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” min ”f(x) = (f1(x), f2(x), ..., fp(x))%+>*' 6 gi(x) ≤ 0, i ∈ I = {1, .., m1}

hj(x) = 0, j ∈ J = {1, .., m2}

x ≧ 0

CDEFFG ! ($'!'&$( ” min ” /7&'* && 04$1%'!0* )* 0! 3!+7!&%* ?$#3+0!'&$( )+ "#$1023* CDEFFG !#0! ?$('&$( )* 3&(&3&%!'&$( (* "*+' "!% %4!""0&:+*# 6 +( %$+% *(%*310* )* Rn !7* n
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min
x∈X

F (x, y)

$3J") <
G(x, y) ≤ 0(K L +:$(3'  miny∈Y f(x, y)$3J") <

g(x, y) ≤ 0

0M@@2
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min
x,y

T (x, y) = (F (x, y), f(x, y))',9+$ * G(x, y) ≤ 0

g(x, y) ≤ 0

℄�



 !"#$% %&!'(#  ! !"# $
min
x∈X

F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y)) !%&# ' G(x) ≤ 0() * +, (!- { miny∈Y f(x, y) = (f1(x, y), f2(x, y), ..., fm2

(x, y)) !%&# ' g(x, y) ≤ 0
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 !"!#$% &"'#()*'&("   !"#$!%& !& '(!( %&* '!+(*+ $% %,$! !"*  -.$!,.* /-&$!%&+ #$ %&*0 1%+$ 2*#.!+$! %,$! !"#$!%&,2%3.* +4 ,#2$!-.#2.5 $(%+* !& 6*+!7&4 2*8-!2* $(* +! -.$#&*%-+ %,$! !"#$!%& %/  %2* $(#& %&*%39*$!:* /-&$!%&0 ;% * *<# ,.*+ !& =>2%'& *$ #.0 ?@@A4 1#2$*. B-&* ?@@@4 C(!.!, ?@AD4 E2-%&7DFFG4 H!*&$* I** 3*2 ?@@A4 J%..*$* #&6 ;!#225 DFFK℄℄ +(%'*6 $(#$ $(* Z$([3*+$  *$(%6=I* ,* DFFD4 >!#.#+ #&6 Z#2'#& ?@GD4 J#&6.*2 #&6 E%'&+.*5 ?@GD℄4 %&* %/ $(*  %+$ ,%,[-.#2 #&6 '%2S#3.*  *$(%6+ /%2 $(* .!&*#2 3!.*:*. ,2%72#  !&7 ,2%3.* 4 %-.6 3#6.5 6*#.'!$( # .!&*#2 3!.*:*. ,2%72#  !&7 ,2%3.* '(*& $(* %&+$2#!&$ /-&$!%&+ #$ $(* -,,*2[.*:*.(#:* #& #23!$2#25 .!&*#2 /%2 0 1%2* 2**&$.54 J0 Q-6*$ *$ #. =Q-6*$ *$ #.0 DFF\℄ +(%'*6$(#$ $(* 6*T&!$!%& %/ $(* .!&*#2 3!.*:*. ,2%72#  !&7 ,2%3.* #&6 %&+*8-*&$.5 $(*  *$(%6+,2%,%+*6 35 ]-4 ;(!4 #&6 ^(#&7 =]- *$ #.0 DFFY#P3℄ 6% &%$ +%.:* # '!6*2 .#++ %/ ,2%3.* +43-$ 2#$(*2 2*.#< $(* /*#+!3.* 2*7!%&4 #..%'!&7 !&/*#+!3.* ,%!&$+ $% 3* %&+!6*2*6 #+ /*#+!3.*0 N&$(* +# * :*!&4 C0 Q2 #&6 =Q2 #&6 ?@@?P ?@@K℄ +(%'*6 2**&$.5 35 # %-&$*2[*<# ,.* $(#$$(*  *$(%6 6*:*.%,*6 35 WS*2 *$ #. =WS*2 #&6 Z%-#6# ?@AG4 WS*2 *$ #.0 ?@GF℄ /%2 .!&*#2 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"!#$% &"'#()*'&("   !"#$%&'(#$*( +,%-,.  $/- +,%&"( 0.1 $/% +"(#( $/ .1( %2 3(-(/(,.45 6/ #7( "$-7# %2#7( 2%,(-%$/-8 $# &(% (1 $/3$1+(/1.&"( #% 3(*("%+ /(0 .++,%.7(1 0$#7 1%"$3 2%!/3.#$%/15 9$$:  !"#$%&'($) &)* +,'&-#(,./+)' $0 )+1 %+#&'($), -+'1++) '.+ '1$ #&,,+, $0 $"'(/(3&'($)4;"#7%!-7 1(*(,." .!#7%,1 7.*( .##( +#(3 #% (1#.&"$17 . "$/< &(#0((/ &$,$#(,$. %+#$ $=.>#$%/ ./3 &$"(*(" %+#$ $=.#$%/ ?@%"1%/ (# ."5 ABBC8 D!"%+ EFFG8 H.!,$( (# ."5 EFFB℄8 /%/( 7.11!((3(3 #7!1 2., $/ +,%+%1$/- %/3$#$%/1 #7.# -!.,./#(( #7.# #7( %+#$ ." 1%"!#$%/ %2 .-$*(/ &$"(*(" +,%-,. $1 J.,(#%>%+#$ ." 2%, &%#7 !++(, ./3 "%0(, "(*(" %&'(#$*( 2!/#$%/15K((/#"48 1(*(,." .!#7%,1 7.*( 1#.,#(3 #% 1#!34 #7( +%11$&$"$#4 #% (L+"%$#  !"#$,$#(,$. .+>+,%.7(1 2%, 1%"*$/- &$"(*(" +,%-,.  $/- +,%&"( 1 ?6*./(/<% ./3 J"4.1!/%* ABBM8 D"$(-(./3 N5O5P$(/#( ABBQ8 R( +( ABBA8 S.,3 EFMG&8 T$/1#%/ EFFU8 H.!,$( (# ."5 EFFB8 @".,<(./3 T(1#(,&(,- EFMM8 S.,3 EFMU8 V/"W EFMC℄5 X/2%,#!/.#("48 .+.,# 2,% ,(".#$%/17$+ ,(>+%,#(3 $/ ?D!"%+ EFFG℄ #7.# 7.1 &((/ !1(3 $/ #7( "$#(,.#!,( #% 3(*("%+ ./ ."-%,$#7 2%,1%"*$/- &$"(*(" "$/(., +,%-,.  $/- +,%&"( 8 /%/( %2 #7( %#7(, +,%+%1$#$%/1 7.1 &((/ $ +"(> (/#(3 2%, 1%"*$/- SJJ8 3!( +%11$&"4 #% #7( 2.# #7.# #7( +,%+%1(3  !"#$,$#(,$. %+#$ $=.#$%/+,%&"( 1 0(,( 3(Y/(3 &4 % +"$.#(3 ,(".#$%/1 ?D"$(-( ./3 N5O5P$(/#( ABBQ8 6*./(/<% ./3J"4.1!/%* ABBM℄ %, #7( +,%+%1$#$%/1 0(,( 0,%/- ?S.,3 EFMG&8 V/"W EFMC℄℄ 17%0/ #% &( $/%,,(# &4 J5 ;, ./3 ?;, ./3 EFFG℄5; /! (,$." (L. +"( $1 -$*(/ #% $""!1#,.#( #7( +,%+%1(3  (#7%35 \(#$%/ A5G +,(1(/#1 ./ .++"$.>#$%/ %2  !"#$,$#(,$. %+#$ $=.#$%/5 T( Y,1# 3(1,$&( #7( +,%&"( %2 ("(#,$." (/(,-4 3$1#,$&!#$%/+".//$/- -(/(,.""4 2.(3 &4 3(*("%+$/- %!/#,$(18 $/1+$,(3 &4 #7( .1( %2 ;Z\>\]OZN % +./4 $/@. (,%%/5 T( 17%0 #7.# #7(  .#7( .#$." 2%, ."$=.#$%/ %2 #7( +,%&"( "(.31 #% .  !"#$,$#(,$.+,%-,.  $/- +,%&"( 5 ^0% .++,%.7(1 2%, 1%"*$/- #7( %&#.$/(3  %3(" .,( +,%*$3(35 !"#% &"#'#%( )*+,-+.)/01 2/%3#3
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 !"#$%& '(% !"#"$%& '( ')%*#*+,%*'$ %-"'./
℄ 81,), "1, ),&/,) &( ?(/ $'), /,"&#+- @!)''5 '5 "1,'),$- &(/ !)'!'-#"#'(-B3/#-2--#'(-3 &(/ ),5,),(,-6 !+ ,-.* &#/0$. -#' #&$-$*&#. !"! #$%&%'$()<1, 5'++'8#(= ('"&"#'(- &), ,4",(-#9,+0 2-,/ "1)'2=1'2" "1#- "1,-#-P <1, -"&(/&)/ ,2+#/,&( #((,) !)'/2"3 "1, (')$ &(/ "1, /#-"&(, /,?(,/ #( "1, ,2+#/,&(-!&, Rn &), ('",/ *0 〈., .〉3 ‖ . ‖ &(/ d(, ) ),-!,"#9,+06 Q') &(0 x, y ∈ Rn3 81,), x = (x1, x2, ..., xn) &(/ y = (y1, y2, ..., yn)3 8, 1&9,P@#B x = y #5 &(/ '(+0 #5 xi = yi 5') &++ i = 1, ..., n>@##B x ≦ y #5 &(/ '(+0 #5 xi ≤ yi 5') &++ i = 1, ..., n>@###B x ≤ y /,('",- x ≦ y &(/ ∃j ∈ 1, ..., n -21 "1&" xj < yj>@#9B x < y #5 &(/ '(+0 #5 xi < yi 5') &++ i = 1, ..., n> Rn

+ /,('",- "1, -," '5 x ∈ Rn -21 "1&" x ≧ 0> !"#% &"#'#%( )*+,-+.)/01 2/%3#3 -4"2#(#2%(#! 562#7#8!2#59 !66(5!/%3 #9 :#"%'%" 562#7#8!2#59 6(5:"%73



 !"#"$%& '( ')%*#*+,%*'$ %-"'./    !" S ⊂ Rn# Sc# int(S)$ ri(S)$ bd(S)$ cl(S) %&'' (!)*"! "+! *-.'!-!)"/01# "+! &)"!0&*0 $ "+!0!'/"&2! &)"!0&*0 $ "+! 3*4)(/01$ "+! '*540! (cl(S) = int(S) ∪ bd(S)) *6 S# 0!5.!"&2!'17 !"!" #$%&%'() *+,& ,'.%/ 0'0$1)2)8! 5"/0" %&"+ "+! )*"&*) *6  !""#$%&'( )*"+$",-'+7 9 5!" H ⊂ Rn &5 /''!( / )*"+$",-'+ &6 "+!0!!:&5" a ∈ Rn \ {0} /)( b ∈ R 54+ "+/"
H = H(a, b) := {x ∈ Rn/ 〈a, x〉 = b}.;) "+&5 /5!# "+! 2!"*0 a &5 /''!( / )*0-/' 2!"*0 "* H 7 <*0!*2!0# "+! 5!"5
H(a, b)+ := {x ∈ Rn/〈a, x〉 ≥ b} /)( H(a, b)− := {x ∈ Rn/〈a, x〉 ≤ b}/0! /''!( "+! .*5&"&2! /)( "+! )!=/"&2! +/'65./!5 /55*&/"!( %&"+ H # 0!5.!"&2!'17!"#$%&%'$ ()*)() 9 )*"+$",-'+ &5 5/&( "* 54..*0" / 5!" S &) !4'&(!/) 5./! Rn &6 &" -!!"5 3*"+*6 "+! 6*''*%&)=> S &5 !)"&0!'1 *)"/&)!( &) *)! *6 "+! "%* '*5!( +/'6?5./!5 (!"!0-&)!( 31 "+! +1.!0.'/)!$ S +/5 /" '!/5" *)! .*&)" *) "+! +1.!0.'/)!7!"#$%&%'$ ()*)*)  !" S ⊆ Rn# "+! 5!" S &5 #'/+0 &6 ∀x1, x2 ∈ S /)( λ ∈ (0, 1)# *)! +/5

λx1 + (1− λ)x2 ∈ S7@+! 5!" {x ∈ Rn/ ‖x‖ ≤ a} &5 / *)2!: 5!" 6*0 !2!01 2/'4! *6 a ∈ Rn7  !" 45 0!-/0A "+/" "+!!-."1 5!" &5 *)2!:7!"#$%&%'$ ()*)+) @+! -1'+ )!,, *6 / B)&"! 5!" V = {v1, v2, ..., vm} ⊂ Rn &5 "+! 5!"
affV = {λ1v

1 + λ2v
2 + ... + λmvm/ λ1, λ2, ..., λm ∈ R;

n∑

i=1

λi = 1}.!"#$%&%'$ ()*),) @+! *)2!: +4'' *6 / B)&"! 5!" V = {v1, v2, ..., vm} ⊂ Rn &5 "+! 5!"
convV = {λ1v

1 + λ2v
2 + ... + λmvm/ λ1, λ2, ..., λm ≥ 0;

n∑

i=1

λi = 1}.@+! *)2!: +4'' *6 V ⊂ Rn &5 "+! 5-/''!5" *)2!: 5!" *)"/&)&)= V 7 95 &''45"0/"&*)# 6*0 / =&2!)5!" V = {A, B} %+!0! A /)( B /0! "%* =&2!) .*&)"5# AffV &5 "+! '&)! "+0*4=+ A /)( B /)(
convV &5 "+! 5!=-!)" "+0*4=+ A /)( B7!"#$%&%'$ ()*)-) 9 5!" P ⊂ Rn &5 / "#,*%#"+ &6 &" &5 "+! *)2!: +4'' *6 B)&"!'1 -/)1 .*&)"5 *6
Rn7 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./   "#$ %&' % ($()%*$')+& %)$ ,+-.(+,$/ 0& R31!"#$%&%'$ ()*)+)  ,+0&( v +2 % +&3$4 /$( P 0/ %--$' %&  !"# $ %&'(" 02 5*$&$3$) v =

λx1 + (1− λ)x26 5*$)$ x1, x2 ∈ P 6 %&' λ ∈ (0, 1)6 (*$& v = x1 = x21 ()0%&7-$ *%/ (*)$$ $4()$8$ ,+0&(/ %&' % /,*$)$ *%/ %-- 0(/ #+"&'%). ,+0&(/ %/ $4()$8$ ,+0&(/19*$& % +&3$4 /$( *%/ +&-. % :&0($ &"8#$) +2 $4()$8$ ,+0&(/6 (*$/$ %)$ +2($& %--$' 3$)(0$/1;*$ 2+--+50&7 ,)+,+/0(0+& ,)$/$&(/ % )$-%(0+& #$(5$$& ,+-.(+,$ %&' $4()$8$ ,+0&(/1,-'.'/%&%'$ ()*)() ) " P * "+ %&,-"&% convV . /+ # V = {v1, v2, ..., vm} ⊂ Rn0 1+ ( P '2 345, "& "+ &(7 ! +4,, &8 '"2  !"# $ %&'("20!"#$%&%'$ ()*) ) <$( C #$ % +&3$4 /$(1  &+&=$)+ 3$(+) d ∈ Rn 0/ /%0' (+ #$ % 9'# "'&( &8#  22'&( +2 C6 02 2+) $3$). x0 ∈ Rn (*$ )%. { x/; x = x0 + λd, λ ≥ 0} -0$/ $&(0)$-. 0& C1 ( x0 0& P 6 % )$$//0+& '0)$(0+& 0/ % &+&=$)+ 3$(+)6 h6 2+) 5*0* (*$ %//+0%($' )%. 0/ +&(%0&$'0& P 1 >2 h 0/ % )$$//0+& '0)$(0+& 2+) /+8$ x 0& P 6 0( 0/ %--$' % )$$//0+& '0)$(0+& 2+) P 1 >( 0/-$%) 2)+8 (*$ '$:&0(0+& ?1@1A (*%(6 2+) % 703$& +&3$4 /$( C6 C 0/ "&#+"&'$' 02 %&' +&-. 02 C*%/ % '0)$(0+&1  '0)$(0+& d 0/ %--$' %&  !"# $ 9'# "'&( 02 0( %&&+( #$ $4,)$//$' %/ % ,+/0(03$+8#0&%(0+& +2 (5+ +(*$) '0/(0&( '0)$(0+&/ d1 %&' d2 +2 P 0$ ∄µ1 > 0, µ2 > 0 /d = µ1d1 + µ2d21!"#$%&%'$ ()*)0)  /"#/$( P +2 Rn 0/ % %&,-+ 9#&( 02 (*$)$ $40/( % 8%()04 A ⊂ Rm×n %&' % 3$(+)
b ∈ Rm /"* (*%( P = {x ∈ Rn/Ax ≤ b}1 +&3$4 ,+-.*$')+& *%/ % :&0($ &"8#$) +2 $4()$8$ ,+0&(/1 ;*$ 2+--+50&7 ,)+,+/0(0+& ,)+30'$/(5+ $B"03%-$&( '$:&0(0+&/ +2 $4()$8$ ,+0&(/ 50(* )$/,$( (+ % ,+-.*$')+& P 1 <$( P = {x ∈

Rn/Ax ≤ b}1,-'.'/%&%'$ ()*)*) x0 ∈ P '2 5(  !"# $ %&'(" &8 "+ %&,-+ 9#&( P '8:;'< 1+ #  !'2"2 c ∈ Rn 24+ "+5". 8&# 5,, y ∈ P . y 6= x0. / +57 ctx0 < cty0 1+5" '2. x0 '2 "+ 4('34 %&'(" '( P /+ # 5  #"5'( ,'( 5# 84("'&( '2 $'('$'= 90;''< 1+ %&'(" x0 ,' 2 &( n &8 "+ +-% #%,5( 2 9 >('(? "+ %&,-+ 9#&( P . 24+ "+5" "+ #&/2 &8 A522&'5" 9 /'"+ "+&2 +-% #%,5( 2 5# ,'( 5#,- '(9 % (9 ("0 1+42. x0 25"'2> 2 n ,'( 5#,- '(9 % (9 (""'?+" &(2"#5'("20;5+ $4()$8$ ,+0&(/ %)$ %'C%$&( 02 (*$. /%(0/2. % +88+& /$( +2 n − 1 -0&$%)-. 0&'$,$&'$&((07*( +&/()%0&(/1 D&$ *%/ %-/+ (*$ 2+--+50&7 '$:&0(0+& +2 % ,%)(0"-%) -%// +2 $4()$8$ ,+0&(/1!"#$%&%'$ ()*)1)  & $4()$8$ ,+0&( x0 ∈ P 0/ 9 ? ( #5" 02 0( -0$/ +& 8+)$ (*%& n +2 (*$ *.,$)E,-%&$/ '$:&0&7 P 1<$( aT
i '$&+($ (*$ ith )+5 +2 8%()04 A '$:&0&7 (*$ ,+-.*$')+& P 1 F")(*$) x ∈ P 6 -$( I(x) :=

{i ∈ {1, ..., l} / aT
i x = bi} '$/)0#$ (*$ 0&$B"%-0(0$/ 5*0* %)$ /%(")%($' %( xG %&' -$( AI(x) #$ (*$8%()04 50(* )+5 aT

i , i ∈ I(x)1 ;*$&6 (*$ 3$)($4 x +2 P 0/ (&(9 ? ( #5" 02 |I(x)| = n1 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./   !" P #! $% n− dimensional &'()*!+,'% $%+ H #! $ -.&&',"/%0 *)&!,&($%!1 "*!%1 "*! /%"!,2-!"/'% F = P ∩ H +!4%!- $  !# '5 P 6 7% #$%# /- $ 5$! '5 +/8!%-/'% 96 :+0!- $,! !/"*!, (/%!-!08!%"- ;*/* '%%!" $+<$!%" !=",!8! &'/%"- ', ,$)- >,!-&!"/?!() (/%!-@ &$,$((!( "' $% !=",!8!&'/%"6 7 5$!" '5 $% n− dimensional &'()*!+,'% /- $ 5$! '5 +/8!%-/'% n− 16 !" .- %'"! "*$"1 !?!,) x '5 "*! &'()*!+,'% P $% #! ,!&,!-!%"!+ $- "*! -.8 '5 $ '%?!='8#/%$"/'% '5 !=",!8! &'/%"- '5 P $%+ $ %'% %!0$"/?! (/%!$, '8#/%$"/'% '5 !=",!8! +/,!"/'%-'5 P Ax =
∑N

i=1 αiv
i +
∑M

j=1 βjd
j,
∑N

i=1 αi = 1, αi ≥ 0(i = 1, ..., N), βj ≥ 0 (j = 1, ..., M)1 ;*!,!
v1, v2, ..., vN $,! !=",!8! &'/%"- '5 P 1 $%+ d1, d2, ..., dM $,! !=",!8! +/,!"/'%- '5 P 6B! !%+ "*/- -.#-!"/'% #) /%",'+./%0 ";' "'&'('0/$( %'"/'%- "*$" ;/(( #! .-!5.( 5', -'8!,!-.("- /% "*! "!="6!"#$%&%'$ ()*)(+) Y ⊂ Rp /- $((!+ Rp

+ − semicompact /5 !?!,) '&!% '?!, '5 Y '5 "*! 5',8
{(yα − Rp

+)c/ yα ∈ Y, α ∈ I} *$- $ 4%/"! -.#'?!,6 C*/- 8!$%-A B*!%!?!, Y ⊂ ∪α∈I(y
α − Rp

+)c"*!,! /- m ∈ N $%+ {α1, ... αm} ⊂ I -.* "*$" Y ⊂ ∪m
i=1{(y

αi −Rp
+)c1 ;*!,! I /- $% /%+!= -!"6!"#$%&%'$ ()*)(() Y ⊂ Rp /- $((!+ Rp

+ − compact /5 5', $(( y ∈ Y "*! -!"/'% (y − Rp
+)
⋂

Y /-'8&$"6 !"!# $%&'%( )*& ,*'(()*),)( -./".0 !" Rn #! $ 4%/"! +/8!%-/'%$( !.(/+!$% ?!"', -&$!1 $%+ S ⊂ Rn6 :?!,) %'%!8&") -.#-!"
R ⊂ S×S +!4%!- $ &'(!)* )#+!,'-( '% Z6 D!('; $,! -'8! /8&',"$%" &,'&!,"/!- '5 #/%$,) ,!($"/'%6!"#$%&%'$ ()*)(*) 7 #/%$,) ,!($"/'% R '% S /- $((!+ ,!E!=/?! /5 (a, a) ∈ R ∀a ∈ SF -)88!",/ /5 5', $(( a, b ∈ S , (a, b) ∈ R ⇒ (b, a) ∈ RF $-)88!",/ /5 5', $(( a, b ∈ S, ((a, b) ∈ R =⇒ (b, a) /∈ R@F $%"/-)88!",/ /5 5', $(( a, b ∈ S, ((a, b) ∈ R $%+ (b, a) ∈ R =⇒ a = b)F ",$%-/"/?! /5 5', $(( a, b, c ∈ S , ((a, b) ∈ R $%+ (b, c) ∈ R) ⇒ (a, c) ∈ RF '%%!"!+ /5 5', $(( a, b ∈ S1 a 6= b =⇒ ((a, b) ∈ R ', (b, a) ∈ R@6G% "*! '%"!=" '5 ',+!,-1 "*! ,!($"/'% R /- .-.$(() ;,/""!% $- -6 D) '%?!%"/'%1 (a, b) ∈- /-;,/""!% a - b6!"#$%&%'$ ()*)(,) 7 #/%$,) ,!($"/'% - /- $((!+ ! .)#-)$#) /5 /" /- ,!E!=/?! $%+ ",$%-/"/?!6 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./    ! "#$ % &"'("  !  "  # $%&%' (%) "$*+# " (% *+, *+" #-..%"$ )  )#"$# ! "#$ % &"'("  !  "  # *#-..%"$  *+, "$*+# " (%0!"#$%&%'$ ()*)(+) 1 2 +*$- $%3*" 4+ - 4+ Rn  # #* , "4 2% 4.5*" 23% 6 "78 9 *,, " 4+  ! x1 - x2 *+, x3 - x4 =⇒ x1 + x2 - x3 + x4, ∀x1x2x3x4 ∈ Rn8  9 #*3*$ .:3" 53 *" 4+  ! x1 - x2 =⇒ λx1 - λx2, ∀x1x2 ∈ Rn *+, λ > 00()*),)* -'$".!"#$%&%'$ ()*)(/) 1 #:2#%" K ⊆ Rn  # *33%, 4+%)  ! λx ∈ K !4$ *33 x ∈ K *+, !4$ *33
λ ∈ R, λ > 00

K = {x ∈ R2/ xi ≥ 0} *+, K = {x ∈ Rn/Ax ≤ 0} 67%$% A ∈ Rn×l *$% %'*.53%# 4! 4+%#0!"#$%&%'$ ()*)(0) 1 4+% K  + Rn  # *33%, +4+"$ ( *3  ! K 6= ∅ *+, K 6= Rn ;4+(%'  ! αx1 + (1− α)x2 ∈ K !4$ *33 x1, x2 ∈ K *+, !4$ *33 0 < α < 1 <4 +"%,  ! !4$ x ∈ K, x 6= 0 "7% +%=*" (% −x /∈ K)  % K ∩ (−K) ⊂ {0}0>" !43346# !$4. "7% ,%?+ " 4+) "7*" * 4+% K  # 4+(%'  ! !4$ *33 x1, x2 ∈ K, x1 + x2 ∈ K012'3'.%&%'$ ()*),) +(# Q = {x ∈ Rn/Ax ≤ b}, P #-( &./(0 -1%% &2 (0#"(3( !&$.#) &2 Q,  .'
C := {x ∈ Rn/Ax ≤ 0}4 52 rankA = n #-(.

Q = P + C = {x ∈ Rn/x = u + v 2&" )&3( u ∈ P  .' v ∈ C}@7 # 3*#" $%#:3"  # =%+%$*33- :#%, "4 %#"*23 #7 "7*" "7%$% %' #"# *+ 45" .*3 #43:" 4+ 4! 3 +%*$45" . A*" 4+ "7*" *+ 2% !4:+, *" *+ %'"$%.% 54 +"0()*),), 4 2"56&%'$ 7"&8""$ '$" 6$: '2:"2!"#$%&%'$ ()*)(;) B%" K 2% * 4+%0 @7% 2 +*$- $%3*" 4+ ,%+4"%, 2- -K *+, ,%?+%, 2-
x -K y ⇐⇒ y − x ∈ K  # *33%, "7% 4+% $%3*" 4+ 4+ Rn  +,:%, 2- K.12'3'.%&%'$ ()*)+) +(# K 6(  &.(  .' -K #-( $.'1(' "(% #$&. &. Rn4 7-(. -K $) &3! #$6%(8$#-  ''$#$&.  .' ) % " 31%#$!%$ #$&.  .'94 $) "(:(0$/( $2  .' &.%; $2 0 ∈ K<4 $) #" .)$#$/( $2  .' &.%; $2 K $) &./(0=4 $)  .#$);33(#"$ $2  .' &.%; $2 K $) !&$.#('C4$ * = (%+ 54 +"%, 4+(%' 4+% K)  " !43346# "7*" -K  # * 5*$" *3 4$ * #"$ " 5*$" *3 4$,%$  !*+, 4+3-  ! 0 ∈ K 4$ 0 /∈ K0 @7% 4$,%$ $%3*" 4+  +,:%, 2- "7% #%" 4! +4++%=*" (% %3%.%+"# 4! Rn84+# ,%$%, *# * 4+%9  # %'"$%.%3- :#%!:3  + .:3" $ "%$ * 45" . A*" 4+0 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./  ! !"!# $%&' ()*+,./)* /)00'0 %1 1.2+,%20 !" S ⊂ Rn #! $ &'(!) *!"+"#$%&'&(%  )*) +) , -.'"/&' f : S −→ R /* &'(!) /- ∀x1, x2 ∈ S $'0 λ ∈ (0, 1)1 &'! 2$*
f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2)+ 32! -.'"/&' f /*  !"#!%& '()*+ &' S /- "2! *"4/"/'!5.$6/"7 < 2&60* -&4 !(!47 x1 6= x2+"#$%&'&(%  )*) ,) , -.'"/&' f : S −→ R /* %',*"  *-# '(!#(.'. $" x0 ∈ S /- "2! ($6.! f(x0)/* 6!** "2$' &4 !5.$6 "& !(!47 6/8/" &- f $* xk −→ x0+ /+! xk −→ x0 =⇒ f(x0) ≤ lim infk−→∞ f(xk)"#$%&'&(%  )*)*!) , -.'"/&' f : Rn → Rp /* Rp

+ − semicontinuous /-
f−1(y − Rp

+) = {x ∈ Rn/ y − f(x) ∈ Rp
+} /* 6&*!0 ∀y ∈ Rp.32! -&66&9/': ;4&;&*/"/&' :/(!* $ 4!6$"/&' #!"9!!' Rp

+ − semicontinuous $'0 6&9!4 *!8/ &'<"/'.&.* -.'"/&'*+-.(/(0&'&(%  )*)1) / 0.(!#'( f : Rn → Rp # Rp
+ − semicontinuous #0 1(2 '(%& #0 fi : Rn → R1"* %',*"  *-#'(!#(.'. 0'" 1%% i = 1, ..., p3"#$%&'&(%  )*)* )  !" K ⊆ Rp #! $ &'!1 Y ⊆ Rp $ *!"1 $'0 s : Y −→ R $ -.'"/&'+=/> 32! -.'"/&' s /* 45-'('!'(#1%%& #("*1 #(6 /' Y /-1

y -K y′ ⇒ s(y) ≤ s(y′), ∀y, y′ ∈ Y=//> 32! -.'"/&' s /* $66!0  !"#%& 45-'('!'(#1%%& #("*1 #(6 /' Y /-1
y -K y′ $'0 y 6= y′ ⇒ s(y) < s(y′), ∀y, y′ ∈ Y?! ;4!*!'" #!6&9 "9& 4!*.6"* "2$" ;!48/" "& &'*"4." $ 45-'('!'(#1%%& #("*1 #(6 0.(!#'(+32! /8;&4"$'! &- "2/* 6$** &- -.'"/&' 9/66 #! :/(!' /' "2! '!)" 2$;"!4 +-.(/(0&'&(%  )*)2) K ⊆ Rp 7* 1 '(* 1(2 Y ⊆ Rp 7* 1  *!8 %*! . '( #2*" !9* 0'%%',#(6('!1!#'( :
K+ = {w ∈ R

p \ {0} / 〈w, k〉 > 0 ∀k ∈ K} =@+A+@>
K∗ = {w ∈ R

p/ 〈w, k〉 ≥ 0 ∀k ∈ K} =@+A+A>!9*(;#< ∀w ∈ K∗ , !9* 0.(!#'( v : Y → R  .9 !91! v(x) = 〈w, x〉 ∀x ∈ Y # 45-'('!'(*;##< ∀w ∈ K+ , !9* 0.(!#'( v : Y → R  .9 !91! v(x) = 〈w, x〉 ∀x ∈ Y #  !"#!%& K−monotone3-.(/(0&'&(%  )*)3) =*! K ⊆ Rp 7* 1 %' *2 '()*+ '(*> %*! Y ⊆ Rp 7* 1 ('(5'()*+  *!> 1(2 L!9*  .7 ?1* ?1"1%%*% !' aff(Y )> !9* 1@(* 9.%% '0 Y 3 =*! Q ∈ Rp × Rp> 7* 1  &--*!"# ?' #!#)* *-#2*A(#!* -1!"#+> 1(2 2*A(* !9* 0.(!#'( v 7& v(y) = 〈Qy, y〉 ∀y ∈ Y >!9*( v # 4 -'('!'(#1%%& #("*1 #(6 '( Y #B QY ⊆ K∗ + L⊥ !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./    !" #$%&&'%$ )*+','-%+'). !"! #$%$&'( )*&+,('-.*% *) */-.+.0'-.*% /&*1($+2 "#$$%#" &'(%)%*#(%&+,)%+%)%*#(%&+- '.&/"0) 1#$ (10 2&""&3%+4 2&.)5
minimize f(x)$6/70( (& x ∈ S310.0 S ,20#$%/"0 &. #8)%$$%/"0 8&)#%+- %$ # $6/$0( &2 Rn #+8 f(x) ,&/70(%90 26+(%&+- %$ # .0#"9#"608 26+(%&+ 80:+08 &+ S; <+ 2#(= (10 )#>%)%*#(%&+ '.&/"0) %$ %+"6808 %+ (10 )%+%)%*#(%&+2&.)6"#(%&+ /0#6$0 max{f(x)/ x ∈ S} = min{−f(x), x ∈ S}; ?&"9%+4 #+ &'(%)%*#(%&+ '.&/"0)&+$%$($ %+ :+8%+4 "&#" #+8= %2 '&$$%/"0= 4"&/#" )%+%)%*0.$;!"#$%&%'$  ()( (  20#$%/"0 '&%+( x∗ %$ #  !# $%&%$%'() &2 f(x) %2 (10.0 %$ ǫ > 0 $61 (1#( 2&.#"" x ∈ S $#(%$2@%+4 ‖x − x∗‖ ≤ ǫ= &+0 1#$ f(x∗) ≤ f(x); x∗ %$ $#%8 (& /0 # * !+# $%&%$%'() %2

f(x∗) ≤ f(x) ∀x ∈ S;<2 f %$ # &+90> 26+(%&+ #+8 S %$ # &+90> $0(= (10+ 090.@ "&#" )%+%)%*0. %$ # 4"&/#" )%+%)%*0.;A&.0&90.= %2 f %$ $(.%("@ &+90>= (10+ # "&#" )%+%)%*0. %$ (10 6+%B60 4"&/#" )%+%)%*0.;*+','-%&%'$  ()( ( ,- S %. # &!&($/01 !$/#0 .(0 %& Rn2 #&3 f(x) %. #  !4() .($% !&0%&5!5.-5&0%!& !& S2 06(& f(x) 6#. #0  (#.0 !&( * !+# $%&%$%'() %& S7C10 $%)'"0$( "#$$0$ #.0 6+&+$(.#%+08 &'(%)%*#(%&+ #+8 &+$(.#%+08 &'(%)%*#(%&+= &..0$'&+8D%+4 (& (10 #$0 310.0 S = Rn #+8 S ⊂ Rn= .0$'0(%90"@; !"!3 4%*%2-&'.%$6 */-.+.0'-.*%E0 0>'"&.0 $&)0 30"" F+&3+ &'(%)#" &+8%(%&+$ #+8 #"4&.%(1)$ .0"#(08 (& 6+&+$(.#%+08 &'(%D)%*#(%&+; ()(.( /,&%012%&3 '$5%&%'$- 6'+ 7$'$-&+1%$"5 ',&%0%81&%'$E0 :.$( &+$%80. 31#( 30 )%41( 80860 %2 30 30.0 2&.(6+#(0 0+&641 (& 1#90 2&6+8 # "&#" )%+%)%*0.&2 2,>-; C10 2&""&3%+4 (3& .0$6"($ '.&9%80 :.$(D #+8 $0&+8D&.80. +00$$#.@ &'(%)#"%(@ &+8%(%&+$,.0$'0(%90"@-;*+','-%&%'$  ()(.( 85//!.( 06#0 f ∈ C193%:()(&0%#+ (; #&3 x∗ %. #  !# $%&%$%'() !- f(x)7 <6(&
∇xf(x∗) = 0 i.e

∂f(x∗)

∂xi

= 0 ∀i ∈ {1, ..., n}7
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./  !"#$%$&'('$)  *+*+*  !""#$% &'(& f ∈ C2)&*+% -+.%/%0&+(12%3 (0- x∗ +$ ( 2#(2 4+0+4+5%/ #6 f(x)78'%0 ∇xf(x∗) = 0 i.e
∂f(x∗)

∂xi

= 0 ∀i ∈ {1, ..., n} (0- H(x∗) +$ "#$+&+9% $%4+:-%;0+&%7 <'%/% H+$ &'% =%$$+(0 4(&/+> #6 f &'(& +$ -%;0%- 1? H(x) = ∇xxf(x)7 !" #$%" &' #( $%)( '*!+, % -*&+" "$%" .%"&./(. "$( %0*)( *+,&"&*+.2 3. &" % 4*%4 5&+&65&7(82 9(.: %+ &.*4%"(, *+(: -8*)&,(, "$( '*44*#&+; .(*+,6*8,(8 .!<&(+" *-"&5%4&"= *+,&"&*+.%8( .%"&./(,>"#$%$&'('$)  *+*,*  !""#$% f ∈ C2)&*+% -+.%/%0&+(12%3@ x∗ $(&+$;%$ &'% #0-+&+#0 ∇xf(x∗) = 0(0- H(x∗) +$ "#$+&+9% -%;0+&%7 8'%0 x∗ +$ ( 2#(2 4+0+4+5%/ #6 f 7 *+*!*! -./$#'(01& 2$# 3)$)&(#5')67 $%('1'85('$)?+( *' "$( 5*." !.(, %--8*%$(. &. ,(.(+" 5("$*,.> @$( "=-&%4 %4;*8&"$5 *' -%$%0& 4%&'#-$&. %. '*44*#.A B4;*8&"$5 C> C ! D"%8"&+; -*&+" x0 ∈ Rn> D(" k = 0"! D(%8$ ,&8("&*+A dk ∈ Rn .!$ "$%" 〈dk, ∇xf(xk)〉 < 0 E&' ∇xf(xk) 6= 0F>#! G&+, "$( ."(- 4(+;"$A αk > 0 .!$ "$%" f(xk + αkdk) < f(xk) $*4,.>$! H(" xk+1 = xk + αkdk%! @(85&+%"&*+ 8&"(8&*+A 3' '!4/44(,: ."*-> ?"$(8#&.(: 4(" k := k + 1: ;* "* ."(- C>B" ."(- I: % $%(/' -+/%&+#0 dk &. %4!4%"(, '8*5 xk> @$( ,&8("&*+ &. 8(J!&8(, "* 0( % -%$%0&-+/%&+#0 .* "$%" '*8 .5%44 ."(- %4*+; dk: &" &. ;!%8%+"((, "$%" "$( *0K("&)( '!+"&*+ #&44 0( 8(,!(,E@%=4*8 "$(*8(5F> 3+ ."(- L: &" &. ."%"(, "$%" αk > 0 .$*!4, 0( $*.(+ "* 5&+&5&7( f(xk + αkdk)>@$&. &. M+*#+ %. %+ (N%" 4&+(.(%8$> 3+ 5*." %.(.: (N%" 4&+(.(%8$(. -8*)( "* 0( )(8= (N-(+.&)(>O*,(8+ 4&+(.(%8$ 5("$*,. -8('(8 "* !.( &+(N%" 4&+(.(%8$(.: #$&$ %8( ;!%8%+"((, "* -&M ."(-."$%" %8( +(&"$(8 "** 4*+; +*8 "** .$*8"> @$( 5%&+ *+"(+,(8. %5*+;." "$( 5%+= -*..&04( &+(N%"4&+(.(%8$(. %8( "$( .*6%44(, P0%M"8%M&+;6 B85&K*Q %+, "$( PB85&K*6R*4'(Q )%8&("&(. ST%+!U((50(8 IVVW℄> @$( '*85(8 %8( (N"8(5(4= (%.= "* &5-4(5(+": %+, '*85 "$( 0%M0*+( *' 5*."Y(#"*+64&M( 4&+(.(%8$ 5("$*,.> @$( 4%""(8 %8( -%8"&!4%84= &5-*8"%+" #$(+ !.&+; .(%+" J!%.&6Y(#"*+ 5("$*,.>3+ "$( A%$%0& 4%&'#-: *+( -&M. % ,(.(+" ,&8("&*+ dk %+, "$(+ -&M. % $&%"2%0B&' αk > 0 "*Z8(,!(Z f(xk + αkdk) < f(xk) %+, /+%44= .(". xk+1 = xk + αkdk> O*8( %--8*%$(. '*8 .*4)&+;!+*+."8%&+(, *-"&5&7%"&*+ -8*04(5 %+ 0( '*!+, &+ ST%+! U((50(8 IVVW℄> !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./  ! !"!" #$%&'()*%+, $-'*.*/)'*$% "!"!" #$%&'()&%* ,-.&%&,-/ 0,1 ,-/%1(&-2. ,$%&'&3(%&,- !"# %#&'()*#'& )(" +("&"#', '!*#-& -"' .%(" %.+/*)'"01 2!" )*. 3!"# 0")/*#- 3*'! %#&'()*#"0%+'*.*4)'*%# *& *# -"#"()/ '%
minimize f(x)&567"' '% x ∈ S3!"(" '!" )0.*&&*6/" &"' !)& '!" 8%//%3*#- 8%(.9

S =

{
x ∈ Rn/

gi(x) ≤ 0, i ∈ I = {1, .., m1}, gi : Rn −→ R

hj(x) = 0, j ∈ J = {1, .., m2}, hj : Rn −→ R

}3!"(" gi(.) (i = 1, .., m1 )(" '!" 85#'*%#& %8 '!" *#":5)/*'; %#&'()*#'& )#0 hj(.) (1, .., m2) )("'!" 85#'*%#& %8 '!" ":5)/*'; %#&'()*#'&, )#0 3!"(" m1 )#0 m2 )(" '!" #5.6"( %8 *#":5)/*'; )#0":5)/*'; %#&'()*#'&, ("&+"'*<"/;1 2!"  !"#$%  #%& '#)*" %#0*'*%#& = %( KKT %#0*'*%#&> )("#""&&)(; 8%( ) &%/5'*%# *# %+'*.*4)'*%# +(%6/". '% 6" %+'*.)/, +(%<*0"0 '!)' &%." ("-5/)(*';%#0*'*%#& )(" &)'*&?"01 2!" KKT )++(%)! '% #%#@/*#")( +(%-()..*#- -"#"()/*4"& '!" ."'!%0%8 A)-()#-" .5/'*+/*"(&, 3!*! )//%3"0 %#/; ":5)/*'; %#&'()*#'&1 2!" 8%//%3*#- *& '!" &')'"."#'%8 '!" KKT %+'*.)/ %#0*'*%#&1452,12'  "!" " +  ',-./01!20/3 45&60/05&$7 89 x∗ 0$ ! 25!2 10&01#1 /%!/ $!/0$:*$ $51* "*;,#2!"0/3 5&60/05&$< /%*& /%*"* *=0$/ 5&$/!&/$ µi (i = 1, .., m1) !&6 λj (j = 1, .., m2) $#% /%!/





∇f(x∗) +
∑m1

i=1 µi∇gi(x
∗) +

∑m2

j=1 λj∇hj(x
∗) = 0

µigi(x
∗) = 0

µi ≥ 0 (i = 1, ..., m1) , λj ∈ R (j = 1, ..., m2)2!" '!("" %#0*'*%#& %8 '!" '!"%(". )6%<" ("+("&"#' '!" KKT %#0*'*%#&1B# %(0"( 8%( ) .*#*.5. +%*#' x∗ '% &)'*&8; '!" )6%<" CC2 %#0*'*%#&, *' &!%5/0 &)'*&8; &%."("-5/)(*'; %#0*'*%#, '!" .%&' 5&"0 %#"& )(" /*&'"0 6"/%39 >0&*!" 0&6*.*&6*&* 5&$/"!0&/ ?#!20:!/05& +>84@79 '!" -()0*"#'& %8 '!" )'*<" *#":5)/*';%#&'()*#'& )#0 '!" -()0*"#'& %8 '!" ":5)/*'; %#&'()*#'& )(" /*#")(/; *#0"+"#0"#' )' x∗1 A!&;!$!"0!&,B"515C0/D 5&$/"!0&/ ?#!20:!/05& +AB4@79 '!" -()0*"#'& %8 '!" )'*<" *#@":5)/*'; %#&'()*#'& )#0 '!" -()0*"#'& %8 '!" ":5)/*'; %#&'()*#'& )(" +%&*'*<"@/*#")(/; *#0"@+"#0"#' )' x∗1 45&$/!&/ "!&) 5&$/"!0&/ ?#!20:!/05& +4E4@79 8%( ")! &56&"' %8 '!" -()0*"#'& %8 '!" )'*<"*#":5)/*'; %#&'()*#'& )#0 '!" -()0*"#'& %8 '!" ":5)/*'; %#&'()*#'& '!" ()#D )' ) <**#*'; %8
x∗ *& %#&')#'1 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./  !  !"#$%"$ &!#'$'() *'")%+ ,)&)",)") !"#$+%'"$ ./%*'0%$'!" 1 2345 !"# $%' ()*($+ "! +'$,#%-.$/+( "! +'$ %+.0$ ./$1)%2.+3 "/(+#%./+( %/- +'$ ,#%-.$/+( "! +'$ $1)%2.+3 "/(+#%./+(4.! .+ .( 5"(.+.0$62./$%# -$5$/-$/+ %+ x∗ +'$/ .+ .( 5"(.+.0$62./$%# -$5$/-$/+ %+ % 0../.+3 "!
x∗ 7 8(v1, v2, ..., vn) .( 5"(.+.0$62./$%# -$5$/-$/+ .! +'$#$ $9.(+( (a1, a2, ..., an) /"+ %22 :$#" ()'+'%+ a1v1 + ... + anvn = 0; 6*%$)+ !",'$'!" !"# % "/0$9 5#"*2$<4 +'$#$ $9.(+( % 5"./+ x ()' +'%+ h(x) = 0 %/-
gi(x) < 0 !"# %22 i %+.0$ ./ x∗7 3'")%+'$7 !"#$+%'"$# =! f %/- g %#$ %>/$ !)/+."/(4 +'$/ /" "+'$# "/-.+."/ .( /$$-$- +"%(()#$ +'%+ +'$ <./.<)< 5"./+ .( ??@7=+ %/ *$ ('"A/ +'%+ LICQ =⇒ MFCQ4 LICQ =⇒ CRCQ =⇒ CPLD 8%/- +'$ "/0$#($( %#$/"+ +#)$;7 =/ 5#%+.$ A$%B$# "/(+#%./+ 1)%2.C%+."/( %#$ 5#$!$##$- (./$ +'$3 5#"0.-$ (+#"/,$#"5+.<%2.+3 "/-.+."/(7D( (+%+$- ./ +'$ !"22"A./, +'$"#$<4 +'$ /$$((%#3 "/-.+."/( %/ *$ ()>.$/+ !"# "5+.<%2.+3 ./$#+%./ %($(7"#$%&$'  ()(*( 8##/9) $:) !&$'9';%$'!" &+!<*)9 '# !"()=> $:%$ '# > f %# ?)** % gi(i = 1, ..., m1)>%+) !"()=> %", hj(i = 1, ..., m2)> %+) %@")A %** B/"$'!"# %+) '" C1 %# ?)**C 8##/9) B/+$:)+ $:%$B!+ x∗ ∈ S > $:) DDE !",'$'!"# %+) #%$'#0),C E:)" x∗ '# % F*!<%**7 !&$'9%* #!*/$'!" $! $:)!&$'9';%$'!" &+!<*)9C@'$#$ %#$ <%/3 "+'$# "5+.<%2.+3 "/-.+."/( -$0$2"5$- ./ +'$ 2.+$#%+)#$4 ()' %( E%,#%/,$+'$"#$<4 F#.+:6G"'/ "/-.+."/ $+7 ()()(* +,-%&./#'0 1%& %30/&4.3$5 %6/.'.74/.%3@'$#$ %#$ ($0$#%2 <$+'"-( -$0$2"5$- ./ +'$ 2.+$#%+)#$ +" +%B2$ "/(+#%./$- "5+.<.:%+."/ 5#"*2$<7H"(+ "! +'$< $952".+ )/"/(+#%./$- "5+.<.:%+."/ %2,"#.+'<(7 @'$ "/$5+ "! 9)+'$ B/"$'!" .()($- ./ ,$/$#%27 I.0$/ % 5%#%<$+$# p4 % "<5"(.+$ !)/+."/ Φ(x, p) .( % <$#.+ !)/+."/ .! 8("<$;<./.<.:$#( "! Φ(x, p) A.+' #$(5$+ +" x %55#"%' +'"($ "! f(x) ()*J$+ +" +'$ "/(+#%./+( %( p%55#"%'$( ("<$ ($+ P7 =/ 5#./.52$4 A'%+ "/$ '%( +" -" +'$/ .( +" '""($ +'$ *$(+ )/"/(+#%./$-%2,"#.+'< +" ("20$ +'$ /$A 5#"*2$< "*+%./$-7 K$#$ %#$ +A" <$#.+ !)/+."/( ./ +'$ %($ "! $1)%2.+3"/(+#%./+( (I = ∅)  Φ(x, µ) = f(x) + 1

2µ
‖ h(x) ‖2, h(x) = (hj(x)), j = 1, ..., m27 =+ .( %22$- +'$ 1)%-#%+.5$/%2+3 !)/+."/7 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#"$%& '( ')%*#*+,%*'$ %-"'./  ! Φ(x, u, µ) = f(x)− uT g(x) + 1
2µ
‖ h(x) ‖2

2 !"#$# %&'" u ()* µ ($# (+,-.-($/ 0($(1#'#$23 4'-2 (..#* '"#  !"#$%&$' ( ") %"* % +!%&*-%36&$ -)#7+(.-'/ &)2'$(-)'2 (J = ∅) '"# %#2' 8)&!) 1#$-' 9+)'-&) -2 '"# .-" )*&/#* 0 ))*$)+!%&*-% *#:)#* %/ Φ(x, µ) = f(x)− µ
∑m1

i=1 log(−g(x)), g(x) = (gi(x)), i = 1, ..., m

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%& '() !"#$%&'(#$*( %+#$,$-.#$%/
n *#!$!', 4%5!%&2#$= m = m1 + m2 ',$)5%!,)$ %,* p'&7#)!4#$ !$ "'5-(2%)#* %$ "'22';$L

” min ”f(x) = (f1(x), f2(x), ..., fp(x)) ?E0E0F@$(&7#) )' gi(x) ≤ 0, i ∈ I = {1, .., m1}

hj(x) = 0, j ∈ J = {1, .., m2}

x ≧ 0

?E0E0E@;9#5#L !"#% &"#'#%( )*+,-+.)/01 2/%3#3 -4"2#(#2%(#! 562#7#8!2#59 !66(5!/%3 #9 :#"%'%" 562#7#8!2#59 6(5:"%73



 !"#$%&'(#$*( %+#$,$-.#$%/  ! f : Rn → Rp !"$ fi : Rn −→ R !"$ gi : Rn −→ R "%& !"$ hj : Rn −→ R' ()*!+,-! ./%+,0%1 (fi, i = 1, ..., p) "2! "+ 3!"1+ 4"2+,"335 0%6,+,%7 ,'! +$!5 "2! 0%6,+,%7,% 108! 2!7,0%1 0. +$! 1!"2$ 14"!' X =

{
x ∈ Rn

+/
gi(x) ≤ 0, i ∈ I = {1, .., m1}

hj(x) = 0, j ∈ J = {1, .., m2}

} 2!42!1!%+1 +$! 1!+ 0. +$! 0%1+2",%+1 902+$! .!"1,)3! 1!+: 0. +$! 8/3+,0)*!+,-! 04+,8,;"+,0% 420)3!8' Y := f(X) ⊆ Rp ,1 +$! 1!+ 0. "33 "++",%")3! 0/+08!1 02 2,+!2,0% -!+021 .02 "33 .!"1,)3!103/+,0%1 ,% +$! 0)*!+,-! 14"!'<$! 8/3+,0)*!+,-! 04+,8,;"+,0% 420)3!8 "% +$!% )! 80&!33!& "1 .0330=1>
” min ”f(x) = (f1(x), f2(x), ..., fp(x)) 9?'?'@:1'+ x ∈ X ⊆ Rn 9?'?'A:B$!% 0%1+2",%+1 "%& 0)*!+,-!1 "2! 3,%!"2 0%! 14!"C1 ")0/+ "  !"#$% &'()!*+,#)!.# /%*0%$11!"02%*+(#1' D% 1/$ "1! .028/3"+,0% ,1 1,8435>
” min ”Cx 9?'?'E:1'+ x ∈ X 9?'?'F:=$!2! C ,1 " p× n 8"+2,G "%& X =

{
x ∈ Rn

+, / Ax ≤ b, x ≥ 0
} =,+$ A = (ai,j)i=1..n,j=1..m " m × n 8"+2,G b = (bi)i=1..m " 03/8% -!+02 0. Rm "%& n, p, m "2!,%+!7!21' ! ! "#$%&'#() #* +%$&'#,-.&'0. 12#324++'(3 12#,$.+)H .!"1,)3! 103/+,0% 9&!,1,0%: x ∈ X ,1 !-"3/"+!& )5 +$! p 0)*!+,-! ./%+,0%1 420&/,%7 +$!0/+08! f(x)' I,%! .02 p ≥ 2 +$!2! ,1 %0 "%0%,"3 02&!2 ,% Rp 3,C! ,% R +$!2! &0!1 %0+ !G,1+" .!"1,)3! 103/+,0% =$,$ 04+,8,;!1 1,8/3+"%!0/135 "33 +$! 0)*!+,-!1' J!"3,%7 =,+$ 8/3+,0)*!+,-!42072"88,%7 420)3!8 +$!% 0%1,1+1 ,% K%&,%7 084208,1! 103/+,0%1' D+ 1!!81 %"+/2"3 +0 0%1,&!2

x ∈ X "1 4011,)3! 1"+,1.5,%7 084208,1! ,. +$!2! &0!1 %0+ !G,1+ "%5 0+$!2 103/+,0% y ∈ X =$,$1/443,!1 -"3/!1 "+ 3!"1+ "1 700& "1 x 0% !-!25 0)*!+,-! "%& )!++!2 0% "+ 3!"1+ 0%! 0)*!+,-!' L!"1,)3!40,%+1 3,C! x "2! "33!& /$%#)*3*2)!1$( 4*(')!*"4' I03-,%7 " 8/3+,0)*!+,-! 420)3!8 ,1 &!K%!& "1K%&,%7 " 902 " 1/)1!+ 0.: M"2!+0N04+,8"3 103/+,0%91: +$"+ 1"+,1K!1 +$! &!,1,0% 8"C!2 9JO: =$0C%0=1 02 /%&!21+"%&1 +$! 420)3!8 )!++!2' D+ ,1 ,8402+"%+ +0 &!"3 0%35 =,+$ M"2!+0N04+,8"3 40,%+1'D% ."+ "%5 x =$,$ ,1 %0+ M"2!+0N04+,8"3 "%%0+ 2!42!1!%+ "% 04+,8"3 &!,1,0% )!"/1! +$!2! !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! !"#$# %$ & %#$ '( '$) * +'"($ x′ ∈ X, #-) $)%$ f(x′) ≤ f(x), "/ x′ "# & %*&0 1 $$ * $)%( x/2'*3%&&0, '( )%# $) 4'&&'5"(6 7 8("$"'( '4 % 9%* $':'+$"3%& +'"($/"#$%&'&(% )*)* *; 4 %#"1& +'"($ x∗ ∈ X "# %&& 7  !"#$%&%'$()!* "4 $) * 7' # ('$  !"#$ x ∈ X #-) $)%$
f(x) ≤ f(x∗)/ <4 x∗ "# 9%* $':'+$"3%& $) ( f(x∗) "# %&& 7 +%+&,%)(+!$#, '%(+$/= + (7"(6 '( $) '($ !$, 9%* $':'+$"3%& +'"($# %(7 ('(7'3"(%$ 7 +'"($# %* -#-%&&0 %&& 7>?" ($ +'"($#/ 9%* $':'+$"3%& +'"($# %* $) ( #'&-$"'(# $)%$ %(('$ 1 "3+*'@ 7 "( '( '1A :$"@ 4-($"'( 5"$)'-$ 7 $ *"'*%$"(6 $) "* + *4'*3%( "( %$ & %#$ '( '4 $) * #$/ B) 4'&&'5"(6+*'+'#"$"'( 4*'3 C>)*6'$$ DEEF℄ +*'@"7 # # @ (  H-"@%& ($ 7 8("$"'(# '4 9%* $':'+$"3%&"$0/+,(-(.&'&(% )*)* * -.# /%**%0(+1 2#3#+ '"%'#"$(#2 !"# #45(3!*#+$6 7(8 x∗ (2  !"#$%&%'$()!*9 7((8 $.#"# (2 +% x ∈ X 25. $.!$ fi(x) ≤ fi(x

∗), i = 1, ..., p !+, fj(x) < fj(x
∗) /%" 2%)#

j ∈ {1, ..., p}9 7(((8 $.#"# (2 +% x ∈ X 25. $.!$ f(x)− f(x∗) ∈ −Rp
+ \ {0p}9 7(38 f(x)− f(x∗) ∈ Rp \ {−Rp

+ \ {0p}} /%" !** x ∈ X9 738 Y ∩ (f(x∗)−Rp
+) = {f(x∗)}9 73(8 f(x) ≤ f(x∗) /%" 2%)# x ∈ X ()'*(#2 f(x) = f(x∗)9 73((8 $.#"# (2 +% f(x) ∈ Y \ {f(x∗)} 25. $.!$ f(x) ∈ f(x∗)− Rp

+;I #)%&& '4$ ( * 4 * $' $) '( 5)") "# 1 #$ #-"$ 7 $' % 6"@ ( '($ !$/B) * "# % 5 %J * '( +$ '4 9%* $':'+$"3%&"$0 '*  ?" (0, %&& 7 0#!< #=(#+>/ ; 4 %#"1& +'"($ x∗ ∈ X "# 0#!< #=(#+$ "4 $) * 7' # ('$  !"#$ x ∈ X #-) $)%$ f(x) < f(x∗)/ K1@"'-#&0, ?" ($ +'"($# L9%* $':'+$"3%& +'"($#M %* 5 %J&0  ?" ($, 1-$ $) '($*%*0 "# ('$ %&5%0# $*- /N $ K ⊂ Rp 1 %( %*1"$*%*0 '( , $) 4'&&'5"(6 "# % 3'* 6 ( *%& 7 8("$"'( '4  ?" ($ +'"($#1%# 7 '( $) '( '( +$/"#$%&'&(% )*)*)*; +'"($ y0 ∈ Y "# % +%+&,%)(+!$#, '%(+$ 5"$) * #+ $ $' $) '( K "4 %(7 '(&0 "4 $) * 7' # ('$ !"#$ % +'"($ y ∈ Y #-) $)%$ y -K y0/ <4 y∗ "# % ('(:7'3"(%$ 7 +'"($ 5"$) * #+ $ $' $) '( 
K, $) ( x∗ ∈ X #-) $)%$ y∗ = f(x∗) "# %&& 7 %  !"#$%&%'$()!* '%(+$ 0($. "#2'#$ $% $.# %+# K/

Definition 2.2.1 "# % +%*$"-&%* %# '4 Definition 2.2.2, 5) * $) '( -# 7 "# Rp
+ \ {0p}/B)*'-6)'-$ $) * #$ '4 $) $ !$, $) # $ '4  ?" ($L9%* $':'+$"3%&M +'"($# '4 % 3-&$":'1A $"@ '+$"3"O%$"'( +*'1& 3 7 8( 7 10 % @ $'* @%&- 7 4-($"'( f '( % 4 %#"1& # $ X 5"$) * #+ $ $' !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! "#$ K %& '$#"($' )*+ E(f, X, -K), -.%/$, #"#0'"1%# ($' &$( %& '$#"($' )* ND(f(X), -K)234 "#$ &5$ 6& "4 $7%$#( 5"%#(& -%(."8( 1 6%#9  :$4$:$#$ ("  "#$, %( -%// )$ -%(. :$&5$( ("
Definition 2.2.12 3# (.%&  &$, (.$ &$( "4 ; :$("0"5(%1 / 5"%#(& -%// )$ '$#"($' )* Xpar  #' (.$&$( "4 #"#0'"1%# ($' 5"%#(& )* Yeff 2 ! !" #$%&'()(*'+,$-+'. (01+'+(02<$ 5:$&$#( .$:$ &"1$ -$// 6#"-# :$&8/(& 4": (.$ . : ($:%= (%"# "4 ; :$("0"5(%1 / 5"%#(&2 >$-4":18/ (%"#&  #' 5:""4&  :$ 5:"?%'$' 4": 1"&( "4 (.$12 <$ &( :( -%(. (.$ 4"//"-%#9 :$&8/(& :$/ ($'(" #"#0'"1%# ($' 5"%#(&2"#$%&$' ()() )  !" K ⊆ Rp #! $ %&%'"()*)$+ &%!- +!" Y ⊆ Rp $ .!"- $%/ s : Y −→ R $ 01%")&%23)4 50 argminy∈Y { s(y) } = {a} $%/ s ). 6'7&%&"&%!- "8!% a ∈ ND(Y, -K)3))4 50 a ∈ argminy∈Y { s(y) } $%/ s ). ."()"+9 6'7&%&"&%!- "8!% a ∈ ND(Y, -K)2*&%%+,@%A B855"&$ (. ( a /∈ ND(Y, -K), (.$# ∃b ∈ Y (b 6= a) &8. (. ( b -K a2 C:"1 (.%& :$&8/(  #'&%#$ & %&  D01"#"("#% //* 48#(%"#, -$ . ?$ s(b) ≤ s(a), -.%. %& $E8%? /$#( (" s(b) < s(a)": s(b) = s(a)2 F8( a ∈ argminy∈Y { s(y) }, &" %(  ##"( )$ 5"&&%)/$ (" . ?$ s(b) < s(a)2B%1%/ :/*, &%#$  %& (.$ 8#%E8$ $/$1$#( -.%. 5$:1%(& (" . ?$ (.$ 1%#%181 "4 (.$ 48#(%"# & "#
Y , s(b) = s(a)  ##"( )$ 5"&&%)/$2 G$#$ a ∈ ND(Y, -K)2@%%A H.$ 5:""4 "4 @%%A %& &%1%/ :2 2H.$ 4"//"-%#9 ":"// :%$&  # )$ &$$#  &  5: (% / - * (" ")( %# ; :$("0"5(%1 / ": #"#0'"1%# ($'5"%#(& 2-%&%../&0 ()() )  !" K ⊆ Rp #! $ &%*!: &%! $%/ Y ⊆ Rp23)4 50 "8!(! !:).". $ ;&)%" w ∈ K+ .18 "8$" y∗ ). $ .&+1")&% "& "8! ;(&#+!7

miny∈Y { 〈w, y〉 } then y∗ ∈ ND(M, -K)3))450 "8!(! !:).". $ ;&)%" w ∈ K∗ .18 "8$" y∗ ). "8! 1%)<1! .&+1")&% "& "8! ;(&#+!7
miny∈Y { 〈w, y〉 } , then y∗ ∈ ND(M, -K)*&%%+, 3( 4"//"-& 4:"1 5:"5"&%(%"# I2J2K "4 . 5($: I  #' (.$ 5:$$'%#9 :$&8/(2 2*&%1%2343%5 ()()() =1;;&.! x∗ ). $% &;")7$+ .&+1")&% &0 "8! ;(&#+!7
min
x∈X

p∑

i=1

λifi(x) where λ ∈ Rp>8!% "8! 0&++&?)%@ 8&+/.3)4 )0 λi > 0, i = 1, ..., p $%/ ∑λi = 1 3&( λ ∈ intRp
+ 4- "8!% x∗ ). A$(!"&'&;")7$+B3))4 )0 λ ≥ 0 $%/ ∑λi = 1 3&( λ ∈ Rp

+ \ {0} 4 $%/ )% $//)")&%- x∗ ). "8! 1%)<1! .&+1")&% &0 "8!&;")7)C$")&% ;(&#+!7- "8!% x∗ ). A$(!"&'&;")7$+2 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !"#$$% !" #$% x∗ &$ '( )*%!+', -),.%!)( )/ %0$ *1)&,$+ 2!%0 λi > 0, i = 1, ..., p '(3 ∑λi = 14 %0$()($ 0'- ∑p

i=1 λifi(x
∗) ≤

∑p

i=1 λifi(x), ∀x ∈ X56.**)-$ %0'% x∗ /∈ Xpar4 0$($ %0$1$ +.-% &$ x0 ∈ X with f(x0) ≤ f(x∗).

i.e fi(x
0) ≤ fi(x

∗), i = 1, ..., p '(3 ∃j ∈ 1, ..., p/ fj(x
0) < fj(x

∗)5 8.,%!*,9!(: &9 %0$ 2$!:0%- :!;$-
λifi(x

0) ≤ λifi(x
∗), i = 1, ..., p '(3 ∃j ∈ 1, ..., p/ λjfj(x

0) < λjfj(x
∗)4 %0!- !- *)--!&,$ &$'.-$',, λi > 0, i = 1, ..., p '1$ -%1!%,9 *)-!%!;$5 6!($ %0$ ,'-% !($<.',!%9 !- -%1!%4 2$ %0$( 0';$

∑p

i=1 λifi(x
0) <

∑p

i=1 λifi(x
∗)4 )(%1'3!%!(: %0$ )*%!+',!%9 )/ x∗5 !!" =0$ *1))/ !- ' &!% -!+!,'15 >( /'%4 ,$% x∗ &$ %0$ .(!<.$ )*%!+', -),.%!)( )/ %0$ )*%!+!?'%!)(*1)&,$+ 2!%0 λ ≥ 04 %0$( )($ 0'- ∑p

i=1 λifi(x
∗) ≤

∑p

i=1 λifi(x), ∀x ∈ X56.**)-$ %0'% x∗ /∈ Xpar4 0$($ %0$1$ +.-% &$ x0 ∈ X, x0 6= x∗ with f(x0) ≤ f(x∗) i.e fi(x
0) ≤

fi(x
∗), i = 1, ..., p '(3 ∃j ∈ 1, ..., p/ fj(x

0) < fj(x
∗)5 8.,%!*,9!(: &9 %0$ 2$!:0%- ,$'3- %)

∑p

i=1 λifi(x
0) ≤

∑p

i=1 λifi(x
∗)5 =0!- !+*,!$- %2) '-$-@∑p

i=1 λifi(x
0) <

∑p

i=1 λifi(x
∗) )1∑p

i=1 λifi(x
0) =

∑p

i=1 λifi(x
∗)5 =0$ A1-% '-$ !- !+*)--!&,$ &$'.-$ !% )(%1'3!%- %0$ )*%!+',!%9 )/ x∗5 =0$ -$)(3'-$ !+*,!$- %0'% x0 !- ',-) '( )*%!+', -),.%!)( )/ %0$ )*%!+!?'%!)( *1)&,$+4 )(%1'3!%!(: %0$.(!<.$($-- )/ x∗5 2=0!- *1)*)-!%!)( '( ',-) &$ -$$( '- ' )1),,'19 )/ )1),,'19 B5B5C 20$1$ %0$ ('%.1', -','1 *1)3.%!- )(-!3$1$35&'($#()  * * *  !""#$% x∗& '( #")*+', $#,!)*#( #- ).% "/#0,%+

min
x∈X

‖ f(x)− y0 ‖1.%/% y0 *$ ' 2*3%( "#*() *( Rp \ Y 4 5.%( ).% -#,,#6*(2 .#,789*: ;- ‖‖ *$ +#(#)#(% '(7 x∗ *$ ).% !(*<!% $#,!)*#(& ).%( x∗ *$ ='/%)#>#")*+',?9**: ;- ‖‖ *$ $)/*),A +#(#)#(%& ).%( x∗ *$ ='/%)#>#")*+',4"#$$% !" D--.+$ %0'% x∗ !- ' .(!<.$ )*%!+', -),.%!)( '(3 %0'% x∗ !- ()% E'1$%)F)*%!+',5 =0$( %0$1$!- -)+$ x ∈ X -.0 %0'% fi(x) ≤ fi(x
∗) /)1 ',, i ∈ 1, .., p '(3 fj(x) < fj(x

∗) /)1 -)+$ j ∈ 1, .., p5=0$1$/)1$ 0 ≤ fi(x) − y0
i ≤ fi(x

∗) − y0
i /)1 i = 1, .., p 2!%0 )($ -%1!% !($<.',!%95 G$'.-$ ‖‖ !-+)()%)($4 )($ 0'- %0$( ‖ f(x)− y0 ‖<‖ f(x∗)− y0 ‖5 H1)+ )*%!+',!%9 )/ x∗ $<.',!%9 +.-% 0),3420!0 )(%1'3!%- %0$ .(!<.$($-- )/ x∗5 !!" -!+!,'15 2&'($#()  * *+* ,%) x∗ ∈ X '(7 yi := fi(x

∗)45.%( x∗ *$ ='/%)#>#")*+', *- '(7 #(,A *- ∩p
i=1L≤(yi) = ∩p

i=1L=(yi) 6.%/% ∀x0 ∈ Xand g : X −→ R&
L≤(g(x0)) = { x ∈ X/ g(x) ≤ g(x0) } and L=(g(x0)) = { x ∈ X/ g(x) = g(x0) } !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !"#$$%
x∗  ! "#$%&'(')& *#+ ⇔ ∄x ∈ X !,. &.#& fi(x) ≤ fi(x

∗) /'$ #++ i = 1, ..., p #01 fj(x) < fj(x
∗)/'$ !'*% j2 3. !  ! %4, 5#+%0& &' !#6 &.#& &.%$%  ! 0' x ∈ X !,. &.#& 7'&. x ∈ ∩p

i=1L≤(yi) #01
x ∈ L<(yj) /'$ !'*% j8 9. . +%#1! &' ∩p

i=1L≤(yi) = ∩p
i=1L=(yi) 23. ! &.%'$%*  !  ++,!&$#&%1 76 &.% /'++'9 0: %;#*)+% &#<%0 /$'* =>.$:'&& ?@@A℄2&'()*+,  - -!-  !" f1(x) = x2

1−4x1 +x2
2−6x2 +51 #$% f2(x) = 7(x2

1−
38
7
x1 +x2

2−
44
7
x2)+149&'! (#$" ") +!, -. A = (2, 2) )/ B = (2, 3) -0 1#/!")2)3"-4#5& !" 60 0"#/" (-"+ A = (2, 2)& 7$! +#0 f1(2, 2) = 15 #$% f2(2, 2) = 41& 8+! )436"#"-)$ ).%-9!/!$" 0!"0 ). "+! "+!)/!4 5!#%0 "):

L=(f1(2, 2)) = {x ∈ R2/ (x1 − 2)2 + (x2 − 3)2 = 1}

and

L=(f2(2, 2)) = {x ∈ R2/ (x1 −
19

7
)2 + (x2 −

22

7
)2 =

89

49
}.;) L=(f1(2, 2)) -0 # -/5! (-"+ !$"!/ (2, 3) #$% /#%-60 1 #$% L=(f2(2, 2)) -0 # -/5! (-"+ !$"!/

(19
7
, 22

7
) #$% /#%-60 √89

7
&7$! #$ +!, !#0-5< "+#" ∩2

i=1L≤(fi(2, 2)) 6= ∩2
i=1L=(fi(2, 2))= 0) (2, 2) -0 $)" 1#/!")2)3"-4#5&>)( 5!" 60 +!, "+! #0! ). B = (2, 3)& '! +#?! f1(2, 3) = 12 #$% f2(2, 3) = 32& @!3!#"-$A"+! )436"#"-)$0 ./)4 #B)?!= )$! )B"#-$0 f1(x) = 12 ⇐⇒ (x1 − 2)2 + (x2 − 3)2 = 0 #$% f2(x) =

32⇐⇒ (x1 −
19
7
)2 + (x2 −

22
7
)2 = 26

49
& C!$!=

L=(f1(2, 3)) = {x ∈ R2/ (x1 − 2)2 + (x2 − 3)2 = 0} = { (2, 3) }

and

L=(f2(2, 3)) = {x ∈ R2/ (x1 −
19

7
)2 + (x2 −

22

7
)2 =

26

49
}

L=(f2(2, 3)) -0 "+!$ # -/5! #/)6$% (19
7
, 22

7
) (-"+ /#%-60 √

26
7
&7$! +#0 $)( ") +!, -. L=(f1(2, 3))∩L=(f2(2, 3)) -0 "+! 0#4! #0 L≤(f1(2, 3))∩L≤(f2(2, 3))&D6" L=(f1(2, 3)) = {(2, 3)}= -&! "+! 5!?!5 0!" )$0-0"0 ). )$5< )$! 3)-$"= (+-+ -0 )$ "+! B)6$%#/<). L≤(f1(2, 3))& 8+60 (2, 3) -0 1#/!")2)3"-4#5&C'$ # : 5%0 l ∈ Rp8 0'9 +%& ,! '0! 1%$ &.% /'++'9 0: )$'7+%* 1%0'&%1 76 Pk(l)D

minx∈X fk(x)!,7E%& &' fj(x) ≤ lj ; j = 1, ..., p, j 6= k,3.% /'++'9 0: $%!,+& .'+1!D./,$#,)  - -0-
x∗ ∈ Xpar iff ∃l∗ ∈ Rp/ x∗ -0 #$ )3"-4#5 0)56"-)$ ). Pk(l) .)/ #55 k = 1, .., p !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/   !"##$
=⇒ !" l∗ = f(x∗)# $%%&'! x∗ (% )*" *+"(',- .*/ Pk(l

∗) .*/ %*'! k# 01!/! '&%" 2! x ∈ X 3("1
fk(x) < fk(x

∗) ,)4 fj(x) ≤ l∗j = fj(x
∗) .*/ ,-- j 6= k5 "1," (% 5 x∗ /∈ Xpar#

⇐= 6&++*%! x∗ (% )*" 7,/!"*8*+"(',-# 01!) "1!/! (% ,) ()4!9 q ∈ 1, ..., p ,)4 , .!,%(2-! +*()"
x ∈ X %&1 "1,"5 fq(x) < fq(x

∗) ,)4 fq(x) ≤ fq(x
∗) 31!) j 6= q# 6()! x∗ (% *+"(',- .*/ Pq(l

∗)2; ,%%&'+"(*)5 (" '&%" 2! .!,%(2-! .*/ Pq(l
∗)# 01!/!.*/! 3! 1,<! fj(x) ≤ fj(x

∗) ≤ l∗j .*/ ,-- j 6= k#01&% x (% .!,%(2-! .*/ Pq(l
∗) ,)4 fq(x) < fq(x

∗) *)"/,4("% "1! ,%%&'+"(*)# =!)! x∗ (% 7,/!"*8*+"(',-# 2>! !)4 "1(% %!"(*) 3("1 "1! .*--*3()? 7,/!"*8*+"(',-("; *)4("(*)% %('(-,/ "* "1! 3!-- @)*3)
KKT *)4("(*)%# A" (% ",@!) ./*' BC,D&'4,/ EFFG℄#%&'#"'(  ) )*)  !" $%&'(!) "*! +,-"'$./!"'0! $1"'+'23"'$% 1)$.-!+ 4565678565659 1)!&!%"!( '%&!"'$% 565676 :,11$&! "*! ;$--$<'%= ;$) &$+! x∗ ∈ X> 4'9 f(x) '& 1&!,($$%0!? 3" x = x∗@ 4''9 g(x) 3%( h(x) 3)! A,3&'$%0!? 3%( ('B!)!%"'3.-! 3" x = x∗ @ 4'''9 C*!)! !?'&" u∗ ≥ 0D v∗ ≧ 0D w∗ ≧ 0 &,* "*3">439 (∇f(x∗))T u∗ + (∇g(x∗))Tv∗ + (∇h(x∗))T w∗ = 04.9 g(x∗) ≦ 049 h(x∗) = 0C*!%D x∗℄# ! !" #$%&'($) *+',$-.C*/! ?!)!/,--;5 "1/!! ?!)!/,- ,++/*,1!% ,/! )*/',--; ",@!)Z , +/(*/( *+"('(J,"(*)T ()"!/,"(<!*+"('(J,"(*) ,)4 , +*%"!/(*/( *+"('(J,"(*)# 01(% %!"(*) (% , 2/(!. %&/<!; *) "1!%! '!"1*4%# C*/!4!",(-!4 %"&4(!% ,) 2! .*&)4 () BQ1/?*"" IRRS5 6"!&!/ EFV[5 N*1/,)! ,)4 O!-!); EFGP5 0/&*)?IRRV℄# !"#% &"#'#%( )*+,-+.)/01 2/%3#3




λk ≥ 09 (,$ #$1# ∑k λk = 17 8$! #1(B '( #$!+9 #* 2'+'2';! #$'( *6!"1-- */A!#'6! 0,+#'*+9 '7!(*-6!C

min
x∈X

p∑

i=1

λkfk(x)<$!"! !1$ λk "!D!#( E1*".'+: #* #$! 4*'+# *0 6'!< *0 #$! %&F #$! (':+'>1+! *0 #$! '+.'6'.,1-*/A!#'6! fk7 8$! */#1'+!. (*-,#'*+ '( G1"!#*5*4#'21- '0 #$! (*-,#'*+ *0 #$! *4#'2';1#'*+ 4"*/-!2'( ,+'=,! *" '0 λ 4"*6'.!. /H #$! %& '( (,$ #$1# !1$ λk > 07I,#9 #$! 2*(# 4*4,-1" 144"*1$ '( #$! *(+, -.(#.+''"&# /*017 ?# 1+ /! (!!+ 1( 1+ !@#!+('*+*0 #$!  !"#$%"&# '!%$()7 8$! 21#$!21#'1- 0*"2,-1#'*+ *0 JG 2*.!- E(!! K&*,((1 LMMN℄F '( 1(0*--*<(C
min Z =

p∑

i=1

(w+
i δ+

i + w−i δ−i )(,/A!# #* fi(x) + δ−i − δ+
i = li (i = 1, ..., p)

x ∈ X ⊂ Rn

δ+
i , δ−i ≥ 0 (i = 1, ..., p)<$!"!

• δ+
i 1+. δ−i '+.'1#! #$! 4*('#'6! 1+. +!:1#'6! .!6'1#'*+( /!#<!!+ #$! 1$'!6!2!+# -!6!- fi(x)1+. #$! 1(4'"1#'*+ -!6!- li "!(4!#'6!-H7

• w+
i 1+. w−i 1"! #$! *!P'!+#( *0 "!-1#'6! '24*"#1+! :'6!+ #* #$! 4*('#'6! 1+. +!:1#'6!.!6'1#'*+( *0 #$! */A!#'6! i "!(4!#'6!-H78$! (*-,#'*+ */#1'+!. #$"*,:$ #$'( 2*.!- "!4"!(!+#( #$! *24"*2'(! #$1# 1+ /! 21.! /!#<!!+#$!(! */A!#'6!(7  *<!6!"9 #$!"! '( +* :,1"1+#!! #$1# #$! *4#'21- (*-,#'*+ '( G1"!#*5*4#'21-7 8$!0*--*<'+: '( #$! 2*(# "!!+# #!(# 4"*4*(!. '+ #$! -'#!"1#,"! K&*,((1 LMMN℄ '+ *".!" #* B+*< '0 #$!*/#1'+!. (*-,#'*+ '( G1"!#*5*4#'21- 1+. '0 +*# #* 4"*6'.! 1 (*-,#'*+ #$1# '( G1"!#*5*4#'21- 1+..*2'+1#!( #$! -1#!"7 E8$! #!(# (,44*(!( #$1# !1$ fi '( *+#'+,*,( 1+. X '( *241#7F0,+& $1 Q*-6! #$! JG *4#'2';1#'*+ 4"*/-!27 R!# x∗ /! #$! *4#'21- (*-,#'*+70,+&  1 Q*-6! #$! 0*--*<'+: *4#'2';1#'*+ 4"*/-!2 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !
minx∈X

∑p

k=1 fk(x) !"#$& &'fi(x) ≤ fi(x
∗) ; i = 1, ..., p($& x "$ &)$  '*!&+', '- &)+ ./'"*$01"#$% &' () ∑p

k=1 fk(x
∗) =

∑p

k=1 fk(x) !"#$ x∗ %& '()#!*+*,!%-(./ x∗ %& !"#$ !"# *,!%-(.0#%&%*$ *2 !"# 34/ !"# ∑p

k=1 fk(x
∗) <

∑p

k=1 fk(x) !"#$ x∗ %& $*! '()#!*+*,!%-(./ 56! !"# 0#%&%*$ x %& '()#!*+*,!%-(. ($0 0*-%$(!#& x∗℄L/2)#/ 34 '(-)-+!-6+)-0( (m = 0)I%$0 2*) #(" k = 1, ..., p !"# *,!%-(. &*.6!%*$ x∗k *2 !"# 2*..*B%$; ,)*>.#-
min fk(x) K8/8/VL&/! x ∈ X ⊆ Rn K8/8/SLW#! Mk = fk(x

∗k) ($0 M = (M1, M2, ..., Mp)X zk = Mk − ǫkX k = 1, ..., p B"#)# ǫk ()# ()>%!)()?,*&%!%:# FN#0 :(.6#&/W#! Π = {πk(k = 1, ..., p), /πk ≥ 0,
∑p

k=1 πk = 1} ># !"# &#! *2 %$%!%(. B#%;"! *2 #(" *>E#!%:#26$!%*$ ,)*:%0#0 >? !"# 34/W#! p ># !"# $6->#) *2 *-,)*-%&# &*.6!%*$& )#A6%)#0 >? !"# 34 (! #(" %!#)(!%*$W#! r(0 < r < 1) ># ( *$&!($! !"(! B%.. ,#)-%! !* 0#F$# ( *$:#);#$# )%!#)%( !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !"#$%  & '$($)*+ ,#$)*#,-( (m ≥ 1)

α)  !" Πm #! "$! %!" &' ()*+"!* ,!-.$"% +" -"!/+"-&0 m

• 1' m = 1 "$!0 Πm = Π2
• 1' m > 1 "$!0 3!" Πm−1 "$! %!" &' ,!-.$"% "& *!"!/4-0! "$! &4)/&4-%! %&3("-&0 xm−1

∗ /!"+-0!*#6 "$! 78 +" "$! )/!!*!0" -"!/+"-&0 9-"!/+"-&0 m− 1:; <$! %!" Πm -% *!"!/4-0!* +% '&33&,%=
Πm = {πk(k = 1, ..., p), /lmk ≤ πk ≤ um

k ,

p∑

k=1

πk = 1},$!/! "$! -0"!/>+3 [lmk um
k ] -% *!?0!* +% '&33&,%=

[lmk , um
k ] =





[0, rm−1] -' πm−1
k ≤ rm−1

2

[1− rm−1, 1] -' πm−1
k ≥ 1− rm−1

2[
πm−1

k − rm−1

2
, πm−1

k + rm−1

2

] &"$!/,-%!<$! 3!0."$ &' *-@!/!0" )&%%-#3! >+3(!% &' ,!-.$" πk +" -"!/+"-&0 m -% "$!0 !A(+3 "& rm; B& -",-33 3!+* "& C!/& #6 "$! ,+6 "$! +))/&+$ -"!/+"!%;
β) D$&&%! p /!)/!%!0"+"->! %(#%!"% &' ,!-.$"% {πk, k = 1, ..., p} ∈ Πm; E&/ !+$ &' "$!%!%(#%!"%F %&3>! "$! '&33&,-0. )/&#3!4=

min Mδ −

p∑

k=1

ǫk 9G;G;H:
%;"  πk(fk(x)− zk) ≤ δ − ǫk, k = 1, ..., p

x ∈ X

δ ≧ 0

ǫk, k = 1, ..., p

9G;G;IJ:K0! &#"+-0% p &)"-4-C+"-&0 )/&#3!4% "$+" 3!+* "& p L+/!"&M&)"-4+3 %&3("-&0%;"#$% .& /(0-)1*#,-( %2*3$ *(4 3-+5#,-(<$! %!" &' p +""+-0+#3! &("&4!% '&/ +33 "$! p L+/!"&M&)"-4+3 %&3("-&0 -% )/!%!0"!* "& "$! 78;<$! 78 -% +%N!* "& )/&>-*! "$! 4&%" )/!'!//!* &0!; <$! &//!%)&0*-0. L+/!"&M&)"-4+3 %&3("-&0-% "$!0 &0%-*!/!* +% "$! &4)/&4-%! %&3("-&0 xm
∗ ; <$! ,!-.$" "& &#"+-0 "$! &4)/&4-%! %&3("-&0-% /!"+-0!* +0* /!)/!%!0"% πm; 1' "$! 78 -% %+"-%?!*F "$! +3.&/-"$4 %"&)%; O3%! .& "& %"!) G;10"!/+"->! +))/&+$!% $+>! %&4! )/&#3!4%F 4+-036 /!3+"!* "& "$! )/!'!/!0! -0'&/4+"-&0 "$+""$! 78 $+% "& )/&>-*! *(/-0. "$! %!+/$ )/&!%%; E&/ !P+4)3!F "$! 78 +0 #! +%N!* "& /+0N +%!" &' %&3("-&0%F "& !%"-4+"! ,!-.$"% &/ "& +*Q(%" + %!" &' +%)-/+"-&0 3!>!3% '&/ !+$ &#Q!"->!; R&0!&' "$!%! "+%N% -% "/->-+3; !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! " "#"$ % &'()*+,'+, -&&+'-/*( !"#$% #&'") !# *+,-$&, $* .+, $)& /'"&$*0*1$!2'3 #&$ '+, $)& 45 6!33 $)&+ )**#& 7&$6&&+$)&#& '3$&"+'$!8&# 79 !+#1&$!*+ :6!$) *" 6!$)*-$ -#!+; #*2& 2'$)&2'$!'3 ,&!#!*+02'<!+; '!,=>?+@*"$-+'$&39% !$ !# +*$ &'#9 $* *7$'!+ '+ &A'$ ,&#"!1$!*+ *@ $)& /'"&$*0*1$!2'3 #&$% $)'$ $91!'339!+3-,&# ' 8&"9 3'";& *" !+.+!$& +-27&" *@ 1*!+$#>B+ 1"'$!&% !$ !# ' .+!$& #-7#&$ *@ $)& &C!&+$ #&$ $)'$ !# @*-+,> W !# ' ;**, "&1"&#&+$'$!*+*@ $)& &C!&+$ #&$ E(f, X, -K) !@ $)& @*33*6!+; $)"&& *+,!$!*+# '"& @-3.33&,D W !# .+!$& '+,*+$'!+# ' "&'#*+'73& +-27&" *@ 1*!+$#E +*+0,*2!+'$&, 1*!+$# *""&#1*+,!+; $* W ,* +*$ 2!## '3'";& 1*"$!*+ *@ ND(Y, -K) :*8&"';& "!$&"!*+=E '+, $)&#& 1*!+$# ,* +*$ !+3-,& 1*!+$# $)'$ '"&8&"9 3*#& $* &') *$)&" :-+!@*"2!$9 "!$&"!*+=>F)& *8&"';& &""*" !# 2'$)&2'$!'339 ,&.+&, 79D
ǫ = max

x∈E(f, X, -K)
min
y∈W

d(f(x), f(y))6)&"& d(., .) !# ' ;!8&+ ,!#$'+& ,&.+&, !+ $)& ,&!#!*+ #1'&> F)!# 2&'#-"& '+ 7& #&&+ '# $)& &""*"'##*!'$&, 6!$) $)& 6*"#$ "&1"&#&+$'$!*+ *@ '+ &3&2&+$ *@ E(f, X, -K) !+ W > F)& -+!@*"2!$9 *@' "&1"&#&+$'$!*+ !# 2'$)&2'$!'339 ,&.+&, 79D
µ = min

y,z∈W y 6=z
d(f(y), f(z))B$ 2&'#-"&# $)& ,!#$'+& 7&$6&&+ ' 1'!" *@ 3*#&, &3&2&+$# *@ +*+ ,*2!+'$&, 1*!+$# *""&#1*+,!+;$* W > G #2'33&" +-27&" *@ 1*!+$#% ' 3*6&" *8&"';& &""*" '+, ' 2*"& -+!@*"2 3&8&3 '"& ,&#!"'73&!+ *",&" $* )'8& ' ;**, "&1"&#&+$'$!*+ *@ $)& &C!&+$ #&$ H5&+' IJJJ% 5&##' '+, 5'$$#*+ IJJI%K'9!+; LMMNE IJJO℄>Q*6&8&"% *+&"+!+; $)& 1'"$!-3'" '#& *@ 3!+&'" 2-3$!*7R&$!8& 1"*;"'22!+; 1"*73&2#% $)&"&&A!#$ '11"*')&# ,&8&3*1&, !+ $)& 3!$&"'$-"& $)'$ ;&+&"'$& $)& 6)*3& #&$ *@ &C!&+$ 1*!+$# @*"#2'33 !+#$'+&# HG"2'+, LMMLE LMMO% G"2'+, '+, 5'3!8&"$ LMML% S<&" '+, T*-',' LMUV% S<&"&$ '3> LMVJ% B#&"2'+ LMUU% W- '+, X&3&+9 LMUY℄> F)&9 '"& !+ ;&+&"'3 &+-2&"'$!8& '11"*')&#7'#&, *+ $)& #!213&A 2&$)*,> Z& 1"&#&+$ !+ $)& +&A$ #&$!*+ '+ ' 1*#$&"!*"! 2&$)*, $)'$ 6&)'8& ,&8&3*1&, '+, $)'$ '+ 7& #&&+ '# ' *""&$&, @*"2 *@ $)& 2&$)*, ,&8&3*1&, 79 HS<&" '+,T*-',' LMUV% S<&" &$ '3> LMVJ℄ $)'$ )'# 7&&+ #)*6+ 79 HG"2'+, LMMLE LMMO℄ $* 7& !+&C!&+$ !+'#& *@ ,&;&+&"'9>

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! !" #$ % &'()*+,'+, %&&+'%. /'+ ('01,$2 0,$*%+ 340),'56*7),1* '&),3,8%),'$ &+'50*3( !"# $!%&" $'%' ()*+,- !+/0#'/ 1!% */'+#*1-*+2 '3*'+# "!,0#*!+" 45!#"! 67%*, 89:8; <), 89==;>!+2 '# ),? @AAB; C0 )+/ D','+- 89=B; EF%2!## @AAB℄? HF'%' )%' #$! ()*+ )77%!)F'" *+ #F',*#'%)#0%'I J- "!,K*+2 (0,#*7,' 7)%)('#%* 7%!2%)((*+2 !% J- 0"*+2 (0,#*7,' %*#'%*) ('#F!/" #!'L)(*+' #F' )/M)'+# 'L#%'(' 7!*+#"? 4C0 )+/ D','+- 89=B℄ 0"'/ ) 2,!J), K*'$ ('#F!/ )+/ #F'N#!7O/!$+N "')%F "#%)#'2-; $F*,' 4PF*,*7 89=@℄ 0"'/ ) ,!), K*'$ ('#F!/ #! !J#)*+ #F' '3*'+#1)' *+*/'+# #! ) 2*K'+ '3*'+# 'L#%'(' 7!*+#? 4Q"'%()+ 89==℄ )+/ 4E&'% )+/ R!0)/) 89=:; E&'%'# ),? 89:A℄ !(J*+'/ #F'"' #$! K*'$ ('#F!/"? S)#'% !+; 4E&'% '# ),? 89:A℄ )+/ 46%()+/ 8998T899U℄ )77,*'/ ) NJ!##!(O07N "')%F "#%)#'2- #! /'K',!7 )+ ),2!%*#F(? V0# #F' ()*+ /*30,#- 1!%#F'"' ('#F!/" )%*"'" '"7'*),,- $F'+ /'),*+2 $*#F /'2'+'%)#' 7%!J,'("? W''+#,-; 46%()+/ 8998T899U℄ "F!$'/ J- ) !0+#'%O'L)(7,' #F)# #F' )77%!)F /'K',!7'/ *+ 4E&'% )+/ R!0)/) 89=:; E&'%'# ),? 89:A℄ $)" *+!(7,'#' *+ )"' !1 /'2'+'%)#' 7%!J,'("?Q+ #F*" "'#*!+; $' 7%'"'+# ) !(7,'#' 7%!'/0%' 1!% "!,K*+2  0,#*7,' XJM'#*K' S*+')% P%!O2%)((*+2 P%!J,'("; $F*F )+ J' %'2)%/'/ )" ) !%%'#'/ 1!%( )+/ )+ ),#'%+)#*K' #! #F' ('#F!/!1 4E&'% '# ),? 89:A℄? Q+ 1)#; $' /'K',!7 ) +'$ F)%)#'%*Y)#*!+ !1 '3*'+# 1)'" "*(*,)%,- #! #F'!+' /'K',!7'/ *+ 4E&'% )+/ R!0)/) 89=:; E&'% '# ),? 89:A℄; J0# $*#F )+ )//'/ 7%!7'%#- #F)#) 1)' *+*/'+# #! ) 2*K'+ K'%#'L /'7'+/" +!# !+,- !+ #F' K'%#'L J0# ),"! !+ #F' )""!*)#'/ J)"*"Z#)J,')0[? Q+ )//*#*!+; #F' !++'#'/+'"" 7%!7'%#- !1 #F' "'# !1 */'), #)J,')0L )""!*)#'/ $*#F )/'2'+'%)#' 7!*+# *" 0"'/ #! F)+/,' /'2'+'%)#' )"'"? HF' )77%!)F 2'+'%)#'" #F' $F!,' '3*'+#"'# )+/ ),, 'L#%'(' '3*'+# 7!*+#"?HF%!02F!0# #F' "'#*!+; $' !+"*/'% #F' 1!,,!$*+2 7%!J,'(I
• PJ 8I Max {Cx s.t x ∈ X} $F'%' X = {x/x ≥ 0, Ax = b} ⊂ Rn; C *" ) k × n ()#%*L ; A *" )
m× n ()#%*L; b ∈ Rm; x ∈ Rn?H! #F' 7%!J,'(;  !"; $' )""!*)#' $*#F %'"7'# #! ) 2*K'+ K'#!% λ ≥ 0; #F' 1!,,!$*+2 7%!J,'(I
• PλI Max {λtCx s.t x ∈ X}?\' /'+!#' J- E #F' $F!,' "'# !1 '3*'+# 7!*+#" !1 ZPJ 8[; X(λ) #F' "'# !1 !7#*(), "!,0#*!+"!1 (Pλ) )+/ e = (1, 1, ..., 1) )+ ','('+# !1 Rk?HF' 7%'"'+#)#*!+ *" !%2)+*Y'/ )" 1!,,!$"? Q+ #F' +'L# "'#*!+; J)"* +!#)#*!+" )+/ /']+*#*!+")%' 7%'"'+#'/? \' ),"! 7%'"'+# ) F)%)#'%*Y)#*!+ !1 )+ '3*'+# 1)' *+*/'+# #! ) 7!*+# ZK'%#'L[$*#F %'"7'# #! )+ )""!*)#'/ #)J,')0? \' #F'+ "F!$ F!$ #! !+"#%0# )+ '3*'+# 1)' 0"*+2 #F'+!#*!+ !1 λ− efficient "'#? Q+ "'#*!+ @?U?@; )+ ),2!%*#F( 1!% ]+/*+2 ),, '3*'+# 1)'" *+*/'+# #! !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! ! "#$%"&" "')"!$ *+)!$  %" *%+,)-"-. /! 0"$)+! 1.2.23 4" 5),"  !  65+%)$7& 8+% 9!-)!5 $7" 0"$+8 "')"!$ *+)!$0. :" )66;0$% $" $7"0"  65+%)$7&0 4)$7  !;&"%) 6 "# &*6" )! 0"$)+! 1.2.<. !"!# $%'()* +,( "#"$"$ %&'(')&*+ (*, ,-.*)')&*+=$ " 7 )$"% $)+! +8 $7"  65+%)$7&3 $7" ;%%"!$ "')"!$ "#$%"&" *+)!$ x )0  00+) $"- 4)$7  $ >6" ; ? @!+$ !""00 %)6A ;!)B;"C  66"- "')"!$ "#$%"&" $ >6" ; 47)7  8$"% +6;&! %" %% !5"D&"!$  ! 7 ," $7" 8+%&E
(T ) :

xN xB- −C 0> = /?7" +%%"0*+!-)!5 "')"!$ "#$%"&" *+)!$  ! >" *;$ )! $7" 8+%& x = (xN , xB) 47"%" xN  !- xB%"*%"0"!$ > 0) , %) >6"0  !- !+!> 0) , %) >6"03 %"0*"$),"6A. :" -"!+$" >A NT 3 $7" !+!> 0) 0"$47)7 )0 $7" 0"$ +8 )!-)"0 +8 !+!> 0) , %) >6"0.? >6" ; ? +% $7" +%%"0*+!-)!5 "')"!$ "#$%"&" *+)!$ )0 -"5"!"% $" )8 $7" 6"8$ 7 !- 0)-" > 7 0 $ 6" 0$ +!" !;66 +&*+!"!$. = ,"%$"# )0 !+!-"5"!"% $" )8  !- +!6A )8 $7"%" )0 +!6A +!" $ >6" ;$7 $  ! >"  00+) $"- 4)$7 )$. F),"!  -"5"!"% $" $ >6" ;3 +!"  !!+$  64 A0 5"!"% $"  66 $7""')"!$ "-5"0 )!)-"!$ $+ $7"  00+) $"- ,"%$"#./-.*)')&*  "#"$" G=%& !- HII2℄E T )0  66"- l−feasible3 )8 8+%  !A ,"%$"# x1 +8 X3 )$ )0 *+00)>6"3$+ 9!-  $ >6" ; T1  00+) $"- 4)$7 x1  !-  9!)$" 0"B;"!" +8 6"#)+5% *7) *),+$0 6)!K)!5 T  !-
T1. ?7)0  ! >" *+00)>6" >A ;0)!5 $7" 9!)$"!"00 *%+*"%$A +8 $7" 6"#)+5% *7) %;6" @G=%& !- HIIH℄C.= !+!-"5"!"% $" $ >6" ; )0 6D8" 0)>6". L+4","%3 4)$7  -"5"!"% $" ,"%$"#3 +!6A  0;>0"$ @!+!"&*$AC+8 )$0  00+) $"- $ >6" ;# )0 6D8" 0)>6"./-.*)')&*  "#" " E M"$ N >" $7" %"-;"- +0$ & $%)# +8 T  !- 6"$ λ > 03 T )0 λ−dual−efficient)8 −λtC ≥ 0.= *),+$ "6"&"!$ +! $7" O$7 +6;&! +8 T )0 λ− dual− degenerate )8 T )0 λ− dual− efficient !- )8 $7" O$7 +6;&! +8 N 0 $)09"0 λtCj = 0.P! 0;7  +6;&!3  *),+$ 5"!"% $"0 ")$7"%  ! "')"!$ "-5" +8 X3 +%  !"4 -; 6D"')"!$$ >6" ;  00+) $"- 4)$7 $7" 0 &" "')"!$ ,"%$"#.M"$ JT >" $7" 0"$ +8 !+!> 0) )!-)"0 O 6" -)!5 $+  ! "')"!$ "-5" >A  6"#)+5% *7) *),+$ !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! !  #$%! &  ' T ( JT )* +##,- *,.  ' ,/),!. )!-),* )!)-,!. . 0 1).2 3,*4,. . T ( 5' T )*
λ− dual − efficient6 .2,! JT ⊆ {j ∈ NT /λtCj = 0}( 72$*6 '3 % JT 1, +! 2+3+.,3)8, +##  34+3.  ' ,/),!. ,-9,* :'+,*; )!)-,!. . x( T )* λ − ideal6 1).2 λ > 06 )' ). )* l − feasible +!-
λ− dual − efficient("#$%&'&(%  )*)*) < 71 λ− ideal .+=#,+$0 +3, )-,+##>?+-&+,!. )' ). )* 4 **)=#, . 9 '3 %  !, . +! .2,3 1).2 + #,0) 93+42) 4)@ .  ! +  #$%! &  ' A *$2 .2+. λtCj = 0(72)* +-&+,!> 3,#+.) ! )!-$,* +! $!-)3,.,- 93+42BC3%+!- +!- D+#)@,3. EFFE℄( C!> ,/),!.,0.3,%, @,3.,0 +! =, +** )+.,- 1).2 +. #,+*. +! )-,+# .+=#,+$ BC3%+!- EFFEH EFFI6 C3%+!- +!-D+#)@,3. EFFE℄( J*)!9 .2,*, 3,*$#.* +!- 9)@,! +! ,/),!. ,0.3,%, 4 )!. x 2+3+.,3)8,- => +
λ − ideal .+=#,+$ T 6 ). ' ## 1* .2+.< 5' x )* ! !-,9,!,3+., .2,! T )* $!)K$, +!- +## .2, ,/),!.,-9,* )!)-,!. . x 1)## =, 9,!,3+.,-(5! .2)* +*,6 JT = {j ∈ NT /λtCj = 0}( L$. )' x )* -,9,!,3+., .2,! T )* ! . $!)K$,6  !#>)!' 3%+.) ! += $. + *$=*,.  ' ,/),!. ,-9,* :'+,*; )!)-,!. . x 1)## =, 9)@,!( 72,! JT ⊆ {j ∈

NT /λtCj = 0}(M,. α ⊂ NT ( A !*)-,3 .2, ' ## 1)!9 '+,* 1).2 3,*4,. . T <
f(T, α) = {x ∈ X/xj = 0, j ∈ NT \ α}(N:α;OP (v, w) ≥ 0/ Ctv + w = −Cte6wj = 0∀j ∈ αQ(72, '+, 3,43,*,!.,- => f(T, α) ' 3 α ⊂ NT )*  !# $% )' f(T, α) ⊂ E.5' )! +--).) ! .2,3, )* ! α∗ ⊂ NT /f(T, α∗) ⊂ E 1).2 α ⊂ α∗ .2,! .2, '+, )* *+)- &'(#&') !# $%(C *,. F ⊂ NT )* *+&'(#&') :1).2 3,*4,. . T ; )' +!-  !#> )' G(F ) 6= ∅ +!- .2,3, )* ! *,.<

F ∗ ⊂ NT /F ⊂ F ∗, G(F ∗) 6= ∅(5! .2, ' ## 1)!9 *,.) !6 1,  !*)-,3 + 9)@,! ,0.3,%, ,/),!. 4 )!. x 2+3+.,3)8,- => +! l −

feasible .+=#,+$ T *$2 .2+. JT 6= ∅( )*)+) ,-./.'#/&1.'&(% (2 .% #3&#%' 2.#72, 2+3+.,3)8+.) !  ' +! ,/),!. '+, 43,*,!.,- )! BRS,3 ,. +#( EFTU℄ )* )! 33,. )' .2,43 =#,% )* -,9,!,3+.,( V,3,6 1, )!.3 -$, +! ,0.,!*) ! 12)2 1 3S* ,@,! 12,! .2, 43 =#,% )*-,9,!,3+.,( W, *2 1 .2+.6 $!-,3 * %, 2>4 .2,*)*6 + '+, f(T, F ) )* ,/),!. )' +!-  !#> )' G(F ) 6= ∅(W, X3*. 43,*,!. * %, 3,*$#.* !,,**+3> . ,*.+=#)*2  $3 2+3+.,3)8+.) !(4#55.  )*)+) ,*- .  % ')/ 0123℄5 67 λ ≥ e8 %9 $ X(λ) ⊂ E: ;$< .= )>8 ?#< $ '$> &'(#&') !# $% 7' H8 %9 . #= ' < %;. λ ≥ e =@9 %9'% H = X(λ) !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! ! "#! $%&# '!(() $* +,*-! $%! .*''*/&01 $%!*,!(2"#$%&$' () )*)  !" F ⊆ {j ∈ NT /λtCj = 0} and − λtC ≥ 0 #$%& f(T, F ) ⊆ X(λ)'+&%%, 3 4. x0 ∈ f(T, F ) $%!03 x0
j = 0 &. j ∈ NT − F 5 $%!,!.*,!3 x0 )06 x 1&-! $%! #)(! -)'"! *.$%! *78!$&-! ."0$&*0 .*, (Pλ)2 :&0! −λtC ≥ 0 5 &$ .*''*/# $%)$3 xT ∈ X(λ) )06 $%!0 3 x0 ∈ X(λ) ;/! $%!0 %)-! f(T, F ) ⊂ X(λ)2

2-$''. () )() ()+%, %# -.' /012℄ !" F = {j ∈ NT /λtCj = 0} and − λtC ≥ 0 #$%& f(T, F ) =

X(λ)'4%5-,+ <2=2>' 3 4. f(T, F ) ⊂ X(λ) $%!0 −λtC ≥ 02 40 .)$5 f(T, F ) ⊂ X(λ) &(+'&!# $%)$ x ∈ X(λ)5)06 $%"# −λtC ≥ 02 &$% ,!#+!$ $* +,!-&*"# ,!#"'$#5 /! )0 0*/ 1&-! $%! ()&0 $%!*,!( *. $%&# #!$&*02"#$%&$' () )() 6?%),)$!,&@)$&*0 $%!*,!(7  8%# F ⊆ JT 9 :$% "-% f(T, F ) ;< %=;%&# ;" -&>?&.@ ;" G(F ) 6= ∅'+&%%, 3 =⇒ A0!!##),B *06&$&*0C3 4. f(T, F ) &# !D&!0$5 $%!0 &$ &# *0$)&0!6 &0 #*(! ()E&()'!D&!0$ .)! /%&%5 7B '!(() <2=2>5 &# X(λ) .*, #*(! λ ≥ e2 F,*( ,!(),G <2=2>5 −λtC ≥ 05 #*$%)$ H &# λ − ideal )06 JT ⊆ {j ∈ NT /λtCj = 0}2 I"$ F ⊆ JT 5 #* F ⊆ {j ∈ NT /λtCj = 0}2?*0#!J"!0$'B5 (v, w) = (λ− e,−λtC) ∈ G(F )2 H%!,!.*,! G(F ) 6= ∅2
⇐= A#"D&!0$ *06&$&*0C3 ?*0-!,#!'B5 &. (v, w) ∈ G(F )5 $%!0 .*, λ = v + e, *0! %)# $%)$

λ ≥ e,−λtC ≥ 0 )06 F ⊆ {j ∈ NT /λtCj = 0}2 H%!0 )*,6&01 $* $%!*,!( <2=2>5 f(T, F ) ⊆ X(λ))06 .,*( '!(() <2=2>5 X(λ) ⊆ E2 ?*0#!J"!0$'B5 f(T, F ) ⊆ E2 H%&# *(+'!$!# $%! +,**.2
2() )*) /%012&325%0 %, .0 $65$02 ,.$40 $%&# #"7#!$&*05 /! +,!#!0$ %*/ $* *0#$,"$ )0 !D&!0$ .)! &0&6!0$ $* ) 1&-!0 !D&!0$!E$,!(! +*&0$2  ! %)-! $%! .*''*/&01 ,!#"'$#2"#$%&$' () ) )  8%# f(T, F ) A% -& %=;%&# "-% ;&;>%&# #? x' !" (v, w) ∈ G(F )B #$%& "?,

λ = v + eB ?&% $-< #$-# f(T, F ) ⊆ X(λ)'+&%%, 3 IB $%!*,!( <2=2>5 &$ &# #"D&!0$ $* +,*-! $%)$ F ⊆ {j ∈ NT /λtCj = 0} )06 −λtC ≥ 02F,*( $%!*,!( <2=2<5G(F ) 6= ∅2 K!$ (v, w) ∈ G(F ) )06 λ = v+e2 H%!0 /! %)-!3 −λtC = −(v+e)tC

= (−Ctv−Cte)t = wt )06 w ≥ 0⇒ −λtC ≥ 0. :&0! f(T, F ) &# !D&!0$5 F ⊆ JT ; )06 −λtC ≥ 05$%!0 H &# λ− ideal #* $%)$ JT ⊆ {j ∈ NT /λtCj = 0}; $%"# F ⊆ {j ∈ NT /λtCj = 0}2 H%!#! ,!#"'$#)06 $%!*,!( <2=2> &(+'B $%)$ 3 f(T, F ) ⊆ X(λ)2 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !
2 !"# $%&"!&# '()()* $%& +",,"-./0 "!",,2!3 2/ 4& 5&56&5("#$#%%&$' () )!)  !"# f(T, F ) $" %& "')"&# *%" )&)+"&# #, xT - (v, w) ∈ G(F ) %&+ λ = v + e./* X ′(λ) = {x ∈ X(λ)/xi = 0 ∀i ∈ NT − F} #0"& f(T, F ) = X ′(λ).*$##+ 7 8.9  .!:$* -& :%"- $%2$ f(T, F ) ⊆ X(λ)7 ;&$ x ∈ f(T, F )* $%&/ +!"# $%&"!&# '()()*

x ∈ X(λ) 2/5 xj = 0, ∀j ∈ NT − F ( <$ +",,"-: $%2$ x ∈ X(λ) 2/5 xj = 0 ∀j ∈ NT − F -%.%.#=,.&: $%2$ x ∈ X ′(λ)(8..9 >& /"- :%"- $%2$ f(T, F ) ⊆ X(λ)7 ;&$ x ∈ X ′(λ) $%&/ x ∈ X(λ) 2/5 xi = 0∀ i ∈ NT − F "!
X(λ) ⊂ X( <$ +",,"-: $%2$ x ∈ X 2/5 xi = 0 ∀i ∈ NT − F * i.e x ∈ f(T, F )( !"# 8.9 2/5 8..9 "/& 2/ "/,65& $%2$ X ′(λ) = f(T, F )(

2,-./010#/ () )2) 7 ?%& @&$"! λ "/:$!6$&5 ./ $%&"!&# '()() .: 2,,&5 $%& %2!2$&!.:$. @&$"!"+ $%& +2& f(T, F )(,-./010#/ () )3) 7 >& 2,,* λ − efficient :&$ ./.5&/$ $" xT * $%& :&$ X ′(λ) "/:$!6$&5 +!"#
X(λ) ./ $%& "!",,2!3 '()(A(1"2%34 '()('. 7 ?%& "!",,2!3 '()(A =!"@.5&: 2 #&$%"5 +"! B/5./0 $%& +2& f(T, F ) ./.5&/$ $" xT43 B/5./0 $%& λ− efficient :&$ ./.5&/$ $" xT (1"2%34 '()(). 7 ;&$ f(T, F ) 4& 2/ &C.&/$ +2& ./.5&/$ $" xT ( <+ (v, w) ∈ G(F )* $%&/ +"! λ = v+e*.+ 8∀j ∈ NT , wj = 0 ⇒ j ∈ F 9 $%&/ X ′(λ) = X(λ)( </ +2$* +!"# F = {j ∈ NT /λtCj =

0} and − λtC ≥ 0* ,&##2 '()(' .#=,.&: $%2$ f(T, F ) = X(λ)( D./& X ′(λ) = f(T, F )* $%&/
X ′(λ) = X(λ)( !"! #$%&$%' ()) *+$*%- .(*/ $%$&*%- -0 (% *1-2*3* *+$*%- 40$%-?%& "4E&$.@& "+ $%.: :&$."/ .: $" 6:& $%& !&:6,$: =!&:&/$&5 ./ $%& =!&@."6: :&$."/: $" 5&@&,"=2/ 2,0"!.$%# $" B/5 2,, &C.&/$ +2&: ./.5&/$ $" 2 0.@&/ &F$!&#& &C.&/$ ="./$(>& 2::6#& $%2$ $%& $24,&26F 2::".2$&5 -.$% $%& 6!!&/$ &C.&/$ &F$!&#& ="./$ x 2!& .5&2,( ;&$
T 4& :6% 2 $24,&26 2/5 NT $%& "!!&:="/5./0 /"/42:. :&$( >& B!:$ 0.@& 2 :64!"6$./& GH;GI;A$%2$ $2J&: 2: ./=6$ T 2/5 NT * 2/5 !&$6!/: 2,, &C.&/$ ="./$: D'* 2,, &C.&/$ &F$!&#& ="./$: DA* 2/52,, .5&2, $24,&26F D) ./.5&/$ $" x -.$% !&:=&$ $" T ( GH;GI;A .: 2,,&5 43 :64!"6$./& GH;GI;'$" "#=6$& 2,, &C.&/$ ="./$: 2/5 2,, &C.&/$ &F$!&#& ="./$: ./.5&/$ $" $%& 0.@&/ &F$!&#& &C.&/$="./$( GH;GI;A ./ :$&= A B/5: $-" %2!2$&!.:$. :&$: JT 2/5 KT -%&!& KT = NT − JT ( </:$&= '* .$ B/5: +"! &@&!3 :64:&$ "+ JT $%& %2!2$&!.:$. @&$"!: λ "+ 2/ &C.&/$ +2& ./.5&/$ $" x-.$% !&:=&$ $" T ( ?%&/* +"! &2% @&$"! λ $%& :&$ X ′(λ) .: +"6/5 2/5 :2@&5 ./ S2(  ./2,,3* :$&= )B/5: +"! &2% &,&#&/$ "+ KT 2/ .5&2, $24,&26 ./.5&/$ $" x -.$% !&:=&$ $" T 2/5 :2@&: .$ ./ S3( !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! !"#$%&'( )* +"#$&'($ CALCUL1[T, NT ] = [S1, S2, S3],- %. /0 %12/! &/3!2/4 /..#%/&21 6%&' &'2 27&$2(2 28%20& 9#%0& 7 /01 NT %. &'2 0#03/.%.2&* :;-<=∅> { ;- %. /0 %0&2$(21%/&2 .2&})(* /!! j ∈ NT +(?%01 #9&%(/! @/!42 mj #A Pj 6'2$2,*(-./0 Pj < Min wj.4' &'/&
Ctv + w = −Cte v, w ≥ 0') mj = 0 &1/$ LT := LT ∪ {j} /$+')/$+)(*)(* /!! j ∈ LT +(;2& 9 32 &'2 !27%#"$/9'% 9%@#& 2!2(20&*') p %. 0#& 9$%(/! 12"202$/&2 &1/$ JT := JT ∪ {j}/.2/ KT := KT ∪ {j} /$+')/$+)(*)(* /!! j ∈ JT +(;2& t 32 &'2 9%@#& &'/& !2/1. &# / 026 28%20& 27&$2(2 9#%0&B
T &'2 %12/! &/3!2/4 #3&/%021 3C 9%@#&%0" #0 & /01 NT &'2 0#03/.% .2&*') (T , NT ) /∈ S1 &1/$ S1 := S1 ∪ {(T , NT )} /$+')/$+)(*)(* /!! α ⊆ JT .4' &'/& G(α) 6= φ +(?%01 (v, w) ∈ G(α)> λ := v + e> ?%01 X(λ)> ?%01 X ′(λ)>
S2 := S2 ∪ {X ′(λ)−X ′(λ) ∩ S2}/$+)(*)(* /!! j ∈ KT +(;2& t 32 &'2 !27%#"$/9'% 9%@#& 2!2(20&>;2& T ∗ 32 &'2 %12/! &/3!2/4 #3&/%021 3C 9%@#&%0" #0 &>;2& NT ∗ 32 &'2 0#03/.% .2&>') (T ∗, NT ∗) /∈ S3 &1/$ S3 = S3 ∪ {(T ∗, NT ∗): /$+')/$+)(*/$+)#$&'($ !"#$% )*D*E& < JT #0&/%0. /!! j .4' &'/& λtCj = 0 /01 .4' &'/& / 9%@#& #0 .4' #!4(0."202$/&2. /0 28%20& 21"2 #A X* KT #0&/%0. /!! j .4' &'/& λtCj = 0 /01 .4' &'/& / 9%@#& !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/    ! "#%  &#'!" ()!)*+,)" + !)- ./)+& ,+0&)+# +"" .+,)/ -.,% ,%) "+') )1,*)') )2.)!, 3 .!,45.6)! JT 7 -) #") ,%) *)' 84949 +!/ .,"  * &&+*: 8494; ,  !",*#, )2.)!, <+) .!./)!, , x -.,%*)"3), , T =+ "#0"),  < )2.)!, <+)" .!./)!, , ,%) #**)!, )1,*)') 3 .!,>4 S1  !,+.!" )2.)!,)1,*)') 3 .!," +/?+)!, , ,%) #**)!, )2.)!, )1,*)') 3 .!, -.,% *)"3), , T 4 @&)')!,"  < S1+*) %+*+,)*.A)/ 0: +! ./)+& ,+0&)+# +"" .+,)/ -.,% ,%)  **)"3 !/.!( ! !0+". "),4 S2 =3 "".0&:)'3,:>  !,+.!" )2.)!, <+)" .!./)!, , ,%) #**)!, )2.)!, )1,*)') 3 .!, -.,% *)"3), , T 4
S3  !,+.!" ./)+& ,+0&)+#1 .!./)!, , ,%) #**)!, )2.)!, )1,*)') 3 .!, -.,% *)"3), , T 4B ,) ,%+, CDECFE;  !"./)*"  !&:  !) ./)+& ,+0&)+# .!./)!, , ,%) #**)!, )1,*)') )2.)!,3 .!,4 G< ,%)*) +*) ' *) ,%+!  !) ./)+& ,+0&)+#7 ., ." !))""+*: , ( ,%* #(% ,%)") ./)+& ,+0&)+#1+!/ < * )+%7 ()!)*+,) ,%) ")," H;7 H8 +!/ H94 G< ,%) #**)!, )1,*)') )2.)!, 3 .!, ." ! !/)I()!)*+,)7 ,%)*) ." ?#",  !) ./)+& ,+0&)+# +"" .+,)/ -.,% ., +!/ CDECFE; ()!)*+,)" +&& .!./)!,)2.)!, 3 .!," +!/ )2.)!, )1,*)') 3 .!,"4 J%) 6+*.+!, +&( *.,%' =CDECFE8> #")" ,%) *)"#&," < CDECFE; +!/  < ,%) < && -.!( K4 D*'+!/  !!),!)"" ,%) *)'4!"#$%#& '( ()(  !"#$%& '(()℄+ ,-. x0 /- $% -02-%. -3."-#- 452%.6 $%& 7-. ℜ(x0) /- 8.9-:;/<"$49 :4$%%-& /=> .9- :-. 5? 2&-$7 .$/7-$;3 $::52$.-& @2.9 x0A B9-% ℜ(x0) 2: $ 5%%-.-& <"$49AC5"-5D-"E $%= -02-%. -&<- 2%2&-%. .5 x0 $% /- <-%-"$.-& ?"5# $. 7-$:. 5%- .$/7-$; 5? ℜ(x0)AH.!) ,%) "#0(*+3%  < ./)+& ,+0&)+# .!./)!, , +! )2.)!, )1,*)') 3 .!, x ."  !!),)/7CDECFE8 ." ".'3&: +! .,)*+,. ! ,%* #(% /.L)*)!, ./)+& ,+0&)+#1 .!./)!, , ,%) #**)!, )2.)!,)1,*)') 3 .!, x4 M * )6)*: #!)13& *)/ ,+0&)+# J7 ., +&&" CDECFE; , N!/ )2.)!, 3 .!," +!/)1,*)') )2.)!, 3 .!," +/?+)!, , x -.,% *)"3), , T 4D&( *.,%' 84 8*+,./$, CALCUL2[T, NT ] = [E1, E2]

[S1, S2, S3] := CALCUL1[T, NT ]O
E1 := S1O E2 := S2O H1 := {(T, NT )}O0$% 122 (T ′, NT ′) ∈ S3 3$
S3 := S3− {(T ′, NT ′)}O
H1 := H1 ∪ {(T ′, NT ′)}O
[Z1, Z2, Z3] := CALCUL1(T ′, NT ′);

E1 := E1 ∪ {Z1− Z1 ∩E1}O
E2 := E2 ∪ {Z2− Z2 ∩E2}O
S3 := S3 ∪ {Z3− Z3 ∩H1}O#,30$%#,30+,./$,F-#$"G 8494PA Q M * )6)*: ./)+& ,+0&)+# .!./)!, , ,%) #**)!, )2.)!, )1,*)') 3 .!,7 H1  !,+.!"+&& ./)+& ,+0&)+#1 +&*)+/: /)+&, -.,%4 D, ,%) )!/  < CALCUL2 7 H1  !,+.!" +&& ./)+& ,+0&)+#1 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



x '/)/%$) 6$# 78 /! #$/1 %/71$/( T /!# %'$ &))$0-&!# !9 !&! 7/0  0$% NT . %'$ +/ ! /19&) %'+ /110 @4C@DCE %&&+-(%$ /11 %'$ $, $!% -& !%0 /!# /11 %'$ $, $!% $*%)$+$ -& !%0 /#2/$!% %& x /!# %'$! 0/B$0%'$+  ! E /!# H )$0-$% B$183 419&) %'+ E3 F"#$&'($ EFFICACE[T, NT ] = [E, H ]

[S1, S2] := CALCUL2[T, NT ]G
T1 := S1G E := S2G H := {(T, NT )}G)(* +,, (T ′, NT ′) ∈ T1 -(
T1 := T1− {(T ′, NT ′)}G
H := H ∪ {(T ′, NT ′)}G
[Z1, Z2] := CALCUL2(T, NT ′)G
T1 := T1 ∪ {Z1− Z1 ∩H}G
E := E ∪ {Z2− Z2 ∩ EHG.$-)(*.$-)#$&'($ !"#$% E3F3I& J K$)$ =  0 %'$ (! &! &5 $, $!% 5/$03 L(%. /0  ! M4)+/!# /!# N/1 B$)% OPPO. =Q$)/!# R&(/#/ OPST. =Q$) $% /13 OPTU℄. %'$ &!0%)(% &! &5 %'$ '/)/%$) 0%  B$%&)0 /! 7$ #&!$  !0(' / W/8 %'/% E  0 $*/%18 %'$ (! &! &5 +/* +/1 $, $!% 5/$03 !"!1 234*5$() $))30-5(-$/%X'$ +$%'&# #$B$1&-$#  ! M=Q$) /!# R&(/#/ OPST. =Q$) $% /13 OPTU℄ /00(+$0 !&!#$9$!$)/83X'$ $*/+-1$ 7$1&W -)&-&0$#  ! M4)+/!# OPPF℄ 0'&W0 %'/% %'$ +$%'&#  ! M=Q$) $% /13 OPTU℄ /!Y!&% 9 B$ /11 +/* +/1 $, $!% 5/$0  ! %'$ #$9$!$)/%$ /0$3 X' 0 $*/+-1$  0 (0$# %&  11(0%)/%$ '&W&() /--)&/' 9 B$0 /11 +/* +/1 $, $!% 5/$0 $B$! 5&) #$9$!$)/%$ -)&71$+03

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  !
maxx1 + x2 − 3x3

maxx3 !"#$& &'
x1 + x2 ≤ 4

−x1 − x2 + 2x3 ≤ 0

x1 − 3x2 − 4x3 ≤ 0

x1 + x2 − 3x3 ≤ 0

x1, x2, x3 ≥ 0"# #$#% &'(()(* +,-+.-%
x0 = (0, 0, 0) ( )* $+($*& $,&-$.$ /'(*& )*0 &1$ '--$ /'*0(*2 (0$)3 &)"3$)! T0 ( 45 6578 6578 978 5 5 5 55 578 578 6578 5 5 5 5: 9 9 5 9 5 5 55 6578 6578 578 5 9 5 55 69 8 ; 5 5 9 55 6578 6578 978 5 5 5 9<(&1 &1$ *'*") (  $& NT0

= {1, 2, 5}7 LT0 = {2, 5}= JT0 = {2} )*0 KT0 = {5}7 >-'.
JT0 = {2}= (v, w) = (0, 0, 0, 0, 1) ∈ G(2)7 ?1! λ = (1, 1)7 @(*$ 1 /∈ {2}= &1$ A- & $+($*& B)$'B &1$ /-'"3$. ( X ′(λ1) &1)& ( /!& (* @97 x1 = (0, 4, 2) ( )* $+($*& $,&-$.$ /'(*& )0#)$*& &'
x0 = (0, 0, 0) <(&1 &1$ '--$ /'*0(*2 (0$)3 &)"3$)! T14; 5 578 978 5 5 5 56; 5 6578 6578 5 5 5 5: 9 9 5 9 5 5 5; 5 578 578 5 9 5 56;5 : 8 ; 5 5 9 5; 5 578 978 5 5 5 9)*0 &1$ *'*") (  $& NT1

= {1, 2, 5}7 T1 )*0 NT1
)-$ /!& (* @;7 >-'. KT0 = {5}= '*3C '*$(0$)3 &)"3$)! T

′

0 ( (*(0$*& &' x0 = (0, 0, 0) <(&1 -$ /$& &' T07 T
′

0 ( 4
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%&'(#$*( %+#$,$-.#$%/  ! ! ! "#        !     $ ! !  !     "! "! %  !    ! "# "$   !   ! ! "#    !&'( )*+ ','-&./ .+) /. NT
′

0

= {1, 2, 3}1 2/'+ (T
′

0, NT
′

0

) /∈ S33 4+ &(( /) ), S3 ), *&5+
S3 = {(T

′

0, NT
′

0

)}1 6*+7+8,7+9 :/; 6*+ .+) ,8 +</+') =,/'). &(>&+') ), x0 4/)* 7+.=+) ), T0/. X ′(λ1), λ = (1, 1)1 ://; 6*+ .+) ,8 +?)7+@+ +</+') =,/'). &(>&+') ), x0 4/)* 7+.=+) ), T0 /.
x1 = (0, 4, 2) *&7&)+7/A+( -B (T1, NT1

)1 :///; 6*+ .+) ,8 /(+&C -&./. /'/(+') ), x0 4/)* 7+.=+) ),
T0 /. *&7&)+7/A+( -B9 (T

′

0, NT
′

0

)1 !"#$% %1#1D& 9 2/'+ )*+ +?)7+@+ +</+') =,/') ,'./(+7+( /. (+E+'+7&)+3 /) /. =,../-C+ )*&)FGHFIH! E/5+. ,'CB & .J-.+) ,8 +</+') =,/').3 +</+') +?)7+@+ =,/'). &'( /(+&C )&-C+&J?/'/(+') ), x0 = (0, 0, 0)1"# #$#" %&''(') *+,*-,"G8)+7 &CC/'E FGHFIH! 4/)* T0 &'( NT03 4+ *&5+9 S1 = {(T1, NT1)}K S2 = {X ′(λ1)} 4*+7+
λ1 = (1, 1) &'( S3 = {(T ′0, NT ′0)} 4*+7+ T ′0 /.9 ! ! "#        !     $ ! !  !     "! "! %  !    ! "# "$   !   ! ! "#    !&'( )*+ ','-&./ .+) N
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′

0
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)}1 6*+ /)+7&)/,' -+E/'.4/)* (T ′0, NT ′0)1 (T ′0, NT ′0) /. .J-)7&)+( 87,@ 2# &'( &((+( ), M! ), E/5+ S3 = φ &'( H1 =

{(T0, NT0
), (T ′0, NT ′

0
)}1 FGHFIH! 4/)* (T ′0, NT ′0) /. &CC+( ), E/5+ Z1 = φK Z2 = φ &'( Z3 =

{(T0, NT0
)}1 N' )*/. =7,+..3 E1 = {(T1, NT1)}3 E2 = {X ′(λ1)} &'( ./'+ {Z3− Z3 ∩ H1} = φ3

S3 = φ1 2/'+ S3 = φ )*+ /)+7&)/,' )+7@/'&)+. 4/)*92+) ,8 +</+') +?)7+@+ =,/'). &(>&+') ), x0 = (0, 0, 0)3 )*+ .+) E1 = {(T1, NT1)}K2+) ,8 +</+') =,/'). &(>&+') ), x0 = (0, 0, 0)3 )*+ .+) E2 = {X ′(λ1)}1 !"#% &"#'#%( )*+,-+.)/01 2/%3#3
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)2 S2 = {X ′(λ1)} /0#$# λ1 = (1, 1)3 S1 = {(T1, NT1

)}34# !56)7 T1 = {(T1, NT1
)}2 E = {X ′(λ1)}2 H = {(T0, NT0

)}380# ("#$&"(5) 9#*(): /("0 (T1, NT1
)380#)2 T1 = φ2 H = {(T0, NT0

), (T1, NT1
)}3 !"#$ "0# &'' 5! + ,+-,. /("0 (T1, NT1

)2 Z1 = {(T2, NT2
)}2 Z2 = {X ′(λ2)} /0#$# "0# (7#&'"&9'#&6 T2 (: *(;#) 9<= . >3? > @3?     !" ! #$  ! #$     % & &  &    "  #$   #$  &   % & ' "   &  "  #$  &#$    &()*+ *+, -.-/01) 1,* NT2

= {2, 4, 5} 0-3 *+, +040*,4)1*) 5,*.4 λ2 = (1, 1)# T1 = {(T2, NT2)}0-3 E = {X ′(λ1)} /,061, X ′(λ1) = X ′(λ2)# 7+, 841* )*,40*).- 8-)1+,1 +,4,# 7+, 1,.-3 )*,40*).-1*04*1 ()*+ (T2, NT2
)# 7+,- T1 = φ9 H = {(T0, NT0

), (T1, NT1
), (T2, NT2

)}# :;*,4 <:=<>=" )10??,3 ()*+ (T2, NT2
)9 Z1 = {(T0, NT0

)}9 Z2 = {X ′(λ3)} (+,4, λ3 = (1, 1)# :* *+)1 @.)-* T1 = φ0-3 A )1 1*)?? ,B60? *. {X ′(λ1)} /,061, X ′(λ1) = X ′(λ3)# C)-, T1 = φ9 *+, 0?D.4)*+E *,4E)-0*,1()*+ *+4,, ,F),-* ,G*4,E, @.)-*1 +040*,4)H,3 /IJ (T0, NT0
)9 (T1, NT1

) 0-3 (T2, NT2
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• @AB8℄  !"!#$%&%'$< D/ !# '!$2 #)" .*:*$6* xij 6)&) &% #)" E. *#&#( $' "*"!+( #! *%/$!#", 5(#)" ' #$!( i (i = 1...N) #$ #)" !"+&$* j (j = 1...P )4  00 $#)"! / ! 2"#"!% $' #)" 2$,"0  !" :*$6*$*%# *#%7
• @AF8℄ %(%'%)%*%"+ < G"1"0% $'  #&1&#&"% xij  !" *$# *""%% !&0( &*#"+"!%7
•@AH8℄,--%"%(%"+ < I( $*%&,"!&*+ #)" 0"1"0 $'  #&1&#( xij 4 i = 1..N, j = 1..P 4 #)" #$# 0 E. *#&#( $'"1"!( .%", !"%$.!" &% '$.*, 5(  .2.0 #&*+ $!!"%/$*,&*+ E. *#&#&"% .%", 5( 1 !&$.%  #&1&#&"%79).% #)" #$# 0 E. *#&#( $' "0"#!& 0 "*"!+( %.//0&", 5( #)" ' #$!( i &% "E. 0 #$∑P

j=1 xij  *, #)"E. *#&#( $' "*"!+( !""&1", 5( #)" !"+&$* j &% ∑N

i=1 xij 7
•@AJ8℄ .#/0/#"%/&1*%"%!'< K5;"#&1" '.*#&$*% 1 0."%  !" ,&!"#0( /!$/$!#&$* 0 #$ ,"&%&$* 1 !& 50"%
xij 7L' '$! #)" $*%&,"!", /"!&$,4 #)" #! *%/$!# $'  .*&#( $' "*"!+( '!$2 ' #$!( i #$ !"+&$* j!"E.&!"%  $%# "%#&2 #", 5( cij 4 #)"* #)" $%# $' #! *%/$!# $' #)" E. *#&#( $' "*"!+( ∑N

i=1 xij#$6 !,% #)" !"+&$* j &% ∑N

i=1 cijxij 7 M$ #)" #$# 0 $%# #$ ,&%#!&5.#"  00 "*"!+( /!$,.", &*  00 #)"
P !"+&$*% 6&00 5" <

P∑

j=1

N∑

i=1

cijxijG"# .% %.//$%" #) # #)" #! *%/$!# $'  .*&#( $' "*"!+( '!$2 ' #$!( i #$6 !,% !"+&$* j  .%"%  0$%% $' "*"!+( $' pij 6&#) o ≤ pij < 1N 5( $*%&,"!&*+ #) # #)&% 0$%% ) %  * &2/ # $* "*1&!$*2"*#"%#&2 #", 5( dij 4 #)" #$# 0 E. *#&#( $' "*"!+( 0$%# 6&00 #)"* 5" <
P∑

j=1

N∑

i=1

pijxij !"#% &"#'#%( )*+,-+.)/01 2/%3#3
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P∑

j=1

N∑

i=1

dijxij3%# tj 0% #$% *1# *+ 1 .% *+  '!(#) *+ %!%-5) (! #$% -%5(*! J 6 #$%! #$% 1%..(!5 ,-(% *+ #$% %!%-5),-*"'%" +*- #$% -%5(*! j 7(.. 0%2
N∑

i=1

tjxij !" +*- #$% P -%5(*!12
P∑

j=1

N∑

i=1

tjxij8$% .*11 *+ pij &' !#(#) *+ %!%-5) "'-(!5 #$% #- !1,*-# #(*! *+  '!(#) *+ %!%-5) +-*/ + #*-) i#*7 -"1 -%5(*! j  '1%1 #$%!  .*11 *+ pijtj  !" #$'16 +*- #$% */, !)  .*11 *+2
P∑

j=1

N∑

i=1

tjpijxij8$% ,-*9# #* 0% -% .(:%" 0) #$% */, !) 7(#$ -%5 -" #* #$% "(1#-(0'#(*! *+ #$% %!%-5) (1 %1#(/ #%"0) 2 price of sale−cost of transport ; cost of energy lost< (#  ! 0% %=,-%11%" 0)2
P∑

j=1

N∑

i=1

tjxij −
P∑

j=1

N∑

i=1

cijxij −
P∑

j=1

N∑

i=1
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P∑

j=1

N∑
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P∑

j=1
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i=1
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P∑

j=1
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i=1

tjpijxij A =(/(:% #$% #*# . ,-*"'#(*! #* 1 #(1+) !%%"1 (! %!%-5) *+ #$% *'!#-)2
Max

P∑

j=1

N∑

i=1

xij A(!(/(:% #$% %!@(-*!/%!# . ,*..'#(*!2
Min

P∑

j=1
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i=1
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P∑

j=1
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l8 $(" %5*+ !'0"9

P∑

j=1

N∑

i=1

xij ≥ l !" :5'(+/+) $3 "(",;) -"/(; '21')* &$*/+/0"8 /+ /%&2/"* +!" $(*+,'/(+ $3 ($( (";'+/0/+) $(
xij 8 /<=66>6, j = 1..P 6?(" $-+'/(* +!" 3$22$1/(; %52+/,/+",/' $&+/%/@'+/$( &,$-2"%9
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∑P

j=1

∑N

i=1 tjxij −
∑P

j=1

∑N

i=1 cijxij −
∑P

j=1

∑N

i=1 tjpijxij

Max
∑P

j=1

∑N

i=1 xij
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∑P

j=1

∑N
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∑P
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f1(x) =

∑P

j=1

∑N

i=1 tjxij −
∑P

j=1

∑N

i=1 cijxij −
∑P

j=1

∑N

i=1 tjpijxij

f2(x) =
∑P

j=1

∑N

i=1 xij '(4 f3(x) = −
∑P

j=1

∑N

i=1 dijxij 6
Ω =

{
x = (xij)/

∑P

j=1

∑N

i=1 xij ≥ l,
∑P

j=1 xij ≤ bi, xij ≥ 0, i = 1..N., j = 1..P
} !"( +!" &,""4/(; &,$-2"% -"$%"*9
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 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$%& '!&%% !"#$#" %&'!(!)*'!%+


min
x∈X

F (x, y)

/<.H%# #+
G(x, y) ≤ 0> /+(3%/  miny∈Y f(x, y)

s.t

g(x, y) ≤ 0

52446
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3 -4"2#(#2%(#! 562#7#8!2#59 !66(5!/%3 #9 :#"%'%" 562#7#8!2#59 6(5:"%73



 !"#$#" %&'!(!)*'!%+  ! !"#" $!" %&#'&()"* +, $!" -.. &#" /'%'/"/ '0$+ $ + )&**"*2 0&3")4 $!" 566"# 7+# +5$"# +#6)&00"#8* +# )"&/"#8*9 %&#'&()"* x ∈ X ⊂ Rn1 &0/ $!" )+ "#:)"%") 7+# '00"# +# ("!&%'+#&) +#,+))+ "#8*9 %&#'&()"* y ∈ Y ⊂ Rn2; x 7#"*6 y9 &#" /"'*'+0 %&#'&()"* +0$#+))"/ (4 $!" )"&/"# 7#"*6$!" ,+))+ "#9; <'3')&#)42 $!" ,50$'+0* F : X× = −→ R &0/ f : X× = −→ R &#" $!" 566"#:)"%")&0/ )+ "#:)"%") +(>"$'%" ,50$'+0*2 #"*6"$'%")42  !')" G : X × Y −→ Rm1 &0/ g : X× Y −→

Rm2 &#" &))"/ 566"#:)"%") &0/ )+ "#:)"%") +0*$#&'0$*2 #"*6"$'%")4; ?!"0 $!" +(>"$'%" ,50$'+0*
(F, f) &0/ $!" +0*$#&'0$* (G, g) +, $!" 566"#:)"%") &0/ )+ "#:)"%") 6#+()"3* &#" &)) )'0"&#2 $!"#"*5)$'0@ 6#+()"3 '* & (')"%") )'0"&# 6#+@#&33'0@ 6#+()"3 7-A..92 &)*+ &))"/ A'0"&# <$&B")("#@@&3"; C!" 3&$!"3&$'&) 3+/") +, & (')"%") )'0"&# 6#+@#&33'0@ 6#+()"3 &0 (" *$&$"/ &* ,+))+ *D

min
x∈X

F (x, y) = c1x + d1y

*5(>"$ $+
A1x + B1y ≤ b14 *+)%"*  miny∈Y f(x, y) = c2x + d2y

s.t

A2x + B2y ≤ b2

7-A..9
 !"#" c1, c2 ∈ Rn1 2 d1, d2 ∈ Rn2 2 b1 ∈ Rm1 2 b2 ∈ Rm2 2 A1 ∈ Rm1×n12B1 ∈ Rm1×n22 A2 ∈ Rm2×n1 2

B2 ∈ Rm2×n2 ;E, +5#*"2 +0" $!" )"&/"# *")"$* &0 x2 $!" F#*$ $"#3 '0 $!" ,+))+ "#8* +(>"$'%" ,50$'+0("+3"* & +0*$&0$ &0/ &0 (" #"3+%"/ ,#+3 $!" 6#+()"3; .#'0'6)"* +, (')"%") 6#+@#&3 6#+()"3*&#" *533&#'G"/ &* ,+))+ *D
• C!" *4*$"3 !&* '0$"#&$'0@ /"'*'+0 3&B'0@ 50'$*  '$!'0 & !'"#&#!'&) *$#5$5#";
• C!" )+ "# 50'$ "H"5$"* '$* 6+)''"* &,$"#2 &0/ '0 %'" +,2 $!" /"'*'+0* +, $!" !'@!"# 50'$;
• I&! )"%") 3'0'3'G"* '$* +(>"$'%" ,50$'+02 +36#+3'*" '* 0+$ &))+ "/ 7$!" )"&/"# '* 0+$ &))+ "/$+ ,+#" $!" ,+))+ "# $+ $&B" &04 +, !'* +6$'3&) *+)5$'+0*9;
• C!" "J"$ +, $!" 566"# /"'*'+0 3&B"# +0 $!" )+ "# 6#+()"3 '* #"K"$"/ '0 (+$! '$* +(>"$'%",50$'+0 &0/ *"$ +, ,"&*'()" /"'*'+0*;C!" ,+))+ '0@ +0"6$* &0/ 0+$&$'+0* &#" 5*5&))4 5*"/  !"0 /"&)'0@  '$! -..D C!"  !"#$!% & '("!) &**+'&$"/  '$! -.. '*D

min
x∈X, y∈Y

F (x, y) 7L;M;N9*5(>"$ $+{ G(x, y) ≤ 0

g(x, y) ≤ 0
7L;M;M9 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !" #$% &'$#( ) * )+, #%  )&-,. /&+!" 0&. $1, &'$#( ) * )+, &0 234456 7 %&)+$#&! &0  23445#%  !8 (x, y) ∈ X × Y 6 7 %&)+$#&! (x, y) #%  "(#%%#/), #0 #$ /,)&!9% $& $1,  "(#%%#/), %,$ Ω",:!," /8
Ω = {(x, y) ∈ X × Y/ G(x, y) ≤ 0  !" g(x, y) ≤ 0}6 4.&;,$#&! &0 Ω &!$& $1, ), ",.=% ",#%#&! %' , #%>
Ω(X) = {x ∈ X, /∃y ∈ Y/ G(x, y) ≤ 0  !" g(x, y) ≤ 0 } ?&.  9#*,! 2:@,"5 *,$&. x ∈ XA $1, 0&))&-,.=%  "(#%%#/), .,9#&! #% ",:!," /8>
Ω(x) = {y ∈ Y/ g(x, y) ≤ 0 }-1#), $1, )&-,.B),*,) ., $#&! %,$ #%
R(x) = argminy{f(x, y)/ y ∈ Ω(x)}.C*,.8 y∗ ∈ R(x) #%  . $#&! ) .,%'&!%,6 ?&.  9#*,! xA R(x) #%  ! #(')##$)8 ",:!," (+)$#B* )+," 0+!$#&! &0 x $1 $ ( 8 /, ,('$8 2&. 1 *, (&., $1 ! &!, ,),(,!$5 0&. %&(, * )+,% &0#$%  .9+(,!$6 ?#! ))8A
R = {(x, y) ∈ X × Y/ G(x, y) ≤ 0  !" y ∈ R(x)}.,'.,%,!$% $1, 0, %#/), %,$ &0 $1, ), ",.6 7!8 (x, y) ∈ R #%  )),"  0, %#/), %&)+$#&!6344  ! $1,! /, .,0&.(+) $,"  %>
min
x,y
{F (x, y)/ (x, y) ∈ R} 2D6E6D5

R #% +%+ ))8 !&!&!*,@  !" #$  ! ,*,! /, "#%&!!,$," &. ,('$8 #! '.,%,!, &0 +'',.B),*,)&!%$. #!$%6 F1, 0&))&-#!9 '.&/),( #%  ! #))+%$. $#&!>"#$%&'( )*+*,*
min x− 2y !"#$& &' −x + 3y − 4 ≤ 0()$*$ +  ',-$  min x + y

x− y ≤ 0

−x− y ≤ 0

2C@G5
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !" #$%& '"!()*+ Ω(x) = {y/ y ≥| x |} ,-. R(x) =| x |/ 0$1&2 #$* %-.1*. "*4%!- %& 4%5*- (67
R = {(x, y)/ − x + 3y − 4 ≤ 0 ,-. y ∈ R(x)}

= {(x, y)/ y = −x, −1 ≤ x ≤ 0} ∩ {(x, y)/ y = x, 0 ≤ x ≤ 2}8$%$ %& -!-!-5*9 (1# !--*#*./ :; #$* 1''*" )*5*) !-&#",%-#& 8*"* $,-4*. #! { −x + 3y − 4 ≤ 0

−y + 1
2
≤ 0#$*- #$* %-.1*. "*4%!- 8!1). (*!+*

R = {(x, y)/ y = −x, −1 ≤ x ≤
−1

2
} ∩ {(x, y)/ y = x,

1

2
≤ x ≤ 2}8$%$ 8!1). (* , .%&!--*#*. &*#/ !"!" #$%&'($)* $+ ,(%-.-% $/'(0(12'($) /3$,%-0* !" #$%&$# $' ($)*%&$# &# +&)",") -.$/.011&#/ &( #$% "0(2 %$ 3"4#"5 6% 3"-"#3( $# %!" #*1+". $'$-%&10) ($)*%&$#( &# %!" )$7". )",") -.$+)"1 '$. ($1" -0.01"%". ,0)*"(5  !" '$))$7&#/ "801-)" &(0# &))*(%.0%&$#9"#$%&'( )*+*+* <*# 1& !-&%.*" #$* ;!))!8%-4 '"!()*+7

min
x

x2 + y2&1(=*# #! 0 ≤ x ≤ 18$*"* 6 &!)5*& { miny −xy

0 ≤ y ≤ 1

:;8<=0$*-2 *5,)1,#%-4 #$* )!8*" )*5*) '"!()*+ ,-. %-&*"#%-4 #$* !'#%+,) &!)1#%!- !; #$%& '"!()*+ %-#!#$* !(=*#%5* ;1-#%!- !; #$* 1''*" )*5*) "*&1)#& %-
R(x) =






{0}, if x > 0

{0}, if x < 0

[0 , 1], if x = 0

=⇒ F (x, y(x))






= x2, if x > 0

= 1 + x2, if x < 0

∈ [0 , 1], if x = 00$* 5,)1* !; #$* ;1-#%!- x 7→ F (x, y(x)) ,# #$* '!%-# x = 0 %& 1-)*,"/ 0$* %->+,) ;1-#%!- 5,)1*!; F (x, y(x)) %& *?1,) #! @*"! (1# #$%& 5,)1* %& "*,$*. !-)6 %; F (0, y(0)) = 0/ 0$%& &%#1,#%!- %&,))*. #$* !'#%+%&#% '!&%#%!- %- 8$,# ;!))!8&/ :; #$%& %& -!# #$* ,&*2 #$*- #$* (%)*5*) '"!()*+ $,&-! &!)1#%!-/ $ $,".$1" %!&( 01+&/*&%2? 0% )"0(% %7$ 0--.$0!"( !0," +""# (*//"(%"35 6# %!" 0(" $' !'#%A+%&#% (%)*5*) '"!4",++%-4? &% &( 0((*1"3 %!0%? 7!"#",". %!" ."0%&$# ("% R(x) &( #$% 0 (&#/)"%$#?%!" )"03". &( 0))$7"3 %$ (")"% %!" ")"1"#% &# R(x) %!0% (*&%( !&1 +"(%5 6# %!&( (&%*0%&$#? 0 -$&#% !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !
(x∗, y∗) ∈ Rn1 × Rn2  ! !" # $% &' " (%"(  !"#$#%"# % '("# ) *%+ ,+%&('- ./001  * $2' *%((%3 452%(#!6





x∗ ∈ X

G(x∗, y∗) ≤ 0

y∗ ∈ R(x∗)

F (x∗, y∗) ≤ F (x∗, y) *%+ "(( y ∈ R(x∗)"4# $2'+' '7 !$! "4 %,'4 4' 52&%8+2%%# V (x∗, δ) of x∗ .3 $2 +"# 8! δ > 01 !82 $2"$
Φo(x

∗) ≤ Φo(x) *%+ "(( x ∈ V (x∗, δ) ∩X32'+' Φo(x) = miny{F (x, y)/ y ∈ R(x)}9 :$  ! "(('# " 5(%&"( %,$ - !$  !%(8$ %4  * δ = ∞ "4 &'!'('$'# %++'!,%4# 45 $% V (x∗, δ) = X9 ;2' ('"#'+ "4 8!' $2 ! ",,+%"2  * 2' !8,,%!'! $2"$ $2'*%((%3'+  ! 3 (( 45 $% !8,,%+$ 2 -9 :4 $2' ,+''# 45 '7"-,('<  4 ' $2'+ "!'< $2' ,+%&('- 2"! $3%(%"( %,$ - !$  - 4 - ='+! (−1, 1) "4# (2, 2) "4# %4' 5(%&"( %,$ - !$  - 4 - ='+ (2, 2)9 ;2' *%(>(%3 45 !$"$'-'4$ *+%- ?@'-,' ABBA℄  ! "4 '7 !$'4' +'!8($ *%+ $2' %,$ - !$  & ('D'( ,+%&('-.3 $2$2' "!!8-,$ %4 $2"$ $2' ('"#'+ %4!$+" 4$ #%'! 4%$ #','4# %4 $2' *%((%3'+ D"+ "&('!19"#$%&$' ()*)+) *+ ",- %-" {(x, y)/G(x) ≤ 0, g(x, y) ≤ 0} #% ) ).-$!"/ 0)1  $!0" 0)12 + 3-0, x 4#", G(x) ≤ 02 ",- 56789: #% %0"#%;-12 ",-) ",-  !"#$#%"# + 3$('0"# )  + <== ,0% 0) !"#$0' % '("# )>E2'4 %%,'+"$ %4 %* $2' ('"#'+ "4# $2' *%((%3'+  ! 4%$ "((%3'#< %+  * $2' ('"#'+  ! + !F>"D'+!'"4# 3 !2'! $% ( - $ $2' G#"-"5'G +'!8($ 45 *+%- "4 84#'! +"&(' !'('$ %4 *+%- $2' *%((%3'+< $2'4" ,% 4$ (x∗, y∗) ∈ Rn1 × Rn2  ! !" # $% &' " (%"( !-%%#$#%"# % '("# ) *%+ ,+%&('- ./001  * $2'*%((%3 45 2%(#!6





x∗ ∈ X

G(x∗, y∗) ≤ 0

y∗ ∈ R(x∗)

F (x∗, y∗) ≥ F (x∗, y) *%+ "(( y ∈ R(x∗)"4# $2'+' '7 !$! "4 %,'4 4' 52&%8+2%%# V (x∗, δ) %* x∗ .3 $2 +"# 8! δ > 01 !82 $2"$
Φp(x

∗) ≤ Φp(x) *%+ "(( x ∈ V (x∗, δ) ∩X32'+' Φp(x) = maxy{F (x, y)/ y ∈ R(x)}9 :$  ! "(('# " 5(%&"( ,'!! - !$  !%(8$ %4  * δ = ∞ "4&' !'('$'#9 ;2' *%((%3 45 !$"$'-'4$ *+%- ?@'-,' ABBA℄  ! "4 '7 !$'4' +'!8($ *%+ $2' ,'!! - !$ & ('D'( ,+%&('- .3 $2 $2' "!!8-,$ %4 $2"$ $2' ('"#'+ %4!$+" 4$ #%'! 4%$ #','4# %4 $2' *%((%3'+D"+ "&('!19 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !"#$%&$' ()*)*)  !" "#! $%&'"("%()!" *+$$&', R(.) -! .%/!0 )!*&%'"&'2%2) +" +.. $%&'") x /&"#
G(x) ≤ 0 +'3 )2$$%)! "#+" {(x, y)/G(x) ≤ 0, g(x, y) ≤ 0} &) '%'(!*$"4 +'3 %*$+"5 6#!'7 "#!$!))&*&)"& 8%0*2.+"&%' %8 9:: #+) +' %$"&*+. )%.2"&%'5 !"#$ "!&'$($ )*+,++*"- ". (/$+$ *++,$+ !01 2$ .",-) *- 340#) 56778 56678 56659 :$!&$;<<;9 =*$,!$ $( 0'> ;<<72℄> @/#",A/",( (/$ ($B(9 *( *+ (/$ "&(*!*+(* ."#!,'0(*"- (/0( *+ "-+*)$#$)> !"! #$%& '$()*+$, %&*-$.' /$0 1+(&2&( 30$405%%+,4 30$1(&%'()*)()+ ,$-./01 23-05%- '$0#%67@/$1 ,+,0''1 *-"#&"#0($ $B0( &$-0'(1 .,-(*"-+ 0-) 0#$ '*!*($) (" "!&,(*-A +(0(*"-0#1 0-)'"0' "&(*!0' &"*-(+>  - *-*(*0' +($& *- (/*+ )*#$(*"- C0+ 0/*$D$) 21 3E/*!*F, $( 0'> 566G℄> @/$*#0&&#"0/ "-+*+(+ *- #$&'0*-A (/$ '"C$#H'$D$' &#"2'$! 21 (/$ &$-0'*F$) &#"2'$!

minyρ(x, y, r) = f(x, y) + rφ(g(x, y)),C/$#$ r *+ 0 &"+*(*D$ +0'0#9 φ *+ 0 "-(*-,",+ &$-0'(1 .,-(*"- (/0( +0(*+I$+
φ(g(x, y)) > 0 if y ∈ intS(x)

φ(g(x, y)) −→ +∞ if y −→ bdS(x)

where S(x) = {y/ g(x, y) ≤ 0}=#"2'$! 4== *+ (/$- (#0-+."#!$) *-("
min
x∈X,y

F (x, y∗(x, r))+,2J$( (" G(x, y∗(x, r)) ≤ 0

ρ(x, y∗(x, r), r) = miny ρ(x, y, r)

K4== 5L3M"'+"- $( 0'> ;<<G℄ &#"D$) (/0( (/$ +$N,$-$ { (xk, y∗(xk, rk)) } ". "&(*!0' +"',(*"-+ (" K4== 5L"-D$#A$+ (" 0 +"',(*"- ". K4==L>()*)()* 8$7$-0 '$0#%67O$#$ C$ ."''"C (/$ &#$+$-(0(*"- A*D$- *- 3M"'+"- $( 0'> ;<<G℄>  ++,!*-A (/0(9 ."# 0-1 x9 (/$ "&(*!0'+"',(*"- ". (/$ '"C$# '$D$' &#"2'$! *+ ,-*N,$ 0-) )$I-$ y 0+ 0- *!&'**( .,-(*"- y(x) ". x9 &#"2'$!K4==L !01 2$ D*$C$) +"'$'1 *- ($#!+ ". (/$ ,&&$# '$D$' D0#*02'$+ x ∈ Rn1> P*D$- 0 .$0+*2'$ &"*-(
x9 0- 0(($!&( *+ !0)$ (" I-) 0 .$0+*2'$ K#0(*"-0'L )*#$(*"- d ∈ Rn1 0'"-A C/*/ (/$ ,&&$# '$D$'"2J$(*D$ )$#$0+$+>  -$C &"*-( x+αd(α > 0) *+ "!&,($) +" 0+ (" $-+,#$ 0 #$0+"-02'$ )$#$0+$ !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! ! F "# $% &' !(' ! !) *%'+ , $ (- *./ (#% , $%0%$ 1/.,$%&2 3."%0%/4 ' &'5./  ++6%  + (#% '0' $', $ (-.* (#% )/'7 %!( 8./ ' +6,9)/'7 %!(: .* (#% 611%/9$%0%$ .,5%( 0%4 ▽xF (x, y(x))4 '( ' *%'+ ,$% 1. !(2<11$- !) (#% #' ! /6$% .* 7 =%/%!( '( .!4 "% #'0%4 "#%!%0%/ ▽xy(x)  + "%$$ 7%>!%7?
▽xF (x, y(x)) = ▽xF (x, y) + ▽yF (x, y)▽xy(x)"#%/% (#% *6!( .!+ '/% %0'$6'(%7 '( (#% 6//%!(  (%/'(%2 @A.$+('7 '!7 B'+7.! CDDE℄ 1/.1.+%7 '&%(#.7 *./ '11/.G &'( !) (# + )/'7 %!(2 <!.(#%/ "'-  + (#'( .* @H.$+.! %( '$2 IEEJ℄4 *./ 1/.,$%&+"#%/% !. 611%/ $%0%$ .!+(/' !(+ '/% 1/%+%!( '!7 "#%/% (#% $."%/ $%0%$ .!+(/' !(+ '/% /%"/ ((%!'+?
gi(x, y) ≤ 0 ∀i ∈ I

gj(x, y) = 0 ∀j ∈ JK#% '6(#./+ >/+( +#." (#'( '! 611%/9$%0%$ 7%+%!( 7 /%( .! '( ' ) 0%! 1. !( x  + ' 0%(./ d ∈ Rn1+6# (#'(?
▽xF (x, y∗)d + ▽yF (x, y∗)ω(x, d) < 0,"#%/% y∗ = y(x) '!7 ω ∈ Rn2  + ' +.$6( .! .* (#% 1/.)/'&
min

ω
(dT , ωT )▽2

xyL(x, y∗, λ)(d, ω)+6,5%( (. ▽ygi(x, y∗)ω ≤ −▽xgi(x, y∗)d, i ∈ I(x);

▽ygi(x, y∗)ω = −▽xgj(x, y∗)d, j ∈ J ;

▽yf(x, y∗)ω = −▽xf(x, y∗)d + ▽xL(x, y∗, λ)d;

8LMM<I:" (# I(x) = {i ∈ I/ gi(x, y∗) = 0} '!7 L(x, y, λ) = f(x, y) +
∑

i∈I(x)∩J λigi(x, y)  + (#% B'9)/'!) '! .* (#% $."%/9$%0%$ 1/.,$%& " (# /%+1%( (. (#% '( 0% .!+(/' !(+2 K#% +(%%1%+( 7%+%!((#%! . ! 7%+ " (# (#% .1( &'$ +.$6( .! .* (#% $ !%'/9N6'7/'(  , $%0%$ 1/.)/'&?
min

d
▽xF (x, y∗)d + ▽yF (x, y∗)ω(x, d)+6,5%( (.{ ‖ d ‖≤ 1

w(x, d) solves problem (BPPA2)*./ "# # %G'( '$)./ (#&+ %G +(4 +6# '+ (#.+% ,- @L'/7 '!7 O../% CDDEP CDDI℄2
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !"#!#"#" $%&')*&'+*$,-'+ ./0),+1 !"#% "#& '()#& *+,%(&- "!+ ./&+01 "220/+& ,( (#3+4 '/0+3+0 2!(5!"*-6 7+3+!"0 "22!("%+-+420(/, ,%+ (*20+*+#,"!/,1 '+,.++# ,%+ *)0,/20/+!- "#& ,%+ -0"8 3"!/"'0+- ,%", "!/-+ 9!(* ,%+::;<(#&/,/(#- (9 ,%+ 0(.+! 0+3+0 2!('0+* = "!& "#& >((!+ ?@@AB  /"0"- "#& :"!."# ?@CDB /"0"- +, "06 ?@CAB  /"0"- "#& :"!."# ?@CE℄6 G# 9",B .%+# ,%+ 0(.+!<0+3+0 2!('0+* /- (#3+4 "#&!+5)0"!B /, "# '+ !+20"+& '1 /,- :"!)-%<:)%#<;)8+! H::;I (#&/,/(#-B 1/+0&/#5 ,%+ -/#50+<0+3+0!+9(!*)0",/(# (9  JJK
min

x∈X,y∈Y,λ
F (x, y)

-)'L+, ,(
G(x, y) ≤ 0

g(x, y) ≤ 0

λi ≥ 0, i = 1, ..., m2

λigi(x, y) = 0, i = 1, ..., m2

▽yL(x, y, λ) = 0.%+!+ L(x, y, λ) = f(x, y) +
∑m2

i=1 λigi(x, y) /- ,%+ M"5!"#5/"# 9)#,/(# "--(/",+& ./,% ,%+ 0(.+!<0+3+0 2!('0+*6G# "&&/,/(# ,( ,%+-+ *+,%(&-B (#+ "# /,+ "0-( ,!)-,<!+5/(# "05(!/,%* &+3+0(2+& /# =N%+# "#&O0(!/"# ?@@PB N(0-(# +, "06 EAAQ℄ 9(! -(03/#5 #(#0/#+"! '/0+3+0 2!(5!"*- .%+!+ ,%+ 9)#,/(# G -(0+01&+2+#&- (# ,%+ )22+!<0+3+0 3+,(! x6 N(*20+,+ "#& &+,"/0+& 2!+-+#,",/(#- (# *+,%(&- 9(! -(03/#5'/0+3+0 2!(5!"**/#5 2!('0+*- "# '+ 9()#& /# = "!& "#& >((!+ ?@@AB  /"0"- "#& :"!."# ?@CDB /"0"- +, "06 ?@CAB  /"0"- "#& :"!."# ?@CE℄℄6 U,%+!"22!("%+- "!+ '"-+& (# !+20"/#5 ,%+ 0(.+! 0+3+0 2!('0+* '1 /,- 2!/*"0<&)"0 (2,/*"0/,1 (#&/,/(#-=M) +, "06 EAAP"B V%/,+ "#& S#"#&"0/#5"* ?@@T℄6 ;%/- (2+!",/(# !+&)+- ,%+ (!/5/#"0 2!('0+* ,(" -/#50+<0+3+0 2!(5!"* /#3(03/#5 &/-L)#,/3+ (#-,!"/#,-6  !"#% "#& '()#& "05(!/,%*- %"3+ "0-('++# &+3+0(2+& '1 = "!& "#& O"08 ?@CE℄ "#& =O(!,)#1<S*", "#& N"!0 ?@C?℄6 N(*'/#/#5 '!"#% !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !" #$%!"& '$!$($!))(+ ,-)!),./0  !" ,/! .)1 ()$!& 23 !0/! /(  .4 5667℄ 9 :/ "/:/.$,/"  $"/ , #./ $; 0$.:)!< '/")%' 0)1/ )!0( !/0 $; (9/ =>??4 @.(/-! ():/.+& 2=) . 0 /(  .4 56AB& =) . 0 !" C -D ! 56A7℄  !" 2E%")/  !" F %0()!$ 5667G 56AA℄ # 0/" (9/)-  ,,-$ 9 $! $',./'/!( -+,):$( (9/$-+4 H9/ -//!( #$$I0 #+ 2J/',/ 7BB7℄& 2F.$%" 0 /(  .4 5666℄  !" 2= -" 566A℄ ,-/0/!(-/0%.(0&  ,,.) ()$!0  !" 0$.%()$! '/(9$"0 ;$- </!/- . #)./:/. ,-$#./'0 D9/-/ (9/ ;%!()$!0  !"(9/ $!0(- )!(0  -/ !$( !//00 -).+ .)!/ -4 3$D/:/-& $!.+ (9/$-/() . $!:/-</!/ )0 09$D! ;$- (9/' K$-)(+ $; (9/0/ '/(9$"04 L!  "")()$!& ' !+  .<$-)(9'0 0$.:)!< #)./:/. ,-$<- '')!< ,-$#./'0(%-!/" $%( ($ #/ )!$--/(& $- $!:/-</!( ($D -"0  .$ . !$! <.$# . $,()'%'42=/!M@+/" 56AA℄ 09$D/" (9 ( (9/ ? - '/(-) N$',./'/!( -+ ?):$(  .<$-)(9' "/:/.$,/" #+ 2=) . 0 !" C -D ! 56AO& =) . 0 /(  .4 56AB& =) . 0  !" C -D ! 56A7℄  !" (9/ P-)" Q/ -9 @.<$-)(9',-/0/!(/" #+ 2= -" 56AR ℄ "$ !$(  .D +0 S!" (9/ $,()' . 0$.%()$!4 2N ',/.$  !" Q9/)'#/-<7BBB℄ ,-$:)"/"  $%!(/-M/T ',./ ($ 09$D (9 ( (9/ '/(9$" ,-$,$0/" #+ 2U(9' !) V + 566A℄' + !$( S!"  <.$# . 0$.%()$!  0 )( D 0 . )'/"4 2V !$/.  !" Q9/)'#/-< 7BBB℄ )"/!()S/" 0$'/(-$%#./0 )! (9/  .<$-)(9' ,-$,$0/" #+ 2@! !" .)!< '  !" W9)(/ 566B℄4 H9/+ 09$D/" (9 ( (9/ 0/($; %(0 %0/" )! (9/  .<$-)(9' ($ ")0 -" .$ . $,()' )0 !$( D/.. "/S!/"4 2N9/!<</! /(  .4 7BBX℄09$D/" (9 ( (9/ C(9M#/0(  ,,-$ 9 2=) . 0  !" C -D ! 56A7& N !"./-  !" H$D!0./+ 56A7℄& $!/$; (9/ '$0( ,$,%. -  !" D$-I #./  ,,-$ 9/0 ;$- (9/ =>??& $%." # ".+ "/ . D)(9  .)!/ - #)./:/.,-$<- '')!< ,-$#./' D9/! (9/ $!0(- )!( ;%!()$!0  ( (9/ %,,/-M./:/. 9 :/  !  -#)(- -+ .)!/ -;$-'4 V$-/ -//!(.+& 2@%"/( /(  .4 7BBY℄ 09$D/" (9 ( (9/ '/(9$"0 ,-$,$0/" #+ 2>% /(  .4 7BBX G#℄



{x ∈ Rn1/x ≧ 0}5 A))B Y = {y ∈ Rn2/y ≧ 0} (&- A)))B Ω<*:&-"- (&- &*&"9#'=1 ! !" #$%&'()*$& $+ ),- (../$(,2& '!)% %"')*&5 <(%) 9('!"9(')(/ *&"#'% (&- '!"*$"9% &""%%($= .*$ '!" -";"/*#9"&' *.'!" (/+*$)'!9 ($" -)%:%%"-1 6(%"- *& &*'(')*&% #$*;)-"- )& %"')*& D1E1F5 (& (-9)%%)</" #*)&'
(x−, y−) *. Ω )% ."(%)</" .*$ '!" 6788 ). y− %*/;"% '!" /*0"$ /";"/ #$*</"9 0)'! x C3"- (' x−5 )1"5

c2y
− = min

y
{d2y/B2y ≤ b2 − A2x

− , y ≥ 0}. AD1D1FB>  !"#$! %"!&'(") *. ( 6788 )% (&= ."(%)</" #*)&' .*$ '!" 6788 0!)! #$*;)-"% '!" <"%' ;(/:"'* '!" /"(-"$ *<G"');" .:&')*&17"' :% &*0 %'('" '!" .*//*0)&+ '!"*$"9 *& '!" "3)%'"&" *. ( 6788 %*/:')*&1"#$%&$' ()()*) * +(', ',- ."!!"/() $%%&01'(")%*2(3 4,- !-$5-6 "#7-'(9- .&)'(") (% #"&)5-5 "9-6 ',- 6-!$:-5 .-$%(#!- 6- (");2((3 4,- 6$'(")$! %-' R(x) (% $ point− to− point 0$1 ."6 $!! 1-60(%%(#!- x;2(((3 R(x) (% #"&)5-5 ."6 $!! 1-60(%%(#!- x;4,-)< ',- 16"#!-0 (BLPP ) $50('% $' !-$%' ")- "1'(0$! %"!&'(");+&%%, H  !" #$**. )% -*&" )& '0* %'"#%H @" C$%' %!*0 '!(' '!" (-9)%%)</" %"' (& <" "I:);(/"&'/= 0$)''"& (% ( #)""0)%" /)&"($ "I:(/)'=*&%'$()&' *9#$)%"- *. %:##*$')&+ !=#"$#/(&"% *. Ω1  !"&5 '!" $"%:/' 0)// <" -"-:"- .$*9 '!" &"0 .*$9 *. '!" )&-:)</" $"+)*&1J%)&+ '!" &*'(')*& *. %"')*& D1E5 0" !(;"
R(x) = {y∗/ y∗ ∈ arg min

y
{c2x + d2y/y ∈ Ω(x)}} AD1D1EB(&- '!" 6788 ."(%)</" %"' !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+   
R = {(x, y)/(x, y) ∈ Ω, y ∈ R(x)} !"! $% &'  ("))'% $*
R = {(x, y)/(x, y) ∈ Ω, d2y = min

z
{d2z/B2z ≤ b2 − A2x, z ≥ 0}} +,-,-,./0 1 2') 3* 4'5%'

T (x) = min{d2z/B2z ≤ b2 − A2x, z ≥ 0}. +,-,-6.70( '$! 8$23' 09 x ∈ Ω(X)1)!' ('*32)"%: 9'$*"&2' (':"0% )0 +;<==. "* %0%'>?)@ $%4 0>?$)-A!3* T (x)1  !"! "* $ 2"%'$( ?(0:($> ?$($>')'("B'4 "% x $%4 9(0> ?(0?0*")"0% C-,-C1 $2 $@* !$*$ *023)"0%- 7(0> 43$2")@ )!'0(@1 )!' *$>' ?(0&2'> $% &' *)$)'4 $*D
max{u(A2x− b2)/uB2 ≥ −d2, u ≥ 0} +,-,-E. !"! !$* )!' *$>' 0?)">$2 8$23' $* )!' ?(">$2 ?(0&2'> (3.3.4) $) )!' *023)"0% u∗- <') u1, ...us&' $ 2"*)"%: 09 $22 )!' 'F)('>' ?0"%)* 09 )!' 0%*)($"%) (':"0% 09 (3.3.5) :"8'% &@ U = {u/uB2 ≥

−d2, u ≥ 0}- ;'$3*'  ' G%0 )!$) $ *023)"0% 09 ?(0&2'> (3.3.5) 03(* $) $% 'F)('>' ?0"%) 09 H1 ' :') )!' 'I3"8$2'%) ?(0&2'>D
max{uj(A2x− b2)/u

j ∈ {u1, ..., us}} +,-,-J. !"! 4'>0%*)($)'* )!$) T (x) "* $ ?"'' "*' 2"%'$( 93%)"0%- K' (")"%: R $*
R = {(x, y) ∈ Ω/T (x)− d2y = 0} +,-,-L.?'(>") )0 0%234' )!$)1 )!' $4>"**"&2' *') $% &' 'I3"8$2'%)2@  ("))'% $* $ ?"'' "*' 2"%'$('I3$2")@ 0%*)($"%) 0>?("*'4 09 *3??0()"%: !@?'(?2$%'* 09 Ω-A!' ?(0&2'> +;<==. "* )!'% 'I3"8$2'%) )0 >"%">"B"%: 7 08'( $% $4>"**"&2' *') 0>?("*'4 09$ ?"'' "*' 2"%'$( 'I3$2")@ 0%*)($"%)-A!' 93%)"0% T (x) "* 0%8'F $%4 0%)"%303*- M% :'%'($21 &'$3*'  ' $(' >"%">"B"%: $ 2"%'$(93%)"0% F = c1x + d1y1 08'( R1 $%4 &'$3*' F "* &03%4'4 9(0> &'20 0% Ω &@1 *$@ min{c1x +

d1y/(x, y) ∈ Ω}1 0%' $% 0%234' )!$) $ *023)"0% )0 )!' 2"%'$( +;<==. 03(* $) $% 'F)('>' ?0"%)09 R-
2N' ?('*'%) %0 !0 )0 !'G )!' 3%"I3'%'** 0%4")"0%- !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !"#$%&$' ()()*)  ! "#$%&'#( (x∗, y∗) &# ) *+,, '" (#& %('-%. '/ &0. "#$%&'#( (a, b) #/ &0. /#$$#1'(234#5$.6 
min
x,y
{d2y/(x, y) ∈ Ω, c1x + d1y = c1x

∗ + d1y
∗}  !"!"#$34#7%." )( #59.&':. /%(&'#( :)$%. "%0 &0)& d2b < d2y

∗;+&%%, % &' ()+, -( (a, b) .)+-./0. (3.3.8), +10'%
(i) c1a + d1b = c1x

∗ + d1y
∗ )'2 (ii) d2b < d2y

∗ -$ -345-0. +1)+ (a, b) 6-70. +10 .)30 7)580 (9: +10 50)20:;. 9<=0+-70 +1)' (x∗, y∗), )'2 --$ .+-485)+0. +1)+ (a, b) 6-70. ) <0++0: 9<=0+-70 7)580 (9: +10 (9559>0:" &' +1-. ).0, +10:0 -. '9:0).9' +1)+ 45)?0:. 4:0(0: (x∗, y∗) +9 (a, b)" 2@10 :03)-'-'6 A80.+-9' -. >10:0 +9 /'2 +10 BCDD .958+-9'" E0 .+82? 19> +9 59)5-F0 +10BCDD .958+-9' -' +10 )23-..-<50 .0+" G.-'6 .930 :0.85+. 4:0.0'+02 -' HB):2 IJJ#℄, >0 .19> -' +10'0L+ +109:03 +1)+ +10 .958+-9' 70:+0L (x∗, y∗) 9( R -. )5.9 )' 0L+:030 49-'+ 9( Ω""#$%&$' ()()()  <0. "#$%&'#( (x∗, y∗) #/ *+,, #%4" )& )( .=&4.6. 3#'(& #/ Ω;+&%%, % C0+ (x1, y1),""", (xr, yr) <0 +10 2-.+-'+ 0L+:030 49-'+. 9( Ω"M-'0 )'? 49-'+ -' Ω )' <0 >:-++0' ). ) 9'70L 93<-')+-9' 9( +10.0 70:+-0., 50+ (x∗, y∗) =

Σi=r
i=1λi(x

i, yi), >10:0 Σi=r
i=1λi = 1, λi ≥ 0, i = 1, ..., r )'2 r ≤ r" E0 >-55 4:970 +1)+ r = 1"@9 .00 +1-., 50+ 8. >:-+0 +10 9'.+:)-'+. 9(  BCDD$ )+ (x∗, y∗) -' +10-: 4-00>-.0 5-'0): (9:3 !"!"N$" @1-. 6-70.% T (x∗)− d2y∗ = 0, >1-1 -345-0. +1)+ T (Σiλix

i)− d2(Σiλiy
i) = 0"E-+1 +10 9'70L-+? 9( T (x), >0 20280 +1)+ Σiλi(T (xi)− d2y

i) ≥ 0.B8+, <? 20/'-+-9', T (xi) = miny∈Ω(xi)d2y, .9 +1)+ T (xi) ≤ d2y
i ∀i "@10:0(9:0, T (xi)− d2y

i ≤ 0 ∀i; i = 1, ..., r" O9+-'6 +1)+ λi > 0 ∀i; i = 1, ..., r, 0A8)5-+? 38.+1952 9: 05.0 ) 9'+:)2-+-9' >9852 :0.85+"P9'.0A80'+5?, T (xi) − d2y
i = 0, ∀i" @1-. -345-0. +1)+ (xi, yi) ∈ R, i = 1, ..., r, )'2 +1)+

(x∗, y∗) )' <0 >:-++0' ). ) 9'70L 93<-')+-9' 9( 49-'+. -' R" B0)8.0 (x∗, y∗) -. )' 0L+:03049-'+ 9( R, ) 9'+:)2-+-9' :0.85+. 8'50.. r = 1" 2>.6)4? !"!"I; % &+ )' <0 .00' (:93 +10 4:99( 9( +109:03 !"!"! +1)+ )'? 70:+0L 9( R -. )5.9 )'0L+:030 49-'+ 9( Ω" @1-. )559>. 8. +9 .)? +1)+ )'? 0L+:030 49-'+ 9( R -. )' 0L+:030 49-'+ 9(
Ω" &' )22-+-9', +1-. .0+-9' )559>. 8. +9 .)? +1)+ +10 .958+-9' 9( +10 BCDD 5-0. )+ ) 70:+0L 9(
Ω = {(x, y)/A1x + B1y ≤ b1, A2x + B2y ≤ b2, x ∈ X, y ∈ Y }" !"#% &"#'#%( )*+,-+.)/01 2/%3#3



min
x∈X

{cx/Ax = b}3 4/,1, b ≥ 0!E/,1, c = (c1, c2, ..., cn) '% + 104 6,&013 A = (aij) + n × m 2+&1'83 x = (x1, x2, ..., xn) +.-
b = (b1, b2, ..., bm) +1, 0*)2. 6,&01%! E, +%%)2, &/+& &/, *'.,+1 (1071+22'.7 (10A*,2 '% 1,+*'%J+A*,3 &/+& ,6,15 ,8&1,2, (0'.& K%0*)&'0.L '% .0.-,7,.,1+&,3 +.- &/+& 4, +1, 7'6,. + A+%' ,8&1,2,(0'.&!I/, *'.,+1 (1071+22'.7 (10A*,2 +. A, 1,:012)*+&,- +% :0**04%#M'.{z = cx/x1P1 + x2P2 + ... + xnPn = P0, x ≥ 0}!E/,1, Pj :01 j = 1, 2, ..., n '% &/, jth 0*)2. 0: A +.- P0 = b!E, %)((0%, &/+& + A+%' ,8&1,2, (0'.& K%0*)&'0.L '% 7'6,.3 %+5 x0 = (x10, x20, ..., xm0) +.- *,&&/, +%%0'+&,- %,& 0: *'.,+1*5 '.-,(,.-,.& 6,&01% A, {P1, P2, ..., Pm} . E, &/,. /+6,

x10P1 + x20P2 + ... + xm0Pm = P0 K ! !NL
x10c1 + x20c2 + ... + xm0cm = z0 K ! !OPL4/,1, +** xi0 > 03 &/, ci +1, &/, 0%& 0,Q',.&% 0: &/, 0AH,&'6, :).&'0. +.- z0 '% &/, 011,%(0.-'.76+*), 0: &/, 0AH,&'6, :).&'0. :01 &/, 7'6,. %0*)&'0.! >'., &/, %,& {P1, P2, ..., Pm} '% *'.,+1*5'.-,(,.-,.& +.- &/)% :012% + A+%'%3 4, +. ,8(1,%% +.5 6,&01 :102 &/, %,& {P1, P2, ..., Pn} '.&,12% 0: P1, P2, ..., Pm! <,& Pj A, 7'6,. A5
x1jP1 + x2jP2 + ... + xmjPm = Pj, j = 1, ..., n K ! !OOL+.- -,9.,
x1jc1 + x2jc2 + ... + xmjcm = zj , j = 1, ..., n K ! !O"L !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !"#" ci $#" %!" '(% '")*"+%( '##"(,'+-*+. %' %!" Pi/0" %!"+ !$1" %!" 2'33' *+. #"(43%5"#$%&$' ()()*)  ! !"# j$ %&' ")*+%+") zj − cj < 0 &",*-$ %&') . -'% "! '/%#'0' 1"+)%- 2-",3%+")-4.) 5' ")-%#3%'* -3& %&.%$ z > z0 !"# .)6 0'05'# "! %&' -'%$ 7&'#' %&' 311'# 5"3)* "! z +-'+%&'# 8)+%' "# +)8)+%' 2z +- %&' 9.,3' "! %&' "5:'%+9' !3)%+") !"# . 1.#%+3,.# 0'05'# "! %&' -'%"! .*0+--+5,' 1"+)%- 2-",3%+")-4;+&%%, 5 643%*,37*+. (3.3.11) 87 ('9" +498"# θ $+- (48%#$%*+. 2#'9 (3.3.9): $+- (*9*3$#37943%*,37*+. (3.3.12) 87 %!" ($9" θ $+- (48%#$%*+. 2#'9 (3.3.10): 2'# j = 1, 2, ..., n:  " ."%
(x10 − θx1,j)P1 + (x20 − θx2,j)P2 + ... + (xm0 − θxm,j)Pm + θPj = P0 ;</</=<>
(x10 − θx1,j)c1 + (x20 − θx2,j)c2 + ... + (xm0 − θxm,j)cm + θcj = z0 − θ(zj − cj) ;</</=?> !"#" θcj !$( 8""+ $--"- %' 8'%! (*-"( '2 (3.3.14)/ @2 $33 %!" '")*"+%( '2 %!" 1"%'#(

P1, P2, ..., Pm, Pj *+ (3.3.13) $#" +'+ +".$%*1": %!"+  " !$1" -"%"#9*+"- $ +" $-9*((*83" ,'*+%;('34%*'+>  !'(" 1$34" '2 %!" '8A"%*1" 24+%*'+ *(: 87 ;</</=?>: z = z0 − θ(zj − cj)/ B*+" %!"1$#*$83"( x10, x20, ..., xm0 *+ (3.3.13) $#" $33 ,'(*%*1": *% *( 3"$#: 2#'9 %!" ,#"1*'4( #"(43%: %!$% %!"#"*( $ 1$34" '2 θ > 0 ;"*%!"# C+*%" '# *+C+*%"> 2'#  !*! %!" '")*"+%( '2 %!" 1"%'#( *+ (3.3.13)#"9$*+ ,'(*%*1"/ D#'9 %!" $((49,%*'+ %!$%: 2'# $ CE"- j: zj − cj < 0: '+" !$1"5
θ(zj − cj) < 0 ⇒ z = z0 − θ(zj − cj) > z0 2'# θ > 0.@% $+ 8" (""+ %!$% *+ "*%!"# "1"+%: $ +" $-9*((*83" ,'*+% ;('34%*'+> $+ 8" '8%$*+"-  *%!%!" 1$34" '2 %!" '8A"%*1" 24+%*'+ .#"$%"# %!$+ %!" 1$34" '2 %!" '8A"%*1" 24+%*'+ '2 %!" ,#"1*'4($-9*((*83" ('34%*'+/ 2F' : 3"% 4( (4,,'(" .*1"+ $ (*9,3"E %$83"$4 G0*+(%'+ =HH?: D'%(' I4337 JKK=℄



 !"#$#" %&'!(!)*'!%+  !  !" #$& $'()($*# +),!* !-./'0 .1# *&#  !"! # $%&!' $#() *! 2'( *&# !""#1+!'()'3 +),!*-)'#4  !" #$& $'()($*# +),!* !-./' 50 -#* pj 6# *&# +"!(.* !7 )*1 +),!* #-#/#'* 68 )*1 !#9)#'*)' *&# !65#*),# 7.'*)!'4 :&# 1#-#*#( +),!* 6#-!'31 *! *&# +),!* !-./' ;)*& *&# 1/$--#1* pjΩ )1 "#3.-$"0 )* &$1 $ 2')*# './6#" !7 #@*"#/# +!)'*1N1! *&# $-3!")*&/ )1 6!.'( *! *#"/)'$*# )' $ 2')*# './6#" !7 1*#+14 89:'.90()- /.' 0-50()6 (/ 2 02:,-29 +'.;(4-5 2 <=&& 5.,90(.)A# 2"1* +"#1#'* $ 7.'*)!' $--#( /#"&!'"&),&0 ;&)& *#1*1 )7 *&# #@*"#/# 1!-.*)!' !""#1+!'(E)'3 *! $ 3),#' 1)/+-#@ *$6-#$. )1 *&# 1!-.*)!' !7 *&# =>??4A# !'1)(#" : $1 *&# .""#'* 1)/+-#@ *$6-#$. $'( *&# '!*$*)!'1 3),#' )' *&# +"#,)!.1 1#*)!'14 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !"#$%&'( )* +"#$%&()*&(+,(-./01/02/03/04536789
•:(+; ! -8&)()<=)><()*&5? Z ← ∅

• :(+; @? ,%-. &'/ 0/& V #1 2.32/-& &25!/267 &# T 8'%' 9$#:%./0 &'/ 02(/ #53/&%:/ :2!6/20 T *  .. T &# &'/ 0/& V *
•:(+; /? ;2</ 2- /!/(/-& =02> T ? 1$#( V @ 0699$/00 %& 1$#( V.

•:(+; A? A/& (x∗, y∗) 5/ &'/ 0#!6&%#- $/2. #- &'/ 0%(9!/7 &25!/26 T B,%-. &'/ 0#!6&%#- y #1 9$#5!/( (PB3)C1 y = y∗ &'/- Z ← T /!0/ %1 V 6= ∅i−1 (i ≥ 2)@ &'/ &25!/26 ; %0 &/0&/. 2-. .#/0 -#& 9$#:%./ 2 1/20%5!/ 0#!6&%#-1#$ &'/ FAGG@ &'/ -/8 &25!/26 &'2& '20 &# 5/ #-0%./$/. 2& %&/$2&%#- ii + 1)*;J &'/ &25!/26 &/0&/. 2& &'/ 9$//.%-" %&/$2&%#- (i− 1)*;+J &'/ &25!/26 1$#( 8'/$/ ; 820 ./$%:/. 21&/$ 2 9%:#& #9/$2&%#- !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! !"#$%&'( )* +"#$!% $&'% (℄*+,-/01--23/45624, #7% #8% 8!' '9:;<=
• >/2?!@  ,,!-  !"#$ #. &/0!1/2 3 &# #0&/%. &'1 &/0!1/2 3+ /45/1.& &# 3 7%&' &'1 8(/!!18&%.$1/81 %. &'1 9/!21 #: &'1 #051&%91 :2.&%#.*
• >/2?&@  ,,!-  !"#% #. &/0!1/2 3; &# #0&/%. /!! &'1 /45/1.& &/0!1/2< &# 3;* =1!1&1 3 :$#(&'1 #0&/%.14 81&* >#$ 1/' #: &'181 &/0!1/2< ?!1& 3)@A ,2& &'1 #2,!1 ?3)A3;@ %. &'1 81& B*
• >/2?A@ C2& &'1 ,/%$8 ?3+A3@A /!! &'1 ,/%$8 #: &/0!1/2< #: &'1 81& K −K ∩ V A /.4 1!1(1.&8 #:D %. &'1 81& E*
•

min f1(x, y) = c1x + d1y

A1x + B1y ≤ b1

A2x + B2y ≤ b2

x ∈ X, y ∈ Y >/2? L&@ L81 &!')*+')#,) &# '1M %: T0 ,$#9%418 &'1 8#!2&%#. #: &'1 NOCC* !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! ! "# "$ #%& ($&) #%&* +, #, $#&- ./ "#$% &'( 0$&  !"# $ #, 1*2 (33 #%& (24(&*# #(53&(67 T1 #, T0 8"#% #%& $9(33&$# "*:&($&"* #%& ;(36& ,! #%& ,54&#";& !6*#",*/ "#$% &)( 0$"*+ %!&()*&(#+( ) "! #%&:& "$ T1 #%(# +";&$ #%& $,36#",* ,! #%& <=>>) #%&* +,#, $#&- .) &3$& ,*#"*6& #, $#&- ?/ "#$% * +,-,#,./,0.#,1-2( V ← ∅) T ← T1) T1← T0/ "#$% !( @"#% A) B) B? 6$& %!&()*&&#,(-."#-! #, 1*2 #%& ,6-3& (Z1, Z2) (*2 C / 0-2(#&B) B? (*2 A ($ !,33,8$D V ← J ) T ← Z1 , T1← Z2/ "#$% '( 0$& %!&()*&(#+( #, %&E "! B -:,;"2&$ #%& $,36#",* ,! #%& <=>>/ ! "# "$ *,# #%& ($&) +, #, $#&- F/ "#$% )( =&# (x∗, y∗) 5& #%& $,36#",* :&(2 ,* #%& #(53&(6 B/ G"*2 #%& ,-#"9(3 $,36#",* ,!#%& !,33,8"*+ -:,53&9 (PB4)D
min{d2y/(x, y) ∈ Ω, c1x + d1y = c1x ∗+d1y∗} "#$% 3(  ! #%& ,-#"9(3 ;(36& ,! #%& -:,53&9 (PB3) ,5#("*&2 (# $#&- H "$ 3&$$ #%(* #%&,-#"9(3 ;(36& ,! #%& -:,53&9 (PB4) ,5#("*&2 "* $#&- .) #%&* #%& $,36#",* ,! #%& -:,53&92,&$ *,# &7"$#) $#,-/ I3$&) #%& $,36#",* ,! #%& -:,53&9 "$ (x∗, y∗x)-&1 (3# .*!&1&#++ *% (3# "#-1#2 %!&()*&7 (3# -"8*2)(35 (#25)&-(#+ ,)(3 (3# 8"*.-" *6()5!5 *% (3# !"#% &"#'#%( )*+,-+.)/01 2/%3#3



℄7
min x + 3y

1 ≤ x ≤ 6

min−y

x + y ≤ 8

− x− 4y ≤ −8

x + 2y ≤ 13

− y ≤ 0

− x ≤ 0I* (#6(#.#/*. '4( 6('3%#+ 9:; 2< $/0 9:; J< ). *"# ,'%%'>)/& %)/#$( 6('&($++)/& 6('3%#+ 
min x + 3y

1 ≤ x ≤ 6

x + y ≤ 8

− x− 4y ≤ −8

x + 2y ≤ 13

− y ≤ 0

− x ≤ 0!"# 3#.* D/'>/ .'%4*)'/ ). 9J@K<7'( )(*+ ,$!"# '6*)+$% .)+6%#5 *$3%#$4 T0 '((#.6'/0)/& *' 6('3%#+ 9:;2< ).  !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !
−6.25 0. 0. 0. 0.25 0. 0.75 0.

1. 1. 0. 0. −1. 0. 0. 0.

5. 0. 0. 1. 1. 0. 0. 0

5.25 0. 0. 0. 0.75 1. 0.25 0.

8.5 0. 0. 0. 0.5 0. 0.5 1.

1.75 0. 1. 0. 0.25 0. −0.25 0 ! "!#$ %&'()*!,-*!#.!  !"# $!%$ T0 &"' ("$ )*"+,&' $!'  "-.$,"( "/ $!' 01223 ! "!#$ %/'0)1# & %--"# $" !%+' % $%4-'%. %&5%'($ $" T0 #,$! $!'  7%--' $ ,(*'% ' ,( $!' +%-.' "/ $!'"45'$,+' /.($,"(8 $!' /"--"#,(9 $%4-'%. T1:
−7.5 0. 0. −0.25 0. 0. 0.75 0.

6. 1. 0. 1. 0. 0. 0. 0.

5. 0. 0. 1. 1. 0. 0. 0.

1.5 0. 0. −0.75 0. 1. 0.25 0

6. 0. 0. −0.5 0. 0. 0.5 1.

0.5 0. 1. −0.25 0. 0. −0.25 0 ! .!#$ %2'()*!,-*!#.!  !"# $!%$ T1 &"' ("$ )*"+,&' $!'  "-.$,"( "/ $!' 01223 ! .!#$ 3'; , ,(,$,%-,<'& % %( '7)$=  '$8 T ← T1 , T1← T03 ! .!#$ &'#,$! ;8 >8 >? ()*!,-**#4!561#5) 9,+' $!' &,@'*'($ $%4-'%.A B?8 BC %(& $!'  '$ D3 >8 >? %(&; %*' .)&%$'&3>!' ('# $%4-'%. > $" 4' "( ,&'*'& , :
−12. 0. 0. 2. 0. −3. 0. 0.

6. 1. 0. 1. 0. 0. 0. 0.

5. 0. 0. 1. 1. 0. 0. 0.

6. 0. 0. −3. 0. 4. 1. 0.

3. 0. 0. 1. 0. −2. 0. 1.

2. 0. 1. −1. 0. 1. 0. 0.>!' $%4-'%. >? /*"7 #!'*' > #% &'*,+'& , 9,+'( 4=: !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !
−7.5 0. 0. −0.25 0. 0. 0.75 0.

6. 1. 0. 1. 0. 0. 0. 0.

5. 0. 0. 1. 1. 0. 0. 0.

1.5 0. 0. −0.75 0. 1. 0.25 0

6. 0. 0. −0.5 0. 0. 0.5 1.

0.5 0. 1. −0.25 0. 0. −0.25 0 !" #$% &%# '( )'#%!#*+, +!"*"+#%& ('. #$% !%/# *#%.+#*'! *& 0*1%! 234
V = {(K1, K2)}5$%.% #$% +!"*"+#% #+2,%+6 78 ('. #$% !%/# *#%.+#*'! *& 4

−19. 0. 0. 0. −0.5 0. 0. −1.5

1. 1. 0. 0. −1. 0. 0. 0..

5. 0. 0. 1. 1. 0. 0. 0..

1. 0. 0. 0. 0.5 1. 0. −0.5

17. 0. 0. 0. 1. 0. 1. 2..

6. 0. 1. 0. 0.5 0. 0. 0.5 !" #$% #+2,%+6 K2 (.'9 5$%.% K1 5+& "%.*1%" *& 0*1%! 234
−6.25 0. 0. 0. 0.25 0. 0.75 0.

1. 1. 0. 0. −1. 0. 0. 0.

5. 0. 0. 1. 1. 0. 0. 0.

5.25 0. 0. 0. 0.75 1. 0.25 0.

8.5 0. 0. 0. 0.5 0. 0.5 1.

1.75 0. 1. 0. 0.25 0. −0.25 0. ! "!#$ %&'()!+,)!#"! &$'5& #$+# T ).'1*"%& + (%+&*2,% &',6#*'! '( #$% :;<<=>$%! #$% +,0'.*#$9 0'%& #' &#%) ? ! "!#$ -&
(x∗, y∗) = (6, 2) *& #$% &',6#*'! .%+" '! #$% &*9),%/ #+2,%+6 T = >$% ')#*9+, &',6#*'! '( #$%(',,'5*!0 ).'2,%9 (PB4)4

min{−y/(x, y) ∈ Ω, x + 3y = 12}*& (0, 4) +!" #$% ')#*9+, 1+,6% *& @?= >$%! #$% +,0'.*#$9 9'1%& #' &#%) A= ! "!#$ .& !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+    !" #$%&'() *()+" #, %!" $-#.)"' (PB3) #.%(&/"0 (% 1%"$ 2 &1 34 5!&! &1 7-"(%"- %!(/ 89: %!"1#)+%&#/ #, %!" $-#.)"' (PB4) #.%(&/"0 (% 1%"$ 9;  !" ()7#-&%!' %!"/ 1%#$1 (/0 %!" 1#)+%&#/ #,%!" $-#.)"' &1 (x∗, y∗) = (6, 2);!"!"#"! $%'(()*%)++ ', +'-) ()+./*+ 0% *1) /0*)(2*.()<"-": 5" 5&)) =+1% $-"1"/% %!" $-#.)"' (/0 %!" 1&'$)"> %(.)"(+ $-#*&0"0 .? #+- ()7#-&%!';3456789 :; @"% +1 #/1&0"- %!" ,#))#5&/7 $-#.)"' %(A"/ ,-#' !($%"- B #, CD(-0 3EEF℄;
min x− 4y

min y

− x− y ≤ −3

− 2x + y ≤ 0

2x + y ≤ 12

− 3x + 2y ≤ −4

− y ≤ 0

− x ≤ 0 !" 1#)+%&#/ $-#*&0"0 &1 (4 , 4); D+% ( 1&'$)" !"A 1!#51 %!(% %!&1 1#)+%&#/ &1 /#% ,"(1&.)" ,#-%!" .&)"*") )&/"(- $-#7-(''&/7 $-#.)"'; H/ ,(% ,#- x = 4: y = 4 &1 /#% %!" #$%&'() 1#)+%&#/ #, %!",#))#5&/7 ,#))#5"- $-#.)"'I
min y

− y ≤ 1

y ≤ 8

y ≤ 4

2y ≤ 8

− y ≤ 0 !" ,#))#5&/7 %(.)"(+ &1 $-#*&0"0 .? #+- ()7#-&%!'I
2. 0. 0. −2. 0. 0. 1.

7. 0. 0. 1.4 0. 1. 0.2

3. 0. 0. −0.2 1. 0. −0.6

2. 1. 0. −0.4 0. 0. −0.2

1. 0. 1. −0.6 0. 0. 0.2 !" 7)#.() #$%&'() 1#)+%&#/ &1 %!"/ x = 2 (/0 y = 1; H% 7&*"1 (1 #+%"- #.="%&*" ,+/%&#/ *()+" −2(/0 &//"- #.="%&*" ,+/%&#/ *()+" 1; !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  !"#$%&'( )*  !" #$ &'$()!* "+! ,&--&.('/ 0*&1-!23 "45!' ,*&2 674*) 899:℄ 4') #$!) ('6<+(2(=# !" 4-> 899?℄>
min x1 + 10y1 − y2

min−y1 − y2

− y1 ≤ 0

− y2 ≤ 0

− x ≤ 0

x1 − y1 ≤ 1

x1 + y2 ≤ 1

y1 + y2 ≤ 1@+! $&-#"(&' 0*&A()!) (' "+!$! 040!*$ ($ (1 , 0 , 0)> 7#" 4 $(20-! +!5 $+&.$ "+4" "+($ $&-#"(&'($ '&" ,!4$(1-! ,&* "+! 1(-!A!- -('!4* 0*&/*422('/ 0*&1-!2> B' ,4"3 ,&* x = 13 "+! *!$&-#"(&' &, "+!,&--&.!* 0*&1-!2 0*&A()!) "+! ,&--&.('/ &0"(24- $(20-!C "41-!4#D
1 0. 0. 0. 0. 1

1. 0. 1 1 0 1.

0 0 1 0. 1 0

1. 1 1. 0 0. 1@+! &0"(24- $&-#"(&' ,&* "+! ,&--&.!* .+!' x = 1 ($ "+!' (1, 0) 4') '&" (0, 0) 4$ $#//!$"!)> @+!$&-A('/ &, "+! &0"(2($"( ,&*2#-4"(&' &, 0*&1-!2 E 0*&A()! (0, 0, 1) 4$ 4 /-&14- &0"(24- $&-#"(&'> !" #$$%&()&*+, *- .&%/0/% $1*21(33&+2 *$)&3&4()&*+5 $1*6)/)&+2 +()&*+(% &+&)&()&0/ &+ )7/ *+)/8) *- 2%*.(%&4()&*+@+! ,&--&.('/ $!"(&' (--#$"*4"!$ 4' 400-(4"(&' &, "+! 1(-!A!- 0*&/*42$ "+4" .! +4A! ,&*2#-4"!)6F(!#2! 4') G&"$& H!!21!* EIIJ℄> K&*! !C420-!$ &, 1(-!A!- &0"(2(=4"(&' 400-(4"(&'$ 4' 1!,&#') (' 674*) !" 4-> EIII3 74*) 899:3 H!20! EIIE℄> !"!# $%&'('*+, +-'*&+-. *+*'*-'*/(L'! ,#')42!'"4- 0*&1-!2 ,&* 4 $"4"! ($ +&. "& *!&'(-! "+! '!!$$4*M -(1!*4- !&'&2( (20!*4N"(A!$ .("+ "+! .&**M &, &'$&-()4"('/ &* !A!' *!(',&*('/ 4$ 2#+ 4$ 0&$$(1-! '4"(&'4- !&'&2( !"#% &"#'#%( )*+,-+.)/01 2/%3#3



x1 *!6 x2 = "( D5*!"%"; $#165 6 =; *++ !1! +1*+  !" #$#%& & *!6 +1*+  !" #$#%& & # E&$ "%7 +;. F (%-( # $#165"%7%"; 1, !1! +1*+  !" #$#%& & %2$+% & * +1' # $#165"%7%"; 1, +1*+ !" #$#%& &< "(%& %& 65 "1 "( ,*" "(*" $#165"& 1, !1! +1*+  !" #$#%& & *# - ! #*++; = &" D5*+%";*!6 ( *$ *!6 "( ! *# 25( 6 2*!6 6 1! "( 2*#0 ". /(%& %2$+% & *! %!# *& @# &$ "%7 +;<6 # *& A 1, $#1G" 1, !1! +1*+  !" #$#%& & @# &$ "%7 +;< +1*+  !" #$#%& &A. C " pn (x1)< pl (x1, x2)6 !1" "( $#1G" 1, !1! +1*+  !" #$#%& & *!6 +1*+  !" #$#%& &< # &$ "%7 +;< 6 $ !6%!- 1! "( %## &$ "%7 $#165"%7%";  H1#" x1< *!6 x2. I # < "( $#1G" 1="*%! 6 =; +1*+  !" #$#%& & &"#1!-+;6 $ !6& 1! "(  H1#" 1, !1! +1*+  !" #$#%& & *!6 '%++ 6 # *& '%"( %!# *&%!- x1. B%"(15" +1&&1, - ! #*+%";< "( ,5!"%1!& pn (.) *!6 p1 (x1, .) *# *&&52 6 "1 = 1!*7 '%"( p1 (x1, .) 6 # *&%!-%! "( &$* 1, !1!E! -*"%7 *#-52 !"&. 9, =1"( $*#"% & "#; "1 2*>%2%J "( %# # &$ "%7 $#1G"&<"( 2*#0 " '%++ ,*++ &%! "( !1! +1*+  !" #$#%& & '%++ 2*0 2*>%252 $#165"%1! '(%( '%++612%!*" "( 2*#0 " *!6 '%++ 6 &"#1; +1*+ %!%"%*"%7 *!6 12$ "%"%1!. F& ' (*7 *&&52 6< "( :"*" (*& "( 1=+%-*"%1! "1 $#1" " !*"%1!*+ %!%"%*"%7 < =; %2$1&%!- * "*> 1! *++ $#165"& 12%!-,#12 !1! +1*+  !" #$#%& &.C " 5& *&&52 ,1# &%2$+%%"; "(*" "(%& "*> +%! *#+; 6 $ !6& 1! x1. C " r = "( "*> #*" %2$1& 6=; "( :"*" < "( $#1G" 1, !1! +1*+  !" #$#%& & '%++ = pn (x1)− rx1< *!6 "( !1! +1*+  !" #$#%& &'%++ !1' 2*>%2%J "( %# $#1G" 6 $ !6%!- 1! r. C " x1 (r) 6 !1" "( 1$"%2*+  H1#" 1, "( !1!+1*+  !" #$#%& &. C*#- # r %2$+% & &2*++ # x1 (r) 1, $#165"%7%"; 1, !1! +1*+  !" #$#%& &. /( # ,1# <"( 12$ "%"%7 ! && 1, +1*+  !" #$#%& & '%++ %!# *& '%"( %!# *&%!- r. 81!& D5 !"+;< "( 1$"%2*+ H1#" 1, +1*+  !" #$#%& & x2 (x1 (r)) *+&1 6 $ !6& 1! r./( 1=4 "%7 1, "( :"*" %& "1 6 " #2%! "( "*> #*" "(*" '%++ &*"%&,; =1"( $*#"% &. 9, "( :"*" 2 *&5# & "( &1%*+ %2$*" 1, "( *"%1! %" '*!"& "1 "*0 *!6 "( 5"%+%"; 1, =1"( -#15$& !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$#" %&'!(!)*'!%+  ! ! "#$"%&%'("( )* f (x1, x2, r)  !"#$ % '# ("%("  ) !))*" r  !' +',%+%-"* f(x1(r), x2(x1(r)), r).!"/" x1 (r)) '#( x2 (x1 (r)) '/"  !" )0 %+'1 "2)/ * )3  !" 1)'1 '#( #)# 1)'1 "# "/0/%*"* %#(4"(56 ' 7,"( 8'14" )3 r /"*0" %8"169 :# ' 8"/6 #' 4/'1 .'6$  !%* 1"'(*  ) ' 3)/+41' %)# )3 '  !/"";1"8"10/)</'++%#< 0/)51"+=
max
r≥0

f (x1, x2, r)

s.t






x1 *)18"* max
x1≥0

pn(x1)− rx1'#( x2 *)18"*  max
x2≥0

pl(x1, x2)

s.t Pl(x1, x2) ≥ 0>!%*  /%1"8"1 0/)</'+ 3)/+41' %)# '# 5"  /'#*3)/+"( %# ) ' 5%1"8"1 0/)</'+ 56 *4<<"* %#<  !'  !" ? ' " '1*) %+0)*"*  !'  !" 0/)7 <'%#"( 56  !" 1)'1 "# "/0/%*"* +4* ' 1"'* ",""( ' "/ '%#"* %+' "( 0/"*" 1"8"1 *'%($ 3)/ ",'+01"$ @min9 >!" ? ' " '#  !"# ("%("  ) )# /)1  !" A4'# % %"* !' 1)'1 "# "/0/%*"* +4* 0/)(4" Bx2C '#(  !"  ', /' " BrC9 : .%11 1"'(  ) *)18%#<  !" 3)11).%#<0/)51"+=
max
r,x2≥0

f (x1, x2, r)

s.t





pl(x1, x2) ≥ Pmin

x1 *)18"* max
x1≥0

pn(x1)− rx



 !"#$%& '()& !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $-/$"'0'" )*#$+$,(#$)-
 !" #$%&'()%+'$ !"#$%&# '()(*+! +%"#$*' #+)( +""(,-"(. "$ ('"+/!0'# + !012 /("3((1 /0*0"(*0+ $-"0,05+"0$1 +1./0!()(! $-"0,05+"0$1 67%!$- 899:; <+*. 89=>℄; 1$1( #+' '%((.(. "#%' @+* 01 -*$-$'01& $1.0A"0$1' 3#0# &%+*+1"(( "#+" "#( $-"0,+! '$!%"0$1 $@ + &0)(1 /0!()(! -*$&*+, 0' B+*("$A$-"0,+! @$*/$"# %--(* +1. !$3(* !()(! $/C("0)( @%1"0$1' D$%1"(*A(E+,-!(' 3(*( *(-$*"(. 01 6F+1.!(* +1.G$31'!(H 89=I; F!+*2( +1. J('"(*/(*& 89==; K+%*0( (" +!L 899M; N+*$""( +1. O+)+*. 8998℄PL N$*(*((1"!H; (*"+01 +%"#$*' #+)( '"+*"(. "$ '"%.H "#( -$''0/0!0"H "$ (E-!$0" ,%!"0*0"(*0+ +--*$+#('@$* '$!)01& /0!()(! -*$&*+,,01& -*$/!(,' 67%!$- 899:; <+*. 89=:/; F+,-(!$ +1. O#(0,/(*&IMMM; 7!0(&( +1. QLRLS0(1"( IMMT; K+%*0( (" +!L 899M; U)+1(12$ +1. B!H+'%1$) IMM=; N+1$(! +1.O#(0,/(*& IMMM; N+*$""( +1. O+)+*. 8998; V1!W 89=X; J(1 +1. K'% 89=9℄L Y1@$*"%1+"(!H; +-+*"@*$, "#( *(!+"0$1'#0- *(-$*"(. 01 67%!$- 899:℄ "#+" #+' /((1 %'(. 01 "#( !0"(*+"%*( "$ .()(!$- +1+!&$*0"#, @$* '$!)01& /0!()(! !01(+* -*$&*+,,01& -*$/!(,'; 1$1( $@ "#( $"#(* -*$-$'0"0$1' #+'/((1 0,-!(,(1"(. @$* '$!)01& <BB; .%( (*"+01!H "$ "#( @+"' "#+" "#( -*$-$'(. ,%!"0*0"(*0+ $-"0A,05+"0$1 -*$/!(,' 3(*( .(Z1(. /H $,-!0+"(. *(!+"0$1' 67!0(&( +1. QLRLS0(1"( IMMT; U)+1(12$+1. B!H+'%1$) IMM=℄ $* "#( -*$-$'0"0$1' 3(*( 3*$1& 6<+*. 89=:/; F+,-(!$ +1. O#(0,/(*& IMMM;K+%*0( (" +!L 899M℄L G#0' #+-"(* 01"*$.%(' $%* $1"*0/%"0$1' 01 "#0' '"%.H[ "#( %'( $@ ,%!"0*0"(*0+$-"0,05+"0$1 +--*$+#(' 3#(1 .(+!01& 30"# /0!()(! $-"0,05+"0$1 -*$/!(,' 6B0(%,( (" +!L IMM9℄℄"#+" ('"+/!0'#(' + !012 /("3((1 ,%!"0$/C("0)( !01(+* -*$&*+,,01& +1. /0!()(! !01(+* -*$&*+,,01&LJ( '#$3 "#+" 0" $%!. /( )+!0. ()(1 0@ "#( !(+.(* $/C("0)( @%1"0$1 0' 1$" !01(+*L U1 '("0$1 >L>; !"#% &"#'#%( )*+,-+.)/01 2/%3#3 -4"2#(#2%(#! 562#7#8!2#59 !66(5!/%3 #9 :#"%'%" 562#7#8!2#59 6(5:"%73



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !"# $"% &'(! )"&#""! )'%"*"% +$(,$ --'!, +$()%"-  !. -/%&'$'&"$' (+&'-'1 &'(! +$()%"- '2'!&$(./".3 4"  %2( .'2/22 &5" +$ &' % '-+%"-"!& &'(! (6 &5" !"# $"% &'(!3 75" 5 +&"$ '2 8! %%9(!%/.". '! 2"&'(! :3;3 !" #$%&'()(*'+,$-+'. (/ '0& 1+-&2&- (*'+,+3$'+(4 5(-6'+(4 !"!# $%& '()*+%,%-+./(0.+1 %2 +3* %-+./(0 4%05+.%&(!2'."$ &5" 6(%%(#'!, )'%"*"% +$(,$ --'!, +$()%"- <=>>?@
min
x∈X

F (x, y)

2/)A"& &(
G(x, y) ≤ 09 2(%*"2  miny∈Y f(x, y)

s.t

g(x, y) ≤ 0

<=>>?
#'&5 X ⊂ Rn1  !. Y ⊂ Rn2 3 75" =>> ($$"2+(!.'!, )'$'&"$' (+&'-'1 &'(! +$()%"- =B> '2."8!". )9@

min
x,y

T (x, y) = (F (x, y), f(x, y))2/)A"& &( G(x, y) ≤ 0

g(x, y) ≤ 0

<=B>?75"  .-'22')%" 2"& Ω = {(x, y) ∈ X × Y/ G(x, y) ≤ 0  !. g(x, y) ≤ 0} (6 =>> '2  %2( &5" .-'22')%" 2"& (6 =B>3C2 '%%/2&$ &". )9 &5" 6(%%(#'!, "D -+%" 6$(- EF"-+" GHHG℄J &5" (+&'- % 2(%/&'(! (6  )'%"*"%+$(,$ --'!, +$()%"- !"". !(& )" > $"&(K(+&'- % 6($ &5" ($$"2+(!.'!, )'$'&"$' (+&'-'1 &'(!+$()%"-3"#$%&'( )*+*!*
min
x∈X

x + 2y

 !"#$& &'
x ≥ 0(  ')*$  miny∈Y −y

s.t

x + y ≤ 2

x ≤ 1

y ≥ 0 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !"# X ⊂ R $%& Y ⊂
min
x∈X

x + 3y

 !"#$& &'
1 ≤ x ≤ 6(  ')*$  miny∈Y −y

s.t

x + y ≤ 8

x + 4y ≥ 8

x + 2y ≤ 13 !"# X ⊂ R $%& Y ⊂



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  !

 !"#$% &'()  !" #$%"&' ($#")"# *'+,'&--$%, *'+(#"-*$+,-%. !/ 01% *+!20 A = (1, 6)3 41!1 16/ 01% 4+$/0 *+//!,-% 7#20!+2 86-#% 7+$ 01% #**%$-%8%- +,9%0!8% 7#20!+2' !"!" #$%&'('$%) *$+ ,-+.($/$0('1-2'(3 $* (4. $0('1-2 )$25('$%:+ +#$ ;2+4-%<"%3 01%$% !/ +2-= +2% $%/#-0 !2 01% -!0%$60#$% 0160 *%$.!0/ 0+ 168% /#>!%20 +2<!0!+2/7+$ 01% +*0!.6-!0= +7 01% ,!-%8%- *$+"$6..!2" *$+,-%.' +2/!<%$ 01% 7+--+4!2" 04+ 6//#.*0!+2/)"##$%&'()* + +$ 62= ?@%< %-%.%20 x ∈ X3 R(x) = Argminy {f(x, y)/ g(x, y) ≤ 0 } 16/ +2-= +2% %-%.%20 y(x)'"##$%&'()* ,
f(x1, y1) < f(x2, y2) =⇒ F (x1, y1) < F (x2, y2) ∀(x1, y1) ∈ Ω , ∀(x2, y2) ∈ Ω-./)0/% 12,2+2  ! "##$%&'()* + "*, "##$%&'()* - "./ #"'(#0/,1 '2/* '2/ )&'(%"3 #)3$'()* (x∗, y∗))! BPP (# " 4"./')5)&'(%"3 #)3$'()* )! BOP 630))45A%0 #/ /#**+/% 01603 (x∗, y∗) !/ 2+0 62 %>!%20 /+-#0!+2 +7 BOP 3 01%2 01%$% %@!/0/ 6 *+!20 (a, b) ∈ Ω41!1 <+.!260%/ (x∗, y∗) !'% ∃(a, b) /#1 0160 F (a, b) ≤ F (x∗, y∗) (i)62< f(a, b) ≤ f(x∗, y∗) (ii) 4!01 60 -%6/0 +2% /0$!0 !2%B#6-!0=' :1%$% 6$% 04+ 6/%/)67#/ +5 (a, b) !/ 6 7%6/!,-% *+!20 +7 CDD3 01%2 7$+. 01% !2%B#6-!0= E!F 62< <#% 0+ 01% 760 0160
(x∗, y∗) !/ 62 +*0!.6- /+-#0!+2 +7 CDD3 4% 2%%//6$!-= 168% F (a, b) = F (x∗, y∗) (iii)'  $+. E!!F3 +2% !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !"# $ #% f(a, b) < f(x∗, y∗) & '(()*+$,-% . !//-0 $ #% $- 1#1)$ $ !$ F (a, b) < F (x∗, y∗)3 0 , -%$4!1,$( $ # 5!$ $ !$ (x∗, y∗) ,( !% -+$,*!/ (-/)$,-% -5 BPP & 6- (x∗, y∗) ,( !% #7,#%$ +-,%$&"#$% &' 85 (a, b) ,( %-$ ! 5#!(,9/# +-,%$ -5 :;;3 $ #% f(a, y(a)) < f(a, b)& <4-* !(()*+$,-%.3 0#  !"# $ #% F (a, y(a)) < F (a, b)& <4-* 4#/!$,-% =,> 0#  !"# $ #% F (a, y(a)) < F (x∗, y∗)-%$4!1,$,-%3 9#!)(# (x∗, y∗) ,( !% -+$,*!/ (-/)$,-% -5 :;;& 2?# !/(-  !"# $ # 5-//-0,%@ 4#()/$A()%*+%, !-&-&-  ! "##$%&'()* + "*, "##$%&'()* - "./ #"'(#0/,1 '2/* " 3"./')4)&'(%"5 &)(*'
(x∗, y∗) )! &.)65/% (BOP ) #$2 '2"' (x∗, y∗) (# !/"#(65/ !). 833 (# "* )&'(%"5 #)5$'()* )! 8339.+**/'B#$ )( ()++-(# $ !$ (x∗, y∗) ,( %-$ !% -+$,*!/ (-/)$,-% -5 BPP 3 $ #% $ #4# ,( (x, y) 5#!(,9/# 5-4:;; () $ !$ F (x, y) < F (x∗, y∗) (∗ ∗ ∗)& 6,%# (x∗, y∗) ,( ! ;!4#$-C-+$,*!/ -5 :D;3 0#  !"#
f(x∗, y∗) ≤ f(x, y)& E ,( ,*+/,#(3 1)# $- !(()*+$,-% .3 $ !$ F (x∗, y∗) < F (x, y)F 0 , -%$4!1,$($ # 4#/!$,-% (∗ ∗ ∗℄& R-%(,1#4$ # /,%#!4 !(# =:B;;> 1#S%#1 !( 5-//-0(A

minx∈X = c1x + d1y

where I solves





miny∈Y f(x, y) = c2x + d2y

s.t

A1x + B1y ≤ 085 $ # -+$,*!/ (-/)$,-% (x∗, y∗) -5 :B;; ,( %-$ ;!4#$-C-+$,*!/ 5-4 $ # -44#(+-%1,%@ 9,4,$#4,!/,%#!4 +4-@4!**,%@ +4-9/#* =:DB;>3 0# 0-)/1 /,G# $- 1#"#/-+ ! ($4!$#@I $ !$ 0-)/1 +#4*,$ $-S%1 ! ;!4#$-C-+$,*!/ +-,%$ 9#$$#4 =0,$ 4#(+#$ $- $ # $0- KL> $ !% (x∗, y∗)& B#$ )( ,%$4-1)#$ # 5-//-0,%@ $0- 4#()/$(&0%,,# !-&-1-  ! Ω:'2/ !/"#(65/ #/'; (# " )%&"' "*, )*</= #/'1 '2/* '2/ )&'(%"5 #)5$'()* (x∗, y∗))! 8>33 (# 3"./')4)&'(%"5 (! "*, )*5? (! intΩ′ = ∅9@2/./ Ω′ = {(x, y) ∈ Ω/ F (x, y) ≤ F (x∗, y∗) "*, f(x, y) ≤ f(x∗, y∗)} !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !" #$%%& '( )"$* +,-.$,/0 1",.("0 '& intΩ′ 6= ∅ -!"+ ∃(x, y) ∈ Ω′ (.! -!,-
F (x, y) < F (x∗, y∗) ,+3 f(x, y) < f(x∗, y∗)0 4!'! '5#/'"( -!,- (x∗, y∗) '( +%- 6,$"-%7%#-'5,/8"#$$% &'('('  ! "#%"!& '(%!& &( minx,y(F, f) ()"* Ω′ %+ ,-+( "#%"!& &( minx,y(F, f) ()"* Ω.)*++,-9"- (a, b) ∈ Ω′ 1" ,+ ":'"+- #%'+- -% minx,y(F, f) %)"$ Ω′ ,+3 (.##%(" -!,- (a, b) '( +%- ,+":'"+- #%'+- -% minx,y(F, f) %)"$ Ω8  !"+ -!"$" ";'(-( , #%'+- (x′, y′) ∈ Ω (.! -!,- F (x′, y′) ≤

F (a, b) ,+3 f(x′, y′) ≤ f(a, b) (i) ,- /",(- %+" '+"<.,/'-*8 ='+" (a, b) ∈ Ω′0 4" !,)" -!"+
F (x′, y′) ≤ F (x∗, y∗) ,+3 f(x′, y′) ≤ f(x∗, y∗) (ii)8 >* -!" 3"?+'-'%+ %& Ω′ '- &%//%4( &$%5 (ii) -!,-
(x′, y′) ∈ Ω′8 @$%5 A'B0 '- &%//%4( -!,- -!" "/"5"+- (x′, y′) %& Ω′ 3%5'+,-"( (a, b)8  !'( %+-$,3'-(-!" &,- -!,- (a, b) '( ,+ ":'"+- #%'+- -% minx,y(F, f) %)"$ Ω′ 8 29"- .( (.##%(" -!,- ,&-"$ !,)'+C &%.+3 -!,- -!" %#-'5,/ (%/.-'%+ %& >966 '( +%- 6,$"-%7%#-'5,/0 -!" -4% DE 3"'3" -% 5,F" ,+ ,C$""5"+- -% ,3G.(- -!"'$ 3"'('%+ #%/''"( 1* $"#/,'+C-!" %+(-$,'+- ("- Ω 1* Ω′ ,+3 #$"("$)'+C -!" !'"$,$!',/ !,$,-"$'(-'(8  !" #$%1/"5 -% (%/)"4'// 1" -!"+ -!" &%//%4'+C 1'/")"/ /'+",$ #$%C$,55'+C #$%1/"5 A>966HBI

minx∈X = c1x + d1y

where * solves





miny∈Y f(x, y) = c2x + d2y

s.t

(x, y) ∈ Ω′J!"$" Ω′ = {(x, y) ∈ Ω/; /F (x, y) ≤ F (x∗, y∗) ,+3 f(x, y) ≤ f(x∗, y∗)} !" &%//%4'+C $"(./- !%/3(8./#+*#$ &'('0' /0" ('&%1,- +(-2&%(!3 (xf , yf)3 (4 1%!%1%5%!6 f ()"* Ω′ %+ ,! ('&%1,- +(-2&%(!(4 BLPP ′.)*++,-9"- (xf , yf) 1" -!" %#-'5,/ (%/.-'%+ %& 5'+'5'K'+C f %)"$ Ω′ A'B8 9"- .( (.##%(" -!,- (xf , yf) '( +%-,+ %#-'5,/ (%/.-'%+ %& BLPP ′ A''B8  !"+ A'B '5#/'"( -!,- (xf , yf) '( , &",('1/" #%'+- -% >966H8 A''B'5#/'"( -!,-0 -!"$" '( ,+%-!"$ &",('1/" #%'+- (a, b) %& >966H 4!'! C')" 1"--"$ ),/." -% -!" /",3"$-!,+ (xf , yf)8  !'( '5#/'"( -!,- F (a, b) < F (xf , yf)8  !"+ (a, b) '( , &",('1/" #%'+- %& >9668  !'(%+-$,3'-( -!" &,- -!,- (x∗, y∗) '( -!" %#-'5,/ (%/.-'%+ %& >9660 ('+" F (a, b) < F (xf , yf) ≤

F (x∗, y∗)8 L- &%//%4( -!,- (xf , yf) '( ,+ %#-'5,/ (%/.-'%+ -% >966H8 2 !" &%//%4'+C $"(./- ,+ 1" +,-.$,//* 3"3.-"38"#$$% &'('0' /0" ('&%1,- +(-2&%(! (xf , yf) (4 BLPP ′ 7&0" (!" 80%0 %+ &0" ('&%1,- +(-2&%(! (41%!%1%5%!6 f ()"* Ω′93 %+ , :,*"&(;('&%1,- +(-2&%(! (4 minx,y(F, f) ()"* Ω . !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !"#$%  !"!#& $%& '(&&*+,- (&./01. ./--&.1 1%21 231&( .405+,- 1%& 0+,&2( 6+0&5&0 '(4-(277+,-'(460&7 89:;;<= 2,* 231&( 1%& ,4, ;2(&14>4'1+720+1? 43 1%& 4'1+720 .40/1+4, +*&,1+@&*= +1 ./A&.81%& .+7'0& B2?< 14 (&12+, 1%& 4'1+720 .40/1+4, 43 7+,+7+C+,- f 45&( Ω′ 2. 2, &A+&,1 .40/1+4,43 9:;;! D, 1%& 2.& 43 /,+E/&,&.. 43 1%& 4'1+720 .40/1+4, 2,* 3(47 1%& *&@,+1+4, 43 Ω′= 1%+..40/1+4, B+00 6& 20B2?. 6&11&( 1%2, 1%& 4'1+720 4'1+720 .40/1+4,= 43 9:;;! D, 321F D3 1%& 1%&4'1+720 .40/1+4, 43 7+,+7+C+,- f 45&( Ω′ +. /,+E/&= 4,& %2.
F (xf , yf) ≤ F (x∗, y∗) 2,* f(xf , yf) < f(x∗, y∗) =⇒ F (xf , yf) + f(xf , yf) < F (x∗, y∗) + f(x∗, y∗)G0.&= 4,& %2.
F (xf , yf) ≤ F (x∗, y∗) 2,* f(xf , yf) ≤ f(x∗, y∗) =⇒ F (xf , yf) + f(xf , yf) ≤ F (x∗, y∗) + f(x∗, y∗) !" # $%&%'()*+(,*-& -. ,/% 01)-2 (22'-(/D,HI/04' #JJK℄= 1%& 2/1%4( .%4B. 1%21= 1%&(& &M+.1 2, &E/+520&,& 6&1B&&, 0+,&2( 6+0&5&0 '(4-(27>7+,- 2,* 0+,&2( 4'1+7+C21+4, 45&( 1%& &A+&,1 .&1! N& .%4B +, 1%+. .&1+4, 1%21= /,*&( &(12+,4,*+1+4,.= 1%& .27& (&021+4, (&72+,. 520+* 34( .47& '2(1+/02(. ,4, 0+,&2( '(460&7.! $%& 34004B+,-02.. 43 9;; 8200 9;;O< +. 4,.+*&(&*F

min
x∈X

{F (x, y)/ G(x) ≤ 0 2,* y ∈ R(x) }B%&(&
R(x) = Argminy∈Y

{
cty/ g(x, y) ≤ 0

}B+1% c ∈ Rny = g = (g1, g2, ..., gq) 2,* gi : Rnx+ny −→ R 2(& 4,1+,/4/. 3/,1+4,.! :&1 K =

R
nx+ny

+ \ {0}! P&@,& 2 3/,1+4, T 6?F T (z) = Cz ∀z ∈ Ω B+1%
C =




0 c

−I 0

et 0


B%&(& e +. 2 5&14( %25+,- &2% &,1(? &E/20. 14 1= I +. 2, nx 6? nx +*&,1+1? 721(+M!:&1 /. *&,41& Y = T (Ω)! N& ./''4.& 1%21= 34( 2,? @M&* &0&7&,1 x ∈ X= 1%& .&1 {(x, y) ∈

Ω/ g(x, y) ≤ 0 } +. 64/,*&*! N& %25& 1%& 34004B+,- (&./01!"#$%&$' ()*)+) z ∈ Ω '( )!#('*+! ),$ BPP ′ ') #-. ,-+/ ') T (z) ∈ ND(Y, -K),&%%-.
=⇒ Q/''4.& 1%21 z = (x0, y0) +. 3&2.+60& 34( 9;;O 6/1 1%21 T (z) +. ,41 +, ND(Y, -K)! $%&, 1%&(& !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-    !"# $% & '()*# z1 ∈ Ω "!, #,&# T (z1) -K T (z)- .,),  %&*" #,&#/ T (z) − T (z1) ∈ K- #,)") '0)%" #,&# Cz−Cz1 ∈ K1 23( #,% 4%5*)#)(* (6 K- .% ,&7% #,%* Cz−Cz1 ≥ 0 &*4 Cz 6= Cz11.,), )" %8!)7&0%*# #(/ Cz1 ≤ Cz &*4 Cz 6= Cz11 9")*: #,% "#3!#!3% (6 #,%  &#3); C &*4 #,% 6&##,&# z = (x0, y0) &*4 z1 = (x, y)- .% ($#&)*/



0 c

−I 0

et 0




(
x

y

)
=




cy

−x

eT x


 ≤




0 c

−I 0

et 0




(
x0

y0

)
=




cy0

−x0

etx0


&*4 #,%*




cy

−x

etx


 6=




cy0

−x0

etx0


<,)" ) '0)%" #,&#/ x−x0 ≥ 0 &*4 et(x−x0) ≤ 0 .,),  %&*" #,&# x = x0 &*4 &0"( #,&# etx = etx01=)*% Cz 6= Cz1- )# 6(00(." #,&# cy < cy0- (*#3&4)#)*: #,% 6&# #,&# y0 ∈ R(x0)1

⇐=>% "!''("% #,&# #,%3% )" & '()*# z = (x0, y0) ∈ Ω .)#, T (z) ∈ ND(Y, -K) #,&# )" *(# 6%&")$0%6(3 ?@@1 <,%*- #,% 6&# #,&# z = (x0, y0) )" *(# 6%&")$0% 6(3 ?@@A ) '0)%" #,&# y0 4(%" *(# "(07%
miny {cy/ g(x0, y) ≤ 0 }1 <,!"- #,%3% %;)"#" y 6= y0 B!")*: #,% &""! '#)(*" #,&# #,% &4 )"")$0% "%#(6 #,% 6(00(.%3 )" $(!*4%4 &*4 #,&# g )" & (*#)*!(!" 6!*#)(*C "!, #,&#/
(i) y 6= y0 (ii) g(x0, y) ≤ 0 (iii) cy < cy0 &*4 (iv) cy < cy ∀y / g(x0, y) ≤ 0 >% &* #,%* "&D#,&# z∗ = (x0, y) )" 6%&")$0% 6(3 #,% ?@@A1 E%# !" 3% &3F #,&#/

Cz∗ =




0 c

−I 0

et 0




(
x0

y

)
=




cy

−x0

etx0


 &*4 Cz =




0 c

−I 0

et 0




(
x0

y0

)
=




cy0

−x0

etx0


=)*%- 63( B)7C- (*% ,&" cy < cy0-

C

(
x0

y

)
≤ C

(
x0

y0

) &*4 C

(
x0

y

)
6= C

(
x0

y0

)=( T (x0 , y) -K T (x0, y0)- .,), (*#3&4)#" #,% 6&# T (x0, y0) ∈ ND(Y, -K)1 2<,% 6(00(.)*: 3%"!0# .,), :)7%" & .&D #( 5*4 #,% ('#) &0 "(0!#)(* (6 & $)0%7%0 '3(:3&  )*:'3($0% )" & (3(00&3D (6 Theorem G1H1I1!"#"$$%#& '()(*(  !"#$%& '() *$")#)" +,!&,-..$%& +,!*"). /001 $2 )34$#-")%' '! .$%$.$5$%& '()4++), ")#)" !*6)'$#) 84%'$!% F (x, y) !#), '() 0-,)'!9!+'$.-" 2)' !,,)2+!%:$%& '! '() %!% :!.$9%-'): 2)' ND(Y, -K); !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! ! " #$%&')'&*)'+ +,,)-+. /-) 0'%*1*% -,&'#'2+&'-3 ! !" #$% &$'()*+, -$)%$$, .,+,0)&(*,$1 -*'$2$' +3)*4*5()*+, (,1 4.'6)*&*)$&*( +3)*4*5()*+, ! "#$$%"! &!'! (&)( %#' *%)+ ," (% "%+-! (&! .%++%/,0* 1,+!-!+ $'%*')22,0* $'%1+!2 3(&)( /,++ 1!)++!5 67789
minx∈Rnx { F (x, y) }

s.t miny∈R
ny { f(x, y) }:0 ;<+,!*! )05 =>?>@,!0(! ABBC℄E (&! )#(&%'" 5!F0! )0 %'5!' (&)( )$(#'!" !G)(+H (&! %$(,2)+I,(H $'%$!'(,!" %. (&! 1,+!-!+ $'%1+!2E ,0 "#& ) /)H (&)( )++ "%+#(,%0" (% (&! 677 )'! 0%0I5%2,0)(!5/,(& '!"$!( (% (&! %'5!' ,0('%5#!5> :0 %'5!' (% )&,!-! (&," *%)+E (&! .%++%/,0* %'5!' '!+)(,%0 ,"F'"( ,0('%5#!59

z1 = (x1, y1) � z2 = (x2, y2) ⇐⇒






(x1 = x2 )05 f(z1) < f(z2))%'
(‖∇yf(z1)‖ = 0 )05 F (z1) < F (z2))J05 (&! .%++%/,0* '!"#+( ," 5!',-!5>"#$$% &'&'('  ! z = (a, b) ∈ Rnx+ny "# $%$&'%("$)*+' ,"*- .+#/+* *% �1 *-+$ z #%23+# *-+ 4"2+3+2/.%42+( (BPP )5:0 %'5!' (% %2$#(! (&! "!( %. 0%0I5%2,0)(!5 $%,0("E(&! .%++%/,0* .#0(,%0 )05 0%()(,%0" )'!,0('%5#!5>=!( H 1! (&! .#0(,%0

H : Z = (x, y) −→ (x, F (x, y), f(x, y), ‖∇yf(x, y)‖)=!( K 1! (&! ,2)*! "$)! %. LE )05 5!F0! %0 M (&! %0! K 1H9
K = {(x, α, β, γ) ∈M/ (x = 0 )05 β > 0) %' (α > 0 )05 γ ≥ 0) } (a)M&!0 (&! .%++%/,0* '!"#+( ," ) "&!2! (% %2$#(! (&! "!( %. 0%0I5%2,0)(!5 $%,0(" /,(& '!"$!( (%

�>"#$$% &'&')'  ! H(z) "# $%$&'%("$)*+' ,"*- .+#/+* *% -K !%. #%(+ z ∈ Rnx × Rny 1 *-+$ z "#$%$&'%("$)*+' ,"*- .+#/+* *% �5 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  !"#$$%& ! H(z) "# $%$&'%("$)*+' ,"*- .+#/+* *% -K !%. #%(+ z = (z1, z2) ∈ Rnx × Rny 1 *-+$ *-+.+ "#$% w = (a, b) ∈ Rnx × Rny #2- *-)* H(w) '%("$)*+# H(z)3  * (+)$# *-)*1 *-+.+ "# $% w #2-*-)* H(w) -K H(z)1 ,-"- "# +42"5)6+$* *% #)7 *-)*1 *-+.+ "# $% w #2- *-)* H(z)−H(w) ∈ K (i)3
(i)⇐⇒ ∄w = (a, b)/





(x = a )$' f(z) < f(w))%.
(‖∇yf(w)‖ ≤ ‖∇yf(z)‖ )$' F (w) < F (z))8-"# "$ *2.$ "(/6"+# *-)* ‖∇yf(z)‖ = 0 9+)2#+ %*-+.,"#+1 *-+.+ "# ) /%"$* w∗ = (a∗, b∗) #2-*-)* a∗ = z1 )$' f(w∗) < f(z)3 :%$*.)'"*"$; ,-)* ,+ -)5+ <2#* #*)*+' )9%5+3 8-2#1

∄w = (a, b)/






(z1 = a )$' f(z) < f(w))%.
(‖∇yf(w)‖ = 0 )$' F (w) < F (z)),-"- /.%5+# *-)* z "# $%$&'%("$)*+' ,"*- .+#/+* *% �3 28-+ !%66%,"$; %.%66).7 "# ) #"(/6+ %$#+42+$+ %! *-+ /.++'"$; *,% 6+(()#3'$#$(()#* +,+,-,  ! H(z) ∈ ND(M, -K) !"# $"%& z = (x, y) ∈ Rnx+ny '(&) z

K = K1 ∪K2 ,-+.+ { K1 = {(x, y, z, t) ∈ Rr/ (x = 0 )$' z > 0) } (b)

K2 = {(x, y, z, t) ∈ Rr/ (y > 0 )$' t ≥ 0) } (c)I+ +H/6%"* *-"# .+/.+#+$*)*"%$ )$' "$*.%'2+ *-+ !%66%,"$; '+D$"*"%$3./01232$1 +,+,-, :%$#"'+. *-+ 9"$).7 .+6)*"%$# -K1
)$' -K2

'+D$+' %$ M 3 I+ )$ %$#"'+.*-+". 2$"%$ *% 9+ ) 9"$).7 .+6)*"%$ '+D$+' %$ M 97J
x -K1

∪ -K2
y ⇐⇒ (x -K1

y) %. (x -K2
y) !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  !"#$%&$' ()()*) ND(M, -K1
∪ -K2

) = ND(M, -K1
) ∩ND(M, -K2

)+&%%,- !"#$% &##'() y ∈ ND(M, -K1
∪ -K2

)% *'$ y /∈ ND(M, -K1
) ∩ ND(M, -K2

)+ ,-)") &")$./ 0/##!*!1!$!)#+ 2&#) 34 y /∈ ND(M, -K1
) &56 y ∈ ND(M, -K2

)+ ,-)5 $-)") !# y′ ∈ M #'-$-&$ y′ -K1
y+ ,-)")8/") y′ -K1

∪ -K2
y% $-!# !(01!)# y /∈ ND(M, -K1

∪ -K2
)% /5$"&6!$!59$-) &##'(0$!/5+ :)5) y ∈ ND(M, -K1

) &56 $-)5 y ∈ ND(M, -K1
) ∩ ND(M, -K2

)+ 2&#) ;4
y ∈ ND(M, -K1

) &56 y /∈ ND(M, -K2
)+ < #!(!1&" 0"//8 1)&6# $/ $-) #&() /51'#!/5+ =/%

ND(M, -K1
∪ -K2

) ⊆ ND(M, -K1
) ∩ND(M, -K2

)+=)/56% &##'() y ∈ ND(M, -K1
) ∩ ND(M, -K2

) &56 y /∈ ND(M, -K1
∪ -K2

)+ ,-)5 $-)")!# y′ ∈ M #'- $-&$ y′ -K1
∪ -K2

y% $-!# ()&5# $-&$ y′ -K1
y /" y′ -K2

y+ >8 y′ -K1
y% $-)5

y /∈ ND(M, -K1
)% .-!- !(01!)# $-&$ y /∈ ND(M, -K1

)∩ND(M, -K2
)% /5$"&6!$!59 $-) &##'(0?$!/5+ >8 y′ -K2

y% $-)5 y /∈ ND(M, -K2
)% .-!- !(01!)# $-&$ y /∈ ND(M, -K1

) ∩ ND(M, -K2
)%/5$"&6!$!59 $-) &##'(0$!/5+ =/% ND(M, -K1

) ∩ND(M, -K2
) ⊆ ND(M, -K1

∪ -K2
)+ 2"#$%&$' ()().)  !" #$%&'( '")&*$+%, -K &%- -K1

∪ -K2
&'" "./$0&)"%* 1+% M2 $3" 4

∀x, y ∈M ; x -K y ⇐⇒ x -K1
∪ -K2

y+&%%,-
∀x, y ∈M, x -K y ⇐⇒ y − x ∈ K

⇐⇒ y − x ∈ K1 /" y − x ∈ K2

⇐⇒ x -K1
y /" x -K2

y

⇐⇒ x -K1
∪ -K2

y

2@) &5 $-)5 6)6'$ $-) 8/11/.!59 $./ /"/11&"!)# .-!- &") $-) 8'56&()5$&1 ")#'1$# /8 $-!##)$!/54/%&%001&2 ()().) ND(M, -K) = ND(M, -K1
) ∩ND(M, -K2

)+&%%,- >$ 8/11/.# !(()6!&$)1A 8"/( $-)/")( B+B+3 &56 $-)/")( B+B+; 2/%&%001&2 ()()3) 56 H(z) ∈ ND(M, -K1
) ∩ ND(M, -K2

) 6+' ,+7" z = (x, y) ∈ Rnx+ny 8 *!"% z$, &% +9*$7&) ,+)/*$+% +6 :;;3+&%%,- >$ 8/11/.# !(()6!&$)1A 8"/( /"/11&"A B+B+3 &56 /"/11&"A B+B+; 2

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3




) '4= ND(M, -K2

)*D"8 7/ %"0'%E 8!'8> -3 8!" /"8 ND(M, -K) -/ "018(> -8 =$"/ 4$8 0"'4 8!'8 8!" ?-&"."& 1%$?&"0F566G =$"/ 4$8 !'." ' /$&78-$4> ?78 -8 0"'4/ 8!'8 8!" %"&'8-$4/!-1 ,-."4 ?( $%$&&'%( )*)*+ -/ 4$8'11&-'?&" 8$ /$&." 566* H$ 8!" $%$&&'%( )*)*+ -/ '11&-'?&" -3 '4= $4&( -3 ND(M, -K) 6= ∅* I"1%"/"48 ?"&$2 8!%"" $4=-8-$4/ 3$% 2!-! 8!" %"&'8-$4 ,-."4 ?( $%$&&'%( )*)*+ '44$8 ?" '11&-"= 3$%/$&.-4, 566 (ND(M, -K) = ∅)* 578 2" 2-&& C%/8 1%"/"48 /$0" %"/7&8/ 4""//'%( 3$% "/8'?&-/!-4,8!"/" $4=-8-$4/*"#$%$&'('$) *+*+!+  !" C ⊆ Rq
+ # %&!' #&( Y ⊆ Rq

+ # )!"*+,,- ./ C ,) %&0!1' "2!& ND(Y, -C) ⊆ ND(Y + C, -C)3+,- ./ 0 ∈ C' "2!& ND(Y + C, -C) ⊆ ND(Y, -C)*"#$$,-F-G J//70" y ∈ ND(Y, -C) ?78 y /∈ ND(Y + C, -C)*  !"4 8!"%" "@-/8/ ' y
′

∈ Y + C /7!8!'8 y
′

-C y> 2!-! -/ ";7-.'&"48 8$ /'( 8!'8K ∃y′ ∈ Y + C L y
′

− y ∈ C* y
′

∈ Y + C ⇔ ∃y
′′

∈

Y '4= d
′′

∈ C /7! 8!'8 y
′

= y
′′

+d
′′> &"8 d

′

= y−y
′> 8!"4 y = y

′

+d
′

= y
′′

+d
′

+d
′′* D"8 d = d

′

+d
′′>/-4" d

′

, d
′′

∈ C '4= M -/ ' $4."@ $4"> 8!"4 d ∈ C*  !"%"3$%"> y = y
′′

+ d⇒ y − y
′′

∈ C> 2!-!-/ ";7-.'&"48 8$ y
′′

-C y*  !-/ -01&-"/ 8!'8 y /∈ ND(Y, -C)> $48%'=-8-4, 8!" '//7018-$4* N"4"
ND(Y, -C) ⊆ ND(Y + C, -C)*F--G J//70" y ∈ ND(Y + C, -C) ?78 y /∈ ND(Y, -C)> 8!"%" '%" 82$ 1$//-?-&-8-"/K./&0 !- <3 y /∈ Y > 8!"%" "@-/8 y

′

∈ Y '4= d ∈ C /7! 8!'8 y = y
′

+ d> 2!-! -01&-"/ 8!'8
y − y

′

∈ C (∗)* H-4" y
′

= y
′

+ 0 ∈ Y + C> (∗) -01&-"/ 8!'8 y /∈ ND(Y + C, -C)> $48%'=-8-$4*./&0 1- <3 y ∈ Y > 8!"4 8!"%" -/ y
′

∈ Y /7! 8!'8 y
′

-C y*  !-/ -01&-"/ 8!'8 y − y
′

∈ C* D"8
d = y − y

′> 2" !'." d ∈ C> 8!"%"3$%" y = y
′

+ d ∈ Y + C '4= y /∈ ND(Y + C, -C)* J,'-4$48%'=-8-4, 8!" '//7018-$4* <4 "-8!"% '/"> y ∈ ND(Y, -C)* 2"#$%$&'('$) *+*+1+  !" C ⊆ Rq
+ # %&!' #&( Y ⊆ Rq

+ # )!"' "2!&4 ND(Y, -C) ⊆ bd(Y ) 52!6!
bd(Y ) (!&%"!) "2! 7%8&(#69 %/ Y *"#$$,- !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- )-'*#. $- /$"'0'" )*#$+$,(#$)-  ! !" y ∈ ND(Y, -C) #$% &'(()&! y /∈ bd(Y )* "+!,!-),! y ∈ int(Y )./+!,! int(M) 0& "+!0$"!,0), )- Y 12 3+!$* "+!,! !40&"& #$ ǫ − neighbourhood B(y, ǫ) )- y &'+ "+#" B(y, ǫ) ⊆ Y 26'" B(y, ǫ) = y + B(0, ǫ)./+!,! B(0, ǫ) 0& #$ )(!$ 7#88 /0"+ ,#%0'& !$"!,!% #" "+! ),090$12  !"
d ∈ B(0, ǫ)* )$! #$ +))&! &):! λ > 0 &'+ "+#" −λd ∈ B(0, ǫ)* "+0& 0:(80!& "+#" y − λd ∈ Y* #$% "+!,! 0& t ∈ Y &'+ "+#" y − λd = t2 3+0& 0:(80!& "+#" y − t = λd2 ;0$! C 0& # )$!*
λd ∈ C* /! +#<! "+!$ y− t ∈ C* /+0+ 0& !='0<#8!$" ") t -C y2 3+0& 0:(80!& "+#" y /∈ ND(Y, -C)2>)$",#%0"0$9 "+! #&&':("0)$2 2"#$%&$' ()()*)  !"#$%&' M, K, K1, K2 (# %&)"&% $" *(+, *-+ ("% *+ $" /0& 1'&&%$"2 1(2&# 3*$+ 4" (11'!(0 5!' #!67$"2 /0& -$6&7&6 1'!2'(88$"2 1'!-6&8 *9::+ -(#&% !"  !'!66('; <3<3=$# "!/ (116$(-6& $5 M $# 6!#&%>!1&" *( #&/ /0(/ $# (/ /0& #(8& /$8& 6!#&% ("% !1&"+3*$$+ 4" (11'!(0 5!' #!67$"2 /0& -$6&7&6 1'!2'(88$"2 1'!-6&8 *9::+ -(#&% !"  !'!66('; <3<3=$# "!/ (116$(-6& $5 M + K1 $# 6!#&%>!1&"3*$$$+ 4" (11'!(0 5!' #!67$"2 /0& -$6&7&6 1'!2'(88$"2 1'!-6&8 *9::+ -(#&% !"  !'!66('; <3<3=$# "!/ (116$(-6& $5 M + K2 $# 6!#&%>!1&"3+&%%,-.01 ?-M 0& 8)&!%@)(!$* "+!$ bd(M) = ∅2 A,): (,)()&0"0)$ B2B2C* )$! +#&ND(M, -K) ⊆ bd(M)23+0& 0:(80!& "+#" ND(M, -K) = ∅2.001 ?- M + K1 0& 8)&!%@)(!$* "+!$ bd(M + K1) = ∅2 A,): (,)()&0"0)$ B2B2C*
ND(M + K1, -K1

) = ∅ (1) 2 ;0$! K1 0& )$<!4* "+!$ -,): (,)()&0"0)$ B2B2D* /! +#<! E
ND(M, -K1

) ⊆ ND(M + K1, -K1
)2 3+! ,!8#"0)$ .D1 (!,:0"& ") %!%'" "+#" ND(M, -K1

) = ∅2A,): >),)88#,F B2B2C* )$! +#&E
ND(M, -K) = ND(M, -K1

) ∩ND(M, -K2
) = ∅ ∩ND(M, -K2

) = ∅2G!$! ND(M, -K) = ∅2.0001 ;0$! K2 0& #8&) )$<!4 #& K1* "+! (,))- )- (iii



 !"#$%& '()% !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $-0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'"+!"#$)04'#$1' )*#$+$,(#$)-
℄



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! ! "#$ %&&$' ($)$( *$,-, .  ! "#$ /0112 /3-$*  . "#,- '$-%(" 3.* *$&$.*,.4  . 5#$"#$' "#$($3*$' 3. $)3(%3"$  ' . " #,- &'$!$'$.$- ! ' #,- *,6$'$."  78$",)$ !%.", .-9 "5 3&&' 3#$- ! ' 7"3,.,.4 13'$" : &",;3( - (%", .- 3. 7$ %-$*2 !" #$%&'()*+$, $- .+(/0/( &'(*+$.1/*+0/ $3*+&+4)*+$, 3%$.5(/&6<$" %- '$3(( "#3" -"3.*3'* /,($)$( 1' 4'3;;,.4 1' 7($;- (BPP ) 3'$ 4$.$'3((= ! ';%(3"$* 3-! (( 5->
min
x∈X

F (x, y)

-%78$" " 
G(x, y) ≤ 0= - ()$-  miny∈Y f(x, y)

s.t

g(x, y) ≤ 0

?/11@
5,"# X ⊂ Rn1 3.* Y ⊂ Rn22A! F 3.* f 3'$ )$" ' )3(%$ !%.", .- ? F : Rn1 × Rn2 → Rm1 3.* f : Rn1 × Rn2 → Rm2@9"#$.  .$ -&$3B-  ! 7,($)$( ;%(", 78$",)$ &' 4'3;;,.4 &' 7($;- (BMPP )2 C#$ ! ';%(3", .  ! 3

BMPP 3. 7$ 4,)$. 3- ! (( 5->
min
x∈X

F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y))-%78$" "  G(x) ≤ 0= - ()$- { miny∈Y f(x, y) = (f1(x, y), f2(x, y), ..., fm2

(x, y))

s.t g(x, y) ≤ 0

?/011@<$" %- *$. "$ 7= R(x)9 "#$ -$"  ! '3", .3( '$-& .-$-  ! "#$ ! (( 5$' ! ' $3# *$,-, . x  ! "#$($3*$'9 "#$. ," ,- *$D.$* 3- "#$ -$"  ! 13'$" : &",;3( & ,."-  ! "#$ ! (( 5,.4 &' 7($;>
min
y∈Y

f(x, y) = (f1(x, y), f2(x, y), ..., fm2
(x, y))

s.t g(x, y) ≤ 0

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !"# "#!$ %&"'"!&%( &%) #'$ "#) *&++&,!%- *&./0+'"!&% &* BMPP 1
min
x∈X

F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y))$023)" "&{ G(x) ≤ 0

y ∈ R(x)5)" 0$ 6)%&") 27 Ω "#) *)'$!2+) $8') &* BMPP 6)9%)6 271
Ω = { (x, y) ∈ X × Y / G(x) ≤ 0 '%6 y ∈ R(x) }:#) &8"!/!$"! *&./0+'"!&% &* BMPP !$ -!;)% 271
min
x,y

F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y))

s.t (x, y) ∈ Ω <=>??@AB&%$!6). "#) *&++&,!%- 6)9%!"!&%C"#$%&'&(% !)*)+)
(x∗, y∗) !$ '% )D!)%" $&+0"!&% &* BMPP ′ !* '%6 &%+7 !* (x∗, y∗) ∈ Ω '%6 ∄(x, y) ∈ Ω $0# "#'"
(F1(x, y), F2(x, y), ..., Fm1

(x, y)) ≤ (F1(x
∗, y∗), F2(x

∗, y∗), ..., Fm1
(x∗, y∗)) '%6

(F1(x, y), F2(x, y), ..., Fm1
(x, y)) 6= (F1(x

∗, y∗), F2(x
∗, y∗), ..., Fm1

(x∗, y∗))CE)F" $)"!&%$ '.) 6);&")6 "& "#) 6);)+&8/)%" &* '88.&'#)$ *&. 9%6!%- )D!)%" $&+0"!&%$ &*=>??@C :#.&0-#&0" "#) .)$" &* "#) #'8").( "#) *&++&,!%- %&"'"!&%$ '.) &%$!6).)61
K1 = Rm1

+ \ {0m1
}, K2 = Rm2

+ \ {0m2
}, X = Rn1

+ , Y = Rn2

+ , Z = { (x, y) ∈ Rn1

+ × Rn2

+ / G(x) ≤

0 '%6 g(x, y) ≤ 0 } '%6 S 6)%&")$ "#) ,#&+) $)" &* )D!)%" $&+0"!&%$ &* BMPP ′C ) !%")%$!;)+7 0$) "#) %&"'"!&% E(f, X, -K) '$ $"'")6 !% #'8"). G( "& .)8.)$)%" "#) $)" &*)D!)%"<?'.)"&H&8"!/'+A 8&!%"$ &* ' /0+"!H&23)"!;) &8"!/!I'"!&% 8.&2+)/ 6)9%)6 27 ' ;)"&.;'+0)6 *0%"!&% f &% '% '6/!$$!2+) $)" X ,!"# .)$8)" "& ' &%) KC !" #$%$&'()%* $+)$%( -./0().%- .1 23445 !"!# $%&'&)*'+,&)+-./ -0 *1+*.) /-23)+-./5)" 0$ &%$!6). "#) *&++&,!%- /0+"!H&23)"!;) 8.&-.'//!%- 8.&2+)/( &%$".0")6 *.&/ "#) 6'"' &*
BMPP ′1

min
x,y

f̃(x, y) = (f1(x, y), f2(x, y), ..., fm2
(x, y), x)

s.t (x, y) ∈ Z <>??GA5)" K3 = Rm2

+ \ {0m2
} × {0n1

} '%6 Ω '$ 6)9%)6 '2&;)C :#) *&++&,!%- "#)&.)/ 8.&;!6)$ ' ,'7 "&'8"0.) "#) *)'$!2+) $)" &* BMPP ′C !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"#$%&$' ()*)+) Ω = E(f̃ , Z, -K3
),&%%-.  !"# $!%&'%( "# )*#$ + #,"-!$ (&."/%. 0%'#"&1 &2  !%&'%( 345 -"0%1 "1 67"!2%,.%'9::;℄4 2=&,0"1- BMPP ′ "# $!%1 %>*"0+,%1$ $& #&,0"1- $!% ?'&@,%(A

minx∈X F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y))

s.t (x, y) ∈ E(f̃ , Z, -K3
)

BC4D45E !"# ,%+.# $& $!% 2&,,&F"1- &'&,,+'GA/%&%001&2 ()*)+) S = E(F, E(f̃ , Z, -K3
), -K1

) H"1."1- E(f̃ , Z, -K3
) "# 1&$ +1 %+#G $+#I @%+*#% "$ "# ."J*,$ $& -%1%'+$% $!% F!&,% %J"%1$#%$ E(f̃ , Z, -K3

) #"1% "$ +1 @% "1/1"$% +1. (%$!&.# 2&*1. "1 $!% ,"$%'+$*'% +'% *#*+,,G 2&' &1%#.%/1%. "1 $!% 2&'( Rn
+ \ {0n}, n ∈ N4K%$ K4 = Rm2+n1

+ \ {0m2+n1
}4  !% 2&,,&F"1- '%#*,$ !&,.#4"#$%&$' ()*)3) E(f̃ , Z, -K4

) ⊂ E(f̃ , Z, -K3
),&%%-.K%$ (x, y) ∈ E(f̃ , Z, -K4

) $!%1 $!%'% .&%# 1&$ %L"#$ (x′, y′) ∈ Z #*! $!+$ f̃(x′, y′)− f̃(x, y) ∈

Rm2+n1

+ \ {0m2+n1
} (∗∗)4 ="1% Rm2

+ \ {0m2
} × {0n1

} ⊂ Rm2+n1

+ \ {0m2+n1
}M (∗∗) ⇒  !%'%.&%# 1&$ %L"#$ (x′, y′) ∈ Z #*! $!+$ f̃(x′, y′) − f̃(x, y) ∈ Rm2

+ \ {0m2
} × {0n1

}4 N&1#%>*%1$,GM
(x, y) ∈ E(f̃ , Z, -K3

)4  !%'%2&'%M &1% +1 &1,*.% $!+$ E(f̃ , Z, -K4
) ⊂ E(f̃ , Z, -K3

)4 2 !%&'%( C4D49 #*--%#$# $& +?$*'% + #*@#%$ &2 S @G #&,0"1- $!% 2&,,&F"1- ?'&@,%(A
minx∈X F (x, y) = (F1(x, y), F2(x, y), ..., Fm1

(x, y))

s.t (x, y) ∈ E(f̃ , Z, ≤K4
)

BOPQQRE !"# 2&'(*,+$"&1 +1. N&'&,,+'G C4D45 ,%+. &@0"&*#,G $& $!% 2&,,&F"1- '%#*,$A/%&%001&2 ()*)3) E(F, E(f̃ , Z, -K4
), -K1

) ⊆ S 70%1 "2 $!% &1% *#%. "1 &'&,,+'G C4D49 !+# $!% .%#"'%. '%?'%#%1$+$"&1 B Rn
+ \ {0n} n ∈ NEM&?$"("S"1- (*,$"T&@)%$"0% 2*1$"&1# &0%' +1 %J"%1$ #%$ ("-!$ 1&$ @% +1 %+#G $+#I4 U% "1$'&.*% +1%F ?'&@,%( #*! $!+$ "$# '%#&,*$"&1 "# %+#"%' +1. ?%'("$# $& +?$*'% + #*@#%$ &2 %J"%1$ #&,*$"&1#&2 BMPP ′′4K%$ *# &1#".%' $!% 2&,,&F"1- (*,$"T&@)%$"0% ?'&-'+(("1- ?'&@,%(A

min
x,y

F (x, y) = (F1(x, y), F2(x, y), ..., Fm1
(x, y))

s.t (x, y) ∈ Z BPQQ5E !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"#$%&$' ()*)*) E(f̃ , Z, -K4
) ∩ E(F, Z, -K1

) ⊆ E(F, E(f̃ , Z, -K4
), -K1

)+&%%,- !" (x, y) ∈ E(f̃ , Z, -K4
) ∩ E(F, Z, -K1

)# "$!% (x, y) ∈ E(f̃ , Z, -K4
) &%' (x, y) ∈

E(F, Z, -K1
)(  !" )* *)++,*! "$&" (x, y) /∈ E(F, E(f̃ , Z, -K4

), -K1
)( -$!% "$!.! !/0*"* (x′, y′)"$&" ',10%&"!* (x, y) 20"$ .!*+!" ", "$! +.,45!1 MPP1 &%' "$! ,%! K1# 2$0$ 1!&%* "$&"

F (x′, y′) -K1
F (x, y)( -$0* 01+50!* "$&"6 ∃(x′, y′) ∈ E(f̃ , Z, -K4

) *)$ "$&" F (x′, y′) ≤ F (x, y)&%' F (x′, y′) 6= F (x, y)( 70%! E(f̃ , Z, -K4
) ⊆ Z# ∃(x′, y′) ∈ Z *)$ "$&" F (x′, y′) ≤ F (x, y)&%' F (x′, y′) 6= F (x, y)( 8,%*!9)!%"5: (x, y) /∈ E(F, Z, -K1

)( -$0* ,%".&'0"* "$! ;&" "$&"
(x, y) ∈ E(f̃ , Z, -K4

) ∩ E(F, Z, -K1
)( 2(-$! ;,55,20%< .!*)5" 0* '!')!' ;.,1 -$!,.!1 =(>(> &%' 8,.,55&.: =(>(?6.%&%//0&1 ()*)*) E(f̃ , Z, -K4

) ∩E(F, Z, -K1
) ⊆ S 8,.,55&.: =(>(> *"0+)5&"!* "$&"# 0% ,.'!. ", @%' &% !A0!%" +,0%" ,; BMPP ′# ,%! &% *,5B! "$!+.,45!1 MPP1 C20"$ .!*+!" ", -K1

D &%' "$! +.,45!1 MPP2 C20"$ .!*+!" ", -K4
D( -$!%# &%:+,0%" 4!5,%<0%< ", "$! 0%"!.*!"0,% ,; "$! !A0!%" *,5)"0,% *!" ,; MPP1 &%' "$! !A0!%" *,5)"0,%*!" ,; MPP2 &% 4! .!"&0%!' &* !A0!%" +,0%" ,; BMPP ′(8,.,55&.: =(>(> &% 4! )*! ", <!%!.&"! !A0!%" *,5)"0,%* ", BMPP ′ 0; &%' ,%5: 0; E(f̃ , Z, -K4

) ∩ E(F, Z, -K1
) 6= ∅( E %!!**&.: ,%'0"0,% 0* "$&" %,%! ,; "$! "2, *!"*# E(f̃ , Z, -K4

) &%'
E(F, Z, -K1

) 0* !1+":( -$!,.!1 =(>(F <0B!* *)A0!%" ,%'0"0,%* ;,. "$0*("#$%&$' ()*)2) !" #$% "&''&()*+ #$,%% &*.)#)&*/ $&'.01)2 Z )/ *&*%34#5 6*. &346# /%#71))2 ∀i ∈ {1, ..., m1}8 Fi )/ '&(%, /%3)&*#)*9&9/ 71)))2 ∀j ∈ {1, ..., m2}8 fj )/ '&(%, /%3)&*#)*9&9/ 7#$%* E(F, Z, -K1
) 6= ∅ and E(f̃ , Z, -K4

) 6= ∅ +&%%,-G; (ii) $,5'*# "$!% F 0* Rm1

+ − semicontinuous C0(!( "$! +.!H01&<! ,; "$! ".&%*5&"!' %!<&"0B!,."$&%" 0* &52&:* 5,*!'D( 70%! ;.,1 C0D Z 0* %,%!1+": &%' ,1+&"# F (Z) 0* Rm1

+ −semicompact&%' %,%H!1+":( -$0* .!*)5" &%' -$!,.!1 ?(I ,; JK$.<,"" ?LL=℄ 01+5: "$&" "$! *!" ,; %,%H',10%&"!'+,0%"* 0* %,%H!1+":( -$)*# "$! *!" ,; N&.!",H+,0%"* 0* %,%H!1+": 0(! E(F, Z, -K1
) 6= ∅( 70105&.5:#

E(f̃ , Z, -K4
) 6= ∅( 2-$!,.!1 =(>(= <0B!* & *)A0!%" ,%'0"0,% ;,. "$! 01+5!1!%"&"0,% ,; &% &5<,.0"$1 4&*!' ,%8,.,55&.: =(>(>( !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-   !"#$%#& '()('(  ! "#$ !%&&%'()* "'% %),("(%)- #%&,./(0 Z ⊆ Rn1+n2

+ (- 1 )%)2$34"5 1), %341" -$"6/((0 ∃i0 ∈ {1, ..., m1}, ∃j0 ∈ {1, ..., m2}, ∃α > 0 -7# "#1" Fi0 1), fj0 18$ &%'$8 -$3(%)"()7%7- !7)"(%)-9 ∀x, y: fj0(x) = fj0(y) =⇒ x = y9 Fi0 = αfj0;;#$) E(f̃ , Z, -K4
) ∩E(F, Z, -K1

) 6= ∅6*%$$+, !" #$ $#%%&$! "'(" )*+ (,- )**+ '&.-/ 0&,$*-!1 "'! 2&..&3*,4 &%"*5*6("*&, %1&7.!58
min{fj0(z), z ∈ Z} (pb1).9*,! fj0 *$ ( .&3!1 $!5*&,"*,#&#$ 2#,"*&, (,- Z *$ ( ,&,!5%"; &5%(" $!"< pb1 '($ (" .!($" &,!&%"*5(. $&.#"*&,< .!" z0 7! $#' ( $&.#"*&, )*, 2(" z0 *$ #,*=#!+/ >! .(*5 "'(" z0 ∈ E(f̃ , Z, -K4

) ∩E(F, Z, -K1
)/)(+  !" #$ ?1$" $'&3 "'(" z0 ∈ E(f̃ , Z, -K4

)/ 9#%%&$! "'(" z0 /∈ E(f̃ , Z, -K4
)< "'!, "'!1!!@*$"$ z′ ∈ Z< z′ 6= z0 $#' "'(" f̃(z′) ≤ f̃(z0) (,- f̃(z′) 6= f̃(z0)/ A'*$ *5%.*!$ "'(" fj0(z
′) ≤ fj0(z0)/B#! "& "'! 2(" "'(" z0 *$ (, &%"*5(. $&.#"*&, &2 pb1< &,! '($ fj0(z

′) = fj0(z0)/ A'! $!&,- &,-*"*&,&2 ';%&"'!$*$ (ii) *5%.*!$ "'(" z′ = z0/ A'*$ *$ ( &,"1(-*"*&,/ 0&,$!=#!,".; z0 ∈ E(f̃ , Z, -K4
)/)7+ 9*,! Fi0 = αfj0 (,- α > 0< z0 *$ (.$& (, &%"*5(. $&.#"*&, &2 min{Fi0(z), z ∈ Z}/ >*"'( $*5*.(1 %1&&2 ($ *, )(+< &,! &7"(*,$ "'(" z0 ∈ E(F, Z, -K1

)/ 0&57*,*,4 )(+ (,- )7+ .!(-$ "&
z0 ∈ E(f̃ , Z, -K4

) ∩ E(F, Z, -K1
)< (,- '!,! E(f̃ , Z, -K4

) ∩ E(F, Z, -K1
) 6= ∅ 2C2 &,-*"*&,$ )*+ (,- )**+ &2 A'!&1!5 D/E/D (1! 2#.?..!-< "'!, &,! (, "'*,F &2 *5%.!5!,"*,4 (,(.4&1*"'5 "& 4!,!1("! !G*!," %&*,"$ &2 BMPP ′ 7($!- &, Corollary D/E/E/ H" .!($" "3& *-!($ (,7! #$!-/A'! ?1$" *-!( &#.- 7! "& 4!,!1("! "'! 3'&.! $!" &2 !G*!," %&*,"$ &2 MPP1 (,- "'!, *"!1("!&, "'*$ $!" *, &1-!1 "& 1!"(*, %&*,"$ "'(" (1! (.$& I(1!"&J&%"*5(. 2&1 "'! $!&,- %1&7.!5 MPP2/K#" *" 3&#.- 7! ( -*G#." "($F "& 4!,!1("! "'! 3'&.! !G*!," $!" &2 MPP1 LM(. NOPP< C$!15(,NOPP< I*!#5! !" (./ QRRS7< 9(("; QRRD℄/A'! $!&,- *-!( &#.- 7! "& %1&41!$$*U!.; 4!,!1("! !G*!," %&*,"$ 2&1 MPP1 (,- $*5#."(J,!&#$.; "!$" "'!*1 !G*!,; 2&1 MPP2 7!2&1! 5&U*,4 "& (,&"'!1 !G*!," %&*," &2 MPP1/ A'*$$!!5$ "& 7! 5&1! %1("*(./ H, (%%1&(' 2&1 4!,!1("*,4 !G*!," $&.#"*&,$ 2&1 .*,!(1 7*.!U!. 5#."*J&7V!"*U! %1&41(55*,4 %1&7.!5$ 7($!- &, "'*$ *-!( *$ %1!$!,"!- *, H.4&1*"'5 D/N/ !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !"!# $%&%'()*&+ %,*%&) ./01)*/&. 2/' 3*0%4%0 0*&%(' 510)*6/37%)*4%8'/+'(55*&+ 8'/30%5."#$#%#& '()*+,- ./0 1-2+,-,/3.31)/ ! #$%&'!( )*! #+)&,&%)& -#(,./0)&#$ (BLMPP ′) #- )*! -#//#1&$2 +(#3/!,4
min

x∈R
n1
+

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))

%.35!) )# A1x ≤ b16 %#/7!% { miny∈R
n2
+

f(x, y) = (c1(x, y), c2(x, y), ..., cm2
(x, y))

s.t A2x + A3y ≤ b2 89:;<<=>*! )1# /&$!0( ,./)&?#35!)&7! +(#2(0,,&$2 +(#3/!,% )# 3! .%!' 0(!4
min
x,y

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))

s.t





A1x ≤ b1

A2x + A3y ≤ b2

x ≥ 0, y ≥ 0

8:;<<@=0$'
min
x,y

f̃(x, y) = (c1(x, y), c2(x, y), ..., cm2
(x, y), x)

s.t





A1x ≤ b1

A2x + A3y ≤ b2

x ≥ 0, y ≥ 0

8:;<<A=B&7!$ x ∈ Rn1

+ 0$' y ∈ Rn2

+ C 1! &$)(#'.! )*! 7!)#( z ∈ Rn1+n2

+ 1*#%! D(%) n1 #,+#$!$)%0(! x1, x2, ..., xn1
0$' /0%) n2 #,+#$!$)% 0(! y1, y2, ..., yn2

E ! 0// C 8(!%+ c= )*! ,0)(&F %.* )*0) F (z) = (C1z, C2z, ..., Cm1
z) = Cz 8(!%+ f̃(z) =

(c1z, c2z, ..., cm2
z) = cz=E G$ #('!( )# 3! ,#(! #$&%!C )*! $#)0)&#$% 0$' (!%./)% )*0) -#//#1 $#10(! 1&)* (!%+!) )# LMPP1C 3.) 0// 0(! 0/%# 70/&' -#( LMPP2E>*! '0)0 #- LMPP1 0$ 3! (!+(!%!$)!' 36 )*! -#//#1&$2 )03/!0.4

(T ) :

zN zB' C 03 H G  *!(! A =

(
0 A1

A2 A3

) 0$' b =

(
b1

b2

)

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !" #$%&'()!* +)#')+ ,()! #- (-()(#$ ".("-) "0)'"*" 1&(-) #-2 ()"'#)"+ )!'&3%! 2(4"'"-) ".5("-) "0)'"*" 1&(-)+ &6 LMPP17 8) "#! ()"'#)(&-9 6&' ":"'; 3-"01$&'"2 ".("-) "0)'"*" 1&(-) z&6 LMPP19 )!" ".("-; ,()! '"+1") )& LMPP2 (+ )"+)"27 <&(-)+ )!#) #'" <#'")&5&1)(*#$ 6&'=&)! 1'&=$"*+ #'" '")#(-"27  !" "-)('" +!"*" (+ '"1"#)"29 3-)($ #$$ )!" ".("-) "0)'"*" +&$3)(&-+&6 LMPP1 #'" )"+)"27 >(-" ".("-) "0)'"*" 1&(-)+ 6&'* # &--")"2 %'#1! #-2 LMPP1 !#+# ?-()" -3*="' &6 "0)'"*" ".("-) 1&(-)+9 )!" #$%&'()!* ,($$ )"'*(-#)" (- # ?-()" -3*="' &6 +)"1+78) "#! ()"'#)(&- &6 )!" #$%&'()!*9 )!" 3''"-) ".("-) @"0)'"*"A 1&(-) z∗ (+ #$,#;+ #++&(#)"2,()! # )#=$"#3 T @#+ 1'"+"-)"2 #=&:"A7 NT 2"-&)"+ )!" -&-=#+( +") &6 )!" 3''"-) ".("-) 1&(-)
z∗ #++&(#)"2 ,()! )!" )#=$"#3 T 7 S1 '"1'"+"-)+ )!" +") &6 <#'")&5&1)(*#$ 1&(-)+ &6 )!" 1'&=$"*
LMPP1 ,!&+" ".("-; ,()! '"+1") )& LMPP2 *3+) =" )"+)"27 S2 '"1'"+"-)+ )!" +") &6 1&(-)+6&3-2 )& =" <#'")&5&1)(*#$ )& =&)! 1'&=$"*+7 !" '"+3$) ="$&, BCD"' #-2 E&3#2# FGHI9 CD"' ") #$7 FGIJ℄ (+ )!" +!"*" 3+"2 )& !"D (6 #-#2*(++(=$" 1&(-) (+ # <#'")&5&1)(*#$ +&$3)(&-7"#$$% &'(')'  !"#$% z0 #$ Z #& '()*%"+"!%#,(- .") !)"/-*, LMPP1 #. ($0 "$-1 #. %2* &"-3%#"$
(z, s) ". %2* ."--"4#$5 -#$*() !)"5)(, 1#*-0& %" ( ,(6#,3, 7(-3* 8*)"9

max
z∈Z, s≥0

ets

s− t Cz + Is = Cz0:. %2* ,(6#,3, 7(-3* #& $"% 8*)"; %2*$ z #& '()*%"+"!%#,(- <4#%2 )*&!*% %" LMPP1>? !" 6&$$&,(-% '"+3$) &6 BCD"' ") #$7 FGIJ℄ #- =" 3+"2 )& 2")"'*(-" (-(2"-) ".("-) "2%"+7"#$$% &'('*' @2* *05* #$#0*$% %" %2* 3))*$% *A#*$% *6%)*,* !"#$% "/%(#$*0 /1 #$)*(&#$5 %2*$"$/(&# 7()#(/-* zN
j #& *A#*$% #. ($ "$-1 #. %2* &1&%*,

−Cv + wN = Cte 2(& ( &"-3%#"$ (v, wN) ≥ 0 4#%2 wN
j ≥ 0 @L7M7NA!)"7#0*0 %2* !#7"% #$ %2* zN

j "-3,$ 2(& ( !#7"% )"4 <&(1 )"4 #> 4#%2 bi > 0? :. bi = 0 ($0 aij < 0.") &",* j; %2*$ %2* *05* "/%(#$*0 /1 !#7"%#$5 3&#$5 %2* ,#$#,3, )(%#" )3-* #& *A#*$% #. ($0 "$-1#. <B?C?D> 2"-0&?O#+"2 &- )!(+ $"**#9 BCD"' #-2 >&-% FGGP℄ +!&,"2 )!#) &-" #- (*1$"*"-) )!(+ )"+) 6&' "#!"2%" =; +&$:(-% )!" 6&$$&,(-% $(-"#' 1'&%'#*Q
maxwN

j

s.t

−Ctv + IwN = Cte

v, wN > 0

@L7M7MA !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! ! "#$ %&"'()* +)*,$ '- .$/%0 "#$1 "#$ %//$-&%13'14 $34$ '- $5'$1"67#$ !%**%8'14 )*4%/'"#( 9:*4%/'"#( ;6<= $>&*%'"- *$(() ;6?6<0 *$(() ;6?6@ )13 !%/(,*)"'%1 ;6?6?"% A13 $5'$1" -%*,"'%1- "% BLMPP ′6 :*4%/'"#( ;6 < ! B$)3 3)") %! &/%C*$( BLMPP 6 D%1-"/," &/%C*$(- LMPP10 LMPP2 )13 *$" S1 := ∅0
S2 := ∅6"! E'13 )1 )/C'"/)/F )3('--'C*$ $*$($1" z0 ∈ Z 6#! D%1-"/," )13 -%*+$ "#$ !%**%8'14 &/%C*$( 9'1 %/3$/ "% A13 )1 '1'"')* $5'$1" &%'1" "%
LMPP1=

max ets

s.t

Cz + Is = Cz0

z ∈ Z

s ≥ 0

97$-"G=
H$" (z, s) "#$ %&"'()* -%*,"'%1 %! Test06 ! "#$ %&"'(,( +)*,$ %! (Test0) '- G0 "#$1 z0 '- $5'$1"0 S1 := {z0}6I"#$/8'-$0 z '- $5'$1"0 S1 := {z}6$!  ! S1 = ∅0 -"%&6 I"#$/8'-$0 ")J$ )1 $*$($1" z∗ !/%( S10 S1 := S1 \ {z

∗}6%! 7$-" '! z∗ '- $5'$1" !%/ LMPP2 CF -%*+'14 "#$ !%**%8'14 &/%C*$(K
max ets

s.t

cz + Is = cz∗

z ∈ Z

s ≥ 0

97$-"<=
H$" (z, s) = (x, y, s) "#$ %&"'()* -%*,"'%1 %! Test1 6 ! "#$ %&"'()* +)*,$ %! 9Test1= '- G "#$1 z∗ '- $5'$1" "% LMPP2 )13 #$1$ '- ) -%*,"'%1 %!
BLMPP ′K S2 := S2 ∪ {z

∗}6&! E'13 $5'$1" $34$- 98'"# /$-&$" "% LMPP1= '1'3$1" "% z∗0 CF -%*+'14 !%/ $)# j ∈ NT"#$ &/%C*$( 9;6?6?=6H$" JT ⊂ NT "#$ -$" %! j -,# "#)" "#$ %&"'()* +)*,$ %! PBj '- .$/%6 9H$" ,- /$)** "#)" "#$$34$ %C")'1$3 CF '1/$)-'14 "#$ 1%1C)-' +)/')C*$ zN
j '1 T '- $5'$1" '! )13 %1*F '! j ∈ JT 6='! E%/ $)# j ∈ JT 0 4$1$/)"$ $5'$1" &%'1"- '1'3$1" "% z∗ CF ()J'14 ) &'+%" %&$/)"'%1 %1 "#$%*,(1 j + 1 %! ")C*$), T 6 H$" ST "#$ -$" %! $5'$1" &%'1"- '1'3$1" "% "#$ ,//$1" $5'$1" !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !"#$ z∗ $%&$ %&'( #!$ )($ *((# $(+$(,-
S1 = S1 ∪ ST -.! $! +$( / !"#$% 0-1-2& 3%"+ &4.!5"$%6 "+ &# "6 4(6(#$&$"!# 7!5 4"#(&5  5!*4(6+ !7 $%( +(!#, ",(& 7!5.(#(5&$"#. (9"(#$  !"#$+ ,"+:++(, &$ $%( (#, !7 +($"!# 0-1-2- ;4.!5"$%6 0-2 "+ &  4"&*4( "7!#,"$"!#+ !7 3%(!5(6 0-1-0 &5( 7:4<44(,- 3%( &4.!5"$%6 "+ (5$&"# $! .(#(5&$( &$ 4(&+$ !#( (9"(#$ !"#$ 7!5 BLMPP ′= *:$ &##!$ &++:5( $%( .(#(5&$"!# !7 &44 $%( ,(+"5(, (9"(#$  !"#$+-"#$#!#! %&&'()*+),-. -/ 0&1-*,)23 "#4>($ :+ !#+",(5 $%(  5!*4(6 !7 <#,"#. (9"(#$ +!4:$"!#+ $! $%( ! $"6"+$" 7!56:4&$"!# (BLMPP ′)!7 $%( 7!44!?"#.  5!*4(6@

min {−x1 + 2x3, x1 − x3, −x1 − 2x2}

+:*A($ $!




x1 + x2 ≤ 1

x2 ≤ 2

x1 ≥ 0, x2 ≥ 0

x3 +!4'(+  min {−1
2
x1 + x3, 2x1 + x2 + 2x3}

x1 − x2 + x3 ≤ 4

x3 ≥ 0

BC>DEEF
0) 5)67 48 3%( 7!44!?"#. $?!  5!*4(6+ &5( !#+$5:$(,@

min {−x1 − 2x2, −x1 + 2x3, x1 − x3}+:*A($ $! x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

B>DEE2F
&#,

min {−1
2
x1 + x3, 2x1 + x2 + 2x3, x1, x2}+:*A($ $! x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

B>DEEGF
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"# $#%& '(  ! "#$%# &'#( z0 = (0, 0, 0) ∈ Z"# $#%& !( )(! *+,,+&'-. /%+0,!1 '" +-"#%3#!4 '- +%4!% #+ 5-4 $- '-'#'$, !6'!-# !7#%!1!/+'-# 8&'#( %!"/!# #+ LMPP19:
max s1 + s2 + s3

"30;!# #+




−x1 − 2x2 + s1 = 0

−x1 + 2x3 + s2 = 0

x1 − x3 + s3 = 0

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0

8)!"#<9
)(! +/#'1$, "'1/,!7 #$0,!$3 +* #(! /%+0,!1 '":= > < > = < < < < <= > < < = < < > < << ?> < = < < < < > << > < ?> < < < < < >> > > < > < < < < <> ?> < < ?> > < < < <@ = < > > < > < < <)(! "+,3#'+- +* #(! /%+0,!1 '" (z, s) = ((0, 1, 0), (2, 0, 0)) $-4 #(! +/#'1$, A$,3! +* #(! /%+0,!1'" =B C'-! #(! A$,3! '" 4'D!%!-# *%+1 <E z0 = (0, 0, 0) '" -+# $- !6'!-# /+'-# #+ LMPP1B  !4!43! *%+1 #('" +/#'1$, #$0,!$3 #($# z = (0, 1, 0) '" $- !6'!-# !7#%!1! /+'-# #+ LMPP1 $-4#(! +%%!"/+-4'-. !6'!-# #$0,!$3 '" .'A!- 0F T1:= > < < = < << ?> < = < < << > < ?> < < <> > > < > < <> ?> < < ?> > <@ = < > > < > 8T19

C+ S1 = {(0, 1, 0)}B"# $#%& )( C'-! S1 6= ∅E &! #$G! (0, 1, 0) $-4 %!1+A! '# *%+1 S1B S1 0!+1!" !1/#FB !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"# $#%& '(  ! "#$% %!$% &' (0, 1, 0) &$ !(&!*% %+ LMPP2 ,- $+./&*0 %1! '+..+2&*0 34+,.!"5
max s1 + s2 + s3 + s4

$#,6!% %+




−1
2
x1 + x3 + s1 = 0

2x1 + x2 + 2x3 + s2 = 1

x1 + s3 = 0

x2 + +s4 = 1

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0, s4 ≥ 0

78!$%9:
81! +3%&";. $&"3.!< %;,.!;# +' Test1 &$5= =>? = @ A A A A A A AA BA>? A 9 A A A 9 A A A9 = 9 = A A A A 9 A AA 9 A A A A A A A 9 A9 A 9 A A A A A A A 9= A 9 A A 9 A A A A AC 9 B 9 9 A A 9 A A A AD&*! %1! +3%&";. /;.#! &$ =E $+ F&G!4!*% '4+" H!4+E z0 = (1, 0, 1) &$ *+% !(&!*% %+ LMPP2>  !+*%&*#! %+ $%!3 I>"# )#%& *( ! #$! T1 %+ J*F &*&F!*% !F0!$ %+ z0 = (1, 0, 1)> K!4! %1! $!% +' *+*B,;$&$ /;4&;,.!$&$ 0&/!* ,- NT1 = {1, 3, 4}>  ! $+./! '+4 F&G!4!*% j &* NT1 %1! 34+,.!" (PBj) ;$ 34!$!*%!F &*7?>@>@:> L+4 j = 1E PB1 &$5

maxwN
j

s− t

−v1 + v2 − v3 + wN
1 = 1

−2v1 + wN
3 = 2

−2v2 + v3 + wN
4 = 1

v, wN > 0

7PB1:
81! +3%&";. /;.#! &$ A> D&"&.;4.-E '+4 j = 3E %1! +3%&";. /;.#! +' PB3 &$ =M '+4 j = 4E %1! +3%&";./;.#! +' PB4 &$ A> D+ JT1 = {1, 4}>  ! 0+ %+ $%!3 N> !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"# $#%& '(  !"# j = 1 "$%&' () % !$* $+-$!( $.(/$0$ 1)-!(2 34$ !$* $+-$!( 1)-!( )5(%-!$&-' (1, 0, 0) *-(4 (4$ )//$'1)!&-!6 (%5"$%7 6-8$! 5# (T2)9: ; < : ; : ; ;: ; : = : ; ;< : ; < : < : < : ; ;: : : ; : ; ;= ; : ; ; : ;> ; < = : < : ; : ?T2@
34$ '$( )A !)!5%'- 8%/-%5"$' -' 6-8$! 5# NT2 = {2, 3, 4}2  !$ 4%' (4$! ST2 = {(1, 0, 0)} %!&4$!$ S1 = {(1, 0, 0)}2 B$ 6) %6%-! () '($1 C2"# $#%& )( D-!$ S1 6= ∅E *$ (%F$ (1, 0, 0) %!& /$0)8$ -( A/)0 S12 S1 5$)0$' $01(#2 B$ 6)() '($1 G2"# *#%& !( B$ 07'( ($'( -A (1, 0, 0) -' $+-$!( () LMPP2 5# ')"8-!6 (4$ A)"")*-!6 1/)5"$09

max s1 + s2 + s3 + s4

'75H$( ()




−1
2
x1 + x3 + s1 = −1

2

2x1 + x2 + 2x3 + s2 = 2

x1 + s3 = 1

x2 + s4 = 2

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0, s4 ≥ 0

?3$'(:@
34$ )1(-0%" 8%"7$ )A Test1 -' ;E ') (1, 0, 0) -' $+-$!( () LMPP2 %!& 4$!$ -' %! $+-$!( ')"7(-)!() BLMPP ′9 S2 = {(1, 0, 0)}2 B$ )!(-!7$ () '($1 I2"# $#%& +(B$ J!& $+-$!( $.(/$0$ 1)-!(' -!-&$!( () )7/ 7//$!( $+-$!( 1)-!( z∗ = (1, 0, 0)E7'-!6 T2 %!& NT2 5# ')"8-!6 A)/ $%4 j -! NT2 (4$ 1/)5"$0 PBj2K)/ j = 2E )!$ )5(%-!' = %' )1(-0%" 8%"7$ )A PB2L A)/ j = 3 (4$ )1(-0%" 8%"7$ )A PB3 -' ;L A)/
j = 4E (4$ )1(-0%" 8%"7$ )A PB4 -' =2 D) JT2 = {3}2 B$ 6) () '($1 M2"# $#%& '( j = 3 "$%&' () % !$* $+-$!( $.(/$0$ 1)-!( (1, 0, 3) *-(4 (4$ )//$'1)!&-!6 (%5"$%7
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !
T3 ! " # ! " ! " "# $ " $ " % " # && " # % " # & " !! ! ! " ! " "& " ! " " ! "% " # & ! # ! " ! 'T3(
)*+ ,+- ./ 0.012,3 5263217+, 3, 835+0 19 NT3 = {2, 4, 6}: ;0+ *2, -*+0 ST3 = {(1, 0, 3)} 20<*+0+ S1 = {(1, 0, 3)}: =+ 8. 28230 -. ,-+> ?:"# $#%& '( @30+ S1 6= ∅A B+ -2C+ (1, 0, 3) 20< 6+D.5+ 3- /6.D S1: S1 1+.D+, +D>-9: =+ 8.-. ,-+> $:"# $#%& )( =+ DE,- -+,- 3/ (1, 0, 3) 3, +F3+0- -. LMPP2 19 ,.75308 -*+ /.77.B308 >6.17+D 

max s1 + s2 + s3 + s4

,E1G+- -.




−1
2
x1 + x3 + s1 = 5

2

2x1 + x2 + 2x3 + s2 = 8

x1 + s3 = 1

x2 + +s4 = 0

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0, s4 ≥ 0

')+,-!(
)*+ .>-3D27 527E+ ./ Test1 3, 11.5A ,. (1, 0, 3) 3, 0.- +F3+0- /.6 LMPP2 20< *+0+ 3, 0.- 2,.7E-3.0 -. BLMPP ′: =+ .0-30E+ -. ,-+> H:"# $#%& !( =+ I0< +F3+0- +J-6+D+ >.30-, 303<+0- -. -*+ E66+0- +F3+0- >.30- z∗ = (1, 0, 3)19 ,.75308 /.6 +2* j 30 NT3 -*+ >6.17+D (PBj):K.6 j = 2A -*+ .>-3D27 527E+ ./ -*+ >6.17+D PB2 3, &: K.6 j = 4 20< j = 6A -*+ .>-3D27 527E+,./ -*+ .1-230+< >6.17+D, 26+ 0 20< ,. JT3 = {4, 6}: =+ 8. -. ,-+> L:"# $#%& *( ;0+ I0<, -*2- 3- 3, .079 j = 4 -*2- 7+2<, -. 2 0+B +F3+0- +J-6+D+ >.30- (0, 0, 4)

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !"# "#$ &''$()&*+!*, "-./$-0 T412 3 4 3 5 2 2 2 23 6 3 7 5 2 2 2 3 58 5 3 4 2 2 2 44 4 4 2 4 2 25 2 4 2 2 4 28 4 3 4 4 2 2 4 9T4:
;#$ ($" &< *&*.-(! =-'!-./$( !( ,!=$* .> NT4 = {1, 2, 6}? ;#0( ST4 = {(0, 0, 4)} -*+ #$*$
S1 = {(0, 0, 4)}? @$ ,& -,-!* "& ("$) 8?"# $#%& '( A!*$ S1 6= ∅B  $ "-C$ (0, 0, 4) -*+ '$D&=$ !" <'&D S1 9(& S1 = ∅:? @$ ,& "& ("$) E?"# $#%& )( @$ D0(" "$(" !< (0, 0, 4) !( $F!$*" "& LMPP2 .> (&/=!*, "#$ <&//& !*, )'&./$D1

max s1 + s2 + s3 + s4

(0.G$" "&




−1
2
x1 + x3 + s1 = 4

2x1 + x2 + 2x3 + s2 = 8

x1 + s3 = 0

x2 + +s4 = 0

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0, s4 ≥ 0

9;$("4:
;#$ &)"!D-/ =-/0$ &< Test1 !( 45B (& (0, 0, 4) !( *&" $F!$*" <&' LMPP2 -*+ #$*$ !( *&" - (&/0"!&*"& BLMPP ′? @$ &*"!*0$ "& ("$) H?"# $#%& *(@$ I*+ $F!$*" $J"'$D$ )&!*"( !*!+$*" "& "#$ 0''$*" $F!$*" )&!*" z∗ = (0, 0, 4).> (&/=!*, <&' $-# G !* NT4 "#$ )'&./$D (PBj)?K&' -// G !* NT4B 2 !( "#$ &)"!D-/ =-/0$ &< PBj? A& JT4 = {1, 2, 6}? @$ ,& "& ("$) L?"# $#%& !( M*$ I*+( "#-" &*/> j = 2 /$-+( "& - *$ $F!$*" $J"'$D$ )&!*" (0, 1, 5)  !"# "#$&''$()&*+!*, "-./$-0 T515 4 2 2 5 2 23 42 3 E 2 2 3 5 2 3 5E 7 2 2 4 2 44 4 4 2 4 2 24 3 4 2 2 3 4 4 2E 5 2 4 4 2 4 9T5:
 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! !" #"$ %& '%'()#* ,)-*)(."# *# /*,"' (0 NT5 = {1, 4, 6} 1 2% ST5 = {(0, 1, 5)} )'3 !"'" S1 =

{(0, 1, 5)}1 4" /% $% #$"5 61"# $#%& '( 2*'" S1 6= ∅7 8" $)9" (0, 1, 5) )'3 -":%," *$ &-%: S1 ;#% S1 = ∅<1 4" /% $% #$"5 =1"# $#%& )( 4" $"#$ *& (0, 1, 5) *# ">*"'$ $% LMPP2 (0 #%.,*'/ $!" &%..%8*'/ 5-%(.":?
max s1 + s2 + s3 + s4

#@(A"$ $%





−1
2
x1 + x3 + s1 = 5

2x1 + x2 + 2x3 + s2 = 11

x1 + s3 = 0

x2 + +s4 = 1

x1 + x2 ≤ 1

x2 ≤ 2

x1 − x2 + x3 ≤ 4

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0, s4 ≥ 0

; "#$B<
 !" %5$*:). ,).@" %& Test1 *# BC1 2% (0, 1, 5) *# '%$ ">*"'$ &%- LMPP2 )'3 !"'" *# '%$ ) #%.@$*%'$% BLMPP ′1 4" %'$*'@" $% #$"5 D1"# $#%& *(4" E'3 ">*"'$ "F$-":" 5%*'$# *'*3"'$ $% $!" @--"'$ ">*"'$ 5%*'$ z∗ = (0, 1, 5)(0 #%.,*'/ (PBj) &%- ")! j *' NT51G%- j = 17 B1= *# $!" %5$*:). ,).@" %& PB1H &%- j = 4 $!" %5$*:). ,).@" %& PB4 *# IH &%- j = 67$!" %5$*:). ,).@" %& PB6 *# J1 2% JT5 = {6}1 4" /% $% #$"5 C1"# $#%& +( j = 6 .")3# $% )' ">*"'$ "F$-":" 5%*'$ ).-")30 $"#$"3 ;$!)$ *# (0, 1, 0) <1 4" /%$% #$"5 61"# $#%& '( S1 *# ":5$0 )'3 $!" )./%-*$!: #$%5#12*'" S2 = {(1, 0, 0)}7 8" 3"3@" $!)$ (1, 0, 0) *# )' ">*"'$ #%.@$*%' $% BLMPP ′1

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-    !" #$%&'() *'%+&+% %'(+,- ./%0'$*1+0'&+ 3-$)-,..'() 3-$*4%+.5 !"!# $%& '()*+&, )./01&(&1 !" #$&' !"(" )' $* +!" ,)*"-( #$(.&,-+)$* $# /011 2)3"* -' #$,,$4'5
min

x∈R
n1
+

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))

'&67"+ +$ A1x ≤ b18 '$,3"'  miny∈R
n2
+

f(x, y) = (c1y, c2y, ..., cm2
y)

s.t

A2x + A3y ≤ b2

9/:011;4!"(" Ci, i = 1, ...m1 -(" n1 + n2<=)."*')$*-, $*'+-*+ ($4 3"+$('> ci, i = 1, ...m2 -(" n2<=)."*')$*-, $*'+-*+ ($4 3"+$('> b1 )' - ?<=)."*')$*-, $*'+-*+ $,&.* 3"+$( -*= b2 )' - @<=)."*')$*-, $*'+-*+ $,&.* 3"+$(> A1A A2 -*= A3 -(" ("'?"+)3",8 p × n1> q × n1 -*= q × n2$*'+-*+ .-+()"'B:"+ &' ="*$+" 68 R(x)A +!" '"+ $# (-+)$*-, ("'?$*'"' $# +!" #$,,$4"( #$( "-! =")')$* x $# +!","-="(B C+ )' ="D*"= -' +!" 1-("+$<$?+).-, ?$)*+ $# +!" #$,,$4)*2 ?($6,".5
min

y∈R
n2
+

f(x, y) = (c1y, c2y, ..., cm2
y)

s.t A3y ≤ b2 − A2xE)+! +!)' *$+-+)$*A $*" !-' +!" #$,,$4)*2 #$(.&,-+)$* $# /:0115
min
x∈X

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))'&67"+ +${ A1x ≤ b1

y ∈ R(x)F')*2 +!" #$,,$4)*2 ("?("'"*+-+)$* #$( +!" #"-')6," '?-" $# /:0115
Ω = { (x, y) ∈ Rn1

+ × Rn2

+ / A1x ≤ b1 -*= y ∈ R(x) }G*" $6+-)*' +!" #$,,$4)*2 $?+).)'+) #$(.&,-+)$* $# /:0115
min
x,y

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))

s.t 9/:011H;
(x, y) ∈ Ω !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !! !" #"$% &"%()# *+"&"#%& , #"- !,+,%"+(.,%()# )/ %!" /",&(01" &"% )/ BMPP ′2  !+)34!)3% %!"+"&% )/ %!(& !,*%"+5 Z -(11 +"*+"&"#% %!" &"% 6"7#"6 089 Z = { (x, y) ∈ Rn1

+ × Rn2

+ / A1x ≤

b1 ,#6 A2x + A3y ≤ b2 }2 :% -(11 0" ,&&3;"6 %!,% Z (& , #)#<";*%8 ,#6 0)3#6"6 &"% )="+ %!")#="$ *)18!"6+)#2 >& ,6)*%"6 (# &"%()# ?2@5 S -(11 +"*+"&"#% %!" "A("#% &)13%()#& &"% )/ %!"*+)01"; BLMPP ′2 !"!# $ &'(')*(+,')+-. -/ )&* /*'0+12* 0*) -/ 345667B" (#%+)63" , ;31%(<)0C"%(=" *+)4+,;;(#4 *+)01"; -!(! (& &3! %!,% (%& "A("#% &)13%()#& &"%(& "D3,1 %) %!" /",&(01" &"% )/ EFGHHI2 > &(;(1,+ +"&31% -,& ,1+",68 6"="1)*"6 (# JK(!/"16"+ LMMN℄503% -(%! , 6(P"+"#% ;31%()0C"%(=" *+)4+,;;(#4 *+)01";2  !" ,3%!)+ )#&(6"+"6 %!" /)11)-(#4;31%(<)0C"%(=" *+)4+,;;(#4 *+)01";9
min
x,y

f̃(x, y) = (c1y, c2y, ..., cm2
y, x)

s.t QGHHLR
A1x ≤ b1

A2x + A3y ≤ b2

x ≥ 0, y ≥ 0E8 1"%%(#4 K1 = Rm2

+ \ {0m2
} × {0n1

} ,#6 Ω ,& 6"7#"6 (# &"%()# ?2@5 %!" ,3%!)+ &!)-"6 %!"/)11)-(#4 +"&31%9"#$$% &'(' ' Ω = E(f̃ , Z, -K1
) !" 6(&,6=,#%,4" )/ %!(& +"&31% (& %!,% (% (& #)% ",&(18 ,**1(,01"2 :# /,%5 %!"+" 6) #)% "$(&%,**+),!"& 6"="1)*"6 (# %!" 1(%"+,%3+" /)+ 7#6(#4 "A("#% *)(#%& -(%! +"&*"% %) %!" )#" K1 =

Rm2

+ \ {0m2
} × {0n1

}2 G"%!)6& ,+" 3&3,118 /)+ )#"& %!,% !,=" %!" /)+; Rn
+ \ {0n}, n ∈ N2 :% (&%!" +",&)# -!8 (# JK(!/"16"+ LMMN℄5 %!" ,3%!)+ ,**+)$(;,%"6 %!" "A("#% &"% )/ MPP2 08 %!"-",S18 "A("#% &"%2T"+"5 -" (#%+)63" , #"- +"1,%()# %!,% ,# 0" ,**1("6 6(+"%18 %) 7#6 ,# )*%(;,1 &)13%()#2 F"%3& )#&(6"+ %!" /)11)-(#4 1(#",+ ;31%(<)0C"%(=" *+)4+,;;(#4 *+)01";9

 !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  ! 
min
x,y

H(x, y) =




0 c

−I 0

et 0




(
x

y

)

s.t  !"##$%
A1x ≤ b1

A2x + A3y ≤ b2

x ≥ 0, y ≥ 0&'()( c *+ , m2×n2 -,.)*/0 e *+ , 1(.3) ',1*45 (,' (4.)6 (78,9 .3 $ ,4: I *+ .'( n1×n1 *:(4.*.6-,.)*/; <,' ci )(=)(+(4.+ .'( )3& 1(.3) .',. :(>4(+ .'( *.'?3@A(.*1( B84.*34 3B .'( B3993&();!(. K2 = Rm2+n1+1
+ \ {0m2+n1+1}C .'(4 .'( B3993&*45 )(+89. '39:+;"#$%&$' ()*) ) Ω = E(H, Z, -K2

)+&%%,-
⇐= !(. 8+ +'3& .',. E(H, Z, -K2

) ⊂ Ω!(. z = (x0, y0) ∈ E(H, Z, -K2
)C B)3- .'( :(>4*.*34 3B E(H, Z, -K2

)C 34( ',+ A2x0 +A3y0 ≤ b2,4: A1x0 ≤ b1; D3C *4 3):() .3 +'3& .',. z ∈ ΩC *. +8E(+ .3 +'3& .',. y0 ∈ R(x0); !(. 8+ +8==3+(.'( 34.),)6; F'(4 .'()( (/*+.+ y +8' .',.G (i) A2x0 + A3y ≤ b2 ,4: (ii) y :3-*4,.( y0;H(9,.*34 (ii) *+ (78*1,9(4. .3 (c1y, c2y, ..., cm2
y) ≤ (c1y0, c2y0, ..., cm2

y0) &*.' ,. 9(,+. 34( k ∈

{1, ..., m2} +8' .',. cky < cky0;!(. 8+ 43& 34+*:() .'( =3*4. z∗ = (x0, y)C &( ',1(G
Hz∗ =




0 c

−I 0

et 0




(
x0

y

)
=




cy

−x0

etx0


 ,4: Hz =




0 c

−I 0

et 0




(
x0

y0

)
=




cy0

−x0

etx0


I8( .3 )(9,.*34  **%C 34( ',+ cy ≤ cy0 ,4: cy 6= cy0C .'*+ *-=9*(+ .',.G

H

(
x0

y

)
≤ H

(
x0

y0

) ,4: H

(
x0

y

)
6= H

(
x0

y0

)D3 (x0, y) :3-*4,.(+ (x0, y0) &*.' )(+=(. .3 .'( 34( K2 = Rm2+n1+1
+ \ {0m2+n1+1}C &'*'34.),:*.+ .'( B,. .',. (x0, y0) *+ , #,)(.3?3=.*-,9 =3*4. &*.' )(+=(. .3 .'( 34( K2 = Rm2+n1+1

+ \

{0m2+n1+1};
=⇒ !(. 8+ 43& +'3& .',. Ω ⊂ E(H, Z, -K2

)D8==3+( .',. .'()( *+ z = (x0, y0, ) ∈ Ω +8' .',. z /∈ E(H, Z, -K2
); F'(4 .'()( -8+. @( , =3*4. !"#% &"#'#%( )*+,-+.)/01 2/%3#3



 !"#$&$#'&$( )*#$+$,(#$)- +).'"$-/ $- 0$"'1'" )*#$+$,(#$)-2 #3' 0$"'1'" +!"#$)04'#$1' )*#$+$,(#$)-  !"
z1 = (x1, y1)  !# $#%$ Hz1 &'()*%$+ Hz, -#) )(./)+ $#%$ Hz1 ≤ Hz %*& Hz 6= Hz1, 0 )*1$#+  $2!$!2+ '3 $#+ (%$2)4 H 5 %*& $#+ 3%$ $#%$ z = (x0, y0) %*& z1 = (x, y)5 '*+ '6$%)* 7




0 c

−I 0

et 0




(
x1

y1

)
=




cy1

−x1

eT x1


 ≤




0 c

−I 0

et 0




(
x0

y0

)
=




cy0

−x0

etx0


%*& $#+*




cy1

−x1

etx1


 6=




cy0

−x0

etx0


-#) )(./)+ $#%$7 x1 − x0 ≥ 0 %*& et(x1 − x0) ≤ 0 8#)# (+%* $#%$ x1 = x0 %*& %/ ' $#%$

etx1 = etx0, 9$ 3'//'8 $#%$ cy1 ≤ cy0 %*& cy1 6= cy0, -#! y1 &'()*%$+ y0, :'*$2%&)$)*1 $#+ 3%$$#%$ y0 ∈ R(x0), 2;2'( $#+'2+( <,=,>5 '*+ %* &+&!+ $#%$  '/?)*1 $#+ .2'6/+( (BLMPP ′) ) +@!)?%/+*$ $' '/?)*17
min
x,y

F (x, y) = (C1(x, y), C2(x, y), ..., Cm1
(x, y))

s.t ABCDEEFG
(x, y) ∈ E(H, Z, -K2

)-#+ $#+'2+( <,=,> /+%& $' $#+ 3'//'8)*1 '2'//%2H,#$%$&&'%( )*+* * S = E(F, E(H, Z, -K2
), -K1

)  !"#" K1 = Rm1

+ \{0m1
} $%& K2 = Rm2+n1+1

+ \
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