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Fatma Ayadi épouse Ben Said
Analyse harmonique et équation de Schrodinger
associées au laplacien de Dunkl trigonométrique

Cette thése est constituée de trois chapitres. Le premiér chapitre porte sur I'examen des
conditions de validité du principe d'équipartition de |'énergie totale de la solution de |'équa-
tion des ondes associée au laplacien de Dunkl trigonométrique. Enfin, nous établissons le
comportement asymptotique de |'équipartition dans le cas général. Les résultats de cette
partie ont fait |'objet de la publication [8]. Le deuxiéme chapitre, publié avec J.Ph. Anker
et M. Sifi [6], montre que les fonctions d'Opdam dans le cas de rang 1 satisfont a une
formule produit. Cela nous a permis de définir une structure de convolution du genre hyper-
groupe. En particulier, on montre que cette convolution satisfait I'analogue du phénoméne
de Kunze-Stein. Le dernier chapitre est consacrée a |'étude des propriétés dispersives et es-
timations de Strichartz pour la solution de I'équation de Schrédinger associée au laplacien
de Dunkl trigonométrique unidimensionnel [7]. Cette étude commence par des estimations
optimales du noyau de la chaleur et de Schrédinger. A I'aide de ces résultats, ainsi que les
outils d"analyse harmonique dévellopée dans le chapitre 2, on montre des éstimées de type
Strichartz qui permettent de trouver des conditions d'admissibilité pour des équations de
Schrédinger semi-linéaires.

Mots clés : Laplacien de Dunkl trigonométrique, formule produit, équation des ondes,
équation de la chaleur, équation de Schrédinger, estimations de Strichartz.

Harmonic analysis and Schrodinger equation
associated with the trigonometric Dunkl Laplacian

This thesis consists of three chapters. The first one is concerned with energy properties
of the wave equation associated with the trigonometric Dunkl Laplacian. We establish the
conservation of the total energy, the strict equipartition of energy under suitable assump-
tions and the asymptotic equipartition in the general case. These results were published
in [8]. The second chapter, in collaboration with J.Ph. Anker and M. Sifi [6], shows that
Opdam'’s functions in the rank one case satisfy a product formula. We then define and
study a convolution structure related to Opdam’s functions. In particular, we prove that
this convolution fulfills a Kunze-Stein type phenomena. The last chapter deals with dis-
persive and Strichartz estimates for the linear Schrédinger equation associated with the
one dimensional trigonometric Dunkl Laplacian [7]. We establish sharp estimates for the
heat kernel in complex time, and therefore for the Schrédinger kernel. We then use these
estimates together with tools from chapter 2 to deduce dispersive and Strichartz inequali-
ties for the linear Schrédinger equation and apply them to well-posedness in the nonlinear
case.

Keywords : Trigonometric Dunkl Laplacian, product formula, wave equation, heat equa-

tion, Schrédinger equation, Strichartz estiamtes.
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Chapitre 1

Introduction

Les équations aux dérivées partielles dispersives, dont les prototypes sont les
équations des ondes et de Schrodinger, ont suscité I'intérét de beaucoup de travaux.
A partir des équations d’ondes et celle de Schrédinger euclidiennes on obtient les
différentes équations d’ondes et de Schrodinger en considérant des perturbations
et/ou des déformations. Ces perturbations et/ou déformations prennent différentes
formes et modifient largement la nature des solutions.

Dans cette thése, on s’intéresse principalement a I’étude de ’équation de Schro-
dinger et, dans une moindre mesure, a 1’équation d’ondes associées au laplacien de
Dunkl trigonométrique. Cet opérateur de second ordre est, schématiquement, une
déformation du laplacien euclidien par des différentielles et d’opérateurs aux diffé-
rences.

Cette thése comporte deux parties indépendantes :

(I) La premiére partie porte sur I'examen des conditions de validité du principe
d’équipartition de I’énergie totale de la solution de I’équation des ondes asso-
ciée au laplacien de Dunkl trigonométrique ou laplacien de Dunkl-Cherednik.
Cette partie est la continuation de mon mémoire de Master. Elle est constituée
d’un seul chapitre qui reprend I’article suivant :

e Equipartition of energy for the wave equation associated to the Dunkl —
Cherednik Laplacian, Journal of Lie Theory 18 (2008), 747-755.

(IT) La deuxiéme partie, qui représente la partie principale de cette thése, est
consacrée a I’étude des propriétés dispersives et estimations de Strichartz pour
la solution de I’équation de Schrédinger associée au laplacien de Dunkl trigo-
nométrique unidimensionnel. L’étude de ces propriétés est fondamentale a plu-
sieurs titre. Tout d’abord, elle est importante du point de vue physique dans
I’étude des propriétés asymptotiques des solutions, par exemple en théorie du
scattering. De plus, des estimations dispersives ont été utilisée avec succeés dans



beaucoup de problémes non linéaires, en particulier dans la théorie moderne

de l'existence de solutions locale et globale. Cette deuxiéme partie de la thése

est constituée de deux chapitres, chacun reprenant un article :

e (en collaboration avec J.—Ph. Anker & M. Sifi) Opdam’s hypergeometric
functions : product formula and convolution structure in dimension 1, ac-
cepté pour publication dans Advances in Pure and Applied Mathematics
(2011).

e (en collaboration avec J.-Ph. Anker & M. Sifi) Contributions to one—dimen-
sional trigonometric Dunkl analysis : Abel transform, heat kernel estimates,
Schrodinger equation, prépublication.

1.1 Présentation du cadre de travail

En 1989 Dunkl a introduit dans [29] une famille remarquable d’opérateurs d’ordre
un, mélange de dérivées partielles et d’opérateurs aux différences. Ces opérateurs de
Dunkl font intervenir les systémes de racines et ils sont a coefficients rationnels. Peu
de temps auparavant Heckman et Opdam avaient entamé 1’étude de fonctions hyper-
géométriques associées a tout systéme de racines, et introduit une notion nouvelle,
les opérateurs de décalage [37, 38, 49, 50].

En 1991 Cherednik a introduit dans [22] une famille d’opérateurs différentiels aux
différences mais a coefficients trigonométriques, généralisant ceux de Dunkl. Ces opé-
rateurs de Dunkl trigonométriques, ou opérateurs de Dunkl-Cherednik, simplifiérent
considérablement les travaux de Heckman et Opdam, notamment dans 1’écriture des
opérateurs de décalage.

L’invention des opérateurs de Dunkl trigonométriques a engendré une double évo-
lution. D’une part un développement algébrique en lien avec la théorie des algébres
de Hecke [24]. D’autre part un développement analytique consistant & généraliser
des problémes d’analyse harmonique sur les espaces symétriques riemanniens. Le
développement de cette branche est dii essentiellement a Heckman et Opdam, dont
la principale motivation était de généraliser la théorie des fonctions sphériques de
Harish-Chandra dans le but d’établir une théorie des fonctions hypergéométriques
multivariées |39, 51, 52|.

Commencons par quelques rappels concernant les opérateurs de Dunkl trigono-
métriques. On considére l'espace euclidien RY, d > 1, muni du produit scalaire usuel
noté (-,-). Pour a € R%, on pose & := ﬁa, et on définit la réflexion orthogonale
associée a « par



Soit R un systéme de racines satisfaisant la condition cristallographique &(R) C Z
pour tout @ € R. On choisit un systéme positif R*. On note W le groupe de Weyl
associé. Pour tout & € RY, 'opérateur de Dunkl trigonométrique est défini par

Te(k)f () = Oef (x) — + 3 kS () - f). (1)
a€R+

ot k = {ka}taer est une fonction de multiplicité sur R (c’est-a—dire une fonction
W—invariante, qu’on suppose dans toute la suite a valeurs positives ou nulles), et
p = %ZaGRJF koo. La propriété remarquable de ces opérateurs est le fait qu’ils
commutent. De plus, ces opérateurs jouent le role des dérivées partielles pour le
laplacien. Plus précisément, pour toute base orthonormale {&,...,&;} de R?, le
laplacien de Dunkl trigonométrique, ou laplacien de Dunkl-Cherednik, est défini

par
Cof(e ZT& (1.1.2)
=AM+ Y kucoth (@2—>) 0uf (@) + o2 (@)
P
62R+k 4sinh? 271 (1) = fram).

ou A désigne le laplacien euclidien. La théorie euclidienne classique correspond au
cas k= 0.

Exemple 1.1.1. (Le cas unidimensionnel) Soit R = BC; = {+~, :t27} On chozszt

la normalisation v = 2. En utilisant les notations o = ky + kay — 5 et B = koy — ,
Uopérateur de Dunkl trigonométrique s’écrit
TP f(z) = f'(z) + {(2a+1) cothz + (28+1) tanhz } M —pf(—x),
(1.1.3)

ot p = o+ B+ 1. Le laplacien de Dunkl trigonométrique, qu’on notera A, g, est
donné par

Aosf(z) = f'(x) +{(2a+1)cothx + (28 + 1) tanh z} f'(z) + p*f(z)
2041 28+1) f(z) — f(=2)
" {_sinh2x+cosh2x} 2 : (1.1.4)

La commutativité des opérateurs T¢(k) ameéne naturellement a chercher, pour

tout A € C?, les fonctions propres Gf\k) du systeme

Te(k) G\ () =i (N €) GP(2) VEeRy,
G 0) = 1.
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Ce probléme a été résolue par Opdam [51]. Lorsque k£ = 0, Gg\k)(x) = A Un
probléme majeur de la théorie de Dunkl trigonométrique est 1’absence de formule
explicite pour Gf\k) en général. Le seul cas connu est le cas unidimensionnel i.e.
R = BC,. En utilisant les notations de 'Exemple 1.1.1, on a

«, «, p_'_Z)\ . o )
Gg\ m(m) = <pE\ m(m) + TEES)) sinh 2 gog +1B+1)(z), (1.1.5)
o A p— i . . . .
ou <p§ ) (x) =oF (p 4; , P 5 ! o+ 1; — sinh? x) désigne la fonction de Jacobi.

Au moyen de Gg\k), Opdam introduit dans [51] une transformation de Fourier
définie pour f suffisament réguliére par

FIN = | f@) G (wor) du(),

ol wy désigne le plus long élément du groupe de Weyl W, et i est la mesure définie

du(z) = 1]

aeRT

par
2

2 sinh dz.

(o, 2)
2

Cette transformation a été considérée ultérieurement par Cherednik [23] sous une
forme légérement différente. La transformation d’Opdam—Cherednik s’avére étre un
précieux outil pour généraliser ’analyse harmonique sur les espaces symétriques
riemanniens. On dispose notamment d’une formule d’inversion et d’'un théoréme de
Plancherel pour cette transformation de Fourier généralisée [51, 23].

Exemple 1.1.2. Dans le cas unidimensionnel, la transformation F s’écrit
FFO) :/f@) GO (—2) A sl de ¥ AEC, (1.1.6)
R

ol Gg\a’ﬁ) est donnée par (1.1.5) et

Aus(|z]) = |sinhz [*** (cosh z)27 . (1.1.7)

1.2 Principaux résultats obtenus
1.2.1 Premiére partie : Equation d’ondes et équipartition
d’énergie

Cette partie m’a été proposée comme une continuation de mon mémoire de Mas-
ter. Elle a fait 'objet de la publication [8]. Il s’agit d’étudier certaines propriétés
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d’énergie pour les solutions de I’équation des ondes suivante :

) B _ d
{atu(x,t) Lyu(z,t) =0, (z,1) € R xR, (1.2.1)

u(z,0) = f(z), Gpu(x,0) = g(x),

ou Ly, désigne le laplacien de Dunkl trigonométrique (1.1.2) dans la variable d’espace
z € R% d > 1. Nous nous sommes intéressés a la conservation de I’énergie totale et
a son équipartition en énergie cinétique et en énergie potentielle.

L’examen des conditions de validité du principe d’équipartition dans le cas eu-
clidien est dit & Brodsky [21]. Ensuite de nombreux auteurs ont étudié¢ ce probléme
dans différents contextes. Citons les travaux de Branson, Olafsson, Schlichtkrull,
Helgason, et Pasquale pour I’équation des ondes sur les espaces symétriques rieman-
niens [17, 20, 40, 18|. Citons aussi |13, 12] pour l'équation des ondes associée au
laplacien de Dunkl rationnel.

Décrivons maintenant plus en détail les résultats de cette premiére partie. Com-
mencons par rappeler le théoréme suivant concernant la propagation des ondes a
vitesse finie pour (1.2.1).

Théoréme 1.2.1. (c¢f. [12]) Siles données initiales f et g ont leur support dans une
boule B(0, R), alors la solution u au temps T a son support dans la boule B(0, R +
|T1).

On définit ’énergie totale au temps ¢ de la solution u de (1.2.1) par
E(u)(t) = K(u)(t) + P(u)(t),

ou

1
K(w)(t) =5 [ oot du(o)
R4
désigne 1’énergie cinétique de u au temps ¢ et
1 -
P(u)(t) := ~3 Lru(z,t)u(z,t) du(z)
Rd

son énergie potentielle. En utilisant le théoréme de Plancherel pour la transformation
F d’0Opdam—Cherednik, on montre le résultat suivant :

Théoréme 1.2.2. L’énergie totale E(u)(t) est indépendante de t, i.e. E(u)(t) =
E(u)(0) pour tout t € R.

Rappelons que la mesure de Plancherel a pour densité

D (i @) +ka ) T (B0 g ) 0 (—i(ha)+ha ) T(=82000ka gy, 41)
r(ina)  r(Ea@ke)  p(ipaytl)  p(Sgthe)

V()\) = H(XERS Ve Rd,

13



ot Ry = {a e RT | |§ ¢ R} et kya = 0si 2o ¢ R. Soit 7 €]0, 00] la largeur de
la plus grande bande {z € C | |Imz| < 70} sur laquelle z — v(zw) se prolonge en
une fonction holomorphe, pour tout w € S%!. Notons que 7y = oo si et seulement
si k, € N pour tout a € R. Dans ce cas on a le principe suivant d’équipartition
d’énergie.

Proposition 1.2.1. Supposons que la dimension d est impaire, que la fonction de
multiplicité k est a valeurs entiéres, et que les conditions initiales f,g € C°(R?) ont
leur support dans une boule B(0, R). Alors

K(u)(t) =Pu)(t) = %E(U)(t) si |t| > R.

En fait on déduit ce résultat de 'estimation suivante : il existe une constante
C > 0 dépendant des conditions intiales f, g telle que, pour tout 0 < v < 7, et pour
tout t € R,
[K(u)(t) = Plu)(t)] < Ce® 1D,
En général, on a le principe suivant d’équipartition asymptotique a vitesse exponen-

tielle ou polynomiale.

Proposition 1.2.2. (1) En dimension d impaire, pour tout 0 < v < o, il existe
une constante C' > 0 dépendant de f,g € C°(R?) telle que

C(u)(t) — Plu)(t)| < Ce vieR.

(2) En dimension d paire, il existe une constante C' > 0 dépendant de f,g €
C(RY) telle que

K(w)(t) — Pu)(#)] < C(1+|¢)) Rl vieR.

1.2.2 Deuxiéme partie : Analyse harmonique et équation de
Schrodinger dans le cadre de la théorie de Dunkl trigo-
nométrique unidimensionnelle

La deuxiéme partie de cette thése se place dans le cadre de la théorie de Dunkl
trigonométrique unidimensionnelle, qui fait ’'objet de I’exemple 1.1.1 et dont nous
reprenons les notations. Il s’agit d’une généralisation de la théorie des fonctions de
Jacobi, qui fut développée dans les années 1970 par Flensted—Jensen et Koornwinder
(cf. |47] pour une présentation d’ensemble) et sur laquelle nous nous basons.

Nous établissons tout d’abord plusieurs résultats fondamentaux d’analyse har-
monique. Dans le chapitre 3, qui fait I'objet d’une publication commune [6] avec

14



J.—Ph. Anker et M. Sifi, nous obtenons notamment une formule produit explicite
pour les fonctions d’Opdam (1.1.5), qui permet définir des translations généralisées,
ainsi qu'un produit de convolution généralisé, dont nous démontrons des propriétés
fonctionnelles. Dans le chapitre 4, qui fait I'objet d’une prépublication commune
[7] avec J.—Ph. Anker et M. Sifi, nous commencons par étudier la transformation
d’Abel et son inverse, pour lesquelles nous obtenons des expressions explicites. Nous
utilisons ensuite ces outils d’analyse harmonique pour estimer le noyau de la chaleur
en temps complexe et pour étudier 1’équation de Schrodinger

{ i0pu(z,t) + Mg gu(w, t) = F(z,1) V(z,t) ERxR, (1.2.2)

u(z,0) = f(x) VaeR,

ou A, s désigne le laplacien de Dunkl trigonométrique (1.1.4) opérant sur la variable
d’espace x € R. Nous établissons notamment des inégalités dispersives pour e«
et des inégalités de Strichartz, que nous appliquons ensuite a lexistence (locale ou

globale) de solutions pour I'équation de Schrodinger semi-linéaire

{ iOpu(z,t) + A gu(z, t) = F (u(z,1)) V(zt) ER xR, (1.2.3)

u(z,0) = f(x) VzeR,
avec des non-linéarités de type polynomial
Ey(u) ~Jul” (v >1).
Décrivons maintenant nos résultats plus en détail. Rappelons que la fonction
d’Opdam unidimensionnelle est donnée par

p+iA

(a.B) _ ()

sinh 2z T (7)), (1.2.4)

ol cpg\a’ﬁ) désigne la fonction de Jacobi, a > 3 > —% avec o # —%, et p=a+pF+1.

En utilisant la formule produit des fonctions de Jacobi, due & Koornwinder [47], on
démontre le théoréme suivant :

Théoréme 1.2.3. Pour tout x,y € R et pour tout A\ € C, on a
G @) G0 ) = [ 680 sy o),

ot dugfg}ﬁ) est une mesure signée de masse totale 1, uniformément bornée en x et en
y, et a support compact dans le double intervalle symétrique

Ly = |=lal = Iyl =l2l = Il U [[le] = lol] Jol + o]

15



Pour I'expression explicite de u;f“f ), nous renvoyons le lecteur au chapitre 3 de

cette thése. Notons que la mesure ugff ) west pas positive, en général. Signalons que
notre résultat permet de retrouver comme cas limite la formule produit du noyau
de Dunkl unidimensionnel obtenue par Rosler dans [56].

La formule produit nous permet de définir 'opérateur de translation généralisée

P08 f(y) = / F(2) dule? () (1.2.5)

dont on démontre facilement les propriétés de base. Citons par exemple :

r@8) 1(@8) — (@) r(a8)

! (af9)
T(B) T:((:Oc,ﬁ) — ngaﬁ) T(a,ﬁ)’
F(red pyn) = &7 (x) F(H(N),

ot TP Popérateur de Dunkl trigonométrique (1.1.3) et F désigne la transformation
d’Opdam—Cherednik (1.1.6). Signalons toutefois qu’en général

a,8 a,8 (o.8)
7! )OTZS ) F Tty -

Mentionnons finalement que les translations généralisées (1.2.5) ont été introduites
difféeremment dans [48], au moyen des opérateurs de transmutation.

Pour tout 1 <p < oo, désignons par L, ;(R) 'espace de LP(R, A, g(|z])dz), ot
A, s désigne le poids (1.1.7). Nous démontrons le résultat fondamental (mais non
trivial) que les translations généralisées (1.2.5) sont des opérateurs uniformément
bornés sur L}, ;(R). Plus précisément :

Théoréme 1.2.4. Il existe une constante c, 3 > 0, qui ne dépend que de o et de 3,
telle que

1752 Iy < capll£llp

pour tout x € R, pour tout p € [1,00] et pour tout f € L 5(R).

La prochaine notion nous permettra plus tard d’écrire la solution du probléme
homogeéne associé a (1.2.2) comme produit de convolution d’un noyau avec la donnée
initiale f. Au moyen des translations généralisées (1.2.5), on définit le produit de
convolution généralisé suivant :

f o g(x) = / 7 £(—y) g(y) Aas(ly]) dy (1.2.6)

ou A, s désigne le poids (1.1.7). Parmi les propriétés attendues, citons par exemple :

f*a,ﬁg:g*a,ﬁfu
F(f #ap9) = F(f) F(9),
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ou F désigne la transformation d’Opdam-Cherednik (1.1.6).
Le théoréme suivant ou plutoét son corollaire est crucial pour obtenir au chapitre

4 les propriétés dispersives du propagateur de Schrodinger e?“«.#. Sa démonstration

repose sur des estimations précises des fonctions d’Opdam (1.2.4), établies en toute
dimension dans [57].

Théoréme 1.2.5. Pour tout 1 <p<2<qg<o00, ona
LZ,B(R) *a,8 Li,B(R) - L?x,B(R)v

et
Li,B(R) *a, 8 Li,B(R) - Li,ﬁ(R)-

Il s’agit de I’analogue du célébre phénomeéne de Kunze-Stein [45] :
LP(G)* L*(G) C L*(G) V1<p<2,

découvert initialement dans le cas particulier du groupe G = SL(2,R), muni de sa
mesure de Haar, puis démontré par Cowling [27]| dans le cas général d’un groupe de
Lie semisimple G (connexe, non compact, de centre fini). On en déduit les inclusions
suivantes :

Corollaire 1.2.6. (1) Pour tout1 <p<q<2, ona
Lt 5(R) *a,5 Ly 5(R) C L7 5(R).
(2) Pour tout1l <p<2 et pourtoutp <q < 325, 0N a
LZ,B(R) *a,8 LZ,B(R) - Lg{,g(R)
(3) Pour tout2 <p,q<oo aveci <p<gq, ona

LZB(R) *a,8 Liﬁ(R) - LZ,B(R)-

)

La derniére partie du chapitre 3 est consacrée a la construction d’une base or-
thogonale de Li’ﬁ(]R). Etant donné 0 > 0, celle—ci est constituée des fonctions

HS (z) = (cosh z)~*#=9-2 ple) (1—2tanh’z),
HJ,.1(z) = (cosh )@ F=0=2 prthoh (1—2tanh®z) tanh z,

ottn € N et P désigne le polyndéme de Jacobi de degré n. En utilisant le fait que
—2
PiPT=7) (1— 2 tanh? e2) tend vers le polynome de Laguerre L2 (22) lorsque € — 0, on
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retrouve comme cas limite les fonctions d’Hermite construites par Rosenblum [55],
qui forment une base orthogonale de L?(R, |z|?**!dz). Nous exprimons ensuite leur
transformée d’Opdam—Cherednik et établissons une formule de type Rodrigues au
moyen des polynomes de Wilson

P.(t*a,b,c,d) = (a+b), (a+c), (a+d),
—n,a+b+c+d+n—1,a+t,a—t
X 4F3< ;1).
a+b,a+c,a+d

Théoréme 1.2.7. Considérons les polyndomes

P (t) = " (L; 8L 541 atBtl a=pil)
2n n!(a+§+6+1)n(a726+6+1)n n\4> 2 2 2 2 )
po (1) = (=1)" (p+1) (ﬁ_5+1 5—1 a+pB+3 a—6+1)
ont1\l) = n\g 227 2 T 2 )

2n! (S8 41y, 4y (22204,

Alors, pour tout n € N, on a
_ F(6+12+iA)F(5+127iA)
F(a+§+6+1) F(a7§+6+1)

F(H,) (V) P2(iA)

et
H (2) = ﬁ‘;(T(a’B))(cosh L

ot TP désigne l'opérateur de Dunkl trigonométrique (1.1.3).
Nous avons découvert récemment que cette derniére partie du chapitre 3 faisait
I'objet de 'article [53].

Le chapitre 4 débute par I’étude de la transformation d’Abel A et de son inverse,

qui servira a exprimer et a estimer le noyau de la chaleur en temps complexe. Cette
transformation est définie sur C°(R) par

A=Fy'oF,
ol
Rl = / € f(z) di

est la transformation de Fourier classique sur R et F désigne la transformation
d’Opdam—Cherednik unidimensionnelle (1.1.6). Le théoréme suivant fournit des ex-
pressions de A et de son inverse A~! en termes de transformations de Weyl frac-
tionnaires (voir [47])

+o00
Wif(x) = m/t (—m)mf(s) (cosh 7s — cosh 7z )* "™~ 1d(cosh Ts),
(1.2.7)
ou7 >0, p€CetméeNavec m > —Repu (cette définition ne dépend pas de m).
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Théoréme 1.2.8. On a
Af(z) = cap [ (W;—ﬁ o W;+%)fpaire(x)
~ (% =) Waos 0 W20 ) fumpuse ()

AT (@) = cqs [ (W2 510 Whi i) foaire(2)
(2= ) V2, oW 50 T) frnpaine(®) |.

0l cqp st une constante > 0, foaire €1 fimpaire d€signent les parties paire et impaire

de f, et

(1.2.8)

“+oo
1f(z) = y fy) dy.
A partir de l'expression (1.2.7) des transformations de Weyl, on peut obtenir une
expression intégrale explicite de la transformation d’Abel :

Af(z) = /| KO g) S dy (1.2.9)

oit le noyau K9 (z,y) s’exprime au moyen des fonctions hypergéométriques oF}
(voir chapitre 4, section 4). Signalons que Gallardo & Trimeche [32] ont obtenu ré-
cemment, au moyen des opérateurs de transmutation, une représentation équivalente
a (1.2.9) pour la transformation d’Abel duale A*, au sens suivant :

[ Ar@ g de = [ (a) Agla) Au(fal) d.
R R
Nous considérons ensuite 1’équation de la chaleur

Owu(z,t) = Ay pu(z,t) Ve eRVE>D0,
u(z,0) = f(x) VxeR,

dont la solution est donnée par

u(x, t) = e8 f(x) = [hy *ap f] (),
ol

Vim ¢
est le noyau de la chaleur. A I'exception de quelques valeurs particuliéres de « et 3,

() = F7 () ()= ea A (A ‘“2)(93) (1.2.10)

ou (1.2.10) se réduit & une expression élémentaire, on ne dispose pas en général de
formule plus explicite pour hy(z). A défaut, on se contente d’estimations précises.
Notre principal résultat dans cette direction est la majoration globale suivante du
noyau de la chaleur en temps complexe.
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Théoréme 1.2.9. [] existe une constante C' > 0 telle que, pour tout t € C* avec
Ret > 0 et pour tout x € R,

22
-3 + |x|)e e 1 g St > 1+ |z,
t 1 plz| Re(3) Dl > 1

2 (1.2.11)
It (1 + |z|)otz eplel e TRe(D) g |t < 1+ |-

|he ()] < C{

Une telle estimation était connue dans le cas des espaces hyperboliques, et plus
généralement des espaces de Damek—Ricci [28, 2, 35, 3, 4]. On reprend ici la méme
méthode, en partant de I'expression (1.2.10) du noyau de la chaleur au moyen de la
transformation d’Abel inverse (1.2.8). L’intervention de deux transformations inté-
grales (en général) au lieu d’une (au plus) représente une difficulté technique nou-
velle.

On peut montrer que l'estimation (1.2.11) est optimale pour ¢ > 0 et elle l'est
vraisemblablement plus généralement (voir [35, 4]). Nous travaillons actuellement
sur cette question.

Considérons finalement I’équation de Schrodinger et commencons par des rappels
dans le cas euclidien, ou 'équation (1.2.2) s’écrit

{ i0yu(z,t) + Ayu(x, t) = F(w,t) V (z,t) € RT x R,

u(z,0) = f(2) V2 eRY (1.2.12)

Inspiré par des travaux de Tomas et de Segal [60, 61, 58|, Strichartz établit dans
[59] I'inégalité a priori suivante pour les solutions u de (1.2.12) :

Jull 262 g S Wl + NFI g

Ginibre & Velo [34] et Kato [43] ont ensuite généralisé cette inégalité comme suit,
au moyen d’arguments abstraits d’analyse fonctionnelle :

luz, )lerg S I @)z + 1F @Ol e
Ici (p, q) et (p,G) sont des couples admissibles, au sens ou

2<p<o0,2<qg< o0 avec
2<p<oo,2<g<oo avec

Tl D =

et on considére les normes mixtes en espace-temps

lu(z, Ollzpes = [[£ =l Ol o] oy

HF(x’t)HLf’Lg’ - Ht'_>HF("t)HLfi’(Rd)HLﬁ’(R)'
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Keel & Tao [44] ont conclu cette famille d’inégalités en incluant les cas limites
(p,q) = (2,%2) ou (p,q) = (2, %2) en dimension d > 3.

L’intérét principal des estimations de type Strichartz réside dans leurs appli-
cations aux équations d’évolution, notamment au probléme d’existence (locale ou
globale) pour les solutions d’EDP non linéaires dispersives.

Durant la derniére décennie, ces estimations ont été étendues a différents contextes,
par exemple aux variétés compactes [15, 16, 33|, au groupe de Heisenberg [9], aux
variétés coniques [36], aux espaces hyperboliques [10, 54, 11, 3, 41], aux espaces de
Damek-Ricci [4], ... Sans parler de toute la litérature consacrée aux autres EDP
dispersives, notamment les équations d’ondes.

Nous poursuivons dans cette voie, en adaptant la démarche de [3] & notre contexte.

Considérons I'équation de Schrodinger

i0u(x,t) + Ay pu(x,t) = F(z,t) V(z,t) € R xR, (12.13)
u(z,0) = f(z) VzeR, o
dont la solution est donnée par la formule de Duhamel
t
u(x,t) = ePos f(x) —i / e!l=9)Ras Pz, 5) ds (1.2.14)
0

avec
eitAaﬁf - hit *a,8 f

On commence par établir I'inégalité dispersive suivante.

Théoréme 1.2.10. Pour tout 2 < q,q < 00, il existe une constante C > 0 telle
que, pour tout t € R*,

111

» 2 erma{s—5a3} g o<t <1,
1™ N gy ia gy < 5
o8B 2 Lg 5(R) It| 2 si [t|>1.

Lorsque ¢ = § = 2, on a bien entendu || e™®es || 2 S(R) L2 (R) = 1.

La démonstration de ce théoréme repose sur 1’ estimation (1.2.11) du noyau de

Schrodinger s; = hy, qui s’écrit

It]72 (1 + |z]) ePle si|t] > 1+ |z,
—a=l(] 4 gtz ePlel si [t < 14+ |zl
it (14 |a])>t <

EACHIS {

On raisonne par interpolation complexe pour ¢ petit et, pour ¢ grand, on fait appel
au phénomeéne de Kunze—Stein sous la forme du Corollaire 1.2.6(3). On en déduit les
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inégalités de Strichartz suivantes, pour les solutions (1.2.14) de (1.2.13), en utilisant
des arguments devenus standards : méthode TT* de Ginibre & Velo, lemme de
Christ & Kiselev, interpolation bilinéaire de Keel & Tao, ... Posons

To={(3)€(0,5]x(0,3) [ 5 = (a+D)(5-3) U {(0.3)}-
Un couple (p, ¢) est dit admissible si (%, %) eT,.

— Q=

FI1GURE 1.1 — L’ensemble T, lorsque o >0

—_ Q=

N =

0 1

1
p

FIGURE 1.2 — L’ensemble T, lorsque —5 <a <0

1
2

Théoréme 1.2.11. Pour tous couples admissibles (p,q) et (p,q), on a linégalité a
PTLOTL

lell e,z ey S WFllez je) + IF N Lo 1t my) (1.2.15)
pour la solution (1.2.14) de l’équation (1.2.13).

Ces inégalités font intervenir les normes mixtes

sz o = [ ([ 1" Aas(al) da)
”F”Lﬁ’(R,LZ’ﬁ(R)) - [/R</R | F(z, t)]* Aa,6(|f|)d9f)th}p 5
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avec la modification usuelle lorsque p = oo ou p = oo. Observons, comme dans le
cas des espaces hyperboliques ou des espaces de Damek—Ricci [11, 3, 41], que les
conditions d’admissibilités sont beaucoup larges que dans le cas euclidien. En consé-
quence, on obtient de meilleurs résultats d’existence pour les solutions de I’équation
de Schrodinger semi-linéaire

{iatu(x, t) + Aq pule, t) = Fy(u(w, t)) V(rt) ERXR, (1.2.16)

u(z,0) = f(x) VzeR,
avec des non-linéarités F., vérifiant
B ()] Sl et [F(u)=Fy (o) S (Ju '+ [0 ™) fu—v] (v > 1),
Plus précisément, on établit le résultat suivant :

Théoréme 1.2.12. (i) Le probleme (1.2.16) est localement bien-posé dans
L2 g(R) sil<y<1+ 2.
(i) Il est globalement bien-posé dans L7, 4(R) si 1 <~y <1+ 25 et si la donnée

wiatiale [ est suffisamment petite.
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Chapitre 2

Equation des ondes associée au
laplacien de Dunkl trigonométrique
et équipartition d’énergie

Ce chapitre reprend U'article [8], publié & Journal of Lie Theory 18 (2008), 747-
755.

Résumé: Cet article porte sur I'étude des propriétés de 1’énergie de 1’équation
des ondes associée au laplacien de Dunkl-Cherednik. Nous établissons, d’abord, la
conservation de I'énergie totale, puis ’examen des conditions de son équipartition en
énergie cinétique et en énergie potentielle, et enfin le comportement asymptotique
de I'équipartition dans le cas général.

Abstract: This paper is concerned with energy properties of the wave equation
associated to the Dunkl-Cherednik Laplacian. We establish the conservation of the
total energy, the strict equipartition of energy under suitable assumptions and the
asymptotic equipartition in the general case.
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2.1 Introduction

We use [52] as a reference for the Dunkl-Cherednik theory. Let a be a Eu-
clidean vector space of dimension d equipped with an inner product (-,-). Let R
be a crystallographic root system in a, R* a positive subsystem and W the Weyl
group generated by the reflections r,(z) = x—2%a along the roots a € R. We
let £ : R — [0,+00) denote a multiplicity function on the root system R, and
p= % Zaen+ koo We note that k is W-invariant. The Dunkl-Cherednik operators
are the following differential-difference operators, which are deformations of partial

derivatives and still commute pairwise :
Te(k) f(z) = O f(x) — + Y ke {f (@)= f(raz)} -
aERT

Given an orthonormal basis {&1, ..., &} of a, the Dunkl-Cherednik Laplacian is
defined by

Lif(x Z T, (k

More explicit formulas for L exist but they will not be used in this paper. The
Laplacian Ly is selfadjoint with respect to the measure u(x)dx where

2ka
x) = H ’ 2 sin
a€RT
Consider the wave equation
{ OPu(t, ) = Lyu(t, ), (2.1.1)
u(0,2) = f(2), 0|, _u(t,x) = g(x),
with smooth and compactly supported initial data (f,g). Let us introduce:
e the kinetic energy Klu /‘&u (t,z ‘ p(x)de,
e the potential energy Plu)(t) = — %/Lu(t,x) u(t, ) pu(x) de,
e the total energy E[u](t) = Klu|(t) + Plu](t).
In this paper we prove
e the conservation of the total energy:
Elu|(t) = constant, (2.1.2)

26



e the strict equipartition of energy, under the assumptions that the dimension
d is odd and that all the multiplicities k, are integers:

Klu](t) = Plu](t) = £ E[u] for |t| large, (2.1.3)

)

e the asymptotic equipartition of energy, for arbitrary d and positive real valued
multiplicity function & :

Klu](t) = 3 E[u] and Plu)(t) — 1 E[u] as [t| goes to oo. (2.1.4)

The proofs follow [20] and use the Fourier transform in the Dunkl-Cherednik
setting, which we will recall in next section. We mention that during the past
twenty years, several works were devoted to Huygens’ principle and equipartition of

energy for wave equations on symmetric spaces and related settings. See for instance
[17], [40, ch. V], [20], [42], [13], [18], [19], [12].

2.2 Generalized hypergeometric functions and Dunkl—
Cherednik transform

Opdam [51] introduced the following special functions, which are deformations

<>\7x

of exponential functions e **, and the associated Fourier transform.

Theorem 2.2.1. There exist a neighborhood U of 0 in a and a unique holomorphic
function (X, x) — Gx(z) on acx(a+iU) such that

Te(k) GV (2) = (N, &) G (x) Veea,
M) =1.

Moreover, the following estimate holds on acxa:

|G(Ak)(:):)| < Wz e IRl

Definition 2.2.2. The Dunkl-Cherednik transform of a nice functions f on a, say
feCP(a), is defined by

FO = [ 16068, w00 (o)

Here wq denotes the longest element in the Weyl group W and C(a) the space of
smooth functions on a with compact support.
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The involvement of wy in the definition of F is related to the below skew—adjointness
property of the Dunkl-Cherednik operators with respect to the inner product

(19) = [ $@T@nle)dz, g€ Ca)
Lemma 2.2.3. The adjoint of T¢(k) is —wo Tye(k) wo :

<T§(k)f7 g> = <f7 — Wo Twof(k) w(]g> :

As an immediate consequence, we obtain :

Corollary 2.2.4. For every {,A€a and f€CX(a), we have
F(Te(k) [)(A) =i (A &) FF(N),

and therefore
F(Lef)N) = =[P FF (N

Next we will recall from [51] the three main results about the Dunkl-Cherednik
transform (see also [52]). C5(a) denotes the space of smooth functions on a vanishing
outside the ball Bg={xz€ca||z||<R}. We let H r(ac) is the space of holomorphic
functions h on the complexification ac of a such that, for every integer N >0,

sUPrcqc (L+IAINY e HIATA(N)] < 400

Theorem 2.2.5. (Paley-Wiener) The transformation F is an isomorphism of
Cx(a) onto H r(ac), for every R>0.

The Plancherel formula and the inversion formula of F involve the complex
measure v(\)d\ with density

0 = 10 P (i @) +ha) D (E28 ke 4y ) T (—i(h,6) +ka) T (=2 the gy 1)
Y _aeng r(iona) p(Hagthe) p(—in,a)+1) r(Zi0ugleka) ;

where R ={ac R"|§¢R} is the set of positive indivisible roots, &=2 |l ?a
the coroot corresponding to «, and kg, =0 if 2a¢R. Notice that v is an analytic
function on a, which grows polynomially and which extends meromorphically to ac.
It is actually a polynomial if the multiplicity function k is integer—valued and it has
poles otherwise.

Theorem 2.2.6. (Inversion formula) There is a constant ¢y >0 such that, for
every feCX(a),

f@) = o [ FHON) G v .
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Theorem 2.2.7. (Plancherel formula) For every f,g€C>(a),

/f dx—co/}"f .7-"g( Jv(A) dA,

where

Fg(\) = Fluog)(woh) = / 900 C¥ (2) () d.

a

2.3 Conservation of energy

This section is devoted to the proof of (2.1.2). Via the Dunkl-Cherednik trans-
form, the wave equation (2.1.1) becomes

{affu(t A) = —[|A12 Fu(t, \)

Fu(0,A) = Ff(A), 0|,y Fult,\) = Fg(N)
and its solution is given by
Fu(t, ) = (cost [A]) Ff(A) + Z5ek Fg(A) . (2.3.1)

According to the Paley—Wiener theorem, (2.1.1) has thus a unique solution in C°(a),
which satisfies moreover the following finite speed propagation property (see [12, p
52-53]) :

Assume that the initial data f and g belong to C%’(a). Then the solution

u(t, z) belongs to C5°,(a) as a function of x.

Rt \&

Let us express the potential and kinetic energies defined in the introduction via
the Dunkl-Cherednik transform. Using the Plancherel formula and Corollary 2.2.4,
we have

Plu)(t) = / A2 Fu(t, A) Fult, \) v(\) dX. (2.3.2)

Moreover, since the Dunkl-Cherednik Laplacian is W—invariant, it follows that
(wou) (t, x) = u(t, wox) is the solution to the wave equation (2.1.1) with the initial
data wpf and wpg. Thus

Fu(t, ) = (cost [|\]) Ff(A) + 2l Fg(n). (2.3.3)
Now, by substituting (2.3.1) and (2.3.3) in (2.3.2), we get

Plul(t) = 7“/ IAII* (cos ¢ A FF(A) FF(X) v() dA

+ 5 [ Gt I 900 Fo0) v ax 23.4)
g I 2D {FFO) Fh) + Fg ) FFO) i) dx.
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Similarly to P[u], we can rewrite the kinetic energy as
Klu](t) = @ / Oy Fult, \) 8y Fu(t,\) v(\) dX .

Using the following facts

{ O¢ Fu(t, A) = — [IA]| (sint []A]]) FF(A) + (cost [[Al]) Fg(A),
Oy Fu(t,A) = — [|All (sint [|A]]) FF(A) + (cost [|[Al]) Fg(A),
we deduce that

Klul(t) = 30/ I (sin# [IX[))> F£(X) FF(A) v(A) dA
+ @ / (cost | A2 Fg(X) Fg(A) v(A) dx (2.3.5)
= g [N Gin2e N {Z70) Fah) + o) FF0) v A
By suming up (2.3.4) and (2.3.5), we obtain the conservation of the total energy :
Elu)(t) = %O/u{IIAHfo(A) FF\) + Fg(A) Fg(A) }v(d) dX = E)(0).

That is £[u](t) is independent of ¢.

2.4 Equipartition of energy

This section is devoted to the proof of (2.1.3) and (2.1.4). Using the classical
trigonometric identities for double angles, we can rewrite the identities (2.3.4) and
(2.3.5) respectively as

Plul(t) = 2 / {2 EFN) FFN) + Fg(h) Fg() }r(X) dA
+ g / (cos 2 A1) LIAIPFFON) FF(A) = Fg(A) Fg(A) }(A) dA

s [ G2 D) {F700) FoO) + Fg ) FON) v
and

Klul(t) = < / {INIZFFO) FFN) + Fg(h) Fg(A) (M) dr
-2 / (cos 2 | A]) LIAIPFFON) FF(A) — Fg(A) Fg(A) v(N) dA
-2 / AL (sin 22 [|A]]) { FFON) Fa(h) + Fa(h) FFA) Y v(A) dA.
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Hence
Pluj(t) — Klu](t) =

. / (cos2t A1) {INPFFO) FF () = Fg0) FaN) fr0)dr (541

a

+ 5 [N 2N { ) Foh) + Fo0) FF) Fo(3) da.

Introducing polar coordinates in a, (2.4.1) becomes

—+00

Plul(t) — Klul(t) = 2 . {cos(2tr) ®(r) +sin(2tr) rU(r) }ritdr, (2.4.2)

O(r) = /S( ){ r? Ff(ro) ./%f(ra) — Fy(ro) j:"g(ra) } v(ro)do,

U(r) = 3 ){ Ff(ro) ]?g(ra) + Fg(ro) j-:f(ra) } v(ro)do,

and do denotes the surface measure on the unit sphere S(a) in a. Let o€ (0, +o0]

be the width of the largest horizontal strip |Imz| < 79 in which z — v(zo) is
holomorphic for all directions o€ S(a).

Lemma 2.4.1. (i) ®(z) and ¥(2) extend to even holomorphic functions in the strip
|Im z| <~ .

(il) If 70 < 400, the following estimate holds in every substrip |Imz| <~ with
v<%o : For every N>0, there is a constant C >0 (depending on f,geCx(a), N
and 7)) such that

1D(2)| + [U(2)] < C 2| Rl (14 |z]) N e2RIm=l
(ili) If vo = 400, the previous estimate holds uniformly in C.

Proof. (i) follows from the definition of ® and W. Let us turn to the estimates (ii)
and (iii). On one hand, according to the Paley-Wiener Theorem (Theorem 2.2.5),
all transforms Ff(z0), Ff(z0), Fg(zo), Fg(zo) are O({1+]|z[} N eflm=l) . On
the other hand, let us discuss the behavior of the Plancherel measure. Consider first
the case where all multiplicities are integers. Without loss of generality, we may
assume that k,€N* and ko, €N for every indivisible root «. Then

v(\) = const. Haeng (A, @) {(A,d)+i(ka+2 kza)}
% Tlocjer, A 82452} Tlociar, LN @2+ (Kat27)?}
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is a polynomial of degree 2|k| =23 _.k,. In general,

v(A\) = const. m(\) 7(A),

where
70 = Macrs O )
is a homogeneous polynomial of degree |RJ| and

50 = 11 P (i a) +ka) T (E28 ke g ) 1 (—i(h,a) 4ha) D (=2 ke gy, 11)
’ —aeRgr(’“vdHl) r(feaske) p(oipay+1) 0 (Siegitka)

is an analytic function which never vanishes on a. Notice that z — v(zo) or v(z0)
has poles for generic directions o € S(a) as soon as some multiplicities are not
integers. Using Stirling’s formula

L) ~V2r ¢ 2e7¢ as |€] — 400 with |argz|<m—e,

we get the following estimate for the Plancherel density, in each strip |[Imz| <~
with 0<y<p: . X
V()] < O] R (1] 2R3,

The estimates (ii) and (iii) follow easily from these considerations. O

Proposition 2.4.2. Assume that the dimension d is odd and that all multiplicities
are integers. Then there exists a constant C' > 0 (depending on the initial data
f,9€C¥(a)) such that, for every v>0 and teR,

1Plu](t) — K[u](t)] < C e (Rl

Proof. Evenness allows us to rewrite (2.4.2) as follows:

Plul(t) = Klu)(t) = %O/_ Ooeiztr{q)(r)—ir\lf(r) }Td_ldr.

o0

Let us shift the contour of integration from R to R+i~, according to the sign
of ¢, and estimate the resulting integral, using Lemma 2.4.1.iii. As a result, the
difference of energy

Plul(t) = Klul(t) =

+oo
= @ e 27l / et2tr { O(rtivy)—i(rLy) U(rtivy) } (r£iy)dtdr

[e.e]

is O((147y) Ne2r @) O
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As an immediate consequence of the above statement and in view of the fact that
Yo = oo if k is integer valued, we deduce the strict equipartition of energy (2.1.3)
for |t|> R, by letting v— oco.

Henceforth, we will drop the above assumption on k. By resuming the proof of
Proposition 2.4.2 and using Lemma 2.4.1.ii instead of Lemma 2.4.1.iii, we obtain
the following result.

Proposition 2.4.3. Assume that the dimension d is odd. Then, for every 0<~vy<
Yo , there is a constant C >0 (depending on the initial data f,g€C% (a)) such that

Plu](t) — K[u](t)] < Ce M vieR.

As a corollary, we obtain the asymptotic equipartition of energy (2.1.4) in the
odd dimensional case, with an exponential rate of decay. In the even dimensional
case, the expression (2.4.2) cannot be handled by complex analysis and we proceed
differently.

Proposition 2.4.4. Assume that the dimension d is even. Then there is a constant
C >0 (depending on the initial data f,g€C¥ (a)) such that

IPlu](t) — K[u](t)] < C (1+]t]) "R vieR.

Proof. The problem lies in the decay at infinity. According to Lemma 2.4.1, ®(r)
and W(r) are divisible by 7, where D=|R{|. Let us integrate (2.4.2) d+D times
by parts. This way

/0+oocos (2tr) rd-1 { /S(a) Fg(ro) jfg(?"a) v(ro)do } dr

J/

-~

D(r)

becomes

+00

or d+D)! D+1 = cos (2tr) or sin(2tr d+D 15

+ g o () 20 ]2 i/ A 2 ()T ()} dr
0

which is O ([¢|[~*"?) . Similarly

/0+°°cos (2tr)rttt { S(u)]-"f(ra) Ff(ro)v(ro) do } dr = O ([t|="P2)

and .
/ cos (2tr)r*U(r)dr = O ([t|*"7").
0

This concludes the proof of Proposition 2.4.4. O
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As a corollary, we obtain the asymptotic equipartition of energy (2.1.4) in the
even dimensional case, with a polynomial rate of decay.

Remark 2.4.5. Our result may not be optimal. In the W—invariant case, one obtains
indeed the rate of decay O({1+[t|}~*2Rdl) as in [20].
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Chapitre 3

Fonctions hypergéométriques
d’Opdam : formule produit et
structure de convolution
unidimensionnelle

Ce chapitre reprend larticle [6], & paraitre dans Advances in Pure and Applied
Mathematics (2011).

Résumé: Soit G(Aa’ﬁ ) la fonction propre normalisée de I'opérateur T(*#) de Dunkl-
Cherednik sur R. Dans cet article, on exprime le produit Gf\a’ﬁ ) (x)GE\a’B )(y) comme
une intégrale en terme de GE\Q’B )(z) avec un noyau explicite. En général, le noyau
n’est pas positif. De plus, notre résultat permet de retrouver comme cas limite la
formule produit du noyau de Dunkl unidimensionnel obtenue par M. Rosler. En
suite, on définit et en étudiant une structure de convolution associée a G(Aa’ﬁ ),

Abstract: Let G(Aa’ﬁ ) be the eigenfunction of the Dunkl-Cherednik operator T(®#)
on R. In this paper we express the product Gg\a’ﬁ)(x) GE\Q’B)(y) as an integral in
terms of GE\Q’B )(z) with an explicit kernel. In general this kernel is not positive.
Furthermore, by taking the so—called rational limit, we recover the product formula
of M. Résler for the Dunkl kernel. We then define and study a convolution structure
associated to G(Aa’ﬁ).
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3.1 Introduction

The Opdam hypergeometric functions GE\O"B ) on R are normalized eigenfunctions

{Tmﬁ)(;(“B( z) =iA G () (3.1.1)

Gy P(0) =1
of the differential-difference operator

TA f(z) = f'(z) + {(2a+1) cothz + (28+1) tanh z } w —pf(=x).
{(a—B) coth =+ (28+1) coth 2z} { f(z)— f(—z)}

Here a > g > —%, o > —%, p=a+p+1 and A € C. Notice that, in Cherednik’s
notation, T(*#) writes

T(k1, ko) f(2) = f'(z) + { 28 + =25} {f(2) —x)} — (k1+2ko) f(2),

with a:k1+k2—% and (3 :k2—%. We use as main references the article [51] and the
lecture notes [52| by Opdam.

The functions GE\Q’B ) are closely related to Jacobi or hypergeometric functions
(see e.g. [51, p. 90], [52, Example 7.8|, [32, Proposition 2.1]). Specifically,

« [ 1 a a,
G @) = o0 w) = el @)
pp—iik v (3.1.2)
a, a+1 1
— ng\ B)( ) + msmh&pgp( HLA+ )(ZL'),

where <p(f’ﬁ) () = oFy (2, 22 41 — sinh’®x) .

This paper deals with harmonic analysis for the functions G(Aa’ﬁ ). We derive
mainly a product formula for GE\O"B ), which is analogous to the corresponding result
of Flensted-Jensen and Koornwinder [30] for Jacobi functions, and of Ben Salem
and Ould Ahmed Salem [14] for Jacobi-Dunkl functions. The product formula is
the key information needed in order to define an associated convolution structure

on R. More precisely, we deduce the product formula
G (@) G /G“B )dp @D (z) Vr,y €R, YA€EC, (3.1.3)

from the corresponding formula for w&a’ﬁ ) on R+. Here pu'&)”

is an explicit real
valued measure with compact support on R, which may not be positive and which is
uniformly bounded in z,y € R. We conclude the first part of the paper by recovering

as a limit case the product formula for the Dunkl kernel obtained in [56].
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In the second part of the paper, we use the product formula (3.1.3) to define and
study the translation operators

POB) () 1= / F(2) dulesd)(2).

We next define the convolution product of suitable functions f and g by

Fraagle)i= [ 791 9(0) Auslol) do
where A, 5(y) = (sinh y)?*™(cosh y)?*1. We show in particular that f*, 59 = g*as
f and that F(f *a59) = F(f) F(g), where F is the so—called Opdam—Cherednik
transform. Eventually we prove an analog of the Kunze-Stein phenomenon for the
*q,g-convolution product of LP-spaces.

In the last part of the paper, we construct an orthogonal basis of the Hilbert
space L*(R, A, g(|z])dx), generalizing the corresponding result of Koornwinder [47]
for L*(R*, A, 5(z)dz). As alimit case, we recover the Hermite functions constructed
by Rosenblum [55] in L*(R, |z|?**Tdx).

Our paper is organised as follows. In Section 3.2, we recall some properties
and formulas for Jacobi functions. In Section 3.3, we give the proof of the product
formula for Gg\a’ﬁ ). Section 3.4 is devoted to the translation operators and the asso-
ciated convolution product. Section 3.5 contains a Kunze—Stein type phenomenon.
In Section 3.6, we construct an orthogonal basis of L*(R, A, s(|z|)dz) and compute
its Opdam—Cherednik transform.

3.2 Preliminaries

In this section we recall some properties of the Jacobi functions. See [30] and
[31] for more details, as well as the survey [47].
Let a> 5> —% with a#—% and A € C. The Jacobi function cpg\a’ﬁ) is defined by

o (@) = b (552, 55

= (coshz) "~ ,Fy (

a+1;— sinh2x> (3.2.1)

pHiA a—pF+1+4 1A
2 2

;oz—l—l;tanh%) VzeR,

where p = a++1 and 9F; denotes the hypergeometric function.
Its asymptotic behavior is generically given by

A7 () = casN) BV (@) + cap(=0) @57 (@) YACCNIZ, VR’ (32.2)
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where

[(2a+1) TN T(E5H)  T(a+1) 207200

P(at3) D(a—f+iA) D(£E2)  p(etid) p(eZili)

Cas(\) = (3.2.3)

and

p—id a—f+1—i)

7 () = (2 cosh ) 7+ By ( 1—i; cosh_2z> - (324)

2 2 ’
In the limit case A=0, we obtain
o 2°HL T 1
go((] ’5)(3;’) = (a+1) |z e=Plel 4 O(e"’m) as |z|—+oo, (3.2.5)

L) D(*=5*)

after multiplying (3.2.2) by A and applying %‘/\:0.
The Jacobi functions satisfy the following product formula, for a> 5 > —% and
x,y>0:

1 T
AP ) = [ [ g eosh o)) dimaslrv), (326)
0 0

where
v(z,y,7,1) = cosh x cosh y + sinh x sinh yy e’
and
dmeag(r,v) =2 Mq (1 — )P (r sinp)? r dr du (3.2.7)
with . '
M, = (o+1)

Val(a=B)T(B+35)

When a = > —%, the product formula becomes

o\ (2) o5 (y) = Maa / o\ (arg cosh [y (2, y, 1,0)]) (sin ) dy,  (3.2.8)
0

where M, , = % Notice that the limit cases a > § = —% and a = > —%
o,—3 a,a
are connected by the quadratic transformation go; ’ 2)(17) = cpé/\’ )(g)

For a > 3 > —% and fixed x,y > 0, we perform the change of variables

10,1[ x]0,w[ 3 (r,¢) — (2, x) €]0,+00[ x ]0, 7| defined by

cosh z cos x — cosh x cosh y

sinh z sinhy ’
cosh z siny (329)
sinhx sinhy °

, rcosy =
coshz e =v(z,y,1,¢) <= { . v
rsiny =
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This implies in particular that
cosh(x—y) < cosh(z) < cosh(z+y),
and therefore x, y, z satisfy the triangular inequality
1=yl < 2] <z +y.
Moreover, an easy computation gives
1 —r? = (sinhxsinhy) 2 g(z,v, 2, X),
where
g(x,y, 2 x) == 1 — cosh®z — cosh®y — cosh®z + 2 cosh x cosh y cosh z cos . (3.2.10)

Furthermore, the measure sinh®z sinh?y r drrdi) becomes cosh z sinh z dz dy and there-
fore the measure (3.2.7) becomes

dmeag(r,) = 2My 5 9(z,y, 2, X)O‘_ﬁ_l (sinh x sinh y sinh z) 2 (sin X)zﬁAa,ﬁ(Z) dzdy,

where
Ay 5(2) := (sinh 2)?**(cosh )27 (3.2.11)

Hence, the product formula (3.2.6) reads

+o0o
A5 () o (y) = / O () Wap(@,y,2) Aap(z)dz, 2,y >0, (3.2.12)
0
where
Wap(x,y, 2) := 2 M, g (sinh z sinh y sinh z)_zo‘/ g(z,y, 2,x)5 7 (sin x)?? dx
0

if x,y,2 > 0 satisfy |x —y| < 2 <z +y and W, g(x,y, 2) = 0 otherwise. Here

) g it g>0,
Yo ig<o

We point out that the function W, g(z,y, ) is nonnegative, symmetric in the vari-
ables z,y, z and that
+o0o

Wap(x,y,2) Aap(z) dz = 1.
0
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Furthermore, in [30, Formula (4.19)] the authors express W, 5 as follows in terms
of the hypergeometric function oF; : For every x,y, z > 0 satisfying the triangular
inequality |z —y| < z < z +y,

Wa (2,9, 2) = Mg (cosh x cosh y cosh 2)* P! (sinh 2 sinh y sinh 2) =2~
1 1 1-B
x (1= B 4o (a+ Ba = fia+ > T) (3.2.13)
where
cosh®z + cosh?y + cosh?z — 1
B = .
2 cosh x cosh y cosh z
Notice that
[cosh(x+y) £ cosh z | [cosh z £ cosh(z—y) |
1 :l: B = ’
2 cosh x cosh y cosh z
hence
1_B%— [cosh2(z+y) — costhz] [czsh 2z ; cosh2(z—y) | (3.2.14)
16 cosh”x cosh®y cosh®z
_ sinh(z+y+z) sinh(~x+y+2) sinh(z —y+2) sinh(z 4y — z)
B 4 cosh?z cosh®y cosh?z
In the case @ = > —3, we use instead the change of variables

cosh z = |7(a:, y,1,1)| = | cosh x cosh yy 4 sinh z sinh y ™ | ,
and we obtain the same product formula (3.2.12), where W, , is given by

Waalz,y,2) = 24O‘+1Mava [Sinh 2x sinh 2y sinh 22] 2 32.15)
X [Sinh(m—l—y—l—z) sinh(—z+y+2) sinh(x—y+2) sinh(x+y—z)]o‘_l/2_ o

In the case a > 3 = —%, we use the quadratic transformation

(o,—2) o
PN (22) = ol (a),

and we obtain again the product formula (3.2.12), with
Ty z)
27272

As noticed by Koornwinder [46] (see also [31]), the product formulas (3.2.6) and
(3.2.12) are closely connected with the addition formula for the Jacobi functions,

|44

a,—

%(x,y, z) =27 2aWaa(

that we recall now for later use:

o\ (arg cosh |y(x, y, 7, 1))

a,f) a,B a,B B (3-2-16)
B ZO<Z<I@<OO ng\ ke ( ) 80(_)\’]375(—y) X(k,f )(7"’ w) H(k,f ) ’
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where
(2 cosh x)k+£ (p&a-ﬁ-k-ﬁ-é,ﬁ-ﬁ-k Z)( )

Ca,5(—A) . k—t
d 2sinh x
Ca+k+€,ﬁ+k—é(_)\) ( )

SO(AakBé) (z) =

are modified Jacobi functions, the functions
P(a 6_175+k—é)(2712 1) (B(f 2)! P(B 38— )(COS w) 7

a,B
X(IM )(T7¢) =t (a
which are expressed in terms of Jacobi polynomials (see for instance [1])
Lz), (3.2.17)

Py (z) = et By (—n at-b+n+1;a+1; L
are orthogonal with respect to the measure (3.2.7), and
H(aﬁ _ / / X(aﬁ 7, dma ( w)>_
kit o (3.2.18)
(a+k+€ ) (B+2k—20) (a+1)g (a—PB)e (28+1)k—_¢
(a+k) (2B+k—0) (B+1)x 01 (k—0)! :
a?
3.3 Product formula for G(A B)
For z,y,z € R and x € [0, 7], let
cosh © CL?shy —.COShZ cosX if 0
O-?v(yz — sinh z sinhy 1Ty % ’ (331)
0 if xy=20.

Furthermore, if a > > —%, let us define Ky g by

Kaps(x,y,2) = Mag | sinhz sinhy sinh 2 ‘_20‘/ g(z,y,2,x) 77
0
P cotha coth y coth z (sin X)z]

toy., toX, .t g
x (sin x)* dy

N[

[1 —J;Cyz

yll < |z[ <[] + [y|, and

if z,y,z € R* satisfy the triangular inequality ||z|
Ko ps(z,y,z) = 0 otherwise. Here g(x, vy, z, x) is as in (3.2.10)

Remark 3.3.1. The following symmetry properties are easy to check

- ICa,B(ya x, Z)a

= ICC!,B(_Z7 Y, —LU),
2 _y)

’Ca,ﬁ(l’a Y, Z)

Ica,ﬁ(xv Y, Z)
’Ca,g(l’, Y, Z) = /Caﬁ(:lj',
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Recall the Opdam functions Gg\a’ﬁ ) defined in (3.1.2). This section is devoted to
the proof of our main result, that we state first in the case a> > —%.

Theorem 3.3.2. Assume a>f3>—1. Then G(Aa’ﬁ) satisfies the following product

2
formula
+

U6 = [ @ ),

—00

forxz,y € R and A € C. Here

Kop(z,y,2) Aas(|z])dz if zy#0
AP (z) = d6,(2) if y=0 (3.3.2)
doy(z) if =0

and Aap is as in (3.2.11).

Let us split the Opdam function

into its even part
ai (@) = o (@)
and odd part

1 J S0
p—iX Ox ™

pAiA
4(a+1)

GE\O;B) (x) = — (x) = sinh 2z gpf\aﬂ’ﬁﬂ)(x).

For z,y € R*, the product formula (3.2.12) for the Jacobi functions yields

|| +|y]
GﬁW@Gﬁmw=A|HGﬁW@WwWH%@Am@WZ
z|—=[y
1 (a,8)
=3 ), GV Wasllal. yl. |21) Aasl2]) dz,
x,y
where
Loy = [~z =ly|, =[Jz| =yl ] U [l]2] = |yl], =] +]y]] - (3.3.3)

Next let us turn to the mixed products. The following statement amounts to
Lemma 2.3 in [14].
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Lemma 3.3.3. For a>5>—%, AeC and z,y€R*, we have

GE\%B) (x) G(fe’ﬁ)(y) = Ma,g/ GE\Q’B)(Z) } sinh z sinh y sinh z ‘_2(1
Loy

<A [ gtez0057 ok, 0 dx} Aws(el) d.
0

where g(x,y,2,x) is given by (3.2.10), oX_ by (3.3.1) and I, by (3.3.3).

We consider now purely odd products, which is the most difficult case.

Lemma 3.3.4. For a>5>—%, AeC and z,y€R*, we have

Gg\?‘(’)ﬁ)(x) GE&B) (y) = Maﬂ/ Gg\a’ﬁ)(z) | sinhz sinhy sinh 2 }_2(1
Loy

X { / g(z,y,2,x) 77 [— OX e — Ll coth x coth y coth z (sin X)z]
0 (B+3)

X (sin X)%dx} Aus(|2]) dz.

Proof. For x,y >0, we have

.8 a8 (p+id)? . at1,5+1 a+1,8+1
Gg\p )(x) Ggwo )(y) = 16 (at1)? sinh 2x sinh 2y gof\ )(x) gof\ )(y)
= 77 (@ 9) + 157 (3, y), (3.3.4)
where
2., 1\2
a,f . pEtA . . a+1,8+1 a+1,8+1
I§71 )(x,y) = — m sinh 2x sinh 2y gog )(:c) <p(A )(y),
and
« >\ . . e} «
I/(\f) (x,y) := plptid) sinh 2z sinh 2y gof\ +1’B+1)(x) gof\ +1’5+1)(y). (3.3.5)

8 (a+1)2

Consider first I/(\?Cl’ﬁ ). We deduce from the addition formula (3.2.16) that

1 pr
| o0 g cosh (e, ) )0 6) dimstr ) = 9530 5ol
0 J0O

where X(f(’)ﬁ)(r, 1) =rcosty and cpf/\”ﬁl)vo(x) = ZEZTS sinh 2x @&O‘H’BH)@). Hence

1 T
70 (2, y) = / / 2 (arg cosh [, y, 1, 0)]) 1 cos v dmap(r,d).  (33.6)
0 0
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By performing the change of variables (3.2.9) and arguing as in Section 3.2, (3.3.6)
becomes

Tty
Ig‘,xfﬁ) (z,y) = —2 Ma,6/| | GE\?‘G’B)(Z) (sinh  sinh y sinh 2) 2
z—y

% { / 0%y 9(x,y, 2, )37 (sinx)* dX} Aap(z) dz.
0

By using the symmetries

9z, y,2,x) = g(lz], |yl 2], x),

27 (,y) = sign(ay) T (|2, [y]) |
o X

Oy = SIE(TY) Oy

we conclude, for all z, y € R*, that

Iﬁ’m (z,y) = — Mag G(f’ﬁ)(z) } sinh z sinh y sinh 2 ‘_20‘

Iy
A [ e gtez 005 i df a2 d
0
(a+1,8+1)

Consider next Ii?‘z’ﬁ ). By using this time the product formula (3.2.12) for ¢ ]\ ,
we obtain, for z,y >0,

I(a,ﬁ) (z,y) = p(p—l—z>\)

)\’2 — m Ma+175+1 Slnh 21’ Slnh 2y

Tty
X / gaf\a+1,ﬁ+l) (2)(sinh 2 sinh y sinh z)~2*~2
|z—yl

X {/ g(x,y,2,x)7 " (sin X)%”dx} Aat1,841(2) dz
0

T+y
=2M,z G(A:l(’)ﬁ) (2) (sinh x sinh y sinh 2) >* P -
|z—yl B+3

x coth x coth y coth z {/ 9(z,y, 2, X)‘fﬁ_l(sin X)%HdX} A, p(2)dz.
0

By arguing again by evenness and oddness, we deduce, for all z,y € R*,

I,(\?Cz’ﬁ) (z,y) = Ma,g/l GE\Q’B)(Z) } sinh z sinh y sinh z ‘—204
z,y

X (coth x coth y coth 2) {/ g(z,y, 2, x) " (sin X)%HdX} Anp(lz]) dz .
0

P
B+3
This concludes the proof of Lemma 3.3.4 and hence the proof of Theorem 3.3.2. [
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Next we turn our attention to the case a = 3 > —%. For z,y,z € R, let

cosh2’fv cosh2y—cosh2z if r 0

Opyz = sinh 2z sinh 2y . Y 7& ’ (337)

0 if zy=20.

Moreover, we define the kernel K, , by
lca,a(xa Y, Z) = 24a+2Ma,a ew—l—y—z
[sinh(z+y+2) sinh(—z+y+2) sinh(z—y+2) sinh(z+y—2)] o1/2
X

} sinh 2z sinh 2y sinh 2z ‘M

y sinh(z+y+2) sinh(—z+y+2) sinh(r —y+2) (33.8)

sinh 2z sinh 2y sinh 2z

if |lz| = |yl| < |2| < |=| + |y|, and Kya(z,y,2) = 0 otherwise. The symmetry
properties of K, 5 (see Remark 3.3.1) remain true for K, 4.

Theorem 3.3.5. In the case a« = [ > —%, the product formula reads

x7y

+0o0
Gy (@) G () = / Gy (=) A (2), (3:3.9)

o0

forxz,y € R and A € C. Here

Kaa(®,y,2) Aaallz]) dz if zy #0,
dpls)(2) = d6,(2) if y=0, (3.3.10)
doy(z) if ©=0.

Proof. The even product formula

a,o a,o ]- o,
G @) G =5 | G (@) Waallal Iyl 2]) Aaa(l2]) dz

Iﬂf»y

and the mixed product formulas

oo o, 1 @,
G @ W) =5 [ G o Wasallal ol 2D Aval o) d2,
Gl oy gl 1 [ g W A d
@G0 = 5 [ GV sy Waallal I 2D Anall2D) 0
z,y

are obtained as in the case o> 3. Here W, , is given by (3.2.15), I, , by (3.3.3) and
Os2y Dy (3.3.7). As far as they are concerned, odd products are splitted up as in
(3.34):

G (@) G () = T () + T (.).
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The first expression I/(\?Cl’a) is handled as I/(\?Cl’ﬁ ) in the case a > B. We perform this time

the change of variables |0, 7[> —— 2z €0, +o0[ defined by cosh z = |y(z,y, 1, )|
and we obtain this way

I (2, y) = — Maa /0 GS (arg cosh [y(z, 9, 1,9)]) cost) (sin ) di

T+y
= — / Gf\‘fe’a) (2) Ovye Waa (2,9, 2) Analz)dz,
|

z—y|
hence

a,o 1 a,o
5@ y) = =5 | G(2) 0y Waallz] [yl 2]) Aaa(l2]) dz,

Il"y

first for z,y > 0 and next for z,y € R*. According to the product formula for

<pg\a+1’°‘+1), the second expression I/(\?‘z’a) becomes
2041 [T
) N Gl
2,2 (l’,y) Q(Oé—l—l) /|m—y| A,0 (Z)

sinh 22 sinh 2y

a+1l,a+1 (Ia Y, Z) Aoc-l—l,a-i—l(z) dz

sinh 2z
for all z,y>0. By using
a+1
WOL (6% ) ) = ]'6
ottty 2) a+1/2

y sinh(x+y+2) sinh(—z+y+2) sinh(z—y+2) sinh(x+y—z)
sinh?2z sinh?2y sinh?2z

Wa.al(z,y, 2)

and )
sinh“2z
Aa—i—l,a-‘,—l(z) - 4 a,a(z) )
we obtain
_’Z:(ava) _ 2 G(a7a)
Ao (1Y) = G (2)
z,y
y sinh(x+y+z) sinh(—z+y+2) sinh(z —y+2) sinh(z+y—z)
sinh 2x sinh 2y sinh 22

X Waa(lzl, lyl, 12]) Aae(l2]) dz
first for z,y >0 and next for z,y € R*. We conclude the proof of Theorem 3.3.5 by
summing all partial product formulas and by using the remarkable identity
0, y,2) =1 —=0py>+ 0sys+ Ouzy

_4 sinh(x+y+2) sinh(—x+y+2) sinh(x —y+2) cosh(x+y—=2)
B sinh 2z sinh 2y sinh 22
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Consider next the rational limit of the product formula (3.3.9). It is well known
that the hypergeometric function oF (a, b; c; z) tends to the confluent hypergeomet-
ric limit function ¢F; (c; Z) as a,b — oo and z — 0 in such a way that abz — Z.
Consequently, as ¢ —0,

(a,cx) o | 1 A . . . 2
Py (ex) =2oF (a+§+22—€,a+§—22—8,a+17 —(sinhex) )

tends to the normalized Bessel function

+0o m
ja(Az) = oF; (a-+1; —(%)2) _ ”“*”%m&ﬁum (%)m’
hence
G(AO/‘;“) (ex) = gpg(;f‘)(ex) + %—L?\)/& sinh(2ex) @&O/‘f)(ex)
tends to ,
B (iA.) = Jo(A0) + 5o s et ().

The latter expression is the so—called Dunkl kernel in dimension 1, whose product
formula was obtained in [56] :

Eo.(i\, 2) Eo(i), v) :/Ea(i)\,z) ko(z,y, 2) |22 dz, (3.3.11)
R
where
_ ['(a+1)
]{;a :22a— 1_mz 2,Y,T T,z
(x7y7z> \/7_TF(OK+1/2)|: gvl/y +§,y7 _'_gvvy]
Latyte) Catyte) (royts) (ety—2)]*
|zyz[?
with s .
o 79”23;;2 if zy#0,
i 0 if zy=0,
hence
k(g 2) = 22t L@FD [why+2)Caty+a)(e—y+e)@ty—2)):
amd Vrl(a+1/2) |y z[>
" (x+y+z)(—x;y+z)(x—y+z). (33.12)
Yz

Here is an immediate consequence of (3.3.8) and (3.3.12).
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Lemma 3.3.6. For every oz>—% and x,y, z€R*, we have

lim 22 K, o (e2, 8y, €2) = ko(z, v, 2).
e—0

We deduce the following result, which was announced in the abstract and in the
introduction.

Corollary 3.3.7. The product formula (3.3.11) is the rational limit of the product
formula (3.3.9). More precisely, (3.3.11) is obtained by replacing X by /e and (z,vy)
by (ex,ey) in (3.3.9), and by letting € — 0.
Theorem 3.3.8. Let x,y € R.

(i) For a>p>—1 with a>——, we have supp ') C I,

(i) For a>pB>—1 with a>—1, we have u(moff)(]R) =1
Tla+1)T(B+1)

iii) For a>B>—1 we have @O <4+ .
(i) 5> 21 < 44 Ry T

(iv) For a=(>—%, we have || < 2,

Proof. (i) is obvious.
(ii) This claim follows from Theorems 3.3.2 and 3.3.5 and the fact that ng’ﬁ ) =1,

(iii) From the proof of Theorem 3.3.2, we may rewrite the product formula for GE\Q’B )

as follows:
GP@) GV ) = | GO () Kap(e,y.2) Aas(l2) dz + 57 (@),

Iﬂf»y

where I;?;’B) is given by (3.3.5) and
Koz, y,2) := Mg | sinh 2 sinhy sinh 2 ‘_2
[ o, o) ale s 0T g

By [14, Proposition 2.7|, we have

/ |/€a75($,y,z)|Aa,6(|z|)d3§4.
Loy
On the other hand, using the product formula (3.2.6) for the Jacobi functions, we

may rewrite I/(\?‘Q’B ) as follows :

(@,B) ~ plp+id)
%) (@, y) = S(at1)

)\ 1 pm N
— _g((gizl_)) sinh 22 sinh 2y// ‘P(A +1,ﬁ+1)(arg cosh [y(z,y,7,¥)|) dmas1 gi1(r, )

(arg cosh |y(z, y, 7,
sinh 2x sinh Qy// & hiz.y.r. D) dmay1,841(7, 1),
|’71’ y,r >¢ |\/|7I y,r >w)|2_1

(CH—l B+1)( ) gpg\a-‘rl,ﬁ-l-l)(

sinh 2z sinh 2y ¢y )

X

4()

48



where v(z,y, r,1) = cosh x cosh y+sinh x sinh y e’ In order to conclude, it remains
for us to prove the following inequality

P . L dmat1,6+1(r,9) I'(a+1) D(B+3)
4a+n$m”x&“”?//\vxynw@hﬂwmynumv—lSF@H%>N6+D'

By expressing |y(z,y,r, ¢)| and dma+1 g+41, the left hand side becomes

dm,, ,
sinh 2z sinh 2y// Ma+1,5+1(r, ¥)
V(2 y,

4( 1) r )|y, g, )P —
p 2T (a+2) // B-1 28+2
= sinh 2x sinh 2y (1—rH)* =L (rsine)?P+
4(a+1) rL(a—pB)L(B+3)
1
X
\/(cosh x cosh y+r cos ¢ sinh x sinh y)2+-(r sin ¢ sinh x sinh )2
X L rdrdiy
v/ (cosh z cosh y+7 cos 1 sinh x sinh y)2+ (r sin ¢ sinh 2 sinh y)2—1
pT(a+1) /1/7T 2Na—B—1(. 28+2 dr di
= 1—
ﬁF(a—ﬂ)F(ﬁ+%) 0 0( ) (rsiny) VUcos y/V+cos)’
where
U cosh®z cosh?y + r2 sinh?z sinh?y
~ 2rcoshz cosh ysinh zsinhy
and
V= cosh?x cosh?y + 72 sinh?z sinh?y — 1
N 2r cosh x cosh y sinh z sinh y
Since

cosh z coshy — rsinh zsinhy)? — 1

U—1>V—1:( >0

— Y

2r cosh x cosh y sinh z sinh y

we can estimate

1 pm
P sinh x cosh x sinh y cosh y / / dma1 1(7,9)
ot @y, )y )P -

<fr(pF O‘“ %// ) rsin ) 2 (1 + cos )~ Hdrdy

_ pT(at]) ( %) - I(a+1) T(6+3)

~ 2T(a+3) T(B+1) ~ Ila+y) D(B+1)°
using classical formulas for the Beta and Gamma functions.
(iv) is proved in a similar way, using the product formula (3.2.8) for ¢\ instead
of (3.2.6). O
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Remark 3.3.9. The measure ,u(ff;f) 1s not positive, for any o> [ > —% and x,y>0.

More precisely, let us show that Kop(z,y,2) < 0 if —x—y < z < —|x—y|, while
Kaplz,y,z) > 0if |[z—y| < z < x+y. In the limit case o=, our claim follows
immediately from the expression (3.3.8). Thus we may restrict to the case o> [5.
Assume first that —z—y < z < —|x—y| and let us split up

Kaps(z,y,2) = M, 5 (sinhz sinhy sinh(—z)) ™2 [K((ll)ﬁ(:v, y,2) + ’C((f)ﬁ(ZE, Y, z)},
where
Kt 2) = [ gt =200% 7 (1= 02y b oy 02, i) d

and

IC((j)B(x,y, z) = cothxcothycothz/ g(x,y, —z,X)'j‘__ﬁ_l(sin X)# 2 dy .
0

p
B+1/2

On one hand, cothx cothy cothz < —1 and
/Oﬂg(:c,y, —2, )37 (sin )2 dx > 0, (3.3.13)
as the change of variables (3.2.9) holds for x in an interval starting at 0, where
g(x,y, —2,x) = sinh®z sinh?y (1—7%) > 0.
Hence ICS)B(:c,y,z) < 0. On the other hand, as

X — 1 — X X X
0 (I, Y, Z) - 1 am,y,z + am,Z,y + O-Z,y@

. 1 . . . .
= SAhTsmhyemhs [ sinh x sinh y sinh z 4 sinh x cosh y cosh z
+ cosh x sinh y cosh z — cosh z cosh y sinh 2

+ %X (—sinh 2z — sinh 2y + sinh 2z) |

1s a decreasing function of x, we have

oX(z,y, 2) < 0°(x,y,2)

_ 4 : T+y+z o: —zr+y+z L: T—y+z rty—=z2
" sinhzsinhysinhz sinh 2 sinh 2 sinh 2 cosh 2

<0.

Hence ICS)B(:c,y,z) < 0. When |z—y| < z <z +y, the positivity of Kus(z,y,z2) is
proved along the same lines. If sinh 2z < sinh 2x + sinh 2y, we have now

oX(x,y,2) > °(x,y,2) >0
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while, if sinh 2z > sinh 2z + sinh 2y,

oX(x,y,2) > 0" (x,y, 2)
4

_ x-i—y-‘,—z —rtytz T—y+z 3 z+y—=z
" sinhzsinhysinh z cosh cosh 2 cosh 2 sinh 2

> 0.

3.4 Generalized translations and convolution prod-
uct

Let us denote by C.(R) the space of continuous functions on R with compact
support.

Let a > 3 > —% with o > —%. The Opdam—Cherednik transform is the Fourier
transform in the trigonometric Dunkl setting. It is defined for f € C.(R) by

FON = [ 10689 (0) Aualal)d ¥ AEC (3.4.1)
R
and the inverse transform writes
_ @Ay (1 PY_ A
jg(!lf) /Rg()\)c')\ ([L’)( ’l)\> 87T|Ca75()\)|2

Here A, s and c, g are given by (3.2.11) and (3.2.3). See [51] for more details.
The Fourier transform F can be expressed in terms of the Jacobi transform

FasH) = [ fla )\ () Aap() da . (3.4.2)

0

More precisely :

Lemma 3.4.1. For A € C and f € C.(R), we have

FHN) = 2Fap(fe)(N) + 2 (p+iA) Fap(Jfo)(A)

where fo (resp. f,) denotes the even (resp. odd) part of f, and

Ifa / X0

Proof. Write f = f, + f,. Firstly, if A = —ip, then
/ F(2) As(|]) do = 2 Fo s(f2)(ip)
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Secondly, if A\# —ip, we have

FDO) =27 £ + o [ o) 607 0) Aws(o) e

Recall the Jacobi operator

Aoy — 1 0 [ 0 0

0
m% aﬁ(a?)%] =02 + [(2a+1)cothx + (2ﬁ+1)tanhz] —

ozr

By integration by parts, we obtain
“+oo

o) G o) As(a)d

0

—— [0 5[4 3 @) Ansle) do
= FuslBas )N = (7 02) Fuplf)N)

O

The following Plancherel formula was proved by Opdam [51, Theorem 9.13(3)] :

[ 1@k Austiah az = [ m(\f( D +IF(] V><A>\2)WAB<A>|2
P A
/]-" FOEN =3 e o

where f(z) := f(—x). The following result is obtained by specializing [57, Theorem
4.1].

Theorem 3.4.2. The Opdam—Cherednik transform F and its inverse J are topo-
logical isomorphisms between the Schwartz space S, (R) = (coshx)™? S(R) and the
Schwartz space S(R). Recall that p=a+p+1.

Let us denote by Cp(R) the space of bounded continuous functions on R.

Definition 3.4.3. Let z€R and let f € Cy(R). For a>(>—1 with a#—3, we
define the generalized translation operator 7 by

TP f( / F(2)dp) (=
where d,ugff) is giwven by (3.3.2) for a> B, and by (3.3.10) for a=p.
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The following properties are clear. However for completeness we will sketch their
proof.

Pr0p051t10n 3.4.4. Let a>p>—1 with a#—3%, z,y €R and f € C,(R). Then

(i) 70 f(y) =757 f ().
(ii) Té“’f”f = /.
(ZZZ) ,7_:(20676),7_;0‘7 ) _ ,7_5/0‘ ,B) (OC B)
(o) 7EIGED4) L 6 2) G ).
If we suppose also that f belongs to C.(R), then

(v) FrEP N = GY ) F(F).
(vi) T(@8) 7B — 2(05) (aB),

Proof. (i) follows from the property KCo 5(z,y, 2) = Ko 5(y, z, 2).
(ii) follows from the fact that ICy 5(0,y, 2) = 0,(%).
(iii) follows from the fact that the function

H(x1,y1,72,92) == / Ka.(x1,91,2) Ka,p(22, Yo, 2) Aap(|2]) d2
R
is symmetric in the four variables.

(iv) follows from the product formula for GE\Q’B ),
(v) For f € C.(R), we have

FEeMH0) = [ 7010 65 (0) Awslll) dy
= [ [ 1) Kae:2) Aaall2D) d=] G5 =) Al
= [ 1) [ G070 Kaslo9,2) Aol do] Ansll=)

Since Ko 5(2,y, 2) = Koz, —2, —y), it follows from the product formula that

FreDf(A) = G(x) / F(2) G (—2) Aup(|2]) dz

(vi) This property follows from the injectivity of F and the fact that i) (T@H) f)
and T(@A) (Tﬁf’ﬁ ¥ ) have the same Fourier transform, namely

A— i AGED (@) F(H(N).
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Remark 3.4.5. Generalized translations in the Dunkl setting were first introduced
by Trimeche, using transmutation operators. This approach is resumed in [48], which
deals with a generalization of Dunkl analysis in dimension 1.

Lemma 3.4.6. Let 1 <p < oo, f € LP(R, A, 5(|2|)dz) and v € R. Then

172 Fllp < Cas lI.f Iy » (3.4.3)
where )
I'(a+1) T'(B+3) . 1
Cop=4 T TE T @B (3.4.4)
3 if a=fp>—35.

Proof. The inequality (3.4.3) follows from Theorem 3.3.8. More precisely, the cases
p =1 and p = oo are elementary, while the intermediate case 1 < p < oo is obtained
by interpolation or by using Holder’s inequality, as follows:

p—1
Il < ([ a2l Aaall=) d2)

[ Kot NI A1) Aasol) d=
< Cogllfly-
O
Definition 3.4.7. The convolution product of suitable functions f and g is defined

by
(f *ap 9)(x) = / 7 £(—y) g(y) Aas(ly]) dy

R

Remark 3.4.8. It is clear that this convolution product is both commutative and
assoctative :

(Z) .f *a,6 9 = G *a,8 f
(i) (f *a,p 9) *a,p h = f *a,5 (9 *as h).

For every a>0, let us denote by D,(R) the space of smooth functions on R which
are supported in [—a,a].

Proposition 3.4.9. Let fe€D,(R) and geDy(R). Then f*459 € Dopp(R) and

F(f *ap 9)(A) = F(F)A) Fg)(A) -
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Proof. By definition we have
F(rap )0 = [ [ 707 F(=0) 9000 G5 =0) Aaslal) An o) d dy.

Using the product formula for Gg\a’ﬁ ) and Remark 3.4.8, we deduce that

F(f 0 9)(N) = / /(2) / 9(y) / G (—) Ko p(—2, —y, —1)

anﬁ\:cD amy\) Ao 5(2]) di dy d
/ £(2) G (=2) Aus(l2]) da / 9(y) CLP(—y) Aas(ly]) dy
Fl9)().

By standard arguments, the following statement follows from Lemma 3.4.6.

Proposition 3.4.10. Assume that 1 < p,q,r < oo satisfy %—l—%—l = % Then,
for every f e LP(R, A, s(|z|)dx) and g € LY(R, Ans(|z])dx), we have f *,p59 €
L™ (R, Ay 5(|z|)dx), and

1 *a5 9 llr < Capllfllpllglly

where Co 5 is as in (3.4.4).

3.5 The Kunze-Stein phenomenon

This remarkable phenomenon was first observed by Kunze and Stein [45] for the
group G = SL(2,R) equipped with its Haar measure. They proved that

LP(G) x L*(G) C L*(G) V1<p<2.

By such an inclusion, we mean the existence of a constant C, > 0 such that the
following inequality holds:

1f gl < Cpllfllpllgll: ¥ FELY(G), ¥ g€ L*(G).

This result was generalized by Cowling [27] to all connected noncompact semisimple
Lie groups with finite center. We prove the following analog in our setting (we
understand that Trimeéche has recently extended this result to higher dimensions).
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Theorem 3.5.1. Let 1 <p<2<qg<oo. Then

LP(R, Ay 5(|z])dx) %08 L*(R, A, p(|z])dz) C L*(R, A, p(|z])dz) (3.5.1)

and
L2(R, A, s(|z))dz) *40.5 L2(R, A, p(lz))dz) € LUR, Ay 5(|z|)dx) . (3.5.2)

Proof. (i) Let f,g€C.(R). Then, by the Plancherel formula, we have

/R (f #ap )P (2) Aas(|2]) de

= [ 1R s DO Tt + L F U 20 0 OF ot

, ,  dA o dA
< o 1Fw)WE ]| 0P L F OO )
= s [Pl 0PSB
AeR, we{£1}

Here we have used the fact that F(f %45 g)'= F(f) F(g). Next, if 1<p<2 and
2<q<o0 are dual indices, we estimate

|F(w- g)(\)| < / |g(wa)| |G (—2)| Agp(|2|)dz
<Nl 1G],

using Holder’s inequality. We conclude by using Lemma 3.5.2 below, which implies
that ||GE\O“B)||q is bounded uniformly in A€R.
(ii) Let f, g, k€C.(R). Using the Cauchy-Schwartz inequality and (3.5.1), we get

[ 50 9)@) @) Al | < Clglla ] £+
< Gyl gz 1],
Hence | £ #aglly < Cy 112 lgll. m

Lemma 3.5.2. (i) The function G(OO"B) 1s stricly positive and is bounded above by

C(l+x)e?® if x>0,
Cer® if ©v<0.

(ii) For every NeR and xR, we have

G (@) < G5 ().
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Proof. These estimates are proved in full generality in [57]| (see Lemma 3.1, Propo-
sition 3.1.a and Theorem 3.2). For the reader’s convenience, we include a proof in
dimension 1.

(i) Firstly, by specializing (3.2.1) and (3.1.2) for A=0, we obtain

(p(oa,ﬁ) (z) =-F (2, B L. a+1; tanh x) (coshx)=" (3.5.3)

and
P
G (2) = P (z) + ail sinh 2 cosh z 0T (1) (3.5.4)

It is clear that (3.5.3) is stricly positive, hence (3.5.4) when x>0. By looking more
carefully at their expansions, we observe that the expression

o (L a—p+1
i —(2)n( > )n (tanh z)*"
n=0 (a+1),n!

Uy (z) = gFl(g, O‘_QBH; a+1; tanh%) = Z

is stricly larger than the expression

\112(;U 2F1( +1, Q_B—H; o+ 27 tanhzx)
P a— B+1
- Z * (Hn1 (5 (tanh x)*"
n=0 (Oz+1)n+1 n!
Hence
G(Oa’ﬁ)( ) = (coshz) ™ { ¥ (x) + tanh z Uy(z)} > (coshz) ™ {¥;(x 2(7) }

is strictly positive on R. Secondly, by combining (3.5.4) with (3.2.5), we obtain

o 202D (a41)
Ge (@) =

(2) (=54

xe‘”—l—(’)(e‘”) as T — +0o
and
GlP)(z) = O(e?") as T——00,

which yields the announced upper bounds.
(ii) Consider the quotient
(@B) () _ G @)
Q)=
By using the equation (3.1.1) for G*” and G\, we obtain

o )\ _ Z6@ (@), \ 2 CP) ()
9z "X (x)_W_QA @)W

= {(a—p) cothz + (28+1) coth 2z + ,0} G(O‘ ﬁ) {Q Q(AO"B) ()}
+ix Q™ (z) .
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Hence

C\{B a:ﬁ C\{,B
21 @)]* = 2Re | £ Q1) Q@) |
G{™?) (—a)
:—2{(0&—5)00“11’4—(2ﬁ+1)00th21’+p}m

{17 @) - Re [Q7 (=) Q@) | }

and

‘Q(aﬁ ‘ = —2{(a—p) cothx+(2ﬁ+1)coth2:c—p}cgi57[j)()

2)
< L1Q0 7 (=)~ Re [ (1) Q7 (=) ] }.

Thus, for every x>0, we have

= }Q(Aavﬁ)(iﬂ)f < —2{(a—pB)cothz + (28+1) coth2z + p} G(;(fi;)((”;)
% |QV2 (@) {| Q7 ()] - QY7 (—a)|} (3.5.5)
<0
it Q7 (x)] > Q" (—2)| and
2 ‘Qg\a’ﬁ)(—x)‘z < —2{(a—p)cothz + (28+1) coth2z — p} %)())
x| QD (=) [ {]Q7 (=) — |QP ()|} (3.5.6)
<0

if |Q(aﬁ (—x)| > |Q(aﬁ (z)]. As real analytic functions of z, |Q(aﬁ (z)|? and
|Q ( r)|* coincide either everywhere or on a discrete subset of R with no accu-
mulation point. In the first case, |Q(a h) (z)|*= |Q§\O"B)(—x)|2 is a decreasing function
of x on [0,400), according to (3.5.5) or (3.5.6). In the second case, consider the
continuous and piecewise differentiable function

M(z) = max{ ‘Qg\a’ﬁ) E\a’ﬁ)(—z)‘z}

[0 +OO) Firstly, if ‘Q(aﬁ } ‘Q(aﬁ

5 M(2) am}Q(aﬁ "’5} <0,
according to (3.5.5). Secondly, if }Q)\a’ (a:)‘ < }Q)\O"B)(—x)}, then
2 M(z) = 2 |Q¢7 (-2)]" <0,
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according to (3.5.6). Thirdly, if }Qg\a’ﬁ) (z)] = }Qg\a’ﬁ)(—x)} for some x>0, then M
has left and right derivatives at =, which are nonpositive, according to (3.5.5) and
(3.5.6). Thus M is a decreasing function on [0,400). In all cases, we conclude in
particular that, for every z €R,

Q7 (@] < QF7(0)] =1 pe [G57(@)] < G ().
U

The following results are deduced by interpolation and duality from Theorem
3.5.1 and Proposition 3.4.10.

Corollary 3.5.3. (i) Let 1<p<q<2. Then
LA(R, Ag g(l])dx) #a,5 LI(R, Ao p(|2])dz) C LY(R, Ag,g(|2])dz).
(i) Let 1<p<2 andp<q§ﬁ. Then
LP(R, Ag p(l])dx) %05 LP(R, Ao g(|2])dz) C LY(R, Ag,p(|2])d).
(iii) Let 2<p,q<oo such that £<p<q. Then

LP(R, Awp([2])dz) 0 L7 (R, A (ja])dz) C LR, Ans(|2])dx).

3.6 A special orthogonal system

In this section we construct an orthogonal basis of L*(R, A, s(|z|)dz) and we
compute its Opdam—Cherednik transform. As limits, we recover the Hermite func-
tions constructed by Rosenblum [55].

Proposition 3.6.1. Let a>3> —% with o> —%. For any fized 6 >0, consider the
sequence of functions

{ H3,(z) = (cosha)~~#=0-2 P (12 tanh’z), (3.6.1)

HY,.1(x) = (coshz)~@=F~0-2 plptto=l) (1—2tanh®z) tanh z,

whose definition involves the Jacobi polynomials (3.2.17). Then {H’},en is an
orthogonal basis of L*(R, A, s(|z|)dz).

Proof. To begin with, let us prove the orthogonality of {H2 },,cy in L*(R, A, 5(|z|)dx).
Firstly, by oddness

/R M (o) HS, . () Aw p(Je]) d = 0.
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Secondly, we obtain

/R HS, () 1O, (2) A o([2]) de

1
= 2/ PO (1— 2y%) PO (1= 2¢%) ! (1— ¢%)° dy
0

m n
1

a+n+1)T'(6+n+1)
(a+6+2n+1) n! T(a+d+n+1) ™"’

1
_ 9—a—6-1 / P(a,cs)(z) P(a,cS)(Z) (1—2)* (1+ 2)5 dz

by performing the changes of variables y = tanhz, z = 1 — y? and by using the
orthogonality of Jacobi polynomials (see for instance [1]):

+1
[ PO PN (s (142) d:

1
_ patdt Fa+n+1)I'(d+n+1)
B (a+64+2n+1) n! T(a+0+n+1) ™"

Thirdly, by the same arguments

/R HY, o (2) Hy (2) Aag((2]) de

1
— 2/ Pgsz—l—l,é—l)(l_ 2y2> P(a+1,5—1)(1_ 2y2> y2a+3 (1_ y2)5—1 dy
0

n

1
_ 2—a—6—1/ P7(7?+176—1)(Z) Pga-i-lﬁ—l)(z) (1_ Z)a+1 (1—|- Z)(S—l dz
—1

I'(a+n+2)I'(6+n)
(a+6+2n+1)n!T(a+6+n+1) ™™

Let us turn to the completeness of {H°},en in L*(R, Ay, p(|2[)dx). Recall (see for

instance [1]) that the Jacobi polynomials {P%&’é)}neN span a dense subspace of L?( |-
1,1[, (1-2)%(1+2)%dz). By the above changes of variables, we deduce that {HS, }.en
and {H, ,; }nen span dense subspaces of L*(R, A, s(|z])dz)e and L2(R, Ay 5(|2|)dz),
respectively. O

Remark 3.6.2. In (3.6.1), let us replace § by €72, x by ex and let £ \,0. As

22

2

—a—fB—e"2—

(coshex) e

and

P (1= 2tanh? ex) = e yFy (—n,a + b+ 22+ n+ 150 +1; tanh® ex)

n!
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tends to the Laguerre polynomial
L2(2?) = W By (—nsa+1522),

we recover in the limit the even and odd Hermite functions constructed by Rosenblum
[55, Definition 3.4 in the rational Dunkl setting:

{ Hs,(ex) — e L2 (a?),

e Hs 2 (ex) — e~ % Lot (a?) .
Theorem 3.6.3. The Opdam—Cherednik transform of {H},en is given by

(=" T(a+1) (=) D(H5")
n! T 4+ 1) T(2 L 4 n+1) (3.6.2)

XP(A2 5+1 6+1 a+ﬁ+1aﬁ+1)
472727 2 7 2 ’

F(H3,)(A) =

and
(~1)" (piX) (-t 1) T(E) T(soid)

nl 20(%0%0 4 p42) T (42 4 n 1) (3.6.3)

XP(V 0+1 6—1 a+p+3 a— B+1)
4727 27 2 7 2

F(H3,)(\) =

where

P,(t*;a,b,¢,d) = (a+b), (a+c), (a+d),

—n,a+b+c+d+n—1,a+t,a—t 1)

X F(
s a+b,a+c,a+d

denotes the Wilson polynomials.

Proof. By evenness, the Opdam-Cherednik transform F(H3,) coincides with the
Jacobi transform F, g(H3,). Thus (3.6.2) amounts to Formula (9.4) in [47]. Let us
recall its proof, which was sketched in [47, Section 9] and which will be used for
(3.6.3). On one hand, we expand

HY, (z) = (—1)" (cosh )~ #=0=2 P) (2 tanh?y —1)
1
=(=1)" (5+ In (cosh ) =@ P02, (—n, a+6+n+1;5+1; cosh%x)
1) -

0+1), 3 “””}Lﬁjﬁ%““ (cosh ) ~@B=0-2m=2(36.4)
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in negative powers of cosh x, using the symmetry

PO (x) = (=1)" PP (~)

n

and the definition (3.2.17) of Jacobi polynomials. On the other hand, recall the
following Jacobi transform [47, Formula (9.1)]:

+oo [(a+1) D(“52) D252
—a—B—p—1 _(o,5) —
/0 (COSh I) : P (ZL’) Aa,g(l’) dr = 9 F(a+5-2hu+1>2r(a—ﬁ—2i-i+l> : (365)

We conclude by combining (3.6.4) and (3.6.5) :

F(HS,)(\) = / 1S, () o\ () A p(|2]) da

(=)™ " (=) (aF0+n+1),

= 1
a0+ Ln G+ 1) m]

m=0

“+oo
<2 [ foosha) PO G0 0) A, () d
0

S

D(a-+1) D(E5 4 ) (=2 1)
D(22 4+ 1) T (2L 4 m+1)
(=" Dla+1) T(H5) D(#H572)
nl TR (et )
i (_n)m (Oé+5+7l+1)m (5+12+z)\)m (5+12—2)\)m
(6+1)m (S 41),,, (2224 1), m]

(0+1),

m=0
g

2 2

_n a+5+n+€ S414in S41-i)
5_'_1’ a+§+6+17 (X—§+(5+1 ) )

iy

(—1)” F(a—l—l) F(6+12+i>\)r(6+12—i)\)

nl DR 44 1) D(E2E 4 n+1)
« P <_A_2_5+1 0+1 a+B+1 a—ﬁ+1>

"4 2727 2 72 '

Similarly,

HY, . () = (—1)" (cosh z)~* #7072 PO=Let) (9 tanh?s —1) tanhz

n

—1)"
= (=1) (6), (sinh z) (cosh )~ 7073 JF (=n, a+5+n+1; §; cosh%x)

= E L0, (sinha) Y2 E:;):i;nﬂ)m (cosha)™*7P707m,
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and

F(H,, () = / H3, 1 (2) GO (2) Aus(|a]) de

2
tT) / H, 41 () 9\ (@) (sinh 22) Ao p(|2]) da
R

T A(atl) fy o
+iX [T ~ N
- poz+1 / (sinhz cosh )™ Hy,, () SO(A Hﬁﬂ)(?ﬁ) Ast1,8+1(7) dx
0
(=1)" pFiA " (=) (@4-6+n+1),,
= N
n!  a+l (9) 7nZ:O (8)m m!

+00
. / (cosh )@= F=02m=t LD () A1 g () da
0

-

D(a+2) D(EELE ) T (S22 1)
20(2HH 4 +2) (2 1)
(=1)" (p+iN) T(a+1) D(H5E2) D(H52) @
mo DRy
n (_n)m (a+5—|—n—|—1)m (6+12+i>\)m (6+12—i)\)m
(8)m (22 42),, (2504 1),,, m]

m=0
N -

§, 0t 4o QB0 4y
(=1)" (p+id) T(a+1) D(HE5E2) D(52)
nl o 2T (2 4y 2) D(2E 4 n+1)
« P (_A_2.5+1 d—1 a+pB+3 a—6+1)
"4 22 2 2 )

O

By comparing the Opdam—Cherednik transform of HS with the particular case
H)(x) = (cosh z)~*7#=9=2 we obtain the following Rodrigues type formula.

Corollary 3.6.4. Consider the polynomials

= s - (=)™ t2.0+1 §4+1 a+B+1 a—p+1
P2n(t> o n!(a+§+5+l)n(a*§+6+l)n TL( 47 20 270 2 ) 2 )7
Do _ (=D)" (p41) 2. 641 -1 o+B+3 a—p+1
Poni() = S am e . W (T 5 )
Then
HY (z) = P2 (T (coshz)"* P92 v¥peN. (3.6.6)
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In other words, by replacing in the expansion of the polynomial f’g(t) the variable t
by the Dunkl-Cherednik operator T*?) one obtains a differential-difference opera-
tor, whose action on the function (coshz)~*P=9=2 yields the function HC (x).
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Chapitre 4

Contributions a 'analyse de Dunkl
trigonométrique unidimensionnelle

transformation d’Abel, noyau de la
chaleur, et équation de Schrodinger

Ce chapitre reprend la prépublication [7].

Résumé: En analyse de Dunkl trigonométrique unidimensionnelle, on étudit la
transformation d’Abel afin de I'utiliser pour estimer le noyau de la chaleur en temps
complexe. Ce qui permet en temps imaginaire pure de déduire des inégalités dis-
persives et de Strichartz pour I’équation de Schrédinger linéaire. Ainsi les appliquer
dans I’é¢tude du probléme bien-posé dans le cas non-linéaire.

Abstract: In one-dimensional trigonometric Dunkl analysis, we first study the
inverse Abel transform and next apply it to estimate the heat kernel in complex time.
For imaginary time, we deduce in particular dispersive and Strichartz inequalities for
the linear Schrédinger equation and apply them to well-posedness in the nonlinear

case.
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4.1 Introduction

One-dimensional trigonometric Dunkl theory is a two-parameter deformation
of classical Fourier analysis on R, which includes Jacobi function theory and in
particular radial analysis on hyperbolic spaces or on Damek—Ricci spaces. In this
paper we consider the heat equation

Owu(z,t) — Agu(z, t) = F(z,t) V(z,t)eRxR* (4.1.1)

u(z,0) = f(x) VxeR o
and the Schrodinger equation

i Oz, t) + Agu(z,t) = F(z,t) V (z,t) eRxR (41.2)

u(z,0) = f(z) VzeR o

associated to the trigonometric Dunkl Laplacian

Af(z) = Dapf(z)
= f"(z) + {(2a+1) cothzx + (26+1) tanhx} f(z) + p*f () (4.1.3)
pE e

sinh®?z  cosh?x 2

on R. Here aa > 3 > —% with « # —% and p=a-+F+1>0. Solutions to these
equations are provided by the heat kernel hi(x) (t > 0) and by the Schrédinger

kernel s;(z)=h;(x) (t€R*). More precisely, let
"2 f(x) = hyx f(x) and e''Af(x) = s % (),

where * =%, g denotes the trigonometric Dunkl convolution product (see for instance
[6]). Then (4.1.1) is solved by

t

u(z,t) = et f(x) +/ e8P (1 5)ds
0

and (4.1.2) by

t
u(z,t) = e''2 f(x) — z/ e =) P (1 5) ds . (4.1.4)
0
Therefore a fundamental problem consists in understanding the behavior of these

two kernels. A main result in this paper is the following sharp global upper bound
for the complex time heat kernel: There exists a constant C'>0 such that

3 22 Re(2 i
C'[t]7% (1+]a]) eplel =5 Rel@) if |t =1+

. (4.1.5)
Cltl= (I faf)ets el e TR [ <1+

()] < {
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for every x € R and t € C* with Ret>0. This estimate is obtained as in 28, 2, 35, 3, 4]
by applying the so—called inverse Abel transform A~ to z — e~*"/4. Notice that
A~!is again a composition of differential and integral transforms, but that it involves
now generically two integral transforms instead of one at most, which makes it harder
to work with.

As an important application, we study the Schréodinger equation (4.1.2), follow-
ing closely [3] (see also [41]). We obtain first the dispersive inequality

1

o e medsad il i o< r] <1

4.1.6
It it [t>1 (4.0.6)

HeitAHL‘?’—)Lq 5 { %
for every 2 < q,q < oo, using for large ¢ a version of the Kunze-Stein phenomenon
established in [6]. Here L7 = L] ;(R) denotes the space of L? functions on R with
respect to the measure |sinh x |>**!(cosh 2)?**1dz . We deduce next Strichartz esti-
mates for a wider range of indices than in the Euclidean case and we prove eventually
the well-posedness of the semilinear Schrodinger equation

(4.1.7)

{ iu(z,t) + Agu(z,t) = F(u(z,t)) ¥V (2,t)eRXR,
u(z,0) = f(x) VzeR,

with powerlike nonlinearities F'(u)~|u|? (1<vy< 1+%+1).

Let us describe the content of our paper. In Section 4.2 we briefly recall trigono-
metric Dunkl theory in dimension 1 and its connection with Jacobi functions. The
next three sections are devoted to the Abel transform A in our setting, its inverse
A~! and its dual A*. More precisely, in Section 4.3 we express A and A~! in
terms of Weyl fractional transforms, in Section 4.4 we compute explicitely the ker-
nel K(z,y) =K@ (x,v) of the integral transform A, and in Section 4.5 we express
A* in terms of Riemann—Liouville fractional transforms. This part overlaps with
the recent work [32] where the kernel of A* called the intertwining operator, is
computed from the formula G, = A* (e”‘). For the sake of completeness, we in-
clude full details of our dual approach and in the appendix we check that our results
agree. In Section 4.6 we prove the upper bound (4.1.5) and in Section 4.7 we show
that it is optimal when ¢ >0 and z € R or when ¢t €iR* and |z| — 4o00. In Section
4.8 we deduce the dispersive inequality (4.1.6) in Theorem 4.8.4 and the Strichartz
inequality in Theorem 4.8.5. We conclude in Section 4.9 with the local and global
well-posedness of NLS (4.1.7).
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4.2 Setting and notation

Let a > 8 > —% with a # —%. The Dunkl-Cherednik operator T = T(@B) on
R is given by

f(x) = f(=x)

Tf(z)=f'(z)+ {(2@ +1)cothx + (26 + 1) tanhx} 5

—pf(—x),

where p = a4+ § + 1. Notice that, in Cherednik’s notation,

2k, 4k
(&

Tf(x) = (@) + { =5 + T (@) = F(=2)} = (ks + 2ka) f (),

with o = k; + ko — % and 8 = ko — % As general references, we use [52] for the

trigonometric Dunkl theory and [47] for Jacobi functions.
For all A € C, the Opdam hypergeometric functions Gg\a’ﬁ ) on R are defined as

the following normalized eigenfunctions

TG\ (z) =i NG\ (2)
G0y =1.

These functions are closely related to Jacobi functions or to the Gauss hypergeo-
metric function. More precisely,

p+iA

G ) = ) gy pysinbrcostir o), (42.1)
where cpg\a’ﬁ)(a:) =-F P M, P _21)\; a + 1; —sinh® :17)
For f € C*(R), the Opdam—Cherednik transform is defined by
e (@.8)
F(HA) = f(@) G (=) Aap(|2]) da, (4.2.2)
where
Ag p(7) = (sinh 2)?**! (cosh )+, (4.2.3)
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By substituting (4.2.1) into (4.2.2), we obtain

oo (@,8) p+iX (a+1,8+1)
FfA) = f(x) [ap)\ (x) — msmhzcosh:vgp/\ ()] Anp(|z|) da
“+oo

= feven() 237 () (sinh |2])**+ (cosh 2)**! da

pHiN [T (a+1,8+1) . . 2a+1 2B3+2
“3aiD foda(z) ) (x) sinh z (sinh |x])*“"* (cosh z) dx

+o00
= 2 feven(x) QOg\aﬁ) (SC) (Sinh $)2a+1 (COSh LE‘)2B+1 dx
0

p+ix [T foaa(2) (a+1,841) . 20+3 2543
Ca+1 <inh 7 cosh 7 ’ h )% h dr .
a+1 /o sinh z cosh z 7> (z) (sinh z) (cosh ) T

Here foyen (resp. foaa) denotes the even (resp. odd) part of the function f. Using
the Jacobi transform, which is defined for even functions by

+oo

Fapf(A) =2% F(2) 9\ () Ay p(x) da, (4.2.4)
0
we deduce that
_ 9—2p+1 PN o,y Jodd
Ff()\) 2 Fa,ﬁfeven()\) o +—1 2 fa+1,ﬁ+1 <7Sinh Cosh> ()\) (425)

4.3 The Abel transform and its inverse
Recall [47] that the Jacobi transform (4.2.4) is the composition

Fop=TF00 Aag (4.3.1)

of the Euclidean Fourier transform Fyg(\) = / g(z) e*dz on R preceded by the

Abel transform 5

239+% P(at1
A = EEE Moyt W2, (4.3.2)

in the Jacobi setting. Here W denotes the Weyl fractional transform, which is
defined for 7>0, Rex >0 and even functions by

“+oo
Wi h(z) = F(Tu) /m| h(t)(cosh 7t — cosh 72)*~! sinh 7t dt. (4.3.3)

Note that, for fixed 7 > 0, (4.3.3) extends holomorphically to u € C and gives rise

to a one-parameter group of transforms {W} },cc. In particular, W7 o W] =W/,
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Wi = 1d, and
0 b 1 1 0

Woih(z) = ~ 9(cosh ) z) =  rsinhrz Oz

h(z).
Define the Abel transform in the trigonometric Dunkl setting by
A=F;'oF, (4.3.4)

where F is the Opdam—Cherednik transform (4.2.2). Let us first express A in terms
of A, p. Consider the first term on the right hand side of (4.2.5). By (4.3.1), we
have

400
‘Fa,ﬁfeven()\) - ‘FO (Aa,ﬁfeven)()\) - /; (Aa,ﬁfeven)(z) 6_i>\x dl’

o0

Consider the second term on the right hand side of (4.2.5). Setting g = Agy1 41 (522%),

sinh cosh
we have

o+ N Farsir (a0 = () [ g)e

sinh cosh -

-/ Tola) (e

—00

400 ) t+oo .
= p / g(x) e ™ da + / g(z)e™™ d.
Hence, it follows from the definition (4.3.4) of A, together with (4.2.5), that
(.AfJ)\cvcn

g —2p—4 N
Af == 2_2p+1Aa,Bfeven - %_Hp Aa+175+1(sin];c1)iish)

. o (4.3.5)

B (Aa+1,ﬁ+1(sinﬁiish)> :

g

(Af)oda

Let us next proceed towards the inverse Abel transform. Using the expression
(4.3.2) of A, g, we may rewrite (4.3.5) as

Af(x) = Ca,B [(Wé_ﬁowé_i_%)feven(x) - i(%—i_p) (Wé—ﬁowé-kg) (sin];(l)igsh) (IL’):| )

where

20-20-3 (o + 1)
Ca,p = ﬁ .

(4.3.6)

Further, by (4.3.3), we have

+o0o
W2h(z) = 4/ h(t) sinht coshtdt.

||
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Thus W2( )(x) =4Zh(z), where

smh cosh

Th(z) = / . (4.3.7)

|
Notice that .
I(fodd)(l") = fodd / fodd

xT

is an even function of x €R. Eventually we may rewrite the odd part (Af)eqq of the

Abel transform as
(Af)Odd(x) - - i (Wl— OW§+%) (sin];(l)iish)(x)

_ caﬁ (Wl OW§+1OW12)( _fodd )(l’)

sinh cosh

—cap 2 (WL owg+%oz)fodd(x)_
By inversion, we get
Joaa(w) = =gy 7 (W2, 1 oW1 50T) (Af oaa(x) (4.3.8)

Similarly, the even part (Af)even Of the Abel transform writes

2p—4

(Af)even(x) = 2_2p+1~’40l75(feven)(z) - ZTP Aa+175+1 (sin];cl)(éish) (aj)
= Ca,p [(Wi_goVV;Jr%)feven(x) -Pp (Wé—BOWEJF% OI) fodd(I)]

and we obtain by inversion
feven(2) = pZfoaa(z) = C;lﬁ (Wzg_% OWia+B) (Af)even() - (4.3.9)
By applying Z to (4.3.8), (4.3.9) becomes eventually

Foven(2) = €y [V WY 0 2) (Afewen () — p (W25 oW 1 50T) (Af Joaal)].

In conclusion we have obtained the following formulas.

Theorem 4.3.1. Let aZﬁZ% with a;é—%, and let p=a+F+1.
(1) The Abel transform is given by

A = Ca, Wé— OW2 1 even (L
F(&) = cap [ (WA_oW2,,) foven (2) -
— (5 =P) WagoW, 107) fodd(ﬂﬁ)] :

where Wy, denotes the Weyl transform (4.3.3), the integral transform T is given
by (4.3.7), and the constant c, p by (4.3.6).
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(2) The inverse Abel transform is given by
A f(z) = 0;15 [(Wzﬁ_%oWEOCJFB)feven(x) o
+(&=p) V2, oW 50T) foaale) .

Remark 4.3.2. In the limit cases a=f3>—1 and a>3=—1, formulas (4.3.10)

and (4.3.11) reduce to the following expressions, involving a single Weyl transform.
(i) Assume that a=F>—1. Then

AF(2) = Coa [ W2, fovn(0) = (& +9) W2, 0T) foaal)|
and
AT () = b [ W2 foenl) = (240) V2, 0T) foaal)]
(it) Assume that a>pB=—35. Then

AF(@) = Cory | WL,y Foven(@) = (& +0) V2, 1 0T) foua (@)

and

AT (@) = 1y [V foven(®) = (240) VY, _40T) foaala)].

4.4 Integral representation of the Abel transform

Assume that o> (> —%. According to the definition (4.3.3) of the Weyl trans-
form, we have, for all >0,

(Wti—ﬁowé_i_%) feven(x>
+o00
- ﬁ . W§+%feven(z) (COShZ—COShI)a_B_l sinh z dz
9 +0o0 5
= =51 — a—pB—-1 43
- F(a—ﬁ)l"(ﬁ-;-%)/x (COShZ cosh z) sinh z

+o0o
X [ foven (t) (cosh 2t —cosh 22) =2 sinh 2t dt ] dz

z
+oo
_ 2

o WF(BJ,-%) . feven(t) sinh 2t

t
X [/ (cosh z—cosh z)*~#~ (cosh 2t —cosh 22) P72 Sinh 2 d» ] dt.
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Since Z( foaqa) is an even function, we deduce that

(Wl_ oW? 1oI) Foaal)

el A AR

X / (cosh z—cosh 2)*#~1 (cosh 2t —cosh 22)#~2 sinh 2¢ sinh z dz dt
= Ta-p) I+ i foaa(y)

Y

Yy
X / (cosh z—cosh 2)*#~! sinh 2 / (cosh 2t —cosh 22)5_% sinh 2t dt dz dy

-~

g

1
TlJrl (cosh 2y — cosh 2z)*8+7

“+oo
F(a 5 3) /x fodd(y)

Yy
X [/ (cosh z—cosh 2)*~#=1 (cosh 2y —cosh 22)7+2 sinh z dz | dy .

Hence

(Wl -3 O 6"‘ 3 OI) fodd( )
1 e
= — m Slnhl’ fodd (y) X

xT

y
X [/ (cosh z—cosh 2)*~#=2 (cosh 2y —cosh 22)7+2 sinhzdz}dy.

By substituting feyen ()= M and foqq(z)= w in the expressions of
(WargoW5, 1) feven(®), Wag oWéJr%oI) foaa(w), and 2 (W,_goW3 1 0T) foaa(x),
we can rewrite as follows the expression (4.3.10) of the Abel transform, for every
x>0,

“+oo
Af@) = [ f) { K™ (@y) + K& (2,y) + K7 (2,y) Y dy

xT

+o0o
+ [ FE LK (2,y) - K3 (2,y) — Ky (2,y) Y dy

= fly) KB (z,y) dy,

ly|>z

where

K (z,y) = K" (,y) + K37 (2, y) + K7 (2, y) (4.4.1)
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and

20-26-3 (g 1)
K (2, y) = N )5([; sinh 2|y|

|yl
X / (cosh 2y —cosh 22)#~% (cosh z—cosh 2)*#~! sinh z dz
\

z|

a,B 2°°2-3 )T(atl) .
Ky Vx,y)=:—-\ﬁ;rm_g;{ﬁig)ﬁgn@ﬁ

|yl
X / (cosh 2y —cosh 22)#72 (cosh z—cosh 2)*#~! sinh z dz
|z

29-20-3 P(at1 . .
Kg(, )(x y) = T po 1)%1 )51gn(y) sinh

|yl L
X / (cosh 2y —cosh 22)#*2 (cosh z—cosh 2)*#=2 sinh z d= .
\

z|

Let us eventually express the kernels K7 K{* and K™ in terms of the
classical hypergeometric function. By using the formula

|yl

/ (cosh 2y —cosh 22)#~2 (cosh z—cosh 2)*#~1 sinh z dz

||

— 92p8-1 I(a— )F(ﬁ-l-%)
T(at+i)

hy — cosh
><2171( _I_ﬁag 6,Oé+1 COS2Z/COSE(;S x)

(coshy)P~2 (cosh y—cosh )2

(see [47, (5.50) & (5.60)]) and the well known symmetry

2F1(Cl, bvcau) = (l_u)c_a_b2Fl(c_aac_b;C;u) ;

K (g, y) =203 _Llatl) s1nh(2|y|) (coshy)?~2 (cosh y—cosh )2

V7 D(ats
X2F1<-+5’a—ﬁsa+§;%>
= L sinh | (cosh )~ (cosh? y—cosh? z)*
<aFi(0=f,p-Liat ) ST,
Similarly,
(a,8) _ __pl(a+l) . bea ) —
Ky (z,y) = gﬁp(a+%)51gn(y)(coshy) (cosh? y—cosh? z)o+3
X oy (=B, pt1;a+]; OHient)
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and

K (2, y) = -2 _ ginh asign(y) (cosh y)? =+ (cosh? y— cosh? 2)*~2

V7 D(a+1)

—B— . 1. coshy—coshz
XgFl(Oé 6 1’p’a+27 2 coshy )

1

The above formulas are eventually extended to x <0 by evenness and oddness:

Af(z) = (Af)even(x) + (Af)oda()
= (Af)even(|x|) - (Af)odd(|x|)

+o0o
= [ f) { K" (2], y) + K52, y) — KD (|2, y)} dy

||

=zl
s [ R (RE ol + Kl g) = K ol )} dy

oo

+o0
=/, F) { K (@, y) + K& (2, y) + K7 (2,y) ) dy

cd

+ [ F) { KD (@, y) + K (@) + K7 (2,y) ) dy

:/| fly) K@P)(z,y)dy.

In conclusion, for all a> 3> —% and r €R, we have

Af@) = [ KD ay) fo) dy.
[y|>|z|
In the limit case a=(> —%, the kernel expression (4.4.1) reduces to

el
K@) (g, y) = % sign(y) (cosh 2y —cosh 22)*"2 (2" —e~2)
2

and, in the limit case a>f= —;, to
a_l
K@=2)(z, y) = %(gfgl))sign(y) (coshy—coshz)*2 (e*—eY).
2

In conclusion we have proved the following result.

Theorem 4.4.1. The Abel transform A writes
A = [ K fdy VeeR.
y|>|T
where K (x,y)=K5 (2,y) is given by (4.4.1), (4.4.2) and (4.4.3).
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Remark 4.4.2. Using a dual approach, Gallardo and Trimeche [32] computed re-
cently the kernel of the dual Abel transform A*. We compare our results in the
Appendiz.

4.5 The dual Abel transform

Recall that the Riemann—Liouville fractional transform R} is defined for 7> 0,
Rep >0 and even functions by

|z

R f(x) = ﬁ ) f(t) (cosh 7z —cosh 7t)*~Ldt .

Then R/, is the dual transform of Wy in the following sense:
+o0 +oo

) Wi f(z) g(z) dx = . f#) R} g(t) d(coshTt).

Define the transform A* by

Ag(y) = Aas(ly) ™ KP(z,y) g(x)dx.

|| <]yl

Then A* is the dual transform of A in the following sense :

/R Af () gla) dx = / F(4) A9(y) Aas(ly]) dy.

Let us express A* in term of Riemann-Liouville transforms. Firsty, it is clear that

/R Afoven) (&) goaa () dr = 0.

Secondly,

—+00

/R A(feven) (@) Geven (@) d = 2 Ca p /0 (Wa_goW; +%)feven(x) Goven () dz

+o00
=2 Caﬁ/ (W;_,’_lfeven) () (Ra_g Geven) (x) sinh z da
0 2
+oo

=4dcup foven(T) R§+l(sinh Ro_s Geven) () sinh 2z dz
0 2

=2 Ca,ﬁ/ foven () R§+l(| sinh | Ro_4 geven) () sinh 22| dz .
R 2
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Thirdly,
“+oo
[ Auaa) @) goen() i = = § s [ (WA 39W2 ) (i) (0) n()
R 0
=—2pcap foaa() R§+%(sinh Ra_s Goven) () dz
0

= —pCap | foaa(x)sign(x) R52+%(| sinh | R2_; Geven) () diz .

R
Fourthly,
+o0o
[ Aa)@) o) o = = Fs [ W30 W2 ) () () g0
+oo

=2 Ca,p fodd (SL’) 'R,g_l_%(SlIlh Ral_ﬁé% godd) (SL’) dx
0

s / Foaa (@) sign(x) R, (| sinh | RL_ 2 goan) (x) d
R
In summary, we have obtained the following expression for the dual Abel transform :
A*g(z) = cap Aap(|z]) " {4 cosh z sinh |z| RB2+%(| sinh | Ro_ 4 geven) ()
— psign(@) RE, (I inh | RE_; goven) (@) + sign (@) RZ (| sinh | RL_5 2 goaa) (x)}.

In order to simplify the above expression of A*, let us introduce the fractional

transforms
- D

Vih(z) = L)/ (cosh 7w —cosh 72)* 1 h(z) dz. (4.5.1)

Notice that, when £ is odd, then Vjh =0. Moreover, when h is even, then V h
is odd and V] h(z) = 2R h(x) for all > 0. In conclusion, we have proved the
following result.

Theorem 4.5.1. The dual Abel transform A* writes

A*g(z) = cap Aa7g(\x|)_1 { cosh sinh V;+ (sinh V;_ﬁ g) (x)

1
2

— ’Z’V;Jr%(sinh Vi s59)(x) + iVEJF%(sinhVé_ﬁ g’)(:)s)},

where Aq 5 is given by (4.2.3), V] by (4.5.1), and cap by (4.3.6).
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4.6 Upper bound for the heat kernel in complex
time

Consider the homogeneous heat equation

{ &eu(x,t) = Amu(x7t> v (;L’,t)ERXR+ (461)

u(z,0) = f(x) VzeR

associated to the trigonometric Dunkl Laplacian (4.1.3) on R. Under sensible
growth conditions, its solution is given by wu(t,z) = e'®f(x) = hy* f(z), where
hi(z) = F! (e‘”2)(x) is the heat kernel and % = %, 5 denotes the trigonomet-
ric Dunkl convolution product (see for instance [6]). For imaginary time, (4.6.1)
becomes the homogeneous Schrédinger equation

—idu(z,t) = Agu(z,t)  V (z,t)eERXR,
u(z,0) = f(z) VzeR,

whose solution is given by u(z,t) = e f(x) = sy« f(x) with s,(z)=F "1 (e7"") ().

Remark 4.6.1. Chouchene, Gallardo and Mili have studied in [25] the heat equation
(4.6.1), the heat kernel and the Markov process associated to the so—called Jacobi—
Dunkl Laplacian

Af(x) = (Aas — p?) f(2)
= f"(x) + {(2a+1) cothz + (26+1) tanhx} f'(x)
2a +1 2841, f(z) — f(-=)
T sinh?z  cosh®z J 2

on R. In particular, it is shown that the closure ofz on Cy(R) generates a strongly
continuous Markovian semigroup {Ht(a’ﬁ),t > 0} with a strictly positive kernel hia’ﬁ).
However, a closed expression of the heat kernel is given only in the case a = % and

) 2
=-%
Theorem 4.6.2. (Upper bounds for the complex time heat kernel) The following
global estimate holds for x€R and t€C* with Ret>0:

22

wu>|<{“VﬂLWMewxaf%® if [t1=1+]a].
AU AN

L (4.6.2)
[H =1 (L faf)otd e lel e Rehif [ <1+a.
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The rest of this section is devoted to the proof of the above theorem in the case
a>f3>—3. Notice first that the heat kernel hy(z) = F e ™)(z) is an even
function of x and that we may therefore restrict to « > 0. According to Theorem
4.3.1,

2267117% 2

_1 _z=
ht(x) = mt 2 (Wzﬁ_%owia-i-ﬁ) (6 475)(:1}').
Recall that the Weyl transform W/ is given by

I(p+k) N

+o0o
Wi f(z) = +/ (—m)kf(s) (cosh 7s —cosh 72)#t*=1 d(cosh 7s)
\

for every p€C and k€N such that Reu~+k>0. Thus

(Wiﬁ—%owia-‘rﬁ)f(x) - F(n+ﬁ—%)

o0 n 5 (4.6.3)
X / (—m) WL 5f(s) (cosh 2s—cosh 22)"F~2 d(cosh 2s) ,
where n=[f+3]+1€N*, so that 0<n—3—1<1. Since
) no_ " j—2n 9 \J
(_8(cosh2s)) o ijlcn,j (COShS)] ? (_8(Coshs)) )
we have
(—myl Wim-gf(s) = ijlcn,j (COSh S)j_2n Wi(a_gﬂ-)f(s) ) (4-6-4)
with ¢, =27". Next
1 _ 1
W—(a—ﬁﬂ')f(x) ~ I(m—a+p) ( )
4.6.5

+oo .
X / (22 )mﬂf(z) (cosh z—cosh s)™~**F~L ginh z dz,

" sinhz 0z

where m=[a—p]+1€N* so that 0<m—a+/<1. Let us apply these formulad to
f(2) —e~#"/4 and, for this purpose, let us expand
2

1 a\mti = _% mtj, g
( sinhz@z) e # =€ 4 Zk:lt fk(z) (466)

The coefficients fi(2) are linear combinations of products ¢y, (2) --- ¢, (2), where

¢
SOZ(Z) = (_sinlhz%) 22’
and (q,..., 0, eN* satisfy {1+ ---+0,=m~+7j. It is clear that
pe(2) = O ((1+2)e).
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Hence

+ m+j 3 ) 2 f
‘(sinlhz%)m ]6 4t‘ ~ Zk:lt k(1+z)k€ (m+3)z ¢ T Re(3)

and therefore
. 2‘2
‘ ( sinlh z %) e 4

We shall use repeatedly the following elementary estimates:

Lz (Lbzymi } o (md)s o= Re() (4.6.7)

sinhz < 2 e? (4.6.8)
cosh z—cosh s = 2 sinh 452 sinh 222

- _2—S8 =S z4s zts

™ 142z—s €2 14+2+s € 2

- _Z=85 _Z .z

X 5 e (4.6.9)
22—52 S M
Z-5% ¢ if s<z<s+1

= l+s . ’ (4.6.10)
e* if z>s+1,

zcothz—1 _ —z

By combining (4.6.5), (4.6.7), (4.6.8), (4.6.9), we obtain

2

}Wi(a—ﬁ-i-j) (6_%) (S)}

+o0o

+j _ —a+8-1 N, _Z22perl

S [ ) ()T (e e e gz,
S

hence

‘Wi(a—ﬁﬂ (e ‘“) ‘ ~ {lm (

after performing the change of variables z = s+ u and using the elementary inequal-
itles s+u <14+ s+u < (14 s)(1+u). Thus, according to (4.6.4),

symti} em(amBH)s o= FR(D)  (46.12)

22 m+n 2p
| (5d) Whars(e77) ()| S {E+(12)" " emlomfems o= TR | (4.6.13)

By combining this time (4.6.3), (4.6.8), (4.6.9), (4.6.13), we obtain similarly

2

V2, oW ) () )

+oo 32 1
g ll-l-‘s_'_(l‘—llt—ls)m-i-n}e—ps (Hil)n—ﬁ—— (1j_smx>n B— 4Re(?)d8,
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hence

2

(W2, oWl ) () ()] S {AE+(Rgymen} erm e aheto),

after performing the change of variables s=x+wu and using the elementary inequal-
ities z4+u <1l4+z+u < (1+z)(14+u). In summary, we have obtained so far the
following upper bounds for the heat kernel :

22
A B i 214z,
t\T)| S = +
|t|—m—n—% (1 |l.|)m+n6—pm6—TRe(%) if |t|§1 x.

In order to improve the second estimate, let us rewrite (4.6.6) as follows:

+j 22 _22 mtj=1
(_sinlhz%)m ]6 = € 4 Zk: t kfk(z)

! | . (4.6.14)
+ I () () e

2
The contribution to Wi(a_ﬁﬂ.) (e7%) of the sum in (4.6.14) is estimated as in
(4.6.12)

m—l—] 1

‘/ e~ Z t=% f1.(2) (cosh z—cosh s)™~**#~1sinh 2 dz

m+j—1 _(q— s _s2 e(L
< (L) e lamBHi)s e T Re(D). (4.6.15)
In order to estimate the contribution of the last term in (4.6.14), let us split up the
integral

2

400 .
I :/ (.Z )mﬂ_l (aaze 4t) (cosh z—cosh s)" "t~ dz = I+ I+ I3 (4.6.16)

sinh z
+oo 2+\t s+1 +oo
[ = )
s2+\t| s+1

and let us use again the estimates (4.6.8), (4.6.9), (4.6.10) and (4.6.11). On one
hand,

according to

£/ 82+ |t

. . 22
|[1| 5 |t\_1 (1+8)a—B+J e—(a—ﬁﬂ)s/ (Z2_82)m—a+6—16— - Re(1) ) 5 ds
S e (L) el SR (46.17)
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On the other hand, after an integration by parts, the expression

s+1 +o00 - 2
I+ I3 = {/ +/ } (Sinzhz)mﬂ ' (£ e %) (cosh z—cosh s)™~*+A=1 4z
£/ 82+ |t s+1

becomes
“+o0

/ / e w coshz—coshs)m—aJrﬁ—?( _z >m+j—2 (4.6.18)
V24t

22

L+ 1= [e‘ﬂ (52 )m+j_1 (cosh z — cosh s)m_‘”ﬂ_l}

sinh z

sinh z
s+

x [(m+j—1) (22hz=1) (cosh z—cosh s) — (m—a+B-1) 2] dz.

sinh z

It is clear that

_22 m+j—1 —atpo1 |7
e (== cosh z—cosh s)m—o+# 1}
’ [ (smhz) ( ) £/ 82+ |t
< Jt|mmetBol (14 g)o B g=(a=Bti)s e—%Re(%) ) (4.6.19)

The first integral on the right hand side of (4.6.18) is estimated as follows :
22

‘/ e~ (cosh z—cosh s)m~TA=2 (= )m+j_2
/ 2+‘t

sinh z
x [(m+j—1)z@2=1 (cosh z—cosh s)+(m—a+8-1) z]|dz

sinh z

s+1

(—Zz_sz)m i 2(2 = —i—l)zdz

< (1s)mHi=2 o (a-f40)s o= Rel}) /

1+s
V82t [t

s+1
5 (1+8)a—6+j e—(a=B+j)s e—%Re(%)/ (z2_82>m—a+6—2 ~dz

N

< |t|m—a+ﬁ—1 (1+S)a—ﬁ+j e—(a—ﬁ+j)s 6—%Re(

=

). (4.6.20)

Let us turn to the second integral on the right hand side of (4.6.18):

‘/ e~ (cosh z—cosh s)m—o+A= 2(.2 )m+j—2

sinh z
x [(m+j—1) 22221 (cosh z—cosh s) — (m—a+B-1) 2 |dz ‘
<2 +o0 . .
< e—rRe@)/ (14 z)mHi—le—(a=fti)z g, (4.6.21)
s+1
The last integral is comparable to (14s)™+/~te~(@=8+i)s which is

O ( ‘t|m—a+6—1 (1+S>0¢—5+j e—(a_ﬁ"‘j)s) , (4622)
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as |t|<1+z<1+s. In summary, (4.6.17), (4.6.19), (4.6.20), (4.6.21), (4.6.22) yield
the following estimate of the integral (4.6.16):

o+

|I| S |t|m—a+ﬁ—l (1 + S)a—ﬁ-ﬁ-j 6—(a—B+j)se—§Re( ).

By combining this result with (4.6.15) and (4.6.4), we obtain first

Wiy (7 3)(5) | S (2pe)™ " entommn i) (46.23)

It

and next

_22 Saﬁé_a_ s _s2Re(l
}(m) W s (€77) () | S (H2) "7 em(amPras o= Re(d)

for every ¢ €N, in particular for /=n and {=n—1. Let us turn eventually to
the expression

V25 1oWhais) (e77)

which coincides, according to (4.6.3) and up to a constant, with

+oo
J = / m h(s,t) (cosh 2s—cosh 2:):)"—5—% d(cosh 2s) (4.6.24)

where ,
h(S t) - (a(cosah2s ) Wla-l-ﬁ (6_%)(8) :
This integral is handled as (4.6.16). Let us split up J=.J;+Jo+J3 according to

+o0 m2+ \t z+1 +o0
L= )
x2+ |t\ z+1
The first integral is estimated as follows:

m2+\t
PAES ‘/ Cosah2s ) W, (e_i_i)(s) (cosh 25 —cosh 22)" =% d(cosh 2s)
A 22+ |t

22
‘t|—a+ﬁ—n (1—|—SL’)Q+% e~ P e—TRe(%)/ (82—1’2)”_6_% sds

A

S [HoF (14a)otd emre T ReD)

As far as the two other integrals are concerned, we begin with an integration by
parts:

Jo+ J3 = [h(s, t) (cosh 2s —cosh 2z)"#~2 } S

z+1 400
—2(n—p-2) {/ "y + " }h(s,t) (cosh 25 —cosh 22)"#~2 sinh 2sds .
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Notice that —1 <n—ﬁ—% <0. Firstly,

+oo )
‘ [h(s, t) (cosh 2s—cosh 2z)" 2 ] <t (142)*t 2 e PF e TR

A 22+t

Secondly,

z+1
‘ (n—ﬁ—%)/ h(s,t) (cosh 25 —cosh 22)"#~% sinh 2s ds ‘
A 22+ |t
z+1

22
< [ttt (1 a)ots e e e TR (—pt B+ D) / (s2—a?)" "3 s ds

Vit

S |8 (14a)oth emor e T Re().

~

Thirdly,

+00 B
‘ / h(s,t) (cosh 2s—cosh 22)"#~2 sinh 2sds )
z+1

+00 5

5 |t|—a+ﬁ—n+1/ (1+s)a—ﬁ+n—1 6—pse—%Re(%) ds
z+1

< ‘t|—a+ﬁ—n+1 (1_'_x>a—5+n—l e P e—%Re(%)

< \t|_°‘_% (1+x)°‘+% e PT 6_§Re(%) )

g3
The last inequality is due to the fact that (1;‘9”)” 2 <1. In summary, we obtain

the following estimate for the integral (4.6.24) when |t|<1+z:
]S 7 ()b e e
This concludes the proof of Theorem 4.6.2.

Remark 4.6.3. Recall from Remark 4.3.2 that, in the limit cases o = [ > —%
and a>ﬁ:—%, the inverse Abel transform involves at most one integral transform.
Therefore the estimates of the heat kernel hiy(x) and of the Schrodinger kernel si(z) =
hit(x) are obtained as in [28, 2, 35, 3, 4].

4.7 Lower bound for the heat and for the Schrodinger
kernel

Theorem 4.7.1. (Lower bound for the heat kernel) For everyt > 0 and x € R, we
have
72 (1 + |z]) erlel if t>14 |z

T (L ) E et i 0 <t <1 al,

()| 2 {
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where p=a+ [+ 1.
Proof. Adapted from |2, Section 5|. O
The following is an immediate consequence of Theorem 4.6.2 and Theorem 4.7.1
Corollary 4.7.2. For everyt > 0 and x € R, we have
()] = { 73 (1+ |x\)e_p|x1| if t>1+ |z
o (1 4 |z))eF2 el G 0 <t <142,
where p=a+ [+ 1.

Theorem 4.7.3. (Lower bound for the Schrédinger kernel) For every t € R*, there
exist constants ¢ > 1 and C > 0 such that

fse(a)] = Ol a2 e Y fa] = 1],
where p=a+ [+ 1.
Proof. Adapted from [4, Lemma 5.1]. O

Corollary 4.7.4. For every t e R*, there exists a constant ¢ > 1 such that
[se()] = 117 2] *F2 eV Jaf = 1,

where p=a+ 0+ 1.

Proof. The upper bound follows from Theorem 4.6.2 and the lower bound follows
from Theorem 4.7.3. O

4.8 Dispersive and Strichartz inequalities

In this section, we adapt to our setting the analysis carried out in [3, 4, 5]
for dispersive equations on hyperbolic spaces and more generally on Damek-Ricci
spaces. Let us denote by LZﬁ(R) the Lebesgue space on R corresponding to the
norm

Ul = {UslF@PAus(al) da)? it 1<p<oc,

The following statement is an immediate consequence of Theorem 4.6.2.
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Corollary 4.8.1. Let 2<r<oo. Then

sl . < [t af 0<|t|<1,
t LZ,,@ ~ _3 .
|t|~2 if |t|>1.

Let us turn our attention to LY = Lgéﬁ mapping properties of the Schrédinger
propagator 2, where A=A, 5 denotes the trigonometric Dunkl Laplacian (4.1.3).
Notice first that e®? is a unitary operator on L?. Recall next the following L"
mapping properties of the trigonometric Dunkl convolution product

fxg=f*apg=F '(FfFg).

Proposition 4.8.2. (Young’s inequality |6, Proposition 4.10|) Let 1 <p,q,r < oo
such that %+%—%:1. Then

L s(R) %05 L3 5(R) C Lg, 5(R).
By this inclusion, we mean that there exists a constant C >0 such that
1 fxgller <CIfleellglle VFeL?, VgeLl.

Proposition 4.8.3. (Kunze-Stein phenomenon |6, Corollary 5.3.iii|) Let 2<p,¢<
oo such that £<p<q. Then

Li,ﬁ(R) *a,8 LZ,B(R) - Li,ﬁ(R> .

Theorem 4.8.4. Let 2<q,q<oo. Then

any e pocp<r,
le™ o re S 9 s _ (4.8.1)
|t| =2 if 1t]>1.
Proof. Assume first that [t| >0 is small. On one hand, by L? conservation,
| e [|o2 = 1. (4.8.2)

On the other hand, it follows from Proposition 4.8.2 and from Corollary 4.8.1 that,
for every 2<r<oo,

le™ ller S Iseller S 117V, (4.8.3

le™ e S lsellr S 1704 (4.8.4)
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D= Q=

11
0 2

Figure 4.1: Interpolation for |¢| small

By complex interpolation between (4.8.2), (4.8.3) and (4.8.4), we deduce the an-
nounced estimate, for every 2<¢q,§<o0:

| &4 e < |t|—2(a+1)max{%—év%—% ) (4.8.5)

Assume next that |¢] is large. On one hand, it follows from Proposition 4.8.3 and
from Corollary 4.8.1 that, for every 2<g<oo,

i _3
e e S TEI72 (4.8.6)

On the other hand, it follows again from Proposition 4.8.2 and from Corollary 4.8.1
that, for every 2<r<oo,
; _3
le® o S Iseller S 172, (4.8.7)
i _3
e e S Nsellor S 1172 (4.8.8)

By complex interpolation between (4.8.6), (4.8.7) and (4.8.8), we deduce again the
announced estimate, for every 2<gq,G<oo:

” eitA ”qu

(23}

_3
s SR (4.8.9)

This concludes the proof of Theorem 4.8.4. O

Consider the inhomogeneous linear Schrodinger equation

{ iOpu(,t) + Agu(z,t) = F(z,t) VY (2,t) ERxR, (4.8.10)

u(z,0) = f(z) VzeR,
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D= Q=

11
0 2 q

Figure 4.2: Interpolation for |¢| large

whose solution is given by Duhamel’s formula

t
u(z,t) = e 2 f(x) —|—/ et P (g 5) ds . (4.8.11)
0

Let

To ={(5,¢) €(0,3]x(0,3)
A pair (p, q) is called admissible if ( %

1
57

—_ Q=

1

1
P

Figure 4.3: Admissible set for a>0

Theorem 4.8.5. Let (p,q) and (p,q) be two admissible pairs. Then, for every
solution u to (4.8.10), we have

lu, Ol prs < NF @)z + [1F (@ Ol o

Remark 4.8.6. In this statement, we may restrict to any time interval containing
0.
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— Q=

N[

N[ = Q=

Figure 4.4: Admissible set for —s <a <0

Proof. We follow the TT*strategy developped by Ginibre and Velo [34] and perfected
by Keel and Tao [44]. Consider the operator

Tf(x,t) = e f(x) (4.8.12)
and its formal adjoint
too
T*F(z) :/ e (1, s)ds . (4.8.13)

We shall first prove the LPL? — ¥ L boundedness of

+o0o
TTF(x,t) = / e =92 P (1 5) ds, (4.8.14)
for any admissible pair (p,q), which is equivalent to the L? — L?LZ boundedness
of T or to the LLY — L2 boundedness of T* We may disregard the trivial case
(p,q)=(2,00). Using Theorem 4.8.4, we estimate

“/ei(t_s)A””F(:c, s)ds
R

LP

< i(t_S)AxF d
i = | L€ P g s |

S| s )y ds
[t—s|>1 N

Ly

1 1
+ H / |t_S|—2(a+1)(§_E) HF('I7 S)HLq/ dS .
0<|t—s|<1 v Ly
On one hand, the convolution kernel |t—s|_% 1i—s>13 on R defines a bounded
operator from LP' to L{*, for all 1 < p; < ps < 00, in particular from Lf;’/ to LY,

for all 2<p<oo. On the other hand, as long as % > %QLH, the convolution kernel

89



\t—s\_z(aﬂ)(%_%) Lio<|t—s|<1} deﬁnes a bounded operator from LF' to L}*, for all

1 <py,pe <oo such that 0 <p1 S-<1- 2(a+1)(——5) in particular from L?' to LY, for
all 2 <p< oo such that 5> (oz—l—l)(——g) This argument breaks down at the endpoint
(11) ;) (3, %QLH) When a >0, and we use instead the refined analysis carried out in
[44], that we recall now. Thus, assume that a>0 and that 2<q, §<oo. First of all,

observe that the L?L — L? L boundedness of the linear operator

TF(x,t) = / =92 P (1 5) ds

[s—t|<1

amounts to the L?L x L?L? — C boundedness of the Hermitian form
B'(F,G) = / / eit=9%: p(1. 5) G(z,t) A p(|z|) da ds dt (4.8.15)
|s—t|<1

:// /e‘iSA”F(x, s)e R G(x,t) Anp(|z]) drdsdt.  (4.8.16)
[s—t]<1 JR

Mo E e

JEN

Next, split up dyadically

and B' = 3. B} accordingly. For every j €N, split up further

Zl{kgf(kﬂzy)()F(x, s) and G(z,1) = ZUQJHMJ@)G( ).

keZ tez g
F(J)(Z‘,S) G(J)(:c,t)

Then, notice the orthogonality

+o00 1/2 +o0 1/2
WPl = {2 IE e} G = {32, 16 1 )

and the almost orthogonality

BUF,G) =Y ez BIED,GY).
lk—t]<1

By applying Lemma 4.8.7 below, we deduce that
sup;en 2V (B (F, G)| S |1F | 2 |Gl 2o

for all 2<gq, § < oo satisfying the condition (4.8.20) below. By real interpolation, we
obtain the improved estimate

> 2V B EO S 1Pl 2 |G o (4.8.17)
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for all 2< ¢, §<oo satisfying the condition (4.8.20) below. In particular,
IBY(F,G)| < Z 1B} (F,G)| S N1Fll oo |Gl 2o (4.8.18)

when ¢ =¢=2%. This concludes the proof of the L} Lg’ — LY L2 boundedness of
the operator TT* given by (4.8.14) for every admissible pair (p, q).

In summary, the operators 7' and T*, given by (4.8.12) and (4.8.13), are bounded
from L? into LY L2 and from LFLI into L?, for all admissible pairs (p, ¢) and (p, §).
Hence TT* is bounded from LFL into LYLZ and it remains for us to prove the
same result for the truncated operator

t

TT*F(z,t) = / e=)R P (1 5)ds . (4.8.19)
According to the Christ—Kiselev Lemma [26], this holds true as long as 13’ <p Thus
we are left with the case where p=p=2 and where 2 < ¢, < oo satisfy X i ;a‘j‘rl

Let us resume the analysis carried out in [44]| and recalled above. Split up again

t—1 t—2—J-1
TT*F(a:,t):/ i(t=s) Q”Fa:sdsjtZ/ e!t=9)% (1 5) ds,
¥—OO 7 jEN . -
TOOF(x t) T; F(x,t)

and further

s) = Z 1[k2*J,(k+1)2*J)(5) F(z, 52~

kEZ

F (x,5)

On one hand,

IN

TPl < | [ :H I, 5) | g ds |

H/_:l(t—s)‘é £ (5], dsHL% < )l

On the other hand, if « >0 and ¢ = ¢ = QO‘TH, the proof of (4.8.18) yields the
boundedness of the Hermitian form B! = > jen B} associated to the operator
T = ZjeNﬁ. If ¢ # ¢, we don’t need the real interpolation step (4.8.17) and we
deduce directly from Lemma 4.8.7 that

BFGI<Y D e IBIED.CY)

lk—6]<1

X e S Y 1y

5 ||F||L2L6’||G||L2Lq’~

L?

A
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Notice indeed that k(q,G) > 0 under the assumptions 2 < ¢ # ¢ < co and %,% >
1 «
Sal =
Lemma 4.8.7. Let 2<q,q< oo such that

|logg —logq| < log(a+1) —loga (4.8.20)

if >0 and with no further assumption if —% < a<0. Then, with the above
notation,

B (E. G| £ 27 DN ED ) g |G 2 (48.21)
for every j €N and for every k,{ €Z, where /@(q,cj):(a—l—l)(%jté)—a.
1
q
1
2

Q=

Figure 4.5: Lemma 4.8.7 in the case >0

Proof. This estimate is obtained by complex interpolation between the following
cases :

(a) ¢=2 and 2<g< oo with %>%ai+1,

(b) 2<g< oo with %>%o¢i—i—1 and §=2,

(¢) 2<g=g<oc.
e Case (a): We estimate the expression (4.8.16) of B}(Fk(j), ng)) using the Cauchy—
Schwarz inequality, L? conservation, the LPL? — L2 boundedness of (4.8.13) with

92



N |— Q=
O
L J

Figure 4.6: Lemma 4.8.7 in the case —% <a<0

= O‘T“(% — %) and Holder’s inequality. Specifically,

Dl

BIES.GP] < s | [ R s dSH eGP )|y
2-i-1<s—t|<277 o

teR

< stuﬂg H Li—o-i1—2-i1] U425, t42-3)(5) Fé”(z,s HLEL‘Z (1) HL1L2
S

S 27V | E g | G N o
with £(2,¢) =5
e Case (b) is handled similarly.

e Case (c¢): We estimate this time the expression (4.8.15) of B}-(F]gj), ng)) using
Theorem 4.8.4 and Hoélder’s inequality. Specifically,

‘Bl F,ij, // He tsA,cF(J xs) E) ’t)HLq’
2-7-1<|s—t|<2-J ’
5 22(a+1 % =) HF ) G(J fL’ t HLqu
S 27 || FO( HLng’ (1) HLng’ ,
with ﬁ(q,q):(oz—i—l)%—a.
This concludes the proof of Lemma 4.8.7. O
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4.9 Well-posedness results for NLS

Strichartz estimates are used to prove local and global well-posedness results for
the corresponding nonlinear equation. Following [3] we prove in this section some
first results in this direction for the Cauchy problem

{ i (@, t) + Agu(z,t) = Flu(z,t)) ¥V (2,t) ERxR (4.9.1)

u(z,0) = f(x) VzeR

with powerlike nonlinearities F'(u) ~ |u|?. Specifically we assume that there exist
constants C' >0 and > 1 such that

|F(u)] < Clul” and |F(u)—F@)| < C (Ju]" o] Ju—v]. (4.9.2)
We recall the definition of well-posedness:

Definition 4.9.1. The NLS equation (4.9.1) is locally well-posed in L2 3(R) if,
for any bounded subset B of L? 4(R), there exist T >0 and a Banach space X
(depending possibly on T and) continuously embedded into C([—T,T]; L? 5(R)) such
that :

(i) for any Cauchy data f€ B, (4.9.1) has a unique solution u€ X ;

(ii) the map f +— w is continuous from B in X.
We say that the equation is globally well-posed if these properties hold with T =00 .

Theorem 4.9.2. Assume (4.9.2). Then, for every 1<7§1—|—%+1, the NLS (4.9.1)

is globally well-posed for small L* = L7, 5 data. Moreover, in the subcritical case
1<y<14225, the NLS (4.9.1) is locally well-posed for arbitrary L* data.

Proof. Let u=®(v) be the solution to the Cauchy problem

{ i Opu(z, t) + Agu(z, t) = F(v(z, ),
u(z,0) = f(z),

which is given by
t
u(z,t) = e f(x) + / e 5B P (y(x, 5)) ds .
0

By Theorem 4.8.5, the following Strichartz estimate holds:

lulz,t) [[rerz + | wl@, t) pry < Ol f(@) Iz + Cl| Flo(z, ) | g0 (4.9.3)
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(p,q) and (p, §) are admissible pairs, which amounts to the conditions

{ 2<p,q<oco satisfy +a+1 = for some 5~€ (0,1], (4.9.40)
2<p,G<oo satisfy +a+1 atl  for some 6€(0,1].
By hypothesis on the nonlinearity we have
1P@ g < CHIP g < C oI o
Thus, we have
||u||L°°L2 + HUHLPL‘Z < C|fllez+C|v|? (4.9.5)

L"/P LW‘]
In order to remain within the same functions space on the left and the right hand
sides of (4.9.5), we assume that

vp'=p and 7q'=q.
It is easy to see that these conditions hold true if we choose for instance
0<d=06<1,

7_1+a+1’
p=p=q=q¢g=~+1

(4.9.6)

For such a choice of parameters, ® maps L®(R, L? 5(R)) N LP(R, LY 4(R)) into
itself. More precisely, ® maps X = C(R, L}, 4(R)) N LP(R, L ;(R)) into itself. Since
X is a Banach space for the norm

[vllx = lullzeerz + llvllzrrs,
it is enough for us to show that ® is a contraction in the closed ball
Xe={ueX||ullx<e}

when >0 and || f| 2 are sufficiently small. Let vy, v € X and uj =®(vy), ug=P(vy).
By applying Holder’s inequality, we obtain
=z [|x < C [ F(v1) = F(v2) || oy
< Cllfor=va [ (for" "+ o) [l g
< Clloy—vg|lprre { ||111||L1)LmL ||U2||Lqu )
Hence

lun—uz |lx < Clor—vz |x { o3+ lloali " - (4.9.7)
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If we assume that ||v1]|x <e, ||v2||x <e and || f||r2 <7n, where e >0 and 1> 0 will be
specified below, then (4.9.5) and (4.9.7) yield

luil|lx < Cn+Ce", ugllx <Cn+Ce” and |ur—uszl||x <2C" || vi—vs || x .

Hence
Jurllx <&, fluallx <e and [Jlur—ug[x < 5llvi—va|lx

provided that Cev—lgi and C'n <7, which can be achieved by choosing € and 5

small enough. We conclude by applying the fixed point theorem in the complete
metric space X..
Moreover, in the subcritical case v < 1 + O%rl,

local well-posedness of (4.9.1) in L? for arbitrarily large initial data f € L* = L2 ;.

we prove in the same way the

Specifically, we restrict to a small time interval I = [T, 7] and proceed as above,
except that we increase 0 € (6,1] and p = g p accordingly, and that we apply in
addition Hélder’s inequality in ¢. This way we obtain on one hand

lullx < ClIfllzz +CT o]k,

where X = C(I, L7 5(R)) N LP(I, Lf 4(R)) and A =1 — 2 — 1> 0, and on the other
, a, p D
hand
lur—uz llx < CT* [[or—vs [lx {lloall "+ Ileall3 } -

Hence the map ® is a contraction in the closed ball
Xy ={uveX ||ul|x <M}

provided that C'||f||;2<2 M and C'T* M*~' <1, which can be achieved by choos-
ing first M >0 large enough and next 7" >0 small enough. We conclude as above. [J

Remark 4.9.3. Notice that T depends only on the L7, 5(R) norm of the initial data
f: 1
y—1 ol ol —r=-
T=3x4>C|fll* -

4.10 Appendix

In this appendix, we compare the kernel expression K (*#)(z,y) in Theorem 4.4.1
for the Abel transform A with the kernel expression K(@h) (x,y) obtained by Gal-
lardo and Trimeche in [32, Theorem 2.5| for the dual Abel transform A*. More
precisely, as

2 _ |
G x)y=[ KD (x,y)e?dy,

— x|
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our aim is to show that
K9(x,y) = Agg(|2)) " K@D (—y, —1), (4.10.1)

where A, 3 denotes the weight (4.2.3). Assume first that o> > —1 and recall in
this case that

K@D = K (@, y) + K" (2,y) + K7 (2, ),

Ny, ) = % (sinh |z|)~2* (cosh )~ (cosh? z—cosh? y )2

% 2F1(a_5’a+ﬁ;a+% : Coshx—coshy) ’

2 coshz

I?éa’ﬁ) (z,y) =% \/E(F‘I(Jri) 5 sign(z) (sinh |z|) 722! (cosh 2)~*#~1 (cosh? z — cosh? y)**2

x 2F1( _ﬁ>a+5+2;a+g : w> ’

2 coshz

and

[?3(Q76)($ay) _l_K( )( ay)

p Oy
= % sign(z) sinh y (sinh |z]) =22~ (cosh z) =~ (cosh?z — cosh?y)*~2
2
«{ B (- patprzia+ )
+ (a— ) (a+B+2) cosh? & — cosh? y
(a—l— ) (a+%) 4 cosh?x
X oFy(a—B+1, a+f+3; a+3 ; pEcohy) } -

By using the relation (see for instance [1, (2.5.2)])

oFi(a,byeiu) = (1— ) o Fi(a+ 1,0+ 15¢+ Lu)

T (at_&bl_;rl) uw(l—u)oFi(a+2,b+2;5¢+2;u)

3 — _ _ _ 1 coshx —coshy _ 1 (4  coshy .
with a=a—3, b=a++1=p, c=a+3 and u=E=C — 1 (1) we obtain

K(a B)(x y) = \/E(lf‘(ﬂ) 5 sign(z) sinh y

x (sinh [z]) 2" (cosh )23 (cosh? 2 — cosh? )~

% 2F1(a_5’p;a_l_%;coshx—coshy) ]

2 coshz
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We conclude that, for a> 3> —%,

Agp(|z) 7 KD (—y, =) = K"V (z,y),
Aap(ja)) ™ KD (—y, —2) = K5 (2, y),
Aap(ja)) T KD (—y, —2) = K57 (2,y).
In the limit case a=0> —%, we have on one hand
Ava(l2)) ™ K@ (—y, —a) = 272 8 sign(a) (sinh 2]]) 7
x (cosh 2z —cosh 2y)*~2 (e2% — =)

and on the other hand
(o, at+i T(at1l . . —2a—
K@) (g, y) = 20F3 % sign(z) (sinh 2|z|) 201
x (cosh 2z —cosh 2y)*~2 (e2* —e~ ) .

Similarly, in the limit case o> (= —%,

— a.— L a—2L '« . . 20—
Ay (|l2) 7 K2 (—y, —a) = 2777 L sign() (sinh |]) 7>

x (cosh z—cosh y)*"2 (e?—e™Y)

and

a.—L1 a—Lt T(a+1 . . —%2a—
K@=3) (2, y) =2 2#}3%)31@1@) (sinh |z|)~2e~1

x (cosh z — coshy)*"z (eT—e™Y).

This proves our claim (4.10.1).
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Fatma Ayadi épouse Ben Said
Analyse harmonique et équation de Schrédinger
associées au laplacien de Dunkl trigonométrique

Cette thése est constituée de trois chapitres. Le premiér chapitre porte sur |'examen
des conditions de validité du principe d'équipartition de I'énergie totale de la solution
de I'équation des ondes associée au laplacien de Dunkl trigonométrique. Enfin, nous
établissons le comportement asymptotique de I'équipartition dans le cas général. Les
résultats de cette partie ont fait I'objet de la publication [8]. Le deuxiéme chapitre,
publié¢ avec J.Ph. Anker et M. Sifi [6], montre que les fonctions d'Opdam dans le cas
de rang 1 satisfont a une formule produit. Cela nous a permis de définir une structure
de convolution du genre hypergroupe. En particulier, on montre que cette convolution
satisfait I'analogue du phénoméne de Kunze-Stein. Le dernier chapitre est consacrée a
I'étude des propriétés dispersives et estimations de Strichartz pour la solution de I'équation
de Schrédinger associée au laplacien de Dunkl trigonométrique unidimensionnel [7]. Cette
étude commence par des estimations optimales du noyau de la chaleur et de Schrédinger.
A l'aide de ces résultats, ainsi que les outils d'analyse harmonique dévellopée dans le
chapitre 2, on montre des éstimées de type Strichartz qui permettent de trouver des
conditions d'admissibilité pour des équations de Schrddinger semi-linéaires.

Mots clés : Laplacien de Dunkl trigonométrique, formule produit, équation des ondes,
équation de la chaleur, équation de Schrédinger, estimations de Strichartz.

Harmonic analysis and Schrédinger equation
associated with the trigonometric Dunkl Laplacian

This thesis consists of three chapters. The first one is concerned with energy properties
of the wave equation associated with the trigonometric Dunkl Laplacian. We establish
the conservation of the total energy, the strict equipartition of energy under suitable
assumptions and the asymptotic equipartition in the general case. These results were
published in [8]. The second chapter, in collaboration with J.Ph. Anker and M. Sifi [6],
shows that Opdam'’s functions in the rank one case satisfy a product formula. We then
define and study a convolution structure related to Opdam'’s functions. In particular, we
prove that this convolution fulfills a Kunze-Stein type phenomena. The last chapter deals
with dispersive and Strichartz estimates for the linear Schrédinger equation associated
with the one dimensional trigonometric Dunkl Laplacian [7]. We establish sharp estimates
for the heat kernel in complex time, and therefore for the Schrodinger kernel. We then
use these estimates together with tools from chapter 2 to deduce dispersive and Strichartz
inequalities for the linear Schrédinger equation and apply them to well-posedness in the
nonlinear case.

Keywords: Trigonometric Dunkl Laplacian, product formula, wave equation, heat equa-

tion, Schrédinger equation, Strichartz estiamtes.
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