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Résumé
Dans cette these nous étudions des équations différentielles stochastiques sur quelques
graphes simples dont les solutions sont des flots de noyaux au sens de Le Jan et Rai-
mond.
Dans une premiere partie, nous définissons une extension de I’équation de Tanaka
sur un nombre fini de demi-droites orientées et issues de 'origine. Utilisant certaines
propriétés de régularité du flot associé au mouvement brownien biaisé, nous donnons
une description complete de toutes les solutions.
S’appuyant sur une transformation discrete introduite par Csaki et Vincze, nous don-
nons dans un cas d’orientation particuliere (qui couvre déja 1’équation de Tanaka
usuelle) une approche discrete a quelques solutions.
La derniere partie de ce travail est effectuée avec O.Raimond. Par une méthode de
couplage des flots, nous classifions les solutions de I’équation de Tanaka sur le cercle.
Nous établissons aussi que ces flots sont coalescents.
Mots-clefs : Mouvement brownien de Walsh, mouvement brownien sur le cercle,

flots stochastiques, transformation de Csaki et Vincze, équation de Tanaka.

Abstract

In this thesis we study stochastic differential equations on some simple graphs whose
solutions are stochastic flows of kernels in the sense of Le Jan and Raimond.

In the first part, we define an extension of Tanaka’s equation on a finite number
of oriented half-lines issuing from the origin. Using some regularity properties of
the skew Brownian motion flow, we give a complete description of all the solutions.
Based on a discrete transformation introduced by Csaki and Vincze, we give for a
particular orientation (which already covers the usual Tanaka’s equation) a discrete
approach to some solutions.

The last part of this work is carried out with O. Raimond. By a method of coupling
flows, we classify the solutions of Tanaka’s equation on the circle. We also establish

that all these flows are coalescing.



keywords Walsh Brownian motion, Brownian motion on the circle, stochastic flows,

Csaki-Vincze transformation, Tanaka’s equation.
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Chapter 1

Introduction

Dans cette these nous nous intéressons a des équations différentielles stochastiques
dont les solutions sont des flots de noyaux introduits par Le Jan et Raimond [35]. Le
point de départ consiste a écrire I’équation de Tanaka usuelle sur deux demi-droites
ayant la meéme origine et deux orientations opposées. Dans une premiere partie, nous
considérons une équation plus générale définie sur un nombre fini de demi-droites
orientées arbitrairement. Le mouvement a 1 point associé aux diverses solutions
est le mouvement brownien de Walsh [50]. En utilisant une version du mouvement
brownien biaisé (Skew Brownian motion) étudiée par Burdzy-Kaspi [3], nous don-
nons une classification complete des solutions a travers les mesures déterministes
sur les simplexes. Dans une deuxieme partie, nous étudions dans un cas particulier
qui couvre déja I’équation de Tanaka classique deux solutions particulieres de notre
équation: le flot de Wiener, qui est une fonction simple du mouvement brownien
initial et le flot d’applications ayant une expression plus compliquée. Ce dernier,
dont lexistence et 'unicité sont dies & Watanabe [51], a été construit par Le Jan et
Raimond dans le cas réel en attachant de I'aléa supplémentaire aux minimas locaux
du mouvement brownien [36]. Partant d’un flot discret simple, nous donnons une
autre construction de ce flot d’applications. Notre outil principal est une transfor-
mation discrete introduite par Csaki et Vincze [14] que nous étudions en détail et

relevons ses liens forts avec 'equation de Tanaka. La derniere partie de ce travail
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est en collaboration avec Olivier Raimond. Nous définissons une équation de Tanaka
sur le cercle et donnons une classification complete de ses solutions. Notre approche
consiste a projeter les flots de Le Jan et Raimond [30] sur le cercle et s’inspirer en
meéme temps du modele discret pour achever la construction. En outre, nous mon-
trons que tous les flots associés sont coalescents.

La structure de la these est la suivante:

(i) L’introduction présente la problématique et énonce les résultats importants de

la these.

(ii) Dans le chapitre 2, nous introduisons le mouvement brownien biaisé, ainsi que
celui de Walsh que nous utiliserons fréquemment au cours des chapitres 4 et

D.

(iii) Le Chapitre 3 reprend les deux articles de Le Jan et Raimond [35] et [30] et

rappelle certains objets importants pour cette these.

(iv) Le chapitre 4 est une version détaillée d'un article intitulé “Stochastic flows
related to Walsh Brownian motion "paru dans Electronic journal of proba-
bility. Nous étendons le travail de Le Jan et Raimond [36] et relions les flots

stochastiques au mouvement brownien de Walsh.

(v) Le chapitre 5 est une étude approfondie du flot de Wiener et du flot d’applications
de I'équation de Tanaka associée au mouvement brownien de Walsh. Il s’agit
aussi d'un article intitulé “Discrete approximations to solution flows of Tanaka’s
equation related to Walsh Brownian motion ”, accepté pour publication dans

le Séminaire de probabilité.

(vi) Le chapitre 6 est un travail en collaboration avec Olivier Raimond. Nous ap-

pliquons les résultats de [36] pour I’étude de 1’équation de Tanaka sur le cercle.

Nous donnons maintenant un descriptif plus détaillé du contenu de ce manuscrit en

respectant 1'ordre des chapitres.
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1.1 Mouvements browniens: biaisé et de Walsh

Considérons un mouvement brownien réfléchi R; et un parametre o € [0, 1]. 1t6 et
McKean [25] montrent comment construire ce qu'ils appellent le mouvement brown-
ien biaisé a partir de R;. Considérons les intervalles d’excursion de R; hors 0. Puis,
changeons le signe de chaque excursion indépendamment de sorte quune excursion
donnée est positive avec la probabilité a et négative avec la probabilité 1 — a. Le

processus resultant est appelé mouvement brownien biaisé de parametre a.. Lorsque

1
29

a = 3, il s’agit du brownien ordinaire et le cas € {0, 1} correspond au brownien
réfléchi. Si o # %, ce processus est une diffusion qui se comporte comme un brownien
ordinaire loin de l'origine, et qui traverse 'origine plus aisément dans une direction
qu'une autre. Dans [50], Walsh calcule le semigroupe associé & cette diffusion et
montre qu’il s’agit d'une semimartingale continue ayant un temps local discontinu
en espace lorsque o # % Ceci a généré de nouvelles recherches menant a des articles
fondamentaux sur le mouvement brownien biaisé (voir [3], [10], [11], [22]). L article
[38] résume différentes fagons de construire ce processus et montre les liens entre
eux. Il ajoute aussi des applications récentes en matiere de modélisation et des sim-
ulations numériques.

Il est connu que le mouvement brownien possede la propriété de représentation
prévisible pour sa filtration naturelle. Dans [52], Yor posait la question réciproque:
les filtrations ayant la propriété de représentation prévisible sont-elles les filtrations
naturelles d'un autre mouvement brownien?

Vers la fin de son article [50], Walsh propose d’étudier une généralisation du mou-
vement brownien biaisé qui répondra ultérieurement par la négative a la question
de Yor (réponse fournie par Tsirelson [19]). Walsh introduit son mouvement comme
suit:

“The idea is to take each excursion of R; and, instead of giving it a random sign,

to assign it a random variable 6 with a given distribution in [0, 27[, and to do this

independently for each excursion. That is, if the excursion occurs during the interval
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(u,v), we replace R; by the pair (Ry,0) for u < t < v, 6 being a random variable
with values in [0, 27[. This provides a process { (R, 6;),t > 0}, where 6, is constant
during each excursion from 0, has the same distribution as ¢, and is independent
for different excursions. We then consider 7, = (R;,0;) as a process in the plane,
expressed in polar coordinates. It is a diffusion which, when away from the origin, is
a Brownian motion along a ray, but which has what might be called a roundhouse
singularity at the origin: when the process enters it, it, like Stephen Leacock’s hero,
immediately rides off in all directions at once.”

Walsh ne prouve pas que son processus est une diffusion sur R%. Cependant, depuis
I'introduction de ce processus, plusieurs autres constructions ont été proposées: en
utilisant les résolvantes [10], a partir du générateur infinitésimal [7] ou encore via
la théorie des excursions [18]. En 1989 Barlow, Pitman, et Yor [1] produisent une
autre construction en utilisant le semigroupe. Leur approche consiste a utiliser un
peu d’intuition pour écrire un semigroupe possible puis vérifier que 1’éventuel semi-
groupe réunit les conditions nécessaires. La théorie générale permet de produire un
processus canonique associé au semigroupe donné. Les auteurs vérifient ensuite que
ce processus possede les caractéristiques désirées du processus de Walsh. Dans le

premier chapitre, nous adoptons la définition de Barlow, Pitman et Yor du mouve-

ment brownien de Walsh W (ay, - ,ay) sur le graphe G suivant (Figure 1.1) ou
N
N e N* ay,--- ,ay > 0 avec Z a; = 1. Nous commencons par fournir une preuve

i=1
constructive de lexistence du mouvement brownien de Walsh. Nous allons le con-

struire directement a partir d'un mouvement brownien réfléchi comme cela a été

décrit par Walsh. Plus précisément, on a la proposition suivante:

Proposition 1.1. SoientD,, = {Zﬁn,n >0, ke N} etD = UpenD,,. Pour0 <u <o,

définissons
n(u,v) = inf{n € N: D,Nu, v[# 0}, f(u,v) = inf Dy, Nu, vl.

Soient B un mouvement brownien standard sur un espace de probabilité (€2, A, P) et

13



Figure 1.1: Graphe G

N

(Y, 7 € D) une suite i.i.d. de v.a. de loi Zai(SEN qut est indépendante aussi de B.
i=1
Définissons

B = B; — min B,, g; =sup{r <t: B' =0}, d; =inf{r >t: B =0},

u€(0,t]

Enfin, posons
Zt:’?TBjar:f(ghdt) S B:_>O, Zt:O S B:ZO

Alors

(Ze, t > 0) est un W(aq, -+ ,an) processus sur G issu de 0.

Ceci nous amenera a prouver le théoreme de Donsker suivant, généralisant celui
de [15] traitant le cas oy = - -+ = ay = %, ainsi que le théoreme de Donsker pour le

brownien biaisé ([12],[29],[22], [38]).

Proposition 1.2. Soit M = (M,),>0 une chaine de Markov sur G issue de 0 et

dont les lois de transitions sont décrites par la matrice () suivante:
1
Q0,6) = a;, Q(né;, (nt1)e) = 5 Vi e [1,N], n € N*. (1.1)

14



Soient t — M(t) Uinterpolation linéaire de (M, )0 et M = =M (nt),n > 1.

n
Alors
loi

(M{")iz0 ——— (Zt)i0

n — 400

dans C([0, 400, G) ot Z est un W(ay, -+ ,ayn) processus issu de 0.

Pour prouver ce résultat nous plongeons une chaine de Markov ayant la méme
loi que M dans la trajectoire d'un processus de Walsh Z. Nous associons a Z N
mouvements browniens biaisés (Zi)lgig ~ qui engendrent la filtration de Z et qui
sont définis par

ZZ = |Zt|1{Zt€Di} - |Zt|1{2t¢Di}’ i€ [1,N].

L’inégalité simple suivante
N
d(Zi, 2,) < ) |2 - 7,
i=1

ou d est la distance du plus court chemin sur GG permet toujours de définir une
modification continue du processus Z. Ceci donne un sens a la convergence énoncée
dans la Proposition 1.2 et permet d’en déduire le cas général a partir du théoreme
de Donsker connu pour le brownien biaisé.

Soit Z un W(ay, - -+, a) processus sur G et associons & Z le mouvement brownien

= - 1
By = |Zi| = Li(|Z]) = [2] ou Lu(]2]) = hm2—/ Lz, 1<epdu.
0

e—0t 2€

Barlow, Pitman et Yor montrent que toute (F7) martingale locale est de la forme

t
Mt:/ H.dB;
0

pour un certain processus H, (F7) prévisible. Le mouvement brownien B sera d’'un
intéret particulier dans ce manuscrit grace a la formule d’Ito suivante dte a Freidlin-
Sheu [17]. Avant d’énoncer cette formule, nous introduisons les notations suivantes:
soit G* = G \ {0} et désignons par CZ(G*) l'espace des applications f : G — R

telles que
(i) f est continue sur G.

15



(ii) f est deux fois dérivable sur G* et admet deux dérivées, f’ et f” bornées sur G*

(ici f'(2) est la dérivée de f en z suivant la direction €; pour tout z € D;\ {0}).
(i) lim,—o.ep; 20 f'(2) et im, o .ep, .20 f”(2) existent pour tout i € [1, N].

Théoréme 1.1. [17] Soit (Zi)i>0 un Wian,---,ay) processus sur G issu de z.
Alors:
(i) (|Z|t)i>0 est un mouvement brownien réfléchi issu de |z|.

(ii) By = |Z| — L,(|Z]) — || est un mouvement brownien ot

- 1t
£17) = tim 5 [ ozcodn

e—0t 2€

(iii) Vf € C3(G*):

z—0,2€D;,2#0

1Z) = 1)+ [ Fziseg [ s (o i FELX),

Nous donnons une preuve simple de cette formule en utilisant de nouveau les pro-
cessus (Z')1<;<n et approximation du temps local par le nombre de montées. Noter
que la partie martingale locale de f(Z;) est une intégrale de B ce qui correspond a la
propriété de représentation prévisible établie dans [41]. Lorsque z = 0, une application

du lemme de Skorokhod ([45] page 239) montre que

|Zt|:Bt+ (: Bt_ lnf Bu)

u€e(0,t]
Partant de B, on peut ainsi d’apres la Proposition 1.1 construire un mouvement

brownien de Walsh Z issu de 0 tel que
1
df<Zt) = f/<Zt)dBt + afl/(Zt)dtu f € D<a17 e 705N)
ou

z—0,2€D;,27#0

N
D(ay,--+,an) ={f€CHG"): Y i lim f'(z)=0}.
i=1
Lorsque N =2, a1 = ap = %, la projection de Z sur R:

Xi = Z|Yzepry — | Ze|1{z.eD0)

16



satisfait I’équation de Tanaka
dXt = Sgn(Xt)dBt.

La proposition suivante montre que le domaine D(aq, -+ ,ay) est suffisamment

riche pour caractériser le semigroupe du mouvement de Walsh.

Proposition 1.3. Soit Q = (Q¢)i>0 un semigroupe de Feller tel que:

1 t
Qif(x) = f(x) + 5/ Q.f"(x)du Vf € D(ay, - ,an).
0
Alors, Q) est le semigroupe de W(aq, -+, an) processus.

Ce travail est loin de la théorie des filtrations, mais signalons finalement que

pour N > 3, il n’existe aucun mouvement brownien W tel que FZ = FV [19].

1.2 Flots stochastiques et équation de Tanaka

1.2.1 Flots stochastiques

Considérons une équation différentielle ordinaire sur R?

dx
i f(z,t). (1.2)

ou f(z,t) est continue en (x,t) et est lipschitzienne en . Notons ¢;(z) la solution

de (1.2) vérifiant la condition initiale z(s) = x. Il est bien connu que ¢, () satisfait

les propriétés suivantes:
(a) @s4(z) est continue en (s,t, ).
(b) Psu(T) = @ 0 psi(z) pour tout s <t <u, z € R
(c) pss = 1d pour tout s.

(d) s+ est un homéomorphisme de R? dans R? pour tout s < t.

17



@5+ est appelé flot déterministe d’homéomorphismes sur R?. A I'origine, un flot
stochastique d’homéomorphismes sur un espace de probabilité (2, A, P) est la donnée
d'une famille (s +(2, w))weq d’homéomorphismes déterministes a acroissements

indépendants: pour tout t; < ty < --- < t,, la famille {¢y, 4, ,,1 <i < n—1} est

417

indépendante. Une classe importante des flots stochastiques d’homéomorphismes est

construite en résolvant I'EDS

T

du(t) = Fu(a,t)dBf + Fo(w, t)dt (1.3)

k=1
ou Fy(x,t), Fi(x,t), -+, F.(z,t) sont continues en (z,t) et Lipschitziennes en x et
(B',--+,B") est un mouvement brownien en dimension r (voir [14], [39], [9], [24],

[28]). La loi d'un flot stochastique solution de (1.3) est décrite par la loi des mouve-

ments a k points

t (pos(z1),  , por(zr)) € R¥

pour tout k > 1, xq,---, 2, € R? qui dépendent seulement du générateur a 1 point

L et d’une matrice de covariance C', données par

Elf(pos(xr)) — f(2)]

— 1 d
Lf(x)—tl_{%l+ . , v € RY,
El(ph,(x) — 2P)(9f4(y) — y*
critay) — i EUER) =N ) =)

t—0+ t

Ces parametres sont déterminés par les coefficiens de (1.3) et s’appellent les car-
actéristiques locales du flot [37].

Un autre probleme naturel consiste a construire des flots stochastiques dont les
caractéristiques sont moins régulieres. Il faut ainsi abandonner le cadre des flots
d’homéomorphismes et des EDS qui n’admettent pas toujours des solutions fortes.
Un premier exemple important est donné sur R, par le flot d’Arratia [1]. Ici, deux
points suivent des trajectoires browniennes indépendantes jusqu’au moment ou elles
se rencontrent. Alors elles se transforment en un seul mouvement brownien: on parle
de flot coalescent.

Récemment, Le Jan et Raimond ont étendu ce procédé en considérant des flots
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stochastiques de noyaux (K¢(z,dy)). Un noyau aléatoire K agit sur les fonctions

test f par la relation K f(z) = [ f(y)K(z,dy). Etant donné un flot de noyaux K,

Pt®nf(x) - /f(yla e ayn)E[KO,t(xla dyl) e KOJ(xm dyn)]a n>1

définit une famille compatible de semigroupes felleriens, c’est a dire telle que la
distribution marginale de tout £ composantes du mouvement a n points est celle du
mouvement a k points. Réciproquement, par une extension du théoreme de

De Finetti, Le Jan et Raimond associent a tout systeme compatible de semigroupes

felleriens un flot stochastique de noyaux. Lorsque
P} [ (x,x) = Pf*(x)

pour tout f,z,t, le flot de noyaux est un flot d’applications K, ;(x, dy) = 6o, ,(x)(dy).
Dans cette these, nous allons considérer des EDS sans solutions fortes au sens usuel
mais admettant des solutions fortes sous forme des mesures aléatoires. Nous com-
mencons par donner un appercu des résultats de Le Jan et Raimond sur I’équation

de Tanaka.

1.2.2 Equation de Tanaka

Soit (W})ier un mouvement brownien sur la droite réelle défini sur un espace de prob-
abilité (2, A, P), c’est a dire (W) et (W_;)i>0 sont deux mouvements browniens

réels indépendants. Tout au long de cette these, nous utilisons la notation suivante
Wer =W, =W, s<t.
Considérons I'équation de Tanaka
Psp(r) =2+ /t sen(psu(r))dWy, s <tz €R, (1.4)

Ceci est I'exemple classique des EDS n’admettant pas de solution forte mais ayant
une solution faible. Dans [51], Watanabe établit I'existence et l'unicité d'un flot

d’applications solution de (1.4). Ce flot a la forme suivante
Ps() = (z +sgn(@)Wo) lpsr, @ + 26tV Lusr @)
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ou 75(z) =inf{r > s: W, = —|z|} et W;’rt = Wy, — ming<,<,Wj ,. De plus, il doit
satisfaire: €, est indépendante de W pour (s,t) fixés. Il est clair que la propriété
de cocycle de ¢, faisant intervenir s,t et u va induire certaines relations entre les
processus (g5) et W. Le Jan et Raimond [306] montrent apres qu’il suffit d’attacher
les variables (e;;) aux minimas locaux de W pour construire .

Si K est un flot de noyaux, on dit que K est solution de I’équation de Tanaka si:

pour tout s < t,z € R, f € CZ(R) (f est C? et f', f" sont bornées)

Koaf@) = fa)+ [ Kol Ps)@aWa+ 5 [ Kouf'@du ps. (19

Lorsque K = 0, est un flot d’applications, (1.5) est équivalente a (1.4). Le Jan et

P

Raimond montrent qu'il existe une seule solution forte de (1.5) obtenue en divisant

la masse en deux a l’origine

1
K (x) = (x4 sgn(@) W) L<r, )y + 5 0wz, + 0w ) ior @

L’équation (1.5) admet encore des solutions faibles K (telles que F3y, # F%). Ces

noyaux ont la forme suivante

Ks,t(x) - J:—l—sgn(a:)Ws,t]-{tSTs(a:)} + (Usyt(SW;'t + (1 - Us,t)d_ws""t)]-{t>7's(a:)}-

ou U+ est indépendante de W et de loi m ne dépendant pas de t —s. La classification

donnée par Le Jan et Raimond est la suivante:

Théoréme 1.2. [76] (a) Toute mesure de probabilité m sur [0,1] de moyenne 5

définit un flot stochastique de noyauxr K™ solution de (1.5).
o A 5% est associée une solution Wiener KW .
o A %(50 + 01) est associé un flot d’applications coalescent .

(b) Pour tout flot de noyaux K solution de (1.5) il existe une unique mesure m de

moyenne % telle que K Y gem,
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1.3 Flots stochastiques reliés au mouvement brown-

ien de Walsh

1.3.1 Reésultats

N

Fixons N > 1, ag,---,ay > 0 tels que Zai = 1. Considérons le graphe G de
i=1
la figure 1.1 et associons a chaque demi-droite D; un signe ¢; € {—1,1}. Puis,

définissons

e(x)=¢; st € Dj,x#0(=enysiz=0).
Cette fonction joue le role de la fonction sgn sur le graphe G. Pour simplifier les
notations, nous supposons que € = --- =¢&, =1, €,41 =--- =&y = —1 pour un
certain p < N. Posons

Gt = U D;, G = U D;. Alors G = GJFUG* (Figure 1.2).

1<i<p p+1<i<N

Figure 1.2: Graphe G.

Définissons aussi €(z) = €; si z € D;,z # 0 (convention €(0) = éy) et a™ =

P, ;. Dans le chapitre 4, nous étudions I’équation suivante
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Définition 1.1. (Equation (E)).

Sur un espace de probabilité (2, A,P), soient W un mouvement brownien sur la
droite réelle et K un flot stochastique de noyaux sur G. On dit que (K, W) est une
solution de (E) si pour tout s <t,f € D(ay, -+ ,an),x € G,

Ko f(x) = f(x) + / Ks,u(sf')(:c)quJr% / Kouf'(@)du pos.

Lecas N = 2,p = 2,61 = g9 = 1,04 = ay = % (Figure 1.3) correspond a
"équation de Tanaka (1.5) [36].

+ +

Figure 1.3: Equation de Tanaka.

Le cas N = 2,p = 1,61 = 1,65 = —1 (Figure 1.4) correspond a l’équation du
mouvement brownien biaisé comme solution forte de W,

Xt&x =x + Ws,t + (20( - l)Li,ta t Z S, € R’ (16)

ou

- 1/t
Lg, = lim — / 1ixs#<-du (Temps local symétrique).

e—0+2e

Dans [20], nous démontrons essentiellement les deux résultats suivants:

Théoréme 1.3. Soient W un mouvement brownien sur la droite réelle et X;™ le

flot stochastique associé a (1.6) avec a = . Définissons Zs(x) = xpeeel g <

t,xe G et
KZ};($) - 5a:+é’(a:)6(x)Ws,t1{t§Ts,x}
+ (Z a_+55¢|Zs,t($)\1{Zs,t($)>0} + Z géé‘i\ZS,t(xﬂ1{Zs,t(x)§0}) 1{t>7's,z}’
i=1 i=p+1

ol Ty, = inf{r > s: x+é(x)e(x)W,, = 0}. Alors, K"V est l'unique solution Wiener
de (E). C’est a dire, K résout (E) et si K est une autre solution Wiener de (E),
alors pour tout s < t,x € G, K}j(x) = K () p.s.
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Figure 1.4: Equation du mouvement brownien biaisé.

Théoréme 1.4. (1) Soit

k
Ap={u=(u, - ,u) € [O,l]k:Zuizl}, k>1.
i=1

1
Supposons que at # 3.
(a) Soient m™ et m~ deux mesures de probabilités respectivement sur A, et Ay_,

telles que:

(+) | wm*(du) = SE V1 <i<p,
A, «

(-) ujm_(du):aﬁp, Vi<j< N —p.
a

An_y
Alors, (m*,m™) définit un flot de noyauz K™ ™ solution de (E).

o A (5(ﬂ al),é(ap+1 a%v)) est associée une solution Wiener KW .

at’ ot o=
P N
\ Q; Q; . , . .
o A —+50,..,0,1,0,..,o, —00,..0,1,0,..,0 | est associé un flot d’applications co-
o o~
=1 i=p+1

alescent .

(b) Pour tout flot de noyaux K solution de (F), il existe un unique couple de mesures
(m*,m™) satisfaisant les conditions (+) et (—) tel que K Qo gmtime

(2) Siat =1 N> 2, alors (E) admet une seule solution (Wiener).

Donnons les grandes lignes de la preuve de ces résultats.
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1.3.2 Construction

Supposons que ¢ est un flot d’applications solution de (E), alors ¢o; := ¢.(0) est
un mouvement brownien de Walsh et par suite: Vf € CZ(G*)

fond = 50+ [ Fiananes [ %de(zaz i 7)) Ll

z—0,z€D;,2#0

ot By = |pos| — Li(|@o.]). Si f(z) = e(z)|z|, alors Y; = f(po,) est un mouvement
brownien biaisé de parametre at et par application de f dans la derniere formule,

on trouve
t
y, — / £(0.0)dBs + (207 = ) L(Y).
0

En comparant la formule de Freidlin-Sheu avec 1’équation (£), on peut espérer avoir

fo (v0,5)dWp s. En conclusion, la norme algébrique Y de . vérifie I EDS
Vi = Wou + (207 — 1) Ly(Y). (1.7)

Le processus Y détermine si ¢. appartient & G ot G~ sans indiquer la branche
exacte sur laquelle se trouve .. Vu que ¢q. est un Way,--- ,an) processus, la
seule construction possible de ¢ . a partir de Y consiste a associer indépendamment
a chaque excursion positive (resp. négative) de Y une v.a. de loi

p N

Z%(Sgi (resp. Z %5%).

i=1 j=p+1
Pour construire tout un flot d’applications (¢, +(z)) solution de (E), nous partons
alors d'un flot associé & 'EDS (1.6) avec aw = ™. Une version récemment étudiée par
Burdzy-Kaspi [3] permet d’achever la construction. A partir de ¢, on peut définir une
solution Wiener de (E) en posant K% (2) = E[d,, ,()|o(W)]. La formule explicite de
KK( ) est donnée par le Théoreme 3. En suivant [32], nous montrons alors qu’une
solution Wiener de (E) est unique dans sa décomposition en chaos ce qui permet de
conclure le Théoreme 3. La construction de la solution K™ ™ est similaire & celle

de p: on attache aux excursions positives (resp. négatives) du mouvement brownien

24



e s . , . _ . + m—
biaisé des v.a. indépendantes de loi m™* (resp. m™). Nous construisons ¢ et K™ ™

sur le méme espace de probabilité de sorte que
m+,m* m+7m7
Ks,t (z) = E[‘;vs,t(xﬂa(K )]

et Kyq(z,y) = K;”;’mf (z) ® 0y, ,(y) est un flot de noyaux sur G*. Selon la termi-

nologie de Le Jan et Raimond, nous disons que ¢ domine faiblement K mt,m=

1.3.3 Unicité

Soit (K, W) une solution quelconque de (E). On cherche ainsi deux mesures m™ et

lot + = , .
K™ ™ Définissons

m~ telles que K =
Vi = Ko (0)(Dy), Vi? = Kou(0)(D;) foralll <i<p, p+1<j<N,

ViE = (V") 1<icp Vio = (Vi )pri<is

Soit Y T'unique solution forte de (1.7). En suivant Le Jan et Raimond, nous mon-
trons que V;" est indépendant de W conditionnellement & (Y; > 0) et est de loi
m™ ne dépendant pas de ¢ > 0. Nous définissons d’'une fagon similaire la mesure
m~ et on a un résultat analogue: V,~ est indépendant de W conditionnellement a
(Y; < 0) et est de loi m™ ne dépendant pas de ¢ > 0. Ceci entraine que (K(0), W) o

(Kgf;’m_ (0), W) pour tout ¢t > 0 ot (K™ ™, W’) est la solution associée a (m*, m™)

construite avant. En partant de « quelconque, on a aussi (Ko ¢(x), W) o (Kg?:’mf (x), W").

Pour conclure que
loi + m- + m-
(Kou(x1), -+ Kog(wn)) = (Ko ™ (z1),-- Koy ™ (xn))
pour tout (z1,---,z,) € G", nous prouvons la proposition suivante:

Proposition 1.4. Soit Py, ... », la loi de (Koi(x1), -, Kot(z,), W) ot t > 0 et
1, T, € G. Alors, Py, .. &
G}.

est uniquement determinée par {P,,,u > 0,2 €

n
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Le cas a™ = % Dans ce cas on a Y; = Wy,;. Nous montrons que toutes les
solutions de (F) ont le méme mouvement a n points pour tout n > 1. Il s’en suit

alors que (F) admet une unique solution, qui est le flot de Wiener.

1.4 Approche discrete a quelques flots de ’équation
de Tanaka-Walsh

1.4.1 Résultats

Dans le chapitre 5, nous considérons 'équation (£) dans le cas ¢ = 1. Notre nouvelle

équation est alors la suivante:

Définition 1.2. (Equation (T)).

On considere le graphe G de la figure 1.1. Soient W un mouvement brownien sur la
droite réelle et K un flot de noyauz définis sur un espace de probabilité (2, A, P). On
dit que (K, W) est une solution de (T') si pour tout s <t, f € D(ay, -+ ,an),z € G,

Kuf (z) = f(z) +/ Koouf'(x)dW, + %/ Kgof"(x)du p.s.

D’apres le Théoreme 3, 'unique solution Wiener de (7) est simplement

N
K:,Z('T) = $+€($)Ws,t]‘{t§7's,x} _'_ Z aiégiW:tl{t>Ts,x}'
=1

ou

Ts,x = iIlf{T > S:x+ €(x>W37T = O}

Cependant, 'expression de I'unique flot d’applications solution de (7") est plus com-
pliquée. Nous nous proposons ici de construire ce flot en partant d’un jeu de pile ou
face. Soient Gy = {z € G;|z| € N} et P(G) (resp. P(Gn)) 'espace des probabilités

sur G (resp. Gy). D’abord, nous introduisons les flots discrets comme suit

Définition 1.3. (Flots discrets) On dit qu’un processus 1, 4(z) (resp. N, 4(x)) in-
dexé par {p < q € Z,x € Gy} et a valeurs dans Gy (resp. P(Gy)) est un flot discret
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d’applications (resp. de noyauz) sur Gy si:
(1) La famille {1; ;11;1 € Z} (resp. {N;it1:1 € Z}) est indépendante.
(10)Vp € Z,x € GN, Yppr2(2) = Vpr1pr2(Vppr1(2)) (resp. Nppia(®) = Nppi1Npi1pr2(2)) p.s.

ou
Ny pr1Npi1 pra(z, A) Z o1 p2(Y, A)Np i1 (2, {y}) pour tout A C Gy.
y€GN

On dit que S = (S5,)nez est une marche aléatoire simple sur Z lorsque (Sy,)nen et

(S_p)nen sont deux marches aléatoires indépendantes sur Z. Soient S une marche
N

aléatoire simple sur Z et (7j;);ez une suite ii.d. de v.a. de loi Zaiééi qui est
i=1
indépendante aussi de S. Soient

Spn = S — Sy, S5, =S, — min S,

he€[p,n]

Pour p € Z, z € Gy, définissons
le,pﬂ(“’) =T+ e_»(37)51),p+l six#0, wp,erl(O) = ﬁpS;r,erl'

N
vapJFl(x) = 5934‘5(95)5174#1 st 7A 0’ Kp,erl(O) - Z &iés;wlgi'
i=1

On étend cette définition pour tout p < n € Z en posant

Upn(2) = 2lip=n} + Yn-1,0° Yn—25-10 " 0¥ pi1(2) 1 (pony,

Kp,n(x) - 5$1{p:n} + Kp,p—l—l e Kn—Q,n—lKn—l,n(x)l{p>n}-

On munit P(G) de la topologie de la convergence faible suivante:

2@ =sw | [ o~ [ aaQl ol +sup 5=

gl,g(O)zo}.

Nous construisons (¢, K"), partant de (¥, K) et montrons en particulier le résultat

suivant:

Théoreme 1.5. (1) ¥ (resp. K) est un flot discret d’applications (resp. noyauz)

sur Gy.
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(2) 1l existe une réalisation (v, N,@, K"') sur un espace de probabilité commun
(Q, A, P) telle que
. loi
(1) (¥, N) = (¥, K).
(ii) (o, W) (resp. (KW, W)) est l'unique flot d’applications (resp. Wiener) solution
de (T).
(iii) Pour tout s € R,T > 0,2 € G, x, € ﬁGN telle que lim,,_,oo T, = T, 0N @
1
lim su — sl In nr,) — si(x)] =0 p.s. 1.8
"_’°°s§t§£)+T|\/ﬁ¢L Jnt) (VN@n) = @s(2))] p (1.8)

et
im  sup  B(K|ns), () (Vna,)(vVn.), KX (x) =0 p.s.

N—=00 ¢<t<s+T

Ce théoreme entraine le corollaire suivant:

Corollaire 1.1. Pour tout s € R,z € Gy, soient t — W (t) linterpolation linéaire

de (Vs (), k > |ns]) et Wr(x) := %Lﬁ(nt), K?(x) = Elbgr,(r)|o(9)],t > s,n >
1. Pour tout 1 < p < q, (x;)1<i<q C G, soit " € ﬁGN tel que lim,,_o ' = x;.

Définissons
v = (W (Vaa), e W (V) K (V) KD (Vi)

Alors

p q
y”n l“% Y dans C([si, +oo[, G) X H Clsy, +ool, P(G))
i=1 j=p+1

o

Y = <9081,-(x1)7 U 7908p7~(xp)7 K;;[j+1,'(xp+1)7 e 7K;/,§/,-(xq)> .

1.4.2 Etapes de la preuve
Notre preuve du Théoreme 1.5 est basée sur le résultat suivant de Csaki et Vincze

Théoréme 1.6. (///] page 109) Soit S = (S,)n>0 une marche aléatoire simple sur

7. Alors, il existe une marche aléatoire simple sur Z, S = (gn)nzo telle que:

Y, = I£l<aX§k — S, = |?n —|Su]| £2 VneN.
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Ce théoreme décrit I'équation de Tanaka en temps discret. Nous montrons la
conséquence suivante: soient S une marche aléatoire simple sur Z et € une v.a. de
Bernoulli indépendante de S (juste une!). Alors, il existe une marche aléatoire simple
sur Z, notée M, telle que

o(M)=o0(e,S)

et

1 1 loi 2
(ﬁS(nt), ﬁM(nt))tZO — (B, Wy)i>o dans C([0, 0o, R®).

out — S(t) (resp. M(t)) est I'interpolation linéaire de S (resp. M) et B, W sont

deux mouvements browniens satisfaisants
th = Sgn(VVt)dBt

Soient S = (S,)n>0 une marche aléatoire simple sur Z et Y, := IilgziSk — S,,. Pour
0 <p < q,ondit que E = [p, q] est un intervalle d’excursion pour Y si les propriétés
suivantes sont satisfaites (avec la convention Y_; = 0):

Y, =Y =Y, =Y =0

oVp<iji<qgY;=0=Y, =1

Si E = [p, q] est un intervalle d’excursion pour Y, on définit e(F) :=p, f(F) :=q.

Soit (E;)i>1 l'ensemble aléatoire de tous les intervalles d’excursion de Y ordonnés

tels que: e(E;) < e(E;) Vi < j. Nous apellons E; la i-ieme excursion de Y.

Proposition 1.5. Sur un espace de probabilité (2, A, P), considérons les processus

indépendants suivants:

N

o 1] = (7;)i>1, une suite i.i.d. de v.a. de loi Zaiégi.
i=1

o (S,)nen une marche aléatoire simple sur Z.

Alors, sur une extension de (2, A, P), il existe une chaine de Markov (M, )nen issue

de 0 de matrice stochastique donnée par (1.1) telle que:

Y, = Il£l<aX§k — S, = |M, — ;Y| <2

sur la i-iéme excursion de Y .
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Avec les notations de la derniere proposition, soit (7.Y) la chaine de Markov
définie par (7.Y), = 7;Y, sur la i-ieme excursion de Y et (7.Y), = 0si Y, = 0.
Nous montrons apres que pour tout p € Z, ¥, ,+.(0) tol (7.Y). En utilisant la derniere
proposition et le théoreme de Donsker pour le mouvement brownien de Walsh, on
parvient a prouver que (Lps(f))sem converge en loi vers un processus (1s.)sep le long
d’une sous suite (voir le Corollaire 1.1 pour la définition de WS(")) Le processus
limite est indépendant de la sous suite choisie et se prolonge naturellement en un
flot 1 solution de (7). Quitte a changer 1'espace de probabilité, on peut supposer
que (Lps(f))neN,se]R et 1) sont définis sur le méme espace initial et que la convergence
précédente est presque sure. Alors, dans ce cas (1.8) est vérifiée. Les convergences

des flots de noyaux sont plus simples et se déduisent immédiatement.

1.5 Equation de Tanaka sur le cercle

Par analogie avec 1’équation de Tanaka associée au mouvement brownien de Walsh,
nous définissons dans ce chapitre une équation de Tanaka sur un autre graphe simple
qui est le cercle.

Considérons le cercle unité % de la figure 1.5. On dit qu'une fonction f définie sur

% est dérivable en zy € € si

f'(20) := lim f(z0e™) = f(20)

h—0 h

existe. Soit C?(%’) I'espace des fonctions f définies sur % telles que f’ et f” existent

et sont continues sur %.
Définition 1.4. Fizons | €]0, 7| et définissons
€(2) = Yarg(z)efo.n} — Yarg(z)eli2nly; 2 € -

Soient W un mouvement brownien sur la droite réelle et K un flot stochastique de

noyauzx sur € définis sur (Q, A, P). On dit que (K, W) est une solution de I’équation
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Figure 1.5: Le cerle %.

de Tanaka sur €, notée (Tyy) si pour tout s <t, f € C*¥),x €€,

Kouf(z) = f(z) + / Kw(ef’)(:c)qujL% / Kouf"(@)du pos.

Figure 1.6: Equation de Tanaka sur .

1.5.1 Classification

Notre premier résultat concernant (7% ) donne une classification complete de toutes

les solutions:
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Théoréme 1.7. Soient m™ et m~ deuz mesures de probabilités sur [0, 1] de moyennes

%. Alors

(1) (m*,m™) définit un flot stochastique de noyauz K™ ™ solution de (Ty).
e Amt=m = 5% est associée une solution Wiener K" .
e Amt=m = %(50 + 01) est associé un flot d’applications p.

(2) Pour tout flot de noyauxr K solution de (Ty), il existe un unique couple de

loi

_ + -
mesures (m"™, m~) de moyennes % tel que K = K™ ™.

Pour prouver ce théoreme, on va s’inspirer du modele discret associé: I'expression
d’une solution quelconque de (7% ) est facile a déterminer sur des petits intervalles
de temps connaissant les flots de Tanaka de Le Jan et Raimond. Soit K une solution
de I'équation de Tanaka (Figure 1.3) et désignons par f(&t(l) la mesure image de
K,,(0) par Papplication z — . Alors K, (1) vérifie (Ti) sur un petit intervalle de
temps. Si K est une solution de (1.5) en remplacant W par —W et K, (") est la
mesure image de K,,(0) par I'application = — ¢, alors K, (&) vérifie (Ty) sur un

petit intervalle de temps aussi. Ajoutons que toute solution K de (7% ) vérifie

K&t(ZL‘) = 5 ie(x)Ws ¢ S S t S 7’5(1‘)

xre

ot 7y(x) = inf{r > s, ze@Wsr = 1 ou ¢"}. Il s’agit maintenant de composer
soigneusement ces noyaux pour construire une solution. Pour prouver la partie 2
du Théoreme 1.7, nous montrons I'unicité des solutions sur des petits intervalles de

temps ce qui est suffisant d’apres la propriété du flot.

1.5.2 Coalescence

Si K est une solution de (7%), alors d’apres le Théoreme 1.7, K 9 KmTmT pour
un certain couple de mesures (m*,m~). Nous allons construire (¢, K™ ™ ) sur le

méme espace de probabilité tel que la proposition suivante est vérifiée:
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Proposition 1.6. (1) Il existe une suite croissante (Tj,)p>1 de (Fg' )e=o-temps d’arréts

avec limy_o T}, = 400 p.s. et telle que p.s. o1, (€) = eil,K&fk’mf (€) = Oen pour
tout k > 1.

2) Il existe une suite croissante (Si)i>1 de (F¥ )i=o-temps d’arréts avec limy_ oo S =
> 0,t/t>

+00 p.s. et telle que p.s. @o5,(€¢) =1, Kégk’m_ (€¢) = 61 pour tout k > 1.

Cette proposition signifie en particulier que les flots sont coalescents.
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2.1 Introduction

In this chapter we first summarize various equivalent ways to construct SBM. In
Section 2.3 we introduce Walsh Brownian motion. We begin by providing a con-
structive proof of the existence of Walsh Brownian motion. We will construct it
directly from the sample paths of a reflecting Brownian motion and a sequence of
i.i.d. vectors with common distribution. Then after verifying that the constructed
process has continuous paths, satisfies the simple Markov property, and has the
semigroup (F;);>o as proposed in [1], we use their result to conclude that the pro-
cess is a Feller diffusion satisfying the definition of Walsh Brownian motion. Section
2.3 contains also a proof of Donsker theorem for Walsh Brownian motion as limit
of a particular Markov chain. Our result extends that of [15] who treated the case

1
alz---:Q{N:N

and of course the Donsker theorem for the SBM which may be
found for example in [12], [22], [38]. The rest of Section 2.3 will be devoted to Ito’s
formula proved by Freidlin and Sheu in [17] for a general class of diffusion processes
defined by means of their generators. Here we first establish this formula using sim-

ple arguments and then deduce the characterization of Walsh Brownian motion by

means of its generator (Proposition 2.5).

2.2 Skew Brownian motion

2.2.1 Local time

Before introducing SBM, we recall the definition of the local time of a continuous
semimartingale from [15]. For the most part of this manuscript we will use the

symmetric local time which is defined as follows
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Definition 2.1. Let
sgn(x) = 1ga>0y — Liz<o}-

If X s a continuous semimartingale, then for any real number a, there exists an

mcreasing continuous process fﬂ(X ) called the symmetric local time of X in a such

that,
t
| Xy —a| =Xy — d +/ sgn(Xs — a)d X, + LY (X).
0

This is Tanaka’s formula. Furthermore,

~ ) 1 [t
£(0) = Jim o= [ (X - @) (),

Some basic properties:
(i) LY(X) = LY(| X])-
(ii) The measure dL¢(X) is carried by the set {t : X, = a}.

(iii) The “non symmetric "local time L{(X) is defined by considering sgn(z) =
Liz>0p — lz<oy and satisfies also (ii). We also have

L4(X) = 5(L°(X) + L*~ (X))

The following lemma due to Skorokhod gives in some contexts a more explicit ex-

pression for the local time

Lemma 2.1. Let y be a real-valued continuous function on [0, 00] such that y(0) > 0.

There exists a unique pair (z,a) of functions on [0, 00| such that
(1) z=y+a,
(ii) z is positive,

(7i) a is increasing, continuous, vanishing at zero and the corresponding measure

da(s) is carried by {s : z(s) = 0}.
The function a is moreover given by a(t) = sup,<(—y(s) vV 0).
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Let us give an application of this result. Consider a standard Brownian motion
B and set 3 = fot sgn(B;)dBs = fot sgn(B;)dBs. Then by P.Lévy’s characterization,
[ is also a standard Brownian motion. Tanaka’s formula together with the previous
lemma imply that

|Bi| = B¢ + EQ(B)

where LY(B) = — inf <, ;. It is known that 3; = 3, —inf,<; s and § define the same
canonical filtration i.e F = F} ' (see also Theorem 2.1 below). Hence F = F/ T =
ftlBl which is strictly smaller than FP. Therefore if B and 3 are two Brownian
motions satisfying B; = fot sgn(B;)dfs, then necessarily ]—"f is strictly contained in
FB,

Since LY(6+) = LY(|B|) = LY(B) = — inf <, f,, 37 satisfies

B =8+ LY. (2.1)

2.2.2 The associated semigroup

Let a € [0, 1] and p; be the semigroup of Brownian motion. Define

P (0,y) = 2ap:(0, ) Lgyso0p + 2(1 — @)pe(0, y) 1 y<oy

pi(z,y) = (pe(e,y) + 2o — Dp(z, —y)) Lizsoys0r + 2(1 — @)pe(@, ) L zs0,y<0}

+ (pt(xa y) + (]' - Za)pt(xa _y))1{$<07y<0} + 204]%(% y)]-{x<0,y>0}~

In the special case a@ = %, we recover the semigroup of Brownian motion. The
case a = 1 (respectively @ = 0) corresponds to the semigroup of the reflecting
Brownian motion above 0 (respectively below 0) , |B| (respectively —|B|) where B

is a Brownian motion. More generally, we have the following

Definition 2.2. [50] p* is a Feller semigroup on Co(R). A strong Markov process
X with state space R and semigroup p* and such that X is cadlag is by definition

the skew Brownian motion of parameter o (SBM («)).
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2.2.3 The associated SDE

In [22], Harrison and Shepp connected SBM with a particular stochastic equation

as follows

Theorem 2.1. [22] Let B be a Brownian motion. The SDE
X, =+ B+ (2a — 1) LX),

has a pathwise unique solution if and only if o € [0,1]. In this case the unique

solution is distributed as SBM (o).
By (2.1), X; = By is the unique solution if z = 0,a =1. If z = 0, = 0,
—X; = —B, + LX)

and therefore X; = B;—sup,, B,. Since dLY(X) is carried by the set {t : X, = 0}, X,
is simply given by x + B; before it hits the origin (say at time 7). Let Xt(x) = Xiyir,
and B = B,,, — B, ,t > 0. Then

X" =B 4+ (2a — 1)LY(X@).
This allows to deduce the solutions in the cases @ = 0, 1.

Remark 2.1. If X is a SBM(«), then LY(X) = 2aL%(X) = 2aLY(|X|) by identi-

fying Tanaka’s formulas for symmetric and non symmetric local time for X.

2.2.4 Approximation by random walks

As one can expect, SBM («) may be approximated by the following random walk:

Let (Sk)k>0 be a random walk starting from 0 with transition probabilities
: N S
P(Ski1 =i£1|Sp=1) = 5 if i#0,

]P(Squl = 1‘Sk - 0) =1- P(SkJrl = —1|Sk = 0) = Q.
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We set for all ¢t > 0 and any integer n,

n’t — |n’t|

1
th = ESLTﬁtJ + (Sl+|_n2tj - SLnZtJ)

Q

The following theorem may be found in [12], [22], [38] or in a more general context

in [29].

Theorem 2.2. The sequence (X"),en converges in distribution in the space of con-

tinuous functions to the SBM ().

2.3 Walsh Brownian motion

2.3.1 The associated semigroup

We review the existence of Walsh Brownian motion (WBM) established in [1]. Fix
N

N € N* and aq,---,ay > 0 such that Zai = 1. In the sequel G will denote the
i=1

graph below consisting of N half lines (D;)1<;<y emanating from 0 (see Figure 2.1).

Figure 2.1: Graph G

Let €; be a vector of modulus 1 such that D; = {hé;,h > 0} and define for all
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function f: G — R and i € [1, N|, the mappings:
ho— f(he)

From now on, we extend this definition on R by setting f; = 0 on | — oo, 0[.

Define the following distance on G-

h+n  ifi=#j (hh)e€R,
e () € B2
|h—N| ifi=j, (hh)ecR:.
For x € G, we will use the simplified notation |z| := d(z,0).

We equip G with its Borel o-field B(G). On Cy(G), consider:

N N

Pof(he;) = 2> cipifi(=h) + pefi(h) = pifi(=h),h >0, Pif(0) =2 aipi fi(0).
i=1 i=1

where (p;)i~o is the heat kernel of standard Brownian motion.

Definition 2.3. [/] (P})i>0 is a Feller semigroup on Co(G). A strong Markov process
Z with state space G and semigroup Py, and such that Z is cadlag is by definition
Wi(aq,- -+ ,ay), the WBM on G.

2.3.2 Construction by flipping Brownian excursions

For allmn >0, let D,, = {2%, k € N} and D = U, enD),,. For 0 < u < v, define
n(u,v) = inf{n € N: D,Nu,v[# 0}, f(u,v) = inf Dy, m)Nu, v].

Let B be a standard Brownian motion defined on a probability space (2,4, P)

and (7,.,7 € D) be a sequence of independent random variables with the same law
N

Z a;0¢z which is also independent of B. We define

i=1

B, = B, — m[in} B, g¢=sup{r <t: B =0}, d,=inf{r > t: B =0},
u€[0,t
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and finally
Zy =3B r = f(gi,dy) if Bf >0, Z,=0 if B =0.
Then we have the following
Proposition 2.1. (Z;,t > 0) is a W(ay,--- ,ay) process on G started at 0.
Proof. We use the notations

mins; = m[m} By, €yt =e(Zi), Fs = 0(€pu, Bu;0 <u < s).
ue|s,t

We now fix 0 < s < t and denote by Es; = {mings = ming.}(= {g: < s} a.s). Let

h: G — R be a bounded measurable function. Then

FJ+ Elh(Z)1 e | F).

We first show that

E[h(Zt 1E‘C |f ZE 1{gt>8 €0,t= el}

Zal (B ) L {gi>s} | Fo)-

Note that, for all ry < --- <7, < rppy € D, 0(B, %, - ,7,) is independent of
Vrper- Fix sy < --- < 5, < s and define R; = f(gs,,ds;) (0 € [1,p]), Rpy1 = [(ge, dy).

Then on (g; > s), we have

(50,817' o 605p760t) (’YRU e 7/7Rp7/7Rp+1) and R1 S e S Rp < Rp+1 a.s.

By summing over all possible cases, this shows that o(B,¥g,,"--,7r,) is indepen-
dent of Yg,,, conditionally to (g; > s) which clearly proves our claim.
If B;, = B, — By, then the density of (Trél[isg]Bs,r, B, ;) with respect to the Lebesgue
measure is given by:
2
g(z,y) = ﬁ(—?x +v) exp(%)l{yﬂww} (see [31] page 28).
Now, we show that (B, > s) is independent of F,. To this end, it will be conve-

nient to set

Yu=0¢ {é,i€[l,N]}if weR,\D.
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Define F = 0(Yung,, u € D). Then for all 4y, --- ,i, € [1, N],u; <--- <wu,, we have

—

(’7u1/\gs = €i17"' aiup/\gs - gzp) - (’7u1 - gila"' y Yup = é;/p) N (up < gs) a.s

By remarking that (u, < gs) € o(B,,r < s), it easily comes that B, . is independent

of o(B,,r < 5)VFVo(Ygq,,a,)) Which contains F;. This proves our claim and yields

E[hi(Bj)l{gt>s}|~7:8] = E[hZ(Bst — min By 7")1{ min By > m[m]Bs r}|~7:]

T’[t} rel0,s]

B /Rl{—Bs*n}(/Rhi(y—x)g(x,y)dy)dx
— Q/R hi(W)pi—s (B, —w)du (u =y — )

and so

E[h(Z)1pe | F, —2Zazpt“ .

On the other hand

Eh(Z)1g,,

fs] = E[h(é’()’s(Bt — mino,s))1Es,tﬂ(Bt>mmo,s)‘fs]
= Elh(eo,s(Br — minos))1{B,>mino .} | Fs] — E[h(€o,s(B; — mmo’s))1E§7tn(3t>mm°’5)‘}—s]'
Clearly on {€y s = €},

E[h(€,5(Br — mings)) (g, sming 1 Fs] = Ellu(Bss + B)ip, o pragy|Fs)

= pt—shk(B:)a

and

E[h(go,s(Bt_minO,S))1{E§,tﬂ(Bt>mino,s)}|JTS] - E[hk(BS,t+B:)1{—Bj> m[in]Bs,,n,Bs,t—‘rB;_>0}|FS]'
rels,t

= / hi(y + B:)l{y+3j>o} (/ 1{Bs+>m}g($ay)d$) dy = pi—shi(—BY).
R R
As a result

E[h(Zt)|fs] - Pt—sh(Zs)'

where (P;) is the semigroup of W(ay, -, an). O
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Proposition 2.2. Let M = (M,)n,>0 be a Markov chain on G started at 0 with

stochastic matriz () given by:
1
Q0,¢;) = i, Q(ne;, (n+1)e;) = Q(ne;, (n—1)e;) = 3 Vi e [l,N], neN*. (2.2)

Then, for all 0 <t; <--- <t,, we have

1 1 law

(ﬁMp?ntlJ, T ﬁMp?nth) m (Zty, >th),
where Z is a W{(aq, -+ ,ay) process started at 0.

Proof. Let B be a standard Brownian motion and define for all n > 1: T(B) =
T8(|B|) =0 and for £ >0

Ty (B) = inf{r > T;(B),|B, — Brp| = Q_n}7

Tea(1B) = inf{r > T(|B)), [|B:| = |Bryl| = 5}

Then, clearly T}(B) = T} (|B|) and so (T{(|B]))k>o0 e (T (B))k>o0- It is known

(see e.g.[30] page 31) that m T30 (B) = t a.s. uniformly on compact sets.

li
Then, the result holds also fot*ihe reflected Brownian motion | B|. Now, let Z be the
W {(ay, - ,ay) process started at 0 constructed from the reflected Brownian motion
B* as before. Let Tj' = T}'(B™) (defined analogously to 7}'(|B|)) and Z}} = 2" Zrn.
Then clearly (Z}', k > 0) has the same law as M for all n > 0 (this will be rigorously

justified in a more general setting in the proof of Proposition 4.4). Since a.s. t — 7,

is continuous, it comes that a.s. V¢ > 0,lim,, ., Q%Z’LEQ,%J = Z;. [

2.3.3 Donsker theorem for WBM
Proposition 2.3. Under the conditions of Proposition 2.2, let t — M(t) be the
linear interpolation of (M, )n>0 and define M} = ﬁ (nt),n > 1. Then

(MP)iz0 —2— (Z4)i0

n — 400

in C([0, +o0, G) where Z is a W(ay, -+ ,an) process started at 0.
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Proof. Let (Z;)i>0 be a W(ayq, -+, ay) process on G started at 0 and
ZtZ = |Zt|1{ZteDi} - |Zt|1{Zt¢Di}v (NS [laN]'

Then Z; = &'(Z;) where &' (x) = |z|1{zep,y — |2|1{z¢n;y- Let p* be the semigroup of
SBM («;) (see Section 2.2.2). Then the following relation is easy to check: Py(fod?) =
pi f o @ for all bounded measurable function f defined on R which shows that Z°
is a SBM(a;) started at 0. For n > 1,i € [1, N], k > 0, define
19 =0, Ty =inf{r >0:|Z, — Zgp| = L}
\/ﬁ
1

==t

T =0, Ty =inf{r >0:|Z - Z..,
k

Remark that
" 1
Ty =T = inf{r >0 |2, | Zny|| = %}-
Furthermore if Z; € D;, then obviously d(Z;, Z,) = |Z} — Z!| for all s > 0 and

consequently

d(Z,, 7 <Z|Z’ Zl. (2.3)

Now define Zp = /nZrp, Z = \/ﬁZZ i Then by the proof of Proposition 2.2,
(Z, k>0) = " M. Furthermore for all T > 0,

sup d(Z v —=Zlnt)) < sup |Z; — n | —— 0 in probability
t€[0,7) ' tJ z; t€[0,7] \/_ tJ — Foo

by Lemma 4.4 [12] which proves our result. O
Proposition 2.4. The W{(ay, -+ ,ay) process admits a modification having con-

tinuous paths.

Proof. This is a consequence of (2.3) as well as the continuity of SBM. O
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2.3.4 Freidlin-Sheu formula

Set G* = G \ {0} and define:

CZ(G*)={f € C(G) : Vi€ [1,N], f;is twice derivable on R%, f/, f/" € C,(R*.) and both
have finite limits at 0 + }

For f € C?(G*), we use the conventions f'(0) = fy(0+), f”(0) = f%(0+).

Theorem 2.3. [17] Let (Zi)i>0 be a W (o, -+ ,an) process on G started at z and
let Xy = |Z|. Then
(i) (Xi)i>0 is a reflecting Brownian motion started at |z|.

(ii) By = X, — Ly(X) — |2| is a standard Brownian motion where

N R
Lt<X) = lim —/ 1{‘Xu|§€}du.
0

e—0+2e

(i) Vf € CR(GP),
' / 1 ' " - / T
1z = 1)+ [ 1(Zis.+ 5 [ F(zyds+ (Cad 0. 24

Remark 2.2. For N > 3, the filtration (F7) has the martingale representation

property with respect to B [/], but there is no Brownian motion W such that F# =
¥ 119,

Proof. Let p! be the semigroup of the reflecting Brownian motion on R and define
@(x) = |x|. Then X; = &(Z;) and it can be easily checked that P,(f o @) = p;f o ®
for all bounded measurable function f : R — R which proves (i). (ii) is an easy
consequence of Tanaka’s formula for local time.

(iii) Set 7. = inf{r > 0,7, = 0}. For t < 7,, (2.4) follows from Itd’s formula applied
to the semimartingale X. By discussing the cases ¢t < 7, and ¢ > 7., one can assume
that z = 0 and so in the sequel we take z = 0.

For all i € [1,N], Z} = |Z|1(z.ep,y — | Zi|1iz¢p,y is a SBM () started at 0 by
the proof of Proposition 2.3. We use the notation (IP) to denote the convergence in

probability. For § > 0, define 7§ = 63 = 0 and for n > 1

0° = inf{r >7°_,|Z.| =6}, 70 =inf{r>0° 7, =0}

n
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Let f € C3(G*) and ¢t > 0. Then

F(Z) = F0) = f(Zgs ) = F(Zogn) = Q) + Q5 + Q5
n=0

where
00 N oo
Q=D _(f g ina) = S Zeg)) = 203 0F 00 s <0z, emy:
n=0 =1 n=0 "

Qé Z Z 5f O+ 1{05+1<tZ 5 €D;}s Q§ = Z f(ZTg/\t) - f(ZG;SL/\t)'

=1 n=0
We first show that @9 P~ 0 (P) and for this write Q5 Q51 s Q(l gy With

ZZ f(Zgs, ) — J(Z:3) - 5fz‘,(0+))1{ag+lgt,zeg+ €D}
n=0 =1 ntl
co N
Q((SLQ) - ZZ Z 5/\t))1{6 +1>1tZ 1eD,.}-

Since f € C}(G*), we have
5

(¥ € (LN [ (7i0) = F10+)du = 5) = £(0) = 85,(0+).
(i) There exists M > 0 such that Vi € [1, N], v >0:|f/(u) — f/(0+)] < Mu.

Consequently
@l = 13 Z (0 = 3f (0D s, <1,
n=0 i=1
- NM(52 i Lgr. <oy
It is known that § i Ligs <y — - ;Lt(X ) (P) [45] where L; is the nonsymmetric
local time in zero aggi therefore Q(Ll) o 0 (P).

Let C > 0 such that Vi € [1,N], w>0: |f;(u) — fi(0)| < Cu. Then

co N
Rl = 1D (F(Z) = F(Zegn)) e 1.2, enyyl
n+1

n=0 i=1

< ZZ ‘fz Xt )|1{75<t<9n+1 Zeg+ €eD;}

n=0 i=1

S CXt Z 1{Tg<t<92+1} < o

n=0
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which shows that Q(1 ) o 0 a.s. and so Q3 1S 0 (P).

— 0

Now define Q(Q’ 52 Ligs <, Zys, €D} Since Z Ligs <1, Zys, €D:) is the number

n=0
of upcrossings of Z° from 0 to 0 before time ¢, we have Q 2) 5o sL(Z) (P).
Using Remark 2.1, we see that Q2 Z i f1(04) Li(X) (P).

We now establish that Q9 o / f'(Z)dB, + 5/ 1"(Z5)ds (P). For this write
=0 Jo 0

o) c© N
Qb1 = D ([(Zg) = f(Zog)Dirz<ny = D D (F(0) = fil0)Lirs<tz, ey
n=0 n=0 i=1
N
Q((ssg) = Z(f(Zt) — fi(6))i{n € N 92 <t < Tga Zgs € Dy}
i=1

It is clear that f{n e N: 0% <t < 7? , Zgs € Di} P~ Liz,epa\{o}} a-s. and so Q(32
converges to f(Z;) — f(0) as 6 — 0 a.s. Define 75“ = 93’ =0 and

0% = inf{r > 0% Z, = 6&}; 0 =inf{r > 6% Z, =0},n>1

Using > 7, 1{r;§§t,ZegeDi} =3 1 iy, it follows that

co N
Z Z M isicy-

n=0 i=1

On the other hand

FX i) = Fi(Xggon) = (X 00) = FiXpa) Loy + ((X0) = FO) gy

and therefore

N
ZZ Fil(X s )= fi(X o )= > (fi(X0) = fi(0)) x{n € N, 05 < t < 707}

i=1 n=0 =1

Since #{n € N, 0% <t < 721} ~— Lzennpop as., we deduce that

5020 ZZ filX si0,) = [i(Xgsin,)) +0(1) a.s.

=1 n=0



For all i € [1,N], let f; be C? on R such that f; = f; on Ry, f, = f/, f, = f/ on
R? . Now a.s.

Vs € [0, 1], Z Ligsiing o /\t P L{z,ep\{0}}-

By dominated convergence for stochastic integrals (see [15] page 142),

00 t

Z fi(XTg’i/\t) 0 /\t / [9 ’i/\t,r;f’i/\t[(s)dfi(XS) E} 1{Zs€Di\{0}}dfi(XS) (P).
n=0 0

Finally

1 [ N 1
pga.+ g [ 1z = 3 [ o (X)AB.+ 3 F0)d
0 0 i=1 70

N t ~
= Z/ Liz,epa\jopdfi(Xs).
i=1 70

by It6’s formula and using the fact that dL,(X) is carried by {s : Z, = 0}. Now the
proof of Theorem 2.3 is complete. O

The foregoing theorem entails the following characterization of the W(ay, -+, ay)

process by means of the generator of its semigroup.

Proposition 2.5. Let
N
o D(an, - ,an) ={f € CH(G") : Y _aif{(0+) = 0}.

i=1
o ) = (Q1)i>0 be a Feller semigroup satisfying:

Q@) = Jle)+ 5 [ Quf'(@)du for all § € Dlar,-+ ax).
0

Then, Q is the semigroup of the W (ay, -+ ,an) process.

Proof. Denote by P be the semigroup of the W(ay, -+, ay) process, A" and D(A’)

being respectively its generator and its domain on Cy(G). Let
D'(ay, - ,an) = {f € Co(G)[ | D(a, -, an), " € Co(G)}. (2.5)
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Then it is enough to prove the statements:

(i) Vt >0, P(Co(G)) C D'(aq,---,an).

(ii) D'(aq, -+ ,an) C D(A) and  A'f(z) =5 f"(x) on D'(aq, -+, o).
(iii) D'(aq, -+ ,ay) is dense in Cy(G) for ||.||oo-

(iv) If R and R’ are respectively the resolvents of ) and P, then

Ry = R/)\ forall A\ >0 on D'(ay, -, ay).

(i) Pick ¢ > 0 and f € Cy(G). Since P is Feller, we have P,f € Cy(G). Set

N

Hi(y.h) =2 a;fi()p(h, —y) + f:(y)(pi(hyy) — pi(h, —y)), h >0,y >0.
j=1
For h > 0,z = hg;,

Pif(x)= [ Hly,h)dy if h > 0; Pf( —22% fi@)pe(h, —y)dy if h=0.

R4

It is clear that h —— H'(y, h) is C*° on R* and furthermore Vy > 0,h > 0,

0 0 0 0
%Hi(y, h) =2 ; ajfj(y)%pt(h, —y) + fily )(ahpt(h, y) — %pt(h, -)),
0 al 0 0 0
le<y7 h’) - 2jzla]f]< )ahgpt<h y>+f2< )(%pt(hqy) 8h2pt<h y)

For some constant M € R, we have

=)+ Spilho )

< 7{(@/ + h)pi(h, —y) + [y — hlp:(h,y) }.

_H. <
S H(y b < M

Clearly (P, f); exists on RY and

0

wh>0. (RN = | o

Hi(y, h)dy.

The last equality shows that h —— (P.f);(h) is bounded on R since

“+o0 “+o0
Sup/ (y + h)pe(h, —y)dy < +00; sup/ ly — hlpe(h,y)dy < +00.  (2.6)

h>0 J0 h>0 J0
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An easy application of dominated convergence yields

(P Yilh) —— _Z% D0y <5 [ om0, v)dy

N

and in particular Z a;(P,f):(0+) = 0. For the second derivative, we have for some
i=1
constant M € R,

|%Hz( )| S M(Ql(ha y)pt(h7 _y) + QQ(h7 y)pt(ha y))

where @1, Q2 are two polynomials in two variables (h,y) and both having positive
coefficients. Using

0 -1 u — h)? u? 1
0 ) = o) + 0 -

and dominated convergence, we deduce that

%
t
(P.f)Y( p— QZ a; fj Z——)p:(0,y)dy (no longer depends i € [1, N]).

To conclude that P, f € D'(aq, -+, ay), it remains to show that hliT (P.f)!(h) = 0.
For this, write (P.f)! = I, + Iy — I3 where

N
0
D=2 0 [ 50 ganin -

Lt = [ 5 g ndn. 10 = [0 gt~y

Clearly, there exists a polonomial D with positive Coefﬁments satisfying

1/)2

dy 0.

L(h)] < / D(h + y)e

h — +oo

Likewise, I3(h) — 0. Finally
— 400

L(h) = —

2 Ryt [ R~ 8Py
R, R,

2 y2
-G / fily + M)l gys e % dy + Cy / fily + M) lgys-mye” 2 dy.
R R
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Since f € Cy(G), I2(h) PR 0 by dominated convergence and so Erfoo(Ptf)g'(h) =
0.

(ii) easily comes from 2.4. (iii) Let f € Cy(G), then Pif € D'(aq, -+ ,ay) for all
n > 1 by (i) and since P is Feller, we get HP%f — flloo e 0.

(iv) Let A be the generator of P. By assumption, D'(«ay, -+ ,ay) C D(A) and
Af = %f” on D'(ay, -+ ,ay). For f € D'(ay, - ,ay), Ryf is the unique element
of D(A) such that

(AL = A)(Baf) = [

In order to complete the proof, we will show that

(a) R\f € D(A),  (DAR\f — A(R\f) = [.

+oo

(a) Since R, f(z) = / e MP,f(x)dt and P,f € D'(ay,--- ,ay), dominated con-
0

vergence to gether with (ii) show that R\f € D'(aq,---,ay) C D(A). As R\f €

D'(avy, -+ ,ay), it comes that

A(RLf) = ARS) = L (Raf)

Now (M — A") (R, f) = f yields (A — A)(R,f) = f which proves (b) and (iv). By
(iii), we see that Ry = R}, in other words P = Q. O

Exercice. Consider the full WBM in the plane P = R? as defined by its semigroup
n [1]. Let P* = P\ {0} where 0 = Ogz. We will use polar co-ordinates (r,6) to
denote points in P. For f defined on P and 0 € [0, 2x[, let fy(h) = f(h,0),h > 0.
We say that f is continuous on P if fy is continuous on R, for all € [0, 27[. Define
analogously

CZ(P*) = {f € C(P) : V0 € (0,27, fy is twice derivable on R*, f;, f € Cy(R?)
and both have finite limits at 0 4 }

For f € C%(P*), 2 = (r,0) € P with z # 0, set f'(z) = f5(r), f"(z) = fi(r). We
use the conventions f’(0) = f(0+), f"(0) = fi(0+). Let Z be a full WBM in the
plane started at z and X; = |Z;|. Using a similar decomposition of f(Z;) — f(0) as
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in the proof of Theorem 2.3 and the approximation of local time by the number of
upcrossings in LP spaces, show that:

(1) (Xi)e>o is a reflecting Brownian motion started at |z|.

(i) By = X, — Li(X) — |2| is a standard Brownian motion where

s 1t
L(X) = hm—/ Liix, )<y du.
0

e—0t 2¢

(iii) For all suitable functions f € CZ(P*):

$2)= 16+ [ Fzise g [ @i ([ gonaLoo.

(0,27
Then deduce the analogous of Proposition 2.5. A large part of this thesis can be
generalized to the full WBM in the plane.
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3.1 Introduction

In this chapter we introduce basic objects for this thesis. We begin with stochastic
flows: flows of mappings and more generally flows of kernels according to Le Jan and
Raimond. A stochastic flow of kernels K can be viewed as the transition probabilities
of a Markov process in a random environment. To K is associated a compatible
family of Feller semigroups (P"),>1: namely, the marginal distribution of any k
components of an n motion is necessarily a k point motion. Conversely Le Jan and
Raimond have proved that any compatible family of Feller semigroups gives a unique
stochastic flow of kernels. We briefly review these notions in Section 3.2. In Section
3.3, we define the noise filtration associated with any flow of kernels and recall the
notion of “filtering with respect to a subnoise filtration ”. Then we study coalescing
flows which can be obtained from flows whose two point motion hits the diagnoal.
Then the original flow can be recovered by filtering the coalescing flow with respect
to a subnoise filtration. In Section 3.4, we apply this theory and extend Tanaka’s
equation to kernels. We recall the construction of flows associated to the extended
Tanaka’s equation from [30]. At the end of Section 3.4, a new flow of kernels will
appear giving rise to a more general Tanaka’s equation as well as to new difficulties.

This has been the starting point of this thesis.

3.2 Stochastic flows

Let (€2, A, P) be a probability space and M be any locally compact separable metric

space. Let us recall some fundamental definitions and results from [35].
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3.2.1 Stochastic flows of mappings

Let (F,F) be the space of all measurable mappings from M into M endowed with
the o-field F generated by ¢ —— @(x),x € M and Cy(M) be the space of all

continuous functions on M which vanish at infinity.

Definition 3.1. A family (¢st)s<t of (F,F)-valued random variables is called a
stochastic flow of mappings if Vs < t, the mapping

0st @ (MxQBM)®A) — (M,B(M))
('rv('U) — ()03715(1’,&))

1s measurable and if it satisfies the following properties:
(1) Vs <t <u,x € M,P-a.s.,5,(x) = 0ru(psi(x)) (cocycle or flow property).
(2) Vs < t, the law of s, only depends on t — s (stationarity).
(3) For allty <ty <--- <ty,, the family {ps, 4., 1 < i <n—1} is independent.
(4) ¥t 0,2 € M. ] € Co(M). lim E[(f(204(2)) — Fos(9))?] =0.

(5) ¥ >0, f € Co(M), lim_ E[f2(pos())] = 0.

(6) Vo € M, f € Co(M), lim E[(f(¢o.(z)) = f(x))*] = 0.

A family of Feller semigroups (P"),>1 defined on M"™ and acting on Cy(M™) is

said to be compatible as soon as, for all £ < n,

Ptkf(xlv"' 7xk‘) = Ptng(ylv"' 7yn)7

where f and g are in Cy(M™) such that

g(yla"' >yn) = f(yila"' >yik)

with {iy,---,ix} C {1,---,n} and (21, - ,2%) = (Yi,, - ,¥s,). The following
proposition associates to a stochastic flow of mappings a compatible system of Feller

semigroups.
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Proposition 3.1. Consider a stochastic flow of mappings (¢s)s<i- For f € Co(M™),

x=(x1,-,1,), set

Pf(x) = E[f (por(ar), - s por(n))]-

Then (P")n,>1 is a compatible family of Feller semigroups acting respectively on

Co(M™) satisfying
P?f®*(z,z) = Pif*(x) for all f € Co(M),x € M,t > 0. (3.1)

Moreover, the n point motion (or Markov process) started at (xq,---,x,) € M"

associated to P" is given by (vo.(x1),- -, @o.(xn)).
Proof. The second assertion is clear. See Proposition 3.3 below for the first claim. [

Stochastic differential equations have been for a long time a powerful tool to
construct stochastic flows [28]. This is for example the case of SBM as we will see in
the next chapter. However the approach of Le Jan and Raimond is different and is
of type Kolmogorov extension theorem. Before reminding their first result, we need

to introduce Feller convolution semigroups on (F, F) and begin by

Definition 3.2. A probability measure Q on (F,F) is called regular if there exists
a measurable mapping J : (F,F) — (F,F) such that

(M x F,BM)®F) — (M,B(M))
(z,0) —  T(p)(a),

s measurable and, for every x € M,

Qdy) —a.s., J(p)(x) = p(z),

that is, J is a measurable modification of the identity mapping on (F,F,Q). We

call it a measurable representation of Q).
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Proposition 3.2. Let Q1 and Qs be two probability measures on (F,F). Assume
Q1 is reqular. Let J be a measurable presentation of Q1. Then the mapping

(F?%, F®%) — (F,F)
(p1,02) = T (1) 0 pa,

is measurable. Moreover, if J' is another measurable presentation of @y, then for

every r € M,

Q1(dp1) ® Qa(dwa) —a.s., T(p1) o pa(x) = T (1) 0 pa().

We denote Q1 * Q2, and we call the convolution product of Q1 and Qs, the law
of the random wvariable (¢1,p2) — T (1) © po defined on the probability space
(F27f®27Q1 ® QQ)

It is now possible to give the following

Definition 3.3. A convolution semigroup on (F,F) is a family (Q)i>o of reqular
probability measures on (F, F) such that, for all nonnegative s and t, Qs = Qs+ Q.
We say that (Q)i>0 is Feller as soon as

lim [ (fo(z)— fop(y))Q:de) = 0.

Yy—x

(ii) Vit > 0, f € Co(M),
lim / P (@) Qi(dg) = 0.

T——+00

(iii) Yz € M, f € Co(M),

lim [ (fop(z) — f(2))*Qu(dp) = 0.

t—0+

We now turn to the first fundamental result of Le Jan and Raimond
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Theorem 3.1. (i) Let (P*,n > 1) be a compatible family of Feller semigroups on
M satisfying (3.1). Then there exists a unique Feller convolution semigroup (Qy)i>o

on (F,F) such that, for alln > 1,t >0, f € Co(M™) and x € M",

P f(x / fo ™™ (2)Qi(dp).

(ii) For every Feller convolution semigroup (Q)i>0 on (F,F), there exists a stochas-

tic flow of mappings (pst)s<t such that for all s <t, the law of sy is Qi—s.

The following lemma gives a sufficient condition for a compatible family of

Markovian kernels semigroups to be constituted of Feller semigroups.

Lemma 3.1. (i) A compatible family (P*,n > 1) of semigroups of Markovian ker-
nels is constituted of Feller semigroups when the following condition is satisfied:
(C) For all f € Co(M) and v € M, limy o P! f(x) = f(z) and for allz € M, ¢ >0
and t > 0, lim,_,, P?d.(z,y) =0, where d.(z,y) = Liamy)>e}-

(i) When (C) is satisfied, (3.1) holds and so a stochastic flow of mappings is asso-

ciated with this family of semigroups.

Proof. (i) This is Lemma 1.11 in [35]. (ii) Let f.(z,y) = f(z)f(y)d(x,y). We have
P f* (@, x) = P fo(x, ) + PE(f = fo) (@, ).

By hypothesis P?d.(z,x) = 0 and so P?f.(z,z) = 0. On the other hand

(f%% = f)(=1,22) = [(20) f(22) 1 a(er o) <e)

converges pointwise to f?(z1)1y.,=.,} as € — 0. By dominated convergence

e—0

iy P2/ = [)(0.) = [ P e PR 2) dind)
= Pf*(z) /f 21) Loy a0y PP (2, 2), dzrd ).
Again from P?2d (z,z) = 0,
[ P01 e Po (a0, ) =,
which finishes the proof. O
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3.2.2 Coalescing flows

Let ¢ be a stochastic flow of mappings. We say that ¢ is coalescing as soon as,
for all (x,y) € M?, with probability 1, T,, = inf{t > 0,0.:(z) = @os(y)} < o0
and @o4(z) = @o(y) for all t > T, ,. Suppose that for each z € M, ¢g.(z) has a
continuous version which will be usually the case in this thesis. Then, by Proposition

3.1, the following lemma holds.

Lemma 3.2. (The strong Markov property.) For all (zy,--- ,x,) € M", denote
by Py, ... 2, the law of (po.(z1), -+, po.(Ts)) in C(Ry, M™). Let T be a finite (Fy)-
stopping time where Fy = o(pou, v < t),t > 0. Then the law of (o r+.(x1), -+, o1+ (T5))

knowing Fr is given by Py (1), o1 (an)-

Applying the previous lemma at T' = T, ,, we see that ¢ is a coalescing flow if

and only if, for all (z,y) € M?, with probability 1, T}, < cc.

3.2.3 Stochastic flows of kernels

Let P(M) be the space of all probability measures on M and (f,,)nen be a sequence
of functions dense in {f € Co(M),||f]leec < 1}. We equip P(M) with the distance
d(p,v) = 2,27/ fadp — ffndl/)Q)% for all p and v in P(M). Thus, P(M) is a
locally compact separable metric space. A kernel K on M is a measurable mapping
from M into P(M). We denote by E the space of all kernels on M and we equip F
with the o-field £ generated by the mappings K —— puK,pu € P(M), with pK the
probability measure defined as uK(A) = [, p(dz)K(z, A).

Let I' denote the space of measurable mappings on P(M). We equip I" with the
o-field generated by the mappings ¢ — ®(u) for all u € P(M). Note that (I',G) =
(F, F) once we have replaced M by P(M).

Definition 3.4. A family of (E,E&)-valued random variables (Ks;)s<: is called a
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stochastic flow of kernels if, Vs <t the mapping

Ko + (MxQBM)®A) — (P(M),B(P(M)))

(r,w) +— K (z,w)

is measurable and if it satisfies the following properties:

(1) Vs <t<u,zeM a.s.,
Ve Co(M), Ksuf(x) = Ket(Kiuf)(x) (cocycle or flow property).

(2) Vs < t, the law of K only depends on t — s (stationarity).

(3) Forallty <ty <---<t,, the family {Ky, 4, ,,1 <1 <n—1} is independent.

(4) ¥t 20,0 € M, f € Co(M), lim E[(Ko.f (x) = Kouf())’) = 0.
(5) vt >0, f € Co(M), lim B[(Ko.f(x))’] =0.
(6) Vo € M, f € Co(M), lim E[(Kouf(x) - f(x))*] = 0.

Note that d, is a stochastic flow of kernels as soon as ¢ is a stochastic flow of
mappings. In Section 3.4, we shall give other examples of stochastic flows of kernels

in connection wih Tanaka’s equation.

Proposition 3.3. Let K be a stochastic flow of kernels on M. For f € Co(M™),x =

(x1, - ,x,) € M™, set

KSn f(z) = / Fn- - yn) Kog(@r, dys) -« Ko (n, dya)
M

and P'f(x) = E[KG} f(x)]. Then, (P")n>1 is a compatible family of Feller semi-
groups acting respectively on Co(M™).

Proof. We will show that:
(i) P, =B Py, (i) B (Co(M™)) C Co(M™),
(iii) Ve € G™, f € Co(M™), tlir& P f(z) = f(x).
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(i) is an easy consequence of the cocyle property satisfied by K.
(ii) Let f € Co(M™) such that f = f1 ®---® f, with f; € Co(M). We have

|HK0tfz (@) HKOtfz ()] < Q1+ Q2,
where . .
Q1= | HKo,tfi(le) — Kot fi(y1) HKo,tfz‘(ﬂfi)\
i=1 =2

and

= |Ko¢fi(y1) HKOtfz (x;) HKOtfz (v:)]

There exist C7,Cy € R such that
Q1 < Ci[Koufi(21) — Koufi(y1)], Q2 <y HKo,tfi(ﬂfi)] - HKO,tfi(yi>|-
i=2 i=2
Consequently, for some constant C'5, we have

|P7 f(2) = P f(y)| < Cs ) EllKogfi(w:) = Koafilyo)l:

i=1

By property (4) in the definition of flows, we get:

lim P"f(y) = P/ f(x) for all z € M". (3.2)

Yy—x

This remains true for a finite linear combination of functions of the previous form.
Now, if f € Co(M™), there exists a sequence (fx)ren C Co(M™), such that f, satisfy
(3.2) for all & and || fx — fl]eo e 0.

It is clear that | P f(x) — Pl f(y)| < 2||fx — flloo + | P/ fr(z) — P fr.(y)|. By letting

y — x and then k& — o0, we conclude that
limn sup B f(x) — B f(y)| =

On the other hand, if f = f1 ® -+ ® f,, with f; € Co(M), then for all i € [1,n],
there exists C! > 0 such that

[P f ()] < CLB[| Ko fi(xi)]]-

61



By property (5) in the definition of K, we get hlf Pf(x) = 0 and the result
extends for all f € Cy(M™) as preceded.
(i) If f=fi® - ® f, with f; € Co(M) for all i € [1,n], then similarly to (ii),
there exists a constant C; with
B f(x) = f(a)] < Cu Y El|Koufi(w:) — filw:)]].
i=1
Consequently, tli%lJr Pl'f(x) = f(x), by property (6) in the definition of K. Now, the

result easily extends for all f € Cy(M™) by the previous argument of density. O

Let Z denote the measurable mapping from (E, &) on I', G) defined by Z(K)(u) =
wic.

Definition 3.5. (1) A probability measure v on (E,E) is called regular if T*(v)

is a reqular probability measure on (I, G).

(2) A convolution semigroup on (E,E) is a family ()= of reqular probability

measures on (E,E) such that (T*(v))i>o is a convolution semigroup on (I', G).
(3) A convolution semigroup (v¢)i>o on (E,E) is called Feller if
(i) ¥t > 0,2 € M, f € Co(M),

lim [ (K f(x) - K f(y))"n(dK) = 0.

y—x
(ii) Yt > 0, f € Co(M),

lim [ (Kf(x))*v(dK) = 0.

T—+400

(iii) Yo € M, f € Co(M),
Jim [ (K f(2) = f(2))P(dE) = 0.

The following result extends Theorem 3.1.
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Theorem 3.2. (i) Let (P*,n > 1) be a compatible family of Feller semigroups on
M. Then there exists a unique Feller convolution semigroup (v¢)i>o on (E,&) such

that, for alln > 1,t >0, f € Co(M™) and x € M™,

Prf(e) = / Ko f () (dES).

(i1) For every Feller convolution semigroup (v¢)i>0 on (E, E), there exists a stochastic

flow of kernels (Ks;)s<¢ such that for all s <t, the law of Ky is v4_s.

Remarks 3.1. (i) When (3.1) is satisfied, the stochastic flow of kernels K is induced
by a stochastic flow of mappings.
(i) Let Q° = [[,, B, A” = ®.<& and

K : (Q,A4P) — (2°A4%

w o (Ki(w))s<t

be a stochastic flow of kernels. Then the law of K is a probability measure on (Q°, A°)
which is uniquely determined by the family (P;*,n > 1). Denote by vy the law of Ko ;.
Then the law of K is equivalently uniquely determined by (v;)i>o.

3.3 Noise filtration and coalescence

The content of this paragraph is borrowed from [35].

3.3.1 Noise filtration

Definition 3.6. Let (2, A, P) be a probability space. A noise filtration on (92, A, P)
is a family (Fsi)—co<s<t<oo Of 0-fields of A such that

(1) Fsi and Fyy are independent for all s <t < u.
(11) Fsir NV Frw = Fsu forall s <t < u.
(i1i) For all s <t, Fs; contains all P-negligeable sets of F— oo oo-

63



Let us give the following examples of noises
(1) White noise filtration. Consider a Brownian motion on the real line (W;);er
on (£, A4, P), that is (W;);>0 and (W_;):>0 are two independent standard Brownian

motions. Throughout this thesis, we will use the notation
Ws,t:VVt_Wsa s <t.
Let
fZ:U(Wu,U,sgugvgt) forall —oo<s<t< 0.

We complete f;‘i by the set of P-negligeable sets of ]—“XVOO,OO for all —oo < s <t < 0.
Then (]—“SV[{ ) is by definition the noise filtration associated to W.

(2) Noise filtration associated to a stochastic flow. Let K be a stochastic flow

of kernels on (2, A, P) and define
Fl=0(Kyp s <u<v<t)forall —oo<s<t<o0.

We complete fft by the set of P-negligeable sets of ]:f(oo,oo for all —oo < s <t < o0.
Then (FJY,) is by definition the noise filtration associated to K.

Given two noise filtrations F*' = (F;,) and F* = (FZ,), we say that F' is a subnoise
filtration of F* provided F}, C FZ, for all —oo < s <t < co. We now introduce

the notion of filtering with respect to a subnoise filtration.

Proposition 3.4. Let K be a stochastic flow of kernels and denote by (fsli) the
noise filtration associated to K. Let F be a subnoise filtration of FX. Then there

exits a stochastic flow of kernels K such that for all s <t and x € M,
Koi(2) = BIK4(7)|Fs4) = E[Ks ()| F —o,00] @.5.

We say that K is obtained by filtering K with respect to F.

3.3.2 Construction of a family of coalescent semigroups

Let (P",n > 1) be a compatible family of Feller semigroups on M. Another impor-

tant result of Le Jan and Raimond is the following

64



Theorem 3.3. Let
A, ={zeM" Ji#jx,=ux;} and Ta, =inf{t >0, X' € A,}

where X™ denotes the n-point motion associated to P™. There exists a unique com-
patible family (P,",n > 1) of Markovian semigroups on M such that if X™€ is the

associated n-point motion and Tg = inf{t > 0, X;"“ € A, }, then
(i) (X"t <TX)) is equal in law to (X', t < Ta,),
(ii) fort>TX , X" € A,.

Moreover, when the following condition (F) is satisfied, this family is constituted of
Feller semigroups.

(F) For allt > 0,e >0 and x € M,
1}11_% Pé,y) {Ta, >t} N{d(X,,Y;) > €}] =0,

where (X;,Y:) = X2, In this case, (P/"°,n > 1) satisfies (3.1) and is associated with
a stochastic flow of mappings.

If P(Zw ) [Ta, < oo] =1 for all x and y in M, then the associated flow is coalescing.
Proof. Fix (xq1,-+- ,x,) € M™ and let Y™ be the n point motion started at (z1,- -+ ,z,)
associated to P". We denote the ith coordinate of Y;* by Y;"(i). Let

Ty =inf{u>0,3i <y, Y.'(G)=Y"()} (€ [0,400]), V" :=Y",t€[0,T}].

Suppose that Y7 (i) = Y7 (j) with @ < j. Then define the process
Y (h) =Y (k) for h# 5, Y (5) = Y )t = Th

Now set

Ty = inf{u > Ty,3h < k,h # j, k # j, Y. (h) = Y (k)}.

For t € [Ty, Ty], we define Y, = ¥;" and so on (see Figure 3.1).
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Y4 Y4e

Ty Ty Ty Ty
x3 T3 T3 T3
T2 T2 2o T2
T Ty 1 L1

Figure 3.1: The coalescent semigroup.

In this way, we construct a Markov process Y™ such that for all i, € [1,n],
Y™e(i) and Y™¢(j) collide whenever they meet. Define P/"(x1, -+ ,2,,dy) as the
law of Y,". Then (P,"“,n > 1) is a compatible family of Markovian semigroups on
M. Let X™¢ be the associated n-point motion. Then (i) and (ii) are clear. Note that

when P?

() [Ta, < oo] =0 forall x # y, then P™ = P" obviously. For every positive

€, we have

P2 [d(X0, i) > € < PR, [{Ta, > 1 N {d(X,, Yi) > e}

(z,y)

which converges toward 0 as y — = when (F) is satisfied. Now the result holds from

Lemma 3.1 (ii). The last claim is obvious. O

Let v = (14)i>0 be the associated Feller convolution semigroup to (P",n > 1).
Suppose that (P™¢ n > 1) is constituted of Feller semigroups (which is true when (F)
holds). We denote by v the associated Feller convolution semigroup to (P™¢ n > 1).

We close this section by the following

Theorem 3.4. There exists a joint realization (K¢ K) where K¢ and K are two

stochastic flows of kernels associated respectively to v¢ and v such that:
(i) Koz, y) = K¢, (x) ® K, 4(y) is a stochastic flow of kernels on M x M,

(i) Forall s <t,x € M, K, (v) = E[K¢,(7)|K] a.s.
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Sketch of the proof. Fix (x1,v1), -+, (7n,y,) in M x M and denote by X" the
2n point motion associated to P?* started at (z1,91, -+, Tn,Yn). Let X™¢ be the
process obtained from (X?7(1), X?"(3),---, X?**(2n—1)) as in the proof of Theorem
3.3. Now set

X" = (X™4(1), X*(2), -+, X™(n), X*"(2n))
and define PP((z1,y1,- -+ » Zn, Yn), dz) as the law of X7. Then (P",n > 1) is a com-
patible family of Feller semigroups on (M x M)™ to which is associated a stochastic

flow of kernels K by Theorem 3.2. Then K is a tensor product
Kolw,y) = Ki (o) © Ko(y)

and it is clear that the Feller convolution semigroup associated to K¢ (respectively

K) is v° (respectively K).

3.4 Tanaka’s SDE and stochastic flows.

3.4.1 Tanaka’s SDE

For a given Brownian motion W, Tanaka’s equation driven by W is the one-dimensional

stochastic differential equation
dXt = Sgn(Xt)th, XO =0 (33)

where sgn(z) = 1{z>0y — l{z<0}- The signum function does not satisfy the Lipschitz
continuity condition required for the usual theorems guaranteeing existence and
uniqueness of strong solutions. In fact, the Tanaka’s equation admits a weak solution
but has no strong solution, i.e. one for which X is adapted to the filtration generated
by W (see the application of Lemma 2.1). In what follows X is a fixed weak solution
of (3.3) and (F;¥) is its natural filtration. Obviously —X solves also (3.3). A natural

question is the following

Can we describe all the solutions which are (F;*) adapted ?
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The Balayage formula (see e.g. [45] page 260) supplies an answer to this question.
Denote by ¢; and d; respectively the last zero of X before ¢t and the first zero of X
after ¢, namely:

gt = sup{u < t: X, =0},

dy = inf{u >t: X, = 0}.
Let (g4, u > 0) be a predictable process with respect to (F;¥), and takes only values

+1 and —1. Then by the Balayage formula Y; = ¢, X; is a Brownian motion and

more precisely

t
Yt:/ €4,dX5.
0

Hence

t ¢ ¢
/ sgn(Ys)dYs :/ sgn(ey,Xs)eg, dXs :/ sgn(Xs)d X = W,
0 0 0
In other words, Y solves (3.3) too. Conversely, Azéma and Yor (see [2] page 268)
showed that any (F;*) continuous martingale Z such that |Z] = |X| has the form
N X: where 7 is an (F;¥) predictable process. Since

| Xe| = V3| =W, — Oéngth,

we have therefore an answer to the above question.

3.4.2 Flows associated to Tanaka’s SDE

In this paragraph, we consider a more general Tanaka’s equation with variable initial

conditions

psi(x) =2 + /t sg (s (2))dW,, s<t,xeR, (3.4)
where (W;)er is a Brownian motion on the real line defined on a given probability
space (§2, A, P).
If K is a stochastic flow of kernels, then by definition, (K, W) is a solution of Tanaka’s
SDE if for all s < ¢,z € R, f € CZ(R) (f is C* on R and f’, f” are bounded)

Koaf(@0) = )+ [ Kool Psw)@aWa+ 3 [ Keof'@du es. (39
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When K = d,, is a flow of mappings, (3.5) is then equivalent to (3.4). In [30] Le

©s

Jan and Raimond have classified all solution flows of (3.5) by probability measures

on [0, 1] and have showed the following

Theorem 3.5. (a) Let m be a probability measure on [0, 1] with mean % Then, to

m is associated a stochastic flow of kernels K™ solution of (3.5).
e To 5% is associated a Wiener solution K" .
e To %(50 + 01) is associated a coalescing stochastic flow of mappings .

(b) For all stochastic flow of kernels K solution of (3.5) there ezists a unique measure

m with mean % such that K law K™.

We will review the construction of all solutions of (3.5) according to [30] in the next

paragraph.

3.4.3 The construction

There exists a probability space (€2,.4,P) on which one can construct a process
(5.4, Usy, Wi t)s<t indexed by {(s,t) € R? s < t} taking values in {—1,1} x [0,1] xR
such that:

(i) Wy =W, — W, s <t where W is a Brownian motion on the real line.

(ii) For a fixed s < t, (€54, Usy) is independent of W and
(Zos Ust) "2 mdu)(usy + (1 — u)s_y).
In particular

P(esy = 1|Us,) = Uy, and the law of Uy, is m.

Set for all s < t, min,; = inf{W, : u € [s,t]}. Then
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(iii) For all s < ¢t and {(s;,t;);1 < i < n} with s; < t; , the law of (e5;, Usy)

knowing (e, +,, Us, 1, )1<i<n and W is given by

m(du)(uoy + (1 —u)d_q)

when ming; ¢ {min,, ;;;1 <7 <n} and is given by

n

E Oc U X 1{mins’t:minsi i}
si ti Vst ., : _ :
e Card{s; min,, ;, = min,, }

otherwise.

Note that (i)-(iii) uniquely define the law of (4, 4y, Usy 415+, st s Usi it W) for all

ot
s; < t;;1 < i < n. By construction, for all s < ¢,u < v, if P(ming; = min,,) > 0,
then
P(est = €y, Usy = Uy p|ming ; = min,, ) = 1.
For s,z € R, define
Ts(z) = inf{r > s: W, = —|z|}

and for z € R, s < t, let W, = W, — min,,
ps2(7) = (2 +5gn(2)Woe) Lpzr @)y + €Wl Lo @)}

K4 (@) = Oupsan@wa, Li<ra@)y + Usidwz, + (1= Us)d x> @)}
We will denote ngt simply by W,*. Le Jan and Raimond showed that ¢ is a stochas-
tic flow of mappings (see Lemma 4.3 [30]). For all 0 < s < t, we have g9 = €
on {ming, = mings} and the law of ¢y, knowing o(ep,,0 < u < s) V o(W) is
+(6_1 + 61) on {ming; < ming}. By Proposition 2.1, ¢,.(0) is a Brownian motion.

Apply Tanaka’s formula so that

0:(0)] = /O en(00(0))dio.n(0) + L,

where L; is the nonsymmetric local time at 0 of ¢y.(0). But |pg.(0)] = W," and by

identification, we get

©0,:(0) = /Ot sgn(o,u(0))dW,,.
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Notice that ¢ and K™ are linked by the relation K7}(x) = E[d,, ,)|o(U, W)] for all
x € R and s < t which entails that K™ solves (3.5). To m = 5%, is associated the

unique F" adapted solution (Wiener flow) of (3.5):
W 1
Ks,t () = 5x+sgn(x)Ws,t1tSTs(a:) + 5(5‘/{/:,5 + 5*W:t)]‘t>7's($)'

Note that the one point motion of a solution of (3.5) is the Brownian motion and if

[ @m(z) # %, this cannot be the case.
Remark 3.1. Let 1) be a stochastic flow of mappings solving (3.4). Then

(i) For all x € R,
You(x) =z + sgn(x)Wy = z + sgn(x) /0 $91(10,u(0))d¥ho,u(0) V t < mo(z),

(ii) |10+(0)] = W', for allt > 0 (see the application after Lemma 2.1).

In particular 1o 4(0) = ¥o+(x) =0 at t = 1o(x). Using (i) and (ii), one easily shows

that in fact we have
To(x) = inf{r > 0, vy, (z) = 1, (0)}.

Therefore v is a coalescing flow and o, (x) = 1o,(0) for all v > 19(x). We have
shown that for all x € R, 1y .(x) is a measurable function of 1y .(0). Since ¥ .(0) is a
Brownian motion, the law of (vo.(z1), -+ ,%0.(zs)) is unique for all (xq,--- ,x,) €
R™. Assuming that ¢ constructed above is a flow associated to (3.4), then this is the

unique flow of mappings solving Tanaka’s equation.

We will review the content of this paragraph in a more general context as well
as part (b) of Theorem 3.5 in the coming chapters. Let m be a probability measure
on [0,1] with mean 3. We denote K™ simply by K and define P/ = E[K{}"]. For all

1 <i<nand (f;)i<i<n a family of measurbale bounded functions on R, we have

Ptn<f1 ® ®fn)(x17 ,SL’n) :/0 Ptma(fl ®®fn>(x17 ,.Tn)’I”Il(dOz),
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where

PP @@ f)an, o) = B[] Kgufitan)],
=1
and
Ksoft(x) = Outsgn(a)We, Lit<ro(a)} T (O‘(SWSth + (1 - O‘)éfwsft)l{bn(m)}u s<t,xeR.

Then one can easily check that K® is a stochastic flow of kernels (this will be also
justified in the next chapter). Remark also that K 2 = K. It is now natural to ask
what is the SDE satisfied by K for « € [0, 1] 7. This will be of course a more general

Tanaka’s equation depending on a. We postpone the answer to the next chapter.
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4.1 Introduction and main results

In [32], [35] Le Jan and Raimond have extended the classical theory of stochastic
flows to include flows of probability kernels. Using the Wiener chaos decomposition,
it was shown that non Lipschitzian stochastic differential equations have a unique
Wiener measurable solution given by random kernels. Later, the theory was applied
in [36] to the study of Tanaka’s equation (3.4). The extension to kernels of (3.4) is
defined by (3.5). Each solution flow of (3.5) can be characterized by a probability
measure on [0, 1] which entirely determines its law. Among solutions of (3.5), there
is only one flow of mappings which has been already studied in [51].

We now fix a € [0, 1] and consider the following SDE driven by a Brownian motion

on the real line W:

X" =a+ We+ (20 — 1)LF

s,t)

t>s,xeR, (4.1)

where W, = W, — Wy, s <t and

N 1 [t
Lg, = lim —/ 1 xsej<cdu  (The symmetric local time).

e—0+ 2

Equation (4.1) was introduced in [22]. For a fixed initial condition, it has a
pathwise unique solution which is distributed as the SBM («) (see Section 2.2). It
was shown in [3] that when o # %, flows associated to (4.1) are coalescing and a
deeper study of (4.1) was provided later in [10] and [11]. Now, consider the following

generalization of (3.4):
t ~
Xop(z) =2 +/ sgn( X (2))dWy, + 2o = 1) L5 (X)), s<t,r R, (4.2)

where

- 1t
L?,t(X) = hm—/ 1|Xsyu(m)‘§€du.

e—0+2¢e
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Each solution of (4.2) is distributed as the SBM (a). By Tanaka’s formula for sym-

metric local time
t ~
[ Xsa(2)] = |2] +/ sg0(Xsu(2))d X () + L5,(X).
By combining the last identity with (4.2), we have
[Xoo(@)] = || + Wi + LE(X). (4.3)
The uniqueness of solutions of the Skorokhod equation (Lemma 2.1), entails
| Xs ()| = |2| + Wy — s@;gt[(m + Ws) A O] (4.4)

Clearly (4.3) and (4.4) imply that o(|Xsu(2)];s < u < t) = c(Wsu;s < u < t)
which is strictly smaller than o(X;,(z);s < u < t) and so X .(xz) cannot be a
strong solution of (4.2). For these reasons, we call (4.2) Tanaka’s SDE related to

SBM («). Now recall the definitions

o C}(R*) ={f € C(R): [is twice derivable on R*, f', f" € C4(R*), fiig 1 oc> [[0.400]
(resp. f—co0p f\/},—oo,o[) have right (resp. left) limit in 0}.

o Do ={f € CA(R") : af'(04) = (1 — ) f(0-)}.

For f € D,, we set by convention f'(0) = f'(0—), f”(0) = f”(0—). By Ito-Tanaka
formula (see [38] page 432) or Freidlin-Sheu formula (Theorem 2.3) and Proposition
2.5, both extensions to kernels of (4.1) and (4.2) may be defined by

K. f(x) = f(x) +/ K (ef)(x)dW, +%/ Ksuf"(x)du, f € D,, (4.5)

where e(x) = 1 (respectively e(x) = sgn(z)) in the first (respectively second) case,
but due to the pathwise uniqueness of (4.1), the unique solution of (4.5) when
e(z) = 1, is Kg4(x) = dxs= (this can be justified by (6.15)). Our first aim is to
define an extention of (4.5) related to WBM in general. We begin by defining our
graph.
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Definition 4.1. (Graph G)
N

Fix N>1 and aq,-- -, aN>OsuchthatZaz—1

We consider the graph G defined in Sectwn 2 3.1. Recall the definitions of
¢ C3(G*) ={f € C(G) : Vi € [1,N], f; is twice derivable on R, f!, f!" € C,(R%) and both
have finite limits at 0+}.

o D(avy, - ,an) = {f € CXG) Zalf 0+) = 0}.

For all x € G, we define e(x) = ;zfx € D;,x # 0 (convention €(0) = éx). For
[ €CHG), x#£0, let f'(x) be the derivative of [ at x relatively to é(x) (= fI(|z|)
if v € D;) and f"(x) = (f)(x) (= f/'(|z]) if v € D;). We use the conventions
1(0) = f5(04), f7(0) = fX(04). Now, associate to each ray D; a sign e; € {—1,1}
and then define

€ Zfl‘GDz,l‘#O
e(x) =

EN Zfl‘zo

To simplify, we suppose that e = --- =€, =1, €p41 = -+ =en = —1 for some
p < N. Set
Gt = U D;, G = U D;. Then G = G+UG_ (Figure 4.1).
1<i<p p+1<i<N

We also put a™ =1—a™ :=>" .

Remark 4.1. Our graph can be simply defined as N pieces of Ry in which the N

origins are identified. The values of the €; will not have any effect in the sequel.

Definition 4.2. (Equation (F)).
On a probability space (0, A,P), let W be a Brownian motion on the real line and
K be a stochastic flow of kernels on G. We say that (K, W) solves (E) if for all
s<t,fe€D(ay, - ,ay),z € G,

t 1 t
Koaf(0) = [@)+ [ Kl Y)W+ 3 [ Kouf (@) 0.
If K =0, is a solution of (E), we simply say that (@, W) solves (E).
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Figure 4.1: Graph G.

Remarks 4.1. (1) Our graph can be simply defined as N pieces of Ry in which the
N origins are identified. The values of the €; will not have any effect in the sequel.
(2) If (K, W) solves (E), then o(W) C o(K) (see Corollary 4.2) below. So, one can
simply say that K solves (E).

(3) The case N = 2,p = 2,61 = €9 = 1 (Figure 4.2) corresponds to Tanaka’s
SDE related to SBM and includes in particular the usual Tanaka’s SDE [50]. In
fact, let (K®, W) be a solution of (4.5) with o = aq,e(y) = sgn(y) and define
U(y) = |yl(€11y50 + €21yc0),y € R. For all x € G, define K§\(x) = (K5, (y)) with
y =Y Yx). Let f € D(ay,0),z € G and g be defined on R by g(z) = f(¢(2))
(9 € Dy,). Since K® satisfies (4.5) in (g, (x)) (g is the test function and ¢~ (z)
is the starting point), it easily comes that K satisfies (E) in (f,z). Similarly, if
K¢ solves (E), then K® solves (4.5).

+ +

Figure 4.2: Tanaka’s SDE.

(4) As in (2), the case N = 2,p = 1,61 = 1,69 = —1 (Fligure 4.3) corresponds to

(4.1).
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Figure 4.3: SBM equation.

(5) Equation (E) can be defined differently. We call f' the derivative of f in the sense
0 — (resp. 0 <) on GT (resp. on G~) (Figure 4.4). Set &; = Liciip) — Licp+1,n]-
Then (FE) is equivalent to

Koif@) = f(a)+ [ Ko @dW+ 5 [ Kouf(@)d

N
where f € C(G), Z%‘Ei lim  f'(2)=0.
i=1

z—0,2€D;,27#0

Figure 4.4: Graph G.

In this chapter, we classify all solutions of (E) by means of probability measures.

We now state the first
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Theorem 4.1. Let W be a Brownian motion on the real line and X;”* be the flow

associated to (4.1) with o = a*. Define Zs4(x) = Xf’e(x)‘x‘, s<txeG and

KN () = bure@e@we, Li<n..)
b Q N (0%
+ (D Faiza@lzawsn + Y 0z, @) Z@<on) Lsna,
i=1 i=p+1

where 75, = inf{r > s : x + é(x)e(x)W,, = 0}. Then, K is the unique Wiener
solution of (E). This means that KV solves (E) and if K is another Wiener solution

of (E), then for alls <t,x € G, K[(x)= K (z) a.s.

The proof of this theorem follows [32] (see also [11] for more details) with some
modifications adapted to our case. We will use Freidlin-Sheu formula for WBM to
check that K" solves (E). Unicity will be justified by means of the Wiener chaos
decomposition (Proposition 4.5). Besides the Wiener flow, there are also other weak

solutions associated to (E) which are fully described by the following

Theorem 4.2. (1) Define

k
Ak:{u:(uh7uk)€[071]kzu221}7 ]{ZZl

i=1
Suppose ot # 1.
(a) Let m™ and m~ be two probability measures respectively on A, and Ay_, satis-

fying:

(+) | wmt(du) = 2L v1<i<p,
A, «

(-) ujm_(du):aj+p, Vi<j< N —p.
a

An_p
Then, to (m*,m™) is associated a stochastic flow of kernels K™ ™ solution of (E).

e To (5(ﬂ7___ al),é(m a%,)) is associated a Wiener solution KW .
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P N
Q; Q;
e To 6 , 6 1s associated a coalescing stochastic
(;oﬁ 0,..,0,1,0,..,0 izp;rla 0,..,0,1,0,..,0) g
flow of mappings .
(b) For all stochastic flow of kernels K solution of (E) there exists a unique pair of
measures (m*,m™) satisfying conditions (+) and (=) such that K fw gmtime

(2) If at = %,N > 2, then there is just one solution of (E) which is a Wiener

solution.

Remarks 4.2. (1)If o™ = 1, solutions of (E) are characterized by a unique measure
m™ satisfying condition (+) instead of a pair (m™, m™) and a similar remark applies
ifa” =1.

(2) The case at = %, N = 2 does not appear in the last theorem since it corresponds

This chapter follows ideas of [30] in a more general context and is organized as
follows. In Section 4.2, we use a “specific’ SBM (a™) flow introduced by Burdzy-
Kaspi and excursion theory to construct all solutions of (E). Unicity of solutions is

proved in Section 4.3.

4.2 Construction of flows associated to (F)

In this section, we prove (a) of Theorem 4.2 and we show that K" given in Theorem

4.1 solves (E).

4.2.1 Flow of Burdzy-Kaspi associated to SBM

Definition

We are looking for flows associated to the SDE (4.1). The flow associated to SBM (1)

which solves (4.1) is the reflected Brownian motion above 0 given by

Yii(z) = (z + ngﬁ)l{tgu,z} + (Wsy — inf Ws,u)l{t>rs,z},

UE[Ts,ac,t]
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where

Tsp = nf{r > s:ax+ W, =0} (4.6)

and a similar expression holds for the SBM(0) which is the reflected Brownian
motion below 0. These flows satisfy all properties of the SBM («a), a €]0, 1] we will
mention below such that the “strong”flow property (Proposition 4.1) and the strong
comparison principle (4.7). When a €]0,1[, we follow Burdzy-Kaspi [I1]. In the
sequel, we will be interested in SBM (o) and so we suppose in this paragraph that
at ¢ {0,1}.

With probability 1, for all rationals s and z simultaneously, equation (4.1) has a

unique strong solution with a@ = a™. Define

1 t
Yei(z) = inf X", Lgi(z) = lim —/ L{1v, o () <e} du.

u,yeQ e—0+2¢e
u<s,z<X}:’y

Then, (s,t,2,w) — Ys:(z,w) is measurable from {(s,t,z,w),s < t,x € R,w € O}

into R. It is easy to see that a.s.
Yie(z) <Yii(y) Vs <tz <y. (4.7)

This implies that z — Y; () is increasing and cadlag for all s <t a.s.
According to [11] (Proposition 1.1), t — Y;,(z) is Hélder continuous for all s,z
a.s. and with probability equal to 1: Vs,z € R, Y; .(z) satisfies (4.1). We first check

that Y is a flow of mappings and start by the following flow property:

Proposition 4.1. V¢ > s a.s.

Yiul®) =Yiu(Ysi(x)) Yu>t,z eR.

Proof. It is known, since pathwise uniqueness holds for the SDE (4.1), that for a
fixed s <t < w,z € R, we have Y, ,(z) = Y;,(Yss(x)) a.s. ([28] page 161). Now,

using the regularity of the flow, the result extends clearly as desired. O

To conclude that Y is a stochastic flow of mappings, it remains to show the following
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Lemma 4.1. Vt > s, 2 € R, f € Cy(R)

lim E[(f(Yeu(2)) = f(Yau(y)))’] = 0.

y—
Proof. We take s = 0. For g € Cy(R?), set

PP g(x) = Elg(You(x1), You(22))], @ = (x1,22).

If e >0, fo(x,y) = L{jz—y|>c}, then by Theorem 10 in [38], Pt(z)fe(a:, y) — 0.
y—w
For all f € Cy(R), we have

Bl(f(You(2)) — fF(Yor)))?] = B £ (w,2) + PP (y,y) — 2P ¥ ().

To conclude the lemma, we need only to check that

lim P* f(y) = P” f(z), Yz € R?, f € Co(R?).

Yy—x

Let f = f1 & f2 with fl c C()(R), r = (1’1,372),3/ = (yl,yg> € R2. Then

P2 f () = PP f (@) < MY PP(1@ fi = fie ® 1) ).

k=1
where M > 0 is a constant. For all « > 0, 3¢ > 0, [u —v| <e = V1l <k <2:
|fr(u) — fr(v)] < a. As a result

2
PP f(y) — PP f(@)] < 2Ma+ 20 || fulloo P fe s i),
k=1

and we arrive at limsup,_, |Pt(2)f(y) - Pt(Z)f(:p)| < 2Ma for all @ > 0 which means
that lim,_., Pt(Q) fly) = Pt(Z) f(x). Now this easily extends by a density argument for
all f S CQ<R2> U

In the coming section, we present some properties related to the coalescence of

Y we will require in Section 4.2.2 to construct solutions of (E).
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Coalescence of the Burdzy-Kaspi flow

In this section, we suppose % < at < 1. The analysis of the case 0 < o™ < % requires

an application of symmetry. Define
Ty =inf{r 20, Yo,(z) = Yo,(y)}, =yeR

By the fundamental result of [3], T,, < co a.s. for all z,y € R. Due to the local
time, coalescence always occurs in 0; Yy, () = Yp5,(y) = 0 if » = T, . Recall the

definition of 7, , from (4.6). Then T}, > sup(74, To,,) a.s. ([3] page 203). Set
LY = x+(2a"—=1)Lo(x), U(z,y) =inf{z >y : L} = L} = z for some ¢t > 0},y > z.
According to [10] (Theorem 1.1), there exists A > 0 such that

Yu>y >0, PUO,y) <u)=(1- %)A.

Thus for a fixed 0 < v < 1, we get lim, oy P(U(0,y) < y7) = lim, o (1 —y' ™) =

1.

From Theorem 1.1 [10], we have U(x,y) —z faw U0,y —x) for all 0 < x < y and so
lim P(U(z,y) —x < (y—x)") =1, Ya > 0. (4.8)

y—a+

Lemma 4.2. For all x € R, we have limy_., T, , = 70, n probability.

Proof. For simplicity, we will write only Y; instead of Y5,(0). We first establish the

result for x = 0. For all t > 0, we have
P(t < Tp,) < P(Los(0) < Lo, (0) = P(L] < U(0,y))

since (2a* — 1)Lo,,(0) = U(0,y). The right-hand side converges to 0 as y — 0+
by (4.8). On the other hand, by the strong Markov property at time 7, for y < 0,

Gt(:y) = ]P<t S TO,y) = ]P(t S TO,y) _'_ E[l{t>7'0,y}Gt*TO,y (YTy)]
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For all € > 0,

E[l{t>7—0,y}Gt_7—0,y (Y;—O,y)] = E[l{t_TO,y>€}Gt_7_0,y (YTO,y )] + E[1{0<t_7—0,y§5}Gt_7_0,y (Y;—O,y)]

< ElG (Y )]+ P00 <t—1, <e).

Y

From previous observations, we have Y, ~> 0 a.s. for all y < 0 and consequently

Y,

70,y

— 04 as y — 0—. Since lim, .o, G.(2) = 0, by letting y — 0— and using
dominated convergence, then € — 0, we get limsup Gy(y) = 0 as desired for z = 0.

y—0—

Now, the lemma easily holds after remarking that

law law

Toy—Tow = Toy21f0<zx<y and T,, -1, = To,—yif 2 <y <0.

For s < t,x € R, define

gsi(x) = sup{u € [s,t] : Ysu(z) =0} (sup(d) = —oc0). (4.9)

Recall that ¢ — Y,;(z) is Holder continuous for all s,z a.s. Then for all s €
R, gs¢(r,w) is measurable with respect to (t,z,w). In fact, ly>r 1gss(2,w) =
Litsr, 3 (Tsw + f o h(t,z,w)) where h(t,z,w) = (Ysr, 4. (2),(t — 752) VO) € H X
Ry, H ={f € C(]0,+<[,R) : f(0) =0} and h(f,t) = sup{0 < u < t: f(u) =0}
for all (f,t) € H x R,. It is clear that f and h are measurable (for a fixed f, h(f,")
is right-continuous), which proves our claim.

We use Lemma 4.2 to prove

Lemma 4.3. Fix s < t,x € R. Then, there exists an fg—measumble random

variable (v,y) € Q?, which depends on (s,t,x), such that on {t > 75, }, we have

s <v < gsu(x) and Y (z) = Y1 (y).

Proof. For (s,x) € Q7 this is evident. For all n > 0, let D,, = {£, k € Z} and D

be the set of all dyadic numbers: D = U,,eyD,,. For u < v, define n(u,v) = inf{n €
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N :D,NJu,v[# 0} and f(u,v) = inf Dy, 0Ny, v].
In the sequel, we assume that (s,z) ¢ Q. First take 2 = 0 and denote by T}, the
coalescing time of Y;.(a) and Y;.(b) for all a,b € R. Then for all € > 0,

B(3 0> 0: Yiln) = Yos(—n) = P(T",, < 1).

€,

From P(t < T° ) < P(t < 15,) +P(t < 15_.) and the previous lemma, we have
limoP(t < 7%, ) = 0 and therefore P(3 n > 0 : Y,,(n) = Ysi(-n)) = 1. We

will define (v,) on Q = {Ip > 1: stt(%) = Ys,t(—%)} and give an arbitrary value

to (v,y) on Q°. Let p be the smallest integer such that Y;,t(%) = s,t(_%) and
v=f(s,7°, 1). Then YS,U(%) > YS,U(—i). Let y = f(}@7v(—i),}§7v(i)). By (4.7), for
all u > v,

1 1

Vouan(=2)) < Vouly) < You(Voo():

The flow property (Proposition 4.1) yields YM(—%) <Y,uly) < Ysu(%) forall u > v.
So necessarily Y;,(0) = Yg,t(%) = Ys,t(_%) = Y,+(y). For x > 0 and e sufficiently

small, we have
P(Yei(w+€) > Y (2),t > 7o0) SP(1e <t <T;,..)

This shows that lim._,o P(Ys+(z+€) > Yo (x)|[t > 75,) = 0 by Lemma 4.2. Similarly,

for € small

P(}/&t(x - 6) < }{S,t($)at > Ts,x) S P(Tg,x <t< T3 )

T—€,x

Lemma 4.2 states that the right-hand side converges to 0 as ¢ — 0 and so

lim, o P(Y;(x) > Y (x — €)|t > 75,) = 0. Since
{You(z +e) > Yu(r —€)} C{Youlz +e) > Youla)} U{Ysr(z) > Yu(x — €)},

we get P(Je > 0: Y (v —€) = Y (v +€)|t > 75,) = 1. Following the same steps as
the case x = 0, we define (v,y) on {t > 7,,} and give an arbitrary value to (v,y) on

{t <7s.} O
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Remark 4.2. The preceding lemma implies in particular that for a fived (s,x),
with probability 1, for all t > 7., there exists (v,y) € Q* such that s < v <

gsi(x) and Yy (x) =Y, 4(y). This is clear by taking a rational t' €7 ., t].
We close this section by the

Lemma 4.4. With probability 1, for all (s1,x1) # (s2,72) € Q? simultancously
(i) Tinee = inf{r > sup(si, s2) : Y, »(21) = Y, (22)} < 00,

(1) Tinee > SUD(Tsy 15 Tspn )

(i) K17T511,52 (1) = KQ,T;{;?;? (2) =0,

(i) Yoy r(21) = Yoy o(2) ¥ > T2,

51,52

Proof. (i) is a consequence of Proposition 4.1, the independence of increments and
the coalescence of Y. (ii) Fix (s1,21) # (s2,72) € Q? with s; < s. By the comparison
principle (4.7) and Proposition 4.1, Yy, ¢(z1) > Y5, +(22) for all £ > s9 or Yy, ¢(21) <
Y, t(x2) for all t > so. Suppose for example that 0 < z := Y, ,(21) < 22 and take
a rational 7 €]z, x| Then T30 > 7, . > 7y 4, and T5102 > TH%2 > 7, 4, (i) is

clear since coalescence occurs in 0. (iv) is an immediate consequence of the pathwise

uniqueness of (4.1). O

4.2.2 Construction of solutions associated to (F)

We now extend the notations given in Section 2.3.2. For alln > 0, let D,, = {2%, ke
Z} and D be the set of all dyadic numbers: D = U, enDD,,. For u < v, define n(u,v) =
inf{n € N : D,Nju, v[# 0} and f(u,v) = inf Dy, »)Nu, v]. Denote by Gg = {z € G :
|z] € Q4 }. We also fix a bijection ¢ : N — Q x Gg and set (s;,x;) = (i) for all

1> 0.

Construction of a stochastic flow of mappings ¢ solution of (F)

Let W be a Brownian motion on the real line and Y be the flow of the SBM (a™)

constructed from W in the previous section. We first construct ¢ .(x) for all (s, z) €
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Q x G and then extend this definition for all (s, ) € R x G. We begin by ¢, .(z0),
then g, .(r1) and so on. To define @y, .(xg), we flip excursions of Yy, (e(zo)|zol)
suitably. Then let ¢g, +(x1) be equal to @y, +(z0) if Y, :(e(z0)|wo]) = Vs, (e(z1)|21])-
Before coalescence of Yy, (e(zo)|wo|) and Ys, .(e(z1)|z1]), we define ¢, .(x;1) by flip-
ping excursions of Yy, .(e(x1)|z1|) independently of what happens to ¢y, .(x) and so
on. In what follows, we translate this idea rigorously. Let ¥, 4~ be two independent

random variables on any probability space such that

P N

4 law Qi o - law Q5 o

FT = E _a+5e“ ¥ = E _oraej' (4.10)
i=1

Jj=p+1
Let (©2,.A,P) be a probability space rich enough and W be a Brownian motion on
the real line defined on it. For all s <t ,x € G, let Z, ,(x) := Y,(e(x)|z|) where YV
is the flow of Burdzy-Kaspi constructed from W as in Section 4.2.1 if ot ¢ {0,1}
(= the reflecting Brownian motion associated to (4.1) if ™ € {0,1}).
We retain the notations 7, ., gs () of the previous section (see (4.6) and (4.9)). For

s € R, x € GG define, by abuse of notations

Ts,x = Tse(x)|z|s gs,-(x) - g57(5(x)|x|) and ds,t(x) = inf{r >1: ZSJ’("L‘) = 0}

It will be convenient to set Z,,(x) = oo if r < s. For all ¢ > 1,up,---,u, €

R, yo,- - ,y, € G define
nggg =inf{r > Ty, e * Zugr Wq) € { Zur(yi),1 € [1,q — 1]} }.

Let {(75 20(1); Yeg.20(7)),7 € D N [0, +00[} be a family of independent copies of
(¥7,4) which is independent of W. We define 5, .(xo) by

’
) —+ 5(.1’0)8(370)“/30,25 if S0 S t S Tso,z0

0 if ¢ > 7oy w0s Zsot(20) =0
QOSO,t(xO) =
/7»;(_),1'0<f0)|230,t<x0>|7 fO - f(gso,t<x0>7 dSO,t("’UO)) 1ft > TSO,I(N ZSQ,t<x0> > O

\/73_0,;130<f0)|2307t<x0>|7 fO - f(gso,t<x0>7 dSO,t(‘TO)) 1ft > Tso,209 ZSQ,t<x0> <0
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Now, suppose that ¢, .(20)," -, s, 1, (T4-1) are defined and let {(7 , (r),7;, ., (7)), 7 €
DN [sy, +00[} be a family of independent copies of (1,77) which is also indepen-
dent of o (75 ,.(r), 95 ,,(r),r € DN [s;,+00[, 1 <i < q—1,W).

Since Ty ' < 00, let i € [1,q—1] and (s;, x;) such that Z,_;,(2q) = Zs, 4, (2;) with

to = Teyr 5. We define ¢, .(2,) by

4

Tq + €(xg)e(2g) Wi, 1 if s, <t < 75,0,

0 i8> 7oy a0 Zaga(24) = 0
Ps0t(Ta) = T o PN Zapt (@), o = F(Gagi(g). doy () 1t € [Ty 0y o), Zagu(mg) > 0
Vo wd SN Zag @), fa = F(gsgi(q), dsyi(g))  if t € [Ty, s to], Zsyu(T4) <O

¢3i7t<$i) lft Z to
\

In this way, we construct (¢s.(z),s € Q,z € Gg).

Now fix s € R. For all v € G,t > s, set ps4(v) = v + e(x)e(x)W, if s <t < 74,
If t > 75, and there exist s <v < gy4(x),v € Q,y € G such that Z,,(x) = Z,(y),
then define ¢,+(z) = pu(y). We set ¢g.(x) = 0 in the other case. In particular,
@s.+(z, w) is measurable with respect to (¢, z,w) (recall that g, .(z,w) is measurable)
and has independent increments by Lemma 4.3. Later, we will show that ¢ is a

coalescing solution of (F).

Construction of a stochastic flow of kernels K" solution of (E)

Let m* and m~ be two probability measures respectively on A, and Ay_,. Let

UT, U™ be two independent random variables on any probability space such that
U mt U m (4.11)

Let (€2, A, P) be a probability space rich enough and W be a Brownian motion on the
real line defined on it. We retain the notations introduced in the previous paragraph
for all functions of W. We consider a family {(U , (r),U;, .. (r)),7 € DN s, +-00[}

7 7780,20

of independent copies of (U™, U~) which is independent of .
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If t > 7y 2, and Zg, ¢(29) > 0 (resp. Zs, (o) < 0), let

Uso(0) = Uy 4y (fo) (resp. Uy, y(w0) = Uy, 1, (fo)), fo = F(gso.t(T0), deg.t(0)).

Write Uy, (w0) = (Usf i (w0) h1<i<p (resp. Uy o(w0) = Uy (20))pi1<icn) if Zooi(0) >

0, > Tsyuo (resp. Zs,+(z0) < 0,1 > 7y, 2,) and now define

(
5$0+€($0)€($0)W507t lf SO S t S 7—80,1‘0

mt m— f:l U;g’,i(%)éa\zso,t(mo)l ift > Ts0,20> Zso,t('ro) >0
K. (.To) =

s0,t

N .
Zi:p—‘,—l Uso t(xo)égi‘zso,t($0)| if ¢ > Ts0,20) ZSo,t(xO) <0

\50 if ¢t > Tso,z0 > Zso,t(xo) =0

Suppose that K;gf’m_ (20), -+, K™ ™ (2,,) are defined and let {(I/, e (M) U, L (1)), 7 €

Sq—15" Sq,Xq

D N [sq, +00[} be a family of independent copies of (U™, ) which is also indepen-
dent of o (U ,.(r), U,

8444

Ift > 7,0, and Z 4(x4) > 0 (vesp. Zs, +(x4) < 0), we define U ,(z,) = (U+’i (24))1<i<p

(r),reDN[s;,+oo[,1<i<qg—1,W).

(vesp. Uz (24) = (U "H(24))pr1<i<n) by analogy to ¢ = 0. Let i € [1,¢—1] and (s;, z;)

Sq, Sq7
such that Z,_ ;. (xq) = Zs, 1, (x;) with to = T4y 5" Then, define

e

5xq+€(zq)e(zq)wsq,t if s <1< Tsya,
U206 20y s i o > > Toyans Zogi(Tg) > 0
KI5 (2q) = zgipﬂ Ui (20)0m1 20 sra 1t > &> Ty s Zays() < 0
5 if o >t > 700, Zoyu(2g) = 0
\ng}m‘ (z:) if t >t

In this way, we construct (K;’ftm* (),s € Q,z € Gy).

Now fix s € R. For z € G,t > s, set K?:’m_ (7) = bpte@e@mw,, if s <t < 7o
If ¢t > 75, and there exist s < v < gs4(2),v € Q,y € Gg such that Z,,(x) =
Zy1(y), then define K§”¢+’m_ (x) = KﬁJr’m_ (y). We set K§”¢+’m_ (x) = & in the other
case. In particular, Kﬁ+’m_ (r,w) is measurable with respect to (t,z,w) and has
independent increments by Lemma 4.3. In the next section we will show that K" ™"

is a stochastic flow of kernels which solves (E).
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Construction of (K™ ™ ) by filtering

Let m™ and m™ be two probability measures as in Theorem 4.2 and (Y, U™), (Y ~,U™)

be two independent random variables satisfying

U= U izisy Eomt, U = U ) pi1<jn "
P(Y* = &ut) =ut’, vie[l,p), (4.12)
and
Py~ =¢&U )=U", VYjep+1,N]. (4.13)

Then, in particular (*,47) and (UT,U ™) satisfy respectively (4.10) and (4.11).
On a probability space (€2, A4, P) consider the following independent processes

e IV is a Brownian motion on the real line.

o {(VF.(r), U (r)),r € DN [s,+oo],(s,2) € Q x Gg} a family of independent
copies of (Y©,U™).

o {(Vsa(r),U (1)), € DN [s,+o0ol,(s,7) € Q x Gy} a family of independent
copies of (y7,U™).

Now, let ¢ and K™ be the processes constructed in Section 4.2.2 respectively
from (Y©, 5, W) and (UT, U, W). Let (U ,UU~, W) be the o-field generated by
Ut (r), U, (r),r € DN s, +oof, (s,z) € Q x Gg} and W. We then have the

Proposition 4.2. (i) For all measurable bounded function f on G, s <t € R,x € G,

with probability 1,
mt,m~ —
K™ (@) = Elf (pse(x)|oUT U™, W)).
(ii) For all s € R,z € G, with probability 1, ¥t > s,

l0st(2)] = Zss(2)], @si(x) € GT & Zoi(x) >0 and ¢s4(z) € G~ & Zgy(z) <0.
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(iii) For all s,z # vy, with probability 1
to :=1inf{r > s: ps.(v) = @s,(y)} =inf{r > s: Z, . (z) = Z; . (y) = 0}

and ()OS,T‘<:U> - (ps,r(y>7 vr Z to

Proof. (i) comes from (4.12), (4.13) for (s,z) € Q x Gg and from Lemma 4.3 for all
(s,z), (ii) is clear by construction for s rational, and then for all s using Remark

4.2. (iii) is an immediate consequence of (ii). O

Next we will prove that ¢ is a stochastic flow of mappings. It remains to prove that
properties (1) and (4) in the definition are satisfied. As in Lemma 4.1, property (4)

can be derived from the following

Lemma 4.5. Vt > s,¢ > 0,2 € GG, we have

lim P(d(0(2), 904(y)) = €) = 0.

y—z
Proof. We take s = 0. Notice that for all z € R, we have
}/(],t(Z) =z + Wt if 0 S t S 70,z-

Fix € > 0,2 € G*\ {0} and y in the same ray as x with |y| > |z|,d(y,z) < §.
Then d(po(7), o (y)) = d(z,y) < 5 for 0 <t < 7912 A To,jy (= To,j2) in our case).
Proposition 4.2 (iii) states that ¢g(x) = po(y) if t > Tjg| |y This shows that

{d(po,:(), poi(y)) > €} C {To,\a:\ <t < T\w\,\yl} a.s.
By Lemma 4.2,
P(d(pos(2); po.:(y)) = €) SP(Tofa) <t < Tlapjy) — 0 as y — a, [y| > |z,
By the same way,
P(d(o.(2), por(y)) = €) < P(roy <t < Tiapy) = 0 as y — x, [y| < |z].

The case x € G~ holds by the same reasoning. O
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Proposition 4.3. Vs <t <u,z € G, a.s.

su(T) = Pru(ps(T)).

Proof. We begin with the following remark: for all s < u,t < u, (z,y) € G?, a.s.

{Zt,u(y) - Zs,u(x)} N {t < gs,u(x)} - {Zt,r(y) - Zs,r(x) for all r € [gs,u(x)au]}'

This is clear since coalescence of Z; .(y) and Z,.(x) must occur in zero.
Now fix s <t < u,z € G and set y = @, (x). By Proposition 4.1, with probability
1, Vr>t, Y.(e(x)z]) = Y, (Yse(e(x)|2z])). Applying Proposition 4.2 (ii), we get,

a.s. Vr > t,

Zt,r(y) - }/t,r(e(y)|y|) = }/LT(Y;J({E(I‘”ZL‘D) - K,T(E(ZL‘)|$|) - Zs,r(x)'

The event {3r € [t, 1. (y)[NQ, 2 € Gg : Z1u(y) = Z,u(2)} is a measurable function
of (Z,p,t <r <h <u)and y. By the independence of increments of ¢ and Lemma
4.3, a.s.

{u>myt C{Ir €t 0..(y)NQ, 2 € Go : Z1u(y) = Zru(2)} (4.14)

All the equalities below hold a.s.

e On the event {u < 7,,}, we have 7, = inf{r > ¢, Z,,(y) = 0} = inf{r >
t, Zsr(x) = 0} = 75,. Consequently v < 7, and it is easy to check that ¢, (x) =
Pru(@si(2)).

e On the event {t < 7, , < u}, we still have 7,,, = 7, , and s0 ¢;,,(y) = gs,u(z). Choose
r € [t,gu(y)[NQ and z € Gg such that Z;,(y) = Z,..(2). Then ¢ 4(y) == @ru(2).
As u > Ty, let 51 € [s,05u(x)[, 21 € Gg such that Z, ,(z) = Z u(x1). Then
Vsu(®) = s u(z1). Now Zg () = Zs, u(x1) together with s; < gs.(x), yield
Zsn(x) = Zs, p(x1) for all h € [gsu(x), u] by the previous remark. Similarly from
Zoal@) = Zouly) = Zoa(2) and 7 < guu(y)(= gou(x)), we get Zun(z) = Zonl(2)
for all h € [gsu(x),u] and Zsp(x) = Z,1(2) = 0 if b = g5, (x). This shows that
Zrn(2) = Zgy n(21) for all b € [gsu(2),u] and Z, ,(2) = Zs, n(z1) = 0 if h = g5 (7).
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By construction, we have @y, (1) = ¢,.4(2) and consequently ¢, () = ¢1.(y).

e On the event {7,, < t,7, < u}, since 7, is a common zero of (Z;,(x)),>s and
(Z1+(y))r>t before u, it comes that g, (y) = gsu(x). Define (r, z) and (s, z1) simi-
larly to the previous case. Then Z; ,(x) = Z, 4(2) = Zs, n(x1) for all h € [gs.u(z), u
and a fortiori @,(z) = @n (1) = Pra(2) = Praly).

e On the event {r,, < t,u < 7,}, choose s1 € [s,g5¢(z)[,21 € Gg such that
Zs1(x) = Zs, 1(x1), then @1 (x) = @5 ¢(21) and Zs . (x) = Zg, ,(21) for all » >t (by
Lemma 4.4 (iv)). Since u > 7, and Z, ,(v) = Zs, (1), We get @s () = s, u(21).
Now

Ty =1inf{r >t: 7, (y) =0} =inf{r > t: Z, () = 0}.

As Z, . (x) = Zs, (1) for all r > ¢, we deduce that 7, = d;, (x1). Hence, it remains
to show that ¢y, (1) = Yru(@s, +(21)) if © < ds, +(21) which can easily be checked

from the construction. O

Proposition 4.4. ¢ is a coalescing solution of (E).

Proof. We use the notations: Y, := ¥5,(0), ¢, := ¢0.,(0). We first show that ¢ is a
Wi(ay, -+ ,ay) process on G. Define for all n > 1: T7(Y) = 0,

T (Y) = inf{r = T;'(Y),d(er, o1p) = Q—n} =inf{r > T (Y), Y, = Y| = 2—n}

: " 1
= inf{r =2 TIY), [[Ye| = [Yrpll = 53,k 2 0.

Remark that |Y| is a reflected Brownian motion and denote 7}'(Y') simply by T}
From the proof of Proposition 2.2, for all K > 0 a.s.

lim sup |17, —t] = 0.
n—>+oot§11:()| 227 ‘

Set ¢ = 2"prp. Then, since almost surely ¢ —— ¢; is continuous, a.s. Vi >
0, lim %w?zhﬂ = ;. By Proposition 2.2, it remains to show that for all n > 0,
n—-+00

(pp, k> 0) is a Markov chain (started at 0) whose transition mechanism is described

by (2.2). If Y} = 2"Y7n, then, by the proof of Proposition 2.2 (since SBM is a special
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case of W(ay, -+ ,ay)), for all n > 0, (Y*)r>1 is a Markov chain on Z started at 0

whose law is described by

Q00,1)=1-Q(0,-1) =a™, Q(m,m+1) :Q(m,m—l):%‘v’m#o.

Let k > 1 and zg, .., x; € G such that g = xx = 0 and |z 1 —x,| = 1if h € [0, k—1].

We write
{xh,xh =0,h € [1,/{7]} = {xio,..,xiq}, w=0< < - < lg = k

and

{@n, 20 #0,h € [LE]} = {&n}nefiorrin—11 Y- - U{Zh hefiyi+1,001]-
Assume that

{xh}hE[iOle,il*l] C Djm Ty {xh}hE[iq—lﬂLLikﬂ] C qu—l
and define
AZ = (Yhn = 8(.Th)|.1’h|), E= (€<(p%+l) = gjov e ,€<(PZ_1+1) = gjq—l)'

If i € [1, p], we have

k
(P =& op = ai, o0 = o) = (AR [V =Y = D[ B[ (@(grs) = &)
h=0

k
and (o = g, -, @l = m) = ﬂAZﬂE Now
h=0

n — n n Q; n n
Plpr1 = €let = o, ,pp =0) = a+P<Yk+1 Vi =1y =0) = a.

Obviously, the previous argument can be applied to show that the transition prob-
abilities of (¢, k > 0) are given by (2.2) and so ¢ is a W(ay, -+, an) process on G
started at 0. Using (2.4) for ¢, it follows that Vf € D(aq,- -+, an),

fe) =10+ [ regane+s [ eaas
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where )

B =l = Lllel) = W1 = L(v) = [ sga(vay.
by Tanaka’s formula for symmetric local time. But Y solves (4.1) and therefore
Jo 59n(Y)dYs = [ sgn(Y)W (ds). Since a.s. sgn(Ys) = e(ps) for all s > 0, it comes
that Vf € D(aq,- -, an),

Flanae) = 1)+ [ FonDetondWias) + 5 [ 1 (nalads

when z = 0. Finally, by distinguishing the cases ¢ < 79, and ¢ > 79 ,, we see that

the previous equation is also satisfied for x # 0. O
Corollary 4.1. K™"™ s a stochastic flow of kernels solution of (E).
Proof. By Proposition 4.2 (i) and Jensen inequality, K™ ™ is a stochastic flow of

kernels. The fact that K™ ™ is a solution of (E) is a consequence of the previous

proposition and is similar to Lemma 4.6 [36] using Proposition 4.2 (i). U

Remarks 4.3. (i) Define K,,(x,y) = Km+m (2)®0,.,(y). Then K is a stochas-

tic flow of kernels on G2.

(id) If (m*, m~) = (5,

o 5 il m)), then
at? (RN R
KN (@) = ore@e@ws,Lt<n.) (4.15)
p
o
+ (Za 06| Ze 1 (@) 1{Zap(2)>0} T Z —5ez\zst 11120 @)<0y) Litsran}
i=1 i= p+1

is a Wiener solution of (E).

P N
_ a; Q; m¥ m—
(ii) If (m*,m~) = (Za+5(0""0’1’0""0)’ Z = 8(0,..0,1,0,..,0)), then K T = 0.
=1 i=p+1
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4.3 Unicity of flows associated to (F)

Let K be a solution of (F) and fix s € R,z € G. Then (K, ;(x)):>s can be modified
such that, a.s., the mapping t — K ;(z) is continuous from [s, +-o00[ into P(G). To
prove this, let (g, ),>1 be a sequence of functions dense in Cy(G). Recall the definition
of D'(aq, -+ ,ay) from (2.5) and that h, = Pigy € D'(aq,--- ,ay). Then {h,,n >
1} is dense in Cy(G). Let A, be the unique linear form on H := Vect{h,,n > 1}
defined by

Athn /Ksuh/ 2)dW, + = /Ksuh”( )du.

For a fixed t > s, a.s., \vf = K, f(x) for all f € H. Using the continuity of A\; with

respect to t, we have a.s.
vt Z 57f € Ha |)‘tf| S ||f||oo

Therefore, we can extend \; to a continuous linear form on Cy(G). For a fixed t > s,
a.s., Vf € Co(G), \if = K.f(x). Consequently, a.s., for all ¢ € [s,00[NQ, \; is a
positive linear form on Cy(G). Let f € Co(G) and (f,), C H, with Jirrolo fn=1r.
Then

Aef = A [I < 20 fn = flloo + [Aefr = Atars ful.

By letting ¢ — oo and then n — oo, we get A\, f = lim,_.oc A o) f. In other words
q

lim A Loty = = \; weakly. (4.16)

q—00

As aresult a.s., for all £ > s, \; is positive linear form on Cy(G). By Riesz’s theorem,

there exists a measure j; such that

M = [ fhldy) for all £ € Ci(G).

With probability 1, for all ¢ € [s,00[NQ, y1; is a probability measure on G. Take a

uniformly bounded sequence (f), C Co(G) which converges pointwise to 1. Then
|1e(G) = 1| < (ML) = Ae(fi) | 4 [ Ao = Araes fiol 4 [ ALt fre — 1.
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From (4.16), lim A4 fr = A\ fx and
g—00 g
imsup [N i — 1] < limsup [ 1~ s = [ 13~ 1l
q—00 q q—00 q

Finally |i(G) — 1| <2 [ | fx — 1|dy, which converges to 0 as k — oo by dominated
convergence.

We will always consider this modification for (K :(x))sss.

Lemma 4.6. Let (K, W) be a solution of (E). Then Vx € G,s € R, a.s.

Ko 1(2) = Opre@c@w,, if 5 <t < 7o, where 7o, = inf{r > s, e(x)|x| + Wy, = 0}.

Proof. We follow [306] (Lemma 3.1). Suppose z # 0,z € D;; 1 < i < p and
take s = 0. Let 3; = 1 and consider a set of numbers (5;)i1<j<n,jz such that
N

> Bjay = 0. If f(hé;) = Bih for all 1 < j < N, then f € D(an,-- o). Set

j=1
7, = inf{r; Ko, (2)(U;2D;) > 0} and apply f in (E) to get

/ Y| Ko(z,dy) = |x| + W, for all t < 7. (4.17)
Di\{0}

—lyl

By applying fi(y) = |y|’¢™* , k > 1in (E), we have for all ¢t > 0,

tATy

Kograufle) = @) + [ Nom@Foulef)@aWa+3 [ Koufil@de

As k — 00, Koz, fe(@) — [y |y[*Kons, (x, dy) by monotone convergence. Now

t t
/ Lo (w) Ko (e fL) (2)dW, — / Lo () / 2y Ko ulr. dy)dIV,
0 0 G

= [ tone) [ (F0) = 2o Kol dya.

Let A > 0,ze ® < Afor all z > 0. Then |f/(y) —2|y|| < (4+A)|y|. Using dominated

convergence for stochastic integrals (see [15] page 142) and (4.17), we see that
t t
| tora@ Kot @, — [ s [ 2yl Koo, dy)ai,
0 0 G
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as k — 0o. We easily check that | f//(y)] < 26%‘y|+%|y| and so fomﬂ” Ko fi(x)du —

0 as k — oo. By identifying the limits, we get

[ ol = el =W Raetody) =0 V<
Di\{0}

This proves that for t < 7,, Kou(2) = 0zie@)w,. The fact that 7, = 7, easily
follows. O

The previous lemma entails the following
Corollary 4.2. If (K, W) is a solution of (E), then o(W) C o(K).

Proof. For all x € Dy, we have Ko (z) = d¢(aj+wy) if t < To.. If fis a positive
function on G such that fi(h) = h, then W, = Ky, f(x) — |z| for all t < 1p,,2 €
D;. By considering a sequence (zy)r>o converging to oo, this shows that o(W;) C

0<K0,t(y)7y S Dl) 0

4.3.1 Unicity of the Wiener solution

In order to complete the proof of Theorem 4.1, we will prove the following

Proposition 4.5. Equation (E) has at most one Wiener solution. This means
that: if K and K' are two Wiener solutions, then for all s < t,x € G, Ks(x) =
K, () a.s.

Proof. Denote by P be the semigroup of the W (ay, -+, ay) process, A and D(A)
being respectively its generator and its domain on Cy(G). Recall the definition of

D'(aq, -+ ,ay) from (2.5) and that
Vi >0 PB(Co(@)) C D'(ay, - ,an) C D(A)

(see Proposition 2.5). Define
S={f:G—R: f [, "€ Cy(G*) and are prolongeable by continuity at 0 on each ray,

lim, . f(z) = 0},
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For ¢ > 0,h a measurable bounded function on G*, let: Mh(z) = 2ph;(|z|), if
x € Dj, where h; is the extension of h; that equals 0 on | — oo, 0]. Then, we first

check the following identity:
(Pf) = =P f + \f on G* forall feS. (4.18)

Fix f € S,z = hej,t > 0. We have

Pf( —2Za@/f@y hptOydva/fg y+h)p(0,y)dy— /ij h)p(0, y)dy.
and so

(Pf) (@ =—2Zaz/f s~ 0.0yt | £ b0 )y [ F-nm(0.)dy

— Pf(x) +2 / £y + Wpu(0,y)dy = —Pf () + Af (@),

Now, we will verify that (P, f)" € S. Clearly (P.f) € Cy(G*) and is prolongeable by

continuity at 0 on each ray. Furthermore, a simple integration by parts yields

/ fity +h)p(0,y)dy = C/ fi(y + R)yp:(0,y)dy for some C' € R
R R

and since lim, .~ f(z) = 0, we get lim, . (P.f)'(z) = 0. On the other hand

(P (@) =23 i [ F=hp0 )yt [ 50 5)dy= [ 17 =hp(0.9)dy

N
=2 z; a /R i W)pe(0,y + h)dy + Af;’(y)pt(O, y —h)dy — /Rf]’»’(y)pt(o, y -+ h)dy.

The first line in the equality above shows that (P, f)” € C,(G*) and is prolongeable
by continuity at 0 on each ray. The second line and (2.6) show that the same holds
for (P,f)".

Let (K, W) be a stochastic flow that solves (EF) (not necessarily a Wiener flow). Our

first aim is to establish the following identity

Koo f () / Kou(D(Prouf))(x)dW, (4.19)



where Dg(z) = ¢(z).¢'(x). Note that fot Kou(D(P—wf))(x)dW, is well defined. In
fact

/0 ElKou(D(Pruf))(2)du < / Po(D(Pruf))?) () du < / (P f Y |2

and the right hand side is bounded since (4.18) is satisfied and f’ is bounded. Set
g = P.f = P<P:f. Then, since P:f € Co(G) (limy—oo Psf(x) = 0 comes from

lim, o f(z) =0), we have g € D'(ay, -+, a). Now
n—1
KO tg( ) Ptg / KOu D(Pt ug qu Z 0, (p+1)tPt (p+1)tg KO ptPt pt )(ZL‘)
p=0
-1 (p+Dt n—1 (p+1)t
Z o KouD((Beu=P_wene)g) (2)dWe— ﬁt KouD(P,_ w1 g)(x)dW,.
p=0""% p=0""%

For all p € {0,..,n — 1}, gpn = P,_w+neg € D'(ay,- -+ ,an) and so by replacing in

(E), we get
(p+1)t (p+1)¢
B ' KouDgpn(z)dW, = KO,@%)tgp,n(:p) — KO,%tngL(x) — Li ' Ko Agyn(x)du
t e
o,wgp,n(x) - KO,%gpm(x) 0 0,%Agp,n(x) — /. (Kou— K07%)Agp7n(x)du

Then we can write

Koug(z) — Pyl / Kou(D(Prvg))(@)dW, = Ay(n) + Ag(n) + As(n)

where: »
Al (n) = — Z KO % [Pt ptg Pt (p+1)tg APt— (p+1)t g](x)
p=0
n—1 (p+1)t
Ay(n) = — / " KouD((Prey — Py )a) ()W,
p=0 % "
n—1 (p+1)t
Ay(n) = / " (Kou— Kow)AP,_gog(a)du.
p=0""n
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Using || Kouf]lso < ||f|leo if f is @ bounded measurable function, we obtain:

N t
[Ai(n)] < Y NIPng = P geg — —AP_ g gl
p=0

n—1
t

p=0

< n||Pig—g—— Ag||oo — 0

n — 400

Note that Ay(n) is the sum of orthogonal terms in L*(€2). Consequently

(p+1)t

n—1
sl =31 [, 7 KouD(Pros = P_sn)g) @)Wl e
p=0

pt
n

By applying Jensen inequality, we get

—1 (p+1)t
Mol <3 [T PV
p=0""n

where V,, = (Pi—u9)" — (P,_w+1:g)". By (4.18), one can decompose V,, as follows:

Vu - Xu + Yu7 Xu - _Pt—ugl + Pt, (p+1)t g/7 Yu - )\t—ugl - A 7(P+1)tg/

t
Using the trivial inequality (a + 0)? < 2a? + 2b%, we obtain: P,V?2(x) < 2P, X2(x) +
2P,Y?2(x) and so
||A2(n)[|72() < 2Bi(n) + 2By(n)

(p+1)t (p+1)t
where B (n Z / P,X2(x)du Bs(n Z / PY2(x

If pel0,n— 1] and u € B, (p“) PR PLXE(x) < Pqumt(g' — Pp+1, ,g')%*(x). The

change of variable v = (p + 1)t — nu, yields:

Bin) < /OthPvg—g)()d

t
< [ (Pga) 2P 2(dPeg)(a) + Prosg (@)
0

Since ¢’ is bounded, by dominated convergence to show that Bj(n) tends to 0 as

n — +00, it sufficies to check that lim, .o F-2(g'P2g’)(z) = P,g"*(x). Write
Py»(g'Peg = 22%]%# g Peg)i(=h)+pi-2(g'Prg)j(h)—pi-2(g'Peg’);(=h)
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Its is enough to prove that
lim p,»(g'Peg))(y) = pi(g?)i(y) for all y € R*,i € [1, N], (4.20)
We have

pe-2(g'Peg)i(y) = pix(gi(Pg")i) () Z/Rgé(Z)(P:Lg)( 2)pi-»(y, 2)dz

ZQZak/ 2)pegi(— )pt_%(y,Z)d2+/Rg§(Z)(p%g§(2)—p%gé(—Z))pt_%(y,Z)dz

which converges clearly by dominated convergence towards [, ¢i(2)*p:(y, z)dz =

pe(97)i(y).-

Now (4.20) is proved and as a result Bi(n) — 0 as n — oo. For By(n), we have

PY2(a —zzazpu Y2)) (—lal) + pul (V2)) (1)) = pul (VD)) (=) if @ € A,

where (Yy,); = 2pi—ug; — 2p,_w+neg;, defined on RY. For all i € [1,N],y € R*, we

have

p+1)t (p+1)t

Z / _ 42 / Dt — 20, e 6} ()

In what preceded, it was shown that this quantity tends to 0 as n — 400 when p is

replaced by P in general and consequently Bs(n) tends to 0 as n — +o00. Now

(p+1)t

143220y <ZH [T (o= Ky ) AP, gyl

Set hpn = AP, i1 g. Then, hypn € D'(aq, -+ ,ay) forallp € [0,n—1] (ifp=n—1

remark that hy,, = P< AP f ). By the Cauchy-Schwarz inequality

1
2

1 et
[[Az(n)]|22) < \/_{ZL Ko7u—K07%t)hp,n(:p))2]du}
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If u € [2t, @),

n

E[(Kou — Ko m)hpn(2))’] < BlKg o (Kot yhpn — hpn)*(2)]
< B[Kgw (Kot hs = 2k oot o + B2 ) ()]
< NPuwhy = 2hpnPy_sthpn + Byl
< 2lhpallool Pzt hpn = hpalloo + [1Py_sthy = gl

Therefore ||Az(n)||r2@) < VE(2Ci(n) + Cy(n))z, where:

(p+1)t
Zuhpnuoo/ 1P,y = gl
n—1 (4Dt
Cam) =3 [ NPl =
pt n
p=0""n
Since ([l < [14glls and 1P,y = Balls < 1P, 5 Ag = Agl it comes
that:
n—1 (p+1)t
Citn) < Mgy [, 1P Ay~ Aglludu
p=0 %t !

IN

t
1 Ag]|os / P2 Ag — Ag|nd>
0

As Ag € Cy(G), Ci(n) tends to 0 clearly. On the other hand, b2, € D(ay, -, ay).

In fact since hy,,, is continuous

N N
D B2 )i04) = 3 20i(lyn) (04) () (0+) = B0 Zza@ )i (04) = 0
=0 =0

We may apply (2.4) to get:

n—1 t
— %Z/O |P=h,, — B l|edz < —Z/ / ) l[sodudz
p=0

Now we Ver;fy that hj, ., b7, are uniformly bounded with respect ton and 0 < p <
n—1. In fact [|hy,[lec = [|2Ahpnlleo < 2[|APs fl|oo. Write Ry, = p—ptiey e P AP f
where Pc APe f € D'(ay,- -+, ay). By (4.18), this shows that [|h, ||« is uniformly

bounded with respect to n, p € [0, — 1] and the same holds for ||(h2,,)"||sc. Conse-
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quently Cy(n) tends to 0 as n — oo. As a result:

Koog(e) = Pue) + [ KoulDIP-sg)) (@),

Letting € tend to 0, then Ky ,g(z) tends to Ko, f(x) in L*(Q). Furthermore
¢ t
I [ Kou D) @)W = [ Kol DI @)Wl

< /0 Pu((Prug) — (Pruf))(2)du

Using the derivation formula (4.18), the right side may be decomposed as I, + J,,

where

Ie - /Ot Pu(Pt—ug, - Pt—uf,)Q(x)du S tPt(g, - f/)z(x)

Je = / t Pu(Niug’ = Mo f) () du
0
We have ¢'(y) = —P.f'(y) + 2A\f'(y) — f'(y) as € — 0, Py(z,dy) a.s. and so
by dominated convergence I, — 0 as ¢ — 0. Similarly J. tends to 0 as ¢ — 0.
This establishes (5.5). Now suppose that (K, W) is a wiener solution of (F) and
let f € 8. Since Ko, f(z) € LAFua’) , let Kouf(x) = Pof(x) + Yoo I f(z) be
the decomposition in Wiener chaos of Ko, f(z) in L? sense (see [15] page 202). By
iterating (5.5) (recall that (P,f)" € S ), we see that for all n > 1

I f(z) = / Po(D(Porsy - D(Pry, ) (@)dWors, - AW,
0<s1< - <5<t

If K" is another Wiener flow satisfying (5.5), then Ko, f(x) and K, f(x) must have
the same Wiener chaos decomposition for all f € S, that is Ko, f(z) = K, f(z) as.
Consequently Ko f(r) = Kg,f(r) a.s. for all f € D'(ay,- -+, ay) since this last set
is included in § and the result extends for all f € Cy(G) by a density argument.
This ends the proof when x # 0. The case x = 0 can be deduced from property (4)

in the definition of a stochastic flow of kernels. O

Consequence: We already know that K" given by (4.15) is a Wiener solution

of (E). Since o(W) C o(K), we can define K* the stochastic flow obtained by
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filtering K with respect to o(W) (Section 3.3.1). Then Vs < t,x € G, K}, (v) =
E[K;(z)|o(W)] a.s. As aresult, (K*, W) solves also (E) and by the last proposition,

Vs <t,x € G, BE[K(z)lo(W) =K} (z)a.s. (4.21)

From now on, (K,W) is a solution of (F) defined on (2, 4,P). Let P =
E[K, g?t"] be the compatible family of Feller semigroups associated to K. We retain the
notations introduced in Section 4.2 for all functions of W (Y; (), Zs+(x), gst(x) - - ).
In the next section, starting from K, we construct a flow of mappings ¢ which is a

solution of (F). This flow will play an important role to characterize the law of K.

4.3.2 Construction of a stochastic flow of mappings from K
Let z € G, t > 0. By (6.14), on {t > 79, }, Ko () is supported on
{|Zos(z)|€;, 1 <i<p} if Zys(z) >0
and is supported on
{1Zos(x)|€;, p+1<i< N} if Zyu(x) <0.

In [35] (Section 2.6), the n point motion X" started at (xi,---,x,) € G™ and
associated with P™ has been constructed on an extension 2 x Q' of 2 such that the
law of ' — X' (w,w’) is given by Ko (x1,dyr) - - - Koi(xn, dy,). For each (z,y) €
G?, let (X7, Y)i>0 be the two point motion started at (z,y) associated with P? as
in Section 2.6 [35]. Then | X[| = [Zo.(x)], Y| = |Zo(y)| for all t > 0 and so

T% :=inf{r > 0, X =YY} < +oo as.

To (P™),>1, we associate the compatible family of Markovian coalescent semigroups

(P™¢),>1 as described in Theorem 3.3. Then we have the following

Lemma 4.7. (P™°),>; is a compatible family of Feller semigroups associated with

a coalescing flow of mappings ¢°.
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Proof. By Theorem 3.3, we only need to check that: V& > 0, > 0,2 € G,
lim P({7 > ¢} N {d(X}, Y/") > €}) = 0 (C).

As | XZ| = |Zou(2)|, Y| = |Zou(y)| for all w > 0, we have {t < T™¥} C {t <
Te(x)|m|7€(y)|y‘}. For Y close to x, {d(Xf,Y;y) > 8} C {inf(7‘07m,7'0,y) < f;}. Now (C)
holds from Lemma 4.2. O

Consequence: Let v (respectively v°) be the Feller convolution semigroup asso-
ciated with (P"),>1 (respectively (P™°),>1). By Theorem 3.4, there exists a joint
realization (K1, K?) where K' and K? are two stochastic flows of kernels satisfying

Kl ooy K2 " K and such that:
(i) Kolz,y) = K} (r)® KZ,(y) is a stochastic flow of kernels on G2,
(ii) Forall s <t,x € G, KZ,(x) = E[K},(x)|K?] as.

For s <'t, let

Fop=0(Kyps<u<v<t), Fi,=0(K. s<u<v<t), i=12

u,v?

Then F,, = FayV FZ,. To simplify notations, we shall assume that ¢° is defined on
the original space (Q, A, P) and that (i) and (ii) are satisfied if we replace (K, K?)
by (0, K). Recall that (i) and (i) are also satisfied by the pair (d,, K™ ™ ) con-

structed in Section 4.2. Now
Ki(x) = Eldye (K] a.s. foral s<tuzeqG, (4.22)
and using (6.14), we obtain
K(z) = Elbge wlo(W)] as. forall s <t z€G, (4.23)
with K" being the Wiener flow given by (4.15).

Proposition 4.6. The stochastic flow ¢° solves (E).
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Proof. Fix t > 0,z € G. By (6.16), 6, (2) is supported on {|Zo,(z)]€;,1 < j <

N} as. and so |¢f (7)] = [Zo ()] Similarly, using (6.16), we have
©5.4(T) € Gt & Zyi(z) > 0 and ©oi(r) € G & Zy(x) < 0. (4.24)

Consequently (¢ (7)) = sgn(Zo(x)) a.s. Since f (x) is a W(ay, -+, an) process
started at z, it satisfies Theorem 2.3; Vf € D(ay, -+, an),

F(@(@) = /f /ﬂ Ndu as.

with By = [o(2)| = Le(lpo.(@)]) = |a] = |Zos(x)| = Le(| Zo.(2)]) — |z|. Tanaka’s
formula and (4.24) yield

B, = | 5q0(Zou(2))dZ0u(z) = | 5G0(Zou(x))dW, = ¢ (2))dW,.
/0 ST Zo o)) dZ0 () / G Zow(2)) / (g6 (1))
Likewise for all s <t,x € G, f € D(ay, -+ ,an),

F( () = /f%u wJ»W’F/fWMDwaS

0

We will see later (Remark 4.3) that ¢° o ¢ where ¢ is the stochastic flow of

mappings constructed in Section 4.2.

4.3.3 Two probability measures associated to K

For all t > 7, ., set:
VHi(x) = Koy (z)(D \ {0}) V1 <i < p
and
ViM(@) = Ko(@)(Dy), Vii'(x) = Koy(2)(Di\ {0}) Vp+1<i< N -1,

V(@) = (Vi (@)icicp: Var () = (Vo' () )praciens Veu(z) = (Vii(2), Vi, ().
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For s = 0, we use the abbreviated notations:

Zi(z) = Zoa(z), Vi"(2) = Voh(x), Vi (z) =Vg,(2), Vilz) = (V" (2), V] (2))
and if v =0, Z; = ZO,t<0>7 Vt+ = VE;(O), V{ = %}(0)7 Vi= (V:rv Vt7>
By (6.14), Yz € G, s < t, with probability 1,

Koa(z) = 5€<x>|zst<x>|1{t<m}
N

ZVQ )02z 1zewtw>0) + D Vir ()02 2@ L Zer0)<0)) Lo r-
i=p+1

Define

Fh=0(Kpu,s<v<u<t), Fiy =oc(Wyu,s<v<u<t)
and assume that all these o-fields are right-continuous and include all P-negligible
sets. When s = 0, we denote f(ﬁ,f&z simply by FX FV. Recall that for all s €
R,z € G, the mapping t — K (x) defined from [s, +00| into P(G) is continuous.
Then the following Markov property holds.

Lemma 4.8. Let z,y € G and T be an (Ff)io-stopping time such that Kor(x) =
6, a.s. Then Ky r(x) is independent of FX and has the same law as Ko_.(y).

Proof. Let p > 1,0 <t; <---<t,and g1, -, g, be p bounded Lipschitzs functions
from P(G) into R. Let A € Ff and [T], = inf{L : & > T}. Since K is a flow, we

may write
p p
E[HQj(KO,tﬁT(x))lA] = JEEOZE ng 0.t; +2n )1Am{1 R <T<5h)
j=1
= lim E[lAG(Ko 1, ()]
where G(u H Jj ,LLKOt . To complete the proof, it remains to check that

(G is continuous on P(G) We can also suppose p = 1 (see the proof of Proposition
3.3). Let p, g, € P(G) such that p = limyg_., px weakly. Recall the definition of the
distance d on P(G) from Section 3.2.3. As ¢; is Lipschitz, it sufficies to prove

lim E[d(pxKor, pEKor)] =0 (¢ :=1y). (4.25)

k—o0

108



Recall the definition P/ = E[K{}'] and let f € Cy(G). Then

B ([ Kouf@ymiar) - [ Koerwtan)?| = [ P2 (oymtanmay
~2 [ Pt & Do pnldontdy) + [ P2 © £ y)nldn)n(dy).

As P? is Feller, it is easy to deduce (6.17). O

The previous lemma shows that for all x, Ko, ,+.(2) is independent of FX and
is equal in law to K _.(0).
Let T and L be the random times defined by:

T=inf{r>0:2,=1}, L=sup{rel0,T]: 7, =0}.
Consider the following o-fields
Fr_ = o(Xp, X is bounded (F}")i0 — previsible process),

Fri =o(Xp, X is bounded (F}");>o — progressive process).

Then Fr, = Fr_ (see the Appendix). Let f : RY — R be a bounded continuous
function and set X; = E[f(V;)|o(W)]. By (6.15), the process r —— V. is constant

on the excursions of r —— Z, out of 0.

Lemma 4.9. There exists an F" -progressive version of X denoted Y that is con-

stant on the excursions of Z out of 0 and satisfies Y, = Yr a.s.

Proof. By induction, for all integers k and n, define the sequence of stopping times

Skn and T}, by the relations: Tj,, = 0 and for k > 1,
Sk:,n = mf{t Z kal,n : |Zt| = 2—71}’ Tk,n = ll’lf{t Z Sk:,n : Zt = 0}

In the following Uy, will denote Us, . Then for ¢t € [Sin, Tinl, Us = Uy, a.s. For

all bounded continuous functions gy, -, gy, A € féi cand (ug, -+ up,) € (RGP, we
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p © P
[ToWsp e )1a = ]lggo Z [T 0:West o ne) s, <astynncs, -
i=1 =0 i=1

Remark that

p

h+1
Hgi(Wh_-H w1 ) i 0 (K u > L) measurable
P oF T o7 27 2
and
h+1
AN{Sk, < —} m{ < Sk} € Fria.
27

Consequently U(Wsk’mwsm,u > 0) is independent of fgm. Therefore Xj, =
Elf(Upn)|W] = E[f(Ukn)|fg:n] is fgzn measurable. We define inductively a se-
quence X" of " -progressive processes. Let I, = U1 [Skn: Thn| and XP = E[f (Ur0)|W]
if t € [Sko, Thol, X{ = f(0)if t € Iy. Then X° is F"V-progressive. Suppose a F"-
progressive process X" is defined such that X7 = E[f(Ug,)|W] if t € [Skm, Thnl
and X = f(0) if t € I,,. Define X™*! by setting:

;

f(O) if ¢ g In+1

Xt = ng,n if t € L1 ([Skns Tl (for some k)

Elf(U ) |W] it t € [Sppsrs Tina]) IS (for some 1)

The process X"*!is FW-progressive and for allt € [S) 11, Tinsi], Xi'T = E[f (Uppia)|[W]
a.s. For all ¢, X" is a stationary sequence. Set X, = lim Sup,,_,., X;. Fort > 0, a.s.,
there exists integers k and n such that t € [Sy,,, Tk [ Thus a.s., X = X;. Now set
Yo = f(0), Y; = limsup,,_, Xt+%> t > 0. Then Y is a modification of X which is
FW_progressive (see Lemma 3.2 [31]) and constant on the excursions of Z out of 0.

Moreover Y, = Yr a.s. O

We take for X this version. Then X7 is F, measurable. Notice that Zr # 0 and

from

XT—hm ZX 21<T<1}

n—00 2" =

we have X7 = E[f(Vr)|o(W)] as.
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Lemma 4.10. E[X7|F;_| = E[f(Vr)]

Proof. Let S be an F"-stopping time and dg = inf{t > S : Z, = 0}. We have
{S < L} ={ds < T} (up to some negligible set) and so 1{s<z} is F,’-measurable.
Using (6.15) and the continuity of ¢ — K(.(0), we have a.s.,

1(2) = [ W) Kai(0.dy) foral e CuG)ez0.  (420)

By an approximation argument [ |y|Ko(0, dy) = | Z;| which entails that K (0, dy) =
do(dy) if Z; = 0 and in particular K 44(0) = g a.s. Moreover, 0(Zy,1.) C 0(Kp44+-(0))
by (4.26). Let H = inf{r > 0: Z, 4, = 1}, then by Lemma 6.10,

EXrlg.<ry] = Elf (Vagr)las<r)]

= E[f(V)[P(ds < T)
Since the o-field Fy_ is generated by the random variables 1;g<r) (see [17] page
344), this implies the lemma. O

The fact that 7, = F. and the fact that X is F,. measurable imply that
Xr = E[f(Vp)|W] = E[f(V7)] a.s. Since this holds for all bounded continuous
function f, this proves that Vi is independent of o(W') and the same holds if we
replace T' by inf{t > 0: Z; = a} where a > 0.

Define inductively: 7| Oan =0 and for k > 1:
Spn=if{t >T", Z,=2""}, T[] =wf{t >S5 7 =0}
Set V.t = Vst . Then, we have the following lemma.
’ k,n
Lemma 4.11. For alln, (Vk—t—n)kzl is a sequence of i.i.d. random variables. Further-

more, this sequence is independent of W.

Proof. Forallk > 2, V,| is O'(KO’TJ_ (0),t > 0) measurable and V," | is fOKT"'

1,n+t

measurable. This proves the first claim by Lemma 6.10. Now, we show by induction

on ¢ that (V;%,,---,V,!,) is independent of o(W). For ¢ = 1, this has been justified.

) q7n

Suppose (V" v

1,0 """ s Vg—1n

) is independent of o(W). Write

oc(Wou,u>0)=0(Z,\p+

q—1,n

> 0)Vo(Zypr L u>0)
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Since (Vif,, -+, V,E1,) s fOIfT;Ln measurable, O(Zu+th1,n’ u>0)C U(KO,T;MH(O)’ t>
0), we conclude that (Vi',,---,V,) and ¢(1W) are independent. O

Let m; to be the common law of (Vl:,rn>k21 for each n > 1 and define m™ to be

the law of V" conditionally to (Z; > 0). Then, the following lemma holds.
Lemma 4.12. The sequence (m;}),>1 converges weakly towards m™. For all t > 0,

under P(:|Z; > 0), V;" and W are independent and the law of V;" is given by m™.

Proof. For each bounded continuous function f : R — R,

E[f(‘/;+)|W]1{Zt>O} = HIEEOZE[ltE[S{mT;In[f(Van”W}
k

= Jim st ([ fami )
k
~ [yzo0p lim / fdm? + 2a(t)].

with lim ¢,(t) = 0 a.s. Consequently

n— oo

1
li dm} = ———E[f(V;)1
nLH;O f mn ]P)(Zt > O) [f( t ) Zt>0]
As the left hand side no longer depends on ¢, we obtain the desired result. O

We define analogously the measure m™ by considering the following stopping times:

Ty, =0 and for k > 1:
S = inf{t > Ty 2= —27"}, Tion = inf{t > Skm + 4t = 0}

Set Vi, = V.~ and let m, be the common law of (V,_ )k>1. Define m~ to be the
) k’ b -

conditional law of Vi~ knowing (Z; < 0). Then, the sequence (m,,),>; converges

weakly towards m~. Furthermore, for all £ > 0, the conditional law of V,~ knowing

(Zy < 0) is given by m~. As a result, we have:

E[f (V) W]Lizeo) = Lizeo) / fdm~

for each measurable bounded f : R¥N=? — R. Follow the same steps as before but

consider (Zyyr,(x),u > 0) for all 2, we show that the conditional law of V;"(x)
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knowing (Z;(z) > 0,t > 70,) no longer depends on ¢ > 0. Denote by m; such a
law. Then Lemma 6.10 states that m; does not depend on x € G. Consequently

m} =m* for all z and we get

E[f(‘/;tJr(x))‘W]1{Zt(ar)>0,t>To,z} = 1{Zt(1')>07t>7'0,z} / fdm+ (4-27>

for each measurable bounded f : R? — R. Similarly

E[h’(‘/ti (‘r))‘w]l{zt($)<0,t>m,z} = 1{Zt(x)<0,t>’myz} / hdm™ (428)

for each measurable bounded h : RN P — R.

4.3.4 Unicity in law of K

Define
p(z) = |2|€1 1 pea+y + |2]€p i1l {zea-ar0y, T € G.

Fix v € G,0 < s <tand let x, = p(pf ,()). Then:
(i) ¢s,(x) =2+ élx)e(x)W,, for all r < 7, (from Lemma 4.6).

(ii) Too = Top) and o5, (r) = ¢, (p(x)) for all 1 > 7, , since ¢ is a coalescing

flow.

(iil) Tope (@) = Tow. and g, (06 (7)) = @5, () for all 7 > 7., by (ii) and the

independence of increments of p°.

C

(iv) On {t > Tou }, ©54(7) = @5, (95 s(7)) = @5 (ws) by the flow property of ¢
and (iii).

(v) Clearly 7., = inf{r > s, Z,(z) = 0} a.s. Since {19, < s < go+(x)} C {t >

Tsz, b .., we deduce that

P(@p,(2) = 54(2:) 700 < 5 < gou(2)) =1
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(vi) Recall that ]—A"O,S and ﬁ57t are independent (K is a flow) and J%O,t = ]—A"O,S Vv f57t.
By (6.15), we have K () = E[0ge @) |Foy)- As a result of (v),

P(Ks4(zs) = Koi(x)|m0. < s < gou(x)) =1 (4.29)

Lemma 4.13. Let Py, ... 5, be the law of (Kou(z1), -, Koi(xn), W) where t > 0

and xy, -+ ,x, € G. Then, Py, ... 1, is uniquely determined by {Py ., u > 0,2 € G}.

n

Proof. Recall the definition of Ty 5" from Section 4.2.2. We will prove the lemma
by induction on n. For n = 1, this is clear. Notice that if t < 75, then Ky4(2) is
o (W) measurable and if t > 755, then Koy (21) = Ko(22). Suppose the result holds
forn > 1 and let x,,.1 € G. Then by the previous remark, we only need to check that
the law of (Ko(21), -, Kot(Tnt1), W) conditionally to A = { sup 7., <t <
To "'} only depends on {Py ., u > 0,2 € G}. Remark that ;izin,jL{lgO’t(xi), 1<

i < n+ 1} are distinct and so by summing over all possible cases, we may replace

A by

E= {1§Sil§1£)+1 T, <t < T 0", gou(w1) < -+ < goa(wn) < gop(Tns1)}
Recall the definition of f from Section 4.2.2 and let S = f(go+(xn), go.t(Tnt1)),
E;, = EN{S = s} for s € D. Then it will be sufficient to show that the law of
(Kot(x1),- -, Kot(xns1), W) conditionally to Es only depends on {P, ,,u > 0,z €

G} where s € D is fixed such that s < t. On FEj,

(i) (Koi(x1),- -+, Kot(x,), W) is ameasurable function of (Vi(z1), - -, Vi(z,), W)
as

(Vi(z;),r > 7o,4,) is constant on the excursions of (Z,(x;),r > 7o.4,)-

(ii) There exits a random variable X, ; which is ]—“&Z measurable and satisfies

Kot(2n41) = Ksi(Xpy1) (from (4.29)).

Clearly, the law of (Vi(z1),- -, Vi(z), Kst(Xpt1), W) is uniquely determined by
{Ps.2, wns Pi_sy, y € G}. This completes the proof. O
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Proposition 4.7. Let (K™ ™ [ W') be the solution constructed in Section 4.2.2

associated with (m*,m~). Then K e gemtm

Proof. From (4.27) and (4.28), (Ko(z), W) faw (K&+’m_ (), W') for all t > 0 and
x € G. Notice that all the properties (i)-(v) mentioned just above are satisfied by
the flow ¢ constructed in Section 4.2.2 and consequently K™ ™ satisfies also (4.29)
using the same arguments. By following the same steps as in the proof of Lemma

4.13, we show by induction on n that
law mt,m~ mt,m~
(KOJ(xl)?"' >K07t(xn)7W) = (Ko,t 7 (xl)a"' 7K0,t 7 (l‘n),W/)
forall t > 0,21, -+ ,x, € GG. This proves the proposition. O

Remark 4.3. When K is a stochastic flow of mappings, then by definition

p N
+ — 2 :ai 2 : Q;
m m 50--0100 50010--0 .
( ) ) ( a+ ( b Iy K )’ a— ( b bt b h e b )

i=1 i=p+1

This shows that there is only one flow of mappings solving (E).

4.3.5 The case at =3, N > 2

Let K" be the flow given by (4.15), where Z,,(x) = e(x)|z| + Wy — W,. It is easy
to verify that K" is a Wiener flow. Fix s € R,z € G. Then, by following ideas of

Section 4.2.2, one can construct a Brownian motion on the real line W and a process

(X5

s,t)

t > s) which is a W{(ay, -+, ay) process started at x such that

o (i)forallt>s, fe Dlay, - ,an),
F(X3) = flz) + / (ef)(XZ,)dW, + % / FIXE)du as.

o (ii) for all t > s, K"(2) = Elbxz |o(W)] as.

By conditioning with respect to o(W) in (i), this shows that K" solves (E).
Now, let (K,W) be any other solution of (E) and set P = E[K{/']. From the
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hypothesis at = 3, we see that h(z) = e(x)|z| belongs to D(ay, -, ay) and by
applying h in (E), we get Ko:h(z) = h(x) + W;. Denote by (X*', X*?) the two-
point motion started at (x1,z9) € G? associated to P?. Since | X7 is a reflected
Brownian motion started at |z;| (Theorem 2.3), we have E[|X[|*] = ¢ + |z;|*. From
the preceding observation E[h(X;")h(X[?)] = E[Koh(x1)Koth(xs)] = h(z1)h(xe)+
t and therefore
B[(h(X}") = h(X[?) = h(21) + h(@2))*] = 0.

This shows that h(X;?) — h(X;?) = h(z1) — h(z3). Now we check inductively that
P™ does not depend on K. For n = 1, this follows from Proposition 2.5. Suppose the
result holds for n and let (21, ,2,41) € G such that h(z;) # h(x;),i # j. Let
Ty, = inf{r > 0: X7 =0} = inf{r > 0: h(X?*) = 0} and (x;,z;) € G" x G~ such
that h(x;) < h(zy), h(zp) < h(z;) for all (xy, x,) € GT x G~ (when (z;, z;) does not
exist the proof is simpler). Clearly 7,, is a function of X*» for all h, k € [1,n + 1]

and so for all measurable bounded f : G"*! — R,

JXF - ;X,jmn+l)1{t<q—zi,inf1§k§n+lTzk:Tzi} is a function of X%
and
SO >thn+1)1{t<7xj R ) is a function of X%/,
where ¢ > 0 is fixed. This shows that E[f(X;", -+, X;"™" ") Lycint, <y 7, 3] 00y

depends on P!. Consider the following stopping times

So= _inf 7, Sk =inf{r >S5 :3je[l,n+1, X7 =0,Xg #0}k>0.

1<i<nt1
Remark that (Sg)k>0 is a function of X for all h € [1,n + 1]. By summing over all
possible cases we need only check the unicity in law of (X, -+, X;"™") conditionally
to A = {S <t < Sp1,Xg" = 0} where & > 0,h € [1,n + 1] are fixed. Write
A=DBnN{t— S, <T} where B ={S, <t Xg"=0}={S <t,Xg #0if i #h}
and T = inf{r > 0,3j # h: Xfisk =0}. On A, Xj" is a function of (Xg', X;") and

therefore for all measurable bounded f : G — R,
FOX - Xi) 14 may be written as g((Xg! )izn, X[™)1a
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where g is measurable bounded from G™! into R. By the strong Markov property

for X = (X*1, ..., X*+1) we have
1B -5, <19 (X )izn, X{")|Fg,] = 1p0(t — Sk, (X )irn)
where

1/}<u7 Y1, 7yn> = E[1{u<inf{r20;3jg[1,n]7xl’j:0}}g(y17 “y Yn, XS)]

This shows that E[f(X", -+, X;""")14] only depends on the law of (X®); .. As
a result, P ((z1,+ , 2p11),dy) is unique whenever h(z;) # h(z;),i # j and by
an approximation argument for all (z1,---,z,.1) € G"™!. Since a stochastic flow
of kernels is uniquely determined by the compatible system of its n-point motions,

this proves (2) of Theorem 4.2.

4.4 Appendix F;. = F;_

Recall the definitions of the random times 7" and L. For any random time S define

the following o-fields
Fs_ = 0(Xg, X is bounded (F}V);so — previsible process),

Fs = 0(Xg, X is bounded (FV);50 — optional process),
Fsy = 0(Xg, X is bounded (F}V);>0 — progressive process).
We follow Lemma 4.11 [36] with more details. Denote by (F[);>o the natural aug-
mentation of (FV' Vo (L))i>o. From the theory of enlargement of filtration, we have

Fri = FFE (see [27] page 77). For € > 0, define T, = inf{r > 0: Z,,; = ¢e}. Since

the filtration (FF) satisfies the usual conditions, we have:

]:L+:-7:L:~7:LL+:H-7:LL+T€-

e>0

We will prove the following assertions:
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(i) Frir. = fLL+T€ = O'(Zu/\(T€+L), u > O) vV CJ'(TE -+ L) = O(ZUA(T€+L)7 u > 0),
(i) o(Zunrry,u > 0) = 0(Zurr,u > 0) V o(Z(pywnsr), v > 0) V o(L),

We follow [10] and begin by:
(i) Since L+T. > L, we have Fy 1, = F} 1. (see [27] Lemma 5.7 (c) page 78). Now
FW is the Brownian filtration and so Friq, = Fr41,)- (see [12] Lemma 8.9). The

o- field Fp 7. is generated by the class C of processes

f(Ztl7 Ty Ztn>1}tn7+00[<L _'_ Te)

for all increasing positive sequences (t;)1<;<, and measurable bounded f (see [13])

which writes as

F(Zonwatys s Zian@r ) tn, ool (L + T0).

Consequently Fri7. C o(Zun.+1),u > 0) Vo(T. + L). The other inclusion is trivial
and (i) is proved. (ii) is easy. As in (i), we have F, = o(Zyar,u > 0) V o(L). By
combining (i) and (ii), we get
Fry = ﬂ FrV o(Zpruwnsr), v > 0).
>0

On the other hand, (Zp ua7. )u>0 is @ BES(3) killed at time 7. independent of F,
by the decomposition of David Williams [27]. The Lindvall-Rogers lemma [1], yields

Fry =FLV ﬂ o(Zpturr.,u > 0) = Fp,

e>0

since the filtration of BES(3) is Brownian.
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Chapter 5

Discrete approximations to flows

of Tanaka’s SDE related to WBM

Contents
5.1 Introduction and mainresults . . . ... ... ... .... 119
5.2 Csaki-Vincze transformation and consequences . .. .. 124
5.2.1 Csaki-Vincze transformation . . .. ... .. ... .... 124
5.2.2  The link with Tanaka’s equation . . . .. .. .. .. ... 128
5.2.3 Extensions . . . .. ... oo 129
5.3 Proofof mainresults .. ... ...... ..., 132
5.3.1 Scaling limits of (&, K) . ... ... ... ... ...... 132

5.1 Introduction and main results

In the foregoing chapter, we have defined a Tanaka’s SDE related to WBM which
depends on kernels. It was shown that there is only one Wiener solution and only
one flow of mappings solving this equation. In the terminology of Le Jan and Rai-

mond, these are respectively the stronger and the weaker among all solutions. In this
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chapter, we provide discrete approximations to these flows. Among recent papers on
approximating flows, let us mention [43] where the author construct an approxima-
tion for the Harris flow and the Arratia flow. Let us first recall Tanaka’s SDE related
to Walsh BM

Definition 5.1. ( Equation (T')).

N

Fiz N e N*, aq,--- ,ay > 0 such that Zai =1 and consider the graph G defined
i=1

in Section 2.5.1. On a probability space (2, A,P), let W be a Brownian motion on

the real line and K be a stochastic flow of kernels on G. We say that (K, W) solves

(T)if for alls <t,f € D(ay, -+ ,an),x € G,

K f(x) = f(z) + / Ko f'(x)dW, + %/ Ksof"(x)du a.s.

If K = 6, is a solution of (T') where ¢ is a flow of mappings, we just say that (¢, W)
solves (T').

It was shown in the previous chapter that if (K, W) solves (T'), then o(W) C o(K)

and therefore one can just say that K solves (T"). We also recall the following

Theorem 5.1. There exists a unique Wiener flow K" (resp. flow of mappings ¢)
which solves (T).

For all z € G, recall the definition €(z) = €; if z € D;, z # 0 (convention €(0) = €y ).

As described in Theorem 4.1, the unique Wiener solution of (7) is simply

N
K:,[;('r) = $+€($)Ws,t1{t§7's,x} _'_ Z aiégiW:tl{t>Ts,x}' (51>

i=1

where
Tsp = inf{r > s: o +elx)W,, =0} =inf{r > s: W, , = —|z|}. (5.2)

However, the construction of the unique (see Remark 4.3) flow of mappings ¢ relies
on flipping Brownian excursions and is more complicated. Another construction of

¢ using Kolmogorov extension theorem can be derived from Section 3.4 similarly to

120



Tanaka’s equation. Here, we restrict our attention to discrete models.

Note that the one point motion associated to any solution of (") is the W (ay, - - - , an)
process on G. Let Gy = {x € G;|z| € N} and P(G) (resp. P(Gy)) be the space of
all probability measures on G (resp. Gy). We now come to the discrete description

of (¢, K") and first introduce

Definition 5.2. (Discrete flows) We say that a process 1, ,(x) (resp. N, (x)) in-
dexed by {p < q € Z,x € Gy} with values in Gy (resp. P(Gy)) is a discrete flow of
mappings (resp. kernels) on Gy if:

(i) The family {1 ;11,1 € Z} (resp. {N;it1;1 € Z}) is independent.

(1)Vp € Z,x € Gy, a.s.

¢p7p+2(x) = wp+1,p+2(¢p7p+1($)) (resp. Np,p+2(x) = Np7p+1Np+1,p+2($))

where

Nppr1Npt1pra(, A) Z pi1p+2(Ys A)Nppi1(z,{y}) for all A C Gy.

y€GN

We call (ii), the cocycle or flow property.

The main difficulty in the construction of the flow ¢ associated to (3.4) [30]
is that it has to keep the consistency of the flow. This problem does not arise in

discrete time. Starting from the following two remarks,
(1) QOs,t(.T) =T+ Sgn(x>Ws,t if s <t< Ts,xs
(ii) |s:(0)] = WS, and sgn(ps,(0)) is independent of W for all s <,

one can easily expect the discrete analogous of ¢ as follows: consider an original

random walk S and a family of signs (7;) which are independent. Then

(i) a particle at time k and position n # 0, just follows what the Sy, — S tells
him (goes to n+ 1 if Syy1 — S, =1 and to n — 1 if Spq — S = —1),

(ii) a particle at 0 at time & does not move if Sy — Sy = —1, and moves according

to Nk if SkJrl - Sk =1.
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The situation on a finite half-lines is very close. Let S = (S,,),cz be a simple random

walk on Z, that is (S, )nen and (S_;, )nen are two independent simple random walks
N

on Z and (7;);ez be a sequence of i.i.d. random variables with law Z a0z, which is

i=1
independent of S. For p < n, set

Spn = Su = Sy Sf =S = min Sy = Sy — min Sy

and for p € Z, x € Gy, define
Uppi1(z) =2+ €(2)Sppi1 if 7 # 0,¥,,11(0) = ﬁpS;r,p-‘rl'

N
Kp,p-ﬁ-l(x) = 5:v+€(m)Sp,p+1 if z#0, Kp,p—i—l(o) = Z ai‘SS;pHa-
=1

In particular, we have K, ,1(x) = E[dw, ,,,(x)|0(S)]. Now, we extend this definition

for all p < n € Z,x € Gy by setting

me(ﬂf) = «Tl{p:n} + wnfl,n © Wn72,n71 ©---0 wp,p+1('r)1{l’>n}’

Kpm@) = 5m1{p:n} + Kp,pﬂ e 'anz,nflKn—l,n(x)l{wn}-

We equip P(G) with the following topology of weak convergence:
g\xr) —g\y
(7.0 =sw{| [ gap~ [ adal gl +sup! "D =200 < 1, g(0) 0}
THyY |ZL‘ - y|
In this chapter, starting from (¥, K), we construct (o, K"') and in particular show

the following

Theorem 5.2. (1) ¥ (resp. K) is a discrete flow of mappings (resp. kernels) on
Gy.

(2) There exists a joint realization (1, N,o, K) on a common probability space
(Q, A, P) such that

(i) (0, N) "= (¥, K).

(ii) (p, W) (resp. (KW, W)) is the unique flow of mappings (resp. Wiener flow)
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which solves (T').
(iii) For all s e R, T > 0,z € G,z, € %GN such that lim,,_,., x,, =  we have

. 1
lim  sup |%¢Lnsj,mtj(\/ﬁ$n) —psi(T) =0 a.s.

N—=00 s<t<s+T

and

lim sup ﬁ(KLnSLLntJ(\/ﬁxn)(\/ﬁ.),K:};(SL’)) =0 a.s. (53)

=00 g<t<s+T

This theorem implies also the following

Corollary 5.1. For all s € R,x € Gy, let t — W(t) be the linear interpolation of
(Pns) k() k > |ns]) and U7 (z) := %W(nt), K?(x) = Eldur, @w)|o(S)],t = s,n >
1. For all 1 < p < q, (x;)1<i<q C G, let 2} € %GN such that lim, . 2" = z;.

Define

Y= (W (Vaa), e W (V) K (V) K (Vi)

Then
l P :
Y"—"5Y in [[C(si+o0[.G) x [ Clls;,+ool. P(G))
n = +oo i1 j=p+1
where

Y = <9081,-(x1)7 U 7908p7~(xp)7 K;;[j+1,'(xp+1)7 e 7K;/,§/,-(xq)> .

Our proof of Theorem 5.2 is based on a remarkable transformation introduced
by Csaki and Vincze [14] which is strongly linked with Tanaka’s SDE. Let S be a
simple random walk on Z (SRW) and ¢ be a Bernoulli random variable independent

of S (just one!). Then there exists a SRW M such that
o(M)=o0(e,S)

and moreover

(LS(nt), ! M(nt))mo —2— (B, Wy)eso in C([0, oo, R?).

% n — +oo

B
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where t —— S(t) (resp. M(t)) is the linear interpolation of S (resp. M) and B, W

are two Brownian motions satisfying Tanaka’s equation
th = Sgn(VVt)dBt

We will carry a thorough study of this transformation in Section 5.2.1 and then
extend the result of Csaki and Vincze to Walsh Brownian motion (Proposition 5.1);
Let S = (Sp)nen be a SRW and associate to S the process Y,, := S,, — r&igSk, flip
independently every “excursion ”"of Y to each ray D; with probability «a;, then the
resulting process is not far from a random walk on G whose law is given by (2.2).

In Section 5.3, we study the scaling limits of ¥, K.

5.2 Csaki-Vincze transformation and consequences

In this section, we review a relevant result of Csaki and Vincze and then derive some

useful consequences offering a better understanding of Tanaka’s equation.

5.2.1 Csaki-Vincze transformation

Theorem 5.3. ([//] page 109) Let S = (S,)n>0 be a SRW. Then, there exists a
SRW S = (S,)n>0 such that:

Y, =maxS, — S, = |V, —|S,]| <2 VneN.

k<n

Proof. Let X; =5; —S;_1,7 > 1 and define
71 = min {Z > 0: Si_15i+1 < O}, Ti+1 = min {Z > T Si_15i+1 < 0} Vi > 1.

For j > 1, set

7]' = Z<—1)l+1X1Xj+1 1{Tz+1SjSTl+1}'
>0

Then (X);>; is a sequence of i.i.d. Bernoulli random variables. Let
SOIO, gj :714—"'—'—7]', jZ 1

Then the following properties are easy to check
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(i) For k € [1 + 1,741, we have

k k
Sp=S8n= > X;=(=D)""X; ) Xj = (=1)"X1(Sk1 — Snpr)-

Jj=m+1 J=m+1

So

;

S ile+1§k’§Tl+1—2

Sk—=8n8=1 ifk=m4 —1

=2 ifk:Tl+1.
\

(ii) Let M, = maxSy, then M, = S, = 2,1 > 1.

k<n -
(iii) For any 77 < n < 741, we have 21 < M,, < 2l + 1.
(iv)
2041 — Sk < fn+1<k<7y—1
20+ 2 — | Sk it k=741

Therefore

Yi =M — Sy <|Sk| < ISk +1

and

Yi=M,— Sy > S|l —1>|S] -2

This shows that the theorem holds for S. We call T(S) = S the Csaki-Vincze
transformation of S.

0

Note that 7" is an even function, in other words T'(S) = T'(—S). As a consequence

of (i7) and (zii) in the proof of the last theorem, we have
7 =min{n > 0,5, =2[} VI > 1. (5.4)
This entails the following

Corollary 5.2. (1) Let S be a SRW and define S = T(S). Then
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Figure 5.1: S and S.

(i) For alln >0, we have 0(S;,j <n)Vo(S1) =0(S;,7 <n+1).
(ii) Sy is independent of (S).
(2) Let S = (Sg)r>0 be a SRW. Then

(i) There exists a SRW S such that:

Y, :=maxS; — S, = Y, —|S,.]| <2 VneN.

k<n

(ii) T—H{S} is reduced to exactly two elements S and —S where S is obtained by

adding information to S.

Proof. (1) We retain the notations just before the corollary. (i) To prove the inclusion
C, we only need to check that {r; +1 < j < 71} € o(Sp,h < n+1) for a fixed

Jj < n. But this is clear since {7, = m} € o(S,,h < m + 1) for all ;m € N.

126



5]

Figure 5.2: |S| and Y.

For all 1 < j < n, we have X;; = Elgo(_l)Hleyjl{nJrlSanH}' By (5.4),
{n+1<j<mu}€0(S,h<j—1)and so the inclusion D holds. (ii) We may

write
71 = min {’L >1: Xlsi_leSiH < 0}, Ti+1 = min {Z > T XlSi_leSHl < O} ) > 1.

This shows that S is o(X;Xj,1,7 > 0)-measurable and (ii) is proved.
(2) (i) Set X; =S; —S5;_1,j>1and ; =min{n > 0,5, = 2(} for all [ > 1. Let ¢

be a random variable independent of S such that:

Define

Xjp1 = 51{j=0} + (Z(_1)l+157j1{ﬂ+1§j§n+1}> 1{j21}'
>0

Setting Sop = 0,5; = X1 +---+ Xj,7 > 1, its is not hard to see that the sequence of
the random times 7;(.S),7 > 1 defined from S as in Theorem 5.3 is exactly 7;,7 > 1
so that T'(S) = S. (ii) Let S such that 7'(S) = S. By (1), o(S) V ¢(S1) = o(S) and
S, is independent of S which proves (ii). O
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5.2.2 The link with Tanaka’s equation

Let S be a SRW, S = —T(S) and t — S(t) (resp. S(t)) be the linear interpolation
of S (resp. S) on R. Define for all n > 1,

L S(nt).

om 1
\/ﬁS(nt),St =7

Then, it can be easily checked (see Proposition 2.4 in [16] page 107) that

S =

(50" 50 )iz0 —— (B, Wi)izo in C([0, o0l B?).

n — +o0o
In particular B and W are two standard Brownian motions. On the other hand,

V. —1S,]| <2VneNwith Y} :=5, — rkn<in§k by Theorem 5.3 which implies

|W;| = B; — min B,.

0<u<t

Tanaka’s formula for local time gives

t
(Wil = / sgn(W,)dW, + L,(W) = B, — min B,,
0

0<u<t

where L;(W) is the local time at 0 of W and so
AW, = sgn(W,)dB,. (5.5)

We deduce that for each SRW S the pair (=7(5), S), suitably normalized and
time scaled converges in law towards (B, W) satistying (5.5). Finally, remark that

is the analogue of

Wsolves (5.5) = —Wsolves (5.5).

We have seen how to construct solutions to (5.5) by means of 7. In the sequel,
we will use this approach to construct a stochastic flow of mappings which solves

equation (7") in general.
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5.2.3 Extensions

Let S = (S,)n>0 be a SRW and set Y,, := I??fsk —S,. For 0 < p < ¢, we say that
E = [p,q] is an excursion for Y if the following conditions are satisfied (with the
convention Y_; = 0):

S S s AT}

oV p<iji<qgY;=0=Y,=1

For example in Figure 5.2, [2,14],[16, 18] are excursions for Y. If E = [p,q] is an
excursion for Y, define e(E) :=p, f(F):=gq.

Let (E;)i>1 be the random set of all excursions of Y ordered such that: e(E;) <

e(E;) Vi < j. From now on, we call E; the ith excursion of Y. Then, we have

Proposition 5.1. On a probability space (2, A, P), consider the following jointly

independent processes:
N

o i] = (7;)i>1, a sequence of i.i.d. random variables distributed according to Z ;¢ .
i=1

[ J (Sn>n€N a SRW
Then, there exists, on an extension of (2, A, P) a Markov chain (M, )nen started at

0 with stochastic matriz given by (2.2) such that:

V= maxS, — 5, = (M, — 7Y, <2

on the ith excursion of Y.

Proof. Fix S € T~'{S}. Then, by Corollary 5.2, we have |Y, — |S,|| < 2 Vn €

N. Consider a sequence (ﬁ_;)izl of i.i.d. random variables distributed according to
N

Zazdgi which is independent of (S, 7). Denote by (7;);>1 the sequence of random
tli:riles constructed in the proof of Theorem 5.3 from S. It is sufficient to look to what
happens at each interval [, 7;1] (with the convention 75 = 0).

Using (5.4), we see that in 7, 7741] there are two jumps of Illcl?z(gk; from 21 to 2[ +1

(J1) and from 2{+1 to 21+ 2 (J;). The last jump (J5) occurs always at 7,1 by (5.4).

Consequently there are only 3 possible cases:
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(i) There is no excursion of Y (J; and J, occur respectively at 7, + 1 and 7, + 2, see
[0, 71] in Figure 5.2).

(ii) There is just one excursion of Y (see [ry, 7] in Figure 5.2).
(iii) There are 2 excursions of Y (see [1, 73] in Figure 5.2).
=5, =29

Note that: Y, =Y 7. = 0. In the case (i), we necessarily have

Ti+4+1
Tig1 = 71+ 2. Set M, = @\Sn| Vn € [, T41]-
To treat other cases, the following remarks may be useful: from the expression of S,

we have VI > 0
(a) If ke [Tl+2>7_l+1]7§k—1:2l+1<:>5k20-
(b) Ifk e [Tl,TlJrl], ?k =0= ‘Sk+1| € {O, 1} and Sk+1 =0= ?k =0.

In the case (ii), let E! be the unique excursion of Y in the interval [r;, 741]. Then,

we have two subcases:

(iil) f(E}!) = 141 — 2 (J1 occurs at 7141 — 1).

Ifr+2<k<f(E)+1,then k—1 < f(E}!) and so Sy_; # 2[+1. Using (a), we get:

Sk # 0. Thus, in this case the first zero of S after 7; is 7,1. Set: M,, = ﬁN(Ell).|Sn|,

where N(FE) is the number of the excursion FE.

(ii2) f(E}') = 7141 —1 (J; occurs at 7;+1 and so Y, 41 = 0). In this case, using (b) and

the figure below we observe that the first zero 7;° of S after 7, is e(E}) + 1 =7, + 2.
E|

Possible values for |§ Ve

T Ti+1

Figure 5.3: The case (ii2).
Set
3,.15,] if neln,m—1]
771\/(E})-|Sn| if n€lr,n]
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In the case (iii), let B} and E? denote respectively the first and 2nd excursion of Y’
in [77,711]). We have 7+ 2 < k < e(E?) = k-1 <e(E}) — 1= f(E}) = Si_1 #
20+ 1 = S) # 0 by (a). Hence, the first zero of S after 7, is 77 := e(E?) + 1 using
Yi=0=|Sk1| € {0,1} in (b). Set

Tvge)-1Snl i n € 77, 4]
Let (M, )nen be the process constructed above. Then clearly | M, —7;Y,| < 2 on the
ith excursion of Y.
To complete the proof, it remains to show that the law of (M, ),y is given by (2.2).
The only point to verify is P(M,, 11 = €;|M,, = 0) = «;. For this, consider on another
probability space the jointly independent processes (S, 7, X) such that S is a SRW

and 7, X have the same law as 77. Let (7;);>1 be the sequence of random times defined

from S as in Theorem 5.3. For all | € N, denote by 77" the first zero of S after 7, and set

’71|Sn| if ne [Tl,Tl*—l]
V, =

Xl-|5n‘ if nelr,nul

It is clear, by construction, that M "y We can write:

{T07T(>]ku7-177—1*77-27”'}:{T07T17T27“'} WlthT0:0<T1 <T2 <L v

N
For all k > 0, let G := Y &1y,
=0

1.1 105} Obviously, S and C; are independent

N
= law
and ( = E a;0g,. Furthermore

i=1

B} 1 & )
P(Vn-i-l = €z|vn = 0) = mz P(V,H_l = €, Sn = O,TL - [Tk,Tk+1[)
m Y k=0

= B o PG =@ S = 0 e [T Thn)



This ends the proof of the proposition. O

Remark 5.1. With the notations of Proposition 5.1, let (.Y) be the Markov chain
defined by (7.Y ), = ;Y . on the ith excursion of Y and (.Y ), = 0 if Y, = 0. Then
the stochastic Matriz of (7.Y) is given by

i S . L. . 1
M(0,&) = % M(ne, (n£1)&) = 5 Vi € [LN], n € N, M(0,0) = 5. (5.6)

As a consequence of Proposition 5.1, (7.Y) rescales as Walsh Brownian motion.
This maight be proved without having to resort to Proposition 5.1, by showing that
the family of laws is tight and that any limit process along a subsequence is the Walsh

process.

5.3 Proof of main results

5.3.1 Scaling limits of (¥, K)
Set 7, = €(¥,,) for all p < n where ¥, ,, =¥, ,,(0).

Proposition 5.2. (i) Forallp <n, |¥,,| =S/

p7n.
(ii) For allp <n < q,

—

P(1.q = Tin.g| Minne(p.q)Sh = minnepn qSh) = 1

and

—

P(1pn = Thp,g| MiNhelp,n)Sh = MiNkepqSh, S;fj >0Vj€|n,q]) =1
(i1i) Set T,, =inf{q>p:S,— S, = —l|z|}. Then for allp <n, x € Gy,

me(x) = (x + €($)5p7n)1{n§ Tpo} T vanl{n>Tp,z}§

N
Kpn(t) = B[, ,@)|0(S)] = aset@)s,n Linstya} + O idst 21>,

i=1
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Proof. (i) We take p = 0 and prove the result by induction on n. For n = 0,
this is clear. Suppose the result holds for n. If ¥,, € G*, then Safn > 0 and so

MiNye[0,n)Sh = MiNke(on41]9K- Moreover

o — . . — . + —
LT’(J,n+1 = Lpo,n =+ nO,nSn,nJrl = (Sn+1 — MINpeg[o,n] Sh)ﬁo,n = So,n+1770,n-

If ¥y, = 0, then S(]L’n = 0and |¥) 41| = S;nﬂ. But minpepon41)Sy = min(minge(o.n)Sh, Snt1) =
min(Sy, Sn41) since Sg,, = 0 which proves (i).
(ii) Let p < n < q. If minpepp Sy = Minpepn g S, then S = St . When Sf =0,

we have 7, , = 7,4 = €y by convention. Suppose that S, > 0, then clearly

Ji=sup{j <q:S,; =0} =sup{j <q:S,; =0}

By the flow property of ¥, we have ¥, , = ¥, , = ¥;,. The second assertion of (ii)
is also clear.

(iii) By (i), we have ¥, , = ¥, ,(x) = 0if n =T, , and so ¥, .(z) is given by ¥, . after
T,

»e using the cocyle property. The last claim is easy to establish. O

For all s € R, let d; (resp. ds ) be the distance of uniform convergence on every
compact subset of C([s,+o0[,G@) (resp. C'(R,R)). Denote by D = {s,,,n € N} the
set of all dyadic numbers of R and define

C =C(R,R) x ﬁo C([8n, +00[, G)

n=0

equipped with the metric:
d(z,y) = doo (2, +Z inf(1,ds, (2n,yn)) wherez = (@', 25, ),y = (Y, Ysgr -+ )-

Let t — S(t) be the linear interpolation of S on R and define S = S(nt),n >

1
T
1. If u <0, we define |u] = —|—u]. Then, we have

n n 1 1

Let ¥, = ¥7,(0) (defined in Corollary 5.1). Then LUS(?) = ﬁWLnSLLntJ + 0(%) and

), with S} :=

we have the following
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Lemma 5.1. Let P, be the law of Z" = (5., (WS(Z"))ZeN) in C. Then (P,,n > 1) is
tight.

Proof. By Donsker theorem Pgny — Py in C'(R,R) as n — oo where Py is the law
of any Brownian motion on the real line. Let Pz, be the law of any W (ay, - -+, ay)
process started at 0 at time s;. Plainly, the law of ¥, ;. is given by (5.6). By the
above propositions 2.3 and 5.1, for all i € N, ]P)ws@ — Py, in C([s;, +00[, G) as
n — o0o. Now the lemma holds using Proposition 21.’4 [16] (page 107). O

Fix a sequence (ng, k € N) such that Z™ % . Zin C. In the next paragraph,

k — 400

we will describe the law of Z. Notice that (¥,,,),<, and S can be recovered from
(Z" ) ken. Using Skorokhod representation theorem, we may assume that Z is defined
on the original probability space and the preceding convergence holds almost surely.
Write Z = (W, 4, ., ¥s, ., - -+ ). Then, (W;)ier is a Brownian motion on the real line
and (¢s4)e>s is a W(ay, - -+, an) process started at 0 for all s € .

Description of the limit process

Set Vs = €(¥sy), s € D, s <t and define min,,,, = min,cp ) Wr, v < v € R. Then,

we have
Proposition 5.3. (i) Forall s <t,s €D, |i)g,] = W,
(i) For all s <t,u <wv, s,u €D,
P(Yst = Yuw|mins, = min, ) = 1 if P(mings, = min,,) > 0.

Proof. (i) is immediate from the convergence of Z™* towards Z and Proposition 5.2

(i). (ii) We first prove that for all s <t < u,
P(Ysu = Yeu|ming,, = ming ) =1 if s,¢ € D (5.7)

and

P(¥st = ¥sulming; = min,,) =1 if s € D. (5.8)
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Fix s <t < u with s,t € D and let show that a.s.

{min&u = mint,u} C {E”{Jo, ﬁ\_nkSJankuJ = ﬁ\_nktLlﬂkuJ for all k > k‘o} (59)

We have {min,, = min;,} = {min,; < min;,} a.s. By uniform convergence the
last set is contained in
dko, min S < min S, for all k> k
{3ho i) <i<lnit] 7 Lt} <j<lngu) o}
which is a subset of
Jko, min S; = min S; for all k > ky}.
ST R . W o}
This gives (5.9) using Proposition 5.2 (ii). Since x — €(x) is continuous on G*, on

{miny ,, = min, , }, we have

1 1
_)su: li _)—L-Dns npul) — li _)—L-Dn npU :_’u -5
Vs, klm e(ﬁk LkaLkJ) 1 e(ﬁk thJikJ) Ttu @S

oo k—o0
which proves (5.7). If s € D, t > s and miny; = min, ,, then s and ¢ are in the same
excursion interval of W and so W, > 0 for all » € [t,u]. As preceded,{min,, =
min,, } is a.s. containted in

{3k, min S§;= min  S;, S > 0Vj € [|nt], [ngul], k> ko}.

(mes|<j<lngt) 7 lngs]<j< el s
Now (5.8) can be deduced from Proposition 5.2 (ii). To prove (ii), suppose that
s < u,ming; = min,,. There are two cases to discuss, (a) s < u < v < ¢, (b)
s <u <t <w (in any other case P(minys; = min,,) = 0). In case (a), we have
min,; = min,, = min,; and so Ys; = Yur = Vuo by (5.7) and (5.8). Similarly in

case (b), we have Vst = Vut = Vuyo- -

Proposition 5.4. Fiz s <t,s € D,n > 1 and {(s;,t;);1 < i < n} with s; < t;,s; €
D. Then

(1) Yss is independent of o(W).
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(i1) For alli € [1,N], h € [1,n], we have

E [1{’7s,t=5¢}

(f?sz',ti)lﬁiﬁn’ W} = 1{“7sh,th=5¢} on {miné‘,t = minshyth}'

N
(i1i) The law of Vs knowing (Vs, +,)1<i<n and W is given by Z a;0z, when mins; ¢
i=1
{ming, +,;1 <i<n}.

This entirely describes the law of (W,s.,s € D) in C independently of (ny, k € N)

and consequently Z" L ZinC.
n — +00

Proof. (i) is clear. (ii) is a consequence of Proposition 5.3 (ii). (iii) Write {s, ¢, s;,¢;, 1 <
i <n}={r,1 <k <m} with r; < rjy for all 1 < j < m — 1. Suppose that
s = 13,t = r with 4 < h. Then a.s. {min,,,,,,,7 < j < h — 1} are distinct and it
will be sufficient to show that 7, ; is independent of o ((s,+,)1<i<n, W) conditionally
ming; # ming, ., for all 1 <i < n} forj € [i,h—1].

k # j} and so

to A = {min,; = min, , .,

On A, we have Yy = 7,500, {Ming,, 1 <4 < n} C {min,,

st L <0<} CH{Vprerns B # 5} SInCe Yoy, Yrpu i e W are independent,

it is now easy to conclude. O

In the sequel, we still assume that all processes are defined on the same proba-

bility space and that Z* —>— Z in C.In particular Vs € D, T" > 0,

n — 4+oo
I Ly bos = 0 (5.10)
im  su —U s — s =0 a.s. )
k‘HJrOOsgtgg-T \/E [ks],|kt] it

Extension of the limit process

For a fixed s < ¢, min,; is attained in |s,¢[ a.s. By Proposition 5.3 (ii), on a mea-

surable set ();;, with probability 1, lim ¥y, exists. Define &5, = lim 7y,
s'—s+,s'eD s'—s+,s'eD

on (2, and give an arbitrary value to &5, on Qf,. Now, let ¢, = é;th:t. Then

for all s € D,t > s, (€54, ps¢) is a modification of (Y4, 1s,). For all s € R,

[2"s] 41

5»— and in particular (@), is a

t >s, sy = lim g, ; a.s. where s, =
n—oo

W(aq,- -+ ,ay) process started at 0. Again, Proposition 5.3 (ii) yields
Vs <t,u <v, P(€s4 = Ey0|ming; = min, ) = 1 if P(ming; = min,,) > 0. (5.11)
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Define:
wsi(z) = (x + €($)Ws,t)1{t§75,z} +@silysrn.y,s <txed,

where Wy, = Wy — W, and 7, , is given by (5.2).

Proposition 5.5. Let x € G, x,, € ﬁGN, lim, ooz, =2, s € R, T >0. Then a.s.

) 1
lim  sup |%wtnsJ,LntJ(\/ﬁxn) — ()] = 0.

N—=+00 <4< 54T

Proof. Let s’ be a dyadic number such that s < s’ < s+ 7. By (5.11), for t > ¢, a.s.
{ming; = ming;} C {@s: = @y}

and so, a.s. Vt > s, t € D;

{min,; = miny,} C {@s: = @y}

If t > &', ming; = miny, and ¢, € D, ¢, | t as n — oo, then min,,; = miny, which
entails that ¢, = @y, and a fortiori ¢y, = ¢ by letting n — oo. Thus a.s.
vt > ¢

{min&t = mins/,t} C {(ps,t = 905',15}-

Finally a.s.
Vs' € DN)s, s+ T[,Vt > s'; {mins; = ming +} C {@s: = @5t} (5.12)
By standard properties of Brownian paths, a.s. min, g7 ¢ {Wy, Wsir} and

: : L.
Vp € N ming 1 < W, ming g, 1 # WH%, Alu, €]s, s + ]—7[ ming 1 = W,

The reasoning below holds almost surely: Take p > 1,min, 1 > ming 7. Let
o p

S, €]s, s+ %[: mins,H% = Ws, and 5" be a (random) dyadic number in |s, S,[. Then

ming ¢ > ming ; for all ¢ € [S,, s + T']. By uniform convergence, there exists ny € N

such that

Vn > ng, VS, <t <s+T, n%in}SLnuJ > Ir%in]SLnuJ and 50 Y|y |nt] = Ylns),|nt)-
u€e(s,s’ u€e[s’ t
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Hence for n > ng, we have

1 1
su —W sl Int] — ©sit| = su — s Int] — Qs ¢| (using (5.12
Sp§t§2+T| o nshlnt] Ps,t] 3p§t§2+T|\/ﬁ lns'|,[nt] — Pst.t| ( g ( )
and so
—w | < —w |+ —w |
SUp | —=¥|ns|,|nt] — Pstl >  SUP |—=¥|ns|,|nt| — Ps su =¥ |ns|,|nt] T ¥s
S§t§£)+T \/ﬁ el lnt] = Pat sStSIs)S'p \/ﬁ [ns,Lnt) = Psit SpgtSIerT \/ﬁ [ns)lnt] = Pt
1 1
< sup (—=S} + W)+ sup | ==y nt] — P
s§t§£)+%(\/ﬁ [ns],|[nt] ﬂf) Sp§t§E+T|\/ﬁ Ins’],|nt] — ¥ ,t|
1 1
S sup (%SD—@SJ,LntJ -+ Ws—t_t) + sup |%WLnS’J,LntJ - stl’t|,

8§t§8+% §'<t<s'+T

From (5.10), a.s. Yu € D, lim  sup

N—=+00 o <t<y+T
+o00 and then p go to +00, we obtain

1
|ﬁwtnuJ,WJ — @ut| = 0. By letting n go to

. 1
lim sup \%LT/LMMMJ — st =0 a.s. (5.13)

=00 o<t<s+T

We now show that

1
im =T, /nz, = Tsx Q5. (5.14)

n—-+oo N

We have

i L .
ETLWSL\/EQM = mf{r Z T . Sr — Ss = —|$n|}

For ¢ > 0, from

lim sup |(Sy — Sy + |xn|) = Weu + |2])| =0,

n—oo ue [Ts,z 7Ts,z+€}

we get

lim inf (S} — S+ |z,|) = inf  (Ws,+|2z]) <0

n—oo UE[Ts,acyTs,ac‘i‘E} UE[Ts,vaS,x+€

which implies that %TLnsJ,\/ﬁ:vn < Tep + € for n large. If © = 0, %Tmsj,\/ﬁxn > U;SJ

entails obviously (5.14). If = # 0, then working in [s, 75, — €] as before and using

infueps,r, - (Wu — W + [z]) > 0, we prove that 17|, .. < Too — € for n large
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which establishes (5.14).

Now

1 n n
SUD | == s ot} (VNT0) — psa(x)| < sup QuF + sup QI (5.15)
s<t<s+T \/ﬁ s<t<s+T s<t<s+T

where
1n = n n —
Qs,t = (l‘n + e(xn)(st - Ss ))l{mtJSTLnSJ’\/ﬁzn} - (l‘ + e(x)WS,t)l{tSTs,z}|7

1
2n
Qs = |ﬁ‘f/msJ,WJl{LntJ>TlnSJﬁ1n} — Os i Lgsr oy

By (5.13), (5.14) and the convergence of #SLW/'J towards W on compact sets, the
right-hand side of (5.15) converges to 0 when n — +o0. O

Remark 5.2. From the definition of €5+ (or Proposition 5.5), it is obvious that
Eriras s Erm1oms Woare independent for all ry < --- < rp,. Using (5.11), we eas-
ily check that (i), (ii) and (iii) of Proposition 5.4 are satisfied for all s < t,n >

1,{(s;,t:); 1 <i <n} with s; <t; (the proof remains the same as Proposition 5./).
Proposition 5.6. ¢ is the unique stochastic flow of mappings solution of (T').

Proof. Fix s <t < wu,x € G and let prove that ¢ ,(z) = @1, 0 ps:(x) a.s. We follow
Lemma 4.3 [30] and denote 7, , by 7s(x). All the equalities below hold a.s.
On the event {u < 74(2)}, psi(x) =z + €)Wy 4, Te(ps4(2)) = Ts(x) < u and

Va0 psi(t) =+ e(x) Wiy + W) =+ () Wsy = psu().

On the event {75(x) €]t,u]}, we still have ¢, (z) = = + €(2)W;; and 7(ps+(z)) =

Ts(x) < u, thus
Ptu © st,t(l‘) = é:;f,uVVt:Z = éts,uWS—t—u = Qos,u(x)-

since on the event {7(x) €Jt,u]}, min,, = min,, and W, = W, — min,, = W/,

On the event {75(x) <t} N{r(pss(x)) < u}, psi(z) = 5s,tW8+7t and

Pt © @s,t<x> - Sot,u(gs,tW;;f) - é;t,thjLu - 5s,uW:u - (ps,u(x)
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since W+

5,7t (ps,t(z)
Wi,

On the event {7s(x) <t} N{r(pss(x)) > u}, psi(z) = 5s,tW8+7t and

_ . . R U L
) = 0 and thus ming, = min;, which implies &, = &, and W, =

Ot © Pst(T) = @ru(Es, tW ) = (Wst + Wiw) = @uW;u = Psu().
since in this case ming, = min,; which implies &, , = 5, and
W, =W, —ming,
=W, — Wi+ Wy —ming
=W+ Wi

Thus we have, a.s. ©;.,(2) = ¢r4 0 ps+(x) which proves the cocyle property for . It
is now easy to check that ¢ is a stochastic flow of mappings in the sense of Definition
3.1.

Note that (pot > 0) is a W(ay, -+, an) process started at 0 and therefore
satisfies Freidlin-Sheu formula (Theorem 2.3). Let f € D(ay,--- ,ay), then for all
t >0,

t
f(pos) = / I (pou)dBy, /0 " (pou)du a.s.
where B, = |@o.| — Li(|o..|) and Ly(|o.|) is the symmetric local time at 0 of |¢q.|.
Since |@o+| = Wi—ming,, we get By = W;. Let © € D;\{0} and f;(r) = f(ré;),r > 0.
Since im, o .ep, .20 f'(2) and im, o .ep, .20 f”(2) exist, we can construct g which

is C? on R and coincides with f; on R_. By It6’s formula,
mm+w9=gmw+ébﬂﬂ+wmwn+§AEMﬂ+Wwwa&
and so for t < 19(x), we have
fww@»=ﬂ®+/vawmﬂ%+l/vaﬁﬂﬂu&&

Set o = £(0) + [7°“ f'(00.u)dWy + 5 [ f (Do) du = f(pom) = f(0) since
WOJ,’TO(m) = 0. Then for t > 7y(x), write

flen) = 1o) = a+ [ Pt g [ o
= 1O+ [ FenataaWr g [ o)
70(x) 70()
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But f(x)+ ;" f'(0ou(@)dWu+ 5 [ £ (00u())du = f(P0,m) (@) = f(0) and
so, forallt >0, f € D(ayg, -+ ,an),z € G,

Fleoda) = £@)+ [ FlonndWat 3 [ FleouaNdu as. (516)

Thus ¢ is a flow of mappings solution of (7") and so Proposition 5.6 is proved (see
Remark 4.3). Let give another simple proof of the unicity of ¢ and for this consider
any flow of mappings (¢, W) solution of (T"). By lemma 4.3,

You(z) = x + e(x)Wy, for 0 <t < 1, with 79, given by (5.2). (5.17)

As o(Wy) C o(¢or(y),y € G), we can define a Wiener stochastic flow K* ob-
tained by filtering d, with respect to o(W) satisfying: Vs < t,2 € G, K}, (v) =
El[by, .)|o(W)] a.s. In particular K* solves (T) and since K" given by (5.1) is the
unique Wiener solution of (T'), we get: Vs < t,x € G, K!(x) = E[0,, ,@z)|0(W)] a.s.
(see Proposition 4.5). As K}%(0) is supported on {Wgé;, 1 <i < N}, we deduce
that [1o:(0)| = Wy, Combining this with (5.17), we see that

inf{r > 0: o, (z) = 10,(0)} = 10

This implies that g, (z) = 1,(0) for all » > 7y, by applying the strong Markov
property (see Lemma 3.2). Note that 1. can be recovered out from Wof_ and con-
sequently vy .(x) is a measurable function of ¢ .(0) for all z € G. Therefore, for all
(X1, ,xn) € G, (¢o.(21),- -+ ,¢o.(x,)) Is unique in law since ¢y.(0) is a Walsh

Brownian motion. This completes the proof. U

The Wiener flow

In order to finish the proof of Theorem 5.2 and Corollary 5.1, we need only check

the following lemma (the proof of (5.3) is similar)

Lemma 5.2. Under the hypothesis of Proposition 5.5, we have

sup B(KY(z), KI\(Vna,)) ——— 0 a.s.

te[s,s+T] n— 400
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Proof. Let g : G — R such that ||g||oc + SHPM < 1,¢(0) = 0. Then,
Ty r—y

[ st - [ g(y)K;tthn)(dy)' <Vl vy
G G

where
Vsl,z’fn = ’g(l‘n + g(xn)SZt)l{LntJSTlnsJ,ﬁzn} — gz + (@)W lp<r .y | »
N
Z,n — —
Vii = Z Q; g(ejW;ft)l{»TS,z} - g(ejsr—:s,t + on) 1| R

j=1
and o, € G is a ¢(S) measurable random variable such that |o,| < ﬁ, Sy, =
Sp— St St _%SLnsJ me)- As (7] =1 <z < [z] +1forall z € R, we get

VEr < sup | 4@(2,) S —a—E(@) Wy |+ sup |g(wa+E(x,)ST) |+ sup |glatelz)Ws,)]

t€ln,s,x te€Jn, s,z teKn,s,x

with [n,s,m = [57 Tsx V (% + %TLnsJ,\/ﬁxn)]u

1 1 1 1
Jnsa:: 8,79 _Tns nx =)V Tszl, Knsa:: s,z N _Tns nen )y Is,x]-
s = [Tsa (T ins) yiian + )V Taa] s = [Tow A Tins) yiiwn = ), Toal

Using |g(y)| < |y|, we obtain

sup |g(an+e(w,)Se) )+ sup |g(a+e@Wo)l € sup [l +S0 1+ sup [Jo[+TV,,].

tEJnsz teKnsz tEJnsz eKnsz

Since lim TLns | WAz = Tsz &.8., the right-hand side converges to 0. By discussing

n—-+oo

the cases x = 0,2 # 0, we easily see that

lim sup |z, + 5(3711)5&) —x—e(x)W[ =0
n—00 teln,s,z

. 1 . . 2
and a fortiorilim, .o, sup V,;" = 0. By the same manner, we arrive at lim,, .o, sup V" =

te(s,s+T) te(s,s+T]
0 which proves the lemma. O
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Chapter 6

Stochastic flows associated to

Tanaka’s SDE on the circle

Joint work with Olivier Raimond
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6.1 Introduction and main results

Consider Tanaka’s equation

t
osi(x) =2 +/ sgi(ps (2))dW,, s<t,xeR, (6.1)

where (W;)ier is a Brownian motion on R (that is (W;);>0 and (W_;);>¢ are two
independent standard Brownian motions) and ¢ is a stochastic flow of mappings,
both defined on a probability space (€2, 4,P). In [30], Le Jan and Raimond have
extended (6.1) to kernels and then classified all the laws of solutions by means of
probability measures on [0, 1]. A stochastic flow of kernels K is said to solve Tanaka’s
equation if and only if for all s < ¢,z € R, f € CZ(R) (f is C* on R and f’, " are
bounded), a.s.

Koif(0) = fla)+ [ KeulPs@aW+ 5 [ Kof@de (©2)

The main result of [30] is a one-to-one correspondence between probability measures
m on [0,1] and solutions associated to (6.2). The case m = 01 corresponds to the

unique o (W)-adapted solution (Wiener flow) of (6.2) given by

1
KK;('T) - 5$+Sgn($)(wt_WS)1{t§Ts,w} - §<5W5+t + 5—W:t)1{t>Ts,x}

where

Tsx = inf{r >s: W, =W = —|{L‘|}, W:—t =W - II[lf}Wu
’ u€(s,t
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For m = %(50 + d1), we recover the unique flow of mappings solving (6.1) which was
firstly introduced in [51]. In [20], a more general Tanaka’s equation has been defined
on a graph related to Walsh’s Brownian motion. In this work, we deal with another
simple oriented graph with two edges and two vertices that will be embedded in the
unit circle € = {z € C: |z]| = 1}.
A function f defined on % is said to be derivable in zy € € if

'(20) := lim f(z0e™) = f(20)

h—0 h

exists. Let C?(%) be the space of all functions f defined on ¢ having first and second
continuous derivatives f’ and f”. Let P(%) be the space of probability measures on
% and (f,)nen be a sequence of functions dense in {f € C(€),||f||e < 1}. We equip
P (%) with the distance

d(p,v) = (Zz—n(/fndu—/fnduf) v € P(E). (6.3)

In the following, arg(z) € [0, 27| denotes the argument of z € C.

Definition 6.1. Fiz | €0, 7| and define for z € €,

€(2) = Yarg(2)eo,1} — Larg(2)elt,2n(}-

On a probability space (Q, A, P), let W be a Brownian motion on R and K be a
stochastic flow of kernels on €. We say that (K, W) solves Tanaka’s equation on €
denoted (Ty) if for all s <t, f € C*(€¢),z € €, a.s.

t 1 t
Koaf@) = )+ [ Kaale@aWot 5 [ Keut @) (64)
If K is a solution of (Ty) and K = 6, with ¢ is a stochastic flow of mappings, we

simply say that (¢, W) solves (Ty).

If (K, W) is a solution of (T%), it was shown in [35] (Section 6) that o(W) C o(K)
(see also Lemma 6.7 (ii) in this paper). So we will simply say that K solves (T%).

In this paper, given two probability measures on [0, 1], m™ and m™~ satisfying some
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Figure 6.1: Tanaka’s equation on €.

moment conditions, we construct a flow K™ ™ solution of (T). Using the main
result of [36], we will attach to the particular points 1 and e two flows K+ and K~
associated respectively to (6.4) and to (6.4) driven by —W. The respective laws of
K+ and K~ are uniquely determined by the measures m™ and m~. This will require
a suitable description of the law of (K™, K~). The flows Kt and K~ provide the
additional randomness when K™ ™ passes through 1 or ¢’’. Away from these two
points, K™ just follows Brownian motion. We now state our main result and

postpone the details to the next section.
Theorem 6.1. Let m* and m™ be two probability measures on [0, 1] satisfying
1 1 1
/ um?t(du) = / um” (du) = =. (6.5)
0 0 2
(1) To (m*,m™) is associated a stochastic flow of kernels K™ ™ solution of (Ty).
e To mT™=m = 5% is associated a Wiener solution KW .
e To m"=m" = 3(d + &) is associated a flow of mappings .

(2) For all stochastic flow of kernels K solution of (T), there exists a unique pair

of measures (m*,m™) satisfying (6.5) such that K fw pemtm”

For all s <'t, let

f:‘;:U(Wu—Wv,sgugvgt).
Then (K™ ™ ) will be constructed on the same probability space such that:
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Proposition 6.1. (1) There exists an increasing sequence (Ti)r=1 of (Fo')eo-
stopping times such that a.s. limy_.., T, = +00 and @y 1, (z) = €, K&;}g’mf () = g
forallz € €, k> 1.

(2) There exists an increasing sequence (Sk)r=o of (FoYy )i=o-stopping times such that

a.s. limy_,o Sk = +00 and ¢o s, () =1, Kégk’m (x) =0y forallz €€, k> 1.

6.2 Construction of flows associated to (T%)

Fix two probability measures m* and m™~ on [0, 1] with mean 3.

6.2.1 Coupling flows associated with two Tanaka’s equations

on R

In this section, we follow [36]. By Kolmogorov extension theorem, there exists a prob-
ability space (€2, A, P) on which one can construct a process (7 4> Ests Ut 0 Usts Wiet) —oocs<t<oo

taking values in {—1,1}% x [0, 1]? x R such that:
(i) W =W, — W, for all s <t and W is a Brownian motion on R.
(i) Given W, (ef,,U)s<t and (g5, Us,)s<¢ are independent.
(ili) For fixed s < ¢, (¢%,,UZ;) is independent of W and
(2, U%) "2 (udy (d2) + (1 — )6 (da))m? (du).

In particular

P(e,, = 1|US,) = Ug,. (6.6)
Define for all s < ¢
my, = inf{Wy;u € [s,t]}, mg, =sup{Wy,;u € [s,1]}.

Then
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(iv) Forall s < tand {(s;,t;);1 <i < n} with s; < t;, the law of (5, US) knowing
( +

Siyti?

Us 1 )1<i<n and W is given by
(udy(dz) + (1 — w)d_1 (dx))m™ (du)

£.:1<i<n} and is given by

Si,ti)

when m, ¢ {m

n 1, +_ +

5 N L % {ms t— si,ti}
§ : €s.tUs b, T — T
— Cettents o Card{i;myg = mg,}

otherwise.

Note that (i)-(iv) uniquely define the law of

(er U, er, U el U s U W)

st Vst Csitir Usitir T 0 Csnntn Y snotn Csnutn? T Snytn?
for all s; <t;,1 <1i<n.

By construction, for all s < t,u < v, if ]P’(mjft =m},) > 0, then

Pley, =€y Usy = Upylmy, =my,) = 1. (6.7)

u,v? U,V

For s < t,x € R, define

75 (x) = inf{r > s: W,, = Flz|}

s

and
+ _ + :
Wst—Wt—mSt— st inf Ws,ua
’ ? s<u<t
We,=mg, — W, = sup W, — Wy,
s<u<t

Finally for all s <t,x € R, set
Soét,t(x) = (z =+ Sgn@)W&t)l{th}(m)} + Eét,thil{tw}(x)}a

K:,:t(l‘) = J::I:sgn(a:)Ws,tl{thsi(x)} + (Usj,:t(SWs:l’:t + (1 - Usj,:t)d—Ws:l’:t)]'{t>T§t(a:)}

Recall the following

148



Theorem 6.2. [76] (i) p* is a stochastic flow of mappings which satisfies: for all

reR,s<t a.s.
t
ch) = ok [ sonlt(a) W,

(ii) K* is a stochastic flow of kernels which satisfies: for allz € R, s <, f € CZ(R),

K / L(sgnf) (x)dW, + = / x)du.

(1ii) For all x € R, all s <t and all bounded continuous function f, a.s.

a.s.

K f(2) = E[f (g5, (2) | K.

6.2.2 Modification of flows

For our later need, we will construct modifications of p*, K* which are measurable

with respect to (s,t,z,w). On a set of probability 1, define for all s < t, (s,,t,) =
(Lnsj—l—l Lnt]—l) and

n )

(Es%t,(?;ft) (hmsupes t ,hmsupU;f“tn).

n—oo n—oo

Then, we have the following

Lemma 6.1. (i) For all s < t, a.s. Ef;t = 82[7,5, (jft = U;ft.

(ii) Consider the random sets
9T ={(s,t) € R* 5 < t, m:t < min(Wg, W)},

9~ ={(s,t) e R* s < , my > maz(Wy, W)}
Then a.s. for all (s,t) and (u,v) in 2%, we have

g,:l:

{m;t,t = miv} C {gg:,t = u,v? Us:t U:t }

Proof. (i) By (6.7), for all s < t,u < v such that (s, ,u,v) € Q*, we have
m;t,t = miv = (‘g;t,ﬁ Usi,t) ( uv? Ui )
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Fix s < t. With probability 1, mf’t is attained in |s, ¢[ and thus a.s. there exists
no such that

+ _ o+ _ o+
mg, =my, . =mg , forall n > n. (6.8)

Taking the limit, we get (25, U;tt) (el UE ., )a.s. From (6.7) and (6.8), we

Sngstng?  Sng,tng

also draw that (e5,, UZ;) = (8:710715”0, Usfio,tno) a.s. and (i) is proved.

(ii) With probability 1, for all (s,¢) and (u,v) in 2%,

{m;t,t = mitv} C {3no: mfn,tn = mfn,vn for all n > ng}

c {3no:(ef, UL, )=l .. Us ) forall n > ng}
C {Est_guv’Usit U:t}

0

We may now consider the following modifications of ¥ and K* defined for all

s<t,z € R by
62:,25(1‘) = (l‘ + Sgn(x)WSJ)l{tS’@i(m)} + ggfthj,:t]'{t>T§t(x)}’

K;ft(x) = J::I:sgn(a:)Ws,tl{thsi(x)} + (Usi,téws{:t + (1 - Usi,t)(s—Wi:t)l{t>T§t(a:)}

Then, we have the following

Lemma 6.2. (i) The mapping

(5.t 2,w) > (@, w), K5 (2,w))

is measurable from {(s,t,x,w),s <t,x € R,w € Q} into R x P(R).
(i) For all s,t,z, a.s.

@s%t(x) = @§t<x>7 Kgl,[t(x) = K:t@)-
In particular, Theorem 6.2 holds also for the flows @F, K=,

Proof. (i) Clearly
(5.t w) = (Er(w), Ui (w), Wae(w))
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is measurable. For all ¢ > s, we have

{riH(z) >t} ={ i<nf<t Ws., + |x| > 0}

which shows that (s, z,w) — 7.}/(2,w) is measurable and a fortiori (s,z,w) —

7. (z,w) is also measurable. (ii) is a consequence of Lemma 6.1 (i). O

To simplify notations, throughout the rest of the paper, we will denote E‘f’t, U si,t, @'ft, K sjft

Slmply by gél:,tv U:,:tv cpfs‘t,ta K;:t

6.2.3 The construction

In this paragraph, we construct the flows K™ ™ and ¢ as in Theorem 6.1 respec-

tively from (K, K~) and (¢*,¢7). Let

ps = inf{r > s, sup(W, W, ) =1}

s,r S,T

For t € [s, ps], define
pat(1) = exp(ip],(0))
and
psu(e") = exp(i(l + ¢;,(0))).

For z € €\ {1,e"}, define (ps4(2))s<t<p. by

Psp(2) = 2 OWetliqp nrnon

_'_ (gpsyt(]‘)1{zeie(z)ws,7's(z):1} _'_ gpsyt<eil)l{zeie(Z)WSvTS(Z):eil}) 1{7'S(Z)<t§ps}'

where

7o(2) = inf{r > s, ze*@Wer =1 or ¢}

Note that on {7,(2) < ps} N {ze*Wsr = 1}, we have W:TS(Z) = 0 and conse-

quently ¢, .. (»)(1) = 1. By analogy, on {7,(z) < p,} N {ze“®Wers2) = ¢!} we have

W, . =0and so Ps.ru(x)(€1) = €.
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Since (s,w) +— ps(w) and (s,z,w) — Ts(z,w) are measurabe, it follows from
Lemma 6.2 that

(5,8, 2,w) > (2, W) Ls<i<pa())
is measurable from {(s,¢,z,w),s < t,z € €,w € Q} into € (we set by convention

zx 0=1for all z € ¢). Now we consider the sequence
pl=s, o5t = py k>0
and extend our definition for all s <,z € € by setting

05(2) = D Lk coanb )Pt © Pyt s © 0 P, (2):
k>0

Then (s,t, 2,w) — @s4(2,w) is measurable from {(s,t,2,w),s <t,z € €, w € 1}

into €. By the same way, for t € [s, ps], set

m+,m’
Ks,t (1) = U;rt(sexp(iW;t) + (1 - U(:,rt>5exp(7iwsft)

and

ngttm_(eil) = Us_,t(;exp(i(l—l—Ws—’t)) + (1 - Us_,t)éexp(i(l—wsjt))-
Then define
KU™ () = 8 e Lssisponn(a)

mt,m~ mtm=/ i
+ (Ks,t (1)]‘{Z6i6(2)ws,75(z):1} + Ks,t (e l)l{zeif(z)ws,fs(z):eu}> 1{Ts(Z)<t§ps}-

We extend this definition for all s < ¢,z € € by setting
K (6) = S g KIS o K K ().
k>0
Then (s,t,2z,w) — Kgff’m_(z,w) is measurable from {(s,t,z,w),s <t,z € €,w €
Q} into P(¥).
For every choice s; < t; < -+ < s, < ty, s, 1, 1S a(&?jﬂ),e;v, Wywssi <u <wv <)

measurable and the o-fields a(eiv,&?;U,Ww,si <u<ov<t) forl <i<mnare
independent by construction. This implies the independence of the family {¢s, +,, 1 <
i < n} and a fortiori the family {K:;;’mf, 1 < i < n} is independent. Tt is also

evident that the laws of ¢, and K;n;’mf only depend on t — s.
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6.2.4 The flow property for K™ ™ and Q.

To prove the flow property for both ¢ and K™ " we start by the following

Proposition 6.2. Let s € R and S, T be two (fg)rzs—stopping times such that

s < S <T <ps. Then a.s. for allu € [T, psl,z € €, we have

@S,u(z) = PTu° QOS,T(Z)

and

K3o™ (2) = Kgp™ Kpo™ (2).

Proof. First we prove the result for ¢ a.s. on the set of probability 1 (see Lemma

6.1 (if)):
Q= {weQ:V (s1,t1),(s2,t2) € @iam;tl,tl = m;tg,tg = 52&,@ = 522,@}

and simultaneously for all (u, z) in the following sets

Ew = {(u,2):u<7s(2),T <u<psh,

Euy = {(u,2) :75(2) <u, T <u<ps, T <75(2)},
Eaiy = {(w,2):75(2) <u,T <u<ps, T > 75(2),u < mr(psr(2))},
Euy = {(u,2):75(2) <u, T <u<pg,T>75(2),u>71r(psr(2))}

All the equalities below hold a.s. on Q simultaneously for all (u,z). For all z € €,

set Z = psr(2).
(i) Let (z,u) € E;),0 = arg(z). Then as T' < 75(2), we have § ¢ {0,1} and

m(Z) = inf{r > T, Ze«DWrr) =1 or ¢}

_ inf{'f’ Z T, ei(€+e(z)Ws,T+€(Z)WT,T) =1 or eil} = TS(Z)

since €(z) = €(Z). Consequently g ,(z) = @140 ps1(2).
(i) Let (z,u) € E). Then, we still have 77(2) = 75(2) and ¢r1,7,.2)(Z) = @s.74(:)(2)-
Recall that
il
Psu(2) = 0su(D{ps oy 2)=11 T Psul€) Lpg o (m)=eit}
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and
21.0(Z) = 010D lpr iz @21y T 01l ipr @)=}

Suppose for example ©g () (2) = @10p(2)(Z) = 1, then W;TT(Z) =WwZ

5.rg(z) — 0 and
yTS(2
so Wi, =Wy, for all r > 7p(Z)(= 75(2)). From the definition,

psu(z) = psu(l) = explivg,(0)) and r.(Z) = pr.(l) = exp(ipr,(0)).

If Wi, = Wi, =0, then 5.(2) = vr.(Z) = 1. Suppose that W;, = Wi, >0,
then W, > my,, and W, > mg,. Since S and T are two (F}".),>,-stopping times,
we have

Wr > m}u and Wg > mgfu
In other words, (T',u) and (S, u) are in 2% so that €5, = 7., and 91,4(Z) = @su(2).
(iii) Let (z,u) € Eli). Assume for example that ¢g,4:)(2) = 1, then Z = ¢gp(1)

and
eru(Z) = exp(i(arg(Z) + €(Z)Wru))
= exp(i(p§7(0) + e(Z2)Wrn)) = exp(i(e g Wy + €(Z)Wr)).

As T < u < 7p(7), it follows that Z ¢ {1,¢e"} (if Z € {1,e"}, then 74(Z) = T),

€(Z) = e§p and 50 o1,u(Z) = exp(ie§ o (Wy —mf 1)) As Z # 1, we necessarily have

Wg > 0. Thus
p(Z) =inf{r >T: W, —m§,=0or l}ifefp =1

and
r(Z) =inf{r >T: W, — mgT =0or 2m—I[}if E:;T =—1.
The assumption u < 77(Z) implies mg,, = mg ;. and a fortiori ¢7,,(Z) = exp(ic§ ,W{,).
On the other hand,
ps.u(2) = exp(ipg,(0)) = exp(icf , Wg,).

But (S,T) € 2" (from Wg, > 0), (S,u) € 2% (from u < 77(Z) which entails that

W, > 0). Consequently e¢, = ¢, and 50 ¢1,4(Z) = @s.u(2).
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(iv) Let (z,u) € E(). Assume for example that g -5(:)(2) = 1 and first that eg, =
1. Then

mr(Z) =inf{r >T: W, —m§, € {0,1}}.
If Wepiz) — mng =1, then u = 77(Z) = ps and ¢5.(2) = pr.(2) = €.
If Wiz mgT =0, then ¢7,,(2)(Z) = 1 and p7,,(Z) = pr.(1).

¢s.u(1). Moreover Wi, =W

S,rr(Z ):0

Since g r4(2)(2) = 1, we have pg,(2) =
implies W = W, for all r > 77(Z).
Now, if u satisfies Wy, = Wg, = 0, then ¢7,,(Z) = ¢s.(z) = 1. If not, we have
€10 = €5y and @1 (Z) = s.u(2) exactly as in (ii).

Assume that £§ , = —1, then 77(Z) satisfies W, (z) —mg ; = 0 (recall that 77(Z) <
ps) and o1, (Z) = ps.(z) as before.

The result for K™ ™ can be proved by considering

Q = {w € Q: V (Sl,tl) (Sg,tg) € .@i 81 t _ms2 to = Usiltl = Usj;tg}

and the sets £, - - -, E) by replacing pgr(2) by eWsr in E(iy and E;,,). However,

the proof remains similar. O

Corollary 6.1. Let s € R and s < S < T be two (}"K)Qs—stoppmg times. Then,
with probability 1, for allu > T,z € €, we have

@S,u(z) = @1 ° @S,T(Z)

and

KZ.™ (2) = Kgp™ K™ (2),

Proof. Fix k € N and define the family of stopping times 70 = (T'V p&) A phtt, T' =
pri-1,i > 1. Then T% is an (F)V

s )r>s-stopping time for all 4 > 0. Furthermore as

r —— p, is increasing, we have p’§+i <Ti< p’§+i+1 for all i > 0. Applying successively
Proposition 6.2, we have a.s. Vz € €,1 > 0,
SOS,u(Z) = Q0p§+i,u o QOTZ-_17P1§+¢ o---0 QOT()’plgjl o) (ppgTo 9] cp&p ( ) for all u € [pkjLZ TZ]
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and

P kit
Psu(2) = iy 0 Pplitips O O Pro phi1 O Ppk 70 O Pg pk () for all u € [T, pg™™].

On {ph < T < pit'}, we have T% = pi, for all i > 0 whence a.s. on {pf < T < pit'}

Vz €E,
ki

P5(2) = Pyrt 0 Byt s © 0 P © Psr(2) for all u € [, pil, 1 2 0

and

Psul2) = 4 u© Pyiti pi OO Py e O ws1(2) for all u € [ph, pitH1] i > 0.

Now define S* = (T'V p&t) A ph and S+ = pgi i > 1. Then (S%);; is a family

of (FIV),>s-stopping times satisfying pi, < S < pit! for all i > 0. Applying

successively Proposition 6.2, we get a.s. Vz € €,

oru(psr(z)) = P i O Psi i, O 7 O P11 oprs(psr(2)) for all u € [ph, S0 >0
and

Pru(sr(2)) = Psit1400 sir10 - 0pg1 1 opr g1 (psr(2)) for allu € [S™, pi], i > 0.

On {pf < T < pf;“}, we have S = ,0’5“ for all © > 1 and consequently a.s. on

{ph <T < pit'}, V2 € €,

oru(psr(z)) = Ppin uCP st i O 'O@pgﬁ-l’p%ong,pg'Fl(@SJ"(Z)) for allu € [ph, p&t 1 i > 0,
and

QOT,U(QO&T(Z)) = (pplgﬂﬂ,uogopirplgﬂﬂo : -OQOpl§+1,p1TOQ0T’pl§+1 (QOS,T(Z)) for all u € [,Og+i+1, ,Ogj—l],l' > 0.

We have shown that a.s. Vz € €,
Lk <re b1y © wsr(z) = 1{pg§T<p§+1}SOS,u(Z) for all u > T.

By summing over k, we get that a.s. Vz € €,u > T, o1, 0 psr(2) = @su(2). The
flow property for K™ ™ holds by the same reasoning. O
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6.2.5 K" " can be obtained by filtering ©

For all —oo < s <t < +o00, let

K,

u,v?

FLUW = oUf UL W,

u,v? uw,v? u,v

s<u<v<t)=o(K,S

s s<u<wv<t).
Then we have the following

Corollary 6.2. For all z € €, all s <t and all continuous function f,
mt m— +
K™ f(2) = Blf (purDIFG T as.
Proof. Fix s <t,z € €. We have by (6.6) that a.s.

mt - +
Ks,t 7 f<z>1{SStSps} = E[f(@S,t(Z))‘fgt v W]1{8<t<ps} .

A fortiori, if Z is a random variable independent of .7-"SU :’U_’W, then a.s.

mtom— +
Ks,t 7 f(Z)l{SStSps} - E[f(‘»@&t(z)”}—gt v W]1{8<t<p b (6-9)

Let tI' = 3+@,n > 1,i € [0,n] and for i € [1,n] define A,,; = {t] < pi }, Ay =
N, A, Then A, ; € f,fi*l’f{;w. Note that since Kt and K~ are two stochastic
flows, we have fU VoW — =V, ft(é:’%_’w. By Corollary 6.1, a.s.
mt,m~ mt,m~ mt.m~
Ky (2) =K Kt" ot (2)

s,t7

and
SDs,t(Z) =@ 3OO SDs,t;l(Z)-

Recall that the o-fields ]—" Ut U W for 1 < i < n are independent. Then, using (6.9),

we get that a.s.
m+ m— +
K™ f(2)1a, = Blf (sa()|Foy " 1y,
and therefore a.s.

K™ f(2) = Elf (o )FL Y (K™ f(2) = BIf (00 () FLY W) Lag
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To finish the proof, it remains to prove that P(AS) — 0 as n — oo. Write

t—s

P(AG) = D P(A) = Y P =ty > pr — i) = nlP( > po).-
i=1 i=1

Let p* =inf{r > 0: WO{ET = [}. Then

IP’(AZ)STL(IP’ <t;8 >,0+) +IP’<t_TS >,0_>> :2nIP’(t_TS>p+>.

We have p* o inf{r > 0:|W,| =1}. Let T} = inf{r > 0 : W, = [}, then

PAS) < 4nP (=2 > 1)) =4 - =y
nlP | —— =4n ex x
n= n ! t=s /3 P 2z

(see [15] page 107). By the change of variable v = nx, the right hand side converges

to 0 as m — oo which finishes the proof. O

6.2.6 The L? continuity

To conclude that K™"™ and ¢ are two stochastic flows, it remains to prove the

following

Proposition 6.3. For allt >0, x € € and f € C(¥¢), we have

lim E[ (f(pou(x)) — f(@o,t@)))z} = lim E[(Ké”ﬂ;’m*f(x) _ K(ﬁ*,m’f(y))Q] _o.

y—z y—
Proof. By Jensen’s inequality and the preceding corollary, it suffices to prove the
result for ¢ and by the proof of Lemma 1.11 [35] (see also Lemma 1 [20]), this

amounts to showing that

lim P(d(po (), ot(y)) >n) =0forallt>0,7>0and z € €. (6.10)

Yy—x

Fix n > 0,t > 0 and for x € €, 60 € [0, 27, set
Agp = {d(po(x), po.4(e”)) > n}.
For simplicity, we will write 7(x) instead of 7o(z). For € €]0, [, we have
P(A1 ) <P(t < T(ew))+P(A1,9ﬂ{<p077(eie)(ew) =1,t> T(ew)})—i—P(%J@w)(ew) =),
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If t > 7(e") and @ ;o) (") = 1, then @g (™) := @g(1). Thus

P(A1p N {@or(eey(e”) = 1,8 > 7(e”)}) = 0.

From limg o, 7(e") = 0 a.s. and
P(@O,T(ew)(eia) = eil) = P(@ + Wov’f(ew) - l)’

we get limgy_o; P(A19) = 0 and similarly, we can prove that limg_,ox- P(A;9) = 0.
Thus (6.10) holds for = 1 and by the same way for z = ¢*.
Fix z = ¢ € € such that 0, €], 2x[. For all § €]l, 27|, we have

]P)(Ax,@) < Z P<Am,9 N {¢07T($) (SL’) = QOO,T(eiQ)(ew) = Z}) + €

ze{l,ei}

where €4 is given by

P<¢O7T($) (SL’) = 17 ()OO,T(ei@)(ew) = eil> + P<¢O7T($) (SL’) = eilu ()OO,T(ei@)(ew) = 1)

and tends to 0 as 6 — 0. Let prove for example that

eling P(By) = 0 where By = A, N {@o.r(2)(T) = Qo r(ci0y(e”) = 1}.
—bo

For [ < 0 < 6y, write
P(By) =P(BgnN{t <7(x)}) + P(Byn{r(x) <t < T(ew)}) +P(By N {t > T(ew)}).

It is easy to see that

0—0p—

lim (P(Bg N{t<7(2)}) +P(Byn{r(z) <t < T(ew)})) = 0.

Now

P(By N {t > 7(e”)}) = B(Bo{r(c?) <t A priwy}) + P(Bo () {priey < 7(67) < 1})
< ]P)(BG n {T<ew> StEA pT(J:)}) + ]P<p7'(x) < T(‘ew))'

Obviously limg_g, P(pry < 7(€)) = 0. Set Y = gz (), then a.s. on By N
{7(e") <t A pry}, we have, po () = 0r)+(Y) by Corollary 6.1 and 7y (Y) =
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7(€”) < prizy. We recall that @) 5(Y) = @r(2)s(1) for all s € [77)(Y), prz)] and
a fortiori () s(Y) = @r@)s(1) for all s > 7,y (Y) (by the definition of ¢). This
shows that a.s. on By N {r(e") <t A pr()}, we have

d(0.(x), 00.4(€")) = d(pr() (1), Priaya(1) = 0

Finally limg_4,_ P(By) = 0 and by interchanging the roles of §, and 6, we have
limy_g,+ P(By) = 0. Similarly

611_{1610 P(A, 0N {soo,r(as) (z) = <P07r(e¢9)(€i6) = eil}) =0

so that (6.10) is satisfied for all x such that arg(x) €]l,2n[ and a fortiori for all
r€EF. O

6.2.7 The flows ¢ and K™ ™ solve (Ty)

In this paragraph we prove the following
Proposition 6.4. Both ¢ and K™ ™ solve (Ty).

Proof. First we check the result for (.
First step. Let S be an (" )-stopping time. Then for all z € €, f € C*(%), a.s.
vt € [07/)5 - 5]7

Flessu@) = £@+ [ (7 @ssid@)Wssiat s [ Fossila)dn

We begin by x = 1 and first show that (g ¢,,(0), > 0) is a Brownian motion. We
will check the following two points:

(i) For all 0 < s < t, we have

P(Ejsc,Sth = 5§,5+s|m§,s+t = m§,5+s) =L

(ii) For all 0 < s < ¢, the conditional law of €& ¢, knowing (Wg g4y, u > 0) and
0(€6 g4 0 <7 < 5) s (61 + 6_1) on the event {m§ g, <mig, }.

(i) Pick 0 < s < t. Since (Wg s44, v > 0) is a Brownian motion, a.s. (S, S+s), (S, S+
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t) are in 7. Now (i) follows at once from Lemma 6.1 (ii). To prove (ii), recall that

for all s < s’ < t, the conditional law of &7, knowing o (¢} ,,s <u <v < §')Vo(W)

u,v)?

is 5(01 +0-1) on {mJ, <m,}. Note also that a.s. for all (u,v) € 2%,

+ _ - +
Eu,v - u/*)ul}rl}}*)vi 8u’7v/.
Letn>1land 0 <r < - <1, <s. Take a family {f, g1, -, gn} of bounded con-

tinuous functions from R into R and a bounded continuous function h : C(R;,R) —

R. Note that a.s. (S, S +1),(S,5 +1;),1 <i<narein 2" and consequently

CIIERS) | CCNRUURS I

i=1
n
R - -
= qlggo E {f(g laS]+1 LqSJ—l_’_t) H 9i(€ 45 1 LqSJ1+T_)h<WS,S+-)1{m;§s+t<mgs+s}:| .
a g i—1 a 0 g ¢ ’ ’
Using our previous remark, (ii) can easily be completed. Now (i) and (ii) entail that

(¢4 .544(0),£ > 0) is a Brownian motion (see Remark 4.4 [30]). By Itd’s formula, we

have for all f € C?*(%) a.s. Vt > 0,

Flespliogs (0) = F)+ [ 1 explichs,O)Es 5 [ 1 explicd s, (0))du

Tanaka’s formula for local time yields a.s. V¢ € [0, pg — 5],

t
otg (0] = / sen( g0 (0) it 500(0) + Ly

_ +
= Wosp

where L; is the local time in 0 of cp;; 5..(0) and the last equality is satisfied by the
definition of p*. Hence a.s. Vt € [0, ps — 5],
t

¢
‘PJSF,SH(O) :/ Sgn(‘PJSr,S+u(O))dWS,S+u:/ €(¢5,54u(0))dWs 51 4.
0 0

Recall that pgg4(1) = 5.5+ for all t € [0, ps — S], thus the first step holds for
x = 1. The first step is similarly satisfied for z = e and for all z € € \ {1,¢"} by

distinguishing the cases t < 7g(x) — S and t > 75(x) — S.
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Second step. Let S be an (F")-stopping time, G, = o (@ u(z),z € €,0 < u < t),
t > 0. Then o(@s,(stuyrps (), ¢ € €, u > 0) is independent of Gg.

Clearly

0'<<,057(S+u)/\ps (LL’), T EC,u> 0) - U(QOE,SJru(O)v (= 0) \% 0(90575+u<0), (= D)'

Fix 0 < uy < -+ < Uy, then a.s. (5,5 +uy), -+, (5,58 +u,) are in 7 N 2~. Take
a family {fi, 91, -, fu, gn} of bounded continuous functions from R into R and let

A € Gg. Then )
E { H fi<¢§,5+u¢ (0))9i(¢g,514,(0)) IA}

q

= lim E[Hfi(SOTqSJH \_qSJ—1+u.(0))g’i(quSJ+1 \_qSJ—1+u.(0))1A:|-
q_)w i:1 q ) q 7 9 q T

For ¢ large enough (% < uy), we have

W
4 g T

E[Hfi(SOquHl LqSJ71+u,(0))gi(90IqSJ+1 laS]—1 (0))14
i=1 o e ’

— Z E{H fi(¢%7m7—1+ui(0))gi(90@ m—_l+ui(0))1Aﬂ{%§S<m;1}:|

m>0 Li=1 a7
with AN{% < S < mT“} € ng-H C o(pf (), 0 ,(x),r € €,0<u<v< mT“)
Now using the independence of increments and the stationarity of (o™, ¢7), the
second step easily holds.
Third step. ¢ solves (Ty).
Denote p§ simply by p*. For all k € N, a.s. u — ¢, () is continuous on [p*, pF+!]
for all # € €. Consequently for all z € €, a.s. u — @, (x) is continuous on [0, +00]
and in particular, g «(z) is G,» measurable. Now fix f € C*(%),t > 0,2 € € and
define for z € €,

tA(p2—p")
H(f,t)<z) = f(‘ppl,pqut/\(prpl)(z)) - f(Z) - /0 (fl6> (@pl,leru(z))del,leru

1

tA(p*—p")
- 5/ fl/(gopl,puru(z))du'
0
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Then a.s. z —— H(sy)(2) is measurable from € into R. Moreover H .4 is 0(©p1 (o1 fuynp2, U >
0) measurable and H s (2) = 0 a.s. for all z € ¢ by the first step. The second step
yields H(s4 (o1 (z)) = 0 a.s. and we may replace z by ¢ () directly in the

stochastic integral so that, using the flow property, we get

tA(p?—p")
F(Gopsnprm(@) = Fon() + / (F') (ot sul@))dW 1 s

1 [the*=pt) ,
[ P
0

pL+EA(p?—pt) prHtA(p2—pt)
- f@+ [ (Feane)d,+3 [ (o))

By induction, we have a.s. Vk € N,

k1

pF+tA(p P
F(@opsinprrip (@) = fl2)+ / (F'6)(Gonul))dW,

1 PR =R ,
+ 5 7 p0uli))d
0

This implies that ¢ solves (T%). The fact that K™ ™ solves (Ty) is similar to

)

Proposition 4.1 (ii) in [36] using Corollary 6.2. O

6.3 Coalescence (Proof of Proposition 6.1)

For r > 0, we denote Woj; simply by WE. For all a € R, b > 0 define
T, =inf{r > 0: W, = a}

and
pif = inf{r >0: W= =0b}.

We will further need the following

Lemma 6.3. For alla > 0,b>0,c <0, we have P(T, < p, NT.) > 0.

Proof. Fix n €]0, % A (—c)[ and let k > 1 such that kn > a. Now define the sequence

of stopping times (R;);>o such that Ry = 0 and for ¢ > 0,

Ri+1 = inf{'r Z RZ . |Wr — WR¢

=1}
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Let A = N_ {Wg, = Wg,_, +n}. Then on A, sup,p, W, = kn > a and for all
1€ [O,k’ - 1],’LL c [RiaRi-i-l]a

W,

=supW, —W, = sup (Wy—W,) <2n<b.

r<u R;<s<u
Moreover info<,<g, W, > —n > ¢. Since A C {T, < p, AT,} and P(A) = 5, this

proves the lemma. O

Let a > 0. Since {7, < p, NT_.} C{T, < p, }, we deduce that P(7, < p,) > 0.

Obviously pf < T,. Since W 'Y _W, we have P(pf < py) = Plp, < pi) = 3.

Remark also that
prANpy =inf{r>0: W+ W=~ =a}.

This shows that on {pf < p, }, we have ijr = 0 and similarly on {p, < p}}, we
have W;C = 0.

6.3.1 Thecasel =

The case | = 7 is the easier one.

Lemma 6.4. With probability 1, for all x € €, we have

<p07p¢(:c) = —1, KT () =04

0%
and
m+,m_
Po,- () =1, Ko,p; (x) = 0.
Proof. The proof is obvious. O

To prove Proposition 6.1, consider the sequence of stopping times given by g = 0

and for £ > 0,
Ooryp1 = inf{u > o9, : W =7} 0opy0 = inf{u > ooy W, =7}

02k ,U O02k+1,U

Then (ook1+1)k>0 (resp. (o9x)r>0) satisfies (1) (resp. (2)) of Proposition 6.1.
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6.3.2 The case | # 7
We fix 6 > 0 such that 0 <[ —90 <1+ 6 < m. For s,a € R define
Tso=1inf{r>s: W, =a}

and

Pes = nf{r >s: W =4}

For any (]—"&[,/ )-stopping time S, let

As ={Tsam-1) <Ts—1 N pgs}-

Then, we have
Ag = {ps.(e7") reaches " before 1 and before that ¢g,.(e") arrives in ') or ei(l_‘s)}.

Define the sequence (oj)r>0 of (fovg)tzo-stopping time by oy = 0 and for & >

0,001 = T, a1 (= 7, arg(e—1)—arg(eit))- Then set, for k& >0,
Cr = {VVJLPWC = l} N Apak'

Note that the events {W; poy = [} and A,, are independent. The following propo-

sition describes what happens on CY.
Proposition 6.5. With probability 1, for all k > 0, on C}., we have

(i) Yo € C, arg(po, p,, (7)) € [I,27 —1].

(i) Y € € with arg(x) € [I,2m — 1], we have ¢, 4, (r) = €.
(i11) VT € C, Doy, (T) = €.
. i mt,m~
(W) Yz € €, ¢o,0,., () = €, Koo (@) = e
Proof. We take k = 0 (the proof is similar for all k) and denote py simply by p.
(i) Fix z € €. If 7o(z) < p, then oo ,(z) € {po,(1),¢0,(e")}. On Cy, we have
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W =1land so W, =0 (see the lines after Lemma 6.3). Consequently ¢ ,(e") = 0
and g ,(1) € {e, e},

Suppose p < 1p(x), then necessarily arg(z) €]l, 27| and

wo,p(x) = exp(i(arg(x) — W,)) = exp(i(arg(x) —  — inf W,)).

0<u<p

Since p < 79(z), we have arg(z) _ogﬁp W, < 27 and therefore arg(yy ,(z)) < 27w —I.
It is also clear that arg(wo,(z)) > [ which proves the first statement.

(ii) Let z € ¢ with arg(z) € [I,2n—I]. Then as ¢,.(e~") arrives to " before 1, ¢, ()
reaches e’ before o1. Let h be the greatest integer such that pZ(: ph“) < g;. Then
Cpoi (T) = @pr+1 5, (y) Where y = @, na1(x). Clearly 7n1(y) = 7,(x) < o1. There-
fore @pq, () = @pue1 4 (€1). But =W, 4+ 2(x — 1) > W, for all u € [p,01] and so
W, =0.As p"™ > p, we get W i1 5, = 0. That is ©por(x) = €.

(iii) and (iv) are immediate from the flow property (Corollary 6.1) and (i), (ii). The

result for K™ ™ can be proved by following the same steps with minor modifica-

tions. [l

Since oy, is an (fovg )e>0-stopping time, the sequence (Cj)g>o is independent and
satisfies P(Cy) = P(Co) = P(Ag) x P(W = 1) for all k¥ > 0. By Lemma 6.3,
> =0 P(Ck) = oo and the Borel-Cantelli lemma yields P(limCy) = 1. We deduce

that with probability 1,
00,0, (€) = el and K™ (€¢) = d.u for infintely many k.

0,0

Lemma 6.5. Let
ko(w) =0, kpi1(w) = inf{k > k,(w) : w € Cy}.

Set o), = ok,,n > 1. Then (0}, )n>1 is a sequence of (FyY )i=o-stopping times such that

a.s. lim,_ 0}, = +00 and gy (z) = e, Ké?;,’m_(:p) = gt forallz € €, n>1.
Proof. Remark that C) € fg‘:ﬂ for all k > 0. For all n > 1,t > 0, we have
{Ukn S f}} = Ukzl{o'k S f}, /{Zn = k}
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It remains to prove that {k, = k} € f;’g ..~ We will prove this by induction on n.
For n = 1, this is clear since {k; = 1} = C} and for k > 2,

{ky=k}=C{n---NnC;_;NC.
Suppose the result holds for n. Then for all k > 2,
{knt1 =k} = Uicicer ({kn =} N CF 0+ CF_ N Gy

and the desired result holds for n + 1 using the induction hypothesis.
O

We have proved Part (1) of Proposition 6.1. Part (2) can be deduced by analogy.

6.4 The support of K™ ™

In this section pf and K mTm” will be denoted simply by pF and K.

6.4.1 Thecasel =

When m* and m~ are both different from %(50 + 01), a precise description of
supp(Ko¢(1)) can be given as follows. Recall the definition of the sequence (o )k>0

from Section 6.3.1. Then
supp(Ko¢(1)) = {eiwfgk’t, eiiwf’gkvt} for all o9 <t < 09141

and

W_. i(r—W,

supp(Ko+(1)) = {ei(wr "%H’t), e C;2k+1’t)} for all o9py1 <t < ogppa.

In fact for all s <'t,
supp(K, (1)) = {1 et}

with X, being the unique reflecting Brownian motion on [0, 7] (see [0]) solution of

Xs,t :W&t—i—Lg,t—Lﬂ— tZ S,

s,t)
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and

1 t
L?,t = lim —/ ]‘{‘Xs,u*ﬂﬁs}dua T = 0’77.

e—0+ 2
Ifm™=m = 5%, then K is a Wiener flow such that K (1) = %(561)(” +0,-ix,.)

for all s < t.

6.4.2 The case [ # 7

From the definition of K, K (z) is carried by at most two points for all k& > 0,

t € [pF, p"TY, 2 € €. Tt is therefore clear that a.s.
Vt >0, v € ¢, Card supp Ko (z) < o0.

We assume in this section that m™ and m~ are both distinct from 1(dy + d;) (for
the other case, see Remark 6.1 below).

Fix a decreasing positive sequence (ay)>1 such that oy < inf(l,2(m—1)). Now define
A ={ W(;,Lpl =} and for k > 1,

o = 1, Qo < sup W1, < age_1}
p2k—1§u§p2k

A2k - {szk717

p

= {VVP_%_I7 o2k = I, =1+ ag < Wp2k—1,p2k < =1+ Ozgk_l},

A = {WH =1, —ag < inf Wk, < —av
2k+1 { p2k p2k+1 ) 2k P2 << p2k 1 PR 2k+1}
_ + _
= {Wp%,p%“ = l, [ — a9 < [/[/p2k’p2k+1 <l- OéQkJrl}.

We are going to prove the following
Proposition 6.6. Let C,, =N, A;. Then for alln > 1,
(1) P(Cn) >0,
(11) Card supp (Kom(1)) =n+1 a.s. on C,.
Moreover a.s. for all k > 0,

(ii1) On Chy,
supp (Ko 20 (1)) = {P?*,1 <i <2k +1},
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with arg(P?*) < arg(P?F) for all i € [1,2Kk],

P12k _ 1’ P22k _ eZzland PZZIf-H — el(—l_WPQk—lm%)'

(ii2) On Coiiq, we have
SUpp (K07p2k+1(].)) = {Pfk—’—l, 1 <i<2k+ 2},

with arg(P*M) < arg(PZEM) for all i € [1,2k + 1],

2k+1 _ al 2k+1 i(2l*W 2k 2k+1) 2k+1 _  —il
Pl =" Py =e P2op and Pyl = e,

To prove this proposition, let first establish the following

Lemma 6.6. Fiz 0 < a < 3 <[ and define

E={W =la< sup W, <3}

0<u<p

where p = inf{r > 0 : sup(W,", W) =1}. Then P(E) > 0.

Proof. Recall the definition of T, from the begining of Section 6.3. Consider the

event
F={T, < Tz <Ts}Nn{after Ts_;, W reaches a — [ before 5 — [ + a}.
Clearly P(F') > 0. Note that p can be expressed as

p=1inf{t >0: sup W, — inf W, =1}.

0<u<t 0<u<t

On F', we have Ts_; < p <T,_; and so o < sup W, < 3. Moreover, on F'
0<u<p

+ _ g _ _ _
WS =W, inf W,<f-l+a—(a-1)<f<L

p

In other words W~ = [ which proves the inclusion /' C E and allows to deduce the

lemma. ]
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Proof of Proposition 6.6 (i) The sequence (A;);>; is independent and therefore
we only need to check that P(A,,) > 0 for all n > 1. But this is immediate from
Lemma 6.6 for n even. By replacing W with —W it is also immediate for n odd.
(ii) We denote the properties (iil) and (ii2) respectively by P and Poyq. Let prove
all the (P;);>o by induction. First Py and P, are clearly satisfied since Ko o(1) = d;
and supp Ko ,1(1) = {e”, e} on Cy. Suppose (P;)o<i<2x hold for k > 0. On Coyyy,

2k+1

K 2 (") cannot reach d.a before p**™! since

p

+ ok  2k+1
W, < W5, <lon 1p7", p™ .
Moreover, on Coy1,

2k—W

sup (2r—1-W p

p?E=1p
p2k Su§p2k+1

2k7u) =27 — (W

p2h—1 2k + Wp2k7p2k+1) < 2.

2k+1

Thus, on Copyq, K ka,_<P22]f+1) cannot reach d; before p and Py easily holds.

2k+2

Similarly, on Cay g, K p2k+1’_<€_il) cannot reach d, before p since

2k+1 2k+2]
s .

W arin > =Wk on lp p

Moreover, on Copy2, we have Wk jors14+W 2641 p2e2 < 0 and therefore Kp2k+1,_<P22k+1)

cannot reach e? before p?**2 so that Py o holds.
Remark 6.1. When m*™ # m~,m~ = (6 + 61), by considering
E2i+1 — A2i+1,i Z O, EQ@' — AQZ' ﬂ {Kp%fl’p% (6”) — 51},i Z 1,

and then F,, = Mi<i<p L, we similarly show that supp(Ko.(1)) may be sufficiently
large with positive probability.

6.5 Unicity of flows associated to (7%)

Let K be a solution of (T%). Fix s € R,z € €, then (K,(x)):>s can be modified
such that, a.s. the mapping t — K () is continuous from [s, +oo[ into P(%). We
will always consider this modification for (K (x)):>s. Moreover we will assume that

all the o-fields which will be considered contain all P negligible sets.
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Lemma 6.7. Let (K, W) be a solution of (T). Then

(i) Vz € €,s € R denote 7,(x) = inf{r > s, xe’@Wsr =1 or ¢'}. Then a.s.
Ko(x) =0 icoyw,, if s <t < 75(T).
(i1) o(W) C o(K).
Proof. (i) We follow Lemma 3.1 [36]. Fix z € % and suppose for example that
arg(z) €]0,[. Define
¢t ={2€% arg(z) €0,l[}, € =€\ € (6.11)

and
Tp=1inf {t > 0: Ko (2,¢") > 0}.
Let f € C%*(%) such that f(z) = arg(z) if 2 € €. By applying f in (T%), we have
for t < 7,
Ko f(x) = f(x) + W,
and a fortiori, for t < 7,

[garg(y)Koi(x, dy) = arg(z) + W,. (6.12)
By applying f? in (T ), we also have for t < 7,
Ko f*(z) = f2(x) + Z/Ot/garg(y)KQu(x,dy)qu +t.
Using (6.12), we obtain that for ¢ < 7,

LL@@@—%@@—“@“@@szo

By continuity a.s.

Ko1(z) = 0 picw, for all t € [0, 7,].

The fact that 79(x) = 7, easily follows.
(ii) Let (fn)n>1 be a sequence in C%(¢) such that f/(z) — €(z) as n — oo for all
z €€\ {1,e'}. Applying f, in (Ty), we get

[ Kaalef W, = Koufult) = 501 = 5 | Koo
0 0
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It is easy to check that fot Ko (ef))(1)dW,, converges towards W, in L*(PP) as n — oo

whence

vmzyg(Kwhayjun—%AU@dynm)mlﬂm

which proves (ii). O

6.5.1 Unicity of the Wiener solution.

Our aim in this section is to prove that (Ty) admits only one Wiener solution (such
that o(W) C o(K)). This solution corresponds of course to m*™ = m~ = d. For
this, we will essentially follow the general idea of [32], namely the Wiener chaos
decomposition. Let p be semigroup of the standard Brownian motion on R. Then

the semigroup of Brownian motion on € writes

Pi(e™ e") = Zpt(x, y+ 2kn), xz,y € |0,2n].
keZ

For all f € CY(¥), we easily check that Pf € CY%) and (P, f) = P.f’. Let
Af =1f", f € C*€) be the generator of P.

Proposition 6.7. Equation (Ty) has at most one Wiener solution: If (K, W) is a
solution such that o(W) C o(K), thenVt > 0, f € C(¥¢),z € €,

Ko f(x) +ZJ" ) in L*(P)
where
st = [ Pa(D(Pas-ay -+ DBy D) @)W - dWWo, (613)
0<s1< <8<t
no longer depends on K and Df(x) = e(z).f'(x).

Proof. Let (K, W) be a stochastic flow that solves (Ti) (not necessarily a Wiener

flow). Our first aim now is to establish the following
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Lemma 6.8. Fiz f € C®(¢),x € €. Then

K(]tf(

/KM (Pruf)) (2)dW,

Let f € C®(%¢),z € € and denote K, simply by K;. Note that fot K (D(P_yf))(x)dW,
is well defined. In fact

/OE[Ku(D(Pt_uf))(x)]QdUS/O Pu((D(B_uf))z)(l“)dUS/O |(Pr—uf)'| 2 du

and the right-hand side is smaller than ¢||f’||%,. Now

n—1
Kt / K Pt uf )( )qu - (K(z)-H)t Ptf (p+1)t f—K%tPt_%tf)(l‘)
p:(] n n
-1 (p+1)t (17+1)t
Z / (Preu=P,_ene) f)(@)dW, Z D(P,_@sue f)()dW..
:0 n : n

For all p € {0,..,n — 1}, set f,, = P,_

(p+1)tf € C™(%) and so by replacing f by
Jon in (T%), we get

(p+1)t

(p+1)t
KD A @AW = Ko fyale)

ot z) = Kot fn(z) — /_ Ko (Afyn)(z)du

n

(p+1)t

= K(H_nl)tfp,n(x) - K%fp,n(x) - o (K — K%i)(Afp,n)(x)du-

K (Afy)(@) -

Then we can write

Kof(x) — Puf( /K (Prowf))(@)dW, = Ay(n) + Ag(n) + As(n),
where
! ¢
Al(n) Z % t_%tf_Pt,(P‘Finl)tf_ EAPt,Wf]("E)
- (p+1)t
Asn) = - / KuD((Pros = Py i) f) (@)W,
p=0 %t "
n—1 (p+1)t
Ag(ﬂ) [n (Ku - K%)APFMf(:L’)du
p=0 n
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Using || Kug|loo < |]9]]s if g is a bounded measurable function, we obtain

—_

3

[Ar(n)] <

t

Pm;l)t[P%f—f—%-Af]H <n

Pif—f- %AfH

o0

=3
I
o

Since f € C*°(%), this shows that A;(n) converges to 0 as n — 0o. Note that Ay(n)
is the sum of orthogonal terms in L?*(P). Consequently

n—1 (p+1)t 2

A2 (n)|[Z2e) = Y

p=0

. KuD((Pt—u - Pt_w)f)($)dwu

n

L2(P)
By applying Jensen’s inequality, we arrive at
1 (p+D)t

1 As(n) Z/ PV (2)du

pt
p=0""n

t t

where V,, = (P_o.f) — (P,_win f) = P_of' — P, e f'. For all u € [%t, (p+—nl)t], we

have

2
PVE(w) < IVl 2 = | <P S = TR

Ptf (p+1)t (P(Hl)tfuf/ - f/)

Consequently

(p+1)t

| Ag(n ||L2(p<z / [Poenef — F|2du =n / 1Puf = F|du,
n 0

and one can deduce that As(n) tends to 0 as n — 400 in L*(P). Now

(p+1)t

HAg Ku — K%)AP_(ZPH)t f(l’)du

t

pt

n

L2(P)
Set hyp, = AP, e f. Then hy,,, € C®(%) for all p € [0,n — 1]. By the Cauchy-

t

Schwarz inequality

N[

n—1 (p+1)t
[As ()] |2y < J{Z/_ (KU—K%)h,,,n(x))ﬂdu}

174



If u € [2t, @),

B((Ky = Kut)hyu(2))’] < E[Ku(Kut hpn = ) (2)]
< E[Ku(Ku by, = 2hp B eyl + 1) ()]
< Po (Pwehly = 2Py by, +12,) (@)
< Pu_sthy = 2hpnPy_sthypn + byl
< 2 rpllool [Py zthpn = hpnlloo + 1Pzt — iyl

Therefore ||Az(n)||r2@) < VE(2Ci(n) + Cy(n))z, where

n— (p+1)t

1 (p+1)t
Ciln) = S llhpalle [, " IIPucsehon = o
p=0 %
and
n—1 (p+1)t
Co(n) = ZL 1P, 2, — 12, ||du.
p= n

From [[fpalloe < 1Afloe and [P,y — hpalloc < 1P, i Af = Af||oc, we get

(p+1)t

n—1 )t t
Cm) < IAfI S [ I1Pu AT = Afllatu < ATl [ 11P5AF = Afllnds.
p=0

As Af € C*(%), C1(n) tends to 0 obviously. On the other hand, 2, € C**(%) and

SO

n—1 t n—1 t s
1 1 n
Colw) =3 [P~ 12 s < 5o [ [ 1002, s
p=0 p=0

Now we easily verify that hy,,,h;,,,h;, are uniformly bounded with respect to n
and 0 < p <n—1. As aresult Cy(n) tends to 0 as n — oo. This establishes Lemma
6.8.

Assume that (K, W) is a Wiener solution of (T%) and for t > 0, f € C*(¥),z € €,
let Koif(x) = Pof(x) + > .2, J'f(z) be the decomposition in Wiener chaos of
Ko f () in L2 sense (recall that Ko, f(z) € L*(Fa>) ). By iterating the identity of

Lemma 6.8, we see that for all n > 1, J f(z) is given by (6.13). O
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Consequence: Let (K, W) be a solution of (Ty) and K" be the unique Wiener
solution of (7). Since o(W) C o(K), we can define K* the stochastic flow obtained
by filtering K with respect to o(W) (Lemma 3-2 (ii) in [35]). Then, Vs < t,z € €,
a.s.

K3 y(2) = B[Ko(x)|o(W)].

As a result, (K*, W) solves also (T ) and by the last proposition, Vs < t,z € €, a.s.

E[K(x)|o(W)] = K (z). (6.14)

6.5.2 Proof of Theorem 6.1 (2)

From now on, (K,W) is a solution of (Ty) defined on (Q, A, P). Let P =
E[K§}'] be the compatible family of Feller semigroups associated to K.

A stochastic flow of mappings associated to K.

Let (P™¢),>1 be the family of compatible Markov semigroups associated to (P"),>1

by Theorem 4.1 [35]. Then we have

Lemma 6.9. (P™°),>; is a compatible family of Feller semigroups associated with

a flow of mappings ¢°.

Proof. For each (x,y) € €2, let (X7, Y!)>0 be the two point motion started at
(z,y) associated with P? constructed as in Section 2.6 [35] on an extension Q x

of Q such that the law of (X7, Y}) given w € Q is Ko (x) ® Ko(y). Define
T .= inf{t > 0: X7 =Y/'}.
By Theorem 3.3, we only need to check that: Vt > 0, > 0,x € €,
ZEI_I’)IQIC PH{T™ >t} N {d(X},Y!) >¢e})=0 ().
Recall that for all 0 <t < p (:= py),

1
K(I)/Z(l) - 5(5eiwt+ + 567th+)'
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This shows that Ko ,(1) is supported on {5eiW§r’5e—iW§r} and so X} = Wi or =W
for all 0 < ¢t < p. Moreover, if y ¢ {1,e"}, then X} = ye=®W: for all 0 < t <
7(y)(:= 10(y)) by Lemma 6.7 (i).
Fixt > 0,6 >0 and let A ={T" >t} N {d(X},Y}) > e} where y is close to 1 and
y # 1. Write

PA) =P(AN{t <7(y)}) + P(AN{t > 1(y)}).

Since 7(y) tends to 0 as y tends to 1, we have lim, 1 P(AN{t < 7(y)}) = 0. Moreover

P(AN{t>7(y)}) <P(B)+P(X? , =¢€").

()

where B = AN{t > 7(y), Xf(y) = 1}. Obviously
P(B) <P(BN{r(y) < p}) +P(r(y) = p)

with lim, 1 P(7(y) > p) = 0. On BN {7(y) < p}, we have X!

_ Yy _
() = Xry = landa

fortiori TH% < 7(y). As a result
P(BN{r(y) <p}) <Pt <T™ <7(y)).

Since the right-hand side converges to 0 as y — 1, (C) is satisfied for x = 1 and
by analogy for z = €. Let z ¢ {1,e"'} and y be close to x, then X% and XV
move parallely until one of the two processes reach 1 or e say at time 7. Since
P? is Feller, the strong Markov property at time 7' and the established result for
x € {1,e"} allows to deduce (C) for z. O

Consequence: Let v (respectively v¢) be the Feller convolution semigroup asso-
ciated with (P"),>1 (respectively (P™°),>1). By Theorem 3.4, there exists a joint
realization (K1, K?) where K' and K? are two stochastic flows of kernels satisfying

K e, K? " K and such that:

~

(i) Koi(z,y) = K}, (z) ® K2,(y) is a stochastic flow of kernels on €2,

(ii) Forall s <t,x € €, as. KZ,(x) = E[K],(z)|K?].
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For all s <t, let

~

Fop=0(Kyps Su<v<t), Fiy=o(K,,,s<u<v<t), i=12

u,v)?

Then f57t = F.,V FZ,. To simplify notations, we shall assume that ¢° is defined on
the original space (2, A, P) and that (i) and (ii) are satisfied if we replace (K, K?)
by (0, K). Recall that (i) and (i) are also satisfied by the pair (d,, K™ ™) con-

structed in Section 6.2.3. Now (ii) rewrites, for all s < ¢,z € €,
Ksi(x) = Eldge )| K] a.s. (6.15)
and using (6.14), we obtain, for all s < ¢,z € €,
Kl (x) = Elbge )|o(W)] a.s. (6.16)

with K" being the Wiener flow associated with m*™ = m~ =

N[

The law of (K, ¢°).

For all s < ¢, define fﬁ = 0(Kyu,s < v < u < t) and recall the definition
f% =0(Wyu,s <v <wu <t). Assume that these o-fields are right-continuous and
include all P-negligible sets. When s = 0, we denote F{5, Fy), simply by Ff, FV.
For each each © € ¥, recall that ¢ — Kg(z) is continuous from [0, +oo] into
P(€). We denote by P,, the law of this process which is a probability measure on
C(Ry,P(€)). We begin this section by the following Markov property

Lemma 6.10. Let x,y € € and T be an (F[);>o-stopping time. On {Kor(x) = 6,},
the law of Kor.(x) knowing F¥ is given by P,.

Proof. Let p > 1,0 <t < --- <t, and g,q1, -+, gp be p+ 1 Lipschitzs functions
from P(%) into R. Let A € FX and [T, = inf{ : & > T}. Since K is a flow, we

may write
p e8] p
E[Hgj<Ko,T+tj<x>>g<Ko,T<x>>1A] = lim 3B | [ s(Ko o0y @)Ky s, (2))1
j=1 i=1 j=1

= lim E[G(Kor,())g(Kor, (7)) 1]

n—0o0
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where G(u H Jj uKot and (K is the probability measure p K (+) f(p p(dxe) K (x,

for all kernel K and i € P(€). Suppose for the moment that G is continuous on
P(¥), then

P
H (Kozss,(2)g(Kor(x))1a] = E[G(Kor(x))g(Kor(x))1a].
By an approximation argument,
p
H (Ko,r44,(2)) Lro p(2)=5,3 La] = E[G(0y) L1 p(w)=5,114]

which proves the lemma. To check the continuity of GG, suppose for simplicity that
p = 1. Let p, puy, € P(€) such that limy_ d(pu, 1) = 0 where d is the distance of
weak convergence defined by (6.3). As g; is Lipschitz, it sufficies to prove

lim E[d(pxKor, pEKor)] =0 (¢ :=1y). (6.17)

k—o0

Recall the definition P/ = E[K{}'| and let f € C(€). Then

</ Ko+ f(2)ug(de) — /Ko,tf(x)u(d:c))z

2 / P2(f ® ). y)uu(dz)u(dy) + / P2(f ® f) (. y)u(da)u(dy).

- / PA(f @ f)(@,y)m(de) e (dy)

As P? is Feller, it is easy to deduce (6.17). O
Recall the definitions of € and €~ from (6.11) and set for all s < ¢,
Ul =K (1,67), U, = Ko(e",€7).
For s = 0, we denote U(ft, Uy, simply by UF, U7 . Let
pt=inf{r >0: W =1}, L=sup{rel0,p"]:W'=0}
Thanks to (6.16), on the event {0 <t < p*}, as.

1, .+ it
E[dpg’t(lﬂg(W)] = 5(6 Wi + e Wi )
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This shows that ¢f (1) € {eW =W ) for all 0 < ¢ < pT. Let h € C(€) such that
Va € [—1,1], h(e"™) = |x|. Using (6.15) and the continuity of ¢ — Kj,(1), we have
a.s.

Kou(go h)(1) = g(W;*) for all g € Co(R) £ € [0, 5]

Thus a.s. Vt € [0, pT], Ko:h(1) =W, and p* can be expressed as
pt =inf{t >0: Ky;h(1) =1}.
Define the o-fields:
Fr— =o0(Xg, X is a bounded ‘7:&[,/ — previsible process),

Fry =0(Xp, X is a bounded ‘7:&[_/ — progressive process).

Then Fry = Fr_ (see Section 4.4). Let f : R — R be a bounded continuous
function and set

X = E[f(UN)|o(W)]Ljoze<, -
By (6.15), the process U™ is constant on the excursions of W out of 0 before p*.

Lemma 6.11. There exists an F"W -progressive version of X denoted Y that is con-

stant on the excursions of W+ out of 0 before p* and satisfies Y, = Y,+ a.s.

Proof. We closely follow Lemma 4.12 [36] and correct an error at the end of the
proof there. By induction, for all integers k& and n, define the sequence of stopping

times Sy, and T}, by the relations: 7j,, = 0 and for k > 1,

Sk,n = inf{t Z Tk—l,n . Wt+ = 2—n}’

Tkﬂ = inf{t Z Skﬂ : Wt+ = 0}
In the following Uy, will denote Ug . On {t € [Sn, Thn[,t < pT}, we have
Ut = Uy, as. Let Xy = E[f(U)IW]ls, . <pty. Since 0(Ws,  wis,,,u > 0)

is independent of F& | we have Xy, = E[f(Ukn)|F¢ |l(s,,<p+} which is Fg
measurable. Set [, = Ukzl[Skm, Ty.n| and define
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;

Xin if t € [Skn, Tin| (for some k) and ¢t < p™,

XP=170) iftesno,pt)

0 if t > pt.

0
Then X" is FW-progressive. For all ¢t > 0, set X; = lim sup,,_,., X{. The process
X is FW_progressive and for all ¢t > 0, X, = X, as. In fact, on {0 < ¢t < p*t},
choose ko and ng such that t € [Skyngs Thonols then X{° = Xy, n,- For all n > no,
there exists an integer [, such that t € [S), ,, T7,, n[. Thus X} = X, ,, = X0, Since

Skome and Sy, ,, belong to the same excursion interval of W™ containing also . Now

set Yy = £(0),Y; = limsup,,_,. X, 1 for all t > 0. Then Y is a modification of X
which is F"-progressive and constant on the excursions of W7 out of 0 before p*.

Moreover Y, = Y, + a.s. O

We take for X this 7" -progressive version. Then X+ = E[f(U%)|o(W)] is Fr+

measurable.
Lemma 6.12. E[X+|F.-] = E[f(U,)].

Proof. Let S be an F"-stopping time and dg = inf{t > S : W;* = 0}. We have
{S < L} ={ds < pT} (up to some negligible set) and so 1{s<p} is Fy'y -measurable.
Let H = dg A pt, then

E[Xp+1{ds<p+}] = E[f<UE+K>1{ds<p+,K0,H(1)=51}]'

where K = inf{r > 0: Ky y+.h(1) = l}. Applying Lemma 6.10 at time H, we get

BIX La, <)) = BUFUS)ELagpt o wr=sny] = ELFUS)IB(ds < p*).

Since the o-field Fj_ is generated by the random variables 1;g<r) (see [17] page
344), the lemma holds. O

The previous lemma implies that U;r+ is independent of o(W) (Lemma 4.14 [36])

and the same holds if we replace p™ by inf{t > 0: W;" = a} where 0 < a <. For n
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such that 27" < [, define inductively T(fn =0 and for £ > 1:

S, = f{t >T,7, W =27}

Ty, = inf{t>S; W7 =0}

Set V+ = U7, . Then, we have the following

Sin’
Lemma 6.13. For all ¢ > 1, conditionally to {S}, < p*}, Vii,,--- VI W are

Y q,n’

independent and Vfrn, -, Vb have the same law (which depends on n but no longer

depends on q).

Proof. We prove the result by induction on ¢. For ¢ = 1, this has been justified.
Suppose the result holds for ¢ — 1 and let (f;) be an approximation of € as in the
proof of Lemma 6.7 (ii). For a fixed ¢t > 0,

WT;lnt+T;1n _jllrglo( 0t+Tq+1an< ) — OT;M / K0u+Tq+1n ’(1 )du) in L*(P).

On {S;,, < p"}, we have K+ (1) =6, and therefore,

W, .
Tq 1nt+Tq 1,n

=t (Kurg, 50 = 500 =3 [ Kouury, J00) (619
in L*(P(.|S, < p")). As27" < I, {S}, < p*} ={T,7,, < p"} as. Choose a family
{91, , 94,9, h} of bounded continuous functions on R. Using (6.18), an application

of Lemma 6.10 at time thl,n shows that

t+T+

q
E(S;f,ng,fr) [H gi(U;vL;r )g(Wt/\T;IR)h(WTgln ; 1n)]
i=1 " ’

q—1
= E(S;{,ngpﬂ [H gz‘(U;—:r )g(VVtATq+ L n) E[h(Wt)]E[gq(U;+ ).
i=1 " o

Since {S,, < pt} C {S}, < pT}, we have by the induction hypothesis

q—1 q—1
E(s+ <p+) [H 9:(U S+ )g(VVmTq+ M) = E(s;_l’ngpﬂ [H gi(U;,} ) E(s;nngr)[g(Wt/\T; m)]
i=1 i=1 "

In conclusion
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q
E(s;ngpﬂ [Hgi(U;}n)g(Wt/\T+ V(W T )]

q—1,n q—1,n> q—1,n
=1

Bty [9Woye IV v )] Plan(U3 )}

q—1,n> q—1,n

q—1
H gi(U;} )
i=1 "

The last identity remains satisfied if we replace g(Wy,r+ Jh(Wp+
qg—1,n

q—1,n>

= Est <o)

t+Tq+_1m) by a
finite product
HizlgZ(V[QiAT;M)hZ(WT;M’t#T;M). As a result, for all bounded continuous ¢ :

C(R,,R) — R,

E (st <pm)[9W)]Elgy(Ugs ).

q
E(ngﬁngpﬂ [H gi(U;Ff )g(W)

i=1

q—1
i=1 '

Iterating this relation, we get

E(S&fnSp*) [H gl(U;}n)g(W)] = HE[gi(U;}n)]E(s;ngpﬂ[Q(W)]-

1=1 i=1

In particular, for all 7 € [1, ¢,

Est.<pt) [gi(U;%n)] = E[gi(U;fn)]'

This completes the proof. O

Let m;} be the law of U, and m* be the law of U;" under P(.[p* > 1). Then,

we have the

Lemma 6.14. The sequence (m;}),>1 converges weakly towards m™. For all t > 0,

under P(:|p™ > t), U and W are independent and the law of Ut is given by m™.

Proof. For each bounded continuous function f : R — R,

E[f(Ut+)|W]1{0<t<p+} = nILII;OZE[1{t€[5;n,T;n[}f(V;:n)|W} Lio<t<p+y
k

= Jm > Leist, it ot (/ ! dm;)
k
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with lim ¢,(¢) = 0 a.s. Consequently

. 1
lim. fdmy = WEU(U?L)HN»}]-
The left-hand side no longer depends on ¢, which completes the proof. O

We define the measure m~ by analogy. Let p~ = inf{t > 0 : W, = [}, then for
all t > 0, under P(:|p~ > t), U; and W are independent and the law of U; is m™.
Recall the definition p = inf(p*, p~). Then the law of U, (respectively U, ) knowing
{0 <t < p} is given by m™ (respectively m™). Note that ¢° is constructed such
that for all 2,y € € a.s. ¢f () and ¢ (y) collide whenever they meet. By (6.15), if
x € ¢ and 1o(x) < p, then Ko(z) € {Ko,(1), Kos(e?)} if t € [ro(x), p]. This entails
the following

Lemma 6.15. Let P;y, ., be the law of (Koi(x1), ..., Kot(x,), W) conditionally to
A={0<t< p} wheret >0 and xy,....,x, € €. Then Py,

{]P)ml, P%eil, u Z O}

.....

z, only depends on

.....

Proof. As already observed we only need to show that the law of (Kq (1), Ko (™), W)
conditionally to A only depends on {P,1,P, .i,u > 0}. Let

gti = sup{u € [0,¢] : I/Vui =0}
and write
A=(An{g <g HuAn{g <g}.

Then we may replace A by AN{g/ < g; }. Foralln >0, let D, = {4, k € N} and
D = U,enD,,. Define for 0 < u < v,

n(u,v) = inf{n € N: D,N|u, v[#£ 0}

and
f(u,v) = inf (D pNu, v), S=flg;,9).
By summing over all possible values of S, we only need to show that the law of

(Ko4(1), Ko4(e), W) conditionally to Ey, = AN{g; < s < g;} where s € D is fixed
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only depends on {P,1, P, .1,u > 0}. On E,, we have y := ¢f (1) € {eWs e=iW:"Y
by (6.16) and

T(y) = inf{r > s: W, —my, =0} = inf{r > s: W,* =0} = g/".

Clearly ¢, (y) = ¥5 . (,)(1) = 1 and a fortiori ¢ ,.(y) = 5, (1) for all r > 7,(y).
The flow property of ¢°, yields, on E; a.s.

908,15(1) = ‘P;t(y) = ‘P?,t(l)-
Using (6.15), we get Ko (1) = Ks+(1) a.s. on Ey. This shows that
(Koa(1), Kou(e"), W)lp, = (K1), Kou(e"), W)lp..

On E,, Ko,(e') is a measurable function of (U;, W) because r — U,” is constant
on the excursions of W~ on [0, p|. Now the law of (U, Ks+(1),W) on Es(= E;N{t <
ps}) only depends on {P;_, 1, P .} which finishes the proof. O

Proposition 6.8. Let (K™ ™ W') be the solution constructed in Section 6.2.3

associated with (m*,m~). Then K '& Km*m~

Proof. For simplicity, we will note W’ also by W. Then (Kq(z), W) "% (Kgfj””* (x), W)
conditionally to {0 < t < p} for x = 1, ¢’ and consequently for all z € €. By fol-

lowing the same steps as in the proof of Lemma 6.15, we show that

i law mt,m= mtm= i
(Koa(1), Kou(e"), W) = (K, ™ (1), Kgy ™ ("), W)

law

conditionally to {0 <t < p} and so Ky; = Kg’f:’mf conditionally to {0 < t < p}.

Of course for all s € R, we still have K, "2

Kﬁf’m_ conditionally to {s <t < p4}.
Let t > 0,7 = %2 n > 1,4 € [0,n] and define A4,; = {7 < pir  } € f‘f{ptn,

A, =N A, ;. Then

law mt.m~ m*,m=
(KOJ'f) T aKtz t) - (K07t1l gt ’KtZ—lvt ) on An

—1

Recall that P(AS) — 0 as n — oo (see the proof of Corollary 6.2). Letting n —

law

oo and using the flow property for both K and K™ ™  we deduce that Ko =
g m
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Open problems

(1) Consider the oriented graph of Figure 6.2 and classify the solutions of

Kouf @)= 1)+ [ Kuf@awet 5 [ Kouf@dugen @19

where D is the space of all functions f whih are C? on the graph excepted the set of
vertexes and which satisfy a boundary condition at each vertex similarly to Figure
4.4.

We conjecture that the solutions of 6.19 are classified by a family of pairs of measures

Figure 6.2: A general oriented graph
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{(m¢,mp),0 € V} where V is the vertex set of the graph.
(2) Study supp(Kj' +’nf(l)) constructed in the last chapter.
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