = h2

4 implies that the manifold is asymmetri
 spa
e.When we started studying the Finsler�Lapla
e operator in negative 
urva-ture, our goal was to generalize some of (or get 
ounter-examples to) the aboveresults. Unfortunately, this is still out of rea
h. The �rst di�
ulty we stum-bled upon was the existen
e of harmoni
 measures asso
iated with our Finsler�Lapla
e operator. Many papers prove their existen
e for the Riemannian 
ase,or even for weighted Lapla
e operator (see the remark after Lemma 2.1.13) whenthe symbol is of negative 
urvature, but none, to my knowledge, was made forour more general 
ase. However, An
ona gives in [6℄ a very general theoremthat implies existen
e of harmoni
 measures.Se
tions 4.3 and 4.4 are devoted to the statement of An
ona's theorem andthe proof that it applies to our 
ase. But before, we start by re
alling somegeometri
al and dynami
al properties of negatively 
urved Finsler manifoldsand use it to give an upper bound for the �rst eigenvalue of the Finsler�Lapla
eoperator in terms of topologi
al entropy.If not stated otherwise, in this 
hapter, M is a 
losed manifold of dimension
n endowed with a Finsler metri
 of negative 
urvature F and M̃ is a �xeduniversal 
over of M endowed with the lifted Finsler metri
 F̃ .4.1 Negatively 
urved Finsler manifoldsManifolds of Finsler negative 
urvature enjoys many of the same dynami
aland geometri
al features of the Riemannian ones, we will re
all here two ofthose.4.1.1 Gromov-hyperboli
ityEglo�, in his Ph.D Thesis [48℄ (the reader 
an also refer to [50℄ as it isavailable on-line 
ontrarily to his dissertation), studied the Finsler equivalentof Cartan Hadamard manifolds that he 
alled uniform Finsler Hadamard man-ifolds.



4.1. NEGATIVELY CURVED FINSLER MANIFOLDS 69Note that in Eglo�'s de�nition, uniform refers to a 
ontrol of the quadrati
forms ( ∂2F 2

∂vivj

), not to a 
ontrol of the 
urvature. We do not enter into moredetails as, for us, uniform Finsler Hadamard manifolds will just be the universal
over of a 
losed manifold of non-positive 
urvature. Su
h manifolds are inparti
ular homeomorphi
 to Rn and Eglo� studied the property of the Finslerdistan
e and the existen
e of a visual boundary, he proved:Theorem 4.1.1 (Eglo� [50℄). Let M̃ be a uniform Finsler Hadamard manifoldof stri
tly negative 
urvature, then M̃ is Gromov-hyperboli
.Remark 4.1.2. Note that Eglo� only studied reversible metri
s, as is normallythe 
ase in metri
 geometry, however Fang and Foulon [51℄ proved that thesame theorem holds for non-reversible metri
 (with an appropriate de�nition ofGromov-hyperboli
ity).We very brie�y re
all some fa
ts about Gromov-hyperboli
 spa
es. Proofs,better explanations and mu
h more 
an be found in [43℄ or [67℄.Let (V, d) be a 
omplete, lo
ally 
ompa
t, geodesi
 (i.e., there exists at leastone distan
e-minimizing 
urve between two points), simply 
onne
ted metri
spa
e.Let x, a, b ∈ V , the Gromov produ
t at x of a and b is de�ned as
{a, b}x =

1

2
(d(a, x) + d(x, b)− d(a, b)) ,

V is 
alledGromov-hyperboli
 if there exists δ > 0 su
h that, for any x, a, b, c ∈ V

min ({a, b}x, {a, c}x) ≤ δ.If we want to make expli
it the 
onstant δ, we say that V is δ-hyperboli
.The Gromov produ
t is very useful, but unfortunately it is hard (at leastfor me) to get an insight of what being Gromov-hyperboli
 represents using theabove de�nition. An equivalent de�nition uses geodesi
 triangles:
V is Gromov-hyperboli
 if there exists a δ > 0 su
h that for any geodesi
triangle (a, b, c) ⊂ V , any side is 
ontained in the δ-neighborhood of the unionof the remaining sides.A Gromov-hyperboli
 spa
e admits a boundary at in�nity V (∞): one wayto de�ne it is to take equivalent 
lass of geodesi
 rays; if O ∈ V is a base point,two geodesi
 rays γ1, γ2 : R+ → V issuing from O are equivalent if d(γ1(t), γ2(t))stays bounded for any t ∈ R+.Consider the elements in V as endpoints of geodesi
 rays starting at O andendow the set of all rays with the uniform 
onvergen
e on 
ompa
t topology.Then V := V ∪ V (∞) with the quotient topology is 
ompa
t, V is a denseopen set in V and ∂V = V (∞). This boundary is traditionally 
alled the visualboundary of V and is independent of the base point O.Using only the Gromov produ
t, we 
an also de�ne a boundary, whi
h turnsout to be homeomorphi
 to the visual boundary. The advantage of this presen-tation is that it 
omes naturally equipped with a metri
:Fix a base point O ∈ V . A sequen
e (xn) in V is a Gromov-sequen
e if

{xi, xj}O → +∞ when i, j → +∞. Two Gromov-sequen
es (xn) and (yn) areequivalent if {xi, yi}O → +∞ when i → +∞. Then the set of equivalent 
lass
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es is the Gromov boundary of V .For ξ, η ∈ V (∞), we de�ne the Gromov produ
t of ξ and η by:
{ξ, η}O := inf lim inf

n→+∞
{an, bn}O,where the in�mum is taken over all the sequen
es an 
onverging to ξ and bn
onverging to η.We 
an now des
ribe the metri
 on the boundary: let ǫ > 0 and set, for any

ξ, η ∈ V (∞),
ρǫ(ξ, η) := e−ǫ{ξ,η}O .Unfortunately, ρǫ does not yet verify the triangle inequality, but 
an be slightlyaltered in order to do so. A 
hain between ξ, η ∈ V (∞) is a �nite sequen
e

ξ = ξ0, ξ1, . . . , ξn = η in V (∞) and we write Cξ,η for the set of 
hains between
ξ and η. Let c = (ξ0, ξ1, . . . , ξn) ∈ Cξ,η, de�ne:

ρǫ(c) :=

n−1∑

i=0

ρǫ(ξi, ξi+1),

dG,ǫ(ξ, η) := inf{ρǫ(c) | c ∈ Cξ,η}.Proposition 4.1.3. If ǫ > 0 is 
hosen su
h that eǫδ < √
2, then dG,ǫ is adistan
e on V (∞), 
ompatible with the above topology.Furthermore,

(3− 2eǫδ)ρǫ(ξ, η) ≤ dG,ǫ(ξ, η) ≤ ρǫ(ξ, η).We 
all dG,ǫ a Gromov metri
 on V (∞).The proof of the above proposition is given in Chapter 7 of [67℄.Remark that the boundary of a Gromov-hyperboli
 spa
e admits a Hölderstru
ture (see [43, Chapitre 11℄).4.1.2 Geodesi
 �ow and entropyAs is the 
ase in Riemannian geometry, negatively 
urved Finsler metri
sgives hyperboli
 dynami
s:Theorem 4.1.4 (Foulon [60℄). The geodesi
 �ow of a negatively 
urved Finslermanifold is a (
onta
t) Anosov �ow.We give the pre
ise de�nition of an Anosov �ow and some of its basi
 prop-erties in the se
ond part of this dissertation (see Se
tion 5.1.1), for the moment,just re
all that it is uniformly hyperboli
, i.e., in the tangent spa
e there existone dire
tion of (uniform) exponential expansion and one dire
tion of (uniform)exponential shrinking.Let h denote the topologi
al entropy asso
iated with the geodesi
 �ow of
F (see, for instan
e [80℄ for the equivalent de�nitions). Manning [85℄ provedthat the topologi
al entropy for the geodesi
 �ow of Riemannian metri
 of non-positive 
urvature is the same as the volume entropy, i.e., the exponential growthof the volume of balls. It turns out that this is still true for Finsler metri
:



4.2. BOUNDS FOR THE FIRST EIGENVALUE 71Theorem 4.1.5 (Eglo� [49℄). Let (M,F ) be a 
ompa
t Finsler manifold and hthe topologi
al entropy of the geodesi
 �ow. Let x ∈ M̃ and B(R) be the ball ofradius R 
entered at x, and set
hvol := lim

R→+∞

1

R
log

(∫

B(R)

ΩF̃

)
.Then, h ≥ hvol. Furthermore, if F is of non-positive 
urvature, then

h = hvol.Note that Eglo� proved the above result with another volume form, howeveras M is 
ompa
t there exists a 
onstant 
ontrolling the ratio of two di�erentvolumes, and this 
onstant disappears when we 
onsider exponential growth.Note that Eglo� [49℄ also showed, using the Anosov property, that the visualboundary of M̃ admits a Hölder stru
ture with a 
onstant depending on theLyapunov exponents.4.2 Bounds for the �rst eigenvalueWe denote by λ1 the in�mum of the essential spe
trum of −∆F̃ . Re
all thatit is given by the in�mum of the Rayleigh quotient (see Proposition 2.2.14).4.2.1 A dynami
al upper boundAs in the Riemannian 
ase, we have an upper bound for λ1 depending onlyon the dimension of the manifold and the topologi
al entropy of the geodesi
�ow.Proposition 4.2.1. If M is of dimension n and h is the topologi
al entropy,then
λ1 ≤ n

h2

4Remark 4.2.2. This bound is far less sharp then in the Riemannian 
ase, wherewe have λRiem1 ≤ h2/4. The additional n appears in the proof be
ause we don'tknow how to 
ontrol lo
ally the Finsler metri
. It would be interesting to de
idewhether we 
ould improve this bound to the Riemannian one or if there existFinsler metri
s with h2/4 < λ1 ≤ nh2/4.The proof follows the Riemannian one and is based on the following:Claim 4.2.3. Let x0 ∈ M̃ and ρ(x) := d(x0, x), then exp(−sρ(x)) is in L2(M̃)for any s > h
2 .Proof. By Theorem 4.1.5, we have that:

h = lim
R→+∞

1

R
log

(∫

B(R)

ΩF̃

)
.Therefore, if s > h

2 , exp(−sρ(x)) is in L2(M̃).



72 CHAPTER 4. SPECTRUM AND GEOMETRY AT INFINITYProof of Proposition 4.2.1. Our goal is to �nd an upper bound for the Rayleighquotient of e−sρ(x). We have
LXπ

∗ exp(−sρ)(x, ξ) = −s (LXπ∗ρ) (x, ξ) exp(−sρ(x)).So, using Fubini,
∫

HM̃

(LXπ
∗ exp(−sρ))2A∧dAn−1 =

∫

x∈M̃
s2
(∫

ξ∈HxM̃

(LXπ
∗ρ(x, ξ))2 α

)
exp(−2sρ(x))Ω.To dedu
e the proposition, we just have to bound ∫

ξ∈HxM̃
(LXπ

∗ρ(x, ξ))2 αbe
ause λ1 is the in�mum of the Rayleigh quotient. Sin
e |LXπ∗ρ(x, ξ)| ≤ 1,we have:
λ1 ≤ n

volEucl (Sn−1)

s2
∫
M̃

exp(−2sρ)
∫
HxM̃

αΩ

‖exp(−sρ)‖2
≤ ns24.2.2 A topologi
al lower boundIn this se
tion we do not need the negative 
urvature assumption.Bounds on λ1 
an be given by bounds for the Lapla
e�Beltrami operatorasso
iated with the symbol of ∆F̃ :Proposition 4.2.4. Let gσ be the Riemannian metri
 on M̃ given by the dualof the symbol of ∆F̃ , ∆σ its asso
iated Lapla
e�Beltrami operator and λ1(σ)the in�mum of the spe
trum of −∆σ. Then, if we let a ∈ C∞(M̃) su
h that

ΩF̃ = aΩgσ , we have:
λ1(σ)

supx∈M̃ a(x)

inf
x∈M̃ a(x)

≥ λ1 ≥ λ1(σ)
infx∈M̃ a(x)

sup
x∈M̃ a(x)

. (4.1)Remark 4.2.5. As a is a π1(M)-invariant fun
tion and M is 
ompa
t, a isbounded so the above makes sense.Proof. Re
all on
e again that
λ1 = inf

∫
HM̃

(LXπ
∗f)2A ∧ dAn−1

∫
M̃
f2ΩF

,where the in�mum is taken over all the fun
tions in H1(M̃). We will prove thelower bound, the proof for the upper bound follows the same lines.
∫

HM̃

(LXπ
∗f)2A ∧ dAn−1 =

∫

x∈M̃

(∫

HxM̃

(LXπ
∗f)2 αF

)
ΩF

=

∫

M̃

‖∇f‖2σΩF

≥
∫

M̃

‖∇f‖2σΩgσ inf
x∈M̃

a(x).
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∫
HM̃

(LXπ
∗f)2A ∧ dAn−1

∫
M̃
f2ΩF

≥
∫
M̃
‖∇f‖2σΩgσ∫
M̃
f2Ωgσ

inf
x∈M̃ a(x)

sup
x∈M̃ a(x)

.Hen
e the result.We do not know mu
h about lower bounds for λ1(σ) be
ause we do notknow anything on the metri
 gσ, but Brooks [26℄ gave a purely topologi
al
ondition for it to be stri
tly positive. Using the above proposition leads to ageneralization of Brooks theorem to the Finsler�Lapla
e operator:Theorem 4.2.6. λ1 = 0 if and only if π1(M) is amenable.Proof. This is a dire
t appli
ation of the proposition together with the mainresult of [26℄.4.3 Harmoni
 measures and the Martin Bound-aryWe are going to leave Finsler geometry for a bit, to give some basi
s aboutpotential theory. As an introdu
tion, we re
all how harmoni
 measures areobtained in Riemannian geometry.Given a Riemannian metri
 g on M̃ , one way to 
onstru
t the harmoni
measure asso
iated with a point x ∈ M̃ is by de�ning the measure of a Borel set
U ⊂ M̃(∞) as the probability for a Brownian motion for g leaving x to end in U .In Riemannian geometry, Brownian motion 
an be thought of in two ways. Oneis as the limit of a random walk, the other as the di�usion asso
iated with theLapla
ian. We don't know how to generalize the �rst approa
h to our Finslersetting, without losing all the Finslerian information, but the se
ond approa
h
omes in fa
t from the more general theory of ellipti
 equations and hen
e willapply in our 
ontext.A related way of viewing harmoni
 measures is given via solutions to the Diri
h-let problem at in�nity; if M̃ is a Cartan�Hadamardmanifold of bounded, stri
tlynegative s
alar 
urvature, we have the following result:Theorem 4.3.1 (Anderson [8℄, Sullivan [106℄). Let f ∈ C0(M̃(∞)). Thereexists a unique fun
tion uf ∈ C∞(M̃) su
h that:

{
∆uf = 0 on M̃
uf(x) → f(ξ) when x→ ξ, ξ ∈ M̃(∞)

(4.2)Now, to de�ne the harmoni
 measures: take x in M̃ , there exists a positivelinear fun
tional on C0(M̃(∞)) given by f 7→ uf(x). This de�nes a probabilitymeasure µx on M̃(∞) whi
h is the harmoni
 measure at x.Furthermore, the solution to the Diri
hlet problem at in�nity is given by:
uf (x) =

∫

ξ∈M̃(∞)

f(ξ) dµx(ξ). (4.3)



74 CHAPTER 4. SPECTRUM AND GEOMETRY AT INFINITYWe wish to extend this 
onstru
tion to our Finsler�Lapla
e operator. Oneway to prove Theorem 4.3.1 (see [8, 9, 7℄), is to study the Martin Boundaryasso
iated with ∆ and show that the harmoni
 fun
tions are given by equation(4.3) where µx is a measure on the Martin boundary. An
ona [6, 7℄ showedthat this methods works for a very general 
lass of ellipti
 operators, requiringno Riemannian setting, but just assumptions on the operator and Gromov-hyperboli
ity.The reda
tion of the next se
tion has been a (possibly failed) 
hallenge forme; my main goal was to present An
ona's theorem (Theorem 4.3.16 below),but in order to make it somewhat understandable, we need a good deal of ba
k-ground whi
h is, if my personal example is signi�
ant, not in the usual toolboxof the average student in Finsler geometry or dynami
al systems. Therefore,I tried to in
lude some of the basi
s I learned on potential theory but not toomu
h for spa
e and time issues. I also tried to give the proofs that seems to meto be important for the understanding of this theory, while using only the toolsI introdu
e. So all in all, the resulting reda
tion is probably disappointing formany reasons but I hope that it gives a reasonable idea of the theory used toprove An
ona's result and to obtain harmoni
 measures.4.3.1 Some potential theory and the Martin BoundaryIn this se
tion, we will re
all the 
onstru
tion of the Martin 
ompa
ti�
ationof M̃ , our main referen
e is [6℄, but if you want to get ba
k to the roots, see[86℄.The Green fun
tionWe start out by re
alling some de�nitions. In the following, L will be ase
ond-order uniformly ellipti
 di�erential operator, we will furthermore alwayssuppose that L is self-adjoint with respe
t to some volume form Ω on M̃ , evenif this is not ne
essary for the general theory.Re
all that an operator is ellipti
 if, for any lo
al 
oordinates, the symbolof L is a positive-de�nite matrix. It is uniformly ellipti
 if the positivity of thesymbol is uniform, i.e., there exists a 
onstant c depending only on L, su
h that,if (σij) is the symbol of L in a lo
al 
hart, then ∑σijxixj ≥ c
∑
x2i .De�nition 4.3.2. Let U ⊂ M̃ .� A L-harmoni
 fun
tion on U is a C2 fun
tion su
h that Lu = 0 on U .� A relatively 
ompa
t open set V is 
alled (Diri
hlet-)regular if for any

f ∈ C(∂V ) there exists a unique fun
tion u ∈ C(V ) harmoni
 on V andsu
h that u = f on ∂V .� If V is a regular open set and x ∈ V , we denote by µVx the harmoni
measure at x relatively to V . That is, the only Borel measure su
h that,for any f ∈ C(∂V ),
HV
f (x) =

∫

∂V

f(ξ)dµVx (ξ) (4.4)is harmoni
 on V .
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tion u : U →] − ∞,+∞] is L-superharmoni
 on U if u is lowersemi-
ontinuous and if for any regular set V ⊂⊂ U , u ≥ HV
u on V .� A superharmoni
 fun
tion s is non-degenerate on U if for any V ⊂⊂ Uregular, s|V is harmoni
.� A fun
tion u is a L-potential on U if u ≥ 0, superharmoni
 on U andsu
h that any L-harmoni
 fun
tion on U smaller than u is non-positive.Remark 4.3.3. A C2 fun
tion is superharmoni
 if and only if Lu ≤ 0.Harmoni
 fun
tions enjoys the following fundamental property:Proposition 4.3.4 (Harna
k's prin
iple). Let U be a domain of M̃ , then forany p ∈ U , the set of fun
tions {u | u L − harmoni
, positive on U, u(p) = 1}is 
ompa
t for the topology of uniform 
onvergen
e on 
ompa
t subsets of U .Proposition 4.3.5 (Harna
k's inequality). Let u be a harmoni
 fun
tion on abounded domain U of M̃ , then there exists a 
onstant c su
h that

sup
x∈U

u(x) ≤ c inf
x∈U

u(x). (4.5)Another fundamental pie
e of the theory is the maximum (or minimum)prin
iple:Proposition 4.3.6 (minimum prin
iple). Let U be a bounded domain in M̃and u ∈ C2(U) ∩ C0(U) su
h that Lu ≤ 0. If u(y) ≥ 0 for every y ∈ ∂U , then
u(x) ≥ 0 on U .Note that there exists also a global version:Proposition 4.3.7. Suppose that u is a potential on M̃ , harmoni
 outsidea 
losed set F and 
ontinuous on ∂F . If s is a non-negative superharmoni
fun
tion on M̃ su
h that s ≥ u on ∂F , then s ≥ u on M̃ r F .To get on with potential theory, we need to assume that the operator P =
L− ∂

∂t admits a fundamental solution: the heat kernel of L.De�nition 4.3.8. The heat kernel of L is a positive fun
tion p(x, y, t) de�nedon M ×M × R, identi
ally null when t ≤ 0, 
ontinuous for t > 0 and x 6= y,
C2 with respe
t to y, C1 in t and su
h that:1. For any �xed x ∈M ,

Pp(x, ·, ·) = 0 onM × Rr {(x, 0)}. (4.6)2. For any bounded 
ontinuous fun
tion f on M ,
lim
t→0

∫

y∈M
p(x, y, t)f(y)Ωy = f(x). (4.7)Su
h a fun
tion always exists for a uniformly ellipti
 operator with uniformHölder 
ontinuous 
oe�
ients. See, for instan
e, [65℄ for the 
onstru
tion usingthe parametrix method in Rn, or [12℄ for a di�usion approa
h on manifolds. Foran approa
h more spe
i�
ally adapted to the 
ase we will be interested in in thenext se
tions, the reader 
an 
onsult [70, 71℄.



76 CHAPTER 4. SPECTRUM AND GEOMETRY AT INFINITYDe�nition 4.3.9. The Green fun
tion of L is de�ned, for (x, y) ∈M ×M , by
G(x, y) =

∫ +∞

0

p(x, y, t)dt. (4.8)Remark 4.3.10. When G is not identi
ally in�nite, then for any �xed x, G(x, ·)is a L-potential.Note also that, if L is self-adjoint, then G(x, y) = G(y, x).The following result gives us a 
hara
terization of when the Green fun
tionis not identi
ally in�nite:Theorem 4.3.11 ([6℄, Théorèmes 1 and 13). The following propositions areequivalent:1. There exist x0, y0 in M su
h that G(x0, y0) <∞.2. G is �nite and 
ontinuous on M ×M r {x = y} and, for x ∈M , G(x, ·)is a C2 L-harmoni
 fun
tion on M r {x}.3. There exists a stri
tly positive L-potential on M .4. There exists a superharmoni
, non-degenerate, non-negative fun
tion on
M whi
h is not L-harmoni
.In the following, L will be assumed to satisfy one of the above equivalentproperties.Martin Compa
ti�
ationLet O ∈ M̃ be �xed, for x ∈ M̃ , let

Kx(y) :=
G(x, y)

G(x,O)
. (4.9)We say that a sequen
e (xn) 
onverging to in�nity in M 
onverges to a Martinpoint if (Kxn

) is pointwise 
onvergent. By the Harna
k prin
iple (see Proposi-tion 4.3.4) any sequen
e 
onverging to in�nity admits a subsequen
e 
onvergingto a Martin point and if we denote by Kξ the fun
tion asso
iated to a Martinpoint ξ, then Kξ is a non-negative harmoni
 fun
tion su
h that Kξ(O) = 1.By de�nition, we say that two sequen
es de�ne the same Martin point ifand only if the limit fun
tions are the same. We will therefore often think of
ξ and Kξ as the same thing. We write MM̃ for the set of Martin points and
M̂ = M̃ ∪MM̃ . We de�ne on M̂ the following metri
: for x, x′ ∈ M̂

ρ(x, x′) = sup
y∈B(O,1)

|Kx(y)−Kx′(y)|, (4.10)where B(O, 1) ⊂M is the ball of 
enter O and radius 1.Proposition 4.3.12 (Martin [86℄). M̂ equipped with the metri
 ρ is a 
omplete,
ompa
t spa
e for whi
h MM̃ is the boundary andM the interior. Furthermore,the topology indu
ed on M 
oin
ides with its natural topology.
M̂ is 
alled the (L-)Martin 
ompa
ti�
ation of M .
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t that ρ is a metri
 is straightforward from the de�nition.Both topologies 
oin
ide on M : If x ∈ M and xn is a sequen
e that 
onvergesto x (for the distan
e onM), then by 
ontinuity of the Green fun
tion, ρ(x, xn)also tends to zero.
MM̃ is 
ompa
t : Let ξn be a sequen
e of points in MM̃ and xin a sequen
eof points 
onverging to ξn. Choose Kn a sequen
e of 
ompa
t sets su
h that
Kn+1 ⊃ Kn and M = ∪Kn. Write yn for a point in the sequen
e xin outside of
Kn and su
h that ρ(yn, ξn) ≤ 1

n . Then yn is a sequen
e that leaves all 
ompa
tsof M , therefore admits a subsequen
e 
onverging to a Martin point ξ and by
onstru
tion, ρ(ξn, ξ) tends to zero.
M̂ is 
ompa
t : If xn is a sequen
e in M̂ , then either there is a subsequen
e thatstays in a 
ompa
t of M , or there is a subsequen
e that leaves every 
ompa
tof M and there is a subsequen
e 
onverging to a Martin point, or, �nally, thereis a subsequen
e staying in MM̃ and we apply the previous fa
t.
M is open inside M̂ with boundary MM̃ : this is obvious.Let H+ be the 
onvex 
one of positive L-harmoni
 fun
tions and K := {u ∈
H+ | u(O) = 1} the subset of normalized L-harmoni
 fun
tions. K is a base of
H+, it is a 
onvex set and we denote by E its extremal points. An harmoni
fun
tion u su
h that u/u(O) is in E is 
alled minimal. u is minimal i� u doesnot dominate any other harmoni
 fun
tion apart from multiples of itself (see[86℄).Theorem 4.3.13 (Martin [86℄). For any u ∈ E, there exists a Martin point ξsu
h that Kξ = u.The proof 
an be found, for instan
e, p. 31 of [6℄.The Martin boundary does not in general 
oin
ides with E, but the followingresult shows the importan
e of the 
ase when MM̃ is redu
ed to its minimalpart.Proposition 4.3.14. For any u ∈ H+, there exists a unique positive and �niteBorel measure µu on E su
h that, for x ∈M ,

u(x) =

∫

ξ∈E
Kξ(x)dµu(ξ). (4.11)Remark 4.3.15. If the Martin boundary is redu
ed to E, then any harmoni
fun
tion is obtained as the integral of the Kξ over MM̃ , it is not quite theexpression (4.3) that we are ultimately looking for, but it is getting 
loser.Proof. The existen
e is given by Choquet's theorem and the uniqueness followsfrom the fa
t that K is a base of a 
one H+ whi
h is a latti
e (see [92, Chapter10℄).4.3.2 An
ona's TheoremIn [7℄, An
ona shows that for an operator of the form L = ∆+〈B,∇〉, where

∆ and ∇ 
omes from a Riemannian metri
 of bounded negative 
urvature with
B satisfying 
ertain 
onditions, then the Martin boundary is homeomorphi
 tothe visual one.
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ase, we do not know whether the Riemannian metri
 we obtain fromthe symbol is of negative 
urvature, and hen
e 
annot apply dire
tly this result.However, the proof An
ona gives stay true for a generi
 Gromov-hyperboli
spa
e with a suitable ellipti
 operator and he presents it in the general settingin [6℄.Theorem 4.3.16 (An
ona). Let M̃ be a Gromov-hyperboli
 spa
e and L a self-adjoint ellipti
 operator, denote by d(·, ·) the distan
e on M̃ . Suppose that Lveri�es:There exist stri
tly positive 
onstants r0, τ, c1, and c2 su
h that(H1) ∀m ∈ M̃ , there exists a fun
tion θ : B(m, r0) → Rn, su
h that ∀x, y ∈
B(m, r0) ,we have:

c−1
2 d(x, y) ≤ ‖θ(x)− θ(y)‖ ≤ c2d(x, y)(H2) ∀x0 ∈ M̃ and ∀0 ≤ t ≤ τ the Green fun
tion gt relative to B(x0, r0) ofthe operator L+ t Id satis�es: ∀x, y ∈ B(x0, r0/2)




c1 ≤ gt(x, y)

gt(x, y) ≤ c2, if d(x, y) ≥ r0
4(H3) There exists ε, 0 < ε < 1

2 , su
h that ∀t < 2ε, L + t Id admits a Greenfun
tion Gt on M̃ .Then the Martin 
ompa
ti�
ation of M̃ is homeomorphi
 to M̃ ∪M̃(∞) andthe Martin boundary MM̃ is redu
ed to its minimal part. Furthermore, if wehave 
hosen a base point O and denote by Kξ ∈ MM̃ the harmoni
 fun
tion
orresponding to ξ ∈ M̃(∞), then the appli
ation (ξ, x) 7→ Kξ(x) is 
ontinuouson M̃(∞)× M̃ .Remark 4.3.17. An
ona proves also that, given the above 
onditions on L, theGreen fun
tion tends to zero on the boundary: there exist 
onstants c > 0 and
α > 0, depending on L, su
h that, for any x, y ∈ M̃ , if d(x, y) ≥ 2,

G(x, y) ≤ ce−αd(x,y).The main point in the proof is to give an estimate for the Green fun
tion of
L:Theorem 4.3.18 (An
ona, Theorem 6.1 of [6℄). If M̃ is a Gromov-hyperboli
manifold and L veri�es the 
onditions (H1), (H2) and (H3), then, for anygeodesi
 segment [x, z] in M̃ and any point y on it satisfying min (d(x, y), d(y, z)) ≥
1, there exists a 
onstant c > 0 depending only on L and the δ given by theGromov-hyperboli
ity su
h that the Green fun
tion G of L veri�es:

c−1G(y, x)G(z, y) ≤ G(z, x) ≤ cG(y, x)G(z, y).Note that this theorem 
ontains in fa
t two results: one, hard and gen-eral, giving estimates of the Green fun
tion along what An
ona 
alls φ-
hain(Theorem 5.2 of [6℄) and one, easier, showing that when your spa
e is Gromov-hyperboli
 you obtain φ-
hain by following geodesi
s.Assuming this result, we 
an start the:
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h of proof of Theorem 4.3.16. An
ona splits his proof into three steps:� Choose a base point O ∈ M̃ , let ξ ∈ M̃(∞) and γ : R+ → M̃ a geodesi
ray issuing from O and ending in ξ. Set xj := γ ((j + 1)δ) and Vj :=

{x ∈ M̃ | {x, xj}O ≥ jδ} where δ is a 
onstant 
oming from the Gromov-hyperboli
ity. For x ∈ M̃ , re
all that Kx(y) := G(x, y)/G(x,O), then,using Theorem 4.3.18, we 
an dedu
e that there exists a 
onstant c su
hthat, for any x ∈ Vj+1 and y ∈ M̃ r Vj :
c−2Kxj

(y) ≤ Kx(y) ≤ c2Kxj
(y). (4.12)Now take a sequen
e (zn) in M̃ 
onverging to ξ ∈ M̃(∞) and su
h that

Kzn 
onverges to an harmoni
 fun
tion h, i.e., the sequen
e (zn) is aMartin point. By Gromov-hyperboli
ity, Vj is a base of neighborhood of ξ(we 
an dedu
e that from the 
hara
terization of the visual boundary viathe Gromov-
ompa
ti�
ation, see se
tion 4.1.1). So, we 
an dedu
e thatfor j ≥ 2 and y ∈ M̃ r Vj :
c−2Kxj

(y) ≤ h(y) ≤ c2Kxj
(y).Note that as a 
on
lusion to that �rst step, we proved the following: If his an harmoni
 fun
tion 
orresponding to a Martin point (zn) whi
h, as asequen
e in M̃ , 
onverges to ξ ∈ M̃(∞). Then, for any ξ′ 6= ξ ∈ M̃(∞),there exists a neighborhood V of ξ′ su
h that h is bounded above by amultiple of Kxj

on M̃ ∩ V . Using the Harna
k prin
iple, we 
an dedu
ethat h is bounded by a multiple of G(·, O), with a 
onstant depending onthe point ξ′.� Now de�ne Hξ the 
one of non-negative L-harmoni
 fun
tions on M̃ thatare bounded above by a multiple of G(·, O) in a neighborhood of any
ξ′ ∈ M̃(∞) di�erent from ξ. An
ona proves that for any h ∈ Hξ thefollowing holds: for any j ≥ 2 and y ∈ M̃ r Vj ,

c−2h(O)Kxj
(y) ≤ h(y) ≤ c2h(O)Kxj

(y).From this we dedu
e that for any h, h′ ∈ Hξ and any y ∈ M̃ , we have
c−4h(O)h′(y) ≤ h′(0)h(y) ≤ c2h(O)h′(y),that is, any element ofHξ is bounded by a multiple of any other (non-zero)elements.� Re
all that in the �rst step we showed that Hξ is not redu
ed to zero,now the se
ond step indu
es that Hξ is one-dimensional. Indeed, take twostri
tly positive elements h, h′ ∈ Hξ and set λ := sup

{
h(y)
h′(y) : y ∈ M̃

}.By de�nition, λh′ − h ∈ Hξ, but, by our 
hoi
e of λ, λh′ − h 
annot bebounded below by a multiple of h′. We set Kξ the unique element of Hξsu
h that Kξ(O) = 1.Given a point ξ ∈ M̃(∞) and any sequen
e (zn) in M̃ 
onverging to ξ, byequation (4.12) and the Harna
k prin
iple, we know that (Kzn) must 
onvergesimply and the third step shows that the limit must be Kξ. Moreover Kξ isminimal be
ause if u is a positive harmoni
 fun
tion bounded above byKξ, then
u is in Hξ, so if u(O) = 1 then u = Kξ. So we 
onstru
ted an appli
ation from
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M̃(∞) to the minimal part of MM̃ .Let ξ, ξ′ be two distin
t points in M̃(∞), then Kξ 6= Kξ′ . Indeed, otherwisewe would have shown that Kξ is bounded above by a multiple of G(·, O) on allof M̃(∞) and therefore on all of M̃ . Hen
e G(·, O) would be bounded belowby a positive harmoni
 fun
tion, whi
h is impossible be
ause y 7→ G(y,O) is apotential.So our appli
ation M̃(∞) → MM̃ is inje
tive, and we have everything to seethat it is also surje
tive: take a Martin sequen
e (zn) su
h that Kzn 
onvergesto h, there exists a subsequen
e that 
onverges to an element ξ ∈ M̃(∞) so
h = Kξ and therefore (zn) must 
onverge to ξ.Remark 4.3.19. Note that the proof gives the following 
hara
terization of Kξ:it is the only harmoni
 fun
tion su
h that Kξ(O) = 1 and that is bounded bya multiple of G(·, O) in a neighborhood of every point in M̃(∞) r {ξ}. These
ond 
ondition really gives a meaning to �Kξ is zero on M̃(∞)r {ξ}�.Some 
orollary of this result is that the Diri
hlet problem at in�nity for anoperator satisfying (H1) to (H3) as a unique solution. The proof is on
e again
opied from [6℄. Note that it is also a dire
t trans
ription of the 
lassi
al proofof the Diri
hlet Problem for the Eu
lidean dis
 via the Poisson integral formula(see for instan
e [69℄).Theorem 4.3.20 (Diri
hlet problem at in�nity). Let (M̃, L) be as above and
L(1) = 0, then for any f ∈ C(M̃(∞)), there exists a unique u ∈ C(M̃ ∪M̃(∞))su
h that u = f on M̃(∞) and Lu = 0 on M̃ .Furthermore, if we 
hoose a base point O on M̃ , we 
an write:

u(x) :=

∫

ξ∈M̃(∞)

Kξ(x)f(ξ)dµ(ξ).Proof. Note that uniqueness is a dire
t 
onsequen
e of the maximum prin
iple.With An
ona's theorem, applying Proposition 4.3.14 to 1 shows that wehave a measure µ on M̃(∞) su
h that
1(x) =

∫

ξ∈M̃(∞)

Kξ(x)dµ(ξ),where we 
hose a base point O ∈ M̃ for the normalization of Kξ. Now let
u(x) :=

∫

ξ∈M̃(∞)

Kξ(x)f(ξ)dµ(ξ),

u is L-harmoni
 by de�nition, so we just need to prove that u(x) tends to f(ξ)when x→ ξ.Let ξ0 ∈ M̃(∞) and V a neighborhood of ξ0, we write:
u(x)−f(ξ0) :=

∫

M̃(∞)rV

Kξ(x)(f(ξ)−f(ξ0))dµ(ξ)+
∫

V

Kξ(x)(f(ξ)−f(ξ0))dµ(ξ).Now, for x in a smaller neighborhood of ξ0,Kξ(x) is bounded above by a multipleof G(x,O) (by the �rst step in the proof of An
ona's Theorem), so the �rst part
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ond part is easily seen to besmall be
ause ∫
M̃(∞)

Kξ(x)dµ(ξ) = 1, whi
h proves the theorem.In fa
t, we 
an say more about the regularity of the identi�
ation betweenthe Martin and the visual boundary. Re
all (Proposition 4.1.3) that there is anatural metri
 on the boundary of a Gromov-hyperboli
 spa
e dG,ǫ, where ǫ isa small real depending only on δ, and that we have, for ξ, η ∈ M̃(∞),
(3− 2eǫδ)e−ǫ{ξ,η}O ≤ dG,ǫ(ξ, η) ≤ e−ǫ{ξ,η}O . (4.13)Moreover, the boundary admits a Hölder stru
ture (see [43, 
hapter 11℄).Theorem 4.3.21. Let (M̃, L) satisfying the 
onditions of Theorem 4.3.16, thereexists a 
onstant α > 0 depending on M̃ and L su
h that the identi�
ation

MM̃ → M̃(∞) is α-Hölder.Moreover, if we denote by K(O, x, ξ) the Poisson kernel normalized at O, forany 
ompa
t K ⊂ M̃ , the appli
ation (O, x, ξ) ∈ K ×K × M̃(∞) 7→ K(O, x, ξ)is Hölder-
ontinuous.The above result is a dire
t 
onsequen
e of the following, more te
hni
alresult:Theorem 4.3.22. Let (M̃, L) satisfying the 
onditions of Theorem 4.3.16 and
U an unbounded domain in M̃ . Suppose that u and v are two harmoni
 fun
tionson U , 
ontinuous on U , and su
h that u|U∩M̃(∞) = v|U∩M̃(∞) = 0. Then thequotient u/v has a Cα extension to U ∩ M̃(∞), where α depends on M and L.As far as I know there is no published proof of that result in this generality,however, the hard part is due to An
ona [7℄ and Anderson and S
hoen [9℄, theonly personal 
ontribution being the following lemma. Note also that there aresome 
losely related results of this generality: in [74℄, M. Izumi, S. Neshveyevand R. Okayasu proves that the Martin kernel for a random walk on a hyperboli
group is Hölder 
ontinuous.Lemma 4.3.23. Let γ be a geodesi
 ray from O to a point ξ0 ∈ M̃(∞), wede�ne Ai := γ(4iδ) and A′

i := γ((4i+2)δ). Let Vi := {x ∈M | {x,A′
i}O > 4iδ}.Let ξ and η be the two points in ∂ (M̃(∞) ∩ Vi

), then
{ξ, η}O ≤ (4(i+ 1) + 2) δ + 17δ. (4.14)Therefore, for i ≥ 12 +
− log(3 − 2 exp(ǫδ))

2ǫδ
,

sup
a,b∈Vi

dG,ǫ(a, b) ≥ e−8iǫδProof. First note that supa,b∈Vi
dG,ǫ(a, b) ≥ (3 − 2eǫδ)e−ǫ{ξ,η}O (see equation(4.13)), so proving equation (4.14) will indeed give us the result.Now remark that, for any point p0 on the geodesi
 (ξ, η), {ξ, η}O ≤ d(O, p0).Indeed, if we take two sequen
es (an) and (bn) on (ξ, η) 
onverging respe
tively
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{ξ, η}O = lim

n→+∞
1

2
(d(an, O) + d(bn, O) − d(an, bn))

≤ lim
n→+∞

1

2
(d(an, p0) + d(p0, O) + d(bn, p0) + d(p0, O)− d(an, bn))

≤ d(p0, O).Let p := γ ∩ (ξ, η) (we take i big enough so that this interse
tion exists),depending on the position of p, we have two possibilities:� Either d(O, p) ≤ d(O,A′
i) = (4i+ 2)δ whi
h implies equation (4.14),� or d(O, p) ≥ d(O,A′

i). Then, p is in Vi (be
ause the part of γ after Ai isin Vi), so we again have two possible 
ases;� Either p /∈ Vi+1 and therefore d(O, p) ≤ d(O,Ai+1) = 4(i + 1)δ whi
hagain implies equation (4.14),� Or p ∈ Vi+1, in that 
ase, we know (using S
holie 3.1 of [6℄) thatthe geodesi
 ray [p, ξ) must pass no further than 17δ from A′
i+1, ifwe denote by p′ the point realizing that distan
e, we have d(O, p′) ≤

17δ + d(O,A′
i+1) = (4(i+ 1) + 2) δ + 17δ, whi
h ends the proof.Proof of Theorem 4.3.22. Let ξ0 be an interior point of U∩M̃(∞), O ∈ U a basepoint and γ a geodesi
 ray from O to ξ0. Set Ai := γ(4iδ) and A′

i := γ(4(i+2)δ),where δ > 0 is given by the Gromov-hyperboli
ity of M̃ . Now we de�ne
Vi := {x ∈ M̃ | {x,A′

i}O > 4iδ}, the Vi's form a basis of neighborhood of
ξ0 and are su
h that Vi+1 ⊂ Vi. So for i big enough, Vi ⊂ U .Repla
ing their Ci's by Vi, we 
an 
opy verbatim the proof of Theorem 6.2of [9℄ and obtain that u

v admits a radial extension ϕ to U and that there existsa 
onstant c1 > 0, depending on δ and L, su
h that
sup
x∈Vi

ϕ(x) − inf
x∈Vi

ϕ(x) ≤ ci1ϕ(O). (4.15)The only 
hange that needs to be done is to use An
ona's Harna
k inequality atin�nity given by Theorem 5' of [7℄, instead of the Harna
k inequality Andersonand S
hoen uses. Theorem 5' applies be
ause (Ai, Vi) forms a φ-
hain (see theproof of Theorem 6.1 in [6℄).Now, by Lemma 4.3.23 above, we have for i ≥ c2, where c2 depends only on
δ (as ǫ depends only on δ),

sup
a,b∈Vi

e−{a,b}O ≥ e−8iǫδ. (4.16)So putting together equations (4.15) and (4.16), we obtain that for y and y′su�
iently far from O, setting α := (1/8ǫδ) log (1/c1) > 0:
|ϕ(y)− ϕ(y′)| ≤

[
e−{y,y′}O

]α
ϕ(O).This proves that the extension ϕ is in fa
t Cα.
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an dedu
e Theorem 4.3.21 from Theorem 4.3.22 (see [9, Theorem6.3℄):Proof of Theorem 4.3.21. Re
all that, for ξ ∈ M̃(∞), the Poisson Kernel nor-malized at O, K(O, ·, ξ) is su
h that
K(O, x, ξ) = lim

n→∞
G(x, yn)

G(O, yn)
,where (yn) is a sequen
e 
onverging to ξ, applying Theorem 4.3.22 to the

G(x, yn) gives that there exists a 
onstant C su
h that, for any x ∈ B(O, 1)and any distin
t ξ, ξ′ ∈ M̃(∞):
|K(O, x, ξ) −K(O, x, ξ′)| ≤ C [dG(ξ, ξ

′)]
α
,whi
h proves the theorem.4.4 Existen
e of Finsler�Lapla
e harmoni
 mea-suresWe �nally get ba
k to Finsler geometry. Re
all that M̃ is the universal 
overof a 
losed manifoldM and F̃ is a Finsler metri
 of negative �ag 
urvature liftedfrom M .From now on, we assume that F̃ is reversible, indeed An
ona's Theoremis proved only for symmetri
 distan
e. Note however, that Fang and Foulon[51℄ showed that for irreversible Finsler metri
 of negative 
urvature, there existtwo boundary at in�nity, one is given by following the geodesi
s into the futureand the other into the past. It seems very probable that if we 
onsider a non-symmetri
 distan
e and redo the steps of An
ona's proof, we should obtainidenti�
ations of the past and forwards boundaries with the Martin boundary bytaking the Poisson kernels Kξ along forward, respe
tively ba
kwards, geodesi
s.But if this is true it will remain a proje
t for later (or for any interested reader).Theorem 4.4.1. If (M,F ) is a 
losed reversible Finsler manifold of stri
tlynegative 
urvature and (M̃, F̃ ) its universal 
over, then ∆F̃ veri�es the 
ondi-tions (H1) to (H3) of Theorem 4.3.16.Before starting the proof, let us state the main 
orollary:Corollary 4.4.2. There is a Cα identi�
ation between the Martin and the visualboundary of (M̃, F̃ ) and the Diri
hlet problem at in�nity for ∆F̃ admits a uniquesolution.That is, for any f ∈ C(M̃(∞)), there exists a unique u ∈ C(M̃ ∪ M̃(∞)) su
hthat u = f on M̃(∞) and ∆F̃u = 0 on M̃ .Furthermore, for any x ∈ M̃ , there exists a measure µx, 
alled the harmoni
measure for ∆F̃ su
h that:

u(x) :=

∫

ξ∈M̃(∞)

f(ξ)dµx(ξ).
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orollary is Theorem 4.3.21 and the se
ond part isTheorem 4.3.20, with dµx := Kξ(x)dµ.Condition (H1) just means that M̃ is of �bounded geometry� and it wouldstay true for any uniform Finsler Hadamard manifold in Eglo�'s sense. Condi-tions (H2) and (H3) 
omes from the following:Proposition 4.4.3. ∆F̃ is 
oer
ive, i.e., there exists c > 0 su
h that, for f ∈
C∞

0 , ∫

HM̃

(LXπ
∗f)2A ∧ dAn−1 ≥ c

∫

M̃

f2Ω.Proof. By Theorem 4.2.6, we know that λ1 is stri
tly positive be
ause π1(M isGromov-hyperboli
, hen
e not amenable, and the 
hara
terization of λ1 as thein�mum of the Rayleigh quotient (see Proposition 2.2.14) shows that we 
antake c to be λ1.We 
an dedu
e (H3) from there (see [7, Lemma 2℄, we re
all the proof below):Corollary 4.4.4 (Weak 
oer
ivity). There exists ε, 0 < ε < 1
2 , su
h that

∀t < 2ε, ∆F̃ + t Id admits a Green fun
tion Gt on M̃ .Remark 4.4.5. Re
all that, as a weighted Lapla
e operator, there always existsa heat kernel for ∆F̃ (see for instan
e [71℄) therefore we 
an apply Theorem4.3.11 to de
ide whether a Green fun
tion exists.Proof. Take ε smaller than c/2, then for any t < 2ε, L := ∆F̃ + t Id is still 
o-er
ive and therefore we have a 
oer
ive bilinear form qL asso
iated with L and
ontinuous on H1
0 (M̃). Indeed, just set qL(u, v) := −

∫
M̃
u
(
∆F̃ v + tv

)
Ω. Wewill 
onstru
t a L-superharmoni
 positive fun
tion s and use Theorem 4.3.11 to
on
lude.Take a positive test fun
tion f ∈ C∞

0 (M̃), there exists (by Lax�Milgram theo-rem) an s ∈ H1
0 (M̃) su
h that, for any ϕ ∈ C∞

0 (M̃),
qL(s, ϕ) =

∫

M̃

fϕΩ.Now s is positive, be
ause if we let s− := max{0,−s}, then qL(s
−, s−) =

−qL(s, s−) ≤ 0 (be
ause of the above equation, using a suitable C∞ approxima-tion of s−). As s is a weak solution of Ls = −f , s is superharmoni
 and we 
an
hoose f so that s is stri
tly positive and Theorem 4.3.11 proves the 
laim.Lemma 4.4.6. There exist stri
tly positive 
onstants r0, τ0, c1, and c2 su
hthat(H1) ∀m ∈ M̃ , there exists a fun
tion θ : B(m, r0) → Rn, su
h that ∀x, y ∈
B(m, r0) we have:

c−1
2 d(x, y) ≤ ||θ(x) − θ(y)|| ≤ c2d(x, y)
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tion gt relative to B(x0, r0) ofthe operator ∆F̃ + t Id satis�es: ∀x, y ∈ B(x0, r0/2)





c1 ≤ gt(x, y)

gt(x, y) ≤ c2, if d(x, y) ≥ r0
4Remark 4.4.7. These two 
onditions follow from the fa
t that M̃ and ∆F̃ arewell-adapted (in the terminology of An
ona [6℄), i.e., that M̃ veri�es (H1) andthat the push-forwards of ∆F̃ by θ have 
oe�
ients with Hölder norms boundedby uniform 
onstants. The 
ondition (H2) just means that the Green fun
tionof ∆F̃ should behave like a Green fun
tion of a uniformly ellipti
 operator on

Rn.Proof. For (H1), �rst remark that for any m ∈ M̃ , the exponential map at m isa di�eomorphism from TmM̃ to M̃ , and we 
an take θ = exp−1
m . For any realnumber r0, there exists a 
onstant c = c(r0) depending only on r0 su
h that(H1) is satis�ed. c exists by 
ompa
tness of B(m, r0) and does not depend on

m by 
ompa
tness of M .
c2 will be determined by the 
ondition (H2), as long as we take c2 ≥ c(r0).Let τ0 < λ1 and �x 0 ≤ t0 ≤ τ0, let L := θ∗

(
∆F̃ + t0 Id

). L is a uniformlyellipti
 operator on U = θ(B(x0, r0)) with smooth bounded 
oe�
ients (by
ompa
tness ofM). Therefore (see, for instan
e [105, Théorème 9.6℄ or Chapter1 of [65℄, equations (6.12) and (6.13) in parti
ular), L admits a Green fun
tion
gL and there exist two 
onstants c1 and c2 (depending on the Hölder norm ofthe 
oe�
ients of L) su
h that, for u, v a bounded distan
e apart and a boundeddistan
e from ∂U we have gL(u, v) ≥ c1 and gL(u, v) ≤ c2. As gt is the pullba
kof gL by θ and again using the 
ompa
tness of M , we have a uniform 
ontrolon all those bounds and hen
e have proven our lemma.4.5 Ergodi
 property of harmoni
 measuresIn this se
tion, we will adapt ergodi
 results on the harmoni
 measures to our
ase, the result and proof are based on Ledrappier's work on harmoni
 measuresfor negatively 
urved Riemannian manifolds in [83℄.A measure 
lass on a spa
e V is a set {µx}x∈V indexed by V su
h that, forany x ∈ V , µx is a measure on V and for y ∈ V , µx and µy are equivalent. Allthe measures we 
onsider are Radon measures. If a group Γ a
ts on V , we saythat a measure 
lass is invariant by Γ if, for x ∈ V and γ ∈ Γ,

µγ·x = γ∗µx,where γ∗µx is de�ned by, for U ⊂ V measurable, γ∗µx(U) := µx
(
γ−1 · U

).Remark that if {µx} is an invariant measure 
lass, then the measures µx arequasi-invariant, that is, for any γ ∈ Γ, µx and γ∗µx are equivalent.For an invariant measure 
lass (or a quasi-invariant measure), we 
an usethe traditional de�nition of ergodi
ity; An invariant measure 
lass is ergodi
 iffor any measurable set U invariant under Γ, then U is either of measure (forany µx) full or null.
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tion, (M,F ) is still a 
losed reversible Finsler manifold of negative
urvature, (M̃, F̃ ) its universal 
over with the lifted metri
. For any x ∈ M̃ , wedenote by µ̃x the harmoni
 measure on M̃(∞) asso
iated to ∆F̃ .Lemma 4.5.1. The harmoni
 measures {µ̃x} form a measure 
lass invariantby the a
tion of π1(M) on M̃(∞). Moreover, for x, y ∈ M̃ , the Radon-Nykodimderivative of µ̃x and µ̃y is
dµ̃x
dµ̃y

(ξ) = K(y, x, ξ),where x 7→ K(y, x, ξ) is the Poisson Kernel normalized at y.Proof. We 
an obtain the harmoni
 measure µx in the following way: Let O bea point in M̃ and K(O, x, ξ) the Poisson kernel normalized at O. If µ̃O is themeasure on M̃(∞) su
h that
∫

ξ∈M̃(∞)

K(O, x, ξ)dµ̃O(ξ) = 1,then µ̃x is su
h that, for any Borel set U ⊂ M̃(∞), µ̃x(U) =
∫
U K(O, x, ξ)dµ̃(ξ).From this we see that all the measures are equivalent and that their Radon-Nykodim derivative is given by

dµ̃x
dµ̃y

(ξ) =
K(O, x, ξ)

K(O, y, ξ)
.Now re
alling the 
hara
terization of K(O, ·, ξ) given by the proof of Theorem4.3.16 (see remark 4.3.19), we see that K(O,x,ξ)

K(O,y,ξ) = K(y, x, ξ); Indeed, x 7→
K(O,x,ξ)
K(O,y,ξ) is harmoni
, normalized at y and su
h that it tends to zero when xtends to ξ′ 6= ξ. So we have

dµ̃x
dµ̃y

(ξ) = K(y, x, ξ).Using the fa
t that the µx solves the Diri
hlet problem at in�nity, we getthat, for any x ∈ M̃ and f ∈ C0(M̃(∞)),
∫

ξ∈M̃(∞)

f(ξ)dµγ·x =

∫

ξ∈M̃(∞)

f ◦ γ(ξ)dµx =

∫

η∈M̃(∞)

f(η)d (γ∗µx) (η),so we do have µγ·x = γ∗µx.Let τ : HM̃ → M̃(∞) be the appli
ation sending an element (x, v) ∈ HM̃to the point at in�nity obtained as the limit of the geodesi
 ray leaving x in thedire
tion v. For any �xed x ∈ M̃ , τx is an (Hölder)-homeomorphism.As the harmoni
 measures are π1(M)-invariant, we 
an de�ne the spheri
alharmoni
 measures {µ̄y, y ∈M} as measures on HyM by
µ̄y := µỹ ◦ τỹ ,where ỹ ∈ M̃ is any lift of y ∈M .



4.5. ERGODIC PROPERTY OF HARMONIC MEASURES 87Theorem 4.5.2. Let (M,F ) and µ̃x be as before, we have the following prop-erties:(i) The harmoni
 measure 
lass {µ̃x} is ergodi
 for the a
tion of π1(M) on
M̃(∞).(ii) For any x ∈ M̃ , the produ
t measure µ̃x ⊗ µ̃x is ergodi
 for the a
tionof π1(M) on ∂2M̃ := M̃(∞)× M̃(∞)r diag.(iii) There exists a unique φt-invariant measure µ on HM su
h that thefamily of spheri
al harmoni
s µ̄x are a family of transverse measures.Moreover, (HM,φt, µ) is ergodi
.Note that, by the following result of Kaimanovi
h, whi
h still holds in this
ontext, proving (iii) gives the theorem.Theorem 4.5.3 (Kaimanovi
h [75℄). There exists a 
onvex isomorphism be-tween the 
one of Radon measures on ∂2M̃ and the 
one of Radon measures on

HM̃ invariant by φ̃t.Similarly, there exists a 
onvex isomorphism between the 
one of Radon mea-sures on ∂2M̃ invariant by π1(M) and the 
one of Radon measures on HMinvariant by φt.So if we 
onstru
t µ, Kaimanovi
h 
orresponden
e shows that there existsa weight f : ∂2M̃ → R, su
h that the measure fµ̃x ⊗ µ̃x is invariant by π1(M)(see [75℄). And proving that µ is ergodi
 for the �ow proves that fµ̃x ⊗ µ̃x isergodi
.To prove (iii) of Theorem 4.5.2, it su�
e to 
opy verbatim the proof ofProposition 3 in [83℄ (using that our Poisson kernel is Hölder 
ontinuous byTheorem 4.3.21). we get:Proposition 4.5.4. There exists a Hölder 
ontinuous fun
tion F0 on M su
hthat the spheri
al harmoni
 measures µ̄x 
an be 
hosen as a family of transversemeasures for the equilibrium state µ of F0.But we know (see [25℄) that an equilibrium state is ergodi
 so we have (iii).
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92 CHAPTER 5. SKEWED R-COVERED ANOSOV FLOWS5.1 De�nitions5.1.1 Basi
s on Anosov �owsIn all this part, we will be interested in Anosov �ows on 
losed 3-manifolds,but we 
an state the de�nition in any dimension:De�nition 5.1.1. Let M be a 
ompa
t manifold and φt : M → M a C1 �owon M . φt is 
alled Anosov if there exists a splitting of the tangent spa
e TM =
R ·X ⊕ Ess ⊕ Euu preserved by Dφt and two 
onstants a, b > 0 su
h that:1. X is the generating ve
tor �eld of φt.2. For any v ∈ Ess and t > 0,

‖Dφt(v)‖ ≤ be−at‖v‖.3. For any v ∈ Euu and t > 0,
‖Dφ−t(v)‖ ≤ be−at‖v‖.In the above, ‖·‖ is any Riemannian or Finsler metri
 on M .

Ess (resp. Euu) is 
alled the strong stable distribution (resp. strong unsta-ble distribution). It is a 
lassi
al result ([10℄) that Ess, Euu, R ·X ⊕ Ess and
R · X ⊕ Euu are integrable, we denote by Fss, Fuu, Fs and Fu the respe
-tive foliations and we 
all them the strong stable, strong unstable, stable andunstable foliations.In all the following, if x ∈ M , then Fs(x) (resp. Fu(x)) is the leaf of thefoliation Fs (resp. Fu) 
ontaining x.Another kind of �ow that will appear is a pseudo-Anosov �ow. This type of�ows are the generalization of suspensions of pseudo-Anosov di�eomorphisms.They should be thought of as an Anosov �ow everywhere apart from a �nitenumber of periodi
 orbits where the stable and unstable foliations are singular.For foundational works on pseudo-Anosov �ows, see [87, 88, 89℄.De�nition 5.1.2. A �ow ψt on a 
losed 3-manifold M is 
alled pseudo-Anosovif it satis�es the following 
onditions:� For ea
h x ∈ M , the �ow line t 7→ ψt(x) is C1, not a single point, andthe tangent ve
tor �eld is C0.� There is a �nite number of periodi
 orbits, 
alled singular orbits, su
h thatthe �ow is smooth o� of the singular orbits.� The �ow lines of ψt are 
ontained in two possibly singular 2-dimensionalfoliations Λs and Λu satisfying: Outside of the singular orbits, the folia-tions are not singular, they are transverse to ea
h other and their leavesinterse
t exa
tly along the �ow lines of ψt. A leaf 
ontaining a singularityis homeomorphi
 to P × [0, 1]/f where P is a p-prong in the plane and fis a homeomorphism from P × {1} to P × {0}. We will always assumethat p ≥ 3.� In a stable leaf, all orbits are forward asymptoti
, in an unstable leaf, theyare all ba
kward asymptoti
.



5.1. DEFINITIONS 93In the de�nition of Anosov �ow, we asked for φt to be at least C1 but wewill only 
are about smooth (i.e., C∞) �ows, the foliations however might notbe very regular.We further assume that φt is transversally oriented, i.e., there exists anorientation on M given by an orientation on ea
h leaf of Fs together with anorientation on ea
h leaf of Fuu. Note that this hypothesis will be essential forthe des
ription we give of skewed Anosov �ows, for instan
e, in order to have anorientation on the leaf spa
es (to be de�ned below). However, it 
an be a
hievedby taking the lift of the �ow to a two-fold 
over (four-fold if the manifold wasnot orientable).Both Sergio Fenley and Thierry Barbot � at the same time and indepen-dently � started studying Anosov �ow via their transversal geometry, that isvia studying the spa
e of orbits. We will follow their lead and use their worksthroughout this part. So some of the main obje
ts of study here will be theorbit and the leaf spa
es that we de�ne as follow:Let M̃ be the universal 
over ofM and π : M̃ →M the 
anoni
al proje
tion.The �ow φt and all the foliations lifts to M̃ and we denote them respe
tively by
φ̃t, F̃ss, F̃s, F̃uu and F̃u. Now we 
an de�ne� The orbit spa
e of φt as M̃ quotiented out by the relation �being on thesame orbit of φ̃t�. We denote it by O.� The stable (resp. unstable) leaf spa
e of φt as M̃ quotiented out by therelation �being on the same leaf of F̃s (resp. F̃u)�. We denote them by

Ls and Lu respe
tively.Note that the foliations F̃s and F̃u obviously proje
t to two transverse foliationsof O. We will keep the same notations for the proje
ted foliations, hoping thatit will not lead to any 
onfusion.For (pseudo)-Anosov �ows in 3-manifolds, the orbit spa
e is always home-omorphi
 to R2 (see [17℄ and [55℄ for the Anosov 
ase and [54℄ for the pseudo-Anosov 
ase). The leaf spa
es Ls and Lu however are in general non-Hausdor�
1-manifolds, but still 
onne
ted and simply-
onne
ted. In this work, we arespe
ially interested in one parti
ular 
ase:De�nition 5.1.3. An Anosov �ow is 
alled R-
overed if Ls and Lu are home-omorphi
 to R.Remark that to prove that a �ow is R-
overed, we just need to show thatone of the leaf spa
e is homeomorphi
 to R:Theorem 5.1.4 (Barbot [16℄, Fenley [55℄). If Ls is Hausdor�, then Lu isHausdor� and vi
e versa.Let us also re
all the following result of Verjovsky whi
h is fundamental forthe following (and already used in the proof of the above mentioned results):Proposition 5.1.5 (Verjovsky [109℄). Let φt be an Anosov �ow on a 3-manifold
M . Then:1. Periodi
 orbits of φt are not null-homotopi
.2. Leaves of F̃s (resp. F̃u) are homeomorphi
 to R2.3. M̃ is homeomorphi
 to R3.



94 CHAPTER 5. SKEWED R-COVERED ANOSOV FLOWSVerjovsky result is in fa
t more general; the above stays true (with obviousmodi�
ations) for 
odimension one Anosov �ows, i.e., Anosov �ows su
h that(say) the strong unstable foliation Fuu is one-dimensional. In the same arti
le,Verjovsky also proved the following result:Proposition 5.1.6. If φt is a 
odimension 1 Anosov �ow, then any leaf of F̃uuinterse
ts at most on
e a leaf of F̃s.Note that this result does not tell you that there always is an interse
tion;Indeed, we say that a R-
overed �ow is skewed if for every leaf Lu ∈ F̃u, thereexists a leaf Ls of F̃s su
h that Lu ∩ Ls = ∅ and vi
e-versa. We have thefollowing:Theorem 5.1.7 (Barbot [17℄). If φt is a R-
overed �ow on a 3-manifold M ,then either φt is skewed, or it is a topologi
ally 
onjugated to a suspension of anAnosov di�eomorphism.An R-
overed Anosov �ow is always transitive (see [17, Theorem 2.5℄), i.e.,admits a dense orbit. If it is skewed, it is even more:Proposition 5.1.8 (Barbot). A skewed R-
overed Anosov �ow is topologi
allymixing.The proof is given in Remark 2.2 of [19℄, topologi
ally mixing means thatgiven two open sets, there exists a time after whi
h the image by the �ow of oneset always interse
ts the other (see [80℄).In all the rest, we will be 
onsidering skewed R-
overed Anosov �ows. Notethat a geodesi
 �ow of a negatively 
urved surfa
e is a skewed R-
overed Anosov�ow. More generally, any 
onta
t Anosov �ow is skewed R-
overed ([19℄)Orbit spa
e and fundamental groupIt is easy to see that the a
tion of the fundamental group ofM on M̃ proje
tsto the orbit and leaf spa
es, we 
an even say a bit more about this a
tion:Proposition 5.1.9. Let φt be an Anosov �ow on M .1. The stabilizer by π1(M) of a point in O, Ls or Lu is either trivial or
y
li
.2. If γ ∈ π1(M) �xes a point O ∈ O, then O is an hyperboli
 �xed point of
γ.3. If γ ∈ π1(M) �xes a point l ∈ Ls (or Lu), then l is either an attra
tor ora repeller for the a
tion of γ.The proof 
an be found in [16℄ and holds on
e again for 
odimension 1Anosov �ow.One fundamental remark of Fenley in [55℄ is the following:Proposition 5.1.10 (Fenley). Let φt be a skewed, R-
overed Anosov �ow in a

3-manifold M . Then, there exist two fun
tions ηs : Ls → Lu and ηu : Lu → Lsthat are monotonous, π1(M)-equivariant and Cα. Furthermore, ηu ◦ ηs and
ηs ◦ ηu are stri
tly in
reasing and we 
an de�ne η : O → O by

η(o) := ηu
(
F̃u(o)

)
∩ ηs

(
F̃s(o)

)
.



5.1. DEFINITIONS 95Proof. Let Ls ∈ Ls, de�ne I := {Lu ∈ Lu | Lu ∩ Ls 6= ∅}. I is an open,
onne
ted subset in Ls ≃ R, hen
e ∂I 
onsists of 2 elements and, as φt istransversally oriented, Ls as a natural orientation, so we 
an set ηs(Ls) to bethe largest element of ∂I. ηu is de�ned in exa
tly the same fashion.Monotoni
ity is trivial to 
he
k using the de�nition, as is the equivarian
e bythe fundamental group. The Hölder 
ontinuity is done in [19℄.Using this result, we 
an get a better pi
ture of the spa
e of orbits: Let
Γ(ηs) := {(λs, ηs(λs)) , λs ∈ Ls} ⊂ Ls × Lu and Γ(ηu) := {(ηu(λu), λu) , λu ∈
Lu} ⊂ Ls × Lu be the graphs of ηs and ηu respe
tively. Then O is the subsetof Ls ×Lu in between Γ(ηs) and Γ(ηu), and the foliations F̃s and F̃u in O arejust given by verti
al and horizontal lines (see Figure 5.1).

Ls

Lu

Γ(ηs)

Γ(ηu)

Figure 5.1: The spa
e O seen in Ls × LuFree homotopy 
lass of periodi
 orbitsIn [55℄, Fenley 
onstru
ted examples of skewed R-
overed Anosov �ow onatoroidal, not Seifert-�bered spa
es. So in parti
ular, these �ows are not geodesi
�ows. It turns out that if you 
onsider the free homotopy 
lass of periodi
 orbits,Fenley's examples behave in a very di�erent way:Theorem 5.1.11 (Fenley [55℄). If M is atoroidal and not Seifert-�bered, thenthe free homotopy 
lass of a periodi
 orbit of φt 
ontains in�nitely many distin
tperiodi
 orbits.For the geodesi
 �ow of a negatively 
urved (Riemannian or Finsler) mani-fold, it is a 
lassi
al result ([82℄) that there is at most one periodi
 orbit in a freehomotopy 
lass (and exa
tly one geodesi
 for ea
h element in the fundamentalgroup of the manifold).



96 CHAPTER 5. SKEWED R-COVERED ANOSOV FLOWSWe give a sket
h of proof of this result as it is useful for the understandingof su
h �ows.Sket
h of proof. Let α be a periodi
 orbit of M , and α̃ a lift to the universal
over. There exists an element γ ∈ π1(M) su
h that γ leaves α̃ invariant. Forany i ∈ Z, ηi(α̃) is also left invariant by γ (by the previous proposition) andhen
e its proje
tion on M is a periodi
 orbit. Just by looking at the a
tion of γon O we 
an dedu
e that ηi(α̃) and ηi+1(α̃) have reverse dire
tions (see �gure5.4).Then, there is some work to show that, if γ was the generator of the stabilizerof α̃ for the a
tion of π1(M), then it is the generator for any ηi(α̃). This provesthat η2i(α̃) are all freely homotopi
.Finally, using the topologi
al assumptions, Fenley shows that the proje
tions of
η2i(α̃) to M are all distin
t (otherwise, there would be a Z2 in π1(M)).In the following, we will often abuse terminology and say that an orbit α̃ of
φ̃t is periodi
 if its proje
tion to M is periodi
, or equivalently, if α̃ is stabilizedby an element of the fundamental group.LozengesIn [55℄, Fenley introdu
ed the notion of lozenges, whi
h is a kind of basi
blo
k in the orbit spa
e and is fundamental to the study of (not only R-
overed)(pseudo)-Anosov �ow.

b

b

L

α

β

A B

D C

Figure 5.2: A lozenge with 
orner α, β and sides A,B,C,DDe�nition 5.1.12. A lozenge L in O is a subset of O su
h that (see Figure5.2):There exist two points α, β ∈ L and four half leaves A ⊂ F̃s(α), B ⊂ F̃u(α),
C ⊂ F̃s(β) and D ⊂ F̃u(β) verifying:� For any λs ∈ Ls, λs ∩B 6= ∅ if and only if λs ∩D 6= ∅,� For any λu ∈ Lu, λu ∩ A 6= ∅ if and only if λu ∩ C 6= ∅,� A does not interse
t D and B does not interse
t C.Then,

L := {α, β} ∪ {p ∈ O | F̃s(p) ∩B 6= ∅, F̃u(p) ∩ A 6= ∅}.

α and β are 
alled the 
orners of L and A,B,C and D are 
alled the sides.



5.1. DEFINITIONS 97Note that in our de�nition, we do not 
ount the sides as part of a lozenge,but we do in
lude the two 
orners.De�nition 5.1.13. A 
hain of lozenges is a union (�nite or in�nite) of lozenges
Li su
h that two 
onse
utive lozenges Li and Li+1 always share a 
orner.There are basi
ally two 
on�gurations for 
onse
utive lozenges in a 
hain:either they share a side, or they don't. The �rst 
ase is 
hara
terized by thefa
t that there exists a leaf interse
ting the interior of both lozenges, while it
annot happen in the se
ond 
ase (see �gure 5.3)

b

b

b

b(a) Lozenges sharing only 
or-ners
b

b

b

b

(b) Lozenges sharing sidesFigure 5.3: The two types of 
onse
utive lozenges in a 
hainIn the 
ase at hand, lozenges and 
hain of lozenges are pretty ni
e:Proposition 5.1.14 (Fenley [55℄). Let φt be a skewed R-
overed Anosov �ow,and C =
⋃
Li a 
hain of lozenges. Let pi−1 and pi be the two 
orners of Li,then pi = η(pi−1). Furthermore, if pi is the shared 
orner with Li+1, then theunion of the sides through pi of Li and Li+1 is F̃s(pi)∪F̃u(pi). In other words,
onse
utive lozenges never share a side. In parti
ular, an (un)stable leaf 
annotinterse
t the interior of more than one lozenge in C.Corollary 5.1.15. If L is a lozenge su
h that one of its 
orner is �xed byan element γ of π1(M), then γ stabilizes the whole lozenge and �x the other
orner.Now, if we assume furthermore that M is atoroidal and not a Seifert-�beredspa
e, then we have:� If C is a 
hain of lozenges with 
orners pi and if one 
orner is a peri-odi
 orbit, then every 
orner is a periodi
 orbit, the set {π(p2i)} (resp.

{π(p2i+1)}) is in the free homotopy 
lass of π(p0) (resp. π(p1)) and C isstabilized by the de
k transformation �xing the pi.� Conversely, if α is a periodi
 orbit of φt and α̃ a lift to M̃ , then α̃ is a
orner of an in�nite maximal 
hain of lozenges C. The stabilizer of C in
π1(M) is generated by one element. We 
all the proje
tion to M of allthe 
orners of C the double free homotopy 
lass of α.



98 CHAPTER 5. SKEWED R-COVERED ANOSOV FLOWSRemark 5.1.16. The di�eren
e between the free homotopy 
lass of a periodi
orbit and the double free homotopy 
lass, is that in the latter, we forget aboutthe orientation of the 
urves.

α̃i

α̃i+1

α̃i+2

b

b

b

Figure 5.4: The a
tion of an element γ ∈ π1(M) stabilizing a 
hain of lozengesProof. The �rst assertion is easy: if γ stabilizes some 
orner then it stabilizesthe other 
orner be
ause it is an image of the �rst one by a power of η and η
ommutes with de
k transformations. Now, this implies that γ stabilizes everyside of L, hen
e stabilizes L.The se
ond assertion is a trivial appli
ation of the �rst one and the fa
t thatfree homotopy 
lasses are obtained by powers of η (see [55℄ or the sket
h of proofof Theorem 5.1.11).Finally, the only hard part of the last assertion is that the stabilizer of Cis some 
y
li
 group. It amounts to the same thing as we already admitted inthe proof of Theorem 5.1.11, i.e., that the proje
tions to M of the 
orners aredistin
t. Indeed, the image by a de
k transformation of a lozenge is a lozengeand in parti
ular it sends 
orner to 
orner.Note that Fenley obviously �rst studied these lozenges and obtained theabove results and then dedu
ed Theorem 5.1.11, I hope the reader will forgivethe liberty I took with the order in whi
h I present the results; my goal was notto give 
omplete proofs but merely an idea of what these �ows look like.Remark 5.1.17. Looking at the orientation of the sides of a lozenge, we 
an seethat they 
ome in two di�erent types:Re
all that the transverse orientability of φt gives an orientation on ea
h leafof F̃s and F̃u seen in O, so any orbit de�nes two half stable leafs (positive andnegative) and two half unstable leafs. Now, let p be a 
orner of a lozenge L.The sides of L going through p � 
all them A for the stable and B for theunstable � 
ould either be both positive, both negative, or of di�erent signs.It is quite easy to see that the stable (resp. unstable) side of the other 
ornerneeds to have swit
hed sign from B (resp. from A). So ea
h lozenge 
ould be



5.1. DEFINITIONS 99of two types, either (+,+,−,−) or (+,−,−,+), but evidently, all the lozengesof the same (transversally orientable) �ow are of the same type ([55℄).In the sequel, we will 
onsider �ows su
h that lozenges are of the type
(+,+,−,−) (see �gure 5.5a).

b

b

L

α

β

F̃s(α)+ F̃u(α)+

F̃u(β)− F̃s(β)−

(a) A lozenge of type (+,+,−,−)

b

b

L

α

β

F̃s(α)+ F̃u(α)−

F̃u(β)− F̃s(β)+

(b) A lozenge of type (+,−,−,+)Figure 5.5: The two possible orientations of lozenges5.1.2 Foliations and slitheringsWe leave for a bit Anosov �ows to digress about (R-
overed) foliations.Thurston in [107℄ introdu
ed the following notion:De�nition 5.1.18. M slithers around the 
ir
le if there exists a �bration
s : M̃ → S1 su
h that π1(M) a
ts by bundle automorphism of s, i.e., an el-ement γ of π1(M) sends a �ber s−1(x) to a possibly di�erent �ber. s is 
alled aslithering.A slithering s de�nes a foliation F(s) on M , just by taking the leaves to bethe proje
tion on M of the 
onne
ted 
omponents of s−1(x). Re
ipro
ally, wesay that a foliation 
omes from a slithering if it is obtained in that way. It is im-mediate that foliations 
oming from slitherings are R-
overed. Here, R-
overedmeans that the leaf spa
e of the foliation is R.Re
all that a taut foliation is a foliation that admits a 
losed transversal.Note that the foliations we are interested in are always taut; A skewed R-
overedAnosov �ow is transitive, so ea
h strong leaf is dense (see [93℄), hen
e, in orderto get a 
losed path transverse to the weak stable foliation, we 
an just followa strong unstable leaf until we are 
lose to where we began and 
lose it up in atransverse way.Candel managed to apply to taut foliations the 
lassi
al uniformization theorem:Theorem 5.1.19 (Candel's Uniformization Theorem [34℄). Let F be a tautfoliation on an atoroidal M , then there exists a Riemannian metri
 su
h thatits restri
tion to every leaf is hyperboli
.Using the metri
 given by Candel's uniformization theorem, we 
an de�nea boundary at in�nity for any leaf λ of F̃ that we denote by S1

∞(λ). Thurstonexplained how to stit
h those boundaries together to obtain a �universal 
ir-
le� that takes into a

ount the topologi
al and geometri
al information of thefoliation.



100 CHAPTER 5. SKEWED R-COVERED ANOSOV FLOWSLet us write L for the leaf spa
e of the foliation F .De�nition 5.1.20 (Universal 
ir
le). Let F be a R-
overed taut foliation on anatoroidal 3-manifold M . A universal 
ir
le for F is a 
ir
le S1univ together withthe following data:1. There is a faithful representation
ρuniv : π1(M) → Homeo+ (S1univ)2. For every leaf λ of F̃ there is a monotone map

Ψλ : S
1univ → S1

∞(λ).Moreover, the map
Ψ: S1univ × L → E∞de�ned by Ψ(·, λ) := Ψλ(·) is 
ontinuous.Here, E∞ :=

⋃
λ∈L S

1
∞(λ) is given the largest topology su
h that the end-point map e : T 1F̃ → E∞, whi
h asso
iate the endpoint in S1

∞(λ) of ageodesi
 ray de�ned by an element of the unit tangent bundle of the leaf
λ, is 
ontinuous.3. For every leaf λ of F̃ and any γ ∈ π1(M) the following diagram 
ommutes:

S1univ ρuniv(γ) //

Ψλ

��

S1univ
Ψγ·λ

��
S1
∞(λ) γ

// S1
∞(γ · λ)This de�nition is taken from [32℄, note however that Calegari de�nes univer-sal 
ir
les for any kind of taut foliations and hen
e needs a last 
ondition thatis empty for R-
overed foliations.Theorem 5.1.21 (Thurston [107℄, Fenley [56℄, Calegari [31℄, Calegari and Dun-�eld [33℄). A foliation 
oming from a slithering de�nes a universal 
ir
le.The di�erent sour
es for this result are in fa
t di�erent generalizations ofthe original Thurston result.De�nition 5.1.22 (Regulating �ow). A �ow ψt on M is said to be regulatingfor F if ψt is transverse to F and when lifted to the universal 
over, any orbitof ψ̃t interse
ts every leaf of F̃ . In other words, we have a homeomorphismbetween any orbit of ψ̃t and the leaf spa
e of F .The main result 
on
erning slitherings is probably the following, but notethat Fenley and Calegari obtained that result for a larger 
lass of foliations:Theorem 5.1.23 (Thurston, Fenley, Calegari [31℄). If F is a foliation 
omingfrom a slithering on an atoroidal, aspheri
al 
losed 3-manifoldM , then it admitsa pseudo-Anosov regulating �ow ψt : M →M .Fenley proves even more about these pseudo-Anosov regulating �ows:



5.2. SKEWED R-COVERED ANOSOV FLOWS 101Theorem 5.1.24 (Fenley [52℄, [53℄). Let F be a foliation 
oming from a slith-ering on an atoroidal, aspheri
al 
losed 3-manifold M . Then, up to topologi
al
onjuga
y, there is only one regulating pseudo-Anosov �ow ψt.Furthermore, the orbit spa
e of ψt is a dis
 that admits S1univ as a natural bound-ary.In order to have a better pi
ture of the above results, let us des
ribe veryroughly how these regulating pseudo-Anosov �ows are obtained: The �rst stepis 
onstru
ting a lamination of S1univ, let us re
all the de�nition,De�nition 5.1.25. Let (a, b), (c, d) be two pairs of points in S1, we say thatthey interse
t if (c, d) is 
ontained in di�erent 
omponents of S1 r {a, b}.Calegari [32℄ says that the two pairs are linked. We will justify later (Remark5.4.4) why we use this name.De�nition 5.1.26. A lamination of S1 is a 
losed subset of the set of unorderedpairs of distin
t points in S1 with the property that no two elements of thelamination interse
t.Now, the �rst (big) step towards Theorem 5.1.23 is:Theorem 5.1.27 (Thurston, Fenley, Calegari). If F is a foliation 
oming froma slithering on an atoroidal, aspheri
al 
losed 3-manifold M , then the asso
iateduniversal 
ir
le S1univ admits two laminations Λ±univ whi
h are preserved underthe natural a
tion of π1(M) on S1univ.While proving that result, they also 
onstru
t two laminations Λ̃± of M̃su
h that they are transverse, π1(M)-invariant and the interse
tion of Λ̃+ (or
Λ̃+) with a leaf of F is a geodesi
 (for the leaf-wise hyperboli
 metri
). Theregulating pseudo-Anosov �ow is then obtained from Λ̃± by �
ollapsing� the
omplementary regions, thus obtaining two transverse singular foliations, andtaking the �ow to be the line �eld generated by the interse
tion.Note also that in our 
ase, any laminations in M̃ , π1(M)-invariant and obtainedfrom the laminations Λ±univ will give rise to a regulating pseudo-Anosov �ow (see[32, Chapter 9℄).5.2 Skewed R-
overed Anosov FlowsOne of the motivations of Thurston in [107℄ to study foliations 
oming fromslithering was Fenley's examples. Indeed:Proposition 5.2.1 (Thurston). Let φt be a skewed R-
overed Anosov �ow, thenthe foliations Fs and Fu 
ome from slitherings.Proof. Let C := Ls/ηu ◦ ηs and πC : Ls → C the proje
tion. As Ls is homeo-morphi
 to R and ηu ◦ ηs is a stri
tly in
reasing, 
ontinuous, π1(M)-equivariantfun
tion (by Proposition 5.1.10), we have that C is homeomorphi
 to S1 andthat the a
tion of π1(M) on Ls des
ends to an a
tion by bundle automorphismon C. Hen
e we 
an de�ne ss : M̃ → C as the 
anoni
al proje
tion from M̃ to
Ls then to C and it is 
lear that Fs 
omes from the slithering ss.The same thing applies for Fu.
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overed Anosov �ow 
omes with two slitherings and we 
anapply the theory developed by Thurston. Note that those foliations are linked:Proposition 5.2.2. A regulating �ow for Fs transverse to Fu is also regulatingfor Fu and vi
e-versa.Proof. Any lift of a(n) (un)stable leaf separates M̃ in two 
onne
ted 
ompo-nents, hen
e the result.Note that, when the skewed R-
overed Anosov �ow we 
onsider is just ageodesi
 �ow on a negatively 
urved surfa
e Σ, we have an obvious regulating�ow 
oming to mind; here,M 
orresponds to HΣ, so 
onsider the �ow that justpush ve
tors along the �bers, without moving the base point (in other words,the �ow generating rotations). It is 
lear that this �ow is regulating. Now H̃Σis (not surprisingly) homeomorphi
 to R× Σ̃, where the �rst 
oordinate is givenby how mu
h a ve
tor is turned with respe
t to a �xed dire
tion (taken as apoint on the visual boundary of Σ̃). It turns out that we 
an always have thiskind of identi�
ation whenever we 
onsider a skewed R-
overed Anosov �ow (seealso Figure 5.6):
Figure 5.6: Using Proposition5.2.3, we 
an represent φ̃t in thefollowing way: M̃ is identi�ed witha solid 
ylinder where ea
h hori-zontal sli
e is a stable leaf. Ona stable leaf, the orbits of φ̃t arelines all pointing towards the samepoint on the boundary at in�nityof the leaf. We represented a sta-ble leaf, with some orbits on it, inred. The blue 
urve represents thepoint at in�nity where orbits ends.It is a way of seeing Ls �slithers�.An unstable leaf now, representedin green, is given by �xing the
(x, y)-
oordinates (i.e., the pointsthat proje
ts to the same pointon the universal 
ir
le) and takingthe lines pointing towards the blue
urve. Finally, the orbit of the reg-ulating pseudo-Anosov �ow ψ̃t areverti
al 
urves inside the 
ylinderand stabilizes the foliation by ver-ti
al straight lines on the bound-ary.



5.3. ISOTOPY AND CO-CYLINDRICAL CLASS 103Proposition 5.2.3. Let φt be a skewed R-
overed Anosov �ow and ψt a regu-lating �ow for both Fs and Fu. Then, we 
an 
onstru
t two 
ontinuous identi-�
ations of the universal 
over:
Is : M̃ → Ls ×O(ψ), Iu : M̃ → Lu ×O(ψ)

x 7→
(
F̃s(x), ψ̃t(x)

)
x 7→

(
F̃u(x), ψ̃t(x)

)where O(ψ) is the orbit spa
e of ψt.Proof. Inje
tivity and surje
tivity is given by the de�nition of a regulating �ow,the 
ontinuity follows from the fa
t that F̃s is a foliation of M̃ , ψ̃t is transverseto it and O(ψ) is homeomorphi
 to R2.Note that for any orbit of φ̃t, using the slithering given by Fs, it is pos-sible to �proje
t� this orbit onto the universal 
ir
le. Indeed, an orbit deter-mines two leaves Ls ∈ Ls and Lu ∈ Lu, then, using ηu : Lu → Ls (de�ned inProposition 5.1.10), we get a pair of points (Ls, ηu(Lu)) in Ls and this in turndetermines two distin
t points in the universal 
ir
le. When we 
onsider there
ipro
al image of this appli
ation, we obtain:Lemma 5.2.4. Two distin
t points on the universal 
ir
le de�ne a (
ountable)
olle
tion of orbits of φt.Instead of giving a rigorous proof of that lemma, I would like to refer thereader to �gure 5.6: two points on S1univ determine two verti
al lines on theoutside of the 
ylinder, every time one of these lines interse
ts Ls, we obtainone orbit.5.3 Isotopy and 
o-
ylindri
al 
lassThe question that started our study of these kinds of Anosov �ows was thefollowing:Suppose you are given a skewed R-
overed Anosov �ow in a hyperboli
 3-manifold M , any periodi
 orbit is freely homotopi
 to in�nitely many otherorbits. In other words, we have a family of knots in M . Then are these knotsdi�erent? Here, we understand �di�erent� in the sense of traditional knot the-ory, i.e., two knots are equivalent if there exists an isotopy between them. Andif some of these knots are indeed di�erent, 
an we say more about it? That is,
an we develop a kind of knot theory adapted to Anosov �ows?It turns out that there is no knot theory in that 
ase, indeed we will showbelow that any freely homotopi
 orbits are also isotopi
.We will also study a related question: among a free homotopy 
lass, 
anwe say when two orbits are boundaries of an embedded 
ylinder? Indeed, anisotopy between two orbits gives an immersed 
ylinder, so it seems natural towonder whether this 
an be made into an embedding. Furthermore, Barbot [18℄(and later together with Fenley [20℄) studied embeddings of tori in manifoldsequipped with an Anosov �ow. This is in some sense the atoroidal equivalent.The results in the following se
tions are joint work with Sergio Fenley andwill be published with full details later.
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lass of periodi
 orbitsLet us start by giving the de�nition of isotopy we will use here:De�nition 5.3.1. Two 
urves c1 and c2 in M are isotopi
 if there exists a
ontinuous appli
ation H : S1× [0, 1] →M su
h that H(S1, 0) = c1, H(S1, 0) =
c2 and, for any t ∈ [0, 1], H(S1, t) is an embedding of S1 in M .Among isotopi
 orbits, we de�ne:De�nition 5.3.2. Two 
urves c1 and c2 in M are 
o-
ylindri
al if there existsan embedded annulus A in M su
h that ∂A = c1 ∪ c2.Note that this is not an equivalen
e relation as it is 
learly non-transitive,however, as we will see, its study is quite interesting.Let us start by 
onsidering geodesi
 �ows for a minute; In that 
ase, thequestion of isotopy is trivial (be
ause there is, at most, one periodi
 orbit in afree homotopy 
lass). What is not trivial however is answering the followingquestion: given a periodi
 orbit α, is there an embedded torus in HΣ 
ontaining
α? If you suppose that α is simple, then the answer is 
learly yes; Indeed, justtake {(x, v) ∈ HΣ | x ∈ π(α)}. If the orbit is non-simple however, it turns outthat there is no su
h embedded torus.To my everlasting surprise, this kind of 
ondition will stay true for anyskewed R-
overed Anosov �ow.But before studying 
o-
ylindri
al 
lasses, we 
an use the work of Thurston,Fenley and Calegari to answer our �rst question and dedu
e that the isotopy
lasses are the same as the double free-homotopy 
lasses:Theorem 5.3.3 (Barthelmé, Fenley). Let φt be a skewed R-
overed Anosov�ow on a 
losed atoroidal, not Seifert �bered, 3-manifold. If αi is a double freehomotopy 
lass of periodi
 orbits of φt, then all the αis are isotopi
.sket
h of proof. We are going to 
onstru
t an isotopy between α0 and α1. Asisotopy is an equivalen
e relation, it will show that all free homotopi
 orbits areisotopi
.Let ψt be a regulating �ow for F̃s and F̃u, α̃0 a lift of α0 to M̃ and α̃1 =
η(α̃0). For any x ∈ α̃0 there exists a time T (x) su
h that ψ̃T (x)(x) ∈ F̃s(α̃1).Let C := {ψt(π(x)) | x ∈ α̃0, 0 ≤ t ≤ T (x)}. It is an immersed 
ylinder withone boundary α0 and the other one a 
losed 
urve on Fs(α1). Let us 
all these
ond boundary 
omponent α′

1.Up to a C1 modi�
ation of ψt, we 
an show that there is only a �nite numberof (transverse) interse
tions of α0 with C. We 
an therefore �nd a 
ontinuoustime 
hange Ψt of ψt su
h that, for some t1 ∈ R, α′
1 = Ψt1(α0). As Ψt is a �ow,for any t ∈ [0, t1], Ψt(α0) is an embedded S1 in M .We produ
ed an isotopy from α0 to Ψt1(α0). Now, Ψt1(α0) is freely homo-topi
 to α1 on the surfa
e Fs(α1), hen
e is isotopi
.5.3.2 Co-
ylindri
al 
lassWe will now show the link between having two 
o-
ylindri
al periodi
 orbitsand simple 
hain of lozenges, this is essentially based on Barbot's work [18℄.



5.3. ISOTOPY AND CO-CYLINDRICAL CLASS 105In [18℄ (see also [20℄) Barbot studied embedded torus in (toroidal) 3-manifoldssupporting skewed R-
overed Anosov �ows, showing that they 
ould be put ina quasi-transverse position (i.e., transverse to the �ow, apart from along someperiodi
 orbits). We will use his work to obtain properties of embedded annulus:Theorem 5.3.4. Let α and β be two orbits in the same free homotopy 
lass,
hoose 
oherent lifts α̃ and β̃, and denote by B(α̃, β̃) the 
hain of lozenges be-tween α̃ and β̃.If α and β are 
o-
ylindri
al then B(α̃, β̃) is simple, i.e., if we denote by
(α̃i)i=0...n the 
orners of the lozenges in B(α̃, β̃), with α̃0 = α̃ and α̃n = β̃,then

(π1(M) · α̃i) ∩B(α̃, β̃) = {α̃i}.Conversely, if B(α̃, β̃) is simple, then there exists an embedded annulus, 
alleda Birkho� annulus, with boundary α ∪ β.Proof. Constru
tion of an embedded Birkho� annulus from a simple 
hain oflozenges is done in [18℄, hen
e proving the 
onverse part.To prove that if α and β are 
o-
ylindri
al, then B(α̃, β̃) is simple, we have tore-prove Lemma 7.6 of [18℄ (or equivalently step 1 of the proof of Theorem 6.10of [20℄) when, instead of having an embedded torus, we just have an embedded
ylinder.Let C be an embedded 
ylinder su
h that ∂C = {α, β} and C̃ the lift of C in
M̃ su
h that its boundary is on α̃ and β̃. Let us also denote by γ ∈ π1(M) thegenerator of the stabilizer of α̃. Following [18℄, we 
an 
onstru
t a embeddedplane C̃0 in M̃ su
h that� C̃0 is γ-invariant,� C̃0 
ontains all the α̃i,� C̃0 is transverse to φ̃t ex
ept along the α̃i,� the proje
tion of C̃0 to O is B(α̃, β̃).Barbot's tri
k to obtain su
h a plan is, for every lozenge in B(α̃, β̃), take asimple 
urve c̄ from one 
orner of the lozenge to the other (for instan
e α̃i and
α̃i+1). Then, lift c̄ to c̃ ⊂ M̃ su
h that c̃ is transverse to φ̃t. Now 
hoose anembedded re
tangle Ri in M̃ su
h that Ri is bounded by c̃, γ · c̃, and the twopie
es of α̃i and α̃i+1 between the endpoints of c̃ and γ · c̃. Then de�ne C̃0 asthe orbit under γ of the unions of the re
tangles Ri.From now on, we 
opy the proof of [20, Theorem 6.10, step 1℄.Suppose that B(α̃, β̃) is not simple. Then there exist α̃i and h ∈ π1(M) su
hthat θ := h · α̃i interse
ts the interior of B(α̃, β̃). Then θ interse
ts C̃0 in asingle point p. Let θ+ and θ− be the two rays in θ de�ned by p. If we denoteby Ṽ the subset of M̃ delimited by F̃s(α̃) and F̃s(β̃) and 
ontaining C̃0, then
C̃0 separates Ṽ in two 
omponents.Claim 5.3.5. Either θ+ or θ− stays a bounded distan
e from C̃0.Proof. Assume they don't: for any R > 0, there exist points q−R , q+R on θ−, θ+su
h that d(q±R , C̃0) > R.As π(C̃0) and C are freely homotopi
, there exists R0 su
h that C̃ is 
ontainedin the R0-neighborhood of C̃0. Then, for any R > 2R0, any path in Ṽ joining
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h that d(q±, q±R) < R must interse
t C̃.Now, π(θ) is freely homotopi
 to a 
urve in C, and as C is embedded in anoriented manifold, it must be two-sided. So π(θ) is homotopi
 to a 
urve dis-joint from C (note that this is the only point where we use the fa
t that C isembedded). Lifting it gives a homotopy from θ to a 
urve θ1 disjoint from C̃.But homotopies move points a bounded distan
e away: there exists r > 0 su
hthat, for any R > 0, there are two points m±
R on θ1 su
h that d(m±

R , q
±
R) < r.Choose R > max{2R0, r}, a

ording to the above, the segment in θ1 from m−

Rto m+
R must interse
t C̃: 
ontradi
tion.We assume that θ+ stays a distan
e ≤ a1 from C̃0.Let g ∈ π1(M) be the generator of the stabilizer of θ. Choose a sequen
e

pi := gni · p ∈ θ+. Let qi be a sequen
e in C̃0 su
h that d(qi, pi) ≤ a1, up toa subsequen
e, we 
an assume that π(qi) 
onverges and as π(C̃0) is 
ompa
t,we 
an even assume that π(qi) is 
onstant. Now, up to another subsequen
e,we 
an assume that there are segments ui in Ṽ from pi to qi su
h that π(ui)
onverges inM . Adjusting on
e again, we 
an assume that π(ui) is 
onstant forbig enough i.We 
onsider the following 
losed 
urve in Ṽ : start by a segment in θ+ from pito pk, k > i, then follow uk, then 
hoose a segment in C̃0 from qk to qi and 
loseup along ui. Sin
e π(ui) = π(uk), this shows that there exists n ∈ Z su
h that
gn(qi) = qk.Hen
e, for some n 6= 0, C̃0 is left invariant by gn, whi
h implies that B(α̃, β̃) isalso invariant by gn. But gn ·θ = θ, so gn leaves invariant a point in the interiorof a lozenge as well as the whole lozenge, whi
h is impossible.Using the theorem, we 
an dedu
e the following property of 
o-
ylindri
al
lass:Proposition 5.3.6. If the 
o-
ylindri
al 
lass of one orbit is �nite, then all the
o-
ylindri
al 
lasses in the same double free homotopy 
lass are �nite. More-over, they all have the same 
ardinality.Proof. This result just relies on the fa
t that the homeomorphism η ofO, de�nedby applying ηu and ηs to respe
tively the unstable and stable leaf 
ommuteswith the a
tion of π1(M).Let αi be a double free homotopy 
lass of periodi
 orbit. Suppose that α0 has
k elements in its 
o-
ylindri
al 
lass, then it implies that, for any 
oherent lift
α̃i of the αi, the 
hain of lozenges B(α̃0, α̃k) is non-simple. More pre
isely, wehave an element h ∈ π1(M) su
h that h · α̃0 is in L(α̃k−1, α̃k), the lozenge with
orners α̃k−1 and α̃k. Indeed, re
all that α̃i = ηi(α̃0), so, if h · α̃i ∈ L(α̃k−1, α̃k),then
h · α̃0 = h · η−i(α̃i) = η−i (h · α̃i) ∈ η−i

(
L(α̃k−1, α̃k)

)
= L(α̃k−1−i, α̃k−i).So α0 and αk−i would not be 
o-
ylindri
al.Then, for any i, h · α̃i ∈ L(α̃k−1+i, α̃k+i), whi
h proves that the number oforbits 
o-
ylindri
al to αi is at most k, and again the same argument as aboveshows that it is also at least k.
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tion of the fundamental group on S1univ and
o-
ylindri
al orbitsThanks to Thurston's work in [107℄ we know that the fundamental group of a
3-manifold admitting a R-
overed foliation a
ts on the universal 
ir
le implyingmany results about the type of group it 
an be, as we 
an see for instan
e in[31, 33, 56℄. There is a remarkable link between the existen
e of 
o-
ylindri
alorbits and the a
tion of π1(M) on pairs of points in S1univ.De�nition 5.4.1. Let (α+, α−) and (β+, β−) be two pairs of points in S1univ.We say that (α+, α−) and (β+, β−) interse
t if for some order on S1univ, wehave:

α− < β− < α+ < β+.We will say that (α+, α−) self-interse
ts if there exists h ∈ π1(M) su
h that
(α+, α−) and (h · α+, h · α−) interse
t.Proposition 5.4.2. Let α be a periodi
 orbit of φt, α̃ a lift to M̃ and (α+, α−)the proje
tion of α̃ on S1univ.The 
o-
ylindri
al 
lass of α is �nite if and only if (α+, α−) self-interse
ts.Proof. If the 
o-
ylindri
al of α is �nite, then (by Theorem 5.3.4) the 
hainof lozenges 
ontaining α̃ is non-simple. So, there exists h ∈ π1(M) su
h that
h · α̃ ∈ L(α̃i, α̃i+1). Proje
ting that lozenge to S1univ shows that (α+, α−) and
h ·(α+, α−) interse
t. Re
ipro
ally, if there exists h ∈ π1(M) su
h that (α+, α−)and h·(α+, α−) interse
t, then h·α̃ ∈ L(α̃i, α̃i+1) for some i. Hen
e, by Theorem5.3.4, the 
o-
ylindri
al 
lass of α must be �nite.Let us announ
e the following result with Sergio Fenley, to be publishedlater:Theorem 5.4.3 (Barthelmé, Fenley). Let (α+, α−) be the proje
tion on S1univof a periodi
 orbit α̃ of φ̃t, then (α+, α−) self-interse
ts.The theorem is proved by seeing S1univ as the boundary at in�nity of theorbit spa
e of a regulating pseudo-Anosov �ow ψt and using the transitivity ofsu
h �ows (Mosher [87℄, proved that any pseudo-Anosov �ow on an atoroidalmanifold is transitive).Remark 5.4.4. Suppose that (α+, α−) self-interse
ts and denote by (α̃i) theorbits in M̃ proje
ting to (α+, α−) and αi = π(α̃i) their proje
tion toM . Thenfor any i, there exists a j and a t su
h that ψt(αi) ∩ αj 6= ∅: by �owing oneorbit we get an a
tual interse
tion.If we 
onsider the geodesi
 �ow 
ase now, there is also a natural 
ir
le atin�nity: just take the visual boundary Σ̃(∞) and the fundamental group π1(HΣ)naturally a
ts on it. So for a pair (α+, α−) in Σ̃(∞) to self-interse
t in that 
asemeans that the only geodesi
 in Σ su
h that a lift of it has endpoints (α+, α−)is non-simple. Hen
e in the geodesi
 �ow 
ase, there exist points on Σ̃(∞)representing a periodi
 orbit that does not self-interse
t, in 
ontrast with theatoroidal 
ase we studied here.As a 
orollary of Proposition 5.4.2 and Theorem 5.4.3, we obtain:
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o-
ylindri
al 
lass is �nite.Note that it is still an open question whether a 
o-
ylindri
al 
lass 
an benon-trivial, we only know that some are:Proposition 5.4.6. There exist periodi
 orbits of φt with trivial 
o-
ylindri
al
lass.Remark 5.4.7. For su
h an orbit, Proposition 5.3.6 shows that every other orbitin the double free homotopy 
lass must also have a trivial 
o-
ylindri
al 
lass.Proof. Let V be a �ow box of φt, as φt is transitive, we 
an pi
k a long segmentof a dense orbit that ε-�lls V . Then, by the Anosov Closing lemma (see [80℄),we get a periodi
 orbit α that 2ε-�lls V . Now, 
hoose x on one of the 
onne
ted
omponents of α ∩ V , if ε was 
hosen small enough, then there must exist yon another 
onne
ted 
omponent of α ∩ V su
h that there is a 
lose path cstaying in V , starting at x going through the positive stable leaf of x then thenegative unstable leaf of y, then the negative stable leaf of y and �nally 
loseup along the positive stable leaf of x. If we lift the path c to the universal
over of M and proje
t it to the orbit spa
e O, as V has no topology, we seethat the proje
tion of the lift of y must be inside the lozenge determined by thelift of x (remember that we 
hose our �ow so that the lozenges orientation is
(+,+,−,−), otherwise, we would have to modify our path c, see �gure 5.5a).Hen
e the lozenge is non-simple and therefore the 
o-
ylindri
al 
lass of α istrivial.5.4.1 Some open questionsI wanted to end this dissertation with a list of questions I have about skewed
R-
overed Anosov �ow, be
ause even if a lot of things are known, thanks mostlyto T. Barbot and S. Fenley, the things that are unknown justify, at least in myview, a 
ontinuation of their study.Let's start with the �topologi
al� questions:P. Foulon and B. Hasselblatt [63℄ have 
onstru
ted 
onta
t Anosov �ows(i.e., Anosov �ow preserving a 
onta
t form) on not Seifert-�bered spa
es andit seems very likely that their 
onstru
tion often yields hyperboli
 manifolds.Now, 
onta
t Anosov �ows are skewed and R-
overed (see [19℄) and are the�ni
est� �ows from a regularity point of view (see [64℄). In [20℄, Barbot andFenley showed that skewed R-
overed Anosov �ows in Seifert-�bered spa
es are(up to a �nite 
over) topologi
ally 
onjugated to a geodesi
 �ow on a 
losedsurfa
e. A natural question is then: Is a skewed R-
overed Anosov �ow on anatoroidal manifold always topologi
ally 
onjugate to a 
onta
t Anosov �ow?Indeed, it seems that the stru
ture of M̃ given by the regulating pseudo-Anosov �ow (see proposition 5.2.3) is very rigid, so 
an we use that to showthat φt is topologi
ally 
onta
t? (See [19℄ for a de�nition.) And, from there,
an we get an a
tual topologi
al 
onjuga
y?Given a 
ontinuous map s : R × H2 → S1 su
h that, for all t ∈ R, s(t, ·)is 
onstant and for any x ∈ H2, s(·, x) is stri
tly monotone, we 
an 
onstru
t,using �gure 5.6, an Anosov �ow on R × H2. Now suppose that we are given adis
reet group Γ a
ting in a �good� way on R× H2, then is the quotient �ow a
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onta
t Anosov �ow? And if that is true, then, 
an we get all 
onta
t Anosov�ows on atoroidal 3-manifolds in this fashion?Finally, there are a lot of ergodi
 theoreti
al questions for these �ows:A 
lassi
al question (initiated by Bowen and Margulis) for Anosov �ows is to
ount the number of 
losed orbits of length less than R and �nd an asymptoti
equivalent when R gets big. In [91℄, Parry and Poli
ott prove that this numberis asymptoti
 to ehR/hR where h is the topologi
al entropy. Following them,Katsuda and Sunada [81℄ answered the question of 
ounting 
losed orbits insidean homology 
lass. So it seems natural to ask, in the 
ase of skewed R-
overedAnosov �ows on atoroidal manifolds, whether we 
an give an equivalent to thenumber of 
losed orbits of length less than R inside a free homotopy 
lass.A somewhat related question (asked by M. Crampon) is the following: let αi bethe orbits in a free homotopy 
lass of φt, denote by li the length of αi and δαithe Dira
 measure on αi. Let
µn :=

∑

|i|≤n

δαi

li
,

(µn) admits at least one weak limit µ. Can we show that this limit is uniqueand ergodi
? If that is so, then what is the measure-entropy of µ? Can we linkthat entropy to the previous 
ounting question?



Je ne sais pas le reste.



Remer
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112 REMERCIEMENTSJ'ai souvent du mal à 
ommen
er et à �nir les 
hoses, surtout quand ils'agit d'é
rire. I
i 
'est en
ore plus di�
ile par
e qu'il faut que je 
ommen
e àremer
ier des gens et qu'en plus ça terminera ma thèse...Ces remer
iements sont longs, 
ar il y a une quantité de gens que je veuxremer
ier. C'est aussi une bonne 
hose : ça permettra aux gens assistant à lasoutenan
e et pas passionné par la géométrie de Finsler ou les �ots d'Anosovd'avoir quelque 
hose à lire. Ce sera ma première manière de remer
ier tout 
euxqui assistent à ma soutenan
e.Quand on é
rit des remer
iements, il faut aussi essayer d'oublier personne.C'est impossible d'oublier personne, le travail que j'ai produit i
i n'est pas vrai-ment de moi, il est le résultat de tout les gens que j'ai 
roisé, qui m'ont orienté,appris des 
hoses, de la (les) so
iété(s) dont je fais parti. Comme impossible estnon seulement Français mais Universel, j'ai juste essayé de me 
on
entrer surles personnes qui ont eu un impa
t dire
t sur 
e travail mathématiques et d'enoublier le moins possible.Il est traditionnel de 
ommen
er par remer
ier son (ses) dire
teur(s) de thèse,souvent j'aime pas beau
oup les traditions, mais il y en a des bonnes. En plusça me fait vraiment plaisir de respe
ter 
elle là, 
ar non seulement je n'auraisjamais pu é
rire ses lignes sans eux, mais en plus j'ai toujours appré
ié mesdis
ussions ave
 eux que 
e soit à propos de maths ou d'autre 
hoses.Don
 j'aimerais remer
ier Patri
k pour plein de raisons. D'abord, 
'est lui quim'as donné le Lapla
ien en Finsler (entre autres pistes qu'il m'a montré), don

'est peut dire qu'il est à la base de 
ette thèse. Il a toujours bien su me guideret j'ai vraiment énormément appris à son 
onta
t. Mais plus généralement, 
'estquelqu'un que j'appré
ie et que j'admire beau
oup : il a toujours plein d'idéesintéressantes sur des quantités de 
hoses, et, 
e qui ne 
essera jamais de m'éton-ner, il arrive à dis
uter de maths de 16h à 20h après s'être en
haîné 18 réunionsadministratives dans la journée. Don
 mer
i Patri
k d'avoir pris sur ton tempspour m'apprendre toutes 
es 
hoses et m'avoir aidé durant 
es années.My se
ond advisor is Boris, and I swit
h to English be
ause it is the languagewe speak together. Boris works at Tufts University, it is in between Somervilleand Medford, but lets just say that it is in Boston, be
ause more people knowwhere that is. Boris is also an amazing advisor and I'm indebted to him for somany reasons. But to explain the full extent of it, I need to digress a bit. Asyou might have noti
ed, my dissertation has two fairly disjoint parts: the se
ondpart is about Anosov �ows and the �rst part is about Finsler geometry, withdynami
al systems 
oming up only later. Boris knows everything there is toknow about dynami
al systems (and this statement is su
h a slight exagerationthat it 
an be 
onsidered true) and I am thankful to him for sharing some ofthat knowledge with me. But when I started my Ph.D. he was not an expertin Finsler geometry. Despite that, he has always been helpful, going out ofhis way to try answering a question not in the range of his expertise. I thinkthat gives an idea on how ni
e he is. In addition to his tremendous help inMathemati
s, Boris invited me to Tufts University several times, even o�eringme twi
e a le
turing position there. This allowed me to spend long periods oftime in Boston. And those who know me know why spending time in Boston isimportant to me. So, for all that and mu
h more, thanks Boris!Avoir eu pas un, mais deux dire
teurs de thèse sympa et m'ayant énormémentaidé 
onstitue déjà une grande 
han
e. Moi, j'ai eu en
ore plus de 
han
e: j'aieu un frère jumeau de thèse va
hement 
ool. Il s'appelle Mi
kaël Crampon et, ça
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ris quand même, il est super intelligent. Tout les deuxont a dis
uté de plein de tru
s et il a été d'une aide pré
ieuse. Non seulement ila des tas d'idées et 
onnaît plein de tru
s en maths, mais quand on en a marrede faire des maths on peut aller boire de la bière ou du rhum et parler politique.Un tru
 dont je me suis rendu 
ompte au 
ours de 
ette thèse, 
'est que fairedes maths tout seul 
'est bien, mais à plusieurs 
'est en
ore mieux. Il y a unepersonne qui apparaît i
i tout naturellement et ça tombe bien 
ar en plus 
'estun de mes rapporteurs.Quand j'ai ren
ontré Bruno Colbois (à l'o

asion d'une 
onféren
e organiséeen partie par le G.D.R. Platon, j'y reviendrais), il a tout de suite été intéressépar mes travaux et je l'en remer
ie. Il 
onnaît une quantité impressionnantede 
hoses sur le(s) Lapla
ien(s) et il m'as fait dé
ouvrir et ré�é
hir à pleinde nouvelles questions. Il m'a invité à Neu
hâtel en juin dernier, 
'est là quej'ai eu pour la première fois l'impression de faire des maths à plusieurs 
ommeun grand. On a dis
uté tout les trois ave
 Patri
k Verovi
 qui était aussi là,et j'en pro�te pour remer
ier 
e Patri
k là, et je me suis dis que 
'était quandmême va
hement mieux de faire des maths en 
ollaboration! Don
 Bruno, mer
id'avoir a

epté de rapporter 
ette thèse, mer
i de ton intérêt pour mon travailet mer
i de m'o�rir l'o

asion de travailler ave
 toi après 
ette thèse.La se
onde personne qui m'a fait l'honneur d'a

epter de rapporter ma thèse
'est François Ledrappier. J'ai beau
oup lu ses papiers et je l'ai ren
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e à nouveau au G.D.R. Platon. Les fois où je l'ai ren
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onnus me font un peu peur. Jesavais par Mi
kaël qu'il était très gentil. Les 
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ts que j'ai eu ave
 lui depuisqu'il a a

epté de rapporter 
ette thèse l'ont 
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i François d'avoiren
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es de Noël ave
 le rapport de 
ette thèse et mer
i d'avoirfait tout 
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epté d'être membre de 
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Dans la première partie de cette thèse, nous introduisons une nouvelle généralisation de
l’opérateur de Laplace en géométrie de Finsler. Cette opérateur est défini en intégrant le
long des fibres les dérivées directionnelles secondes d’une fonction par rapport à une
mesure d’angle que nous construisons. Nous obtenons un opérateur différentiel d’ordre
2, elliptique, symétrique, et qui admet une bonne théorie spectrale. Nous calculons
des exemples explicites de spectres pour des métriques de Katok-Ziller. En courbure
négative, nous prouvons, grâce à un théorème d’Ancona que la frontière de Martin est
Hölder-homéomorphe à la frontière visuelle. Ceci nous permet de déduire l’existence et
l’ergodicité des mesures harmoniques pour cet opérateur.
Dans la seconde partie, nous étudions les flots d’Anosov en dimension 3 dont l’espace
des feuilles est homéomorphe à R. Lorsque la variété est hyperbolique, Thurston dé-
montra que le feuilletage (in)stable induit un flot “orthogonal” au premier. Nous utilisons
ce second flot pour étudier les classes d’isotopie d’orbites périodiques du flot d’Anosov,
ainsi que l’existence de cylindres plongés.
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