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Résumé

Cette thése porte sur les méthodes numériques pour les équations aux dérivées partielles
(EDP) non-linéaires dégénérées, ainsi que pour des problémes de contrdle d’EDP non-
linéaires résultants d’un nouveau probléme de transport optimal. Toutes ces questions
sont motivées par des applications en mathématiques financiéres. La thése est divisée en
quatre parties.

Dans une premiére partie, nous nous intéressons a la condition nécessaire et suffisante de
la monotonie du #-schéma de différences finies pour I’équation de diffusion en dimension
un. Nous donnons la formule explicite dans le cas de I’équation de la chaleur, qui est plus
faible que la condition classique de Courant-Friedrichs-Lewy (CFL).

Dans une seconde partie, nous considérons une EDP parabolique non-linéaire dégénérée
et proposons un schéma de type “splitting” pour la résoudre. Ce schéma réunit un schéma
probabiliste et un schéma semi-lagrangien. Au final, il peut étre considéré comme un
schéma Monte-Carlo. Nous donnons un résultat de convergence et également un taux de
convergence du schéma.

Dans une troisiéme partie, nous étudions un probléme de transport optimal, ot la masse
est transportée par un processus d’état type “drift-diffusion” controllé. Le cotit associé
est dépendant des trajectoires de processus d’état, de son drift et de son coefficient de
diffusion. Le probléme de transport consiste & minimiser le cott parmi toutes les dy-
namiques vérifiant les contraintes initiales et terminales sur les distributions marginales.
Nous prouvons une formule de dualité pour ce probléme de transport, étendant ainsi la
dualité de Kantorovich & notre contexte. La formulation duale maximise une fonction
valeur sur l'espace des fonctions continues bornées, et la fonction valeur correspondante
a chaque fonction continue bornée est la solution d’un probléme de contole stochastique
optimal. Dans le cas markovien, nous prouvons un principe de programmation dynamique
pour ces problémes de controle optimal, proposons un algorithme de gradient projeté pour
la résolution numérique du probléme dual, et en démontrons la convergence.

Enfin dans une quatriéme partie, nous continuons a développer 'approche duale pour le
probléme de transport optimal avec une application a la recherche de bornes de prix sans
arbitrage des options sur variance étant donnés les prix des options européennes. Aprés
une premiere approximation analytique, nous proposons un algorithme de gradient projeté
pour approcher la borne et la stratégie statique correspondante en options vanilles.

Mots-clés: Controle stochastique, transport optimal, borne des prix sans-arbitrage,
options sur variance, schéma Monte-Carlo, monotonie.
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Abstract

This thesis deals with the numerical methods for a fully nonlinear degenerate parabolic
partial differential equations (PDEs), and for a controlled nonlinear PDEs problem which
results from a mass transportation problem. The manuscript is divided into four parts.

In a first part of the thesis, we are interested in the necessary and sufficient condition of
the monotonicity of finite difference #-scheme for a one-dimensional diffusion equations.
An explicit formula is given in case of the heat equation, which is weaker than the classical
Courant-Friedrichs-Lewy (CFL) condition.

In a second part, we consider a fully nonlinear degenerate parabolic PDE and propose a
splitting scheme for its numerical resolution. The splitting scheme combines a probabilistic
scheme and the semi-Lagrangian scheme, and in total, it can be viewed as a Monte-Carlo
scheme for PDEs. We provide a convergence result as well as a rate of convergence.

In the third part of the thesis, we study an optimal mass transportation problem. The
mass is transported by the controlled drift-diffusion dynamics, and the associated cost
depends on the trajectories, the drift as well as the diffusion coefficient of the dynam-
ics. We prove a strong duality result for the transportation problem, thus extending the
Kantorovich duality to our context. The dual formulation maximizes a value function on
the space of all bounded continuous functions, and every value function corresponding
to a bounded continuous function is the solution to a stochastic control problem. In the
Markovian cases, we prove the dynamic programming principle of the optimal control
problems, and we propose a gradient-projection algorithm for the numerical resolution of
the dual problem, and provide a convergence result.

Finally, in a fourth part, we continue to develop the dual approach of mass transportation
problem with its applications in the computation of the model-independent no-arbitrage
price bound of the variance option in a vanilla-liquid market. After a first analytic approx-
imation, we propose a gradient-projection algorithm to approximate the bound as well as
the corresponding static strategy in vanilla options.

Keywords: Stochastic control, optimal transportation, no-arbitrage bound, variance
options, probabilistic numerical scheme, monotonicity.
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Notations

Let T € RT and d, d’' € N, we denote Q7 := [0,T) x RYxR¥, Qp := [0, T] x R¢ x R¥
and
CoNQr) = {¢ : Qr — Rsuch that |p|; < oo },

where [plo = supg, [¢(t, z,y)| and

‘(70’1 = ‘90’0 + sup ‘90<t7$7y) — (p(t/,$/,y,)| '
QrxQr |z —a!| + |y —y'| + [t —t|2

Given a smooth function ¢ defined on Q7 and k € N, by noting z = (z,y), we define

d+d’
k L a . d+d’ _
|DZvplo == sup { |Dza1_._zad+d,<p\0 © o € N E a; =k }
1 d+d’

=1

Let u be a probability measure on R¢, ¢ € L'(u), we then denote
u(g) = ¢(x)p(d).
R4

Let E be a Polish space, we denote by M(E) the space of all Borel probability
measures on F.

Sy denotes the set of all positive d x d matrices.

0, denotes the dirac measures on point z.
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CHAPITRE 1

Introduction (Frangcais)

La contribution principale de cette thése porte sur les méthodes numériques pour les équa-
tions aux dérivées partielles (EDP) non-linéaires dégénérées ainsi que pour des problémes
de controle d’EDP non-linéaires résultants d’un nouveau probléme de transport optimal.
Nous étudions également des sujets associés, tels que la dualité pour ce probléme de trans-
port, le principe de programmation dynamique du probléme de controle stochastique, et
les applications en finance.

La these est divisée en quatre parties. La premiére et la deuxiéme partie sont consacrées
a deux sujets indépendants. Le premier sujet concerne la condition nécessaire et suffisante
de monotonie du #—schéma de différences finies pour ’équation de diffusion en dimension
un. Le deuxiéme porte sur la méthode de type “splitting” pour une EDP parabolique
non-linéaire dégénérée.

La troisiéme partie et la quatriéme sont liées. Nous étudions tout d’abord un nouveau
probléme de transport optimal, ot la masse est transportée par un processus d’état de
type “drift-diffusion” contrélé, et nous minimisons un cotit de transport parmi toutes les
dynamiques vérifiant les contraintes initiales et terminales sur les distributions marginales.
Nous prouvons une formule de dualité pour ce probléme de transport, étendant ainsi la
dualité de Kantorovich a notre contexte. Dans le cas markovien, nous proposons un
algorithme de gradient projeté pour la résolution numérique du probléme dual et en dé-
montrons la convergence. Ce probléme de transport optimal est motivé par le probléme
de la recherche de bornes de prix sans arbitrage des options exotiques, étant donnés les
prix des options de “call” européennes. Nous donnons ainsi un exemple pour les options
sur variance dans la quatriéme partie, ou nous utilisons ’algorithme de gradient projeté
pour approximer la borne des prix sans arbitrage des options sur variance. A cause de
la structure particuliére des options sur variance, nos techniques d’approximation sont
différentes de celles utilisées dans le probléme de transport optimal.

1.1 Premiére partie : la monotonie du #—schéma pour
I’équation de diffusion
La monotonie du schéma numérique est un sujet important dans les analyses numériques.

Par exemple, dans I'analyse de convergence réalisée dans le chapitre 2 de Allaire [1],
l’auteur utilise la monotonie du schéma pour prouver une stabilité pour la norme L°°.
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Dans le cadre de I’étude réalisée par Barles et Souganidis dans [6], la monotonie est un
critére clé pour la convergence du schéma numérique.

Dans cette partie, nous nous intéressons a la condition nécessaire et suffissante de la
monotonie du #—schéma pour 'équation de diffusion en dimension un. Considérons
I’équation de diffusion

ow(t,x) — o*(x)D? v(t,z) = O, (1.1.1)

avec la condition initiale v(0, z) = ®(z). Le #—schéma de différences finies pour 1'équation
(1.1.1) est un systéme linéaire sur la grille N:

ntl _yn = 20T 4 gl u — 2u? +u?
U’Z ul . O_ZQ 9 i+1 7 1—1 + (1 - 0) 1+1 7 i—1 — 0’ (112)
At Ax? Ax?
ot nous nous donnons la discrétisation h = (At,Az), et avec t, := nAt, x; =

iAz, ul' désignant la solution numérique au point (¢,,z;), la grille N est définie par
N = {xZ S N}. Lorsque € = 1, le schéma ci-dessus est un schéma implicite de
différences finies. Lorsque 6 = 0, le schéma (1.1.2) devient un schéma explicite.

La condition CFL Il est bien connu (voir par exemple le lemme 2.2.13 de Allaire [1])
que le schéma implicite est monotone inconditionnellement et que le schéma explicite est
monotone si et seulement s’il vérifie la condition de Courant-Friedrichs-Lewy (CFL) :

a2 At < 1 - (z:)
-, avec 0 = supo(z;).
Az?2 = 2 z‘eg '

Puisque le #—schéma est composé d’'une partie explicite et d’une partie implicite, une
condition suffisante pour la monotonie du #—schéma est donc

=2
o- At 1
< our o0 := supo(x;). 1.1.3
Le condition (1.1.3) ci-dessus exige un ratio de discrétisation At = O(Ax?) pour garantir
la monotonie lorsque # < 1. Une question naturelle est de savoir si cette condition est
necessaire.

La condition nécessaire et suffisante de monotonie Nous déduisons la condition
nécessaire et suffisante de la monotonie du #—schéma, confirmant que le ratio At =
O(Az?) est nécessaire. De plus, dans le cas de I'équation de la chaleur, i.e o(z) = o9
pour une constante gy > 0, nous obtenons la formule explicite suivante pour la condition
nécessaire et suffisante :
o2 At 1 0
J070 <« + ’
Az?2 = 2(1-0) 4(1 —0)?

(1.1.4)

qui est plus faible que la condition CFL (1.1.3).
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1.2 Deuxiéme partie : une méthode de type ‘“split-
ting” pour les équations paraboliques non-linéaires
dégénérées

1.2.1 Motivation

Les méthodes numériques pour les EDP, telles que les différences finies, les éléments finis,
la méthode du semi-lagrangien et la méthode Monte-Carlo, ont été trés étudiées dans la
litérature. De facon générale, les trois premiéres methodes sont relativement plus efficaces
pour les EDP en petite dimension. Cependant, il est préférable, lorsque cela est possible,
d’utiliser la méthode de Monte-Carlo pour les problémes de grande dimension.

La méthode de “splitting” Outre les méthodes numériques citées ci-dessus, une tech-
nique importante en analyse numérique est celle du “splitting”. Dans beaucoup de situa-
tions, elle est utilisée pour réduire la dimension et améliorer la précision du schéma. L’idée
est de décomposer 'EDP en deux équations, de les traiter ensuite séparément, puis de les
réunir. Pour comprendre cette idée, examinons un exemple sur ’équation de la chaleur
sur [0,7] x R x R:

atv(t7x7y) - Dimv@?xay) - Dzyv(t7x7y) = 0, (121)

avec la condition initiale v(0,-) = ®(-).
La méthode de “splitting” décompose tout d’abord 1’équation (1.2.1) en deux équations

ow(t,x,y) + Div(t,z,y) =0 et Ow(t,x,y) + Dio(t,z,y) = 0. (1.2.2)
Avec les paramétres de discrétisation h = (At, Az, Ay), nous notons

V', + Az, y) = 20"t 2,y) + 0", 7 — Az, y)

D>k tn =
eV (tn, ) A2

et
DZ’yhvh(tn,w,y) — Uh(tn,l’,y—i—Ay) _th(tn,I,y) +Uh<tn7m7y_Ay).
Ay?

Alors, les schémas explicites de différences finies pour les deux équations (1.2.2) sont

donnés par
V" (g1, ) = 0" (tn, -) + AL D2 (tn, ) et 0" (tugr, ) = 0" (tn,-) + At D2 (L, ).
En introduisant un temps fictif ¢, 1 le schéma de “splitting” pour (1.2.1) est donné par
V' (tpprs) = 0"ty ) + ADZO (t0, ) et 0" (tngr, ) = 0" (Ey1,0) + ALDLIO" (#0014 0).
Il résulte d’un calcul formel que le schéma de “splitting” s’écrit
VP (tns1, ) = V() + AUDZV"(t,-) + DZM"(tn,0)) + O(AE?),

qui est presque le méme que le schéma explicite de I’équation (1.2.1).
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La méthode de Monte-Carlo pour les EDP La méthode de Monte-Carlo pour les
EDP est liée a la formule de Feynman-Kac. Soient i : [0, 7] x R? — R% et o : [0, 7] x R? —
Sy deux applications lipschitziennes en = et uniformément en t et telles que

/0 (|, 0) + |o(t, 0007 (t,0)| ) dt < oc.

Supposons que la fonction v(¢,z) est une solution réguliére de I’équation parabolique
linéaire

1
—L%(t,z) = 0 on LY = 0, + u(t,x)-D, + ia(zf,x)aT(t,x)-D2

T

(1.2.3)

avec la condition terminale v(T, x) = ®(z). Alors par la formule de Feynman-Kac, v(t, z)
admet une interprétation probabiliste:

v(t,r) = E &(X5Y), (1.2.4)

ou X"* est 'unique solution forte de 1’équation différentielle stochastique (EDS)
X =g+ / w(r, X5%)dr + / o(r, X»*)dW,., avec le mouvement brownien W(1.2.5)
t t

La méthode de Monte-Carlo pour résoudre 'EDP linéaire (1.2.3) consiste donc a simuler
la variable aléatoire X;I, a approximer v(t, z) avec les simulations (X%fn)lgmg M par

Il résulte du théoréme de la limite centrale que le taux de convergence est indépendant de
la dimension d de l'équation (1.2.3).

En tant qu’extension de la formule de Feynman-Kac, I’équation différentielle stochastique
rétrograde (EDSR) ouvre la porte a la résolution numérique de 'EDP semi-linéaire par
la méthode de Monte-Carlo. Dans cet esprit, Fahim, Touzi et Warin [32] ont proposé une
méthode de Monte-Carlo pour une EDP complétement non-linéaire, qui est lice & 'EDSR
du second ordre. Cependant, cette méthode est limitée, car elle ne s’applique que dans le
cas non-dégénéré.

Les EDP dégénérées En finance, pour les problémes d’évaluation d’options financiéres
ou d’optimisation, lorsque la variable sous-jacente considérée n’a pas un générateur de type
“diffusion”; les équations caractérisées deviennent dégénérées. Par exemple, les problémes
d’évaluation des options asiatiques ou d’évaluation de certains produits d’assurance vie.

Example 1.2.1. Supposons que le processus de l'actif risqué Sy est donné par le modele
de Black-Scholes : dS; = oS dW;, ou o est le paramétre de volatilité et ou W est un
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mouvement brownien. Une option asiatique est une option avec “payoff” g(Sr, Ar) a la
maturité T, ou Ap = fOT Sidt, et son prixz est donc caractérisé par ’EDP :

1
ow(t,s,a) + 50232D§sv(t,s,a) + sDyu(t,z,a) = 0,

qui est dégénérée puisque D2 v(t,x,a) n'apparait pas dans l’équation.

Ces applications nous motivent pour développer une méthode de Monte-Carlo pour les
EDP non-linéaires dégénérées en grande dimension.

1.2.2 Reésultats principaux

1.2.2.1 L’EDP non-linéaire dégénérée et le schéma “splitting”

Nous considérons ’EDP non-linéaire dégénérée suivante :
— LY(t,z,y) — F(-,v,D,v, D2 0)(t,x,y) — H(-,v,Dyv,Dyv)(t,z,y) = 0,(1.2.6)

avec la condition terminale v(T,-) = ®(-), ou L est définie par (1.2.3), F est une fonction

non-linéaire définie sur [0,7") x R? x RY x R x R? x Sy, et H est un hamiltonien donné

par

H(t,x,y,r,p,q) = iIel,fA\%ug ([a,ﬂ(.) + P+ fPC) p+ g™ P () - q) (t,x,y).
@ €

Sur la base du schéma de Monte-Carlo de Fahim, Touzi et Warin [32] et du schéma
semi-lagrangien, nous proposons un schéma de “splitting” Sy o T}, pour 'EDP dégénérée
(1.2.6). Soit (t,)o<n<n une grille discréte avec h := L et ¢, := nh, nous définissons le
schéma Sj, o T, par

vh(thr%,m,y) = E[vh(tnﬂ,f(ff’x,y)] + hF(tn,z,y, EDyp"(t,, 2, y)), (1.2.7)
et
’Uh(tnaxay) = Sh o Th[v](tn7x>y)
= inf sup{ hi®P(t,, 2, y) + h P (ty, z,y) v"(t, 1, 2,y)
a€A gep 2

+ 0" (s, @ (2 9)hy Y+ g0 (e, 2, y)R) }.(1'2'8)
Dans (1.2.7), X/* est défini par le schéma d’Euler de X" en (1.2.5) avec
X" = x + plt,x) h + ot x) - (Wi, — W),

et

ED(0) = (E[ b, K ) H (W] 1= 0,12), (129)
ot AW,i1 == Wy, ., — Wy, et les polynomes d'Hermite sont calculés par 'intégration
par parties dans les espérances et donnés par HY™"(z) := 1, H'™"(z2) := ol(t,x)~'% et

HY™M(2) = 0T (t,2) 12 ot )L,
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1.2.2.2 Reésultats de convergence

Nous donnons deux résultats de convergence du schéma S, o T,. Le premier est la con-
vergence locale uniforme dans le contexte de Barles and Souganidis [6].

Hypothése F : (i) Les fonctions p et o sont lipschitziennes en x et continues en t,
ool (t,x) > 0 pour tout (t,z) € [0,T] x R? et fOT oo™ (t,0) + u(t, 0)|dt < .

(ii) L’opérateur non-linéaire F(t,z,y,r,p,I') est uniformément lipschitzien en
(x,y,r,p,T), continu en ¢ et |F(t,z,y,0,0,0)|s < 00.

(iii) F est elliptique et vérifie

(coT) ™ Fr < 1 en RxR!xRY xR xR? x S, (1.2.10)
(iv) F, € Image(Fy) et |FTF'F,| < +oo.
Hypothése H : Les coefficients du hamiltonien H sont tous uniformément bornés, i.e.

sup {18 + 120 + [/ + 195710 } < oo
(,B)eAXB, 1<i<d, 1<j<d’

Théoréme 1.2.1. Supposons que les hypothéses F et H soient vérifiées et que ’EDP non-
linéaire parabolique dégénérée (1.2.6) vérifie le principe de comparaison pour des solutions
de viscosité bornées. Alors, pour toute fonction terminale ® qui est lipschitzienne, bornée,
il existe une fonction bornée v telle que

v" — v localement uniformément lorsque h — 0,

ou v est la solution numérique du schéma Sy, o T}, de (1.2.8). De plus, v est I'unique
solution de viscosité bornée de ’équation (1.2.6) avec la condition terminale v(T,-) = ®(-).

L’autre résultat de convergence porte sur le taux de convergence dans le contexte de
Barles et Jakobsen [5] ot F' et H sont tous deux des hamiltoniens concaves.

Hypothése HJB : L’hypothése F est vérifiée et F' est un hamiltonien concave, i.e.

1
m-p + §CLF + F(t,x,y,r,p,F) = Hl(f: ‘C'Y(tqu?y?r’p’r)’
ye
avec

1
Lt z,y,r,p, ) = Ut 2,y + (@t x,y)r + v,y p + §a7(t,x,y) T

Et B = {} est un singleton, donc H est aussi un hamiltonien concave, qui peut s’écrire
comme

Ht,z,y,r,pq) = inf {I*(w,y) + ey + [(Ley)p + g*(try)-qf-
De plus, les fonctions [, ¢, f, g et o vérifient

sup (yl“+ml+\ca+cﬂ1+]f“+f”\1+\g“!1+\o’yh) < 0.
acA~eC
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Hypothése HJB+ : L’hypothése HIB est vérifiée et pour tout ¢ > 0, il existe un
ensemble fini {ay, 7,32, tel que pour tout (a,~) € A x C :

: o Joy a0y (e 2 67} a (67} <
1§112g1§f15]l o + |c¢* =0 + |f* = fYo + |0 =%y < 6,
et
inf |l’7_l%’0 + |CW—C%0 + ‘f’Y_f’YiO_i_ |g’7_g%‘0 < J.

1<i<Is

Théoréme 1.2.2. Supposons que la condition terminale ® est bornée et continue lips-
chitzienne. Alors il existe une constante C' telle que

e i) sous l’hypothése HIB, v — o' < Chi,
e 1i) sous I’hypothése HIB+-, _Chic < v—" < C’h%,

ot v est l'unique solution de viscosité de (1.2.6).

1.2.2.3 Meéthode de simulation-régression

Pour rendre le schéma de “splitting” S;, o T}, implémentable, nous proposons une méthode
de simulation-régression pour estimer les espérances conditionnelles (1.2.9) utilisées dans
le schéma Sy, o T),. L’idée est de réécrire (1.2.9) comme

E 90<tn+1vth+17Y)Hitmj(tn’h(AWn-‘rl) ‘ tha Y} ) (1211)
i=0,1,2

ou X est défini par le schéma d’Euler de X en (1.2.5) :
th+1 = th + M(tn,th)h + O'(tn,th) . AWn—I—la

et Y est une variable aléatoire avec une distribution continue. Avec M simulations in-
dépendantes ((X;™)o<n<n, (AW ™)ocn<n, Y™) de X, AW et Y et une base de fonc-

1<m<M
tions (ex(x,y))i1<k<x, nous résolvons le probléme des moindres carrés :

t

K
A . O 2
)\%M = argmln Z ( n+17 t +1,Ym)H X (A n+1 - Z)\k@k(XZ:,Ym)> )
k=1

qui induit une estimation grossiére des espérances conditionnelles (1.2.11) par ces M
simulations :

EM [go(thrl, X, V) H SN (AW, )| X, Y} Z AMe (X, Y), i =0,1,2.
Alors, avec la borne supérieure a priori T;(X,, , V) et la borne inférieure a priori I;(X,, , V),
nous définissons une estimation de régression de (1.2.11) par

B | @(tnsr, iy, VIH (AW, 1) | X, Y| (1.2.12)

— T,(X.,Y) v EM cp(th,thH,Y)Hf”’Xt"’h(AWnH)‘f(tn,Y} A Ti(X,,Y).
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Finalement, nous remplagons les espérances conditionelles (1.2.9) dans le schéma Sy, o T},
par leurs estimations de régression (1.2.12) et obtenons donc le nouveau schéma imple-
mentable Sy, o T :

f}h(tn+%7x7y) = IAEM[@h(tn-&-laXimm?yﬂ + hF(-,EMD@h(-))(tmx,y)7
et
O"(tn,2,y) = Spo T [0"](tn, 7,y)
= inf sup {hlo"ﬁ(tn,x,y) + he®P(ty, z,y)0" (1,7, y) (1.2.13)
a€A geB 2
+ 0" (tygs, @+ [ by 2, y)h, y+g“’5(tn,x,y)h)},
ou

EMDyp(tn,v,y) = (EM[o(tnsr, Xp " ) HiW " (AW,i1)] + i =0,1,2).

Pour obtenir des resultats de convergence des solutions numériques 9" du schéma S hoT% ,
nous imposons deux types de conditions supplémentaires. La premiére porte sur le choix
des fonctions de base (ex)1<k<k, €t 'autre sur le nombre de simulations M. Nous omettons
ici les conditions techniques et donnons juste les résultats de convergence :

Théoréme 1.2.3. Avec des conditions supplémentaires a celles du théoreme 1.2.1, on a

" — v localement uniformément, p.s.

o 0" est la solution numérique du schéma Sy, o ’i‘hM définie en (1.2.13), et v est l'unique
solution de viscosité bornée de (1.2.6).

Théoréme 1.2.4. Avec des conditions supplémentaires a celles du théoreme 1.2.2, il existe
une constante C' telle que
o — "2 < Ch.

1.2.2.4 Exemples numériques

Nous implémentons notre schéma de “splitting” sur deux exemples. Le premier est le
probléme d’évaluation des options asiatiques dans un contexte avec volatilité incertaine.
Il s’agit d’une équation non-linéaire dégénérée en dimension trois. Le second exemple
traite d'un probléme de gestion optimale d’une centrale hydro-électrique, qui donne une
équation non-linéaire dégénérée en dimension quatre.

1.3 Troisiéme partie : transport optimal par les dy-
namiques stochastiques controlées

1.3.1 Motivations

Probléme de transport de Monge FEn 1781, Monge [47] proposait un probléme de
transport optimal. Soient j et p; deux distributions de masse sur RY, telles que jio(RY) =
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p1(RY) = 1,1i.e. pg et yy sont des mesures de probabilité sur RZ. On dit qu'une application
T : RY — R? est un plan de transport admissible si

Xy = T(Xo) ~ w1 pour toutes les v.a. Xy ayant la distribution pq.

Un plan de transport admissible 7" peut étre interprété comme un plan qui transporte
une masse de la distribution pg a la distribution p;. Et le probléme de Monge cherche la
solution de

inf { / L(z,T(x)) po(dx) : T plan de transport admissible }
Rd

= inf { E L(Xo,T(Xo)) : T plan de transport admissible et Xo ~ s},

ot L est une fonction positive sur R? x R¢, et ot L(x, y) représente le cotit du transport de
la position x a la position y. Ce probléme est difficile a résoudre a cause de la non-linéarité
des contraintes, et est resté ouvert pendant de nombreuses années.

Relaxation de Kantorovich Dans les années 1940, Kantorovich [39] a réalisé une
grande avancée sur ce probléme. Il a proposé de relaxer les contraintes par la “randomisa-
tion” du plan T et a introduit ensuite une formulation duale. Soient g et pq deux mesures
de probabilité sur RY, un vecteur aléatoire (X, X;) prenant ses valeurs dans R? x R? est
dit admissible si ses distributions marginales pour X, et X; sont respectivement g et j;.
Il en résulte le probléme relaxé de Kantorovich :

inf { E L(Xo, X1) : (Xo,X1) vecteur admissible }. (1.3.1)

Il est évident qu’avec un plan de transport admissible 7" et une variable aléatoire Xy ~ pi,
on retrouve un vecteur aléatoire admissible (Xo, X;) par X; := T(X,). Par contre, en
général, un vecteur aléatoire admissible n’induit pas un plan de transport admissible.

Kantorovich a donc prouvé une dualité forte entre le probléme (1.3.1) et

s { [ wtwmldn = [ elaldn) }

ol le sup est pris sur toutes les paires (p,v) € L'(ug) x L'(p1) veérifiant 1 (y) — o(x) <
L(z,y). L’avantage principal de cette formulation duale est qu’elle s’affranchit de la
contrainte non-linéaire, et devient donc plus tractable.

Un mécanisme de tranport stochastique Mikami et Thieullen [46] ont récemment

introduit un mécanisme de transport stochastique. Ils ont considéré I’ensemble de toutes
les R?—semi-martingales continues X = (X¢)o<t<1 avec la décomposition canonique :

t
Xt = XO + /ﬁst —+ WS, (132)
0
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ou W est un mouvement brownien standard de dimension d par rapport a la filtration
générée par le processus X. Soient py et p; deux mesures de probabilité sur RY, nous
définissons A(po, 111) comme I'ensemble des semi-martingales X données par (1.3.2) telles
que Xo ~ g et Xy ~ py. Leur probléme de transport optimal consiste a minimiser un
colit de transport associé a la fonction ¢ :

1
Vi(po, 1) = inf )E / U(s, X, Bs)ds. (1.3.3)
0

XeA(po,p1

IIs ont prouvé également une dualité forte en fournissant la semi-continuité inférieure et
la convexité de l'application pq — V (po, f11)-

Généralisation Nous étendons le résultat ci-dessus a une classe plus grande de semi-
martingales continues avec caractérisation :

t t
Xt = XO +/ Bsds—{—/ Udesa
0 0

ou le cotit de transport dépend de (3, o ainsi que des trajectoires de X.

Premiérement, ce nouveau probléme de transport optimal est relié au probléme
d’immersion de Skorokhod (ou “Skorokhod Embedding Problem” en anglais, SEP). Etant
donnés une distribution p; et un mouvement Brownian standard B, le SEP consiste a
chercher un temps d’arrét 7 tel que (B, )i>o est uniformément intégrable et B, ~ u;. A
partir d'une solution du SEP, on peut construire une martingale M par M, := B, L
et donc My ~ p;. Par ailleurs, étant donné une martingale M telle que M; ~ pyq, il
résulte d’un argument de changement de temps qu’il induit une solution au SEP. Parmi
une infinité de solutions du SEP, quelques-unes sont optimales par rapport a des critéres

specifiques. Nous nous référons a l'article de Obloj [48].

De plus, comme I’a remarqué Hobson [36], le SEP est connecté au probléme de la
recherche de bornes de prix sans-arbitrage des options financiéres exotiques étant don-
nés les prix des options européennes en maturité 7. Dans cet esprit, Galichon, Henry-
Labordeére et Touzi [33] ont proposé récemment une approche de controle stochastique
pour la recherche de bornes de prix sans-arbitrage des options exotiques, en considérant
toutes les martingales vérifiant les contraintes marginales.

1.3.2 Résultats principaux
1.3.2.1 Le nouveau probléme de transport optimal

Soit Q := C([0,1],RY) I'espace canonique, avec le processus canonique X;(w) := w; et la
filtration canonique F = (F;)o<t<1. Nous considérons toutes les mesures de probabilité
P sur (€2, F7) sous lesquelles X est une semi-martingale ayant la décomposition continue
canonique :

X, = Xo + B + M/, t€[0,1], P—ps. (1.3.4)
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telle que BY = (B} )o<i<1 et A¥ = (AV)o<i<1 := ((MF))o<i<1 sont tous p.s. absolument
continus en ¢, et donc

t t
A = /afds et B = /5fds, te[0,1], P—ps. (1.3.5)
0 0

Soit U un sous-ensemble de S, x R? fermé et convexe, nous définissons P comme 1’ensemble
des mesures de probabilité sous lesquelles X admet la décomposition (1.3.4), et vérifie
(1.3.5) avec les caracteristiques v} := (af, 8F) € U, dP x dt — p.p. Etant données deux
mesures de probabilité jio et pq sur R, on note

Pluo) == {PEP : PoX;' =po} et Pluo,pa) = {P€Puo) : PoX;'=p}.

Sous toutes les mesures de probabilité P € P, X est une semi-martingale continue et peut
étre considérée comme un moyen de transporter une masse de la P—distribution de X a
la P—distribution de X;. Soit

L:(t,x,u) €[0,1] xQ2xU ~ L(t,x,u) € R"
une fonction positive et convexe en u, nous associons a toutes les mesures P € P un coiit

de transport et introduisons donc le nouveau probléme de transport :

1
V(po, 1) = inf  J(P) avec J(P) := E" / L(s,X,as, p5)ds. (1.3.6)
0

PEP (uo,p1)

1.3.2.2 Formulation duale

Nous prouvons une dualité forte pour le probléme de transport (1.3.6). Pour établir la
dualité, nous suivons la méthodologie classique de I'analyse convexe, i.e. montrant la semi-
continuité inférieure et la convexité de 'application pq — V' (pg, p11). Ces deux propriétés
assurent que V' coincide avec son bi-conjugué, qui est la formulation duale demandée.

En fait, le conjugué de uy — V' (o, 1) est donné par

VH(=A1) = sup (pa(=M) — V(o 1))

p1

1
— — inf EP [/ L(s, X, o, f)ds+/\1(X1)]
PEP (o) 0

Il résulte d’un argument de programmation dynamique que

1
VA(=M) = o), on Ao(e) = inf ¥ [/0 L(s, X, af,/af)ds+A1(X1)]. (1.3.7)

Dong, le bi-conjugué de py — V (g, p11) est

V(po, 1) = . eSélL()Rd) (Ho(Xo) = pi1(A1)). (1.3.8)
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Avec une condition supplémentaire, nous prouvons que V (uq, pt1) de (1.3.6) et V(uo, 1)
de (1.3.8) sont équivalents a une formulation duale faible :

V(po, i) = sup  (po(Xo) — (M) (1.3.9)
Alngo(Rd)

1.3.2.3 Programmation dynamique dans le cas markovien

Dans le cas markovien, i.e. L(t,x,u) = £(t,x(t),u) pour une fonction déterministe ¢,
nous pouvons caractériser la fonction valeur Ay donnée en (1.3.7) par une équation de
programmation dynamique. En introduisant

1
— P P
AMt,z) = Pg?l{mE [/t E(S,XS,I/S)dS+)\1(X1>:|,
ou
Pio = {PeP :PX,=2,0<s<t)=1}etv, = (ay,p,),

nous obtenons Ag(z) = A(0, z), qui est la fonction valeur d’'un probléme de controle stan-
dard. Nous prouvons le principe de programmation dynamique :

AMt,z) = inf EP[ / E(S,Xs,yf)ds—l—)\(T,XT)], (1.3.10)
t

PePt o

pour tout F—temps d’arrét 7 prenant sa valeur dans [t,1], puis nous caractérisons la
fonction A(¢, x) comme la solution de viscosité de I’équation de programmation dynamique
— ON(t, ) — ( ir)lf (b- DA(t,z) + a- D*X(t,z) + {(t,x,a,b)) = 0. (1.3.11)
a,b)eU

L’idée pour prouver le principe de programmation dynamique (1.3.10) est de décomposer
I'égalité (1.3.10) en inégalités “>" et “<”. L’inégalité “>" est prouvée par un argument de
conditionnement, et 'inégalité “<” est essentiellement basée sur la technique de concaté-

nation de mesures de probabilité, oti un argument de sélection mesurable est utilisé.

1.3.2.4 Reésolution numérique du probléme dual

Dans le cas markovien en dimension un, nous donnons un schéma numérique pour ré-
soudre le probléme dual (1.3.8). La résolution numérique est basée sur I'observation que
lapplication A\; — Ag(x) est concave car elle peut étre représentée comme le minimum
d’une classe d’applications linéaires en (1.3.7). Par conséquent, (1.3.8) est un probléme
de maximisation d’une fonction concave, et donc 'algorithme de gradient projeté est une
méthode naturelle de résolution. L’approximation est divisée en quatre étapes.

Premiére approximation Premiérement, on note Lipg( I’ensemble de fonctions ¢ :
R? — R lipschitziennes de module K avec ¢(0) = 0, et on note Lip? := Ug~oLip%. I
résulte de ’équivalence de (1.3.8) et (1.3.9) que le probléme dual (1.3.8) devient

V = sup ov(\), avec v(A1) = po(Xo) — pr(Ar).
)\1€Lip0
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De ce fait, la premiére approximation est donnée par

VE SV, ou VE = sup v(\).
AleLip(;(

Deuxiéme approximation Pour la deuxiéme approximation, nous introduisons

TrAL
M) = i B /0 (s, Xs, 0%, BP)ds + M (Xeot)], (13.12)

IPEPaI
ou 7 :=inf{t: X; ¢ [-R, R]}. Soit

VERE .= sup o®(\), ouv(\) = oM o,) — i Miloy,). (1.3.13)
)\1€Lip£(

Nous prouvons ensuite un résultat de convergence

VER o VE  lorsque R — oo.

Troisiéme approximation La troisiéme approximation est une approximation du sys-
téme discret. Soient (I,7) € N? et h = (At, Azx) € (RT)? tels que IAt = 1 et rAz = R.
Avec x; == iAx, ty := kAt, nous définissons les grilles :

N ={z; : i€}, Nr:=NnN(-R,R),
MT,R = {(tkaxz) : (k,Z) € ZJF X Z} N ([07 1] X (_Rv R))a
et également ’ensemble terminal, I’ensemble au bord et I’ensemble intérieur de Mrp g
8TMT7R = {(1,:)%) L X € NR}, 8RMT7R = {(tk,zl:R) . k‘ = 0, s ,l},

-Ao/lT,R = Mrpr\ (OrMqprUOIrMrR).

Etant donnée une fonction w definie sur My g, nous introduisons les dérivées discrétes
de w :

w(ty, Tix1) — w(tg, ;)
Ax

ou b* :=max(0,b), b~ := max(0, —b); et

Dw(ty, z;) = et (bD)w :=b"D w+b" D w pour b € R,

w(tg, Tiy1) — 2w(tg, ;) + w(ty, T;_1)
D2 t i) — .
wt, @:) Ax?

Alors, 'approximation de différences finies explicite de A® en (1.3.12) est donnée par

~ ~ ~ 1 ~ o
MR (1, 2,) = (Ah’R +Ar i {e(-, u) + (bD)AME + §aD2>\h’R}) (ther, i) sur Mrg
u=(a,b)e

N B(t, @) = M (@) sur OpMy,p U OpMag, (1.3.14)



14 Chapitre 1. Introduction (Frangais)

et donc une approximation naturelle de v® en (1.3.13) est
oAy = Mo(nnR[xg’R]) —,ul(linR[;\lD avec AMF = AR(0,)),  (1.3.15)
ofl étant donnée une fonction ¢ definie sur la grille Az, on note lin®[¢] l'interpolation

linéaire de ¢ étendue par zéro en dehors de [—R, R).

Soit Lipg ™™ I'ensemble des fonctions sur la grille N définies comme les restrictions des
fonctions dans Lip{' :

Lipio® = {5\1 = M|vy M €Lipd )

L’approximation ci-dessus pour la fonction valeur A\ suggére une approximation naturelle
du mininum des cott de transport :

/AR sup  0f(A) = sup ;m(linR[S\g’R]) — <linR[5\1]>. (1.3.16)
5\1€Lip£<YR 5\1€Lip?YR

Nous montrons alors la convergence :

K,R
v

f — VKR

as h — 0.

Quatriéme approximation La quatriéme étape est 'algorithme de gradient projeté

pour résoudre le systéme discret (1.3.16). Soient (7, ),>1 une suite de nombres réels, Voit

le sur-gradient de A\; — (A1), et PLipK,R((b) la projection de la fonction ¢ (définie sur
0

r) sur 'ensemble Lip, ", 'algorithme de gradient projeté est donné par
Ng) sur I ble Lipy ™, algorithme de gradi jeté est donné
Antl PLipé(,R(X?+fynw}f(Xf)). (1.3.17)
Nous donnons également un sur-gradient
Vor(A) == (uo (linR[gé]) — [ (hnR[(Sj]))—rgjgr’

oll ¢/ est défini comme la solution du systéme :

G (tg, ;) = (gj + At((&c,i(j\l)D)gj + &k,i(j\l)DQ.gj>>(tk+1>$i) sur -/\D/lT,Ra

¢ (tg, 2;) = 0; 4, on Op Mg rUIrRMrp,

where a;; and lA);“ are the optimal controls given in (1.3.14).
Enfin, avec une projection simple PLipK,R, on obtient un résultat de convergence de
0

notre algorithme gradient projeté (1.3.17) :

1;Ln<aﬁfcﬁ,?(/\7f) — VSR lorsque N — oo,
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1.3.2.5 Exemple numérique

Nous implémentons 'algorithme de gradient projeté ci-dessus lorsque £(t, z, a, b) = a, donc
V = [p2*um(de) — [, 2*po(dx). Avec un ordinateur muni d’un processeur 2.4GHz, la
programmation performe 10° itérations en 55.2 secondes, et fournit un résultat numérique
avec une erreur inférieure a 1%.

1.4 Quatriéme partie : wune borne des prix sans-
arbitrage des options sur variance

1.4.1 Motivations et formulations

Comme mentionné ci-dessus, le nouveau probléme de transport optimal de la section 1.3
est motivé par un travail de Galichon, Henry-Labordeére et Touzi [33], qui cherche la borne
des prix sans-arbitrage des options exotiques dans un marché ot les options européennes
sont liquides. L’objectif principal de cette partie est de concevoir un schéma numérique
pour trouver la borne des prix sans-arbitrage et la stratégie statique correspondante en
options vanilla, lorsque cette option exotique est 'option sur variance.

Nous considérons un actif sous-jacent risqué X dont le processus de prix est une mar-
tingale de carré intégrable. Soient pg et pp les distributions marginales de X aux temps
Ty et 17 respectivement, identifiées par les observations des prix des options vanille, nous
considérons une option sur variance avec payoff ¢((X)zn r, Xn ), ot ¢ est une fonction
continue lipschitzienne. Suivant le cadre de Galichon, Henry-Labordére et Touzi [33], la
borne des prix sans-arbitrage peut étre formulée comme

inf sup {EP [g(<X>To,T17XT1) - qb(XTl)} + M1 (Qb)} ’ (141)
pcQuad PeP2 (o)

ot X est le processus canonique dans l’espace canonique €2, P?(p) représente 'ensemble
des mesures de probabilité sur 2 sous lesquelles X est une martingale telle que Po X' = yq
et EF[X?|Xo) < 00, P—p.s., et

x
Quad = { ¢ : R — R telle que supL)l2 < 00 }
z€R I+ |$|
Le choix de Quad comme ’ensemble des stratégies statiques admissibles est motivé par le
fait que l'option “variance swap” (i.e. g(t,x) = t) peut étre considérée comme une option

européenne avec payoff X7, .

Par un argument de changement de temps, il est bien connu qu'une martingale locale
peut étre représentée comme un mouvement brownien changé de temps. Nous reformu-
lons donc le probléme (1.4.1) sous forme d'un probléme d’arrét optimal du mouvement
brownien. Soient B = (B;)¢> un mouvement brownien standard de dimension un tel que
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By =0, F = (F;)i>0 sa filtration naturelle, on note
7> = { F— temps d’arrét 7 tel que E(7) < oo }. (1.4.2)
Etant donné ¢ € Quad, nous définissons \? et /\g’ par

A(t,z) = sup El[g(t+1,2+4 B;) —¢(z+ B,)], AO() = A%(0,). (1.4.3)

TET >

Alors, la borne des prix sans-arbitrage est donnée par

U = inf (), avec u(¢) == po(\y)+ (o). (1.4.4)
pcQuad

1.4.2 Reésultats principaux
1.4.2.1 Approximation analytique
Dans le but de restreindre le calcul de U en (1.4.4) a& un domaine borné, nous donnons

tout d’abord une approximation analytique obtenue en quatre étapes.

Premiére étape Nous introduisons

Quad, := { ¢ € Quad positif, convexe, telle que ¢(0) =0 },
et
UK .=  inf Ku(qb), avec Quad) = { ¢ € Quad, : ¢(z) < K(|z|Va?) }.
seQuad,

Nous prouvons une équivalence

U = inf  u(¢),
scQuad, (@)

et obtenons une convergence naturelle
UK N, U lorsque K — oo, (1.4.5)

étant donné que Quad, = UgsoQuady.

Deuxiéme étape Nous introduisons
Quadé(’M = { ¢ € Quady telle que ¢(x) = Kx? pour |z| > ZM},

et prouvons que

UM = inf  u(¢p) — UX lorsque M — oo. (1.4.6)

scQuad™
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Troisiéme étape Nous définissons

MNT(t ) = inf Elg(t + 7,2+ B;) — ¢(x + B,)] et A0 () :== X*7(0, ),
TET>®, 7<T—t
et
UrEAMT . — inf  uT(¢) avec ul(¢) = po(N") + 11 (). (1.4.7)
qbeQuadff’M

Nous prouvons que

gt gBM Jorsque T — oo. (1.4.8)

Quatriéme étape Enfin, pour la quatriéme étape, nous introduisons un temps d’arrét

8 = inf{s : v+ B, ¢ (-R,R)},

et pour tout R > (14 4/ KfLO)M , nous obtenons une équivalence

MNT(tx) = NDER(t 2) = inf  Elg(t+ 7,2+ B;) —¢(z+ B;)]. (1.4.9)

TET>®, <7

¢ T\R

Il est bien connu que A peut étre caractérisée comme 'unique solution de viscosité

de I'inégalité variationnelle
1
min { A(t,z) — g(t,z) + ¢(z), — A — §D2)\ } =0, sur[0,7) x (=R, R),(1.4.10)
avec condition au bord

A, x) = g(t,x) = o(x), sur ([0,T] x {+R}) U ({T} x [-R, R]).

1.4.2.2 Approximation numérique

L’idée principale de l'approximation numérique de UXMT de (1.4.7) est d’utiliser le
schéma de différences finies pour résoudre I'inégalité variationnelle (1.4.10), et puis utiliser
I’algorithme gradient projeté pour résoudre un probléme de minimisation d’une fonction
convexe.

Soient h = (At,Ax) les paramétres de discrétisation, z; = iAx et t, = kAt, nous
définissons les grilles

Ng = {z; :—r<i<r} et Mprp = {(tk,xi) 0< k<, —TSZ'ST}.
Avec une fonction w sur My g, nous introduisons une dérivée discréte

w(ty, Tig1) — w(te, ;) + w(ty, xio1)
D2 t i = .
hw( ky T ) Ax2




18 Chapitre 1. Introduction (Frangais)

Puis, pour toute fonction ¢ sur la grille Az, nous notons /\f’T’R la solution numérique du
schéma de différences finies de (1.4.10) :
At @) — At )
+ 1At (9 D2 (th,2) + (1-0) DZAZ’R(tHhxi)) =0,  (1411)
Ay (te, ;) = max <g(tk,l‘z‘) — (i) S‘Z’R@kaxi))-
Soit lin®[¢] (resp. lin® [/\f:()T ")) Tinterpolation linéaire de ¢ (resp. /\,f:()T =R, )

étendue par zéro en dehors de U'intervalle [— R, R]. Nous obtenons alors une approximation
naturelle de ur(¢) et UM en (1.4.7) :

up(p) = Mo(linR[)\f:OT’R]) + 1 (1in®[g)) et UM = inf un7(p), (1.4.12)
peQuad, ;.
ou
Quadéf;LM = { 0=0¢|n, : @€ Quadé(’M }

- , . TR
Etant donné un résultat de convergence de \f vers A>T nous montrons que

K,M,T
Uh”

— UM lorsque h — 0. (1.4.13)

Enfin, nous proposons un algorithme de gradient projeté pour approximer U, ,f MT qans
(1.4.12). Soit (,,)n>1 une suite de réels positifs, alors I’algorithme est donné par I'itération:

Pntl = PQuadf){;)M [(pn - anuh,T((pnﬂa (1414)

o Py o qrm [¢] est la projection d’une fonction ¢ en Quadéf ,’1M, et Vuyr(p,) est un
0,h

sous-gradient de ¢ — w;, r(¢) en ¢, donné par

Vupr(p) = (MO(hnR[pé]) + Nl(hnR[ej]) )—2m§j§2m

avec la solution unique (p’, /) du systéme linéaire sur My :

Pt x) = —ij, (tg, z;) € OpMpr U OpMr g,
P (g, ) = P (try 25) + 5 A (0D (ty, 2:) + (1 = 0) D*p (ty1, 23)) = 0,
p](tk-, xl) = {ﬁ](tk’ mi)7 Si )\ivT’R(tlﬁxi) < gw(tk,$i),

. (tk, ZUZ) € ./\o/lTJ{.
— ej(x;), sinon.

1, si =y,
ou e; € B(Ng) est donné par e;(z;) := 0, ; = { ’

0, sinon.

Enfin, nous analysons la projection PQua g, et donnons un résultat de convergence
0,h

de l'algorithme de gradient projeté :

Hiiﬁ upr(en) — USMT (1.4.15)
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1.4.2.3 Exemple numérique

Nous implémentons I’algorithme de gradient projeté dans le cas ol I'option sur variance
est le “variance swap”, i.e. g(t,x) =t. Avec un ordinateur muni d’un processeur 2.4GHz,
le temps de calcul est 57.24 secondes pour accomplir 4 x 10* itérations, et nous obtenons

un résultat avec une erreur inférieure a 1%.



CHAPITRE 2

Introduction (English)

The main contributions of this thesis are on the numerical methods for a fully nonlinear
degenerate parabolic partial differential equations (PDEs), and for a controlled nonlin-
ear PDEs problem which appears naturally in the context of a new mass transportation
problem. Some related subjects are also studied, such as the duality of the new mass
transportation problem, the dynamic programming principle of stochastic control prob-
lems, applications of these numerical methods in finance, etc.

The thesis is divided into four parts. The first and second parts study two independents
topics. One is on the monotonicity of finite difference §—scheme for a one-dimensional
diffusion equation, the other is on the splitting numerical scheme for a degenerate nonlinear
PDE.

The third and fourth parts are closely related. We first analyze a new mass transporta-
tion problem where the mass is transported by the controlled stochastic dynamics, and
we minimize the transportation cost among all the dynamics satisfying the initial and
terminal constraints. We derive a dual formulation and prove a strong duality of the new
transportation problem. This extends the well-known Kantorovich duality to our context.
We also propose a gradient-projection algorithm for the numerical resolution of the dual
problem, and provide a convergence result. Such a problem is motivated by a problem of
finding the optimal no-arbitrage bounds for the prices of exotic options given the obser-
vation of the implied volatility curve for some maturity 7. We then discuss an example
on variance options in the fourth part, where we use the gradient-projection algorithm
to approximate the no-arbitrage bound of variance options. Because of the particular
structure of the variance options, techniques for the approximations and for the proofs of
the convergence may be different from those used in the transportation problem.

2.1 Part one: The monotonicity condition of /—scheme
for diffusion equations

The monotonicity of numerical schemes is an important issue in numerical analysis. For
example, in the convergence analysis in Chapiter 2 of Allaire [1], we may use the mono-
tonicity to derive a L —stability of the scheme; in the context of Barles and Souganidis’s
[6] analysis, the monotonicity is a key criterion for the convergence of numerical schemes.

In this part, we are interested in the necessary and sufficient condition for the mono-
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tonicity of 8—scheme for the one-dimensional diffusion equations. Let us consider the
diffusion equation

ow(t,r) — o*(x)D? v(t,r) = 0, (2.1.1)

with initial condition v(0,z) = ®(x). The finite difference f—scheme for equation (2.1.1)
is a linear system on the space grid N:

n n

+ (1 — )L = ) —0, (2.1.2)

ultt —ur eu?jll — 2u 4t
At ( Ax?

where we are given a time and space discretization h = (At, Az), and with ¢, := nAt,

x; := iAx, u? denotes the numerical solution at point (¢,,z;); the grid N is defined by

N = {xl NS N}. When 6 = 1, the above scheme is an implicit finite difference

scheme; and when 6 = 0, the above scheme (2.1.2) becomes to be an explicit scheme.

The CFL condition It is well known (see e.g. Lemma 2.2.13 of Allaire [1]|) that the
implicit scheme is unconditionally monotone, and the explicit scheme is monotone if and
only if it satisfies the Courant-Friedrichs-Lewy (CFL) condition:

a2 At P or 5 (1)
— or ¢ = supo(x;).
Az? = 2 z‘eg '
Since the #—scheme can be viewed as a combination of the explicit scheme and implicit

scheme, it follows immediately that a sufficient condition of the monotonicity of §—scheme
is

oAt 1
< f o = ;). 2.1.
A S ai-ey 7T et (2.1.3)

The above condition (2.1.3) requires a discretization ratio At = O(Axz?) for the mono-
tonicity when 6 < 1. We ask the question whether it is necessary.

The necessary and sufficient condition of monotonicity We derive the necessary
and sufficient condition of the monotonicity of #—scheme, which confirms that the ratio
At = O(Az?) is necessary for the monotonicity. Moreover, in the case of heat equation,
i.e. o(x) = oo for some constant oy, we get an explicit formula for the necessary and
sufficient condition:

o2 At < 1 0

A2 S 21-6) A1_0® (214)

which is clearly weaker than the CFL condition (2.1.3).
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2.2 Part two: A splitting method for fully nonlinear
degenerate parabolic PDEs

2.2.1 Motivations

The numerical methods for PDEs are largely developed in the literature, on finite differ-
ence, finite elements, semi-Lagrangian methods and Monte-Carlo methods. In general,
the first three methods are relatively more efficient in low dimensional cases, they can
be easily implemented and give reliable results. However, in high dimensional cases, the
Monte-Carlo method is usually preferred if possible.

Splitting method Besides the numerical schemes cited above, another important tech-
nique used in numerical analysis is the splitting method. In many cases, it is used to
reduce the dimension of the computation, or to improve the accuracy of the numerical
scheme. The idea of splitting method is to split the PDE into two equations, to solve each
equation separately and then to combine them together. To illustrate the idea, let us give
an example of finite difference splitting method for the heat equation on [0,7] x R x R:

8tv(t7x)y) - Dim?}(t’xay) - Dzyv(t7x7y) = 0, (221)

with initial condition v(0,-) = ®(-). A splitting method first split the above equation into
two equations

Ow(t,z,y) + Dio(t,z,y) = 0 and dw(t,z,y) + Diov(t,z,y) = 0.(2.2.2)
Given the discretization parameters h = (At, Az, Ay), we denote

VP (tn, &+ Az, y) = 20" (b, 2, y) + 0" (L, & — Az, y)

D2,h h tn —
;m;v( Jx7y) A$2

and

D2,h h t L Uh(tmxvy—i_Ay) _2vh(tn>x7y) +Uh<tn7x7y_Ay)
vy v ( n»way) T Ay2 :

Then the explicit finite difference schemes for the above two equations (2.2.2) can be
written as

V" (tpgr, ) = V" (tn, ) + At DEM(t,,-) and 0" (t,y1, ) = 0" (L, ) + At D;;/hvh(tn, ).
A splitting scheme for (2.2.1) can be written, with a fictitious time ¢, 11,88
vh(tn+%, ) =0"(t,, ) + AtDZM(t,, ) and vty ) = vh(tn+%, )+ AtDj;hvh(thr%, ).
It follows by a formal calculation that the above splitting scheme turns to be
P (tasr,)) = V"(tn,)) + ALDZM"(t,,-) + DM (ta,-)) + O(AE),

which is almost the same as the non-splitting explicit finite difference scheme for (2.2.1).
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Monte-Carlo methods for PDE The Monte-Carlo method for PDE is related by the
Feynman-Kac formula. Let u:[0,7] x R — R? and o : [0,7] x R? — S, be Lipschitz in
x uniformly in ¢ and such that

/0 (|u0)* + |o(t, 000" (t,0)| ) dt < oo

Suppose that v(¢, ) is a smooth solution of the linear parabolic equation

1
— L%v(t,r) = 0 where LY = 0, + p(t,x)-D, + §U(t,l‘>UT(t,x)'D2

xx)

(2.2.3)

with terminal condition v(7,z) = ®(z). Then it follows by Feynman-Kac formula that
v(t, ) has a probabilistic representation:

o(t,r) = E &(X5Y), (2.2.4)

where X% is the unique strong solution of the stochastic differential equation (SDE)
X0 =g +/ p(r, X2*)dr +/ o(r, X»*)dW,, with Brownian motion W. (2.2.5)
t t

The Monte-Carlo method for the resolution of linear PDE (2.2.3) is to simulate random
variable X", and with the simulations (X%ffn)lgmg M, to approximate v(t, z) by

;M
Vi > a(Xp).
m=1
By central limit theorem (CLT), its convergence rate is independent of the dimension d
of the equation (2.2.3).

As an extension of Feynman-Kac formula, the Backward Stochastic Differential Equation
(BSDE) opens a door for the resolution of semilinear equations by Monte-Carlo method.
In this spirit, Fahim, Touzi and Warin [32] propose a Monte-Carlo method for a fully
nonlinear parabolic PDE, which is closely related to second order BSDE. However, one
limit of their method is that it only works in the nondegenerate cases.

Degenerate PDE In many financial problems, when the underlying variables involved
in the pricing or optimization problems do not have a diffusion generator, their character-
ization equations may be degenerate. This is the case for Asian option pricing, optimal
commodity trading problem, life insurance product pricing etc.

Example 2.2.1. Asian option pricing Suppose that the price process of a risky asset
S; is defined by the Black-Scholes model: dS; = 0S;dW; with volatility o and a standard
Brownian motion W. An Asian option is an option with payoff g(St, Ar) at maturity T,
where Ap = fOT Sidt, and its price turns out to be characterized by the PDE:

1
ow(t,s,a) + 50252D35v(t,3,a) + sDyu(t,z,a) = 0,

which is degenerate since D> v(t, z,a) does not appear.
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These applications motivate us to develop a Monte-Carlo method for high dimensional
degenerate nonlinear equations.

2.2.2 Main results
2.2.2.1 The degenerate nonlinear PDE and splitting scheme

We consider the following degenerate nonlinear equation
— L%(t,z,y) — F(-,v, D0, D2 v)(t,z,y) — H(-,v, Dy, Dyo)(t,z,y) = 0,(2.2.6)

with terminal condition v(T),-) = ®(-), where £ is defined in (2.2.3), F is a nonlinear
function defined on [0,7") x R¢ x RY x R x R% x S;, and H is a Hamiltonian defined by

H(t7 z,yY,rDp, Q) = Hel./fél%ug (laﬁ('> + caﬁ(')r + faﬁ(') "p+ gaﬁ(') ’ Q) (t, z, y)
« €
Based on the Monte-Carlo scheme of Fahim, Touzi and Warin [32] and the semi-
Lagrangian scheme, we shall propose a splitting scheme S; 0T}, for the degenerate nonlinear
equation (2.2.6). Let (£,)o<n<ny be a discrete grid with i := L and ¢, := nh, we define
our splitting scheme S, o T}, by

Uh(tm_%,x,y) = E[vh(tnﬂ,f(ff’x,y)} + hF(tn,x,y,Ethh(tn,m,y)), (2.2.7)
and
Uh(tnax7y) = ShoTh[U](tnaxay)
= inf Sup{ h1%P(ty, 2, y) + h ™ (ty, 2,y) V", 1, 2,y)
acA BeB 2

+ 0 (s 2 O )k, Y+ g™tz y)D) }.(2.2.8)
In (2.2.7), X" is defined by the Euler scheme of X** in (2.2.5) with
Xp® = w4 plt) b+ ot,m) - (Wi, — W),
and
ED"(ty, 2,y) = (ER"(tapr, Xpv7 ) HI O (AW,i)] 1i=0,1,2),  (2.2.9)

where AW, 11 = Wy, ., — W, and the Hermite polynomials are given by HY™M(2) =1,
Hy"M(z) =0T (t,x) 12 and Hy™"(z) == aT(t,a:)_l—ZZTh;Mdo(t,x)_l.
2.2.2.2 The convergence results

We shall give two convergence results for the above splitting scheme S;, o T},. The first
one is a local uniform convergence in the context of Barles and Souganidis [6].
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Assumption F : (i) The diffusion coefficients y and ¢ are Lipschitz in 2 and continuous
in t, 0o (t,z) > 0 for all (t,2) € [0,T] x R? and [ |00 (t,0) + p(t,0)|dt < cc.

(ii) The nonlinear operator F(t,z,y,r,p,I') is uniformly Lipschitz in (z,y,r,p, "), con-
tinuous in ¢ and |F(¢,x,y,0,0,0)|, < co.

(iii) F is elliptic and satisfies

(06T P Fr <1 on RxRIxRY xR xR? xS, (2.2.10)

(iv) F, € Image(Fy) and |FIF'F,| < +oc.

Assumption H : The coefficients in Hamiltonian H are all uniformly bounded, i.e.

sup {11%lo + |c*Plo + 1F&P o + |g;v,,8|0} < o
(,B)EAXB, 1<i<d, 1<j<d’

Theorem 2.2.1. Let Assumptions F and H hold true, and assume that the degenerate
fully nonlinear parabolic PDE (2.2.6) satisfies a comparison result for bounded viscosity
solutions. Then for every bounded Lipschitz terminal condition function ®, there exists a
bounded function v such that

v — v locally uniformly as h — 0,

where v" is the numerical solution of scheme Sy, 0T}, in (2.2.8). Moreover, v is the unique
bounded viscosity solution of the equation (2.2.6) with terminal condition v(T,-) = ®(-).

The second convergence result is the rate of convergence in the context of Barles and
Jakobsen [5] where F' and H are both concave Hamiltonians.

Assumption HJB : Assumption F holds and F' is a concave Hamiltonian, i.e.

1
wep + §a~F + F(t,xz,y,r,p,I) = in(fj Lot z,y,rp, ),
ve
with
1
E”(t,x,y,r,p,F) = lw(t,l’,y) + Cv(t,‘Z‘?y)T’ + f’y(tal‘ﬂy)p + §a7(t,x,y)-F.

And B = {§} is a singleton, hence H is also a concave Hamiltonian, so that it can be
written as

H(t>$ay>rap7Q) - Ctrelﬁ‘ {la@,l,y) + ca(t,x,y)r + fa(t,l‘,y)'p + ga(tvajay)'q}
Moreover, the functions [, ¢, f, g and o satisfy that

sup (\la+l”|1+|ca+c7|1+yfa+f”|1+!ga|1+|am) < o0
acA~eC
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Assumption HIJB+ : Assumption HJB holds true, and for any 6 > 0, there exists a
finite set {a;,7;}12, such that for any (a,v) € A x C :

inf (1= 1% + | — o + 0=y + o7 —o™o < 4.

1<i<lIs

and

inf |I7 =7
1<i<Is

0 + |C’Y_C’Yi0

. < 6.

+ ‘f’Y_f’Yi

Theorem 2.2.2. Suppose that the terminal condition function ® is bounded and Lipschitz-

0o + ’g’Y_g’Yi

continuous. Then there is a constant C' such that

e i) under Assumption HIB, we have v — v < Chi,

e 1) under Assumption HIB-, we have —Chio < v—uvh < Ch%,

where v is the unique bouded viscosity solution of (2.2.6).

2.2.2.3 Simulation-regression method and numerical example

To make the splitting scheme S; o T}, implementable, we propose a simulation-regression
method to estimate the conditional expectations (2.2.9) used in scheme S; o T},. The idea
is to rewrite (2.2.9) as

E | o(tusr, Xy, VYH S0 " AW, ) ‘ X, Y} (2.2.11)

i=0,1,2"
where X is defined by the Euler scheme of X in (2.2.5):
th+1 = th + M(tnv th>h + U(tantn)AWn-i-la

and Y is a random variable with continuous probability distribution. With M independent
simulations ((X{:)OS”SN, (AW™)ocn<n, Y™) L<ment Of X, AW and Y, and a function basis
(ex(z,y))1<k<k, we solve the least squares problem:
M em K 2
MM = arg m/\in Z ((p(tn_H, Xzzﬂ, Ym)H:"’Xt”’h(AWTﬁl) — Z )\kek(f(f;, Ym)> ,
m=1 k=1

which induces a raw regression estimation of conditional expectations (2.2.11) from these
M samples:

~ K i N
EM [go(tnﬂ,f(tn“,Y)Hf”’Xt"’h(AWnH)‘th,Y} =) ANMer(X,,,Y), i=0,1,2.
k=1

Then with a priori upper bounds T';(X;,,Y) and lower bounds I',(X, ,Y), we define the
regression estimation of (2.2.11) by
EM [ Ptnss, Xo 1, VYVH S M AW, ) | X, Y } (2.2.12)

= I,(X,.,Y) Vv EM go(tnﬂ,f(tn“,Y)Hf”’Xt”’h(AWnH)‘th,Y} A Ti(X,,,Y).
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Finally, we just replace the conditional expectations (2.2.9) in scheme S;, o T} by their
regression estimations (2.2.12) and get the new numerical splitting scheme Sy 0 T4, which
is

Pt gmsy) = Y[t X" )] + b FCEYDI () (),
and
0"(tn, 2,y) = Spo TH[0"](tn, z,y)
= 01}61321612 {hlo"ﬁ(tn,x,y) + hca’ﬁ(tn,x,y)ﬁh(thr%,a:,y)
+ @"(tM%, z+ [P (tn, , 9)h, Y+ g°F (ty, 2, y)h) }2.2.13)
where

EYDyo(tn, z,y) = (EM[p(tnrr, Xp% o) H " (AW,i1)] + i=0,1,2).

To derive a convergence result for the numerical solution ©" of scheme S, o TM, we
impose additional assumptions essentially in two aspects. One is the choice of function
basis (ex)1<k<k, and the other is on the number of simulations M. Here, we shall omit

the technical conditions and just cite the convergence results:
Theorem 2.2.3. With additional assumptions to Theorem 2.2.1, we have
" — v locally uniformly, a.s.

where 0" is the numerical solution of scheme Sj, o ThM defined in (2.2.13), and v is the
unique bounded viscosity solution of (2.2.6).

Theorem 2.2.4. With additional assumptions to Theorem 2.2.2, there a constant C' such
that

2.2.2.4 Numerical examples

We implement our splitting scheme for two examples. One is the Asian option pricing
problem in the uncertain volatility model with Hull-White interest rate, which gives a
three dimensional (in space) nonlinear degenerate parabolic PDE. The other is a problem
of optimal management of a hydropower plant, which involves with a four dimensional
nonlinear degenerate parabolic PDE.

2.3 Part three: Optimal transportation under con-
trolled stochastic dynamics

2.3.1 Motivations

Monge’s transportation problem In 1781, Monge [47] proposed a mass transporta-
tion problem. Let zo and g1 be two mass distributions on R?, such that po(R?) = u; (RY) =
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1, i.e. po and pu; are probability measures on R%. We say a map 7 : R? — R? is an ad-
missible transport plan if

Xy = T(Xo) ~ w1 whenever the r.v. X has the distribution .

An admissible transport plan T can be interpreted as a map which transport a mass from
distribution pg to distribution p;. Then Monge’s transportation problem searches for the
solution to

inf {/ L(z,T(x)) po(dzx) : T admissible transport plan }
R4
= inf{ E L(Xo,T(Xy)) : T admissible transport plan and Xo ~ 10},

where L is a positive function defined on R¢ x RY, whose value L(z,y) represents the
cost of transportation from z to y. This problem is difficult to solve because of the fully
nonlinearity of the constraints, and remained open for many years.

Kantorovich’s relaxation A breakthrough was made by Kantorovich [39] in 1940s by
relaxing the constraints and then introducing the dual formulation. Let iy and py be two
probability measures on R%, a random vector (Xp, X;) taking value in R? x R? is said to
be admissible if its marginal distribution for X, and X; are respectively uo and p;. Then
Kantorovich proposed the relaxed optimal transportation problem:

inf { E L(Xo,X1) : (Xo,X1) admissible random vector }. (2.3.1)

Clearly, given an admissible transport plan 7" as well as a random variable X ~ g, it
follows that (Xo, X7) with X; := T'(Xp) forms an admissible random vector. However, in
general, an admissible random vector may not induce an admissible transport plan.

Kantorovich then proved a strong duality between the problem (2.3.1) and

sw { [ vtwmldy = [ eyt }

where the supremum is taken over all pairs (p,v) € L'(ug) x L'(u;) satisfying ¢ (y) —
o(x) < L(z,y). The main advantage of the dual formulation is that it gets rid of the
nonlinear constraints, and then becomes solvable.

Stochastic transportation mechanism Recently, Mikami and Thieullen [46] intro-
duced a stochastic transportation mechanism. They considered the collection of all con-
tinuous R%—semimartingales X = (Xt)o<t<1 with canonical decomposition:

t
Xt = XO + /ﬁsds + W57 (232)
0

where W is a d—dimensional standard Brownian motion with respect to the filtration gen-
erated by process X. Let 119 and y; be two probability measures on R?, denote by A(pg, 1)
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the collection of all semimartingales X given by (2.3.2) such that Xy ~ ug and X; ~ pq,
then their optimal transportation problem consists in minimizing the transportation cost
defined by a cost function ¢:

1
Vi(po, 1) = inf E / U(s, X, Bs)ds. (2.3.3)
0

XEA(;U'OJJJ)

Finally, they proved a strong duality by providing the lower semi-continuity and convexity
of pi1 = V (o, ).

The generalization We extend this result to a larger class of continuous semimartin-
gales with characterization:

t t
X, = X0+/ ﬂsds+/ o, dWs,
0 0

where the transportation cost depends on the drift and diffusion coefficients as well as the
trajectory of X.

First, this new mass transportation problem is intimately connected to the Skorokhod
Embedding Problem (SEP). Given a distribution p; and a standard Brownian motion B,
the SEP searches for a stopping time 7 such that (Bja,)i>0 is uniformly integrable and
B, ~ p;. From a SEP solution, we can construct a martingale M by M, := Bmﬁ SO
that M ~ py. On the other hand, given a martingale M such that M; ~ 4, it follows by
a time-change argument that it gives a solution to the SEP. Among infinite solutions of
the SEP, some of them have optimal properties with respect to the specific cost functions.
Let us refer to Obloj [48] for a review of the SEP.

Next, as observed by Hobson [36], the SEP is connected to the problem of finding the
optimal model-free no-arbitrage bounds of exotic options given the observations of the
prices of vanilla options with maturity 7" and all strikes. Rececently, Galichon, Henry-
Labordeére and Touzi [33| proposed a framework to compute the model-free price bounds
of the exotic options in a vanilla-liquid market. In their model, the marginal distributions
of the underlying at some maturities are identified by the observations of vanilla price.
They then propose a price bound for exotic options by considering all the martingales
satisfying the marginal constraints.

2.3.2 Main results
2.3.2.1 New mass transportation problem

Let Q := C([0,1],R%) be the canonical space, with canonical process X;(w) := w; and
canonical filtration F = (F;)o<i<1. We shall consider the probability measure P under
which X is a semimartingale having the canonical continuous decomposition:

X, = Xo + B + M/, t€[0,1], P—as. (2.3.4)
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such that BY = (BF)o<i<1 and A¥ = (AF)o<i<1 == ((MF);)o<i<1 are both almost surely
absolutely continuous in ¢, so that

t t
Af = /afds and BF = /des, te|0,1], P—as. (2.3.5)
0 0

Let U be a closed and convex subset of S; x R¢, we denote by P the collection of all
probability measures on  under which X has the decomposition (2.3.4), and satisfies
(2.3.5) with characteristics v; := (of,8F) € U, dP x dt — a.e. Given two probability
measures i and g, on RY, we also denote

Pluo) == {PEP : PoXy' =po} and Plug, i) = {P€Puo) : PoX;'=p}.

Under the probability P € P, X is a continuous semimartingale, and it represents a vehicle
to transport a mass from the P—distribution of X, to the P—distribution of X;. Let

L:(t,x,u)€[0,1]xQxU + L(t,x,u) € R*
be a positive function convex in u. We then associate with every P € P a cost and
introduce our mass transportation problem:

1
V(po, 1) = inf J(P) with J(P) := E° / L(s,X,as, B5)ds. (2.3.6)
0

PEP (uo,p1)

2.3.2.2 Dual formulation

We prove a strong duality for the transportation problem (2.3.6). To do this, we follow the
general methodology in convex analysis, proving the lower semi-continuity and convexity
of i1 — V' (1o, p11). These properties ensure that V' coincides with its convex bi-conjugate,
which is the required dual formulation.

Indeed, we can easily compute the conjugate of py — V (1o, i11)

VA (=A) = sup (=) = V(ko, 1))

7
1
= — inf EF [/ L(s, X,at, B5)ds + Al(Xl)]
PEP (o) 0
By a dynamic programming argument, we get
1
V(=A1) = —pmo(ho), where Xofx) = _inf E" [/ L(s, X, aF, E’)dsml(xl)} (2.3.7)
S x 0
Then the bi-conjugate of iy — V' (o, 1) turns out to be
V(po,n) = sup  (mo(Ao) — (M) (2.3.8)
)\1€Cb(Rd)

With some strengthened conditions, we prove that V' (1g, pt1) in (2.3.6) and V(po, 1) in
(2.3.8) are equivalent to a weaker dual formulation

V(po, 1) = sup  (po(Ao) = p(M))- (2.3.9)

A €CER(RY)
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2.3.2.3 Dynamic programming in the Markovian case

In the Markovian case, i.e. L(t,x,u) = £(t,x(t),u) for some deterministic function ¢,
we can characterize the value function \g defined in (2.3.7) by a dynamic programming
equation. By introducing

1
At,z) = inf ]EP[/ E(S,XS,VSP)ds—i—)\l(Xl)],
PePyt x t
where
Pio = {PeP : P(X,=2, 0<s<t)=1}and v, := (o, ),

we see that A\o(z) = A(0,x), and it is reduced to be the value function of a standard
Markovian control problem. We prove the dynamic programming principle:

Mto) = inf EP| / (s, X, 2)ds + A7, X)), (2.3.10)
t

PePt 2
for every F—stopping time 7 taking value in [¢,1], and then characterize the function
A(t, x) as a viscosity solution of the dynamic programming equation

— O\ (t,z) — ( i}ng (b- DA(t,z) + a- D*X(t,z) + {(t, x,a,b)) = 0. (2.3.11)
S

)

The main idea to prove the dynamic programming principle (2.3.10) is to decompose
the equality (2.3.10) into the inequalities “>" and “<”. Then the inequality “>" can be
proved by a conditioning arguments, and the inequality “<” is based on a concatenation
technique of probability measures, where a measurable selection argument is used.

2.3.2.4 Numerical resolution of the dual problem

In the one-dimensional Markovian case, we give a numerical scheme to solve the dual
problem (2.3.8). The numerical resolution is based on a crucial observation that A; —
Xo(z) is a concave mapping since it is represented as the infimum of a class of linear
mappings in (2.3.7). Therefore, (2.3.8) turns to be a maximization problem of a concave
function and a natural method for its numerical resolution is the gradient projection
algorithm. The approximation is divided into four steps.

First approximation First, we define Lip) as the collection of all bounded
K —Lipschitz-continuous function ¢ : RY — R with ¢(0) = 0, and denote Lip°’ :=
UgsoLip%. It follows by the equivalence between (2.3.8) and (2.3.9) that the dual problem
(2.3.8) can be reduced to be

Vo= sup ov(A\) with v(A1) = po(Xo) — 1 (A1).
)\1€Lip0

Then the first approximation is given by

VE 5V, where VX = sup wv(\).
)\1€Lip2<
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Second approximation For the second approximation, we introduce

TR/\l
M) = i B /0 (s, Xs, 0%, BP)ds + M (Xeot)], (2.3.12)

PePs,,
where 75 :=inf{t : X; ¢ [-R, R]}. Let

VER = sup vf(\1), where v (\) = oA 1rR) — i MlrR).  (2.3.13)
)\1€Lipé{

We then derive a convergence result

VERE o VK a8 R — .

Third approximation The third approximation is a discrete system approximation.

Let (I,r) € N? and h = (At,Az) € (R")? be such that [At = 1 and rAz = R. Denote
x; = 1Az, t, := kAt and define the discrete grids:

N ={zx; : ieZ}, Nr:=NN(-R,R),
Mrg = {({tr,z;) : (ki) € Z* x Z} N ([0,1] x (—R, R)).
The terminal set, boundary set as well as interior set of My r are denoted by
OrMrg:={(1,2;) + z; € Ng}, OpMrpg = {(te,£R) : k=0,--- 1},
Mr g = Mrg \ (OrMpr UdpMr ).
For a function w defined on My g, we introduce the discrete derivatives of w:

W(te, Tix1) — w(ty, ;)
Ax

where b' := max(0,b), b~ := max(0, —b); and

D w(ty, z;) == and (bD)w :=b"*DYw +b D w for b € R,

w(tg, i) — 2w(tg, ;) + w(ty, T;_1)
Az?

D*w(ty, ;) =

Then an explicit finite difference approximation of A\# in (2.3.12) is given by the equation

- ~ ~ 1 ~ o
NoR(ty, 1;) = ()\’”"R YA inf {z(-, )+ (bD)AME ¢ éaD2)\h’R}) (thor, ;) on Myg

u=(a,b)eU

A B (ty ) = Mi(2) on dp My g UdpMo g, (2.3.14)

and a natural approximation of v® in (2.3.13) is given by

~

0B (M) = o (linR[S\g’R]) o (hnR[&lD with AR = ARR(0,),  (2.3.15)

where for all function ¢ defined on the grid N, we denote by lin**[¢] the linear interpo-
lation of ¢ extended by zero outside [— R, R].
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Let Lipi™™ be the collection of all functions on the grid Ny defined as restrictions of
functions in Lip{':

Lipé(’R = {5\1 = A1|ar, for some \; € Lipé(}.

The above approximation of the dynamic value function A suggests the following natural
approximation of the minimal transportation cost value:

AR sup  0f(\) = sup /Lo(linR[j\g’R])—p1<linR[5\1]>. (2.3.16)
\eLipg ™ AeLipy”

And we derive a convergence

ViR o VER a5 b

Fourth approximation The fourth step is a gradient projection algorithm to solve the

discrete system (2.3.16). Let (v,)n>1 be sequence of real numbers, Vi denote a super-

gradient of A\; — 9()\;), and PLipK,R(¢) denote the projection of a function ¢ defined on
0

Ng to the set Lipé( ’R, the gradient projection algorithm is defined by:
At = PLipé(,R(A? + 1 VO (A])). (2.3.17)
We provide also a super-gradient computed by
Vﬁf(j\ﬁ = (,uo (hnR[gé]) — (hnR[éj]))frgjgr ’
where ¢’ is given as the solution to

Pt 1) = (gj + At((@k,i(xl)D) g+ ak,i(xl)mga‘)) (trsr, 1) on Mg,
¢ (ty, ;) = 6;j, on OpMrrU Moy g,

where ay,; and l;;” are the optimal controls in (2.3.14).
With a simple projection PLipK,R, we finally get a convergence result of the gradient
0

projection algorithm (2.3.17):

CR/A KR
max 05(A7) — Vb as N — o0.
n<N A1 he

2.3.2.5 Numerical example

We implement the above gradient projection algorithm, taking (¢, z,a,b) = a, so that
V = [p@?ui(de) — [ 2®po(dx). For a computer with a 2.4GHz CPU, it takes 55.2 seconds
to finish 10° iterations, which gives a numerical result with an error less than 1%.
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2.4 Part four: A model-free no-arbitrage bound for

variance options

2.4.1 Motivations and formulation

The new mass transportation problem of Section 2.3 is motivated by the work of Galichon,
Henry-Labordére and Touzi 33|, which searches for the model-free no-arbitrage bound of
prices for exotic options in a vanilla-liquid market. The main objective of this part is to
design a numerical scheme to find this no-arbitrage bound as well as the corresponding
static strategy in vanilla options when the exotic option is the variance option.

We consider an underlying stock X with price process defined as square integrable mar-
tingale. Let po and pq be the marginal distributions of X at time T and T} respectively,
which are identified by the observations of the prices of vanilla options, we consider an
variance option with payoff ¢((X)z, m, X1, ), where g is a Lipschitz function. In the frame-
work of Galichon, Henry-Labordeére et Touzi [33], its no-arbitrage bound of price can be
formulated by

inf sup {]EIP [g<<X>T0,T17XT1) - ¢(XT1):| + M1(¢>} ) (241)
peQuad PeP2 (o)
where X is the canonical process in the canonical space €2, P () represents the collection
of all probability measures on 2 under which X is a martingale such that P o X; ' = pq
and EF[X?|Xy] < oo, P — a.s., and

Quad := { ¢ : R — R such that sup [9() < 00 }
zeR 1+ |l’|2

The choice of Quad as the collection of admissible static strategies is motivated by the

fact that variance option (i.e. g(z,,) = z) can be considered as a European payoff X7, .

By the time-change martingale theorem, it is well known that a martingale can be
represented as a time-changed Brownian motion. Based on this fact, we reformulate the
problem (2.4.1) with a standard Brownian motion as well as its stopping times. Let B =
(Bi)i>0 be a standard one-dimensional Brownian motion such that By = 0, F = (F})i>0
be its natural filtration and denote

7> := { F — stopping time 7 such that E(7) < oo }. (2.4.2)
We define A% and A with a given ¢ € Quad by

A(t,x) = sup Elg(t+7,0+B,) —dx+B,)], A\() = A(0,-). (2.4.3)

TET >

Then our model-free no-arbitrage bound is given by

U := inf u(g), with u(¢) = po(A\)+ (). (2.4.4)
pcQuad
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2.4.2 Main results
2.4.2.1 Analytic approximations

In order to restrict the computation of U in (2.4.4) to a bounded domain, we give an
analytic approximation consisting of four steps.

First step We introduce

Quad, := { ¢ € Quad non negative, convex, such that ¢(0) =0 },
and
UK = inf Ku(¢>), with Quady = { ¢ € Quad, : ¢(z) < K(|z| vV 2?) }.
seQuad,

Then it follows that

U = inf  u(¢),
peQuad, ()

and we get a natural convergence

U N\, U as K — oo, (2.4.5)

by the fact that Quad, = U Konuadg )

Second step We introduce
Quadi™ = { ¢ € Quadg such that ¢(z) = Ka* for |z > 2M },
and prove that

UM = inf  u(gp) — UX as M — oo. (2.4.6)

Third step We define

ANty =l Blg(t+ 7,04 Br) — (e + Br)] and AT () = AT (0, ),
as well as
UM = infuT(¢) with uf () == po(AT) + u(9). (2.4.7)
¢cQuad, ™
We prove that
UgEMT - gEM as T — 0. (2.4.8)
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Fourth step Finally, for the fourth step, we introduce a stopping time

8 = inf{s : v+ B, ¢ (-R,R)},

T

and when R > (1 + 4/ Kf(LO)M , we get an equivalence

MNT(tx) = NDER(t2) = inf  Elgt+ 7,2+ B;) —¢(z+ B;)]. (2.4.9)

rET™, r<rh
Clearly, A»T*% can be characterized as the unique viscosity solution of the variational
inequality
min { A(t,z) — g(t,z) + ¢(z), — I\ — %DQ)\ } =0, on[0,T)x (—R,R),(2.4.10)
with boundary condition

At x) = g(t, ) = ¢(x), on ([0,T] x {£R}) U ({T} x [-R, R]).

2.4.2.2 Numerical approximation

The main idea for the numerical approximation of UXMT in (2.4.7) is to use a finite
difference scheme to solve the variational inequality (2.4.10), and then to use the gradient
projection algorithm to solve a minimization problem.

Let h = (At, Az) be the discretization parameters, denote z; = iAz and ¢, = kAt, we
define a discrete grid

Ng = {z; :—r<i<r} and Mqgpp = {(tk,xi) 0 <k <I, —rgigr}.
For a function w defined on My g, we introduce a discrete derivative

w(ty, Tig1) — w(te, ;) + w(ty, xio1)

Diw(ty, v;) = A2

Then given a function ¢ defined on the grid Nz, we denote by X;f’T’R the numerical solution
of the following finite difference scheme for (2.4.10):

Ay (s ) — Ay (b 24)
+ 1At <9 DA (b, ) + (1—6) DQ)\;{’R(tkH,xi)) = 0, (2.4.11)
)\Z’R(tk,xi) = max (g(tk,xi) — (), S\Z’R(tk,xi))
Let linf[yp] (resp. linR[)\f:OT #]) be the linear interpolation of ¢ (resp. Af;g o=

AP0, ) extended by zero outside the interval [~ R, R]. We then get the natural ap-
proximations for ur(¢) and UXMT defined in (2.4.7):

up(p) = uo(linR[)\i’OT’R]) + 1 (1in®[g)) and USMT = inf un7(p)(2.4.12)
<peQuadoy’h
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where
Quadéf;LM = { @ 1= @|pr,, for some ¢ € Quad{){’M }
Provided a convergence result of X;f’T’R to MR we get
gt o gEMT a5 h— 0. (2.4.13)

Finally, we propose a gradient projection algorithm to solve U,f( AT i (2.4.12). Let
(Vn)n>1 be a sequence of positive real numbers, the algorithm is given by the iteration

Ong1 1= PQua s [©n — W Vunr(en)], (2.4.14)

where P uad’ [¢] denotes the projection of function ¢ on Quadéf,’LM, and Vuy,r(py) is

a sub-gradient of ¢ — un () at ¢, which is given by

Vunr(p) = (Mo(hnR[Pé]) + Hl(hnR[ej]))_zmngm

with the unique solution (p’, /) of the following linear system on Mr p:

P (thrns v) — P (te, ) + %At (QDQpi(tk, z) + (1 — 9>D2pj(tk+1,xi)) _p,
P t) = {ﬁ(tk’xi)’ A7 (0, ,) < %00,

(tk,x-) - ./\O/lT7R.
— e;(z;), otherwise. '

1, if i=j

where e; € B(Ng) is defined by e;(x;) := 0, ; = { Let pj) == p/(0, ).

0, otherwise.

We finally discuss the projection PQua JEM and then provide a convergence result of
0,h
the gradient projection algorithm:

HEE upr(en) — USMT (2.4.15)

2.4.2.3 Numerical example

We implement the above algorithm in the case where the variance option is the “variance
swap”, i.e. ¢(t,z) = t. With a 2.4GHz CPU computer, it takes 57.24 seconds to finish
4 x 10* iterations, and we get a result with relative error less than 1%.
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CHAPITRE 3
The monotonicity condition of
6 —scheme for diffusion equations

3.1 Introduction

The monotonicity of a numerical scheme is an important issue in numerical analysis.
For example, in the convergence analysis in Chapiter 2 of Allaire [1]|, the author uses
the L°°—monotonicity to derive the stability of the scheme, which gives a proof of con-
vergence. In the viscosity solution convergence context of Barles and Souganidis [6], the
L*>—monotonicity is a key criterion to guarantee the convergence of the numerical scheme.

We are here interested in the finite difference §—scheme for the diffusion equation:
o — o*(x) D2v = 0, (t,x) € R x R. (3.1.1)

with initial condition v(0,x) = g(z).

3.2 The 6—scheme and CFL condition

Let h = (At, Az) € (RT)? be the discretization in time and space, denote t,, := nAt, z; :=
iAz, 0; := o(x;) and by u!* the numerical solution of v at point (t,,z;), let N := {x; : i €
Z} be a discrete grid on R. The finite difference f#—scheme (0 < 6 < 1) for diffusion
equation (3.1.1) is a countable infinite dimensional linear system on N:

ntl _ . n n+l QU;H-I + u;z—l—l

At 9i Ax2 +( ) A2 , (3.2.1)

with initial condition u{ = g(z;).

o
1+20a;

define Z x Z dimensional matrices I, D, T and E as follows: [ is the identity matrix, D

. . ZAL
Let (u") := (u});ez be a Z—dimensional vector, denote o; := % and f; := we

is a diagonal matrix with D;; = «;, T'is a tridiagonal matrix with 7;,_; = T} ;41 = «; and
T,; =0,and E := 0[] + 20D]7'T which is a tridiagonal matrix with Eiiv=FEii1=p0
and E;; = 0. Then the system (3.2.1) can be written as

[[+20D —0T] (u"*") = [I-2(1-6)D+ (1-6)T] (u"),
or equivalently

[I+20D] [I - E] (u""') = [I-2(1—-0)D+(1—-0)T] (u"). (3.2.2)
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Proposition 3.2.1. Suppose that the function g is bounded on N and there is constant
g > 0 such that |o;| < & for every i € Z, then the Z X 7 matriz I — E is invertible and its
wmverston B is given by

B =1+ Y E" (3.2.3)
n=1
And therefore, there is a unique solution for system (3.2.1) (or (3.2.2)) given by
(" = B [I+20D]7" [I—=2(1-0)D+ (1—0)T] (u"). (3.2.4)
Proof. First, (o;);en defined by a; = % are uniformly bounded by & := ‘iﬁf since
(0;)iez are uniformly bounded by &. It follows that 3; = il f;’ga' <p:= % < %

Denote by B(N) the space of all bounded functions defined on NV, then E can be viewed
as an operator on B(N') and its L>—norm is defined by

Ful.
|E|lo = sup | Byl .
u€B(N),u#0 U] oo

Clearly, [|F|l« < 2p < 1, and therefore, B in (3.2.3) is well defined and one can easily
verify that B is the inverse of [I — E] m

Definition 3.2.1. A numerical scheme for equation (3.1.1) given by u™ = T,[u"); is

7

said to be L>°—monotone if

wt < wt, MieZ = Ty, < TpuP";, VieZ

)

Remark 3.2.1. [t is well-known that in the case 8 = 1, system (3.2.2) is an implicit
scheme, and it is automatically L>—monotone for every discretization (At, Az). When
0 < 1, a sufficient condition to gurantee the L™ —monotonicity of system (3.2.2) is the
CFL(Courant-Friedrichs-Lewy) condition
a2 At 1
a = —— < —, or o := supo;. 3.2.5
Az S oa—gy et (325)
The CFL condition is a sufficient condition for the monotonicity of #—scheme, and it
implies a discretization ratio At = O(Ax?). We shall confirm that this ratio is necessary
to guarantee the monotonicity in the following.

3.3 The necessary and sufficient condition

Let ~; := (11;299)2‘; = @@- and b; ; be elements of the matrix B, i.e. B = (bz’,j)(i,j)ez2~ It

is clear that b; ; > 0 for every (i,j) € Z* by the definition of B in (3.2.3). Therefore, it
follows from (3.2.4) that the necessary and sufficient condition for monotonicity of system
(3.2.1) can be written as :

1

1+ 200, 2v;) + bigrivi+a > 0, V(i,j) €Z (3.3.1)

bij—17j—1 + bi,j(
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Theorem 3.3.1. Suppose that |o;| < & < oo for every i € Z, and let § € (0,1). Then the
necessary and sufficient condition of monotonicity for the 0—scheme in (3.2.1) is

O'Z'ZAT, 1 b“ —
< )

_— € 7. 3.2
A S a—g) T a(i—gy € (3:3.2)

o; =
Proof. First, since B is the inversion of I — E, we have B [I — E} = I, and it follows
that
bij—l, forz':j,
bw’, for ¢ 7é ]

Therefore, in case that ¢ # j, (3.3.1) is equivalent to:

bij—1Bi-1 + bijy1Bi+1 = {

1—-6 1
g —2v.) > 0. 3.
bl”( b 1+ 20q; 27]) z 0 (3:33)

Since b; ; > 0, the inequality (3.3.3) holds as soon as
(1-0)(1+420a;) + 6 — 201 -0)o; = 1 > 0,
which is always true.

In case that i = j, (3.3.1) is equivalent to:

11— 1 1-
b ( 99+ 1+ 20a; _2%) - Te =
le.
oo L bl
- 2(1-0) 20(1 —0)
which is the required inequality (3.3.2). O

Remark 3.3.1. Since b;; < oo for every ¢ € Z, it follows from Theorem 3.3.1 that the
ratio At = O(Ax?) is necessary for the monotonicity of 0—scheme (0 < 6 < 1) as soon
as o; # 0 for some i € Z.

3.4 The heat equation

In this section, let us suppose that o(z) = oy with a positive constant oy, then the diffusion
equation turns to be the heat equation:

ow — of D> v = 0, (t,z) € R x R. (3.4.1)

In this case, we can compute b;; and then get an explicit formula for the monotonicity
condition (3.3.2). Let

A be a Z x Z tridiagonal matrix such that A;; 1 = A;;41 =1 and 4;; =0, (3.4.2)
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1 crgAt

then clearly, £ = SA with § = 1+29a <3, a= <~ and
1 o0
B = [I - BA] =Y pran. (3.4.3)
n=0

Lemma 3.4.1. Denote by A™ the n—th exponentiation of matriz A in (3.4.2) for n € N,
we rewritten A" = (GEZ))(i,j)erZ- Then,

(3.4.4)

’LJ

o { Oy mel e 70 [0, 0],

0, otherwise.

Proof. We proceed by induction. First, it is clearly that (3.4.4) holds true for n = 1.
Suppose that the (3.4.4) is true in case that n = m. Since A™*! = A™ A we then have
al' = a_y + al . 1t follows from C¥ = C¥_; + CF_} that (3.4.4) holds still true for
the case n = m + 1. We then conclude the proof. O

By Lemma 3.4.1 and equality (3.4.3), we get b;; = > p, C4 3% with the convention
that Cj := 1. As a result, the monotonicity condition (3.3.2) of §—scheme reduces to

1 f(8)
= 30-6 T Wwa-o) (8:4:5)

where -
ZC’“ 2%k for —1<x<1
p 2k 2 2

Remark 3.4.1. We can verify that C5, ~ \/Lﬁ—kélk as k — oo by Stirling’s formula, thus

the radius of convergence of f(x) is &.

Let us now compute the function f(z). Since C§, =2 2= 05(2171), it follows that for
x| < 3

fllo) = Y2k Ch o™t = > 4@2k—1) Oty o™
k=1 k=1

= 4z +Z (8k +4) C5 2%t = 4z + 42%f'(x) + 4daf(z).

k=1

We are then reduced to the ordinary differential equation

4dx
!/ _ 1 —
whose solution is f(z) = \/1—1Tm2 — 1. Inserting this solution into (3.4.5), and by a direct
manipulation, it follows that (3.4.5) is equivalent to
1 6
a < + . (3.4.6)

— 2(1-0) 4(1 —0)?
We get the following theorem:
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Theorem 3.4.1. The necessary and sufficient condition for the L°°—monotonicity of
f—scheme (0 < 6 < 1) of the heat equation (3.4.1) is

2
o At 1 0

= < ) 3.4.7

CT Az S oi-e) T IHi-6p (3:47)

Remark 3.4.2. In particular, when 6 = %, the CFL condition is o = UE?J <1, and the

2
o5 At 3
Ax? < 2°

necessary and sufficient condition of the monotonicity is o =



CHAPITRE 4
A splitting method for fully nonlinear
degenerate parabolic PDEs

4.1 Introduction

Numerical methods for parabolic partial differential equations (PDEs) are largely de-
veloped in the litterature, on finite difference scheme, finites elements scheme, semi-
Lagrangian scheme, Monte-Carlo method, etc. For nonlinear PDEs, and especially in
high dimensional cases, the numerical resolution becomes a big challenge.

A typical kind of nonlinear parabolic PDEs is the Hamilton-Jacobi-Bellman (HJB) equa-
tion which characterizes the solution of the optimal control problems. In this context, for
finite difference method, one can only use the explicit scheme, since the implicit scheme
needs to invert too many matrices. In the one dimensional case, the explicit finite differ-
ence scheme can be easily constructed and the monotonicity is guaranteed by the CFL
condition. In high dimensional cases, Bonnans and Zidani [11] propose a numerical algo-
rithm to construct a monotone scheme. Another numerical method for HJB equations is
the semi-Lagrangian scheme proposed in Debrabant and Jakobsen [24]. It can be easily
constructed to be monotone, but they need next to use a finite difference grid as well as
an interpolation method to make it implementable. It hence can be viewed as a finite
difference scheme.

Generally speaking, finite difference and semi-Lagrangian schemes are easily imple-
mented and perform quite well in low dimensional cases; and in high dimensional cases,
the Monte-Carlo method is preferred. Recently, Fahim, Touzi and Warin [32]| proposed
a probabilistic method for nonlinear parabolic PDEs, which is closely related to the sec-
ond order backward stochastic differential equation (2BSDE) developed in Cheridito et
al. [20] and Soner et al. [53]. With simulations of a diffusion process, they propose the
estimations of the value function and its derivatives by conditional expectations, by which
they can approximate the nonlinear part of the PDE and then get a convergent scheme.
However, their scheme can only be applied in the non-degenerate cases.

We are motivated to generalize the probabilistic scheme of Fahim, Touzi and Warin [32]
for degenerate parabolic equations by their applications in finance. For example, in Asian
option pricing problems, we must consider the cumulative average stock prices A;; for
lookback options, we consider also the historical maximum and/or minimum stock prices
M;, m;. They are all degenerate variables without a diffusion generator, and hence the



Chapitre 4. A splitting method for fully nonlinear degenerate
46 parabolic PDEs

pricing equation turns to be a degenerate parabolic equation. In some optimal commodity
trading models(e.g. [3] and [14]), the storage amount of commodities is an important
state variable, and the optimization problem induces a PDE which degenerates on storage
amount variable. In life insurance, Dai et al. [23| proposed a financial pricing model
for a Variable Annuities product Guaranteed Minimum Withdrawal Benefit (GMWB). In
their model, the price of GMWB depends on two variables: the reference account and the
guaranteed account, where the latter degenerates and the pricing equation is a degenerate
parabolic PDE.

For these degenerate PDEs, the degenerate part is separable. Therefore, a natural
solution is the splitting scheme. Our idea is to use the probabilistic scheme to treat the
non-degenerate part, and use the semi-Lagrangian scheme to solve the degenerate part,
and by combining the two methods, we get a splitting scheme. Moreover, in place of the
interpolation method, we propose a simulation-regression technique to make the semi-
Lagrangian scheme implementable. Then our splitting scheme becomes a Monte-Carlo
method for degenerate parabolic nonlinear PDEs, and it is expected to be relatively more
efficient in high dimensional cases.

The rest of the chapter is organized as follows. In Section 4.2, we introduce a degen-
erate PDE and a splitting scheme which combines the probabilistic scheme in [32] and
semi-Lagrangian scheme. Then we provide a local uniform convergence result as well as a
rate of convergence. In Section 4.3, we propose a simulation-regression technique to ap-
proximate the conditional expectations used in the splitting scheme, making the scheme
implementable. We shall also discuss the choices of function basis used in the regression
and then provide some convergence results for this implementable scheme. Finally, Section
4.4 provides some experimental examples.

Notation: Let |n| := n' +--- +n? for n € N Given T'€ R* and d, d' € N, we denote
Qr:=1[0,T) xR x RY, Qp := [0,T] x R? x R* and

C"NQr) = { ¢ : Qr — Rsuch that |p[; < oo },
where
o, z,y) — o', 2’y
plo == suple(t,z,y)] and |pl = [plo + sup [ ) ( ) T
Qr QrxQr |x —a'| + |y —y/| + [t —t'|2

In this chapter, the constant C is used in many inequalities, its value may vary from
line to line.

4.2 The degenerate PDE and splitting scheme

In this section, we first introduce a nonlinear parabolic PDE which has a separable degen-
erate part. We next propose a splitting scheme, and for which we provide a local uniform
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convergence result of the splitting scheme when the PDE satisfies a comparison result for
bounded viscosity solutions, as well as a rate of convergence when the nonlinear part of
the PDE is a concave Hamiltonian.

4.2.1 A degenerate nonlinear PDE

Let T € RY, pu: [0, T]xR?* - R? and o : [0, 7] x R? — S, be continuous, denote a(t, z) :=
o(t,x)o(t,z)T, we define a linear operator £X on the smooth functions ¢ : Q7 — R by

1
CXgp(t,x,y) = at‘ﬁ(t,x;y) + M(t,l’)DIQO(t,LE,y) + éa(tax)Dixgp(thay)

We say that £X is a linear operator associated to the diffusion process X = (X;)o<i<r
defined by the stochastic differential equation:

dXt = ,M(t,Xt) dt + O'(t,Xt) th, (421)
where W = (W})o<i<7 is a d-dimensional standard Brownian motion.

Given a nonlinear function
F: (t,z,y,r,p,T) e RT x R? x RY xRxRYx S, F(t,x,y,r,p,I') € R,
we then get a nonlinear operator F(t,z,y, ¢, Dy, D2.¢) on ¢. We denote by F, and Fr

the derivative of function F' w.r.t. p and T

Next, we give the degenerate part which involves with the partial gradient with respect
to y. Given functions

a,fB a,fB a,B a,B
(l , T ) )aeA, BeB, 1<i<d, 1<j<d’

defined on Qr with index space A and B, we denote f®f .= (fiaﬂ)lgigd and ¢*? =
(g;"ﬁ)lgjgd/, and define the Lagrangian £%# by
LPo(t,,y) = 197t my) + Ptz y)e(t, T, y)
+ faﬂ(twruy) : Dx@(tway) + gaﬁ(t?xay) : Dy@(t;%y);

and the Hamiltonian by

H(t,z,y,o(t,z,y), Dyo(t,z,y), Dyp(t,z,y)) = irelg Zug LPo(t,x,y).
a S

Finally, let us introduce the degenerate fully nonlinear parabolic PDE which will be
considered throughout the chapter:

[—EXU — F(,v,Dv,D2v) — H(-,v,D,v, Do) }(t,x,y) =0, on Qr, (4.2.2)
with terminal condition
v(Tzy) = P(x,y). (4.2.3)

The PDE (4.2.2) is composed by three separable parts: the linear part £~ the nonlinear
part F', and the first order degenerate part H.
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4.2.2 A splitting scheme

As observed above, the three parts in PDE (4.2.2) are separable, we can then propose a
splitting numerical scheme to solve it. The idea is to split (4.2.2) into the following two
equations:

— L%(t,2,y) — F(-,v,D.v, D:v)(t,r,y) = 0 (4.2.4)
and
— Ow(t,x,y) — H(-,v,Dyv, Dyv)(t,z,y) = 0, (4.2.5)

then to solve them separately. Equation (4.2.4) is nonlinear and non-degenerate for every
fixed y, then it can be treated by the probabilistic scheme proposed in Fahim et al.[32].
Equation (4.2.5) is a first order HJBI equation, we shall solve it by semi-Lagrangian
scheme. Then, combining the two schemes sequentially, we get the splitting scheme.

Let us first give a time discrete grid (¢,)n—o,.. v With ¢, := nh, where h := T/N for
N € N. As in [32], we define X;* by the Euler scheme of the diffusion process X in
(4.2.1):

Xp* o=z o+ pt,) b+ ot,z) s (Wign — W), Y(t,z) € [0,T] x RY

Let v" denote the numerical solution, then the probabilistic scheme of [32] for equation
(4.2.4) is given by

V2, y) = Th") (b, 2,y) = B0 (tagr, X;75,y)] + hE (L, 2, y, EDy" (tn, 7, y)),
(4.2.6)
where
EDhSO<tm SL’,y) = ( E[cp(th, X;mea y)H;n’Lh(AWN-Fl)} t1=0,1,2 )7

with AW, 1, := W,,,, — W,, and the Hermite polynomials are defined by Hy""(w) := 1,
Hy"(w) = o (t,2) 12 and Hy""(w) := o (t,2) "2 g (¢, 2) 71

Remark 4.2.1. The scheme T}, is well defined as soon as Det(o(t,z)) # 0 for each
(t,z) € [0,T) x RY. When ¢ is smooth, by integration by parts, one can verify that

E [go(th,X;W,y) Hf"’m’h(AWnH)] = E Dip(tnyr, X y), i=0,1,2.

For more details on this fact and of the probabilistic scheme T, of (4.2.6), we refer to
Fahim et al. [32].

The second PDE (4.2.5) is a first order HJBI equation, its semi-Lagrangian scheme is
given by

V' tn,2,y) = Sp(tn, 2,y) = ilela zlelg {hlo"ﬁ(tn, z,y) 4+ he®? (ty, z, )" (thsr, 2, y)

+ 0" (g, T+ P (b, 2, y), v+ hgo"ﬁ(tn,x,y))}. (4.2.7)
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Remark 4.2.2. The semi-Lagrangian scheme Sy, is deduced intuitively from the discrete
version of equation (4.2.5):

h h

tn s Ly - tna 3 . a feo'

Pl 20) 2O 80) i sup { 199t 2,) 4+ ¢ (b, 0)0 (b, 2.0)
h a€A  gep

vh(thrl) x—i_hfaﬂ(tn?xay)a y—tha’B(tn,Jj,y)) - Uh(thrlaxay) }:0

* h

Finally, we are ready to introduce the splitting scheme S; o T}, for the original PDE
(4.2.2), (4.2.3). Concretely, with terminal condition

V' (ty,z,y) = Bz, y), (4.2.8)

we compute v"(t,, ) in a backward iteration. Given v"(¢,41, ), we introduce the fictitious
time ¢, ;1 and compute v (t,,-) by

vh(thr%,x,y) = Tu[w"|(t,, z,y) with T}, defined in (4.2.6), (4.2.9)
and
V" (tn,z,y) = Spo Th[v)(te,z,y)
= inf Sup{ W1 (tn,2,y) + bty 2,y) V" (t, 1, 2,y)
a€A gep 2

M (tggs o+ FP )b Y+ g™ bz y)h) }42.10)

Clearly, when Det(o(t,z)) # 0 for every (t,x) € [0,T) x R?, the scheme S, o T}, is well

defined and it gives a unique numerical solution v".

4.2.3 The convergence results

We shall provide two convergence results for the splitting scheme S, o T, in (4.2.10),
similar to Fahim et al.[32]. The first one is the local uniform convergence in the context
of Barles and Souganidis [6], and the second is a rate of convergence.

We first recall that an upper semicontinuous (resp., lower semicontinuous) function v
(resp. U) on Qr is called a viscosity subsolution (resp., supersolution) of (4.2.2) if, for any
(t,z,y) € Qr and any smooth function ¢ satisfying

0=(u—¢)tzy) =max(v -y (resp-, 0=T-9)twy) =nn( - w)>,

T T

we have

- EXSO - F(t,I,y,gO,DzQO,DimQO> - H(t7x7y7D$gpaDyg0) S (resp., 2) 0.
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Definition 4.2.1. We say that the PDE (4.2.2) satisfies a comparison result for bounded
functions if, for any bounded upper semicontinuous subsolution v and any bounded lower
semicontinuous supersolution U on @T satisfying

Q<T) ) S E(Ta '))
we have v < 7.

Let us now give some assumptions on the equation (4.2.2), and then provide a first
convergence result.

Assumption F : (i) The diffusion coefficients p and ¢ are Lipschitz in 2 and continuous
in t, ool (t,z) > 0 for all (¢,z) € [0,T] x R? and fOT oo™ (t,0) + u(t, 0)|dt < .

(ii) The nonlinear operator F'is uniformly Lipschitz in (x,y,r,p,T"), continuous in ¢ and
Sup(t,x,y)EQT |F(t7 z,Y, Oa O’ 0)| < 0.

(iii) F is elliptic and satisfies

o' Fr <1 on RxRIxRY xRxR?xS,. (4.2.11)

(iv) F, € Image(fr) and {FPTFF_IFP‘OO < 400.

Remark 4.2.3. Assumption F is almost the same as the Assumption ¥ in [32], here we
Just add a variable y in the nonlinear operator F'.

Assumption H : The coefficients in Hamiltonian H are all uniformly bounded, i.e.

e {10 + 1elo + 1770 + 19570 } < oo
(,B)EAXB, 1<i<d, 1<j<d’

Assumption M : F, — }1 FpTFp_le > 0 and ¢®?® >0 for every a € A, B € B.

Remark 4.2.4. Assumption M is imposed to quarantee the monotonicity of the splitting
scheme Sy, 0 T},. However, it is not crucial as soon as Assumptions F and H hold true. In
fact, as discussed in Remark 3.13 of [32], since the equation is parabolic, we can introduce
a new function u(t, z,y) = ?THu(t, x,y) for some positive constant 6 large enough, then
the new PDE for u(t,z,y) satisfies Assumption M under Assumptions F and H. Here,
we impose this assumption only to simplify the presentation and the arguments.

Theorem 4.2.1. Let Assumptions ¥, H and M hold true, and assume that the degenerate
fully nonlinear parabolic PDE (4.2.2) satisfies a comparison result for bounded viscosity
solutions. Then for every bounded Lipschitz terminal condition function ®, there exists a
bounded function v such that

v — v locally uniformly as h — 0,

where v is the numerical solution of scheme Sy o Ty defined by (4.2.8), (4.2.9) and
(4.2.10). Moreover, v is the unique bounded viscosity solution of the equation (4.2.2) with
terminal condition (4.2.3).
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We next provide a rate of convergence in case that F' and H are both concave Hamiltoni-
ans. Our analysis stays in the context of the HJB nonlinear PDEs as Barles and Jakobsen
[5]. The following strengthen assumptions implies that the nonlinear PDE (4.2.2) satisfies
a comparison result for bounded functions, and has a unique bounded viscosity solution
given a bounded and Lipschitz continuous function @, see e.g. Proposition 2.1 of [5].

Assumption HJB : Assumptions F and M hold and F is a concave Hamiltonian, i.e.

1
pep + ga- U+ Fltzyrp D) = inf Lt z,y,mp,T),
=

with

1
Lt z,y,r,p, ) = Ut 2,y) + (tx,y)r + v,y p + 5@”(&96,1/)-?-

And B = {5} is a singleton, hence H is also a concave Hamiltonian, so that it can be
written as

H(tv'rayarap7Q> = 016161.]1 {la(twruy) + Ca<t7xay)r + fa(t7x7y)p + ga<t7$;y)Q}
Moreover, the functions [, ¢, f, g and o satisfy that

sup ([ + 0+ |+ + 1+ i+ g% +07) < oo
aceA~veC

Assumption HIB+ : Assumption HJB holds true, and for any 6 > 0, there exists a
finite set {a, 72‘}{5:1 such that for any (o,v) € A x C :

. a _ ja; a oy a _ ra; a oy <

1§l?gflé(ﬂ o + | =0 + |f* = f%lo + |0 —0%]o) < 4,

and
inf ( |17 =1

1<i<lIg

0o + |C’Y_C’Yi

0 + |f’Y_f’7i

o+ 19" —9%o) < .

Theorem 4.2.2. Suppose that the terminal condition function ® is bounded and Lipschitz-
continuous. Then there is a constant C such that

e i) under Assumption HIB, we have v — v < C’h%,
e 1) under Assumption HIB-, we have —Chis < v—l < Ch%,
where v is the unique bounded viscosity solution of (4.2.2) introduced in Theorem 4.2.1.

Remark 4.2.5. The above convergence rate is the same as that obtained in Fahim et
al.[32]. In fact, it depends essentially on the consistency errors of the scheme.
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4.2.4 Proof of local uniform convergence

To prove the local uniform convergence in Theorem 4.2.1, we shall verify the criteria
proposed in Theorem 2.1 of Barles and Souganidis [6]: the monotonicity, the consistency
of the scheme and the stability of the numerical solutions. Moreover, as discussed in
Remark 3.2 of [32], we need also to show that

lim inf "t ' y') > ®(x,y) and lim sup V", y) < D(x,y).
(2" y' ,h)—(T,x,y,0) ',z y' \h)—(T,z,y,0)

(4.2.12)

Remark 4.2.6. By the definition of the numerical scheme Sy, o T}, in (4.2.10), the nu-
merical solution v™ is only defined on the time grid (t,)o<n<n product R x R?. However,
we can use linear interpolation method to extend v on the whole space Q.

Proposition 4.2.1. Let Assumptions F, H and M hold true, then for two functions
and ¢ defined on Qr with exponential growth, we have

SOS@ZJ - ShoTh[SO] (t,:v,y) < ShoTh[w] (t,m,y).

Proof. By Lemma 3.12 and Remark 3.13 of [32], ¢ < ¢ implies that T} [p](t, z,y) <
T[] (t, z,y). Then since ¢*# > 0 according to Assumption M, it follows immediately by
(4.2.10) that Sy, o Thlp](t, z,y) < Spo Th[Y](t, x,y). O

We first define a consistency error function, then prove that our splitting scheme S; 0T},
is consistent.

Definition 4.2.2. Given a smooth function ¢ defined on Qr, the consistency error func-
tion of scheme Sy, o T}, is given by

Ay = TSI |y px o) (o Do, D2g) 4 H (0. Dag. Dyg).

h
(4.2.13)
And the scheme Sy, o T}, is said consistent if
AerC(t/,x',y') — 0 as (c,h,t', 2, y) — (0,0,t,2,y), (4.2.14)

for every (t,x,y) € Qr and every smooth function ¢ with bounded derivatives.

Proposition 4.2.2. Let Assumptions F, H and M hold true, then the scheme Sy o T},
is consistent. In addition, if p and o are uniformly bounded, then the consistency error
function A} is uniformly bounded by h E(p), where

2 4
E(p) == C ( 1 + |Ouwplo + D10 Dilo + Z\D;«p!o) with » = (z,y) € R+

=0 i=0

for a constant C independent of ¢ and h.
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Proof. For every (t,z,y) € Qr, the value AY(t,z,y) is independent of the value of
(u(t,x),0(t,T)) when (t,Z) # (t,x). Hence we can always change the value of p and
o outside the neighborhood of (¢,x) without influence on the definition of consistency
n (4.2.14). Therefore, without loss of generality, we can just suppose that p and o are
uniformly bounded and show that for every smooth function ¢ with bounded derivatives
of any order, the consistency error function Ay defined in (4.2.13) satisfies

APC)], < hE(p). (4.2.15)
First, let us denote
- 1
LYo y) = 0t asy) + pltx) - Dap(t,a'y) + galt,z) - Die(t, o', y),
then by Itd’s formula,
EMt,,y,0) = Talglt,z,y) — sO(t z,y)
= h (LY () Dy, D3,¢) ) (t,7,y)
t+h N .
+h2 / / LX X (s, X, )dsdu) (4.2.16)

1R [ h(F( EDwo)(t,z,y) — F(-,¢, Do, D2, 0)(t, z,y)) }

Denote Ey(t, ,y,¢) = LY¢(t, z,y) + F(-, ¢, Dap, D3,9)(t, x,y) and by Es(t, z,y,¢) the
last two terms of the above equality (4.2.16) divided by h?, then E"(t, z,y, ¢) can rewritten
as

E"t,z,y,0) = hE\(t,z,y,0) + h* Ex(t,x,y,9).

Clearly, by the boundedness of u and o, together with Assumption F, there is a constant
C independent of h such that

|E2('7

2 1
Al < € (1+10uplo+ 3 10D%glo+ 3 [Diglo)
i=0 i=0
and moreover, F; is Lipschitz in z := (x,y) with coefficient
Lg, < CO(1 + |0:D:plo + [Daplo + |D2glo + D20l )-

By simplifying (c™P(t, 2, y), 1P (t, 2, ), fP(t, 2, ), g*P (t, 2, y)) into
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(cvP 1P foB goP) we deduce that

(Sh[(gp—l—Eh(,gp))](t,x,y) - @(t>xay) - Eh(t,l‘,y,ap))

_ S =

= — inf sup [hla’ﬂ + he™Po(t,zy) + otz + f*°h, y+g*’h) — o(t,z,y)
h acA BeB

+ he™ BNt y,0) + E'(ta + f*Phoy + g*7h) — BNt 2y, ¢)

— inf sup[la’ﬂ + Ptz y) + (f9° Dop + %% Dyp)(t,z,y)

a€A gep
2ot + [y + g0 = ol ,0)] — (" Dag + 6Dy (t,2,0)

+ P BNtz y) + %[Eh(t,x—i—fa’ﬁh,y—i—ga"gh,go) — Eh(t,x,y,go)]]

=: H(-,¢,Dyp, Dyip)(t,xz,y) + hEs(t, z,y, @), (4.2.17)

where E3(t,z,y, ) is defined by the last equality of (4.2.17), and it satisfies

1
|E5(t, z,y,0)] < C (|DZelo + EEh(t,x,y,sO) + 2|Bs(t,z,y,9)| ) + L, < E(p).

Combining the estimations (4.2.16) and (4.2.17), and by (4.2.13) as well as the equality

Qp(t7‘r7y) —Sp 0 Th[(pKt,l’,y)

h
_ plbay) ~ Tt ey) et o y) + B2y, 0) = Sule + B 9))(E 2,y)
h h ’
it follows that (4.2.15) holds true. O

Proposition 4.2.3. Let Assumptions F, H and M hold true, and the terminal condition
function ® be L>®-bounded, then (v");, is L=°-bounded, uniformly in h for h small enough.

Proof. Suppose that [v"(t,,1,)|cc < Cryi1, then from Lemma 3.14 of [32], there exists a
constant C' independent of h such that

0" (tos1)| o € Cana(L+RC) + AC.
It follows from (4.2.10) that when h < C!,
V" (tn, Voo < (1+hC)(Crya(14+hC) +hC) + hC < (14 3hC)Cpyy + 3hC.

Therefore, [v"(t,, )]s < C'e’T for some constant C’ (independent of h) from the discrete

Gronwall inequality. O

We have shown in the above the monotonicity, consistency and stability of scheme S;,0T},,
the rest is to confirm (4.2.12). In fact, we will provide a little stronger property of (v"*)5,>0

which implies that

li "t y) = @ :
i t,2',y) (z,y)
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Proposition 4.2.4. Let Assumptions F, H and M hold true, and ® be Lipschitz and
uniformly bounded. Then (v), is Lipschitz in (x,vy), uniformly in h.

Proof. To prove the that v" is Lipschitz in (z,y), we shall use the discrete Gronwall
inequality as in the proof of Lemma 3.16 of [32].

Suppose that v"(t,,1,-) is Lipschitz with coefficient L, 1, then by the proof of Lemma
3.16 of [32|, the function vh(tn+%, ) = Tp[v"](t,,) is Lipschitz in z with coefficient
Lo ((1 + Ch)Y? + Ch) + Ch; moreover, vh(thr%, -) is Lipschitz in y with coefficient
L,+1(14 Ch) by Lemma 3.14 of [32]. It follows that vh(tn+%, -) is Lipschitz in (z,y) with
coefficient L, 1 < Lyy1((1+ Ch)Y/? 4+ Ch) + Ch.

Next, we can easily verify by (4.2.10) that v"(¢,,-) is Lipschitz in (z,y) with coefficient
L,<L, +%(1 + Ch) + Ch. Therefore, the proof is concluded by the discrete Gronwall
inequality. [

We can also prove that v" is 1/2—Hélder in ¢ as was done in Lemma 3.17 of [32] for their
numerical solution. However, to avoid the heavy calculation in their proof, we shall give
a weaker result which is enough to guarantee the condition (4.2.12).

Proposition 4.2.5. Let Assumptions F, H and M hold true, and ® be Lipschitz and
uniformly bounded. Then |v"(t,,z,y) — ®(x,y)| < CVT —t,.

Proof. We first introduce " as the numerical solution of (4.2.4) computed by scheme
Ty, i.e. 9(T,-) := ®(-) and v"(t,, ) := T4[0"](t,,). Clearly, by Lemmas 3.14 and 3.17
of [32], (9"),>0 is uniformly bounded and satisfies

|5 (tn, ) — ®(:)] < C(T —t,)"?, uniformly in h. (4.2.18)
We claim that
0" (L, ,y) — V" (tn, 2,9)| < C(T —ty). (4.2.19)
Then by (4.2.18), we conclude the proof. Thus it is enough to prove the claim (4.2.19).

We first recall that by Assumption F and (4.2.6), for a constant ¢ € R, we have T} [v" +
c(t,z,y) < Tplv"|(t, 2, y) + ¢+ hE,|c|. Suppose that for L large enough,

5t 1,2,9) — 0 (b, 2, 9)| < L(T = tsa).
It follows by the monotonicity of T}, and the uniform boundedness of v and ¥" that
0" (t, 2, y) — vh(tw%,x,y)\ < L(T —tpy1) + Ch.
And hence by (4.2.10),
10" (b, 2,y) — V" (tn, 2, y)] < L(T —tny1) +2Ch < L(T —t,),
which confirms (4.2.19). O

We remark finally that with Propositions 4.2.1, 4.2.2, 4.2.3, 4.2.4 and 4.2.5 together with
Theorem 2.1 of Barles and Souganidis [6], Theorem 4.2.1 holds true.
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4.2.5 Proof for rate of convergence

As in [32], our arguments to prove the rate of convergence in Theorem 4.2.2 are based on
Krylov’s shaking coefficient method, and our analysis stays in the context of Barles and
Jakobsen [5]. We first derive some technical Lemmas similar to that in [32].

Lemma 4.2.1. Let Assumptions F, H and M hold true and h < 1, define A\; := |F}|oo,
Ag 1= SUp,, 5 1c®Plog, X := A4+ A2+ Ao, Then, for every (a,b,c) € R3, and every bounded
function o < 1) defined on Qr, with function 6(t) := X7 (a + b(T —t)) + ¢, we have

SnoThlp+6](t,z,y) < SpoTu[](t,x,y) + 5(t) — h(b—Xc), YVt <T —h and x € R
Proof. First, from the proof of Lemma 3.21 in [32], we have
Tulp+0](t,z,y) < Thlelt,z,y) + (14 hAy) 6(t+ h).
It follows by the definition of the splitting scheme S;, o T}, in (4.2.10) that
ShoThlp +0](t,z,y) < SpoTulpl(t,z,y) + (1+h\)(1+hAy) 6(t+ h).
By the monotonicity of the splitting scheme S; o T}, we get
ShoThlp+0](t, x,y) < SpoTh[Y](t, 2, y)+86(t)+((t), where ((t) := (1+hA)d(t+h)—4(1).

Finally, using exactly the same arguments as in the proof of Lemma 3.5 of [32], it follows
that
¢(t) < —h(b—=2AXo),

which concludes the proof. O]

Proposition 4.2.6. Let Assumptions F, H and M hold true, h < 1 and @, ¢ be two
bounded functions defined on Qr satisfying

1 1
E(SO—ShOTh[SO]) < g1 and EW—ShoTh[T/)]) > g2, on Qr
for some bounded functions g, and go. Then for everyn =20,--- N,

(¢ =) (tnzyy) < AT (@ =) (T )0 + (T = )M |(g1 — g2) " o,
with some constant X > |F,|o + sup, 4 1o + | Fy oo SUP,, 5 @b,

Proof. With Lemma 4.2.1, the proof is exactly the same as in Proposition 3.20 of [32].
Note that we replace 5 by A in our proposition. [

Now, we are ready to give the
Proof of Theorem 4.2.2 (i). First, under Assumption HJB, we can rewrite the original
PDE (4.2.2) as a standard HJB

— v — inf {(za+m F (Mo + (fC+ f7) - Dy

acA~veC

1
+ g% -Dyv + é(U’YU’YT)‘D?mU } = 0.
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With Assumption HJB and the Lipschitz terminal condition, it satisfies a comparison
result and admits a unique viscosity solution in C%'(Qr) (see e.g. Proposition 2.1 of
[5]). Then by the shaking coefficients method, we can construct a bounded subsolution
v® € C%YQr) such that

v—¢ < v < .

Let p € C(Qr) be a positive function supported in {(¢,z,y) : t € [0, 1],z < 1,]y| < 1}
with unit mass, and define

1

t
w(t,x,y) = v xp°, where p°(t,z,y) a7z P

™8

Y
>g)

Then w® is a smooth subsolution of (4.2.2) and satisfies |w® — v| < 2. Moreover, since
v® € C%(Qr) is uniformly Lipschitz in (z,y) and 1/2—Hélder in ¢, it follows that

w® € C*, and ‘0?ODZ%TJ$QQEI < Cet=2m=Imi=lnl (o my m,) € Ntdtd \ {0}.(4.2.20)

Now, let us consider the consistency error function Aﬁs (t,x,y) defined in (4.2.13). By
Proposition 4.2.2 and (4.2.20), it follows that there exists a constant C' independent of ¢
and h for 0 < h <1 such that

A% o < R(he) = Che™®. (4.2.21)

Moreover, since w® is a subsolution of equation (4.2.2), it follows by the definition of Afs
in (4.2.13) that

w® < SpoT,w] + Ch*?.
Finally, by Proposition 4.2.6, we get
w'—v" < C(e+he™®), and v — V" = v — w + W — V" < Cle + he™)
and it follows by a minimization technique on ¢ that
v =" < Chf(e+ he™®) < Chi (4.2.22)
O

Proof of Theorem 4.2.2 (ii) : Under Assumption HIJB+, we can apply the switching
system method of Barles and Jakobsen [5] which constructs a smooth supersolution closed
to viscosity solution to PDE (4.2.2) and provides the lower bound:

v—o" > — inf(Css + R(he)) = — C'hv, (4.2.23)

e>0

where R(h,¢) is defined in (4.2.21). O
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4.3 Basis projection and simulation-regression method

To get an implementable scheme, we need to specify how to compute the expectations
E | @(tnpr, Xi" y) H O (AW,,41) in the splitting scheme S;, o T;. When analytic
i=0,1,2

1:77

closed formulas are not available in the concrete examples, we usually use Monte-Carlo
simulation-regression method to estimate them. Some estimations were discussed in recent
literatures, e.g. Malliavin estimations [15], function basis regression [34] and cubature
method [22], etc.

All of these methods need the simulations of X. Given a discrete time grid (¢,)o<n<n,
where t,, :==n h and h := T/N, we define a simulative process X by the Euler scheme of
X

Xipoy = Xi + pltn, Xp)h + o(tn, X0, ) AW, 1, (4.3.1)

where AW, 1 = W, ., — W;,. Then with simulations of process X as well as W, one can
estimate the conditional expectations

E ‘P(%H;thﬂyy) an7th7h<AWn+1) ‘ X, ];012'

However, these methods are usually discussed in a non-degenerate context, in other
words, they can be used for a given fixed y, which is not appropriate for the implementation
of our splitting scheme S, o T},.

One solution is to discretize the space of Y into a discrete grid (y;)ics, and then for
each fixed y;, we simulate the diffusion process X and get estimations of the conditional
expectations for all x with every fixed y;, then use the interpolation method to get the
estimation of theses expectations for all  and y. This is a finite difference Monte-Carlo
method, which may loose the advantages of Monte-Carlo method in high dimensional
cases.

Therefore, we propose to simulate the diffusion process X with Euler scheme and to
simulate Y with a continuous probability distribution (e.g. normal distribution, uni-
form distribution, etc.) independent of X. And then we use a regression method like
in Longstaff and Schwartz [44] in American option pricing context or Gobet, Lemor and
Warin [34] in BSDE context to estimate the conditional expectations

E | o(tusr, Xy, VYH S0 " AW, ) ‘ X, Y} (4.3.2)

)
i=0,1,2

with which we shall make the splitting scheme S;, o T}, implementable.
Remark 4.3.1. The distribution of Y may be chosen arbitrarily according to the context.

In the following, we first give a basis projection scheme as well as a similation-regression
method to estimate the regression coefficient. Then we discuss the convergence of Monte-
Carlo errors in our context.
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4.3.1 Basis projection scheme and simulation-regression method
4.3.1.1 The basis projection scheme

To compute the conditional expectations (4.3.2), we first project them on a functional
space spanned by the basis functions (ex(x,y))1<k<i, where K € NU {+o00}. We recall
that Hy"" is a matrix of dimension d x d, Hi"™" is a vector of dimension d and Hy"" = 1.
In order to simplify the presentation, we shall suppose that d = d’ = 1. All of the results
can be easily extended to the case d > 1 and/or d’ > 1. Let

X' = argmin B (gp(th,thH,Y)Hf"’Xi" (AW,i1) Z/\kek (XY ) (4.3.3)

then the projected approximation of (4.3.2) is denoted by

E [ @(tnir, Xo oy, VIHS S AW, ) | X, Y en(Xo,Y). (4.3.4)

Mw

k=1

Remark 4.3.2. There are several choices for function basis (ex(x,y))1<k<k, for example
global polynomials, local hypercubes or local polynomials, we refer to Bouchard and Warin
[17] for some interesting discussions.

We replace the conditional expectations (4.3.2) in scheme S, o T} by their projected
approximations (4.3.4), and denote the new splitting scheme by S, o T}. Concretely, it is
defined as follows:

Tu[o"](tn, 2,y) = E [0"(tpsr, X" 0)] + RECEDS"())(tn, 2, y),
where

T - -t @ tn,z,h .

EDpp(tn, z,y) = (E [@(tnsr, X" ) H " (AWpia)] 10 =0,1,2),
and

" (tn,w,y) = Spo Talo"|(tn, ,y)
= infsup{ PPty 2, y) 4+ he®P(ty, 2, y)Th[0"] (tn, 2, y)
* B

+ Th[e" (tn, x4 f*P (0, 2, 9)h, y+ g% (t, 2, y)h) }-(4'3'5)

4.3.1.2 Simulation-regression method

Next, we propose to use a simulation-regression method to approximate A. We still suppose
that d = d' = 1 for simplicity.

Let ((XZZ)OS”SN, (AW )ocn<n, Y™) .. _,, be M independent simulations of X, AW
and Y, where X is defined in (4.3.1), the regression method with function basis
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(ex(x,y))1<k<k is to get the solution of the least square problem:

K
tn,Xm h m o-m m 2
ABM argmm Z ( (tny1, X] +17YM)HZ. U (AWRL) — Z)\kek(th,Y )) (4.3.6)
k=1
A raw regression estimation of the conditional expectations (4.3.2) from these M samples
is given by

EM go(tnﬂ,f(tnﬂ,Y)Hf"’xt"’h(AWnH)\th,Y} en(X,,Y), i=0,1,2.

|Mx

(4.3.7)

Then with a priori upper bounds T;(X,,,Y) and lower bounds I',(X, ,Y), we define the
regression estimation of (4.3.2):

B [ oty i, Xy, V)VH S (AW, ) | X, Y } (4.3.8)
= £z<th7Y) \ EM w(tn-l—hthH?Y)HfMth,h(AWn-&-l)‘th’Y} A Fl(th’Y)

Remark 4.3.3. As observed in Bouchard and Touzi [15], the truncation method is an
important technique to obtain a LP—convergence. By Lemma (4.2.5), we can choose
To(z,y) = To(x,y) and Ty(z,y) = —To(z,y) with a function Ty satisfying

Fo(z,y) < ®(x,y) + C/T —t, for some constant C. (4.3.9)

Remark 4.3.4. In Gobet et al. [3}], the authors propose the following minimization
problem in place of (4.3.6):

M K

A ~ 2

win (elter, K17, Y E:/\ (XY™ = S MK YMAW, )
Iy k:].

which gives also a good estimation for N by the fact that AW, 11 is independant of the
o—field generated by Y, Wy, AWy, --- J AW,.

We replace the conditional expectations (4.3.2) in scheme Sj o T}, by their regression
estimations (4.3.8) and denote the new numerical splitting scheme by S; o TH | which is

TV 0"t ,y) = EM[0"(tarr, X;"y)] + b F(LEMD"()) (b, 2,y),
and
IAEM’DhSD(uw:Ca Z/) = ( EM [Sp(thrlvX}in’z7y)H;mx’h(AWn+l>] D= 07 17 2 )7
so that Sy, o TM is defined by

@h(tmxay> = ShOTM[@thmxvy)

:= inf sup {hlo"ﬁ(tmx,y) + he®P(ty, 2, y)TM 0" (b, x,y)  (4.3.10)
acA BeB

+ T (tn, @+ [P (t, 2, y)h, y+g°"5(tmx,y)h)}-
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4.3.2 The convergence results of simulation-regression scheme

To get a convergence result of schemes S;, o T), and S, o ThM , we can no longer use the
same arguments as in Fahim et al. [32], since there is no uniform convergence property in
L? for the Monte-Carlo error (EM — E)(R) as in the Assumption E of [32]. To see this,
let us consider the extreme case where the equation is totally degenerate (i.e. d =0 and
d > 0), and then we need to approximate an arbitrary bounded function in a functional
space with finite number of basis functions, which does not give a uniform convergence.

Also, since we are in the viscosity solution analysis context of Barles and Souganidis [6],
we can not hope to obtain a probabilistic L?*(2)—convergence as in Gobet et al. [34].

However, we can get a convergence result if we choose the local hypercubes as function
basis. Let us restrict the numerical resolution on [0, T x D instead of Qp, where D C R**+¢
is a bounded domaine. Clearly, we need to assume that the boundary conditions on the

domain D¢ := R*% \ D are available for scheme S o T,

Definition 4.3.1. Given a domaine D C R*™  q class of hypercube sets (By)i<p<i 15
called a partition of D whenever Ui B, = D and B; N B; = 0.

Remark 4.3.5. The simplest examples of partition of D is the uniform partition. With
uniform interval [rg,x}] and [yg,y}], Bk are of the form |xy, )] X [y, y,]. Recently,
Bouchard and Warin [17] proposed a partition based on the simulations. They first sort
all the simulations and then divide the space in a non-uniform way such that they have
the same number of simulation particles in every hypercube By,.

Remark 4.3.6. If we use hypercubes (1p,)1<k<i as basis function in the projections
(4.3.3), where (By,)1<k<x is a partition of D C R then the projection approzimation is
equivalent to taking another conditional expectation on the o-field generated by {(th, Y) e
Bk}1<k<K’ in other words,

E [ @(tnsrs Xop o YVH " (AW,p1) | X, V] (4.3.11)
K A~
= 3 E[ @ltust, Ky VM (AW | (K0,,Y) € 15, | 150K, V).

k=1

Let us use (ex)i<k<x = (1p,)i1<k<kx as projection basis in (4.3.3) and (4.3.6), where

~

(Bk)1<k<k is a partition of D. Given a bounded function ¢ on D, a process X and a
random variable Y, we shall consider the random variables of the form

Rip) = ltust, Xopir V) HP MM (AW, 1), i =0,1,2, (4.3.12)
and then give an estimation for the regression error (EM — E) [Ri(¢) | Xy, = 2, Y = y].

Lemma 4.3.1. Suppose that the a priori estimations used in (4.3.8) satisfy

Ei(xa y)2 + Fz(xvy)2 < ¢ F(l‘, y)2 h_ia fOT’ some functiOn F<I7y)
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Then for every (z,y) € By,

1, lel + Ty

]E[ (EM —E)? [Ri(p) | Xp, =2, Y =] | < M P((X,,,Y) € By)

. (4.3.13)

The proof is almost the same as that of Theorem 5.1 of Bouchard and Touzi [15], we
report it in Appendix for completeness.

Let ¢ be bounded by constant b, § denote the longest edge of the hypercubes (By)1<k<k,
then the volume of By, is of order 64t and P((X,,,Y) € By) =~ C6*?  where C' depends
on the density of (X;,,Y). As the total volume of D is fixed and finite, let

. 1 - b+ T%(z,y)

c) = sup C—hn" - ,
( ) N,n,k,x,y M ]P)((th,Y) € Bk)

(4.3.14)

it follows that C(6) ~ C§~ (@),

Now, let us give a local uniform convergence as well as a rate of convergence for the
simulation-regression scheme Sy, o T,

Theorem 4.3.1. Let Assumptions ¥, H and M hold true, F' be uniformly bounded, ® be
bounded and Lipschitz continuous, and assume that the PDE (4.2.2) satisfies a comparison
result for bounded viscosity solutions. In addition, given a time step h, there is a D-
partition hypercubes (BI) <1<k, with edge &y such that 5, h™' — 0 as h — 0. Let the
truncation function I'y satisfies (4.3.9), and we use hypercubes (1gn)1<k<k, as projection
basis functions and with sample number M = M) such that C’(éh) h=2M; ' — 0, where

~

C'(0p) is defined in (4.3.14). Then there exists a function v, such that

" — v locally uniformly, a.s.

where " is the numerical solution of scheme Sy, o T% defined in (4.3.10) with terminal
condition ®. Moreover, v is the unique bounded viscosity solution of (4.2.2) and (4.2.3).

Theorem 4.3.2. Let Assumption HIB+ hold, ® be bounded and Lipschitz continuous,
and assume that we use hypercubes (le)lngKh as projection basis functions whose longest

edge satisfies o, < C’h%, and we choose simulation number M = M, such that

limsup ™22 C) M7 < .

h—0

Then there is a constant C' > 0, s.t.
o — " 2@ < Chis,

where " is the numerical solution of scheme Sy, o ThM in (4.3.10) with terminal condition
¢ and v is the unique bounded viscosity solution of (4.2.2) and (4.2.3).
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4.3.3 Some analysis on the basis projection scheme S; o T,

In preparation of the proof for Theorems 4.3.1 and 4.3.2, we give some analysis on the
scheme S;, 0 T},. In general, we shall show that if we use the local hypercubes as projection
function basis, then S;, o T, still has the monotonicity, consistency and stability.

Proposition 4.3.1. Let (By)1<k<i be a partition of domain D, and the three projections
(i =0,1,2) of (4.3.3) use the same hypercubes (1p, )1<k<k as projection function basis.
Then under Assumptions F, H and M,

e i) The basis projection scheme Sy, o ’i‘h 18 monotone.

e ii) If the terminal condition ® is uniformly bounded, then the numerical solution "

of scheme Sy, o T}, in (4.3.5) is uniformly bounded for h small enough.

Proof. In view of Remark 4.3.6, we replace the conditional expectations in S, o T}, by
the new conditional expectations (4.3.11), and then get the projection scheme Sy, o T
Therefore, all the arguments still hold in the proof of Lemma 3.2 and 3.3 of [32] for T,
so do Propositions 4.2.1 and 4.2.3. Therefore, Proposition 4.3.1 holds true. O

Similar to the consistency error function A7 for scheme S;, o T}, defined in (4.2.13), we
define the consistency error function A} for scheme Sy o T}, by

Ay = PUZSOTA) | ex oy 4 P o DL D) + H 0, Dag, D).

h
(4.3.15)

Proposition 4.3.2. Let 6 denote the longest edge of hypercubes (By)i<k<k, then the
projection error for a Lipschitz continuous function is proportional to d. Moreover, if we
use hypercubes (1p, )1<k<k as projection function basis, then under Assumptions F, H and
M, the consistency error function /N\f s uniformly bounded by E(gp), where

E(p) = E(p)+Ch™" 6(|Duplo + hlDZolo + hIDZ.plo ), forz:=(z,y),
with E(p) defined in Proposition 4.2.2.

Proof. In view of Remark 4.3.6, the error caused by conditional expectation on hypercube

is bounded by C§|D'FL | for D%,¢. Thus we get immediately the new consistency error
E(p) with Proposition 4.2.2. O

Proposition 4.3.3. Suppose that the three projections in (4.3.3) use the same D-partition
hypercubes as projection function basis, then Lemma 4.2.1 and Proposition 4.2.6 hold true
if we replace the scheme Sy, o Ty, by Sy, o T,.

Proof. With the Proposition 4.3.1 and under Assumptions F, H and M, we see that all
the arguments are still true in the proofs of Lemma 4.2.1 and Proposition 4.2.6 for scheme

S, o Tp, in view of Remark 4.3.6. So we get the same results for the basis projection
scheme S;, o T}, ]
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4.3.4 The proof for convergence results of scheme S;, o T%

To prove Theorem 4.3.1, we shall mimic the proof of Theorem 4.1 in [32], which uses the
arguments of [6] in a stochastic context.

Proof of Theorem 4.3.1. Given ¢" the numerical solution of scheme S;, 0T we denote

0x(t, 2, y) == lim inf oMt y), 0t x,y) = lim sup oMt y).
"2y h)—(t,z,y,0) ¢z’ y' \h)—(t,z,y,0)

First, it is clear by the truncation function (4.3.9) as well as the boundedness of
F that |v(t,,z,y) — ®(x,y)| < C(T — t,) for some constant C, which implies that
0(T,z,y) = 0*(T,x,y) = ®(x,y). Then it is enough to prove that 0, and 0* are re-
spectively viscosity supersolution and subsolution of (4.2.2) to conclude the proof with
the comparison assumption. Here we shall only prove the supersolution property, since
the subsolution property holds true with the same kind of argument.

Given (to, o, yo) € Qr and a test function ¢ € C°(Qr) such that
0 = min(d, —¢) = (0. —p)(to, Zo,Yo),

by uniform boundedness of 9" and manipulation on ¢, there is a sequence (ty, g, Yr, hi) —
(t07 To, Yo, 0) such that lahk (tk7 Tk, yk) — /0* (t07 Zo, yO) and

Cr = min(0™ — @) = (@h’f — @)tk Tr,yx) — 0.
From the monotonicity of scheme Sj, o Th, it follows that
SphoTu[ "] > SpoTule + Cil,

and hence

ﬁhk(tkaxkayk) - ShOTiL\/[[@hk](tkul‘kayk)
" (ty, Tk, Y) — Sn o Th[0™](ts, vk, ys) + hiRa
O(te, Ty yx) + Cr — Spo Thle + Cil(te, o yr) + hiRy,

o
I

IN

where Ry, := h; ' (S, o Tth — Sp, o T )[0™](t, 2k, y). We claim that
R — 0 P-as. along some subsequence. (4.3.16)
Then, from the consistence of scheme S;, o T}, in Proposition 4.3.2,
[—L%¢ = F(, 0, Dap, D3,0) = H(, 0, Dop, Dyp)] (to, 70, 30) = 0,

which is the required supersolution property.
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Therefore, it is enough to justify the claim (4.3.16) to conclude the proof. Indeed, by
the definition of splitting scheme S, o TM and Sj, o T}, and the boundedness of ¢,

1 . M
ElRi[* < (1+Ch)® 7 B [ T [6"] = T (6" 17 (b, or, )
k

1 -~ A
< C(L+Ch) o B—EY)? [Ro(0™) + heRa(0") + hiRa(o™)].
k

where R;(0"*) is defined in (4.3.12). And therefore by Lemma 4.3.1

1 /4 1 . 1 . 1
2 - 2 1 2 (L 4 1
BIR < C(1+Ch)? 5 (o) + n (-C0) + th(a))) =
< Ch2CE) Mt — 0.
We then proved the claim and the theorem. O

Proof of Theorem 4.3.2. With Proposition 4.3.3, we can proceed as in the proof of
Theorem 4.2.2. Then there is a subsolution w" of (4.2.2) such that

v < w" + Ce and w" — " < C(he™ + b7 + 6e72).
Moreover, since
(" — S o TW[0"]) > — Ru[0"], where Rylp] = % (ShoTh—ShoThM)[go]‘,
it follows from Proposition 4.3.3 that o" — " < C|R,[0"]|, and then
v =" = v ="+ =" < C(e 4 he™® + BT+ 0T+ |Ry[0M))).
Similarly, we have the other side of the error boundary and get
| ~h

v—

< O((E+he PR +6e70) + R ). (4.3.17)

Finally, it is enough to take expectations on both sides of (4.3.17) and maximize the right
side on ¢ for g5, = hl%, which implies that

? < c(h% + 1ié(5)) < CO'h.

]E|U—?A)h M B

4.4 Numerical examples

We provide here some numerical examples, one is from Asian option pricing problem
and the other is from an optimal management problem for hydropower plant. All the
examples are implemented by a computer with 2.4GHz CPU and 4G memory, we give
also the computation time of each numerical example by this computer.
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4.4.1 Asian option pricing

Our first example is to price Asian option in Black-Scholes model, whose pricing equation
is a degenerate and linear PDE. The second example is the one in uncertain volatility
model (UVM), whose corresponding equation is a degenerate and nonlinear PDE. Then
we also consider the problem in UVM with Hull-White interest rate.

4.4.1.1 Asian option pricing in Black-Scholes model: a two-dimensional case

In a Black-Scholes market with interest rate r» and volatility o, the risky asset .S; follows
dynamic equation:

dSt = TStdt + O'Stth.

t
A = / S, du,
0

an Asian option is an option with payoff g(S7, Ar) at maturity 7. Then the value function

Denote

U<t7 S,CL) = E [ eir(Tit)g<ST7AT) ‘ St =S, At =a :|
solves the pricing equation
1
<3tv + rsDgv + 50252D§v + sD,v — rv) (t,s,a) = 0, (4.4.1)

with terminal condition v(7T', s,a) = g(s, a).

When the payoff is g(Sp, Ar) = (Ar — K)* for a constant K, Rogers and Shi [50]
proposed a dimension reduction method. We use it as well as Monte-Carlo method for
comparison.

Let Sp = 100, K = 100, T"= 1, r = 0.05 and ¢ = 0.2. For Monte-Carlo method, we

choose N = 10%, At = & and denote AY := S°r | S, At, where t;, = kAt. With 10°

simulations of A%, the empirical mean value of e "(AY — K)T is 5.7758. For Rogers

and Shi’s method, we implement an implicit finite difference method with A¢ = ﬁ and
At = g5 (for Rogers and Shi’s equation on variable £, see [50]) and get option price
5.7833.

For our splitting scheme, we launched 50 times the algorithm for every given time step
At. By computing the empirical mean value and standard deviation, a confidence of
interval is also provided. As a comparison to the splitting scheme, we also implemented the
Crank-Nicolson finite difference scheme for equation (4.4.1), with AS = 1 and AA = 0.25.
As shown in Figure 4.1, as time step At goes to 0, the numerical solution of our splitting
scheme as well as the one of the Crank-Nicolson finite difference method converge to
reference price.
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Figure 4.1: The comparaison of some numerical methods for pricing Asian option with
payoff (A7 — K)* in Black-Scholes model, with parameters Sy = 100, K = 100, T' = 1,
r = 0.05 and ¢ = 0.2. When At = 0.005, a single computation takes 2.07 seconds for finite
difference method, and 118 seconds for our splitting method using 5 x 10° simulations.

4.4.1.2 Asian option pricing in UVM: a two-dimensional case

In uncertain volatility model, the volatility is uncertain and bounded between the lower
volatility ¢ and the upper volatility @. Therefore, the pricing equation for payoff ¢(Sr, Ar)
becomes

1
(@v + rsDsv + 5 Jnax 0*s’D2v + sDyv — 1V )(t,s,a) = 0, (442)

g<o<o
with terminal condition v(7', s, a) = ¢(s, a).

To implement the splitting scheme, we rewrite (4.4.2) in form of the equation (4.2.2)
with a constant og:

1 1
O + rsDsv + 50335D§sv + = rilazg(ﬁ—ag)SQDgsv + sDv — rv = 0.(4.4.3)

We use a call spread type payoff g(S,A) = (A — K;)* — (A — K3)*. The numerical
results of the splitting scheme are from 50 independent computation. As comparison, we
choose AS =1 and AA = 0.25 for Crank-Nicolson finite difference scheme of equation
(4.4.2). The results of our splitting scheme and Crank-Nicolson scheme for different At is
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given in Figure 4.2. The difference between results of the two schemes are relatively less
than 0.3%.

T T T T T T T T T
Compariscn of numerical method in Asian option pricng (UVM)
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Figure 4.2: The comparison of some numerical methods for pricing Asian option with
payoff (A — K;)™ — (A — K3)™ in UVM, with parameters Sy = 100, K; = 90, Ky = 110,
T=1,r=0.050=0.187 = 0.22 and g9 = 0.2. When At = 0.005, a single computation
takes 3.74 seconds for finite difference method, and 131.1 seconds for our splitting method
using 5 x 10° simulations.

4.4.1.3 Asian option pricing in UVM with Hull-White interest rate: a three-
dimensional case

We can also consider the uncertain volatility model with a stochastic interest rate, e.g.
Hull-White interest rate (HW-IR). In HW-IR model, the interest rate has dynamic

dT’t = b(@t—m)dt + O'rdBt,

where 6; is determined by the current interst rate curve, b is the drawback force coefficient
and B = (B;)¢>o is another Brownian motion with correlation p to Brownian motion W
which generates the dynamics of risky asset S. Then the value function

/U(t7 S, a, T) = E e ftTrSdSQ(‘STa AT) St =S, At =a, It =rT
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solves the pricing equation

1
(@v + rsDsv + b(0; —r)D,v + E(UT)2DETU —rv
1
S L 222 —
+ Jnax_ (poo"sDiv + 50 D2v) + sDgv )(t,s,a,r) 0,

with terminal condition v(7), s, a,7) = g(s, a).

Let Sy = 100, K, = 90, K, = 110, T = 1, ¢ = 0.15, & = 0.25, o = 0.02, b = 0.01,
o" = 0.01, p = 0.2 and interest rate curve is f; = 0.02, V¢ > 0. Asin (4.4.3), we rewrite
the pricing equation in form of (4.2.2) with constant oo. For ¢(Sr, Ar) = (Ar — K1) —
(Ar — K3)*, we implement our splitting method with different constants og, and take the
mean value of 50 independent computations. By our numerical resolution, the solution
seems to be close to 11.51, see figure 4.3.

Asian Option Pricing in Uncertain Volatility
116F and Hull-White IR Model 4
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Figure 4.3: The price of Asian option with payoff (A — K;)* — (A — K3)™ in UVM with
HW IR and in BS model with HW IR. In case that At = 0.005, it takes 309.4 seconds for
the splitting method using 5 x 10° simulations.

4.4.2 Optimal management of hydropower plant: A four-
dimensional case

Let us consider an optimal management problem for a hydropower plant, which generalizes
a little the model in Chapiter 2 of the thesis of Arnaud Porchet [49].
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A hydropower plant manages a dam, which is filled by rain precipitations with non-
negative rate A;, which follows equation

dAt = /,l,aAtdt + UaAtthl.
Denote by B; the volume of water in the dam, then
dBt = (At — qt) dt,

where ¢; represents the water flow sent at time t to generate electricity. It makes a profit
fOT ¢:Sidt in period [0, T], where S; represents the market electricity price, which follows
dynamics

dSt = ,uSStdt + O'sStthz.

At the same time, the power station invests in electricity market with money 6;, then
the total revenue of the power station X; follows equation

dX; = —dS; + @Sidt = Ou.dt + 0,0,dW7 + qSydt.

The power station optimizes its expected utility EU(X7) on the strategy (¢;)o<i<r and
(01)o<t<r. Formally, we get a Bellman equation

1 1
w + pesDsu + 50332D§Su + peaDgu + §a§a2D2au + posoasaD?u

1
+ max [QS,quu + EQQUngmu + Opac,o D2 u + 90?3D§$u]
+ max[(a—q)Dbu + quxu] = 0.
q

As in the examples in Section 5.2 of [32], we truncate the optimization on € and rewrite
the equation in form of (4.2.2).

1 1 1
uy + pssDsu + 50352D§Su + peaDgu + §aia2D2au + posogsaD>u + 02D u
1 1
+ _max [Gs,quu + 5920§D§Iu + Opac,o.D2u + Oo2sD>u — §U§Dizu

+ max [ (a—q)Dyu + gsDyu] = 0.
q

Let po, =0, 0, =0.2, us =0, 05, = 0.2, p=0, n =5 and the utility function is given by
U(z) := —e " with p = 0.2. Using the different choices of o,, we report the numerical
result in Figure 4.4. It seems that the solution converges to the value —0.66.

4.5 Appendix

We give here the proof for Lemma 4.3.1. Let (\.);<p<x be the projection coefficients of
Ri(y) on basis (ex(Xy,,Y))1<r<k as defined in (4.3.3), and \i™ be simulated regression
estimations of \i with M simulations of X,Y as defined in (4.3.6). Then for (z,y) € By,
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Figure 4.4: Solution of optimal management for a hydropower plant, with o, = 1 and
o, = 1.5. Using 2 x 10° simulations, the splitting scheme takes 639.2 seconds for a single
calculation when At = 0.0333.

and
EY [Ri(p) | Xi, =2, =y ] = Tix,y) v ;M A Ti(z,y).
Moreover,
- E[R; X, .Y . EM[R; X, .Y
)\7];. — [RZ(SO)GF( tn> )] and )\ZM — [RZ((ID)ek( tn> )]7

EM[e}(Xe,, Y)]

where EM is the empirical expectation defined as follows: given M simulations (U™)1<pm<n
of random variable U, EM[U] := - SM U,

Proof of Lemma 4.3.1. We omit the notations ¢, k, z, ¥, th, Y then simplify the nota-
~ ~ A~ M A
tion as A = B[R] = 2 and BM[R] = —I'v EGEDAT. Denote e (Re) := EM[Re] — E[Re]

Elee] EM]ee]
and M (ee) := EM[ee] — Elee|, then

2 2

EM[Re]  E[Re] AT

EM[ee]  Elee]

gj” (Re) LR eeAM(ee)
EM]ee] EM]ee]

2 _
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and it follows that

E[EM[R] - B[R]® < ?EMM([}ES]) +X§§{ZZ 2 A AT?
¢ GBI | B o ([Ee] — e >%>
< G G ey
- % ﬁ Var(Re) + A2Var(ee) + 2F2Var(ee)] (4.5.1)

When e = 1p,, we have E[e?(X;,,Y)] = E[e(X,,,Y)] = P((X,,,Y) € By), E[eR;] <
C |glo B/ Efe] and A < C ||y h¥/?, and then it follows by (4.5.1) that (4.3.13) holds
true. O
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A new mass transportation problem






CHAPITRE 5
Optimal Transportation under
Controlled Stochastic Dynamics

5.1 Introduction

The following stochastic mass transportation mechanism was introduced by Mikami and
Thieullen [46] as an extension of the Monge-Kantorovitch optimal transportation problem.
Let X be an R%continuous semimartingale with decomposition

t
Xt :X0+/ /85d3+Wt, (511)
0

where W, is a d-dimensional standard Brownian motion under the filtration FX gener-
ated by X. The optimal mass transportation problem consists in minimizing the cost of
transportation defined by some cost functional ¢ along all transportation plans with initial
distribution gy and final distribution p;:

1
Vo, p1) == infE/ U(s, Xs, Bs)ds,
0

where the infimum is taken over all semimartingales given by (5.1.1) satisfying PoX; ' = pq
and Po X; ! = p;. Mikami and Thieullen [46] proved a strong duality result thus extending
the classical Kantorovitch duality to this context.

Motivated by a problem in financial mathematics, our main objective is to extend [46]
to a larger class of transportation plans defined by continuous semimartingales with ab-
solutely continuous characteristics:

¢ ¢
Xy =Xo+ / Bsds + / osdWs,
0 0

with transportation cost depending on the drift and diffusion coefficients as well as the
trajectory of X.

This problem is also intimately connected to the so-called Skorokhod Embedding Prob-
lem (SEP), see Obloj [48] for a review. Given a one-dimensional Brownian motion W and
a centered |z|-integrable probability distribution p; on R, the SEP consists in searching
for a stopping time 7 such that W, ~ p; and (Wja;)i>o is uniformly integrable. This
problem is well-known to have infinitely many solutions. However, some solutions have
been proved to satisfy some optimality with respect to some criterion (Azéma and Yor [2],
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Root [51] and Rost [52]). This problem can be formulated in our context by restricting
the finite variation part to zero, i.e. transportation along a martingale. Indeed, given a
solution 7 of the SEP, the process X; := Wont defines a continuous local martingale
satisfying X; ~ p;. Conversely every continuous local martingale can be represented as
time-changed Brownian motion by the Dubins-Schwartz theorem (see e.g. Theorem 4.6,

Chapiter 3 of Karatzas and Shreve [40]).

Our extension of Mikami and Thieullen is motivated by Hobson’s [36] observation of
the connection between the SEP and the problem of finding optimal no-arbitrage bounds
for the prices of exotic options (e.g. variance options, lookback option etc.) given the
observation of the implied volatility curve for some maturity 7', i.e. T—maturity European
options of all strikes. We refer to Hobson [37| for an overview on some specific applications
of the SEP in the context of finance. As observed by Galichon, Henry-Labordére and Touzi
[33], our formulation in terms of an optimal transportation problem allows for a systematic
treatment of this problem.

Our first main result is to establish the Kantorovitch strong duality for our semimartin-
gale optimal transportation problem. The dual value function consists in the minimization
of po(Ao) — 1 (A1) over all continuous and bounded functions A;, where A, is the initial
value of a standard stochastic control problem with final cost A\;. In the Markovian case,
the function \g can be characterized as the unique viscosity solution of the corresponding
dynamics programming equation with terminal condition A;.

Our second main contribution is to exploit the dual formulation for the purpose of numer-
ical approximation of the optimal cost of transportation. In the context of a bounded set
of admissible characteristics of the semimartingale, we suggest a numerical scheme which
combines finite differences and the gradient projection algorithm. We prove convergence
of the scheme, and we derive a rate of convergence.

The chapter is organized as follows. Section 5.2 introduces the optimal mass trans-
portation problem under controlled stochastic dynamics. In Section 5.3, we extend the
Kantorovitch duality to our context by using the classical convex duality approach. The
convex conjugate of the primal problem turns out to be the value function of a classical
stochastic control problem with final condition given by the Lagrange multiplier lying in
the space of bounded continuous functions. Then the dual formulation consists in max-
imizing this value over the class of all Lagrange multipliers. We also show, under some
conditions, that the Lagrange multipliers can be restricted to the subclass of C"*°— func-
tions with bounded derivative of any order. In the Markovian case, we characterize convex
dual as the viscosity solution of a dynamic programming equation in the Markovian case
in Section 5.4.

Section 5.5 introduces a numerical scheme to approximate the dual formulation in the
Markovian case. We first use the probabilistic arguments to restrict the optimal control
problem to a bounded domain of R?, then use the finite difference scheme to solve the
control problem. The maximization is approximated by means of the gradient projection
algorithm. We provide some general convergence results together with some control of
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the error. Finally, we provide an implementation of our algorithm in the context of an
application in financial mathematics. Namely, we consider the problem of robust hedging
variance swap derivatives given the prices of options of all strikes. The solution of the last
problem is known explicitly and allows to test the accuracy of our algorithm.

Notation: Let E be a Polish space, we denote by M(FE) the space of all Borel proba-
bility measures on FE, equipped with the weak topology, which is also a Polish space. In
particular, M(IR?) is the space of all probability measures on (R¢, B(R?)). S; denotes the
set of d x d positive symmetric matrices. Given u = (a,b) € Sq x R?, we define |u| by its
L2—norm as an element in R+,

5.2 The semimartingale transportation problem
Let  := C([0, 1], R?) be the canonical space, X be the canonical process, i.e.
Xi(w) :=w; forall te|0,1],

and F = (F;)1<i<1 be the canonical filtration generated by X. We recall that F; coincides
with the Borel o—field on € induced by the seminorm |w|s := Supg<,<; [ws|, w € Q. See
e.g. the discussions in Section 1.3, Chapter 1 of Stroock and Varadhan [55].

Let P be a probability measure on (2, ;) under which the canonical process X is a
[F—continuous semimartingale. Then, we have the unique continuous decomposition:

X, =Xo+B +M;, tc[0,1], P—as. (5.2.1)

where BY = (Bf)o<;<1 is the finite variation part and M¥ = (M[)p<;<; is the local
martingale part satisfying By = My = 0. Denote by Af := (MF); the quadratic variation
of M* between 0 and t and A” = (A})o<t<1. Then, following Jacod and Shiryaev [38], we
say that the P—continuous semimartingale X has characteristics (A, BY).

In this chapter, we further restrict to the case where the processes A¥ and BF are
absolutely continuous in ¢t w.r.t. Lebesgue measure, P—a.s. Then there are F—progressive
processes ¥ = (af, %) (see e.g. Proposition 1.3.13 of [38]) such that

t t
Al = / ofds, B = / B%ds, t€0,1] up toa P — evanescent set. (5.2.2)

0 0
Remark 5.2.1. By Doob’s martingale representation theorem (see e.q. Theorem 4.2 in

Chapter 3 of Karatzas and Shreve [40]), we can find a Brownian motion W (possibly in
an enlarged space) such that X has an Ité representation:

t t
X, = Xo+ / Bds + / oldw?,
0 0

where o} = (Oz,ilm)l/2 (i.e. af = af(o7)").
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Remark 5.2.2. With the unique processes (A¥, BY), the progressively measurable processes
VP = (o, %) may not be unique. However, they are unique in sense dP x dt—a.e.. Since
the transportation cost defined below is a dP x dt integral, then the choice of V¥ = (af, B¥)

will not change the cost value and then is not essential.

We next introduce the set U defining some restrictions on the admissible characteristics:
U closed and convex subset of Sy x R?, (5.2.3)

and we denote by P the set of probability measures P on {2 under which X has the
decomposition (5.2.1), and satisfies (5.2.2) with characteristics vf = (af, 8F) € U, dP x
dt—a.e.

Given two arbitrary probability measures ug and p; in M(R?), we also denote

Pluo) == {PeP : PoXy' =po}, (5.2.4)
Pluo, ) = {PePluo) : PoX;" =}

Remark 5.2.3. In general, P(po, 1) may be empty. However, in the one-dimensional
case d =1 and U = RT x R, the initial distribution py = o4, for some constant o € R,
and the final distribution satisfies [, |x|p1(dx) < oo, we now verify that P, p11) is not
empty. First, we can choose any constant in R for the drift part, hence we can suppose,
without loss of generality, that xo = 0 and py is centered distributed, i.e. fR xpy(dx) = 0.
Then, given a Brownian motion W, by Skorokhod embedding (see e.g. Section 3 of Obloj
[48]), there is a stopping time T such that W, ~ uy and (Winr)eso s uniformly integrable.
Therefore, M = (M;)o<i<1 defined by My = W,

At 1S a continuous martingale with
1-t

marginal distribution P o M; ' = py. Moreover, its quadratic variation (M), = 7 A -+ s
absolutely continuous in t w.r.t Lebesque for every fixed w, which can induce a probability

on Q belonging to P(jo, fi1)-

The semimartingale X under P can be viewed as a vehicle of mass transportation,
from the P—distribution of X, to the P—distribution of X;. We then associate P with a
transportation cost

J(P) :=E* /IL(t,X, v} )dt, (5.2.6)

where we denoted by EF the expectation under the probability measure P. The above
expectation is well defined on Rt U {400} in view of the subsequent Assumption 5.3.1
which states in particular that L is nonnegative.

Our main interest is on the following optimal mass transportation problem, given two
probability measures g, 11, € M(R?):

V(po, p1) == inf  J(P), (5.2.7)

PEP (uo,p1)

with the convention inf ) = oo.
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5.3 The duality theorem

The main objective of this section is to prove a duality result for problem (5.2.7) which
extends the classical Kantorovitch duality in optimal transportation theory.

This will be achieved by classical convex duality techniques which require to verify that
the function V' is convex and lower semicontinuous. For general theory on duality analysis
in Banach spaces, we refer to Bonnans and Shapiro [12] and Ekeland and Temam [29]. In
our context, the value function of the optimal transportation problem is defined on the
Polish space of measures on R%, and our main reference is Deuschel and Stroock [26].

5.3.1 The main duality result

We first formulate the assumptions needed for our duality result.

Assumption 5.3.1. The function (t,x,u) € [0,1] x Q@ x U — L(t,x,u) € RT is non-
negative, continuous in (t,x,u), and conver in u.

Notice that we do not impose any progressive measurability for the dependence of L on
the trajectory x. However, by immediate conditioning, we may reduce the problem so
that such a progressive measurability is satisfied.

The next condition controls the dependence of the cost functional on the time variable.

Assumption 5.3.2. The function L is uniformly continuous in t in sense that

— 0, as € —0,

where the supremum is taken over all 0 < s,t < 1 such that |t — s| < e and all x € Q,
uwel.

We finally need the following coercivity condition on the cost functional.
Assumption 5.3.3. There are constants p > 1 and Cy > 0 such that

lulP < Co(1+ L(t,x,u)) < oo for every (t,x,u) € [0,1] x Q x U.

Remark 5.3.1. In the particular case U = {I;} x RY, the last condition coincides with
Assumption A.1 of Mikami and Thieullen [46]. Moreover, whenever U is bounded, As-
sumption 5.5.3 is a direct consequence of Assumption 5.5.1.

Let Cy(R?) denote the set of all bounded continuous functions on R? and
w(p) = | é(x)u(dr) for all p € M(RY) and ¢ € L'(p).
R4

We define the dual formulation of (5.2.7) by

V(po, ) == sup  {po(Xo) — (M)}, (5.3.1)
Alecb(Rd)
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where

1

No(x) = _inf B / L(s, X, 1)ds + M(X1)]. (5.3.2)
PeP(0) 0

with P(6,) defined in (5.2.4). We notice that po(Ag) is well defined since \g is bounded

from below and measurable by the following Lemma.

Lemma 5.3.1. Let Assumptions 5.3.1 and 5.3.2 hold true, and assume that Ay is locally
bounded. Then, N\ is measurable w.r.t. the Borel o—field on R completed by 1o, and

1
po(Xg) = inf EP[/ L(s, X, v5)ds + M\ (X1)].
PEP (o) 0
The proof of Lemma 5.3.1 is based on a measurable selection argument, and is reported
at the end of Section 5.4.2.

Remark 5.3.2. The local boundedness of \g can be easily guaranteed under reason-
able conditions. For example, suppose that fol L(t,0,a9,b)dt < oo and |L(t,x,ag,by) —
L(t,0,a9,b)| < e“X< with constants C < oo and (ag,by) € U, for every 0 < t < 1
and x € €. Let the process Z® be defined by Z7 = x + bot + \/aoWy, where W is a
d—dimensional standard Brownian motion. Then clearly Efol L(s, Z% ag,by)ds < KeC®
for some constant K independent of x. By the boundedness of A1 and positivity of L,
considering the probability measure induced by Z* on €2, it follows the local boundedness

Of )\0 .
We now state the main duality result.

Theorem 5.3.1. Let Assumptions 5.3.1, 5.3.2 and 5.53.3 hold, and suppose that Ao is
locally bounded for all \; € Cy(R?). Then:

V(po, 1) = Vo, 1) for all po, pn € M(RY),
and the infirmum is achieved by some P € P(uo, 1) for the problem V (1o, 1) of (5.2.7).

The proof of this result is reported in the subsequent subsections.
We finally state a duality result in the space C{°(R?) of all functions with bounded
derivatives of any order:

V(po, ) = sup  {po(ho) — (M)} (5.3.3)

A eCEe(RY)
Assumption 5.3.4. The function L is uniformly continuous in X in sense that

|L(t,x', u) — L(t,x* u)|
A, L(e) := — 0, — 0,
(¢) :=sup T+ (<2 u) as €

where the supremum is taken over all 0 < t < 1, u € U and all x*,x> € Q such that
Ix! — x| <e.
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Theorem 5.3.2. Under the conditions of Theorem 5.5.1 together with Assumption 5.3.4,
we have V =V on M(R?) x M(R?).

The proof of the last result follows exactly the same arguments as those of Mikami
and Thieullen [46] in the proof of their Theorem 2.1. We report it in Section 5.3.6 for
completeness.

5.3.2 An enlarged space

In preparation of the proof of Theorem 5.3.1, we introduce the enlarged canonical space
Q:=C([0,1], R x R¥ x RY) (5.3.4)

following the technique used by Haussmann [35] in the proof of his Proposition 3.1.
On Q, we denote the canonical filtration by F = (F,)o<;<1, and the canonical process by
(X, A, B), where X, B are d—dimensional processes and A is a d*—dimensional process.
We consider a probability measure P on € such that X is an F—semimartingale char-

acterized by (A, B), and moreover, (A, B) is P—a.s. absolutely continuous w.r.t. ¢ and
v, € U, dP x dt a.e., where v = (o, 3) is defined by:

a; = limsupn <At - AF%) , and [ :=limsupn (Bt — BF%) . (5.3.5)

n—o0 n—oo

We also denote by P the set of all the probability measures P on (2, F;) satisfying the
above conditions, and

Puo) ={PeP:PoXy'=po}t, Pluo,p1) :={P €Plpo): Po X" =}

Finally, we denote
_pl
J(P) = EP/ L(t, X, v)dt.
0

Lemma 5.3.2. The function J is lower semicontinuous on P.

Proof. We follow the lines of arguments for proving the inequality (3.17) of Mikami [45].
Let (P™"),>1 be a sequence of probability measures in P which converges weakly to some
P’ eP.

First, by Assumption 5.3.2, for every s € [0,1), ¢ € (0,1 —s),t € [s,s +¢], x € Q and
R+ _valued process 17,

L(s,x,n;) < L(t,x,m;) + A L(e)(1 4+ L(t,x,m)) = A¢L(e) + (1 + A L(e)) L(t,x, 1)

It follows from the convexity of L in u that

1 s+e 1 s+e 1 A L ste
L<s,x,—/ mdt) < —/ L(s,x,m;)dt < AL(e) + +—t(5)/ L(t,x,n,)dt.
6 S 6 S 8 S
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Integrating both side on s from 0 to 1 — ¢, we get

1—e s+e L
/ L<S,X,1/ mt)ds - < (1—5)AtL(g)+LtL(5)/
0 e/, - i

< (1—e)AL(e) + (1 + AtL(e))/O L(s,x,n5)ds

€ rs+e
/ L(t,x,n,)dtds
1

by integration by parts formula. Therefore,

1 1 1—¢ 1 s+e
> T AN T/ - - .
/0 L(s,x,ns)ds > 1+AtL(€)/o L(s,x, 5/5 ntdt)ds AyL(e)

Then replacing x by X, n by v defined in (5.3.5), taking expectation under P", by the
definition of v; as well as the absolute continuity of (A, B) in t, it follows that

B 1
J(@Pr) = E” /O L(s, X, vy)ds

1 pn 1—e 1 s+e
> g (s x = AL
> TTALG [ /0 (s = / utdt)ds} JL(e)
_ L g /1_EL< X, A, - ), 1B B,))ds| - AL(e)
— 1+AtL(€) 0 87 ’8 s+e S 7€ s+e S S t €).

By Skorokhod’s theorem (see e.g. Theorem 3.3 of Billingsley [10]), we may consider a
probability space (£, F, ') together with a sequence of processes (X", A", B"),>o on it
such that (X", A", B") under P’ has the same distribution as (X, A, B) under P" and
(X" A" B") — (X% AY BY) for a.e. w' € Q' as n — oo under norm | - |. Then by
Fatou’s lemma, we get that

— 1 po [ [17° 1 [ote
. . n) > P - _
liminf J(P") > ;s AI" [ /0 L(s,X, - / utdt)ds} AL(e).

Note that by the absolute continuity assumption of (A, B) in ¢ under P°,

1 s+e —

—/ v(w)dt — vy(w), as € —0, for dP° x dt —a.e. (w,s) € Qx[0,1),

€ S

and A;L(e) — 0 as € — 0 from Assumption 5.3.2, we then finish the proof by sending ¢

to zero and using Fatou’s Lemma. O]

Remark 5.3.3. In the Markovian case L(t,x,u) = ((t,x(t),u), for some deterministic
function £, we observe that Assumption 5.3.2 is stronger than Assumption A2 in Mikami
[45]. However, we can easily adapt this proof by introducing the trajectory set {x
SUDg<y s<1,1—s|<c 1X(t) — X(s)| < &} and then letting €, § — 0 as in the proof of inequality
(3.17) in [45].

Our next objective is to establish a one-to-one connection between the cost functional
J defined on the set P(ug, 11) of probability measures on  and the cost functional J
defined on the corresponding set P (g, j1) on the enlarged space (2.
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Proposition 5.3.1. (i) For any probability measure P € P(uo, 1), there exists a proba-
bility P € P (o, j11) such that J(P) = J(P).

(ii) Conversely, let P € P(po, p1) be such that EF fol |Bs|lds < 0o. Then, under Assumption
5.3.1, there exists a probability measure P € P(po, 1) such that J(P) < J(P).

Proof. (i) Given P € P(juo, i11), define the processes A¥, BY from decomposition (5.2.1),
and observe that the mapping w € Q — (X;(w), AP (w), BF (w)) € R¥** is measurable for
every t € [0,1]. Then the mapping w € Q — (X (w), A¥(w), BF(w)) € Q is also measurable,
see e.g. discussions in Chapter 2 of Billingsley 9] at Page 57.

Let P be the probability measure on (Q, F;) induced by (P, (X, A¥(X), B¥(X))). In the

enlarged space (2, F1, P), the canonical process X is clearly a continuous semimartingale
characterized by (AP(X), B¥(X)). Moreover, (A¥(X), B¥(X)) = (4, B), P—a.s., where
(X, A, B) are canonical processes in Q. It follows that, on the enlarged space (Q,F, P),
X is a continuous semimartingale characterized by (A, B). Also (A, B) is clearly P—a.s.
absolutely continuous in ¢, with vF(X); = 14, dP x dt—a.e., where v is defined in (5.3.5).
Then P is the required probability in P (i, y1) and satisfies J(P) = J(P).
(ii) Let us first consider the enlarged space Q, denote by F = (J_Ei()ogtgl the filtration
generated by process X. Then for every P € P(uq, 1), (£, FX, P, X) is still a continuous
semimartingale, by the stability property of semimartingales. It follows from Theorem
5.6.1 in Appendix that the decomposition of X under filtration F = (?tx)ogtgl can be
written as

t
X =Xo+B(X) + M(X); = Xo+ / Beds + M(X),,
0

with A(X); := (M(X)), = fg ads, B = EP [ﬁs‘]_'—j(] and &, = ay, dP x dt—a.e. More-
over, by the convexity property (5.2.3) of set U, it follows that (&, 3) € U, dP x dt—a.e.
Finally, since 7-—;( =F® {@, ([0, 1], R x Rd)}, P then induces a probability measure P
on (92, F1) by

PE] := P[E x C([0,1],R¥ x RY)], VE € F.
Clearly, P € P (0, 1t1) and J(P) < J(P) by the convexity of L in b of Assumption 5.3.1

and Jensen’s inequality. O]

Remark 5.3.4. Let P € P be such that J(P) < oo, then from the coercivity property of
L in u in Assumption 5.5.3, it follows immediately that

o
IEP/ |Bs]ds < 0.
0

5.3.3 Lower semicontinuity and existence

By the correspondence between .J and J (Proposition 5.3.1) and the lower semicontinuity
of J (Lemma 5.3.2), we now obtain the corresponding property for V under the crucial As-
sumption 5.3.3, which guarantees the tightness of any minimizing sequence of our problem

V(Nm,ul)-
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Lemma 5.3.3. Under Assumptions 5.3.1, 5.3.2 and 5.3.3, the map
(Ho, 1) € M(R?) x M(R?) = V (g, ) € R:=RU {00}
18 lower semicontinuous.

Proof. Let (u) and (u}) be two sequences in M(R?) converging weakly to g, 1 €
M (R?), respectively, and let us prove that

liminf V(ug, o) 2 V (o, p12)-

We focus on the case liminf, . V' (uf, u}) < oo as the result is trivial in the alternative
case. Then, after possibly extracting a subsequence, we can assume that (V(ug, 1}))n>1
is bounded, and there is a sequence (P,),>1 such that P,, € P(u, u}) for all n > 1 and

sup J(P,) < oo, 0< J(P,) —V(ug,pt) — 0 as n — oo. (5.3.6)

n>1

By Assumption 5.3.3 it follows that sup,,~, E™ f01 2
Theorem 3 of Zheng [58] that the sequence (F,),>1, of probability measures induced by
(P, X, AP», BP) on (Q, F,), is tight. Moreover, under any one of their limit laws P, the
canonical process X is a semimartingale characterized by (A, B) such that (A, B) are still
absolutely continuous in ¢. Moreover, v € U, dP x dt—a.e. since ﬁ(At — A, B, — By) €
U, dP—a.s. for every t,s € [0,1], hence P € P(ug,p1). We then deduce from (5.3.6),
Proposition 5.3.1, and Lemma 5.3.2 that:

Pds < oo. Then, it follows from

liminf V (g, ) = liminf J(P,,) = liminf J(P,) > J(P).
n—oo n—oo

n—o0

By Remark 5.3.4 and Proposition 5.3.1, we may find P € P(uq, s11) such that J(P) > J(P).
Hence liminf, o V (i, pu7) > J(P) > V (1o, 1), completing the proof. O

Proposition 5.3.2. Let Assumptions 5.3.1, 5.3.2 and 5.3.3 hold true. Then for every
o, 1 € M(RY) such that V (g, 1) < oo, existence holds for the minimization problem
V(po, ). Moreover, the set of minimizers {P € P(puo, 1) : J(P) = V(po,pa)} is a
compact set of probability measures on €.

Proof. We just let (uf,ut) = (p0, p1) in the proof of Lemma 5.3.3, then the required
existence result is proved by following the same arguments. O]

5.3.4 Convexity

Lemma 5.3.4. Let Assumptions 5.3.1 and 5.5.8 hold, then the map (po, 1) — V (o, 1)
1S convez.
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Proof. Given ug, pi5, pi, i € M(R?) and po = Opg + (1 — 0)pg, p = Opg + (1 — 0)pef
with 6 € (0,1), we shall prove that

V(po, 1) < OV (pg, 1) + (1 — 0)V (g, 13).

It is enough to show that for both P; € P(uf, u}) such that J(P;) < oo, i = 1,2, we can
find P € P(po, p1) satistying

J(B) < 0J(Py) + (1 — 0)J(Py). (5.3.7)

As in Lemma 5.3.3, let us consider the enlarged space £, on which the probability measures
P; are induced by (P;, X, A¥: BF#) i=1,2. By Proposition 5.3.1, (P);=1 2 are probability
measures under which X is a F—semimartingale characterized by the same process (A, B),
which is absolutely continuous in ¢, such that J(P;) = J(B), i=1,2.

By Corollary I11.2.8 of Jacod and Shiryaev [38], P := P, + (1 —0)P, is also a probability
measure under which X is an F—semimartingale characterized by (4, B). Clearly, v €
U, dP x dt—a.e. since it is true dP; x dt—a.e. for i = 1,2. Thus P € P(ug, 1) and it
satisfies that

J(P)=0J(P)+ (1=0)J(P) =0J(P)+ (1 —0)J(Py) < oo.
Finally, by Remark 5.3.4 and Proposition 5.3.1, we can construct P € P(ug, i11) such
that J(P) < J(P), and it follows that inequality (5.3.7) holds true. O

5.3.5 Proof of the duality result

If V' (o, p11) is infinite for every p; € M(R?), then J(IP) = oo for all P € P(up). It follows
from (5.3.1) and Lemma 5.3.1 that

V(No;,ul) = V(Moam) = 0.

Now, suppose that V (g, -) is not always infinite. Let M(R?) be the space of all finite
signed measures on (R?, B(R?)), equipped with weak topology, i.e. the coarsest topology
marking p — 1u(¢) continuous for every ¢ € Cy(R?). (See also section 2.2 of Deuschel and
Stroock [26].) As indicated in section 3.2 of [26], the topology inherited by M(RY) as a
subset of M(RY) is its weak topology. We then extend V(po,-) to M(RY) > M(R?) by
setting V (1o, pt1) = 0o when gy € M(RY) \ M(R?), thus g, — V(uo, 1) is a convex and
lower semicontinuous function defined on M(R?). Then, the duality result V =V follows
from Theorem 2.2.15 and Lemma 3.2.3 in [26], together with the fact that for \; € Cy(R?):

sup {Nl(—)\l) - V(Mo,ﬁh)} = - inf EP[/OIL(S,X, z/f)ds%—)\l(Xl)}

d p1 € M(R?)
mEM(R) P € P(po, p1)

1
= — inf EF L(s, X, vD)ds + M\ (X
IP’EIPH(;L()) [/0 (S’ ’VS) s+ 1< 1)]

= — po(Ao)-



Chapitre 5. Optimal Transportation under Controlled
86 Stochastic Dynamics

5.3.6 Proof of Theorem 5.3.2

Let ¢ € C([—1,1]4, R") be such that [, ¢ (z)dr = 1, and define v.(z) := e~ %)(x/e).
We claim that

%) V(¢6*N07¢6*,u1)
V(/L(]?/Jll) Z 1+AxL(€)

— A,L(2). (5.3.8)

Since the inequality V > V is obvious, the required result is then obtained by sending
¢ — 0, and using Assumption 5.3.4 together with Lemma 5.3.3.

In the rest of this proof, we denote 6 := A, L(g). To prove (5.3.8), we first observe from
Assumption 5.3.4 that:

L(s,x+ z,u)
1+46

Here, x + 2 := (x(t) + 2)o<t<1 € Q. For an arbitrary \; € Cy(R?), we denote \j :=
(140)"'\1 9. € C;°, then for every P € P(up):

L(s,x,u) > — ¢, forall zeR satisfying |z] <e.

EP[/Ol L(s, X, vF)ds + 5(X))]

= [ [ e xmas+ 2D g

140
1
> 5+ MEP[/ L(s, X + 2,05 )ds + M\ (X1 + 2) | dz.
Rd1+5 0

Let Z be a r.v. independent of X with distribution defined by the density function ).
under P. Then the probability P. on © induced by (P, X + Z := (X; + Z)o<i<1, A¥, BY) is
in P(1. + jig), and

EF [/01 L(s, X, v5)ds + Xi(Xl)]

v

1 P ! P
_5+1—_|_5E [A L(S,X‘I—Z,Vs)dS‘f—)\l(Xl_’_Z)]

— 1 P‘E 1
= 0 [ [ L X )

1 51 (1 ;
> —§+-—— inf EF / L(s, X, vi)ds + M\ (X1) ],
T35 el Ly X0 060

where the last inequality follows from Proposition 5.3.1.
Notice that 1 (A5) = (14 6) 7 (e * p1) (A1) by Fubini’s theorem. Then, by the arbitrari-
ness of \; € Cy(R?) and P € P(uy), the last inequality implies (5.3.8). O

5.4 PDE characterization of the dual formulation

In the rest of the chapter, we assume that

L(t,x,u) = £(t,x(t),u),
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where the deterministic function ¢ : (¢, z,u) € [0,1] x RY x U + ((t,z,u) € R is non-
negative and convex in u. Then, the function \g in (5.3.2) is reduced to the value function
of a standard Markovian stochastic control problem:

1

Xo(z) = inf EP[/ 0(s, X, V5 )ds + M (X1)]. (5.4.1)
PEP(62) 0

Our main objective is to characterize Ay by means of the corresponding dynamic program-

ming equations. We also suppose that 0 € U in purpose of simplification, which is not an

essential condition.

We consider the probability measures P on the canonical space (€2, F;), under which
the canonical process X is a semimartingale on [t, 1], characterized by ft v¥ds for some
progressively measurable process . As discussed in Remark 5.2.2, " is unique in sense
of dP x dt—a.e. To simplify the notation, we suppose that U contains the original point
0. Let

)

P = {PEP:IP[XS:x,Ogsgt]zl}. (5.4.2)

We notice that under probability P € P; ., X is a semimartingale with v = 0, dPx dt—a.e.
on Q x [0,#]. The dynamic value function is defined for any \; € C,(R%) by:

1

At,2) = inf ]EP[ / (s, Xy, F)ds + AI(XI)] (5.4.3)
S t,x t

As in the previous sections, we also introduce the corresponding probability measures on

enlarged space (Q, Fy). For all (t,z,a,b) € [0,1] x RY x R” x R?, let

Proay = {13 €P: P[(X, Ay, B)) = (z,0,b),0< s < 1] = 1}. (5.4.4)

By similar arguments as in Proposition 5.3.1, we have under Assumption 5.3.1 that

— 1 2
At,z) = inf EF [/ ((s, Xs,v5)ds + A (X1)| for all (a,b) € RY x RY(5.4.5)
t

P65t,x,a,b

5.4.1 PDE characterization of the dynamic value function

The first step is as usual to establish the dynamic programming principle (DPP). We
observe that a weak dynamic programming principle as introduced in Bouchard and Touzi
[16] suffices to prove that the dynamic value function A is a viscosity solution of the
corresponding dynamic programming equation. However, our context is slightly different
from that of [16], and we will prove the standard dynamic programming principle.

For bounded controls set U and bounded cost functions, the DPP is shown (implicitly)
in Haussmann [35]. El Karoui, Nguyen and JeanBlanc [30] considered a relaxed optimal
control problem, and provided a scheme of proof without all details. Our approach is to
show that the value function (5.4.3) coincides with the corresponding relaxation in the
sense of [30], and to provide all details for their scheme of proof.
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Proposition 5.4.1. Let Assumptions 5.3.1, 5.3.2, 5.3.3 hold true, and assume further
that X is locally bounded. Then, for all F—stopping time T with values in [t,T], and all
(a,b) € R¥+4;

At,z) = inf EP[/ e(s,Xs,ys)ds+A(r,XT)]
t

PEﬁt,x,a,b

The proof is reported in section 5.4.2. The dynamic programming equation is the in-
finitesimal version of the above dynamic programming principle. Let

1
H(t,z,p,T) = inf [b~p+—a-F+€(t,x,a,b)]. (5.4.6)
(a,b)eU 2

We observe that H is continuous under Assumptions 5.3.1 and 5.3.3. Indeed, under these
two assumptions, for every constant r > 0, there is a closed bounded domain D, C S;x R?
such that every subgradient V, (¢, z, u) satisfies |V, 0(¢, x,u)| > r, for all (¢,z,u) € [0,T] x
R? x D¢. Therefore, for every (p,T') such that |(p,T)| < r, the infimum in (5.4.6) can be
taken in the compact set U N D,.. This implies that H is a continuous function.

Theorem 5.4.1. Let Assumptions 5.5.1, 5.3.2, 5.3.3 hold true, and assume further that
A 1s locally bounded. Then, X\ is a viscosity solution of the dynamic programming equation

—O\(t,x) — H(t,x, DA\, D*)\) = 0,
with terminal condition \(1,x) = A\ (z).

The proof is very similar to that of Corollary 5.1 in [16], we report it in Appendix for
completeness.

5.4.2 Proof of the dynamic programming principle

We first prove that the dynamic value function A is measurable and we can choose “ in
a measurable way” a family of probabilities (Q; 4 q5) (
achieves with € error) the infimum in (5.4.5).

twap)efo,n]xrze+a2 Which achieves (or

There are many versions of the measurable selection theorem in the literature, see e.g.
Section 12.1 of Stroock and Varadhan [55], Chapiter 7 of Bertsekas and Shreve [8], and
Chapiter 3 of Dellacherie and Meyer [25]. In our context, we find it convenient to use a
result from El Karoui and TAN [31].

Let A* be the upper semicontinuous envelope of the function A\, and
. 1
Pt,:r,a,b = {]5 € ﬁt,:p,a,b : EP |:/ g(san Vs)ds + )\1(X1):| S )\*(tax)}a
t

P = {(t,x,a, b,P) : Pc 75t,m7a,b}.

In the following statement, for the Borel o—field B([0, 1] x R2¥+%) of [0, 1] x R+ with
an arbitrary probability measure g on it, we denote by B([0,1] x R4} its g—field
completed by .
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Lemma 5.4.1. Let Assumptions 5.3.1, 5.53.2, 5.3.3 hold true, and assume that X is locally
bounded. Then, for any probability measure jn on ([O, 1] x R+ B([0, 1] x R2d+d2)) :

i) the function (t,z,a,b) — A\(t,z) is B*(]0, 1] x [R2d+d? —measurable,

(1)

(ii) for any e > 0, there is a family of probability (Q;x,a,b)(t,x,a,b)e[O,l]xR2d+’12 in P such that
(t,x,a,b) = Q5 , . 15 a measurable map from [0,1] x R2+4* 4o M(Q) and

_ 1
EQ% a0 [/ 0(s, Xy, vs)ds + )\I(Xl)] < At,x)+e, p—as.
¢

Proof. By Lemma 5.3.2, the map P ]Ep[j;l U(s, Xs,vs)ds + Ai(X7)] is lower
semicontinuous, and therefore measurable. Moreover P, ,,; is non empty for every
(t,z,a,b) € [0,1] x R2+%  Finally, by using the same arguments as in the proof of
Lemma 5.3.3, we see that P is a closed subset of [0, 1] x R2¢+%* x M(Q). Then, both items
of the lemma follow from Corollary 2.19 in El Karoui and TAN [31]. O

We next prove the stability properties of probability measures under conditioning and
concatenations at stopping times, which will be the key-ingredients for the proof of the
dynamic programming principle.

We first recall some results from Stroock and Varadhan [55] and define some notations.

e For 0 <t <1, let Fry = 0((X,,As, By) 1 t < s < 1), and let P be a probability
measure on (Q, Fy1) with P((Xy, Ay, By) = 1) = 1 for some n € C([0,t], R¥+%).
Then, there is a unique probability measure ¢, ®; P on (Q,F,) such that 0y ®¢
P[(Xs, As, Bs) = 05,0 < s < t] =1 and 6, ®; P[A] = P[A] for all A € F;;. In
addition, if P is also a probability measure on (2, F1), under which a process M
defined on € is a F—martingale after time ¢, then M is still a F—martingale after
time ¢ in probability space (Q, F1,n ®; P). In particular, for ¢ € [0,1], a constant
co € R2H and P satisfying P((X;, A, By) = ¢y) = 1, we denote 6., ®; P :=
S0 @ P, where % = ¢g, s € [0,1].

s

e Let Q be a probability measure on (9, F;) and 7 a F—stopping time. Then,
there is a family of conditional probability measures (Q,,), g W.r.t F, such that
Qu((Xy, A, B) = wy 1 t < 7(w)) = 1. This is Theorem 1.3.4 of [55], and (Qu),cq is
called the regular conditional probability distribution (r.c.p.d.)

Lemma 5.4.2. Let P € Py, 4y, T an F—stopping time taking value in [t, 1], and (Q.) 5
be a r.c.p.d. of P[.T—"T. Then there is a P—null set N € F, such that 5%@) ®r(w) Q. €
Pr(@)wr o Jor all w ¢ N.

Proof. Since P € Py, 4, it follows from Theorem I1.2.21 of Jacod and Shiryaev [38] that

(Xs - BS)tSSSla ((Xs - Bs)2 - As)

t<s<1

are all local martingales after time ¢. Then it follows from Theorem 1.2.10 of Stroock and
Varadhan [55] together with a localization technique that there is a P—null set N; € F,
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such that they are still local martingales after time 7(w) both under Q,, and (LTM Q7 (w) Qu,
for all w ¢ Ny. It is clear, moreover, that v € U, dQ, x dt—a.e. on QX [T(w), 1] for P—a.e.
w € Q. Then there is P—null set N € F, such that 5“,7(@ ®r(w) Q. € 7_77(@7%(00) for every
wé N. O

Lemma 5.4.3. Let Assumptions 5.53.1, 5.53.2, 5.53.3 hold true, and assume that X\ is locally
bounded. Let P € 7_7,5,%@717, T >t a F—stopping time, and (Qw)weﬁ a family of probability
measures such that Q, € 7_37(@7%(@ and w — Q,, is F.—measurable. Then there is a
unique probability measure, denoted by P @y Q., in Pyzap, such that

P®.yQ =P on F,, and (6, @) Qu)uen 5 a r.c.p.d. of PR,y Q.|FA5.4.7)

Proof. The existence and uniqueness of the probability measure P ®r() Q. on (Q, F
satisfying (5.4.7), follows from Theorem 6.1.2 of [55]. It remains to prove that P ®, () Q.
ﬁt,z,a,b'

Since Q,, € fT(w),wT(w X is a 0y @r(w) Qw—semimartingale after time 7(w), characterized
by (A, B). Then, the processes X — B and (X — B)? — A are local martingales under
0w ®r(w) Qu after time 7(w). By Theorem 1.2.10 of [55] together with a localization
argument, they are still local martingales under P ®r() Q.. Hence, the required result
follows from Theorem I1.2.21 of [38]. O

1)7
S

We have now collected all the ingredients for the proof of the dynamic programming
principle.

Proof of Proposition 5.4.1 Let 7 be an F—stopping time taking value in [t,1]. We
proceed in two steps.

1. For P € P4, we denote by (Qw)weg a r.c.p.d. of P|F,, and P¥ := O, () ®r(w)
Q.- By the representation (5.4.5) of A, together with the tower property of conditional
expectations, we see that

. T 1
AMt,z) = inf RE” / E(S,Xs,us)ds+/ E(S,Xs,l/s)ds—i—)\l(Xl)]
-Jt T

Peft,z,a,b

_r T _ 1
—  f EP / e(s,Xs,ys)dHEPf{/ é(s,Xs,us)der/\l(Xl)H
-Jt T

peft,z,a,b

> inf ]EP_/ e(s,Xs,yS)dHA(T,XT)}, (5.4.8)
-Jt

Peft,z‘,a,b

where the last inequality follows from the fact that P¥ € ﬁT(w),wT(w by Lemma 5.4.2.

2. For ¢ > 0, let (Q;w,a’b)[o’umgdwz be the family defined in Lemma 5.4.1, and denote
Q: = Qi(w)’wm}. Then w — @, is F,—measurable. Moreover, for all P € Py, qp, We
may construct by Lemmas 5.4.1 and 5.4.3 P ®,() Q. € Py 4.4y such that

_ B T _ T
EP®-()@- [/ 0(s, Xs,vg)ds + )\1(X1)1 < EF [/ (s, Xs,v5)ds + N1, X;) | +&.
t t
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By the arbitrariness of P € ftw,a,b and € > 0, together with the representation (5.4.5) of A,
this implies that the reverse inequality to (5.4.8) holds true, and the proof is complete. [

We conclude this section by the
Proof of Lemma 5.3.1 By the same arguments as in Lemma 5.4.1, we can easily
deduce that \g is B* (R?)— measurable, and we just need to prove that

S
Mo()\o) = lllf EP[/ £<S7Xs> Vs)ds + )\1(X1) .
PeP(po) 0

Given a probability measure P € P(ug), we can get a family of conditional probabilities
(Qu)weq such that Q,, € Py, which implies that

]EP[/1 U(s, Xs,vg)ds + /\1(X1)} > 110(No), VP € P(uo).

On the other hand, for every ¢ > 0 and o € M(R?), we can select a measurable family
of (Q5 € Po.4.00)scrd Such that

_ 1
]EQ; [/ K(S,XS, l/s)dS + )\1(X1):| < )\0(1') + ¢, Mo — a.S.
0
and then construct a probability measure o ®o Q° € P (i) by concatenation such that

B 1
]E.U'O(X)OQ.8 [/ €<S7X5, Vs)ds —+ /\I(Xl)i| S Mo(Ao) + g, Vé—: > O,
0

which completes the proof. O

5.5 Numerical approximation

In this section, we provide an implementable numerical scheme for the approximation
of the value function V' (g, p1) in the Markovian context where L(t,x,u) = £(t,x(t), u),
under Assumptions 5.3.1, 5.3.2, 5.3.3, and 5.3.4. By our duality result of Theorem 5.3.1
together with Theorem 5.3.2, we have that

V=V:i= sup v(\)=V:i= sup v(\) where v(\):= po(No) — 1 (M)

A ECH(RY) A1eCEe (R?)

and the function ) is defined in (5.3.2). We shall require the following additional condi-
tions to hold.

Assumption 5.5.1. [, |z[(o + p1)(dz) < co.
Assumption 5.5.2. U is compact, and { is Lipschitz in x uniformly in (t,u).

Throughout this section, we denote:

M = sup [ul +16(2, 0, w)| + [NaL(t, 2, ).

(t,z,u)€[0,1] xRExU

where \L.L(t, z,u) is the gradient of ¢ with respect to z which exists a.e. under Assumption
5.5.2.
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5.5.1 First approximations

Let Lip([)( denote the collection of all bounded K —Lipschitz-continuous functions ¢ :
R?Y — R with ¢(0) = 0, and denote Lip’ := UgsoLip%. Since v(A; + ¢) = v();) for
any \; € Cy(R?) and ¢ € R, we deduce that:

V. = sup v(\).
)\1€Lipo

As a first approximation, we introduce the function:

VE = sup w(\). (5.5.1)
)\1€Lip2<

Under Assumptions 5.5.1 and 5.5.2, we easily verify that V' < oo, see Lemma 5.5.1 below.
Then, it is immediate that:

(VE)gso is increasing and V¥ — V as K — oo. (5.5.2)

Our next approximation restricts the space variable x to the bounded subsets Og =
(=R, R)Y of R?, R > 0. Let 7 be the first exit time of the canonical process X from Op:

tr = inf{t: X; ¢ Og},

and define for all bounded functions \; € Cy(R%):

TRAL
)\R(t,x) = inf EP[/ E(S,Xs,Vf)dS—F)q(Xm/\l) .
t

PEP;, .
By similar arguments as in Theorem 5.4.1, A\® is a viscosity solution of equation

— oM (t,x) — H(t,z, DA\F, D*X\®) =0, (t,2) €]0,1) x Og, (5.5.3)
with boundary conditions

Mt 2) = M\ (z) forall (t,z) € ([0,1) x 0x) U ({1} x Og). (5.5.4)

Here 0Op denotes the boundary of Ogr. Moreover, from discussions in Example 3.6 of
Crandall et al. [21], it satisfies a comparison result. Then A® is the unique bounded
viscosity solution of (5.5.3) with boundary condition (5.5.4).

Lemma 5.5.1. Under Assumption 5.5.2, let \y € Lip% be arbitrary. Then A and \* are
Lipschitz-continuous, and there is a constant C' depending on M such that:

IAE, 0)] + [NE(E,0)| + [, 2)| + [MAR(, 2)| < C(1+ K), (t,2) €[0,1] x RY
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Proof. We only provide the estimates for A\, those for Ay follows from the same arguments.
First, by Assumption 5.5.2 together with the fact that A; is K'—Lipschitz and A;(0) = 0,
for every P € P,

1
EP[/ E(s,Xs,yf)der)\l(Xl)] < M+ (M+K) swp E|X,].
t 1<s<

Recall that X is continuous semimartingale under P whose finite variation part and
quadratic variation of the martingale part are both bounded by constant M. Sepa-
rating the two parts and using Cauchy-Schwarz’s inequality, it follows that EP‘XS| <
M ++/M, ¥t < s <1, and then |\(¢,0)| < M + (M + K)(M + vM).

We next prove that A is Lipschitz and provide the corresponding estimate. Observe that

={P:= Po(X+y—2)"':Pc Pis}. Then

RCED )]

IA

sup EP‘/ (s, Xo, VF) — (s, Xy +y — 2, 08)ds + M (X)) — M (X1 +y — 2)

PePy, s

< (M 4+ K)ly -l

by the Lipschitz property of £ and \ in x. n
Define

A= M0,), v\ = (M 1o,) — 11(Mlo,), and VIR .= sup KUR(/\l).(5.5.5)
)\1€Lip0

In the special case where U is a singleton, equation (5.5.3) degenerates to the heat equa-
tion, Barles, Daher and Romano [4] proved that the error A — A\ satisfies a large deviation
estimate as R — oo. The next result extends this estimate to our context.

Proposition 5.5.1. Let Assumption 5.5.2 and 5.5.1 hold true, we denote |z|
max®_, |z;| for x € R? and choose R > 2M. Then, there is a constant C' such that:
(i) for all K >0, \; € Lip and |v| < R— M,

INE = \(t,2) < C(1 + K)e~B-M-lah?/2M

(ii) for all K > 0:

‘VK,R_VK‘ < C(1+K)<€_R2/8M+R/2+/L (1+|x|)(,u0+,u1)(dx)>. (5.5.6)

R/2

Proof. 1. For arbitrary (¢,z) € [0,1] x R and P € P,,, we denote Y := supg,; | X
where X' is the i—th component of the canonical process X. By the Dubins-Schwartz
time-change theorem (see e.g. Theorem 4.6, Chapiter 3 of Karatzas and Shreve [40]), we
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may represent the continuous local martingale part of X as a time-changed Brownian
motion W. Since the characteristics of X are bounded by M, we see that:

S(R) = P[Y' > B < P| sup [W| > R—|a| - M|

0<t<M

< QIP’[ sup WtZR—|xZ-|—M}

0<t<M
M
= 4(1-N(RrY)). (5.5.7)
where Rf‘l,{| = (R — M — |z;])/VM, N be the cumulative distribution function of the
standard normal distribution N(0, 1), and the last equality follows from the reflection
principle of the Brownian motion. Then by integration by parts as well as (5.5.7),

EP[YilyizR} — RS(R)+ / Si(2)dz.
R

IN

e ()
W o (- 20,

_ 4(|xi|+M)<1—N(Rf‘£|))+ﬁ _ e

2

We further remark that for any R > 0,

>~ 1 2 1 * 1 2 1 1 _gr?
1—-N(R)) = e 2dt < — te  2dt = ——e"2 .
( (#) /R V2T B /R Vo Vor R

2. By definitions of A, \¥, it follows that for all (,z) such that |z| < R — M,

- 1
|)\—)\R|<t7m) < sup EP / |E(S,XS7I/E)|CZS+ ‘)\I(X’T‘R/\l) —/\1(X1)|}
PEPt, 2 -JTRAL
< sup EF (M +VAKR + (M + K) sup |XS|> 1TR<1]
PEP; o t<s<1
d
< swp EF[ Y (M + VAKR+Vd(M + K)}Q) 1m>R]
PePt,x =1 -
< O+ K)e F)*/2 (5.5.8)

for some constant C' depending on M and d. This completes the proof of (i).
3. To prove item (ii) of the proposition, we start with:

VER—VE] = | sup (oM og) = mn(hiTo)} = sup () = m)}
AleLip(;( AleLip?{

< sup \uo(Aé%loR)—uo(Ao)HK/ || pa (d).
)\1€Lip2< O
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Now for all \; € Lip%, we estimate that:

oM L0,) = moM)| < oM = Ho[Loyy ) + mo( (1] + [Aol) Lo )

< car ) [ U a4 [ fahpo(a)

R (OR)°
2 2

where we used Lemma 5.5.1 together with item (i) of the present proposition. Observing
that (fowl)2 > R?/AM — R+ M on Ox, this implies that

‘,UO()\(I)%:[OR) . MO()\(J)‘ < C(l —|—K) (67R2/8M+R/2 —|—/ (1 + ]m\)uo(dx))),

(Ogr)*

R
2

and the required estimate follows. O

5.5.2 A finite differences approximation

In the remaining part of this chapter, we restrict the discussion to the one-dimensional
case

d=1 sothat Or=(—R,R).

Let (I,7) € N? and h = (At,Ax) € (RT)? be such that [At = 1 and rAz = R. Denote
x; .= 1Ax, t, := kAt and define the discrete grids:

N :={x; : i €Z}, Nr:=NnN(—R,R),

Mrp = {(ty,2;) : (ki) € Z* x Z} N ([0,1] x (-R, R)).

The terminal set, boundary set as well as interior set of My r are denoted by
8TMT,R = {(1,.7}2) T € NR}, 8RMT7R = {(tk,ﬂ:R) k= 0, ce ,l},

-Ao/lT,R = Mrg\ (OrMrprUOIrMrR).

We shall use the finite differences method to solve the dynamic programming equation
(5.5.3), (5.5.4) on the grid My . For a function w defined on My g, we introduce the
discrete derivatives of w:

w(tg, Tiz1) — w(ty, ;)

D w(ty, z;) = N

and (bD)w :=b"D w+b D w for b € R,

where bt := max(0,b), b~ := max(0, —b); and

W(ty, Tip1) — 20(t, 75) + w(ty, Tio1)
l)2 t i) ‘— .
wt, @) Ag?
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We now define the function S\h’R(or MuRAL 4 precise its dependence on the boundary
condition A1) on the grid My g by the following explicit finite differences approximation
of the dynamic programming equation (5.5.3):

~ ~ ~ 1 ~ o
NoR (1, 27) = (A’%R Y AL inf {g(-, )+ (bD)AME ¢ 5aD?A’%R}) (thor, ;) on Mrg

u=(a,b)eU

j‘h’R(tky 7)) = 5‘1(%) on OpMprUOIrMrp g, (5.5.9)
and we introduce the following natural approximation of v
() = o (hnR[;\g’R]) —m <linR[5\1]> where A= AR(0,.),  (5.5.10)

and for all function ¢ defined on the grid Ny we denote by lin[¢] the linear interpolation
of ¢ extended by zero outside [— R, R].

We shall also assume that the discretization parameters h = (At, Ax) satisfy the CFL
condition

o] la]
At —+-—) <1 forall : 511
t(Ax+Ax2 <1 forall (a,b)eU (5.5.11)

Then the scheme (5.5.9) is L>°—monotone, so that the convergence of the scheme is guar-
anteed by the monotonic scheme method of Barles and Souganidis [6]. For our next result,
we assume that the following error estimate holds.

Assumption 5.5.3. There are positive constants Li r, p1, p2 which are independent of
h = (At, Ax), such that

,u0<‘linR[5\g’R] — )\01[7R,R}’> S LK7R<Atp1 + A$p2)7v>\1 S Llp(})( and 5\1 = /\1|_/\/R.

Let Lipi ™™ be the collection of all functions on the grid Ny defined as restrictions of
functions in Lip{':

Lipg ™ = {5\1 := M| w, for some A; € Lip)' }. (5.5.12)

The above approximation of the dynamic value function A\ suggests the following natural
approximation of the minimal transportation cost value:

ViR = sup  0f(A) = sup u0<linR[5\g’R]> — (linR[jxl]). (5.5.13)

. . K,R N : K,R
Aielip, Aielip,

Remark 5.5.1. Under the additional condition that ¢ is uniformly %—Hﬁlder in t with
constant M, then in spirit of the analysis in Barles and Jakobsen [5], Assumption 5.5.3
holds true with p; = %, P2 = % and Lxr = C(1 + K + KR) with some constant C
depending on M .
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Theorem 5.5.1. Let Assumption 5.5.3 be true, then with the constants Li r, pi, p2
introduced in Assumption 5.5.3, we have

(VR — VEER| < L p(At" + Az??) + KAz

Proof. First, given A\, € LipY, we take A= Mng € Lip(I){’R, then clearly \linR[S\l] —
M| zeo(—r,R) < KAz, and it follows from Assumption 5.5.3 and (5.5.5) as well as (5.5.10)
that v(\;) < 0F(\)) + L r(At” + Azf?) + KAx. Hence,

VER < VIR L L p(At + AzP?) + K Az

Next, given \ € Lip{f B et A\ = lin[jxl] € Lip{ be the linear interpolation of A1, it follows
from Assumption 5.5.3 that 97(A;) < vf(A\) + Lx r(At"* + Azr?), and therefore,

VIR < VIR L L g (A 4 AxP?).
O

Remark 5.5.2. In the d—dimensional case, we can use the generalized finite differences
method to approzimate VE. To construct the generalized finite difference scheme, we
refer to section 5 of Kushner [42] when every a € Sy for (a,b) € U are diagonal dominated,
and to Bonnans and Zidani [13] as well as Bonnans, Ottenwaelter and Zidani [11] for
general cases.

5.5.3 Gradient projection algorithm

In this section, we suggest a numerical scheme to approximate VhK’R = SUP ([ipiR of (5\1)
1 0
in (5.5.13). The crucial observation for our methodology is the following. By B(Ng), we

denote the set of all bounded function on Np.

Proposition 5.5.2. Under the CFL condition (5.5.11), the function A — 0F(\;) is
concave on B(NR).

: 7 . ~h,a,\ .
Proof. Let u = (U )o<k<t,—r<icr, With g ; = (ax.i, bri) € U, we introduce A o (or just
~ha . . . . . . . .
X" if there is no risk of ambiguity) as the unique solution of the discrete linear system
on My g with a given \; :

h’ﬂ(tk, ZL‘,) = <Xh7ﬂ + At <€(, ﬂk,i) -+ (BIM‘D)X}MI + dk:,iDQXh,ﬂ))(tk-i-la fL‘,) on MT,R(S 5 14)
h’ﬂ(tkzaxi) = Mi(@), for (ty, ;) € dr My, UMy p. -

(0,-), and define:

TN = o (linR[Xg’a]) — (linR[S\I]).
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We claim that

o) = aniﬁlsz) T (). (5.5.15)

Indeed, under the CFL condition (5.5.11), the finite difference scheme (5.5.9) as well as

(5.5.14) are both L*—monotone in sense of Barles and Souganidis [6]. Moreover, the

linear interpolation A linR[S\O] is also monotone. Then taking infimum step by step in
(5.5.9) and (5.5.13) is equivalent to taking infimum globally in (5.5.15).

Finally, the concavity of A; — ﬁff(j\l) follows from its representation as the infimum of

linear maps in (5.5.15). O

By the previous proposition, VhK’R consists in the maximization of a concave function,
and a natural scheme to approximate it is the gradient projection algorithm.

Remark 5.5.3. Since U is compact by Assumption 5.5.2, then for every function 5\1, we
have the optimal control u(A\1) = (ﬁkl()\l)) such that

0<k<l,—r<i<r

~h. (A1)

AR =3 and oF(\) = oA (A, (5.5.16)

Now we are ready to give the gradient projection algorithm for VhK’R in (5.5.13). Given
a function ¢ € B(Ng), we denote by PLip(I;(,R (go) the projection of ¢ on Lipg’R, where

Lipé(’R C B(Ng) is defined in (5.5.12). Of course, the projection depends on the choice of
the norm equipping B(Ng) which in turn has serious consequences on the numerics. We
shall discuss this important issue later.

Let v := (7n)n>0 be a sequence of positive constants, we propose the following algorithm:
Algorithm 5.5.1. To solve problem (5.5.13):
o I, Let 5\(1) = 0.
e 2, Given 7, compute the super-gradient VOE(XT) of Ay — 0E(X\;) at A7
o 3, Let \it! = Ppipen (N} + 1 VOE(AD).
e /., Go back to step 2.

In the following, we shall discuss the computation of super-gradient V@f(j\l), the pro-

jection PLipK,R as well as the convergence of the above gradient projection algorithm.
0

5.5.3.1 Super-gradient

Let A, € B(Ng) be fixed. Then, by Remark 5.5.3, we may find an optimal control 4();) =
(ﬁk7i(A1>)O§k<l,—r§i§r’ where fljk’l<)\1) = (dk,z()\l)abk,z()\l)) S U, for system (5515) We
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then denote by ¢’ the unique solution of the following linear system on My g, for every
—r <7<

I (te, ;) = (g] + At( by (A 1)D)g? + dki(j\l)D2gj>>(tk+lyxi) on Mg,

(5.5.17)
(tk,xz) 9., for (tg,x;) € OpMprUOrRMr p.
Denote g} := ¢7(0,-) and §; be a function on N defined by 6;(z;) := d; ;.
Proposition 5.5.3. Let CFL condition (5.5.11) hold true, then the vector
Vo) = (po(lin®[gd]) — pa (1in"[5,])) i (5.5.18)

is a super-gradient of ¢ € B(NR) — 0f(¢) € R at ;.

Proof. Consider the system (5.5.14) introduced in the proof of Proposition 5.5.2. Under
the CFL condition (5.5.11), by (5.5.15), we have for every perturbation A\; € B(NR),

OR(Ar 4+ Ady) = pRIFAD R AR < BRI (R, 1 ALY,
which implies that
DR+ AN — 0 () < DA 4 AN — oI (AY).

_R,a(A1) (

We next observe that for fixed A;, the function ¢ — U, ) is linear, it follows that

(ﬁ}?,ﬁul)(;\l 15— Ef,a(m(;lquq (5.5.19)

is a super-gradient of ¢ () at Al Finally, by (5.5.14) and (5.5.17), ¢’(ty, x;) =
AR A (tg, ;) — Xu(/\l)’/\l(tk, ;), where Xu( R is the solution of (5.5.14) with bound-
ary condition A; + 5. By the definition of 7" “(A1) in (5.5.15), it follows that the super-

gradient (5.5.19) is equivalent to Vi () defined in (5.5.18). O

5.5.3.2 Projection

To compute the projection PLip(If,R (¢), Vo € B(NR), we need to equip B(Np) with a
specific norm. In order to obtain a simple projection algorithm, we shall introduce an
invertible linear map between B(Ng) and R* ™!, then equip on B(Nx) the norm induced
by the classical L?—norm on R* *1,

Let us define the invertible linear map 7 from B(NR) to R¥*1 as

gp('xiJrl) - g0<x1>7 L= 17 e, T
¥ = Tr(p)i == ¢ ©(0), 1 =0,
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and define the norm | - |z on B(Ng) (easily be verified) by
|<,0|R = |7§{(SO)|L2(R2T+1), Vg& < B(NR).
Notice that

TrLipy " = {¢ =Trp: p€ Lipé(’R}
= {¢ = (V) _r<i<r € [~ KAz, KAx]z’"“ Dy = ()} .

Then the projection PLipK,R from B(Ng) to Lip™ under norm | - |5 is equivalent to the
0

x.r from R*" ! to 7}{Lipé( H under the L?—norm, which is simply written

projection P TLip!

as
0, if i=0,
(PTLi K’R(¢)>.: ~

rLIP, i (KAz) AN V (—=KAz),  otherwise.

5.5.3.3 Convergence rate

Now, let us give a convergence rate for the above gradient projection algorithm. In
preparation, we first provide an estimate for the norm of super-gradients.

Proposition 5.5.4. Suppose that CFL condition (5.5.11) hold, then |6F(p1) — 07 (p2)] <
2|01 — paloo for every o1, w2 € B(NR). And therefore, the super-gradient Voit satisfies

~ R R
VoA, < 2\/A—x +1, for all \; € B(N). (5.5.20)

Proof. Under CFL condition, the scheme (5.5.9) is L*°—monotone, then ‘XS’R’W -
Ao 2| < |1 — ¢alo, and it follows from the definition of off in (5.5.10) that

[0 (1) = 0 (02)] < 2[1 = P2loo- (5.5.21)

Next, by Cauchy-Schwarz inequality,

p1 — 2]0o < max (Z | Tr(er — 902)1},2 | Tr(e1 — 902)i’> < Vr+ 1|1 — pafr.
=0 =0

Together with (5.5.21), this implies that (5.5.20) holds for every super-gradient V£ (\;).
[

Let us finish this section by providing a convergence rate for our gradient projection
algorithm. Denote

II:= max lo1 — @a|f < 2r(KAz)? < 2K*RAw,
o1paelipn

it follows from section 5.3.1 of Ben-Tal and Nemirovski [7] that
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N II )\”
O S VhK, . Il’lél]%(’l]f}()\n) + anlj?;n’v ( )|R
" n=1Tn

2K*RAz + 4 (£ + 1) P 1%
a 2711\721 Tn

We have several choices for the series v = (7,)n>1 :

IA

(5.5.22)

e Divergent series : 7, >0, >.>° 7, = 400 and > -, 72 < 400, then the right hand
side of (5.5.22) converges to 0 as N — o0.

: o Neni
e Optimal stepsizes : v, = SEGHIRVE [7] shows that

~R(\n A/ /
VhK’R — max ’Uh ()\ ) < Cl (maxlSnSN ‘V’Uh ()\1)|R) 2H S CK(R + RALU)7
n<N v N \/N

for some constant C' independent of K, R, At, Az and N.

5.5.4 Numerical example

We finally give a numerical example for the above algorithm. Let us consider the one-
dimensional case d = 1, and U = U; x {0} where U; is a compact interval in R*, i.e. X is
a one-dimensional martingale under P for all P € P(uo, it1). Let the transportation cost
be given by:

((t,z,a,b) =a sothat J(P)=E"(X),.

This example is motivated by an application in financial mathematics, where (X); is
the payoff of a financial derivative called wvariance swap. Then, the minimum cost of
transportation is the minimum no-arbitrage price of the variance swap given the possibility
of dynamic trading the underlying asset, with price X, together with the static trading of
the Furopean options maturing at time 1 with all possible strikes.

Suppose that P(p, i1) is nonempty, it follows from the duality Theorems 5.3.1 and 5.3.2
that

1
Vo, 1) = _ inf )EP/ ofdt = inf EF(X)
0

PEP(po,p1 PEP(po,p1)

= inf E[(X;-Xp)] = / 2?1 (dr) — / 22 po(dx). (5.5.23)
PeP(p0,11) R R

We choose p; as normal distribution N (0, 02) with o9 = 0.1, 0y = 0.2 and U = [0,0.1] x {0},

we implement the scheme suggested in the previous subsection, and we compare to the

explicit solution (5.5.23). The numerical result shows that with 10° iterations (which takes

no more than 1 minute of calculation on a standard computer), the relative error is less

than 1%, see Figure 5.1.
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35

Numerical Error (in %) for Variance Swap
30| B

251 B

20 b

Error (in %)

Iteration Number x10"

Figure 5.1: Numerical example: p; = N(0,0?) with o9 = 0.1, 0y = 0.2, U = [0, 0.1] x {0},
K=15 R=1, Az = 0.1, At = 0.025.

5.6 Appendix

We first report a theorem which provides the unique canonical decomposition of a con-
tinuous semimartingale under different filtrations. In particular, it follows that an Ito
process has a diffusion representation, by taking the filtration generated by itself. This is
in fact Theorem 7.17 of Liptser and Shiryayev [43] in 1-dimensional case, or Theorem 4.3
of Wong [57] in multi-dimensional case.

Theorem 5.6.1. In a filtrated space (8, F = (Fy)o<i<1,P) (here Q is not necessary the
canonical space), a process X is a continuous semimartingale with canonical decomposi-
tion:

Xy = Xo + By + M,
where By = My = 0, and B = (By)o<t<1 s of finite variation and M = (M;)o<i<1 @
local martingale. In addition, suppose that there are measurable and F—adapted processes
(e, B) such that

¢ 1 ¢
B, = / Byds, / E|Bslds < oo, and Ay := (M), = / agds.
0 0 0

Let FX = (FX)o<i<1 be the filtration generated by process X and F = (F;)o<i<1 be a
filtration such that }'tX C F;, C F,. Then X is still a continuous semimartingale under I_F,
whose canonical decomposition is given by

t t
Xt:X0—|—/ Bsds + M, with A; := <M>t=/ s,
0 0

where

By =E(B|F:) and & =y, dP xdt— a.e.
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Proof of Theorem 5.4.1. The characterization of the value function as viscosity solution
is a natural result of the dynamic programming principle. Here, we give a proof, similar
to that of Corollary 5.1 in [16], in our context.

1, We first prove the subsolution property. Suppose that (to,7¢) € [0,1) x R? and
¢ € C>([0,1) x R?Y) is a smooth function such that

0= (A= 0)(to,z0) > (A = @)(t, ), V(t,x) # (to, o).
By adding € (|t — to|> + |x — xo[*) to ¢(¢,x), we can suppose that
o(t,x) > At x) + e (|t — to]* + |z — xo[*) (5.6.1)
without loosing generality. Assume to the contrary that

—0¢(to, wo) — H (to, z0, Dyo(to, x0), D2,¢(to, x0)) > 0,

we shall derive a contradiction. Indeed, by definition of H, there is ¢ > 0 and (a,b) € U
such that

—8t¢(t,l') —b- ngﬁ(t,l') o %a ) Dix¢(t7 :U) o €<t7'x7 a, b) > 07 V(t,$) € Bc(t()axO)a

where B.(tg, o) := {(t,x) € [0,1) x R? : |(t,z) — (to,70)| < c}. Let 7 := inf{t > ¢, :
(t,X:) ¢ Be(to, o)}, then

/\<t07 .fl'/'()) = (b(th 1'0) > inf ]EP |:/T 6(87 XS7 US)dS + ¢(T7 XT):|

Pepto ,20,0,0

> inf EF [/ 0(s, X, vg)ds + (T, XT)} +1n,
t

PEPtO ,20,0,0

where 7 is some positive constant from (5.6.1) and the definition of 7. This is a contra-
diction to Proposition 5.4.1.

2, For the supersolution property, we assume to the contrary that there is (tg,z¢) €
[0,1) x R? and smooth function ¢ satisfying

0= (/\ - Qs)(tvaO) < <)‘ - gb)(t,:)?), V(t,l’) 7é (tOvIU)'

and
—0p(to, x0) — H (to, w0, Dud(to, x0), D2,0(to, x0)) <0,

We also suppose without loosing generality that
o(t,x) < At z) —e (|t —to|* + |z — mo[*) . (5.6.2)

By continuity of H, there is ¢ > 0 such that for all (¢, x) € B.(to, x¢) and every (a,b) € U,

Ot x) — b- Dao(t, ) — %a D2t x) — Ut 2, 0,b) < 0.
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Let 7 :=1inf{t > to : (¢, X}) ¢ B.(to, o)}, then

Ato, o) = B(to, z0) < inf EP {¢(T,XT)+ /Te(s,xs,us)ds}

ﬁefto,zo,o,o to

< inf E” |:)\(T,XT)—|—/ ﬁ(s,Xs,Vs)ds} -1

Pefto,aﬁo,o,o to

for some 1 > 0 by (5.6.2), which is a contradiction to Proposition 5.4.1. O



CHAPITRE 6
A model-free no-arbitrage price bound
for variance options

6.1 Introduction

In a recent work of Galichon, Henry-Labordére and Touzi [33], the authors proposed a
framework to compute the optimal model-free no-arbitrage price bound of exotic options
in a vanilla-liquid market. Let Q% := C([0,7T],R?) be the canonical space with canonical
process X and canonical filtration F? = (F¢)o<;<r, So be a constant. We denote by P(ds,)
the collection of all probability measures P on (¢, F4) under which X is a F¢—martingale
and Xy = Sp, P—a.s. As indicated in [33], there is a progressively measurable process (X ),
which is pathwise defined and coincides with the P-quadratic variation of X, P-a.s. for
every P € P(ds,).

The process X is a candidate of underlying stock price, we do not impose any dynamic
assumptions on X, but only suppose that it is a martingale. Then for an option with
payoff G € F£, the upper bound of model-free no-arbitrage price is given by

sup EF [G]
PEP(8s,)

Suppose in addition that we are in a market where the vanilla options with maturity
T are liquid, so that the investor can identify the marginal distribution g of Xp. In
other words, let ¢ € L*(RY, 1), the T—maturity European option with payoff ¢(X7) has
a unique no-arbitrage price

u(e) = Rdsb(fﬁ)#(dﬂf)-

Let us use the vanilla option portfolio to hedge G. By buying a portfolio ¢(X7), we spend
1(¢) and so the payoff at maturity 7" becomes G — ¢(Xr). Therefore, we get a new upper
bound of model-free price: suppep(ss ) EF|G—¢(Xr)] +1(¢). By minimizing on the vanilla
option portfolio ¢, the optimal upper bound is then given by

inf  sup {EY[G— ¢(X7)] +p(d)}. (6.1.1)
¢ELL (1) PeP(6s,)

As another motivation, we observe that the upper bound (6.1.1) is formally the conjugate
dual formulation of problem

sup E°[G] = sup inf {EY[G—o(Xr)] +pu(o)}, (6.1.2)
PEP (55,4 PeP(6s,) L1 (1)
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where P(ds,, 1) denotes the collection of all martingale probability measures P € P(dg,)
such that X7 ~F . We remark that the above equality holds since

EP[G], if XT ~F s

—00, otherwise.

inf {E*[G — 6(Xn)] + pu(0)} = {

PEL! (1)

In this chapiter, we shall consider in particular the no-arbitrage price bound of variance
option in a similar framework. Let us restrict to the one-dimensional case d =1 and 77 >
To > 0 be two constants. We define the corresponding canonical space as €2 := C([0, T3], R)
and denote still by X the canonical process, F = (F;)o<i<7, the canonical filtration and
by (X) the progressively measurable process which coincides with the quadratic variation
of X under every martingale probability measure IP. Suppose that the vanilla options of
maturities Ty, 77 are liquid so that we can identify the marginal distribution g (resp. p1)
for Xp, (resp. Xr,). We shall consider the variance option with payoff

G = g((X)n,n,Xr ) at maturity T for some appropriate function g,

where (X)7, 7, := (X)7, — (X)7,. Let P?(ug) denote the set of all the probability measures
P on (Q, Fr,) such that Xz, ~F po and E¥ [(X)5, 1, | Fr, ] < 0o, P—a.s., we define the no-
arbitrage price upper bound of variance option G = g((X)z, 1, X1, ) by

inf sup {EP [g(<X>T0,T1>XT1) - ¢(XT1>} + Ml<¢)} ) (613)
scQuad PeP2(uo)

where Quad denotes the set of functions satisfying a quadratic growth condition, i.e.

Quad := { ¢ : R — R such that sup ()l < 00 } (6.1.4)
z€eR 1+ |$|2
Remark 6.1.1. The main reason to choose Quad is from the observation of Dupire [27]

that variance swap (i.e. g(x,z) = z) is equivalent to a European option option with payoff
X2, see also Remark 6.2.2 and Corollary 6.3.2.

By the time-change martingale theorem (see e.g. Theorem 3.4.6 of Karatzas and Shreve
[40]), we can establish a correspondence between the set of martingale probability measures

on (2, Fr,) and the set of stopping times on a Brownian motion, and hence reformulate
(6.1.3) as

= ¢68£ada(¢) with () = sup E[g(r,W,) — ¢(W;)] + wu(s), (6.1.5)

where W is a Brownian motion with its natural filtration F" such that Wy ~ po and
T := { F" —stopping times 7 such that E[T|Wo] < 00, a.s.}. (6.1.6)

In fact, a continuous martingale X can be represented as a time-changed Brownian
motion, i.e. X; = Bx), with a Brownian motion B and (X); a stopping time w.r.t. the
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time-changed filtration. By the strong Markovian property of the Brownian motion, W, :=
Bix)p, +¢ defines a new Brownian motion W such that Wy ~ g and 7:= (X)1, — (X)7, is
a stopping time in 7. On the other hand, given a Brown motion W such that Wy ~ ug
-1, when t € [Ty, T7) and

T —t
Y; =Yg, when t € [0,Tp), turns to be a continuous martingale between T and 77 which

and a stopping time 7 € T, the process Y, defined by Y; := W_

A

induces a probability measure in P? ().

We can also derive a dual formulation for (6.1.5) following the same arguments as for
deriving (6.1.2). Let T (111) denote the set of all stopping times 7 € T such that W, ~ py,
then the dual formulation of (6.1.5) becomes

sup  inf E|g(r,W;) —o(W,)| +m(o) = sup E[g(r,W-)].  (6.1.7)
reT ¢eQuad reT (1)

Given a Brownian motion W and a distribution pu;, the problem of finding stopping
time 7 such that W, ~ puy, i.e. 7 € T (1), is called the Skorokhod Embedding Problem
(SEP). Then our formulation (6.1.5) is consistent with Hobson’s [36] observation of the
connection between the SEP and the problem of optimal no-arbitrage bounds of exotic
options in a vanilla-liquid market.

The SEP and the optimality property of its solutions as well as their applications in
finance are studied in several papers recently, we refer to Obldj [48] and Hobson [37] for
a survey. In particular, for the optimization problem (6.1.7), if g(¢t,z) = f(t) for some
function f defined on R*, it is proved that the maximum is achieved by Root’s embedding
when f is concave and by Rost’s embedding when f is convex (see Root [51] and Rost
[52]). However, for general payoff function g, there is no systematic method to find the
optimal value of such problems. That is also our main motivation to develop a numerical
method to solve these problems.

Our main contribution is then to provide a numerical scheme to approximate the bounds
for general variance options.

The rest of the chapter is organized as follows: In Section 6.2, we give an equivalent
formulation for the bound U in (6.1.5). Then in Section 6.3 we provide an asymptotic
analysis of our approximation, which restricts the calculation of U to a bounded domain.
In Section 6.4, we propose a numerical scheme which combines the gradient projection
algorithm and the finite difference method, and we give a general convergence result.
Finally, Section 6.5 provides a numerical example on variance swap.

Notations: Let p be a probability measure on (R, B(R)), we define

o) = / o(x)u(dz), for every ¢ € L1 (1),

6.2 An equivalent formulation of the bound

We will fix the payoff function g : (¢,z) € Rt x R — g(t,x) € R of the variance option as
well as the marginal distributions g, 11, and then reformulate the price bound problem
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(6.1.5). To make the problem be well posed, let us first make some assumptions on the
marginal distributions pg, 11 and the payoff function g.

Assumption 6.2.1. The probability measures po, p1 on R have finite second moment,
1.€.
po(do) + pi(go) < oo, with ¢o(z) = 2.

Moreover, pg < py1 in the convex order, i.e.
po(@) < ui(¢), for every convex function ¢ defined on R. (6.2.1)

Remark 6.2.1. [t is shown in Strassen [5]] that the convex order inequality (6.2.1) is a
sufficient and necessary condition for the existence of a martingale with marginal distri-
butions po and py at time Ty and Ty such that Ty < T7.

In particular, since the identity function I (where I(x) := x) and its opposite —I are both
convet, it follows immediately from (6.2.1) that po and py have the same first moment,

ie. po(I) = pa ().

Assumption 6.2.2. The payoff function g(t,z) is Lo— Lipschitz in (t,x) with constant
Ly € R*.

Example 6.2.1. The most popular variance option is the “variance swap”, whose payoff
function is g(t,x) = t. There exist also “volatility swap” with payoff g(t,z) = V/t, and calls
(puts) on variance, or volatility, where the payoff function are (t — K)* (K —t)%), or
(Vt—K)* ((K—+/t)*). Of course, the volatility swap payoff function \/t is not Lipschitz,
which s however can be always approzimated by Lipschitz functions.

In addition to Assumption 6.2.2, we give another assumption on the payoff function g.

Assumption 6.2.3. The function g(t,x) increases in t, and is convex in x for every fived
t € RY. Moreover, for every fized t € RY, g(t,0) = mingeg g(t,z) and g(t,x) is affine in
x on [My,o0) and (—oo, — M| with constant My € RT.

Remark 6.2.2. Assumption 6.2.3 may not be crucial given Assumptions 6.2.1 and 6.2.2.
Let K € R and v € Quad, denote gx(t,x) := g(t,z) + Kt + ¢(x). Then by the equality
established in Theorem 6.2.1 and Corollary 6.3.2 below, it follows that

Ulgry) = Ulg) +KCo+ m(y),
where U(g) (resp. U(gx.y)) denotes the upper bound of (6.1.5) associated with the payoff
function g (resp. gi.y), and

Co = (o) — pol(do), with ¢o(z) = 2°. (6.2.2)

Therefore, for an arbitrary Lipschtiz function g, we can consider, with some contant K >
0, the payoff function g(t,x) + Kt, which increases in t. And this does not change the
nature of the upper bound problem (6.1.5). Similarly, we can make the payoff function be
convex in many general cases.
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Now we shall give an equivalent formulation of the problem (6.1.5). Let B = (By)i>0
be a standard one-dimensional Brownian motion such that By = 0, F = (F;);>0 be its
natural filtration and 7 be a set of F—stopping times defined by

T = {IF — stopping time 7 such that E(7) < oo} (6.2.3)
Given a strategy function ¢ € Quad which is given by (6.1.4), we denote

P°(t,x) = glt,x) — ¢(x), (6.2.4)
and define functions A? : R* x R — R and A\J : R — R by

A(t,z) == sup E[g°(t+7,2+B;)], and M) = X0,-). (6.2.5)

TET™®

Then the new formulation of the model-free no-arbitrage price upper bound is given by

U = inf u(¢), with w(®) = pe(A\)) + p(9). (6.2.6)
pcQuad
We notice that uo()\g ) is well defined under Assumptions 6.2.1 and 6.2.2, by the fact that
Ao(x) > g%(0,x) = g(0,2) — ¢(z) > —C(1 + 22) for some positive constant C' and that
M?(t, x) is measurable from the following theorem.

Theorem 6.2.1. Let Assumptions 6.2.1 and 6.2.2 hold true. Then for every ¢ € Quad,
the function \?(t, ) is lower-semicontinuous and hence measurable. Moreover, the prob-
lem (6.1.5) and (6.2.6) are equivalent, i.e. U = U.

The semicontinuity of A\? is from the fact that it can be represented as the supremum of
a family of continuous function. And the second assertion is a simple consequence of the
dynamic programming, we shall report it in the end of Section 6.3.3.

Remark 6.2.3. Here we only give the upper bound formulation. By the symmetry of the
set Quad defined in (6.1.4), if we reverse the payoff function to —g(t,z), then with the
upper bound U(—g) associated to payoff —g, the value —U(—g) is the lower bound for the

payoff g.

When ¢(t,x) = (t — K)T, i.e. the option is the variance call, Dupire [27], Carr and Lee
[19] proposed a systematic scheme to find a non-optimal bound as well as the associated
strategy ¢ in a similar context. In their implemented examples, they showed that their
bounds are quite close to the optimal bounds from Root’s embedding solution.

For general payoff functions ¢(t,z), when there is no systematic method to solve the
problem (6.2.6), we shall propose a numerical scheme to approximate the optimal ¢ as
well as the optimal upper bound U. In fact, we can easily observe that ¢ — \? is
convex since it is represented as the supremum of a family of linear mapping in (6.2.5).
Thus ¢ — u(¢) is a convex function and the problem of U in (6.2.6) turns out to be a
minimization problem of a convex function, as expected for a dual formulation of (6.1.7).
We propose to use the finite difference scheme to solve u(¢) with every given ¢, and then
approximate the minimization problem on ¢ by an iterative algorithm.
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6.3 Analytic approximation

In order to make the numerical resolution of U in (6.2.6) possible, we shall restrict the
computation to a bounded domain by some analytic approximations. The approximations
is divided into four steps, with convergence results cited without proofs in Section 6.3.1.
Then before providing the proofs, we give a first analysis with some technical lemmas in
Section 6.3.2. Finally, we complete the proofs of the convergence results in Section 6.3.3.

6.3.1 The analytic approximation in four steps

Let us present the analytic approximation in four steps. The first step is to introduce a
subset of Quad defined by

Quad, := { ¢ € Quad non negative, convex, such that ¢(0) =0 },

and then to prove that it is equivalent to optimize on Quad, for problem (6.2.6).

Proposition 6.3.1. Let Assumptions 6.2.1, 6.2.2 and 6.2.3 hold true, then |U| < oo, and

U = ¢>e(§111fad0 u(o). (6.3.1)

Our second approximation is on the growth coefficient of ¢ in Quad,. Let K be a positive
constant, we denote

UX = inf u(¢) with Quadf = {¢ € Quad, : ¢(z) < K(|z|Vvz?)}. (6.3.2)
scQuad,

By the convexity of functions in Quad,, we see that every ¢ € Quad, is in fact locally
Lipschitz continuous, and hence Quad, = UgoQuad*. Then it follows immediately that

UK N U as K — oo. (6.3.3)

The third approximation is on the tail of functions in Quad{f . Given a constant M > M,,
where M, is given in Assumption 6.2.1, we denote

Quad = { ¢ € Quadg such that ¢(z) = K2* for |z| > 2M }, (6.3.4)
and
UM = inf u(e). (6.3.5)
¢eQuadff’M

Proposition 6.3.2. Let Assumptions 6.2.1, 6.2.2 and 6.2.3 hold, then
0 < UMM _UX < (drum), (6.3.6)
where
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Clearly, ¢r o € Quad{f’M and for every fixed K > 0, pi(¢xnm) — 0 as M — oo
whenever p satisfies Assumption 6.2.1.

For the fourth step of the analytic approximation, we first introduce

W) = s EfGemat B A0 = X700,

NOTR(t 3) = sup  E[g°(t+ 7,2+ B,), (6.3.8)
TET>®, 7<TR
and
XA (t ) = sup Elg%(t + 7,2 + B,)], (6.3.9)
TET®, T<TREA(T—1)
where

8 = inf{s : 2+ B, ¢ (-R,R)}.

Lemma 6.3.1. Let Assumptions 6.2.2 and 6.2.3 hold true, with constants Ly, My given
in the assumptions. Suppose that K > Lo, M > My and R > (1 + ,/K%LO)M. Then for

every ¢ € Quadé(’M,
N(t,x) = N8 (tx), and \PT(t,x) = XTB(t,x), V(t,r)€[0,T] x R.

With the equivalence between A? (A*T) and A*™® (A*T"R) we can now make an approx-
imation on coefficient T'. Given ¢ € Quadé( M we define

URMT = infdT(9), with «T(9) = po(AT) + m(6).  (6.3.10)

Proposition 6.3.3. Let Assumptions 6.2.1, 6.2.2 and 6.2.3 hold, My and Lo be constants
gwen in Assumption 6.2.2, K > Ly, M > M,, R = (1 + K%LO)M and L = 2(K +
2L0)(R*V 1), we denote

Y
0 = —log(q(R)) >0, where q(R) := —/ e 2 d.
(a(R) )= [
Then
0 < UKEM_ gEMT < [e0T-1) (6.3.11)

Finally, we finish this section by remarking that U%*T in (6.3.10) is defined via \*7T,
which is equivalent to A»"*® by Lemma 6.3.1, and A\»"*® can be characterized as the
viscosity solution of a variational inequality (see e.g. Theorem 6.7 of Touzi [56]).

Proposition 6.3.4. The function A>T% defined in (6.3.9) is the unique viscosity solution
of variational inequality
10’ O\
2022 Ot
with boundary condition

Mt z) = ¢°(t,x), on ([0,T] x {+R}) U ({T} x [-R, R]).

min<A—g¢, >(t,g;) =0, on [0,T)x(-R,R), (6.3.12)
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6.3.2 A first analysis

Before proving the convergence results given in Propositions 6.3.1, 6.3.2 and 6.3.3, we first
give two well-known properties of the stopping times on a Brownian motion and report
their proofs for completeness. We then provide also a first analysis on u(¢) and U in
(6.2.6).

Lemma 6.3.2. Let ¢ : (t,x) € Rt xR — ¢(t,2) € R be a function Lipschitz in t and

Satisfying Sup  z)er+ xr W)l oo, Then for every T € T°,

t7
1+z2
E [@Z)(T’ Br)] = lim E [¢(7AtaBrAt) } (6.3.13)
t—o00
In particular,
E[B?] = lim E[B?,,] = lim E[r At] = E[r] and E[B;] = 0. (6.3.14)
—00 —00

Proof. Given a stopping time 7 € 7>, let Y; := B, ;. Then by assumptions on ), there
is a constant C' > 0 such that

U(Brae, TAL) < C(1+ Y72 +7) < 0(1 + sup Y2 —|—T>, vt > 0.
s>0
We notice that (Y;);>0 is a continuous uniformly integrable martingale by its definition,
and E[sup,.,Y?] < 4E[r] < oo by Doob’s inequality. And hence it follows by the
dominated convergence theorem that (6.3.13) holds true. O]

Given T > 0, we denote by 77T the collection of all F—stopping times taking value in
0,77, i.e.

T" = {tAT:7eT>} (6.3.15)
Lemma 6.3.3. Let v € Quad and denote by V™ its convex envelope, then

inf E¢(B;) — il}rf E ¢(B;) = ¢“"™(0), as T — 0.
TET>®

TeT T

Proof. Let a < 0 < b be two constants and 7, := inf {¢ : B; ¢ (a,b)}. We first notice
that 7,5 € T since E[7,] = lim;_, o0 E[7a yAt] = limy_,oo E[B? ] < (a?+?) < oo. Hence

Ta, b\t

by (6.3.14), E[B;,,] = 0, which implies that P(B,,, = a) = ;- and P(B,,, = b) = —=~.

Therefore,

nf BG(B) < inf Eo(B,,) = il (1o—u(a)+ () = ()

TET a<0<b a<0<b \b — b—a
On the other side, for every 7 € T°°, by Jensen’s inequality together with the fact that
E[B,] = 0 from (6.3.14), it follows that ¢ (x) < E[v“™(z + B,)] < E[¢(x + B;)], and
therefore,

inf Eg(B,) = ¢°"(0).

TET®
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Finally, the convergence of inf.cyr E¢)(B;) to inf,cre Et)(B;) as T — oo is a direct
consequence of (6.3.13) in Lemma 6.3.2. O

With the above two lemmas, we can now give a first analysis on u(¢) as well as U defined
in (6.2.6).

Corollary 6.3.1. Let ¢ € Quad and (a,b) € R?, then u(¢) = u(pap), where ¢up is given
by Gap(x) := d(x) + ax + b.

Proof. By the definition of A in (6.2.5) together with Lemma 6.3.2, it follows that
)\g"’b(x) = \)(z) + ax + b. Moreover, as discussed in Remark 6.2.1, po(I) = p1(I) for the
identity function /. Then we get u(¢) = u(pqp) by their definitions in (6.2.6). O

The next result can be viewed as a consequence of Dupire’s [27] observation that variance
swap is equivalent to a European option with payoff function g(z) = 2. We give it in our
context.

Corollary 6.3.2. Let Assumptions 6.2.1, 6.2.2 hold true, 1 € Quad, K € R and g(t, x)
be the payoff function, we define another payoff function iy by gx.4(t,z) == g(t,z) +
Kt+1(x). Denote by U(g) (resp. U(gk,y)) the no-arbitrage price upper bound defined in
(6.2.6) associated with the payoff function g (resp. gr.). Then

Ulgry) = Ulg) + KCo + m(v), (6.3.16)

where Cy is given by (6.2.2). In particular, the upper bound of “variance swap” option is
Co, and the bound of a European option with payoff function ¥ (x) is given by pi ().

Proof. Given ¢ € Quad, we denote ¢ () := ¢(x) + ¢(z) + Ka? which also belongs to
Quad, then by (6.3.14)

Elgry(t+ 7,2+ B;) — ¢xy(x+ B;)] = E[g°(t+72+ B,)] — Ka?, Vr e T™,

It follows by the definition of U in (6.2.6) that U(gkxy) > U(g) + KCo + p1(¢0). And
moreover, by the arbitrariness of K € R, ¢ € Quad and symmetric relationship between
g and gk, we proved (6.3.16).

For the last statement, it follows by (6.3.16) that we only need to prove that U(g°) = 0
with ¢° = 0. Indeed, with the payoff function ¢° = 0, we get immediately from (6.2.5)
and (6.2.6) as well as Lemma 6.3.3 that

w) = = po(¢™) + (o) = m(e™"™) — po(¢™™) = 0,

where the last inequality comes from Assumption 6.2.1. Finally, we conclude with U(g°)
0 by the fact that u(g®) = 0.

oo
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6.3.3 Proofs of the convergence

Now we are ready to give the proof of the convergence results in Propositions 6.3.1, 6.3.2
and 6.3.3.

Proof of Proposition 6.3.1. First, with the positive constant Ly given in Assumption
6.2.1, we have

g(0,z) < g(t,z) < g¢(0,2) + Lot.

Moreover, it is clear that U is monotone w.r.t. the payoff function g by its definition in
(6.2.6). Then it follows by Corollary 6.3.2 that

ul(g(O,)) S U S ul(g((),)) + LoC{), with Co defined in (622)

Next, let us prove the equality (6.3.1) for U. Let T' € RT, 70 € 77 and ¢ € Quad.
By the dominated convergence theorem, it is easy to see that z +— inf crr E¢(z + B;)
is continuous. This, together with the weak dynamic programming in Theorem 4.1 of
Bouchard and Touzi [16], implies the dynamic programming principle:

inf E¢(z+ B,) = E[ess inf ]E[gb(x%—BT)‘FTOH.

To<7t<T To<7<T
Then for constants T" > T,

\o(z) = sup E[¢°(r,x+B;) ] > sup E|g(r,x+B;)—¢(z+B,) ]

TET > To<r<T

By the increase of ¢ in ¢ and its convexity in x from Assumption 6.2.3, we have
E[g(r,x+ B,)|F] > Elg(ro,z+ B:)|Fr] > g(r0,2+ By,),
and hence

(@) = Elg(.z+By)] — E| inf E[s(e+ By)|F]].

To<r<T
Sending 7' to +oo, by Lemma 6.3.3, it follows that
N(z) > E[g(r,2+By) — ¢“™(z+B,,) |.
Thus, by arbitrariness of 7 in 77 as well as that of T' € RT, we get

Ao(z) > lim sup E [ g(r0,2+ Br)) — ¢“™(z+ By,) |,

T—ro0 T0€TT
= sup E [9(7-071:—'—370) - ¢conv(x+BTO) }7
TOET >
where the last equality is a direct consequence of Lemma 6.3.2 since ¢ is either of
quadratic growth or equals to —oo.
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Finally, since ¢ > ¢°", by the definition of v and U in (6.2.6), it is clear that the infimum
in (6.2.6) can be taken on the collection of all convex functions in Quad. Moreover, by
the property of u(¢) in Corollary 6.3.1, the infimum can be then taken on the collection
of all positive convex functions ¢ in Quad such that ¢(0) =0, i.e. U = inf¢>eQuadO u(o).
We then proved (6.3.1).

Proof of Proposition 6.3.2. Let us first recall that every function ¢ € Quadé( is
nonnegative, convex such that ¢(0) = 0 and ¢(z) < K(|z| V 22). Given ¢ € Quady , we
denote ¢y := ¢V px.ar. Clearly, ¢y lies in Quadi™ and A*» < A\ since ¢y > . It
follows from the definition of u(¢) in (6.2.6) and positivity of ¢ that

w(onm) — w(@) < p(dm) — (o) < pa(dxm).

This, together with the arbitrariness of ¢ € Quadé( and the fact that ¢, € Quadé( M
concludes the proof for (6.3.6). O

In preparation of the proof for Lemma 6.3.1 and Proposition 6.3.3, we first give a property
. : K,M
for functions in Quad; ™.

Lemma 6.3.4. Let Assumptions 6.2.2 and 6.2.3 hold true, Ly, My be the constants given
in Assumption 6.2.2, K > Lo, M > My and R = (1 + @/Kf( )M Given fired t € RT

Lo
and ¢ € Quadé(7M, we denote

Y(x) = — ¢°(t,x) — Lez* = ¢(x) — g(t,x) — Lo’
Then " (x) = ¢ (x) when x ¢ [—R, R).

Proof. By Assumption 6.2.2, we know that there are constants C}, Cy such that x —
g(t,x) is affine with derivative C; when x > M, and affine with derivative Cy when
x < —M. For fixed t € R, let x be a continuous function defined on R by the following:
X is affine on intervals [-2M, —M], [-M, 0], [0, M], [M,2M] and

/

(0) = g(t,0).
X(EM) = —LoM? — g(t,£M),

X(E2M) = 4(K — Lo)M? — g(t,+£2M),

x(z) = (K —Lox* — g(t,2M) — Cy(z —2M), x>2M,
x(x) = (K —Ly)x? — g(t,—2M) — Cy(z +2M), x<—-2M.

\

By Assumptions 6.2.2 and 6.2.3, we can verify that for every ¢ € Quadé( M and the
corresponding v defined in the statement of the lemma,

e { > \(@), when @ € [~2M,2M],
= x(x), when x ¢ [—2M,2M].
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Figure 6.1: An example of function y when M = 1.

Then given « ¢ [—R, R], it follows by a simple calculation that x(y) > x(z)+ x'(z)(y — x)
for every y € R, which implies that xy“"(z) = x(z). And hence (z) > ™ (x) >
X (x) = x(x) = ¢(x) for x ¢ [~ R, R]. O

Proof of Lemma 6.3.1. We shall just show that A? = A»"%, since \»7 = \*T"F holds
with the same arguments. Moreover, to prove A\ = A\*7&_ it is enough to show that
M? < \P7R since its inverse inequality is obvious from the definition of A*7% in (6.3.8).

First, let us fix t € RT and 2 ¢ (=R, R), we denote 9, (y) := —g°(t,y) — Loy? + Lox>.
Then by Lemma 6.3.4, we have <" (z) = 1,(x) = —g®(t,z). And it follows that for
every 7 € T,

E[g¢*°(t+7,24+B;)] < E[g¢°ta+B;) + Lot ]

= E [¢°(t,x+ B;) + Lo(x+ B;)> — Loz* |
= —Eu(z+B) < =¥ () = ¢°(t, ), (6.3.17)

which implies that A\?(t,z) < A*™® (¢, z) for every x ¢ (—R, R) since in this case 7' = 0.

Next, for every 7 € T and x € [—R, R], we have according to (6.3.17) that
E[g¢*(t+7,2+B;) ]
_ E [g¢(t+7,g;+37)17§75} +E [E [°(t+ 7,2+ B)1yors | Foport | ]
< E [g¢<t+T/\Tf,JI+BTAT§) } ,
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which implies that A\?(¢,z) < A*"r(t, z) for all z € [ R, R]. O

Proof of Proposition 6.3.3. We first derive an estimate on stopping times inferior to
72 borrowed from Carlier and Galichon’s [18] Lemma 5.2. Let z € [—R, R], then for

7.R

-, we have

every stopping time 7 <
P(r>T) < P(rF>T) < MicperP(|B, — Boa| <2R) < 77V (6.3.18)

Recall that E[(z + B;)?] = 2? + E[r], V7 < 7} from (6.3.14). Then by the definitions of
A?7r and X*TR in (6.3.9), for every ¢ € Quadi ™,

N0, ) — APTR(0,2) < sup E [ ¢ (r, e+ B,) — ¢°(t AT,z + Boar) }

T<TR

= sup E [Z/}(TAT,«T+BTAT)_w(x+BT’T) }’

T<tR

where 9 (t, 2) := —g®(t,r) — Loz®+ Lot. Clearly, ¢ increases in t and |1(t, x1) — (¢, 29)| <
2(K +2Lo)(R*V 1), Va1, 79 € [—R, R] by Assumptions 6.2.2 and 6.2.3. Therefore,

APTR(0,z) — APTH0,2) < sup E [ [W(r AT, 2+ Bear) — ¥(r AT,z + B;)| |

TSTf

= sup E [ ‘w(T,iL“i‘BT) — ¢(T7$+BT)|172T]

T<rR

< sup 2 (K +2Ly) (R®*V1)P(r>T)

TSTf

S Lef(s(Tfl)’

where the last inequality is from (6.3.18). Finally, by arbitrariness of ¢ € Quadé( M

together with Lemma 6.3.1, we prove (6.3.11). O
Finally, we finish this section by providing the proof of Theorem 6.2.1, where we use the
weak dynamic programming technique proposed in Bouchard and Touzi [16].

Proof of Theorem 6.2.1. For the semicontinuity of A?, we observe that by Assumption
6.2.2, for a fixed ¢ € Quad, there is a constant C' € R* such that

| ¢?(t+72+B;)| < C(1+t+7+2>+B2).

Thus for a fixed 7 € T, (t,z) — E[¢g°(t + 7,2 + B;)] is continuous by the dominated
convergence theorem together with (6.3.14). It follows immediately by its definition in
(6.2.5) that \? is lower-semicontinuous since it is represented as the supremum of a family
of continuous function.

Next, to prove U = U, it is enough to prove that sup ., E[g(T, W) — ¢(W,)] = 110(AD),
which is in fact the dynamic programming principle for the optimization problem u given
by (6.1.5). First, given (W, 7,IP) where W is the Brownian motion such that Po W' = pq
and 7 € T defined by (6.1.6), we consider a family of conditional probability (P,)cr of P
w.r.t. Wy. It is clear that for u—almost every x € R, (W —z := (W} —x)s>0, T, P,) induces
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a stopping time in 7°° on the Brownian motion B. Then it follows that E[g(r,W,) —
p(W,)] < 1io(AS), and hence that sup,e7 E[g(T,W,) — ¢(W,)] < Lio(A9).

Now, let us prove the other inequality, using the fact that )\g is lower-semicontinuous.
Following the proof of Theorem 4.1 of Bouchard and Touzi [16], for every £ > 0, there
is a countable subdivision A = (A,),>1 of R, and a sequence of stopping times (72),>1
in 7% such that E[(¢*(75, 2 + By:)] > Ao(x) — e, Vo € A,. We then construct 75 € T
by T5(W) = 320  75(W — Wo)lwyea,, so that E[g?(75, Wre)] > po(A§) —e. By the

arbitrariness of ¢ > 0, we then get that sup..,E[g(r,W;) — ¢(W,)] > 11o(AY), which
concludes the proof. O

6.4 The numerical approximation

We shall propose a numerical method to approximate USMT  The idea is to compute
A>T R with a finite difference numerical scheme, and then solve the minimization problem
(6.3.10) with an iterative algorithm. Concretely, we shall first propose a discrete system
characterized by h = (At, Azx), on which there is a discrete optimization problem with

value U. ,f( MT close to UKMT  Then we use the gradient projection algorithm to solve the

discrete optimization problem of U ff{ M

6.4.1 A finite difference approximation

Let T, R > 2M be constants in RT and (I,7,m) € N3 h = (Az, At) € (RT)? such that
IAt =T, rAx = R and mAxz = M. Denote x; := iAx and t;, := kAt and define the
discrete grid:

N = {z; : i€eZ}, Nr:= NN[-R,R],
Mrp = {(ty,z;) : (ki) €Z* xZ}n ([0,T] x [-R, R]),
The terminal set, boundary set as well as interior set of My r are denoted by

GTMT,R = {(T,$Z) I—TSZ‘S’F }, ORMTﬁ = {(tk,ﬂ:R) . OSI{?SZ },

-/\D/lT,R = Mrgr\ (8RMT,R U 8TMT,R>-
Given a function w(t, z) defined on My g, we introduce the discrete derivative of w by

W(tk, Tip1) — 2w (tk, ;) + w(te, 1)
Ax? '

D*w(ty, z;) =
Then with function ¢ defined on Ny and the notation

G (tg, i) = gltg, i) — o(x;) (6.4.1)
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as well as 8 € [0,1], we define \¥'"" as the solution of the finite difference scheme of
variational inequality (6.3.12) on My g:

(Nt mi) — AR (b, )
LA (9 DRt 2) + (1—6) Dag,R(tHl,xi)) — 0, 642
)\TR<tk7‘T’L> = max ( g<p<tk7xl> ) S\z’R(tk:?xi) >7 (tk‘yxz) S -AO/lT,R7 .
(tk,ﬂ%) = ¢%(t, x:), (ty,z;) € OpMr g UOrRMr .

We notice that the above §—scheme has clearly a unique solution. And it is a consistant
scheme for (6.3.12) in sense of Barles and Souganidis [6]. To see this, it is enough to
rewrite the second equation of (6.4.2) as

T,R _ T,R
A=Ay

min < )\Z:’R — g%, % >(tk;, ZL‘Z) = 0.

We shall assume in addition that the discretization parameters h = (At, Az) satisfy the
CFL condition
At
1-0) — < 1. 6.4.3
(1-0) 15 < (6.43)
Then the finite difference scheme (6.4.2) is monotone in sense of [6], and the numerical

solution A}’ TR converges to AR given ¢ := ¢|n by the results of [6].

Remark 6.4.1. The discrete system (6.4.2) is the 0-scheme for variational inequality
(6.3.12) with Dirichlet boundary condition g(x,t) — o(x) on OpMrpr U OrMrpg. It is
well—lmown that when the finite difference scheme is explicit (i.e. 0 = 0) and the CFL
condition 2 ~ 2L <1 holds, it can be interpreted as the dynamic programming principle for a
system on a Markov chain A (see e.g. Kushner [{2]). This interpretation holds also true
for general 8-scheme, as we shall see later in the proof of Proposition 6.4.2.

We next introduce a natural approximation of ur(¢) in (6.3.10):
unr(p) = o (linR[)\“,f:OT’R]) + (linR[go]), (6.4.4)

where )\f:g ) = A0, 4), and for every function ¢ defined on N, lin®[y] denotes the
linear interpolation of ¢ extended by zero outside [— R, R).

Assumption 6.4.1. There are constants (py, pa, L) € (RT)? which are independent
of h = (At, Ax) such that

[LQ( ‘Ag’T7R1[,R7R} — hnR[/\i:(?R]‘ > < LK,M,T (Al'pl + Atm), (645)
for every ¢ € Quad?’M and ¢ = Q|-
Remark 6.4.2. When 6 =1, (6.4.2) is the implicit scheme for (6.3.12), then Assumption

6.4.1 holds true with p; = % and py = Z in sprirt of the analysis of Krylov [41].

When 0 = 0 and the CFL condition (6.4.3) is true, (6.4.2) is a monotone explzczt scheme
then in spirit of Barles and Jakobsen [5], Assumption 6.4.1 holds with py = 15 and py =
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Let Quadéf;LM be the collection of all functions on the grid Ny defined as restrictions of

o KM
functions in Quad, ™ :

Quad’M = Y = ¢|n, for some ¢ € QuadM 1, 6.4.6
0,h R 0

we can then provide a discrete approximation for UXMT in (6.3.10):

gomr = inf un, (). (6.4.7)

K,M
geruadO’h

Let B(Ng) denote the set of all bounded functions defined on the grid Ny, then clearly

7

Quadéf,’lM = {(,0 € B(NR) nonnegative, convex satisfying ¢(0) = 0, ¢(z;) = Ka?
for all 2m < |i| <r, and |p(xi11) — @(x;)| <AKMAz, ¥ —2m <1 < 2m}. (6.4.8)

Proposition 6.4.1. Let Assumptions 6.2.2, 6.4.1 hold true, then with the same constants
Ly, p1, p2 introduced in Assumption 6.4.1,

‘UK»MvT _ U,vavT‘ < Liar (Az? + At”?) + 4K RAz + (po + ) (¢5),  (6.4.9)

where ¢F(x) .= Ka?1jy>p.

Proof. First, given ¢ € Quadf M which is 4K R—Lipschitz, we introduce ¢ := @|r, €
Quadéf;LM so that ‘linR [p] — gZ)‘ Lo ([_R.R]) < 4K RAzx. Then it follows by Assumption 6.4.1

that |ur(¢) — unr(9)| < Lrar(AxPt + AtP?) + AK RAz + (po + p11) (9% ), and hence
UMt gt < Lieyr (A2” + A7) + AKRAz + (p1o + ) (6F).

Next, given ¢ € Quadéf ,’ZM, we take ¢ =
Assumption 6.4.1 that |ur(¢) — unr(@)] < Lgarr(Azt + AtP?2) + (uo + 1) (%), and
therefore,

U}f{,M,T —UKMT < Ly (Ag;f’l + At”) + (po + 11)(5).

6.4.2 Gradient projection algorithm

As we can easily observe from its definition in (6.2.6) that ¢ — u(¢) is convex since it is

represented as the supremum of a family of linear map, we shall show that ¢ — w7 (p) is
- - KMT _ .

also convex, then a natural candidate for the resolution of U, = mfgerua a4 up7(p)

in (6.4.7) is the gradient projection algorithm. Recall that B(Ngx) denotes the collection
of all bounded function on Ng.

Proposition 6.4.2. Under the CFL condition (6.4.3), the function ¢ — up () is convez.
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Proof. Let us first rewrite the finite differences scheme (6.4.2) into a vector system.
Denote a 1= ﬁ, e 1= (Af’T’R(tk,xi))irqq, A = (S\Z’T’R(tk,xi))irqq and ¢, =
(9% (tr, i) _ .. € R¥*1 Let I, denote the (2r + 1) x (2r + 1) identity matrix, IT and
bi € R?"*! be defined by

0 0 0
1 -2 1 0 qk(—7) — A1 (—7)
1 -2 1 0
IT .= , by = )
1 -2 1 0
1 -2 1 qr (1) — Agya (1)
0 0 0 0

and © := [Io,1 — 6all] - [Ior41 + (1 — 6)all], then scheme (6.4.2) can be rewritten as
S\k = @)\kJrl + bk, and )\k = S\k V qr.- (6410)

Under CFL condition (6.4.3), one can verify that the above scheme is monotone, i.e.
every element of © is positive, and moreover, ©1 = 1, where 1 := (1,--- ,1)T e R¥*1 It
follows that © can be the probability transition matrix of some Markov chain A, whose
state space is the grid Nz with absorbing boundary. Let 7,7 denote the collection of all
stopping times 75, on A, then )\f’T’R can be represented as solutions of an optimal stopping
problem on A:

AT (b ) = sup  E [ g?(Ar, ) | Ay = 25 ]
ThE'ThR, Th 2tk
Now given a stopping time 75, € 7,7, we introduce the function )\f;OT A7 defined on Np:
Af:g’R7Th(xi) = K [ g¢(ATh,Th) ‘ AO = x; }

Then uy 7 has an equivalent representation:

unr(p) = sup () = sup po(lin® A\ *™]) + g (lin®[p]). (6.4.11)

Th G'ThR THhE 7—hR

Clearly, for every 7,, ¢ = ;';(¢) is linear, and finally it follows by (6.4.11) that ¢
up7(p) is convex. O

Remark 6.4.3. In the above Markov chain system (6.4.11), given ¢ € B(Ng), one can
define an optimal stopping time 1,(p) by

() = inf{t, : AT (G Ay) = g7 (e Ay ) (6.4.12)
and clearly,
unr(p) = sup ap(e) = ;s (). (6.4.13)
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Now we are ready to give the gradient projection algorithm for U ,f{ AT iy (6.4.7). Given
¢ € B(Ng), we denote by PQua qEM [go} its projection on Quadé( ,;M. Of course, such a
0,h ?

projection depends on the norm eqﬁipped on B(Ng), which is an important issue to be
discussed later.

Let v = (7 )n>0 be a sequence of positive real numbers, we propose the following algo-
rithm:

Algorithm 6.4.1. For optimization problem (6.4.7):
o 1, Let wo = ¢x m|ny, where ¢ is defined in (6.3.7).
o 2, Given ,, compute upr(pn) and a sub-gradient Vup r(pn).
o 3 Let 1 := QuadKM[ %Vuhf(cpn)}.
e 4, Go back to step 2.

In the following, we shall discuss essentially three issues: the computation of sub-gradient
Vunr(p), the projection from B(Ng) to Quadéf M and the convergence of the above
gradient projection algorithm.

6.4.2.1 Computation of sub-gradient

Let us fix ¢ € B(Ng), we then denote by (p’,p’) the unique solution of the following
linear system on My p:

P (tk,x) = — i (th, z;) € OpMpp U OpMrp,
; ~'t7i7.f)\%T7Rt7i>wt7i7 ° -
P (g, zi) = Pt o), 3N (kw) 9° (b, 1) (tr, ;) € MrR.
— e;(z;), otherwise.
, 1, if i=j .
where e; € B(Ng) is defined by e;(z;) := 0;; = Denote p}, := p(0,-).
0, otherwise.
Proposition 6.4.3. Let CFL condition (6.4.3) hold true, then the vector
Vuh,T(@) = ( M0<hnR[p€)]) + :ul(hnR[ej]) )72m§j§2m (6415)

forms a sub-gradient of map ¢ — upr(p).

Proof. Let us first consider the Markov chain A introduced in the proof of Proposition
6.4.2. By (6.4.13), we have for every perturbation Ay € B(Ng),

_T A
unr(p+Ap) = @ o+ Ap) > atP (o + Ap).
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It follows still by (6.4.13) that

unr(0+Ap) — upr(p) > A (o +Ap) — @ (o),

which implies that

(@ +e) = a7 () ) (6.4.16)

—r<j<r

forms a sub-gradient of uy, 1 at ¢ since ¢ — ﬁ;(‘;)(@/}) is linear by its definition in (6.4.11).
Finally, by the definition of 7,(¢) in (6.4.12) as well as (6.4.2) and (6.4.14), it follows
that

p](tk7 LU@) = — E [ €; (ATh(Sﬂ)) | Atk = T; }
And hence the sub-gradient (6.4.16) coincides with Vuy, r(¢) defined in (6.4.15). O

6.4.2.2 Projection

To compute the projection PQua JoM from B(Ng) to Quadé( ,’lM, we still need to specify
0,h ’

the norm equipped on B(Ng). The easiest norm can be the common one defined by
|l == >I_ 7. However, the computation of the projection may be too complicate
under this norm. In order to make the projection algorithm simpler, we shall introduce
an invertible linear map Lx from B(Ng) to R* 1 then equip on B(Ng) the norm |- |g
induced by the classical L?*~norm on R* ™!, Let L : B(Ng) — R?"™! be defined by

p(i) — ¢(xiz), for 0<i<r,
& = ©(z0), for i =0, (6.4.17)
o(x;) — p(zie1), for —r <i<O.

We define the norm | - |z on B(NR) (easily be verified) by

lplr = |5‘L2(R2T+1)> with € := Lr(p), V¢ € B(Ng).
Denote
ESM = { Lrp : pe€ Quad{ }
= {eer™  0=g <& < < n S UKMAT,
2m —2m
§+i = K(:JU?Jrl —a?), V2m < i <r and Zfi = Z & = AKM? }
i=1 i=—1

Then the projection PQua g from B (Ng) to Quad’; under norm | - |5 is equivalent
0,h ’

to the projection from R+ to E;°™ under the L?—norm, which consists in solving a
quadratic minimization problem:

T

& := arg min Z (2 — &)?, for a given z € R* 1, (6.4.18)

KM
2 —
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Clearly, for every z € R¥**1 ¢ = 0 and the above optimization problem (6.4.18) can be
decomposed into two optimization problems:

2m —2m
min 2z —&)*  and min 2 — &), 6.4.19
L, ;( ) o i;( ) ( )

2m

Eé,{-]-M = {gz(gi)lﬁ’iSQm . O§€1§§52m§4KMAx7 ZSZ:4KM2}7

=1

—2m

E(f’_M = {f:(fi)—lzz‘z—m 0S8 < <€y, S4AKMAR, Z&Z‘lKMQ}-

i=—1
Here in place of optimization problem (6.4.19), we shall consider a similar but more

general optimization problem and give an algorithm for it. Let a = (a;)1<i<m € N and
A € R" such that 0 < A <Y "", a;, we define

K = {f:(fi)lgigmGRm P < <ém }7

m

Kzé = {52 (&-)Kzgm S [0, 1]m : Zazgl =A }, and K:?Y’LA = ICZL N IC;;:J

=1

The projection Pya.a(z) of 2 € R™ to K4 is to solve the optimization problem

oA = arg min, Zal 2 — &) (6.4.20)

Similarly, one can also define the projection Pya ( resp. Pia) by the optimization problem
(6.4.20), where K%* in the formula is replaced by K2 (resp. K2), and the projected
element £%47 is replaced by £%% (resp. £47).

In the following, we shall show that

Peaa = Drgaolbry = ey o Py,

and give the algorithms for both Pxe and Pica. With these algorithms, one can deduce
easily an algorithm for the projections PE+ and PE— . We just remark that similar
algorithms are discussed in Page 143-145 of Edelsbrunner [28] in order to compute the
convex envelope of a function defined on a discrete grid.

Given a € N™ and 2z € R™, we define S* € RXi=1% by S{* := z; for Zz;ll a; < k <
S, a;, and define the function F** on the grid NN [0,1+ 3" a;] by

k m
F*(0) := 0 and F**(k) = Y S for k=1,--,) a,. (6.4.21)
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Lemma 6.4.1. Suppose that we are given z € R™ such that z > zx41, denote £%7 =

Py (2) and €245 = Pua(2), then (€5), = (€5)1 and (€597); — (€54%)y.. And
therefore, in this case, the projections Pig (2) and Pyaa(z) are equivalent to Pea  (Z) and

Pea A (2) for

a;, ]_SZSI{?—L Zis 1§Z§]€—1,
ai = { ap+ a1, 1=k, and % = ++—+++ i=k, (6.4.22)
i1, k+1§z§m—1, Zit1, k:+1§z§m—1,
. a,z ~ ~Q,Z a,A,z ~ #a,A,Z ~ 3 -
in sense that S“m = S¥m-1 gpd S¥ETT = S®Em=t | where €97 = Pya (%) and
~7‘47~ . =
ggn—lz = PICf,;i‘1<Z)'

Proof. Given an arbitrary & € R™ such that &1 > &, then there is € > 0 satisfying that

be i=kk+ 1,
S = &+ (1 + - )5 Define £ € R™ by & = Skte, 7 one can show
&, otherwise,

that

Z ai(& — z)? < Z ai(& — )% (6.4.23)
i=1 i=1
Thus & cannot be the projection of z since £ € K2 (resp. K%%) implies that é € K¢ ( resp.
KaA). Tt follows by this contradiction that (£%7), = (£%%),41 and (£44%), = (€44%),,,.

To show the inequality (6.4.23), we can verify that
IR D SN CEE
i=1 i=1

= ar (& — =) + arp (sz +(1+ . )e — Zk+1)2

k41
— ap (& te— Zk>2 — ap1 (G te— Zk+1)2
a
- (CLk + ak-i—l) 82 + 2a ¢ (Zk — Zk—‘rl) > 0.
Ak+1

Finally, the equivalence between Pa (2) (resp. Pyaa(2)) and Pya  (2) (resp. P,Ca,él(,%))
is from the fact that for every & such that & = &1, one has the decomposition

m m—1

D iz
i=1

(21 + Zk+1>2

2 2
z + ARz + Ap+12541 — (ak + ak—l—l) 4 )

SE

=1

€i7 ng_la
where £ = &y i=kk+1, [
i1, E+2<i<m-—-1

Lemma 6.4.1 gives an algorithm for projection Pg. which finishes within less than m
steps. The algorithm also simplifies the projection Pyaa, as we can see in Proposition
6.4.4.
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Algorithm 6.4.2. For projection Pya (2):
e 1, Given system parameters (m,a, z), stop if m = 1.
o 2. Find k such that z, > 211, stop if it does not exist.

o 3, With the found k in step 2, reduce parameters (m,a,z) to (m — 1,a,2) as in
equation (6.4.22).

e 4, Gotol

Proposition 6.4.4. Pyan = Piaa o Py, and for every z € R™. Moreover, F** (with
§ := Pxa (2)) is the convex envelope of F**, where the functions F%¢ and F%* are define

in (6.4.21)

Proof. Suppose that the entrance data of Algorithm 6.4.2 is (my, a1, z1) and the exit data
is (mg, as, z3), then clearly P,ang2 (22) = 22. And by Lemma 6.4.1, we have S4:4 = §a2:22

(with & == P (21) ) and S®6 = §o28 ((with & := Pyeoya(21) and &' = Pyag a(22) ),
from which we deduce that P,C%{A = PK%A o Pxa .

To see that F“* (with { := Py (2) ) is the convex envelope of F**, it is enough to verify
that at every step in Algorithm 6.4.2, F'%* is greater than the convex envelope of F'%.

And at the exit, F¢ is a convex function. O

Now, we shall prove that Piaa o Pcs = Pga o Pga, for this prupose, it is enough to
show that for every z € Kj,, Peea(2) = Pga(z). In fact, we shall give an algorithm of
projection Pia(z) for z € K7, and then verify that Pa(2) € KA,

Given v € R, denote by z — v the sequence (z; — V)1<i<m, and by z” the sequence
(2 hizm = (0V (2z; = ¥) A L)i<i<m.

Lemma 6.4.2. Given v € R, z € R™, then Piaa(z) = Paa(z —v) and Pea(z) =
Pea(z —v). If in addition z € KY,, then there is v € R such that )", a;z0 = A and

Pra(2) = Peoa(2) = 27, And it follows that Peaa =P

K?,{AOP’C%L:P’C;;‘LOP’C%L'

Proof. To prove that Paa(z) = P

see that for every £ € R™ satisfying > " | a;&; = A, we have

aa(z —v) or Pea(z) = Pea(z — v), it is enough to

m m

ai(zi —v—§&)° = Zai(zi—fz’)2 + VQiaz‘ - 2V<§:az‘2’i—z4>-
=1 7

i=1 i=1 i =1

For the existence of ©, it is enough to see that v — > " ;2! is continuous, and that
0 <A< > ", a;issupposed at the beginning of the section. Clearly, by its definition, 2" is
the projected element of z—v to [0, 1]™ in sense that {y = 2" minimizes > ", a;(z;—v—¢;)?
among all ¢ € [0,1]™. Then for z € K¢, it is easy to verify that z” € K%4 C K2 c [0, 1]™

with the found 2. Therefore Pxa(2) = Pyaa(2) = Pxa(z — 7) = Praa(z — 0) = 2. O

Algorithm 6.4.3. To find U such that Y ;- a;z! = A:
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o [, Set zg=—00 and 2,41 = 00.
e 2, Find k such that " a;2z;" " > A and Y7" a;z* < A, then zp_1 <D < 2.

e 3, Find j such that )", a2 < A and Yo aiz7 ' > A, then z; — 1 < b <

7 %

Zj+1 — 1.

m a; i ;2 — . ~ .
o 4, Setiv= Zoizj Gt Dy 4 when k <7j,orv=z,_1 whenk=j+1.

Yk
By the way how to find £ and j, it follows that 2,1 <7 < 2j11—1 < zj41, hence k < j+1.
0, ifi<k-—1,
Then step 4 of Algorithm 6.4.3 gives the right o since 2/ = ¢ 1, ifi > j+1, for k, j

z; — 1V, otherwise.
found in step 2 and 3, and hence for k£ < j,

>

J m Wi a; + j_ a;Z2; — A
Zai(zi — 1}) + Z a; = A — D = Zz—]—i—l AZz_k .

J

i=k i=j+1 i=k Qi
1 2 3
® o
W " °
° r. ———7 1
® 9 o °
o ® o o
o9
¢ 0,%3 2% o
@
o ¢, o %
———0—0—0—0 e ® o
o Y e P
*e?® o oo
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Figure 6.2: An illustration of Algorithm 6.4.3.

Finally, we propose the following algorithm for projection PQua e
0,h
Algorithm 6.4.4. For projection P, Mo (6.4.18):
g proj QuadﬁhM ( )

e 1, Compute the convex envelope ¢ of ¢ on [0,2M] and on [—2M,0].
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o 2 Set z= Lr(P|ny), use Algorithm 6.4.3 to compute PEé(,M<U).

® 3, Let PQU.ad;?hM ((,0) = EI_%lpE(f(M(z)

6.4.2.3 Convergence rate

We shall provide a convergence rate for the gradient projection algorithm. In preparation,
let us first give an estimate on the norm of the sub-gradients Vuy, 7.

Proposition 6.4.5. Let o1, ps € B(NR), then under the CFL condition (6.4.3),

| un(e1) — unr(@2) | < 2 o1 — @oloo (6.4.24)
and it follows that
2M
Vunr(@)l, < 2VZm+1 = /741, Vo B(Ng). (6.4.25)

Proof. Under the CFL condition (6.4.3), the §—scheme is monotone, which implies that
|/\f’T’R’“01 — )\f’T’R’W]OO < g1 — ¥2|0o, and hence by the definition of uyr in (6.4.4), the
inequality (6.4.24) holds true.

Next, denote £ := Lz(p;), i = 1,2, then by Cauchy-Schwarz inequality,

2m —2m

o1~ ol <max (Y [6! — € D lel ~ €] ) < vEm AT ¢~ €,

=0 =0

which implies immediately (6.4.25). O

Finally, let us finish this section by providing a convergence rate of the proposed gradient
projection algorithm (Algorithm 6.4.1). Denote

o = max lor — @alf < 4m AKMAz)? < 64K*M°Ax,
prp2eQuady;”

it follows from Section 5.3.1 of Ben-Tal and Nemirovski|7] that one has the convergence

rate:
. K,M,T ¢ + Zi]\inﬁ‘vuhi(@n)‘;
min w,r(e,) — U, "7 < =
n<N 2 Zn:l Tn
B2K2MP Az + (44 +2) Y A2
= ~ . (6.4.26)
Zn:l Tn

There are several choices for the sequence v = (7, )n>1:

e Divergent Series: v, > 0, > °7 v, = 400 and Y -, 72 < 4o00. Clearly, (6.4.26)
converges to 0 as N — oo.

e Optimal stepsizes: v, = Vo , we have by [7] that
Vup,(n) R\/ﬁ

. 16K M2M? + M Ax
nmglﬁuhf(gon) — UMt < 00) N .




6.5. Numerical example 129

6.5 Numerical example

As shown in Corollary 6.3.2, the model-free price upper bound of variance swap is given
by Cp in (6.2.2). Let (S¢)i>o follow the Black-Scholes dynamics dS; = oS dW;, where
(Wi)i>0 is a standard Brownian motion, and ug ~ S 1 and py ~ Sp. It follows that

1
1
Cy = E(Sf—Sz) = E[ o?SEdt = 50253.

2

We set 0 = 0.2, Sp = 1, hence Cy = 0.02. In our implemented example, with a 2.40GHz
CPU computer, it takes 57.24 seconds to finish 4 x 10? iterations, and we get the numerical
upper bound 0.2019, i.e. the relative error is less than 1 %, see also Figure 6.3.

0.045 . . . .
Numerical Upper Bound for Variance Swap
0.04 ]
—Numerical Upper Bound
0.035 —---Reference Price 7

Upper Bound

0.025 B

0 0.5 1 1.5 2 2.5 3 3.5 4
lteration Number < 10"

Figure 6.3: Numerical result for variance swap with approximation parameters: T = 0.1,
K=1, M=1,R=2, At =0.002, Az = 0.1 and ~, = /n.
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