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▲❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇❤✐❝❤ ♣r❡s❡♥ts s✐♠✐❧❛r✐t✐❡s ✇✐t❤
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❜❛❝❦❣r♦✉♥❞

✶✳✶ ❚❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧② ♦❢ ❧❛♥❣✉❛❣❡s

▼♦st ❧❛♥❣✉❛❣❡s ♦❢ ❊✉r♦♣❡ ❛♥❞ s❡✈❡r❛❧ ❧❛♥❣✉❛❣❡s ♦❢ ■♥❞✐❛ ❛r❡ ♠❡♠❜❡rs ♦❢ t❤❡

s❛♠❡ ❢❛♠✐❧②✱ ❝❛❧❧❡❞ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✳

P❛rs♦♥s ❬✶✼✻✼❪ ❞✐s❝♦✈❡r❡❞ s✐♠✐❧❛r✐t✐❡s ✐♥ t❤❡ ✇♦r❞s ❢♦r ❜❛s✐❝ ♥✉♠❡r❛❧s

❜❡t✇❡❡♥ ❇❡♥❣❛❧✐✱ P❡rs✐❛♥✱ ❛♥❞ ✶✺ ❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✱ ❛♥❞ ♥♦t❡❞ t❤❛t ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❈❤✐♥❡s❡✱ ❍❡❜r❡✇✱ ▼❛❧❛② ❛♥❞ ❚✉r❦✐s❤ ❤❛✈❡ ✈❡r② ❞✐✛❡r❡♥t ✇♦r❞s ❢♦r

♥✉♠❡r❛❧s✳ ❍❡ ❝❛♠❡ t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t t❤♦s❡ ✶✼ ❧❛♥❣✉❛❣❡s ❛r❡ r❡❧❛t❡❞✱ ❛♥❞

❛❧❧ st❡♠♠❡❞ ❢r♦♠ ❛ ❝♦♠♠♦♥ ❛♥❝❡st♦r✱ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❏❛♣❤❡t✱ s♦♥ ♦❢ ◆♦❛❤✳

❙♦♠❡ ♦❢ t❤❡s❡ s✐♠✐❧❛r✐t✐❡s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳✶✳

❙✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ t❤❡s❡ ❧❛♥❣✉❛❣❡s ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ♠❛♥② ♦t❤❡r ✇♦r❞s✱

❛♥❞ ✐♥ s②♥t❛❝t✐❝❛❧ ❛♥❞ ♣❤♦♥❡t✐❝ ❢❡❛t✉r❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥

❧❛♥❣✉❛❣❡s s❤♦✇ ❝❧❡❛r ♣❛tt❡r♥s✱ ♠❛❦✐♥❣ ✐t ✐♠♣♦ss✐❜❧❡ ❢♦r t❤❡s❡ s✐♠✐❧❛r✐t✐❡s t♦

❜❡ ❞✉❡ t♦ ❛ ❝♦✐♥❝✐❞❡♥❝❡✳ ■t ✐s ♥♦✇ ❛❝❝❡♣t❡❞ t❤❛t t❤❡s❡ ❧❛♥❣✉❛❣❡s ❛r❡ r❡❧❛t❡❞❀

❋✐❣✳ ✶✳✶ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s ✐♥ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✱
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✶ ✷ ✸ ✾
❆❧❜❛♥✐❛♥ ♥❥ë ❞② tr❡ ♥ë♥të
❇❡♥❣❛❧✐ ❡❦ ❞✈✐ tr✐ ♥❛②
❊♥❣❧✐s❤ ♦♥❡ t✇♦ t❤r❡❡ ♥✐♥❡
●r❡❡❦ ❤❡♥ ❞✉♦ tr❡✐s ❡♥♥❡❛
■r✐s❤ ❛♦♥ ❞♦ tr✐ ♥❛♦✐
■t❛❧✐❛♥ ✉♥♦ ❞✉❡ tr❡ ♥♦✈❡
P❡rs✐❛♥ ②❛❦ ❞♦ s❡ ♥♦❤
❘✉ss✐❛♥ ♦❞✐♥ ❞✈❛ tr✐ ❞❡✈②❛t
❙✇❡❞✐s❤ ❡♥ t✈❛ tr❡ ♥✐♦

❚♦❝❤❛r✐❛♥ ❆ s❛s ✇✉ tr❡ ♥✉

❈❤✐♥❡s❡ ②✐ ❡r s❛♥ ❥✐✉
❍❡❜r❡✇ ✬❡❤❛❞ s✭❡✮♥❛②✐♠ s❡❧♦s❛ t✐s✬❛
❚✉r❦✐s❤ ❜✐r ✐❦✐ ü❝ ❞♦❦✉③

❚❛❜❧❡ ✶✳✶✿ ◆✉♠❡r❛❧s ✐♥ s♦♠❡ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s ✐♥ P❛rs♦♥s✬ s❛♠♣❧❡✳ ❚❤❡ ✜rst t❡♥
s❤♦✇ s✐❣♥✐✜❝❛♥t s✐♠✐❧❛r✐t✐❡s❀ t❤❡② ❛r❡ ❛❧❧ ♠❡♠❜❡rs ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✳
❋♦r ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ❞♦ ♥♦t ✉s❡ t❤❡ ▲❛t✐♥ ❛❧♣❤❛❜❡t✱ ✇❡ s❤♦✇ ❛♥ ❛♣♣r♦①✐♠❛t❡
♣❤♦♥❡t✐❝ tr❛♥s❝r✐♣t✐♦♥✳

❛s ✐t ✐s ✉♥❞❡rst♦♦❞ ♥♦✇❛❞❛②s✳

■♥s✐❞❡ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧✐❡s✱ s❡✈❡r❛❧ ❣❡♥❡r❛ ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✱

❡❛❝❤ ❣r♦✉♣✐♥❣ ❛ ❢❡✇ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ❛r❡ ❡✈❡♥ ♠♦r❡ ❝❧♦s❡❧② r❡❧❛t❡❞✳ ❆ ♥✉♠❜❡r

♦❢ ♠♦❞❡❧s ♦❢ t❤♦s❡ s✐♠✐❧❛r✐t✐❡s ✇❡r❡ s♦♦♥ ♣r♦♣♦s❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❙❝❤♠✐❞t

❬✶✽✼✷❪ ♣r♦♣♦s❡❞ ❛ ✇❛✈❡✲♠♦❞❡❧✿ ❡❛❝❤ ❧❛♥❣✉❛❣❡ ✭♦r ❣❡♥✉s✮ ❞❡✈❡❧♦♣s ❛ ❝❡rt❛✐♥

♥✉♠❜❡r ♦❢ ✐♥♥♦✈❛t✐♦♥s✱ ✇❤✐❝❤ s♣r❡❛❞ t♦ s♦♠❡✱ ❜✉t r❛r❡❧② ❛❧❧✱ ❧❛♥❣✉❛❣❡s ✐♥

t❤❡ ❢❛♠✐❧②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳✷✳ ❍❡ ❣r♦✉♣❡❞ ❇❛❧t♦✲❙❧❛✈✐❝ ✭❘✉ss✐❛♥✱ P♦❧✐s❤✱

▲✐t❤✉❛♥✐❛♥✳✳✳✮ ✇✐t❤ ●❡r♠❛♥✐❝ ✭❊♥❣❧✐s❤✱ ●❡r♠❛♥✱ ❙✇❡❞✐s❤✳✳✳✮ ❜❡❝❛✉s❡ ❜♦t❤

❤❛✈❡ ❛♥ ✴♠✴ ❛t ❝❡rt❛✐♥ ❝❛s❡ ❡♥❞✐♥❣s✱ ✇❤❡r❡ ♦t❤❡r ❧❛♥❣✉❛❣❡s ❤❛✈❡ ❛ ✴❜❤✴✳

❚❤❡ ❤②♣♦t❤❡s✐s ✇❛s t❤❡r❡❢♦r❡ t❤❛t ♦♥❡ ●❡r♠❛♥✐❝ ♦r ❇❛❧t♦✲❙❧❛✈✐❝ ❧❛♥❣✉❛❣❡ ❤❛❞

❞❡✈❡❧♦♣❡❞ ❛♥ ✴♠✴ ❝❛s❡ ❡♥❞✐♥❣✱ ❛♥❞ t❤❛t t❤❛t ✐♥♥♦✈❛t✐♦♥ ❤❛❞ s♣r❡❛❞ t♦ ✐ts

♥❡✐❣❤❜♦✉rs✱ ✇✐t❤♦✉t r❡❛❝❤✐♥❣ t❤❡ ♦t❤❡r ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✳ ❖♥ t❤❡

✼



❋✐❣✉r❡ ✶✳✶✿ ▼❛♣ ♦❢ ✶✼✻ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✱ s❤♦✇♥ ❜② ❣❡♥✉s✳ ▼❛❞❡ ✉s✐♥❣
t❤❡ ❡❧❡❝tr♦♥✐❝ ✈❡rs✐♦♥ ♦❢ ❉r②❡r ❡t ❛❧✳ ❬✷✵✵✸❪✳

♦t❤❡r ❤❛♥❞✱ ❤❡ ❛❧s♦ ❣r♦✉♣❡❞ ❇❛❧t♦✲❙❧❛✈✐❝ ✇✐t❤ ❆r♠❡♥✐❛♥ ❛♥❞ ■♥❞♦✲■r❛♥✐❛♥✱

❜❡❝❛✉s❡ t❤♦s❡ ❧❛♥❣✉❛❣❡s ❤❛✈❡ ❛♥ ✴s✴ ✇❤❡r❡ ♦t❤❡r ❧❛♥❣✉❛❣❡s ❤❛✈❡ ❛ ✴❝✴ ❬▼❛❧❧♦r②✱

✶✾✽✾❪✳

❚❤❡ ✇❛✈❡ ♠♦❞❡❧ ✐s ❛♣♣r♦♣r✐❛t❡ ✐♥ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❝❛s❡s✱ ❜✉t ✐♥ ❣❡♥❡r❛❧✱

❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧ ✐s ❛ ❣❡♥❡t✐❝ ♦♥❡✳ ❚❤❡r❡ ✐s ❛ str♦♥❣ tr❡❡✲❧✐❦❡ s✐❣♥❛❧

✐♥ ❧✐♥❣✉✐st✐❝ ❞❛t❛ ❬▼❝▼❛❤♦♥ ❛♥❞ ▼❝▼❛❤♦♥✱ ✷✵✵✺❪✱ ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢

r❡❝❡♥t ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡ t❤r♦✉❣❤ ✇r✐tt❡♥ t❡①ts ✭❡✳❣✳ ▲❛t✐♥ t♦ ■t❛❧✐❛♥✱ ❋r❡♥❝❤

❛♥❞ ❙♣❛♥✐s❤✮ s❤♦✇s t❤❛t ♠♦❞✐✜❝❛t✐♦♥ ✇✐t❤ ❞❡s❝❡♥t ❛❝❝♦✉♥ts ❢♦r ♠♦st ♦❢

t❤❡ ❝❤❛♥❣❡s✳ ❙❝❤❧❡✐❝❤❡r ❬✶✽✺✵❪ ✇❛s t❤❡ ✜rst t♦ ♣r♦♣♦s❡ s✉❝❤ ❛ ♠♦❞❡❧✱ ❛♥❞

❤❡ ✐♥tr♦❞✉❝❡❞ t❤❡ tr❡❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❇♦rr♦✇✐♥❣ ✈♦❝❛❜✉❧❛r② ❢r♦♠ ❜✐♦❧♦❣②✱

❤❡ ✐♥tr♦❞✉❝❡❞ t❡r♠s s✉❝❤ ❛s ❣❡♥✉s✱ s♣❡❝✐❡s ♦r ✈❛r✐❡t② t♦ ❞❡s❝r✐❜❡ ❧❛♥❣✉❛❣❡

❣r♦✉♣✐♥❣s✱ ❛♥❞ ♠❛❞❡ t❤❡ ✜rst ❛tt❡♠♣t ❛t ❛♥ ❡✈♦❧✉t✐♦♥❛r② tr❡❡ ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥

❧❛♥❣✉❛❣❡s✳ ❚❤❡ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ ❧❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧

✽



Indo−Iranian

ArmenianBalto−SlavicGermanic

Italic GreekCeltic

❋✐❣✉r❡ ✶✳✷✿ ❙❝❤♠✐❞t✬s ♠♦❞❡❧ ♦❢ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✳
❊❛❝❤ ❧❛♥❣✉❛❣❡ ✐s ♣❛rt ♦❢ ♦♥❡ ♦r s❡✈❡r❛❧ ❣r♦✉♣✐♥❣s✱ ✇❤✐❝❤ ♠❛② ✐♥t❡rs❡❝t✳

❡✈♦❧✉t✐♦♥ ✇❡r❡ ❛❧s♦ ♥♦t❡❞ ❜② ❉❛r✇✐♥ ❬✶✽✼✶❪✿ ✏❚❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t

❧❛♥❣✉❛❣❡s ❛♥❞ ♦❢ ❞✐st✐♥❝t s♣❡❝✐❡s✱ ❛♥❞ t❤❡ ♣r♦♦❢s t❤❛t ❜♦t❤ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞

t❤r♦✉❣❤ ❛ ❣r❛❞✉❛❧ ♣r♦❝❡ss✱ ❛r❡ ❝✉r✐♦✉s❧② ♣❛r❛❧❧❡❧✳ ✳✳✳ ❲❡ ✜♥❞ ✐♥ ❞✐st✐♥❝t

❧❛♥❣✉❣❡s str✐❦✐♥❣ ❤♦♠♦❧♦❣✐❡s ❞✉❡ t♦ ❝♦♠♠✉♥✐t② ♦❢ ❞❡s❝❡♥t✱ ❛♥❞ ❛♥❛❧♦❣✐❡s ❞✉❡ t♦

❛ s✐♠✐❧❛r ♣r♦❝❡ss ♦❢ ❢♦r♠❛t✐♦♥✳✑ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡ str✐❦✐♥❣ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥

t❤❡ ♣r♦❝❡ss❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ ❡✈♦❧✉t✐♦♥ ❛♥❞ ❧✐♥❣✉✐st✐❝ ❞✐✈❡rs✐✜❝❛t✐♦♥✿ ❧✐❦❡ ❣❡♥❡s✱

t❤❡ ✈♦❝❛❜✉❧❛r②✱ ♣❤♦♥♦❧♦❣② ❛♥❞ ♠♦r♣❤♦s②♥t❛① ♦❢ ❧❛♥❣✉❛❣❡s ❛r❡ ♣❛ss❡❞ ♦♥ ❢r♦♠

♣❛r❡♥ts t♦ ❝❤✐❧❞r❡♥ ✐♥ ❛ ♣r♦❝❡ss ♦❢ ❞❡s❝❡♥t ✇✐t❤ ♠♦❞✐✜❝❛t✐♦♥✳

❲✐t❤ ❛ tr❡❡✲❧✐❦❡ ♠♦❞❡❧✱ t✇♦ q✉❡st✐♦♥s ♥❡❡❞ ❛♥s✇❡r✐♥❣✿ ❲❤❛t ✐s t❤❡ t♦♣♦❧♦❣②

♦❢ t❤❡ tr❡❡❄ ❍♦✇ ♦❧❞ ✐s t❤❡ r♦♦t❄ ❚r❛❞✐t✐♦♥❛❧❧②✱ t❤❡ t♦♣♦❧♦❣② ✇♦✉❧❞ ❜❡

r❡❝♦♥str✉❝t❡❞ ❜② ❤❛♥❞ ❜② ❛♥ ❡①♣❡rt ❧✐♥❣✉✐st ♦♥ t❤❡ ❧❛♥❣✉❛❣❡s ✉♥❞❡r st✉❞②✱

✉s✐♥❣ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞✳ ❇② ❝♦♠♣❛r✐♥❣ ✇♦r❞s ♦❢ ✐❞❡♥t✐❝❛❧ ♦r s✐♠✐❧❛r

♠❡❛♥✐♥❣s ✐♥ ❞✐✛❡r❡♥t ❧❛♥❣✉❛❣❡s✱ t❤❡ ❧✐♥❣✉✐st ✇♦✉❧❞ tr② ❛♥❞ ✐❞❡♥t✐❢② ❝♦❣♥❛t❡s✱

✐✳❡✳ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ❢♦r ✇❤✐❝❤ t❤❡ ❧❛♥❣✉❛❣❡s ❤❛✈❡ r❡❧❛t❡❞ ✇♦r❞s ✭s❡❡ ❙❡❝t✐♦♥

✷✳✶ ❛♥❞ ❚❛❜❧❡ ✷✳✶ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s✮❀ ❛t

✾



t❤❡ s❛♠❡ t✐♠❡✱ t❤❡② ✇♦✉❧❞ ✐❞❡♥t✐❢② t❤❡ s②st❡♠❛t✐❝ ♣❤♦♥❡t✐❝ ❝♦rr❡s♣♦♥❞❛♥❝❡s

t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ❧❛♥❣✉❛❣❡s ♣❛ss❡❞✳ ❚❤❡② ✇♦✉❧❞ t❤❡♥ r❡❝♦♥str✉❝t t❤❡

t♦♣♦❧♦❣② ♦❢ t❤❡ tr❡❡✱ ❛♥❞ t❤❡ s♦✉♥❞ ❝❤❛♥❣❡s t❤❛t ♦❝❝✉r❡❞✳ ❈♦♠♣❛r❛t✐✈❡

❧✐♥❣✉✐sts ♦❢t❡♥ ✈✐❡✇ t❤❡✐r s✉❜❥❡❝t ♠♦r❡ ❧✐❦❡ ❛♥ ❛rt t❤❛♥ ❛ s❝✐❡♥❝❡✳

❚❤❡r❡ ✇❛s ♥♦ ❞✐r❡❝t ✇❛② ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ❛❣❡ ♦❢ t❤❡ r♦♦t✱ s♦ ❛r❝❤❛❡♦❧♦❣✐❝❛❧

❡✈✐❞❡♥❝❡ ✇❛s ✉s❡❞ ❢♦r ❞❛t✐♥❣ ✐ss✉❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥✱ t❤✐s ❤❛s

❧❡❞ t♦ ❛ ❝♦♥tr♦✈❡rs② ❬❉✐❛♠♦♥❞ ❛♥❞ ❇❡❧❧✇♦♦❞✱ ✷✵✵✸❪✳ ❚❤❡ ♠❛✐♥ ❤②♣♦t❤❡s✐s

❛♠♦♥❣st ❧✐♥❣✉✐sts ✇❛s ♣♦st✉❧❛t❡❞ ❜② ●✐♠❜✉t❛s ❛♥❞ ❍❡♥❝❦❡♥ ❬✶✾✺✻❪ ❛♥❞ ❤♦❧❞s

t❤❛t t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ ❛❧❧ ❦♥♦✇♥ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s

❜r❛♥❝❤❡❞ ♥♦ ❡❛r❧✐❡r t❤❛♥ ❛❜♦✉t ✻✵✵✵ ✕ ✻✺✵✵ ②❡❛rs ❇❡❢♦r❡ t❤❡ Pr❡s❡♥t ✭❇P✮✱ ✇✐t❤

t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❑✉r❣❛♥ ❤♦rs❡♠❡♥✱ ❛ ♣❡♦♣❧❡ ❧✐✈✐♥❣ ✐♥ st❡♣♣❡s ♥♦rt❤ ♦❢ t❤❡

❇❧❛❝❦ ❙❡❛✳ ❚❤❡ ♣r♦♣♦♥❡♥ts ♦❢ t❤❡ ❑✉r❣❛♥ ❤②♣♦t❤❡s✐s ❤♦❧❞ t❤❛t ❞♦♠❡st✐❝❛t✐♦♥

♦❢ t❤❡ ❤♦rs❡ ❛♥❞ ♦❢ t❤❡ ✇❤❡❡❧ ❣❛✈❡ t❤❡ ❑✉r❣❛♥ ❛ s✐❣♥✐✜❝❛♥t ♠✐❧✐t❛r② ❛❞✈❛♥t❛❣❡

❛❧❧♦✇✐♥❣ ❛♥ ❡♥♦r♠♦✉s ❡①♣❛♥s✐♦♥ ❬▼❛❧❧♦r②✱ ✶✾✽✾❪✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s

s✉❣❣❡sts t❤❛t t❤❡ s♣r❡❛❞ ❜❡❣❛♥ ❛r♦✉♥❞ ✽✺✵✵ ❇P ✇❤❡♥ t❤❡ ❆♥❛t♦❧✐❛♥s ♠❛st❡r❡❞

❢❛r♠✐♥❣ ✐♥ t❤❡ ❡❛r❧② ◆❡♦❧✐t❤✐❝ ❬❘❡♥❢r❡✇✱ ✶✾✽✼❪✳ ❉❛t✐♥❣ t❤❡ r♦♦t ♦❢ t❤❡ ■♥❞♦✲

❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s ✇♦✉❧❞ t❤❡r❡❢♦r❡ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ ❡✈❡♥ts ✇❤✐❝❤ ❛❧❧♦✇❡❞

t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧② t♦ s♣r❡❛❞ s♦ ❢❛r✳ ❚❤✐s ✐ss✉❡ ✇❛s t❤❡ ♠❛✐♥ q✉❡st✐♦♥

❜❡❤✐♥❞ ♠✉❝❤ ♦❢ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❚❤❡ ✜rst s②st❡♠❛t✐❝ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ r♦♦t ❛❣❡✱ ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✱

✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ▼♦rr✐s ❙✇❛❞❡s❤ ✐♥ t❤❡ ✶✾✺✵s✳ ❙✇❛❞❡s❤ ✉s❡❞ ❛ ❧✐st ♦❢ ❛❜♦✉t

✷✵✵ ♠❡❛♥✐♥❣s ♦❢ ✏❝♦r❡ ✈♦❝❛❜✉❧❛r②✑ ✭❧❛t❡r r❡✜♥❡❞ t♦ ❛ ❧✐st ♦❢ ✶✵✵ ♠❡❛♥✐♥❣s✮✱

✇❤✐❝❤ ✇❡r❡ ❛ss✉♠❡❞ t♦ ❡✈♦❧✈❡ ❛t ❛ ❝♦♥st❛♥t ✭s❧♦✇✮ r❛t❡✳ ●✐✈❡♥ ❧✐sts ♦❢ ❝♦r❡

✈♦❝❛❜✉❧❛r② ❢♦r t✇♦ ❧❛♥❣✉❛❣❡s✱ ❤❡ ✇♦✉❧❞ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡✐r ✇♦r❞s ❢♦r ❛

❣✐✈❡♥ ♠❡❛♥✐♥❣ ✇❡r❡ ❝♦❣♥❛t❡✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❝♦❣♥❛t❡ ✇♦r❞s ✇♦✉❧❞ t❤❡♥

✶✵



❞✐r❡❝t❧② tr❛♥s❧❛t❡ ✐♥t♦ t❤❡ ❞❛t❡ t ❛t ✇❤✐❝❤ t❤❡ t✇♦ ❧❛♥❣✉❛❣❡s ❤❛❞ s♣❧✐t✱ t❤r♦✉❣❤

t❤❡ ❢♦r♠✉❧❛ t = log C

2 log r
✱ ✇❤❡r❡ C ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ s❤❛r❡❞ ❝♦❣♥❛t❡s✱ ❛♥❞

r ✐s t❤❡ ✏r❡t❡♥t✐♦♥ ❝♦♥st❛♥t✑✱ ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦♥st❛♥t ❛❝r♦ss ❛❧❧ ❧❛♥❣✉❛❣❡s

❬❙✇❛❞❡s❤✱ ✶✾✺✷❪❀ r ❝♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛♥② ♣❛✐r ♦❢ ❧❛♥❣✉❛❣❡s ❢♦r ✇❤✐❝❤

t❤❡ ❛❣❡ ♦❢ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ✇❛s ❦♥♦✇♥✳ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪

❣❛✈❡ ❛ ❞❡❛❞❧② ❜❧♦✇ t♦ ❣❧♦tt♦❝❤r♦♥♦❧♦❣② ✇❤❡♥ t❤❡② ✉s❡❞ ❦♥♦✇♥ ❞❛t❡s t♦ s❤♦✇

t❤❛t t❤❡ r❡t❡♥t✐♦♥ ❝♦♥st❛♥t ✐s ✐♥ ❢❛❝t ♥♦t ❛ ❝♦♥st❛♥t✱ ❜✉t t❛❦❡s ✈❡r② ❞✐✛❡r❡♥t

✈❛❧✉❡s ✐♥ t❤❡ t❤r❡❡ ❣r♦✉♣s ♦❢ ❧❛♥❣✉❛❣❡s t❤❡② s❡❧❡❝t❡❞ ✭❖❧❞ ◆♦rs❡✱ ■❝❡❧❛♥❞✐❝ ❛♥❞

◆♦r✇❡❣✐❛♥❀ ❖❧❞ ❛♥❞ ▼♦❞❡r♥ ●❡♦r❣✐❛♥ ❛♥❞ ▼✐♥❣r❡❧✐❛♥❀ ❛♥❞ ❖❧❞ ❛♥❞ ▼♦❞❡r♥

❆r♠❡♥✐❛♥✮✳ ●❧♦tt♦❝❤r♦♥♦❧♦❣② ❤❛s ♥♦✇ ❜❡❡♥ ❞✐s❝r❡❞✐t❡❞✱ ❞❡s♣✐t❡ ❝r✐t✐❝✐s♠s

♦❢ t❤❡ ✐ss✉❡s r❛✐s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❬❙❛♥❦♦✛✱ ✶✾✼✵❪✳ ■♥❞❡❡❞✱

✐t s❡❡♠s ✇✐s❤❢✉❧ t❤✐♥❦✐♥❣ t♦ ❤♦♣❡ t♦ s✉♠♠❛r✐s❡ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡ ✐♥ ❛ s✐♥❣❧❡

♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ✐ss✉❡s ✇✐t❤ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪✬s ✇♦r❦✱

❛♥❞ ✇❡ s❤♦✇ ✐♥ ❈❤❛♣t❡r ✻ t❤❛t ♠♦❞❡r♥ ♠❡t❤♦❞s ❛r❡ ♥♦t s✉❜❥❡❝t t♦ t❤❡ s❛♠❡

❝r✐t✐❝✐s♠s✳ ❙❡✈❡r❛❧ ❞❡❝❛❞❡s ❧❛t❡r✱ t❤❡ ❧✐♥❣✉✐st✐❝ ❝♦♠♠✉♥✐t② r❡♠❛✐♥s ♥♦♥❡t❤❡❧❡ss

✈❡r② s❦❡♣t✐❝❛❧ ❛❜♦✉t ❛tt❡♠♣ts ❛t ❞❛t✐♥❣✳

✶✳✷ P❤②❧♦❣❡♥❡t✐❝ ♠♦❞❡❧s ❢♦r ❧✐♥❣✉✐st✐❝ ❞❛t❛

❘❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ ♣❤②❧♦❣❡♥❡t✐❝s ❤❛✈❡ ♠❛❞❡ ✐t ♣♦ss✐❜❧❡ t♦ ✜t ♠♦❞❡❧s ♦❢ ♠✉❝❤

❣r❡❛t❡r ❝♦♠♣❧❡①✐t② ❛♥❞ ♠✉❝❤ ❝❧♦s❡r t♦ r❡❛❧✐t②✳

❚❤❡ ✜rst ❛tt❡♠♣ts ❛t ✜tt✐♥❣ ♣❤②❧♦❣❡♥❡t✐❝ ♠♦❞❡❧s t♦ ❧✐♥❣✉✐st✐❝ ❞❛t❛ ✇❡r❡

❞❡s❝r✐❜❡❞ ✐♥ ❛rt✐❝❧❡s ❜② ●r❛② ❛♥❞ ❏♦r❞❛♥ ❬✷✵✵✵❪ ❛♥❞ ●r❛② ❛♥❞ ❆t❦✐♥s♦♥ ❬✷✵✵✸❪✳

●r❛② ❛♥❞ ❏♦r❞❛♥ ❬✷✵✵✵❪ ❛♣♣❧② ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② t♦ ❛ ❞❛t❛s❡t ♦❢ ✺✱✶✽✺ ❧❡①✐❝❛❧

✐t❡♠s ❢r♦♠ ✼✼ ❆✉str♦♥❡s✐❛♥ ❧❛♥❣✉❛❣❡s ❛♥❞ ✜♥❞ ❡✈✐❞❡♥❝❡ s✉♣♣♦rt✐♥❣ ♦♥❡ ♦❢

✶✶



t❤❡ ♠❛✐♥ ❤②♣♦t❤❡s❡s ♦❢ ❆✉str♦♥❡s✐❛♥ ❡①♣❛♥s✐♦♥✱ t❤❡ s♦✲❝❛❧❧❡❞ ✏❡①♣r❡ss✲tr❛✐♥✑

❤②♣♦t❤❡s✐s t❤❛t ❆✉str♦♥❡s✐❛ ✇❛s ❝♦❧♦♥✐③❡❞ r❛♣✐❞❧② ❜② ❢❛r♠✐♥❣ ♣❡♦♣❧❡ ♦✉t ♦❢

❚❛✐✇❛♥✳ ❚❤❡② ❞♦ ♥♦t ❛tt❡♠♣t t♦ ❞❛t❡ ❛♥② ♦❢ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s✳ ❍♦❧❞❡♥

❬✷✵✵✷❪ ❛❧s♦ ❛♣♣❧② ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② t♦ ✼✺ ❇❛♥t✉ ❛♥❞ ❇❛♥t♦✐❞ ❧❛♥❣✉❛❣❡s

✭s♣♦❦❡♥ ❙♦✉t❤ ♦❢ t❤❡ ❙❛❤❛r❛✮❀ t❤❡② ✜♥❞ t❤❛t t❤❡ ♠♦st ♣❛rs✐♠♦♥✐♦✉s tr❡❡ ❢♦❧❧♦✇s

t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❢❛r♠✐♥❣ ✐♥ s✉❜✲❙❛❤❛r❛♥ ❆❢r✐❝❛✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ✐t ✇❛s t❤❡

♠❛st❡r✐♥❣ ♦❢ ❢❛r♠✐♥❣ t❤❛t ❛❧❧♦✇❡❞ t❤❡ ❇❛♥t✉ ♣❡♦♣❧❡ t♦ ❝♦❧♦♥✐③❡ s✉❝❤ ❛ ❧❛r❣❡

❛r❡❛✳

●r❛② ❛♥❞ ❆t❦✐♥s♦♥ ❬✷✵✵✸❪ ❛♣♣❧② t❤❡ ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞ t♦ ■♥❞♦✲❊✉r♦♣❡❛♥

❧❛♥❣✉❛❣❡ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ❜② ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪✱ ✉s✐♥❣ t❤❡ ✜♥✐t❡ s✐t❡s ♠♦❞❡❧

✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼r❇❛②❡s ♣❛❝❦❛❣❡ ❜② ❍✉❡❧s❡♥❜❡❝❦ ❛♥❞ ❘♦♥q✉✐st ❬✷✵✵✶❪✳

❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞✱ ✉s✐♥❣ ♣❡♥❛❧✐③❡❞ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✱ ❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡

tr❡❡s ❣✐✈❡♥ ❜② ❝❧❛ss✐❝❛❧ ❝♦♠♣❛r❛t✐✈❡ ❧✐♥❣✉✐st✐❝s ♠❡t❤♦❞s✳ ❚❤❡② ✐♠♣♦s❡ ♣❛rt ♦❢

t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ tr❡❡❀ ♦t❤❡r✱ ✉♥❝♦♥str❛✐♥❡❞✱ ❣❡♥❡r❛ ②✐❡❧❞❡❞ ❜② t❤❡✐r ❛♥❛❧②s✐s

❝♦rr❡s♣♦♥❞ t♦ t❤♦s❡ ✉s✉❛❧❧② ❛❝❝❡♣t❡❞ ❜② ❤✐st♦r✐❝❛❧ ❧✐♥❣✉✐sts✳ ❙❡✈❡r❛❧ ♦❢ t❤❡

s✉❜❢❛♠✐❧✐❡s t❤❡② ✜♥❞ ❛❧s♦ ❝♦rr❡s♣♦♥❞ t♦ ✇❤❛t ✇❛s ❛❧r❡❛❞② ❜❡❧✐❡✈❡❞ t♦ ❜❡ tr✉❡✱

s✉❝❤ ❛s ❛ s✉❜❢❛♠✐❧② ❣r♦✉♣✐♥❣ ●❡r♠❛♥✐❝✱ ❘♦♠❛♥❝❡ ❛♥❞ ❈❡❧t✐❝ ❧❛♥❣✉❛❣❡s✳ ❖t❤❡r

♣❛rts ♦❢ t❤❡ tr❡❡ ❛r❡ ✉♥r❡s♦❧✈❡❞✱ s✉❝❤ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❆❧❜❛♥✐❛♥✳ ❲❤✐❧❡ t❤❡✐r

r❡s✉❧ts ❞♦ ♥♦t s❤♦✇ ❛♥② ♥❡✇ ❣r♦✉♣✐♥❣s✱ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡s✉❧ts ❝♦rr❡s♣♦♥❞ t♦

✇❤❛t ✐s ❛❝❝❡♣t❡❞ ❜② ❧✐♥❣✉✐sts ❣❛✈❡ ❤♦♣❡ t❤❛t ♣❤②❧♦❣❡♥❡t✐❝s ❝♦✉❧❞ ❜❡ s✉❝❝❡ss❢✉❧❧②

✉s❡❞ ✐♥ ♦t❤❡r✱ ❧❡ss st✉❞✐❡❞✱ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✳ ▼♦r❡ ❝♦♥tr♦✈❡rs✐❛❧❧②✱ t❤❡②

❛tt❡♠♣t t♦ ❞❛t❡ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s ❛♥❞ r♦♦t ♦❢ t❤❡ tr❡❡ ❛♥❞ ❡st✐♠❛t❡ t❤❡

❛❣❡ ♦❢ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ t♦ ❜❡ ❜❡t✇❡❡♥ ✼✽✵✵ ❇P ❛♥❞ ✾✽✵✵ ❇P✱ ✐♥ ❧✐♥❡ ✇✐t❤

t❤❡ ❆♥❛t♦❧✐❛♥ ❤②♣♦t❤❡s✐s✳ ❍♦✇❡✈❡r✱ t❤❡ ✜♥✐t❡ s✐t❡s ♠♦❞❡❧ t❤❡② ✉s❡ ✐s ♥♦t ✇❡❧❧✲

s✉✐t❡❞ t♦ ❧❡①✐❝❛❧ ❞❛t❛❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧❧♦✇s ❢♦r ❤♦♠♦♣❧❛s②✱ ✐✳❡✳ ❢♦r ❛ s✐♥❣❧❡

✶✷



❝♦❣♥❛❝② ❝❧❛ss t♦ ❜❡ ❜♦r♥ s❡✈❡r❛❧ t✐♠❡s ❛t ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ t❤❡ tr❡❡✱ ✇❤✐❝❤

✐s ♥♦t ❛♣♣r♦♣r✐❛t❡✳ ❚❤❡ s❛♠❡ ♠❡t❤♦❞s ✇❡r❡ ❛♣♣❧✐❡❞ ✇✐t❤ s✐♠✐❧❛r r❡s✉❧ts t♦

❛♥♦t❤❡r ❞❛t❛ s❡t ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s ❜② ❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✺❪✱ ❜✉t

t❤❡r❡ ✐s ❧✐tt❧❡ ✐♥ t❡r♠s ♦❢ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ✜♥❞✐♥❣s✳

❚❤✐s ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ❤❛s s♣❛✇♥❡❞ ❛ ❧♦t ♦❢ ✐♥t❡r❡st✱ ✐♥❝❧✉❞✐♥❣ ♦✉ts✐❞❡ ♦❢

s❝✐❡♥t✐✜❝ ❝✐r❝❧❡s ❬❲❛❞❡✱ ✷✵✵✹❪✳ ❆ ♥✉♠❜❡r ♦❢ ♦t❤❡r ❣r♦✉♣s ❛♣♣❧✐❡❞ ✈❛r✐♦✉s

♠❡t❤♦❞s ❢r♦♠ ❜✐♦❧♦❣② t♦ ❧✐♥❣✉✐st✐❝ ❞❛t❛s❡ts✳

❘❡①♦✈❛ ❡t ❛❧✳ ❬✷✵✵✸❪ ♣❡r❢♦r♠ ❛ ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥

❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❡①✐❝❛❧ ✐t❡♠s✳ ❚❤❡② r❡❝♦♥str✉❝t ❛❧❧ t❤❡

❦♥♦✇♥ ♠❛❥♦r ❢❡❛t✉r❡s ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✱ ❜✉t t❤❡r❡ ✐s ❛ ❧♦t ♦❢

✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ t♦♣♦❧♦❣② ❝❧♦s❡ t♦ t❤❡ r♦♦t✳ ❚❤❡② ♥♦t❡ t❤❛t t❤❡ ❜❛s✐❝

✈♦❝❛❜✉❧❛r② ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ✐s str✐❦✐♥❣❧② tr❡❡✲❧✐❦❡✳ ❇r②❛♥t ❡t ❛❧✳ ❬✷✵✵✺❪ ❝♦♠❡

t♦ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ✐♥ t❤❡✐r ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❛t❛ ❢r♦♠ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪

✉s✐♥❣ ◆❡✐❣❤❜♦✉r◆❡t✳

▼❝▼❛❤♦♥ ❛♥❞ ▼❝▼❛❤♦♥ ❬✷✵✵✺❪ ❛❧s♦ ❛♣♣❧② t❤❡ ◆❡✐❣❤❜♦✉r✲❥♦✐♥✐♥❣ ♠❡t❤♦❞

t♦ ✾✺ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s ❛♥❞ ✷✵✵ ❧❡①✐❝❛❧ ✐t❡♠s✳ ❚❤❡ ✉♥r♦♦t❡❞ tr❡❡ t❤❡②

♦❜t❛✐♥ s❤♦✇s t❤❡ t❡♥ ❣❡♥❡r❛ ❣❡♥❡r❛❧❧② ❛❞♠✐tt❡❞ ❢♦r ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✱

❜✉t ♥♦ ❝❧❡❛r r❡❧❛t✐♦♥s❤✐♣ ❛♣♣❡❛rs ❜❡t✇❡❡♥ t❤❡ ❣❡♥❡r❛✳

❑✐t❝❤❡♥ ❡t ❛❧✳ ❬✷✵✵✾❪ ✉s❡ t❤❡ ❇❊❆❙❚ s♦❢t✇❛r❡ ❬❉r✉♠♠♦♥❞ ❛♥❞ ❘❛♠❜❛✉t✱

✷✵✵✼❪ t♦ ❡st✐♠❛t❡ t❤❡ ❛❣❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r t♦ t❤❡ ❙❡♠✐t✐❝

❧❛♥❣✉❛❣❡s✱ ❜✉t ❞♦ ♥♦t ❣✐✈❡ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡✐r ❡st✐♠❛t❡s✳

❉✉♥♥ ❡t ❛❧✳ ❬✷✵✵✺❪ ❛♣♣❧② ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② ❛♥❛❧②s✐s t♦ t❤❡ ✏str✉❝t✉r❛❧✑

✭♠♦r♣❤♦s②♥t❛❝t✐❝ ❛♥❞ ♣❤♦♥♦❧♦❣✐❝❛❧✮ ❢❡❛t✉r❡s ♦❢ ❛ s❡t ♦❢ ❖❝❡❛♥✐❝ ❧❛♥❣✉❛❣❡s

✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❝❧♦s❡❧② r❡❧❛t❡❞❀ t❤❡ s❛♠❡ ❛✉t❤♦rs ❧❛t❡r ♠♦✈❡❞ ♦♥ t♦

❛ ❇❛②❡s✐❛♥ ♣❤②❧♦❣❡♥❡t✐❝ ❛♥❛❧②s✐s ✉s✐♥❣ ✈❛r✐♦✉s ♠♦❞❡❧s ❢r♦♠ ❜✐♦❧♦❣② ❬❉✉♥♥
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❡t ❛❧✳✱ ✷✵✵✽❪✳ ❆❣❛✐♥✱ t❤❡✐r r❡s✉❧ts ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❧✐♥❣✉✐sts ♦❜t❛✐♥ ✉s✐♥❣

t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞✳ ❚❤❡② ❛r❣✉❡ t❤❛t t❤❡ tr❡❡ ♠♦❞❡❧ ✐s ❜❡tt❡r s✉✐t❡❞

t♦ str✉❝t✉r❛❧ ❢❡❛t✉r❡s t❤❛♥ t♦ ❧❡①✐❝❛❧ tr❛✐ts✱ ❜❡❝❛✉s❡ ❜♦rr♦✇✐♥❣ ♦❢ str✉❝t✉r❡

✇✐❧❧ ♦♥❧② ❤❛♣♣❡♥ ✐❢ ❧❡①✐❝❛❧ ❜♦rr♦✇✐♥❣ ❛❧s♦ ♦❝❝✉rs✱ ✇❤❡r❡❛s t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t

tr✉❡ ❬▼♦r❛✈❝s✐❦✱ ✶✾✼✽❪ ✭❛❧t❤♦✉❣❤ ◆✐❝❤♦❧s ❬✶✾✾✾❪ t❛❦❡s t❤❡ ♦♣♣♦s✐t❡ ✈✐❡✇ t❤❛t

❣r❛♠♠❛t✐❝❛❧ ❢❡❛t✉r❡s ❡✈♦❧✈❡ r❛♣✐❞❧②✱ ❛♥❞ ❛r❡ ♠♦r❡ s✉❜❥❡❝t t♦ r❡❣✐♦♥❛❧ ✐♥✢✉❡♥❝❡s

t❤❛♥ ❧❡①✐❝❛❧ ❞❛t❛✮✳ ❙✐♥❝❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❖❝❡❛♥✐❝ ❢❛♠✐❧② ✐s ❣♦♦❞✱ t❤❡②

❡①tr❛♣♦❧❛t❡ t❤❡✐r ♠❡t❤♦❞ t♦ ❛ ♥✉♠❜❡r ♦❢ P❛♣✉❛♥ ❧❛♥❣✉❛❣❡s ✇❤♦s❡ ❤✐st♦r② ✐s

♥♦t ✇❡❧❧ ❦♥♦✇♥✳ ❚❤❡② ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ P❛♣✉❛♥ ❧❛♥❣✉❛❣❡s ♠✉st ❡✐t❤❡r s❤❛r❡

❛ ❝♦♠♠♦♥ ❛♥❝❡st♦r✱ ♦r t❤❛t t❤❡r❡ ♠✉st ❤❛✈❡ ❜❡❡♥ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ P❛♣✉❛♥

❧❛♥❣✉❛❣❡s ❜❡❢♦r❡ ✸✷✵✵ ❇P✳

❱✐❡✇s ❞✐✈❡r❣❡ ❛s t♦ ✇❤❡t❤❡r ♠♦r♣❤♦s②♥t❛❝t✐❝❛❧ ♦r ❧❡①✐❝❛❧ ✐t❡♠s r❡t❛✐♥

♠♦r❡ s✐❣♥❛❧ ❢r♦♠ ❛ ❧❛♥❣✉❛❣❡✬s ❛♥❝❡st♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ❚❤♦♠❛s♦♥ ❬✷✵✵✵❪ ♥♦t❡s

t❤❛t t❤❡ ▼❛✬❛ ❧❛♥❣✉❛❣❡ ♦❢ ❚❛♥③❛♥✐❛ ✇❛s ❛♣♣❛r❡♥t❧② ♦r✐❣✐♥❛❧❧② ✐♥ t❤❡ ❈✉s❤✐t✐❝

❢❛♠✐❧②✱ ❛♥❞ r❡t❛✐♥s ♠✉❝❤ ❈✉s❤✐t✐❝ ❜❛s✐❝ ✈♦❝❛❜✉❧❛r②✱ ❜✉t t❤❛t ✐ts s②♥t❛① ❤❛s

❜❡❡♥ ♠♦❞✐✜❡❞ ❜❡②♦♥❞ r❡❝♦❣♥✐t✐♦♥ t❤r♦✉❣❤ ❝♦♥t❛❝t ✇✐t❤ ♥❡✐❣❤❜♦✉r✐♥❣ ❇❛♥t✉

❧❛♥❣✉❛❣❡s✳ ❚❤❡ s❛♠❡ ❛✉t❤♦r ❝❧❛✐♠s t❤❛t t❤✐s ♦❝❝✉rs ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡

s♣❡❛❦❡rs ♦❢ t❤❡ s♦✉r❝❡ ❧❛♥❣✉❛❣❡ ❧❡❛r♥ t❤❡ r❡❝❡✐✈✐♥❣ ❧❛♥❣✉❛❣❡s ✐♠♣❡r❢❡❝t❧②✱

✇❤❡r❡❛s ❜♦rr♦✇✐♥❣ ♦❢ ❧❡①✐❝❛❧ ❜✉t ♥♦t ♠♦r♣❤♦s②♥t❛❝t✐❝❛❧ ✐t❡♠s ♦❝❝✉rs ✇❤❡♥

s♣❡❛❦❡rs ♦❢ t❤❡ r❡❝❡✐✈✐♥❣ ❧❛♥❣✉❛❣❡ ❛❞♦♣t ♥❡✇ ✐t❡♠s ❢r♦♠ t❤❡ s♦✉r❝❡ ❧❛♥❣❛❣❡

❬❚❤♦♠❛s♦♥✱ ✷✵✵✶❪✳

▲❛♥s✐♥❣ ❡t ❛❧✳ ❬✷✵✵✼❪ ❝♦♠♣❛r❡❞ ❧❡①✐❝❛❧ ❛♥❞ ❣❡♥❡t✐❝ ❞❛t❛ ❢r♦♠ t❤❡ ■♥❞♦♥❡s✐❛♥

✐s❧❛♥❞ ♦❢ ❙✉♠❜❛✳ ❚❤❡② ❝❧❛✐♠ t♦ s❤♦✇ t❤❛t t❤❡ ✷✾ ❙✉♠❜❛♥❡s❡ ❧❛♥❣✉❛❣❡s t❤❡②

s❛♠♣❧❡❞ ❢♦r♠ ❛ s✉❜❝❧❛❞❡ ♦❢ t❤❡ ❆✉str♦♥❡s✐❛♥ ❢❛♠✐❧②✱ t❤♦✉❣❤ t❤❡✐r ❛r❣✉♠❡♥t ✐s

♥♦t ❝❧❡❛r✳ ▼♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ t❤❡② ✜♥❞ ❛ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡t❡♥t✐♦♥
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♦❢ Pr♦t♦✲❆✉str♦♥❡s✐❛♥ ❝♦❣♥❛t❡s ❛♥❞ ❆✉str♦♥❡s✐❛♥ ❨ ❝❤r♦♠♦s♦♠❡ ❧✐♥❡❛❣❡s✱ ❛s

✇❡❧❧ ❛s ❛ ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♣❧❛❝❡ ✇❤❡r❡ ✐t ✐s ❜❡❧✐❡✈❡❞ t❤❡

❛♥❝❡st♦rs ♦❢ t❤❡ ♠♦❞❡r♥ ♣♦♣✉❧❛t✐♦♥s ✜rst ❞❡❜❛r❦❡❞ ♦♥ ❙✉♠❜❛✳

❆❧t❤♦✉❣❤ s♦♠❡ ❤❛✈❡ ✉♥❞❡rst♦♦❞ t❤❡ ❧❛r❣❡ ❡rr♦r ❜❛rs r❡s✉❧t✐♥❣ ❢r♦♠

st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣❛r❛t✐✈❡ ❞❛t❛ t♦ ❜❡ ❛ s✐❣♥ ♦❢ ✇❡❛❦♥❡ss ✐♥ t❤❡s❡

♠❡t❤♦❞♦❧♦❣✐❡s✱ t❤❡② ❛r❡ ❛❝t✉❛❧❧② ♦♥❡ ♦❢ ✐ts ♠❛✐♥ str❡♥❣t❤s✿ t❤❡ ❝♦♠♣❛r❛t✐✈❡

♠❡t❤♦❞ ❛s ♣r❡s❡♥t❧② ❢♦r♠✉❧❛t❡❞ ❞♦❡s ♥♦t ❣✐✈❡ ❡st✐♠❛t❡s ♦❢ ✉♥❝❡rt❛✐♥t② ❬P❛❣❡❧✱

✷✵✵✵❪✳

❆♥♦t❤❡r ❝♦♠♠♦♥ ❝r✐t✐❝✐s♠ ✐s t❤❛t t❤❡ tr❡❡ ♠♦❞❡❧ ✐s ♥♦t ❛s ✇❡❧❧ s✉✐t❡❞

t♦ ❧❛♥❣✉❛❣❡s ❛s ✐t ✐s t♦ ❜✐♦❧♦❣✐❝❛❧ s♣❡❝✐❡s✱ ❡✈❡♥ t❤♦✉❣❤ ▼❛❧❧❡t ❬✷✵✵✺❪ ❢♦✉♥❞

❤②❜r✐❞✐③❛t✐♦♥ ✐♥ ✶✵✪ ♦❢ ❛♥✐♠❛❧ ❛♥❞ ✷✺✪ ♦❢ ♣❧❛♥t s♣❡❝✐❡s r❡✈✐❡✇❡❞✳ ■♥ r❡s♣♦♥s❡

t♦ ❈♦♠r✐❡ ❬✷✵✵✻❪✱ ✇❤♦ st❛t❡❞ t❤❛t t❤❡ tr❡❡ ♠♦❞❡❧ ✏♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈❡s ❛

s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ❤✐st♦r✐❝❛❧ ❢❛❝ts✑✱ ❈❛♠♣❜❡❧❧ ❬✷✵✵✻❪ ❝♦♥t❡♥❞s t❤❛t

✏❤✐st♦r✐❝❛❧ ❧✐♥❣✉✐sts ✇♦✉❧❞ s❛② ✐t ✐s ♥♦t ❛ s✐♠♣❧✐✜❝❛t✐♦♥❀ r❛t❤❡r✱ ❬t❤❡s❡ ♠❡t❤♦❞s❪

❛❞❞r❡ss ❞✐r❡❝t❧② ♦♥❧② ✐♥❤❡r✐t❡❞ ♠❛t❡r✐❛❧✱ ✇❤✐❧❡ ♦t❤❡r ♠❡t❤♦❞s ❛♥❞ t❡❝❤♥✐q✉❡s

❤❡❧♣ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣✐❝t✉r❡✑✳ ❚❤✐s ✐s ❛❧❧ ✇❡ ❝❛♥ ❤♦♣❡ ❢♦r✿ t❤❛t t❤❡ q✉❛♥t✐t❛t✐✈❡

♠❡t❤♦❞s ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❛s♣❡❝t ♦❢ ❧❛♥❣✉❛❣❡ ❤✐st♦r② ✇❤✐❝❤ t❤❡② ❛tt❡♠♣t t♦

❞❡s❝r✐❜❡✱ r❛t❤❡r t❤❛♥ t❤❡ ❝♦♠♣❧❡t❡ ♣✐❝t✉r❡✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ tr❡❡ ♠♦❞❡❧ ✐s ❛

❣♦♦❞ ✜t ❢♦r ❝♦r❡ ✈♦❝❛❜✉❧❛r②✳

❙♦♠❡ ❧✐♥❣✉✐sts ❤❛✈❡ ❛s❦❡❞ ❢♦r ♠♦❞❡❧s ♠♦r❡ s♣❡❝✐✜❝❛❧❧② t❛✐❧♦r❡❞ t♦ ❧✐♥❣✉✐st✐❝

❞❛t❛ ❬❈r♦❢t✱ ✷✵✵✽❪✳ ◆♦t✐♥❣ t❤❡ ♥❡❡❞ ❢♦r ♠♦❞❡❧s s♣❡❝✐✜❝ t♦ ❧✐♥❣✉✐st✐❝ ❞❛t❛✱ r❛t❤❡r

t❤❛♥ ❜♦rr♦✇❡❞ ❢r♦♠ ❜✐♦❧♦❣②✱ ❲❛r♥♦✇ ❡t ❛❧✳ ❬✷✵✵✹❪ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ❢♦r ❧❡①✐❝❛❧✱

♣❤♦♥♦❧♦❣✐❝❛❧ ❛♥❞ str✉❝t✉r❛❧ ❞❛t❛ ✇❤✐❝❤ ✐♥❝❧✉❞❡s s♦♠❡ ♦❢ t❤❡ s♣❡❝✐✜❝✐t✐❡s ♦❢

❧❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥✳ ❋♦r ♣❤♦♥♦❧♦❣✐❝❛❧ ❛♥❞ str✉❝t✉r❛❧ ❞❛t❛✱ ❜❛❝❦✲♠✉t❛t✐♦♥

t♦ ❛ s♣❡❝✐✜❝ ✏❞❡❢❛✉❧t✑ ❤♦♠♦♣❧❛st✐❝ st❛t❡ ✐s ❛❧❧♦✇❡❞✳ ❚❤❡② ❛ss✉♠❡ t❤❛t ❧❛♥❣✉❛❣❡

✶✺



❡✈♦❧✉t✐♦♥ ✐s ♠❛✐♥❧② tr❡❡❧✐❦❡✱ ❜✉t ❛❞❞ s♦♠❡ ❡❞❣❡s ❜❡t✇❡❡♥ s②♥❝❤r♦♥✐❝ ❧❛♥❣✉❛❣❡s

t♦ ♠♦❞❡❧ ❜♦rr♦✇✐♥❣✳ ❚❤❡② ❛ss✉♠❡ ❝♦♠♣❧❡t❡ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✿ t❤❡ r❛t❡s

❛r❡ ❞✐✛❡r❡♥t ❛❧♦♥❣ ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s✱ ❛♥❞ ❢♦r ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡rs✳ ❚❤❡② ❞♦

♥♦t ✜t t❤❡ ♠♦❞❡❧✱ ❜✉t ♣r♦✈❡ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ tr❡❡ ✐s ✐❞❡♥t✐✜❛❜❧❡

✭♠♦❞✉❧♦ t❤❡ ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ r♦♦t✱ ❛♥❞ t❤❡ r❛t❡ ♣❛r❛♠❡t❡rs✮✳ ❚❤❡ s❛♠❡ ❣r♦✉♣

♣r♦♣♦s❡ t♦ ❝♦♥str✉❝t ✏♣❡r❢❡❝t ♣❤②❧♦❣❡♥❡t✐❝ ♥❡t✇♦r❦s✑ ❬◆❛❦❤❧❡❤ ❡t ❛❧✳✱ ✷✵✵✺❪ ❜②

tr❛♥s❢♦r♠✐♥❣ ❛ ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② tr❡❡ ✐♥t♦ ❛ ♥❡t✇♦r❦✳ ❇❡♥ ❍❛♠❡❞ ❡t ❛❧✳

❬✷✵✵✺❪ ❛♥❞ ❇♦✉❝❤❛r❞✲❈ôté ❡t ❛❧✳ ❬✷✵✵✼❪ ❞❡✈❡❧♦♣ ♠♦❞❡❧s ❢♦r ♣❤♦♥♦❧♦❣✐❝❛❧ ❞❛t❛

❛♥❞ ✉s❡ t❤❡♠ t♦ ✐❞❡♥t✐❢② ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✳

◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪ ✜t ❛ ♠♦❞❡❧ s♣❡❝✐✜❝❛❧❧② t❛✐❧♦r❡❞ t♦ ❧✐♥❣✉✐st✐❝ ❞❛t❛✱

✇❤✐❝❤ ✐s ❛ st♦❝❤❛st✐❝ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❜② ❉♦❧❧♦ ❬✶✽✾✸❪ ❛♥❞ ✉s❡❞

✐♥ ❛ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥t❡①t ❜② ▲❡ ◗✉❡s♥❡ ❬✶✾✼✷❪ ❛♥❞ ❋❛rr✐s ❬✶✾✼✼❪ ✳ ❚❤❡✐r r❡s✉❧ts

❛❧s♦ s✉♣♣♦rt t❤❡ ❆♥❛t♦❧✐❛♥ ❤②♣♦t❤❡s✐s✱ ❛♥❞ t❤❡② st✉❞② ❛ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧

♠✐ss♣❡❝✐✜❝❛t✐♦♥s ✇❤✐❝❤ ❝♦✉❧❞ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ s②st❡♠❛t✐❝ ❜✐❛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤❡② ♥♦t❡ t❤❛t r❛r❡ ❜✉t str♦♥❣ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ❝♦✉❧❞ ❤❛✈❡ ❛ ❜✐❣ ✐♥✢✉❡♥❝❡

♦♥ ❞❛t❡ ❡st✐♠❛t❡s✱ s✐♥❝❡ ✐t ✇♦✉❧❞ ❜❡ ❤❛r❞ t♦ ❞❡t❡❝t ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❤❛✈❡

❛ ❧❛r❣❡ ❡✛❡❝t✳ ❖✉r ♦✇♥ ❛♥❛❧②s❡s ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ✇❛② ♠✐ss✐♥❣ ❞❛t❛ ❛r❡

❤❛♥❞❧❡❞ ❜② ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪ ✐s ❝r✉❞❡ ❛♥❞ ✐t ❢♦r❝❡s t❤❡♠ t♦ ❞✐s❝❛r❞

s❡✈❡r❛❧ ❧❛♥❣✉❛❣❡s ❢r♦♠ t❤❡✐r ❛♥❛❧②s❡s✳ ❈❤❛♣t❡r ✷ ♦❢ t❤✐s t❤❡s✐s ❡①♣❛♥❞s t❤❡

♠♦❞❡❧ t❤❡② ♣r♦♣♦s❡❞✳ ❲❡ ❛♣♣❧② ✐t t♦ s❡✈❡r❛❧ ❧✐♥❣✉✐st✐❝ ❞❛t❛ s❡ts ✐♥ ❈❤❛♣t❡r ✺✳

▲❛♥❣✉❛❣❡ tr❡❡s ❝♦♥str✉❝t❡❞ ✇✐t❤ ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦

st✉❞② ♦t❤❡r ❛s♣❡❝ts ♦❢ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡✳ ▲✐❡❜❡r♠❛♥ ❡t ❛❧✳ ❬✷✵✵✼❪ st✉❞② str♦♥❣

✈❡r❜s ✐♥ ❖❧❞✱ ▼✐❞❞❧❡ ❛♥❞ ▼♦❞❡r♥ ❊♥❣❧✐s❤ ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ str♦♥❣

✈❡r❜s ❛r❡ r❡❣✉❧❛r✐③❡❞❀ t❤❡② ✜♥❞ t❤❛t t❤❡ r❛t❡ ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥ ❝❤❛♥❣❡s ✇✐t❤ t❤❡

sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✉s❛❣❡ ❢r❡q✉❡♥❝②✿ ❛ ✈❡r❜ ✇❤✐❝❤ ✐s ✉s❡❞ ✹ t✐♠❡s ♠♦r❡ ♦❢t❡♥

✶✻



t❤❛♥ ❛♥ ♦t❤❡r ✇✐❧❧ r❡❣✉❧❛r✐③❡ ❛t ❤❛❧❢ t❤❡ r❛t❡✳ ❚❤❡ r❡s❡❛r❝❤ ❜② ▲✐❡❜❡r♠❛♥

❡t ❛❧✳ ❬✷✵✵✼❪ ✇❛s ♠❛❞❡ ❡❛s✐❡r ❜② t❤❡ ❢❛❝t t❤❛t t❤❡② ❦♥❡✇ t❤❡ ❛♥❝❡str② ♦❢ t❤❡

t❤r❡❡ ❧❛♥❣✉❛❣❡s t❤❡② ✇❡r❡ st✉❞②✐♥❣✳ P❛❣❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ✇✐s❤❡❞ t♦ ❡st✐♠❛t❡

✈❛r✐❛t✐♦♥ ✐♥ r❛t❡s ❢♦r ✈♦❝❛❜✉❧❛r②✳ ❙✐♥❝❡ t❤❡s❡ r❛t❡s ❛r❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡

r❛t❡s ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ str♦♥❣ ✈❡r❜s✱ t❤❡② ♥❡❡❞❡❞ t♦ st✉❞② ❛ ❧♦♥❣❡r t✐♠❡

♣❡r✐♦❞ ❛♥❞ t❤❡② t❤❡r❡❢♦r❡ ❝❤♦s❡ t♦ ✐♥❢❡r r❛t❡s ♦♥ t❤❡ ❡♥t✐r❡ tr❡❡ ♦❢ t❤❡ ■♥❞♦✲

❊✉r♦♣❡❛♥ ❢❛♠✐❧②✳ ❚❤❡② ✉s❡ ♣♦st❡r✐♦r s❛♠♣❧❡s ✉s✐♥❣ t❤❡ s❛♠❡ ✜♥✐t❡ s✐t❡s ♠♦❞❡❧

❛s ●r❛② ❛♥❞ ❆t❦✐♥s♦♥ ❬✷✵✵✸❪ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ r❛t❡s ❢♦r ❡❛❝❤ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②

t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✉s❡ ✐♥ ❢♦✉r ♠♦❞❡r♥ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s ✭❊♥❣❧✐s❤✱

❙♣❛♥✐s❤✱ ❘✉ss✐❛♥ ❛♥❞ ●r❡❡❦✮❀ t❤❡② ✜♥❞ ❛ s✐❣♥✐✜❝❛♥t ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥

❜❡t✇❡❡♥ ❢r❡q✉❡♥❝② ♦❢ ✉s❡ ❛♥❞ ❞✐✈❡rs✐✜❝❛t✐♦♥ r❛t❡✳ ❚❤❡② ❛r❡ ❛❜❧❡ t♦ ❡①♣❧❛✐♥

✺✵✪ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ r❛t❡s ♦❢ ❡✈♦❧✉t✐♦♥ ✇✐t❤ t✇♦ ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥✿

❢r❡q✉❡♥❝② ♦❢ ✇♦r❞ ✉s❡✱ ❛♥❞ ♣❛rt ♦❢ s♣❡❡❝❤ ✭✈❡r❜✱ ♥♦✉♥✱ ♥✉♠❜❡r✳✳✳✮ P❛❣❡❧ ❛♥❞

▼❡❛❞❡ ❬✷✵✵✻❪ ❛♣♣❧② s✐♠✐❧❛r ♠❡t❤♦❞s t♦ t❤❡ ❇❛♥t✉ ❢❛♠✐❧②✳

❙✐♠✐❧❛r❧②✱ ❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✽❪ ✉s❡❞ P❛❣❡❧ ❡t ❛❧✳ ❬✷✵✵✹❪✬s s♦❢t✇❛r❡

❇❛②❡sP❤②❧♦❣❡♥✐❡s t♦ ❜✉✐❧❞ tr❡❡s ❢♦r t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥✱ ❇❛♥t✉ ❛♥❞ ❆✉str♦♥❡s✐❛♥

❧❛♥❣✉❛❣❡s✳ ❚❤❡② ❢♦✉♥❞ t❤❛t ♠♦r❡ ❝❤❛♥❣❡s ♦❝❝✉r❡❞ ♦♥ ♣❛t❤s ✇✐t❤ ♠♦r❡

❜r❛♥❝❤✐♥❣✱ ❛♥❞ ❝♦♥❝❧✉❞❡❞ t❤❛t ❜❡t✇❡❡♥ ✶✵ ❛♥❞ ✸✸✪ ♦❢ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡

❤❛♣♣❡♥s ✐♥ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✱ ✇❤❡♥ t✇♦ ❧❛♥❣✉❛❣❡s ❞✐✈❡r❣❡✱ ✇✐t❤ t❤❡

r❡♠❛✐♥❞❡r ♦❢ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡ ❤❛♣♣❡♥✐♥❣ ❝♦♥t✐♥✉❛❧❧② t❤r♦✉❣❤ t✐♠❡✳ ❲❡ r❡✈✐s✐t

t❤✐s ✐ss✉❡ ✐♥ ❈❤❛♣t❡r ✻✳

❚❤❡r❡ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ s♦♠❡ ❡✛♦rts t♦ ❞❡t❡❝t ❝♦❣♥❛t❡s ❛✉t♦♠❛t✐❝❛❧❧② r❛t❤❡r

t❤❛♥ ❜② ✉s✐♥❣ t❤❡ ❥✉❞❣❡♠❡♥ts ♦❢ ❡①♣❡rt ❧✐♥❣✉✐sts ❬▼❛❝❦❛② ❛♥❞ ❑♦♥❞r❛❦✱ ✷✵✵✺❪✱

❜✉t t❤✐s ❛r❡❛ ✐s st✐❧❧ ✈❡r② ♠✉❝❤ ✉♥❞❡r✲❞❡✈❡❧♦♣❡❞✳

❆s ♦♣♣♦s❡❞ t♦ t❤❡ s♦✉♥❞ s❝✐❡♥❝❡ ✐♥ ♠❛♥② ♦❢ t❤❡ ❛rt✐❝❧❡s ❝✐t❡❞ ❛❜♦✈❡✱ t❤❡r❡
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❛❧s♦ s❡❡♠s t♦ ❜❡ ❛ t❡♥❞❡♥❝② ❛♠♦♥❣st s♦♠❡ ♥♦♥✲s♣❡❝✐❛❧✐st s❝✐❡♥t✐sts t♦ ❝♦♥s✐❞❡r

♣❤②❧♦❣❡♥❡t✐❝ ❛♥❛❧②s❡s ♦❢ ❧✐♥❣✉✐st✐❝ ❞❛t❛ ❛s ❛♥ ❡❛s② ❛♥❞ ❢✉♥ ♣r♦❜❧❡♠✱ ❧❡❛❞✐♥❣ t♦

❛ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐❝❛t✐♦♥s ✇✐t❤ ❧✐tt❧❡ ♦r ♥♦ ❧✐♥❣✉✐st✐❝ ♦r st❛t✐st✐❝❛❧ ❣r♦✉♥❞✐♥❣✳

❙❡r✈❛ ❛♥❞ P❡tr♦♥✐ ❬✷✵✵✽❪ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞ ❝❛♥ ♦♥❧② ❜❡

❛♣♣❧✐❡❞ t♦ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜② ❧✐♥❣✉✐sts ❛♥❞ t❤❡②

❝❧❛✐♠ t❤❛t t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥t♦ ❝♦❣♥❛t❡ ❝❧❛ss❡s ❧❡❛❞s t♦ ✏s✉❜❥❡❝t✐✈✐t②✑ ✇❤✐❝❤

s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞✳ ❘❛t❤❡r t❤❛♥ r❡❧②✐♥❣ ♦♥ t❤❡ ❥✉❞❣❡♠❡♥ts ♦❢ ❧✐♥❣✉✐sts✱ t❤❡②

✉s❡ t❤❡ s♣❡❧❧✐♥❣s ♦❢ ✇♦r❞s ♦♥ t❤❡ ❙✇❛❞❡s❤ ❧✐st ❢♦r ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✱

❝♦♠♣✉t❡ t❤❡ ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ✇♦r❞s ❛♥❞ ❛♣♣❧② t❤❡

❯P●▼❆♠❡t❤♦❞ t♦ t❤❡ ❞❛t❛ t❤❡② ❝♦❧❧❡❝t❀ t❤❡② ❤♦♣❡ t♦ ❛♣♣❧② t❤❡ s❛♠❡ ♠❡t❤♦❞s

t♦ ❧❡ss st✉❞✐❡❞ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✳ ❚❤❡ ✐♥t❡♥t✐♦♥ ✐s ❣♦♦❞✱ ❜✉t t❤❡✐r ♠❡t❤♦❞♦❧♦❣②

✐s ✉♥❢♦rt✉♥❛t❡❧② ✢❛✇❡❞✳ ❙✐♥❝❡ t❤❡② ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ✉s❡ ❛t

❧❡❛st ✜✈❡ ❞✐✛❡r❡♥t ❛❧♣❤❛❜❡ts✱ t❤❡② tr❛♥s❝r✐❜❡❞ t❤❡s❡ ❧❛♥❣✉❛❣❡s ✐♥t♦ t❤❡ ▲❛t✐♥

❛❧♣❤❛❜❡t✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s ♦❢ ❞♦✐♥❣ t❤✐s✱ s♦ t❤❡ ♦❜❥❡❝t✐✈✐t② t❤❡② ✇❡r❡ ❣♦✐♥❣

❢♦r ✐s ✉♥❞❡r q✉❡st✐♦♥✳ ❯♥s✉r♣r✐s✐♥❣❧②✱ t❤❡ ❧❛♥❣✉❛❣❡s ✐♥ t❤❡✐r r❡❝♦♥str✉❝t❡❞

tr❡❡ ❛r❡ ❣r♦✉♣❡❞ ❜② ❛❧♣❤❛❜❡t✿ ❆❧❜❛♥✐❛♥ ✐s ❣r♦✉♣❡❞ ✇✐t❤ t❤❡ ♦t❤❡r ❧❛♥❣✉❛❣❡s

✉s✐♥❣ t❤❡ ▲❛t✐♥ ❛❧♣❤❛❜❡t✱ ❛ ♣♦s✐t✐♦♥ ✇❤✐❝❤ ♥♦ ❧✐♥❣✉✐st ❝♦✉❧❞ ❜❡❧✐❡✈❡ t♦ ❜❡

❝♦rr❡❝t✱ ✇❤❡r❡❛s ●r❡❡❦ ❛♥❞ ❆r♠❡♥✐❛♥✱ ✇❤✐❝❤ ✉s❡ ❛❧♣❤❛❜❡ts ♦❢ t❤❡✐r ♦✇♥✱ ❛r❡

t❤❡ ♦✉t❣r♦✉♣s✳ ❚❤❡ ●❡r♠❛♥✐❝✱ ❈❡❧t✐❝✱ ■t❛❧✐❝ ❛♥❞ ■♥❞♦✲■r❛♥✐❛♥ s✉❜❣r♦✉♣s ❛r❡

❝♦rr❡❝t❧② r❡❝♦♥str✉❝t❡❞✱ ❜✉t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡s❡ ❣r♦✉♣s ✐s ✈❡r② ❢❛r ❢r♦♠ t❤❡

❦♥♦✇♥ ❧✐♥❣✉✐st✐❝ tr✉t❤ ✭❡✳❣✳ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❊♥❣❧✐s❤ ❛♥❞ P♦❧✐s❤✮✳ ❋✐♥❛❧❧②✱ t❤❡✐r

❢♦r♠✉❧❛ ❢♦r ❞❛t✐♥❣ ✐s s✐♠♣❧✐st✐❝✱ r❡❧✐❡s ♦♥ ♦♥❧② t✇♦ ❦♥♦✇♥ ❞❛t❡s ✭t❤♦✉❣❤ ♠❛♥②

♦t❤❡rs ✇❡r❡ ❛✈❛✐❧❛❜❧❡✮ ❛♥❞ t❤❡② ❞♦ ♥♦t ❡✈❡♥ ❛tt❡♠♣t t♦ ♠❡❛s✉r❡ t❤❡ ✉♥❝❡rt❛✐♥t②

♦❢ t❤❡✐r r❡s✉❧ts✳ ❚❤❡ ♠❡t❤♦❞ ❝♦✉❧❞ ♣r♦❜❛❜❧② ❜❡ ✈❛st❧② ✐♠♣r♦✈❡❞ ❜② r❡❧②✐♥❣ ♦♥

❛ ♣❤♦♥❡t✐❝ tr❛♥s❝r✐♣t✐♦♥ r❛t❤❡r t❤❛♥ t❤❡ s♣❡❧❧✐♥❣ ♦❢ t❤❡ ✇♦r❞s ✐♥ t❤❡✐r ❞❛t❛ ❛♥❞
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❜② ❞❡✜♥✐♥❣ ❛ ♥♦♥✲❜✐♥❛r② ❞✐st❛♥❝❡✱ s♦ t❤❛t s✐♠✐❧❛r ♣❤♦♥❡♠❡s ❛r❡ ❞❡❡♠❡❞ ❝❧♦s❡r

t❤❛♥ ✈❡r② ❞✐st✐♥❝t ♣❤♦♥❡♠❡s✱ ❧✐❦❡ ❇❡♥ ❍❛♠❡❞ ❡t ❛❧✳ ❬✷✵✵✺❪✳

❋♦rst❡r ❛♥❞ ❚♦t❤ ❬✷✵✵✸❪ st✉❞② ❈❡❧t✐❝ ❛♥❞ ❘♦♠❛♥❝❡ ❧❛♥❣✉❛❣❡s ❜✉t t❤❡②

❛r❡ ❝❛s✉❛❧ ✇✐t❤ t❤❡✐r ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ t❤❡ ❝♦❣♥❛❝②

❥✉❞❣❡♠❡♥ts✳ ❘❛t❤❡r t❤❛♥ ✉s❡ ❝♦❣♥❛❝② ❥✉❞❣❡♠❡♥ts ♠❛❞❡ ❜② ❡①♣❡rt ❧✐♥❣✉✐sts✱

t❤❡② ❣r♦✉♣ t♦❣❡t❤❡r ✇♦r❞s ✇❤✐❝❤ ❧♦♦❦ s♦♠❡✇❤❛t s✐♠✐❧❛r ❡✈❡♥ ✐❢ t❤❡② ❛r❡ ❦♥♦✇♥

❜② ❧✐♥❣✉✐sts t♦ ❝♦♠❡ ❢r♦♠ ❞✐✛❡r❡♥t ♦r✐❣✐♥s✱ ❛♥❞ s❡♣❛r❛t❡ ♦t❤❡r ✇♦r❞s ✇❤✐❝❤ ❛r❡

❦♥♦✇♥ t♦ ❜❡ ❝♦❣♥❛t❡s❀ s❡❡ ❊✈❛♥s ❡t ❛❧✳ ❬✷✵✵✹❪ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❝r✐t✐❝✐s♠✳ ❋♦rst❡r

❛♥❞ ❚♦t❤ ❬✷✵✵✸❪ ❞❛t❡ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❈❡❧t✐❝ t♦ ✺✷✵✵ ± ✶✺✵✵ ❇P✳ ❇② ❛❞❞✐♥❣

❛ s✐♥❣❧❡ ❧❛♥❣✉❛❣❡✱ ●r❡❡❦✱ t♦ t❤❡✐r ❧✐st ♦❢ ❈❡❧t✐❝ ❛♥❞ ❘♦♠❛♥❝❡ ❧❛♥❣✉❛❣❡s✱ t❤❡②

❡st✐♠❛t❡ t❤❡ ❛❣❡ ♦❢ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ ❛t ✶✵✶✵✵ ± ✶✾✵✵ ❇P✳ ❆♥ ✉♥❞❡r❧②✐♥❣

❛ss✉♠♣t✐♦♥ ♦❢ t❤❡✐r ❡st✐♠❛t❡ ✐s t❤❛t ●r❡❡❦ ✐s ❛♥ ♦✉t❣r♦✉♣ ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥

❢❛♠✐❧②✱ ✇❤✐❝❤ ✐s ❢❛r ❢r♦♠ ❝❡rt❛✐♥✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ✇♦r❦s✱ ♥♦r ♦✉rs✱ ❛tt❡♠♣ts t♦ ❞✐s❝♦✈❡r

♥❡✇ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✳ ❘❛t❤❡r✱ ❣✐✈❡♥ ❛ s❡t ♦❢ ❧❛♥❣✉❛❣❡s ❛❧r❡❛❞② ❦♥♦✇♥ t♦ ❜❡

r❡❧❛t❡❞✱ ✇❡ ❡st✐♠❛t❡ ✐ts ✐♥t❡r♥❛❧ str✉❝t✉r❡ ❛♥❞ ❞❛t❡s✳

✶✳✸ P❤②❧♦❣❡♥❡t✐❝s ❢♦r ❝✉❧t✉r❛❧ ❤✐st♦r② ❛♥❞ ❛♥t❤r♦♣♦❧♦❣②

❆ ♥✉♠❜❡r ♦❢ ❝✉❧t✉r❛❧ ❛s♣❡❝ts ❞✐✈❡rs✐❢② ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ ❧❛♥❣✉❛❣❡s ❬▼❛❝❡ ❛♥❞

❍♦❧❞❡♥✱ ✷✵✵✺✱ ❖✬❇r✐❡♥ ❛♥❞ ▲②♠❛♥✱ ✷✵✵✷✱ ▼❡s♦✉❞✐ ❡t ❛❧✳✱ ✷✵✵✹❪❀ ❛s s✉❝❤✱ t❤❡r❡

❤❛✈❡ ❜❡❡♥ ♠❛♥② r❡❝❡♥t ❛tt❡♠♣ts t♦ ❛♣♣❧② ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞s t♦ ❝✉❧t✉r❛❧

❞❛t❛ s❡ts✱ ❛s s✉❣❣❡st❡❞ ❜② P❛❣❡❧ ❬✶✾✾✷❪✳ ■♥ ❣❡♥❡r❛❧✱ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡❞ ❢♦r

❜✐♦❧♦❣✐❝❛❧ ❞❛t❛ ❤❛s ❜❡❡♥ ✉s❡❞ ✇✐t❤♦✉t q✉❡st✐♦♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ❜②

t❤❡ ♠♦❞❡❧s✳ ■t ✐s ♦❢t❡♥ ❢❛✐r t♦ s❛② t❤❛t ❝✉❧t✉r❛❧ tr❛✐ts ❛r❡ ❝❧♦s❡r t♦ ❧✐♥❣✉✐st✐❝ t❤❛♥

✶✾



❜✐♦❧♦❣✐❝❛❧ tr❛✐ts✱ s♦ s✉❝❤ r❡s❡❛r❝❤ ✇♦✉❧❞ ❣r❡❛t❧② ❜❡♥❡✜t ❢r♦♠ ♠♦r❡ ❞❡✈❡❧♦♣❡❞

❛♥❞ ❜❡tt❡r ♣✉❜❧✐❝✐③❡❞ s♦❢t✇❛r❡ ❢♦r ❧✐♥❣✉✐st✐❝ ❞✐✈❡rs✐✜❝❛t✐♦♥✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡

❞❛t❛ s❡ts ♦♥ P❛❧❡♦✐♥❞✐❛♥ ♣♦✐♥ts ❬❖✬❇r✐❡♥ ❡t ❛❧✳✱ ✷✵✵✶❪✱ ❊✉r♦♣❡❛♥ ♥❡♦❧✐t❤✐❝

♣♦tt❡r② ❬❈♦❧❧❛r❞ ❛♥❞ ❙❤❡♥♥❛♥✱ ✷✵✵✵❪✱ ◆❛t✐✈❡ ❆♠❡r✐❝❛♥ ❜❛s❦❡ts ❬❏♦r❞❛♥ ❛♥❞

❙❤❡♥♥❛♥✱ ✷✵✵✸❪ ❛♥❞ ❊❛st ❆❢r✐❝❛♥ ❦✐♥s❤✐♣ ❛♥❞ ♠❛rr✐❛❣❡ tr❛❞✐t✐♦♥s ❬▼✉❧❞❡r

❡t ❛❧✳✱ ✷✵✵✶❪✳ ❙❦❡❧t♦♥ ❬✷✵✵✽❪ ❡①❛♠✐♥❡s ❞✐✛❡r❡♥❝❡s ✐♥ ✇❛②s ♦❢ ✇r✐t✐♥❣ ▲✐♥❡❛r

❇ ♦♥ ♣♦tt❡r② t♦ r❡❝♦♥str✉❝t t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✳

❈✉❧t✉r❛❧ ❡✈♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❤❛r❞❡r t♦ ❛♥❛❧②s❡✿ ✇❤✐❧❡ ✐t ✐s ❝❧❡❛r ❤♦✇ t♦ s♣❧✐t

❧✐♥❣✉✐st✐❝ ❞❛t❛ ✐♥t♦ ❛ ❧✐st ♦❢ tr❛✐ts✱ ❞❡✜♥✐♥❣ s✉❝❤ ❛ ❧✐st ♦❢ tr❛✐ts ✐♥ ❛ s②st❡♠❛t✐❝

❛♥❞ ✉♥❜✐❛s❡❞ ✇❛② ❢♦r ❝✉❧t✉r❛❧ ❞❛t❛ ✐s ♥♦t ❛s ❡❛s②✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s t❤❛t ♦❢

t❛①♦♥ ❝♦♥str✉❝t✐♦♥✿ ✐s ✐t ❡❛s✐❡r t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t✇♦ ❛♥✐♠❛❧s ❛r❡ ♠❡♠❜❡rs ♦❢

t❤❡ s❛♠❡ s♣❡❝✐❡s t❤❛♥ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t✇♦ ♣❡♦♣❧❡ s♣❡❛❦ t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡

s❛♠❡ ❧❛♥❣✉❛❣❡ ♦r t✇♦ ❞✐st✐♥❝t ❜✉t ❝❧♦s❡❧② r❡❧❛t❡❞ ❧❛♥❣✉❛❣❡s❀ ✐t ✐s ❡✈❡♥ ❤❛r❞❡r

t♦ ❞❡✜♥❡ ✇❤❛t ❝♦♥st✐t✉t❡s ❛ s✐♥❣❧❡ ❧❡❛❢ ✐♥ ❛ tr❡❡ ♦❢ ❝✉❧t✉r❛❧ ❡✈♦❧✉t✐♦♥ ❬❖✬❇r✐❡♥

❡t ❛❧✳✱ ✷✵✵✷❪✳

●r❛② ❡t ❛❧✳ ❬✷✵✵✼❪ s✉❣❣❡st ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ t♦ ❤❡❧♣ ❝❤♦♦s❡ ❝✉❧t✉r❛❧

❞❛t❛s❡ts ✇❤✐❝❤ ❛ tr❡❡ ♠♦❞❡❧ ✇♦✉❧❞ s✉✐t ❜❡st✳ ❚❤❡② ♣r♦♣♦s❡ t♦ ❧♦♦❦ ❢♦r ❝✉❧t✉r❛❧

tr❛✐ts ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ✈❡rt✐❝❛❧ tr❛♥s♠✐ss✐♦♥ ❛♥❞ t❤❡ r❛t❡

♦❢ ❤♦r✐③♦♥t❛❧ tr❛♥s♠✐ss✐♦♥✱ ❛♥❞ ✇❤✐❝❤ ♠❛①✐♠✐③❡ ✏t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ ❞✐✛❡r❡♥t

❛s♣❡❝ts ♦❢ ❝✉❧t✉r❡ ❛r❡ ❝♦✉♣❧❡❞ t♦❣❡t❤❡r✑✱ ❜✉t t❤❡ ♠❡t❤♦❞s t♦ ♠❡❛s✉r❡ t❤❡s❡

❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ s♦♠❡✇❤❛t ✉♥❝❧❡❛r✳

❚❤❡r❡ ❤❛s ❛❧s♦ ❜❡❡♥ ✐♥t❡r❡st ✐♥ ❝♦♠♣❛r✐♥❣ ❡✈♦❧✉t✐♦♥❛r② tr❡❡s ♦❜t❛✐♥❡❞ ❢r♦♠

❣❡♥❡t✐❝ ❞❛t❛ ✇✐t❤ t❤♦s❡ t❤❛t ❝♦♠❡ ♦✉t ♦❢ ❧✐♥❣✉✐st✐❝ ♦r ❝✉❧t✉r❛❧ ❞❛t❛ s❡ts ❬❏♦♥❡s✱

✷✵✵✸❪✳ ❚❤✐s ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ✇❛s ✐♥✐t✐❛t❡❞ ❜② ❈❛✈❛❧❧✐✲❙❢♦r③❛ ❡t ❛❧✳ ❬✶✾✽✽❪✱ ✇❤♦

✐♥❝♦r♣♦r❛t❡❞ ❣❡♥❡t✐❝ ❞❛t❛ ❢r♦♠ ❛❧❧ ♣♦♣✉❧❛t✐♦♥s ✐♥ t❤❡ ✇♦r❧❞ ❛♥❞ ❧✐♥❣✉✐st✐❝
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❞❛t❛ ❢r♦♠ ❛❧❧ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✱ ❛♥❞ ❝❧❛✐♠❡❞ t♦ ✜♥❞ ✏❝♦♥s✐❞❡r❛❜❧❡ ♣❛r❛❧❧❡❧✐s♠

❜❡t✇❡❡♥ ❣❡♥❡t✐❝ ❛♥❞ ❧✐♥❣✉✐st✐❝ ❡✈♦❧✉t✐♦♥✑✳ ❍♦✇❡✈❡r✱ t❤❡ ❧✐♥❣✉✐st✐❝ ❣r♦✉♣✐♥❣s

t❤❡② ✉s❡❞✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ s✉♣❡r❢❛♠✐❧✐❡s ♦❢ ●r❡❡♥❜❡r❣ ❬✶✾✽✼❪✱ ❛r❡ ❤✐❣❤❧②

❝♦♥tr♦✈❡rs✐❛❧✳

❍♦❧❞❡♥ ❛♥❞ ▼❛❝❡ ❬✷✵✵✸❪ ❛ss✉♠❡ t❤❛t ❧❛♥❣✉❛❣❡ tr❡❡s ❛r❡ ❛ ❣♦♦❞ ♠♦❞❡❧ ♦❢

❝✉❧t✉r❛❧ ❡✈♦❧✉t✐♦♥ ❛s ✇❡❧❧✿ ✐♥ ♦r❞❡r t♦ t❡st ✇❤❡t❤❡r s♣r❡❛❞ ♦❢ ❝❛tt❧❡ ✐s ❝♦rr❡❧❛t❡❞

✇✐t❤ ♠❛tr✐❧✐♥②✶ ✐♥ ❇❛♥t✉ ♣♦♣✉❧❛t✐♦♥s✱ t❤❡② ♣❧♦t tr❛✐ts ❝♦❞✐♥❣ ❢♦r ♠❛tr✐❧✐♥②

♦r ♣❛tr✐❧✐♥②✱ ❛♥❞ ❢♦r ♣♦ss❡ss✐♦♥ ♦❢ ❝❛tt❧❡✱ ♦♥ ❛ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡ ♦❢ ❧❛♥❣✉❛❣❡

❞✐✈❡rs✐✜❝❛t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝✉❧t✉r❛❧ tr❛✐ts ❤❛❞ ❡✈♦❧✈❡❞ ❛❧♦♥❣ t❤❡ s❛♠❡

tr❡❡✱ t❤❡② s❤♦✇ t❤❛t ♠❛tr✐❧✐♥❡❛❧ s♦❝✐❡t✐❡s ❜❡❝❛♠❡ ♣❛tr✐❧✐♥❡❛❧ ❛❢t❡r t❤❡② ❛❝q✉✐r❡❞

❞♦♠❡st✐❝ ❝❛tt❧❡✳ ❙✐♠✐❧❛r❧②✱ ❋♦rt✉♥❛t♦ ❡t ❛❧✳ ❬✷✵✵✻❪ ✉s❡ ❛ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡ ♦❢ ✺✶

■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s ✭❛ s✉❜s❡t ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ s❡t ✇❤✐❝❤ ✇❡

❛♥❛❧②s❡ ✐♥ ❧❛t❡r ❝❤❛♣t❡rs✮ t♦ ❡st✐♠❛t❡ t❤❛t ❞♦✇r② ✇❛s ❧✐❦❡❧② t♦ ❛❧r❡❛❞② ❡①✐st ✐♥

t❤❡ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ s♦❝✐❡t②✳

❙♣❡♥❝❡r ❡t ❛❧✳ ❬✷✵✵✹❪ ♣❡r❢♦r♠ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ✇❤❡r❡ t❤❡ tr✉❡ tr❡❡ ✐s

❦♥♦✇♥✿ t❤❡② s✐♠✉❧❛t❡ ❝♦♣②✐♥❣ ♦❢ ♠❛♥✉s❝r✐♣ts ❜② ❛s❦✐♥❣ ✷✵ ♠♦❞❡r♥ ✏s❝r✐❜❡s✑

t♦ ❝♦♣② ❛ ♣♦❡♠✱ ❡❛❝❤ ❢r♦♠ ❛ ♣r❡✈✐♦✉s ❝♦♣②✳ ❚❤❡② ✉s❡ ◆❡✐❣❤❜♦✉r ❥♦✐♥✐♥❣

❛♥❞ ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② t♦ r❡❝♦♥str✉❝t t❤❡ ❡✈♦❧✉t✐♦♥❛r② tr❡❡✳ ❇♦t❤ ♠❡t❤♦❞s

②✐❡❧❞ r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡ tr✉❡ tr❡❡✳ ❚❤❡s❡ ♣♦s✐t✐✈❡ r❡s✉❧ts ✇❡r❡

s❡❡♥ ❛s ❛ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ✇♦r❦ ❜② ❇❛r❜r♦♦❦ ❡t ❛❧✳ ❬✶✾✾✽❪✱ ✇❤♦ ❛♣♣❧② ❛♥

✉♥❞✐s❝❧♦s❡❞ ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞ ✭♣r❡s✉♠❛❜❧② ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥②✮ t♦ ✈❛r✐♦✉s

♠❛♥✉s❝r✐♣ts ♦❢ ✏❚❤❡ ❲✐❢❡ ♦❢ ❇❛t❤✬s Pr♦❧♦❣✉❡✑ ❢r♦♠ ❚❤❡ ❈❛♥t❡r❜✉r② ❚❛❧❡s✱ ❛♥❞

s❤♦✇ t❤❛t s♦♠❡ ♠❛♥✉s❝r✐♣ts ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✐❣♥♦r❡❞ ❜② s❝❤♦❧❛rs ❛r❡ ❛❝t✉❛❧❧②

✶■♥ ❛ ♠❛tr✐❧✐♥❡❛❧ s♦❝✐❡t②✱ ❣r♦✉♣ ♠❡♠❜❡rs❤✐♣ ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ♠♦t❤❡r
r❛t❤❡r t❤❛♥ ❢r♦♠ t❤❡✐r ❢❛t❤❡r✳
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t❤❡ ❝❧♦s❡st t♦ ❈❤❛✉❝❡r✬s ♦r✐❣✐♥❛❧✳ ❙♣❡♥❝❡r ❡t ❛❧✳ ❬✷✵✵✸❪ ❛❧s♦ ❜✉✐❧❞ ❛ ♠❛①✐♠✉♠

♣❛rs✐♠♦♥② tr❡❡ ✉s✐♥❣ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ❈❛♥t❡r❜✉r② ❚❛❧❡s ❛r❡ ✇r✐tt❡♥ ✐♥

❛ s✉❜s❡t ♦❢ t❤❡ ♠❛♥✉s❝r✐♣ts✳

❲❤✐❧❡ t❤❡r❡ ✐s ❛ ❧♦t ♦❢ ✐♥t❡r❡st ❢♦r ❛♣♣❧②✐♥❣ ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞s t♦

❧✐♥❣✉✐st✐❝ ❛♥❞ ❝✉❧t✉r❛❧ ❞❛t❛✱ t❤❡r❡ ❛r❡ s✉r♣r✐s✐♥❣❧② ❢❡✇ ♠♦❞❡❧s s♣❡❝✐✜❝❛❧❧②

t❛✐❧♦r❡❞ t♦ t❤❡s❡✱ ♠❡❛♥✐♥❣ t❤❛t ♠♦st ♦❢ t❤❡ r❡s❡❛r❝❤ ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ♠♦❞❡❧s

❜♦rr♦✇❡❞ ❢r♦♠ ❜✐♦❧♦❣②✳ ❚❤❡s❡ ❝❡rt❛✐♥❧② ❣✐✈❡ ❛ r♦✉❣❤ ✐❞❡❛✱ ❜✉t ❡st✐♠❛t❡s ✉s✐♥❣

♠♦❞❡❧s ✇❤✐❝❤ ✐♥❝❧✉❞❡ s♣❡❝✐✜❝✐t✐❡s ♦❢ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡ ✇♦✉❧❞ ❜❡ ♠♦r❡ r❡❧✐❛❜❧❡

❛♥❞ ❧❡ss ♣r♦♥❡ t♦ r❡s✐st❛♥❝❡ ❜② ❧✐♥❣✉✐sts✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ ❛ tr❡❡ ♠♦❞❡❧ ❢♦r ❧❡①✐❝❛❧ ❞❛t❛✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❛

st♦❝❤❛st✐❝ ❉♦❧❧♦ ♠♦❞❡❧✱ ❛❢t❡r ❉♦❧❧♦ ❬✶✽✾✸❪✱ ✇❤♦ ✜rst ♣r♦♣♦s❡❞ ❛ ♠♦❞❡❧ ✇❤❡r❡

t❤❡ ❧♦ss ♦❢ ❛ tr❛✐t ✐s ✐rr❡✈❡rs✐❜❧❡✿ ♦♥❝❡ ❛ s♣❡❝✐❡s ❤❛s ❧♦st ❛ tr❛✐t✱ ✐t ❝❛♥♥♦t

r❡❡✈♦❧✈❡ t❤❛t s❛♠❡ tr❛✐t✳ ❚❤✐s ♣r✐♥❝✐♣❧❡✱ ❧❛t❡r ❝❛❧❧❡❞ ✏❉♦❧❧♦✬s ❧❛✇✑✱ ✐s t❤♦✉❣❤t

t♦ ❜❡ ❛❧♠♦st ✉♥✐✈❡rs❛❧ ❢♦r ❝♦♠♣❧❡① ♠♦r♣❤♦❧♦❣✐❝❛❧ tr❛✐ts ✐♥ ❜✐♦❧♦❣②✱ ❛❧t❤♦✉❣❤

❡①❝❡♣t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ ❬P❛❣❡❧✱ ✷✵✵✹❪✳ ■♥ t❤❡ ♠♦❞❡❧ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❈❤❛♣t❡r

✷✱ ❛ tr❛✐t ❝❛♥ ♦♥❧② ❜❡ ❜♦r♥ ♦♥❝❡ ♦♥ ❛ tr❡❡✿ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ❛ tr❛✐t ✐s ❞✐s♣❧❛②❡❞

❛t t✇♦ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡✱ t❤❡s❡ t✇♦ ✐♥st❛♥❝❡s ♦❢ t❤❡ tr❛✐t ♠✉st ❜❡ ❤♦♠♦❧♦❣♦✉s❀

t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❤♦✇ ✇❡ ❡①♣❡❝t ❧❡①✐❝❛❧ ❝❤❛♥❣❡ t♦ ♦❝❝✉r✳ ❚❤✐s ♠♦❞❡❧ ✐s

s✐♠✐❧❛r t♦ ♠♦❞❡❧s ❞❡✈❡❧♦♣❡❞ ❢♦r ❜✐♦❧♦❣✐❝❛❧ tr❛✐t ❞❛t❛ ❜② ❍✉s♦♥ ❛♥❞ ❙t❡❡❧ ❬✷✵✵✹❪

❛♥❞ ❆❧❡❦s❡②❡♥❦♦ ❡t ❛❧✳ ❬✷✵✵✽❪✱ ❛♥❞ ✇✐t❤ ♠✐♥♦r ❛❞❥✉st♠❡♥ts✱ ♦✉r ♠♦❞❡❧ ❝♦✉❧❞

♣r♦❜❛❜❧② ❜❡ ❛♣♣❧✐❡❞ t♦ ❝❡rt❛✐♥ ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛ s❡ts✳

❘❡❝❡♥t ✐♠♣r♦✈❡♠❡♥ts ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r ❤❛✈❡ ❛❧❧♦✇❡❞ ❇❛②❡s✐❛♥

✐♥❢❡r❡♥❝❡ t♦ ❜❡❝♦♠❡ ♣r❡❡♠✐♥❡♥t ✐♥ ♣❤②❧♦❣❡♥❡t✐❝s✱ ❢♦❧❧♦✇✐♥❣ ❨❛♥❣ ❛♥❞ ❘❛♥♥❛❧❛

❬✶✾✾✼❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♠❛♥② t❡❝❤♥✐q✉❡s ❢♦r ❡st✐♠❛t✐♦♥ ✈✐❛ ▼❛r❦♦✈ ❈❤❛✐♥

▼♦♥t❡ ❈❛r❧♦ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❬▲❛r❣❡t ❛♥❞ ❙✐♠♦♥✱ ✶✾✾✾❪✳ ■♥ ♦✉r ❝♦♥t❡①t✱
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❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ♣r❡s❡♥ts t✇♦ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s✳ ❋✐rst✱ ✐t ❛❧❧♦✇s ✉s t♦ ❡st✐♠❛t❡

✉♥❝❡rt❛✐♥t✐❡s ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳ ❙❡❝♦♥❞✱ ✐t ❛❧❧♦✇s ✉s t♦ ❡①♣❧✐❝✐t ♦✉r ♣r✐♦r ❜❡❧✐❡❢s

♦♥ ❦❡② ♣❛r❛♠❡t❡rs✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♠♦st❧② ✐♥t❡r❡st❡❞ ✐♥ ❞❛t✐♥❣ t❤❡ r♦♦t ♦❢ t❤❡

■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✱ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❈❤❛♣t❡r ✷ ❤♦✇ t♦ ✐♠♣♦s❡ ❛ ✉♥✐❢♦r♠ ♣r✐♦r

♦♥ t❤✐s st❛t✐st✐❝✳

■ss✉❡s ♦❢ ❞❛t✐♥❣ ♦♥ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡s ❤❛✈❡ ❜❡❡♥ r❡s❡❛r❝❤❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r

♠♦❧❡❝✉❧❛r ♣❤②❧♦❣❡♥❡t✐❝s✳ ❚❤♦r♥❡ ❡t ❛❧✳ ❬✶✾✾✽❪ st✉❞② ❛ ♠♦❞❡❧ ♦❢ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ r❛t❡ ♦❢ ♠♦❧❡❝✉❧❛r ❡✈♦❧✉t✐♦♥ ❛♥❞ ♣r♦♣♦s❡ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ ❞❛t❡s ♦♥ ❛

♣❤②❧♦❣❡♥❡t✐❝ tr❡❡ ✇❤❡♥ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❛ ❝♦♥st❛♥t ♠♦❧❡❝✉❧❛r ❝❧♦❝❦ ❞♦❡s ♥♦t

❤♦❧❞❀ ❚❤♦r♥❡ ❛♥❞ ❑✐s❤✐♥♦ ❬✷✵✵✷❪ st✉❞② t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ r❛t❡s✳ ❨❛♥❣ ❛♥❞ ❘❛♥♥❛❧❛ ❬✷✵✵✻❪ ❡①❛♠✐♥❡ ✐ss✉❡s ✇✐t❤ ❝❛❧✐❜r❛t✐♦♥

❞❛t❛✱ ❡s♣❡❝✐❛❧❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✧s♦❢t ❜♦✉♥❞s✧✱ ✇❤✐❝❤ ❛❧❧♦✇ ✭❜✉t ❞✐s❝♦✉r❛❣❡✮

❦♥♦✇♥ ❛♥❝❡str❛❧ ♥♦❞❡s t♦ ❧✐❡ ♦✉ts✐❞❡ ♦❢ ❛ ❝♦♥str❛✐♥t✳ ❘❛♥♥❛❧❛ ❛♥❞ ❨❛♥❣ ❬✷✵✵✼❪

❛♥❞ ■♥♦✉❡ ❡t ❛❧✳ ❬✷✵✶✵❪ ❞✐s❝✉ss t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣r✐♦r ❛♥❞ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛

♦♥ t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ ♣♦st❡r✐♦r ❡st✐♠❛t❡s✳ ▼✉❝❤ ♦❢ t❤✐s r❡s❡❛r❝❤ ✐s r❡❧❡✈❛♥t t♦

♣❤②❧♦❣❡♥❡t✐❝ ❞❛t✐♥❣ q✉❡st✐♦♥s ✐♥ ▲✐♥❣✉✐st✐❝s✳

❙♦♠❡ ❧✐♥❣✉✐sts ❤❛✈❡ ❛❧r❡❛❞② ❡♠❜r❛❝❡❞ t❤❡ ✐❞❡❛ ♦❢ ❛♣♣❧②✐♥❣ ♣❤②❧♦❣❡♥❡t✐❝

♠❡t❤♦❞s t♦ ❧✐♥❣✉✐st✐❝ ❞❛t❛ ❬❋✐t❝❤✱ ✷✵✵✼❪✱ ❜✉t ♦t❤❡rs ❛r❡ ✜❡r❝❡❧② ♦♣♣♦s❡❞ t♦

t❤❡ ❝♦♥❝❡♣t ❬❍♦❧♠✱ ✷✵✵✼✱ ▼❛rr✐s✱ ✷✵✵✽❪✳ ❚❤❡ ❞♦✉❜ts t❤❛t ❤❛✈❡ ❜❡❡♥ ❡①♣r❡ss❡❞

❤❛✈❡ ♥♦t ❜❡❡♥ ❛❧❧❡✈✐❛t❡❞ ❜② ❛rt✐❝❧❡s ✇❤✐❝❤ ✐❣♥♦r❡ ❧✐♥❣✉✐st✐❝ ❢❛❝t✿ ❢♦r ❡①❛♠♣❧❡✱

❬❊✈❛♥s ❡t ❛❧✳✱ ✷✵✵✹❪ ❝r✐t✐❝✐③❡ ❋♦rst❡r ❛♥❞ ❚♦t❤ ❬✷✵✵✸❪ q✉✐t❡ st❡r♥❧②✱ ❜✉t ❛❧s♦

✐♥❞✐❝❛t❡ t❤❛t t❤✐s ✢❛✇❡❞ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❧❡❞ t❤❡♠ t♦ ❜❡ ✇❛r② ♦❢ ♠❛♥② ♦t❤❡r

♣❤②❧♦❣❡♥❡t✐❝ ❛♥❛❧②s❡s ♦❢ ❧✐♥❣✉✐st✐❝ ❞❛t❛✱ ✐♥❝❧✉❞✐♥❣ ❛♥❛❧②s❡s ✇❤✐❝❤ ❞♦ ♥♦t ❤❛✈❡

s✉❝❤ ♦❜✈✐♦✉s ✢❛✇s✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❣❧♦tt♦❝❤r♦♥♦❧♦❣② ✜❛s❝♦✱ ❞❛t✐♥❣ ♠❡t❤♦❞s

❛r❡ ♠❡t ✇✐t❤ ❡✈❡♥ ♠♦r❡ s❦❡♣t✐❝✐s♠ ❬▼❝▼❛❤♦♥ ❛♥❞ ▼❝▼❛❤♦♥✱ ✷✵✵✻❪✳ ❆s s✉❝❤✱
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♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ♠✉st ❜❡ ❣✐✈❡♥ t♦ t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s ✭✇❤❛t

●❡❧♠❛♥ ❛♥❞ ❍✐❧❧ ❬✷✵✵✼❪ ❝❛❧❧ ✏❝♦♥✜❞❡♥❝❡✲❜✉✐❧❞✐♥❣✑✮✳ ▲❛r❣❡ ♣❛rts ♦❢ t❤✐s t❤❡s✐s

❢♦❝✉s ♦♥ s✉❝❤ ❝♦♥✜❞❡♥❝❡✲❜✉✐❧❞✐♥❣✳

■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ♣r❡s❡♥t ❛ ♠♦❞❡❧ t❛✐❧♦r❡❞ t♦ ❧❡①✐❝❛❧ ❝❤❛♥❣❡✳ ❲❡ ❣✐✈❡ ❞❡t❛✐❧s

♦♥ ❤♦✇ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ✜t ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ ❈❤❛♣t❡r ✸✳ ❲❡ ♣r♦✈✐❞❡ ❛ ♥✉♠❜❡r

♦❢ ✈❛❧✐❞❛t✐♦♥ ❝❤❡❝❦s ✐♥ ❈❤❛♣t❡r ✹ ❛♥❞ ❛♥❛❧②s❡ t✇♦ ❞❛t❛ s❡ts ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥

❧❛♥❣✉❛❣❡s ✐♥ ❈❤❛♣t❡r ✺✳ ■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ❞✐s❝✉ss ♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s

♦❢ ♦✉r ♠❡t❤♦❞s✳
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❈❤❛♣t❡r ✷

❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❛♥❞ ♦❢ t❤❡

♠♦❞❡❧

✷✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛

❖✉r ✐♥✐t✐❛❧ ❢♦❝✉s ✐s ♦♥ t✇♦ ❞❛t❛ s❡ts ♦❢ ✈♦❝❛❜✉❧❛r② ❢♦r ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✱

♦♥❡ ❝♦❧❧❡❝t❡❞ ❜② ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❛♥❞ t❤❡ ♦t❤❡r ❜② ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪✳ ❘✐♥❣❡

❡t ❛❧✳ ❬✷✵✵✷❪ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❢r♦♠ ✸✷✽ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ❢♦r ✷✹ ♠♦st❧② ❛♥❝✐❡♥t

❧❛♥❣✉❛❣❡s ❛♥❞ ❝♦❞❡❞ t❤❡ ❞❛t❛ ✐♥ ✸✶✼✹ ❤♦♠♦❧♦❣② ❝❧❛ss❡s✳ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪

❝♦❧❧❡❝t❡❞ ❞❛t❛ ❢♦r ✽✹ ♠♦❞❡r♥ ❧❛♥❣✉❛❣❡s ✐♥ ✷✵✼ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s❀ ●r❛② ❛♥❞

❆t❦✐♥s♦♥ ❬✷✵✵✸❪ ❛❞❞❡❞ ✸ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s ✭❍✐tt✐t❡✱ ❚♦❝❤❛r✐❛♥ ❆ ❛♥❞ ❚♦❝❤❛r✐❛♥

❇✮ t♦ t❤❡ ❧✐st✱ ❜r✐♥❣✐♥❣ ✐t ✉♣ t♦ ✽✼ ❧❛♥❣✉❛❣❡s ❛♥❞ ✷✹✹✾ ❤♦♠♦❧♦❣② ❝❧❛ss❡s✳ ❚❤❡r❡

✐s ❧✐tt❧❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ❧✐sts ♦❢ ❧❛♥❣✉❛❣❡s ✐♥ t❤❡ t✇♦ ❞❛t❛ s❡ts✳

❇♦t❤ ❞❛t❛s❡ts ❝♦✈❡r t❤❡ ✏❝♦r❡✑ ✈♦❝❛❜✉❧❛r②✿ ♠❡❛♥✐♥❣s s✉❝❤ ❛s ❛❧❧✱ ❛♥✐♠❛❧✱

❛s❤❡s✳✳✳ ✭❆ ❝♦♠♣❧❡t❡ ❧✐st ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✮ ❚❤❡s❡ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s

❛r❡ ❞❡✜♥❡❞ ✐♥ ❛❞✈❛♥❝❡ ❛♥❞ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❡①✐st ✐♥ ❛❧❧ ❧❛♥❣✉❛❣❡s✳ ❊①♣❡rt
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❧✐♥❣✉✐sts ❡st❛❜❧✐s❤❡❞ ✇❤✐❝❤ ✇♦r❞s s❤❛r❡ ❛ ❝♦♠♠♦♥ ❛♥❝❡st♦r✳ ❚✇♦ ✇♦r❞s ✐♥ t❤❡

s❛♠❡ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡ ❞❡s❝❡♥❞❡❞ ❢r♦♠ ❛ ❝♦♠♠♦♥

❛♥❝❡st♦r t❤r♦✉❣❤ s②st❡♠❛t✐❝ ♣❤♦♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ❛r❡ ❝❛❧❧❡❞ ❝♦❣♥❛t❡s✳ ❚❤✐s

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥s❤✐♣ ❝❧❛ss✐✜❡s ✇♦r❞s ✐♥t♦ ❝♦❣♥❛❝② ❝❧❛ss❡s✳ ❋♦r ❡①❛♠♣❧❡✱

❢♦r t❤❡ ♠❡❛♥✐♥❣ ✏❤❡❛❞✑✱ t❤❡ ■t❛❧✐❛♥ t❡st❛ ❛♥❞ t❤❡ ❋r❡♥❝❤ têt❡ ❜❡❧♦♥❣ t♦ t❤❡

s❛♠❡ ❝♦❣♥❛❝② ❝❧❛ss✱ ✇❤✐❧❡ t❤❡ ❊♥❣❧✐s❤ ❤❡❛❞ ❛♥❞ t❤❡ ❙✇❡❞✐s❤ ❤✉✈✉❞ ❜❡❧♦♥❣

t♦ ❛♥♦t❤❡r ❝♦❣♥❛❝② ❝❧❛ss✳ ❆♥ ❡❧❡♠❡♥t ♦❢ ❛ ❝♦❣♥❛❝② ❝❧❛ss ✐s t❤✉s ❛ ✇♦r❞ ✐♥ ❛

♣❛rt✐❝✉❧❛r ❧❛♥❣✉❛❣❡✳ ❚❤❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❛ s✐♥❣❧❡ ❧❛♥❣✉❛❣❡ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛

s❡t ♦❢ ❞✐st✐♥❝t ❝♦❣♥❛t❡s✳ ■♥ s♦♠❡ ❝❛s❡s✱ ❝♦❣♥❛❝② ❝❧❛ss❡s ❝❛♥ ❜❡ ✈❡r② ❤❛r❞ t♦

❞❡t❡❝t✱ ❞✉❡ t♦ t❤❡ ❛♠♦✉♥t ♦❢ ♣❤♦♥❡t✐❝ ❝❤❛♥❣❡s✶✳

■❢ t❤❡r❡ ❛r❡ N ❞✐st✐♥❝t ❝♦❣♥❛❝② ❝❧❛ss❡s ✐♥ ❞❛t❛ ❢♦r L ❧❛♥❣✉❛❣❡s✱ t❤❡♥ t❤❡

a✬t❤ ❝❧❛ss Ma ⊆ {1, 2, ..., L} ✐s ❛ ❧✐st ♦❢ t❤❡ ✐♥❞✐❝❡s ♦❢ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ♣♦ss❡ss ❛

❝♦❣♥❛t❡ ✐♥ t❤❛t ❝❧❛ss✳ ❚❤❡ ❞❛t❛ ❛r❡ ♦❢t❡♥ ❝♦❞❡❞ ❛s ❛ ❜✐♥❛r② ♠❛tr✐① D✳ ❆ r♦✇

❝♦rr❡s♣♦♥❞s t♦ ❛ ❧❛♥❣✉❛❣❡ ❛♥❞ ❛ ❝♦❧✉♠♥ t♦ ❛ ❝♦❣♥❛❝② ❝❧❛ss✱ s♦ t❤❛t Di,a = 1

✐❢ t❤❡ a✬t❤ ❝♦❣♥❛❝② ❝❧❛ss ❤❛s ❛♥ ✐♥st❛♥❝❡ ✐♥ t❤❡ i✬t❤ ❧❛♥❣✉❛❣❡✱ ❛♥❞ Di,a = 0

♦t❤❡r✇✐s❡✳ ❙❡❡ ❚❛❜❧❡ ✷✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡✳ ❚❤✐s ❝♦❞✐♥❣ ❛❧❧♦✇s ❛ ❧❛♥❣✉❛❣❡ t♦

❤❛✈❡ s❡✈❡r❛❧ ✇♦r❞s ❢♦r ♦♥❡ ♠❡❛♥✐♥❣ ✭s✉❝❤ ❛s ❖❧❞ ❍✐❣❤ ●❡r♠❛♥ st✐r❜✐t ❛♥❞

t♦✉✇✐t ❢♦r ✏❤❡ ❞✐❡s✑✱ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♣♦❧②♠♦r♣❤✐s♠✮✱ ♦r ♥♦ ✇♦r❞ ❛t ❛❧❧ ✭s❡❡

❙❡❝t✐♦♥ ✹✳✷✳✷ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ ✐ss✉❡s t❤✐s r❛✐s❡s✮✳ ▼✐ss✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥ts

♠♦st❧② ❛r✐s❡ ❜❡❝❛✉s❡ t❤❡ r❡❝♦♥str✉❝t❡❞ ✈♦❝❛❜✉❧❛r✐❡s ♦❢ s♦♠❡ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s

❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❋♦r s♦♠❡ ♠♦❞❡r♥ ❧❛♥❣✉❛❣❡s✱ s♠❛❧❧ ❛♠♦✉♥ts ♦❢ ❞❛t❛ ❛r❡ ❛❧s♦

♠✐ss✐♥❣❀ t❤✐s ♠❛② ❜❡ ❜❡❝❛✉s❡ t❤❡ ❧✐♥❣✉✐sts ❛r❡ ✉♥s✉r❡ ❛s t♦ ✇❤❡t❤❡r ❛ ✇♦r❞

❜❡❧♦♥❣s t♦ ❛ ❝♦❣♥❛t❡ ❝❧❛ss✳ ■❢ ✇❡ ❛r❡ ✉♥❛❜❧❡ t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ✏❞♦❡s

✶❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❊♥❣❧✐s❤ ✇❤❡❡❧ ❛♥❞ t❤❡ ●r❡❡❦ κύκλoς ✭✇❤❡♥❝❡ ❝②❝❧❡✮ ❛r❡ ❝♦❣♥❛t❡✿ ❜♦t❤
❝♦♠❡ ❢r♦♠ t❤❡ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ ✇♦r❞ r❡❝♦♥str✉❝t❡❞ ❛s ✯❦✇❡❦✇❧♦s✱ ❜✉t t❤✐s ✐s ❝❡rt❛✐♥❧②
♥♦t ♦❜✈✐♦✉s t♦ t❤❡ ✉♥tr❛✐♥❡❞ ♦❜s❡r✈❡r✳
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❖❧❞ ❊♥❣❧✐s❤ st✐❡r❢þ
❖❧❞ ❍✐❣❤ ●❡r♠❛♥ st✐r❜✐t✱ t♦✉✇✐t

❆✈❡st❛♥ ♠✐r✐✐❡t❡
❖❧❞ ❈❤✉r❝❤ ❙❧❛✈♦♥✐❝ ✉♠✟✙r❡t✟✉

▲❛t✐♥ ♠♦r✐t✉r
❖s❝❛♥ ❄

❖❧❞ ❊♥❣❧✐s❤ ✶ ✵ ✵
❖❧❞ ❍✐❣❤ ●❡r♠❛♥ ✶ ✶ ✵

❆✈❡st❛♥ ✵ ✵ ✶
❖❧❞ ❈❤✉r❝❤ ❙❧❛✈♦♥✐❝ ✵ ✵ ✶

▲❛t✐♥ ✵ ✵ ✶
❖s❝❛♥ ❄ ❄ ❄

(a) (b)

❚❛❜❧❡ ✷✳✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❞❛t❛ ❝♦❞✐♥❣✿ ✭❛✮✱ t❤❡ ✇♦r❞ ✏❤❡ ❞✐❡s✑ ✐♥ s✐①
❛♥❝✐❡♥t ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s❀ ✭❜✮✱ t❤❡ ❝♦❞✐♥❣ ♦❢ t❤✐s ❞❛t❛ ❛s ❛ ❜✐♥❛r②
♠❛tr✐① ✇✐t❤ ❄✬s ❢♦r ♠✐ss✐♥❣ ❞❛t❛✳ ❚❤❡ ✜rst ❝♦❣♥❛❝② ❝❧❛ss ✐s M✶ ∈ Ω✶ ✇✐t❤ Ω✶ =
{{❖❧❞ ❊♥❣❧✐s❤✱ ❖❧❞ ❍✐❣❤ ●❡r♠❛♥}, {❖❧❞ ❊♥❣❧✐s❤✱ ❖❧❞ ❍✐❣❤ ●❡r♠❛♥✱ ❖s❝❛♥}}

❧❛♥❣✉❛❣❡ i ♣♦ss❡ss ❛ ❝♦❣♥❛t❡ ✐♥ ❝♦❣♥❛❝② ❝❧❛ss a❄✑ t❤❡♥ ✇❡ s❡t Di,a =?✳

❲❡ ♥❡❡❞ ♥♦t❛t✐♦♥ ❢♦r ❜♦t❤ ♠❛tr✐① ❛♥❞ s❡t r❡♣r❡s❡♥t❛t✐♦♥s ✇✐t❤ ♠✐ss✐♥❣

❞❛t❛✳ ❉❡♥♦t❡ ❜② Ba ❝♦❧✉♠♥ a ♦❢ L × N ♠❛tr✐① B✳ ❋♦r a = 1, 2, ..., N ❧❡t Da

❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦❧✉♠♥ ✈❡❝t♦rs d∗ ❛❧❧♦✇❡❞ ❜② t❤❡ ❞❛t❛ Da ✐♥ ❝♦❧✉♠♥ a ♦❢ D✱

Da =
{

d∗ ∈ {0, 1}L : Di,a ∈ {0, 1} ⇒ d∗
a = Di,a, i = 1, 2, ..., L

}

.

❋♦r d∗ ∈ Da ❧❡t m(d∗) = {i : d∗
i = 1}✳ ❉❡♥♦t❡ ❜② Ωa t❤❡ s❡t ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❛t❛ Da✱ s♦ t❤❛t

Ωa = {ω ⊆ {1, 2, . . . , N} : ω = m(d∗), d∗ ∈ Da}.

❚❤❡ ❞❛t❛ D ❛r❡ t❤❡♥ ❡q✉✐✈❛❧❡♥t❧② Ω = (Ω1, Ω2, ..., ΩN)✳ ❚❤❡ Ωa✲♥♦t❛t✐♦♥

❣❡♥❡r❛❧✐③❡s t❤❡ Ma✲♥♦t❛t✐♦♥ t♦ ❤❛♥❞❧❡ ♠✐ss✐♥❣ ❞❛t❛✳

❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❧✐st ✷✹ ♠♦st❧② ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❋♦r ✶✶ ♦❢ t❤❡s❡

❧❛♥❣✉❛❣❡s ✭▲❛t✐♥✱ ▼♦❞❡r♥ ▲❛t✈✐❛♥✱ ❖❧❞ ◆♦rs❡✳✳✳✮✱ ❛❧❧ t❤❡ ❞❛t❛ ❛r❡ ❦♥♦✇♥✳ ❋♦r

✷✼



t❤❡ ♦t❤❡rs✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♠✐ss✐♥❣ ❡♥tr✐❡s ✈❛r✐❡s ❜❡t✇❡❡♥ ✶✪ ✭❢♦r ❖❧❞ ■r✐s❤✮

❛♥❞ ✾✶✪ ✭❢♦r ▲②❝✐❛♥✱ ❛♥ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡ ♦❢ ❆♥❛t♦❧✐❛✮✳ ❖❢ t❤❡ ✽✼ ❧❛♥❣✉❛❣❡s

❧✐st❡❞ ❜② ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪✱ ✷✼ ❤❛✈❡ ♥♦ ♠✐ss✐♥❣ ❞❛t❛✳ ▼♦st ♦t❤❡r ❧❛♥❣✉❛❣❡s

❤❛✈❡ ✈❡r② ❢❡✇ ♠✐ss✐♥❣ ❞❛t❛ ♣♦✐♥ts❀ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♠✐ss✐♥❣ ❡♥tr✐❡s ✈❛r✐❡s

❜❡t✇❡❡♥ ✵✳✷✪ ✭❢♦r ❙❧♦✈❡♥✐❛♥✮ ❛♥❞ ✷✺✪ ✭❢♦r ❚♦❝❤❛r✐❛♥ ❆✮✳

◆♦t❡ t❤❛t ❞❛t❛ ❛r❡ ✉s✉❛❧❧② ♠✐ss✐♥❣ ✐♥ s♠❛❧❧ ❜❧♦❝❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

❝♦❣♥❛❝② ❝❧❛ss❡s ❢♦r ❛ ❣✐✈❡♥ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②✱ ❛s ✐♥ ❚❛❜❧❡ ✷✳✶✳ ❲❡ ❞♦ ♥♦t ♠♦❞❡❧

t❤✐s ❛s♣❡❝t ♦❢ t❤❡ ♠✐ss✐♥❣ ❞❛t❛✳ ❚❤✐s ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠♦❞❡❧✲❡rr♦r ◆✐❝❤♦❧❧s ❛♥❞

●r❛② ❬✷✵✵✽❪ ❝❛❧❧ ❵t❤❡ ❡♠♣t②✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✬✱ ✉♥❞❡r ✇❤✐❝❤ ❝♦❣♥❛❝② ❝❧❛ss❡s

✐♥ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❛r❡ ❛ss✉♠❡❞ t♦ ❡✈♦❧✈❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❙❡❡ ❙❡❝t✐♦♥

✹✳✷✳✷ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦❢ ♣♦ss✐❜❧❡ s②st❡♠❛t✐❝ ❜✐❛s t❤✐s ❝♦✉❧❞ ❡♥t❛✐❧✳

❋✐❣✉r❡ ✷✳✶ ❣✐✈❡s ❛ ✈✐s✉❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❜② ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ r❡str✐❝t❡❞

t♦ ✶✵✵ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s✱ ✇❤✐❝❤ ❧✐sts ❞❛t❛ ❢♦r ✷✹ ❧❛♥❣✉❛❣❡s ❛❝r♦ss ✽✼✷ ❝♦❣♥❛❝②

❝❧❛ss❡s✳ ❚❤❡r❡ ❛r❡ ✽ ❜❧♦❝❦s ✭❧❛r❣❡ r♦✇s✮ ✐♥ ❋✐❣✉r❡ ✷✳✶✱ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✶✵✾

❝♦❣♥❛❝② ❝❧❛ss❡s✳ ■♥ ❡❛❝❤ ❜❧♦❝❦✱ ❛ r♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❧❛♥❣✉❛❣❡ ❛♥❞ ❛ ❝♦❧✉♠♥ t♦

❛ ❝♦❣♥❛❝② ❝❧❛ss✳ ❆ s♠❛❧❧ ❜❧❛❝❦ sq✉❛r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✶ ✐♥ t❤❡ ❞❛t❛❀ ❛ ✇❤✐t❡

sq✉❛r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✵ ✐♥ t❤❡ ❞❛t❛✱ ❛♥❞ ❛ ❣r❛② sq✉❛r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❄✳

❚❤✐s ✜❣✉r❡ s❤♦✇s ❛ ❢❡✇ ♦❢ t❤❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❞❛t❛✿ ♠♦st ♦❢ t❤❡ ❞❛t❛ ❛r❡ ✵✬s❀

♠♦st ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ ♦♥❧② ❞✐s♣❧❛②❡❞ ❛t ❛ ✈❡r② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s

✭✶ ♦r ✷✮✱ ❜✉t ❛ ❢❡✇ ❛♣♣❡❛r ❛t ❛❧♠♦st ❛❧❧ ❧❛♥❣✉❛❣❡s❀ ❛♥❞ ❞❛t❛ ❛r❡ ♠✐ss✐♥❣ ✐♥

❜❧♦❝❦s✳

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✇❡ ❛r❡ t❤❡ ✜rst t♦ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ t❛✐❧♦r❡❞

t♦ ❧❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✇❤✐❝❤ ❝♦rr❡❝t❧② ❤❛♥❞❧❡s ♠✐ss✐♥❣ ❞❛t❛✳ ■♥ ♣r❡✈✐♦✉s

r❡s❡❛r❝❤✱ ♠✐ss✐♥❣ ❞❛t❛ ✇❡r❡ ❣❡♥❡r❛❧❧② ❛ss✉♠❡❞ t♦ ❜❡ ❛❜s❡♥t ✭❄✬s ✇❡r❡ r❡♣❧❛❝❡❞

✇✐t❤ ✵✬s✮❀ ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪ ❛❧s♦ ❤❛❞ t♦ ❞✐s❝❛r❞ ✼ ❧❛♥❣✉❛❣❡s ❢r♦♠ t❤❡✐r
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❋✐❣✉r❡ ✷✳✶✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❋♦r ❛ ❣✐✈❡♥ ❧❛♥❣✉❛❣❡
✭r♦✇✮✱ ❛ ❝♦❣♥❛❝② ❝❧❛ss ✭❝♦❧✉♠♥✮ ❝❛♥ ❜❡ ♣r❡s❡♥t ✭❜❧❛❝❦✮✱ ❛❜s❡♥t ✭✇❤✐t❡✮✱ ♦r t❤❡
❞❛t❛ ♣♦✐♥t ❝❛♥ ❜❡ ♠✐ss✐♥❣ ✭❣r❛②✮✳ ✷✾



st✉❞② ❜❡❝❛✉s❡ t❤❡② ❝♦♥t❛✐♥❡❞ t♦♦ ♠❛♥② ♠✐ss✐♥❣ ❞❛t❛✱ ✇❤❡r❡❛s ✇❡ ❛r❡ ❛❜❧❡ t♦

✐♥❝❧✉❞❡ ❛❧❧ ❧❛♥❣✉❛❣❡s ✐♥ ♦✉r ❛♥❛❧②s❡s✳ ❙❡✈❡r❛❧ ❧✐♥❣✉✐sts ❤❛✈❡ ❡①♣r❡ss❡❞ r❡❣r❡t

❛t t❤❡ ❧❛❝❦ ♦❢ ❝♦rr❡❝t ❤❛♥❞❧✐♥❣ ♦❢ ♠✐ss✐♥❣ ❞❛t❛✱ ✐♥❝❧✉❞✐♥❣ ❙❦❡❧t♦♥ ❬✷✵✵✽❪ ❛♥❞

▼✐❝❤❛❡❧ ❉✉♥♥ ✭♣❡rs✳ ❝♦♠♠✳✮✳

❋♦r t❤❡s❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ♣❤②❧♦❣❡♥✐❡s✱ s♦♠❡ s✉❜tr❡❡s ❛r❡ ❦♥♦✇♥✳ ❋♦r

❡①❛♠♣❧❡✱ t❤❡ ■t❛❧✐❝ ❧❛♥❣✉❛❣❡s ❛r❡ ❦♥♦✇♥ t♦ ❢♦r♠ ❛ s✉❜tr❡❡✱ ❛♥❞ t❤❡② ❛r❡ ❦♥♦✇♥

t♦ ❤❛✈❡ ❞✐✈❡r❣❡❞ ❛❢t❡r t❤❡ ❢❛❧❧ ♦❢ ❉❛❝✐❛ ✐♥ ✶✶✷ ❆❉ ❬●r❛② ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❙✐♠✐❧❛r❧②✱

✇❡ ❤❛✈❡ s♦♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❞❛t❡s ❛t ✇❤✐❝❤ ❛♥❝❡str❛❧ ❧❛♥❣✉❛❣❡s ✇❡r❡ s♣♦❦❡♥❀

t❤❡s❡ t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❛ ❧♦✇❡r ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ s✉❜tr❡❡ r♦♦t ❛❣❡✳ ❲❡

❛❧s♦ ❤❛✈❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❛❣❡ ♦❢ ❛❧❧ ♥♦♥✲❝♦♥t❡♠♣♦r❛r② ❧❡❛✈❡s✱ s✐♥❝❡ ✇❡ ❦♥♦✇

✇❤❡♥ t❤❡s❡ ❡①t✐♥❝t ❧❛♥❣✉❛❣❡s ✇❡r❡ ✐♥ ✉s❡✳ ❚❤❡ ❜♦✉♥❞s ❛r❡ ✉s❡❞ t♦ ❝❛❧✐❜r❛t❡

♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ t♦ ✐♥❢❡r ❞❛t❡s ❢♦r ♦t❤❡r ♥♦❞❡s✳ ❚❛❜❧❡ ✷✳✷ ❧✐sts t❤❡ ✶✺

❝♦♥str❛✐♥ts ✇❡ ✉s❡ ✐♥ ♦✉r ❛♥❛❧②s❡s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛✳ ❏✉♠♣✐♥❣

❛❤❡❛❞ t♦ ♦✉r r❡s✉❧ts✱ ❋✐❣✉r❡ ✷✳✷ ✐s ❛ s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✇❡

✜♥❞ ❢♦r ♣❤②❧♦❣❡♥✐❡s ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❈❛❧✐❜r❛t✐♦♥

❝♦♥str❛✐♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❜❛rs ❛❝r♦ss ♥♦❞❡s ✐♥ t❤✐s tr❡❡✳

✷✳✷ ▼♦❞❡❧ ❞❡s❝r✐♣t✐♦♥

❲❡ s♣❡❝✐❢② ❛ s✉❜❥❡❝t✐✈❡ ♣r✐♦r ❢♦r ♣❤②❧♦❣❡♥✐❡s✱ r❡♣r❡s❡♥t✐♥❣ ❛ st❛t❡ ♦❢ ❦♥♦✇❧❡❞❣❡

♦❢ ✐♥t❡r❡st t♦ ✉s✳ ❲❡ ♠♦❞❡❧ ✈♦❝❛❜✉❧❛r② ❞✐✈❡rs✐✜❝❛t✐♦♥ ❞♦✇♥ ❛♥ ❡✈♦❧✉t✐♦♥❛r②

tr❡❡✱ ✇❤❡r❡ ❡❛❝❤ ❧❡❛❢ r❡♣r❡s❡♥ts ❛ ❧❛♥❣✉❛❣❡ ✐♥ ♦✉r ❞❛t❛✳

❚❤❡ ♠❛t❡r✐❛❧ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❢♦❧❧♦✇s ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪✱ ✇✐t❤

s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s✿ ✇❡ ❛❞❞ ❝❛t❛str♦♣❤✐❝ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✱ ❛ ❝♦rr❡❝t ❤❛♥❞❧✐♥❣

♦❢ ♠✐ss✐♥❣ ❞❛t❛✱ ❛♥❞ ♠♦r❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss❡s✳

✸✵



❈❧❛❞❡ ▼✐♥ ❛❣❡ ▼❛① ❛❣❡
❈❡❧t✐❝ ✶✼✵✵ ∞

❇r②t❤♦♥✐❝ ✶✹✺✵ ✶✻✵✵
■t❛❧✐❝ ✶✼✵✵ ✶✽✺✵

■❜❡r✐❛♥✲❋r❡♥❝❤ ✶✷✵✵ ✶✺✺✵
●❡r♠❛♥✐❝ ✶✼✺✵ ✶✾✺✵
❇❛❧t♦✲❙❧❛✈✐❝ ✶✾✵✵ ✸✹✵✵

❙❧❛✈✐❝ ✶✸✵✵ ∞
■♥❞✐❝ ✷✷✵✵ ∞

■♥❞♦✲■r❛♥✐❛♥ ✸✵✵✵ ∞
■r❛♥✐❛♥ ✷✺✵✵ ∞
●r❡❡❦ ✸✺✵✵ ∞

❚♦❝❤❛r✐❝ ✶✻✺✵ ✷✶✹✵
❍✐tt✐t❡ ✸✷✵✵ ✸✼✵✵

❚♦❝❤❛r✐❛♥ ❆ ✶✷✺✵ ✶✺✵✵
❚♦❝❤❛r✐❛♥ ❇ ✶✷✺✵ ✶✺✵✵

❚❛❜❧❡ ✷✳✷✿ ❈❧❛❞❡ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ s❡t✱ ✜rst ✉s❡❞ ❜②
●r❛② ❛♥❞ ❆t❦✐♥s♦♥ ❬✷✵✵✸❪✳ ❚❤❡ ✜rst t✇❡❧✈❡ r♦✇s ❛r❡ ❝❧❛❞❡s ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡
❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❛❣❡ ♦❢ t❤❡ r♦♦t❀ t❤❡ ❧❛st t❤r❡❡ ❛r❡ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s ❢♦r
✇❤✐❝❤ ✇❡ ❦♥♦✇ ✇❤❡♥ t❤❡② ❡①✐st❡❞✳

✸✶



❋✐❣✉r❡ ✷✳✷✿ ❆ s❛♠♣❧❡ ❝❧♦s❡ t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♣♦st❡r✐♦r ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢
t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❆❧❧ t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♥♦❞❡ ❛❣❡s ❛r❡ s❤♦✇♥✳
❚❤❡ ❛❣❡ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ■t❛❧✐❝✱ ■♥❞♦✲■r❛♥✐❛♥ ❛♥❞ ■r❛♥✐❛♥ ❣r♦✉♣s ❞♦ ♥♦t
❤❛✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞❀ t❤✐s ✐s ❞❡♥♦t❡❞ ❜② t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ t✐❝❦ ♦♥ ❧❡❢t s✐❞❡ ♦❢ t❤❡
❜♦✉♥❞✳

✸✷



✷✳✷✳✶ Pr✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ tr❡❡s

▲❡t g ❜❡ ❛ r♦♦t❡❞ tr❡❡ ✇✐t❤ 2L ♥♦❞❡s✿ L ❧❡❛✈❡s✱ L−2 ✐♥t❡r♥❛❧ ♥♦❞❡s✱ ❛ r♦♦t ♥♦❞❡

r = 2L−1 ❛♥❞ ❛♥ ❆❞❛♠ ♥♦❞❡ A = 2L✱ ✇❤✐❝❤ ✐s ❧✐♥❦❡❞ t♦ r ❜② ❛ ❡❞❣❡ ♦❢ ✐♥✜♥✐t❡

❧❡♥❣t❤✳ ❊❛❝❤ ♥♦❞❡ i = 1, 2, . . . , 2L ✐s ❛ss✐❣♥❡❞ ❛♥ ❛❣❡ ti ❛♥❞ t = (t1, t2, ..., tA)❀

t❤❡ ✉♥✐ts ♦❢ ❛❣❡ ❛r❡ ②❡❛rs ❜❡❢♦r❡ t❤❡ ♣r❡s❡♥t❀ ❢♦r t❤❡ ❆❞❛♠ ♥♦❞❡✱ tA = +∞✳

❚❤❡ ❡❞❣❡ ❜❡t✇❡❡♥ ♣❛r❡♥t ♥♦❞❡ j ❛♥❞ ❝❤✐❧❞ ♥♦❞❡ i ✐s ❛ ❞✐r❡❝t❡❞ ❜r❛♥❝❤ 〈i, j〉

♦❢ t❤❡ ♣❤②❧♦❣❡♥②✱ ✇✐t❤ t❤❡ ♦r❞❡r✐♥❣ ti < tj✳ ▲❡t E ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❡❞❣❡s✱

✐♥❝❧✉❞✐♥❣ t❤❡ ❡❞❣❡ 〈r, A〉✱ ❧❡t V ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♥♦❞❡s ❛♥❞ ❧❡t VL = {1, 2, ..., L}

❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❧❡❛❢ ♥♦❞❡s✳

❲❡ ❛r❡ ✐♥✐t✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s❡t Γ ♦❢ ❛❧❧ r♦♦t❡❞ ❞✐r❡❝t❡❞ ❜✐♥❛r② tr❡❡s

g = (E, V, t) ✇✐t❤ ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❧❡❛✈❡s i = 1, 2, . . . , L✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱

(E, V ) ✐s t❤❡ t♦♣♦❧♦❣② ♦❢ ❛ r♦♦t❡❞ ❞✐r❡❝t❡❞ ❜✐♥❛r② tr❡❡✳ ▲❡t σ(t) ❜❡ t❤❡ ♦r❞❡r

♦❢ t❤❡ ✐♥t❡r♥❛❧ ❛❣❡s ti ❢♦r i = L+1, . . . , 2L− 2✳ ❚❤❡♥ t❤❡ tr✐♣❧❡t (E, V, σ(t)) ✐s

t❤❡ ❧❛❜❡❧❡❞ ❤✐st♦r② ♦❢ t❤❡ tr❡❡✳ ■♥ ❣❡♥❡r❛❧✱ s❡✈❡r❛❧ ❧❛❜❡❧❡❞ ❤✐st♦r✐❡s ❝♦rr❡s♣♦♥❞

t♦ ♦♥❡ t♦♣♦❧♦❣②✳

❲❡ r❡str✐❝t t❤❡ s❡t ♦❢ ❛❧❧♦✇❛❜❧❡ tr❡❡s Γ ❜② ✐♠♣♦s✐♥❣ C ❝❛❧✐❜r❛t✐♦♥

❝♦♥str❛✐♥ts ♦♥ t❤❡ t♦♣♦❧♦❣② ❛♥❞ ♦♥ ❝❡rt❛✐♥ ♥♦❞❡ ❛❣❡s✳ ❚❤❡s❡ ❛r❡ ❞❡s❝r✐❜❡❞

❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✶✳ ❊❛❝❤ ❝♦♥str❛✐♥t c r❡str✐❝ts Γ t♦ t❤❡ s❡t ♦❢ tr❡❡s Γ(c)

✐♥ ✇❤✐❝❤ ❛ ❝❡rt❛✐♥ s❡t ♦❢ ❧❡❛✈❡s ❢♦r♠ ❛ s✉❜✲tr❡❡✱ ♦r ❝❧❛❞❡✳ ❙♦♠❡ ❝♦♥str❛✐♥ts

❛❧s♦ ✐♠♣♦s❡ ❛ ❧♦✇❡r ❛♥❞✴♦r ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ r♦♦t ♦❢ t❤❡ ❝❧❛❞❡✳ ■♥ s♦♠❡

❝❛s❡s✱ t❤❡ ✐♠♣♦s❡❞ ❝❧❛❞❡ ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ❧❡❛❢✱ s♦ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✐s ♦♥❧②

✐♠♣♦s✐♥❣ ❛ r❛♥❣❡ ♦♥ t❤❡ ❛❣❡ ♦❢ t❤❡ ❧❡❛❢❀ t❤✐s ✐s ✉s❡❞ ❢♦r ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❲❡

❛❞❞ t♦ t❤❡s❡ ❝♦♥str❛✐♥ts ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ r♦♦t t✐♠❡ ❛t s♦♠❡ ❛❣❡ T > 0✳

■♥ ♠♦st ♦❢ ♦✉r ❛♥❛❧②s❡s ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❞❛t❛✱ ✇❡ ✉s❡ T = 16, 000✱ ✇❤✐❝❤ ✐s

✸✸



♠✉❝❤ ❣r❡❛t❡r t❤❛♥ ❛♥② ♣♦ss✐❜❧❡ r♦♦t ❛❣❡ ❝♦♥s✐❞❡r❡❞ ♣❧❛✉s✐❜❧❡ ❜② ❧✐♥❣✉✐sts✳ ▲❡t

Γ(0) = {(E, V, t) ∈ Γ : tr ≤ T}✳ ❚❤❡ s♣❛❝❡ ♦❢ ❝❛❧✐❜r❛t❡❞ ♣❤②❧♦❣❡♥✐❡s ✐s t❤❡♥

ΓC =
C
⋂

c=0

Γ(c).

❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r♦♦t ❛❣❡✱ ✇❡ ❝❤♦♦s❡ ❛ ♣r✐♦r ♦♥ tr❡❡s ❢♦r ✇❤✐❝❤

t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r ♦♥ t❤❡ r♦♦t ❛❣❡ tr ✐s ✉♥✐❢♦r♠ ♦✈❡r ❛♥ ✐♥t❡r✈❛❧ tL ≤ tr ≤ T ✳

❚❤❡ ✉♥✐❢♦r♠ ♣r✐♦r ♦♥ Γ ♣✉ts ♠♦r❡ ✇❡✐❣❤t ♦♥ ❣r❡❛t❡r ✈❛❧✉❡s ♦❢ tr✳ ■❢ ❛❧❧ ❧❡❛✈❡s

i ❛r❡ ✐s♦❝❤r♦♥♦✉s ✇✐t❤ ti = 0 ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ❝❛❧✐❜r❛t✐♦♥ ❝♦♥str❛✐♥ts✱ t❤❡♥

◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪ s❤♦✇ t❤❛t t❤❡ ♣r✐♦r f(g|T ) ∝ t2−L
r Itr≤T ❤❛s t❤❡ ❞❡s✐r❡❞

✉♥✐❢♦r♠ ♠❛r❣✐♥❛❧ ♣r✐♦r ♦♥ tr✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❝❛❧✐❜r❛t✐♦♥ ❝♦♥str❛✐♥ts

❝♦♠♣❧✐❝❛t❡s ♠❛tt❡rs✳

❋♦r ♥♦❞❡ i ∈ V ✱ ❧❡t t+i = supg∈ΓC ti ❛♥❞ t−i = infg∈ΓC ti ❜❡ t❤❡ ❣r❡❛t❡st ❛♥❞

❧❡❛st ❛❞♠✐ss✐❜❧❡ ❛❣❡s ❢♦r ♥♦❞❡ i✱ ❛♥❞ ❧❡t S = {i ∈ V : t+i = T}✱ s♦ t❤❛t S ✐s

t❤❡ s❡t ♦❢ ♥♦❞❡s ❤❛✈✐♥❣ ❛❣❡s ♥♦t ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② ❛ ❝❛❧✐❜r❛t✐♦♥ ✭t❤❡r❡ ❛r❡ ✶✷

s✉❝❤ ♥♦❞❡s ✐♥ ❋✐❣✉r❡ ✭✷✳✷✮✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r t♦

▲❛t✐♥✱ ❯♠❜r✐❛♥ ❛♥❞ ❖s❝❛♥✮✳ ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪ s❤♦✇ ✇✐t❤ s✐♠✉❧❛t✐♦♥

st✉❞✐❡s t❤❛t t❤❡ ♣r✐♦r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❞❡♥s✐t②

fG(g|T ) ∝
∏

i∈S

(tr − t−i )−1

❣✐✈❡s ❛ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② ❢♦r tr ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✉♥✐❢♦r♠ ✐♥ tL < tr <

T ✐❢ ✐♥ ❛❞❞✐t✐♦♥ T ≫ maxi∈V \S t+i ✳ ❚❤✐s ✐s t❤❡ ♣r✐♦r ✇❡ ✉s❡✳ ◆✐❝❤♦❧❧s ❛♥❞

●r❛② ❬✷✵✵✽❪ ❞♦ ♥♦t ❝♦♠♠❡♥t ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② fG ♦✈❡r tr❡❡

✸✹



t♦♣♦❧♦❣✐❡s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ♣r✐♦rs ♦♥ t♦♣♦❧♦❣✐❡s✿ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥

❧❛❜❡❧❡❞ ❤✐st♦r✐❡s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❨✉❧❡ ❬✶✾✷✺❪ ♠♦❞❡❧✮✱

✇❤✐❝❤ ❢❛✈♦✉rs ❜❛❧❛♥❝❡❞ t♦♣♦❧♦❣✐❡s ❬❱❡❧❛s❝♦✱ ✷✵✵✽❪ ❛♥❞ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥

t♦♣♦❧♦❣✐❡s✱ ✇❤✐❝❤ ❢❛✈♦✉rs s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ❝❧❛❞❡s ❛❣❛✐♥st ♠❡❞✐✉♠✲s✐③❡❞ ❝❧❛❞❡s

❬●♦❧♦❜♦✛ ❛♥❞ P♦❧✱ ✷✵✵✺❪✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r ✐s ❞❡✜♥❡❞ ♦✈❡r Γ

r❛t❤❡r t❤❛♥ ΓC ✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♠♦❞✐✜❡s t❤✐s ♣r✐♦r ✐♥ t✇♦ ✇❛②s✿

t♦♣♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts r✉❧❡ ♦✉t ❝❡rt❛✐♥ t♦♣♦❧♦❣✐❡s✱ s❡tt✐♥❣ t❤❡ ♣r✐♦r ♣r♦❜❛❜✐❧✐t②

t♦ ✵❀ ❛❣❡ ❝♦♥str❛✐♥ts ♠♦❞✐❢② t❤❡ ✈♦❧✉♠❡ ❛✈❛✐❧❛❜❧❡ t♦ ❡❛❝❤ t♦♣♦❧♦❣②✱ s♦ t❤❛t

♦✉r ♣r✐♦rs ❛r❡ ✐♥ ❢❛❝t ♥♦t ❡①❛❝t❧② ✉♥✐❢♦r♠ ♦✈❡r ❧❛❜❡❧❡❞ ❤✐st♦r✐❡s ♦r t♦♣♦❧♦❣✐❡s

♦✈❡r ΓC ✳ ❋♦r t❤❡ ✈❛❧✐❞❛t✐♦♥ ❛♥❛❧②s❡s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ✇❡ ✉s❡ ♦♥❧② t❤❡

✉♥✐❢♦r♠ ♣r✐♦r ♦♥ ❧❛❜❡❧❡❞ ❤✐st♦r✐❡s❀ ✇❡ ✉s❡❞ ❜♦t❤ ♣r✐♦rs ❢♦r ♦✉r ❛♥❛❧②s❡s ♦❢ r❡❛❧

❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❝❛t❛str♦♣❤❡s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥

t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r ❞❡♥s✐t② ❢♦r tr✱ ♥♦r ♦♥ t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥

t♦♣♦❧♦❣✐❡s✳ ❋✐❣✉r❡ ✷✳✸ s❤♦✇s ❛ s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ♦❢ t❤❡ r♦♦t ❛❣❡ ✇✐t❤ t❤❡

❝♦♥str❛✐♥ts ❢r♦♠ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❚❤❡ ♣r✐♦r ✐s r♦✉❣❤❧② ✉♥✐❢♦r♠

❜❡t✇❡❡♥ ✺✵✵✵ ❛♥❞ ✶✻✵✵✵ ❇P✱ ✇❤✐❝❤ ❝♦✈❡rs ♦✉r r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st❀ t❤❡ ♣r✐♦r ❞♦❡s

♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛♥② r❡❛s♦♥❛❜❧❡ ❛ ♣r✐♦r✐ ❜❡❧✐❡❢ ❜❡❢♦r❡ ✹✺✵✵ ❇P✱ ❜✉t t❤✐s ❞♦❡s

♥♦t ♠❛tt❡r s✐♥❝❡ t❤✐s r❡❣✐♦♥ ✐s r✉❧❡❞ ♦✉t ❜② t❤❡ ❧✐❦❡❧✐❤♦♦❞✳

❚❤❡ ♣r✐♦r ♦♥ t❤❡ ❛❣❡s ♦❢ ✐♥t❡r♥❛❧ ♥♦❞❡s ❛♥❞ ❧❡❛✈❡s ❞❡♣❡♥❞s ♦♥ t❤❡

❝♦♥str❛✐♥ts✳ ❚❛❦❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❚♦❝❤❛r✐❛♥ ❇ ❧❡❛❢✿ ✐t ✐s ❝♦♥str❛✐♥❡❞ t♦

❧✐❡ ❜❡t✇❡❡♥ ✶✷✺✵ ❛♥❞ ✶✺✵✵ ❇P✱ ❛♥❞ ✐ts ♣❛r❡♥t ✭t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ✇✐t❤

❚♦❝❤❛r✐❛♥ ❆✮ ✐s ❝♦♥str❛✐♥❡❞ t♦ ❧✐❡ ❜❡t✇❡❡♥ ✶✻✺✵ ❛♥❞ ✷✶✹✵ ❇P✳ ❚❤❡ r❡st ♦❢

t❤❡ tr❡❡ ❡①❡rts ❧✐tt❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r✐♦r ♦♥ t❤❡ ❛❣❡ ♦❢ ❚♦❝❤❛r✐❛♥ ❇✱ ❛♥❞ s♦

t❤❛t ♣r✐♦r ✐s ❛♣♣r♦①✐♠❛t❡❧② ✉♥✐❢♦r♠ ♦✈❡r t❤❡ ❛❧❧♦✇❡❞ r❛♥❣❡ ✭❛s s❤♦✇♥ ❜② t❤❡
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❋✐❣✉r❡ ✷✳✸✿ ❙❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ r♦♦t ❛❣❡✳ ❚❤❡ ♣r✐♦r ✐s
❛♣♣r♦①✐♠❛t❡❧② ✢❛t ♦✈❡r t❤❡ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st ✭❜❡t✇❡❡♥ ✺✵✵✵ ❛♥❞ ✶✻✵✵✵ ❇P✮✳

s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ✐♥ ❋✐❣✉r❡ ✷✳✹✮✳ ❋♦r ♦t❤❡r ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❝♦♥str❛✐♥❡❞

t♦ ❧✐❡ ❜❡t✇❡❡♥ ❛♥ ✉♣♣❡r ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞✱ t❤❡ ♣r✐♦r ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❡①❛❝t❧②

✉♥✐❢♦r♠✱ ❜✉t s✐♠✉❧❛t✐♦♥s ❢r♦♠ t❤❡ ♣r✐♦r s❤♦✇ t❤❛t ✐t ✐s ❛❧✇❛②s ✈❡r② ❝❧♦s❡ t♦

✉♥✐❢♦r♠✱ ♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ t❤❡ ❛✉t❤♦r✐③❡❞ r❛♥❣❡ ✐s ❛❧✇❛②s q✉✐t❡ s♠❛❧❧✳ ❚❤✐s

✐s ♥♦t tr✉❡✱ ❤♦✇❡✈❡r✱ ♦❢ ♥♦❞❡s ✇❤✐❝❤ ❤❛✈❡ ♥♦ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛❣❡✿ ❋✐❣✉r❡

✷✳✺ s❤♦✇s ❛ s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ❢♦r t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r t♦ t❤❡

■t❛❧✐❝ ❧❛♥❣✉❛❣❡s✱ ✇❤✐❝❤ ✐s ♦♥❧② ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ♦❧❞❡r t❤❛♥ ✸✵✵✵ ❇P✳ ❚❤❡ ♣r✐♦r

✐s str♦♥❣❧② ❜✐❛s❡❞ t♦✇❛r❞s ②♦✉♥❣❡r ❛❣❡s✱ ✇❤✐❝❤ ✐s ✉♥s✉r♣r✐s✐♥❣ s✐♥❝❡ ②♦✉♥❣❡r

❛❣❡s ❧❡❛✈❡ ♠♦r❡ ✈♦❧✉♠❡ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ♥♦❞❡s ❛❜♦✈❡ t❤❡ ■t❛❧✐❝ ❝❧❛❞❡✳ ■♥

❣❡♥❡r❛❧✱ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ ❞❛t✐♥❣ ✐♥t❡r♥❛❧ ♥♦❞❡s✱ s♦ t❤✐s ✐s ♥♦t ❛♥ ✐ss✉❡✳

❚❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r ♦♥ t❤❡ ❛❣❡ ♦❢ t❤✐s ♥♦❞❡ ✐s ✐♥ ❢❛❝t ❝♦♠♣❛r❛❜❧❡ t♦ ♣r✐♦rs

♦❜t❛✐♥❡❞ ✉s✐♥❣ ✧s♦❢t ❜♦✉♥❞s✧ ✐♥ ♠♦❧❡❝✉❧❛r ♣❤②❧♦❣❡♥❡t✐❝s ❨❛♥❣ ❛♥❞ ❘❛♥♥❛❧❛

❬✷✵✵✻❪✳ ❲❡ ❤❛✈❡ ♥♦ ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r✐♦r ❜❡❧✐❡❢ ❧✐♥❣✉✐sts ❤❛✈❡ ♦♥

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❧❛✉s✐❜❧❡ ❛❣❡s ❢♦r ❛♥❝✐❡♥t ♥♦❞❡s✱ ❜✉r ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣
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❋✐❣✉r❡ ✷✳✹✿ ❙❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ ❛ ❧❡❛❢ ❛❣❡ ✭❚♦❝❤❛r✐❛♥ ❇✮✳

t♦ ✐♥❝❧✉❞❡ ✐t ✐❢ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❜❡❝❛♠❡ ❛✈❛✐❧❛❜❧❡✳

✷✳✷✳✷ ❉✐✈❡rs✐✜❝❛t✐♦♥ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ st♦❝❤❛st✐❝ ❉♦❧❧♦ ♠♦❞❡❧ ♦❢ ◆✐❝❤♦❧❧s ❛♥❞ ●r❛②

❬✷✵✵✽❪ t♦ ✐♥❝♦r♣♦r❛t❡ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ✈✐❛ ❛ ❝❛t❛str♦♣❤❡

♣r♦❝❡ss✳

❆❧t❤♦✉❣❤ t❤✐s ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❧❛♥❣✉❛❣❡s ✐♥ ♠✐♥❞✱ ✐t ❝❛♥ ❛❧s♦ ❜❡

❛♣♣❧✐❡❞ t♦ ♦t❤❡r ❦✐♥❞s ♦❢ tr❛✐t ❞❛t❛✱ s✉❝❤ ❛s s♦♠❡ ♦❢ t❤❡ ❞❛t❛ s❡ts ♠❡♥t✐♦♥❡❞ ✐♥

❙❡❝t✐♦♥ ✶✳✸✱ ♦r t❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❞❛t❛ s❡ts ♦❢ ●❧❡♥♥❡r ❡t ❛❧✳ ❬✷✵✵✹❪✳ ❆❧❡❦s❡②❡♥❦♦

❡t ❛❧✳ ❬✷✵✵✽❪ ❡①t❡♥❞❡❞ ♦t❤❡r ❛s♣❡❝ts ♦❢ t❤❡ ♠♦❞❡❧ t♦ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❣❡♥❡t✐❝s✳

❈♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ ❜♦r♥ ❛♥❞ ❞✐❡ ❛❧♦♥❣ t❤❡ tr❡❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✻✳ ❆

❝♦❣♥❛❝② ❝❧❛ss ✐s ❜♦r♥ ✇❤❡♥ ❛ ♥❡✇ ✇♦r❞ ❛♣♣❡❛rs ✐♥ ❛ ❧❛♥❣✉❛❣❡✱ ✇❤✐❝❤ ✐s ❝♦❣♥❛t❡

✇✐t❤ ♥♦ ♦t❤❡r ✇♦r❞ ✐♥ t❤❡ ♣r♦❝❡ss✳ ❆ ❜✐rt❤ ❡✈❡♥t ♦❝❝✉rs ✇❤❡♥ ❛ ❝♦♠♣❧❡t❡❧②

♥❡✇ ✇♦r❞ ❛♣♣❡❛rs✱ ❜✉t ❛❧s♦ ✇❤❡♥ ❛ ✇♦r❞ ✐s ❜♦rr♦✇❡❞ ❢r♦♠ ❛ ❧❛♥❣✉❛❣❡ ♦✉ts✐❞❡

t❤❡ st✉❞② ♦r ✇❤❡♥ ❛♥ ❡①✐st✐♥❣ ✇♦r❞ ❝❤❛♥❣❡s ♠❡❛♥✐♥❣✳ ❆ ❝♦❣♥❛t❡ ❞✐❡s ✐♥ ❛
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❋✐❣✉r❡ ✷✳✺✿ ❙❛♠♣❧❡ ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❛❣❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t
❝♦♠♠♦♥ ❛♥❝❡st♦r t♦ t❤❡ ■t❛❧✐❝ ❧❛♥❣✉❛❣❡s✳

❣✐✈❡♥ ❧❛♥❣✉❛❣❡ ✇❤❡♥ ✐t ✐s ♥♦ ❧♦♥❣❡r ✉s❡❞ ❢♦r t❤❡ ♠❡❛♥✐♥❣ ✐t ✇❛s ❛ss✐❣♥❡❞ t♦✿

✐t ♠❛② ❝♦♠♣❧❡t❡❧② ❝❡❛s❡ t♦ ❜❡ ✉s❡❞✱ ♦r ✐t ♠❛② ❝❤❛♥❣❡ ♠❡❛♥✐♥❣✳

❈♦❣♥❛t❡s ❡✈♦❧✈✐♥❣ ✐♥ ❛ s✐♥❣❧❡ ❧❛♥❣✉❛❣❡ ✭i.e. ❞♦✇♥ ❛ s✐♥❣❧❡ ❜r❛♥❝❤ ♦❢ ❛

❧❛♥❣✉❛❣❡ ♣❤②❧♦❣❡♥②✮ ❛r❡ ❜♦r♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❛t r❛t❡ λ✱ ❞✐❡ ✐♥❞❡♣❡♥❞❡♥t❧②

❛t ♣❡r ❝❛♣✐t❛ r❛t❡ µ✱ ❛♥❞ ❛r❡ s✉❜❥❡❝t t♦ ♣♦✐♥t✲❧✐❦❡ ❝❛t❛str♦♣❤❡s✱ ✇❤✐❝❤ t❤❡②

❡♥❝♦✉♥t❡r ❛t r❛t❡ ρ ❛❧♦♥❣ ❛ ❜r❛♥❝❤✳ ❆t ❛ ❝❛t❛str♦♣❤❡✱ ❡❛❝❤ ❝♦❣♥❛t❡ ❞✐❡s

✐♥❞❡♣❡♥❞❡♥t❧② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② κ✱ ❛♥❞ ❛ P♦✐ss♦♥ ♥✉♠❜❡r ♦❢ ❝♦❣♥❛t❡s ✇✐t❤

♠❡❛♥ ν ❛r❡ ❜♦r♥✳ ❆ ❝❛t❛str♦♣❤❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❜r✉t❛❧ ❡✈❡♥t✱ ✇❤✐❝❤ ♠✐❣❤t

❢♦r ❡①❛♠♣❧❡ ❜❡ ❛ ♠✐❣r❛t✐♦♥✱ ❛♥ ❡♣✐❞❡♠✐❝✱ ♦r ❛ ❧❛r❣❡ ✈❛r✐❛t✐♦♥ ✐♥ ♣♦♣✉❧❛t✐♦♥ ❛s

t❤♦s❡ ❞❡s❝r✐❜❡❞ ❜② ❙❤❡♥♥❛♥ ❛♥❞ ❊❞✐♥❜♦r♦✉❣❤ ❬✷✵✵✼❪ ❛♥❞ ❚✉r♥❡② ❛♥❞ ❇r♦✇♥

❬✷✵✵✼❪✳ ❆t ❛ ❜r❛♥❝❤✐♥❣ ❡✈❡♥t ♦❢ t❤❡ ♣❤②❧♦❣❡♥②✱ t❤❡ s❡t ♦❢ ❝♦❣♥❛t❡s r❡♣r❡s❡♥t✐♥❣

t❤❡ ❜r❛♥❝❤✐♥❣ ✈♦❝❛❜✉❧❛r② ✐s ❝♦♣✐❡❞ ✐♥t♦ ❡❛❝❤ ♦❢ t❤❡ ❞❛✉❣❤t❡r ❧❛♥❣✉❛❣❡s✳ ❙❡❡

❋✐❣✉r❡ ✷✳✻✳

❚❤❡ ♣r♦❝❡ss ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ✐s ♥♦t r❡✈❡rs✐❜❧❡✱ ❛♥❞ t❤✐s ❣r❡❛t❧② ❝♦♠♣❧✐❝❛t❡s

t❤❡ ❛♥❛❧②s✐s✳ ❲❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✷✳✺ t❤❛t ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥
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{1,2}

−2

+12,13

−1

+9,10
−8,9

+11

+14

−2

+6 −12

−12

+5−1

+3

−3

+8

+7

{1}

{1,3,14}

{10,11}

{5}

{5}

{1,6,7,13}

{1,6,13}

{1,13}

❋✐❣✉r❡ ✷✳✻✿ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✿ ❜✐rt❤s ❛♥❞ ❞❡❛t❤s ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡
♠❛r❦❡❞✳ ❚❤❡ ❞♦ts ❝♦rr❡s♣♦♥❞ t♦ ❝❛t❛str♦♣❤❡s✱ ❛t ✇❤✐❝❤ ♠✉❧t✐♣❧❡ ❜✐rt❤s ❛♥❞
❞❡❛t❤s ♠❛② ♦❝❝✉r s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ❝♦❣♥❛t❡ s❡ts t❤✐s ❣❡♥❡r❛t❡s ❛t ❧❡❛✈❡s ❛r❡
s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t✳ ❈❛❧❡♥❞❛r t✐♠❡ ✢♦✇s ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ❛♥❞ t❤❡ ❛❣❡ ✈❛r✐❛❜❧❡s
ti ✐♥ t❤❡ t❡①t ✐♥❝r❡❛s❡ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✳ ❚❤❡ r♦♦t ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ sq✉❛r❡
♦♥ t❤❡ ❧❡❢t✳

❢♦r t❤❡ ♣r♦❝❡ss t♦ ❜❡ t✐♠❡✲r❡✈❡rs✐❜❧❡ ✐s ν = κλ/µ✳ ❚❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡

♠♦❞❡❧❧✐♥❣ ❛ss✉♠♣t✐♦♥✿ t❤❡ ❛♥❛❣❡♥✐❝ ♣r♦❝❡ss ✭✇✐t❤♦✉t ❝❛t❛str♦♣❤❡s✮ ❧❡❛❞s t♦

❛ ♥✉♠❜❡r ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t ✇❤✐❝❤ ✐s P♦✐ss♦♥✲❉✐str✐❜✉t❡❞

✇✐t❤ ♠❡❛♥ λ/µ✳ ■❢ ✇❡ t❛❦❡ ν = κλ/µ✱ t❤❡♥ ❛t ❡q✉✐❧✐❜r✐✉♠✷✱ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ✐s ✉♥❝❤❛♥❣❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❝❛t❛str♦♣❤❡

♣r♦❝❡ss✳ ❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ ❛❞❞✐♥❣ ❛ ❝❛t❛str♦♣❤❡ t♦ ❛♥ ❡❞❣❡ ✐s ❡q✉✐✈❛❧❡♥t

✷❊q✉✐❧✐❜r✐✉♠ ❤❛s ❜❡❡♥ r❡❛❝❤❡❞ s✐♥❝❡ ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ❧❛♣s❡s ♦♥ t❤❡ ❆❞❛♠✲r♦♦t
❡❞❣❡✳
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t♦ ❧❡♥❣t❤❡♥✐♥❣ t❤❛t ❡❞❣❡ ❜② TC(κ, µ) = − log(1 − κ)/µ ②❡❛rs✳ ❚❤✐s ❢♦❧❧♦✇s

❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❣♥❛t❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛♥❛❣❡♥✐❝ ♣❛rt ♦❢ t❤❡ ♣r♦❝❡ss

✐♥ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ TC ✐s P♦✐ss♦♥ ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ λ
µ
(1−e−µTC ) ❡q✉❛❧

t♦ κλ/µ✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝♦❣♥❛t❡ ❡♥t❡r✐♥❣ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ TC

❞✐❡s ❞✉r✐♥❣ t❤❛t ✐♥t❡r✈❛❧ ✐s 1 − e−µTC ✱ ✇❤✐❝❤ ❡q✉❛❧s κ✳

❇❡❝❛✉s❡ ❛ ❝❛t❛str♦♣❤❡ s✐♠♣❧② ❡①t❡♥❞s ✐ts ❡❞❣❡ ❜② ❛ ❜❧♦❝❦ ♦❢ ✈✐rt✉❛❧ t✐♠❡✱

t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ ❛♥ ❡❞❣❡✱ ❛♥❞ ♥♦t

t❤❡✐r ❧♦❝❛t✐♦♥ ✐♥ t✐♠❡✳ ▲❡t ki ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ ❡❞❣❡ 〈i, j〉✱ ❛♥❞

k = (k1, . . . , k2L−2) ❜❡ t❤❡ ❝❛t❛str♦♣❤❡ st❛t❡ ✈❡❝t♦r✳ ❲❡ r❡❝♦r❞ ♥♦ ❝❛t❛str♦♣❤❡s

♦♥ t❤❡ 〈r, A〉 ❡❞❣❡ ✭✐ts ❧❡♥❣t❤ ✐s ❛❧r❡❛❞② ✐♥✜♥✐t❡✮✳ ❚❤❡ tr❡❡ g = (V, E, t, k) ✐s

s♣❡❝✐✜❡❞ ❜② ✐ts t♦♣♦❧♦❣②✱ ♥♦❞❡ ❛❣❡s ❛♥❞ ❝❛t❛str♦♣❤❡ st❛t❡✳ ❈❛❧✐❜r❛t❡❞ tr❡❡

s♣❛❝❡ ❡①t❡♥❞❡❞ ❢♦r ❝❛t❛str♦♣❤❡s ✐s

ΓC
K = {(V, E, t, k) : (V, E, t) ∈ ΓC , k ∈ N

2L−2
0 }.

❲❡ ❞r♦♣ t❤❡ ❝❛t❛str♦♣❤❡ ♣r♦❝❡ss ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ■t ✐s

str❛✐❣❤t❢♦r✇❛r❞ t♦ r❡st♦r❡ ✐t✱ ❛♥❞ ✇❡ ❞♦ t❤✐s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣♦st❡r✐♦r

❞✐str✐❜✉t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳

✷✳✷✳✸ ❚❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss

❲❤❡♥ ❧✐♥❣✉✐sts ❝♦❧❧❡❝t ❧❡①✐❝❛❧ ❞❛t❛✱ s♦♠❡ ❞❛t❛ ❛r❡ ♠✐ss✐♥❣ ♦r ❛r❡ ♦t❤❡r✇✐s❡

❞✐s❝❛r❞❡❞ t❤r♦✉❣❤ t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

❆t ❧❡❛❢ i✱ ❡❛❝❤ ❞❛t❛ ♣♦✐♥t ✐s ♠✐ss✐♥❣ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ξi❀ ✇❡ ❛ss✉♠❡ t❤✐s

♣r♦❜❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❧❛♥❣✉❛❣❡ i ❛♥❞ ♥♦t ♦♥ t❤❡ ❝♦❣♥❛❝② ❝❧❛ss✳ ❉❛t❛

❛r❡ ✉s✉❛❧❧② ♠✐ss✐♥❣ ✐♥ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ❛r❡ ♦♥❧② ♣❛rt✐❛❧❧② r❡❝♦♥str✉❝t❡❞✱
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❋✐❣✉r❡ ✷✳✼✿ ❘❡❣✐str❛t✐♦♥ ♦❢ t❤❡ ✈♦❝❛❜✉❧❛r② r❡❛❧✐③❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✻ s✉♣♣♦s✐♥❣ ❛
♠❛s❦✐♥❣ ♠❛tr✐① I∗✱ ❛s ❛❜♦✈❡✳ D∗ ✐s t❤❡ ✉♥♦❜s❡r✈❡❞ ❢✉❧❧ ❞❛t❛ ✇✐t❤ ❛ ❝♦❧✉♠♥ ❢♦r
❡❛❝❤ ❝♦❣♥❛❝② ❝❧❛ss ❛♥❞ ❛ r♦✇ ❢♦r ❡❛❝❤ ❧❛♥❣✉❛❣❡ ♦❢ ❋✐❣✉r❡ ✷✳✻ ✭t❤✉s ❝♦❣♥❛t❡ ✶ ✐s
♣r❡s❡♥t ✐♥ r♦✇s ✶✱✷✱✻✱✼ ❛♥❞ ✽✮❀ ③❡r♦s ✐♥ t❤❡ ♠❛s❦✐♥❣ ♠❛tr✐① I∗ ✐♥❞✐❝❛t❡ ♠✐ss✐♥❣
♠❛tr✐① ❡❧❡♠❡♥ts✳ ❙♦♠❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ t❤❡♥ t❤✐♥♥❡❞ ✭✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡
r❡❣✐str❛t✐♦♥ r✉❧❡ ❦❡❡♣s ❝♦❣♥❛❝② ❝❧❛ss❡s ✇✐t❤ ✐♥st❛♥❝❡s ❞✐s♣❧❛②❡❞ ✐♥ ♦♥❡ ♦r ♠♦r❡
❧❛♥❣✉❛❣❡✮ t♦ ❣✐✈❡ t❤❡ r❡❣✐st❡r❡❞ ❞❛t❛ D✳

❜✉t ✇❡ ❛❧s♦ ♦❜s❡r✈❡ s♠❛❧❧ ❛♠♦✉♥ts ♦❢ ♠✐ss✐♥❣ ❞❛t❛ ✐♥ s♦♠❡ ♠♦❞❡r♥ ❧❛♥❣✉❛❣❡s✳

▲❡t D
∗ ❞❡♥♦t❡ ❛ ♥♦t✐♦♥❛❧ ❢✉❧❧ r❛♥❞♦♠ ❜✐♥❛r② ❞❛t❛ ♠❛tr✐①✱ r❡♣r❡s❡♥t✐♥❣ t❤❡

♦✉t❝♦♠❡ ♦❢ t❤❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s

✐♥ D
∗ ✐s r❛♥❞♦♠✱ ❛♥❞ ❡q✉❛❧ t♦ N∗✳ ❋♦r t❤❡ r❡❛❧✐③❛t✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✻✱

D
∗ = D∗ ✇✐t❤ D∗ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✼✳

❆ ❝♦❧✉♠♥ ♦❢ D∗ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦❣♥❛❝② ❝❧❛ss ✇❤✐❝❤ ✇❛s ❡✐t❤❡r ♣r❡s❡♥t

❛t t❤❡ r♦♦t ♦r ✇❛s ❜♦r♥ ❜❡❧♦✇ ✐t✱ ✐♥❝❧✉❞✐♥❣ s♦♠❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ✇❤✐❝❤ ❞✐❡❞

♦✉t ❝♦♠♣❧❡t❡❧②✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s N∗ ❢♦❧❧♦✇s ❛ Poisson(|g| + kT · TC)

❞✐str✐❜✉t✐♦♥✱ ✇❤❡r❡ |g| ✐s t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ tr❡❡✱ kT ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r

♦❢ ❝❛t❛str♦♣❤❡s ♦♥ t❤❡ tr❡❡✱ ❛♥❞ TC ✐s t❤❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ❡q✉✐✈❛❧❡♥t t♦ ♦♥❡

❝❛t❛str♦♣❤❡✳

❚❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ D ❛r❡ ❛ t❡r♥❛r② ♠❛tr✐① ♦❢ ✶✬s✱ ✵✬s ❛♥❞ ❄✬s ✇✐t❤ N

❝♦❧✉♠♥s✱ N ≤ N∗✳ ❲❡ ❝❛❧❧ t❤❡ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❝♦♠♣❧❡t❡ ❞❛t❛ D∗

✹✶



t♦ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ D t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ♣r♦❝❡ss ♦❝❝✉rs ✐♥ t✇♦

st❡♣s✿ ✜rst✱ s♦♠❡ ❞❛t❛ ❣♦ ♠✐ss✐♥❣❀ s❡❝♦♥❞✱ s♦♠❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ r❡♠♦✈❡❞

❢r♦♠ t❤❡ ❞❛t❛✳

▲❡t I
∗ ❜❡ ❛ r❛♥❞♦♠ L × N∗ ✐♥❞✐❝❛t♦r ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡r♥♦✉❧❧✐

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❢♦r ♦❜s❡r✈❡❞ ❡❧❡♠❡♥ts✱ s✉❝❤ t❤❛t ❢♦r i = 1 . . . , L ❛♥❞ a =

1, . . . , N∗✱ P [I∗i,a = 1] = ξi✱ s♦ t❤❛t ξi ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✇❡ ❝❛♥ ❛♥s✇❡r

t❤❡ q✉❡st✐♦♥ ✏❉♦❡s ❧❛♥❣✉❛❣❡ i ❞✐s♣❧❛② ❛♥ ✐♥st❛♥❝❡ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss a❄✑✳ ■❢ ✇❡

❣❡t ❛♥ ❛♥s✇❡r✱ ✐t ✐s ❛ss✉♠❡❞ ❝♦rr❡❝t✱ ❛♥❞ I
∗
i,a = 1❀ ✐❢ ✇❡ ❞♦ ♥♦t ❣❡t ❛♥ ❛♥s✇❡r✱

t❤❡♥ I
∗
i,a = 0✿ t❤❡ ③❡r♦s ♦❢ I

∗ ✐♥❞✐❝❛t❡ ✇❤✐❝❤ ❞❛t❛ ♣♦✐♥ts ❛r❡ ♠✐ss✐♥❣✳ ▲❡t

ξ = (ξ1, . . . , ξL) ❛♥❞ ❞❡♥♦t❡ ❜② I∗ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ I
∗✳

◆♦✇ ❧❡t D̃ = D̃(D∗, I∗) ❜❡ t❤❡ ♠❛s❦❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉❧❧ r❛♥❞♦♠ ❞❛t❛

♠❛tr✐①✿ ✐❢ I∗
i,a = 1 t❤❡♥ D̃i,a = D∗

i,a ❛♥❞ ✐❢ I∗
i,a = 0 t❤❡♥ D̃i,a =?✳ ❚❤❡ ♠❛♣♣✐♥❣

♦❢ D∗ t♦ D̃ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss✳

■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ s♦♠❡ ❝♦❧✉♠♥s ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ D̃✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝♦❧✉♠♥s ♦❢ D̃ ❝♦♥s✐st ❡♥t✐r❡❧② ♦❢ ✵✬s ❛♥❞ ❄✬s✿ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❝♦❣♥❛❝② ❝❧❛ss❡s ✇❡r❡ ♥❡✈❡r ♦❜s❡r✈❡❞ ❛t ❛♥② ❧❡❛❢✳ ❙✉❝❤ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡

♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡❣✐st❡r❡❞ ❞❛t❛✳ ❖t❤❡r t②♣❡s ♦❢ ❝♦❧✉♠♥s ♠❛② ❛❧s♦ ❜❡

r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❞❛t❛ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❞❡❡♠❡❞ ✉♥r❡❧✐❛❜❧❡✳ ❉❡♥♦t❡ ❜② R t❤❡

r❡❣✐str❛t✐♦♥ r✉❧❡ D = R(D̃) ♠❛♣♣✐♥❣ t❤❡ ❢✉❧❧ ❞❛t❛ t♦ r❡❣✐st❡r❡❞ ❞❛t❛✳ ▲❡t Y

❛♥❞ Q ❜❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝♦❧✉♠♥s ♦❢ D∗ ❛♥❞ I∗ ❝♦✉♥t✐♥❣ t❤❡ ✈✐s✐❜❧❡ ✶✬s ❛♥❞

❄✬s r❡s♣❡❝t✐✈❡❧②✱

Y (D∗
a, I

∗
a) =

L
∑

i=1

I
∗
i,aD

∗
i,a,

Q(I∗a) =
L

∑

i=1

(1 − I
∗
i,a).

✹✷



●✐✈❡♥ a = 1, 2, ..., N∗✱ ❧❡t Ya = Y (D∗
a, I

∗
a) ❛♥❞ Qa = Q(I∗a)✳

❲❡ ❣✐✈❡ ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r r✉❧❡s ❢♦r♠❡❞

❜② ❝♦♠♣♦✉♥❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② t❤✐♥♥✐♥❣ ♦♣❡r❛t✐♦♥s✿

✭✶✮ R1(D̃) = (D̃a : Ya > 0) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✇✐t❤ ♥♦ ✐♥st❛♥❝❡s ❛t t❤❡ ❧❡❛✈❡s✮❀

✭✷✮ R2(D̃) = (D̃a : Ya > 1) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✲ s✐♥❣❧❡t♦♥s ✲ ♦❜s❡r✈❡❞ ❛t ❛ s✐♥❣❧❡

❧❡❛❢✮❀

✭✸✮ R3(D̃) = (D̃a : Ya < L) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ♦❜s❡r✈❡❞ ❛t ❛❧❧ ❧❡❛✈❡s✮❀

✭✹✮ R4(D̃) = (D̃a : Ya < L − 1) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ♦❜s❡r✈❡❞ ❛t ❛❧❧

❧❡❛✈❡s ♦r ❛t ❛❧❧ ❧❡❛✈❡s ❜✉t ♦♥❡✮❀

✭✺✮ R5(D̃) = (D̃a : Ya + Qa < L) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ♣♦t❡♥t✐❛❧❧②

♣r❡s❡♥t ❛t ❛❧❧ ❧❡❛✈❡s✮❀

✭✻✮ R6(D̃) = (D̃a : Ya + Qa < L − 1) ✭❞✐s❝❛r❞ ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ♣♦t❡♥t✐❛❧❧②

♣r❡s❡♥t ❛t ❛❧❧ ❧❡❛✈❡s ♦r ❛t ❛❧❧ ❧❡❛✈❡s ❜✉t ♦♥❡✮✳

❲❡ ❛ss✉♠❡ t❤❡ ❝❤♦s❡♥ r✉❧❡ ✐♥❝❧✉❞❡s ❈♦♥❞✐t✐♦♥ ✭✶✮✳ ❚❤❡ r✉❧❡ D = R(D̃) ✇✐t❤

R(D̃) = R6◦R2(D̃) ❝♦❧❧❡❝ts ✏♣❛rs✐♠♦♥② ✐♥❢♦r♠❛t✐✈❡✑ ❝♦❣♥❛❝② ❝❧❛ss❡s✳ ❘♦♥q✉✐st

❡t ❛❧✳ ❬✷✵✵✺❪ ❣✐✈❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r t❤❡ ✜♥✐t❡✲s✐t❡s tr❛✐t ❡✈♦❧✉t✐♦♥ ♠♦❞❡❧ ♦❢ ▲❡✇✐s

❬✷✵✵✶❪ ❢♦r r❡❣✐str❛t✐♦♥ r✉❧❡s ❧✐❦❡ ✭✶✲✻✮✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❝♦❧✉♠♥s ✐s s♦♠❡t❤✐♥❣

✇❡ ❤❛✈❡ ✐♥ ❣❡♥❡r❛❧ ♥♦ ❝♦♥tr♦❧ ♦✈❡r✿ t❤❡ ❝♦❧✉♠♥ s❡❧❡❝t✐♦♥ r✉❧❡ s✐♠♣❧② ❞❡s❝r✐❜❡s

✇❤❛t ❤❛♣♣❡♥❡❞ ❛t r❡❣✐str❛t✐♦♥✱ ❛s ❞❡✜♥❡❞ ✐♥ ❛❞✈❛♥❝❡ ❜② t❤❡ ❧✐♥❣✉✐st ❝♦❧❧❡❝t✐♥❣

t❤❡ ❞❛t❛✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✷✳✼✱ ❛♥❞ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳

❬✷✵✵✷❪ ❞❛t❛✱ ✇❡ ✜t ❞❛t❛ r❡❣✐st❡r❡❞ ✇✐t❤ R(D̃) = R1(D̃)✱ ❛♥❞ ❛❧s♦ ✉s❡ r✉❧❡

✹✸



R2 t♦ ✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts✳ ❚❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ ✉s❡ r❡❣✐str❛t✐♦♥ r✉❧❡

R(D̃) = R2(D̃)✳

▼❛♥② ♦t❤❡r r❡❣✐str❛t✐♦♥ r✉❧❡s ❝♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢✱ ❛♥❞ t❤❡ ❧✐❦❡❧✐❤♦♦❞

❝❛❧❝✉❧❛t✐♦♥s ❜❡❧♦✇ ❛r❡ ❝♦rr❡❝t ❢♦r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ r✉❧❡s✿ ♦✉r ♦♥❧② r❡q✉✐r❡♠❡♥t

✐s t❤❛t t❤❡ ❡✈❡♥t t❤❛t ❛ ❝❧❛ss ✐s r❡❣✐st❡r❡❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛❧❧ ❡✈❡♥ts ✐♥ ❛❧❧

♦t❤❡r ❝♦❣♥❛❝② ❝❧❛ss❡s✳ ❲❡ ❣✐✈❡ r❡❝✉rs✐♦♥s ❢♦r r✉❧❡s ✭✶✲✻✮ s✐♥❝❡ t❤❡s❡ ❛r❡ ❧✐❦❡❧②

t♦ ❜❡ t❤❡ ♠♦st ❢r❡q✉❡♥t❧② ✉s❡❞✳

❚❤❡ t❤✐♥♥✐♥❣ D = R(D̃) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ r❡❣✐str❛t✐♦♥

♣r♦❝❡ss ❛♥❞ ❣✐✈❡s r✐s❡ t♦ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛✳ ▲❡t I ❜❡ ❛ L×N ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣

t❤♦s❡ ❝♦❧✉♠♥s ♦❢ I
∗ ✇❤✐❝❤ s✉r✈✐✈❡❞ t❤❡ t❤✐♥♥✐♥❣✳ ❲❡ ♦❜s❡r✈❡ t❤❡ r❡❛❧✐③❛t✐♦♥ I

♦❢ I✳

❈♦❧✉♠♥ ✐♥❞✐❝❡s a = 1, 2, ..., N∗ ❛r❡ ❡①❝❤❛♥❣❡❛❜❧❡✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦

r❡♥✉♠❜❡r t❤❡ ❝♦❧✉♠♥s ♦❢ D∗✱ I∗ ❛♥❞ D̃ ❛❢t❡r r❡❣✐str❛t✐♦♥✱ s♦ t❤❛t D̃a = Da

❛♥❞ I∗
a = Ia ❢♦r a = 1, 2, ..., N ✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ ❡✈❛❧✉❛t❡ Ya

❛♥❞ Qa ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝♦❧✉♠♥ Da ❛♥❞ s❡t Ωa r❡♣r❡s❡♥t❛t✐♦♥s✳ ❲❡ ✇r✐t❡

Y (Da) = Y (Ωa) = Ya ❛♥❞ Q(Da) = Q(Ωa) = Qa✳

✷✳✷✳✹ P♦✐♥t ♣r♦❝❡ss ♦❢ ❜✐rt❤s ❢♦r r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss❡s

❋✐① ❛ ❝❛t❛str♦♣❤❡✲❢r❡❡ ♣❤②❧♦❣❡♥② g ∈ ΓC
K ✱ ✇✐t❤ k = (0, 0, ..., 0)✱ ❛♥❞ ❧❡t ❛♥ ❡❞❣❡

〈i, j〉 ❛♥❞ ❛ t✐♠❡ τ ∈ [ti, tj) ❜❡ ❣✐✈❡♥✳ ❉❡♥♦t❡ ❜② [g] t❤❡ s❡t ♦❢ ❛❧❧ ♣♦✐♥ts (τ, i)

♦♥ t❤❡ ♣❤②❧♦❣❡♥②✱ ✐♥❝❧✉❞✐♥❣ ♣♦✐♥ts (τ, r) ✇✐t❤ τ ≥ tr ✐♥ t❤❡ ❡❞❣❡ 〈r, A〉✳ ❚❤❡

❧♦❝❛t✐♦♥s zD = {z1, z2, ..., zN} ♦❢ t❤❡ ❜✐rt❤ ❡✈❡♥ts ♦❢ t❤❡ N r❡❣✐st❡r❡❞ ❝♦❣♥❛❝②

❝❧❛ss❡s ❛r❡ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♣♦✐♥t ♣r♦❝❡ss ZD ♦♥ [g]✳

▲❡t Z ∈ [g] ❜❡ t❤❡ ❜✐rt❤ ❧♦❝❛t✐♦♥ ♦❢ ❛ ❣❡♥❡r✐❝ ❝♦❣♥❛❝② ❝❧❛ss M ⊆ {1, 2, ..., L}✱

✹✹



❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝♦❧✉♠♥ ♦❢ D̃ ✇✐t❤ Y ♦❜s❡r✈❡❞ 1✬s ❛♥❞ Q ?✬s✱ ❛♥❞ ❧❡t EZ ❜❡

t❤❡ ❡✈❡♥t t❤❛t t❤✐s ❝❧❛ss ❣❡♥❡r❛t❡s ❛ ❝♦❧✉♠♥ ♦❢ t❤❡ r❡❣✐st❡r❡❞ ❞❛t❛✳

❚❤❡ ♣♦✐♥t ♣r♦❝❡ss ZD ♦❢ ❜✐rt❤ ❧♦❝❛t✐♦♥s ♦❢ r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss❡s ❤❛s

✐♥t❡♥s✐t②

λ̃(z) = λ Pr(EZ |g, µ, λ, ξ, Z = z)

❛t z ∈ [g] ❛♥❞ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②

fZD
(zD) =

1

N !
e−Λ([g])

N
∏

a=1

λ̃(za)

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡❧❡♠❡♥t ♦❢ ✈♦❧✉♠❡ dzD = dz1dz2...dzN ✐♥ [g]N ✱ ✇❤❡r❡

Λ([g]) =

∫

[g]

λ̃(z)dz

=
∑

〈i,j〉∈E

∫ tj

ti

λ̃((τ, i))dτ.

❚❤❡ ♥✉♠❜❡r N ♦❢ r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss❡s ✐s N ∼ P♦✐ss♦♥(Λ([g]))✳

✷✳✸ ▲✐❦❡❧✐❤♦♦❞ ❝❛❧❝✉❧❛t✐♦♥s

❲❡ ❣✐✈❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r g✱ µ✱ λ✱ κ✱ ρ ❛♥❞ ξ ❣✐✈❡♥ t❤❡ ❞❛t❛✱ ❛❧♦♥❣ ✇✐t❤ ❛♥

❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ s✉♠ ♦✈❡r ❛❧❧ ♠✐ss✐♥❣ ❞❛t❛✳

❲❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ P [D|g, µ, λ, ξ, R(D)]✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ♦❜s❡r✈❡❞

❞❛t❛ ❣✐✈❡♥ t❤❡ tr❡❡ g✱ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ❛♥❞ λ ❛♥❞ µ✱ t❤❡ ♦❜s❡r✈❛t✐♦♥

♠♦❞❡❧ ♣❛r❛♠❡t❡rs ξ✱ ❛♥❞ t❤❡ ❡✈❡♥t t❤❛t t❤❡ tr❛✐ts ✇❡ ❝♦♥s✐❞❡r ❤❛✈❡ ❜❡❡♥

r❡❣✐st❡r❡❞✳ ❲❡ r❡st♦r❡ t❤❡ ❜✐rt❤ ❧♦❝❛t✐♦♥s ✭❛♥❞ s♦ ♦♠✐t λ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣✮✱

✹✺



❛♥❞ ❢❛❝t♦r✐③❡ ✉s✐♥❣ t❤❡ ❥♦✐♥t ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Da, a = 1, 2, ..., N ✱ ✉♥❞❡r t❤❡

❣✐✈❡♥ ❝♦♥❞✐t✐♦♥s✳

P [D=D|g, µ, λ, ξ,D=R(D̃)]

=

∫

fZD
(zD)P [D=D|g, µ, ξ, ZD =zD,D=R(D̃)] dzD

=
e−Λ([g])

N !

N
∏

a=1

∫

[g]

λ̃(za)P [Da =Da|g, µ, ξ, Za =za, EZa
] dza

=
e−Λ([g])

N !

N
∏

a=1

∫

[g]

λP [EZa
|g, µ, ξ, Za =za]P [Da =Da|g, µ, ξ, Za =za, EZa

] dza

=
e−Λ([g])

N !

N
∏

a=1

λ

∫

[g]

P [Da =Da, EZa
|g, µ, ξ, Za =za] dza.

=
e−Λ([g])

N !

N
∏

a=1

λ

∫

[g]

P [Da =Da|g, µ, ξ, Za =za] dza.

❚❤❡ ❧❛st ❧✐♥❡ ❢♦❧❧♦✇s ❜❡❝❛✉s❡ ❛❧❧ tr❛✐ts ✐♥ t❤❡ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ r❡❣✐st❡r❡❞✱ ❤❡♥❝❡

t❤❡ ❡✈❡♥t {Da =Da} ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ❡✈❡♥t EZa
✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ❞❡♣❡♥❞s ♦♥

t❤❡ ❛✇❦✇❛r❞ ❝♦♥❞✐t✐♦♥ D = R(D̃) ♦♥❧② t❤r♦✉❣❤ t❤❡ ♠❡❛♥ ♥✉♠❜❡r λ([g]) ♦❢

r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❤❛s s♦ ❢❛r ❡①t❡♥❞❡❞ ◆✐❝❤♦❧❧s ❛♥❞

●r❛② ❬✷✵✵✽❪ t♦ ❣✐✈❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ ❣r❡❛t❡r ✈❛r✐❡t② ♦❢ ❝♦❧✉♠♥ t❤✐♥♥✐♥❣ r✉❧❡s✳

❲❡ ♥♦✇ ❛❞❞ t❤❡ ♠✐ss✐♥❣ ❡❧❡♠❡♥t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss✳

❲❡ s✉♠ ♦✈❡r ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ♠✐ss✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ t❤❡ r❡❣✐st❡r❡❞

❞❛t❛✱ ✐✳❡✳ ♦t❤❡r ❛❧❧ ❡❧❡♠❡♥ts ✐♥ D✱ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r D̃ ❣✐✈❡♥ D✳

❙✐♥❝❡ P [Da = Da|g, µ, λ, ξ, Za = za] ✐s ♥♦t ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t

t❤❡ ❝♦❧✉♠♥ Da ❣❡ts r❡❣✐st❡r❡❞✱ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❧✉♠♥ Ia ❛r❡

✹✻



❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✉♥❝♦♥❞✐t✐♦♥❡❞ ❇❡r♥♦✉❧❧✐ ♣r♦❝❡ss✱ ❛♥❞ ✇❡ ❤❛✈❡

P [Da = Da|g, µ, ξ, Za = za] =
∑

d∗∈Da

P [I∗a,D
∗
a = d∗|g, µ, ξ, Za = za]

=
L

∏

i=1

ξ
Ia,i

i (1 − ξi)
1−Ia,i

∑

d∗∈Da

P [D∗
a = d∗|g, µ, ξ, Za = za].

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s

P [D = D|g, µ, λ, ξ,D = R(D̃)] =

e−Λ([g])

N !

N
∏

a=1

(
L

∏

i=1

ξ
Ia,i

i (1 − ξi)
1−Ia,i)λ

∫

[g]

∑

ω∈Ωa

P [M = ω|g, µ, ξ, Z = za]dza, ✭✷✳✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s✇✐t❝❤❡❞ ❢r♦♠ s✉♠♠✐♥❣ d∗ ∈ Da t♦ t❤❡ ❡q✉✐✈❛❧❡♥t s❡t

r❡♣r❡s❡♥t❛t✐♦♥ ω ∈ Ωa✳

❋♦r t❤❡ t✇♦ ✐♥t❡❣r❛t❡❞ q✉❛♥t✐t✐❡s ✐♥ ❊q✉❛t✐♦♥ ✭✷✳✶✮ ✇❡ ❤❛✈❡ tr❛❝t❛❜❧❡

r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛❡✳ ❲❡ ❛r❡ ✉s✐♥❣ ❛ ♣r✉♥✐♥❣ ♣r♦❝❡❞✉r❡ ❛❦✐♥ t♦ ❋❡❧s❡♥st❡✐♥

❬✶✾✽✶❪✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ Λ([g])✳

❲❡ ♠❛❦❡ t❤❡ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ r❡❣✐str❛t✐♦♥ r✉❧❡ ✐♥❝❧✉❞❡s ❛t

❧❡❛st ❈♦♥❞✐t✐♦♥ R1 ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳✸✳ ■t ❢♦❧❧♦✇s t❤❛t ❛ ❝♦❣♥❛❝② ❝❧❛ss ❜♦r♥ ❛t

Z = (τ, i) ✐♥ [g] ♠✉st s✉r✈✐✈❡ ❞♦✇♥ t♦ t❤❡ ♥♦❞❡ ❜❡❧♦✇✱ ❛t Z = (ti, i)✱ ✐♥ ♦r❞❡r

t♦ ❜❡ r❡❣✐st❡r❡❞✱ ❛♥❞ s♦

P [EZ |Z = (τ, i), g, µ, ξ] = P [EZ |Z = (ti, i), g, µ, ξ]e−µ(τ−ti).

✹✼



❲❡ ❝❛♥ s✉❜st✐t✉t❡ t❤✐s ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Λ([g])✱ ❛♥❞ ✐♥t❡❣r❛t❡✱ t♦ ❣❡t

Λ([g]) =
λ

µ

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), g, µ, ξ]
(

1 − e−µ(tj−ti)
)

. ✭✷✳✷✮

●✐✈❡♥ ❛ ♥♦❞❡ i✱ ❧❡t V
(i)
L ❜❡ t❤❡ s❡t ♦❢ ❧❡❛❢ ♥♦❞❡s ❞❡s❝❡♥❞❡❞ ❢r♦♠ i✱ ✐♥❝❧✉❞✐♥❣

i ✐ts❡❧❢ ✐❢ i ✐s ❛ ❧❡❛❢✳ ▲❡t si = ❝❛r❞(V
(i)
L )✳ ❉❡♥♦t❡ ❜② u

(n)
i = P [Y = n|Z =

(ti, i), g, µ, ξ] ❛♥❞ v
(n)
i = P [Y + Q = n|Z = (ti, i), g, µ, ξ]✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡

Λ([g]) ❢♦r r✉❧❡s ♠❛❞❡ ✉♣ ♦❢ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❈♦♥❞✐t✐♦♥ R1 ✇✐t❤ ❛♥② ❝♦♠❜✐♥❛t✐♦♥

♦❢ ❈♦♥❞✐t✐♦♥s ✭R2✲R6✮✱ ❢r♦♠ u
(0)
i ✱ u

(1)
i ✱ u

(si−1)
i ✱ u

(si)
i ✱ v

(si−1)
i ❛♥❞ v

(si)
i ✳ ❋♦r

❡①❛♠♣❧❡✱

P [EZ |Z = (ti, i), g, µ, ξ] =























1 − u
(0)
i R = R1,

1 − u
(0)
i − u

(1)
i R = R2,

1 − u
(0)
i − u

(1)
i − u

(L−1)
i − u

(L)
i R = R4 ◦ R2.

✭✷✳✸✮

◆♦t✐❝❡ t❤❛t u
(n)
i = 0 ✉♥❧❡ss si ≥ n✱ s♦ ❢♦r ❡①❛♠♣❧❡ u

(L)
i ✐s ♥♦♥✲③❡r♦ ❛t i = r t❤❡

r♦♦t ♥♦❞❡ ♦♥❧②✳

❋♦r ♥♦❞❡s i ❛♥❞ j✱ ❧❡t δi,j = e−µ(tj−ti) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❝♦❣♥❛t❡ ❝❧❛ss

♣r❡s❡♥t ❛t (tj, j) t♦ s✉r✈✐✈❡ ❞♦✇♥ t♦ (ti, i)✳ ❈♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ❡❞❣❡s 〈c1, i〉✱

✹✽



〈c2, i〉 ✐♥ E✳ ❚❤❡♥

u
(0)
i =

(

(1 − δi,c1) + δi,c1u
(0)
c1

) (

(1 − δi,c2) + δi,c2u
(0)
c2

)

u
(1)
i = δi,c1(1 − δi,c2)u

(1)
c1

+ δi,c2(1 − δi,c1)u
(1)
c2

+ δi,c1δi,c2(u
(1)
c1

u(0)
c2

+ u(0)
c1

u(1)
c2

)

u
(si)
i = δi,c1u

(sc1 )
c1 δi,c2u

(sc2 )
c2

u
(si−1)
i =

(

δi,c1u
(sc1−1)
c1 + I{sc1=1}(1 − δi,c1)

)

δi,c2u
(sc2 )
c2

+δi,c1u
(sc1 )
c1

(

δi,c2u
sc2−1
c2 + I{sc2=1}(1 − δi,c2)

)

v
(0)
i =



δi,c1v
(0)
c1

+ (1 − δi,c1)
∏

j∈V
c1
L

ξj







δi,c2v
(0)
c2

+ (1 − δi,c2)
∏

j∈V
c2
L

ξj





v
(si)
i =



δi,c1v
(sc1 )
c1 + (1 − δi,c1)

∏

j∈V
c1
L

(1 − ξj)







δi,c2v
(sc2 )
c2 + (1 − δi,c2)

∏

j∈V
c2
L

(1 − ξj)





v
(si−1)
i =



δi,c1v
(sc1−1)
c1 + (1 − δi,c1)

∑

j∈V
c1
L

ξj

∏

k 6=j

(1 − ξk)







δi,c2v
(sc2 )
c2 + (1 − δi,c2)

∏

j∈V
c2
L

(1 − ξj)





+



δi,c1v
(sc1 )
c1 + (1 − δi,c1)

∏

j∈V
c1
L

(1 − ξj)







δi,c2v
(sc2−1)
c2 + (1 − δi,c2)

∑

j∈V
c2
L

ξj

∏

k 6=j

(1 − ξk)





❚❤❡ r❡❝✉rs✐♦♥ ✐s ❡✈❛❧✉❛t❡❞ ❢r♦♠ t❤❡ ❧❡❛✈❡s i ∈ VL✱ ❛t ✇❤✐❝❤

u
(0)
i = u

(si−1)
i = 1 − ξi

u
(1)
i = u

(si)
i = ξi

v
(0)
i = v

(si−1)
i = 0

v
(si)
i = 1

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❡q✉✐✈❛❧❡♥t r❡❝✉rs✐♦♥s ❢♦r λ
∫

[g]

∑

ω∈Ωa
P [M = ωa|Z =

za, g, µ] dza✳ ❈♦♥s✐❞❡r t❤❡ s❡t ma =
⋂

ω∈Ωa
ω ♦❢ ❧❡❛✈❡s ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ❝♦❣♥❛t❡

✹✾



✐♥ t❤❡ a✬t❤ r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss ✭ma ✐s t❤❡ s❡t ♦❢ ❧❡❛✈❡s i s✉❝❤ t❤❛t Di,a = 1✮✳

▲❡t Ea ❜❡ t❤❡ s❡t ♦❢ ❜r❛♥❝❤❡s ♦♥ t❤❡ ♣❛t❤ ❢r♦♠ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥

❛♥❝❡st♦r ♦❢ t❤❡ ❧❡❛✈❡s ✐♥ ma ✉♣ t♦ t❤❡ ❆❞❛♠✲♥♦❞❡ A ❛❜♦✈❡ t❤❡ r♦♦t✳ ❈♦❣♥❛❝②

❝❧❛ss a ♠✉st ❤❛✈❡ ❜❡❡♥ ❜♦r♥ ♦♥ ❛♥ ❡❞❣❡ ✐♥ Ea✳ ❋♦r a = 1, 2, ..., N ✱ ❝❧❛ss Ma

✐s ♥♦♥✲❡♠♣t②✱ s♦ a ♠✉st ❤❛✈❡ s✉r✈✐✈❡❞ ❢r♦♠ ✐ts ❜✐rt❤ ♣♦✐♥t ❞♦✇♥ t♦ t❤❡ ♥♦❞❡

❜❡❧♦✇✳ ❲❡ ❝❛♥ s❤✐❢t t❤❡ ❜✐rt❤ ❧♦❝❛t✐♦♥ t♦ t❤❡ ♥♦❞❡ ❜❡❧♦✇ ❛♥❞ ❝♦♥✈❡rt t❤❡

✐♥t❡❣r❛❧ t♦ ❛ s✉♠✱

λ

∫

[g]

∑

ω∈Ωa

P [M = ω|Z = za, g, µ] dza =
λ

µ

∑

〈i,j〉∈Ea

∑

ω∈Ωa

P [M = ω|Z = (ti, i), g, µ](1−δi,j).

❋♦r ❡❛❝❤ a = 1, 2, ..., N ❛♥❞ ω ∈ Ωa✱ ❧❡t ω(i) = ω ∩ V
(i)
L ❛♥❞

Ω(i)
a = {ω(i) : ω(i) = ω ∩ V

(i)
L , ω ∈ Ωa}

❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❜s❡ts ω(i) ♦❢ t❤❡ ❧❡❛✈❡s V
(i)
L ✇❤✐❝❤ ❛r❡ ❝♦❣♥❛❝② ❝❧❛ss❡s

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤♦s❡ ❧❡❛✈❡s✳ ❈♦♥s✐❞❡r t✇♦ ❝❤✐❧❞ ❜r❛♥❝❤❡s

〈c1, i〉 ❛♥❞ 〈c2, i〉 ❛t ♥♦❞❡ i✳ ❙✐♥❝❡ Ωa = Ω
(c1)
a ×Ω

(c2)
a ✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t

❡✈❡♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛❧♦♥❣ t❤❡ t✇♦ ❜r❛♥❝❤❡s✱

∑

ω∈Ωa

P [M = ω|Z = (ti, i), g, µ, ξ] =
∑

ω(c1)∈Ω
(c1)
a

P [M = ω(c1)|Z = (ti, c1), g, µ]

×
∑

ω(c2)∈Ω
(c2)
a

P [M = ω(c2)|Z = (ti, c2), g, µ].

❍❛✈✐♥❣ ♠♦✈❡❞ t❤❡ ❜✐rt❤ ❡✈❡♥t ❛t (ti, i) t♦ (ti, c1) ❛♥❞ (ti, c2) ✭♦✛ t❤❡ ♥♦❞❡ ❛♥❞

♦♥t♦ ✐ts ❝❤✐❧❞ ❡❞❣❡s✮ ✇❡ ♥♦✇ ♠♦✈❡ t❤❡ ❜✐rt❤ ❡✈❡♥t ❛t (ti, c) t♦ (tc, c) ❢♦r c = c1, c2

✺✵



✭❞♦✇♥ ❛♥ ❡❞❣❡✮ ❛s ❢♦❧❧♦✇s✿

∑

ω∈Ω
(c)
a

P [M = ω|Z = (ti, c), g, µ] =



















































δi,c ×
∑

ω∈Ω
(c)
a

P [M = ω|Z = (tc, c), g, µ] ✐❢ Y (Ω
(c)
a ) ≥ 1

(1 − δi,c) + δi,c ×
∑

ω∈Ω
(c)
a

P [M = ω|Z = (tc, c), g, µ] ✐❢ Y (Ω
(c)
a ) = 0 ❛♥❞ Q(Ω

(c)
a ) ≥ 1

(1 − δi,c) + δi,cv
(0)
c ✐❢ Y (Ω

(c)
a ) + Q(Ω

(c)
a ) = 0

✭✐✳❡✳ Ω
(c)
a = {∅}✮

❚❤❡ r❡❝✉rs✐♦♥ ✐s ❡✈❛❧✉❛t❡❞ ❢r♦♠ t❤❡ ❧❡❛✈❡s✳ ■❢ c ✐s ❛ ❧❡❛❢✱ t❤❡♥

∑

ω∈Ω
(c)
a

P [M = ω|Z = (tc, c), g, µ] =















1 ✐❢ Ω
(c)
a = {{c}, ∅} ♦r {{c}} ✭✐✳❡✳ Dc,a ∈ {?, 1}✮

0 ✐❢ Ω
(c)
a = {∅} ✭✐✳❡✳ Dc,a = 0✮.

■♥ ♦r❞❡r t♦ r❡st♦r❡ ❝❛t❛str♦♣❤❡s t♦ t❤✐s ❝❛❧❝✉❧❛t✐♦♥✱ ❛♥❞ ❣✐✈❡♥ g ∈ ΓK ✱ ✇✐t❤

ki ❝❛t❛str♦♣❤❡s ♦♥ ❡❞❣❡ 〈i, j〉 ∈ E✱ r❡♣❧❛❝❡ tj − ti ✇✐t❤ tj − ti + kiTC(κ, µ) ❛♥❞

❛❧❧ ❝♦♥❞✐t✐♦♥s ♦♥ µ ✇✐t❤ ❝♦♥❞✐t✐♦♥s ♦♥ µ, κ t❤r♦✉❣❤♦✉t✳

✷✳✹ P♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

❖✉r ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❝❛t❛str♦♣❤❡ ❞❡❛t❤ ♣r♦❜❛❜✐❧✐t② κ ❛♥❞ ♦♥ ❡❛❝❤ ♦❢

t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs ξi, i = 1 . . . L ✐s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡

✐♥t❡r✈❛❧ [0, 1]✳ ❋♦r t❤❡ r❛t❡ ♣❛r❛♠❡t❡rs µ✱ λ ❛♥❞ ρ✱ ✇❡ ✐♠♣♦s❡ ❛♥ ✐♠♣r♦♣❡r

♣r✐♦r ❞✐str✐❜✉t✐♦♥ p(µ, λ, ρ) ∝ 1
µλρ

✳ ❚❤✐s ♣r✐♦r ✐s s❝❛❧❡✲✐♥✈❛r✐❛♥t✳ ■❢ ✇❡ s❝❛❧❡ ❛❧❧

t❤❡ t✐♠❡s t ❜② ❛ ❢❛❝t♦r η ✭t′ = ηt✮✱ t❤❡♥ t❤❡ s❝❛❧✐♥❣ (µ′, λ′, ρ′) = (µ/η, λ/η, ρ/η)

✺✶



❧❡❛✈❡s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✉♥❝❤❛♥❣❡❞✳ ■t ✐s t❤❡r❡❢♦r❡ r❡❛s♦♥❛❜❧❡ t♦ ♣✉t t❤❡ s❛♠❡ ♣r✐♦r

✇❡✐❣❤t ❢♦r ❡❛❝❤ r❛t❡ ♣❛r❛♠❡t❡r ♦♥ ❛♥ ✐♥t❡r✈❛❧ [a, b] ❛s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [a/η, b/η]✳

■♥ s♦♠❡ ❛♥❛❧②s❡s✱ ✇❡ ✉s❡❞ ❛ Γ(1.5, 0.0002) ♣r✐♦r ♦♥ ρ✳ ❚❤❡ ✾✺✪ ❤✐❣❤❡st

♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐♥t❡r✈❛❧ ❢♦r t❤✐s ❞✐str✐❜✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❝❛t❛str♦♣❤❡s

♦❝❝✉r✐♥❣ ❜❡t✇❡❡♥ ❡✈❡r② ✶✱✸✵✵ ②❡❛rs ❛♥❞ ❡✈❡r② ✷✽✱✵✵✵ ②❡❛rs❀ ❝❤❛♥❣✐♥❣ t❤❡ ♣r✐♦r

❞✐❞ ♥♦t ❛✛❡❝t ♦✉r r❡s✉❧ts✳ ❖✉r ♣r✐♦r ♦♥ t❤❡ tr❡❡ g ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶✳

❲❡ t❛❦❡ ❛ ✉♥✐❢♦r♠ ♣r✐♦r ♦✈❡r [0, 1] ❢♦r t❤❡ ❞❡❛t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❛ ❝❛t❛str♦♣❤❡

κ ❛♥❞ ❡❛❝❤ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡r ξi✳

❙✉❜st✐t✉t✐♥❣ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✷✮✲✭✷✳✸✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛♥❞ ♠✉❧t✐♣❧②✐♥❣

❜② t❤❡ ♣r✐♦r fG(g|T )p(λ, µ, ρ)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

p(g, µ, λ, κ, ρ, ξ|D = D)

=
1

N !

(

λ

µ

)N

exp



−
λ

µ

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), g, µ, κ, ξ](1 − e−µ(tj−ti+kiTC))





×
N
∏

a=1





∑

〈i,j〉∈Ea

∑

ω∈Ωa

P [M = ω|Z = (ti, i), g, µ](1 − e−µ(tj−ti+kiTC))





×
1

µλ
p(ρ)fG(g|T )

e−ρ|g|(ρ|g|)kT

kT !

L
∏

i=1

(1 − ξi)
QiξN−Qi

i ✭✷✳✹✮

❢♦r ♣❛r❛♠❡t❡rs µ, λ, ρ > 0✱ 0 ≤ κ, ξi ≤ 1 ❛♥❞ tr❡❡s g ∈ Γ
(C)
K ✳

❲✐t❤ t❤❡ ♣r✐♦r p(ρ) ∝ 1/ρ✱ t❤❡ ♣♦st❡r✐♦r ✐s ✐♠♣r♦♣❡r ✇✐t❤♦✉t ❜♦✉♥❞s ♦♥

ρ s✐♥❝❡ kT = 0 ✐s ❛❧❧♦✇❡❞✳ ❲❡ ♣❧❛❝❡ ✈❡r② ❝♦♥s❡r✈❛t✐✈❡ ❜♦✉♥❞s ♦♥ ρ✳ ❘❡s✉❧ts

❛r❡ ♥♦t s❡♥s✐t✐✈❡ t♦ t❤✐s ❝❤♦✐❝❡✳ ❲❡ ❞✐s❝✉ss t❤❡ ♣r♦♣r✐❡t② ♦❢ t❤❡ ♣♦st❡r✐♦r ✐♥

❙❡❝t✐♦♥ ✸✳✶✳

✺✷



✷✳✺ ❚✐♠❡ r❡✈❡rs✐❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss ✐s t✐♠❡✲r❡✈❡rs✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν =

κλ/µ✱ ❛s ❝❧❛✐♠❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳ ❋♦r t❤✐s✱ ✇❡ ❧♦♦❦ ❛t t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ri,j

❢r♦♠ t❤❡ st❛t❡ ✇✐t❤ i ❝♦❣♥❛❝② ❝❧❛ss❡s ✐♥ ❛ ❧❛♥❣✉❛❣❡ t♦ t❤❡ st❛t❡ ✇✐t❤ j ❝♦❣♥❛❝②

❝❧❛ss❡s✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡ t❤❡ s✉♠ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❢♦r t❤❡

❛♥❛❣❡♥✐❝ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❧❧♦✇s tr❛♥s✐t✐♦♥s ❢r♦♠ i t♦ i + 1 ❛♥❞ i − 1✱ ❛♥❞ t❤❡

tr❛♥s✐t✐♦♥ r❛t❡s ❢♦r t❤❡ ❝❛t❛str♦♣❤❡ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❧❧♦✇s tr❛♥s✐t✐♦♥s ❢r♦♠ ❛♥②

i t♦ ❛♥② j✳

✲ ❢♦r |i− j| 6= 1✱ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ i t♦ j ❤❛s t♦ ❣♦ t❤r♦✉❣❤ ❛ ❝❛t❛str♦♣❤❡

✭t❤❡s❡ ♦❝❝✉r ❛t r❛t❡ ρ✮✳ ❋♦r ❛ ❝❛t❛str♦♣❤❡ ♦❝❝✉rr✐♥❣ ❛t t✐♠❡ τ ✱ s❛② t❤❛t t❤❡

❞❡❛t❤s ❤❛♣♣❡♥ ❛t τ ❛♥❞ t❤❡ ❜✐rt❤s ❤❛♣♣❡♥ s❤♦rt❧② ❛❢t❡r✱ ❛t τ − ǫ❀ ❧❡t k ❜❡ t❤❡

♥✉♠❜❡r ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❡①✐st✐♥❣ ❛❢t❡r t❤❡ ❞❡❛t❤s ❤❛✈❡ ♦❝❝✉rr❡❞✱ ❜✉t ❜❡❢♦r❡

t❤❡ ❜✐rt❤s✳ ❖♥❧② ❞❡❛t❤s ♦❝❝✉rr❡❞ t♦ ❣♦ ❢r♦♠ i t♦ k✱ s♦ k ≤ i✱ ❛♥❞ ♦♥❧② ❜✐rt❤s

♦❝❝✉r t♦ ❣♦ ❢r♦♠ k t♦ j✱ s♦ k ≤ j❀ k ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ min(i, j)✳

❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ t❤❡s❡ ✈❛❧✉❡s✱ ✇❡ ❣❡t✿

ri,j = ρ

k=min(i,j)
∑

k=0

Bin(k; i, 1 − κ) × Poi(j − k; ν) ✭✷✳✺✮

✭st❛rt✐♥❣ ✇✐t❤ i ❝♦❣♥❛❝② ❝❧❛ss❡s✱ k ❝♦❣♥❛❝② ❝❧❛ss❡s ❤❛✈❡ t♦ s✉r✈✐✈❡ t❤❡ t❤✐♥♥✐♥❣

♣r♦❝❡ss ✇✐t❤ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② 1−κ❀ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ j−k ❝♦❣♥❛❝② ❝❧❛ss❡s

❛r❡ ❜♦r♥ t❤r♦✉❣❤ t❤❡ Poi(ν) ♣r♦❝❡ss✮✳ ❚❤✐s ❜❡❝♦♠❡s

ri,j = ρκie−ννji! 2F0

(

−i,−j;
1 − κ

νκ

)

✭✷✳✻✮

✺✸



✇❤❡r❡

2F0(−i,−j; θ) =

k=min(i,j)
∑

k=0

θk 1

k!(i − k)!(j − k)!

✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ ❬❆❜r❛♠♦✇✐t③ ❛♥❞ ❙t❡❣✉♥✱ ✶✾✻✹❪✳ ◆♦t❡

t❤❛t 2F0(−i,−j; θ) = 2F0(−j,−i; θ)✳

✲ ❢♦r j = i + 1✱ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡

ri,j = λ + ρe−ν νjκj−1

j!
2F0

(

−i,−j;
1 − κ

νκ

)

✭✷✳✼✮

rj,i = µj + ρe−ν νj−1κj

(j − 1)!
2F0

(

−j,−i;
1 − κ

νκ

)

. ✭✷✳✽✮

❋✐rst✱ ❛ss✉♠❡ t❤❛t ν = κλ/µ✳ ❲❡ ❤❛✈❡ ♣r♦✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷ t❤❛t ❛t

❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛♥② ♣♦✐♥t ♦♥ t❤❡ tr❡❡ t♦ ❞✐s♣❧❛② ❡①❛❝t❧② i

❝♦❣♥❛t❡ ❝❧❛ss❡s ✐s πi = e−
ν
κ νi/(i!κi)✳ ■❢ |i − j| 6= 1✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦

❝❤❡❝❦ t❤❛t πiri,j = πjrj,i✳ ■❢ j = i + 1✱ t❤❡♥

πjrj,i

πiri,j

=
λ

µ

1

j
×

µj + ρe−ν νj−1κj

(j−1)! 2F0

(

−j,−i; 1−κ
νκ

)

λ + ρe−ν νjκj−1

j! 2F0

(

−i,−j; 1−κ
νκ

)

=
λ

µ
×

µ + ρe−ν νj−1κj

j! 2F0

(

−j,−i; 1−κ
νκ

)

λ + ρe−ν νjκj−1

j! 2F0

(

−i,−j; 1−κ
νκ

)

=

λ
µ
µ + ν

κ
ρe−ν νj−1κj

j! 2F0

(

−j,−i; 1−κ
νκ

)

λ + ρe−ν νjκj−1

j! 2F0

(

−i,−j; 1−κ
νκ

)

= 1.

❋♦r ❛❧❧ i ❛♥❞ j✱ πiri,j = πjrj,i ❛♥❞ s♦ t❤❡ ♣r♦❝❡ss ✐s t✐♠❡✲r❡✈❡rs✐❜❧❡✳

❙✉♣♣♦s❡ ❝♦♥✈❡rs❡❧② t❤❛t t❤❡ ♣r♦❝❡ss ✐s t✐♠❡✲r❡✈❡rs✐❜❧❡✳ ❚❛❦❡ i ≥ 2 ❛♥❞ ❧❡t

✺✹



j = i + 1✳ ❚❤❡♥

πi =
π0r0,i

ri,0

✭❜② t✐♠❡✲r❡✈❡rs✐❜✐❧✐t②✮

=
νi

κi

π0

i!
✭❜② ❡q✉❛t✐♦♥ ✭✷✳✻✮✮ ✭✷✳✾✮

πj =
νj

κj

π0

j!
✭✷✳✶✵✮

❍❡♥❝❡ πi/πj = (i + 1)κ/ν✳ ❊q✉❛t✐♦♥s ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮ ❣✐✈❡

rj,i

ri,j

=
µ(i + 1) + ρe−ννiκi+1

i! 2F0

(

−i,−j; 1−κ
νκ

)

λ + ρe−ννi+1κi

(i+1)! 2F0

(

−j,−i; 1−κ
νκ

) ✭✷✳✶✶✮

❙✐♥❝❡ t❤❡ ♣r♦❝❡ss ✐s t✐♠❡ r❡✈❡rs✐❜❧❡✱ ✇❡ ❤❛✈❡ πi

πj
=

rj,i

ri,j
✱ ✐✳❡✳

(i + 1)
κ

ν
=

µ(i + 1) + ρe−ννiκi+1

i! 2F0

(

−i,−j; 1−κ
νκ

)

λ + ρe−ννi+1κi

(i+1)! 2F0

(

−i,−j; 1−κ
νκ

) ✭✷✳✶✷✮

❉✐✈✐❞✐♥❣ t❤❡ ♥✉♠❡r❛t♦r ♦❢ ❜♦t❤ s✐❞❡s ❜② (i + 1)κ ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❜♦t❤

s✐❞❡s ❜② ν ❣✐✈❡s

1 =

µ

κ
+ ρe−ννiκi

(i+1)! 2F0

(

−i,−j; 1−κ
νκ

)

λ
ν

+ ρe−ννiκi

(i+1)! 2F0

(

−i,−j; 1−κ
νκ

) . ✭✷✳✶✸✮

■t ❢♦❧❧♦✇s t❤❛t µ/κ = λ/ν✳

❚❤✐s s❤♦✇s t❤❛t t❤❡ ♣r♦❝❡ss ✐s t✐♠❡ r❡✈❡rs✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν = λκ/µ✳

✺✺



❈❤❛♣t❡r ✸

■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤✐s ❝❤❛♣t❡r ❝❤❡❝❦s t❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐s ♣r♦♣❡r✱ s❡ts ♦✉t

t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠✱ ❡①♣❧❛✐♥s ❤♦✇ ✐t ✐s ✐♠♣❧❡♠❡♥t❡❞✱

❞❡s❝r✐❜❡s ❞❡❜✉❣❣✐♥❣ ❝❤❡❝❦s ❛♥❞ ❜r✐❡✢② ❧✐sts ♦t❤❡r ❛s♣❡❝ts ♦❢ t❤❡ s♦❢t✇❛r❡

❚r❛✐t▲❛❜ ✐♥ ✇❤✐❝❤ ●❡♦✛ ◆✐❝❤♦❧❧s✱ ❉❛✈✐❞❲❡❧❝❤ ❛♥❞ t❤✐s ❛✉t❤♦r ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞

t❤❡ st♦❝❤❛st✐❝ ❉♦❧❧♦ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

✸✳✶ Pr♦♣r✐❡t② ♦❢ t❤❡ ♣♦st❡r✐♦r

❘❡❝❛❧❧ t❤❛t ♦✉r ♣r✐♦r ♦♥ t❤❡ ❜✐rt❤ ♣❛r❛♠❡t❡r λ ❛♥❞ t❤❡ ❞❡❛t❤ ♣❛r❛♠❡t❡r µ ✐s

p(λ, µ) ∝ 1
λµ
✱ ✇❤✐❝❤ ✐s ✐♠♣r♦♣❡r✳ ■t ✐s t❤❡r❡❢♦r❡ ♣♦ss✐❜❧❡ t❤❛t t❤❡ ♣♦st❡r✐♦r

❞✐str✐❜✉t✐♦♥ ✐s ✐♠♣r♦♣❡r✳ ❊q✉❛t✐♦♥ ✷✳✹ ❣✐✈❡s t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

✺✻



tr❡❡ ❛♥❞ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ t❤❡ ❞❛t❛ ❛s

p(g, µ, λ, κ, ρ, ξ|D = D)

=
1

N !

(

λ

µ

)N

exp



−
λ

µ

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), g, µ, κ, ξ](1 − e−µ(tj−ti+kiTC))





×
N
∏

a=1





∑

〈i,j〉∈Ea

∑

ω∈Ωa

P [M = ω|Z = (ti, i), g, µ](1 − e−µ(tj−ti+kiTC))





×
1

µλ
p(ρ)fG(g|T )

e−ρ|g|(ρ|g|)kT

kT !

L
∏

i=1

(1 − ξi)
QiξN−Qi

i

❢♦r ♣❛r❛♠❡t❡rs µ, λ, ρ > 0✱ 0 ≤ κ, ξi ≤ 1 ❛♥❞ tr❡❡s g ∈ Γ
(C)
K ✳

❲❡ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♣♦st❡r✐♦r ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡ ♣r♦♣❡r✳

❖✉r str❛t❡❣② ✐s t♦ ✜rst ✐♥t❡❣r❛t❡ ♦✉t λ✱ ❛♥❞ t❤❡♥ ✜♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥

t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ♣♦st❡r✐♦r ✇❤❡♥ µ → ∞ ❛♥❞ µ → 0✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡

s❤❛❧❧ ✜♥❞ µ0 ❛♥❞ µ1 s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ❜♦✉♥❞ ❢♦r t❤❡ ✐♥t❡❣r❛❧ ♦♥ [µ0,∞)

❛♥❞ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ✐♥t❡❣r❛❧ ♦♥ [0, µ1]✳ ✭❚❤❡ ✐♥t❡❣r❛❧ ♦♥ [µ1, µ0] ✐s t❤❡ ✐♥t❡❣r❛❧

♦❢ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦✈❡r ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✜♥✐t❡✳✮ ❋♦r ❡❛s❡

♦❢ r❡❛❞❛❜✐❧✐t②✱ ✇❡ ❧❡t θ = (g, κ, ρ, ξ) ❛♥❞ dθ = dκdρdξ
∏

i dti ✭✇✐t❤ ❝♦✉♥t✐♥❣

♠❡❛s✉r❡ ♦♥ t♦♣♦❧♦❣✐❡s✮✳

❚❤❡ ♠❛r❣✐♥❛❧ ❢♦r λ ✐s ●❛♠♠❛✲❞✐str✐❜✉t❡❞✿ λ|µ, θ, D ∼ Γ(N, β)✱ ✇❤❡r❡

β =
µ

∑

〈i,j〉∈E P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛ Γ(α, β) ✐s f(x) = xα−1e−βxβα

Γ(α)

✺✼



❲❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ♦✉t λ ✇❡ ♣✐❝❦ ✉♣ t❤❡ ❢❛❝t♦rs ♥♦r♠❛❧✐③✐♥❣ t❤✐s ❞✐str✐❜✉t✐♦♥✿

p(µ, θ|D) ∝





∑

〈i,j〉∈E

P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))





−N

×
N
∏

a=1





∑

〈i,j〉∈Ea

∑

ω∈Ωa

P [M = ω|Z = (ti, i), g, µ](1 − e−µ(tj−ti+kiTC))





×
1

N !

1

µ
p(ρ)fG(g|T )

e−ρ|g|(ρ|g|)kT

kT !

L
∏

i=1

(1 − ξi)
QiξN−Qi

i ✭✸✳✶✮

✭❛♥❞ t❤✐s ✐s ✐♥ ❢❛❝t t❤❡ ❢♦r♠ ✇❡ ✉s❡❞ ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❧❛t❡r

✐♥ t❤✐s ❝❤❛♣t❡r✮✳

❲❡ ✜rst ❡①❛♠✐♥❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ✇❤❡♥ µ → +∞✳ ■♥ ♦r❞❡r t♦

♣r♦✈❡ t❤❛t t❤❡ ♣♦st❡r✐♦r ✐s ♣r♦♣❡r✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❡ ❞❛t❛ ✐♥❝❧✉❞❡s ❛ tr❛✐t

❞✐s♣❧❛②❡❞ ✐♥ t✇♦ ❧❡❛✈❡s ✐♥ ❞✐✛❡r❡♥t ❝❧❛❞❡s✳ ❙✉❝❤ ❛ tr❛✐t ♠✉st s✉r✈✐✈❡ ❢♦r ❛

✜♥✐t❡ t✐♠❡✱ ❛♥❞ t ❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ❛t µ → ∞✳

❲❡ r❡✇r✐t❡ ❊q✉❛t✐♦♥ ✸✳✶

p(µ, θ|D) ∝
C

µ

N
∏

a=1

∑

〈i,j〉∈Ea

∑

ω∈Ωa
P [M = ω|Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

∑

〈i,j〉∈E P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

✭✸✳✷✮

✇❤❡r❡ C =
QL

i=1(1−ξi)
Qiξ

N−Qi
i

N !
p(ρ)fG(g|T ) e−ρ|g|(ρ|g|)kT

kT !
✳

❚❤❡ ♥✉♠❡r❛t♦r ✐s ❜♦✉♥❞❡❞✱ s♦ ✇❡ ❣❡t ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❘✐❣❤t ❍❛♥❞ ❙✐❞❡

✐❢ ✇❡ ❝❛♥ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❞❡♥♦♠✐♥❛t♦r✳ ❙✐♥❝❡ ❢♦r ❛❧❧ ω ∈ Ωa✱ t❤❡

❡✈❡♥t {Ma = ω|Z = (ti, i)} ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡✈❡♥t {EZ |Z = (ti, i)}✱ ❛♥❞ s✐♥❝❡

Ea ⊆ E✱ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤✐s ♣r♦❞✉❝t ❛r❡ ❧❡ss t❤❛♥ ✶✱ ❜✉t t❤✐s ✉♣♣❡r ❜♦✉♥❞ ✐s

♥♦t q✉✐t❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r µ ✐s ♣r♦♣❡r✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s Y (a) > 0

✺✽



i2

i1

i0

{a0,...}

{a0,...}

❋✐❣✉r❡ ✸✳✶✿ ❆♥ ❡①❛♠♣❧❡ tr❡❡ ❢♦r ❊q✳ ✸✳✸✱ ✇❤❡r❡ ❝♦❣♥❛t❡ ❝❧❛ss a0 ✐s ❞✐s♣❧❛②❡❞
♦♥❧② ❛t ❧❡❛✈❡s i1 ❛♥❞ i2✱ ✇✐t❤ r❡s♣❡❝t✐✈❡❧② k1 = 1 ❛♥❞ k2 = 3 ❝❛t❛str♦♣❤❡s ❛❜♦✈❡
t❤❡♠✳

✭❞✐s❝❛r❞ ❝♦❣♥❛❝② ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ♥❡✈❡r ♦❜s❡r✈❡❞❀ ✇❡ ❝❛❧❧ t❤✐s ❈♦♥❞✐t✐♦♥ R1

✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✸✮✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ❝♦❣♥❛❝② ❝❧❛ss a0 s✉❝❤ t❤❛t a0 ✐s ❞✐s♣❧❛②❡❞

❛t ❡①❛❝t❧② t✇♦ ❧❡❛✈❡s✱ i1 ❛♥❞ i2✳
✶ ❋♦r ♥♦✇✱ ❛ss✉♠❡ t❤❛t i1 ❛♥❞ i2 ❛r❡ s✐❜❧✐♥❣s✱

❛s ✐♥ ❋✐❣✉r❡ ✸✳✶✱ ❧❡t i0 ❜❡ t❤❡✐r ❝♦♠♠♦♥ ♣❛r❡♥t ♥♦❞❡ ❛♥❞ ❧❡t k1 ❛♥❞ k2 ❜❡

t❤❡ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ t❤❡ ❜r❛♥❝❤❡s 〈i1, i0〉 ❛♥❞ 〈i2, i0〉 r❡s♣❡❝t✐✈❡❧②

✭s❡❡ ❋✐❣✉r❡ ✸✳✶✮✳ ❲❡ ❝❛♥ t❤❡♥ ♦❜t❛✐♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢

❊q✉❛t✐♦♥ ✭✸✳✷✮✿

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

=
∑

〈i,j〉∈E

P [Y (a) > 0|Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

≥ P [Y (a) > 0|Z = (ti1 , i1), θ, µ](1 − e−µ(ti0−ti1+k1TC))

≥ ξ1 × (1 − e−µ(ti0−ti1+k1TC))

≥ ξ1(1 − e−µ(ti0−ti1 )) ✭✸✳✸✮

❲❡ ♥♦✇ ♥❡❡❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❡r❛t♦r ♦❢ ❊q✉❛t✐♦♥ ✭✸✳✷✮✳ ❚❤❡

❞♦✉❜❧❡ s✉♠
∑

〈i,j〉∈Ea0

∑

ω∈Ωa0
P [M = ω|Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

✶■♥ ♦t❤❡r ✇♦r❞s✱ Ωa0
= {{i1, i2}}✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞♦✉❜❧❡ s✉♠ ♦✈❡r Ea ❛♥❞ Ωa ✇✐❧❧

t❤❡r❡❢♦r❡ ♦♥❧② ❜❡ ❛ s✉♠ ♦✈❡r Ea✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ♠✐ss✐♥❣ ❞❛t❛ ❢♦r t❤✐s ❝♦❣♥❛❝② ❝❧❛ss✳

✺✾



❝♦♥t❛✐♥s ❛t ♠♦st L − 2 t❡r♠s✳ ❙✐♥❝❡ 1 − e−µ(tj−ti+kiTC) ≤ 1 ❛♥❞ s✐♥❝❡

t❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡ ✭♦✈❡r i✮ ♦❢ t❤❡ t❡r♠s P [M = ω|Z = (ti, i), θ, µ] ❝❧❡❛r❧②

❝♦rr❡s♣♦♥❞s t♦ ❛ ❜✐rt❤ ❛t t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r✱ i0✱

∑

〈i,j〉∈Ea0

∑

ω∈Ωa0

P [M = ω|Z = (ti, i), θ, µ](1 − e−µ(tj−ti+kiTC))

≤ (L − 2)P [M = {i1, i2}|Z = (ti0 , i0), θ, µ]

≤ (L − 2)ξi1ξi2e
−µ(ti0−ti1+k1TC)e−µ(ti0−ti2+k2TC).

❇② ✉s✐♥❣ t❤✐s ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t❡r♠ a0✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❛❧❧ t❤❡ t❡r♠s

✐♥ t❤❡ ♣r♦❞✉❝t ✭✸✳✷✮ ❢♦r a 6= a0 ❛r❡ ❡❛❝❤ ❧❡ss t❤❛♥ 1✱ ✇❡ ❣❡t t❤❛t

p(µ, θ|D) ≤ C(L − 2)ξi1ξi2

e−µ(2ti0−ti1−ti2+(k1+k2)TC)

µ(1 − e−µ(ti0−ti1 ))
✭✸✳✹✮

❆ s✐♠✐❧❛r r❡s✉❧t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐❢ i1 ❛♥❞ i2 ❛r❡ ♥♦t s✐❜❧✐♥❣s✳

❲❡ ❝❛♥ ♥♦✇ ✉s❡ t❤❛t✱ ❢♦r µ ≥ 1✱

e−µ(2ti0−ti1−ti2+(k1+k2)TC)

µ
≤ e−µ(2ti0−ti1−ti2+(k1+k2)TC) ≤ e−µ(2ti0−ti1−ti2 ).

❚❤❡r❡❢♦r❡✱

p(µ, θ|D) ≤ C(L − 2)ξi1ξi2

e−µ(2ti0−ti1−ti2 )eµ(ti0−ti1 )

eµ(ti0−ti1 ) − 1
✭✸✳✺✮

≤ C(L − 2)ξi1ξi2

e−µ(ti0−ti2 )

eti0−ti1 − 1
✭✸✳✻✮

✻✵



❲❡ ❝❛♥ ✐♥t❡❣r❛t❡ µ ♦✉t ♦❢ [1,∞)✱ ❛♥❞ ♦❜t❛✐♥

p(θ|D)dθ ≤ C(L − 2)ξi1ξi2

e−(ti0−ti2 )

(ti0 − ti2)e
(ti0−ti1 ) − 1

dθ ✭✸✳✼✮

❆s ❧♦♥❣ ❛s ✇❡ ❝❛♥ ♣✉t ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ti0 − ti1 ❛♥❞ ti0 − ti2 ✱ t❤✐s ✇✐❧❧

❜❡ ♣r♦♣❡r✳ ❆ss✉♠✐♥❣ t❤❛t i1 ❛♥❞ i2 ❛r❡ ♠♦❞❡r♥ ❧❡❛✈❡s ✭s♦ t❤❛t t❤❡✐r ❛❣❡ ✐s

❝♦♥str❛✐♥❡❞ t♦ ❜❡ ✵✮✱ s✉❝❤ ❛ ❧♦✇❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐❢ t❤❡r❡ ✐s ❛ ❧♦✇❡r

❜♦✉♥❞ ♦♥ ti0 ✱ ✐✳❡✳ ✐❢ ✇❡ ❤❛✈❡ ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ r♦♦t ♦❢ ❛ ❝❧❛❞❡ ❝♦♥t❛✐♥✐♥❣

i1 ❜✉t ♥♦t i2✳ ❚❤❡ ✐♥t❡❣r❛❧ ✐s t❤❡r❡❢♦r❡ ♣r♦♣❡r ❢♦r µ ∈ [1,∞[ ✐❢ ❛t ❧❡❛st ♦♥❡

❝♦❣♥❛❝② ❝❧❛ss ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❡①❛❝t❧② t✇♦ ❧❛♥❣✉❛❣❡s ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝❧❛❞❡s✳ ❋♦r

❡①❛♠♣❧❡✱ ✐♥ ❋✐❣✉r❡ ✷✳✷✱ ❛ ❝♦❣♥❛❝② ❝❧❛ss ❞✐s♣❧❛②❡❞ ✐♥ ▲❛t✈✐❛♥ ❛♥❞ ❲❡❧s❤ ✇♦✉❧❞

s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✳

❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ a0 ✐s ❞✐s♣❧❛②❡❞ ❛t ♠♦r❡ t❤❛♥

✷ ❧❡❛✈❡s ❛♥❞ ✇❤❡r❡ t❤❡ ❞❛t❛ ❛r❡ ♠✐ss✐♥❣ ❛t s♦♠❡ ❧❡❛✈❡s✳ ■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡

r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ Y (a) > d ❢♦r s♦♠❡ ✈❛❧✉❡ ♦❢ d✱ ✐t ❝❛♥ ❜❡

❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛ ❝♦❣♥❛❝② ❝❧❛ss a0 ❞✐s♣❧❛②❡❞ ❛t ❛t ❧❡❛st

d + 2 ❧❡❛✈❡s ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝❧❛❞❡s✳ ❲❡ s✉s♣❡❝t t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❝♦✉❧❞ ❜❡

♠❛❞❡ ❧❡ss str✐♥❣❡♥t✱ ❜✉t ✐t ✐s ❛❧r❡❛❞② s❛t✐s✜❡❞ ❜② ♦✉r ❞❛t❛✳ ■❢ t❤❡ r❡❣✐str❛t✐♦♥

❝♦♥❞✐t✐♦♥ ✐♥❝❧✉❞❡s ♦♥❡ ♦❢ ❝♦♥❞✐t✐♦♥s R3✲R6 ♦❢ s❡❝t✐♦♥ ✷✳✸ ✭❡✳❣✳ Y (a) < L✱

❞✐s❝❛r❞ ❛♥② ❝♦❣♥❛❝② ❝❧❛ss ❞✐s♣❧❛②❡❞ ❛t ❡✈❡r② ❧❡❛❢✮✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ st✐❧❧ ❤♦❧❞s✱

❛s ❧♦♥❣ ❛s i0 ❤❛s ❧❡ss t❤❛♥ L ❞❡s❝❡♥❞❛♥ts ✭♦r L−1✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥

✉s❡❞✮✳ ❚❤❡ ❝❛s❡ µ → ∞ ✐s ❝♦✈❡r❡❞✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t✱ ✉♥❞❡r r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥ R1✱ t❤❡

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r ❞❛t❛ ✐♥ ✇❤✐❝❤ ❛❧❧ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❛t

❥✉st ♦♥❡ ❧❡❛❢ ✐s ✐♠♣r♦♣❡r✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❛t t❤❡ ♣r♦♣r✐❡t② ♦❢ t❤❡ ✐♥t❡❣r❛❧

✻✶



✐s ✇❤❡♥ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❛t ♠♦r❡ t❤❛♥ d + 1 ❧❡❛✈❡s✱ ❜✉t ✇✐t❤ ❛❧❧

t❤❡ ❧❡❛✈❡s ✐♥ t❤❡ s❛♠❡ ❝❧❛❞❡❀ ✇❡ s✉s♣❡❝t ✐t ✐s ✐♠♣r♦♣❡r✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ µ → 0✳ ❲✐t❤ ❝❛t❛str♦♣❤❡s ✐♥❝❧✉❞❡❞✱ t❤❡ ♣♦st❡r✐♦r

✐s ✐♠♣r♦♣❡r✳ ■♥❞❡❡❞✱ ❢♦r ❛ tr❡❡ ✇✐t❤ ♦♥❡ ❝❛t❛str♦♣❤❡ ♦♥ ❡❛❝❤ ❜r❛♥❝❤ ❛♥❞ ✇✐t❤

✜①❡❞ κ✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❞♦❡s ♥♦t ❣♦ t♦ ✵ ✇❤❡♥ µ → 0✱ s✐♥❝❡ s✉❝❤ ❛ tr❡❡ ✐s

❡q✉✐✈❛❧❡♥t t♦ ❛ tr❡❡ ✐♥ ✇❤✐❝❤ ❛❧❧ ❜r❛♥❝❤❡s ❤❛✈❡ ❡q✉❛❧ ❧❡♥❣t❤ TC = − log(1 −

κ)/µ✳ ❲❡ s❤♦✇ t❤❛t ❢♦r ❛ tr❡❡ ✇✐t❤♦✉t ❝❛t❛str♦♣❤❡s✱ ❛♥❞ ✉♥❞❡r r❡❛s♦♥❛❜❧❡

❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❞❛t❛✱ t❤❡ ♣♦st❡r✐♦r ✐s ♣r♦♣❡r ✇❤❡♥ µ → 0✳ ❚❤✐s t✐♠❡✱ t❤❡

❦❡② ✐s t♦ ❛ss✉♠❡ ❛ ❝♦❣♥❛❝② ❝❧❛ss ✇❤✐❝❤ ♠✉st ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❞❡❛t❤ ♦♥ t❤❡

tr❡❡✳ ❆♥② ❝♦❣♥❛❝② ❝❧❛ss ✇❤✐❝❤ ✐s ♥♦t ♠♦♥♦♣❤②❧✐t✐❝ ❢✉❧✜❧❧s t❤✐s ❝r✐t❡r✐♦♥✳ ❲❡

♥♦✇ ❞❡✜♥❡ θ = (g, ξ) ❛♥❞ ❧♦♦❦ ♦♥❧② ❛t ❝❛t❛str♦♣❤❡✲❢r❡❡ tr❡❡s✳

❆ss✉♠❡ t❤❛t t❤❡ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ Y (a) > d ❢♦r s♦♠❡ d✳

❲❡ s❤❛❧❧ ✉s❡ t✇♦ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✿

∀x ∈ R, 1 − e−x ≤ x ✭✸✳✽✮

∀x ∈ [0, 1], 1 − e−x ≥
x

2
✭✸✳✾✮

❚❤❡s❡ tr❛♥s❧❛t❡ ✐♥t♦

∀µ ∈ R
+,∀〈i, j〉 ∈ E, 1 − e−µ(tj−ti) ≤ µ(tj − ti) ✭✸✳✶✵✮

∀µ ≤ 1/T,∀〈i, j〉 6= 〈r, A〉, 1 − e−µ(tj−ti) ≥
µ(tj − ti)

2
✭✸✳✶✶✮

✭❘❡❝❛❧❧ t❤❛t 〈r, A〉 ✐s t❤❡ ❘♦♦t✲❆❞❛♠ ❜r❛♥❝❤✱ ❛♥❞ T ✐s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥

t❤❡ r♦♦t ❛❣❡✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❤♦❧❞s ❜❡❝❛✉s❡ ∀〈i, j〉 6= 〈r, A〉, tj − ti ≤ T ✱

❤❡♥❝❡ µ(tj − ti) ≤ 1✳✮

✻✷



❆❧s♦✱ ♥♦t❡ t❤❛t

∀〈i, j〉 ∈ E, 1 ≥ P [EZ |Z = (ti, i), θ, µ] ≥ e−µ[(d+1)T ] ✭✸✳✶✷✮

✭t❤❡ ❧❛st t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦❣♥❛❝② ❝❧❛ss ♣r❡s❡♥t ❛t t❤❡ r♦♦t✱ ❛♥❞ s✉r✈✐✈✐♥❣

❛❧♦♥❣ d + 1 ♣❛t❤s ♦❢ ❧❡♥❣t❤ T ✱ ✇❤✐❝❤ ✐s ♦♥❡ ✇❛② ♦❢ ❤❛✈✐♥❣ t❤❡ ❡✈❡♥t EZ ♦❝❝✉r✮✳

❊q✉❛t✐♦♥s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮ ❣✐✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✸✳✷✮✿

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti)) ≥ e−µ[(d+1)T ] ·
µ

2

∑

〈i,j〉6=〈r,A〉

(tj − ti)

≥ e−µ[(d+1)T ]µ

2
tr ✭✸✳✶✸✮

✇❤❡r❡ tr ✐s t❤❡ r♦♦t ❛❣❡✳

●✐✈❡♥ ❛ tr❡❡ g ❛♥❞ ❛ ❝♦❣♥❛❝② ❝❧❛ss a✱ ✇❡ s❛② t❤❛t t❤❡ ❝♦❣♥❛❝② ❝❧❛ss a ✐s

♠♦♥♦♣❤②❧✐t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ s✉❜tr❡❡ h ♦❢ g s✉❝❤ t❤❛t a ✐s ♣♦t❡♥t✐❛❧❧②

❞✐s♣❧❛②❡❞ ❛t ❛❧❧ t❤❡ ❧❡❛✈❡s ♦❢ h ❛♥❞ ♥♦✇❤❡r❡ ❡❧s❡ ✷✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t ❛t ❧❡❛st

♦♥❡ ❝♦❣♥❛❝② ❝❧❛ss✱ am s❛②✱ ❜♦r♥ ❛t (ti, i) ✐s ♥♦t ♠♦♥♦♣❤②❧✐t✐❝✳ ❚❤❡♥ ❛t ❧❡❛st

♦♥❡ ❞❡❛t❤ ♠✉st ❤❛✈❡ ♦❝❝✉rr❡❞ ✐♥ t❤❡ s✉❜tr❡❡ ❜❡❧♦✇ (ti, i)✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❛t

s✉❜tr❡❡ ✐s ❛t ♠♦st tr · L✱ s♦ ❢♦r ❛♥② ω ∈ Ωam

P [M = ω|Z = (ti, i), θ, µ] ≤ 1 − e−µtrL ≤ µtrL ✭✸✳✶✹✮

❚❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ i ❢♦r 〈i, j〉 ∈ Eam
✱ ♦❢ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ❛t

♠♦st L− 1✱ ❛♥❞ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ ω ∈ Ωam
✱ ♦❢ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ❛t ♠♦st

✷❋♦r ❧❡❛✈❡s ✐♥ t❤❡ s✉❜tr❡❡✱ t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ✶ ♦r ?❀ ❢♦r ❧❡❛✈❡s ♦✉ts✐❞❡ t❤❡ s✉❜tr❡❡✱ t❤❡ ❞❛t❛
❝❛♥ ❜❡ ✵ ♦r ?✳

✻✸



2L−3✳ ❍❡♥❝❡✱ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮✱

∑

〈i,j〉∈Eam

∑

ω∈Ωam

P [M = ω|Z = (ti, i), θ, µ](1 − e−µ(tj−ti))

≤
∑

〈i,j〉∈Eam

∑

ω∈Ωam

P [M = ω|Z = (ti, i), θ, µ]µ(tj − ti)

≤ µ(trL) · µT · (L − 1) · 2L−3 ✭✸✳✶✺✮

❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♣r♦❞✉❝t ✐♥ t❤❡ ▲❡❢t ❍❛♥❞ ❙✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✸✳✷✱ t❤❡

t❡r♠ ❢♦r am ✐♥ t❤❡ ♣r♦❞✉❝t ❝❛♥ ❜❡ ❜♦✉♥❞❡❞✿

∑

〈i,j〉∈Eam

∑

ω∈Ωam
P [M = ω|Z = (ti, i), θ, µ](1 − e−µ(tj−ti))

∑

〈i,j〉∈E P [EZ |Z = (ti, i), θ, µ](1 − e−µ(tj−ti))
≤

µ(trL) · µT · (L − 1) · 2L−3

e−µ[(d+1)T ] µ

2
tr

✭✸✳✶✻✮

❆s ♣r❡✈✐♦✉s❧②✱ ❡✈❡r② ♦t❤❡r t❡r♠ ♦❢ t❤✐s ♣r♦❞✉❝t ✐s ❜♦✉♥❞❡❞ ❜② ✶✱ ❤❡♥❝❡

❊q✉❛t✐♦♥ ✸✳✷ ❜❡❝♦♠❡s✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C ′✱

p(θ, µ|D) ≤ C ′µ(L) · T · (L − 1) · 2L−3

e−µ[(d+1)T ] 1
2

1

µ
t2−L
r fG(g|T ) ✭✸✳✶✼✮

✇❤✐❝❤ ✐s ♣r♦♣❡r ❢♦r µ ∈ [0, 1/T ]✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡r❡ ❛r❡ t✇♦ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✿ Y (a) > d ❛♥❞

Y (a) < L − d′ ✭❢♦r ❡①❛♠♣❧❡✱ ❛♥❞ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳✸✱ R =

R3 ◦ R2✮✳ ▲❡t B ❜❡ t❤❡ s❡t ♦❢ ❡❞❣❡s ✇❤✐❝❤ ❤❛✈❡ ❛t ❧❡❛st L − d′ ❞❡s❝❡♥❞❛♥ts

✭t❤❡s❡ ❛r❡ ❡❞❣❡s ❝❧♦s❡ t♦ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✮✳ ■♥❡q✉❛❧✐t② ✭✸✳✶✷✮ ❞♦❡s ♥♦t ❤♦❧❞

❛♥②♠♦r❡ ❢♦r t❤❡ ❡❞❣❡s ✐♥ B✳

❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ❝❧❛❞❡ g′ s✉❝❤ t❤❛t✿

• ❚❤❡r❡ ❛r❡ ❧❡ss t❤❛♥ L − d′ ❧❡❛✈❡s ✐♥ g′
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• ❲❡ ❝❛♥ ♣✉t ❛ ❧♦✇❡r ❜♦✉♥❞ T ′ ♦♥ t❤❡ r♦♦t ❛❣❡ ♦❢ g′ ✭t❤✐s ❝❛♥ ❜❡ ❞♦♥❡

t❤r♦✉❣❤ t❤❡ ❛❣❡ ❝♦♥str❛✐♥ts ✇❡ ❦♥♦✇ ❢♦r ❝❡rt❛✐♥ ❛♥❝❡str❛❧ ♥♦❞❡s✮

▲❡t E ′ ❜❡ t❤❡ s❡t ♦❢ ❡❞❣❡s ✐♥ g′✳ ■♥❡q✉❛❧✐t② ✭✸✳✶✷✮ st✐❧❧ ❤♦❧❞s ❢♦r t❤❡ ❡❧❡♠❡♥ts

♦❢ E ′✳ ■♥❡q✉❛❧✐t② ✭✸✳✶✸✮ ❜❡❝♦♠❡s

∑

〈i,j〉∈E

P [EZ |Z = (ti, i), g, µ](1 − e−µ(tj−ti)) ≥
∑

〈i,j〉∈E′

P [EZ |Z = (ti, i), g, µ](1 − e−µ(tj−ti))

≥ e−µ[(d+1)T ] ·
µ

2

∑

〈i,j〉∈E′

(tj − ti)

≥ e−µ[(d+1)T ]µ

2
T ′ ✭✸✳✶✽✮

❆ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ✐♥❡q✉❛❧✐t② ✭✸✳✶✼✮ s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛❧ ✐s

st✐❧❧ ♣r♦♣❡r✳

❆ ✈❡r② s✐♠✐❧❛r ❛r❣✉♠❡♥t ❤♦❧❞s ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥

✐s ♦❢ t❤❡ ❢♦r♠ Y (a) + Q(a) < L − d′✳ ❚❤❡ ❝❛s❡ µ → 0 ✐s ❝♦✈❡r❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❛❧❧ t❤❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡ ♠♦♥♦♣❤②❧✐t✐❝✱ ✐t ✐s ❝❧❡❛r

t❤❛t t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ✐♠♣r♦♣❡r ✇❤❡♥ µ → 0✳

❚♦ s✉♠ ✉♣✿ ✉♥❞❡r t❤❡ ♣r✐♦r p(µ, λ) ∝ 1
µλ
✱ ✇✐t❤ ❝❛t❛str♦♣❤❡s ❡①❝❧✉❞❡❞✱ ❛♥❞

✇✐t❤ t❤❡ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥ d < Y (a) < L−d′✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡

s✉✣❝✐❡♥t ❢♦r t❤❡ ♣♦st❡r✐♦r t♦ ❜❡ ♣r♦♣❡r✿

✶✳ t❤❡r❡ ❡①✐sts ❛ ❝♦❣♥❛❝② ❝❧❛ss a0 s✉❝❤ t❤❛t a0 ✐s ❞✐s♣❧❛②❡❞ ❛t ❛t ❧❡❛st d + 2

❞✐✛❡r❡♥t ❧❡❛✈❡s ✐♥ ✷ ❞✐✛❡r❡♥t ❝❧❛❞❡s❀

✷✳ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♠♦♥♦♣❤②❧✐t✐❝ ❝♦❣♥❛❝② ❝❧❛ss am❀
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✸✳ t❤❡r❡ ❡①✐sts ❛ ❝❧❛❞❡ g′ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ❧❡ss t❤❛♥ L − d′ ❧❡❛✈❡s ✐♥ g✱

❛♥❞ ✇❡ ❝❛♥ ♣✉t ❛ ❧♦✇❡r ❜♦✉♥❞ T ′ ♦♥ t❤❡ r♦♦t ❛❣❡ ♦❢ g′

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♠❡t ❜② ❛♥② r❡❛❧✐st✐❝ ❞❛t❛✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❘✐♥❣❡

❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✱ ❢♦r ✇❤✐❝❤ R = R1 ✭✐✳❡✳ 0 < Y (a)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ d = 0✮✱

✶✳ ❚❤❡ ▲❛t✐♥ ♠♦r✐t✉r ❛♥❞ t❤❡ ❖❧❞ ❈❤✉r❝❤ ❙❧❛✈♦♥✐❝ ✉♠✟✙r❡t✟✉ ✭❜♦t❤ ♠❡❛♥✐♥❣

✏❤❡ ❞✐❡s✑✮ ❛r❡ ❝♦❣♥❛t❡ ❛♥❞ ✐♥ ❞✐✛❡r❡♥t ❝❧❛❞❡s✳

✷✳ ❚❤✐s ❝♦❣♥❛❝② ❝❧❛ss ✐s ♥♦t ♠♦♥♦♣❤②❧✐t✐❝✱ s✐♥❝❡ ❖❧❞ Pr✉ss✐❛♥ ✐s ❝♦♥str❛✐♥❡❞

t♦ ❜❡ ✐♥ t❤❡ ❇❛❧t♦✲❙❧❛✈ ❝❧❛❞❡ ✇✐t❤ ❖❧❞ ❈❤✉r❝❤ ❙❧❛✈♦♥✐❝ ❜✉t ✇✐t❤♦✉t

▲❛t✐♥✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ✐♥st❛♥❝❡ ♦❢ t❤✐s ❝❧❛ss ✐♥ ❖❧❞ Pr✉ss✐❛♥ ✭t❤❡ ♦♥❧②

❖❧❞ Pr✉ss✐❛♥ t❡r♠ ❢♦r ✏❤❡ ❞✐❡s✑ ✐s ❛✉❧❛✠✉t✱ ✇❤✐❝❤ ✐s ✐♥ ❛ ❞✐✛❡r❡♥t ❝♦❣♥❛❝②

❝❧❛ss✮✳

✸✳ ❚❤❡r❡ ❛r❡ ✽ ❝❧❛❞❡s ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥✱ ❢♦r ❡①❛♠♣❧❡ t❤❡

●❡r♠❛♥✐❝ ❝❧❛❞❡✳

❲✐t❤ ❝❛t❛str♦♣❤❡s ✐♥❝❧✉❞❡❞✱ t❤❡ ♣♦st❡r✐♦r ✐s ✐♠♣r♦♣❡r ✇❤❡♥ µ → 0✱ ❜❡❝❛✉s❡

t❤❡♥ TC → ∞✿ t❤❡ ❡✛❡❝t✐✈❡ ❧❡♥❣t❤ ❝❛♥ ❣♦ t♦ ✐♥✜♥✐t②✱ ✇✐t❤ ❛❧❧ ❝❤❛♥❣❡s

❤❛♣♣❡♥✐♥❣ ♦♥ ❝❛t❛str♦♣❤❡s ❛♥❞ ♥♦ ❝❤❛♥❣❡ ♦❝❝✉rr✐♥❣ t❤r♦✉❣❤ t❤❡ ❛♥❛❣❡♥✐❝

♣r♦❝❡ss✳ ❚❤✐s ✐s ♠♦st ❡❛s✐❧② r❡s♦❧✈❡❞ ❜② ✐♠♣♦s✐♥❣ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ µ✱ ❜✉t

❝♦✉❧❞ ❛❧s♦ ❜❡ r❡s♦❧✈❡❞ ❜② ✐♠♣♦s✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝❛t❛str♦♣❤❡s✳ ❍♦✇❡✈❡r✱

t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ ♣r❛❝t✐❝❡ s✐♥❝❡ ✇❡ ♥❡✈❡r ♦❜s❡r✈❡ µ → 0 ✐♥ ♦✉r ❛♥❛❧②s❡s✳

✸✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ▼❛t▲❛❜

❚❤❡ st♦❝❤❛st✐❝ ❉♦❧❧♦ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❛t▲❛❜

❜② ●❡♦✛ ◆✐❝❤♦❧❧s✱ ❉❛✈✐❞ ❲❡❧❝❤✱ ❛♥❞ t❤✐s ❛✉t❤♦r✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♣✐❡❝❡ ♦❢

✻✻



♣✉❜❧✐❝✲❞♦♠❛✐♥ s♦❢t✇❛r❡ ♥❛♠❡❞ ❚r❛✐t▲❛❜✳ ❚❤❡ tr❡❡✱ ❝❛t❛str♦♣❤❡s ❛♥❞ ♠♦❞❡❧

♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞ ❥♦✐♥t❧② ✈✐❛ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦✱ ❛s ❞❡s❝r✐❜❡❞

✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

❚r❛✐t▲❛❜ t❛❦❡s ✜❧❡s ✐♥ ◆❡①✉s ❢♦r♠❛t✳ ■t ❛♥❛❧②s❡s t❤❡ ❞❛t❛ ✉♥❞❡r t❤❡

st♦❝❤❛st✐❝ ❉♦❧❧♦ ♠♦❞❡❧✱ ✇✐t❤ ♦♣t✐♦♥s t♦ ✐♥❝❧✉❞❡ s♦♠❡ ♦r ❛❧❧ t❤❡ ❝❧❛❞❡ ❝♦♥str❛✐♥ts

✐♥ t❤❡ ◆❡①✉s ✜❧❡✱ ❛s ✇❡❧❧ ❛s t♦ ❡①❝❧✉❞❡ s♣❡❝✐✜❝ tr❛✐ts ♦r ❧❛♥❣✉❛❣❡s✳ ❚❤❡ ✐♥❝❧✉s✐♦♥

♦❢ ❝❛t❛str♦♣❤❡s ✐s ♦♣t✐♦♥❛❧✱ ❛♥❞ t❤❡ ✉s❡r ♠❛② ❝❤♦♦s❡ t♦ ❤❛♥❞❧❡ ♠✐ss✐♥❣ ❞❛t❛

❝♦rr❡❝t❧② ♦r t♦ tr❡❛t ♠✐ss✐♥❣ ❞❛t❛ ❛s ❛❜s❡♥t ✭r❡♣❧❛❝✐♥❣ ❛❧❧ ❄✬s ✇✐t❤ ✵✬s✮✳

❉❛t❛ ♠❛② ❜❡ s②♥t❤❡t✐③❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ●r❛♣❤✐❝❛❧ ❯s❡r

■♥t❡r❢❛❝❡ ✭●❯■✮✳ ▼♦st ♦❢ t❤❡ t②♣❡s ♦❢ ♦✉t✲♦❢✲♠♦❞❡❧ ❞❛t❛ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹

♠❛② ❛❧s♦ ❜❡ s②♥t❤❡t✐③❡❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ●❯■✱ ✐♥❝❧✉❞✐♥❣ ❞❛t❛ ✇✐t❤ ❜♦rr♦✇✐♥❣

❛♥❞ ❞❛t❛ ♠✐ss✐♥❣ ✐♥ ❜❧♦❝❦s✳

❚❤❡ ❆♥❛❧②s✐s ♣❛rt ♦❢ t❤❡ ●❯■ ❣✐✈❡s t♦♦❧s t♦ ❝❤❡❝❦ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♠✐①✐♥❣

♦❢ t❤❡ ▼❈▼❈✱ ✇✐t❤ ❛✉t♦❝♦rr❡❧❛t✐♦♥s ♣❧♦ts ❢♦r s✐① st❛t✐st✐❝s✿ t❤❡ r♦♦t ❛❣❡ tr✱ t❤❡

❞❡❛t❤ r❛t❡ µ✱ t❤❡ ❝❛t❛str♦♣❤❡ ♣❛r❛♠❡t❡rs ρ ❛♥❞ κ✱ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❛♥❞ t❤❡

♣r✐♦r✳ ❙❡✈❡r❛❧ t♦♦❧s ❢♦r ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❛t❛ ❛r❡ ✐♥❝❧✉❞❡❞✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❛❜✐❧✐t②

t♦ ❝♦♥str✉❝t ❝♦♥s❡♥s✉s tr❡❡s ❢♦r ❝❛t❛str♦♣❤❡ ♠♦❞❡❧s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹✳

❆♥ ♦♣t✐♦♥ ❛❧❧♦✇s t♦ s❛✈❡ ❛❧❧ r❡s✉❧ts t♦ ❍❚▼▲ ❢♦r♠❛t ❢♦r ❡❛s❡ ♦❢ s❤❛r✐♥❣✳

✸✳✸ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦

❲❡ ✉s❡ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈▼❈✮ t♦ s❛♠♣❧❡ t❤❡ ♣♦st❡r✐♦r

❞✐str✐❜✉t✐♦♥ ❛♥❞ ❡st✐♠❛t❡ s✉♠♠❛r② st❛t✐st✐❝s✳ ❲❡ ❞♦ ♥♦t ❡st✐♠❛t❡ λ✱ ✇❤✐❝❤

✇❡ ✐♥t❡❣r❛t❡ ♦✉t ❢♦❧❧♦✇✐♥❣ ❊q✉❛t✐♦♥ ✸✳✶✳ ❚❤❡ ▼❈▼❈ st❛t❡ ✐s t❤❡♥ x =

((E, V, t, k), µ, κ, ρ, ξ)✳
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●✐✈❡♥ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ p ❛♥❞ ❛ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ L(·|D)✱ t❤❡ str❛t❡❣②

✐♥ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ✐s t♦ ❜✉✐❧❞ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✇❤♦s❡ st❛t✐♦♥❛r②

❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✇❡ ✇✐s❤ t♦ s❛♠♣❧❡ ❢r♦♠✳ ▲❡t xn ❜❡

t❤❡ st❛t❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❛t st❡♣ n❀ t❤❡ st❛t❡ xn+1 ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ Pr♦♣♦s❡ t♦ ♠♦✈❡ ❢r♦♠ xn t♦ x′✱ ✇❤❡r❡ x′ ✐s ❞r❛✇♥ ❢r♦♠ ❛ ♣r♦♣♦s❛❧

❞✐str✐❜✉t✐♦♥ q(x′|xn)✳

✷✳ ❈♦♠♣✉t❡

α = min

(

1,
p(x′)L(x′|D)q(xn|x

′)

p(xn)L(xn|D)q(x′|xn)

)

.

✸✳ ❙❡t xn+1 = x′ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② α ❛♥❞ xn+1 = xn ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − α✳

❯♥❞❡r ✇❡❛❦ ❝♦♥❞✐t✐♦♥s✱ t❤✐s ▼❛r❦♦✈ ❝❤❛✐♥ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳

❋♦r t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ▼❈▼❈ ♠♦✈❡s ❞❡s❝r✐❜❡❞ ❜②

❉r✉♠♠♦♥❞ ❡t ❛❧✳ ❬✷✵✵✷❪ ❛♥❞ ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪✱ t♦ ✇❤✐❝❤ ✇❡ ❛❞❞ ♠♦✈❡s

t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♦✉r ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs✳ ❖✉r ❝♦♠♣❧❡t❡ ❧✐st ♦❢ ▼❈▼❈

♠♦✈❡s ✐s ❛s ❢♦❧❧♦✇s ✭❛ st❛r ❞❡♥♦t❡s ♠♦✈❡s ❛❞❞❡❞ ❜② t❤❡ ♣r❡s❡♥t ❛✉t❤♦r✮✿

• ▼♦✈❡s ♦♥ t❤❡ t♦♣♦❧♦❣②✿

✕ ❊①❝❤❛♥❣❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t✇♦ ❝❧♦s❡ ♥♦❞❡s ✭❛ ♥♦❞❡ ❛♥❞ ✐ts ✏♥✐❡❝❡✑✱

t❤❡ ❝❤✐❧❞ ♦❢ ✐ts s✐❜❧✐♥❣✮

✕ ❊①❝❤❛♥❣❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ❛♥② t✇♦ ♥♦❞❡s

✕ ▼♦✈❡ ❛ s✉❜tr❡❡ t♦ ❛ ❝❧♦s❡ ♣♦s✐t✐♦♥

✕ ▼♦✈❡ ❛ s✉❜tr❡❡ t♦ ❛♥② ♦t❤❡r ♣♦s✐t✐♦♥ ✐♥ t❤❡ tr❡❡

• ▼♦✈❡s ♦♥ t❤❡ ❛❣❡s✿
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✕ ❈❤❛♥❣❡ t❤❡ ❛❣❡ ♦❢ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡

✕ ❈❤❛♥❣❡ t❤❡ ❛❣❡ ♦❢ ❛ ♥♦♥✲♠♦❞❡r♥ ❧❡❛❢

✕ ❘❡s❝❛❧❡ t❤❡ ✇❤♦❧❡ tr❡❡

✕ ❘❡s❝❛❧❡ ❛ s✉❜tr❡❡

✕ ❘❡s❝❛❧❡ t❤❡ t♦♣ ♦❢ t❤❡ tr❡❡

• ▼♦✈❡s ♦♥ ❝❛t❛str♦♣❤❡s✿

✕ ❆❞❞ ❛ ♥❡✇ ❝❛t❛str♦♣❤❡ ✭✯✮

✕ ❉❡❧❡t❡ ❛ ❝❛t❛str♦♣❤❡ ✭✯✮

✕ ▼♦✈❡ ❛ ❝❛t❛str♦♣❤❡ t♦ ❛ ♥❡✐❣❤❜♦✉r✐♥❣ ❡❞❣❡ ✭✯✮

• ▼♦✈❡s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✿

✕ ❘❛♥❞♦♠ ✇❛❧❦ ✭❧♦❣ s❝❛❧❡✮ ♦❢ t❤❡ ❞❡❛t❤ r❛t❡ µ

✕ ❘❛♥❞♦♠ ✇❛❧❦ ✭❧♦❣ s❝❛❧❡✮ ♦❢ t❤❡ ❝❛t❛str♦♣❤❡ r❛t❡ ρ ✭✯✮

✕ ❘❛♥❞♦♠ ✇❛❧❦ ♦♥ [0, 1] ❢♦r t❤❡ ❝❛t❛str♦♣❤❡ ❞❡❛t❤ ♣r♦❜❛❜✐❧✐t② κ ✭✯✮

✕ ❘❡s❝❛❧❡ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡r ξi ❢♦r ❛ s✐♥❣❧❡ ❧❡❛❢ i ✭✯✮

✕ ❘❡s❝❛❧❡ t❤❡ ❡♥t✐r❡ ✈❡❝t♦r ♦❢ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs ξ ✭✯✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② 0 < ξi < 1 ❢♦r ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ r❡❣✐st❡r❡❞ ❞❛t❛ ♠❛tr✐① t♦

❜❡ ♦❜s❡r✈❛❜❧❡ ✐s✱ ❢♦r ♠❛♥② ❧❡❛✈❡s✱ ❝❧♦s❡ t♦ ♦♥❡✱ s♦ ✇❡ ✉♣❞❛t❡ t❤♦s❡ ♣❛r❛♠❡t❡rs

❜② s❝❛❧✐♥❣ 1 − ξi✳ ❲❡ ❛❧s♦ ✐♥❝❧✉❞❡ ❛ ♠♦✈❡ ✇❤✐❝❤ s❝❛❧❡s ❛❧❧ ξi ✭i = 1 . . . L✮

s✐♠✉❧t❛♥❡♦✉s❧② ❛✇❛② ❢r♦♠ ✶ ❜② ❛ ❢❛❝t♦r ♦❢ η✱ ✇❤❡r❡ η ∼ U([1/2, 2])✳ ■♥ t❤✐s

❝❛s❡✱ t❤❡ ❏❛❝♦❜✐❛♥ ❢♦r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ (ξ1, . . . , ξL, η) t♦ (1 − η(1 −
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❋✐❣✉r❡ ✸✳✷✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ▼❈▼❈ ♠♦✈❡✿ ♠♦✈✐♥❣ ❛ ❝❛t❛str♦♣❤❡ ❢r♦♠ ❛♥ ❡❞❣❡
t♦ ♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦✉rs✳

ξ1), . . . , 1 − η(1 − ξL), 1/η) ✐s ηL−2✱ s♦ t❤❡ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ✐s

α(x′|x) = min

(

1,
p(x′|D)

p(x|D)
ηL−2

)

❋♦r t❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ ❞❡❧❡t✐♦♥ ♦❢ ❝❛t❛str♦♣❤❡s✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✉s❡

r❡✈❡rs✐❜❧❡ ❥✉♠♣ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦✱ ❛s t❤❡ st❛t❡ ✈❡❝t♦r s♣❡❝✐✜❡s t❤❡

♥✉♠❜❡rs✱ ❛♥❞ ♥♦t t❤❡ ❧♦❝❛t✐♦♥s✱ ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ ❡❞❣❡s✳

❲❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡s❡ ♠♦✈❡s ❜✉t ❣✐✈❡✱ ❛s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ✉♣❞❛t❡

t❤❛t ♠♦✈❡s ❛ ❝❛t❛str♦♣❤❡ ❢r♦♠ ❛♥ ❡❞❣❡ t♦ ❛ ♣❛r❡♥t✱ ❝❤✐❧❞ ♦r s✐❜❧✐♥❣ ❡❞❣❡✳

▲❡t kT =
∑2L−2

i=1 ki ❣✐✈❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s✳ ●✐✈❡♥ ❛ st❛t❡

x = (g, µ, κ, ρ, ξ) ✇✐t❤ g = (V, E, t, k)✱ ✇❡ ♣✐❝❦ ❡❞❣❡ 〈i, j〉 ∈ E ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

ki/kT ✳ ▲❡t E〈i,j〉 ❜❡ t❤❡ s❡t ♦❢ ❡❞❣❡s ♥❡✐❣❤❜♦✉r✐♥❣ ❡❞❣❡ 〈i, j〉 ✭❝❤✐❧❞✱ s✐❜❧✐♥❣ ❛♥❞

♣❛r❡♥t ❡❞❣❡s✱ ❜✉t ❡①❝❧✉❞✐♥❣ t❤❡ ❡❞❣❡ 〈r, A〉 s✐♥❝❡ ✇❡ ♣✉t ♥♦ ❝❛t❛str♦♣❤❡s ♦♥

t❤✐s ❡❞❣❡ ♦❢ ✐♥✜♥✐t❡ ❧❡♥❣t❤✮ ❛♥❞ ❧❡t qi = ❝❛r❞(E〈i,j〉)✳ ❲❡ ❤❛✈❡ ✐♥ ❣❡♥❡r❛❧ qi = 4✳

❍♦✇❡✈❡r✱ ❢♦r i t❤❡ ✐♥❞❡① ♦❢ ❛ ❧❡❛❢ ♥♦❞❡✱ qi = 2 ✭✶ ♣❛r❡♥t✱ ✶ s✐❜❧✐♥❣✱ ♥♦ ❝❤✐❧❞r❡♥✮✳

■❢ j ✐s t❤❡ r♦♦t ❛♥❞ i ✐s ♥♦♥✲❧❡❛❢✱ t❤❡♥ qi = 3 ✭✶ s✐❜❧✐♥❣✱ ✷ ❝❤✐❧❞r❡♥✮ ❛♥❞ ✐❢ j ✐s t❤❡
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r♦♦t ❛♥❞ i ✐s ❛ ❧❡❛❢ ✇❡ ❤❛✈❡ qi = 1 ✭❛ s✐❜❧✐♥❣ ❡❞❣❡✮✳ ❈❤♦♦s❡ ❛ ♥❡✐❣❤❜♦✉r✐♥❣ ❡❞❣❡

〈̃i, j̃〉 ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❢r♦♠ E〈i,j〉 ❛♥❞ ♠♦✈❡ ♦♥❡ ❝❛t❛str♦♣❤❡ ❢r♦♠ 〈i, j〉 t♦

〈̃i, j̃〉✳ ❚❤❡ ❝❛♥❞✐❞❛t❡ st❛t❡ ✐s x′ = ((V, E, t, k′), µ, κ, ρ)✱ ✇✐t❤ k′
i = ki − 1 ❛♥❞

k′
ĩ
= kĩ + 1 ❛♥❞ k′

l = kl ❢♦r l 6= i, ĩ✳ ❚❤✐s ♠♦✈❡ ✐s ❛❝❝❡♣t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

α(x′|x) = min

(

1,
qi k

′
ĩ
p(x′|D)

qĩ ki p(x|D)

)

.

▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ♣r❡s❡♥ts t✇♦ ✐ss✉❡s✿ t❤❡ ❝❤❛✐♥ s❛♠♣❧❡s ❢r♦♠ t❤❡

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥❧② ♦♥❝❡ ✐t ❤❛s r❡❛❝❤❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ s❛♠♣❧❡s

✐t ♦✉t♣✉ts ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ❛ss❡ss❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝

❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs µ✱ κ✱ ρ ❛♥❞ tr ❛♥❞ t❤❡

❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ❛s s✉❣❣❡st❡❞ ❜② ●❡②❡r ❬✶✾✾✷❪✳ ●✐✈❡♥ ▼❛r❦♦✈ ❝❤❛✐♥ (Xn) ❢r♦♠

✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ r✉♥ ♦❢ ❧❡♥❣t❤ Nsamp ❛♥❞ ❣✐✈❡♥ st❛t✐st✐❝ S✱ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥

❢✉♥❝t✐♦♥ rS ❛♥❞ t❤❡ ✐♥t❡❣r❛t❡❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥ t✐♠❡ τS ❛r❡ ❞❡✜♥❡❞ ❛s

rS(t) =
cov (S(Xn), S(Xn+t))

var(S)
✭✸✳✶✾✮

τS =
+∞
∑

t=−∞

rS(t). ✭✸✳✷✵✮

❲❡ ❡st✐♠❛t❡ τS ❜② r❡str✐❝t✐♥❣ t❤❡ s✉♠ ❜❡t✇❡❡♥ −M ❛♥❞ M ❢♦r s♦♠❡ M ✱

1 ≪ M ≪ Nsamp✳ ❚❤❡♥ Nsamp/τ ✐s t❤❡ ❡✛❡❝t✐✈❡ s❛♠♣❧❡ s✐③❡✱ ❛ ♠❡❛s✉r❡ ♦❢

t❤❡ s✐③❡ ♦❢ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡ ✇❤✐❝❤ ✇♦✉❧❞ ♣r♦✈✐❞❡ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ ♦❢

t❤❡ s❛♠♣❧❡ ♠❡❛♥ ❛s t❤❡ s❛♠♣❧❡ ♦✉t♣✉t ❜② t❤❡ ▼❈▼❈✳ ❚❤✐s ♠❡t❤♦❞ ✐♥❞✐❝❛t❡s

t❤❛t ✇❡ ❝❛♥ ✉s❡ r✉♥s ♦❢ ❛❜♦✉t ✶✵ ♠✐❧❧✐♦♥ s❛♠♣❧❡s ✭t❤✐♥♥❡❞ ❞♦✇♥ t♦ ✶✵✵✵

s❛♠♣❧❡s✮❀ ✇❡ ❛❧s♦ ❧❡t t❤❡ ▼❈▼❈ r✉♥ ❢♦r ✶✵✵ ♠✐❧❧✐♦♥ s❛♠♣❧❡s ❛♥❞ ❝❤❡❝❦❡❞ t❤❛t

t❤❡ ❝♦♠♣✉t❡❞ st❛t✐st✐❝s ❞✐❞ ♥♦t ✈❛r②✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ❣✐✈❡ ✐♥ ❋✐❣✉r❡ ✸✳✸
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❋✐❣✉r❡ ✸✳✸✿ ❙♦♠❡ ♦❢ t❤❡ ♦✉t♣✉t ✉s❡❞ t♦ ❛ss❡ss ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ r❡s✉❧ts s❤♦✇♥
✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ❚❤❡s❡ t✇♦ ♣❧♦ts ❤❡❧♣ t♦ ✈✐s✉❛❧✐③❡ ❛ st❛t✐st✐❝ S✱ ❤❡r❡ t❤❡ r♦♦t ❛❣❡
tr✳ ❆ r✉♥ ♦❢ ✶✵ ♠✐❧❧✐♦♥ s❛♠♣❧❡s ✇❛s t❤✐♥♥❡❞ ❞♦✇♥ t♦ Nsamp = 1000 s❛♠♣❧❡s✱ ♦❢
✇❤✐❝❤ t❤❡ ✜rst ✶✵✵ ✇❡r❡ ❞✐s❝❛r❞❡❞ ❛s ❜✉r♥✲✐♥✳ ❋♦r t❤❡ ✾✵✵ r❡♠❛✐♥✐♥❣ s❛♠♣❧❡s✱
t❤❡ ❧❡❢t ♣❧♦t s❤♦✇s t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥s rS(t) ❛❣❛✐♥st t✳ ❚❤❡ t✇♦ ❞♦tt❡❞ r❡❞ ❧✐♥❡s
❞❡❧✐♠✐t ❛ ✾✺✪ ❝r❡❞✐❜❧❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡s✱ s♦
t❤❛t ♦♥❝❡ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❧✐❡s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❧✐♥❡s✱ t❤❡ ▼❈▼❈ ♦✉t♣✉t
s❛♠♣❧❡s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡s✳ ❚❤❡ r✐❣❤t ♣❧♦t s❤♦✇s t❤❡ tr❛❝❡
♦❢ t❤❡ r♦♦t ❛❣❡ ✐♥ t❤❡ ▼❈▼❈ ♦✉t♣✉t✳

❛ ♣❛rt ♦❢ t❤❡ ♦✉t♣✉t ✇❡ ✉s❡❞ t♦ ❛ss❡ss ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥

❙❡❝t✐♦♥ ✺✳✸✳

✸✳✹ ❉❡❜✉❣❣✐♥❣ t❡sts

❲❡ ♠❛❞❡ ❛ ♥✉♠❜❡r ♦❢ ❞❡❜✉❣❣✐♥❣ ❝❤❡❝❦s ♦♥ ♦✉r ❝♦❞❡✳ ❲❡ ❛♥❛❧②s❡❞ ❛♥ ❡♠♣t②

❞❛t❛ ✜❧❡ ❛♥❞ s❡t t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ t♦ ✵✱ t❤❡♥ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ♣♦st❡r✐♦r
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❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ ❞❡❛t❤ ♣❛r❛♠❡t❡r µ✱ t❤❡ ❝❛t❛str♦♣❤❡ ♣❛r❛♠❡t❡rs ρ ❛♥❞

κ ❛♥❞ t❤❡ r♦♦t ❛❣❡ tr ✇❡r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s✳ ❖♥ s♠❛❧❧ tr❡❡s

✇✐t❤ s♠❛❧❧ ❞❛t❛ s❡ts✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❤❛♥❞✿ ✇❡ ❝❤❡❝❦❡❞ t❤❡

r❡s✉❧ts ❢r♦♠ ♦✉r ❝♦❞❡ ❛❣❛✐♥st ♠❛♥✉❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ❛ ❢❡✇ ❞❛t❛ s❡ts ✇✐t❤ ✶

♦r ✷ tr❛✐ts ♦♥ ❛ tr❡❡ ✇✐t❤ ✹ ❧❡❛✈❡s✳

❖♥ ❛ tr❡❡ ✇✐t❤ ✺ ❧❡❛✈❡s✱ ✇❡ ❣❡♥❡r❛t❡❞ ❛❧❧ ♣♦ss✐❜❧❡ r❡❣✐st❡r❡❞ ❞❛t❛ s❡ts ✇✐t❤

♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t② ✭✐♥❝❧✉❞✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ♣❛tt❡r♥s ♦❢ ♠✐ss✐♥❣ ❞❛t❛✮ ❢♦❧❧♦✇✐♥❣

r❡❣✐str❛t✐♦♥ r✉❧❡ R1 ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳✸✳ ❲❡ ❝❤♦s❡ ❛ ❤✐❣❤ ❞❡❛t❤ r❛t❡✱ s♦ t❤❛t

t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❞❛t❛ s❡ts ✐♥ ✇❤✐❝❤ ✻ ♦r ♠♦r❡ tr❛✐ts ❤❛✈❡ s✉r✈✐✈❡❞ ✐s ♥❡❣❧✐❣✐❜❧❡✳

❲✐t❤ ❛❧❧ ♣❛r❛♠❡t❡rs ✜①❡❞✱ ✇❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❧✐❦❡❧✐❤♦♦❞s ♦❢ ❛❧❧ ❞❛t❛ s❡ts

s✉♠♠❡❞ t♦ ✶✳ ❚❤✐s ✐s ❛ ✈❡r② str✐❝t r❡q✉✐r❡♠❡♥t✱ ✉♥❧✐❦❡❧② t♦ ❜❡ s❛t✐s✜❡❞ ✐❢ t❤❡r❡

❛r❡ ❜✉❣s✱ ❢♦r ❛ ♣♦✐♥t✲♣r♦❝❡ss ♦❢ t❤❡ ❦✐♥❞ ♠♦❞❡❧✐♥❣ ♦✉r ❞❛t❛✳ ❲❡ r❡♣❡❛t❡❞ t❤✐s

✇✐t❤ r❡❣✐str❛t✐♦♥ r✉❧❡ R2✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ ❝❤❡❝❦ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥

❛s ✇❡❧❧ ❛s ♦❢ t❤❡ ❝♦❞❡✳

❆♥❛❧②s❡s ♦❢ s②♥t❤❡t✐❝ ❞❛t❛ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳
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❈❤❛♣t❡r ✹

❱❛❧✐❞❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t r❡s✉❧ts s❤♦✇✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ♠❡t❤♦❞s✱ ✉s✐♥❣

s②♥t❤❡t✐❝ ❞❛t❛ ❛s ✇❡❧❧ ❛s ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ♦♥ t❤❡ r❡❛❧ ❞❛t❛ s❡t ❝♦❧❧❡❝t❡❞ ❜② ❘✐♥❣❡

❡t ❛❧✳ ❬✷✵✵✷❪✳

■♥ ❡❛❝❤ ❛♥❛❧②s✐s✱ t❤❡ s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ tr❡❡s ✐s

s✉♠♠❛r✐③❡❞ ✇✐t❤ ❛ ❝♦♥s❡♥s✉s tr❡❡✱ ✇❤✐❝❤ s❤♦✇s ❛❧❧ s♣❧✐ts ✇✐t❤ ❛t ❧❡❛st ✺✵✪

s✉♣♣♦rt ✐♥ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✳ ❲❤❡♥ t❤❡ s✉♣♣♦rt ❢♦r ❛ s♣❧✐t ✐s ❜❡t✇❡❡♥ ✺✵✪

❛♥❞ ✾✺✪✱ t❤❡ s♣❧✐t ✐s ❧❛❜❡❧❡❞❀ ✉♥❧❛❜❡❧❡❞ s♣❧✐ts r❡❝❡✐✈❡ ❛t ❧❡❛st ✾✺✪ s✉♣♣♦rt

✐♥ t❤❡ ♣♦st❡r✐♦r✳ ❚❤❡ ❞✐s♣❧❛②❡❞ ❧❡♥❣t❤ ♦❢ ❛ ❜r❛♥❝❤ ✐s t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢

t❤❛t ❜r❛♥❝❤ ✐♥ t❤❡ ♣♦st❡r✐♦r✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❛t ❜r❛♥❝❤ ❡①✐st✐♥❣❀ t❤✐s ♠❡❛♥s

t❤❛t t❤❡ t✐♠❡ ❞❡♣t❤s s❤♦✇♥ ♦♥ ❝♦♥s❡♥s✉s tr❡❡s ❝❛♥ ♦❝❝❛s✐♦♥❛❧② ❜❡ ❝♦♥❢✉s✐♥❣✱

❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡r❡ ✐s ❤✐❣❤ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ t♦♣♦❧♦❣②✳ ❚❤❡ ♥✉♠❜❡r ♦❢

❝❛t❛str♦♣❤❡s ❞✐s♣❧❛②❡❞ ♦♥ ❛ ❜r❛♥❝❤ ✐s t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ♦♥

t❤❛t ❜r❛♥❝❤ ✐♥ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❛t ❜r❛♥❝❤ ❡①✐st✐♥❣✱ ❛♥❞

r♦✉♥❞❡❞ t♦ t❤❡ ♥❡❛r❡st ✐♥t❡❣❡r✳ ❚❤❡ s❛♠♣❧❡s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

❢♦r t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ s✉♠♠❛r✐③❡❞ ✇✐t❤ ❡✐t❤❡r ❤✐st♦❣r❛♠s ❢r♦♠
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t❤❡ ♣♦st❡r✐♦r ♦r ✾✺✪ ❍✐❣❤❡st Pr♦❜❛❜✐❧✐t② ❉❡♥s✐t② ✭❍P❉✮ ✐♥t❡r✈❛❧s✳

✹✳✶ ■♥✲♠♦❞❡❧ t❡st✐♥❣

❲❡♠❛❞❡ ❛ ♥✉♠❜❡r ♦❢ t❡sts ✉s✐♥❣ s②♥t❤❡t✐❝ ❞❛t❛✳ ❋✐tt✐♥❣ t❤❡ ♠♦❞❡❧ t♦ s②♥t❤❡t✐❝

❞❛t❛ s✐♠✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧✐❦❡❧✐❤♦♦❞ P (D = D|g, µ, λ, ρ, κ, ξ,D =

R(D̃))✱ ✭✐♥✲♠♦❞❡❧ ❞❛t❛✮✱ s❤♦✇s ✉s ❥✉st ❤♦✇ ✐♥❢♦r♠❛t✐✈❡ t❤❡ ❞❛t❛ ✐s ❢♦r t❤❡

t♦♣♦❧♦❣②✱ ♥♦❞❡ ❛❣❡s✱ ❝❛t❛str♦♣❤❡ ♣❧❛❝❡♠❡♥t✱ ❛♥❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ❛s ✇❡❧❧ ❛s

♠❛❦✐♥❣ ❛ ❞❡❜✉❣✲❝❤❡❝❦ ♦♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❋♦r ❝❧❛r✐t②✱ ✇❡ ✜rst ❧♦♦❦ ❛t ❞❛t❛ s✐♠✉❧❛t❡❞ ♦♥ tr❡❡s ✇✐t❤ ❝❛t❛str♦♣❤❡s ❜✉t

✇❤❡r❡ ♥♦ ❞❛t❛ ❣♦ ♠✐ss✐♥❣✱ t❤❡♥ ❛t ❞❛t❛ s✐♠✉❧❛t❡❞ ♦♥ tr❡❡s ✇✐t❤ ♥♦ ❝❛t❛str♦♣❤❡s✱

❜✉t ✇❤❡r❡ s♦♠❡ ❞❛t❛ ❣♦ ♠✐ss✐♥❣✳ ❚❤❡ r❡s✉❧ts st✐❧❧ ❤♦❧❞ ✇❤❡♥ ❜♦t❤ ✐ss✉❡s ❛r❡

❝♦♠❜✐♥❡❞✳

✹✳✶✳✶ ❈❛t❛str♦♣❤❡s

❲❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ✉♥❞❡r ♦✉r ♠♦❞❡❧ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✱ µ✱ κ ❛♥❞ ρ✱ ✐♥

♦r❞❡r t♦ ❡①♣❧♦r❡ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ s❝❡♥❛r✐♦s ♦❢ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✱ s✉❝❤ ❛s

❢❡✇ ❧❛r❣❡ ❝❛t❛str♦♣❤❡s ♦r ♠❛♥② s♠❛❧❧ ❝❛t❛str♦♣❤❡s✳ ❲❡ s②♥t❤❡s✐③❡❞ ❞❛t❛ ❢♦r

✷✵ ❧❛♥❣✉❛❣❡s✱ ✇✐t❤ ♦♥ ❛✈❡r❛❣❡ λ/µ = 100 tr❛✐ts ♣❡r ❧❛♥❣✉❛❣❡ ❛♥❞ ✺ ❝❧❛❞❡

❝♦♥str❛✐♥ts❀ t❤❡ r❡❛❧ ❞❛t❛ s❡ts ✇❡ ❛♥❛❧②s❡ ✐♥ ❈❤❛♣t❡r ✺ ❤❛✈❡ ♠♦r❡ tr❛✐ts t❤❛♥

t❤✐s✳ ❲❡ s❡t µ = 2 · 10−5 ❞❡❛t❤s✴②❡❛r✱ s✐♥❝❡ t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❛t ♣❛r❛♠❡t❡r

✐♥ ❈❤❛♣t❡r ✺ ❛r❡ ❛r♦✉♥❞ t❤❛t ✈❛❧✉❡✳ ❲❡ st✉❞✐❡❞ s♠❛❧❧ ✭κ = 0.1✮✱ ♠❡❞✐✉♠ ✭κ =

0.2✮ ❛♥❞ ❧❛r❣❡ ✭κ = 0.5✮ ❝❛t❛str♦♣❤❡s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝❛t❛str♦♣❤❡s ❡q✉✐✈❛❧❡♥t

t♦ ✺✷✵ ②❡❛rs✱ ✶✶✻✵ ②❡❛rs ❛♥❞ ✸✷✽✵ ②❡❛rs ♦❢ ❝❤❛♥❣❡ r❡s♣❡❝t✐✈❡❧②✮✳ ❲❡ st✉❞✐❡❞

✈❛❧✉❡s ♦❢ t❤❡ ❝❛t❛str♦♣❤❡ r❛t❡ ρ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❛r❡ ❝❛t❛str♦♣❤❡s ✭❜❡t✇❡❡♥
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✶ ❛♥❞ ✺ ❝❛t❛str♦♣❤❡s ♦♥ ❛ tr❡❡ ✇✐t❤ ✸✽ ❜r❛♥❝❤❡s✮✱ ♦❝❝❛s✐♦♥❛❧ ❝❛t❛str♦♣❤❡s

✭❛r♦✉♥❞ ✶✵ ❝❛t❛str♦♣❤❡s ♦♥ t❤❡ tr❡❡✮ ❛♥❞ ✈❡r② ❢r❡q✉❡♥t ❝❛t❛str♦♣❤❡s ✭✉♣ t♦

✶✵✵ ❝❛t❛str♦♣❤❡s ♦♥ t❤❡ tr❡❡✱ ♦r ❛❜♦✉t ✸ ♣❡r ❜r❛♥❝❤ ♦♥ ❛✈❡r❛❣❡✮❀ ✇❡ ❛❧s♦

st✉❞✐❡❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t❛❦❡♥ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r ♦✉r ❛♥❛❧②s✐s

♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❲❡ s❤♦✇ t②♣✐❝❛❧ r❡s✉❧ts

✐♥ ❋✐❣✉r❡s ✹✳✶ ❛♥❞ ✹✳✷✳ ❚❤❡ tr✉❡ t♦♣♦❧♦❣② ✇❛s ❛❧♠♦st ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t❡❞

✐♥ ❡✈❡r② ❝❛s❡❀ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❝❛t❛str♦♣❤❡s ✇❛s ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t❡❞❀ t❤❡

♣♦st❡r✐♦r ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✇❡r❡ ❝❧♦s❡ t♦ t❤❡ tr✉❡ ✈❛❧✉❡s✳ ❚❤✐s

r❡♠❛✐♥s tr✉❡ ❢♦r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

❲❤❡♥ ❝❛t❛str♦♣❤❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ tr✉❡ tr❡❡✱ t❤❡ s✐❣♥❛❧ ❢♦r t❤❡♠ ✐s str♦♥❣✳

❲❡ ✇✐s❤❡❞ t♦ ❝❤❡❝❦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ ♦✉r r❡❝♦♥str✉❝t✐♦♥s✱ s♦ ✇❡

tr✐❡❞ ✜tt✐♥❣ ❛ ♠♦❞❡❧ ✇✐t❤♦✉t ❝❛t❛str♦♣❤❡s t♦ ❞❛t❛ ✇❤✐❝❤ ❞✐❞✱ ✐♥ ❢❛❝t✱ ❡✈♦❧✈❡

✇✐t❤ ❝❛t❛str♦♣❤❡s✳ ❋✐❣✉r❡ ✹✳✸ ✐s t②♣✐❝❛❧✿ ✐❢ ✇❡ ❞♦ ♥♦t ✐♥❝❧✉❞❡ ❝❛t❛str♦♣❤❡s ✐♥

t❤❡ ♠♦❞❡❧✱ ♦✉r r❡❝♦♥str✉❝t❡❞ ♣❛r❛♠❡t❡rs ✭r♦♦t ❛❣❡ ❛♥❞ ❞❡❛t❤ r❛t❡ µ✮ ❛r❡ ✈❡r②

❢❛r ❢r♦♠ t❤❡ tr✉❡ ✈❛❧✉❡s✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ t♦♣♦❧♦❣② ✐s ❛❧s♦ ♠✉❝❤ ❢✉rt❤❡r ❢r♦♠

t❤❡ tr✉t❤ t❤❛♥ ✇❤❡♥ ✇❡ ✜t t❤❡ ♠♦❞❡❧ ✇✐t❤ ❝❛t❛str♦♣❤❡s✳

◆♦t❡ t❤❛t t❤❡s❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t ♦✉r ♠❡t❤♦❞s ❛r❡ ♥♦t s✉❜❥❡❝t t♦

t❤❡ ❝r✐t✐❝✐s♠s ♦❢ ❇❧✉st ❬✷✵✵✵❪ ✇❤♦ ❝❧❛✐♠❡❞ t❤❛t ✐ss✉❡s ♦❢ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②

♠❡❛♥t t❤❛t ✏❧❡①✐❝♦st❛t✐st✐❝s ❞♦❡s♥✬t ✇♦r❦✑✱ ✐✳❡✳ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ tr❡❡

❝❛♥♥♦t ❜❡ r❡❝♦♥str✉❝t❡❞ t❤r♦✉❣❤ st❛t✐st✐❝❛❧ ♠♦❞❡❧❧✐♥❣✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ r❛✐s❡❞

❜② ❇❧✉st ❬✷✵✵✵❪ ✐s ❡✛❡❝t✐✈❡❧② ❧♦♥❣ ❜r❛♥❝❤ ❛ttr❛❝t✐♦♥✳ ❚❤♦✉❣❤ ❤✐s ♥♦t❛t✐♦♥ ✐s

❞✐✛❡r❡♥t✱ ❤❡ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ tr❡❡s s✉❝❤ ❛s t❤❡ ♦♥❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹✳ ❲❤❡♥

t❤❡r❡ ✐s ❡♥♦✉❣❤ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✱ ✐t ♠❛② ❛♣♣❡❛r t❤❛t ❧❛♥❣✉❛❣❡ ❈ ✐s ❝❧♦s❡r t♦

❧❛♥❣✉❛❣❡s ❆ ❛♥❞ ❇ t❤❛♥ t♦ ❧❛♥❣✉❛❣❡ ❉✱ ✐ts tr✉❡ s✐❜❧✐♥❣✱ ❛♥❞ t❤❛t ❧❛♥❣✉❛❣❡

❈ ✇✐❧❧ t❤❡r❡❢♦r❡ ❡♥❞ ✉♣ ❡✐t❤❡r ❢❛❧s❡❧② ❣r♦✉♣❡❞ ✇✐t❤ ❆ ❛♥❞ ❇✱ ♦r ❢❛❧s❡❧② ❛s

✼✻



(a) (b)

(c) (d)

❋✐❣✉r❡ ✹✳✶✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ s②♥t❤❡t✐❝ ❞❛t❛ s❤♦✇ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ♠♦❞❡❧✿ ✭❛✮
❛♥❞ ✭❝✮✱ tr✉❡ tr❡❡s❀ ✭❜✮ ❛♥❞ ✭❞✮✱ r❡❝♦♥str✉❝t❡❞ ❝♦♥s❡♥s✉s tr❡❡s✳ ❚❤❡ ❝♦♥s❡♥s✉s
tr❡❡s ❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ tr✉❡ tr❡❡s ❛♥❞ t❤❡ r❡❝♦♥str✉❝t❡❞ ❝❛t❛str♦♣❤❡s ❛r❡ ♦♥
t❤❡ ❝♦rr❡❝t ❜r❛♥❝❤❡s✳
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(a) (b)

(c) (d)

❋✐❣✉r❡ ✹✳✷✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ s②♥t❤❡t✐❝ ❞❛t❛ s❤♦✇ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ♠♦❞❡❧✿
s❛♠♣❧❡s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❢♦r t❤❡ r♦♦t ❛❣❡ tr ✭❛✮✱ t❤❡ ❞❡❛t❤ r❛t❡ µ ✭❜✮✱ t❤❡
❞❡❛t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❛ ❝❛t❛str♦♣❤❡ κ ✭❝✮ ❛♥❞ t❤❡ ❝❛t❛str♦♣❤❡ r❛t❡ ρ ✭❞✮ ❛r❡ ❝❧♦s❡
t♦ t❤❡ tr✉❡ ✈❛❧✉❡s✱ s❤♦✇♥ ❤❡r❡ ✐♥ r❡❞✳
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❋✐❣✉r❡ ✹✳✸✿ ■♠♣♦rt❛♥❝❡ ♦❢ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝❛t❛str♦♣❤❡s✿ ❣✐✈❡♥ ❞❛t❛ s②♥t❤❡s✐③❡❞
✉♥❞❡r ❛ tr✉❡ tr❡❡ ✇✐t❤ ❝❛t❛str♦♣❤❡s ✭❛✮✱ ✇❤✐❝❤ ✇❛s ✇❡❧❧ r❡❝♦♥str✉❝t❡❞ ❜② ❛ ♠♦❞❡❧
✇✐t❤ ❝❛t❛str♦♣❤❡s✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❝♦♥s❡♥s✉s tr❡❡ ✭❜✮✱ ✇❡ tr✐❡❞ t♦ ✜t ❛ ♠♦❞❡❧
✇✐t❤♦✉t ❝❛t❛str♦♣❤❡s✳ ❚❤❡ t♦♣♦❧♦❣② s❤♦✇♦♥ ✐♥ t❤❡ ❝♦♥s❡♥s✉s t❡r❡ ✭❝✮✱ r♦♦t ❛❣❡
tr✭❞✮ ❛♥❞ ❞❡❛t❤ r❛t❡ µ ✭❡✮ ✇❡r❡ ❛❧❧ ❜❛❞❧② r❡❝♦♥str✉❝t❡❞✳
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A

B

C

D

❋✐❣✉r❡ ✹✳✹✿ ▼♦r❡ ❝❤❛♥❣❡ ❤❛s ❤❛♣♣❡♥❡❞ ♦♥ t❤❡ ❜r❛♥❝❤❡s ❧❡❛❞✐♥❣ t♦ ❈ ❛♥❞ ❉
t❤❛♥ ♦♥ t❤❡ ❜r❛♥❝❤❡s ❧❡❛❞✐♥❣ t♦ ❆ ❛♥❞ ❇✳ ❇❧✉st ❬✷✵✵✵❪ ✐s ❝♦♥❝❡r♥❡❞ t❤❛t s✉❝❤
s✐t✉❛t✐♦♥s ✇✐❧❧ ❧❡❛❞ t♦ ✏s✉❜❣r♦✉♣ s♣❧✐tt✐♥❣✑✳

❛♥ ✐s♦❧❛t❡❀ ❇❧✉st ❬✷✵✵✵❪ ❝❛❧❧s t❤✐s ✏s✉❜❣r♦✉♣ s♣❧✐tt✐♥❣✑✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥s

❛❜♦✈❡ s❤♦✇ t❤❛t r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ ♥❡❡❞ ♥♦t ❧❡❛❞ t♦ ❢❛❧s❡

❣r♦✉♣✐♥❣s✳ ❚❤❡ ✇♦rst t❤❛t ❝❛♥ ❤❛♣♣❡♥ ✐s t❤❛t ✐❢ t♦♦ ♠✉❝❤ ❝❤❛♥❣❡ ♦❝❝✉rs✱ t❤❡r❡

✇✐❧❧ ❜❡ ❤✐❣❤ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥✱ ❜✉t t❤✐s ✐s ♦❢ ❝♦✉rs❡ tr✉❡ ♦❢ ❛♥②

♠❡t❤♦❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❋✐❣✉r❡ ✹✳✶ ✭❛✮✱ t❤❡ s✉❜tr❡❡ ❝♦♥t❛✐♥✐♥❣ ❧❛♥❣✉❛❣❡s ✼✱ ✽✱

✶✵✱ ✶✺ ❛♥❞ ✶✻ r❡s❡♠❜❧❡s ❋✐❣✉r❡ ✹✳✹✱ ❛♥❞ ✐s ❝♦rr❡❝t❧② r❡❝♦♥str✉❝t❡❞ ❛s ✉♥❝❡rt❛✐♥

✐♥ ❋✐❣✉r❡ ✹✳✶ ✭❜✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❋✐❣✉r❡ ✹✳✸ ✭❛✮✱ t❤❡ s✉❜tr❡❡ ❝♦♥t❛✐♥✐♥❣

❧❛♥❣✉❛❣❡s ✹✱ ✺✱ ✻✱ ✶✷✱ ✶✸ ❛♥❞ ✶✹ ✐s ✐♥❝♦rr❡❝t❧② ✭❛♥❞ ❝♦♥✜❞❡♥t❧②✮ r❡❝♦♥str✉❝t❡❞

✐♥ ❋✐❣✉r❡ ✹✳✸ ✭❝✮ ✇❤❡♥ ❝❛t❛str♦♣❤❡s ❛r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

✹✳✶✳✷ ▼✐ss✐♥❣ ❞❛t❛

❚❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡r❡ s②♥t❤❡t✐③❡❞ ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞

✐♥ ❈❤❛♣t❡r ✷✱ ✇✐t❤ ♥♦ ❝❛t❛str♦♣❤❡s ❛♥❞ ✇✐t❤ ✷✵ ❧❡❛✈❡s✳ ❚❤❡ ♠✐ss✐♥❣ ❞❛t❛

♣❛r❛♠❡t❡rs ξi ✭i = 1 . . . 20✮ ✇❡r❡ ❞r❛✇♥ ❢r♦♠ ❛ Beta(3, 1) ❞✐str✐❜✉t✐♦♥ r❡str✐❝t❡❞

t♦ t❤❡ r❛♥❣❡ [0.05, 1]✱ s✐♥❝❡ t❤✐s ❝♦rr❡s♣♦♥❞s r♦✉❣❤❧② t♦ t❤❡ ♣r♦♣♦rt✐♦♥s ♦❢

♠✐ss✐♥❣ ❞❛t❛ ✇❡ ♦❜s❡r✈❡ ✐♥ r❡❛❧ ❞❛t❛ s❡ts✳
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❋✐❣✉r❡ ✹✳✺✿ ❚r✉❡ ❛♥❞ ❝♦♥s❡♥s✉s tr❡❡ ❢♦r s②♥t❤❡t✐❝ ❞❛t❛ ✇✐t❤ s♦♠❡ ❞❛t❛ ♠✐ss✐♥❣
❛t t❤❡ ❧❡❛✈❡s✳ ✽✶



❋✐❣✉r❡ ✹✳✻✿ ❘❡❞✿ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ξi✱ i = 1 . . . 20❀ ❇❧✉❡❀ ✾✺✪ ❍P❉
✐♥t❡r✈❛❧s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳

❋✐❣✉r❡ ✹✳✺ s❤♦✇s t❤❡ tr✉❡ tr❡❡ ✉s❡❞ t♦ s②♥t❤❡t✐③❡ t❤❡ ❞❛t❛✱ ❛♥❞ t❤❡

❝♦♥s❡♥s✉s tr❡❡ ❢r♦♠ ♦✉r ❛♥❛❧②s✐s✳ ❚❤❡ t♦♣♦❧♦❣② ✐s ❛❧♠♦st ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t❡❞✱

t❤❡ ♦♥❧② ✐ss✉❡ ❜❡✐♥❣ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s✉❜tr❡❡ ✇✐t❤ ❧❡❛✈❡s ✶✻✱ ✶✾ ❛♥❞

✷✵ ✐s ✉♥❞❡❝✐❞❡❞✳ ❋✐❣✉r❡ ✹✳✶✳✷ s❤♦✇s t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ξi ✭i = 1 . . . 20✮ ❛♥❞

✾✺✪ ❍P❉ ✐♥t❡r✈❛❧s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡s✳ ❖❢ t❤❡ ✷✵ ♣❛r❛♠❡t❡rs✱ ✶✾ ❛r❡

❝♦✈❡r❡❞ ❜② t❤❡ ❍P❉ ✐♥t❡r✈❛❧ ❛♥❞ ♦♥❡ ✐s ♥♦t✳ ❋✐❣✉r❡ ✹✳✶✳✷ s❤♦✇s t❤❛t t❤❡ r♦♦t

t✐♠❡ ❛♥❞ ❞❡❛t❤ ♣❛r❛♠❡t❡r µ ❛r❡ ❛❧s♦ ✇❡❧❧ r❡❝♦♥str✉❝t❡❞✳

❚❤❡s❡ ❛♥❛❧②s❡s ♦♥ ✐♥✲♠♦❞❡❧ s②♥t❤❡t✐❝ ❞❛t❛ s❤♦✇ t❤❛t ❞❛t❛ s✐♠✉❧❛t❡❞

❢♦❧❧♦✇✐♥❣ ♦✉r ♠♦❞❡❧✱ ❛♥❞ ♦❢ t❤❡ s✐③❡ t❤❛t ✇❡ t②♣✐❝❛❧❧② ♦❜s❡r✈❡ ✐♥ r❡❛❧ ❞❛t❛ s❡ts✱

❝♦♥t❛✐♥ ❛ ❣r❡❛t ❞❡❛❧ ♦❢ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ t♦♣♦❧♦❣②✱ ❝❛t❛str♦♣❤❡

♣❧❛❝❡♠❡♥t✱ ❛♥❞ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❛t ❧❡❛st ❢♦r t❤❡ ♣❛r❛♠❡t❡r r❡❣✐♦♥s ✇❡

❝♦♥s✐❞❡r❡❞✳

✽✷



2600 2800 3000 3200 3400 3600

ROOT TIME

1.9 2 2.1 2.2 2.3 2.4 2.5

MU

❋✐❣✉r❡ ✹✳✼✿ ❘❡❞✿ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ r♦♦t t✐♠❡ ✭❧❡❢t✮ ❛♥❞ ♦❢ t❤❡ ❞❡❛t❤ ♣❛r❛♠❡t❡r
µ❀ ❇❧✉❡✿ ❤✐st♦❣r❛♠s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✳ ❚❤✐s ✐s ♥♦t ❛ ✏s❡❧❡❝t❡❞✑
❡①❛♠♣❧❡❀ ✐t ✐s s✐♠♣❧② t❤❡ ✜rst ♦♥❡ ✇❡ ❣❡♥❡r❛t❡❞✳

✽✸



✹✳✷ ❖✉t✲♦❢✲♠♦❞❡❧ t❡st✐♥❣

❲❡ ✜t ♦✉t✲♦❢✲♠♦❞❡❧ ❞❛t❛ ❛❧s♦✳ ❚❤❡s❡ ❛r❡ s②♥t❤❡t✐❝ ❞❛t❛ s✐♠✉❧❛t❡❞ ✉♥❞❡r ❧✐❦❡❧②

♠♦❞❡❧✲✈✐♦❧❛t✐♦♥ s❝❡♥❛r✐♦s✱ ❛♥❞ ❛r❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② s♦✉r❝❡s ♦❢ s②st❡♠❛t✐❝ ❜✐❛s✳

✹✳✷✳✶ ❇♦rr♦✇✐♥❣

❇♦rr♦✇✐♥❣ ❜❡t✇❡❡♥ ❧❛♥❣✉❛❣❡s ✐s ❛ ❢r❡q✉❡♥t ♣❤❡♥♦♠❡♥♦♥✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t

✐♥❝❧✉❞❡ ✐♥ ♦✉r ♠♦❞❡❧✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ❢♦r ❝♦r❡ ✈♦❝❛❜✉❧❛r②

❛r❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥ ❢♦r ❣❡♥❡r❛❧ ✈♦❝❛❜✉❧❛r② ❬❊♠❜❧❡t♦♥✱ ✶✾✽✻❪✱ ✇❡ s❡❛r❝❤❡❞ ❢♦r

♣♦t❡♥t✐❛❧ s②st❡♠❛t✐❝ ❜✐❛s✳ ❲❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ✇✐t❤ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣

✉♥❞❡r t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ✭❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧✮✳ ❚❤❡ ♠♦❞❡❧ ♦❢

❜♦rr♦✇✐♥❣ ✇❡ ✉s❡ ✐s ❛s ❢♦❧❧♦✇s✿ ❜♦rr♦✇✐♥❣ ❡✈❡♥ts ♦❝❝✉r ❛t r❛t❡ bµ ✐♥ ❡❛❝❤

❧❛♥❣✉❛❣❡✱ ❢♦r s♦♠❡ ❧❡✈❡❧ ♦❢ ❜♦rr♦✇✐♥❣ b✳ ❆t ❛ ❜♦rr♦✇✐♥❣ ❡✈❡♥t ❛t t✐♠❡ t ✐♥

❧❛♥❣✉❛❣❡ l1✱ ❛ ❧❛♥❣✉❛❣❡ l2 ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠❀ ♦♥❡ tr❛✐t ✐s ❝❤♦s❡♥

✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❛♠♦♥❣st t❤♦s❡ ♣r❡s❡♥t ✐♥ ❧❛♥❣✉❛❣❡ l1 ❛t t✐♠❡ t✱ ❛♥❞ ✐t

✐s ❝♦♣✐❡❞ ✐♥t♦ l2 ✲ ✐❢ t❤❡ tr❛✐t ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ l2 t❤❡♥ t❤❡r❡ ✐s ♥♦ ❡✛❡❝t✳

❯♥❞❡r t❤❡ ❣❧♦❜❛❧ ♠♦❞❡❧✱ ❜♦rr♦✇✐♥❣ ❝❛♥ ♦❝❝✉r ❜❡t✇❡❡♥ ❛♥② t✇♦ ❧❛♥❣✉❛❣❡s✳

❯♥❞❡r t❤❡ ❧♦❝❛❧ ♠♦❞❡❧✱ ✐t ❝❛♥ ♦❝❝✉r ♦♥❧② ❜❡t✇❡❡♥ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ s♣❧✐t ❧❡ss

t❤❛♥ Tb ②❡❛rs ♣r❡✈✐♦✉s❧② ✭✇❡ ✉s❡❞ Tb = 1000 ②❡❛rs✮❀ t❤✐s ✐s ❛ ❝r✉❞❡ ♣r♦①② ❢♦r

❣❡♦❣r❛♣❤✐❝ ♣r♦①✐♠✐t②✳ ❚❤✐s ♠♦❞❡❧ ♦❢ ❜♦rr♦✇✐♥❣ ✇❛s s♣❡❝✐✜❡❞ ❜② ◆✐❝❤♦❧❧s ❛♥❞

●r❛② ❬✷✵✵✽❪✱ ✇❤♦ ❛❧s♦ ❝❤❡❝❦❡❞ ❜♦rr♦✇✐♥❣ ❢♦r ❛ s✐♠♣❧❡ ♠♦❞❡❧ ✜t✳ ❲❡ ❧♦♦❦❡❞

❛t ❧♦✇ ❧❡✈❡❧s ✭b = 0.1✮ ❛♥❞ ❤✐❣❤ ❧❡✈❡❧s ✭b = 0.5✮ ♦❢ ❜♦rr♦✇✐♥❣✳ ❲❡ ❞✐❞ ♥♦t

❝♦♥s✐❞❡r ✏❝❛t❛str♦♣❤✐❝✑ ❜♦rr♦✇✐♥❣✱ ✐♥ ✇❤✐❝❤ ♦♥❡ ❧❛♥❣✉❛❣❡ ✇♦✉❧❞ ❜♦rr♦✇ ♠❛♥②

✇♦r❞s ❢r♦♠ ❛♥♦t❤❡r ❧❛♥❣✉❛❣❡ ✐♥ ❛ s❤♦rt ❛♠♦✉♥t ♦❢ t✐♠❡✱ ❛s ❞✐❞ ❲❛r♥♦✇ ❡t ❛❧✳

❬✷✵✵✹❪✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❛r❡ ❢♦r t❤❡ ❣❧♦❜❛❧ ♠♦❞❡❧❀ r❡s✉❧ts ❢♦r t❤❡ ❧♦❝❛❧

✽✹



♠♦❞❡❧ ❛r❡ ✈❡r② s✐♠✐❧❛r✳

❙✐♠✐❧❛r st✉❞✐❡s ✉s✐♥❣ t❤✐s ❡①❛❝t ♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜② ●r❡❡♥❤✐❧❧

❡t ❛❧✳ ❬✷✵✵✾❪✱ ✇❤♦ ❛❧s♦ ❢♦✉♥❞ t❤❛t t❤❡ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t

✐♥ ❝♦r❡ ✈♦❝❛❜✉❧❛r② ❛r❡ ✉♥❧✐❦❡❧② t♦ ✐♥tr♦❞✉❝❡ s✐❣♥✐✜❝❛♥t s②st❡♠❛t✐❝ ❜✐❛s ✐♥

❛❣❡ ❛♥❞ t♦♣♦❧♦❣② ❡st✐♠❛t❡s✳ ◆✉♥♥ ❡t ❛❧✳ ❬✷✵✵✻❪ ❛❧s♦ ✜♥❞ ❡✈✐❞❡♥❝❡ ♦❢ ❜✐❛s

✐♥ r❡❝♦♥str✉❝t✐♦♥s ❢♦r ❞❛t❛ ✇✐t❤ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣✳

❋♦r b = 0.1✱ t❤❡ t♦♣♦❧♦❣② ✐s ✇❡❧❧ r❡❝♦♥str✉❝t❡❞✱ ✇✐t❤ ♦♥❧② ♠✐♥♦r ❞✐✛❡r❡♥❝❡s

❜❡t✇❡❡♥ t❤❡ tr✉❡ tr❡❡ ❛♥❞ t❤❡ ♦✉t♣✉t ✭❋✐❣✉r❡ ✹✳✽ ✭❛✮✲✭❜✮✮✳ ❚❤❡ ❞❛t❡s✱

❝❛t❛str♦♣❤❡s ❛♥❞ ♣❛r❛♠❡t❡rs ❛r❡ ❛❧s♦ ❝♦rr❡❝t❧② r❡❝♦♥str✉❝t❡❞✳ ❚❤✐s ✐s t②♣✐❝❛❧✱

s♦ t❤❡ ❡✛❡❝t ♦❢ ❧♦✇ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ✐s ♥❡❣❧✐❣✐❜❧❡✱ ✉♥❞❡r ❜♦t❤ ❣❧♦❜❛❧ ❛♥❞

❧♦❝❛❧ ♠♦❞❡❧s ♦❢ ❜♦rr♦✇✐♥❣✳ ❋♦r b = 0.5✱ t❤❡ t♦♣♦❧♦❣② ✇❛s s✉r♣r✐s✐♥❣❧②

✇❡❧❧ r❡❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡s ✇❡ ❧♦♦❦❡❞ ❛t✱ ❣✐✈❡♥ t❤❡ ❛♠♦✉♥t ♦❢ ♥♦✐s❡

✐♥ t❤❡ ❞❛t❛ ✭❋✐❣✉r❡ ✹✳✽ ✭❝✮✲✭❞✮✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❢♦✉♥❞ t❤❛t ❢♦r b = 0.5✱

✇❡ s②st❡♠❛t✐❝❛❧❧② ✉♥❞❡r❡st✐♠❛t❡❞ t❤❡ r♦♦t ❛❣❡ ❛♥❞ ♦✈❡r❡st✐♠❛t❡❞ t❤❡ r❛t❡

♣❛r❛♠❡t❡rs ❜② ✉♣ t♦ ✼✺✪ ✭❋✐❣✉r❡ ✹✳✽ ✭❡✮✲✭❢✮✮✳ ❚❤✐s ✐s ♦❢ ❧✐tt❧❡ ❝♦♥❝❡r♥ t♦ ✉s✱

s✐♥❝❡ ✇❡ ❤❛✈❡ r❡❛s♦♥ t♦ ❜❡❧✐❡✈❡ t❤❛t ♥♦ s✉❝❤ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ♦❝❝✉rr❡❞

✐♥ t❤❡ ❞❛t❛ ✇❡ ❛r❡ ❛♥❛❧②s✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ❊♥❣❧✐s❤ ✐s ♦❢t❡♥ ❝✐t❡❞ ❛s ❛ ❧❛♥❣✉❛❣❡

✇❤✐❝❤ ❜♦rr♦✇❡❞ ❛ ❧♦t ♦❢ ✐ts ❧❡①✐❝♦♥✳ ■t ✐s ❡st✐♠❛t❡❞ t❤❛t ✺✵✪ ♦❢ ✐ts ❧❡①✐❝♦♥ ✇❛s

❜♦rr♦✇❡❞ ❢r♦♠ ❘♦♠❛♥❝❡ ❧❛♥❣✉❛❣❡s ✭♠❛✐♥❧② ❋r❡♥❝❤ ❛♥❞ ▲❛t✐♥✮✱ ❜✉t ♦✉r ❞❛t❛

♦♥❧② ❝♦♥t❛✐♥s t❤❡ ✏❝♦r❡ ✈♦❝❛❜✉❧❛r②✑✳ ❖♥❧② ✻✪ ♦❢ t❤❡ ❝♦r❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❊♥❣❧✐s❤

❝♦♠❡s ❢r♦♠ ❜♦rr♦✇✐♥❣ ❬❊♠❜❧❡t♦♥✱ ✶✾✽✻❪❀ ❢✉rt❤❡r♠♦r❡✱ t❤❡s❡ ❜♦rr♦✇✐♥❣s ❛r❡

❡❛s② t♦ ❞❡t❡❝t t❤r♦✉❣❤ ♣❤♦♥♦❧♦❣✐❝❛❧ ✐rr❡❣✉❧❛r✐t✐❡s ❛♥❞ ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡

❞❛t❛✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✈❡r② ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❤♦r✐③♦♥t❛❧ tr❛♥s♠✐ss✐♦♥ ❝❛♥ ❜❡

❡①♣❡❝t❡❞ ✐♥ ❝❡rt❛✐♥ ❝✉❧t✉r❛❧ ❞❛t❛ s❡ts✱ s✉❝❤ ❛s t❤❡ s♣r❡❛❞ ♦❢ ❤♦rs❡✲❝✉❧t✉r❡
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(a) (b)

(c) (d)

(e) (f)

❋✐❣✉r❡ ✹✳✽✿ ■♥✢✉❡♥❝❡ ♦❢ ❜♦rr♦✇✐♥❣✳ ✭❛✮✲✭❜✮✿ ❧♦✇ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ✭❜❂✵✳✶✮
❤❛✈❡ ♥❡❣❧✐❣✐❜❧❡ ❡✛❡❝ts ♦♥ t❤❡ t♦♣♦❧♦❣② ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ✭❝✮✲✭❞✮✿
❤✐❣❤ ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ✭❜❂✵✳✺✮ st✐❧❧ ❛❧❧♦✇ t♦ r❡❝♦♥str✉❝t ♠♦st ♦❢ t❤❡ t♦♣♦❧♦❣②✱
❜✉t t❤❡ r♦♦t ❛❣❡ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✱ s❤♦✇♥ ❤❡r❡ ❢♦r b = 0.5✱ ❛r❡ ❜✐❛s❡❞
✭❡✲❢✮✳
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✐♥ ❆♠❡r✐❝❛ ❬❘♦❡✱ ✶✾✺✺❪✶ ♦r ♦❢ tr❛✐ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ■s❧❛♠ ✐♥ ❊❛st ❆❢r✐❝❛

❬❊♥s♠✐♥❣❡r✱ ✶✾✾✼❪✶✳ ❲❡ ✇♦✉❧❞ t❤❡r❡❢♦r❡ ❡①♣❡❝t ♦✉r ♠❡t❤♦❞s t♦ ♣❡r❢♦r♠ ♣♦♦r❧②

♦♥ s✉❝❤ ❞❛t❛s❡ts✳

❚❤❡s❡ r❡s✉❧ts ❜❡❣ t❤❡ q✉❡st✐♦♥✿ ❤♦✇ ❞♦ ✇❡ ❞❡t❡❝t ❞❛t❛ s❡ts ✇✐t❤ ❤✐❣❤

❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣❄ ❆❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ♣r❡❝✐s❡ ♠❡❛s✉r❡ t♦ s✉❣❣❡st✱

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ♣❡r ❝♦❣♥❛❝② ❝❧❛ss s❡❡♠s ❤❡❧♣❢✉❧✳

❲❡ s②♥t❤❡t✐③❡❞ ❞❛t❛ ✇✐t❤ ❜♦rr♦✇✐♥❣ ✭b = 0, 0.1, 0.5 ❛♥❞ ✶✮ ♦♥ ❛ tr❡❡ s❛♠♣❧❡

❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❢♦r ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ✭✷✹ ❧❛♥❣✉❛❣❡s✮

✇✐t❤ ♣❛r❛♠❡t❡rs ❛❧s♦ t❛❦❡♥ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r✳ ❋✐❣✉r❡ ✹✳✾ ❣✐✈❡s t❤❡ ❝✉♠✉❧❛t✐✈❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ❛t ✇❤✐❝❤ ❛ ❝♦❣♥❛❝② ❝❧❛ss ❛♣♣❡❛rs❀ ✇❡

❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❆s ♦♥❡ ✇♦✉❧❞

❡①♣❡❝t✱ ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ❜♦rr♦✇✐♥❣ ♠❛❦❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛♣♣❡❛r ❛t ♠♦r❡ ❧❡❛✈❡s✳

❚❤❡r❡ ✐s ❛ ❝❧❡❛r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s ❣r❛♣❤s✱ ✇❤✐❝❤ ❝❛♥ ❛❧❧♦✇ ✉s t♦

❞❡t❡❝t ❞❛t❛ ✇✐t❤ ❜♦rr♦✇✐♥❣✳ ❚❤❡ ❣r❛♣❤ ❢♦r ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ✐s ✈❡r② ❝❧♦s❡

t♦ t❤❡ ❣r❛♣❤s ❢♦r s②♥t❤❡t✐❝ ✇✐t❤ ❧✐tt❧❡ ♦r ♥♦ ❜♦rr♦✇✐♥❣✱ ✐♥ ❧✐♥❡ ✇✐t❤ ❧✐♥❣✉✐sts✬

❡st✐♠❛t❡s ♦❢ ❜♦rr♦✇✐♥❣ ✐♥ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❝♦r❡ ✈♦❝❛❜✉❧❛r② ❬❊♠❜❧❡t♦♥✱ ✶✾✽✻❪✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ♣❡r

❝♦❣♥❛❝② ❝❧❛ss ❞❡♣❡♥❞s ♥♦t ♦♥❧② ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❜♦rr♦✇✐♥❣✱ ❜✉t ❛❧s♦ ♦♥ t❤❡

t♦♣♦❧♦❣② ❛♥❞ ♦t❤❡r ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ■♥ ♦r❞❡r t♦ ❞❡t❡❝t ❜♦rr♦✇✐♥❣ ✐♥ ❛ ❞❛t❛

s❡t✱ ✇❡ t❤❡r❡❢♦r❡ s✉❣❣❡st t♦ ✜rst ❛♥❛❧②s❡ t❤❡ ❞❛t❛✱ t❤❡♥ ❝♦♥str✉❝t s②♥t❤❡t✐❝

❞❛t❛ s❡ts ✉s✐♥❣ ❛ tr❡❡ ❛♥❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❛♥❞ ✇✐t❤ ✈❛r✐♦✉s

❞❡❣r❡❡s ♦❢ ❜♦rr♦✇✐♥❣✳

✶❈✐t❡❞ ❜② ◆✉♥♥ ❡t ❛❧✳ ❬✷✵✵✻❪✳
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Ringe 100

b=0

b=0.1

b=0.5

b=1

❋✐❣✉r❡ ✹✳✾✿ ❈✉♠✉❧❛t✐✈❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ❛t ✇❤✐❝❤
❛ ❝♦❣♥❛❝② ❝❧❛ss ✐s ❞✐s♣❧❛②❡❞ ❢♦r s②♥t❤❡t✐❝ ❞❛t❛ ✇✐t❤ ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡
❜♦rr♦✇✐♥❣ ♣❛r❛♠❡t❡r b ❛♥❞ ❢♦r t❤❡ r❡❛❧ ❞❛t❛ ❢r♦♠ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪✳

✹✳✷✳✷ ▼❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s

❖✉r ♠♦❞❡❧ ✐❣♥♦r❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❛t❛ ❛r❡ ❣r♦✉♣❡❞ ✐♥ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s✳

❚❤✐s ❧❡❛❞s t♦ s❡✈❡r❛❧ ✐ss✉❡s✿

✶✳ ❲❡ tr❡❛t ❛❧❧ ❝♦❣♥❛t❡ ❝❧❛ss❡s ❛s ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳

❍♦✇❡✈❡r✱ ✐t ✐s ❧✐❦❡❧② t❤❛t ❝♦❣♥❛t❡ ❝❧❛ss❡s ✇✐t❤✐♥ ♦♥❡ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②

❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ✇♦r❞ t♦ ❞✐❡ ♦✉t

✐s ♣r❡s✉♠❛❜❧② ❤✐❣❤❡r ✐❢ ❛ s②♥♦♥②♠ ❡①✐sts ✐♥ t❤❡ ❧❛♥❣✉❛❣❡✳

✷✳ ❖✉r ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛ ❧❛♥❣✉❛❣❡ t♦ ♥♦t ❤❛✈❡ ❛♥② ✇♦r❞ ✐♥ ❛ ❣✐✈❡♥ ♠❡❛♥✐♥❣

❝❛t❡❣♦r②✱ ✇❤✐❝❤ ✐s ✉♥❧✐❦❡❧② t♦ ❤❛♣♣❡♥ s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦r❡

✈♦❝❛❜✉❧❛r②✳

✽✽



✸✳ ❲❡ ❛ss✉♠❡ t❤❛t ❞❛t❛ ❣♦ ♠✐ss✐♥❣ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠✳ ❆❝t✉❛❧❧②✱ t❤❡②

❣♦ ♠✐ss✐♥❣ ✐♥ ❜❧♦❝❦s✿ ✐❢ ❛ ❧❛♥❣✉❛❣❡ ❤❛s ❛ q✉❡st✐♦♥ ♠❛r❦ ❢♦r ❛ ❣✐✈❡♥

❝♦❣♥❛t❡ ❝❧❛ss✱ ✐t ✉s✉❛❧❧② ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ✇♦r❞✭s✮ ❢♦r

t❤❛t ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ✐♥ t❤❛t ❧❛♥❣✉❛❣❡✱ ❤❡♥❝❡ t❤❡ ❧❛♥❣✉❛❣❡ ✇✐❧❧ ✉s✉❛❧❧②

❛❧s♦ ❤❛✈❡ q✉❡st✐♦♥ ♠❛r❦s ❢♦r ❛❧❧ ♦t❤❡r ❝♦❣♥❛t❡ ❝❧❛ss❡s ✐♥ t❤❛t ♠❡❛♥✐♥❣

❝❛t❡❣♦r②✳

❲❡ ❞✐❞ ♥♦t t❡st ❢♦r s②st❡♠❛t✐❝ ❜✐❛s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t

♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚♦ t❡st ❢♦r s②st❡♠❛t✐❝ ❜✐❛s ❛r✐s✐♥❣

❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❝♦❣♥❛❝② ❝❧❛ss❡s ✇✐t❤✐♥ ❛ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❛r❡

✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ s✐♠✉❧❛t❡❞ s②♥t❤❡t✐❝ ❞❛t❛ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠❡❛♥✐♥❣

❝❛t❡❣♦r② str✉❝t✉r❡✱ ❛♥❞ ❛tt❡♠♣t❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ tr❡❡❀

t❤✐s ❡①♣❛♥❞s ♦♥ ❛♥ ❛♥❛❧②s✐s ❜② ◆✐❝❤♦❧❧s ❛♥❞ ●r❛② ❬✷✵✵✽❪✳

❖✉r ♠♦❞❡❧ ❢♦r ❞✐✈❡rs✐✜❝❛t✐♦♥ ✇✐t❤ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ✐s s✐♠✐❧❛r t♦ t❤❡

♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ✇✐t❤ t✇♦ ♠♦❞✐✜❝❛t✐♦♥s✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ ✶✵✵

♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s✳ ❲❤❡♥ ❛ ✇♦r❞ ✐♥ ❛ ❧❛♥❣✉❛❣❡ ✐s t♦ ❞✐❡✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r ✐t

✐s t❤❡ ❧❛st ✇♦r❞ ✐♥ t❤❛t ❧❛♥❣✉❛❣❡ ❢♦r t❤❛t ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②❀ ✐❢ ✐t ✐s✱ ✇❡ s✐♠♣❧②

✐❣♥♦r❡ t❤❡ ❞❡❛t❤ ❡✈❡♥t✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ tr❡❡✱ t❤❡r❡ ✐s ❛t

❧❡❛st ♦♥❡ ✇♦r❞ ♣❡r ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②✳ ■t ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❞❡❛t❤ r❛t❡

✐s ❧♦✇❡r t❤❛♥ t❤❡ ❞❡❛t❤ r❛t❡ ✇❡ ❞❡✜♥❡✱ s♦ ✇❡ s❤♦✉❧❞ ♥♦t ❡①♣❡❝t ♦✉r ❡st✐♠❛t❡

♦❢ t❤❡ ♣❛r❛♠❡t❡r µ t♦ ❜❡ ❝♦rr❡❝t✳ ❙❡❝♦♥❞✱ ✇❡ s✐♠✉❧❛t❡ ❞❛t❛ ♠✐ss✐♥❣ ✐♥ ❜❧♦❝❦s✿

❣✐✈❡♥ ❛ ❧❡❛❢ i ❛♥❞ ❛ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②✱ ❛❧❧ ❞❛t❛ ❢♦r t❤❛t ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❛t

t❤❛t ❧❡❛❢ ❣♦ ♠✐ss✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ξi✱ ❛♥❞ ❛❧❧ ❞❛t❛ ❢♦r t❤❛t

♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❛t t❤❛t ❧❡❛❢ ❛r❡ ❝♦rr❡❝t❧② r❡❣✐st❡r❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − ξi❀

t❤✐s ❞✐✛❡rs t♦ t❤❡ ♠♦❞❡❧ ✇❡ ✜t s✐♥❝❡ t❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐✛❡r❡♥t ❝♦❣♥❛❝②
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❋✐❣✉r❡ ✹✳✶✵✿ ❚r✉❡ tr❡❡ ❛♥❞ ❝♦♥s❡♥s✉s tr❡❡ ❢♦r s②♥t❤❡t✐❝ ❞❛t❛ ✇✐t❤ ♠❡❛♥✐♥❣
❝❛t❡❣♦r✐❡s ✐♠♣♦s❡❞✳

❝❧❛ss❡s ✐♥ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❣♦ ♠✐ss✐♥❣ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡❛❝❤ ♦t❤❡r✳

◆♦t❡ t❤❛t ✇❡ st✐❧❧ ❡①♣❡❝t t♦ s❡❡ r❡❛s♦♥❛❜❧❡ ❡st✐♠❛t❡s ♦❢ ξ✳ ❲❡ s✐♠✉❧❛t❡❞ ❞❛t❛

♦♥ ❛ tr❡❡ ✇✐t❤ ✷✵ ❧❡❛✈❡s✱ ✺ ❝♦♥str❛✐♥ts✱ ♥♦ ❝❛t❛str♦♣❤❡s✱ ❛♥❞ ✇✐t❤ µ = 2.2·10−4✱

t❛❦❡♥ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪

♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

❋✐❣✉r❡ ✹✳✶✵ s❤♦✇s t❤❡ tr✉❡ tr❡❡ ✉s❡❞ t♦ s②♥t❤❡t✐③❡ ❞❛t❛ ❛s ✇❡❧❧ ❛s t❤❡

❝♦♥s❡♥s✉s tr❡❡✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐s ❣♦♦❞✱ ✇✐t❤ t✇♦ ✐ss✉❡s✳ ❚❤❡ str✉❝t✉r❡

♦❢ t❤❡ s✉❜tr❡❡ ♠❛❞❡ ♦❢ ❧❡❛✈❡s ✼✱ ✽✱ ✶✼ ❛♥❞ ✶✽ ✐s ✉♥❝❡rt❛✐♥✱ ❜✉t ✇r♦♥❣ ✐♥
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♠♦st ♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡s ✭t❤❡ ❝♦rr❡❝t str✉❝t✉r❡ ❛♣♣❡❛rs ✐♥ ✷✺✪ ♦❢ t❤❡

♣♦st❡r✐♦r s❛♠♣❧❡s✮✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ❧❡❛✈❡s ✸✱ ✹ ❛♥❞ ✺ r❡❧❛t✐✈❡ t♦ t❤❛t s✉❜tr❡❡

✐s ✉♥❞❡❝✐❞❡❞ ✭t❤❡ ❝♦rr❡❝t str✉❝t✉r❡ ❛♣♣❡❛rs ✐♥ ✸✾✪ ♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡s✮✳

■♥ ❜♦t❤ ❝❛s❡s✱ t❤✐s ✐s ♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ t❤❡ tr✉❡ tr❡❡ ❝♦♥t❛✐♥s ❛ ✈❡r② s❤♦rt

❜r❛♥❝❤ ♦♥ ✇❤✐❝❤ ❧✐tt❧❡ ♦r ♥♦ ❝❤❛♥❣❡ ♦❝❝✉rr❡❞✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❞❡❛t❤ r❛t❡ µ ✐s

♥♦t r❡❝♦♥str✉❝t❡❞✱ ❜✉t t❤❡ r♦♦t ❛❣❡ tr ❛♥❞ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs ξ ❛r❡

st✐❧❧ ❝♦rr❡❝t❧② ❡st✐♠❛t❡❞ ✭❋✐❣✉r❡s ✹✳✶✶ ❛♥❞ ✹✳✶✷✮✳ ❖✈❡r ❛❧❧✱ t❤❡s❡ r❡❝♦♥str✉❝t✐♦♥s

✇✐t❤ ♦✉t✲♦❢✲♠♦❞❡❧ ❞❛t❛ ❛r❡ ✈❡r② ♣♦s✐t✐✈❡✳

❲❡ ❛r❡ ❛❜❧❡ t♦ ❝♦rr❡❝t❧② ❡st✐♠❛t❡ t❤❡ r♦♦t ❛❣❡ ✭❛♥❞ ♦t❤❡r ✐♥t❡r♥❛❧ ♥♦❞❡

t✐♠❡s✮ ❞❡s♣✐t❡ ♦✉r ❜❛❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ❞❡❛t❤ r❛t❡ µ ❜❡❝❛✉s❡ t❤❡ ♠♦❞❡❧ ♠✐s✲

s♣❡❝✐✜❝❛t✐♦♥ ✐s ✉♥✐❢♦r♠ ♦✈❡r t❤❡ tr❡❡✿ t❤❡ ❡✛❡❝t✐✈❡ ❞❡❛t❤ r❛t❡ ✐s st✐❧❧ ❝♦♥st❛♥t

♦✈❡r t❤❡ ❡♥t✐r❡ tr❡❡✳ ■t ✐s t❤❡ ❡✛❡❝t✐✈❡ ❞❡❛t❤ r❛t❡ t❤❛t ✇❡ r❡❝♦♥str✉❝t ✐♥ ❋✐❣✉r❡

✹✳✶✶✳

✹✳✷✳✸ ❘❡✈❡rs✐❜✐❧✐t②

■♥ ♦✉r ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ ✐♠♣♦s❡❞ t❤❡ r❡✈❡rs✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ν = κλ/µ✳ ■♥ ♦r❞❡r

t♦ ❝❤❡❝❦ ❢♦r s②st❡♠❛t✐❝ ❜✐❛s ❛r✐s✐♥❣ ❢r♦♠ t❤✐s ❝♦♥❞✐t✐♦♥✱ ✇❡ s✐♠✉❧❛t❡❞ ❞❛t❛

✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ν ❛♥❞ ❡st✐♠❛t❡❞ ❛❧❧ ♣❛r❛♠❡t❡rs ✉♥❞❡r t❤❡ r❡✈❡rs✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t t♦ ❜❡ ❛❜❧❡ t♦ ❝♦rr❡❝t❧② ❡st✐♠❛t❡ ❛❧❧

♣❛r❛♠❡t❡rs✱ ❜✉t ✇❡ ❤♦♣❡ t❤❛t ♥♦ s②st❡♠❛t✐❝ ❜✐❛s ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡

❡st✐♠❛t❡s ♦❢ t❤❡ t♦♣♦❧♦❣② ❛♥❞ ♦❢ t❤❡ r♦♦t ❛❣❡✳ ❚❤❡ ❞❛t❛ ✇❡ s✐♠✉❧❛t❡❞ ✉s❡❞

t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s µ = 2.23 · 10−4✱ κ = 0.2✱ λ = 4.46 · 10−2 ❛♥❞ ✇❡ st✉❞✐❡❞

ν = 2κλ/µ ❛♥❞ ν = κλ/2µ✳ ❚❤❡ ❞❛t❛ ✇❡r❡ s✐♠✉❧❛t❡❞ ♦♥ ❛ tr❡❡ ✇✐t❤ ✷✵

❧❛♥❣✉❛❣❡s ❛♥❞ ✽ ✐♥t❡r♥❛❧ ❝♦♥str❛✐♥ts✳

✾✶



❋✐❣✉r❡ ✹✳✶✶✿ ❆♥❛❧②s✐s ✉s✐♥❣ s②♥t❤❡t✐❝ ❞❛t❛ ✇✐t❤ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ✐♠♣♦s❡❞✳
❘❡❞✿ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ r♦♦t t✐♠❡ tr ✭❧❡❢t✮ ❛♥❞ ♦❢ t❤❡ ❞❡❛t❤ ♣❛r❛♠❡t❡r µ ✭r✐❣❤t✮❀
❇❧✉❡✿ ❤✐st♦❣r❛♠s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✳

❋✐❣✉r❡ ✹✳✶✷✿ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs ξi✱ i = 1 . . . 20✱ ❢♦r
s②♥t❤❡t✐❝ ❞❛t❛ ✇✐t❤ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r✐❡s ✐♠♣♦s❡❞✳
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❋✐❣✉r❡ ✹✳✶✸✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ r❡✈❡rs✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ▲❡❢t✿ tr✉❡ tr❡❡ ✉♥❞❡r ✇❤✐❝❤
❞❛t❛ ✇❡r❡ s✐♠✉❧❛t❡❞✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ν = κλ/2µ❀ r✐❣❤t✿ r❡❝♦♥str✉❝t❡❞
❝♦♥s❡♥s✉s tr❡❡✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t♦♣♦❧♦❣② ✐s ♥♦t ❛✛❡❝t❡❞✿ t❤❡ t♦♣♦❧♦❣② ✐s st✐❧❧

❛❧♠♦st ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t❡❞✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✸✳ ❍♦✇❡✈❡r✱ t❤❡ ♣♦s✐t✐♦♥

♦❢ ❝❛t❛str♦♣❤❡s ✐s ♠✉❝❤ ♠♦r❡ ✉♥❝❡rt❛✐♥✿ ♥♦ ❝❛t❛str♦♣❤❡s ❛r❡ s✉♣♣♦rt❡❞ ✐♥ ♠♦r❡

t❤❛♥ ✺✵✪ ♦❢ t❤❡ ♣♦st❡r✐♦r✳ ❚❤❡ tr❡❡s s❤♦✇♥ ❛r❡ ❢♦r ν = κλ/2µ❀ t❤❡ s✐t✉❛t✐♦♥

✐s s✐♠✐❧❛r ❢♦r ν = 2κλ/µ✳

❚❤❡ ♣❛r❛♠❡t❡rs µ ❛♥❞ κ ❛r❡ ♥♦t ✇❡❧❧ r❡❝♦♥str✉❝t❡❞✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✶✹✿

t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ❤✐❣❤❧② ✉♥✐♥❢♦r♠❛t✐✈❡ ♦❢ κ ❛♥❞ t❤❡ ❞❡❛t❤ r❛t❡ µ ✐s

s②st❡♠❛t✐❝❛❧❧② ♦✈❡r❡st✐♠❛t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ r♦♦t ❛❣❡✱ ✇❤✐❝❤ ✐s t❤❡ ♣❛r❛♠❡t❡r

♦❢ ✐♥t❡r❡st✱ ✐s ✇❡❧❧ r❡❝♦♥str✉❝t❡❞✿ ❢♦r ν = κλ/2µ✱ t❤❡ tr✉❡ r♦♦t ❛❣❡ ✇❛s ✼✻✷✷❇P

❛♥❞ t❤❡ ✾✺✪ ❍P❉ ✐s ✻✾✸✷✕✽✺✽✹❇P❀ ❢♦r ν = 2κλ/µ✱ t❤❡ tr✉❡ r♦♦t ❛❣❡ ✐s ✼✻✻✹❇P

❛♥❞ t❤❡ ✾✺✪ ❍P❉ ✐s ✻✹✼✷✕✼✼✵✶❇P✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✾✺✪ ❍P❉ ❝♦✈❡rs t❤❡

tr✉❡ ✈❛❧✉❡✳
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❋✐❣✉r❡ ✹✳✶✹✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ r❡✈❡rs✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚♦♣✿ ❞❛t❛ s✐♠✉❧❛t❡❞ ✉♥❞❡r
t❤❡ ❝♦♥❞✐t✐♦♥ ν = κλ/2µ❀ ❜♦tt♦♠✿ ❞❛t❛ s✐♠✉❧❛t❡❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ν =
2κλ/µ✳ ❇❧✉❡✿ ♣♦st❡r✐♦r s❛♠♣❧❡ ❢r♦♠ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✉♥❞❡r t❤❡ r❡✈❡rs✐❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ν = κλ/µ❀ r❡❞✿ tr✉❡ ✈❛❧✉❡ ♦❢ t❤❡ r♦♦t ❛❣❡✱ ❞❡❛t❤ r❛t❡ µ ❛♥❞ ♣r♦❜❛❜✐❧✐t②
♦❢ ❞❡❛t❤ ❛t ❛ ❝❛t❛str♦♣❤❡ κ✳
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✹✳✸ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❦♥♦✇♥ ❛❣❡s

❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ❝♦♥str❛✐♥ts ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ✐♠♣♦s❡ ❛❣❡ ❝♦♥str❛✐♥ts

♦♥ s♦♠❡ ✐♥t❡r♥❛❧ ♥♦❞❡s ❛♥❞ s♦♠❡ ❧❡❛✈❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ ❝r♦ss✲

✈❛❧✐❞❛t✐♦♥ t❡st ♦♥ ❛❧❧ ❛❣❡ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳

❲❡ r❡♠♦✈❡ ❡❛❝❤ ❝❛❧✐❜r❛t✐♦♥ ❝♦♥str❛✐♥t ✐♥ t✉r♥ ❛♥❞ ❛tt❡♠♣t t♦ r❡❝♦♥str✉❝t

✐ts ❛❣❡ ❢r♦♠ t❤❡ ❞❛t❛ ❛♥❞ t❤❡ ♦t❤❡r ❝❛❧✐❜r❛t✐♦♥ ❝♦♥str❛✐♥ts✳ ■♥ t❤❡ ●❡r♠❛♥✐❝

❢❛♠✐❧②✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❝♦♥str❛✐♥ts✳ ❘❡♠♦✈✐♥❣ ♦♥❧② ♦♥❡ ♦❢ t❤❡s❡ ❝♦♥str❛✐♥ts

✇♦✉❧❞ s❡r✈❡ ❧✐tt❧❡ ♣✉r♣♦s❡✱ s✐♥❝❡ t❤❡ ❛❣❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ✇♦✉❧❞

❡✛❡❝t✐✈❡❧② st✐❧❧ ❜❡ ❝♦♥str❛✐♥❡❞ ❜② t❤❡ t✇♦ ♦t❤❡r ❝♦♥str❛✐♥ts ❛♥❞ s♦ ✇❡ ❝♦✉❧❞

❡①♣❡❝t t♦ ❝♦rr❡❝t❧② r❡❝♦♥str✉❝t t❤❡ ♥♦❞❡ ❛❣❡ ✐♥ ❛♥② ❝❛s❡✳ ❲❡ t❤❡r❡❢♦r❡ r❡♠♦✈❡❞

t❤❡s❡ t❤r❡❡ ❝♦♥str❛✐♥ts s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ❡st✐♠❛t❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡

❛❣❡s ❥♦✐♥t❧②✳

❖✉r s✉❝❝❡ss ❛t t❤✐s ❡①❡r❝✐s❡ ✇✐❧❧ ❜❡ ❛ ❣♦♦❞ ✐♥❞✐❝❛t♦r t♦ ❤♦✇ ♠✉❝❤ ✇❡ ❝❛♥

tr✉st t❤❡ ❛❣❡ ❡st✐♠❛t❡s ❢♦r ♥♦❞❡s ❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ❝♦♥str❛✐♥ts✱ ✐♥❝❧✉❞✐♥❣

t❤❡ r♦♦t✳ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts ✇❡r❡ ❛❧❧ ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t❡❞✳ ❚❤❡

❜♦tt♦♠ ❤❛❧❢ ♦❢ ❋✐❣✉r❡ ✹✳✶✺ ❣✐✈❡s t❤❡ ❝♦♥str❛✐♥t ❢♦r ❡❛❝❤ ♥♦❞❡✱ ❛s ✇❡❧❧ ❛s ❛ ✾✺✪

❍P❉ ✐♥t❡r✈❛❧ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡ ❢♦r t❤❛t ♥♦❞❡ ❛❣❡✳ ■♥ ✷✻ ♦✉t ♦❢ ✸✵

t❡sts✱ t❤❡ ✾✺✪ ❍P❉ ♦✈❡r❧❛♣s t❤❡ ❝♦♥str❛✐♥❡❞ ❛❣❡ ✐♥t❡r✈❛❧✳

❙♦♠❡ ♦❢ t❤❡ ❍P❉ ✐♥t❡r✈❛❧s ❛r❡ ✈❡r② ❧❛r❣❡ ❛♥❞ ♦♥❧② ❜❛r❡❧② ❝♦✈❡r t❤❡

❝♦♥str❛✐♥t✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ♦♥❡ ❢♦r ❍✐tt✐t❡✳ ❚♦ q✉❛♥t✐❢② ❣♦♦❞♥❡ss ♦❢ ✜t✱ ❛♥❞

✐♥ ♣❛rt✐❝✉❧❛r t♦ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ✉s t♦ ♠❛❦❡ t②♣❡ ■■ ❡rr♦r✱ ✇❡ ✉s❡

❇❛②❡s ❢❛❝t♦rs ✐♥st❡❛❞ ♦❢ ♣✲✈❛❧✉❡s✳ ●✐✈❡♥ ❝❛❧✐❜r❛t✐♦♥ c ✭c ∈ {1 . . . C}✮✱ ❧❡t
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ΓC−c =
C
⋂

c′=0
c′ 6=c

Γ(c′).

❞❡♥♦t❡ t❤❡ ❡♥❧❛r❣❡❞ tr❡❡ s♣❛❝❡ ✇✐t❤ t❤❡ c✬t❤ ❝♦♥str❛✐♥t r❡♠♦✈❡❞ ❜✉t ❛❧❧ ♦t❤❡r

❝♦♥str❛✐♥ts ✐♠♣♦s❡❞✳ ▲❡t ΓC−c
K ❜❡ t❤❡ ❡♥❧❛r❣❡❞ tr❡❡ s♣❛❝❡✱ ❡①t❡♥❞❡❞ t♦ ✐♥❝❧✉❞❡

❝❛t❛str♦♣❤❡s ✭❛s ✐♥ ❙❡❝t✐♦♥ ✭✷✳✷✳✷✮✮✳ ❲❡ t❤❡♥ ♣❡r❢♦r♠ ❛ ♠♦❞❡❧ ❝♦♠♣❛r✐s♦♥

❜❡t✇❡❡♥ t❤❡ ♥✉❧❧ ♠♦❞❡❧ ✇✐t❤ ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts✱ MC : g ∈ ΓC
K ✱ ❛♥❞ t❤❡

❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ MC−c : g ∈ ΓC−c
K ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t r❡♠♦✈❡❞✳ ❚❤❡

❇❛②❡s ❢❛❝t♦r BC,C−c ❢♦r t❤❡ ♠♦❞❡❧ ❝♦♠♣❛r✐s♦♥ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣♦st❡r✐♦r

♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❤❡s❡ ♠♦❞❡❧s ✇✐t❤ ❡q✉❛❧ ♣r✐♦r ♣r♦❜❛❜✐❧✐t② ♦♥ t❤❡ t✇♦ ♠♦❞❡❧s

P (MC−c) = P (MC) = 0.5✱

BC,C−c =
P (D|g ∈ ΓC

K)

P (D|g ∈ ΓC−c
K )

=
P (D|g ∈ ΓC

K , g ∈ ΓC−c
K )

P (D|g ∈ ΓC−c
K )

(since ΓC
K ⊂ ΓC−c

K )

=
P (g ∈ ΓC

K , g ∈ ΓC−c
K |D)P (D)

P (g ∈ ΓC
K , g ∈ ΓC−c

K )
×

P (g ∈ ΓC−c
K )

P (g ∈ ΓC−c
K |D)P (D)

=
P (g ∈ ΓC

K |g ∈ ΓC−c
K , D)P (g ∈ ΓC−c

K |D)

P (g ∈ ΓC
K)

×
P (g ∈ ΓC−c

K )

P (g ∈ ΓC−c
K , D)

=
P (g ∈ ΓC

K |g ∈ ΓC−c
K , D)

P (g ∈ ΓC
K |g ∈ ΓC−c

K )

■♥ t❤❡ ❧❛st ❢r❛❝t✐♦♥✱ t❤❡ ♥✉♠❡r❛t♦r P (g ∈ ΓC
K |g ∈ ΓC−c

K , D) ✐s t❤❡ ♣♦st❡r✐♦r

♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t c ❜❡✐♥❣ r❡s♣❡❝t❡❞ ❣✐✈❡♥ t❤❡ ❞❛t❛ ✉♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡

♠♦❞❡❧ MC−c❀ t❤❡ ❞❡♥♦♠✐♥❛t♦r P (g ∈ ΓC
K |g ∈ ΓC−c

K ) ✐s t❤❡ ♣r✐♦r ♣r♦❜❛❜✐❧✐t② ♦❢

t❤❡ s❛♠❡ ❡✈❡♥t✳ ❲❡ ❡st✐♠❛t❡ t❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❜② s✐♠✉❧❛t✐♥❣ t❤❡ ♣r✐♦r ❛♥❞

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ✭✇✐t❤ ❝♦♥str❛✐♥t c r❡♠♦✈❡❞✮✳

✾✻



❚❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❇❛②❡s ❢❛❝t♦rs ❛r❡ ♣❧♦tt❡❞ ✐♥ t❤❡ t♦♣ ❤❛❧❢ ♦❢ ❋✐❣✉r❡ ✹✳✶✺✳

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡s❡ ❡st✐♠❛t♦rs ✐s ♥❡❣❧✐❣✐❜❧❡✳

▼✐s✜t ✐♥ t❤❡ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ str♦♥❣ ❡✈✐❞❡♥❝❡ ❛❣❛✐♥st t❤❡

❝♦♥str❛✐♥t✳ ❋♦❧❧♦✇✐♥❣ ❘❛❢t❡r② ❬✶✾✾✻❪✱ ✇❡ t❛❦❡ ❛ ❇❛②❡s ❢❛❝t♦r ❡①❝❡❡❞✐♥❣ ✶✷

✭✐✳❡✳ 2 log(BC,C−c) & 5✮ ❛s str♦♥❣ ❡✈✐❞❡♥❝❡ ❛❣❛✐♥st t❤❡ ❝♦♥str❛✐♥t✳ ❲❡ ❤❛✈❡

❝♦♥✢✐❝t ❢♦r t❤r❡❡ ♦❢ t❤❡ t❤✐rt② ❝♦♥str❛✐♥ts✿ t❤❡ ❛❣❡s ♦❢ t✇♦ ❧❡❛✈❡s ✭❖❧❞ ■r✐s❤ ❛♥❞

❆✈❡st❛♥✮✱ ❛♥❞ t❤❡ ❛❣❡ ♦❢ ♦♥❡ ❝❧❛❞❡ ✭❇❛❧t♦✲❙❧❛✈✮✳ ❆s ♦✉r ❛♥❛❧②s✐s ✐♥ ❈❤❛♣t❡r ✺

s❤♦✇s✱ t❤❡r❡ ✐s ❛ ❤✐❣❤ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛t❛str♦♣❤❡ ❡✈❡♥t ♦❝❝✉rr❡❞

♦♥ t❤❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ ❖❧❞ ■r✐s❤ ❛♥❞ ❲❡❧s❤✱ ❛♥❞ ❛♥♦t❤❡r ❜❡t✇❡❡♥ ❖❧❞ P❡rs✐❛♥

❛♥❞ ❆✈❡st❛♥✳ ❚❤❡ ❡✈✐❞❡♥❝❡ ❢♦r r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ r❡st ♦❢ t❤❡ tr❡❡ ✐s s♦ s❧✐❣❤t✱

t❤❛t ✇❤❡♥ ✇❡ tr② t♦ ♣r❡❞✐❝t t❤❡s❡ ❝❛❧✐❜r❛t✐♦♥s ✇❡ ❛r❡ ♣r❡❞✐❝t✐♥❣ ❛t②♣✐❝❛❧ ❡✈❡♥ts✳

◆♦t❡ t❤❛t ♦✉r ❤❛♥❞❧✐♥❣ ♦❢ ♠✐ss✐♥❣ ❞❛t❛ ✇❛s ✐♥str✉♠❡♥t❛❧ ✐♥ ✐♠♣r♦✈✐♥❣

♦✉r ♣r❡❞✐❝t✐♦♥s✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❍✐tt✐t❡ ✈♦❝❛❜✉❧❛r② ✐♥ t❤❡s❡

❞❛t❛ ✐s ✸✷✵✵✕✸✼✵✵❇P✳ ■❢ ✇❡ ✐❣♥♦r❡ ♠✐ss✐♥❣ ❞❛t❛ ✭s♦ r❡♣❧❛❝❡ ❄✬s ✇✐t❤ ✵✬s✮✱ ♦✉r

♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ ❛❣❡ ♦❢ ❍✐tt✐t❡ ✐s ✻✵✕✷✵✶✵❇P✱ ✇❡❧❧ ♦✉ts✐❞❡ ♦❢ t❤❡ ❝♦♥str❛✐♥ts✳

❲✐t❤ ♠✐ss✐♥❣ ❞❛t❛ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ t❤❡ ❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❛❣❡

♦❢ ❍✐tt✐t❡ ✐♥ ♦✉r ♠♦❞❡❧ ✐s ✹✸✵✕✸✷✺✵❇P✱ ✇❤✐❝❤ ❥✉st ♦✈❡r❧❛♣s t❤❡ ❝♦♥str❛✐♥t ❛♥❞

❤❛s ❛ ❤✐❣❤❡r ♠❡❛♥ ✭s♦ ✇❡ ❛r❡ ♥♦t ♦♥❧② ❣❡tt✐♥❣ ❣r❡❛t❡r ✉♥❝❡rt❛✐♥t②✱ ❜✉t ❛❧s♦

✐♠♣r♦✈✐♥❣ t❤❡ ✜t✮✳ ❚❤❡ ❇❛②❡s ❢❛❝t♦r ❣✐✈❡s ♦❞❞s ❧❡ss t❤❛♥ ✷✿✶ ❛❣❛✐♥st✱ s♦ t❤❡

❡✈✐❞❡♥❝❡ ❛❣❛✐♥st t❤❡ ❝♦♥str❛✐♥t ✐s ✏❤❛r❞❧② ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣✑ ❬❘❛❢t❡r②✱ ✶✾✾✻❪✳
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HI TA TB LU LY OI UM OS LA GK AR GO ON OE OG OS PR AV PE VE CE IT GE WG NW BS BA IR II TG

❋✐❣✉r❡ ✹✳✶✺✿ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❦♥♦✇♥ ♥♦❞❡ ❛❣❡s✿ t♦♣✱ ❧♦❣❛r✐t❤♠ ♦❢ ❇❛②❡s
❢❛❝t♦rs log(BC,C−c) ❢♦r c = 1, 2, ..., C❀ ❜♦tt♦♠✱ t❤✐♥ ❧✐♥❡s s❤♦✇ ❛❣❡ ❝♦♥str❛✐♥ts
❢♦r ❞✐✛❡r❡♥t ♥♦❞❡s✱ t❤✐❝❦ ❧✐♥❡s s❤♦✇ ✾✺✪ ♣♦st❡r✐♦r ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡
r❡❝♦♥str✉❝t❡❞ ❞❛t❡s ✇❤❡♥ t❤❡ ❝♦♥str❛✐♥t ✐s r❡♠♦✈❡❞✳ ❍■✿ ❍✐tt✐t❡❀ ❚❆✿ ❚♦❝❤❛r✐❛♥
❆❀ ❚❇✿ ❚♦❝❤❛r✐❛♥ ❇❀ ▲❯✿ ▲✉✈✐❛♥❀ ▲❨✿ ▲②❝✐❛♥❀ ❖■✿ ❖❧❞ ■r✐s❤❀ ❯▼✿ ❯♠❜r✐❛♥❀
❖❙✿ ❖s❝❛♥❀ ▲❆✿ ▲❛t✐♥❀ ●❑✿ ●r❡❡❦❀ ❆❘✿ ❖❧❞ ❆r♠❡♥✐❛♥❀ ●❖✿ ●♦t❤✐❝❀ ❖◆✿ ❖❧❞
◆♦rs❡❀ ❖❊✿ ❖❧❞ ❊♥❣❧✐s❤❀ ❖●✿ ❖❧❞ ❍✐❣❤ ●❡r♠❛♥❀ ❖❙✿ ❖❧❞ ❈❤✉r❝❤ ❙❧❛✈♦♥✐❝❀
P❘✿ Pr✉ss✐❛♥❀ ❆❱✿ ❆✈❡st❛♥❀ P❊✿ ❖❧❞ P❡rs✐❛♥❀ ❱❊✿ ❱❡❞✐❝❀ ❈❊✿ ❈❡❧t✐❝ ❣r♦✉♣❀
■❚✿ ■t❛❧✐❝ ❣r♦✉♣❀ ●❊✿ ●❡r♠❛♥✐❝ ❣r♦✉♣❀ ❲●✿ ❲❡st ●❡r♠❛♥✐❝ ❣r♦✉♣❀ ◆❲✿ ◆♦rt✲
❲❡st ●❡r♠❛♥✐❝ ❣r♦✉♣❀ ❇❙✿ ❇❛❧t♦✲❙❧❛✈ ❣r♦✉♣❀ ❇❆✿ ❇❛❧t✐❝ ❣r♦✉♣❀ ■❘✿ ■r❛♥✐❛♥
❣r♦✉♣❀ ■■✿ ■♥❞♦✲■r❛♥✐❛♥ ❣r♦✉♣❀ ❚●✿ ❚♦❝❤❛r✐❛♥ ❣r♦✉♣
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❈❤❛♣t❡r ✺

❆♥❛❧②s✐s ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❞❛t❛

s❡ts

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥❛❧②s❡ t✇♦ ❧❡①✐❝❛❧ ❞❛t❛ s❡ts ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s

❛♥❞ ❡st✐♠❛t❡ t❤❡ ❛❣❡ ♦❢ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥

❈❤❛♣t❡r ✷ ❛♥❞ ✇✐t❤ t❤❡ ✐♠♣❧❡♠❡♥t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❚❤❡ ❝♦♥s❡♥s✉s tr❡❡s ❞✐s♣❧❛②❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ❜✉✐❧t ✉s✐♥❣ t❤❡ s❛♠❡

♠❡t❤♦❞ ❛s ✐♥ ❈❤❛♣t❡r ✹✿ ✐♥ ❛ tr❡❡✱ ❛♥ ❡❞❣❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣❧✐t ♣❛rt✐t✐♦♥✐♥❣

t❤❡ ❧❡❛✈❡s ✐♥t♦ t✇♦ s❡ts✳ ❆ ❝♦♥s❡♥s✉s tr❡❡ ❞✐s♣❧❛②s ❥✉st t❤♦s❡ s♣❧✐ts ♣r❡s❡♥t ✐♥ ❛t

❧❡❛st ✺✵✪ ♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✳ ❙♣❧✐ts ✇❤✐❝❤ r❡❝❡✐✈❡ ❧❡ss t❤❛♥ ✾✺✪ s✉♣♣♦rt

❛r❡ ❧❛❜❡❧❡❞✳ ❲❤❡r❡ ♥♦ s♣❧✐t ✐s ♣r❡s❡♥t ✐♥ ✺✵✪ ♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✱ t❤❡

❝♦♥s❡♥s✉s tr❡❡ ✐s ♠✉❧t✐❢✉r❝❛t✐♥❣✳ ❚❤❡ ❧❡♥❣t❤ s❤♦✇♥ ❢♦r ❛♥ ❡❞❣❡ ✐s t❤❡ ❛✈❡r❛❣❡

♣♦st❡r✐♦r ❧❡♥❣t❤ ❣✐✈❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♣❧✐t❀ s✐♠✐❧❛r❧②✱ t❤❡ ♥✉♠❜❡r ♦❢

❝❛t❛str♦♣❤❡s s❤♦✇♥ ♦♥ ❛♥ ❡❞❣❡ ✐s t❤❡ ❛✈❡r❛❣❡ ♣♦st❡r✐♦r ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s

♦♥ t❤❛t ❡❞❣❡ ❣✐✈❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♣❧✐t✱ r♦✉♥❞❡❞ t♦ t❤❡ ♥❡❛r❡st ✐♥t❡❣❡r✳

❙✐♥❝❡ ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ♠❛r❣✐♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❝❧♦s❡ t♦ ♥♦r♠❛❧✱

✾✾



✇❡ ❣✐✈❡ ♦✉r ❡st✐♠❛t❡s ❛s ✾✺✪ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐♥t❡r✈❛❧s ✐♥ t❤❡

♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ♠❡❛♥ ❛♥❞ t✇✐❝❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ t❤❡

♣♦st❡r✐♦r s❛♠♣❧❡✳ ❋♦r t❤❡ r♦♦t ❛❣❡✱ ✇❡ ❣✐✈❡ ✾✺✪ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②

✐♥t❡r✈❛❧s✳

✺✳✶ ❆♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛s❡t

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ s❡✈❡r❛❧ t♦♣♦❧♦❣✐❝❛❧ ❛♥❞ ❛❣❡ ❝♦♥str❛✐♥ts ❛r❡

✐♠♣♦s❡❞ ♦♥ t❤❡ tr❡❡s ✇❡ r❡❝♦♥str✉❝t✱ ❛❧♦♥❣ ✇✐t❤ ❛ r❛♥❣❡ ♦❢ ❛❣❡s ❢♦r ❛♥❝❡str❛❧

♥♦❞❡s ❛♥❞ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❚❤❡ tr❡❡ ✐♥ ❋✐❣✉r❡ ✺✳✶ s❤♦✇s t❤❡ ❝♦♥s❡♥s✉s

tr❡❡ ❢r♦♠ ❛ r❡❝♦♥str✉❝t✐♦♥ ✇❤✐❝❤ ✐❣♥♦r❡s t❤❡s❡ ❝♦♥str❛✐♥ts✱ ✐♥ ❛♥ ❛tt❡♠♣t t♦

r❡❝♦♥str✉❝t t❤❡s❡ ❦♥♦✇♥ t♦♣♦❧♦❣✐❝❛❧ ❢❛❝ts✳ ❲✐t❤♦✉t ❛♥② ✐♥t❡r♥❛❧ ❝♦♥str❛✐♥ts✱

t❤❡r❡ ✐s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❛t❡ ♣❛r❛♠❡t❡rs✱ ❤❡♥❝❡ t❤❡ ❛❣❡ ❡st✐♠❛t❡s ❛r❡

♠❡❛♥✐♥❣❧❡ss ✐♥ t❤✐s ❛♥❛❧②s✐s✿ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✇♦✉❧❞ ❜❡ ✉♥❝❤❛♥❣❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣

❛❧❧ ❜r❛♥❝❤ ❧❡♥❣t❤s ❜② ❛♥ ❛r❜✐tr❛r② ❢❛❝t♦r ν ❛♥❞ ❞✐✈✐❞✐♥❣ ❛❧❧ t❤❡ r❛t❡s ❜② ν✳

❙✐♠✐❧❛r❧②✱ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛❣❡ ❝♦♥str❛✐♥ts ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ s✐❣♥❛❧ ❢♦r

❝❛t❛str♦♣❤❡s ❛♥❞ s♦ ♥♦ ❜r❛♥❝❤ ❜❡❛rs ❝❛t❛str♦♣❤❡s ✐♥ ♠♦r❡ t❤❛♥ ✺✵✪ ♦❢ t❤❡

s❛♠♣❧❡ tr❡❡s✳ ❚❤❡r❡ ❛r❡ t❤❡r❡❢♦r❡ ♥♦ ❝❛t❛str♦♣❤❡s ✐♥ ❋✐❣✉r❡ ✺✳✶ ❛♥❞ ✇❡ ❞♦ ♥♦t

s❤♦✇ ❛♥② t✐♠❡ s❝❛❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t♦♣♦❧♦❣② ✐s ✐♥t❡r❡st✐♥❣✿

♥✐♥❡ ♦❢ t❤❡ t❡♥ ❦♥♦✇♥ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ❛r❡ s✉♣♣♦rt❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t

❧❡❛st ✾✺✪ ✐♥ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♦♥❧② ❡①❝❡♣t✐♦♥ ✐s t❤❡ ◆♦rt❤✲❲❡st

●❡r♠❛♥✐❝ ❝❧❛❞❡ ✭❢♦r♠❡❞ ❜② ❖❧❞ ❊♥❣❧✐s❤✱ ❖❧❞ ❍✐❣❤ ●❡r♠❛♥ ❛♥❞ ❖❧❞ ◆♦rs❡✮✱

✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ ✹✺✪ ♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡✳

❲❡ s❤♦✇ ❛ ❝♦♥s❡♥s✉s tr❡❡ ✐♥ ✜❣✉r❡ ✺✳✸ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛ ❛♥❛❧②s❡❞ ✇✐t❤

❛❧❧ ❝❧❛❞❡ ❝♦♥str❛✐♥ts ✐♥❝❧✉❞❡❞✳ ❋♦r t❤❡ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ❤❡r❡✱ ♦✉r ♣r✐♦r ♦♥

✶✵✵
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❋✐❣✉r❡ ✺✳✶✿ ❚♦♣✿ ❈♦♥s❡♥s✉s tr❡❡ ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛s❡t✱ ✇✐t❤♦✉t ❛♥②
✐♥t❡r♥❛❧ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❞❛t❡s ❛r❡ ♠❡❛♥✐♥❣❧❡ss ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ♥♦t s❤♦✇♥✱
❜✉t t❤❡ t♦♣♦❧♦❣② ✐s ✇❡❧❧ r❡❝♦♥str✉❝t❡❞✳ ❇♦tt♦♠✿ ❆ s❛♠♣❧❡ tr❡❡ s❤♦✇✐♥❣ t❤❡
❛❣❡ t♦♣♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts ✐♥ ❜❧❛❝❦❀ t❤❡ ❜❛rs ♦♥ ✐♥t❡r♥❛❧ ♥♦❞❡s ❛r❡ t♦♣♦❧♦❣✐❝❛❧
❝♦♥str❛✐♥ts✳

✶✵✶



❋✐❣✉r❡ ✺✳✷✿ ❘❡❝♦♥str✉❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs 1 − ξi ❢♦r t❤❡
❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳ ❇❧✉❡✿ ✾✺✪ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐♥t❡r✈❛❧s ❛t
❡❛❝❤ ❧❛♥❣✉❛❣❡❀ ❘❡❞✿ ♣r♦♣♦rt✐♦♥ ♦❢ ♠✐ss✐♥❣ ❞❛t❛ ❢♦r t❤❡ ❧❛♥❣✉❛❣❡✳

t♦♣♦❧♦❣✐❡s ✐s ✉♥✐❢♦r♠ ♦♥ ❧❛❜❡❧❡❞ ❤✐st♦r✐❡s✱ ❛♥❞ t❤❡ ♣r✐♦r ♦♥ t❤❡ ❝❛t❛str♦♣❤❡ r❛t❡

ρ ✐s ❛ Γ(1.5, 0.0002)❀ ✇❡ ❣❡t s✐♠✐❧❛r r❡s✉❧ts ✇✐t❤ ❛ ✉♥✐❢♦r♠ ♣r✐♦r ♦♥ t♦♣♦❧♦❣✐❡s

❛♥❞ ❛ ♣r✐♦r ♦♥ t❤❡ ❝❛t❛str♦♣❤❡ r❛t❡ p(ρ) ∝ 1/ρ✳ ❚❤❡ ♣r✐♦r ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs

♦❢ t❤❡ ♠♦❞❡❧ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❖✉r ❡st✐♠❛t❡s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs

❛r❡ ❛s ❢♦❧❧♦✇s✿ µ = 1.86 · 10−4 ± 3.94 · 10−5 ❞❡❛t❤s✴②❡❛r❀ κ = 0.361 ± 0.11❀

ρ = 1.3 · 10−4 ± 3.3 · 10−5 ❝❛t❛str♦♣❤❡s✴②❡❛r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧❛r❣❡ ❜✉t r❛r❡

❝❛t❛str♦♣❤❡s✿ ❛❜♦✉t ✶ ❝❛t❛str♦♣❤❡ ❡✈❡r② ✶✺✱✵✵✵ ②❡❛rs✱ ♦r ❛♥ ❛✈❡r❛❣❡ ♦❢ ✸✳✹ ♦♥

t❤❡ tr❡❡✱ ✇✐t❤ ❡❛❝❤ ❝❛t❛str♦♣❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✷✹✵✵ ②❡❛rs ♦❢ ❝❤❛♥❣❡✮✳ ❚❤❡

✏❧✐❢❡ ❡①♣❡❝t❛♥❝②✑ ♦❢ ❛ ❝♦❣♥❛❝② ❝❧❛ss ♦♥ ❛ ❜r❛♥❝❤ ✐s t❤❡♥ 1/(µ+κρ) = 4800 ②❡❛rs✳

❚❤✐s ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ❜r❛♥❝❤ ❧❡♥❣t❤ ♦❢ ✶✶✻✵ ②❡❛rs✱ s♦ ✇❡ ❡①♣❡❝t ❛♥

❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ❛ r❡❣✐st❡r❡❞ ❝♦❣♥❛❝② ❝❧❛ss ❛♣♣❡❛rs ❛t✳

❖✉r ❡st✐♠❛t❡s ♦❢ t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ♣❛r❛♠❡t❡rs ξi ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✷❀ ❢♦r

❛♥② ❧❛♥❣✉❛❣❡ i✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ ξi ✐s q✉✐t❡ t✐❣❤t ❛♥❞ ❝❧♦s❡ t♦ t❤❡

♣r♦♣♦rt✐♦♥ ♦❢ ♠✐ss✐♥❣ ❞❛t❛ ✐♥ t❤❛t ❧❛♥❣✉❛❣❡✳
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❋✐❣✉r❡ ✺✳✸✿ ❈♦♥s❡♥s✉s tr❡❡ ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛s❡t✳ ❘❡❞ ❞♦ts s❤♦✇
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❚❤❡ ❛♥❛❧②s✐s r❡❝♦♥str✉❝ts s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥

tr❡❡ ✇❤✐❝❤ ✇❡r❡ ♥♦t ♣❛rt ♦❢ ♦✉r ❝♦♥str❛✐♥ts✳ ▲✐♥❣✉✐sts ❣❡♥❡r❛❧❧② ❛❣r❡❡ t❤❛t

t❤❡ ●❡r♠❛♥✐❝✱ ❈❡❧t✐❝ ❛♥❞ ■t❛❧✐❝ ❢❛♠✐❧✐❡s ❢♦r♠ ❛ s✉❜tr❡❡✱ ❛❧t❤♦✉❣❤ t❤❡ r❡❧❛t✐✈❡

♣♦s✐t✐♦♥s ♦❢ t❤❡ t❤r❡❡ ❢❛♠✐❧✐❡s ✐♥ t❤✐s s✉❜tr❡❡ ✐s s✉❜❥❡❝t t♦ ❞❡❜❛t❡✳ ❖✉r

❛♥❛❧②s✐s r❡❝♦♥str✉❝ts t❤✐s s✉❜tr❡❡✱ ❜✉t ♥♦ ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡

r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s ✐s ❢❛✈♦r❡❞✳ ❚❤❡ ■♥❞♦✲P❡rs✐❛♥ ❣r♦✉♣ ❝❛♥ ❢❛❧❧ ♦✉ts✐❞❡ t❤❡

❇❛❧t♦✲❙❧❛✈ ❣r♦✉♣ ❜✉t t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ✐s ✉♥❝❡rt❛✐♥✳ ❚❤❡

❞❡❡♣ t♦♣♦❧♦❣② ♦❢ t❤❡ tr❡❡ ✐s ❧❡❢t q✉✐t❡ ✉♥❝❡rt❛✐♥ ❜② t❤❡s❡ ❞❛t❛✱ ❡s♣❡❝✐❛❧❧② t❤❡

♣♦s✐t✐♦♥ ♦❢ ❆❧❜❛♥✐❛♥✳ ❲❡ ✜♥❞ ❡✈✐❞❡♥❝❡ ❢♦r ❝❛t❛str♦♣❤✐❝ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥

t❤r❡❡ ♣♦s✐t✐♦♥s✿ ♦♥ t❤❡ ❡❞❣❡s ❧❡❛❞✐♥❣ t♦ ❖❧❞ ■r✐s❤✱ ❖❧❞ P❡rs✐❛♥✱ ❛♥❞ ✐♥ t❤❡

❯♠❜r✐❛♥✲❖s❝❛♥ ❝❧❛❞❡✳

❖✉r ♣♦st❡r✐♦r ✾✺✪ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✭❍P❉✮ ✐♥t❡r✈❛❧ ❢♦r t❤❡ r♦♦t

❛❣❡ ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧② ✐s ✼✶✶✵ ✲ ✾✼✺✵ ②❡❛rs ❇P✳ ❚❤❡ ♣♦st❡r✐♦r

❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s ❦❡② st❛t✐st✐❝ ✐s ❝❧♦s❡ t♦ ♥♦r♠❛❧✳

❚❤❡ r❡❣✐str❛t✐♦♥ r✉❧❡ ✉s❡❞ ❜② ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ✇❤❡♥ ❝♦❧❧❡❝t✐♥❣ t❤❡✐r ❞❛t❛

✇❛s r✉❧❡ R1 ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳✸✿ ❛❧❧ ❞❛t❛ ✇❤✐❝❤ ❛r❡ ♦❜s❡r✈❡❞ ❛t ❛t ❧❡❛st ♦♥❡

❧❡❛❢ ❛r❡ r❡❝♦r❞❡❞✳ ❚♦ ✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts✱ ✇❡ r❡♠♦✈❡❞ ❛❧❧ s✐♥❣❧❡t♦♥s ✭tr❛✐ts

✇❤✐❝❤ ❛r❡ ♦❜s❡r✈❡❞ ❛t ❡①❛❝t❧② ♦♥❡ ❧❡❛❢✮✱ ❣✐✈✐♥❣ t❤❡ ❞❛t❛ ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡

❜❡❡♥ ♦❜t❛✐♥❡❞ ❤❛❞ r❡❣✐str❛t✐♦♥ r✉❧❡ R2 ❜❡❡♥ ❢♦❧❧♦✇❡❞✳ ❆ ❝♦♥s❡♥s✉s tr❡❡ ✐s

❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✹✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t♦♣♦❧♦❣② ✐s s✐♠✐❧❛r t♦ ♦✉r ♣r❡✈✐♦✉s

❛♥❛❧②s✐s✳ ❚❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡ r♦♦t ❛❣❡ ✐s ✻✻✺✵ ✲ ✾✸✽✵ ❇P✱ ❝♦♥s✐st❡♥t

✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ❛♥❛❧②s✐s✳ ❚❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿ µ =

1.56 ·10−4±2.8 ·10−5 ❞❡❛t❤s✴②❡❛r❀ κ = 0.19±0.11❀ ρ = 1.01 ·10−4±8.72 ·10−5

✭❝♦rr❡s♣♦♥❞✐♥❣ ♦♥❡ ❝❛t❛str♦♣❤❡ ❡✈❡r② ✾✱✺✵✵ ②❡❛rs✱ ♦r ❛♥ ❛✈❡r❛❣❡ ♦❢ ✺✳✹ ♦♥ t❤❡

✶✵✹



tr❡❡✱ ✇✐t❤ ❡❛❝❤ ❝❛t❛str♦♣❤❡ ❡q✉✐✈❛❧❡♥t t♦ TC = 1350 ②❡❛rs ♦❢ ❝❤❛♥❣❡✮✳ ❚❤❡ ❧✐❢❡

❡①♣❡❝t❛♥❝② ♦❢ ❛ r❡❣✐st❡r❡❞ ✇♦r❞ ✐s ✺✽✵✵ ②❡❛rs✳ ❚❤❡ ♦♥❧② ♥♦t❡✇♦rt❤② ❞✐✛❡r❡♥❝❡

✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❝❛t❛str♦♣❤❡s✱ ✇❤✐❝❤ ❛r❡ ✐♥ ✈❡r② ❞✐✛❡r❡♥t ♣❧❛❝❡s ✭t❤❡ ♦♥❧②

❝♦♥s❡r✈❡❞ ❝❛t❛str♦♣❤❡ ✐s t❤❡ ♦♥❡ ♦♥ t❤❡ ❜r❛♥❝❤ ❧❡❛❞✐♥❣ t♦ ❖❧❞ ■r✐s❤✮✳ ❚❤✐s

✐s ♥♦t s✉r♣r✐s✐♥❣✿ ✐♥ ❋✐❣✉r❡ ✺✳✸✱ t❤❡ ❝❛t❛str♦♣❤❡s ❛r❡ ❛❧❧ ❝❧♦s❡ t♦ t❤❡ ❧❡❛✈❡s✳

Pr❡s✉♠❛❜❧②✱ t❤❡ s✐❣♥❛❧ ❢♦r t❤❡s❡ ❝❛t❛str♦♣❤❡s ❝♦♠❡s ✐♥ ❧❛r❣❡ ♣❛rt ❢r♦♠ ❛♥

✉♥✉s✉❛❧ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡t♦♥s ❛t t❤♦s❡ ❧❡❛✈❡s✱ ✇❤✐❝❤ ✐s ❜❡st ❡①♣❧❛✐♥❡❞ ❜② ❛

❝❛t❛str♦♣❤✐❝❛❧ ❡✈❡♥t✳ ❲✐t❤ s✐♥❣❧❡t♦♥s r❡♠♦✈❡❞✱ t❤❡ s✐❣♥❛❧ ✐s ♠✉❝❤ ✇❡❛❦❡r✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ❝❛t❛str♦♣❤❡s ❛r❡ s♠❛❧❧❡r ❛♥❞ ❛r❡ ♣❧❛❝❡❞

✐♥ ♣♦s✐t✐♦♥s ✇❤❡r❡ t❤❡r❡ ✐s r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✱ ❜✉t ♥♦t ❛s str♦♥❣ ❛s t❤❡ r❛t❡

❤❡t❡r♦❣❡♥❡✐t② ❞❡t❡❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✸✳ ❚❤❡s❡ ❝❛t❛str♦♣❤❡s ❛r❡ ♣r❡s❡♥t ✐♥ s♦♠❡

♦❢ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡s ❢♦r t❤❡ ❛♥❛❧②s✐s ✇✐t❤ s✐♥❣❧❡t♦♥s ✐♥❝❧✉❞❡❞✱ ❜✉t t❤❡②

❛♣♣❡❛r❡❞ ✐♥ ❧❡ss t❤❛♥ ❤❛❧❢ t❤❡ s❛♠♣❧❡s ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ♥♦t ❞✐s♣❧❛②❡❞ ✐♥ t❤❡

❝♦♥s❡♥s✉s tr❡❡ ♦❢ ❋✐❣✉r❡ ✺✳✸✳

❆♥♦t❤❡r ✈❛❧✐❞❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ♦✉r r❡s✉❧ts ✐s t♦ ❡①❝❧✉❞❡ ♣❛rt ♦❢ t❤❡ ❞❛t❛✱

❡✐t❤❡r ❜② r❡♠♦✈✐♥❣ s♦♠❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ♦r ❜② r❡♠♦✈✐♥❣ s♦♠❡ ❧❛♥❣✉❛❣❡s✳ ❚❤❡

r❡s✉❧ts ❢♦r t❤❡s❡ ❛♥❛❧②s❡s ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤♦s❡ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛✿ ♦♥ t❤❡

♦♥❡ ❤❛♥❞✱ r❡♠♦✈✐♥❣ s♦♠❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ♠❛❦❡s ♥♦ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡

r❡❝♦♥str✉❝t❡❞ t♦♣♦❧♦❣②✱ ❛♥❞ s❧✐❣❤t❧② ✐♥❝r❡❛s❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞

❛❣❡s❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡♠♦✈✐♥❣ s♦♠❡ ❧❛♥❣✉❛❣❡s ✐♥❝r❡❛s❡s t❤❡ ✉♥❝❡rt❛✐♥t②

♦❢ t❤❡ t♦♣♦❧♦❣② ❛♥❞ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ❛❣❡s✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✺✳✺

♣r❡s❡♥ts ❛ ❝♦♥s❡♥s✉s tr❡❡ ✇✐t❤ ❤❛❧❢ t❤❡ ❧❛♥❣✉❛❣❡s ❛♥❞ ❤❛❧❢ t❤❡ ❝♦❣♥❛❝② ❝❧❛ss❡s

❡①❝❧✉❞❡❞✳ ❚❤❡ ❡①❝❧✉❞❡❞ tr❛✐ts ✇❡r❡ ❝❤♦s❡♥ ❛t r❛♥❞♦♠❀ t❤❡ ❡①❝❧✉❞❡❞ ❧❛♥❣✉❛❣❡s

✇❡r❡ ❝❤♦s❡♥ ✐♥ ❛ ✇❛② t❤❛t ❡♥s✉r❡s t❤❛t ♠♦st s✉❜❢❛♠✐❧✐❡s ✇❡r❡ r❡♣r❡s❡♥t❡❞

✭❛❧t❤♦✉❣❤ t❤❡ ❇❛❧t✐❝ ❢❛♠✐❧② ✐s ♥♦t r❡♣r❡s❡♥t❡❞ ❜② ❛♥② ❧❛♥❣✉❛❣❡ ✐♥ t❤✐s ❛♥❛❧②s✐s✮✳

✶✵✺
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❋✐❣✉r❡ ✺✳✺✿ ❈♦♥s❡♥s✉s tr❡❡ ❢♦r ❛ s✉❜s❡t ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✐♥ t❤❡ ❡♥❞✱ ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛r❡

❞✐s❝❛r❞❡❞✱ s✐♥❝❡ s♦♠❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝❧❛ss❡s ✇❡r❡ ♦♥❧② ♦❜s❡r✈❡❞ ❛t ❧❡❛✈❡s

✇❤✐❝❤ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❞❛t❛✳

❲✐t❤ t❤✐s r❡❞✉❝❡❞ ❞❛t❛ s❡t✱ t❤❡r❡ ✐s ♥♦ s✐❣♥❛❧ ❢♦r ❝❛t❛str♦♣❤❡s✱ ❛♥❞ t❤❡ ♠♦❞❡

❢♦r t❤❡ ❝❛t❛str♦♣❤❡ ❞❡❛t❤ ♣r♦❜❛❜✐❧✐t② κ ✐s ❡✛❡❝t✐✈❡❧② ❛t ✵✳ ❯♥s✉r♣r✐s✐♥❣❧②✱ t❤❡

✈❛r✐❛♥❝❡ ♦❢ ❛❧❧ r❡❝♦♥str✉❝t❡❞ st❛t✐st✐❝s ✐s ✈❡r② ❤✐❣❤✿ t❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r

t❤❡ r♦♦t ❛❣❡ ✐s ✺✾✶✵ ✲ ✶✷✾✺✵ ❇P✱ ❜✉t t❤❡ ♠♦❞❡ ❢♦r t❤✐s st❛t✐st✐❝ ✐s ❝❧♦s❡ t♦ t❤❡

♠♦❞❡ ✐♥ ❛♥❛❧②s❡s ✇✐t❤ t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❞❡❛t❤ ♣❛r❛♠❡t❡r µ

✐s r❡❝♦♥str✉❝t❡❞ ❛s 1.35 · 10−4 ± 9.2 · 10−5✱ ❛ ♠✉❝❤ ❣r❡❛t❡r ✈❛r✐❛♥❝❡ t❤❛♥ ✐♥

♣r❡✈✐♦✉s ❛♥❛❧②s❡s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r ✇❤❡♥ ♦♥❧② ❝♦❣♥❛❝② ❝❧❛ss❡s ♦r ♦♥❧②

❧❛♥❣✉❛❣❡s ❛r❡ ❡①❝❧✉❞❡❞✱ ❛❧t❤♦✉❣❤ t❤❡ ✈❛r✐❛♥❝❡ ✐s ♥♦t ❛s ❧❛r❣❡✳
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✺✳✷ ❆♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛

❋✐❣✉r❡ ✺✳✻ ♣r❡s❡♥ts ❛ ❝♦♥s❡♥s✉s tr❡❡ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪

❞❛t❛ ✉♥❞❡r ♦✉r st♦❝❤❛st✐❝✲❉♦❧❧♦ ♠♦❞❡❧✳ ❖✉r ❡st✐♠❛t❡s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ❛r❡

❛s ❢♦❧❧♦✇s✿ µ = 2.37 · 10−4 ± 2.16 · 10−5 ❞❡❛t❤s✴②❡❛r❀ κ = 0.121 ± 0.096❀

ρ = 2.17 · 10−4 ± 1.2 · 10−4 ❝❛t❛str♦♣❤❡s✴②❡❛r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♠❛❧❧❡r ❜✉t

♠♦r❡ ❝♦♠♠♦♥ ❝❛t❛str♦♣❤❡s t❤❛♥ ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✿ ❛❜♦✉t ✶

❝❛t❛str♦♣❤❡ ❡✈❡r② ✹✻✵✵ ②❡❛rs✱ ♦r ❛♥ ❛✈❡r❛❣❡ ♦❢ ✸✶✳✸ ♦♥ t❤❡ tr❡❡✱ ✇✐t❤ ❡❛❝❤

❝❛t❛str♦♣❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✺✺✵ ②❡❛rs ♦❢ ❝❤❛♥❣❡✮✳ ❚❤❡ ❧✐❢❡ ❡①♣❝t❛♥❝② ♦❢ ❛

r❡❣✐st❡r❡❞ ✇♦r❞ ✐s ✸✽✵✵ ②❡❛rs✱ ❛❣❛✐♥ ❣r❡❛t❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ❜r❛♥❝❤ ❧❡♥❣t❤ ♦❢

✽✹✵ ②❡❛rs✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ str♦♥❣❧② s✉♣♣♦rts ■♥❞♦✲■r❛♥✐❛♥

❛s ❛♥ ♦✉t❣r♦✉♣✳ ■t ❛❧s♦ s✉♣♣♦rts t❤❡ ●❡r♠❛♥✐❝ ❛♥❞ ■t❛❧✐❝ s✉❜❢❛♠✐❧✐❡s ❜❡✐♥❣

s✐❜❧✐♥❣s✱ ✇✐t❤ ❈❡❧t✐❝ ❛s t❤❡ ♥❡①t ❝❧♦s❡st ❝♦✉s✐♥✱ t❤♦✉❣❤ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s

●❡r♠❛♥✐❝✲❈❡❧t✐❝ ❛♥❞ ■t❛❧✐❝✲❈❡❧t✐❝ ❛r❡ ❛❧s♦ ♣r❡s❡♥t ✐♥ t❤❡ ♣♦st❡r✐♦r ✭✇✐t❤ ❛❜♦✉t

✶✺✪ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ❡❛❝❤✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡

❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ❞♦❡s ♥♦t s✉♣♣♦rt ❛♥② ♣❛rt✐❝✉❧❛r ♦✉t❣r♦✉♣✱ ❛♥❞ ✐t

s❤♦✇s ❛ ♣r❡❢❡r❡♥❝❡ ❢♦r ❛ ●❡r♠❛♥✐❝✲❈❡❧t✐❝ s✉❜❣r♦✉♣✐♥❣✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ♦t❤❡r

❝♦♥✜❣✉r❛t✐♦♥s ❛❧s♦ ❛♣♣❡❛r ✐♥ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡ ✐♥ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❢r❡q✉❡♥❝✐❡s✳

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❆❧❜❛♥✐❛♥ ✐s ✈❡r② ✉♥❝❧❡❛r✳ ❚❤❡r❡ ✐s ❛❣r❡❡♠❡♥t

❜❡t✇❡❡♥ t❤❡ ❛♥❛❧②s❡s ❢♦r t❤❡ ♦t❤❡r t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s❀ t❤❡s❡ ❛❧s♦ ❝♦rr❡s♣♦♥❞

t♦ t❤❡ r❡s✉❧ts ❧✐♥❣✉✐sts ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞✳

❚❤❡r❡ ✐s r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❛ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐♦♥s✳ ❙✉♣❡r✜❝✐❛❧❧②✱

s♦♠❡ ♦❢ t❤❡s❡ ♣♦s✐t✐♦♥s ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❋r❡♥❝❤ ❈r❡♦❧❡s✱

P❡♥♥s②❧✈❛♥✐❛ ❉✉t❝❤ ❛♥❞ t❤❡ ●②♣s② ❧❛♥❣✉❛❣❡ ♦❢ ●r❡❡❝❡ ❛❧❧ ✇❡♥t t❤r♦✉❣❤ s♦♠❡
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r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❧✐♥❦❡❞ t♦ t❤❡ ❧❛r❣❡ ❣❡♦❣r❛♣❤✐❝❛❧ ❞✐st❛♥❝❡

❢r♦♠ t❤❡✐r ♣❛r❡♥t ❧❛♥❣✉❛❣❡✳ ❲❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦t❤❡r

❝❛t❛str♦♣❤❡s✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ str♦♥❣❧② s✉♣♣♦rt❡❞ ✐♥ ♦✉r ❛♥❛❧②s✐s✳ ❲❡ ❝❛♥♥♦t

❝♦♠♣❛r❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❝❛t❛str♦♣❤❡s ✐♥ ❋✐❣✉r❡s ✺✳✸ ❛♥❞ ✺✳✻✱ ❜❡❝❛✉s❡ t❤❡

❝❛t❛str♦♣❤❡s ✐♥ ❋✐❣✉r❡ ✺✳✸ ♦❝❝✉r ❝❧♦s❡ t♦ t❤❡ ❧❡❛✈❡s ❛♥❞ t❤❡ ❧❛♥❣✉❛❣❡s ✇❡

✉s❡ ✐♥ t❤❡ t✇♦ ❛♥❛❧②s❡s ❛r❡ ❞✐✛❡r❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♦♥❡ ❝❛t❛str♦♣❤❡ ❞❡❡♣

✐♥ t❤❡ tr❡❡ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ✇✐t❤ s✐♥❣❧❡t♦♥s

r❡♠♦✈❡❞ ✭❋✐❣✉r❡ ✺✳✹✮✱ ♦♥ t❤❡ ❜r❛♥❝❤ ❧❡❛❞✐♥❣ t♦ t❤❡ s✉❜tr❡❡ ❝♦♥t❛✐♥✐♥❣ t❤❡

●❡r♠❛♥✐❝✱ ❈❡❧t✐❝ ❛♥❞ ■t❛❧✐❝ ❧❛♥❣✉❛❣❡s❀ ✐♥t❡r❡st✐♥❣❧②✱ t❤✐s ✐s ❛❧s♦ ♦♥❡ ♦❢ ♦♥❧②

t✇♦ ❝❛t❛str♦♣❤❡s ❞❡❡♣ ✐♥ t❤❡ tr❡❡ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ ❣✐✈❡s ❛ ✾✺✪ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t②

❞❡♥s✐t② ✐♥t❡r✈❛❧ ❢♦r t❤❡ r♦♦t ❛❣❡ ♦❢ ✼✵✽✵ ✕ ✽✸✺✵ ❇P✱ ✇✐t❤ s✐❣♥✐✜❝❛♥t ♦✈❡r❧❛♣ ♦❢

♦✉r ❡st✐♠❛t❡s ✉s✐♥❣ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛✳

❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪✬s ❞❛t❛ ✇❡r❡ r❡❣✐st❡r❡❞ ❜② ●r❛② ❛♥❞ ❆t❦✐♥s♦♥ ❬✷✵✵✸❪

❢♦❧❧♦✇✐♥❣ r❡❣✐str❛t✐♦♥ r✉❧❡ R2 ✭✐✳❡✳ t❤❡② ❞✐s❝❛r❞❡❞ s✐♥❣❧❡t♦♥s✮✱ s♦ ✐t ✐s ♥♦t

♣♦ss✐❜❧❡ t♦ ✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts ❜② ❛♥❛❧②s✐♥❣ t❤❡ ❞❛t❛ ✉♥❞❡r ❛ ❞✐✛❡r❡♥t

r❡❣✐str❛t✐♦♥ r✉❧❡✳ ❍♦✇❡✈❡r✱ ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ✈❛❧✐❞❛t❡❞ ♦✉r r❡s✉❧ts ❜② ✉s✐♥❣

♦♥❧② s✉❜s❡ts ♦❢ ♦✉r ❞❛t❛✱ ❛♥❞ ❛s ♣r❡✈✐♦✉s❧②✱ t❤✐s ❧❡❞ t♦ s✐♠✐❧❛r r❡s✉❧ts ❛s ✇✐t❤

t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛✱ ♦♥❧② ✇✐t❤ ❣r❡❛t❡r ✉♥❝❡rt❛✐♥t②✳
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❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❡①t❡♥s✐♦♥s

❙❡✈❡r❛❧ ❛tt❡♠♣ts ❛t ❞❛t✐♥❣ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥ ✉s✐♥❣ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s

❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ♣r❡✈✐♦✉s❧②✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♦❢

t❤❡ ♠♦❞❡❧s ✉s❡❞ ✇❡r❡ ❝❧❡❛r❧② ♥♦t ❛❞❛♣t❡❞ t♦ ❧❡①✐❝❛❧ ❞❛t❛✱ ❛♥❞ ♥♦♥❡ ♦❢ t❤❡s❡

♠♦❞❡❧s ❤❛❞ ❜❡❡♥ ❢✉❧❧② ✈❛❧✐❞❛t❡❞✳ ❚❤❡ ♠♦❞❡❧ ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r

✷ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❞❡s❝✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸ ✐s s♣❡❝✐✜❝❛❧❧② t❛✐❧♦r❡❞ t♦ ❧❡①✐❝❛❧

❞❛t❛✳ P❧❛✉s✐❜❧❡ s♦✉r❝❡s ❢♦r s②st❡♠❛t✐❝ ❜✐❛s ❛r❡ ❡✐t❤❡r ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ ♠♦❞❡❧

♦r ❤❛✈❡ ❜❡❡♥ t❡st❡❞ ❢♦r ✉s✐♥❣ s②♥t❤❡t✐❝ ❞❛t❛✱ ❡✐t❤❡r ❜② ✉s ✐♥ ❈❤❛♣t❡r ✹ ♦r ✐♥

♣r❡✈✐♦✉s ✇♦r❦✳ ▼♦st s✐❣♥✐✜❝❛♥t❧②✱ ✇❡ ❤❛✈❡ s❤♦✇❡❞ t❤❛t ❜♦rr♦✇✐♥❣ ❛t t❤❡ ❧❡✈❡❧s

t❤❛t ✇❡ ❡①♣❡❝t ✐♥ ♦✉r ❞❛t❛ ❞♦❡s ♥♦t ❜✐❛s ♦✉r ❛❣❡ ❡st✐♠❛t❡s✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❦♥♦✇♥ ❛❣❡s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❢✉rt❤❡r ✈❛❧✐❞❛t❡s

♦✉r ❛❜✐❧✐t② t♦ ♣r❡❞✐❝t t✐♠❡ ❞❡♣t❤s✳ ❆❢t❡r s❡✈❡r❛❧ ❛♥❛❧②s❡s ♦❢ t✇♦ ❞❛t❛ s❡ts

✭❈❤❛♣t❡r ✺✮✱ ❛❧❧ ♦✉r r❡s✉❧ts ❛❣r❡❡ ✇✐t❤ t❤❡ ❆♥❛t♦❧✐❛♥ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ s♣r❡❛❞

♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧② st❛rt❡❞ ❛r♦✉♥❞ ✽✵✵✵ ❇P✳ ◆♦♥❡ ♦❢ ♦✉r ❛♥❛❧②s❡s

❛❣r❡❡ ✇✐t❤ t❤❡ ❑✉r❣❛♥ t❤❡♦r② t❤❛t t❤❡ s♣r❡❛❞ st❛rt❡❞ ❜❡t✇❡❡♥ ✻✵✵✵ ❛♥❞ ✻✺✵✵✵

❇P✳
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❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s s❤♦✇ ❤♦✇ ♣r♦♠✐s✐♥❣ st❛t✐st✐❝❛❧ ♠♦❞❡❧s

♦❢ ❧❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ❛r❡✳ ❆❧t❤♦✉❣❤ ♠✉❝❤ ♦❢ t❤❡ ❡✛♦rt s♦ ❢❛r ❤❛s ❜❡❡♥

✐♥ ❞❡✈❡❧♦♣✐♥❣ ♠♦❞❡❧s ♦❢ ❧❡①✐❝❛❧ ❞❛t❛✱ ✐t ✇♦✉❧❞ ❜❡ ❡q✉❛❧❧② ✐♥t❡r❡st✐♥❣ t♦ ❜❡

❛❜❧❡ t♦ ❝♦rr❡❝t❧② ❤❛♥❞❧❡ ❛❧❧ t❤❡ ✈❡r② ❞✐✈❡rs❡ ❛s♣❡❝ts ♦❢ ❧✐♥❣✉✐st✐❝ ❞❛t❛✿ ♠♦❞❡❧s

♦❢ ❣r❛♠♠❛t✐❝❛❧ ❛♥❞ ♣❤♦♥♦❧♦❣✐❝❛❧ ❞❛t❛✱ ❛s ✇❡❧❧ ❛s ♠♦❞❡❧s ♦❢ ❝♦♥t❛❝t✲✐♥❞✉❝❡❞

❝❤❛♥❣❡ r❛t❤❡r t❤❛♥ ❞❡s❝❡♥t ✇✐t❤ ♠♦❞✐✜❝❛t✐♦♥✱ ✇♦✉❧❞ ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ❤❡❧♣

❢✉rt❤❡r ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❧❛♥❣✉❛❣❡ ❤✐st♦r②✳

❆ ❢❡✇ s✉❝❤ ♠♦❞❡❧s ❛❧r❡❛❞② ❡①✐st✱ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳

■t ✇♦✉❧❞ ❜❡ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st t♦ ❜❡ ❛❜❧❡ t♦ r❡❝♦♥❝✐❧❡ t❤❡ ✈❛r✐♦✉s ❛s♣❡❝ts ♦❢

❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡✿ ❞❡s♣✐t❡ t❤❡ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s ❛t ♣❧❛②✱ t❤❡s❡ ❛s♣❡❝ts ❛r❡

♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❛❧❧ ♠✉st ❜❡ st✉❞✐❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✐❢ ✇❡

❛r❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❣❧♦❜❛❧ ♣✐❝t✉r❡ ♦❢ ❧❛♥❣✉❛❣❡ ❞✐✈❡rs✐✜❝❛t✐♦♥✳

❚❤❡s❡ ♠♦❞❡❧s✱ ♦r ❡①t❡♥s✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡❧s✱ ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❣❛✐♥

❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❛♥❝❡str❛❧ ❧❛♥❣✉❛❣❡s t❤❡♠s❡❧✈❡s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ♥♦❞❡s

♦♥ t❤❡ tr❡❡s ✇❡ r❡❝♦♥str✉❝t ❞♦ ♥♦t ❝♦rr❡s♣♦♥❞ ❡①❛❝t❧② t♦ ❛♥② ❧❛♥❣✉❛❣❡s ♦❢

✐♥t❡r❡st✱ t❤❡② ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ s✉❝❤ ❧❛♥❣✉❛❣❡s✳ ❘❡❝♦♥str✉❝t✐♥❣ ❛♥❝❡str❛❧

s❡q✉❡♥❝❡s ❤❛s ❜❡❡♥ t❤❡ s✉❜❥❡❝t ♦❢ ♠✉❝❤ r❡s❡❛r❝❤ ✐♥ ♠♦❧❡❝✉❧❛r ♣❤②❧♦❣❡♥❡t✐❝s

❬❋✐t❝❤✱ ✶✾✼✶✱ ❨❛♥❣ ❡t ❛❧✳✱ ✶✾✾✺❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♠❛♥② ❧✐♥❣✉✐sts ❛r❡ ✐♥t❡r❡st❡❞ ✐♥

r❡❝♦♥str✉❝t✐♥❣ ❢❡❛t✉r❡s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ s♣♦❦❡♥ ❜② t❤❡ Pr♦t♦✲■♥❞♦✲❊✉r♦♣❡❛♥s

❬❙❝❤❧❡✐❝❤❡r✱ ✶✽✻✽❪✳ ❊st✐♠❛t✐♥❣ ✇❤✐❝❤ ❝♦❣♥❛t❡s ❛r❡ ♣r❡s❡♥t ❛t t❤❡ r♦♦t ♦❢ t❤❡

tr❡❡s ✇❡ s❛♠♣❧❡ ✇♦✉❧❞ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤✐s Pr♦t♦✲❧❛♥❣✉❛❣❡✱ ❛♥❞ ✐t

✇♦✉❧❞ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ❝♦♠♣❛r❡ t❤❡s❡ r❡❝♦♥str✉❝t✐♦♥s t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜②

❧✐♥❣✉✐sts ✉s✐♥❣ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞ ❬❇❡❡❦❡s✱ ✶✾✾✺❪✳

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺ ✐♥❞✐❝❛t❡ t❤❛t ♦✉r ♠♦❞❡❧❧✐♥❣ ♦❢ ❝❛t❛str♦♣❤✐❝

r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐s s❛t✐s❢❛❝t♦r② ✐♥ t❤❡ s❡tt✐♥❣ ✇❡ st✉❞✐❡❞✳ ❚♦ ❛♣♣❧② ✐t t♦ ♦t❤❡r

✶✶✷



s❡tt✐♥❣s✱ ❤♦✇❡✈❡r✱ ✐t ♠❛② ❜❡ ♥❡❝❡ss❛r② t♦ ❡①♣❛♥❞ ♦♥ ✐t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ♠❛② ❜❡

✐♥t❡r❡st✐♥❣ t♦ ✐♠♣♦s❡ t❤❛t ❛ ❝❛t❛str♦♣❤❡ ♦❝❝✉r s✐♠✉❧❛t❡♥♦✉s❧② ♦♥ ❛❧❧ ❜r❛♥❝❤❡s

❛t t❤❡ s❛♠❡ t✐♠❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡✈❡♥t t❤❛t ✐♠♣❛❝ts ❛❧❧ ❧✐♥❡❛❣❡s✳ ■t ♠❛②

❛❧s♦ ❜❡ ✇♦rt❤② t♦ ❛❧❧♦✇ ✧♥❡❣❛t✐✈❡ ❝❛t❛str♦♣❤❡s✧✱ ♦r ♣❡r✐♦❞s ♦❢ t✐♠❡ ❞✉r✐♥❣

✇❤✐❝❤ ♥♦ ❝❤❛♥❣❡ ♦❝❝✉rs✳ ❚❤❡ ♠♦st ♦❜✈♦✉s ❡①t❡♥s✐♦♥ ✐s t♦ ❛❧❧♦✇ ❝❛t❛str♦♣❤❡s

t♦ ❤❛✈❡ ❞✐✛❡r❡♥t s✐③❡s✳ ❙♦♠❡ ♦❢ t❤❡ ✇♦r❦ ✐♥ ♠♦❧❡❝✉❧❛r ♣❤②❧♦❣❡♥❡t✐❝s ♠❡♥t✐♦♥❡❞

✐♥ ❙❡❝t✐♦♥ ✶✳✸ ♠❛② ❜❡ r❡❧❡✈❛♥t✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❣✐✈❡ t❤r❡❡ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ ♦✉r ♠❡t❤♦❞s✿

✇❡ ❞✐s❝✉ss t❤❡ ♦❜❥❡❝t✐♦♥s ❢❛♠♦✉s❧② r❛✐s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❛❣❛✐♥st

❣❧♦tt♦❝❤r♦♥♦❧♦❣②✱ r❡❝♦♥str✉❝t t❤❡ s♣r❡❛❞ ♦❢ ❙✇❛❜✐❛♥ ❞✐❛❧❡❝ts ❛♥❞ ❡①❛♠✐♥❡ t❤❡

❤②♣♦t❤❡s✐s t❤❛t ✏♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✑ ❛t ❧❛♥❣✉❛❣❡ s♣❧✐tt✐♥❣ ❡✈❡♥ts ❛❝❝♦✉♥t

❢♦r ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❧✐♥❣✉✐st✐❝ ❝❤❛♥❣❡✳ ❋✉rt❤❡r ✇♦r❦ ✐s ♥❡❡❞❡❞ t♦ ❜❡tt❡r

✉♥❞❡rst❛♥❞ ❛♥❞ ✈❛❧✐❞❛t❡ t❤❡ ✐❞❡❛s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

✻✳✶ ❘❡✈✐s✐t✐♥❣ s♦♠❡ ❡①tr❡♠❡ ❡①❛♠♣❧❡s ❧✐st❡❞ ❜②

❇❡r❣s❧❛♥❞ ✫ ❱♦❣t ❬✶✾✻✷❪

❙✇❛❞❡s❤ ❬✶✾✺✷❪ ❞❡✈❡❧♦♣❡❞ ❛ ♠❡t❤♦❞ ❦♥♦✇♥ ❛s ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✱ ✇❤✐❝❤ ❤❡

❝❧❛✐♠❡❞ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❞❛t❡ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ ❛♥② t✇♦

r❡❧❛t❡❞ ❧❛♥❣✉❛❣❡s✱ ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ s❤❛r❡❞ ❝♦❣♥❛t❡s ✐♥ t❤❡

❝♦r❡ ✈♦❝❛❜✉❧❛r②✳ ❚❤✐s ✇❛s t❤❡ ✜rst ❛tt❡♠♣t ❛t ❞❛t✐♥❣ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s ✇✐t❤

♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s✳ ❙✇❛❞❡s❤ ❬✶✾✺✷❪ ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦r❡ ✈♦❝❛❜✉❧❛r②

❡✈♦❧✈❡❞ ❛t ❛ ❝♦♥st❛♥t r❛t❡✳ ■t t❤❡♥ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t ✐❢ C ✐s t❤❡

♣❡r❝❡♥t❛❣❡ ♦❢ s❤❛r❡❞ ❝♦❣♥❛t❡s ❛♥❞ r t❤❡ r❡t❡♥t✐♦♥ r❛t❡✱ t❤❡♥ t❤❡ ❛❣❡ ♦❢ t❤❡

✶✶✸



♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ✐s t = log C

2 log r
✳ ❚❤❡ ❝♦♥st❛♥t r ✇❛s ❡st✐♠❛t❡❞ ✉s✐♥❣

❛ ♣❛✐r ♦❢ ❧❛♥❣✉❛❣❡s ❢♦r ✇❤✐❝❤ t❤❡ ❛❣❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ✐s

❦♥♦✇♥✳ ●❧♦tt♦❝❤r♦♥♦❧♦❣② ❤❛❞ ♠❛♥② s❤♦rt❝♦♠✐♥❣s❀ ❢r♦♠ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢

✈✐❡✇✱ t❤❡ ♠❛✐♥ ✐ss✉❡s ❛r❡ t❤❛t t❤❡r❡ ✇❛s ♥❡✈❡r ❛♥② ❛tt❡♠♣t t♦ ❡✈❛❧✉❛t❡ t❤❡

✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ❡st✐♠❛t♦rs✱ ❛♥❞ t❤❛t ❧❛r❣❡ ❛♠♦✉♥ts ♦❢ ❞❛t❛ ✇❡r❡ ♥♦t ✉s❡❞✳

❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ str♦♥❣❧② ❝r✐t✐❝✐③❡❞ ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✱ ❛♥❞ t❤❡✐r

r❡s❡❛r❝❤ ✐s ❛t t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ str♦♥❣ ❞✐s❜❡❧✐❡❢ ❛♠♦♥❣st ❧✐♥❣✉✐sts ♦❢ ❛♥②

st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ❢♦r ❞❛t✐♥❣ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪

✉s❡❞ t❤r❡❡ s❡ts ♦❢ r❡❧❛t❡❞ ❧❛♥❣✉❛❣❡s✿ ■❝❡❧❛♥❞✐❝ ❛♥❞ t❤r❡❡ ◆♦r✇❡❣✐❛♥ ❞✐❛❧❡❝ts✱

✇❤✐❝❤ t❤❡② ❝♦♠♣❛r❡❞ t♦ s❡✈❡r❛❧ ✈❡rs✐♦♥s ♦❢ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ❖❧❞ ◆♦rs❡❀

▼♦❞❡r♥ ●❡♦r❣✐❛♥✱ ❖❧❞ ●❡♦r❣✐❛♥ ❛♥❞ ▼✐♥❣r❡❧✐❛♥✱ t❤r❡❡ ❑❛rt✈❡❧✐❛♥ ❧❛♥❣✉❛❣❡s❀

❛♥❞ ❖❧❞ ❛♥❞ ▼♦❞❡r♥ ❆r♠❡♥✐❛♥✳ ❚❤❡② ❡st✐♠❛t❡❞ t❤❡ r❡t❡♥t✐♦♥ r❛t❡ r ❢♦r ❡❛❝❤

s❡t ❛♥❞ ♦❜t❛✐♥❡❞ ✈❡r② ❞✐✛❡r❡♥t ✈❛❧✉❡s✳ ❚❤✐s ✇❛s t❛❦❡♥ t♦ s❤♦✇ t❤❛t t❤❡r❡ ✐s

♥♦ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t r❡t❡♥t✐♦♥ r❛t❡ ❛♥❞ t❤❛t ❛tt❡♠♣ts ❛t ❞❛t✐♥❣ ❛r❡ t❤❡r❡❢♦r❡

♣♦✐♥t❧❡ss✳

❚❤❡ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s t❤❡s✐s ❛♥❞ ✐♥ ♦t❤❡r r❡❝❡♥t ✇♦r❦s ♦♥

❞❛t✐♥❣ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s ♣r❡s❡♥t s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦

❣❧♦tt♦❝❤r♦♥♦❧♦❣②✿

✶✳ ■t ✐s t❤❡ ✈❡r② ♥❛t✉r❡ ♦❢ ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ t♦ ❝♦♠♣✉t❡ ✉♥❝❡rt❛✐♥t✐❡s❀

✷✳ P❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞s ❛❧❧♦✇ ✉s t♦ ✐♥❝❧✉❞❡ ❞❛t❛ ❢r♦♠ ♠❛♥② ❧❛♥❣✉❛❣❡s✱

r❛t❤❡r t❤❛♥ ♦♥❧② t✇♦❀

✸✳ ❚❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❜② ❙✇❛❞❡s❤ ❬✶✾✺✷❪ ❛♥❞ ✉s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞

❱♦❣t ❬✶✾✻✷❪ ♦♥❧② ❛❧❧♦✇❡❞ ♦♥❡ ❝♦❣♥❛❝② ❝❧❛ss ♣❡r ♠❡❛♥✐♥❣ ❝❛t❡❣♦r②✳ ❲❤❡r❡

t❤❡r❡ ✐s ♣♦❧②♠♦r♣❤✐s♠✱ s♦♠❡ ✭❛♥❞ ♦❝❝❛s✐♦♥❛❧❧② ♠♦st✮ ♦❢ t❤❡ ❞❛t❛ ❤❛❞ t♦

✶✶✹



❜❡ ✐❣♥♦r❡❞✳

❚❤❡ r❡s❡❛r❝❤ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ✐s st✐❧❧ ✈✐❡✇❡❞ ❜② ♠❛♥② ❧✐♥❣✉✐sts

❛s ❛♥ ✐ss✉❡ t❤❛t ♥♦ ❞❛t✐♥❣ ♠❡t❤♦❞ s♦ ❢❛r ❤❛s ♠❛♥❛❣❡❞ t♦ ❝✐r❝✉♠✈❡♥t✳ ❋♦r

❡①❛♠♣❧❡✱ ◆❛❦❤❧❡❤ ❡t ❛❧✳ ❬✷✵✵✺❪ st❛t❡ t❤❛t ✏♥♦♥❡ ♦❢ ❬❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t✬s❪

♦❜❥❡❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡✛❡❝t✐✈❡❧② ♠❡t ❜② r❡❝❡♥t ✇♦r❦✑✳

❚❤❡ ♣♦✐♥ts ♠❛❞❡ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❤❡❧♣❡❞ ❛ ❣r❡❛t ❞❡❛❧ ✐♥

♣✉tt✐♥❣ ❢♦r✇❛r❞ t❤❡ ✢❛✇s ♦❢ ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✱ ❜✉t t❤❡✐r ♠❡t❤♦❞s ❛❧s♦ s✉✛❡r

❢r♦♠ ❞r❛✇❜❛❝❦s ✇❤✐❝❤ ♠❛❦❡ t❤❡✐r ♣♦✐♥t ❧❡ss ❢♦r❝❡❢✉❧✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇

t❤❛t ♠♦st ♦❢ t❤❡ ✐ss✉❡s r❛✐s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❞♦ ♥♦t ❛♣♣❧② t♦

♦✉r ♠❡t❤♦❞s✳ ❲❡ ❝❛❧❝✉❧❛t❡ ❞❛t❡s ✏❇❡❢♦r❡ t❤❡ Pr❡s❡♥t✑ ✭❇P✮❀ ❜② ✏♣r❡s❡♥t✑✱ ✇❡

♠❡❛♥ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ❞❛t❛ ✇❡r❡ r❡❝♦r❞❡❞✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❛♣♣r♦①✐♠❛t❡❧②

✶✾✻✷✳

❚❤❡ ✜rst s❡t ♦❢ ❧❛♥❣✉❛❣❡s ❛♥❛❧②s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ✐♥❝❧✉❞❡s

▼♦❞❡r♥ ■❝❡❧❛♥❞✐❝✱ ◆♦r✇❡❣✐❛♥ ❘✐❦s♠❛❧ ❛♥❞ t❤❡ ◆♦r✇❡❣✐❛♥ ❞✐❛❧❡❝ts ♦❢ ●❥❡st❛❧

❛♥❞ ❙❛♥❞♥❡s✱ ❛s ✇❡❧❧ ❛s ✜✈❡ ✈❡rs✐♦♥s ♦❢ ❖❧❞ ◆♦rs❡✿ ✶✵t❤ ✱ ✶✶t❤ ✱ ✶✷t❤ ❛♥❞ ✶✸t❤

❝❡♥t✉r② ❖❧❞ ◆♦rs❡✱ ❛♥❞ ✏▲❡❣❛❧✑ ❖❧❞ ◆♦rs❡✳ ❲❡ ✐❣♥♦r❡❞ ▲❡❣❛❧ ❖❧❞ ◆♦rs❡ ✐♥ t❤✐s

❛♥❛❧②s✐s✱ ❜❡❝❛✉s❡ t❤❡ ❛❣❡ ♦❢ t❤✐s ❧❛♥❣✉❛❣❡ ✐s ♥♦t ❝❧❡❛r✳ ❚❤❡ ❦♥♦✇♥ t♦♣♦❧♦❣②

♦❢ t❤❡ ♦t❤❡r ❧❛♥❣✉❛❣❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✳ ◆♦t❡ t❤❛t ✉♥❧✐❦❡ t❤❡ ❛♥❝✐❡♥t

❧❛♥❣✉❛❣❡s ✐♥ ♦t❤❡r ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✱ t❤❡ ✈❡rs✐♦♥s ♦❢ ❖❧❞ ◆♦rs❡ ❛r❡ ♥♦t

❧❡❛✈❡s✱ ♥♦r ❛r❡ t❤❡② t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ ❛ s❡t ♦❢ ❧❛♥❣✉❛❣❡s✳

❘❛t❤❡r✱ t❤❡② ❛r❡ ❛ss✉♠❡❞ t♦ ❧✐❡ ♦♥ t❤❡ ❆❞❛♠✲❘♦♦t ❜r❛♥❝❤✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t

t♦ ❝♦❞✐♥❣ t❤❡s❡ ❧❛♥❣✉❛❣❡s ❛s ❧❡❛✈❡s ✇✐t❤ t❤❡ ❜r❛♥❝❤ ❛❜♦✈❡ t❤❡♠ ❤❛✈✐♥❣ ❧❡♥❣t❤

✵✱ ❛s ✐♥ ❋✐❣✉r❡ ✻✳✷✳ ■♥ ❢❛❝t✱ ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♠♦st

r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st❡r ♦❢ ▼♦❞❡r♥ ■❝❡❧❛♥❞✐❝✱ ❘✐s❦♠❛❧✱ ●❥❡st❛❧ ❛♥❞ ❙❛♥❞♥❡s✳
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X XI XII XIII

❋✐❣✉r❡ ✻✳✶✿ ❑♥♦✇♥ t♦♣♦❧♦❣② ♦❢ t❤❡ ❡✐❣❤t st✉❞✐❡❞ ❧❛♥❣✉❛❣❡s ♦❢ t❤❡ ◆♦rs❡ ❢❛♠✐❧②✳
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❢❛♠✐❧②✳ ◆♦t❡ t❤❛t t❤❡ ❜r❛♥❝❤❡s ❧❡❛❞✐♥❣ t♦ t❤❡ ❛♥❝❡str❛❧ ❧❛♥❣✉❛❣❡s ❤❛✈❡ ❧❡♥❣t❤
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❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❝❧❛✐♠ t❤❛t ■❝❡❧❛♥❞✐❝ ✇❛s s✉❜❥❡❝t t♦ ❛❧♠♦st ♥♦

❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ ✶✸t❤ ❛♥❞ ✷✵t❤ ❝❡♥t✉r✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❝❧❛✐♠ t❤❛t

✇❤❡♥ t❤❡ ❞❛t❛ ❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ s❤♦rt❡r ❙✇❛❞❡s❤✲✶✵✵ ❧✐st ✭❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐①

❆✮✱ t❤❡ s❡t ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ♦❜s❡r✈❡❞ ✐♥ ▼♦❞❡r♥ ■❝❡❧❛♥❞✐❝ ✐s ❡①❛❝t❧② t❤❡ s❡t

♦❜s❡r✈❡❞ ✐♥ ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡✳ ❚❤✐s ✐s tr✉❡ ❢♦r t❤❡ ❞❛t❛ t❤❡② ❝♦❧❧❡❝t❡❞✱

❜✉t ♦♥❧② ❜❡❝❛✉s❡ t❤❡✐r ✇♦r❞ ❧✐st ❢♦r ▼♦❞❡r♥ ■❝❡❧❛♥❞✐❝ ✐♥❝❧✉❞❡s ✇♦r❞s ✇❤✐❝❤

t❤❡② ❞❡s❝r✐❜❡ ❛s ✏r❛r❡✑ ❛♥❞ ✏❧✐t❡r❛r②✑ ❛♥❞ ✇❤✐❝❤ ❛r❡ ✐♥ ❢❛❝t ♥♦t ✉s❡❞ ❛♥②♠♦r❡

✐♥ s♣♦❦❡♥ ■❝❡❧❛♥❞✐❝✳ ❚❤✐s ❣♦❡s ❛❣❛✐♥st ❜❡st ♣r❛❝t✐❝❡ ✐♥ ❧✐♥❣✉✐st✐❝ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥

❬❙❧❛s❦❛✱ ✷✵✵✺❪✳ ■♥ ♦✉r ❛♥❛❧②s✐s✱ ✇♦r❞s ✇❤✐❝❤ ♦♥❧② ❡①✐st ✐♥ ❧✐t❡r❛r② ■❝❡❧❛♥❞✐❝ ❛r❡

tr❡❛t❡❞ ❛s ❛❜s❡♥t ✐♥ t❤❛t ❧❛♥❣✉❛❣❡✳ ❲❡ ❛❧s♦ ❡①❝❧✉❞❡ ❧✐t❡r❛r② ✇♦r❞s ✐♥ t❤❡ ♦t❤❡r

♠♦❞❡r♥ ❧❛♥❣✉❛❣❡s✱ ❜✉t t❤❡s❡ ❛r❡ ♠✉❝❤ ❧❡ss ❢r❡q✉❡♥t✱ ♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ t❤❡s❡

❧❛♥❣✉❛❣❡s ❤❛✈❡ ❧❡ss ♦❢ ❛ ❧✐t❡r❛r② tr❛❞✐t✐♦♥✳

●❧♦tt♦❝❤r♦♥♦❧♦❣② ❛s ❞❡✈❡❧♦♣❡❞ ❜② ❙✇❛❞❡s❤ ❬✶✾✺✷❪ ❛♥❞ ✉s❡❞ ❜② ❇❡r❣s❧❛♥❞

❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❞✐❞ ♥♦t ❛❧❧♦✇ ❢♦r ♣♦❧②♠♦r♣❤✐s♠ ✭s❡✈❡r❛❧ ✇♦r❞s ❢♦r ♦♥❡

♠❡❛♥✐♥❣✮✿ ✐❢ s②♥♦♥②♠s ✇❡r❡ ✐♥ ✉s❡ ✐♥ ❛ ❧❛♥❣✉❛❣❡✱ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪

❢♦❧❧♦✇❡❞ ❍②♠❡s ❬✶✾✻✵❪✬s ❛❞✈✐❝❡ t♦ t♦ss ❛ ❝♦✐♥ t♦ ❝❤♦♦s❡ ✇❤✐❝❤ ♦♥❡ t♦ ❦❡❡♣✳ ❊✈❡♥

t❤♦✉❣❤ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❤❛♥❞❧❡ ♣♦❧②♠♦r♣❤✐s♠✱ t❤❡②

st✐❧❧ ❧✐st❡❞ ❛❧❧ ✇♦r❞s ❢♦r ❛ ❣✐✈❡♥ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ✐♥ ❡✈❡r② ❧❛♥❣✉❛❣❡ ✐♥ t❤❡✐r

✇♦r❞ ❧✐sts✳ ❲❤❡♥ ✇❡ ❝♦❞❡❞ ✉♣ t❤❡ ❞❛t❛ ✐♥ ❜✐♥❛r② ❢♦r♠❛t✱ ✇❡ ✇❡r❡ t❤❡r❡❢♦r❡ ❛❜❧❡

t♦ ✐♥❝❧✉❞❡ ❛❧❧ ✇♦r❞s ✐♥ ❛ ❣✐✈❡♥ ♠❡❛♥✐♥❣ ❝❛t❡❣♦r② ❢♦r ❡✈❡r② ❧❛♥❣✉❛❣❡✳ ❲❤❡r❡✈❡r

❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❡①♣r❡ss❡❞ ❞♦✉❜t ♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❝♦❣♥❛❝② ❝❧❛ss

✐♥ ❛ ❧❛♥❣✉❛❣❡✱ ✇❡ ❧✐st❡❞ t❤❛t ❞❛t❛ ♣♦✐♥t ❛s ♠✐ss✐♥❣✳ ❲❡ ❡①❝❧✉❞❡❞ ❛❧❧ ❦♥♦✇♥

❜♦rr♦✇✐♥❣s✱ ❛♥❞ tr❡❛t❡❞ ❜♦rr♦✇❡❞ ✇♦r❞s ❛s ❛❜s❡♥t✳ ■♥ ❞♦✐♥❣ t❤✐s✱ ✇❡ ❢♦❧❧♦✇❡❞

t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❛❜✐❧✐t② t❤❡ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❢♦r r❡❣✐str❛t✐♦♥ ❞❛t❛ ✉s❡❞ ❜②

❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪✳
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❊✈❡♥ ✇✐t❤ t❤❡s❡ ❞❛t❛ ❡①❝❧✉❞❡❞✱ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t ■❝❡❧❛♥❞✐❝ t♦ ❤❛✈❡

❡①♣❡r✐❡♥❝❡❞ ❧❡ss ❝❤❛♥❣❡ t❤❛♥ ❛✈❡r❛❣❡✳ ■♥❞❡❡❞✱ t❤❡r❡ ✐s ❛ s❡❧❡❝t✐♦♥ ❜✐❛s ✐♥

t❤❡ ❞❛t❛ ❛♥❛❧②s❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪✿ t❤❡ ❧❛♥❣✉❛❣❡s t❤❡② st✉❞✐❡❞

✇❡r❡ ❝❤♦s❡♥ ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ❡①❝❡♣t✐♦♥s t♦ ❙✇❛❞❡s❤ ❬✶✾✺✷❪✬s

r❡t❡♥t✐♦♥ ❝♦♥st❛♥t❀ t❤✐s s❡❧❡❝t✐♦♥ ❜✐❛s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣♦✐♥t❡❞ ♦✉t ❜② ❙❛♥❦♦✛

❬✶✾✼✵❪✳ ❚❤❡ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤✐s r❛t❡ ❤❡t❡r♦❣❡♥❡✐t② ✐s s♦ str♦♥❣

❛s t♦ ♣r❡✈❡♥t ✉s ❢r♦♠ ❝♦rr❡❝t❧② ❡st✐♠❛t✐♥❣ t❤❡ ❛❣❡ ♦❢ ✐♥t❡r♥❛❧ ♥♦❞❡s✳

■♥ t❤❡ ❛♥❛❧②s❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐❞ ♥♦t ✐♥❝❧✉❞❡ ❝❛t❛str♦♣❤✐❝❛❧

r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✳

❖✉r ♠❛✐♥ ✐♥t❡r❡st ✐♥ ❈❤❛♣t❡r ✺ ✐s ✐♥ ❞❛t✐♥❣ ❛♥❝❡str❛❧ ♥♦❞❡s✳ ❚❤❡ ♠❛✐♥

q✉❡st✐♦♥ ✇✐t❤ t❤❡s❡ ❞❛t❛ ✐s t❤❡r❡❢♦r❡ ✇❤❡t❤❡r ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t t❤❡

❦♥♦✇♥ ❛❣❡s ♦❢ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❙✐♥❝❡ t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ ❖❧❞ ◆♦rs❡ ❛r❡

✐♥ ❝❧♦s❡ s✉❝❝❡ss✐♦♥✱ r❡♠♦✈✐♥❣ t❤❡ ❛❣❡ ❝♦♥str❛✐♥t ♦♥ ♦♥❡ ❧❛♥❣✉❛❣❡ ❛♥❞ tr②✐♥❣

t♦ r❡❝♦♥str✉❝t ✐ts ❛❣❡ ✭❛s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪

❞❛t❛✮ s❡r✈❡s ❧✐tt❧❡ ♣✉r♣♦s❡✿ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✇✐❧❧ ❛❧✇❛②s ❝♦✈❡r t❤❡ ❝♦♥str❛✐♥t✱

❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♦t❤❡r ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② st✐❧❧

❝♦♥str❛✐♥ t❤❡ ❧❛♥❣✉❛❣❡✬s ❛❣❡✳ ❘❡♠♦✈✐♥❣ ❛❧❧ ❝♦♥str❛✐♥ts ❛t t❤❡ s❛♠❡ t✐♠❡ ✭❛s

✇❡ ❞✐❞ ❢♦r t❤❡ ●❡r♠❛♥✐❝ ❝❧❛❞❡ ❛♥❞ ✐ts s✉❜❝❧❛❞❡s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✮ ✐s ♥♦t ♣♦ss✐❜❧❡✱

s✐♥❝❡ ✇❡ ✇♦✉❧❞ t❤❡♥ ❤❛✈❡ ♥♦ ❛❣❡ ❝♦♥str❛✐♥ts ❧❡❢t ❛♥❞ t❤❡r❡❢♦r❡ ♥♦ ♠❡❛♥s ♦❢

❡st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❛❣❡s✳ ■♥st❡❛❞✱ ✇❡ ❛♥❛❧②s❡❞ ❛ ❞❛t❛ s❡t r❡str✐❝t❡❞

t♦ ♦♥❧② ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡ ❛♥❞ t❤❡ ✹ ♠♦❞❡r♥ ❧❛♥❣✉❛❣❡s✱ ❛♥❞ ✜①❡❞ µ =

1.86 · 10−4✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢r♦♠ ♦✉r ♠❛✐♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪

❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺ ✭❛ ❜❡tt❡r t❤♦✉❣❤ ❧❡ss ♣r❛❝t✐❝❛❧ ❛♣♣r♦❛❝❤ ✇♦✉❧❞

❤❛✈❡ ❜❡❡♥ t♦ ❞r❛✇ s❛♠♣❧❡s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r µ ✇❤✐❝❤ ✇❡

s❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✶❀ t❤✐s ✇♦✉❧❞ ❤❛✈❡ ✐♥❝r❡❛s❡❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢

✶✶✽



♦✉r ❡st✐♠❛t❡ ♦❢ t❤❡ ❛❣❡ ♦❢ ❖❧❞ ◆♦rs❡✮✳ ❲❡ ✐❣♥♦r❡❞ t❤❡ ❦♥♦✇♥ ❛❣❡ ❝♦♥str❛✐♥t

♦♥ ❖❧❞ ◆♦rs❡ ❛♥❞ ❛tt❡♠♣t❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ❛❣❡ ♦❢ t❤✐s ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡✳

❚❤❡ ❛❣❡ ❝♦♥str❛✐♥t ✐s ✻✻✵✲✼✻✵❇P ✭❛ss✉♠✐♥❣ t❤❡ ❞❛t❛ ✇❡r❡ ❝♦❧❧❡❝t❡❞ ✐♥ ✶✾✻✵✮✱

❛♥❞ t❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡ r❡❝♦♥str✉❝t❡❞ ❛❣❡ ✐s ✻✶✺✲✽✼✷❇P✱ ❝♦♠♣❧❡t❡❧②

❝♦✈❡r✐♥❣ t❤❡ ❝♦♥str❛✐♥t✳ ❚❤✐s s❤♦✇s ✇❡❧❧ t❤❛t ❡✈❡♥ ✐❢ ♦♥❡ ❧❛♥❣✉❛❣❡ ❝❤❛♥❣❡s ❛t ❛

✈❡r② ❞✐✛❡r❡♥t r❛t❡✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❧❛♥❣✉❛❣❡s st✐❧❧ ❛❧❧♦✇s ✉s t♦ ❝♦rr❡❝t❧②

r❡❝♦♥str✉❝t t❤❡ ❛❣❡ ♦❢ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡s✳ ❘❛t❤❡r t❤❛♥ ✉s❡ ❛ ✈❛❧✉❡ ♦❢ µ t❛❦❡♥

❢r♦♠ t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡ ♦❢ ❛♥♦t❤❡r ❛♥❛❧②s✐s✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❣❡t ❛♥

❛❣❡ ❝♦♥str❛✐♥t ❢♦r ❛♥♦t❤❡r ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ✭s✉❝❤ ❛s t❤❡ ♠♦st r❡❝❡♥t

❝♦♠♠♦♥ ❛♥❝❡st♦r t♦ ❘✐❦s♠❛❧✱ ❙❛♥❞♥❡s ❛♥❞ ●❥❡st❛❧✮ ❛♥❞ ✉s❡ t❤✐s ❝♦♥str❛✐♥t

t♦ ❥♦✐♥t❧② ❡st✐♠❛t❡ µ ❛♥❞ r❡❝♦♥str✉❝t t❤❡ ❛❣❡ ♦❢ ❖❧❞ ◆♦rs❡❀ ✉♥❢♦rt✉♥❛t❡❧②✱ ✇❡

❤❛✈❡ ♥♦ s✉❝❤ t❡♠♣♦r❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛t ♦✉r ❞✐s♣♦s❛❧✳

❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪✬s ♣♦✐♥t r❡♠❛✐♥s ✈❛❧✐❞ ✇❤❡♥ ✇❡ tr② t♦ r❡❝♦♥str✉❝t

t❤❡ ❛❣❡ ♦❢ ❛ ❧❡❛❢✳ ❚❤❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡ ❛♥❞ ▼♦❞❡r♥

■❝❡❧❛♥❞✐❝ s❤♦✉❧❞ ❜❡ ♦❢ ❧❡♥❣t❤ ❜❡t✇❡❡♥ ✻✻✵ ❛♥❞ ✼✻✵ ②❡❛rs✳ ❲❡ ❛♥❛❧②s❡❞ t❤❡ ❞❛t❛

✇✐t❤ ❘✐❦s♠❛❧✱ ❙❛♥❞♥❡s ❛♥❞ ●❥❡st❛❧ ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ♠♦❞❡r♥ ❧❡❛✈❡s✱ ❛♥❞ ✇✐t❤

t❤❡ ❝❡♥t✉r②✲✇✐❞❡ t✐♠❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❞✐✛❡r❡♥ts ✢❛✈♦✉rs ♦❢ ❖❧❞ ◆♦rs❡✱ ❜✉t

❛❧❧♦✇❡❞ t❤❡ ❛❣❡ ♦❢ ■❝❡❧❛♥❞✐❝ t♦ ✈❛r②✳ ❚❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❧❡♥❣t❤ ♦❢

t❤❡ ❜r❛♥❝❤ ❜❡t✇❡❡♥ ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡ ❛♥❞ ▼♦❞❡r♥ ■❝❡❧❛♥❞✐❝ ✐s ✶✵✵ ✕ ✷✷✶

②❡❛rs✱ ❢❛r ❢r♦♠ t❤❡ ❝♦rr❡❝t r❛♥❣❡✳ ❍❛❞ ✇❡ tr✐❡❞ t♦ ♣r❡❞✐❝t t❤❡ ❛❣❡ ♦❢ ■❝❡❧❛♥❞✐❝✱

✇❡ ✇♦✉❧❞ ❤❛✈❡ ❢❛✐❧❡❞✳ ■♥ t❤✐s ❛s♣❡❝t✱ t❤❡ ✜♥❞✐♥❣s ♦❢ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪

❛r❡ ❝♦♥✜r♠❡❞✿ ■❝❡❧❛♥❞✐❝ ❞✐❞ ❝❤❛♥❣❡ ❛t ❛ ✈❡r② ❧♦✇ r❛t❡✳ ◆♦♥❡t❤❡❧❡ss✱ t❤✐s ❧♦✇

r❛t❡ ♦♥ ♦♥❡ ❜r❛♥❝❤ ❞♦❡s ♥♦t ✐♠♣❛❝t s✐❣♥✐✜❝❛♥t❧② ♦✉r ❡st✐♠❛t❡s ♦❢ ♦✈❡r ❛❣❡s

❛♥❞ ♣❛r❛♠❡t❡rs✿ t❤❡ ❧❡❛❢ ❛❣❡ ❡st✐♠❛t✐♦♥ ✐s ❡①♣♦s❡❞ t♦ ❡rr♦r ♦♥ t❤❡ ❧❡❛❢ ❜r❛♥❝❤✱

✇❤❡r❡❛s t❤❡ ❝❧❛❞❡ r♦♦t ❛❣❡ ✐s ♠♦r❡ r♦❜✉st✳

✶✶✾



❋✐♥❛❧❧②✱ ✇❡ ❛♥❛❧②s❡❞ t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛ ✇✐t❤ ❛❧❧ ❛❣❡ ❝♦♥str❛✐♥ts ✐♥❝❧✉❞❡❞✳

❙✐♥❝❡ t❤❡ t♦♣♦❧♦❣② ❛♥❞ ❛❧❧ t❤❡ ♥♦❞❡ ❛❣❡s ❛r❡ ❦♥♦✇♥✱ t❤❡ ♦♥❧② ♣❛r❛♠❡t❡r ♦❢

✐♥t❡r❡st ✐s t❤❡ ❞❡❛t❤ r❛t❡ µ✱ ✇❤✐❝❤ ✇❡ ❡st✐♠❛t❡ ❛t µ = 2.47 · 10−4 ± 4.0 · 10−5

❞❡❛t❤s✴②❡❛r✳ ❚❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❛♥❞

❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ s❡ts ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺ ✭♠❡❛♥ ✈❛❧✉❡s µ = 1.86·10−4

❛♥❞ µ = 2.37 · 10−4✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❘❡♠❡♠❜❡r t❤❛t ■❝❡❧❛♥❞✐❝ ❛♥❞ ❖❧❞ ◆♦rs❡

✇❡r❡ ❝❤♦s❡♥ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ t❤❡ ♠♦st ❡①tr❡♠❡

❡①❛♠♣❧❡ t❤❡② ❝♦✉❧❞ ✜♥❞❀ ②❡t ♦✉r ❡st✐♠❛t❡ ♦❢ µ ✐s ✐♥ t❤❡ s❛♠❡ r❛♥❣❡ ❛s ❢♦r ♦t❤❡r

❞❛t❛ s❡ts✱ ❛♥❞ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t t❤❡ ❛❣❡ ♦❢ ✶✸t❤ ❝❡♥t✉r② ❖❧❞ ◆♦rs❡✳

❚❤✐s ✐s ❛ ❣♦♦❞ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ♠♦❞❡r♥ ♣❤②❧♦❣❡♥❡t✐❝ ♠❡t❤♦❞s

❛❣❛✐♥st ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✿ t❤❡ ❛❜✐❧✐t② t♦ ✐♥❝❧✉❞❡ ♠❛♥② ❧❛♥❣✉❛❣❡s ✐♥ ❛♥ ❛♥❛❧②s✐s

♠❡❛♥s t❤❛t t❤❡ ♥❛t✉r❛❧ ✈❛r✐❛♥❝❡ ✐♥ r❛t❡s ❣❡ts ❛✈❡r❛❣❡❞ ♦✉t ❛♥❞ ✇❡ ❝❛♥ st✐❧❧

❝♦♠♣✉t❡ ✈✐❛❜❧❡ ❡st✐♠❛t❡s✳

❚❤❡ s❡❝♦♥❞ ❞❛t❛ s❡t st✉❞✐❡❞ ❜② ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❝♦♠♣r✐s❡s ❖❧❞

●❡♦r❣✐❛♥ ✭✺t❤ ❝❡♥t✉r②✮✱ ▼♦❞❡r♥ ●❡♦r❣✐❛♥ ❛♥❞ ▼✐♥❣r❡❧✐❛♥✱ ❛ ❧❛♥❣✉❛❣❡ s♣♦❦❡♥

✐♥ ❲❡st ●❡♦r❣✐❛✳ ▼♦❞❡r♥ ●❡♦r❣✐❛♥ ✐s ❛ss✉♠❡❞ t♦ ❞❡s❝❡♥❞ ❞✐r❡❝t❧② ❢r♦♠ ❖❧❞

●❡♦r❣✐❛♥✳ ❚❤❡ ❛❣❡ ♦❢ ✐ts ♠♦st r❡❝❡♥t ❝♦♠♠♦♥ ❛♥❝❡st♦r ✇✐t❤ ▼✐♥❣r❡❧✐❛♥ ✐s ♥♦t

❦♥♦✇♥✱ ❜✉t ✐t ✏♣r♦❜❛❜❧② ❤❛s t♦ ♣❧❛❝❡❞ ✐♥ t❤❡ ❧❛st ♠✐❧❧❡♥✐✉♠ ❇✳❈✳✑✱ ❛❝❝♦r❞✐♥❣

t♦ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪✱ ❛♥❞ ❛♥②✇❛② ❜❡❢♦r❡ t❤❡ ✺t❤ ❝❡♥t✉r② ❆✳❉✳✳ ❨❡t

✇❤❡♥ t❤❡② ✉s❡❞ ❣❧♦tt♦❝❤r♦♥♦❧♦❣② ♦♥ t❤❡ ♣❛✐r ▼♦❞❡r♥ ●❡♦r❣✐❛♥✲▼✐♥❣r❡❧✐❛♥✱

❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ r❡❝♦♥str✉❝t❡❞ ❛♥ ❛❣❡ ♦❢ ❛❜♦✉t ✶✸✵✵❇P✱ ✐✳❡✳ ✐♥ t❤❡

✼t❤ ❝❡♥t✉r② ❆✳❉✳✱ ✇❤✐❝❤ t❤❡② ❝❛❧❧ ✏♠✉❝❤ t♦♦ ②♦✉♥❣✑✳

■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ ✇❤② t❤❡ r❡❝♦♥str✉❝t❡❞ ❛❣❡ ✐s ♦✛ t❤❡ ♠❛r❦✿

t❤r♦✉❣❤ ✐s t♦r♠❡♥t❡❞ ❤✐st♦r②✱ ▼✐♥❣r❡❧✐❛♥ ❤❛s ❜♦rr♦✇❡❞ ♠❛♥② ✇♦r❞s ❢r♦♠
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●❡♦r❣✐❛♥✳ ❆s ✐s ✉s✉❛❧❧② t❤❡ ❝❛s❡✱ t❤❡s❡ ✇♦r❞s ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ t❤❛♥❦s t♦

t❤❡✐r ✐rr❡❣✉❧❛r ♣❤♦♥♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❍❡❧♣❢✉❧❧②✱ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t

❬✶✾✻✷❪ s♣❡❝✐❢② ✇❤✐❝❤ ✇♦r❞s ❤❛✈❡ ❜❡❡♥ ❜♦rr♦✇❡❞✱ ❜✉t t❤❡② ❞♦ ♥♦t ❞✐s❝❛r❞

t❤❡♠ ❢r♦♠ t❤❡✐r ❞❛t❛✱ s♦ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ r❡❣✐st❡r t❤❡ ❞❛t❛ ✉s✐♥❣ t❤❡ s❛♠❡

st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❛s ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪✱ ❡①❝❧✉❞✐♥❣ ❜♦rr♦✇✐♥❣s ❢r♦♠ ♦✉r ❞❛t❛✳

❚❤❡ ❛r❣✉♠❡♥t ❢♦r ❡①❝❧✉❞✐♥❣ ❜♦rr♦✇❡❞ ✇♦r❞s ✐s q✉✐t❡ ❝❧❡❛r✿ ✇❤❡♥ ▼✐♥❣r❡❧✐❛♥

❜♦rr♦✇❡❞ ❛ ✇♦r❞ ❢r♦♠ ●❡♦r❣✐❛♥✱ t❤❡ ♦r❣✐♥❛❧ ✇♦r❞ ♠✉st ❤❛✈❡ ❛❧r❡❛❞② ❞✐❡❞ ♦✉t

✐♥ ▼✐♥❣r❡❧✐❛♥❀ tr❡❛t✐♥❣ ❜♦rr♦✇❡❞ ✇♦r❞s ❛s ♣r❡s❡♥t ✐♥ t❤❡ ❞❛t❛ ✇♦✉❧❞ t❤❡r❡❢♦r❡

s②st❡♠❛t✐❝❛❧❧② ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❞❡❛t r❛t❡ µ✳ ❲❡ ♦♥❝❡ ❛❣❛✐♥ ✜①❡❞ t❤❡ ❞❡❛t❤

♣❛r❛♠❡t❡r µ t♦ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢r♦♠ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛

✭µ = 1.86·10−4✮✳ ❚❤❡ ✾✺✪ ❍P❉ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ❛❣❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❝♦♠♠♦♥

❛♥❝❡st♦r t♦ ●❡♦r❣✐❛♥ ❛♥❞ ▼✐♥❣r❡❧✐❛♥ ✐s ✷✵✻✺✕✸✶✼✵ ❇P✱ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ❛❧♠♦st

❡①❛❝t❧② ✇✐t❤ t❤❡ ❧❛st ♠✐❧❧❡♥✐✉♠ ❇✳❈✳

❲❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ✉s❡ t❤❡ t❤✐r❞ s❡t ♦❢ ❧❛♥❣✉❛❣❡s st✉❞✐❡❞ ❜② ❇❡r❣s❧❛♥❞

❛♥❞ ❱♦❣t ❬✶✾✻✷❪✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦✉♣❧❡ ❖❧❞ ❆r♠❡♥✐❛♥ ❛♥❞ ▼♦❞❡r♥ ❆r♠❡♥✐❛♥✱

❜❡❝❛✉s❡ t❤❡ ✇♦r❞ ❧✐sts ✇❡r❡ ♥♦t ❝❧❡❛r ❡♥♦✉❣❤ t♦ ❜❡ tr❛♥s❝r✐❜❡❞ ✐♥t♦ ❜✐♥❛r②

❞❛t❛✳ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❝❧❛✐♠ t❤❛t t❤✐s ❛♥♦t❤❡r ❝❛s❡ ✇❤❡r❡ ❧❛♥❣✉❛❣❡s

❝❤❛♥❣❡❞ ❛t ❛ r❛t❡ s❧♦✇❡r t❤❛♥ ✉s✉❛❧✳ ❍♦✇❡✈❡r✱ t❤❡ ❛r❣✉♠❡♥t ❢♦r ✐♥❝❧✉❞✐♥❣

♠❛♥② ❧❛♥❣✉❛❣❡s r❛t❤❡r t❤❛♥ ♦♥❧② t✇♦ st✐❧❧ ❤♦❧❞s✱ ❛♥❞ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣

t♦ s❡❡ ✇❤❡t❤❡r t❤❡✐r r❡s✉❧ts ❛r❡ ✐❞❡♥t✐❝❛❧ ✇✐t❤ ♦t❤❡r r❡❧❛t❡❞ ❧❛♥❣✉❛❣❡s ✐♥ t❤❡

s❛♠❡ ❛♥❛❧②s✐s✳

❲❡ ❝❡rt❛✐♥❧② ❞♦ ♥♦t ❞✐s❛❣r❡❡ ✇✐t❤ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ t❤❛t t❤❡r❡

✐s ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥❣❡s t❤❛t ♦❝❝✉r ♣❡r ♠✐❧❧❡♥✐✉♠ ✐♥ ❞✐✛❡r❡♥t

❧❛♥❣✉❛❣❡s✳ ❍♦✇❡✈❡r✱ t❤✐s ✈❛r✐❛❜✐❧✐t② ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② st♦❝❤❛st✐❝ ♠♦❞❡❧s

✶✷✶



❛♥❞ ✐♥ ❣❡♥❡r❛❧✱ ✐t ❞♦❡s ♥♦t ❤✐♥❞❡r ♦✉r ❛❜✐❧✐t② t♦ ❞❛t❡ ❛♥❝❡str❛❧ ❧❛♥❣✉❛❣❡s ♦r t♦

r❡❝♦♥str✉❝t t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ■t ❡①♣♦s❡s ✉s ♠♦r❡ t♦ ❡rr♦rs ♦♥ ❧❡❛❢ ❛❣❡s✱

❜✉t t❤❛t ✐s ♥♦t ❛♥ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ✉s✳

■♥ t❤❡✐r ❝♦♥❝❧✉s✐♦♥s✱ ❇❡r❣s❧❛♥❞ ❛♥❞ ❱♦❣t ❬✶✾✻✷❪ ❝❧❛✐♠ t❤❛t t❤❡ r❛t❡

❤❡t❡r♦❣❡♥❡✐t② t❤❡② ❤❛✈❡ ❡①❤✐❜✐t❡❞ ♣r❡✈❡♥ts st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢r♦♠ ❝♦rr❡❝t❧②

❡st✐♠❛t✐♥❣ ❞❛t❡s✱ ❛♥❞ t❤❛t ✏✐t ❢♦❧❧♦✇s✑ t❤❛t t❤❡ t♦♣♦❧♦❣② ❝❛♥♥♦t ❜❡ ❝♦rr❡❝t❧②

r❡❝♦♥str✉❝t❡❞ ❡✐t❤❡r✳ ❚❤✐s ✐♣s❡✲❞✐①✐t✐s♠ ✐s ✐♥ ❢❛❝t ❢❛r ❢r♦♠ ♦❜✈✐♦✉s✿ ❡✈❡♥ ✐❢ ✐t

✇❡r❡ t❤❡ ❝❛s❡ t❤❛t ♦✉r ♠❡t❤♦❞s ❝♦✉❧❞ ♥♦t ❝♦rr❡❝t❧② ❡st✐♠❛t❡ ❞❛t❡s✱ t❤❡② ♠❛②

✇❡❧❧ ❜❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t t❤❡ t♦♣♦❧♦❣②✱ ❥✉st ❧✐❦❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ t♦♣♦❧♦❣②

❞♦❡s ♥♦t ✐♠♣❧② t❤❛t ✇❡ ❝❛♥♥♦t r❡❝♦♥str✉❝t ❞❛t❡s✳ ■♥ ❢❛❝t✱ ❧✐♥❣✉✐sts ❤❛✈❡ s♦

❢❛r t❡♥❞❡❞ t♦ ❛❝❝❡♣t ✇✐t❤ ♠♦r❡ ❡❛s❡ t❤❛t st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ❛❜❧❡ t♦ ✐♥❢❡r

t♦♣♦❧♦❣✐❡s t❤❛♥ ❞❛t❡s ❬▼❝▼❛❤♦♥ ❛♥❞ ▼❝▼❛❤♦♥✱ ✷✵✵✺❪✳

✻✳✷ ❙✇❛❜✐❛♥ ❞✐❛❧❡❝ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛♥❛❧②s❡s ♦❢ ❛ ❞❛t❛ s❡t ♦❢ ❧✐♥❣✉✐st✐❝ ❢❡❛t✉r❡s ♦❢ ✶✹

❙✇❛❜✐❛♥ ❞✐❛❧❡❝ts ✭s♣♦❦❡♥ ✐♥ ❇❛❞❡♥✲❲ürt❡♠❜❡r❣ ❛♥❞ ❇❛✈❛r✐❛✮✳ ❚❤❡ ❞❛t❛

✇❡r❡ ✐♥✐t✐❛❧❧② ❝♦❧❧❡❝t❡❞ ❜② ❑♦♥✐❣ ❬✶✾✽✾❪ ♦♥ ✷✱✹✵✵ ♠❛♣s✱ ✇❤✐❝❤ ✇❡r❡ t❤❡♥

tr❛♥s❝r✐❜❡❞ ✐♥t♦ ❜✐♥❛r② ❞❛t❛ ❜② ❘♦t❤❡r ❬♣❡rs✳ ❝♦♠♠✳❪✳ ❚❤❡ ❞❛t❛ ❝♦✈❡r ❧❡①✐❝❛❧✱

❣r❛♠♠❛t✐❝❛❧ ❛♥❞ ♣❤♦♥♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ❛♥❞ ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✶✹ ❝❛t❡❣♦r✐❡s✿

❤✉♠❛♥ ❜♦❞②✱ ❝♦♠♠✉♥✐t② ❛♥❞ ❝❧♦t❤✐♥❣❀ ❢❛r♠✐♥❣✱ ✇❡❛t❤❡r✱ ✇✐❧❞ ❢❛✉♥❛ ❛♥❞

✢♦r❛❀ ❢♦♦❞✱ ❤♦✉s❡✇♦r❦✱ t✐♠❡ ❛♥❞ ❛❞✈❡r❜s❀ ❝❛tt❧❡ ❛♥❞ ♣❡ts❀ ❀ ❝r♦♣s❀ ✇♦♦❞✇♦r❦

❛♥❞ tr❛♥s♣♦rt❛t✐♦♥ ✭❧❡①✐❝❛❧✮❀ ✈♦✇❡❧ q✉❛♥t✐t✐❡s❀ s❤♦rt ✈♦✇❡❧s ❀ ❧♦♥❣ ✈♦✇❡❧s

❛♥❞ ❞✐♣❤t♦♥❣s❀ ♣❧♦s✐✈❡ ❝♦♥s♦♥❛♥ts❀ ♦t❤❡r ❝♦♥s♦♥❛♥ts ✭♣❤♦♥♦❧♦❣✐❝❛❧✮❀ ✈❡r❜

❢♦r♠s❀ ♥♦✉♥ ❛♥❞ ❛rt✐❝❧❡ ❢♦r♠s❀ ♣r♦♥♦✉♥ ❛♥❞ ❛❞❥❡❝t✐✈❡ ❢♦r♠s ❛♥❞ s②♥t❛①

✶✷✷



✭❣r❛♠♠❛t✐❝❛❧✮✳

❚❤❡ t❡♠♣♦r❛❧ ❛♥❞ ❣❡♦❣r❛♣❤✐❝❛❧ s❝❛❧❡s ♦❢ t❤❡s❡ ❞❛t❛ ❛r❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥

❢♦r t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✳ ❆s s✉❝❤✱ ✇❡ ♠✐❣❤t ❡①♣❡❝t ❧❛r❣❡ ❛♠♦✉♥ts ♦❢

❜♦rr♦✇✐♥❣ ❛♥❞ ❛ tr❡❡ ♠♦❞❡❧ ✇✐❧❧ ♣r♦❜❛❜❧② ♥♦t ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ ❧✐♥❣✉✐st✐❝

❤✐st♦r② ♦❢ t❤❡s❡ ❞✐❛❧❡❝ts✳ ◆♦♥❡t❤❡❧❡ss✱ ✐t ✐s ❝❡rt❛✐♥❧② ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❡t❤❡r

r❡❝♦♥str✉❝t❡❞ tr❡❡s ♦♥ t❤❡s❡ ❞❛t❛ ✉s✐♥❣ ♦✉r ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞s t♦ ❦♥♦✇♥

❤✐st♦r✐❝❛❧ ❢❛❝ts✳

❚❤❡ r♦✉❣❤ ❣❡♦❣r❛♣❤✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✶✹ ❞✐❛❧❡❝ts ✐♥ ❇❛✈❛r✐❛ ❛♥❞ ❙✇❛❜✐❛

✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✳ ❚❤❡ r✐✈❡r ▲❡❝❤✱ ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ✐s ❛ str♦♥❣

♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❛♥❞ ✐s ❡①♣❡❝t❡❞ t♦ s♣❧✐t t❤❡ ❞✐❛❧❡❝ts ✐♥t♦ t✇♦ s✉❜❣r♦✉♣s ♦♥

❡✐t❤❡r s✐❞❡ ♦❢ ✐t✳ ❆❝❝♦r❞✐♥❣ t♦ ❘♦t❤❡r ❬♣❡rs✳ ❝♦♠♠✳❪✱ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t♦ s❡❡

t✇♦ s✉❜tr❡❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ r✐✈❡r✳ ❖♥ ❜♦t❤ s✐❞❡s✱ t❤❡

❙✇❛❜✐❛♥s ♣r♦❣r❡ss❡❞ ❢r♦♠ ◆♦rt❤ t♦ ❙♦✉t❤✱ s♦ ✇❡ s❤♦✉❧❞ ❛❧s♦ ❤♦♣❡ t♦ s❡❡ t❤✐s

✐♥ t❤❡ r❡❝♦♥str✉❝t❡❞ tr❡❡s✳

❋✐❣✉r❡ ✻✳✹ s❤♦✇s ❛ ❝♦♥s❡♥s✉s tr❡❡ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❍♦✉s❡❤♦❧❞ ❧❡①✐❝♦♥

❞❛t❛✳ ❚❤❡ ♦♥❧② ❝♦♥str❛✐♥t ✇❡ ✐♠♣♦s❡❞ ✇❛s t❤❛t t❤❡ r♦♦t ❧✐❡ ❜❡t✇❡❡♥ ✶✷✵✵ ❛♥❞

✶✺✵✵ ❇P✳ ❚❤❡ ❝♦♥s❡♥s✉s tr❡❡ ❝♦rr❡s♣♦♥❞s ❝❧♦s❡❧② t♦ t❤❡ ❣❡♦❣r❛♣❤✐❝❛❧ ❢❡❛t✉r❡s✿

✇❡ ♦❜s❡r✈❡ ❛ ❝❧❡❛r ❊❛st✲❲❡st ❝✉t ❛♥❞ ♦♥ ❜♦t❤ s✐❞❡s✱ ❛ ♣r♦❣r❡ss✐♦♥ ❢r♦♠ ◆♦rt❤

t♦ ❙♦✉t❤✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛t❤ ❛❧♦♥❣ ✇❤✐❝❤ ✐t ✐s ❜❡❧✐❡✈❡❞ t❤❡ ❙✇❛❜✐❛♥s

❝♦❧♦♥✐③❡❞ t❤❡ r❡❣✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t❤❛t t❤❡ ❞❛t❛ ❝♦♥t❛✐♥ ❛

s✐❣♥❛❧ ❢♦r t❤✐s t♦♣♦❧♦❣② ❜❡❝❛✉s❡ ❧❡①✐❝❛❧ ✐t❡♠s ✇❡r❡ ❜♦rr♦✇❡❞ ❛❧♦♥❣ t❤✐s ♣❛t❤✳

▼❛♥② ❝❛t❛str♦♣❤❡s ❛r❡ ❢♦✉♥❞ ♦♥ t❤❡ ❜r❛♥❝❤ ❧❡❛❞✐♥❣ t♦ t❤❡ ❖st❢r❛♥❦❡♥ ❞✐❛❧❡❝t✳

❖st❢r❛♥❦❡♥ ✐s ❦♥♦✇♥ t♦ ❜❡ ♣r♦❜❧❡♠❛t✐❝ ❜❡❝❛✉s❡ t❤❡ ❞❛t❛ ♠❛② ♥♦t ❝♦rr❡❝t❧②

r❡✢❡❝t t❤✐s ❞✐❛❧❡❝t✳

❖✉r ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❧❡①✐❝❛❧ ❞❛t❛ ✐♥ ♠✐♥❞❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
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❋✐❣✉r❡ ✻✳✸✿ ❘♦✉❣❤ ❣❡♦❣r❛♣❤✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ ✶✹ ❙✇❛❜✐❛♥ ❞✐❛❧❡❝ts✳ ❚❤❡ t❤✐❝❦ ❜❧✉❡
❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ▲❡❝❤ r✐✈❡r✱ ❛ str♦♥❣ ♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ t❤❡ ❊❛st ❛♥❞
❲❡st ♦❢ t❤✐s r❡❣✐♦♥✳
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❢❡❛t✉r❡ t❤❛t ❛ ✇♦r❞ ❝❛♥ ♦♥❧② ❜❡ ❜♦r♥ ♦♥❝❡ ♦♥ t❤❡ tr❡❡ ❞♦❡s ♥♦t ❛♣♣❧② t♦

s②♥t❛❝t✐❝❛❧ ♦r ♣❤♦♥♦❧♦❣✐❝❛❧ ❞❛t❛✱ ✇❤❡r❡ ❛ ✜♥✐t❡ s✐t❡ ❛♣♣r♦❛❝❤ s✉❝❤ ❛s t❤❡ ♦♥❡

❞❡s❝r✐❜❡❞ ❜② ▲❡✇✐s ❬✷✵✵✶❪ ♠❛② ❜❡ ❛♣♣r♦♣r✐❛t❡✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ✐t ✐s

❛❧s♦ ❞❡❜❛t❛❜❧❡ ✇❤❡t❤❡r ❛ tr❡❡ ♠♦❞❡❧ ✐s ❛♣♣r♦♣r✐❛t❡ ❢♦r s✉❝❤ ❞❛t❛✳ ■♥❞❡❡❞✱ ♦✉r

❛♥❛❧②s❡s ♦❢ ♣❤♦♥♦❧♦❣✐❝❛❧ ❛♥❞ s②♥t❛❝t✐❝❛❧ ❞❛t❛ ♣r♦❞✉❝❡❞ ♠✉❝❤ ❧❡ss ❝♦♥✈✐♥❝✐♥❣

r❡s✉❧ts ❛s t❤❡ ❧❡①✐❝❛❧ ❞❛t❛✳

✻✳✸ P✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts

❈❛t❛str♦♣❤❡s ✇❡r❡ ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ♦✉r ♠♦❞❡❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

♣♦ss✐❜❧❡ ✏❝❛t❛str♦♣❤✐❝✑ r❛t❡ ❤❡t❡r♦❣❡♥❡✐t②✳ ❍♦✇❡✈❡r✱ ❛♥♦t❤❡r ♣♦ss✐❜❧❡ ✉s❡ ♦❢

t❤✐s ❢❡❛t✉r❡ ✐s t♦ ❛♥❛❧②s❡ ✇❤❛t ❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✽❪ ❝❛❧❧ ✏♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✑✳

❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✽❪ ✇✐s❤❡❞ t♦ t❡st t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ❧❛♥❣✉❛❣❡s ❞✐✈❡rs✐❢②

❛t t✇♦ r❛t❡s✿ ❛ ❜❛s✐❝✱ s❧♦✇ r❛t❡✱ ❛❧♦♥❣ t❤❡ ❡♥t✐r❡ tr❡❡ ✭t❤❡ ❛♥❛❣❡♥✐❝ ♣r♦❝❡ss✮❀

❛♥❞ ❛ ❢❛st❡r r❛t❡ ✇❤❡♥❡✈❡r t✇♦ ❧❛♥❣✉❛❣❡s s♣❧✐t ✭♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✮✳ ❚❤❡r❡

❛r❡ s❡✈❡r❛❧ ♣❧❛✉s✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✳ ❲❤❡♥ ❛ ❧❛♥❣✉❛❣❡

✐s ❢♦✉♥❞❡❞ ❜② t❤❡ ♠✐❣r❛t✐♦♥ ♦❢ ❛ s♠❛❧❧ s✉❜s❡t ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥✱ t❤❡ ✏❢♦✉♥❞❡r

❡✛❡❝t✑ ❧❡❛❞s t♦ ❢❛st ❝❤❛♥❣❡ ♦✈❡r ❛ s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ▲❛♥❣✉❛❣❡ s♣❧✐tt✐♥❣ ✐s

❛❧s♦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦t❤❡r ❡✈❡♥ts ✇❤✐❝❤ ❝❛♥ ❧❡❛❞ t♦ ❢❛st ❝❤❛♥❣❡✱ s✉❝❤ ❛s ✇❛r✳

❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✽❪ st✉❞② t❤r❡❡ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧✐❡s✿ ■♥❞♦✲❊✉r♦♣❡❛♥ ✭❛

s✉❜s❡t ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛✮✱ ❆✉str♦♥❡s✐❛♥ ❛♥❞ ❇❛♥t✉✳ ■♥ ♦r❞❡r t♦

t❡st ❢♦r ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✱ t❤❡② ❝♦♥str✉❝t ❧❛♥❣✉❛❣❡ tr❡❡s ❢♦r ❡❛❝❤ ❢❛♠✐❧②

✉s✐♥❣ t❤❡ s♦❢t✇❛r❡ ❇❛②❡s❚r❛✐ts ❬P❛❣❡❧ ❡t ❛❧✳✱ ✷✵✵✹❪✳ ❋♦r ❞❛t❛ ✐♥ ✇❤✐❝❤ ❛❧❧

t❤❡ ❧❡❛✈❡s ❛r❡ ♠♦❞❡r♥ ✭i.e. ✐s♦❝❤r♦♥♦✉s✮✱ t❤❡② t❤❡♥ ♣❧♦t t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥❣❡s

❜❡t✇❡❡♥ ❡❛❝❤ ❧❡❛❢ ❛♥❞ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡ ❛❣❛✐♥st t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r♥❛❧ ♥♦❞❡s
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❜❡t✇❡❡♥ t❤❡ ❧❡❛❢ ❛♥❞ t❤❡ r♦♦t ❛♥❞ ✜♥❞ ❛ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ s✐❣♥❛❧

❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✳ ❚❤❡② ❝❛❧❝✉❧❛t❡ t❤❛t ♣✉♥❝t✉❛t✐♦♥❛❧

❜✉rsts ❛❝❝♦✉♥t ❢♦r ✷✶✪ ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ❢❛♠✐❧②✳

❆ ♠♦r❡ ❞✐r❡❝t ✇❛② t♦ t❡st ❢♦r ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts ✐s t♦ ✐♥❝❧✉❞❡ t❤❡♠

❞✐r❡❝t❧② ✐♥ t❤❡ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ✐❢ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts ♦❝❝✉r ♦♥ t❤❡ tr❡❡✱

t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❝❛t❛str♦♣❤❡ ❡✈❡♥t ♦❝❝✉r✐♥❣ ❛❢t❡r ❡✈❡r② s♣❧✐tt✐♥❣ ❡✈❡♥t✳

❘❡❝❛❧❧ ❤♦✇❡✈❡r t❤❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ❝❛t❛str♦♣❤❡ ♦♥ ❛ ❜r❛♥❝❤ ❞♦❡s ♥♦t ♠❛tt❡r✳

❚♦ ✐♥❝❧✉❞❡ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts ✐♥ ♦✉r ♠♦❞❡❧✱ ✇❡ t❤❡r❡❢♦r❡ s✐♠♣❧② ♥❡❡❞ t♦

✐♠♣♦s❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①❛❝t❧② ♦♥❡ ❝❛t❛str♦♣❤❡ ♦♥ ❡❛❝❤ ❜r❛♥❝❤✱ ❛s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✻✳✺✳ ❲✐t❤ L ❧❛♥❣✉❛❣❡s✱ t❤❡r❡ ✇✐❧❧ ❜❡ 2L− 2 ❝❛t❛str♦♣❤❡s ♦♥ t❤❡ tr❡❡ g✱

❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡✛❡❝t✐✈❡ ❧❡♥❣t❤ TC ✳ ■❢ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ tr❡❡ ✐s

❞❡♥♦t❡❞ ❜② |g|✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❝❤❛♥❣❡ ❛ttr✐❜✉t❛❜❧❡ t♦ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts

✐s (2L−2)TC

|g|+(2L−2)TC
✳

❲❡ ✉s❡❞ t❤✐s ♠♦❞❡❧ t♦ ❛♥❛❧②s❡ t❤❡ ❘✐♥❣❡ ❡t ❛❧✳ ❬✷✵✵✷❪ ❞❛t❛ ❛s ✇❡❧❧ ❛s t❤❡

s❛♠❡ s✉❜s❡t ♦❢ t❤❡ ❉②❡♥ ❡t ❛❧✳ ❬✶✾✾✼❪ ❞❛t❛ ❛s ❆t❦✐♥s♦♥ ❡t ❛❧✳ ❬✷✵✵✽❪✳ ❚❤❡ r❡❛s♦♥

❢♦r t❛❦✐♥❣ ♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡ ❞❛t❛ ✐s t❤❛t s♦♠❡ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s ❧✐st❡❞ ❜② ❉②❡♥

❡t ❛❧✳ ❬✶✾✾✼❪ ❝♦✉❧❞ ❜❡ ❞❡❡♠❡❞ t♦♦ ❝❧♦s❡ ❢♦r t❤❡✐r ❞✐✈❡r❣❡♥❝❡ t♦ ❜❡ tr✉❧② r❡❣❛r❞❡❞

❛s ❛ ❧❛♥❣✉❛❣❡ s♣❧✐tt✐♥❣ ❡✈❡♥t✳ ❚❤❡r❡❢♦r❡✱ ✷✷ ❧❛♥❣✉❛❣❡s ✇❡r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡

❞❛t❛✳ ■t ✐s ✇♦rt❤ r❡♠❡♠❜❡r✐♥❣ ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✶ t❤❛t ✇✐t❤ ♦♥❡ ❝❛t❛str♦♣❤❡

♦♥ ❡✈❡r② ❜r❛♥❝❤ ❛♥❞ ✇✐t❤ t❤❡ ✐♠♣r♦♣❡r ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❞❡❛t❤ r❛t❡

p(µ) ∝ 1/µ✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✐♠♣r♦♣❡r ✇❤❡♥ µ → 0✳ ❚❤✐s

✐s ♥♦t ❛♥ ✐ss✉❡ ✐♥ t❤✐s ❝❛s❡✱ ❛s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s ✈❡r② s♠❛❧❧ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ µ

❛♥❞ s♦ t❤❡ ▼❈▼❈ ♥❡✈❡r ✈✐s✐ts t❤✐s ♣❛rt ♦❢ t❤❡ st❛t❡✲s♣❛❝❡✱ s♦ ✇❡ ❝❛♥ ✐♠♣♦s❡

❛ ✈❡r② ❝♦♥s❡r✈❛t✐✈❡ ❝✉t♦✛✱ r❡♥❞❡r✐♥❣ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♣r♦♣❡r ✇✐t❤♦✉t

❛❧t❡r✐♥❣ t❤❡ ▼❈▼❈✳
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✷✵✶✳ ✇✐t❤

✷✵✷✳ ✇♦♠❛♥

✷✵✸✳ ✇♦♦❞s

✷✵✹✳ ✇♦r♠

✷✵✺✳ ②❡

✷✵✻✳ ②❡❛r

✷✵✼✳ ②❡❧❧♦✇

✶✸✷



❚❛❜❧❡ ♦❢ ♥♦t❛t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ❣✐✈❡s ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤✐s
t❤❡s✐s✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣❛❣❡ ✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✳ ❉✉❡ t♦ t❤❡ ❧✐♠✐t❡❞
s✐③❡ ♦❢ t❤❡ ❛❧♣❤❛❜❡ts✱ s♦♠❡ ♥♦t❛t✐♦♥s ❤❛✈❡ s❡✈❡r❛❧ ♠❡❛♥✐♥❣s✱ ❜✉t t❤❡ ❝♦♥t❡①t
❛❧✇❛②s ♣r❡✈❡♥ts ❛♥② ❝♦♥❢✉s✐♦♥✳

◆♦t❛t✐♦♥ ❚②♣❡ ❉❡s❝r✐♣t✐♦♥ P❛❣❡

A ♥♦❞❡ t❤❡ ❆❞❛♠ ♥♦❞❡ ♦❢ ❛ tr❡❡✱ ❧✐♥❦❡❞ ❜② ❛ ❜r❛♥❝❤ ♦❢
✐♥✜♥✐t❡ ❧❡♥❣t❤ t♦ t❤❡ r♦♦t

✸✸

a ✐♥t❡❣❡r ✐♥❞❡① ♦❢ ❛ ❝♦❣♥❛❝② ❝❧❛ss ♦r ❛ ❝♦❧✉♠♥ ♦❢ D❀ 1 ≤ a ≤
N

✷✻

B ♠❛tr✐① ❛♥② ♠❛tr✐① ✭✐♥ ♣r❛❝t✐❝❡✱ ♦♥❡ ♦❢ D✱ D∗✱ I✮ ✷✼
B s❡t ♦❢ ❡❞❣❡s t❤❡ s❡t ♦❢ ❡❞❣❡s ✇✐t❤ ❛t ❧❡❛st L − d′ ❞❡s❝❡♥❞❛♥ts ✻✹

BC,C−c r❡❛❧ ❛ ❇❛②❡s ❢❛❝t♦r ✾✻
b r❡❛❧ t❤❡ ✧❧❡✈❡❧✧ ♦❢ ❜♦rr♦✇✐♥❣✿ t❤❡ r❛t❡ ♦❢ ❜♦rr♦✇✐♥❣ ✐s

bµ
✽✹

C ✐♥t❡❣❡r t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ✸✸
C r❡❛❧ ❛ ✜♥✐t❡ ❝♦♥st❛♥t ✺✽
C r❡❛❧ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ s❤❛r❡❞ ❝♦❣♥❛t❡s ❜❡t✇❡❡♥ t✇♦

❧❛♥❣✉❛❣❡s
✶✶✹

c ❝♦♥str❛✐♥t ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ tr❡❡ ✸✸
c1, c2 ♥♦❞❡ t❤❡ ❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ ♥♦❞❡ i ✹✽
D L × N

♠❛tr✐①
❞❛t❛✳ ❊♥tr✐❡s ❝❛♥ ❜❡ ✵✱ ✶ ♦r ❄ ✷✻

D
∗ L × N∗

r❛♥❞♦♠
♠❛tr✐①

♥♦t✐♦♥❛❧ ❢✉❧❧ r❛♥❞♦♠ ❜✐♥❛r② ❞❛t❛ ♠❛tr✐① ✹✶

D∗ L × N∗

♠❛tr✐①
r❡❛❧✐③❛t✐♦♥ ♦❢ D

∗ ✹✶

Da s❡t ♦❢
✈❡❝t♦rs

s❡t ♦❢ ✈❡❝t♦rs d∗ ❛❧❧♦✇❡❞ ✐♥ ❝♦❧✉♠♥ a ✷✼

✶✸✸
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D̃ L × N
♠❛tr✐①

♠❛s❦❡❞ ✈❡rs✐♦♥ ♦❢ D∗❀ ❝♦rr❡s♣♦♥❞s t♦ D∗ ✇✐t❤
s♦♠❡ ❡♥tr✐❡s r❡♣❧❛❝❡❞ ✇✐t❤ ❄✱ ❛♥❞ t♦ D ✇✐t❤ ❡①tr❛
✉♥r❡❣✐st❡r❡❞ ❝♦❧✉♠♥s

✹✷

d, d′ ✐♥t❡❣❡rs ✐♥t❡❣❡rs ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❡❣✐str❛t✐♦♥ ❝♦♥❞✐t✐♦♥s❀
✉s✉❛❧❧② ❡q✉❛❧ t♦ ✵ ♦r ✶

✻✷

d∗ ❜✐♥❛r②
✈❡❝t♦r

❛ ❝♦❧✉♠♥ ❛❧❧♦✇❡❞ ❜② t❤❡ ❞❛t❛ ✷✼

E s❡t ♦❢ ❡❞❣❡s t❤❡ s❡t ♦❢ ❛❧❧ ❡❞❣❡s ✐♥ ❛ tr❡❡ ✸✸
E ❡✈❡♥t t❤❡ ❡✈❡♥t t❤❛t ❛ ❝♦❣♥❛❝② ❝❧❛ss ✐s r❡❣✐st❡r❡❞ ✹✺

E〈i,j〉 s❡t ♦❢ ❡❞❣❡s t❤❡ s❡t ♦❢ ❡❞❣❡s ♥❡✐❣❤❜♦✉r✐♥❣ ❡❞❣❡ 〈i, j〉 ✼✵

2F0 ❢✉♥❝t✐♦♥ ❛ ❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ ✺✹
f ❢✉♥❝t✐♦♥ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥
fG ❢✉♥❝t✐♦♥ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ tr❡❡s ✸✹
g tr❡❡ ❛ ❜✐♥❛r② r♦♦t❡❞ tr❡❡ ✸✸✱ ✹✵
I
∗ L × N∗

r❛♥❞♦♠
♠❛tr✐①

r❛♥❞♦♠ ✐♥❞✐❝❛t♦r ♠❛tr✐① ♦❢ ♦❜s❡r✈❛t✐♦♥s ✹✷

I∗ L × N∗

♠❛tr✐①
r❡❛❧✐③❛t✐♦♥ ♦❢ I

∗ ✹✷

i ✐♥t❡❣❡r ✐♥❞❡① ♦❢ ❛ ❧❛♥❣✉❛❣❡ ♦r ♥♦❞❡ ♦❢ ❛ tr❡❡✱ ♦r ❛ r♦✇ ♦❢
t❤❡ ❞❛t❛ D❀ 1 ≤ i ≤ L

✷✻

j ♥♦❞❡ ❛ ♥♦❞❡ ♦❢ ❛ tr❡❡✱ ♦❢t❡♥ t❤❡ ♣❛r❡♥t ♦❢ ♥♦❞❡ i
k ✈❡❝t♦r ♦❢

✐♥t❡❣❡rs
✈❡❝t♦r ♦❢ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ✹✵

ki ✐♥t❡❣❡r t❤❡ ♥✉♠❜❡r ♦❢ ❝❛t❛str♦♣❤❡s ♦♥ ❡❞❣❡ {i, j} ✹✵
L ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ✷✻

L(x) ❢✉♥❝t✐♦♥ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥
M s❡t ♦❢

✐♥t❡❣❡rs
❛ ❝♦❣♥❛❝② ❝❧❛ss❀ M ⊆ {1, 2, ..., L} ✷✻

MC ♠♦❞❡❧ t❤❡ ♥✉❧❧ ♠♦❞❡❧ ✇✐t❤ ❛❧❧ ❝♦♥str❛✐♥ts ✐♥❝❧✉❞❡❞ ✾✻
MC−c ♠♦❞❡❧ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❝♦♥str❛✐♥t c r❡♠♦✈❡❞ ✾✻

m s❡t ♦❢
✐♥t❡❣❡rs

❧✐st ♦❢ ❧❛♥❣✉❛❣❡s ❞✐s♣❧❛②✐♥❣ ❛ ❝♦❣♥❛❝② ❝❧❛ss ✐♥ t❤❡
✉♥♦❜s❡r✈❡❞ ❝♦♠♣❧❡t❡ ❞❛t❛

✷✼

ma s❡t ♦❢
❧❡❛✈❡s

❧✐st ♦❢ ❧❡❛✈❡s ❦♥♦✇♥ t♦ ❞✐s♣❧❛② ❝♦❣♥❛❝② ❝❧❛ss a ✹✾

N ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ✷✻
N∗ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❜♦r♥ ♦♥ t❤❡ tr❡❡✱

✐♥❝❧✉❞✐♥❣ ✉♥r❡❣✐st❡r❡❞ ❝❧❛ss❡s
✹✶

✶✸✹
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Nsamp ✐♥t❡❣❡r t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s ✐♥ ❛ ▼❈▼❈ r✉♥ ✼✶
p ❢✉♥❝t✐♦♥ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥
Q ❢✉♥❝t✐♦♥ ❢✉♥❝t✐♦♥ ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❄✬s ✐♥ ❛ ❝♦❧✉♠♥ ✹✷
Qa ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ❢♦r ✇❤✐❝❤ t❤❡ ❞❛t❛ ❢♦r

❝♦❣♥❛❝t❡ a ✐s ❄
✹✸

q ❢✉♥❝t✐♦♥ ❛ ▼❈▼❈ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ✻✽
qi ✐♥t❡❣❡r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♥❡✐❣❤❜♦✉r✐♥❣ ❡❞❣❡ 〈i, j〉 ✼✵
R ❢✉♥❝t✐♦♥ r❡❣✐str❛t✐♦♥ r✉❧❡ ✹✷
r ♥♦❞❡ t❤❡ r♦♦t ♦❢ ❛ tr❡❡ ✸✸
r r❡❛❧ ❙✇❛❞❡s❤✬s ✧r❡t❡♥t✐♦♥ r❛t❡✧ ✶✶✺

ri,j r❡❛❧ ❛ tr❛♥s✐t✐♦♥ r❛t❡ ✺✸
rS ❢✉♥❝t✐♦♥ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ st❛t✐st✐❝ S ♦❢ ❛

▼❛r❦♦✈ ❈❤❛✐♥
✼✶

S s❡t ♦❢
♥♦❞❡s

t❤❡ s❡t ♦❢ ♥♦❞❡s ❤❛✈✐♥❣ ❛❣❡s ♥♦t ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②
❛ ❝♦♥str❛✐♥t

✸✹

si ✐♥t❡❣❡r t❤❡ ♥✉♠❜❡r ♦❢ ❧❡❛✈❡s ❞❡s❝❡♥❞❡❞ ❢r♦♠ ♥♦❞❡ i ✹✽
T r❡❛❧ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛❣❡ ♦❢ t❤❡ r♦♦t ✸✸
Tb r❡❛❧ t❤❡ t✐♠❡ ❛❢t❡r ✇❤✐❝❤ ❧♦❝❛❧ ❜♦rr♦✇✐♥❣ ✐s ♥♦ ❧♦♥❣❡r

❛❧❧♦✇❡❞
✽✹

TC r❡❛❧ ❛♠♦✉♥t ♦❢ t✐♠❡ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❝❛t❛str♦♣❤❡ ✹✵
ti r❡❛❧ t❤❡ ❛❣❡ ♦❢ ♥♦❞❡ ♦r ❧❡❛❢ i ✸✸
tr r❡❛❧ t❤❡ ❛❣❡ ♦❢ t❤❡ r♦♦t r ✸✸
t ✈❡❝t♦r ♦❢

r❡❛❧s
t❤❡ ✈❡❝t♦r ♦❢ ❛❣❡s ♦❢ ♥♦❞❡s ✐♥ ❛ tr❡❡❀ t =
(t1, t2, ..., tA)

✸✸

u
(n)
i r❡❛❧ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❝♦❣♥❛❝t❡ ❝❧❛ss ♣r❡s❡♥t ❛t ♥♦❞❡

i t♦ ❜❡ r❡❣✐st❡r❡❞ ❛t ❡①❛❝t❧② n ❧❡❛✈❡s ❜❡❧♦✇ i
✹✽

V s❡t ♦❢
♥♦❞❡s

t❤❡ s❡t ♦❢ ❛❧❧ ♥♦❞❡s ♦❢ ❛ tr❡❡ ✸✸

VL s❡t ♦❢
❧❡❛✈❡s

t❤❡ s❡t ♦❢ ❛❧❧ ❧❡❛✈❡s ♦❢ ❛ tr❡❡❀ VL ⊂ V ✸✸

V
(i)
L s❡t ♦❢

❧❡❛✈❡s
t❤❡ s❡t ♦❢ ❧❡❛✈❡s ❞❡s❝❡♥❞❡❞ ❢r♦♠ ♥♦❞❡ i ✹✽

v
(n)
i r❡❛❧ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❝♦❣♥❛❝t❡ ❝❧❛ss ♣r❡s❡♥t ❛t ♥♦❞❡

i t♦ ❜❡ r❡❣✐st❡r❡❞ ♦r ♠✐ss✐♥❣ ❛t ❡①❛❝t❧② n ❧❡❛✈❡s
❜❡❧♦✇ i

✹✽

(Xn) r❛♥❞♦♠
♣r♦❝❡ss

❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✼✶

x st❛t❡ ❛ ▼❈▼❈ st❛t❡ ✻✼

✶✸✺
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Y ❢✉♥❝t✐♦♥ ❢✉♥❝t✐♦♥ ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✶✬s ✐♥ ❛ ❝♦❧✉♠♥ ✹✷
Ya ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❧❛♥❣✉❛❣❡s ❢♦r ✇❤✐❝❤ t❤❡ ❞❛t❛ ❢♦r

❝♦❣♥❛❝t❡ a ✐s ✶
✹✸

ZD ♣♦✐♥t
♣r♦❝❡ss

t❤❡ ♣♦✐♥t ♣r♦❝❡ss ♦❢ ❜✐rt❤ ❧♦❝❛t✐♦♥s ♦♥ t❤❡ tr❡❡ ✹✹

z ✭♥♦❞❡✱
t✐♠❡✮
❝♦✉♣❧❡

❛ ♣♦✐♥t ♦♥ t❤❡ tr❡❡ ✹✹

α r❡❛❧ ❛ ▼❈▼❈ ❛❝❝❡♣t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✻✽
α, β r❡❛❧s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✺✼
Γ s❡t ♦❢ tr❡❡s t❤❡ s❡t ♦❢ ❛❧❧ r♦♦t❡❞ ❜✐♥❛r② tr❡❡s ✇✐t❤ L

❞✐st✐♥❣✉✐s❤❛❜❧❡ ❧❡❛✈❡s
✸✸

Γ(c) s❡t ♦❢ tr❡❡s t❤❡ s❡t ♦❢ tr❡❡s ♦❜❡②✐♥❣ ❝♦♥str❛✐♥t c ✸✸
ΓC s❡t ♦❢ tr❡❡s t❤❡ s❡t ♦❢ tr❡❡s ♦❜❡②✐♥❣ ❛❧❧ ❝♦♥str❛✐♥ts ✸✹
δi,j r❡❛❧ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❝♦❣♥❛❝② ❝❧❛ss t♦ s✉r✈✐✈❡ ❞♦✇♥

❡❞❣❡ 〈i, j〉
✹✽

ǫ r❡❛❧ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ ❜❡t✇❡❡♥ ❞❡❛t❤s ❛♥❞ ❜✐rt❤s ❛t ❛
❝❛t❛str♦♣❤❡❀ ✈❡r② ❝❧♦s❡ t♦ ✵

✺✸

η r❡❛❧ ❛♥ ❛r❜✐tr❛r② ❢❛❝t♦r ✺✶
θ ❧✐st ♦❢

♣❛r❛♠❡t❡rs
❝♦♥❞❡♥s❡❞ ♥♦t❛t✐♦♥ ❢♦r ❛ ❧✐st ♦❢ ♣❛r❛♠❡t❡rs✱ ❢♦r
❡①❛♠♣❧❡ θ = (g, κ, ρ, ξ)

✺✼

κ r❡❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❡❛t❤ ♦❢ ❛ ❝♦❣♥❛t❡ ❛t ❛ ❝❛t❛str♦♣❤❡ ✸✽

Λ([g]) r❡❛❧ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t✿ Λ([g]) =
∫

[g]
λ̃(z) dz ✹✺

λ r❡❛❧ ❜✐rt❤ r❛t❡ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ♦✉ts✐❞❡ ♦❢ ❝❛t❛str♦♣❤❡s ✸✽

λ̃ ❢✉♥❝t✐♦♥ ❡✛❡❝t✐✈❡ ❜✐rt❤ r❛t❡ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❛t ❛ ♣♦✐♥t ♦♥
t❤❡ tr❡❡

✹✺

µ r❡❛❧ ❞❡❛t❤ r❛t❡ ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ♦✉ts✐❞❡ ♦❢
❝❛t❛str♦♣❤❡s

✸✽

ν r❡❛❧ ♠❡❛♥ ♥✉♠❜❡r ♦❢ ❜✐rt❤s ❛t ❛ ❝❛t❛str♦♣❤❡ ✸✽
ξi r❡❛❧ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❝♦❣♥❛t❡ ❝❧❛ss t♦ ❜❡ ♠✐ss✐♥❣ ❛t ❧❡❛❢

i
✹✵

ξ ✈❡❝t♦r ♦❢
r❡❛❧s

t❤❡ ✈❡❝t♦r (ξ1, . . . , ξL

πi r❡❛❧ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞✐s♣❧❛②✐♥❣ i ❝♦❣♥❛❝②
❝❧❛ss❡s

✺✹

ρ r❡❛❧ r❛t❡ ♦❢ ♦❝❝✉rr❡♥❝❡ ♦❢ ❝❛t❛str♦♣❤❡s ✸✽
σ(t) ♣❡r♠✉t❛t✐♦♥ ♦r❞❡r ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❛❣❡s t ✸✸
τ r❡❛❧ ❛ t✐♠❡ ♦♥ ❛♥ ❡❞❣❡ ♦❢ t❤❡ tr❡❡ ✹✹

✶✸✻



◆♦t❛t✐♦♥ ❚②♣❡ ❉❡s❝r✐♣t✐♦♥ P❛❣❡

τS r❡❛❧ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ t✐♠❡ ♦❢ st❛t✐st✐❝ S ✼✶
Ωa s❡t ♦❢ s❡ts

♦❢ ✐♥t❡❣❡rs
s❡t ♦❢ ❝♦❣♥❛❝② ❝❧❛ss❡s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❛t❛ ❢♦r
❝♦❣♥❛❝② ❝❧❛ss a

✷✼

Ω ❧✐st ♦❢ s❡ts
♦❢ s❡ts ♦❢
✐♥t❡❣❡rs

t❤❡ ✈❡❝t♦r (Ω1, Ω2, ..., ΩN) ✷✼

ω s❡t ♦❢
✐♥t❡❣❡rs

❛ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❢♦r t❤❡ ❧✐st ♦❢ ❧❛♥❣✉❛❣❡s ❛t ✇❤✐❝❤ ❛
❝♦❣♥❛❝② ❝❧❛ss ✐s ❞✐s♣❧❛②❡❞

✷✼

✶✸✼



❇✐❜❧✐♦❣r❛♣❤②

▼✳ ❆❜r❛♠♦✇✐t③ ❛♥❞ ■✳ ❆✳ ❙t❡❣✉♥✳ ❍❛♥❞❜♦♦❦ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❋✉♥❝t✐♦♥s ✇✐t❤
❋♦r♠✉❧❛s✱ ●r❛♣❤s✱ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❚❛❜❧❡s✳ ❉♦✈❡r✱ ◆❡✇ ❨♦r❦✱ ♥✐♥t❤ ❞♦✈❡r
♣r✐♥t✐♥❣✱ t❡♥t❤ ❣♣♦ ♣r✐♥t✐♥❣ ❡❞✐t✐♦♥✱ ✶✾✻✹✳ ■❙❇◆ ✵✲✹✽✻✲✻✶✷✼✷✲✹✳

❆✳ ❆❧❡❦s❡②❡♥❦♦✱ ❈✳ ▲❡❡✱ ❛♥❞ ▼✳ ❙✉❝❤❛r❞✳ ❲❛❣♥❡r ❛♥❞ ❉♦❧❧♦✿ ❆ ❙t♦❝❤❛st✐❝
❉✉❡t ❜② ❈♦♠♣♦s✐♥❣ ❚✇♦ P❛rs✐♠♦♥✐♦✉s ❙♦❧♦s✳ ❙②st❡♠❛t✐❝ ❇✐♦❧♦❣②✱ ✺✼✭✺✮✿
✼✼✷✕✼✽✹✱ ✷✵✵✽✳

◗✳ ❆t❦✐♥s♦♥✱ ●✳ ◆✐❝❤♦❧❧s✱ ❉✳ ❲❡❧❝❤✱ ❛♥❞ ❘✳ ●r❛②✳ ❋r♦♠ ✇♦r❞s t♦ ❞❛t❡s✿
✇❛t❡r ✐♥t♦ ✇✐♥❡✱ ♠❛t❤❡♠❛❣✐❝ ♦r ♣❤②❧♦❣❡♥❡t✐❝ ✐♥❢❡r❡♥❝❡❄ ❚r❛♥s❛❝t✐♦♥s ♦❢
t❤❡ P❤✐❧♦❧♦❣✐❝❛❧ ❙♦❝✐❡t②✱ ✶✵✸✭✷✮✿✶✾✸✕✷✶✾✱ ✷✵✵✺✳

◗✳ ❆t❦✐♥s♦♥✱ ❆✳ ▼❡❛❞❡✱ ❈✳ ❱❡♥❞✐tt✐✱ ❙✳ ●r❡❡♥❤✐❧❧✱ ❛♥❞ ▼✳ P❛❣❡❧✳ ▲❛♥❣✉❛❣❡s
❡✈♦❧✈❡ ✐♥ ♣✉♥❝t✉❛t✐♦♥❛❧ ❜✉rsts✳ ❙❝✐❡♥❝❡✱ ✸✶✾✭✺✽✻✸✮✿✺✽✽✱ ✷✵✵✽✳

❆✳ ❇❛r❜r♦♦❦✱ ❈✳ ❍♦✇❡✱ ◆✳ ❇❧❛❦❡✱ ❛♥❞ P✳ ❘♦❜✐♥s♦♥✳ ❚❤❡ ♣❤②❧♦❣❡♥② ♦❢ t❤❡
❈❛♥t❡r❜✉r② ❚❛❧❡s✳ ◆❛t✉r❡✱ ✸✾✹✭✻✻✾✻✮✿✽✸✾✱ ✶✾✾✽✳

❘✳ ❙✳ ❇❡❡❦❡s✳ ❈♦♠♣❛r❛t✐✈❡ ■♥❞♦✲❊✉r♦♣❡❛♥ ▲✐♥❣✉✐st✐❝s ❆♥ ✐♥tr♦❞✉❝t✐♦♥✳
❆♠st❡r❞❛♠✿ ❇❡♥❥❛♠✐♥s✱ ✶✾✾✺✳

▼✳ ❇❡♥ ❍❛♠❡❞✱ P✳ ❉❛r❧✉✱ ❛♥❞ ◆✳ ❱❛❧❧é❡✳ ❖♥ ❈❧❛❞✐st✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢
▲✐♥❣✉✐st✐❝ ❚r❡❡s t❤r♦✉❣❤ ❱♦✇❡❧ ❉❛t❛✳ ❏♦✉r♥❛❧ ♦❢ ◗✉❛♥t✐t❛t✐✈❡ ▲✐♥❣✉✐st✐❝s✱
✶✷✭✶✮✿✼✾✕✶✵✾✱ ✷✵✵✺✳

❑✳ ❇❡r❣s❧❛♥❞ ❛♥❞ ❍✳ ❱♦❣t✳ ❖♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❣❧♦tt♦❝❤r♦♥♦❧♦❣②✳ ❈✉rr❡♥t
❆♥t❤r♦♣♦❧♦❣②✱ ✸✭✷✮✿✶✶✺✱ ✶✾✻✷✳

❘✳ ❇❧✉st✳ ❲❤② ❧❡①✐❝♦st❛t✐st✐❝s ❞♦❡s♥✬t ✇♦r❦✿ t❤❡ ✬✉♥✐✈❡rs❛❧✬ ❝♦♥st❛♥t ❤②♣♦t❤❡s✐s
❛♥❞ t❤❡ ❆✉str♦♥❡s✐❛♥ ❧❛♥❣✉❛❣❡s✳ ❚✐♠❡ ❞❡♣t❤ ✐♥ ❤✐st♦r✐❝❛❧ ❧✐♥❣✉✐st✐❝s✱ ✷✿✸✶✶✕
✸✶✱ ✷✵✵✵✳

❆✳ ❇♦✉❝❤❛r❞✲❈ôté✱ P✳ ▲✐❛♥❣✱ ❚✳ ●r✐✣t❤s✱ ❛♥❞ ❉✳ ❑❧❡✐♥✳ ❆ Pr♦❜❛❜✐❧✐st✐❝
❆♣♣r♦❛❝❤ t♦ ❉✐❛❝❤r♦♥✐❝ P❤♦♥♦❧♦❣②✳ ❊♠♣✐r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ◆❛t✉r❛❧

✶✸✽



▲❛♥❣✉❛❣❡ Pr♦❝❡ss✐♥❣ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ◆❛t✉r❛❧ ▲❛♥❣✉❛❣❡ ▲❡❛r♥✐♥❣
✭❊▼◆▲P✴❈♦◆▲▲✮✱ ✷✵✵✼✳

❉✳ ❇r②❛♥t✱ ❋✳ ❋✐❧✐♠♦♥✱ ❛♥❞ ❘✳ ●r❛②✳ ❯♥t❛♥❣❧✐♥❣ ♦✉r ♣❛st✿ ▲❛♥❣✉❛❣❡s✱ tr❡❡s✱
s♣❧✐ts ❛♥❞ ♥❡t✇♦r❦s✳ ❚❤❡ ❊✈♦❧✉t✐♦♥ ♦❢ ❈✉❧t✉r❛❧ ❉✐✈❡rs✐t②✿ ❛ P❤②❧♦❣❡♥❡t✐❝
❆♣♣r♦❛❝❤✱ ♣❛❣❡s ✻✾✕✽✺✱ ✷✵✵✺✳

▲✳ ❈❛♠♣❜❡❧❧✳ ▲❛♥❣✉❛❣❡s ❛♥❞ ❣❡♥❡s ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥✿ s♦♠❡ ♣r❛❝t✐❝❛❧ ♠❛tt❡rs✳
■♥ ▲❛♥❣✉❛❣❡ ❛♥❞ ❣❡♥❡s✿ ❆♥ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ❝♦♥❢❡r❡♥❝❡✱ ❯♥✐✈❡rs✐t② ♦❢
❈❛❧✐❢♦r♥✐❛ ❙❛♥t❛ ❇❛r❜❛r❛✱ ♣❛❣❡s ✽✕✶✵✱ ✷✵✵✻✳

▲✳ ❈❛✈❛❧❧✐✲❙❢♦r③❛✱ ❆✳ P✐❛③③❛✱ P✳ ▼❡♥♦③③✐✱ ❛♥❞ ❏✳ ▼♦✉♥t❛✐♥✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢
❤✉♠❛♥ ❡✈♦❧✉t✐♦♥✿ ❜r✐♥❣✐♥❣ t♦❣❡t❤❡r ❣❡♥❡t✐❝✱ ❛r❝❤❛❡♦❧♦❣✐❝❛❧✱ ❛♥❞ ❧✐♥❣✉✐st✐❝
❞❛t❛✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s✱ ✽✺✭✶✻✮✿✻✵✵✷✕✻✵✵✻✱
✶✾✽✽✳

▼✳ ❈♦❧❧❛r❞ ❛♥❞ ❙✳ ❙❤❡♥♥❛♥✳ ❊t❤♥♦❣❡♥❡s✐s ✈❡rs✉s ♣❤②❧♦❣❡♥❡s✐s ✐♥ ♣r❡❤✐st♦r✐❝
❝✉❧t✉r❡ ❝❤❛♥❣❡✿ ❛ ❝❛s❡ st✉❞② ✉s✐♥❣ ❊✉r♦♣❡❛♥ ♥❡♦❧✐t❤✐❝ ♣♦tt❡r② ❛♥❞ ❜✐♦❧♦❣✐❝❛❧
♣❤②❧♦❣❡♥❡t✐❝ t❡❝❤♥✐q✉❡s✳ ❆r❝❤❛❡♦❣❡♥❡t✐❝s✿ ❉◆❆ ❛♥❞ t❤❡ ♣♦♣✉❧❛t✐♦♥
♣r❡❤✐st♦r② ♦❢ ❊✉r♦♣❡✳ ❈❛♠❜r✐❞❣❡✿ ▼❝❉♦♥❛❧❞ ■♥st✐t✉t❡ ❢♦r ❆r❝❤❛❡♦❧♦❣✐❝❛❧
❘❡s❡❛r❝❤✳ ♣✱ ♣❛❣❡s ✽✾✕✾✼✱ ✷✵✵✵✳

❇✳ ❈♦♠r✐❡✳ P♦s✐t✐♦♥ ♣❛♣❡r ❢♦r t❤❡ ▲❛♥❣✉❛❣❡s ❛♥❞ ●❡♥❡s ❝♦♥❢❡r❡♥❝❡ ❛t ❯❈❙❇✱
❙❡♣t❡♠❜❡r ✷✵✵✻✳

❲✳ ❈r♦❢t✳ ❊✈♦❧✉t✐♦♥❛r② ❧✐♥❣✉✐st✐❝s✳ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢ ❆♥t❤r♦♣♦❧♦❣②✱ ✸✼✿✷✶✾✕
✷✸✹✱ ✷✵✵✽✳

❈✳ ❉❛r✇✐♥✳ ❚❤❡ ❉❡s❝❡♥t ♦❢ ▼❛♥✱ ❛♥❞ ❙❡❧❡❝t✐♦♥ ✐♥ ❘❡❧❛t✐♦♥ t♦ ❙❡①✳ ✶✽✼✶✳

❏✳ ❉✐❛♠♦♥❞ ❛♥❞ P✳ ❇❡❧❧✇♦♦❞✳ ❋❛r♠❡rs ❛♥❞ t❤❡✐r ❧❛♥❣✉❛❣❡s✿ t❤❡ ✜rst
❡①♣❛♥s✐♦♥s✳ ❙❝✐❡♥❝❡✱ ✸✵✵✭✺✻✶✾✮✿✺✾✼✕✻✵✸✱ ✷✵✵✸✳

▲✳ ❉♦❧❧♦✳ ▲❡s ❧♦✐s ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❇✉❧❧❡t✐♥ ❞❡ ❧❛ ❙♦❝✐été ❜❡❧❣❡ ❞❡ ●é♦❧♦❣✐❡✱ ❞❡
P❛❧é♦♥t♦❧♦❣✐❡ ❡t ❞✬❍②❞r♦❧♦❣✐❡✱ ✼✿✶✻✹✕✶✻✻✱ ✶✽✾✸✳ ❚r❛♥s❧❛t❡❞ ✐♥ ●♦✉❧❞ ❬✶✾✼✵❪✳

❆✳ ❉r✉♠♠♦♥❞ ❛♥❞ ❆✳ ❘❛♠❜❛✉t✳ ❇❊❆❙❚✿ ❇❛②❡s✐❛♥ ❡✈♦❧✉t✐♦♥❛r② ❛♥❛❧②s✐s ❜②
s❛♠♣❧✐♥❣ tr❡❡s✳ ❇▼❈ ❊✈♦❧✉t✐♦♥❛r② ❇✐♦❧♦❣②✱ ✼✭✶✮✿✷✶✹✱ ✷✵✵✼✳

❆✳ ❉r✉♠♠♦♥❞✱ ●✳ ◆✐❝❤♦❧❧s✱ ❆✳ ❘♦❞r✐❣♦✱ ❛♥❞ ❲✳ ❙♦❧♦♠♦♥✳ ❊st✐♠❛t✐♥❣
▼✉t❛t✐♦♥ P❛r❛♠❡t❡rs✱ P♦♣✉❧❛t✐♦♥ ❍✐st♦r② ❛♥❞ ●❡♥❡❛❧♦❣② ❙✐♠✉❧t❛♥❡♦✉s❧②
❋r♦♠ ❚❡♠♣♦r❛❧❧② ❙♣❛❝❡❞ ❙❡q✉❡♥❝❡ ❉❛t❛✳ ●❡♥❡t✐❝s✱ ✶✻✶✭✸✮✿✶✸✵✼✕✶✸✷✵✱ ✷✵✵✷✳

▼✳ ❉r②❡r✱ ▼✳ ❍❛s♣❡❧♠❛t❤✱ ❉✳ ●✐❧✱ ❛♥❞ ❇✳ ❈♦♠r✐❡✳ ❲♦r❧❞ ❆t❧❛s ♦❢ ▲❛♥❣✉❛❣❡
❙tr✉❝t✉r❡s✱ ✷✵✵✸✳

✶✸✾



▼✳ ❉✉♥♥✱ ❆✳ ❚❡rr✐❧❧✱ ●✳ ❘❡❡s✐♥❦✱ ❘✳ ❋♦❧❡②✱ ❛♥❞ ❙✳ ▲❡✈✐♥s♦♥✳ ❙tr✉❝t✉r❛❧
♣❤②❧♦❣❡♥❡t✐❝s ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥❝✐❡♥t ❧❛♥❣✉❛❣❡ ❤✐st♦r②✱ ✷✵✵✺✳

▼✳ ❉✉♥♥✱ ❙✳ ▲❡✈✐♥s♦♥✱ ❊✳ ▲✐♥❞strö♠✱ ●✳ ❘❡❡s✐♥❦✱ ❛♥❞ ❆✳ ❚❡rr✐❧❧✳ ❙tr✉❝t✉r❛❧
♣❤②❧♦❣❡♥② ✐♥ ❤✐st♦r✐❝❛❧ ❧✐♥❣✉✐st✐❝s✿ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❡①♣❧♦r❛t✐♦♥s ❛♣♣❧✐❡❞ ✐♥
■s❧❛♥❞ ▼❡❧❛♥❡s✐❛✳ ▲❛♥❣✉❛❣❡✱ ✽✹✭✹✮✱ ✷✵✵✽✳

■✳ ❉②❡♥✱ ❏✳ ❑r✉s❦❛❧✱ ❛♥❞ ❇✳ ❇❧❛❝❦✳ ❋■▲❊ ■❊✲❉❆❚❆✶✳ ❘❛✇ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ❢r♦♠
❤tt♣✿✴✴✇✇✇✳♥t✉✳❡❞✉✳❛✉✴❡❞✉❝❛t✐♦♥✴❧❛♥❣s✴✐❡❧❡①✴■❊✲❉❆❚❆✶✳ ❇✐♥❛r② ❞❛t❛
❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❤tt♣✿✴✴✇✇✇✳♣s②❝❤✳❛✉❝❦❧❛♥❞✳❛❝✳♥③✴♣s②❝❤✴r❡s❡❛r❝❤✴❘✉ss❡❧s❉❛t❛✳❤t♠✳✱
✶✾✾✼✳

❙✳ ❊♠❜❧❡t♦♥✳ ❙t❛t✐st✐❝s ✐♥ ❤✐st♦r✐❝❛❧ ❧✐♥❣✉✐st✐❝s✳ ❇r♦❝❦♠❡②❡r✱ ✶✾✽✻✳

❏✳ ❊♥s♠✐♥❣❡r✳ ❚r❛♥s❛❝t✐♦♥ ❝♦sts ❛♥❞ ■s❧❛♠✿ ❡①♣❧❛✐♥✐♥❣ ❝♦♥✈❡rs✐♦♥ ✐♥ ❆❢r✐❝❛✳
❏♦✉r♥❛❧ ♦❢ ■♥st✐t✉t✐♦♥❛❧ ❛♥❞ ❚❤❡♦r❡t✐❝❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✺✸✿✹✕✷✾✱ ✶✾✾✼✳

❙✳ ❊✈❛♥s✱ ❉✳ ❘✐♥❣❡✱ ❛♥❞ ❚✳ ❲❛r♥♦✇✳ ■♥❢❡r❡♥❝❡ ♦❢ ❞✐✈❡r❣❡♥❝❡ t✐♠❡s ❛s ❛
st❛t✐st✐❝❛❧ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✳ P❤②❧♦❣❡♥❡t✐❝ ▼❡t❤♦❞s ❛♥❞ t❤❡ Pr❡❤✐st♦r② ♦❢
▲❛♥❣✉❛❣❡s✳ ▼❝❉♦♥❛❧❞ ■♥st✐t✉t❡ ▼♦♥♦❣r❛♣❤s✱ ♣❛❣❡s ✶✶✾✕✶✸✵✱ ✷✵✵✹✳

❏✳ ❋❛rr✐s✳ P❤②❧♦❣❡♥❡t✐❝ ❆♥❛❧②s✐s ❯♥❞❡r ❉♦❧❧♦✬s ▲❛✇✳ ❙②st❡♠❛t✐❝ ❩♦♦❧♦❣②✱ ✷✻
✭✶✮✿✼✼✕✽✽✱ ✶✾✼✼✳

❏✳ ❋❡❧s❡♥st❡✐♥✳ ■♥❢❡rr✐♥❣ ♣❤②❧♦❣❡♥✐❡s✳ ❙✐♥❛✉❡r ❆ss♦❝✐❛t❡s ❙✉♥❞❡r❧❛♥❞✱ ▼❛ss✳✱
❯❙❆✱ ✶✾✽✶✳

❲✳ ❋✐t❝❤✳ ❚♦✇❛r❞ ❞❡✜♥✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ ❡✈♦❧✉t✐♦♥✿ ♠✐♥✐♠✉♠ ❝❤❛♥❣❡ ❢♦r ❛
s♣❡❝✐✜❝ tr❡❡ t♦♣♦❧♦❣②✳ ❙②st❡♠❛t✐❝ ③♦♦❧♦❣②✱ ✷✵✭✹✮✿✹✵✻✕✹✶✻✱ ✶✾✼✶✳

❲✳ ❋✐t❝❤✳ ▲✐♥❣✉✐st✐❝s❆♥ ✐♥✈✐s✐❜❧❡ ❤❛♥❞✳ ◆❛t✉r❡✱ ✹✹✾✭✼✶✻✸✮✿✻✻✺✕✻✻✼✱ ✷✵✵✼✳

P✳ ❋♦rst❡r ❛♥❞ ❆✳ ❚♦t❤✳ ❚♦✇❛r❞ ❛ ♣❤②❧♦❣❡♥❡t✐❝ ❝❤r♦♥♦❧♦❣② ♦❢ ❛♥❝✐❡♥t
●❛✉❧✐s❤✱ ❈❡❧t✐❝✱ ❛♥❞ ■♥❞♦✲❊✉r♦♣❡❛♥✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠②
♦❢ ❙❝✐❡♥❝❡s✱ ✶✵✵✭✶✺✮✿✾✵✼✾✕✾✵✽✹✱ ✷✵✵✸✳

▲✳ ❋♦rt✉♥❛t♦✱ ❈✳ ❍♦❧❞❡♥✱ ❛♥❞ ❘✳ ▼❛❝❡✳ ❋r♦♠ ❇r✐❞❡✇❡❛❧t❤ t♦ ❉♦✇r②❄✿ ❆
❇❛②❡s✐❛♥ ❊st✐♠❛t✐♦♥ ♦❢ ❆♥❝❡str❛❧ ❙t❛t❡s ♦❢ ▼❛rr✐❛❣❡ ❚r❛♥s❢❡rs ✐♥ ■♥❞♦✲
❊✉r♦♣❡❛♥ ●r♦✉♣s✳ ❍✉♠❛♥ ◆❛t✉r❡✱ ✶✼✭✹✮✿✸✺✺✕✸✼✻✱ ✷✵✵✻✳

❆✳ ●❡❧♠❛♥ ❛♥❞ ❏✳ ❍✐❧❧✳ ❉❛t❛ ❛♥❛❧②s✐s ✉s✐♥❣ r❡❣r❡ss✐♦♥ ❛♥❞
♠✉❧t✐❧❡✈❡❧✴❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss ◆❡✇ ❨♦r❦✱
✷✵✵✼✳

✶✹✵



❈✳ ●❡②❡r✳ Pr❛❝t✐❝❛❧ ♠❛r❦♦✈ ❝❤❛✐♥ ♠♦♥t❡ ❝❛r❧♦✳ ❙t❛t✐st✐❝❛❧ ❙❝✐❡♥❝❡✱ ✼✭✹✮✿✹✼✸✕
✹✽✸✱ ✶✾✾✷✳

▼✳ ●✐♠❜✉t❛s ❛♥❞ ❍✳ ❍❡♥❝❦❡♥✳ ❚❤❡ ♣r❡❤✐st♦r② ♦❢ ❡❛st❡r♥ ❊✉r♦♣❡✳ P❡❛❜♦❞②
▼✉s❡✉♠✱ ✶✾✺✻✳

❍✳ ●❧❡♥♥❡r✱ ❆✳ ❍❛♥s❡♥✱ ▼✳ ❙ør❡♥s❡♥✱ ❋✳ ❘♦♥q✉✐st✱ ❏✳ ❍✉❡❧s❡♥❜❡❝❦✱ ❛♥❞
❊✳ ❲✐❧❧❡rs❧❡✈✳ ❇❛②❡s✐❛♥ ■♥❢❡r❡♥❝❡ ♦❢ t❤❡ ▼❡t❛③♦❛♥ P❤②❧♦❣❡♥② ❆ ❈♦♠❜✐♥❡❞
▼♦❧❡❝✉❧❛r ❛♥❞ ▼♦r♣❤♦❧♦❣✐❝❛❧ ❆♣♣r♦❛❝❤✳ ❈✉rr❡♥t ❇✐♦❧♦❣②✱ ✶✹✭✶✽✮✿✶✻✹✹✕✶✻✹✾✱
✷✵✵✹✳
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✹✵✕✹✼✱ ✷✵✵✺✳

❏✳ ▼❛❧❧❡t✳ ❍②❜r✐❞✐③❛t✐♦♥ ❛s ❛♥ ✐♥✈❛s✐♦♥ ♦❢ t❤❡ ❣❡♥♦♠❡✳ ❚r❡♥❞s ✐♥ ❊❝♦❧♦❣② ✫
❊✈♦❧✉t✐♦♥✱ ✷✵✭✺✮✿✷✷✾✕✷✸✼✱ ✷✵✵✺✳

❏✳ ▼❛❧❧♦r②✳ ■♥ s❡❛r❝❤ ♦❢ t❤❡ ■♥❞♦✲❊✉r♦♣❡❛♥s✿ ❧❛♥❣✉❛❣❡✱ ❛r❝❤❛❡♦❧♦❣② ❛♥❞ ♠②t❤✳
❚❤❛♠❡s ❛♥❞ ❍✉❞s♦♥✱ ✶✾✽✾✳

❊✳ ▼❛rr✐s✳ ❚❤❡ ▲❛♥❣✉❛❣❡ ❇❛rr✐❡r✳ ◆❛t✉r❡✱ ✹✺✸✭✼✶✾✹✮✿✹✹✻✕✽✱ ✷✵✵✽✳

❆✳ ▼❝▼❛❤♦♥ ❛♥❞ ❘✳ ▼❝▼❛❤♦♥✳ ▲❛♥❣✉❛❣❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❜② ◆✉♠❜❡rs✳ ❖①❢♦r❞
▲✐♥❣✉✐st✐❝s✱ ✷✵✵✺✳

❆✳ ▼❝▼❛❤♦♥ ❛♥❞ ❘✳ ▼❝▼❛❤♦♥✳ ❲❤② ❧✐♥❣✉✐sts ❞♦♥ï➾➼t ❞♦ ❞❛t❡s✿ ❡✈✐❞❡♥❝❡
❢r♦♠ ■♥❞♦✲❊✉r♦♣❡❛♥ ❛♥❞ ❆✉str❛❧✐❛♥ ❧❛♥❣✉❛❣❡s✳ P❤②❧♦❣❡♥❡t✐❝ ▼❡t❤♦❞s ❛♥❞
t❤❡ Pr❡❤✐st♦r② ♦❢ ▲❛♥❣✉❛❣❡s✱ ♣❛❣❡ ✶✺✸✱ ✷✵✵✻✳

❆✳ ▼❡s♦✉❞✐✱ ❆✳ ❲❤✐t❡♥✱ ❑✳ ▲❛❧❛♥❞✱ ❛♥❞ ❘✳ ❍❛rr✐s♦♥✳ P❡rs♣❡❝t✐✈❡✿ ■s ❤✉♠❛♥
❝✉❧t✉r❛❧ ❡✈♦❧✉t✐♦♥ ❉❛r✇✐♥✐❛♥❄ ❊✈✐❞❡♥❝❡ r❡✈✐❡✇❡❞ ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢
❚❤❡ ❖r✐❣✐♥ ♦❢ ❙♣❡❝✐❡s✳ ❊✈♦❧✉t✐♦♥✱ ✺✽✭✶✮✿✶✕✶✶✱ ✷✵✵✹✳

❊✳ ▼♦r❛✈❝s✐❦✳ ▲❛♥❣✉❛❣❡ ❝♦♥t❛❝t✳ ❯♥✐✈❡rs❛❧s ♦❢ ❤✉♠❛♥ ❧❛♥❣✉❛❣❡✱ ✶✿✾✸✕✶✷✸✱
✶✾✼✽✳

▼✳ ▼✉❧❞❡r✱ ▼✳ ●❡♦r❣❡✲❈r❛♠❡r✱ ❏✳ ❊s❤❧❡♠❛♥✱ ❛♥❞ ❆✳ ❖rt♦❧❛♥✐✳ ❆ st✉❞② ♦❢ ❊❛st
❆❢r✐❝❛♥ ❦✐♥s❤✐♣ ❛♥❞ ♠❛rr✐❛❣❡ ✉s✐♥❣ ❛ ♣❤②❧♦❣❡♥❡t✐❝❛❧❧② ❜❛s❡❞ ❝♦♠♣❛r❛t✐✈❡
♠❡t❤♦❞✳ ❆♠❡r✐❝❛♥ ❛♥t❤r♦♣♦❧♦❣✐st✱ ♣❛❣❡s ✶✵✺✾✕✶✵✽✷✱ ✷✵✵✶✳

▲✳ ◆❛❦❤❧❡❤✱ ❉✳ ❘✐♥❣❡✱ ❛♥❞ ❚✳ ❲❛r♥♦✇✳ P❡r❢❡❝t ♣❤②❧♦❣❡♥❡t✐❝ ♥❡t✇♦r❦s✿ ❆
♥❡✇ ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❝♦♥str✉❝t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❤✐st♦r② ♦❢ ♥❛t✉r❛❧
❧❛♥❣✉❛❣❡s✳ ▲❛♥❣✉❛❣❡✱ ✽✶✭✷✮✿✸✽✷✕✹✷✵✱ ✷✵✵✺✳

●✳ ◆✐❝❤♦❧❧s ❛♥❞ ❘✳ ●r❛②✳ ❉❛t❡❞ ❛♥❝❡str❛❧ tr❡❡s ❢r♦♠ ❜✐♥❛r② tr❛✐t ❞❛t❛ ❛♥❞
t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❢ ❧❛♥❣✉❛❣❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧
❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✿ ❙❡r✐❡s ❇ ✭❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣②✮✱ ✼✵✭✸✮✿✺✹✺✕✺✻✻✱ ✷✵✵✽✳

❏✳ ◆✐❝❤♦❧s✳ ▲✐♥❣✉✐st✐❝ ❉✐✈❡rs✐t② ✐♥ ❙♣❛❝❡ ❛♥❞ ❚✐♠❡✳ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦
Pr❡ss✱ ✶✾✾✾✳

❈✳ ◆✉♥♥✱ ▼✳ ▼✉❧❞❡r✱ ❛♥❞ ❙✳ ▲❛♥❣❧❡②✳ ❈♦♠♣❛r❛t✐✈❡ ♠❡t❤♦❞s ❢♦r st✉❞②✐♥❣
❝✉❧t✉r❛❧ tr❛✐t ❡✈♦❧✉t✐♦♥✿ ❆ s✐♠✉❧❛t✐♦♥ st✉❞②✳ ❈r♦ss✲❈✉❧t✉r❛❧ ❘❡s❡❛r❝❤✱ ✹✵
✭✷✮✿✶✼✼✱ ✷✵✵✻✳

✶✹✸



▼✳ ❖✬❇r✐❡♥ ❛♥❞ ❘✳ ▲②♠❛♥✳ ❊✈♦❧✉t✐♦♥❛r② ❛r❝❤❡♦❧♦❣②✿ ❈✉rr❡♥t st❛t✉s ❛♥❞ ❢✉t✉r❡
♣r♦s♣❡❝ts✳ ❊✈♦❧✉t✐♦♥❛r② ❆♥t❤r♦♣♦❧♦❣②✱ ✶✶✭✶✮✿✷✻✕✸✺✱ ✷✵✵✷✳

▼✳ ❖✬❇r✐❡♥✱ ❏✳ ❉❛r✇❡♥t✱ ❛♥❞ ❘✳ ▲②♠❛♥✳ ❈❧❛❞✐st✐❝s ✐s ✉s❡❢✉❧ ❢♦r r❡❝♦♥str✉❝t✐♥❣
❛r❝❤❛❡♦❧♦❣✐❝❛❧ ♣❤②❧♦❣❡♥✐❡s✿ P❛❧❛❡♦✐♥❞✐❛♥ ♣♦✐♥ts ❢r♦♠ t❤❡ s♦✉t❤❡❛st❡r♥
❯♥✐t❡❞ ❙t❛t❡s✳ ❏♦✉r♥❛❧ ♦❢ ❆r❝❤❛❡♦❧♦❣✐❝❛❧ ❙❝✐❡♥❝❡✱ ✷✽✭✶✵✮✿✶✶✶✺✕✶✶✸✻✱ ✷✵✵✶✳

▼✳ ❖✬❇r✐❡♥✱ ❘✳ ▲②♠❛♥✱ ❨✳ ❙❛❛❜✱ ❊✳ ❙❛❛❜✱ ❏✳ ❉❛r✇❡♥t✱ ❛♥❞ ❉✳ ●❧♦✈❡r✳ ❚✇♦
✐ss✉❡s ✐♥ ❛r❝❤❛❡♦❧♦❣✐❝❛❧ ♣❤②❧♦❣❡♥❡t✐❝s✿ t❛①♦♥ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ♦✉t❣r♦✉♣
s❡❧❡❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡♦r❡t✐❝❛❧ ❜✐♦❧♦❣②✱ ✷✶✺✭✷✮✿✶✸✸✕✶✺✵✱ ✷✵✵✷✳

▼✳ P❛❣❡❧✳ ❆ ♠❡t❤♦❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣❛r❛t✐✈❡ ❞❛t❛✳ ❏♦✉r♥❛❧ ♦❢
❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✶✺✻✭✹✮✿✹✸✶✕✹✹✷✱ ✶✾✾✷✳

▼✳ P❛❣❡❧✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣❛r❛t✐✈❡ ❞❛t❛✳ ❚r❡♥❞s ✐♥ ❊❝♦❧♦❣② ❛♥❞
❊✈♦❧✉t✐♦♥✱ ✶✺✭✶✵✮✿✹✶✽✱ ✷✵✵✵✳

▼✳ P❛❣❡❧✳ ▲✐♠♣❡ts ❜r❡❛❦ ❉♦❧❧♦✬s ❧❛✇✳ ❚r❡♥❞s ✐♥ ❊❝♦❧♦❣② ✫ ❊✈♦❧✉t✐♦♥✱ ✶✾✭✻✮✿
✷✼✽✕✷✽✵✱ ✷✵✵✹✳

▼✳ P❛❣❡❧ ❛♥❞ ❆✳ ▼❡❛❞❡✳ ❊st✐♠❛t✐♥❣ r❛t❡s ♦❢ ❧❡①✐❝❛❧ r❡♣❧❛❝❡♠❡♥t ♦♥
♣❤②❧♦❣❡♥❡t✐❝ tr❡❡s ♦❢ ❧❛♥❣✉❛❣❡s✳ ■♥ P❤②❧♦❣❡♥❡t✐❝ ▼❡t❤♦❞s ❛♥❞ t❤❡ Pr❡❤✐st♦r②
♦❢ ▲❛♥❣✉❛❣❡s✱ ✈♦❧✉♠❡ ✶✱ ♣❛❣❡ ✶✼✸✳ ▼❝❉♦♥❛❧❞ ■♥st✐t✉t❡ ❢♦r ❆r❝❤❛❡♦❧♦❣✐❝❛❧
❘❡s❡❛r❝❤✱ ✷✵✵✻✳

▼✳ P❛❣❡❧✱ ❆✳ ▼❡❛❞❡✱ ❛♥❞ ❉✳ ❇❛r❦❡r✳ ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ❛♥❝❡str❛❧ ❝❤❛r❛❝t❡r
st❛t❡s ♦♥ ♣❤②❧♦❣❡♥✐❡s✳ ❙②st❡♠❛t✐❝ ❜✐♦❧♦❣②✱ ✺✸✭✺✮✿✻✼✸✕✻✽✹✱ ✷✵✵✹✳

▼✳ P❛❣❡❧✱ ◗✳ ❆t❦✐♥s♦♥✱ ❛♥❞ ❆✳ ▼❡❛❞❡✳ ❋r❡q✉❡♥❝② ♦❢ ✇♦r❞✲✉s❡ ♣r❡❞✐❝ts r❛t❡s
♦❢ ❧❡①✐❝❛❧ ❡✈♦❧✉t✐♦♥ t❤r♦✉❣❤♦✉t ■♥❞♦✲❊✉r♦♣❡❛♥ ❤✐st♦r②✳ ◆❛t✉r❡✱ ✹✹✾✭✼✶✻✸✮✿
✼✶✼✕✼✷✵✱ ✷✵✵✼✳

❏✳ P❛rs♦♥s✳ ❚❤❡ ❘❡♠❛✐♥s ♦❢ ❏❛♣❤❡t✱ ❜❡✐♥❣ ❤✐st♦r✐❝❛❧ ❡♥q✉✐r✐❡s ✐♥t♦ t❤❡ ❛✣♥✐t②
❛♥❞ ♦r✐❣✐♥s ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❧❛♥❣✉❛❣❡s✳ ✶✼✻✼✳

❆✳ ❘❛❢t❡r②✳ ❍②♣♦t❤❡s✐s t❡st✐♥❣ ❛♥❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥✳ ■♥ ❲✳ ●✐❧❦s✱ ❙✳ ❘✐❝❤❛r❞s♦♥✱
❛♥❞ ❉✳ ❙♣✐❡❣❡❧❤❛❧t❡r✱ ❡❞✐t♦rs✱ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ✐♥ Pr❛❝t✐❝❡✳
❈❤❛♣♠❛♥ ✫ ❍❛❧❧ ✴ ❈❘❈✱ ✶✾✾✻✳

❇✳ ❘❛♥♥❛❧❛ ❛♥❞ ❩✳ ❨❛♥❣✳ ■♥❢❡rr✐♥❣ s♣❡❝✐❛t✐♦♥ t✐♠❡s ✉♥❞❡r ❛♥ ❡♣✐s♦❞✐❝ ♠♦❧❡❝✉❧❛r
❝❧♦❝❦✳ ❙②st❡♠❛t✐❝ ❜✐♦❧♦❣②✱ ✺✻✭✸✮✿✹✺✸✕✹✻✻✱ ✷✵✵✼✳

❈✳ ❘❡♥❢r❡✇✳ ❆r❝❤❛❡♦❧♦❣② ❛♥❞ ▲❛♥❣✉❛❣❡✳ ❚❤❡ P✉③③❧❡ ♦❢ ■♥❞♦✲❊✉r♦♣❡❛♥ ❖r✐❣✐♥s✳
❈✉rr❡♥t ❆♥t❤r♦♣♦❧♦❣②✱ ✷✾✿✹✸✼✕✹✹✶✱ ✶✾✽✼✳
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●✳ ❨✉❧❡✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❡✈♦❧✉t✐♦♥✱ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ❉r✳
❏❈ ❲✐❧❧✐s✱ ❋❘❙✳ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥✳
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