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❏❡ t✐❡♥s ❞✬❛❜♦r❞ à r❡♠❡r❝✐❡r ❧❡s ♠❡♠❜r❡s ❞✉ ❥✉r②✿ ❱✐♥❝❡♥t ●✐♦✈❛♥❣✐❣❧✐✱ ▼❛rt✐♥ ●❛♥❞❡r✱
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s♦t✱ ❙é❜❛st✐❡♥ ❈❛♥❞❡❧✱ ❏✉❛♥✲❈❛r❧♦s ▲❛rr♦②❛✲❍✉❣✉❡t✱ ❏✉❛♥✲❈❛r❧♦s ❘♦❧♦♥ ❡t ❈❤r✐st✐❛♥ ❚❡♥❛✉❞✱
❞❡ ❧❡✉r ♣rés❡♥❝❡ ❡t ❞❡ ❧✬✐♥térêt q✉✬✐❧s ♦♥t ♣♦rté à ❧✬é❣❛r❞ ❞❡ ❝❡ tr❛✈❛✐❧✳ ❏✬❛❞r❡ss❡ t♦✉s ♠❡s r❡♠❡r✲
❝✐❡♠❡♥ts ❡♥ ♣❛rt✐❝✉❧✐❡r à ▼❛rt✐♥ ●❛♥❞❡r✱ ❲✐❧❧❡♠ ❍✉♥❞s❞♦r❢❡r ❡t ❚❤✐❡rr② P♦✐♥s♦t ♣♦✉r ❛✈♦✐r
❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉rs ❞❡ ❝❡tt❡ t❤ès❡ ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡✉rs r❡♠❛rq✉❡s ❡t ❧❡✉rs q✉❡st✐♦♥s✳ ❏❡
r❡♠❡r❝✐❡ ❡♥✜♥ ❱✐♥❝❡♥t ●✐♦✈❛♥❣✐❣❧✐ ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❧✬❤♦♥♥❡✉r ❞❡ ♣rés✐❞❡r ❧❡ ❥✉r②✳

❈♦♥❝❡r♥❛♥t ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡✱ ❥❡ t✐❡♥s t♦✉t ❞✬❛❜♦r❞ à ❡①♣r✐♠❡r ♠❛ ❣r❛t✐t✉❞❡ à ▼❛r❝ ▼❛ss♦t
♣♦✉r ❧❛ ❝♦♥✜❛♥❝❡ q✉✬✐❧ ♠✬❛ ❛❝❝♦r❞é❡ ❛✐♥s✐ q✉❡ ♣♦✉r s❡s q✉❛❧✐tés ❤✉♠❛✐♥❡s ❡t s❝✐❡♥t✐✜q✉❡s q✉✐
♠✬♦♥t t♦✉❥♦✉rs r❡♠♣❧✐ ❞❡ ♠♦t✐✈❛t✐♦♥ ❡t ❡♥t❤♦✉s✐❛s♠❡✳ ❏✬❛❞r❡ss❡ é❣❛❧❡♠❡♥t ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡
❧❛ ♣❧✉s s✐♥❝èr❡ à ❙té♣❤❛♥❡ ❉❡s❝♦♠❜❡s✱ ❚❤✐❡rr② ❉✉♠♦♥t✱ ❱✐♦❧❛✐♥❡ ▲♦✉✈❡t ❡t ❋ré❞ér✐q✉❡ ▲❛✉r❡♥t
♣♦✉r ❧❡✉rs ♣ré❝✐❡✉s❡s ❛✐❞❡s ❡t ❧❡✉r ❞✐s♣♦♥✐❜✐❧✐té ❡♥ t♦✉t t❡♠♣s✳ ❈❡❧❛ ❛ été ✉♥ ✈r❛✐ ♣❧❛✐s✐r ❞❡
tr❛✈❛✐❧❧❡r ❛✈❡❝ ❡✉① ♠❛✐s s✉rt♦✉t ✉♥❡ ❝❤❛♥❝❡ ❞✬❛✈♦✐r ❢❛✐t ♣❛rt✐❡ ❞❡ ❝❡tt❡ éq✉✐♣❡ ♠❡r✈❡✐❧❧❡✉s❡ ❞❡
♣❡rs♦♥♥❡s✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❈❤r✐st✐❛♥ ❚❡♥❛✉❞ q✉✐ ❛ ❝♦❧❧❛❜♦ré é♥♦r♠é♠❡♥t à ❝❡ ♣r♦❥❡t q✉✐
❝♦♠♠❡♥❝❡ à ♣❡✐♥❡ ❡t q✉✐ ♣r♦♠❡t ❜❡❛✉❝♦✉♣✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❥❡ r❡♠❡r❝✐❡ ❆♥♥❡ ❇♦✉r❞♦♥ ❡t
❩❞❡♥➙❦ ❇♦♥❛✈❡♥t✉r❛ ♣♦✉r t♦✉s ❧❡s ❥♦❧✐s tr❛✈❛✉① q✉❡ ♥♦✉s ❛✈♦♥s ♠❡♥é ❡♥s❡♠❜❧❡ ❡t q✉✐ s✉r❡♠❡♥t
❝♦♥t✐♥✉❡r♦♥t✳ ❏❡ s❛❧✉❡ ❧❛ ❞✐s♣♦♥✐❜✐❧✐té ❞❡ ❙é❜❛st✐❡♥ ❈❛♥❞❡❧ ♣♦✉r t♦✉t❡s s❡s r❡♠❛rq✉❡s ❡t t♦✉t
❧❡ t❡♠♣s ♣❛ssé ❛✈❡❝ ♠♦✐✳ ❏❡ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t ❛✉ss✐ à ❙té♣❤❛♥❡ ❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ▲✉❝✐❡
❋rér❡t ❡t ❈❤r✐st♦♣❤❡ ❆✉❞♦✉③❡✱ q✉✐ ♠✬♦♥t ❜❡❛✉❝♦✉♣ ❛✐❞é ♣❡♥❞❛♥t ♠❡s ❞é❜✉ts ❡♥ t❤ès❡✳ ❋✐♥❛❧❡✲
♠❡♥t✱ ❥❡ r❡♠❡r❝✐❡ très ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❏✉❛♥✲❈❛r❧♦s ❘♦❧♦♥ q✉✐ ❡st à ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡ ❛✈❡♥t✉r❡✳

❏❡ r❡♠❡r❝✐❡ ❡♥s✉✐t❡ ❧❡s ✐♥st✐t✉ts ❞❡ ♠❛t❤é♠❛t✐q✉❡s ❡t ❞❡ s❝✐❡♥❝❡s ❞❡ ❧✬✐♥❣é♥✐❡✉r ❞✉ ❈◆❘❙✱
❧✬■◆❙▼■ ❡t ❧✬■◆❙■❙✱ q✉✐ ♦♥t ❝♦✜♥❛♥❝é ♠❛ ❜♦✉rs❡ ❞❡ ❞♦❝t❡✉r ✐♥❣é♥✐❡✉r✳ ❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t
❧❡ ❧❛❜♦r❛t♦✐r❡ ❊▼✷❈ ❞❛♥s ❧❛ ♣❡rs♦♥♥❡ ❞❡ s♦♥ ❛♥❝✐❡♥ ❞✐r❡❝t❡✉r✱ ◆❛ss❡r ❉❛r❛❜✐❤❛ ❡t ❞❡ s❛ ❞✐r❡❝✲
tr✐❝❡ ❛❝t✉❡❧❧❡✱ ❊st❡❧❧❡ ■❛❝♦♥❛ ❞❡ ♠✬❛✈♦✐r ❢♦✉r♥✐ t♦✉t ❧❡s ♠♦②❡♥s ❞♦♥t ❥✬❛✈❛✐s ❜❡s♦✐♥ ♣♦✉r ré❛❧✐s❡r
♠♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❞❛♥s ❞❡ ❜♦♥♥❡s ❝♦♥❞✐t✐♦♥s✳ ❏❡ r❡♠❡r❝✐❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧✬❛ss✐st❛♥❝❡ ❞❡
❙té♣❤❛♥✐❡ ❡t ❆♥♥❡✲❈é❝✐❧❡✳ ❉❡ ♠❛♥✐èr❡ ♣❧✉s ❣é♥ér❛❧❡✱ ❥❡ r❡♠❡r❝✐❡ t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s ❛✈❡❝
q✉✐ ❥✬❛✐ ❡✉ ❧❡ ♣❧❛✐s✐r ❞❡ ❞✐s❝✉t❡r ❡t ♣❛rt❛❣❡r ❞❡s ♠♦♠❡♥ts très ❛❣ré❛❜❧❡s ❛✉ s❡✐♥ ❞✉ ❧❛❜♦r❛✲
t♦✐r❡✳ ❉❡ ❢❛ç♦♥ ♥♦♥ ❡①❤❛✉st✐✈❡✱ ❥❡ s❛❧✉❡ ❧❛ ❣❡♥t✐❧❧❡ss❡ ❞❡ ❚❤✐❡rr② ❙❝❤✉❧❧❡r✱ ❙é❜❛st✐❡♥ ❉✉❝r✉✐①✱
▲❛✉r❡♥t ❩✐♠♠❡r ❛✐♥s✐ q✉❡ ❞❡ ♥♦♠❜r❡✉s❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❡t ❧❛ ❝❤❛♥❝❡ ❞❡ ❝♦♥✲
♥❛✐tr❡✿ P❛tr✐❝❦✱ ❆♠♠❛r✱ ❍❡❝t♦r✱ ●❛❜✐✱ ■t❛r✉✱ ❨♦❛♥♥✱ ❋❛r❛❤✱ ❉✐❛♥❡✱ ❏❡❛♥ ❈✳✱ ❏❡❛♥ ▲✳✱ ❱✐♥❝❡♥t✱
❆❧❡①✐s✱ ▲❛②❛❧✱ ❆❞r✐❡♥✱ ❏✐♥❣①✉❛♥✱ ❋❛❜✐❡♥✱ ❨❛♠❛❞❛✱ ❙♦r♦✉r✱ ❉✐❛♥❛✱ ❏❛r♦s❧❛✈✱ ❏✉❛♥ ■❣♥❛❝✐♦✱ ❆♥✲
❞r❡❛✱✳✳✳ ❏❡ s❛❧✉❡ s♣é❝✐❛❧❡♠❡♥t ♠❡s ❝❛♠❛r❛❞❡s ❞❡ ❜✉r❡❛✉✿ P❛✉❧✱ ❙é❜❛st✐❡♥✱ ●❛♦❢❡♥❣✱ ❚❛♣✐s❤✱
▼✐❧♦✉❞✱ ❋ré❞ér✐❝✱ P✐❡rr❡✲❊❞♦✉❛r❞✱ ❘❛♣❤❛ë❧✱ ❇❡♥❡❞❡tt❛✱ ❆❧❡ss❛♥❞r♦✱ ❚❤é♦❞♦r❡✱ ❡t ♠❡s ❝♦éq✉✐♣✲
✐❡rs✿ ❉❛♠✐❡♥✱ ❋r❛♥ç♦✐s✱ ❆②♠❡r✐❝ ❡t ❆❞❛♠✳

❏❡ t✐❡♥s à ❡①♣r✐♠❡r ♠❛ ❣r❛♥❞❡ ❣r❛t✐t✉❞❡ à t♦✉s ❝❡✉① ❡t ❝❡❧❧❡s ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é t♦✉t❡s s❡s
❛♥♥é❡s ❡t q✉✐ ♦♥t ❛✉ss✐ ❝♦♥tr✐❜✉é à ❥✉st✐✜❡r ♠❛ ✈❡♥✉❡✳ P♦✉r ❝✐t❡r q✉❡❧q✉❡s✲✉♥s✱ ❥❡ ❝♦♠♠❡♥❝❡



✐✐✐

♣❛r ♠❡s ❝❛♠❛r❛❞❡s à ❧✬❊❈P q✉✐ ♠✬♦♥t très ❜✐❡♥ ❛❝❝✉❡✐❧❧✐ ❞❡♣✉✐s ♠♦♥ ❛rr✐✈é❡ ❡♥ ❋r❛♥❝❡✱ ❡♥
♣❛rt✐❝✉❧✐❡r ❆✉❞❡✱ ❊♠✐❧✐❡♥ ❡t ❈❤❛r❧❡s✳ ❏❡ ✈♦✉❞r❛✐s é❣❛❧❡♠❡♥t ❛❞r❡ss❡r ♠❡s ♣❧✉s ❝❤❛❧❡✉r❡✉①
r❡♠❡r❝✐❡♠❡♥ts à ▼❛r❝✱ ▼❛r✐❡✲▲❛✉r❡✱ ❨sé ❡t ❈❧❛✐r❡✲▲✐♥❡ ❛✐♥s✐ q✉✬à ❙té♣❤❛♥❡✱ ❑❛r✐♥❡✱ ❆♠❜r❡
❡t ❆♥❛ë❧❧❡ ♣♦✉r ❧❡✉r ❛✐♠❛❜❧❡ ❤♦s♣✐t❛❧✐té ❡t s♦✉t✐❡♥✳ ❏❡ r❡♠❡r❝✐❡ ❩❞❡♥➙❦✱ ❑❛t❦❛ ❡t ❊♠❛ ❞❡
❧❡✉r très ❜❡❧❧❡ ❝♦♠♣❛❣♥✐❡✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ♠❛ ❝❤èr❡ ❛♠✐❡ ❑♦♥st❛♥t✐♥❛ ❡t s❛ ♠èr❡ ♣♦✉r t♦✉s
❧❡s ♠♦♠❡♥ts q✉❡ ♥♦✉s ❛✈♦♥s ♣❛rt❛❣é ❡♥s❡♠❜❧❡✱ ❛✐♥s✐ q✉❡ ♠♦♥ ❛♠✐ ❘♦❜❡rt♦ ❡t s❛ ❢❛♠✐❧❧❡ ♣♦✉r
❧❡✉r ❣é♥ér♦s✐té ❡t ❛♠✐t✐é✳ ❏❡ r❡♠❡r❝✐❡ s♣é❝✐❛❧❡♠❡♥t ♠♦♥ ❝❛♠❛r❛❞❡ ❞✬❛✈❡♥t✉r❡ ❇❡t♦ ♣♦✉r s❛
❝♦♠♣❛❣♥✐❡ ❞❡♣✉✐s ❧♦♥❣t❡♠♣s✱ ❡t ❈❤r✐st✐❛♥ ♣♦✉r s❛ ♣❛t✐❡♥❝❡ ❡t ❧❛ ❝♦♥✜❛♥❝❡ q✉✬✐❧ ♠✬❛ t♦✉❥♦✉rs
❛❝❝♦r❞é❡✳ ❯♥❡ ✐♠♠❡♥s❡ ❣r❛t✐t✉❞❡ ❡st ❞é❝❡r♥é❡ à ♠❡s ❢rèr❡s ❍❛♥s✱ ◆✐❝♦❧ás ❡t ❉❛♥✐❡❧ ❛✈❡❝ q✉✐ ❥✬❛✐
✈é❝✉ ❝❡tt❡ ❡①♣ér✐❡♥❝❡ ✐♥♦✉❜❧✐❛❜❧❡✳ ❈❡ sé❥♦✉r ♥❡ s❡r❛✐t ♣❛s ❝♦♠♣❧èt❡♠❡♥t ❥✉st✐✜é s❛♥s ❧✬❡①✐st❡♥❝❡
❞❡ ▼❛r✐❛✱ ♠❛ s♦✉r❝❡ ❞✬✐♥s♣✐r❛t✐♦♥✱ à q✉✐ ❥❡ ❞é❞✐❡ ❝❡ tr❛✈❛✐❧✳ ❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❙t❡❢❛♥♦✱
❆♠❛❜✐❧❡ ❡t ❱❛❧❡r✐❛ ♣♦✉r ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ ❞❛♥s ❧❡✉rs ✈✐❡s✳ ❏❡ t✐❡♥s ✜♥❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❞✉
♣❧✉s ♣r♦❢♦♥❞ ❞❡ ♠♦♥ ❝÷✉r t♦✉t❡ ♠❛ ❢❛♠✐❧❧❡ ❡t ♠❡s ❛♠✐s ❛✉ P❛r❛❣✉❛②✱ q✉✐ ♠❛❧❣ré ❧❛ ❞✐st❛♥❝❡✱
♠✬♦♥t t♦✉❥♦✉rs ❛♣♣♦rté ❧❡✉r s♦✉t✐❡♥ ❡t ❡♥✈♦②é ❧❡✉rs ♣❡♥sé❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♠❡s ♣❛r❡♥ts✱ ❊❧s❛
❡t ▲✉✐s✱ ❡t ♠♦♥ ❢rèr❡ ▲✉✐s ▼❛r✐❛✳



❘és✉♠é

◆♦✉s ❛❜♦r❞♦♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ❣é♥ér❛t✐♦♥ ❞❡ ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ♣♦✉r ❧❛
rés♦❧✉t✐♦♥ ❞❡s ❊❉P é✈♦❧✉t✐✈❡s q✉✐ ♠♦❞é❧✐s❡♥t ❞❡s ♣❤é♥♦♠è♥❡s ♠✉❧t✐✲é❝❤❡❧❧❡s ❡♥ t❡♠♣s ❡t ❡♥ ❡s✲
♣❛❝❡ ✐ss✉s ❞❡ ❞✐✈❡rs ❞♦♠❛✐♥❡s ❛♣♣❧✐❝❛t✐❢s✳ ▲❛ r❛✐❞❡✉r ❛ss♦❝✐é❡ à ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡✱ q✉❡ ❝❡ s♦✐t
✈✐❛ ❧❡ t❡r♠❡ s♦✉r❝❡ ❝❤✐♠✐q✉❡ q✉✐ ♣rés❡♥t❡ ✉♥ ❧❛r❣❡ s♣❡❝tr❡ ❞✬é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡s
♦✉ ❡♥❝♦r❡ ✈✐❛ ❧❛ ♣rés❡♥❝❡ ❞❡ ❢♦rt ❣r❛❞✐❡♥ts très ❧♦❝❛❧✐sés ❛ss♦❝✐és ❛✉① ❢r♦♥ts ❞❡ ré❛❝t✐♦♥✱ ✐♠✲
♣❧✐q✉❡ ❡♥ ❣é♥ér❛❧ ❞❡ sé✈èr❡s ❞✐✣❝✉❧tés ♥✉♠ér✐q✉❡s✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✐❧ s✬❛❣✐t ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s
♠ét❤♦❞❡s q✉✐ ❣❛r❛♥t✐ss❡♥t ❧❛ ♣ré❝✐s✐♦♥ ❞❡s rés✉❧t❛ts ❡♥ ♣rés❡♥❝❡ ❞❡ ❢♦rt❡ r❛✐❞❡✉r ❡♥ s✬❛♣♣✉②❛♥t
s✉r ❞❡s ♦✉t✐❧s t❤é♦r✐q✉❡s s♦❧✐❞❡s✱ t♦✉t ❡♥ ♣❡r♠❡tt❛♥t ✉♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❛✉ss✐ ❡✣❝❛❝❡✳ ▼ê♠❡
s✐ ♥♦✉s ét❡♥❞♦♥s ❝❡s ✐❞é❡s à ❞❡s s②stè♠❡s ♣❧✉s ❣é♥ér❛✉① ♣❛r ❧❛ s✉✐t❡✱ ❝❡ tr❛✈❛✐❧ s❡ ❢♦❝❛❧✐s❡ s✉r
❧❡s s②stè♠❡s ❞❡ ré❛❝t✐♦♥✲❞✐✛✉s✐♦♥ r❛✐❞❡s✳ ▲❛ ❜❛s❡ ❞❡ ❧❛ str❛té❣✐❡ ♥✉♠ér✐q✉❡ s✬❛♣♣✉✐❡ s✉r ✉♥❡
❞é❝♦♠♣♦s✐t✐♦♥ ❞✬♦♣ér❛t❡✉r s♣é❝✐✜q✉❡✱ ❞♦♥t ❧❡ ♣❛s ❞❡ t❡♠♣s ❡st ❝❤♦✐s✐ ❞❡ ♠❛♥✐èr❡ à r❡s♣❡❝t❡r ✉♥
♥✐✈❡❛✉ ❞❡ ♣ré❝✐s✐♦♥ ❞♦♥♥é ♣❛r ❧❛ ♣❤②s✐q✉❡ ❞✉ ♣r♦❜❧è♠❡✱ ❡t ♣♦✉r ❧❛q✉❡❧❧❡ ❝❤❛q✉❡ s♦✉s✲♣❛s ✉t✐❧✐s❡
✉♥ ✐♥té❣r❛t❡✉r t❡♠♣♦r❡❧ ❞✬♦r❞r❡ é❧❡✈é ❞é❞✐é✳ ❈❡ s❝❤é♠❛ ♥✉♠ér✐q✉❡ ❡st ❡♥s✉✐t❡ ❝♦✉♣❧é à ✉♥❡
❛♣♣r♦❝❤❡ ❞❡ ♠✉❧t✐rés♦❧✉t✐♦♥ s♣❛t✐❛❧❡ ❛❞❛♣t❛t✐✈❡ ♣❡r♠❡tt❛♥t ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥
s✉r ✉♥ ♠❛✐❧❧❛❣❡ ❞②♥❛♠✐q✉❡ ❛❞❛♣té✳ ▲✬❡♥s❡♠❜❧❡ ❞❡ ❝❡tt❡ str❛té❣✐❡ ❛ ❝♦♥❞✉✐t ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t
❞✉ ❝♦❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❣é♥ér✐q✉❡ ✶❉✴✷❉✴✸❉ ❛❝❛❞é♠✐q✉❡ ▼❇❆❘❊❚❊ ❞❡ ♠❛♥✐èr❡ à é✈❛❧✉❡r ❧❡s
❞é✈❡❧♦♣♣❡♠❡♥ts t❤é♦r✐q✉❡s ❡t ♥✉♠ér✐q✉❡s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ♣r❛t✐q✉❡s r❛✐❞❡s
✐ss✉❡ ❞❡ ♣❧✉s✐❡✉rs ❞♦♠❛✐♥❡s ❞✬❛♣♣❧✐❝❛t✐♦♥✳ ▲✬❡✣❝❛❝✐té ❛❧❣♦r✐t❤♠✐q✉❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❡st ❞é♠♦♥✲
tré❡ ♣❛r ❧❛ s✐♠✉❧❛t✐♦♥ ❞✬♦♥❞❡s ❞❡ ré❛❝t✐♦♥ r❛✐❞❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❝❤✐♠✐q✉❡
♥♦♥✲❧✐♥é❛✐r❡ ❡t ❞❛♥s ❝❡❧✉✐ ❞❡ ❧✬✐♥❣é♥✐❡r✐❡ ❜✐♦♠é❞✐❝❛❧❡ ♣♦✉r ❧❛ s✐♠✉❧❛t✐♦♥ ❞❡s ❛❝❝✐❞❡♥ts ✈❛s❝✉✲
❧❛✐r❡s ❝éré❜r❛✉① ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥ t❡r♠❡ s♦✉r❝❡ ✏❝❤✐♠✐q✉❡ ❝♦♠♣❧❡①❡✑✳ P♦✉r ét❡♥❞r❡ ❧✬❛♣♣r♦❝❤❡
à ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♣❧✉s ❝♦♠♣❧❡①❡s ❡t ♣❧✉s ❢♦rt❡♠❡♥t ✐♥st❛t✐♦♥♥❛✐r❡s✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ♣♦✉r ❧❛
♣r❡♠✐èr❡ ❢♦✐s ✉♥❡ t❡❝❤♥✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥ ❞✬♦♣ér❛t❡✉r ❛✈❡❝ ♣❛s ❞❡ t❡♠♣s ❛❞❛♣t❛t✐❢ q✉✐ ♣❡r♠❡t
❞✬❛tt❡✐♥❞r❡ ✉♥❡ ♣ré❝✐s✐♦♥ ❞♦♥♥é❡ ❣❛r❛♥t✐❡ ♠❛❧❣ré ❧❛ r❛✐❞❡✉r ❞❡s ❊❉P✳ ▲❛ ♠ét❤♦❞❡ ❞❡ rés♦❧✉✲
t✐♦♥ ❛❞❛♣t❛t✐✈❡ ❡♥ t❡♠♣s ❡t ❡♥ ❡s♣❛❝❡ q✉✐ ❡♥ rés✉❧t❡✱ ét❡♥❞✉❡ ❛✉ ❝❛s ❝♦♥✈❡❝t✐❢✱ ♣❡r♠❡t ✉♥❡
❞❡s❝r✐♣t✐♦♥ ❝♦♥s✐st❛♥t❡ ❞❡ ♣r♦❜❧è♠❡s ✐♠♣❧✐q✉❛♥t ✉♥❡ très ❧❛r❣❡ ♣❛❧❡tt❡ ❞✬é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❡t
❞✬❡s♣❛❝❡ ❡t ❞❡s s❝é♥❛r✐♦s ♣❤②s✐q✉❡s très ❞✐✛ér❡♥ts✱ q✉❡ ❝❡ s♦✐t ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❞é❝❤❛r❣❡s
ré♣ét✐t✐✈❡s ♣✉❧sé❡s ♥❛♥♦s❡❝♦♥❞❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ♣❧❛s♠❛s ♦✉ ❜✐❡♥ ❧✬❛❧❧✉♠❛❣❡ ❡t ❧❛ ♣r♦♣✲
❛❣❛t✐♦♥ ❞❡ ✢❛♠♠❡s ❞❛♥s ❝❡❧✉✐ ❞❡ ❧❛ ❝♦♠❜✉st✐♦♥✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❧❛ t❤ès❡ ❡st ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥
s♦❧✈❡✉r ♥✉♠ér✐q✉❡ q✉✐ ♣❡r♠❡t ❧❛ rés♦❧✉t✐♦♥ ❞❡s ❊❉P r❛✐❞❡s ❛✈❡❝ ❝♦♥trô❧❡ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞✉
❝❛❧❝✉❧ ❡♥ s❡ ❜❛s❛♥t s✉r ❞❡s ♦✉t✐❧s ❞✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ r✐❣♦✉r❡✉①✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♠♦②❡♥s
❞❡ ❝❛❧❝✉❧s st❛♥❞❛r❞✳ ◗✉❡❧q✉❡s ét✉❞❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s s♦♥t ❛✉ss✐ ♣rés❡♥té❡s ❝♦♠♠❡ ❧❛ ♣❛r✲
❛❧❧é❧✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡✱ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣❛r❛❧❧é❧✐s❛t✐♦♥ à ♠é♠♦✐r❡ ♣❛rt❛❣é❡ ❡t ❞❡s ♦✉t✐❧s ❞❡
❝❛r❛❝tér✐s❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞❡s s❝❤é♠❛s ❞❡ t②♣❡ sé♣❛r❛t✐♦♥ ❞✬♦♣ér❛t❡✉r✳

▼♦ts✲❝❧és✳ Pr♦❜❧è♠❡s ♠✉❧t✐✲é❝❤❡❧❧❡s❀ ❘é❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥❀ ❙é♣❛r❛t✐♦♥ ❞✬♦♣ér❛t❡✉r❀
▼✉❧t✐rés♦❧✉t✐♦♥ ❛❞❛♣t❛t✐✈❡❀ ■♥té❣r❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❛❞❛♣t❛t✐✈❡❀ ❈♦♥trô❧❡ ❞✬❡rr❡✉r❀ P❛r❛❧❧é❧✐s❛t✐♦♥
à ♠é♠♦✐r❡ ♣❛rt❛❣é❡❀ ❆❧❣♦r✐t❤♠ P❛r❛ré❡❧❀ ❖♥❞❡s ❝❤✐♠✐q✉❡s ♥♦♥ ❧✐♥é❛✐r❡s❀ ❆❝❝✐❞❡♥ts ✈❛s❝✉❧❛✐r❡s
❝éré❜r❛✉①❀ ❋❧❛♠♠❡s ❧❛♠✐♥❛✐r❡s❀ ❉é❝❤❛r❣❡s ♣❧❛s♠❛✳



❆❜str❛❝t

❲❡ t❛❝❦❧❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♥❡✇ ❣❡♥❡r❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢
t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s ♠♦❞❡❧✐♥❣ ❣❡♥❡r❛❧ t✐♠❡✴s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ ✐ss✉❡❞ ❢r♦♠ ✈❛r✲
✐♦✉s ❛♣♣❧✐❝❛t✐♦♥ ✜❡❧❞s✳ ❚❤✐s t②♣❡ ♦❢ ♣r♦❜❧❡♠ ✐♥❞✉❝❡s ✇❡❧❧✲❦♥♦✇♥ ♥✉♠❡r✐❝❛❧ r❡str✐❝t✐♦♥s ❛♥❞
♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ st✐✛♥❡ss✱ ✇❤✐❝❤ st❡♠ ❢r♦♠ t❤❡ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ t✐♠❡ s❝❛❧❡s ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r
❝❤❡♠✐❝❛❧ t❡r♠s ❛s ✇❡❧❧ ❛s ❢r♦♠ st❡❡♣✱ s♣❛t✐❛❧❧② ✈❡r② ❧♦❝❛❧✐③❡❞✱ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ r❡❛❝t✐♦♥
❢r♦♥ts✳ ❚❤❡r❡❢♦r❡✱ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❛r❡ ♥❡❡❞❡❞ t♦ ❡♥s✉r❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❛❦✐♥❣ ❛❧s♦ ✐♥t♦ ❛❝❝♦✉♥t ❛❞❡q✉❛t❡
♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✳ ■♥ ♦r❞❡r t♦ ❝♦♣❡ ✇✐t❤ t❤❡s❡ ♣r♦❜✲
❧❡♠s✱ t❤✐s st✉❞② ✐♥tr♦❞✉❝❡s ❛ ❢❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡❧❡♠❡♥ts ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ❡①t❡♥s✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ ❝♦r❡ ♦❢
t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s t❤✉s ❜❛s❡❞ ♦♥ ❛ s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✇✐t❤
❞❡❞✐❝❛t❡❞ ❤✐❣❤ ♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡s ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠✳ ❆♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡
♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛❧❧♦✇s ✉s t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✱
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦✈❡r❛❧❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ♣r♦♣❡r❧②
❝♦✉♣❧❡❞ ✇✐t❤ ❛♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r ❞②♥❛♠✐❝ s♣❛t✐❛❧ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❤❛s ❧❡❞ t♦ t❤❡ ❝♦♥❝❡♣t✐♦♥ ♦❢ t❤❡ ❛❝❛❞❡♠✐❝✱ ❣❡♥❡r✐❝ ✶❉✴✷❉✴✸❉
▼❇❆❘❊❚❊ ❝♦❞❡ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦♣♦s❡❞ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts
✐♥ ♣r❛❝t✐❝❛❧ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ❛r✐s✐♥❣ ✐♥ s❡✈❡r❛❧ r❡s❡❛r❝❤ ✜❡❧❞s✳ ❚❤❡ ❛❧❣♦r✐t❤♠✐❝ ❡✣❝✐❡♥❝②
♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❛ss❡ss❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♥❣ st✐✛ r❡❛❝t✐♦♥ ✇❛✈❡s ✐ss✉❡❞ ❢r♦♠
♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s ❛♥❞ ❢r♦♠ ❜✐♦♠❡❞✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ❛ ❜r❛✐♥ str♦❦❡
♠♦❞❡❧ ✇✐t❤ ✏❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠s✑✳ ▼♦r❡♦✈❡r✱ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t②
♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ✉♥st❡❛❞② ♣r♦❜❧❡♠s✱ ✇❡ ❝♦♥s✐❞❡r ❢♦r t❤❡ ✜rst t✐♠❡ ❛ t✐♠❡
❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r st✐✛ P❉❊s✱ t❤❛t ②✐❡❧❞s ❞②♥❛♠✐❝ t✐♠❡ st❡♣♣✐♥❣ ✇✐t❤✐♥ t❤❡ ♣r❡✲
s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳ ❚❤❡ ❢✉❧❧② t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t❤❡♥ ❛ ❝♦♥s✐st❡♥t ❞❡s❝r✐♣t✐♦♥
♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s ❞✐s❝❧♦s✐♥❣ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ t✐♠❡✴s♣❛❝❡ s❝❛❧❡s ❛s
✇❡❧❧ ❛s ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s✱ s✉❝❤ ❛s ❤✐❣❤❧② ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s ♦r
s❡❧❢✲✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✢❛♠❡s ❢♦r✱ r❡s♣❡❝t✐✈❡❧②✱ ♣❧❛s♠❛ ❛♥❞ ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳
❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s ❤❡♥❝❡ t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ st✐✛ P❉❊s ✇✐t❤ r❡❛s♦♥❛❜❧❡✱ st❛♥✲
❞❛r❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ ❜❛s❡❞ ♦♥ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ t❤❛t ❡♥s✉r❡s r♦❜✉st✱
❣❡♥❡r❛❧ ❛♥❞ ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❋✉rt❤❡r st✉❞✐❡s ❛r❡ ❛❧s♦ ♣r❡s❡♥t❡❞ t❤❛t ✐♥❝❧✉❞❡ t✐♠❡
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✶✶✳✸ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✹
✶✶✳✹ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✻

✶✶✳✹✳✶ ❙❡❝♦♥❞ ❖r❞❡r ❆❞❛♣t✐✈❡ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ❙tr❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✻
✶✶✳✹✳✷ ❘❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉r✐❢t✲❉✐✛✉s✐♦♥ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✽
✶✶✳✹✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✵

✶✶✳✺ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✷
✶✶✳✺✳✶ Pr♦♣❛❣❛t✐♦♥ ♦❢ ❛ P♦s✐t✐✈❡ ❙tr❡❛♠❡r ✇✐t❤ ❈♦♥st❛♥t ❆♣♣❧✐❡❞ ❱♦❧t❛❣❡ ✳ ✳ ✳ ✷✼✷
✶✶✳✺✳✷ ❙✐♠✉❧❛t✐♦♥ ♦❢ ▼✉❧t✐✲P✉❧s❡❞ ❉✐s❝❤❛r❣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✼



❈♦♥t❡♥ts ①

✶✶✳✻ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽✷

●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ Pr♦s♣❡❝ts ✷✽✹

❘❡❢❡r❡♥❝❡s ✷✽✽



▲✐st ♦❢ ❋✐❣✉r❡s

✹✳✶ ❊①❛♠♣❧❡ ♦❢ ✶❉ ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡✳ ❈❡❧❧s ❛♥❞ ❧✐♥❦s t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
❝❤✐❧❞r❡♥ ❛r❡ ✐♥❞✐❝❛t❡❞ ✭s♦❧✐❞ ❧✐♥❡s✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ❧❡❛✈❡s ✭s♦❧✐❞ ❜♦❧❞ ❧✐♥❡s✮ ❛♥❞
t❤❡ ♣❤❛♥t♦♠s ✭❞❛s❤❡❞ ❧✐♥❡s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✷ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▲♦❝❛❧ ❡rr♦rs ❢♦r ▲✐❡ ❛♥❞ ❙tr❛♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✳ ▲✐♥❡s ✇✐t❤
s❧♦♣❡s 2 ❛♥❞ 3 ❛r❡ ❞❡♣✐❝t❡❞ ✭❧❡❢t✮✱ ❛♥❞ s❧♦♣❡s 1✱ 1.5 ❛♥❞ 3 ✐♥ t❤❡ ③♦♦♠❡❞ ❧♦ss
♦r❞❡r r❡❣✐♦♥ ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹✳✸ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ◆♦r♠❛❧✐③❡❞ L2✲❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛t
✜♥❛❧ t✐♠❡ t∗ = 4 ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮ ❛♥❞ ♣r❡✜①❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−2✳
❯♥✐❢♦r♠ ❣r✐❞ ♦❢ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✹✳✹ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚♦♣✿ ✈❛r✐❛❜❧❡ b ✭❧❡❢t✮ ❛♥❞ c ✭r✐❣❤t✮ ❛t t = 4✳ ❇♦tt♦♠✿
✈❛r✐❛❜❧❡ a ✭❧❡❢t✮ ❛♥❞ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❢♦✉r ❧❡✈❡❧s ♦❢ ♠❡s❤ ❞✐s❝r❡t✐③❛t✐♦♥
✇✐t❤ ε = 10−2 ✭r✐❣❤t✮✳ ❋✐♥❡st ❣r✐❞✿ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✹✳✺ ❇❩ ✇❛✈❡ s♣❡❡❞ ❢♦r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 4/1024✳ ❚♦♣ ❧❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢
✈❛r✐❛❜❧❡ a ❛❧♦♥❣ y✲❛①✐s ✭s❡❡ ❋✐❣✉r❡ ✹✳✹✮❀ ❛♥❞ r✐❣❤t✱ ❡st✐♠❛t❡❞ ✇❛✈❡❢r♦♥t s♣❡❡❞ v✳
❇♦tt♦♠✿ s♣❡❡❞ r❡❧❛t✐✈❡ ❡rr♦rs Ev ❢♦r ❛❧❧ t❤r❡❡ ✈❛r✐❛❜❧❡s ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✸✮✳ ✳ ✳ ✳ ✾✹

✹✳✻ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ DC ❣✐✈❡♥ ❜②
✭✹✳✸✾✮✱ ✐♥ ♣❡r❝❡♥t❛❣❡✳ ❘✐❣❤t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ s♣❧✐t✲
t✐♥❣ t❡❝❤♥✐q✉❡ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ ❜② t❤❡ ▼❘ ♣r♦❝❡❞✉r❡
❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮✱ ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε ❛♥❞ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢
∆t = 4/1024✳ ❋✐♥❡st ❣r✐❞✿ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✹✳✼ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❱❛r✐❛❜❧❡ a ♦♥ t❤❡ ✜♥❡st ❣r✐❞ ✭t♦♣✮ ❛♥❞ ❧♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡
st❡♣s h1 ✭❜♦tt♦♠✮ ❛t t = 2 ✭❧❡❢t✮ ❛♥❞ t = 4 ✭r✐❣❤t✮ ✇✐t❤ ∆t = 4/1024 ❛♥❞
ε = 10−2✳ ❋✐♥❡st ❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✽ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❘✐❣❤t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ s♣❧✐t✲
t✐♥❣ t❡❝❤♥✐q✉❡ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ t❤❡ ▼❘ ♣r♦❝❡❞✉r❡
❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮ ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛
❝♦♠♣r❡ss✐♦♥s DC ❢♦r ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦rs ❣✐✈❡♥ ❜② ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢
❞✐✛❡r❡♥t ♦r❞❡rs N = 2M + 1✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ♦❢ ∆t = 4/1024 ✇✐t❤ ❛
✜♥❡st ❣r✐❞ ♦❢ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✹✳✾ ✸❉ ❇❩ s❝r♦❧❧ ✇❛✈❡✳ ❚♦♣✿ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ a ❛t t = 1 ✭❧❡❢t✮ ❛♥❞ t = 2 ✭r✐❣❤t✮✳
❇♦tt♦♠✿ ❆❞❛♣t❡❞ ❣r✐❞ ✭❧❡❢t✮ ❛♥❞ ✜♥❡st ❣r✐❞ ✭r✐❣❤t✮ ❛t t = 2 ❢♦r ε = 10−2✳ ❋✐♥❡st
❣r✐❞✿ 2563✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✹✳✶✵ ✸❉ ❇❩ s❝r♦❧❧ ✇❛✈❡✳ ❆❞❛♣t❡❞ ❣r✐❞ ✭❧❡❢t✮ ❛♥❞ ✜♥❡st ❣r✐❞ ✭r✐❣❤t✮ ❛t t = 2 ❢♦r
ε = 10−1✳ ❋✐♥❡st ❣r✐❞✿ 5123✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶



▲✐st ♦❢ ❋✐❣✉r❡s ①✐✐

✺✳✶ ✶❉ ❑PP ❡q✉❛t✐♦♥ ✇✐t❤ k = 1✳ ▲♦❝❛❧ L2 ❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s
∆t ❛♥❞ δ = 0.05 ✭t♦♣ ❧❡❢t✮✱ 0.005 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ 0.0005 ✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠
r✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t⋆ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 − S∆tu0‖L2 ≈
‖S∆tu0 − S∆tδ u0‖L2 ✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✺✳✷ ✶❉ ❑PP ❡q✉❛t✐♦♥ ✇✐t❤ k = 10 ✭t♦♣✮ ❛♥❞ k = 100 ✭❜♦tt♦♠✮✳ ▲❡❢t✿ ❧♦❝❛❧ L2

❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛♥❞ δ = 0.05✳ ❘✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ∆t⋆ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0−S∆tu0‖L2 ≈ ‖S∆tu0−S∆tδ u0‖L2 ✱ ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ t❡sts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✺✳✸ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▼❛①✐♠✉♠ ❧♦❝❛❧ L2 ❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t
❛♥❞ δ = 0.05 ✭t♦♣ ❧❡❢t✮✱ 0.005 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ 0.0005 ✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠
r✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t⋆ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 − S∆tu0‖L2 ≈
‖S∆tu0 − S∆tδ u0‖L2 ✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✺✳✹ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▲❡❢t✿ ✇♦r❦✐♥❣ r❡❣✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ∆t ≤ ∆t⋆✱ ✇✐t❤ ∆t⋆ ❝❛❧✲
❝✉❧❛t❡❞ ✇✐t❤ C0 ❡st✐♠❛t❡❞ ❛t ∆t0 = 10−5 ❛♥❞ err ♦❜t❛✐♥❡❞ ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ∆t ❛♥❞ δ✳ ❘✐❣❤t✿ ♣r❡❞✐❝t❡❞ ❙tr❛♥❣ ❡rr♦r ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ C0 ❡st✐♠❛t❡❞
❛t ∆t0 = 10−5✱ ❛♥❞ ❧♦❝❛❧❧② ❛t s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✺✳✺ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ✭❧❡❢t✮ ❛♥❞
❧♦❝❛❧ L2 ❡rr♦r ❡st✐♠❛t❡s err = ‖S∆tu0−S∆t

δ u0‖L2 ✭r✐❣❤t✮✱ ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s
η ❛♥❞ δ = 0.05✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✺✳✻ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ✭❧❡❢t✮ ❛♥❞
❧♦❝❛❧ L2 ❡rr♦r ❡st✐♠❛t❡s err = ‖S∆tu0−S∆t

δ u0‖L2 ✭r✐❣❤t✮✱ ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s
η✱ ❝♦♥s✐❞❡r✐♥❣ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ δ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✺✳✼ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✭❧❡❢t✮ ❛♥❞ ♥♦r♠❛❧✐③❡❞
L2 ❡rr♦rs ❛t t∗ = 4 ✭r✐❣❤t✮ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❣✐✈❡♥ ❜② t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡
str❛t❡❣② ❢♦r ❞✐✛❡r❡♥t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s η ✐♥t♦ ✭✺✳✶✶✮ ❛♥❞ ✇✐t❤ ❝♦♥st❛♥t ∆t =
4/1024✳ ❯♥✐❢♦r♠ ❣r✐❞ ♦❢ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✺✳✽ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚♦♣ ❧❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇✐t❤ η =
10−3 ❛♥❞ ✜♥❡st ❣r✐❞s ♦❢ 2562 ❛♥❞ 10242✱ ❛♥❞ ✇✐t❤ ∆t = 4/1024✳ ❋r♦♠ t♦♣
r✐❣❤t t♦ ❜♦tt♦♠ ❧❡❢t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ ❛❞❛♣t✐✈❡
s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ η = 10−2 ✭t♦♣ r✐❣❤t✮✱ 10−3 ✭❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ 10−4

✭❜♦tt♦♠ r✐❣❤t✮ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ ❜② t❤❡ ▼❘ ♣r♦❝❡❞✉r❡
❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮✱ ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε ❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
s❝❤❡♠❡✳ ❋✐♥❡st ❣r✐❞✿ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✻✳✶ ❙t❛♥❞❛r❞ ❑PP tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 5001 ♣♦✐♥ts ♦♥ t❤❡ [−70, 70]
r❡❣✐♦♥✳ ❙❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ✳ ✶✺✶

✻✳✷ ✏❙t✐✛✑ ❑PP tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 5001 ♣♦✐♥ts ♦♥ t❤❡ [−70, 70]
r❡❣✐♦♥✳ ❙❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ✳ ✶✺✶

✻✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15
❢♦r ✶❉ ❑PP ❡q✉❛t✐♦♥ ❢♦r t❤❡ ▲✐❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

✻✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15
❢♦r ✶❉ ❑PP ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✻✳✺ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15
❢♦r ✶❉ ❑PP ❡q✉❛t✐♦♥ ❢♦r ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ▲✐❡ s❝❤❡♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✻✳✻ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❡✐t❤❡r t❤❡ ♦♣❡r✲
❛t♦r s♣❧✐tt✐♥❣ ♦r t❤❡ ❘❖❈❑✹ s♦❧✈❡r ❛s ❝♦❛rs❡ s♦❧✈❡r✱ ❛t t✐♠❡ t = 15 ❢♦r ✶❉ ❑PP
❡q✉❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✻✳✼ ✶❉ ❇❩ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 4001 ♣♦✐♥ts ♦♥ t❤❡ [0, 80] r❡❣✐♦♥✳
❙❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺



▲✐st ♦❢ ❋✐❣✉r❡s ①✐✐✐

✻✳✽ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛♥ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ ♦r ❘❖❈❑✹ ❛s ❝♦❛rs❡ s♦❧✈❡r✱ ❛t t✐♠❡ t = 2 ❢♦r ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✻✳✾ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s ♦♥ ❛ [257× 257] ❣r✐❞ ❛t t = 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✾✳✶ ■♦♥✐❝ ❡①❝❤❛♥❣❡s ✐♥ ❣r❛② ♠❛tt❡r ❜❡t✇❡❡♥ ♥❡✉r♦♥s✱ ❛str♦❝②t❡s ❛♥❞ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r
s♣❛❝❡ t❤r♦✉❣❤ ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✱ ✐♦♥✐❝ tr❛♥s♣♦rt❡rs✱ r❡❝❡♣t♦r✲❝❤❛♥♥❡❧s ❛♥❞
✐♦♥✐❝ ♣✉♠♣s ✭❢r♦♠ ❬❉❇●✵✻❪✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✻

✾✳✷ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t t = 100 s ✭t♦♣ ❧❡❢t✮✱ t = 1000 s ✭t♦♣ r✐❣❤t✮✱
t = 2000 s ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t = 3000 s ✭❜♦tt♦♠ r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✸

✾✳✸ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t t = 3600 ♦♥ ❛ 2562 ✉♥✐❢♦r♠ ♠❡s❤ ✭❧❡❢t✮ ❛♥❞ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞ ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✸

✾✳✹ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t 3600 s ❢♦r ❛ ✷❉ ♠❡s❤ ♦❢ 2562 ✭t♦♣✮✱ 5122 ✭❝❡♥t❡r✮ ❛♥❞
10242 ✭❜♦tt♦♠✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✹

✾✳✺ ✷❉ ❛❞❛♣t❡❞ ♠❡s❤❡s ❡q✉✐✈❛❧❡♥t t♦ 2562 ✭❧❡❢t✮ ❛♥❞ 10242 ✭r✐❣❤t✮ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛✲
t✐♦♥s ❛t t❤❡ ✜♥❡st ❣r✐❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✺

✾✳✻ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ r❡❛❝t✐♦♥ s♦❧✈❡r ❛❧♦♥❣ ✶✷ t✐♠❡ st❡♣s✳ ❆❜s❝✐ss❛✿
t✐♠❡ st❡♣✳ ❖r❞✐♥❛t❡✿ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐♥ ❈P❯ ❝❧♦❝❦ t✐❝❦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✺

✾✳✼ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✷❉ s✐♠✉❧❛t✐♦♥ ✭✐♥
♠✐❧❧✐♠♦❧❛r ✭♠▼✮✮✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ t♦♣ t♦ ❜♦tt♦♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

✾✳✽ ✸❉ s✐♠✉❧❛t✐♦♥❀ ❝✉t ❜② t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡s ♦❢ t❤❡ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r
s♣❛❝❡ ✜❡❧❞ ❛t t✐♠❡ t = 3600 s ✭✐♥ ♠✐❧❧✐♠♦❧❛r✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

✾✳✾ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ ✸❉ s✐♠✉❧❛t✐♦♥✳ ❱✐❡✇ ✐♥ t❤❡ ♣❧❛♥❡ P
♦❢ ❋✐❣✉r❡ ✾✳✽ ✭✐♥ ♠▼✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✽

✾✳✶✵ ❊✈♦❧✉t✐♦♥ ♦❢ r❆❉❈✇ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✷❉ s✐♠✉❧❛t✐♦♥✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ t♦♣ t♦
❜♦tt♦♠✱ ❡✈❡r② ✶✺ ♠✐♥✉t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✽

✾✳✶✶ ✸❉ s✐♠✉❧❛t✐♦♥❀ ❝✉t ❜② t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡s ♦❢ t❤❡ r❆❉❈✇ ✜❡❧❞ ❛t t✐♠❡
t = 3600 s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✾

✾✳✶✷ ❊✈♦❧✉t✐♦♥ ♦❢ r❆❉❈✇ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✸❉ s✐♠✉❧❛t✐♦♥✳
❱✐❡✇ ✐♥ t❤❡ ♣❧❛♥❡ P ♦❢ ❋✐❣✉r❡ ✾✳✶✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✾

✾✳✶✸ ▲♦❝❛❧ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ r❡❛❝t✐♦♥ ✭✐♥ ❈P❯ ❝❧♦❝❦ t✐❝s✮✳✷✶✵
✾✳✶✹ ✸❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✭▼❘✮✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ✭❧❡❢t✮ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞

❣r✐❞ ✭r✐❣❤t✮ ❛t 1000 ✭t♦♣✮ ❛♥❞ 3600 ✭❜♦tt♦♠✮ s❡❝♦♥❞s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✶
✾✳✶✺ ❙tr♦❦❡ ♠♦❞❡❧✳ ❚♦♣✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛❧♦♥❣ x✲❛①✐s ✭❧❡❢t✮ ❛♥❞

♦❢ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② v ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✱ ❝♦♠♣✉t❡❞ ♦♥
❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ 1024 ♣♦✐♥ts✳ ❇♦tt♦♠✿ ✇❛✈❡ ✈❡❧♦❝✐t② v ✭❧❡❢t✮ ❛♥❞ ✈❡❧♦❝✐t② ❡rr♦r
Ev ❝♦♠♣✉t❡❞ ❜② ✭✹✳✷✸✮ ❛t ❞✐✛❡r❡♥t t✐♠❡s t ❢♦r ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✳ ✷✶✹

✾✳✶✻ ✷❉ str♦❦❡ ♠♦❞❡❧✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t 500 s ✭t♦♣ ❧❡❢t✮✱ 1000 s ✭t♦♣ r✐❣❤t✮✱ 2400 s
✭❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ 3600 s ✭❜♦tt♦♠ r✐❣❤t✮ r❡♣r❡s❡♥t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞
❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✺

✾✳✶✼ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ✭❧❡❢t✮
❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s AG ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t ✜♥❡st
❧❡✈❡❧s J ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✻

✾✳✶✽ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ❈P❯ t✐♠❡s ❢♦r t❤❡ ✐♥✲
t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ✭❧❡❢t✮✱ ❛♥❞ t❤❡ ❈P❯ t✐♠❡ ♣❡r
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❢♦r t❤❡ r❡❛❝t✐♦♥ s♦❧✉t✐♦♥ ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t
✜♥❡st ❧❡✈❡❧s J ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✼



▲✐st ♦❢ ❋✐❣✉r❡s ①✐✈

✾✳✶✾ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ▲♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s h1 ❛t 500 s ✭t♦♣ ❧❡❢t✮✱ 1000 s ✭t♦♣
r✐❣❤t✮✱ 2400 s ✭❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ 3600 s ✭❜♦tt♦♠ r✐❣❤t✮ ✇✐t❤✐♥ ❛ ❤❛❧❢✲s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ∆t/2 = 5✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✽

✾✳✷✵ ✸❉ str♦❦❡ ♠♦❞❡❧✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ✭❧❡❢t✮ ❛♥❞ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞s ✭r✐❣❤t✮
❝♦rr❡s♣♦♥❞✐♥❣ t♦ 5123 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 9 ❛t 1000 s ✭t♦♣✮ ❛♥❞ 2000 s
✭❜♦tt♦♠✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✾

✶✵✳✶ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❱❡❧♦❝✐t② ✜❡❧❞ ❛t t⋆ = 10−3 ✭❧❡❢t✮ ❛♥❞ vy,⋆ ❛t y⋆ = −0.5✱
❛t t⋆ = 10−3 ❛♥❞ t⋆ = 3× 10−3 ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✺

✶✵✳✷ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ c ❛t t⋆ = 5×10−4 ✭t♦♣✮✱ 10−3

✭♠✐❞❞❧❡✮✱ ❛♥❞ 1.5 × 10−3 ✭❜♦tt♦♠✮✳ ▲❡❢t✿ r❡❞ ✭r❡s♣✳✱ ❜❧✉❡✮ ③♦♥❡ ❝♦rr❡s♣♦♥❞s
t♦ ❜✉r♥t ✭r❡s♣✳✱ ❢r❡s❤✮ ❣❛s❡s✱ c = 1 ✭r❡s♣✳✱ c = 0✮✳ ❘✐❣❤t✿ ❝♦♥t♦✉r ❧✐♥❡s ✇✐t❤
c = 0− 0.99 ❛♥❞ ∆c = 0.11✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✻

✶✵✳✸ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❱❛r✐❛❜❧❡ c ❛t t⋆ = 5× 10−4 ✭t♦♣ ❧❡❢t✮✱ 10−3 ✭t♦♣ r✐❣❤t✮✱
❛♥❞ 1.5×10−3 ✭❜♦tt♦♠ ❧❡❢t✮ r❡♣r❡s❡♥t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10 ✇✐t❤ ε = 10−3✳ ❇♦tt♦♠ r✐❣❤t✿ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ❢♦r ε = 10−2 ❛♥❞ ε = 10−3✳ ✳ ✷✸✼

✶✵✳✹ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡ r❡❛❝t✐✈❡
∆tR1 ❛♥❞ ∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜st❡♣s ❛❝❝♦r❞✲
✐♥❣ t♦ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮ ✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−2 ✭❧❡❢t✮
♦r ε = 10−3 ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✵

✶✵✳✺ ✸❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ c ✭❧❡❢t✮ ❛♥❞ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞
❣r✐❞s ✭r✐❣❤t✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 2563 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 8✱ ❛t t⋆ =
5× 10−4 ✭t♦♣✮ ❛♥❞ 1.5× 10−3 ✭❜♦tt♦♠✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✶

✶✵✳✻ ✸❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡
r❡❛❝t✐✈❡ ∆tR1 ❛♥❞ ∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜✲
st❡♣s ✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−2✳ ❘✐❣❤t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛
❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮✱ ε = 10−2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✷

✶✵✳✼ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡ ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str②✳ ▲❡❢t✿ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ CH4

✭t♦♣✮ ❛♥❞ OH ✭❜♦tt♦♠✮ ❛t t⋆ = 5 × 10−3✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❛♥ ❛❞❛♣t❡❞ ❣r✐❞
❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10 ✇✐t❤ ε = 10−2✳ ❘✐❣❤t✿
❝♦♥t♦✉r ❧✐♥❡s ❢♦r YCH4 = 0−0.59 ✇✐t❤ ∆YCH4 = 0.059 ✭t♦♣✮✱ ❛♥❞ t✐♠❡ ❡✈♦❧✉t✐♦♥
♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ❢♦r ε = 10−2 ✭❜♦tt♦♠✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✼

✶✵✳✽ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡ ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str②✳ ❱❡❧♦❝✐t② ✜❡❧❞ ❛t t⋆ = 5 × 10−3

✭❧❡❢t✮✱ ❛♥❞ vy,⋆ ❛t y⋆ = 2.5✱ ❛t t⋆ = 10−3 ❛♥❞ t⋆ = 5× 10−3 ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✽
✶✵✳✾ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ T ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ θ ✐♥

✭✶✵✳✾✷✮ ❛t t⋆ = 5× 10−5 ✭t♦♣✮✱ 10−4 ✭♠✐❞❞❧❡✮✱ ❛♥❞ 1.5× 10−4 ✭❜♦tt♦♠✮✳ ■♥✐t✐❛❧
t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❢r❡s❤ ❢✉❡❧✿ TF,0 = 300❑✱ ❛♥❞ ♦❢ t❤❡ ❤♦t ❛✐r✿ TO,0 = 1000❑✳
❘✐❣❤t✿ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧
J = 10 ✇✐t❤ ε = 10−3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✶

✶✵✳✶✵✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❛♥❞ s♣❛❝❡ ❛❞❛♣t❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ✇✐t❤ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η = 10−3 ✭❧❡❢t✮✱ ❛♥❞ ♦❢ ❞❛t❛
❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ❢♦r ε = 10−2 ❛♥❞ ε = 10−3 ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✷

✶✵✳✶✶✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❛♥❞ t❤❡ ♠❛①✲
✐♠✉♠ t❡♠♣❡r❛t✉r❡ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡s ♦❢ t❤❡ ❤♦t ❛✐r TO,0 ❛♥❞
TF,0 = 300❑✳ ❚♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✸



▲✐st ♦❢ ❋✐❣✉r❡s ①✈

✶✵✳✶✷✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚♦♣✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡ r❡✲
❛❝t✐✈❡ ∆tR1 ❛♥❞ ∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜st❡♣s
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮ ✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−2

✭❧❡❢t✮ ♦r ε = 10−3 ✭r✐❣❤t✮✳ ❇♦tt♦♠✿ ✐❧❧✉str❛t✐♥❣ ❝❛s❡ ✇✐t❤ ❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞
s♣❛❝❡ ❡rr♦rs ✇✐t❤ η = 10−3 ❛♥❞ ε = 10−1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✹

✶✶✳✶ ✶❉ s✐♠♣❧✐✜❡❞ ♣❧❛s♠❛ ♠♦❞❡❧✳ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❜❡❢♦r❡ ✭❧❡❢t✮
❛♥❞ ❛❢t❡r ✭r✐❣❤t✮ ❡❛❝❤ ♣✉❧s❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ st❡♣✲❧✐❦❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t✮
❛♥❞ ❢♦r ❛ ❞✉r❛t✐♦♥ ♦❢ t❡♥ ♣✉❧s❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✾

✶✶✳✷ ✶❉ s✐♠♣❧✐✜❡❞ ♣❧❛s♠❛ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ ❛♥❞ r❡❥❡❝t❡❞ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s✱ ❛♥❞ t❤❡ ✐♠♣♦s❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢♦r t ∈ [0, 10]µs ✭t♦♣ ❧❡❢t✮✱ ❞✉r✐♥❣ t❤❡
♣✉❧s❡ t ∈ [5, 5.01]µs ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ t ∈ [5.01, 6]µs
✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠ r✐❣❤t✿ ❣❧♦❜❛❧ L2 ❡rr♦rs ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣✉❧s❡ ✭t =
5.01µs✮ ❛♥❞ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ ✭t = 6µs✮✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝♦♠♣✉t❛t✐♦♥
♦❢ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞ t✐♠❡ s❤✐❢t δ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✵

✶✶✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡ st✉❞✐❡❞ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✺
✶✶✳✹ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣r✐❞✿ t❤❡ ❝❡❧❧ ❝❡♥t❡rs ❛r❡ ❧♦❝❛t❡❞ ❛t xjc✱ ✇❤❡r❡❛s ❝❡❧❧ ❢❛❝❡s ❛r❡

❧♦❝❛t❡❞ ❛t xif ✳ ❚❤❡ ❞♦♠❛✐♥ ✐s ❜♦✉♥❞❡❞ ❜② ❢❛❝❡s x0f ✭❝❛t❤♦❞❡✮ ❛♥❞ xnx
f ✭t✐♣ ♦❢ t❤❡

❛♥♦❞❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✵
✶✶✳✺ ■♠❛❣❡ ❝❤❛r❣❡s ✉♣ t♦ t❤❡ t❤✐r❞ ♦r❞❡r✿ ✭❛✮ ❝❤❛r❣❡ ρj ✐s ✜rst ♠✐rr♦r❡❞ ❜❡❤✐♥❞ t❤❡

❛♥♦❞❡ ✭x = Lx✮✱ ✭❜✮ ❝❤❛r❣❡ ρj ✐s ✜rst ♠✐rr♦r❡❞ ❜❡❤✐♥❞ t❤❡ ❝❛t❤♦❞❡ ✭x = 0✮✱ ✭❝✮
❝❤❛r❣❡ ρj ❛♥❞ ✐ts ✐♠❛❣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✶

✶✶✳✻ ❈❤❛r❣❡❞ ❝②❧✐♥❞❡r ❝♦♥s✐❞❡r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✶✳✺❉ ♠♦❞❡❧✳ ✳ ✷✼✶
✶✶✳✼ P♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ❛t t = 6 ♥s ✭❧❡❢t✮ ❛♥❞ t = 10 ♥s ✭r✐❣❤t✮✳ ❚♦♣✿

❡❧❡❝tr✐❝ ✜❡❧❞❀ ♠✐❞❞❧❡✿ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t②❀ ❛♥❞ ❜♦tt♦♠✿ ❣r✐❞ ❧❡✈❡❧s✳ ❋✐♥❡st
❣r✐❞✿ ✹✵✾✻✱ ηT = ηsplit = ηMR = 10−4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✸

✶✶✳✽ ◆♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ T1 ✭✜rst ♦r❞❡r✮ ❛♥❞ T2
✭s❡❝♦♥❞ ♦r❞❡r✮ s♦❧✉t✐♦♥s ❢♦r s❡✈❡r❛❧ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆t ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞
♦❢ ✹✵✾✻ ❝❡❧❧s✳ ❚♦♣✿ ❡❧❡❝tr♦♥ ✭❧❡❢t✮ ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✭r✐❣❤t✮❀ ❛♥❞ ❜♦tt♦♠✿ ♥❡❣❛t✐✈❡
✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✹

✶✶✳✾ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❛❞❛♣t❡❞
s♦❧✉t✐♦♥s ✇✐t❤ η = ηT = ηsplit = ηMR = 10−4✱ 10−3✱ ❛♥❞ 10−2, ❛♥❞ ✹✵✾✻ ❝❡❧❧s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚♦♣✿ ❡❧❡❝tr♦♥ ✭❧❡❢t✮ ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s
✭r✐❣❤t✮❀ ❛♥❞ ❜♦tt♦♠✿ ♥❡❣❛t✐✈❡ ✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✺

✶✶✳✶✵❚♦♣✿ ❛❞❛♣t❡❞ ❣r✐❞s ✭❧❡❢t✮ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s ✭r✐❣❤t✮ ❛t t = 8 ♥s ✇✐t❤ ✹✵✾✻ ❝❡❧❧s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥✱ ❛♥❞ η = ηT = ηsplit = ηMR = 10−4✱
10−3✱ ❛♥❞ 10−2✳ ❇♦tt♦♠✿ ③♦♦♠ ♦♥ t❤❡ ❡❧❡❝tr♦♥ ❞✐str✐❜✉t✐♦♥s ✭❧❡❢t✮ ❛♥❞ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✭r✐❣❤t✮ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ✳ ✳ ✳ ✷✼✻

✶✶✳✶✶❆❞❛♣t❡❞ ❣r✐❞s ✭❧❡❢t✮ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s ✭r✐❣❤t✮ ❛t t = 8 ♥s✱ ❢♦r s❡✈❡r❛❧ ✜♥❡st
s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ L = 10✱ ✶✶ ❛♥❞ ✶✷✱ ηT = ηsplit = ηMR = 10−4✱ ❛♥❞ t❤❡
r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✻

✶✶✳✶✷❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ t❤❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆t ❢♦r ❛
♠✉❧t✐✲♣✉❧s❡ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ✜rst ✻ ♣✉❧s❡s ✭❧❡❢t✮ ❛♥❞ ❢♦r t❤❡ ✹t❤ ♦♥❡ ✭r✐❣❤t✮ ✇✐t❤
✐ts s✉❜s❡q✉❡♥t r❡❧❛①❛t✐♦♥✳ ❘❡❥❡❝t❡❞ t✐♠❡ st❡♣s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❜❧❛❝❦ ❝r♦ss❡s✱
✇❤✐❧❡ t❤❡ ♠✐♥✐♠✉♠ t✐♠❡ s❝❛❧❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❧✉❡ ❧✐♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✽

✶✶✳✶✸❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ❢♦r ❛ ♠✉❧t✐✲♣✉❧s❡ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ✜rst
s✐① ♣✉❧s❡s ✭❧❡❢t✮ ❛♥❞ ❢♦r t❤❡ ❢♦✉rt❤ ♦♥❡ ✭r✐❣❤t✮ ✇✐t❤ ✐ts s✉❜s❡q✉❡♥t r❡❧❛①❛t✐♦♥✳ ✳ ✷✼✾



▲✐st ♦❢ ❋✐❣✉r❡s ①✈✐

✶✶✳✶✹❋✐rst ♣❡r✐♦❞ ♦❢ ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✳ ❚♦♣✿ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡
❞♦♠❛✐♥ ❛t t = 10 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡ ✭❧❡❢t✮❀ ❛♥❞ ❛t t = 15 ♥s
✭r✐❣❤t✮✳ ❇♦tt♦♠✿ r❡❧❛①❛t✐♦♥ ♦♥ t❤❡ s❤♦rt t✐♠❡ s❝❛❧❡ t = 50 ♥s❀ ❛♥❞ ❡♥❞ ♦❢ t❤❡
r❡❧❛①❛t✐♦♥ ♣❤❛s❡ ❛❢t❡r t = 99972 ♥s ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽✵

✶✶✳✶✺❙t❡❛❞②✲st❛t❡ ♦❢ ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s ✭❧❛st ♣❡r✐♦❞✮✳ ❚♦♣✿ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s✲
❝❤❛r❣❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ❛t t = 9900010 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡ ✭❧❡❢t✮❀
❛♥❞ ❛t t = 9900015 ♥s ✭r✐❣❤t✮✳ ❇♦tt♦♠✿ r❡❧❛①❛t✐♦♥ ♦♥ s❤♦rt t✐♠❡ s❝❛❧❡ t =
9900050 ♥s❀ ❛♥❞ ❡♥❞ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡ t = 9999998 ♥s ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽✶



▲✐st ♦❢ ❚❛❜❧❡s

✷✳✶ ❘❛❞❛✉■❆ ♠❡t❤♦❞ ♦❢ ♦r❞❡r ✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✷✳✷ ❘❛❞❛✉■■❆ ♠❡t❤♦❞ ♦❢ ♦r❞❡r ✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✶ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r q✉❛s✐✲❡①❛❝t✱ s♣❧✐tt✐♥❣✱ ❛♥❞ ▼❘✴s♣❧✐tt✐♥❣
s♦❧✉t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε✳ ❋✐♥❡st ❣r✐❞✿ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✹✳✷ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡
✐♥t❡❣r❛t✐♦♥s ❢♦r ❛ s♣❧✐tt✐♥❣ ❛♥❞ ❛ ▼❘✴s♣❧✐tt✐♥❣ r❡s♦❧✉t✐♦♥ ✇✐t❤ ε = 10−2✳ ❋✐♥❡st
❣r✐❞✿ 2562✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✶ ✶❉ ❑PP ❡q✉❛t✐♦♥✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❧∆t⋆real✱ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0−
S∆tu0‖L2 ≈ ‖S∆tu0 − S∆tδ u0‖L2 ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✱ ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧❧②
❡st✐♠❛t❡❞ ∆t⋆est ❢♦❧❧♦✇✐♥❣ ✭✺✳✹✸✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✺✳✷ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ L2 ❡rr♦rs ❛t ✜♥❛❧ t✐♠❡ t = 2 ❢♦r (a, b, c) ✈❛r✐❛❜❧❡s ❛♥❞ s❡✈❡r❛❧
❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s η✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✺✳✸ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ L2 ❡rr♦rs ❛t ✜♥❛❧ t✐♠❡ t = 2 ❢♦r (a, b, c) ✈❛r✐❛❜❧❡s ❛♥❞ s❡✈❡r❛❧
t♦❧❡r❛♥❝❡s η✱ ❝♦♥s✐❞❡r✐♥❣ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ δ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✻✳✶ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s✱ ✷❉ ❇❩✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼
✻✳✷ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ r❛t✐♦s✱ ✷❉ ❇❩✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✼✳✶ Pr❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✳ ❈♦❡✣❝✐❡♥ts ❢♦r ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ ♦r❞❡r N =
2M + 1 ❬❍❛r✾✹❛❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✾✳✶ ▼♦❞❡❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♦♥✐❝ ❝♦♥❝❡♥tr❛t✐♦♥s✱ ❝❡❧❧ ✈♦❧✲
✉♠❡s ❛♥❞ ♠❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s ✇✐t❤ ❞✐✛✉s✐♦♥ ✐♥ ♥❡✉r♦♥s✱ ✐♥ ❣❧✐❛❧ ❝❡❧❧s ❛♥❞ ✐♥
t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✽

✾✳✷ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♥❡✉r♦♥s✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡
✭▼❘✮ ❝♦❞❡✱ ❛♥❞ ♥♦r♠❛❧✐③❡❞ L2 ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥ ✉♥✐❢♦r♠
♠❡s❤ ❛♥❞ ✭▼❘✮✳ t = 3600 s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✶

✾✳✸ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❛str♦❝②t❡s✱ ❝♦♠♣✉t❡❞ ✇✐t❤
t❤❡ ✭▼❘✮ ❝♦❞❡✱ ❛♥❞ ♥♦r♠❛❧✐③❡❞ L2 ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥
✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ✭▼❘✮✳ t = 3600 s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✷

✾✳✹ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ ❝♦♠♣✉t❡❞
✇✐t❤ t❤❡ ✭▼❘✮ ❝♦❞❡✱ ❛♥❞ L2 ♥♦r♠❛❧✐③❡❞ ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥
✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ✭▼❘✮✳ t = 3600 s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✷

✾✳✺ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❈P❯ t✐♠❡s ✭CT✮ ✐♥ ♠✐♥✉t❡s ❛♥❞ ❣❛✐♥ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✭GP✮✱
❢♦r s❡✈❡r❛❧ ✜♥❡st ❣r✐❞s ✭FG✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✼



▲✐st ♦❢ ❚❛❜❧❡s ①✈✐✐✐

✶✵✳✶ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ L2 ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
✭EJsplit✮✱ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✭EJMR✮✱ ❛♥❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ✭EMR

split✮
str❛t❡❣✐❡s ❡✈❛❧✉❛t❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s✳ ❋✐♥❡st ❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✽

✶✵✳✷ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❈P❯ t✐♠❡ ✐♥ ♠✐♥✉t❡s ❢♦r t❤❡ q✉❛s✐✲❡①❛❝t✱ t❤❡ t✐♠❡ ❛❞❛♣✲
t✐✈❡ s♣❧✐tt✐♥❣✱ ❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣✐❡s ❢♦r t⋆ ∈ [0, 2×10−3]✳ ❋✐♥❡st
❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾

✶✵✳✸ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❈P❯ t✐♠❡ ♣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✭✐♥ s❡❝♦♥❞s✮ ❢♦r t❤❡ r❡✲
❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥s ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡s✱ t⋆ = 1.5× 10−3✱ ❛♥❞ ∆t ≈ 8.77× 10−6

❢♦r t❤❡ t❤r❡❡ s♦❧✉t✐♦♥s✳ ❋✐♥❡st ❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾
✶✵✳✹ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ L2 ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ✭EJsplit✮✱

s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✭EJMR✮✱ ❛♥❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ✭EMR
split✮ s♦❧✉✲

t✐♦♥s ❡✈❛❧✉❛t❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s✳ ❋✐♥❡st ❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✸
✶✵✳✺ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❈P❯ t✐♠❡ ✐♥ ♠✐♥✉t❡s ❢♦r t❤❡ q✉❛s✐✲❡①❛❝t✱ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡

s♣❧✐tt✐♥❣✱ ❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣✐❡s ❢♦r t⋆ ∈ [0, 1.5× 10−4]✳ ❋✐♥❡st
❣r✐❞✿ 10242✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✹

✶✶✳✶ ◆✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ✭#AG✮ ❛♥❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✭DC✮ ❛t t✐♠❡
t = 8♥s✱ ❈P❯ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❢♦r t ∈ [0, 10] ♥s✱ L = 11✱ ❛♥❞ s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s
η = ηT = ηsplit = ηMR✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✼



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥

❆ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❤✐❣❤❧② ♠✉❧t✐✲s❝❛❧❡ ♥❛t✉r❡ ❣✐✈❡♥
❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ s❡✈❡r❛❧ s✉❜✲♣r♦❝❡ss❡s ❡✈♦❧✈✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ❛t ❞✐✛❡r❡♥t t✐♠❡ r❛t❡s ❛♥❞
s♣❛❝❡ s❝❛❧❡s✳ ❚❤❡ st✉❞② ❛♥❞ ♣❤②s✐❝❛❧ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ♠❡❝❤❛♥✐s♠s
❣✐✈❡ r✐s❡ t♦ s❡✈❡r❛❧ ♠♦❞❡❧s ✇✐t❤ ❛ ❞❡❣r❡❡ ♦❢ ❝♦♠♣❧❡①✐t② ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧
♦❢ ❞❡t❛✐❧ ♦❢ t❤❡ ❞❡s❝r✐♣t✐♦♥✳ ❚❤❡s❡ ♠♦❞❡❧s r❡s✉❧t ♦❢t❡♥ ❢r♦♠ ❡①t❡♥s✐✈❡ r❡s❡❛r❝❤ ♦✈❡r ✈❛r✐♦✉s
s❝✐❡♥t✐✜❝ ❞♦♠❛✐♥s r❛♥❣✐♥❣ ❢r♦♠ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s t♦ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s
❛♥❞ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤✐s ✐s ❛❝t✉❛❧❧② t❤❡ ❝❛s❡ ❢♦r ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ❝♦♠❜✉st✐♦♥
❬P❡t✵✾✱ ❊❝❤✵✾❪✱ ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ❬❑❉❑+✵✼✱ ▼❛r✵✾❪✱ ♥❛♥♦♠❛t❡r✐❛❧s ❬❑❈✵✼❪✱ ❛✐r ♣♦❧✲
❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❬❚●❍❇✵✵✱ ❉●❖❩✵✹❪✱ ♦r ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s ❬❊▼❇+✵✻✱ ❊❇❉+✶✶❪✱ ✐♥ ✇❤✐❝❤
♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ r❡♣r❡s❡♥t ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛✲
t✐♦♥s ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s t❤r♦✉❣❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✱ ❝♦♥st✐t✉t❡
❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ❢♦r ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡s❡ ♣❤❡♥♦♠❡♥❛ ❢♦r ❜♦t❤ ✐♥❞✉str✐❛❧ ❛♥❞ s❝✐❡♥✲
t✐✜❝ ♣✉r♣♦s❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧s t❤❛t ❛✐♠ ❛t ♠✐♠✐❝❦✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠s✱
r❛✐s❡ s❡✈❡r❛❧ ❞✐✣❝✉❧t✐❡s t❤✐s t✐♠❡ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ♥❡❡❞❡❞ t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡
❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣❛r❛♠❡t❡rs✱ ❛s ✇❡❧❧ ❛s ❛♥ ♦❢t❡♥ ❜r♦❛❞ r❛♥❣❡ ♦❢ t❡♠♣♦✲
r❛❧ ❛♥❞ s♣❛t✐❛❧ s❝❛❧❡s ❞✉❡✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ❧❛r❣❡ ❛♥❞ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝ ♠❡❝❤❛♥✐s♠s ❛♥❞
✉s✉❛❧❧② ✐♥❤♦♠♦❣❡♥❡♦✉s s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥s✶✳
■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❞❡t❛✐❧❡❞ ♠❡❝❤❛♥✐s♠s t❤❛t r❡s✉❧t ❢r♦♠
❛ ✜♥❡ ♠♦❞❡❧✐♥❣✱ ✇✐❧❧ ❝❡rt❛✐♥❧② r❡♣r♦❞✉❝❡ ♠♦r❡ ❛❝❝✉r❛t❡❧② ♠❛♥② ♣❤②s✐❝❛❧ ♣❛tt❡r♥s ❞✐s❝❧♦s❡❞
❜② r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥❛✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐s ✉s✉❛❧❧② ❦♥♦✇♥ ❛s t❤❡ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥ ✭❉◆❙✮ ♦❢ ❛ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✐s ❝❛rr✐❡❞ ♦✉t ✇✐t❤
❛ s✉✣❝✐❡♥t❧② ✜♥❡ r❡s♦❧✉t✐♦♥ s✉❝❤ t❤❛t ❛❧❧ t❡♠♣♦r❛❧ ❛♥❞ s♣❛t✐❛❧ s❝❛❧❡s ❛r❡ ❞❡s❝r✐❜❡❞✳ ◆❡✈❡rt❤❡✲
❧❡ss✱ s✉❝❤ ❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ✐s ♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ ✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①t❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♥❡❡❞❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❧❡❛❞✐♥❣
❢❡❛t✉r❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✳ ❖♥❡ ❛♣♣r♦❛❝❤ t♦ s✉❝❝❡ss❢✉❧❧② ♦✈❡r❝♦♠❡ ♣♦t❡♥t✐❛❧ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ r❡str✐❝t✐♦♥s ❛♥❞ ❝❛rr② ♦✉t ✈❡r② ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ✐s t❤✉s ❢♦✉♥❞❡❞ ♦♥ t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣❡r❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡s t♦ t❛❦❡ ❢✉❧❧ ❛❞✈❛♥t❛❣❡ ♦❢ ♣❛r❛❧❧❡❧ ❛♥❞ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧
❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ str♦♥❣ ❣r♦✇t❤ ♦❢ t❤❡ ❝♦♠♣✉t❡r ♣♦✇❡r ✐♥ t❤❡
✈❡r② ❧❛st ❞❡❝❛❞❡s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ r❡s❡❛r❝❤ ❡✛♦rt ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❡✣❝✐❡♥t ❡①♣❧♦✐t❛t✐♦♥ ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s t♦ ❛❝❝♦♠♣❧✐s❤ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♣r♦❜❧❡♠s ✇✐t❤ ❛♥ ✐♥❝r❡❛s✲

✶❆ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ❜② t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❤❡♠✐❝❛❧ ✇❛✈❡s
r❡❧❛t❡❞ t♦ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ♣r♦❝❡ss❡s✱ ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❝t✐♦♥ r❛t❡s ❛r❡ s❡✈❡r❛❧ t✐♠❡s ❢❛st❡r t❤❛♥ t❤❡
s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❢r♦♥ts✱ ❛❧s♦ ✈❡r② ❧♦❝❛❧✐③❡❞ ✐♥ s♣❛❝❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛s ✇❡ ✇✐❧❧ ✐❧❧✉str❛t❡ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❝❤❛♣t❡rs✱ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❇❡❧♦✉s♦✈✲❩❤❛❜♦t✐♥s❦✐ r❡❛❝t✐♦♥ t❤❛t ♠♦❞❡❧s ❡①❝✐t❛❜❧❡ ♠❡❞✐❛ ✭s❡❡✱ ❡✳❣✳✱ ❬❊P✾✽❪✮✱
❣❡♥❡r❛t❡s ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ✇✐t❤ ❛ s♣❡❡❞ ♦❢ ❛♣♣r♦①✐♠❛t✐✈❡❧② 0.6 ✇✐t❤ r❡❛❝t✐♦♥ r❛t❡s ❢♦r t❤❡ ❢❛st❡st ✈❛r✐❛❜❧❡ ♦❢
t❤❡ ♦r❞❡r ♦❢ 10−5✱ ✇❤❡r❡❛s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠♦✈✐♥❣ ❢r♦♥ts ❝♦rr❡s♣♦♥❞s t♦ ❧❡ss t❤❛♥ 1✪ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ♦❝❝✉♣✐❡❞ ❜② t❤❡ r❡❛❝t✐✈❡ ♠❡❞✐✉♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧
✇❛✈❡s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ st✉❞② ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❡❝❛✉s❡ t❤❡② ♠✐♠✐❝ ♠✉❧t✐✲
s❝❛❧❡ ❢❡❛t✉r❡s ♦❢ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s ❛s t❤❡ ♦♥❡s ♣r❡✈✐♦✉s❧② ❝✐t❡❞✱ ❧✐❦❡ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts ♦r ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r
✐♦♥✐③✐♥❣ ✇❛✈❡s ✐ss✉❡❞ ❢r♦♠ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✷

✐♥❣ ❞❡❣r❡❡ ♦❢ ❞❡t❛✐❧✱ ✇❤❡r❡❛s t❤❡ ❝❤♦✐❝❡ ♦❢ st❛♥❞❛r❞ ❛♥❞ r❛t❤❡r s✐♠♣❧❡ ❜✉t r♦❜✉st ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s✱ ❡❛s❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✷✳
❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ ✇❤✐❝❤ ✐s ❧❛r❣❡❧② ✉s❡❞ ❢♦r ✐♥❞✉str✐❛❧ ❛♥❞ s❝✐❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❝♦♥❝❡♥tr❛t❡s
t❤✐s t✐♠❡ ♦♥ ♠♦❞❡❧✐♥❣ ✐ss✉❡s t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❤✐❣❤❧② ❞❡t❛✐❧❡❞ ❞❡✲
s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ✐❞❡❛ s❡❡♠s ♥❛t✉r❛❧ s✐♥❝❡ ❡✐t❤❡r ♥♦t ❛❧❧ t✐♠❡ ❛♥❞ s♣❛❝❡ s❝❛❧❡s t❛❦❡
❛ ❧❡❛❞✐♥❣ ♣❛rt ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ♣r♦❝❡ss✱ ♦r s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❧❛tt❡r
❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ♦r s✐♠♣❧✐✜❡❞ ✉♥❞❡r ♣❛rt✐❝✉❧❛r ♣❤②s✐❝❛❧ ❝✐r❝✉♠st❛♥❝❡s ♦r ❝♦♥s✐st❡♥t ❤②♣♦t❤❡✲
s❡s✳ ❚❤✐s ❦✐♥❞ ♦❢ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ t♦ ♦✈❡r❝♦♠❡ ❝♦♠♣✉t✐♥❣ ❧✐♠✐t❛t✐♦♥s ✐♥
t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✱ ❜✉t ❤❛s ❜❡❡♥ ❛❧s♦ ❞❡✈❡❧♦♣❡❞ ❡✈❡r s✐♥❝❡ t♦ ❛❝❤✐❡✈❡
❧❛r❣❡ s❝❛❧❡ s✐♠✉❧❛t✐♦♥s ✐♥ ♠♦❞❡r♥ ❝♦♠♣✉t❡r ❛r❝❤✐t❡❝t✉r❡s ✇✐t❤ ❝♦♥s✐st❡♥t ♣❤②s✐❝❛❧ ♠♦❞❡❧s t❤❛t
r❡t❛✐♥ ❛ s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❧❡❛❞✐♥❣ ♣r♦❝❡ss❡s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r
st✉❞②✱ ♦✉t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡①❤❛✉st✐✈❡ ❢♦r♠✉❧❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ❝♦♥t✐♥✉♦✉s r❡s❡❛r❝❤ ❛♥❞ ✐♠♣♦r✲
t❛♥t ✐♥✈❡st♠❡♥t ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ r❡❧✐❛❜❧❡ ♠♦❞❡❧s ❛♥❞ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s✱ ❝♦♠❜✐♥❡❞
✇✐t❤ ♠♦❞❡r♥ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ②✐❡❧❞ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ s❝❛❧❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤
♣r❡❞✐❝t✐✈❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ r❡❛❧ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥❛✱ ❛t ♦❢t❡♥ ♠✉❝❤ ❧♦✇❡r ❡①♣❡♥s❡s t❤❛♥ ❞✐r❡❝t
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❝♦♠♣r❡❤❡♥s✐✈❡ ♠♦❞❡❧s✸✳
■♥ ❣❡♥❡r❛❧ ❢♦r t❤❡ r❡❢❡rr❡❞ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ r❡s✉❧t✐♥❣ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ❡✐t❤❡r
❛ ❢✉❧❧② ♦r ♣❛rt✐❛❧❧② ❞❡t❛✐❧❡❞✱ ♦r s✐♠♣❧✐✜❡❞ ♦r r❡❞✉❝❡❞ ♠♦❞❡❧ ❢♦r♠✉❧❛t✐♦♥✱ ✐♥❤❡r✐t s♦♠❡ ♦r ♠♦st
♦❢ t❤❡ ❜❡❤❛✈✐♦r❛❧ ♣❛tt❡r♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❛t ♥❡❡❞ t♦
❜❡ ❝♦rr❡❝t❧② r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ♠❛✐♥ ❝♦♥❝❡r♥ ✐♥
t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❧❛r❣❡ ✈❛r✐❡t②
♦❢ ♠♦❞❡❧✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ t❤❡✐r r❡❧❛t❡❞ ♣❛rt✐❝✉❧❛r✐t✐❡s✱ ✐♠♣♦s❡ ♦❢t❡♥ ❛♥ ❡q✉✐✈❛❧❡♥t❧② ❧❛r❣❡
♥✉♠❜❡r ♦❢ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ s✉❝❝❡ss✐✈❡ r❛♠✐✜❝❛t✐♦♥s✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ❛♥❞
♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❣✐✈❡♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ t❤❡♥ ❛ss❡ss❡❞ ❜②

• ■ts ❝❛♣❛❜✐❧✐t✐❡s ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ❛♥❞ t❤✉s ♦❢ s✉♣♣❧②✐♥❣ ❝♦♥s✐st❡♥t❧② ❣♦♦❞ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s✳ ❚❤✐s ✐ss✉❡ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✉♣♦♥
✇❤✐❝❤ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ❝♦♥❝❡✐✈❡❞✱ ❛♥❞ ❛❧s♦ t♦ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❡❧❡♠❡♥ts
✇❤✐❝❤ ♣r♦✈✐❞❡ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡✐r ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ✉♥❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝♦♥❞✐t✐♦♥s
✐♠♣♦s❡❞ ❜② t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♣r♦❝❡ss❀ ❛♥❞

• ■ts ❝❛♣❛❜✐❧✐t✐❡s ✐♥ t❡r♠s ♦❢ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t❤✉s ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❛❧❣♦r✐t❤♠✐❝
❝♦♠♣❧❡①✐t② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts✳ ❚❤✐s s❡❝♦♥❞ ❛s♣❡❝t ❛❝❝♦✉♥ts r❛t❤❡r ❢♦r t❤❡
❡✛❡❝t✐✈❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s ❛♥❞ t❤❡ r❡❧❛t❡❞ ❡①♣❡♥s❡s ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s✱ ❛t t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ❛♥❞ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣✳

❚❤❡s❡ t✇♦ ♣♦✐♥ts st❛♥❞ ❢♦r t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❛ ❣✐✈❡♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞
❞❡✈❡❧♦♣❡❞ ❢♦r s♦♠❡ s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r

• ❙♦❧✐❞ ❛♥❞ ❤✐❣❤❧② ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❜✉t ✇✐t❤
❛❧s♦ ♠♦r❡ ❝♦♠♣❧❡① ♦r ❡①♣❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s❀ ♦r

• ▼♦r❡ ❜❛s✐❝ ❜✉t st✐❧❧ r♦❜✉st ♠❡t❤♦❞s t❤❛t ②✐❡❧❞ ❛♥ ❡❛s✐❡r ❝♦✉♣❧✐♥❣ ✇✐t❤ ❤✐❣❤❧② ♦♣t✐♠✐③❡❞
t❡❝❤♥✐q✉❡s ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❡r r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❡①❡❝✉t✐♦♥ ❢♦r s✐♥❣❧❡ ♦r ♠✉❧t✐✲♣r♦❝❡ss♦r
❝♦♥✜❣✉r❛t✐♦♥s✳

✷❙❡❡✱ ❡✳❣✳✱ ✐♥ ❬❈❈❞❙+✵✾✱ ❈❤❡✶✶❪ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ ❛❝❝♦♠♣❧✐s❤♠❡♥ts ♦❢ ❛ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡
❉◆❙ ❝♦❞❡ ❢♦r ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ❬❙❏❲❖✶✶❪ ❢♦r t❤❡ ✉s❡ ♦❢ ●r❛♣❤✐❝s Pr♦❝❡ss✐♥❣ ❯♥✐ts ✭●P❯s✮ t♦
❛❝❝❡❧❡r❛t❡ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s✳

✸▲♦♦❦✱ ❡✳❣✳✱ ✐♥ ❬❙●P✵✼✱ ❙❙●P✵✽❪ ❢♦r s♦♠❡ r❡✈✐❡✇s ❛♥❞ ❛❝❤✐❡✈❡♠❡♥ts ♦♥ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s
❢♦r ❝♦♠❜✉st✐♦♥ ♣r♦❜❧❡♠s ✐♥ ✐♥❞✉str✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇✐t❤ ❛♥ ❛♣♣r♦❛❝❤ ❝❛❧❧❡❞ ▲❛r❣❡ ❊❞❞② ❙✐♠✉❧❛t✐♦♥s ✭▲❊❙✮
❬P✐t✵✻✱ ❱❡②✵✾❪ ❜❛s❡❞ ♦♥ s♣❛t✐❛❧ ✜❧t❡r✐♥❣ ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ❢♦r♠✉❧❛t✐♦♥ t♦ ❢♦❝✉s ♦♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ r❛t❤❡r ❧❛r❣❡
s❝❛❧❡s✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✸

❇♦t❤ ❛ ❝♦♠♣r♦♠✐s❡ ❛♥❞ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❛s♣❡❝ts s❤♦✉❧❞ ❜❡ t❤❡♥
s♦✉❣❤t ✐♥ ♣r❛❝t✐❝❡✱ t♦ ❛❝❤✐❡✈❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛✛♦r❞❛❜❧❡ ❛♥❞ r❡❛s♦♥❛❜❧② ❛❝❝✉r❛t❡ s✐♠✉❧❛t✐♦♥s
❜② ♠❡❛♥s ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛t ❛✐♠ s✐♠✉❧t❛♥❡♦✉s❧② ❛t ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✇✐t❤ ❛
r♦❜✉st ♠❛t❤❡♠❛t✐❝❛❧ ❜❛s✐s t❤❛t ❡♥s✉r❡s ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ■t ✐s q✉✐t❡ ❝❧❡❛r t❤❛t ❛♥
✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❡❧❡♠❡♥ts ❝♦♠✐♥❣ ❢r♦♠ ❜❛s✐❝ ♠❛t❤❡♠❛t✐❝❛❧ ✜♥❞✐♥❣s ✉♣
t♦ s♦♣❤✐st✐❝❛t❡❞ ❝♦❞❡ str✉❝t✉r❡s ♦r ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s✱ ❛r❡ t❤✉s ♥❡❝❡ss❛r② ✐♥ t❤❡ ❣❧♦❜❛❧
❝♦♥❝❡♣t✐♦♥ ♦❢ t❤❡s❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚❤❡s❡ ❛r❡ s♦♠❡ ♦❢ t❤❡ ♠❛✐♥ ❝♦♥❝❡r♥s r❡❣❛r❞✐♥❣ t❤❡
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ t❤❛t ❛❧♦♥❣ ✇✐t❤ t❤❡ ♦♥❡s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ♦♥ ♣❤②s✐❝❛❧ ♠♦❞❡❧✐♥❣ ❛♥❞
❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❡r ♣♦✇❡r✱ ❝♦♥st✐t✉t❡ ♣❛rt ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤❡ ✈❛st
♠✉❧t✐✲❞✐s❝✐♣❧✐♥❛r② s❝✐❡♥t✐✜❝ r❡s❡❛r❝❤ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳
■♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ t❤✐s ✇♦r❦ ✐s r❛t❤❡r ✐♥s❝r✐❜❡❞ ✐♥ t❤❡ ❝♦♥❝❡♣t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢
♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱
♦✉r ❛tt❡♥t✐♦♥ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠s ♠❛t❤❡♠❛t✐❝❛❧❧② ♠♦❞❡❧❡❞ ❜②
t✐♠❡ ❞❡♣❡♥❞❡♥t ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭P❉❊s✮✱ ✉❧t✐♠❛t❡❧② ✐♥✈♦❧✈✐♥❣ ❝♦♠♣❧❡① ❛♥❞ ❞❡✲
t❛✐❧❡❞ ♠❡❝❤❛♥✐s♠s✳ ❚❤❡ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✐s ♥✉♠❡r✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ❜②
t❤❡✐r ✐♥❤❡r❡♥t t✐♠❡ st✐✛♥❡ss ❛♥❞ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s♣❛❝❡ s❝❛❧❡s✱ s✉❝❤ t❤❛t ❤✐❣❤❧② ❞❡❞✐❝❛t❡❞ t✐♠❡
✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡s ❛r❡ ♦❢t❡♥ ♥❡❡❞❡❞ ❛t ❧❡❛st ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❡♠♣❧♦②✐♥❣ st❛♥❞❛r❞
❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ❛s ✇❡❧❧ ❛s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s s✉❝❤ t❤❛t t❤❡
♠❛✐♥ s♣❛t✐❛❧ str✉❝t✉r❡s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛r❡ ♣r♦♣❡r❧② r❡♣r❡s❡♥t❡❞✳ ❚❤❡ ❡✛♦rt ✐s t❤✉s ❝♦♥❝❡♥✲
tr❛t❡❞ ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉✐t❛❜❧❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ t❤❡s❡ ✐ss✉❡s✱
❜❛s❡❞ ♦♥ ❛ ✜r♠ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✇✐t❤ t❤❡ ✜♥❛❧ ♦❜❥❡❝t✐✈❡ ♦❢ ❛❝❝✉r❛❝② ❝♦♥tr♦❧ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ❜✉t s❡❛r❝❤✐♥❣ ❛❧s♦ ❡✣❝✐❡♥t ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ♣❛✈❡
t❤❡ ✇❛② t♦✇❛r❞s ♠♦r❡ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ♠❛② ❢✉❧❧② ❡①♣❧♦✐t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s
❛♥❞ ❤❡♥❝❡ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♠♣✉t❡r ♣♦✇❡r✱ t♦ tr❡❛t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❤②s✐❝❛❧ ♠♦❞❡❧s ✇✐t❤ ❞✐✛❡r❡♥t
❞❡❣r❡❡s ♦❢ ❞❡t❛✐❧✳

■♥ ♦r❞❡r t♦ ♥✉♠❡r✐❝❛❧❧② s✐♠✉❧❛t❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s ♠♦❞❡❧❡❞ ❜② t✐♠❡ ❞❡♣❡♥❞❡♥t
P❉❊s✱ ❛ ❦❡② ❛s♣❡❝t ✐s ❣✐✈❡♥ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦
❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳ ❙❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ✇❡r❡ t❤❡r❡❢♦r❡
✐♥tr♦❞✉❝❡❞ ♦✈❡r t❤❡ ♣❛st ②❡❛rs ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✱ ❢♦r ❛ ❣✐✈❡♥
s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❧❛tt❡r r❡♣r❡s❡♥t❛t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ✜♥❡
t♦ r❡♣r♦❞✉❝❡ t❤❡ s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ✉♥❞❡r st✉❞②✱ ❞❡❞✐❝❛t❡❞
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡
♣r♦❜❧❡♠ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✈❛r✐♦✉s ♣❤❡♥♦♠❡♥❛ ❧✐❦❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ♦t❤❡r
♣r♦❝❡ss❡s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t✐♠❡ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s
♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ s✉❜♣r♦❜❧❡♠s ✇✐t❤✐♥✱ ♠❛② t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝♦♠♣❧❡t❡ ❛♥❞ ❝♦✉♣❧❡❞ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ✇❤✐❝❤ ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡r❡ ❛r❡ t✇♦ ❡①tr❡♠❡
❝♦♥✜❣✉r❛t✐♦♥s✿

• ❆♥ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ✐♥✈♦❧✈❡s ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ st❛✲
❜✐❧✐t② r❡str✐❝t✐♦♥s ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✈❡r② ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥s ❢♦r s♠❛❧❧ t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣s✱
r✉❧❡❞ ❜② t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ t✐♠❡ s❝❛❧❡ ❛r✐s✐♥❣ ✐♥ t❤❡ ♣r♦❜❧❡♠✳

• ❆ ❢✉❧❧② ✐♠♣❧✐❝✐t tr❡❛t♠❡♥t t❤❛t ❛❧❧♦✇s ✉s t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ st✐✛♥❡ss ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✱ ✇✐t❤ t✐♠❡ st❡♣s s❡tt❧❡❞ r❛t❤❡r ❜② t❤❡ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② ♦❢
t❤❡ s✐♠✉❧❛t✐♦♥s✳

❆❧t❤♦✉❣❤ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❛r❡ ♦❢t❡♥ ✈❡r② s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ r❡q✉✐r❡ ♠✐♥✐♠❛❧ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ r❡s♦✉r❝❡s ❢♦r ♥♦♥ st✐✛ ♣r♦❜❧❡♠s✱ t❤❡② ❜❡❝♦♠❡ ❝♦♠♣❧❡t❡❧② ✐♥❡✣❝✐❡♥t ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛✲
t✐♦♥ ♦❢ st✐✛ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ✉s❡ ✇✐❧❧ ❜❡ ❥✉st✐✜❡❞ ♦♥❧② ✐❢ ♦t❤❡r t❡❝❤♥✐q✉❡s ❧✐❦❡ t❤❡ ❡①t❡♥s✐✈❡



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✹

✉s❡ ♦❢ ❝♦♠♣✉t❡r ♣♦✇❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✱ ❛s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧②
♠❡♥t✐♦♥❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦♥❡ ✇❛② t♦ r❡❞✉❝❡ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ❜② ♠❡❛♥s ♦❢
♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✐s ❜❛s❡❞ ♦♥ ❛❞❛♣t❡❞ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥s✱ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ✇✐❞❡❧② ❞❡✲
✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡s✳ ❚❤❡ ❝♦♠♣✉t✐♥❣ ❡✛♦rt ✐s t❤✉s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ s♦♠❡ r❡❣✐♦♥s
♦❢ ✜♥❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❡♥t✐r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ ✇❤❡r❡ t❤❡ ♣❤❡♥♦♠❡♥❛
✉♥❞❡r st✉❞② r❡q✉✐r❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥✹✳ ❇② t❤✐s ❦✐♥❞ ♦❢ ♣r♦❝❡❞✉r❡✱ ✐♠♣♦rt❛♥t ♠❡♠✲
♦r② s♣❛❝❡ ❝❛♥ ❜❡ s❛✈❡❞ ❛♥❞ ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ❝❛♥ ❜❡ t❤✉s s✐♠✉❧❛t❡❞ ✇✐t❤ r❡❞✉❝❡❞
❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ❆❧t❤♦✉❣❤ s✉❝❤ ❛ ♣r♦❝❡❞✉r❡ ✐s q✉✐t❡ ♥❛t✉r❛❧✱ ♥❡✇ ❝❤❛❧❧❡♥❣❡s ❛r❡ r❡♣✲
r❡s❡♥t❡❞ ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡
❝♦♠♣❧❡① t❤❛♥ ❢♦r st❛♥❞❛r❞ ♠❡s❤✐♥❣ t❡❝❤♥✐q✉❡s ✭s❡❡✱ ❡✳❣✳✱ ❬❇▼❱✵✾❪✮✳ ❖t❤❡r ❝r✐t✐❝❛❧ ✐ss✉❡s ❛r❡
❣✐✈❡♥ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❝r✐t❡r✐❛ ❢♦r ❧♦❝❛❧ r❡✜♥❡♠❡♥t ❛♥❞ ❜② ❛ r❡❧✐❛❜❧❡ ❡✈❛❧✉❛✲
t✐♦♥ ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡
❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ❡❛s✐❧② ❝♦✉♣❧❡❞ ✇✐t❤ st❛♥❞❛r❞ ❡①♣❧✐❝✐t
t✐♠❡ ✐♥t❡❣r❛t✐♦♥✱ ❡✈❡♥ ✐❢ ✈❡r② ✜♥❡ ❞✐s❝r❡t✐③❛t✐♦♥s ✐♠♣❧② ❤✐❣❤❡r st❛❜✐❧✐t② ❝♦♥str❛✐♥ts✳ ❙♣❡❝✐❛❧
t❡❝❤♥✐q✉❡s ✇❡r❡ t❤❡r❡❢♦r❡ ❞❡✈❡❧♦♣❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧❛tt❡r r❡str✐❝t✐♦♥✱ ✉s✉❛❧❧② ❜❛s❡❞ ♦♥ ❛ ❧♦❝❛❧
t✐♠❡ st❡♣♣✐♥❣ ❛♣♣r♦❛❝❤ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧♦❝❛❧ ❣r✐❞ s✐③❡ ✇✐t❤ ❛❞❡q✉❛t❡ s②♥❝❤r♦✲
♥✐③❛t✐♦♥ st❛❣❡s ❬❇❈✽✾❪✱ ❛♥❞ ❝♦✉♣❧❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤ ❤②❜r✐❞ ✐♠♣❧✐❝✐t✴❡①♣❧✐❝✐t ❝♦♥✜❣✉r❛t✐♦♥s
✭s❡❡✱ ❡✳❣✳✱ ❬❈◆P❚✵✽✱ ❈◆P❚✶✵❪✮ ♦r ✇✐t❤ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✭s❡❡✱ ❡✳❣✳✱ ❬❉❇✵✵✱ ❇❉❆+✵✻❪✮✳
❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ t♦ ❢❛✈♦r t❤❡ ✉s❡ ♦❢ ❧❡ss ❡①♣❡♥s✐✈❡ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❝♦♥s✐❞❡rs t❤✐s t✐♠❡✱ t❤❡
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❡q✉❛t✐♦♥s r❡❧②✐♥❣ ♦♥ ❛ ❞②♥❛♠✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ t✐♠❡ s❝❛❧❡s
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ t❤❡ ❛✉t♦♠❛t✐❝ ✐❞❡♥t✐✜❝❛t✐♦♥
♦❢ s❧♦✇ ❛♥❞ ❢❛st ✈❛r✐❛❜❧❡s ✐♥ ❛ ❣❡♥❡r❛❧ st✐✛ s②st❡♠✱ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ ♣r♦❜❧❡♠ ♦♥ ❛ r❡❞✉❝❡❞ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s❧♦✇
t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ s②st❡♠✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢❛st❡st ✈❛r✐❛❜❧❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ ❛ st❡❛❞② st❛t❡✺✳
❙✐♥❝❡ ❜r♦❛❞ t✐♠❡ s❝❛❧❡ s♣❡❝tr❛ ❛r❡ ✉s✉❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞❡t❛✐❧❡❞ ❝♦♠♣❧❡① ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s
❛♥❞ ❤❡♥❝❡ ✇✐t❤ t❤❡ s♦✉r❝❡ t❡r♠ ✐♥ t❤❡ P❉❊s✱ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ t♦ ♣❡r❢♦r♠
t❤❡s❡ t✐♠❡ s❝❛❧❡ ❛♥❞ ✈❛r✐❛❜❧❡ r❡❞✉❝t✐♦♥s ❜② ♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥s r❡❧❛t❡❞ t♦ t❤❡
r❡s✉❧t✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✐✳❡✳✱ t❤❡ ♦r✐❣✐♥❛❧ st✐✛ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✭❖❉❊s✮ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ P❉❊s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥❛✳ ❆ ❧❛r❣❡
❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤✐s s✉❜❥❡❝t ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ tr❡♠❡♥❞♦✉s
❡✛♦rt ✐♥ ❞❡✜♥✐♥❣ ❡✣❝✐❡♥t ❛♥❞ ♣r❡❞✐❝t✐✈❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❛♥❞ t♦ s♦❧✈❡ ✐♥
❛ ❧❡ss ❡①♣❡♥s✐✈❡ ♠❛♥♥❡r ❝♦♠♣❧❡① s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❝♦♠❜✉st✐♦♥ ♦r ❛✐r
♣♦❧❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♠♦♥❣ ♦t❤❡rs✻✳ ❙❡❡✱ ❡✳❣✳✱ ❬▲▲✵✾✱ P❘✵✾❪ ❢♦r r❡❝❡♥t r❡✈✐❡✇s ♦♥
t❤❡s❡ ✐ss✉❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❝r✐t✐❝❛❧ ❛s♣❡❝t ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✭s❡❡✱ ❡✳❣✳✱ ❬▼❛s✵✷❪✮
❛♥❞ ❛ ❞❡❧✐❝❛t❡ t❛s❦ ✐♥ ♣r❛❝t✐❝❡✱ ✐s t♦ ❝♦♥❝❡✐✈❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t❤❛t ❛❧❧♦✇ ✉s t♦ ♠❡❛s✉r❡
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ✐ss✉❡❞ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❞②♥❛♠✐❝s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s✳
❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t t✐♠❡
❞✐s❝r❡t✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ t❤❡ ❡♥t✐r❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♣r♦❜❧❡♠
❛♥❞ ❢✉rt❤❡r♠♦r❡✱ ❡♥s✉r❡s ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ♣❤②s✐❝❛❧ ❝♦✉♣❧✐♥❣s
♦❢ t❤❡ ✈❛r✐♦✉s ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss❡s ✇✐t❤✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥♦♥✳ ❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛✲
t✐♦♥ t❤❡ str♦♥❣ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❞❡❞✐❝❛t❡❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ❢♦r st✐✛ ❖❉❊s s②st❡♠s ♦✈❡r

✹❲❡ ✇✐❧❧ ❢✉rt❤❡r ❞❡t❛✐❧ ✐♥ t❤✐s ✇♦r❦ ❛ ❢❡✇ ❦❡② ❛s♣❡❝ts ♦❢ ❝❧❛ss✐❝❛❧ ❆▼❘ ✭❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t✮ ♠❡t❤♦❞s
✐♥tr♦❞✉❝❡❞ ❜② ❇❡r❣❡r ✫ ❖❧✐❣❡r ❬❇❡r✽✷✱ ❇❖✽✹❪✱ ❛s ✇❡❧❧ ❛s ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♠❛✐♥❧② ♦♥
t❤❡ ✇♦r❦ ♦❢ ❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✳

✺■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧s ✐s ✉s✉❛❧❧② str❛✐❣❤t❢♦r✇❛r❞ ✇❤❡♥ t❤❡ ♠♦❞❡❧✐♥❣ s②st❡♠ ✐s
✇❡❧❧✲♣❛rt✐t✐♦♥❡❞ ❛♥❞ t❤❡ ❢❛st s❝❛❧❡s ❛r❡ ❡❛s✐❧② ✐s♦❧❛t❡❞ ❬❙♣♦✾✾✱ ❙❉✵✵❪✳

✻❙♦♠❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ❢✉rt❤❡r ❞❡✈❡❧♦♣❡❞✱ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ■▲❉▼ ✭■♥✲
tr✐♥s✐❝ ▲♦✇✲❉✐♠❡♥s✐♦♥❛❧ ▼❛♥✐❢♦❧❞✮ ❛♣♣r♦❛❝❤ ♦❢ P♦♣❡ ❛♥❞ ▼❛❛s ❬▼P✾✷❪ ❛♥❞ t❤❡ ❈❙P ✭❈♦♠♣✉t❛t✐♦♥❛❧ ❙✐♥❣✉❧❛r
P❡rt✉r❜❛t✐♦♥✮ ♠❡t❤♦❞ ♦❢ ▲❛♠ ✫ ●♦✉ss✐s ❬▲●✾✹❪✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✺

t❤❡ ❧❛st ❞❡❝❛❞❡s✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ s♦❧✈❡rs s❤♦✇❡❞ t♦ ❞❡❧✐✈❡r s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✐♥
♠❛♥② ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❢♦r st✐✛ ❞❡t❛✐❧❡❞ ❢♦r♠✉❧❛t✐♦♥s✳ ❍✐st♦r✐❝❛❧❧②✱ t❤❡ ✜rst✱ ❡①t❡♥s✐✈❡❧②
✉s❡❞ ✐♠♣❧✐❝✐t s♦❧✈❡rs ❢♦r st✐✛ ❖❉❊s ✇❡r❡ ❜❛s❡❞ ♦♥ ✈❛r✐❛❜❧❡✲♦r❞❡r ✭✉♣ t♦ ✜❢t❤✮ ♠✉❧t✐✲st❡♣ ❇❉❋
❢♦r♠✉❧❛❡ ❬●❡❛✼✶❪ ❧✐❦❡ ▲❙❖❉❊ ❬❍✐♥✽✵✱ ❍✐♥✽✸❪✱ ♦r ❱❖❉❊ ❬❇❇❍✽✾❪✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❖t❤❡r ❞❡❞✲
✐❝❛t❡❞ s❝❤❡♠❡s ✇❡r❡ ❛❧s♦ ✐♥tr♦❞✉❝❡❞ ❜❛s❡❞ t❤✐s t✐♠❡ ♦♥ ♦♥❡✲st❡♣ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ❧✐❦❡
❞✐❛❣♦♥❛❧❧② ♦r ❢✉❧❧② ✐♠♣❧✐❝✐t ♠❡t❤♦❞s ✭s❡❡✱ ❡✳❣✳✱ ❬❍❲✾✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ ♦r ❡✈❡♥ ❡①♣❧✐❝✐t
❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ✇✐t❤ ❡①t❡♥❞❡❞ st❛❜✐❧✐t② r❡❣✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❱❡r✾✻✱ ❍❱✵✸❪✮✳ ❋✉rt❤❡r♠♦r❡✱
❛❧❧ t❤❡s❡ s♦❧✈❡rs ❝♦♥s✐❞❡r ❝❛r❡❢✉❧❧② ❝♦♥❝❡✐✈❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇✐t❤ ❛❞❛♣t✐✈❡ t✐♠❡✲st❡♣♣✐♥❣ t♦♦❧s
❛♥❞ ❤❡♥❝❡✱ t❤❡ ❝❤♦s❡♥ t✐♠❡ st❡♣s ❡♥s✉r❡ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ t❤❛t ❡♥❤❛♥❝❡ t❤❡ ♥✉✲
♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞s✳ ❚❤❡ ✉s❡ ♦❢ t❤❡s❡ s♦❧✈❡rs ✇❛s ♦❢t❡♥ ❡①t❡♥❞❡❞ t♦ P❉❊s
❜② ❝♦♥s✐❞❡r✐♥❣ ❖❉❊s s②st❡♠s ✐ss✉❡❞ ❢r♦♠ ❛ st❛♥❞❛r❞ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♦❢
❧✐♥❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❧❧ t❤❡s❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡s r❡q✉✐r❡ ✐♠♣♦rt❛♥t ♠❡♠♦r② r❡s♦✉r❝❡s ✇❤✐❝❤ r❡✲
str✐❝t t❤❡✐r ❞✐r❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ✉s✉❛❧❧② r❡q✉✐r❡❞ ❢♦r P❉❊s
♠♦❞❡❧✐♥❣ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✱ ✇❤❡r❡❛s st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t s❝❤❡♠❡s t❤❛t ❛r❡ ✇❡❧❧ s✉✐t❡❞ ❛♥❞
✈❡r② ♣❡r❢♦r♠✐♥❣ ❢♦r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✱ ❢❛✐❧ t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ ✈❡r② st✐✛ ♣r♦❜❧❡♠s ♦r ♦♣❡r❛t♦rs
t❤❛t ❛r✐s❡ ✐♥ ❝♦♥✈❡❝t✐♦♥ ❞♦♠✐♥❛t❡❞ ✢♦✇s✳
❖t❤❡r ❞❡❞✐❝❛t❡❞ ❛♥❞ ❡✈❡♥ ❤✐❣❤ ♦r❞❡r ✐♠♣❧✐❝✐t s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ t❤❡♥ ❝♦♥❝❡✐✈❡❞ ♦✈❡r t❤❡ ♣❛st
②❡❛rs ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s✱ ❜❛s❡❞ ♦♥ ❡✐t❤❡r ♦♥❡✲st❡♣ ❘✉♥❣❡✲
❑✉tt❛ ♦r ♠✉❧t✐✲st❡♣ s❝❤❡♠❡s ✭s❡❡✱ ❡✳❣✳✱ ❬❇❈❱❑✵✷✱ ■❩✵✹✱ ❈❑❇+✵✺❪✮ ❢♦r t❤❡ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞
❡q✉❛t✐♦♥s✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣✱ ❛s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ♥♦t❡❞✳ ❖♥❡ ♦❢ t❤❡ ❦❡② ♣♦✐♥ts ❢♦r t❤❡ s✉❝❝❡ss ♦❢
✐♠♣❧✐❝✐t t❡❝❤♥✐q✉❡s ✐s ♥❡✈❡rt❤❡❧❡ss r❡❧❛t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t s♦❧✈❡rs✱ ✉s✉❛❧❧② ❜❛s❡❞
♦♥ ◆❡✇t♦♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ✭s❡❡✱ ❡✳❣✳✱ ❬❉❡✉✵✹❪✮✱ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❧❛r❣❡✱ str♦♥❣❧② ❝♦✉♣❧❡❞ ❛♥❞
❤✐❣❤❧② ♥♦♥❧✐♥❡❛r s②st❡♠s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ✐♥
♠❡♠♦r② ❛♥❞ ❈P❯ t✐♠❡ t♦ ♣❡r❢♦r♠ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s✼✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ s♣❡❝✐❛❧ ❤✐❣❤ ♦r✲
❞❡r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✇❤✐❝❤ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
st❡♥❝✐❧s ❛♥❞ ❤❡♥❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠s✱ ✇❤✐❧❡ ❛❧s♦ ❝♦♥tr✐❜✉t✐♥❣ t♦ ❜❡tt❡r ❝❛♣t✉r❡
♣❛rt✐❝✉❧❛r ♣❤②s✐❝❛❧ ❢❡❛t✉r❡s ✭s❡❡✱ ❡✳❣✳✱ ❬◆❙✵✺✱ ◆❇❙✵✼✱ ❉❙✶✵❪✮✳ ❖t❤❡r ❝r✐t✐❝❛❧ ❝♦♥❝❡r♥s ✐♥ ♣r❛❝✲
t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♠♣❧❡♠❡♥t❛r② t❡❝❤♥✐q✉❡s t♦ ❡♥s✉r❡
t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ ❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s s✉❝❤ ❛s ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ ❛♥❞ ❝♦rr❡❝t ✐♥✐t✐❛❧✐③❛t✐♦♥
♦❢ t❤❡ ◆❡✇t♦♥ s♦❧✈❡rs✱ ♣r♦♣❡r ❞✐str✐❜✉t❡❞ ♠❡s❤✐♥❣✱ ❞❛t❛ st♦r❛❣❡ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♠♦♥❣
♦t❤❡rs✽✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ♦❢ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤
t❤❡s❡ ❤✐❣❤❧② ❛❝❝✉r❛t❡ ❜✉t ❛❧s♦ ❡①♣❡♥s✐✈❡ s❝❤❡♠❡s✱ t❤❡ ❝♦♥❝❡♣t✐♦♥ ♦❢ ❡✣❝✐❡♥t ♣❛r❛❧❧❡❧✐③❛t✐♦♥
t❡❝❤♥✐q✉❡s t❤❛t ❡①♣❧♦✐t t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t❡r ♣♦✇❡r ♦✛❡r ❛♥♦t❤❡r ✇❛② ♦✉t t♦ ♣❡r❢♦r♠ t❤❡s❡
❝♦♠♣✉t❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❚❇❙✶✶❪ ❢♦r r❡❝❡♥t ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞✮✱ ❛s ✇❡❧❧ ❛s ❛❞❛♣t✐✈❡ ♠❡s❤✲
✐♥❣ t♦♦❧s ✭s❡❡✱ ❡✳❣✳✱ ❬❆❇❙✵✺❪✮✳ ❆❧❧ t❤❡s❡ t♦♣✐❝s ❝♦♥st✐t✉t❡ ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ ❝✉rr❡♥t r❡s❡❛r❝❤
t❤❛t ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ②✐❡❧❞ ❛❝❝✉r❛t❡ ❛♥❞ ❢✉❧❧② ❞❡t❛✐❧❡❞ ✸❉ s✐♠✉❧❛t✐♦♥s ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥❛✱ ♥♦t ②❡t ❢❡❛s✐❜❧❡ ✐♥ ♦✉r ❞❛②s✳
❆♥ ✐♥t❡r♠❡❞✐❛t❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♠❛② ♥❡✈❡rt❤❡❧❡ss ❡①♣❧♦✐t t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❞❡❞✐❝❛t❡❞ ✐♠✲
♣❧✐❝✐t ♠❡t❤♦❞s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❧❡ss ❞❡♠❛♥❞✐♥❣ ❡①♣❧✐❝✐t s❝❤❡♠❡s ✐♥ ❛ ❤②❜r✐❞ ✐♠♣❧✐❝✐t✴❡①♣❧✐❝✐t
t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ str✉❝t✉r❡ ❢♦r ❛ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ st✐✛ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇❛②✱ ♦♥❡ ♠❛② ❝♦♥✲
s✐❞❡r ♠❛♥② t②♣❡s ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ♣❛rt✐t✐♦♥✐♥❣ ♦r ■▼❊❳♠❡t❤♦❞s✱ ❜② ❛ss♦❝✐❛t✐♥❣ ✐♠♣❧✐❝✐t✴❡①♣❧✐❝✐t

✼❚❤❡r❡ ✐s ❛❧✇❛②s ❛♥ ✐♠♣♦rt❛♥t r❡s❡❛r❝❤ ♦♥ t❤❡s❡ ♠❛tt❡rs t♦ ❛❝❤✐❡✈❡ ♠♦r❡ ♣❡r❢♦r♠✐♥❣ s♦❧✈❡rs ♦❢ ♥♦♥❧✐♥❡❛r
s②st❡♠s ❛t ♠✉❝❤ ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡♥s❡s✳ ❙❡❡✱ ❡✳❣✳✱ ❬❑❑✵✹✱ ❩❈✵✾❪ ❢♦r s♦♠❡ r❡✈✐❡✇s ♦♥ ◆❡✇t♦♥✲❑r②❧♦✈
♠❡t❤♦❞s✱ r❡❝❡♥t❧② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❉❙✶✵❪ ❢♦r ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② s✐♠✉❧❛t✐♦♥s✳

✽❙❡❡✱ ❡✳❣✳✱ ❬❉❈❙+✵✼✱ ❇▼P+✵✾❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r s♦♠❡ ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ✐♠♣❧✐❝✐t s♦❧✈❡rs ❢♦r
t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✢❛♠❡s ✇✐t❤ ❞❡t❛✐❧❡❞ ❦✐♥❡t✐❝s✱ ❢✉rt❤❡r♠♦r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡✲
♠❡♥ts✱ ❜❛s❡❞ ♦♥ ❛ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ❙♠♦♦❦❡ ✐♥ ❬❙♠♦✽✸❪✳ ❙♦♠❡ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts
✇✐t❤ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ❞✐str✐❜✉t❡❞ ♠❡♠♦r② ♠❛❝❤✐♥❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❉❈❇+✵✾❪✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✻

s❝❤❡♠❡s ❡q✉❛t✐♦♥✲✇✐s❡ t♦ st✐✛✴♥♦♥ st✐✛ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ P❉❊s✱ ♦r t❡r♠✲✇✐s❡ t♦ ❞✐✛❡r❡♥t ♣❤❡✲
♥♦♠❡♥❛ ❧✐❦❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ♦r ❝♦♥✈❡❝t✐♦♥✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② ❜② ❛♥ ✐♥t❡❧❧✐❣❡♥t ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❜♦t❤ ❛❧t❡r♥❛t✐✈❡s✳ ❖♥❡ ♦❢ t❤❡ ✜rst ■▼❊❳ s❝❤❡♠❡s ✐♥tr♦❞✉❝❡❞ ❜② ❈r♦✉③❡✐① ✐♥ ❬❈r♦✽✵❪ ❝♦♥✲
s✐❞❡r❡❞ ♠✉❧t✐✲st❡♣ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s ✇❤❡r❡ t❤❡ ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t ♣❛rts ❝♦rr❡s♣♦♥❞❡❞ t♦
t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❡r♠s ✐♥ t❤❡ ❡q✉❛t✐♦♥s✱ ❜❛s❡❞ ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ✐♠♣❧✐❝✐t s♦❧✈❡rs ❢♦r
❧✐♥❡❛r ♣r♦❜❧❡♠s ✭s❡❡✱ ❡✳❣✳✱ ❬❆❈▼✾✽❪✮✳ ❚❤❡s❡ ✐❞❡❛s ♠♦t✐✈❛t❡❞ ❧❛t❡r ♦♥ t❤❡ ❝♦♥❝❡♣t✐♦♥ ♦❢ ❡✐t❤❡r
♠✉❧t✐✲st❡♣ ♦r ♦♥❡✲st❡♣ ■▼❊❳ ♠❡t❤♦❞s✱ t❤✐s t✐♠❡ s♣❡❝✐✜❝❛❧❧② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛
P❉❊s✾✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t t❤❡ ❞❡t❛✐❧❡❞ st✐✛ ❞②♥❛♠✐❝s ❛ss♦❝✐❛t❡❞ ♠❛✐♥❧②
✇✐t❤ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ✐s s♦❧✈❡❞ ❜② ❛♥ ✐♠♣❧✐❝✐t ♠❡t❤♦❞✱ ✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥ st✐✛ ♣❤❡✲
♥♦♠❡♥❛ ✉s✉❛❧❧② r❡❧❛t❡❞ t♦ s♣❛t✐❛❧ tr❛♥s♣♦rt ♦♣❡r❛t♦rs ❧✐❦❡ ❝♦♥✈❡❝t✐♦♥ ♦r ❞✐✛✉s✐♦♥ ❛r❡ s♦❧✈❡❞ ❜②
❛ st❛♥❞❛r❞ ♦r ♣♦ss✐❜❧② ❞❡❞✐❝❛t❡❞ ❡①♣❧✐❝✐t ♠❡t❤♦❞ ✭❛ ❞❡t❛✐❧❡❞ r❡✈✐❡✇ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❱✵✸❪✮✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❢♦r ✇❡❧❧✲♣❛rt✐t✐♦♥❡❞ s②st❡♠s ❢♦r ✇❤✐❝❤ ❢❛st ❛♥❞ s❧♦✇ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❡❛s✐❧② ✐❞❡♥✲
t✐✜❡❞✱ ❍♦❢❡r ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❍♦❢✼✻❪ ❛♥♦t❤❡r ♥✉♠❡r✐❝❛❧ ❛❧t❡r♥❛t✐✈❡ t❤❛t ❝♦♥s✐❞❡rs ❛♥ ✐♠♣❧✐❝✐t ♦r
❡①♣❧✐❝✐t tr❡❛t♠❡♥t✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❡❛❝❤ s✉❜s②st❡♠ ✭s❡❡ s♦♠❡ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ ❬❈❉✶✶❪✶✵

❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❖❉❊s✱ ❛♥❞ ❬❲❘✵✽❪ ❢♦r P❉❊s✮✱ ✇❤❡r❡❛s t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡
❛❧s♦ s✉❝❝❡ss❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ P❉❊s ❛❢t❡r ❛ ❞②♥❛♠✐❝ ❞❡❝♦✉♣❧✐♥❣ t❡❝❤♥✐q✉❡
t♦ ✐❞❡♥t✐❢② t❤❡ ✈❛r✐♦✉s t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❬❍❲✵✻❪✶✶✮✱ ❛s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧②
❞✐s❝✉ss❡❞ ❢♦r t❤❡ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ r❡❞✉❝❡❞ s②st❡♠s✶✷✳ ❊✈❡♥ t❤♦✉❣❤ ❛♥ ■▼❊❳ ❛♣♣r♦❛❝❤
❛❧❧♦✇s ✉s ✐♥ ❣❡♥❡r❛❧ ✐♠♣♦rt❛♥t ♣❡r❢♦r♠❛♥❝❡ ❡♥❤❛♥❝❡♠❡♥ts✱ ✐t s✉♣♣♦s❡s ❛❧s♦ ❛ ❢❡✇ ❝♦✉♣❧✐♥❣ ❝♦♥✲
s✐❞❡r❛t✐♦♥s ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ❡✈♦❧✈✐♥❣ s✉❜♣r♦❜❧❡♠s ❛s ✇❡❧❧ ❛s ❝♦♠❜✐♥❡❞ st❛❜✐❧✐t② ❛♥❞ ♦r❞❡r
❝♦♥❞✐t✐♦♥s ❢♦r ❛❧❧ ✐♥♥❡r ✐♠♣❧✐❝✐t✴❡①♣❧✐❝✐t s❝❤❡♠❡s✶✸✳ ❖t❤❡r✇✐s❡✱ ❛ ❞✐r❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤✲
♦✉t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛tt❡r ♠❛t❤❡♠❛t✐❝❛❧ ✐ss✉❡s ✇♦✉❧❞ ♥♦t ❜❡ s✉✣❝✐❡♥t t♦ ❞❡✜♥❡ ❛♥❞ s❡tt❧❡ t❤❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ s♣❡❝✐❛❧❧② ❢♦r st✐✛ P❉❊s✱ ✇❤✐❧❡ ✐t ✇✐❧❧ ❥✉st r❡❞✉❝❡ t❤❡
♥✉♠❡r✐❝❛❧ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② t❤❡ st✐✛ t❡r♠s ❞♦✇♥ t♦ t❤❡ ♥❡①t ❝♦♥s❡❝✉t✐✈❡ ♠♦st ❞❡♠❛♥❞✐♥❣
s✉❜♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ st❛❜✐❧✐t② ♦r ❛❝❝✉r❛❝②✶✹✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ t✐♠❡ st❡♣s ❣❧♦❜❛❧❧② ✐♠♣♦s❡❞
♦✈❡r ♣❛rt✐❛❧ r❡❣✐♦♥s ♦r ♦✈❡r t❤❡ ❡♥t✐r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛r❡ ♦❢t❡♥ ❧✐♠✐t❡❞ ❜② ❡✐t❤❡r t❤❡
st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❡①♣❧✐❝✐t s♦❧✈❡r ♦r ❜② t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡
t♦ s♦❧✈❡ t❤❡ ❢❛st❡st ❞②♥❛♠✐❝s ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❋✉rt❤❡r♠♦r❡✱ ❛♥♦t❤❡r ❞❡❧✐❝❛t❡ ✐ss✉❡ ❞❡❛❧s ✇✐t❤
t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦♥s✐❞❡r✐♥❣ ✐♠♣❧✐❝✐t s♦❧✈❡rs ♦✈❡r ❛ ❞✐s❝r❡t✐③❡❞ ❞♦♠❛✐♥ ❢♦r ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧

✾❙♦♠❡ ❝❧❛ss✐❝❛❧ ✇♦r❦s ♦♥ ♠✉❧t✐✲st❡♣ ♦r ❘✉♥❣❡✲❑✉tt❛ ■▼❊❳ ♠❡t❤♦❞s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❆s❝❤❡r ❡t ❛❧✳✱ r❡✲
s♣❡❝t✐✈❡❧②✱ ✐♥ ❬❆❘❲✾✺❪ ❛♥❞ ✐♥ ❬❆❘❙✾✼❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st❛❜✐❧✐t② ♦❢ ❧✐♥❡❛r ♠✉❧t✐✲st❡♣ ■▼❊❳ ♠❡t❤♦❞s ✇❛s
❛♥❛❧②③❡❞ ❜② ❋r❛♥❦ ❡t ❛❧✳ ✐♥ ❬❋❍❱✾✼❪✱ ✇❤✐❝❤ ♣r♦✈❡❞ t❤❛t st❛❜❧❡ ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧②
②✐❡❧❞ st❛❜❧❡ ■▼❊❳ ♠❡t❤♦❞s✳

✶✵■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❛✉t❤♦rs st✉❞✐❡❞ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ■▼❊❳ ❛♥❞ ♠✉❧t✐r❛t❡ t❡❝❤♥✐q✉❡s t❤❛t ❝♦♥s✐❞❡r ✈❛r✐❛❜❧❡✲
❞❡♣❡♥❞❡♥t t✐♠❡ st❡♣s ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧✱ ❛♥❞ ❛♥❛❧②③❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞✳

✶✶❚❤❡s❡ ❛✉t❤♦rs ❞❡✜♥❡ t❤❡ s❧♦✇ ❛♥❞ ❢❛st ✈❛r✐❛❜❧❡s ❜❛s❡❞ ♦♥ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✐♥
♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛ t✐♠❡ st❡♣ ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ ❛❝❝✉r❛❝② ❝r✐t❡r✐❛✳

✶✷❲❡ r❡♠❛r❦ t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ♦♥❧② t❤❡ r❡s✉❧t✐♥❣ s❧♦✇ ✈❛r✐❛❜❧❡s ✇❡r❡ ❛❝t✉❛❧❧② s♦❧✈❡❞ ✐♥ t✐♠❡ ❛❢t❡r
t❤❡ ❞②♥❛♠✐❝ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ P❉❊s✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❢❛st s❝❛❧❡s ♠✐❣❤t ❜❡ r❡❝♦♥str✉❝t❡❞ ❛❢t❡r✇❛r❞s
✐❢ ♥❡❡❞❡❞✳ ❙❡❡ s♦♠❡ ✐❧❧✉str❛t✐♦♥s ✐♥ ❬❉❙✵✷❜✱ ❉❙✵✸❪ ❢♦r ❛✐r ♣♦❧❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ✐♥ ❬❱●✵✶❪ ❢♦r
❝♦♠❜✉st✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s✳

✶✸❙❡❡✱ ❡✳❣✳✱ ❬❑❈✵✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❞✐✛❡r❡♥t ■▼❊❳ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡ t❤❡✲
♦r❡t✐❝❛❧ ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♥❡r❛❧ ❤✐❣❤ ♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ■▼❊❳ s❝❤❡♠❡s ❢♦r r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠s✳ ❚❤✐s ❦✐♥❞ ♦❢ st✉❞② ❝❛♥ ❜❡ ❛❧s♦ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬▲❩✵✻❪ ❢♦r st✐✛ ❖❉❊s
s②st❡♠s ♦r ✐♥ ❬❍❘✵✼❪ ❢♦r ❞❡❞✐❝❛t❡❞ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s t❤❛t ❢❡❛t✉r❡ ❛❞❡q✉❛t❡ ♣r♦♣❡rt✐❡s t♦ ❤❛♥❞❧❡ st❡❡♣ ❣r❛✲
❞✐❡♥ts ♦r s❤♦❝❦✲❧✐❦❡ s♦❧✉t✐♦♥s ❢♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s ✐♥❝❧✉❞✐♥❣ st✐✛ s♦✉r❝❡ t❡r♠s✳ ❙tr♦♥❣ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s
❧✐❦❡ A✲st❛❜✐❧✐t② ✇❡r❡ st✉❞✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬●❥❡✵✼❪ ❢♦r s❡❝♦♥❞ ♦r❞❡r ♠✉❧t✐✲st❡♣ ■▼❊❳ s❝❤❡♠❡s✳

✶✹❆♥ ✐❧❧✉str❛t✐♥❣ ❡①❛♠♣❧❡ ✇❛s ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❬◆❲❑✾✽❪ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ✢❛♠❡s
✇✐t❤ ❞❡t❛✐❧❡❞ ❦✐♥❡t✐❝s✱ ✐♥ ✇❤✐❝❤ ❛ ❞❡❞✐❝❛t❡❞ ✐♠♣❧✐❝✐t s♦❧✈❡r s✉❝❝❡❡❞❡❞ t♦ ♦✈❡r❝♦♠❡ ❤✐❣❤❧② ❝♦♥str❛✐♥✐♥❣ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❜② t❤❡ r❡❛❝t✐♦♥ t❡r♠s✱ ❜✉t t❤❡ ❣❧♦❜❛❧ t✐♠❡ st❡♣s r❡♠❛✐♥❡❞ r❡str✐❝t❡❞ t♦ ❡♥s✉r❡ t❤❡ ♥✉♠❡r✐❝❛❧
st❛❜✐❧✐t② ♦❢ t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✉s❡❞ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ q✉✐t❡ ❧✐♠✐t❡❞ ❣✐✈❡♥ t❤❡ ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥
♥❡❡❞❡❞ ❢♦r t❤❡s❡ ♣r♦❜❧❡♠s✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✼

❞♦♠❛✐♥s ✇✐t❤ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s✶✺✳
❆ ❢✉rt❤❡r st❡♣ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐r❡❝t✐♦♥ ♦❢ ❤②❜r✐❞ ❝♦♥✜❣✉r❛t✐♦♥s ❜✉✐❧t ✉♣♦♥ ❞✐✛❡r❡♥t s❝❤❡♠❡s✱
✐s ❣✐✈❡♥ ❜② t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❬▼❛r✻✽✱ ❙tr✻✽✱ ▼❛r✼✺✱ ▼❛r✾✵❪✱ ❛❧s♦ ❝❛❧❧❡❞ ❢r❛❝✲
t✐♦♥❛❧ st❡♣s ♠❡t❤♦❞s ❬❚é♠✻✾❛✱ ❚é♠✻✾❜✱ ❨❛♥✼✶❪✳ ❚❤❡s❡ s❝❤❡♠❡s ❝♦♥s✐❞❡r ❛❧s♦ ❞❡❞✐❝❛t❡❞ ✐♠✲
♣❧✐❝✐t✴❡①♣❧✐❝✐t tr❡❛t♠❡♥t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t s✉❜♣r♦❜❧❡♠s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✱ ❜✉t t❤✐s t✐♠❡ t❤❡ ❧❛tt❡r s✉❜s②st❡♠s ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡❝♦✉♣❧❡❞ ❛♥❞ s♦❧✈❡❞
✐♥❞❡♣❡♥❞❡♥t❧② ❞✉r✐♥❣ ❛ ♣r❡s❝r✐❜❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣
s❝❤❡♠❡s ❝♦♥s✐❞❡r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✶❉ s✉❜♣r♦❜❧❡♠s ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧
❝♦♥✜❣✉r❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❍❱✵✸❪ ❢♦r s❡✈❡r❛❧ t❡r♠✲✇✐s❡ ♦r ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s✮✳ ❚❤❡
♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s ❣✐✈❡♥ ❜② ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠✲
♣❧❡①✐t② s✐♥❝❡ t❤❡② ❞♦ ♥♦t r❡q✉✐r❡ ❛♥② ❝♦✉♣❧✐♥❣ ✇❤❛ts♦❡✈❡r ❛t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡s ♦❢ t❤❡
✈❛r✐♦✉s s❝❤❡♠❡s ❛♥❞ t❤✉s ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♦❢ ❡✈❡♥ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♥❛t✉r❡ ❝❛♥
❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❝r✐t✐❝❛❧ ❛s♣❡❝t ❢♦r t❤❡s❡ ♠❡t❤✲
♦❞s ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s
r❡♣r♦❞✉❝❡ ✇✐t❤ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② t❤❡ ❝♦✉♣❧❡❞ ❞②♥❛♠✐❝s✶✻✳ ❙❡✈❡r❛❧ st✉❞✐❡s ♣❡r❢♦r♠❡❞ ❛ ♥✉✲
♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r P❉❊s ❛♥❞ ❝♦♥❢r♦♥t❡❞ t❤❡♠ t♦ ❢✉❧❧② ✐♠♣❧✐❝✐t
s❝❤❡♠❡s ♦r ♠♦r❡ ❣❡♥❡r❛❧❧②✱ t♦ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s t❤❛t t❛❦❡ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❝♦✉♣❧❡❞ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❙❇P✵✵✱ ❘❙❖✵✹❪✮✳ ❚❤❡s❡ ❛♥❞ ♦t❤❡r st✉❞✐❡s s❤♦✇❡❞ ✐♥
♣❛rt✐❝✉❧❛r t❤❛t t❤❡ r❡s✉❧t✐♥❣ s♣❧✐tt✐♥❣ ❡rr♦rs ♠✐❣❤t ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ✐❢ ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ P❉❊s✳ ▼♦r❡♦✈❡r✱ t❤❡ st❛♥❞❛r❞ ♥✉✲
♠❡r✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ❜❛s❡❞ ♦♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ✭s❡❡✱ ❡✳❣✳✱ ❬❍▲❲✵✻❪✮ ❢❛✐❧❡❞ t♦ ❡①♣❧❛✐♥ t❤❡s❡
❜❡❤❛✈✐♦rs ❛♥❞ ♠♦t✐✈❛t❡❞ ♥❡✇ ❛♥❞ ♠♦r❡ s♣❡❝✐✜❝ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ♦♥ t❤❡s❡ s❝❤❡♠❡s ❢♦r st✐✛
♣r♦❜❧❡♠s ✭s❡❡✱ ❡✳❣✳✱ ❬❉▼✵✹✱ ❉❉▲▼✵✼❪✮✳ ❆ st❛♥❞❛r❞ s♦❧✉t✐♦♥ ✐♥ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐s
t❤✉s t♦ ❝♦♥s✐❞❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ s❝❛❧❡s✱
♦r ❥✉st s✉✣❝✐❡♥t❧② s❤♦rt t♦ ❡♥s✉r❡ ♥❡❣❧✐❣✐❜❧❡ s♣❧✐tt✐♥❣ ❡rr♦rs✱ ❛♥❞ ❤❡♥❝❡ ❤♦♣❡❢✉❧❧② ❛❝❝✉r❛t❡
r❡s✉❧ts ❢♦r ❝♦♠♣❧❡① ♣r♦❜❧❡♠s✱ ♦❢t❡♥ ✉♥❢❡❛s✐❜❧❡ ✇✐t❤ ❢✉❧❧② ❝♦✉♣❧❡❞ ✐♠♣❧✐❝✐t ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s
✭s❡❡✱ ❡✳❣✳✱ ❬❇❉❙+✵✺✱ ❇❉●+✵✼❪✮✳ ❚✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ❛ ❢❡✇ t❤❡♦r❡t✐❝❛❧ ❛♥❞
♥✉♠❡r✐❝❛❧ r❡❧❛t❡❞ ✐ss✉❡s ✇✐❧❧ ❜❡ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ✇♦r❦✳

❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s ✇❡ ❝❛♥ s✉♠♠❛r✐③❡ s♦♠❡ ❦❡② ✐ss✉❡s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞✉r✐♥❣
t❤❡ ❝♦♥❝❡♣t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s t♦ ❡✣❝✐❡♥t❧② ❝❛rr② ♦✉t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♠✉❧t✐✲
s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤✐s ❡✣❝✐❡♥❝② ♠✐❣❤t ❜❡ ♠❡❛s✉r❡❞ ✐♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧
❛❝❝✉r❛❝② ❛♥❞ t❤✉s r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤❡ ♠❡t❤♦❞s✱ ❛♥❞ ♦❢ t❤❡✐r ♣r❛❝✲
t✐❝❛❧ r❡❛❧✐③❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧t✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ r❡q✉✐r❡❞ r❡s♦✉r❝❡s✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥ ❢♦rt❤✿

• ❙t❛♥❞❛r❞ ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥s ✇♦✉❧❞ ♥♦t ❜❡ ♣❡r❢♦r♠✐♥❣ ✐♥ t❡r♠s ♦❢ ❈P❯ t✐♠❡ ❜❡✲
❝❛✉s❡ ♦❢ t❤❡ st✐✛♥❡ss ❞✐s❝❧♦s❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡② ♦✛❡r str❛✐❣❤t❢♦r✇❛r❞
✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇✐t❤ r❡❛s♦♥❛❜❧❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✱ ❡❛s✐❧② ❝♦✉♣❧❡❞ ✇✐t❤ ♦t❤❡r ♥✉✲
♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❧✐❦❡ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t ♦r ❝❤❡♠✐❝❛❧ r❡❞✉❝t✐♦♥✱ ❛s ✇❡❧❧ ❛s ❤✐❣❤❧②

✶✺❚❤❡s❡ ❛r❡ st❛♥❞❛r❞s ❧✐♠✐t❛t✐♦♥ ❢♦r ❣❡♥❡r❛❧ ■▼❊❳ s❝❤❡♠❡s ❛s s❡❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❑❈✵✸❪ ♦r ❬❈❉✶✶❪✳
◆❡✈❡rt❤❡❧❡ss✱ t♦ ❡❛s❡ t❤❡s❡ ❧✐♠✐t❛t✐♦♥s✱ ❱❡r✇❡r ❡t ❛❧✳ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❱❙✵✹❪ ❛♥ ✐♠♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡ t♦ ❞❡❛❧ ✇✐t❤
t❤❡ st✐✛ ❖❉❊s ♦❜t❛✐♥❡❞ ❛t ❡❛❝❤ s♣❛t✐❛❧ ♥♦❞❡ ❛❢t❡r ❞❡❝♦✉♣❧✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠s✳
❚❤❡ ❧❛tt❡r ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❡♠❜❡❞❞✐♥❣ t❤✐s ✐♠♣❧✐❝✐t ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ ❛ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡✱
s✉❝❤ t❤❛t t❤❡ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞✱ ❞✐❝t❛t❡❞ ❜② t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡✱ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❢♦r t❤❡
❣❧♦❜❛❧ t✐♠❡ st❡♣ ❝♦♠♣✉t❡❞ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ❢♦r ❜♦t❤ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤✐s
s❝❤❡♠❡ ❧❡❞ t♦ t❤❡ ■❘❑❈ ❝♦❞❡ ❬❙❙❱✵✻❪ ❢♦r st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳ ❊①t❡♥s✐♦♥s t♦ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲
❝♦♥✈❡❝t✐♦♥ s②st❡♠s ✇❡r❡ ♣r♦♣♦s❡❞ ✐♥ ❬❱❙❍✵✹❪ ❜② ❛❞❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❣❧♦❜❛❧
t✐♠❡ st❡♣s✳

✶✻❚❤❡ r❡s✉❧t✐♥❣ s♣❧✐tt✐♥❣ ❡rr♦rs ❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❢♦r ❣❡♥❡r❛❧ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ▲❛♥s❡r ✫ ❱❡r✇❡r ✐♥ ❬▲❱✾✾❪✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✽

♣❡r❢♦r♠✐♥❣ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t♦♦❧s✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✐s ♦❢t❡♥ ❣✉❛r❛♥t❡❡❞
❜② t❤❡ r❡❞✉❝❡❞ t✐♠❡ st❡♣s ✐ss✉❡❞ ❢r♦♠ ✈❡r② ❝♦♥str❛✐♥✐♥❣ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s✳

• ❋✉❧❧② ✐♠♣❧✐❝✐t s❝❤❡♠❡s ♦✈❡r❝♦♠❡ ✐♠♣♦rt❛♥t st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ❢♦r st✐✛ ♣r♦❜❧❡♠s ❛♥❞
❢✉rt❤❡r♠♦r❡✱ ❡♥s✉r❡ ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ❞②♥❛♠✐❝s ♦❢ t❤❡
♣r♦❜❧❡♠✳ ◆❡✈❡rt❤❡❧❡ss✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t♦♦❧s ❛♥❞ t❤✉s ❛♥ ✐♠♣♦rt❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❛❧✲
❣♦r✐t❤♠✐❝ ❝♦♠♣❧❡①✐t② ❛r❡ r❡q✉✐r❡❞ t♦ ❜✉✐❧❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t❤❛t r❡♠❛✐♥ ❝♦♠♣❡t✐t✐✈❡
✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ✇❤✐❝❤ ❜❡❝♦♠❡ ♥❛t✉r❛❧❧② ♠✉❝❤ ♠♦r❡ ❝♦♥str❛✐♥✐♥❣✳

• ❆♥ ✐♠♣♦rt❛♥t r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ t♦ ②✐❡❧❞ ❛❧t❡r♥❛t✐✈❡ t❡❝❤♥✐q✉❡s t❤❛t ❡①♣❧♦✐t
t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜♦t❤ ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ r❡❞✉❝❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s ❜② ❛♥ ❛❞❡q✉❛t❡ ❝❤♦✐❝❡
❛♥❞ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❙♦♠❡ ❣❡♥❡r❛❧ ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ ❜②
■▼❊❳ ♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❦❡② ✐ss✉❡ ✐s ♥❡✈❡rt❤❡❧❡ss r❡❧❛t❡❞ t♦ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♠❛✐♥❧② r❡❧❛t❡❞ t♦ ❡✣❝✐❡♥t ❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t
s❝❤❡♠❡s ♦r ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r ❡✐t❤❡r ■▼❊❳ ♦r s♣❧✐tt✐♥❣
♠❡t❤♦❞s✱ r❡s♣❡❝t✐✈❡❧②✳ ❆ s♦❧✐❞ ❝♦♠♣❧❡♠❡♥t❛r② ♠❛t❤❡♠❛t✐❝❛❧ ❜❛s✐s ✐s ❤❡♥❝❡ ♠❛♥❞❛t♦r②✳

■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❞❡✈❡❧♦♣♠❡♥t ♦❢ s♦♣❤✐st✐❝❛t❡❞ ♣❛r❛❧❧❡❧ t❡❝❤♥✐q✉❡s ✐s ❝❡rt❛✐♥❧②
❞❡s✐r❛❜❧❡ t♦ ❜❡tt❡r ❡①♣❧♦✐t ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❝✐t✐❡s✱ ✇❤❡r❡❛s t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
s❤♦✉❧❞ ❜❡ ❛❧s♦ s✉✣❝✐❡♥t❧② ♠❛❧❧❡❛❜❧❡ t♦ ♣r♦♣❡r❧② ❛❞❛♣t t❤❡♠s❡❧✈❡s t♦ t❤❡ ❡①✐❣❡♥❝✐❡s ♦❢ ♣r♦❣r❡s✲
s✐✈❡❧② ♠♦r❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧✐♥❣ ❝r✐t❡r✐❛ ♦❢ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤✐s ✇♦r❦ ❛❞❞r❡ss❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞
❤❡♥❝❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♥❣ ❢r♦♥ts✱
✇❤✐❝❤ r❡♣r❡s❡♥t ❛ ✈❛st ❝❧❛ss ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡
t❤❡ ♠♦❞❡❧✐♥❣ st✐✛ P❉❊s ✇✐t❤ r❡❛s♦♥❛❜❧❡ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ ❜❛s❡❞ ♦♥ ❛
♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ t❤❛t ❡♥s✉r❡s r♦❜✉st✱ ❣❡♥❡r❛❧ ❛♥❞ ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ st✉❞② ✐♥tr♦❞✉❝❡s t❤❡♥ ❛ ❢❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡❧❡♠❡♥ts ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ❡①t❡♥s✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳
❚❤❡ ❞❡✈❡❧♦♣❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❛ s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
♠❡t❤♦❞ t❤❛t ❡①♣❧♦✐ts r❡❝❡♥t t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s s✉❝❤ t❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✐s s❡t ❜② ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇❤✐❝❤ ✐s r❡str✐❝t❡❞ ❜② ♥❡✐t❤❡r t❤❡ ❢❛st❡st s❝❛❧❡s ✐♥ t❤❡
s♦✉r❝❡ t❡r♠ ♥♦r ❜② st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡s✱ ❜✉t ♦♥❧② ❜② t❤❡ ♣❤②s✐❝s ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ♣r♦♣❡r❧② ❝♦✉♣❧❡❞ ✐♥ t❤❡ ❝✉rr❡♥t str❛t❡❣② ✇✐t❤ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥
t❡❝❤♥✐q✉❡✱ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t♦ ❞②♥❛♠✐❝❛❧❧② ❜✉✐❧❞ s♣❛❝❡ ❛❞❛♣t✐✈❡ ❣r✐❞s
t❤❛t ❛❧❧♦✇ ✉s ❢✉rt❤❡r r❡❞✉❝t✐♦♥s ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ✇✐t❤ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣r❡ss❡❞ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ ♥♦✈❡❧t② ♦❢ t❤❡
❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ❜② ❛♥ ✐♥t❡❧❧✐❣❡♥t ❛♥❞ ❝❛r❡❢✉❧ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❜❛s❡❞
♦♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❝r✐t❡r✐❛✱ s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡s❡ st✐✛ ♣r♦❜❧❡♠s
❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ♥❡✇ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ❝♦♥❝❡✐✈❡❞✱ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ♠✐ss✐♥❣ ❡❧❡♠❡♥t ✐♥ t❤❡ ✜❡❧❞ ♦✈❡r t❤❡ ♣❛st
②❡❛rs✱ t♦ ❡①t❡♥❞ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♠♦r❡ ❝♦♠♣❧❡① ✉♥st❡❛❞② ♣❤❡♥♦♠❡♥❛ ❜②
♠❡❛♥s ♦❢ ❛ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞✳ ❆❧❧ t❤❡s❡ t❡❝❤♥✐q✉❡s ❤❛s r❡s✉❧t❡❞ ✐♥t♦ ❛♥ ❛❝❛❞❡♠✐❝
♥✉♠❡r✐❝❛❧ ❝♦❞❡ ❝❛❧❧❡❞ ▼❇❆❘❊❚❊✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠✐❝ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢
t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❤❛s ❜❡❡♥ t❤❡♥ ❡✈❛❧✉❛t❡❞ t❤r♦✉❣❤ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♠♦❞❡❧s
❛r✐s✐♥❣ ❢r♦♠ s❡✈❡r❛❧ r❡s❡❛r❝❤ ❞♦♠❛✐♥s✱ ❛♥❞ ❤❡♥❝❡ ❛ ❦❡② ❛s♣❡❝t ✐♥ t❤✐s ✇♦r❦ ✐s t❤❛t t❤❡♦r❡t✐❝❛❧
✜♥❞✐♥❣s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐❛ ❤❛✈❡ ❜❡❡♥ tr❛♥s♣♦s❡❞ ♦♥t♦ ♣r❛❝t✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❣✐✈❡♥ ❜② st✐✛
♣r♦❜❧❡♠s ✇✐t❤ ❞✐✛❡r❡♥t ❛♥❞ ♥✉♠❡r✐❝❛❧❧② t♦✉❣❤ ♣❛rt✐❝✉❧❛r✐t✐❡s✱ ♦❢t❡♥ ♦✉t ♦❢ r❡❛❝❤ ♦❢ st❛♥❞❛r❞
♠❡t❤♦❞s✳ ▼♦r❡♦✈❡r✱ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✾

❛ q✉✐t❡ r❡❝❡♥t ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ t♦ ❡♥❤❛♥❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✱
s✉❝❤ ❛s t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞♦♠❛✐♥✱ ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ❛♥❛❧②③❡❞ ❛♥❞ t❡st❡❞ t❤r♦✉❣❤♦✉t
t❤✐s st✉❞②✱ ❛s ✇❡❧❧ ❛s ❝♦♠♣❧❡♠❡♥t❛r② ✐ss✉❡s ❣♦✐♥❣ ❢r♦♠ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡s t♦ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦♥ s❤❛r❡❞ ♠❡♠♦r② str✉❝t✉r❡s✱ ❢r♦♠ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧
♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ t❤✐s ✇❛②✱ t❤✐s ✇♦r❦ ❝♦♥s✐❞❡rs ❛♥❞ ❝♦♠❜✐♥❡s t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ♦❢ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ✇✐t❤ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐ss✉❡s ♦❢ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣
❢♦r ❝✉rr❡♥t s❝✐❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤✐♥ ❛♥ ❛❝❛❞❡♠✐❝ ❢r❛♠❡✇♦r❦✱ ✐♥ ♦r❞❡r t♦ s❡tt❧❡ ❛ s♦❧✐❞ ❜❛s✐s
❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❞ ❝♦♠♣❧❡① ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳

❚❤✐s st✉❞② ✐s ♦r❣❛♥✐③❡❞ ✐♥ ❢♦✉r ♣❛rts✳ P❛rt ■ ✐♥tr♦❞✉❝❡s ✈❛r✐♦✉s ❝r✉❝✐❛❧ ❛s♣❡❝ts ❜r✐❡✢② st❛t❡❞
✐♥ t❤✐s ✐♥tr♦❞✉❝t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ P❉❊s✱ ❛♥❞ s❡tt❧❡s t❤❡
t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ❖♥ t❤❡s❡
❜❛s❡s ❛❧❧ t❤❡ ♥❡✇ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s st✉❞② ❛r❡ ❣❛t❤❡r❡❞ ✐♥ P❛rt
■■ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♣r♦❜✲
❧❡♠s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✜❡❧❞ ♦❢ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s ❛r❡ ✐♥❝❧✉❞❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛rt
❛s ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞s✳ P❛rt ■■■ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❛♥❞ s♦♠❡ ♦t❤❡r ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐ss✉❡s ✐♥ t❤❡ ❛❝❛❞❡♠✐❝
▼❇❆❘❊❚❊ ❝♦❞❡✱ ✇❤❡r❡❛s ❢✉rt❤❡r ❛♥❛❧②s❡s✱ ❡✈❛❧✉❛t✐♦♥s ❛♥❞ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t✲
❡❣② ❛r❡ ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ❧❛st P❛rt ■❱ ❢♦r ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✐♥ s❡✈❡r❛❧ ❞♦♠❛✐♥s✱ ♥❛♠❡❧②
❜✐♦♠❡❞✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❝♦♠❜✉st✐♦♥ ❛♥❞ ♣❧❛s♠❛ ❛♣♣❧✐❝❛t✐♦♥s✳

P❛rt ■ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ❝❤❛♣t❡rs✳ ❈❤❛♣t❡r ✶ ✐s ❛❜♦✉t t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s t♦
♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t❡ st✐✛ P❉❊s✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ♣r❡s❡♥t ❜r✐❡✢② t❤❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ❝♦♥t❡①t
♦❢ t❤❡s❡ ♠❡t❤♦❞s t♦ ❜❡tt❡r ❝❤❛r❛❝t❡r✐③❡ t❤❡✐r ❛❞✈❛♥t❛❣❡s ❛♥❞ ❧✐♠✐t❛t✐♦♥s✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♥❡r❛❧ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ♦❢ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❛s ✇❡❧❧ ❛s
t❤❡✐r ❝❧❛ss✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ♠♦r❡ ♣r❡❝✐s❡
♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✐♠❡✴s♣❛❝❡ st✐✛ P❉❊s✱ ✐❧❧✉str❛t❡❞
❜② st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ t❤❡
❧✐t❡r❛t✉r❡ r❡❣❛r❞✐♥❣ t❤❡s❡ ✐ss✉❡s✳
❈❤❛♣t❡r ✷ ❞❡❛❧s ✇✐t❤ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ ❖❉❊s ❜② ♦♥❡✲st❡♣ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✳ ❲❡
t❤✉s ❞❡t❛✐❧ t❤❡ ♠❛✐♥ ❛s♣❡❝ts r❡❣❛r❞✐♥❣ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ❛♥❞ ❣✐✈❡ s♦♠❡ ✐♥s✐❣❤ts ✐♥t♦ ✐♠✲
♣❧✐❝✐t ❛♥❞ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✱ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ❞❡❞✐❝❛t❡❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
♠❡t❤♦❞s ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ P❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ❣✐✈❡♥ t♦ ❘❛❞❛✉✺✱ ❛♥ ✐♠♣❧✐❝✐t
❘✉♥❣❡✲❑✉tt❛ s♦❧✈❡r ❞❡✈❡❧♦♣❡❞ ❜② ❍❛✐r❡r ✫ ❲❛♥♥❡r ❬❍❲✾✻❪✱ ❛♥❞ ❘❖❈❑✹✱ ❛ st❛❜✐❧✐③❡❞ ❘✉♥❣❡✲
❑✉tt❛ s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ❜② ❆❜❞✉❧❧❡ ❬❆❜❞✵✷❪✳ ❚❤✐s st✐✛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❖❉❊s ❛♥❞ t❤❡✐r
♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❧❡t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ P❉❊s ❞❡♣✐❝t❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳
❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✸ ❝♦♥s✐❞❡rs s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❞②♥❛♠✐❝ ❛❞❛♣t✐✈❡
♠❡s❤✐♥❣ ❢♦r t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s✳ ❆ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ ♦♥ ❣❡♥❡r❛❧ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡✲
♠❡♥t ✐s ✜rst ♣r❡s❡♥t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s ♦❢ ❇❡r❣❡r ✫ ❖❧✐❣❡r ❬❇❡r✽✷✱ ❇❖✽✹❪ ❢♦r
❆▼❘ t❡❝❤♥✐q✉❡s✱ t♦ t❤❡♥ ❝♦♥s✐❞❡r ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r P❉❊s ✐♥tr♦❞✉❝❡❞ ❜② ❍❛rt❡♥
❬❍❛r✾✹❛✱ ❍❛r✾✺❪✳ ❚❤❡ ♥❡①t ♣❛rt ✐s t❤✉s ❞❡✈♦t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ✇❛✈❡❧❡t
❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ ✇❤✐❝❤ t❤❡s❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s ❛r❡ ❜❛s❡❞✱ t♦ ❡♥❞ ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ❜② ❈♦❤❡♥ ❡t ❛❧✳ ❬❈❑▼P✵✸❪✱ ❢♦r t❤❡ s♣❛t✐❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t✐♠❡ ❡✈♦❧✉t✐♦♥❛r② P❉❊s✳

❚❤❡r❡ ❛r❡ t❤r❡❡ ❝❤❛♣t❡rs ✐♥ P❛rt ■■✳ ❈❤❛♣t❡r ✹ ❞❡✈❡❧♦♣s ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤❡ s♦❧✉✲
t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ♠♦❞❡❧❡❞ ❜② r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❆ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ✐s ✐♥tr♦❞✉❝❡❞ t❤❛t ❝♦♥s✐❞❡rs t❤❡ ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞s ❘❛❞❛✉✺ ❬❍❲✾✻❪ ❛♥❞



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✶✵

❘❖❈❑✹ ❬❆❜❞✵✷❪✱ t♦ s♦❧✈❡ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❛♥❞ t♦ ❤❛♥❞❧❡ t❤❡ ♥✉♠❡r✐❝❛❧
❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✱ ✐♥ ❛ s❡♣❛r❛t❡ ♠❛♥♥❡r✳ ❚❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ✐s t❤✉s s❡t ❜② t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❜② ♠❡❛♥s ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡
♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❞✐❝t❛t❡❞ ❜② t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ ❝♦✉♣❧✐♥❣✱ ♣♦ss✐❜❧② ♠✉❝❤ ❧❛r❣❡r t❤❛♥
t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s✱ ❢♦r ♠✉❧t✐✲s❝❛❧❡ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s t❤❡♥ ❝♦♠✲
♣❧❡♠❡♥t❡❞ ❜② ❛ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡✱ t❤❛t ❛❧❧♦✇s ✉s t♦ ❜❡tt❡r ❝♦♥tr♦❧ t❤❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ❛❞❛♣t❡❞ ❛♥❞ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ t❤✐s ✇❛②✱ ❜♦t❤ s♣❛❝❡ ❛♥❞
t✐♠❡ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❝❛♥ ❜❡ r❡❣✉❧❛t❡❞ ❢♦r ❛ ❣✐✈❡♥ s❡♠✐✲❞✐s❝r❡t✐③❡❞
♣r♦❜❧❡♠✳ ❚❤✐s st✉❞② ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣ ❬❉▼❉+✶✷❪✱
❛♥❞ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❞✉r✐♥❣ t❤❡ ❈▲❊■ ✸✻t❤ ▲❛t✐♥ ❆♠❡r✐❝❛♥ ■♥❢♦r♠❛t✐❝s ❈♦♥❢❡r❡♥❝❡✱ ❆s✉♥✲
❝✐ó♥✱ P❛r❛❣✉❛② ✭✷✵✶✵✮ ❬❉▼▲+✶✶❪✳
❈❤❛♣t❡r ✺ ✐s ❞❡✈♦t❡❞ t♦ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❢♦r P❉❊s✳ ■t ✐♥tr♦❞✉❝❡s t❤✉s ❛ ♥❡✇
❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r st✐✛ P❉❊s ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡ t❤❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ♦❢ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❧♦❝❛❧ ❡rr♦r
❡st✐♠❛t❡s ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛ ❧♦✇❡r ♦r❞❡r ❡♠❜❡❞❞❡❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❛ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ❝♦♥t❡①t ❛s ✇❡❧❧
❛s ❢♦r s❡❧❢✲s✐♠✐❧❛r ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ❆ ❝♦♠♣❧❡♠❡♥t❛r② t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞② ♦♥
♥♦♥✲❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❛❧❧♦✇s ✉s t♦ ❡①t❡♥❞ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♠♦r❡ r❡❛❧✐st✐❝
s✐t✉❛t✐♦♥s ❢♦r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r ✇❤✐❝❤ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ♠✐❣❤t
❢❛✐❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ r❡❝❛st t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢
❈❤❛♣t❡r ✹ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ❤✐❣❤❧② ✉♥st❡❛❞② ♣❤❡♥♦♠❡♥❛✱ ❛♥❞ ②✐❡❧❞s t❤✉s
❛ t✐♠❡✲s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇✐t❤ ❞②♥❛♠✐❝ ❡rr♦r ❝♦♥tr♦❧✳ ❚❤✐s st✉❞② ❤❛s ❜❡❡♥
♣✉❜❧✐s❤❡❞ ✐♥ ❈♦♥✢✉❡♥t❡s ▼❛t❤❡♠❛t✐❝✐ ❬❉❉❉+✶✶❪✳
❈❤❛♣t❡r ✻ ✐s ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞② ♦♥ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❝♦♠❜✐♥❡❞
✇✐t❤ ❛ t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s
t♦ ❡①♣❧♦✐t ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❛♥ ❡✣❝✐❡♥t s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ t♦ r❡❞✉❝❡ ♥✉♠❡r✐❝❛❧ ❝♦sts✳
❚❤❡ ✇❡❧❧ ❦♥♦✇♥ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ▲✐♦♥s ❡t ❛❧✳ ✐♥ ❬▲▼❚✵✶❪ ✐s ❝♦♥s✐❞❡r❡❞✱ ❛♥❞ ❛
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ P❉❊s ❝❤❛r❛❝t❡r✐③❡❞
❜② s♦❧✉t✐♦♥s ✇✐t❤ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❛❧❧♦✇ ✉s t♦ ✈❛❧✐❞❛t❡ t❤❡ t❤❡✲
♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ❛♥❞ t♦ ❝♦♥❞✉❝t ❛ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞✳
❚❤✐s st✉❞② ✇❛s r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❊❙❆■▼✿ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s
❥♦✉r♥❛❧ ❬❉❉▼✶✶❪✱ ❛♥❞ ✐t ✐s ❡♥t✐r❡❧② r❡♣r♦❞✉❝❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛s ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ♣❛rt ♦❢ t❤✐s
✇♦r❦✳

P❛rt ■■■ ❝♦♥t❛✐♥s t✇♦ ❝❤❛♣t❡rs✳ ❈❤❛♣t❡r ✼ ❢♦❝✉s❡s ♦♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♠✉❧✲
t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✱ ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r✐t✐❡s ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✹
❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ❈❤❛♣t❡r ✸✳ ❚❤✐s ♣❛rt ✐♥❝❧✉❞❡s t❤✉s t❤❡ ❛❧❣♦r✐t❤♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡✈❡r❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡s ❛s ✇❡❧❧ ❛s t❤❡ ❣❧♦❜❛❧ s♣❛❝❡ ❛❞❛♣t✐✈❡
s❝❤❡♠❡✳ ❙♦♠❡ ♣r❛❝t✐❝❛❧ ✐ss✉❡s ❝♦♥❝❡r♥✐♥❣ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❝♦❞❡ str✉❝t✉r❡ ❛r❡ ❛❧s♦ ❞✐s✲
❝✉ss❡❞✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡ ✐s ❧❛r❣❡❧② ❜❛s❡❞
♦♥ ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❦❡r♥❡❧ ♦❢ ▼❘ ❈❍❖❘❯❙✶✼✱ ❛ ❝♦❞❡ ❞❡✈❡❧♦♣❡❞ ❜② ❈❤r✐st✐❛♥ ❚❡♥❛✉❞✶✽

❢♦r ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤✐s ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❛ t✉t♦r✐❛❧ t❤❛t ❤❛✈❡ ❜❡❡♥ ❡❧❛❜♦r❛t❡❞ ❢♦r ❛ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦❢ ❈◆❘❙ ●❉❘
●r♦✉♣❡ ❈❛❧❝✉❧ ♦♥ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t ▼❡t❤♦❞s✱ ❋ré❥✉s✱ ❋r❛♥❝❡
✭✷✵✶✵✮ ❬❚❉✶✶❪✳
❈❤❛♣t❡r ✽ ❞❡t❛✐❧s t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✱ ❜❛s❡❞ ♦♥ t❤❡
♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ❚❤❡ ❞❛t❛ str✉❝t✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡

✶✼❉é❝❧❛r❛t✐♦♥ ❞✬■♥✈❡♥t✐♦♥ ❉■ ✵✸✼✻✵✲✵✶✳
✶✽▲■▼❙■ ✲ ❈◆❘❙✱ ❇✳P✳ ✶✸✸✱ ❈❛♠♣✉s ❞✬❖rs❛②✱ ✾✶✹✵✸ ❖rs❛② ❈❡❞❡①✱ ❋r❛♥❝❡ ✭t❡♥❛✉❞❅❧✐♠s✐✳❢r✮✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✶✶

P❉❊s t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ✜rst ♣r❡s❡♥t❡❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♠✉❧t✐r❡s♦✲
❧✉t✐♦♥ str✉❝t✉r❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❛r❡ t❤❡♥
❞❡s❝r✐❜❡❞ ❛s ✇❡❧❧ ❛s t❤❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✇✐t❤ ❜♦t❤ ❝♦♥st❛♥t ❛♥❞ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳
❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺ t♦ ❝♦rr❡❝t t❤❡ ❝♦♠♣✉t❡❞
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✐s ❛❧s♦ ❞❡t❛✐❧❡❞✳

❚❤❡ ❧❛st P❛rt ■❱ ✐♥❝❧✉❞❡s t❤r❡❡ ❝❤❛♣t❡rs✳ ❈❤❛♣t❡r ✾ ❝♦♥s✐❞❡rs t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢
❤✉♠❛♥ ❜r❛✐♥ str♦❦❡ ♠♦❞❡❧❡❞ ❜② ❛ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✳ ■t ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✳
■♥ t❤❡ ✜rst ♣❛rt ✇❡ ♣r❡s❡♥t ❛♥ ❛rt✐❝❧❡ s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ❬❉❉❉+✶✷❪✱ ✇❤✐❝❤ ❝♦♥st✐t✉t❡s
❛ ❝♦♠♣❧❡t❡ st✉❞② ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ s✉❝❤ ♣r♦❜❧❡♠s✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦♥
❝♦♠♣❧❡① ❜r❛✐♥ ❣❡♦♠❡tr② ❛r❡ t❤✉s ♣r❡s❡♥t❡❞✱ t❤❛t ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ❝♦❞❡ ❝❛❧❧❡❞ ❩❊❇❘❊
❬❉✉♠✵✼❪✱ ❞❡✈❡❧♦♣❡❞ ❜② ❚❤✐❡rr② ❉✉♠♦♥t✶✾✳ ❚❤✐s s♦❧✈❡r ❝♦♥s✐❞❡rs t❤❡ s❛♠❡ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ✇✐t❤ ✉♥✐❢♦r♠
❣r✐❞ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❆ ❝r♦ss ♣❛rt✐❛❧ ✈❛❧✐❞❛t✐♦♥ ✐s ❛❧s♦ ❝♦♥❞✉❝t❡❞ ❜② ♣❡r❢♦r♠✐♥❣ ♥✉♠❡r✐❝❛❧
❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❢ ❜♦t❤ t❤❡ ❩❊❇❘❊ ❛♥❞ ▼❇❆❘❊❚❊ ❝♦❞❡s ❢♦r ❛ s✐♠♣❧✐✜❡❞
❜r❛✐♥ ❣❡♦♠❡tr②✳ ■♥ t❤✐s st✉❞②✱ t❤❡ ♣r♦❜❧❡♠ ✐s ♠♦❞❡❧❡❞ ❜② ❛ s❡t ♦❢ ✶✾ ✈❛r✐❛❜❧❡s ❞❡s❝r✐❜✐♥❣
❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ s♦✉r❝❡ t❡r♠✳ ❆ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜♦t❤ ❝♦❞❡s ✐s
❝❛rr✐❡❞ ♦✉t ❢♦r s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✳ ❚❤✐s ✇♦r❦ ❝♦✉♥ts ♦♥ t❤❡ s♣❡❝✐❛❧ ❝♦❧❧❛❜♦r❛t✐♦♥
♦❢ ▼❛r✐❡✲❆✐♠é❡ ❉r♦♥♥❡✷✵✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❝♦♥❞✉❝t ❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥
♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡ ❢♦r s✐♠♣❧✐✜❡❞ ✷❉ ❛♥❞ ✸❉ ❣❡♦♠❡tr✐❡s✳ ■♥
t❤✐s ✇❛②✱ ✇❡ ❡①t❡♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢ ❈❤❛♣t❡r ✹ t♦
♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s ✇✐t❤ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t♦♦❧s✳ ❚❤❡ ❧❛tt❡r st✉❞② ❤❛s ❜❡❡♥ ❛❧s♦ ♣r❡s❡♥t❡❞
❞✉r✐♥❣ t❤❡ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦❢ ❈◆❘❙ ●❉❘ ●r♦✉♣❡ ❈❛❧❝✉❧ ♦♥ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ ❆❞❛♣t✐✈❡
▼❡s❤ ❘❡✜♥❡♠❡♥t ▼❡t❤♦❞s✱ ❋ré❥✉s✱ ❋r❛♥❝❡ ✭✷✵✶✵✮ ❬❉▼❉+✶✶❜❪✳
❈❤❛♣t❡r ✶✵ ❞❡❛❧s ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts✳ ❚❤✐s st✉❞② ✐s ♣❡r❢♦r♠❡❞
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧❛♠✐♥❛r ✢❛♠❡s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✈♦rt❡① ✜❡❧❞s✳ ❆ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤ ✐s
❝♦♥s✐❞❡r❡❞ t♦ ❞❡❝♦✉♣❧❡ ❤②❞r♦❞②♥❛♠✐❝s ❢r♦♠ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❛♥❞ t♦ s♦❧✈❡ ♦♥❧② t❤❡ ❧❛tt❡r
s❡t ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♠♦❞❡❧s✱
❛♥❞ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♦♣❡r❛t♦r ✐s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❖❙▼P s❝❤❡♠❡ ❞❡✈❡❧♦♣❡❞
❜② ❉❛r✉ ✫ ❚❡♥❛✉❞ ✐♥ ❬❉❚✵✹❪✳ ❚✇♦ ❦✐♥❞ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ st✉❞✐❡❞ ❣✐✈❡♥ ❜② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢
♣r❡♠✐①❡❞ ✢❛♠❡s ❛♥❞ t❤❡ s❡❧❢✲✐❣♥✐t✐♦♥ ♦❢ r❡❛❝t✐✈❡ ♠✐①t✉r❡s✳ ❚❤❡ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡ ♠❡t❤♦❞ ❛r❡ ❛ss❡ss❡❞ ❢♦r ❜♦t❤ s✐t✉❛t✐♦♥s ❢❡❛t✉r✐♥❣ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦rs✳ Pr❡❧✐♠✐♥❛r②
r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧ t❡sts ✇✐t❤ ❛ ❝♦♠♣❧❡① ❝❤❡♠✐str② ❢♦r♠✉❧❛t✐♦♥ ❛r❡ ❛❧s♦ r❡♣♦rt❡❞✳ ❚❤✐s ✇♦r❦
❝♦✉♥ts ♦♥ t❤❡ s♣❡❝✐❛❧ ❝♦❧❧❛❜♦r❛t✐♦♥ ♦❢ ❈❤r✐st✐❛♥ ❚❡♥❛✉❞ ❛♥❞ ❙é❜❛st✐❡♥ ❈❛♥❞❡❧✷✶✳ ❙♦♠❡ ♦❢ t❤❡s❡
r❡s✉❧ts ✇❡r❡ ♣r❡s❡♥t❡❞ ❞✉r✐♥❣ t❤❡ ❋✐♥✐t❡ ❱♦❧✉♠❡s ❢♦r ❈♦♠♣❧❡① ❆♣♣❧✐❝❛t✐♦♥s ❱■ ■♥t❡r♥❛t✐♦♥❛❧
❙②♠♣♦s✐✉♠✱ Pr❛❣✉❡✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝ ✭✷✵✶✶✮ ❬❉▼❉❉✶✶❪✱ ❛♥❞ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆♥♥✉❛❧ ❘❡s❡❛r❝❤
❇r✐❡❢s ✷✵✶✶ ♦❢ t❤❡ ❈❡♥t❡r ❢♦r ❚✉r❜✉❧❡♥❝❡ ❘❡s❡❛r❝❤✱ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②✱ ❯❙❆ ❬❉▼❉+✶✶❛❪✳
❈❤❛♣t❡r ✶✶ ❝♦♥s✐❞❡rs t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♣♦s✐t✐✈❡ str❡❛♠❡rs✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♣❛✲
❣❛t✐♦♥ ♦❢ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ✐♦♥✐③✐♥❣ ✇❛✈❡s ♦r✐❣✐♥❛t❡❞ ❢r♦♠ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s✱ ❛s ✇❡❧❧ ❛s ❤✐❣❤❧②
♠✉❧t✐✲s❝❛❧❡ ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✳ ■♥ t❤❡ ✜rst ♣❛rt✱ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡
s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺ ✐s ❡✈❛❧✉❛t❡❞ ❢♦r ❛ s✐♠♣❧✐✜❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✳ ❙❡❝✲

✶✾■♥st✐t✉t ❈❛♠✐❧❧❡ ❏♦r❞❛♥ ✲ ❯▼❘ ❈◆❘❙ ✺✷✵✽✱ ❯♥✐✈❡rs✐té ❞❡ ▲②♦♥✱ ❯♥✐✈❡rs✐té ▲②♦♥ ✶✱ ■◆❙❆ ❞❡ ▲②♦♥
✻✾✻✷✶✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ ❞❡ ▲②♦♥✱ ✹✸ ❇♦✉❧❡✈❛r❞ ❞✉ ✶✶ ♥♦✈❡♠❜r❡ ✶✾✶✽✱ ✻✾✻✷✷ ❱✐❧❧❡✉r❜❛♥♥❡ ❈❡❞❡①✱ ❋r❛♥❝❡
✭t❞✉♠♦♥t❅♠❛t❤✳✉♥✐✈✲❧②♦♥✶✳❢r✮✳

✷✵❯♥✐✈❡rs✐té ❞❡ ▲②♦♥✱ ❯♥✐✈❡rs✐té ▲②♦♥ ✶✱ ■❙P❇ ✲ ❋❛❝✉❧té ❞❡ P❤❛r♠❛❝✐❡ ❞❡ ▲②♦♥ ✻✾✵✵✸ ▲②♦♥✱ ❋r❛♥❝❡
✭♠❛r✐❡✲❛✐♠❡❡✳❞r♦♥♥❡❅r❡❝❤❡r❝❤❡✳✉♥✐✈✲❧②♦♥✶✳❢r✮✳

✷✶▲❛❜♦r❛t♦✐r❡ ❊▼✷❈ ✲ ❯P❘ ❈◆❘❙ ✷✽✽✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✱ ●r❛♥❞❡ ❱♦✐❡ ❞❡s ❱✐❣♥❡s✱ ✾✷✷✾✺ ❈❤❛t❡♥❛②✲
▼❛❧❛❜r② ❈❡❞❡①✱ ❋r❛♥❝❡ ✭❝❛♥❞❡❧❅❡❝♣✳❢r✮✳



●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ✶✷

♦♥❞❧②✱ ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✇❛s ❞❡✈❡❧♦♣❡❞ ❢♦r ♣❧❛s♠❛ ♠♦❞❡❧s ❣✐✈❡♥ ❜② ❛ s❡t ♦❢ ❞r✐❢t✲
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ s❡❝♦♥❞ ♦r❞❡r
s❝❤❡♠❡ ❢❡❛t✉r❡s ❛❧s♦ ❞②♥❛♠✐❝ t✐♠❡ ❛❞❛♣t❛t✐♦♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✱ ✇❤❡r❡❛s t❤❡ s❛♠❡
str❛t❡❣② ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺ ❛♥❞ ❡①t❡♥❞❡❞ ✐♥ ❈❤❛♣t❡r ✶✵ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥
s②st❡♠s ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❆ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐✲
❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s ✜♥❛❧❧② ❝♦♥❞✉❝t❡❞ ❢♦r ♣r♦❜❧❡♠s ✐♥❝❧✉❞✐♥❣ ❛ ❜r♦❛❞
s♣❡❝tr✉♠ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡ s❝❛❧❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s✳ ❚❤✐s st✉❞② ❤❛s ❜❡❡♥
r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s ❬❉❇▼+✶✷❪✱ ❛♥❞ ❤❛s ❝♦✉♥t❡❞ ♦♥ t❤❡
s♣❡❝✐❛❧ ❝♦❧❧❛❜♦r❛t✐♦♥ ♦❢ ❩❞❡♥➙❦ ❇♦♥❛✈❡♥t✉r❛✷✷ ❛♥❞ ❆♥♥❡ ❇♦✉r❞♦♥✷✸✳ ❚❤✐s ❛rt✐❝❧❡ ✐s ❡♥t✐r❡❧②
r❡♣r♦❞✉❝❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r s✐♥❝❡ ✐t ❝♦♥st✐t✉t❡s ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ st✉❞② ❛♥❞ ❛
❢✉rt❤❡r ❡①t❡♥s✐♦♥ t♦ t❤✐s ✇♦r❦✳

❚❤✐s P❤✳❉✳ ✇❛s ♠❛✐♥❧② ❞✐r❡❝t❡❞ ❜② ▼❛r❝ ▼❛ss♦t✷✹ ✭▼❛✐♥ ❆❞✈✐s♦r✮ ❛♥❞ ❙té♣❤❛♥❡ ❉❡s❝♦♠❜❡s✷✺✱
❛♥❞ ❝♦✉♥t❡❞ ♦♥ t❤❡ ❝❧♦s❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ♦❢ ❚❤✐❡rr② ❉✉♠♦♥t✱ ❱✐♦❧❛✐♥❡ ▲♦✉✈❡t✷✻✱ ❛♥❞ ❋ré❞ér✐q✉❡
▲❛✉r❡♥t✷✼✳

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❛ P❤✳❉✳ ❣r❛♥t ❢r♦♠ t❤❡ ▼❛t❤❡♠❛t✐❝s ✭■◆❙▼■✮ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣
✭■◆❙■❙✮ ■♥st✐t✉t❡s ♦❢ ❈◆❘❙ ❛♥❞ ❜② ■◆❈❆ ♣r♦❥❡❝t ✭◆❛t✐♦♥❛❧ ■♥✐t✐❛t✐✈❡ ❢♦r ❆❞✈❛♥❝❡❞ ❈♦♠❜✉s✲
t✐♦♥✮ ❧❡❞ ❜② ❈◆❘❙✴❖◆❊❘❆✴❙❆❋❘❆◆✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✇❛s ❝❛rr✐❡❞ ♦✉t t❤❛♥❦s t♦✿

• ❛♥ ❆◆❘ ❇❧❛♥❝s ♣r♦❥❡❝t ✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝②✮✿ ❙é❝❤❡❧❧❡s ✭♣r♦❥❡❝t ❧❡❛❞❡r ❙✳
❉❡s❝♦♠❜❡s ✕ ✷✵✵✾✲✷✵✶✸✮✱

• ❛♥ ❆◆❘ ❈■❙ ♣r♦❥❡❝t✿ P■❚❆❈ ✭♣r♦❥❡❝t ❧❡❛❞❡r ❨✳ ▼❛❞❛② ✕ ✷✵✵✻✲✷✵✶✵✮✱

• ❛ ❉■●■❚❊❖ ❘❚❘❆ ♣r♦❥❡❝t✿ ▼❯❙❊ ✭♣r♦❥❡❝t ❧❡❛❞❡r ▼✳ ▼❛ss♦t ✕ ✷✵✶✵✲✷✵✶✹✮✱

• ❛ ❈◆❘❙ P❊P❙ ▼❛t❤s✲❙❚✷■ ♣r♦❥❡❝t✿ ▼■P❆❈ ✭♣r♦❥❡❝t ❧❡❛❞❡r ❱✳ ▲♦✉✈❡t ✕ ✷✵✵✾✲✷✵✶✵✮✱

• ❛ ❈◆❘❙ P❊P❙ ✭♣r♦❥❡❝t ❧❡❛❞❡rs ❆✳ ❇♦✉r❞♦♥ ✫ ❋✳ ▲❛✉r❡♥t ✕ ✷✵✵✼✲✷✵✵✽✮✱

• ❛ ❋r❛♥❝❡✲❙t❛♥❢♦r❞ ♣r♦❥❡❝t ✭♣r♦❥❡❝t ❧❡❛❞❡rs P✳ ▼♦✐♥ ✫ ▼✳ ▼❛ss♦t ✕ ✷✵✶✶✲✷✵✶✷✮✳

✷✷❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝❛❧ ❊❧❡❝tr♦♥✐❝s✱ ❋❛❝✉❧t② ♦❢ ❙❝✐❡♥❝❡✱ ▼❛s❛r②❦ ❯♥✐✈❡rs✐t②✱ ❑♦t❧á➦s❦á ✷✱ ✻✶✶ ✸✼ ❇r♥♦✱
❈③❡❝❤ ❘❡♣✉❜❧✐❝ ✭③❜♦♥❛❅♣❤②s✐❝s✳♠✉♥✐✳❝③✮✳

✷✸▲❛❜♦r❛t♦✐r❡ ❊▼✷❈ ✲ ❯P❘ ❈◆❘❙ ✷✽✽✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✱ ●r❛♥❞❡ ❱♦✐❡ ❞❡s ❱✐❣♥❡s✱ ✾✷✷✾✺ ❈❤❛t❡♥❛②✲
▼❛❧❛❜r② ❈❡❞❡①✱ ❋r❛♥❝❡ ✭❛♥♥❡✳❜♦✉r❞♦♥❅❡❝♣✳❢r✮✳

✷✹▲❛❜♦r❛t♦✐r❡ ❊▼✷❈ ✲ ❯P❘ ❈◆❘❙ ✷✽✽✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✱ ●r❛♥❞❡ ❱♦✐❡ ❞❡s ❱✐❣♥❡s✱ ✾✷✷✾✺ ❈❤❛t❡♥❛②✲
▼❛❧❛❜r② ❈❡❞❡①✱ ❋r❛♥❝❡ ✭♠❛r❝✳♠❛ss♦t❅❡❝♣✳❢r✮✳

✷✺▲❛❜♦r❛t♦✐r❡ ❏✳ ❆✳ ❉✐❡✉❞♦♥♥é ✲ ❯▼❘ ❈◆❘❙ ✻✻✷✶✱ ❯♥✐✈❡rs✐té ❞❡ ◆✐❝❡ ✲ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✱ P❛r❝ ❱❛❧r♦s❡✱
✵✻✶✵✽ ◆✐❝❡ ❈❡❞❡① ✵✷✱ ❋r❛♥❝❡ ✭s❞❡s❝♦♠❜❅✉♥✐❝❡✳❢r✮✳

✷✻■♥st✐t✉t ❈❛♠✐❧❧❡ ❏♦r❞❛♥ ✲ ❯▼❘ ❈◆❘❙ ✺✷✵✽✱ ❯♥✐✈❡rs✐té ❞❡ ▲②♦♥✱ ❯♥✐✈❡rs✐té ▲②♦♥ ✶✱ ■◆❙❆ ❞❡ ▲②♦♥
✻✾✻✷✶✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ ❞❡ ▲②♦♥✱ ✹✸ ❇♦✉❧❡✈❛r❞ ❞✉ ✶✶ ♥♦✈❡♠❜r❡ ✶✾✶✽✱ ✻✾✻✷✷ ❱✐❧❧❡✉r❜❛♥♥❡ ❈❡❞❡①✱ ❋r❛♥❝❡
✭❧♦✉✈❡t❅♠❛t❤✳✉♥✐✈✲❧②♦♥✶✳❢r✮✳

✷✼▲❛❜♦r❛t♦✐r❡ ❊▼✷❈ ✲ ❯P❘ ❈◆❘❙ ✷✽✽✱ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✱ ●r❛♥❞❡ ❱♦✐❡ ❞❡s ❱✐❣♥❡s✱ ✾✷✷✾✺ ❈❤❛t❡♥❛②✲
▼❛❧❛❜r② ❈❡❞❡①✱ ❋r❛♥❝❡ ✭❢r❡❞❡r✐q✉❡✳❧❛✉r❡♥t❅❡❝♣✳❢r✮✳
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◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥ ♦❢ ▼✉❧t✐✲❙❝❛❧❡

❊✈♦❧✉t✐♦♥❛r② P❉❊s



■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t✐♠❡ ❞❡♣❡♥❞❡♥t✱ st✐✛ P❉❊s ✐s ❛ ❞❡❧✐❝❛t❡ t❛s❦✳ ❚❤❡ ❝❛✉s❡s ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✉s✉❛❧❧② r❛♥❣❡ ❢r♦♠ t❤❡ ♠✉❧t✐♣❧❡ t✐♠❡ s❝❛❧❡s r❡❧❛t❡❞ t♦ ❞✐✛❡r❡♥t ♣❤❡♥♦♠✲
❡♥❛ ✇✐t❤✐♥ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ♦❢ ✐♠♣♦rt❛♥t s✐③❡ t♦ ❛❝❤✐❡✈❡ ❛♥
❛♣♣r♦♣r✐❛t❡ ♣❤②s✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■t ✐s q✉✐t❡ ❝❧❡❛r t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s
♠✉st s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♥s✐❞❡r ♠❛♥② t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❛s♣❡❝ts t♦ ②✐❡❧❞ ♠❛t❤❡♠❛t✐❝❛❧❧②
s♦❧✐❞ s❝❤❡♠❡s ❛t r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡♥s❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛rt ✐s t♦ ✐♥tr♦❞✉❝❡
s♦♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ t❤❡ ❝✉rr❡♥t ❧✐t❡r❛t✉r❡ t❤❛t ✇❡r❡ ❞❡✈❡❧♦♣❡❞ t♦ ❝♦♣❡ ✇✐t❤ ♣❛rt✐❝✉❧❛r
❞✐✣❝✉❧t✐❡s ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛ P❉❊s✱ ❛♥❞ t♦ s❡tt❧❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤✐s ✇♦r❦✳

❈❤❛♣t❡r ✶ r❡❢❡rs t♦ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t❡ t✐♠❡ ❞❡♣❡♥❞❡♥t
P❉❊s✳ ❚❤❡ r❡✈✐❡✇ ♦♥ t❤❡s❡ s❝❤❡♠❡s ✐s ♥♦t ❡①❤❛✉st✐✈❡ ❜✉t ❛✐♠s ❛t ❣✐✈✐♥❣ s✉✣❝✐❡♥t ✐♥❢♦r♠❛✲
t✐♦♥ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❛♥❞ s♦♠❡ ✐♠♣♦rt❛♥t ✐ss✉❡s ♦❢t❡♥
❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s✳ ❚❤❡ r❡❛❞❡r ♠❛② r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢
❍✉♥❞s❞♦r❢❡r ✫ ❱❡r✇❡r ❬❍❱✵✸❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳

❈❤❛♣t❡r ✷ ❞❡❛❧s ✇✐t❤ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ ❖❉❊s ❜② ♦♥❡✲st❡♣ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s✳
❚❤✐s ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧❡♠❡♥ts t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛♥❞ ❣✐✈❡s ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥s✐❣❤t ✐♥t♦ t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❢♦❝✉s ♦♥ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ❣✐✈❡♥ ❜②
✐♠♣❧✐❝✐t ❛♥❞ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t t❡❝❤♥✐q✉❡s✳ ❆ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦
♦❢ ❍❛✐r❡r ✫ ❲❛♥♥❡r ❬❍❲✾✻❪✳

❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✸ ✐♥tr♦❞✉❝❡s s♦♠❡ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡s ❢♦r t✐♠❡ ❞❡♣❡♥❞❡♥t
P❉❊s ❜② ♠❡❛♥s ♦❢ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥✳ ▼♦st ♦❢ t❤❡ ❝❤❛♣t❡r ✐s t❤✉s ❣✐✈❡♥ ❜② t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❣r✐❞
❛❞❛♣t❛t✐♦♥✳ ❚❤❡ ❜♦♦❦s ♦❢ ❈♦❤❡♥ ❬❈♦❤✵✵❪ ❛♥❞ ▼ü❧❧❡r ❬▼ü❧✵✸❪ ❝♦♥st✐t✉t❡ ✈❡r② ❣♦♦❞ r❡❢❡r❡♥❝❡s
✐♥ t❤❡ ❞♦♠❛✐♥✳



❈❤❛♣t❡r ✶

❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r

▼✉❧t✐✲❙❝❛❧❡ ❊✈♦❧✉t✐♦♥❛r② P❉❊s

■♥ t❤✐s ✇♦r❦ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s ✐♥✈♦❧✈✐♥❣
r❡❛❝t✐✈❡ t❡r♠s ❛♥❞ tr❛♥s♣♦rt ♦♣❡r❛t♦rs ❧✐❦❡ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝t✐♦♥ ♦r ❜♦t❤✱ ✐ss✉❡❞ ❢r♦♠ t❤❡ ♠❛t❤✲
❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ❣❡♥❡r❛❧ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥✱
t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ✐s r❛t❤❡r ❝♦♠♠♦♥ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s s♦ t❤❛t ❡✣❝✐❡♥t s♦❧✉t✐♦♥ s❝❤❡♠❡s
❛r❡ ♦❢ t❤❡ ✉t♠♦st ✐♠♣♦rt❛♥❝❡✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ♦✉r ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ s♦✲❝❛❧❧❡❞
t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ♣r♦❜❧❡♠s✳ ❆ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣❛rt ✇❤✐❝❤ ✐s ♥✉✲
♠❡r✐❝❛❧❧② ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ ♦t❤❡r ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❧✐❦❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ♦r ♦t❤❡rs✱ ❢♦r
✇❤✐❝❤ t❤❡r❡ ❛❧s♦ ❡①✐st ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❆ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦♣t✐♠✐③❛t✐♦♥
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜s②st❡♠ ♠✐❣❤t ❜❡ ❤❡♥❝❡ ♣✉rs✉❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡s❡ ♠❡t❤♦❞s ❤❛✈❡
❜❡❡♥ ✉s❡❞ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ s❤♦✇✐♥❣ t❤❡✐r ❡✣❝✐❡♥❝② ❢♦r t✐♠❡
❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s✱ ❛s ✇❡ ✇✐❧❧ ❜r✐❡✢② ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ✇✐❧❧ t❤❡♥ ❞❡s❝r✐❜❡ t❤❡ ❣❡♥❡r❛❧
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ s✉❝❤ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r✱ ▲✐❡ ❛♥❞ ❙tr❛♥❣✱ s♣❧✐tt✐♥❣
s❝❤❡♠❡s✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✇✐❧❧ ❜❡ ❛❧s♦
♣r♦✈✐❞❡❞ ❢♦r ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧
✐♥tr♦❞✉❝❡ s♦♠❡ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❛♥❞ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧
❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ♠❡t❤♦❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ P❉❊s✱ ✐❧❧✉str❛t❡❞ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❆❧❧ ♦❢ t❤❡s❡ ❞❡s❝r✐♣t✐♦♥s ❝♦♥st✐t✉t❡ ❛ ❢✉♥❞❛♠❡♥t❛❧
♣❛rt ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤✐s ✇♦r❦✳ ❆ ❞❡t❛✐❧❡❞ s✉r✈❡② ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ❝❤❛r❛❝✲
t❡r✐③❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ❍✉♥❞s❞♦r❢❡r ✫
❱❡r✇❡r ❬❍❱✵✸❪✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s ✐ss✉❡❞ ❢r♦♠ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ s♣❧✐tt✐♥❣ ❡rr♦rs✱ ❝♦♥s✐❞❡r✐♥❣ ♥❡✐t❤❡r
t✐♠❡ ♥♦r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐ss✉❡s ✐♥ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r s✉❜♣r♦❜❧❡♠s✳ ❚❤❡
❧❛tt❡r ♠❛tt❡rs ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs✳

✶✳✶ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

❖♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❬▼❛r✻✽✱ ❙tr✻✽✱ ▼❛r✼✺✱ ▼❛r✾✵❪✱ ❛❧s♦ ❝❛❧❧❡❞ ❢r❛❝t✐♦♥❛❧ st❡♣s ♠❡t❤✲
♦❞s ❬❚é♠✻✾❛✱ ❚é♠✻✾❜✱ ❨❛♥✼✶❪✱ ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❧❛t❡ s✐①t✐❡s ✇✐t❤ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡
♦❢ r❡❞✉❝✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ❝♦♠♣❧❡① ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ♣r♦❜✲
❧❡♠ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ s♠❛❧❧❡r ♣❛rts ✇✐t❤ ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❝♦♠♣❧❡①✐t②
❛s ✇❡❧❧ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts✳ ❚❤❡ ❧❛tt❡r ❝❤❛r❛❝t❡r✐st✐❝s ✇❡r❡ ❧❛r❣❡❧② ❡①♣❧♦✐t❡❞
♦✈❡r t❤❡ ♣❛st ②❡❛rs t♦ ❝❛rr② ♦✉t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ s❡✈❡r❛❧ ❞♦♠❛✐♥s✱ ❣♦✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✻

❢r♦♠ ❡❧❡❝tr♦❝❛r❞✐♦❧♦❣② s✐♠✉❧❛t✐♦♥s ❬❇❲❩+✵✷✱ ❚❑✵✹❪✱ t♦ ❝♦♠❜✉st✐♦♥ ❬❖❇✵✶✱ ❙▲●❙✵✸❪ ♦r ❛✐r
♣♦❧❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❬❖❖❩✵✶✱ ❙♣♦✵✼❪ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❝❛♥ ❜❡ t❤✉s ❝♦♥s✐❞❡r❡❞ ❛s ❛
st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ❜❡ ✇✐❞❡❧② ✉s❡❞ ♠❛✐♥❧② ❜❡❝❛✉s❡
♦❢ t❤❡✐r s✐♠♣❧✐❝✐t② ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t❤❡✐r ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❧✐❜❡rt② ✐♥ t❡r♠s ♦❢ ❝❤♦✐❝❡ ♦❢
❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs ❢♦r t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s✳ ❖t❤❡r ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛r❡
❣✐✈❡♥ ❜② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t✐♠❡ st❡♣♣✐♥❣ ❢♦r t❤❡ ✈❛r✐♦✉s s✉❜♣r♦❜❧❡♠s s✐♥❝❡ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠
✐s ✐♥❞❡♣❡♥❞❡♥t❧② ❡✈♦❧✈❡❞ ✐♥ t✐♠❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❣❧♦❜❛❧ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ s♣❧✐tt✐♥❣
s❝❤❡♠❡ ✐s ❣✉❛r❛♥t❡❡❞ ❛s ❧♦♥❣ ❛s ❡❛❝❤ ♦❢ t❤❡ ✐♥♥❡r ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs ❡♥s✉r❡s st❛❜✐❧✐t② st❛❜❧❡✱
❛♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ r❡♠❛✐♥s ✈❛❧✐❞✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ ♣r♦❜❧❡♠s✱ ❛ ♣❛rt✐❝✉❧❛r
❝❛r❡ ♠✉st ❜❡ ❛❞❞r❡ss❡❞ t♦ ❝❤♦♦s❡ ❛❞❡q✉❛t❡ ♠❡t❤♦❞s t❤❛t ♣r♦♣❡r❧② ❤❛♥❞❧❡ ❛♥❞ ❞❛♠♣ ♦✉t ❢❛st
tr❛♥s✐❡♥ts ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡
r❡❛❝t✐♦♥ ❬❱❇✈▲❙✾✻✱ ❙❱❞❩+✾✽✱ ❱❙❇❍✾✾❪ ♦r ❞✐✛✉s✐♦♥ ❬❘❙✵✺❛✱ ❘❙✵✾❪ t❡r♠s✳
■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✱ ❢♦r ✇❤✐❝❤ ❛ ❣❡♥✲
❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✐s ❛✈❛✐❧❛❜❧❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❍▲❲✵✻❪ ❢♦r ❖❉❊s ❛♥❞ ❬❍❱✵✸❪ ❢♦r P❉❊s✮✳
❊✈❡♥ t❤♦✉❣❤ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s ❛r❡ t❤❡♦r❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡✱ t❤❡② ❛r❡ ✉s✉❛❧❧② ♥♦t s✉✐t❛❜❧❡ ❢♦r
t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉❊s ❛♥❞ ♠♦r❡♦✈❡r st✐✛ P❉❊s ❬❍❱✵✸❪✱ ✇❤✐❝❤ ❝♦♥st✐t✉t❡s ❛ ♥❛t✉r❛❧ ❞r❛✇❜❛❝❦
t♦ t❤❡s❡ s❝❤❡♠❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡♣❛r❛t❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ❞✉r✐♥❣ ❛
❣✐✈❡♥ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐♥tr♦❞✉❝❡s ♥❛t✉r❛❧❧② t❤❡ s♦✲❝❛❧❧❡❞ s♣❧✐tt✐♥❣ ❡rr♦rs ✐♥t♦ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ P❉❊s✱ ▲❛♥s❡r ✫ ❱❡r✇❡r ❝♦♥❞✉❝t❡❞ ✐♥ ❬▲❱✾✾❪ ❛ ✜♥❡ ❛♥❛❧②s✐s ♦♥
t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠s✱ ❛♥❞ ❞❡✜♥❡❞ t❤❡
♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✇❤✐❝❤ s♣❧✐tt✐♥❣ ❡rr♦rs ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ s❡♣❛r❛t✐♦♥ ♦❢
❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ s✉❜♣r♦❜❧❡♠s✱ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ t❤❡ ❧❛tt❡r
❦✐♥❞ ♦❢ ❛♥❛❧②s✐s ❛❧❧♦✇❡❞ ✉s t♦ ❞❡✈❡❧♦♣ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r P❉❊s ❝♦♥✜❣✉r❛✲
t✐♦♥s ✇❤✐❝❤ r❡s✉❧t❡❞ ✐♥ ♥♦ s♣❧✐tt✐♥❣ ❡rr♦rs ✭s❡❡✱ ❡✳❣✳✱ ❬❍❱✾✺❪ ❢♦r ❝♦♥✈❡❝t✐♦♥✲r❡❛❝t✐♦♥ ♣r♦❜❧❡♠s✮✳
❚❤✐s t②♣❡ ♦❢ st✉❞② ❣❛✈❡ ♥❡✇ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ✉s❡ ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r P❉❊ ♣r♦❜❧❡♠s
❛♥❞ ❢✉rt❤❡r♠♦r❡✱ ❝♦♠♣❧❡♠❡♥t❡❞ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r❡t✐❝❛❧ ❜❛s✐s✳
◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❣❡♥❡r❛❧ ♣r♦❜❧❡♠s t❤❛t ❞♦ ♥♦t ❞✐s♣❧❛② t❤❡ ♣❛rt✐❝✉❧❛r ❝❤❛r❛❝t❡r✐st✐❝s ❞❡✜♥❡❞ ✐♥
❬▲❱✾✾❪✱ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ✇✐❧❧ ❧✐❦❡❧② r❡♠❛✐♥ t❤r♦✉❣❤♦✉t t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✇❛s s❤♦✇♥ t❤❛t ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s✱
t❤❡ ❝❧❛ss✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s✱ ✐✳❡✳✱ s✉✣❝✐❡♥t❧② s♠❛❧❧
t✐♠❡ st❡♣s✱ ❢❛✐❧s ♦❢t❡♥ ✐♥ ❢r♦♥t ♦❢ t✐♠❡ s❝❛❧❡s ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ ❝♦♥s✐❞❡r❡❞ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣✳ ❆❝t✉❛❧❧②✱ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ♦r❞❡r r❡❞✉❝t✐♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
♦❢ st✐✛ ❖❉❊s ✭s❡❡✱ ❡✳❣✳✱ ❬❍▲❘✽✽✱ ❍❲✾✻❪✮✱ ❛r✐s❡ s✐♠✐❧❛r❧② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s
❢♦r st✐✛ ♣r♦❜❧❡♠s✳ ❋♦r P❉❊s✱ t❤✐s st✐✛♥❡ss ✐s ✉s✉❛❧❧② ✐♥❞✉❝❡❞ ❜② ❤✐❣❤❧② t✐♠❡✴s♣❛❝❡ ♠✉❧t✐✲
s❝❛❧❡ ❢❡❛t✉r❡s ✇❤✐❝❤ ❢✉rt❤❡r♠♦r❡ ❛r❡ ✈❡r② ❝♦♠♠♦♥ ✐♥ t❤❡ ♠❡♥t✐♦♥❡❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❧❧ t❤❡s❡
♥✉♠❡r✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s ♠♦t✐✈❛t❡❞ ♠♦r❡ r✐❣♦r♦✉s st✉❞✐❡s ♦♥ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs✱ s♣❡❝✐❛❧❧② ❢♦r
t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s✱ ❛s ✇❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳
❆♥♦t❤❡r ❝❛✉s❡ ♦❢ ♣♦ss✐❜❧❡ ♦r❞❡r r❡❞✉❝t✐♦♥ t❤❛t s❤♦✉❧❞ ❜❡ ❛❧s♦ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❝♦♠❡s t❤✐s
t✐♠❡ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ P❉❊s ✇✐t❤ s♣❧✐tt✐♥❣
♠❡t❤♦❞s✳ ❚❤❡ ❦❡② ❛s♣❡❝t ✐s t♦ ❞❡✜♥❡ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞✉r✐♥❣ t❤❡ ✐♥❞❡♣❡♥✲
❞❡♥t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ tr❛♥s♣♦rt ♦♣❡r❛t♦rs✱ s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞
❢✉rt❤❡r♠♦r❡ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s✱ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠✳ ❆❧t❤♦✉❣❤
t❤❡r❡ ❤❛s ❜❡❡♥ s♦♠❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ❢♦r ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❍❱✾✺❪✮ t❤❛t ❞❡✲
s❝r✐❜❡❞ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ❛♥❞ s✉❣❣❡st❡❞ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡s t♦ ❛✈♦✐❞ t❤❡ r❡s✉❧t✐♥❣ ♦r❞❡r
r❡❞✉❝t✐♦♥✱ ❛ ❣❡♥❡r❛❧ t❤❡♦r② ✐s st✐❧❧ ♠✐ss✐♥❣ ❛♥❞ t❤✉s r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❞♦♠❛✐♥
❬❍❱✵✸❪✳ ❙✉❝❤ ✐ss✉❡s ❤❛✈❡ ♥♦t ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬❍❱✵✸❪ ❢♦r ❢✉rt❤❡r
❞✐s❝✉ss✐♦♥s ❛♥❞ ✐❧❧✉str❛t✐♦♥s✳ ▲❡t ✉s ❛❧s♦ r❡♠❛r❦ t❤❛t ❢♦r s♦♠❡ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ❝❤❛r❛❝t❡r✐③❡❞
❜② tr❛♥s✐❡♥t ♣❤❛s❡s ②✐❡❧❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ❛ st❡❛❞② st❛t❡ s♦❧✉t✐♦♥✱ ❛ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
✇✐❧❧ ♥❛t✉r❛❧❧② ✐♥tr♦❞✉❝❡ ❝♦♠♣❧❡♠❡♥t❛r② s♣❧✐tt✐♥❣ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ ♦❢



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✼

t❤❡ ❡♥t✐r❡ ♣r♦❜❧❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❬❱❙✵✹✱ ❱❙❍✵✹❪✮✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ❡rr♦rs ❛r❡ ♥❛t✉r❛❧❧② ❝♦♥tr♦❧❧❡❞
❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✱ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❝♦rr❡❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ st❡❛❞②
st❛t❡ ❜❡❝♦♠❡s ❝r✐t✐❝❛❧✱ ❡✐t❤❡r ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦✉♣❧❡❞ ❛♥❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✱ ♦r ♠♦❞✐✜❡❞ s♣❧✐t✲
t✐♥❣ t❡❝❤♥✐q✉❡s ♠✐❣❤t ❜❡ r❡q✉✐r❡❞ t♦ r❡❧✐❡✈❡ t❤❡ ♥❡❝❡ss✐t② ♦❢ ✉s✐♥❣ s♠❛❧❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✶✳
❚❤❡s❡ ✐ss✉❡s ✇❡r❡ ♥♦t ❡①♣❧✐❝✐t❧② ❛♥❛❧②③❡❞ ✐♥ t❤✐s ✇♦r❦ ✇❤❡r❡ ✇❡ ❤❛✈❡ ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ t✐♠❡
❞❡♣❡♥❞❡♥t P❉❊s ♠♦❞❡❧✐♥❣ ✉♥st❡❛❞② ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ t❤❡s❡ t♦♣✐❝s r❡♣r❡s❡♥t ❢✉rt❤❡r ❛♥❞
❝♦♠♣❧❡♠❡♥t❛r② st✉❞✐❡s ✐♥ t❤❡ ❢✉t✉r❡✳

✶✳✶✳✶ ●❡♥❡r❛❧ ❙❡tt✐♥❣

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❧✐♥❡❛r ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✿

dtU = AU +BU, t > 0,

U(0) = U0,

}
✭✶✳✶✮

✇✐t❤ ❧✐♥❡❛r ♦♣❡r❛t♦rs A, B ∈ Mm(❘)✱ ✇❤❡r❡Mm(❘) ✐s t❤❡ s❡t ♦❢ r❡❛❧ sq✉❛r❡ ♠❛tr✐❝❡s ♦❢ s✐③❡
m✱ U0 ∈ ❘m ❛♥❞ U : ❘→ ❘m✱ ❢♦r ✇❤✐❝❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

U(t) = et(A+B)U0, t ≥ 0. ✭✶✳✷✮

❆ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ✐♥ s✉❝❝❡ss✐✈❡❧② s♦❧✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❜❧❡♠s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ t✐♠❡ ♦♣❡r❛t♦r ✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✇❛②✳ ❋♦r s②st❡♠ ✭✶✳✶✮ t❤✐s ❛♠♦✉♥ts t♦
s❡♣❛r❛t❡❧② s♦❧✈❡ ♣r♦❜❧❡♠s✿

dtU = AU, t > 0, ✭✶✳✸✮

❛♥❞
dtU = BU, t > 0, ✭✶✳✹✮

✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠✳ ❚❤❡♥✱ ❢♦r ❛ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❣✐✈❡♥
❜② t0 = 0 < t1 < . . . < tN ✱ t❤❡ ❛ss♦❝✐❛t❡❞ t✐♠❡ st❡♣s ♦r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❞❡✜♥❡❞ ❛s
∆tn = tn+1 − tn ❢♦r n = 0, 1, . . . , N − 1✳
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ✭✶✳✶✮✿ U0 = U(0)✱ t❤❡ s♣❧✐tt✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
Un+1 ♦❢ t❤❡ ❡①❛❝t ✈❛❧✉❡s U(tn+1) ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s Un ❢♦r n = 0, 1, . . . , N − 1✱ ❜②
♠❡❛♥s ♦❢ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ s ≥ 1 ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s ♦❢ ✭✶✳✸✮ ❛♥❞ ✭✶✳✹✮ ✇✐t❤ t❤❡ r❡❝✉rr❡♥❝❡
r❡❧❛t✐♦♥✿

Un+1 = eβs∆tnBeαs∆tnA . . . eβ2∆tnBeα2∆tnAeβ1∆tnBeα1∆tnAUn, ✭✶✳✺✮

✇❤❡r❡ etAU0 ❛♥❞ etBU0 ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s ♦❢ ✭✶✳✸✮ ❛♥❞ ✭✶✳✹✮ ❢♦r t ≥ 0 ❢r♦♠
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ U0✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❡❛❧ ♦r ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s❝❤❡♠❡✿ (αi, βi)

s
i=1

s✉❝❤ t❤❛t
∑

i αi =
∑

i βi = 1✱ ✇✐❧❧ t❤❡♥ ❞❡✜♥❡ t❤❡ ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞✳ ❚❤❡s❡
s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞s ❢♦r ✇❤✐❝❤ t❤❡ ❣❡♥❡r❛❧ ♦r❞❡r ❝♦♥❞✐t✐♦♥s
❛r❡ ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❬❍▲❲✵✻❪✮✳

✶✳✶✳✷ ❋✐rst ❛♥❞ ❙❡❝♦♥❞ ❖r❞❡r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡s

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ U(∆t) ❛❢t❡r t✐♠❡ ∆t✱ ✐❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ U1 ✐s ♦❢ ♦r❞❡r p✱ t❤❡♥ t❤❡ ❧♦❝❛❧ ❡rr♦r ✐s ❣✐✈❡♥ ❜②

U(∆t)− U1 = O(∆tp+1). ✭✶✳✻✮

✶❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❛ ♠♦❞✐✜❡❞ s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ✇❛s ❝♦♥❝❡✐✈❡❞ ✐♥ ❬❙▲●❙✵✸❪ t♦ ❝♦♠♣✉t❡ st❡❛❞② st❛t❡s ♦❢
r❡❛❝t✐♥❣ ✢♦✇s ❢❡❛t✉r✐♥❣ ✢❛♠❡s ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✽

❋♦r s②st❡♠ ✭✶✳✶✮✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② U(∆t) = e∆t(A+B)U0✱ ✇❤❡r❡❛s U1 ✐s t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛t ∆t✱ ❜♦t❤ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ U0✳
❑❡❡♣✐♥❣ t❤✐s ✐♥ ♠✐♥❞ ❢♦r t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜rst ♦r❞❡r ▲✐❡ ✭♦r ▲✐❡✲❚r♦tt❡r
❬❚r♦✺✾❪✮ s♣❧✐tt✐♥❣ ❢♦r♠✉❧❛❡✱ ❢♦r ✇❤✐❝❤ p = 1 ❛♥❞

s = 1, α1 = β1 = 1, ✭✶✳✼✮

♦r ❛❧t❡r♥❛t✐✈❡❧②✱
s = 2, α1 = β2 = 0, α2 = β1 = 1, ✭✶✳✽✮

✐♥t♦ ✭✶✳✺✮✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ♣r♦❜❧❡♠ ✭✶✳✶✮✱ t❤❡ ✜rst s❝❤❡♠❡ ✭✶✳✼✮
✐s ♣❡r❢♦r♠❡❞ ❜② ✜rst ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✿

dtU = AU,

U(0) = U0,

}
✭✶✳✾✮

❞✉r✐♥❣ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ ✇❤✐❝❤ ②✐❡❧❞s U(∆t) = e∆tAU0✳ ❆♥❞ t❤❡♥✱ ♣r♦❜❧❡♠✿

dtU = BU,

U(0) = e∆tAU0,

}
✭✶✳✶✵✮

❛❧s♦ ❞✉r✐♥❣ ∆t✱ t❤❛t ②✐❡❧❞s ✜♥❛❧❧② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✿

U1 = L∆t1 U0 = e∆tBe∆tAU0, ✭✶✳✶✶✮

❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✺✮ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ❣✐✈❡♥ ❜② ✭✶✳✼✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ s❡❝♦♥❞ ▲✐❡ s❝❤❡♠❡ ✭✶✳✽✮
❝♦♥s✐❞❡rs ✜rst ♣r♦❜❧❡♠ ✭✶✳✶✵✮✱ ❛♥❞ t❤❡♥ ✭✶✳✾✮✱ s♦ t❤❛t

U1 = L∆t2 U0 = e∆tAe∆tBU0. ✭✶✳✶✷✮

❈♦♥s✐❞❡r✐♥❣ ❜♦t❤ ▲✐❡ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛❞❥♦✐♥t ♠❡t❤♦❞
♦❢ t❤❡ ♦t❤❡r✳ ❚❤❛t ✐s✱ L∆t1 ✭r❡s♣✳✱ L∆t2 ✮ ✐s t❤❡ ✐♥✈❡rs❡ ♠❛♣ ♦❢ L∆t2 ✭r❡s♣✳✱ L∆t1 ✮ ✇✐t❤ r❡✈❡rs❡❞
t✐♠❡ st❡♣ ∆t✿

L−∆t
1 L∆t2 U0 = e−∆tBe−∆tAe∆tAe∆tBU0 = U0. ✭✶✳✶✸✮

■♥ ❣❡♥❡r❛❧ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❝♦♠♣♦s✐♥❣ ♦♥❡✲st❡♣ ♠❡t❤♦❞s ♦❢ ♦r❞❡r p ②✐❡❧❞s ❛ ❝♦♠♣♦s✐t✐♦♥
♠❡t❤♦❞ ♦❢ ❛t ❧❡❛st ♦r❞❡r p + 1 ❬❍▲❲✵✻❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♣♦s✐♥❣ ✇✐t❤ ❤❛❧❢✲s✐③❡❞ st❡♣s ♦♥❡
♠❡t❤♦❞ ♦❢ ♦❞❞ ♦r❞❡r p ✇✐t❤ ✐ts ❛❞❥♦✐♥t✱ ②✐❡❧❞s ❛ s②♠♠❡tr✐❝ p+ 1 ♠❡t❤♦❞✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥
♦❜t❛✐♥ ❛ s②♠♠❡tr✐❝ s❡❝♦♥❞ ♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❦♥♦✇♥ ❛s t❤❡ ❙tr❛♥❣ ✭♦r ▼❛r❝❤✉❦ ❬▼❛r✻✽❪✮

s♣❧✐tt✐♥❣ ❢♦r♠✉❧❛❡ ❬❙tr✻✸✱ ❙tr✻✽❪ ❜② ❝♦♠♣♦s✐♥❣ L∆t/21 ✭r❡s♣✳✱ L∆t/22 ✮ ✇✐t❤ ✐ts ❛❞❥♦✐♥t ♠❡t❤♦❞

L∆t/22 ✭r❡s♣✳✱ L∆t/21 ✮✿

S∆t1 = L∆t/21 L∆t/22 , ✭✶✳✶✹✮

♦r ❛❧t❡r♥❛t✐✈❡❧②✱
S∆t2 = L∆t/22 L∆t/21 . ✭✶✳✶✺✮

❙②♠♠❡tr② ✐s ❣✉❛r❛♥t❡❡❞ ❜❡❝❛✉s❡ S∆t1 ✐s ❡q✉❛❧ t♦ ✐ts ❛❞❥♦✐♥t ✭t❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r S∆t2 ✮✱ ✐✳❡✳✱

S−∆t
1 S∆t1 = L−∆t/2

2 L−∆t/2
1 L∆t/21 L∆t/22 = Id. ✭✶✳✶✻✮

❈♦♠✐♥❣ ❜❛❝❦ t♦ ♣r♦❜❧❡♠ ✭✶✳✶✮✱ ✇❡ ❤❛✈❡ t❤✉s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✿

U1 = S∆t1 U0 = e∆tB/2e∆tAe∆tB/2U0, ✭✶✳✶✼✮



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✾

♦r
U1 = S∆t2 U0 = e∆tA/2e∆tBe∆tA/2U0, ✭✶✳✶✽✮

❢♦r ✇❤✐❝❤ p = 2✱ ❛♥❞✱ r❡s♣❡❝t✐✈❡❧②✱

s = 2, α1 = 0, α2 = 1, β1 = β2 =
1

2
, ✭✶✳✶✾✮

♦r

s = 2, α1 = α2 =
1

2
, β1 = 1, β2 = 0, ✭✶✳✷✵✮

✐♥t♦ ✭✶✳✺✮✳
❍✐❣❤❡r ♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r s✉❝❤
❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞s st❛t❡ t❤❛t ❡✐t❤❡r ♥❡❣❛t✐✈❡ ♦r ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts (αi, βi)si=1 ✐♥ ✭✶✳✺✮ ❛r❡
♥❡❝❡ss❛r② ✭s❡❡✱ ❡✳❣✳✱ ❬❍▲❲✵✻❪✮✳ ❙❡✈❡r❛❧ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s ♦❢ t❤✐s t②♣❡ ✇❡r❡ ❛❧r❡❛❞② ♣r♦♣♦s❡❞
✭s❡❡✱ ❡✳❣✳✱ ❬❨♦s✾✵✱ ❉❡s✵✶✱ ▼◗✵✷✱ ❙❝❤✵✷✱ ❚❤❛✵✽✱ ❈❈❉❱✵✾✱ ❍❖✵✾✱ ❉❚✶✵❪✮✳ ❚❤❡ ❢♦r♠❡r ✐♠♣❧✐❡s
✉s✉❛❧❧② ✐♠♣♦rt❛♥t st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ❛♥❞ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐♥
t❡r♠s ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❝♦♠♣❧❡①✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❧❡ss ❛❝❝✉r❛t❡ ❜✉t ♠✉❝❤ s✐♠♣❧❡r ✜rst ❛♥❞ s❡❝♦♥❞
♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡s✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♥❡❣❛t✐✈❡ t✐♠❡ st❡♣s✱ t❤❡② ❛r❡ ❝♦♠♣❧❡t❡❧②
✉♥❞❡s✐r❛❜❧❡ ❢♦r P❉❊s t❤❛t ❛r❡ ✐❧❧✲♣♦s❡❞ ❢♦r ♥❡❣❛t✐✈❡ t✐♠❡ ♣r♦❣r❡ss✐♦♥ ❧✐❦❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s
♦r ✈❡r② st✐✛ t❡r♠s ✐ss✉❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❢r♦♠ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ❬❍❱✵✸❪✳

✶✳✶✳✸ ❈❧❛ss✐❝❛❧ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ❢♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ ❝❧❛ss✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ✉s❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s t❤❛t ❛r❡ ❣♦✐♥❣ t♦ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ■♥ ❛ ✜rst st❡♣✱ ✇❡
✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ✭❇❈❍✮ ❢♦r♠✉❧❛ ♦♥ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧s✳
❋♦r t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs A ❛♥❞ B✱ ❢♦r ✇❤✐❝❤ t❤❡✐r ❡①♣♦♥❡♥t✐❛❧s etA ❛♥❞ etB ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞
❛s ❛ ❢♦r♠❛❧ s❡r✐❡s ❡①♣❛♥s✐♦♥✷✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♠♠✉t❛t♦r✿

[A,B] = AB −BA, ✭✶✳✷✶✮

t❤❛t ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡ ❛s✸

∂AB = [A,B]. ✭✶✳✷✷✮

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❡♥ t♦ ✜♥❞ C(t) s✉❝❤ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

etAetB = eC(t). ✭✶✳✷✸✮

❚❤✐s ❡①♣♦♥❡♥t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❇❈❍ ❢♦r♠✉❧❛ ❢♦r ✇❤✐❝❤ ✐t ✇❛s ❞❡♠♦♥str❛t❡❞
t❤❛t C(t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dtC = A+B +
1

2
[A−B,C] +

∑

i≥2

Bi
i!
∂iC(A+B), ✭✶✳✷✹✮

✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ C(0) = 0 ❬❱❛r✼✹❪✱ ✇❤❡r❡ Bi ❛r❡ t❤❡ ❇❡r♥♦✉❧❧✐ ♥✉♠❜❡rs ❣✐✈❡♥ ❜②✹

∑

i≥0

Bi
i!
xi =

x

ex − 1
. ✭✶✳✷✺✮

✷❚❤❛t ✐s✱ etA =
(

∑+∞
n=0

tn

n!
An

)

✳
✸◆♦t✐❝❡ t❤❛t ❢♦r ✜①❡❞ A✱ t❤❡ ♦♣❡r❛t♦r ∂A· ❞❡✜♥❡s ❛❧s♦ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r B 7→ [A,B] ✇❤✐❝❤ ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡

❛❞❥♦✐♥t ♦♣❡r❛t♦r ❬❱❛r✼✹❪✳
✹❙❡❡ ❬❍▲❲✵✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✷✵

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✷✸✮✱ ✇❡ ❝❛♥
✐♥❢❡r t❤❛t ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ t✱ C(t) ❝❛♥ ❜❡ ❛❧s♦ ✇r✐tt❡♥ ❛s

C(t) = tC1 + t2C2 + t3C3 + t4C4 + . . . ✭✶✳✷✻✮

✇❤✐❝❤ s❤♦✉❧❞ ♥❛t✉r❛❧❧② s❛t✐s❢② ✭✶✳✷✸✮✿

etAetB = etC1+t2C2+t3C3+t4C4+.... ✭✶✳✷✼✮

❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❡①♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s❡r✐❡s ♦❢ C(t)✱ ✇❡ ✐♥s❡rt t❤❡
❡①♣❛♥s✐♦♥ ✭✶✳✷✻✮ ✐♥t♦ ✭✶✳✷✹✮✱ ❛♥❞ ❝♦♠♣❛r❡ ❧✐❦❡ ♣♦✇❡rs ♦❢ t ✇❤✐❝❤ ②✐❡❧❞s

C1 = A+B,

C2 =
1

4
[A−B,C1] =

1

4
[A−B,A+B] =

1

2
[A,B],

C3 =
1

6
[A−B,C2] +

B2

6
∂2C1

(A+B) =
1

12

[
A−B, [A,B]

]

=
1

12

[
A, [A,B]

]
+

1

12

[
B, [B,A]

]
,

C4 = . . . =
1

24

[
A,
[
B, [B,A]

]]
.





✭✶✳✷✽✮

❯s✐♥❣ t❤❡ ❇❈❍ ❢♦r♠✉❧❛ ✭✶✳✷✸✮ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ✭✶✳✷✽✮ ❢♦r C(t)✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡
t❤❛t t❤❡ ✜rst ♦r❞❡r ▲✐❡ ❢♦r♠✉❧❛❡ ✭✶✳✶✶✮ ❛♥❞ ✭✶✳✶✷✮ ✈❡r✐❢②✱ r❡s♣❡❝t✐✈❡❧②✱

U(∆t)− L∆t1 U0 = e∆t(A+B)U0 − e∆tBe∆tAU0 = −
∆t2

2
[B,A]U0 +O(∆t3), ✭✶✳✷✾✮

❛♥❞

U(∆t)− L∆t2 U0 = e∆t(A+B)U0 − e∆tAe∆tBU0 = −
∆t2

2
[A,B]U0 +O(∆t3). ✭✶✳✸✵✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❝♦♠♠✉t❡✿ [A,B] = 0✱ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts
✐♥ t❤❡ s❡r✐❡s ♦❢ C(t) ❛r❡ ③❡r♦ ✐♥ ✭✶✳✷✽✮ ❡①❝❡♣t ❢♦r C1 = A+B✱ ❛♥❞ ❜♦t❤ ▲✐❡ ♦♣❡r❛t♦rs L∆t1 ❛♥❞
L∆t2 ❛❝t ❛s t❤❡ ✢♦✇ e∆t(A+B) ♦❢ t❤❡ ❝♦✉♣❧❡❞ s②st❡♠ ✭✶✳✶✮✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✷✼✮✳
❆♣♣❧②✐♥❣ t❤✐s t✐♠❡ t❤❡ ❇❈❍ ❢♦r♠✉❧❛ ✭✶✳✷✸✮ t♦

etA/2etB/2 = eC(t), ✭✶✳✸✶✮

❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t
etB/2etA/2 = e−C(−t), ✭✶✳✸✷✮

✇❡ ❝❛♥ ❛♣♣❧② ❛ s❡❝♦♥❞ t✐♠❡ t❤❡ ❇❈❍ ❢♦r♠✉❧❛ ✭✶✳✷✸✮ t♦

eC(t)e−C(−t) = etA/2etBetA/2 = eS(t), ✭✶✳✸✸✮

✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ S(t)✿
S(t) = tS1 + t3S3 + t5S5 + . . . , ✭✶✳✸✹✮

✇✐t❤
S1 = A+B,

S3 = − 1

24

[
A, [A,B]

]
+

1

12

[
B, [B,A]

]
.

✭✶✳✸✺✮



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✷✶

◆♦t✐❝❡ t❤❛t ♦♥❧② ♦❞❞ ♣♦✇❡rs ♦❢ t ❛r❡ ♣r❡s❡♥t ✐♥ ✭✶✳✸✹✮ s✐♥❝❡ t❤❡ ❛❞❥♦✐♥t ♠❡t❤♦❞ ♦❢ t❤❡ s②♠♠❡tr✐❝
s❝❤❡♠❡ etA/2etBetA/2 ✐s ♦❜t❛✐♥❡❞ ❜② ❥✉st ❝❤❛♥❣✐♥❣ t❤❡ s✐❣♥ ♦❢ t ❛♥❞ t❤❡r❡❢♦r❡ ♦❢ eS(t)✱ ❛❝❝♦r❞✐♥❣
t♦ ✭✶✳✸✸✮✳ ■♥ t❤✐s ❝❛s❡✱ eS(t) ✐s ♥♦t ♦t❤❡r t❤❛♥ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ St2 ❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✶✽✮✱ ❛♥❞
✇❡ s❡❡ t❤❛t t❤❡ ❧♦❝❛❧ ❡rr♦rs ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

U(∆t)− S∆t1 U0 = e∆t(A+B)U0 − e∆tB/2e∆tAe∆tB/2U0

=
∆t3

24

[
B, [B,A]

]
U0 −

∆t3

12

[
A, [A,B]

]
U0 +O(∆t4),

✭✶✳✸✻✮

❛♥❞

U(∆t)− S∆t2 U0 = e∆t(A+B)U0 − e∆tA/2e∆tBe∆tA/2U0

=
∆t3

24

[
A, [A,B]

]
U0 −

∆t3

12

[
B, [B,A]

]
U0 +O(∆t4).

✭✶✳✸✼✮

■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❢♦r♠❛❧❧② r❡♣r❡s❡♥t t❤❡ ❧♦❝❛❧ ❡rr♦rs ♦❢ ❜♦t❤ ▲✐❡ ❛♥❞ ❙tr❛♥❣ s❝❤❡♠❡s✳ ❲❡
r❡♠❛r❦ t❤❛t ❢♦r ❜♦t❤ ❝❛s❡s ♥♦ s♣❧✐tt✐♥❣ ❡rr♦r ✐s ✐♥tr♦❞✉❝❡❞ ❢♦r ❝♦♠♠✉t✐♥❣ ♦♣❡r❛t♦rs✳ ❋✉r✲
t❤❡r♠♦r❡✱ t❤❡ ❧❛tt❡r ❡rr♦r ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❧✐♥❡❛r
♦♣❡r❛t♦rs✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ✈❡r✐✜❡❞
❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✱ s✐♥❝❡ t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥s✳
❊①t❡♥s✐♦♥ t♦ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ❝♦♥✜❣✉r❛t✐♦♥s ✐s str❛✐❣❤t❢♦r✇❛r❞ ✉s✐♥❣ ❛ ▲✐❡ ♦♣❡r❛t♦r ❢♦r♠❛❧✐s♠
❬❙❙❈✾✹❪✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s r❡♠❛✐♥ ✈❛❧✐❞ ✇✐t❤ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❞❡✜♥❡❞
❜② t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✈❛r✐♦✉s ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs✱ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ ✇❤❛t
❢♦❧❧♦✇s✳

✶✳✶✳✹ ❚❤❡ ▲✐❡ ❖♣❡r❛t♦r ❋♦r♠❛❧✐s♠

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ▲✐❡ ♦♣❡r❛t♦r ❢♦r♠❛❧✐s♠ ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ✉s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧s ♦❢
❧✐♥❡❛r ♦♣❡r❛t♦rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ▲❡t X ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ T > 0✱ ❛♥❞
❛♥ ✉♥❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r F ❢r♦♠D(F ) ⊂ X t♦X✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❛✉t♦♥♦♠♦✉s
❡q✉❛t✐♦♥✿

dtU = F (U(t)), 0 < t < T,

U(0) = U0, t = 0.

}
✭✶✳✸✽✮

❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤✐s ❡✈♦❧✉t✐♦♥❛r② ❡q✉❛t✐♦♥ ✐s ❢♦r♠❛❧❧② ❣✐✈❡♥ ❜②

U(t) = T tU0, 0 ≤ t ≤ T, ✭✶✳✸✾✮

✇❤❡r❡ T t ✐s t❤❡ s❡♠✐✢♦✇ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✸✽✮✳ ❚❤❡ ▲✐❡ ♦♣❡r❛t♦r DF ❛ss♦❝✐❛t❡❞ ✇✐t❤ F ✐s
t❤❡♥ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ✐♥ X ✭s❡❡✱ ❡✳❣✳✱ ❬❙❙❈✾✹✱ ❍▲❲✵✻✱
❉❚✶✶❪✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛♥② ✉♥❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r G ❢r♦♠ D(G) ⊂ X t♦ X ✇✐t❤
❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡ G′✱ DF ♠❛♣s G ✐♥t♦ ❛ ♥❡✇ ♦♣❡r❛t♦r DFG✱ s✉❝❤ t❤❛t ❢♦r ❛♥② v ✐♥ X✿

(DFG)(v) = G′(v)F (v). ✭✶✳✹✵✮

❯s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ U(t) ♦❢ ✭✶✳✸✽✮✱ ✇❡ ❤❛✈❡ t❤❛t

∂tG(U(t)) = (DFG)(U(t)), ✭✶✳✹✶✮

❛♥❞ ❤❡♥❝❡ ❛♣♣❧②✐♥❣ t❤❡ ▲✐❡ ♦♣❡r❛t♦r ✐t❡r❛t✐✈❡❧②✱ ✇❡ ♦❜t❛✐♥

∂nt G(U(t)) = (Dn
FG)(U(t)). ✭✶✳✹✷✮



❙❡❝t✳ ✶✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✷✷

❆ ❢♦r♠❛❧ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ②✐❡❧❞s✺

G(U(t)) =
+∞∑

n=0

tn

n!
(∂nt G(U(t)))

∣∣∣∣
t=0

=

(
+∞∑

n=0

tn

n!
Dn
FG

)
U0 =

(
etDFG

)
U0. ✭✶✳✹✸✮

■❢ ✇❡ ♥♦✇ ❛ss✉♠❡ t❤❛t G ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r Id✱ ✇❡ ✜♥❛❧❧② ❣❡t

U(t) = T tU0 =
(
etDF Id

)
U0. ✭✶✳✹✹✮

❚❤❡r❡❢♦r❡✱ t❤❡ ▲✐❡ ♦♣❡r❛t♦r ✐s ✐♥❞❡❡❞ ❛ ✇❛② ♦❢ ✇r✐t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ❖❉❊ ✐♥ t❡r♠s
♦❢ ❛ ❧✐♥❡❛r ❜✉t ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳
❋♦❧❧♦✇✐♥❣ ✭✶✳✹✸✮✱ ❛♥ ✐♠♣♦rt❛♥t r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② ●rö❜♥❡r ✐♥ ❬●rö✻✼❪ ❝♦♥s✐❞❡rs t❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ t✇♦ s❡♠✐✢♦✇s T t1 ❛♥❞ T s2 ❛ss♦❝✐❛t❡❞ ✇✐t❤ F1 ❛♥❞ F2 ❢♦r ❛♥② v ✐♥ X✿

T t1T
s
2 v =

(
esDF2T t1

)
v =

(
esDF2 etDF1 Id

)
v. ✭✶✳✹✺✮

◆♦t✐❝❡ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ♦♣❡r❛t♦rs t♦ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❛r❡ ♣❡r♠✉t❡❞ ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t r❡♣✲
r❡s❡♥t❛t✐♦♥s ✐♥ ✭✶✳✹✺✮✳ ❚❤❡ ❧❛tt❡r r❡s✉❧t ❝❛♥ ♥❛t✉r❛❧❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ♠♦r❡ t❤❛♥ t✇♦ s❡♠✐✢♦✇s
T t1, T

s
2 , . . . , T

r
m ❛ss♦❝✐❛t❡❞ ✇✐t❤ F1, F2, . . . , Fm✿

T t1T
s
2 · · ·T rmv =

(
erDFm · · · esDF2 etDF1 Id

)
v. ✭✶✳✹✻✮

❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞ t♦ ❡st✐♠❛t❡ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❝❛♥ ❜❡ ❛♥❛❧♦❣♦✉s❧②
♣❡r❢♦r♠❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ❢♦r♠✉❧❛ ✭✶✳✷✸✮ t♦ ✭✶✳✹✺✮✿

esDF2 etDF1 = eD(s,t), ✭✶✳✹✼✮

✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r D(s, t) ✐s ❣✐✈❡♥ ❜②

D(s, t) = sDF2 + tDF1 +
st

2
[DF2 , DF1 ] +

s2t

12

[
DF2 , [DF2 , DF1 ]

]

+
st2

12

[
DF1 , [DF1 , DF2 ]

]
+
s2t2

24

[
DF2 ,

[
DF1 , [DF1 , DF2 ]

]]
+ . . .

✭✶✳✹✽✮

❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✷✽✮✳ ❚❤❡ ▲✐❡ ❜r❛❝❦❡t ❢♦r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐s ❞❡✜♥❡❞ ❡①❛❝t❧② ❛s ❢♦r ❧✐♥❡❛r
♦♣❡r❛t♦rs ✭✶✳✷✶✮✿

[DF1 , DF2 ] = DF1DF2 −DF2DF1 , ✭✶✳✹✾✮

❛♥❞ ❛❝ts ❛❣❛✐♥ ❛s ❛ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✿

[DF1 , DF2 ] =
(
F ′
2F1 − F ′

1F2

)
∂v, ✭✶✳✺✵✮

❢♦r ❛♥② v ✐♥ X ❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✹✵✮✳
■♥ t❤✐s ✇❛②✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r❛❧ s②st❡♠ ♦❢ ♥♦♥❧✐♥❡❛r ❖❉❊s

dtU = F1(U(t)) + F2(U(t)), t > 0,

U(0) = U0,

}
✭✶✳✺✶✮

✇✐t❤ U0 ∈ ❘m✱ U : ❘ → ❘m✱ ❛♥❞ F1, F2 : ❘m → ❘m✱ t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r
t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ▲✐❡ ❛♥❞ ❙tr❛♥❣ ❢♦r♠✉❧❛❡ ✭✶✳✷✾✮ ❛♥❞ ✭✶✳✸✵✮✱ ❛♥❞ ✭✶✳✸✻✮ ❛♥❞
✭✶✳✸✼✮✱ ❝❛♥ ❜❡ r❡❝❛st ✇✐t❤ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs A ❛♥❞ B r❡♣❧❛❝❡❞ ❜② t❤❡ ▲✐❡ ♦♣❡r❛t♦rs DF1

✺❲❡ r❡♠❛r❦ t❤❛t ✐❢ F (U(t)) ✐s ♥♦t ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✸✮✱ ❜✉t F ∈ CN (❘)✱ t❤❡♥ t❤❡ s❡r✐❡s ❤❛s t♦ ❜❡
tr✉♥❝❛t❡❞ ❛♥❞ ❛ O(tN ) r❡♠❛✐♥❞❡r ♠✉st ❜❡ ✐♥❝❧✉❞❡❞✳



❙❡❝t✳ ✶✳✷ ✲ ❙♣❧✐tt✐♥❣ ❊rr♦rs ❢♦r ❚✐♠❡✴❙♣❛❝❡ ▼✉❧t✐✲❙❝❛❧❡ P❉❊s ✷✸

❛♥❞ DF2 ✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs✳ ❋✉rt❤❡r♠♦r❡✱ s♣❧✐tt✐♥❣ ♦r❞❡r
❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ t❤❡♥ ❞❡❞✉❝❡❞ ❜② ✉s✐♥❣ t❤✐s ▲✐❡ ❢♦r♠❛❧✐s♠ ❢♦r ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs
❬❨♦s✾✵✱ ❍▲❲✵✻❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇❛s ✇✐t❤ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t t❤❡ ❝♦♠♠✉t✐♥❣ ❝♦♥❞✐t✐♦♥s
❢♦r ♥♦♥❧✐♥❡❛r ♦r ❧✐♥❡❛r ♦♣❡r❛t♦rs✱ ②✐❡❧❞✐♥❣ ♥♦ s♣❧✐tt✐♥❣ ❡rr♦rs✱ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬▲❱✾✾❪ ❢♦r t❤❡
s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✭s❡❡ ❬❍❱✵✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❊①❛❝t
s♣❧✐tt✐♥❣ ❡rr♦r r❡♣r❡s❡♥t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉❙✵✷❛❪ ❝❛♥ ❜❡ ❛❧s♦ ❛♥❛❧②③❡❞ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦
❢♦r ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r P❉❊s ❬❉❉▲+✶✷❪✳

✶✳✷ ❙♣❧✐tt✐♥❣ ❊rr♦rs ❢♦r ❚✐♠❡✴❙♣❛❝❡ ▼✉❧t✐✲❙❝❛❧❡ P❉❊s

■♥ t❤✐s s❡❝♦♥❞ ♣❛rt✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❧✐t❡r✲
❛t✉r❡✱ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠✉❧t✐✲
s❝❛❧❡ P❉❊s✳ ❚❤❡s❡ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ♠✐❣❤t ❛r✐s❡ ✐♥ t✐♠❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t
♥✉♠❡r✐❝❛❧ ♦r ♣❤②s✐❝❛❧ ❡✈♦❧✉t✐♦♥ r❛t❡s ✇✐t❤✐♥ ❛ r❛t❤❡r ❜r♦❛❞ r❛♥❣❡✱ ♦r ✐♥ s♣❛❝❡ ❜❡❝❛✉s❡ ♦❢ t❤❡
♣r❡s❡♥❝❡ ♦❢ st❡❡♣ ❣r❛❞✐❡♥ts ♦r ❧❛r❣❡ ❤✐❣❤❡r ♦r❞❡r s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥✳ ▼♦r❡ ❧✐❦❡❧②✱ t❤❡② ❛r❡ ❝♦✉♣❧❡❞ ❜♦t❤ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ t❤r♦✉❣❤♦✉t t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✲
t❡❣r❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ♠✐❣❤t ❜❡ s♦♠❡ ♣❡rt✉r❜✐♥❣ ❡✛❡❝ts ✐♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ tr❛❞✉❝❡❞ ✉s✉❛❧❧② ❜② ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥
♦❢ t❤❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✳ ❚❤✐s ❦✐♥❞ ♦❢ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t② ♠✐❣❤t ❜❡ t❤❡♦r❡t✐❝❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞
❛s ❛ ❞✐r❡❝t r❡s✉❧t ♦❢ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥s ❛s ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ t❤❡ ♥❡①t
❝❤❛♣t❡r✱ ❛♥❞ ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ ✇❡ ❝❛♥ s❛② t❤❛t ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
st✐✛ P❉❊s✳
■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❞❡t❛✐❧ s♦♠❡ ❡❧❡♠❡♥ts t♦ ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s
❢❛❝❡❞ ✇✐t❤ t❤❡ ♠❡♥t✐♦♥❡❞ st✐✛♥❡ss✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡ st✉❞② ♦❢ t❤✐s
❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ❛❧❧♦✇s ✉s t♦ ✐❧❧✉str❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞
t❤❡ r❡s✉❧t✐♥❣ ❝♦♥❝❧✉s✐♦♥s ♠✐❣❤t ❜❡ ♣❛rt✐❛❧❧② ❡①t❡♥❞❡❞ t♦ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥s✳ ◆❡✈❡r✲
t❤❡❧❡ss✱ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s r❡s❡❛r❝❤ ✐♥ t❤✐s ✜❡❧❞ ❛♥❞ ♠♦r❡ ❞❡t❛✐❧❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s
❛r❡ ❛❧✇❛②s ♥❡❡❞❡❞ t♦ ❢✉rt❤❡r ✉♥❞❡rst❛♥❞ t❤❡s❡ ✐ss✉❡s✳

✶✳✷✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ❋r❛♠❡✇♦r❦✿ ❘❡❛❝t✐♦♥✲❉✐✛✉s✐♦♥ ❙②st❡♠s

❲❡ ❢♦❝✉s ♦♥ ❛ ❝❧❛ss ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ t❤❛t ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❣❡♥❡r❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠s ♦❢ t②♣❡✿

∂tU − ∂x · (D(U)∂xU) = F (U), x ∈ ❘d, t > 0,

U(0, x) = U0(x) x ∈ ❘d,

}
✭✶✳✺✷✮

✇❤❡r❡ F : ❘m → ❘m✱ U0 : ❘d → ❘m ❛♥❞ U : ❘ × ❘d → ❘m✱ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① D(U)✱
✇❤✐❝❤ ✐s ❛ t❡♥s♦r ♦❢ ♦r❞❡r d× d×m✳ ■♥ ❝❛s❡ ✇❡ ❛r❡ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥✱
t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① ❛r❡ ✇r✐tt❡♥ ❛s Di1i2i3(U) = Di3δi1i2 ✇✐t❤ ✐♥❞✐❝❡s i1✱ i2✱
i3 = 1, . . . ,m✱ s♦ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r r❡❞✉❝❡s t♦ t❤❡ ❤❡❛t ♦♣❡r❛t♦r ✇✐t❤ s❝❛❧❛r ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t Di3 ❢♦r ❝♦♠♣♦♥❡♥t u(i3) ♦❢ U ✱ ❛♥❞ t❤❡ s②st❡♠ ✭✶✳✺✷✮ ❜❡❝♦♠❡s

∂tU −D∂2xU = F (U), x ∈ ❘d, t > 0,

U(0, x) = U0(x) x ∈ ❘d.

}
✭✶✳✺✸✮

■♥ ❣❡♥❡r❛❧✱ t❤❡ s♦✉r❝❡ t❡r♠ F ✐♥t♦ ✭✶✳✺✷✮ ❛♥❞ ✭✶✳✺✸✮ ♠♦❞❡❧s r❡❛❝t✐✈❡ ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠s
✇✐t❤ ❛ ❜r♦❛❞ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝♦♠♣❧❡♠❡♥t❛r② st✐✛♥❡ss r❡s✉❧ts ❢r♦♠
t❤❡ ♣♦t❡♥t✐❛❧❧② ❢❛st s❝❛❧❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❞✐✛✉s✐♦♥
♦♣❡r❛t♦r t♦ ❧♦❝❛❧✐③❡❞ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦r ❤✐❣❤❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥s✱ ❛s ✐t ✐s
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✉s✉❛❧❧② t❤❡ ❝❛s❡ ✐♥ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢r♦♥ts ♦r ✐rr❡❣✉❧❛r
s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❛ss♦❝✐❛t❡❞ st✐✛♥❡ss ✇✐❧❧ s✉r❡❧② ❤❛✈❡ ❛♥ ❡✛❡❝t
♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛s ✇❡ ✇✐❧❧ ❜r✐❡✢② ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✳✷✳✷ ❙♣❧✐tt✐♥❣ ❖r❞❡r ❘❡❞✉❝t✐♦♥ ❢♦r ❚✐♠❡ ▼✉❧t✐✲❙❝❛❧❡ ❙②st❡♠s

❊✈❡♥ t❤♦✉❣❤ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② q✉✐t❡ ❡✣❝✐❡♥t ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t✐♠❡ ❞❡♣❡♥❞❡♥t
❡q✉❛t✐♦♥s✱ s❡✈❡r❛❧ ✇♦r❦s s❤♦✇❡❞ t❤❛t t❤❡ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s
❢❛✐❧s ✐♥ ♣r❡s❡♥❝❡ ♦❢ s❝❛❧❡s ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❬●P▼❉✽✽✱ ❉✬❆✾✹✱ ❉▲✾✺❛✱
❨P✾✽✱ ❱❙✾✽✱ ❙❇P✵✵❪✱ ❛♥❞ t❤❛t ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s ✐s ♥✉♠❡r✐❝❛❧❧② ♦❜s❡r✈❡❞✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❛ ✜rst ♠❛❥♦r st❡♣ t♦✇❛r❞s ❛ r✐❣♦r♦✉s st✉❞② ♦❢ s✉❝❤ ❝❛s❡s ✇❛s ❝♦♥❞✉❝t❡❞ ❜② ❙♣♦rt✐ss❡
✐♥ ❬❙♣♦✵✵❪ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❖❉❊s✱ ✐ss✉❡❞ ❢r♦♠ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠
✇✐t❤ ❛ ❧✐♥❡❛r s♦✉r❝❡ t❡r♠ ❛♥❞ ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥✳ ■♥ t❤✐s ✇♦r❦✱ ❛ ❢❛st ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ✇❛s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♦✉r❝❡ t❡r♠ ❜② ♠❡❛♥s ♦❢ ❛ ♠✉❧t✐♣❧②✐♥❣ ❢❛❝t♦r ǫ−1✱ ✇✐t❤ s♠❛❧❧ ǫ✱ t♦ s♣❧✐t t❤❡
♦r✐❣✐♥❛❧ s②st❡♠ ✐♥t♦ ❛ st✐✛ ❛♥❞ ❛ ♥♦♥ st✐✛ s✉❜♣r♦❜❧❡♠✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ❧♦❝❛❧ ♦r❞❡r r❡❞✉❝t✐♦♥
♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇❛s ♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜❛s❡❞ ♦♥ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱
✇❤❡r❡❛s s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❡♥❞✐♥❣ ✇✐t❤ t❤❡ st✐✛❡st ♦♣❡r❛t♦r ✇❡r❡ ❛❧s♦ s❤♦✇♥ t♦ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡
t❤❛♥ t❤❡ ♦t❤❡rs✳ ❙✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❑♦③❧♦✈ ❡t ❛❧✳ ✐♥ ❬❑r❖✵✹❪ ❢♦r ♥♦♥❧✐♥❡❛r
s②st❡♠s ♦❢ ❖❉❊s✱ s♣❧✐t ❛❧s♦ ✐♥t♦ st✐✛ ❛♥❞ ♥♦♥ st✐✛ ♣❛rts✱ ✉s✐♥❣ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❡❧❡♠❡♥ts
❛s ✇❡❧❧✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❉❡s❝♦♠❜❡s ✫ ▼❛ss♦t ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉▼✵✹❪ ❛ ❣❡♥❡r❛❧ t❤❡♦r❡t✐❝❛❧
❛♣♣r♦❛❝❤ ❢♦r ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ t✐♠❡ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ✐ss✉❡❞ ❢r♦♠
♠♦r❡ r❡❛❧✐st✐❝ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ❜r✐❡✢② ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ❢❡✇ r❡s✉❧ts
❝♦♠✐♥❣ ❢r♦♠ ❬❉▼✵✹❪✳
❙✉♣♣♦s✐♥❣ t❤❛t t❤❡ s②st❡♠ ✭✶✳✺✸✮ s❤♦✇s ❛ ✇❡❧❧ ♣❛rt✐t✐♦♥❡❞ str✉❝t✉r❡ s✉❝❤ t❤❛t U = (uǫ, vǫ)T ❛♥❞
t❤✉s F (U) = (f(uǫ, vǫ), g(uǫ, vǫ)/ǫ)T ✱ ✇❤❡r❡ uǫ ∈ ❘m

slow
❛♥❞ vǫ ∈ ❘m

fast
st❛♥❞✱ r❡s♣❡❝t✐✈❡❧②✱

❢♦r t❤❡ s❧♦✇ ❛♥❞ ❢❛st ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✺✸✮✱ ❛♥❞ m =
mslow +mfast❀ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✿

∂tu
ǫ − ∂2xuǫ = f(uǫ, vǫ), x ∈ ❘d, t > 0,

∂tv
ǫ − ∂2xvǫ =

g(uǫ, vǫ)

ǫ
, x ∈ ❘d, t > 0,

uǫ(0, x) = u0(x), x ∈ ❘d,

vǫ(0, x) = v0(x), x ∈ ❘d,





✭✶✳✺✹✮

❢♦r ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r ǫ ❛♥❞ t❤❡ ✐❞❡♥t✐t② ✐♥Mm(❘)✱ ❛s ❞✐✛✉s✐♦♥ ♠❛tr✐①✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱
✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤✐s ❞✐❛❣♦♥❛❧ ❝❛s❡✱ ❡✈❡♥ t❤♦✉❣❤ ❛ q✉❛s✐✲❧✐♥❡❛r ♥♦♥✲❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ ✇❛s
❛❧s♦ ❛♥❛❧②③❡❞ ✐♥ ❬❉▼✵✹❪✳ ❲❡ ❞❡♥♦t❡ ❜② (uǫ(t), vǫ(t)) = T tǫ (u0, v0) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✺✹✮ ❛t
s♦♠❡ t✐♠❡ t✳
■♥ ♦r❞❡r t♦ s❡tt❧❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤✐s s②st❡♠ ❛❞♠✐ts
❛♥ ❡♥tr♦♣✐❝ str✉❝t✉r❡ ❬▼❛s✵✷❪ s♦ t❤❛t t❤❡ s♦✉r❝❡ t❡r♠ ❛❞♠✐ts ❛ ✇❡❧❧ ♣❛rt✐t✐♦♥❡❞ ❚✐❦❤♦♥♦✈
♥♦r♠❛❧ ❢♦r♠ ❬❚❱❙✽✺❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ✇❤❡r❡ t❤❡ ❢❛st t✐♠❡
s❝❛❧❡s ❤❛✈❡ ❜❡❡♥ r❡❧❛①❡❞✱ ✇❤✐❝❤ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡♥tr♦♣② ✐s ❛ ❣❧♦❜❛❧ ▲②❛✲
♣♦✉♥♦✈ ❢✉♥❝t✐♦♥ ❛♥❞ ✇❡ ❝❛♥ t❤✉s ♣❡r❢♦r♠ ❛ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ✇✐t❤ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s ❬▼❛s✵✷❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ❢♦r t❤❡
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✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠✿

dtū
ǫ = f(ūǫ, v̄ǫ), t > 0,

dtv̄
ǫ =

g(ūǫ, v̄ǫ)

ǫ
, t > 0,

ūǫ(0) = ū0,

v̄ǫ(0) = v̄0,





✭✶✳✺✺✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐t❤♦✉t ❞✐✛✉s✐♦♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝❡❞
s②st❡♠ ❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s

dtū = G(ū), t > 0,

ū(0) = ū0,

v̄(t) = h(ū(t)), t ≥ 0,





✭✶✳✺✻✮

✇❤❡r❡ G(ū) = f(ū, h(ū))✱ ❛♥❞ g(ū, v̄) = v̄ − h(ū) = 0✳ ❚❤❡ ✐♥♥❡r ❜♦✉♥❞❛r② ❧❛②❡r✱ ❜❡❝❛✉s❡
♦❢ t❤❡ ✇❡❧❧✲♣❛rt✐t✐♦♥❡❞ str✉❝t✉r❡ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣r♦❥❡❝t✐♦♥
st❡♣ ✐♥ ❛♥ ❛✣♥❡ ♠❛♥✐❢♦❧❞ ♦♥t♦ t❤❡ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ h(ū0) ✐♥ t❤❡ v̄ ✈❛r✐❛❜❧❡✳ ❉❡♥♦t✐♥❣ ❜②
Π0v̄ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛r✐❛❜❧❡ ❝❡♥t❡r❡❞ ❛t h(ū0)✱ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✱ ♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡ s♣❛t✐❛❧
❝♦♦r❞✐♥❛t❡ x✱ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dτΠ0v̄ = g(u0, h(u0) + Π0v̄), τ > 0,

Π0v̄(0) = v0 − h(u0),

}
✭✶✳✺✼✮

❢♦r ❛ t✐♠❡ s❝❛❧❡ ❞❡✜♥❡❞ ❜② τ = t/ǫ✳
❆ss✉♠✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥✈❡① ❝♦♠♣❛❝t s❡t K ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
(ū0, v̄0) ∈ K✱ ❛♥❞ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ❜② ✭✶✳✺✹✮✱ ✭✶✳✺✻✮ ❛♥❞ ✭✶✳✺✼✮✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬▼❛s✵✷❪
t❤❛t ❢♦r ǫ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❤❛✈❡ ❢♦r t ∈ [0,+∞)✿

v̄ǫ(t, ǫ) = Π0v̄(t/ǫ) + v̄(t) +O(ǫ), ✭✶✳✺✽✮

ūǫ(t, ǫ) = ū(t) +O(ǫ), ✭✶✳✺✾✮

❛♥❞ ❢♦r s♦♠❡ κ > 0✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ✐♥♥❡r ❜♦✉♥❞❛r② ❧❛②❡r

Π0v̄(t/ǫ) = O
(
e

(

−κt/ǫ
))

. ✭✶✳✻✵✮

❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡t❡ s②st❡♠ ✭✶✳✺✹✮✿

∂tu− ∂2xu = G(u), x ∈ ❘d, t > 0,

u(0, x) = u0(x), x ∈ ❘d,

v(t, x) = h(u(t, x)), x ∈ ❘d, t ≥ 0,





✭✶✳✻✶✮

❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ❛s ❞❡t❛✐❧❡❞ ✐♥ ❬❉▼✵✹❪✱ ✐❢ ✇❡ ❛ss✉♠❡
t❤❛t (ū0(x), v̄0(x)) ∈ K ❢♦r x ∈ ❘d ❛♥❞ t❤❛t t❤❡ s♦❧✉t✐♦♥ T tu0 = (u(t), h(u(t)) ♦❢ ✭✶✳✻✶✮ ❧❡❛✈❡s
❛❧s♦ K ✐♥✈❛r✐❛♥t✱ ❢♦r ǫ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❤❛✈❡ ❢♦r t ∈ [0,+∞)✿

‖uǫ(t, ǫ)− u(t)‖L2 = O(ǫ), ✭✶✳✻✷✮



❙❡❝t✳ ✶✳✷ ✲ ❙♣❧✐tt✐♥❣ ❊rr♦rs ❢♦r ❚✐♠❡✴❙♣❛❝❡ ▼✉❧t✐✲❙❝❛❧❡ P❉❊s ✷✻

‖vǫ(t, ǫ)−Π0v̄(t/ǫ)− h(u(t))‖L2 = O(ǫ), ✭✶✳✻✸✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ ✐♥♥❡r ❜♦✉♥❞❛r② ❧❛②❡r✿

‖Π0v̄(t/ǫ)‖L2 = O
(
e

(

−κt/ǫ
))

. ✭✶✳✻✹✮

❲✐t❤ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ st❛♥❞❛r❞ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥
♣r♦❜❧❡♠s ❢♦r s②st❡♠ ✭✶✳✺✹✮✳ ▲❡t ✉s t❤❡♥ ❞❡♥♦t❡ ❜② Xt(u0, v0) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠✿

∂tuD − ∂2xuD = 0, x ∈ ❘d, t > 0,

∂tvD − ∂2xvD = 0, x ∈ ❘d, t > 0,

}
✭✶✳✻✺✮

❢♦r s♦♠❡ ✐♥✐t✐❛❧ ❞❛t❛ uD(0, ·) = u0(·) ❛♥❞ vD(0, ·) = v0(·)❀ ❛♥❞ ❜② Y t
ǫ (u0, v0) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

r❡❛❝t✐♦♥ ♣r♦❜❧❡♠✿
∂tu

ǫ
R = f(uǫR, v

ǫ
R), x ∈ ❘d, t > 0,

∂tv
ǫ
R =

g(uǫR, v
ǫ
R)

ǫ
, x ∈ ❘d, t > 0,





✭✶✳✻✻✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ uǫR(0, ·) = u0(·) ❛♥❞ vǫR(0, ·) = v0(·)✱ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡ x ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❛r❛♠❡t❡r✳ ❚❤❡ ▲✐❡ ❛♥❞ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ❢♦r♠✉❧❛❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✺✹✮ ❛r❡
❣✐✈❡♥ ❜②✿

Lt1,ǫ(u0, v0) = XtY t
ǫ (u0, v0), ✭✶✳✻✼✮

Lt2,ǫ(u0, v0) = Y t
ǫX

t(u0, v0), ✭✶✳✻✽✮

St1,ǫ(u0, v0) = Xt/2Y t
ǫX

t/2(u0, v0), ✭✶✳✻✾✮

St2,ǫ(u0, v0) = Y t/2
ǫ XtY t/2

ǫ (u0, v0). ✭✶✳✼✵✮

■❢ ✇❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ♦❢ ✭✶✳✻✻✮ ✇❤❡♥ ǫ t❡♥❞s t♦ ③❡r♦✿

∂tuR = f(uR, h(uR)) = G(uR), x ∈ ❘d, t > 0,

uR(0, x) = u0(x), x ∈ ❘d,

vR(t, x) = h(uR(t, x)), x ∈ ❘d, t ≥ 0,





✭✶✳✼✶✮

✇✐t❤ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② (uR(t), h(uR(t)) = Y tu0 ❛s ❢♦r ✭✶✳✺✻✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r❡❞✉❝❡❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✿

Lt1u0 = XtY tu0, ✭✶✳✼✷✮

Lt2(u0, v0) = Y tXt(u0, v0), ✭✶✳✼✸✮

St1(u0, v0) = Xt/2Y tXt/2(u0, v0), ✭✶✳✼✹✮

St2u0 = Y t/2XtY t/2u0, ✭✶✳✼✺✮

✇❤❡r❡ t❤❡ ❢❛st s❝❛❧❡s ❤❛✈❡ ❜❡❡♥ ♣r❡✈✐♦✉s❧② r❡❧❛①❡❞ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡
r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ✭✶✳✼✶✮✳
❚♦ st✉❞② t❤❡ ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ T tǫ ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✭✶✳✺✹✮ ❜②
t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✭✶✳✻✼✮✲✭✶✳✼✵✮✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ T t ❛ss♦❝✐❛t❡❞



❙❡❝t✳ ✶✳✷ ✲ ❙♣❧✐tt✐♥❣ ❊rr♦rs ❢♦r ❚✐♠❡✴❙♣❛❝❡ ▼✉❧t✐✲❙❝❛❧❡ P❉❊s ✷✼

✇✐t❤ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ✭✶✳✻✶✮ ❜② t❤❡ r❡❞✉❝❡❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✭✶✳✼✷✮✲✭✶✳✼✺✮✳ ❉❡✜♥✐♥❣ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ ❡rr♦rs✿

(uerr1, verr1) = T tu0 − Lt1u0,

(uerr2, verr2) = T tu0 − Lt2(u0, v0),

(uerr3, verr3) = T tu0 − St1(u0, v0),

(uerr4, verr4) = T tu0 − St2u0,





✭✶✳✼✻✮

✐t ✇❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❬❉▼✵✹❪ t❤❛t t❤❡ ❧♦❝❛❧ ❡rr♦r ❢♦r t❤❡ s❧♦✇ ❛♥❞ ❢❛st ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ✈❛r✐♦✉s
s♣❧✐tt✐♥❣ s❝❤❡♠❡s s❛t✐s✜❡s

‖uerr1‖L2 = O(t2), ‖verr1‖L2 = O(t), ✭✶✳✼✼✮

‖uerr2‖L2 = O(t2), ‖verr2‖L2 = O(t2), ✭✶✳✼✽✮

‖uerr3‖L2 = O(t3), ‖verr3‖L2 = O(t), ✭✶✳✼✾✮

‖uerr4‖L2 = O(t3), ‖verr4‖L2 = O(t3). ✭✶✳✽✵✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ ❢♦r Lt1,ǫ(u0, v0) t❤❡ ❡rr♦r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t
t♦ T tǫ (u0, v0) ✐s ❣✐✈❡♥ ❜②

T tǫ (u0, v0)− Lt1,ǫ(u0, v0) = T tǫ (u0, v0)− T tu0 + T tu0 − Lt1u0

+Lt1u0 − Lt1,ǫ(u0, v0), ✭✶✳✽✶✮

❛♥❞ t❤❛t

‖T tǫ (u0, v0)− Lt1,ǫ(u0, v0)‖L2 ≤ ‖T tǫ (u0, v0)− T tu0‖L2 + ‖T tu0 − Lt1u0‖L2

+‖Lt1u0 − Lt1,ǫ(u0, v0)‖L2 , ✭✶✳✽✷✮

❢♦r ǫ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ ❢♦r t ≥ 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡ ❧♦❝❛❧ ❡rr♦rs ❛❞♠✐t t❤❡ ❢♦❧❧♦✇✐♥❣
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❬❉▼✵✹❪✿

‖T tǫ (u0, v0)− Lt1,ǫ(u0, v0)‖L2 = O(t) +O
(
e

(

−κt/ǫ
))

+O(ǫ), ✭✶✳✽✸✮

‖T tǫ (u0, v0)− St1,ǫ(u0, v0)‖L2 = O(t) +O
(
e

(

−κt/ǫ
))

+O(ǫ), ✭✶✳✽✹✮

❛♥❞

‖T tǫ (u0, v0)− Lt2,ǫ(u0, v0)‖L2 = O(t2) +O
(
e

(

−κt/ǫ
))

+O(ǫ), ✭✶✳✽✺✮

‖T tǫ (u0, v0)− St2,ǫ(u0, v0)‖L2 = O(t3) +O
(
e

(

−κt/ǫ
))

+O(ǫ), ✭✶✳✽✻✮

❝♦♥s✐❞❡r✐♥❣ ❡st✐♠❛t❡s ✭✶✳✼✼✮✲✭✶✳✽✵✮ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✽✷✮✱ ❛♥❞
✭✶✳✻✷✮✲✭✶✳✻✹✮ ❢♦r t❤❡ ♦t❤❡r t✇♦ t❡r♠s✳
❚❤r♦✉❣❤ t❤✐s ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡
t❤❛t ♥♦ ♦r❞❡r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✐s ❡①♣❡❝t❡❞ ❢♦r t❤❡ s❧♦✇ ✈❛r✐❛❜❧❡s ✇❤❡♥❡✈❡r ✇❡
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❝♦♥s✐❞❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❢❛st❡st s❝❛❧❡s ♣r❡s❡♥t ✐♥ t❤❡ ♣r♦❜❧❡♠✿ t > ǫ✱
❢♦❧❧♦✇✐♥❣ ❬❉▼✵✹❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥✱ ✐❢ ✇❡ ✉s❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s
❡♥❞✐♥❣ ✇✐t❤ t❤❡ r❡❛❝t✐♦♥ ♦♣❡r❛t♦r ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❢❛st❡st s❝❛❧❡s✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦
❡①♣❡❝t ♦r❞❡r r❡❞✉❝t✐♦♥s ♥♦t ❡✈❡♥ ❢♦r t❤❡ ❢❛st ✈❛r✐❛❜❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛
♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ✇✐t❤ ♥♦♥ ③❡r♦ ❝✉r✈❛t✉r❡✱ ❛ s✐t✉❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♦❜t❛✐♥❡❞
✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥ s♦✉r❝❡ t❡r♠✱ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❡♥❞✐♥❣ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r
❡♥❝♦✉♥t❡r ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ▲✐❡ ❜r❛❝❦❡t ❜❡t✇❡❡♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞
t❤❡ h ❢✉♥❝t✐♦♥ ❞❡✜♥✐♥❣ t❤❡ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ❬❉▼✵✹❪✳ ❋✐♥❛❧❧②✱ ❧❡t ✉s r❡❝❛❧❧ t❤❛t
✐♥ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s✱ ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ t♦
♣r♦♣❡r❧② ❤❛♥❞❧❡ t❤❡ ❢❛st tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ❜♦✉♥❞❛r② ❧❛②❡rs ❣✐✈❡♥ ❜② ✭✶✳✻✵✮✱
❛s ♣r❡✈✐♦✉s❧② r❡♠❛r❦❡❞ ❬❱❇✈▲❙✾✻✱ ❙❱❞❩+✾✽✱ ❱❙❇❍✾✾❪✻✱ ❛♥❞ ❛❧s♦ t♦ ❡♥s✉r❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
❢r❛♠❡✇♦r❦ ❞❡t❛✐❧❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s♣❧✐t r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ s✉❜♣r♦❜❧❡♠s ✇❡r❡
❡①❛❝t❧② s♦❧✈❡❞ ❢♦r ❡st✐♠❛t❡s ✭✶✳✽✸✮✲✭✶✳✽✻✮✳

✶✳✷✳✸ ❙♣❧✐tt✐♥❣ ❊rr♦rs ✇✐t❤ ❍✐❣❤ ❙♣❛t✐❛❧ ●r❛❞✐❡♥ts

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s st✉❞② t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❡rr♦r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s
❛r❡ ♥♦t ❛❧✇❛②s ❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡ ♠♦r❡ ♣r❡❝✐s❡❧② s♦♠❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s r❡❧❛t❡❞ t♦ t❤❡ ♠♦❞✲
❡❧✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ♠♦r❡ r✐❣♦r♦✉s st✉❞✐❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛♥ ❡①❛❝t
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦rs ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❉❡s❝♦♠❜❡s ✫ ❙❝❤❛t③♠❛♥
✐♥ ❬❉❙✵✷❛❪ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❧✐❦❡ ✭✶✳✶✮✳ ❖♥❝❡ ❛❣❛✐♥✱ ❡①t❡♥s✐♦♥ t♦ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs
✐s str❛✐❣❤t❢♦r✇❛r❞ ✉s✐♥❣ ❛ ▲✐❡ ♦♣❡r❛t♦r ❢♦r♠❛❧✐s♠ ❛s s❤♦✇♥ ✐♥ ❬❉❉▲+✶✷❪✳ ❚❤❡s❡ r❡s✉❧ts ❧❡❞
t♦ ♠❛♥② ❢✉rt❤❡r ♠❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s ♦♥ s♣❧✐tt✐♥❣ ❡rr♦rs ✭s❡❡✱ ❡✳❣✳✱ ❬❉❚✶✵✱ ❉❚✶✶❪✮✱ ❛♥❞ s✉❝❤ ❛
♣r❡❝✐s❡ ❡rr♦r r❡♣r❡s❡♥t❛t✐♦♥ s❤♦✇❡❞ t♦ ❜❡ ♠❛♥❞❛t♦r② t♦ ❜❡tt❡r ❛♥❛❧②③❡ s♦♠❡ ♣❛rt✐❝✉❧❛r ✐ss✉❡s
❧✐❦❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s s♦❧✈❡❞
❜② s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❬❉❉▲▼✵✼✱ ❉❉▼✶✶✱ ❉❉▲+✶✷❪✳ ■♥ t❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜❡tt❡r ❞❡✲
♣✐❝t s♦♠❡ ♣♦t❡♥t✐❛❧ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✐ss✉❡❞ t❤✐s t✐♠❡ ❢r♦♠ t❤❡ s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r
♦❢ s♦♠❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♠♦❞❡❧❡❞ ❜② t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ ❡✳❣✳✱ ✭✶✳✺✷✮✱ ❛s ♣r❡✈✐♦✉s❧②
r❡♠❛r❦❡❞ ❛♥❞ ❛s ❛♥❛❧②③❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❘❙❖✵✹✱ ❘❙✵✺❛❪✳
▲❡t ✉s r❡❝❛❧❧ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✶✮✱ ❢♦r s♦♠❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs A, B ∈Mm(❘)✱ U0 ∈ ❘m✱
U : ❘→ ❘m✿

dtU +AU +BU = 0, t > 0,

U(0) = U0,

}
✭✶✳✽✼✮

❢♦r ✇❤✐❝❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

U(t) = e−t(A+B)U0, t ≥ 0. ✭✶✳✽✽✮

❚❤❡ ✜rst ♦r❞❡r ▲✐❡ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ s♣❧✐tt✐♥❣ ❢♦r♠✉❧❛❡ ❛r❡ ❣✐✈❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❜②

Lt2U0 = e−tAe−tBU0, ✭✶✳✽✾✮

❛♥❞
St2U0 = e−tA/2e−tBe−tA/2U0. ✭✶✳✾✵✮

■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ✇❛s ♣r♦✈❡❞ ✐♥ ❬❉❙✵✷❛❪ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s ❤♦❧❞✿

Lt2 = e−t(A+B) +

∫ t

0

∫ s

0
e−(t−s)(A+B)e−(s−r)A

(
∂AB

)
e−rAe−sB dr ds, ✭✶✳✾✶✮

✻❚❤❡ s❛♠❡ r❡♠❛r❦ ✐s ✈❛❧✐❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ ❖❉❊s ❬❍▲❘✽✽✱ ❍❲✾✻❪✳
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St2 = e−t(A+B)+

1

4

∫ t

0

∫ s

0
(s− r)e−(t−s)(A+B)e−(s−r)A/2

(
∂2AB

)
e−rA/2e−sBe−sA/2 dr ds

−1

2

∫ t

0

∫ s

0
(s− r)e−(t−s)(A+B)e−sA/2e−rB

(
∂2BA

)
e−(s−r)Be−sA/2 dr ds.

✭✶✳✾✷✮

❚❤❡s❡ ♥❡✇ ❡st✐♠❛t❡s ♣r♦✈✐❞❡ t❤❡♥ ❛♥ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦rs✱ ❝♦♠♣❛r✐♥❣ ✇✐t❤
♣r❡✈✐♦✉s ❡st✐♠❛t❡s ❢♦r Lt2 ✭✶✳✸✵✮ ❛♥❞ St2 ✭✶✳✸✼✮✳ ■t ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❢♦r Lt1 ❛♥❞ St1✳
■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s♣❛❝❡ ♠✉❧t✐✲s♣❛❝❡ ♣❤❡♥♦♠❡♥❛ ❣✐✈❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ❤✐❣❤
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ P❉❊s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞ s❝❛❧❛r r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠ ❝♦♠✐♥❣ ❢r♦♠ ✭✶✳✺✸✮✱ ✇✐t❤ m = 1 ❛♥❞ d = 1✿

∂tu− ∂2xu+ V (x)u = 0 x ∈ ❘, t > 0,

u(x, 0) = u0(x) x ∈ ❘,

}
✭✶✳✾✸✮

✇❤❡r❡ V : ❘ → ❘ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss C∞(❘) ✇✐t❤ ❛❧❧
❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s✱ ❛♥❞ t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s♠♦♦t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0 ✐s
❛ss✉♠❡❞ t♦ ❜❡ ✈❡r② ❤✐❣❤✳ ❙✐♠✐❧❛r s②st❡♠s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❉❉▲▼✵✼✱ ❉❉▼✶✶✱ ❉❉▲+✶✷❪
✇❤❡r❡ ✐♥ ♣❛rt✐❝✉❧❛r V ❝❛♥ ❜❡ s❡❡♥ ❛s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧✐♥❡❛r✐③✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧❛r
r❡❛❝t✐♦♥ t❡r♠ f(u) ✐♥ ✭✶✳✺✸✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r A ✐♥ ✭✶✳✽✼✮ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② V ❛♥❞ t❤❛t B = −∂2x ✭♠✐♥✉s t❤❡ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t
t♦ x ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✮✱ t❤❡✐r ❝♦♠♠✉t❛t♦r ✭✶✳✷✶✮ ✐s ❣✐✈❡♥ ❜②

∂AB = [A,B] = (∂2xV ) + 2(∂xV )∂x. ✭✶✳✾✹✮

■❢ ✇❡ ♥♦✇ ❞❡✜♥❡
EtL2

= et(∂
2
x−V ) − e−tV et∂

2
x , ✭✶✳✾✺✮

❛♥❞ ❝♦♥s✐❞❡r ✭✶✳✾✶✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ Lt2 s❝❤❡♠❡ ❢♦r s②st❡♠
✭✶✳✾✸✮ ❛s

EtL2
u0 = −

∫ t

0

∫ s

0
e−(t−s)(∂2x−V )e−(s−r)V

(
∂AB

)
e−rV es∂

2
xu0 dr ds, ✭✶✳✾✻✮

✇✐t❤ ❝♦♠♠✉t❛t♦r ∂AB ❣✐✈❡♥ ❜② ✭✶✳✾✹✮✳ ❚❛❦✐♥❣ ♥♦r♠s✱ ✇❡ ❤❛✈❡ t❤❛t ✐♥ L2(❘)✿

∥∥EtL2
u0
∥∥
L2 ≤

∫ t

0

∫ s

0

∥∥∥e−(t−s)(∂2x−V )e−(s−r)V
(
∂AB

)
e−rV es∂

2
xu0

∥∥∥
L2

dr ds

≤
∫ t

0

∫ s

0

∥∥∥
(
∂AB

)
e−rV es∂

2
xu0

∥∥∥
L2

dr ds. ✭✶✳✾✼✮

❙✐♥❝❡
(
∂AB

)
e−rV es∂

2
xu0 = (∂2xV )e−rV es∂

2
xu0 + 2(∂xV )∂x

(
e−rV es∂

2
xu0

)

= (∂2xV )e−rV es∂
2
xu0 − 2(∂xV )r(∂xV )e−rV es∂

2
xu0

+2(∂xV )e−rV ∂x

(
es∂

2
xu0

)

= (∂2xV )e−rV es∂
2
xu0 − 2(∂xV )r(∂xV )e−rV es∂

2
xu0

+2(∂xV )e−rV es∂
2
x∂xu0, ✭✶✳✾✽✮
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t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ✭✶✳✾✼✮ ②✐❡❧❞s

∥∥EtL2
u0
∥∥
L2 ≤

(
t2

2
‖∂2xV ‖∞ +

t3

3
‖∂xV ‖2∞

)
‖u0‖L2 + t2‖∂xV ‖∞‖∂xu0‖L2 . ✭✶✳✾✾✮

◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t t❤❡ L2✲♥♦r♠ ♦❢ ∂xu0 ✐s ✈❡r② ❤✐❣❤✱ t❤❡r❡❢♦r❡ t❤❡ ❧❛tt❡r
❡rr♦r ❜♦✉♥❞ ✐s ♦♥❧② ✐♥t❡r❡st✐♥❣ ✐❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ t ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ■t ✐s t❤❡♥
s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t ✐♥ t❤✐s st✐✛ ❝♦♥✜❣✉r❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛❧t❡r♥❛t✐✈❡ ❡rr♦r ❡st✐♠❛t❡s ✇❤✐❝❤ ❞♦ ♥♦t
✐♥✈♦❧✈❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❬❉❉▲▼✵✼❪✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t ♦❢
t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✇❡ ❝❛♥ ❞❡♠♦♥str❛t❡ t❤r♦✉❣❤ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r✱ t❤❛t
❢♦r ❛❧❧ u0 ∈ L2 ❛♥❞ ❢♦r t > 0✿

‖∂xet∂
2
xu0‖L2 ≤ 1√

2et
‖u0‖L2 . ✭✶✳✶✵✵✮

❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t
(
∂AB

)
e−rV es∂

2
xu0 = (∂2xV )e−rV es∂

2
xu0 − 2(∂xV )r(∂xV )e−rV es∂

2
xu0

+2(∂xV )e−rV ∂x

(
es∂

2
xu0

)
, ✭✶✳✶✵✶✮

✐♥t♦ ✭✶✳✾✼✮✱ ✐ts ✐♥t❡❣r❛t✐♦♥ ♥♦✇ ②✐❡❧❞s

∥∥EtL2
u0
∥∥
L2 ≤

(
4

3
t
√
t
‖∂xV ‖∞√

2e
+
t2

2
‖∂2xV ‖∞ +

t3

3
‖∂xV ‖2∞

)
‖u0‖L2 . ✭✶✳✶✵✷✮

❆♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ✐s t❤✉s s❤♦✇♥ t♦ ❛♣♣❡❛r ✐♥ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ❬❉❉▲▼✵✼❪✳ ❙✐♠✐❧❛r
❝♦♥❝❧✉s✐♦♥s ❛r❡ ❞r❛✇♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ Lt1✲▲✐❡ s❝❤❡♠❡✱ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t❡s
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❉❉▼✶✶❪✳ ❊st✐♠❛t❡s ✭✶✳✾✾✮ ❛♥❞ ✭✶✳✶✵✷✮ ❞❡s❝r✐❜❡ t❤❡♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧♦❝❛❧
❡rr♦rs✱ ❛♥❞ ✇❡ s❡❡ t❤❛t ❢♦r t > 0✿

∥∥EtL2
u0
∥∥
L2 ∝

(
‖∂xu0‖L2t2, ‖u0‖L2t1.5

)
. ✭✶✳✶✵✸✮

❚❤❡ ✜rst t❡r♠ ✐s ♠♦r❡ r❡❧❡✈❛♥t ✇❤❡♥ t ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❤❡♥ t ✐s
♥♦t s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ ‖∂xu0‖L2 ✐s ✈❡r② ❤✐❣❤✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t θ > 0
s✉❝❤ t❤❛t ❢♦r t ≤ θ✱ ‖EtL2

u0‖L2 ❜❡❤❛✈❡s ❧✐❦❡ t2 ❛♥❞ ❢♦r t ≥ θ✱ ‖EtL2
u0‖L2 ❜❡❤❛✈❡s ❧✐❦❡ t1.5

❬❉❉▲▼✵✼✱ ❉❉▼✶✶✱ ❉❉▲+✶✷❪✳
■♥ t❤❡ s❛♠❡ ✇❛②✱ ❞❡✜♥✐♥❣ ❢♦r t❤❡ St2✲❙tr❛♥❣ s❝❤❡♠❡

EtS2
= et(∂

2
x−V ) − e−tV/2et∂

2
xe−tV/2, ✭✶✳✶✵✹✮

❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ✭✶✳✾✷✮✱ ✇❡ ❝❛♥ ❛❧s♦ ✇r✐t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ St2 s❝❤❡♠❡ ❢♦r
s②st❡♠ ✭✶✳✾✸✮✳ ❆♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡ ♦♥❝❡ ❛❣❛✐♥ ❞❡t❡❝t❡❞ ❛♥❞ ❡st✐♠❛t❡❞ ❢♦r t❤❡s❡ st✐✛
❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❬❉❉▼✶✶❪✱ t❤❛t ✜♥❛❧❧② ②✐❡❧❞

∥∥EtS2
u0
∥∥
L2 ∝

(
‖∂xu0‖L2t3, ‖u0‖L2t2

)
, ✭✶✳✶✵✺✮

s♦ t❤❛t t❤❡ ❧♦❝❛❧ ❡rr♦r ‖EtS2
u0‖L2 ❜❡❤❛✈❡s ❡✐t❤❡r ❧✐❦❡ t3 ❢♦r s♠❛❧❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♦r ❧✐❦❡ t2

✇✐t❤ ❛ ❝♦♥s❡q✉❡♥t ♦r❞❡r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳
■t ❝❛♥ t❤✉s ❜❡ s❡❡♥ t❤r♦✉❣❤ t❤❡s❡ t❤❡♦r❡t✐❝❛❧ ✐❧❧✉str❛t✐♦♥s t❤❛t ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ♠❛② ❛r✐s❡
❢♦r ❜♦t❤ ▲✐❡ ❛♥❞ ❙tr❛♥❣ s❝❤❡♠❡s ✇❤❡♥❡✈❡r t❤❡ s♦❧✉t✐♦♥ ❢❡❛t✉r❡s ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❛ ❧✐♥❡❛r s♦✉r❝❡ t❡r♠ ✐♥ ✭✶✳✾✸✮ ❤❛✈❡ ❥✉st ❛❧❧♦✇❡❞ ✉s t♦ s✐♠♣❧✐❢② t❤❡
❝♦♠♣✉t❛t✐♦♥s ❛♥❞ t♦ ❜❡tt❡r t❛r❣❡t t❤❡ ❛♥❛❧②s✐s ♦♥ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ♦♥ t❤❡
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s♦❧✉t✐♦♥✳ ❚❤❡s❡ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ✇❡r❡ ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤ s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts ♣r❡s❡♥t❡❞
✐♥ ❬❉❉▲▼✵✼✱ ❉❉▼✶✶✱ ❉❉▲+✶✷❪ ❢♦r st✐✛ ♣r♦❜❧❡♠s ❝♦♠✐♥❣ ❢r♦♠ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❡♥✈✐s✐♦♥❡❞ ✐♥ t❤✐s ✇♦r❦ s♦♠❡ ♦❢ t❤❡♠
❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥ts ✇✐t❤ ♣♦t❡♥t✐❛❧❧② st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✱ ❛♥ ✐♥✢✉❡♥❝❡ ♦❢
t❤❡ ❢♦r♠❡rs ♠❛② ❜❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❛❝❝✉r❛❝② ♦r❞❡r ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛♥
♦r❞❡r r❡❞✉❝t✐♦♥ ✇✐❧❧ ❧✐❦❡❧② ❛r✐s❡ ❢♦r ❜♦t❤ ▲✐❡ ❛♥❞ ❙tr❛♥❣ ❢♦r♠✉❧❛❡ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ∆t✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡s❡ st✉❞✐❡s ❝♦♥✜r♠s
t❤❛t ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❛r❡ st✐❧❧ s❡t ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣
❡✈❡♥ ❢♦r t❤✐s t②♣❡ ♦❢ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❤❡r❡❛s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ♠♦r❡ ♣r❡❝✐s❡ t❤❡♦r❡t✐❝❛❧
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❢♦r ♥♦♥ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ✇❛s ❛❝❤✐❡✈❡❞✳ ❋✐♥❛❧❧②✱ ❛s ✐♥
t❤❡ ♣r❡✈✐♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s✱ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♣r❛❝t✐❝❡ s❤♦✉❧❞
s♦❧✈❡ ❝♦rr❡❝t❧② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♣❡r❛t♦r✳ ❋♦r ✐♥st❛♥❝❡✱ ❘♦♣♣ ✫ ❙❤❛❞✐❞
s❤♦✇❡❞ ✐♥ ❬❘❙✵✺❛✱ ❘❙✵✾❪ t❤❛t ❜❡tt❡r r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ✉s✐♥❣ ❛♥ L✲st❛❜❧❡ ♠❡t❤♦❞ ❢♦r
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ✐♥✱ r❡s♣❡❝t✐✈❡❧②✱ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲
❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s✼✳

✼❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r t❤❛t L✲st❛❜✐❧✐t② ❛❧❧♦✇s ✉s t♦ r❛♣✐❞❧② ❞❛♠♣ ♦✉t ❢❛st ♥✉♠❡r✐❝❛❧ tr❛♥s✐❡♥ts
❛ss♦❝✐❛t❡❞ ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇✐t❤ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ♦r ✇❛✈❡ ♥✉♠❜❡rs ❛r✐s✐♥❣ ✇❤❡♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ▲❛♣❧❛❝✐❛♥
♦♣❡r❛t♦r ✐s ❛♣♣❧✐❡❞ t♦ ❛ ❣✐✈❡♥ s♦❧✉t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❬❍❲✾✻✱ ❍❱✵✸❪✮✳



❈❤❛♣t❡r ✷

❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ❢♦r ❚✐♠❡

■♥t❡❣r❛t✐♦♥ ♦❢ ❙t✐✛ ❖❉❊s

■♥ t❤❡ ❧❛st ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✜rst ❝♦♥s✐❞❡r❡❞ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r
s②st❡♠s ♦❢ ❖❉❊s ♦❢ t②♣❡ ✭✶✳✶✮✱ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧
❡rr♦rs ♦❢ s✉❝❤ ♠❡t❤♦❞s✳ ❆ ❢♦r♠❛❧ ❡①t❡♥s✐♦♥ t♦ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r s②st❡♠s ✇❛s ❛❧s♦ ❞❡t❛✐❧❡❞
❜② ♠❡❛♥s ♦❢ t❤❡ ▲✐❡ ♦♣❡r❛t♦r ❢♦r♠❛❧✐s♠✳ ❲❡ ❤❛✈❡ t❤❡♥ ❞✐s❝✉ss❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❜②
s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ♦❢ st✐✛ P❉❊s ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❧✐❦❡ ✭✶✳✺✷✮✱ ♠♦❞❡❧✐♥❣ ♣♦t❡♥t✐❛❧❧②
♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ❆ t❤❡♦r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ✇❛s t❤✉s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❤❛s ✐♥tr♦❞✉❝❡❞ ❛ ❢❡✇
❝r✐t❡r✐❛ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✱ ❡✈❡♥ ❢♦r ♠♦r❡ ❝♦♠♣❧❡① P❉❊s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❧❛tt❡r st✉❞✐❡s
❤❛✈❡ ❧❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✐ss✉❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ P❉❊s✱ ✇❡
❤❛✈❡ ♥♦t ❣✐✈❡♥ ❛♥② ❞❡t❛✐❧ ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s✳ ❆❝t✉❛❧❧②✱ t❤r♦✉❣❤♦✉t ❛❧❧
t❤❡s❡ ❛♥❛❧②s❡s ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s✉❜s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s ✇❡r❡ ❡①❛❝t❧② s♦❧✈❡❞ ✐♥ ♦r❞❡r
t♦ ❝❤❛r❛❝t❡r✐③❡ ♦♥❧② ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❤❛✈❡
♥♦t ❝♦♥s✐❞❡r❡❞ ②❡t ❡✐t❤❡r t❤❡ t✐♠❡ ♦r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥s✱ ♦r t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢
t❤❡ ❛ss♦❝✐❛t❡❞ s✉❜♣r♦❜❧❡♠s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ ❡①♣❡❝t t❤❛t t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧
❢❡❛t✉r❡s ♦❢ t❤❡s❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s t❤❛t ✐♥✢✉❡♥❝❡ t❤❡ s♣❧✐tt✐♥❣ ❛❝❝✉r❛❝②✱ ✇✐❧❧ ❛❧s♦ ❜❡ ♣r❡s❡♥t
❞✉r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s♣❧✐t s✉❜♣r♦❜❧❡♠✳
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✇❡ ❛✐♠ ❛t s♦❧✈✐♥❣ ✐♥❞❡♣❡♥❞❡♥t❧②
❛♥❞ s✉❝❝❡ss✐✈❡❧② ❞✐✛❡r❡♥t t✐♠❡ ❞❡♣❡♥❞❡♥t s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♠♠❡❞✐❛t❡❧②
♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❍❡♥❝❡✱ s❡✈❡r❛❧ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠s ♦r ❈❛✉❝❤② ♣r♦❜❧❡♠s ❢♦r
P❉❊s ❛r❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤✐♥ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧
❢♦❝✉s ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ♦♥❡✲st❡♣ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❝♦♥tr❛r✐❧② t♦ ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞s✱ ❞♦
♥♦t r❡q✉✐r❡ ✐♥✐t✐❛❧ ❧♦✇❡r ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s t♦ ❜✉✐❧❞ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ✐♥✐t✐❛❧
✈❛❧✉❡ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇❛②✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✜rst ❝❤❛r❛❝t❡r✐③❡ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊s ✐ss✉❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠s t♦ t❤❡♥ ❞❡s❝r✐❜❡
s♦♠❡ ♦♥❡✲st❡♣ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s t❤❛t ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣❛st ②❡❛rs t♦ ❡✣❝✐❡♥t❧② ❝♦♣❡
✇✐t❤ t❤❡s❡ ♠❛tt❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ ✐♠♣❧✐❝✐t ❛♥❞ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲
❑✉tt❛ s❝❤❡♠❡s t❤❛t ❤❛✈❡ s❤♦✇♥ t♦ ❜❡ ✈❡r② ❡✣❝✐❡♥t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱
r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ ❛s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ♣r♦♣❡r s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ♦❢ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
s♦❧✈❡rs ❢♦r t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s ✐ss✉❡❞ ❢r♦♠ ❛ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s✱ ❛♥
❡①❤❛✉st✐✈❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ s②st❡♠s ♦❢
❖❉❊s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ❍❛✐r❡r ✫ ❲❛♥♥❡r ❬❍❲✾✻❪✳



❙❡❝t✳ ✷✳✶ ✲ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❙t✐❢❢♥❡ss ✸✸

✷✳✶ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❙t✐✛♥❡ss

▲❡t ✉s ❝♦♥s✐❞❡r ❢♦r t > 0✱ t❤❡ s❝❛❧❛r ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✿

dtu = f(t, u(t)),

u(0) = u0,

}
✭✷✳✶✮

✇✐t❤ s♦♠❡ u0 ∈ ❘ ❛♥❞ u : ❘ → ❘✱ f : ❘ × ❘ → ❘✳ ❲❡ ❛✐♠ ❛t ♦❜t❛✐♥✐♥❣ ❛ ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥ un ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u(tn) ♦❢ ✭✷✳✶✮ ❢♦r ❛ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❣✐✈❡♥ ❜② t0 =
0 < t1 < . . . < tn < . . .✱ ❛♥❞ n = 0, 1, . . .✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❛ss✉♠❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❛t ✭✷✳✶✮ ✐s ❛ st✐✛ ♣r♦❜❧❡♠
❢♦r ✇❤✐❝❤ ❛ ♣r❡❝✐s❡ ❛♥❞ s✐♠♣❧❡ ♥♦t✐♦♥ ♦❢ st✐✛♥❡ss ✐s ❣✐✈❡♥ ✐♥ ❬❍❲✾✻❪✿

✏❙t✐✛ ❡q✉❛t✐♦♥s ❛r❡ ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ ❡①♣❧✐❝✐t ♠❡t❤♦❞s ❞♦♥✬t ✇♦r❦✳✑

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ ✇✐❧❧ ✜rst ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ❛t s♦♠❡ t1 = t0 + δt

u(δt) = u0 +

∫ t0+δt

t0

f(t, u(t)) dt, ✭✷✳✷✮

❜②
u1 = u0 + δtf(t0, u0), ✭✷✳✸✮

✇❤✐❝❤ ✐♠♣❧✐❡s ❛♥ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✮ ❛♥❞ ✐t ✐s ❦♥♦✇♥ ❛s t❤❡ ❡①♣❧✐❝✐t
❊✉❧❡r ♠❡t❤♦❞✱ ✇❤❡r❡ δt ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡
t❤❛t t❤✐s ✐s ❛ ✜rst ♦r❞❡r ♠❡t❤♦❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✻✮✳
❚❛❦✐♥❣ ❛ ✈❡r② s✐♠♣❧❡ ❝❛s❡ ❢♦r ✭✷✳✶✮✱ ❣✐✈❡♥ ❜②

dtu = −100u,

u(0) = u0,

}
✭✷✳✹✮

✇✐t❤ ❡①❛❝t s♦❧✉t✐♦♥ u(δt) = e−100 δtu0 ❛t t1 = δt✳ ❲❡ ❤❛✈❡ t❤❛t u1 ❝♦♠♣✉t❡❞ ❜② ✭✷✳✸✮ ✐s ❣✐✈❡♥
❜②

u1 = u0 − 100 δtu0. ✭✷✳✺✮

■❢ ✇❡ s❡t✱ ❢♦r ✐♥st❛♥❝❡✱ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0 = 1✱ ❛♥❞ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ t✐♠❡ st❡♣ ♦❢ δt = 0.5
❝♦♠♣❛r❡❞ ✇✐t❤ 100✱ t❤❡ ❡①❛❝t ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❣✐✈❡✱ r❡s♣❡❝t✐✈❡❧②✱ u(0.5) = e−50 ≈ 1.9×
10−22 ❛♥❞ u1 = −49✳ ❆♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r ❛♥♦t❤❡r t✐♠❡ st❡♣ δt✿ u(1) = e−100 ≈ 3.7 × 10−44

❛♥❞ u2 = 2401✳ ■t ❢♦❧❧♦✇s t❤❡♥ t❤❛t t❤❡ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❣✐✈❡♥ ❜② ✭✷✳✸✮ ✐s ♥♦t
❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ t❤❡ r✐❣❤t ❞②♥❛♠✐❝s ❣✐✈❡♥ ❜② t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤✐s
s♦❧✉t✐♦♥ ♠♦❞❡❧s ❛ r❛♣✐❞ tr❛♥s✐t✐♦♥ ❢r♦♠ u0 t♦✇❛r❞s ❛ ✜♥❛❧ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡✱ ✇❡ ❝❛♥ ❡❛s✐❧②
✐❞❡♥t✐❢② t❤❡ ❛ss♦❝✐❛t❡❞ t✐♠❡ s❝❛❧❡ τ = 1/100 = 0.01 ♦❢ t❤❡ tr❛♥s✐❡♥t ♣❤❛s❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡
❝❛♥ ❡①♣❡❝t t❤❛t ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣s δt ♦❢ t❤❡ ♦r❞❡r ♦r s♠❛❧❧❡r t❤❛♥ τ ✇✐❧❧ ❜❡ ❝❛♣❛❜❧❡ t♦ tr❛❝❦
t❤❡ r✐❣❤t ❞②♥❛♠✐❝s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r δt = 0.001✱ ✇❡ ❤❛✈❡ u(0.001) = e−0.1 ≈ 0.904837418
❛♥❞ u1 = 0.9✱ ❛♥❞ u(0.002) = e−0.2 ≈ 0.818730753 ❛♥❞ u2 = 0.81✳ ❚❤❡s❡ r❛♣✐❞ ✈❛r✐❛t✐♦♥s
♦r tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢❛st s❝❛❧❡s ❛r❡ t②♣✐❝❛❧ ♦❢ st✐✛ ❡q✉❛t✐♦♥s✱ ❜✉t t❤❡② ❛r❡ ♥❡✐t❤❡r
s✉✣❝✐❡♥t ♥♦r ♥❡❝❡ss❛r② t♦ q✉❛❧✐❢② t❤❡♠ ❛s st✐✛✳ ❆❝t✉❛❧❧②✱ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0 ❝❧♦s❡ ❡♥♦✉❣❤
t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ♥♦t ❞❡✈❡❧♦♣ s✉❝❤ ❢❛st tr❛♥s✐❡♥ts✱ ❛♥❞ t❤✉s st✐✛
❢❡❛t✉r❡s ♠❛② ♥♦t ❜❡ ♦❜s❡r✈❡❞✳
❆s ❛ ✜rst ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❛♥ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ t♦ s♦❧✈❡ ✭✷✳✹✮
✇✐❧❧ ❣❡♥❡r❛❧❧② ❢❛✐❧ t♦ ❛♣♣r♦❛❝❤ t❤❡ r✐❣❤t ❞②♥❛♠✐❝s✱ ✉♥❧❡ss ✇❡ ❝♦♥s✐❞❡r ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣s



❙❡❝t✳ ✷✳✶ ✲ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❙t✐❢❢♥❡ss ✸✹

s♠❛❧❧❡r t❤❛♥ t❤❡ t✐♠❡ s❝❛❧❡s ❞✐s❝❧♦s❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s✳ ❚❤✐s ♠❛② s❡❡♠ ♥❛t✉r❛❧✳ ◆❡✈❡rt❤❡❧❡ss✱
✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦✉♥t❡r✲♣❛rt ♦❢ ✭✷✳✸✮✱ ✐✳❡✳✱ ❛♥ ✐♠♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞✱ ❛❧s♦ ♦❢ ♦r❞❡r ✶✿

u1 = u0 + δtf(t1, u1), ✭✷✳✻✮

❛♥❞ t❤❡ ♣r❡✈✐♦✉s δt = 0.5✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s u1 = 0.019607843 ❛♥❞
u2 = 0.000384468✳ ❚❤❡r❡❢♦r❡✱ ❛❧t❤♦✉❣❤ s♦❧✉t✐♦♥s ❛r❡ ♥♦t q✉✐t❡ ❛❝❝✉r❛t❡✱ t❤❡② s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡
t♦✇❛r❞s t❤❡ r✐❣❤t s♦❧✉t✐♦♥ ✇✐t❤ ❛ t✐♠❡ st❡♣ s❡✈❡r❛❧ t✐♠❡s t❤❡ ❛ss♦❝✐❛t❡❞ t✐♠❡ s❝❛❧❡✳ ❆s ❛ s❡❝♦♥❞
❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❝❛♥ t❤❡♥ ❛❞❞ t❤❛t ❜♦t❤ ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t s❝❤❡♠❡s ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✱
❛♥❞ ✇♦✉❧❞ t❤❡r❡❢♦r❡ ②✐❡❧❞ r❡s✉❧ts ♦❢ t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ t✐♠❡ st❡♣s✳ ❋r♦♠
❛ t✐♠❡ st❡♣ ❧❛r❣❡r t❤❛♥ ❛ ❣✐✈❡♥ ✈❛❧✉❡✱ t❤❡ ❡①♣❧✐❝✐t ♠❡t❤♦❞ ✇✐❧❧ ♥♦t ❞❡❧✐✈❡r ❛♥② ✈❛❧✐❞ r❡s✉❧t✳

✷✳✶✳✶ ❙♦♠❡ ❚②♣✐❝❛❧ ❙t✐✛ ❈♦♥✜❣✉r❛t✐♦♥s

■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r s②st❡♠

dtU = F (U) ✭✷✳✼✮

✇✐t❤ U : ❘→ ❘m✱ F : ❘m → ❘m ❛♥❞ ❞❡✜♥❡ ❛ s♦❧✉t✐♦♥ ϕ(t) ∈ ❘m s✉❝❤ t❤❛t dtϕ(t) = F (ϕ(t))✱
✇❡ ❝❛♥ ❧✐♥❡❛r✐③❡ F ✐♥ ✐ts ♥❡✐❣❤❜♦r❤♦♦❞✿

dtU = F (ϕ(t)) + ∂UF (ϕ(t)) (U(t)− ϕ(t)) +O
(
(U(t)− ϕ(t))2

)
, ✭✷✳✽✮

t♦ ♦❜t❛✐♥
dtU = JU, ✭✷✳✾✮

✇❤❡r❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ✐♥ U(t) := U(t)−ϕ(t) ❛r❡ ♥❡❣❧❡❝t❡❞✱ ❛♥❞ ✇✐t❤ t❤❡ ❏❛❝♦❜✐❛♥✿ J(U) =
∂UF (U)✳ ❙✉♣♣♦s✐♥❣ ❛ ❝♦♥st❛♥t ❏❛❝♦❜✐❛♥ t❤❛t ✐s ♠♦r❡♦✈❡r ❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ i✲t❤
❝♦♠♣♦♥❡♥t u(i)(t) ♦❢ U(t)✱ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✾✮✱ ❛s

u(i)(t) =
m∑

i=1

cie
λitu

(i)
0 , ✭✷✳✶✵✮

❢♦r s♦♠❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ U0 ∈ ❘m ❛♥❞ ❝♦♥st❛♥ts ci✱ ✇❤❡r❡ t❤❡ λi ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ J ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s♦❧✉t✐♦♥s u(i)(t) ♦❢ ✭✷✳✾✮ ❛r❡
❝❧❡❛r❧② r❡♣r♦❞✉❝❡❞ ❜② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢

(
eλitu

(i)
0

)
i=1,2,...,m

, ✭✷✳✶✶✮

t❤❛t ✐s✱ s♦❧✉t✐♦♥s ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✷✳✹✮✱ ❛♥❞ t❤✉s t❤❡ ❧❛tt❡r
s✐♠♣❧❡r ❝❛s❡ ♠✐♠✐❝s s♦♠❡❤♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✳ ❲❡ ❝❛♥ t❤❡♥
❡①♣❡❝t t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❢♦r ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✱ ❞❡♣❡♥❞✐♥❣ ✐♥
t❤✐s ❝❛s❡ ♦♥ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ J ❛♥❞ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s u(i)0 ✱ i = 1, 2, . . . ,m✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ ✭✷✳✼✮ ✐s ❛ st✐✛ s②st❡♠ ♦❢ ❖❉❊s✱ t❤❡♥ ✐t ✐s ✈❡r② ❧✐❦❡❧② t❤❛t s♦♠❡ λi ✇✐t❤
❧❛r❣❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rt Reλi ≤ 0✱ ✇✐❧❧ t❛❦❡ ❛ ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ t❤❡ tr❛♥s✐❡♥t ♣❤❛s❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✱
✇❤❡♥❡✈❡r t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ✇❤❡r❡ t❤❡ ❢❛st
s❝❛❧❡s ❛r❡ ❛❧r❡❛❞② r❡❧❛①❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦t ♦♥❧② ❧❛r❣❡ ❡✐❣❡♥✈❛❧✉❡s ✇✐❧❧ ❣❡♥❡r❛t❡ t❤❡ ❢❛st ✈❛r✐❛✲
t✐♦♥s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ ❜✉t ❛❧s♦ ❛♥ ✐♠♣♦rt❛♥t ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥ t❤❡ s♣❡❝tr✉♠
♦❢ J ✇✐❧❧ ❝❡rt❛✐♥❧② ✐♥❞✉❝❡ ♠✉❧t✐✲s❝❛❧❡ ❞②♥❛♠✐❝s ✐ss✉❡❞ ❢r♦♠ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✈❛r✐♦✉s
t✐♠❡ s❝❛❧❡s ✭♦r ❡✐❣❡♥✈❛❧✉❡s✮ ✐♥❝❧✉❞❡❞ ✐♥ ✭✷✳✶✵✮✳ ❚❤✐s ✐s ❛ t②♣✐❝❛❧ s✐t✉❛t✐♦♥ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s②st❡♠s ♠♦❞❡❧✐♥❣ ❛ s❡t ♦❢ r❡❛❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t r❡❛❝t✐♦♥ s❝❛❧❡s✱



❙❡❝t✳ ✷✳✶ ✲ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❙t✐❢❢♥❡ss ✸✺

❛♥❞ ❤❡♥❝❡ t✐♠❡ s❝❛❧❡s ❢♦r ✇❤✐❝❤ ❢❛st ♣r♦❥❡❝t✐♦♥ ♦❢ s♦♠❡ s♣❡❝✐❡s ♦♥t♦ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞s ❛r❡
✉s✉❛❧❧② ❞❡✈❡❧♦♣❡❞ ✭s❡❡✱ ❡✳❣✳✱ ❬▼P✾✷❪✮✳ ❚❤❡s❡ s②st❡♠s ❛r❡ ✉s✉❛❧❧② ✈❡r② st✐✛ ❛♥❞ ♠♦r❡♦✈❡r✱ t❤❡
st✐✛♥❡ss ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ ❞❡t❛✐❧ ♦❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✳
❆♥♦t❤❡r ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ st✐✛ ♣r♦❜❧❡♠✱ ✇❤❡r❡ st✐✛♥❡ss ✐s ♥♦t ♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❢❛st ✈❛r✐❛❜❧❡s✱ ✐s ❣✐✈❡♥ ❜② t❤❡ s②st❡♠✿

dtU = AU, ✭✷✳✶✷✮

✇✐t❤ U : ❘→ ❘m✱ A ∈Mm(❘)✿

A =
1

∆x2




−1 1
1 −2 1

1 −2 1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

1 −2 1
1 −1




✭✷✳✶✸✮

❛♥❞ ∆x = 1/(Nx + 1)✱ ✐ss✉❡❞ ❢r♦♠ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ ❛ ❣r✐❞ ♦❢ Nx = m ♣♦✐♥ts ✇✐t❤
s❡❝♦♥❞ ♦r❞❡r ❝❡♥t❡r❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✿

∂tu− ∂2xu = 0, ✭✷✳✶✹✮

❢♦r x ∈ [0, 1] ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s✳
❆s ♣r❡✈✐♦✉s❧② s❡❡♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✹✮ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ✐s ❣✐✈❡♥ ❜②

u(x, t) = et∂
2
xu0(x), ✭✷✳✶✺✮

❢♦r s♦♠❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0(x)✱ ✇❤❡r❡ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr✉♠ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✐s
❣✐✈❡♥ ❜② t❤❡ ✇❤♦❧❡ s❡t ♦❢ ♥✉♠❜❡rs ✐♥ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s✳ ❋✉rt❤❡r♠♦r❡✱ ♣❡r❢♦r♠✐♥❣ ❛ ❋♦✉r✐❡r
tr❛♥s❢♦r♠ ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥

f̂(k) = F(f) :=
∫ ∞

−∞
e−ikxf(x) dx, ✭✷✳✶✻✮

♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✭✷✳✶✹✮ ②✐❡❧❞s ❛s s♦❧✉t✐♦♥✿

û(k, t) = e−k
2tû0(k). ✭✷✳✶✼✮

❍❡♥❝❡✱ ❛ str♦♥❣ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝✐❡s ❣✐✈❡♥ ❜② t❤❡ ❢r❡q✉❡♥❝② ♣❛r❛♠❡t❡r✶ k ✇✐❧❧
❛r✐s❡ ❛♥❞ ✇✐❧❧ s♠♦♦t❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ✐s t②♣✐❝❛❧ ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤❡
❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡❛r ❝❛s❡ ✭✷✳✹✮ ❝❛♥ ❜❡ t❤❡♥ ❡st❛❜❧✐s❤❡❞ ❜② t❤✐s ❛♥❛❧②s✐s ❢♦r ✇❤✐❝❤
✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢r❡q✉❡♥❝② ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0✱ ✇✐❧❧ ♦r ✇✐❧❧
♥♦t ❛❝t✐✈❛t❡ t❤❡s❡ ❢❛st ❞❡❝❛②s✱ s✐♠✐❧❛r t♦ ✭✷✳✹✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② r❡❧❛t❡ t❤❡
st✐✛♥❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✶✹✮ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤✐❣❤ ❣r❛❞✐❡♥ts ♦r ❞✐s❝♦♥t✐♥✉✐t✐❡s
✐♥ x ✐♥ u0(x)✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡①tr❡♠❡ ❝❛s❡ ❢♦r ✇❤✐❝❤ u0(x) = δ(x)✱ ✐✳❡✳✱ t❤❡
❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥✱ ❛❧❧ t❤❡ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠ ✇✐❧❧ ❛♣♣❡❛r ♦♥ ✭✷✳✶✼✮ ✇✐t❤ ❢❛st ❞❡❝❛②s✱ s✐♥❝❡
û0(k) = 1✳
❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✷✳✶✷✮ ✇❤✐❝❤ ✐s t❤❡ ♦♥❡ t❤❛t ✇✐❧❧ ❜❡ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡✲
❣r❛t❡❞✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t t❤❡ ❞✐s❝r❡t✐③❡❞ ❝♦✉♥t❡r✲♣❛rt ♠✐♠✐❝s t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✳
❚❤✐s ✐s r❡✢❡❝t❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♠❛tr✐① A✿

λj = −
4

∆x2
sin2

(
πj∆x

2

)
, j = 1, . . . , Nx, ✭✷✳✶✽✮

✶❆❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✇❛✈❡ ♥✉♠❜❡r✳



❙❡❝t✳ ✷✳✷ ✲ ❘✉♥❣❡✲❑✉tt❛ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s ✸✻

♦r ❛❧t❡r♥❛t✐✈❡❧②✱

λj = −4(Nx + 1)2 sin2
(

πj

2(Nx + 1)

)
, j = 1, . . . , Nx, ✭✷✳✶✾✮

❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥❝r❡❛s✐♥❣ q✉❛❞r❛t✐❝❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r
♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts Nx ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❞✐s♣❡rs✐♦♥ ❜❡t✇❡❡♥ −4(Nx + 1)2 ❛♥❞ 0✱ ✇❤✐❝❤
❡①♣❧❛✐♥s t❤❡ s♣✉r✐♦✉s ♣❛tt❡r♥s ❢♦✉♥❞ ✐♥ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠
✭s❡❡ s♦♠❡ ✐❧❧✉str❛t✐♦♥s ✐♥❬❍❲✾✻❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ t❤❛t ✜♥❡r ❞✐s❝r❡t✐③❛t✐♦♥s t❤❛t ✐♥tr♦❞✉❝❡
♥❛t✉r❛❧❧② ♠♦r❡ r❡s♦❧✉t✐♦♥ s❝❛❧❡s✱ r❡s✉❧t ❛❧s♦ ✐♥ ❜r♦❛❞❡r s♣❡❝tr❛ t♦ r❡♣r❡s❡♥t t❤❡♠✳ ❖♥❝❡ ❛❣❛✐♥✱
t❤❡s❡ ❧❛r❣❡ ❡✐❣❡♥✈❛❧✉❡s ✇✐❧❧ ❛r✐s❡ ✐♥ t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❙t✐✛❡r ❜❡❤❛✈✐♦r ✇✐❧❧ t❤❡♥ t❛❦❡ ♣❧❛❝❡ ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ♦r ❧❛r❣❡ ✈❛r✐❛t✐♦♥s
✇✐t❤✐♥ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s✳
❲✐t❤ t❤✐s ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ✐❧❧✉str❛t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❘✉♥❣❡✲
❑✉tt❛ ✭❘❑✮ t✐♠❡ ✐♥t❡❣r❛t✐♦♥s ♠❡t❤♦❞✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ❞❡❞✐❝❛t❡❞ ❘❑ s❝❤❡♠❡s ❝♦♥❝❡✐✈❡❞ t♦
❤❛♥❞❧❡ st✐✛ s②st❡♠s ♦❢ ❖❉❊s✳

✷✳✷ ❘✉♥❣❡✲❑✉tt❛ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s

❲❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ❡①♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ❣✐✈❡♥ ❜② ✭✷✳✸✮✳ ❚❤✐s ❦✐♥❞ ♦❢ ♠❡t❤♦❞
✐s ❝❛❧❧❡❞ ♦♥❡✲st❡♣ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ❜❡❝❛✉s❡ ✇❡ ❛✐♠ ❛t r❡❝✉rs✐✈❡❧② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ ✭✷✳✷✮ ❛❢t❡r ♦♥❡ t✐♠❡ st❡♣✱ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤❡ ❊✉❧❡r s❝❤❡♠❡ ✐s ♦❢ ✜rst ♦r❞❡r
❜✉t ❜② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✷✳✷✮ ❜② ❛ ❤✐❣❤❡r ♦r❞❡r q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛✱ ✇❡ ❝❛♥ ❜✉✐❧❞
❤✐❣❤❡r ♦r❞❡r ♦♥❡✲st❡♣ ♠❡t❤♦❞s✳ ❆ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜②
✉s✐♥❣ t❤❡ ♠✐❞✲♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥✿

u1 = u0 + δtf

(
t0 +

δt

2
, u

(
t0 +

δt

2

))
, ✭✷✳✷✵✮

❛♥❞ t❤❡ ❊✉❧❡r ♠❡t❤♦❞✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❘✉♥❣❡ ♠❡t❤♦❞✿

u1 = u0 + δtf

(
t0 +

δt

2
, u0 +

δt

2
f(u0)

)
. ✭✷✳✷✶✮

●❡♥❡r❛❧✐③✐♥❣ t❤✐s ✐❞❡❛ ✇✐t❤ ❤✐❣❤❡r ♦r❞❡r q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡ ❧❡❛❞s t♦ ❞❡✜♥❡ t❤❡ s♦✲❝❛❧❧❡❞
s✲st❛❣❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✿

gi = u0 + δt
s∑

j=1

aijf (t0 + cjδt, gj) , i = 1, . . . , s;

u1 = u0 + δt
s∑

j=1

bjf (t0 + cjδt, gj) ,





✭✷✳✷✷✮

❢♦r ✇❤✐❝❤ t❤❡ ❛rr❛②s b✱ c ∈ ❘s ❣❛t❤❡r t❤❡ ✈❛r✐♦✉s ❝♦❡✣❝✐❡♥ts b = (b1, . . . , bs)
T ❛♥❞ c =

(c1, . . . , cs)
T ✱ ❛♥❞ A ∈ Ms(❘) s✉❝❤ t❤❛t A = (aij)1≤i,j≤s✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ✉s✉❛❧❧②

❛rr❛♥❣❡❞ ✐♥ ❛ ♠♥❡♠♦♥✐❝ ❞❡✈✐❝❡✱ ❦♥♦✇♥ ❛s ❛ ❇✉t❝❤❡r t❛❜❧❡❛✉✿

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

cs as1 as2 · · · ass

b1 b2 · · · bs



❙❡❝t✳ ✷✳✷ ✲ ❘✉♥❣❡✲❑✉tt❛ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s ✸✼

❋♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡ ❘✉♥❣❡ ♠❡t❤♦❞ ✭✷✳✷✶✮✱ ✇❡ ❤❛✈❡

0

1

2

1

2
0 1

❲❤❡♥ aij = 0 ❢♦r j ≥ i✱ t❤❡ s❝❤❡♠❡ ✐s ❡①♣❧✐❝✐t ✐♥ t✐♠❡ ✭❊①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s✱ ❊❘❑✮ ✇✐t❤

gi = u0 + δt
i−1∑

j=1

aijf (t0 + cjδt, gj) , i = 1, . . . , s, ✭✷✳✷✸✮

✐♥ ✭✷✳✷✷✮✱ ✇❤❡r❡❛s t❤❡ ❝❛s❡ ❢♦r ✇❤✐❝❤ aij = 0 ❢♦r j > i ❛♥❞ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts
✐s ♥♦♥✲③❡r♦✱ aii 6= 0✱ ✐s ❞❡✜♥❡❞ ❛s ❛ ❉✐❛❣♦♥❛❧ ■♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✭❉■❘❑✮✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❛r❡
❝♦♥s✐❞❡r✐♥❣ ■♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s ✭■❘❑✮✳ ❲❡ ✇✐❧❧ ❢✉rt❤❡r ❞❡s❝r✐❜❡ t❤❡s❡ s❝❤❡♠❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
❜✉t ✜rst✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r ❣❡♥❡r❛❧ ❘❑
♠❡t❤♦❞s✿ t❤❡ ♦r❞❡r ❛♥❞ st❛❜✐❧✐t② ❢❡❛t✉r❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✐♠❡ st❡♣s ♦❢ ✐♥t❡❣r❛t✐♦♥✳

✷✳✷✳✶ ❖r❞❡r ❛♥❞ ❙t❛❜✐❧✐t② ♦❢ ❘✉♥❣❡✲❑✉tt❛ ❙❝❤❡♠❡s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❉❛❤❧q✉✐st t❡st ❡q✉❛t✐♦♥ ❬❉❛❤✻✸❪✿

dtu = λu,

u(0) = 1,

}
✭✷✳✷✹✮

✇✐t❤ λ ∈ ❈ ✭❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❛s ❣✐✈❡♥ ❜② ✭✷✳✹✮✮✱ ❛♥❞ ✇❡ ❝❛♥ s✉❝❝❡ss✐✈❡❧② ❝♦♠♣✉t❡ t❤❡ gj ♦❢
t❤❡ ❡①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✭✷✳✷✸✮ ❢♦r ♣r♦❜❧❡♠ ✭✷✳✷✹✮✳ ❲❡ ♦❜t❛✐♥

u1 = R(z)u0, z = δtλ, ✭✷✳✷✺✮

✇❤❡r❡
R(z) = 1 + z

∑

j

bj + z2
∑

j,k

bjaj,k + . . . , ✭✷✳✷✻✮

✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ≤ s✳ ■❢ t❤❡ ❘❑ ♠❡t❤♦❞ ✐s ♦❢ ♦r❞❡r p ✇❡ ❦♥♦✇ t❤❛t u1 = R(z)u0 ♠✉st
s❛t✐s❢②

ez −R(z) = O(δtp+1) = O(zp+1), ✭✷✳✷✼✮

✇❤❡r❡ ezu0 ✐s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✹✮✱ ❛♥❞ t❤✉s R(z) ✐s ❣✐✈❡♥ ❜②

R(z) = 1 + z +
z2

2!
+ . . .+

zp

p!
+O(zp+1). ✭✷✳✷✽✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ ❡①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s ♦❢ ♦r❞❡r p ✇✐t❤ s = p ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡s✱ ✇❡ ❤❛✈❡

R(z) = 1 + z +
z2

2!
+ . . .+

zs

s!
. ✭✷✳✷✾✮

❆ ❝❧❛ss✐❝❛❧ ❛♥❛❧②s✐s ❜❛s❡❞ ♦♥ t❤❡ ❉❛❤❧q✉✐st t❡st ❡q✉❛t✐♦♥ ✭✷✳✷✹✮ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ R : ❈→ ❈

❣✐✈❡♥ ✐♥ ❣❡♥❡r❛❧ ❜② ✭✷✳✷✺✮✱ ❛s t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♠❡t❤♦❞✳ ❚❤❛t ✐s✱ R(z) ✐s t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✹✮ ❣✐✈❡♥ ❜② t❤❡ ♠❡t❤♦❞ ✐ts❡❧❢ ❛❢t❡r ♦♥❡ t✐♠❡ st❡♣ δt✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ r❡❝✉rs✐✈❡❧② ❝♦♠♣✉t❡❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

un = (R(z))n u0 ✭✷✳✸✵✮



❙❡❝t✳ ✷✳✷ ✲ ❘✉♥❣❡✲❑✉tt❛ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s ✸✽

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❣✐✈❡♥ ❜② t❤❡ s❡t ♦❢ z ❢♦r ✇❤✐❝❤
un r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❢♦r n→∞✱ ✐✳❡✳✱

S := {z ∈ ❈ s.t. |R(z)| ≤ 1} . ✭✷✳✸✶✮

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ✭✷✳✸✮ ❢♦r ✇❤✐❝❤

R(z) = 1 + z, ✭✷✳✸✷✮

❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✷✽✮✱ ✐ts st❛❜✐❧✐t② ❞♦♠❛✐♥ S ✐s ❣✐✈❡♥ ❜② ❛❧❧ z ∈ ❈ s✉❝❤ t❤❛t

|1 + z| = |z − (−1)| ≤ 1, ✭✷✳✸✸✮

✇❤✐❝❤ ✐s t❤❡ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s 1 ❛♥❞ ❝❡♥t❡r −1 ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡ ✭✷✳✹✮ ✇✐t❤ λ = −100✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❛♥ ❡①♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ✇✐❧❧ r❡♠❛✐♥ st❛❜❧❡ ❛s
❧♦♥❣ ❛s z = δtλ ∈ S✱ ✐✳❡✳✱ 0 ≤ δt ≤ 2/100✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s t❤❡ ♣r❡✈✐♦✉s ❜❛❞ r❡s✉❧ts ❢♦r δt = 0.5✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ✭✷✳✻✮ ②✐❡❧❞s

R(z) =
1

1− z , ✭✷✳✸✹✮

❛s st❛❜✐❧✐t② ❢✉♥❝t✐♦♥✱ ✇✐t❤ st❛❜✐❧✐t② ❞♦♠❛✐♥ ❣✐✈❡♥ ❜② ❛❧❧ z ∈ ❈ s✉❝❤ t❤❛t
∣∣∣∣

1

1− z

∣∣∣∣ ≤ 1 ⇒ |z − 1| ≥ 1, ✭✷✳✸✺✮

t❤❛t ✐s✱ t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡ ❝✐r❝❧❡ ✇✐t❤ r❛❞✐✉s 1 ❛♥❞ ❝❡♥t❡r +1 ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❋♦r ♣r♦❜❧❡♠
✭✷✳✹✮✱ ✇❡ ❝❛♥ t❤❡♥ s❡❡ t❤❛t R(z) ✇✐❧❧ r❡♠❛✐♥ ❜♦✉♥❞❡❞ ❢♦r ❛♥② t✐♠❡ st❡♣ δt > 0✱ ❛s ✐t ✐s s❤♦✇♥
❜② (R(z = −100 δt))n = (1 + 100 δt)−n ✐♥t♦ ✭✷✳✸✵✮✳ ❚❤✐s ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛♥ ✐♠♣❧✐❝✐t
❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ❧❛r❣❡ ♥❡❣❛t✐✈❡ λ ✐♥t♦ ✭✷✳✷✹✮✱ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ st✐✛ ❖❉❊s✱ ❧❡❛❞s ✉s t♦ ❣✐✈❡
♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡s❡ s❝❤❡♠❡s ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇❛s ❞❡♠♦♥str❛t❡❞
t❤❛t ❢♦r p ≥ 5 t❤❡r❡ ✐s ♥♦ ❡①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ♦❢ ♦r❞❡r p ✇✐t❤ s = p st❛❣❡s ❬❇✉t✻✹❝✱ ❇✉t✻✹❞❪✳
❚❤✐s ❛♥❞ ♦t❤❡r ♦r❞❡r ❝♦♥str❛✐♥ts ❢♦r ❡①♣❧✐❝✐t ❘❑ s❝❤❡♠❡s ❛r❡ ❦♥♦✇♥ ❛s t❤❡ ❇✉t❝❤❡r ❇❛rr✐❡rs
✭s❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬❍◆❲✽✼❪✮✳ ❋✐♥❛❧❧②✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡❝❛❧❧ t❤❛t ✐♥ ❛ ❣❡♥❡r❛❧ ❝❛s❡✱ ✇❡
❝❛♥ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛♥❛❧②s✐s ♦♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✷✳✾✮✱ s✐♠✐❧❛r t♦ t❤❡ ❉❛❤❧q✉✐st t❡st
❡q✉❛t✐♦♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s λi, i = 1, · · · ,m✱ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞
❏❛❝♦❜✐❛♥ J ✳

✷✳✷✳✷ ❚✐♠❡ ❙t❡♣ ❙❡❧❡❝t✐♦♥

❲❤❡t❤❡r t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ❛r❡ ❡①♣❧✐❝✐t ♦r ✐♠♣❧✐❝✐t✱ ♦r ✐❢ t❤❡ ♦r❞❡rs ♦❢ ❛♣♣r♦①✐✲
♠❛t✐♦♥s ❛r❡ ❤✐❣❤ ♦r ❧♦✇✱ ❛ ❦❡② q✉❡st✐♦♥ ❢♦r ❛ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✐s t❤❡ ❝❤♦✐❝❡
♦❢ t❤❡ t✐♠❡ st❡♣ ♦❢ ✐♥t❡❣r❛t✐♦♥✳ ❲❡ ❤❛✈❡ s❡❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t ❢♦r st✐✛ ♣r♦❜❧❡♠s✱ ❡①♣❧✐❝✐t
♠❡t❤♦❞s s❤♦✉❧❞ ❝♦♥s✐❞❡r r❛t❤❡r s♠❛❧❧ t✐♠❡ st❡♣s t♦ ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳
❍♦✇❡✈❡r✱ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ t✐♠❡ st❡♣s ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥✱ t❤❡ ❢♦r♠❡r ♦♥❡s ♠✉st ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s
②✐❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥s ✇✐t❤✐♥ ❛ ❞❡s✐r❡❞ ❛❝❝✉r❛❝②✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❝♦♥st❛♥t t✐♠❡ st❡♣ ♠✐❣❤t ❜❡
s✉✣❝✐❡♥t ❢♦r s♦♠❡ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞②♥❛♠✐❝s✳ ■♥ ❛ ♠♦r❡
❣❡♥❡r❛❧ ❝♦♥t❡①t✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t❡❝❤♥✐q✉❡s ♠✉st ❜❡ ❝♦♥s✐❞❡r t♦ ❞②♥❛♠✐❝❛❧❧② s❡❧❡❝t t❤❡s❡
t✐♠❡ st❡♣s ✐♥ ♦r❞❡r t♦ r❡♥❞❡r ❝♦♠♣✉t❛t✐♦♥s ❡✣❝✐❡♥t ♦r ❡✈❡♥ ♣♦ss✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳ ■♥ ❛♥② ♦❢ ❜♦t❤
❝❛s❡s✱ t❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❝❤♦♦s❡ ❛ t✐♠❡ st❡♣ δt s✉❝❤ t❤❛t t❤❡ ❧♦❝❛❧ ❡rr♦r ✈❡r✐✜❡s

‖u(δt)− u1‖ = Cδtp+1 ≤ Tol , ✭✷✳✸✻✮



❙❡❝t✳ ✷✳✷ ✲ ❘✉♥❣❡✲❑✉tt❛ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s ✸✾

✇❤❡r❡ Tol ✐s t❤❡ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② r❡q✉❡st❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ■t ✐s str❛✐❣❤t❢♦r✲
✇❛r❞ t♦ s❡❡ t❤❛t ❤✐❣❤❡r ♦r❞❡r ♠❡t❤♦❞s ✇♦✉❧❞ s❛t✐s❢② ✭✷✳✸✻✮ ✇✐t❤ ❧❛r❣❡r t✐♠❡ st❡♣s✳ ❋✉rt❤❡r♠♦r❡✱
❢♦r ❛ ❣✐✈❡♥ s❝❤❡♠❡ t❤❡ ❡①♣r❡ss✐♦♥ ✭✷✳✸✻✮ ♠✐❣❤t ❜❡ s❛t✐s✜❡❞ ✇✐t❤ t✐♠❡ st❡♣s ❡✈♦❧✈✐♥❣ ✐♥ t✐♠❡✳ ❋♦r
♣r♦❜❧❡♠s ❞❡s❝r✐❜✐♥❣ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝s✱ ❤❛✈✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ str❛t❡❣② ✇♦✉❧❞ t❤❡♥ ✐♥✲
✈♦❧✈❡ ✐♠♣♦rt❛♥t s❛✈✐♥❣s ♦❢ ♥✉♠❡r✐❝❛❧ ✇♦r❦✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ❧♦t ♦❢ r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞
t♦ ❞❡✈❡❧♦♣ t✐♠❡ st❡♣ ❝♦♥tr♦❧ ♦r ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s✳ ❆ r❡✈✐❡✇ ♦❢ s♦♠❡ ❡①♣❧✐❝✐t
s♦❧✈❡rs ✇✐t❤ ❛✉t♦♠❛t✐❝ t✐♠❡ st❡♣ s❡❧❡❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍◆❲✽✼❪ ❢♦r ♥♦♥ st✐✛ ♣r♦❜❧❡♠s✳
❆ ❝♦♠♣❧❡♠❡♥t❛r② ✐❞❡❛ ❞❡✈❡❧♦♣❡❞ ❢♦r ❡①♣❧✐❝✐t s❝❤❡♠❡s ✇❛s t♦ ✉s❡ t❤❡s❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s t♦
❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡❝t st✐✛♥❡ss ✭s❡❡✱ ❡✳❣✳✱ ❬❙❤❛✼✼✱ ❙❍✼✼✱ ❍❲✾✻❪✮ ✐♥ ♦r❞❡r t♦ ❛✉t♦♠❛t✐❝❛❧❧② s✇✐t❝❤
t♦ ❛ ♠♦r❡ s✉✐t❛❜❧❡ ♠❡t❤♦❞✳
❖♥❡ ♦❢ t❤❡ ♠♦st st❛♥❞❛r❞ ✇❛②s ♦❢ t✐♠❡ st❡♣♣✐♥❣ ✐s ❜❛s❡❞ ♦♥ ❝♦♠♣✉t✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✲
✐♠❛t✐♦♥✿ err ✱ ♦❢ t❤❡ ❡①❛❝t ❧♦❝❛❧ ❡rr♦r ✐♥ ✭✷✳✸✻✮✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s♦❧✉t✐♦♥ û1 ❝♦♠♣✉t❡❞ ❜② ❛
❧♦✇❡r ♦r❞❡r ♠❡t❤♦❞ ♦❢ ♦r❞❡r p̂ < p ❬❍◆❲✽✼❪✱ s✉❝❤ t❤❛t

‖u(δt)− u1‖ / err = ‖u1 − û1‖. ✭✷✳✸✼✮

❙✐♥❝❡

u1 − û1 = (u1 − u(δt))− (û1 − u(δt)) = O(δtp+1) +O(δtp̂+1) ≈ O(δtp̂+1), ✭✷✳✸✽✮

❛♥❞ t❤✉s✱
err ≈ C̃δtp̂+1, ✭✷✳✸✾✮

✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ t✐♠❡ st❡♣ δtopt s✉❝❤ t❤❛t err ≈ Tol ✿

Tol ≈ C̃δtp̂+1
opt , ✭✷✳✹✵✮

✐s ❣✐✈❡♥ ❜②

δtopt = fac · δt
(
Tol

err

)1/p̂+1

, ✭✷✳✹✶✮

✇❤❡r❡ fac ✐s ❛ s❛❢❡t② ❢❛❝t♦r ✉s✉❛❧❧② ❝❧♦s❡ t♦ ✶✳
■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ t✐♠❡ st❡♣ ♥❡❡❞❡❞ t♦ ✐♥t❡❣r❛t❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✇✐t❤ ❛ ❧♦❝❛❧
❛❝❝✉r❛❝② ❣✐✈❡♥ ❜② Tol ✱ ✇❤❡r❡ t❤❡ p̂✲♦r❞❡r ♠❡t❤♦❞ s❤♦✉❧❞ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ p✲♦r❞❡r ♠❡t❤♦❞
✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❡①♣r❡ss✐♦♥
✭✷✳✹✶✮ t♦ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡ t❤❡ t✐♠❡ st❡♣s ✐♥ t✐♠❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✉s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s
❛t t❤❡ n✲t❤ st❡♣ t♦ ♣r❡❞✐❝t t❤❡ ❡rr♦r ❛t t❤❡ ♥❡①t st❡♣✿

errn+1 = ‖un − ûn‖ ≈ C̃nδtp̂+1
n , ✭✷✳✹✷✮

✇❤✐❝❤ ②✐❡❧❞s ❛s ♥❡✇ t✐♠❡ st❡♣✿

δtnew = fac · δtn
(

Tol

errn+1

)1/p̂+1

, ✭✷✳✹✸✮

❜② ❛ss✉♠✐♥❣ C̃n+1 ≈ C̃n ✐♥t♦
Tol ≈ C̃n+1δt

p̂+1
new . ✭✷✳✹✹✮

❚❤❡ ♥❡①t st❡♣ δtn+1 ✇✐❧❧ ❜❡ t❤❡♥ ❣✐✈❡♥ ❜② δtnew ✐❢ errn+1 ≤ Tol ✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❝✉rr❡♥t
n✲t❤ t✐♠❡ st❡♣ ✇✐❧❧ ❜❡ r❡❥❡❝t❡❞ ✐❢ errn+1 > Tol ✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♣r♦❝❡❞✉r❡ ✇♦r❦s ❛s ❛♥
❛ ♣♦st❡r✐♦r✐ ✈❡r✐✜❝❛t✐♦♥ ✇❤❡r❡ t❤❡ s❛♠❡ n✲t❤ st❡♣ ✇✐❧❧ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥ ✇✐t❤ t❤❡ ♥❡✇ t✐♠❡
st❡♣ δtnew✳
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❇❛s❡❞ ♦♥ t❤❡ s❛♠❡ ✐❞❡❛s ❛♥❞ ♦♥ ♠♦r❡ r✐❣♦r♦✉s t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❝❛rr✐❡❞ ♦✉t ❜② ●✉st❛❢ss♦♥
❬●✉s✾✹❪✱ ❛ ❜❡tt❡r ♣r♦❝❡❞✉r❡ ❛ss✉♠❡s t❤❛t logCn ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ n✱ ❛♥❞ t❤✉s logCn+1 −
logCn ✐s ❝♦♥st❛♥t ♦r✱ ❡q✉✐✈❛❧❡♥t❧② ❬❍❲✾✻❪

Cn+1

Cn
≈ Cn
Cn−1

, ✭✷✳✹✺✮

✇❤✐❝❤ ✜♥❛❧❧② ②✐❡❧❞s

δtnew = fac · δtn
(

Tol

errn+1

)1/p̂+1 δtn
δtn−1

(
errn

errn+1

)1/p̂+1

. ✭✷✳✹✻✮

❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ st❡♣ s✐③❡ str❛t❡❣② ✇✐t❤ ♠❡♠♦r② ♦❢ ❲❛tts ❬❲❛t✽✹❪ ❛♥❞
●✉st❛❢ss♦♥ ❬●✉s✾✹❪✱ ❛♥❞ ✉s✉❛❧❧② s❤♦✇s ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s t❤❛♥ t❤❡ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡ ✭✷✳✹✸✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧❧♦✇s ✉s ❢❛st r❡❞✉❝t✐♦♥ ♦❢ t✐♠❡ st❡♣s ✇✐t❤♦✉t r❡❥❡❝t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛
♣r♦❜❧❡♠s ❬❍❲✾✻❪✳ ❚❤❡r❡ ❛r❡ ♦t❤❡r st❡♣ s✐③❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s t♦ ♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡ ♦r
♣r❡❞✐❝t ❧♦❝❛❧ ❡rr♦rs ❛♥❞ t❤❡r❡❢♦r❡✱ t♦ ❣✉❛r❛♥t❡❡ ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❛❝❝♦r❞✐♥❣
t♦ ✭✷✳✸✻✮✳ ❲❡ ♠❡♥t✐♦♥✱ ❢♦r ✐♥st❛♥❝❡✱ t✐♠❡ st❡♣ ❝♦♠♣✉t❛t✐♦♥s ✉s✐♥❣ ❡①tr❛♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s
❬❉❡✉✽✸✱ ❙❤❛✽✼❪✱ ♦r t❤❡♦r❡t✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r
❡①♣❛♥s✐♦♥ ❬❍✐♥✽✵✱ ❙❙❱✾✼❪✳

✷✳✸ ■♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s

▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ✐♠♣❧✐❝✐t ❘❑ s❝❤❡♠❡ ✭✷✳✷✷✮✳ ❲❡ ❛♣♣❧② ✐t t♦ t❤❡ ❉❛❤❧q✉✐st t❡st ❡q✉❛t✐♦♥
✭✷✳✷✹✮✱ ❛♥❞ ✇❡ ♦❜t❛✐♥

g = u0✶+ δtλAg,

u1 = u0 + δtλbT g,

}
✭✷✳✹✼✮

✇✐t❤ g = (g1, . . . , gs)
T ❛♥❞ ✶ = (1, . . . , 1)T ✳ ❚❤❡ ❧✐♥❡❛r s②st❡♠ ❢♦r g1, . . . , gs ❣✐✈❡s

g = (Id− λδtA)−1u0✶, ✭✷✳✹✽✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

R(z) = 1 + zbT (Id− zA)−1
✶. ✭✷✳✹✾✮

❍♦✇❡✈❡r✱ ❛ ❜❡tt❡r r❡♣r❡s❡♥t❛t✐♦♥ ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✼✮✿
(

Id− zA 0

−zbT 1

)(
g

u1

)
= u0

(
✶

1

)
, ✭✷✳✺✵✮

✉s✐♥❣ t❤❡ ❈r❛♠❡r✬s r✉❧❡✿

u1 =

det

(
Id− zA u0✶

−zbT u0

)

det

(
Id− zA 0

−zbT 1

) , ✭✷✳✺✶✮

❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

det

(
Id− zA ✶

−zbT 1

)
= det

(
Id− zA+ z✶bT 0

−zbT 1

)
= det

(
Id− zA+ z✶bT

)
. ✭✷✳✺✷✮
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❚❤✐s ②✐❡❧❞s

R(z) =
P (z)

Q(z)
=

det
(
Id− zA+ z✶bT

)

det(Id− zA) , ✭✷✳✺✸✮

s♦ ✇❡ ❝❛♥ s❡❡ t❤❛t ❢♦r ✐♠♣❧✐❝✐t ❘❑ s❝❤❡♠❡s✱ t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ R(z) ❜❡❝♦♠❡s ❛ r❛t✐♦♥❛❧
❢✉♥❝t✐♦♥ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❡r❛t♦r P (z) ❛♥❞ ❞❡♥♦♠✐♥❛t♦r Q(z) ♦❢ ❞❡❣r❡❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧
t♦ s✳
❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❛t✐♦♥❛❧ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❛s s❡❡♥ ❢♦r t❤❡ ✐♠♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞
✭✷✳✻✮✱ ✐s t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s❝❤❡♠❡s ❝❛♥ ❜❡ st❛❜❧❡ ♦♥ t❤❡ ❡♥t✐r❡ ❧❡❢t✲❤❛❧❢ ♣❧❛♥❡ ❈−✳ ❚❤✐s s❡t ♦❢
z ❝♦rr❡s♣♦♥❞s ♣r❡❝✐s❡❧② t♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rt ❢♦r ✇❤✐❝❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s ❛r❡
❜♦✉♥❞❡❞ ✐♥ t✐♠❡ |ez| ≤ 1 ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ s❡❡♥ ❜❡❢♦r❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ s❤♦✉❧❞
♣r❡s❡r✈❡ t❤✐s st❛❜✐❧✐t② ♣r♦♣❡rt②✳
❆ ♠❡t❤♦❞ ✐s t❤❡♥ ❝❛❧❧❡❞ ❆✲st❛❜❧❡ ✐❢ ✐ts st❛❜✐❧✐t② ❞♦♠❛✐♥ s❛t✐s✜❡s ❬❉❛❤✻✸❪

S ⊃ {z ∈ ❈ s.t. Re z ≤ 0} . ✭✷✳✺✹✮

❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♠♣❧✐❝✐t ❊✉❧❡r ♠❡t❤♦❞ ✭✷✳✻✮ ✐s ❆✲st❛❜❧❡✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ✐s ❛ ❞❡s✐r❛❜❧❡ ❛♥❞
♥❡❝❡ss❛r② st❛❜✐❧✐t② ♣r♦♣❡rt② t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ st✐✛ ♣r♦❜❧❡♠s✱ ✐t ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ✈❡r② st✐✛
♣r♦❜❧❡♠s✳ ❋♦r ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ✈❡r② ❧❛r❣❡ r❡❛❧ ♣❛rt✱ t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ R(z) ♦❢ ❛♥ ❆✲st❛❜❧❡
♠❡t❤♦❞ ✇✐❧❧ s✉r❡❧② ❦❡❡♣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❜♦✉♥❞❡❞ ❞✉r✐♥❣ t❤❡ ❢❛st tr❛♥s✐❡♥ts✳
◆❡✈❡rt❤❡❧❡ss✱ ♦♥❧② ❛ R(z) ♠✉❝❤ s♠❛❧❧❡r t❤❛t 1✱ ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ✇✐❧❧
r❛♣✐❞❧② ❛♣♣r♦❛❝❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ ❞❛♠♣✐♥❣ ♦✉t t❤❡ ♥✉♠❡r✐❝❛❧ tr❛♥s✐❡♥ts ♣❤❛s❡s✳ ◆✉♠❡r✐❝❛❧
♠❡t❤♦❞s ✇✐t❤ s✉❝❤ ❛ ♣r♦♣❡rt② ❛r❡ ❦♥♦✇♥ ❛s ▲✲st❛❜❧❡ ❬❊❤❧✻✾❪✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❢♦r r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s

lim
z→∞

R(z) = lim
z→−∞

R(z), ✭✷✳✺✺✮

❛ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ▲✲st❛❜❧❡ ✐❢ ✐t ✐s ❆✲st❛❜❧❡ ❛♥❞ ✐❢ ✐♥ ❛❞❞✐t✐♦♥

lim
z→∞

R(z) = 0. ✭✷✳✺✻✮

❈♦♥s✐❞❡r✐♥❣ t❤❛t ❢♦r ❛♥ ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✇❡ ❤❛✈❡ t❤❛t

R(∞) = 1− bTA−1
✶, ✭✷✳✺✼✮

❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✹✾✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ ❛♥ ❆✲st❛❜❧❡ ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✇✐t❤ ♥♦♥s✐♥❣✉❧❛r A
s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

asj = bj , j = 1, . . . , s; ✭✷✳✺✽✮

ai1 = b1, i = 1, . . . , s, ✭✷✳✺✾✮

t❤❡♥ R(∞) = 0 ✐♥ ✭✷✳✺✼✮✱ ❛♥❞ t❤❡ ♠❡t❤♦❞ ✐s ❛❧s♦ ▲✲st❛❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♠❡t❤♦❞s s❛t✐s❢②✐♥❣
✭✷✳✺✽✮ ❛r❡ ❝❛❧❧❡❞ st✐✤② ❛❝❝✉r❛t❡ ❬P❘✼✹❪ ❛♥❞ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢
s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♣r♦❜❧❡♠s ❛♥❞ ❢♦r ❞✐✛❡r❡♥t✐❛❧✲❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ❬❍❲✾✻❪✳
❋✐♥❛❧❧②✱ t❤❡r❡ ❛r❡ s♦♠❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡s ✇✐t❤ ❧❛r❣❡ st❛❜✐❧✐t② ❞♦♠❛✐♥s t❤❛t ❛r❡ ♥♦t A✲st❛❜❧❡✳
■♥ ♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡s❡ ♠❡t❤♦❞s✱ A(α)✲st❛❜✐❧✐t② ❝♦♥st✐t✉t❡s ❛♥♦t❤❡r st❛❜✐❧✐t② ♣r♦♣❡rt②
❢♦r ✇❤✐❝❤ ❛ ♠❡t❤♦❞ ✐s s❛✐❞ t♦ ❜❡ A(α)✲st❛❜❧❡ ✐❢ ❛ s❡❝t♦r α ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥
❬❲✐❞✻✼❪✿

Sα = {z ∈ ❈ s.t. | arg(−z)| < α, z 6= 0} . ✭✷✳✻✵✮

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡✲st❡♣ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞❡❞✐❝❛t❡❞♠✉❧t✐✲st❡♣
✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s ✇❡r❡ ❛❧s♦ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡s❡ s❝❤❡♠❡s
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❝♦♥s✐❞❡r s❡✈❡r❛❧ t✐♠❡ st❡♣s ✐♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t❤❛t s❛t✐s✜❡s t❤❡
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛t ❡❛❝❤ ❝♦♥s✐❞❡r❡❞ t✐♠❡ st❡♣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❙❡❝♦♥❞ ❉❛❤❧q✉✐st ❇❛rr✐❡r
st❛t❡s t❤❛t ❛♥ A✲st❛❜❧❡ ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞ ♠✉st ❜❡ ♦❢ ♦r❞❡r p ≤ 2 ❬❉❛❤✻✸❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡
❛r❡ ♠❛♥② ♠✉❧t✐✲st❡♣ s❝❤❡♠❡s ♣❡r❢♦r♠✐♥❣ ❣♦♦❞ A(α)✲st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❢♦r ❤✐❣❤ ♦r❞❡rs✱ ❛♥❞
L✲st❛❜✐❧✐t② ❢♦r ❧♦✇❡r ♦♥❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ✉s❡❞ t♦ s♦❧✈❡ st✐✛ ♣r♦❜❧❡♠s✳ ❙♦♠❡ ❡①❛♠♣❧❡s
❛r❡ t❤❡ ▲❙❖❉❊ ❬❍✐♥✽✵✱ ❍✐♥✽✸❪ ✭▲✐✈❡r♠♦r❡ ❙♦❧✈❡r ❢♦r ❖❉❊s✮ ♦r t❤❡ ❱❖❉❊ s♦❧✈❡r ❬❇❇❍✽✾❪
✭❱❛r✐❛❜❧❡✲❝♦❡✣❝✐❡♥t ❖❉❊ s♦❧✈❡r✮✱ ❜♦t❤ ❜❛s❡❞ ♦♥ ❛ ✈❛r✐❛❜❧❡✲♦r❞❡r ✭✉♣ t♦ ✜❢t❤✮ ❇❛❝❦✇❛r❞ ❉✐❢✲
❢❡r❡♥t✐❛t✐♦♥ ❋♦r♠✉❧❛❡ ❞❡✈❡❧♦♣❡❞ ❜② ●❡❛r ❬●❡❛✼✶❪ ✭s❡❡ ❬❍❲✾✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ❞❡❞✐❝❛t❡❞
♠✉❧t✐✲st❡♣ ♠❡t❤♦❞s ❢♦r st✐✛ ♣r♦❜❧❡♠s✮✳

✷✳✸✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ■♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s

❆s ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞ ❢♦r t❤❡ ❡①♣❧✐❝✐t ❝❛s❡✱ ❛♥ ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✐s ♦❢ ♦r❞❡r p ✐❢ ❝♦♥❞✐t✐♦♥
✭✷✳✷✼✮ ✐s s❛t✐s✜❡❞✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ s❡❡ t❤❛t R(z) ✐s t❤✐s t✐♠❡ ❛ r❛t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦
ez ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✺✸✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢✉❧❧② ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s r❡❧✐❡s
❤❡❛✈✐❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❬❍❲✾✻❪✿

B(p) :
s∑

i=1

bic
q−1
i =

1

q
, q = 1, . . . , p;

C(η) :
s∑

j=1

aijc
q−1
j =

cqi
q
, i = 1, . . . , s, q = 1, . . . , η;

D(ζ) :

s∑

i=1

bic
q−1
i aij =

bj
q
(1− cqj), j = 1, . . . , s, q = 1, . . . , ζ.





✭✷✳✻✶✮

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ B(p) st❛t❡s t❤❛t t❤❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ (bi, ci)
s
i=1 ✐s ♦❢ ♦r❞❡r p✱ ✇❤❡r❡❛s ✐t

✇❛s ♣r♦✈❡❞ ❜② ❇✉t❝❤❡r ❬❇✉t✻✹❛❪ t❤❛t ✐❢ t❤❡ ❝♦❡✣❝✐❡♥ts bi✱ ci✱ aij ♦❢ ❛ ❘❑ ♠❡t❤♦❞ s❛t✐s❢② B(p)✱
C(η)✱ D(ζ) ✇✐t❤ p ≤ η + ζ + 1 ❛♥❞ p ≤ 2η + 2✱ t❤❡♥ t❤❡ ♠❡t❤♦❞ ✐s ♦❢ ♦r❞❡r p✳
❲✐t❤ t❤❡s❡ t♦♦❧s✱ ♦♥❡ ✇❛② ♦❢ ❜✉✐❧❞✐♥❣ t❤❡s❡ ❘❑ s❝❤❡♠❡s ❝♦♥s✐❞❡rs ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞s ❜❛s❡❞
♦♥ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ✜♥❞ ❛ ♣♦❧②♥♦♠✐❛❧ p(t) ♦❢ ❞❡❣r❡❡ s s✉❝❤ t❤❛t
p(tn) = un✱ ❛♥❞ t❤❛t ❢♦r ❛ s❡t ♦❢ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts 0 ≤ c1 < . . . < cs ≤ 1✱ ✐t ✈❡r✐✜❡s

dtp(tn + ciδt) = f (p(tn + ciδt)) , i = 1, . . . , s; ✭✷✳✻✷✮

s✉❝❤ t❤❛t u(tn+1) = u(tn+δt) ✇✐❧❧ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② un+1 = p(tn+δt) ❬●❙✻✾✱ ❲r✐✼✶❪✳ ❲❡ ❝❛♥
t❤❡♥ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ❜❛s❡❞ ♦♥ t❤❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡ ✉s❡❞ t♦ ♥✉♠❡r✐❝❛❧❧②
❛♣♣r♦①✐♠❛t❡ ∫ t0+δt

t0

f(t) dt ≈ δt
s∑

i=1

bif(t0 + ciδt). ✭✷✳✻✸✮

■❢ t❤❡ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ②✐❡❧❞s ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♦r❞❡r p✱ ❛♥ ✐♠♣♦rt❛♥t ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧t
✐s t❤❛t t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ✇✐❧❧ ❛❧s♦ ②✐❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♦r❞❡r p ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧
♣r♦❜❧❡♠ ✭✷✳✻✷✮ ❬●❙✻✾❪✳
■♥ t❤✐s ✇❛②✱ ❇✉t❝❤❡r ❬❇✉t✻✹❜❪ ✐♥tr♦❞✉❝❡❞ ❘❑ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❘❛❞❛✉ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡
❬❘❛❞✽✵❪✱ ❢♦r ✇❤✐❝❤ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts c1, . . . , cs✱ ❛r❡ t❤❡ ③❡r♦s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s

I : ds−1
x

(
xs(x− 1)s−1

)
, ✭✷✳✻✹✮

II : ds−1
x

(
xs−1(x− 1)s

)
, ✭✷✳✻✺✮

❛♥❞ t❤❡ ✇❡✐❣❤ts b1, . . . , bs✱ ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② B(s) ❢♦r t❤❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛
(bi, ci)

s
i=1 ✐♥t♦ ✭✷✳✻✶✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❛t B(2s− 1) s✐♥❝❡ p = 2s− 1 ❢♦r ❛ ❘❛❞❛✉ q✉❛❞r❛t✉r❡
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❢♦r♠✉❧❛✳ ❇♦t❤ ♣♦❧②♥♦♠✐❛❧s ❤❛✈❡ ♣♦s✐t✐✈❡ ③❡r♦s ✇✐t❤ c1 = 0 ❛♥❞ ci < 1✱ i = 2, . . . , s ❢♦r ✭✷✳✻✹✮✱
❛♥❞ ci > 0✱ i = 1, . . . , s − 1 ❛♥❞ cs = 1 ❢♦r ✭✷✳✻✺✮✱ ✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ❝♦❡✣❝✐❡♥ts ❛r❡
❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭✷✳✻✶✮✳ ❚❤❡s❡ ✜rst s❝❤❡♠❡s ✇❡r❡ ♥♦t A✲st❛❜❧❡ ❜✉t
❜❛s❡❞ ♦♥ t❤❡s❡ ✐❞❡❛s✱ ❊❤❧❡ ❬❊❤❧✻✾❪ ❝♦♥str✉❝t❡❞ s♦♠❡ A✲ ❛♥❞ L✲st❛❜❧❡ s❝❤❡♠❡s ✇❤✐❝❤ ❣❛✈❡ ❜✐rt❤
t♦ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ❢♦r♠✉❧❛❡ ❝❛❧❧❡❞ ❘❛❞❛✉■❆ ❛♥❞ ❘❛❞❛✉■■❆✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉s❡❞ q✉❛❞r❛t✉r❡
❢♦r♠✉❧❛ ✭✷✳✻✹✮ ♦r ✭✷✳✻✺✮✳ ❚❛❜❧❡s ✷✳✶ ❛♥❞ ✷✳✷ s❤♦✇✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❡✣❝✐❡♥ts
❢♦r ❘❛❞❛✉■❆ ❛♥❞ ❘❛❞❛✉■■❆ ♦❢ ♦r❞❡r p = 5 ✇✐t❤ s = 3 st❛❣❡s✳ L✲st❛❜✐❧✐t② ❝❛♥ ❜❡ r❡tr✐❡✈❡❞ ✐♥
t❤✐s ❝❛s❡ ❢♦r p = 5✱ ❜② ✈❡r✐❢②✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ ❝♦♥❞✐t✐♦♥s ✭✷✳✺✾✮ ❛♥❞ ✭✷✳✺✽✮✳

❚❛❜❧❡ ✷✳✶✿ ❘❛❞❛✉■❆ ♠❡t❤♦❞ ♦❢ ♦r❞❡r ✺✳

0
1

9

−1−
√
6

18

−1 +
√
6

18
6−
√
6

10

1

9

88 + 7
√
6

360

88− 43
√
6

360
6 +
√
6

10

1

9

88 + 43
√
6

360

88− 7
√
6

360

1

9

16 +
√
6

36

16−
√
6

36
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4−
√
6

10

88− 7
√
6

360

296− 169
√
6

1800

−2 + 3
√
6

225
4 +
√
6

10

296 + 169
√
6

1800

88 + 7
√
6

360

−2− 3
√
6

225

1
16−

√
6

36

16 +
√
6

36

1

9

16−
√
6

36

16 +
√
6

36

1

9

❆❧t❡r♥❛t✐✈❡❧②✱ ♦t❤❡r s❝❤❡♠❡s ✇❡r❡ ❞❡r✐✈❡❞ ❜❛s❡❞ ♦♥ ♦t❤❡r q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛
❢❛♠✐❧② ♦❢ s✲st❛❣❡●❛✉ss ♠❡t❤♦❞s ✇❡r❡ ❝♦♥str✉❝t❡❞ t❤✐s t✐♠❡ ❢r♦♠ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡✱
❛♥❞ ♣❡r❢♦r♠ ❆✲st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ♦r❞❡r✿ p = 2s ❬❇✉t✻✹❛✱ ❊❤❧✻✽❪✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② ♥♦t ▲✲st❛❜❧❡✳ ❆♥♦t❤❡r ❧❛r❣❡ ❣r♦✉♣ ❝♦♥s✐❞❡rs ▲♦❜❛tt♦
q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡ ✇❤✐❝❤ ②✐❡❧❞s s♦♠❡ A✲ ❛♥❞ L✲st❛❜❧❡ s❝❤❡♠❡s ♦❢ ♦r❞❡r p = 2s− 2 ❬❇✉t✻✹❛✱
❊❤❧✻✽✱ ❈❤✐✼✶✱ ❆①❡✼✷❪✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦♥❝❡♣ts ❛♥❞ ❣✐✈❡
s♦♠❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s ❜② ❝♦♥s✐❞❡r✐♥❣
t❤❡ ❘❛❞❛✉✺ s♦❧✈❡r ❞❡✈❡❧♦♣❡❞ ❜② ❍❛✐r❡r & ❲❛♥♥❡r ❬❍❲✾✻❪✳



❙❡❝t✳ ✷✳✸ ✲ ■♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ✹✹

✷✳✸✳✷ ❚❤❡ ❘❛❞❛✉✺ ❙♦❧✈❡r

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✷✳✶✮✱ t❤✐s t✐♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ m✱ t❤❛t ✐s✱ u0 ∈ ❘m✱
u : ❘→ ❘m✱ ❛♥❞ f : ❘× ❘m → ❘m✱ t♦ ❦❡❡♣ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✿

dtu = f(t, u(t)),

u(0) = u0.

}
✭✷✳✻✻✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❜② ❛ s✲st❛❣❡ ❢✉❧❧② ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ✭✷✳✷✷✮ ✇✐❧❧ ❧❡❛❞ t♦ t❤❡
s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦❢ s✐③❡ m× s ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✉♥❦♥♦✇♥s
g1, . . . , gs✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ s♦❧✈✐♥❣ t❤❡s❡ ❧❛r❣❡ s②st❡♠s✱ ❛ ❢❛♠✐❧② ♦❢ ❞✐❛❣♦♥❛❧❧② ✐♠♣❧✐❝✐t ❘❑
s❝❤❡♠❡s ❝❛❧❧❡❞ ❙❉■❘❑ ✭❙✐♥❣❧② ❉✐❛❣♦♥❛❧❧② ■♠♣❧✐❝✐t ❘❑✮ ✇❡r❡ ❞❡✈❡❧♦♣❡❞✱ t❤❛t ❝♦♥s✐❞❡rs ❛ ❧❡ss
❡①♣❡♥s✐✈❡ ❛❧t❡r♥❛t✐✈❡ ❜② s♦❧✈✐♥❣ s s✉❝❝❡ss✐✈❡ st❛❣❡s ✇✐t❤ ♦♥❧② m✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s t♦ ❜❡
s♦❧✈❡❞ ❛t ❡❛❝❤ st❛❣❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ♠♦r❡ st❛❣❡s t❤❛♥ t❤❡ ♣r❡✈✐♦✉s❧② s❡❡♥ ❢♦r ❢✉❧❧② ✐♠♣❧✐❝✐t
❘❑ s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② ♥❡❡❞❡❞ t♦ ❜✉✐❧❞ A✲ ♦r st✐✤② ❛❝❝✉r❛t❡ L✲st❛❜❧❡ ♠❡t❤♦❞s✱ ❢♦r ✐♥st❛♥❝❡✱
p = s + 1 ♦r p = s✳ ❆ ❢✉rt❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❉■❘❑ s❝❤❡♠❡s
✐♥ ♦r❞❡r t♦ r❡♣❧❛❝❡ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠s ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s✳ ❚❤❡s❡ ♠❡t❤♦❞s
❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ❧✐♥❡❛r❧② ✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s ♦r s✐♠♣❧② ❘♦s❡♥❜r♦❝❦ ♠❡t❤♦❞s✱ ❛♥❞ s❤♦✇ ❣♦♦❞
A(α)✲st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳ ❆ s✉r✈❡② ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ ❛♥❞ ♦t❤❡r ♠❡t❤♦❞s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❬❍❲✾✻❪✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t ❛♥ ❡✣❝✐❡♥t s♦❧✉t✐♦♥ ♦❢ ❧❛r❣❡ ♥♦♥❧✐♥❡❛r s②st❡♠s ✐s ♠❛♥❞❛t♦r②
❢♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s ❛♥❞ ❝♦♥st✐t✉t❡s t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❢✉❧❧②
✐♠♣❧✐❝✐t ❘❑ ♠❡t❤♦❞ ❬❍❲✾✻❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❍❛✐r❡r ✫ ❲❛♥♥❡r ❞❡✈❡❧♦♣❡❞ t❤❡ ❘❛❞❛✉✺ s♦❧✈❡r
❢♦r ✇❤✐❝❤ t❤❡② ❤❛❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ ♣❡r❢♦r♠✐♥❣ t♦♦❧s t♦ ♦✈❡r❝♦♠❡ t❤❡ ♠❛♥② ♥✉♠❡r✐❝❛❧
❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✐♠♣❧✐❝✐t ❘❑ s❝❤❡♠❡s✳ ❆❧❧ ♦❢ t❤❡s❡
✐ss✉❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ t❤❡✐r ❜♦♦❦ ❬❍❲✾✻❪✱ ❜✉t ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❤❡r❡ s♦♠❡ ♦❢ t❤❡♠
t❤❛t ❛r❡ ✉s✉❛❧❧② ❝♦♠♠♦♥ t♦ ✈❛r✐♦✉s ✐♠♣❧✐❝✐t ❘❑ s♦❧✈❡rs✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤✐s
✇♦r❦✳
❘❛❞❛✉✺ ✐♠♣❧❡♠❡♥ts t❤❡ ✜❢t❤ ♦r❞❡r✱ 3✲st❛❣❡ ❊❤❧❡✬s ♠❡t❤♦❞ ❘❛❞❛✉■■❆✱ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✷✳ ❚❤✐s
✐s ❛ ❤✐❣❤ ♦r❞❡r✱ A✲ ❛♥❞ L✲st❛❜❧❡ s❝❤❡♠❡✱ ✈❡r② s✉✐t❛❜❧❡ ❢♦r ❤✐❣❤❧② st✐✛ ♣r♦❜❧❡♠s✳ ❚❤❡ s♦❧✈❡r
❝♦♥s✐❞❡rs ❘❛❞❛✉■■❆ ❜❡❝❛✉s❡ ❛♠♦♥❣ ♦t❤❡r r❡❛s♦♥s✱ t❤✐s ✐s ❛ st✐✤② ❛❝❝✉r❛t❡ s❝❤❡♠❡ ❣✐✈❡♥ ❜②
❝♦♥❞✐t✐♦♥ ✭✷✳✺✽✮✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❢♦r ✈❡r② st✐✛ ♣r♦❜❧❡♠s s✉❝❤ ❛s s✐♥❣✉❧❛r❧②
♣❡rt✉r❜❡❞ ♣r♦❜❧❡♠s✱ ❝♦♥❞✐t✐♦♥ ✭✷✳✺✽✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❜❡❝♦♠❡s ❛❧s♦ ❛♥
✐♥t❡r♥❛❧ st❛❣❡ ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ g1, . . . , gs ✭c3 = 1 ✐♥ ❚❛❜❧❡ ✷✳✷✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❡①♣❡❝t
t❤❛t ❢❛st tr❛♥s✐❡♥ts ✐♥ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ❜❡tt❡r r❡♣r♦❞✉❝❡❞ ❜② ♥✉♠❡r✐❝❛❧❧② ❝♦♥s✐❞❡r✐♥❣
t❤❡ r❡❧❛①❡❞ ❢❛st ✈❛r✐❛❜❧❡s ❛❢t❡r ♦♥❡ t✐♠❡ st❡♣ δt ❬❍❲✾✻❪✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❣❡♥❡r❛❧ ✐♠♣❧✐❝✐t ❘❑ s❝❤❡♠❡ ✭✷✳✷✷✮✱ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ s❡t ♦ ✈❛r✐❛❜❧❡s z1, . . . , zs✱
❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ g1, . . . , gs✿

zi = gi − u0, ✭✷✳✻✼✮

✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ r♦✉♥❞✲♦✛ ❡rr♦rs ❬❍❲✾✻❪✳ ❚❤✐s ②✐❡❧❞s

zi = δt

s∑

j=1

aijf(t0 + cjδt, u0 + zj), i = 1, . . . , s;

u1 = u0 + δt
s∑

j=1

bjf(t0 + cjδt, u0 + zj).





✭✷✳✻✽✮

❚❤❡r❡❢♦r❡✱ ❦♥♦✇✐♥❣ t❤❡ s♦❧✉t✐♦♥ z1, . . . , zs ✐♠♣❧✐❡s ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r u1✱ ❢♦r ✇❤✐❝❤ s ❛❞❞✐✲
t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳ ❚❤❡s❡ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ♥❡✈❡rt❤❡❧❡ss ❜❡ ❛✈♦✐❞❡❞



❙❡❝t✳ ✷✳✸ ✲ ■♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ✹✺

✐❢ t❤❡ ♠❛tr✐① A = (aij) ✐s ♥♦♥s✐♥❣✉❧❛r✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ❘❛❞❛✉■■❆✳ ❆❝t✉❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣
t❤❛t 


z1
✳✳✳
zs


 = A




δtf(t0 + c1δt, u0 + z1)
✳✳✳

δtf(t0 + csδt, u0 + zs)


 , ✭✷✳✻✾✮

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ u1 ✐s ❡q✉✐✈❛❧❡♥t t♦

u1 = u0 +
s∑

i=1

dizi, ✭✷✳✼✵✮

✇❤❡r❡
(d1, . . . , ds) = (b1, . . . , bs)A

−1. ✭✷✳✼✶✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❚❛❜❧❡ ✷✳✷✱ ✇❡ s❡❡ t❤❛t ❢♦r ❘❛❞❛✉■■❆✿ d = (0, 0, 1)✱ s✐♥❝❡
bi = asi ❢♦r ❛❧❧ i ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✺✽✮✳
❚♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✭✷✳✻✾✮✱ ❘❛❞❛✉✺ ❝♦♥s✐❞❡rs ❛♥ ✐t❡r❛t✐✈❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ❚❤✐s
❛♠♦✉♥ts t♦ s♦❧✈❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ❛ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ t❤❡ ♠❛tr✐①✿




Id− δta11∂uf(t0 + c1δt, u0 + z1) . . . −δta1s∂uf(t0 + csδt, u0 + zs)
✳✳✳

✳ ✳ ✳
✳✳✳

−δtas1∂uf(t0 + c1δt, u0 + z1) . . . Id− δtass∂uf(t0 + csδt, u0 + zs)


 . ✭✷✳✼✷✮

■❢ ✇❡ ❛♣♣r♦①✐♠❛t❡ ❛❧❧ ❏❛❝♦❜✐❛♥s ∂uf(t0 + ciδt, u0 + zi) ❜②

J ≈ ∂uf(t0, u0), ✭✷✳✼✸✮

✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❢♦r

G(Z) = Z − (Id− δtA⊗ J)F (Z) = 0, ✭✷✳✼✹✮

✇❤❡r❡ Z = (z1, . . . , zs)
T ✱ ❛♥❞ F (Z) = (f(u0+ c1δt, u0+ z1), . . . , f(t0+ csδt, u0+ zs))

T ✱ s♦ t❤❛t
t❤❡ (k + 1)✲t❤ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ Z ✐s r❡❝✉rs✐✈❡❧② ❝♦♠♣✉t❡❞ ❜②

(Id− δtA⊗ J)∆Zk = −Zk + δt(A⊗ Id)F (Zk),

Zk+1 = Zk +∆Zk.

}
✭✷✳✼✺✮

❊❛❝❤ ✐t❡r❛t✐♦♥ r❡q✉✐r❡s t❤❡♥ s ❡✈❛❧✉❛t✐♦♥s ♦❢ f t♦ ❝♦♠♣✉t❡ F (Zk)✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ m× s
❧✐♥❡❛r s②st❡♠ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥❝r❡♠❡♥ts ∆Zk = (∆zk1 , . . . ,∆z

k
s )
T ✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡ ♠❛tr✐①

(Id − δtA ⊗ J) ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ✐t❡r❛t✐♦♥s ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❏❛❝♦❜✐❛♥s ✭✷✳✼✸✮✱ ❛♥❞ ✐ts
✐♥✈❡rs✐♦♥ ❜② ❛♥ ▲❯✲❞❡❝♦♠♣♦s✐t✐♦♥✱ ✉s✉❛❧❧② q✉✐t❡ ❡①♣❡♥s✐✈❡✱ ✐s ❞♦♥❡ ♦♥❧② ♦♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱
❡①♣❧♦✐t✐♥❣ t❤❡ s♣❡❝✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠❛tr✐① (Id − δtA ⊗ J)✱ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r
s②st❡♠ ✐♥t♦ t✇♦ s✉❜s②st❡♠s ❢♦❧❧♦✇✐♥❣ ❛ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❇✉t❝❤❡r ❬❇✉t✼✻❪✱ ❧❡❛❞s t♦ ❛♥
✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❘❛❞❛✉✺
s♦❧✈❡r ❬❍❲✾✻❪✳ ■❢ ♥♦ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ ❏❛❝♦❜✐❛♥s ❝❛♥ ❛❧✇❛②s ❜❡ ♥✉♠❡r✐❝❛❧❧②
❛♣♣r♦①✐♠❛t❡❞ ❜②

Jij ≈
f (i)(t0, u

(j) + δu(j))− f (i)(t0, u(j))
δu(j)

, i, j = 1, . . . ,m, ✭✷✳✼✻✮

❢♦r r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ♣♦s✐t✐✈❡ ♣❡rt✉r❜❛t✐♦♥s✿ δu = (δu(1), . . . , δu(m))✳ ❋✐♥❛❧❧②✱ ❍❛✐r❡r & ❲❛♥♥❡r
❞❡✜♥❡❞ ❛❧s♦ ❞❡❞✐❝❛t❡❞ st♦♣♣✐♥❣ ❝r✐t❡r✐❛ ❢♦r t❤❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ❛s ✇❡❧❧ ❛s ❛♣♣r♦♣r✐❛t❡ st❛rt✐♥❣
✈❛❧✉❡s Z0 ❢♦r t❤❡ ◆❡✇t♦♥ ✐t❡r❛t✐♦♥s ❬❍❲✾✻❪✳
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■♥ ♦r❞❡r t♦ s❡❧❡❝t t❤❡ t✐♠❡ st❡♣ ❛♥❞ ❣✉❛r❛♥t❡❡ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✱ ❘❛❞❛✉✺ ✉s❡s ❛ ❧♦✇❡r
♦r❞❡r ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞ t♦ ♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ s❡❝t✐♦♥
➓ ✷✳✷✳✷✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❆ ❧♦✇❡r ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥ û1 ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✸✼✮ ✐s ❝♦♠♣✉t❡❞ ❜②

û1 = u0 + δtb̂0f(t0, y0) + δt
3∑

i=1

b̂if(t0 + ciδt, gi), ✭✷✳✼✼✮

✉s✐♥❣ t❤❡ s❛♠❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts c1✱ c2✱ c3 ♦❢ ❘❛❞❛✉■■❆ ✭s❡❡ ❚❛❜❧❡ ✷✳✷✮✱ ❛♥❞ t❤✉s t❤❡ s❛♠❡
❡✈❛❧✉❛t✐♦♥s ♦❢ f ✳ ❆♥ ❡①tr❛ ❡✈❛❧✉❛t✐♦♥ ♦❢ f ✐s ♥❡❡❞❡❞ ❛t t0✱ ✇❤❡r❡❛s b̂0 = γ̂0✱ ✇❤❡r❡ γ̂

−1
0 ✐s ❛ r❡❛❧

❡✐❣❡♥✈❛❧✉❡ ♦❢ A−1 ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞✳ ■♥ ♦r❞❡r t♦ s❡t t❤❡ ♥❡✇ ✇❡✐❣❤ts b̂1✱ b̂2✱ b̂3 ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❞✐✛❡r❡♥❝❡✿

û1 − u1 = δtγ̂0f(t0, y0) + δt
3∑

i=1

(b̂i − bi)f(t0 + ciδt, gi), ✭✷✳✼✽✮

✐♥t♦ ✭✷✳✻✶✮ ❢♦r B(3) s✉❝❤ t❤❛t û1 − u1 = O(δt4)✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✼✵✮✱ t❤✐s
②✐❡❧❞s ✜♥❛❧❧②

û1 − u1 = δtγ̂0f(t0, y0) +

3∑

i=1

d̂iz3, ✭✷✳✼✾✮

✇❤❡r❡

(d̂1, d̂2, d̂3) =
γ̂0
3
(−13− 7

√
6,−13 + 7

√
6,−1). ✭✷✳✽✵✮

❲✐t❤ t❤❡s❡ s♦❧✉t✐♦♥s✱ ❘❛❞❛✉✺ ❝♦♠♣✉t❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✿

err = (Id− δtγ̂0J)−1(û1 − u1), ✭✷✳✽✶✮

❛s ❡rr♦r ❡st✐♠❛t❡ ✐♥ ♦r❞❡r t♦ s✐♠✉❧t❛♥❡♦✉s❧② ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✭✷✳✼✾✮ ✐s ❜♦✉♥❞❡❞
❢♦r δt→ 0 ❛♥❞ δtλ→∞ ✭✐❢ f(u) = λu ❛♥❞ J = λ✮✱ ❢♦r st✐✛ ♣r♦❜❧❡♠s ❬❍❲✾✻❪✳
❚❤❡ t✐♠❡ st❡♣s ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ❜② t❛❦✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ♦❢

δtnew = fac · δtn
(

1

‖errn+1‖

)1/4

, ✭✷✳✽✷✮

❛♥❞

δtnew = fac · δtn
(

1

‖errn+1‖

)1/4 δtn
δtn−1

( ‖errn‖
‖errn+1‖

)1/4

, ✭✷✳✽✸✮

❜❛s❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ♦♥ ✭✷✳✹✸✮ ❛♥❞ ✭✷✳✹✻✮ ✇✐t❤

‖err‖ =

√√√√ 1

m

m∑

i=1

(
err (i)

sci

)2

, ✭✷✳✽✹✮

✇✐t❤ err (i) = (Id−δtγ̂0J)−1
(
û
(i)
1 − u

(i)
1

)
✱ ❛♥❞ sci = Atol i+max(|u(i)0 |, |u

(i)
1 |)·Rtol i✱ ✇❤❡r❡ Atol

❛♥❞ Rtol ❛r❡ ❞❡✜♥❡❞ ❛s ❛❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❬❍❲✾✻❪✳ ❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡ ❣✐✈❡♥ ❜② ✭✷✳✽✹✮✱ t❤❡ ❝✉rr❡♥t t✐♠❡ st❡♣ ✐s ❛❝❝❡♣t❡❞ ✐❢ ‖err‖ ≤ 1✱ ♦t❤❡r✇✐s❡
✐t ✐s r❡❥❡❝t❡❞✳ ■♥ t❤✐s ❝❛s❡ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ✜rst st❡♣✱ ❘❛❞❛✉✺ ✉s❡s ❛ s❡❝♦♥❞ ❡rr♦r ❡st✐♠❛t❡
✐♥st❡❛❞ ♦❢ ✭✷✳✽✶✮✿

ẽrr = (Id− δtγ̂0J)−1

(
δtγ̂0f(t0, y0 + err) +

3∑

i=1

d̂iz3

)
, ✭✷✳✽✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ f ✱ ❜✉t ✇❡ ❤❛✈❡ t❤❛t ẽrr → 0 ✐s s❛t✐s✜❡❞ ❢♦r δtλ→∞✱
✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ u1 ❞♦❡s✳
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✷✳✹ ❙t❛❜✐❧✐③❡❞ ❊①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s

■♥ ♠❛♥② ❝❛s❡s✱ t❤❡r❡ ❛r❡ st✐✛ ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ A✲st❛❜❧❡ ♠❡t❤♦❞s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② r❡q✉✐r❡❞✳
❙♦♠❡ r❡♠❛r❦❛❜❧❡ ❡①❛♠♣❧❡s ❝♦♠❡ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣❛r❛❜♦❧✐❝ P❉❊s ✇❤✐❝❤ ❧❡❛❞ t♦ st✐✛
♣r♦❜❧❡♠s ✇✐t❤ ❛ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐♥✈♦❧✈✐♥❣ ✭♣♦ss✐❜❧② ❧❛r❣❡✮ ❡✐❣❡♥✈❛❧✉❡s ❝❧♦s❡ t♦ t❤❡ r❡❛❧ ♥❡❣❛t✐✈❡
❛①✐s✳ ❚❤✐s ✐s t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❤❡❛t ❡q✉❛t✐♦♥ ✭✷✳✶✹✮ ✐♥ ➓ ✷✳✶✳✶✱ ❢♦r ✇❤✐❝❤ t❤❡
r❡❛❧ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ✭✷✳✶✽✮ ✐♥❝r❡❛s❡ ✇✐t❤ ✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞
♦❢ A✲st❛❜❧❡ ❜✉t t✐♠❡ ❝♦♥s✉♠✐♥❣ ✐♠♣❧✐❝✐t ♣r♦❝❡❞✉r❡s✱ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s s❤♦✉❧❞ ❜❡
♣r❡❢❡rr❡❞✳ ❚❤❡s❡ ❡①♣❧✐❝✐t ♠❡t❤♦❞s ❛✈♦✐❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛❧❣❡❜r❛✐❝ s②st❡♠s✱ ✇❤✐❧❡ ❢❡❛t✉r✐♥❣
❛♥ ❡①t❡♥❞❡❞ st❛❜✐❧✐t② ❞♦♠❛✐♥ ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s✱ ✈❡r② ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤✐s t②♣❡ ♦❢
♣r♦❜❧❡♠✳ ❆ ❞❡t❛✐❧❡❞ s✉r✈❡② ♦♥ t❤❡s❡ s❝❤❡♠❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❱❡r✾✻❪✱ ❛♥❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢
❍✉♥❞s❞♦r❢❡r ✫ ❱❡r✇❡r ❬❍❱✵✸❪✳
❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❝♦♥str✉❝t ♠❡t❤♦❞s ♦❢ ♦r❞❡r p ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧ Rs ♦❢
❞❡❣r❡❡ s✿

Rs(z) = 1 + z + · · ·+ zp

p!
+

s∑

p+1

αi,sz
i, ✭✷✳✽✻✮

✇✐t❤ s ≥ p+ 1✱ ❛♥❞ αi,s ∈ ❈✱ s✉❝❤ t❤❛t Rs(z) r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❛❧♦♥❣ t❤❡
r❡❛❧ ♥❡❣❛t✐✈❡ ❛①✐s✱ ✐✳❡✳✱

|Rs(z)| ≤ 1, z ∈ [−ℓs, 0], ✭✷✳✽✼✮

✇✐t❤ ℓs ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡✳ ❖♥❡ ✇❛② ♦❢ ❜✉✐❧❞✐♥❣ s✉❝❤ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s ❝♦♥s✐❞❡rs t❤❡
❢❛♠✐❧② ♦❢ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s✿

Ts(cos(z)) = cos(s z), ✭✷✳✽✽✮

❞❡✜♥❡❞ ❛❧s♦ ❜② t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✿

T0(z) = 1, T1(z) = z, Ts(z) = 2zTs−1(z)− Ts−2(z), ✭✷✳✽✾✮

✇❤✐❝❤ r❡♠❛✐♥ ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ 1 ❛♥❞ −1 ❢♦r z ∈ [−1, 1]✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ②✐❡❧❞ ❜♦✉♥❞❛r✐❡s ℓs
♣r♦♣♦rt✐♦♥❛❧ t♦ s2✳
❚❤❡s❡ s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ❘✉♥❣❡✲❑✉tt❛✲❈❤❡❜②s❤❡✈ ♠❡t❤♦❞s✱ ❛♥❞ ❢❡❛t✉r❡ ❡①t❡♥❞❡❞ r❡❛❧
st❛❜✐❧✐t② ✐♥t❡r✈❛❧s ♣r♦♣♦rt✐♦♥❛❧ t♦ s2✱ ❛ ❣♦♦❞ ♣r♦♣❡rt② ✐♥❤❡r✐t❡❞ ❢r♦♠ ❈❤❡❜②s❤❡✈✲t②♣❡ ♣♦❧②♥♦✲
♠✐❛❧s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r p = 1✱ t❤❡ ♦♣t✐♠❛❧ ♣♦❧②♥♦♠✐❛❧s t❤❛t s❛t✐s✜❡s ✭✷✳✽✻✮ ❛r❡ ❞✐r❡❝t❧② t❤❡
s❤✐❢t❡❞ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s✿

Rs(z) = Ts

(
1 +

z

s2

)
, ✭✷✳✾✵✮

✇❤✐❝❤ ❛r❡ s❤♦✇♥ t♦ ②✐❡❧❞ t❤❡ ♦♣t✐♠❛❧ ℓs = 2s2✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣♦✐♥ts ✇❤❡r❡ Rs(z) = ±1 ❢♦r
z ∈ ❘−✱ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ❤❛s ③❡r♦ ✇✐❞t❤ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ ❞❛♠♣✐♥❣ ❛t ❛❧❧ ♦❢ ❤✐❣❤
❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ st❛♥❞❛r❞ ✇❛② t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❝♦♥s✐❞❡rs ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r ε > 0
✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❞❛♠♣❡❞ ❈❤❡❜②s❤❡✈ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥s ❬●▲✻✶❪✿

Rs(z) =
1

Ts(w)
Ts(w0 + w1z), w0 = 1 +

ε

s2
, w1 =

Ts(w0)

T ′
s(w0)

. ✭✷✳✾✶✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥s ❛r❡ r❡❞✉❝❡❞ ❜② ❛♣♣r♦①✐♠❛t✐✈❡❧② ε✿ |Rs(z)| ≤ 1 − ε✱
✇❤✐❧❡ t❤❡ st❛❜✐❧✐t② ❧❡♥❣t❤ ✐s s❤♦rt❡♥❡❞ ❜② ❛♣♣r♦①✐♠❛t✐✈❡❧② (4ε/3)s2❀ ♥❡✈❡rt❤❡❧❡ss✱ t❤❡ ♦r❞❡r ♦❢
t❤❡ s❝❤❡♠❡ ✐s ♣r❡s❡r✈❡❞ ❛♥❞ ❛ s❛❢❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ r❡❛❧ ❛①✐s ✐s ❣✉❛r❛♥t❡❡❞ ❬❍❲✾✻❪✳
❇❛s❡❞ ♦♥ t❤❡s❡ ✐❞❡❛s✱ ❛ ✜rst ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞ ❝❛❧❧❡❞ ▲❡❜❡❞❡✈✲t②♣❡ ♠❡t❤♦❞s ❬▲❡❜✽✾✱ ▲❡❜✾✹❪✱ ❛✐♠s
❛t ❜✉✐❧❞✐♥❣ ❘❑ s❝❤❡♠❡s ❜❛s❡❞ ♦♥ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s t❤❛t s❛t✐s❢② ✭✷✳✽✻✮ ❢♦r ❛



❙❡❝t✳ ✷✳✹ ✲ ❙t❛❜✐❧✐③❡❞ ❊①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ✹✽

❣✐✈❡♥ p✳ ❋♦r p = 1 ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ t❤❡ s❤✐❢t❡❞ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s
✭✷✳✾✵✮✱ s♦ t❤❡ ✐❞❡❛ ✐s t♦ ✇r✐t❡ t❤❡♠ ❛s ❬❙❛✉✻✵✱ ●▲✻✶❪✿

Rs(z) =

s∏

i=1

(1 + δiz), δi = −
1

zi
, ✭✷✳✾✷✮

✇❤❡r❡ zi ❛r❡ t❤❡ r♦♦ts ♦❢ Rs(z)✱ ❛♥❞ t♦ r❡♣r❡s❡♥t t❤❡ ❘❑ s❝❤❡♠❡ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡①♣❧✐❝✐t
❊✉❧❡r st❡♣s✿

g0 = u0,

gi = gi−1 + δtδif(gi−1), i = 1, . . . , s,

u1 = gs.





✭✷✳✾✸✮

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❝♦♥st✐t✉t❡s ✜♥❞✐♥❣ t❤❡ ❜❡st s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❊✉❧❡r st❡♣s t♦
❡♥s✉r❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❝❤❡♠❡ ❬▲❡❜✾✸❛✱ ▲❡❜✾✸❜❪✳ ❋♦r♠✉❧❛❡ ♦❢ ♦r❞❡r ✉♣ t♦ ❢♦✉r ✇❡r❡
❛❧s♦ ❛❝❤✐❡✈❡❞ ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s
♦❢ ♦r❞❡r p ≥ 2 ❬▲▼✾✽✱ ▼❡❞✾✽❪✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ t❤❡r❡❢♦r❡ ♣❡r❢♦r♠❡❞
♥✉♠❡r✐❝❛❧❧② ❛♥❞ ②✐❡❧❞✱ ❢♦r ✐♥st❛♥❝❡✱ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡s ✇✐t❤ ♣r❛❝t✐❝❛❧❧② ♦♣t✐♠❛❧ ℓs ≈ 0.82 ·s2
❢♦r s≫ 1✳ ❚❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❉❯▼❑❆ ❝♦❞❡ ❬▲❡❜✾✹✱ ▲❡❜✵✵❪✳
❇❛s❡❞ ♦♥ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❜♦✉♥❞❛r✐❡s ℓs ❬✈❞❍✼✼❪✱ ❛♥❞ ❦♥♦✇✐♥❣ t❤❛t
❛♠♦♥❣ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ♦❢ ♦r❞❡r p ❛♥❞ ❞❡❣r❡❡ s s❛t✐s❢②✐♥❣ ✭✷✳✽✻✮✱ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ s❛t✐s✜❡s t❤❡
s♦✲❝❛❧❧❡❞ ❡q✉❛❧ r✐♣♣❧❡ ♣r♦♣❡rt② ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡r❡ ❡①✐st s − p + 1 ♣♦✐♥ts z0 < z1 < · · · <
zs−p < 0✱ ✇✐t❤ z0 = −ℓs✱ s✉❝❤ t❤❛t

R(zi) = −R(zi+1), i = 0, . . . , s− p− 1,

|R(zi)| = 1, i = 0, . . . , s− p;

}
✭✷✳✾✹✮

❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ❦♥♦✇♥ ❛s t❤❡ ❱❛♥ ❞❡r ❍♦✉✇❡♥✲❙♦♠♠❡✐❥❡r ♠❡t❤♦❞s ❬✈❞❍❙✽✵❪✱ ❝♦♥str✉❝ts t❤❡
❘❑ s❝❤❡♠❡s ❜❛s❡❞ ♦♥ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s❝❛❧❡❞ ❛♥❞ s❤✐❢t❡❞ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s t❤❛t
❛✐♠ ❛t ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ❜② ✈❡r✐❢②✐♥❣ ✭✷✳✾✹✮✱ ❛♥❞ ❣❡♥❡r❛t❡s ❛❜♦✉t 80%
♦❢ t❤❡ ♦♣t✐♠❛❧ ✐♥t❡r✈❛❧ ℓs✳ ❋✐rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡s ❦♥♦✇♥ ❛s ❘❑❈ ♠❡t❤♦❞s ✇❡r❡ ❜✉✐❧t
✇✐t❤ t❤❡s❡ ❛♣♣r♦①✐♠❛t❡❞ ♦♣t✐♠❛❧ ♣♦❧②♥♦♠✐❛❧s ✉s✐♥❣ t❤❡ t❤r❡❡✲t❡r♠ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛ ✭✷✳✽✾✮✿

g0 = u0,

g1 = g0 + µ̃1δtf(g0),

gi = (1− µi − νi)g0 + µigi−1 + νigi−2

+ µ̃iδtf(gi−1) + γ̃iδtf(g0), i = 2, . . . , s,

u1 = gs,





✭✷✳✾✺✮

✇❤❡r❡ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts (µ̃i, µi, νi, γ̃i) ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❛♥❛❧②t✐❝❛❧ ❢♦r♠ ❢♦r ❛r❜✐tr❛r② s ≥ 2
❬❙❱✽✵❪✳ ■♥ t❤✐s ✇❛②✱ ❛♥ ❡✣❝✐❡♥t s❡❝♦♥❞ ♦r❞❡r s♦❧✈❡r ❦♥♦✇♥ s✐♠♣❧② ❛s ❘❑❈ ♣r♦♣♦s❡❞ ❜②
❙♦♠♠❡✐❥❡r ❡t ❛❧✳ ✐♥ ❬❙❙❱✾✼❪✱ ❣❛✐♥❡❞ ♥♦t♦r✐♦✉s r❡♣✉t❛t✐♦♥ ♦✈❡r t❤❡ ❧❛st ②❡❛rs✳ ❚❤❡ ❘❑❈ s♦❧✈❡r
❛❧s♦ ❢❡❛t✉r❡s ❧♦❝❛❧ ❡rr♦r ❝♦♥tr♦❧✱ ✇✐t❤ ✈❛r✐❛❜❧❡ st❡♣ s✐③❡s✱ ❝♦♠♣✉t❡❞ ♦♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡①♣❛♥s✐♦♥✱ t❤❡♦r❡t✐❝❛❧❧② ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❞❡t❛✐❧❡❞ st❛❜✐❧✐t②
❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ✐♥ ❬❱❍❙✾✵❪✳ ❚❤❡ st❛❜✐❧✐t② ❜♦✉♥❞ ✐s ❣✐✈❡♥ ❜② ℓs ≈ 0.653 · s2
❢♦r t❤❡ s❡❝♦♥❞ ♦r❞❡r ❘❑❈ s❝❤❡♠❡✱ ❛♥❞ ❤❡♥❝❡ ❢♦r ❛ ❣✐✈❡♥ t✐♠❡ st❡♣ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✱ ❛♥ ❛❞❡q✉❛t❡ ♥✉♠❜❡r ♦❢ st❛❣❡s s ✐s ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡
st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞✳



❙❡❝t✳ ✷✳✹ ✲ ❙t❛❜✐❧✐③❡❞ ❊①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ✹✾

✷✳✹✳✶ ❚❤❡ ❘❖❈❑ ▼❡t❤♦❞

❆ t❤✐r❞ ❛♣♣r♦❛❝❤ t❤❛t ❝♦♠❜✐♥❡❞ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❜② s❡❛r❝❤✐♥❣ ♣r❛❝t✐❝❛❧❧② ♦♣t✐♠❛❧ st❛❜✐❧✐t②
❜♦✉♥❞s ℓs✱ ❛♥❞ ❜② ✉s✐♥❣ ❛ t❤r❡❡✲t❡r♠ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✱ ❣❛✈❡ ❜✐rt❤ t♦ t❤❡ ❘❖❈❑ ♠❡t❤♦❞s
✭❢♦r ❖rt❤♦❣♦♥❛❧✲❘✉♥❣❡✲❑✉tt❛✲❈❤❡❜②s❤❡✈✮ ❬❆▼✵✶✱ ❆❜❞✵✷❪✳ ❆ ♣r❡❧✐♠✐♥❛r② ✐♠♣♦rt❛♥t r❡s✉❧t ♦❢
❆❜❞✉❧❧❡ ❬❆❜❞✵✵❪ ✇❛s t❤❛t t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s s❛t✐s❢②✐♥❣ ✭✷✳✽✻✮ ❢♦r ❛ ❣✐✈❡♥ p ❛♥❞
t❤❡ ❡q✉❛❧ r✐♣♣❧❡ ♣r♦♣❡rt② ✭✷✳✾✹✮✱ ♣♦ss❡ss ❡①❛❝t❧② p ❝♦♠♣❧❡① r♦♦ts ✐❢ p ✐s ❡✈❡♥ ❛♥❞ ❡①❛❝t❧② p− 1
❝♦♠♣❧❡① r♦♦ts ✐❢ p ✐s ♦❞❞✳ ❚❤❡r❡❢♦r❡✱ ✐❢ p ✐s ❡✈❡♥✱ ✇❡ ❝❛♥ t❤❡♥ s♣❧✐t t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

Rs(z) = wp(z)Ps−p(z), ✭✷✳✾✻✮

✇❤❡r❡ wp r❡t❛✐♥s t❤❡ p ❝♦♠♣❧❡① r♦♦ts ❛♥❞ Ps−p✱ t❤❡ r❡♠❛✐♥✐♥❣ (s − p) r❡❛❧ r♦♦ts✳ ❚❤❡ ✐❞❡❛
❞❡✈❡❧♦♣❡❞ ❜② ▼❡❞♦✈✐❦♦✈ ✫ ❆❜❞✉❧❧❡ ✐♥ ❬❆▼✵✶❪ ❢♦r p = 2✱ ❛♥❞ t❤❡♥ ❡①t❡♥❞❡❞ t♦ p = 4 ❜②
❆❜❞✉❧❧❡ ✐♥ ❬❆❜❞✵✷❪✱ ✇❛s t♦ ❛♣♣r♦①✐♠❛t❡ Rs(z) ❜②

R̃s(z) = w̃p(z)P̃s−p(z), ✭✷✳✾✼✮

✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s P̃s−p✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w̃2
p(z)/

√
1− z2✱

s✉❝❤ t❤❛t R̃s(z) r❡s✉❧ts ✐♥ ❛ p✲♦r❞❡r st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧ ✇❤✐❝❤ r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❛s ♠✉❝❤ ❛s
♣♦ss✐❜❧❡ ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s✱ t❛❦✐♥❣ ❛❧s♦ ✐♥t♦ ❛❝❝♦✉♥t s♦♠❡ ❞❛♠♣✐♥❣✳ ❚❤❡ t❡❝❤♥✐q✉❡s t♦
❝♦♠♣✉t❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❬❆▼✵✶❪ ❛♥❞ ❬❆❜❞✵✷❪✳
❖♥❝❡ t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ❛ t❤r❡❡✲t❡r♠ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✿

P̃0(z) = 1, P̃1(z) = 1 + µ1z, P̃i(z) = (µiz − νi)P̃i−1(z)− κiP̃i−2(z), ✭✷✳✾✽✮

✇✐t❤ i = 2, . . . , s − p✱ s❛t✐s✜❡❞ ❜② t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✱ ✐s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ✐♥t❡r♥❛❧
st❛❣❡s ♦❢ t❤❡ ❘❑ ♠❡t❤♦❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ❬✈❞❍❙✽✵❪✿

g0 = u0,

g1 = g0 + µ̃1δtf(g0),

gi = µ̃iδtf(gi−1)− νigi−1 − κigi−2, i = 2, . . . , s− p.





✭✷✳✾✾✮

❈♦♥s✐❞❡r✐♥❣ dtu = λu ❛♥❞ z = λδt✱ t❤❡ r❡s✉❧t✐♥❣ P̃s−p(z) ✐s t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✭✷✳✾✾✮✿ gs−p = P̃s−p(z)u0✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts (µi, νi, κi) ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❛ ♣r♦❝❡❞✉r❡
✐♥tr♦❞✉❝❡❞ ✐♥ ❬❆▼✵✶❪✳
❚❤❡ ❝❛s❡ p = 2 ②✐❡❧❞s t❤✉s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❘❖❈❑✷ ♠❡t❤♦❞ ❬❆▼✵✶❪ ❢♦r ✇❤✐❝❤ w̃2(z) ✐s ❛
t✇♦✲st❛❣❡ ✜♥✐s❤✐♥❣ ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡❞ t♦ gs−2 = P̃s−2(z)u0✳ ❋♦r dtu = λu ❛♥❞ z = λδt✱ t❤✐s
✐♠♣❧✐❡s

u1 = w̃2(z)gs−2 = w̃2(z)P̃s−2(z)u0 = R̃s(z)u0. ✭✷✳✶✵✵✮

❚❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r p = 2 ❛r❡ ❝❧❛ss✐❝❛❧ t♦ ❡①♣❧✐❝✐t ❘❑ s❝❤❡♠❡s ❛♥❞ ❛❧❧♦✇ ✉s t♦ ❝♦♠♣✉t❡ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✜♥❛❧ st❛❣❡s✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r s❡❝♦♥❞ ♦r❞❡r✱ t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡ s❛♠❡
❢♦r ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✳ ❆ s♦❧✉t✐♦♥ û1 ♦❢ ♦r❞❡r p̂ = 1✱ ✐s ❝♦♠♣✉t❡❞ ❡♠❜❡❞❞❡❞
❛t t❤❡ ✜♥❛❧ st❡♣ w̃2(z)✱ ❛♥❞ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r err = (û1− u1)✱ ✐s ❝♦♠♣✉t❡❞ ❢♦r t❤❡
st❡♣ s✐③❡ s❡❧❡❝t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❛♠❡ ❝r✐t❡r✐❛ ✉s❡❞ ❜② ❘❛❞❛✉✺ ❬❍❲✾✻❪ ✇✐t❤ ❡①♣r❡ss✐♦♥s
✭✷✳✽✷✮ ❛♥❞ ✭✷✳✽✸✮✳ ❚❤❡ ♥❡❛r❧② ♦♣t✐♠❛❧ st❛❜✐❧✐t② ✐♥t❡r✈❛❧ ✐s ❣✐✈❡♥ ❜② ℓ̃s ≈ 0.81 · s2 ✭t❤❡ ♦♣t✐♠❛❧
r❛t✐♦ ✐s ❛❜♦✉t 0.82 ❬✈❞❍✼✼❪✮✳ ❚❤❡r❡❢♦r❡✱ ✇✐t❤ t❤❡ t✐♠❡ st❡♣ ✜①❡❞ ❜② t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②
✭Atol ❛♥❞ Rtol✮✱ t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s ♥❡❡❞❡❞ t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t② ✐s ❝♦♠♣✉t❡❞ ❜②

δtρ (∂uf(u)) ≤ 0.81 · s2, ✭✷✳✶✵✶✮



❙❡❝t✳ ✷✳✹ ✲ ❙t❛❜✐❧✐③❡❞ ❊①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ▼❡t❤♦❞s ✺✵

✇❤❡r❡ ρ ✐s t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ❖❉❊s✳ ❆ ❞②♥❛♠✐❝ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤✐s s♣❡❝tr❛❧ r❛❞✐✉s ✐s ♣r♦✈✐❞❡❞ ❜② ❘❖❈❑✷ ✉s✐♥❣ ❛ ♥♦♥✲❧✐♥❡❛r ♣♦✇❡r ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❛ s❧✐❣❤t
♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬❙❙❱✾✼❪ ❢♦r t❤❡ ❘❑❈ ❝♦❞❡✳
❏✉st ❧✐❦❡ ❜❡❢♦r❡✱ ❢♦r t❤❡ ❢♦✉rt❤ ♦r❞❡r ❘❖❈❑✹ ✭p = 4✮ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
w̃4(z) ♠✉st ❜❡ ❝♦♠♣✉t❡❞ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ ♦r❞❡r 4 ❛r❡ s❛t✐s✜❡❞✳ ❆s ✐♥ ❬▼❡❞✾✽❪✱
❛ t❤❡♦r② ♦❢ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❡t❤♦❞s ✭t❤❡ ✏❇✉t❝❤❡r ❣r♦✉♣✑✮ ✐s ❛♣♣❧✐❡❞ t♦ ❛❝❤✐❡✈❡ ❛ ❢♦✉rt❤ ♦r❞❡r
♠❡t❤♦❞ ❞❡♥♦t❡❞ WP ✱ ✇❤❡r❡ t❤❡ ✜rst ♠❡t❤♦❞✱ ❞❡♥♦t❡❞ ❜② P ✐s ❣✐✈❡♥ ❜② t❤❡ t❤r❡❡✲t❡r♠ r❡❝✉r✲
r❡♥❝❡ r❡❧❛t✐♦♥ ✐♥ ✭✷✳✾✾✮ t❤✐s t✐♠❡ ✇✐t❤ p = 4✱ ✇❤❡r❡❛s t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢♦✉r st❛❣❡s ♠❡t❤♦❞
W ❛ss♦❝✐❛t❡❞ ✇✐t❤ w̃4(z) ❛r❡ ❝♦♠♣✉t❡❞ s✉❝❤ t❤❛t t❤❡ ✏❝♦♠♣♦s✐t❡✑ ♠❡t❤♦❞ WP ✐s ♦❢ ♦r❞❡r 4 ❛s
s❤♦✇♥ ✐♥ ❬❆❜❞✵✷❪✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝♦♥❞ ♦r❞❡r ❝❛s❡✱ ❛♥ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞ Ŵ ✐s ❜✉✐❧t ❡♠✲
❜❡❞❞❡❞ ✐♥t♦ W ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ s❛♠❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛❡ ✭✷✳✾✽✮ ❢♦r ❜♦t❤ t❤❡ ❢♦✉rt❤ ♦r❞❡r
❛♥❞ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞s✳ ❆ t❤✐r❞ ♦r❞❡r ❡♠❜❡❞❞❡❞ ❘❑ s❝❤❡♠❡ ✐s t❤✉s ❝♦♥str✉❝t❡❞ ❜② ❛❞❞✐♥❣
❛ ♥❡✇ st❛❣❡ t♦ w̃4(z)✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♠♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡
s✉❝❤ t❤❛t t❤❡ ✏❝♦♠♣♦s✐t❡✑ ♠❡t❤♦❞ ŴP ✐s ♦❢ ♦r❞❡r 3✱ ❛♥❞ t❤❛t t❤❡ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡
❡♠❜❡❞❞❡❞ ♠❡t❤♦❞s ❛r❡ ❜♦✉♥❞❡❞ ✐♥ t❤❡ s❛♠❡ ✐♥t❡r✈❛❧ ❛s t❤❡ ♦♥❡s ♦❢ t❤❡ ❘❖❈❑✹ s❝❤❡♠❡✳ ❚❤❡
❧❛tt❡r ❢❡❛t✉r❡ ✐s ✐♥❞✐s♣❡♥s❛❜❧❡ t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❧♦✇❡r ♦r❞❡r ♠❡t❤♦❞✱ ❛♥❞ t♦ ♦❜t❛✐♥
t❤✉s r❡❧✐❛❜❧❡ ❡rr♦r ❡st✐♠❛t❡s✳
❚❤❡ ♣r❛❝t✐❝❛❧❧② ♦♣t✐♠❛❧ st❛❜✐❧✐t② ✐♥t❡r✈❛❧ ✐s t❤✐s t✐♠❡ ❣✐✈❡♥ ❜② ℓ̃s ≈ 0.35 · s2 ✭t❤❡ ♦♣t✐♠❛❧ r❛t✐♦
❢♦r ❢♦✉rt❤ ♦r❞❡r ✐s ❛❜♦✉t 0.34 ✐♥ ❬✈❞❍✼✼❪ ❛♥❞ 0.35 ✐♥ ❬▼❡❞✾✽❪✮✳ ❚❤❡ ❘❖❈❑✹ s♦❧✈❡r ✐♠♣❧❡♠❡♥ts
t❤❡ s❛♠❡ t♦♦❧s ❛s ❘❖❈❑✷ ❢♦r t✐♠❡ st❡♣ s❡❧❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❡st✐♠❛t❡s ✭✷✳✽✷✮ ❛♥❞ ✭✷✳✽✸✮✱ ❛s
✇❡❧❧ ❛s t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s✳ ❋♦r ❛ ❣✐✈❡♥ t✐♠❡ st❡♣ δt✱ ❝♦♠♣✉t❡❞
❜❛s❡❞ ♦♥ t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ✭Atol ❛♥❞ Rtol✮✱ t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s t❤❛t ❡♥s✉r❡s st❛❜✐❧✐t②
♦❢ ❝♦♠♣✉t❛t✐♦♥s ✐s ♥♦✇ ❣✐✈❡♥ ❜②

δtρ (∂uf(u)) ≤ 0.35 · s2. ✭✷✳✶✵✷✮

❆ ♥♦t♦r✐♦✉s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t❤r❡❡✲t❡r♠ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛❡ ✉s❡❞ ❜② t❤❡ ❘❑❈ ✭✷✳✾✺✮ ❛♥❞
❘❖❈❑ ✭✷✳✾✾✮ ♠❡t❤♦❞s✱ ✐s t❤❛t ❡✈❡♥ t❤♦✉❣❤ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ st❛❣❡s s ♠✐❣❤t ❜❡ r❡q✉✐r❡❞
t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t②✱ ♦♥❧② t❤❡ ❝✉rr❡♥t t❤r❡❡ ❛rr❛②s ✐♥ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ♥❡❡❞ t♦ ❜❡
s❛✈❡❞✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ t✇♦✲st❛❣❡ w̃2(z) ❢♦r t❤❡ s❡❝♦♥❞ ♦r❞❡r ❘❖❈❑✷✱ ✜✈❡ s♦❧✉t✐♦♥ ❛rr❛②s
♥❡❡❞ t❤✉s t♦ ❜❡ s❛✈❡❞ t♦ ♣❡r❢♦r♠ ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r ❘❖❈❑✹ ❢♦r
✇❤✐❝❤ s❡✈❡♥ ❛rr❛②s s❤❛❧❧ ❜❡ r❡q✉✐r❡❞✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❘❖❈❑ s❝❤❡♠❡s
t❤r♦✉❣❤ ✭✷✳✾✻✮ ✐♥✈♦❧✈❡s ❛t ❧❡❛st s = 3 ❛♥❞ s = 5 ✐♥t❡r♥❛❧ st❛❣❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❘❖❈❑✷
❛♥❞ ❘❖❈❑✹ s❝❤❡♠❡s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❘❖❈❑ s❝❤❡♠❡s ❝♦♠♣❛r❡❞ ✇✐t❤ ♣r❡✈✐♦✉s
st❛❜✐❧✐③❡❞ ❘❑ s❝❤❡♠❡s ✐s t❤❛t ✐t ❝♦♠❜✐♥❡s t❤❡ ❜❡st ❢❡❛t✉r❡s ♦❢ ❜♦t❤ ▲❡❜❡❞❡✈✲ ❛♥❞ ❱❛♥ ❞❡r
❍♦✉✇❡♥✲❙♦♠♠❡✐❥❡r✲t②♣❡ ♠❡t❤♦❞s ❜② ✉s✐♥❣ t❤❡ t❤r❡❡✲t❡r♠ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛❡ ✇✐t❤ ♣r❛❝t✐❝❛❧❧②
♦♣t✐♠❛❧ st❛❜✐❧✐t② ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ❧❛tt❡r ✐♠♣❧✐❡s ❧❛r❣❡r st❛❜✐❧✐t② ❞♦♠❛✐♥s ✐♥ t❤❡ ♣r❛❝t✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥s ❝♦♥s✐❞❡r✐♥❣ t❤❛t ℓs ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② 0.81 · s2 ❢♦r ❘❖❈❑✷ ❝♦♠♣❛r❡❞ ✇✐t❤
0.65 · s2 ❢♦r t❤❡ ❛❧s♦ s❡❝♦♥❞ ♦r❞❡r ❘❑❈ s♦❧✈❡r ❬❙❙❱✾✼❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❤✐❣❤❡r ♦r❞❡r✱ st❛❜✐❧✐③❡❞
❡①♣❧✐❝✐t s❝❤❡♠❡ ♦❢ ❡❛s② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ ❛♥ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ✐♥t❡r✈❛❧✱ ✇❛s ❛❝❤✐❡✈❡❞ ✇✐t❤
t❤❡ ❘❖❈❑✹ s♦❧✈❡r✳ ■♥ t❤✐s ✇❛②✱ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥s ♦❢ ❡①♣❧✐❝✐t ❘❑ ♠❡t❤♦❞s ❛r❡ ❡①t❡♥❞❡❞
✇✐t❤♦✉t ❛❧t❡r✐♥❣ t❤❡ ♦r❞❡rs ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ❛♥❞ ❢✉rt❤❡r♠♦r❡ ✇✐t❤♦✉t r❡q✉✐r✐♥❣
❡①❝❡ss✐✈❡ s✉♣♣❧❡♠❡♥t❛r② ♠❡♠♦r② s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ st❛♥❞❛r❞ ❡①♣❧✐❝✐t ❘❑ s❝❤❡♠❡✳



❈❤❛♣t❡r ✸

❙♣❛❝❡ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❢♦r

▼✉❧t✐✲❙❝❛❧❡ ❊✈♦❧✉t✐♦♥❛r② P❉❊s

❚❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✇❡r❡ ♠❛✐♥❧② ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t✐♠❡ ❞❡♣❡♥❞❡♥t
st✐✛ ♣r♦❜❧❡♠s✳ ■♥ ❈❤❛♣t❡r ✶ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r P❉❊s✱
✐♥ ♣❛rt✐❝✉❧❛r ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❢♦r ✇❤✐❝❤ t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ✐♥
t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s ✇❡r❡ ♥❡❣❧❡❝t❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥
❈❤❛♣t❡r ✷ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ s②st❡♠s ♦❢ ❖❉❊s ✇❤✐❝❤ ✐♥ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ❛r❡ ✐ss✉❡❞
❢r♦♠ ❛ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ P❉❊s✱ ✐✳❡✳✱ ❢r♦♠ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ P❉❊s✱ ❛♥❞ ❤❡♥❝❡
t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ✇❡r❡ ♥♦t ❞✐s❝✉ss❡❞✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❛ ❦❡② ❛s♣❡❝t t♦ ❡✣❝✐❡♥t❧②
s♦❧✈❡ ❛❧❧ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss ✐♥ ♠❛♥②
❛♣♣❧✐❝❛t✐♦♥s t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛✱ ✐✳❡✳✱ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
P❉❊s✱ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ t❤❡ ♣❤②s✐❝❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s ♠✐❣❤t ❜❡ ♥❡✐t❤❡r ❛❞❡q✉❛t❡ ♥♦r
✈❛❧✐❞ ✐❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❦✐♣s s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ ❞❡❞✐❝❛t❡❞ ❛♥❞ ♣♦ss✐❜❧② ❤✐❣❤ ♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞
✐♥ ❝❤❛♣t❡rs ✶ ❛♥❞ ✷✱ ♠✐❣❤t ❛❧s♦ ❣✐✈❡ ✇r♦♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s ❡✈❡♥
t❤♦✉❣❤ t❤❡② ❛r❡ s♦❧✈✐♥❣ ❛❝❝✉r❛t❡❧② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ P❉❊s✳ ❆ ♥❛t✉r❛❧
❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❡s r❡❧✐❡s t❤❡♥ ♦♥ ❛
s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ s♣❛t✐❛❧ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥✳
❙✐♥❝❡ ❢♦r r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛ ✉♥✐❢♦r♠ ✜♥❡ ♠❡s❤ ✐s ♦❢t❡♥ ❡①♣❡♥s✐✈❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡✲
s♦✉r❝❡s✱ ♠❛♥② ❤✐❣❤ ♦r❞❡r ❛♥❞ ❞❡❞✐❝❛t❡❞ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ st✉❞✲
✐❡❞ ♦✈❡r t❤❡ ♣❛st ②❡❛rs ✭s❡❡✱ ❡✳❣✳✱ ❬▲❡❱✾✷✱ ▲❡❱✵✷✱ ❍❱✵✸❪✮✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ t♦ r❡❞✉❝❡ t❤❡s❡
❝♦♠♣✉t✐♥❣ r❡q✉✐r❡♠❡♥ts ✐s t♦ ❝♦♥s✐❞❡r r❛t❤❡r ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡s✱ ✇✐t❤ ♣♦s✲
s✐❜❧② ❤✐❣❤ ♦r❞❡r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ s✉✣❝✐❡♥t❧② ✜♥❡ ♠❡s❤ t♦ ❛❝❝✉r❛t❡❧②
r❡♣r❡s❡♥t t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♠✐❣❤t ❜❡ ❜✉✐❧t ❛♥❞ s✉❝❝❡ss❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞✱ ❜② ❝♦♥s✐❞✲
❡r✐♥❣ ❛ s❡t ♦❢ s♣❛t✐❛❧ ❣r✐❞s t❤❛t ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❧♦❝❛❧ s♣❛❝❡ s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡
r❡s✉❧t✐♥❣ ❣r✐❞ ✐s t❤✉s s✉✣❝✐❡♥t❧② ✜♥❡ ♦♥❧② ✐♥ ♣❛rt✐❛❧ r❡❣✐♦♥s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❚❤❡
❞❡❣r❡❡ ♦❢ r❡✜♥❡♠❡♥t ✐♥ t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❛❜❧② ❡♥❤❛♥❝❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❝❛s❡✱ ❛♥❞ r❡♠❛✐♥s ❧✐♠✐t❡❞ ❜② t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ■♥ t❤✐s
❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡s❡ ❛❞❛♣t✐✈❡ ❣r✐❞ t❡❝❤♥✐q✉❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ s♣❛❝❡ ❛❞❛♣t✐✈❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P❉❊s✳ ❆ ❣❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢
❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t s❝❤❡♠❡s ✇✐❧❧ ❜❡ ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ s❡tt❧❡ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ❣❡♥❡r❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦♥ ✇❤✐❝❤ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
✐s ❢♦✉♥❞❡❞✱ ✇✐❧❧ t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ✇❡❧❧ ❛s ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❜❛s❡❞ ♦♥ ✇❛✈❡❧❡t
❞❡❝♦♠♣♦s✐t✐♦♥✱ t♦ t❤❡♥ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ♠❛✐♥ ❛s♣❡❝ts ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s



❙❡❝t✳ ✸✳✶ ✲ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡❢✐♥❡♠❡♥t ❚❡❝❤♥✐q✉❡s ✺✷

♦♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s✱ ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦s ♦❢ ❈♦❤❡♥ ❬❈♦❤✵✵❪ ❛♥❞ ▼ü❧❧❡r
❬▼ü❧✵✸❪✳

✸✳✶ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t ❚❡❝❤♥✐q✉❡s

▼❡s❤ ❛❞❛♣t❛t✐♦♥ t❡❝❤♥✐q✉❡s ❝♦♥st✐t✉t❡ ❛ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ s♦❧✈❡ P❉❊s ♠♦r❡ ❡✣❝✐❡♥t❧② ❜② ❛✈♦✐❞✲
✐♥❣ ❡①♣❡♥s✐✈❡ ✉♥✐❢♦r♠ ❣r✐❞s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❋♦r ✐♥st❛♥❝❡✱ ♠❛♥② ♣❤②s✲
✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧♦❝❛❧✐③❡❞ ❢r♦♥ts ♦❢ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts
♦r ❡✈❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥t♦ ❛ r❛t❤❡r s♠♦♦t❤ ❧❛r❣❡r ❞♦♠❛✐♥✳ ❋♦r t❤❡s❡ s♠♦♦t❤❡r r❡❣✐♦♥s t❤❡
❧❡✈❡❧ ♦❢ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♠❛② ❜❡ t❤❡♥ ❧♦♦s❡♥❡❞✱ ✇❤❡r❡❛s t❤❡ ♠❛❥♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ❣✐✈❡♥
❜② ❛ ♠✉❝❤ ✜♥❡r ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐❧❧ ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ❧♦❝❛❧✐③❡❞ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡ ❞②♥❛♠✐❝
❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ ❛❝t✐✈❡ s♣❛t✐❛❧ s❝❛❧❡s ✐♥ r❡❛❧✐st✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ♠♦t✐✈❛t❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❛❞❛♣t✐✈❡ ♠❡s❤ t❡❝❤♥✐q✉❡s ❢♦r ❜♦t❤ ✉♥str✉❝t✉r❡❞ ❛♥❞ str✉❝t✉r❡❞ ♠❡s❤❡s✳ ❚❤❡ r❡❞✉❝❡❞ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❧❛tt❡r ♦♥❡s ❝♦♥tr❛st ✇✐t❤ t❤❡ ❤✐❣❤❡r ❣❡♦♠❡tr② ✢❡①✐❜✐❧✐t② ♦❢ t❤❡
❢♦r♠❡r ♦♥❡s t♦ r❡♣r❡s❡♥t ♠♦r❡ ❝♦♠♣❧❡① ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss
♦♥❧② ❛❞❛♣t✐✈❡ ♠❡s❤ t❡❝❤♥✐q✉❡s ♦♥ str✉❝t✉r❡❞ ♠❡s❤❡s✳

❍✐st♦r✐❝❛❧❧②✱ ❛❞❛♣t✐✈❡ ❞✐s❝r❡t✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❢r♦♠ t❤❡ ❧❛t❡ s❡✈❡♥t✐❡s✱ s✉❝❤
❛s t❤❡ ▼✉❧t✐✲▲❡✈❡❧ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡s ▼▲❆❚ ✐♥tr♦❞✉❝❡❞ ❜② ❇r❛♥❞t ❬❇r❛✼✼❪✱ ❛♥❞ ②✐❡❧❞❡❞
♦✈❡r t❤❡ ♣❛st ②❡❛rs ❛ ❧❛r❣❡ ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞ ❝❛❧❧❡❞ ❆▼❘ ♦r ❙❆▼❘ ✭r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❆❞❛♣t✐✈❡
▼❡s❤ ❘❡✜♥❡♠❡♥t ♦r ❙tr✉❝t✉r❡❞ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t✮✱ ❝♦♥❝❡✐✈❡❞ ❡s♣❡❝✐❛❧❧② ❢♦r ❈❋❉
✭❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✮ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ✜rst ❆▼❘ ❛♣♣r♦❛❝❤❡s
✐♥tr♦❞✉❝❡❞ ❜② ❇❡r❣❡r ✫ ❖❧✐❣❡r ❬❇❡r✽✷✱ ❇❖✽✹❪ ❝♦♥s✐❞❡r❡❞ r♦t❛t❡❞ r❡✜♥❡❞ r❡❣✐♦♥s ❦♥♦✇♥ ✉s✉❛❧❧②
❛s ♣❛t❝❤❡s✱ ♦✈❡r ❛ ❝♦❛rs❡r ✉♥❞❡r❧②✐♥❣ ♠❡s❤ ✐♥ ♦r❞❡r t♦ ❞✐s❝r✐♠✐♥❛t❡ s♠♦♦t❤ ❛♥❞ ✐rr❡❣✉❧❛r
r❡❣✐♦♥s ✇✐t❤✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❆ s✐♠♣❧✐✜❡❞ ❛♥❞ t❤✉s ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❡❝❤♥✐q✉❡
❞❡✈❡❧♦♣❡❞ ❛❢t❡r✇❛r❞ ❜② ❇❡r❣❡r ✫ ❈♦❧❧❡❧❛ ❬❇❈✽✾❪✱ ❝♦♥s✐❞❡r❡❞ r❡✜♥❡♠❡♥t ♣❛t❝❤❡s ❛❧✇❛②s ❛❧✐❣♥❡❞
✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦❛rs❡ ♠❡s❤✳ ❚❤❡ ❧❛tt❡r str❛t❡❣② ✇❛s s❤♦✇♥ t♦ ❢❡❛t✉r❡ ✈❡r② ❤✐❣❤ ❡✣❝✐❡♥❝✐❡s
❛s ❞❡♠♦♥str❛t❡❞ ❜② ❇❡❧❧ ❡t ❛❧✳ ❬❇❇❙❲✾✹❪✱ ❛♥❞ s❡tt❧❡❞ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❆▼❘ ♠❡t❤♦❞s✳
■♥ t❤✐s ✇❛②✱ s❡✈❡r❛❧ ❆▼❘ ✈❛r✐❛♥ts ❛♥❞ ❡①t❡♥s✐♦♥s t♦ t❤❡s❡ ✐♥✐t✐❛❧ ✇♦r❦s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❢♦r s✐♥❣❧❡
♣r♦❝❡ss♦r ❝♦♠♣✉t✐♥❣ ♠❛❝❤✐♥❡s ✭s❡❡✱ ❡✳❣✳✱ ❬❈❲✾✸✱ ❋●▼✾✼✱ ❇▲✾✽❪✮ ❛♥❞ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡s
✭s❡❡✱ ❡✳❣✳✱ ❬❇❇❙❲✾✹✱ ❑❇✾✺✱ ❘❇▲+✵✵❪✮✳
■♥ ❣❡♥❡r❛❧✱ ❆▼❘ ♠❡t❤♦❞s ❢♦❧❧♦✇ ❛ ❧♦❝❛❧ r❡✜♥❡♠❡♥t ❛♣♣r♦❛❝❤ ❜② ♠❡❛♥s ♦❢ r❡✜♥❡❞ ♣❛t❝❤❡s✳
❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ✉♥✐❢♦r♠ str✉❝t✉r❡❞ ♠❡s❤ ♦✈❡r t❤❡ ✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ ✜♥❡r
♣❛rt✐t✐♦♥s ♦r ❝❡❧❧s ❛r❡ ❝♦♥s✐❞❡r❡❞ ♦♥ t❤❡ r❡❣✐♦♥s ❡①❤✐❜✐t✐♥❣ ❧♦❝❛❧❧② st❡❡♣ ❣r❛❞✐❡♥ts ♦r s❤♦❝❦✲
❧✐❦❡ str✉❝t✉r❡s✳ ❚❤❡s❡ ✜♥❡r ❝❡❧❧s ❛r❡ t❤❡♥ ❝❧✉st❡r❡❞ ✐♥ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ r❡❝t❛♥❣✉❧❛r s✉❜❣r✐❞s
♦❢ ❛♣♣r♦♣r✐❛t❡ s✐③❡ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❝♦❛rs❡r ♠❡s❤✱ ❛♥❞ t❤❡ s❡t ♦❢ ✜♥❡r s✉❜❣r✐❞s ♦r ♣❛t❝❤❡s
❣❡♥❡r❛t❡s ❛ ♥❡✇ ❧❡✈❡❧ ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s t❤❡♥ ❛♣♣❧✐❡❞ s✉❝❝❡ss✐✈❡❧② t♦
❣❡♥❡r❛t❡ ♥❡✇ ❧❡✈❡❧s ♦❢ r❡✜♥❡♠❡♥t ✇❤❡r❡✈❡r t❤✐s ✐s r❡q✉✐r❡❞✱ ❛♥❞ ❛♥ ❡♥t✐r❡ ❤✐❡r❛r❝❤② ♦❢ ❡♠❜❡❞❞❡❞
❣r✐❞s ✐s ❝♦♥str✉❝t❡❞✳ ■♥ t❤✐s ✇❛②✱ t❤❡ r❡✜♥❡❞ ♣❛t❝❤❡s ✐♥ ❡❛❝❤ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡✈❡❧ ♦✈❡r❧❛② t❤❡
❝♦❛rs❡r s✉❜❣r✐❞s ❢r♦♠ ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞✱ ❛✈♦✐❞✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r ❞❛t❛ ❢r❛❣♠❡♥t❛t✐♦♥✳
❚❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐♠♣❧✐❡s ❛♥ ✐♠♣♦rt❛♥t ✢❡①✐❜✐❧✐t② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♥❡❡❞ t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ♦♥ ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r s✉❜❣r✐❞✱ ❛♥❞ t❤✉s ♣❛t❝❤❡s
❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❧❡✈❡❧s✱ ❝❛♥ ❜❡ s✉❝❝❡ss✐✈❡❧② s♦❧✈❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛♥❞ ❤♦♣❡❢✉❧❧② ✐♥
❛♥ ✐♥❞❡♣❡♥❞❡♥t ✇❛②✳
❚❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♥❡✇ ❝❡❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥ ❛❞❞❡❞ ♣❛t❝❤ ❛r❡ ✐♥✐t✐❛❧✐③❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜②
✐♥t❡r♣♦❧❛t✐♦♥ ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦❛rs❡r ♠❡s❤✱ ✇❤❡r❡❛s t❤❡ ✈❛❧✉❡s ♦❢ ❝❡❧❧s ❝♦✈❡r❡❞ ❜② r❡✜♥❡❞
♣❛t❝❤❡s ❛r❡ ♦✈❡r✇r✐tt❡♥ ❜② ❛✈❡r❛❣❡❞ ✜♥❡✲❣r✐❞ ✈❛❧✉❡s ❛❢t❡r ❡❛❝❤ ✉♣❞❛t❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡
s✉♣❡r✢✉♦✉s ✇♦r❦ ♦♥ t❤❡ ❝♦❛rs❡ ❣r✐❞ ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ❢♦r



❙❡❝t✳ ✸✳✶ ✲ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡❢✐♥❡♠❡♥t ❚❡❝❤♥✐q✉❡s ✺✸

✐♥t❡❣r❛t✐♥❣ t❤❡ ♦✈❡r❧②✐♥❣ ✜♥❡ ❣r✐❞s✳ ❙♣❡❝✐❛❧ ❝❛r❡ ♠✉st ❜❡ t❛❦❡♥ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ♥✉♠❡r✐❝❛❧
✢✉①❡s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ♣❛t❝❤❡s ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❧♦ss ♦❢ ❝♦♥s❡r✈❛t✐♦♥✳ ❆ st❛♥❞❛r❞
s♦❧✉t✐♦♥ r❡♣❧❛❝❡s s✐♠♣❧② t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❛t ❝♦❛rs❡r ♠❡s❤❡s ❜② t❤❡ s✉♠ ♦❢ t❤❡ ✜♥❡ ❣r✐❞
✢✉①❡s ❛❧♦♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❛rs❡ ❜♦✉♥❞❛r② ❬❇❈✽✾❪✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛ ♣♦st❡r✐♦r✐
✢✉① ❝♦rr❡❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ r❡❝✉rs✐♦♥ ❛♥❞ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ s❝❤❡♠❡✱ s✐♥❝❡ ❧❡✈❡❧s ❛r❡
✉s✉❛❧❧② ✉♣❞❛t❡❞ ❢r♦♠ t❤❡ ❝♦❛rs❡st t♦ t❤❡ ✜♥❡st ♦♥❡ ❬❉❡✐✵✺❪✳ ❲✐t❤ t❤❡ s❛♠❡ s♣✐r✐t✱ ❣❤♦st ❝❡❧❧s
❛r❡ ❛❞❞❡❞ ❛r♦✉♥❞ ❡❛❝❤ ♣❛t❝❤ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❞❡❝♦✉♣❧❡ t❤❡ s✉❜❣r✐❞s✳ ❚❤❡s❡ ❣❤♦st ❝❡❧❧s
❛❝❝♦✉♥t ❛❧s♦ ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♦t❤❡r✇✐s❡✱ t❤❡② ❛r❡ ❝♦♠♣✉t❡❞ ❡✐t❤❡r ❜②
✐♥t❡r♣♦❧❛t✐♦♥ ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❡s❤ ♦r ❜② ❝♦♣②✐♥❣ t❤❡ ❞❛t❛ ✈❛❧✉❡ ❢r♦♠ ♥❡✐❣❤❜♦r✐♥❣ ♣❛t❝❤❡s
❛t t❤❡ s❛♠❡ ❧❡✈❡❧✳ ❙✐♥❝❡ t❤❡ ❛❞✈❛♥❝✐♥❣ t✐♠❡ st❡♣s ❛r❡ ✉s✉❛❧❧② ❞❡✜♥❡❞ ❧❡✈❡❧✲✇✐s❡ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❬❇❈✽✾❪✱ t❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ✐♠♣❧✐❡s ❡✐t❤❡r ❛ s②♥❝❤r♦✲
♥✐③❛t✐♦♥ ❛♠♦♥❣ ♣❛t❝❤❡s ♦❢ t❤❡ s❛♠❡ ❧❡✈❡❧ ♦r ❛ t✐♠❡✲s♣❛❝❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣
♠❡s❤ t♦ ❞❡✜♥❡ t❤❡ ❣❤♦st ❝❡❧❧s ❛t ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s✳ ❚❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❣❡♥❡r❛❧
t❡❝❤♥✐q✉❡ ✐s str❛✐❣❤t❢♦r✇❛r❞ ♦♥ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✳ ■t s✉✣❝❡s t♦ ♣❛r❛❧❧❡❧✐③❡ t❤❡ ❧♦♦♣
t❤❛t ✉♣❞❛t❡s t❤❡ ❧❡✈❡❧s✱ ♦r t❤❡ ♣❛t❝❤❡s✱ ♦♥❡ ❜② ♦♥❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❇❇❙❲✾✹❪✮✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦sts ♦♥ ❞✐str✐❜✉t❡❞ ♠❡♠♦r② ♠❛❝❤✐♥❡s ❝❛♥♥♦t ❜❡ ♥❡❣❧❡❝t❡❞✱ ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ str❛t❡❣✐❡s
✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ❜❡❝♦♠❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧❡① ✭s❡❡ ❬❉❡✐✵✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✮✳
■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ✇❤❡t❤❡r ❛ ❝❡❧❧ ♠✉st ❜❡ r❡✜♥❡❞✱ ❛♣♣r♦♣r✐❛t❡ ✐♥❞✐❝❛t♦rs ♠✉st ✐❞❡♥t✐❢② t❤❡
♣r❡s❡♥❝❡ ♦❢ st❡❡♣ ❣r❛❞✐❡♥ts ♦r ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ s♦❧✉t✐♦♥✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t r✐❣✲
♦r♦✉s ❡rr♦r ❡st✐♠❛t❡s ❛r❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ ❢♦r s❝❛❧❛r ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s ❬❑❖✵✵❪✱ ❛♥❞ t❤❛t t❤❡② ❛r❡ ✉s✉❛❧❧② ❞✐✣❝✉❧t t♦ ✐♠♣❧❡♠❡♥t✱ ❤❡✉r✐st✐❝ ♦r ♣❤②s✐❝❛❧ ♣❛r❛♠✲
❡t❡rs ❛r❡ ♣r❡❢❡rr❡❞ ✐♥st❡❛❞✳ ❆ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❝♦♥s✐❞❡rs✱ ❢♦r ✐♥st❛♥❝❡✱ ❛ s❝❛❧❡❞ ❣r❛❞✐❡♥t
❝r✐t❡r✐❛ ✇❤✐❝❤ ❡✈❛❧✉❛t❡ t❤❡ ❧♦❝❛❧ ❣r❛❞✐❡♥ts ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛t✐❛❧ st❡♣ ✐♥ ❛❧❧
❞✐r❡❝t✐♦♥s✱ ❛♥❞ r❡✜♥❡ ❝❡❧❧s ❜❡②♦♥❞ ❛ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❉❡✐✵✺❪✮✳ ❆♥♦t❤❡r ✐♥❞✐❝❛✲
t♦r ✐s ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ✇❛②s t♦ ❡st✐♠❛t❡ t❤❡ ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦rs ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡
✭s❡❡✱ ❡✳❣✳✱ ❬❙❍❍✾✹✱ ❍▼❙❲✾✾❪✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❤❡✉r✐st✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✐♥ ♣r❛❝t✐❝❡ ❜② ♠❡❛♥s ♦❢ ❛
❘✐❝❤❛r❞s♦♥ ❡①tr❛♣♦❧❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ✜♥❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❛rs❡r ❧♦❝❛❧ s♦❧✉t✐♦♥
❬❇❡r✽✷✱ ❇❖✽✹✱ ❇❈✽✾❪✳ ❋✐♥❛❧❧②✱ ❛ s❡❝✉r✐t② ❧❛②❡r ♦❢ ❝❡❧❧s ✐s ♦❢t❡♥ ❛❞❞❡❞ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡
t❤❛t t❤❡ ❢r♦♥ts r❡♠❛✐♥ ✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✜♥❡❞ r❡❣✐♦♥s ❞✉r✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣✳
■♥ ❣❡♥❡r❛❧✱ ❆▼❘ ♠❡t❤♦❞s ❛r❡ ❧❛r❣❡❧② ✉s❡❞ ❛♥❞ s❤♦✇ t♦ ❜❡ ✈❡r② ♣❡r❢♦r♠✐♥❣ ✐♥ ♠❛♥② ❛♣✲
♣❧✐❝❛t✐♦♥s✳ ❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡ ❆▼❘ s♦❢t✇❛r❡ ❧✐❜r❛r✐❡s✱ ❞❡✈❡❧♦♣❡❞ ❢♦r ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❢❡❛t✉r❡s✱ ❛r❡ ❈❤♦♠❜♦✶ ❜② ❈♦❧❧❡❧❛ ❡t ❛❧✳✱ P❆✲
❘❆▼❊❙❍✷ ❬▼❖▼+✵✵❪✱ ❘❆▼❙❊❙✸ ❬❚❡②✵✷❪✱ ❆▼❘❖❈✹ ❬❉❡✐✵✺❪✱ ❙❆▼❘❆■✺ ❬❍❲❑✵✻❪✱ ❛♠♦♥❣
♦t❤❡rs✳ ❆❧t❤♦✉❣❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ✐❞❡❛s ❛r❡ r❛t❤❡r ❝♦♠♠♦♥ ❢♦r ❆▼❘ t❡❝❤♥✐q✉❡s✱
t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥❝❡s ✐♥ t❡r♠s ♦❢ ❞❛t❛ str✉❝t✉r❡✱ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✱ r♦✉t✐♥❡s ♦♣✲
t✐♠✐③❛t✐♦♥✱ ❛♥❞ ♦t❤❡r ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐ss✉❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ str♦♥❣ ❤❡✉r✐st✐❝
❝♦♠♣♦♥❡♥t ♦❢ s✉❝❤ str❛t❡❣✐❡s ❛s ❜r✐❡✢② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛rt✱ ❝♦♥st✐t✉t❡s ❛♥ ✐♠♣♦rt❛♥t ❞r❛✇✲
❜❛❝❦ t♦ ❡st❛❜❧✐s❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ t❤❛t ♠✐❣❤t ❛❧❧♦✇ ✉s t♦ ❞❡s❝r✐❜❡ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✳

❆❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞s✱ ❜❛s❡❞ ♦♥ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ♦❢ ❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✱
✇❡r❡ t❤❡♥ ❞❡✈❡❧♦♣❡❞ ❛s ❛ ♥❡✇ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❢❛♠✐❧② ♦❢
❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❈♦❤❡♥ ❡t ❛❧✳ ✐♥ ❬❈❑▼P✵✸❪✳ ❈♦♥s✐❞❡r✐♥❣

✶❤tt♣s✿✴✴s❡❡s❛r✳❧❜❧✳❣♦✈✴❛♥❛❣✴❝❤♦♠❜♦
✷❤tt♣✿✴✴s♦✉r❝❡❢♦r❣❡✳♥❡t✴♣r♦❥❡❝ts✴♣❛r❛♠❡s❤✴
✸❤tt♣✿✴✴✐r❢✉✳❝❡❛✳❢r✴Pr♦❥❡ts✴❙✐t❡❴r❛♠s❡s
✹❤tt♣✿✴✴✇✇✇✳❝❛❝r✳❝❛❧t❡❝❤✳❡❞✉✴❛s❝
✺❤tt♣s✿✴✴❝♦♠♣✉t❛t✐♦♥✳❧❧♥❧✳❣♦✈✴❝❛s❝✴❙❆▼❘❆■



❙❡❝t✳ ✸✳✷ ✲ ❇❛s✐s ♦❢ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ✺✹

❛ s❡t ♦❢ ♥❡st❡❞ s♣❛t✐❛❧ ❣r✐❞s ❢r♦♠ t❤❡ ❝♦❛rs❡st t♦ t❤❡ ✜♥❡st ♦♥❡✱ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ❛❧❧♦✇s
✉s t♦ r❡♣r❡s❡♥t ❛ ❞✐s❝r❡t✐③❡❞ ❢✉♥❝t✐♦♥ ❛s ✈❛❧✉❡s ♦♥ ❛ ❝♦❛rs❡r ❣r✐❞ ♣❧✉s ❛ s❡r✐❡s ♦❢ ❧♦❝❛❧ ❡st✐♠❛t❡s
❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ s✉❝❤ ♥❡st❡❞ ❣r✐❞s✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts ♦❢
❛ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ✐♥t❡r✲❧❡✈❡❧ ♦♣❡r❛t✐♦♥s✱ ❛♥❞ r❡t❛✐♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❧♦❝❛❧
r❡❣✉❧❛r✐t② ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ ❛ ❝♦❛rs❡ t♦ ❛ ✜♥❡r ❣r✐❞✳ ▲♦✇❡r ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts ❛r❡ ❛ss♦❝✐❛t❡❞
✇✐t❤ ❧♦❝❛❧ r❡❣✉❧❛r s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❆ t❤r❡s❤♦❧❞✐♥❣ ♣r♦❝❡ss ❛♣♣❧✐❡❞ t♦
t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❞②♥❛♠✐❝❛❧❧② ❜✉✐❧❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞ ♦♥ ✇❤✐❝❤
t❤❡ s♦❧✉t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ s✉❝❤ ♣r♦❝❡❞✉r❡ ✐s
t❤❛t✱ ❜❛s❡❞ ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛s✐s ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s✱ ❛♥ ❡rr♦r ♦❢ t❤❡ s♣❛t✐❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❝❛♥ ❜❡ ✐♥❢❡rr❡❞✱ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ s♦❧✉t✐♦♥ ❞✐s❝r❡t✐③❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞✳ ❲❡
✇✐❧❧ t❤❡♥ ❞❡s❝r✐❜❡ t❤❡ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❝♦♥❝❡✐✈❡❞ ❛s ❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤
r❡✜♥❡♠❡♥t ♠❡t❤♦❞ ❢♦r t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s✳ ❙♦♠❡ r❡✈✐❡✇s ♦♥ s✉❝❤ t♦♣✐❝s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❬❍❛r✾✹❜✱ ❈❉❉✵✹✱ P♦s✵✺❪✱ ✇❤❡r❡❛s ❛ ✜rst ❝♦♠♣❛r✐s♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡s ❜❡t✇❡❡♥ ❣❡♥❡r❛❧ ❆▼❘
❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞s ✇❛s ❝♦♥❞✉❝t❡❞ ✐♥ ❬❉❉●+✵✾❪✳

✸✳✷ ❇❛s✐s ♦❢ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s

❋♦r ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs j ≥ j0✱ ❧❡t ✉s ❝♦♥s✐❞❡r ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ ❣✐✈❡♥ ❜② t❤❡ s❡t ♦❢
❞②❛❞✐❝ ✐♥t❡r✈❛❧s✿

Ij,k := [2−jk, 2−j(k + 1)[, k = 0, . . . , 2j − 1. ✭✸✳✶✮

❲❡ ❞❡✜♥❡ ❢♦r ❛ ❣✐✈❡♥ f(x) ∈ L2([0, 1])✱ ❛ ❝♦♥st❛♥t ❛♣♣r♦①✐♠❛t✐♦♥ Pjf |Ij,k ♦❢ f ♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧
Ij,k✱ ❣✐✈❡♥ ❜②

Pjf |Ij,k := 2j
∫

Ij,k

f(x) dx = aIj,k(f), ✭✸✳✷✮

s✉❝❤ t❤❛t

Pjf =

2j−1∑

k=0

aIj,k(f)χIj,k(x), ✭✸✳✸✮

✐s t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ f ♦♥ ❛ ❞②❛❞✐❝ ♠❡s❤ ♦❢ s✐③❡ 2−j ✳ ■♥ ✭✸✳✸✮✱ χΩ(x) ✐s
t❤❡ st❛♥❞❛r❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ✈❛❧✉❡s ♦❢ 1 ✐♥ Ω✱ ❛♥❞ ③❡r♦ ♦✉ts✐❞❡✳ ❚❤❡r❡❢♦r❡✱
❢♦r ❡❛❝❤✻ j ∈ ◆0✱ Pjf ✐s ✐♥❞❡❡❞ ❛♥ L2✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s♣❛❝❡ Vj ♦❢ ♣✐❡❝❡✇✐s❡
❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✿

Vj :=
{
f ∈ L2 s.t. f |Ij,k = constant, k = 0, . . . , 2j − 1

}
. ✭✸✳✹✮

✸✳✷✳✶ ❲❛✈❡❧❡t ❉❡❝♦♠♣♦s✐t✐♦♥

■♥tr♦❞✉❝✐♥❣ t❤❡ ❜♦① ❢✉♥❝t✐♦♥ ♦r ❇✲s♣❧✐♥❡ ♦❢ ♦r❞❡r 1✿ φ(x) = χ[0,1)(x)✱ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢
Vj ✐s ❣✐✈❡♥ ❜② t❤❡ s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ φj,k t❤❛t ❞✐❧❛t❡s ❛♥❞ s❤✐❢ts

φj,k = 2j/2χIj,k(·) = 2j/2φ(2j · −k), k = 0, . . . , 2j − 1, ✭✸✳✺✮

♦❢ ❞✐♠❡♥s✐♦♥ dimVj = 2j ✱ ❢♦r ✇❤✐❝❤

〈φj,k, φj,l〉[0,1) =
∫ 1

0
φj,k(x)φj,l(x) dx = δk,l. ✭✸✳✻✮

✻❲❡ ❞❡♥♦t❡ t❤❡ s❡t ◆0 = ◆ ∪ {0}✳
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❆ ♣r♦♣❡r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦♣❡r❛t♦r ✭✸✳✸✮ ✐s t❤❡♥ ❣✐✈❡♥ ❜②
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥✿

Pjf :=
2j−1∑

k=0

〈f, φj,k〉φj,k ✭✸✳✼✮

✇❤❡r❡
cj,k := 〈f, φj,k〉 = 2−j/2aIj,k(f), ✭✸✳✽✮

✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❛t s❝❛❧❡ 2−j ❛♥❞ ♣♦s✐t✐♦♥ 2−jk✳ ❚❤✐s ♣r♦❥❡❝t✐♦♥ r❡s♦❧✈❡s t❤❡
❢✉♥❝t✐♦♥ f ✉♣ t♦ t❤❡ s❝❛❧❡ 2j ✱ ✇❤✐❧❡ ✜♥❡r ❞❡t❛✐❧s ❛r❡ ❞✐s❝❛r❞❡❞✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ s♣❛❝❡s Vj ✱ j ≥ j0✱ ❛r❡ ♥❡st❡❞✿ Vj ⊂ Vj+1 ⊂ Vj+2 ⊂ . . .✱ ❛♥❞ t❤❛t
∪Vj = Lp([0, 1])✱ ✇❡ ❤❛✈❡ t❤❛t ✐❢ f ∈ Lp([0, 1])✱ t❤❡♥ Pjf ✐s ❛❧s♦ ❝♦♥✈❡r❣❡♥t ✐♥ Lp([0, 1])✱ ✐✳❡✳✱

lim
j→+∞

‖f − Pjf‖Lp = 0, ✭✸✳✾✮

❢♦r 1 ≤ p <∞✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ❛s ❧♦♥❣ ❛s f ∈ C0✿

lim
j→+∞

‖f − Pjf‖∞ = 0. ✭✸✳✶✵✮

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t ✐❢ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❝♦❛rs❡st j0 s❝❛❧❡✱ ✇❡ ❛❞❞ t❤❡ ✜♥❡r ❞❡t❛✐❧s
s✉❝❝❡ss✐✈❡❧② s❦✐♣♣❡❞ ❛t ❡❛❝❤ s❝❛❧❡ j✱ ✇❡ ♦❜t❛✐♥

f = Pj0f +
∞∑

j=j0

(Pj+1 − Pj)f, ✭✸✳✶✶✮

t❤❛t ✐s✱ ❛ ♠✉❧t✐✲s❝❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ f ✱ ✇❤❡r❡ ❡❛❝❤ t❡r♠ Qjf := (Pj+1−Pj)f r❡♣r❡s❡♥ts t❤❡
❞❡t❛✐❧s ✐♥ f ❛t s❝❛❧❡ 2−j ✳ ■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ f ♦♥t♦ Vj ✿ Pjf ✱ ❛s
t❤❡ s✉♠ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ Vj−1✿ Pj−1f ✱ ♣❧✉s t❤❡ ❛ss♦❝✐❛t❡❞ ❞❡t❛✐❧✿ (Pj−Pj−1)f ✳ ■t❡r❛t✐♥❣
❢r♦♠ ❛ ✜①❡❞ J > j0✱ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐✲s❝❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥✿

PJf = PJ−1f + [PJf − PJ−1f ] = . . . = Pj0f +
J−1∑

j=j0

Qjf. ✭✸✳✶✷✮

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ✭✸✳✷✮ t❤❛t ❝♦♥st❛♥t ❛♣♣r♦①✐♠❛t✐♦♥s ❛t s✉❝❝❡ss✐✈❡ s❝❛❧❡s ❛r❡ r❡❧❛t❡❞
❜②

aIj,k(f) =
1

2
(aIj+1,2k

(f) + aIj+1,2k+1
(f)), ✭✸✳✶✸✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t Qjf s❤♦✉❧❞ ♦s❝✐❧❧❛t❡ ✇✐t❤✐♥ ❡❛❝❤ Ij,k ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t Pj+1f
❢r♦♠ Pjf ✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ✜♥❡ s❝❛❧❡ ✈❛❧✉❡s ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ ❛ ❝♦❛rs❡r s❝❛❧❡ ❜② ✉s✐♥❣ t❤❡
❜♦① ❢✉♥❝t✐♦♥ φ(x)✱ ❛♥❞ ❛♥ ♦s❝✐❧❧❛t♦r② ♣r♦✜❧❡ ψ(x)✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❍❛❛r ✇❛✈❡❧❡t
❣✐✈❡♥ ❜② ψ(x) := χ[0,1/2)(x)− χ[1/2,1)(x)✱ ♦r

ψ(x) := φ(2x)− φ(2x− 1), ✭✸✳✶✹✮

❛♥❞ t❤❛t ❢♦r t❤❡ ❜♦① ❢✉♥❝t✐♦♥

φ(x) = φ(2x) + φ(2x+ 1), ✭✸✳✶✺✮

✇❡ ❤❛✈❡ t❤❛t

φ(2x) =
1

2
(φ(x) + ψ(x)), φ(2x− 1) =

1

2
(φ(x)− ψ(x)). ✭✸✳✶✻✮
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❚❤✉s ❞❡✜♥✐♥❣ t❤❡ ψj,k = 2j/2ψ(2j · −k) t❤❛t ❞✐❧❛t❡s ❛♥❞ s❤✐❢ts ♦♥ t❤❡ ♣❛rt✐t✐♦♥s ♦❢ [0, 1] ②✐❡❧❞s

Qjf =

2j−1∑

k=0

〈f, ψj,k〉ψj,k, ✭✸✳✶✼✮

✇❤❡r❡
dj,k := 〈f, ψj,k〉, ✭✸✳✶✽✮

✐s t❤❡ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥t ❛t s❝❛❧❡ 2−j ❛♥❞ ♣♦s✐t✐♦♥ 2−jk✳ ❋♦❧❧♦✇✐♥❣ ✭✸✳✶✷✮✱ Qj ✐s t❤❡♥ t❤❡
♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ f ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t s♣❛❝❡Wj ♦❢ Vj ✐♥t♦ Vj+1✱Wj⊕⊥Vj =
Vj+1✳ ❲❡ s❡❡ t❤✉s t❤❛t (ψj,k)k=0,...,2j−1 ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Wj ✱ ❛♥❞ t❤❡r❡❢♦r❡

(ψj,k)k=0,...,2j−1 ∪ (φj,k)k=0,...,2j−1 , ✭✸✳✶✾✮

✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Vj+1✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ Vj ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Vj =Wj−1 ⊕⊥ Vj−1 =Wj−1 ⊕⊥ Wj−2 ⊕⊥ Vj−2 = . . . , ✭✸✳✷✵✮

❛s ✇❡ ❝❛♥ ✐♥❢❡r ❢r♦♠ t❤❡ ♠✉❧t✐✲s❝❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✶✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ J → +∞ ✇✐t❤
j0 = 0✱ PJf t❡♥❞s t♦ f ✐♥ L2 ❜② ✭✸✳✶✶✮✱ ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

{φ} ∪ {ψj,k}j≥0,k=0,...,2j−1 , ✭✸✳✷✶✮

✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ L2[0, 1]✱ ✇❤❡r❡ ✭✸✳✷✶✮ ✐s ✉s✉❛❧❧② ❦♥♦✇♥ ❛s t❤❡ ❍❛❛r s②st❡♠✳
❲✐t❤ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦✲s❝❛❧❡ r❡❧❛t✐♦♥s ❛r❡ ✈❡r✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✻✮✿

φj,k =
1√
2
(φj+1,2k + φj+1,2k+1), ψj,k =

1√
2
(φj+1,2k − φj+1,2k+1),

φj+1,2k =
1√
2
(φj,k + ψj,k), φj+1,2k+1 =

1√
2
(φj,k − ψj,k),





✭✸✳✷✷✮

✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✿

2j+1−1∑

k=0

〈f, φj+1,k〉φj+1,k =

2j−1∑

k=0

〈f, φj,k〉φj,k +
2j−1∑

k=0

〈u, ψj,k〉ψj,k, ✭✸✳✷✸✮

♦r ❡q✉✐✈❛❧❡♥t❧②✱
2j+1−1∑

k=0

cj+1,kφj+1,k =
2j−1∑

k=0

cj,kφj,k +
2j−1∑

k=0

dj,kψj,k, ✭✸✳✷✹✮

✇❤❡r❡

cj,k =
1√
2
(cj+1,2k + cj+1,2k+1), dj,k =

1√
2
(cj+1,2k − cj+1,2k+1),

cj+1,2k =
1√
2
(cj,k + dj,k), cj+1,2k+1 =

1√
2
(cj,k − dj,k).





✭✸✳✷✺✮

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❡r♠ ♦❢ t❤❡ ✜♥❡ s❝❛❧❡s ❝❛♥ ❜❡ r❡tr✐❡✈❡❞ ❢r♦♠ t❤❡ ❝♦❛rs❡ s❝❛❧❡ ❛✈❡r❛❣❡s
❜② ❛❞❞✐♥❣ t❤❡ ❞❡t❛✐❧✱ ❧♦st t❤r♦✉❣❤ t❤❡ ❝♦❛rs❡ ♣r♦❥❡❝t✐♦♥✳ ❆ r❡❝✉rs✐✈❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❜❛s❡❞
♦♥ t❤❡s❡ t✇♦✲s❝❛❧❡ ❝♦❡✣❝✐❡♥ts ✭✸✳✷✺✮ ②✐❡❧❞s ❛ t❡❧❡s❝♦♣✐❝ tr❛♥s❢♦r♠ ❦♥♦✇♥ ❛s t❤❡ ❢❛st ✇❛✈❡❧❡t
tr❛♥s❢♦r♠ W ✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛ ❣✐✈❡♥ J > j0✱ ❛ ❢✉♥❝t✐♦♥ fJ ∈ VJ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡✐t❤❡r ♦♥ t❤❡ st❛♥❞❛r❞
❝❛♥♦♥✐❝❛❧ ❜❛s✐s✿

fJ =

2J−1∑

k=0

cJ,kφJ,k, ✭✸✳✷✻✮
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♦r ♦♥ ❛ ✇❛✈❡❧❡t ♦r ♠✉❧t✐✲s❝❛❧❡ ❜❛s✐s✿

fJ =
2j0−1∑

k=0

cj0,kφj0,k +
J−1∑

j=j0

2j−1∑

k=0

dj,kψj,k, ✭✸✳✷✼✮

❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✼✮✱ ✭✸✳✶✷✮✱ ❛♥❞ ✭✸✳✶✼✮✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ❢r♦♠ ✭✸✳✷✻✮ t♦ ✭✸✳✷✼✮ ✐s
♣❡r❢♦r♠❡❞ ❜② t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤❡r❡ W tr❛♥s❢♦r♠s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✜♥❡
s❝❛❧❡ ❜♦① ❢✉♥❝t✐♦♥s ✇✐t❤ ❛♥ ❛rr❛② ♦❢ ❝♦❡✣❝✐❡♥ts cJ ✱ ✐♥t♦ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❛rs❡ s❝❛❧❡
❜♦① ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦❡✣❝✐❡♥t ❛rr❛② c0 ❛♥❞ ❍❛❛r ✇❛✈❡❧❡ts ✇✐t❤ ❛rr❛② ♦❢ ❞❡t❛✐❧ ❝♦❡✣❝✐❡♥ts dj
❢♦r ❡❛❝❤ ❞②❛❞✐❝ ❧❡✈❡❧ j < J ✿

W : cJ → dJ := (c0,d0,d1, . . . ,dJ−1) . ✭✸✳✷✽✮

■♥ t❤❡ s❛♠❡ ✇❛② ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ r❡❧❛t✐♦♥s ✭✸✳✷✺✮✱ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠W−1 : dJ → cJ ✱
t✉r♥s t❤❡ ✇❛✈❡❧❡ts ❝♦❡✣❝✐❡♥ts ✐♥t♦ t❤❡ s✐♥❣❧❡ s❝❛❧❡ J ✳ ❉✉❡ t♦ t❤❡ t❡❧❡s❝♦♣✐❝ str✉❝t✉r❡ ♦❢ t❤❡s❡
❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❜❡❝❛✉s❡ t❤❡ r❡❧❛t✐♦♥s ✭✸✳✷✺✮ ✐♥✈♦❧✈❡ ♦♥❧② ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts ✭±1/

√
2✮ ❝❛❧❧❡❞

✉s✉❛❧❧② ♠❛s❦s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s r❡q✉✐r❡❞ ❜② ❜♦t❤ tr❛♥s❢♦r♠s ✐s O(2J)✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s Pj ✐♥ L2✱ ❛♥❞ t❤❡ ✇❛✈❡❧❡t
❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✷✼✮ ✇✐t❤ j0 = 0✱ ✇❡ ❝❛♥ ✇r✐t❡ ✭✸✳✶✶✮ ❛s

f = P0f +

∞∑

j=0

(Pj+1 − Pj)f =

∞∑

j=−1

2j−1∑

k=0

dj,kψj,k := d(f)TΨ, ✭✸✳✷✾✮

✇❤❡r❡ P−1 := 0 ❛♥❞ ψ−1,k := φ0,k✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ s✉❝❤ ❛ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥
✐s t❤❛t t❤❡r❡ ✐s ❛ t✐❣❤t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♥♦r♠s ❬❈❉❉✵✹❪✿

‖f‖L2 =




∞∑

j=−1

‖(Pj+1 − Pj)f‖2L2




1/2

= ‖d(f)‖ℓ2 , ✭✸✳✸✵✮

❞✉❡ t♦ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ ψj,k ❛♥❞ ✉s✐♥❣ t❤❡ P❛rs❡✈❛❧✬s ✐❞❡♥t✐t②✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✐♥ t❤❡
✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥ s♦♠❡ s♠❛❧❧ ❝♦❡✣❝✐❡♥ts ❛r❡ ❞✐s❝❛r❞❡❞✱ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡
♠♦❞✐✜❡❞ ♦♥❧② ❜② t❤❡ s❛♠❡ s♠❛❧❧ ❛♠♦✉♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✐③❡ ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡
✐♥❢❡rr❡❞ ❢r♦♠ ❧♦❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ f ✳ ■t ❝❛♥ ❜❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ✇✐t❤✐♥ t❤❡ s✉♣♣♦rt Ij,k ♦❢ ψj,k✿

|dj,k| = inf
c∈❘
|〈f − c, ψj,k〉| ≤ inf

c∈❘
‖f − c‖L2(Ij,k) ≤ 2−j‖f ′‖L2(Ij,k), ✭✸✳✸✶✮

❜② ✉s✐♥❣ ❛ ❢♦r♠❛❧ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥✱ ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t ‖ψj,k‖L2(Ij,k) = 1✱ ❛♥❞ t❤❛t t❤❡
❍❛❛r ✇❛✈❡❧❡ts ψj,k ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❛♥② ❝♦♥st❛♥t c ∈ ❘✱ ✐✳❡✳✱ t❤❡② ❤❛✈❡ ✜rst ♦r❞❡r ✈❛♥✐s❤✐♥❣
♠♦♠❡♥ts✿

〈c, ψj,k〉 = 0. ✭✸✳✸✷✮

❚❤❡ ❞❡❝❛② ♦❢ t❤❡ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts ✐s ❞✐r❡❝t❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❧♦❝❛❧ s♠♦♦t❤♥❡ss ♦❢ f ✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ t❤❡ ❝♦❡✣❝✐❡♥ts dj,k ❣❡t s♠❛❧❧ ❛t ✜♥❡ s❝❛❧❡s ✇❤❡♥ f |Ij,k ✐s s✉✣❝✐❡♥t❧② s♠♦♦t❤✱ ✇❤❡r❡❛s
❤✐❣❤ ❣r❛❞✐❡♥ts ✐♥✈♦❧✈❡ ♠♦r❡ s✐❣♥✐✜❝❛♥t ✈❛❧✉❡s✳
❚❤✐s ❦✐♥❞ ♦❢ ❝♦♥st❛♥t ♣✐❡❝❡✇✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❤♦✇s t♦ ❜❡ ♦♥❧② ✜rst ♦r❞❡r ❛❝❝✉r❛t❡✳ ❚❤❡
❍❛❛r✬s s❡t ♦❢ ✇❛✈❡❧❡ts ✐s t❤❡r❡❢♦r❡ ♦♥❧② s✉✐t❛❜❧❡ t♦ ❡✣❝✐❡♥t❧② r❡♣r❡s❡♥t s✉✣❝✐❡♥t❧② s♠♦♦t❤ f ✳
❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s s❡❧❞♦♠ ❤❛♣♣❡♥s ❛♥❞ ♠♦t✐✈❛t❡❞ ❢✉rt❤❡r st✉❞✐❡s ❜❛s❡❞ ♦♥ t❤❡
♣♦t❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡s ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤✐s s✐♠♣❧❡ ❍❛❛r ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❢❛♠✐❧② ♦❢
❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♦rt❤♦♥♦r♠❛❧ ✇❛✈❡❧❡ts ✐♥ L2(❘) ✐♥tr♦❞✉❝❡❞ ❜② ❉❛✉❜❡❝❤✐❡s ❬❉❛✉✽✽✱ ❉❛✉✾✷❪✱
♦✛❡r❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛r❜✐tr❛r② ❤✐❣❤ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠✉❧t✐✲s❝❛❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳



❙❡❝t✳ ✸✳✷ ✲ ❇❛s✐s ♦❢ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ✺✽

✸✳✷✳✷ ❖rt❤♦♥♦r♠❛❧ ❲❛✈❡❧❡ts

❚❤❡ ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❛s ♣r❡s❡♥t❡❞ ❜❡❢♦r❡ ❢♦r t❤❡ ❍❛❛r ❝❛s❡✱ ✇❛s ❛❝t✉❛❧❧② s❡tt❧❡❞
❜② t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ▼❛❧❧❛t ❬▼❛❧✽✾❪ ❛♥❞ ▼❡②❡r ❬▼❡②✾✵❪✱ t❤❛t
❝♦♥s✐❞❡rs t❤❡ ♥❡st❡❞ s♣❛❝❡s Vj ⊂ Vj+1 ⊂ . . . ♦❢ L2(❘) s✉❝❤ t❤❛t ∪Vj = L2(❘)✱ ❛♥❞ t❤✉s Pjf
❝♦♥✈❡r❣❡s ✐♥ L2(❘) ❢♦r ❛❧❧ f ∈ L2(❘)✱ ✇❤❡r❡ Pj ✐s t❤❡ L2✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r✳ ■♥ t❤✐s ❝♦♥t❡①t✱
t❤❡r❡ ❡①✐sts ❛ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ φ ∈ V0 s✉❝❤ t❤❛t

φj,k = 2j/2φ(2j · −k), k ∈ ❩, ✭✸✳✸✸✮

✐s ❛ ❘✐❡s③ ❜❛s✐s ♦❢ Vj✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ 0 < c < C <∞✱ s✉❝❤ t❤❛t

c‖xj,k‖2ℓ2 ≤
∥∥∥∥∥
∑

k∈❩

xj,kφj,k

∥∥∥∥∥

2

L2

≤ C‖xj,k‖2ℓ2 , ✭✸✳✸✹✮

❛♥❞ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ fj ∈ Vj ✐♥ t❤✐s ❜❛s✐s✿ fj =
∑

k∈❩ xj,kφj,k✳
❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ❘✐❡s③ ♣r♦♣❡rt② ✭✸✳✸✹✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② j ∈ ◆0✱ ❢♦r c ❛♥❞ C ✐♥❞❡♣❡♥❞❡♥t
♦❢ j✱ t❤❡♥ t❤❡ s❡t (φj,k)j∈◆0 ✐s s❛✐❞ t♦ ❜❡ ✉♥✐❢♦r♠❧② st❛❜❧❡✳
❈♦♥s✐❞❡r✐♥❣ ♥♦✇ φ ∈ V0 ⊂ V1✱ ✇❡ ❞❡✜♥❡ ❛ t✇♦✲s❝❛❧❡ r❡❧❛t✐♦♥✿

φ(x) =
∑

k∈❩

akφ(2x− k), ✭✸✳✸✺✮

✇✐t❤ ✜♥✐t❡❧② s✉♣♣♦rt❡❞ ♠❛s❦s✿ (ak)k∈❩✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡ ❜♦① ❢✉♥❝t✐♦♥✱ a0 = a1 = 1✱ ❛♥❞
ak = 0 ♦t❤❡r✇✐s❡✱ ❢♦❧❧♦✇✐♥❣ ✭✸✳✶✺✮✳ ❈♦♥s✐❞❡r✐♥❣ ✭✸✳✸✸✮ ❢♦r Vj ⊂ Vj+1 ②✐❡❧❞s

φj,k =
1√
2

∑

n∈❩

anφj+1,2k+n. ✭✸✳✸✻✮

❆ss✉♠✐♥❣ t❤❛t t❤❡ s❡t (φj,k)k∈❩ ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Vj s✉❝❤ t❤❛t

Pjf :=
∑

k∈❩

〈f, φj,k〉φj,k, ✭✸✳✸✼✮

t❤❡ ✇❛✈❡❧❡t ψ ✐s ❝♦♥str✉❝t❡❞ ❜②

ψ(x) =
∑

k∈❩

bkφ(2x− k), ✭✸✳✸✽✮

✇✐t❤ bk = (−1)ka1−k✳ ❚❤✐s (ψj,k)k∈❩ ✐s t❤❡♥ ❝♦♥❝❡✐✈❡❞ ❛s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ t❤❡ ♦rt❤♦❣✲
♦♥❛❧ ❝♦♠♣❧❡♠❡♥t Wj = Vj+1 ∩ V ⊥

j ✱ ❞❡✜♥✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥✿

Qjf = (Pj+1 − Pj)f =
∑

k∈❩

〈f, ψj,k〉ψj,k, ✭✸✳✸✾✮

❛♥❞ t❤✉s f ❝❛♥ ❜❡ ✇r✐tt❡♥ ♦♥ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ L2(❘)✿

f = P0f +
∑

j∈◆0

Qjf,

f =
∑

k∈❩

〈f, φ0,k〉φ0,k +
∑

j∈◆0

∑

k∈❩

〈f, ψj,k〉ψj,k.





✭✸✳✹✵✮

❲✐t❤ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ✭✸✳✸✵✮ ♣r❡✈✐♦✉s❧② ❡st✐♠❛t❡❞✱ ❤♦❧❞s ♥❛t✉r❛❧❧② ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘✐❡s③ ♣r♦♣❡rt②



❙❡❝t✳ ✸✳✷ ✲ ❇❛s✐s ♦❢ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ✺✾

✭✸✳✸✹✮ ❢♦r ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✿ c = C = 1✱ ✐✳❡✳✱ t❤❡ P❛rs❡✈❛❧✬s ✐❞❡♥t✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦r❞❡r t♦
♦❜t❛✐♥ ♠♦r❡ ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❜✉✐❧❞ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ✭✸✳✸✺✮ ✇✐t❤
❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧s✱ ✐✳❡✳✱ ❇✲s♣❧✐♥❡s✱ s✉❝❤ t❤❛t t❤❡ s❡t ♦❢ ✇❛✈❡❧❡t ✭✸✳✸✽✮ ❤❛s
N ✈❛♥✐s❤✐♥❣ ♣♦❧②♥♦♠✐❛❧s ♠♦♠❡♥ts✿

〈P, ψj,k〉Σj,k
= 0, ✭✸✳✹✶✮

❢♦r ❛♥② ♣♦❧②♥♦♠✐❛❧ P ∈ PN−1✱ ✇❤❡r❡ Σj,k := suppψj,k✳ ❆♥❞ ❝♦♥s❡q✉❡♥t❧② ✇❡ ♦❜t❛✐♥ ❛♣♣r♦①✐✲
♠❛t✐♦♥s ♦❢ ♦r❞❡r N ❬❈❉❉✵✹❪✱

|〈f, ψj,k〉| = inf
P∈PN−1

|〈f − P, ψj,k〉|

≤ inf
P∈PN−1

‖f − P‖Lp(Σj,k)‖ψj,k‖Lq(Σj,k)

≤ C2
−j

(

N+ 1
2
− 1

p

)

|f |WN
p (Σj,k)

, ✭✸✳✹✷✮

✉s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤✉s p+ q = 1✱ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t

‖ψj,k‖Lq(Σj,k) ≤ C2
−j

(

1
q
− 1

2

)

= C2
−j

(

1
2
− 1

p

)

, ✭✸✳✹✸✮

✇❤❡♥ ‖ψj,k‖L2(Σj,k) ≈ 1✱ ❛♥❞ ❜❛s❡❞ ♦♥ ❛ st❛♥❞❛r❞ ❡st✐♠❛t❡ ♦♥ ❧♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
✭s❡❡✱ ❡✳❣✳✱ ❬❉❙✽✹❪✮✿

inf
P∈Pn

‖f − P‖Lp(Ω) ≤ C(diamΩ)n|f |Wn
p (Ω). ✭✸✳✹✹✮

❚❤❡ s❡♠✐✲♥♦r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ Wn
p (Ω)✿

Wn
p (Ω) := {f s.t. ∂αf ∈ Lp(Ω), |α| ≤ n} , ✭✸✳✹✺✮

✐s ❣✐✈❡♥ ❜② |f |Wn
p (Ω) :=

(∑
|α|=n ‖∂αf‖

p
Lp(Ω)

)1/p
✳

❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ φ(x)✱ ♦♥❡ ❤❛s t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛s❦s ✐♥t♦
✭✸✳✸✺✮ s✉❝❤ t❤❛t

∑

n∈❩

anan+2k =

{
2, k = 0,

0, k 6= 0,
✭✸✳✹✻✮

❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✸✻✮✱ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ (φj,k)k∈❩ ❛♥❞ (ψj,k)k∈❩❀ ❛♥❞

∑

n∈❩

an = 2,
∑

n∈❩

(−1)nnman = 0, m = 0, . . . , N, ✭✸✳✹✼✮

t♦ ♦❜t❛✐♥ ♦r❞❡r N ✱ ✐✳❡✳✱N ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts ❢♦r t❤❡ ✇❛✈❡❧❡t ❞❡✜♥❡❞ ❜② ✭✸✳✸✽✮✳ ❚❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ ♦rt❤♦♥♦r♠❛❧ ✇❛✈❡❧❡ts ❝♦♥❝❡✐✈❡❞ ❜② ❉❛✉❜❡❝❤✐❡s ❬❉❛✉✽✽✱ ❉❛✉✾✷❪ ❝♦♥s✐❞❡rs t❤❡♥ ❢♦r
N > 0✱ ❛ s❡t ♦❢ (an) s✉♣♣♦rt❡❞ ♦♥ {0, . . . , 2N − 1}✱ s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ φ(N) ❝♦♠♣❛❝t❧②
s✉♣♣♦rt❡❞ ♦♥ [0, 2N − 1]✱ ❣❡♥❡r❛t❡s ♦rt❤♦♥♦r♠❛❧ s❤✐❢ts ❛♥❞ ②✐❡❧❞s ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♦r❞❡r
N ✳ ❍♦✇❡✈❡r✱ ❡①❝❡♣t ❢♦r φ(1) ✇❤✐❝❤ ✐s t❤❡ ✜rst ♦r❞❡r ❍❛❛r ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ♥♦ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥s ❡①✐st✳
❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ♦rt❤♦♥♦r♠❛❧ ❢❛♠✐❧② ♦❢ ✇❛✈❡❧❡ts ♦❢ ❛r❜✐tr❛r② ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥✲
st✐t✉t❡❞ ❛ ❜r❡❛❦t❤r♦✉❣❤ ✐♥ t❤❡ ❞♦♠❛✐♥ ❛♥❞ ❧❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❜✐♦rt❤♦❣♦♥❛❧
✇❛✈❡❧❡ts ✐♥tr♦❞✉❝❡❞ ❜② ❈♦❤❡♥ ❡t ❛❧✳ ❬❈❉❋✾✷❪✱ ✇❤✐❝❤ ❤❛✈❡ s✉❝❝❡❡❞❡❞ t♦ s♦♠❡❤♦✇ ✐♠♣r♦✈❡ ❛♥❞
❡st❛❜❧✐s❤ ❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡s❡ t❡❝❤♥✐q✉❡s✳
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✸✳✷✳✸ ❇✐♦rt❤♦❣♦♥❛❧ ❲❛✈❡❧❡ts

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ❛ ❜✐♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡t ❛♣♣r♦❛❝❤ ✐s t♦ r❡♣❧❛❝❡ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❛ss✉♠♣t✐♦♥
❛♥❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ❞✉❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ φ̃ ❛❧♦♥❣ ✇✐t❤ φ✱ s♦ t❤❛t ✇❡ ❤❛✈❡

φ(x) =
∑

k∈❩

akφ(2x− k), φ̃(x) =
∑

k∈❩

ãkφ̃(2x− k), ✭✸✳✹✽✮

✇✐t❤ ✜♥✐t❡❧② s✉♣♣♦rt❡❞ ♠❛s❦s (ak)k∈❩✱ (ãk)k∈❩✱ ❛♥❞ ✇✐t❤ ❛ ❜✐♦rt❤♦❣♦♥❛❧ ♣r♦♣❡rt②✿

〈φ, φ̃(· − k)〉 = δ0,k, k ∈ ❩. ✭✸✳✹✾✮

❲✐t❤ t❤✐s ❞✉❛❧ ♣❛✐r ♦❢ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ♥♦♥✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥

Pjf :=
∑

k∈❩

〈f, φ̃j,k〉φj,k, ✭✸✳✺✵✮

♦♥t♦ Vj ✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ❛ ❞✉❛❧ ♣❛✐r ♦❢ ✇❛✈❡❧❡ts ❛r❡ ❞❡✜♥❡❞

ψ(x) =
∑

k∈❩

bkφ(2x− k), ψ̃(x) =
∑

k∈❩

b̃kφ̃(2x− k), ✭✸✳✺✶✮

✇✐t❤ bk = (−1)kã1−k ❛♥❞ b̃k = (−1)ka1−k❀ ❛♥❞ t❤❡ ♣❛✐r✇✐s❡ ❜✐♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt②✿

〈ψj,k, ψ̃l,m〉 = δ(j,k),(l,m), k,m ∈ ❩, j, l ∈ ◆0. ✭✸✳✺✷✮

■♥ ♣❛rt✐❝✉❧❛r✱
〈φj,k, ψ̃j,l〉 = 〈φ̃j,k, ψj,l〉 = 0, ✭✸✳✺✸✮

❛♥❞ ✇❡ ❤❛✈❡
Qjf = (Pj+1 − Pj)f =

∑

k∈❩

〈f, ψ̃j,k〉ψj,k, ✭✸✳✺✹✮

♦♥t♦ t❤❡ ♥♦♥✲♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t Wj = Vj+1 ∩ Ṽ ⊥
j ✳ ❚❤❡ ♣❛✐rs (φj,k, ψj,k) ❛♥❞ (φ̃j,k, ψ̃j,k)

❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ ♣r✐♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ✇❛✈❡❧❡t✱ ❛♥❞ t❤❡ ❞✉❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞
✇❛✈❡❧❡t✱ r❡s♣❡❝t✐✈❡❧②✳
❋✐♥❛❧❧②✱ ✐❢ t❤❡ s❡t (φj,k)j∈◆0 ✐s ✉♥✐❢♦r♠❧② st❛❜❧❡ ❛♥❞ t❤❡ s❡t φ0,k ∪ (ψj,k)j∈◆0 ✐s ❛ ❘✐❡s③ ❜❛s✐s ♦❢
L2(❘)✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❘✐❡s③ ❜❛s✐s ❣✐✈❡♥ ❜② φ̃0,k∪ (ψ̃j,k)j∈◆0 ✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❜✐♦rt❤♦❣♦✲
♥❛❧✐t② ♣r♦♣❡rt② ✭✸✳✺✷✮✱ ❛♥❞ s✉❝❤ t❤❛t f ∈ L2(❘) ❤❛s t❤❡ ✉♥✐q✉❡ ❡①♣❛♥s✐♦♥s ✐♥ t❤❡ ❜✐♦rt❤♦❣♦♥❛❧
❜❛s❡s ♦❢ L2(❘)✿

f =
∑

k∈❩

〈f, φ̃0,k〉φ0,k +
∑

j∈◆0

∑

k∈❩

〈f, ψ̃j,k〉ψj,k,

f =
∑

k∈❩

〈f, φ0,k〉φ̃0,k +
∑

j∈◆0

∑

k∈❩

〈f, ψj,k〉ψ̃j,k.





✭✸✳✺✺✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❘✐❡s③ ♣r♦♣❡rt② ✭✸✳✸✹✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t

c

∞∑

j=−1

∑

k∈❩

|〈f, ψ̃j,k〉|2 ≤ ‖f‖2L2 ≤ C
∞∑

j=−1

∑

k∈❩

|〈f, ψ̃j,k〉|2,

c
∞∑

j=−1

∑

k∈❩

|〈f, ψj,k〉|2 ≤ ‖f‖2L2 ≤ C
∞∑

j=−1

∑

k∈❩

|〈f, ψj,k〉|2,





✭✸✳✺✻✮

✇❤❡r❡ ψ−1,k := φ0,k ❛♥❞ ψ̃−1,k := φ̃0,k✱ ❛♥❞ t❤✉s ❛ t✐❣❤t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡
❝♦❡✣❝✐❡♥t ♥♦r♠ ✐s ♣r❡s❡r✈❡❞✳
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❚❤❡ ♠❛s❦s ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦rt❤♦♥♦r♠❛❧ ❝❛s❡✱ ❛❝❝♦✉♥t✐♥❣
t❤✐s t✐♠❡ ❢♦r t❤❡ ❞✉❛❧✐t② r❡❧❛t✐♦♥s✿

∑

n∈❩

ãnan+2k =

{
2, k = 0,

0, k 6= 0.
✭✸✳✺✼✮

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ s✉❝❤ ❜✐♦rt❤♦❣♦♥❛❧ ❝♦♥str✉❝t✐♦♥ ✐s t❤❛t ✐t ❛❧❧♦✇s ✉s ❛ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢
❧✐❜❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡ts✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♠♣✉t✐♥❣ t❤❡ ♣r✐♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥
φ ❛s ❛♥② ❇✲s♣❧✐♥❡✱ t❤❡ ♣r✐♠❛❧ ✇❛✈❡❧❡t ❣❡♥❡r❛t♦r ψ ❜❡❝♦♠❡s ❞✐r❡❝t❧② ❛ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛♥
❡①♣❧✐❝✐t ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧s ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✺✶✮✳ ❖♥❡ ♠❛②
❛❧s♦ r❡q✉✐r❡ t❤❛t t❤❡ ♣r✐♠❛❧ ♦r ❞✉❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥
♦❢ ♣✐❡❝❡✇✐s❡ ❢✉♥❝t✐♦♥s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ s❛t✐s✜❡s s♦♠❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛s ❣✐✈❡♥ ❜②
✭✸✳✹✼✮✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❜✐♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥s ✐♠♣❧② t❤❛t t❤❡ ❣❡♥❡r❛t❡❞ ♣r✐♠❛❧ ♦r ❞✉❛❧
✇❛✈❡❧❡ts ✐♥❤❡r✐t ❛r❜✐tr❛r② N ♦r Ñ ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts✱ ❛♥❞ t❤✉s ❛ ❞❡❝❛② ♦❢ 2−jN ♦r 2−jÑ ✇❤❡♥
f ❤❛s ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s✱ ❢♦❧❧♦✇✐♥❣ ✭✸✳✹✷✮✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ✢❡①✐❜✐❧✐t②
②✐❡❧❞s s✐♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇❤✐❧❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❣✉❛r❛♥t❡❡s ❣♦♦❞ ♠❛t❤❡♠❛t✐❝❛❧
♣r♦♣❡rt✐❡s✳
❆s ✐♥ t❤❡ ✜rst ❍❛❛r✬s ❝❛s❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❢❛st ✇❛✈❡❧❡t tr❛♥s❢♦r♠ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤
t❤❡ st❛♥❞❛r❞ ❛♥❞ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ J > j0 > 0✿

fJ =
∑

k∈❩

cJ,kφJ,k =
∑

k∈❩

cj0,kφj0,k +

J−1∑

j=j0

∑

k∈❩

dj,kψj,k, ✭✸✳✺✽✮

✇❤❡r❡ ✱ ❢♦r ✐♥st❛♥❝❡✱ ❛♥❞ s✐♠✐❧❛r t♦ t❤❡ t✇♦✲s❝❛❧❡ r❡❧❛t✐♦♥s ✭✸✳✷✺✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ♠♦r❡ ❣❡♥❡r❛❧
❡①♣r❡ss✐♦♥s ❜❛s❡❞ ♦♥ ❜✐♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡ts✳ ❲❡ ❝❛♥ t❤✉s ❞❡❞✉❝❡

cj,k = 〈f, φ̃j,k〉 =
〈
f,

1√
2

∑

n∈❩

ãnφ̃j+1,2k+n

〉

=
1√
2

∑

n∈❩

ãncj+1,2k+n =
1√
2

∑

n∈❩

ãn−2kcj+1,n. ✭✸✳✺✾✮

Pr♦❝❡❡❞✐♥❣ ✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts dj,k✱ ✇❡ ✜♥❛❧❧② ❤❛✈❡

cj,k =
1√
2

∑

n∈❩

ãn−2kcj+1,n, dj,k =
1√
2

∑

n∈❩

b̃n−2kcj+1,n. ✭✸✳✻✵✮

❈♦♠♣✉t✐♥❣ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥

fj+1 =
∑

k∈❩

cj+1,kφj+1,k =
∑

n∈❩

cj,nφj,n +
∑

n∈❩

dj,nψj,n

=
∑

n∈❩

cj,n

(
1√
2

∑

k∈❩

ak−2nφj+1,k

)
+
∑

n∈❩

dj,n

(
1√
2

∑

k∈❩

bk−2nφj+1,k

)

=
∑

k∈❩

1√
2

(
∑

n∈❩

cj,nak−2n +
∑

n∈❩

dj,nbk−2n

)
φj+1,k, ✭✸✳✻✶✮

②✐❡❧❞s

cj+1,k =
1√
2

∑

n∈❩

cj,nak−2n +
1√
2

∑

n∈❩

dj,nbk−2n. ✭✸✳✻✷✮



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✷

❚❤❡ r❡❝✉rs✐✈❡ ♦♣❡r❛t✐♦♥s ✭✸✳✻✵✮ ❛♥❞ ✭✸✳✻✷✮✱ ❞❡✜♥❡ t❤❡ ❞✐r❡❝t ❛♥❞ ✐♥✈❡rs❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠s
W : cJ → dJ ❛♥❞ W−1 : dJ → cJ ✱ ✇❤❡r❡ ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥✈♦❧✈❡ ♦♥❧② t❤❡ s❡t ♦❢ ❝♦♥st❛♥t
❝♦❡✣❝✐❡♥ts (an, ãn, bn, b̃n)✳

✸✳✸ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ s❝❛❧❛r P❉❊✿

∂tu = Φ(u), x ∈ ❘d, t > 0,

u(0, x) = u0(x) x ∈ ❘d,

}
✭✸✳✻✸✮

✇✐t❤ u : ❘× ❘d → ❘✱ u0 ∈ ❘✱ ❛♥❞

Φ(u) = ∂x · (D(u)∂xu)− ∂x · g(u) + f(u), ✭✸✳✻✹✮

❢♦r g(u) = (gi(u))i=1,...,d ❛♥❞ gi : ❘→ ❘✳
❇❛s❡❞ ♦♥ t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✱ ❇❡②❧❦✐♥ ❡t ❛❧✳
❬❇❈❘✾✶❪ ✉s❡❞ ✇❛✈❡❧❡t tr❛♥s❢♦r♠s t♦ ❞❡s✐❣♥ ❢❛st ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛tr✐①✲✈❡❝t♦r
♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇❤✐❝❤ ✇❡r❡ ❧❛t❡r ✉s❡❞ ✐♥ ❬❊❖❩✾✹❪ t♦ s♦❧✈❡ ❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ ✐♥✐t✐❛❧
✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ▲✐❛♥❞r❛t ✫ ❚❝❤❛♠✐t❝❤✐❛♥ ❬▲❚✾✵❪ ❛♥❞ ▼❛❞❛② ✫ ❘❛✈❡❧ ❬▼❘✾✷❪
✐♥tr♦❞✉❝❡❞ s♦♠❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s ✇✐t❤ ❛ ●❛❧❡r❦✐♥✲t②♣❡ ❛♣♣r♦❛❝❤ ✇✐t❤ r❡s♣❡❝t t♦ ❛
✇❛✈❡❧❡t ❜❛s✐s ❢♦r t❤❡ ❇✉r❣❡rs✬ ❡q✉❛t✐♦♥✱ ✇❤❡r❡❛s ❇❛❝r② ❡t ❛❧✳ ❬❇▼P✾✷❪ ❞❡✈❡❧♦♣❡❞ ❛ ✇❛✈❡❧❡t
❜❛s❡❞ s♣❛❝❡✴t✐♠❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ❢♦r ♣❛r❛❜♦❧✐❝ ❛♥❞ ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❋✉rt❤❡r st✉❞✐❡s
❞❡✈❡❧♦♣❡❞ ❝♦❧❧♦❝❛t✐♦♥✲❜❛s❡❞ ❛❞❛♣t✐✈❡ ✇❛✈❡❧❡t ♠❡t❤♦❞s t♦ s♦❧✈❡ P❉❊s ✇✐t❤ ❣❡♥❡r❛❧ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ t❤❡ ✇♦r❦ ♦❢ ❱❛s✐❧②❡✈ ❡t ❛❧✳ ✐♥ ❬❱P❙✾✺✱ ❱P✾✻✱ ❱P✾✼❪✮✳ ❆♥♦t❤❡r ✇❛✈❡❧❡t✲
❜❛s❡❞ ❢❛♠✐❧② ♦❢ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ❢♦r P❉❊s ❬❱❇✵✵✱ ❱❛s✵✸❪✱ ✇❛s ❜✉✐❧t ✉♣♦♥ t❤❡ s♦✲❝❛❧❧❡❞ s❡❝♦♥❞
❣❡♥❡r❛t✐♦♥ ✇❛✈❡❧❡ts ❞❡✈❡❧♦♣❡❞ ❜② ❙✇❡❧❞❡♥s ❬❙✇❡✾✺✱ ❙✇❡✾✽❪✱ ✇❤✐❝❤ ✉tt❡r❧② ❧❡❞ t♦ t✐♠❡✴s♣❛❝❡
❛❞❛♣t✐✈❡ ✇❛✈❡❧❡t ♠❡t❤♦❞s ✭s❡❡ ❬❆❑❱✵✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❛✐♥ ✐❞❡❛
✐♥ t❤❡s❡ ♠❡t❤♦❞s ✇❛s t♦ ❡♥t✐r❡❧② s♦❧✈❡ t❤❡ P❉❊s ✐♥ t❤❡ ✇❛✈❡❧❡t ❜❛s✐s ❜② ✜rst ❝♦♠♣✉t✐♥❣ ❛❧❧
♥♦♥❧✐♥❡❛r ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s✱ ❞✐s❝r❡t✐③❡❞ ♦✈❡r ❛ s❡t ♦❢ ❞✐✛❡r❡♥t
❣r✐❞s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ s❡q✉❡♥❝❡ ♦❢ ❛❧❣❡❜r❛✐❝ ♣r♦❜❧❡♠s ✐ss✉❡❞ ❢r♦♠ t❤❡ ❛❞❛♣t✐✈❡ ❞✐s❝r❡t✐③❡❞
r❡♣r❡s❡♥t❛t✐♦♥s✱ ♥❡❡❞❡❞ t♦ ❜❡ s♦❧✈❡❞ t♦ ❛❞✈❛♥❝❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ t✐♠❡✼✳ ❆ r❡❝❡♥t r❡✈✐❡✇ ♦♥
✇❛✈❡❧❡t ♠❡t❤♦❞s ❢♦r ❈❋❉ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❙❱✶✵❪✳
◆❡✈❡rt❤❡❧❡ss✱ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜②
❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✱ ❛♥❞ s❡tt❧❡❞ ❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❛♥❞ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ♠✉❧t✐r❡s♦✲
❧✉t✐♦♥ s❝❤❡♠❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ✐✳❡✳✱Φ(u) = −∂x · g(u)✳ ❚❤❡s❡
❞❡✈❡❧♦♣♠❡♥ts ✉tt❡r❧② ❧❡❞ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✜♥✐t❡ ✈♦❧✉♠❡
s❝❤❡♠❡s✱ ✐♥tr♦❞✉❝❡❞ ❜② ❈♦❤❡♥ ❡t ❛❧✳ ❬❈❑▼P✵✸❪✳ ❊①t❡♥s✐♦♥s t♦ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♦r r❡❛❝t✐♦♥✲
❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ✇❛r❡ ❧❛t❡r ♣❡r❢♦r♠❡❞ ✭s❡❡✱ ❡✳❣✳✱ ❬❘❙✵✷✱ ❘❙❚❇✵✸✱ ❇❘❇❙❙✵✽✱ ❇❇❘❇❙✵✾❪✮✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✇❛s ❛❧s♦ ❡①t❡♥❞❡❞ t♦ ♥❡st❡❞ ✉♥str✉❝t✉r❡❞ ❣r✐❞s ✐♥
❬❆❜❣✾✺✱ ❆❍✾✽❪✱ ❝✉r✈✐❧✐♥❡❛r ❣r✐❞ ♣❛t❝❤❡s ✐♥ ❬❉●▼▼✵✶✱ ❇●▼❍+✵✸❪✱ ❛♥❞ t♦ ❝❡❧❧✲❝❡♥t❡r❡❞ tr✐❛♥✲
❣❧❡s ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✐♥ ❬❈❉❑P✵✵❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥♦t❤❡r ♠✉❧t✐r❡s♦❧✉t✐♦♥
❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡rs ♣♦✐♥t✲✈❛❧✉❡❞ ❛❧❣♦r✐t❤♠s ✐♥st❡❛❞ ♦❢ t❤❡ ❝❡❧❧✲❛✈❡r❛❣❡❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡
❬❍❛r✾✺✱ ❈❉✵✶❪✳ ❚❤❡s❡ ✐ss✉❡s ✇✐❧❧ ♥♦t ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥❞ ✇❡ r❡❢❡r t♦ t❤❡ ❣✐✈❡♥
❜✐❜❧✐♦❣r❛♣❤② ❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♣❡r❢♦r♠ t❤❡♥ ❛ ♥❡st❡❞ ✜♥✐t❡ ✈♦❧✉♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ t❤❡ ❣❡♥❡r❛❧
♣r♦❜❧❡♠ ✭✸✳✻✸✮✳ ❋♦r j = 0, 1, · · · , J ✱ ❢r♦♠ t❤❡ ❝♦❛rs❡st t♦ t❤❡ ✜♥❡st ❣r✐❞✱ ✇❡ ❜✉✐❧❞ r❡❣✉❧❛r

✼■♥ ❬❆❑❱✵✻❪✱ ❛ s✐♥❣❧❡ ❛❧❣❡❜r❛✐❝ s②st❡♠ ✐s ❜✉✐❧t s✐♥❝❡ ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ ♦♣❡r❛t♦rs ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧②
❞✐s❝r❡t✐③❡❞✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✸

❞✐s❥♦✐♥t ♣❛rt✐t✐♦♥s ✭❝❡❧❧s✮ (Ωγ)γ∈Sj ♦❢ ❛♥ ♦♣❡♥ s✉❜s❡t Ω ⊂ ❘d✱ s✉❝❤ t❤❛t ❡❛❝❤ Ωγ ✱ γ ∈ Sj ✱ ✐s t❤❡
✉♥✐♦♥ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s Ωµ✱ µ ∈ Sj+1✱ ❛♥❞ t❤✉s Sj ❛♥❞ Sj+1 ❛r❡ ❝♦♥s❡❝✉t✐✈❡ ❡♠❜❡❞❞❡❞
❣r✐❞s✳ ❚❤❡ ✐♥❞❡① j r❡❢❡rs t❤✉s t♦ t❤❡ s❝❛❧❡ ❧❡✈❡❧ ❛♥❞ ✇❡ ❞❡♥♦t❡

|γ| := j if γ ∈ Sj , ✭✸✳✻✺✮

✇✐t❤ t❤❡ ❛❜❜r❡✈✐❛t❡❞ ♥♦t❛t✐♦♥ Ωγ := Ωj,k✱ ✇❤❡r❡ k ∈ ❩d✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡
✉♥✐✈❛r✐❛t❡ ❞②❛❞✐❝ ✐♥t❡r✈❛❧s ✐♥ ✶❉✱ d = 1✿

Ωγ = Ωj,k := [2−jk, 2−j(k + 1)], γ ∈ Sj := {(j, k) s.t. j ∈ ◆0, k ∈ ❩}. ✭✸✳✻✻✮

❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

✸✳✸✳✶ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s

❲❡ ❞❡♥♦t❡Uj := (uγ)γ∈Sj ❛s t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ u ♦♥ t❤❡ ❣r✐❞ Sj ✱ ✇❤❡r❡ uγ r❡♣r❡s❡♥ts
t❤❡ ❝❡❧❧✲❛✈❡r❛❣❡ ♦❢ u : ❘× ❘d → ❘ ✐♥ Ωγ ✿

uγ := |Ωγ |−1

∫

Ωγ

u(t, x) dx, x ∈ ❘d. ✭✸✳✻✼✮

❉❛t❛ ❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❡ r❡❧❛t❡❞ ❜② t✇♦ ✐♥t❡r✲❧❡✈❡❧ tr❛♥s❢♦r♠❛t✐♦♥s ✇❤✐❝❤
❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P jj−1✱ ✇❤✐❝❤ ♠❛♣s Uj t♦ Uj−1✳ ■t ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❡①❛❝t
❛✈❡r❛❣❡s ❝♦♠♣✉t❡❞ ❛t t❤❡ ✜♥❡r ❧❡✈❡❧ ❜②

uγ = |Ωγ |−1
∑

|µ|=|γ|+1,Ωµ⊂Ωγ

|Ωµ|uµ. ✭✸✳✻✽✮

❆s ❢❛r ❛s ❣r✐❞s ❛r❡ ♥❡st❡❞✱ t❤✐s ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ✐s ❡①❛❝t ❛♥❞ ✉♥✐q✉❡ ❬❈♦❤✵✵❪✳

✷✳ ❚❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r P j−1
j ✱ ✇❤✐❝❤ ♠❛♣s Uj−1 t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ Ûj ♦❢ Uj ✳ ❚❤❡r❡

✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❤♦✐❝❡s t♦ ❞❡✜♥❡ P j−1
j ✱ ❜✉t ❛t ❧❡❛st t✇♦ ❜❛s✐❝ ❝♦♥str❛✐♥ts ❛r❡

✉s✉❛❧❧② ✐♠♣♦s❡❞ ❬❈❑▼P✵✸❪✿

✭❛✮ ❚❤❡ ♣r❡❞✐❝t✐♦♥ ✐s ❧♦❝❛❧✱ ✐✳❡✳✱ ûµ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s uγ ♦♥ ❛ ✜♥✐t❡ st❡♥❝✐❧ Rµ
s✉rr♦✉♥❞✐♥❣ Ωµ✱ ✇❤❡r❡ |µ| = |γ|+ 1✳

✭❜✮ ❚❤❡ ♣r❡❞✐❝t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t

uγ = |Ωγ |−1
∑

|µ|=|γ|+1,Ωµ⊂Ωγ

|Ωµ|ûµ; ✭✸✳✻✾✮

✐✳❡✳✱ ♦♥❡ ❝❛♥ r❡tr✐❡✈❡ t❤❡ ❝♦❛rs❡ ❝❡❧❧ ❛✈❡r❛❣❡s ❢r♦♠ t❤❡ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s✿

P jj−1 ◦ P
j−1
j = Id. ✭✸✳✼✵✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❛t t❤❡ st❡♥❝✐❧ Rµ ♠✉st ❝♦♥t❛✐♥ t❤❡ ✉♥✐q✉❡
✐♥❞❡① γ s✉❝❤ t❤❛t |µ| = |γ|+ 1 ❛♥❞ Ωµ ⊂ Ωγ ✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✹

❲✐t❤ t❤❡s❡ ♦♣❡r❛t♦rs✱ ✇❡ ❞❡✜♥❡ ❢♦r ❡❛❝❤ ❝❡❧❧ Ωµ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ♦r ❞❡t❛✐❧ ❛s t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❛♥❞ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s✿

dµ := uµ − ûµ, ✭✸✳✼✶✮

♦r ✐♥ t❡r♠s ♦❢ ✐♥t❡r✲❧❡✈❡❧ ♦♣❡r❛t✐♦♥s✿

dµ = uµ − P |µ|−1
|µ| ◦ P |µ|

|µ|−1uµ. ✭✸✳✼✷✮

❚❤❡ ❝♦♥s✐st❡♥❝② ❛ss✉♠♣t✐♦♥ ✭✸✳✻✾✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ✭✸✳✻✽✮ ❛♥❞ ♦❢
t❤❡ ❞❡t❛✐❧ ✭✸✳✼✶✮✱ ✐♠♣❧② ∑

|µ|=|γ|+1,Ωµ⊂Ωγ

|Ωµ|dµ = 0. ✭✸✳✼✸✮

❲❡ ❝❛♥ t❤❡♥ ❝♦♥str✉❝t ❛s s❤♦✇♥ ✐♥ ❬❈❑▼P✵✸❪✱ ❛ ❞❡t❛✐❧ ✈❡❝t♦r ❞❡✜♥❡❞ ❛s Dj = (dµ)µ∈∇j ✱ ✇❤❡r❡
t❤❡ s❡t ∇j ⊂ Sj ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢♦r ❡❛❝❤ γ ∈ Sj−1✱ ♦♥❡ µ ∈ Sj s✉❝❤ t❤❛t Ωµ ⊂ Ωγ ✱
✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ r❡❞✉♥❞❛♥❝② ❢r♦♠ ❡①♣r❡ss✐♦♥s ✭✸✳✼✶✮ ❛♥❞ ✭✸✳✻✾✮✱ ❛♥❞ t♦ ❣❡t ❛ ♦♥❡✲t♦✲♦♥❡
❝♦rr❡s♣♦♥❞❡♥❝❡✿

Uj ←→ (Uj−1,Dj), ✭✸✳✼✹✮

✐ss✉❡❞ ❜② ♦♣❡r❛t♦rs P jj−1 ❛♥❞ P
j−1
j ✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❞②❛❞✐❝ ❝❛s❡ ✭✸✳✻✻✮ t❤❡ ❞❡t❛✐❧

✈❡❝t♦r ✐s ❣✐✈❡♥ ❜② Dj = (dj,k)k∈❩ ✇✐t❤ dj,k = uj,k − ûj,k✳ ❇② ✐t❡r❛t✐♦♥ ♦❢ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✱
✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ ❛ ♠✉❧t✐✲s❝❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ UJ ✐♥ t❡r♠s ♦❢ MJ = (U0,D1,D2, · · · ,DJ)✿

M : UJ 7−→MJ , ✭✸✳✼✺✮

❛♥❞ s✐♠✐❧❛r❧②✱ ✐ts ✐♥✈❡rs❡M−1✳

✸✳✸✳✷ ❲❛✈❡❧❡t ❘❡♣r❡s❡♥t❛t✐♦♥

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P j−1
j ✐s ❧✐♥❡❛r✱ ✇❡ ❤❛✈❡

ûµ :=
∑

γ

cµ,γuγ , ✭✸✳✼✻✮

❛♥❞M ❛♥❞M−1 ❛r❡ s✐♠♣❧② ❝❤❛♥❣❡s ♦❢ ❜❛s✐s✳ ❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s✱ ✇❡ ❝❛♥
t❤❡♥ ✐❞❡♥t✐❢② ❛ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥ ❬❈❑▼P✵✸❪ ❜② ❞❡✜♥✐♥❣ ❢♦r Uj t❤❡ ❞✉❛❧ s❝❛❧✐♥❣ ✇❛✈❡❧❡t
φ̃γ ✐♥ ✭✸✳✻✼✮✿

uγ := 〈u, φ̃γ〉, ✭✸✳✼✼✮

s✉❝❤ t❤❛t
φ̃γ := |Ωγ |−1χΩγ , ✭✸✳✼✽✮

❛♥❞ ✇❤❡r❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✼✻✮

dµ := uµ − ûµ = 〈u, φ̃µ〉 −
∑

γ

cµ,γ〈u, φ̃γ〉 = 〈u, ψ̃µ〉, ✭✸✳✼✾✮

❞❡✜♥❡s t❤❡ ❞✉❛❧ ✇❛✈❡❧❡t ψ̃µ✿

ψ̃µ := φ̃µ −
∑

γ

cµ,γφ̃γ . ✭✸✳✽✵✮

❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ MJ ❝❛♥ ❜❡ t❤❡♥ ✇r✐tt❡♥ ❛s

MJ = (dλ)λ∈∇J = (〈u, ψ̃λ〉)λ∈∇J , ✭✸✳✽✶✮



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✺

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ dJ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ✭✸✳✷✽✮✱ ✇❤❡r❡ ✇❡
❤❛✈❡ ❞❡✜♥❡❞ ∇J :=

⋃J
j=0∇j ✇✐t❤ ∇0 := S0✱ ❛♥❞ ✇❤❡r❡ dλ = uλ ❛♥❞ ψ̃λ = φ̃λ ✐❢ λ ∈ ∇0✳ ❲✐t❤

t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡ ♦❢ ♦r❞❡r N ✐❢ ❢♦r ❛❧❧ u ∈ PN−1

❛♥❞ ❢♦r ❛❧❧ λ ∈ ∇J ✱ ✇❡ ❤❛✈❡
〈u, ψ̃λ〉 = dλ = 0, ✭✸✳✽✷✮

t❤❛t ✐s✱ ✐❢ t❤❡ ✇❛✈❡❧❡t ψ̃λ ❤❛s N ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts✳
❲❡ ❝❛♥ t❤❡♥ ❜✉✐❧❞ ❛ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❞✉❛❧ ✇❛✈❡❧❡t ✐s ♦❢ ♦r❞❡r N ✳ ❆
st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❞❡✜♥❡s P j−1

j ❜❛s❡❞ ♦♥ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ ♦r❞❡r N ✳ ❋♦r ✐♥st❛♥❝❡✱
❢♦r t❤❡ ✉♥✐✈❛r✐❛t❡ ❞②❛❞✐❝ ❝❛s❡ ✭✸✳✻✻✮✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ❝❡♥t❡r❡❞ st❡♥❝✐❧ (uj,k−M , . . . , uj,k+M ) ❛♥❞
t❤❡ ✉♥✐q✉❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 2M s✉❝❤ t❤❛t

2j
∫

Ωj,l

pj,k(x) dx = uj,l, l = k −M, . . . , k +M, ✭✸✳✽✸✮

✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ✭✸✳✻✾✮
❬❈❑▼P✵✸❪✿

ûj+1,2k = 2j+1

∫

Ωj+1,2k

pj,k(x) dx, ûj+1,2k+1 = 2j+1

∫

Ωj+1,2k+1

pj,k(x) dx. ✭✸✳✽✹✮

❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❡①❛❝t ❢♦r ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ 2M ✱ ✐✳❡✳✱ ✐t ❤❛s ❛❝❝✉r❛❝② ♦r❞❡r N = 2M +1✳
❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❢♦r M = 1✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r ✐s ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜②✿

ûj+1,2k = uj,k +
1

8
(uj,k−1 − uj,k+1), ûj+1,2k+1 = uj,k +

1

8
(uj,k+1 − uj,k−1). ✭✸✳✽✺✮

❍✐❣❤❡r ♦r❞❡r ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▼ü❧✵✸❪✱ ❛♥❞ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❋♦r
❈❛rt❡s✐❛♥ ❣r✐❞s✱ ❡①t❡♥s✐♦♥ t♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ❛
t❡♥s♦r✐❛❧ ♣r♦❞✉❝t ♦❢ t❤❡ ✶❉ ♦♣❡r❛t♦r ❬❇❍✾✼✱ ❘❙❚❇✵✸❪✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✷✮✱
❧♦❝❛❧ s♠♦♦t❤♥❡ss r❡s✉❧ts ✐♥ ❛ str♦♥❣❡r s✐③❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts
❢♦r ❤✐❣❤❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡rs✳ ◆❡✈❡rt❤❡❧❡ss✱ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ r❡q✉✐r❡
❛❧s♦ ❧❛r❣❡r st❡♥❝✐❧✱ ❡✳❣✳✱ ❢♦r t❤❡ ❞②❛❞✐❝ ✶❉ ❝❛s❡ ✭✸✳✻✻✮ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✽✸✮✿

Rj,k = {(j − 1, ⌊k/2⌋+ l) s.t. |l| ≤M} . ✭✸✳✽✻✮

✸✳✸✳✸ ❉❛t❛ ❈♦♠♣r❡ss✐♦♥ ❛♥❞ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥t❡r❡sts ♦❢ ❝❛rr②✐♥❣ ♦✉t s✉❝❤ ❛ ♠✉❧t✐✲s❝❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❛t t❤✐s ♥❡✇
r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✽✶✮✱ ❞❡✜♥❡s ❛ ✇❤♦❧❡ s❡t ♦❢ r❡❣✉❧❛r✐t② ❡st✐♠❛t❡s ❛❧❧ ♦✈❡r t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✱
❛♥❞ t❤✉s ❛ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♠✐❣❤t ❜❡ ❛❝❤✐❡✈❡❞✳ ●✐✈❡♥ ❛ s❡t ♦❢ ✐♥❞❡① Λ ⊂ ∇J ✱ ✇❡ ❞❡✜♥❡ ❛
tr✉♥❝❛t✐♦♥ ♦♣❡r❛t♦r TΛ✱ t❤❛t ❧❡❛✈❡s ✉♥❝❤❛♥❣❡❞ t❤❡ ❝♦♠♣♦♥❡♥t dλ ✐❢ λ ∈ Λ✱ ❛♥❞ r❡♣❧❛❝❡s ✐t ❜②
0✱ ♦t❤❡r✇✐s❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ s❡ts Λ ♦❜t❛✐♥❡❞ ❜② t❤r❡s❤♦❧❞✐♥❣✿

λ ∈ Λ if |dλ| ≥ ε|λ|, ✭✸✳✽✼✮

✇✐t❤ t❤❡ ❧❡✈❡❧✲❞❡♣❡♥❞❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s (ε0, ε1, . . . , εJ)✳ ❉❛t❛ ❝♦♠♣r❡ss✐♦♥ ✐s t❤❡♥ ❛❝❤✐❡✈❡❞
❜② ❞✐s❝❛r❞✐♥❣ t❤❡ ❝❡❧❧s ✇❤♦s❡ ❞❡t❛✐❧s ❛r❡ ♥♦t ✐♥t♦ Λ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✽✼✮✳ ❆♣♣❧②✐♥❣ TΛ ♦♥ t❤❡
♠✉❧t✐✲s❝❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ MJ ♦❢ UJ ❛♠♦✉♥ts t♦ ❜✉✐❧❞✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ AΛUJ ✱ ✇❤❡r❡ t❤❡
♦♣❡r❛t♦r AΛ ✐s ❣✐✈❡♥ ❜②

AΛ :=M−1TΛM. ✭✸✳✽✽✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t
u =

∑

j∈◆0

∑

|λ|=j

〈u, ψ̃λ〉ψλ, ✭✸✳✽✾✮



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✻

✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❢♦r ❛ ❣✐✈❡♥ J ✱ t❤❡ ❛rr❛②ΨJ,λ ✇✐t❤ |λ| ≤ J ✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❡❧❧ ❛✈❡r❛❣❡s ♦❢
t❤❡ ♣r✐♠❛❧ ✇❛✈❡❧❡t ψλ ❛t ❧❡✈❡❧ J ✱ ✐✳❡✳✱ΨJ,λ = (〈ψλ, φ̃γ〉)γ∈SJ

✳ ❲❡ ❝❛♥ t❤✉s ❞❡✜♥❡ t❤❡ ♥♦r♠❛❧✐③❡❞
♥♦r♠ ℓ1 ❜②

‖UJ‖ := 2−dJ
∑

λ∈SJ

|uλ|, ✭✸✳✾✵✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ L1✲♥♦r♠ ♦❢ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳ ❋♦r ΨJ,λ✱ t❤✐s ②✐❡❧❞s

‖ΨJ,λ‖ ≤ C‖ψλ‖L1 ≤ C2−d|λ|. ✭✸✳✾✶✮

❆♥❞ ❢♦r t❤❡ t❤r❡s❤♦❧❞❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ UJ ❛❢t❡r ❛♣♣❧②✐♥❣ AΛ ❬❈❑▼P✵✸❪✿

‖UJ −AΛUJ‖ =

∥∥∥∥∥∥

∑

λ 6=Λ

dλΨJ,λ

∥∥∥∥∥∥
≤ C

∑

λ 6=Λ

|dλ|2−d|λ| = C
∑

|dλ|≤ε|λ|

|dλ|2−d|λ|, ✭✸✳✾✷✮

✇❤❡r❡ ✇❡ s❡❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ s✉♠ ♦❢ t❤❡ ❞✐s❝❛r❞❡❞ ❞❡t❛✐❧s✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t |dλ|2−d|λ| ≤ ε|λ|2−d|λ|✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ❧❡✈❡❧✲✇✐s❡ t❤r❡s❤♦❧❞ ♣❛r❛♠✲
❡t❡r✿

εj := 2djη, ✭✸✳✾✸✮

t❤❡ ♥❡①t ❜♦✉♥❞ ❢♦❧❧♦✇s✽

‖UJ −AΛUJ‖ ≤ C#(∇J)η = C#(SJ)η ≤ C2dJη, ✭✸✳✾✹✮

✇✐t❤ t❤❡ ❝❛✉t✐♦✉s ❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ t❤❡ dλ s✉❝❤ t❤❛t λ /∈ Λ✱ ❛r❡ ❡q✉❛❧ t♦ ε|λ|✱ ❛❧t❤♦✉❣❤ ♠❛♥②
♦❢ t❤❡♠ ♠✐❣❤t ❜❡ ♠✉❝❤ s♠❛❧❧❡r✳ ❚❤❡ ❧❛tt❡r ❡st✐♠❛t❡ ✭✸✳✾✹✮ ❥✉st✐✜❡s t❤❡ ❝❤♦✐❝❡ η = 2−dJε ✐♥
♦r❞❡r t♦ ❤❛✈❡

‖UJ −AΛUJ‖ ≤ Cε, ✭✸✳✾✺✮

✇✐t❤ t❤❡ ❧❡✈❡❧✲❞❡♣❡♥❞❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ♣r♦♣♦s❡❞ ❜② ❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✿

εj = 2d(j−J)ε, j ∈ [0, J ], ✭✸✳✾✻✮

✇❤❡r❡ ε ❜❡❝♦♠❡s t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❢♦r t❤❡ ✜♥❡st ❧❡✈❡❧ J ✳
◆❡✈❡rt❤❡❧❡ss✱ ❛❧❧❡❣❡❞❧② ✉s❡❧❡ss ❞❡t❛✐❧s ❝❛♥♥♦t ❜❡ ❞❡❧✐❜❡r❛t❡❧② ❞❡❧❡t❡❞ ❜❡❝❛✉s❡ ❛ ❝❡rt❛✐♥ ❞❛t❛
str✉❝t✉r❡ ♠✉st ❜❡ r❡s♣❡❝t❡❞ ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣✉t❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ♠✉❧t✐✲s❝❛❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐ts❡❧❢✱ ♠❛✐♥❧② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤❡ s❡t Λ ♠✉st t❤❡♥
❡①❤✐❜✐t ❛ ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❝❡❧❧ ✈❛❧✉❡s ✇✐t❤✐♥ t❤❡
❧♦❝❛❧ ♣r❡❞✐❝t✐♦♥ st❡♥❝✐❧✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ s✉❝❤ ❛ str✉❝t✉r❡✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t❡r♠✐♥♦❧♦❣②✿

• ■❢ Ωµ ⊂ Ωλ ✇✐t❤ |µ| = |λ|+ 1✱ ✇❡ s❛② t❤❛t Ωµ ✐s ❛ ❝❤✐❧❞ ♦❢ Ωγ ✱ ❛♥❞ t❤❛t Ωγ ✐s t❤❡ ♣❛r❡♥t
♦❢ Ωµ✳

• ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢∇j ✱ ✐❢ Ωλ ❤❛sN(Ωλ) ❝❤✐❧❞r❡♥✱ N(Ωλ)−1 ♦❢ t❤❡♠ ❛r❡ ✐♥∇ :=
⋃
j≥0∇j ✳

❲❡ ❝❛❧❧ t❤❡s❡ ❝❡❧❧s t❤❡ ❞❡t❛✐❧ ❝❤✐❧❞r❡♥ ♦❢ Ωλ✳

• ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧❡❛✈❡s L(Λ) ♦❢ ❛ tr❡❡ Λ ❛s t❤❡ s❡t ♦❢ Ωλ ✇✐t❤ λ ∈ L(Λ) s✉❝❤ t❤❛t
Ωλ ❤❛s ♥♦ ❝❤✐❧❞r❡♥ ✐♥ Λ✳

• ❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ Ωλ ❛s ❛ r♦♦t ✇❤❡♥ ✐t ❜❡❧♦♥❣s t♦ t❤❡ ❝♦❛rs❡st ❣r✐❞✱ t❤❛t ✐s✱ λ ∈ S0 ♦r
|λ| = 0✱ ✐♥ ✇❤✐❝❤ ❝❛s❡✱ ✇❡ ❞❡♥♦t❡ λ ❛s λ0✳

✽❙②♠❜♦❧ #( ) ❞❡♥♦t❡s t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ s❡t✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✼

❆ s❡t ♦❢ ✐♥❞✐❝❡s Λ ∈ ∇ ✐s ❛ tr❡❡ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❬❈❑▼P✵✸❪✿

• ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧❡✈❡❧ ∇0 = S0 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Λ✳

• ■❢ Ωµ ❛♥❞ Ωυ ❛r❡ ❞❡t❛✐❧ ❝❤✐❧❞r❡♥ ♦❢ t❤❡ s❛♠❡ Ωλ✱ t❤❡♥ µ ∈ Λ ✐❢ υ ∈ Λ✳

• ■❢ Ωλ ✐s s✉❝❤ t❤❛t ✐ts ❞❡t❛✐❧ ❝❤✐❧❞r❡♥ ❛r❡ ✐♥ Λ✱ t❤❡♥ t❤❡ ♣❛r❡♥t ♦❢ Ωλ ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt②✳

❋♦r t❤❡ ✶❉ ❞②❛❞✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✳✻✻✮✱ Λ ✐s ❛ tr❡❡ ✐❢ ∇0 ∈ Λ ❛♥❞✾

(j, k) ∈ Λ⇒ (j − 1, ⌊k/2⌋) ∈ Λ. ✭✸✳✾✼✮

❚❤❡ s❡t R(Λ) ❝♦♥t❛✐♥s t❤❡ tr❡❡ Λ ♣❧✉s t❤❡ ♠✐ss✐♥❣ ❝❡❧❧s Ωλ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ∇j ✳ ❆ tr❡❡
Λ ✐s t❤✉s ❣r❛❞❡❞ ✐❢ ❢♦r ❛❧❧ µ ∈ R(Λ)✱ t❤❡ ♣r❡❞✐❝t✐♦♥ st❡♥❝✐❧ Rµ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ R(Λ)✳ ❈♦♠✐♥❣
❜❛❝❦ t♦ t❤❡ ❞②❛❞✐❝ ❡①❛♠♣❧❡✱ Λ ✐s ❛ ❣r❛❞❡❞ tr❡❡ ✐❢

(j, k) ∈ R(Λ)⇒ (j − 1, ⌊k/2 + l⌋) ∈ R(Λ), |l| ≤M. ✭✸✳✾✽✮

❉❡✜♥✐♥❣ Λε ❛s t❤❡ s♠❛❧❧❡st ❣r❛❞❡❞ tr❡❡ ❝♦♥t❛✐♥✐♥❣ Λ ❣✐✈❡♥ ❜② ✭✸✳✽✼✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ tr❡❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦♣❡r❛t♦r Aε := AΛε = M−1TΛεM✱ ❢♦❧❧♦✇✐♥❣ ✭✸✳✽✽✮✳ ❙✐♥❝❡
Λ ⊂ Λε✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❛t

‖UJ −AεUJ‖ ≤ Cε. ✭✸✳✾✾✮

✸✳✸✳✹ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡

❚❤❡ ♣r❡✈✐♦✉s ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉❊s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❍❛rt❡♥
❬❍❛r✾✹❛✱ ❍❛r✾✺❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❈♦♥s✐❞❡r✐♥❣ ♣r♦❜❧❡♠ ✭✸✳✻✸✮✱
✇❡ r❡♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐ts s♦❧✉t✐♦♥ ❛t (n+1)∆t ❜② ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡
❣✐✈❡♥ ❜②

Vn+1
J = Vn

J −Bn
J , ✭✸✳✶✵✵✮

❝♦♥s✐❞❡r✐♥❣ ❛ ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ ❣r✐❞ SJ ✳ ❚❤❡ s❡t Vn
J := (vnλ)λ∈SJ

✐s t❤❡ ❛rr❛②
❝♦♥t❛✐♥✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛t t✐♠❡ n∆t✱ ✇❤❡r❡❛s Bn

J := (bnλ)λ∈SJ
❛❝❝♦✉♥ts ❢♦r t❤❡ ♥✉✲

♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ❜❡t✇❡❡♥ n∆t ❛♥❞ (n+1)∆t ♦❢ ✢✉①❡s ❛♥❞ s♦✉r❝❡ t❡r♠s ♦♥ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡
❞✐s❝r❡t✐③❛t✐♦♥✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧ ❢r❛♠❡✇♦r❦ ❬❍❛r✾✹❛✱ ❍❛r✾✺✱ ❈❑▼P✵✸✱ ▼ü❧✵✸❪✱ Bn

J ❝♦♥s✐❞❡rs ♦♥❧②
t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ ♦♣❡r❛t♦r✳
❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❡♥ t♦ ❞❡✜♥❡ ❛ s♦❧✉t✐♦♥ Un

J t❤❛t ❛♣♣r♦①✐♠❛t❡s Vn
J ✱ ❝♦♠♣✉t❡❞ t❤✐s t✐♠❡ ♦♥

t❤❡ ❛❞❛♣t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ❝♦♠♣r❡ss❡❞ ❣r✐❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠✳ ❋r♦♠
❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✐♠♣❧✐❡s ✐♠♣♦rt❛♥t s❛✈✐♥❣s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✭✸✳✶✵✵✮✱ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞✳ ❍♦✇❡✈❡r✱
✐t ✇✐❧❧ ♥❛t✉r❛❧❧② ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r✿

an := ‖Un
J −Vn

J‖, ✭✸✳✶✵✶✮

✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❝♦♥tr♦❧❧❡❞✳ ❚♦ ❧✐♠✐t t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② ❛ ♠✉❧t✐r❡s✲
♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡✱ ❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪ ❝♦♥s✐❞❡r❡❞ ♦r✐❣✐♥❛❧❧② ❛ ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦♥❧② ❢♦r t❤❡ ✢✉①❡s Bn

J ✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡s❡ ♦♥❡s r❡♣r❡s❡♥t t❤❡
❤✐❣❤❡st ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ✐❞❡❛s✱
❈♦❤❡♥ ❡t ❛❧✳ ❬❈❑▼P✵✸❪ ✐♥tr♦❞✉❝❡❞ t❤❡♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❢♦r ❛ ❢✉❧❧②
❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ✇❤✐❝❤ ♣❡r❢♦r♠s ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✳

✾❙②♠❜♦❧ ⌊ ⌋ ❞❡♥♦t❡s t❤❡ ✢♦♦r ❢✉♥❝t✐♦♥✱ ✐✳❡✳✱ ✐t ♠❛♣s ❛ r❡❛❧ ♥✉♠❜❡r t♦ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r✱ s♠❛❧❧❡r t❤❛♥ t❤❡
❣✐✈❡♥ r❡❛❧ ♥✉♠❜❡r✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✽

❲❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② s❡❡♥ t❤❛t t❤❡ ♠✉❧t✐✲s❝❛❧❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ s♦❧✐❞ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✲
✇♦r❦ t❤❛t ❣✉❛r❛♥t❡❡s ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❡❞ ❢✉♥❝t✐♦♥s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞
t♦❧❡r❛♥❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t✐♠❡ ❡✈♦❧✉t✐♦♥ P❉❊s ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ♠♦✈✐♥❣
♠❡s❤❡s✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ♦❢ s✉❝❤ ❛ t❡❝❤♥✐q✉❡ ✐s t❤✉s t♦ ❞❡✜♥❡ ❛♣♣r♦♣r✐❛t❡ ❝r✐t❡r✐❛ t❤❛t
❣✉❛r❛♥t❡❡ t❤❡ ♣r❡✈✐♦✉s ❛♣♣r♦①✐♠❛t✐♦♥ ❡st✐♠❛t❡s✱ ❡✈❡♥ ❢♦r t✐♠❡ ✈❛r②✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ t❤❡ ❣r❛❞❡❞ tr❡❡ Λnε ✐ss✉❡❞ ❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Aε t♦ s♦♠❡ Un

J ✱ ❍❛rt❡♥
♣r♦♣♦s❡❞ t♦ ❡♥❧❛r❣❡ Λnε ✐♥t♦ ❛ ❧❛r❣❡r ❣r❛❞❡❞ tr❡❡ Λ̃n+1

ε ✇❤✐❝❤ s❤♦✉❧❞ ❝♦♥t❛✐♥ ❜♦t❤ Λnε ❛♥❞ Λn+1
ε

s✉❝❤ t❤❛t ∥∥∥Un
J −AΛ̃n+1

ε
Un
J

∥∥∥ ≤ Cε,
∥∥∥Un+1

J −AΛ̃n+1
ε

Un+1
J

∥∥∥ ≤ Cε, ✭✸✳✶✵✷✮

❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✾✾✮✱ ✇❤❡r❡ Un+1
J = EJUn

J ✱ ✇✐t❤ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r EJ ❛♣♣❧✐❡❞ ♦♥ ❣r✐❞
SJ ✳ ❚❤❡ r❡❧❛t✐♦♥s ❣✐✈❡♥ ✐♥ ✭✸✳✶✵✷✮ ❛r❡ ♦❢t❡♥ r❡❢❡rr❡❞ ❛s t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ❛♥❞ ❞❡✜♥❡ ❛
❣r❛❞❡❞ tr❡❡ Λ̃n+1

ε s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❛t ❜♦t❤ n∆t ❛♥❞ (n+ 1)∆t ❛r❡ ❝♦rr❡❝t❧② r❡♣r❡s❡♥t❡❞✳
■♥ ♣r❛❝t✐❝❡✱ Λ̃n+1

ε s❤♦✉❧❞ ♥♦t ❜❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ Λnε ❛♥❞ ✐t ✐s ✉s✉❛❧❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s✐③❡ ♦❢
t❤❡ ❝✉rr❡♥t ❞❡t❛✐❧ ❝♦❡✣❝✐❡♥ts✳ ❆ r❡✜♥❡♠❡♥t ♦♣❡r❛t♦r R ✐s t❤❡r❡❢♦r❡ ✐♥tr♦❞✉❝❡❞ ✇❤✐❝❤ ❛❧❧♦✇s
✉s t♦ ❝♦♥str✉❝t Λ̃n+1

ε s✉❝❤ t❤❛t TΛ̃n+1
ε

:= RTΛn
ε
✳

❋♦r t❤❡ ✉♥✐✈❛r✐❛t❡ ❞②❛❞✐❝ ❝❛s❡ ✭✸✳✻✻✮✱ ❍❛rt❡♥ ♣r♦♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❬❍❛r✾✹❛✱
❍❛r✾✺❪✿

✶✳ ■❢ (j, k) ✐s ✐♥ Λnε ✱ t❤❡♥ (j, k) ❛♥❞ ✐ts 2k̄ ♥❡✐❣❤❜♦rs ❛t t❤❡ s❛♠❡ s❝❛❧❡ j ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ Λ̃n+1
ε ✿

(j, k) ∈ R(Λnε )⇒ (j, k + l) ∈ R(Λ̃n+1
ε ), |l| ≤ k̄. ✭✸✳✶✵✸✮

✷✳ ❈✉rr❡♥t ✈❛❧✉❡s ♦❢ ❞❡t❛✐❧s ❛r❡ ✉s❡❞ t♦ ♣r❡❞✐❝t ❞❡t❛✐❧s ❛t t❤❡ ♥❡①t s❝❛❧❡ ❛♥❞ t❤✉s ♥❡✇ ❧❡✈❡❧s
❛r❡ ❧♦❝❛❧❧② ❛❞❞❡❞ ✐♥ Λ̃n+1

ε ✿

|dnj,k|Λn
ε
≥ 2N̄+1εj ⇒ (j + 1, 2k + l) ∈ R(Λ̃n+1

ε ), l = 0, 1. ✭✸✳✶✵✹✮

❚❤❡ ✜rst ❝r✐t❡r✐♦♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛ ♣♦ss✐❜❧② ♠♦✈✐♥❣ s♦❧✉t✐♦♥ ✇❤❡r❡ k̄ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✱ ❢♦r
✐♥st❛♥❝❡✱ ❛s t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❡✈❛❧✉❛t✐♦♥✱ ♦r ❝❛♥ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ s♣❡❡❞ ♦❢
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s✱
k̄ = 1 ✐s ♦❢t❡♥ s✉✣❝✐❡♥t✱ ✐ss✉❡❞ ❢r♦♠ ❛ st❛♥❞❛r❞ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞
❝r✐t❡r✐♦♥ ❛❝❝♦✉♥ts ❢♦r ♣♦ss✐❜❧❡ ❧♦ss ♦❢ s♠♦♦t❤♥❡ss ❞✉r✐♥❣ ∆t ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ♥❡❡❞ ♦❢ ❛❞❞✐♥❣
s❝❛❧❡s t♦ t❤❡ tr❡❡✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✷✮✱ ❢♦r ✇❤✐❝❤ ❛ ❢✉♥❝t✐♦♥ u ✇✐t❤ ❧♦❝❛❧❧② Cs
s♠♦♦t❤♥❡ss ✐♥ t❤❡ s✉♣♣♦rt Σj,k ♦❢ t❤❡ ❞✉❛❧ ✇❛✈❡❧❡t✱ ✇❡ ❤❛✈❡✿

dj,k ∼





2−js ∂sxu|Σj,k
, 0 ≤ s ≤ N,

2−jN ∂Nx u
∣∣
Σj,k

, s > N,
✭✸✳✶✵✺✮

❛♥❞ ❤❡♥❝❡
|dj+1,2k| ≈ 2−N̄ |dj,k|, N̄ = min(s,N). ✭✸✳✶✵✻✮

❍❛rt❡♥ ♣r♦♣♦s❡❞ 1 ≤ N̄ ≤ N − 1❀ ♥❡✈❡rt❤❡❧❡ss✱ N̄ = N ✐s ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ❬▼ü❧✵✸❪✱ ✇❤❡r❡ ✇❡
r❡❝❛❧❧ t❤❛t N st❛♥❞s ❢♦r t❤❡ ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ✇❛✈❡❧❡t ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❢♦r t❤❡
❛❝❝✉r❛❝② ♦r❞❡r ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ✭✸✳✽✹✮✳
❚❤❡ ❍❛rt❡♥✬s ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❝♦♠♣✉t❡s t❤❡♥ t❤❡ ❝❡❧❧ ❛✈❡r❛❣❡s ❜②

Un+1
J = Un

J −AΛ̃n+1
ε

Bn
J , ✭✸✳✶✵✼✮

✇❤❡r❡ AΛ̃n+1
ε

Bn
J ✐s r❡❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞ J ❜② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✱ ❢r♦♠ t❤❡

(bnλ)λ∈L(Λ̃n+1
ε ) ❝♦♠♣✉t❡❞ ❛t t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✱ ✐✳❡✳✱ ❛t t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ Λ̃n+1

ε ✿ L(Λ̃n+1
ε )✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✻✾

❋♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥ ❛♥❞ s✐♥❝❡ t❤❡ ❣r✐❞s ❛r❡ ♥❡st❡❞✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞
s✉♣♣♦s❡s t❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❡❧❧ ❛✈❡r❛❣❡s ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ (unλ)λ∈SJ

❜✉t ♦♥❧② t❤♦s❡ ❛t t❤❡
❡❞❣❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞✳ ❋♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s✱ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ❝❡❧❧s ♥❡❡❞❡❞ ❢♦r ✢✉① ❝♦♠♣✉t❛t✐♦♥s ✐♥✈♦❧✈❡s ❛♥ ✐♠♣♦rt❛♥t ❣❛✐♥ ✐♥ ❈P❯ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✭✸✳✶✵✼✮ t❛❦❡s ♣❧❛❝❡ ♦♥ t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥ SJ ✱ ❛♥❞ t❤✉s ✐♠♣❧✐❡s
❛ ❝♦♠♣❧❡①✐t② ♦❢ O(NJ) ♦♣❡r❛t✐♦♥s ❢♦r NJ = #(SJ) ❝❡❧❧s✳
■♥ t❤✐s ❝♦♥t❡①t✱ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ✐♠♣❧✐❡s ♥❛t✉r❛❧❧② t❤❛t

∥∥∥Bn
J −AΛ̃n+1

ε
Bn
J

∥∥∥ ≤ Cε. ✭✸✳✶✵✽✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ε→ 0✱ ❍❛rt❡♥✬s ❛♥❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❜❡❝♦♠❡ ❝❧♦s❡r ❛♥❞ t❤✉s an → 0 ✐♥t♦
✭✸✳✶✵✶✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡rr♦r an ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ ❛s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡rr♦r✳ ❋✉rt❤❡r♠♦r❡✱
s✉♣♣♦s✐♥❣ t❤❛t t❤❡ r❡❢❡r❡♥❝❡ s❝❤❡♠❡ s❛t✐s✜❡s ❢♦r s♦♠❡ ✜①❡❞ C ≥ 0 ❛♥❞ ❛❧❧ U✱ V✿

‖EJU− EJV‖ ≤ (1 + C∆t)‖U−V‖, ✭✸✳✶✵✾✮

✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ❡rr♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ✭✸✳✶✵✵✮ ❜② ❝♦♥s✐❞❡r✐♥❣

an ≤ ‖EJUn−1
J − EJVn−1

J ‖+ ‖EJUn−1
J −Un

J‖

≤ (1 + C∆t)an−1 + cn, ✭✸✳✶✶✵✮

✇❤❡r❡
cn :=

∥∥∥Bn−1
J −AΛ̃n

ε
Bn−1
J

∥∥∥ , ✭✸✳✶✶✶✮

r❡♣r❡s❡♥ts t❤❡ r❡✜♥❡♠❡♥t ❡rr♦r t❤❛t ♠❡❛s✉r❡s t❤❡ ❡rr♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Bn−1
J ♦♥ t❤❡ ❛❞❛♣t✐✈❡

s❡t Λ̃nε ✱ r❡✜♥❡❞ ❢r♦♠ Λn−1
ε ✳ ❲❡ t❤✉s ❤❛✈❡

an ≤
n−1∑

i=0

Cε(1 + C∆t)i = Cε
(1 + C∆t)n − 1

∆t
≤ C ε

∆t

(
eCT − 1

)
, ✭✸✳✶✶✷✮

❢♦r s♦♠❡ ✜①❡❞ t✐♠❡ T = n∆t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ C = 0 ✐♥t♦ ✭✸✳✶✵✾✮✱ ✇❡ ♦❜t❛✐♥ ❬❍❛r✾✺❪✿

an ≤
n∑

i=1

ci ≤ Cnε = C
T

∆t
ε, ✭✸✳✶✶✸✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s ❛❧s♦ t♦ ❡st✐♠❛t❡ ✭✸✳✶✶✷✮ ✇❤❡♥❡✈❡r T ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ t❤✐s ✇❛②✱ t❤❡
t❤r❡s❤♦❧❞ ♣❛r❛♠❡t❡r ε ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜❡❝♦♠❡s ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❛♥❞ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳
■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❍❛rt❡♥✬s s❝❤❡♠❡ ✭✸✳✶✵✼✮ ❛♥❞ t♦ ❢✉rt❤❡r ❡①♣❧♦✐t t❤❡
❛❞❛♣t❡❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❈♦❤❡♥ ❡t ❛❧✳ ❬❈❑▼P✵✸❪ ✐♥tr♦❞✉❝❡❞ ❛ ❢✉❧❧② ❛❞❛♣t✐✈❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡✱ ❢♦r ✇❤✐❝❤ Un

J ✐s r❡♣r❡s❡♥t❡❞ t❤✐s t✐♠❡ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✱ ✐✳❡✳✱ ♦♥ t❤❡
❧❡❛✈❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛❞❡❞ tr❡❡ L(Λnε )✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ EJ ✐s
♣❡r❢♦r♠❡❞ ♦♥❧② ♦♥ t❤❡ ❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❍❡♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣r❛❞❡❞ tr❡❡ Λnε ❛♥❞ Un

J

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡t (unλ)λ∈L(Λn
ε )
✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❜② (dnλ)λ∈Λn

ε
✱ ✇❡ ❝♦♠♣✉t❡ Un+1

J ❛♣♣❧②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ❬❈❑▼P✵✸❪✿

• ❘❡✜♥❡♠❡♥t✳ ❚❤❡ s❡t Λ̃n+1
ε ❝♦♥t❛✐♥✐♥❣ Λnε ✐s ❝♦♥str✉❝t❡❞ ✐♥ ♦r❞❡r t♦ ♣r❡❞✐❝t t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ❣✉❛r❛♥t❡❡ ✭✸✳✶✵✷✮✳ ❚❤❡ ❛❞❞❡❞ s❡t ♦❢ unλ ✇✐t❤ λ ∈ Λ̃n+1
ε \Λnε ❛r❡ t❤❡♥

❝♦♠♣✉t❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠M−1✱ ✐✳❡✳✱ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✼✵

• ❚✐♠❡ ❊✈♦❧✉t✐♦♥✳ ❆ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ Ũn+1
J ❛t t✐♠❡ (n + 1)∆t ✐s ❝♦♠♣✉t❡❞ ♦♥

L(Λ̃n+1
ε ) ❜②

ũn+1
λ = unλ − b̃nλ, λ ∈ L(Λ̃n+1

ε ), ✭✸✳✶✶✹✮

✇❤❡r❡ t❤❡ s❡t (b̃nλ)λ∈L(Λ̃n+1
ε ) ✐s ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s❡t (unλ)λ∈L(Λ̃n+1

ε )✱ ♦♥ t❤❡
❛❞❛♣t❡❞ ❣r✐❞✳

• ❚❤r❡s❤♦❧❞✐♥❣✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ Un+1
J ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞ ❜② t❤r❡s❤♦❧❞✐♥❣ Ũn+1

J

❛❝❝♦r❞✐♥❣ t♦
Un+1
J = AεŨn+1

J , ✭✸✳✶✶✺✮

✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ ♥❡✇ ❣r❛❞❡❞ tr❡❡ Λn+1
ε ⊂ Λ̃n+1

ε ✳

■♥ t❤✐s ✇❛②✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❝♦♥s✐❞❡rs ♦♥❧② O
(
#
(
L(Λ̃n+1

ε )
))

♦♣❡r❛t✐♦♥s✱ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡

❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞ ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ ❜♦t❤ ❈P❯ t✐♠❡ ❛♥❞ ♠❡♠♦r② r❡q✉✐r❡✲
♠❡♥t ✐s ❛❝❤✐❡✈❡❞✳
❲❤✐❧❡ ♣❡r❢♦r♠✐♥❣ ❛ ❢✉❧❧② ❛❞❛♣t✐✈❡ ❝♦♠♣✉t❛t✐♦♥✱ t✇♦ ❝r✉❝✐❛❧ ❛s♣❡❝ts ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝✲
❝♦✉♥t✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❝♦♠♠♦♥ t♦ t❤❡ st❛♥❞❛r❞ ❍❛rt❡♥✬s s❝❤❡♠❡ ❛♥❞ ❞❡❛❧s ✇✐t❤ t❤❡ ♣r♦♣❡r
❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡✜♥❡♠❡♥t ♦♣❡r❛t♦r R s✉❝❤ t❤❛t t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ✐s s❛t✐s✜❡❞✳
❖♥❡ ♣♦ss✐❜✐❧✐t② ❝♦♥s✐❞❡rs ✱ ❢♦r ✐♥st❛♥❝❡✱ ❍❛rt❡♥✬s r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ✭✸✳✶✵✸✮ ❛♥❞ ✭✸✳✶✵✹✮✱ ❛s
♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✳ ❚❤❡ s❡❝♦♥❞ ❞✐✣❝✉❧t② ✐s t♦ ❞❡✜♥❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ (b̃nλ)λ∈L(Λ̃n+1

ε )

✐♥t♦ ✭✸✳✶✶✹✮✱ ♥♦✇ t❤❛t t❤❡ unλ ❛r❡ ♥♦t ❛❧✇❛②s ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J ✱ ✐♥ ♦♣♣♦s✐t✐♦♥ t♦ t❤❡
st❛♥❞❛r❞ ❍❛rt❡♥✬s t❡❝❤♥✐q✉❡✳ ❋♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s (b̃nλ)λ∈L(Λ̃n+1

ε )✱ t❤❡r❡ ❛r❡ ♠❛✐♥❧② t❤r❡❡
❛❧t❡r♥❛t✐✈❡s ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪✿

• ❊①❛❝t ✢✉① ❡✈❛❧✉❛t✐♦♥✳ ■t r❡❝♦♥str✉❝ts ❧♦❝❛❧❧② ❜② ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r t❤❡ ❝❡❧❧ ❛✈❡r❛❣❡s unλ
❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J ❛❧♦♥❣ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s✳ ❚❤❡ ✢✉①❡s ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ♦♥
t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ✉s✐♥❣ ❞❛t❛ ❛t t❤❡ ✜♥❡st ❧❡✈❡❧✳ ❚❤✐s ✐s t❤❡ ♣r♦❝❡❞✉r❡ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞
✐♥ ❬❈❑▼P✵✸❪ ❛s ❡①❛❝t ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ❝❡❧❧s ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞
♣❤❛♥t♦♠ ❝❡❧❧s ❛♥❞ ❛r❡ t❡♠♣♦r❛r✐❧② ❝r❡❛t❡❞ ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s✳ ❚❤❡
r❡q✉✐r❡❞ ♥✉♠❜❡r ♦❢ ♣❤❛♥t♦♠s ✐s ❣✐✈❡♥ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥
st❡♥❝✐❧s✳ ❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✭✸✳✶✶✹✮ ✐s ♥❡✈❡rt❤❡❧❡ss ❝♦♠♣✉t❡❞ ♦♥❧② ♦♥ t❤❡ ❧❡❛✈❡s✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❣r❛❞✉❛t✐♦♥ ♦❢ t❤❡ tr❡❡ ♠✉st t❛❦❡ ❛❧s♦ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❡❧❧s
✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ st❡♥❝✐❧s ♥❡❡❞❡❞ t♦ ❜✉✐❧❞ t❤❡ ♣❤❛♥t♦♠s✳

• ▲♦❝❛❧❧② ✉♥str✉❝t✉r❡❞ ✢✉① ❡✈❛❧✉❛t✐♦♥✳ ■t ❝♦♠♣✉t❡s t❤❡ ✢✉①❡s ❛❧♦♥❣ t❤❡ ❡❞❣❡s ♦❢ t❤❡
❛❞❛♣t❡❞ ❣r✐❞s ✉s✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛✳ P❤❛♥t♦♠ ❝❡❧❧s ❛r❡ t❤❡r❡❢♦r❡ ♥♦t ♥❡❡❞❡❞✳ ❚❤✐s
♠✉❝❤ ♠♦r❡ ❡❝♦♥♦♠✐❝ ❛♥❞ s✐♠♣❧❡ str❛t❡❣② ❞❡♥♦t❡❞ ❛s ❞✐r❡❝t ❡✈❛❧✉❛t✐♦♥ ✐♥ ❬❈❑▼P✵✸❪✱
♠✐❣❤t ♥❡✈❡rt❤❡❧❡ss ❜❡❝♦♠❡ q✉✐t❡ ✐♥❛❝❝✉r❛t❡ ✐♥ t❤❡ ❝♦❛rs❡st r❡❣✐♦♥s ❢♦r ❧♦✇ ♦r❞❡r ✢✉①
❝♦♠♣✉t❛t✐♦♥s✳

• ▲♦❝❛❧❧② str✉❝t✉r❡❞ ✢✉① ❡✈❛❧✉❛t✐♦♥✳ ❆ t❤✐r❞ ❤②❜r✐❞ str❛t❡❣② ✇❤✐❝❤ ❝♦♠❜✐♥❡s t❤❡ ♣r❡✈✐♦✉s
♦♥❡s✱ ❝♦♠♣✉t❡s ❧♦❝❛❧❧② ❜② ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s s✉❝❤ t❤❛t t❤❡ ✢✉①❡s ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ❞❛t❛ ♦♥ t❤❡ s❛♠❡ r❡✜♥❡♠❡♥t ❧❡✈❡❧✳ ❚❤✐s ❛♠♦✉♥ts t♦ ❧♦❝❛❧❧② ❝♦♥s✐❞❡r
✉♥✐❢♦r♠ ❣r✐❞s ❛♥❞ ✐t ✐s t❤✉s s✉✐t❡❞ t♦ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ str✉❝t✉r❡❞ ❣r✐❞s
✭s❡❡✱ ❡✳❣✳✱ ❬❘❙❚❇✵✸❪✮✳ ❆s ✐♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡s❡ ♣❤❛♥t♦♠s ❛r❡ t❡♠♣♦r❛r✐❧② ❦❡♣t ❛♥❞
t❤❡ ❣r❛❞❡❞ tr❡❡ ♠✉st ❝♦♥t❛✐♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡❞✐❝t✐♦♥ st❡♥❝✐❧s✳ ❚❤✐s str❛t❡❣② ✐s
♥❛t✉r❛❧❧② ❧❡ss ❡①♣❡♥s✐✈❡ t❤❛♥ ❛♥ ❡①❛❝t ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ✐♥ ♣r❛❝t✐❝❡ ♥♦ s✐❣♥✐✜❝❛♥t
❧♦ss ♦❢ ❛❝❝✉r❛❝② ✐s ❡①♣❡❝t❡❞ ❢♦r ♣❤❛♥t♦♠s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ ❤✐❣❤ ♦r❞❡r r❡❝♦♥str✉❝t✐♦♥
❢♦r♠✉❧❛❡ ❛♥❞ ❤✐❣❤ ♦r❞❡r ✢✉① ❡✈❛❧✉❛t✐♦♥ s❝❤❡♠❡s ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪✳



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✼✶

❆s ❢♦r t❤❡ ❍❛rt❡♥✬s s❝❤❡♠❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ q✉❛♥t✐❢②✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ ❣❡♥❡r❛❧ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭✸✳✶✵✵✮ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤✐s t✐♠❡ t❤❡ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s✲
♦❧✉t✐♦♥ s❝❤❡♠❡✳ ❚❤❛t ✐s✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡rr♦r ❞❡✜♥❡❞ ❜② ✭✸✳✶✵✶✮✱ ✇❤❡r❡ Un

J ❝♦rr❡s♣♦♥❞s t❤✐s
t✐♠❡ t♦ t❤❡ s♦❧✉t✐♦♥ ❢✉❧❧② ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❛♥❞ ✜♥❛❧❧② r❡❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜♥❡st
❣r✐❞ SJ ✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❝✉♠✉❧❛t✐✈❡ ❡rr♦r ❛♥❛❧②s✐s ❛s ❜❡❢♦r❡✱ ✇❡ t❤❡♥ ❤❛✈❡

an ≤ ‖EJUn−1
J − EJVn−1

J ‖+ ‖EJUn−1
J −Un

J‖

≤ (1 + C∆t)an−1 + dn, ✭✸✳✶✶✻✮

❝♦♥s✐❞❡r✐♥❣ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ✭✸✳✶✵✾✮✳ ❋♦r ❛ ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❈❑▼P✵✸❪
✇✐t❤ ❡①❛❝t ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢✉①❡s✱ ✇❡ ❤❛✈❡ t❤❛t ✭✸✳✶✶✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Ũn+1
J = AΛ̃n+1

ε
EJUn

J , ✭✸✳✶✶✼✮

s✐♥❝❡ AΛ̃n+1
ε

Un
J = Un

J ✱ ❛♥❞ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❡rr♦r dn := ‖EJUn−1
J −Un

J‖ ✐s t❤✉s ❜♦✉♥❞❡❞ ❜②

dn ≤ ‖EJUn−1
J − Ũn

J‖+ ‖Ũn
J −Un

J‖ = cn + tn, ✭✸✳✶✶✽✮

✇❤❡r❡
cn := ‖EJUn−1

J −AΛ̃n
ε
EJUn−1

J ‖ = ‖Bn−1
J −AΛ̃n

ε
Bn−1
J ‖, ✭✸✳✶✶✾✮

❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ s❛♠❡ r❡✜♥❡♠❡♥t ❡rr♦r ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❍❛rt❡♥✬s s❝❤❡♠❡ ❛♥❞ ✐t ✇✐❧❧
❜❡ ❜♦✉♥❞❡❞ ❜② Cε ❛s ❧♦♥❣ ❛s t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ✐s s❛t✐s✜❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✶✺✮

tn := ‖Ũn
J −Un

J‖ = ‖Ũn
J −AεŨn

J‖, ✭✸✳✶✷✵✮

❝♦rr❡s♣♦♥❞s t♦ ❛ t❤r❡s❤♦❧❞✐♥❣ ❡rr♦r ✇❤✐❝❤ ✐s ❛❧✇❛②s ❜♦✉♥❞❡❞ ❜② Cε✱ ❜❛s❡❞ ♦♥ t❤❡ ♠✉❧t✐r❡s✲
♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❢♦❧❧♦✇✐♥❣ ✭✸✳✾✾✮✳ ❯♥❞❡r t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s t❤❡ ♣r❡✈✐♦✉s ❡rr♦r ❡st✐✲
♠❛t❡s ✭✸✳✶✶✷✮ ❛♥❞ ✭✸✳✶✶✸✮ ❢♦r t❤❡ st❛♥❞❛r❞ ❍❛rt❡♥✬s s❝❤❡♠❡ ❤♦❧❞ ❛❧s♦ ❢♦r t❤❡ ❢✉❧❧② ❛❞❛♣t✐✈❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡✱ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♣❛t✐❛❧❧② ❝♦♠♣r❡ss❡❞
r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s❡q✉❡♥t❧② t✉♥❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ r✐❣♦r♦✉s s❡tt✐♥❣ ❢♦r t❤❡ ❍❛rt❡♥✬s
❤❡✉r✐st✐❝s✱ t❤❛t ✐s✱ ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ t❤❛t ❡♥s✉r❡s ✭✸✳✶✵✷✮ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥
❬❈❑▼P✵✸❪ ✐♥ ♦r❞❡r t♦ ♠❛t❤❡♠❛t✐❝❛❧❧② ♣r♦✈❡ t❤❛t t❤❡ r❡✜♥❡♠❡♥t ❡rr♦r cn ✐s ✐♥❞❡❡❞ ❜♦✉♥❞❡❞
❜② Cε ❢♦r ❜♦t❤ ❍❛rt❡♥✬s ❛♥❞ t❤❡ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s✳
◆❡✈❡rt❤❡❧❡ss✱ ❛❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦♥ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ❍❛rt❡♥✬s
r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ✭✸✳✶✵✸✮ ❛♥❞ ✭✸✳✶✵✹✮✱ t❤❡② ✇❡r❡ s❤♦✇♥ t♦ ❜❡ s✉✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❡ ❬❈❑▼P✵✸✱
▼ü❧✵✸✱ ❇▲▼✵✹✱ ❍▼✶✵❪✱ ❛♥❞ ❤❡♥❝❡ t❤❡② ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❝r✐✲
t❡r✐❛ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❈❑▼P✵✸❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❍♦✈❤❛♥♥✐s②❛♥ ✫ ▼ü❧❧❡r ❡①t❡♥❞❡❞ t❤❡ ✈❛❧✐❞✐t②
♦❢ ❡st✐♠❛t❡s ✭✸✳✶✶✷✮ ❛♥❞ ✭✸✳✶✶✸✮ t♦ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❢♦r ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥s❡r✲
✈❛t✐♦♥ ❧❛✇s ❬❍▼✶✵❪✱ ❜② ✉s✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢✉①❡s ✭✐♥st❡❛❞ ♦❢ t❤❡ ❡①❛❝t
❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ✐♥ ❬❈❑▼P✵✸❪✮✱ ❛♥❞ s♦✉r❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ q✉❛❞r❛t✉r❡ r✉❧❡✳
❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s
t♦✇❛r❞s t❤❡ ✉♥✐q✉❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ ✇❛s ❛❧s♦ ❞❡♠♦♥str❛t❡❞ ❜② ❈♦q✉❡❧ ❡t ❛❧✳ ✐♥ ❬❈P❚✶✶❪✱ ❢♦r
❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ t❤❛t ❡♠♣❧♦②s ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ t♦♦❧s✱ ✐♥tr♦❞✉❝❡❞ ❜② ❇❡r❣❡r ✫
❈♦❧❡❧❧❛ ✐♥ ❬❇❈✽✾❪ ❢♦r ❝❧❛ss✐❝❛❧ ❆▼❘ ❛♣♣❧✐❝❛t✐♦♥s✳
▲❡t ✉s r❡♠❛r❦ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡rr♦rs ✭✸✳✶✶✷✮ ❛♥❞ ✭✸✳✶✶✸✮ ♠❡❛s✉r❡ t❤❡ ♥✉✲
♠❡r✐❝❛❧ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ r❡❢❡r❡♥❝❡
❞✐s❝r❡t✐③❡❞ s♦❧✉t✐♦♥ Vn

J ✱ ❛t t❤❡ ✜♥❡st ❣r✐❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ s♣❛❝❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✸✳✻✸✮ ❛r❡ t❤❡r❡❢♦r❡ ♥♦t ❝♦♥t❡♠♣❧❛t❡❞✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❡rr♦rs ❛❝❝♦✉♥t ♦♥❧② ❢♦r t❤❡ s✉♣♣❧❡♠❡♥t❛r② ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣❛t✐❛❧❧② ❝♦♠♣r❡ss❡❞ r❡♣✲
r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ❧❛tt❡r ✐♥❢♦r♠❛t✐♦♥ ❝♦♥st✐t✉t❡s ♥❡✈❡rt❤❡❧❡ss ❛♥ ✐♥❞✐s♣❡♥s❛❜❧❡ t♦♦❧ t♦ ♣r♦♣❡r❧②



❙❡❝t✳ ✸✳✸ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❙❝❤❡♠❡ ✼✷

❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❛♥❞ t♦ ♠♦♥✐t♦r t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐t r❡♣r❡s❡♥ts ❛ ♠❛❥♦r ❛❞✈❛♥t❛❣❡ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s ✇✐t❤ r❡✲
s♣❡❝t t♦ ♦t❤❡r ❛❞❛♣t✐✈❡ ❣r✐❞ t❡❝❤♥✐q✉❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡✛❡❝t✐✈❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥
❡rr♦r ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ✐s s❡tt❧❡❞ ✐♥ t❤✐s ❝❛s❡ ❜② t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ♠♦r❡
♣r❡❝✐s❡❧② ❜② ✐ts ♦r❞❡r✱ ❛♥❞ ✇✐❧❧ ♣r♦♣♦rt✐♦♥❛❧❧② ❞❡❝r❡❛s❡ ✇✐t❤ ✜♥❡r ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❜♦t❤
✉♥✐❢♦r♠ ♦r ❛❞❛♣t❡❞ ❣r✐❞s✳



P❛rt ■■

◆❡✇ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ◆✉♠❡r✐❝❛❧

❊❧❡♠❡♥ts ❢♦r t❤❡ ❙♦❧✉t✐♦♥ ♦❢

▼✉❧t✐✲❙❝❛❧❡ ❊✈♦❧✉t✐♦♥❛r② P❉❊s



■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛rt✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
♦❢ st✐✛ P❉❊s✳ ❈❤❛♣t❡r ✹ ❞❡❛❧s ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♥❣ ❢r♦♥ts✳
■t ❝♦♥s✐❞❡rs ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❜✉✐❧t ✉♣♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♣r❡✈✐♦✉s❧② ♣r❡✲
s❡♥t❡❞ ✐♥ P❛rt ■✱ ❛♥❞ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❛ ❞❡❞✐❝❛t❡❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
♣r♦❜❧❡♠s ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝❛♣❛❜✐❧✐t✐❡s
♦❢ t❤❡ ♠❡t❤♦❞ ❛r❡ ❡✈❛❧✉❛t❡❞ t❤r♦✉❣❤ ✶❉✱ ✷❉✱ ❛♥❞ ✸❉ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱
tr❛✈❡❧✐♥❣✱ s♣✐r❛❧✱ ❛♥❞ s❝r♦❧❧ ❝❤❡♠✐❝❛❧ ✇❛✈❡s ❛r✐s✐♥❣ ✐♥ t❤❡ st✉❞② ♦❢ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s✳

❈❤❛♣t❡r ✺ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ P❉❊s✱
❜❛s❡❞ ♦♥ ❛♥ ❡♠❜❡❞❞❡❞ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✐s ❝♦♥❞✉❝t❡❞ ❛s ✇❡❧❧ ❛s ❝♦♠✲
♣❧❡♠❡♥t❛r② t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳ ❚❤✐s ♥❡✇ t♦♦❧ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
str❛t❡❣② ♦❢ ❈❤❛♣t❡r ✹✱ ❛♥❞ ❡①t❡♥❞s ✐ts ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ t♦ ♠♦r❡ ❝♦♠♣❧❡① ♣r♦❜❧❡♠s✳

❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✻ ❡①♣❧♦r❡s ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❜❛s❡❞ ♦♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ t❤❡
♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✱ ❛ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ❢♦r ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞♦♠❛✐♥✳ ❆ ❝♦♠♣❧❡t❡
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ s❝❤❡♠❡ ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ ✇❛✈❡s ✇✐t❤ ❤✐❣❤
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❢♦r ❝❤❡♠✐❝❛❧ ✇❛✈❡s✱ ❛♥❞ ❛❧❧♦✇ ✉s
t♦ ❝♦♠♣❧❡t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ❜② ❛ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳



❈❤❛♣t❡r ✹

◆❡✇ ❘❡s♦❧✉t✐♦♥ ❙tr❛t❡❣② ❢♦r

▼✉❧t✐✲❙❝❛❧❡ ❘❡❛❝t✐♦♥s ❲❛✈❡s

❚❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② t❤❛t ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦ ❢♦r
t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✱ ♠♦❞❡❧❡❞ ❜② st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡
♥✉♠❡r✐❝❛❧ t♦♦❧s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ t❤❡♦✲
r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♣r❡s❡♥t❡❞ ✐♥ P❛rt ■✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✶ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ P❉❊s✱ ❛s ✇❡❧❧ ❛s t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♣❧✐t s✉❜s②st❡♠s✱ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤❡ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s
❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛r❡ ❛❧s♦ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s ♥❡✇ ♥✉♠❡r✐❝❛❧
str❛t❡❣② ❛✐♠ ❛t ♠❡r❣✐♥❣ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝ts ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs
❛♥❞ ✐♥ t❤❡ r❡❢❡rr❡❞ ❧✐t❡r❛t✉r❡✱ ✇✐t❤ ❛ ❢❡✇ ♥❡✇ ❡❧❡♠❡♥ts ✐♥t♦ ❛ ♥♦✈❡❧ ❛♥❞ r♦❜✉st s♦❧✈❡r ❢♦r t❤❡
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❡t❤♦❞ ❝♦♥st✐t✉t❡s t❤❡ ♠❛✐♥ ❝♦r❡ ♦❢
t❤❡ ❣❧♦❜❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s st✉❞②
✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣ ❬❉▼❉+✶✷❪✱ ❛♥❞ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞
❛s ✇❡❧❧ ❞✉r✐♥❣ t❤❡ ❈▲❊■ ✸✻t❤ ▲❛t✐♥ ❆♠❡r✐❝❛♥ ■♥❢♦r♠❛t✐❝s ❈♦♥❢❡r❡♥❝❡✱ ❆s✉♥❝✐ó♥✱ P❛r❛❣✉❛②
✭✷✵✶✵✮ ❬❉▼▲+✶✶❪✳

✹✳✶ ❈♦♥t❡①t ❛♥❞ ▼♦t✐✈❛t✐♦♥

■♥ t❤✐s ♣❛rt✱ ✇❡ t❛❝❦❧❡ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ♠✉❧t✐✲
s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ❚❤✐s t②♣❡ ♦❢ ♣r♦❜❧❡♠ ✐♥❞✉❝❡s ♣❡❝✉❧✐❛r ❞✐✣❝✉❧t✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡
st✐✛♥❡ss ✇❤✐❝❤ st❡♠ ❢r♦♠ t❤❡ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ t❡♠♣♦r❛❧ s❝❛❧❡s ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧
s♦✉r❝❡ t❡r♠✱ ❛s ✇❡❧❧ ❛s ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ st❡❡♣ ❣r❛❞✐❡♥ts ✐♥ t❤❡ r❡❛❝t✐♦♥ ❢r♦♥ts✱ s♣❛t✐❛❧❧②
✈❡r② ❧♦❝❛❧✐③❡❞✳ ❲❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② s❡❡♥ ✐♥ t❤❡ ●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ t❤❛t ♠❛♥② ♥✉♠❡r✐❝❛❧
str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣❛st ②❡❛rs t♦ ❝♦♣❡ ✇✐t❤ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❙✐♥❝❡ t❤❡ ♥✉✲
♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉❧❧② ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✐s ♠♦st ♦❢ t❤❡ t✐♠❡ ♦✉t ♦❢ r❡❛❝❤ ❛♥❞ ✐♥✈♦❧✈❡s
✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥✈❡st♠❡♥ts✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡✜♥✐t✐♦♥ ♦❢
r❡❞✉❝❡❞ ♠♦❞❡❧s ✐s ✉s✉❛❧❧② ❞✐✣❝✉❧t t♦ ❡st❛❜❧✐s❤ ❛♥❞ ❢✉rt❤❡r♠♦r❡ ✐s ✐♥tr✐♥s✐❝❛❧❧② ♣r♦❜❧❡♠ ❞❡✲
♣❡♥❞❡♥t✱ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❤❛s ❜❡❡♥ ❛❧s♦ ❞❡✈❡❧♦♣❡❞✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ■▼❊❳
♠❡t❤♦❞s ❛❧❧♦✇ ✉s t♦ ♦✈❡r❝♦♠❡ s♦♠❡ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ r❡str✐❝t✐♦♥s ❛♥❞ ②✐❡❧❞ ✈❡r② ❡✣❝✐❡♥t
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s ❜r✐❡✢② ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s ✇♦r❦ ✇❡
❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ✐♥
❈❤❛♣t❡r ✶✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ■▼❊❳ s❝❤❡♠❡s ✇✐t❤ r❡s♣❡❝t t♦ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡s ✐s t❤❛t ♥♦ s♣❧✐tt✐♥❣ ❡rr♦rs ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜♦t❤ ■▼❊❳ ❛♥❞ s♣❧✐t✲



❙❡❝t✳ ✹✳✶ ✲ ❈♦♥t❡①t ❛♥❞ ▼♦t✐✈❛t✐♦♥ ✼✻

t✐♥❣ ♠❡t❤♦❞s ❛r❡ r❛t❤❡r ❧♦✇ ♦r❞❡r s❝❤❡♠❡s s✐♥❝❡ t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❤✐❣❤❡r ♦r❞❡r ■▼❊❳
s❝❤❡♠❡s ❛r❡ ♦❢t❡♥ ❝✉♠❜❡rs♦♠❡ ❢♦r ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✭s❡❡ r❡♠❛r❦s ✐♥ ❬❱❙✵✹✱ ❱❙❍✵✹❪✮✳

❆ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ❛♥❞ t❤✉s
r❡❞✉❝❡s str♦♥❣❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❋r♦♠ ❛
❣❡♥❡r❛❧ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❛
s♣❧✐tt✐♥❣ s❝❤❡♠❡✱ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✉s❡❞ ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜♣r♦❜❧❡♠
s❤♦✉❧❞ ❜❡ ❡✐t❤❡r t❛❦❡♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st s❝❛❧❡s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✱ ♦r r❡❧❛t❡❞
t♦ s♦♠❡ ♣❛rt✐❝✉❧❛r st❛❜✐❧✐t② ❝♦♥str❛✐♥t✱ ♦r s✐♠♣❧② ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧ ✐♥ ♦r❞❡r t♦ ②✐❡❧❞
♥❡❣❧✐❣✐❜❧❡ s♣❧✐tt✐♥❣ ❡rr♦rs✳ ▼❛♥② s♣❧✐tt✐♥❣ str❛t❡❣✐❡s t❤❛t ❛✐♠ ❛t r❡❞✉❝✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ st✐✛ ♣r♦❜❧❡♠s✱ ❛r❡ ♦❢t❡♥ ❜✉✐❧t s✉❝❤ t❤❛t t❤❡ ✐♥♥❡r ❛♥❞
♣❡r❢♦r♠✐♥❣ s♦❧✈❡rs ❢♦r t❤❡ s✉❜♣r♦❜❧❡♠s ❡♥s✉r❡ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦r❞❡r ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳
❚❤❡ ♦r❞❡r ✐s ❡①♣❡r✐♠❡♥t❛❧❧② ❡✈❛❧✉❛t❡❞ ✐♥ s✐♠♣❧❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡
t❤❡♥ ❝❤♦s❡♥ ✐♥ ♣r❛❝t✐❝❡ s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❞❡❧✐✈❡r q✉❛❧✐t❛t✐✈❡❧② ❣♦♦❞ r❡s✉❧ts
❢♦r ♠♦r❡ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥❛ ✭s❡❡✱ ❡✳❣✳✱ ❬❖❇✵✶✱ ◆❑✵✺✱ ❙P◆✵✻❜✱ ❘P✵✽❪✮✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ st✐✛ ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ♦r t❤❡ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥
♦❢ ❢❛st s❝❛❧❡s ♠✐❣❤t ❜❡❝♦♠❡ ❝r✐t✐❝❛❧✱ t❤❡ ♣r❡✈✐♦✉s ❛❧t❡r♥❛t✐✈❡s t♦ ❝❤♦♦s❡ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣
✐♠♣❧② ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
str❛t❡❣②✳
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✶ t❤❛t ♠♦r❡ r✐❣♦r♦✉s st✉❞✐❡s ❢♦r st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ✭♠❛✐♥❧② ❬❉▼✵✹✱
❉❉▲▼✵✼❪✮✱ s✉❝❝❡❡❞❡❞ t♦ ❜❡tt❡r ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇✐t❤ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❢❛st❡st s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛ ❢❡❛t✉r❡ t❤❛t ✐s ❝♦♠♠♦♥ ✐♥
❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ❤❡♥❝❡ ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♠♣❧❡♠❡♥t t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞
♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡ ❢♦r ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s✳ ❇❛s❡❞ ♦♥ t❤❡s❡ r❡❝❡♥t ♠❛t❤❡✲
♠❛t✐❝❛❧ st✉❞✐❡s✱ ❛ ♥❡✇ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ✇♦r❦✱
✇❤✐❝❤ ❡①♣❧♦✐ts t❤❡s❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ ❡♥❧❛r❣❡s t❤❡✐r ♣r❛❝t✐❝❛❧ ❡①t❡♥t ✇✐t❤ ❛♥ ✐♠♣♦rt❛♥t
❣❛✐♥ ♦❢ ❡✣❝✐❡♥❝②✳ ❈♦♥tr❛r② t♦ ❝❧❛ss✐❝❛❧ s♣❧✐tt✐♥❣ str❛t❡❣✐❡s t❤❛t ❝♦♥s✐❞❡r ❛r❜✐tr❛r✐❧② s♠❛❧❧ ♦r
st❛❜✐❧✐t② r❡❧❛t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✱ ♦r ✐♥ ✇❤✐❝❤ t❤❡ ❛tt❡♥t✐♦♥ ✐s r❛t❤❡r ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡
✐♥♥❡r s♦❧✈❡rs✱ ✐♥ t❤❡ ♣r❡s❡♥t str❛t❡❣② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛ss✉♠❡s t❤❡ ❧❡❛❞✐♥❣
r♦❧❡ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ❝❤♦✐❝❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❞❡❞✐❝❛t❡❞
s♦❧✈❡rs ❛✐♠s ❛t ❡♥❤❛♥❝✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❜✉t ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳
■♥ t❤✐s ✇❛②✱ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ t♦ s❡tt❧❡ t❤❡ ♦✈❡r❛❧❧ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ ♦♥ t❤❡ s♦❧❡
❜❛s✐s ♦❢ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ ✐ts ❞❡❝♦✉♣❧✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s✳ ■ts ❝❤♦✐❝❡ ✐s
t❤❡r❡❢♦r❡ ♥♦t r❡❧❛t❡❞ t♦ ❛♥② st❛❜✐❧✐t② r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ ✐♥t❡❣r❛t❡
❡❛❝❤ s✉❜s②st❡♠✱ ❡✈❡♥ ✐❢ str♦♥❣ st✐✛♥❡ss ✐s ♣r❡s❡♥t✳

■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❛♥❞ t♦ ❡①♣❧♦✐t t❤❡ s♣❡❝✐✲
✜❝✐t✐❡s ♦❢ ❡❛❝❤ s♣❧✐t s✉❜s②st❡♠✱ ❞❡❞✐❝❛t❡❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ♠✉st ❜❡ ❝❤♦s❡♥ t♦ ❞❡❛❧
✇✐t❤ t❤❡ st✐✛♥❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✱ ✐♥ ❛ s❡♣❛r❛t❡ ♠❛♥♥❡r✳ ■♥ ❈❤❛♣t❡r ✷✱ ✇❡
❤❛✈❡ ❜r✐❡✢② ❝❤❛r❛❝t❡r✐③❡❞ t❤✐s st✐✛♥❡ss ❛♥❞ ✐♥tr♦❞✉❝❡❞ s♦♠❡ ♣❡r❢♦r♠✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
t❤❛t ❤❛✈❡ ❜❡❡♥ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ♣r❡✈✐♦✉s st✉❞✐❡s✱ t❤❡ ♣r❡s❡♥t str❛t❡❣② ❝♦♥✲
s✐❞❡rs ❛ ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞ ❧✐❦❡ ❘❛❞❛✉✺ ❬❍❲✾✻❪✱ ❜❛s❡❞ ♦♥ ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ❢♦r
st✐✛ ❖❉❊s✱ t♦ s♦❧✈❡ t❤❡ r❡❛❝t✐♦♥ t❡r♠❀ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥♦t❤❡r ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞
❧✐❦❡ ❘❖❈❑✹ ❬❆❜❞✵✷❪✱ ❜❛s❡❞ ♦♥ ❡①♣❧✐❝✐t st❛❜✐❧✐③❡❞ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s✱ t♦ s♦❧✈❡ t❤❡ ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠✳ ❚❤❡ ❡♥t✐r❡ s♣❡❝tr✉♠ ♦❢ t❡♠♣♦r❛❧ s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❡✣✲
❝✐❡♥t❧② s♦❧✈❡❞ ✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✇❛②✱ ✇❤✐❧❡ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡
✐s ♠❛✐♥❧② s❡t ❜② t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ t❤r♦✉❣❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ❆♥ ❡✛❡❝t✐✈❡
❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛♥ ✐♠♣♦rt❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ ❡✣❝✐❡♥❝②



❙❡❝t✳ ✹✳✶ ✲ ❈♦♥t❡①t ❛♥❞ ▼♦t✐✈❛t✐♦♥ ✼✼

✇❤❡♥❡✈❡r ❛ ❜r♦❛❞ ❞❡❝♦✉♣❧✐♥❣ ✐s ♣❤②s✐❝❛❧❧② ♣♦ss✐❜❧❡✳ ❚❤❡ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ t✐♠❡
s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ t❤❡♥ ✐s♦❧❛t❡❞ ❛♥❞ tr❡❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❡❛❝❤
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ ❝♦♠♣♦s✐t✐♦♥✳
❚❤✐s ♥♦✈❡❧ ❛♣♣r♦❛❝❤ t♦ ❝❤♦♦s❡ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ❛❧❧♦✇s ✉s ❛❧s♦ t♦ ❞❡❝♦✉♣❧❡ t❤❡ ♥✉♠❡r✲
✐❝❛❧ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♣r♦❜❧❡♠ ❛♥❞ ✇✐t❤ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ❈♦♥tr❛r✐❧②✱ ♠♦st s♣❧✐t✲
t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥s✐❞❡r s♦❧✈❡rs ♦❢ t❤❡ s❛♠❡ ♦r❞❡r t❤❛♥ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❑◆❲✾✾✱
❉❇✵✵✱ ◆❑✵✺❪✮✱ ❢♦r ✇❤✐❝❤ ❛♥ ✐♥t❡r❛❝t✐♦♥ ♦❝❝✉rs ❜❡t✇❡❡♥ t❤❡ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♠❛♥② s♣❧✐tt✐♥❣
str❛t❡❣✐❡s ✭❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s❧② ❝✐t❡❞ ♦r ❬❙▲●❙✵✸❪✮ ❞❡❞✐❝❛t❡❞ ✐♠♣❧✐❝✐t ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞s s✉❝❤
❛s ❱❖❉❊ ❬❇❇❍✽✾❪ ♦r ▲❙❖❉❊ ❬❍✐♥✽✵✱ ❍✐♥✽✸❪ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ s✉✣❝✐❡♥t❧②
✜♥❡ t♦❧❡r❛♥❝❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ st✐✛ r❡❛❝t✐✈❡ t❡r♠s✱ ❛❧s♦ ✐♥ ♦♣♣♦s✐t✐♦♥ t♦ t❤❡
❝✉rr❡♥t ❛♣♣r♦❛❝❤ t❤❛t ❝♦♥s✐❞❡rs ♦♥❧② ♦♥❡✲st❡♣ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡s✶✳ ■♥ t❤✐s ✇❛②✱ t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ str❛t❡❣② ❝♦♥❝❡✐✈❡❞ ✐♥ t❤✐s ✇♦r❦ ✉♥❞❡r t❤❡ ♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐❛ ✐s q✉✐t❡ ❣❡♥❡r❛❧ ❛♥❞
❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♣r✐♥❝✐♣❧❡ t♦ ❛♥② st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠✱ ✇❤❡r❡❛s t❤❡ s❛♠❡ ✐❞❡❛s
❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ❡①t❡♥❞❡❞ t♦ ❝♦♥s✐❞❡r ♦t❤❡r ♣❤❡♥♦♠❡♥❛✱ ❢♦r ✐♥st❛♥❝❡✱ ❝♦♥✈❡❝t✐♦♥✱ ✐♥ t❤❡ ♠♦❞✲
❡❧✐♥❣ ❡q✉❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✐♠❡✲st❡♣♣✐♥❣ ❢❡❛t✉r❡s ♦❢ ❜♦t❤ ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹ ✇✐t❤
❛❝❝✉r❛❝② ❝♦♥tr♦❧ ❛❧❧♦✇ ✉s t♦ ♣r♦♣❡r❧② s♦❧✈❡ t❤❡ ✐♥✐t✐❛❧ ❢❛st tr❛♥s✐❡♥ts ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✳ ❚❤❡
s❛♠❡ ❢♦❧❧♦✇s ❢♦r ♦t❤❡r s♣❧✐tt✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❡✐t❤❡r ✇✐t❤ t❤❡ ❧❡ss ❡✣❝✐❡♥t ♠✉❧t✐✲st❡♣ ❱❖❉❊ ♦r
▲❙❖❉❊ s♦❧✈❡rs ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠✷✱ ♦r ✇✐t❤ ❛ ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡ ✐♠♣❧✐❝✐t L✲st❛❜❧❡
s♦❧✈❡r ❛s s✉❣❣❡st❡❞ ❜② ❬❘❙✵✺❛✱ ❘❙✵✾❪ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ t❡r♠✸✳

P❛rt✐❝✉❧❛r ❛❞✈❛♥t❛❣❡s ❝❛♥ ❜❡ ❞r❛✇♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡❧❢✲s✐♠✐❧❛r ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ❢♦r ✇❤✐❝❤
❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❡♥♦✉❣❤ t♦ ❝❛♣t✉r❡ t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱
❛♥❞ ❛ str♦♥❣ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s♣❡❝tr✉♠ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱
❛❧♠♦st ❛❧❧ t❤❡ s♣❧✐tt✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛✲
t✐♦♥ ♦❢ r❡❛❧✐st✐❝ st✐✛ ♣r♦❜❧❡♠s✱ ✇❡r❡ r❡str✐❝t❡❞ t♦ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡
❛❞❡q✉❛t❡ ❝❤♦✐❝❡ ♦❢ ❤✐❣❤❡r ♦r❞❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✇✐t❤ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ ❜❛s❡❞ ♦♥ ❛❝✲
❝✉r❛❝② ❝r✐t❡r✐❛✱ t❤❡ ♠❛✐♥ ❡rr♦r ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♣✐❧♦t❡❞ ❜② t❤❡
s♣❧✐tt✐♥❣ s❝❤❡♠❡✱ ❛♥❞ ✐t ✐s t❤✉s s❡tt❧❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❡✈❡♥ ❢♦r st✐✛ ❝❛s❡s ❛s r❡❝❡♥t❧②
♣r♦✈❡❞ ❬❉▼✵✹✱ ❉❉▲▼✵✼❪✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦✉t ♦❢ ♥✉♠❡r✐❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ♦r
❜❛s❡❞ ♦♥ ❛ ♣❤②s✐❝❛❧ ❢❡❛t✉r❡ s✉❝❤ ❛s t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t ♦r ✐ts ♣r♦♣❛❣❛t✐♦♥ s♣❡❡❞✱ ✇❤✐❝❤
✉s✉❛❧❧② ❢❡❛t✉r❡ s❝❛❧❡s ♠✉❝❤ s❧♦✇❡r t❤❛♥ t❤❡ ✐♥♥❡r r❡❛❝t✐✈❡ ♦r ❞✐✛✉s✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡s✳
■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❡st✐♠❛t❡❞ s♣❧✐tt✐♥❣ ❡rr♦rs ❛r❡ ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ❢♦r t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜✲
❧❡♠✱ ✐✳❡✳✱ t❤❡ r❡❢❡r❡♥❝❡ ❝♦✉♣❧❡❞ ❛♥❞ s♣❧✐t s♦❧✉t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❝r❡t✐③❡❞ ✐♥ s♣❛❝❡✱ s♦ t❤❛t
t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡r❡ ✐s ❛ ❞❡❝♦✉♣❧✐♥❣
♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ✉s t♦ ♣❡r❢♦r♠ t❤❡ ❧❛tt❡r ♥✉✲
♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s ♦♥ s✉✣❝✐❡♥t❧② r❡♣r❡s❡♥t❛t✐✈❡ ❛♥❞ ❢❡❛s✐❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✱ t♦ t❤❡♥
❡①tr❛♣♦❧❛t❡ t❤❡ r❡s✉❧ts t♦ ❧❛r❣❡r ❞♦♠❛✐♥s ♦✉t ♦❢ r❡❛❝❤ ♦❢ st❛♥❞❛r❞ ♠❡t❤♦❞s✱ ♠❛✐♥❧② ❜❡❝❛✉s❡
t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ✇✐❧❧ ♥♦ ❧♦♥❣❡r ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ❣❧♦❜❛❧ ♥✉♠❡r✐❝❛❧
❡rr♦r ✐s t❤❡♥ ❣✐✈❡♥ ❜② ❜♦t❤ t❤❡ s♣❧✐tt✐♥❣ ❛♥❞ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs✱ s❡♣❛r❛t❡❧② ❡✈❛❧✉✲
❛t❡❞✱ ✇❤❡r❡❛s ❢r♦♠ ❛ s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐t ✇✐❧❧ ❜❡ ✐♥❞❡❡❞ s❡t ❜② t❤❡ s♣❧✐tt✐♥❣
❡rr♦rs✱ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳

✶❋♦r ✐♥st❛♥❝❡✱ ❛ ❞❡t❛✐❧❡❞ st✉❞② ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬❱●✵✶❪ t❤❛t ❞❡♠♦♥str❛t❡❞ t❤❡ ✐♠♣♦rt❛♥t ❧♦ss ♦❢ ❡✣❝✐❡♥❝②
♦❢ ▲❙❖❉❊ t♦ tr❡❛t st✐✛ P❉❊s ✐♥ s♣❧✐tt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡①♣❡♥s✐✈❡ st❛rt✐♥❣ ♣r♦❝❡❞✉r❡
♦❢ t❤❡ ♠✉❧t✐✲st❡♣ s❝❤❡♠❡ ❛t ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳

✷❲❡ r❡❝❛❧❧ t❤❛t ❛ ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞ ❝❛♥♥♦t ❜❡ L✲st❛❜❧❡ ✇✐t❤ ❛♥ ♦r❞❡r ❤✐❣❤❡r t❤❛♥ t✇♦ ❬❉❛❤✻✸❪✳
✸❆❝t✉❛❧❧②✱ ❘♦♣♣ ✫ ❙❤❛❞✐❞ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❘❙✵✺❛✱ ❘❙✵✾❪ ❛ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥ ✇❤✐❝❤ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣

✐s ❡q✉❛❧ t♦ t❤❡ ❞✐✛✉s✐♦♥ ♦♥❡✱ ✇✐t❤♦✉t ❡rr♦r ❝♦♥tr♦❧✳ ❚❤❡r❡❢♦r❡✱ t❤❡ A✲st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❝❤♦s❡♥
t♦ tr❡❛t t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❡♥s✉r❡s ♦♥❧② st❛❜✐❧✐t② ❜✉t ♥♦t t❤❡ ♥❡❝❡ss❛r② ❞❛♠♣✐♥❣ ❢♦r st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s✳



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✼✽

❇❡✐♥❣ ❛✇❛r❡ ♦❢ t❤❡ ✐♥t❡r❡st ♦❢ ❛❞❛♣t✐✈❡ ♠❡s❤ t❡❝❤♥✐q✉❡s ❢♦r ♣r♦❜❧❡♠s ❡①❤✐❜✐t✐♥❣ ❧♦❝❛❧❧② st❡❡♣
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛♥❞ t❤❛t ❝♦♥s❡q✉❡♥t❧② ✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ❜❡❝♦♠❡ ❢❡❛s✐❜❧❡✱ t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡ ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣② ❝❛♥ ❜❡ ♥♦t❛❜❧② ✐♠♣r♦✈❡❞ ❜② ❛ s♣❛t✐❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥
t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❍❛rt❡♥✬s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪ ❛♥❞ t❤❡ ❢✉❧❧② ♠✉❧t✐r❡s♦❧✉t✐♦♥
s❝❤❡♠❡s ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪✱ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢
s✉❝❤ ❛ ♠❡t❤♦❞ ✐s t❤❛t ❢♦r ❛ ❣✐✈❡♥ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✱ t❤❡ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❜❡tt❡r ❝♦♥tr♦❧❧❡❞✳ ❊✈❡♥ t❤♦✉❣❤ ❛ r✐❣♦r♦✉s
♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ❢♦r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ✐s ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡✱ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❥✉st✐❢② ❛♥❞ ✈❛❧✐❞❛t❡ s✉❝❤ ❛
❝❤♦✐❝❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❘❙✵✷✱ ❘❙❚❇✵✸✱ ❇❘❇❙❙✵✽✱ ❇❇❘❇❙✵✾❪✮✳ ❲❡ ❤❛✈❡ t❤✉s ❞❡✜♥❡❞ ✐♥ t❤✐s ✇♦r❦
❛ ❢❡✇ s✐♠♣❧❡ ❝r✐t❡r✐❛ t♦ ♣r♦♣❡r❧② ❝♦✉♣❧❡ ❢♦r t❤❡ ✜rst t✐♠❡ ❛ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
❛♣♣r♦❛❝❤ ✇✐t❤ ❞❡❞✐❝❛t❡❞ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❢♦r st✐✛ ♣r♦❜❧❡♠s✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s ✇♦r❦ ✐♥tr♦❞✉❝❡s ♠❛✐♥❧② t✇♦ ♥❡✇ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐r❡s♦✲
❧✉t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐rst✱ ❛♥ ✐♠♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♣t t♦ ❤❛♥❞❧❡ st✐✛ ♣r♦❜❧❡♠s ❜② ♠❡❛♥s
♦❢ ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t ❛♥ ✐♠♣❧✐❝✐t ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ✇❤♦❧❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥✈♦❧✈❡s ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡s❡ s♣❛t✐❛❧❧② ❛❞❛♣t❡❞
r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❞❛t❛ str✉❝t✉r❡s✳ ❙❡❝♦♥❞✱ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✐♥ t❡r♠s ♦❢
❞❡❝♦✉♣❧✐♥❣ ♦❢ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❞❡✜♥❡❞ ♦♥
t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✱ t❤❡ s♣❛t✐❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦rs s❡tt❧❡❞ ❜② t❤❡ t❤r❡s❤♦❧❞✲
✐♥❣ ♣❛r❛♠❡t❡r✱ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs✳ ■♥ t❤✐s ✇❛②✱ ❢♦r ❛ ♣r♦❜❧❡♠ r❡♣r❡s❡♥t❡❞
✇✐t❤ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❧✐♠✐t❡❞ ♠❛✐♥❧② ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ t❤❡ ♣r♦♣♦s❡❞
▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣② ❛❧❧♦✇s ✉s t♦ tr❛❝❦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ♦❢ t❤❡ s✐♠✉❧❛✲
t✐♦♥✱ ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ s♦❧✉t✐♦♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ s♣❛❝❡
❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ❛r❡ ❞✐✣❝✉❧t t♦ ❡✈❛❧✉❛t❡ ✐♥ ♣r❛❝t✐❝❡ ✉♥❧❡ss ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ❛✈❛✐❧✲
❛❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❣❧♦❜❛❧ ❡rr♦r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ s✉❝❝❡ss❢✉❧❧② ♠♦♥✐t♦r❡❞
✐❢ ❛ s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s t❤✉s t♦ ♣❡r❢♦r♠ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♣❡r❢♦r♠✲
✐♥❣ s✐♠✉❧❛t✐♦♥s ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ❛♥❞ ✇✐t❤ st❛♥❞❛r❞
❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳

✹✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣②

❚❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❤❛♥❞❧❡s ❣❡♥❡r❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ♦❢ t②♣❡ ✭✶✳✺✷✮✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ ❧✐❦❡
❢♦r s②st❡♠ ✭✶✳✺✸✮✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❝♦♠♣❧❡♠❡♥t✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦
♦❢ ❝❤❛♣t❡rs ✶ ❛♥❞ ✷✱ ✇❡ ♣❡r❢♦r♠ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✺✸✮✱ s✉✣❝✐❡♥t❧② ✜♥❡ t♦
❣✉❛r❛♥t❡❡ ❛ ❣♦♦❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠ ❛♥❞ s✉❝❤ t❤❛t t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥
❡rr♦rs ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♥❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ❲❡
♦❜t❛✐♥ t❤✉s t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✿

dtU− LU = F (U) , t > 0,

U(0) = U0,

}
✭✹✳✶✮

✇❤❡r❡ L ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡❢✲
✜❝✐❡♥ts D ✇✐t❤✐♥✳ U ❛♥❞ F (U) ❛r❡ ❛rr❛♥❣❡❞ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❛❧❧ ♦✈❡r t❤❡ ❞✐s❝r❡t✐③❡❞ s♣❛t✐❛❧
❞♦♠❛✐♥✱ ❛♥❞ st❛♥❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ U : ❘×❘d → ❘m✱ ❛♥❞ F : ❘m → ❘m✳



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✼✾

✹✳✷✳✶ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

❈♦♥s✐❞❡r✐♥❣ ❛ st❛♥❞❛r❞ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ♣❛rts ♦❢ ✭✹✳✶✮✱ ✇❡ ❞❡♥♦t❡
X∆tU0 ❛s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✹✿

dtUD − LUD = 0, t > 0, ✭✹✳✷✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ UD(0) = U0 ❛❢t❡r ❛♥ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣ ∆t✳
❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② Y∆tU0 t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣❛rt✿

dtUR = F (UR) , t > 0, ✭✹✳✸✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ UR(0) = U0✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ t❤❡ t✇♦
▲✐❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ s②st❡♠ ✭✹✳✶✮ ❛r❡ ❞❡✜♥❡❞ ❜②

L∆t1 U0 = X∆tY∆tU0, L∆t2 U0 = Y∆tX∆tU0, ✭✹✳✹✮

✇❤❡r❡❛s t❤❡ t✇♦ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ ❬❙tr✻✸✱ ❙tr✻✽❪ ❛r❡ ❣✐✈❡♥ ❜②

S∆t1 U0 = X∆t/2Y∆tX∆t/2U0, S∆t2 U0 = Y∆t/2X∆tY∆t/2U0, ✭✹✳✺✮

✇❤❡r❡ ∆t st❛♥❞s ❢♦r t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ▲✐❡ ❢♦r♠✉❧❛❡ ✭✹✳✹✮ ✭r❡s♣✳✱ ❙tr❛♥❣ ❢♦r♠✉❧❛❡ ✭✹✳✺✮✮ ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♦r❞❡r
1 ✭r❡s♣✳✱ 2✮ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X∆t ❛♥❞ Y∆t ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❡①❛❝t s♦❧✉t✐♦♥s X∆t ❛♥❞ Y∆t ♦❢ ♣r♦❜❧❡♠s ✭✹✳✷✮ ❛♥❞ ✭✹✳✸✮✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✶ t❤❛t t❤❡
st❛♥❞❛r❞ ♦r❞❡rs ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛ ▲✐❡ ♦r ❙tr❛♥❣ s❝❤❡♠❡ ❛r❡ ♥♦ ❧♦♥❣❡r ✈❛❧✐❞ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ✈❡r②
st✐✛ r❡❛❝t✐✈❡ ♦r ❞✐✛✉s✐✈❡ t❡r♠s ✇✐t❤ ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ❢❛st❡st t✐♠❡
s❝❛❧❡s ♣❧❛② ❛ ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞
❜② ♠❡❛♥s ♦❢ ❛ s♣❧✐tt✐♥❣ ❝♦♠♣♦s✐t✐♦♥ s❝❤❡♠❡ ✇✐❧❧ s✉r❡❧② ❢❛✐❧ t♦ ❝❛♣t✉r❡ t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ♦❢
t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ✉♥❧❡ss ✇❡ ❝♦♥s✐❞❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s s♠❛❧❧ ❡♥♦✉❣❤ t♦ r❡s♦❧✈❡ s✉❝❤ s❝❛❧❡s✳
■♥ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡ ✇❤❡r❡ t❤❡s❡ ❢❛st s❝❛❧❡s ❛r❡ ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♣❤②s✐❝❛❧ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❜✉t ♦r❞❡r r❡❞✉❝t✐♦♥s ♠❛②
t❤❡♥ ❛♣♣❡❛r ❞✉❡ t♦ s❤♦rt✲❧✐❢❡ tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢❛st❡st ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✐s ✉s✉❛❧❧②
t❤❡ ❝❛s❡ ❢♦r ♣r♦♣❛❣❛t✐♥❣ r❡❛❝t✐♦♥ ✇❛✈❡s ✇❤❡r❡✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐s ♠✉❝❤
s❧♦✇❡r t❤❛♥ t❤❡ ❝❤❡♠✐❝❛❧ s❝❛❧❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ r❡❝❛❧❧ t❤❛t ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ❡①♣❡❝t❡❞
✇❤✐❧❡ ❡♥❞✐♥❣ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❜② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ✭✹✳✸✮ ❬❉▼✵✹❪✿

∥∥T∆tU0 − L∆t1 U0

∥∥
L2 = O(∆t), ✭✹✳✻✮

∥∥T∆tU0 − S∆t1 U0

∥∥
L2 = O(∆t), ✭✹✳✼✮

∥∥T∆tU0 − L∆t2 U0

∥∥
L2 = O(∆t2), ✭✹✳✽✮

∥∥T∆tU0 − S∆t2 U0

∥∥
L2 = O(∆t3), ✭✹✳✾✮

✇❤❡r❡ T∆tU0 st❛♥❞s ❢♦r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✶✳✺✸✮ ✇✐t❤ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥✱ ❛♥❞ t❤❡
❢❛st❡st s❝❛❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ r❡❛❝t✐✈❡ t❡r♠✳ ■♥ ❛ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ s❤♦✉❧❞
❛❧✇❛②s ❡♥❞ ✇✐t❤ t❤❡ ♣❛rt ✐♥✈♦❧✈✐♥❣ t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✭s❡❡ ❛ ♥✉♠❡r✐❝❛❧
❝❛s❡ ✐♥ ❬❉❉▲+✶✷❪✮✳

✹❚❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ❛ st❛♥❞❛r❞ ❝❡♥t❡r❡❞ s❡❝♦♥❞ ♦r❞❡r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❞✐✛✉s✐✈❡
t❡r♠s✳



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✽✵

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ♦r❞❡r r❡❞✉❝t✐♦♥s ♠✐❣❤t ❛❧s♦ ❛r✐s❡ ❢r♦♠ s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥❛ ❞✉❡ t♦ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✇❤❡♥❡✈❡r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❝♦♥s✐❞❡r❡❞
❬❉❉▲▼✵✼✱ ❉❉▼✶✶❪✿

∥∥T∆tU0 − L∆tU0

∥∥
L2 ∝

(
‖∂xU0‖L2∆t2, ‖U0‖L2∆t1.5

)
, ✭✹✳✶✵✮

∥∥T∆tU0 − S∆tU0

∥∥
L2 ∝

(
‖∂xU0‖L2∆t3, ‖U0‖L2∆t2

)
, ✭✹✳✶✶✮

❢♦r ✇❤✐❝❤ t❤❡ ✜rst t❡r♠s ❛r❡ ♠♦r❡ r❡❧❡✈❛♥t ✇❤❡♥∆t ✐s s♠❛❧❧ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡s ✇❤❡♥ ∆t ✐s ♥♦t
s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ ‖∂xU0‖L2 ✐s ✈❡r② ❤✐❣❤✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s t❤❡ ▲✐❡ ✭✹✳✹✮ ❛♥❞ ❙tr❛♥❣
✭✹✳✺✮ ❢♦r♠✉❧❛❡ ❛r❡ ❜✉✐❧t ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s ♦❢ ❡❛❝❤ s✉❜♣r♦❜❧❡♠✱ ❛s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧
❢r❛♠❡✇♦r❦ ♦❢ ❈❤❛♣t❡r ✶✳ ❚❤❡s❡ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❛❧❧♦✇ ✉s t♦ ❞❡♣✐❝t ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡
♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ❛ ❜r♦❛❞❡r r❛♥❣❡ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛♥❞
str♦♥❣ st✐✛♥❡ss✱ ❛♥❞ t❤✉s ❤❡❧♣ ✉s t♦ s❡❧❡❝t ❛♠♦♥❣ t❤❡ ✈❛r✐♦✉s s♣❧✐tt✐♥❣ ❛❧t❡r♥❛t✐✈❡s✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✹✳✷✳✷ ❍✐❣❤ ❖r❞❡r ❉❡❞✐❝❛t❡❞ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ▼❡t❤♦❞s

❚❤❡ ❝❤♦✐❝❡ ♦❢ s✉✐t❛❜❧❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❢♦r s✉❜s②st❡♠s ✭✹✳✷✮ ❛♥❞ ✭✹✳✸✮ ✐s ♠❛♥❞❛t♦r② ♥♦t
♦♥❧② t♦ ❣✉❛r❛♥t❡❡ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s✱ ❜✉t ❛❧s♦ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r
❢❡❛t✉r❡s ♦❢ ❡❛❝❤ ✐♥❞❡♣❡♥❞❡♥t s✉❜♣r♦❜❧❡♠ ❛♥❞ t♦ s♦❧✈❡ t❤❡♠ ✇✐t❤ r❡❛s♦♥❛❜❧❡ r❡s♦✉r❝❡s✱ ❛s
❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♣♦s❡❞ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❝♦♥s✐❞❡rs ❤✐❣❤ ♦r❞❡r
❞❡❞✐❝❛t❡❞ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② s♦❧✈❡ t❤❡ ❢❛st❡st t✐♠❡
s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♥❡ ❛♥❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❡rr♦r ✐s ❧❡❞ ❜② t❤❡
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❡rr♦r✳ ❚❤❡♥✱ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s r✉❧❡❞ ❜②
t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❜② ♠❡❛♥s ♦❢ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ t❤❛t ✐s ❝❤♦s❡♥ t♦ ❞❡s❝r✐❜❡ t❤❡ ❣❧♦❜❛❧
♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ✇✐t❤✐♥ ❛ r❡q✉✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝②✱ ❡✈❡♥ ❢♦r st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s✳

❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❘❡❛❝t✐♦♥✿ ❘❛❞❛✉✺

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✷ t❤❛t ❘❛❞❛✉✺ ❬❍❲✾✻❪ ✐s ❛ ✜❢t❤ ♦r❞❡r ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞
❢♦r ✇❤✐❝❤ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ♣r♦✈❡❞ ❜② ❇✉t❝❤❡r ❬❇✉t✻✹❛❪ ❛r❡ s❛t✐s✜❡❞ ✉♣ t♦ t❤❡ ♦r❞❡r ✺✳ ■ts
st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❝♦❧❧♦❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ ❘❛❞❛✉ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛❡
❬❊❤❧✼✸❪ t❤❛t ❣✉❛r❛♥t❡❡s ❆✲ ❛♥❞ ▲✲st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✱ s♦ t❤❛t ✈❡r② st✐✛ s②st❡♠s ♦❢ ❖❉❊s ♠✐❣❤t
❜❡ s♦❧✈❡❞ ✇✐t❤♦✉t ❛♥② st❛❜✐❧✐t② ♣r♦❜❧❡♠✳
◆❡✈❡rt❤❡❧❡ss✱ ♥♦♥❧✐♥❡❛r s②st❡♠s ♠✉st ❜❡ s♦❧✈❡❞ t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss ❜❡✲
❝❛✉s❡ ♦❢ t❤✐s ✐♠♣❧✐❝✐t ❝❤❛r❛❝t❡r✳ ❊✈❡♥ ✐❢ t❤❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞ t♦ ❤❛♥❞❧❡ s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s
✐s ❤✐❣❤❧② ♦♣t✐♠✐③❡❞✱ t❤❡s❡ ♣r♦❝❡❞✉r❡s ❜❡❝♦♠❡ ✈❡r② ❡①♣❡♥s✐✈❡ ❢♦r ❧❛r❣❡ s②st❡♠s ❛♥❞ ✐♠♣♦rt❛♥t
♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❝❛rr② t❤❡♠ ♦✉t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s✐③❡ ♦❢ t❤❡
s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞ ✐s str♦♥❣❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✳ ■♥ ❛ s♣❧✐tt✐♥❣
s❝❤❡♠❡ ❝♦♥t❡①t✱ ✇❡ ❡❛s✐❧② ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❜❡❝❛✉s❡ t❤❡ r❡❛❝t✐✈❡ t❡r♠ ✭✹✳✸✮ ✐s ❛ s②st❡♠
♦❢ ❖❉❊s ✇✐t❤♦✉t s♣❛t✐❛❧ ❝♦✉♣❧✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❛ ❧♦❝❛❧ ❛♣♣r♦❛❝❤ ♥♦❞❡ ❜② ♥♦❞❡ ✐s ❛❞♦♣t❡❞ ✇❤❡r❡
t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ ♦♥❧② s❡t ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧ ✉♥❦♥♦✇♥s✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❞♦❡s
♥♦t ❡①❝❡❡❞ ❝♦♥✈❡♥t✐♦♥❛❧ ♠❡♠♦r② r❡s♦✉r❝❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ♣♦s❡❞ ❛s ❛♥ ❡♠❜❛rr❛ss✐♥❣❧②
♣❛r❛❧❧❡❧ ♣r♦❜❧❡♠ ✇❤❡r❡ ♥♦ ❞❛t❛ ❡①❝❤❛♥❣❡ ✐s ♥❡❡❞❡❞ ❛♠♦♥❣ ♥♦❞❡s✱ t❤❛t t❤❡r❡❢♦r❡ ②✐❡❧❞s ♦♣t✐✲
♠❛❧ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ♦♥ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs
❬❉▼❉+✶✶❜✱ ❉❉❉+✶✷❪✳
❆ ✈❡r② ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡ ❘❛❞❛✉✺ s♦❧✈❡r ✐s t❤❛t ♣r❡❝✐♦✉s ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s s❛✈❡❞ ❜❡❝❛✉s❡
♦❢ ✐ts ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣②✳ ❚❤❡ ❧❛tt❡r ❣✉❛r❛♥t❡❡s ❛ r❡q✉❡st❡❞ ❛❝❝✉r❛❝② ❛♥❞ ❛t t❤❡
s❛♠❡ t✐♠❡ ❛❧❧♦✇s ✉s t♦ ❞✐s❝r✐♠✐♥❛t❡ st✐✛ ③♦♥❡s ❢r♦♠ r❡❣✉❧❛r ♦♥❡s s♦ t❤❛t s♠❛❧❧ t✐♠❡ st❡♣s ❛r❡



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✽✶

♦♥❧② ❝♦♥s✐❞❡r❡❞ ❢♦r st✐✛ ❜❡❤❛✈✐♦rs✱ r❡❧❛t❡❞ ❡✐t❤❡r t♦ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s ♦r t♦ t❤❡ s♣✉r✐♦✉s
tr❛♥s✐❡♥ts ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❬❱❇✈▲❙✾✻✱ ❙❱❞❩+✾✽✱ ❱❙❇❍✾✾❪✳ ■♥ ❛ s♣❧✐tt✐♥❣
❝♦♥t❡①t✱ t❤❡ r❡❛❝t✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❡♣ ∆tR ✇✐❧❧ ❜❡ t❤❡♥ ❛❞❛♣t❡❞ ♦♥❧② ❛t ♥♦❞❡s ✇❤❡r❡ t❤❡
r❡❛❝t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ t❛❦❡s ♣❧❛❝❡✱ ②✐❡❧❞✐♥❣ ❧♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s ♣♦t❡♥t✐❛❧❧② ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✇❤❡r❡❛s t❤❡ ❣❧♦❜❛❧ t✐♠❡ ❛❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②
t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ✇✐❧❧ ♥♦t ❜❡ ❧✐♠✐t❡❞ ❜② t❤❡s❡ ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ ❢❛st t✐♠❡ s❝❛❧❡s✳
❋♦r ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✱ t❤✐s ❛❞❛♣t❛t✐♦♥ ❤❛♣♣❡♥s ✐♥ ❛ ✈❡r② ❧♦✇ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ s♣❛t✐❛❧
❞♦♠❛✐♥✱ ✉s✉❛❧❧② ♦♥❧② ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳ ❈♦♥tr❛r✐❧②✱ ❧❛r❣❡r t✐♠❡ st❡♣s ❛r❡
❝♦♥s✐❞❡r❡❞ ❛t ♥♦❞❡s ✇✐t❤ ❛ ❝❤❡♠✐str② ❛t ✭♣❛rt✐❛❧✮ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ t❤❡ s♣❧✐tt✐♥❣ s❤♦✉❧❞
♥♦t ✐♥tr♦❞✉❝❡ ❛rt✐✜❝✐❛❧ tr❛♥s✐❡♥ts✺✳ ❚❤✐s ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ ✇✐t❤ ♥♦ ❞❛t❛ ❡①❝❤❛♥❣❡ ❛♥❞ ♥♦
r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡s ✇♦✉❧❞ ♥♦t ❜❡ ♣♦ss✐❜❧❡ ✐❢ ✇❡ ✐♥t❡❣r❛t❡❞ t❤❡ ❡♥t✐r❡ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠ ✭✹✳✶✮ ❛t ♦♥❝❡✱ ❛s ✐♥ ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t ♦r ■▼❊❳ ❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ s❝❤❡♠❡✳

❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉✐✛✉s✐♦♥✿ ❘❖❈❑✹

❖♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡s ♦❢ ❘❖❈❑✹ ❬❆❜❞✵✷❪ ✐s ✐ts ❡①♣❧✐❝✐t ❝❤❛r❛❝t❡r ❛♥❞ ❤❡♥❝❡
t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ◆♦ s♦♣❤✐st✐❝❛t❡❞ ❧✐♥❡❛r ❛❧❣❡❜r❛ t♦♦❧s ❛r❡ ♥❡❡❞❡❞ s✐♥❝❡ ♥♦
s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠s ✐s r❡q✉✐r❡❞ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐s t❤✉s ❜❛s❡❞ ♦♥ s✐♠♣❧❡ ♠❛tr✐①✲
✈❡❝t♦r ♣r♦❞✉❝ts✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦st r❡❧✐❡s ❞✐r❡❝t❧② ♦♥ t❤❡ r❡q✉❡st❡❞ q✉❛♥t✐t②
♦❢ s✉❝❤ ♣r♦❞✉❝ts✱ ✐✳❡✳✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r♥❛❧ st❛❣❡s s ♥❡❡❞❡❞ ✇✐t❤✐♥ ♦♥❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❡♣
♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ∆tD✱ ✐♥s✐❞❡ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✳ ❚❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts
❛r❡ ❛❧s♦ r❡❞✉❝❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐ts ❡①♣❧✐❝✐t s❝❤❡♠❡✳ ◆❡✈❡rt❤❡❧❡ss ✇❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞
t❤❛t t❤❡s❡ r❡q✉✐r❡♠❡♥ts ✐♥❝r❡❛s❡ ♣r♦♣♦rt✐♦♥❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❝♦♥s✐❞❡r❡❞ ♦✈❡r t❤❡
s♣❛t✐❛❧ ❞♦♠❛✐♥✳
❚❤❡ ❘❖❈❑ s♦❧✈❡r ❬❆❜❞✵✷❪ ❢❡❛t✉r❡s ❛❧s♦ ❞②♥❛♠✐❝ t✐♠❡ st❡♣ ❛❞❛♣t❛t✐♦♥ s♦ t❤❛t ∆tD ✐s ❝❤♦s❡♥ ✐♥
♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤✐s ✐s ❛❧s♦ ❛ s✉✐t❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝
❢♦r s♣❧✐tt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ ❤✐❣❤ ❢r❡q✉❡♥❝② ♠♦❞❡s ✐♥ t❤❡ s♦❧✉t✐♦♥ ❬❘❙❖✵✹❪✳
❆s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ❘❖❈❑✹ ✐s ❢♦r♠❛❧❧② ❛ ❢♦✉rt❤ ♦r❞❡r st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛
♠❡t❤♦❞ ❛♥❞ s✉❝❤ ♠❡t❤♦❞s ❢❡❛t✉r❡ ❡①t❡♥❞❡❞ st❛❜✐❧✐t② ❞♦♠❛✐♥ ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s
❬❱❡r✾✻❪✳ ❋♦r ❛ ❣❡♥❡r❛❧ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ s✉❝❤ ❛s v′ = g(v)✱ t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s s ♥❡❡❞❡❞ t♦
❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ t✐♠❡ st❡♣ ∆tD✱ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡
s♣❡❝tr❛❧ r❛❞✐✉s ρ(∂g/∂v) ❛s ❧♦♥❣ ❛s t❤❡ ❧❛tt❡r ✐s ❞♦♠✐♥❛t❡❞ ❜② r❡❛❧ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❋♦r ❛
❣✐✈❡♥ ∆tD ♥❡❡❞❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥✱ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ st❛❣❡s
s r❡q✉✐r❡❞ ❢♦r st❛❜✐❧✐t② ✐s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❘❖❈❑✹ s♦❧✈❡r t❤r♦✉❣❤ ✭✷✳✶✵✷✮✱ ✇r✐tt❡♥ ♥♦✇ ❛s

0.35 · s2 ≥ ∆tD ρ

(
∂g

∂v
(v)

)
, ✭✹✳✶✷✮

✇❤✐❝❤ ❡①t❡♥❞s q✉❛❞r❛t✐❝❛❧❧② ♦♥ s✱ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ ❛①✐s✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❘❖❈❑✹ s❝❤❡♠❡ ❬❆❜❞✵✷❪✱ ❛t ❧❡❛st s = 5 ✐♥t❡r♥❛❧ st❛❣❡s
❛r❡ r❡q✉✐r❡❞✳
❚❤❡ ♠❡t❤♦❞ ✐s ✈❡r② ❛♣♣r♦♣r✐❛t❡ ❢♦r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉s✉❛❧ ♣r❡❞♦♠✐♥❛♥❝❡ ♦❢
♥❡❣❛t✐✈❡ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ ♠❡t❤♦❞ ✐s ❡✣❝✐❡♥t❧② st❛❜❧❡✳ ❆ ✈❡r② s✉✐t❛❜❧❡ ❡①❛♠♣❧❡
✐s t❤❡ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✮ ✇✐t❤ ♦♥❧② ♥❡❣❛t✐✈❡ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❝♦♥st❛♥t
s♣❡❝tr❛❧ r❛❞✐✉s ρ(L)✱ ❛s ❛♥❛❧②③❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❤❡❛t ❡q✉❛t✐♦♥ ✭✷✳✶✹✮✳ ❆♥ ✐♠♣♦r✲
t❛♥t ❣❛✐♥ ♦❢ ❡✣❝✐❡♥❝② ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❝❛s❡ ❜❡❝❛✉s❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ❤❛s ❛
s♣❛rs❡ ♠❛tr✐① str✉❝t✉r❡ t❤❛t ②✐❡❧❞s ♠♦r❡ ♣❡r❢♦r♠✐♥❣ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts✳ ■♥ ♦✉r ♣❛rt✐❝✉❧❛r
❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❞✐✛✉s✐✈❡ ♣❤❡♥♦♠❡♥♦♥ ❤❛s ❛ ❧❡❛❞✐♥❣ r♦❧❡ ♦❢ ♣r♦♣❛❣❛t♦r ♦❢ ♣❡rt✉r❜❛t✐♦♥s ♦✈❡r

✺▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❝❤❡♠✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s ❝♦✐♥❝✐❞❡ ✉s✉❛❧❧② ✇✐t❤ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥s
s♦ t❤❛t s♣❛t✐❛❧ ♦♣❡r❛t♦rs ❧✐❦❡ ❞✐✛✉s✐♦♥ ♦r ❝♦♥✈❡❝t✐♦♥ s❤♦✉❧❞ ♣r❡s❡r✈❡ ❝♦♥st❛♥❝②✳



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✽✷

t❤❡ ✭♣❛rt✐❛❧✮ ❡q✉✐❧✐❜r✐✉♠ ♥♦❞❡s t❤❛t r❡s✉❧t ✐♥ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐✈❡ s❝❤❡♠❡s✱ ❛♥❞ t❤✉s t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ✇❛✈❡✳ ❚❤❡ r❡s✉❧t✐♥❣ s❡❧❢✲s✐♠✐❧❛r ❝❤❛r❛❝t❡r ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❡❡❞❡❞
♥✉♠❜❡r ♦❢ st❛❣❡s ✇✐❧❧ r❡♠❛✐♥ ♣r❛❝t✐❝❛❧❧② ❝♦♥st❛♥t t❤r♦✉❣❤♦✉t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳
❋✐♥❛❧❧②✱ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♠✉st ❜❡ ♣r❡✈✐♦✉s❧② ❡st✐♠❛t❡❞ ✭❢♦r ❡①❛♠♣❧❡✱ ✉s✐♥❣ t❤❡ ●❡rs❤❣♦r✐♥❣
t❤❡♦r❡♠ ♦r ❡✈❡♥ ♥✉♠❡r✐❝❛❧❧②✱ ❛s ♣r♦♣♦s❡❞ ❜② t❤❡ ❘❖❈❑✹ s♦❧✈❡r ❜② ♠❡❛♥s ♦❢ ❛ ♥♦♥❧✐♥❡❛r ♣♦✇❡r
♠❡t❤♦❞✮✳
◆♦t✐❝❡ t❤❛t ❢♦r ❛ ❣❡♥❡r❛❧ ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ s②st❡♠ ✭✶✳✺✷✮✱ s✉❝❤
❛ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ♠❡t❤♦❞ ✇✐❧❧ r❡♠❛✐♥ s✉✐t❛❜❧❡ ❛s ❧♦♥❣ ❛s t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ✐s ❞♦♠✐♥❛t❡❞ ❜②
r❡❛❧ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤✐s ♠❛② ❜❡ t❤❡ ❝❛s❡ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✻ ❜✉t r❡♠❛✐♥s ❛ ♣r♦❜❧❡♠
❞❡♣❡♥❞❡♥t ❢❡❛t✉r❡✳ ❖t❤❡r✇✐s❡✱ ❛ ❧❡ss ❡✣❝✐❡♥t st❛♥❞❛r❞ ❤✐❣❤ ♦r❞❡r ❡①♣❧✐❝✐t s❝❤❡♠❡ s❤♦✉❧❞ ❜❡
❝♦♥s✐❞❡r❡❞ ✐❢ ❛♥ ✐♠♣❧✐❝✐t s♦❧✈❡r ✐♠♣♦s❡s ❡①❝❡ss✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✼✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s
❢♦r st✐✛❡r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s t❤❛t r❡q✉✐r❡ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✐♥♥❡r st❛❣❡s s t♦ ❡♥s✉r❡ st❛❜✐❧✐t②✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s ❧❛tt❡r ❝❛s❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❘❖❈❑✹ ♠✐❣❤t ❥✉st✐❢② ✐ts ✉s❡ ✐♥ t❡r♠s
♦❢ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ st❛♥❞❛r❞ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✇♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡
♠♦r❡ ❡①♣❡♥s✐✈❡ ✐♥ ❈P❯ t✐♠❡✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ♠❛✐♥❧② ❝♦♥s✐❞❡r ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s
✇✐t❤ ❝♦♥st❛♥t ♦r t✐♠❡ ❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts✽✳ ▼♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥ ❧✐❦❡ ♠✉❧t✐✲s♣❡❝✐❡s
❞✐✛✉s✐♦♥ ✇✐❧❧ ❜❡ ❝❡rt❛✐♥❧② st✉❞✐❡❞ ✐♥ t❤❡ ❢✉t✉r❡✳
❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❞✐✛✉s✐♦♥ s♦❧✈❡r ❢♦r t❤❡ ❡♥t✐r❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠
✭✹✳✶✮ ✇✐❧❧ ♥♦t ❜❡ ❛♣♣r♦♣r✐❛t❡ ✉♥❞❡r ❡✐t❤❡r t❤❡♦r❡t✐❝❛❧ ♦r ♣r❛❝t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛♥❞ ❤✐❣❤✲
❧✐❣❤ts t❤❡ ✐♥❤❡r✐t❡❞ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♦❧✈✐♥❣ ✇✐t❤✐♥ ❛
♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ♠❛② ❛❧s♦ ②✐❡❧❞ ∆tD ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ s♣❧✐t✲
t✐♥❣ t✐♠❡ st❡♣ ∆t✱ ❛♥❞ t❤✉s t❤❡ ❣❧♦❜❛❧ t✐♠❡ ❛❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ∆t ✇✐❧❧ ♥♦t
❜❡ ♥❡❝❡ss❛r✐❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❞✐✛✉s✐✈❡ t✐♠❡ s❝❛❧❡s ❜✉t ❜② t❤❡ ❣❧♦❜❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦✉♣❧❡❞
♣r♦❜❧❡♠✳

✹✳✷✳✸ ❙♣❛❝❡ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❚❡❝❤♥✐q✉❡

❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ r❡❛❝t✐♥❣ ✇❛✈❡❢r♦♥ts ❢♦r ✇❤✐❝❤ ✐♠♣♦rt❛♥t r❡❛❝t✐✈❡
❛❝t✐✈✐t② ❛s ✇❡❧❧ ❛s st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛r❡ ❧♦❝❛❧✐③❡❞ ♣❤❡♥♦♠❡♥❛✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ ✇❡
❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐✈❡ ♣r♦❜❧❡♠ ✭✹✳✸✮✱ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t✐♥❣ t✐♠❡
✐s s♣❡♥t ♦♥ ♥♦❞❡s t❤❛t ❛r❡ ♣r❛❝t✐❝❛❧❧② ❛t ✭♣❛rt✐❛❧✮ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✾ t❤❛t
❢♦r ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❝♦♠♣❧❡① s♦✉r❝❡ ♠❡❝❤❛♥✐s♠s ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞✱ 60✪ ♦❢ t❤❡
❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s s♣❡♥t ♦♥ ♥♦❞❡s ✇✐t❤ ✈❡r② r❡❞✉❝❡❞ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t② ❬❉❉❉+✶✷❪✳ ▼♦r❡♦✈❡r✱
t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ r❡♣r❡s❡♥t t❤❡s❡ q✉❛s✐✲st❛t✐♦♥❛r② r❡❣✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥
♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ r❡❛❝t✐♦♥ ❢r♦♥t✱ s♦ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✮ ♠✐❣❤t ❛❧s♦ ❜❡ s♦❧✈❡❞
♦✈❡r ❛ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ♥♦❞❡s✳ ❆♥ ❛❞❛♣t❡❞ ♠❡s❤ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s✱
❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ❛❧❧♦✇s ✉s t♦ ❞✐s❝r✐♠✐♥❛t❡ t❤❡ ✈❛r✐♦✉s s♣❛❝❡ s❝❛❧❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱
❛♥❞ t✉r♥s ♦✉t t♦ ❜❡ ❛ ✈❡r② ❝♦♥✈❡♥✐❡♥t s♦❧✉t✐♦♥ t♦ ♦✈❡r❝♦♠❡ t❤❡s❡ ❞✐✣❝✉❧t✐❡s✳
❆ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪ ✐s t❤❡♥ ❝♦✉♣❧❡❞ ✇✐t❤
t❤❡ ♣r❡✈✐♦✉s ❞❡❞✐❝❛t❡❞ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t❡❣②✳ ■♥ t❤✐s ✇❛②✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡
❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ♣r♦❜❧❡♠ ✭✹✳✶✮ ♦♥ ❛ ✜♥❡st ❣r✐❞ SJ ✱ ✇❡ ❞❡✜♥❡ ❛s ❜❡❢♦r❡ ❛ s❡t ♦❢ ♥❡st❡❞ ♠❡s❤❡s Sj
♦♥ ✇❤✐❝❤ ♣r♦❜❧❡♠ ✭✹✳✶✮ ✐s r❡♣r❡s❡♥t❡❞✱ ❢♦r j = 0, 1, · · · , J ✱ ❢r♦♠ t❤❡ ❝♦❛rs❡st t♦ t❤❡ ✜♥❡st ❣r✐❞✳
❇② ♣❡r❢♦r♠✐♥❣ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦♥ t❤❡ s♦❧✉t✐♦♥ U✱ t❤❡ ♦♣❡r❛t♦r AΛε =M−1TΛεM
②✐❡❧❞s ❛♥ ❡✛❡❝t✐✈❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ❜❡❝❛✉s❡ U ✐s ♥♦ ❧♦♥❣❡r r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞

✻❙❡❡✱ ❡✳❣✳✱ ❬◆❑✵✺✱ ❙P◆✵✻❜❪ ❢♦r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡t❛✐❧❡❞ ♠✉❧t✐✲s♣❡❝✐❡s tr❛♥s♣♦rt ❝♦♠✐♥❣ ❢r♦♠ ❝♦♠✲
❜✉st✐♦♥ ♠♦❞❡❧✐♥❣✱ s♦❧✈❡❞ ✇✐t❤ t❤❡ ❘❑❈ s♦❧✈❡r ❬❙❙❱✾✼❪ ❢♦r ✇❤✐❝❤ ♥♦ st❛❜✐❧✐t② ♣r♦❜❧❡♠s ✇❡r❡ r❡♣♦rt❡❞✳

✼■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡ s❤♦✉❧❞ ❜❡ ❡✐t❤❡r L✲st❛❜❧❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ st✉❞✐❡s
❬❘❙✵✺❛✱ ❘❙✵✾❪✱ ♦r s✉✣❝✐❡♥t❧② st❛❜❧❡ ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ❢❡❛t✉r❡s✳

✽❚❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❢♦r ♣❧❛s♠❛ ❛♣♣❧✐❝❛t✐♦♥s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✶✶ ♣r❡s❡♥t✱ ❢♦r ✐♥st❛♥❝❡✱ t✐♠❡ ❛♥❞ s♣❛❝❡
❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts✳



❙❡❝t✳ ✹✳✷ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✽✸

SJ ❛s UJ ✱ ❜✉t ♦♥ Λε✱ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t Λε ✐s t❤❡ s♠❛❧❧❡st ❣r❛❞❡❞ tr❡❡ ❝♦♥t❛✐♥✐♥❣ t❤❡
t❤r❡s❤♦❧❞❡❞ tr❡❡ Λ✱ ❞❡✜♥❡❞ ✐♥ ✭✸✳✽✼✮ ❛♥❞ ❝♦♥str✉❝t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞❡t❛✐❧s✳ ■♥
t❤✐s ✇❛②✱ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ Un ❛t t✐♠❡ n∆t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❛♥ ❛❞❛♣t❡❞ ❣r✐❞ ❜② t❤❡
s❡t (unλ)λ∈L(Λn

ε )
✱ ✐✳❡✳✱ ♦♥ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ ❛❞❛♣t❡❞ tr❡❡✱ ♦♥ ✇❤✐❝❤ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ str❛t❡❣② ✐s

♣❡r❢♦r♠❡❞✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ ❛ ✜①❡❞ ❛❞❛♣t❡❞ ❣r✐❞ ❞✉r✐♥❣ ❡❛❝❤
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ ❛ ❝r✉❝✐❛❧ ❛s♣❡❝t ✐s t♦ ❞❡✜♥❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡✜♥❡♠❡♥t ♦♣❡r❛t♦r R✳ ❚❤✐s
♦♥❡ ♠✉st ❣❡♥❡r❛t❡ ❛ s❡t Λ̃n+1

ε ❝♦♥t❛✐♥✐♥❣ Λnε ✱ ♦♥ ✇❤✐❝❤ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞✱ s✉❝❤
t❤❛t Λ̃n+1

ε ✐s ❛❞❛♣t❡❞ ❢♦r ❞❡s❝r✐❜✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛t ❜♦t❤ n∆t ❛♥❞ (n+1)∆t✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s
❛r❡ ❦♥♦✇♥ ❛s t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮✳ ■♥ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡
♦♣❡r❛t♦r R r❡✜♥❡s t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❜❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞❡t❛✐❧s ❛s ❢♦❧❧♦✇s✿

• ❇② ❡♥❧❛r❣✐♥❣ ✉♥✐❢♦r♠❧② ✇✐t❤ k̄ ❝❡❧❧s ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ t❤❡ r❡✜♥❡❞ r❡❣✐♦♥s ♦❢ Λnε ✐♥ ♦r❞❡r
t♦ ♣r❡❞✐❝t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✜rst ❍❛rt❡♥✬s r❡✜♥❡♠❡♥t
❝r✐t❡r✐♦♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪❀ ❛♥❞

• ❇② r❡✜♥✐♥❣ ❛❧❧ ❧❡❛✈❡s ♦❢ Λnε s✉❝❤ t❤❛t |dλ| ≥ ε|λ| ✇✐t❤ λ ∈ L(Λnε )✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❛❞❞s
2d ❝❡❧❧s ❡✈❡r②✇❤❡r❡ ❛♥❞ ✐t ✐s ❤❡♥❝❡ ❡q✉✐✈❛❧❡♥t t♦ ❛❞❞✐♥❣ ♦♥❡ ♠♦r❡ ❧❡✈❡❧ ❛❧❧ ♦✈❡r Λnε ✳

❚❤❡ ❧❛tt❡r ❡♥❧❛r❣❡❞ r❡❣✐♦♥ ✐s ❛❧s♦ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s t❤❡ s❡❝✉r✐t② ♦r s❛❢❡t② ③♦♥❡✱ ❛♥❞
✐t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ♠❛♥② ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❘❙❚❇✵✸✱ ❇❘❇❙✶✵❪✮✳
❚❤❡ ❛❞❞❡❞ unλ ✇✐t❤ λ ∈ Λ̃n+1

ε \Λnε ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✳ ❈♦♠♣❛r✐♥❣
✇✐t❤ t❤❡ st❛♥❞❛r❞ ❍❛rt❡♥✬s r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❢♦r t❤❡ ✉♥✐✈❛r✐❛t❡ ❞②❛❞✐❝ ❝❛s❡ ✭✸✳✻✻✮✱ t❤❡ ✜rst
❝r✐t❡r✐♦♥ ✭✸✳✶✵✸✮ ✐s ❦❡♣t✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡ ❣✐✈❡♥ ❜② ✭✸✳✶✵✹✮ ✐s ✇r✐tt❡♥ ♥♦✇ ❛s

|dnj,k|L(Λn
ε )
≥ εj ⇒ (j + 1, 2k + l) ∈ R(Λ̃n+1

ε ), l = 0, 1. ✭✹✳✶✸✮

❍❛rt❡♥ r❡❧❛t❡❞ t❤❡ k̄ ❝❡❧❧s ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ t♦ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❡✈❛❧✉❛t✐♦♥✱
❛♥❞ k̄ = 1 ✇❛s ❛❞♦♣t❡❞ ✐♥ ♣r❛❝t✐❝❡ s✐♥❝❡ t❤❡ t✐♠❡ st❡♣ ✐s ❧✐♠✐t❡❞ ❜② ❛ st❛♥❞❛r❞ ❈❋▲ ❝♦♥❞✐t✐♦♥
❬❍❛r✾✺❪✳ ■♥ ♦✉r ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ t❤❡r❡ ✐s ♥♦t s✉❝❤ ❛ st❛❜✐❧✐t② r❡str✐❝t✐♦♥ ♦♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣ ∆t✱ ❛♥❞ t❤❡ k̄ ❝❡❧❧s ❛r❡ r❛t❤❡r ✉s❡❞ t♦ ❛❧❧♦✇ ✉s ❧❛r❣❡r t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣s ✇❤✐❧❡ ❡♥s✉r✲
✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡s❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❛r❡ r❛t❤❡r ❝♦♥s❡r✈❛t✐✈❡✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡② ❛r❡ s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❧❡t❡❧② ❛✈♦✐❞ ✉♥r❡✜♥❡❞ r❡s♦❧✉t✐♦♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ♥❛t✉r❡ ♦❢
r❡❛❝t✐♦♥ ✇❛✈❡s ❛t ✜♥✐t❡ s♣❡❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧❛tt❡r ❢❡❛t✉r❡ ❣✉❛r❛♥t❡❡s t❤❛t ❛ ❣✐✈❡♥ ❛❞❛♣t❡❞
❣r✐❞ ♣r♦♣❛❣❛t❡s ❛❧♦♥❣ ✇✐t❤ t❤❡ ✇❛✈❡s ❛♥❞ ♥♦ ♠♦r❡ t❤❛t ♦♥❡ ❣r✐❞ ❧❡✈❡❧ ♥❡❡❞s t♦ ❜❡ ❛❞❞❡❞ ❛t
❡❛❝❤ t✐♠❡ ✐t❡r❛t✐♦♥✳
❆♥ ✐♠♣♦rt❛♥t t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ❛♥❞ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤
❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ✐s t❤❛t ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Vn

J := (vnλ)λ∈SJ
t❤❡ s♦❧✉t✐♦♥ ❢✉❧❧② ❝♦♠♣✉t❡❞

♦♥ t❤❡ ✜♥❡st ❣r✐❞✱ ❛♥❞ ❜② Un
J ✱ t❤❡ s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞ t❤❛t ✉s❡❞ ❛❞❛♣t✐✈❡

♠✉❧t✐r❡s♦❧✉t✐♦♥ ✭❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✇❛s r❡❛❧❧② ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❧❡❛✈❡s
L(Λ̃nε ) ♦❢ ❛ ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Un✮❀ t❤❡♥✱ ❢♦r ❛ ✜①❡❞ t✐♠❡ T = n∆t✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥
t❤❛t t❤❡ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦r ♣❡rt✉r❜❛t✐♦♥ ❡rr♦r ✐s
❣✐✈❡♥ ❜②

‖Un
J −Vn

J‖ ∝ nε. ✭✹✳✶✹✮

❚❤✐s r❡s✉❧t ✇❛s ✜rst st❛t❡❞ ❜② ❍❛rt❡♥ ✐♥ ❬❍❛r✾✺❪ ❢♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s ✐♥ ❛♥ L1✲♥♦r♠✱
✇❤❡r❡ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s ❢♦r ❛ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ✜♥❡st ✉♥✐❢♦r♠ ❣r✐❞✳ ▲❛t❡r ♦♥✱ ✭✹✳✶✹✮ ✇❛s ♠❛t❤❡♠❛t✐❝❛❧❧② ♣r♦✈❡❞ ✐♥
❬❈❑▼P✵✸❪ ✉♥❞❡r ♠♦r❡ r✐❣♦r♦✉s ❝♦♥str❛✐♥ts ❢♦r t❤❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❛♥❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ✢✉①❡s ❛❧s♦ ❢♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s ✐♥ ❛♥ L1✲♥♦r♠✱ t❤✐s t✐♠❡ ❢♦r ❛ ❢✉❧❧② ♠✉❧t✐r❡s♦❧✉t✐♦♥



❙❡❝t✳ ✹✳✸ ✲ ❙✉♠♠❛r② ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✽✹

s❝❤❡♠❡ ✇❤❡r❡ ❛❧❧ ♦♣❡r❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✸✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ t❤❡s❡ ✇♦r❦s ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢
✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ✭✹✳✶✹✮ ❜✉t ✇✐t❤ ❛♥ L2✲♥♦r♠✱ ♠♦r❡ s✉✐t❡❞ ❢♦r ♣❛r❛❜♦❧✐❝
♣r♦❜❧❡♠s✱ ❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❘❙✵✷✱ ❘❙❚❇✵✸✱ ❇❘❇❙❙✵✽✱ ❇❇❘❇❙✵✾❪✳ ❊✈❡♥
t❤♦✉❣❤ ❛ ❢✉❧❧② ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ✐s st✐❧❧ r❡q✉✐r❡❞ ❢♦r t❤✐s ❝❛s❡✱ ♥✉♠❡r✐❝❛❧ ✈❛❧✐❞❛t✐♦♥s ✇❡r❡
❛❧r❡❛❞② ♣r♦✈✐❞❡❞✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❧❡✈❡❧✲❞❡♣❡♥❞❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ✭✸✳✾✻✮ ♣r♦♣♦s❡❞ ❜②
❍❛rt❡♥ ✐♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✱ s❤♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s

εj = 2
d
2
(j−J)ε, j ∈ [0, J ], ✭✹✳✶✺✮

✇❤❡r❡ ε ✐s t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❢♦r t❤❡ ✜♥❡st ❧❡✈❡❧ J ✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ st❛♥❞❛r❞
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ L2✲♥♦r♠✳
❈♦♥❝❡r♥✐♥❣ t❤❡ ✢✉① ❝♦♠♣✉t❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♣❛t✐❛❧ ♦♣❡r❛t♦rs✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧♦✲
❝❛❧❧② str✉❝t✉r❡❞ ✢✉① ❡✈❛❧✉❛t✐♦♥ ❞❡t❛✐❧❡❞ ✐♥ ❬▼ü❧✵✸❪ ❛♥❞ ❬❘❙❚❇✵✸❪✱ ❛♥❞ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞
✐♥ ❈❤❛♣t❡r ✸✳ ❚❤❡ ❧❛tt❡r t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❣❤♦st ❝❡❧❧s ❝❛❧❧❡❞ ♣❤❛♥t♦♠s t❤❛t ❛r❡ ❧♦❝❛❧❧② ❛♥❞
t❡♠♣♦r❛r✐❧② ❛❞❞❡❞ t♦ t❤❡ tr❡❡ ✐♥ ♦r❞❡r t♦ ❛❧✇❛②s ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ♦❢ ❞✐✛✉s✐♦♥
❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♦♣❡r❛t♦rs ❛t t❤❡ ❤✐❣❤❡st ❣r✐❞ ❧❡✈❡❧ ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❝❡❧❧s✱ ❢♦❧❧♦✇✐♥❣
t❤❡ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❘❙❚❇✵✸❪ ❢♦r ✜♥✐t❡ ✈♦❧✉♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦
r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ t❤✐s ♣r♦❝❡❞✉r❡ ❝♦♥st✐t✉t❡s ❛ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡
t♦ t❤❡ ❡①❛❝t ✢✉① ❡✈❛❧✉❛t✐♦♥s ❛s s❤♦✇♥ ✐♥ ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪ ✇✐t❤ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛❝❝✉✲
r❛❝② ❢♦r ❤✐❣❤ ♦r❞❡r r❡❝♦♥str✉❝t✐♦♥ s❝❤❡♠❡s✳ ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s ✐♥ st❛♥❞❛r❞ str✉❝t✉r❡❞
♠❡s❤❡s✱ ✇❡ ❝♦♥s✐❞❡r ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦rs ❜✉✐❧t ✉♣♦♥ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ❛t ❧❡❛st ♦r❞❡r
N = 3✱ ❛s ❢♦r t❤❡ ✶❉ ❝❛s❡ ✭✸✳✽✹✮✳ ❚❤❡ ❝❛s❡ ♦❢ ❧♦❝❛❧❧② ✉♥str✉❝t✉r❡❞ ✢✉① ❡✈❛❧✉❛t✐♦♥s s❤♦✉❧❞ ❜❡
❡✈❡♥ ♠♦r❡ ❡✣❝✐❡♥t ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s✱ ❜✉t ✐t ✇❛s ♥♦t ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❛t ❧❡❛st ❧♦❝❛❧❧②✱ t❤❡
❛❝❝✉r❛❝② ♦r❞❡r ♦❢ t❤❡ ✢✉① s❝❤❡♠❡s ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s ❛t t❤❡ s❛♠❡ ❧❡✈❡❧✳

✹✳✸ ❙✉♠♠❛r② ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣②

❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ s❝❤❡♠❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
t❡r♠✐♥♦❧♦❣② ❛❞♦♣t❡❞ ✐♥ ❈❤❛♣t❡r ✸✿

(unλ)λ∈L(Λ̃n
ε )

M−→ (unλ0 , d
n
λ)λ∈Λ̃n

ε
✭✹✳✶✻✮

(unλ0 , d
n
λ)λ∈Λ̃n

ε

TΛn
ε−→ (unλ0 , d

n
λ)λ∈Λn

ε
✭✹✳✶✼✮

(unλ0 , d
n
λ)λ∈Λn

ε

R−→ (unλ0 , d
n
λ)λ∈Λ̃n+1

ε
✭✹✳✶✽✮

(unλ0 , d
n
λ)λ∈Λ̃n+1

ε

M−1

−→ (unλ)λ∈L(Λ̃n+1
ε ) ✭✹✳✶✾✮

(unλ)λ∈L(Λ̃n+1
ε )

S∆t

−→ (un+1
λ )λ∈L(Λ̃n+1

ε ) ✭✹✳✷✵✮

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ s❡t (unλ0)λ∈Λ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ r♦♦ts ♦❢ s♦♠❡ Λ✱ ✐✳❡✳✱ ❛❧❧ λ ∈ Λ s✉❝❤

t❤❛t |λ| = 0 ♦r λ ∈ S0✳ ❈♦♥s✐❞❡r✐♥❣ Un r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ L(Λ̃nε )✱ t❤❡ ✜rst st❡♣
✭✹✳✶✻✮ ♣❡r❢♦r♠s ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠ ❢r♦♠ t❤❡ ♣❤②s✐❝❛❧ t♦ t❤❡ ✇❛✈❡❧❡t ❜❛s✐s s♣❛❝❡✳ ❆
❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ t❤r❡s❤♦❧❞ ♦♣❡r❛t♦r TΛn

ε
❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✽✼✮ ❛♥❞

r❡s♣❡❝t✐♥❣ ❛ ❣r❛❞❡❞ str✉❝t✉r❡✳ ❚❤✐s ❛♠♦✉♥ts t♦ ❜✉✐❧❞ t❤❡ s♠❛❧❧❡st ❣r❛❞❡❞ tr❡❡ Λnε ❝♦♥t❛✐♥✐♥❣
t❤❡ t❤r❡s❤♦❧❞❡❞ tr❡❡ Λ ❞❡✜♥❡❞ ✐♥t♦ ✭✸✳✽✼✮✳ ❚❤❡ ❧❛tt❡r tr❡❡ ✐s ❡♥❧❛r❣❡❞ t♦ ❝r❡❛t❡ Λ̃n+1

ε ✐♥



❙❡❝t✳ ✹✳✹ ✲ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣ ✽✺

✭✹✳✶✽✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ✐♥✈❡rs❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
tr❛♥s❢♦r♠ ✐s ✜♥❛❧❧② ❛♣♣❧✐❡❞ ✐♥ ✭✹✳✶✾✮ ✐♥ ♦r❞❡r t♦ r❡tr✐❡✈❡ t❤❡ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s ♦♥ t❤❡ ❛❞❛♣t❡❞
❣r✐❞ L(Λ̃n+1

ε )✱ ♦♥ ✇❤✐❝❤ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ✭✹✳✷✵✮✳
❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s❝❤❡♠❛t✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ❛s

Un+1 = S∆tM−1RTΛn
ε
MUn, ✭✹✳✷✶✮

✇✐t❤ t❤❡ ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢Un+1 ❛♥❞Un ❣✐✈❡♥ ❜② (un+1
λ )λ∈L(Λ̃n+1

ε ) ❛♥❞ (unλ)λ∈L(Λ̃n
ε )
✱

r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❙tr❛♥❣ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ S∆t ❣✐✈❡♥ ❜② ♦♥❡ ♦❢ t❤❡ ❢♦r♠✉❧❛❡ ✭✹✳✺✮ ❛s t✐♠❡
❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✭✹✳✶✻✮✕✭✹✳✷✵✮ ❢♦❧❧♦✇s t❤❡ st❛♥❞❛r❞ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s✲
♦❧✉t✐♦♥ s❝❤❡♠❡ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❬▼ü❧✵✸❪ ✇✐t❤ ❛ ❣❡♥❡r❛❧ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ✐♥ ✭✹✳✷✵✮✳ ❖♥❡
♠✐❣❤t ❛❞❞ ❛ ❧❛st t❤r❡s❤♦❧❞✐♥❣ st❡♣ ❛s ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬❈❑▼P✵✸❪ t♦ ♣❡r❢♦r♠ t❤❡ ♥✉♠❡r✲
✐❝❛❧ ❛♥❛❧②s✐s ✭s❡❡ ❈❤❛♣t❡r ✸✮✱ t♦ r❡♣r❡s❡♥t t❤❡ s♦❧✉t✐♦♥ ♦♥ L(Λn+1

ε )✱ ✐♥st❡❛❞ ♦❢ L(Λ̃n+1
ε )✱ ❜②

❛♣♣❧②✐♥❣

(un+1
λ )λ∈L(Λ̃n+1

ε )

A
Λn+1
ε−→ (un+1

λ )λ∈L(Λn+1
ε ) ✭✹✳✷✷✮

✇❤❡r❡ AΛn+1
ε

= M−1TΛn+1
ε
M✳ ❚❤✐s ❧❛st t❤r❡s❤♦❧❞✐♥❣ st❡♣ ✐♠♣❧✐❡s s❧✐❣❤t❧② ❤✐❣❤❡r ❞❛t❛ ❝♦♠✲

♣r❡ss✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦✉t♣✉ts✱ ❛♥❞ ✐t ✐s ✐♠♣❧✐❝✐t❧② ♣❡r❢♦r♠❡❞ ❛♥②✇❛② ✐♥t♦ t❤❡ r❡❝✉rs✐✈❡
♣r♦❝❡❞✉r❡ ✭✹✳✶✻✮✕✭✹✳✷✵✮✳
❋♦r n = 0✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s❤♦✉❧❞ ❜❡ r❡♣r❡s❡♥t❡❞ ♦♥ L(Λ̃0

ε) ✐♥ st❡♣ ✭✹✳✶✻✮✱ ✇❤✐❝❤ ❝❛♥ ✉s✉❛❧❧②
❜❡ t❤❡ ✜♥❡st ❣r✐❞✱ ✐✳❡✳✱ ❢♦r ❛❧❧ λ ∈ L(Λ̃0

ε)✱ |λ| = J ♦r ❡q✉✐✈❛❧❡♥t❧② λ ∈ SJ ✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐s
♥♦t ♣♦ss✐❜❧❡ ❢♦r ❧❛r❣❡ ❞♦♠❛✐♥s s✐♠✉❧❛t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ♦♥
❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❣r✐❞ ❧❡✈❡❧ j0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ λ ∈ L(Λ̃0

ε)✱ |λ| = j0 ♦r λ ∈ Sj0 ✳ ❚❤❡ s♦❧✉t✐♦♥
✐s t❤❡♥ r❡✜♥❡❞ ❛♥❞ r❡❝♦♠♣✉t❡❞ ♦✈❡r t❤❡ ♥❡①t ✜♥❡r ❧❡✈❡❧ ❛❢t❡r ❛ t❤r❡s❤♦❧❞✐♥❣ ♣r♦❝❡ss✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ✐s r❡❝✉rs✐✈❡❧② ❛♣♣❧✐❡❞ ✉♥t✐❧ t❤❡ ♣r❡✲❡st❛❜❧✐s❤❡❞ ✜♥❡st ❧❡✈❡❧ J ✐s r❡❛❝❤❡❞✱ ♦r ✉♥t✐❧ ♥♦
❝❡❧❧ ♥❡❡❞s t♦ ❜❡ r❡✜♥❡❞ ❢♦r ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ✐s ❡①♣❧❛✐♥❡❞ ✐♥
❞❡t❛✐❧s ✐♥ ❬▼ü❧✵✸❪✱ ❛♥❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✼ ❢♦r t❤❡ ❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✹✳✹ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣

❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r❡✈✐♦✉s t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣② ❜♦t❤ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ r❡❧✐❡s ♠❛✐♥❧② ♦♥ t❤❡ s❡❧❡❝t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ■♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❝♦✉♣❧❡
t❤❡ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✱ s♦♠❡ ❝r✐t❡r✐❛ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♣❛❣❛t✐♥❣ ♠✉❧t✐✲s❝❛❧❡ ✇❛✈❡s✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♥♦✈❡❧t✐❡s
✐s t❤❛t t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s s❡t ❜② t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
✇❛✈❡ s♣❡❡❞✱ t❤❡ ✇❛✈❡ ♣r♦✜❧❡✱ ❜♦t❤✱ ♦r ❛♥② ♦t❤❡r ♣❛r❛♠❡t❡r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠ ❛♥❞
❝♦♥s✐❞❡r✐♥❣ t❤❛t ❡❛❝❤ s♣❧✐t s✉❜s②st❡♠ ✐s s♦❧✈❡❞ ❡①❛❝t❧② ♦r s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡❧②✳ ■t ✐s t❤✉s ♦♥❧②
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ♦♥ t❤❡
❞❡❣r❡❡ ♦❢ ❞❡❝♦✉♣❧✐♥❣ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s s✉❜s②st❡♠s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❡rr♦r
t♦❧❡r❛♥❝❡✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✹✳✶✮ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✐❢
❛♥ ❛❝❝✉r❛t❡ r❡❢❡r❡♥❝❡ ✇❛✈❡ s♦❧✉t✐♦♥ U✱ ♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛✈❡❢r♦♥t s♣❡❡❞ v✱ ❝❛♥ ❜❡ ❝♦♠✲
♣✉t❡❞ ❡✐t❤❡r ♥✉♠❡r✐❝❛❧❧② ♦r ❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧✴❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡s✱ t❤❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞
s♦❧✉t✐♦♥ Usplit ♦❢ s♣❡❡❞ vsplit✱ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❛♥❞ ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡ ✇✐t❤ ❡①❛❝t ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s✉❜s②st❡♠s✱ ♠✉st ✈❡r✐❢②✿

Ep =
∥∥U−Usplit

∥∥
L2 ≤ ηp, Ev = |v − vsplit|/v ≤ ηv, ✭✹✳✷✸✮

✇❤❡r❡ ηp ❛♥❞ ηv ❛r❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r t❤❡ ♣r♦✜❧❡ ❛♥❞ ✈❡❧♦❝✐t② ❡rr♦rs✿ Ep ❛♥❞ Ev✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ ♣r♦✜❧❡ ❡rr♦r Ep s❤♦✉❧❞ ❜❡ ❡✈❛❧✉❛t❡❞ s✉♣❡r♣♦s✐♥❣ ❜♦t❤ U ❛♥❞ Usplit✳ ❍♦✇❡✈❡r✱ ❛



❙❡❝t✳ ✹✳✹ ✲ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣ ✽✻

s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ♣r❛❝t✐❝❛❧ str❛t❡❣② ✇♦✉❧❞ ❥✉st ❡✈❛❧✉❛t❡ t❤❡ L2✲❡rr♦r ❛t s♦♠❡ ✜①❡❞ t✐♠❡ t∗✿

E =
∥∥U(t∗)−Usplit(t

∗)
∥∥
L2 ≤ η, ✭✹✳✷✹✮

✐♥ ✇❤✐❝❤ ❝❛s❡✱ ❜♦t❤ ♣r♦✜❧❡ ❛♥❞ ✈❡❧♦❝✐t② ❡rr♦rs ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♥s✐❞❡r❡❞✳ ❋♦r ♣r♦❜❧❡♠s ✇✐t❤
✈❛r✐❛❜❧❡s ♦❢ ❞✐✛❡r❡♥t ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✱ ❛❧❧ t❤❡s❡ L2✲♥♦r♠s ✭Ep ❛♥❞ E✮ t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧②
❡✈❛❧✉❛t❡❞ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✱ s❤♦✉❧❞ ❜❡ ♥♦r♠❛❧✐③❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ s❝❛❧✐♥❣ ❢❛❝t♦r ❢♦r t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡✈❛❧✉❛t❡❞ ✈❛r✐❛❜❧❡✳ ■♥ t❤❡ ❡rr♦r ❡✈❛❧✉❛t✐♦♥s ❝♦♥❞✉❝t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡
❝♦♥s✐❞❡r❡❞ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ❣✐✈❡♥ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡
✈❛r✐❛❜❧❡✳ ❙♦♠❡t✐♠❡s✱ ✐t ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ s❝❛❧❡ t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❛♥♦t❤❡r s❝❛❧✐♥❣
❢❛❝t♦r✱ ❣✐✈❡♥ t❤✐s t✐♠❡ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
◆♦t✐❝❡ t❤❛t ✐♥ ♦r❞❡r t♦ r❡♠❛✐♥ ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❝♦♥str❛✐♥ts ❛♥❞ ❛❧s♦ t♦ ❣✉❛r❛♥t❡❡
❛♥ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❝❝✉r❛❝②
t♦❧❡r❛♥❝❡s ηRadau5 ❛♥❞ ηROCK4 ♦❢ t❤❡s❡ s♦❧✈❡rs ♠✉st ✈❡r✐❢②✿

ηRadau5, ηROCK4 < min{ηp, ηv, η}. ✭✹✳✷✺✮

■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥ ✐s♦❧❛t❡ t❤❡ ✈❛r✐♦✉s ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❛♥❞ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♦✈❡r❛❧❧ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ❡rr♦r ✐s ♣r❛❝t✐❝❛❧❧② ❣✐✈❡♥ ❜② t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ s♦❧❡ s♣❧✐tt✐♥❣ ❡rr♦r ❛❧❧♦✇s ✉s t♦ ❞❡❝♦✉♣❧❡ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡
♣r♦❜❧❡♠ ✇❤❡♥❡✈❡r t❤✐s ✐s ♣♦ss✐❜❧❡✱ ❝♦♥tr❛r② t♦ ❝❧❛ss✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
♠❡t❤♦❞s ❢♦r ✇❤✐❝❤ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❞✐r❡❝t❧② s❡tt❧❡❞ ❜② t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡ ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥✳ ❲❡ t❤❡r❡❢♦r❡ ❡①t❡♥❞ t❤❡ ✉s❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s t♦ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❞❡✜♥❡❞ ❜②
t❤❡ ❣❧♦❜❛❧ ❝♦✉♣❧✐♥❣ s❝❛❧❡s✱ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡r t❤❛♥ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ s❝❛❧❡s✳ ❚❤✐s
✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣r❡✈✐♦✉s ♠❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s t❤❛t ❞❡♠♦♥str❛t❡❞ t❤❛t ❡✈❡♥ t❤♦✉❣❤
t❤❡r❡ ✇✐❧❧ ♣♦ss✐❜❧② ❜❡ ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ❢♦r t✐♠❡ ♦r s♣❛❝❡ st✐✛ ♣r♦❜❧❡♠s ❛♥❞ ❧❛r❣❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s✱ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇✐❧❧ st✐❧❧ ❝♦♥s✐st❡♥t❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ✇✐t❤
❛♥ ❡rr♦r ♣✐❧♦t❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❬❉▼✵✹✱ ❉❉▲▼✵✼❪✳
❲❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ s♦ ❢❛r t❤❡ ❝r✐t❡r✐❛ t♦ ❤❛♥❞❧❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❣✐✈❡♥ ❜② t❤❡ s♣❧✐tt✐♥❣
♣r♦❝❡❞✉r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❝♦♠❜✐♥❡s t❤✐s s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ s♣❛❝❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ s♦ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❧❛tt❡r
♠✉st ❜❡ ❛❧s♦ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✹✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❜♦✉♥❞
❢♦r ❛ ✜①❡❞ t✐♠❡ T = n∆t✿ ∥∥UMR

split −UJ
split

∥∥
L2 ≤ Cnε, ✭✹✳✷✻✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ C✱ ✇❤❡r❡ UMR
split ✐s t❤❡ ▼❘✴s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ❛t n∆t r❡❝♦♥str✉❝t❡❞ ♦♥ t❤❡

✜♥❡st ❣r✐❞ J ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠
✭✹✳✶✮✳ ❆ ❜❛s✐❝ ❝♦♥str❛✐♥t t♦ ❛ss✉♠❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ✭✹✳✷✻✮✱ ❛s ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ ❝❛s❡✱ ✐s t❤❛t
t❤❡ ♣r♦♣❛❣❛t✐♥❣ ❧♦❝❛❧❧② r❡✜♥❡❞ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts r❡♠❛✐♥ ✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥❡ r❡❣✐♦♥s
❞✉r✐♥❣ ❡❛❝❤ t✐♠❡ st❡♣ ❡✈♦❧✉t✐♦♥ ∆t✱ ✐✳❡✳✱ t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ❛r❡ s❛t✐s✜❡❞✳ ❋♦r ❛
❣✐✈❡♥ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ (∆x,∆y,∆z) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠ J ❧❡✈❡❧✱ t❤❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ♠✉st ❜❡ ❜♦✉♥❞❡❞ ❜② ❛ ♠❛①✐♠✉♠ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆tmax ❝♦♠♣✉t❡❞ ❜②✿

∆t ≤ ∆tmax = min

{
k̂∆x

vx
,
k̂∆y

vy
,
k̂∆z

vz

}
, ✭✹✳✷✼✮

❢♦r t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❝♦♠♣♦♥❡♥ts (vx, vy, vz) ♦❢ t❤❡ ✇❛✈❡❢r♦♥t s♣❡❡❞ ❛♥❞ ✇❤❡r❡ k̂ = 2 + k̄ st❛♥❞s
❢♦r t❤❡ r❡✜♥❡❞ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❣r❛❞✐❡♥ts ♠✐❣❤t ♣r♦♣❛❣❛t❡ ✇✐t❤♦✉t ❧♦s✐♥❣ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳
❚❤❡ r❡✜♥❡❞ r❡❣✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞ ❢♦r ✇❤✐❝❤ ♦♥❡
✜♥❡r ❧❡✈❡❧ ✐s ❛❞❞❡❞ ❡✈❡r②✇❤❡r❡ ✭✷ ❝❡❧❧s ❛t J ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ s✐♥❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ 2d ❝❤✐❧❞r❡♥
❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ♣r❡s❡♥t ✐♥ t❤❡ s❛❢❡t② ❧❛②❡r✮ ❛♥❞ k̄ ❝❡❧❧s ♦♥ t❤❡ s❛♠❡ ❧❡✈❡❧✳ ❲❡ r❡♠❛r❦ t❤❛t



❙❡❝t✳ ✹✳✺ ✲ ❇❛s✐❝ ❋❡❛t✉r❡s ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✽✼

t❤❡ r❡✜♥❡❞ r❡❣✐♦♥ k̂ ♠✐❣❤t ❜❡ ❡✈❡♥ ❧❛r❣❡r ✐♥ ♣r❛❝t✐❝❡ ❜❡❝❛✉s❡ ✐❢ ♦♥❡ ❝❡❧❧ ✐s ❛ ❧❡❛❢✱ t❤❡ r❡♠❛✐♥✐♥❣
2d − 1 ✏❜r♦t❤❡r✲❝❡❧❧s✑ ✐ss✉❡❞ ❢r♦♠ t❤❡ s❛♠❡ ♣❛r❡♥t✲❝❡❧❧ ❛r❡ ❛❧s♦ ❧❡❛✈❡s✱ ❡✈❡♥ ✐❢ s♦♠❡ ♦❢ t❤❡♠
♠✐❣❤t ♥♦t ❜❡ ♥❡❝❡ss❛r② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❤r❡s❤♦❧❞ ❝r✐t❡r✐♦♥ ✭✹✳✶✺✮✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡r❡ ❛r❡ ♥♦ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ♦♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ ∆t s✐♥❝❡ t❤❡ ✐♥t❡r♥❛❧
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ❞❡❛❧ ✐♥❞❡♣❡♥❞❡♥t❧② ✇✐t❤ t❤❡s❡ ✐ss✉❡s✱ ❛♥❞ t❤✉s t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣
✐s ✉♥✐q✉❡❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡
❜♦✉♥❞ ∆tmax ✐s ♥❡❝❡ss❛r② ♦♥❧② ❢♦r ❛❞❛♣t❡❞ ❣r✐❞s✱ ❛♥❞ ❛❧❧♦✇s ✉s s✐♠♣❧② t♦ ❡♥s✉r❡ ❛♥ ❛♣♣r♦♣r✐❛t❡
s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ st❡❡♣❡st ❣r❛❞✐❡♥ts ❛♥❞ t♦ ❞❡❝♦✉♣❧❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥
❡rr♦rs✳ ❚❤❛t ✐s✱ ✇✐t❤♦✉t t❤✐s ❜♦✉♥❞ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥t ♠✐❣❤t ❝♦♥s✐❞❡r❛❜❧② ❧❡❛✈❡ t❤❡ r❡✜♥❡❞
r❡❣✐♦♥s ❛♥❞ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ r❡s✉❧t✐♥❣ ❝♦❛rs❡r ❝❡❧❧s ♠✐❣❤t t❤✉s ✐♥tr♦❞✉❝❡
❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐♥t♦ t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ❧❛tt❡r ❝♦✉✲
♣❧✐♥❣ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡ ❢❡❛t✉r❡s ✉s✉❛❧❧② r❡s✉❧ts ✐♥t♦ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦rs✱
❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ✈❡❧♦❝✐t② ♦❢ ♣r♦♣❛❣❛t✐♦♥✱ ✇❤✐❝❤ ✐♥ ♣r❛❝t✐❝❡ ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② ❛♥ ✐♥❛♣✲
♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❢♦r ❛ ❣✐✈❡♥ ❛❞❛♣t❡❞ ❣r✐❞✳ ❋✐♥❛❧❧②✱ ✐♥❝r❡❛s✐♥❣ t❤❡
♣❛r❛♠❡t❡r k̄ ✐♥ t❤❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❛❧❧♦✇s ✉s t♦ ❢✉rt❤❡r ❡♥❧❛r❣❡ t❤❡ r❡✜♥❡❞ r❡❣✐♦♥s ✐❢ ❧❛r❣❡r
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❞❡s✐r❡❞✳
■♥ t❤❡ ❝❛s❡ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡❢r♦♥ts✱ ❛ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❜❛s❡❞ ♦♥ ❛ ♣r❡s❝r✐❜❡❞
❛❝❝✉r❛❝② ✐s ♠♦r❡ t❤❛♥ r❡❛s♦♥❛❜❧❡✱ ✇❤❡r❡❛s t❤❡ ❜♦✉♥❞ ✭✹✳✷✼✮ ❣✉❛r❛♥t❡❡s ❛ ♣r♦♣❡r ❝♦✉♣❧✐♥❣ ❜❡✲
t✇❡❡♥ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ■❢ ♥♦ t❤❡♦r❡t✐❝❛❧ ❤✐♥ts ♦❢ t❤❡ ✇❛✈❡ ♣r♦✜❧❡ ♦r
✈❡❧♦❝✐t② ❡①✐st✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐s ✉s✉❛❧❧② ✈❡r② ❡①♣❡♥s✐✈❡ ❜✉t st✐❧❧ ❢❡❛✲
s✐❜❧❡ ❢♦r ✶❉ ♦r r❡❧❛t✐✈❡❧② s♠❛❧❧❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳ ❚❤❡s❡ s✐♠✉❧❛t✐♦♥s ♠✐❣❤t ❣✐✈❡ s♦♠❡
✐♥s✐❣❤ts ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ♦r❞❡r t♦ ❡①tr❛♣♦❧❛t❡ t❤❡ ❝♦♥❝❧✉s✐♦♥s t♦
❧❛r❣❡r ♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ❛❝❝♦r❞✐♥❣ t♦ ❛ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✐♥ s❝✐❡♥t✐✜❝
❝♦♠♣✉t✐♥❣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t ♥❡❡❞❡❞ t♦ ❡st❛❜❧✐s❤ ✭✹✳✷✼✮ ❝❛♥ ❜❡
❛❧✇❛②s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❞✐r❡❝t✐♦♥❛❧ ✶❉ ♠❡❛s✉r❡♠❡♥ts t❛❦❡♥ ❡✐t❤❡r ❢r♦♠ ❢✉❧❧② ❝♦✉♣❧❡❞ ✶❉ ❝♦♥✲
✜❣✉r❛t✐♦♥s ♦r✱ ❢♦r ✐♥st❛♥❝❡✱ ❢r♦♠ ❢❡❛s✐❜❧❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ▼❘✴s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥s ❢♦r ✇❤✐❝❤
t❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❛r❡ t✐❣❤t❡♥❡❞✳
❍♦✇❡✈❡r✱ ✐❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❡rr♦r ❝♦♥tr♦❧ ✐s r❡q✉✐r❡❞✱ ♦r ✐❢ ✇❡ ❛r❡ ❢❛❝❡❞ ✇✐t❤ ❤✐❣❤❧② ✉♥st❡❛❞②
♣r♦❜❧❡♠s✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❞②♥❛♠✐❝❛❧❧② ✐♠♣❧❡♠❡♥t❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ❡st✐♠❛t✐♥❣
t❤❡ ❧♦❝❛❧ s♣❧✐tt✐♥❣ ❡rr♦r ❛s ❡①♣❧❛✐♥❡❞ ❢♦r st✐✛ s②st❡♠s ♦❢ ❖❉❊s ✐♥ ❈❤❛♣t❡r ✷✱ ✇✐t❤♦✉t ❛♥② ♥❡❡❞
t♦ ❝♦♠♣✉t❡ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ❡st✐♠❛t❡s✱ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❝❛♥ ❜❡
❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✇✐t❤✐♥ t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ✐♥t♦ ✭✹✳✷✹✮✳ ❆❧❧ t❤❡s❡ ✐ss✉❡s
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ♣r♦❝❡❞✉r❡s ✐♥tr♦❞✉❝❡ ♥❛t✉r❛❧❧②
❛♥ ♦✈❡r❤❡❛❞ ✇❤✐❝❤ ♠✐❣❤t ♥♦t ❜❡ ❥✉st✐✜❡❞ ✐♥ t❤❡ s✐♠♣❧✐✜❡❞ ❝❛s❡ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ❆ ❤②❜r✐❞
str❛t❡❣② t❤❛t ❝♦♥s✐❞❡rs ❛ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❝♦♠♣✉t❡❞ ♦✉t ♦❢ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱
♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ✢②✱ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t s♦❧✉t✐♦♥✳

✹✳✺ ❇❛s✐❝ ❋❡❛t✉r❡s ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ■♠♣❧❡♠❡♥t❛t✐♦♥

❆ ❞②♥❛♠✐❝ ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❞❛t❛ ✐♥ t❤❡ ❝♦♠♣✉t❡r ♠❡♠♦r②✳ ❚❤✐s
❦✐♥❞ ♦❢ ❞❛t❛ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ♠❛♥② ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬❘❙❚❇✵✸❪✮
❛♥❞ ♦t❤❡r ❞❡❞✐❝❛t❡❞ ❞❛t❛ str✉❝t✉r❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❬❇▼❱✵✾✱ ❇▼▼❙✵✾✱ ❇❇❇+✶✵❪✳
❚❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡t ♦❢ ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s ❣❡♥❡r❛t❡❞ ❜② r❡✜♥✐♥❣ r❡❝✉rs✐✈❡❧②
❛ ❣✐✈❡♥ ❝❡❧❧✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧♦❝❛❧ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❋✐❣✉r❡ ✹✳✶ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢
❛ ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡ ✐♥ ✶❉✳
❚❤✐s ❞❛t❛ str✉❝t✉r❡ ✐s s✉✐t❛❜❧❡ ❢♦r ✶❉✱ ✷❉ ❛♥❞ ✸❉ ❈❛rt❡s✐❛♥ ❣❡♦♠❡tr✐❡s✱ ✇❤❡r❡❛s t❤❡ ❜❛s✐❝
❡❧❡♠❡♥t ♦❢ t❤❡ str✉❝t✉r❡ ✐s t❤❡ ❝❡❧❧ ✐ts❡❧❢✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ ❣❡♦♠❡tr✐❝ ❛♥❞ ♣❤②s✐❝❛❧
✈❛❧✉❡s✱ ❛❧♦♥❣ ✇✐t❤ ♣♦✐♥t❡rs t♦ ✐ts ♣❛r❡♥t✱ t❤❡✐r ❝❤✐❧❞r❡♥✱ ❛♥❞ t❤❡ ❝♦♥t✐❣✉♦✉s ❝❡❧❧s ✐♥ ❡❛❝❤



❙❡❝t✳ ✹✳✺ ✲ ❇❛s✐❝ ❋❡❛t✉r❡s ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✽✽
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❋✐❣✳ ✹✳✶✿ ❊①❛♠♣❧❡ ♦❢ ✶❉ ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡✳ ❈❡❧❧s ❛♥❞ ❧✐♥❦s t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤✐❧❞r❡♥ ❛r❡
✐♥❞✐❝❛t❡❞ ✭s♦❧✐❞ ❧✐♥❡s✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ❧❡❛✈❡s ✭s♦❧✐❞ ❜♦❧❞ ❧✐♥❡s✮ ❛♥❞ t❤❡ ♣❤❛♥t♦♠s ✭❞❛s❤❡❞ ❧✐♥❡s✮✳

❞✐♠❡♥s✐♦♥✱ t❤❡ ♥❡✐❣❤❜♦rs✳ ❚❤❡ NR r♦♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜❛s✐s ♦❢ t❤❡ tr❡❡✱ Ωλ0 ✱ ✇❤❡r❡❛s t❤❡
❧❡❛✈❡s ❛r❡ t❤❡ ✉♣♣❡r ❡❧❡♠❡♥ts ✇✐t❤ ♥♦ ❝❤✐❧❞r❡♥ ✐♥ t❤❡ tr❡❡✳ ■♥ d ❞✐♠❡♥s✐♦♥s✱ ❛ ♣❛r❡♥t✲❝❡❧❧ ❛t ❛
❧❡✈❡❧ j ❤❛s ❛t ♠♦st 2d ❝❤✐❧❞r❡♥ ❝❡❧❧s ❛t ❧❡✈❡❧ j+1✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ✐♠♣♦s❡
t❤❛t ❛❧❧ 2d ❝❤✐❧❞r❡♥ ✐ss✉❡❞ ❢r♦♠ t❤❡ s❛♠❡ ♣❛r❡♥t✲❝❡❧❧ ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ♣r❡s❡♥t ✐❢ ❛t ❧❡❛st ♦♥❡
❝❤✐❧❞ ❛♠♦♥❣ t❤❡♠ ✐s ♥❡❡❞❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❧❡❛✈❡s NL ♦♥ ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ♠✐❣❤t
❜❡ r❡♣r❡s❡♥t❡❞ ✐s ❣✐✈❡♥ ❜② NL = NR2

dJ ✱ ✇❤✐❝❤ ♠✉st ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦♥ t❤❡
✜♥❡st ❣r✐❞ NJ ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝❡❧❧s NΛ ✐♥ t❤❡ tr❡❡ ✐s ❣✐✈❡♥ ❜②

NΛ = NR
2d(J+1) − 1

2d − 1
. ✭✹✳✷✽✮

❋✉rt❤❡r ❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✼✳

✹✳✺✳✶ ❆❧❣♦r✐t❤♠ ❙❝❤❡♠❡

❚❤❡ ❣❧♦❜❛❧ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s✿

✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥✳

• ■♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✿ ❡✳❣✳✱ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❣r✐❞ ❧❡✈❡❧s✱ ❞♦♠❛✐♥
s✐③❡✱ ♥✉♠❜❡r ♦❢ r♦♦ts✳

• ■♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ str✉❝t✉r❡✿

✕ ❝r❡❛t✐♦♥ ♦❢ ♥❡st❡❞ ❣r✐❞s❀

✕ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤ ❝❡❧❧ ❢r♦♠ t❤❡ r♦♦ts✱ ❡✳❣✳✱ ♣♦s✐t✐♦♥✱ ❝♦♦r❞✐✲
♥❛t❡s✱ ❧❡✈❡❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡ εj ❀

✕ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❤✐❧❞r❡♥ ❛♥❞ ♥❡✐❣❤❜♦rs ❢r♦♠ t❤❡ r♦♦ts✳

• ❈♦♠♣✉t❛t✐♦♥ ♦❢ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ ❛t ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❣r✐❞ ❧❡✈❡❧ ❛♥❞ r❡❝✉rs✐✈❡
r❡✜♥❡♠❡♥t ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ❛t ♠♦st ✉♣ t♦ t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧✳

✷✳ ▲♦♦♣ ✐♥ t✐♠❡✳

• ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❝❡❧❧ ✈❛❧✉❡s t❤r♦✉❣❤♦✉t t❤❡ tr❡❡✿ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P jj−1

❢r♦♠ ❧❡❛✈❡s t♦✇❛r❞s r♦♦ts✳

• ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❞❡t❛✐❧s✿ ♦♣❡r❛t♦rM ❢r♦♠ r♦♦ts t♦✇❛r❞s ❧❡❛✈❡s✳

• ❚❤r❡s❤♦❧❞✐♥❣ ❛♥❞ ❣r❛❞✉❛t✐♦♥✿ ♦♣❡r❛t♦r TΛε t❤r♦✉❣❤♦✉t t❤❡ tr❡❡✳

• ❘❡✜♥❡♠❡♥t ♦❢ t❤❡ tr❡❡✿ ♦♣❡r❛t♦r R t❤r♦✉❣❤♦✉t t❤❡ tr❡❡✳

• ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❝❡❧❧ ✈❛❧✉❡s ❢r♦♠ ❞❡t❛✐❧s✿ ♦♣❡r❛t♦r M−1 ❢r♦♠ r♦♦ts t♦✇❛r❞s
❧❡❛✈❡s✳



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✽✾

• ❈r❡❛t✐♦♥ ♦❢ ♣❤❛♥t♦♠ ❝❡❧❧s✿ ♥❡❡❞❡❞ ❢♦r ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣✳

• ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ ♣❡r❢♦r♠❡❞ ♦♥❧② ♦♥ t❤❡ ❧❡❛✈❡s✳ ❋♦r ❙tr❛♥❣ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
S∆t2 ✐♥ ✭✹✳✺✮✿

✕ r❡❛❝t✐♦♥ ❤❛❧❢ t✐♠❡ st❡♣✱ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❜② ❘❛❞❛✉✺ ❝❡❧❧ ❜② ❝❡❧❧❀

✕ ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣✱ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❜② ❘❖❈❑✹ ❝♦♥s✐❞❡r✐♥❣ ♣❤❛♥t♦♠ ❝❡❧❧s ❛t
t❤❡ ❣r✐❞ ❧❡✈❡❧ ❜♦✉♥❞❛r✐❡s✱ ❝♦♠♣✉t❡❞ ❜② ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r❀

✕ r❡❛❝t✐♦♥ ❤❛❧❢ t✐♠❡ st❡♣✱ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❜② ❘❛❞❛✉✺ ❝❡❧❧ ❜② ❝❡❧❧✳

✸✳ ❖✉t♣✉t✳

❙❛✈❡ ❛❞❛♣t❡❞ ❣r✐❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧ ✈❛❧✉❡s r❡♣r❡s❡♥t❡❞ ♦♥ ✐t✳

❚❤❡ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❈❤❛♣t❡r ✼✱ ✇❡ ♥♦t❡ ♥❡✈❡rt❤❡❧❡ss
t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝❡❧❧ ✈❛❧✉❡s t❤r♦✉❣❤♦✉t t❤❡ tr❡❡ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡t❛✐❧s ❛r❡ s✐♠✉❧t❛✲
♥❡♦✉s❧② ❡✈❛❧✉❛t❡❞ ❜② t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠M✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r t❤❡ t❤r❡s❤♦❧❞✐♥❣
❛♥❞ r❡✜♥❡♠❡♥t ♦♣❡r❛t♦rs TΛε ❛♥❞ R✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ s✐♠✉❧t❛♥❡♦✉s❧② ♣❡r❢♦r♠❡❞✳ ▲❡t ✉s r❡♠❛r❦
t❤❛t ❞✉r✐♥❣ t❤❡ t❤r❡s❤♦❧❞✐♥❣ ♣r♦❝❡ss✱ ❝❡❧❧s ❛r❡ ♦♥❧② ❧❛❜❡❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✺✮✱ ❜✉t ♥♦ ❝❡❧❧
✐s r❡♠♦✈❡❞ ♥♦r ✐s ✐ts ❞❡t❛✐❧ s❡t t♦ ③❡r♦✱ ❜❡❝❛✉s❡ ❛ ♣❛rt✐❝✉❧❛r ❝❡❧❧ ♠✐❣❤t ❜❡ r❡t❛✐♥❡❞ ❛❢t❡r✇❛r❞
✉♥❞❡r t❤❡ r❡✜♥❡♠❡♥t ♦r ❣r❛❞✉❛t✐♦♥ ❝r✐t❡r✐❛✳ ❚❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s ❛r❡ ❝r❡❛t❡❞ ❜❡❢♦r❡ t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss ✐♥ t❤❡ ❝♦❞❡✱ ✐♥ ♦r❞❡r t♦ s❡♣❛r❛t❡ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
♦♣❡r❛t✐♦♥s✳ ❚❤❡ ✈❛❧✉❡s ♦♥ t❤❡ ♣❤❛♥t♦♠s ❛r❡ ♥❡✈❡rt❤❡❧❡ss ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ✐♥t❡r♥❛❧ st❛❣❡ ♦❢
❘❖❈❑✹ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r ❛❢t❡r ❧♦❝❛❧❧② ✉♣❞❛t✐♥❣ t❤❡✐r ♣r❡❞✐❝t✐♦♥ st❡♥❝✐❧s ✇✐t❤ t❤❡
♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✳

✹✳✻ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣②✳ ❆ ♣r♦❜❧❡♠
❝♦♠✐♥❣ ❢r♦♠ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❛♥❞ tr❡❛t❡❞✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
♠❡t❤♦❞ ✐s t❤❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s✳ ❆❧❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡
♣❡r❢♦r♠❡❞ ♦♥ ❛♥ ❆▼❉✲❙❤❛♥❣❤❛✐ ✷✳✼ ●❍③ ♣r♦❝❡ss♦r ✇✐t❤ ♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ✸✷ ●❇✳

✹✳✻✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✿ ❚❤❡ ❇❡❧♦✉s♦✈✲❩❤❛❜♦t✐♥s❦✐ ❘❡❛❝t✐♦♥

❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❇❡❧♦✉s♦✈✲❩❤❛❜♦t✐♥s❦✐
r❡❛❝t✐♦♥✱ ❛ ❝❛t❛❧②③❡❞ ♦①✐❞❛t✐♦♥ ♦❢ ❛♥ ♦r❣❛♥✐❝ s♣❡❝✐❡s ❜② ❛❝✐❞ ❜r♦♠❛t❡❞ ✐♦♥ ✭s❡❡ ❬❊P✾✽❪ ❢♦r ♠♦r❡
❞❡t❛✐❧s ❛♥❞ ✐❧❧✉str❛t✐♦♥s✮✳ ❲❡ t❤✉s ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ❞❡t❛✐❧❡❞ ✐♥ ❬●❙✾✹❪ ❛♥❞ ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❝❧❛ss✐❝ ✇♦r❦ ♦❢ ❬❋❑◆✼✷❪ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤r❡❡ s♣❡❝✐❡s✿ ❤②♣♦❜r♦♠♦✉s ❛❝✐❞ HBrO2✱
❜r♦♠✐❞❡ ✐♦♥s Br−✱ ❛♥❞ ❝❡r✐✉♠ ✭■❱✮✳ ❉❡♥♦t✐♥❣ ❜② a = [Ce(IV)]✱ b = [HBrO2]✱ ❛♥❞ c = [Br−]✱
✇❡ ♦❜t❛✐♥ ❛ ✈❡r② st✐✛ s②st❡♠ ♦❢ t❤r❡❡ P❉❊s✿

∂ta−Da ∂
2
xa =

1

µ
(−qa− ab+ fc),

∂tb−Db ∂
2
xb =

1

ǫ
(qa− ab+ b(1− b)) ,

∂tc−Dc ∂
2
xc = b− c,





✭✹✳✷✾✮

x ∈ ❘d✱ ✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Da✱ Db ❛♥❞ Dc✱ ❛♥❞ t❤❡ r❡❛❧ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✿ f ✱ s♠❛❧❧
q✱ ❛♥❞ s♠❛❧❧ ǫ ❛♥❞ µ✱ s✉❝❤ t❤❛t µ≪ ǫ≪ 1✳
❚❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s s②st❡♠ ♠♦❞❡❧s r❡❛❝t✐✈❡ ❡①❝✐t❛❜❧❡ ♠❡❞✐❛ ✇✐t❤ ❛
❧❛r❣❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ✭s❡❡ ❬●❙✾✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❚❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❤❡



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✵

❛❞❞✐t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ❞❡✈❡❧♦♣s ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡❢r♦♥ts ✇✐t❤ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❍❡♥❝❡✱
t❤✐s ♠♦❞❡❧ ♣r❡s❡♥ts ❛❧❧ t❤❡ ❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ st✐✛ ♠✉❧t✐✲s❝❛❧❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡
❛❞✈❛♥t❛❣❡s ♦❢ ❛♣♣❧②✐♥❣ ❛ s♣❧✐tt✐♥❣ str❛t❡❣② t♦ t❤✐s ♣r♦❜❧❡♠ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ❛♥❞
♣r❡s❡♥t❡❞ ✐♥ ❬❉❉▼✵✸❪✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ❜r✐❡✢② ❝♦♥s✐❞❡r ❛ ✶❉ ❝❛s❡ ♦❢ ✭✹✳✷✾✮ ✐♥ ♦r❞❡r t♦
✐❧❧✉str❛t❡ t❤❡ ❡rr♦rs ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❢♦r st✐✛ ♣r♦❜❧❡♠s✱ t❤❡♥ ✷❉ ❛♥❞ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐❧❧
❜❡ ✐♠♣❧❡♠❡♥t❡❞✳

✹✳✻✳✷ ✶❉ ❇❩ ❊q✉❛t✐♦♥

▲❡t ✉s ♣❡r❢♦r♠ ❛ s❤♦rt ✐❧❧✉str❛t✐♥❣ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇❤❡♥ ❞❡❛❧✐♥❣
✇✐t❤ st✐✛ ♣r♦❜❧❡♠s✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ■♥ t❤❡ ❇❩ ♠♦❞❡❧✱ st✐✛♥❡ss ✐s ❣✐✈❡♥ ❜② ❢❛st t✐♠❡
s❝❛❧❡s ❛s ✇❡❧❧ ❛s st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❲❡ ❝♦♥s✐❞❡r t❤❡♥ ❛ ✶❉ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✳✷✾✮
✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✱ t❛❦❡♥ ❢r♦♠
❬●❙✾✹❪✿

ǫ = 10−2, µ = 10−5, f = 3, q = 2× 10−4, ✭✹✳✸✵✮

✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✿

Da = 1, Db = 1, Dc = 0.6, ✭✹✳✸✶✮

❢♦r ❛ s♣❛❝❡ r❡❣✐♦♥ ♦❢ [0, 80]✳ ❆ s✉✣❝✐❡♥t❧② ✜♥❡ ✉♥✐❢♦r♠ ♠❡s❤ ♦❢ 4000 ♣♦✐♥ts ✐s ❝♦♥s✐❞❡r❡❞
✇❤✐❧❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ T∆t ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ r❡❢❡r❡♥❝❡ ♦r q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ T ∆t ♦❢ t❤❡
s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✾✮✱ ♣❡r❢♦r♠❡❞ ❜② ❘❛❞❛✉✺ ✇✐t❤ ✈❡r② ✜♥❡
t♦❧❡r❛♥❝❡s✳ ❚❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮ ❝♦♥s✐❞❡r ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹ ❛s ✐♥t❡❣r❛t✐♦♥
♠❡t❤♦❞s ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳
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❋✐❣✳ ✹✳✷✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▲♦❝❛❧ ❡rr♦rs ❢♦r ▲✐❡ ❛♥❞ ❙tr❛♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✳ ▲✐♥❡s ✇✐t❤ s❧♦♣❡s 2 ❛♥❞
3 ❛r❡ ❞❡♣✐❝t❡❞ ✭❧❡❢t✮✱ ❛♥❞ s❧♦♣❡s 1✱ 1.5 ❛♥❞ 3 ✐♥ t❤❡ ③♦♦♠❡❞ ❧♦ss ♦r❞❡r r❡❣✐♦♥ ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✹✳✷ s❤♦✇s t❤❡ ❧♦❝❛❧ ❡rr♦rs ❛❢t❡r ♦♥❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✇❤❡r❡ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❝♦♥✲
✈❡r❣❡❞ ✇❛✈❡s ❛r❡ t❛❦❡♥ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♠❛①✐♠✉♠ L2 ❡rr♦rs ❛❝❝♦✉♥t ❢♦r t❤❡ ♠❛①✐♠✉♠
✈❛❧✉❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ❧♦❝❛❧ ❡rr♦rs ❢♦r a✱ b✱ ❛♥❞ c ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡s❡
♥✉♠❡r✐❝❛❧ t❡sts✱ t❤❡ ♠❛①✐♠✉♠ ❡rr♦r ❝♦rr❡s♣♦♥❞s t♦ ✈❛r✐❛❜❧❡ b✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❜♦t❤ ▲✐❡ ❛♥❞
❙tr❛♥❣ s❝❤❡♠❡s ❤❛✈❡ ❛s②♠♣t♦t✐❝❧② ❧♦❝❛❧ ♦r❞❡r ✷ ❛♥❞ ✸ ❢♦r s♠❛❧❧ t✐♠❡ st❡♣s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r
❧❛r❣❡r t✐♠❡ st❡♣s✱ t❤❡ r❡s✉❧ts ✐♥ ❬❉▼✵✹❪ ❛♥❞ ❬❉❉▲▼✵✼❪ ❞❡s❝r✐❜❡ ❜❡tt❡r t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r
♦❢ t❤❡s❡ s❝❤❡♠❡s✿

• ❋♦r L∆t1 ✐♥ ✭✹✳✹✮✱ ♦r❞❡r 2 ❞r♦♣s t♦ 1 ❛s ♣r❡❞✐❝t❡❞ ❜② ✭✹✳✻✮❀ ✇❤❡r❡❛s



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✶

• ❋♦r L∆t2 ✱ ✇❡ s❡❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛s ♣r❡❞✐❝t❡❞ ❜② ✭✹✳✶✵✮✱ ❛♥❞ t❤✉s ♦r❞❡r
1.5 ✐s r❡❝♦✈❡r❡❞ ❛❢t❡r s♦♠❡ tr❛♥s✐t✐♦♥ ♣❤❛s❡✳

❚❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ❞r❛✇♥ ❢♦r t❤❡ ❙tr❛♥❣ s❝❤❡♠❡s ✭✹✳✺✮✿

• ❚❤❡ ♦r❞❡r ♦❢ S∆t1 ❞r♦♣s ❢r♦♠ 3 t♦ 1 ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✼✮❀ ✇❤✐❧❡

• ❋♦r S∆t2 ✱ ✇❡ s❡❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts t❤❛t ❛❧t❡r t❤❡ ♦r❞❡r 3 ❣✐✈❡♥ ❜②
✭✹✳✾✮✳

❋✐♥❛❧❧②✱ ✐♥ ❛❧❧ ❝❛s❡s ❛♥❞ ❢♦r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✱ t❤❡ r❡❛❝t✐♦♥ ❡♥❞✐♥❣ s❝❤❡♠❡s s❤♦✇ ❜❡tt❡r
❜❡❤❛✈✐♦rs ❢♦r ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✱ ❛❝❝♦r❞✐♥❣ t♦ ❬❉▼✵✹❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ L∆t2 ❜❡❤❛✈❡s ❡✈❡♥
❜❡tt❡r t❤❛♥ S∆t1 ✱ ✇❤❡r❡❛s S∆t2 ✐s t❤❡ ❜❡st ❛❧t❡r♥❛t✐✈❡ ❢♦r ❛❧❧ t✐♠❡ st❡♣s✳

✹✳✻✳✸ ✷❉ ❇❩ ❊q✉❛t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✷❉ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs t❛❦❡♥ ❢r♦♠ ❬❏❙❲✽✾❪ ❛♥❞ ❬❉❉▼✵✸❪✿

ǫ = 10−2, µ = 10−5, f = 1.6, q = 2× 10−3, ✭✹✳✸✷✮

✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✿

Da = 2.5× 10−3, Db = 2.5× 10−3, Dc = 1.5× 10−3. ✭✹✳✸✸✮

❚❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐s st✉❞✐❡❞ ♦✈❡r ❛ t✐♠❡ ❞♦♠❛✐♥ ♦❢ [0, 4] ❛♥❞ ❛ s♣❛❝❡ r❡❣✐♦♥ ♦❢ [0, 1]2✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ✜rst ❝♦♥s✐❞❡r ❛ ✷❉ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇✐t❤ ✉♥✐❢♦r♠ ♠❡s❤ ♦❢ 2562✱
❢♦r ✇❤✐❝❤ t❤❡ ❝♦✉♣❧❡❞ ❛♥❞ s♣❧✐t s♦❧✉t✐♦♥s ♦❢ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ❞❡r✐✈❡❞ ❢r♦♠ ✭✹✳✷✾✮
❛r❡ r❛t❤❡r ❡①♣❡♥s✐✈❡ ❜✉t st✐❧❧ ❢❡❛s✐❜❧❡✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❝♦♠♣❛r❡ t❤❡s❡ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡
♦♥❡s ❝♦♠♣✉t❡❞ ❜② t❤❡ ♣r♦♣♦s❡❞ ▼❘✴s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ s♣❧✐tt✐♥❣ ❛♥❞
♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs r❡❣❛r❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✳ ■♥
❛ s❡❝♦♥❞ st❡♣ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ✇✐❧❧ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❜②
❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ❛♥❞ ✸❉ ♣r♦❜❧❡♠s✳
❲❡ t❤✉s ❝♦♥s✐❞❡r 8 ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s ✇✐t❤ NJ = 22×8 = 65536 = 2562 ❝❡❧❧s ♦♥ t❤❡ ✜♥❡st ❣r✐❞
J = 8✱ ❛♥❞ ❞❡✜♥❡✿

• ❆ r❡❢❡r❡♥❝❡ ♦r q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ UJ
qe ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❝♦✉♣❧❡❞

r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ♦♥ t❤❡ ✜♥❡st ♠❡s❤ J ✱ ♣❡r❢♦r♠❡❞ ❜② ❘❖❈❑✹ ✇✐t❤ ✈❡r②
✜♥❡ t♦❧❡r❛♥❝❡ ηROCK4 = 10−14❀ ✇❤❡r❡❛s

• ❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ✶❉ ❝❛s❡✱ t❤❡ s♣❧✐t s♦❧✉t✐♦♥ UJ
split ✉s❡s t❤❡ ❘❉❘ ❙tr❛♥❣ S∆t2 s❝❤❡♠❡

❛s t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ✇✐t❤ ❘❛❞❛✉✺ ❢♦r t❤❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ❛♥❞ ❘❖❈❑✹ ❢♦r t❤❡ ❞✐✛✉s✐✈❡ ♣❛rt✱ ηRadau5 =
ηROCK4 = 10−5✳

• ❋✐♥❛❧❧②✱ ✇✐t❤ t❤❡ s❛♠❡ s♣❧✐tt✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣② S∆t2 ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣♦s❡❞
▼❘✴s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ UMR

split✳

❋♦r t❤❡ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛♠❡t❡rs✱ t❤❡ s♣❡❝tr❛❧
r❛❞✐✉s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ✐♥t♦ ✭✹✳✷✾✮ ✐s ✉s✉❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧
♣❛rts ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡s✱ ❛❧t❤♦✉❣❤ ✐♠❛❣✐♥❛r② ♣❛rts ❛r❡ ❛❧s♦ ♣r❡s❡♥t✳ ❚❤❡r❡❢♦r❡ ♦♥❧②
✜♥❡ t♦❧❡r❛♥❝❡s t❤❛t ②✐❡❧❞ s✉✣❝✐❡♥t❧② s♠❛❧❧ t✐♠❡ st❡♣s ❛❧❧♦✇ ✉s t♦ ❢✉❧❧② ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t②
♦❢ t❤❡ ❘❖❈❑✹ s❝❤❡♠❡ ✇❤❡♥❡✈❡r t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ❛♣♣❡❛rs✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡❞✉❝❡❞ st❛❜✐❧✐t②
❞♦♠❛✐♥s ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛❧♦♥❣ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✳ ❚❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ t♦ ❞✐r❡❝t❧② ♣❡r❢♦r♠
s✉❝❤ ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ t❤❡ ❘❛❞❛✉✺ s♦❧✈❡r ❝♦♠❡s ❢r♦♠ ✐ts ✐♠♣♦rt❛♥t ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✳



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✷

❉❛t❛ ■♥✐t✐❛❧✐③❛t✐♦♥

❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❜❛s❡❞ ♦♥ ❬❏❙❲✽✾❪ ❢♦r t❤❡ t✇♦✲✈❛r✐❛❜❧❡ ♠♦❞❡❧ ♦❢ ✭✹✳✷✾✮ ✇✐t❤
b ❛♥❞ c✿

∂tb−Db ∂
2
xb =

1

ǫ

(
b(1− b) + f(q − b)c

q + b

)
,

∂tc−Dc ∂
2
xc = b− c,





✭✹✳✸✹✮

❜② t❛❦✐♥❣ µ→ 0 ✐♥t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ a✱ ❛♥❞ t❤✉s

a =
fc

q + b
✭✹✳✸✺✮

✐♥t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ♦❢ b ❛♥❞ c ✐♥t♦ ✭✹✳✷✾✮✳ ❆♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡s
♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ t✇♦✲✈❛r✐❛❜❧❡ ♣r♦❜❧❡♠ ✭✹✳✸✹✮ ✐s ❣✐✈❡♥ ❜②

bss = css = q
f + 1

f − 1
, ✭✹✳✸✻✮

❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ t❤❡♥ ❝♦♠♣✉t❡❞ ✇✐t❤

b =

{
0.8 if 0 < θ < arctan(0.3),

bss elsewhere,
✭✹✳✸✼✮

c = css +
θ

8πf
, ✭✹✳✸✽✮

❛♥❞ ✭✹✳✸✺✮✱ ✇❤❡r❡ θ ✐s ❛ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡ ❛♥❣❧❡ ❝♦♥s✐❞❡r✐♥❣ ❛s ♦r✐❣✐♥ (0.5, 0.5) ✐♥t♦ t❤❡ ❞♦♠❛✐♥
[0, 1]2✳

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ ✇❡ s❡t ❛♥ ❛❝❝✉r❛❝②
t♦❧❡r❛♥❝❡ ♦❢ η = 10−2✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦r♠❛❧✐③❡❞ L2✲❡rr♦rs ✭✹✳✷✹✮ ✇✐t❤ t❤❡ q✉❛s✐✲❡①❛❝t ❛♥❞
s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥s✳ ❋✐❣✉r❡ ✹✳✸ s❤♦✇s t❤❡s❡ ❡rr♦rs ❡✈❛❧✉❛t❡❞ ❛t ✜♥❛❧ t✐♠❡ t∗ = 4 ❢♦r ❛❧❧ t❤r❡❡
✈❛r✐❛❜❧❡s✳
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❋✐❣✳ ✹✳✸✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ◆♦r♠❛❧✐③❡❞ L2✲❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛t ✜♥❛❧ t✐♠❡
t∗ = 4 ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮ ❛♥❞ ♣r❡✜①❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−2✳ ❯♥✐❢♦r♠ ❣r✐❞ ♦❢ 2562✳



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✸

❆ r♦✉♥❞❡❞ ✈❛❧✉❡ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 4/1024 ≈ 3.91 × 10−3 ✐s ✜♥❛❧❧② ❝❤♦s❡♥ ❢♦r
✇❤✐❝❤ L2✲❡rr♦rs ❛r❡ ❝❧♦s❡ t♦ η ❢♦r ❛❧❧ t❤r❡❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ t✐♠❡s t∗ ∈ [0, 4] ✐♥t♦ ✭✹✳✷✹✮✳ ■♥
❣❡♥❡r❛❧ ❛❧❧ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ♦✈❡r t❤❡ ✇❤♦❧❡ t✐♠❡ ❞♦♠❛✐♥ ❛r❡ ♥♦t ♥❡❝❡ss❛r②✱ ❛♥❞ ❢r♦♠ ❛
♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ♠✉❝❤
❧❡ss ❡①♣❡♥s✐✈❡ ♣r♦❝❡❞✉r❡ t❤❛t ❡✈❛❧✉❛t❡s t❤❡ ❧♦❝❛❧ ❡rr♦rs ❛❢t❡r ♦♥❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ st❛rt✐♥❣
❢r♦♠ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s♦❧✉t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ ✇❛✈❡s ❛r❡ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞✳ ❆ r❛t❤❡r ❧❛r❣❡ ❛❝❝✉r❛❝②
t♦❧❡r❛♥❝❡ η ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ st❡♣s ❢♦r r❡❛❝t✐♦♥✱
❞✐✛✉s✐♦♥✱ ❛♥❞ t❤❡ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♥❡❡❞❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤✐♥ t❤❡ ♣r❡s❝r✐❜❡❞
t♦❧❡r❛♥❝❡✿

• ❚❤❡ ✐♠♣♦s❡❞ t♦❧❡r❛♥❝❡ ❢♦r t❤❡ r❡❛❝t✐♦♥ r❡s♦❧✉t✐♦♥ ✐♠♣❧✐❡s t✐♠❡ st❡♣s ✈❛r②✐♥❣ ❢r♦♠ 8.88×
10−5 t♦ ∆t/2 ≈ 1.95× 10−3✱ ❢♦r ♣♦✐♥ts ❧♦❝❛t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡
r❡❛❝t✐✈❡ ❢r♦♥t ❛♥❞ t❤❡ r❡❞✉❝❡❞ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t② r❡❣✐♦♥s✳

• ❚❤❡ s❡❧❡❝t❡❞ t♦❧❡r❛♥❝❡ ❢♦r ❘❖❈❑✹ ②✐❡❧❞s t✐♠❡ st❡♣s ∆tD r❡❧❛t✐✈❡❧② ❝♦♥st❛♥t ♦❢ ❛❜♦✉t
6.5− 8× 10−4✱ ✐✳❡✳✱ 5 ♦r 6 ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣s ✇✐t❤✐♥ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✳
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❋✐❣✳ ✹✳✹✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚♦♣✿ ✈❛r✐❛❜❧❡ b ✭❧❡❢t✮ ❛♥❞ c ✭r✐❣❤t✮ ❛t t = 4✳ ❇♦tt♦♠✿ ✈❛r✐❛❜❧❡ a ✭❧❡❢t✮
❛♥❞ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❢♦✉r ❧❡✈❡❧s ♦❢ ♠❡s❤ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ ε = 10−2 ✭r✐❣❤t✮✳ ❋✐♥❡st ❣r✐❞✿ 2562✳
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❋♦r t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 2562✱ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ρ(L) ❡st✐♠❛t❡❞ ❜② ❘❖❈❑✹✾ ✐s ❛❜♦✉t
1, 400✱ s♦ t❤❛t ♥♦ ♠♦r❡ t❤❛♥ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ st❛❣❡s s = 5 ✐s r❡q✉✐r❡❞ ❛❝❝♦r❞✐♥❣ t♦
✭✹✳✶✷✮ ❢♦r t❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ UJ

split✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❈P❯ t✐♠❡ ♦❢ 1029 s ✐s ♥❡❡❞❡❞
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ✇✐t❤ ❘❖❈❑✹ t❤❛t t❛❦❡s 23967 s✳ ❚❤❡ ❧❛tt❡r ❝♦♥s✐❞❡rs
t✐♠❡ st❡♣s ♦❢ ❛❜♦✉t 2.4×10−6 ✇✐t❤ t❤❡ ✐♠♣♦s❡❞ ✜♥❡ t♦❧❡r❛♥❝❡✱ ❛♥❞ 5 ✐♥t❡r♥❛❧ st❛❣❡s ❢♦r ❛ ❧❛r❣❡r
s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ 95, 000✱ t❤❛t ✐♥❝❧✉❞❡s ❜♦t❤ r❡❛❝t✐♦♥✲ ❛♥❞ ❞✐✛✉s✐♦♥✲❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡s✳
❊✈❡♥ t❤♦✉❣❤ t❤✐s ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ❛ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✱ ✐t ✇✐❧❧
❜❡ ♥♦ ❧♦♥❣❡r ❢❡❛s✐❜❧❡ ❢♦r ❧❛r❣❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ❛♥❞ ♠♦r❡♦✈❡r ♥♦t ❛♣♣r♦♣r✐❛t❡ ❢♦r ♠♦r❡
❝♦♠♣❧❡① ❝❤❡♠✐❝❛❧ t❡r♠s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✭✹✳✷✾✮✱ ❘❖❈❑✹ st❛rts s❤♦✇✐♥❣
st❛❜✐❧✐t② ♣r♦❜❧❡♠s ❢♦r ηROCK4 ❧❛r❣❡r t❤❛♥ 10−5✳

 0

 10

 20

 30

 40

 50

 60

 70

 0  0.2  0.4  0.6  0.8  1

a

y

t=0.5
t=1.0
t=1.5

 0.45

 0.5

 0.55

 0.6

 0.65

 0.7

 0.6  0.8  1  1.2  1.4  1.6

v

t

a

b

c

 0.0008

 0.001

 0.0012

 0.0014

 0.0016

 0.0018

 0.002

 0.0022

 0.6  0.8  1  1.2  1.4  1.6

E
v

t

a

b

c

❋✐❣✳ ✹✳✺✿ ❇❩ ✇❛✈❡ s♣❡❡❞ ❢♦r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 4/1024✳ ❚♦♣ ❧❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ a
❛❧♦♥❣ y✲❛①✐s ✭s❡❡ ❋✐❣✉r❡ ✹✳✹✮❀ ❛♥❞ r✐❣❤t✱ ❡st✐♠❛t❡❞ ✇❛✈❡❢r♦♥t s♣❡❡❞ v✳ ❇♦tt♦♠✿ s♣❡❡❞ r❡❧❛t✐✈❡ ❡rr♦rs Ev

❢♦r ❛❧❧ t❤r❡❡ ✈❛r✐❛❜❧❡s ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✸✮✳

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② t❤❛t ❝♦♠❜✐♥❡s t❤❡ ♣r❡✈✐♦✉s s♣❧✐tt✐♥❣ s♦❧✈❡r ✇✐t❤ t❤❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡✳ ❋✐❣✉r❡ ✹✳✹ s❤♦✇s t❤❡ s♣✐r❛❧ ✇❛✈❡s ❛♥❞ t❤❡ ❢♦✉r ❞✐✛❡r❡♥t
❧❡✈❡❧s ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❜❡❡♥ s✐♠✉❧❛t❡❞ ✇✐t❤ ε = 10−2✱ ❢♦r t❤❡ st✐✛❡st
✈❛r✐❛❜❧❡ a✳ ❲❤❡♥❡✈❡r ✇❡ ❝♦♥s✐❞❡r ❣r✐❞ ❛❞❛♣t❛t✐♦♥ t❤❡ ❜♦✉♥❞ ✭✹✳✷✼✮ ♦♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣
∆t ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❡ ♥❡❡❞ t❤❡♥ t♦ ❡st✐♠❛t❡ t❤❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ v ♦❢ t❤❡
✇❛✈❡❢r♦♥t✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♥❣ s♣❡❡❞ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ ❛❧♦♥❣ ❡❛❝❤
❞✐r❡❝t✐♦♥ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✺ ❢♦r ✈❛r✐❛❜❧❡ a ❛❧♦♥❣ t❤❡ y✲❛①✐s✳ ❋♦r t❤❡ ❇❩ ✇❛✈❡s✱ ✇❡ ❤❛✈❡
❡st✐♠❛t❡❞ ❛ ♠❛①✐♠✉♠ s♣❡❡❞ ♦❢ vx = vy ≈ 0.7✱ ✇❤✐❝❤ ②✐❡❧❞s ❛ ♠❛①✐♠✉♠ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢

✾❆❧t❤♦✉❣❤ ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ t❤❡ ❡st✐♠❛t❡❞
✈❛❧✉❡ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ✐s ❝♦❤❡r❡♥t ✇✐t❤ 8×Da/∆x2 = 1310.72 ❝♦♠♣✉t❡❞ ✇✐t❤ ✭✷✳✶✽✮✳
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∆tmax = 1.6 × 10−2 ❢♦r ∆x = ∆y = 1/256✱ ❛♥❞ k̂ = 3✱ ❝♦♥s✐❞❡r✐♥❣ ♦♥❡ ❡♥❧❛r❣✐♥❣ ❝❡❧❧ ✐♥ ❡❛❝❤
❞✐r❡❝t✐♦♥ k̄ = 1 ✐♥ t❤❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡
s♣❡❡❞ r❡❧❛t✐✈❡ ❡rr♦r Ev ❢♦❧❧♦✇✐♥❣ ✭✹✳✷✸✮ ❜❡t✇❡❡♥ t❤❡ q✉❛s✐✲❡①❛❝t ❛♥❞ ❛ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ✇✐t❤
∆t = 4/1024✳ ❚❤❡s❡ ❡rr♦rs r❡♠❛✐♥ ♣r❛❝t✐❝❛❧❧② ❧♦✇❡r t❤❛♥ 0.2% ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✺✱ ✇❤✐❝❤
✐♠♣❧② ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ ηv = 2× 10−3 ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❡❡❞ r❡s♦❧✉t✐♦♥✳

❉❛t❛ ❈♦♠♣r❡ss✐♦♥ ❛♥❞ ❈P❯ ❚✐♠❡

❚❤❡ ♣r♦♣♦s❡❞ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣② r❡♣r❡s❡♥ts ❛♥❞ ❝♦♠♣✉t❡s s♦❧✉t✐♦♥s ♦♥❧② ♦♥ ❛❞❛♣t❡❞ ❣r✐❞s✱
✐✳❡✳✱ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡✱ t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡ ❞♦♠❛✐♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡
❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✭DC✮ ❛s 1 ♠✐♥✉s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞
✭AG✮ ❛♥❞ t❤♦s❡ ♦♥ t❤❡ ✜♥❡st ✉♥✐❢♦r♠ ❣r✐❞ ✭FG✮✱ ❡①♣r❡ss✐♥❣ t❤❡ ✇❤♦❧❡ ❛s ❛ ♣❡r❝❡♥t❛❣❡✿

DC =

(
1− AG

FG

)
× 100. ✭✹✳✸✾✮

❋✐❣✉r❡ ✹✳✻ s❤♦✇s ❞✐✛❡r❡♥t ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ r❛t❡s ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε✳ ❙♠❛❧❧❡r ✈❛❧✉❡s
♦❢ ε ✐♠♣❧② ♠♦r❡ r❡✜♥❡♠❡♥t✱ ❛♥❞ t❤✉s ❝♦♠♣r❡ss✐♦♥s ❛r❡ ❧❡ss ✐♠♣♦rt❛♥t✳ ❚❤❡ ✇❤♦❧❡ ✜♥❡st ❣r✐❞
✐s ♥❡❝❡ss❛r② ❢♦r ε < 10−5✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❈P❯ t✐♠❡s ❢♦r ❡❛❝❤ ❝❛s❡ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❚❛❜❧❡
✭✹✳✶✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ q✉❛s✐✲❡①❛❝t ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥s ✇✐t❤♦✉t ❛♥② ❣r✐❞ ❛❞❛♣t❛t✐♦♥✳

❚❛❜❧❡ ✹✳✶✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r q✉❛s✐✲❡①❛❝t✱ s♣❧✐tt✐♥❣✱ ❛♥❞ ▼❘✴s♣❧✐tt✐♥❣
s♦❧✉t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε✳ ❋✐♥❡st ❣r✐❞✿ 2562✳

▼❘✴s♣❧✐tt✐♥❣ ε =
s♣❧✐tt✐♥❣ q✉❛s✐✲❡①❛❝t

10−1 10−2 10−3 10−4

❈P❯ t✐♠❡ ✭s✮ ✺✸✻ ✽✽✻ ✶✷✸✸ ✷✹✵✷ ✶✵✷✾ ✷✸✾✻✼

❚❛❜❧❡ ✹✳✷✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥s
❢♦r ❛ s♣❧✐tt✐♥❣ ❛♥❞ ❛ ▼❘✴s♣❧✐tt✐♥❣ r❡s♦❧✉t✐♦♥ ✇✐t❤ ε = 10−2✳ ❋✐♥❡st ❣r✐❞✿ 2562✳

s♣❧✐tt✐♥❣ ▼❘✴s♣❧✐tt✐♥❣ ε = 10−2

❈P❯ t✐♠❡ ✭s✮ ✪ ❈P❯ t✐♠❡ ✭s✮ ✪

❘❡❛❝t✐♦♥ ✾✻✸ ✻✺✳✹ ✹✽✻ ✹✹✳✵

❉✐✛✉s✐♦♥ ✹✽✶ ✸✷✳✼ ✸✹✽ ✸✶✳✺

❚♦t❛❧ ✶✹✼✷ ✶✵✵✳✵ ✶✶✵✹ ✶✵✵✳✵

❆ ♠♦r❡ ♣r❡❝✐s❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❈P❯ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✭✹✳✷✮ s❤♦✇s t❤❛t✿

• ❆♥ ❛❞❛♣t❡❞ ❣r✐❞ ❛❧❧♦✇s ✉s t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ t✐♠❡ ❝♦st ♦❢ t❤❡ r❡❛❝t✐♦♥ ✐♥t❡❣r❛t✐♦♥
❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇✐t❤♦✉t ❛♥② ❝❤❡♠✐❝❛❧
❛❝t✐✈✐t②✳

• ❆❧t❤♦✉❣❤ ❢♦r ε = 10−2 ✇❡ ❝♦♥s✐❞❡r ♦♥❧② 25✪ ♦❢ t❤❡ 2562 ♣♦✐♥ts✱ ❛♥ ✐♠♣♦rt❛♥t ♦✈❡r❤❡❛❞
✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❜❡❝❛✉s❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♣❤❛♥t♦♠



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✻

❝❡❧❧s ②✐❡❧❞s ❞❡♥s❡r ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ❛♥❞ t❤✉s
♠♦r❡ ❡①♣❡♥s✐✈❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts✳

❋♦r t❤❡s❡ st✐✛ ♣r♦❜❧❡♠s✱ t❤❡ ▼❘ ♦♣❡r❛t✐♦♥s r❡♣r❡s❡♥t ❧❡ss t❤❛♥ 15✪ ♦❢ t❤❡ t♦t❛❧ t✐♠❡✱ ✇❤❡r❡❛s
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① t❛❦❡s ♦✈❡r 6✪ s✐♥❝❡ ✐t ❤❛s t♦ ❜❡ r❡❝♦♠♣✉t❡❞ ❛t ❡❛❝❤
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ❝♦♥tr❛r② t♦ ❛ ✉♥✐❢♦r♠ ❣r✐❞ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ✇❤✐❝❤ t❤✐s ♠❛tr✐① ✐s ❝♦♥st❛♥t✳
❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❛ ♠♦r❡ ❡✣❝✐❡♥t str❛t❡❣② ✇✐❧❧ ❞✐r❡❝t❧② ❝♦♥s✐❞❡r
t❤❡ ❛❞❛♣t✐✈❡ ❣r✐❞ ❢♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s ❛s ❞❡t❛✐❧❡❞ ✐♥ ❬▼ü❧✵✸❪✱ ✇✐t❤♦✉t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
❛♥② ♣❤❛♥t♦♠✳ ❆♥ ♦✈❡r❤❡❛❞ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❈P❯ t✐♠❡s ✐♥ ❚❛❜❧❡ ✭✹✳✷✮ ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❝♦❞❡ ♣r♦✜❧✐♥❣✳

◆✉♠❡r✐❝❛❧ ❆❝❝✉r❛❝② ♦❢ ❈♦♠♣✉t❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣② UMR
split✱ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ UJ
qe✱ ❢♦r t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ♦♥ ❛ ✉♥✐❢♦r♠ ♠❡s❤ J ❣✐✈❡♥

❜② 2562 ♣♦✐♥ts✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

• ❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ UJ
split✱ ♦♥ t❤❡ s❛♠❡ ✉♥✐❢♦r♠ ♠❡s❤ J ✱ ✐s ❣✐✈❡♥ ❜②

❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮ t❤r♦✉❣❤ t❤❡ ♣r♦♣❡r ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ∆t ✭s❡❡ ❋✐❣✉r❡ ✹✳✸✮ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❧♦ss ♦❢ ♦r❞❡r ❢♦r t❤❡ ❙tr❛♥❣ S∆t2

s❝❤❡♠❡✳

• ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ②✐❡❧❞s ❛ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇❤♦s❡ ❛❝✲
❝✉r❛❝② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐❢♦r♠ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡
t❤r❡s❤♦❧❞ ✈❛❧✉❡ ε t❤r♦✉❣❤ ✭✹✳✷✻✮✳

❆t s♦♠❡ ✜①❡❞ t✐♠❡ t∗✱ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ✐s t❤❡♥ s❡t
❜② t❤❡ ♣r❡✈✐♦✉s s♣❧✐tt✐♥❣ ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs✿

∥∥UJ
qe −UMR

split

∥∥
L2 ≤

∥∥UJ
qe −UJ

split

∥∥
L2︸ ︷︷ ︸

O(η)

+
∥∥UJ

split −UMR
split

∥∥
L2︸ ︷︷ ︸

O(ε)

. ✭✹✳✹✵✮

❚❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ✐s t❤✉s ♥♦t ❝♦♥s✐❞❡r❡❞ s✐♥❝❡ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ UJ
qe ✐s ❛❧r❡❛❞②

❞✐s❝r❡t✐③❡❞ ✐♥ s♣❛❝❡✳ ❚❤❡ ❧❛tt❡r ❡rr♦r ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ s♣❛t✐❛❧ r❡✜♥❡♠❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥
❛♥❞ ♠✐❣❤t ❜❡ ❛❝❝❡ss✐❜❧❡ ❜② ❝♦♠♣❛r✐♥❣ UJ

qe ✇✐t❤ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ✐❢ t❤❡ ❧❛tt❡r ✐s ❛✈❛✐❧❛❜❧❡✱
♦r ✇✐t❤ ❛ ❤✐❣❤❧② r❡✜♥❡❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ ❛♥② ❝❛s❡✱ ✭✹✳✹✵✮ ♠❡❛s✉r❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs
r❡❧❛t❡❞ t♦ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ t❤❡ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❋♦r
s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❡st✐♠❛t❡ ✭✹✳✹✵✮ r❡♣r❡s❡♥ts t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛s ✇❡❧❧✳
❋✐❣✉r❡ ✹✳✻ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε✱
❛♥❞ η = 10−2 ❢♦r ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 4/1024✳ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t
t❤❡ ✜♥❡st ❣r✐❞ J ❛❢t❡r r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ t❤❡ ❛❞❛♣t❡❞ ♠❡s❤ s♦❧✉t✐♦♥ ❛♥❞ ❞❡♣❡♥❞ ♣r♦♣♦rt✐♦♥❛❧❧②
♦♥ t❤❡ ✐♠♣♦s❡❞ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ε✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮✳ ❋♦r t❤✐s t✐♠❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥♦♥✱
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣② s❤♦✉❧❞ ❜❡ ✜①❡❞ ❜② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss ✐♥
♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡ st✐✛ ♣r♦❜❧❡♠✳
❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣r❡ss t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❜② r❡t❛✐♥✐♥❣
t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t ♦♥❧② ✇❤❡r❡✈❡r ✐t ✐s ♥❡❝❡ss❛r②✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♣❛❝❡
♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡s❡ ❡rr♦r ❡st✐♠❛t❡s s❤♦✇ t❤❛t ❢♦r
ε ≤ 10−2✱ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
♦♥❡s✱ s♦ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❛❝❝✉r❛❝② ✐s ✐♥❞❡❡❞ ❣✐✈❡♥ ❜② η✳
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❋✐❣✳ ✹✳✻✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮✱ ✐♥
♣❡r❝❡♥t❛❣❡✳ ❘✐❣❤t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞
❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ ❜② t❤❡ ▼❘ ♣r♦❝❡❞✉r❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮✱ ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε ❛♥❞ ❛
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 4/1024✳ ❋✐♥❡st ❣r✐❞✿ 2562✳

❊①t❡♥s✐♦♥ t♦ ▲❛r❣❡r ❈♦♠♣✉t❛t✐♦♥❛❧ ❉♦♠❛✐♥s

❲❡ ❤❛✈❡ ❛♥❛❧②③❡❞ s♦ ❢❛r t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ✐♥ t❡r♠s ♦❢ t❤❡
s♣❧✐tt✐♥❣ ♠❡t❤♦❞✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✱ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦✲
♠❛✐♥ ♦❢ 2562 ♣♦✐♥ts✳ ❚❤✐s ♠❡s❤ ❛❧❧♦✇s ✉s t♦ r❡♣r❡s❡♥t ❛❝❝✉r❛t❡❧② ❡♥♦✉❣❤ t❤❡ ♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ ♠♦r❡♦✈❡r ✐t ❛❧❧♦✇s ✉s t♦ ❝♦♥❞✉❝t s❡✈❡r❛❧ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛ ❧❛r❣❡r
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r❡s❡♥t ✐❧❧✉str❛t✐♦♥✳ ❲❡ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r
t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ❞✐s❝r❡t✐③❡❞ t❤✐s t✐♠❡ ♦✈❡r 10 ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s ✇✐t❤
NJ = 22×10 = 1048576 = 10242 ❝❡❧❧s ♦♥ t❤❡ ✜♥❡st ❣r✐❞ J = 10✳
■♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ♦❢ ❡❛❝❤ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ str❛t❡❣②✱ ✇❡
❡st✐♠❛t❡ t❤❡ ❛rr❛② s✐③❡ ♦❢ t❤❡ ✇♦r❦✐♥❣ s♣❛❝❡ ♥❡❡❞❡❞ ❜② ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹✿

✶✳ ❘❛❞❛✉✺✿ L1 = 4×W1 ×W1 + 12×W1 + 20 ✭❢r♦♠ ❬❍❲✾✻❪✮❀

✷✳ ❘❖❈❑✹✿ L2 = 8×W2 ✭❢r♦♠ ❬❆❜❞✵✷❪✮❀

✇❤❡r❡ W1 ❛♥❞ W2 ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s s♦❧✈❡❞ ❜② ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✉♥✐❢♦r♠ ♠❡s❤✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ✐s W = 3× 10242 ≈ 3.15× 106✱
❛♥❞ t❤✉s t❤❡ ❣❧♦❜❛❧ s✐③❡ L r❡q✉✐r❡❞ ❢♦r ❡❛❝❤ s♦❧✈❡r ✐s✿

✶✳ ◗✉❛s✐✲❡①❛❝t ✇✐t❤ ❘❛❞❛✉✺✿ W1 =W ≈ 3.15× 106 ❛♥❞ L = L1 ≈ 4× 1013✳

✷✳ ❙♣❧✐tt✐♥❣✿ W1 = 3✱ W2 =W ≈ 3.15× 106 ❛♥❞ L = L1 + L2 ≈ 2.5× 107✳

✸✳ ▼❘✴s♣❧✐tt✐♥❣ ✇✐t❤ ε = 10−2✿ W1 = 3✱ W2 = 0.09×W ≈ 2.9× 105✱ ❛♥❞ L = L1 + L2 ≈
2.3× 106❀ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ 91%✳

❈♦♥s✐❞❡r✐♥❣ ❛ st❛♥❞❛r❞ ♣❧❛t❢♦r♠ ♦♥ ✇❤✐❝❤ ❡❛❝❤ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✈❛❧✉❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② 64
❜✐ts✱ ✇❡ s❤❛❧❧ r❡q✉✐r❡ 2.3 P❜✱ 1.5 ●❜✱ ❛♥❞ 140.4 ▼❜✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❡❛❝❤ s♦❧✈❡r✳ ❋♦r st❛♥❞❛r❞
❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ❛♥ ✐♠♣❧✐❝✐t r❡s♦❧✉t✐♦♥ ✇✐t❤ ❘❛❞❛✉✺ ✐s ❝♦♠♣❧❡t❡❧② ♦✉t ♦❢ r❡❛❝❤✳ ❚❤❡s❡
❡①♣❡♥s✐✈❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ str♦♥❣❧② r❡❞✉❝❡❞ ✇✐t❤ ❛ s♣❧✐tt✐♥❣ str❛t❡❣② ❜✉t ❢✉rt❤❡r
r❡❞✉❝t✐♦♥s ❛r❡ ❛❝❤✐❡✈❡❞ ❜② ❛❞❞✐♥❣ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡✳
❋✐❣✉r❡ ✹✳✼ ✭t♦♣✮ s❤♦✇s t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ a ♦♥ t❤❡ ✜♥❡st ❧❡✈❡❧ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛ 10242 s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✳✷✾✮✱ ❛t ❛♥ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ t = 2✱ ❛♥❞ ❛❢t❡r
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♦♥❡ r❡✈♦❧✉t✐♦♥ ❛t ✜♥❛❧ t✐♠❡ t = 4✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱
♦❢ 92.3% ❛♥❞ 89.9%✱ ✇❤✐❧❡ t❤❡ st❡❡♣❡st s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❢r♦♥t ❛r❡ ❛❧✇❛②s s♦❧✈❡❞ ✇✐t❤✐♥
t❤❡ ✜♥❡st r❡❣✐♦♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 4/1024 r❡♠❛✐♥s ❜♦✉♥❞❡❞
❜② ∆tmax = 4.2× 10−3 ❢♦r ∆x = ∆y = 1/1024 ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✼✮✳ ❋♦r t❤✐s ❝❛s❡✱ s✐① ❧❡✈❡❧s ♦❢
❣r✐❞ ✇❡r❡ ✉s❡❞ ❢r♦♠ j = 5 t♦ t❤❡ ✜♥❡st ❣r✐❞ J = 10✳
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❋✐❣✳ ✹✳✼✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❱❛r✐❛❜❧❡ a ♦♥ t❤❡ ✜♥❡st ❣r✐❞ ✭t♦♣✮ ❛♥❞ ❧♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s h1
✭❜♦tt♦♠✮ ❛t t = 2 ✭❧❡❢t✮ ❛♥❞ t = 4 ✭r✐❣❤t✮ ✇✐t❤ ∆t = 4/1024 ❛♥❞ ε = 10−2✳ ❋✐♥❡st ❣r✐❞✿ 10242✳

❚❤❡ ❜♦tt♦♠ ♦❢ ❋✐❣✉r❡ ✹✳✼ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛♥ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s ✇✐t❤✐♥ ∆t/2 ❢♦r
❡❛❝❤ ♣♦✐♥t✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s 2562 ❝❛s❡ ✇✐t❤ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s
❣♦✐♥❣ ❢r♦♠ ∆t/2 t♦ t✐♠❡ st❡♣s ❛❧♠♦st 22 t✐♠❡s s♠❛❧❧❡r ❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ❧♦❝❛❧ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t②✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ρ(L) ❡st✐♠❛t❡❞ ❜② ❘❖❈❑✹✶✵ ✐s ❧❛r❣❡r ❜❡❝❛✉s❡ ♦❢ t❤❡
✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞ ✐t ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ 23, 000✳ ■❢ ✇❡
❝♦♥s✐❞❡r ❛ ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣ ∆tD ❡q✉❛❧ t♦ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ s = 16 st❛❣❡s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞
❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✷✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ ♦❢ ηROCK4 = 10−5✱ ❛♥ ✐♥✐t✐❛❧ t✐♠❡ st❡♣
❣✐✈❡♥ ❜② ∆tD = ∆t ✐s r❡❥❡❝t❡❞ t♦ ✜♥❛❧❧② r❡❛❝❤ ❛ r❡❧❛t✐✈❡❧② ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ 2.5 − 3.5 × 10−4

✶✵❚❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ✭✷✳✶✽✮ ②✐❡❧❞s ✐♥ t❤✐s ❝❛s❡ 20, 971.52✳



❙❡❝t✳ ✹✳✻ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✾✾

❢♦r ✇❤✐❝❤ 5 st❛❣❡s ✐♥st❡❛❞ ♦❢ 16 ❛r❡ ❡♥♦✉❣❤ t♦ ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞✶✶✳ ❋✐♥❛❧❧②✱
❢r♦♠ 11 t♦ 15 ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣s ∆tD ❛r❡ ❝♦♠♣✉t❡❞ ✐♥s✐❞❡ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✳
❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✐s t❤❛t t❤❡ ✜♥❡st ❣r✐❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐s ♣r❡✈✐✲
♦✉s❧② s❡tt❧❡❞✱ ❛♥❞ ✐t ✐s ❜❛s✐❝❛❧❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
❡rr♦r ✐s t❤❡♥ ✐♥❞✐❝❛t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ r❡❣❛r❞❧❡ss ♦❢ ✐ts s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛s s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✹✳✽ ✭❧❡❢t✮ ❢♦r ❛ ✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 10242 ✐♥st❡❛❞ ♦❢ 2562 ✐♥ ❋✐❣✉r❡ ✹✳✻✳ ❚❤❡
q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞ ✇✐t❤ ❘❖❈❑✹ ❛♥❞ ηROCK4 = 10−10✱ ❛♥❞ t♦♦❦ ♦✈❡r 65072 s
❝♦♠♣❛r❡❞ ✇✐t❤ 13943 s ❛♥❞ 9529 s✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ▼❘✴s♣❧✐tt✐♥❣
s♦❧✉t✐♦♥ ✇✐t❤ ε = 10−2✳ ❋✐❣✉r❡ ✹✳✽ ✭r✐❣❤t✮ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♦♥
t❤❡ ❛❝❝✉r❛❝② ♦r❞❡r ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❋♦r ❤✐❣❤❡r ♦r❞❡r
♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s t❤❛t ②✐❡❧❞ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞ t❤✉s ♠♦r❡ ❝♦♠♣r❡ss❡❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥
r❡♣r❡s❡♥t❛t✐♦♥s✱ ❧❛r❣❡r st❡♥❝✐❧s ❛r❡ ❛❧s♦ ♥❡❡❞❡❞ s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ ♦♣♣♦s✐t❡ ❢❡❛t✉r❡s✳ ■♥ ❛ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤✐s ✐s ❛ ♣r♦❜❧❡♠ ❞❡♣❡♥❞❡♥t ❢❡❛t✉r❡
t❤❛t ❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ ❛ ✉s❡❢✉❧ ♣❛r❛♠❡t❡r t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
t❡❝❤♥✐q✉❡✳
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❋✐❣✳ ✹✳✽✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❘✐❣❤t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ t❤❡ ▼❘ ♣r♦❝❡❞✉r❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮ ❢♦r s❡✈❡r❛❧ t❤r❡s❤♦❧❞
✈❛❧✉❡s ε✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❢♦r ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦rs ❣✐✈❡♥ ❜② ♣♦❧②♥♦♠✐❛❧
✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ ❞✐✛❡r❡♥t ♦r❞❡rs N = 2M + 1✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ♦❢ ∆t = 4/1024 ✇✐t❤ ❛ ✜♥❡st
❣r✐❞ ♦❢ 10242✳

✹✳✻✳✹ ✸❉ ❇❩ ❊q✉❛t✐♦♥

■♥ ♦r❞❡r t♦ ❡①t❡♥❞ ♣r❡✈✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s t♦ ✸❉ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ✐♥
❛ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✷❉ ❝❛s❡ ✭✹✳✸✷✮ ❛♥❞ ✭✹✳✸✸✮✱ ❢♦r
❛ t✐♠❡ ❞♦♠❛✐♥ ♦❢ [0, 2]✱ ❛♥❞ ✐♥ ❛ s♣❛❝❡ r❡❣✐♦♥ ♦❢ [0, 1]3✳ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐s ♠❛❞❡ ✐♥ t❤❡ s❛♠❡
✇❛②✱ ❜✉t ✇✐t❤ t❤❡ ❝♦♦r❞✐♥❛t❡ ❛♥❣❧❡ θ ❣✐✈❡♥ t❤✐s t✐♠❡ ❜②

θ = arctan

(
(x− 0.5) sin(πz) + (y − 0.5) cos(πz)

(x− 0.5) cos(πz)− (y − 0.5) sin(πz)

)
. ✭✹✳✹✶✮

❲❡ r❡tr✐❡✈❡ t❤❡ ♣r❡✈✐♦✉s ✷❉ ❝❛s❡ ✇✐t❤ z ❡q✉❛❧ t♦ ③❡r♦✳

✶✶❲❡ r❡❝❛❧❧ t❤❛t ❘❖❈❑✹ ♥❡❡❞s t♦ s❛✈❡ ♦♥❧② 8 ❛rr❛②s ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s r❡❣❛r❞❧❡ss ♦❢ t❤❡
♥✉♠❜❡r ♦❢ st❛❣❡s✳ ❖♥❡ ♦❢ t❤❡s❡ ❛rr❛②s ❝♦♥t❛✐♥s t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ✐♥
♦r❞❡r t♦ ❛❞❛♣t t❤❡ t✐♠❡ st❡♣ ✇✐t❤✐♥ t❤❡ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡✳
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❋✐rst✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t 8 ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s ✇✐t❤ NJ = 23×8 = 16777216 = 2563 ❝❡❧❧s
♦♥ t❤❡ ✜♥❡st ❣r✐❞ J = 8✳ ❚❤❡♥✱ ✇✐t❤ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ ε = 10−2✱ ❛♥❞ ❛ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣ ∆t = 4/1024✱ t❤❡ str❛t❡❣② ❢❡❛t✉r❡s ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s ♦❢ 92.61% ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱
85.64% ❛t t = 1 ✇❤❡♥ t❤❡ s❝r♦❧❧ ✇❛✈❡s ❛r❡ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞✱ ❛♥❞ 81.42% ❛t ✜♥❛❧ t✐♠❡ t = 2✳
❋✐❣✉r❡ ✹✳✾ s❤♦✇s t❤❡ s❝r♦❧❧ ✇❛✈❡s ❢♦r ✈❛r✐❛❜❧❡ a ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s ❛♥❞ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞
❛t t = 2✳ ❚❤❡ ✜♥❡st r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳ ❚❤❡ ❈P❯
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇❛s ♦❢ ❛❜♦✉t 41.94 ❤♦✉rs ✇✐t❤ ♦♥❡ ♣r♦❝❡ss♦r✳
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❋✐❣✳ ✹✳✾✿ ✸❉ ❇❩ s❝r♦❧❧ ✇❛✈❡✳ ❚♦♣✿ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ a ❛t t = 1 ✭❧❡❢t✮ ❛♥❞ t = 2 ✭r✐❣❤t✮✳ ❇♦tt♦♠✿
❆❞❛♣t❡❞ ❣r✐❞ ✭❧❡❢t✮ ❛♥❞ ✜♥❡st ❣r✐❞ ✭r✐❣❤t✮ ❛t t = 2 ❢♦r ε = 10−2✳ ❋✐♥❡st ❣r✐❞✿ 2563✳

❚♦ ❡①♣❧♦r❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ❛♥❞ ♣♦t❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♠❡t❤♦❞✱ ❧❡t ✉s ❝♦♥s✐❞❡r 9 ♥❡st❡❞
❞②❛❞✐❝ ❣r✐❞s ✇✐t❤ NJ = 23×9 = 134217728 = 5123 ❝❡❧❧s ♦♥ t❤❡ ✜♥❡st ❣r✐❞ J = 9✳ ❚❤❡ ✐♥✐t✐❛❧✲
✐③❛t✐♦♥ ♠✉st t❛❦❡ ♣❧❛❝❡ ♦♥ ❛ ✐♥t❡r♠❡❞✐❛t❡ ❣r✐❞✱ j0 = 8 ✐♥ t❤✐s ❡①❛♠♣❧❡✳ ❋♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱
❛ t✇♦ t✐♠❡s ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 4/512 ≈ 7.8 × 10−3✱ ❛♥❞ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢
ε = 10−1 ✇❡r❡ ❝❤♦s❡♥ t♦ ❤❛✈❡ s♣❧✐tt✐♥❣ ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ♣♦t❡♥t✐❛❧❧② ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✳
❙♠❛❧❧❡r t❤r❡s❤♦❧❞ ✈❛❧✉❡s ②✐❡❧❞ ❧❛r❣❡r s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❧♦♥❣❡r ❢❡❛s✐❜❧❡ ✇✐t❤ t❤❡
❝♦♥s✐❞❡r❡❞ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡ ❛♥❞ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡✳ ❋✐❣✉r❡ ✹✳✶✵
s❤♦✇s t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❛t t = 2 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥❡st r❡❣✐♦♥s✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ 2563
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❝❛s❡✱ ✜♥❡r r❡❣✐♦♥s ❛r❡ ❛❞❞❡❞ ❛t t❤❡ st❡❡♣❡st s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❢r♦♥t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐♥ ♦r❞❡r
t♦ ❣❧♦❜❛❧❧② ❣✉❛r❛♥t❡❡ ✭✹✳✷✻✮✱ ♠♦r❡ r❡✜♥❡♠❡♥t ✐s ♥❡❡❞❡❞ ❛t t❤❡ ❧♦✇❡r ❧❡✈❡❧s ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✺✮
❢♦r ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ε✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦r ✭✹✳✷✻✮ ✐s ❛❧✇❛②s ♠❡❛s✉r❡❞
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐❢♦r♠ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J ✳ ❚❤❡
❧❛tt❡r ✐s ♠❛✐♥❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡
s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳ ❉❛t❛ ❝♦♠♣r❡ss✐♦♥s ❛r❡ ♥♦✇ ♦❢ 95.79% ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ 91.56% ❛t
t = 1✱ ❛♥❞ 91.20% ❢♦r ✜♥❛❧ t✐♠❡ t = 2✱ ✇✐t❤ ❛ ❈P❯ t✐♠❡ ♦❢ 159.4 ❤♦✉rs✳
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❋✐❣✳ ✹✳✶✵✿ ✸❉ ❇❩ s❝r♦❧❧ ✇❛✈❡✳ ❆❞❛♣t❡❞ ❣r✐❞ ✭❧❡❢t✮ ❛♥❞ ✜♥❡st ❣r✐❞ ✭r✐❣❤t✮ ❛t t = 2 ❢♦r ε = 10−1✳ ❋✐♥❡st
❣r✐❞✿ 5123✳

P❡r❢♦r♠✐♥❣ t❤❡ s❛♠❡ ❝♦♠♣❛r✐s♦♥ ❝♦♥❝❡r♥✐♥❣ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✉♥✲
❦♥♦✇♥s ❢♦r t❤✐s ❝❛s❡ ✐s W = 3×512×512×512 ≈ 4.03×108✱ ❛♥❞ t❤❡ ❣❧♦❜❛❧ s✐③❡ ♦❢ L r❡q✉✐r❡❞
❜② ❡❛❝❤ s♦❧✈❡r ✐s✿

✶✳ ◗✉❛s✐✲❡①❛❝t ✇✐t❤ ❘❛❞❛✉✺✿ W1 =W ≈ 4.03× 108 ❛♥❞ L = L1 ≈ 6.5× 1017✳

✷✳ ❙♣❧✐tt✐♥❣✿ W1 = 3✱ W2 =W ≈ 4.03× 108 ❛♥❞ L = L1 + L2 ≈ 3.2× 109✳

✸✳ ▼❘✴❙♣❧✐tt✐♥❣ ✇✐t❤ ε = 10−1✿ W1 = 3✱ W2 = 0.13×W ≈ 5.3× 107✱ ❛♥❞ L = L1 + L2 ≈
4.2× 108❀ ✇✐t❤ ❛ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ 87%✳

❚❤❡r❡❢♦r❡✱ ✇❡ s❤❛❧❧ r❡q✉✐r❡ ❛t ❧❡❛st 36.1 ❊❜✱ 190.7 ●❜✱ ❛♥❞ 25.0 ●❜ ♦❢ ♠❡♠♦r② ❝❛♣❛❝✐t②✱
r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❡❛❝❤ s♦❧✈❡r✳

✹✳✼ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚♦ ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r✱ ❧❡t ✉s s②♥t❤❡s✐③❡ t❤❡ ♠❛✐♥ ♣♦✐♥ts ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s t❤r♦✉❣❤♦✉t t❤❡
❞✐✛❡r❡♥t s❡❝t✐♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ❜❛s❡❞ ♠❛✐♥❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❜❧♦❝❦s✿

• ❆ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✇✐t❤ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❞❡✜♥❡❞ ✇✐t❤✐♥ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❞❡❝♦✉♣❧✐♥❣
❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳



❙❡❝t✳ ✹✳✼ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✵✷

• ❍✐❣❤ ♦r❞❡r ♦♥❡✲st❡♣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s ✇✐t❤ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ t♦♦❧s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳

• ❆ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ t❤❛t ②✐❡❧❞s ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥
✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✉♥✐❢♦r♠ ❣r✐❞ s♣❛❝❡ r❡s♦❧✉t✐♦♥✳

■♥ ♦r❞❡r t♦ ♠♦♥✐t♦r t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✇❡ ❤❛✈❡ ❞❡❝♦✉♣❧❡❞ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥ t❤r❡❡ ❝♦♥st✐t✉t✐♥❣ ♣✐❡❝❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛✿

• ❚❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳ ❚❤✐s ❡rr♦r
✐s ❞✐✣❝✉❧t t♦ ❡✈❛❧✉❛t❡ ✐♥ ♣r❛❝t✐❝❡ s✐♥❝❡ ✐♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ♥♦t
❛✈❛✐❧❛❜❧❡✱ ❛♥❞ ❛ ❤✐❣❤❧② r❡✜♥❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❢❡❛s✐❜❧❡✳

• ❚❤❡ s♣❧✐tt✐♥❣ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞❡❝♦✉♣❧❡❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜♣r♦❜❧❡♠
❝♦♠✐♥❣ ❢r♦♠ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳ ❚❤✐s ❡rr♦r ✐s ♠❛✐♥❧② s❡t ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳

• ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♣❛t✐❛❧❧② ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳ ❚❤✐s ❡rr♦r ✐s r✉❧❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❞✉r✐♥❣
t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❝♦♥t❡①t ❜♦t❤ t❤❡ s♣❧✐tt✐♥❣ ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✲
✐❝❛❧ ♠❡t❤♦❞s✱ ✐✳❡✳✱ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡s✱ ❝❛♥ ❜❡
❤❡♥❝❡ tr❛❝❦❡❞✱ ✇❤❡r❡❛s ❢♦r ❛ s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s✱ ❛ ❝♦♠♣❧❡t❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✐s ❛❧s♦
♣♦ss✐❜❧❡✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ s❡❝♦♥❞ ♦r❞❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r t❤❡ ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠ ❛❧t❤♦✉❣❤ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s ♠✐❣❤t ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ s❛♠❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
s♦❧✈❡r✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s t❤✉s q✉✐t❡ ❣❡♥❡r❛❧ ❛♥❞ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♥❣ ❛♥❞ ✐♠♣❧❡✲
♠❡♥t✐♥❣ ❝r✐t❡r✐❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❝♦♥s✐❞❡r ♦t❤❡r ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s✳
❆♥ ✐♠♣♦rt❛♥t ❣❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ ✐s s❤♦✇♥ t♦ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ r❡s✉❧t✐♥❣
♠❡t❤♦❞ ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❣r✐❞ ❢❡❛t✉r❡s ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❞❡❞✐❝❛t❡❞
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣②✳ ❋✉rt❤❡r ❡♥❤❛♥❝❡♠❡♥ts ❛r❡ ♣♦ss✐❜❧❡ ✐❢ t❤❡ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
t❤❡ ♣r♦❜❧❡♠ ❛❧❧♦✇s ✉s t♦ ♣❡r❢♦r♠ ❛♥ ❡✛❡❝t✐✈❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ♦❢ t❤❡
❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♥❣
✇❛✈❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r❡✈✐♦✉s str❛t❡❣② ✇✐❧❧ ❜❡ ❡♥s✉r❡❞ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧
♣r♦❜❧❡♠s ❛s ❧♦♥❣ ❛s✿

• ❆ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s s✉✣❝✐❡♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ s✐♠✉❧❛t❡❞
♣❤❡♥♦♠❡♥♦♥✳

• ❚❤❡ s✐♠♣❧❡ r❡✜♥❡♠❡♥t ❛♥❞ ❝♦✉♣❧✐♥❣ ❝r✐t❡r✐❛ ❜❡t✇❡❡♥ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡s
❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ ❣r✐❞ r❡✜♥❡♠❡♥t ❡♥s✉r❡ ❛ ♣r♦♣❡r ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ st❡❡♣❡st
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ s♦❧✉t✐♦♥✳

• ❚❤❡ r❡❛❝t✐✈❡ ❛❝t✐✈✐t② ✐s ♠❛✐♥❧② ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ✇❛✈❡❢r♦♥ts ✇❤✐❝❤ ❛r❡ s♣❛t✐❛❧❧② r❡✜♥❡❞
t♦ ❛✈♦✐❞ ❛♥ ✐♠♣♦rt❛♥t ❛❝❝✉r❛❝② r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠s ❛♥❞ t❤✉s
♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥♦♥✳

❚❤❡ ✜rst ❝♦♥str❛✐♥t r❡❞✉❝❡s ❝♦♥s✐❞❡r❛❜❧② t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ❛♣♣❧✐❝❛t✐♦♥ ❢❡❛t✉r✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ♣r♦❜❛❜❧② ❤✐❣❤❧② ✉♥st❡❛❞② ♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ♥❛t✉✲
r❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❡✣❝✐❡♥t ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣



❙❡❝t✳ ✹✳✼ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✵✸

s❝❤❡♠❡ ❢♦r ❣❡♥❡r❛❧ st✐✛ ♣r♦❜❧❡♠s✳ ❚❤✐s t✐♠❡ ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡ ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤✐♥ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦✐♥❣ ❢r❛♠❡✇♦r❦ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝②
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡s❡ ❦❡② ✐ss✉❡s r❡♠❛✐♥❡❞ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❢♦r ♠❛♥② ②❡❛rs✱ ❛♥❞
✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ♦❢ t❤✐s ✇♦r❦ ✇❡ ♣r♦♣♦s❡ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ ♦✈❡r❝♦♠❡
t❤❡s❡ ❞✐✣❝✉❧t✐❡s✳
❈♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t✱ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ♠✐❣❤t ❜❡ r❡q✉✐r❡❞✱
❛s t❤❡ ♦♥❡s ✐♥tr♦❞✉❝❡❞ ❜② ❈♦❤❡♥ ❡t ❛❧✳ ✐♥ ❬❈❑▼P✵✸❪✱ t❤❛t ❛❧❧♦✇ ✉s t♦ ❛❞❞ ♠♦r❡ t❤❛♥ ♦♥❡
r❡✜♥❡❞ ❧❡✈❡❧ ❜❡❢♦r❡ ❡❛❝❤ ♥❡✇ t✐♠❡ st❡♣ ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ s✉❞❞❡♥❧② ❤✐❣❤ ✈❛r✐❛t✐♦♥s
✐♥ t❤❡ ♥❡✇ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs t❤❛t ❛♥
❛♣♣r♦♣r✐❛t❡ ❢r❡q✉❡♥❝② ♦❢ r❡♠❡s❤✐♥❣ s❡t ❜② t❤❡ ❞②♥❛♠✐❝ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ✐♥
t❤✐s ✇♦r❦ ❛❧❧♦✇s ✉s ❛❧s♦ t♦ r❛♣✐❞❧② ❝❛♣t✉r❡ t❤❡ s♣❛t✐❛❧ ❞②♥❛♠✐❝s ♦❢ ❤✐❣❤❧② ✉♥st❡❛❞② ♣r♦❜❧❡♠s✱
❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ❛♥❞ ♠✉❝❤ s✐♠♣❧❡r ♣r❡✈✐♦✉s r❡✜♥❡♠❡♥t ❛♥❞ ❝♦✉♣❧✐♥❣ ❝r✐t❡r✐❛✳ ❆ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ♠♦r❡ ❞❡❞✐❝❛t❡❞ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣♣✐♥❣ ♠✐❣❤t ❜❡
❤♦✇❡✈❡r ❝♦♥s✐❞❡r❡❞ t♦ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥ s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s✳ ❚❤❡
❧❛tt❡r ♦♣t✐♦♥ ❤❛s ♥♦t ❜❡❡♥ s✉✣❝✐❡♥t❧② ❛♥❛❧②③❡❞ ❢♦r t❤❡ ♠♦♠❡♥t ❛♥❞ ✇✐❧❧ ♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
♣r❡s❡♥t ✇♦r❦✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r t❤❡ ❧❛st ❝♦♥str❛✐♥t ✇❤✐❝❤ ♠✐❣❤t r❡q✉✐r❡ s♣❡❝✐❛❧ t❡❝❤♥✐q✉❡s
❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠s✱ ❛s t❤❡ ♦♥❡s ❞❡✈❡❧♦♣❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ❍♦✈❤❛♥♥✐s②❛♥
✫ ▼ü❧❧❡r ✐♥ ❬❍▼✶✵❪ ❢♦r ❛♥ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ s♦♠❡ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥s✳



❈❤❛♣t❡r ✺

❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ❢♦r

▼✉❧t✐✲❙❝❛❧❡ ❊✈♦❧✉t✐♦♥❛r② P❉❊s

❚❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s ❛ t✐♠❡ ❛❞❛♣t✐✈❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥
♦❢ st✐✛ P❉❊s✳ ❚✐♠❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡s ✇❡r❡ ♣❛rt✐❛❧❧② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥
❛♥❞ ✐♥ ❈❤❛♣t❡r ✷✱ ✇❤❡r❡ ❞②♥❛♠✐❝❛❧ t✐♠❡ st❡♣♣✐♥❣ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ ❖❉❊s
s②st❡♠s✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ s♦♠❡ t✐♠❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡s ❢♦r
P❉❊s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ t❤❛t ❝♦♠♣❧❡♠❡♥ts
t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❆♥ ❛rt✐❝❧❡ ♦♥ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ str❛t❡❣② ✇❛s
♣✉❜❧✐s❤❡❞ ✐♥ ❈♦♥✢✉❡♥t❡s ▼❛t❤❡♠❛t✐❝✐ ❬❉❉❉+✶✶❪✱ ✐♥ ❛ s♣❡❝✐❛❧ ✐ss✉❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠❡♠♦r②
♦❢ ▼✐❝❤❡❧❧❡ ❙❝❤❛t③♠❛♥✳

✺✳✶ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡s ❢♦r P❉❊s

❚✐♠❡ ❛❞❛♣t❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛ P❉❊s ✐s ❛ ❝r✐t✐❝❛❧ ❛s♣❡❝t ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
♠❛✐♥❧② ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ✉s t♦ tr❛❝❦ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛s ✉s✉❛❧❧②
❞♦♥❡ ❢♦r ❖❉❊s s②st❡♠s✱ ❛♥❞ ❜❡❝❛✉s❡ ❤✐❣❤❧② ✉♥st❡❛❞② P❉❊s ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② s✐♠✉❧❛t❡❞✳ ❊✐t❤❡r
✐❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❣❧♦❜❛❧❧② ♦r ❧♦❝❛❧❧② ❛❞✈❛♥❝❡❞ ✐♥ t✐♠❡✱ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❛t✐♦♥ t♦ t❤❡ ♥✉♠❡r✐❝❛❧
❛♥❞ ♣❤②s✐❝❛❧ s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♠❛♥❞❛t♦r② t♦ ♦✈❡r❝♦♠❡ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ r❡str✐❝t✐♦♥s✳
■t ✇❤❛t ❢♦❧❧♦✇s✱ s♦♠❡ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r P❉❊s ✇✐❧❧ ❜❡ ❜r✐❡✢② ❞✐s❝✉ss❡❞✳

• ❚✐♠❡ st❡♣♣✐♥❣ ❢♦r ■▼❊❳ ♠❡t❤♦❞s✳ ❙t❛♥❞❛r❞ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ■▼❊❳ s❝❤❡♠❡s
❝♦♥s✐❞❡r ❡♠❜❡❞❞❡❞ ❧♦✇❡r ♦r❞❡r ♠❡t❤♦❞s ♦r ♦t❤❡r ❦✐♥❞ ♦❢ ♣r♦❝❡❞✉r❡ t♦ ♥✉♠❡r✐❝❛❧❧② ❡s✲
t✐♠❛t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ✭s❡❡ ❬❍◆❲✽✼✱ ❍❲✾✻❪✮✱ ❛s ♣r❡✈✐♦✉s❧② s❡❡♥ ❢♦r s♦♠❡ st✐✛ ❖❉❊
s♦❧✈❡rs ✐♥ ❈❤❛♣t❡r ✷✶✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ ■▼❊❳ ♠❡t❤♦❞s t❛❦❡ s✐♠✉❧t❛✲
♥❡♦✉s❧② ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♣r❛❝t✐❝❡✱ ✐t s✉✣❝❡s
t♦ ❝♦♥s✐❞❡r✱ ❢♦r ✐♥st❛♥❝❡✱ ❛♥ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞ ✇✐t❤ s✉♣♣❧❡♠❡♥t❛r② st❛❣❡s t❤❛t s❛t✐s✜❡s
❧♦✇❡r ♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬❑❈✵✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❆♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r
❝❛♥ ❜❡ t❤❡♥ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❡♣s✱ ❛s ♣❡r✲
❢♦r♠❡❞ ✐♥ ❝❧❛ss✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❖❉❊s✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ s❝❤❡♠❡s ♣r❡s❡♥t❡❞ ✐♥ ❬❍❲✵✻❪ ❢♦r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ❢♦r ✇❤✐❝❤ s♣❛❝❡ ❣r✐❞ ❛❞❛♣t✐♦♥ ✇❛s ❛❧s♦ ♣r♦♣♦s❡❞✳ ■♥ t❤❡ ■❘❑❈
❝♦❞❡ ❬❙❙❱✵✻❪ t❤❛t ✐♠♣❧❡♠❡♥ts ❛♥ ■▼❊❳ s❝❤❡♠❡ ❜❛s❡❞ ♦♥ ❘❑❈ ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ❜②

✶▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡s ❛r❡ ✈❛❧✐❞ ❢♦r ❛♥② ❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ s❝❤❡♠❡ ❧✐❦❡ ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t ♦♥❡✳
❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ✐s ♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t❡❞ ✐♥ ❬❉❙✶✵❪ t♦ ❡♥s✉r❡ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛ ✜rst ♦r❞❡r ✐♠♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❝♦✉♣❧❡❞ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ❢♦r ❝♦♠❜✉st✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳



❙❡❝t✳ ✺✳✶ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡s ❢♦r P❉❊s ✶✵✺

❬❱❙✵✹❪ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ❛♥❞ t❤❡♥ ❡①t❡♥❞❡❞ t♦ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥
♣r♦❜❧❡♠s ❬❱❙❍✵✹❪✱ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ✐♥ t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ✐s ♥✉♠❡r✐❝❛❧❧②
❡✈❛❧✉❛t❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♠❡t❤♦❞ ✐s ♦❢ ♦r❞❡r ✶ ✭❤♦♣❡❢✉❧❧② ✷ ✐♥ ♣r❛❝t✐❝❡✮✷✳
■♥ t❤✐s ✇❛②✱ t❤❡ t✐♠❡ st❡♣ ✐s ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤✐♥ ❛ ♣r❡✲
s❝r✐❜❡❞ t♦❧❡r❛♥❝❡ ❛♥❞ ✇✐t❤✐♥ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✐♥ ✇❤✐❝❤✱ ❜②
❝♦♥str✉❝t✐♦♥✱ t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡ ❢♦r t❤❡ st✐✛ t❡r♠s r❡♠❛✐♥s st❛❜❧❡ ❬❱❙✵✹❪✳

• ❚✐♠❡ st❡♣♣✐♥❣ ✈✐❛ ❛❞❥♦✐♥t ❡rr♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ❖t❤❡r str❛t❡❣✐❡s t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❞❥♦✐♥t
♦♣❡r❛t♦rs ✭s❡❡✱ ❡✳❣✳✱ ❬❙ü❧✾✾✱ ❙t❡✵✽✱ ❙◆✵✽✱ ❙▼◆✶✵❪✮✱ ✇❤✐❝❤ ❝♦♥s✐❞❡r t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ❛ss♦✲
❝✐❛t❡❞ ✇✐t❤ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ✐ts
r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❜❡tt❡r ❝♦♥tr♦❧ t❤❡ ❡rr♦r ♦❢ ❝♦♠♣✉✲
t❛t✐♦♥s✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐s ♠❛✐♥❧② s❡tt❧❡❞ ❜② t❤❡ ❧✐♥❡❛r ♦r ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs
♣r❡s❡♥t ✐♥ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs✳ ❚❤❡ ❧❛tt❡r ♦♥❡s ❧❡❛❞
t♦ ❛♥ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠✱ ❢♦r ✇❤✐❝❤ ♦♥❡ ❝❛♥
❞❡❞✉❝❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❞❥♦✐♥t ♦♣❡r✲
❛t♦rs ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❛♥❞ ❛♥❛❧②③❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠s ❬❊●❘+✵✽✱ ❊❈●+✵✽✱ ●✐♥✶✵❪✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s t❤❛t ♠♦r❡
s♦♣❤✐st✐❝❛t❡❞ s❝❤❡♠❡s ❛r❡ r❡q✉✐r❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t t✐♠❡ ♦♣❡r❛t♦rs✱
✇❤✐❝❤ ❛r❡ ♥♦t ❛❧✇❛②s ✇❡❧❧✲♣♦s❡❞✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ✐s t❤❡r❡❢♦r❡ r❡q✉✐r❡❞ ❛♥❞ t❤❡
♣r♦❝❡❞✉r❡s ❛r❡ ♦❢t❡♥ ❞✐✣❝✉❧t t♦ ❣❡♥❡r❛❧✐③❡✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✲
✜❣✉r❛t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠s ❛s ❇✉r❣❡rs✬ ❡q✉❛t✐♦♥ ❬❙◆✵✽❪ ♦r ❊✉❧❡r
❡q✉❛t✐♦♥s ❬❙▼◆✶✵❪✱ s✉❝❤ ❛ s❝❤❡♠❡ ♠✐❣❤t ❜❡ ❡✣❝✐❡♥t❧② ✐♠♣❧❡♠❡♥t❡❞✳ ■♥ ❣❡♥❡r❛❧✱ ❛♥ ✐♠✲
♣♦rt❛♥t ♦✈❡r❤❡❛❞ ✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡rr♦r r❡♣r❡s❡♥t❛t✐♦♥
s✐♥❝❡ ♦♥❡ ♥❡❡❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❞✉❛❧ ♣r♦❜❧❡♠s ♣❧✉s s✉♣♣❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s
❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❝♦st s❡✈❡r❛❧ t✐♠❡s ♦♥❡ s✐♥❣❧❡ ❢♦r✇❛r❞ s♦❧✉t✐♦♥✳ ❚❤❡s❡
❝♦sts ❛r❡ ♥❡✈❡rt❤❡❧❡ss r❡❞✉❝❡❞ ✐♥ ❬❙▼◆✶✵❪ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❛❞❥♦✐♥t ❡rr♦rs ♦♥ ❛ ❝♦❛rs❡r
♠❡s❤ ✐ss✉❡❞ ❢r♦♠ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s✳ ■♥ t❤✐s ✇❛②✱ ❛ t✐♠❡✲s♣❛❝❡ ❛❞❛♣t✐✈❡ ✇❛s
✐♥tr♦❞✉❝❡❞ ❢♦r ✷❉ ❊✉❧❡r ❡q✉❛t✐♦♥s✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ ❝♦♠❜✐♥❡s ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t
t✐♠❡ ✐♥t❡❣r❛t✐♦♥s t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts✳

• ▼✉❧t✐r❛t❡ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣✐❡s✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡s❡ s❝❤❡♠❡s ✐s t♦ ✉s❡ ❛ s❡❧❢✲
❛❞❥✉st✐♥❣ t✐♠❡ st❡♣ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝♦♠♣♦♥❡♥t ♦❢ ❛♥ ❖❉❊ s②st❡♠✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛
s✐♥❣❧❡ ❣❧♦❜❛❧ t✐♠❡ st❡♣ ❢♦r t❤❡ ✇❤♦❧❡ s②st❡♠✳ ■♥ t❤✐s ✇❛②✱ ♣♦t❡♥t✐❛❧❧② st✐✛ ❝♦♠♣♦♥❡♥ts
✇✐t❤ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡ ❜❛s❡❞ ♦♥ t❤❡✐r ♦✇♥
❧♦❝❛❧ t❡♠♣♦r❛❧ ✈❛r✐❛t✐♦♥s✳ ❚❤❡s❡ ❛r❡ t❤✉s ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s ✇✐t❤ ❡rr♦r ❝♦♥✲
tr♦❧✱ ❛♥❞ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❣❡♥❡r❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❖❉❊
s②st❡♠s ♠✐❣❤t ❝♦♠❡ ❢r♦♠ s❡♠✐✲❞✐s❝r❡t✐③❡❞ P❉❊s✳ ❆✉t♦♠❛t✐❝ ♠✉❧t✐r❛t❡ s❝❤❡♠❡s ✇❡r❡ ✜rst
✐♥tr♦❞✉❝❡❞ ❜② ❬●❲✽✹❪ ❢♦r ❧✐♥❡❛r ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞s✳ ❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ❝♦♥s✐❞❡r❡❞✱
❢♦r ✐♥st❛♥❝❡✱ ♣❛rt✐t✐♦♥❡❞ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ❢♦r ❢❛st ❛♥❞ s❧♦✇ ✇❡❧❧✲♣❛rt✐t✐♦♥❡❞ s②s✲
t❡♠s ❬●❑❘✵✶❪✳ ■♥ ❣❡♥❡r❛❧✱ ❢✉❧❧② ✐♠♣❧✐❝✐t ❬▲♦❣✵✷✱ ▲♦❣✵✸❪ ♦r ❧✐♥❡❛r❧② ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛
♠❡t❤♦❞s ♦❢ ❘♦s❡♥❜r♦❝❦✲t②♣❡ ❬❇●✵✷✱ ❙❍❱✵✼❪ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❡st✐✲
♠❛t❡s ❜❛s❡❞ ♦♥ ❧♦✇❡r ♦r❞❡r ❡♠❜❡❞❞❡❞ s❝❤❡♠❡s✱ s✉✐t❛❜❧❡ ❢♦r st✐✛ ♣r♦❜❧❡♠s✳ ❙♦♠❡ ❝r✉❝✐❛❧
❛s♣❡❝ts ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ ✜♥❛❧ s②♥❝❤r♦♥✐③❛t✐♦♥ st❡♣s ❢♦r ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ s②st❡♠✱ ✐♥ ✇❤✐❝❤ ✐♥t❡r♣♦❧❛t✐♦♥s ❛r❡ ✉s✉❛❧❧② ✐♠♣❧❡♠❡♥t❡❞ t♦ ❞❡✜♥❡ ♠✐ss✐♥❣ ❞❛t❛ ❛t
✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ st❡♣s✱ ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♠♣❧❡①✐t② ♦❢ ❢✉❧❧② ✐♠♣❧✐❝✐t ♠❡t❤♦❞s✳
❋♦r ❛ r❡❝❡♥t r❡✈✐❡✇ ♦♥ t❤❡s❡ ♠❡t❤♦❞s✱ s❡❡ ❬❙▼✶✵❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ■▼❊❳ ❛♥❞ ♠✉❧t✐r❛t❡ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞

✷❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❞✐✛❡r❡♥t t♦ t❤❡ ♦♥❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❘❑❈ ❝♦❞❡ ❬❙❙❱✾✼❪ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s
❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❘❑❈ s❝❤❡♠❡✱ ❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ✜♥❞✐♥❣s ❬❱❍❙✾✵❪✳



❙❡❝t✳ ✺✳✶ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡s ❢♦r P❉❊s ✶✵✻

✐♥ ❬❈❉✶✶❪✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❞❛♣t✐✈❡ ♠❡s❤✐♥❣ s❝❤❡♠❡s✱ ♠❛♥② ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥
❞❡✈❡❧♦♣❡❞ t♦ ❧♦❝❛❧❧② ❛❞❛♣t t✐♠❡ st❡♣s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦❝❛❧ ♠❡s❤ s✐③❡✳ ❚❤✐s ✐❞❡❛ ❞❛t❡s ❜❛❝❦ t♦
t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦s ♦❢ ❇❡r❣❡r ✫ ❖❧✐❣❡r ♦♥ ❆▼❘ t❡❝❤♥✐q✉❡s ❬❇❖✽✹❪✱ ❛♥❞ ✇❡r❡ t❤❡♥ ❢♦r♠❛❧✐③❡❞ ❜②
❇❡r❣❡r ✫ ❈♦❧❧❡❧❛ ✐♥ ❬❇❈✽✾❪✳ ❚❤❡ ❣❡♥❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇❛s ❣✐✈❡♥ ❜② ❤②♣❡r❜♦❧✐❝ ❝♦♥✲
s❡r✈❛t✐♦♥ ❧❛✇s ❢♦r ✇❤✐❝❤ t❤❡ t✐♠❡ st❡♣s ♦❢ ❡①♣❧✐❝✐t s❝❤❡♠❡s ✇♦✉❧❞ ❜❡ ❤❡❛✈✐❧② ❝♦♥str❛✐♥❡❞ ❜② t❤❡
✜♥❡st s♣❛❝❡ s❝❛❧❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✭s❡❡✱ ❡✳❣✳✱ ❬❇❉❆+✵✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳
❚❤❡ t✐♠❡ st❡♣s ❛r❡ ✉s✉❛❧❧② ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ ❧♦❝❛❧ st❛❜✐❧✐t② ❝r✐t❡r✐❛ ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧♦✇ ✉s
t♦ ❣r❡❛t❧② ✐♠♣r♦✈❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❆♣♣r♦♣r✐❛t❡ s②♥❝❤r♦♥✐③❛t✐♦♥ st❡♣s ❛♠♦♥❣ ❝❡❧❧s
❡✈♦❧✈❡❞ ✇✐t❤ ❞✐✛❡r❡♥t t✐♠❡ st❡♣s ♠✉st ❜❡ ❞❡✜♥❡❞✱ ✉s✉❛❧❧② ❜❛s❡❞ ♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦①✐♠❛✲
t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❧✐♠✐t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦✈❡r❤❡❛❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ❆ st✉❞② ♦♥ t❤❡ ♦♣t✐♠❛❧
❝❤♦✐❝❡ ♦❢ t❤❡ ❧♦❝❛❧ t✐♠❡ st❡♣s ❛♥❞ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ st❛❣❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❈◆P❚✵✾❪✳ ❆❧❧
t❤❡s❡ ✐❞❡❛s ✇❡r❡ ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ✇❤✐❝❤ ▼ü❧❧❡r ✫ ❙t✐r✐❜❛ ✐♥tr♦❞✉❝❡❞
✐♥ ❬▼❙✵✼❪ ❛ ❧♦❝❛❧❧② ✈❛r②✐♥❣ t✐♠❡ st❡♣♣✐♥❣ ❢♦r ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✳ ❚❤❡ ❧❛tt❡r ♠♦✲
t✐✈❛t❡❞ ♠❛♥② ♦t❤❡r ❡①t❡♥s✐♦♥s ❢♦r ❤②♣❡r❜♦❧✐❝ ✭s❡❡✱ ❡✳❣✳✱ ❬❈PP❚✵✻✱ ❈◆P❚✵✽✱ ❈◆P❚✶✵❪✮ ❛♥❞
♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ❬❉●❘❙✵✽❪✳ ❚❤❡ ❧❛tt❡r ❛✉t❤♦rs ✐♥tr♦❞✉❝❡❞ ❛❧s♦ ❡♠❜❡❞❞❡❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲
❑✉tt❛ s❝❤❡♠❡s ❢♦r ❡rr♦r ❝♦♥tr♦❧ ✐♥ ❬❉❘❙✵✾❪✱ ✇❤✐❝❤ ✇❡r❡ ❧❛t❡r ❝♦✉♣❧❡❞ ✇✐t❤ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣
✐♥ ❬❉●❘❙✵✾❪✳ ❆♥♦t❤❡r ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✇✐t❤ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ ❢♦r ♣❛r❛❜♦❧✐❝ ♣r♦❜✲
❧❡♠s ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❇❇❘❇❙✵✾❪✱ ❛♥❞ ❛♣♣❧✐❡❞ ❢♦r ❡①❝✐t❛❜❧❡ ♠❡❞✐❛ ♣r♦❜❧❡♠s ✐♥ ❬❇❘❇❙✶✵❪✱
✇❤❡r❡ ❛ s♣❡❝✐❛❧ ✜rst ♦r❞❡r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇❛s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❤❛♥❞❧❡ st✐✛ r❡❛❝t✐♦♥
t❡r♠s ✇✐t❤ ❛ s❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ t♦ ✐♠♣r♦✈❡ ❝♦♠♣✉t✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ t✐♠❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r st✐✛ P❉❊s✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❛❧❧♦✇s ✉s t♦ ✐♥❞❡♣❡♥❞❡♥t❧② tr❡❛t ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ t✐♠❡ s❝❛❧❡s
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s
❝❤♦s❡♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳
■♥ t❤✐s ✇❛②✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ✐s ♥♦t ❧✐♠✐t❡❞ ❜② st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ❛s ✐♥
st❛♥❞❛r❞ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❛♥❞ ❛♥ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥❡✈❡r
❛ ❜r♦❛❞ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ✐s ♣♦ss✐❜❧❡✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ t❤✐s s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡rs ❛ ❞❡❞✐❝❛t❡❞ ✐♠♣❧✐❝✐t s♦❧✈❡r ❢♦r st✐✛ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠s
t❤❛t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣② ❞❡✜♥❡❞ t❤✐s t✐♠❡ ❜② ❛❝❝✉r❛❝② ❝r✐t❡r✐❛ ❛s
✐♥ ❛ ♠✉❧t✐r❛t❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❜✉t ✇✐t❤♦✉t ❛♥② ❞❛t❛ s②♥❝❤r♦♥✐③❛t✐♦♥ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦rs❀
✇❤❡r❡❛s t❤❡ ❡①♣❧✐❝✐t s♦❧✈❡rs ♠✐❣❤t ♣❡r❢♦r♠ s❡✈❡r❛❧ t✐♠❡ st❡♣s ✇✐t❤✐♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐♥
♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t②✱ ✐♥ ♦♣♣♦s✐t✐♦♥ t♦ st❛♥❞❛r❞ ❝♦✉♣❧❡❞ s❝❤❡♠❡s✱ ❧✐❦❡ ❢✉❧❧②
✐♠♣❧✐❝✐t ♦r ❝♦♥s✐st❡♥t ■▼❊❳ ♠❡t❤♦❞s✸✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s♣❧✐tt✐♥❣
❡♥✈✐r♦♥♠❡♥t ✐s r❛t❤❡r ♠✐♥✐♠✉♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✉❝❝❡ss✐✈❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ♦❢ t❤❡
✈❛r✐♦✉s s✉❜♣r♦❜❧❡♠s✱ ❛♥❞ t❤❛t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ❢♦r ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ❛r❡
✐♠♣❧❡♠❡♥t❡❞✳
❲❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ❛ ❝♦♥st❛♥t
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ♠♦r❡ t❤❛♥ r❡❛s♦♥❛❜❧❡ t♦ ♣r❡❝✐s❡❧② ❞❡s❝r✐❜❡ t❤❡ ❣❧♦❜❛❧ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡
s♣❧✐t ♣❤❡♥♦♠❡♥❛✳ ❋✐①❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ s❝❤❡♠❡s ❝♦♥st✐t✉t❡ t❤❡ ♠♦st st❛♥❞❛r❞ s♣❧✐tt✐♥❣
✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉♣ t♦ ♦✉r ❞❛②s ❛♥❞ ❤❛✈❡ ❜❡❡♥ ❧❛r❣❡❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❑◆❲✾✾✱
❉❇✵✵✱ ❖❇✵✶✱ ❙▲●❙✵✸✱ ◆❑✵✺✱ ❙P◆✵✻❛✱ ❘P✵✽❪✮✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛ ✜①❡❞ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣②
✇♦✉❧❞ s✉r❡❧② ❧❡❛❞ t♦ ♠❛❥♦r ❞✐✣❝✉❧t✐❡s ❛♥❞ ❧✐♠✐t❛t✐♦♥s ❢♦r ♣r♦❜❧❡♠s ❞❡s❝r✐❜✐♥❣ ❤✐❣❤❧② ✉♥st❡❛❞②

✸❇② ❝♦♥s✐st❡♥t ■▼❊❳ ♠❡t❤♦❞✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❡♥s✉r❡s t❤❡ ❝♦♠♣❧❡t❡
❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❞✐✛❡r❡♥t t❡r♠s✳ ❚❤✐s ❡①❝❧✉❞❡s✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t✐♠❡ st❡♣♣✐♥❣ ♦❢ t❤❡ ✐♠♣❧✐❝✐t
s♦❧✈❡r ✇✐t❤✐♥ t❤❡ ❡①♣❧✐❝✐t ❛♥❞ ❣❧♦❜❛❧ t✐♠❡ st❡♣✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ s♦♠❡ s♦rt ♦❢ s♣❧✐tt✐♥❣ ❡rr♦rs ✇♦✉❧❞ ❜❡ ♥❛t✉r❛❧❧②
✐♥tr♦❞✉❝❡❞✳



❙❡❝t✳ ✺✳✶ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡s ❢♦r P❉❊s ✶✵✼

♠♦❞❡❧s ✇✐t❤ ✈❡r② ❞✐✛❡r❡♥t ❞②♥❛♠✐❝s s✉❝❤ ❛s ✢❛♠❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥✱ ♦r r❡♣❡t✐t✐✈❡❧②
♣✉❧s❡❞ ♣❧❛s♠❛s ❞✐s❝❤❛r❣❡s✱ ❛❧❧ t❤❡ ♠♦r❡ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❧❛r❣❡ s❝❛❧❡ s✐♠✉❧❛t✐♦♥s✳ ■t s❡❡♠s
t❤✉s ❡ss❡♥t✐❛❧ t♦ ❜❡ ❛❜❧❡ t♦ ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s✉❝❤
♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s ✇✐t❤ str♦♥❣❧② ❡✈♦❧✈✐♥❣ ❞②♥❛♠✐❝s✳
■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥♦♥✱ t❤✐s ❛❞❛♣✲
t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ♠✉st r❡❧② ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ❢♦r ✐♥st❛♥❝❡✱
❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❧♦✇❡r ♦r❞❡r ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞✱ ❛s s❡❡♥ ❢♦r ❖❉❊s ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤❡ t✐♠❡
st❡♣s ❝❛♥ t❤❡r❡❢♦r❡ ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣t ❛❝❝♦r❞✐♥❣ t♦ ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ✇❡❧❧
❦♥♦✇♥ t❤❛t ❢♦r st✐✛ ♣r♦❜❧❡♠s ❛♥❞ ❧❛r❣❡r ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✱ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❡t❤♦❞s ❝❛♥
❞❡❣❡♥❡r❛t❡✱ ②✐❡❧❞✐♥❣ ♥♦♥ r❡❧✐❛❜❧❡ ❡rr♦r ❡st✐♠❛t❡s ❛♥❞ ♣♦ss✐❜❧②✱ ♠✉❝❤ ❧❛r❣❡r ❣❧♦❜❛❧ ❡rr♦rs t❤❛♥
❡①♣❡❝t❡❞ ❜② t❤❡ ❣✐✈❡♥ t♦❧❡r❛♥❝❡✳ ❙✉❝❤ ❛ s❝❡♥❛r✐♦ ✇✐❧❧ ❜❡ ❛❧❧ t❤❡ ♠♦r❡ ✈❛❧✐❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ P❉❊ s♦❧✉t✐♦♥s✱ ✇❤❡r❡ ✜♥❡ ❣r✐❞ ❛♥❞ ❧❛r❣❡ ❣r❛❞✐❡♥ts ❝♦✉♣❧❡❞ ✇✐t❤ st✐✛ s♦✉r❝❡ t❡r♠s ❧❡❛❞ t♦
❡s♣❡❝✐❛❧❧② st✐✛ ♣r♦❜❧❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢ ❈❤❛♣t❡r ✹ ✇❛s ❜✉✐❧t ✐♥ s✉❝❤
❛ ✇❛② t❤❛t t❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❡rr♦r ✐s t❤❡ s♣❧✐tt✐♥❣ ❡rr♦r✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❝♦♥str✉❝t
❛ r❡❧✐❛❜❧❡ s♣❧✐tt✐♥❣ ❡rr♦r ❡st✐♠❛t❡ t♦ ❣✉❛r❛♥t❡❡ ❛♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ✇✐t❤✐♥ t❤❡ s♦ ❝❧❛✐♠❡❞
❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳

■♥ t❤✐s ❝♦♥t❡①t✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡ ✜rst ❛♥❞ ♦♥❧② ♣r❡✈✐♦✉s ❛tt❡♠♣t t♦ ❞②♥❛♠✐❝❛❧❧②
❛❞❛♣t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇❛s ❝♦♥s✐❞❡r❡❞ ❜② ●❡r✐s❝❤ ✫ ❱❡r✇❡r ✐♥ ❬●❱✵✷❪ ❜② ♠❡❛♥s ♦❢ ❛
st❛♥❞❛r❞ ❘✐❝❤❛r❞s♦♥ ❡①tr❛♣♦❧❛t✐♦♥✹ ✭s❡❡ ❬❍◆❲✽✼❪✮✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ P❉❊s ✐ss✉❡❞
❢r♦♠ ❝❤❡♠♦t❛①✐s ♠♦❞❡❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ s✉❝❤ ❛ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ✇✐❧❧ ♥♦t ❜❡ s✉✐t❛❜❧❡ ❢♦r st✐✛
P❉❊s ♠❛✐♥❧② ❜❡❝❛✉s❡ ✐t ♥❡❣❧❡❝ts ♦r❞❡r r❡❞✉❝t✐♦♥s✱ ❛♥❞ ❜❡❝❛✉s❡ ❡❛❝❤ t✐♠❡ st❡♣ ❤❛s t♦ ❜❡
✐♥t❡❣r❛t❡❞ t✇✐❝❡✳ ❚❤❡r❡❢♦r❡✱ ♦t❤❡r ❛❧t❡r♥❛t✐✈❡s ♥❡❡❞ t♦ ❜❡ s♦✉❣❤t✳ ❆ s✐♠♣❧❡ ❛♥❞ ❣❡♥❡r❛❧
❛❞❛♣t✐✈❡ str❛t❡❣② ❢♦r ♥♦♥ st✐✛ ♣r♦❜❧❡♠s ✐s✱ ❢♦r ✐♥st❛♥❝❡✱ ❣✐✈❡♥ ❜② t❤❡ ❊♠❜❡❞❞❡❞ ❙♣❧✐t✲❙t❡♣
❋♦r♠✉❧❛❡ ♣r❡s❡♥t❡❞ ❜② ❑♦❝❤ ✫ ❚❤❛❧❤❛♠♠❡r ✐♥ ❬❑❚✶✶❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❧♦✇❡r
♦r❞❡r ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞s✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡ ▲✐❡ ❛♥❞ ❙tr❛♥❣ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ❛❧❧♦✇ ✉s t♦
❜✉✐❧❞ ❤✐❣❤❡r ♦r❞❡r t❡❝❤♥✐q✉❡s ✇✐t❤ ♥❡❣❛t✐✈❡ ♦r ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❛♥ ❛❞❛♣t✐✈❡
s♣❧✐tt✐♥❣ s❝❤❡♠❡ s✉✐t❛❜❧❡ ❢♦r st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ✇❛s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉❉❉+✶✶❪✱ ❛♥❞ ✇✐❧❧
❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤✐s str❛t❡❣② ❛✐♠s ❛❧s♦ ❛t ❡st✐♠❛t✐♥❣ t❤❡ ❧♦❝❛❧ s♣❧✐tt✐♥❣ ❡rr♦r ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣
s❝❤❡♠❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ st❛♥❞❛r❞ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ t❡❝❤♥✐q✉❡✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡
❝♦♥s✐❞❡rs ❛ s❤✐❢t❡❞ ❙tr❛♥❣ ❢♦r♠✉❧❛ ❜✉✐❧t ✇✐t❤ ❛ δ✲s❤✐❢t ✐♥ t✐♠❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❙tr❛♥❣ ❢♦r♠✉❧❛✳
❚❤✐s ❧❛tt❡r ♠❡t❤♦❞ ✐s t❤✉s ♦❢ ✜rst ♦r❞❡r✱ ❛♥❞ ✐s ❡♠❜❡❞❞❡❞ ❜❡❝❛✉s❡ t❤❡ ✜rst s✉❜st❡♣ ✐s ❝♦♠♠♦♥ t♦
❜♦t❤ ♠❡t❤♦❞s t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✳ ■t ✐♥❤❡r✐ts ❢r♦♠ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✐ts st❛❜✐❧✐t②
♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ ♣r♦❜❧❡♠s✱ ❛s st✉❞✐❡❞ ✐♥
❬❉▼✵✹✱ ❉❉▲▼✵✼❪✳ ❆ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t♦
s❡tt❧❡ ❛ s♦❧✐❞ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡
❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ t♦ ♦✈❡r❝♦♠❡ ❝❧❛ss✐❝❛❧ r❡str✐❝t✐♦♥s ♦❢ ❛❞❛♣t✐✈❡
t✐♠❡ st❡♣♣✐♥❣ s❝❤❡♠❡s ✇❤❡♥❡✈❡r ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s ❢❛✐❧ t♦ ♣r❡❞✐❝t t❤❡ tr✉❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
♣r♦❜❧❡♠✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❝♦♥❝❡✐✈❡ ❛♥❞ ✐♠♣❧❡♠❡♥t ❛ ❢✉❧❧② ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣②
t❤❛t ❣✉❛r❛♥t❡❡s ❛♥ ❡✛❡❝t✐✈❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❡rr♦rs ♦❢ ✐♥t❡❣r❛t✐♦♥ ❢♦r ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ t✐♠❡ st❡♣s❀
❛ ❦❡② ✐ss✉❡ ❢♦r ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❝❛♥ ❣♦ ❜❡②♦♥❞ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧
s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇❛②✱ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❢♦r ✇❤✐❝❤ ❛❝❝✉r❛❝② ✐s
❣✉❛r❛♥t❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t✐♠❡ st❡♣s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st s❝❛❧❡✱ t❤✐s ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡ ❛❧❧♦✇s ✉s t♦ ❡①t❡♥❞ t❤❡ str❛t❡❣② ♦❢ ❈❤❛♣t❡r ✹ t♦ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ❤✐❣❤❧② ✉♥st❡❛❞②
♣r♦❜❧❡♠s ♠♦❞❡❧✐♥❣ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧

✹❆♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ✐s ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛t ❡❛❝❤ t✐♠❡
st❡♣✱ ✐♥ ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡ t❤❡♠ ✭✐♥ ❣❡♥❡r❛❧ t❤❡ r❡t❛✐♥❡❞ s♦❧✉t✐♦♥✮ ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r t✇♦ ❤❛❧❢ st❡♣s✳ ❆ ❤✐❣❤❡r ♦r❞❡r
s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛❧s♦ ❡①tr❛♣♦❧❛t❡❞ ✭t❤✐s ✐s ♥♦t ✉s❡❞ ✐♥ ❬●❱✵✷❪ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ ✐s ❝♦♥s✐❞❡r❡❞✮✳



❙❡❝t✳ ✺✳✷ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ▼❡t❤♦❞ ✶✵✽

t✐♠❡ s❝❛❧❡✳

✺✳✷ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ▼❡t❤♦❞

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛rt ❛ s❝❛❧❛r ✶❉ ❝❛s❡ ❢♦r t❤❡ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ s②st❡♠ ✭✶✳✺✸✮ ✐s ❝♦♥✲
s✐❞❡r❡❞ ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❡①t❡♥s✐♦♥s t♦ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥s ♦❢ x ♦r u ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✿

∂tu− ∂2xu = f(u), x ∈ ❘, t > 0,

u(0, x) = u0(x), x ∈ ❘,

}
✭✺✳✶✮

✇❤❡r❡ f ❛♥❞ u0 ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✳ ❆s ✉s✉❛❧✱ ✇❡ ❞❡♥♦t❡ ❜② T tu0 t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✮✱ ❜②
Xtu0 t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿

∂tuD − ∂2xuD = 0, x ∈ ❘, t > 0, ✭✺✳✷✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ uD(0, ·) = u0(·) ❛❢t❡r s♦♠❡ t✐♠❡ t❀ ❛♥❞ ❜② Y tu0✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥
♣❛rt ✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡ x ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❛r❛♠❡t❡r✿

∂tuR = f(uR), x ∈ ❘, t > 0, ✭✺✳✸✮

✇✐t❤ uR(0, ·) = u0(·)✳ ❚❤❡ ▲✐❡ ❛♥❞ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠
✭✺✳✶✮ ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜②

Lt1u0 = XtY tu0, Lt2u0 = Y tXtu0, ✭✺✳✹✮

St1u0 = Xt/2Y tXt/2u0, St2u0 = Y t/2XtY t/2u0. ✭✺✳✺✮

❆♥ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣② ✐s ❜❛s❡❞ ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❜② ✉s✐♥❣ t✇♦ s❝❤❡♠❡s ♦❢ ❞✐✛❡r❡♥t ♦r❞❡r✱ ❢♦r ✐♥st❛♥❝❡✱ St1 ♦r St2✱ ❧♦❝❛❧❧② ♦❢ ♦r❞❡r 3✱ ❛♥❞ Lt1 ♦r Lt2✱
❧♦❝❛❧❧② ♦❢ ♦r❞❡r 2✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❊♠❜❡❞❞❡❞ ❙♣❧✐t✲❙t❡♣ ❋♦r♠✉❧❛❡ ❣✐✈❡♥ ✐♥ ❬❑❚✶✶❪ ❝♦♥s✐❞❡r
St1 ❛♥❞ Lt2✱ ♦r St2 ❛♥❞ Lt1✱ ♥♦t✐❝✐♥❣ t❤❛t✺

Lt1u0 = XtY t/2Y t/2u0, ✭✺✳✻✮

✇❤❡r❡ Y t/2u0 ✐s ❛❧s♦ ✉s❡❞ t♦ ❝♦♠♣✉t❡ St2u0✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✶ t❤❛t ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✱ ♦r❞❡r r❡❞✉❝t✐♦♥s ♠❛② ❛♣♣❡❛r ❞✉❡ t♦ s❤♦rt✲❧✐❢❡ tr❛♥s✐❡♥ts
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢❛st❡st ✈❛r✐❛❜❧❡s✱ ✇❤❡♥ ♦♥❡ ❝♦♥s✐❞❡rs s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❧❛r❣❡r t❤❛♥ t❤❡
❢❛st❡st s❝❛❧❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬❉▼✵✹❪ t❤❛t ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ❡①✲
♣❡❝t❡❞ ✇❤✐❧❡ ❡♥❞✐♥❣ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❜② t❤❡ ♣❛rt ✐♥✈♦❧✈✐♥❣ t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ ♥♦ ♦r❞❡r r❡❞✉❝✲
t✐♦♥ ✐s ❡①♣❡❝t❡❞ ❢♦r t❤❡ Lt2 ❛♥❞ St2 s❝❤❡♠❡s ✇❤❡♥ ❢❛st s❝❛❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ r❡❛❝t✐✈❡ t❡r♠✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❡♠❜❡❞❞✐♥❣ ♣r♦❝❡❞✉r❡ ♠✉st ❜❡ ❝❛r❡❢✉❧❧② ❝♦♥❝❡✐✈❡❞ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥
t❤❡s❡ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s✳
❲❡ ✐♥tr♦❞✉❝❡ ❛ s❤✐❢t❡❞ ❙tr❛♥❣ ❢♦r♠✉❧❛

St2,δu0 = Y (1/2−δ)tXtY (1/2+δ)tu0, ✭✺✳✼✮

❧♦❝❛❧❧② ♦❢ ♦r❞❡r 2✱ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ s②♠♠❡tr②✱ ❢♦r δ ✐♥ [−1/2, 0)∪(0, 1/2]✱ ✇❤✐❝❤ ❧✐❦❡❧② ❢❡❛t✉r❡s
t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ❛s St2✳ ■♥ t❤✐s ✇❛②✱ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✐s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥

✺■♥ ❬❑❚✶✶❪ t❤❡ ❝❡♥tr❛❧ st❡♣ ✐s ❛❝t✉❛❧❧② ✇r✐tt❡♥ ❛s t❤❡ ❝♦♠♠♦♥ ♦♥❡ ❢♦r ❜♦t❤ ▲✐❡ ❛♥❞ ❙tr❛♥❣ s❝❤❡♠❡s✱ ✇❡
❜❡❧✐❡✈❡ t❤❛t t❤✐s ✐s ❥✉st ❛ ♣r✐♥t✐♥❣ ❡rr♦r✳



❙❡❝t✳ ✺✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡ ✶✵✾

t✇♦ s♦❧✉t✐♦♥s ❢♦r ✇❤✐❝❤ ♦r❞❡rs ❛r❡ ❣✉❛r❛♥t❡❡❞✱ ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ ❧♦ss ♦❢ ♦r❞❡r ✐s s✐♠✉❧t❛♥❡♦✉s✱
❛❝❝♦r❞✐♥❣ t♦ ( S∆t2 u0

S∆t2,δu0

)
=

(
Y ∆t/2X∆tY ∆t/2u0

Y (1/2−δ)∆tX∆tY (1/2+δ)∆tu0

)
, ✭✺✳✽✮

❢♦r s♦♠❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t > 0✳ ❊♠❜❡❞❞✐♥❣ ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❛s ❧♦♥❣ ❛s δ ✐s ❞✐✛❡r❡♥t ❢r♦♠
−1/2✱✱ ✐✳❡✳✱S∆t2,δu0 ❞✐✛❡r❡♥t ❢r♦♠ Lt2u0✳ ❈♦♥tr❛r✐❧②✱ ✐❢ δ ✐s ❡q✉❛❧ t♦ 1/2✱ S∆t2,δu0 ✐s ❞❡✜♥❡❞ ❛s Lt1u0✱
✇❤✐❝❤ ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ❬❉▼✵✹❪✳ ❚❤❡r❡❢♦r❡✱ δ
s❤♦✉❧❞ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ (−1/2, 0) ∪ (0, 1/2)✳ ❙❤✐❢t❡❞ S∆t1,δu0 ✐s ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛♥❞
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✐t ♠✐❣❤t ❜❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡
❛❧♦♥❣ ✇✐t❤ S∆t1 u0✳
❈♦♥s✐❞❡r✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❢♦r st✐✛ ❖❉❊s✱
✇❡ ❤❛✈❡ t❤❛t

S∆t2 u0 − S∆t2,δu0 = S∆t2 u0 − T∆tu0 + T∆tu0 − S∆t2,δu0

= O(∆t3) +O(∆t2) ≈ O(∆t2). ✭✺✳✾✮

❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✿

∥∥S∆t2 u0 − S∆t2,δu0
∥∥ < η, ✭✺✳✶✵✮

♠✉st ❜❡ ✈❡r✐✜❡❞ ✐♥ ♦r❞❡r t♦ ❛❝❝❡♣t t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ∆t✳ ❚❤❡ ♥❡✇ t✐♠❡ st❡♣ ✐s
t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ❜②

∆tnew = υ∆t

√
η∥∥S∆t2 u0 − S∆t2,δu0

∥∥ , ✭✺✳✶✶✮

✇✐t❤ s❡❝✉r✐t② ❢❛❝t♦r 0 < υ ≤ 1✱ ❝❧♦s❡ t♦ 1✳ ▼♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❢♦r♠✉❧❛❡ t❤❛♥ ✭✺✳✶✶✮ ❧✐❦❡ t❤❡
st❡♣ s✐③❡ str❛t❡❣② ✇✐t❤ ♠❡♠♦r② ✭✷✳✹✻✮✱ ❝❛♥ ❜❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳
❚❤❡ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡s❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞s ✐s ❢✉❧❧② ❣✉❛r❛♥t❡❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ♦r❞❡rs ♦❢ ❜♦t❤✱ t❤❡
♠❛✐♥ ❛♥❞ t❤❡ ❡♠❜❡❞❞❡❞ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s✱ r❡♠❛✐♥s ✈❛❧✐❞ ❛♥❞ ✭✺✳✾✮ ✐s s❛t✐s✜❡❞✳ ❚❤✐s ✐s t❤❡
❝❛s❡ ❢♦r s♠❛❧❧ ❡♥♦✉❣❤ t✐♠❡ st❡♣s ❢♦r ✇❤✐❝❤ ❛s②♠♣t♦t✐❝ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ❤♦❧❞✱ ❜✉t r❡♠❛✐♥s
❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❢♦r ❧❛r❣❡r t✐♠❡ st❡♣s ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❢♦r♠❡r ♦r❞❡rs ✐s ❛ss✉♠❡❞ ✐♥
❛♥② st❛♥❞❛r❞ t✐♠❡✲st❡♣♣✐♥❣ s❝❤❡♠❡✳ ❚❤✐s ✐s ❛ ❦❡② ♣♦✐♥t ✐♥ t❤✐s ✇♦r❦ ❜❡❝❛✉s❡ ✇❡ ♣r♦♣♦s❡ ♥♦t
♦♥❧② ❛ ♥❡✇ s♣❧✐tt✐♥❣ str❛t❡❣② ✇✐t❤ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❜✉t ✇❡ ❛❧s♦
❛✐♠ ❛t ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ✇❤✐❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♠❛② ❣♦ ❜❡②♦♥❞ t❤❡ ❢❛st❡st s❝❛❧❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ s❛✈✐♥❣s✳ ❆ t❡❝❤♥✐q✉❡ t❤❛t
❝♦♥s✐st❡♥t❧② ❣✉❛r❛♥t❡❡s ❡rr♦r ❝♦♥tr♦❧ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ s♣❧✐tt✐♥❣ s❝❛❧❡s ♠✉st ❜❡ t❤❡♥ ♣✉rs✉❡❞✱ ❜✉t
✜rst ❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❡t❤♦❞ ♠✉st ❜❡ ♣❡r❢♦r♠❡❞✳

✺✳✸ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡

■♥ t❤✐s ♣❛rt✱ ✇❡ ❝♦♥❞✉❝t t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❡t❤♦❞ ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✳ ■t ✐s ♠❛✐♥❧②
❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ T t ♦❢ ✭✺✳✶✮✱ ❜② t❤❡ s❤✐❢t❡❞
❙tr❛♥❣ ❢♦r♠✉❧❛ ✭✺✳✼✮✿ St2,δ✳ ●❡♥❡r❛❧ ❡st✐♠❛t❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ T t ❜② t❤❡ st❛♥❞❛r❞ St2
❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ δ = 0✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧
❞❡♥♦t❡ St2 ❜② St✱ ❛♥❞ St2,δ ❜② Stδ✳



❙❡❝t✳ ✺✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡ ✶✶✵

✺✳✸✳✶ ▲✐♥❡❛r ❋r❛♠❡✇♦r❦

❆ss✉♠❡ t❤❛t A ❛♥❞ B ❛r❡ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ❛♥❞ ❞❡✜♥❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✼✮✱

Stδu0 = e(1/2−δ)tAetBe(1/2+δ)tAu0, ✭✺✳✶✷✮

❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ et(A+B)u0✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ♣♦✇❡rs ♦❢ t
♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ et(A+B)u0 ❛♥❞ Stδ✳ ❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜r❛❝❦❡ts ❜❡t✇❡❡♥
A ❛♥❞ B ❣✐✈❡♥ ✐♥ ✭✶✳✷✶✮✿ [A,B] = AB −BA✳

❚❤❡♦r❡♠ ✺✳✶✳ ❆ss✉♠❡ t❤❛t A ❛♥❞ B ❛r❡ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs✱ ❢♦r t ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❤♦❧❞s

et(A+B)u0 − Stδu0 = −δt2[A,B]u0 +
t3

24
(
[
A, [A,B]

]
+ 2
[
B, [A,B]

]
)u0

+O(δt3) +O(t4). ✭✺✳✶✸✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② ✉s✐♥❣ t❤❡ ❚❛②❧♦r ❢♦r♠✉❧❛ ✇✐t❤ ✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r ❢♦r
❛ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r A✿

etA = Id + tA+
t2A2

2
+
t3A3

6
+

∫ t

0

(t− s)3
6

A4esA ds, ✭✺✳✶✹✮

❛♥❞ t❤❡ ❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ❢♦r♠✉❧❛ ✭✶✳✷✸✮✳

✺✳✸✳✷ ◆♦♥❧✐♥❡❛r ❋r❛♠❡✇♦r❦

❲❡ ❡①t❡♥❞ ♥♦✇ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ t♦ ♦✉r ♥♦♥❧✐♥❡❛r ❢r❛♠❡✇♦r❦ ❣✐✈❡♥ ❜② s②st❡♠ ✭✺✳✶✮✱ ❜②
✉s✐♥❣ t❤❡ ▲✐❡ ❢♦r♠❛❧✐s♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡s C∞(❘)
♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C∞ ♦♥ ❘✱ ❛♥❞ C∞b (❘) ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C∞ ♦♥ ❘ ❛♥❞ ❜♦✉♥❞❡❞ ♦✈❡r ❘✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❙❝❤✇❛rt③ s♣❛❝❡ ❙(❘) ❞❡✜♥❡❞ ❜②

❙(❘) = {g ∈ C∞(❘) s.t. sup
v∈❘
|vα1∂α2

v g(v)| <∞ ∀α1, α2 ∈ ❩}; ✭✺✳✶✺✮

❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ ❙1(❘)✱ ♠❛❞❡ ♦✉t ♦❢ ❢✉♥❝t✐♦♥s u ❜❡❧♦♥❣✐♥❣ t♦ C∞b (❘) s✉❝❤ t❤❛t u′ ❜❡❧♦♥❣s
t♦ ❙(❘)✿

❙1(❘) = {u ∈ C∞b (❘) s.t. u′ ∈ ❙(❘)}. ✭✺✳✶✻✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s②st❡♠ ✭✺✳✶✮✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ♣♦✇❡rs ♦❢ t ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ T t ❛♥❞ Stδ✱ ❣✐✈❡♥ ❜② ✭✺✳✼✮✳

❚❤❡♦r❡♠ ✺✳✷✳ ❆ss✉♠❡ t❤❛t u0 ❜❡❧♦♥❣s t♦ ❙1(❘)✱ ❛♥❞ t❤❛t f ❜❡❧♦♥❣s t♦ C∞(❘)✳ ❋♦r t ❛♥❞ δ
s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❤♦❧❞s

T tu0 − Stδu0 = −δt2f ′′(u0) (∂xu0)2

+
t3

24

(
f ′(u0)f

′′(u0) + f(u0)f
(3)(u0)

)
(∂xu0)

2

− t
3

12
f (4)(u0) (∂xu0)

4 − t3

3
f (3)(u0) (∂xu0)

2 ∂2xu0

− t
3

6
f ′′(u0)

(
∂2xu0

)2
+O(δt3) +O(t4). ✭✺✳✶✼✮



❙❡❝t✳ ✺✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ ❆❞❛♣t✐✈❡ ❙❝❤❡♠❡ ✶✶✶

Pr♦♦❢✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ t✇♦ ▲✐❡ ♦♣❡r❛t♦rs D∆ ❛♥❞ Df ❛ss♦❝✐❛t❡❞ ✇✐t❤ ∂2x ❛♥❞ f ✱ ❛♥❞ ✇r✐t❡

T tu0 − Stδu0 =
(
et(D∆+Df )Id

)
u0 −

(
e(1/2+δ)tDf etD∆e(1/2−δ)tDf Id

)
u0. ✭✺✳✶✽✮

❋r♦♠ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

T tu0 − Stδu0 = −δt2 ([Df , D∆]Id)u0 +
t3

24

([
Df , [Df , D∆]

]
Id
)
u0

+
t3

12

([
D∆, [Df , D∆]

]
Id
)
u0 +O(δt3) +O(t4). ✭✺✳✶✾✮

❲❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ ❣✐✈✐♥❣ t❤❡ ❡①❛❝t ❢♦r♠ ♦❢ t❤❡ t❡r♠s O(δt3) ❛♥❞ O(t4)✱ ❜✉t t❤❡s❡ t❡r♠s
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❉❚✶✶❪✳ ❋♦r t❤❡ t❡r♠ ✐♥ O(t2)✱
✇❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥ ✭✶✳✹✾✮ ❛♥❞ ✇✐t❤ ✭✶✳✹✵✮✿

([Df , D∆]Id)u0 = (Df (D∆Id)−D∆(Df Id))u0

= (D∆Id)
′(u0)f(u0)− (Df Id)

′(u0)∂
2
xu0

= ∂2x (f(u0))− f ′(u0)∂2xu0. ✭✺✳✷✵✮

❚❤❡ ❧❛st t❡r♠ ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ▲✐❡ ❜r❛❝❦❡t ❜❡t✇❡❡♥ ∂2x ❛♥❞ f ✱ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s
t❤❛t

∂2xf(u0)− f ′(u0)∂2xu0 = f ′′(u0) (∂xu0)
2 + f ′(u0)∂

2
xu0 − f ′(u0)∂2xu0

= f ′′(u0) (∂xu0)
2 . ✭✺✳✷✶✮

❋✉rt❤❡r♠♦r❡✱

([
Df , [Df , D∆]

]
Id
)
(u0) =

(
f ′(u0)f

′′(u0) + f(u0)f
(3)(u0)

)
(∂xu0)

2 , ✭✺✳✷✷✮

❛♥❞

([
D∆, [Df , D∆]

]
Id
)
u0 = −f (4)(u0) (∂xu0)4 − 4f (3)(u0) (∂xu0)

2 ∂2xu0

−2f ′′(u0)
(
∂2xu0

)2
. ✭✺✳✷✸✮

❆❧❧ t❤❡ t❡r♠s ✐♥ ✭✺✳✶✾✮ ❛r❡ ♥♦✇ ❝♦♠♣✉t❡❞ ❛♥❞ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❋♦r δ = 0✱ t❤❡ ♥❡①t ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ❞✐r❡❝t❧②✳

❈♦r♦❧❧❛r② ✺✳✸✳ ❆ss✉♠❡ t❤❛t u0 ❜❡❧♦♥❣s t♦ ❙1(❘)✱ ❛♥❞ t❤❛t f ❜❡❧♦♥❣s t♦ C∞(❘)✳ ❋♦r t s♠❛❧❧
❡♥♦✉❣❤✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❤♦❧❞s

T tu0 − Stu0 =
t3

24

(
f ′(u0)f

′′(u0) + f(u0)f
(3)(u0)

)
(∂xu0)

2

− t
3

12
f (4)(u0) (∂xu0)

4 − t3

3
f (3)(u0) (∂xu0)

2 ∂2xu0

− t
3

6
f ′′(u0)

(
∂2xu0

)2
+O(t4). ✭✺✳✷✹✮



❙❡❝t✳ ✺✳✹ ✲ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❚r❛✈❡❧✐♥❣ ❲❛✈❡s ✶✶✷

✺✳✸✳✸ ❉♦♠❛✐♥ ♦❢ ❱❛❧✐❞✐t② ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙❝❤❡♠❡

❋r♦♠ ✭✺✳✶✼✮ ❛♥❞ ✭✺✳✷✹✮✱ ✇❡ ❝❛♥ s❡❡ t❤❛t

Stu0 − Stδu0 = δt2f ′′(u0) (∂xu0)
2 +O(δt3), ✭✺✳✷✺✮

❛♥❞ t❤✉s
T tu0 − Stδu0 = T tu0 − Stu0︸ ︷︷ ︸

O(t3)

+Stu0 − Stδu0︸ ︷︷ ︸
O(δt2)

. ✭✺✳✷✻✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ s✉r❡ t❤❛t t❤❡ r❡❛❧ ❧♦❝❛❧ ❡rr♦r ♦❢ t❤❡ ♠❡t❤♦❞✱ T tu0 − Stu0✱ ✇✐❧❧ ❜❡ ❜♦✉♥❞❡❞
❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱ err = Stu0 − Stδu0✱ ✇❤❡♥ ❢♦r ❛ ❣✐✈❡♥ δ✿

T tu0 − Stδu0 ≈ O(t2), ✭✺✳✷✼✮

✐s ✈❡r✐✜❡❞ ✐♥t♦ ✭✺✳✷✻✮✱ ✐✳❡✳✱✇❤❡♥ t❤❡ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞ ✐s r❡❛❧❧② ♦❢ ❧♦✇❡r ♦r❞❡r ❛s ❛ss✉♠❡❞ ✐♥
✭✺✳✾✮✳
❚❤❡ ❧❛tt❡r ✇✐❧❧ ❜❡ ❛❧✇❛②s ✈❡r✐✜❡❞ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ t✐♠❡ st❡♣s t✱ ❢♦r ✇❤✐❝❤

T tu0 − Stu0 ≈ O(t3) < err = Stu0 − Stδu0 ≈ O(δt2), ✭✺✳✷✽✮

✐s ❣✉❛r❛♥t❡❡❞✱ ❛♥❞ t❤✉s ②✐❡❧❞s ✭✺✳✷✼✮ ✐♥t♦ ✭✺✳✷✻✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❧❛r❣❡r t✐♠❡ st❡♣s err ✇✐❧❧
❢❛✐❧ t♦ ♣r♦♣❡r❧② ♣r❡❞✐❝t T tu0 − Stu0✱ s✐♥❝❡ ✇❡ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❤❛✈❡

T tu0 − Stu0 ≈ O(t3) > err = Stu0 − Stδu0 ≈ O(δt2). ✭✺✳✷✾✮

❲❤❡♥ t❤✐s ❤❛♣♣❡♥s✱ ✭✺✳✷✼✮ ✐s ♥♦ ❧♦♥❣❡r tr✉❡ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s s❤♦✇ t❤❛t ✇❡ ✇✐❧❧
r❛t❤❡r ❤❛✈❡

T tu0 − Stδu0 ≈ O(t3), ✭✺✳✸✵✮

❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✺✳✾✮ ✇✐❧❧ ♥♦ ❧♦♥❣❡r ❤♦❧❞✳
■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ♠✉st ❡st✐♠❛t❡ ❛ ❝r✐t✐❝❛❧ t✐♠❡ st❡♣ t⋆ > 0 s✉❝❤ t❤❛t ❢♦r
❛❧❧ t ✐♥ [0, t⋆]✱ ✭✺✳✷✼✮ ✐s ❣✉❛r❛♥t❡❡❞ ❢♦r ❛ ❣✐✈❡♥ δ✳ ❚❤✐s ♣❛r❛♠❡t❡r ✜①❡s ❛ ❞♦♠❛✐♥ ♦❢ ✈❛❧✐❞✐t②
♦❢ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r✱ T tu0 − Stu0✱ ✇✐❧❧ ❜❡ ✐♥❞❡❡❞ ❜♦✉♥❞❡❞
❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱ err ✱ ❛♥❞ ❛♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r err s♠❛❧❧❡r
t❤❛♥ ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ✐♥t♦ ✭✺✳✶✵✮✳ ❋✐♥❛❧❧②✱ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ δ ❝❛♥ ❜❡ ❛❧s♦ ♠❛❞❡
s✐♥❝❡ t⋆ ✐s r❡❧❛t❡❞ t♦ δ ❢♦❧❧♦✇✐♥❣ ✭✺✳✷✻✮✳ ❆ ♥❛t✉r❛❧ str❛t❡❣② t♦ ♣r❡❞✐❝t t❤✐s ❝r✐t✐❝❛❧ t⋆ ✇✐❧❧ r❡❧②
♦♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s✱ ❛♥❞ ♦♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡
s♦❧✉t✐♦♥s ♦❢ t❤❡ P❉❊s✳ ❚❤❡ ❧❛tt❡r ✐s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♥❡①t ♣❛rt ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥s s✐♠✐❧❛r t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❜❛❝❦❣r♦✉♥❞ ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹✳

✺✳✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❚r❛✈❡❧✐♥❣ ❲❛✈❡s

■♥ t❤✐s ♣❛rt✱ ✇❡ ✇✐❧❧ ❝♦♥❢r♦♥t t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ st✉❞② t♦ ❛ s✐♠♣❧❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
♣r♦❜❧❡♠ t❤❛t ❛❞♠✐ts s❡❧❢✲s✐♠✐❧❛r tr❛✈❡❧✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥s s✉❝❤ ❛s t❤❡ ❑PP ❡q✉❛t✐♦♥ ❬❑PP✸✼❪✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ❛r❡ t❤❛t ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ❡①✐st ❛♥❞
t❤❛t t❤❡ ❢❡❛t✉r❡❞ st✐✛♥❡ss ❝❛♥ ❜❡ t✉♥❡❞ ✉s✐♥❣ ❛ s♣❛❝❡✲t✐♠❡ s❝❛❧✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✐t ♣r♦✈✐❞❡s ❛
✜rst ♥✉♠❡r✐❝❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐ts
❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛ ❞❡t❛✐❧❡❞ st✉❞② ❝❛♥ ❜❡ ❝♦♥❞✉❝t❡❞ ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡
st✐✛♥❡ss ❢❡❛t✉r❡❞ ❜② ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥ts ✇✐t❤ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛s ♣❡r❢♦r♠❡❞✱ ❢♦r ✐♥st❛♥❝❡✱
✐♥ ❬❉❉▼✶✶❪✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ r❡❝❛st ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡s❡ r❡❛❝t✐♦♥
tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ❛♥❞ t❤❡♥ ❞❡❞✉❝❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t✐♠❡ st❡♣ t⋆ t❤❛t ❞❡✜♥❡s t❤❡ ❧✐♠✐t ♦❢
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ②✐❡❧❞ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧✳ ❲❡ ❡♥❞
✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ❑PP ♠♦❞❡❧✳



❙❡❝t✳ ✺✳✹ ✲ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❚r❛✈❡❧✐♥❣ ❲❛✈❡s ✶✶✸

✺✳✹✳✶ ◆✉♠❡r✐❝❛❧ ❊st✐♠❛t❡s

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s❡❧❢✲s✐♠✐❧❛r ✇❛✈❡s ♠♦❞❡❧❡❞ ❜② ♣❛r❛❜♦❧✐❝ P❉❊s ♦❢ t②♣❡✿

∂tu−D∂2xu = kf(u), x ∈ ❘, t > 0,

u(0, x) = u0(x), x ∈ ❘,

}
✭✺✳✸✶✮

✇✐t❤ s♦❧✉t✐♦♥ u(x, t) = u0(x− ct)✱ ✇❤❡r❡ c ✐s t❤❡ st❡❛❞② s♣❡❡❞ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✱ ❛♥❞ D ❛♥❞ k
st❛♥❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ❝♦❡✣❝✐❡♥ts✳
❈♦♥s✐❞❡r✐♥❣ ❚❤❡♦r❡♠ ✺✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r s②st❡♠ ✭✺✳✸✶✮✳

❈♦r♦❧❧❛r② ✺✳✹✳ ❆ss✉♠❡ t❤❛t u0 ❜❡❧♦♥❣s t♦ ❙1(❘)✱ ❛♥❞ t❤❛t f ❜❡❧♦♥❣s t♦ C∞(❘)✳ ❋♦r t ❛♥❞ δ
s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❤♦❧❞s

T tu0 − Stδu0 = −δkDt2f ′′(u0) (∂xu0)2

+
k2Dt3

24
(f ′(u0)f

′′(u0) + f(u0)f
(3)(u0)) (∂xu0)

2

−kD
2t3

12
f (4)(u0) (∂xu0)

4 − kD2t3

3
f (3)(u0) (∂xu0)

2 ∂2xu0

−kD
2t3

6
f ′′(u0)

(
∂2xu0

)2
+O(δt3) +O(t4). ✭✺✳✸✷✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✺✳✷ ✉s✐♥❣ ✭✺✳✶✾✮ ❛♥❞ ❝♦♥s✐❞✲
❡r✐♥❣ t❤❛t

[Dkf , DD∆] = kD[Df , D∆], ✭✺✳✸✸✮
[
[Dkf , DD∆], DD∆

]
= kD2

[
[Df , D∆], D∆

]
, ✭✺✳✸✹✮

[
[Dkf , DD∆], Dkf

]
= k2D

[
[Df , D∆], Df

]
, ✭✺✳✸✺✮

✇❤❡r❡ DD∆ ❛♥❞ Dkf ❛r❡ t❤❡ ▲✐❡ ♦♣❡r❛t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ D∂2x ❛♥❞ kf ✳

■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✺✳✸✶✮ ✇✐t❤ k = 1 ❛♥❞ D = 1✱ ✐✳❡✳✱ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✺✳✶✮✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❡st❛❜❧✐s❤❡s t⋆ > 0 ❢♦r ❛ ❣✐✈❡♥ δ s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ✐♥ [0, t⋆]✱ t❤❡ ❝♦♥❞✐t✐♦♥
✭✺✳✷✼✮ ✐s ❣✉❛r❛♥t❡❡❞✳

❈♦r♦❧❧❛r② ✺✳✺✳ ❆ss✉♠❡ t❤❛t u0 ❜❡❧♦♥❣s t♦ ❙1(❘)✱ ❛♥❞ t❤❛t f ❜❡❧♦♥❣s t♦ C∞(❘)✳ ❋♦r ❛ ❣✐✈❡♥ δ
s♠❛❧❧ ❡♥♦✉❣❤✱ ❞❡✜♥❡

M1 =
∥∥∥f ′′(u0) (∂xu0)2

∥∥∥
L2
, ✭✺✳✸✻✮

M2 =

∥∥∥∥∥
f ′(u0)f

′′(u0) + f(u0)f
(3)(u0)

24
(∂xu0)

2 − f (4)(u0)

12
(∂xu0)

4

−f
(3)(u0)

3
(∂xu0)

2 ∂2xu0 −
f ′′(u0)

6

(
∂2xu0

)2
∥∥∥∥∥
L2

, ✭✺✳✸✼✮

❛♥❞ ❞❡✜♥❡ t⋆ ❜②
t⋆M2 = δM1. ✭✺✳✸✽✮

❋♦r ❛❧❧ t s✉❝❤ t❤❛t 0 < t ≤ t⋆✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

‖T tu0 − Stδu0‖L2 ≈ O(t2). ✭✺✳✸✾✮



❙❡❝t✳ ✺✳✹ ✲ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❚r❛✈❡❧✐♥❣ ❲❛✈❡s ✶✶✹

■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ u0 ❛♥❞ f ✐s ❢❡❛s✐❜❧❡✱ ✐t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦
♣r❡❞✐❝t t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ [0, t⋆]✱ ❢♦r ❛ ❣✐✈❡♥ δ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s
r❡s✉❧t✳
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥s ❢♦r ✭✺✳✸✶✮✱ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ❝♦❡❢✲
✜❝✐❡♥ts✱ D ❛♥❞ k✱ ♠✐❣❤t ❜❡ s❡❡♥ ❛s s❝❛❧✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ❆ ❞✐♠❡♥s✐♦♥❧❡ss
❛♥❛❧②s✐s ♦❢ ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❛s s❤♦✇♥ ✐♥ ❬●❙✾✹❪✱ ❝❛♥ ❜❡ t❤❡♥ ❝♦♥❞✉❝t❡❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞✐♠❡♥✲
s✐♦♥❧❡ss t✐♠❡ τ ❛♥❞ ❛ ❞✐♠❡♥s✐♦♥❧❡ss s♣❛❝❡ r ✇✐t❤

τ = kt, r = (k/D)1/2x. ✭✺✳✹✵✮

❚❤✐s ❛♥❛❧②s✐s ❛❧❧♦✇s ✉s t♦ ✜♥❞ ❛ st❡❛❞② ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✿

c = dtx ∝ (Dk)1/2, ✭✺✳✹✶✮

✇❤❡r❡❛s t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ✇❛✈❡ ♣r♦✜❧❡ ✐s ♠❡❛s✉r❡❞ ❜②

dxu|max ∝ (k/D)1/2. ✭✺✳✹✷✮

❚❤❡r❡❢♦r❡✱ ❝♦♥❞✐t✐♦♥ Dk = 1 ✐♠♣❧✐❡s ❝♦♥st❛♥t ✈❡❧♦❝✐t② ❢♦r ❛❧❧ k = 1/D✱ ❜✉t ❣r❡❛t❡r k ✭♦r
s♠❛❧❧❡r D✮ ✐♠♣❧✐❡s ❤✐❣❤❡r s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✱ ❛♥❞ t❤✉s st✐✛❡r ❝♦♥✜❣✉r❛t✐♦♥s✳
❚❤✐s st✉❞② ❣✐✈❡s ❝♦♠♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✸✶✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥
❝♦♥❞✐t✐♦♥ Dk = 1 ✐s s❛t✐s✜❡❞✱ ✐t ❛❧❧♦✇s ✉s t♦ ❞❡❞✉❝❡ ❢r♦♠ ❈♦r♦❧❧❛r② ✺✳✺ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

kt⋆M2 = δM1, ✭✺✳✹✸✮

✇✐t❤ M1 ❛♥❞ M2 ❣✐✈❡♥✱ r❡s♣❡❝t✐✈❡❧②✱ ❜② ✭✺✳✸✻✮ ❛♥❞ ✭✺✳✸✼✮✳ ❙t✐✛❡r ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ st❡❡♣❡r
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛♥❞ t❤✉s ❧❛r❣❡r k✱ ✇✐❧❧ t❤❡♥ r❡str❛✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞
❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✹✸✮✳ ◆❡✈❡rt❤❡❧❡ss✱ s♠❛❧❧❡r t✐♠❡ st❡♣s ❛r❡ ❛❧s♦ r❡q✉✐r❡❞ ❢♦r ❤✐❣❤❡r ❣r❛❞✐❡♥ts ❢♦r
❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝②✱ ❛♥❞ ❤❡♥❝❡ ✇❡ ❝❛♥ ❡①♣❡❝t ❛ s✐♠✉❧t❛♥❡♦✉s r❡❞✉❝t✐♦♥ ♦❢ ❜♦t❤ ❝r✐t✐❝❛❧
❛♥❞ ❛❝❝✉r❛t❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s s✉❝❤ t❤❛t t r❡♠❛✐♥s ✐♥t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ [0, t⋆]✳

✺✳✹✳✷ ◆✉♠❡r✐❝❛❧ ■❧❧✉str❛t✐♦♥✿ ✶❉ ❑PP ❊q✉❛t✐♦♥

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦✐✐✲P✐s❦✉♥♦✈ ♠♦❞❡❧✳ ■♥ t❤❡✐r ♦r✐❣✐♥❛❧ ♣❛♣❡r ❬❑PP✸✼❪✱
t❤❡s❡ ❛✉t❤♦rs ✐♥tr♦❞✉❝❡❞ ❛ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ✈✐r✉s✱ ❛♥❞ t❤❡ ✜rst r✐❣♦r♦✉s
❛♥❛❧②s✐s ♦❢ ❛ st❛❜❧❡ tr❛✈❡❧✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❬●❙✾✹❪✳
❚❤❡ ❡q✉❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

∂tu−D∂2xu = k u2(1− u). ✭✺✳✹✹✮

❲❡ ❝♦♥s✐❞❡r ❛ ✶❉ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 5001 ♣♦✐♥ts ♦♥ ❛ [−70, 70] r❡❣✐♦♥ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s
◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥❡❣❧✐❣✐❜❧❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♦♥❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳
❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♠♦❞❡❧ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬●❙✾✹❪✱ ✇❤❡r❡ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s s❤♦✇s t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ D = 1 ❛♥❞ k = 1✱ t❤❡
✈❡❧♦❝✐t② ♦❢ t❤❡ s❡❧❢✲s✐♠✐❧❛r tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s c = 1/

√
2 ✐♥ ✭✺✳✹✶✮ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❣r❛❞✐❡♥t

✈❛❧✉❡ r❡❛❝❤❡s 1/
√
32 ✐♥ ✭✺✳✹✷✮✳ ❚❤❡ ❦❡② ♣♦✐♥t ♦❢ t❤✐s ✐❧❧✉str❛t✐♦♥ ✐s t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡

tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ (kD)1/2✱ ✇❤❡r❡❛s t❤❡ ♠❛①✐♠✉♠ ❣r❛❞✐❡♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
(k/D)1/2✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ kD = 1 ❢♦r ✇❤✐❝❤ ♦♥❡ ♠❛② ♦❜t❛✐♥ st❡❡♣❡r ❣r❛❞✐❡♥ts
✇✐t❤ t❤❡ s❛♠❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥✳
❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ T tu0 ✇✐❧❧ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ r❡❢❡r❡♥❝❡ ♦r
q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜✲
❧❡♠ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❘❛❞❛✉✺ ♠❡t❤♦❞ ❬❍❲✾✻❪ ✇✐t❤ ✜♥❡ t♦❧❡r❛♥❝❡✱ ηRadau5 = 10−10✳ ❚❤❡



❙❡❝t✳ ✺✳✹ ✲ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❚r❛✈❡❧✐♥❣ ❲❛✈❡s ✶✶✺

❙tr❛♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s Stu0 ❛♥❞ Stδu0 ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ♦❢ ❈❤❛♣✲
t❡r ✹✱ ✇✐t❤ ❘❛❞❛✉✺ ❢♦r t❤❡ r❡❛❝t✐✈❡ t❡r♠✱ ❛♥❞ t❤❡ ❘❖❈❑✹ ♠❡t❤♦❞ ❬❆❜❞✵✷❪ ❢♦r t❤❡ ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠✳ ■♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❞✐s❝r✐♠✐♥❛t❡ t❤❡ ♣r❡✈✐♦✉s❧② ❡st✐♠❛t❡❞ s♣❧✐tt✐♥❣ ❡rr♦rs ❢r♦♠
t❤♦s❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ t❡♠♣♦r❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s✉❜st❡♣s✱ ✇❡ ❝♦♥s✐❞❡r ❛❧s♦ ✜♥❡ t♦❧❡r❛♥❝❡s✱
ηRadau5 = ηROCK4 = 10−10✳ ❋✐❣✉r❡s ✺✳✶ ❛♥❞ ✺✳✷ s❤♦✇ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ T tu0✱ Stu0✱ ❛♥❞
Stδu0 s♦❧✉t✐♦♥s ❢♦r k = 1✱ k = 10✱ ❛♥❞ k = 100✱ ❛♥❞ s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ δ✳ ◆♦t✐❝❡ t❤❛t ❡st✐♠❛t❡s
✭✺✳✶✼✮✱ ✭✺✳✷✹✮✱ ❛♥❞ ✭✺✳✷✺✮ ❢♦r ❛❧❧ t❤r❡❡ ❡rr♦rs ✐♥ ✭✺✳✷✻✮✱ ❛r❡ ✈❡r✐✜❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ∆t ❧❛r❣❡r
t❤❛♥ ❝r✐t✐❝❛❧ ∆t⋆✱ t❤❡ ❡st✐♠❛t❡❞ ❡rr♦r err = ‖S∆tu0 − S∆tδ u0‖L2 ✐s ♥♦ ❧♦♥❣❡r ♣r❡❞✐❝t✐♥❣ t❤❡
r❡❛❧ ❧♦❝❛❧ ❡rr♦r ❣✐✈❡♥ ❜② T tu0 − Stu0✳
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k=1

∆t
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=0.1274

∆t
*
=0.01165

❋✐❣✳ ✺✳✶✿ ✶❉ ❑PP ❡q✉❛t✐♦♥ ✇✐t❤ k = 1✳ ▲♦❝❛❧ L2 ❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛♥❞ δ = 0.05
✭t♦♣ ❧❡❢t✮✱ 0.005 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ 0.0005 ✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠ r✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t⋆

♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 − S∆tu0‖L2 ≈ ‖S∆tu0 − S∆t
δ u0‖L2 ✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳

❲✐t❤ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ r❡❛❧ ∆t⋆real✱ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 −S∆tu0‖L2 ≈
‖S∆tu0 − S∆tδ u0‖L2 ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✱ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧❧② ❡st✐♠❛t❡❞ ∆t⋆est ❢♦❧❧♦✇✐♥❣
✭✺✳✹✸✮✳ ❚❛❜❧❡ ✺✳✶ s✉♠♠❛r✐③❡s t❤❡s❡ r❡s✉❧ts ✇❤❡r❡ ∆t⋆est ✐s ❣✐✈❡♥ ✐♥ ✭✺✳✹✸✮ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ M1 ❛♥❞ M2 ✇✐t❤ ▼❛♣❧❡ ❝© ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✸✻✮ ❛♥❞ ✭✺✳✸✼✮✳ ❆ r❡❛❧❧② ❣♦♦❞ ❛❣r❡❡♠❡♥t ❝❛♥ ❜❡
♦❜s❡r✈❡❞ ❡✈❡♥ t❤♦✉❣❤ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✉♥❞❡r❡st✐♠❛t❡ t❤❡ r❡❛❧ ✈❛❧✉❡s✳ ❚❤❡ ❧♦ss ♦❢ ♦r❞❡r
❞❡♣✐❝t❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✐s ❞✉❡ t♦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❛s
♣r❡✈✐♦✉s❧② ❛♥❛❧②③❡❞ ✐♥ ❈❤❛♣t❡r ✶ ❬❉❉▲▼✵✼❪✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❡ ❡rr♦r ♦❢ t❤❡ ♣r❡❞✐❝t❡❞ ❝r✐t✐❝❛❧
∆t⋆est ✐♥ ✭✺✳✹✸✮✱ ✇❤❡♥❡✈❡r ♦♥❡ ❣❡ts ❝❧♦s❡ t♦ t❤❡ ♦r❞❡r ❧♦ss r❡❣✐♦♥✳
❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t ‖S∆tu0 − S∆tδ u0‖L2 ∝ δ ❢♦r ❛ ❣✐✈❡♥ ∆t ❛❝❝♦r❞✐♥❣ t♦
✭✺✳✷✺✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ∆t⋆ ∝ δ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✇♦r❦✐♥❣ r❡❣✐♦♥ ♦r ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ♠❡t❤♦❞✱ ∆t < ∆t⋆✱ ❞❡♣❡♥❞s ❞✐r❡❝t❧② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ δ✱ ❛s s❡❡♥ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ■♥ t❤❡ ❝♦♥t❡①t
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❋✐❣✳ ✺✳✷✿ ✶❉ ❑PP ❡q✉❛t✐♦♥ ✇✐t❤ k = 10 ✭t♦♣✮ ❛♥❞ k = 100 ✭❜♦tt♦♠✮✳ ▲❡❢t✿ ❧♦❝❛❧ L2 ❡rr♦rs ❢♦r
s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛♥❞ δ = 0.05✳ ❘✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t⋆ ♦❜t❛✐♥❡❞ ✇❤❡♥
‖T∆tu0 − S∆tu0‖L2 ≈ ‖S∆tu0 − S∆t

δ u0‖L2 ✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳

♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ t❤❡s❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ∆t⋆ ∝ k−1 ∝ 1/‖∂xu0‖∞ ❛❝❝♦r❞✐♥❣
t♦ ❚❛❜❧❡ ✺✳✶✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥s ❛r❡ r❡❞✉❝❡❞ ❢♦r st✐✛❡r ❝♦♥✜❣✉r❛t✐♦♥s ❜✉t t❤❡
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t s♠❛❧❧❡r t✐♠❡ st❡♣s ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝②✳
❚❤❡s❡ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ❡❛s✐❧② ❡①tr❛♣♦❧❛t❡❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧ s❡❧❢✲s✐♠✐❧❛r ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳

❚❛❜❧❡ ✺✳✶✿ ✶❉ ❑PP ❡q✉❛t✐♦♥✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❧ ∆t⋆real✱ ♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 −
S∆tu0‖L2 ≈ ‖S∆tu0 −S∆t

δ u0‖L2 ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✱ ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧❧② ❡st✐♠❛t❡❞ ∆t⋆est ❢♦❧❧♦✇✐♥❣
✭✺✳✹✸✮✳

δ 0.05 0.005 0.0005

k = 1
∆t⋆real 2.783 0.1274 1.17× 10−2

∆t⋆est 1.107 0.1107 1.11× 10−2

k = 10
∆t⋆real 0.2803 1.29× 10−2 1.19× 10−3

∆t⋆est 0.1107 1.11× 10−2 1.11× 10−3

k = 100
∆t⋆real 4.33× 10−2 2.12× 10−3 1.92× 10−4

∆t⋆est 1.11× 10−2 1.11× 10−3 1.11× 10−4



❙❡❝t✳ ✺✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❙t✉❞② ♦♥ ◆♦♥✲❆s②♠♣t♦t✐❝ ❘❡❣✐♠❡s ✶✶✼

✺✳✺ ◆✉♠❡r✐❝❛❧ ❙t✉❞② ♦♥ ◆♦♥✲❆s②♠♣t♦t✐❝ ❘❡❣✐♠❡s

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ s♦ ❢❛r ❛ t✐♠❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢✉❧❧② ❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ❡rr♦r
❡st✐♠❛t❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ s♦♠❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✐♥ ♦r❞❡r t♦
❣✉❛r❛♥t❡❡ ❛♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧✳ ❚❤✐s ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❛❝t✐♦♥ tr❛✈❡❧✐♥❣ ✇❛✈❡s
❢♦r ✇❤✐❝❤ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❣✐✈❡ ✉s s♦♠❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ P❉❊ s♦❧✉t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s
✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ ❛♥❞ ✐t ✐s ✉s✉❛❧❧② ❞✐✣❝✉❧t t♦ ❝❛rr② ♦✉t s✉❝❤ ❛♥ ❛♥❛❧②s✐s ❢♦r ♠♦r❡ r❡❛❧✐st✐❝
♠♦❞❡❧s✳ ❇❛s❡❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ♣r❡✈✐♦✉s ✐❧❧✉str❛t✐♦♥s✱ ❛ ❣❡♥❡r❛❧ ♥✉♠❡r✐❝❛❧
♣r♦❝❡❞✉r❡ t❤❛t ❝♦♠♣❧❡♠❡♥ts t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ st✉❞② ✐s t♦ s❡tt❧❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ♥♦♥✲❛s②♠♣t♦t✐❝ r❡❣✐♠❡s✱ ❛♥❞ t❤✉s ❛♥
❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ❡st✐♠❛t❡ t⋆✱ ❛♥❞ ❛ s✉✐t❛❜❧❡ s❤✐❢t t✐♠❡ δ✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ s②st❡♠ ✭✺✳✶✮✱ ✇❡ ❝❛♥ ✇r✐t❡ ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ✭✺✳✷✹✮
❛♥❞ ✭✺✳✷✺✮✿

S∆tu0 − T∆tu0 = C0∆t
3, ✭✺✳✹✺✮

✇❤❡r❡ C0 = C1(u0) +O(∆t4)✱ ❛♥❞

S∆tu0 − S∆tδ u0 = δCδ∆t
2, ✭✺✳✹✻✮

✇❤❡r❡ Cδ = C2(u0) + O(δ,∆t3)❀ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ Cδ ♦♥ δ ✐s ♦♥❧② ❣✐✈❡♥ ✐♥ t❤❡ ❤✐❣❤❡r ♦r❞❡r
t❡r♠s ❛♥❞ ✐t ✐s t❤✉s ♥❡❣❧❡❝t❡❞✳ ❋♦r ❛ ❣✐✈❡♥ δ✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ♦❢ ❈♦r♦❧❧❛r② ✺✳✺✱ ✇❡ s❡❛r❝❤ ❢♦r
❛ ❝r✐t✐❝❛❧ ∆t⋆ s✉❝❤ t❤❛t

∥∥S∆tu0 − T∆tu0
∥∥ ≤

∥∥S∆tu0 − S∆tδ u0
∥∥ , ✭✺✳✹✼✮

❢♦r ❛❧❧ ∆t ≤ ∆t⋆✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✹✺✮ ❛♥❞ ✭✺✳✹✻✮✱ ✇❡ ❤❛✈❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

∆t⋆ ≈ δCδ
C0

. ✭✺✳✹✽✮

❚❤❡ ❧❛tt❡r ❡st✐♠❛t❡ ❡st❛❜❧✐s❤❡s ❢♦r ❛ ❣✐✈❡♥ δ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t✐♠❡ st❡♣s ❢♦r ✇❤✐❝❤ t❤❡
❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱ err = ‖S∆tu0−S∆tδ u0‖✱ ✐s ♣r♦♣❡r❧② ❡st✐♠❛t✐♥❣ t❤❡ r❡❛❧ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r✱∥∥S∆tu0 − T∆tu0

∥∥✱ ❢♦❧❧♦✇✐♥❣ ✭✺✳✹✼✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ∆t→ ∆t⋆✱ ✇❡ ❤❛✈❡ t❤❛t

err ≈
∥∥S∆tu0 − T∆tu0

∥∥ , ✭✺✳✹✾✮

❛♥❞ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✐s ♣r❡❞✐❝t✐♥❣ ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❡ r❡❛❧ ❡rr♦r ♦❢ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡
❝r✐t✐❝❛❧ t✐♠❡ st❡♣∆t⋆ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ δ t❤r♦✉❣❤ ✭✺✳✹✽✮✱ ❛s ❛❧r❡❛❞② ❝♦♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❚❤❡r❡❢♦r❡✱ ❛ s✉✐t❛❜❧❡ δ ✇✐❧❧ ❞❡✜♥❡ ❛ ❝r✐t✐❝❛❧ ∆t⋆ s✉❝❤ t❤❛t t❤❡ ❡st✐♠❛t❡❞
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ η✱ ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆✱ ❛♥❞
t❤✉s ❛♥ ❡①❝❡ss✐✈❡ ♦✈❡r❡st✐♠❛t❡ ♦❢ t❤❡ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r ✐s ❛✈♦✐❞❡❞✳ ■♥ t❤✐s ✇❛②✱ ❧❛r❣❡r t✐♠❡
st❡♣s ❝❛♥ ❜❡ ❝❤♦s❡♥ ❢♦r ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✳
■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ∆t⋆ ❢♦r ❛ ❣✐✈❡♥ δ✱ ✇❡ ♠✉st ✜rst ❡st✐♠❛t❡ C0 ✐♥ ✭✺✳✹✽✮✱ s✐♥❝❡ Cδ ✐s ❝♦♠♣✉t❡❞
♦✉t ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱ err ✱ ❢♦r ❦♥♦✇♥ ∆t ❛♥❞ δ ✐♥ ✭✺✳✹✻✮✳ ❊st✐♠❛t✐♥❣ C0 ❛♠♦✉♥ts t♦
❞✐r❡❝t❧② ❡st✐♠❛t❡ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r t❤r♦✉❣❤ ✭✺✳✹✺✮✱ ❛♥❞ t❤✉s t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥
♠✐❣❤t ❜❡ ❝♦♥tr♦❧❧❡❞ ✐♥ t❤✐s ✇❛② ✇✐t❤♦✉t r❡❧②✐♥❣ ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛
s❡❝♦♥❞✱ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ C0

❛♥❞ t❤❡ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r✱ ✇❡ ♠✉st ❞❡✜♥❡ ♥❡✇ ❧♦❝❛❧ ❡st✐♠❛t♦rs ❛♥❞ ❛ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t❤❛t
❜❡❝♦♠❡s r❛♣✐❞❧② ✈❡r② ❡①♣❡♥s✐✈❡ ✐❢ ✇❡ ✇❛♥t t♦ ✐♠♣❧❡♠❡♥t ♦♥❧② s✉❝❤ ❛♥ ❡rr♦r ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ s❤♦✉❧❞ r❛t❤❡r r❡❧② ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ❣✐✈❡♥ ❜② ❛ ❧❡ss ❡①♣❡♥s✐✈❡ str❛t❡❣② ❢♦r
✇❤✐❝❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ C0 ✐s ♦♥❧② ♣❡r❢♦r♠❡❞ ❢r♦♠ t✐♠❡ t♦ t✐♠❡✱ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ✈❛❧✐❞✐t② ♦❢
t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s✳
❚❤❡ ♥❡①t ▲❡♠♠❛ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❞❡✜♥❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ❡st✐♠❛t❡ C0✳



❙❡❝t✳ ✺✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❙t✉❞② ♦♥ ◆♦♥✲❆s②♠♣t♦t✐❝ ❘❡❣✐♠❡s ✶✶✽

▲❡♠♠❛ ✺✳✻✳ ▲❡t ✉s ❝♦♥s✐❞❡r s②st❡♠ ✭✺✳✶✮✱ ❛♥❞ ❛ss✉♠❡ ❛ ❧♦❝❛❧ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ❢♦r f ✿

‖f(u)− f(v)‖ ≤ λ ‖u− v‖ . ✭✺✳✺✵✮

❋♦r ❛ ✜♥✐t❡ ∆t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s
∥∥T∆tu0 − T∆tv0

∥∥ ≤ ω ‖u0 − v0‖ , ✭✺✳✺✶✮

✇✐t❤ ω = 1 + κ∆t ❢♦r s♠❛❧❧ ❡♥♦✉❣❤ ∆t✳

Pr♦♦❢✳ ❯s✐♥❣ ❉✉❤❛♠❡❧✬s ❢♦r♠✉❧❛ ❢♦r ✭✺✳✶✮ ②✐❡❧❞s

T tu0 − T tv0 = et∂
2
x(u0 − v0) +

∫ t

0
e(t−s)∂

2
x (f(T su0)− f(T sv0)) ds. ✭✺✳✺✷✮

❚❛❦✐♥❣ ♥♦r♠s ❛♥❞ ❛♣♣❧②✐♥❣ r❡❝✉rs✐✈❡❧② ✭✺✳✺✷✮✱

∥∥T tu0 − T tv0
∥∥ ≤ ‖u0 − v0‖+ λ

∫ t

0
‖T su0 − T sv0‖ ds

≤ eλt‖u0 − v0‖, ✭✺✳✺✸✮

♣r♦✈❡s ✭✺✳✺✶✮ ❢♦r t = ∆t ✜♥✐t❡✳

■❢ ✇❡ ❞❡✜♥❡ ❛ ❧♦❝❛❧ ❡st✐♠❛t♦r✿

e1 = Sa1∆tu0 − Sb1∆t(Sc1∆tu0), ✭✺✳✺✹✮

s✉❝❤ t❤❛t a1 = b1 + c1✱ ✇❡ ♦❜t❛✐♥ t❤❛t

Sb1∆t(Sc1∆tu0)− T a1∆tu0 = Sb1∆t(Sc1∆tu0)− T b1∆t(Sc1∆tu0)

+T b1∆t(Sc1∆tu0)− T b1∆t(T c1∆tu0)

= CSc1∆tu0
b31∆t

3 + T b1∆t(Sc1∆tu0)

−T b1∆t(T c1∆tu0), ✭✺✳✺✺✮

✇❤❡r❡ CSc1∆tu0
= C1(Sc1∆tu0) + O(∆t4)✳ ❆ss✉♠✐♥❣ t❤❛t CSc1∆tu0

≈ C0✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣
▲❡♠♠❛ ✺✳✻✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✭✺✳✹✺✮ ❛t a1∆t ❛♥❞ ✭✺✳✺✺✮✿

‖e1 − (a31 − b31)C0∆t
3‖ ≤ ω‖T c1∆tu0 − Sc1∆tu0‖

≤ ωC0c
3
1∆t

3. ✭✺✳✺✻✮

❉❡✜♥✐♥❣ ❛ s❡❝♦♥❞ ❧♦❝❛❧ ❡st✐♠❛t♦r✿

e2 = Sa2∆tu0 − Sb2∆t(Sc2∆tu0), ✭✺✳✺✼✮

s✉❝❤ t❤❛t a2 = b2+ c2✱ ✇❡ ♦❜t❛✐♥ ❛ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ s✐♠✐❧❛r t♦ ✭✺✳✺✻✮✱ ✇✐t❤ e2 ❛♥❞ (a2, b2, c2)✳
❲❡ ❝❛♥ t❤✉s ❡st✐♠❛t❡ C0 ❛♥❞ ω✳ ❲✐t❤ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❝❛♥ ❡✐t❤❡r ❡st✐♠❛t❡ t❤❡ ❝r✐t✐❝❛❧ t✐♠❡
st❡♣ ∆t⋆ ❢♦r ❛ ❣✐✈❡♥ δ✱ ♦r ❛ s✉✐t❛❜❧❡ δ s✉❝❤ t❤❛t ∆t ≈ ∆t⋆ t❤r♦✉❣❤ ✭✺✳✹✽✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
♥♦t✐❝❡ t❤❛t

• b1 s❤♦✉❧❞ ❜❡ ❝❧♦s❡ t♦ b2 ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ❛♣♣r♦①✐♠❛t❡ ω ✐♥t♦ ✭✺✳✺✶✮ ❛♥❞ ✭✺✳✺✻✮❀ ❛♥❞



❙❡❝t✳ ✺✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❙t✉❞② ♦♥ ◆♦♥✲❆s②♠♣t♦t✐❝ ❘❡❣✐♠❡s ✶✶✾

• c1 ❛♥❞ c2 s❤♦✉❧❞ ❜❡ s✉✣❝✐❡♥t❧② s♠❛❧❧ t♦ ❣✉❛r❛♥t❡❡ CSc1∆tu0
≈ C0 ❛♥❞ CSc2∆tu0

≈ C0✳

❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t♦ ♦♣t✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r

• ❯s✐♥❣ ❡st✐♠❛t♦r e2 t♦ ❝♦♠♣✉t❡ ❡st✐♠❛t♦r e1 ❜② s❡tt✐♥❣ a2 = c1❀ ❛♥❞

• ❙❡tt✐♥❣ a1 = 1✱ s♦ ✇❡ ❝❛♥ ✉s❡ Sa1∆tu0 ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥s ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ❧♦❝❛❧ ❡st✐♠❛t♦rs e1 ❛♥❞ e2✱ ✇✐❧❧ ❜❡
❣✐✈❡♥ ❜②

Sc2∆tu0, Sb2∆t(Sc2∆tu0), Sc1∆tu0, Sb1∆t(Sc1∆tu0), ✭✺✳✺✽✮

✇✐t❤✐♥ ❛ t✐♠❡ st❡♣ ∆t✳ ❲❡ ✇✐❧❧ t❤❡♥ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ω ❛♥❞ C0✱ ❜② s♦❧✈✐♥❣ t✇♦ ❡①♣r❡ss✐♦♥s
♦❢ t②♣❡ ✭✺✳✺✻✮✳

✺✳✺✳✶ ◆✉♠❡r✐❝❛❧ ❊✈❛❧✉❛t✐♦♥ ♦❢ ❈r✐t✐❝❛❧ t⋆✿ ✶❉ ❇❩ ❊q✉❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ✶❉ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❇❩ ♣r♦❜❧❡♠ ✭✹✳✷✾✮ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ✭✹✳✸✵✮
❛♥❞ ✭✹✳✸✶✮✱ ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ❢♦r ✇❤✐❝❤ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 4001 ♣♦✐♥ts ✐s
❣♦♦❞ ❡♥♦✉❣❤ t♦ ♣r❡✈❡♥t ✐♠♣♦rt❛♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs✳ ❚❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛♥❞
t❤❡ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❑PP ❛♣♣❧✐❝❛t✐♦♥
✇✐t❤ t❤❡ s❛♠❡ t♦❧❡r❛♥❝❡s ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ✈❛❧✐❞❛t❡ ❢♦r t❤✐s ❝❛s❡
t❤❡ t❤❡♦r❡t✐❝❛❧ ♦r❞❡r ❡st✐♠❛t❡s ✭✺✳✶✼✮✱ ✭✺✳✷✹✮✱ ❛♥❞ ✭✺✳✷✺✮✱ ❛♥❞ ✈❡r✐❢② r❡❧❛t✐♦♥ ✭✺✳✷✻✮✳ ❋✐❣✉r❡
✺✳✸ s❤♦✇s L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ T tu0✱ Stu0✱ ❛♥❞ Stδu0 s♦❧✉t✐♦♥s ❢♦r s❡✈❡r❛❧ δ✱ ❛♥❞ t❤❡ r❡❛❧
∆t⋆ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s✉❝❤ t❤❛t ‖T∆tu0 −S∆tu0‖L2 ≈ ‖S∆tu0 −S∆tδ u0‖L2 ✳
❚❤❡ ♠❛①✐♠✉♠ L2 ❡rr♦rs ❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❧♦❝❛❧ ❡rr♦rs ❢♦r
✈❛r✐❛❜❧❡s a✱ b✱ ❛♥❞ c✳ ■♥ t❤❡s❡ ♥✉♠❡r✐❝❛❧ t❡sts✱ ✐t ❝♦rr❡s♣♦♥❞s ✉s✉❛❧❧② t♦ ✈❛r✐❛❜❧❡ b✳
▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ t✇♦ s❡ts (a1, b1, c1) ❛♥❞ (a2, b2, c2)✱ ❛♥❞ ❝♦♠♣✉t❡ ❧♦❝❛❧ ❡st✐♠❛t♦rs e1 ❛♥❞
e2✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ C0 ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✺✻✮ ✇✐t❤ ∆t = ∆t0 = 10−5✱ ✐✳❡✳✱ ❛ t✐♠❡ st❡♣ ❢♦r ✇❤✐❝❤
t❤❡r❡ ✐s ♥♦ ♦r❞❡r ❧♦ss ②❡t✱ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✸✳ ❆s ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✿

✶✳ ❲❡ ❝♦♥s✐❞❡r a1 = 1 ❛♥❞ a2 = c1✱ t♦ ❛✈♦✐❞ s♦♠❡ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥s✳

✷✳ ❆❞❞✐t✐♦♥❛❧❧②✱ b2 s❤♦✉❧❞ ❜❡ s❡t ❝❧♦s❡ t♦ b1 ✇✐t❤ s✉✣❝✐❡♥t❧② s♠❛❧❧ c1 ❛♥❞ c2✳

❙❡tt✐♥❣ b1 ❧❛r❣❡r t❤❛♥ 1/2 ✇♦✉❧❞ ②✐❡❧❞ ❛ ♠♦r❡ ❞✐✛❡r❡♥t b2✱ s✐♥❝❡ c1 = a2✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❢♦r b1
s♠❛❧❧❡r t❤❛♥ 1/2 ✇❡ ❝❛♥ ❡✈❡♥ s❡t b2 = b1✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ c1 ✇✐❧❧ ❜❡ ❧❛r❣❡r t❤❛♥ 1/2✳ ❚❤❡r❡❢♦r❡✱
✇❡ r❡❛❝❤ ❛ ❝♦♠♣r♦♠✐s❡ ❜② s❡tt✐♥❣ b1 = 1/2 t❤❛t ②✐❡❧❞s c1 = a2 = 1/2✱ s♦ ✇❡ ❝❛♥ ❝❤♦♦s❡✱ ❢♦r
✐♥st❛♥❝❡✱ b2 = 2/5 ❝❧♦s❡ t♦ b1✱ ❛♥❞ ❤❡♥❝❡✱

a1 = 1, b1 = 1/2, c1 = 1/2, a2 = 1/2, b2 = 2/5, c2 = 1/10. ✭✺✳✺✾✮

❲✐t❤ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ err = ‖S∆tu0 −S∆tδ u0‖L2 ❢♦r t❤❡ ✈❛r✐♦✉s t✐♠❡ st❡♣s ❛♥❞ s❡✈❡r❛❧
δ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✸✱ ❋✐❣✉r❡ ✺✳✹ ✭❧❡❢t✮ ♣r❡s❡♥ts t❤❡ ❡st✐♠❛t❡❞ ❝r✐t✐❝❛❧ ∆t⋆ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤
✭✺✳✹✽✮ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ C0(∆t0) ❛♥❞ err ✳ ❚❤❡s❡ ❝r✐t✐❝❛❧ t✐♠❡ st❡♣s ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t
✇✐t❤ t❤❡ ♦♥❡s ♥✉♠❡r✐❝❛❧❧② ♠❡❛s✉r❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✸✱ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ δ✳ ❍❡♥❝❡✱ t❤❡
❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦r ✇♦r❦✐♥❣ r❡❣✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞✱ ∆t ≤ ∆t⋆✱ ♠✐❣❤t ❜❡ s❡tt❧❡❞ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ❜② ♠❡❛♥s ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ δ✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡
❝♦♥s✐❞❡r t❤❡ ❝❛s❡ δ = 0.05 ✐♥ ❋✐❣✉r❡ ✺✳✸✱ ❢♦r ∆t = 10−6✱ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ❜②
err ≈ 10−10✱ ✇❤❡r❡❛s t❤❡ r❡❛❧ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦r ✐s ❛❜♦✉t 10−12✳ ❚❤✐s ♦✈❡r❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧
❡rr♦r ✇✐❧❧ ❝❡rt❛✐♥❧② ✐♠♣❧② ❛♥ ✉♥❞❡r❡st✐♠❛t❡ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ t✐♠❡ st❡♣s✱ r❡q✉✐r❡❞ ❢♦r ❛ ❣✐✈❡♥
t♦❧❡r❛♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ η ❛ ♠♦r❡ s✉✐t❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥ s❤♦✉❧❞ ❝♦♥s✐❞❡r ❛ δ
s✉❝❤ t❤❛t ∆t ≈ ∆t⋆✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❡①❝❡ss✐✈❡ ♦✈❡r❡st✐♠❛t❡s ♦❢ ❧♦❝❛❧ ❡rr♦rs✳
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❋✐❣✳ ✺✳✸✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▼❛①✐♠✉♠ ❧♦❝❛❧ L2 ❡rr♦rs ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛♥❞ δ = 0.05
✭t♦♣ ❧❡❢t✮✱ 0.005 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ 0.0005 ✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠ r✐❣❤t✿ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t⋆

♦❜t❛✐♥❡❞ ✇❤❡♥ ‖T∆tu0 − S∆tu0‖L2 ≈ ‖S∆tu0 − S∆t
δ u0‖L2 ✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳
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❋✐❣✳ ✺✳✹✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ▲❡❢t✿ ✇♦r❦✐♥❣ r❡❣✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ∆t ≤ ∆t⋆✱ ✇✐t❤ ∆t⋆ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ C0

❡st✐♠❛t❡❞ ❛t ∆t0 = 10−5 ❛♥❞ err ♦❜t❛✐♥❡❞ ❢♦r s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ❛♥❞ δ✳ ❘✐❣❤t✿ ♣r❡❞✐❝t❡❞
❙tr❛♥❣ ❡rr♦r ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ C0 ❡st✐♠❛t❡❞ ❛t ∆t0 = 10−5✱ ❛♥❞ ❧♦❝❛❧❧② ❛t s❡✈❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✳

■♥ t❤❡ ✐❧❧✉str❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹ ✭❧❡❢t✮✱ C0 ✇❛s ❡st✐♠❛t❡❞ ✐♥ t❤❡ t❤✐r❞ ♦r❞❡r r❡❣✐♦♥ ♦❢ t❤❡
♠❡t❤♦❞ ❛♥❞ t❤❡r❡❢♦r❡✱ ❛❧❧ ✈❛❧✉❡s ❛r❡ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❧♦♥❣ ❛s ∆t r❡♠❛✐♥s ✐♥ t❤✐s r❡❣✐♦♥✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❝r✐t✐❝❛❧∆t⋆ ✇✐❧❧ ❜❡ ♣r♦❣r❡ss✐✈❡❧② ✉♥❞❡r❡st✐♠❛t❡❞ ❢♦r ❧❛r❣❡r δ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ✐t ✇✐❧❧
✐♠♣♦s❡ s♠❛❧❧❡r t✐♠❡ st❡♣s ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡✳ ❚❤✐s ✐s ❛❧r❡❛❞② t❤❡ ❝❛s❡ ❢♦r δ = 0.05✱ ❢♦r ✇❤✐❝❤



❙❡❝t✳ ✺✳✻ ✲ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✶✷✶

∆t⋆ ✐s ✐♥ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡ t♦✇❛r❞s t❤❡ ❧♦✇❡r ♦r❞❡r r❡❣✐♦♥✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
C0 ✇✐t❤ ❛ s♠❛❧❧ t✐♠❡ st❡♣ ✇✐❧❧ ❜❡ ❧❡ss ❡①♣❡♥s✐✈❡✱ ❛ ♠✉❝❤ ♠♦r❡ ❛❝❝✉r❛t❡ ♣r♦❝❡❞✉r❡ ❝♦♥s✐❞❡rs t❤❡
❝✉rr❡♥t t✐♠❡ st❡♣✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹ ✭r✐❣❤t✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❡st✐♠❛t✐♥❣ ❧♦❝❛❧❧② C0✱ ✇❡
❛r❡ ❡st✐♠❛t✐♥❣ t❤❡ r❡❛❧ ❙tr❛♥❣ ❡rr♦r✱ ❛♥❞ t❤✉s ∆t ≤ ∆t⋆ ❣✉❛r❛♥t❡❡s t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②
❡✈❡♥ ✐❢ t❤❡ ❛s②♠♣t♦t✐❝ ♦r❞❡rs ❛r❡ ♥♦ ❧♦♥❣❡r ✈❡r✐✜❡❞✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦♣❡r❧② ❡①t❡♥❞ t❤❡
❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ♦✈❡r t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ t✐♠❡ st❡♣s ❢♦r
❛ ❣✐✈❡♥ ❛❝❝✉r❛❝②✳ ❚❤❡ ❧❛tt❡r ✐s ❛♥ ❡①tr❡♠❡❧② ✐♠♣♦rt❛♥t ✐ss✉❡ ❢♦r r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ✇❤✐❝❤
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♠❛② ❣♦ ❢❛r ❜❡②♦♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦rs✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ♦r❞❡r
r❡❞✉❝t✐♦♥ r❡❣✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛s ❛❧r❡❛❞② ❝♦♥t❡♠♣❧❛t❡❞ ❜② t❤❡
s♣❧✐tt✐♥❣ str❛t❡❣② ♦❢ ❈❤❛♣t❡r ✹✳

✺✳✻ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞

❚❤❡ st✉❞✐❡s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛♥❞ ♥♦♥✲❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❛❧❧♦✇ ✉s
t♦ ♣r♦♣❡r❧② ❝♦♠♣❧❡t❡ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ str❛t❡❣②✱ ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞✳ ❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤✐s
♣❛rt t❤❡ ❣❧♦❜❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✳✺✷✮✱ ✇❤❡r❡ U ∈ ❘m✱ ❢♦r ✇❤✐❝❤ ✇❡ ✉s❡ St2 ✐♥ ✭✺✳✺✮ ❛s
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ s❝❤❡♠❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞
❝♦♥s✐❞❡r✐♥❣ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ l ≤ m ✈❛r✐❛❜❧❡s✿ Ũ ∈ ❘l✳ ▲❡t ✉s ❞❡♥♦t❡ Θl t❤❡ s❡t ♦❢
✐♥❞✐❝❡s ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✳ ■♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r ♦♥❧② l < m ✈❛r✐❛❜❧❡s✱ t❤❡ ❢♦r♠❡r ♦♥❡s ♠✉st ❜❡
❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ r❡♠❛✐♥✐♥❣ m− l ✈❛r✐❛❜❧❡s ✐♥ t❤❡ r❡❛❝t✐✈❡ t❡r♠ F (Ũ) ✐♥ ✭✶✳✺✷✮✳ ❚♦ s✐♠♣❧✐❢②
t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s❡t δ ∈ (0, δmax)✱ ✇✐t❤ δmax < 1/2✳
❚❤❡ ❣❡♥❡r❛❧ s❝❤❡♠❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜②

✶✳ ❲❡ s❡t t❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✱ ❛♥ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0✱ ❛♥❞ ❛♥ ✐♥✐t✐❛❧ s❤✐❢t δ0✳

✷✳ ❲❡ ♣❡r❢♦r♠ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ✭✶✳✺✷✮ ✇✐t❤ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ St2✱ ❛♥❞ t❤❡ ❡♠❜❡❞❞❡❞
s❤✐❢t❡❞ ♦♥❡ St2,δ ❣✐✈❡♥ ❜② ✭✺✳✼✮✳

✸✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ err ❛♥❞ t❤❡ ♥❡✇ t✐♠❡ st❡♣∆tnew ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✶✮✳

✹✳ ■❢ err ✐s s♠❛❧❧❡r t❤❛♥ η✱ t❤❡ ❝✉rr❡♥t t✐♠❡ st❡♣ s♦❧✉t✐♦♥ ✐s ❛❝❝❡♣t❡❞✱ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥
❝♦♥t✐♥✉❡s ✇✐t❤ t❤❡ ♥❡✇ ∆tnew ❞✉r✐♥❣ ♥❡①t ✐t❡r❛t✐♦♥✳

✺✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥ ✐s r❡❥❡❝t❡❞ ❛♥❞ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s r❡❝♦♠♣✉t❡❞ ✇✐t❤
t❤❡ ♥❡✇ ∆tnew✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ❜❡tt❡r t♦ ❝❤♦♦s❡ r❛t❤❡r s♠❛❧❧ ∆t0 t♦ ❛✈♦✐❞ ✐♥✐t✐❛❧ r❡❥❡❝t✐♦♥s✳ ■♥ ♦r❞❡r
t♦ ❣✉❛r❛♥t❡❡ ❛♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ✇♦r❦✐♥❣ r❡❣✐♦♥
∆t ≤ ∆t⋆ ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ∆t⋆ ❢♦r t❤❡ ❝✉rr❡♥t δ✳ ❚❤✐s ✐s ❞♦♥❡ ❢♦r t❤❡ ✜rst
t✐♠❡ st❡♣ ∆t0 ❛♥❞ t❤❡♥ ♣❡r✐♦❞✐❝❛❧❧②✱ ❛❢t❡r Nδ ❛❝❝❡♣t❡❞ t✐♠❡ st❡♣s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠✱
❜❛s❡❞ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ✐s
❛❧s♦ ♣❡r❢♦r♠❡❞ ✇✐t❤ Ũ ✱ ❛♥❞ ❛ r❛t❤❡r ❧❛r❣❡ ✐♥✐t✐❛❧ δ0 ✐s s✉✐t❛❜❧❡ t♦ ✐♥✐t✐❛❧❧② ❣✉❛r❛♥t❡❡ ∆t ≤ ∆t⋆✳
❆ s✉✐t❛❜❧❡ ✇♦r❦✐♥❣ r❡❣✐♦♥ ✐s t❤✉s ❞❡✜♥❡❞ ❜②

∆t ∈ [β∆t⋆, γ∆t⋆], ✭✺✳✻✵✮

✇✐t❤ 0 < β < γ ≤ 1✱ ❢♦r ✇❤✐❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❝❧♦s❡ t♦ ∆t⋆✳ ❆ ♥❡✇ s❤✐❢t δ ✐s ❝♦♠♣✉t❡❞
✐❢

✶✳ ∆t ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ ∆t⋆ ✭∆t < β∆t⋆✮ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✉♥♥❡❝❡ss❛r② s♠❛❧❧ t✐♠❡ st❡♣s❀
♦r



❙❡❝t✳ ✺✳✻ ✲ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✶✷✷

✷✳ ∆t ✐s ✈❡r② ❝❧♦s❡ ♦r ♣♦ss✐❜❧② ❧❛r❣❡r t❤❛♥ ∆t⋆ ✭∆t > γ∆t⋆✮ ✇✐t❤ γ ❝❧♦s❡ t♦ 1✱ ✐♥ ♦r❞❡r t♦
✐♥❝r❡❛s❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥✳

❚❤❡ ❧❛tt❡r ❝r✐t❡r✐❛ ❣✉❛r❛♥t❡❡ t❤❛t δ ✐s ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❛♥❞ ♣r♦♣❡r❧② ❛❞❛♣t❡❞ t♦ t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳

✺✳✻✳✶ ❆❧❣♦r✐t❤♠ ❙❝❤❡♠❡

❚❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡ U ∈ ❘m×Nx st❛♥❞s ❢♦r t❤❡ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ U ♦✈❡r Nx ♣♦✐♥ts✿ U := (u(i,k)) s✉❝❤ t❤❛t i ∈ [1,m] ❛♥❞ k ∈ [1, Nx]✿

• ■♥♣✉t ♣❛r❛♠❡t❡rs✳ ❉❡✜♥❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✱ t✐♠❡ ❞♦♠❛✐♥ ♦❢ st✉❞② [t0, T ]✱ ✐♥✐t✐❛❧
t✐♠❡ st❡♣ ∆t0✱ ✐♥✐t✐❛❧ s❤✐❢t δ0✱ ❛♥❞ ♣❡r✐♦❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ∆t⋆✿ Nδ✳

• ■♥✐t✐❛❧✐③❛t✐♦♥✳ ❙❡t ✐t❡r❛t✐♦♥ ❝♦✉♥t❡r ite = 0 ❛♥❞ t = t0✱ U = U0✱ ∆t = ∆t0✱ δ = δ0✳
❲❡ ❞❡✜♥❡ ❛ ✢❛❣ estimate ✐♥✐t✐❛❧✐③❡❞ ❛s ✳❢❛❧s❡✳✳ ❚❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥✱
✇❡ ♥❡❡❞ t♦ s❛✈❡ U✱ ❛♥ ❛rr❛② ♦❢ s✐③❡ m×Nx✳

• ❚✐♠❡ ❡✈♦❧✉t✐♦♥✳ ■❢ t < T ✿

✶✳ ❖♥❧② ✐❢
ite

Nδ
=

⌊
ite

Nδ

⌋
♦r estimate ✐s ✳tr✉❡✳✿

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ■✿ ❋♦r t❤❡ s❡ts (a1, b1, c1) ❛♥❞ (a2, b2, c2) ✇✐t❤
a1 = 1 ❛♥❞ a2 = c1✱ ✇❡ ❝♦♠♣✉t❡ s✉❝❝❡ss✐✈❡❧②✿

✕ Ũ1 = Sc2∆tŨ0✱ ✇❤❡r❡ Ũ0 ✐s ❜✉✐❧t ♦✉t ♦❢ U✱ Ũ0 = (u(i,·))i∈Θl
❀

✕ Ũ1 = Sb2∆tŨ1❀

✕ Ũ2 = Sc1∆tŨ0❀

✕ e2 = maxi∈Θl
‖ũ(i,·)2 − ũ(i,·)1 ‖❀

✕ Ũ2 = Sb1∆tŨ2❀

✕ estimate ✐s s❡t t♦ ✳tr✉❡✳✳

❚❤❡s❡ ♦♣❡r❛t✐♦♥s ♥❡❡❞ t♦ s❛✈❡ Ũ1 ❛♥❞ Ũ2✱ t✇♦ ❛rr❛②s ♦❢ s✐③❡ l ×Nx✳

✷✳ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ∆t✿ ❲❡ ❝♦♠♣✉t❡ s✉❝❝❡ss✐✈❡❧②✿

✕ ❢♦r ❡❛❝❤ k ∈ [1, Nx]✱ u
(·,k)
new = Y ∆t/2u(·,k)❀

✕ ❢♦r ❡❛❝❤ k ∈ [1, Nx]✱ ũ
(·,k)
1 = Y δ∆t u

(i,k)
new

∣∣∣
i∈Θl

❀

✕ U⋆ = X∆tU⋆✱ ✇✐t❤ U⋆ = (Unew, Ũ1)T ❀

✕ ❢♦r ❡❛❝❤ k ∈ [1, Nx]✱ u
(·,k)
⋆ = Y (1/2−δ)∆tu

(·,k)
⋆ ❀

✕ ❢♦r ❡❛❝❤ k ∈ [1, Nx]✱ u
(·,k)
new = Y δ∆tu

(·,k)
new ❀

✕ err = maxi∈Θl
‖ũ(i,·)new − ũ(i,·)1 ‖✳

❲❡ ♥❡❡❞ t♦ s❛✈❡ Unew✱ ❛♥ ❛rr❛② ♦❢ s✐③❡ m×Nx✳

✸✳ ❖♥❧② ✐❢ estimate ✐s ✳tr✉❡✳✿
❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ■■✿ ❲❡ ❝♦♠♣✉t❡ s✉❝❝❡ss✐✈❡❧②✿

✕ e1 = maxi∈Θl
‖ũ(i,·)new − ũ(i,·)2 ‖❀

✕ C0 ✉s✐♥❣ ✭✺✳✺✻✮ ✇✐t❤ e1 ❛♥❞ e2❀

✕ ❡st✐♠❛t❡ ∆t⋆ ♦✉t ♦❢ ✭✺✳✹✽✮✱ ❛♥❞ s❡t ∆t⋆ = ζ∆t⋆ ✇✐t❤ s❡❝✉r✐t② ❢❛❝t♦r 0 < ζ ≤ 1✱
❝❧♦s❡ t♦ 1❀

✕ estimate ✐s s❡t t♦ ✳❢❛❧s❡✳✳



❙❡❝t✳ ✺✳✻ ✲ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✶✷✸

✕ ■❢ ∆t /∈ [β∆t⋆, γ∆t⋆] ✇✐t❤ 0 < β < γ ≤ 1✿ estimate ✐s s❡t t♦ ✳tr✉❡✳✳

✹✳ ❖♥❧② ✐❢ estimate ✐s ✳tr✉❡✳ ❛♥❞ ite > 0✿
❈♦♠♣✉t❛t✐♦♥ ♦❢ δ✿ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✹✽✮ ✇✐t❤ err ✱ C0✱ ❛♥❞ ∆t⋆ = ∆t✿

✕ δ = min{θδ, δmax}✱ ✇✐t❤ θ ≥ 1 ❛s s❡❝✉r✐t② ❢❛❝t♦r❀

✕ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ∆t⋆ ✇✐t❤ ♥❡✇ δ❀

✕ estimate ✐s s❡t t♦ ✳❢❛❧s❡✳✳

✺✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ∆tnew✿ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✶✮ ✇✐t❤ s❡❝✉r✐t② ❢❛❝t♦r 0 < υ ≤ 1✱ ❝❧♦s❡
t♦ 1✳

✕ ■❢ ∆t > ∆t⋆✿ s❡t err = η + C0
δ ✇✐t❤ C0

δ > 1✱ ✉s❡❞ t♦ ♣♦t❡♥t✐❛❧❧② r❡❥❡❝t ✐♥✐t✐❛❧
∆t = ∆t0✳

✕ ■❢ ∆tnew > ∆t⋆ ❛♥❞ δ 6= δmax✿ estimate ✐s s❡t t♦ ✳tr✉❡✳✳

✕ ■❢ err ≤ η✿ t = t+∆t✱ ite = ite + 1✱ ❛♥❞ U = Unew✳

✕ ∆t = min{∆tnew,∆t⋆, T − t}✳

■♥ t❤✐s s♣❧✐tt✐♥❣ str❛t❡❣②✱ r❡❛❝t✐♦♥ ✐s ❛❧✇❛②s ✐♥t❡❣r❛t❡❞ ♣♦✐♥t ❜② ♣♦✐♥t ✐❢ t❤❡ r❡❛❝t✐✈❡ t❡r♠ ✐s
♠♦❞❡❧❡❞ ❜② ❛♥ ❖❉❊s s②st❡♠ ✇✐t❤♦✉t s♣❛t✐❛❧ ❝♦✉♣❧✐♥❣✳ ❚❤✐s ✐♥t❡❣r❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
❝♦♠♣❧❡t❡❧② ✐♥ ♣❛r❛❧❧❡❧ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❧✐♥❡❛r ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠s ❛s s②st❡♠ ✭✶✳✺✸✮✱ ❛ ❜❡tt❡r ❛❧t❡r♥❛t✐✈❡ ❝♦♥s✐❞❡rs ❛ ✈❛r✐❛❜❧❡ ❜② ✈❛r✐❛❜❧❡ s♦❧✉t✐♦♥✿

u
(i,·)
⋆ = X∆tu

(i,·)
⋆ , ✭✺✳✻✶✮

❢♦r ❡❛❝❤ i ∈ [1,m]
⋃
Θl✱ t❤❛t r❡❞✉❝❡s t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛♥❞ ❝❛♥ ❜❡ ❛❧s♦ ♣❡r❢♦r♠❡❞ ✐♥

♣❛r❛❧❧❡❧ ❬❉❉❉+✶✷✱ ❉▼❉+✶✶❜❪✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠✱ ❡✐t❤❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧
∆t⋆ ✭st❡♣s ✭✶✮✱ ✭✸✮✱ ❛♥❞ ✭✹✮✮✱ ♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ δ ✭st❡♣ ✭✹✮✮ ❝❛♥ ❜❡ ♣♦t❡♥t✐❛❧❧② r❡♠♦✈❡❞
✐❢ ♦♥❡ ❝♦♥s✐❞❡rs ❧❛r❣❡ ❡♥♦✉❣❤ δ0 ❛♥❞ s✉✣❝✐❡♥t❧② ✜♥❡ η✳ ❋✐♥❛❧❧②✱ t❤❡ ✇❤♦❧❡ str❛t❡❣② ✇✐t❤ ❛❧❧
st❡♣s ♥❡❡❞s t♦ s❛✈❡ ❛t ✇♦rst t✇♦ ❛rr❛②s ♦❢ s✐③❡ l ×Nx ❛♥❞ ♦t❤❡r t✇♦ ♦❢ s✐③❡ m ×Nx✱ ✇✐t❤♦✉t
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ s♦❧✈❡rs✳ ❆❧❧ t❤❡s❡ ✐ss✉❡s
✇✐❧❧ ❜❡ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✽✳

✺✳✻✳✷ ◆✉♠❡r✐❝❛❧ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ▼❡t❤♦❞✿ ✶❉ ❇❩ ❊q✉❛t✐♦♥ ❘❡✈✐s✐t❡❞

■♥ t❤✐s ♣❛rt✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱
❛♥❞ s❤♦✇ t❤❛t ❛♥ ❡✛❡❝t✐✈❡ ❝♦♥tr♦❧ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✐s ♣❡r❢♦r♠❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s
s♦❧✉t✐♦♥ s❝❤❡♠❡✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❇❩ ♠♦❞❡❧✱ ✇❡ ♣❡r❢♦r♠ ❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ✭✹✳✷✾✮
✇✐t❤ s❡✈❡r❛❧ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s η✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✇✐t❤♦✉t
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t st❡♣s ✭✶✮✱ ✭✸✮✱ ❛♥❞ ✭✹✮✱ ✐✳❡✳✱✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ ❡✐t❤❡r ❝r✐t✐❝❛❧ ∆t⋆ ♦r δ✳ ❲❡
s❡t ∆t0 = 10−7 ❛♥❞ δ0 = 0.05 ✐♥ ❛❧❧ ❝❛s❡s✱ ✇✐t❤ t ∈ [0, 2]✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ❛ r❛t❤❡r s♠❛❧❧
✐♥✐t✐❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❝❤♦s❡♥ t♦ ❛✈♦✐❞ ✐♥✐t✐❛❧ r❡❥❡❝t✐♦♥s ❡✈❡♥ t❤♦✉❣❤ t❤❡ r❡❥❡❝t✐♦♥ ♣❤❛s❡s
❞♦ ♥♦t ✉s✉❛❧❧② t❛❦❡ ♠❛♥② st❡♣s✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❢♦rt❤❝♦♠✐♥❣ ❡①❛♠♣❧❡s✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ ❛♥
✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ ♦❢ δ ✐♥ ♦r❞❡r t♦ ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤ t❤❡ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦rs ♦❢ t❤❡ str❛t❡❣② ✐♥
t❡r♠s ♦❢ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦rs✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t♦❧❡r❛♥❝❡✳
❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✳ ❆s ❛❧r❡❛❞② st✉❞✐❡❞
✐♥ ❈❤❛♣t❡r ✹✱ t❤❡ ❇❩ ❡q✉❛t✐♦♥s ♠♦❞❡❧ ♣r♦♣❛❣❛t✐♥❣ s❡❧❢✲s✐♠✐❧❛r ✇❛✈❡s✱ s♦ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣
st❛❜✐❧✐③❡s ❛❢t❡r t❤❡ ♦✈❡r❛❧❧ ♣❤❡♥♦♠❡♥♦♥ ✐s s♦❧✈❡❞ ❛♣♣r♦①✐♠❛t❡❧② ✇✐t❤ t❤❡ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡
η✳ ▲♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s err ❛r❡ ❛❧s♦ ❞✐s♣❧❛②❡❞✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ✈❡r✐❢② t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②
❜❡❝❛✉s❡ ✇❡ ✐♠♣♦s❡ t✐♠❡ st❡♣s ❢♦r ✇❤✐❝❤ err ✐s ❧✐♠✐t❡❞ ❜② η ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✶✮✳
❚❛❜❧❡ ✺✳✷ s✉♠♠❛r✐③❡s ❣❧♦❜❛❧ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ s♣❧✐tt✐♥❣ ❛♥❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❛t t❤❡ ❡♥❞
♦❢ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢ st✉❞②✱ t = 2✳ ❋♦r ❛ s✉✣❝✐❡♥t❧② ✜♥❡ η ❛♥❞ ❝♦♥s❡q✉❡♥t❧② s♠❛❧❧ ❡♥♦✉❣❤



❙❡❝t✳ ✺✳✻ ✲ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✶✷✹

t✐♠❡ st❡♣s✱ ❛ ♣r❡❝✐s❡ ❡rr♦r ❝♦♥tr♦❧ ✐s ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❝♦♥tr♦❧ str❛t❡❣②✱ ❛s ✇❡ ❝♦✉❧❞
❤❛✈❡ ❡①♣❡❝t❡❞ ❢r♦♠ ♣r❡✈✐♦✉s r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✺✳✸ ❢♦r δ = 0.05✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r η = 10−4

✇❡ r❡tr✐❡✈❡ r❛t❤❡r ❤✐❣❤ ❣❧♦❜❛❧ ❡rr♦rs ❡✈❡♥ ✐❢ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐❞❡rs ❧❡ss t✐♠❡ ✐♥t❡❣r❛t✐♦♥
st❡♣s ❛♥❞ t❤✉s ❧❡ss ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs✳ ■❢ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t ❋✐❣✉r❡ ✺✳✸✱
✇❡ ♥♦t❡ t❤❛t ❢♦r δ = 0.05 ❛♥❞ ❧♦❝❛❧ ❡rr♦rs ♦❢ ❛❜♦✉t 10−4✱ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ err ✐s ♥♦t
♣r❡❞✐❝t✐♥❣ ♣r♦♣❡r❧② t❤❡ r❡❛❧ ❙tr❛♥❣ ❡rr♦rs✱ ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ s✐♥❝❡ ∆t > ∆t⋆✳ ❚❤❡r❡❢♦r❡✱
❛ str❛t❡❣② t❤❛t ❝♦♥s✐❞❡rs ❛ ♠♦r❡ ♣r❡❝✐s❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡rr♦rs ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❛ ❧❛r❣❡r
r❛♥❣❡ ♦❢ t✐♠❡ st❡♣s✱ ✇❤❡♥❡✈❡r t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝② ❝❛sts t❤❡ ♠❡t❤♦❞ ❛✇❛② ❢r♦♠ ✐ts ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦r✳ ❚❤✐s ✐s ❛ st❛♥❞❛r❞ ❞✐✣❝✉❧t② ♦❢ ❛♥② t✐♠❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❛ ❧♦✇❡r ♦r❞❡r
❡♠❜❡❞❞❡❞ ♠❡t❤♦❞✱ ❛♥❞ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛ ❝♦♠♠♦♥ ♣r♦❜❧❡♠ t❤❛t ❤❛s ♥♦t ❜❡❡♥ st✉❞✐❡❞ ♠✉❝❤✱
❛♥❞ t❤❛t t❤✐s ✇♦r❦ tr✐❡s t♦ ❜❡tt❡r ✐♥✈❡st✐❣❛t❡✳
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❋✐❣✳ ✺✳✺✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ✭❧❡❢t✮ ❛♥❞ ❧♦❝❛❧ L2 ❡rr♦r

❡st✐♠❛t❡s err = ‖S∆tu0 − S∆t
δ u0‖L2 ✭r✐❣❤t✮✱ ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s η ❛♥❞ δ = 0.05✳

❚❛❜❧❡ ✺✳✷✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ L2 ❡rr♦rs ❛t ✜♥❛❧ t✐♠❡ t = 2 ❢♦r (a, b, c) ✈❛r✐❛❜❧❡s ❛♥❞ s❡✈❡r❛❧ ❛❝❝✉r❛❝②
t♦❧❡r❛♥❝❡s η✳

η L2 ❡rr♦r a L2 ❡rr♦r b L2 ❡rr♦r c

10−4 7.97× 10−3 1.07× 10−2 4.72× 10−3

10−6 1.71× 10−6 1.83× 10−6 7.98× 10−7

10−8 1.45× 10−8 1.54× 10−8 6.78× 10−9

10−10 1.74× 10−10 1.75× 10−10 1.08× 10−10

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡♥t✐r❡ str❛t❡❣② ✇✐t❤ ❛❧❧ st❡♣s✱ ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s ✇✐t❤∆t0 = 5×10−7✱
❛♥❞ δ0 = 0.05✳ ■♥ t❤❡ ❝♦♠✐♥❣ ✐❧❧✉str❛t✐♦♥s ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿

• δmax = 0.999❀

• a1 = 1✱ b1 = c1 = a2 = 1/2✱ b2 = 2/5✱ ❛♥❞ c2 = 1/10 ❢♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ st❡♣s✱ ❛s
✐♥ ✭✺✳✺✾✮❀

• ζ = 0.9 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ❡st✐♠❛t❡❀

• β = 0.1 ❛♥❞ γ = 0.95 t♦ ❞❡✜♥❡ t❤❡ ✇♦r❦✐♥❣ r❡❣✐♦♥ ✭✺✳✻✵✮❀



❙❡❝t✳ ✺✳✻ ✲ ●❡♥❡r❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✶✷✺

• θ = 10 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ δ ❡st✐♠❛t❡❀

• C0
δ = 10 t♦ ♣♦t❡♥t✐❛❧❧② r❡❥❡❝t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0❀ ❛♥❞

• υ = 0.9 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ ∆tnew ❡st✐♠❛t❡✳

❆❧❧ ❧♦❝❛❧ ❡st✐♠❛t♦rs✱ err ✱ e1✱ ❛♥❞ e2 ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ♥♦r♠❛❧✐③❡❞ L2 ♥♦r♠s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
❝❤❛♣t❡r✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥✱ ✇❡ s❡t Nδ = 10✱ ❜✉t ✇❡ ❡st✐♠❛t❡ ∆t⋆ ♦♥❧②
t✇✐❝❡ ❢♦r ite = 0 ❛♥❞ ite = Nδ✳ ❋✐❣✉r❡ ✺✳✻ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳
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❋✐❣✳ ✺✳✻✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t ✭❧❡❢t✮ ❛♥❞ ❧♦❝❛❧ L2

❡rr♦r ❡st✐♠❛t❡s err = ‖S∆tu0−S∆t
δ u0‖L2 ✭r✐❣❤t✮✱ ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s η✱ ❝♦♥s✐❞❡r✐♥❣ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞

❝♦♠♣✉t❛t✐♦♥ ♦❢ δ✳

❚❛❜❧❡ ✺✳✸✿ ✶❉ ❇❩ ❡q✉❛t✐♦♥✳ L2 ❡rr♦rs ❛t ✜♥❛❧ t✐♠❡ t = 2 ❢♦r (a, b, c) ✈❛r✐❛❜❧❡s ❛♥❞ s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s
η✱ ❝♦♥s✐❞❡r✐♥❣ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ δ✳

η L2 ❡rr♦r a L2 ❡rr♦r b L2 ❡rr♦r c

10−4 6.85× 10−5 9.04× 10−5 4.06× 10−5

10−6 1.71× 10−6 1.83× 10−6 7.98× 10−7

10−8 4.53× 10−8 4.84× 10−8 2.12× 10−8

10−10 4.48× 10−9 4.77× 10−9 2.15× 10−9

❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝②✿

• ■♥ ❛❧❧ ❝❛s❡s ❢♦r δ0 = 0.05✱ ✇❡ ✐♥✐t✐❛❧❧② ❡st✐♠❛t❡ ∆t⋆ ≈ 1.4× 10−4✳

• ❋♦r η = 10−4✱ t❤❡ ✐♥✐t✐❛❧ ∆t⋆ ✐♠♣❧✐❡s s♠❛❧❧❡r t✐♠❡ st❡♣s t❤❛♥ ✇❤❛t ✐s r❡q✉✐r❡❞ ❢♦r t❤❡
♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡✳ ❍❡♥❝❡✱ ∆t ✐♥❝r❡❛s❡s ✉♥t✐❧ ∆tnew > ∆t⋆✱ ❛♥❞ ❛ ♥❡✇ δ ✐s ❡st✐♠❛t❡❞✿
δ ≈ 0.43✳ ◆♦ s✉❜st❛♥t✐❛❧ ❝❤❛♥❣❡s ❛r❡ ♠❛❞❡ ✇❤❡♥ ite = Nδ✱ s✐♥❝❡ ∆t ∈ [β∆t⋆, γ∆t⋆] ❢♦r
t❤❡ ❝✉rr❡♥t η✳

• ❋♦r η = 10−6✱ ✇❡ ❦❡❡♣ ✐♥✐t✐❛❧ ∆t⋆ ❛♥❞ δ0 s✐♥❝❡ ∆t ∈ [β∆t⋆, γ∆t⋆]✱ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✸✳



❙❡❝t✳ ✺✳✼ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s✿ ✷❉ ❇❩ ❊q✉❛t✐♦♥ ❘❡✈✐s✐t❡❞ ✶✷✻

• ❋✐♥❛❧❧②✱ ❢♦r η = 10−8 ❛♥❞ η = 10−10✱ ✇❡ ❤❛✈❡ t❤❛t ∆t < β∆t⋆ ❛♥❞ t❤✉s δ ✐s r❡❝♦♠♣✉t❡❞✱
❣✐✈✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ δ ≈ 0.016 ❛♥❞ 0.0016✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡
st❡♣s ❢♦r ✇❤✐❝❤ ❙tr❛♥❣ ❧♦❝❛❧ ❡rr♦rs ❛r❡ ❜❡tt❡r ♣r❡❞✐❝t❡❞✳

❚❛❜❧❡ ✺✳✸ s❤♦✇s t❤❛t ❡rr♦r ❝♦♥tr♦❧ ✐s t❤✐s t✐♠❡ ❣✉❛r❛♥t❡❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ t♦❧❡r❛♥❝❡ η✱ ❛♥❞ t❤✉s
❢♦r ❛ ❧❛r❣❡r r❛♥❣❡ ♦❢ t✐♠❡ st❡♣s✳ ❈♦♠♣❛r❡❞ ✇✐t❤ ♣r❡✈✐♦✉s r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✺✳✷✱ ✇❡ ❝♦♠♣❧❡t❡❧②
❝♦rr❡❝t t❤❡ ❡rr♦rs ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ ❧♦❝❛❧ ❡rr♦rs✱ ✇❤✐❝❤ ②✐❡❧❞s ♠♦r❡ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥s ❢♦r t❤❡
❧❛r❣❡st t♦❧❡r❛♥❝❡s❀ ✇❤❡r❡❛s s❧✐❣❤t❧② ❧❡ss ❛❝❝✉r❛t❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s♠❛❧❧❡st t♦❧❡r❛♥❝❡s
s✐♥❝❡ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

✺✳✼ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s✿ ✷❉ ❇❩ ❊q✉❛t✐♦♥ ❘❡✈✐s✐t❡❞

■♥ t❤❡ ♣❛st s❡❝t✐♦♥s ♦❢ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❛❧✇❛②s ❝♦♥s✐❞❡r❡❞ s✉✣❝✐❡♥t❧② ✜♥❡ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ✐♥tr♦❞✉❝❡❞ ❢♦r
t❤❡ ♣r♦♣♦s❡❞ ❛❞❛♣t✐✈❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳ ❋♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✜♥❡ s♣❛✲
t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❜❡❝♦♠❡s ❛ ❝r✐t✐❝❛❧ ✐ss✉❡ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ❛♥❞ ❛s ♣r❡✈✐♦✉s❧②
❞✐s❝✉ss❡❞✱ ❛ t❡❝❤♥✐q✉❡ ♦❢ ❧♦❝❛❧ ❣r✐❞ r❡✜♥❡♠❡♥t ❜❡❝♦♠❡s ❛ ❣♦♦❞ s♦❧✉t✐♦♥ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧❛t✲
t❡r ❞✐✣❝✉❧t② ❛♥❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✐♥ t❡r♠s ♦❢
s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ s♣❧✐tt✐♥❣ ❡rr♦r ❡st✐♠❛t❡ ✐s ❞②♥❛♠✐❝❛❧❧② ❡✈❛❧✉❛t❡❞ ✐♥ ♣r❛❝t✐❝❡ ✐♥ ❛
s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❤❡♥❝❡ r❡t❛✐♥s ♦♥❧② t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤✐s
❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❜❡❝♦♠❡s ♥❛t✉r❛❧✱
✉♥❞❡r t❤❡ s❛♠❡ ❝r✐t❡r✐❛ ✐♥ t❡r♠s ♦❢ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ s❝❤❡♠❡ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉✲
♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ■♥ t❤✐s ♣❛rt✱
✇❡ r❡❝❛st t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❢♦r t❤❡ ✷❉ ❇❩ ♠♦❞❡❧ ✭✹✳✷✾✮✱ ✇✐t❤
t❤❡ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ❖♥❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s ✐❧❧✉str❛t✐♦♥
✐s t♦ ❥✉st✐❢② ❛♥❞ ✈❛❧✐❞❛t❡ t❤❡ ❝❤♦s❡♥ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥s✱
❛♥❞ t❤✉s t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r st✐✛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r❡s❡♥t
st✉❞② ✇✐❧❧ ②✐❡❧❞ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❢✉rt❤❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡
❝♦♠❜✐♥❡❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs✳
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❋✐❣✳ ✺✳✼✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✭❧❡❢t✮ ❛♥❞ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t
t∗ = 4 ✭r✐❣❤t✮ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❣✐✈❡♥ ❜② t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ str❛t❡❣② ❢♦r ❞✐✛❡r❡♥t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s
η ✐♥t♦ ✭✺✳✶✶✮ ❛♥❞ ✇✐t❤ ❝♦♥st❛♥t ∆t = 4/1024✳ ❯♥✐❢♦r♠ ❣r✐❞ ♦❢ 2562✳

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ 2562✳ ❋✐❣✉r❡ ✺✳✼ s❤♦✇s
t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s η ❛❝❝♦r❞✐♥❣ t♦
✭✺✳✶✶✮✳ ■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❛❞❛♣t❡❞ ❢r♦♠ ❛ ❝❤♦s❡♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ ∆t0 = 10−7



❙❡❝t✳ ✺✳✼ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s✿ ✷❉ ❇❩ ❊q✉❛t✐♦♥ ❘❡✈✐s✐t❡❞ ✶✷✼

t♦ ❛ r♦✉❣❤❧② ❝♦♥st❛♥t ✈❛❧✉❡ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✱ ❞✉❡ t♦ t❤❡ s❡❧❢✲s✐♠✐❧❛r
❝❤❛r❛❝t❡r ♦❢ t❤❡ ✇❛✈❡ ❧✐❦❡ ✐♥ t❤❡ ✶❉ ❝❛s❡✳ ❚❤❡ ❣❧♦❜❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦r ✐s ✐♥❞❡❡❞ ❝♦♥tr♦❧❧❡❞
❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ✐♥t♦ ✭✺✳✶✶✮✱ ❛s s❤♦✇♥ ❜② t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t
t∗ = 4✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✳ ❲❡ s❡❡ t❤✉s t❤❛t ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥✱ ❛
❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ ❛♥ ❛❝❝✉r❛❝② ❝r✐t❡r✐♦♥ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✹✱
✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❛ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣ ♦❢ ∆t = 4/1024 ②✐❡❧❞s ♣r❛❝t✐❝❛❧❧② t❤❡ s❛♠❡ r❡s✉❧ts ❛s t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ str❛t❡❣② ✇✐t❤
η = 10−3✳ ❚❤❡ ♦✈❡r❤❡❛❞ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ❧♦❝❛❧ ❡rr♦rs ♦❢ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ❝❛♥ ❜❡ t❤✉s s❛✈❡❞✱
❡✈❡♥ t❤♦✉❣❤ t❤✐s ♦✈❡r❤❡❛❞ ✐♠♣❧✐❡s ♥♦ ♠♦r❡ t❤❛♥ 25✪ ♦❢ ❛❞❞✐t✐♦♥❛❧ ❈P❯ t✐♠❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❡♠❜❡❞❞❡❞ ♣r♦❝❡❞✉r❡✳ ■♥ ❣❡♥❡r❛❧ ❛♥❞ ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥✱ t❤❡ ❛❞❛♣t✐✈❡
s❝❤❡♠❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥✐t✐❛❧❧② ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❢♦r ❛
❣✐✈❡♥ ❛❝❝✉r❛❝② ❛♥❞ t❤❡r❡❢♦r❡✱ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♥♦ ❧♦♥❣❡r ♥❡❝❡ss❛r②✳
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❋✐❣✳ ✺✳✽✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s✳ ❚♦♣ ❧❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇✐t❤ η = 10−3 ❛♥❞ ✜♥❡st
❣r✐❞s ♦❢ 2562 ❛♥❞ 10242✱ ❛♥❞ ✇✐t❤ ∆t = 4/1024✳ ❋r♦♠ t♦♣ r✐❣❤t t♦ ❜♦tt♦♠ ❧❡❢t✿ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❛t
t∗ = 4 ❣✐✈❡♥ ❜② t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ η = 10−2 ✭t♦♣ r✐❣❤t✮✱ 10−3 ✭❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ 10−4

✭❜♦tt♦♠ r✐❣❤t✮ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✹✮✱ ❛♥❞ ❜② t❤❡ ▼❘ ♣r♦❝❡❞✉r❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✻✮✱ ❢♦r
s❡✈❡r❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε ❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳ ❋✐♥❡st ❣r✐❞✿ 2562✳

❈♦♥s✐❞❡r✐♥❣ ❛ ❧❛r❣❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ 10242✱ ❋✐❣✉r❡ ✺✳✽ ✭t♦♣ ❧❡❢t✮ s❤♦✇s t❤❡ ❛❞❛♣t✐✈❡
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♦❜t❛✐♥❡❞ ✇✐t❤ ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−3✳ ❖♥❝❡ ❛❣❛✐♥ t❤✐s ✐s s❤♦✇♥
t♦ ❜❡ ❛❧♠♦st ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 4/1024✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
2562 s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❛s❡✱ ✇❤❡r❡ t❤❡s❡ s♣❧✐tt✐♥❣ ❡rr♦rs ❛r❡ ♠❡❛s✉r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇❛②✱ t❤❡ s♣❧✐tt✐♥❣
❡rr♦rs ❛r❡ ♣r❛❝t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❛ s✉✣❝✐❡♥t❧②
✜♥❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳



❙❡❝t✳ ✺✳✽ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✷✽

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣
s❝❤❡♠❡ ✐♥t♦ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣②✳ ❋✐❣✉r❡ ✺✳✽ ✭❢r♦♠ t♦♣ r✐❣❤t t♦ ❜♦tt♦♠ ❧❡❢t✮ s❤♦✇s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ❣✐✈❡♥ ❜② ✭✹✳✹✵✮✱ ✇❤❡r❡ UJ

split r❡♣r❡s❡♥ts
♥♦✇ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ ❢♦r s♦♠❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ✐♥t♦ ✭✺✳✶✶✮✳ ❚❤❡ ✜♥❡st
❣r✐❞ ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ 2562 ♠❡s❤ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ s❡❡
✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❋✐❣✉r❡ ✺✳✽ t❤❛t✿

• ❋♦r η = 10−2✱ ✇❡ ❤❛✈❡ t✐♠❡ st❡♣s ♦❢ ❛❜♦✉t 7×10−2 ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✼✱ ✐✳❡✳✱ ❛♣♣r♦①✐♠❛t✐✲
✈❡❧② 7 t✐♠❡s t❤❡ ❜♦✉♥❞ ∆tmax ❣✐✈❡♥ ❜② ✭✹✳✷✼✮ ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❝♦✉♣❧❡ t❤❡ s♣❧✐tt✐♥❣
✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ✇✐t❤ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤✐s ❝❛s❡ ✐s ❛♥ ✐❧❧✉str❛t✐♥❣
❝♦✉♥t❡r ❡①❛♠♣❧❡ ♦❢ ❛ s✉✐t❛❜❧❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✼✮ ❢♦r t❤❡ ♠❛①✐♠✉♠ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆tmax✳

• ❋♦r η ≤ 10−3✱ ✇❡ r❡tr✐❡✈❡ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✻✱ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ η = 10−3 ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝②✳

• ❚❤❡ t✐♠❡ st❡♣s ✐♥ ❋✐❣✉r❡ ✺✳✼ s❤♦✇ ❝❧❡❛r❧② t❤❛t t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✐s st✐❧❧ ✇♦r❦✐♥❣
♣r♦♣❡r❧② ✐♥ t❤❡ ❧♦ss ♦r❞❡r r❡❣✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r η = 10−4 ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❣✐✈❡♥
❜② ε ≤ 10−2 ❣✉❛r❛♥t❡❡s ♥❡❣❧✐❣✐❜❧❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦rs ✐♥ ❢r♦♥t ♦❢ t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ♦♥❡s❀ ✇❤❡r❡❛s ❢♦r η = 10−5✱ ε ≤ 10−4 ✐s ♥❡❝❡ss❛r②✳

❚♦ ❝♦♥❝❧✉❞❡✱ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ❞❡s❝r✐❜❡s t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛s ❧♦♥❣ ❛s η ≤ 10−3✱ ❛♥❞ ❤❡♥❝❡✱ ∆t < ∆tmax ❢♦r t❤❡ ❝❤♦s❡♥ r❡✜♥❡♠❡♥t
❝r✐t❡r✐♦♥ ♦❢ k̄ = 1 ✐♥t♦ ✭✹✳✷✼✮✳ ❚❤❡♥✱ ε ≤ 10−2 ♠✉st ❜❡ ✈❡r✐✜❡❞ ❢♦r η = 10−3 − 10−4✱ ✇❤❡r❡❛s
ε ≤ 10−4 ❢♦r η = 10−5✳

✺✳✽ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ s✉❝❤
❛ t❡❝❤♥✐q✉❡ ✇❛s ♥❡✈❡r ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❜❡❢♦r❡ ❛♥❞ ❝♦♥st✐t✉t❡s ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r
❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥❡✇
s❝❤❡♠❡ ✇❡r❡ ❛❧s♦ ❝♦♥❞✉❝t❡❞ ✇❤✐❝❤ ❤❛✈❡ ❛❧❧♦✇❡❞ ✉s t♦ ❜✉✐❧❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♦♥ ❛ s♦❧✐❞
t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✳ ❆ ❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✇❛s ❛❧s♦ ❞❡✈❡❧♦♣❡❞ t♦ ❡♥s✉r❡
t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❧♦❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦r ❡st✐♠❛t❡s err ✱ ❢♦r ❛♥② ❛r❜✐tr❛r② s♣❧✐tt✐♥❣ t✐♠❡
st❡♣ ∆t✱ ❜② ❛♣♣r♦♣r✐❛t❡❧② ❝♦♠♣✉t✐♥❣ t❤❡ s❤✐❢t✐♥❣ ♣❛r❛♠❡t❡r δ ✐♥ t❤❡ ❡♠❜❡❞❞❡❞ ❧♦✇❡r ♦r❞❡r
❙tr❛♥❣ s❝❤❡♠❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ❞❡✜♥❡❞ ❜② t❤❡
❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t⋆✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♥♦✈❡❧ ❛♥❞ ❣❡♥❡r❛❧ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✇❛s
✐♥tr♦❞✉❝❡❞ t♦ ❡st✐♠❛t❡ t❤❡ tr✉♥❝❛t❡❞ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❛♣♣❧✐❡❞ t♦ ❛♥② t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦s ❝❛♥ ❜❡ t❤✉s ♠❛❞❡ r❡❧❛t❡❞ t♦
t❤❡ r❡s✉❧t✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✿

• ❙✐♥❝❡ ❜♦t❤ ♣❛r❛♠❡t❡rs δ ❛♥❞ ∆t⋆ ❛r❡ ❧✐♥❦❡❞ t❤r♦✉❣❤ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✹✽✮✱ ❛ s✉✣❝✐❡♥t❧②
❧❛r❣❡ ✈❛❧✉❡ ♦❢ δ ♠✐❣❤t ❜❡ s✉✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t
t❤❡ ♦✈❡r❤❡❛❞ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❧♦✇❡r ♦r❞❡r s♦❧✉t✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡ ✐♥ ✭✺✳✽✮✳

• ■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ❧❛tt❡r ♦✈❡r❤❡❛❞ ✐s ❣✐✈❡♥ ❜② ❛♥ ❡①tr❛ ❤❛❧❢ st❡♣ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥
♣r♦❜❧❡♠✱ ❛♥❞ ♦♥❡ ♠♦r❡ st❡♣ ❢♦r t❤❡ ❞✐✛✉s✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✽ ❤♦✇
t❤✐s ♦✈❡r❤❡❛❞ ♠❛② ❜❡ r❡❞✉❝❡❞ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

• ❚❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s err ❛❝❝♦✉♥t ♦♥❧② ❢♦r t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs s✐♥❝❡ ❜♦t❤ t❤❡ ❙tr❛♥❣
❛♥❞ t❤❡ s❤✐❢t❡❞ ❙tr❛♥❣ s❝❤❡♠❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ s❛♠❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳



❙❡❝t✳ ✺✳✽ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✷✾

❆s ♣r❡✈✐♦✉s❧② ❡♥✈✐s✐♦♥❡❞✱ s✉❝❤ ❛ t✐♠❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ✐s t❤❡♥ ✉s❡❞ t♦ ❡①t❡♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ✇✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ ❝r✐t❡r✐❛✱
t♦ ♠♦r❡ ❝♦♠♣❧❡① t✐♠❡ ❞❡♣❡♥❞❡♥t ♣❤❡♥♦♠❡♥❛✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ ✐♠♣❧✐❡s
❛❧s♦ ❛ ❞②♥❛♠✐❝ ✉♣❞❛t❡ ♦❢ t❤❡ ❧♦❝❛❧ r❡✜♥❡♠❡♥t r✉❧❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳
■♥ t❤✐s t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s ❝♦♥tr♦❧❧❡❞ ❜②
t❤❡ ♣❛r❛♠❡t❡rs η ❛♥❞ ε✱ ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦rs✳ ■♥
♦r❞❡r t♦ ❜❡tt❡r ❣✉❛r❛♥t❡❡ ❛ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡✲ ❛♥❞ s♣❛❝❡✲r❡❧❛t❡❞ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛♥❞ t❤✉s
❛♥ ♦✈❡r❛❧❧ ❛❝❝✉r❛❝② ❞♦♠✐♥❛t❡❞ r❛t❤❡r ❜② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ❛ ♥❡❝❡ss❛r② ❜✉t ♥♦t
s✉✣❝✐❡♥t ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ✇✐❧❧ ❜❡ ✐♥ ❣❡♥❡r❛❧ ❣✐✈❡♥ ❜②

ε < η. ✭✺✳✻✷✮

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ε = η ♠✐❣❤t ❛❧s♦ ②✐❡❧❞ ❣♦♦❞ r❡s✉❧ts t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❝♦♥s❡r✈❛t✐✈❡ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❛❞♦♣t❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❢♦r t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♣r♦❝❡ss✱ ❛♥❞
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠✱ ❡✈❡♥ ε ≈ 10 · η✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✻ ❢♦r t❤❡ ❇❩
♣r♦❜❧❡♠ ✭✹✳✷✾✮✳ ❋♦r ❛❧❧ ❝❛s❡s t❤❡ ❛❝❝✉r❛❝② ❡st✐♠❛t❡s ❛r❡ ♦♥❧② ✈❛❧✐❞ ✐❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❛♥❞
t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛r❡ ❝♦rr❡❝t❧② ❝♦✉♣❧❡❞✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❛♥❞
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻ ❢♦r η = 10−2✳ ❚❤❡r❡❢♦r❡✱ ❝r✐t❡r✐♦♥ ✭✺✳✻✷✮ ❜❡❝♦♠❡s ✐♥ ❣❡♥❡r❛❧ s✉✣❝✐❡♥t
♦♥❧② ✐❢ t❤❡ ❞②♥❛♠✐❝ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s s❛t✐s❢②

∆t ≤ ∆tmax. ✭✺✳✻✸✮

❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s t♦ ❞❡✜♥❡ t❤❡
♠❛①✐♠✉♠ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆tmax ❣✐✈❡♥ ❜② ✭✹✳✷✼✮✱ ❛ ❣♦♦❞ ❧❡✈❡❧ ♦❢ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡
❛♥❞ s♣❛❝❡ r❡s♦❧✉t✐♦♥s ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ✐❢ ❢♦r ❛ ❣✐✈❡♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η✱
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε ❜❡❤❛✈❡ q✉❛❧✐t❛t✐✈❡❧② ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
❙✐♥❝❡ t❤❡ ♠❛✐♥ r❡❛❝t✐✈❡ ❛❝t✐✈✐t② ✐s ✉s✉❛❧❧② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ♠♦✈✐♥❣ ❢r♦♥ts✱ ❛ ❞❡✜❝✐❡♥t
s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❞✉r✐♥❣ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣ ✐♥tr♦❞✉❝❡s s❡✈❡r❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❛r❡ ❡❛s✐❧② ✐❞❡♥t✐✜❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ♠♦r❡ ❝♦♥s❡r✈❛t✐✈❡ r❡✜♥❡♠❡♥t
❝r✐t❡r✐♦♥ ❡①♣r❡ss❡❞ ❜② k̄ > 1 ❡①tr❛ ❝❡❧❧s ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ✐❢ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡
❞❡s✐r❡❞✱ ♦r t♦ ❜❡tt❡r ❡♥s✉r❡ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✳ ❆❧t❡r♥❛t✐✈❡❧②✱
♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ✭❧✐❦❡ ✐♥ ❬❈❑▼P✵✸❪✮ ♠❛② ❜❡ r❡q✉✐r❡❞ ❢♦r ❤✐❣❤❧② ❝♦♠♣❧❡①
❝♦♥✜❣✉r❛t✐♦♥s✳
❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣❤❡♥♦♠❡♥❛ ❢♦r ✇❤✐❝❤ ❛ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ✐s s✉❢✲
✜❝✐❡♥t✱ ❛ ❤②❜r✐❞ str❛t❡❣② t❤❛t ❝♦♥s✐❞❡rs ❛ t✐♠❡ st❡♣ ∆t ❝♦♠♣✉t❡❞ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②
✇✐t❤ t❤❡ ❝✉rr❡♥t ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡✱ ♠✐❣❤t ❜❡ t❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t s♦❧✉t✐♦♥✳ ❚❤❡ ♦✈❡r❤❡❛❞ ♦❢
❝♦♠♣✉t✐♥❣ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s err t❤r♦✉❣❤♦✉t t❤❡ ❡♥t✐r❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢ s✐♠✉❧❛t✐♦♥ ✐s t❤✉s
❛✈♦✐❞❡❞✳ ❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣ s✉♣♣❧❡♠❡♥t❛r② ♦♣❡r❛t♦rs ❧✐❦❡ ❛ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ t❤❡ ♦r✐❣✐♥❛❧
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✭✺✳✶✮ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐♥ ❣❡♥❡r❛❧ t❤❡ ♦r❞❡r ❡st✐♠❛t❡s ❝♦♥❞✉❝t❡❞ ✐♥ t❤✐s
❝❤❛♣t❡r ❢♦r ❜♦t❤ t❤❡ st❛♥❞❛r❞ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣ s❝❤❡♠❡s✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r ♠♦r❡ ❣❡♥❡r❛❧
❞✐✛✉s✐♦♥ t❡r♠s ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ✭✶✳✺✷✮✱ ❢♦r ✇❤✐❝❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❥✉st ❜❡❝♦♠❡ ♠♦r❡
t❡❝❤♥✐❝❛❧✳



❈❤❛♣t❡r ✻

P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r

▼✉❧t✐✲❙❝❛❧❡ ❘❡❛❝t✐♦♥ ❲❛✈❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥❛❧②③❡ ❛ t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉❊s ♠♦❞❡❧✐♥❣
st✐✛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✱ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳
❆s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❛♥❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❛❧②③❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✱ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ s✉❝❤ ♣r♦❜❧❡♠s ✐♠♣♦s❡s s♣❡❝✐❛❧ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤✲
♦❞s r❡q✉✐r❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❤❛s ❜❡❡♥ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ♣❛r❛r❡❛❧
❛❧❣♦r✐t❤♠ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❜② ▲✐♦♥s ❡t ❛❧✳ ✐♥ ❬▲▼❚✵✶❪✳ ❆ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♠❜✐♥❡❞
str❛t❡❣② ✐s t❤❡♥ ♠❛♥❞❛t♦r② t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❛ ♠❡t❤♦❞✱ ❛♥❞ ❜❡tt❡r
❡①♣❧♦r❡ ✐ts ❝❛♣❛❜✐❧✐t✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ ♣r♦❜❧❡♠s✳ ❚❤❡s❡ ✐ss✉❡s ♠♦t✐✈❛t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
st✉❞② ✇❤✐❝❤ ✇❛s r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❊❙❆■▼✿ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❆♥❛❧✲
②s✐s ❥♦✉r♥❛❧ ❬❉❉▼✶✶❪✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ✐♥❝❧✉❞❡ t❤❡ ❡♥t✐r❡
❛rt✐❝❧❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s ❛s ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ♣❛rt✳
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▼❛① ❉✉❛rt❡✱ ▼❛r❝ ▼❛ss♦t✱ ❛♥❞ ❙té♣❤❛♥❡ ❉❡s❝♦♠❜❡s

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤✲
♥✐q✉❡s ❛♥❞ ❛ t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✱ ❛s ❛ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✳
❚❤✐s t②♣❡ ♦❢ ♣r♦❜❧❡♠s ✐♥❞✉❝❡s ♣❡❝✉❧✐❛r ❞✐✣❝✉❧t✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ st✐✛♥❡ss ✇❤✐❝❤
st❡♠ ❢r♦♠ t❤❡ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ t❡♠♣♦r❛❧ s❝❛❧❡s ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ s♦✉r❝❡ t❡r♠
❛s ✇❡❧❧ ❛s ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧❛r❣❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ r❡❛❝t✐✈❡ ❢r♦♥ts✱ s♣❛t✐❛❧❧② ✈❡r②
❧♦❝❛❧✐③❡❞✳ ■♥ ❛ s❡r✐❡s ♦❢ ♣r❡✈✐♦✉s st✉❞✐❡s✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
❛s ✇❡❧❧ ❛s t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ❛♥❞ s✉❝❤ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ s❤♦✇♥
❛ ❣r❡❛t ♣♦t❡♥t✐❛❧ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❛♥❞ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥
s②st❡♠s✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❧❡♠❡♥t❛r② st✉❞✐❡s ❛r❡ ♥❡❡❞❡❞ ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐③❛✲
t✐♦♥ ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s ❢♦r t❤❡s❡ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❞✉❝t ✐♥ t❤✐s ✇♦r❦ ❛
♣r❡❝✐s❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s t❤❛t ❝♦♥s✐❞❡rs t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞
t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st✐✛ r❡❛❝t✐♦♥ ❢r♦♥ts✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ st✐✛♥❡ss
❢❡❛t✉r❡❞ ❜② t❤❡s❡ ❢r♦♥ts ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t❤✉s q✉❛♥t✐✜❡❞✱ ❛♥❞ ❛❧❧♦✇s t♦
❝♦♥❝❧✉❞❡ ♦♥ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ♣r♦❜❧❡♠s✳ ❲❡ ✜♥❛❧❧② ♣❡r❢♦r♠
s♦♠❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s t❤❛t ✈❛❧✐❞❛t❡ t❤❡
t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ❛♥❞ ❡①❛♠✐♥❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉❝❤ str❛t❡❣✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
❛❝❛❞❡♠✐❝❛❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ t❡st ❝❛s❡s ❛s ✇❡❧❧ ❛s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s s✐♠✉✲
❧❛t❡❞ ♦♥ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡✳

❑❡②✇♦r❞s✳ P❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠❀ ❖♣❡r❛t♦r s♣❧✐tt✐♥❣❀ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s❀ ❘❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥❀ ▼✉❧t✐✲s❝❛❧❡ ✇❛✈❡s✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✻✺❨✵✺✱ ✻✺▼✶✷✱ ✻✺▲✵✹✱ ✸✺❆✸✺✱ ✸✺❑✺✼✱ ✸✺❈✵✼✳
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❉❖■✿ ✶✵✳✶✵✺✶✴♠✷❛♥✴✷✵✶✵✶✵✹
❘❡❝❡✐✈❡❞ ▼❛② ✻✱ ✷✵✶✵✳
P✉❜❧✐s❤❡❞ ♦♥❧✐♥❡ ❋❡❜r✉❛r② ✷✸✱ ✷✵✶✶✳
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◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❝♦♠♠♦♥❧② r❡q✉❡st❡❞ ❢♦r ♠♦❞❡❧✐♥❣ ♣✉r✲
♣♦s❡s ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ❝♦♠❜✉st✐♦♥ ❬●✐♦✾✾✱ ❉❇✵✵✱ ◆❲❑✾✽✱ ❑◆❲✾✾✱ ◆❑✵✺❪✱ ❝❤❡♠✲
✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ❬●♦❦✽✽❪✱ ♦r ❛✐r ♣♦❧❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❬▼●❙✽✷✱ ❙✉♥✾✻✱ ❑❈✾✼❪✳ ❚❤❡ ✐♠♣♦r✲
t❛♥t ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ✐♥ t❤❡s❡ ❛♥❞ ✐♥ ♦t❤❡r ✜❡❧❞s s✉❝❤ ❛s ♥♦♥❧✐♥❡❛r
❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s ❢♦r ❡①❝✐t❛❜❧❡ ♠❡❞✐❛ ❬❇❛r✾✶✱ ❉▼❇✾✼✱ ❉▼❉+✶✷❪ ♦r ❜✐♦♠❡❞✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣
❬●❉❉+✵✽❜✱ ❉❉✵✽❛✱ ❉❉❉+✶✷❪ ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❝♦♥st❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦♠♣✉t❡r ♣♦✇❡r
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❊❝❤✵✾❪ ❢♦r ❛ r❡❝❡♥t r❡✈✐❡✇ ♦❢ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ t♦ t✉r❜✉❧❡♥t ❝♦♠❜✉st✐♦♥✮✳ ■♥
❣❡♥❡r❛❧✱ ❛❧❧ t❤❡s❡ ♠♦❞❡❧s r❛✐s❡ s❡✈❡r❛❧ ❞✐✣❝✉❧t✐❡s ❝r❡❛t❡❞ ❜② t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s
❛♥❞ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ t❡♠♣♦r❛❧ s❝❛❧❡s ❞✉❡ t♦ ❧❛r❣❡ ❛♥❞ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝ ♠❡❝❤❛♥✐s♠s✱
❛s ✇❡❧❧ ❛s ❜② st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦r ❧❛r❣❡ ❤✐❣❤❡r ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡r②
❧♦❝❛❧✐③❡❞ ❢r♦♥ts ♦❢ ❤✐❣❤ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ✐♥
♦r❞❡r t♦ tr❡❛t t❤❡ ✐♥❞✉❝❡❞ st✐✛♥❡ss ❢♦r t✐♠❡ ❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r st✉❞②✱ ✇❡
❢♦❝✉s ♦♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇❤✐❝❤ ✐s t❤❡ s✉❜s②st❡♠ t❤❛t ♥♦r♠❛❧❧② ✐♥✈♦❧✈❡s t❤❡ str♦♥❣❡st
❞✐✣❝✉❧t✐❡s ✐♥ t❡r♠s ♦❢ st✐✛♥❡ss ✐♥ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✱ ❡✈❡♥ ✐❢ ❝♦♥✈❡❝t✐♦♥ ♣❧❛②s ❛❧s♦ ❛ ❝r✉❝✐❛❧
r♦❧❡✳
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❚❤❡ ♠♦st ♥❛t✉r❛❧ ✐❞❡❛ t♦ ♦✈❡r❝♦♠❡ t❤❡s❡ ❞✐✣❝✉❧t✐❡s ✐s t♦ ✉s❡ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
❛♥❞ t♦ s♦❧✈❡ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧s ✇❤❡r❡ ❞✐✛✉s✐♦♥✱ r❡❛❝t✐♦♥ ❛♥❞ ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡❝t✐♦♥ ❛r❡
❝♦✉♣❧❡❞ t♦❣❡t❤❡r✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛✐♠ ❛t s♦❧✈✐♥❣ str♦♥❣❧② ❝♦✉♣❧❡❞ ♥♦♥❧✐♥❡❛r s②st❡♠s ✇✐t❤
❡✐t❤❡r ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t ♠❡t❤♦❞✱ ✉s✐♥❣ ❡✈❡♥t✉❛❧❧② ♠♦❞✐✜❡❞ ◆❡✇t♦♥ ♠❡t❤♦❞s ❢♦r ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞
♣r♦❜❧❡♠s ❬❉❡✉✼✹✱ ❙♠♦✽✸✱ ❉❡✉✵✹❪✱ ♦r ②❡t s❡♠✐✲✐♠♣❧✐❝✐t ♦r ❧✐♥❡❛r✐③❡❞ ✐♠♣❧✐❝✐t ♠❡t❤♦❞s ✐♥st❡❛❞
✭s❡❡ ❬❉✬❆✾✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❍♦✇❡✈❡r✱ t❤❡ str♦♥❣ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ❢♦r t❤❡ ❧❛tt❡r
✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✈❡r② ❢❛st t❡♠♣♦r❛❧ s❝❛❧❡s ❬❉✬❆✾✹✱ ❉▲✾✺❜❪ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st
❛♥❞ t❤❡ ❤✉❣❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡s❡ ♠❡t❤♦❞s✱ ❡✈❡♥ ✐❢ ❛❞❛♣t✐✈❡ ❣r✐❞s ❛r❡ ✉s❡❞✱ ♠❛❦❡
t❤❡s❡ str❛t❡❣✐❡s ❞✐✣❝✉❧t t♦ ❤❛♥❞❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ ❦✐♥❞ ♦❢ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥s ❛r❡ ✉s❡❢✉❧
✇❤❡♥ ✇❡ ♥❡❡❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❢♦r ✈❛❧✐❞❛t✐♦♥ ❛♥❞ st✉❞② ♣✉r♣♦s❡s ❜✉t ♥❡❝❡ss❛r✐❧② r❡str✐❝t❡❞
t♦ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ♥♦t t♦♦ ♠❛♥② ✉♥❦♥♦✇♥s✳
❆♥ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❆❈▼✾✽❪ ✐s t❤❡♥ t♦ ❝♦♠❜✐♥❡ ✐♠♣❧✐❝✐t
❛♥❞ ❡①♣❧✐❝✐t s❝❤❡♠❡s t♦ ❞✐s❝r❡t✐③❡ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s ✐♥ t✐♠❡✳ ❋✉rt❤❡r st✉❞✐❡s ✐♥t♦
❬❙❙❱✾✼✱ ❱❙✵✹❪ s❡tt❧❡❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❢♦r t❤❡s❡ ♠❡t❤♦❞s ❝❛❧❧❡❞ ■▼❊❳✱
✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ♠✐❣❤t ❜❡ ❝♦♥❝❡✐✈❡❞ t♦ s♦❧✈❡ st✐✛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s ❛s ♣r❡s❡♥t❡❞ ✐♥ ❬❱❙❍✵✹✱
❙❙❱✵✻❪✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✉s✉❛❧❧② ✈❡r② ❡✣❝✐❡♥t ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬◆❲❑✾✽❪ ❢♦r ❛ ❝♦♠❜✉st✐♦♥
❛♣♣❧✐❝❛t✐♦♥✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ✉t✐❧✐③✐♥❣ ❞❡❞✐❝❛t❡❞ ✐♠♣❧✐❝✐t s♦❧✈❡rs
♦✈❡r ❛ ❞✐s❝r❡t✐③❡❞ ❞♦♠❛✐♥ ❜❡❝♦♠❡ s♦♦♥ ❝r✐t✐❝❛❧ ✇❤❡♥ tr❡❛t✐♥❣ ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳
❆♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ t✐♠❡ st❡♣s ❣❧♦❜❛❧❧② ✐♠♣♦s❡❞ ♦✈❡r ♣❛rt✐❛❧ r❡❣✐♦♥s ♦r t❤❡ ❡♥t✐r❡
❞♦♠❛✐♥ ❛r❡ str♦♥❣❧② ❧✐♠✐t❡❞ ❜② ❡✐t❤❡r t❤❡ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❡①♣❧✐❝✐t s♦❧✈❡r ♦r ❜② t❤❡
❢❛st❡st s❝❛❧❡s tr❡❛t❡❞ ❜② t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♠❛♥② ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s ❛s ❢♦r ❡①❛♠♣❧❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s✱
t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ❞♦ ♥♦t ♣❧❛② ❛ ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ t❤✉s✱
✇❡ ♠✐❣❤t ❝♦♥s✐❞❡r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ r❡❞✉❝❡❞ ♠♦❞❡❧s ✇❤❡r❡ t❤❡s❡ ❝❤❡♠✐❝❛❧ s❝❛❧❡s ❤❛✈❡
❜❡❡♥ ♣r❡✈✐♦✉s❧② r❡❧❛①❡❞ ❬❍❲✾✻❪✳ ❚❤❡s❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧s ♣r♦✈✐❞❡ r❡❛s♦♥❛❜❧❡ ♣r❡❞✐❝t✐♦♥s ✇❤❡♥
t❤❡ ❢❛st❡st ❝❤❛r❛❝t❡r✐st✐❝ ❝❤❡♠✐❝❛❧ t✐♠❡s ❛r❡ s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ✢♦✇ t✐♠❡✱ ❛♥❞ t❤❡
❛ss♦❝✐❛t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ❛r❡ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♠♣r❡❤❡♥s✐✈❡
❝❤❡♠✐❝❛❧ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧ ✐s ✉s✉❛❧❧② ❛❝❝❡ss✐❜❧❡
✇❤❡♥ t❤❡ s②st❡♠ ✐s ✇❡❧❧✲♣❛rt✐t✐♦♥❡❞ ❛♥❞ t❤❡ ❢❛st s❝❛❧❡s ❤❛✈❡ ❜❡❡♥ ✐s♦❧❛t❡❞ ❬❙♣♦✾✾✱ ❙❉✵✵❪✳
■♥ t❤✐s ❝❛s❡✱ ❛ r✐❣♦r♦✉s s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❝♦♥❞✉❝t❡❞ ❡✈❡♥ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ♥♦♥❧✐♥❡❛r s♦✉r❝❡ t❡r♠s ❢♦r ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♣✉r♣♦s❡s ❬▼❛s✵✷✱ ❉▼✵✹❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡
✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ❢❛st s❝❛❧❡s ✐♥ t❡r♠s ♦❢ r❡❛❝t✐♦♥ r❛t❡s ♦r s♣❡❝✐❡s✱ ✇❤✐❝❤ ❝❛♥ ❝❤❛♥❣❡ ✇✐t❤
t✐♠❡✱ r❡❧✐❡s ♦♥ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ✇❤✐❝❤ ✐s ♠♦st ♦❢ t❤❡ t✐♠❡ ❞✐✣❝✉❧t t♦ ❝♦♥❞✉❝t ❛♥❞ ❥✉st✐❢② ✐♥
r❡❛❧✐st✐❝ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❍❡♥❝❡✱ ✐t r❡✈❡❛❧s t❤❡ ♥❡❡❞ ❢♦r ♦t❤❡r str❛t❡❣✐❡s ✇❤✐❝❤ ❞♦ ♥♦t r❡❧② ♦♥ t❤❡
❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❢❛st s❝❛❧❡s✳
■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ❡♥✈✐s✐♦♥ ❛ ❝♦♠♣r♦♠✐s❡✱ s✐♥❝❡ t❤❡ ❢✉❧❧② ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✐s ♠♦st ♦❢ t❤❡ t✐♠❡
♦✉t ♦❢ r❡❛❝❤ ❛♥❞ t❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧ ❞♦❡s ♥♦t ❛❧✇❛②s ✐♠♣❧② str❛✐❣❤t❢♦r✇❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ■♥
t❤✐s ❝♦♥t❡①t✱ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❬▼❛r✾✵❪ ❛❧s♦ ❝❛❧❧❡❞ ❢r❛❝t✐♦♥❛❧ st❡♣ ♠❡t❤♦❞s ❬❚é♠✻✾❛✱ ❚é♠✻✾❜✱
❨❛♥✼✶❪ ❤❛✈❡ ❜❡❡♥ ✇❡❧❧ ❦♥♦✇♥ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ s❤♦✇✐♥❣ t❤❡
❡✣❝✐❡♥❝② ♦❢ s✉❝❤ ♠❡t❤♦❞s ❢♦r ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s✳ ❨❡t ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡②
r❡♣r❡s❡♥t ❛ s✉✐t❛❜❧❡ ❢r❛♠❡✇♦r❦ t♦ ❞❡s✐❣♥ ❡✈❡♥ ❤✐❣❤❡r ♦r❞❡r ♠❡t❤♦❞s ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡
♦❢ s✉❝❤ ♣r♦❜❧❡♠s ❬❉❡s✵✶✱ ❙❝❤✵✷❪✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ✜rst❧② ♥❡❝❡ss❛r② t♦ ❞❡❝♦✉♣❧❡ ♥✉♠❡r✐❝❛❧❧② t❤❡
r❡❛❝t✐♦♥ ♣❛rt ❢r♦♠ t❤❡ r❡st ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❧✐❦❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ♦r ❜♦t❤✱ ❢♦r
✇❤✐❝❤ t❤❡r❡ ❛❧s♦ ❡①✐st ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❍❡♥❝❡✱ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❛❧❧♦✇
❛ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜s②st❡♠ ✇❤✐❝❤ ♥♦r♠❛❧❧②
②✐❡❧❞s ❧♦✇❡r r❡q✉✐r❡♠❡♥ts ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡s ✇❛✈❡s✱ t❤❡ ❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ❝❤♦s❡♥ ❢♦r ❡❛❝❤ s✉❜s②st❡♠ ❛r❡
t❤❡♥ r❡s♣♦♥s✐❜❧❡ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❢❛st s❝❛❧❡s ❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✱ ✐♥ ❛ s❡♣❛r❛t❡
♠❛♥♥❡r❀ t❤❡♥✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ s❤♦✉❧❞
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❣✉❛r❛♥t❡❡ t❤❡ ❣♦♦❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ ❝♦✉♣❧✐♥❣❀ t❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ✈❡r✐❢②
t❤✐s ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥str❛✐♥t✱ ❛ r✐❣♦r♦✉s ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✐s r❡q✉✐r❡❞✳ ■♥ ❢❛❝t✱ s❡✈❡r❛❧ ✇♦r❦s
❬❉✬❆✾✹✱ ❍❲✾✻✱ ❱❙✾✽✱ ❙♣♦✵✵❪ ♣r♦✈❡❞ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s
❢❛✐❧s ✐♥ ♣r❡s❡♥❝❡ ♦❢ s❝❛❧❡s ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❛♥❞ ♠♦t✐✈❛t❡❞ ♠♦r❡ r✐❣♦r♦✉s
st✉❞✐❡s ❢♦r t❤❡s❡ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ❬❉▼✵✹❪✳ ■♥ t❤✐s ✇❛②✱ ❝♦♠♣❧❡♠❡♥t❛r② ✇♦r❦s ❞❡s❝r✐❜❡❞ ❛❧s♦
t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✇❤❡♥ s♣❛t✐❛❧ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ ❛r✐s❡ ♠❛✐♥❧② ❛s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❧❛r❣❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❬❉❉▲▼✵✼❪✱ s♦ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜♦t❤ s♣❛t✐❛❧ ❛♥❞
t✐♠❡ r❡❧❛t❡❞ st✐✛♥❡ss ❤❛s ❜❡❡♥ ❛♥❞ ❝♦♥t✐♥✉❡s t♦ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❞❡t❛✐❧ ❢♦r ♥♦t ❛r❜✐tr❛r✐❧② s♠❛❧❧
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❬❉❉▲+✶✷❪✳
❚❤✉s✱ ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ♣r♦♣❡r❧② ❥✉st✐✜❡❞✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦✉♣❧✐♥❣
♦❢ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✇✐t❤ ❛ t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡✱ ♣✉rs✉✐♥❣ ❡✈❡♥ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ✐♥
t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ❢♦r ♠✉❧t✐✲s❝❛❧❡ s✐♠✉❧❛t✐♦♥s ♦♥ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ♠❛♥②
❛❧❣♦r✐t❤♠s ❛❧r❡❛❞② ♣r♦♣♦s❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ❛ t✐♠❡✲♣❛r❛❧❧❡❧ ❢❛s❤✐♦♥ ✭s❡❡
❬●❱✵✼❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❛ ❤✐st♦r✐❝❛❧ r❡✈✐❡✇✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✱
✜rst ♣r❡s❡♥t❡❞ ✐♥ ❬▲▼❚✵✶❪✱ ❤❛s r❡❝❡✐✈❡❞ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ♦✈❡r t❤❡ ♣❛st ❢❡✇ ②❡❛rs ✐♥ ❞✐✛❡r❡♥t
❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❞♦♠❛✐♥s ❬❇❇▼+✵✷✱ ❋❈✵✸✱ ❋❍▼✵✸✱ ●❊❋✵✸✱ ❇▼✵✸❪✱ ❛s ❛ ♣r♦♠✐s✐♥❣
❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ♣❛r❛❧❧❡❧✳ ❚❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ♦❢
t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❝♦♠❜✐♥❡s ❛ ❝♦❛rs❡ ❛♥❞ ❢❛st s♦❧✈❡r ✇❤✐❝❤ ✐s r✉♥ s❡q✉❡♥t✐❛❧❧②✱ ❛♥❞ ❛ ♠♦r❡
❛❝❝✉r❛t❡ ❛♥❞ ❡①♣❡♥s✐✈❡ ✜♥❡ s♦❧✈❡r t❤❛t s❤♦✉❧❞ ❜❡ r✉♥ ✐♥ ♣❛r❛❧❧❡❧✳ ■♥ t❤✐s ✇❛②✱ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡
♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s t❤r♦✉❣❤ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✇❤✐❝❤ ②✐❡❧❞s ❝♦♥✈❡r❣❡♥❝❡ ❢r♦♠ ❛ ❝♦❛rs❡
✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❞❡t❛✐❧❡❞ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❣✐✈❡♥ ❜② t❤❡ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥
♦❢ t❤❡ ✜♥❡ s♦❧✈❡r✳ ❙❡✈❡r❛❧ ✈❛r✐❛♥ts ♦❢ t❤❡ ♠❡t❤♦❞ ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ♣r♦♣♦s❡❞ ✭❢♦r ❡①❛♠♣❧❡ ✐♥
❬❋❈✵✸✱ ●▲❋❊✵✻❪✮✳
❯♣ t♦ t❤❡s❡ ❞❛②s✱ ♠❛♥② t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬▲▼❚✵✶✱ ▼❚✵✷✱ ❇❛❧✵✸✱ ▼❚✵✸✱ ❙❘✵✸✱ ●❱✵✼✱ ●❍✵✽❪✮✱ ✇❤✐❝❤ ❧❡❞ t♦ ✈❛r✐♦✉s
❡st✐♠❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❛♥❞ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ st❛❜✐❧✐t② ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ ❛♣✲
♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r s②st❡♠s ♦❢ ❖❉❊s ♦r P❉❊s✳ ◆❡✈❡rt❤❡❧❡ss✱ t♦
♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦♥❡ ♦❢ t❤❡ st✉❞✐❡s ♣r❡✈✐♦✉s❧② ❝♦♥❞✉❝t❡❞ ❡✐t❤❡r ✐♥ ❛ ❧✐♥❡❛r ♦r ✐♥ ❛ ♥♦♥❧✐♥❡❛r
❢r❛♠❡✇♦r❦✱ t♦♦❦ ❡①♣❧✐❝✐t❧② ✐♥t♦ ❛❝❝♦✉♥t st✐✛ ♣❤❡♥♦♠❡♥❛✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ✐s t❤❡ ♥❡❡❞ ♦❢ ❝♦♠✲
♣❧❡♠❡♥t❛r② st✉❞✐❡s t♦ ✉tt❡r❧② ♣r❡❞✐❝t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥s
✐♥ ♦r❞❡r t♦ ♣r♦♣♦s❡ ♠♦r❡ ❡✣❝✐❡♥t t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡s ✐♥ ♠✉❧t✐✲s❝❛❧❡ ❝♦♥t❡①ts✳
❑❡❡♣✐♥❣ t❤✐s ✐♥ ♠✐♥❞✱ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❝♦♥❞✉❝ts ❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣❛r❛r❡❛❧ ♦♣✲
❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ■♥ t❤✐s ✇❛②✱ ♥❡✇ r❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❧♦❝❛❧ ❡rr♦rs ❛r❡ ❞❡❞✉❝❡❞ ❛♥❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ♣❡r❢♦r♠❡❞ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡s❡
r❡s✉❧ts ❛r❡ t❤❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s t❤r♦✉❣❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r✐③❡❞ s②st❡♠
♦❢ t❤❡ ♦r✐❣✐♥❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ♠♦❞❡❧✐♥❣ t❤❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥♦♥✱ ✇❤❡r❡ st✐✛♥❡ss
✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧❛r❣❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❚❤❡ ♥❡❣❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦❢ st✐✛♥❡ss ♦♥
t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✐s t❤❡♥ ♠❛t❤❡♠❛t✐❝❛❧❧② ♣r♦✈❡♥✳
❲✐t❤ t❤✐s t❤❡♦r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛❝❤✐❡✈❡❞✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❜✉✐❧❞ ❛ ♥❡✇ ❛♥❞ s✐♠♣❧❡ ♥✉♠❡r✐✲
❝❛❧ str❛t❡❣② ❢♦r ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✱ ✇✐t❤ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
❛s ✜♥❡ s♦❧✈❡r✱ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ❜❛s❡❞ ♦♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✳ ❚❤❡ t✐♠❡
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t❡❣② ❛❞♦♣t❡❞ t❤❡♥ ❝♦♥s✐❞❡rs ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛ ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞ ❧✐❦❡
❘❛❞❛✉✺ ❬❍❲✾✻❪✱ ❜❛s❡❞ ♦♥ ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ❢♦r st✐✛ ❖❉❊s✱ t❤❛t s♦❧✈❡s t❤❡ r❡❛❝✲
t✐♦♥ t❡r♠ ✉s✐♥❣ ❛❞❛♣t✐✈❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t♦♦❧s ❛♥❞ ❤✐❣❤❧② ♦♣t✐♠✐③❡❞ ❧✐♥❡❛r s②st❡♠s s♦❧✈❡rs✳
❆♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥♦t❤❡r ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞ ❧✐❦❡ ❘❖❈❑✹ ❬❆❜❞✵✷❪✱ ❜❛s❡❞ ♦♥ ❡①♣❧✐❝✐t st❛✲
❜✐❧✐③❡❞ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s✱ t❤❛t s♦❧✈❡s t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤✐s s♣❧✐tt✐♥❣
❝♦♥✜❣✉r❛t✐♦♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ t❡st❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞ ✐♥ ♣r❡✈✐♦✉s st✉❞✐❡s ❬❉❉❉+✶✷✱ ❉▼❉+✶✷❪✳
❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❡♥ ♣❡r❢♦r♠❡❞ s❤♦✇ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥ t❤❡
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♣❛r❛r❡❛❧ ♣❡r❢♦r♠❛♥❝❡✱ ✈❛❧✐❞❛t✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ♣r❡✈✐♦✉s❧② ❝♦♥❞✉❝t❡❞✳ ❋✐♥❛❧❧②✱ t❤❡
❞✐s❝✉ss✐♦♥s ✐♥s♣✐r❡❞ ❜② t❤❡s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❣✐✈❡s s♦♠❡ ✐♥s✐❣❤ts ✐♥t♦ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧
str❛t❡❣✐❡s ❢♦r t❤✐s ❦✐♥❞ ♦❢ ❞✐✣❝✉❧t ♣r♦❜❧❡♠s✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❛ ✜rst ♣❛rt✱ ✇❡ ❢♦r♠❛❧❧② ♣r❡s❡♥t t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠
❛s ✇❡❧❧ ❛s t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳ ❚❤❡
❝♦♠♣❧❡t❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt✿ ❛
❜r✐❡❢ r❡✈✐❡✇ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐s ✜rst ♣r❡s❡♥t❡❞✱ t❤❡♥ t❤❡ ❞✐✛❡r❡♥t
❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ❛r❡ ❝❛r❡❢✉❧❧② ❝♦♥❞✉❝t❡❞ t♦ ✜♥✐s❤ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s
✐♥ ❛ ❣❡♥❡r❛❧ ❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s
t❤r♦✉❣❤ ❛ ❧✐♥❡❛r✐③❡❞ ♠♦❞❡❧ ♦❢ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ t❤❡ ❧❛st ♣❛rt✱ ✇❡ ✜rst ❝♦♥❞✉❝t ❛ s❡r✐❡s
♦❢ ❞❡t❛✐❧❡❞ ❛♥❞ ❝❛r❡❢✉❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡
t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝❛♣❛❜✐❧✐t②
❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞✳ ❆❧❧ t❤❡ ♠♦❞❡❧s ❜❡❧♦♥❣ t♦ t❤❡ ✜❡❧❞ ♦❢ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧
❞②♥❛♠✐❝s✳

✻✳✷ P❛r❛r❡❛❧ ❆❧❣♦r✐t❤♠

✻✳✷✳✶ ❚❡♠♣♦r❛❧ P❛r❛❧❧❡❧✐③❛t✐♦♥

❲❡ ✜rst ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❛ s②st❡♠ ♦❢
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❖❉❊s✮ ♦❢ t❤❡ ❢♦r♠✿

u′(t) = f (u(t)) , t ∈ [0, T ], u(0) = u0, ✭✻✳✶✮

✇❤❡r❡ ❢♦r s♦♠❡ ✐♥t❡❣❡r M ✱ f : ❘M → ❘M ❛♥❞ u : ❘ → ❘M ✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ t✐♠❡
♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✭✻✳✶✮✱ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ t✐♠❡ ❞♦♠❛✐♥ I = [0, T ] ✐♥t♦N s✉❜❞♦♠❛✐♥s
In = [Tn, Tn+1[, n = 0, . . . , N−1✱ ✇✐t❤ 0 = T0 < . . . < TN−1 < TN = T ✱ ❛♥❞∆Tn := Tn+1−Tn✱
s♦✱ t❤❛t ✇❡ ❝♦♥s✐❞❡r ❢♦r ❡❛❝❤ t✐♠❡ s✉❜❞♦♠❛✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠✿

u′
n(t) = f (un(t)) , t ∈ In, un(Tn) = Un, ✭✻✳✷✮

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s Un ❛r❡ ❛ ♥❡❝❡ss❛r② ✐♥♣✉t ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡s❡ ❡✈♦❧✉t✐♦♥
♣r♦❜❧❡♠s✳ ❚❤❡ s♦❧✉t✐♦♥s un ♦♥ t❤❡ s✉❜❞♦♠❛✐♥s In ✐♥ ✭✻✳✷✮ s❤♦✉❧❞ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ u ♦✈❡r I
♦❜t❛✐♥❡❞ ♦✉t ♦❢ ✭✻✳✶✮✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s Un ❛r❡ ✐♥t❡♥❞❡❞ t♦ s❛t✐s❢② t❤❡ s②st❡♠✿

U0 = u0, Un = φ∆Tn−1(Un−1), n = 1, . . . , N, ✭✻✳✸✮

✇❤❡r❡ t❤❡ ✢♦✇ φ∆Tn(U) ❞❡♥♦t❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ U ❛❢t❡r t✐♠❡ ∆Tn✳
❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r N ✐♥❞❡♣❡♥❞❡♥t ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s ❣✐✈❡♥ ❜② ✭✻✳✷✮ ❢♦r ❡❛❝❤ t✐♠❡ s✉❜❞♦♠❛✐♥
In✱ s♦ t❤❛t ❡❛❝❤ ♦❢ t❤❡♠ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❜② ❛ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦r ✐♥ ❛ ♣❛r❛❧❧❡❧ ❡♥✈✐r♦♥♠❡♥t✳
◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥sUn ♦❢ ✭✻✳✷✮ ❛r❡ ♣r❡✈✐♦✉s❧② ❦♥♦✇♥
♦r ❛t ❧❡❛st ❛♣♣r♦①✐♠❛t❡❞✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ♣r♦♣❡r ❈❛✉❝❤② ♣r♦❜❧❡♠ ♦♥ ❡❛❝❤ t✐♠❡ s✉❜❞♦♠❛✐♥✳
❚❤❡r❡❢♦r❡✱ ❛♥② t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛✐♠ ❛t ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✐♥✐t✐❛❧ Un ❜② t❤❡
s❡t Ũn ❛♥❞ t❤❡♥✱ ❛t s♦❧✈✐♥❣ ✭✻✳✷✮✱ ❡✈❡♥ t❤♦✉❣❤ ❝♦♥❞✐t✐♦♥ ✭✻✳✸✮ ✇✐t❤ Ũn ✐s ♥♦t ✐♥✐t✐❛❧❧② ✈❡r✐✜❡❞✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❣✐✈❡s ✉s ❛ ✇❛② t♦ ♣❡r❢♦r♠ t❤✐s ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
✐♥ ❛♥ ❡✣❝✐❡♥t ✇❛②✳
❚❤✐s t❡❝❤♥✐q✉❡ ❡①t❡♥❞s ♥❛t✉r❛❧❧② t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✭P❉❊s✮✱ ❛s ✐t ✇❛s ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬▲▼❚✵✶❪✳ ■♥ ❢❛❝t✱ t❤❡ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s t❤❛t
✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s st✉❞② ❛r❡ ♠♦❞❡❧❡❞ ❜② ♠❡❛♥s ♦❢ ♣❛r❛❜♦❧✐❝ P❉❊s✳



❙❡❝t✳ ✻✳✷ ✲ P❛r❛r❡❛❧ ❆❧❣♦r✐t❤♠ ✶✸✺

✻✳✷✳✷ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ P❛r❛r❡❛❧ ❆❧❣♦r✐t❤♠

❈♦♥s✐❞❡r✐♥❣ s②st❡♠ ✭✻✳✷✮✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ t✇♦ ♣r♦♣❛❣❛t✐♦♥ ♦♣❡r❛t♦rs✿
G∆Tn(U) ❛♥❞ F∆Tn(U)✱ t❤❛t ♣r♦✈✐❞❡ r❡s♣❡❝t✐✈❡❧② ❛ ❝♦❛rs❡ ❛♥❞ ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ φ∆Tn(U)✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❛❧❣♦r✐t❤♠ st❛rts ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ Ũ0

n ❣✐✈❡♥ ❢♦r
❡①❛♠♣❧❡ ❜② t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥✿

Ũ0
0 = u0, Ũ0

n = G∆Tn−1(Ũ0
n−1), n = 1, . . . , N, ✭✻✳✹✮

❛♥❞ t❤❡♥ ♣❡r❢♦r♠s ❢♦r i = 1, . . . , iconv t❤❡ ❝♦rr❡❝t✐♦♥ ✐t❡r❛t✐♦♥s✿

Ũi
0 = u0,

Ũi
n = F∆Tn−1(Ũi−1

n−1) + G∆Tn−1(Ũi
n−1)− G∆Tn−1(Ũi−1

n−1), n = 1, . . . , N.

}
✭✻✳✺✮

◆♦t✐❝❡ t❤❛t i ✐t❡r❛t✐♦♥s ✐♠♣❧② i t✐♠❡ s✉❜❞♦♠❛✐♥s ✐♥t❡❣r❛t❡❞ ❜② F ✱ s✐♥❝❡ Ũi
n = F∆Tn−1(Ũi−1

n−1)

❢♦r n ≤ i ❛♥❞ Ũi
0 = u0 ✇✐t❤ u0 t❛❦❡♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✻✳✶✮✳ ❚❤❡♥✱ ❢♦r i = N ✱ ✇❤❡r❡

N ✐s t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❞♦♠❛✐♥s✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮ ✇✐❧❧ ❣❡♥❡r❛t❡ ❛ s❡t ♦❢ ✈❛❧✉❡s Ũn

t❤❛t s❛t✐s❢② Ũn = F∆Tn−1(Ũn−1)✳ ❚❤❛t ✐s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛t t❤❡ t✐♠❡✲♣♦✐♥ts Tn ✇✐❧❧ ❤❛✈❡
❛❝❤✐❡✈❡❞ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣r♦♣❛❣❛t♦r F ✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
t♦ ❝❤♦♦s❡ ♣r♦♣❛❣❛t♦rs F ❛♥❞ G ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤✐s ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ✇✐t❤♦✉t ♣❡r❢♦r♠✐♥❣
t❤❡ N ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ❛❢t❡r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮ ❢♦r i = iconv✱
✇❡ s❤❛❧❧ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ Ũiconv

n ✇✐t❤ ❛ ✜♥❡ ❛❝❝✉r❛❝② r❡s♣❡❝t t♦ Un ✐♥ ✭✻✳✸✮✱ ❢♦r ✇❤✐❝❤ ♦♥❧②
iconv ≪ N s✉❜❞♦♠❛✐♥s ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ❜② ♣r♦♣❛❣❛t♦r F ✳ ❚❤✉s ❢r♦♠ ❛♥ ✐♥✐t✐❛❧
❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✹✮✱ ✇❡ ♠✐❣❤t ❛❝❤✐❡✈❡ ❛♥ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✶✮ ✇✐t❤
✐♠♣♦rt❛♥t s❛✈✐♥❣s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳

✻✳✷✳✸ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ P❛r❛r❡❛❧ ❆❧❣♦r✐t❤♠

❚❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❝❛♥ ♠♦st ♥❛t✉r❛❧❧② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝❧❛ss✐❝❛❧ ❞❡❢❡rr❡❞ ❝♦rr❡❝t✐♦♥
♠❡t❤♦❞ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s Un ♦❢ ✭✻✳✷✮ ❛r❡ ❝♦rr❡❝t❡❞ t❤r♦✉❣❤ ❛ ❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠
❜❛s❡❞ ♦♥ ❜♦t❤ ♣r♦♣❛❣❛t♦rs F ❛♥❞ G✱ ❛s ✐t ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬❇❇▼+✵✷❪✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ❜② ✭✻✳✹✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦rr❡❝t✐♦♥

E∆Tn−1(Ũn−1) = F∆Tn−1(Ũn−1)− G∆Tn−1(Ũn−1) ✭✻✳✻✮

✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♥❡✇ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r n = 1, . . . , N − 1 ❛♥❞ t❤❡ ♥❡✇ ✈❛❧✉❡ ❛t n = N ✿

Ũ1
n = G∆Tn−1(Ũ1

n−1) + E∆Tn−1(Ũ0
n−1). ✭✻✳✼✮

❚❤✉s✱ ❛ r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ❧❡❛❞s ✉s t♦

Ũi
0 = u0, Ũi

n = G∆Tn−1(Ũi
n−1) + E∆Tn−1(Ũi−1

n−1), n = 1, . . . , N, ✭✻✳✽✮

✇❤✐❝❤ ❣✐✈❡s ✉s t❤❡ s❛♠❡ s❝❤❡♠❡ ❛s ✭✻✳✺✮✳
◆❡✈❡rt❤❡❧❡ss✱ ❜❛s❡❞ ♦♥ ❬❈P✾✸❪✱ t❤❡ t✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞ ✭✻✳✷✮ ❝❛♥ ❜❡ ❛❧s♦ ✐♥t❡r♣r❡t❡❞
❛s ❛ ♠✉❧t✐♣❧❡ s❤♦♦t✐♥❣ ♠❡t❤♦❞ ❢♦r ✭✻✳✶✮✳ ■♥ ❢❛❝t✱ ❝♦♥s✐❞❡r✐♥❣ U = (U0, . . . ,UN )

T ❛s t❤❡
✉♥❦♥♦✇♥s✱ t❤❡ s②st❡♠ ✭✻✳✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

F(U) =




U0 − u0

U1 − φ∆T0(U0)
✳✳✳

UN − φ∆TN−1(UN−1)


 = 0, ✭✻✳✾✮



❙❡❝t✳ ✻✳✷ ✲ P❛r❛r❡❛❧ ❆❧❣♦r✐t❤♠ ✶✸✻

✇❤❡r❡ F : ❘M ·N+1 → ❘M ·N+1✳ ■♥ t❤✐s ✇❛②✱ ✇❡ s❡❛r❝❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s Un ♦❢ ✭✻✳✷✮ t❤❛t
❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✻✳✶✮ t❤r♦✉❣❤ ❝♦♥❞✐t✐♦♥ ✭✻✳✸✮✳
❙♦❧✈✐♥❣ t❤✐s s②st❡♠ ✇✐t❤ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ ❧❡❛❞s ❛❢t❡r ❛ s❤♦rt ❝❛❧❝✉❧❛t✐♦♥ t♦

Ũi
0 = u0,

Ũi
n = φ∆Tn−1(Ũi−1

n−1) +
∂φ∆Tn−1(Ũi−1

n−1)

∂Ũi−1
n−1

(
Ũi
n−1 − Ũi−1

n−1

)
, n = 1, . . . , N.





✭✻✳✶✵✮

❲✐t❤ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ t❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t♦ ❛♣♣❧② t❤❡ ♠✉❧t✐♣❧❡ s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡
✭✻✳✶✵✮ ♥✉♠❡r✐❝❛❧❧②✱ ❛s ✐t ✐s ❞❡t❛✐❧❡❞ ✐♥ ❬●❱✵✼❪✱ ❛♥❞ ✇❤❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤
t♦ t❤❡ s♦❧✉t✐♦♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❣✉❛r❛♥t❡❡❞ ❛s s❤♦✇♥ ✐♥ ❬❈P✾✸❪✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛♣♣r♦①✐♠❛t❡
t❤❡ t✐♠❡ s✉❜❞♦♠❛✐♥ ✐♥t❡❣r❛t✐♦♥ ✐♥ ✭✻✳✶✵✮ ❜②

φ∆Tn−1(Ũi−1
n−1) ≈ F∆Tn−1(Ũi−1

n−1), ✭✻✳✶✶✮

❛♥❞ t❤❡ ❏❛❝♦❜✐❛♥ t❡r♠ ❜②

∂φ∆Tn−1(Ũi−1
n−1)

∂Ũi−1
n−1

(
Ũi
n−1 − Ũi−1

n−1

)
≈ G∆Tn−1(Ũi

n−1)− G∆Tn−1(Ũi−1
n−1), ✭✻✳✶✷✮

t❤❡♥ t❤❡ ♠✉❧t✐♣❧❡ s❤♦♦t✐♥❣ ♠❡t❤♦❞ ✭✻✳✶✵✮ ❛♥❞ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮ ❝♦✐♥❝✐❞❡ ✭s❡❡
❬●❱✵✼❪✮✳
❚❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ t✐♠❡✲♠✉❧t✐❣r✐❞ ♠❡t❤♦❞ ❛s ✐t ✇❛s ❡♥t✐r❡❧② ♣r♦✈❡♥
✐♥ ❬●❱✵✼❪✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ ✐ts ❝❧❛r✐t② ❛♥❞ s✐♠♣❧✐❝✐t②✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡
♠✉❧t✐♣❧❡ s❤♦♦t✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐✳❡✳✱ ❛ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❡✈❡♥ ✐❢ t❤❡ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s ✇❡ ✇✐❧❧ ♣❡r❢♦r♠ ✐s ♣r❛❝t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❝❤♦✐❝❡✳ ■♥ ❢❛❝t✱ ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧
♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛❧❧ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♠❛✐♥❧② ✐♠♣❧❡♠❡♥t❡❞
❛s ❛ ❞❡❢❡rr❡❞ ❝♦rr❡❝t✐♦♥ ♠❡t❤♦❞✳

✻✳✷✳✹ ❈♦♥s✐❞❡r❛t✐♦♥s ♦♥ t❤❡ Pr♦♣❛❣❛t✐♦♥ ❖♣❡r❛t♦rs

❚❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ r❡❧✐❡s ♦♥ t✇♦ s♦❧✈❡rs✱ t❤❡ ✜♥❡ ❛♥❞ ❝♦❛rs❡ ♣r♦♣❛❣❛t♦rs✱ F ❛♥❞ G✳ ❖♥
t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ✜♥❡ s♦❧✈❡r ♣r♦❞✉❝❡s ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ✐ts
❝❤♦✐❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ❛♥❞ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥❛✱ st✐✛♥❡ss✱ ❧❛r❣❡ s②st❡♠s✮✳ ■♥ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✱ t❤❡
t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ r❡✈❡❛❧s ✐ts❡❧❢ ❛s ❛ s✉✐t❛❜❧❡ r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❛s ✐t ✇❛s ♣r❡✈✐♦✉s❧②
❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ■ts ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐s t❤❡♥ ❛❝❤✐❡✈❡❞ ✈✐❛ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦❛rs❡ s♦❧✈❡r ❣✐✈❡s ❛ ❝♦❛rs❡r ❛♣♣r♦①✐♠❛t✐♦♥ t❤❛t ♥❡❡❞s t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛
s❡q✉❡♥t✐❛❧ ✇❛②✱ t❤❡r❡❢♦r❡ ✐t s❤♦✉❧❞ ❜❡ ❛s ❢❛st ❛s ♣♦ss✐❜❧❡ ✐♥ ♦r❞❡r t♦ ❣❧♦❜❛❧❧② ❣✉❛r❛♥t❡❡ ✐♠♣♦rt❛♥t
s❛✈✐♥❣s ✐♥ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ t❤❡♥ r❡❧✐❡s ❞✐r❡❝t❧②
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s s♦❧✈❡r ❛♥❞ ❛♥ ♦♣t✐♠❛❧ ❜❛❧❛♥❝❡ ♠✉st ❜❡ ❢♦✉♥❞ ❜❡t✇❡❡♥ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧
s♣❡❡❞ ❛♥❞ ✐ts ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝②✱ ✐✳❡✳✱ ❝♦❛rs❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❢❛st❡r ❜✉t ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s ♥❡❡❞❡❞✳
▲❡t ✉s ♥♦✇ s❡t t❤❡ ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ t❤✐s ✇♦r❦❀ ✐♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ r❡❝❛❧❧
t❤❛t ❛ ❝❧❛ss ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❣❡♥❡r❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ♦❢
t②♣❡✿

∂tu− ∂x (D(u)∂xu) = f (u) , x ∈ ❘d, t > 0,

u(0,x) = u0(x), x ∈ ❘d, t = 0,

}
✭✻✳✶✸✮

✇❤❡r❡ f : ❘M → ❘M ❛♥❞ u : ❘× ❘d → ❘M ❢♦r s♦♠❡ ✐♥t❡❣❡r d ❛♥❞ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐①
D(u)✱ ✇❤✐❝❤ ✐s ❛ t❡♥s♦r ♦❢ ♦r❞❡r d× d×M ✳
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❍♦✇❡✈❡r✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧✐✜❡❞ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥✱ ✐♥
✇❤✐❝❤ ❝❛s❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① ❛r❡ ✇r✐tt❡♥ ❛s Di1i2i3(u) = Di3δi1i2 ✱ s♦ t❤❛t t❤❡
❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r r❡❞✉❝❡s t♦ t❤❡ ❤❡❛t ♦♣❡r❛t♦r ✇✐t❤ s♦♠❡ s❝❛❧❛r ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t Di3 ❢♦r
❝♦♠♣♦♥❡♥t ui3 ♦❢ u✳ ◆♦t✐❝❡ t❤❛t ❛s ✐t ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ♣r❡✈✐♦✉s st✉❞✐❡s ❬❉▼✵✹✱ ❉❉▲▼✵✼✱
❉❉▲+✶✷❪✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛ r✐❣♦r♦✉s ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s s✐♠♣❧❡r ❝❧❛ss ♦❢ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠s ✐s ✈❡r② ✉s❡❢✉❧ ✐♥ ♦r❞❡r t♦ t❤❡♦r❡t✐❝❛❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♠♣❛❝t ♦❢ st✐✛♥❡ss ♦♥
t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ♠❡t❤♦❞s ❝♦♥❝❡✐✈❡❞ t♦ s✐♠✉❧❛t❡ t❤❡s❡ ♣❤❡♥♦♠❡♥❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♦r✐❣✐♥❛❧ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r ✐s ♥♦t ✇✐t❤❞r❛✇♥✳ ❆♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t s❤❛❧❧ ❣✐✈❡ ✉s s♦♠❡
✐♥s✐❣❤ts ✐♥t♦ ♠♦r❡ ❝♦♠♣❧❡① ❝❛s❡s ❛s ✇❡❧❧ ❛s ❝♦♠♣❧❡t❡ ❝♦♥✈❡❝t✐♦♥✲r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳
❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✱ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❡①t❡♥s✐♦♥ ✐♥t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ♦❢ x ♦r u ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❋r♦♠ t❤❡s❡
❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✿

∂tu−D∂2xu = kf(u), x ∈ ❘, t > 0,

u(0, x) = u0(x), x ∈ ❘, t = 0,

}
✭✻✳✶✹✮

✇❤❡r❡ f ❛♥❞ u0 ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱ ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts D ❛♥❞ k✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡
❜② T t(u0) t❤❡ s❡♠✐✢♦✇ ❛ss♦❝✐❛t❡❞ t♦ ✭✻✳✶✹✮✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s❤❛❧❧ ♣r❡s❡♥t ❜♦t❤ t❤❡ ✜♥❡ ❛♥❞
t❤❡ ❝♦❛rs❡ s♦❧✈❡rs t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t♦ s♦❧✈❡ ♣r♦❜❧❡♠ ✭✻✳✶✹✮ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣❛r❛r❡❛❧
❛❧❣♦r✐t❤♠ ✭✻✳✺✮✳

❋✐♥❡ ❙♦❧✈❡r✿ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

▲❡t ✉s ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ♣❛rts ♦❢ ✭✻✳✶✹✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❞❡♥♦t❡ Xt(u0) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿

∂tuD −D∂2xuD = 0, x ∈ ❘, t > 0, ✭✻✳✶✺✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ uD(0, ·) = u0(·)✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② Y t(u0) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣❛rt
✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡ x ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❛r❛♠❡t❡r✿

∂tuR = kf(uR), x ∈ ❘, t > 0, ✭✻✳✶✻✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ uR(0, ·) = u0(·)✳
❚❤❡ t✇♦ ▲✐❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ ♦❢ ✭✻✳✶✹✮ ❛r❡ ❞❡✜♥❡❞ ❜②

Lt1(u0) = XtY t(u0), Lt2(u0) = Y tXt(u0), ✭✻✳✶✼✮

❛♥❞ t❤❡ t✇♦ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛❡ ♦❢ ✭✻✳✶✹✮ ❬❙tr✻✸✱ ❙tr✻✽❪ ❛r❡ ❞❡✜♥❡❞ ❜②

St1(u0) = Xt/2Y tXt/2(u0), St2(u0) = Y t/2XtY t/2(u0). ✭✻✳✶✽✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ▲✐❡ ❢♦r♠✉❧❛❡ ✭✻✳✶✼✮ ✭r❡s♣✳ ❙tr❛♥❣ ❢♦r♠✉❧❛❡ ✭✻✳✶✽✮✮ ❛r❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ ♦r❞❡r 1 ✭r❡s♣✳ 2✮ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✹✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ ❝❧❛ss✐❝❛❧ ♦r❞❡rs ❛r❡ ♥♦
❧♦♥❣❡r ✈❛❧✐❞ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ✈❡r② st✐✛ r❡❛❝t✐✈❡ ♦r ❞✐✛✉s✐✈❡ t❡r♠s ✭s❡❡ ❬❉▼✵✹❪✮✳ ■♥ ❢❛❝t✱ ✐❢
t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ♣❧❛② ❛ ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ t❤❡♥ t❤❡
❝♦♠♣♦s❡❞ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ❛ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇✐❧❧ s✉r❡❧② ❢❛✐❧ t♦ ❝❛♣t✉r❡ t❤❡
✜♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ✉♥❧❡ss ✇❡ ❝♦♥s✐❞❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r
♦❢ s✉❝❤ s❝❛❧❡s✳
■♥ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡ ✇❤❡r❡ t❤❡s❡ ❢❛st s❝❛❧❡s ❛r❡ ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♣❤②s✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t
♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❜✉t ♦r❞❡r r❡❞✉❝t✐♦♥s ♠❛②
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t❤❡♥ ❛♣♣❡❛r ❞✉❡ t♦ s❤♦rt✲❧✐❢❡ tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❢❛st ✈❛r✐❛❜❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s
t❤❡ ❝❛s❡ ❢♦r ♣r♦♣❛❣❛t✐♥❣ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ ❬❉▼✵✹❪ t❤❛t
❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ❡①♣❡❝t❡❞ ✇❤✐❧❡ ❡♥❞✐♥❣ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❜② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢
t❤❡ r❡❛❝t✐♦♥ ♣❛rt ✭✻✳✶✻✮ ♦r ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ♣❛rt ✐♥✈♦❧✈✐♥❣ t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s
♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✭s❡❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❬❉❉▲+✶✷❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢
❧✐♥❡❛r ❞✐❛❣♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ ♥♦ ♦r❞❡r ❧♦ss ✐s ❡①♣❡❝t❡❞ ❢♦r t❤❡ Lt2 ❛♥❞ St2 s❝❤❡♠❡s ✇❤❡♥
❢❛st s❝❛❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ r❡❛❝t✐✈❡ t❡r♠✳ ❊✈❡♥ ♠♦r❡✱ ❛s ✐t ✇❛s ♣r❡s❡♥t❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥
❬❉❉▲▼✵✼❪✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♠❛② ❛❧s♦ ❞❡❣r❛❞❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡
♠❡t❤♦❞s ❧❡❛❞✐♥❣ t♦ ♦r❞❡r r❡❞✉❝t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳
❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡s❡ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ ❛❧t❡r♥❛t✐✈❡s
♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ t❤❡ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ r❡♠❛✐♥s ❛s t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ r❡s♦❧✉t✐♦♥
s❝❤❡♠❡ ❢♦r ❣❡♥❡r❛❧ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s ❛♥❞ s♦ ❢❛r✱ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ❢♦r t❤❡ ✜♥❡ s♦❧✈❡r✳
❆ ❝♦♠♣❧❡♠❡♥t❛r② ❝♦♥s✐❞❡r❛t✐♦♥ ✐s t❤❛t s✉✐t❛❜❧❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ✐♥ t❡r♠s ♦❢ ♦r❞❡r
❛♥❞ st❛❜✐❧✐t② ♠✉st ❜❡ ❝❤♦s❡♥ ❢♦r ❡❛❝❤ s✉❜s②st❡♠ ✭✻✳✶✺✮ ❛♥❞ ✭✻✳✶✻✮✱ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐♠❛t❡s ❡st❛❜❧✐s❤❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✳ ■♥ ❢❛❝t✱ ✐♥ ❛❧❧
s♣❧✐tt✐♥❣ ♦r❞❡r ❡st✐♠❛t❡s✱ t❤❡ s♦❧✉t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ t❤❡s❡ s②st❡♠s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❦♥♦✇♥
❡①❛❝t❧② ♦r ✇✐t❤ ❛ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❉❙✵✷❛✱ ❍❱✵✸✱ ❉▼✵✹✱ ❍▲❲✵✻❪✮✳

❈♦❛rs❡ ❆♣♣r♦①✐♠❛t✐♦♥

❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ st✐✛ ♣r♦❜❧❡♠s ♦❢ t②♣❡ ✭✻✳✶✸✮ ✭♦r ✭✻✳✶✹✮✮✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❛rs❡ s♦❧✈❡r ✐s ♥♦t
❛♥ ❡❛s② t❛s❦ ❜❡❝❛✉s❡ ✇❡ ♠✉st ❧♦♦❦ ❢♦r ❢❛st ❛♥❞ st❛❜❧❡ ♠❡t❤♦❞s ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❝♦♥s✐❞❡r✐♥❣
t❤❛t t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛ s❡q✉❡♥t✐❛❧ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ❢❛❝t✱ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ st✐✛♥❡ss ♦❢ t❤❡ s②st❡♠✱ ✇❡ ❛r❡ ❛❧♠♦st ❝♦♥str❛✐♥❡❞ t♦ ❝❤♦♦s❡ ♠♦r❡ ❡①♣❡♥s✐✈❡ ❜✉t ♠♦r❡ st❛❜❧❡
♠❡t❤♦❞s ✭s❡❡ ❬❍❲✾✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ ❖❉❊s✮✱ ♦t❤❡r✇✐s❡✱ ✇❡ ✇♦✉❧❞ ♥♦t
❜❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❝♦❛rs❡r ❜✉t st✐❧❧ ✈❛❧✐❞ ❛♣♣r♦①✐♠❛t✐♦♥s✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ r❡q✉✐r❡♠❡♥ts✱ s❡✈❡r❛❧ str❛t❡❣✐❡s ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r ✐♥st❛♥❝❡✱
✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✭✻✳✶✹✮ ✇✐t❤ ❛ ❞❡❞✐❝❛t❡❞✱ st❛❜❧❡ ❜✉t ❧❡ss
❛❝❝✉r❛t❡ s♦❧✈❡r❀ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✉s✐♥❣ ❧❛r❣❡r ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣s ♦r ❛ ❧♦✇❡r ♦r❞❡r
♠❡t❤♦❞ r❡s♣❡❝t t♦ t❤❡ ✜♥❡ s♦❧✈❡r✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ t❤❡ ✐♠♣♦rt❛♥t ❝♦♠✲
♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡s❡ ❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤✉s✱ t❤✐s
❛❧t❡r♥❛t✐✈❡ ♠✐❣❤t ♥♦t ❜❡ ❛❧✇❛②s ❢❡❛s✐❜❧❡✳
❆♥♦t❤❡r t❡❝❤♥✐q✉❡ ❝♦✉❧❞ ❜❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✹✮✱ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ❝♦❛rs❡r s♣❛t✐❛❧ ❣r✐❞✳ ❚❤❡♥✱
t❤❡ ❝r✉❝✐❛❧ ❛s♣❡❝t ✇♦✉❧❞ ❜❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦♣❡r ✐♥t❡r✲❣r✐❞ ♦♣❡r❛t♦rs❀ t❤❛t ✐s✱ t❤❡ ♦♣❡r❛t♦rs
❛❧❧♦✇✐♥❣ ❞❛t❛ ❡①❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ ❝♦❛rs❡ ❛♥❞ t❤❡ ✜♥❡ ❣r✐❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♠✐❣❤t
❛❧s♦ ❝♦♥s✐❞❡r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ ♦❢ ✭✻✳✶✹✮ ✐♥st❡❛❞✱ ✇❤❡r❡ t❤❡ ❢❛st❡st s❝❛❧❡s ❤❛✈❡
❜❡❡♥ r❡❧❛①❡❞❀ ❛♥❞ t❤✉s✱ t❛❦❡ t❤✐s s♦❧✉t✐♦♥ ❛s t❤❡ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡
♣r❡✈✐♦✉s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❢❛st s❝❛❧❡s ✐s ♠❛♥❞❛t♦r② ❢♦r str❛✐❣❤t❢♦r✇❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ❛♥❞
❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ s❤♦✉❧❞ ❛❧s♦ ❝♦♥❝❡✐✈❡ ❛♥ ❡✣❝✐❡♥t r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❢❛st
✈❛r✐❛❜❧❡s ♥♦t ❡st✐♠❛t❡❞ ❜② t❤❡ ❝♦❛rs❡ s♦❧✈❡r✳
❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✱ ❛ ❧❡ss ❛❝❝✉r❛t❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t♦r ♠✐❣❤t
❜❡ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡✱ ❝♦♥❝❡✐✈❡❞ ✇✐t❤ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♦r ❝♦❛rs❡r t✐♠❡ ✐♥t❡❣r❛t♦rs ♦❢
t❤❡ s♣❧✐t s✉❜s②st❡♠s ✐♥ ♦r❞❡r t♦ ❛❝❝❡❧❡r❛t❡ ❝♦♠♣✉t❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧
❜❡ ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ t❤❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ s✉❝❤ s♣❧✐tt✐♥❣ s♦❧✈❡rs ❛s ❝♦❛rs❡ ♣r♦♣❛❣❛t♦rs✱ ❝♦♥✲
s✐❞❡r✐♥❣ t❤❡✐r r❡♣✉t❡❞ ♣❡rt✐♥❡♥❝❡ ♦♥ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s
♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❛s ✇❡❧❧ ❛s t❤❡
♣❛r❛r❡❛❧ s❝❤❡♠❡ ✐ts❡❧❢✱ ❛♥❞ s❤❛❧❧ ❧❡❛❞ ✉s t♦ ❢✉rt❤❡r ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧ ✐♠♣r♦✈❡✲
♠❡♥ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳



❙❡❝t✳ ✻✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✸✾

✻✳✸ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t ✐♠♣♦rt❛♥t r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ t❤❛t ❡①♣❧❛✐♥ t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❛♥❞ ❞❡t❛✐❧ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦✱ ✜rst✱ ❧✐♥❡❛r ❛♥❞
t❤❡♥✱ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✳ ❚❤♦s❡ ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t ❢♦r ♦✉r st✉❞② ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧s✳
❈♦♠♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✐♥❞✐❝❛t❡❞ r❡❢❡r❡♥❝❡s✳ ❚❤❡♥✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ▲✐❡ ✭❙tr❛♥❣✮ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❛ ❧✐♥❡❛r
❢r❛♠❡✇♦r❦ t❤❛t ♠✐♠✐❝s t❤❡ ❡✈❡♥t✉❛❧ ✐♥✢✉❡♥❝❡ ♦❢ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❢♦r r❡❛❝t✐♦♥ ✇❛✈❡s✳
❚❤r♦✉❣❤♦✉t ❛❧❧ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♠❛✐♥t❛✐♥ t❤❡ ♥♦t❛t✐♦♥ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

✻✳✸✳✶ ❘❡✈✐❡✇ ♦❢ t❤❡ ▲✐t❡r❛t✉r❡ ❛♥❞ ❙t❛t❡ ♦❢ t❤❡ ❆rt

❚❤❡ ▲✐♥❡❛r ❈❛s❡

❲❡ ✜rst ❝♦♥s✐❞❡r ❛ s❝❛❧❛r ❧✐♥❡❛r ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠✿

u′(t) = au, t ∈ [0, T ], u(0) = u0✇✐t❤ a ∈ ❈, ✭✻✳✶✾✮

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ✜rst ♣✉❜❧✐❝❛t✐♦♥ ♦♥ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❬▲▼❚✵✶❪✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ▲❡t ∆T = T/N ✱ Tn = n∆T ❢♦r n = 0, . . . , N ✳ ❈♦♥s✐❞❡r ✭✻✳✶✾✮ ✇✐t❤ a ∈ ❘✳
▲❡t F∆T (Un) ❜❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛t Tn+1 ♦❢ ✭✻✳✶✾✮ ✇✐t❤ u(Tn) = Un✱ ❛♥❞ ❧❡t G∆T (Un) ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❜❛❝❦✇❛r❞ ❊✉❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ t✐♠❡ st❡♣ ∆T ✳ ❚❤❡♥✱

max
1≤n≤N

|u(Tn)− Ũ in| ≤ Pi∆T i+1. ✭✻✳✷✵✮

❚❤✉s✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❛♥❞ ❜❡❤❛✈❡s ✐♥ ∆T ❧✐❦❡ ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r i+ 1✳ ◆❡✈❡rt❤❡❧❡ss✱
✇❡ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤✐s r❡s✉❧t ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r ❛ ✜①❡❞ ✐t❡r❛t✐♦♥ st❡♣ i✱ s✐♥❝❡ t❤❡
❝♦♥st❛♥t Pi ✐♥ ✭✻✳✷✵✮ ❣r♦✇s ✇✐t❤ i ✐♥ t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ♣r♦♦❢ ✐♥ ❬▲▼❚✵✶❪✱ ✐✳❡✳✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
✐s ✈❡r✐✜❡❞ ♦♥❧② ❢♦r ∆T s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❘❡s✉❧t ✭✻✳✷✵✮ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞✱
✐♥ ♣❛rt✐❝✉❧❛r✱ ❤✐❣❤❡r ♦r❞❡r t✐♠❡✲✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡s✳ ■♥ ❢❛❝t✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬❇❛❧✵✸✱ ❇▼✵✸❪
t❤❛t t❤❡ ♣❛r❛r❡❛❧ ✐s ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r p(i+1) ✇❤❡♥ ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r p ✐s ✉s❡❞ ❛s t❤❡ ❝♦❛rs❡
♣r♦♣❛❣❛t♦r✳
❍♦✇❡✈❡r✱ ❛ ✈❡r② ✐♠♣♦rt❛♥t ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ ❬●❱✵✼❪ ❣✐✈❡s ✉s ❝♦♠♣❧❡♠❡♥t❛r② r❡s✉❧ts t❤❛t
❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❛♥② i ❛♥❞ ❛ ✜①❡❞ ∆T ✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✇❛s st❛t❡❞ ❛♥❞ ♣r♦✈❡♥✳

❈♦r♦❧❧❛r② ✻✳✷✳ ▲❡t T < ∞✱∆T = T/N ✱ ❛♥❞ n = 0, . . . , N ✳ ❈♦♥s✐❞❡r ✭✻✳✶✾✮ ✇✐t❤ a ∈ ❈✳
▲❡t F∆T (Un) ❜❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛t Tn+1 ♦❢ ✭✻✳✶✾✮ ✇✐t❤ u(Tn) = Un✱ ❛♥❞ ❧❡t G∆T (Un) =
R(a∆T )Un ❜❡ ❛ ♦♥❡✲st❡♣ ♠❡t❤♦❞ ✐♥ ✐ts r❡❣✐♦♥ ♦❢ ❛❜s♦❧✉t❡ st❛❜✐❧✐t②✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

max
1≤n≤N

|u(Tn)− Ũ in| ≤
|ea∆T −R(a∆T )|i

i!

i∏

j=1

(N − j) max
1≤n≤N

|u(Tn)− Ũ0
n|. ✭✻✳✷✶✮

■❢ t❤❡ ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r ♦❢ G ✐s ❜♦✉♥❞❡❞ ❜② C∆T p+1✱ ✇✐t❤ p > 0 ❛♥❞ C ❛ ❝♦♥st❛♥t✱ t❤❡♥
✇❡ ❤❛✈❡✱ ❢♦r ∆T s♠❛❧❧ ❡♥♦✉❣❤✱

max
1≤n≤N

|u(Tn)− Ũ in| ≤
(CT )i

i!
∆T pi max

1≤n≤N
|u(Tn)− Ũ0

n|. ✭✻✳✷✷✮

❚❤❡s❡ r❡s✉❧ts ❣✐✈❡ ✉s ♠♦r❡ ♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ❝♦♥st❛♥t Pi ✐♥ ✭✻✳✷✵✮✳ ■♥ ❢❛❝t✱ ❢♦r ✜♥✐t❡
T ✱ t❤❡ ❞✐✈✐s✐♦♥ ❜② i! ✐♥ ✭✻✳✷✶✮ ❛♥❞ ✭✻✳✷✷✮ s❤♦✇s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s s✉♣❡r❧✐♥❡❛r❧②✳
❋✉rt❤❡r♠♦r❡✱ r❡s✉❧t ✭✻✳✷✷✮ ♣r❡s❡♥ts t❤❡ ♣❛r❛r❡❛❧ ❛s ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r pi✳



❙❡❝t✳ ✻✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✹✵

❆ ❧✐♥❡❛r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✇❛s ❛❧s♦ ❞❡♠♦♥str❛t❡❞ ✐♥ ❬●❱✵✼❪ ❢♦r ❛♥ ✐♥✜♥✐t❡❧② ❧♦♥❣ t✐♠❡ ✐♥t❡r✲
✈❛❧✱ ✐✳❡✳✱T = ∞✱ ❢♦r ♣r♦❜❧❡♠ ✭✻✳✶✾✮✳ ▼♦r❡♦✈❡r✱ s✐♠✐❧❛r r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬●❱✵✼❪ ✇❤✐❧❡
✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ♦♥ P❉❊s✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ❛ ❞✐✛✉s✐♦♥
❡q✉❛t✐♦♥ ❛♥❞ ❛♥ ❛❞✈❡❝t✐♦♥ ♦♥❡✳ ■♥ ❢❛❝t✱ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ s♣❛❝❡ ❝♦♥✈❡rts t❤❡s❡ ❡q✉❛t✐♦♥s
✐♥t♦ ❧✐♥❡❛r s②st❡♠s ♦❢ ❖❉❊s ❢♦r ❡❛❝❤ ❋♦✉r✐❡r ♠♦❞❡✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❞❡♠♦♥str❛t❡❞ ❜❛s❡❞
♦♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✇✐t❤ s♦♠❡ ❝♦♠♣❧❡♠❡♥t❛r② ❤②♣♦t❤❡s✐s✳

❚❤❡ ◆♦♥❧✐♥❡❛r ❈❛s❡

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ♦❢ ❖❉❊s ✭✻✳✶✮✱ t❤❡ s✉♣❡r❧✐♥❡❛r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❤❛s ❛❧s♦ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ✐♥ ❬●❍✵✽❪✳ ■♥ ❢❛❝t✱ ❝♦♥s✐❞❡r✐♥❣ F ❛s t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮✱ ✐t ❤❛s ❜❡❡♥ ❛ss✉♠❡❞ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥
❣✐✈❡♥ ❜② G ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❢♦r ∆T s♠❛❧❧✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

F∆T (u)− G∆T (u) = cp+1(u)∆T
p+1 + cp+2(u)∆T

p+2 + . . . , ✭✻✳✷✸✮

✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ✐❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❢✉♥❝t✐♦♥ f ✐♥ ✭✻✳✶✮ ✐s s♠♦♦t❤ ❡♥♦✉❣❤✳ ◆♦t✐❝❡ t❤❛t t❤✐s
❝♦♥❞✐t✐♦♥ ✐s ♥♦ ♦t❤❡r t❤❛♥ t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ G ♦❢
♦r❞❡r p ✭✇❤❡r❡ F ✐s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮✮✳ ❚❤❡♥✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✻✳✷✸✮✱ ✇❡ ♠✐❣❤t
❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞✿

‖F∆T (u)− G∆T (u)−
(
F∆T (v)− G∆T (v)

)
‖ ≤ C1∆T

p+1‖u− v‖, ✭✻✳✷✹✮

❛s ✐t ❤❛s ❜❡❡♥ s✉♣♣♦s❡❞ ✐♥ ❬●❍✵✽❪✳
▼♦r❡♦✈❡r✱ ✐❢ G s❛t✐s✜❡s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥✿

‖G∆T (u)− G∆T (v)‖ ≤ (1 + C2∆T )‖u− v‖, ✭✻✳✷✺✮

t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❛s st❛t❡❞ ❛♥❞ ♣r♦✈❡♥ ✐♥ ❬●❍✵✽❪✳

❚❤❡♦r❡♠ ✻✳✸✳ ▲❡t F∆T (Un−1) ❜❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦♥ t✐♠❡ s✉❜❞♦♠❛✐♥ In−1✱ ❛♥❞ ❧❡t G∆T (Un−1)
❜❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✇✐t❤ ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r ❜♦✉♥❞❡❞ ❜② C3∆T

p+1✱ ❛♥❞ s❛t✐s❢②✐♥❣
✭✻✳✷✸✮✱ ✇❤❡r❡ t❤❡ cj✱ j = p + 1, p + 2, . . . ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ❛ss✉♠❡ t❤❛t G
s❛t✐s✜❡s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ✭✻✳✷✺✮✳ ❚❤❡♥✱ ❛t ✐t❡r❛t✐♦♥ i ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮✱ ✇❡
❤❛✈❡ t❤❡ ❜♦✉♥❞

‖u(Tn)− Ũi
n‖ ≤

C3

C1

(C1∆T
p+1)i+1

(i+ 1)!
(1 + C2∆T )

n−i−1
i∏

j=0

(n− j),

≤ C3

C1

(C1Tn)
i+1

(i+ 1)!
eC2(Tn−Ti+1)∆T p(i+1). ✭✻✳✷✻✮

❋✐♥❛❧❧②✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❛❧s♦ ❝♦♥✈❡r❣❡s s✉♣❡r❧✐♥❡❛r❧② ✇✐t❤ r❡s♣❡❝t t♦ i ❛♥❞
❜❡❤❛✈❡s ❛s ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r p(i+1) ❢♦r ❛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ❛♥❞ ❛ ✜♥✐t❡ T ✳ ❍❡♥❝❡✱ r❡s✉❧t ✭✻✳✷✻✮
❞♦❡s ♥♦t ❝♦♥tr❛❞✐❝t t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❜✉t ❡①t❡♥❞s t❤❡♠ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss✱
✐♥ ❛ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❜♦✉♥❞ ✭✻✳✷✻✮ ♠✐❣❤t ❜❡ ♥❡❝❡ss❛r②
✐♥ ♦r❞❡r t♦ ❢✉❧❧② ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❝♦♥st❛♥ts C1✱ C2 ❛♥❞
C3 ✐♥ ✭✻✳✷✻✮ ✭❛s ✇❡❧❧ ❛s C ✐♥t♦ ✭✻✳✷✷✮ ❢♦r ❛ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥✮ s❤♦✉❧❞ ❜❡ ♣r♦♣❡r❧② ❡st✐♠❛t❡❞✳
❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♣✉r♣♦s❡s ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t❡❣②
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳



❙❡❝t✳ ✻✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✹✶

✻✳✸✳✷ ❈♦♥✈❡r❣❡♥❝❡ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

■♥ ♦r❞❡r t♦ ❝❛rr② ♦♥ ♦✉r st✉❞②✱ ✇❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ t❤❛t ✇❡ ✇❛♥t
t♦ s♦❧✈❡✳ ❚❤❡ ❧✐♥❦ ✇✐t❤ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s ✇✐❧❧ ❜❡ t❤❡♥ ❡st❛❜❧✐s❤❡❞✳

▼❛t❤❡♠❛t✐❝❛❧ ❋r❛♠❡✇♦r❦

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧✲✈❛❧✉❡ ♣r♦❜❧❡♠✿

∂tu−D∂2xu+ kV (x)u = 0 x ∈ ❘, t > 0,

u(x, 0) = u0(x) x ∈ ❘, t = 0,

}
✭✻✳✷✼✮

✇❤❡r❡ V ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ❢r♦♠ ❘ t♦ ❘ ♦❢ ❝❧❛ss C∞ ✇✐t❤ ❛❧❧ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛♥❞✱ D ❛♥❞
k ❛r❡ s♦♠❡ r❡❛❧ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t Dk = 1✳ ▼♦r❡♦✈❡r✱ u r❡♣r❡s❡♥ts ❛ ❞✐♠❡♥s✐♦♥❧❡ss
s♣❡❝✐❡ ❝♦♥❝❡♥tr❛t✐♦♥✳
❋♦r t❤✐s st✉❞②✱ ✇❡ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ❛s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r✐③❡❞ s②st❡♠ ♦❢
✭✻✳✶✹✮ ❛r♦✉♥❞ u0 ❛❢t❡r s♦♠❡ s✐♠♣❧❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ V ✐s ♥♦ ♦t❤❡r t❤❛♥
t❤❡ ❏❛❝♦❜✐❛♥ f ′(u0) = ∂f(u0)/∂u ✐♥ ✭✻✳✶✹✮✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ D ❛♥❞
k ✐♥ ✭✻✳✶✹✮ ❛♥❞ ✭✻✳✷✼✮✱ ♠✐❣❤t ❜❡ s❡❡♥ ❛s s❝❛❧❡ ❝♦❡✣❝✐❡♥ts ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ■♥ ❢❛❝t✱ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ♦❢ s②st❡♠ ✭✻✳✶✹✮ ❝♦♥s✐❞❡r✐♥❣ ❛
❞✐♠❡♥s✐♦♥❧❡ss t✐♠❡ τ ❛♥❞ ❛ ❞✐♠❡♥s✐♦♥❧❡ss s♣❛❝❡ r ✇✐t❤

τ = kt ❛♥❞ r = (k/D)1/2x. ✭✻✳✷✽✮

❙❡❡ ❬❍❱✵✸❪ ❢♦r ❞❡t❛✐❧s ♦♥ ❤♦✇ r❡❛❝t✐♦♥ s②st❡♠s ♦❢ ❖❉❊s ❝❛♥ ❜❡ ❜✉✐❧t ❢r♦♠ ❛ r❡❛❝t✐♦♥ s❝❤❡♠❡✱
❛♥❞ ❬●❙✾✹❪ ❢♦r ❞❡t❛✐❧s ♦♥ ❛♥❛❧②s✐s ♦❢ tr❛✈❡❧✐♥❣ r❡❛❝t✐♦♥ ✇❛✈❡s✳
❚❤❡♥✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❛♥❛❧②s✐s ♦❢ ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❛s s❤♦✇♥ ✐♥
❬●❙✾✹❪✱ ♠❛② ❛❧❧♦✇ ✉s t♦ ❡st❛❜❧✐s❤ t❤❡ st❡❛❞② st❛t❡ ♦❢ ❛ r❡❛❝t✐♦♥ ✇❛✈❡✳ ❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ s❝❛❧❡ ❝♦❡✣❝✐❡♥ts✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss st❡❛❞② ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡❢r♦♥t ❣✐✈❡♥ ❜② t❤❡
❡①♣r❡ss✐♦♥ ❞r/❞τ ❡st❛❜❧✐s❤❡s t❤❛t

dtx ∝ (Dk)1/2, ✭✻✳✷✾✮

✇❤✐❧❡ ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t✐♠❡ t ❛♥❞ s♣❛❝❡ x✳ ▼♦r❡♦✈❡r✱ ✐♥ ❛ ❣❡♥❡r❛❧
✇❛②✱ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ✇❛✈❡ ♣r♦✜❧❡ ✐s ♠❡❛s✉r❡❞ ❜②

dxu|max ∝ (k/D)1/2. ✭✻✳✸✵✮

◆♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ Dk = 1 ✐♠♣❧✐❡s ❝♦♥st❛♥t ✈❡❧♦❝✐t② ❢♦r ❛❧❧ k = 1/D❀ ❤♦✇❡✈❡r✱ ❣r❡❛t❡r k ✭♦r
s♠❛❧❧❡r D✮ ✐♠♣❧✐❡s ❤✐❣❤❡r s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✱ ❛♥❞ t❤✉s✱ st✐✛❡r ❝♦♥✜❣✉r❛t✐♦♥s✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s✱ ✇❡ ❤❛✈❡ ✉s✉❛❧❧② ✇❛✈❡❢r♦♥ts ♦❢ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥t ♣r♦♣✲
❛❣❛t✐♥❣ ✇✐t❤ ❛ st❡❛❞② ❝♦♥st❛♥t s♣❡❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤✐s ❦✐♥❞ ♦❢
st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ t❤❡✐r ✐♠♣❛❝t ♦♥ ❛ t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ s✉❝❤ ❛s t❤❡ ♣❛r❛r❡❛❧
s❝❤❡♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧❛tt❡r ♠✉st ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ st✐✛ s♦❧✈❡r s✉❝❤ ❛s t❤❡
♦♣❡r❛t♦r s♣❧✐tt✐♥❣✱ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❝♦♥❞✉❝t ❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s
♦❢ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡✱ ✇❡ ❛r❡ ✜rst ❝♦♥str❛✐♥❡❞ t♦ ♦❜t❛✐♥ s♦♠❡ ❜♦✉♥❞s ✭s✐♠✐❧❛r t♦ t❤♦s❡ ❣✐✈❡♥
❜② ✭✻✳✷✸✮✱ ✭✻✳✷✹✮ ❛♥❞ ✭✻✳✷✺✮✮ ❞r❛✇♥ ♦✉t ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
✐ts❡❧❢✱ ❛♣♣❧✐❡❞ t♦ ♣r♦❜❧❡♠ ✭✻✳✷✼✮✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

❆♥❛❧②s✐s ♦❢ t❤❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

❋♦r ♣r♦❜❧❡♠ ✭✻✳✷✼✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r b ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜②
kV ❛♥❞ t❤❡ ♦♣❡r❛t♦r a = −D∂2x ✭♠✐♥✉s D t✐♠❡s t❤❡ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦



❙❡❝t✳ ✻✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✹✷

x ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✮✳ ❍❡♥❝❡✱ t❤❡✐r ❝♦♠♠✉t❛t♦r ✐s ❣✐✈❡♥ ❜②

∂ab = [a, b] = −(∂2xV )− 2(∂xV )∂x, ✭✻✳✸✶✮

❝♦♥s✐❞❡r✐♥❣ t❤❛t Dk = 1✳ ❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ ✐s ♣r♦✈❡♥ ✐♥ ❬❉❙✵✷❛❪ ❛♥❞
❣✐✈❡s ❛♥ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ a+ b✱ ✐✳❡✳✱ t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✼✮✱ ❛♥❞ ✐ts ▲✐❡ ✭r❡s♣✳ ❙tr❛♥❣✮ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡♥♦t❡❞ ❜② L ✭r❡s♣✳ S✮✳

❚❤❡♦r❡♠ ✻✳✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s ❤♦❧❞

L(t) = e−tae−tb

= e−t(a+b) +

∫ t

0

∫ s

0
e−(t−s)(a+b)e−(s−r)a

(
∂ab
)
e−rae−sb dr ds, ✭✻✳✸✷✮

S(t) = e−tb/2e−tae−tb/2 = e−t(a+b)

+
1

4

∫ t

0

∫ s

0
(s− r)e−(t−s)(a+b)e−(s−r)b/2

(
∂2ba
)
e−rb/2e−sae−sb/2 dr ds

−1

2

∫ t

0

∫ s

0
(s− r)e−(t−s)(a+b)e−sb/2e−ra

(
∂2ab
)
e−(s−r)ae−sb/2 dr ds.

✭✻✳✸✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ✇❡ ❤❛✈❡

∂2ab = [a, [a, b]] = D(∂4xV ) + 4D(∂3xV )∂x + 4D(∂2xV )∂2x, ✭✻✳✸✹✮

∂2ba = [b, [b, a]] = −2k(∂xV )2. ✭✻✳✸✺✮

■❞❡♥t✐t✐❡s ✭✻✳✸✷✮ ❛♥❞ ✭✻✳✸✸✮ ❛r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs ✭♦r ✈❡❝t♦r ✜❡❧❞s✮ a ❛♥❞
b✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❝♦♠♠✉t❛t♦rs ✭✻✳✸✶✮✱ ✭✻✳✸✹✮ ❛♥❞ ✭✻✳✸✺✮ ❛r❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡s
♦❢ t❤❡ ▲✐❡ ❜r❛❝❦❡t ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s ✭s❡❡ ❬❍❱✵✸❪ ❛♥❞ t❤❡ ❝♦♠♣❧❡t❡ ❛♥❛❧②s✐s ❝♦♥❞✉❝t❡❞ ✐♥
❬▲✉❜✵✽❪ ❛♥❞ ❬❉❉▲+✶✷❪✮✳
◆❡✈❡rt❤❡❧❡ss✱ ❡✈❡♥ ✐❢ ✭✻✳✸✷✮ ❛♥❞ ✭✻✳✸✸✮ ❣✐✈❡ ✉s t❤❡ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ♦❢
❛ ▲✐❡ ♦r ❙tr❛♥❣ s♣❧✐tt✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡✜♥✐♥❣ s♦♠❡ ❜♦✉♥❞s ♦♥
t❤❡s❡ ❧♦❝❛❧ ❡rr♦rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t t❤❡ ❦❡② ♣♦✐♥t ♦❢ t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ✉s❡ ♦❢ L2 t♦ L2 ❡st✐♠❛t❡s
♦❢ t❤❡ ❡rr♦rs✳
❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✷✼✮✱ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t
❢♦r t ≥ 0✱ ∥∥∥et(D∂2x−kV )

∥∥∥
L(L2,L2)

≤ ek‖V ‖∞t. ✭✻✳✸✻✮

▼♦r❡♦✈❡r✱ ✇✐t❤ t❤❡ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦rs ✭✻✳✸✷✮ ❛♥❞ ✭✻✳✸✸✮✱ ❛♥❞ ❞❡♥♦t✐♥❣ ❜②

EL(t) = et(D∂
2
x−kV ) − L(t) ❛♥❞ ES(t) = et(D∂

2
x−kV ) − S(t), ✭✻✳✸✼✮

✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s✳

▲❡♠♠❛ ✻✳✺ ✭❋✐rst ❡st✐♠❛t❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❧♦❝❛❧ ❡rr♦r✮✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ❛♥❞ u0 ∈
H2(❘)✱ ❢♦r t ≥ 0 ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❜♦✉♥❞s

‖EL(t)u0‖L2 ≤
(
t2

2
‖∂2xV ‖∞ +

2t3

3
k‖∂xV ‖2∞

)
ek‖V ‖∞t‖u0‖L2

+t2‖∂xV ‖∞ek‖V ‖∞t‖∂xu0‖L2 , ✭✻✳✸✽✮
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❛♥❞

‖ES(t)u0‖L2 ≤
(
t3

12

(
k‖∂xV ‖2∞ +D‖∂4xV ‖∞

)
+
t4

8

(
‖∂3xV ‖∞‖∂xV ‖∞

+‖∂2xV ‖2∞
)
+
t5

20
k‖∂2xV ‖∞‖∂xV ‖2∞

)
ek‖V ‖∞t‖u0‖L2

+

(
t3

3
D‖∂3xV ‖∞ +

t4

4
‖∂2xV ‖∞‖∂xV ‖∞

)
ek‖V ‖∞t‖∂xu0‖L2

+
t3

3
D‖∂2xV ‖∞ek‖V ‖∞t‖∂2xu0‖L2 . ✭✻✳✸✾✮

Pr♦♦❢✳ ❯s✐♥❣ ✭✻✳✸✷✮✱ ✇❡ ❤❛✈❡ ✐♥ L2(❘)✱
∥∥∥et(D∂2x−kV )u0 − etD∂

2
xe−tkV u0

∥∥∥
L2
≤

∫ t

0

∫ s

0

∥∥∥e(t−s)(D∂2x−kV )e(s−r)D∂
2
x∂ab e

rD∂2xe−skV u0

∥∥∥
L2

dr ds. ✭✻✳✹✵✮

❆♥❞ ✇✐t❤ ✭✻✳✸✻✮ ✇❡ ❤❛✈❡
∥∥∥et(D∂2x−kV )u0 − etD∂

2
xe−tkV u0

∥∥∥
L2
≤

∫ t

0

∫ s

0
e(t−s)k‖V ‖∞

∥∥∥∂ab erD∂
2
xe−skV u0

∥∥∥
L2

dr ds. ✭✻✳✹✶✮

❙✐♥❝❡

∂ab e
rD∂2xe−skV u0 =− (∂2xV )erD∂

2
xe−skV u0 − 2(∂xV )∂x

(
erD∂

2
xe−skV u0

)

=− (∂2xV )erD∂
2
xe−skV u0 − 2(∂xV )erD∂

2
x∂x

(
e−skV u0

)

=− (∂2xV )erD∂
2
xe−skV u0 − 2(∂xV )erD∂

2
xe−skV ∂xu0

+ 2(∂xV )erD∂
2
xsk(∂xV )e−skV u0, ✭✻✳✹✷✮

✇❡ ♦❜t❛✐♥ ✭✻✳✸✽✮✱ ✐♥t❡❣r❛t✐♥❣ ✭✻✳✹✶✮ ❛♥❞ ❦♥♦✇✐♥❣ t❤❛t ‖e−skV ‖L(L2,L2) ≤ esk‖V ‖∞ ✳
P❡r❢♦r♠✐♥❣ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ ✭✻✳✸✾✮ ❢r♦♠ ✭✻✳✸✸✮✱ ✭✻✳✸✹✮ ❛♥❞ ✭✻✳✸✺✮✳

❍♦✇❡✈❡r✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ s♣❡❝✐✜❝❛❧❧② s❡❛r❝❤✐♥❣ ❢♦r L2 t♦ L2 ❡rr♦r ❡st✐♠❛t❡s
✐♥ ♦r❞❡r t♦ ❝♦♥❞✉❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡✳ ❍❡♥❝❡✱ t❤❛♥❦s t♦ t❤❡
r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ u0 ✐♥ L2 ❛♥❞ ❢♦r t > 0✱

‖∂xetD∂
2
xu0‖L2 ≤ 1√

2eDt
‖u0‖L2 , ✭✻✳✹✸✮

❛♥❞ t❤❡♥✱ ✇❡ ❝❛♥ ❝♦♥❞✉❝t ❢✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥s✳

▲❡♠♠❛ ✻✳✻ ✭❙❡❝♦♥❞ ❡st✐♠❛t❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❧♦❝❛❧ ❡rr♦r✮✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✻✳✷✼✮✱ ❢♦r t > 0
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❜♦✉♥❞s

‖EL(t)u0‖L2 ≤
(
8

3
t
√
t

(‖∂xV ‖∞√
2eD

)
+
t2

2
‖∂2xV ‖∞

)
ek‖V ‖∞t‖u0‖L2 , ✭✻✳✹✹✮
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❛♥❞

‖ES(t)u0‖L2 ≤
(
t2

4

(π
e
‖∂2xV ‖∞

)
+
t3

12

(
k‖∂xV ‖2∞

+D‖∂4xV ‖∞
))

ek‖V ‖∞t‖u0‖L2 . ✭✻✳✹✺✮

Pr♦♦❢✳ ❲❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

∂ab e
rD∂2xe−skV u0 = −(∂2xV )erD∂

2
xe−skV u0 − 2(∂xV )∂x

(
erD∂

2
xe−skV u0

)
. ✭✻✳✹✻✮

❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✻✳✹✶✮✱ t❤❡ r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✭✻✳✹✸✮ ②✐❡❧❞s
∥∥∥et(D∂2x−kV )u0 − etD∂

2
xe−tkV u0

∥∥∥
L2
≤

∫ t

0

∫ s

0
e(t−s)k‖V ‖∞

∥∥∥∂ab erD∂
2
xe−skV u0

∥∥∥
L2

dr ds ≤

∫ t

0

∫ s

0
e(t−s)k‖V ‖∞

((
2‖∂xV ‖∞√

2eDr

)
+ ‖∂2xV ‖∞

)
‖e−skV u0‖L2 dr ds ≤

(
8

3
t
√
t

(‖∂xV ‖∞√
2eD

)
+
t2

2
‖∂2xV ‖∞

)
ek‖V ‖∞t‖u0‖L2 . ✭✻✳✹✼✮

▼♦r❡♦✈❡r✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

∂2ab = D(∂4xV ) + 4D∂x
(
(∂2xV )∂x

)
✭✻✳✹✽✮

❛♥❞ ✐❢ ✇❡ ❝♦♥s✐❞❡r

erD∂
2
x∂2ab e

(s−r)D∂2xe−skV/2u0 = DerD∂
2
x(∂4xV )e(s−r)D∂

2
xe−skV/2u0

+ 4DerD∂
2
x∂x

(
(∂2xV )∂x

)
e(s−r)D∂

2
xe−skV/2u0

= DerD∂
2
x(∂4xV )e(s−r)D∂

2
xe−skV/2u0

+ 4D∂x

(
erD∂

2
x(∂2xV )∂xe

(s−r)D∂2xe−skV/2u0

)
, ✭✻✳✹✾✮

✇❡ ♦❜t❛✐♥ ✇✐t❤ ✭✻✳✹✸✮✱
∥∥∥erD∂2x∂2ab e(s−r)D∂

2
xe−skV/2u0

∥∥∥
L2
≤

D‖∂4xV ‖∞‖e−skV/2u0‖L2 +
4D√
2eDr

‖∂2xV ‖∞
∥∥∥∂xe(s−r)D∂

2
xe−skV/2u0

∥∥∥
L2
≤

D‖∂4xV ‖∞‖e−skV/2u0‖L2 +
2‖∂2xV ‖∞
e
√
r(s− r)

‖e−skV/2u0‖L2 ≤

(
D‖∂4xV ‖∞ +

2‖∂2xV ‖∞
e
√
r(s− r)

)
esk‖V ‖∞/2‖u0‖L2 . ✭✻✳✺✵✮

❚❛❦✐♥❣ t❤✐s ✐♥t♦ ✭✻✳✸✸✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ②✐❡❧❞ ✭✻✳✹✺✮✳
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❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞s ✐s t❤❛t ❛❧❧ t❡r♠s ✐♥ ❡st✐♠❛t❡s ✭✻✳✸✽✮✱ ✭✻✳✸✾✮✱
✭✻✳✹✹✮ ❛♥❞ ✭✻✳✹✺✮ ❛r❡ ❦♥♦✇♥✳ ◆♦ tr✉♥❝❛t❡❞ t❡r♠s ✐♥ t ❛r❡ ♣r❡s❡♥t ✐♥❞❡❡❞✱ s✐♥❝❡ ✇❡ ❤❛✈❡
❝♦♥s✐❞❡r❡❞ ❛♥ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❡rr♦rs ✭✻✳✸✷✮ ❛♥❞ ✭✻✳✸✸✮✳ ❋✉rt❤❡r♠♦r❡✱ ✜rst ❛♥❞ s❡❝♦♥❞
❡st✐♠❛t❡s ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❧♦❝❛❧ ❡rr♦r ❛❣r❡❡ ♣❡r❢❡❝t❧② ✇✐t❤ t❤♦s❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡
❬❉❉▲▼✵✼❪✮ ❢♦r t❤❡ ❝❛s❡ ♦❢ P❉❊s ✇✐t❤ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♠♦r❡ ❣❡♥❡r❛❧
❛♥❞ ❝♦♠♣❧❡t❡ st✉❞② ♦❢ t❤❡ ❙tr❛♥❣ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❉❙✵✷❛❪✳
◆♦t✐❝❡ t❤❛t ❛s ✐t ✇❛s st❛t❡❞ ✐♥ ❬❉❉▲▼✵✼❪✱ ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ♠✐❣❤t ❛♣♣❡❛r ✐♥ t❤❡ ❧♦❝❛❧ ❡rr♦r✳
❚❤✉s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r k = D = 1 ❛♥❞ ❡①♣❛♥❞ e‖V ‖∞t✱ ✇❡ ✐♥❢❡r ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t❤❛t ❢♦r
t > 0✱

‖EL(t)u0‖L2 ∝ max
(
‖∂xu0‖L2t2, ‖u0‖L2t1.5

)
✭✻✳✺✶✮

❛♥❞
‖ES(t)u0‖L2 ∝ max

(
‖∂xu0‖L2t3, ‖u0‖L2t2

)
. ✭✻✳✺✷✮

❚❤❡s❡ ❡st✐♠❛t❡s ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦rs❀ t❤❡ ✜rst t❡r♠s ❛r❡ ♠♦r❡ r❡❧❡✈❛♥t
✇❤❡♥ t ✐s s♠❛❧❧ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡s ✇❤❡♥ t ✐s ♥♦t s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ ‖∂xu0‖L2 ✐s ✈❡r② ❤✐❣❤✳
▼♦r❡ ♣r❡❝✐s❡❧② t❤❡r❡ ❡①✐sts ❛♥ ❡①♣❧✐❝✐t ❝♦♥st❛♥t θ > 0 s✉❝❤ t❤❛t ❢♦r t ≤ θ✱ ‖EL(t)u0‖L2 ✭r❡s♣✳
‖ES(t)u0‖L2✮ ❜❡❤❛✈❡s ❧✐❦❡ t2 ✭r❡s♣✳ t3✮ ❛♥❞ ❢♦r t ≥ θ✱ ‖EL(t)u0‖L2 ✭r❡s♣✳ ‖ES(t)u0‖L2✮ ❜❡❤❛✈❡s
❧✐❦❡ t1.5 ✭r❡s♣✳ t2✮✳
❚❤❡s❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ❛r❡ ✈❛❧✐❞ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ♣r♦❜❧❡♠s ♦❢ t②♣❡ ✭✻✳✷✼✮✳ ❍♦✇❡✈❡r✱ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡❢r♦♥ts✱ s✐♥❝❡ t❤❡ L2✲♥♦r♠ ♦❢ ∂xu0 ✐s ♥♦r♠❛❧❧② ✈❡r② ❤✐❣❤✱ ✐t ✐s
❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t t♦ ♦❜t❛✐♥ ❛❧t❡r♥❛t✐✈❡ ❡rr♦r ❡st✐♠❛t❡s ✇❤✐❝❤ ❞♦ ♥♦t ✐♥✈♦❧✈❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ■♥ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ L2 t♦ L2 ❡rr♦r ❡st✐♠❛t❡s ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛
✻✳✻ ❛❧❧♦✇ ✉s t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♥❡❝❡ss❛r② ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s
♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡✳

▲❡♠♠❛ ✻✳✼✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s u0 ❛♥❞ v0✱ t❤❡♥ ❢♦r ❛ ✜①❡❞ t > 0✱
t❤❡r❡ ❡①✐st κL, κS , CL, CS ∈ ❘+ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s

‖L(t)u0 − L(t)v0‖L2 ≤ ek‖V ‖∞t‖u0 − v0‖L2 , ✭✻✳✺✸✮

‖EL(t)u0 − EL(t)v0‖L2 ≤ κLCLt
√
tek‖V ‖∞t‖u0 − v0‖L2 , ✭✻✳✺✹✮

❛♥❞

‖S(t)u0 − S(t)v0‖L2 ≤ ek‖V ‖∞t‖u0 − v0‖L2 , ✭✻✳✺✺✮

‖ES(t)u0 − ES(t)v0‖L2 ≤ κSCSt
2ek‖V ‖∞t‖u0 − v0‖L2 , ✭✻✳✺✻✮

Pr♦♦❢✳ ❙✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ‖etD∂2xe−tkV (u0 − v0)‖L2 ②✐❡❧❞s ✭✻✳✺✸✮✱ ❛s ✇❡❧❧ ❛s ‖e−tkV/2etD∂2x
e−tkV/2(u0 − v0)‖L2 ②✐❡❧❞s ✭✻✳✺✺✮✳ ❇❡s✐❞❡s✱ ❡st✐♠❛t❡s ✭✻✳✺✹✮ ❛♥❞ ✭✻✳✺✻✮ ❝♦♠❡ ❢r♦♠ t❤❡ ❜♦✉♥❞s
✭✻✳✹✹✮ ❛♥❞ ✭✻✳✹✺✮ ❛♣♣❧✐❡❞ t♦ (u0 − v0) ✇✐t❤

CL = max

(
8‖∂xV ‖∞
3
√
2eD

,
‖∂2xV ‖∞

2

)
, ✭✻✳✺✼✮

CS = max

(
π‖∂2xV ‖∞

4e
,
k‖∂xV ‖2∞

12
,
D‖∂4xV ‖∞

12

)
, ✭✻✳✺✽✮

κL ≥ 1 +
√
t ❛♥❞ κS ≥ 1 + t. ✭✻✳✺✾✮



❙❡❝t✳ ✻✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ t❤❡ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ✶✹✻

◆♦t✐❝❡ t❤❛t ❜♦✉♥❞s ✭✻✳✺✹✮ ✭r❡s♣✳ ✭✻✳✺✻✮✮ ❛♥❞ ✭✻✳✺✸✮ ✭r❡s♣✳ ✭✻✳✺✺✮✮ ❝♦rr❡s♣♦♥❞ t♦ ❡st✐♠❛t❡s
✭✻✳✷✹✮ ❛♥❞ ✭✻✳✷✺✮ r❡s♣❡❝t✐✈❡❧② ✐♥ ❬●❍✵✽❪✱ ✐✳❡✳✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❧♦❝❛❧ ❡rr♦rs ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ▲✐❡ ✭r❡s♣✳ ❙tr❛♥❣✮ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✇❡
❝❛♥ ❡✈❡♥ ❝♦♥s✐❞❡r s♦♠❡ C ∈ ❘+ s✉❝❤ t❤❛t e‖V ‖∞t ≤ (1 + Ct) ❢♦r t ∈ (0, 1) ✐♥t♦ t❤❡ ❞✐✛❡r❡♥t
❡st✐♠❛t❡s✮✳ ▼♦r❡♦✈❡r✱ s❡r✐❡s ❡①♣❛♥s✐♦♥ ✭✻✳✷✸✮ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ ✭✻✳✹✹✮ ✭r❡s♣✳ ✭✻✳✹✺✮✮✳ ■♥ t❤✐s
✇❛②✱ ✇❡ ❤❛✈❡ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ❝♦♥st❛♥ts C1✱ C2 ❛♥❞ C3 ❛♣♣❡❛r✐♥❣ ✐♥t♦ ❝❧❛ss✐❝❛❧
❜♦✉♥❞ ✭✻✳✷✻✮ ❛♥❞ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❧♦❝❛❧ ❡rr♦rs ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t
r❡❛❝t✐♦♥ ✇❛✈❡s ♣❤❡♥♦♠❡♥❛ ✐♥✈♦❧✈❡ ✉s✉❛❧❧② ✇❛✈❡❢r♦♥ts ♦❢ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛♥❞ t❤❛t t❤❡r❡
✐s ♥♦ s✉❝❤ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st ✐♥ ✉t✐❧✐③✐♥❣ ✈❡r② s♠❛❧❧ t✐♠❡ st❡♣s ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡♠✳ ❇❡s✐❞❡s✱
❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡ ♥❡❝❡ss❛r② ▲✐♣s❝❤✐t③ r❡❧❛t✐♦♥s
❢r♦♠ L2 t♦ L2 s♣❛❝❡s✳

P❛r❛r❡❛❧ ❈♦♥✈❡r❣❡♥❝❡ ❆♥❛❧②s✐s

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ✉s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛❧✲
❣♦r✐t❤♠✳ ■ts ❞❡♠♦♥str❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r❡❧✐♠✐♥❛r② ❧❡♠♠❛s st❛t❡❞ ❜❡❢♦r❡ ❛♥❞ ♦♥ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❞❡✈❡❧♦♣❡❞ ❜② ❬●❍✵✽❪✳ ❋♦r r❡❛s♦♥s ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ t❤❡
t✐♠❡ s✉❜❞♦♠❛✐♥s ❛r❡ ♦❢ t❤❡ s❛♠❡ s✐③❡✱ ✐✳❡✳✱∆T := T/N ✱ ❛♥❞ Tn = n∆T ❢♦r n = 0, 1, . . . , N ✳

❚❤❡♦r❡♠ ✻✳✽✳ ▲❡t F∆T (Un−1) ❜❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ♦♥ t✐♠❡ s✉❜❞♦♠❛✐♥
In−1✳ ■❢ G∆T (Un−1) ✐s t❤❡ ▲✐❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞❡❞ ❜② ✭✻✳✹✹✮ s❛t✐s❢②✐♥❣
✭✻✳✺✸✮ ❛♥❞ ✭✻✳✺✹✮✱ t❤❡♥ ❛t ✐t❡r❛t✐♦♥ i ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮✱ t❤❡r❡ ❡①✐st s♦♠❡ ✜♥✐t❡
κL, κS , CL, CS ,ΛTn ∈ ❘+ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

‖u(Tn)− Ũ in‖L2 ≤ ΛTn
(κLCLTn)

i+1

(i+ 1)!
∆T (i+1)/2 ✭✻✳✻✵✮

✇✐t❤ ΛTn = ‖u0‖L2ek‖V ‖∞Tn ✳ ❖t❤❡r✇✐s❡✱ ✐❢ G∆T (Un−1) ✐s t❤❡ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✇✐t❤
❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞❡❞ ❜② ✭✻✳✹✺✮ s❛t✐s❢②✐♥❣ ✭✻✳✺✺✮ ❛♥❞ ✭✻✳✺✻✮✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

‖u(Tn)− Ũ in‖L2 ≤ ΛTn
(κSCSTn)

i+1

(i+ 1)!
∆T (i+1). ✭✻✳✻✶✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❝♦♥❞✉❝t❡❞ ✐♥ ❬●❍✵✽❪✳ ❋r♦♠ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮✱
❝♦♥s✐❞❡r✐♥❣ t❤❛t F ✐s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✼✮ ❛♥❞ ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ G∆T (u(Tn−1))✱
✇❡ ♦❜t❛✐♥

u(Tn)− Ũ i+1
n = F∆T (u(Tn−1))− G∆T (u(Tn−1))

−
(
F∆T (Ũ in−1)− G∆T (Ũ in−1)

)
+ G∆T (u(Tn−1))− G∆T (Ũ i+1

n−1). ✭✻✳✻✷✮

❍❡♥❝❡✱ t❛❦✐♥❣ ♥♦r♠s ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ✭✻✳✺✹✮ ✭♦r ✭✻✳✺✻✮✮ ❛♥❞ ✭✻✳✺✸✮ ✭♦r ✭✻✳✺✺✮✮✱ t❤❡r❡ ❡①✐st s♦♠❡
α ❛♥❞ β s✉❝❤ t❤❛t

‖u(Tn)− Ũ i+1
n ‖L2 ≤ α‖u(Tn−1)− Ũ in−1‖L2 + β‖u(Tn−1)− Ũ i+1

n−1‖L2 . ✭✻✳✻✸✮

❚❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❧❡❛❞ ✉s t♦ st✉❞② t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

ei+1
n = αein−1 + βei+1

n−1, e0n = γ + βe0n−1, ✭✻✳✻✹✮
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✇❤❡r❡ ein ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ‖u(Tn)− Ũ in‖L2 ✱ t❤❡ ❣❧♦❜❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡ ❛t Tn
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u(t)✳ ❆❢t❡r ✐♥❞✉❝t✐♦♥ ❛♥❞ ✉s✐♥❣ t❤❡ ❜✐♥♦♠✐❛❧ s❡r✐❡s ❡①♣❛♥s✐♦♥✱
✇❡ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞ ❬●❍✵✽❪

ein ≤ γαiβn−i−1

(
n

i+ 1

)
. ✭✻✳✻✺✮

■❢ G ✐s t❤❡ ▲✐❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✱

α = κLCL∆T
√
∆T ek‖V ‖∞∆T ,

β = ek‖V ‖∞∆T ,

γ = κLCL∆T
√
∆T ek‖V ‖∞∆T ‖u0‖L2 ,





✭✻✳✻✻✮

t❤❡♥✱

‖u(Tn)− Ũ in‖L2 ≤

‖u0‖L2

(κLCL∆T
√
∆T ek‖V ‖∞∆T )i+1

(i+ 1)!
(ek‖V ‖∞∆T )n−i−1

i∏

j=0

(n− j)

≤ ‖u0‖L2(ek‖V ‖∞∆T )n
(κLCLn∆T

√
∆T )i+1

(i+ 1)!

≤ ‖u0‖L2ek‖V ‖∞Tn (κLCLTn)
i+1

(i+ 1)!
∆T (i+1)/2. ✭✻✳✻✼✮

■❢ G ✐s t❤❡ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ♣r♦❝❡ss t♦ ♦❜t❛✐♥ ✭✻✳✻✶✮ ✇✐t❤

α = κSCS∆T
2ek‖V ‖∞∆T ,

β = ek‖V ‖∞∆T ,

γ = κSCS∆T
2ek‖V ‖∞∆T ‖u0‖L2 .





✭✻✳✻✽✮

❚❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s s✉♣❡r❧✐♥❡❛r❧② ✇✐t❤ r❡✲
s♣❡❝t t♦ i ❛♥❞ ❜❡❤❛✈❡s ❛s ❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r p(i+ 1) ❢♦r ❛ ♣r♦❜❧❡♠ ♦❢ t②♣❡ ✭✻✳✷✼✮ ❛♥❞ ❛ ✜♥✐t❡
T ✳ ◆♦t✐❝❡ t❤❛t t❤✐s t✐♠❡ p = 1/2 ❢♦r t❤❡ ▲✐❡ ❢♦r♠✉❧❛ ✐♥st❡❛❞ ♦❢ ❝❧❛ss✐❝❛❧ ❣❧♦❜❛❧ ♦r❞❡r 1 ❛♥❞
p = 1 ❢♦r ❙tr❛♥❣ ✐♥st❡❛❞ ♦❢ 2✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r❞❡r r❡❞✉❝t✐♦♥ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ❛♥❞ ♣r♦✈❡♥
✐♥ ❬❉❉▲▼✵✼❪✳ ❚❤✉s✱ r❡s✉❧ts ✭✻✳✻✵✮ ❛♥❞ ✭✻✳✻✶✮ ❞♦ ♥♦t ❝♦♥tr❛❞✐❝t t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❢r♦♠ t❤❡
❧✐t❡r❛t✉r❡ ❜✉t ❝♦♠♣❧❡♠❡♥t t❤❡♠✱ ❣✐✈✐♥❣ ♥❡✇ ❛♥❞ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥s✐❣❤ts t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥ ❢❛❝t✱ ❛❧❧ t❤❡ t❡r♠s ✐♥t♦ ❜♦✉♥❞s ✭✻✳✻✵✮ ❛♥❞ ✭✻✳✻✶✮ ❛r❡ ❦♥♦✇♥ ♦r ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ❢♦r ❛ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ t②♣❡ ✭✻✳✷✼✮✱ ❡✈❡♥ ♠♦r❡✱ ❝♦♥st❛♥ts CL✱ CS ✱ κL ❛♥❞ κS ❤❛✈❡
❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✼✳ ❚❤✐s ♠❡❛♥s t❤❛t ♠♦r❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❢♦r ❛ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t❡❣②✳

✻✳✸✳✸ P❛r❛r❡❛❧ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r ❘❡❛❝t✐♦♥ ❲❛✈❡s

❚❤❡♦r❡♠ ✻✳✽ ❣✐✈❡s ✉s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✇❤✐❧❡ ❛♣♣❧②✐♥❣ ❛ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t✲
❡❣② ♦♥ ❛ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ t②♣❡ ✭✻✳✷✼✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✇✐❧❧ ♥♦✇ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts t♦
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t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ r❡❛❝t✐♦♥ ✇❛✈❡s ♣❤❡♥♦♠❡♥❛✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ st❡❛❞② s❡❧❢✲s✐♠✐❧❛r ✇❛✈❡s✱ ✐✳❡✳✱ ♣❛r❛❜♦❧✐❝ P❉❊s ♦❢ t②♣❡ ✭✻✳✶✹✮ ✇✐t❤ s♦❧✉t✐♦♥

u(x, t) = u0(x− ct), ✭✻✳✻✾✮

✇❤❡r❡ c ✐s t❤❡ st❡❛❞② s♣❡❡❞ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳
❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇❡❞ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ♣r♦❜❧❡♠s ✭✻✳✷✼✮ ❛♥❞ ✭✻✳✶✹✮✱ ❢✉rt❤❡r♠♦r❡ ❛ s✐♠✲
♣❧❡ ❞✐♠❡♥s✐♦♥❧❡ss ❛♥❛❧②s✐s ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡s ②✐❡❧❞ ❡①♣r❡ss✐♦♥s ✭✻✳✷✾✮ ❛♥❞ ✭✻✳✸✵✮ ✇✐t❤ s❝❛❧✐♥❣
❝♦♥st❛♥ts D ❛♥❞ k ✭s❡❡ ❬●❙✾✹❪✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t ❢♦r ❛♥ ✐♥t❡❣❡r s > 0✱

∂sxV (x) = ∂sxf
′(u0) = ∂s−1

x (f ′′(u0)∂xu0). ✭✻✳✼✵✮

❚❛❦✐♥❣ ♥♦r♠s ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✭✻✳✸✵✮ ✉♥❞❡r ❝♦♥❞✐t✐♦♥ kD = 1✱ ✇❡ ♦❜t❛✐♥ t❤❛t

‖∂sxV (x)‖∞ = ‖∂sxf ′(u0)‖∞ = ‖∂s−1
x (f ′′(u0)∂xu0)‖∞ = ks‖∂s−1

x (f ′′(u0)∂xū0)‖∞, ✭✻✳✼✶✮

✇❤❡r❡ ū(x, t) = ū0(x − ct) ✐s ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✹✮ ✇❤❡♥ k = 1✳ ▼♦r❡♦✈❡r✱ ❢♦❧❧♦✇✐♥❣
✭✻✳✷✾✮✱ ❝♦♥❞✐t✐♦♥ Dk = 1 ✐♠♣❧✐❡s ❝♦♥st❛♥t s♣❡❡❞ c ❢♦r ❛❧❧ k✳ ❚❤❡♥✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ▲❡♠♠❛ ✻✳✼
❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✻✳✾✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s u0 ❛♥❞ v0✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t ✉s ❛s✲
s✉♠❡ t❤❛t Dk = 1 ❛♥❞ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✻✳✼✶✮ ✐s s❛t✐s✜❡❞✳ ❉❡♥♦t✐♥❣ ❜② EL(t) = et(D∂

2
x−kf

′(u0))−
L(t)✱ ES(t) = et(D∂

2
x−kf

′(u0))−S(t) ❛♥❞ τ = kt✱ t❤❡♥ ❢♦r ❛ ✜①❡❞ t > 0 t❤❡r❡ ❡①✐st κL, κS , CL, CS ∈
❘+ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s

‖EL(t)u0 − EL(t)v0‖L2 ≤ κLCLτ
√
τe‖f

′(u0)‖∞τ‖u0 − v0‖L2 , ✭✻✳✼✷✮

❛♥❞

‖ES(t)u0 − ES(t)v0‖L2 ≤ κSCSτ
2e‖f

′(u0)‖∞τ‖u0 − v0‖L2 . ✭✻✳✼✸✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✼✷✮ ❛♥❞ ✭✻✳✼✸✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥✱ ❝♦♥s✐❞❡r✐♥❣ ✭✻✳✼✶✮ ❛♥❞
r❡✇r✐t✐♥❣ ✭✻✳✹✹✮ ❛♥❞ ✭✻✳✹✺✮ ❛s

‖EL(t)u0‖L2 ≤
(
8

3
t
√
t

(
k‖g(u0)‖∞√

2eD

)
+
t2

2
k2‖∂xg(u0)‖∞

)
ek‖f

′(u0)‖∞t‖u0‖L2 , ✭✻✳✼✹✮

‖ES(t)u0‖L2 ≤
(
t2

4

(π
e
k2‖∂xg(u0)‖∞

)

+
t3

12

(
k3‖g(u0)‖2∞ +Dk4‖∂3xg(u0)‖∞

))
ek‖f

′(u0)‖∞t‖u0‖L2 , ✭✻✳✼✺✮

✇❤❡r❡ g(u0) = f ′′(u0)∂xū0✱ t❤❡♥ ✇❡ t❛❦❡ Dk = 1✱ τ = kt ❛♥❞ r❡❞❡✜♥❡ CL ❛♥❞ CS ❛s

CL = max

(
8‖g(u0)‖∞

3
√
2e

,
‖∂xg(u0)‖∞

2

)
, ✭✻✳✼✻✮

CS = max

(
π‖∂xg(u0)‖∞

4e
,
‖g(u0)‖2∞

12
,
‖∂3xg(u0)‖∞

12

)
. ✭✻✳✼✼✮

❲✐t❤ t❤✐s ❧❡♠♠❛✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✻✳✽ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
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❈♦r♦❧❧❛r② ✻✳✶✵✳ ▲❡t F∆T (Un−1) ❜❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✷✼✮ ♦♥ t✐♠❡ s✉❜❞♦♠❛✐♥
In−1✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t Dk = 1 ❛♥❞ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✻✳✼✶✮ ✐s s❛t✐s✜❡❞✳ ■❢
G∆T (Un−1) ✐s t❤❡ ▲✐❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞❡❞ ❜② ✭✻✳✼✷✮ s❛t✐s❢②✐♥❣ ✭✻✳✺✸✮✱
t❤❡♥ ❛t ✐t❡r❛t✐♦♥ i ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮✱ t❤❡r❡ ❡①✐st s♦♠❡ ✜♥✐t❡ κL, κS , CL, CS ,ΛTn ∈
❘+ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

‖u(Tn)− Ũ in‖L2 ≤ ΛTn
(κLCLkTn)

i+1

(i+ 1)!
(k∆T )(i+1)/2 ✭✻✳✼✽✮

✇✐t❤ ΛTn = ‖u0‖L2e‖f
′(u0)‖∞kTn ✳ ❖t❤❡r✇✐s❡✱ ✐❢ G∆T (Un−1) ✐s t❤❡ ❙tr❛♥❣ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞❡❞ ❜② ✭✻✳✼✸✮ s❛t✐s❢②✐♥❣ ✭✻✳✺✺✮✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

‖u(Tn)− Ũ in‖L2 ≤ ΛTn
(κSCSkTn)

i+1

(i+ 1)!
(k∆T )(i+1). ✭✻✳✼✾✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♠❡s ♦✉t ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✽ ❛♥❞ ▲❡♠♠❛ ✻✳✾✱ ❝♦♥s✐❞❡r✐♥❣ Dk = 1
❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✻✳✼✶✮✳

❲❡ s❡❡ t❤❛t ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✱ ❛❧❧ t❤❡ t❡r♠s ✐♥ ❜♦✉♥❞s ✭✻✳✼✽✮ ❛♥❞ ✭✻✳✼✾✮ ❛r❡ ❦♥♦✇♥ ♦r ❝❛♥
❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ t②♣❡ ✭✻✳✷✼✮ s❛t✐s❢②✐♥❣ ✭✻✳✼✶✮✳ ▼♦r❡♦✈❡r✱ ❝♦♥st❛♥ts CL✱
CS ✱ κL ❛♥❞ κS ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✾ ❛♥❞ t❤✐s t✐♠❡✱ CL ❛♥❞ CS

❛r❡ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❝♦❡✣❝✐❡♥ts k ❛♥❞ D✱ s♦ t❤❡② ❛r❡ ✈❛❧✐❞ ❢♦r ❛♥② s♣❡❡❞✴❣r❛❞✐❡♥t
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳ ❇② t❤❡ ✇❛②✱ ❢r♦♠ ❜♦✉♥❞s ♦❢ ▲❡♠♠❛ ✻✳✾ ❛s ✇❡❧❧ ❛s t❤♦s❡ ♦❢
❈♦r♦❧❧❛r② ✻✳✶✵✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❝♦❡✣❝✐❡♥t k ❛s ❛ t✐♠❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r t❤r♦✉❣❤ τ = kt✳
❋r♦♠ t❤❡s❡ r❡s✉❧ts ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ▲✐❡ ✭r❡s♣✳
❙tr❛♥❣✮ ❝❛s❡ ❜❡❤❛✈❡s ❧✐❦❡ k1.5 ✭r❡s♣✳ k2✮ ❢♦r ❛ ✜①❡❞ ∆T ✳ ❆♥❞ ❛s ❡st❛❜❧✐s❤❡❞ ❜② ❝♦♥❞✐t✐♦♥
✭✻✳✸✵✮✱ ❤✐❣❤❡r k ✐♠♣❧✐❡s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡❢r♦♥ts ✇✐t❤ ❤✐❣❤❡r s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛t t❤❡ s❛♠❡
s♣❡❡❞✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❡st❛❜❧✐s❤❡s ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦♥t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✳

❈♦r♦❧❧❛r② ✻✳✶✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r ▲❡♠♠❛ ✻✳✾ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✶✵✳ ❉❡♥♦t✐♥❣ ❜② Ein = ‖u(Tn)−
Ũ in‖L2 ✇✐t❤ ✜①❡❞ k ≥ 1 ✐♥t♦ ✭✻✳✷✼✮✳ ❚❤❡♥✱ ❛t ✐t❡r❛t✐♦♥ i ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✭✻✳✺✮✱ t❤❡r❡
❡①✐st s♦♠❡ ✜♥✐t❡ A,B, q ∈ ❘+ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

Ein ≤ eA+(i+1)qBE
i
n, ✭✻✳✽✵✮

✇❤❡r❡ E
i
n ✐s ❛ ✜①❡❞ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ♦❢ Ein ✇✐t❤ k = D = 1 ✐♥ ✭✻✳✷✼✮✳

Pr♦♦❢✳ ❋r♦♠ ❈♦r♦❧❧❛r② ✻✳✶✵✱ ✇❡ ❤❛✈❡

Ein ≤ ΛTnk
q(i+1) (κGCGTn)

i+1

(i+ 1)!
∆T (q−1)(i+1), ✭✻✳✽✶✮

✇✐t❤ q = 3/2✱ CG = CL ❛♥❞ κG = κL ✭r❡s♣✳ q = 2✱ CG = CS ❛♥❞ κG = κS✮ ✐❢ G ✐s t❤❡ ▲✐❡
✭r❡s♣✳ ❙tr❛♥❣✮ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✳
❆❢t❡r s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥

lnEin ≤ (k − 1)‖f ′(u0)‖∞Tn + q(i+ 1) ln k + lnE
i
n, ✭✻✳✽✷✮

t❤❛t ②✐❡❧❞s ✭✻✳✽✵✮ ✇✐t❤

A ≥ (k − 1)‖f ′(u0)‖∞Tn ❛♥❞ B ≥ ln k. ✭✻✳✽✸✮



❙❡❝t✳ ✻✳✹ ✲ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✶✺✵

❚❤✉s✱ ❈♦r♦❧❧❛r② ✻✳✶✶ ❡st❛❜❧✐s❤❡s t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ✜①❡❞
k ✐♥t♦ ✭✻✳✷✼✮❀ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❤✐❣❤❡st s♣❛t✐❛❧ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s❤❛r♣❡r ✇❛✈❡❢r♦♥ts
✭❤✐❣❤❡r k✮ ✐♠♣❧✐❡s ✇❡❛❦❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s s✐♥❝❡ ❝♦♥st❛♥ts A ❛♥❞ B ✐♥t♦ ✭✻✳✽✵✮ ✐♥❝r❡❛s❡✳ ❚❤✐s
❝❛♥ ❜❡ ❡❛s✐❧② s❤♦✇♥ ❢r♦♠ ✭✻✳✽✵✮ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡ rn(i)✿

lnEin − lnE
i
n ≤ rn(i) = A+ (i+ 1)qB, ✭✻✳✽✹✮

✇❤❡r❡ ✇❡ s❡❡ t❤❛t ✐ts s❧♦♣❡ ✐s ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ln k t❤r♦✉❣❤ B ∝ ln k ❢♦r t❤❡ s❛♠❡
❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✱ ✐✳❡✳✱ s❛♠❡ q❀ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❣❡ts ❧♦✇❡r ✇❤❡♥ s❤❛r♣❡r s♣❛t✐❛❧
❣r❛❞✐❡♥ts ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ s♦❧✉t✐♦♥✳
◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡s❡ r❡s✉❧ts t❤❛t ❡①♣❧❛✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠
✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❛s t❤❡ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ✇❡ ♥❡❡❞
t♦ ✈❛❧✐❞❛t❡ t❤❡♠ ✇✐t❤ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤✐s ✐s t❤❡ ❣♦❛❧ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✻✳✹ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ✐❧❧✉str❛t✐♥❣ s✐♠✉❧❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ✜rst✱ ✈❛❧✐❞❛t❡ t❤❡
t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❜❡❢♦r❡✱ ❛♥❞ s❡❝♦♥❞❧②✱ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉❝❤ ❛❧❣♦✲
r✐t❤♠s ♦♥ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡ ♣❤❡♥♦♠❡♥❛✳ ❇♦t❤ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠❡ ❢r♦♠ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s❀ ♥❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♠✐❣❤t ❜❡ ❡①✲
t❡♥❞❡❞ t♦ s✐♠✐❧❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧s ✐♥ ♦t❤❡r ❞♦♠❛✐♥s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ✶❉ ❑PP ♠♦❞❡❧
✐s ❛ ❝❧❛r✐❢②✐♥❣ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❞❡❞✉❝❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❛r❛r❡❛❧ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡❞
♦♥ s✉❝❤ t②♣❡ ♦❢ ♣r♦❜❧❡♠s✳ ❚❤❡♥✱ ✇✐t❤ ❛ ♠♦r❡ ❡✣❝✐❡♥t ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ str❛t❡❣② ✐♥s♣✐r❡❞ ❜②
❬❉❉❉+✶✷✱ ❉▼❉+✶✷❪✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧✱ t❤❡ ✶❉ ❛♥❞ ✷❉ ❇❩ s②st❡♠✱
t❤❛t ✇✐❧❧ ❛❧s♦ ❝♦♥✜r♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛♥❞ ✇✐❧❧ ❣✐✈❡ ✉s s♦♠❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ str❛t❡❣✐❡s ❢♦r t❤❡s❡ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✳

✻✳✹✳✶ ✶❉ ❑PP ❊q✉❛t✐♦♥

❋♦❧❧♦✇✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞✱ ✇❡ ❢♦❝✉s ✐♥ t❤✐s ♣❛rt ♦♥ t❤❡ ♥✉✲
♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ s♣❧✐tt✐♥❣ s♦❧✈❡rs ✐♥ ❛ t②♣✐❝❛❧
♥♦♥❧✐♥❡❛r ❢r❛♠❡✇♦r❦ ♦❢ st✐✛ tr❛✈❡❧✐♥❣ ✇❛✈❡s✳ ▲❡t ✉s ✜rst r❡❝❛❧❧ t❤❡ ❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦✐✐✲
P✐s❦✉♥♦✈ ♠♦❞❡❧✳ ■♥ t❤❡✐r ♦r✐❣✐♥❛❧ ♣❛♣❡r ❞❛t❡❞ ✐♥ ✶✾✸✼ ❬❑PP✸✼❪✱ t❤❡s❡ ❛✉t❤♦rs ✐♥tr♦❞✉❝❡❞ ❛
♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ✈✐r✉s ❛♥❞ t❤❡ ✜rst r✐❣♦r♦✉s ❛♥❛❧②s✐s ♦❢ ❛ st❛❜❧❡ tr❛✈❡❧✐♥❣
✇❛✈❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❬●❙✾✹✱ ❱❱❱✾✹❪✳ ❚❤❡ ❡q✉❛t✐♦♥ ✐s t❤❡
❢♦❧❧♦✇✐♥❣✿

∂tu−D∆u = k u2(1− u), ✭✻✳✽✺✮

✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♠♦❞❡❧ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❬●❙✾✹❪✳ ❚❤✉s✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❛♥❛❧②s✐s s❤♦✇s t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ D = 1 ❛♥❞ k = 1✱ t❤❡
✈❡❧♦❝✐t② ♦❢ t❤❡ s❡❧❢✲s✐♠✐❧❛r tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s c = 1/

√
2 ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❣r❛❞✐❡♥t ✈❛❧✉❡ r❡❛❝❤❡s

1/
√
32✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✇❛✈❡ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✶ ✇✐t❤ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 5001

♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛❧ [−70, 70] ❛♥❞ ❛ t✐♠❡ ✈❛r②✐♥❣ ✐♥ [0, 30] ❞✐✈✐❞❡❞ ✐♥t♦ ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s✳
❚❤❡ ❦❡② ♣♦✐♥t ♦❢ t❤✐s ✐❧❧✉str❛t✐♦♥ ✐s t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
(kD)1/2✱ ✇❤❡r❡❛s t❤❡ ♠❛①✐♠❛❧ ❣r❛❞✐❡♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ (k/D)1/2✳ ❚❤✉s✱ s✇✐t❝❤✐♥❣ t♦ ✈❛❧✉❡s
k = 10.0 ❛♥❞ D = 0.1✱ t❤❡ ✈❡❧♦❝✐t② ✐s ♣r❡s❡r✈❡❞✱ ❜✉t t❤❡ ♠❛①✐♠❛❧ ❣r❛❞✐❡♥t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛
❢❛❝t♦r ♦❢ 10 ❛♥❞ ✐♥tr♦❞✉❝❡s st✐✛♥❡ss ✐♥ t❤❡ ❡q✉❛t✐♦♥✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✷✳ ❋♦r t❤❡ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ✇❛✈❡✱ ❤♦✇❡✈❡r ✏st✐✛✑✱ ✐s ❛❧✇❛②s ✇❡❧❧ s♦❧✈❡❞ ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞
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❣r✐❞✳ ❚❤✐s ♠♦❞❡❧ ✐s t❤❡♥ ❛ ✈❡r② s✉✐t❛❜❧❡ ❡①❛♠♣❧❡ ❜❡❝❛✉s❡ ✐t ❝♦✐♥❝✐❞❡s ♣❡r❢❡❝t❧② ✇✐t❤ t❤❡ ❣❡♥❡r❛❧
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ str✉❝t✉r❡ ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t ♦✉r t❤❡♦r❡t✐❝❛❧ st✉❞②✳
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❋✐❣✳ ✻✳✶✿ ❙t❛♥❞❛r❞ ❑PP tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 5001 ♣♦✐♥ts ♦♥ t❤❡ [−70, 70] r❡❣✐♦♥✳ ❙❡❧❢✲
s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳
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❋✐❣✳ ✻✳✷✿ ✏❙t✐✛✑ ❑PP tr❛✈❡❧✐♥❣ ✇❛✈❡✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 5001 ♣♦✐♥ts ♦♥ t❤❡ [−70, 70] r❡❣✐♦♥✳ ❙❡❧❢✲
s✐♠✐❧❛r s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳

❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ ❧✐♥❡s ✇✐t❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❡❝♦♥❞ ♦r❞❡r ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡
✐♠♣❧✐❡s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐♥ ✭✻✳✽✺✮ ❛♥❞ t❤✉s✱ ❧❡❛❞s t♦ ❛ s②st❡♠ ♦❢ ♥♦♥✲
❧✐♥❡❛r ❖❉❊s✳ ❋♦r t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡✱ ✇❡ t❤❡♥ ♥❡❡❞ t❤❡ ✜♥❡ ❛♥❞ ❝♦❛rs❡ t❡♠♣♦r❛❧ ✐♥t❡❣r❛t✐♦♥s
♦❢ t❤✐s s❡♠✐✲❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠✳ ❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❡ ❝❤♦♦s❡ ❛ ▲✐❡ ✭♦r
❙tr❛♥❣✮ s♣❧✐t s❝❤❡♠❡ ❛s t❤❡ ❝♦❛rs❡ s♦❧✈❡r ❛♥❞ ❛ ✈❡r② ❛❝❝✉r❛t❡ ▲✐❡ ✭♦r ❙tr❛♥❣✮ s♣❧✐t s❝❤❡♠❡ ❛s
t❤❡ ✜♥❡ ♦♥❡✱ t❤❡ ❧❛tt❡r ❝♦♥s✐❞❡rs s♠❛❧❧❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ■♥ ❛❧❧ ❝❛s❡s✱ ❡❛❝❤ ♦❢ t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ s✉❜st❡♣s ✭r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ s✉❜st❡♣s✮ ✐s ✐♥t❡❣r❛t❡❞ ❜② ❛♥ ✉♥✐q✉❡ ❛♥❞ ✈❡r② ❛❝✲
❝✉r❛t❡ s♦❧✈❡r ✐♥ t✐♠❡✿ ▲❙❖❉❊ ✇✐t❤ ✈❡r② ✜♥❡ ♣r❡❞❡✜♥❡❞ t♦❧❡r❛♥❝❡s✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❞❡❝♦✉♣❧❡
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t❤❡ ❡rr♦rs ♦r✐❣✐♥❛t❡❞ ❜② t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐ts❡❧❢ ❢r♦♠ t❤❡ ❡rr♦rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ t❡♠♣♦r❛❧
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s✉❜st❡♣s✱ ✐♥ ♦r❞❡r t♦ r❡♠❛✐♥ ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ❝♦♥❞✉❝t❡❞
✐♥ t❤❡ ♣❛♣❡r✳
❲❡ st❛rt ❢r♦♠ ❛♥ ❛❧r❡❛❞② s❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♣❛r❛r❡❛❧ s♦❧✉t✐♦♥
t♦ r❡♣r♦❞✉❝❡ t❤❡ ❝♦rr❡❝t s❡❧❢✲s✐♠✐❧❛r ♣r♦✜❧❡✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r ❜♦t❤ ✜♥❡ ❛♥❞ ❝♦❛rs❡
s♦❧✈❡rs✱ ❛r❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t t❤❡ ✇❛✈❡ s♣❡❡❞ ✐s ❝♦rr❡❝t❧② ❝❛❧❝✉❧❛t❡❞✳ ❋✐❣✉r❡ ✻✳✸ ❛♥❞ ✻✳✹ ❜❡❧♦✇
s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
♣❛r❛r❡❛❧ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥s t♦✇❛r❞s t❤❡ ✜♥❡ s♦❧✉t✐♦♥✱ ❝♦♠♣✉t❡❞ s❡♣❛r❛t❡❧② ❛♥❞ s❡q✉❡♥t✐❛❧❧② ❜②
t❤❡ ✜♥❡ s♦❧✈❡r✳ ❚❤❡ ✜rst ✐t❡r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ t✐♠❡
❞♦♠❛✐♥ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ N = 128 t✐♠❡ s✉❜❞♦♠❛✐♥s✳
■♥ ❋✐❣✉r❡ ✻✳✸✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ✇❡ ♦❜s❡r✈❡ ❛ ❝❧❡❛♥ ❛♥❞ ❢❛st ✐t❡r❛t✐✈❡ ❡✈♦❧✉t✐♦♥ t♦✇❛r❞s ❝♦♥✈❡r✲
❣❡♥❝❡ ♦❢ t❤❡ ▲✐❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡❞ t♦ t❤❡ st❛♥❞❛r❞ ❑PP ❡q✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ ♦♥❧② 10 ♦✈❡r
128 s✉❜❞♦♠❛✐♥s ❤❛✈❡ ❜❡❡♥ s♦❧✈❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ✜♥❡ s♦❧✈❡r t♦ ❛❝❤✐❡✈❡ t❤❡ ✜♥❡ ❛❝❝✉r❛❝②✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ♠✉❝❤ ♠♦r❡ ❧♦✇❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s s❤♦✇♥ ✇❤✐❧❡ ❛♣♣❧②✐♥❣
t❤❡ ♣❛r❛r❡❛❧ ▲✐❡ s❝❤❡♠❡ t♦ t❤❡ ✏st✐✛✑ ❑PP ❡q✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ ❛❢t❡r 15 ✐t❡r❛t✐♦♥s ✇❡ ❛r❡ ✈❡r②
❢❛r ❢r♦♠ t❤❡ ❛❝❝✉r❛❝② ♦❜t❛✐♥❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ ❝❛s❡✳
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slope 1.5

❋✐❣✳ ✻✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15 ❢♦r ✶❉
❑PP ❡q✉❛t✐♦♥ ❢♦r t❤❡ ▲✐❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳

❚❤❡ ❦❡② ♣♦✐♥t ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❡①❤✐❜✐t❡❞ ❜② t❤❡ ✏st✐✛✑
❝❛s❡✱ ✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡ ✐s t❤❡ s❛♠❡✱ ❜✉t t❤❡ ♠❛①✐♠❛❧ ❣r❛❞✐❡♥t ✐s t❡♥ t✐♠❡s ❤✐❣❤❡r✳
❚❤✉s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧✐♥❡ ❞❡✜♥❡❞ ❜② ✭✻✳✽✹✮ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✻✳✶✶ ✇❤❡r❡ B = 1
s✐♥❝❡ k = 10 ✭❝♦♥s✐❞❡r✐♥❣ log ✐♥st❡❛❞ ♦❢ ln✮✱ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ ❛ str❛✐❣❤t ❧✐♥❡ ♦❢ s❧♦♣❡ q = 1.5 ✐♥
♦r❞❡r t♦ s❤♦✇ t❤❡ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t t♦ t❤❡ ❜♦✉♥❞ ♣r❡❞✐❝t❡❞ ❜② t❤❡ t❤❡♦r②✳
❚❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛r✐s❡ ❢r♦♠ t❤❡ ❙tr❛♥❣ ❝❛s❡✱ ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✹✱ ✇❤❡r❡ t❤✐s t✐♠❡
q = 2✱ ❛s ❡st❛❜❧✐s❤❡❞ ✐♥t♦ ❈♦r♦❧❧❛r② ✻✳✶✶✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡ ❛♣♣❧✐❡❞ t♦ t❤❡
st❛♥❞❛r❞ ❑PP ❡q✉❛t✐♦♥ ❝♦♥✈❡r❣❡s ❢❛st❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ▲✐❡ ❝❛s❡✱ ❛s ❛ ❙tr❛♥❣ s❝❤❡♠❡
✐s ♥❛t✉r❛❧❧② ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛t ❛ ▲✐❡ ♦♥❡✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ❧❡ss ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞
❝♦♥✈❡r❣❡♥❝❡ ❛❢t❡r 5 ✐t❡r❛t✐♦♥s✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡ st✐✛ ❝❛s❡ ♣r❛❝t✐❝❛❧❧② ❝♦♥✈❡r❣❡s ❛❢t❡r 15
✐t❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✇❛s ♥♦t t❤❡ ❝❛s❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ▲✐❡ ❛♣♣❧✐❝❛t✐♦♥ ✭❋✐❣✉r❡ ✻✳✸✮✳ ❚❤❡r❡❢♦r❡✱
❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ▲✐❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡r❡ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ s♠❛❧❧❡r s♦
t❤❛t t❤❡ st✐✛ ❝❛s❡ ❝♦♥✈❡r❣❡s ❝♦♠♣❧❡t❡❧②✳ ❋✐❣✉r❡ ✻✳✺ ❞❡s❝r✐❜❡s t❤✐s s✐t✉❛t✐♦♥ ✇❤❡r❡ ♦♥❝❡ ❛❣❛✐♥
t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛r❡ ✈❛❧✐❞❛t❡❞ ❛♥❞ ❢♦r ✇❤✐❝❤ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ❛❢t❡r 5 ✭r❡s♣✳ 9✮
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❋✐❣✳ ✻✳✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15 ❢♦r ✶❉
❑PP ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡✳

2 3 4 5 6 7 8 9 10
−15

−10

−5

0

5

10

15

Iteration number

lo
g
(L

2
 E

rr
o
r)

 

 

KPP

stiff KPP

Error
stiff KPP

 − Error
KPP

slope 1.5

❋✐❣✳ ✻✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛t t✐♠❡ t = 15 ❢♦r ✶❉
❑PP ❡q✉❛t✐♦♥ ❢♦r ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ▲✐❡ s❝❤❡♠❡✳

▲❡t ✉s ✜♥❛❧❧② s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✇✐t❤ ❛ ❝♦❛rs❡ s♦❧✈❡r t❤❛t ❝♦♥s✐❞❡rs t❤❡ ✐♥✐t✐❛❧ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠ ✐♥st❡❛❞ ♦❢ t❤❡ s♣❧✐t ♦♥❡✳ ❚♦ ❧✐♠✐t ✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ❧❡t ✉s ❝♦♥s✐❞❡r
❛♥ ❡①♣❧✐❝✐t s♦❧✈❡r s✉❝❤ ✉s ❘❖❈❑✹ ❬❆❜❞✵✷❪✳ ❚❤✐s ❛❧t❡r♥❛t✐✈❡ ♠✐❣❤t ♥♦t ❜❡ ❛❧✇❛②s ❢❡❛s✐❜❧❡
❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ♦❢ t❤✐s ♠❡t❤♦❞ ✇❤❡♥ tr❡❛t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤
✐♠♣♦rt❛♥t ✐♠❛❣✐♥❛r② ♣❛rt ❡✐❣❡♥✈❛❧✉❡s ✭s❡❡ ❬❆❜❞✵✷❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❲❡ r❡♣r♦❞✉❝❡ ✐♥ ❋✐❣✉r❡
✻✳✻✱ t❤❡ ❢♦r♠❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢♦✉♥❞ ✐♥ t❤❡ ▲✐❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋✐❣✉r❡ ✻✳✸ ❢♦r ❜♦t❤✱ t❤❡
st❛♥❞❛r❞ ❛♥❞ st✐✛ ❑PP ❡q✉❛t✐♦♥✱ ❛♥❞ t❤❡ ♥❡✇ ♦♥❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘❖❈❑✹✲❜❛s❡❞ ❝♦❛rs❡
s♦❧✈❡r ❢♦r t❤❡ st✐✛ ❝❛s❡✳ ❚❤❡ ❧❛tt❡r ❝♦✉♣❧❡❞ ❝♦❛rs❡ r❡s♦❧✉t✐♦♥ ❝❧❡❛r❧② ✐♠♣r♦✈❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡ ❢♦r t❤❡ st✐✛ ❑PP ♣r♦❜❧❡♠✳ ❍❡♥❝❡✱ ✇❡ s❡❡ t❤❛t ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
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❛♣♣r♦❛❝❤ ❛s ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❧❡❛r❧② ✐♠♣❧✐❡s ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ❛s ✐t ✇❛s ♣r♦✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
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stiff KPP

stiff KPP (Rock4)

❋✐❣✳ ✻✳✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❡✐t❤❡r t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
♦r t❤❡ ❘❖❈❑✹ s♦❧✈❡r ❛s ❝♦❛rs❡ s♦❧✈❡r✱ ❛t t✐♠❡ t = 15 ❢♦r ✶❉ ❑PP ❡q✉❛t✐♦♥✳

✻✳✹✳✷ ❇❩ ❊q✉❛t✐♦♥

■♥ t❤✐s s❡❝♦♥❞ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛♥♦t❤❡r
♠♦❞❡❧ ❝♦♠✐♥❣ ❢r♦♠ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s✱ t❤❡ ❇❡❧♦✉s♦✈✲❩❤❛❜♦t✐♥s❦✐ r❡❛❝t✐♦♥✱ ❛ ❝❛t✲
❛❧②③❡❞ ♦①✐❞❛t✐♦♥ ♦❢ ❛♥ ♦r❣❛♥✐❝ s♣❡❝✐❡s ❜② ❛❝✐❞ ❜r♦♠❛t❡❞ ✐♦♥ ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛♥❞ ✐❧❧✉str❛t✐♦♥s✱
s❡❡ ❬❊P✾✽❪✮✳ ❲❡ ❝❛♥ ✜rst ❝♦♥s✐❞❡r t❤❡ t✇♦✲✈❛r✐❛❜❧❡ ❖r❡❣♦♥❛t♦r ♠♦❞❡❧✱ st✉❞✐❡❞ ✐♥ ❬❏❙❲✽✾❪❀ ✐t
❤❛s s♦❧✉t✐♦♥s t❤❛t r❡♣r❡s❡♥t ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ st❡❡♣ ✇❛✈❡❢r♦♥t ❜② ✐♥t❡r♣❧❛② ♦❢ HBrO2 ✭❤②♣♦✲
❜r♦♠♦✉s ❛❝✐❞✮ ❞✐✛✉s✐♦♥ ✇✐t❤ ❛♥ ❛✉t♦❝❛t❛❧②t✐❝ r❡❛❝t✐♦♥ t❤❛t q✉✐❝❦❧② ❣❡♥❡r❛t❡s HBrO2 ✭✉s✐♥❣
❜r♦♠✐❞❡ ✐♦♥s Br− ❛s ❛♥ ✐♥t❡r♠❡❞✐❛r② s♣❡❝✐❡s t❤❛t r❡♠❛✐♥s ❛❧✇❛②s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❧♦❝❛❧
✐♥st❛♥t❛♥❡♦✉s HBrO2✮✳ ❉❡♥♦t✐♥❣ ❜② b = [HBrO2] ❛♥❞ c = [Br−]✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
♠♦❞❡❧✿

∂b

∂τ
−Db∆b =

1

ε

(
b(1− b) + f(q − b)c

q + b

)
,

∂c

∂τ
−Dc∆c = b− c,





✭✻✳✽✻✮

✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Db ❛♥❞ Dc ❛♥❞ s♦♠❡ r❡❛❧ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs f ✱ s♠❛❧❧ q ❛♥❞ s♠❛❧❧
ε✳
◆❡✈❡rt❤❡❧❡ss✱ ❛ ♠♦r❡ r❡✜♥❡❞ ♠♦❞❡❧✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬●❙✾✹❪ ❛♥❞ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝❧❛ss✐❝ ✇♦r❦
♦❢ ❋✐❡❧❞✱ ❑♦r♦s ❛♥❞ ◆♦②❡s ✭❋❑◆✮ ✭✶✾✼✷✮✱ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♥♦t ♦♥❧② t❤❡ t✇♦ s♣❡❝✐❡s HBrO2

❛♥❞ Br− ❜✉t ❛❧s♦ t❤❡ ❝❡r✐✉♠✭■❱✮✳ ❉❡♥♦t✐♥❣ ❜② a = [Ce(IV )]✱ ✇❡ ♦❜t❛✐♥ ❛ ✈❡r② st✐✛ s②st❡♠ ♦❢
t❤r❡❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿

∂a

∂τ
−Da∆a =

1

µ
(−qa− ab+ fc),

∂b

∂τ
−Db∆b =

1

ε
(qa− ab+ b(1− b)) ,

∂c

∂τ
−Dc∆c = b− c,
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✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t Da ❛♥❞ r❡❛❧ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r µ≪ ε✳
❚❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛ss♦❝✐❛t❡❞ t♦ s②st❡♠s ✭✻✳✽✻✮ ❛♥❞ ✭✻✳✽✼✮ ♠♦❞❡❧ r❡❛❝t✐✈❡ ❡①❝✐t❛❜❧❡ ♠❡❞✐❛
✇✐t❤ ❛ ❧❛r❣❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ✭s❡❡ ❬●❙✾✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ▼♦r❡♦✈❡r✱ t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉✲
r❛t✐♦♥ ✇✐t❤ ❛❞❞✐t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ❣❡♥❡r❛t❡s ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡❢r♦♥ts ✇✐t❤ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳
❚❤✉s✱ t❤✐s ♠♦❞❡❧ ♣r❡s❡♥ts ❛❧❧ t❤❡ ❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ st✐✛ ♠✉❧t✐✲s❝❛❧❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡
❛❞✈❛♥t❛❣❡s ♦❢ ❛♣♣❧②✐♥❣ ❛ s♣❧✐tt✐♥❣ str❛t❡❣② t♦ t❤❡s❡ ♠♦❞❡❧s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ❛♥❞ ♣r❡✲
s❡♥t❡❞ ✐♥ ❬❉❉▼✵✸✱ ❉▼❉+✶✷❪✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ✶❉ ❛♥❞ ✷❉ ❝♦♥✜❣✉r❛t✐♦♥s
♦❢ ♣r♦❜❧❡♠ ✭✻✳✽✼✮✳

✶❉ ❇❩ ❊q✉❛t✐♦♥

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ✶❉ ❝❛s❡ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✽✼✮ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✭❜❛s❡❞ ♦♥ ❬●❙✾✹❪✮✿ ε = 10−2✱ µ = 10−5✱ f = 3
❛♥❞ q = 2.10−4✱ ✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Da = 1✱ Db = 1 ❛♥❞ Dc = 0.6✳ ❋♦❧❧♦✇✐♥❣ t❤❡
s❛♠❡ ♣❛rt✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✇❛✈❡s ❝❛♥ ❜❡
♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✼ ✇✐t❤ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 4001 ♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 80] ❛♥❞ ❛ t✐♠❡
✈❛r②✐♥❣ ✐♥ [0, 2] ❞✐✈✐❞❡❞ ✐♥t♦ ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s✳
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❋✐❣✳ ✻✳✼✿ ✶❉ ❇❩ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ 4001 ♣♦✐♥ts ♦♥ t❤❡ [0, 80] r❡❣✐♦♥✳ ❙❡❧❢✲s✐♠✐❧❛r
s♦❧✉t✐♦♥s ❢♦r ❡✐❣❤t t✐♠❡ ✐♥t❡r✈❛❧s ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳

❲❡ t❤❡♥ ❝♦♥str✉❝t ❛♥ ♦♣t✐♠❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❛❧r❡❛❞② st✉❞✐❡❞ ❛♥❞ ✈❛❧✐❞❛t❡❞
❬❉❉❉+✶✷✱ ❉▼❉+✶✷❪ ❜❛s❡❞ ♦♥ t❤❡ ❘❉❘ ❙tr❛♥❣ St2 s❝❤❡♠❡ ❢♦r ✇❤✐❝❤✱ ❘❛❞❛✉✺ ✐s ✉s❡❞ ❢♦r t❤❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ❛♥❞ ❘❖❈❑✹ ❢♦r t❤❡ ❞✐✛✉s✐✈❡ ♣❛rt✳ ■♥ t❤✐s ❝♦♥t❡①t✱
❋✐❣✉r❡ ✻✳✽ s❤♦✇s t❤❡ ✐t❡r❛t✐✈❡ ❡✈♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ❘❉❘ ❙tr❛♥❣
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❜♦t❤ ✜♥❡ ❛♥❞ ❝♦❛rs❡ s♦❧✈❡rs✱ t❤❡ ❧❛tt❡r ✇✐t❤ ❧❛r❣❡r
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳ ■♥ t❤❡ s❛♠❡ ✜❣✉r❡✱ ✇❡ s❡❡ t❤❛t ♦♥❝❡ ❛❣❛✐♥ ❛ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
✐♥✐t✐❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✭✻✳✽✼✮ ❛s ❝♦❛rs❡ s♦❧✈❡r ②✐❡❧❞s ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s✳ ❆❧s♦ ✐♥ t❤✐s
✐❧❧✉str❛t✐♦♥✱ ✇❡ t❛❦❡ ❘❖❈❑✹ ❛s ❝♦❛rs❡ s♦❧✈❡r ♦❢ t❤❡ ❝♦✉♣❧❡❞ s②st❡♠✳
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Split Radau5/Rock4 Coarse Solver

Rock4 Coarse Solver

❋✐❣✳ ✻✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♦r
❘❖❈❑✹ ❛s ❝♦❛rs❡ s♦❧✈❡r✱ ❛t t✐♠❡ t = 2 ❢♦r ✶❉ ❇❩ ❡q✉❛t✐♦♥✳

✷❉ ❇❩ ❊q✉❛t✐♦♥

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✷❉ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✽✼✮ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✭❢r♦♠ ❬❉❉▼✵✸❪✮✿ ε = 10−2✱ µ = 10−5✱ f = 1.6 ❛♥❞
q = 2.10−3✱ ✇✐t❤ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Da = 2.5× 10−3✱ Db = 2.5× 10−3 ❛♥❞ Dc = 1.5× 10−3✳
❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣❛rt✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ❛♥❞ ❛❢t❡r ✐♥t❡❣r❛t✐♦♥
♦✈❡r ❛ t✐♠❡ ❞♦♠❛✐♥ ♦❢ [0, 2]✱ ✇❡ s❡❡ t❤❡ ❞❡✈❡❧♦♣❡❞ s♣✐r❛❧ ✇❛✈❡s ❛t ✜♥❛❧ t✐♠❡ t = 2 ✐♥t♦ ❋✐❣✉r❡
✻✳✾✳
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❋✐❣✳ ✻✳✾✿ ✷❉ ❇❩ s♣✐r❛❧ ✇❛✈❡s ♦♥ ❛ [257× 257] ❣r✐❞ ❛t t = 2✳
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■♥ t❤✐s ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❣❛✐♥s ♦❜t❛✐♥❡❞ ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t❤r♦✉❣❤ ❛ ♣❛rt✐❛❧ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ♣r♦❝❡ss✳ ■♥ t❤✐s ✇❛②✱ ❧❡t ✉s ✜rst
✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

Tfine✿ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ✜♥❡ s♦❧✈❡r ♦✈❡r t❤❡ ✇❤♦❧❡ t✐♠❡ ❞♦♠❛✐♥❀

Tcoarse✿ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❝♦❛rs❡ s♦❧✈❡r ♦✈❡r t❤❡ ✇❤♦❧❡ t✐♠❡ ❞♦♠❛✐♥❀

Nproc✿ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs✱ ✐✳❡✳✱ ♥✉♠❜❡r ♦❢ t✐♠❡ s✉❜❞♦♠❛✐♥s ❝♦♥s✐❞❡r❡❞❀ ❛♥❞

Nite✿ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

■♥ ❛ ♣❛r❛❧❧❡❧ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✉t✐❧✐③❡❞ ❜② t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✱ Tpara✱
s❤♦✉❧❞ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❜② t❤❡ ✜♥❡ r❡s♦❧✉t✐♦♥ ❞✐✈✐❞❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢
♣r♦❝❡ss♦rs ❛✈❛✐❧❛❜❧❡✱ t❤❛t ✐s

Tpara ≈ Nite ×
Tfine
Nproc

, ✭✻✳✽✽✮

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✳ ❲❡ s❡t t❤✐s ❡st✐♠❛t❡ ❛s t❤❡ ♦♣t✐♠❛❧ r❛t✐♦✱ ✇❤❡♥
❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ✈❡r② ❢❛st✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ❡st✐♠❛t❡ s❤♦✉❧❞ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t ❛❧❧ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♠♣✉t❡❞ s❡q✉❡♥t✐❛❧❧② ✐♥ ♦r❞❡r t♦ ✐♥✐t✐❛❧✐③❡ ❡❛❝❤ t✐♠❡ s✉❜✲
❞♦♠❛✐♥✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

Tpara ≈ (Nite + 1)× Tcoarse +Nite ×
Tfine
Nproc

, ✭✻✳✽✾✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ st❛rt t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤✉s✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
❝♦❛rs❡ s♦❧✈❡r ✐s ❝r✉❝✐❛❧ ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ♠❛❥♦r ❝♦♥str❛✐♥t ♦♥ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳
■♥ t❤✐s ❝♦♥t❡①t✱ ❧❡t ✉s ♠❛❦❡ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s ✉s✐♥❣ t❤❡ ❘❉❘ ❙tr❛♥❣ St2 ♦♣❡r❛t♦r s♣❧✐tt✐♥❣

❚❛❜❧❡ ✻✳✶✿ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s✱ ✷❉ ❇❩✳

●r✐❞ 129× 129 257× 257

❈♦❛rs❡ s♦❧✈❡r ❘❉❘ ❙tr❛♥❣ ❘❖❈❑✹ ❘❉❘ ❙tr❛♥❣ ❘❖❈❑✹

Tfine 2769.94 2757.52 11291.36 11149.42

Tcoarse 228.53 256.07 1006.62 1177.89

Tfine/Tcoarse 12.12 10.77 11.22 9.47

Nite 4 2 4 2

Tpara 1279.81 860.30 5581.32 3869.51

❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✶❉ ❝❛s❡ ❛♥❞ ❘❖❈❑✹✱ ❛s ❝♦❛rs❡ s♦❧✈❡rs ❢♦r t✇♦ ❞✐✛❡r❡♥t ❣r✐❞s✱
[129×129] ❛♥❞ [257×257]✱ ✇❤❡r❡ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ❤❛s ❜❡❡♥ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ N = Nproc = 64
t✐♠❡ s✉❜❞♦♠❛✐♥s✳ ◆❛t✉r❛❧❧②✱ t❤❡ ✜♥❡ s♦❧✈❡r ✐s ❛♥ ❛❝❝✉r❛t❡ ❘❉❘ ❙tr❛♥❣ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛r❛r❡❛❧ s❝❤❡♠❡✱ t❤✐s ✜♥❡ r❡s♦❧✉t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❝❧✉st❡r ♠❛❞❡ ♦❢ 32
♥♦❞❡s ✇✐t❤ 2 ♣r♦❝❡ss♦rs ❆▼❉❖♣t❡r♦♥ ✻✹ ❜✐ts ❞✉❛❧ ❝♦r❡ ✇✐t❤ s♣❡❡❞ 2.4●❍③❀ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❞❡
✐s ✇r✐tt❡♥ ✐♥ ❋♦rtr❛♥ ✾✺ ❛♥❞ ✉s❡s t❤❡ ▼P■ ❧✐❜r❛r② ❢♦r t❤❡ ♣❛r❛❧❧❡❧ ❢❡❛t✉r❡s✳ ❚❤❡ r❡s✉❧ts r❡❧❛t❡❞
t♦ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✻✳✶✱ ✇❤❡r❡ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡
s❛♠❡ ♦r❞❡r ♦❢ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ♣❛r❛r❡❛❧ s♦❧✉t✐♦♥s ❢♦r ❜♦t❤ ❝♦♥✜❣✉r❛t✐♦♥s✳ ◆♦t✐❝❡
t❤❛t t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✐s ❢❛st❡r t❤❛♥ ❛ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ❡✈❡♥ ✐❢ ❛♥ ❡①♣❧✐❝✐t ♠❡t❤♦❞ s✉❝❤



❙❡❝t✳ ✻✳✺ ✲ ❈♦♥❝❧✉s✐♦♥s ✶✺✽

❚❛❜❧❡ ✻✳✷✿ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ r❛t✐♦s✱ ✷❉ ❇❩✳

●r✐❞ 129× 129 257× 257

❈♦❛rs❡ s♦❧✈❡r ❘❉❘ ❙tr❛♥❣ ❘❖❈❑✹ ❘❉❘ ❙tr❛♥❣ ❘❖❈❑✹

Nproc 64

Nproc/Nite 16 32 16 32

Tfine/Tpara 2.16 3.21 2.02 2.88

❛s ❘❖❈❑✹ ❤❛s ❜❡❡♥ ✉t✐❧✐③❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦✉♣❧❡❞ ❝♦♠♣✉t❛t✐♦♥ ❛s ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❧♦✇s ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤✉s✱ ❛ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳
❚❤✐s ✐s ❛❧s♦ r❡✢❡❝t❡❞ ✐♥ ❚❛❜❧❡ ✻✳✷ ✇❤❡r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ r❛t✐♦s ❤❛✈❡ ❜❡❡♥ ❡st✐♠❛t❡❞✳
Nproc/Nite t❤❡♥ r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♠❛❧ r❛t✐♦ ❞❡s❝r✐❜❡❞ ✐♥t♦ ❡①♣r❡ss✐♦♥ ✭✻✳✽✽✮✿ 16 ❢♦r t❤❡ s♣❧✐t
❝♦❛rs❡ s♦❧✈❡r ❛♥❞ 32 ❢♦r t❤❡ ❝♦✉♣❧❡❞ ♦♥❡✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❛t✐♦s ♦❜t❛✐♥❡❞ ✭∼ 2✲3✮ r❡✢❡❝t ♦♥
t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ✐♠♣♦rt❛♥t ❝♦st ♦❢ t❤❡ ❝♦❛rs❡ s♦❧✈❡rs ❢♦r st✐✛ ♣r♦❜❧❡♠s✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❛s ❝♦❛rs❡ ♣r♦♣❛❣❛t♦r✱
♣r❡✈✐♦✉s❧② ❞❡❞✉❝❡❞✳

✻✳✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② t❤❛t ❝♦✉♣❧❡s ❛♥ ♦♣t✐♠❛❧ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s ❛♥❞ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✱ ❛ ♣r♦♠✐s✐♥❣ t✐♠❡ ♣❛r✲
❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❤❛✈❡ t❤❡♥ ❝♦♥❞✉❝t❡❞
❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s ✐♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ❝♦♠♣❧❡♠❡♥t❛r② ❛♥❞ ♥❡❝✲
❡ss❛r② ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ ♣❛r❛r❡❛❧ s❝❤❡♠❡s ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥ ✇❛✈❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♣r❡❝✐s❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❛❝t
♦❢ st✐✛ ❝♦♥✜❣✉r❛t✐♦♥s ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ♠❛t❤❡♠❛t✐❝❛❧❧② ♣r♦✈❡♥ ❢♦r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧s ✇✐t❤ ❧❛r❣❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳
❚❤❡♥✱ ❛ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❤❛✈❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✈❛❧✐❞❛t❡❞ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts ❛♥❞ ❡①♣❧✐❝✐t❧② s❤♦✇❡❞ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠
✇❤❡♥ ❛♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐s ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞✳ ❆♥❞ ♦♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡② ❤❛✈❡ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ♥❡❡❞ ♦❢ ❡✣❝✐❡♥t ❝♦❛rs❡ s♦❧✈❡rs ❢♦r st✐✛ ♣r♦❜❧❡♠s ✐♥
♦r❞❡r t♦ ❝♦♥str✉❝t ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡ ♠❡t❤♦❞s✳
❋✐♥❛❧❧②✱ ✐t ✇❛s ❛❧s♦ ♥✉♠❡r✐❝❛❧❧② ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ♠♦r❡ s✉✐t❛❜❧❡ str❛t❡❣② ❝♦♥s✐❞❡rs ❛ ❝♦✉♣❧❡❞
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ❛s ❝♦❛rs❡ s♦❧✈❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ❛❧t❡r♥❛t✐✈❡
♠❛② ♥♦t ❛❧✇❛②s ❜❡ ❢❡❛s✐❜❧❡ ❛♥❞ ♦t❤❡r ❛♣♣r♦❛❝❤❡s s❤♦✉❧❞ ❜❡ ❡✈❛❧✉❛t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ r❡s♦❧✉✲
t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧ ♦❢ t❤❡ ❇❩ s②st❡♠ ♦r t❤❡ s❡t ♦❢ s❧♦✇ ✈❛r✐❛❜❧❡s ❢♦r ❛ ❣❡♥❡r❛❧ ♠✉❧t✐✲s❝❛❧❡
♣r♦❜❧❡♠ ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ✜♥❡ ♠♦❞❡❧✳ ◆❡✈❡rt❤❡✲
❧❡ss✱ ❢✉rt❤❡r st✉❞✐❡s t❤❛t ❣♦ ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦ ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ t❡st s✉❝❤
❛❧t❡r♥❛t✐✈❡s❀ t❤✐s ✐s t❤❡ t♦♣✐❝ ♦❢ ♦✉r ❝✉rr❡♥t r❡s❡❛r❝❤✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❥❡❝t ❣r❛♥t ❢r♦♠
❆◆❘ ✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝② ✲ ❆◆❘ ❈■❙✮ P■❚❆❈ ✭Pr♦❥❡❝t ❧❡❛❞❡r ❨✳ ▼❛❞❛②✮✱
❛♥❞ ❜② ❛ ❈◆❘❙ P❤✳❉✳ ❣r❛♥t ❢♦r ▼✳ ❉✉❛rt❡ ❢r♦♠ t❤❡ ▼❛t❤❡♠❛t✐❝s ✭■◆❙▼■✮ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣
✭■◆❙■❙✮ ■♥st✐t✉t❡s ♦❢ ❈◆❘❙✳ ❚❤✐s ✇♦r❦ ✇❛s ❣r❛♥t❡❞ ❛❝❝❡ss t♦ t❤❡ ❍P❈ r❡s♦✉r❝❡s ♦❢ ■❉❘■❙



❙❡❝t✳ ✻✳✺ ✲ ❈♦♥❝❧✉s✐♦♥s ✶✺✾

✭❈◆❘❙ ■♥st✐t✉t❡ ♦❢ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✮ ✉♥❞❡r t❤❡ ❛❧❧♦❝❛t✐♦♥ ✷✵✵✾✲✐✷✵✵✾✵✻✻✶✼✸ ♠❛❞❡ ❜②
●❊◆❈■ ✭●r❛♥❞ ❊q✉✐♣❡♠❡♥t ◆❛t✐♦♥❛❧ ❞❡ ❈❛❧❝✉❧ ■♥t❡♥s✐❢✮ ✇❤❡r❡ s♦♠❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡
♣❡r❢♦r♠❡❞✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ ❙té♣❤❛♥❡ ❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ❚❤✐❡rr② ❉✉♠♦♥t✱ ❱✐♦❧❛✐♥❡
▲♦✉✈❡t ❛♥❞ ❋ré❞ér✐q✉❡ ▲❛✉r❡♥t ❢♦r ✈❛❧✉❛❜❧❡ ❞✐s❝✉ss✐♦♥s ❛♥❞ ✐♠♣♦rt❛♥t ❛ss✐st❛♥❝❡ t❤r♦✉❣❤♦✉t
t❤✐s ♣r♦❥❡❝t✳



P❛rt ■■■

❆❧❣♦r✐t❤♠✐❝ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❇❛s✐❝

■♠♣❧❡♠❡♥t❛t✐♦♥ ■ss✉❡s✿ ▼❇❆❘❊❚❊

❈♦❞❡



■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❦❡② ❛s♣❡❝ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥✉✲
♠❡r✐❝❛❧ str❛t❡❣② ❡st❛❜❧✐s❤❡❞ ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❣❛✈❡ ❜✐rt❤ t♦ ❛♥ ❛❝❛❞❡♠✐❝
♥✉♠❡r✐❝❛❧ ❝♦❞❡ ❝❛❧❧❡❞ ▼❇❆❘❊❚❊✱ ✇✐t❤ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ❢❡❛t✉r❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ st✐✛
P❉❊s✳ ❈❤❛♣t❡r ✼ ❞❡s❝r✐❜❡s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
❝♦❞❡ ❛♥❞ ❣✐✈❡s s♦♠❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❞❛t❛ ❛♥❞ ❝♦❞❡ str✉❝t✉r❡s✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❈❤❛♣t❡r ✽ ❞❡t❛✐❧s t❤❡ ♠❛✐♥ ❝♦r❡ ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥
t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✱ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ ❛♥❞ ❞❡❞✐❝❛t❡❞ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡s ❛r❡ ❛❧s♦ ❞❡s❝r✐❜❡❞ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞
✐♥ ❈❤❛♣t❡r ✺✳ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♥❡①t
♣❛rt✳



❈❤❛♣t❡r ✼

❉❡s❝r✐♣t✐♦♥ ♦❢ ❙♣❛❝❡ ❆❞❛♣t✐✈❡

▼✉❧t✐r❡s♦❧✉t✐♦♥ ✐♥ t❤❡ ▼❇❆❘❊❚❊

❈♦❞❡

❲❡ ❞❡t❛✐❧ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❛❧❣♦r✐t❤♠s ❛♥❞ t❤❡ ♠❛✐♥ ✐ss✉❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❛rt✐❝❧❡s ♦❢
❍❛rt❡♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺✱ ❇❍✾✼❪✱ ❛♥❞ ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡s❡ ❛♥❞ ♦t❤❡r r❡❧❛t❡❞ ♠❛tt❡rs ✐♥ t❤❡
❜♦♦❦ ♦❢ ▼ü❧❧❡r ❬▼ü❧✵✸❪✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦✉r ❝♦❞❡ ❜❛s❡❞ ♦♥
t❤❡ st❛♥❞❛r❞ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛s ✐♥ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❘♦✉ss❡❧ ❡t ❛❧✳ ❬❘❙❚❇✵✸❪✳
▼♦r❡ ❡✣❝✐❡♥t ❛♥❞ s♦♣❤✐st✐❝❛t❡❞ ❞❛t❛ str✉❝t✉r❡s ❢♦r ❛❞❛♣t✐✈❡ ❣r✐❞ r❡♣r❡s❡♥t❛t✐♦♥ ✇❡r❡ ❞❡✈❡❧✲
♦♣❡❞ ❜② ❇r✐① ❡t ❛❧✳ ❬❇▼❱✵✾❪✱ ❛♥❞ s✉❝❝❡ss❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s
✭s❡❡✱ ❡✳❣✳✱ ❬❇❇❇+✶✵❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥
t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡ ✐s ❧❛r❣❡❧② ❜❛s❡❞ ♦♥ ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❦❡r♥❡❧ ♦❢ ▼❘ ❈❍❖❘❯❙✱ ❛
❝♦❞❡ ❞❡✈❡❧♦♣❡❞ ❜② ❈❤r✐st✐❛♥ ❚❡♥❛✉❞ ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r ❞❡t❛✐❧s
♦♥ t❤✐s ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ t✉t♦r✐❛❧ t❤❛t ❤❛✈❡ ❜❡❡♥ ❡❧❛❜♦r❛t❡❞
❢♦r ❛ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦❢ ❈◆❘❙ ●❉❘ ●r♦✉♣❡ ❈❛❧❝✉❧✱ ♦♥ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ ❆❞❛♣t✐✈❡ ▼❡s❤
❘❡✜♥❡♠❡♥t ▼❡t❤♦❞s✱ ❋ré❥✉s✱ ❋r❛♥❝❡ ✭✷✵✶✵✮ ❬❚❉✶✶❪✳

✼✳✶ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❖♣❡r❛t✐♦♥s

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♦♣❡r❛t♦rs✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡
♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω ⊂ ❘d✱ ✇❡ ❞❡✜♥❡
t❤❡ s❡t ♦❢ ❞✐s❥♦✐♥t ♣❛rt✐t✐♦♥s (Ωγ)γ∈Sj s✉❝❤ t❤❛t

Ω =
⋃

γ∈Sj

Ωγ , ✭✼✳✶✮

❛♥❞
Ωγ
⋂

Ωµ = ∅, γ 6= µ; γ, µ ∈ Sj . ✭✼✳✷✮

❚❤❡ ❛❜❜r❡✈✐❛t❡❞ ♥♦t❛t✐♦♥ Ωγ := Ωj,k ✇❛s ❞❡✜♥❡❞ ✇✐t❤ j ∈ ◆0
⋂
[j0, J ]✱ ❛♥❞ k ∈ ❩d✳ ❚❤❡ ✜rst

✐♥❞❡① j st❛♥❞s ❢♦r t❤❡ ❣r✐❞ ❧❡✈❡❧ ❢r♦♠ t❤❡ ❝♦❛rs❡st j = j0 t♦ t❤❡ ✜♥❡st ❣r✐❞ j = J ✱ ✇❤❡r❡ t❤❡
❞✐✛❡r❡♥t ❣r✐❞s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ s✉❝❝❡ss✐✈❡✱ ❞②❛❞✐❝✱ ❛♥❞ ♥❡st❡❞ ♣❛rt✐t✐♦♥✳ ❋♦r ❡❛❝❤ ❝❡❧❧ Ωj,k✱



❙❡❝t✳ ✼✳✶ ✲ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❖♣❡r❛t✐♦♥s ✶✻✸

t❤❡r❡ ❛r❡ 2d s✉❜❝❡❧❧s Ωj+1,k′ ✱ s✉❝❤ t❤❛t Ωj+1,k′ ⊂ Ωj,k✱ ❛♥❞

Ωj,k =
⋃

k′∈Ik

Ωj+1,k′ , ✭✼✳✸✮

✇❤❡r❡ Ik✱ ✇✐t❤ #(Ik) = 2d✱ ✐s t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s k′ s✉❝❤ t❤❛t Ωj+1,k′ ⊂ Ωj,k✳ ■♥ ❛ ❈❛rt❡s✐❛♥
❝♦♦r❞✐♥❛t❡s ❢r❛♠❡✇♦r❦✱ ✇❡ t❤✉s ❤❛✈❡

|Ωj,k| =
∫

Ωj,k

dx, x ∈ ❘d. ✭✼✳✹✮

❚❤❡ s❡❝♦♥❞ s❡t ♦❢ ✐♥❞✐❝❡s k ∈ ❩d ✐♥t♦ (j, k) ∈ Sj ✱ ❛❝❝♦✉♥ts ❢♦r t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ Ωj,k ❛t
❣r✐❞ ❧❡✈❡❧ j✱ ❛s ✐❧❧✉str❛t❡❞ ❜② ✭✸✳✻✻✮ ❢♦r t❤❡ ✶❉ ❝❛s❡✳

✼✳✶✳✶ Pr♦❥❡❝t✐♦♥ ❖♣❡r❛t♦r

❈♦♥s✐❞❡r✐♥❣ ✜♥✐t❡ ✈♦❧✉♠❡s ❢♦r t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡ Uj := (uj,k)(j,k)∈Sj
✱ ❛s t❤❡

s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ u(t, x) ♦♥ t❤❡ ❧❡✈❡❧ ❣r✐❞ j✱ ✇❤❡r❡ uj,k r❡♣r❡s❡♥ts t❤❡
❝❡❧❧✲❛✈❡r❛❣❡ ♦❢ u : ❘× ❘d → ❘ ✐♥ Ωj,k ❣✐✈❡♥ ❜② ✭✸✳✻✼✮✿

uγ := |Ωγ |−1

∫

Ωγ

u(t, x) dx, x ∈ ❘d. ✭✼✳✺✮

❚❤❡ ❝❡❧❧✲❛✈❡r❛❣❡ ✈❛❧✉❡s ❛t t✇♦ s✉❝❝❡ss✐✈❡ ❣r✐❞ ❧❡✈❡❧s ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r
P jj−1✱ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥ ✭✸✳✻✽✮✿

uj,k =
1

|Ωj,k|
∑

k′∈Ik

|Ωj+1,k′ |uj+1,k′ . ✭✼✳✻✮

❚❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ✐♥ ❛ r❡❝✉rs✐✈❡ ✇❛②✱ ❛❧❧ t❤❡ ✈❛❧✉❡s uj,k ❢♦r ❛❧❧ j ∈ [j0, j]✱
❢r♦♠ Uj+1 ❛t ❛ ❣✐✈❡♥ ❣r✐❞ ❧❡✈❡❧ j + 1✳

✼✳✶✳✷ Pr❡❞✐❝t✐♦♥ ❖♣❡r❛t♦r

❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❢r♦♠ ❝♦❛rs❡ t♦ ✜♥❡ ❣r✐❞s ❛r❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r P j−1
j ✱

❜❛s❡❞ ♦♥ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❋♦r ❛ ✶❉ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ st❡♥❝✐❧ Rj+1,k′

✭✸✳✽✻✮ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❛❧✉❡s ❛t ❣r✐❞ ❧❡✈❡❧ j+1✿ ûj+1,2k ❛♥❞ ûj+1,2k+1✱ ❝♦♥t❛✐♥s t❤❡ ♣❛r❡♥t✲
❝❡❧❧ uj,k ❛♥❞ ✐ts ♥❡❛r❡st M ♥❡✐❣❤❜♦rs✳ ❚❤❡ ❝❡♥t❡r❡❞ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ ❛❝❝✉r❛❝②
♦r❞❡r N = 2M + 1 ♠✐❣❤t ❜❡ ✇r✐tt❡♥ ❢♦r t❤❡ ✶❉ ❝❛s❡ ❛s

ûj+1,2k1 = uj,k1 +
M∑

d1=1

ξd1 (uj,k1+d1 − uj,k1−d1) ,

ûj+1,2k1+1 = uj,k1 −
M∑

d1=1

ξd1 (uj,k1+d1 − uj,k1−d1) ,





✭✼✳✼✮

✇❤❡r❡ k = k1 ∈ ❩✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ξd1 ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✼✳✶ ✉♣ t♦ M = 4✳ ❚❤❡ ❝❛s❡
N = 3 ✇❛s ❛❧r❡❛❞② ❣✐✈❡♥ ✐♥ ✭✸✳✽✺✮✱ ✇❤❡r❡❛s t❤❡ ❝❛s❡ N = 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❍❛❛r ✇❛✈❡❧❡t
❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✶✹✮ ✐♥t♦ ✭✸✳✽✵✮✳
❊①t❡♥s✐♦♥s t♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜❛s❡❞ ♦♥ t❤❡ ✶❉ ❝♦♥✜❣✉r❛✲
t✐♦♥ ✭✼✳✼✮✳ ❉❡✜♥✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ QM ❛s

QM (k1, uj,k) =
M∑

d1=1

ξd1 (uj,k1+d1 − uj,k1−d1) , ✭✼✳✽✮



❙❡❝t✳ ✼✳✶ ✲ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❖♣❡r❛t✐♦♥s ✶✻✹

N M ξ1 ξ2 ξ3 ξ4

✶ ✵ ✵ ✵ ✵ ✵

✸ ✶ −1/8 ✵ ✵ ✵

✺ ✷ −22/128 3/128 ✵ ✵

✼ ✸ −201/1024 11/256 −5/1024 ✵

✾ ✹ −3461/16384 949/16384 −185/16384 35/32768

❚❛❜❧❡ ✼✳✶✿ Pr❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r✳ ❈♦❡✣❝✐❡♥ts ❢♦r ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ♦❢ ♦r❞❡r N = 2M + 1
❬❍❛r✾✹❛❪✳

t❤❡ ✷❉ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥✱ ♣r♦♣♦s❡❞ ❜② ❇✐❤❛r✐ ✫ ❍❛rt❡♥ ❬❇❍✾✼❪✱ r❡❛❞s

ûj+1,2k1+d1,2k2+d2 = uj,k + (−1)d1QM (k1, uj,k) + (−1)d2QM (k2, uj,k)

−(−1)(d1+d2)QM2 (k1, k2, uj,k), ✭✼✳✾✮

✇✐t❤ k = (k1, k2) ∈ ❩2✳ ❚❤❡ ✐♥t❡❣❡rs d1 ❛♥❞ d2 ❛r❡ ❡q✉❛❧ t♦ ❡✐t❤❡r 0 ♦r 1 ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❝❤✐❧❞✲❝❡❧❧ ❝♦♥s✐❞❡r❡❞✱ ❛♥❞ QM ✭✼✳✽✮ ✐s ✉s❡❞ ✐♥ ❜♦t❤ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ♦♣❡r❛t♦r QM2 ✱ ❞❡r✐✈❡❞
❢r♦♠ ❛ t❡♥s♦r ♣r♦❞✉❝t ✐s ❣✐✈❡♥ ❜②

QM2 (k1, k2, uj,k) =
M∑

d1=1

ξd1

M∑

d2=1

ξd2(uj,k1+d1,k2+d2 − uj,k1−d1,k2+d2

−uj,k1+d1,k2−d2 + uj,k1−d1,k2−d2). ✭✼✳✶✵✮

■♥ t❤❡ s❛♠❡ ✇❛②✱ ✸❉ ✐♥t❡r♣♦❧❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♦♣❡r❛t♦r QM3 ✿

QM3 (k1, k2, k3, uj,k) =
M∑

d1=1

ξd1

M∑

d2=1

ξd2

M∑

d3=1

ξd3(uj,k1+d1,k2+d2,k3+d3

−uj,k1−d1,k2+d2,k3+d3 − uj,k1+d1,k2−d2,k3+d3

−uj,k1+d1,k2+d2,k3−d3 + uj,k1−d1,k2−d2,k3+d3

+uj,k1−d1,k2+d2,k3−d3 + uj,k1+d1,k2−d2,k3−d3

−uj,k1−d1,k2−d2,k3−d3). ✭✼✳✶✶✮

❍❡♥❝❡✱

ûj+1,2k1+d1,2k2+d2,2k3+d3 = uj,k + (−1)d1QM (k1, uj,k) + (−1)d2QM (k2, uj,k)

+(−1)d3QM (k3, uj,k)

−(−1)(d1+d2)QM2 (k1, k2, uj,k)

−(−1)(d1+d3)QM2 (k1, k3, uj,k)

−(−1)(d2+d3)QM2 (k2, k3, uj,k)

+(−1)(d1+d2+d3)QM3 (k1, k2, k3, uj,k), ✭✼✳✶✷✮
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✇✐t❤ k = (k1, k2, k3) ∈ ❩3✳ ❆s ❜❡❢♦r❡✱ d1✱ d2✱ ❛♥❞ d3 ❛r❡ ❡q✉❛❧ t♦ ❡✐t❤❡r 0 ♦r 1✳

✼✳✶✳✸ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❚r❛♥s❢♦r♠

❲✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✲❧❡✈❡❧ ♦♣❡r❛t♦rs✱ t❤❡ s♦❧✉t✐♦♥ UJ ❛t t❤❡ ✜♥❡st ❣r✐❞
♦❢ s✐③❡ NJ ✐s ❡♥❝♦❞❡❞ ❜② ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠ M ✐♥t♦ ❛ ♠✉❧t✐✲s❝❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥
MJ ✭✸✳✼✺✮✱ ❜② ♠❡❛♥s ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✶✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s❡ts Sj ✇✐t❤ j ∈ ◆0

⋂
[j0, J ]

❛r❡ ❞✐str✐❜✉t❡❞ ✐♥ NR tr❡❡s Λr ❢♦r r = 1, . . . , NR✱ ✇❤❡r❡ NR ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ r♦♦ts ✐♥
t❤❡ ❡♥t✐r❡ tr❡❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞ t❤✉s NJ = NR2

dJ ✳ ❋♦r t❤❡ ♠♦♠❡♥t t❤✐s tr❡❡ str✉❝t✉r❡
✐s ✉s❡❧❡ss ❜❡❝❛✉s❡ ❛❧❧ ❝❡❧❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❛♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ❧❡❛✈❡s L(Λr) ♦❢ s✐③❡
NL =

∑NR
r=1#(L(Λr)) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞✐s❝r❡t✐③❡❞ s♦❧✉t✐♦♥ ❛t t❤❡ ✜♥❡st ❣r✐❞✱ ✐✳❡✳✱NL = NJ ✳

❆❧❣♦r✐t❤♠ ✼✳✶ ❊♥❝♦❞✐♥❣ ❜② ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠M : UJ 7−→MJ ✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λr))✱ ❣✐✈❡♥ ❜② ❝❡❧❧✲❛✈❡r❛❣❡❞ ✈❛❧✉❡s uj,k s✉❝❤ t❤❛t
(j, k) ∈

⋃
r∈[1,NR] L(Λr)✳

✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J − 1→ j0 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
Λr ❞♦

✺✿ ❈♦♠♣✉t❡ ❛❧❧ uj,k ❛t ❣r✐❞ ❧❡✈❡❧ j✱ ❢r♦♠ uj+1,k′ ✇✐t❤ k′ ∈ Ik ❛t ❧❡✈❡❧ j + 1✱ ❜② ✉s✐♥❣
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P jj−1 ✭✼✳✻✮✳

✻✿ ❈♦♠♣✉t❡ ❢♦r ❡❛❝❤ Ik✱ 2d − 1 ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s ûj+1,k′ ❜② ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥
✭✼✳✽✮✱ ✭✼✳✶✵✮✱ ♦r ✭✼✳✶✶✮✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡t❛✐❧s ❞❡✜♥❡❞ ❜② ✭✸✳✼✶✮✿ dj+1,k′ =
uj+1,k′ − ûj+1,k′ ✳

✼✿ ❙❛✈❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❛rr❛②Dj+1✱ ✇❤❡r❡#(Dj+1) = r(2d−1)2dj ✐❢ NL = NJ ✳ ■❢ ♥❡❡❞❡❞✱
t❤❡ ❧❛st ❞❡t❛✐❧ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠

∑
k′∈Ik

dj+1,k′ = 0✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✼✸✮✳
✽✿ ❊♥❝♦❞❡ t❤❡ s♦❧✉t✐♦♥ ❜② r❡♣❧❛❝✐♥❣ Uj+1 ❜② (Uj ,Dj+1)✳
✾✿ ❡♥❞ ❢♦r

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ ❖✉t♣✉t✿ MJ = (Uj0 ,Dj0+1,Dj0+2, · · · ,DJ) ♦❢ s✐③❡ NL✳

❲✐t❤ t❤✐s ♥❡✇ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ✇❛✈❡❧❡t s♣❛❝❡✱ t❤❡ ❞❡t❛✐❧s ✐♥ Dj ❛❝❝♦✉♥t ❢♦r t❤❡ ❧♦❝❛❧
s♣❛t✐❛❧ s♠♦♦t❤♥❡ss ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✵✺✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❞❡❝♦❞✐♥❣ ♣r♦❝❡❞✉r❡ ✐s
❛❧s♦ ♥❡❝❡ss❛r② t♦ r❡tr✐❡✈❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❧❛tt❡r
✐s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠M−1✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✷✳

❆❧❣♦r✐t❤♠ ✼✳✷ ❉❡❝♦❞✐♥❣ ❜② ✐♥✈❡rs❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥M−1 : MJ 7−→ UJ ✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL✱ ❣✐✈❡♥ ❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ❝♦❛rs❡st
❣r✐❞✿ Uj0 ✱ ❛♥❞ t❤❡ s❡t ♦❢ ❞❡t❛✐❧ ❛rr❛②s✿ (Dj0+1, · · · ,DJ)✳

✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = j0 → J − 1 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
Λr ❞♦

✺✿ ❈♦♠♣✉t❡ ❢♦r ❡❛❝❤ uj,k✱ 2d − 1 ♣r❡❞✐❝t❡❞ ûj+1,k′ s✉❝❤ t❤❛t k′ ∈ Ik✱ ❜② ♣♦❧②♥♦✲
♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ✭✼✳✽✮✱ ✭✼✳✶✵✮✱ ♦r ✭✼✳✶✶✮✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ uj+1,k′ ❜② ✭✸✳✼✶✮✿
uj+1,k′ = ûj+1,k′ + dj+1,k′ ✳



❙❡❝t✳ ✼✳✷ ✲ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛ ✶✻✻

✻✿ ❈♦♠♣✉t❡ ❧❛st r❡♠❛✐♥✐♥❣ uj+1,k′ ❢r♦♠ uj,k ❛♥❞ t❤❡ 2d − 1 ❝♦♠♣✉t❡❞ uj+1,k′ ✱ ✉s✐♥❣
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P jj−1 ✭✼✳✻✮✳

✼✿ ❙❛✈❡ uj+1,k′ ✐♥ t❤❡ ❛rr❛② Uj+1✱ ✇❤❡r❡ #(Uj+1) = r2d(j+1) ✐❢ NL = NJ ✳
✽✿ ❉❡❝♦❞❡ t❤❡ s♦❧✉t✐♦♥ ❜② r❡♣❧❛❝✐♥❣ (Uj ,Dj+1) ❜② Uj+1✳
✾✿ ❡♥❞ ❢♦r

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ ❖✉t♣✉t✿ UJ ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λr))✱ ❣✐✈❡♥ ❜② ❝❡❧❧✲❛✈❡r❛❣❡❞ ✈❛❧✉❡s uj,k s✉❝❤ t❤❛t

(j, k) ∈
⋃
r∈[1,NR] L(Λr)✳

◆♦t✐❝❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠s ✼✳✶ ❛♥❞ ✼✳✷ r❡♠❛✐♥ ✈❛❧✐❞ ❡✈❡♥ ✐❢ ♦♥❧② s♦♠❡ ✐♥❞✐❝❡s ❛r❡ r❡t❛✐♥❡❞
❢r♦♠ t❤❡ s❡ts Sj ✱ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ tr❡❡s Λr ❛r❡ ❣r❛❞❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ UJ ♦♥ t❤❡ ❧❡❛✈❡s

⋃
r∈[1,NR] L(Λr) ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ❛♥②♠♦r❡ ✇✐t❤ t❤❡ ✜♥❡st

r❡♣r❡s❡♥t❛t✐♦♥✱ ✐✳❡✳✱NL 6= NJ ✳

✼✳✷ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛

■♥tr♦❞✉❝✐♥❣ Λr,ε✱ t❤❡ s♠❛❧❧❡st ❣r❛❞❡❞ tr❡❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❛❞❛♣t❡❞ t❤r❡s❤♦❧❞❡❞ tr❡❡ Λr ♦❜t❛✐♥❡❞
❜② TΛr ✭✸✳✽✼✮✱ ✇❡ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ t❤r❡s❤♦❧❞✐♥❣ ♣r♦❝❡❞✉r❡ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
t❤❡ ❣r❛❞❡❞ tr❡❡s✳ ❚❤❡ tr❡❡s Λr ❛r❡ ❜✉✐❧t ❜❛s❡❞ ♦♥ t❤❡ s❡ts ∇j ⊂ Sj ✱ ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢♦r
❡❛❝❤ γ ∈ Sj−1 ♦♥❡ µ ∈ Sj s✉❝❤ t❤❛t Ωµ ⊂ Ωγ ✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
✭✸✳✼✹✮✳ ❊♥❧❛r❣✐♥❣ Λr ❜② ❛❞❞✐♥❣ t❤❡ ♠✐ss✐♥❣ ❝❤✐❧❞✲❝❡❧❧s✱ ❣❡♥❡r❛t❡s t❤❡ s❡t R(Λr)✳ ❚❤❡ r❡✜♥❡♠❡♥t
♦♣❡r❛t♦r R ❜✉✐❧❞s t❤❡ tr❡❡ Λ̃r,ε ❝♦♥t❛✐♥✐♥❣ Λr,ε✱ s✉❝❤ t❤❛t t❤❡ ❍❛rt❡♥✬s ❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ❛r❡
❣✉❛r❛♥t❡❡❞✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❜✐♥❛r② ✢❛❣ tj,k ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r t❤❡ ✐♥❞❡①
(j, k) ✐s ❦❡♣t t❤r♦✉❣❤♦✉t t❤❡ s✉❝❝❡ss✐✈❡ tr❡❡s✱ ❢r♦♠ Λr t♦ Λ̃r,ε✳ ■♥✐t✐❛❧❧②✱ tj,k = .false.✱ ❡①❝❡♣t
❢♦r j = j0✱ ✐✳❡✳✱ tj0,k = .true.✳

✼✳✷✳✶ ❚❤r❡s❤♦❧❞✐♥❣ ❛♥❞ ●r❛❞✉❛t✐♦♥

❚❤❡ ❆❧❣♦r✐t❤♠ ✼✳✸ ✐❧❧✉str❛t❡s t❤❡ t❤r❡s❤♦❧❞✐♥❣ ♣r♦❝❡❞✉r❡ t❤❛t ❞❡✜♥❡s t❤❡ tr❡❡s Λr✱ ❛❝❝♦r❞✐♥❣
t♦ ✭✸✳✽✼✮✳

❆❧❣♦r✐t❤♠ ✼✳✸ ❚❤r❡s❤♦❧❞✐♥❣ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥✿ TΛrMJ ✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λr))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J → j0 + 1 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
Λr ❞♦

✺✿ ✐❢ |dj,k| ≥ εj t❤❡♥
✻✿ tj,k = .true.⇒ (j, l) ∈ Λr✳
✼✿ ❡♥❞ ✐❢
✽✿ ❡♥❞ ❢♦r
✾✿ ❡♥❞ ❢♦r

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❖✉t♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λr))✳

◆♦t✐❝❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✽✼✮✱ ❢♦r ❛❧❧ tj,k = .false.✱ ✐✳❡✳✱ |dj,k| < εj ✱ ✇❡ s❤♦✉❧❞ ✐♠♣♦s❡ dj,k = 0
✐♥t♦ Λr✳ ❚❤✐s ✐s ♥♦t ❞♦♥❡ ❛t t❤✐s st❛❣❡ ❜❡❝❛✉s❡ t❤❡ ❣r❛❞✉❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♠✐❣❤t ❦❡❡♣ s♦♠❡ ❝❡❧❧s



❙❡❝t✳ ✼✳✷ ✲ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛ ✶✻✼

✇✐t❤ |dj,k| < εj ✱ ❛♥❞ t❤✉s ✐♠♣♦s✐♥❣ dj,k = 0 ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ ❡rr♦rs ✇❤✐❧❡ ❝♦♠✐♥❣ ❜❛❝❦ t♦
t❤❡ ♣❤②s✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡ ✐♥ ❆❧❣♦r✐t❤♠ ✼✳✷✳
■♥ t❤❡ ♦r✐❣✐♥❛❧ ❤②♣❡r❜♦❧✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪✱ t❤❡ ❧❡✈❡❧ ❞❡♣❡♥❞❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s
εj ✇❡r❡ ❣✐✈❡♥ ❜② ✭✸✳✾✻✮✿

εj = 2d(j−J)ε, j ∈ [j0, J ], ✭✼✳✶✸✮

✇❤✐❝❤ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ✭✸✳✹✷✮✱ ✐♠♣❧✐❡s q = 1 ❛♥❞ p = ∞ ❢♦r t❤❡
❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❬❈❉❉✵✹❪✳ ❚❤❡ ❞❡t❛✐❧s dj,k ❞❡✜♥❡❞ ❜② ✭✸✳✼✶✮ ✇❡r❡ t❤✉s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡
✉♥✐❢♦r♠ ♥♦r♠ |dj,k|∞✱ ❛s ❞♦♥❡ ✐♥ ✭✸✳✾✷✮ ❬❈❑▼P✵✸✱ ▼ü❧✵✸❪✳ ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❛❞♦♣t
❛ s❡t ♦❢ εj ❣✐✈❡♥ r❛t❤❡r ❜② ✭✹✳✶✺✮✿

εj = 2
d
2
(j−J)ε, j ∈ [j0, J ], ✭✼✳✶✹✮

✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥ ❛♥ L2✲♥♦r♠ ❢r❛♠❡✲
✇♦r❦✳ ❈♦♥❝❡r♥✐♥❣ ✭✸✳✹✷✮✱ t❤❡ ❧❛tt❡r ❝❤♦✐❝❡ ✐♠♣❧✐❡s q = p = 2 ❛s ✐♥ t❤❡ ❣❡♥❡r❛❧ ♦rt❤♦♥♦r♠❛❧ ❛♥❞
❜✐♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡ts ❝♦♥t❡①t✳ ❲❡ ♠✉st ❞❡✜♥❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♠❡❛s✉r❡ ‖dj,k‖L2(Σj,k)✱ ✇❤❡r❡

Σj,k st❛♥❞s ❢♦r t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❞✉❛❧ ✇❛✈❡❧❡t ψ̃j,k ✐♥t♦ ✭✸✳✽✵✮✳
■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤✉s ❡st❛❜❧✐s❤❡❞ ❛ ❞✐s❝r❡t✐③❡❞ ℓ2✲♥♦r♠✿

‖dj+1,k′‖ℓ2(χΩj,k
) = 2−d/2


∑

k′∈Ik

d2j+1,k′




−1/2

, ✭✼✳✶✺✮

✇❤✐❝❤ ❝♦♥s✐❞❡rs t❤❛t supp ψ̃j+1,k′ = supp φ̃j,k = χΩj,k
❢♦r t❤❡ ❍❛❛r ✇❛✈❡❧❡t ✐♥t♦ ✭✸✳✽✵✮✱ ✐✳❡✳✱N =

1 ❛♥❞ M = 0 ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s ✐♥ ❚❛❜❧❡ ✼✳✶✳ ■♥ t❤✐s ✇❛②✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✶✺✮
❛❧❧ t❤❡ 2d ❝❤✐❧❞✲❝❡❧❧s Ωj+1,k′ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Ωj,k ✐♥✈♦❧✈❡ t❤❡ s❛♠❡ ‖dj+1,k′‖ℓ2(χΩj,k

)✱ t♦ ❝♦♠♣❛r❡

✇✐t❤ εj+1 ✐♥ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✸✳ ❲❡ ❤❛✈❡ ♥❡✈❡rt❤❡❧❡ss ❦❡♣t t❤❡ s❛♠❡ ❡st✐♠❛t❡ ✭✼✳✶✺✮ ❢♦r N ≥ 3
❛♥❞ M ≥ 1✱ t♦ r❡str❛✐♥ t❤❡ ♠❡❛s✉r❡ ‖dj+1,k′‖ℓ2(χΩj,k

) t♦ ♦♥❧② 2d ❝❡❧❧s✳ ■♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✱

❢♦r ❛ ✈❡❝t♦r ❢✉♥❝t✐♦♥ U : ❘× ❘d → ❘m✱ ❣✐✈❡♥ ❜②

U(t, x) = (u(1)(t, x), u(2)(t, x), . . . , u(m)(t, x))T , ✭✼✳✶✻✮

❢♦r m ✈❛r✐❛❜❧❡s✱ ✇❤❡r❡ u(i)j,k r❡♣r❡s❡♥ts t❤❡ ❝❡❧❧✲❛✈❡r❛❣❡ ♦❢ ✈❛r✐❛❜❧❡ u(i)(t, x) ✐♥ Ωj,k ❣✐✈❡♥ ❜②
✭✼✳✺✮✳ ❚❤❡ ✜♥❛❧ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧ ❞❡t❛✐❧ ✐s ❝♦♠♣✉t❡❞ ❜②

‖dj+1,k′‖ℓ2(χΩj,k
) = m−1/2

m∑

i=1

‖d(i)j+1,k′‖ℓ2(χΩj,k
)

(
max
x∈Ω

u(i)(t, x)

)−1/2

, ✭✼✳✶✼✮

❜❛s❡❞ ♦♥ ✭✼✳✶✺✮ ❢♦r t❤❡ ❡st✐♠❛t❡ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✱ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡✳
❚❤❡ ❆❧❣♦r✐t❤♠ ✼✳✹ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ♦♥❧② ❣r❛❞❡❞ tr❡❡ str✉❝t✉r❡s ❜❛s❡❞ ♦♥ t❤❡ st❡♥❝✐❧ ♥❡❡❞❡❞
t♦ ♣❡r❢♦r♠ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ✐❢ ❛ ❝❡❧❧ (j + 1, k′) ✐s
❝♦♥t❛✐♥❡❞ ✐♥ Λr✱ t❤❡♥ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ 2d − 1 ✭r❡s♣✳✱ 2d − 2✮ ♦t❤❡r ❝❡❧❧s ✇✐t❤ k′ ∈ Ik ✐♥
t❤❡ ❡①t❡♥❞❡❞ R(Λr) ✭r❡s♣✳✱ ✐♥ Λr✮✳

❆❧❣♦r✐t❤♠ ✼✳✹ ●r❛❞✉❛t✐♦♥ ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡✿ Λr → Λr,ε✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λr))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J − 1→ j0 ❞♦



❙❡❝t✳ ✼✳✷ ✲ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛ ✶✻✽

✹✿ ❢♦r k′ s.t. (j + 1, k′) ∈ Sj+1
⋂
Λr ❞♦

✺✿ ✐❢ tj+1,k′ = .true. t❤❡♥
✻✿ ❢♦r k′ ∈ Ik ❞♦
✼✿ tj+1,k′ = .true.⇒ (j + 1, k′) ∈ R(Λr)✳
✽✿ ❡♥❞ ❢♦r
✾✿ ✐❢ j ≥ j0 + 1 t❤❡♥

✶✵✿ ❢♦r d3 = −M →M ❞♦
✶✶✿ ❢♦r d2 = −M →M ❞♦
✶✷✿ ❢♦r d1 = −M →M ❞♦
✶✸✿ tj,k1+d1,k2+d2,k3+d3 = .true.⇒ (j, k1 + d1, k2 + d2, k3 + d3) ∈ R(Λr)✳
✶✹✿ ❡♥❞ ❢♦r
✶✺✿ ❡♥❞ ❢♦r
✶✻✿ ❡♥❞ ❢♦r
✶✼✿ ❡♥❞ ✐❢
✶✽✿ ❡♥❞ ✐❢
✶✾✿ ❡♥❞ ❢♦r
✷✵✿ ❡♥❞ ❢♦r
✷✶✿ ❡♥❞ ❢♦r
✷✷✿ ❖✉t♣✉t✿ Λr → Λr,ε✱ ✇✐t❤ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λr,ε))✳

❆❧❣♦r✐t❤♠s ✼✳✸ ❛♥❞ ✼✳✹ ❛r❡ ✜♥❛❧❧② r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♠❜✐♥❡❞ t❤r❡s❤♦❧❞✲❣r❛❞✉❛t✐♦♥ ♦♣❡r❛t♦r
TΛr,ε ✱ ❛s s❡❡♥ ✐♥ ❝❤❛♣t❡rs ✸ ❛♥❞ ✹✳

✼✳✷✳✷ ❘❡✜♥❡♠❡♥t ♦❢ t❤❡ ❚r❡❡

❚❤❡ r❡✜♥❡♠❡♥t ♦♣❡r❛t♦r R ❣❡♥❡r❛t❡s t❤❡ ✜♥❛❧ tr❡❡ ❞❛t❛ str✉❝t✉r❡ Λ̃r,ε✱ ♦♥ ✇❤✐❝❤ t❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ u(t, x) ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ♠❛✐♥ ❝♦♥❝❡r♥ ✐s t♦ ❡♥s✉r❡ ❍❛rt❡♥✬s
❤❡✉r✐st✐❝s ✭✸✳✶✵✷✮ ❞✉r✐♥❣ ♦♥❡ t✐♠❡ st❡♣ ❡✈♦❧✉t✐♦♥✳ ❍❛rt❡♥ ♣r♦♣♦s❡❞ ✐♥ ❬❍❛r✾✹❛✱ ❍❛r✾✺❪ t✇♦
r❡✜♥❡♠❡♥t ❝r✐t❡r✐❛ ❣✐✈❡♥ ❜② ✭✸✳✶✵✸✮ ❛♥❞ ✭✸✳✶✵✹✮ ❢♦r t❤❡ ✶❉ ❞②❛❞✐❝ ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥ t❤✐s
✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜rst ❍❛rt❡♥✬s ❝r✐t❡r✐♦♥ ✭✸✳✶✵✸✮✱ ❛♥❞ ❛ ♠♦r❡ ❝♦♥s❡r✈❛t✐✈❡ s❡❝♦♥❞
❝r✐t❡r✐♦♥ ✭✹✳✶✸✮✱ ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡s❡ ❝r✐t❡r✐❛ ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❆❧❣♦r✐t❤♠
✼✳✺✳

❆❧❣♦r✐t❤♠ ✼✳✺ ❘❡✜♥❡♠❡♥t ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡✿ Λr,ε → Λ̃r,ε✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λr,ε))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J → j0 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
L(Λr,ε) ❞♦

✺✿ ✐❢ tj,k = .true. t❤❡♥
✻✿ ✐❢ j ≥ j0 + 1 t❤❡♥ ④❋✐rst r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥⑥
✼✿ ❢♦r id = 1→ d ❞♦
✽✿ ❢♦r l = −k̄ → k̄ ❞♦
✾✿ tj,k(id)+l = .true.

✶✵✿ ✐❢ (j, k(id) + l) /∈ R(Λr,ε) t❤❡♥
✶✶✿ ❆♣♣❧② st❡♣s ✻✲✶✼ ♦❢ ❆❧❣♦r✐t❤♠ ✼✳✹ ❢♦r ❣r❛❞✉❛t✐♦♥✱ ✇✐t❤ j = j − 1✳
✶✷✿ ❙❡t dj,k(id)+l = 0✳
✶✸✿ (j, k(id) + l) ∈ R(Λr,ε)✳
✶✹✿ ❡♥❞ ✐❢



❙❡❝t✳ ✼✳✸ ✲ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡ ✶✻✾

✶✺✿ ❡♥❞ ❢♦r
✶✻✿ ❡♥❞ ❢♦r
✶✼✿ ❡♥❞ ✐❢
✶✽✿ ✐❢ |dj,k| ≥ εj and j < J t❤❡♥ ④❙❡❝♦♥❞ r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥⑥
✶✾✿ ❢♦r k′ ∈ Ik ❞♦
✷✵✿ tj+1,k′ = .true.✳
✷✶✿ ✐❢ (j + 1, k′) /∈ R(Λr,ε) t❤❡♥
✷✷✿ ❆♣♣❧② st❡♣s ✻✲✶✼ ♦❢ ❆❧❣♦r✐t❤♠ ✼✳✹ ❢♦r ❣r❛❞✉❛t✐♦♥✳
✷✸✿ ❙❡t dj+1,k′ = 0✳
✷✹✿ (j + 1, k′) ∈ R(Λr,ε)✳
✷✺✿ ❡♥❞ ✐❢
✷✻✿ ❡♥❞ ❢♦r
✷✼✿ ❡♥❞ ✐❢
✷✽✿ ❡♥❞ ✐❢
✷✾✿ ❡♥❞ ❢♦r
✸✵✿ ❡♥❞ ❢♦r
✸✶✿ ❡♥❞ ❢♦r
✸✷✿ ❖✉t♣✉t✿ Λr,ε → Λ̃r,ε✱ ✇✐t❤ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λ̃r,ε))✳

◆♦t✐❝❡ t❤❛t t❤❡ ✜rst r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥ ✐♥ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✺ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥❧② ❛t t❤❡
❤✐❣❤❡st ❧❡✈❡❧ j = J ✳ ❚❤❡♥✱ t❤❡ ❣r❛❞✉❛t✐♦♥ ✭❆❧❣♦r✐t❤♠ ✼✳✹✮ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤ M̄ =M+⌈k̄/2⌉
❛s ❣r❛❞✐♥❣ ♣❛r❛♠❡t❡r ❢♦r ❞✐♠❡♥s✐♦♥s x✱ y✱ ❛♥❞ z✱ ❛♥❞ M̄ = M ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❞✐❛❣♦♥❛❧
❝❡❧❧s ✇✐t❤ r❡s♣❡❝t t♦ (j, k)✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ s❡❝♦♥❞ r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ❞✐r❡❝t❧②
✐♠♣❧❡♠❡♥t❡❞ ❞✉r✐♥❣ t❤❡ t❤r❡s❤♦❧❞✐♥❣ ✭❆❧❣♦r✐t❤♠ ✼✳✸✮✳ ❊✈❡♥t✉❛❧❧②✱ t❤❡ ✜♥❛❧ st❡♣ s✉♠♠❛r✐③❡❞
✐♥ ❆❧❣♦r✐t❤♠ ✼✳✻ ❞❡❧❡t❡s ❝♦♠♣❧❡t❡❧② ❛❧❧ ❝❡❧❧s t❤❛t ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ t❤r❡s❤♦❧❞❡❞✱ ❣r❛❞❡❞✱
❛♥❞ r❡✜♥❡❞ tr❡❡ Λ̃r,ε✳

❆❧❣♦r✐t❤♠ ✼✳✻ ❉❡❧❡t✐♦♥ ♦❢ s✉♣❡r✢✉♦✉s ❝❡❧❧s✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λ̃r,ε))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J − 1→ j0 ❞♦
✹✿ ❢♦r k′ s.t. (j + 1, k′) ∈ Sj+1

⋂
Λ̃r,ε ❞♦

✺✿ ✐❢ tj+1,k′ = .false. t❤❡♥
✻✿ ❢♦r k′ ∈ Ik ❞♦
✼✿ ❉❡❧❡t❡ (j + 1, k′)✳
✽✿ ❡♥❞ ❢♦r
✾✿ ❡♥❞ ✐❢

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ ❡♥❞ ❢♦r
✶✸✿ ❖✉t♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λ̃r,ε))✳

✼✳✸ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡

■♥ t❤✐s ♣❛rt✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ✐ss✉❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❡st❛❜❧✐s❤❡❞
✐♥ ❈❤❛♣t❡r ✹✱ ❛♥❞ ✜rst ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥



❙❡❝t✳ ✼✳✸ ✲ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡ ✶✼✵

❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✳

✼✳✸✳✶ ❉❛t❛ ■♥✐t✐❛❧✐③❛t✐♦♥

▲❡t ✉s s✉♣♣♦s❡ t❤❛t ✐♥✐t✐❛❧❧② ✇❡ ❤❛✈❡ t❤❡ ❢✉♥❝t✐♦♥ u(t, x)✱ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ✉♥✐❢♦r♠ ♠❡s❤
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣r✐❞ ❧❡✈❡❧ j0 ∈ [j0, J ]✿ Uj0 ✱ ❛♥❞ t❤✉s L(Λr) ✐♥✐t✐❛❧❧② ❝♦✐♥❝✐❞❡s ✇✐t❤ Sj0

❛♥❞ NL = NR2
dj0 ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❆❧❣♦r✐t❤♠ ✼✳✼ ❛❧❧♦✇s ✉s t♦ tr❛♥s❢♦r♠ ❛♥ ✐♥✐t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥

♦♥ ❛ ✉♥✐❢♦r♠ ♠❡s❤ ✐♥t♦ ❛ ❝♦♠♣r❡ss❡❞ ❛❞❛♣t❡❞ ♦♥❡✱ ♦✈❡r ❛ s❡t ♦❢ ❣r✐❞s ♦❢ ❧❡✈❡❧ j ∈ [j0, J ]✳

❆❧❣♦r✐t❤♠ ✼✳✼ ❉❛t❛ ✐♥✐t✐❛❧✐③❛t✐♦♥✳

✶✿ ■♥♣✉t✿ Uj0 ♦❢ s✐③❡ 2dj
0
✱ ❣✐✈❡♥ ❜② ❝❡❧❧✲❛✈❡r❛❣❡❞ ✈❛❧✉❡s uj0,k ✇✐t❤ (j0, k) ∈ Sj0 ✳

✷✿ ❢♦r j = j0 → J − 1 ❞♦
✸✿ ❊♥❝♦❞❡ ✈❛❧✉❡s ❜② ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠M : Uj 7→Mj ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✶✳
✹✿ ❚❤r❡s❤♦❧❞ ❞❛t❛ Mj ❜② TΛr ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✸✳
✺✿ ●r❛❞❡ tr❡❡ Λr → Λr,ε ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✹✳
✻✿ ❉❡❧❡t❡ s✉♣❡r✢✉♦✉s ❝❡❧❧s ✐♥ Λr,ε ❝♦♥s✐❞❡r✐♥❣ Λ̃r,ε ≡ Λr,ε ✐♥ ❆❧❣♦r✐t❤♠ ✼✳✻✳
✼✿ ❘❡✜♥❡ tr❡❡ Λr,ε → Λ̃r,ε ❜② ❧♦❝❛❧❧② ❛❞❞✐♥❣ ❝❡❧❧s ❛t ♥❡①t ❣r✐❞ ❧❡✈❡❧s ❜② t❤❡ s❡❝♦♥❞ r❡✜♥❡♠❡♥t

❝r✐t❡r✐♦♥ ✐♥ ❆❧❣♦r✐t❤♠ ✼✳✺✳
✽✿ ❉❡❝♦❞❡ ✈❛❧✉❡s ❜② ✐♥✈❡rs❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠ M−1 : Mj+1 7→ Uj+1 ✇✐t❤ ❆❧❣♦✲

r✐t❤♠ ✼✳✷✳
✾✿ ■❢ ♣♦ss✐❜❧❡✱ ❝♦♠♣✉t❡ ❛✈❡r❛❣❡ ✈❛❧✉❡s uj+1,k ❛t ❣r✐❞ ❧❡✈❡❧ j + 1 ✇✐t❤✐♥ L(Λ̃r,ε)✳

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❖✉t♣✉t✿ UJ ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λ̃r,ε))✱ ❣✐✈❡♥ ❜② ❝❡❧❧✲❛✈❡r❛❣❡❞ ✈❛❧✉❡s uj,k ✇✐t❤ (j, k) ∈⋃

r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✼✳✸✳✷ ■♥tr♦❞✉❝t✐♦♥ ♦❢ P❤❛♥t♦♠ ❈❡❧❧s

■♥ ❈❤❛♣t❡r ✹ ✇❡ ❤❛✈❡ ❞❡❝✐❞❡❞ t♦ ✉s❡ ♣❤❛♥t♦♠ ❝❡❧❧s ❢♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s✱ ❛s ❞❡t❛✐❧❡❞ ✐♥
❬▼ü❧✵✸❪ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬❘❙❚❇✵✸❪✳ ❚❤❡ ❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛❧✇❛②s ❣✐✈❡♥ ♦♥ t❤❡
❧❡❛✈❡s ♦❢ t❤❡ ❛❞❛♣t❡❞ tr❡❡ L(Λ̃r,ε)✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❝❡❞✉r❡s ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞✳ ❚❤❡
❝❡❧❧ ♣❤❛♥t♦♠s ❛r❡ t❡♠♣♦r❛r✐❧② ❛❞❞❡❞ t♦ R(Λ̃r,ε) t♦ ❝♦♠♣✉t❡ t❤❡ ✢✉①❡s✱ ❛♥❞ t❤❡✐r ✈❛❧✉❡s ❛r❡
❝♦♠♣✉t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♥♦ ♦t❤❡r ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♦r t✐♠❡ ✐♥t❡❣r❛✲
t✐♦♥ ♦♣❡r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡♠✳ ❲❡ r❡♣r❡s❡♥t ❜② P (Λ̃r,ε) t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s ❝♦♥t❛✐♥✐♥❣
R(Λ̃r,ε) ❛♥❞ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s✳ ❚❤❡s❡ ❝❡❧❧s ♠✉st ❜❡ ✐♥tr♦❞✉❝❡❞ ❝♦♥t✐❣✉♦✉s❧② t♦ t❤❡ ❧❡❛✈❡s
♦❢ t❤❡ tr❡❡✱ ❛♥❞ t❤❡✐r ♥✉♠❜❡r ✐s ✜①❡❞ ❜② t❤❡ st❡♥❝✐❧ ♦❢ t❤❡ ✢✉① ❝♦♠♣✉t❛t✐♦♥ s❝❤❡♠❡ ♦♥ t❤❡
♦✉t❡r ❞✐r❡❝t✐♦♥✱ ❞❡♥♦t❡❞ RF ✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣❤❛♥t♦♠ ❝❡❧❧s ❛❞❞❡❞ t♦ t❤❡ ❝✉rr❡♥t tr❡❡ ✐s
❣✐✈❡♥ ❜②✿ NP = #(

⋃
r∈[1,NR] P (Λ̃r,ε)\R(Λ̃r,ε))✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✼✳✽ ✐❧❧✉str❛t❡s t❤❡ ✐♥tr♦❞✉❝✲

t✐♦♥ ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s ✐♥ t❤❡ tr❡❡ str✉❝t✉r❡✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡✐r ❝❡❧❧ ✈❛❧✉❡s✳

❆❧❣♦r✐t❤♠ ✼✳✽ ■♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s✿ R(Λ̃r,ε)→ P (Λ̃r,ε)✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λ̃r,ε))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J → j0 + 1 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
L(Λr,ε) ❞♦

✺✿ ✐❢ tj,k = .true. t❤❡♥



❙❡❝t✳ ✼✳✸ ✲ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡ ✶✼✶

✻✿ ❢♦r id = 1→ d ❞♦
✼✿ ❢♦r l = −RF → RF ❞♦
✽✿ ✐❢ (j, k(id) + l) /∈ R(Λr,ε) t❤❡♥
✾✿ tj,k(id)+l = .true.

✶✵✿ ❆♣♣❧② st❡♣s ✻✲✶✼ ♦❢ ❆❧❣♦r✐t❤♠ ✼✳✹ ❢♦r ❣r❛❞✉❛t✐♦♥✱ ✇✐t❤ j = j − 1✳
✶✶✿ ❙❡t dj,k(id)+l = 0✳
✶✷✿ (j, k(id) + l) ∈ P (Λr,ε)✳
✶✸✿ ❡♥❞ ✐❢
✶✹✿ ❡♥❞ ❢♦r
✶✺✿ ❡♥❞ ❢♦r
✶✻✿ ❡♥❞ ✐❢
✶✼✿ ❡♥❞ ❢♦r
✶✽✿ ❡♥❞ ❢♦r
✶✾✿ ❡♥❞ ❢♦r
✷✵✿ ❖✉t♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λ̃r,ε))✱ ❛♥❞ NP ♣❤❛♥t♦♠

❝❡❧❧s ✐♥❝❧✉❞❡❞ ✐♥
⋃
r∈[1,NR] P (Λ̃r,ε)\R(Λ̃r,ε)✳

◆♦t✐❝❡ t❤❛t t♦ ♣❡r❢♦r♠ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥s ❛♥❞ ❡st✐♠❛t❡ t❤❡ NP ❝❡❧❧ ✈❛❧✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❆❧✲
❣♦r✐t❤♠ ✼✳✽✱ t❤❡ ❣r❛❞✉❛t✐♦♥ ♦❢ t❤❡ tr❡❡ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❤❛♥t♦♠ ❝❡❧❧s✳
❚❤❡r❡❢♦r❡✱ ✐❢ ♣❤❛♥t♦♠ ❝❡❧❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❣r❛❞✉❛t✐♦♥ ❆❧❣♦r✐t❤♠ ✼✳✹ ♠✐❣❤t ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤
M̄ = M + ⌈RF /2⌉ ✐♥st❡❛❞ ♦❢ M ❛s ❣r❛❞✐♥❣ ♣❛r❛♠❡t❡r✱ ❛♥❞ t❤✉s t❤❡ ❣r❛❞✉❛t✐♦♥ st❡♣ ✐♥ t❤❡
❆❧❣♦r✐t❤♠ ✼✳✽ ✇♦✉❧❞ ♥♦t ❜❡ ♥❡❝❡ss❛r②✳

✼✳✸✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❚r❡❡✲❙tr✉❝t✉r❡❞ ❉❛t❛

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❆❧❣♦r✐t❤♠ ✼✳✶✵ t❛❦❡s s✐♠✉❧t❛♥❡♦✉s❧② ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t❤r❡s❤♦❧❞✐♥❣✱ t❤❡ ❣r❛❞✉❛✲
t✐♦♥✱ ❛♥❞ t❤❡ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❞❛t❛ tr❡❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉s✲
s✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✾ t❤❛t ❛❧❧♦✇s ✉s t♦ ❧♦❝❛❧❧② ❣r❛❞✉❛t❡ t❤❡
tr❡❡ ❢♦r ❡❛❝❤ ❝❡❧❧ ❛❞❞❡❞ ♦r ❦❡♣t ✐♥ t❤❡ tr❡❡✳

❆❧❣♦r✐t❤♠ ✼✳✾ ▲♦❝❛❧ ❣r❛❞✉❛t✐♦♥ ♦❢ t❤❡ tr❡❡✳

✶✿ ■♥♣✉t✿ (j + 1, k′) ∈ Λr✳
✷✿ ❢♦r k′ ∈ Ik ❞♦
✸✿ tj+1,k′ = .true.⇒ (j + 1, k′) ∈ R(Λr)✳
✹✿ ❡♥❞ ❢♦r
✺✿ ✐❢ j ≥ j0 + 1 t❤❡♥
✻✿ ❢♦r d3 = −M̄ → M̄ ❞♦
✼✿ ❢♦r d2 = −M̄ → M̄ ❞♦
✽✿ ❢♦r d1 = −M̄ → M̄ ❞♦
✾✿ tj,k1+d1,k2+d2,k3+d3 = .true.✳

✶✵✿ ✐❢ (j, k1 + d1, k2 + d2, k3 + d3) /∈ R(Λr) t❤❡♥
✶✶✿ ❙❡t dj,k1+d1,k2+d2,k3+d3 = 0✳
✶✷✿ ❡♥❞ ✐❢
✶✸✿ (j, k1 + d1, k2 + d2, k3 + d3) ∈ R(Λr)✳
✶✹✿ ●r❛❞❡ ❧♦❝❛❧❧② ❢♦r (j, k1 + d1, k2 + d2, k3 + d3) ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✾✳
✶✺✿ ❡♥❞ ❢♦r
✶✻✿ ❡♥❞ ❢♦r
✶✼✿ ❡♥❞ ❢♦r



❙❡❝t✳ ✼✳✸ ✲ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡ ✶✼✷

✶✽✿ ❡♥❞ ✐❢
✶✾✿ ❖✉t♣✉t✿ ●r❛❞❡❞ str✉❝t✉r❡ ❢♦r ❧❡✈❡❧ j ∈ [j0, j + 1]✱ r❡❧❛t❡❞ t♦ (j + 1, k′) ∈ Λr✳

❚❤❡ ✜rst st❡♣ ❝♦♥s✐❞❡rs t❤❛t ✐❢

(j + 1, k′) ∈ Λr ⇒ ∀ k′ ∈ Ik, (j + 1, k′) ∈ R(Λr), ✭✼✳✶✽✮

❛s ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ❢♦r t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❣r❛❞✐♥❣ ♣❛r❛♠❡t❡r ✐s ♥♦✇
❞❡✜♥❡❞ ❜②

M̄ =M + ⌈k̄/2⌉+ ⌈RF /2⌉, ✭✼✳✶✾✮

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ st❡♥❝✐❧✱ t❤❡ ✜rst r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥✱ ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ ♣❤❛♥t♦♠ ❝❡❧❧s✳ ❋♦r t❤❡ ❞✐❛❣♦♥❛❧ ❝❡❧❧s ✇✐t❤ r❡s♣❡❝t t♦ (j, k)✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r M̄ =
M + ⌈RF /2⌉✳ ◆♦t✐❝❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✼✳✶✽✮ ✐♥✈♦❧✈❡s 2⌈k̄/2⌉ ♠♦r❡ ❝❡❧❧s ❛t ❡❛❝❤ s✐❞❡ ❛♥❞ ♦♥
❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡ ❍❛rt❡♥✬s ✜rst r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥ ✭✸✳✶✵✸✮✳ ❚❤❡ tr❡❡ ❞❛t❛ str✉❝t✉r❡
✐s ✜♥❛❧❧② ❜✉✐❧t ❜② ♠❡❛♥s ♦❢ ❆❧❣♦r✐t❤♠ ✼✳✶✵✱ r❡❝❛❧❧✐♥❣ t❤❛t ✐♥✐t✐❛❧❧② tj,k = .false. ❡①❝❡♣t ❢♦r
j = j0✱ ✐✳❡✳✱ tj0,k = .true.✳

❆❧❣♦r✐t❤♠ ✼✳✶✵ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛✿ Λr → Λ̃r,ε✳

✶✿ ■♥♣✉t✿ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λr))✳
✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J → j0 + 1 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
Λr ❞♦

✺✿ ✐❢ |dj,k| ≥ εj t❤❡♥
✻✿ tj,k = .true.⇒ (j, l) ∈ Λr✳
✼✿ ●r❛❞❡ ❧♦❝❛❧❧② ❢♦r (j, k) ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✾✳
✽✿ ✐❢ j = J t❤❡♥ ④❋✐rst r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥ ❛t ❤✐❣❤❡st ❧❡✈❡❧⑥
✾✿ ❢♦r id = 1→ d ❞♦

✶✵✿ ❢♦r l = −k̄ → k̄ ❞♦
✶✶✿ tj,k(id)+l = .true.
✶✷✿ ✐❢ (j, k(id) + l) /∈ R(Λr) t❤❡♥
✶✸✿ ❙❡t dj,k(id)+l = 0✳
✶✹✿ ❡♥❞ ✐❢
✶✺✿ (j, k(id) + l) ∈ R(Λr)✳
✶✻✿ ●r❛❞❡ ❧♦❝❛❧❧② ❢♦r (j, k(id) + l) ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✾✳
✶✼✿ ❡♥❞ ❢♦r
✶✽✿ ❡♥❞ ❢♦r
✶✾✿ ❡❧s❡ ④❙❡❝♦♥❞ r❡✜♥❡♠❡♥t ❝r✐t❡r✐♦♥⑥
✷✵✿ ❢♦r k′ ∈ Ik ❞♦
✷✶✿ tj+1,k′ = .true.
✷✷✿ ✐❢ (j + 1, k′) /∈ R(Λr) t❤❡♥
✷✸✿ ❙❡t dj+1,k′ = 0✳
✷✹✿ ❡♥❞ ✐❢
✷✺✿ (j + 1, k′) ∈ R(Λr)✳
✷✻✿ ●r❛❞❡ ❧♦❝❛❧❧② ❢♦r (j + 1, k′) ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✾✳
✷✼✿ ❡♥❞ ❢♦r
✷✽✿ ❡♥❞ ✐❢
✷✾✿ ✐❢ k s.t. (j, k) ∈ Sj

⋂
L(Λr) t❤❡♥ ④■♥tr♦❞✉❝t✐♦♥ ♦❢ ♣❤❛♥t♦♠ ❝❡❧❧s⑥

✸✵✿ ❢♦r id = 1→ d ❞♦



❙❡❝t✳ ✼✳✸ ✲ ❋✉❧❧② ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❙❝❤❡♠❡ ✶✼✸

✸✶✿ ❢♦r l = −RF → RF ❞♦
✸✷✿ ✐❢ (j, k(id) + l) /∈ R(Λr) t❤❡♥
✸✸✿ tj,k(id)+l = .true.
✸✹✿ ❙❡t dj,k(id)+l = 0✳
✸✺✿ (j, k(id) + l) ∈ P (Λr)✳
✸✻✿ ❡♥❞ ✐❢
✸✼✿ ❡♥❞ ❢♦r
✸✽✿ ❡♥❞ ❢♦r
✸✾✿ ❡♥❞ ✐❢
✹✵✿ ❡♥❞ ✐❢
✹✶✿ ❡♥❞ ❢♦r
✹✷✿ ❡♥❞ ❢♦r
✹✸✿ ❡♥❞ ❢♦r
✹✹✿ ❖✉t♣✉t✿ Λr → Λ̃r,ε ✇✐t❤ MJ = (Uj0 ,Dj0+1, · · · ,DJ) ♦❢ s✐③❡ NL =

∑NR
r=1#(L(Λ̃r,ε))✱ ❛♥❞

NP ♣❤❛♥t♦♠ ❝❡❧❧s ✐♥❝❧✉❞❡❞ ✐♥
⋃
r∈[1,NR] P (Λ̃r,ε)\R(Λ̃r,ε)✳

✼✳✸✳✹ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆❧❣♦r✐t❤♠

❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ t❤❡ ❝♦♠♣❧❡t❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ✐s ✐♠♣❧❡✲
♠❡♥t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❆❧❣♦r✐t❤♠ ✼✳✶✶✱ t❤❛t ❞❡t❛✐❧s t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r
✹ ❝♦♥❝❡r♥✐♥❣ ❞②♥❛♠✐❝ ♠❡s❤ ❛❞❛♣t❛t✐♦♥✳

❆❧❣♦r✐t❤♠ ✼✳✶✶ ❋✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡✳

✶✿ ■◆■❚■❆▲■❩❆❚■❖◆✿
✷✿ ❉❡✜♥❡✿ s❡t ♦❢ ❣r✐❞ ❧❡✈❡❧s [j0, J ]✱ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❣r✐❞ j0✱ ♥✉♠❜❡r ♦❢ r♦♦ts NR✱ t❤r❡s❤♦❧❞ ✈❛❧✉❡
ε✱ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ d✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω ⊂ ❘d✱ t✐♠❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥
t ∈ [t0, T ]✳

✸✿ ❚❤❡ ❝♦❛rs❡st ❣r✐❞ ✐s ❣✐✈❡♥ ❜② NR ❝❡❧❧s Ωj0,k✱ s✉❝❤ t❤❛t
⋃
j=j0

Ωj,k = Ω✳
✹✿ ❢♦r j = j0 → j0 − 1 ❞♦ ④❈r❡❛t❡ ✐♥✐t✐❛❧ s❡t ♦❢ ❣r✐❞s⑥
✺✿ ❈r❡❛t❡ s✉❝❝❡ss✐✈❡ ❞②❛❞✐❝ ♣❛rt✐t✐♦♥s Ωj+1,k′ ♦❢ Ωj,k✱ s✉❝❤ t❤❛t ✭✼✳✸✮ ✐s ✈❡r✐✜❡❞✳
✻✿ ❡♥❞ ❢♦r
✼✿ ❈♦♠♣✉t❡ Uj0 ❛t ✉♥✐❢♦r♠ ❣r✐❞ ❧❡✈❡❧ j0✱ ❢♦❧❧♦✇✐♥❣ ✭✼✳✺✮✳
✽✿ ❉❛t❛ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✼✳
✾✿ t = t0 ❛♥❞ n = 0✳

✶✵✿ ■♥♣✉t✿ U0
J ♦❢ s✐③❡ N0

L =
∑NR

r=1#(L(Λ̃0
r,ε))✱ ❣✐✈❡♥ ❜② ❝❡❧❧ ✈❛❧✉❡s u0j,k s✉❝❤ t❤❛t (j, k) ∈⋃

r∈[1,NR] L(Λ̃
0
r,ε) ❛♥❞ j ∈ [j0, J ]✳

✶✶✿ ▲❖❖P ■◆ ❚■▼❊✿
✶✷✿ ✇❤✐❧❡ t ≤ T ❞♦
✶✸✿ ❊♥❝♦❞❡ ✈❛❧✉❡s ❜② ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠M : Un

J 7→Mn
J ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✶✳

✶✹✿ ❊st✐♠❛t❡ ❞❡t❛✐❧s ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✼✮✳
✶✺✿ ❇✉✐❧t t❤❡ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛ Λ̃nr,ε → Λ̃n+1

r,ε ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✶✵✱ ❛♥❞ Nn
P ♣❤❛♥t♦♠ ❝❡❧❧s

✐♥❝❧✉❞❡❞ ✐♥
⋃
r∈[1,NR] P (Λ̃

n+1
r,ε )\R(Λ̃n+1

r,ε )✳

✶✻✿ ❉❡❧❡t❡ s✉♣❡r✢✉♦✉s ❝❡❧❧s ✐♥ Λ̃n+1
r,ε ✇✐t❤ ❆❧❣♦r✐t❤♠ ✼✳✻✳

✶✼✿ ❉❡❝♦❞❡ ✈❛❧✉❡s ❜② ✐♥✈❡rs❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠ M−1 : Mn
J 7→ Un

J ✇✐t❤ ❆❧❣♦r✐t❤♠
✼✳✷✱ ❛♥❞ ❝♦♠♣✉t❡ Nn

P ♣❤❛♥t♦♠ ✈❛❧✉❡ ❝❡❧❧s ❜② ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ✭✼✳✽✮✱ ✭✼✳✶✵✮✱ ♦r
✭✼✳✶✶✮✳



❙❡❝t✳ ✼✳✹ ✲ ❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✼✹

✶✽✿ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡s
⋃
r∈[1,NR] L(Λ̃

n+1
r,ε )✿ Un

J →
Un+1
J ✱ n→ n+ 1✱ ❛♥❞ t→ t+∆t✳

✶✾✿ ❉❡❧❡t❡ t❤❡ Nn
P ♣❤❛♥t♦♠ ❝❡❧❧s✳

✷✵✿ Un+1
J ♦❢ s✐③❡ Nn+1

L =
∑NR

r=1#(L(Λ̃n+1
r,ε ))✱ ❣✐✈❡♥ ❜② ❝❡❧❧ ✈❛❧✉❡s un+1

j,k s✉❝❤ t❤❛t (j, k) ∈⋃
r∈[1,NR] L(Λ̃

n+1
r,ε ) ❛♥❞ j ∈ [j0, J ]✳

✷✶✿ ❡♥❞ ✇❤✐❧❡
✷✷✿ t = T ❛♥❞ n = nT ✳
✷✸✿ ❖✉t♣✉t✿ UT

J ♦❢ s✐③❡ NnT
L =

∑NR
r=1#(L(Λ̃nT

r,ε ))✱ ❣✐✈❡♥ ❜② ❝❡❧❧ ✈❛❧✉❡s unT
j,k s✉❝❤ t❤❛t (j, k) ∈⋃

r∈[1,NR] L(Λ̃
nT
r,ε ) ❛♥❞ j ∈ [j0, J ]✳

◆♦t✐❝❡ t❤❛t ❝r❡❛t✐♥❣ t❤❡ ✐♥✐t✐❛❧ s❡t ♦❢ ❣r✐❞s ❢♦r j ∈ [j0, j
0] ✐♠♣❧✐❡s ❞❡✜♥✐♥❣ t❤❡ ❡♥t✐r❡ s❡t ♦❢

❝❡❧❧s
⋃
r∈[1,NR]R(Λr)✱ ✐♥st❡❛❞ ♦❢

⋃
r∈[1,NR] Λr ♦❢ s✐③❡ NL✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L(Λr)

✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❛r❡ ❝r❡❛t✐♥❣ ♠♦r❡ ❝❡❧❧s t❤❛♥ ♥❡❡❞❡❞ s✐♥❝❡ ♦♥❧②
NL ❝❡❧❧s ❛r❡ ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ s♣❛❝❡✱
❞❡s❝r✐❜❡❞ ❜② ❛❧❣♦r✐t❤♠s ✼✳✶✲✼✳✶✵✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❞❡✱ ❜r✐❡✢② ❞❡♣✐❝t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ❝♦♥s✐❞❡rs NΛ ❝❡❧❧s ❝♦♠♣♦s❡❞ ♦❢ NL ❧❡❛✈❡s ❛♥❞ t❤❡ ❝❡❧❧s ❧②✐♥❣ ❛t t❤❡ ❝♦❛rs❡r ❣r✐❞
❧❡✈❡❧s✱ ✐✳❡✳✱NΛ =

∑NR
r=1#(R(Λr))✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s NΛ ✐s ❣✐✈❡♥ ❜② ✭✹✳✷✽✮ ✇❤❡♥ ❛❧❧ ❝❡❧❧s

❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ❞✐✛❡r❡♥t ❣r✐❞s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡s❡ ✉♥❞❡r❧②✐♥❣ ❝❡❧❧s ❛r❡ ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛❧❧ ❝❡❧❧s ♦❢ t❤❡ ❛❞❛♣t❡❞ tr❡❡ ❡❛s❡s t❤❡ ♣r♦❣r❛♠♠✐♥❣ ♦❢
t❤❡ ❞❛t❛ str✉❝t✉r❡ ✐♥ t❡r♠s ♦❢ ♥❛✈✐❣❛t✐♦♥ ❛♥❞ ❧♦❝❛t✐♦♥ ♦❢ ❝❡❧❧s ✇✐t❤✐♥ t❤❡ tr❡❡✳

✼✳✹ ❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❝♦❞❡ r❡♣r❡s❡♥ts t❤❡ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛ ❛s ❛ s❡t ♦❢ ❝❡❧❧s ❧✐♥❦❡❞ ❜② ♣♦✐♥t❡rs ✐♥
❛ ❋♦rtr❛♥ ✾✵✴✾✺ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳ ❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛rt t❤❡ ❜❛s✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦❞❡
❢♦r ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❬❚❉✶✶❪✳
❙❡❡✱ ❡✳❣✳✱ ❬❱▼✾✾✱ ❇▼❱✵✾❪ ❢♦r ❞❡t❛✐❧s ♦♥ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❝♦❞❡ ❛♥❞ ❞❛t❛ str✉❝t✉r❡s ❢♦r t❤❡s❡
❛♣♣❧✐❝❛t✐♦♥s✳

✼✳✹✳✶ ❉❛t❛ ❙tr✉❝t✉r❡

❚❤❡ ❝❡❧❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❛ ❞❡r✐✈❡❞ t②♣❡ ✐♥ ❛ ❣❡♥❡r❛❧ ❋♦rtr❛♥ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦♥❡♥ts st♦❝❦❡❞ ✇✐t❤✐♥✱ ❛s ❛♥ ✐❧❧✉str❛t✐♦♥✿

t②♣❡ ❝❡❧❧

• ❆ ✜rst ✢❛❣ ❛♥❛❧♦❣♦✉s t♦ tj,k✱ t♦ ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r ❝❡❧❧s ❛r❡ ❦❡♣t✱ ❛❞❞❡❞✱ ♦r ❞✐s❝❛r❞❡❞
✐♥ Λ̃n+1

r,ε ✳ ❚❤❡ s❡❝♦♥❞ ♦♣t✐♦♥❛❧ ✢❛❣ ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② ♣❤❛♥t♦♠ ❝❡❧❧s ✐♥❝❧✉❞❡❞ ✐♥

P (Λ̃n+1
r,ε )\R(Λ̃n+1

r,ε )✱ ✐❢ ♥❡❝❡ss❛r②✿
❧♦❣✐❝❛❧ ✿✿ tr❡❡ =⇒ .true. ✐❢ ✐t ♠✉st ❜❡❧♦♥❣ t♦ t❤❡ tr❡❡✱ ❛♥❞ .false. ♦t❤❡r✇✐s❡✳
❧♦❣✐❝❛❧ ✿✿ ❧❡❛✈❡ =⇒ .true. ✐❢ ✐t ✐s ❛ ❧❡❛❢✱ ❛♥❞ .false. ✐❢ ✐t ✐s ❛ ♣❤❛♥t♦♠ ❧❡❛❢✳

• ❚❤❡ ❣r✐❞ ❧❡✈❡❧ j ♦❢ t❤❡ ❝❡❧❧ ❛♥❞ ✐ts ♣♦s✐t✐♦♥ ✭✐♥❞❡①✮ k ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r✐❞ ❢♦r d
❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ❝♦✉♣❧❡ (j, k) ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛♥ ✉♥✐q✉❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ❝❡❧❧ ✐♥t♦ t❤❡
✇❤♦❧❡ s❡t ♦❢ ♥❡st❡❞ ❣r✐❞s✿
✐♥t❡❣❡r ✿✿ ❧❡✈❡❧

✐♥t❡❣❡r✱ ❞✐♠❡♥s✐♦♥✭❞✮ ✿✿ ✐♥❞❡①



❙❡❝t✳ ✼✳✹ ✲ ❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✼✺

• ❙♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝❡❧❧ ❛♥❞ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡s❡ ✈❛❧✉❡s ❝❛♥
❜❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ❛t ❛♥② t✐♠❡ ❦♥♦✇✐♥❣ t❤❡ ❣r✐❞ ❧❡✈❡❧✱ t❤❡ ✐♥❞❡①✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✿
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ ❞✐♠❡♥s✐♦♥✭❞✮ ✿✿ ①

❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ ❞✐♠❡♥s✐♦♥✭❞✮ ✿✿ ❞①

• ▲♦❝❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡ εj ✳ ■t ❞❡♣❡♥❞s ♦♥ ε ❛♥❞ t❤❡ ❣r✐❞ ❧❡✈❡❧ j t❤♦✉❣❤t ✭✼✳✶✹✮✱ ❛♥❞ ✐t ❝❛♥
❜❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡ ✢②✿
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✿✿ ❡♣s✐❧♦♥

• ❆rr❛② U ♦❢ s✐③❡ m t♦ s❛✈❡ t❤❡ m ✈❛r✐❛❜❧❡s u(i)j,k′ ✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡t❛✐❧ |dj,k′ | ❡s✲
t✐♠❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✼✮✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❛s❡✱ 2d − 1 ❝❤✐❧❞✲❝❡❧❧s ♦❢ t❤❡

s❛♠❡ ♣❛r❡♥t✲❝❡❧❧ ✇✐❧❧ s❛✈❡ t❤❡ ❞❡t❛✐❧s d(i)j,k′ ✐♥st❡❛❞ ♦❢ u(i)j,k′ ✱ ✇❤✐❧❡ t❤❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ♦❢

t❤❡ ♣❛r❡♥t✲❝❡❧❧ u(i)j−1,k ❛r❡ s❛✈❡❞ ❜② t❤❡ r❡♠❛✐♥✐♥❣ ❝❤✐❧❞✲❝❡❧❧✱ ❞✉r✐♥❣ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
♦♣❡r❛t✐♦♥s ✐♥ ❛❧❣♦r✐t❤♠s ✼✳✶ ❛♥❞ ✼✳✷✿
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ ❞✐♠❡♥s✐♦♥✭♠✮ ✿✿ ❯

❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✿✿ ❞❡t❛✐❧

• ❘✐❣❤t✴❧❡❢t ✢✉① ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐❢ ✢✉① ❡✈❛❧✉❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✱ ❛♥❞ ♥❡❡❞ t♦ ❜❡ s❛✈❡❞
t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❡♣✿
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ ❞✐♠❡♥s✐♦♥✭♠✱❞✮ ✿✿ ❢❧✉①

• P♦✐♥t❡rs ♦♥ t❤❡ ♣❛r❡♥t ❝❡❧❧✱ ✐ts ❝❤✐❧❞ ❝❡❧❧s✱ ❛♥❞ ✐ts ♥❡✐❣❤❜♦rs ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✿
t②♣❡✭❝❡❧❧✮✱ ♣♦✐♥t❡r ✿✿ ♣❛r❡♥t

t②♣❡✭❝❤✐❧❞❴❝❡❧❧✮✱ ❞✐♠❡♥s✐♦♥✭✷✯✯❞✮ ✿✿ ❝❤✐❧❞r❡♥

t②♣❡✭♥❡✐❣❤❜♦r❴❝❡❧❧✮✱ ❞✐♠❡♥s✐♦♥✭❞✮ ✿✿ ♥❡✐❣❤❜♦rs

❡♥❞ t②♣❡ ❝❡❧❧

❲❡ ❞❡✜♥❡ s♦♠❡ ♥❡✇ ❞❡r✐✈❡❞ t②♣❡ str✉❝t✉r❡s ♦❢ ❋♦rtr❛♥ ✾✵✴✾✺✱ ❝❛❧❧❡❞ ❝❤✐❧❞❴❝❡❧❧ ❛♥❞
♥❡✐❣❤❜♦r❴❝❡❧❧✱ t♦ ❣❡♥❡r❛t❡ t❤❡ ❛rr❛② ♦❢ ♣♦✐♥t❡rs✿

t②♣❡ ❝❤✐❧❞❴❝❡❧❧

• t②♣❡✭❝❡❧❧✮✱ ♣♦✐♥t❡r ✿✿ ❝❤✐❧❞

❡♥❞ t②♣❡ ❝❤✐❧❞❴❝❡❧❧

t②♣❡ ♥❡✐❣❤❜♦r❴❝❡❧❧

• t②♣❡✭❝❡❧❧✮✱ ♣♦✐♥t❡r ✿✿ ♣r❡✈✐♦✉s

• t②♣❡✭❝❡❧❧✮✱ ♣♦✐♥t❡r ✿✿ ♥❡①t

❡♥❞ t②♣❡ ♥❡✐❣❤❜♦r❴❝❡❧❧

❖t❤❡r ❝♦♠♣✉t✐♥❣ ♣❛r❛♠❡t❡rs ♦r ❧♦❝❛❧ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♠✐❣❤t ❜❡ ❛❧s♦ s❛✈❡❞ ✐♥t♦ t❤❡ ❝❡❧❧✲t②♣❡✳
❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡❛s✉r❡ t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts ♦❢ ✇❤❡t❤❡r s❛✈✐♥❣ ♦r ❝♦♠♣✉t✐♥❣ t❤❡
✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦r ✈❛r✐❛❜❧❡s✳ ❆ ❝♦♠♣r♦♠✐s❡ ♠✉st ❜❡ ♠❛❞❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢
❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ❛♥❞ t❤❡ t②♣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✳



❙❡❝t✳ ✼✳✹ ✲ ❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✼✻

✼✳✹✳✷ ●❡♥❡r❛❧ ❈♦❞❡ ❙tr✉❝t✉r❡

■♥ ❛ ❋♦rtr❛♥ ✾✵✴✾✺ ❡♥✈✐r♦♥♠❡♥t✱ ❛ ♣♦✐♥t❡r ✐s ❥✉st ❛♥ ❛❧✐❛s t♦ t❤❡ t❛r❣❡t✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡
t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ♣♦✐♥t❡r ❤❛s ❛ ❞✐✛❡r❡♥t st❛t❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ✐t ✐s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥♦t❤❡r ♦❜❥❡❝t✳ ❲❡ ✇♦r❦ t❤❡♥ ✇✐t❤ ❝❡❧❧s t❤❛t ❧✐❡ ❛t ❞✐✛❡r❡♥t ❣r✐❞s ❛♥❞ t❤❛t
❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❛rr❛♥❣❡❞ ✐♥ ❛ ❝♦♥t✐❣✉♦✉s ✇❛②✳ ❍❡♥❝❡✱ ✇❡ ♠✉st ❝♦♥❝❡✐✈❡ t❤❡ ♠❡❝❤❛♥✐s♠s
t♦ ♥❛✈✐❣❛t❡ t❤r♦✉❣❤ t❤❡ tr❡❡ str✉❝t✉r❡✳ ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❛❞♦♣t ❛ r❡❝✉rs✐✈❡ str❛t❡❣②
✐♥ ✇❤✐❝❤ ♦♥❡ ♠♦✈❡s ❢r♦♠ ♦♥❡ ❝❡❧❧ t♦ ❛♥♦t❤❡r ♣❛ss✐♥❣ ❜② t❤❡ ❝❤✐❧❞✲❝❡❧❧ ♦❢ t❤❡ ✜rst✱ ❛♥❞ ❜② t❤❡
❝♦♥s❡❝✉t✐✈❡ ❝❤✐❧❞r❡♥✱ ✉♥t✐❧ ♦♥❡ ❣❡ts t♦ t❤❡ ❞❡s✐r❡❞ ❝❡❧❧✳ ❆t ❡❛❝❤ st❡♣✱ t❤❡ st❛t❡ ♦❢ t❤❡ ♣♦✐♥t❡rs
t❡❧❧s ✉s ✇❤❡t❤❡r t❤❡ t❛r❣❡t ❡①✐sts✳ ■♥ t❤✐s r❡❝✉rs✐✈❡ ✇❛②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❧♦❝❛t❡ ❧❡❛✈❡s ♦r ❛♥②
❝❡❧❧✱ ❛♥❞ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ♣r♦❝❡❞✉r❡ ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥ ❢r♦♠ ❧❡❛✈❡s t♦✇❛r❞s
r♦♦ts ✇❤❡♥ ♥❡❝❡ss❛r②✳ P♦✐♥t❡rs t♦ ♥❡✐❣❤❜♦rs ❛s ✇❡❧❧ ❛s ♦t❤❡r ✢❛❣s ♦r ✐♥❞✐❝❛t♦rs ❛r❡ ♥♦t str✐❝t❧②
♥❡❝❡ss❛r② ❜✉t ❡❛s❡s ❝♦♥s✐❞❡r❛❜❧② t❤❡ s❡❛r❝❤✐♥❣ ♣r♦❝❡ss ❢♦r ❝❡rt❛✐♥ r♦✉t✐♥❡s✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐s
❛ ❢✉❧❧② ❧♦❝❛❧ ❛♣♣r♦❛❝❤ ❜❡❝❛✉s❡ ✇❡ ♥❡✈❡r ❝♦♥s✐❞❡r ♠♦r❡ t❤❛♥ ♦♥❡ ❝❡❧❧ ❛t t❤❡ s❛♠❡ t✐♠❡✳
■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤✐s✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ s❡t ♦❢ r♦✉t✐♥❡s ✇❤✐❝❤ ❛r❡ s✉❝❝❡ss✐✈❡❧② ❡①❡❝✉t❡❞
✐♥ t❤❡ ♠❛✐♥ ♣r♦❣r❛♠✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ r♦✉t✐♥❡ ✐s ❝❛❧❧❡❞ ✐♥ t❤❡ ♠❛✐♥ ♣r♦❣r❛♠
❛♥❞ ✐♥✈♦❧✈❡s ❝♦♠♣✉t❛t✐♦♥s ❛t t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡✳ ❚❤❡ tr❡❡ str✉❝t✉r❡ ✇❛s ♣r❡✈✐♦✉s❧② ❜✉✐❧t✱
❢r♦♠ t❤❡ r♦♦ts✱ ❜② s✐♠✐❧❛r ♥❛✈✐❣❛t✐♥❣ ♣r♦❝❡❞✉r❡s✳ ❚❤❡♥✱ ❡❛❝❤ st❡♣ ✐s ♣❡r❢♦r♠❡❞ ✐♥t♦ t❤❡ ♠❛✐♥
♣r♦❣r❛♠ ❛s ❢♦❧❧♦✇s✿

❞♦ ✐✸ ❂ ✶✱ ◆❴❘✭✸✮

❞♦ ✐✷ ❂ ✶✱ ◆❴❘✭✷✮

❞♦ ✐✶ ❂ ✶✱ ◆❴❘✭✶✮

❝✉rr❡♥t => r♦♦t✭✐✶✱ ✐✷✱ ✐✸✮

❝❛❧❧ ❡✈❛❧✉❛t✐♦♥✭❝✉rr❡♥t✮

❡♥❞❞♦

❡♥❞❞♦

❡♥❞❞♦

✇❤❡r❡

t②♣❡✭❝❤✐❧❞❴❝❡❧❧✮✱ ❞✐♠❡♥s✐♦♥✭◆❴❘✭✶✮✱◆❴❘✭✷✮✱◆❴❘✭✸✮✮ ✿✿ r♦♦t

t②♣❡✭❝❡❧❧✮ ✿✿ ❝✉rr❡♥t

■♥t♦ ❛ ❣❡♥❡r❛❧ r♦✉t✐♥❡✱ ✐♥ t❤✐s ❡①❛♠♣❧❡ ❡✈❛❧✉❛t✐♦♥✱ t❤❡ r❡❝✉rs✐✈❡ s❝❤❡♠❡ t♦ ❡✈❛❧✉❛t❡ ❛ ❢✉♥❝t✐♦♥
♦♥❧② ♦♥ t❤❡ ❧❡❛✈❡s✱ r❡❛❞s ❛s ❢♦❧❧♦✇s✿

r❡❝✉rs✐✈❡ s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥✭❝✉rr❡♥t✮

✐❢ ✭✳♥♦t✳❛ss♦❝✐❛t❡❞✭❝✉rr❡♥t✪❝❤✐❧❞r❡♥✭✶✮✮✮ t❤❡♥

✦ ✇❡ ❛r❡ ♦♥ ❛ ❧❡❛❢

❝✉rr❡♥t✪✉ ❂ ✳✳✳✳

❡❧s❡

❞♦ ✐ ❂ ✶✱ ✷✯✯❞

❝❛❧❧ ❡✈❛❧✉❛t✐♦♥✭❝✉rr❡♥t✪❝❤✐❧❞r❡♥✭✐✮✮

❡♥❞❞♦

❡♥❞✐❢

❡♥❞ s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥

■♥ t❤✐s r❡❝✉rs✐✈❡ ✇❛②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❧♦❝❛t❡ t❤❡ ❧❡❛✈❡s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ ♣♦✐♥t❡rs
t❤❛t ❧✐♥❦ ❝❡❧❧s ❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s✳ ❚❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ♣r♦❝❡❞✉r❡ ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡✱



❙❡❝t✳ ✼✳✹ ✲ ❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✼✼

❢r♦♠ t❤❡ ❧❡❛✈❡s t♦✇❛r❞s t❤❡ r♦♦ts✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✇❤❡r❡ s♦♠❡ ✈❛❧✉❡
✐s ❦♥♦✇♥ ♦♥ t❤❡ ❧❡❛✈❡s ❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦♣❛❣❛t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ r♦♦ts✿

r❡❝✉rs✐✈❡ s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥✭❝✉rr❡♥t✮

✐❢ ✭✳♥♦t✳❛ss♦❝✐❛t❡❞✭❝✉rr❡♥t✪❝❤✐❧❞r❡♥✭✶✮✮✮ t❤❡♥

✦ ✇❡ ❛r❡ ♦♥ ❛ ❧❡❛❢✱ ♥♦t❤✐♥❣ ✐s ❞♦♥❡

❡❧s❡

❞♦ ✐ ❂ ✶✱ ✷✯✯❞

❝❛❧❧ ❡✈❛❧✉❛t✐♦♥✭❝✉rr❡♥t✪❝❤✐❧❞r❡♥✭✐✮✮

❡♥❞❞♦

❝✉rr❡♥t✪✉ ❂ ✳✳✳✳

❡♥❞✐❢

❡♥❞ s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥

❖t❤❡r ♣❛r❛♠❡t❡rs ❛s t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ❝❡❧❧s ♦r t❤❡ ♣♦✐♥t❡rs t♦ t❤❡ ♥❡✐❣❤❜♦rs ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦
❝♦♥s✐❞❡r❛t✐♦♥ t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ r❡s❡❛r❝❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r♦✉t✐♥❡✳



❈❤❛♣t❡r ✽

❉❡s❝r✐♣t✐♦♥ ♦❢ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

✐♥ t❤❡ ▼❇❆❘❊❚❊ ❈♦❞❡

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss s♦♠❡ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ♦❢ t❤❡ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❞✐✛❡r❡♥t ❞❛t❛ str✉❝t✉r❡ ✐s ❝♦♥s✐❞❡r❡❞
❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t✐♦♥s✳ ❚❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ❛❧❣♦r✐t❤♠✐❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥s
✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥ ❞❡t❛✐❧✱ ❛♥❞ ❝♦♥st✐t✉t❡ t❤❡ t✇♦ ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ❧♦❝❛❧ ✐♥t❡❣r❛t✐♦♥
❡✐t❤❡r ❧❡❛❢ ❜② ❧❡❛❢✱ ♦r ♦✈❡r t❤❡ ✇❤♦❧❡ s❡t ♦❢ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r s❡t
❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛❞❛♣t❡❞ ❣r✐❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s ❢♦❧❧♦✇ s✐♠✐❧❛r ♣❛tt❡r♥s✳

✽✳✶ ❉❛t❛ ❘❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❚✐♠❡ ■♥t❡❣r❛t✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r ✼ t❤❛t ❛ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡
❝♦❞❡ t♦ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣t❡❞ ❣r✐❞ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❡s❤❡s✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t❛❦❡s ♣❧❛❝❡ ♦♥❧② ❛t t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡✱ ✐✳❡✳✱ t❤❡ r❡s✉❧t✐♥❣
❛❞❛♣t❡❞ ♠❡s❤✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♥❛✈✐❣❛t✐♥❣ t❤❡ tr❡❡ str✉❝t✉r❡ t♦ ❧♦❝❛t❡ t❤❡ ❝❡❧❧s ❛t t❤❡ ❛❞❛♣t❡❞
♠❡s❤✱ ✇❡ ❞❡✜♥❡ ΦL = (φi)i=1,...,NL

✱ ❛s t❤❡ s❡t ♦❢ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ r❡♣r❡s❡♥t❛t✐♦♥✿

φni ←→ Ωj,k, s.t. (j, k) ∈
⋃

r∈[1,NR]

L(Λ̃nr,ε), i = 1, . . . , NL, ✭✽✳✶✮

❢♦r ❛ s❡t ♦❢ ❣r✐❞ ❧❡✈❡❧s ✇✐t❤ j ∈ [j0, J ]✳ ❋♦r t❤❡ ✉♥✐❢♦r♠ ♠❡s❤ ❝❛s❡✱ SJ ✐s ❡q✉✐✈❛❧❡♥t t♦⋃
r∈[1,NR] L(Λ̃

n
r,ε)✳ ❲❡ ❞❡✜♥❡ ❛❧s♦ |φni | := iL = (j, k)✱ ✇❤❡r❡ iL ✐❞❡♥t✐✜❡s ❡❛❝❤ ❧❡❛❢✲❝❡❧❧ (j, k)

✇✐t❤✐♥ t❤❡ s❡t ΦnL✳ ❆❧❣♦r✐t❤♠ ✽✳✶ ✐❧❧✉str❛t❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ΦnL ❣✐✈❡♥ ❜② ✭✽✳✶✮✳

❆❧❣♦r✐t❤♠ ✽✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❧❡❛✈❡s ♦❢ Λ̃r,ε✿ ΦL✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ NL =
∑NR

r=1#(L(Λ̃r,ε))✱ ❣✐✈❡♥ ❜② ❝❡❧❧ ✈❛❧✉❡s uj,k s✉❝❤ t❤❛t (j, k) ∈⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ i = 1✳
✸✿ ❢♦r r = 1→ NR ❞♦
✹✿ ❢♦r j = j0 → J ❞♦
✺✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
L(Λ̃r,ε) ❞♦

✻✿ iL = (j, k)✳
✼✿ Ωj,k −→ φi✳
✽✿ i = i+ 1✳
✾✿ ❡♥❞ ❢♦r



❙❡❝t✳ ✽✳✷ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✼✾

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ ❖✉t♣✉t✿ UJ ♦❢ s✐③❡ NL = #(ΦL)✱ ❣✐✈❡♥ ❜② ❝❡❧❧ ✈❛❧✉❡s uiL ✇✐t❤ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞

j ∈ [j0, J ]✳

◆♦t✐❝❡ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ s❡t ΦL ✇♦✉❧❞ ♥♦t ❜❡ ♥❡❝❡ss❛r② ✐❢ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ tr❡❡s Λr
✐♥st❡❛❞ ♦❢ R(Λr)✱ ❛s tr❡❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❝♦❞❡✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✶ ✐s ♣❡r❢♦r♠❡❞ ❞✉r✐♥❣
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡ ✐♥ t❤❡ ❣❧♦❜❛❧ ❆❧❣♦r✐t❤♠ ✼✳✶✶✳

❇❛s✐❝ ❈♦❞❡ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡t ΦL ✐s str❛✐❣❤t❢♦r✇❛r❞ ✇✐t❤ t❤❡ ❞❛t❛ str✉❝t✉r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ ❈❤❛♣t❡r ✼✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r✿

t②♣❡✭❝❤✐❧❞❴❝❡❧❧✮✱ ❞✐♠❡♥s✐♦♥✭◆❴▲✮ ✿✿ P❍■

✇✐t❤ t❤❡ s❛♠❡ ❝❡❧❧ t②♣❡ ❛s ❢♦r t❤❡ ❧❡❛✈❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ r❡❝✉rs✐✈❡ ♦♣❡r❛t✐♦♥s ❛r❡ r❡♣❧❛❝❡❞
❜② ❛ s✐♥❣❧❡ ❧♦♦♣ ♦✈❡r t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡✳ ❋♦r ✐♥st❛♥❝❡✿

s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥

❞♦ ✐ ❂ ✶✱ ◆❴▲

P❍■✭✐✮✪✉ ❂ ✳✳✳✳

❡♥❞❞♦

❡♥❞ s✉❜r♦✉t✐♥❡ ❡✈❛❧✉❛t✐♦♥

❚❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ♣❡r ❝❡❧❧ ✐s ♦❢t❡♥ ♥♦t ♥❡❡❞❡❞ ❢♦r ❜♦t❤ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
♣r♦❝❡❞✉r❡s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❜❡tt❡r s♦❧✉t✐♦♥ ❛s ✜♥❛❧❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❝♦❞❡✱ ❞❡✜♥❡s ❛ ♥❡✇ ❧❡❛❢
t②♣❡✱ s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❝❡❧❧ t②♣❡✱ s✉❝❤ t❤❛t t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♦r ✐♥t❡❣r❛t✐♦♥ ♣❛r❛♠❡t❡rs
❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ s❛✈❡❞ ✐♥ t❤❡ ❝❡❧❧ ♦r ❧❡❛❢ t②♣❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t✉s ♦❢ t❤❡ ❝❡❧❧✳

✽✳✷ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡

▲❡t ✉s ♥♦✇ ✐❧❧✉str❛t❡ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❖♥❡ ♦❢ t❤❡ ❦❡② ♣♦✐♥t ♦❢ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐s t❤❛t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
✐s ❣✐✈❡♥ ❜② ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❛ss❡♠❜❧❛❣❡ ♦❢ t❤❡ ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r ❡❛❝❤ s♣❧✐t s✉❜♣r♦❜❧❡♠✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ t❤❡
❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ r❡♠❛✐♥ s✐♠✐❧❛r ❢♦r ♦t❤❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
♦♥❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳

✽✳✷✳✶ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❘❡❛❝t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r ❢✉♥❝t✐♦♥ U : ❘× ❘d → ❘m ❣✐✈❡♥ ❜②

U(t, x) = (u(1)(t, x), u(2)(t, x), . . . , u(m)(t, x))T , ✭✽✳✷✮

❢♦r m ✈❛r✐❛❜❧❡s✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✳✺✷✮✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✷ s❝❤❡♠❛t✐❝❛❧❧② ✐❧❧✉str❛t❡s t❤❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ r❡❛❝t✐♦♥ s✉❜♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❬❍❲✾✻❪✱ ♦✈❡r ❛ t✐♠❡ st❡♣
∆t✳ ❚❤❡ ❘❛❞❛✉✺ s♦❧✈❡r ✐s ✉s❡❞ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ❜② ❞❡❢❛✉❧t ✭s❡❡ ❬❍❲✾✻❪✮✱ ❡①❝❡♣t ❢♦r
t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆tR✱ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ t♦❧❡r❛♥❝❡s✱ Atol ❛♥❞ Rtol ✱ ♣r❡✈✐♦✉s❧②
♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❡❧❧ ✭♦r ❧❡❛❢✮ t②♣❡ s❛✈❡s t❤❡ ❧❛st t✐♠❡ st❡♣ ✉s❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s t✐♠❡ ✐t❡r❛t✐♦♥ ♦♥ ❡❛❝❤ ❧❡❛❢✿ ∆tR,iL ✱ ✐❢ t❤❡ ❧❡❛❢ ✇❛s ♣r❡s❡♥t ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐♦♥✳ ❋♦r



❙❡❝t✳ ✽✳✷ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✵

t❤❡ ✜rst t✐♠❡ ✐t❡r❛t✐♦♥✱ ❛❧❧ t❤❡∆tR,iL ❛r❡ s❡t ❡q✉❛❧ t♦ ∆t✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡rs✱
t❤❡② ❛r❡ ✐♥ ❣❡♥❡r❛❧ ✜①❡❞ ❛s Atol = Rtol = ηRadau5✱ ❛s ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
✐❧❧✉str❛t✐♦♥s ♦❢ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ❘❛❞❛✉✺ ✐s ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ❛s ❞❡t❛✐❧❡❞ ✐♥
❈❤❛♣t❡r ✷✱ ❛♥❞ ✐t ♦❢t❡♥ r❡q✉✐r❡s ❛♥ ✐♠♣♦rt❛♥t ♠❡♠♦r② s♣❛❝❡ t♦ ♣❡r❢♦r♠ t❤❡ ✈❛r✐♦✉s ❛ss♦❝✐❛t❡❞
❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r t❤❡ ❝❛s❡s t❤❛t ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ ♠❛✐♥❧② s❡t
❜② t❤❡ ✇♦r❦ ❛rr❛② WRK1 ♦❢ s✐③❡ L1✿

L1 = 4×m×m+ 12×m+ 20, ✭✽✳✸✮

✇❤✐❝❤ ✐s r❛t❤❡r ♠✐♥✐♠❛❧✱ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ m × NL

✈❛r✐❛❜❧❡s✳ ❖t❤❡r ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r st✐✛ ❖❉❊s ♠✐❣❤t ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❆❧❣♦r✐t❤♠ ✽✳✷ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U
(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❢♦r iL = 1→ NL ❞♦
✸✿ ❙❡t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✿ Atol = Rtol = ηRadau5✳
✹✿ ●✉❡ss ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ✐♥t❡❣r❛t✐♦♥✿ ∆t0R = max(∆tR,iL ,∆t)✳

✺✿ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ (u(i)iL )
m
i=1 ✇✐t❤ ❘❛❞❛✉✺✿ t→ t+∆t ✇✐t❤ ∆t0R✱ Atol ✱ Rtol ✳

✻✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ u(i)iL → ū
(i)
iL
✱ i = 1, . . . ,m✳

✼✿ ❯♣❞❛t❡ ❧❡❛❢ t✐♠❡ st❡♣✿ ∆tR,iL = ∆tR✳
✽✿ ❡♥❞ ❢♦r
✾✿ ❖✉t♣✉t✿ ŪJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s Ū(i)

J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ū(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

❚❤❡ ❏❛❝♦❜✐❛♥s ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ❜② ❘❛❞❛✉✺ ❡✐t❤❡r ♥✉♠❡r✐❝❛❧❧② ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✼✻✮✱ ♦r ❛♥❛✲
❧②t✐❝❛❧❧② ❢♦❧❧♦✇✐♥❣ ❛ r♦✉t✐♥❡ s✉♣♣❧✐❡❞ ❜② t❤❡ ✉s❡r✳ ❚❤❡ ✉s❡r ♠✉st ❛❧s♦ s✉♣♣❧② t❤❡ r♦✉t✐♥❡ t♦
❧♦❝❛❧❧② ❡✈❛❧✉❛t❡ t❤❡ ❢✉♥❝t✐♦♥ F : ❘m → ❘m✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ✭✶✳✺✷✮✱ ❢♦r ❡❛❝❤ s❡t (u(i)iL )

m
i=1✱ ✇✐t❤✐♥

t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡ss✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ❘❛❞❛✉✺ ✇✐❧❧ ❛❞❛♣t ✐ts ✐♥t❡❣r❛t✐♦♥ t✐♠❡ st❡♣s
∆tR ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ∆t0R✱ ❛❝❝♦r❞✐♥❣ t♦ Atol ❛♥❞ Rtol ✳ ❚❤❡ ❧❛st t✐♠❡ st❡♣ ✇✐❧❧ ❜❡ t❤❡♥
s❛✈❡❞ ❛s ∆tR,iL ❢♦r t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❚❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡❛s✐❧② ♣❛r❛❧❧❡❧✐③❡❞ ❜②
❞✐str✐❜✉t✐♥❣ t❤❡ ❧♦♦♣ ✐♥ iL ❛♠♦♥❣ Nproc ♣r♦❝❡ss♦rs✱ ✇❤❡r❡ ❡❛❝❤ iL r❡♣r❡s❡♥ts ❛♥ ✐♥❞❡♣❡♥❞❡♥t
s②st❡♠ ♦❢ ❖❉❊s✳ ■♥ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✱ t❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✱
❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤ t❤❡ ❖♣❡♥▼P ❧✐❜r❛r②✱ ✇✐t❤ ♥❡✐t❤❡r s②♥❝❤r♦♥✐③❛t✐♦♥ st❛❣❡s ♥♦r ❞❛t❛ ❡①❝❤❛♥❣❡
❛♠♦♥❣ t❤❡ ♣r♦❝❡ss♦rs✳ ❚❤❡ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ✐s ❤❡♥❝❡ ♣r❛❝t✐❝❛❧❧② ♦♣t✐♠❛❧ ❢♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ ✇♦r❦ ❛rr❛② WRK1 ♠✉st ❜❡ t❤✐s t✐♠❡ ♦❢ s✐③❡ (Nproc, L1)✳

✽✳✷✳✷ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉✐✛✉s✐♦♥

❚❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ❢♦r ✐♥st❛♥❝❡✱ ✭✹✳✷✮✱ ✐s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❘❖❈❑✹
s♦❧✈❡r ❬❆❜❞✵✷❪✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✸ ✐❧❧✉str❛t❡s t❤✐s ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❛ t✐♠❡ st❡♣ ∆t✳ ❙✐♥❝❡ t❤❡
❘❖❈❑ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡✱ t❤❡r❡ ❛r❡ ♠✉❝❤ ❧❡ss ♣❛r❛♠❡t❡rs t♦
❞❡✜♥❡ ✐♥ ❛❞✈❛♥❝❡✳ ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ s♦❧✉t✐♦♥ ✐s ♣r♦❣r❡ss✐✈❡❧② ❛❞✈❛♥❝❡❞ ✐♥ t✐♠❡ ✇✐t❤
t❤❡ s❛♠❡ t✐♠❡ st❡♣ ∆tD✱ ✉♥✐❢♦r♠❧② ✐♥ s♣❛❝❡✳ ❚❤❡s❡ t✐♠❡ st❡♣s ❛r❡ ❛❞❛♣t❡❞ ❛❝❝♦r❞✐♥❣ ❛❧s♦ t♦
❛❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ t♦❧❡r❛♥❝❡s✱ Atol ❛♥❞ Rtol ✱ ✜①❡❞ ✐♥ t❤✐s ❝❛s❡ ❛s Atol = Rtol = ηROCK4✳
❆s ❢♦r t❤❡ r❡❛❝t✐♦♥ ✐♥t❡❣r❛t✐♦♥✱ t❤❡ ❧❛st t✐♠❡ st❡♣ ✐s s❛✈❡❞ ❢♦r t❤❡ ♥❡①t t✐♠❡ ✐t❡r❛t✐♦♥ ❛s ∆tD,ite✳
❋♦r t❤❡ ✜rst ✐t❡r❛t✐♦♥✱ ∆tD,0 ✐s t❛❦❡♥ ❡q✉❛❧ t♦ ∆t✳ ❚❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♥❡❡❞❡❞ t♦ ❡st✐♠❛t❡ t❤❡



❙❡❝t✳ ✽✳✷ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✶

♥✉♠❜❡r ♦❢ ✐♥♥❡r st❛❣❡s t❤❛t ❡♥s✉r❡s st❛❜✐❧✐t② ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✷✮✱ ✐s ❣❡♥❡r❛❧❧② ❝♦♠♣✉t❡❞ ❜②
❘❖❈❑✹✱ ❛❧t❤♦✉❣❤ ✐t ❝❛♥ ❜❡ ❛❧s♦ ❛♣♣r♦①✐♠❛t❡❞ ❜② ✭✷✳✶✽✮ ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❧✐♥❡❛r ❞✐✛✉s✐♦♥✳ ■♥
t❤❡ ❧❛tt❡r ❝❛s❡✱ ✐❢ ✇❡ s❡t ❘❖❈❑✹ t♦ ❡st✐♠❛t❡ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s✱ ✐t ✐s ❛❧s♦ s❡t t♦ ❞♦ ✐t ♦♥❧②
♦♥❝❡ ❞✉r✐♥❣ t❤❡ ❣❧♦❜❛❧ t✐♠❡ st❡♣ ∆t✳ ■♥ ❛ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❣✐✈❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② t❤❡
❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✭✶✳✺✷✮✱ ✇❡ ❤❛✈❡ t♦ s✐♠✉❧t❛♥❡♦✉s❧② s♦❧✈❡ m × NL ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♠❡♠♦r②
r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡ ❘❖❈❑✹ s♦❧✈❡r ❛r❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤✐s ❝❛s❡ ❜② t❤❡ ✇♦r❦ ❛rr❛② WRK2 ♦❢ s✐③❡
L2✿

L2 = 8×m×NL, ✭✽✳✹✮

✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ✐s ❝♦♠♣✉t❡❞ ❜② ❘❖❈❑✹✳ ❖t❤❡r✇✐s❡✱ L2 =
7×m×NL✳

❆❧❣♦r✐t❤♠ ✽✳✸ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❖❈❑✹✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U
(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❙❡t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✿ Atol = Rtol = ηROCK4✳
✸✿ ●✉❡ss ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ✐♥t❡❣r❛t✐♦♥✿ ∆t0D = max(∆tD,ite,∆t)✳
✹✿ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ UJ ✇✐t❤ ❘❖❈❑✹✿ t→ t+∆t ✇✐t❤ ∆t0D✱ Atol ✱ Rtol ✳
✺✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ UJ → ŪJ ✳
✻✿ ❯♣❞❛t❡ ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣✿ ∆tD,ite+1 = ∆tD✳

✼✿ ❖✉t♣✉t✿ ŪJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s Ū(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ū(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ❤❛✈❡ ❛❞♦♣t❡❞ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r str✉❝t✉r❡❞
❈❛rt❡s✐❛♥ ♠❡s❤❡s✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠✿ ∂x · (D(U)∂xU) ✐♥✈♦❧✈❡s t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥ ♦❢ ✢✉①❡s t❤r♦✉❣❤ t❤❡ ❜♦✉♥❞❛r✐❡s ∂ΩiL ♦❢ ❡❛❝❤ ❧❡❛❢✲❝❡❧❧ ΩiL ✿ F

+
id
❛♥❞ F−

id
✱ ✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r

t❤❡ ✢✉①❡s ♦♥ t❤❡ r✐❣❤t ❛♥❞ ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ❝❡❧❧ ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥✱ id = 1, . . . , d✳ ❚❤❡s❡ ✢✉①❡s ❛r❡
❡✈❛❧✉❛t❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡s ♦❢ t❤❡ ❝❡❧❧✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥s✐❞❡✱ ♦♥ ❛ ❧♦❝❛❧❧② ✉♥✐✲
❢♦r♠ ♠❡s❤ ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❚❤❡ ❆❧❣♦r✐t❤♠
✽✳✹ ✐❧❧✉str❛t❡s t❤❡ st❡♣s t♦ ❡✈❛❧✉❛t❡ t❤❡ ✢✉①❡s ✇✐t❤✐♥ ❘❖❈❑✹✱ ✐✳❡✳✱ ❛t ❡❛❝❤ ✐♥t❡r♥❛❧ st❛❣❡ s ❝♦♠✲
♣✉t❡❞ ❜② ✭✹✳✶✷✮✳ ❚❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ✐s ❣❡♥❡r❛❧ ❢♦r ❛♥② ❡①♣❧✐❝✐t s♦❧✈❡r ♦r ♦t❤❡r tr❛♥s♣♦rt ♦♣❡r❛✲
t♦r ❧✐❦❡ ❝♦♥✈❡❝t✐✈❡ ♦♥❡s✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❧♦❝❛❧ str✉❝t✉r❡❞ ♠❡s❤❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❛s ♠❡♥t✐♦♥❡❞
✐♥ ❈❤❛♣t❡r ✸✳ ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛ ❝❧❛ss✐❝❛❧ ❝❡♥t❡r❡❞ s❡❝♦♥❞ ♦r❞❡r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❛s
✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✳

❆❧❣♦r✐t❤♠ ✽✳✹ ❋❧✉① ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ ♣❤❛♥t♦♠ ❝❡❧❧s✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U
(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❢♦r r = 1→ NR ❞♦
✸✿ ❢♦r j = J − 1→ j0 − 1 ❞♦
✹✿ ❢♦r k s.t. (j, k) ∈ Sj

⋂
Λ̃r,ε ❞♦

✺✿ ❢♦r k′ ∈ Ik ❞♦
✻✿ ✐❢ j ≥ j0 and (j + 1, k′) ∈ P (Λ̃r,ε)\R(Λ̃r,ε) t❤❡♥ ④❯♣❞❛t❡ ♣❤❛♥t♦♠ ❝❡❧❧s⑥

✼✿ ❯♣❞❛t❡ ❛❧❧ (u(i)j,k(id)+l)
m
i=1 ✇✐t❤ id = 1, . . . , d✱ |l| ≤ M ✱ ❛♥❞ s✉❝❤ t❤❛t (j, k(id) +

l) /∈ L(Λ̃r,ε) ❛t ❣r✐❞ ❧❡✈❡❧ j✱ ❢r♦♠ (u
(i)
j+1,k′′)

m
i=1 ✇✐t❤ k′′ ∈ Ik(id)+l ❛t ❧❡✈❡❧ j + 1✱

❜② ✉s✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P jj−1 ✭✼✳✻✮✳



❙❡❝t✳ ✽✳✷ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✷

✽✿ ❈♦♠♣✉t❡ (u
(i)
j+1,k′)

m
i=1 = (û

(i)
j+1,k′)

m
i=1 ❜② ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ✭✼✳✽✮✱ ✭✼✳✶✵✮✱

♦r ✭✼✳✶✶✮✳
✾✿ ❡♥❞ ✐❢

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ ❢♦r k′ s.t. (j + 1, k′) ∈ Sj+1

⋂
L(Λ̃r,ε) ❞♦

✶✸✿ ❢♦r id = 1→ d ❞♦ ④❈♦♠♣✉t❡ ✢✉①❡s⑥

✶✹✿ ❈♦♠♣✉t❡ F
+,(i)
id

❛♥❞ F
−,(i)
id

✱ ❢♦r i = 1, . . . ,m ❛t ❣r✐❞ ❧❡✈❡❧ j + 1✳
✶✺✿ ❡♥❞ ❢♦r
✶✻✿ ❡♥❞ ❢♦r
✶✼✿ ❡♥❞ ❢♦r
✶✽✿ ❡♥❞ ❢♦r
✶✾✿ ❖✉t♣✉t✿ ◆✉♠❡r✐❝❛❧ ✢✉①❡s F

+,(i)
id

❛♥❞ F
−,(i)
id

✱ i = 1, . . . ,m✱ ❛t ✐♥t❡r❢❛❝❡s ∂ΩiL ✇✐t❤ iL ∈⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

❚❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s ❜❛s✐❝❛❧❧② ✐♥✈♦❧✈❡s t✇♦ st❛❣❡s✳ ❚❤❡ ✜rst ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ✉♣❞❛t❡
t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ st❡♥❝✐❧s ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s✱ s✐♥❝❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✐s ♥♦t ♣❡r❢♦r♠❡❞ ♦♥
t❤❡♠✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ✢✉①❡s ❞✐r❡❝t✐♦♥ ❜② ❞✐r❡❝t✐♦♥✱ ❛s ✐♥ ❛ st❛♥❞❛r❞
✉♥✐❢♦r♠ ♠❡s❤ ❝♦♥✜❣✉r❛t✐♦♥✳ ■t ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ t❤❛t ❛ ❧♦❝❛❧❧② ✉♥str✉❝t✉r❡❞ ❛♣♣r♦❛❝❤ ❢♦r t❤❡
✢✉① ❝♦♠♣✉t❛t✐♦♥s✱ ✐✳❡✳✱✇✐t❤♦✉t ♣❤❛♥t♦♠ ❝❡❧❧s✱ ✇✐❧❧ s✉r❡❧② ✐♠♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
str❛t❡❣②✱ ❛❧t❤♦✉❣❤ t❤❡ ❛❝❝✉r❛❝② ♦r❞❡rs ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ❛r❡ ❧♦❝❛❧❧② r❡❞✉❝❡❞✳ ❲❡ ❝❛♥
❛❧s♦ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ st❛❣❡s s ❢♦r t❤❡ st❛❜✐❧✐③❡❞ ❘❖❈❑ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛❞✈✐s❛❜❧❡✱
❛♥❞ ✈❡r② ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞✳ ❋♦r ❤✐❣❤ ♥✉♠❜❡r ♦❢ st❛❣❡s✱
❘❖❈❑ ✇✐❧❧ ❤♦✇❡✈❡r ❦❡❡♣ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ♠♦r❡ st❛❜❧❡ t❤❛♥ st❛♥❞❛r❞ ❡①♣❧✐❝✐t ❘✉♥❣❡✲
❑✉tt❛ ♠❡t❤♦❞s✱ ✇✐t❤ ❧❡ss ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts t❤❛♥ ❛♥ ✐♠♣❧✐❝✐t s♦❧✈❡r✳ ❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts
❛♥❞ ✐♠♣r♦✈❡♠❡♥ts ♦♥ t❤❡s❡ ✐ss✉❡s ❝♦♥st✐t✉t❡ ❛ ❝♦♥t✐♥✉♦✉s r❡s❡❛r❝❤ ✐♥ t❤❡ ✜❡❧❞✳
❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥st❡❛❞ ♦❢ ❆❧❣♦r✐t❤♠ ✽✳✹✱ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✇❛s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞
t❡st❡❞ ✐♥ t❤❡ ❝♦❞❡✱ ❝♦♥s✐❞❡rs t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r✳ ❚❤❡ ✐❞❡❛
✐s t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❜② ♣❡r❢♦r♠✐♥❣ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❛t ❡❛❝❤ ❘❖❈❑ st❛❣❡
t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❛t t❤❡ ❞✐s❝r❡t✐③❡❞ ♦♣❡r❛t♦r r❡s✉❧ts ♦❢t❡♥ ✐♥ ❛ s♣❛rs❡ ♠❛tr✐① r❡♣r❡✲
s❡♥t❛t✐♦♥✱ s♣❡❝✐❛❧❧② ❛♣♣r♦♣r✐❛t❡ ❢♦r ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❬❉❉❉+✶✷❪✳ ■♥
t❤✐s ❝❛s❡ t❤✐s ♠❛tr✐① ♥❡❡❞s t♦ ❜❡ ❜✉✐❧t ♦♥❧② ♦♥❝❡ ❢♦r ✉♥✐❢♦r♠ ♠❡s❤❡s ❛♥❞ ♦♥❝❡ ♣❡r t✐♠❡ ✐t❡r❛t✐♦♥
❢♦r ❛❞❛♣t❡❞ ❣r✐❞s✳ ❋r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ s♣❛rs✐t② ♦❢ t❤❡ ♠❛tr✐① ✐s ✐♠♣♦rt❛♥t❧② r❡❞✉❝❡❞ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
st❡♥❝✐❧s ♦❢ t❤❡ ♣❤❛♥t♦♠s✱ s♣❡❝✐❛❧❧② ✐♥ ✸❉✳ ❚❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞ ❜✉t
r❡♣r❡s❡♥t❡❞ ❛s ❧♦❝❛❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧❡❛❢✲❝❡❧❧s t❤r♦✉❣❤ t❤❡ ❝♦♠❜✐♥❡❞ ♣r♦❥❡❝t✐♦♥✴♣r❡❞✐❝t✐♦♥ ♦♣✲
❡r❛t✐♦♥s ✉s❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✽✳✹✳ ❚❤❡s❡ ❢❛❝ts ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦st ♦❢ ❜✉✐❧❞✐♥❣ t❤❡ ♠❛tr✐① ❢♦r
❛ ❤✐❣❤❧② ✐rr❡❣✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❣r✐❞ ❞✐str✐❜✉t✐♦♥✱ ✐♥✈♦❧✈❡ ❧❡ss ✐♠♣♦rt❛♥t ❣❛✐♥s ✐♥
❈P❯ t✐♠❡✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❜♦t❤ s❝❤❡♠❡s r❡✈❡❛❧s ❛♥ ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠
❞❡♣❡♥❞❡♥❝②✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✹ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ s✐♠♣❧❡r ❛♥❞ s✉✐t❛❜❧❡
❢♦r ❛ ❧❛r❣❡r r❛♥❣❡ ♦❢ ♣r♦❜❧❡♠s ❢r♦♠ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❛s ✐♥ ✭✶✳✺✸✮✱ t♦ ❞✐✛✉s✐♦♥ ✇✐t❤ ✈❛r✐❛❜❧❡
❞❡♣❡♥❞❡♥t tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs ❧✐❦❡ ✐♥ ✭✶✳✺✷✮✳
❋♦r ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✱ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✸ ❝❛♥ ❜❡ ❛❧s♦ ♣❛r❛❧❧❡❧✐③❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ m

✐♥❞❡♣❡♥❞❡♥t ✐♥t❡❣r❛t✐♦♥s ♦❢ U(i)
J ✇✐t❤ i = 1, . . . ,m✳ ❚❤❡ s❛♠❡ ❢♦❧❧♦✇s ❢♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s

✐♥ ❆❧❣♦r✐t❤♠ ✽✳✹✳ ❚❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣ ✐♥ m ✐♠♣❧✐❡s ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✇♦r❦ ❛rr❛②
WRK2✱ ✐❢ Nproc ✐s s♠❛❧❧❡r t❤❛♥ m✱ ❜❡❝❛✉s❡ ✭✽✳✹✮ ❜❡❝♦♠❡s L2 = (Nproc, 8 × NL)✱ ❛♥❞ t❤❡
❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❛❧❧ ❧♦♦♣s ✐♥ m ❢♦r ❜♦t❤ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❣❛✐♥s ♦❢ ❈P❯ t✐♠❡✳



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✸

✽✳✷✳✸ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❆❧❣♦r✐t❤♠

❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✺ ✐❧❧✉str❛t❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❞✉r✐♥❣ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ ❢♦r t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ S∆t2 ✐♥ ✭✹✳✺✮
❛♥❞ ✭✺✳✺✮✳

❆❧❣♦r✐t❤♠ ✽✳✺ ❚✐♠❡ ♦♣❡r❛t✐♦♥ s♣❧✐tt✐♥❣ s❝❤❡♠❡✿ S∆t2 ✳

✶✿ ■♥♣✉t✿ ❙♦❧✉t✐♦♥ UJ ❛t t = t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U(i)
J ✇✐t❤

❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❙❡t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r s♣❧✐t r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ ηRadau5 ❛♥❞
ηROCK4✳

✸✿ ❋♦r t → t + ∆t/2✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ UJ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❜②
❆❧❣♦r✐t❤♠ ✽✳✷✳

✹✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ ŪJ → UJ ✳
✺✿ ❋♦r t→ t+∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢UJ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❖❈❑✹ ❜② ❆❧❣♦r✐t❤♠

✽✳✸✳ ❆t ❡❛❝❤ ✐♥t❡r♥❛❧ st❛❣❡ s ♦❢ ❘❖❈❑✹✱ t❤❡ ✢✉①❡s ❛r❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✹✳
✻✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ ŪJ → UJ ✳
✼✿ ❋♦r t → t + ∆t/2✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ UJ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❜②

❆❧❣♦r✐t❤♠ ✽✳✷✳
✽✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ ŪJ → UJ ✳
✾✿ ❯♣❞❛t❡ t✐♠❡✿ t→ t+∆t✳

✶✵✿ ❖✉t♣✉t✿ ❙tr❛♥❣ s♦❧✉t✐♦♥ UJ ❛t t = t + ∆t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m

❛rr❛②s U(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ❣✐✈❡♥ ❜② ❆❧❣♦r✐t❤♠ ✽✳✺ ✐s ❤❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ t t♦ t+∆t✱ ✐♥ t❤❡ ❣❧♦❜❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❞❡✜♥❡❞ ❜② ❆❧❣♦r✐t❤♠
✼✳✶✶✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❈❤❛♣t❡r ✹✳

✽✳✸ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡

■♥ t❤✐s ♣❛rt✱ ✇❡ ❞❡t❛✐❧ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❞②♥❛♠✐❝ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s♣❧✐tt✐♥❣ str❛t❡❣②✱ ❜❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

✽✳✸✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❙♣❧✐tt✐♥❣ ❊♠❜❡❞❞❡❞ ▼❡t❤♦❞

▲❡t ✉s ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ S∆t2 ✐♥ ✭✹✳✺✮ ❛♥❞ ✭✺✳✺✮✱ ❞❡✜♥❡❞ ❜② ❆❧❣♦r✐t❤♠ ✽✳✺✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❆❧❣♦r✐t❤♠ ✽✳✻ ❝♦♥s✐❞❡rs t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞❡❞ s❤✐❢t❡❞ ❙tr❛♥❣ ❢♦r♠✉❧❛ ✭✺✳✼✮✿
S∆t2,δ ✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ s❤✐❢t✐♥❣ t✐♠❡ ♣❛r❛♠❡t❡r δ ✈❡r✐✜❡s δ ≤ |δmax| < 1/2✱ ❛♥❞ t❤❛t t❤❡ s❤✐❢t❡❞

♦♣❡r❛t♦r ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ♦♥ l ≤ m ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✳✺✷✮✿ Ũ ∈ ❘l✱ ✇❤❡r❡ Θl

❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✳

❆❧❣♦r✐t❤♠ ✽✳✻ ❙t❛♥❞❛r❞ ❛♥❞ ❡♠❜❡❞❞❡❞ s♣❧✐tt✐♥❣ s❝❤❡♠❡s✿ S∆t2 ❛♥❞ S∆t2,δ ✳

✶✿ ■♥♣✉t✿ UJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U
(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱

i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❋♦r ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✿ ηRadau5 ❛♥❞ ηROCK4✳
✸✿ ❋♦r t → t + ∆t/2✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ UJ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❜②

❆❧❣♦r✐t❤♠ ✽✳✷✳



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✹

✹✿ ◆❡✇ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ ŪJ → Unew
J ✳

✺✿ ❋♦r t→ t+ δ∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ l ❛rr❛②s Unew,(i)
J ✇✐t❤ i ∈ Θl✱ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠

✇✐t❤ ❘❛❞❛✉✺ ❜② ❆❧❣♦r✐t❤♠ ✽✳✷✳
✻✿ ◆❡✇ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ Ū(i)

J → Ũ
(i)
J ❢♦r i ∈ Θl✳

✼✿ ❋♦r t→ t+∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ U⋆
J = (Unew

J , ŨJ)
T ♦❢ s✐③❡ (m+ l, NL)✱ ❢♦r t❤❡ ❞✐✛✉s✐♦♥

♣r♦❜❧❡♠ ✇✐t❤ ❘❖❈❑✹ ❜② ❆❧❣♦r✐t❤♠ ✽✳✸✳ ❆t ❡❛❝❤ ✐♥t❡r♥❛❧ st❛❣❡ s ♦❢ ❘❖❈❑✹✱ t❤❡ ✢✉①❡s
❛r❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✹✳

✽✿ ❯♣❞❛t❡ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ Ū(i)
J → U

new,(i)
J ❢♦r i = 1, . . . ,m✳

✾✿ ❯♣❞❛t❡ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ Ū(m+i)
J → Ũ

(i)
J ❢♦r i = 1, . . . , l✳

✶✵✿ ❋♦r t→ t+ (1/2− δ)∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ U⋆
J = (Unew

J , ŨJ)
T ♦❢ s✐③❡ (m+ l, NL) ❢♦r t❤❡

r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❜② ❆❧❣♦r✐t❤♠ ✽✳✷✳
✶✶✿ ❯♣❞❛t❡ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ Ū(i)

J → U
new,(i)
J ❢♦r i = 1, . . . ,m✳

✶✷✿ ❯♣❞❛t❡ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ Ū(m+i)
J → Ũ

(i)
J ❢♦r i = 1, . . . , l✳

✶✸✿ ❋♦r t → t + δ∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ Unew
J ✱ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❘❛❞❛✉✺ ❜②

❆❧❣♦r✐t❤♠ ✽✳✷✳
✶✹✿ ❯♣❞❛t❡ ❙tr❛♥❣ s♦❧✉t✐♦♥✿ ŪJ → Unew

J ✳
✶✺✿ ❖✉t♣✉t✿ ■♥✐t✐❛❧ UJ ❛♥❞ ❙tr❛♥❣ s♦❧✉t✐♦♥ Unew

J ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m

❛rr❛②s U(i)
J ❛♥❞ U

new,(i)
J ✱ ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ❛♥❞ unew,(i)iL

✱ i = 1, . . . ,m❀ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣

s♦❧✉t✐♦♥ ŨJ ♦❢ s✐③❡ (l, NL) = (l,#(ΦL))✱ ❣✐✈❡♥ ❜② l ❛rr❛②s Ũ(i)
J ✱ ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ũ(i)iL ✱ i ∈ Θl❀

iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

▲❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧❛tt❡r ❛❧❣♦r✐t❤♠✿

• ❋♦r t❤❡ ✜rst r❡❛❝t✐♦♥ st❡♣✿ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ UJ ✐s ♣❡r❢♦r♠❡❞
✐♥ ♣r❛❝t✐❝❡ ❢♦r t → t + max(1/2 + δ, 1/2) × ∆t ✉s✐♥❣ t❤❡ ❘❛❞❛✉✺ r♦✉t✐♥❡ ❙❖▲❖❯❚ ✭s❡❡
❬❍❲✾✻❪✮ t♦ ❡①tr❛❝t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❙tr❛♥❣ s♦❧✉t✐♦♥ ❛t t = ∆t/2 ✐❢ δ > 0✱ ❛♥❞ t❤❡ s❤✐❢t❡❞
❙tr❛♥❣ s♦❧✉t✐♦♥ ❛t t = (1/2 + δ)∆t ✐❢ δ < 0✳

• ❋♦r t❤❡ ❞✐✛✉s✐♦♥ st❡♣✿ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✐♥t❡❣r❛t✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ❜♦t❤ s♦❧✉t✐♦♥s U⋆
J =

(Unew
J , ŨJ)

T ✱ ✐s t❤❛t t❤❡ ♥❛✈✐❣❛t✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ ❆❧❣♦r✐t❤♠ ✽✳✹ t♦ ✉♣❞❛t❡ t❤❡ ♣❤❛♥t♦♠✲
❝❡❧❧s ✐s ♣❡r❢♦r♠❡❞ ♦♥❧② ♦♥❝❡ ❢♦r ❛❧❧m+l ✈❛r✐❛❜❧❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts
❛r❡ ✐♥❝r❡❛s❡❞ ✐♥t♦ ✭✽✳✹✮✿ L2 = 8 × (m + l) × NL✳ ■♥ t❤✐s ❝❛s❡ ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥
✈❛r✐❛❜❧❡ ❜② ✈❛r✐❛❜❧❡ ✐s ❛❞✈✐s❛❜❧❡ t♦ ♦✈❡r❝♦♠❡ ♠❡♠♦r② r❡str✐❝t✐♦♥s ✇❤❡♥❡✈❡rm+l ✐s ❧❛r❣❡r
t❤❛♥ Nproc✳

• ❋♦r t❤❡ s❡❝♦♥❞ r❡❛❝t✐♦♥ st❡♣✿ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❝♦♠❜✐♥❡❞ s♦❧✉t✐♦♥s U⋆
J ✐s ❛❧s♦

♣❡r❢♦r♠❡❞ ❢♦r t → t + max(1/2 − δ, 1/2) × ∆t✱ ✇✐t❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❙tr❛♥❣ s♦❧✉t✐♦♥
❡①tr❛❝t❡❞ ❛t t = ∆t/2 ✐❢ δ < 0✱ ❛♥❞ t❤❡ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥ ❛t t = (1/2 − δ)∆t ✐❢
δ > 0✳ ■♥ ♦r❞❡r t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❏❛❝♦❜✐❛♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ F(U⋆

J) =

F
(
(Unew

J , ŨJ)
T
)
❛t ❡❛❝❤ ❧❡❛❢ iL✱ ❝❛♥ ❜❡ ❛❧s♦ ❛♣♣r♦①✐♠❛t❡❞ ❜②

∂U⋆
J
F ≈




∂Unew
J

F

∂
U

new,(i)
J |i=∈Θl

F


 ✭✽✳✺✮

✇❤❡♥ δ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❚❤✐s ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ❛ss♦❝✐❛t❡❞
✇✐t❤ Unew

J ✱ ❛s ❧♦♥❣ ❛s t❤❡ l ✈❛r✐❛❜❧❡s ❛r❡ ❞❡❝♦✉♣❧❡❞ ✐♥ F (U) ❢r♦♠ t❤❡ r❡♠❛✐♥✐♥❣ m − l
✈❛r✐❛❜❧❡s✳ ■❢ l = m✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✽✳✺✮ ❢♦❧❧♦✇s ♥❛t✉r❛❧❧②✳



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✺

• ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ t♦ ❛❝❝❡❧❡r❛t❡ ❝♦♠♣✉t❛t✐♦♥s ❝♦♥s✐❞❡rs ❧❛r❣❡r t♦❧❡r❛♥❝❡s ηRadau5 ❛♥❞
ηROCK4 ❞✉r✐♥❣ t❤❡ s❤✐❢t❡❞ ❙tr❛♥❣ ❝♦♠♣✉t❛t✐♦♥s✱ ❢♦r t❤❡ st❡♣s t❤❛t ❛r❡ ♥♦t ✉s❡❞ ❢♦r t❤❡
s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ s♦❧✉t✐♦♥✳

• ❚❤❡ ❣❧♦❜❛❧ ♣r♦❝❡❞✉r❡ ♥❡❡❞s t♦ s❛✈❡ ✐♥ ♠❡♠♦r② t✇♦ ❛rr❛②s ♦❢ s✐③❡ (m,NL)✱ ❛♥❞ ♦♥❡ ♦❢
(l, NL)✳

✽✳✸✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣

❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❛❞❛♣t❡❞ ❛t ❡❛❝❤ t✐♠❡ ✐t❡r❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❝♦♠♣✉t❛t✐♦♥s
✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✶✮✳ ❋✐rst✱ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✼ ❞❡✜♥❡s
t❤❡ L2✲❡rr♦r ❝♦♠♣✉t❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❛rr❛②s✱ AJ ❛♥❞ BJ ✱ r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ s❛♠❡ ❛❞❛♣t❡❞
❣r✐❞✱ ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳

❆❧❣♦r✐t❤♠ ✽✳✼ ◆✉♠❡r✐❝❛❧ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡rr♦r✿ ∆✳

✶✿ ■♥♣✉t✿ AJ ❛♥❞ BJ ♦❢ s✐③❡ (l, NL) = (l,#(ΦL))✱ ❣✐✈❡♥ ❜② l ❛rr❛②s A(i)
J ❛♥❞ B

(i)
J ✇✐t❤ ❝❡❧❧

✈❛❧✉❡s a(i)iL ❛♥❞ b(i)iL ✱ i = 1, . . . , l✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❢♦r i = 1→ l ❞♦
✸✿ ❈♦♠♣✉t❡

∆(i) = |Ω|−1/2




NL∑

iL=1

(a
(i)
iL
− b(i)iL )

2|ΩiL |




−1/2

✭✽✳✻✮

❛♥❞ ❞❡✜♥❡ a(i)max = maxiL=1,...,NL
(|a(i)iL |)✳

✹✿ ❡♥❞ ❢♦r
✺✿ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r ∆ ✐s ✜♥❛❧❧② ❞❡✜♥❡❞ ❜②

∆ = max
i=1,...,l

(
∆(i)

a
(i)
max

)
. ✭✽✳✼✮

✻✿ ❖✉t♣✉t✿ ◆✉♠❡r✐❝❛❧ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡rr♦r ∆ ❜❡t✇❡❡♥ AJ ❛♥❞ BJ ✳

❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✽ ❡st❛❜❧✐s❤❡s t❤❡ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱
✇✐t❤ s❡❝✉r✐t② ❢❛❝t♦r 0 < υ ≤ 1 ❝❧♦s❡ t♦ 1✱ ❜❛s❡❞ ♦♥ t❤❡ ❙tr❛♥❣ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥s
✐ss✉❡❞ ❢r♦♠ ❆❧❣♦r✐t❤♠ ✽✳✻✳

❆❧❣♦r✐t❤♠ ✽✳✽ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t→ ∆tnew✳

✶✿ ■♥♣✉t✿ ❙tr❛♥❣ s♦❧✉t✐♦♥ Unew
J ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U

new,(i)
J ✱

✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s unew,(i)iL
✱ i = 1, . . . ,m❀ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥ ŨJ ♦❢ s✐③❡ (l, NL) =

(l,#(ΦL))✱ ❣✐✈❡♥ ❜② l ❛rr❛②s Ũ(i)
J ✱ ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ũ(i)iL ✱ i ∈ Θl❀ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞

j ∈ [j0, J ]✳

✷✿ ❊✈❛❧✉❛t❡ ❡rr♦r ∆ ❜❡t✇❡❡♥ U
new,(i)
J ❛♥❞ Ũ

(i)
J ❢♦r i ∈ Θl✱ ✇✐t❤ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✼✳

✸✿ ❊st✐♠❛t❡ ♦❢ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❧♦❝❛❧ ❡rr♦r✿ ∆→ err ✳
✹✿ ❋♦r ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ❛♥❞ ❛ s❡❝✉r✐t② ❢❛❝t♦r υ✱ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ s♣❧✐tt✐♥❣ t✐♠❡

st❡♣ ∆tnew✿

∆tnew = υ∆t
( η

err

)−1/2
. ✭✽✳✽✮



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✻

✺✿ ❖✉t♣✉t✿ ◆❡✇ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t → ∆tnew✱ ❛♥❞ ❡st✐♠❛t❡ ♦❢ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❧♦❝❛❧
❡rr♦r✿ err ✳

✽✳✸✳✸ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❆❧❣♦r✐t❤♠

❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ❡❧❡♠❡♥ts✱ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✾ ✐♥tr♦❞✉❝❡s t❤❡ ❣❡♥❡r❛❧ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐t✲
t✐♥❣ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ ❢♦r ❜♦t❤ ✉♥✐❢♦r♠ ❛♥❞ ❛❞❛♣t❡❞ s♣❛t✐❛❧ ♠❡s❤❡s✳

❆❧❣♦r✐t❤♠ ✽✳✾ ❚✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡✿ S∆t2 ✳

✶✿ ■♥♣✉t✿ ❙♦❧✉t✐♦♥ UJ ❛t t = t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U(i)
J ✇✐t❤

❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❙❡t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✿ η✱ ❛♥❞ ❛ s❡❝✉r✐t② ❢❛❝t♦r ❢♦r t✐♠❡ st❡♣ ❝♦♠♣✉✲
t❛t✐♦♥✿ υ✳

✸✿ ❙❡t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r s♣❧✐t r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ ηRadau5 ❛♥❞
ηROCK4✳

✹✿ ❙t❛rt t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✿ integrate = .true.
✺✿ ✇❤✐❧❡ integrate = .true. ❞♦
✻✿ ❈♦♠♣✉t❡ ❙tr❛♥❣ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥s✿ Unew

J ❛♥❞ ŨJ ✱ ❢r♦♠ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ UJ

✇✐t❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❜② ❆❧❣♦r✐t❤♠ ✽✳✻✳
✼✿ ❖❜t❛✐♥ t❤❡ ♥❡✇ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆tnew✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✿ err ✱ ✇✐t❤

❆❧❣♦r✐t❤♠ ✽✳✽✳
✽✿ ✐❢ err ≤ η t❤❡♥ ④❆❝❝❡♣t ❝✉rr❡♥t ❙tr❛♥❣ s♦❧✉t✐♦♥⑥
✾✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ Unew

J → UJ ✳
✶✵✿ ❯♣❞❛t❡ t✐♠❡✿ t→ t+∆t✳
✶✶✿ ❙t♦♣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ integrate = .false.
✶✷✿ ❡♥❞ ✐❢
✶✸✿ ❯♣❞❛t❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t→ ∆tnew✳
✶✹✿ ▲✐♠✐t t✐♠❡ ❞♦♠❛✐♥✿ ∆t = min{∆t, T − t}
✶✺✿ ❡♥❞ ✇❤✐❧❡
✶✻✿ ❖✉t♣✉t✿ ❙tr❛♥❣ s♦❧✉t✐♦♥ UJ ❛t t = t + ∆t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m

❛rr❛②s U(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

❆s ❢♦r t❤❡ ❣❡♥❡r❛❧ s♣❧✐tt✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ✐♥ ❆❧❣♦r✐t❤♠ ✽✳✺✱ ✇❡ ♠✐❣❤t ❝♦♥s✐❞❡r t❤❡
t✐♠❡ ❛❞❛♣t✐✈❡ ❆❧❣♦r✐t❤♠ ✽✳✾ ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ t t♦ t + ∆t✱ ✐♥ t❤❡ ♠✉❧✲
t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ✭❆❧❣♦r✐t❤♠ ✼✳✶✶✮✳ ■♥ t❤✐s ✇❛②✱ ❛ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
✐s ❛❝❤✐❡✈❡❞ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② η✱ ✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡
❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❛❧s♦ ♠♦♥✐t♦r❡❞ ❜② t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❤r❡s❤♦❧❞ ✈❛❧✉❡
ε✳ ❙♦♠❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦♥ t❤✐s ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❛r❡ ♣r♦✈✐❞❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥
❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs✳ ▲❡t ✉s ❛❧s♦ r❡♠❛r❦ t❤❛t ❜♦t❤ ❛❧❣♦r✐t❤♠s ✽✳✺ ❛♥❞ ✽✳✾ ❛r❡ ✐♠♣❧❡♠❡♥t❡❞
✐♥ t❤❡ s❛♠❡ ❝♦❞❡✱ ❛♥❞ t❤❛t t❤❡ ✉s❡r ♠❛② ✜♥❛❧❧② s❡❧❡❝t t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❝♦♥✜❣✉r❛t✐♦♥✳

✽✳✸✳✹ ❈♦rr❡❝t✐♦♥ ♦❢ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣

❲❡ ❤❛✈❡ ❛❧s♦ ❛♥❛❧②③❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ❢♦r ♥♦♥✲
❛s②♠♣t♦t✐❝ r❡❣✐♠❡s✱ ✐✳❡✳✱ ❢♦r ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✱ ❢♦r ✇❤✐❝❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ♦❢



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✼

t❤❡ ❡rr♦r ♠✐❣❤t ❜❡❝♦♠❡ ✐♥❛❝❝✉r❛t❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡t❛✐❧ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧
♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ❝♦♥t❡①t t♦ ❡✛❡❝t✐✈❡❧② ❤❛♥❞❧❡ t❤❡s❡ s✐t✉❛t✐♦♥s✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t
t❤❡ ♣r♦❜❧❡♠ ❛r✐s❡s ❢♦r r❡❧❛t✐✈❡❧② ❧❛r❣❡ t♦❧❡r❛♥❝❡s η✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r s♠❛❧❧ t✐♠❡ s❤✐❢ts δ✳
❚❤❡r❡❢♦r❡✱ ❛❢t❡r ♠❛♥② ♥✉♠❡r✐❝❛❧ t❡sts ❛♥❞ ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t
❜② s❡tt✐♥❣ s✉✣❝✐❡♥t❧② ❧❛r❣❡ s❤✐❢ts δ✱ ❛ ❝♦♠♣r♦♠✐s❡ ❝❛♥ ❜❡ ❞r❛✇♥✱ ❛♥❞ t❤❡ ❆❧❣♦r✐t❤♠ ✽✳✾ ❝❛♥ ❜❡
❛♣♣❧✐❡❞ ♥❡❣❧❡❝t✐♥❣ t❤❡s❡ ✐ss✉❡s✳ ❚❤❡ ❝♦❞❡ ✐♥❝❧✉❞❡s ♥❡✈❡rt❤❡❧❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤
❝❛♥ ❜❡ ❡①❝❧✉❞❡❞ ❜② t❤❡ ✉s❡r✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✺✳✹✽✮✿

∆t⋆ ≈ δCδ
C0

, ✭✽✳✾✮

✇❤❡r❡ ∆t⋆ ❞❡♥♦t❡s t❤❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✐✳❡✳✱ t❤❡ ♠❛①✐♠✉♠ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❢♦r
✇❤✐❝❤ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ❛r❡ ❝♦♠♣❧❡t❡❧② r❡❧✐❛❜❧❡✳ ❚❤❡ ❝♦❡✣❝✐❡♥t Cδ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

Cδ ≈
err

δ∆t2
, ✭✽✳✶✵✮

❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✹✻✮✳ ❋✐♥❛❧❧②✱ C0 ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✺✳✺✻✮ ❜② ♠❡❛♥s ♦❢ t✇♦ ❧♦❝❛❧ ❡st✐♠❛t♦rs✿ e1
❛♥❞ e2✱ ❣✐✈❡♥ ❜② ✭✺✳✺✹✮ ❛♥❞ ✭✺✳✺✼✮✿

e1 = Sa1∆tu0 − Sb1∆t(Sc1∆tu0), e2 = Sa2∆tu0 − Sb2∆t(Sc2∆tu0), ✭✽✳✶✶✮

❛♥❞ ❞❡✜♥❡❞ ❜② t❤❡ s❡ts✿ (a1, b1, c1) ❛♥❞ (a2, b2, c2)✳ ❆ss✉♠✐♥❣ t❤❡ ✇♦rst ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤
❜♦t❤ e1 ❛♥❞ e2 ❛r❡ ❣✐✈❡♥ ❜② t❤❡✐r ♠❛①✐♠✉♠ ✈❛❧✉❡s ✐♥ ✭✺✳✺✻✮✱ s♦♠❡ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞

e1 ≈ C0∆t
3
(
ωc31(a

3
1 − b31)

)
, ✭✽✳✶✷✮

✇✐t❤

ω ≈ e2(a
3
1 − b31)− e1(a32 − b32)
e1c32 − e2c31

. ✭✽✳✶✸✮

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t⋆ ✐s ✜♥❛❧❧② ♣❡r❢♦r♠❡❞ ✐♥ t✇♦ st❛❣❡s✳
❚❤❡ ✐❞❡❛ ✐s t♦ s❛✈❡ ♠❡♠♦r② r❡s♦✉r❝❡s ❛♥❞ ❡♠❜❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡
❝❤♦✐❝❡ ♦❢ t❤❡ s❡ts (a1, b1, c1) ❛♥❞ (a2, b2, c2)✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦✲
r✐t❤♠s ✽✳✶✵ ❛♥❞ ✽✳✶✶ ✐❧❧✉str❛t❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦❞❡✳

❆❧❣♦r✐t❤♠ ✽✳✶✵ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ■✿ ∆t⋆✳

✶✿ ■♥♣✉t✿ ❙♦❧✉t✐♦♥ UJ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s

u
(i)
iL
✱ i = 1, . . . ,m✱ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❇✉✐❧❞ ❛rr❛② Ũ1

J ♦❢ s✐③❡ (l, NL)✱ ❢r♦♠ U
(i)
J ✇✐t❤ i ∈ Θl✳

✸✿ ❋♦r t→ t+ c2∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ Ũ1

J ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❙tr❛♥❣ s❝❤❡♠❡ ❜② ❆❧❣♦r✐t❤♠
✽✳✺✳

✹✿ ❋♦r t→ t+ b2∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ Ũ1

J ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❙tr❛♥❣ s❝❤❡♠❡ ❜② ❆❧❣♦r✐t❤♠
✽✳✺✳

✺✿ ❇✉✐❧❞ ❛rr❛② Ũ2

J ♦❢ s✐③❡ (l, NL)✱ ❢r♦♠ U
(i)
J ✇✐t❤ i ∈ Θl✳

✻✿ ❋♦r t→ t+ c1∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ Ũ2

J ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❙tr❛♥❣ s❝❤❡♠❡ ❜② ❆❧❣♦r✐t❤♠
✽✳✺✳

✼✿ ❊✈❛❧✉❛t❡ ❡rr♦r ∆ ❜❡t✇❡❡♥ Ũ2

J ❛♥❞ Ũ1

J ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✼✳
✽✿ ❊st✐♠❛t❡ ♦❢ ❧♦❝❛❧ ❡st✐♠❛t♦r e2✿ ∆→ e2✳



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✽

✾✿ ❋♦r t→ t+ b1∆t✿ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ Ũ2

J ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❙tr❛♥❣ s❝❤❡♠❡ ❜② ❆❧❣♦r✐t❤♠
✽✳✺✳

✶✵✿ ❖✉t♣✉t✿ ▲♦❝❛❧ ❡st✐♠❛t♦r e2 ❛♥❞ s♦❧✉t✐♦♥ Ũ2

J ❛t t = t + ∆t✱ ♦❢ s✐③❡ (l, NL) = (l,#(ΦL))✱

❣✐✈❡♥ ❜② l ❛rr❛②s Ũ2,(i)
J ✱ ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ũ2,(i)iL

✱ i ∈ Θl✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

❆❧❣♦r✐t❤♠ ✽✳✶✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ■■✿ ∆t⋆✳

✶✿ ■♥♣✉t✿ ❙tr❛♥❣ s♦❧✉t✐♦♥ UJ ❛t t = t+∆t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s

U
(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m❀ ❛♥❞ s♦❧✉t✐♦♥ Ũ2

J ❛t t = t + ∆t✱ ♦❢ s✐③❡ (l, NL) =

(l,#(ΦL))✱ ❣✐✈❡♥ ❜② l ❛rr❛②s Ũ
2,(i)
J ✱ ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s ũ2,(i)iL

✱ i ∈ Θl❀ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε)

❛♥❞ j ∈ [j0, J ]✳

✷✿ ❊✈❛❧✉❛t❡ ❡rr♦r ∆ ❜❡t✇❡❡♥ U
(i)
J ❛♥❞ Ũ

2,(i)
J ❢♦r i ∈ Θl ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✼✳

✸✿ ❊st✐♠❛t❡ ♦❢ ❧♦❝❛❧ ❡st✐♠❛t♦r e1✿ ∆→ e1✳
✹✿ ❈♦♠♣✉t❡ Cδ ✇✐t❤ ❝✉rr❡♥t s❤✐❢t δ ✐♥ ✭✽✳✶✵✮✱ ω ✐♥ ✭✽✳✶✸✮✱ ❛♥❞ C0 ✐♥ ✭✽✳✶✷✮✳
✺✿ ❈♦♠♣✉t❡ ∆t⋆ ❢r♦♠ ✭✽✳✾✮ ❛♥❞ s❡t ❢♦r ❛ ❣✐✈❡♥ s❡❝✉r✐t② ❢❛❝t♦r ζ✿ ∆t⋆ → ζ∆t⋆✳
✻✿ ❖✉t♣✉t✿ ❈r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t⋆✳

❆ ✇♦r❦✐♥❣ r❡❣✐♦♥ ❢♦r t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇❛s ❛❧s♦ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✺ ❜② ✭✺✳✻✵✮✿ ∆t ∈
[β∆t⋆, γ∆t⋆]✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❜❡tt❡r ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ ✇✐t❤ t❤❡ ❛♣✲
♣r♦♣r✐❛t❡ t✐♠❡ s❤✐❢t δ✳ ❚❤❡ ❧❛tt❡r ♣❛r❛♠❡t❡r ✐s ❡st✐♠❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❆❧❣♦r✐t❤♠ ✽✳✶✷✳

❆❧❣♦r✐t❤♠ ✽✳✶✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❤✐❢t✿ δ✳

✶✿ ■♥♣✉t✿ ❈✉rr❡♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ ❛♥❞ ❡st✐♠❛t❡s Cδ ❛♥❞ C0✳
✷✿ ❈♦♠♣✉t❡ δ ❢r♦♠ ✭✽✳✾✮ ❜② ❝♦♥s✐❞❡r✐♥❣ ∆t⋆ = ∆t✳
✸✿ ❙❡t ❢♦r ❛ ❣✐✈❡♥ s❡❝✉r✐t② ❢❛❝t♦r θ✿ δ = min{θδ, δmax}✳
✹✿ ❈♦♠♣✉t❡ ∆t⋆ ❢r♦♠ ✭✽✳✾✮ ✇✐t❤ ♥❡✇ δ✳
✺✿ ❖✉t♣✉t✿ ◆❡✇ t✐♠❡ s❤✐❢t✿ δ✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t⋆✳

❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✾ ✐s ✜♥❛❧❧② r❡✇r✐tt❡♥ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s t♦♦❧s ✐♥ t❤❡ ❆❧❣♦r✐t❤♠
✽✳✶✸✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤✐s ♦♥❡ ♥❡❡❞s t♦ s❛✈❡
♦♥❡ ♠♦r❡ ❛rr❛②✱ ♦❢ s✐③❡ (l, NL)✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❞♦♥❡ ❡✐t❤❡r
♣❡r✐♦❞✐❝❛❧❧② ✇✐t❤ ❛ r❛t❡ ❣✐✈❡♥ ❜② Nδ✱ ♦r ✇❤❡♥❡✈❡r t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❝❛st❡❞ ❛✇❛② ❢r♦♠
t❤❡ ❞❡✜♥❡❞ ✇♦r❦✐♥❣ r❡❣✐♦♥✱ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✢❛❣ estimate✱ ✐♥✐t✐❛❧❧② s❡t t♦ .false.✳ ▼♦r❡♦✈❡r✱
C0
δ ✇❛s ✐♥tr♦❞✉❝❡❞ t♦ r❡❥❡❝t t❤❡ ✐♥✐t✐❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t0 ❛t t❤❡ ✜rst t✐♠❡ ✐t❡r❛t✐♦♥ n = 0✱

✐❢ ♥❡❝❡ss❛r②✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✽✳✶✸ ❝♦♥t❛✐♥s t❤✉s ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱
❛♥❞ ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ❛s ✇❡❧❧ ✇✐t❤ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❣✐✈❡♥ ❜② ❆❧❣♦r✐t❤♠ ✼✳✶✶✱ ❢♦r t❤❡
t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳

❆❧❣♦r✐t❤♠ ✽✳✶✸ ❚✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ■■✿ S∆t2 ✳

✶✿ ■♥♣✉t✿ ❙♦❧✉t✐♦♥ UJ ❛t t = t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m ❛rr❛②s U(i)
J ✇✐t❤

❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈
⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳

✷✿ ❙❡t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✿ η✱ ❛♥❞ ❛ s❡❝✉r✐t② ❢❛❝t♦r ❢♦r t✐♠❡ st❡♣ ❝♦♠♣✉✲
t❛t✐♦♥✿ υ✳



❙❡❝t✳ ✽✳✸ ✲ ❚✐♠❡ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ❙❝❤❡♠❡ ✶✽✾

✸✿ ❙❡t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r s♣❧✐t r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ ηRadau5 ❛♥❞
ηROCK4✳

✹✿ ❙❡t (a1, b1, c1) ❛♥❞ (a2, b2, c2) ❢♦r ❧♦❝❛❧ ❡st✐♠❛t♦rs e1 ❛♥❞ e2❀ ❛♥❞ s❡❝✉r✐t② ❢❛❝t♦r 0 < ζ ≤ 1✱
❝❧♦s❡ t♦ 1 ❢♦r t❤❡ ❝r✐t✐❝❛❧ t✐♠❡ st❡♣ ∆t⋆✳

✺✿ ❉❡✜♥❡ t❤❡ ✇♦r❦✐♥❣ r❡❣✐♦♥ ❢♦r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✿ 0 < β < γ ≤ 1✳
✻✿ ❉❡✜♥❡ t❤❡ ♠❛①✐♠✉♠ s❤✐❢t✿ δmax✱ ❛♥❞ ❛ s❡❝✉r✐t② ❢❛❝t♦r θ ≥ 1✱ ❢♦r ❝♦♠♣✉t❛t✐♦♥ ♦❢ δ✳
✼✿ ❙t❛rt t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✿ integrate = .true.
✽✿ ✇❤✐❧❡ integrate = .true. ❞♦
✾✿ ✐❢ n/Nδ = ⌊n/Nδ⌋ or estimate = .true. t❤❡♥

✶✵✿ P❡r❢♦r♠ ❆❧❣♦r✐t❤♠ ✽✳✶✵ ❢♦r ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t⋆✳
✶✶✿ ❙❡t estimate = .true.
✶✷✿ ❡♥❞ ✐❢
✶✸✿ ❈♦♠♣✉t❡ ❙tr❛♥❣ ❛♥❞ s❤✐❢t❡❞ ❙tr❛♥❣ s♦❧✉t✐♦♥s✿ Unew

J ❛♥❞ ŨJ ✱ ❢r♦♠ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ UJ

✇✐t❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❜② ❆❧❣♦r✐t❤♠ ✽✳✻✳
✶✹✿ ❖❜t❛✐♥ t❤❡ ♥❡✇ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆tnew✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✿ err ✱ ✇✐t❤

❆❧❣♦r✐t❤♠ ✽✳✽✳
✶✺✿ ✐❢ estimate = .true. t❤❡♥
✶✻✿ ❈♦♠♣✉t❡ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t⋆ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✶✶✿ ∆t⋆✳
✶✼✿ ❙❡t estimate = .false.
✶✽✿ ✐❢ ∆t /∈ [β∆t⋆, γ∆t⋆] t❤❡♥
✶✾✿ ❈♦♠♣✉t❡ δ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✽✳✶✷✳
✷✵✿ ❯♣❞❛t❡ δ ❛♥❞ ❝r✐t✐❝❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t⋆✳
✷✶✿ ❡♥❞ ✐❢
✷✷✿ ❡♥❞ ✐❢
✷✸✿ ✐❢ t = t0 and ∆t > ∆t⋆ t❤❡♥
✷✹✿ ❙❡t err → η + C0

δ ✳
✷✺✿ ❡♥❞ ✐❢
✷✻✿ ✐❢ ∆tnew > ∆t⋆ and δ 6= δmax t❤❡♥
✷✼✿ ❈♦♠♣✉t❡ ∆t⋆ ❛t ♥❡①t t✐♠❡ ✐t❡r❛t✐♦♥✿ estimate = .true.
✷✽✿ ❡♥❞ ✐❢
✷✾✿ ✐❢ err ≤ η t❤❡♥ ④❆❝❝❡♣t ❝✉rr❡♥t ❙tr❛♥❣ s♦❧✉t✐♦♥⑥
✸✵✿ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ Unew

J → UJ ✳
✸✶✿ ❯♣❞❛t❡ t✐♠❡✿ t→ t+∆t✳
✸✷✿ ❙t♦♣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ integrate = .false.
✸✸✿ ❡♥❞ ✐❢
✸✹✿ ❈♦rr❡❝t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✿ ∆t = min{∆tnew,∆t⋆}✳
✸✺✿ ▲✐♠✐t t✐♠❡ ❞♦♠❛✐♥✿ ∆t = min{∆t, T − t}
✸✻✿ ❡♥❞ ✇❤✐❧❡
✸✼✿ ❖✉t♣✉t✿ ❙tr❛♥❣ s♦❧✉t✐♦♥ UJ ❛t t = t + ∆t✱ ♦❢ s✐③❡ (m,NL) = (m,#(ΦL))✱ ❣✐✈❡♥ ❜② m

❛rr❛②s U(i)
J ✇✐t❤ ❝❡❧❧ ✈❛❧✉❡s u(i)iL ✱ i = 1, . . . ,m✱ iL ∈

⋃
r∈[1,NR] L(Λ̃r,ε) ❛♥❞ j ∈ [j0, J ]✳



P❛rt ■❱

❆♣♣❧✐❝❛t✐♦♥ ❋r❛♠❡✇♦r❦



■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❧❛st ♣❛rt✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞
♠❛✐♥❧② ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✱ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▼❇❆❘❊❚❊ ❝♦❞❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡rs
✼ ❛♥❞ ✽✱ ❢♦r s❡✈❡r❛❧ ♣r♦❜❧❡♠s ❝♦♠✐♥❣ ❢r♦♠ ❞✐✛❡r❡♥t ❞♦♠❛✐♥s✳ ❆ ✜rst ✐❧❧✉str❛t✐♦♥ ✇❛s ❝♦♥❞✉❝t❡❞
t❤r♦✉❣❤♦✉t ❝❤❛♣t❡rs ✹ ❛♥❞ ✺ ❢♦r ❛ s❡r✐❡s ♦❢ s✐♠✉❧❛t✐♦♥s ♦❢ ❝❤❡♠✐❝❛❧ ✇❛✈❡s t❤❛t ❛r❡ ♦❢t❡♥ ✉s❡❞
t♦ r❡♣r❡s❡♥t st✐✛ ❢❡❛t✉r❡s ♦❢ ❣❡♥❡r❛❧ r❡❛❝t✐♥❣ ❢r♦♥ts✳

❈❤❛♣t❡r ✾ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❤✉♠❛♥ ❜r❛✐♥ str♦❦❡s✱ ♠♦❞❡❧❡❞ ❜② r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠s✳ ❚❤❡ st✉❞② ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ♠✐❣❤t
❜❡ s❡❡♥ ❛s t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ t❤✐s t✐♠❡ ❢♦r
❛ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧ t❤❛t r❡q✉✐r❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t❡❝❤♥✐q✉❡s✳

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✶✵ ❢♦r ❞✐✛❡r❡♥t ♣❤②s✐✲
❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ♠♦❞❡❧❡❞ ❜② r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠s ✐♥ ❛ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣✲
♣r♦❛❝❤✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛ss❡ss❡s t❤❡ ♣r❡❞✐❝t✐✈❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♠❡t❤♦❞
✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠❡t❤♦❞✱ ❛s
✇❡❧❧ ❛s t❤❡ ♣♦t❡♥t✐❛❧ ❡①t❡♥s✐♦♥s t♦ ♠♦r❡ ❝♦♠♣❧❡① ❝❛s❡s✳

❈❤❛♣t❡r ✶✶ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡s ✐♥ ♣❧❛s♠❛
❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✐s ✐♥t❡❣r❛t❡❞
✐♥t♦ ❛ ♥❡✇ s❡❝♦♥❞ ♦r❞❡r ♠❡t❤♦❞✱ s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡
♣❧❛s♠❛ ♠♦❞❡❧s✳ ■♥ t❤✐s ✇❛②✱ t❤✐s ❝❤❛♣t❡r ✐❧❧✉str❛t❡s ❢✉rt❤❡r ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ✇♦r❦✱ ❜❛s❡❞ ♦♥
t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❢♦r
♣r♦♣❛❣❛t✐♥❣ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡s ❛♥❞ ❤✐❣❤❧② ✉♥st❡❛❞② ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❢♦r ✇❤✐❝❤
t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♥❡✇ str❛t❡❣② ❛r❡ ❡✈❛❧✉❛t❡❞✳



❈❤❛♣t❡r ✾

❇r❛✐♥ ❙tr♦❦❡ ❙✐♠✉❧❛t✐♦♥s

❲❡ ❢♦❝✉s ✐♥ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥
❈❤❛♣t❡r ✹✱ ❢♦r ❜r❛✐♥ str♦❦❡ s✐♠✉❧❛t✐♦♥s✳ ▼✉❧t✐✲s❝❛❧❡ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s ❛♥❞ st✐✛ ♣❤❡♥♦♠❡♥❛
❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠❛♥② ❜✐♦♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❖♥❡ ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② ❡❧❡❝tr♦❝❛r❞✐♦❧✲
♦❣② s✐♠✉❧❛t✐♦♥s✱ ♠♦❞❡❧❡❞ ❜② r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ❢♦r ✇❤✐❝❤ ♠❛♥② ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s
✇❡r❡ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ♣❛st ②❡❛rs✳ ❚❤❡ ❧❛tt❡r ♦♥❡s ✉s✉❛❧❧② ❝♦♠❜✐♥❡ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡✲
♠❡♥t t❡❝❤♥✐q✉❡s ✇✐t❤ ❞❡❞✐❝❛t❡❞ st✐✛ s♦❧✈❡rs ✐♥ ♦r❞❡r t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s
✭s❡❡✱ ❡✳❣✳✱ ❬❈●❍✵✵✱ ❈●❍✵✸✱ ❈❋P✵✹✱ ❈❋❉❊+✵✻✱ ❨❘❍✵✽❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ■♥ t❤✐s ❝♦♥✲
t❡①t✱ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ❡✣❝✐❡♥t t♦ ❤❛♥❞❧❡ s✉❝❤ ♣r♦❜❧❡♠s✱ ❛♥❞ ❤❛✈❡
❜❡❡♥ ❧❛r❣❡❧② ✐♠♣❧❡♠❡♥t❡❞ ❡✈❡♥ s✐♥❝❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❚❙❆✵✵✱ ❇❲❩+✵✷✱ ❚❑✵✹❪✮✳ ❙♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s
✇❡r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ t♦ s♦❧✈❡ ❝❤❡♠♦t❛①✐s ♠♦❞❡❧s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬●P✵✵✱ ❚❙▲✵✵✱ ●❱✵✷✱ ❘❙✵✾❪✳
▲❡t ✉s ❛❧s♦ r❡❢❡r t♦ ❬▼✐❧✵✽❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ♦t❤❡r t②♣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡
♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐s t♦ ♣r❡❞✐❝t ❞r✉❣ t❛r❣❡t✐♥❣ t♦ ✐♥❤✐❜✐t ❜✐♦❧♦❣✐❝❛❧ ♠❛❧✲
❢✉♥❝t✐♦♥s✳
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❜r❛✐♥ str♦❦❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❧✐t❡r❛t✉r❡ ✐s ♠✉❝❤ ♠♦r❡ r❡❞✉❝❡❞ ❛♥❞ ✐t ✐s
♠❛✐♥❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❧❛❝❦ ♦❢ ❝♦♠♣r❡❤❡♥s✐✈❡ ♠♦❞❡❧s✱ ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❉❇●✵✻❪ ❛♥❞
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s t♦ s✐♠✉❧❛t❡ ✐s❝❤❡♠✐❝ str♦❦❡s ✇❡r❡ ✜rst st✉❞✐❡❞ ✐♥
❬❉❉✵✽❜❪✱ ❜❛s❡❞ ♦♥ ❛ str♦❦❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❜② ❉r♦♥♥❡ ❡t ❛❧✳ ✐♥ ❬❉❇●✵✻❪✳ ❚❤❡s❡ st✉❞✐❡s ❤❛✈❡
❧❡❞ t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦♥ r❡❛❧✐st✐❝ ✸❉ ❜r❛✐♥ ❣❡♦♠❡tr✐❡s✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ ❜❛s❡❞ ♦♥ t❤❡
s♣❧✐tt✐♥❣ str❛t❡❣② ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ❧❛tt❡r s❝❤❡♠❡ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ s❛t✐s❢❛❝t♦r②
r❡s✉❧ts ✐♥ ❛ ❝♦❞❡ ❝❛❧❧❡❞ ❩❊❇❘❊✱ ❞❡✈❡❧♦♣❡❞ ❜② ❚✳ ❉✉♠♦♥t✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs ✜♥✐t❡ ✈♦❧✉♠❡s
♦❢ ❝♦♥st❛♥t s✐③❡ ❬❉✉♠✵✼❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦r❞❡r t♦ ❢✉rt❤❡r r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✱ t❤❡
❢✉❧❧② ▼❘✴s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉▼❉+✶✷❪ ✇❛s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ❝♦♥❢r♦♥t❡❞
✇✐t❤ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ♦♥ ❛ s✐♠♣❧✐✜❡❞ ❜r❛✐♥ ❣❡♦♠❡tr②✳ ❆❧❧ t❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ r❡❝❡♥t❧②
s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ❬❉❉❉+✶✷❪✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ✜rst r❡♣r♦❞✉❝❡ t❤❡ ❧❛tt❡r ❛rt✐❝❧❡✱ ✇❤✐❝❤ st❛♥❞s ❛s ❛ ❝♦♠♣❧❡t❡ st✉❞②
♦♥ t❤❡ s✉❜❥❡❝t ✇✐t❤✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛❧❧♦✇s ✉s t♦ ♣❛rt✐❛❧❧② ✈❛❧✐❞❛t❡ t❤❡
▼❇❆❘❊❚❊ ❝♦❞❡ ✐♥ t❡r♠s ♦❢ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❜② ❝♦♠♣❛r✐♥❣ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
✇✐t❤ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❩❊❇❘❊ ❝♦❞❡✳ ❲❡ r❡♠❛r❦ t❤❛t ❡✈❡♥ t❤♦✉❣❤ ❜♦t❤ ❝♦❞❡s ❝♦♥s✐❞❡r
t❤❡ s❛♠❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣②✱ t❤❡② ❛r❡ ✇r✐tt❡♥ ✐♥ ❞✐✛❡r❡♥t ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✱ ✇✐t❤
❛❧s♦ ❞✐✛❡r❡♥t ❞❛t❛ ❛♥❞ ❝♦❞❡ str✉❝t✉r❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t
♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ ♥✉♠❡r✐❝❛❧ str❛t✲
❡❣② ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ❧❛tt❡r st✉❞② ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❞✉r✐♥❣ ❛ ❙✉♠♠❡r ❙❝❤♦♦❧
♦❢ ❈◆❘❙ ●❉❘ ●r♦✉♣❡ ❈❛❧❝✉❧ ♦♥ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❞ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t ▼❡t❤♦❞s✱
❋ré❥✉s✱ ❋r❛♥❝❡ ✭✷✵✶✵✮ ❬❉▼❉+✶✶❜❪✳
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●❊❖▼❊❚❘❨

❚❤✐❡rr② ❉✉♠♦♥t✱ ▼❛① ❉✉❛rt❡✱ ❙té♣❤❛♥❡ ❉❡s❝♦♠❜❡s✱ ▼❛r✐❡✲❆✐♠é❡ ❉r♦♥♥❡✱

▼❛r❝ ▼❛ss♦t✱ ❛♥❞ ❱✐♦❧❛✐♥❡ ▲♦✉✈❡t

❆❜str❛❝t✳ ■♥ s✐❧✐❝♦ r❡s❡❛r❝❤ ✐♥ ♠❡❞✐❝✐♥❡ ✐s t❤♦✉❣❤t t♦ r❡❞✉❝❡ t❤❡ ♥❡❡❞ ❢♦r ❡①♣❡♥s✐✈❡
❝❧✐♥✐❝❛❧ tr✐❛❧s ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ r❡❧✐❛❜❧❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❛♥❞ ❛❝❝✉r❛t❡ ❛♥❞ ❡❢✲
✜❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ t❛❝❦❧❡ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ❤✉♠❛♥ ✐s❝❤❡♠✐❝ str♦❦❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✐♥❞✉❝❡s ♣❡✲
❝✉❧✐❛r ❞✐✣❝✉❧t✐❡s ❧✐❦❡ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ st✐✛♥❡ss ✇❤✐❝❤ st❡♠s ❢r♦♠ t❤❡ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢
t❡♠♣♦r❛❧ s❝❛❧❡s ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ s♦✉r❝❡ t❡r♠ ❛s ✇❡❧❧ ❛s ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ st❡❡♣
s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ t❤❡ r❡❛❝t✐♦♥ ❢r♦♥ts✱ s♣❛t✐❛❧❧② ✈❡r② ❧♦❝❛❧✐③❡❞✳ ❋✉rt❤❡r♠♦r❡✱ s✐♠✉❧❛t✐♦♥s
♦♥ r❡❛❧✐st✐❝ ✸❉ ❣❡♦♠❡tr✐❡s ❛r❡ ♠❛♥❞❛t♦r② ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ ❝♦rr❡❝t❧② t❤✐s t②♣❡ ♦❢ ♣❤❡✲
♥♦♠❡♥♦♥✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ♦❜t❛✐♥✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ ✸❉ s✐♠✉❧❛t✐♦♥s
♦♥ r❡❛❧✐st✐❝ ❣❡♦♠❡tr✐❡s ❛♥❞ t♦ s❤♦✇ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤♦s❡
♦❜t❛✐♥ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ♦r ♦❜s❡r✈❡❞ ♦♥ ▼❘■ ✐♠❛❣❡s ✐♥ str♦❦❡ ♣❛t✐❡♥ts✳
❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ r❡s♦❧✉t✐♦♥ str❛t❡❣② ❜❛s❡❞ ♠❛✐♥❧② ♦♥ t✐♠❡ ♦♣❡r✲
❛t♦r s♣❧✐tt✐♥❣ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❝♦♠♣❧❡① ❣❡♦♠❡tr② ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ✇❡❧❧✲❝♦♥❝❡✐✈❡❞
♣❛r❛❧❧❡❧✐③❛t✐♦♥ str❛t❡❣② ❢♦r s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡♥ ❛ ❤✐❣❤ ♦r❞❡r
✐♠♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❛♥ ❡①♣❧✐❝✐t ♦♥❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ✐♥ ♦r❞❡r
t♦ ❜✉✐❧❞ ❛ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ t❤❛t ❡①♣❧♦✐ts ❡✣❝✐❡♥t❧② t❤❡ s♣❡❝✐❛❧ ❢❡❛t✉r❡s ♦❢
❡❛❝❤ ♣r♦❜❧❡♠✳ ❚❤✉s✱ ✇❡ ❛✐♠ ❛t s♦❧✈✐♥❣ ❝♦♠♣❧❡t❡ ❛♥❞ r❡❛❧✐st✐❝ ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ ❛❧❧ t✐♠❡
❛♥❞ s♣❛❝❡ s❝❛❧❡s ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✱ t❤❛t ✐s ♦♥ ❛ r❡❛s♦♥❛❜❧② ♣♦✇❡r❢✉❧
✇♦r❦st❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧② ❛♥❞ ❛s ❡①♣❡❝t❡❞✱ ✷❉ ❛♥❞ ❛❧s♦ ❢✉❧❧② ✸❉ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
♦❢ ✐s❝❤❡♠✐❝ str♦❦❡s ❢♦r ❛ r❡❛❧✐st✐❝ ❜r❛✐♥ ❣❡♦♠❡tr②✱ ❛r❡ ❝♦♥❞✉❝t❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❛♥❞
s❤♦✇♥ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❞②♥❛♠✐❝s ♦❜s❡r✈❡❞ ♦♥ ▼❘■ ✐♠❛❣❡s ✐♥ str♦❦❡ ♣❛t✐❡♥ts✳ ❇❡②♦♥❞
t❤✐s ♠❛❥♦r st❡♣✱ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s✐♠✉❧❛✲
t✐♦♥s✱ ✇❡ ✐♥❞✐❝❛t❡ ❤♦✇ t❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ s♣❛t✐❛❧ ❛❞❛♣t✐✈❡
♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s✐♠♣❧❡ ❣❡♦♠❡tr✐❡s ❛❧❧♦✇
t♦ ❛ss❡ss t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❢♦r ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts✳

❑❡②✇♦r❞s✳ ■s❝❤❡♠✐❝ str♦❦❡❀ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s❀ ❖♣❡r❛t♦r s♣❧✐tt✐♥❣❀ P❛r❛❧❧❡❧
❝♦♠♣✉t✐♥❣✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✸✺❆✸✺✱ ✸✺❑✺✼✱ ✻✺▲✵✻✱ ✻✺▼✵✽✱ ✻✺▼✺✵✱ ✻✺❨✵✺✱
✾✷❇✵✺✳

✾✳✶ ■♥tr♦❞✉❝t✐♦♥

❙tr♦❦❡ ✐s ❛ ♠❛❥♦r ♣✉❜❧✐❝ ❤❡❛❧t❤ ♣r♦❜❧❡♠ s✐♥❝❡ ✐t r❡♣r❡s❡♥ts t❤❡ s❡❝♦♥❞ ❧❡❛❞✐♥❣ ❝❛✉s❡ ♦❢ ❞❡❛t❤
✇♦r❧❞✇✐❞❡ ❛♥❞ t❤❡ ✜rst ❝❛✉s❡ ♦❢ ❛❝q✉✐r❡❞ ❞✐s❛❜✐❧✐t② ✐♥ ❛❞✉❧ts✳ ■♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ t❤✐s ❞✐s✲
❡❛s❡ str✐❦❡s ♦♥❝❡ ❡✈❡r② 40 s❡❝♦♥❞s ❛♥❞ ❝❛✉s❡s ❞❡❛t❤ ❡✈❡r② 4 ♠✐♥✉t❡s✱ ✇✐t❤ ❛♥ ❡st✐♠❛t❡❞ ✹✶✳✻✪
❞❡❛t❤ r❛t❡ ✐♥ ✷✵✵✼ ❬▲❏❆❈+✵✾❪✳ ▼♦st ❢r❡q✉❡♥t❧② ✭✽✵✪✮ str♦❦❡s r❡s✉❧t ❢r♦♠ t❤❡ ♦❝❝❧✉s✐♦♥ ♦❢ ♦♥❡
♦r s❡✈❡r❛❧ ❜r❛✐♥ ✈❡ss❡❧s ❛♥❞ ❛r❡ t❤✉s ❝❛❧❧❡❞ ✐s❝❤❡♠✐❝ str♦❦❡s ✭✐♥ t❤❡ ♦t❤❡r ❝❛s❡s✱ str♦❦❡s ❛r❡
❤❡♠♦rr❤❛❣✐❝ str♦❦❡s✮✳ ■s❝❤❡♠✐❝ str♦❦❡ ✐♥✈♦❧✈❡s ♠❛♥② ♣❛t❤♦♣❤②s✐♦❧♦❣✐❝❛❧ ♠❡❝❤❛♥✐s♠s ❝❛✉s✐♥❣
❞❡✈❛st❛t✐♥❣ ♥❡✉r♦❧♦❣✐❝❛❧ ❞❛♠❛❣❡ ✭s❡❡ ❢♦r r❡✈✐❡✇ ❬❉■▼✾✾✱ ▼▲■✶✵❪✮✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡s❡ ♠❡❝❤✲
❛♥✐s♠s ✐s ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥❝❡ t♦ ❞❡✈❡❧♦♣ ♥❡✇ t❤❡r❛♣❡✉t✐❝ str❛t❡❣✐❡s s✐♥❝❡ ♥♦ tr❡❛t♠❡♥ts
❛r❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❢♦r ♠♦st str♦❦❡ ♣❛t✐❡♥ts✳ ❈✉rr❡♥t❧②✱ t❤❡ ♦♥❧② ❋❉❆✲❛♣♣r♦✈❡❞ tr❡❛t♠❡♥t
❢♦r str♦❦❡ ♣❛t✐❡♥ts ✐s ❛ t❤r♦♠❜♦❧②t✐❝ ❛❣❡♥t ✭tP❆✮ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ❣✐✈❡♥ t♦ ❧❡ss t❤❛♥ ✶✵✪
♦❢ ♣❛t✐❡♥ts ❜❡❝❛✉s❡ ♦❢ ✐ts ♥❛rr♦✇ t✐♠❡✲✇✐♥❞♦✇ ❛♥❞ ✐ts ❤❡♠♦rr❤❛❣✐❝ r✐s❦s ❬●r❛✵✸❪✳ ▼❛♥② ♥❡✉✲



❙❡❝t✳ ✾✳✶ ✲ ■♥tr♦❞✉❝t✐♦♥ ✶✾✹

r♦♣r♦t❡❝t✐✈❡ ❛❣❡♥ts ✭❛✐♠❡❞ ❛t ❜❧♦❝❦✐♥❣ t❤❡ ✐s❝❤❡♠✐❝ ❝❛s❝❛❞❡✮ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜✉t✱
❛❧t❤♦✉❣❤ t❤❡② ❤❛❞ ❣✐✈❡♥ ✈❡r② ♣r♦♠✐s✐♥❣ r❡s✉❧ts ✐♥ ♣r❡❝❧✐♥✐❝❛❧ st✉❞✐❡s ✐♥ r♦❞❡♥t ♠♦❞❡❧s✱ t❤❡②
❛♣♣❡❛r❡❞ ✐♥❡✛❡❝t✐✈❡ ♦r ❡✈❡♥ ♥♦①✐♦✉s ❞✉r✐♥❣ t❤❡ ❝❧✐♥✐❝❛❧ tr✐❛❧s ✐♥ str♦❦❡ ♣❛t✐❡♥ts ✭s❡❡ ❢♦r r❡✈✐❡✇
❬❉❑❙▲✾✾✱ ❇❆❇❙✵✶✱ ❲❆✵✹✱ ❉❚✵✼❪✮✳ ❚❤✐s ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ✐♥ r♦❞❡♥ts ❛♥❞ ✐♥
❤✉♠❛♥s ✐s ♣❛rt❧② ❞✉❡ t♦ t❤❡ ❛♥❛t♦♠✐❝ ❛♥❞ ❤✐st♦❧♦❣✐❝❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ r♦❞❡♥t ❛♥❞ ❤✉♠❛♥
❜r❛✐♥s✳ ■♥ t❤✐s ❝❛s❡✱ r❡s✉❧ts ✐♥ r♦❞❡♥ts ❛r❡ t❤✉s ❞✐✣❝✉❧t t♦ ❡①tr❛♣♦❧❛t❡ t♦ str♦❦❡ ♣❛t✐❡♥ts✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ✐ts ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❤❡❧♣ ❜♦t❤ t♦ t❡st s♦♠❡
❜✐♦❧♦❣✐❝❛❧ ❤②♣♦t❤❡s❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♥✈♦❧✈❡❞ ♠❡❝❤❛♥✐s♠s ❛♥❞ t♦ ❣✐✈❡ ♥❡✇ ✐♥s✐❣❤ts ❝♦♥❝❡r♥✐♥❣
t❤❡ ❡✛❡❝ts ♦❢ t❤❡s❡ ♥❡✉r♦♣r♦t❡❝t✐✈❡ ❛❣❡♥ts✳
Pr❡✈✐♦✉s ✇♦r❦s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ♦♥ str♦❦❡ ♠♦❞❡❧✐♥❣✳ ❖♥❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❬❉❇●✵✻❪ ✐s
❢♦❝✉s❡❞ ♦♥ t❤❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠s ❧❡❛❞✐♥❣ t♦ ❝❡❧❧ ❞❡❛t❤ ❞✉r✐♥❣ t❤❡ ✜rst ❤♦✉r ♦❢ ❛♥ ✐s❝❤❡♠✐❝ str♦❦❡
✭s✉❝❤ ❛s ✐♦♥✐❝ ♠♦✈❡♠❡♥ts✱ ❣❧✉t❛♠❛t❡ ❡①❝✐t♦t♦①✐❝✐t② ❛♥❞ ❝②t♦t♦①✐❝ ❡❞❡♠❛✮✳ ❚❤✐s ♠♦❞❡❧ ✐s ❜❛s❡❞
♦♥ ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❖❉❊s✮ ❛♥❞ ✐s ♠❛✐♥❧② ❛♥ ❡❧❡❝tr♦♣❤②s✐♦❧♦❣✐❝❛❧
♠♦❞❡❧✳ ■t ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ ♠❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s✱ ❝❡❧❧ ✈♦❧✉♠❡s ❛♥❞ ✐♦♥✐❝ ❝♦♥❝❡♥tr❛t✐♦♥s
✭K+✱ Na+✱ Cl−✱ Ca2+ ❛♥❞ Glu−✮ ✐♥ ❜r❛✐♥ ❝❡❧❧s ❛♥❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ❞✉r✐♥❣ ❛ str♦❦❡✳
❚❤✐s ♠♦❞❡❧ ✇❛s ✉s❡❞ t♦ st✉❞② t❤❡ r♦❧❡ ♦❢ ✈❛r✐♦✉s ❝❡❧❧ t②♣❡s ❞✉r✐♥❣ ✐s❝❤❡♠✐❛ ❬❉●❉+✵✼❪ ❛♥❞
t♦ ❡①♣❧♦r❡ t❤❡ ❡✛❡❝ts ♦❢ ✈❛r✐♦✉s ♥❡✉r♦♣r♦t❡❝t✐✈❡ ❛❣❡♥ts ✐♥ str♦❦❡ ♣❛t✐❡♥ts ❬❉❉●●✵✾❪✳ ❖t❤❡r
♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ s✐♠✉❧❛t❡ ❛♥❞ st✉❞② s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ❞✉r✐♥❣ ❛ str♦❦❡✳
❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s❧♦✇❧② ♣r♦♣❛❣❛t✐♥❣ ❞❡♣♦❧❛r✐③❛t✐♦♥ ♦❢ ❜r❛✐♥ ❝❡❧❧s ❛❧♦♥❣
✇✐t❤ ❞r❛st✐❝ ❞✐sr✉♣t✐♦♥ ♦❢ ✐♦♥✐❝ ❣r❛❞✐❡♥ts ❬❙♦♠✵✶❪✳ ❚❤❡s❡ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ❤❛✈❡ r❡❝❡♥t❧②
❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ str♦❦❡ ♣❛t✐❡♥ts ❬❉❙❋+✵✽❪ ❛♥❞ ❛r❡ s✉♣♣♦s❡❞ t♦ ❡①t❡♥t t❤❡ ✐s❝❤❡♠✐❝ ❞❛♠❛❣❡
❬❙❉❏+✵✺❪✳ ❙♦♠❡ ♠♦❞❡❧s r❡♣r♦❞✉❝❡ ❛♥❞ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ✐♥ ♥❡✉r♦♥❛❧
❝❡❧❧s ❬❘❘●❘✾✽✱ ❑❲❙✵✵❪✳ ❖t❤❡rs ❞❡s❝r✐❜❡ t❤❡s❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s t❤♦✉❣❤ ♥❡✉r♦♥❛❧ ❛♥❞ ❣❧✐❛❧
❝❡❧❧s ❬❉●❈+✵✽❪✳ ❖t❤❡r ♠♦❞❡❧s st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❤✉♠❛♥ ❜r❛✐♥ ❝♦rt❡① ❣❡♦♠❡tr② ♦♥ t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡s❡ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ❬❉●❈+✵✽✱ ●❉❉+✵✽❛❪✳ ❆❧❧ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞
♦♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❛♥❞ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧
❬❉❇●✵✻❪✳
❚❤❡ ✜♥❛❧ ❣♦❛❧ ♦❢ ♦✉r ✇♦r❦ ✐s t♦ ✉tt❡r❧② ❞❡s❝r✐❜❡ ❛♥❞ r❡♣r♦❞✉❝❡ ♣r❡❝♦❝✐♦✉s ♠❡❝❤❛♥✐s♠s ♦❢ str♦❦❡
✭✐✳❡✳✱ ✐♦♥✐❝ ♠♦✈❡♠❡♥ts✱ ❣❧✉t❛♠❛t❡ ❡①❝✐t♦t♦①✐❝✐t② ❛♥❞ ❝②t♦t♦①✐❝ ❡❞❡♠❛✮ ✐♥❝❧✉❞✐♥❣ t❤❡ s♣r❡❛❞✐♥❣
❞❡♣r❡ss✐♦♥s✱ ❢♦r ❛ r❡❛❧✐st✐❝ ❜r❛✐♥ ❣❡♦♠❡tr②✳ ❆ ✜rst ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✉s❡❞ ❢♦r t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤✐s str♦❦❡ ♠♦❞❡❧ ♦♥ ✶❉ ❛♥❞ ✷❉ ❣❡♦♠❡tr✐❡s ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s
❛rt✐❝❧❡ ❬❉❉✵✽❜❪✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛♥❛t♦♠✐❝ ❛♥❞ ❤✐st♦❧♦❣✐❝❛❧
s♣❡❝✐✜❝✐t✐❡s ♦❢ ❤✉♠❛♥ ❜r❛✐♥✱ t❤✐s ♠♦❞❡❧ ♠✉st ❜❡ s✐♠✉❧❛t❡❞ ♦♥ ❛ ✸❉ r❡❛❧✐st✐❝ ❣❡♦♠❡tr②✱ ✇❤✐❝❤
✐♠♣❧✐❡s t♦ ❞❡✈❡❧♦♣ ♣♦✇❡r❢✉❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ s♣❛t✐❛❧
❛♥❞ t❡♠♣♦r❛❧ s❝❛❧❡s✳ ❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
♦❢ t❤✐s ♠♦❞❡❧✱ ✇✐t❤ ♠✉❝❤ ♠♦r❡ ✐♥s✐❣❤ts ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛♥ ✐♥
❬❉❉✵✽❜❪✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ ❡①♣❧✐❝✐t✴✐♠♣❧✐❝✐t ❘✉♥❣❡✲
❑✉tt❛ ♠❡t❤♦❞s✳ ❆ ✈❡r② ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ♥♦ ❧✐♥❡❛r s②st❡♠ ✭♦❢ ❧❛r❣❡
s✐③❡✮ ✐s s♦❧✈❡❞✳ ❲❡ t❤❡♥ s❤♦✇✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ✸❉ ♦❜t❛✐♥❡❞ t❤❛♥❦s
t♦ ❛ ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s❤❛r❡❞ ♠❡♠♦r② ♠❛❝❤✐♥❡s✳
▼♦r❡♦✈❡r✱ t❤❡s❡ ✸❉ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ♦♥ r❡❛❧✐st✐❝ ❣❡♦♠❡tr✐❡s✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ▼❘■ ♦❢
t❤❡ ❤✉♠❛♥ ❜r❛✐♥✱ ♦♥ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ t❤❛t ✐s ♦♥ ♥♦✇❛❞❛②s r❡❛s♦♥❛❜❧②
♣♦✇❡r❢✉❧ ✇♦r❦st❛t✐♦♥s❀ ❛♥❞ t❤❡② ❛r❡ s❤♦✇♥ t♦ ♠❛t❝❤ t❤❡ ♦❜s❡r✈❡❞ ❞②♥❛♠✐❝s ❢r♦♠ ▼❘■ ✐♠❛❣❡s
✐♥ str♦❦❡ ♣❛t✐❡♥t✳ ❙✐♥❝❡ ❛❝❝✉r❛❝② ✐♥ ✸❉ s✐♠✉❧❛t✐♦♥s ✐s ♥♦t ②❡t ♦♣t✐♠❛❧✱ t❤❡ ❛❜✐❧✐t② ♦❢ ❡①t❡♥❞✐♥❣
t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② t♦ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s ✐♥ s✐♠♣❧❡ ❣❡♦♠❡tr✐❡s✱ ❜❛s❡❞ ♦♥ ❛ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉▼❉+✶✷❪✳
❚❤❡ ✐❞❡❛ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ ❛❧❧ t❤❡ s♣❛t✐❛❧ s❝❛❧❡s✱ ✇✐t❤ ❛
❜❡tt❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②❀ t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t ♣❤❡♥♦♠❡♥♦♥s ✐♥ str♦❦❡s ❛r❡ s♣❛t✐❛❧❧②
❧♦❝❛❧✐③❡❞✱ ❛ ❧♦❝❛❧ ♠❡s❤ ❛❞❛♣t❛t✐♦♥ ✭❧✐❦❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s✮ ✐s t❤❡ ♠♦st s✉✐t❛❜❧❡✳



❙❡❝t✳ ✾✳✷ ✲ ❙tr♦❦❡ ▼♦❞❡❧✐♥❣ t❤r♦✉❣❤ ❘❡❛❝t✐♦♥✲❉✐❢❢✉s✐♦♥ ❙②st❡♠s ✶✾✺

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❛ ✜rst ♣❛rt✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧ ♦❢ t❤❡
♣r❡❝♦❝✐♦✉s ♠❡❝❤❛♥✐s♠s✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✿ ✇❡ ✜rst ♠❡♥t✐♦♥ t❤❡ ❞✐✛❡r❡♥t
❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ s②st❡♠ ✐♥ t✐♠❡ ❛♥❞ ❡①♣❧❛✐♥ ✇❤② ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ s✉❝❤ ❛ st✐✛ ❛♥❞ ❧❛r❣❡ s②st❡♠ ♦♥❧② ✈❡r② ❢❡✇ ❛r❡ r❡❧❡✈❛♥t✳ ❲❡ t❤❡♥ ♣r❡s❡♥t ♦✉r ♥✉♠❡r✐❝❛❧
str❛t❡❣② ❜❛s❡❞ ♦♥ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s❀ ❛ ❣r✐❞ ❛❞❛♣t❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐s ❛❧s♦ ♣r♦♣♦s❡❞ ❛s ❛ ♣♦ss✐❜❧❡
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ ❝♦♥s✐❞❡r✐♥❣ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛✳ ❲❡
♣r❡s❡♥t t❤❡ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ s❤❛r❡❞ ♠❡♠♦r② ♠❛❝❤✐♥❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱
❛♥❞ ❞✐s❝✉ss t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✷❉ ❛♥❞ ✸❉ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ❛r❡ ♣r❡s❡♥t❡❞✳ ❇✐♦❧♦❣✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛r❡
❝♦♠♣❛r❡❞ ✇✐t❤ r❡❛❧ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣❡♥✉❧t✐♠❛t❡ s❡❝t✐♦♥✳ ❇✐♦♠❛r❦❡rs ❛r❡
✉s❡❞ ✐♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❆ ❜r✐❡❢ ❛♥❞ ♣r♦s♣❡❝t✐✈❡ st✉❞② ❜❛s❡❞ ♦♥ ❝♦✉♣❧✐♥❣
t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ✇✐t❤ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✐♥ s♣❛❝❡ ✐s ❝♦♥❞✉❝t❡❞✱ ✇❤❡r❡❛s ❝♦♥❝❧✉s✐♦♥
❛♥❞ ❢✉t✉r❡ ✇♦r❦s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✳

✾✳✷ ❙tr♦❦❡ ▼♦❞❡❧✐♥❣ t❤r♦✉❣❤ ❙t✐✛ ❘❡❛❝t✐♦♥✲❉✐✛✉s✐♦♥ ❙②st❡♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠♦❞❡❧ ♦♥ ✇❤✐❝❤ ♦✉r st✉❞② ✐s ❜❛s❡❞✳ ❚❤✐s ♠♦❞❡❧ ✐♥❝❧✉❞❡s ✐♦♥✐❝
♠♦✈❡♠❡♥ts✱ ❣❧✉t❛♠❛t❡ ❡①❝✐t♦t♦①✐❝✐t②✱ ❝②t♦t♦①✐❝ ❡❞❡♠❛ ❛♥❞ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ❬❉❇●✵✻✱
❉●❉+✵✼❪✳ ■t t❤✉s ❢♦❝✉s❡s ♦♥ t❤❡ ✜rst ❤♦✉r ♦❢ ❛ str♦❦❡✱ ✇❤❡♥ t❤❡ ✐♦♥✐❝ ❡①❝❤❛♥❣❡s ❛r❡ t❤❡
♠❛✐♥ ♠❡❝❤❛♥✐s♠s ❧❡❛❞✐♥❣ t♦ ❝❡❧❧ ❞❡❛t❤✳ ❚❤✐s ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠
✭❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ✇❤❛t ❢♦❧❧♦✇s ✐♥ ❚❛❜❧❡ ✾✳✶✮✳
■♥ t❤✐s ♠♦❞❡❧✱ ❜r❛✐♥ t✐ss✉❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❝❡❧❧ t②♣❡s✱ ♥❛♠❡❧② ♥❡✉r♦♥s ❛♥❞ ❣❧✐❛❧ ❝❡❧❧s✱ ❛♥❞ ♦❢
❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✳ ❚✇♦ ❞♦♠❛✐♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✿ t❤❡ ✇❤✐t❡ ❛♥❞ t❤❡ ❣r❛② ♠❛tt❡r ✇❤✐❝❤ ❞✐✛❡r
✐♥ t❤❡✐r ❣❧✐❛❧ ❝❡❧❧ ❝♦♠♣♦s✐t✐♦♥ ✭❛str♦❝②t❡s ✐♥ ❣r❛② ♠❛tt❡r ❛♥❞ ♦❧✐❣♦❞❡♥❞r♦❝②t❡s ✐♥ ✇❤✐t❡ ♠❛tt❡r✮
❛♥❞ ✐♥ t❤❡✐r ✏♥❡✉r♦♥❛❧ ❛r❡❛✑ ❝♦♠♣♦s✐t✐♦♥ ✭♥❡✉r♦♥❛❧ s♦♠❛s ✐♥ ❣r❛② ♠❛tt❡r ❛♥❞ ♥❡✉r♦♥❛❧ ❛①♦♥s
✐♥ ✇❤✐t❡ ♠❛tt❡r✮✳ ❍✉♠❛♥ ❜r❛✐♥ ❝♦rt❡① ✐s ❡①❝❧✉s✐✈❡❧② ❝♦♠♣♦s❡❞ ♦❢ ❣r❛② ♠❛tt❡r ✇❤❡r❡❛s ❤✉♠❛♥
❜r❛✐♥ s♣❛❝❡ ✐s ♠❛✐♥❧② ❝♦♠♣♦s❡❞ ♦❢ ✇❤✐t❡ ♠❛tt❡r ✭❡①❝❡♣t t❤❡ ❣r❛② ❦❡r♥❡❧s✮✳ ❋♦r s✐♠♣❧✐❝✐t②
r❡❛s♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t ❜r❛✐♥ ❝♦rt❡① ❝♦♥t❛✐♥s ♦♥❧② ❣r❛② ♠❛tt❡r ❛♥❞ ❜r❛✐♥ s♣❛❝❡
❝♦♥t❛✐♥s ♦♥❧② ✇❤✐t❡ ♠❛tt❡r✳ ❚❤❡ ✐♦♥✐❝ s♣❡❝✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♠♦❞❡❧ ❛r❡ K+✱ Na+✱ Cl−✱
Ca2+ ❛♥❞ t❤❡ ●❧✉t❛♠❛t❡ ✭glu✮✳ ❚❤❡② ♣❛ss t❤r♦✉❣❤ ♥❡✉r♦♥❛❧ ❛♥❞ ❣❧✐❛❧ ♠❡♠❜r❛♥❡s ✈✐❛ ✐♦♥✐❝
❝❤❛♥♥❡❧s ✭s✉❝❤ ❛s ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✱ r❡❝❡♣t♦r✲❝❤❛♥♥❡❧s✱ str❡t❝❤✲❝❤❛♥♥❡❧s✮ ❛♥❞ ✈✐❛ ✐♦♥✐❝
♣✉♠♣s ❛♥❞ tr❛♥s♣♦rt❡rs ✭✇❤✐❝❤ ❛r❡ ❡♥❡r❣②✲❞❡♣❡♥❞❡♥t✮ ✭s❡❡ ❋✐❣✉r❡ ✾✳✶✮✳ ❚❤❡ ✐♦♥✐❝ ❡①❝❤❛♥❣❡s
t❤r♦✉❣❤ ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s ❤❛✈❡ ❜❡❡♥ ✜rst ♠♦❞❡❧❡❞ ❜② ❍♦❞❣❦✐♥ ❛♥❞ ❍✉①❧❡② ❬❍❍✺✷❪✳
❚❤❡ ♠❛✐♥ ♣r❡❝♦❝✐♦✉s ♠❡❝❤❛♥✐s♠s ♦❢ ✐s❝❤❡♠✐❝ str♦❦❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s ✭s❡❡ ❢♦r r❡✈✐❡✇
❬❉■▼✾✾✱ ▼▲■✶✵❪✮✿ ❛❢t❡r t❤❡ str♦❦❡ ♦♥s❡t✱ t❤❡ ❝❡❧❧s ✐♥ t❤❡ ✐s❝❤❡♠✐❝ ❛r❡❛ ❞♦ ♥♦t r❡❝❡✐✈❡ ❡♥♦✉❣❤
♦①②❣❡♥ t♦ ♠❛✐♥t❛✐♥ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ♦❢ ❡♥❡r❣②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❛❝t✐✈✐t② ♦❢ t❤❡ ✐♦♥✐❝
♣✉♠♣s ❞❡❝r❡❛s❡s✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ✈❛r✐❛t✐♦♥s ♦❢ ✐♦♥✐❝ ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ t❤❡ ❝❡❧❧s ❛♥❞ ✐♥ t❤❡
❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✳ ❚❤❡s❡ ✐♦♥✐❝ ✈❛r✐❛t✐♦♥s ❤❛✈❡ s❡✈❡r❛❧ ❝♦♥s❡q✉❡♥❝❡s✿

• ❚❤❡ ❛❧t❡r❛t✐♦♥ ♦❢ ♠❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s✱ r❡s✉❧t✐♥❣ ✐♥ ♠❡♠❜r❛♥❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ❛♥❞ ✐♥ t❤❡
♦♣❡♥✐♥❣ ♦❢ t❤❡ ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s❀

• ❚❤❡ ❝❡❧❧ s✇❡❧❧✐♥❣ ❞✉❡ t♦ ✇❛t❡r ✐♥✢✉①❀

• ❚❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♥❡✉r♦♥❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ Ca2+✱ r❡s✉❧t✐♥❣ ✐♥ ❡♥③②♠❡ ❛❝t✐✈❛t✐♦♥ ❛♥❞
❧❡❛❞✐♥❣ ❝❡❧❧s t♦✇❛r❞s ♥❡❝r♦s✐s❀

• ❚❤❡ ✐♥❝r❡❛s❡ ♦❢ ❣❧✉t❛♠❛t❡ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ r❡✐♥❢♦r❝✐♥❣ t❤❡ ❡①❝✐t♦t♦①✐❝ ♣r♦❝❡ss❀

• ❚❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ K+ ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ❛♥❞
t❤❡ ✐♥❝r❡❛s❡ ♦❢ Ca2+ ✐♥ t❤❡ ❛str♦❝②t✐❝ s②♥t✐❝✐✉♠✱ ❝r❡❛t✐♥❣ ✇❛✈❡s ♦❢ ❝♦rt✐❝❛❧ s♣r❡❛❞✐♥❣



❙❡❝t✳ ✾✳✷ ✲ ❙tr♦❦❡ ▼♦❞❡❧✐♥❣ t❤r♦✉❣❤ ❘❡❛❝t✐♦♥✲❉✐❢❢✉s✐♦♥ ❙②st❡♠s ✶✾✻
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ATP ATP

Grey matter

gap-
junctions

❋✐❣✳ ✾✳✶✿ ■♦♥✐❝ ❡①❝❤❛♥❣❡s ✐♥ ❣r❛② ♠❛tt❡r ❜❡t✇❡❡♥ ♥❡✉r♦♥s✱ ❛str♦❝②t❡s ❛♥❞ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ t❤r♦✉❣❤
✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✱ ✐♦♥✐❝ tr❛♥s♣♦rt❡rs✱ r❡❝❡♣t♦r✲❝❤❛♥♥❡❧s ❛♥❞ ✐♦♥✐❝ ♣✉♠♣s ✭❢r♦♠ ❬❉❇●✵✻❪✮✳

❞❡♣r❡ss✐♦♥s✱ ♦♣❡♥✐♥❣ ❢✉rt❤❡r ✐♦♥✐❝ ❝❤❛♥♥❡❧s ❛♥❞ t❤✉s ❡①♣❛♥❞✐♥❣ t❤❡ ✐s❝❤❡♠✐❝ ❞❛♠❛❣❡ ❢❛r
❢r♦♠ t❤❡ ✐s❝❤❡♠✐❝ ❝♦r❡✳

❋r♦♠ t❤✐s✱ ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ st✉❞②✐♥❣ t❤❡s❡ ♣r♦♣❛❣❛t✐♦♥ ♣❤❡♥♦♠❡♥❛ ❛♥❞
♦❢ ❡①♣❧♦r✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❡✛❡❝ts ♦❢ s♦♠❡ ♥❡✉r♦♣r♦t❡❝t♦rs ✇❤✐❝❤ ♠♦❞✉❧❛t❡ ♦r ❜❧♦❝❦ s♣❡❝✐✜❝
✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿

• ❚❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s fn ❛♥❞ fa ✭❜② ❜r❛✐♥ ✈♦❧✉♠❡ ✉♥✐t✮ ♦❢ ♥❡✉r♦♥s ❛♥❞ ❣❧✐❛❧ ❝❡❧❧s✳ ❚❤❡
❢r❛❝t✐♦♥ ♦❢ ✈♦❧✉♠❡ r❡♠❛✐♥✐♥❣ ❢♦r t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✐s t❤✉s 1− fn − fa✳ fn ❛♥❞ fa❀

• ❚❤❡ ♠❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s Vn ❛♥❞ Va ♦❢ ♥❡✉r♦♥s ❛♥❞ ❣❧✐❛❧ ❝❡❧❧s ✭t❛❦✐♥❣ ③❡r♦ ❛s r❡❢❡r❡♥❝❡
♣♦t❡♥t✐❛❧ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✮❀

• ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ K+✱ Na+✱ Cl−✱ Ca2+ ❛♥❞ ●❧✉t❛♠❛t❡ ✐♥ t❤❡ ✸ s♣❛❝❡s ✭♥❡✉r♦♥s✱
❣❧✐❛❧ ❝❡❧❧s ❛♥❞ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✮✳

❆❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞ ❜♦t❤ ❢r♦♠ t✐♠❡ ❛♥❞ ❝♦♦r❞✐♥❛t❡s✳
❆❧t♦❣❡t❤❡r✱ t❤❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧ ❤❛s m = 19 ✉♥❦♥♦✇♥s ✇r✐tt❡♥ ❛s ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠
♦❢ ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ❞✐✛✉s✐♦♥ ❢♦r ✹ ✉♥❦♥♦✇♥s✱ ♥❛♠❡❧② fn✱ fa✱ Vn ❛♥❞ Va ❛♥❞ ♥♦t
❛❧❧ ✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥s ❞✐✛✉s❡ ✐♥ ❣r❛② ♠❛tt❡r ❛♥❞ ✐♥ ✇❤✐t❡ ♠❛tt❡r✳ ❙✐♥❝❡ ❣r❛② ♠❛tt❡r ❝♦♥t❛✐♥s
❛str♦❝②t❡s ✭✇❤✐❝❤ ❛r❡ ❧✐♥❦❡❞ ✐♥t♦ ❛♥ ❛str♦❝②t✐❝ s②♥❝②t✐✉♠ t❤❛♥❦s t♦ ❣❛♣✲❥✉♥❝t✐♦♥s✮✱ ✐♦♥s ❛r❡
❛❜❧❡ t♦ ❞✐✛✉s❡ ✐♥ t❤❡ ❛str♦❝②t✐❝ s♣❛❝❡ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✐♥ ❣r❛② ♠❛tt❡r✳ ❖♥
t❤❡ ♦t❤❡r s✐❞❡✱ ❛s t❤❡ ♠❛✐♥ ❣❧✐❛❧ ❝❡❧❧s ✐♥ ✇❤✐t❡ ♠❛tt❡r ❛r❡ ♦❧✐❣♦❞❡♥❞r♦❝②t❡s ✭✇❤✐❝❤ ❞♦ ♥♦t ❤❛✈❡
t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s ❛str♦❝②t❡s✮✱ ✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♦♥❧② ❛❜❧❡ t♦ ❞✐✛✉s❡ ✐♥ ❡①tr❛❝❡❧❧✉❧❛r



❙❡❝t✳ ✾✳✷ ✲ ❙tr♦❦❡ ▼♦❞❡❧✐♥❣ t❤r♦✉❣❤ ❘❡❛❝t✐♦♥✲❉✐❢❢✉s✐♦♥ ❙②st❡♠s ✶✾✼

s♣❛❝❡ ✐♥ ✇❤✐t❡ ♠❛tt❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠♦❞❡❧ ❝♦♥t❛✐♥s ✶✵ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✐♥
❣r❛② ♠❛tt❡r ✭❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ K+✱ Na+✱ Cl−✱ Ca2+ ❛♥❞ Glu− ✐♥ ❛str♦❝②t❡s ❛♥❞ ✐♥ t❤❡
❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✮ ❛♥❞ ✺ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✐♥ ✇❤✐t❡ ♠❛tt❡r ✭❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s
♦❢ ✭K+✱ Na+✱ Cl−✱ Ca2+ ❛♥❞ Glu− ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✮✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✐♥ ❚❛❜❧❡ ✾✳✶
✇❡ s✉♠♠❛r✐③❡ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ❛ ❤✉♠❛♥ ✐s❝❤❡♠✐❝ str♦❦❡✱ ❞❡✈❡❧♦♣❡❞ ❜② ❉r♦♥♥❡ ❡t ❛❧✳ ✐♥
❬❉❇●✵✻❪✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

• S st❛♥❞s ❢♦r t❤❡ ✐♦♥✐❝ s♣❡❝✐❡s ✭Ca2+, Na+,K+, Cl− ❛♥❞ Glu− r❡s♣❡❝t✐✈❡❧②✮✳

• ❚❤❡ s✉❜s❝r✐♣t e st❛♥❞s ❢♦r ❡①tr❛❝❡❧❧✉❧❛r✱ n ❢♦r ♥❡✉r♦♥❛❧ ❛♥❞ a ❢♦r ❣❧✐❛❧ ♠❡❞✐✉♠ ✭❛str♦❝②t❡s
✐♥ ❣r❡② ♠❛tt❡r ❛♥❞ ♦❧✐❣♦❞❡♥❞r♦❝②t❡s ✐♥ ✇❤✐t❡ ♠❛tt❡r✮✳

• εs,a ❛♥❞ εs,e ❛r❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❢♦r ❡❛❝❤ ✐♦♥ ✏S✑ ✐♥ ❣❧✐❛❧ ❝❡❧❧s ❛♥❞ ✐♥ t❤❡ ❡①tr❛✲
❝❡❧❧✉❧❛r s♣❛❝❡ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ✇❤✐t❡ ♠❛tt❡r εs,a = 0.

• Its,n ❛♥❞ Its,a ❛r❡ t❤❡ ❣❧♦❜❛❧ ✐♦♥✐❝ ❝✉rr❡♥ts ❢♦r ❡❛❝❤ ✐♦♥ S t❤r♦✉❣❤ ♥❡✉r♦♥❛❧ ♠❡♠❜r❛♥❡
❛♥❞ t❤r♦✉❣❤ ❣❧✐❛❧ ♠❡♠❜r❛♥❡ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ❣r❡② ♠❛tt❡r✱ Its,n ✐s t❤❡ s✉♠
♦❢ ❛❧❧ t❤❡ ❝✉rr❡♥ts ❝♦♥❝❡r♥✐♥❣ t❤❡ tr❛♥s♣♦rt ♦❢ ✐♦♥ S t❤r♦✉❣❤ ♥❡✉r♦♥❛❧ ♠❡♠❜r❛♥❡ ✈✐❛
t❤❡ ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✱ tr❛♥s♣♦rt❡rs ❛♥❞ r❡❝❡♣t♦r✲❝❤❛♥♥❡❧s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✾✳✶✳ ❚❤❡s❡ ❝✉rr❡♥t ❡q✉❛t✐♦♥s ♠❛✐♥❧② r❡❧② ♦♥ ❍♦❞❣❦✐♥✲❍✉①❧❡② ❡q✉❛t✐♦♥s ❛♥❞ ❝♦♠❡ ❢r♦♠
♦t❤❡r ❡❧❡❝tr♦♣❤②s✐♦❧♦❣✐❝❛❧ ♠♦❞❡❧s ✭♥❡✉r♦♥❛❧ ❛♥❞ ❣❧✐❛❧ ♠♦❞❡❧s✿ ❬❲❛❧✾✷✱ ❉▼❙✾✽✱ ❨❑❆✾✽✱
❘❖❆✵✵✱ ❙❤❛✵✶❪ ❛♥❞ ❝❛r❞✐❛❝ ♠♦❞❡❧s ❬❉❋◆✽✺✱ ▲❘❏✾✷❪ ❢♦r s♦♠❡ ❝✉rr❡♥ts✳

❖t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②✿
Nimp,a ✿ ♥✉♠❜❡r ♦❢ ♠♦❧❡s ♦❢ ✐♠♣❡r♠❡❛♥t ❛♥✐♦♥s ✐♥ t❤❡ ❣❧✐❛❧ ❝❡❧❧s ✭❝♦♥st❛♥t✮
Nimp,n ✿ ♥✉♠❜❡r ♦❢ ♠♦❧❡s ♦❢ ✐♠♣❡r♠❡❛♥t ❛♥✐♦♥s ✐♥ t❤❡ ♥❡✉r♦♥ ✭❝♦♥st❛♥t✮
nn ✿ ♥✉♠❜❡r ♦❢ ♥❡✉r♦♥s ✐♥ ❡❛❝❤ ✈♦❧✉♠❡ ✉♥✐t
na ✿ ♥✉♠❜❡r ♦❢ ❣❧✐❛❧ ❝❡❧❧s ✐♥ ❡❛❝❤ ✈♦❧✉♠❡ ✉♥✐t
σn ✿ ♥❡✉r♦♥ s✉r❢❛❝❡
σa ✿ ❣❧✐❛❧ ❝❡❧❧s s✉r❢❛❝❡
zs ✿ ✈❛❧❡♥❝❡ ♦❢ ✐♦♥ ❙
v ✿ ✈♦❧✉♠❡ ♦❢ ❡❛❝❤ ✉♥✐t
cn ✿ ♥❡✉r♦♥ ❝❛♣❛❝✐t②
ca ✿ ❣❧✐❛❧ ❝❛♣❛❝✐t②
F ✿ ❋❛r❛❞❛②✬s ❝♦♥st❛♥t

❋♦r αn ❛♥❞ αa ✇❡ ❢♦❧❧♦✇ ❬❨❋❑P✵✸❪✿ αn = αa = LiRT/v✱ ✇✐t❤ Li = 1.21×1012 cm3/(Pa ·min)✱
R = 8.3145 J/(mol ·K)✱ ❛♥❞ T = 310.15 K✳
❚❤❡ P❉❊s ✐♥ ❚❛❜❧❡ ✾✳✶ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❢♦r♠✿

∂ui
∂t

(x, t)− div(εi(x)grad ui(x, t)) = fi(u1(x, t), . . . , um(x, t)),

ui(x, 0) = u0i (x),

1 ≤ i ≤ m, x ∈ Ω.





✭✾✳✶✮

❚❤❡ ❞♦♠❛✐♥ Ω ❝♦rr❡s♣♦♥❞s t♦ ❛ ❤✉♠❛♥ ❜r❛✐♥ ❛♥❞ ✐s ❞✐✈✐❞❡❞ ✐♥ ❣r❛② ❛♥❞ ✇❤✐t❡ ♠❛tt❡r✳ ❚❤❡s❡
t✇♦ ♠❛tt❡rs ❞✐✛❡r ✐♥ s❡✈❡r❛❧ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❡❧❧ ❝♦♠♣♦✲
s✐t✐♦♥✮ ❛♥❞ ✐♥ t❤❡✐r ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ❛s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✳ ❚❤❡r❡ ❛r❡ ♥♦ ✢✉①❡s ♦❢ ✐♦♥s
✐♥ ❛♥❞ ♦✉t ♦❢ t❤❡ ❜r❛✐♥ ❛♥❞ t❤✉s✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❢ ◆❡✉♠❛♥♥ ❤♦♠♦❣❡♥❡♦✉s t②♣❡✳
❋♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ui(x, 0) = u0i (x)✱ 1 ≤ i ≤ m✱ ❛ ❝❧❛ss✐❝❛❧ ♠❡❞✐❝❛❧ ❤②♣♦t❤❡s✐s ✐s t❤❛t
t❤❡ s②st❡♠ ✐s ✐♥ ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✿ t❤✉s ✇❡ t❛❦❡✱ ❛♥❞ ♠✉st ✜♥❞✱ ❛ st❛❜❧❡ ❝♦♥st❛♥t s♦❧✉t✐♦♥
♦❢ s②st❡♠ ✭✾✳✶✮✳



❙❡❝t✳ ✾✳✷ ✲ ❙tr♦❦❡ ▼♦❞❡❧✐♥❣ t❤r♦✉❣❤ ❘❡❛❝t✐♦♥✲❉✐❢❢✉s✐♦♥ ❙②st❡♠s ✶✾✽

❚❛❜❧❡ ✾✳✶✿ ▼♦❞❡❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♦♥✐❝ ❝♦♥❝❡♥tr❛t✐♦♥s✱ ❝❡❧❧ ✈♦❧✉♠❡s ❛♥❞
♠❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s ✇✐t❤ ❞✐✛✉s✐♦♥ ✐♥ ♥❡✉r♦♥s✱ ✐♥ ❣❧✐❛❧ ❝❡❧❧s ❛♥❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✳

❱❛r✐❛❜❧❡s ❊q✉❛t✐♦♥s

■♦♥✐❝ ❝♦♥❝❡♥tr❛t✐♦♥s

Sn
∂Sn
∂t

= −nn σn Its,n
fn zs F v

− Sn
fn

∂fn
∂t

Sa

∂Sa
∂t

= div(εs,a grad Sa)−
na σa Its,a
fa zs F v

− Sa
fa

∂fa
∂t

Se

∂Se
∂t

= div(εs,e grad Se)

+
nn σn Its,n + na σa Its,a
(1− fn − fa) zs F v

− Se
1− fn − fa

∂(1− fn − fa)
∂t

Pr♦♣♦rt✐♦♥s ♦❢ ✐♥tr❛❝❡❧✲
❧✉❧❛r ✈♦❧✉♠❡s

fn
∂fn
∂t

= αn

(∑
Sn −

∑
Se +

Nimp,n

v fn

)

fa
∂fa
∂t

= αa

(∑
Sa −

∑
Se +

Nimp,a

v fa

)

▼❡♠❜r❛♥❡ ♣♦t❡♥t✐❛❧s
Vn

∂Vn
∂t

= −σn
cn

∑

s

Its,n

Va
∂Va
∂t

= −σa
ca

∑

s

Its,a

▲❡t ✉s ♠❡♥t✐♦♥ s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ s②st❡♠ ✇❤✐❝❤ ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✿

• ❚❤❡ r❡❛❝t✐♦♥ t❡r♠ F = (f1, ...., fm)
t ✐s ❡①tr❡♠❡❧② st✐✛❀ t❤❛t ✐s t♦ s❛② t❤❛t ✐❢ ✇❡ ❝♦♥s✐❞❡r

t❤❡ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s du/dt = F (u)✱ ✐t ✐s ❛ st✐✛ s②st❡♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ✐♥ ❬❍❲✾✻❪✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞✱ ❜② ♥✉♠❡r✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✱
❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① (∂fi/∂uj)✱ 1 ≤ i, j ≤ m✱ ♥❡❛r ❛ st❛❜❧❡ st❛t✐♦♥❛r②
✈❛❧✉❡ F (u) = 0✱ ❛♥❞ ✇❡ ❢♦✉♥❞ ♥✉♠❡r✐❝❛❧❧② ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ✐♠❛❣✐♥❛r②
♣❛rts ❜✉t ✇✐t❤ r❡❛❧ ♣❛rts ✐♥ t❤❡ r❛♥❣❡ ❢r♦♠ −108 t♦ ❛❜♦✉t −1✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡
t♦ s❡♣❛r❛t❡ ❢❛st ❛♥❞ s❧♦✇ ✈❛r✐❛❜❧❡s ❛♥❞ ❡✈❡♥ ✐❢ t❤✐s ✇❛s ♣♦ss✐❜❧❡✱ t❤❡ ✈♦❧t❛❣❡ ❞❡♣❡♥❞❡♥t
❣❛t❡s ✇♦✉❧❞ ♠❛❦❡ t❤✐s s❡♣❛r❛t✐♦♥ ✈❡r② ❧♦❝❛❧ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ❲❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤
t❤❡ st✐✛♥❡ss ♦❢ t❤❡ r❡❛❝t✐✈❡ t❡r♠ F ✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦r❡ ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ✐s ❛ ♣r♦❣r❛♠ ♦❢
❛❜♦✉t ✺✵✵ ❧✐♥❡s ♦❢ ❈ ❧❛♥❣✉❛❣❡✳

• ❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts εi(x) ❛r❡ ❧♦✇✿ ❛❜♦✉t 10−3 ❣✐✈❡♥ ❜② ❛ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s✳
❚❤❡ r❡s✉❧t✐♥❣ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❢♦r ❛ ♣r♦♣❡r r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❤❡❛t



❙❡❝t✳ ✾✳✸ ✲ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✶✾✾

❡q✉❛t✐♦♥ ✐♥ ❛ ♠✐❧❞❧② st✐✛ ❢r❛♠❡✇♦r❦✳ ❊①♣❧♦✐t✐♥❣ t❤✐s ❢❛❝t t✉r♥s ♦✉t t♦ ❜❡ ✈❡r② ✐♠♣♦r✲
t❛♥t✿ ✇❡ ❝❛♥ ✉s❡ st❛❜✐❧✐③❡❞ ❡①♣❧✐❝✐t ♠❡t❤♦❞s ✇❤❡♥ s♦❧✈✐♥❣ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥✱ ✇✐t❤ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❣♦♦❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s✱ ❛♥❞ ❛♥ ❡❛s②
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s✳

❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts εi(x) t❛❦❡ t✇♦ ❝♦♥st❛♥t ✈❛❧✉❡s ✐♥ ❣r❛② ❛♥❞ ✇❤✐t❡ ♠❛tt❡r ✭r❡s♣❡❝t✐✈❡❧②
εgi ❛♥❞ ε

w
i ✮✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ❝♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥ ❣r❛② ❛♥❞ ✇❤✐t❡ ♠❛tt❡r ❛r❡ ❝❧❛ss✐❝❛❧✿

εgi grad ui(x, t) · n = εwi grad ui(x, t) · n, ✭✾✳✷✮

✇❤❡r❡ n ✐s ❛ ♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r t♦ t❤❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ ❣r❛② ❛♥❞ ✇❤✐t❡ ♠❛tt❡r✳ ❚❤❡s❡
❝♦♥❞✐t✐♦♥s ❜❡❝♦♠❡ ◆❡✉♠❛♥♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤❡♥❡✈❡r ♦♥❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥ts ✐s ③❡r♦✳

✾✳✸ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣②✿ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❛♥❞ ❚✐♠❡ ■♥t❡❣r❛✲
t♦rs

❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ✈❡r② ✉s❡❢✉❧ t♦ ✜t ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥❧② ✇✐t❤ ❧✐♠✐t❡❞ ❛❝❝✉r❛❝②❀ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♦♥❡s ❛r❡ ✉s❡❢✉❧
t♦ ✈❛❧✐❞❛t❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ ♣r♦❣r❛♠s✱ ❜✉t ♦♥❧② t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡
r❡❧❡✈❛♥t ❢r♦♠ t❤❡ ♠❡❞✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋r♦♠ ♠❡❞✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛♥❞ ❛❧s♦ ❜② s♦♠❡
❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ✇❡ ❦♥♦✇ t❤❛t ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜r❛✐♥
❣❡♦♠❡tr② ✐s ♠❛♥❞❛t♦r② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ♦t❤❡r✇✐s❡ t❤❡ ♣❧❛✉s✐❜❧❡ ✇❛✈❡s ✇♦✉❧❞ ❜❡ str♦♥❣❧②
♣❡rt✉r❜❡❞✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❉❉●●✵✾❪✳ ❲❡ t❤❡♥ ❤❛✈❡ t♦ t❤✐♥❦ ♦❢ ❛ str❛t❡❣② ❞❡❞✐❝❛t❡❞ t♦ t❤r❡❡
❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ✈❡r② ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛❧❧♦✇✐♥❣ t♦ r❡s♦❧✈❡ t❤❡ ❜r♦❛❞
s♣❡❝tr✉♠ ♦❢ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ s❝❛❧❡s ♦❢ t❤❡ s②st❡♠ ✭✾✳✶✮✳ ❚❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❤❛s t♦ ❜❡
❢❛st✱ r♦❜✉st ❛♥❞ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞❡❧✳
❲❡ ❞❡s❝r✐❜❡ ♥♦✇ t❤❡ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❜❛s❡❞ ♦♥ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❤✐❝❤
✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ✸✳
❈♦♥❝❡r♥✐♥❣ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ ✺ ♣♦✐♥ts
st❡♥❝✐❧ ✐♥ ✷❉✱ ❛♥❞ ❛ ✼ ♣♦✐♥ts st❡♥❝✐❧ ✐♥ ✸❉✳ ❖✉r ❡①♣❡r✐❡♥❝❡ ✐s t❤❛t✱ ✇✐t❤ ✉♥✐❢♦r♠ ✜♥✐t❡ ✈♦❧✉♠❡s✱
❛t ❧❡❛st ℓ = 107 ✈♦❧✉♠❡s ❛r❡ ♥❡❝❡ss❛r② ❢♦r ❛ r❡❛❧✐st✐❝ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥✳ ❚❤❡
❝♦♥t✐♥✉♦✉s ✉♥❦♥♦✇♥ u ✐s t❤❡♥ r❡♣❧❛❝❡❞ ❜② ❛ ✈❡❝t♦r U ❜❡❧♦♥❣✐♥❣ t♦ ❘m×ℓ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
m ✉♥❦♥♦✇♥s ❛t ❡❛❝❤ ♣♦✐♥t xi✱ 1 ≤ i ≤ ℓ✳ ❲❡ ✉s❡ ▼❘■ ♣✐❝t✉r❡s ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ♣✐①❡❧s ❛s ❝❡♥t❡r
♦❢ ✈♦❧✉♠❡s ♦❢ ❛♥ ✉♥✐❢♦r♠ ❣r✐❞✳ ❲❤❡♥ ✇❡ ❛♣♣❧② t❤✐s s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ t♦ t❤❡ s②st❡♠ ✭✾✳✶✮✱
t❤✐s ②✐❡❧❞s ❛ ❧❛r❣❡ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ▲❡t ✉s ✇r✐t❡ t❤✐s s②st❡♠ ✉♥❞❡r t❤❡
❢♦r♠

dU

dt
= AεU + F (U), ✭✾✳✸✮

Aε ❜❡✐♥❣ ❛ ♠❛tr✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r❀ t❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧
✺ t❡r♠s ✭r❡s♣✳ ✼ t❡r♠s✮ ❜② ❧✐♥❡ ♠❛tr✐❝❡s ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ✭r❡s♣✳ ✸✮✳ ❲❡ ♥♦✇ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t
❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤✐s s②st❡♠ ✐♥ t✐♠❡ ❛♥❞ ✇❡ ❡①♣❧❛✐♥ ✇❤② ✐♥ t❤❡
❝♦♥t❡①t ♦❢ s✉❝❤ ❛ st✐✛ ❛♥❞ ❧❛r❣❡ s②st❡♠ s✉❝❤ ❛s ✭✾✳✶✮✱ ♦♥❧② ❢❡✇ ❛r❡ ❡✣❝✐❡♥t✳
❚❤❡ ✜rst ✐❞❡❛ ✐s t♦ ✉s❡ ❞✐r❡❝t❧② ❛ s♦❧✈❡r ♦❢ s②st❡♠s ♦❢ ❖❉❊s✱ t❤❡ s♦ ❝❛❧❧❡❞ ♠❡t❤♦❞ ♦❢ ❧✐♥❡s✱
❜✉t ❞✉❡ t♦ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✱ ❛ ❧❛r❣❡ s②st❡♠ ♦❢ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s s❤♦✉❧❞
❜❡ s♦❧✈❡❞ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ✇❤✐❝❤ ✐s t♦♦ ♠✉❝❤ t✐♠❡ ❝♦♥s✉♠✐♥❣✳ ■t ✐s t❤❡♥ ❜❡tt❡r t♦ ✉s❡
❞✐✛❡r❡♥t ❞✐s❝r❡t✐③❛t✐♦♥s ✐♥ t✐♠❡ ❢♦r t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s✳ ❆ ✜rst ♠❡t❤♦❞ ✐s t♦
✉s❡ ❛♥ ■♠♣❧✐❝✐t✕❊①♣❧✐❝✐t ♠❡t❤♦❞ ❜② tr❡❛t✐♥❣ t❤❡ ❧✐♥❡❛r t❡r♠ ✐♠♣❧✐❝✐t❧② ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠
❡①♣❧✐❝✐t❧②✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② δt t❤❡ t✐♠❡ st❡♣ ❛♥❞ Uk t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ❛t t✐♠❡ kδt✱ t❤❡



❙❡❝t✳ ✾✳✹ ✲ ◆✉♠❡r✐❝❛❧ ❙♦❢t✇❛r❡ ✷✵✵

s✐♠♣❧❡st ♠❡t❤♦❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Uk+1 − Uk
δt

+AεUk+1 = F (Uk) ✭✾✳✹✮

❖♥❡ ♠✉st s♦❧✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ❛t ❡❛❝❤ st❡♣ s✐♥❝❡ ❞✐✛✉s✐♦♥ ✐s t❛❦❡♥ ✐♠♣❧✐❝✐t❧② ❜✉t t❤❡ ♥♦♥❧✐♥❡❛r
t❡r♠ ✐s t❛❦❡♥ ❡①♣❧✐❝✐t❧②✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♦❢ ♦r❞❡r 1 ✐♥ t✐♠❡✳ ▼♦r❡ ❛❝❝✉r❛t❡✱ ❜✉t ♥♦t r❡❛❧❧② ♠♦r❡
❡①♣❡♥s✐✈❡✱ ♠❡t❤♦❞s ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛♥❞ ♦❢ ♦r❞❡r ❛t ♠♦st 6 ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥
❬❆❈▼✾✽❪✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s t❤❛t ♦♥❧② ❧✐♥❡❛r s②st❡♠s ♠✉st ❜❡ s♦❧✈❡❞
❜✉t t❤❡ ❞r❛✇❜❛❝❦ ✐s t❤❛t✱ ❞✉❡ t♦ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠s✱ t❤❡s❡ ♠❡t❤♦❞s
❛r❡ ❛❞❛♣t❡❞ ♦♥❧② t♦ s②st❡♠s ✇✐t❤ ♥♦♥ st✐✛ r❡❛❝t✐♦♥ t❡r♠s✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t t❤❡ s②st❡♠ ✭✾✳✶✮
✐s ✈❡r② st✐✛✱ ❛♥❞ t❤❡s❡ ♠❡t❤♦❞s ❝❛♥ ♦♥❧② ✇♦r❦ ✇✐t❤ t✐♠❡ st❡♣s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st
t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ s②st❡♠ ✇❤✐❝❤ ✐s ❛❜♦✉t 10−8 s❡❝♦♥❞s✳ ❚❤✐s ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛♥ ♣r♦❤✐❜✐t✐✈❡
❝♦♠♣✉t✐♥❣ t✐♠❡✱ ❛❜♦✉t 4 × 1011 st❡♣s ❢♦r s✐♠✉❧❛t✐♥❣ t❤❡ ✜rst ❤♦✉r ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
str♦❦❡✳
❆ ❜❡tt❡r ✐❞❡❛ ❢♦r t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ♣❛rt ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ st✐✛
♥♦♥❧✐♥❡❛r t❡r♠ ✐s t♦ ✏r❡✈❡rs❡✑ t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥ts✿ t♦ s♦❧✈❡ ❡①♣❧✐❝✐t❧② t❤❡ ❧✐♥❡❛r ♣❛rt ❛♥❞
✐♠♣❧✐❝✐t❧② t❤❡ ♥♦♥❧✐♥❡❛r ♣❛rt✳ ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣❛rt ✐s ♠❛❞❡ ✉s✐♥❣ ❛♥ ❡①♣❧✐❝✐t
❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✇✐t❤ ❡①t❡♥❞❡❞ st❛❜✐❧✐t② ❞♦♠❛✐♥ ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s✳ ❚❤❡ ♣❛♣❡rs
❬❙❙❱✾✼❪ ❛♥❞ ❬❱❙✵✹❪ s❡tt❧❡❞ t❤❡ ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡s❡ ♠❡t❤♦❞s ❝❛❧❧❡❞ ■▼❊❳ ♠❡t❤♦❞s ❛♥❞ ♣❛r✲
t✐❝✉❧❛r ♠❡t❤♦❞s ❞❡✈♦t❡❞ t♦ st✐✛ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬❱❙❍✵✹❪ ❛♥❞ ❬❙❙❱✵✻❪✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s t❤❛t t❤❡② tr❡❛t ❞✐✛✉s✐♦♥ t❡r♠s ❡①♣❧✐❝✐t❧② ❛♥❞ t❤❡ st✐✛
r❡❛❝t✐♦♥ t❡r♠s ✐♠♣❧✐❝✐t❧②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st✐✛ r❡❛❝t✐♦♥ t❡r♠ ✐s ❞❡❝♦✉♣❧❡❞ ♦✈❡r s♣❛❝❡ ❣r✐❞s
❛♥❞ ②✐❡❧❞s s♠❛❧❧ s✐③❡❞ s②st❡♠s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✉s✉❛❧❧② ✈❡r② ❡✣❝✐❡♥t❀ ♥❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts ❛ss♦❝✐❛t❡❞ ♠❛✐♥❧② ✇✐t❤ ❛♥ ✐♠♣❧✐❝✐t s♦❧✈❡r ♦✈❡r t❤❡ ❞✐s❝r❡t✐③❡❞ ❞♦♠❛✐♥
✇✐t❤ t❤❡ s❛♠❡ t✐♠❡ st❡♣ ❜❡❝♦♠❡ s♦♦♥ ❝r✐t✐❝❛❧ ✇❤❡♥ tr❡❛t✐♥❣ ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳
❋✐♥❛❧❧②✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ♠❡t❤♦❞s ✇❤✐❝❤ ❝❛♥ s♦❧✈❡ s②st❡♠ ✭✾✳✶✮ s❡❡♠ t♦ ❜❡ t❤❡ s♦ ❝❛❧❧❡❞
s♣❧✐tt✐♥❣ ♠❡t❤♦❞s t❤❛t ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧s ♥♦✇✶✳

✾✳✹ ◆✉♠❡r✐❝❛❧ ❙♦❢t✇❛r❡

❲❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t✇♦ ❞✐✛❡r❡♥t s♦❢t✇❛r❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✾✳✶✮✳ ❇♦t❤ ✐♠♣❧❡♠❡♥t
t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣② ❞❡✜♥❡❞ ❛❜♦✈❡ ✐♥ ❈❤❛♣t❡r ✹✿

❋▼✿ ✭❋✐①❡❞ ▼❡s❤✮ ❛ ❝♦❞❡ ✉s✐♥❣ ❛ ✜①❡❞ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇✐t❤ ✜♥✐t❡ ✈♦❧✉♠❡s ♦❢ ❝♦♥✲
st❛♥t s✐③❡ ❬❉✉♠✵✼❪✳ ❚❤✐s ❝♦❞❡ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✿ st❛rt✐♥❣ ❢r♦♠ ▼❘■ ✐♠❛❣❡s✱ ✇❡ t❛❦❡ ❡❛❝❤ ♣✐①❡❧ ❛s t❤❡ ❝❡♥t❡r ♦❢ ❛ ✜♥✐t❡ ✈♦❧✉♠❡❀ ✐t
❛✐♠s t♦ ❜❡ ❛ ❢r❛♠❡✇♦r❦ ❢♦r t❡st✐♥❣ ❛♥❞ ❡①♣❧♦✐t✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ✶✱ ✷ ❛♥❞ ✸❉
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ■t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡
♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥✱ t❤❛t ✐s ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞❡t❛✐❧❡❞ ❛♥❞ st✐✛ str♦❦❡ ♠♦❞❡❧
✐♥ ❝♦♠♣❧❡① ✸❉ ❣❡♦♠❡tr✐❡s✳

▼❘✿ ✭▼✉❧t✐ ❘❡s♦❧✉t✐♦♥✮ ❛ ❝♦❞❡ ✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡
✐♥ ❈❤❛♣t❡r ✹✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥✱ ❛♥ ✐♠♣♦rt❛♥t ❛♠♦✉♥t ♦❢ ✇♦r❦ ✐s
st✐❧❧ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠❛❧❧② ❝♦♠❜✐♥❡ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ❤❡r❡✱
t❤❡ ♠♦st ❞✐✣❝✉❧t ❛s♣❡❝ts ❛r❡ r❡❧❛t❡❞ t♦ ♣r♦❣r❛♠♠✐♥❣ ❢❡❛t✉r❡s s✉❝❤ ❛s ❞❛t❛ ❛♥❞ ❝♦❞❡
str✉❝t✉r❡s✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❬❉▼❉+✶✷❪✳ ◆♦✇❛❞❛②s✱ t❤✐s ♣r♦❣r❛♠ ❝❛♥ ♦♥❧② s♦❧✈❡ ♣r♦❜❧❡♠s
✐♥ s✐♠♣❧❡ ❞♦♠❛✐♥s ❧✐❦❡ sq✉❛r❡s ❛♥❞ ❝✉❜❡s❀ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥

✶❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✐♥ ❬❉❉❉+✶✷❪ ✐♥tr♦❞✉❝❡s ❛♥❞ ❥✉st✐✜❡s t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✹✳
❲❡ ♦♠✐t ✐t ✐♥ t❤✐s ✇♦r❦ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ r❡❞✉♥❞❛♥❝②✳ ❚❤❡ ❝♦♠♣❧❡t❡ t❡①t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❉❉❉+✶✷❪✳



❙❡❝t✳ ✾✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✵✶

❛♣♣r♦❛❝❤ ♦♥ ❛ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ❛r❡ ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ ✇❡ ✇✐❧❧ ♦♥❧② ♣r❡s❡♥t ❤❡r❡
✷❉ ❛♥❞ ✸❉ s✐♠✉❧❛t✐♦♥s ✐♥ s✐♠♣❧✐✜❡❞ ❣❡♦♠❡tr✐❡s ❢♦r t❤❡ s❛❦❡ ♦❢ ❛ss❡ss✐♥❣ ♦✉r r❡s✉❧ts ❛♥❞
♣❡rs♣❡❝t✐✈❡s ✐♥ t❤❡ ✜❡❧❞✳

▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ✭❋▼✮ ❝♦❞❡ ✐s ❛ ❤✐❣❤❧② ♦♣t✐♠✐③❡❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❝♦❞❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ str♦❦❡ s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ❝❛♥ ❜❡
♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ✜rst t✐♠❡✱ ✇✐t❤ st❛♥❞❛r❞ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✱ ❛♥❞ ❝♦♥st✐t✉t❡s t❤❡ ♠❛❥♦r
❛❞✈❛♥❝❡ ♦❢ ♦✉r ❝♦♥tr✐❜✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞ ❝♦❞❡ ✭▼❘✮ ❛❧❧♦✇s t♦ ✈❛❧✐❞❛t❡ t♦
s♦♠❡ ❡①t❡♥ts t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ❛♥❞ ✐t ✐s ♠❡❛♥t t♦ ❜❡ ❛ ♣♦t❡♥t✐❛❧ ❡①t❡♥s✐♦♥ t♦
✭❋▼✮ ✐♥ ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥ts✳

✾✳✺ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts✿ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❈❤❡❝❦♦✉t ❛♥❞ ❆❝❝✉✲
r❛❝② ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❈♦❞❡

■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ♦✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ t❤❡ ❝♦❞❡s ✭❋▼✮ ❛♥❞ ✭▼❘✮✱ ✇❤✐❝❤
✉s❡ t✇♦ ❞✐✛❡r❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ❛♥❞ ❞❛t❛ str✉❝t✉r❡s✱ ✇❡ ❤❛✈❡ ❝♦♥❞✉❝t❡❞ ❛ ❞❡t❛✐❧❡❞
❝♦♠♣❛r✐s♦♥ ♦♥ ❛ ♥✉♠❡r✐❝❛❧ t❡st✲❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss✱ s✐♥❝❡ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
❢♦r t❤❡ s✉❜✲st❡♣s ✐♥t❡❣r❛t✐♦♥✱ t❤✐s ❞♦❡s ♥♦t r❡s✉❧t ✐♥ ❛ ❢✉❧❧ ✈❛❧✐❞❛t✐♦♥✳ ❲❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛
✷❉ ❝❛s❡ ✐♥ ❛ r❡❣✉❧❛r ❣❡♦♠❡tr② ♦❢ [0, 5]× [0, 5] ✭❝♠✮✱ ✉s✐♥❣ t✇♦ r❡s♦❧✉t✐♦♥s✱ ♦♥❡ ♦♥ ❛ ✜①❡❞ ❣r✐❞
❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❝♦❞❡ ✭❋▼✮ ❛♥❞ t❤❡ ♦t❤❡r ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐r❡s♦❧✉t✐♦♥
✇✐t❤ t❤❡ ❝♦❞❡ ✭▼❘✮✳ ❇♦t❤ ♠❡t❤♦❞s✱ ❜❛s❡❞ ♦♥ ❙tr❛♥❣✬s s♣❧✐tt✐♥❣✱ ✉s❡ ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹ ❛s
t✐♠❡ ✐♥t❡❣r❛t♦rs ❢♦r t❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✳ ❋♦r t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ✇❡
❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ♦♥❡ ❞♦♠❛✐♥✱ t❤❡ ❣r❛② ♠❛tt❡r✳ ❚❤❡ t✐♠❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✇❛s r❡str✐❝t❡❞ t♦
♦♥❡ ❤♦✉r✱ t ∈ [0, 3600] s❡❝♦♥❞s✳
❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ δt ✇❛s ❝❤♦s❡♥ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ ✈❡❧♦❝✐t② ♦♥ ❛ s✉✣❝✐❡♥t❧② ✷❉ ✜♥❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 10242✳

❚❛❜❧❡ ✾✳✷✿ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♥❡✉r♦♥s✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ✭▼❘✮ ❝♦❞❡✱
❛♥❞ ♥♦r♠❛❧✐③❡❞ L2 ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥ ✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ✭▼❘✮✳ t = 3600 s✳

❱❛r✐❛❜❧❡ ▼✐♥ ✈❛❧✉❡ ▼❛① ✈❛❧✉❡ e

K+ 68.9338 141.6940 3.4059× 10−3

Na+ 7.0834 75.2787 6.0126× 10−3

Ca2+ 1.0558× 10−4 9.3376× 10−4 2.0559× 10−2

Cl− 11.5492 22.3907 3.1682× 10−3

glu 0.0808 9.3415 7.0681× 10−3

Vn −57.6666 −3.7338 7.0782× 10−3

fn 0.0799 0.0878 6.8508× 10−4

❲❡ t❤✉s ❝♦♠♣❛r❡ ❜♦t❤ s♦❧✉t✐♦♥s ✇✐t❤ ❛ L2✲♥♦r♠✸ ❛t ✜♥❛❧ t✐♠❡ t = 3600✱ ❛♥❞ ❞❡✜♥❡ ❛♥ ❡rr♦r
❡st✐♠❛t♦r e ❣✐✈❡♥ ❜② ‖u(., t)−uMR(., t)‖L2 ✱ ✇❤❡r❡ ✐♥❞❡①MR ❞❡♥♦t❡s t❤❡ ✉s❡ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥

✷■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❩❊❇❘❊ ❝♦❞❡ ❬❉✉♠✵✼❪ ✉s❡s t❤r❡❛❞s ❢♦r t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦♥ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✱
❜❛s❡❞ ♦♥ t❤❡ ❈✰✰ ❜♦♦st✲t❤r❡❛❞ ❧✐❜r❛r② ❬❲❑❪✳ ❚❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬❉❉❉+✶✷❪✱ ❛♥❞ ✐s ♦♠✐tt❡❞
✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✳

✸❚❤❡ L2✲♥♦r♠ ‖f‖L2 ♦❢ f ✐s ❣✐✈❡♥ ❜②
(∫

Ω
f(x)2 dx

)1/2
✳



❙❡❝t✳ ✾✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✵✷

❚❛❜❧❡ ✾✳✸✿ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❛str♦❝②t❡s✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ✭▼❘✮
❝♦❞❡✱ ❛♥❞ ♥♦r♠❛❧✐③❡❞ L2 ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥ ✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ✭▼❘✮✳ t = 3600 s✳

❱❛r✐❛❜❧❡ ▼✐♥ ✈❛❧✉❡ ▼❛① ✈❛❧✉❡ e

K+ 124.2309 132.6962 1.2265× 10−3

Na+ 15.0751 24.3063 6.3289× 10−3

Ca2+ 1.5921× 10−4 0.4149 3.1653× 10−2

Cl− 6.7503 10.8147 1.0143× 10−2

glu 2.5460 2.9870 1.0133× 10−3

Va −75.2476 −19.6358 1.0817× 10−2

fa 0.7128 0.8088 1.1877× 10−3

❚❛❜❧❡ ✾✳✹✿ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡
✭▼❘✮ ❝♦❞❡✱ ❛♥❞ L2 ♥♦r♠❛❧✐③❡❞ ❞✐✛❡r❡♥❝❡ e ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜❡t✇❡❡♥ ✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ✭▼❘✮✳
t = 3600 s✳

❱❛r✐❛❜❧❡ ▼✐♥ ✈❛❧✉❡ ▼❛① ✈❛❧✉❡ e

K+ 4.8682 59.4336 6.1640× 10−3

Na+ 82.7306 141.0174 2.3939× 10−3

Ca2+ 0.0740 2.0027 2.4298× 10−2

Cl− 142.3254 150.2269 4.7433× 10−4

glu 7.2590× 10−4 0.0791 2.3966× 10−3

t❡❝❤♥✐q✉❡s✳ ❚❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❛♥ ✉♥✐❢♦r♠ ♠❡s❤ ♦❢ 2562 ♣♦✐♥ts✳ ■♥ t❤❡ ❝❛s❡
♦❢ t❤❡ s♣❛t✐❛❧ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞✱ t❤❡r❡ ✐s ❛ s❡t ♦❢ ♥❡st❡❞ ❣r✐❞s ❛rr❛♥❣❡❞ ✐♥ 8 ❞✐✛❡r❡♥t ❧❡✈❡❧s
❢r♦♠ t❤❡ ❝♦❛rs❡st t♦ t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ❧❛tt❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉♥✐❢♦r♠ ♠❡s❤
♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ♦❢ 2562 ♣♦✐♥ts✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ♠✉st ❝♦♥s✐❞❡r t❤❡
s❛♠❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ❜♦t❤ s♦❧✉t✐♦♥s✿ t❤✐s ✐s ❡❛s✐❧② ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ♠❡♥t✐♦♥❡❞ ♣r♦✲
❥❡❝t✐♦♥✴♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞✳ ❚❛❜❧❡s ✾✳✷✱ ✾✳✸ ❛♥❞ ✾✳✹ s❤♦✇ t❤❡ ♠✐♥✐♠✉♠
❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♥❡✉r♦♥s✱ t❤❡ ❛str♦❝②t❡s ❛♥❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡
r❡s♣❡❝t✐✈❡❧②✱ ❛s ✇❡❧❧ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts e ♦❜t❛✐♥❡❞ ❜② t❤❡
❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ str❛t❡❣② ❛♥❞ ♦✉r ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳
❋✐❣✉r❡ ✾✳✷ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ♦♥ ❛♥ ❛❞❛♣t❡❞ ❣r✐❞ ❢♦r ✈❛r✐❛❜❧❡
K+ ✐♥ t❤❡ ♥❡✉r♦♥s✳ ❚❤❡ r❡✜♥❡❞ r❡❣✐♦♥s ❝❧❡❛r❧② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✇❛✈❡❢r♦♥t ❛r❡❛ ✇❤❡r❡ t❤❡
st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ❛r❡ ♣r❡s❡♥t✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✾✳✸ r❡✈❡❛❧s ✐♥ ❛ q✉❛❧✐t❛t✐✈❡ ✇❛② t❤❡ ❞✐✛❡r❡♥t
r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦♥ ❛♥ ✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ♦♥❡✳
❆❧❧ t❤❡s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ ❛ ❣r❡❛t ❛❝❝♦r❞❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t
❝♦❞❡s✿ ✭▼❘✮ ❛♥❞ ✭❋▼✮✱ ✐♥ t❤❡ ✷❉ s✐♠✉❧❛t✐♦♥s✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ❜♦t❤ ❝♦❞❡s r❡❧② ♦♥ t✇♦ ✇❡❧❧
t❡st❡❞✱ r♦❜✉st ❛♥❞ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ♥✉♠❡r✐❝❛❧ r♦✉t✐♥❡s✿ t❤❡ ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹ ♠❡t❤♦❞s❀
t❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t t❤❡② ♦♥❧② ❞✐✛❡r ❜② t❤❡ ❞✐✛❡r❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ❛♥❞ ❞❛t❛
str✉❝t✉r❡s t❤❡② ✉s❡✿ t❤❡ ❝♦♠♣❛r✐s♦♥ ❝❛♥ t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✭♣❛rt✐❛❧✮ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✳
❇❡s✐❞❡s s✉❝❤ ❛ ❧❡✈❡❧ ♦❢ ❝♦♠♣❛r✐s♦♥s✱ ✭▼❘✮ ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ♣❛✈❡ t❤❡ ✇❛② t♦✇❛r❞s ❤✐❣❤❡r ❧❡✈❡❧s
♦❢ r❡✜♥❡♠❡♥t ❢♦r ❛ ❜❡tt❡r r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐♥ ✸❉ ❛t ❛ r❡❛s♦♥❛❜❧❡ ❝♦st✳
■♥ ❢❛❝t✱ ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✷❉ ♥✉♠❡r✐❝❛❧ t❡st✲❝❛s❡✱ ✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ②✐❡❧❞ ♥❛t✉r❛❧❧②
❜❡tt❡r r❡s♦❧✉t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✱ ❛s s❡❡♥ ✐♥t♦
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❋✐❣✳ ✾✳✷✿ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t t = 100 s ✭t♦♣ ❧❡❢t✮✱ t = 1000 s ✭t♦♣ r✐❣❤t✮✱ t = 2000 s
✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t = 3000 s ✭❜♦tt♦♠ r✐❣❤t✮✳
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❋✐❣✳ ✾✳✸✿ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t t = 3600 ♦♥ ❛ 2562 ✉♥✐❢♦r♠ ♠❡s❤ ✭❧❡❢t✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞
❣r✐❞ ✭r✐❣❤t✮✳

✜❣✉r❡ ✾✳✹✳ ❙❡❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭▼❘✮ ❛❞❛♣t❡❞ ❣r✐❞s ✐♥t♦ ❋✐❣✉r❡ ✾✳✺✳ ❊✈❡♥ ✐❢ ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡ ✇❛✈❡ ✐s ❜❡tt❡r r❡s♦❧✈❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞ ✭10242✮✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s s♦♠❡✇❤❛t ❢❛st❡r✱ t❤❡
q✉❛❧✐t❛t✐✈❡ ✈❛❧✉❡ ♦❢ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s ❝♦rr❡❝t❧② ❝❛♣t✉r❡❞ ❡✈❡♥ ♦♥ t❤❡ ❝♦❛rs❡st ❣r✐❞ ✭2562✮✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s r♦✉❣❤❧② t♦ t❤❡ ✸❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✭❋▼✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♥♦t ②❡t s✐♠✉❧❛t❡
✇✐t❤ ✭▼❘✮ ❛❧❧ t❤❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ♦❢ t❤❡ ❜r❛✐♥ ✇❡ ❛r❡ ✐♥✈❡st✐❣❛t✐♥❣ ✐♥ t❤✐s ♣❛♣❡r❀ ❛♥❞ t❤✉s✱
❛❧❧ t❤❡ r❡s✉❧ts ✐♥ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ✭❋▼✮✳
▲❡t ✉s ♠❛❦❡ ♥♦✇ s♦♠❡ ❝♦♠♠❡♥ts ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♦♥ s❤❛r❡❞
♠❡♠♦r② ♠❛❝❤✐♥❡s ❢♦r ❜♦t❤ ❞✐✛✉s✐♦♥ ❛♥❞ r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥ s♦❧✈❡rs ✐♥ ✭❋▼✮ ✉s❡❞ ✐♥ t❤❡ ♥❡①t
r❡s✉❧ts s❡❝t✐♦♥✳
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❋✐❣✳ ✾✳✹✿ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t 3600 s ❢♦r ❛ ✷❉ ♠❡s❤ ♦❢ 2562 ✭t♦♣✮✱ 5122 ✭❝❡♥t❡r✮ ❛♥❞ 10242 ✭❜♦tt♦♠✮✳
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❋✐❣✳ ✾✳✺✿ ✷❉ ❛❞❛♣t❡❞ ♠❡s❤❡s ❡q✉✐✈❛❧❡♥t t♦ 2562 ✭❧❡❢t✮ ❛♥❞ 10242 ✭r✐❣❤t✮ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ❛t t❤❡
✜♥❡st ❣r✐❞✳

✾✳✺✳✶ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❉✐✛✉s✐♦♥ ❊q✉❛t✐♦♥ ❙♦❧✈❡r

❖♥❧② ❛ ♣♦♦r ♠❛♥✬s ♣❛r❛❧❧❡❧✐s♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤✐s st❡♣✱ ❡❛❝❤ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❜❡✐♥❣ s♦❧✈❡❞
❜② ♦♥❡ t❤r❡❛❞✳ ❇✉t ❛❝t✉❛❧❧②✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢ t❤✐s st❡♣ ✐s ❧❡ss t❤❛♥
✶✵✪ ♦❢ t❤❡ t♦t❛❧ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✭✐♥ ❞✐♠❡♥s✐♦♥ ✷ ♦r ✸✮❀ ❡❛❝❤ st❡♣✱ ❢♦r ♦♥❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱
♥❡❡❞s ♦♥❧② ✻ ♠❛tr✐① ✈❡❝t♦r ♣r♦❞✉❝ts ✭✺ ❜❡✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ❢♦r t❤❡ ❘❖❈❑✹ ♠❡t❤♦❞✱ ♣❧✉s ♦♥❡
❢♦r t❤❡ ❡rr♦r ❡st✐♠❛t❡✮✳

❋✐❣✳ ✾✳✻✿ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ r❡❛❝t✐♦♥ s♦❧✈❡r ❛❧♦♥❣ ✶✷ t✐♠❡ st❡♣s✳ ❆❜s❝✐ss❛✿ t✐♠❡ st❡♣✳
❖r❞✐♥❛t❡✿ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐♥ ❈P❯ ❝❧♦❝❦ t✐❝❦s✳

✾✳✺✳✷ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❘❡❛❝t✐♦♥ ❙♦❧✈❡r

❚❤❡ ♠❛✐♥ q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ ♣❛r❛❧❧❡❧✐s♠✳ ❋✐❣✉r❡ ✾✳✻ s❤♦✇s
t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✇✐t❤ ✶✱ ✷✱ ✹ ❛♥❞ ✽ t❤r❡❛❞s✱ ❛❝r♦ss ✶✷ st❡♣s✳ ❚❤❡ ✇❛❧❧ ❝❧♦❝❦ ❝♦♠♣✉t✐♥❣ t✐♠❡
✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ✭✉♥✐t ✐s ✐♥ ♥✉♠❜❡r ♦❢ ❈P❯ ❝❧♦❝❦ t✐❝❦s✮❀ ✐♥ ❝❛s❡ ♦❢ ♣❡r❢❡❝t



❙❡❝t✳ ✾✳✻ ✲ ❇✐♦❧♦❣✐❝❛❧ ❘❡s✉❧ts ✷✵✻

s❝❛❧❛❜✐❧✐t②✱ ❛❧❧ t❤❡ ♣♦✐♥ts ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s s❤♦✉❧❞ ❜❡ ❛t t❤❡ s❛♠❡ ♦r❞✐♥❛t❡✳
❚❤✐s ✐s r♦✉❣❤❧② t❤❡ ❝❛s❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ♦❜t❛✐♥❡❞ ✇✐t❤ ✶ ❛♥❞
✽ t❤r❡❛❞s r❡✈❡❛❧s ❛ ❧♦ss ♦❢ s❝❛❧❛❜✐❧✐t② ♦❢ ♦♥❧② ✻✪✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ✈❡r②
❡✣❝✐❡♥t✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✭t❤❡ r❡❛❝t✐♦♥ t❡r♠✮✿
❡✈❡♥ ♦♥❡ s✐♥❣❧❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ F ✐s ♠✉❝❤ ♠♦r❡ t✐♠❡ ❝♦♥s✉♠✐♥❣ t❤❛♥ t❤❡ ♦✈❡r❤❡❛❞
✐♥tr♦❞✉❝❡❞ ❜② t❤❡ t❤r❡❛❞ ♠❡❝❤❛♥✐s♠✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ♣❛rt✱ ✇❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ♦✉r ❝♦♠♣✉t✐♥❣ str❛t❡❣② ❝♦♠❜✐♥✐♥❣ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡s ✇✐t❤ ❞❡❞✐❝❛t❡❞ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❡❛❝❤ s✉❜✲st❡♣ ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
♣❛r❛❧❧❡❧✐③❛t✐♦♥✳

✾✳✻ ❇✐♦❧♦❣✐❝❛❧ ❘❡s✉❧ts

❲❡ ♣r❡s❡♥t ❛♥❞ ❞✐s❝✉ss ❤❡r❡ s♦♠❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❝♦❞❡ ❋▼ ♦♥ t❤❡ ❝♦♠♣❧❡①
❣❡♦♠❡tr② ♦❢ t❤❡ ❤✉♠❛♥ ❜r❛✐♥✳ ❲❡ s✐♠✉❧❛t❡ ❛♥ ✐s❝❤❡♠✐❝ str♦❦❡ ❜❡❣✐♥♥✐♥❣ ✐♥ t❤❡ ❝♦rt❡① ✭✐♥ ❣r❛②
♠❛tt❡r✮ ❛♥❞ st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✐s❝❤❡♠✐❝ ❞❛♠❛❣❡✳ ❚❤❡ ✐♥♣✉t ♦❢ t❤❡ ♠♦❞❡❧ ✐s t❤❡
❞❡❝r❡❛s❡ ♦❢ t❤❡ ✐♦♥✐❝ ❝✉rr❡♥ts t❤r♦✉❣❤ t❤❡ ✐♦♥✐❝ ♣✉♠♣s✳ ❚✇♦ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ ❢♦r
t❤❡ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥✿ t❤❡ ♣♦t❛ss✐✉♠ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✭[K+]e✮ ❛♥❞ t❤❡
r❛t✐♦ ♦❢ ❛♣♣❛r❡♥t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ✇❛t❡r ✭r❆❉❈✇✮✳

• ❚❤❡ ♣♦t❛ss✐✉♠ ❝♦♥❝❡♥tr❛t✐♦♥ ❝❛♥♥♦t ❜❡ ♠❡❛s✉r❡❞ ✐♥ ✈✐✈♦ ✐♥ t❤❡ ❜r❛✐♥ ♦❢ str♦❦❡ ♣❛t✐❡♥ts
❜✉t ✐t ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❡① ✈✐✈♦ ♦r ✐♥ ✈✐tr♦ ♦♥ ❜r❛✐♥ t✐ss✉❡s✳ ❚❤❡s❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛❧✉❡s
❣✐✈❡ s♦♠❡ ✐♥s✐❣❤ts ♦♥ t❤❡ s❡✈❡r✐t② ♦❢ t❤❡ ❞❛♠❛❣❡✳ ❚❤❡ ♣❤②s✐♦❧♦❣✐❝❛❧ ✈❛❧✉❡ ♦❢ [K+]e ✐s
❛❜♦✉t ✺ ♠▼✳ ■t ✇❛s ♦❜s❡r✈❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ✐♥❝r❡❛s❡ ✉♣ t♦ ✸✺ ♠▼ ✐♥ ❛r❡❛s ♦❢ ♠♦❞❡r❛t❡
✐s❝❤❡♠✐❛ ✇❤❡r❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s ❝❛♥ s♣r❡❛❞ ❬❑◆✼✽❪ ❛♥❞ ✉♣ t♦ ✼✺✲✾✵ ♠▼ ✐♥ ❛r❡❛s ♦❢
s❡✈❡r❡ ✐s❝❤❡♠✐❛ ✇❤❡r❡ ♠♦st ❝❡❧❧s ❛r❡ ❞❡❛❞ ❬❍❛♥✼✽❪✳ ❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥
✐s t❤✉s t♦ ❝♦♠♣❛r❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ [K+]e ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤♦s❡ ✈❛❧✉❡s✳

• ❚❤❡ r❆❉❈✇ ✐s ❛ ❜✐♦♠❛r❦❡r ✇❤✐❝❤ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❜r❛✐♥ ♦❢ str♦❦❡ ♣❛t✐❡♥ts t❤❛♥❦s
t♦ ❞✐✛✉s✐♦♥✲✇❡✐❣❤t❡❞ ✭❉❲✮ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭▼❘■✮ ✐♠❛❣✐♥❣✳ ■t r❡✢❡❝ts t❤❡ s❡✈❡r✐t② ♦❢
t❤❡ ❝②t♦t♦①✐❝ ❡❞❡♠❛ ❛♥❞ ❝♦✉❧❞ t❤✉s ❜❡ ✉s❡❞ t♦ ♣r❡❞✐❝t t❤❡ ✐s❝❤❡♠✐❝ ❞❛♠❛❣❡ ❛♥❞ ✐ts ❡①t❡♥✲
s✐♦♥ ❬❱❇✈❞❙+✾✹✱ ❘❍▼❉+✵✾❪✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤✐s r❛t✐♦ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✶ ✐♥ ♣❤②s✐♦❧♦❣✐❝❛❧
❝♦♥❞✐t✐♦♥s ❛♥❞ ✐s ❦♥♦✇♥ t♦ ❞❡❝r❡❛s❡ ✐♥ ✐s❝❤❡♠✐❝ ❛r❡❛s✳ ■♥ s❡✈❡r❛❧ st✉❞✐❡s✱ t❤✐s ✈❛❧✉❡ ✐♥
str♦❦❡ ♣❛t✐❡♥ts ✇❛s s❤♦✇♥ t♦ ❜❡ ❜❡t✇❡❡♥ ✵✳✼✺ ❛♥❞ ✵✳✾ ✐♥ ❛r❡❛s ♦❢ ♠♦❞❡r❛t❡ ✐s❝❤❡♠✐❛ ❛♥❞
❜❡t✇❡❡♥ ✵✳✺ ❛♥❞ ✵✳✼✺ ✐♥ ❛r❡❛s ♦❢ s❡✈❡r❡ ✐s❝❤❡♠✐❛ ❬❉▲❘+✵✶✱ ❋❑❘+✵✶✱ ❘❖❙+✵✶✱ ❙❖●+✵✶❪✳
❚❤✐s ❜✐♦♠❛r❦❡r ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♣♦rt✐♦♥s ♦❢ t❤❡ ✐♥tr❛❝❡❧❧✉❧❛r ✈♦❧✉♠❡s✳ ■t ✇❛s
s❤♦✇♥ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ❬❱❇✈❞❙+✾✹❪✳ ▼♦r❡✲
♦✈❡r✱ s✐♥❝❡ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♣r♦♣♦rt✐♦♥ ✇❛s ❞✐s♣❧❛②❡❞ t♦ ❤❛✈❡ ❛ ✈❛❧✉❡ ♦❢ ✵✳✷ ✐♥ ♣❤②s✐♦✲
❧♦❣✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✭✐✳❡✳✱ ✇❤❡♥ r❆❉❈✇❂✶✮ ❬▼❚❉✾✵❪✱ r❆❉❈✇ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✿
rADCw = 5 (1− fn− fa)✳ ❙✐♥❝❡ fn ❛♥❞ fa ❛r❡ t✇♦ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♠♦❞❡❧✱ t❤✐s r❛t✐♦ ❝❛♥
❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❡❛❝❤ t✐♠❡ ❛♥❞ ❢♦r ❡❛❝❤ ❝♦♦r❞✐♥❛t❡✳ ❆♥♦t❤❡r st❡♣ ♦❢ t❤❡ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥
✐s t❤✉s t♦ ❝♦♠♣❛r❡ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ♦❢ r❆❉❈✇ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s t♦ t❤❡
❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✉❡s✳

❲❡ ♣r❡s❡♥t ✐♥ ❋✐❣✉r❡s ✾✳✼✱ ✾✳✽✱ ✾✳✾✱ ✾✳✶✵✱ ✾✳✶✶✱ ❛♥❞ ✾✳✶✷ s♦♠❡ r❡s✉❧ts ♦❢ ✷❉ ❛♥❞ ✸❉ s✐♠✉❧❛t✐♦♥s✱
s❤♦✇✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ K+ ❛♥❞ r❆❉❈✇ ❜✐♦♠❛r❦❡r ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✐♥ ❞✐✛❡r❡♥t ❛r❡❛s✳

▲❡t ✉s ♠❛❦❡ s♦♠❡ ❜✐♦❧♦❣✐❝❛❧ ❝♦♠♠❡♥ts ❛❜♦✉t t❤❡s❡ r❡s✉❧ts✿

• ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♦❜t❛✐♥❡❞ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s ❛❢t❡r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ✈❡ss❡❧ ♦❝❝❧✉s✐♦♥ ✐♥
❜r❛✐♥ ❝♦rt❡① ❛♥❞ t❤❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s s♣r❡❛❞ ✐♥ ❣r❛② ♠❛tt❡r ✭✐✳❡✳✱ ✐♥ ❜r❛✐♥ ❝♦rt❡①✮



❙❡❝t✳ ✾✳✻ ✲ ❇✐♦❧♦❣✐❝❛❧ ❘❡s✉❧ts ✷✵✼

5 20 5
60

t = 900 s t = 1800 s
605

10

605

t = 2700 s t = 3600 s

❋✐❣✳ ✾✳✼✿ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✷❉ s✐♠✉❧❛t✐♦♥ ✭✐♥ ♠✐❧❧✐♠♦❧❛r
✭♠▼✮✮✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ t♦♣ t♦ ❜♦tt♦♠✳

20

5

77

P

❋✐❣✳ ✾✳✽✿ ✸❉ s✐♠✉❧❛t✐♦♥❀ ❝✉t ❜② t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡s ♦❢ t❤❡ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ✜❡❧❞ ❛t
t✐♠❡ t = 3600 s ✭✐♥ ♠✐❧❧✐♠♦❧❛r✮✳

❛♥❞ ♥♦t ✐♥ ✇❤✐t❡ ♠❛tt❡r✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ▼❘■ ✐♠❛❣❡s ♦❜t❛✐♥❡❞ ✐♥ ❤✉♠❛♥ ❜r❛✐♥
❬❉❙❋+✵✽❪✳



❙❡❝t✳ ✾✳✻ ✲ ❇✐♦❧♦❣✐❝❛❧ ❘❡s✉❧ts ✷✵✽

5.1

10
15

5.1

20

77

t = 900 s t = 1800 s

5.1
10 20

60 77

5.1

77
60

20

10

t = 2700 s t = 3600 s

❋✐❣✳ ✾✳✾✿ ❊✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ ✸❉ s✐♠✉❧❛t✐♦♥✳ ❱✐❡✇ ✐♥ t❤❡ ♣❧❛♥❡ P ♦❢ ❋✐❣✉r❡
✾✳✽ ✭✐♥ ♠▼✮✳

1.0

0.98
0.7

1.0

0.9

t = 900 s t = 1800 s

1.0

0.7
0.9

0.9

0.95

0.7

1.0

t = 2700 s t = 3600 s

❋✐❣✳ ✾✳✶✵✿ ❊✈♦❧✉t✐♦♥ ♦❢ r❆❉❈✇ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✷❉ s✐♠✉❧❛t✐♦♥✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ t♦♣ t♦ ❜♦tt♦♠✱ ❡✈❡r②
✶✺ ♠✐♥✉t❡s✳



❙❡❝t✳ ✾✳✻ ✲ ❇✐♦❧♦❣✐❝❛❧ ❘❡s✉❧ts ✷✵✾

0.9

0.61

1.0

P

❋✐❣✳ ✾✳✶✶✿ ✸❉ s✐♠✉❧❛t✐♦♥❀ ❝✉t ❜② t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡s ♦❢ t❤❡ r❆❉❈✇ ✜❡❧❞ ❛t t✐♠❡ t = 3600 s✳

1.0

0.98
0.7

0.6
0.9

1.0

t = 900 s t = 1800 s

0.9

0.8
0.7 0.6

1.0

1.0

0.9

0.6
0.7

0.8

t = 2700 s t = 3600 s

❋✐❣✳ ✾✳✶✷✿ ❊✈♦❧✉t✐♦♥ ♦❢ r❆❉❈✇ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡ ♦✈❡r ♦♥❡ ❤♦✉r✱ ✸❉ s✐♠✉❧❛t✐♦♥✳ ❱✐❡✇ ✐♥ t❤❡
♣❧❛♥❡ P ♦❢ ❋✐❣✉r❡ ✾✳✶✶✳

• ❈♦♥❝❡r♥✐♥❣ t❤❡ ♣♦t❛ss✐✉♠ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r s♣❛❝❡✱ ❋✐❣✉r❡s ✾✳✼✱ ✾✳✽✱ ❛♥❞
✾✳✾ s❤♦✇ t❤❛t t❤✐s ❝♦♥❝❡♥tr❛t✐♦♥ r❡❛❝❤❡s ✈❛❧✉❡s s✉❝❤ ❛s ✼✼ ♠▼ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ t❤❡



❙❡❝t✳ ✾✳✼ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✵

✈❡ss❡❧ ✇❛s ♦❝❝❧✉❞❡❞✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✐♥❢❛r❝t❡❞ ❝♦r❡
✐♥ s♦♠❡ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ❬❍❛♥✼✽❪✳ ❚❤❡s❡ ✜❣✉r❡s ❛❧s♦ s❤♦✇ t❤❛t [K+]e ✐s ❛❜♦✉t ✷✵
♠▼ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s ❛r❡ s♣r❡❛❞✐♥❣✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
✈❛❧✉❡s ♦❜t❛✐♥❡❞ ✐♥ ♣❡♥✉♠❜r❛ ✭✐✳❡✳✱ ❛r❡❛s ♦❢ ♠♦❞❡r❛t❡ ✐s❝❤❡♠✐❛✱ ❛❜❧❡ t♦ r❡❝♦✈❡r✮ ❞✉r✐♥❣
s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ✐♥ s❡✈❡r❛❧ st✉❞✐❡s ❬❑◆✼✽❪✳ ❲❡ ❝❛♥ ❛❧s♦ ♥♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ s❛❢❡
❛r❡❛s✱ [K+]e r❡♠❛✐♥s ❛t ✐ts ♣❤②s✐♦❧♦❣✐❝❛❧ ✈❛❧✉❡ ✭✺ ♠▼✮✳

• ❈♦♥❝❡r♥✐♥❣ r❆❉❈✇✱ ❋✐❣✉r❡s ✾✳✶✵✱ ✾✳✶✶✱ ❛♥❞ ✾✳✶✷ s❤♦✇ t❤❛t t❤✐s r❛t✐♦ r❡❛❝❤❡s ✈❛❧✉❡s
s✉❝❤ ❛s ✵✳✻ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ t❤❡ ✈❡ss❡❧ ✇❛s ♦❝❝❧✉❞❡❞✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡
✈❛❧✉❡s ♦❜s❡r✈❡❞ ♦♥ ▼❘■ ✐♠❛❣❡s ✐♥ t❤❡ ✐♥❢❛r❝t❡❞ ❝♦r❡ ♦❢ t❤❡ ❜r❛✐♥ ♦❢ t❤❡ str♦❦❡ ♣❛t✐❡♥t
❬❋❑❘+✵✶✱ ❘❖❙+✵✶✱ ❙❖●+✵✶❪✳ ❚❤❡s❡ ✜❣✉r❡s ❛❧s♦ s❤♦✇ t❤❛t r❆❉❈✇ ❤❛s ✈❛❧✉❡s ❜❡t✇❡❡♥
✵✳✼✺ ❛♥❞ ✵✳✾ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ ❞❡♣♦❧❛r✐③❛t✐♦♥ ✇❛✈❡s ❛r❡ s♣r❡❛❞✐♥❣✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ✐♥ ♣❡♥✉♠❜r❛ ❞✉r✐♥❣ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ✐♥ str♦❦❡ ♣❛t✐❡♥ts
❬❋❑❘+✵✶✱ ❙❖●+✵✶❪✳ ❲❡ ❝❛♥ ❛❧s♦ ♥♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ s❛❢❡ ❛r❡❛s✱ r❆❉❈✇ r❡♠❛✐♥s ❛t ✐ts
♣❤②s✐♦❧♦❣✐❝❛❧ ✈❛❧✉❡ ♦❢ 1✳

❚♦ ❝♦♥❝❧✉❞❡✱ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ❛♥❞
t❤❡ ✈❛❧✉❡s ♦❢ [K+]e ❛♥❞ r❆❉❈✇ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ♦r
♦❜s❡r✈❡❞ ♦♥ ▼❘■ ✐♠❛❣❡s ✐♥ str♦❦❡ ♣❛t✐❡♥ts✳ ❚❤❡s❡ r❡s✉❧ts ❣✐✈❡ t❤✉s ❛ ✜rst st❡♣ ♦❢ ✈❛❧✐❞❛t✐♦♥
❢♦r t❤❡ ♠♦❞❡❧ ❛♥❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤✐s st✉❞②✳

✾✳✼ ❚♦✇❛r❞ ❇❡tt❡r ❈♦♠♣✉t❛t✐♦♥❛❧ ❊✣❝✐❡♥❝② ❛♥❞ ■♠♣r♦✈❡❞ ❆❝✲
❝✉r❛❝②✿ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ s✐♠✉❧❛t❡❞ ✇❛✈❡s s♣r❡❛❞ ❛t ❛ s❧✐❣❤t❧② s❧♦✇❡r
s♣❡❡❞✳ ■♥ s❡✈❡r❛❧ st✉❞✐❡s✱ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥s ✇❡r❡ s❤♦✇♥ t♦ s♣r❡❛❞ ❛t ❛ r❛t❡ ♦❢ s❡✈❡r❛❧
♠✐❧❧✐♠❡t❡rs ♣❡r ♠✐♥✉t❡ ❬▼❋◆◆✵✵❪✱ ✇❤✐❝❤ ✐s ♥♦t ❝✉rr❡♥t❧② t❤❡ ❝❛s❡ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✳ ■♥
❢❛❝t✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬❑❡❡✽✼❪ t❤❛t tr❛✈❡❧✐♥❣ ✇❛✈❡s s♦❧✉t✐♦♥s ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❝❛♥
❞✐s❛♣♣❡❛r ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐❢ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s t♦♦ ❝♦❛rs❡❀ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡
tr❛✈❡❧✐♥❣ ✇❛✈❡s ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤ s✐③❡✱ ❛♥❞ ❝♦❛rs❡ ♠❡s❤❡s ♠✐❣❤t ♣❡rt✉r❜ t❤❡ ❛❝❝✉r❛❝②
♦❢ t❤❡ ❝♦♠♣✉t❡❞ ✇❛✈❡ ✈❡❧♦❝✐t②✳

❋✐❣✳ ✾✳✶✸✿ ▲♦❝❛❧ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ r❡❛❝t✐♦♥ ✭✐♥ ❈P❯ ❝❧♦❝❦ t✐❝s✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✸❉ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ♠❡s❤ ✇❡ ❝❛♥ ✉s❡ ✐s ♥♦t ✜♥❡ ❡♥♦✉❣❤ t♦ ♦❜t❛✐♥
❛ ❝♦rr❡❝t ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ❢♦r t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s✳ ■♥ ❢❛❝t✱ ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ✷❉ ♥✉♠❡r✐❝❛❧



❙❡❝t✳ ✾✳✼ ✲ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✶

t❡st✲❝❛s❡ ♦❢ s❡❝t✐♦♥ ✾✳✺✱ ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✾✳✹✱ t❤❛t ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✈♦❧✉♠❡s ✐s ♥❡❡❞❡❞
t♦ r❡♣r♦❞✉❝❡ ❛❝❝✉r❛t❡❧② t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛♣♣r♦①✐♠❛t❡❧② 1000 ♣❡r ❞✐♠❡♥s✐♦♥✳
❲❡ ❝❛♥ ❛❧s♦ ♠❡❛s✉r❡ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢ t❤❡ r❡❛❝t✐♦♥ ❛t ❛ t②♣✐❝❛❧ st❡♣ ✭s❡❡ ❋✐❣✉r❡ ✾✳✶✸ ✭♦♥❡
❝❧♦❝❦ t✐❝❦ ✐s ❛❜♦✉t 0.35× 10−9 s❡❝♦♥❞✮✮✳ ❈❧❡❛r❧② t❤❡ ♠♦st ❡①♣❡♥s✐✈❡ ♥♦❞❡s ❛r❡ ❛❜♦✉t ✸✼ t✐♠❡s
♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡ ❧❡ss ♦♥❡s✦ ❇✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♦✈❡r✇❤❡❧♠✐♥❣ ♣❛rt ♦❢ t❤❡ ♥♦❞❡s
❛r❡ ♥♦t ❡①♣❡♥s✐✈❡ ♦♥❡s✳ ❆❝t✉❛❧❧②✱ ✼✾✪ ♦❢ t❤❡ ♥♦❞❡s ✭t❤❡ ❧❡ss ❡①♣❡♥s✐✈❡ ♦♥❡s✱ ✇❤✐❝❤ ❝♦st ❧❡ss
t❤❛♥ 4.5× 106 t✐❝s✮ t❛❦❡s ✻✵✪ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡✳

❋✐❣✳ ✾✳✶✹✿ ✸❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✭▼❘✮✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ✭❧❡❢t✮ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞ ✭r✐❣❤t✮
❛t 1000 ✭t♦♣✮ ❛♥❞ 3600 ✭❜♦tt♦♠✮ s❡❝♦♥❞s✳

❚❤❡r❡❢♦r❡✱ ♦♥❡ ✇❛② t♦ ✐♠♣r♦✈❡ ❜♦t❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ✐s
t♦ ✉s❡ ❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤✿ ✉s❡ ❛ ✜♥❡ ♠❡s❤ ✐♥ t❤❡ ✐s❝❤❡♠✐③❡❞ ③♦♥❡✱ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❡①❤✐❜✐ts
❧❛r❣❡ ❣r❛❞✐❡♥ts ❛♥❞ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ❛♥❞ ❛ ❝♦❛rs❡r ♠❡s❤ ❢❛r ❢r♦♠ t❤✐s ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥✿
t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ str❛t❡❣②✱ ❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❝♦❞❡ ✭▼❘✮ ✐s ❛ st❡♣ t♦✇❛r❞s t❤✐s ❣♦❛❧✳
■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤✐s ♠♦r❡ ❝♦♥❝r❡t❡ t❤❛♥ ❥✉st ❛ st❛t❡♠❡♥t✱ ✇❡ ❡✈❡♥t✉❛❧❧② ♣r❡s❡♥t ❤❡r❡ ❛ ✜rst
✸❉ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s✐♠✉❧❛t✐♦♥ ✐♥ ❛ ❝✉❜❡✱ ✇❤❡r❡ t❤❡ ✜♥❡st ❣r✐❞ ❛✈❛✐❧❛❜❧❡ ❤❛s s✐③❡ 2563✱ s✐♥❝❡
❝♦♠♣❧❡① ❣❡♦♠❡tr② ✐s ♥♦t ②❡t ❛t ❤❛♥❞ ✭❋✐❣✉r❡ ✾✳✶✹✮✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❛♠❡ ❝♦♠♣✉t✐♥❣
r❡s♦✉r❝❡s✱ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ ❛❜♦✉t ✜✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜①❡❞ ♠❡s❤
s✐♠✉❧❛t✐♦♥ ✇✐t❤ ✭❋▼✮ ♦♥ t❤❡ ✜♥❡st ❣r✐❞✱ ❡✈❡♥ t❤♦✉❣❤ tr②✐♥❣ t♦ ❝♦♠♣❛r❡ t✇♦ s♦ ❤❡t❡r♦❣❡♥❡♦✉s



❙❡❝t✳ ✾✳✽ ✲ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦ ✷✶✷

❝♦❞❡s ✐s ❛ ✈❡r② ❞❡❧✐❝❛t❡ t❛s❦✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦❞❡ ✭▼❘✮ ❝♦♥s✐❞❡rs ❛ ✈❡r② ❧♦✇ ♣❡r❝❡♥t❛❣❡ ✭≤ 10%✮
♦❢ 2563✱ ✇❤✐❝❤ ❝♦✉♣❧❡❞ ✇✐t❤ ✇❤❛t ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❜❡❢♦r❡✱ ❛❧❧♦✇s t♦ ❡①♣❧❛✐♥ t❤❡ ❣❛✐♥ ✐♥
❈P❯ t✐♠❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛t t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡ ✭▼❘✮✱ ❛ ❧♦t ♦❢ ✇♦r❦
r❡♠❛✐♥s t♦ ❜❡ ❞♦♥❡ ❧✐❦❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❝♦♠♣❧❡① ❣❡♦♠❡tr②✱ ✐♠♣r♦✈✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ♦❢
♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞s ❜② ✉s✐♥❣ ❛❞❛♣t❡❞ ❞❛t❛ str✉❝t✉r❡s ❛♥❞ ♦♣t✐♠✐③❡❞ r♦✉t✐♥❡s✱ ❛♥❞ ✜♥❛❧❧②✱
❛ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ❞✐str✐❜✉t❡❞ ♣❛r❛❧❧❡❧✐s♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❖♥❝❡ t❤✐s ✐s ❛❝❤✐❡✈❡❞✱ ❛♥ ❛❞❛♣t✐✈❡
♠❡s❤ ❛♣♣r♦❛❝❤ s❤❛❧❧ ♦✈❡r❝♦♠❡ t❤❡ ♥❛t✉r❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ ❛❝❝✉r❛❝② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❡✈❡♥ ✈❡r②
♣❡r❢♦r♠✐♥❣ str❛t❡❣✐❡s s✉❝❤ ❛s t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ✭❋▼✮✱ ❛♥❞ ✇✐❧❧ ❛❧❧♦✇ ♦♥❡ t♦ s♦❧✈❡ ❡♥t✐r❡❧②
t❤❡ ♠✉❧t✐s❝❛❧❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♣❤❡♥♦♠❡♥❛✳
❋✐♥❛❧❧②✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ ❡✈❡♥ ♦❢
t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❣❡♥❡r❛t❡ ♠♦r❡ ♣r❡❝✐s❡ ❛♥❞ ♣r❡❞✐❝t✐✈❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s
s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧❧② ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ ♠♦❞❡❧✐♥❣ ♦❢ ❝♦❡✣❝✐❡♥ts
❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ✐t ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

✾✳✽ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ♥✉♠❡r✐❝❛❧ ✸❉ s✐♠✉❧❛t✐♦♥s ♦❢ ❛♥ ✐s❝❤❡♠✐❝ str♦❦❡ ✐♥ ❛
r❡❛❧✐st✐❝ ❜r❛✐♥ ❣❡♦♠❡tr②✱ ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧ ♦❢ ❉r♦♥♥❡ ❡t ❛❧✳ ❬❉❇●✵✻❪✳ ❘❡s✉❧ts ❛r❡ ❡♥❝♦✉r❛❣✐♥❣
❢r♦♠ ♥✉♠❡r✐❝❛❧ ❛♥❞ ♠❡❞✐❝❛❧ ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ❚❤✐s ✐s ❛ ✜rst ♠❛❥♦r st❡♣ t♦✇❛r❞s ❛♥ ✉s❛❜❧❡
t♦♦❧ ❢♦r ♣r❡❞✐❝t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ str♦❦❡✳ ❚❤❡ ♥❡①t st❡♣s ❛r❡ t♦ ✐♠♣r♦✈❡ ❜♦t❤ ♥✉♠❡r✐❝❛❧
♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ♠♦❞❡❧✐♥❣✳ ❋♦r t❤✐s✱ ❛ ❧♦t ♦❢ ✇♦r❦ r❡♠❛✐♥s t♦ ❜❡ ❞♦♥❡ ❢r♦♠ t❤❡ ♠♦❞❡❧ t♦
♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ♠❛♥② ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠♦❞❡❧
❛r❡ ❦♥♦✇♥ ♦♥❧② ✇✐t❤ ❛ ❝♦❛rs❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✉s✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♠✉st ❜❡ ❝♦♥❞✉❝t❡❞
t♦ ❡①♣❧♦r❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♠♦❞❡❧ t♦ t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✉❧t✐♠❛t❡ ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡
♣❡r❢♦r♠❛♥❝❡s ✐s t♦ s✇✐t❝❤ ❢r♦♠ ♠✉❧t✐t❤r❡❛❞❡❞ ♣❛r❛❧❧❡❧✐s♠ t♦ ❞✐str✐❜✉t❡❞ ♣❛r❛❧❧❡❧✐s♠✱ ♦♥ ♠❛ss✐✈❡
♣❛r❛❧❧❡❧ ❝♦♠♣✉t❡rs✳
❋r♦♠ ❛ ♠❡❞✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ♠♦❞❡❧ ✐s ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥❝❡ s✐♥❝❡ ✐t ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦
s✐♠✉❧❛t❡ ♦♥ ❛ r❡❛❧✐st✐❝ ❤✉♠❛♥ ❜r❛✐♥ ❣❡♦♠❡tr② s❡✈❡r❛❧ ♥❡✉r♦♣r♦t❡❝t✐✈❡ ❛❣❡♥ts ❛✐♠❡❞ ❛t ❜❧♦❝❦✐♥❣
t❤❡ ✐s❝❤❡♠✐❝ ❝❛s❝❛❞❡ ❛♥❞ ❛t r❡❞✉❝✐♥❣ t❤❡ ✐s❝❤❡♠✐❝ ❞❛♠❛❣❡✳ ❙✐♥❝❡ t❤❡ ♠♦❞❡❧ ❝♦♥t❛✐♥s ♠❛♥②
♣❤❛r♠❛❝♦❧♦❣✐❝❛❧ t❛r❣❡ts ✭s✉❝❤ ❛s ✐♦♥✐❝ tr❛♥s♣♦rt❡rs✱ ✈♦❧t❛❣❡✲❣❛t❡❞ ❝❤❛♥♥❡❧s✱ ❝❤❛♥♥❡❧✲r❡❝❡♣t♦rs
❛♥❞ str❡t❝❤ ❝❤❛♥♥❡❧s✮✱ ✐t ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❛ss❡ss ❛♥❞ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ✈❛r✐♦✉s t❤❡r❛♣❡✉t✐❝
❛❣❡♥ts ♦r ❛ss♦❝✐❛t✐♦♥s ♦❢ t❤❡r❛♣❡✉t✐❝ ❛❣❡♥ts✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡s ❜♦t❤ ✐♦♥✐❝
♠♦✈❡♠❡♥ts t❤r♦✉❣❤ t❤❡ ❝❡❧❧s ❛♥❞ t❤❡✐r ❞✐✛✉s✐♦♥✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ t❤❡s❡
♥❡✉r♦♣r♦t❡❝t✐✈❡ ❛❣❡♥ts ❜♦t❤ ♦♥ t❤❡ s❡✈❡r✐t② ❛♥❞ ♦♥ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞❛♠❛❣❡ ✐♥ ❡❛❝❤ ❜r❛✐♥
❛r❡❛✳ ❉❡✈❡❧♦♣✐♥❣ ♣♦✇❡r❢✉❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ t❤✉s ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥❝❡ t♦ ❜❡ ❛❜❧❡
t♦ s✐♠✉❧❛t❡ t❤❡ t✐♠❡ ❛♥❞ s♣❛t✐❛❧ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ♣❤❡♥♦♠❡♥❛ ♦♥ ❛ r❡❛❧✐st✐❝ ❤✉♠❛♥ ❜r❛✐♥
❣❡♦♠❡tr②✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t✇♦ ❆◆❘ ❣r❛♥ts ✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡✲
s❡❛r❝❤ ❆❣❡♥❝②✮✿ ❆❱❈ ✐♥ s✐❧✐❝♦ ✭❆◆❘✲✵✻✲❇❨❖❙✲✵✵✵✷✲✵✷ ✲ ♣r♦❥❡❝ts ❧❡❛❞❡rs✿ ▼✳✲❆✳ ❉r♦♥♥❡ ❛♥❞
❊✳ ●r❡♥✐❡r ✲ ✷✵✵✻✲✷✵✵✾✮ ❛♥❞ ❙é❝❤❡❧❧❡s ✭❆◆❘✲✵✾✲❇▲❆◆✲✵✵✼✺✲✵✶ ✲ ♣r♦❥❡❝t ❧❡❛❞❡r✿ ❙✳ ❉❡s❝♦♠❜❡s
✲ ✷✵✵✾✲✷✵✶✸✮✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❈❤r✐st✐❛♥ ❚❡♥❛✉❞ ✭▲■▼❙■ ✲ ❈◆❘❙✮ ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡
❜❛s✐s ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❦❡r♥❡❧ ♦❢ ▼❘❴❈❍❖❘❯❙✱ ❝♦❞❡ t❤❛t ❤❡ ❞❡✈❡❧♦♣❡❞ ❛t ▲■▼❙■ ❢♦r
❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✸

✾✳✾ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥✿ ❆♣♣❧✐✲
❝❛t✐♦♥ t♦ ❍✉♠❛♥ ■s❝❤❡♠✐❝ ❙tr♦❦❡

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡ s♣❧✐tt✐♥❣ str❛t❡❣② ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧②
❛♣♣❧✐❡❞ t♦ ✷❉ ❛♥❞ ✸❉ s✐♠✉❧❛t✐♦♥s ♦❢ ❛ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ♠♦❞❡❧✐♥❣ ❤✉♠❛♥ ✐s❝❤❡♠✐❝
str♦❦❡ ✇✐t❤ ❛ 19✲s♣❡❝✐❡s ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ❬❉❇●✵✻❪✱ ✐♥ ❛ r❡❛❧✐st✐❝ ❜r❛✐♥ ❣❡♦♠❡tr② ❬❉❉❉+✶✷❪✳
■♥ t❤✐s ♣❛rt✱ ✇❡ r❡❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♠♦❞❡❧ s♦❧✈❡❞ t❤✐s t✐♠❡ ♦♥ s✐♠♣❧✐✜❡❞ ❜r❛✐♥ ❣❡♦♠❡tr✐❡s✱ ✇✐t❤
t❤❡ ▼❘✴s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❊①♣❧♦✐t✐♥❣ t❤❡ s♣❧✐tt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛
♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t❡❝❤♥✐q✉❡ ✇❛s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❛❣❡ ✐♥ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♦❢ s❤❛r❡❞ ♠❡♠♦r② ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡s✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❝♦♠♣✉t✐♥❣ ❝♦sts r❡❧❛t❡❞ t♦
✏❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✑ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ❙♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡
♣r❡✈✐♦✉s ♣❛rt ✐♥ ❛♥♦t❤❡r ❝♦♥t❡①t ✇✐t❤♦✉t ❛♥② ❞❡t❛✐❧ ♦r ❛♥❛❧②s✐s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ♠❡t❤♦❞✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ♣❛rt ❛♥❞ ✇❡ ✇✐❧❧ ❝♦♥❞✉❝t ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s t♦
t❤❡ ♦♥❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ❈❤❛♣t❡r ✹ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ ❞♦♠❛✐♥
♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ♥✉♠❡r✐❝❛❧ str❛t❡❣② t♦ st✐✛❡r ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥s✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❝♦♥s✐❞❡r ✷❉ ❛♥❞ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠
r❡❧❛t❡❞ t♦ t❤❡ ✐s❝❤❡♠✐❝ str♦❦❡ ♠♦❞❡❧ ✐♥ ❬❉❇●✵✻❪ ✇✐t❤ m = 19 ✉♥❦♥♦✇♥s✱ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡r❡
✐s ♥♦ ❞✐✛✉s✐♦♥ ❢♦r 9 ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♦♥❧② s✐♠♣❧✐✜❝❛t✐♦♥ ✐s t❤❛t ♦♥❧② ❣r❛② ♠❛tt❡r ❤❛s ❜❡❡♥ t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✳ ❆❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛♥ ✽ ❝♦r❡ ✭✷①✹✮ ✻✹
❜✐ts ♠❛❝❤✐♥❡ ✭❆▼❉ ❙❤❛♥❣❤❛✐ ✷✳✼ ●❍③ ♣r♦❝❡ss♦rs✮ ✇✐t❤ ♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ✸✷ ●❇✳

✾✳✾✳✶ ✷❉ ❈♦♥✜❣✉r❛t✐♦♥

❲❡ ✜rst ❝♦♥s✐❞❡r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ [0, 50000]2 ✭µ♠✮✱ ❛♥❞ s✐♠✉❧❛t❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥
♦✈❡r ♦♥❡ ❤♦✉r t ∈ [0, 3600] ✭s✮✳ ❆s ♣r❡✈✐♦✉s❧② ❞♦♥❡✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤r❡❡ ✇❛②s t♦ s♦❧✈❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s❡♠✐✲❞✐s❝r❡t✐③❡❞ s②st❡♠ ✭✹✳✶✮✿

• ❚❤❡ q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs t❤❡ ❝♦✉♣❧❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ♦♥ ❛
✉♥✐❢♦r♠ ♠❡s❤✱ ❝♦♠♣✉t❡❞ ❜② ❘❛❞❛✉✺ ✇✐t❤ ✈❡r② ✜♥❡ t♦❧❡r❛♥❝❡❀

• ❚❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✉s❡s t❤❡ ❘❉❘ ❙tr❛♥❣ S∆t2 s❝❤❡♠❡ ✇✐t❤ ❘❛❞❛✉✺ ❢♦r t❤❡ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠ ❛♥❞ ❘❖❈❑✹ ❢♦r t❤❡ ❞✐✛✉s✐✈❡ ♣❛rt✱ ❛❧s♦ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞✱
✇✐t❤ t♦❧❡r❛♥❝❡s s❡t t♦ ηRadau5 = 10−5 ❛♥❞ ηROCK4 = 10−7 ❛❢t❡r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts❀
❛♥❞

• ❚❤❡ ♣r♦♣♦s❡❞ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣②✱ ✇✐t❤ t❤❡ s❛♠❡ S∆t2 t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ♦♥ ❛♥
❛❞❛♣t❡❞ ♠❡s❤✳

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♣❧✐tt✐♥❣ ❚✐♠❡ ❙t❡♣

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠✱ ✐✳❡✳✱ t❤❡ q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥✱
✇✐t❤ ❘❛❞❛✉✺ ✐s ✈❡r② ❡①♣❡♥s✐✈❡✱ ❛♥❞ t❤❛t ✇❡ ❞♦ ♥♦t ❞✐s♣♦s❡ ❛♥② t❤❡♦r❡t✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛ ♣r❡❧✐♠✐♥❛r② st✉❞② ✐s r❡q✉✐r❡❞ t♦ ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐❛ ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤❡ ♣r♦♣❛❣❛t✐♥❣ ♥❛t✉r❡ ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥ ❥✉st✐✜❡s t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✱
✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t t❤❛t ❛♣♣r♦①✐♠❛t❡s t❤❡ ✇❛✈❡❢r♦♥t s♣❡❡❞ v ✐♥ ✭✹✳✷✸✮✱
✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ηv✳
❚❤❡r❡❢♦r❡✱ ✇❡ ♣❡r❢♦r♠ ✶❉ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ t❤❡ s♣❧✐tt✐♥❣ s♦❧✈❡r ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ 1024
♣♦✐♥ts ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ r❡❢❡r❡♥❝❡ ✇❛✈❡ ✈❡❧♦❝✐t② v ✐♥t♦ ✭✹✳✷✸✮✳ ❋✐❣✉r❡ ✾✳✶✺ ✭t♦♣✮ s❤♦✇s t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t ❛❧♦♥❣ t❤❡ x✲❛①✐s ❛❝r♦ss t❤❡ ❝♦r❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ✭s❡❡
❋✐❣✉r❡ ✾✳✶✻✮✱ ❛♥❞ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❢♦r s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t
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❋✐❣✳ ✾✳✶✺✿ ❙tr♦❦❡ ♠♦❞❡❧✳ ❚♦♣✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛❧♦♥❣ x✲❛①✐s ✭❧❡❢t✮ ❛♥❞ ♦❢ t❤❡
✇❛✈❡ ✈❡❧♦❝✐t② v ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✱ ❝♦♠♣✉t❡❞ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ 1024 ♣♦✐♥ts✳
❇♦tt♦♠✿ ✇❛✈❡ ✈❡❧♦❝✐t② v ✭❧❡❢t✮ ❛♥❞ ✈❡❧♦❝✐t② ❡rr♦r Ev ❝♦♠♣✉t❡❞ ❜② ✭✹✳✷✸✮ ❛t ❞✐✛❡r❡♥t t✐♠❡s t ❢♦r ❞✐✛❡r❡♥t
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ∆t✳

s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✳ ❙♠❛❧❧❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♥❛t✉r❛❧❧② ✐♥✈♦❧✈❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥♦♥✱ ♠❡❛s✉r❡❞ ✐♥ t❤✐s ❝❛s❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ✇❛✈❡❢r♦♥t s♣❡❡❞ ✭❋✐❣✉r❡
✾✳✶✺ ❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ❛ r♦✉❣❤❧② ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ v ≈ 5.07 ♦♥❝❡ t❤❡
♣r♦♣❛❣❛t✐♥❣ ❢r♦♥t ✐s ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ✭t & 700 s✮ ❛♥❞ t❤❡ ✇❛✈❡ s♣❡❡❞ ❜❡❝♦♠❡s r❡❧❛t✐✈❡❧② ❝♦♥st❛♥t
✭❋✐❣✉r❡ ✾✳✶✺ t♦♣ r✐❣❤t✮✳ ❲❡ t❛❦❡ t❤✐s ✈❡❧♦❝✐t② ❝♦♠♣✉t❡❞ ✇✐t❤ ∆t = 1 ❛s t❤❡ r❡❢❡r❡♥❝❡ ♦♥❡✱
❛♥❞ ✇❡ ❝❤♦♦s❡ ❥✉st ❢♦r ✐❧❧✉str❛t✐♥❣ ♣✉r♣♦s❡s ❛ r❛t❤❡r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 10 ✐♥ ♦r❞❡r
t♦ s❤♦✇ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ st❡♣s ❢♦r r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ t❤❡ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ ❢♦r ❛ ❣✐✈❡♥ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡✳ ❚❤✐s t✐♠❡ st❡♣ ②✐❡❧❞s ❛ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ❡rr♦r ♦❢
≈ 3.8% ✭❋✐❣✉r❡ ✾✳✶✺ ❜♦tt♦♠ r✐❣❤t✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ ηv = 5×10−2 ✐♥t♦
✭✹✳✷✸✮✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ ✭✹✳✷✼✮ ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹ t♦ ♣r♦♣❡r❧② ❝♦✉♣❧❡ t❤❡ s♣❧✐tt✐♥❣
t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤✐s t✐♠❡ st❡♣ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐♠✉♠
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❣✐✈❡♥ ❜② ∆tmax = 28.9✱ ❢♦r ∆x = ∆y = 50000/1024 ❛♥❞ ❛ r❡✜♥❡❞ r❡❣✐♦♥
❡st✐♠❛t❡❞ ❜② k̂ = 3 ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥✱ ✐✳❡✳✱ ♦♥❡ ❡①tr❛ ❝❡❧❧ ✭k̄ = 1✮ ❛s ❡♥❧❛r❣✐♥❣ ❝r✐t❡r✐♦♥ t♦ ♣r❡❞✐❝t
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❛♥❞ t✇♦ ❝❡❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛❢❡t② ❧❛②❡r✳

P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▼❡t❤♦❞✿ ❉❛t❛ ❈♦♠♣r❡ss✐♦♥ ❛♥❞ ▼❡♠♦r② ❘❡q✉✐r❡♠❡♥ts

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▼❘✴s♣❧✐tt✐♥❣ str❛t❡❣②✱ ✇❡ ❝♦♥s✐❞❡r s❡✈❡r❛❧ ✈❛❧✉❡s
♦❢ J ✱ t❤❛t ✐s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜♥❡st s♣❛❝❡ r❡s♦❧✉t✐♦♥



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✺

❡q✉✐✈❛❧❡♥t t♦ 2562 ✭J = 8✮✱ 5122 ✭J = 9✮✱ 10242 ✭J = 10✮✱ ♦r 20482 ✭J = 11✮ ❣r✐❞ ♣♦✐♥ts✳
❋♦r ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ ε = 10−2✳ ❚❤✐s
✈❛❧✉❡ ②✐❡❧❞s ❛ ♥♦r♠❛❧✐③❡❞ L2✲❡rr♦r / 10−2 ❜❡t✇❡❡♥ s♣❧✐tt✐♥❣ ❛♥❞ ▼❘✴s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥s ❢♦r
❛❧❧ 19 ✈❛r✐❛❜❧❡s✱ ❛s ♣r❡✈✐♦✉s❧② s❤♦✇♥ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✜rst ♣❛rt ❬❉❉❉+✶✷❪✳
❍✐❣❤❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s ♥❛t✉r❛❧❧② ②✐❡❧❞ ❛ ❜❡tt❡r r❡s♦❧✉t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛♥❞
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❛✈❡❢r♦♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❛t ❧❡❛st ❛♣♣r♦①✐♠❛t❡❧②
10242 ♣♦✐♥ts ❛r❡ ♥❡❡❞❡❞ t♦ ❣❡t ❛ r❡❛s♦♥❛❜❧② ✜♥❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳ ❋✐❣✉r❡ ✾✳✶✻
s❤♦✇s s♦♠❡ ▼❘✴s♣❧✐tt✐♥❣ r❡s✉❧ts ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ K+ ♦♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞s✱ ❢♦r ❛♥ ❡q✉✐✈❛❧❡♥t ✜♥❡st ❣r✐❞ ♦❢ 10242 ♣♦✐♥ts ✭J = 10✮✳
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❋✐❣✳ ✾✳✶✻✿ ✷❉ str♦❦❡ ♠♦❞❡❧✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛t 500 s ✭t♦♣ ❧❡❢t✮✱ 1000 s ✭t♦♣ r✐❣❤t✮✱ 2400 s ✭❜♦tt♦♠
❧❡❢t✮✱ ❛♥❞ 3600 s ✭❜♦tt♦♠ r✐❣❤t✮ r❡♣r❡s❡♥t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts
❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10✳

❋✐❣✉r❡ ✾✳✶✼ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❝❤✐❡✈❡❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s ✭DC✮ ❞❡✜♥❡❞ ❜② ✭✹✳✸✾✮
❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s ✭AG✮✳ ❉❛t❛ ❝♦♠♣r❡ss✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡
♥✉♠❜❡r ♦❢ ❧❡✈❡❧s ❛s t❤❡ s♣❛❝❡ s❝❛❧❡s ♣r❡s❡♥t ✐♥ t❤❡ ♣r♦❜❧❡♠ ❛r❡ ❜❡tt❡r ❞✐s❝r✐♠✐♥❛t❡❞ ❜② ❧♦❝❛❧❧②
✜♥❡r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❋♦r ❛ ❣✐✈❡♥ J ✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ AG ✐s
✐♥❝r❡❛s✐♥❣ ❧✐♥❡❛r❧② ✐♥ t✐♠❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣r♦✇✐♥❣ r❛❞✐✉s ✇✐t❤ ❝♦♥st❛♥t s♣❡❡❞ ♦❢ t❤❡ ❝✐r❝✉❧❛r
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♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❢r♦♥t ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✾✳✶✻✳ ▼♦r❡♦✈❡r✱ ❛t ❛ ❣✐✈❡♥ t✐♠❡✱ ❛❞❞✐♥❣ ❛ ♥❡✇
❣r✐❞ ❧❛②❡r ❛♠♦✉♥ts t♦ ❞♦✉❜❧✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❛s ✐❢ ✇❡ ✇❡r❡ r❡✜♥✐♥❣
♦♥❧② ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ❛❧s♦ ❜❡❝❛✉s❡ ♦❢ t❤❡ q✉❛s✐ ❛①✐❛❧ s②♠♠❡tr② ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳
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❋✐❣✳ ✾✳✶✼✿ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ✭❧❡❢t✮ ❛♥❞ t❤❡
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s AG ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t ✜♥❡st ❧❡✈❡❧s J ✳

❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ s❛♠❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ♦❢ ❡❛❝❤ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
❢♦r ❛ ✜♥❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ 10242✱ ✇❤❡r❡ W1 ❛♥❞ W2 ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s s♦❧✈❡❞✱
r❡s♣❡❝t✐✈❡❧②✱ ❜② ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹✱ ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ✐s ❣✐✈❡♥ ❜② W =
19× 10242 ≈ 1.99× 107✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ✇♦r❦✐♥❣ s♣❛❝❡ L r❡q✉✐r❡❞ ❜② ❡❛❝❤ s♦❧✈❡r ✐s t❤❡♥✿

✶✳ ◗✉❛s✐✲❡①❛❝t ✇✐t❤ ❘❛❞❛✉✺✿ W1 =W ≈ 1.99× 107 ❛♥❞ L = L1 ≈ 1.6× 1015✳

✷✳ ❙♣❧✐tt✐♥❣✿ W1 = 19✱ W2 = 10×W/19 ≈ 1.05× 107 ❛♥❞ L = L1 + L2 ≈ 8.4× 107✳

✸✳ ▼❘✴❙♣❧✐tt✐♥❣ ✇✐t❤ ε = 10−2✿ W1 = 19✱ W2 = 0.07 × 10 × W/19 ≈ 7.34 × 105✱ ❛♥❞
L = L1 + L2 ≈ 5.9× 106❀ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ 93%✳

❈♦♥s✐❞❡r✐♥❣ ❛ st❛♥❞❛r❞ ♣❧❛t❢♦r♠ ♦♥ ✇❤✐❝❤ ❡❛❝❤ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✈❛❧✉❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② 64
❜✐ts✱ ❡❛❝❤ s♦❧✈❡r s❤❛❧❧ r❡q✉✐r❡ 90.9 P❜✱ 5.0 ●❜✱ ❛♥❞ 360.1 ▼❜✳ ❋♦r st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡s♦✉r❝❡s✱ ❛♥ ✐♠♣❧✐❝✐t r❡s♦❧✉t✐♦♥ ✇✐t❤ ❘❛❞❛✉✺ ✐s ❝♦♠♣❧❡t❡❧② ♦✉t ♦❢ r❡❛❝❤✳ ❚❤❡s❡ ❡①♣❡♥s✐✈❡
♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ str♦♥❣❧② r❡❞✉❝❡❞ ✇✐t❤ ❛ s♣❧✐tt✐♥❣ str❛t❡❣② ❜✉t ❢✉rt❤❡r r❡❞✉❝t✐♦♥s ❛r❡
❛❝❤✐❡✈❡❞ ❜② ❛❞❞✐♥❣ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡✳

P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▼❡t❤♦❞✿ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❈P❯ ❚✐♠❡s

❚❛❜❧❡ ✾✳✺ s✉♠♠❛r✐③❡s t❤❡ ❈P❯ t✐♠❡s ✭CT✮ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ♣❡r❢♦r♠❡❞ ✇✐t❤ ✽ ❝♦r❡s ✐♥
♣❛r❛❧❧❡❧✱ ❛♥❞ t❤❡ ❣❛✐♥ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✭GP✮ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❈P❯
t✐♠❡ ❣✐✈❡♥ ❜② ♦♥❡ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❛♥❞ t❤❡ ✽ ❝♦r❡s ✐♥ ♣❛r❛❧❧❡❧✳ ❲❡ ♦❜t❛✐♥ r❛t❤❡r ❤✐❣❤ GPs
✭maxGP = 8✮ ❡✈❡♥ t❤♦✉❣❤ ♦♥❧② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♣❛r❛❧❧❡❧✐③❡❞✳ ❆❝t✉❛❧❧②✱ ❢♦r
t❤✐s ❦✐♥❞ ♦❢ ❤✐❣❤❧② ❧♦❝❛❧✐③❡❞ ❛♥❞ st✐✛ ♣r♦❜❧❡♠ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥s t❛❦❡ ♥♦r♠❛❧❧② ❧❡ss
t❤❛♥ 5✪ ♦❢ t❤❡ t♦t❛❧ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥✳ P❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ✐s ♣r❛❝t✐❝❛❧❧② ♦♣t✐♠❛❧ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s ❜❡❝❛✉s❡ ❡❛❝❤ ❝♦r❡ t❛❦❡s ❛ ♥❡✇ ♥♦❞❡ ✐♠♠❡❞✐❛t❡❧②
❛❢t❡r ✜♥✐s❤✐♥❣ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇✐t❤♦✉t ❛♥② ♥❡❡❞ ♦❢ s②♥❝❤r♦♥✐③✐♥❣ ♦r ❡①❝❤❛♥❣✐♥❣ ❞❛t❛
✇✐t❤ t❤❡ ♦t❤❡r ❝♦r❡s✳
❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ st✐✛ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✐s ❛❧✇❛②s ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ❛♥② ♦t❤❡r
❝♦♠♣✉t❛t✐♦♥✱ ✐♥ t❡r♠s ♦❢ ❈P❯ t✐♠❡✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ ❋✐❣✉r❡ ✾✳✶✽ ✭❧❡❢t✮✱ ✇❤❡r❡
t❤❡ r❛t✐♦s ✐♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ❈P❯ t✐♠❡s ✉s❡❞ t♦ ✐♥t❡❣r❛t❡ t❤❡ r❡❛❝t✐♦♥ ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✼

❚❛❜❧❡ ✾✳✺✿ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❈P❯ t✐♠❡s ✭CT✮ ✐♥ ♠✐♥✉t❡s ❛♥❞ ❣❛✐♥ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✭GP✮✱ ❢♦r s❡✈❡r❛❧
✜♥❡st ❣r✐❞s ✭FG✮✳

FG 2562 5122 10242 20482

CT ✶✵✳✾✷ ✸✶✳✸✼ ✽✷✳✹✺ ✷✶✹✳✹✸

GP ✼✳✻✷ ✼✳✺✵ ✼✳✺✺ ✼✳✺✷

♣r♦❜❧❡♠s ❛r❡ s❤♦✇♥ ❢♦r ❞✐✛❡r❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❲❤❡♥❡✈❡r ✇❡ ❛❞❞ ❛ ♥❡✇ ❧❛②❡r ❣r✐❞
t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ t❤❡ r❡❛❝t✐♦♥ ❈P❯ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ ♣❡r ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ♣♦✐♥ts
r❡♠❛✐♥s ❛❧♠♦st t❤❡ s❛♠❡✱ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✾✳✶✽ ✭r✐❣❤t✮✱ ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ ♥❡✇ ♣♦✐♥ts ✇✐❧❧ ❜❡
♥❛t✉r❛❧❧② ❛❞❞❡❞ ❛t t❤❡ ✇❛✈❡❢r♦♥t ✇❤❡r❡ ❤✐❣❤ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t② ✐s ♣r❡s❡♥t✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡
✐s ❛♥ ♦✈❡r❤❡❛❞ ✐♥ t❤❡ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ❢♦r t✇♦ s✉❝❝❡ss✐✈❡ ✜♥❡st ❣r✐❞ ❝♦♥✜❣✉r❛t✐♦♥s J ✱ ❛s s❡❡♥
✐♥ ❚❛❜❧❡ ✾✳✺✳ ❲❡ ❝❛♥ ♠❡❛s✉r❡ ❛♥ ✐♥❝r❡❛s✐♥❣ r❛t✐♦ ♦❢ ∼ 2.6✱ s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ r❛t✐♦ ♦❢
✷ t❤❛t ✇❡ s❤♦✉❧❞ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝r❡❛s✐♥❣ r❛t✐♦ ♦❢ t❤❡
s✐③❡ ♦❢ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s✳
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❋✐❣✳ ✾✳✶✽✿ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ❈P❯ t✐♠❡s ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡
r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ✭❧❡❢t✮✱ ❛♥❞ t❤❡ ❈P❯ t✐♠❡ ♣❡r ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ❢♦r
t❤❡ r❡❛❝t✐♦♥ s♦❧✉t✐♦♥ ✭r✐❣❤t✮ ❢♦r ❞✐✛❡r❡♥t ✜♥❡st ❧❡✈❡❧s J ✳

❆❝t✉❛❧❧②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✶✽✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♠♦r❡
❡①♣❡♥s✐✈❡ ✇❤❡♥ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❝r❡❛s❡s ❢r♦♠ 2562 t♦ 20482✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡
❞✐✛✉s✐♦♥ t✐♠❡ st❡♣ ∆tD✱ ❞②♥❛♠✐❝❛❧❧② ❝❤♦s❡♥ t♦ ❣✉❛r❛♥t❡❡ t❤❡ t♦❧❡r❛♥❝❡ ❛❝❝✉r❛❝② ηROCK4✱
❣♦❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ❢r♦♠ ∼ 1.25 t♦ ∼ 0.27✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❝♦♠♣✉t❡❞
❜② ❘❖❈❑✹ ❜❡❝♦♠❡ ❛❧s♦ ♠♦r❡ ❡①♣❡♥s✐✈❡ s✐♥❝❡ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞
❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ✐s ❧❡ss s♣❛rs❡ ✇❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥❝❧✉❞❡s ♠♦r❡ ❣r✐❞ ❧❡✈❡❧s✳ ❚❤✐s
✐s ❜❡❝❛✉s❡ ✇❡ ❧♦❝❛❧❧② r❡❝♦♥str✉❝t t❤❡ ✈❛❧✉❡s ❛t t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ ❣r✐❞s ✇✐t❤ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐③❛t✐♦♥
✭❜② ♠❡❛♥s ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝❡❧❧s✮ t♦ ❣✉❛r❛♥t❡❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥s ✭s❡❡ ❝❤❛♣t❡rs ✸ ❛♥❞
✹✮✳

❉❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❚✐♠❡ ❙❝❛❧❡ ❙♣❡❝tr✉♠

❚❤❡ ❧❛tt❡r ✈❛❧✉❡s ♦❢ ∆tD ❢♦r ❞✐✛❡r❡♥t J ✐♠♣❧②✱ r❡s♣❡❝t✐✈❡❧②✱ ❢r♦♠ 8 t♦ 36 ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣s
✇✐t❤✐♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 10✱ ❢♦r ✇❤✐❝❤ ♠♦st ♦❢ t❤❡ t✐♠❡ t❤❡ ♠✐♥✐♠✉♠ ♦❢ s = 5



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✽

st❛❣❡s ❛r❡ ♥❡❡❞❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✷✮✳
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❋✐❣✳ ✾✳✶✾✿ ✷❉ str♦❦❡ ♠♦❞❡❧✳ ▲♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s h1 ❛t 500 s ✭t♦♣ ❧❡❢t✮✱ 1000 s ✭t♦♣ r✐❣❤t✮✱ 2400 s
✭❜♦tt♦♠ ❧❡❢t✮✱ ❛♥❞ 3600 s ✭❜♦tt♦♠ r✐❣❤t✮ ✇✐t❤✐♥ ❛ ❤❛❧❢✲s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t/2 = 5✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❛
❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10✳

❋✐❣✉r❡ ✾✳✶✾ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s ❛✈❡r❛❣❡❞ ✇✐t❤✐♥ ∆t/2 ❢♦r ❡❛❝❤
♣♦✐♥t✳ ❚❤❡ ✐♠♣♦s❡❞ t♦❧❡r❛♥❝❡ ❢♦r t❤❡ r❡❛❝t✐♦♥ r❡s♦❧✉t✐♦♥ ηRadau5 ✐♥✈♦❧✈❡s t✐♠❡ st❡♣s ✈❛r②✐♥❣
❢r♦♠ ∼ 0.2 t♦ ∆t/2 = 5 ❢♦r ♣♦✐♥ts ❧♦❝❛t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ r❡❛❝t✐✈❡
❢r♦♥ts ❛♥❞ ✐♥ r❡❣✐♦♥s ♦❢ r❡❞✉❝❡❞ ❝❤❡♠✐❝❛❧ ❛❝t✐✈✐t② ✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ r❡✜♥❡❞
r❡❣✐♦♥s✱ ♠♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s 25 t✐♠❡ ❧❛r❣❡r
t❤❛♥ t❤❡ s♠❛❧❧❡st t✐♠❡ st❡♣s ❛t t❤❡ ✇❛✈❡❢r♦♥ts✳ ■♥ t❤✐s ✇❛②✱ ❛♥ ❡✛❡❝t✐✈❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡
s❝❛❧❡ s♣❡❝tr✉♠ ✐s ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ r❡❛❝t✐♦♥✱ t❤❡ ❞✐✛✉s✐♦♥✱ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✇✐t❤ ❛♥
✐♠♣♦rt❛♥t ❣❛✐♥ ♦❢ ❡✣❝✐❡♥❝②✱ ✇❤❡♥❡✈❡r t❤✐s ✐s ♣❡r♠✐tt❡❞ ❜② t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ s♦ t❤❛t
❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧ t✐♠❡ s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✐s♦❧❛t❡❞ ❛♥❞
tr❡❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❡❛❝❤ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✳



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✶✾

✾✳✾✳✷ ✸❉ ❈♦♥✜❣✉r❛t✐♦♥

▲❡t ✉s ❣✐✈❡ ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✜rst ♣❛rt✱ ✇✐t❤
t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✷❉ ❝❛s❡✱ ✐♥ ❛ s♣❛t✐❛❧ r❡❣✐♦♥ ♦❢ [0, 50000]3 ✭µ♠✮✳
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❋✐❣✳ ✾✳✷✵✿ ✸❉ str♦❦❡ ♠♦❞❡❧✳ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ✭❧❡❢t✮ ❛♥❞ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞s ✭r✐❣❤t✮ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ 5123 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 9 ❛t 1000 s ✭t♦♣✮ ❛♥❞ 2000 s ✭❜♦tt♦♠✮✳

■♥ ♦r❞❡r t♦ ❡①♣❧♦r❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ❛♥❞ ♣♦t❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♠❡t❤♦❞✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧❛r❣❡r
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❣✐✈❡♥ ❜② J = 9 ♥❡st❡❞ ❞②❛❞✐❝ ❣r✐❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 5123 ♣♦✐♥ts ✐♥
t❤❡ ✜♥❡st ❣r✐❞ J ✳ ❋♦r t❤❡ 2563 ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ J = 8 s❤♦✇♥ ✐♥ t❤❡ ✜rst ♣❛rt✱ t❤❡ ❛❝❤✐❡✈❡❞
❞❛t❛ ❝♦♠♣r❡ss✐♦♥ DC ✇❡r❡ ♦❢ 98.84✪✱ 95.27✪✱ ❛♥❞ 87.23✪ ❛t t✐♠❡s 1080 s✱ 2160 s✱ ❛♥❞ 3600 s✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ CT ✇❛s ♦❢ ❛❜♦✉t 16.68 ❤♦✉rs ✇✐t❤ ❛ ❣❛✐♥ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
GP ♦❢ 7.02✳
❋✐❣✉r❡ ✾✳✷✵ s❤♦✇s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ K+ ✐♥ t❤❡ ♥❡✉r♦♥s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞s
❛t 1080 s ✭DC = 99.14✪✮ ❛♥❞ 2520 s ✭DC = 94.94✪✮ ❢♦r t❤❡ 5123 ❝❛s❡❀ CT ≈ 45.88 ❤♦✉rs ❢♦r
t ∈ [0, 2520] ✭s✮ ❛♥❞ GP = 7.14✳ ▲♦♥❣❡r s✐♠✉❧❛t✐♦♥s t✐♠❡s ②✐❡❧❞❡❞ ❧❛r❣❡r s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥s
✇❤✐❝❤ ✇❡r❡ ♥♦ ❧♦♥❣❡r ❢❡❛s✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡ ❛♥❞ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢
❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡✳
P❡r❢♦r♠✐♥❣ t❤❡ s❛♠❡ ❝♦♠♣❛r✐s♦♥ ❝♦♥❝❡r♥✐♥❣ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✉♥✲
❦♥♦✇♥s ❢♦r t❤❡ 5123 ❝❛s❡ ✐s W = 19× 5123 ≈ 2.55× 109✱ ❛♥❞ t❤❡ ❣❧♦❜❛❧ s✐③❡ ♦❢ L r❡q✉✐r❡❞ ❜②



❙❡❝t✳ ✾✳✾ ✲ ❉❡❞✐❝❛t❡❞ ❙♣❧✐tt✐♥❣ ❛♥❞ ❆❞❛♣t✐✈❡ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ✷✷✵

❡❛❝❤ s♦❧✈❡r ✐s✿

✶✳ ◗✉❛s✐✲❡①❛❝t ✇✐t❤ ❘❛❞❛✉✺✿ W1 =W ≈ 2.55× 109 ❛♥❞ L = L1 ≈ 2.6× 1019✳

✷✳ ❙♣❧✐tt✐♥❣✿ W1 = 19✱ W2 = 10×W/19 ≈ 1.34× 109 ❛♥❞ L = L1 + L2 ≈ 1.1× 1010✳

✸✳ ▼❘✴❙♣❧✐tt✐♥❣ ✇✐t❤ ε = 10−2✿ W1 = 19✱ W2 = 0.04 × 10 × W/19 ≈ 5.37 × 107✱ ❛♥❞
L = L1 + L2 ≈ 4.3× 108❀ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ 96%✳

❚❤❡r❡❢♦r❡✱ ❡❛❝❤ s♦❧✈❡r s❤❛❧❧ r❡q✉✐r❡ ❛t ❧❡❛st 1.4 ❩❜✱ 655.7 ●❜✱ ❛♥❞ 25.6 ●❜ ♦❢ ♠❡♠♦r② ❝❛♣❛❝✐t②✳

✾✳✾✳✸ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ st✉❞② ❤❛s ♠❛✐♥❧② ✐❧❧✉str❛t❡❞ t✇♦ ❛s♣❡❝ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹✿

• ❚❤❡ tr❡❛t♠❡♥t ♦❢ ❤✐❣❤❧② st✐✛ ♣r♦❜❧❡♠s✱ ❣✐✈❡♥ ❜② ❛♥ ✐♠♣♦rt❛♥t ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s r❡❧❛t❡❞
❜② ❞❡t❛✐❧❡❞ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ❝❤❡♠✐❝❛❧ t❡r♠s✳

• ❆ str❛✐❣❤t❢♦r✇❛r❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✱ t❤❛t t✉r♥s ♦✉t t♦ ❜❡
✈❡r② ❡✣❝✐❡♥t ❛t ❧❡❛st ❢♦r ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡s❡ ❤✐❣❤❧② st✐✛ ♣❤❡♥♦♠❡♥❛ ♠♦❞❡❧✐♥❣ ❝♦♠♣❧❡① ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠s✱ ♣r❡✲
✈✐♦✉s❧② ♦✉t ♦❢ r❡❛❝❤✱ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② s✐♠✉❧❛t❡❞ ♦✈❡r ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ✇✐t❤
st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ❛r❡ st✐❧❧ ♠❛♥② ♠♦❞❡❧✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣♦✐♥ts t❤❛t r❡q✉✐r❡ ❢✉rt❤❡r ✐♠♣r♦✈❡✲
♠❡♥t t♦ ❡✣❝✐❡♥t❧② ❝♦♥❞✉❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❤✉♠❛♥ ✐s❝❤❡♠✐❝ ❜r❛✐♥ str♦❦❡s✱ ❛s ❞❡t❛✐❧❡❞
✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ ✇❡ ❝❛♥ ❝✐t❡✱ ❢♦r
✐♥st❛♥❝❡✱ t✇♦ ❦❡② ✐ss✉❡s t❤❛t ♥❡❡❞ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✿

• ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ t♦♦❧s t❤❛t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❝♦♥s✐❞❡r ❝♦♠✲
♣❧❡① ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s t♦ ♥✉♠❡r✐❝❛❧❧② r❡♣r❡s❡♥t r❡❛❧✐st✐❝ ❜r❛✐♥ ❣❡♦♠❡tr✐❡s✳

• ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❡✣❝✐❡♥t t❡❝❤♥✐q✉❡s t♦ ♣❛r❛❧❧❡❧✐③❡ ❡①♣❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥s ♦✈❡r
s❡✈❡r❛❧ ♣r♦❝❡ss♦rs✱ ✐♥ ❛ ❞✐str✐❜✉t❡❞ ♦r ❤②❜r✐❞ ❞✐str✐❜✉t❡❞✴s❤❛r❡❞ ♠❡♠♦r② ❢r❛♠❡✇♦r❦✳

❇♦t❤ ♣♦✐♥ts st✐❧❧ r❡q✉✐r❡ ❛♥ ✐♠♣♦rt❛♥t ❛♠♦✉♥t ♦❢ ✇♦r❦✱ ❛♥❞ ❝♦♥st✐t✉t❡ ❝✉rr❡♥t t♦♣✐❝s ♦❢ ♦✉r
r❡s❡❛r❝❤✳



❈❤❛♣t❡r ✶✵

◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❈♦♠❜✉st✐♦♥

❋r♦♥ts

❲❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡rs
✹ ❛♥❞ ✺✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ✢❛♠❡s ✐ss✉❡❞ ❢r♦♠ ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s st✉❞②
✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛ ❝❧❛ss✐❝❛❧ ❝♦♥t❡①t ♦❢ ❧❛♠✐♥❛r ✢❛♠❡s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✈♦rt❡① str✉❝t✉r❡s✱
❢♦r ♣r♦♣❛❣❛t✐♥❣ ♣r❡♠✐①❡❞ ✢❛♠❡s ❛♥❞ s❡❧❢✲✐❣♥✐t✐♦♥ ♦❢ r❡❛❝t✐✈❡ ♠✐①t✉r❡s✳ ❚❤❡ ❤②❞r♦❞②♥❛♠✐❝s
✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❜② ❛❞♦♣t✐♥❣ ❛ st❛♥❞❛r❞ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤✳
■♥ t❤✐s ❝♦♥t❡①t ❛♥❞ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛❞❛♣t✐✈❡ s♣❛❝❡ ♠❡s❤✐♥❣ ✐s ❛❞✈❛♥t❛❣❡♦✉s
❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧♦❝❛❧✐③❡❞ ❢r♦♥ts✱ ✇❤❡r❡❛s t❤❡ ✐♠♣♦rt❛♥t tr❛♥s✐❡♥t ♣❤❛s❡s ❞✉❡ t♦
t❤❡ ✐♠♣♦s❡❞ ✈❡❧♦❝✐t② ✜❡❧❞s ❛s ✇❡❧❧ ❛s s✉❞❞❡♥ ♣❤②s✐❝❛❧ ✈❛r✐❛t✐♦♥s ❣✐✈❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② t❤❡
✐❣♥✐t✐♦♥ ♦❢ ❛ ♠✐①t✉r❡✱ r❡q✉✐r❡ ❛♥ ❛❞❡q✉❛t❡ t✐♠❡ ❛❞❛♣t❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡✣❝✐❡♥t❧② ❞❡s❝r✐❜❡ t❤❡s❡
♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡s ❡♥✉♥❝✐❛t❡❞ ✐♥ ❈❤❛♣t❡r ✺✱
t✉r♥s ♦✉t t♦ ❜❡ ❛ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ ❝♦♣❡ ✇✐t❤ t❤❡s❡ ♣r♦❜❧❡♠s✳
■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ r❡❝❛♣✐t✉❧❛t✐♦♥ ♦❢ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❢♦r ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡♥✱ ✇❡ ❞❡t❛✐❧ t❤❡ ❜❛s✐❝ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ❢♦r
t❤❡ ♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ✐s ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ ♥❡①t ♣❛rt ❛s ✇❡❧❧ ❛s t❤❡ ❡①t❡♥s✐♦♥ t♦ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠s✳ ❚❤❡ t✇♦ ❧❛st
♣❛rts ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♥❣ ♣r❡♠✐①❡❞ ✢❛♠❡s ✐♥ ✷❉✴✸❉✱ ❛♥❞
t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ✢❛♠❡s ✐♥ ✷❉✳ ❙♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞
❝♦♥s✐❞❡r✐♥❣ ♠♦r❡ ❝♦♠♣❧❡① s♦✉r❝❡ t❡r♠s ❛s ✐♥ ♣r❡✈✐♦✉s ❈❤❛♣t❡r ✾✱ ❣✐✈❡♥ t❤✐s t✐♠❡ ❜② ❞❡t❛✐❧❡❞
❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s✳ P❛rt ♦❢ t❤❡s❡ r❡s✉❧ts ✇❡r❡ ♣r❡s❡♥t❡❞ ❞✉r✐♥❣ t❤❡ ❋✐♥✐t❡ ❱♦❧✉♠❡s ❢♦r ❈♦♠♣❧❡①
❆♣♣❧✐❝❛t✐♦♥s ❱■ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠✱ Pr❛❣✉❡✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝ ✭✷✵✶✶✮ ❬❉▼❉❉✶✶❪✱ ❛♥❞
♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆♥♥✉❛❧ ❘❡s❡❛r❝❤ ❇r✐❡❢s ✷✵✶✶ ♦❢ t❤❡ ❈❡♥t❡r ❢♦r ❚✉r❜✉❧❡♥❝❡ ❘❡s❡❛r❝❤✱ ❙t❛♥❢♦r❞
❯♥✐✈❡rs✐t②✱ ❯❙❆ ❬❉▼❉+✶✶❛❪✳

✶✵✳✶ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r ❈♦♠❜✉st✐♦♥ Pr♦❜❧❡♠s

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts ✉s✉❛❧❧② ✐♥✈♦❧✈❡s ♥✉♠❡r♦✉s ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s
❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ s❝❛❧❡s ♣r❡s❡♥t ✐♥ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡
✐♥❞✉❝❡❞ st✐✛♥❡ss ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ■♥ t❤✐s ❝♦♥t❡①t ❛♥❞ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡✈❡❧♦♣✲
♠❡♥t ♦❢ ❞❡❞✐❝❛t❡❞ st✐✛ ✐♠♣❧✐❝✐t ♠❡t❤♦❞s✱ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❝♦♥s✐❞❡r t❤❡ tr❡❛t♠❡♥t
♦❢ st✐✛ t❡r♠s ✉s✉❛❧❧② r❡❧❛t❡❞ t♦ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s✱ ✇✐t❤ t❤❡s❡ s♦❧✈❡rs ✐♥st❡❛❞ ♦❢ ♠♦r❡
❝❧❛ss✐❝❛❧ ❛♥❞ ❧❡ss ❡✣❝✐❡♥t ❡①♣❧✐❝✐t ♦r ❧✐♥❡❛r✐③❡❞ ✐♠♣❧✐❝✐t ♠❡t❤♦❞s✳ ❙✐♥❝❡ ❛ s✐♠✉❧t❛♥❡♦✉s ✐♠♣❧✐❝✐t
tr❡❛t♠❡♥t ♦❢ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ t❡r♠s ✐♥✈♦❧✈❡s ♦❢t❡♥ ♣r♦❤✐❜✐t✐✈❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❝♦sts✱ ❛ ♠♦r❡ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ❛❧t❡r♥❛t✐✈❡ ❝♦♥s✐❞❡rs ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♠♣❧✐❝✐t ❛♥❞



❙❡❝t✳ ✶✵✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r ❈♦♠❜✉st✐♦♥ Pr♦❜❧❡♠s ✷✷✷

❡①♣❧✐❝✐t s❝❤❡♠❡s✱ ✐✳❡✳✱ t❤❡ s♦✲❝❛❧❧❡❞ ■▼❊❳ ♠❡t❤♦❞s✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ t❤❛t t✐♠❡
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ♦✛❡r t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ❛❞✈❛♥t❛❣❡ ✇✐t❤ ✉s✉❛❧❧② ❛ ♠♦r❡ r❡❞✉❝❡❞
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱ ❜✉t ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t t❤❛t ❛♣♣r♦♣r✐❛t❡ ❝r✐t❡r✐❛ ♠✉st
❜❡ ✐♥tr♦❞✉❝❡❞ t♦ ❡✣❝✐❡♥t❧② ❞❡❝♦✉♣❧❡ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❝♦♥tr♦❧ t❤❡ s♣❧✐tt✐♥❣ ❡r✲
r♦rs✳ ❙♣❧✐tt✐♥❣ ♠❡t❤♦❞s ✇❡r❡ t❤✉s ❧❛r❣❡❧② ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ st✉❞✐❡❞ ❢♦r ❝♦♠❜✉st✐♦♥ ♣r♦❜❧❡♠s
✭s❡❡✱ ❡✳❣✳✱ ❬●P▼❉✽✽✱ ❉▲✾✺❛✱ ❨P✾✽✱ ❖❇✵✶✱ ❙▲●❙✵✸✱ ❘P✵✽❪✮✱ ✇❤✐❝❤ r❡s✉❧t❡❞ ✐♥ s❡✈❡r❛❧ ♥✉♠❡r✲
✐❝❛❧ str❛t❡❣✐❡s ♦✈❡r t❤❡ ♣❛st ②❡❛rs✳

❚❛❦✐♥❣ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r s♣❧✐t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡s❡ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✱ ❑♥✐♦ ❡t ❛❧✳
✐♥tr♦❞✉❝❡❞ ✐♥ ❬❑◆❲✾✾❪ ❛♥ ❡✣❝✐❡♥t st✐✛ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r ❧♦✇ ▼❛❝❤ ❢♦r♠✉❧❛✲
t✐♦♥ ♦❢ r❡❛❝t✐♥❣ ✢♦✇s✶✳ ❚❤❡s❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ ❛ s♣❧✐t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❡♥❡r❣②
❛♥❞ s♣❡❝✐❡s ❝♦♥❝❡♥tr❛t✐♦♥s tr❛♥s♣♦rt ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡❞ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ❛♥❞
tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs✳ ■♥ ❛ ♣r❡✈✐♦✉s ✇♦r❦ ❬◆❲❑✾✽❪✷✱ t❤❡ s❛♠❡ ❛✉t❤♦rs ✐♥tr♦❞✉❝❡❞ ❛♥ ■▼❊❳
t❡❝❤♥✐q✉❡ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♠♣❧✐❝✐t ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐✈❡ t❡r♠ ❜② t❤❡ ❞❡❞✐❝❛t❡❞ st✐✛ s♦❧✈❡r
❱❖❉❊ ❬❇❇❍✽✾❪✱ ❜❛s❡❞ ♦♥ ♠✉❧t✐✲st❡♣ ❇❉❋ ❢♦r♠✉❧❛❡ ❬●❡❛✼✶❪✳ ❚❤❡ ❧❛tt❡r s❝❤❡♠❡ ❛❝❤✐❡✈❡❞ ♠✉❝❤
❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s t❤❛♥ st❛♥❞❛r❞ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❜② ❝♦♥s✐❞❡r✐♥❣ t✐♠❡ st❡♣s ♠✉❝❤ ❧❛r❣❡r ❢♦r
t❤❡ r❡❛❝t✐✈❡ t❡r♠✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ str♦♥❣ ❧✐♠✐t❛t✐♦♥ ✇❛s ❣✐✈❡♥ t❤✐s t✐♠❡ ❜② t❤❡ ✈❡r② r❡str✐❝t✐✈❡
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ ❞✐✛✉s✐✈❡ t❡r♠ ❢♦r ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛✲
t✐♦♥s ❚❤❡ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ❜❡❝❛♠❡ t❤❡♥ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ t❤♦s❡
✐ss✉❡❞ ❢r♦♠ ❛♥ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ r❡❛❝t✐♦♥ ✭❛❜♦✉t 2 ♥s✮✳
■♥ ♦r❞❡r t♦ r❡❧✐❡✈❡ t❤✐s ❝♦♥str❛✐♥t✱ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❑◆❲✾✾❪ ✇❛s ❜✉✐❧t
s✉❝❤ t❤❛t s❡✈❡r❛❧ ❞✐✛✉s✐♦♥ st❡♣s ❣✐✈❡♥ ❜② t❤❡ st❛❜✐❧✐t② ❝r✐t❡r✐❛✱ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤✐♥ t❤❡
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳ ❚❤❡ ♠❡t❤♦❞ ❝♦♥s✐❞❡r❡❞ t❤❡♥ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ st❛❜✐❧✐t②
❞✐✛✉s✐♦♥ t✐♠❡ s❝❛❧❡✱ ❛♥❞ ❛ ❙tr❛♥❣ s❝❤❡♠❡ ✇✐t❤ ❤❛❧❢ st❡♣ ✐♥t❡❣r❛t✐♦♥s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ ❛
❝❡♥t❡r❡❞ ❢✉❧❧ st❡♣ r❡❛❝t✐♦♥ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ✇❛s s♦❧✈❡❞ ❜② ❱❖❉❊✱ ✇❤❡r❡❛s
t❤❡ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ✇❡r❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ♠✉❧t✐✲st❡♣ ❆❞❛♠✲
❇❛s❤❢♦rt❤ s❝❤❡♠❡✳ ■♥ t❤✐s ✇❛②✱ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇❡❞ t❤❛t t❤❡ ♠❡t❤♦❞ ✇❛s ❣❧♦❜❛❧❧② ♦❢
♦r❞❡r 2 ❢♦r t❤❡ r❛♥❣❡ ♦❢ t✐♠❡ st❡♣s ❝♦♥s✐❞❡r❡❞ ✭❧❡ss t❤❛♥ 200 ♥s✮✱ ✇❤❡r❡ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s
✇❡r❡ s✉❣❣❡st❡❞ t♦ ❜❡ ❝❤♦s❡♥ ❛s ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ ✢♦✇✱ t♦ ❡♥s✉r❡
♥❡❣❧✐❣✐❜❧❡ s♣❧✐tt✐♥❣ ❡rr♦rs✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s✱ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ s♣❧✐tt✐♥❣ st❡♣ ✇❛s
❝♦♥s❡q✉❡♥t❧② ❝❤♦s❡♥ ❢♦r ✇❤✐❝❤ s❡✈❡r❛❧ ❞✐✛✉s✐♦♥ s✉❜st❡♣s ✇❡r❡ ❡✈❛❧✉❛t❡❞ ✭❢r♦♠ ✷ t♦ ✸✷✮✱ ❛s ✇❡❧❧
❛s ❞✐✛❡r❡♥t ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r t❤❡ st✐✛ s♦❧✈❡r✳ ❚❤❡ r❡s✉❧t✐♥❣ ❣❧♦❜❛❧ ❡rr♦r ♦❢ t❤❡ s❝❤❡♠❡ ✇❛s
t❤❡♥ ❞♦♠✐♥❛t❡❞ ❡✐t❤❡r ❜② t❤❡ st✐✛ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ s♣❧✐tt✐♥❣ ✭❛♥❞ ❞✐✛✉s✐♦♥✮ t✐♠❡ st❡♣s
❛♥❞ ❧❛r❣❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✱ ♦r ❜② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❡①♣❧✐❝✐t ✐♥t❡❣r❛t✐♦♥ ❢♦r ❧❛r❣❡r s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s✳ ■♥ t❤❡ ✜rst ❝❛s❡ ✇❤❡♥ t❤❡ ✐♠♣❧✐❝✐t ❡rr♦rs ✇❡r❡ ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣
s❡❝♦♥❞ ♦r❞❡r ❡rr♦rs✱ t❤❡ ❣❧♦❜❛❧ ♦r❞❡r ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❧✐❦❡❧② ❧♦✇❡r t❤❛♥ 2✳ ❚❤❡s❡ ❝♦♥❝❧✉s✐♦♥s
✇❡r❡ ❞r❛✇♥ ✐♥ ❬❑◆❲✾✾❪ ♦✉t ♦❢ ♥✉♠❡r✐❝❛❧ t❡sts ♣❡r❢♦r♠❡❞ ♦♥ ❛ s✐♠♣❧✐✜❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠✱ ❛♥❞ ♦♥ ❛ ✶❉ ♠❡t❤❛♥❡✲❛✐r ♣r❡♠✐①❡❞ ✢❛♠❡✳ ❆ ✷❉ ❝❛s❡ ✇❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❢♦r ❛ ❝♦✉♥t❡r
r♦t❛t✐♥❣ ✈♦rt❡① ♣❛✐r ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ t❤❡ ♣r❡♠✐①❡❞ ✢❛♠❡✱ ❢♦r ✇❤✐❝❤ ❜❡tt❡r ❡✣❝✐❡♥❝✐❡s ✇❡r❡
❢♦✉♥❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s ■▼❊❳ ❛♣♣r♦❛❝❤ ❬◆❲❑✾✽❪✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛r❣❡r
t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣s✳
❚❤❡ s❛♠❡ s♦❧✈❡r ✇❛s ❧❛t❡r ❡♥❤❛♥❝❡❞ ✐♥ ❬◆❑✵✺❪ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ❘❑❈ s❝❤❡♠❡
❬✈❞❍❙✽✵✱ ❱❡r✾✻❪ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ ❛♥ ❡①tr❛♣♦❧❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ✉s❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❏❛❝♦❜✐❛♥s ✇❛s ❛❧s♦ ❡✈❛❧✉❛t❡❞ ❢♦r t❤❡ st✐✛
✐♠♣❧✐❝✐t s♦❧✈❡r✳ ❚❤❡ ❘❑❈ s♦❧✈❡r ✇✐t❤ ❡①t❡♥❞❡❞ st❛❜✐❧✐t② ❞♦♠❛✐♥✱ ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✱
❛❧❧♦✇❡❞ ❧❛r❣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r t❤❡ s❛♠❡ ♣r❡✈✐♦✉s s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤❡ s❡❝♦♥❞ ♦r❞❡r

✶❙❡❡✱ ❡✳❣✳✱ ❬P❱✵✺❪ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✳
✷■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ✐♥ ❬◆❲❑✾✽✱ ❑◆❲✾✾❪ ❛ ❞❡t❛✐❧❡❞ st❛t❡ ♦❢ t❤❡ ❛rt ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s

❝♦♥s✐❞❡r❡❞ ❛t t❤❡ t✐♠❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts✳



❙❡❝t✳ ✶✵✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r ❈♦♠❜✉st✐♦♥ Pr♦❜❧❡♠s ✷✷✸

♦❢ t❤❡ s❝❤❡♠❡ ✇❛s s❤♦✇♥ t♦ ❜❡ ❝♦♥s❡r✈❡❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s r❛♥❣❡ ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✭t❤✐s
t✐♠❡ ❢♦r ❧❡ss t❤❛♥ 100 ♥s✮✱ ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❘❑❈ s❝❤❡♠❡ s❤♦✇❡❞ t♦
❦❡❡♣ t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ✐♥ t❡r♠s ♦❢ ❣❧♦❜❛❧ ❡rr♦rs✱ ❜✉t ✇✐t❤ ❧❛r❣❡r s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ✇❡r❡ ♦♥❝❡ ❛❣❛✐♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥♥❡r ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t s♦❧✈❡rs✱ ❛♥❞ t❤✉s t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs ✇❡r❡ s✉♣♣♦s❡❞
♥❡❣❧✐❣✐❜❧❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ st❡♣ ✇❛s ♥♦t ❡①♣❧✐❝✐t❧② ❞✐s❝✉ss❡❞✳ ■♥ ❛❧❧ t❤❡s❡
✇♦r❦s✱ t❤❡ r❡s❡❛r❝❤ ❡✛♦rt ✇❛s ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ❛♥❞
❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s✳ ❙t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❞✐✛✉s✐✈❡ t❡r♠s
❛r❡ ✉s✉❛❧❧② r❡❧❛t❡❞ t♦ ∆x−2✱ ❝♦♠♣❛r❡❞ ✇✐t❤ ∆x−1 ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ ♦♥❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡s❡
✇♦r❦s ❝♦♥s✐❞❡r❡❞ ❞❡t❛✐❧❡❞ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❞✐s♣❧❛② ♠✉❧t✐✲s❝❛❧❡ ❛♥❞ ♣♦t❡♥t✐❛❧❧② st✐✛
❢❡❛t✉r❡s ✭s❡❡✱ ❡✳❣✳✱ ❬●✐♦✾✾❪✮✳
❆♥ ✐♥t❡r❡st✐♥❣ st✉❞② ✐♥ ❬◆❑✵✺❪ ♦♥ s♣❧✐tt✐♥❣ ❡rr♦rs s❤♦✇❡❞ t❤❛t ❛ t✐♠❡ ❛❞❛♣t✐✈❡ st✐✛ s♦❧✈❡r
❡✛❡❝t✐✈❡❧② ❤❛♥❞❧❡s t❤❡ ✐♥✐t✐❛❧ ❢❛st tr❛♥s✐❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ r❡❛❝t✐✈❡ st❡♣ ❛❢t❡r t❤❡ ❞✐✛✉s✐♦♥
st❡♣ ❞✉❡ t♦ t❤❡ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡✱ ❛s ♣r❡✈✐♦✉s❧② r❡♣♦rt❡❞ ❛♥❞ tr❡❛t❡❞ ✐♥ ❬❱❇✈▲❙✾✻✱ ❙❱❞❩+✾✽✱
❱❙❇❍✾✾❪✳ ❲✐t❤ t❤❡s❡ r❡s✉❧ts✱ t❤❡s❡ ❛✉t❤♦rs ❥✉st✐✜❡❞ t❤❡✐r ❞✐✛✉s✐♦♥ ❡♥❞✐♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡
❜② ❛r❣✉✐♥❣ t❤❛t t❤❡ ❛❞❛♣t✐✈❡ st✐✛ s♦❧✈❡r s✉❝❝❡❡❞s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ❡✈❡♥
✇✐t❤ ✐♠♣♦rt❛♥t tr❛♥s✐❡♥t ♣❤❛s❡s✱ ❛❧t❤♦✉❣❤ t❤✐s ✇✐❧❧ ♥♦t ❜❡ t❤❡ ❝❛s❡ ❛❢t❡r t❤❡ s❡❝♦♥❞ ❛♥❞ ❧❛st
❞✐✛✉s✐♦♥ ❤❛❧❢ st❡♣✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❣❧♦❜❛❧ ❡rr♦rs ❛r❡ ♣✐❧♦t❡❞ ❜② t❤❡ ✐♥♥❡r t✐♠❡ ✐♥t❡❣r❛t♦rs ✐♥
t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ s♦ t❤❛t ✐t ❜❡❝♦♠❡s ♠♦r❡ ❞✐✣❝✉❧t t♦ r❡❧❛t❡ t❤✐s ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s
t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❬❙♣♦✵✵✱ ❉▼✵✹❪ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❢♦r ✇❤✐❝❤ t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s ✇❡r❡
❛ss✉♠❡❞ t♦ ❜❡ ❡①❛❝t❧② s♦❧✈❡❞✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ tr❛♥s✐❡♥ts ✐♠♣❧② ♥❛t✉r❛❧❧② ❛♥ ♦✈❡r❤❡❛❞ ✐♥ t❤❡
st✐✛ s♦❧✈❡rs ❛s r❡♣♦rt❡❞ ❛❧s♦ ✐♥ ❬❑◆❲✾✾❪✳ ❆s ✐♥ ❬❑◆❲✾✾❪✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥
s✉❜st❡♣s ❞❡✜♥❡s t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ❛♥❞ ❜♦t❤ t❤✐s ♥✉♠❜❡r ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s ♦❢ t❤❡
❘❑❈ s❝❤❡♠❡ ♥❡❡❞❡❞ t♦ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤❡ t✐♠❡ st❡♣♣✐♥❣ ❢❡❛t✉r❡s ♦❢ ❘❑❈ ✇✐t❤ ❡rr♦r
❝♦♥tr♦❧ ❬❙❙❱✾✼❪ ✇❡r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✳
▼♦r❡ r❡❝❡♥t❧② ✐♥ ❬❙P◆✵✻❜❪✱ ❙✐♥❣❡r ❡t ❛❧✳ ❝♦✉♣❧❡❞ t❤❡ ♣r❡✈✐♦✉s s♣❧✐tt✐♥❣ s❝❤❡♠❡ ♦❢ ❬◆❑✵✺❪ ✇✐t❤
■❙❆❚✱ ❛♥ ❛❞❛♣t✐✈❡ ❝❤❡♠✐str② t❛❜✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ❬P♦♣✾✼❪✱ t♦
❤❛♥❞❧❡ t❤❡ r❡❛❝t✐✈❡ t❡r♠s✳ ❚❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤✐s ❝♦✉♣❧✐♥❣ ✇❡r❡ ✜rst ❝♦♥❞✉❝t❡❞ ✐♥ ❬❙P✵✹❪✳
◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ t❤✉s ♣❡r❢♦r♠❡❞ ✐♥ ❬❙P◆✵✻❜❪ ✐♥ t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ❝♦♥t❡①t ♦❢
❬❑◆❲✾✾✱ ◆❑✵✺❪✱ t♦ ❛♥❛❧②③❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② ■❙❆❚ ❛♥❞ t♦ ✈❡r✐❢② t❤❡
s❡❝♦♥❞ ♦r❞❡r ♦❢ t❤❡ ♠❡t❤♦❞✳ ❙♣❧✐tt✐♥❣ t✐♠❡ st❡♣s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ s✉✣❝✐❡♥t❧② s♠❛❧❧
❛♥❞ t❤❡r❡❢♦r❡ ✇❡r❡ ♥♦t ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣❛♣❡r ❛s ✇❡❧❧ ❛s t❤❡ ♦r❞❡r r❡❞✉❝t✐♦♥ ❛♣♣r❡❝✐❛t❡❞
❢♦r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❧❛r❣❡r t❤❛♥ ∼ 200 ♥s✳ ❖r❞❡r r❡❞✉❝t✐♦♥s ✇❡r❡ ♣r❡✈✐♦✉s❧② r❡♣♦rt❡❞ ✐♥
❬●P▼❉✽✽✱ ❉▲✾✺❛✱ ❨P✾✽❪ ❢♦r ✢❛♠❡s ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str② ✐♥ ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡
♥✉♠❡r✐❝❛❧ str❛t❡❣② ♣r♦♣♦s❡❞ ✐♥ ❬❙P◆✵✻❜❪ s❤♦✇❡❞ t♦ ❜❡ ✈❡r② ♣❡r❢♦r♠✐♥❣✱ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❤②✲
❜r✐❞ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ❞✐str✐❜✉t❡❞ ❛♥❞ s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s t❤❛t ②✐❡❧❞
✐♠♣♦rt❛♥t s♣❡❡❞✲✉♣s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ❛s r❡♣♦rt❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥ ❬❙P◆✵✻❛❪✳ ❈♦♠♣❧❡♠❡♥✲
t❛r② st✉❞✐❡s ✐♥ ❬❘P✵✽❪ ✐♥tr♦❞✉❝❡❞ ❛❧t❡r♥❛t✐✈❡ t❡❝❤♥✐q✉❡s ❧✐❦❡ ♣r❡✈✐♦✉s❧② ✐♥ ❬◆❑✵✺❪✱ t♦ r❡❞✉❝❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ tr❛♥s♣♦rt s✉❜st❡♣s ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ✐♥ ♣r❛❝t✐❝❡ t❤❡ s❡❝♦♥❞ ♦r✲
❞❡r ❛❝❝✉r❛❝② ♦❢ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡✳

❆♥♦t❤❡r ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❛❧s♦ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡s t❤❛t ❝♦♥s✐❞❡rs ♦♣✲
❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❉❛② ✫ ❇❡❧❧ ✐♥ ❬❉❇✵✵❪✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s s❝❤❡♠❡
✐♥❝❧✉❞❡❞ s♦♠❡ s✐♠✐❧❛r ✐❞❡❛s t♦ t❤♦s❡ ♦❢ ❬◆❲❑✾✽✱ ❑◆❲✾✾❪✱ ✐t ❞✐✛❡rs ♠❛✐♥❧② ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥
♠❡t❤♦❞ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❝♦♠❜✐♥❡❞ ♠♦♠❡♥t✉♠ ❛♥❞ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s✱ ❛♥❞ t❤❛t t❤❡ ❆▼❘
t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❡r✽✷✱ ❇❖✽✹✱ ❇❇❙❲✾✹❪✱ ✇❛s ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
❝♦♥s✐❞❡r❡❞ ❛ ❙tr❛♥❣ s❝❤❡♠❡ ✇✐t❤ ❤❛❧❢ st❡♣s ♦❢ r❡❛❝t✐♦♥ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ❱❖❉❊ ❬❇❇❍✽✾❪✱ ❛♥❞ ❛
❝♦♠❜✐♥❡❞ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❝❡♥t❡r❡❞ ❢✉❧❧ st❡♣✳ ❚❤❡ ❧❛tt❡r st❡♣ ✐s s♦❧✈❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ♠❡s❤
❜② ❝♦♥s✐❞❡r✐♥❣ ❧♦❝❛❧ ❈❋▲ t✐♠❡ st❡♣s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣r✐❞ s✐③❡ ❛♥❞ ✇✐t❤ ❛ s❝❤❡♠❡ ❞❡✈❡❧♦♣❡❞



❙❡❝t✳ ✶✵✳✶ ✲ ❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣ ❢♦r ❈♦♠❜✉st✐♦♥ Pr♦❜❧❡♠s ✷✷✹

✐♥ ❬❆❇❈+✾✽✱ P❍❇+✾✽❪ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❆▼❘ t❡❝❤♥✐q✉❡s ❢♦r r❡❛❝t✐♥❣ ✢♦✇s✳ ◆✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts ✐♥ ❬❉❇✵✵❪ s❤♦✇❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢✱ ♦r ❝❧♦s❡ t♦ 2✱ ❜② ✉s✐♥❣ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s
❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ Pr❡♠✐① ❝♦❞❡ ❢r♦♠ t❤❡ ❈❤❡♠❦✐♥ ❧✐❜r❛r② ❬❑●▼+✾✽❪✳ ❋✉rt❤❡r ✈❛❧✐❞❛t✐♦♥s
✇❡r❡ ❝♦♥❞✉❝t❡❞ t❤r♦✉❣❤ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ♣❛rt✐❝✉❧❛r ♣❤②s✐❝❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧s ✉♥✲
❞❡r st✉❞②✳ ■♥ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s t❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ t❤❡ st✐✛ s♦❧✈❡r ✐s s❡t ❛s s♠❛❧❧
❛s ♣♦ss✐❜❧❡ ✭✐✳❡✳✱ 10−16 ✐♥ ❬❉❇✵✵❪✮✱ ❛♥❞ t❤❡ ❣❧♦❜❛❧ t✐♠❡ ❡✈♦❧✉t✐♦♥ st❡♣ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❧♦❝❛❧
t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ ❧♦❝❛❧ ❈❋▲ ❝♦♥❞✐t✐♦♥s r❛t❤❡r t❤❛♥ ❛❝❝✉r❛❝② ❬❇❉❆+✵✻❪✳ ❲✐t❤
t❤❡s❡ ❜❛s❡s✱ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❡r♠s ♦❢ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✲
✐♥❣ t❡❝❤♥✐q✉❡s ❧❡❞ t♦ t❤❡ ❡✛❡❝t✐✈❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✸❉ t✉r❜✉❧❡♥t ♣r❡♠✐①❡❞ ✢❛♠❡s ✇✐t❤ ❞❡t❛✐❧❡❞
❝❤❡♠✐str② ✭s❡❡✱ ❡✳❣✳✱ ❬❇❉●✵✷✱ ❇❉❆+✵✻❪✮ ❛♥❞ ♦✉tst❛♥❞✐♥❣ ❛❝❤✐❡✈❡♠❡♥ts ❢♦r ❧❛❜♦r❛t♦r②✲s❝❛❧❡ t✉r✲
❜✉❧❡♥t ✢❛♠❡s ✭s❡❡✱ ❡✳❣✳✱ ❬❇❉❙+✵✺✱ ❇❉●+✵✼❪✮✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ✸❉ t✉r❜✉❧❡♥t ✢❛♠❡ ✇✐t❤ ❝♦♠♣❧❡①
❝❤❡♠✐str② ✇❛s s✐♠✉❧❛t❡❞ ✐♥ ❬❇❉●+✵✼❪ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ [7.5, 5, 10] ✭❝♠✮ ♦✈❡r t❤r❡❡
❣r✐❞ ❧❡✈❡❧s✱ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ 480× 320× 640 ✐♥ t❤❡ ✜♥❡st ♠❡s❤✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ r❡♣r❡s❡♥t s♦♠❡ ❡①❛♠♣❧❡s ♦❢ s♣❧✐tt✐♥❣ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥s ❢♦r ❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ r❡✢❡❝t t❤❡ ✐♥t❡r❡st ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s t♦ ♦✈❡r❝♦♠❡
❝❧❛ss✐❝❛❧ r❡str✐❝t✐♦♥s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢
♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ❛♥❞ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦✉♣❧✐♥❣ ✇✐t❤ ♦t❤❡r t❡❝❤♥✐q✉❡s ❧✐❦❡
❝❤❡♠✐str② t❛❜✉❧❛t✐♦♥ ♦r ❣r✐❞ ❛❞❛♣t❛t✐♦♥ ♣r♦❝❡❞✉r❡s✱ ✇✐t❤ ✐♠♣♦rt❛♥t ❣❛✐♥s ♦❢ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r✲
♠❛♥❝❡ ❞✉❡ t♦ t❤❡ r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱ ❛♥❞ t❤✉s ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ ❧✐❜❡rt② ✇✐t❤
r❡s♣❡❝t t♦ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ■♥ t❤✐s ❝♦♥t❡①t ❛♥❞ ✇✐t❤ t❤✐s ❜❛❝❦❣r♦✉♥❞✱ t❤❡ ♣r❡s❡♥t
✇♦r❦ ❤❛s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❛ ♥❡✇ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠✱
t❤❛t ❢✉rt❤❡r ❞❡✈❡❧♦♣s ❛♥❞ ✐♥tr♦❞✉❝❡s s♦♠❡ ♥❡✇ ❡❧❡♠❡♥ts t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤✳
❈♦♠♣❛r❡❞ ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦s✱ t❤✐s s❝❤❡♠❡ ❝♦♥s✐❞❡rs ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✐♥ ✇❤✐❝❤ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❛r❡ ✉♥✐q✉❡❧② r❡❧❛t❡❞ t♦ t❤❡ s♣❧✐tt✐♥❣
❡rr♦rs✱ ❡✈❡♥ ❢♦r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ s❝❛❧❡s✱ ❜❛s❡❞ ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s ❝♦♥❞✉❝t❡❞ ♠❛✐♥❧②
✐♥ ❬❉▼✵✹✱ ❉❉▲▼✵✼❪✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ✐s t♦ ❞❡❝♦✉♣❧❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❜② ❝❤♦♦s✐♥❣
❤✐❣❤ ♦r❞❡r ❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ❢♦r t❤❡ s♣❧✐t s✉❜♣r♦❜❧❡♠s✱ ❛♥❞ t❤✉s t❤❡ ❣❧♦❜❛❧ ❡rr♦r ✐s ♠❛✐♥❧②
♣✐❧♦t❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♣❤❡✲
♥♦♠❡♥♦♥✳ ❚❤✐s ♥♦✈❡❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥
♣❛r❛♠❡t❡rs ❛♥❞ t♦ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞♦❧♦❣②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧
❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✇❤✐❝❤ ✇❡r❡
♦❢t❡♥ ♥♦t ❡①♣❧✐❝✐t❧② ❞❡t❛✐❧❡❞ ♦r ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❢❛st❡st ♥✉♠❡r✐❝❛❧ ♦r ♣❤②s✐❝❛❧ t✐♠❡ s❝❛❧❡ ✐♥
t❤❡ ❝❧❛ss✐❝❛❧ ❧✐t❡r❛t✉r❡✱ ❜❡❝♦♠❡ t❤❡ ❝♦r❡ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ❝❤♦✐❝❡ ♦❢
t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ s❡tt❧❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ②✐❡❧❞s ❛♥ ❡✛❡❝t✐✈❡
❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✇✐t❤ ✐♠♣♦rt❛♥t
❝♦♠♣✉t❛t✐♦♥❛❧ ❣❛✐♥s ❛s ✐❧❧✉str❛t❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❚❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ♠❛② ❜❡ ❝♦♥s✐❞✲
❡r❛❜❧② ❡❛s❡❞ ❜② t❤❡ ❞②♥❛♠✐❝ s♣❧✐tt✐♥❣ ❡rr♦r ❝♦♥tr♦❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ ✇❤✐❝❤ ❡①t❡♥❞
t❤❡ ♣r❡✈✐♦✉s str❛t❡❣② ✇✐t❤ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❛s ✐♥ t❤❡ r❡❢❡rr❡❞ ❧✐t❡r❛t✉r❡✱ t♦ ❛ ♠♦r❡
❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♣♦t❡♥t✐❛❧❧② ❣✐✈❡♥ ❜② ❤✐❣❤❧② ✉♥st❡❛❞② ♣❤②s✐❝s✳ ❲✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ❝r✐t❡r✐❛
✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ❢✉rt❤❡r ❞❡❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs
❛♥❞ t❤❡ s♣❛t✐❛❧ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝✲
❝♦✉♥t t❤❛t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡s ❬❍❛r✾✺✱ ❈❑▼P✵✸✱ ▼ü❧✵✸❪
♦✛❡rs ❛ ❜❡tt❡r q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦rs✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✐♠♣❧❡♠❡♥t t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❧❛♠✲
✐♥❛r ✢❛♠❡s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✈♦rt✐❝❡s ✐♥ ❛ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤✳ ❚❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s
✇❡r❡ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ❝♦♠❜✉st✐♦♥ ❞♦♠❛✐♥ t♦ ❞❡s❝r✐❜❡ ❛♥❞ t♦ st✉❞② s❡✈❡r❛❧ ♣❤❡♥♦♠✲
❡♥❛ ✭s❡❡✱ ❡✳❣✳✱ ❬❘❚❘❈✵✵❪✮✱ ❛♥❞ ❡✈❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✭s❡❡✱ ❡✳❣✳✱ ❬❚❘❘+✾✻✱



❙❡❝t✳ ✶✵✳✷ ✲ ▲❛♠✐♥❛r ❋❧❛♠❡s ❈♦✉♣❧❡❞ ✇✐t❤ ❱♦rt❡① ❙tr✉❝t✉r❡s ✷✷✺

❘❘❚❈✾✾❪✮✳ ❚❤❡ ✜rst ✷❉✴✸❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❢♦r ❝♦♠❜✉st✐♦♥ ♣r♦❜✲
❧❡♠s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❘♦✉ss❡❧ ❡t ❛❧✳ ✐♥ ❬❘❙✵✷✱ ❘❙✵✺❜✱ ❘❙✵✻❪✱ ❛❧s♦ ✐♥ ❛ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣✲
♣r♦❛❝❤ ✇✐t❤ st❛♥❞❛r❞ ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs✳

✶✵✳✷ ▲❛♠✐♥❛r ❋❧❛♠❡s ❈♦✉♣❧❡❞ ✇✐t❤ ❱♦rt❡① ❙tr✉❝t✉r❡s

■♥ t❤✐s st✉❞②✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ❛♥❞ ♣r❡♠✐①❡❞ ✢❛♠❡s
✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✈♦rt❡① str✉❝t✉r❡s✳ ❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤✐s ♣❛rt t❤❡ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r
❧❛♠✐♥❛r ✢❛♠❡s✳ ■♥ ❛ ✜rst st❡♣ ❛♥❞ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ❝❤❡♠✐str② ✐s ♠♦❞❡❧❡❞ ❜② ❛
❣❧♦❜❛❧✱ s✐♥❣❧❡ st❡♣✱ ✐rr❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥ ❣✐✈❡♥ ❜②

νFF + νOO→ νPP, ✭✶✵✳✶✮

✇❤❡r❡ νk, k = F,O,P✱ st❛♥❞ ❢♦r t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❢✉❡❧ F✱ t❤❡ ♦①✐❞✐③❡r
O✱ ❛♥❞ t❤❡ ❝♦♠❜✉st✐♦♥ ♣r♦❞✉❝ts P✳ ❚❤❡ ❧❛tt❡r r❡❛❝t✐♦♥ ✐s ✉s✉❛❧❧② ♠♦❞❡❧❡❞ ❜② ❛♥ ❆rr❤❡♥✐✉s
❧❛✇ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ♠♦❞❡❧✐♥❣
❛ss✉♠♣t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t t❤✐s st✉❞②✿

✶✳ ▼❛ss ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t✐❡s ♦❢ ❝❤❡♠✐❝❛❧ s♣❡❝✐❡s ❛r❡ ❡①♣r❡ss❡❞ ❜② ❋✐❝❦✬s ❧❛✇✳

✷✳ ❚❤❡r♠❛❧ ❞✐✛✉s✐♦♥ ♦❢ s♣❡❝✐❡s ✭❙♦r❡t✲❉✉❢♦✉r ❡✛❡❝t✮ ✐s ♥❡❣❧❡❝t❡❞✳

✸✳ ❉✐✛❡r❡♥t s♣❡❝✐❡s ❤❛✈❡ ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐①✲
t✉r❡✱ ♥♦t❡❞ D✳

✹✳ ❈♦♥st❛♥t ♣r❡ss✉r❡ s♣❡❝✐✜❝ ❤❡❛ts ♦❢ ❛❧❧ s♣❡❝✐❡s ❛r❡ ❝♦♥st❛♥t ❛♥❞ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ s❛♠❡
✈❛❧✉❡ cp✳

✺✳ ▲❡✇✐s ♥✉♠❜❡rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❧❧ s♣❡❝✐❡s ❛r❡ ❡q✉❛❧ t♦ 1✳

✻✳ ❚❤❡ r❛t❡ ♦❢ ♣r❡ss✉r❡ ❝❤❛♥❣❡ ✐♥ t✐♠❡ ✐s ♥❡❣❧✐❣✐❜❧❡✳

✼✳ ❉❡♥s✐t② ✈❛r✐❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❤❡♠✐❝❛❧ ❤❡❛t r❡❧❡❛s❡ ❛r❡ ♥❡❣❧❡❝t❡❞✳

❚❤❡ ❛ss✉♠♣t✐♦♥ ✼ ✐s ❝♦♠♠♦♥❧② ❦♥♦✇♥ ❛s t❤❡ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤ ✐♥ ❧❛♠✐♥❛r ✢❛♠❡ t❤❡♦r②✳
■♥ ♣r❛❝t✐❝❡✱ t❤✐s ❝♦♥st❛♥t✲❞❡♥s✐t② ❝❤❛r❛❝t❡r ❞❡❝♦✉♣❧❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ t❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ s♣❡❝✐❡s ♠❛ss ❢r❛❝t✐♦♥s ❛♥❞ t❡♠♣❡r❛t✉r❡✳ ❑♥♦✇♥ s♦❧✉t✐♦♥s ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ♠❛② t❤❡♥ ❜❡ ✐♠♣♦s❡❞✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦ s♦❧✈✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ s♣❡❝✐❡s ❛♥❞ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✿

∂tYF + v · ∂xYF −D∂2xYF = −νFWF

ρ
ẇ,

∂tYO + v · ∂xYO −D∂2xYO = −νOWO

ρ
ẇ,

∂tYP + v · ∂xYP −D∂2xYP =
νPWP

ρ
ẇ,

∂tT + v · ∂xT −D∂2xT =
νFWFQ

ρcp
ẇ,





✭✶✵✳✷✮

x ∈ ❘d✱ ✇❤❡r❡ Wk ✐s t❤❡ ♠♦❧❛r ♠❛ss✱ ❛♥❞ Yk t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛ss ❢r❛❝t✐♦♥ ❢♦r k = F,O,P✳
❱❛r✐❛❜❧❡ T ❛❝❝♦✉♥ts ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ♦❢ ♣r♦❣r❡ss ẇ ✐s r❡❧❛t❡❞ t♦ t❤❡
r❛t❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❢✉❡❧ ẇF✱ ♦①✐❞✐③❡r ẇO✱ ❛♥❞ ♣r♦❞✉❝ts ẇP ❜②

ẇ = − ẇF

νF
= − ẇO

νO
=
ẇP

νP
. ✭✶✵✳✸✮



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✷✻

❚❤❡ ❤❡❛t r❡❧❡❛s❡ ♣❡r ✉♥✐t ♠❛ss ♦❢ ❢✉❡❧ Q ✐s ❞❡✜♥❡❞ ❜②

Q = hF +
νOWO

νFWF
hO −

νPWP

νFWF
hP, ✭✶✵✳✹✮

✇❤❡r❡ hk✱ k = F,O,P✱ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❡❝✐❡s ❡♥t❤❛❧♣②✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛❧s♦ ❛ ♥♦♥✲r❡❛❝t✐♥❣
❞✐❧✉❡♥t✱ ♥♦t❡❞ ❜② ✐♥❞❡① N✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ✭✶✵✳✷✮✿

∂tYN + v · ∂xYN −D∂2xYN = 0. ✭✶✵✳✺✮

■♥ ❛♥② ❝❛s❡✱ ♠❛ss ❢r❛❝t✐♦♥s ✈❡r✐❢② ❜② ❞❡✜♥✐t✐♦♥

YF + YO + YP + YN = 1. ✭✶✵✳✻✮

■♥ t❤❡ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ v(x, t) ✐s ✉s✉❛❧❧② ❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧②
❛♥❞ ✐♠♣♦s❡❞ ✐♥t♦ ✭✶✵✳✷✮✳ ❚❤r♦✉❣❤♦✉t t❤✐s st✉❞②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✷❉ ✈♦rt❡① ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤
❢❡❛t✉r❡s ❛♥ ❛③✐♠✉t❤❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❢♦r♠✿

vθ(r, t) =
Γ

2πr

(
1− e−r

2/4νt
)
, ✭✶✵✳✼✮

✇❤❡r❡ Γ ❞❡♥♦t❡s t❤❡ ✈♦rt❡① ❝✐r❝✉❧❛t✐♦♥❀ r(x, y)✱ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ✈♦rt❡① ❝❡♥t❡r❀ ❛♥❞ ν✱
t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✳ ❚❤✐s ✈❡❧♦❝✐t② ✜❡❧❞ ❤❛s ❛ ✈✐s❝♦✉s ❝♦r❡ ✇✐t❤ ❛ t②♣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢
Rν ≈ (νt)1/2✳ ■♥s✐❞❡ t❤❡ ❝♦r❡ t❤❡ ✈❡❧♦❝✐t② ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ r❛❞✐✉s✱ ❛♥❞ t❤❡ ✢✉✐❞
r♦t❛t❡s ❧✐❦❡ ❛ s♦❧✐❞ ❜♦❞②✿

vθ(r, t) ≈
Γr

8πνt
, r < Rν . ✭✶✵✳✽✮

❆ ❢❛st ❞❡❝❛② ♦❝❝✉rs ✐♠♠❡❞✐❛t❡❧② ♦✉ts✐❞❡ t❤❡ ❝♦r❡✱ ✇❤❡r❡❛s ❛t ❧❛r❣❡ ❞✐st❛♥❝❡s t❤❡ ✢♦✇ ❛♣✲
♣r♦❛❝❤❡s t❤❛t ♦❢ ❛♥ ✐❞❡❛❧ ❧✐♥❡ ✢♦✇✿

vθ(r, t) ≈
Γ

2πr
, r ≫ Rν . ✭✶✵✳✾✮

✶✵✳✸ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡

❋♦r t❤❡ ♣r❡✈✐♦✉s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠ ❣✐✈❡♥ ❜② ✭✶✵✳✷✮✱ ✇❡ ✐♠♣❧❡♠❡♥t t❤❡ ▼❘✴
s♣❧✐tt✐♥❣ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ❝♦♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ✐♥❞❡♣❡♥❞❡♥t❧② ❝♦♥s✐❞❡r ❤✐❣❤ ♦r❞❡r
❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ❢♦r ❡❛❝❤ s✉❜s②st❡♠ t♦ ❤❛♥❞❧❡ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧✴♥✉♠❡r✐❝❛❧ s❝❛❧❡s ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♥❡✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s t❤❡♥ r❡❝♦♥str✉❝t❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ t❤❛t ❞❡❝♦✉♣❧❡s
t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s
②✐❡❧❞s ❛❞❛♣t✐✈❡ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥s ✇✐t❤ ✐♠♣♦rt❛♥t ❣❛✐♥s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡✳
❆ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ s❝❤❡♠❡ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✵✳✷✮✿

S∆tU0 = R∆t/2D∆t/2C∆tD∆t/2R∆t/2U0, ✭✶✵✳✶✵✮

✇✐t❤ U = (YF, YO, YP, YN, T )
T ✱ ❛♥❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✳ ❚❤❡ ♦♣❡r❛t♦rsR✱ D✱ ❛♥❞ C ✐♥❞✐❝❛t❡✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤❡
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❜②

∆tnew = υ∆t

√
η∥∥S∆tU0 − S̃∆tU0

∥∥ , ✭✶✵✳✶✶✮



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✷✼

✇❤❡r❡ S̃∆t st❛♥❞s ❢♦r t❤❡ ❡♠❜❡❞❞❡❞ ❛♥❞ ❧♦✇❡r ♦r❞❡r ❙tr❛♥❣ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✱ ✐♥tr♦❞✉❝❡❞ ✐♥
❈❤❛♣t❡r ✺✳
❚❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❛r❡ s♦❧✈❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❜② t❤❡ ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹
s♦❧✈❡rs ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❆♥ ❡①♣❧✐❝✐t ❤✐❣❤ ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ♦♥❡✲st❡♣ ♠♦♥♦✲
t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡✱ ❖❙▼P✱ ❞❡✈❡❧♦♣❡❞ ❜② ❉❛r✉ ✫ ❚❡♥❛✉❞ ✐♥ ❬❉❚✵✹❪✱ ✐s ✐♠♣❧❡♠❡♥t❡❞
❛s ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡✳ ■t ❝♦♠❜✐♥❡s ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ ❝♦♥str❛✐♥ts ❢♦r ♥♦♥✲♠♦♥♦t♦♥❡ ❞❛t❛
t♦ ❛✈♦✐❞ ❡①tr❡♠❛ ❝❧✐♣♣✐♥❣✱ ✇✐t❤ ❚❱❉ ❢❡❛t✉r❡s t♦ ♣r❡✈❡♥t s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ❛r♦✉♥❞ ❞✐s❝♦♥✲
t✐♥✉✐t✐❡s ♦r s❤❛r♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❈♦♥s✐❞❡r✐♥❣ ✐ts ❡①♣❧✐❝✐t ❝❤❛r❛❝t❡r✱ st❛♥❞❛r❞ ❈❋▲ st❛❜✐❧✐t②
r❡str✐❝t✐♦♥s ❛r❡ ✐♠♣♦s❡❞ ✇✐t❤✐♥ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✳ ■♥ t❤✐s ✇❛②✱ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣✲
♣✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ❛❧❧ t❤r❡❡ ♦♣❡r❛t♦rs ✐♥ ✭✶✵✳✶✵✮ ✇✐t❤✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣s✳ ❆❧t❤♦✉❣❤ t❤✐s ❞②♥❛♠✐❝ st❡♣ s✐③❡ s❡❧❡❝t✐♦♥ ✐s ♠❛❞❡ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r✲
❛♥❝❡ ❢♦r ❘❛❞❛✉✺ ❛♥❞ ❘❖❈❑✹✱ t❤✐s ✐s ♥♦t ❝✉rr❡♥t❧② t❤❡ ❝❛s❡ ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡ ❢♦r ✇❤✐❝❤
t✐♠❡ st❡♣♣✐♥❣ ✐s ❞♦♥❡ ❜❛s❡❞ ♦♥ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts✳ ❆s ♣r❡✈✐♦✉s❧② st❛t❡❞ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ✐♥
♣r❡✈✐♦✉s ✇♦r❦s ✭s❡❡✱ ❡✳❣✳✱ ❬◆❑✵✺❪✮✱ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✸✳ ❲❡ ❤❛✈❡ t❤✉s ❡①t❡♥❞❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② t♦ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ♠❛✐♥ ❝♦♥str❛✐♥t ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐s ❣✐✈❡♥ ❜②
t❤❡ s♠❛❧❧ t✐♠❡ st❡♣s r❡s✉❧t✐♥❣ ❢r♦♠ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s r❡❧❛t❡❞ t♦ q✉✐t❡ ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛✲
t✐♦♥s✳ ❆ ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡ t❤❛t ❣✉❛r❛♥t❡❡s ❛t ❧❡❛st s❡❝♦♥❞ ♦r❞❡r s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞✱ s✉❝❤
t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡
✐♥ ❢r♦♥t ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ t✐♠❡
st❡♣s✹✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ❖❙▼P s❝❤❡♠❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
str❛t❡❣②✱ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✵✳✸✳✶ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❈♦♥✈❡❝t✐♦♥

❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐ss✉❡❞ ❢r♦♠ t❤❡ t✐♠❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
s❝❤❡♠❡✿

∂tUC + ∂x ·G(UC) = 0, x ∈ ❘d, t > 0, ✭✶✵✳✶✷✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ UC(0, ·) = U0(·)✱ ✇❤❡r❡ UC : ❘ × ❘d → ❘m✱ U0 ∈ ❘m✱ ❛♥❞ G(UC) =
(Gi(UC))i=1,...,d ✇✐t❤ Gi : ❘m → ❘m✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❛ ❣❡♥❡r❛❧ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥
♦❢ ♣r♦❜❧❡♠ ✭✶✵✳✶✷✮ ✐s ✉s✉❛❧❧② ❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ❛♥ ❡①♣❧✐❝✐t t✐♠❡
✐♥t❡❣r❛t✐♦♥ ✐s ♣r❡❢❡rr❡❞✳ ▼♦r❡♦✈❡r✱ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❛r❡ ✉s✉❛❧❧② ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ♠❛♥②
♣❡r❢♦r♠✐♥❣ ❛♥❞ ❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ❡①✐st ✭s❡❡✱ ❡✳❣✳✱ ❬▲❡❱✾✷✱ ▲❡❱✵✷❪✮✳ ❆ r❡✈✐❡✇ ❛♥❞ ❝♦♠♣❛r✐s♦♥
♦❢ ❞✐✛❡r❡♥t s❝❤❡♠❡s ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❉❚✵✶✱ ▲❲✵✸❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❝♦♠♠♦♥
❞r❛✇❜❛❝❦ ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ✐s t❤❛t t❤❡ s♣❡❝✐✜❝ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts✱ ❞❡❞✉❝❡❞
✉s✉❛❧❧② ❢♦r ✶❉ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❜❡❝♦♠❡ ♦❢t❡♥ ❞✐✣❝✉❧t t♦ ❡①t❡♥❞ t♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✱
❛♥❞ r❡q✉✐r❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❞❡✈❡❧♦♣♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❝♦✉♣❧❡❞ ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ s❝❤❡♠❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ♦♥❡ ✇❛② t♦ ❦❡❡♣ t❤❡ ♦r✐❣✐♥❛❧ ✶❉ s❝❤❡♠❡s ✇✐t❤ ♦❢t❡♥
✐♠♣♦rt❛♥t ❣❛✐♥s ✐♥ ❡✣❝✐❡♥❝②✱ ❝♦♥s✐❞❡rs ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✭s❡❡✱ ❡✳❣✳✱ ❬❍❱✵✸❪✮✳
❲❡ ❞❡✜♥❡ t❤❡♥ t❤❡ t✐♠❡ ♦♣❡r❛t♦rs Ctx✱ Cty✱ ❛♥❞ Ctz ❛ss♦❝✐❛t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥s
❛t s♦♠❡ t✐♠❡ t ♦❢ t❤❡ ✶❉ ♣r♦❜❧❡♠s✿

∂tUC + ∂xG1(UC) = 0,

∂tUC + ∂yG2(UC) = 0,

∂tUC + ∂zG3(UC) = 0,





✭✶✵✳✶✸✮

✸■♥ ❈❤❛♣t❡r ✷ ✇❡ ❤❛✈❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ♣♦t❡♥t✐❛❧❧② s✉✐t❛❜❧❡ ❢♦r r❡❛❝t✐♦♥ ♦r ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ P❉❊s✳

✹❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤❡ ❝♦♥✈❡❝t✐✈❡ t✐♠❡ st❡♣ ✐s ❛t ♠♦st ❡q✉❛❧ t♦ ❤❛❧❢ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✳



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✷✽

✐ss✉❡❞ ❢r♦♠ ✭✶✵✳✶✷✮ ❢♦r t❤❡ x✲✱ y✲ ❛♥❞✱ z✲❞✐r❡❝t✐♦♥✳ ❆ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥✱ ❢♦r
✐♥st❛♥❝❡✱ ❜②

C∆tCU0 = C∆tCz C∆tCy C∆tCx U0; ✭✶✵✳✶✹✮

✇❤❡r❡❛s ❛ ♠♦r❡ s✉✐t❛❜❧❡ s②♠♠❡tr✐❝ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ s❝❤❡♠❡ ❬❙tr✻✽❪ ❝♦♥s✐❞❡rs✱ ❢♦r ❡①❛♠♣❧❡✱

C∆tCU0 = C∆tC/2x C∆tC/2y C∆tCz C∆tC/2y C∆tC/2x U0, ✭✶✵✳✶✺✮

✇❤❡r❡ t❤❡ ❝♦♥✈❡❝t✐♦♥ st❡♣s∆tC ❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳
❙✐♥❝❡ t❤❡ ❧❛tt❡r ❝♦♥str❛✐♥ts t❛❦❡ ✉s✉❛❧❧② ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ st❡♣s ❛s ✐♥ t❤❡
st❛♥❞❛r❞ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✵✳✸✵✮ ✭♣r♦♣♦rt✐♦♥❛❧ t♦ ∆x−1✮✱ ❛ ❜❡tt❡r s♦❧✉t✐♦♥ ❝♦♥s✐❞❡rs

C2∆tCU0 = C∆tCx C∆tCy C∆tCz C∆tCz C∆tCy C∆tCx U0, ✭✶✵✳✶✻✮

✐♥st❡❛❞ ♦❢ ✭✶✵✳✶✺✮ t♦ ❜❡tt❡r ❡♥s✉r❡ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ ✐♥ ❛❧❧ t❤r❡❡ ❞✐r❡❝t✐♦♥s ❛♥❞ t♦
♣r❡s❡r✈❡ t❤✉s t❤❡ ✐s♦tr♦♣② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭s❡❡ ❛❧s♦ ❬❞❈✵✾❪✮✳ ❋✉rt❤❡r♠♦r❡✱ ❛t ❡❛❝❤ t✐♠❡
st❡♣ ∆tC ✇❡ ♥❡❡❞ t♦ ♣❡r❢♦r♠ t❤r❡❡ st❡♣s ✐♥ ✭✶✵✳✶✻✮ t♦ ❛❞✈❛♥❝❡ t❤❡ s♦❧✉t✐♦♥ ✐♥st❡❛❞ ♦❢ ✜✈❡ ✐♥
✭✶✵✳✶✺✮✱ ✇✐t❤ ❛ ♣♦ss✐❜❧② ❜❡tt❡r ❡✣❝✐❡♥❝② ♦❢ t❤❡ s❝❤❡♠❡✳
❋♦r t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮✱ t❤❡ ♦♣❡r❛t♦r C ✐s t❤❡♥ ❣✐✈❡♥ ❜②

C∆t =
IC∏

i=1

C2∆tC,i , ✭✶✵✳✶✼✮

❢♦r 2IC ❝♦♥✈❡❝t✐♦♥ st❡♣s ∆tC,i ✇✐t❤✐♥ t❤❡ ❣❧♦❜❛❧ s♣❧✐tt✐♥❣ st❡♣ ∆t✱ ❛♥❞ ✭✶✵✳✶✻✮✿

C2∆tC,iU0 = C∆tC,i
x C∆tC,i

y C∆tC,i
z C∆tC,i

z C∆tC,i
y C∆tC,i

x U0. ✭✶✵✳✶✽✮

❚❤❡ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ st❡♣ ∆tC,i ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♣♦✐♥ts ♦✈❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱
❛♥❞ ✐t ✐s ❝♦♠♣✉t❡❞ s✉❝❤ t❤❛t

∆tC,i = min

(
∆tmax

C,i ,
∆t

2
−

i−1∑

i′=1

∆tC,i′

)
, ✭✶✵✳✶✾✮

✇❤❡r❡ ∆tmax
C,i ✐s t❤❡ ❝✉rr❡♥t ♠❛①✐♠✉♠ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣ ✇✐t❤✐♥ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡

♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❚❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡ ✐s ❣❡♥❡r❛❧ ❛♥❞ r❡♠❛✐♥s ✈❛❧✐❞ ❢♦r ❛♥② ❝♦♥✈❡❝t✐✈❡
s❝❤❡♠❡ ❛♥❞ ❢♦r ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r tr❛♥s♣♦rt ♣r♦❜❧❡♠s✱ ✇✐t❤ t✐♠❡✲ ❛♥❞ s♣❛❝❡✲✈❛r②✐♥❣
tr❛♥s♣♦rt ✈❡❧♦❝✐t✐❡s✳
❙♦♠❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ ❛ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❛r❡ ✐ts ❡❛s② ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ❛♥❞ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥s t♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱
st❛❜✐❧✐t② r❡str✐❝t✐♦♥s ✐♥ ✶❉ ❛r❡ ✉s✉❛❧❧② ❧❡ss r❡str✐❝t✐✈❡ t❤❛♥ ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛✲
t✐♦♥s✱ ✐✳❡✳✱maxi∈[1,d] κi ≤ C ✐♥st❡❛❞ ♦❢

∑d
i=1 κi ≤ C✳ ❯s✉❛❧❧②✱ t❤❡r❡ ❛r❡ ❛❧s♦ ❢❡✇❡r ✢✉① ❡✈❛❧✲

✉❛t✐♦♥s t♦ ❝♦♠♣✉t❡✱ ✇❤❡r❡❛s t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡ s❡tt❧❡❞ ❜② ❛ ✶❉ ❝♦♥✜❣✉r❛t✐♦♥✱
❝♦♥s✐❞❡r❛❜❧② ❧♦✇❡r t❤❛♥ t❤♦s❡ ❢♦r ❢✉❧❧② ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ s❝❤❡♠❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❛✐♥ ❞✐s✲
❛❞✈❛♥t❛❣❡s r❡❧❛t❡❞ t♦ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ❛r❡ t❤❛t ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ✉♥str✉❝t✉r❡❞ ♠❡s❤✱
❛♥❞ t❤❛t ✐t ✐s ✉s✉❛❧❧② ❧✐♠✐t❡❞ t♦ ❧♦✇ ♦r❞❡r s❝❤❡♠❡s✳ ❆♥♦t❤❡r ✐♥❝♦♥✈❡♥✐❡♥❝❡ ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r
❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❉✐♠❡♥s✐♦♥❛❧ ❙♣❧✐tt✐♥❣ ❛♥❞ ❉✐✈❡r❣❡♥❝❡ ❋r❡❡ ❱❡❧♦❝✐t② ❋✐❡❧❞s

❋♦r ♠♦st ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♠♦❞❡❧s t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦ ✭❛♥❞ t❤❡ ♦♥❡s ✇❡
✇♦✉❧❞ ❧✐❦❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤❡ ❢✉t✉r❡✮✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣❛rt ✐s ✐♥ ❛ ❣❡♥❡r❛❧ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ❧✐❦❡



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✷✾

✐♥ ✭✶✵✳✶✷✮✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❡✐t❤❡r ❛ ✈❛r✐❛❜❧❡ t♦ s♦❧✈❡ s✉❝❤ ❛s ✐♥ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲
❙t♦❦❡s ♦r ❊✉❧❡r ❡q✉❛t✐♦♥s✱ ♦r ❛ ❢✉♥❝t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s s✉❝❤ ❛s ✐♥ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s
♠♦❞❡❧✐♥❣ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✇✐❧❧ ❜❡ ❛ ♣❡r❢♦r♠✐♥❣
t♦♦❧ ❢♦r str✉❝t✉r❡❞ ♠❡s❤❡s ✐❢ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s
t❤❛t ❡♥s✉r❡s ❛♥ ❛❞❡q✉❛t❡ tr❡❛t♠❡♥t ♦❢ st❡❡♣ ❣r❛❞✐❡♥ts✱ ❡✈❡♥ s❤♦❝❦s✱ s✉❝❤ ❛s t❤❡ ❖❙▼P s❝❤❡♠❡
❬❉❚✵✹❪✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❞❡❝♦✉♣❧❡❞ ✈❡❧♦❝✐t②
✜❡❧❞ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♠♣♦s❡❞ ❛♥❞ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤✳
❚❤❡ s❝❛❧❛r ✜❡❧❞s ❣✐✈❡♥ ❜② t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ s♣❡❝✐❡s ♠❛ss ❢r❛❝t✐♦♥s ✇✐❧❧ ❜❡ tr❛♥s♣♦rt❡❞ ❜②
s✉❝❤ ❛ ✈❡❧♦❝✐t② ✜❡❧❞ ❛❧♦♥❣ t❤❡ ✢✉✐❞ ♣❛rt✐❝❧❡s ✐♥ ✭✶✵✳✷✮✳ ❍❡♥❝❡✱ t❤❡ r❡❧❡✈❛♥t ♠♦❞❡❧ ✐s ♥❛t✉r❛❧❧②
✐♥ ❛ r❛t❤❡r ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ✇✐t❤ ❛ ✈❡❧♦❝✐t② ✜❡❧❞ t❤❛t ♣r❡s❡r✈❡s t❤❡ ♠❡❛s✉r❡ ❛s ✇❡❧❧ ❛s
❝♦♥st❛♥t t❡♠♣❡r❛t✉r❡✴s♣❡❝✐❡s ✜❡❧❞s✳
◆❡✈❡rt❤❡❧❡ss✱ s✐♥❝❡ ✇❡ ✇❛♥t t♦ ❤❛✈❡ ❛ ❣❡♥❡r✐❝ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ s✉❜♣r♦❜❧❡♠✱ ✇❡
✇✐❧❧ r❡❝❛st t❤❡ ❝♦♥✈❡❝t✐✈❡ s②st❡♠ ✐♥t♦ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠✳ ❆ ❝♦♠♠♦♥ ♣r♦❜❧❡♠ t❤❛t ❛r✐s❡
✇❤❡♥ ✉s✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✐s t❤❛t s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ♠❛② ✐♥tr♦❞✉❝❡ s♦♠❡ ✉♥✇❛♥t❡❞
s♣❛t✐❛❧ ❞❡❢♦r♠❛t✐♦♥s ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ❧✐❦❡
✭✶✵✳✶✷✮✱ ✇✐t❤ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❧♦❝✐t② ✜❡❧❞s✳ ❚❤❡s❡ ✐ss✉❡s ❛r❡ ❞✐s❝✉ss❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ✐♥
❬❍❱✵✸❪❀ t❤❡② ✇❡r❡ ♦r✐❣✐♥❛❧❧② ♥♦t✐❝❡❞ ✐♥ ❬❇♦t✾✷❪ ❛♥❞ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬▲▲▼✾✻❪✳ ❆ s✐♠♣❧❡
❡①❛♠♣❧❡ ✐s t❤❡ ❝❛s❡ ♦❢ s♣❛t✐❛❧❧② ❝♦♥st❛♥t s♦❧✉t✐♦♥s tr❛♥s♣♦rt❡❞ ❜② ❛ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❧♦❝✐t②
✜❡❧❞✳ ■♥ ♦r❞❡r t♦ ❜❡tt❡r ✐❧❧✉str❛t❡ t❤✐s✱ ❧❡t ✉s ❝♦♥s✐❞❡r ♦♥❡ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣r♦❜❧❡♠s ❝♦♠✐♥❣
❢r♦♠ ✭✶✵✳✷✮✿

∂tT + v · ∂xT = 0. ✭✶✵✳✷✵✮

❲❡ s✇✐t❝❤ t♦ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✺

∂tT + ∂x · (vT ) = 0, ✭✶✵✳✷✶✮

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❜♦t❤ r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t ❛s ❧♦♥❣ ❛s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ v ✐s
❞✐✈❡r❣❡♥❝❡ ❢r❡❡✿

∂x · v = 0. ✭✶✵✳✷✷✮

❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ✷❉ ✈❡❧♦❝✐t② ✜❡❧❞ ❣✐✈❡♥ ❜② ✭✶✵✳✼✮✱ ✇❤✐❝❤ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ♠♦t✐✈❛t❡❞
t❤✐s s❤♦rt ❛♥❞ ❝♦♠♣❧❡♠❡♥t❛r② st✉❞②✳
■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ s♣❛t✐❛❧❧② ❝♦♥st❛♥t T (x) = T ⋆✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡✲
❣r❛t✐♦♥ ♦❢ ✭✶✵✳✷✶✮ s❤♦✉❧❞ ♥❛t✉r❛❧❧② ②✐❡❧❞ T (x, t) = T ⋆ ❛❢t❡r ❛♥② t✐♠❡ t✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✇✐❧❧
♥♦t ❜❡ ♥❡❝❡ss❛r✐❧② t❤❡ ❝❛s❡ ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ t❤❛t ✐♥❞❡♣❡♥❞❡♥t❧② ❝♦♥s✐❞❡rs
♣r♦❜❧❡♠s✿

∂tT + ∂x(vxT ) = 0,

∂tT + ∂y(vyT ) = 0,

∂tT + ∂z(vzT ) = 0,





✭✶✵✳✷✸✮

✉♥❧❡ss
∂xvx = ∂yvy = ∂zvz = 0. ✭✶✵✳✷✹✮

❚❤❡ r❡s✉❧t✐♥❣ ✈❛r✐❛t✐♦♥s ❛r❡ t❤✉s ❛rt✐✜❝✐❛❧ ❛♥❞ ♠❛② ❧♦♦❦ ❛s s♣❛t✐❛❧ ❞❡❢♦r♠❛t✐♦♥s✱ ❜✉t t❤❡ ❝❛✉s❡
✐s ♣✉r❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✇✐t❤ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥✻✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❞❡✜❝✐❡♥❝② ♠❛② r❡s✉❧t ✐♥ q✉❛❧✐t❛t✐✈❡❧② ❜❛❞ r❡s✉❧ts ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ s♣❛❝❡✲
✈❛r②✐♥❣ ✢♦✇ ✜❡❧❞s ❛♥❞ s♣❛t✐❛❧❧② ❝♦♥st❛♥t s♦❧✉t✐♦♥s ✐♥ ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥✱ ✇❤✐❝❤ ❛r❡ ✉s✉❛❧❧②

✺◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡ ❖❙▼P s❝❤❡♠❡ ✇❛s ❝♦♥❝❡✐✈❡❞ ❢♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s ✐♥ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠✳
✻▲❡t ✉s ✉♥❞❡r❧✐♥❡ t❤❛t t❤❡ ✉s❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✐♥ ❛❞✈❡❝t✐♦♥ ❢♦r♠ ✭✶✵✳✷✵✮ ✇♦✉❧❞ ❧❡❛❞ t♦ ♥♦ s♣❛t✐❛❧

♦s❝✐❧❧❛t✐♦♥ ❜✉t t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ✇♦✉❧❞ ❜❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡✳



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✸✵

❜❛❝❦❣r♦✉♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛❧✉❡s ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ❬▲▲▼✾✻✱ ❍❱✵✸❪✳ ❆❧t❤♦✉❣❤ s❡❝♦♥❞ ♦r❞❡r ❞✐✲
♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡s t❤✐s ♣r♦❜❧❡♠✱ s♠❛❧❧ ♦s❝✐❧❧❛t✐♦♥s ♠❛② r❡♠❛✐♥✴❛♣♣❡❛r
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❚❤✐s ❦✐♥❞ ♦❢ ✐♥❝♦♥✈❡♥✐❡♥❝❡ ♠✐❣❤t ❜❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✵✳✷✮✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✇❡ ❛✐♠ ❛t s♦❧✈✐♥❣ ❧♦❝❛❧✐③❡❞ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥ts ✐♥ s❡♠✐✲❡q✉✐❧✐❜r✐✉♠
♠❡❞✐❛✳ ❲❡ ❤❛✈❡ t❤✉s ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♣r♦❝❡❞✉r❡✼✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❝♦♥✈❡❝t✐♦♥ s✉❜♣r♦❜❧❡♠ ✭✶✵✳✷✶✮✱ ✇❡ ❛♣♣❧② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ t♦
t❤❡ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠✿

∂tT + ∂x · (vT ) = T (∂x · v). ✭✶✵✳✷✺✮

❚❤✐s ❛♠♦✉♥ts t♦ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠s✿

∂tT + ∂x(vxT ) = T (∂xvx),

∂tT + ∂y(vyT ) = T (∂yvy),

∂tT + ∂z(vzT ) = T (∂zvz),





✭✶✵✳✷✻✮

❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ❧❡❢t s✐❞❡ t❡r♠ ❛s ✐♥ t❤❡
st❛♥❞❛r❞ ❝❛s❡ ✭✶✵✳✶✸✮✱ ✇❤❡r❡❛s t❤❡ r✐❣❤t s✐❞❡ t❡r♠ ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❛ ❝♦rr❡❝t✐✈❡ s♦✉r❝❡ t❡r♠✳

✶✵✳✸✳✷ ❚❤❡ ❖❙▼P ❙❝❤❡♠❡

❚❤❡ ❖❙▼P s❝❤❡♠❡ ✐s ❜✉✐❧t ✉♣♦♥ ❛ ♦♥❡✲st❡♣ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❛ ▲❛①✲❲❡♥❞r♦✛ ❛♣♣r♦①✐♠❛t✐♦♥
❬▲❲✻✵❪✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❧✐♥❡❛r s❝❛❧❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥✿

∂tu+ a ∂xu = 0, ✭✶✵✳✷✼✮

✇✐t❤ ❛ ❝♦♥st❛♥t ✈❡❧♦❝✐t② a✱ ❛♥❞ ❞❡♥♦t✐♥❣ ❜② un+1
j t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✵✳✷✼✮ ❛t t✐♠❡

t = t0 + nδt ❛♥❞ ♣♦s✐t✐♦♥ x = x0 + jδx✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❡①♣r❡ss un+1
j ❜② ✉s✐♥❣ ❛ ❚❛②❧♦r

s❡r✐❡s ❡①♣❛♥s✐♦♥ ✇❤❡r❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ s✉❜st✐t✉t❡❞ ✇✐t❤ s♣❛❝❡ ❞❡r✐✈❛t✐✈❡s ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❡①❛❝t ❡q✉❛t✐♦♥ ✭✶✵✳✷✼✮✳ ❚❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡❞ ✉♣ t♦ ♦r❞❡r 2 ✇✐t❤ ❛♥ ✉♣✇✐♥❞
❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ♦❞❞ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ❝❡♥t❡r❡❞ ❢♦r♠✉❧❛❡ ❢♦r ❡✈❡♥ ❞❡r✐✈❛t✐✈❡s✱ ②✐❡❧❞s t❤❡ s❡❝♦♥❞✲
♦r❞❡r ▲❛①✲❲❡♥❞r♦✛ s❝❤❡♠❡✿

un+1
j = unj −

δt

δx
(Flw

j+1/2 − Flw
j−1/2), ✭✶✵✳✷✽✮

✇❤❡r❡ Flw
j+1/2 ✐s t❤❡ ▲❛①✲❲❡♥❞r♦✛ ♥✉♠❡r✐❝❛❧ ✢✉①✿

Flw
j+1/2 = aunj +

(1− κ)
2

a(unj+1 − unj ), ✭✶✵✳✷✾✮

❛♥❞ κ ✐s t❤❡ ❧♦❝❛❧ ❈❋▲ ♥✉♠❜❡r✿

κ = a
δt

δx
. ✭✶✵✳✸✵✮

❚❤❡ ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ ❢♦r t❤✐s s❝❤❡♠❡ r❡❛❞s

ut + a ∂xu = a
δx2

6
(κ2 − 1)∂3xu. ✭✶✵✳✸✶✮

✼❖t❤❡r ❝♦rr❡❝t✐✈❡ t❡❝❤♥✐q✉❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❬▲▲▼✾✻❪ ❛♥❞ ❬❍❱✵✸❪✳



❙❡❝t✳ ✶✵✳✸ ✲ ❚✐♠❡✴❙♣❛❝❡ ❆❞❛♣t✐✈❡ ❚❡❝❤♥✐q✉❡ ✷✸✶

❇② s✉❜tr❛❝t✐♥❣ ❢r♦♠ t❤❡ ▲❛①✲❲❡♥❞r♦✛ s❝❤❡♠❡ ❛♥ ✉♣✇✐♥❞ t❡r♠ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✵✳✸✶✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝❧❛ss✐❝❛❧ t❤✐r❞ ♦r❞❡r ✉♣✇✐♥❞✲❜✐❛s❡❞ s❝❤❡♠❡
✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ✢✉① ❣✐✈❡♥ ❜②

F3
j+1/2 = aunj +

(1− κ)
2

a

(
unj+1 − unj −

1 + κ

3
(unj+1 − 2unj + unj−1)

)
. ✭✶✵✳✸✷✮

Pr♦❝❡❡❞✐♥❣ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ❤✐❣❤❡r ♦r❞❡r ❡rr♦r t❡r♠s ♦❢ t❤❡ s✉❝❝❡ss✐✈❡
♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥s ②✐❡❧❞s ❛ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❢❛♠✐❧② ♦❢ s❝❤❡♠❡s
✇✐t❤ ❛r❜✐tr❛r② ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❬❉❚✵✹❪✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❝❛♥ ❜❡ r❡❝❛st ✐♥ ❛ ❣❡♥❡r✐❝ ❢♦r♠✿

Fpj+1/2 = aunj + φpj+1/2

(1− κ)
2

a(unj+1 − unj ), ✭✶✵✳✸✸✮

s✉❝❤ t❤❛t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s

un+1
j = unj −

δt

δx
(Fpj+1/2 − Fpj−1/2). ✭✶✵✳✸✹✮

❍❡♥❝❡✱ ❛ s❝❤❡♠❡ ♦❢ ♦r❞❡r p ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ✉s✉❛❧ ❢♦r♠ ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ✢✉① ❧✐♠✐t❡r s❝❤❡♠❡✱
❛♥❞ t❤❡ φpj+1/2 ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛♥ ❛❝❝✉r❛❝② ❢✉♥❝t✐♦♥ t❤❛t s❡tt❧❡s t❤❡ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡
s❝❤❡♠❡✳ ❋♦r t❤❡ t❤✐r❞ ♦r❞❡r✱ ✇❡ ❤❛✈❡✱ ❢♦r ✐♥st❛♥❝❡✱

φ3j+1/2 = 1− 1 + κ

3
(1− rj+1/2), ✭✶✵✳✸✺✮

✇✐t❤

rj+1/2 =
unj − unj−1

unj+1 − unj
. ✭✶✵✳✸✻✮

❚❤❡ φp ❢✉♥❝t✐♦♥s ✉♣ t❤❡ t❤❡ ✼✲t❤ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ✇❡r❡ ❞❡❞✉❝❡❞ ✐♥ ❬❉❚✵✹❪✱ ❛s ✇❡❧❧ ❛s ❡①t❡♥s✐♦♥s
t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❝❛s❡✿

∂tu+ ∂xg(u) = 0, ✭✶✵✳✸✼✮

❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥ a(u) = ∂ug✱ ❛♥❞ t❤✉s ✭✶✵✳✸✹✮ ❤♦❧❞s ✇✐t❤

Fpj+1/2 = gnj + φpj+1/2

(1− κ)j
2

(gnj+1 − gnj ). ✭✶✵✳✸✽✮

❋♦r t❤❡ t❤✐r❞ ♦r❞❡r✱ ✭✶✵✳✸✺✮ ❜❡❝♦♠❡s

φ3j+1/2 = 1− 1

3

(1− κ2)j+1/2 − (1− κ2)j−1/2 rj+1/2

(1− κ)j+1/2
, ✭✶✵✳✸✾✮

✇✐t❤

rj+1/2 =
gnj − gnj−1

gnj+1 − gnj
. ✭✶✵✳✹✵✮

❚❤❡s❡ s❝❤❡♠❡s ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ❛♥❞ ❤❛✈❡ t❤❡ ♣r♦♣❡rt②
♦❢ ❣✐✈✐♥❣ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐❢ t❤❡ ❈❋▲ ♥✉♠❜❡r ✐s ❡q✉❛❧ t♦ ✶✳ ■♥ ♣r❛❝t✐❝❡✱ ❛ st❛♥❞❛r❞ ❈❋▲
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✿ 0 < κ ≤ 1✳ ❚❤✐s ❢❛♠✐❧② ♦❢ s❝❤❡♠❡s ✐s r❛t❤❡r s✐♠♣❧❡ t♦
✐♠♣❧❡♠❡♥t ❛♥❞ ❝♦♥s✐❞❡rs ✜①❡❞ st❡♥❝✐❧s ❢♦r t❤❡ ✢✉① ❡✈❛❧✉❛t✐♦♥s✳ ■♥ t❡r♠s ♦❢ ♣❡r❢♦r♠❛♥❝❡✱ ✐t
✇❛s s❤♦✇♥ ✐♥ ❬❉❚✵✾❪ t❤❛t t❤❡ ✼t❤✲♦r❞❡r s❝❤❡♠❡ ✐s ❛t ❧❡❛st s✐① t✐♠❡s ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ❈P❯ t✐♠❡
✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❡t❤♦❞ ♦❢ ❧✐♥❡s ✉s✐♥❣ ❛ ❘✉♥❣❡✲❑✉tt❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦r ❲❊◆❖ s❝❤❡♠❡s
❢♦r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥s t❤❛t r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❛❝❝✉r❛❝②✳ ❋♦r t❤❡ ❖❙▼P s❝❤❡♠❡✱ ❛ st❡♥❝✐❧ ♦❢
❡✐❣❤t ♣♦✐♥ts ✐s r❡q✉✐r❡❞ ❢♦r ✼✲t❤ ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ st❡♥❝✐❧s ❛r❡ ❝♦♥st✐t✉t❡❞
♦❢ p + 1 ♣♦✐♥ts✳ ❋✐♥❛❧❧②✱ t❤❡ ♦r✐❣✐♥❛❧ ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ ❝♦♥str❛✐♥ts ♦❢ ❙✉r❡s❤ ✫ ❍✉②♥❤
❬❙❍✾✼❪ ❤❛✈❡ ❜❡❡♥ r❡❝❛st ✐♥ ❛ ❚❱❉ ❢r❛♠❡✇♦r❦ ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ❛❝❝✉r❛❝② ♥❡❛r ❡①tr❡♠❛✳ ■♥
♣r❛❝t✐❝❡✱ t❤❡s❡ ❝r✐t❡r✐❛ ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✢✉① ❧✐♠✐t❛t✐♦♥ ❝♦♥str❛✐♥ts ❛♣♣❧✐❡❞ t❤r♦✉❣❤ φp

✐♥t♦ ✭✶✵✳✸✸✮ ❛♥❞ ✭✶✵✳✸✽✮✱ ❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❉❚✵✹❪✳



❙❡❝t✳ ✶✵✳✹ ✲ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s ✷✸✷

■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❖❙▼P ❙❝❤❡♠❡

❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤✐s ♣❛rt t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❖❙▼P s❝❤❡♠❡ ✭✶✵✳✸✽✮ ❢♦r s✉❜♣r♦❜✲
❧❡♠ ✭✶✵✳✷✺✮✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡❞ t♦ r❡❞✉❝❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦s❝✐❧❧❛t✐♦♥s
r❡❧❛t❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡s❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠s✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ s♣❧✐t ❝♦♥✈❡❝t✐♦♥ s✉❜♣r♦❜❧❡♠ ✭✶✵✳✷✶✮ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❖❙▼P s❝❤❡♠❡ ✭✶✵✳✸✽✮✱
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐♥ t❤❡ x✲❞✐r❡❝t✐♦♥ ❛❢t❡r ❛ t✐♠❡ st❡♣ ∆tC ✐s ❣✐✈❡♥ ❜②

Tn+1
j = Tnj −

∆tC
∆x

(Fpj+1/2 − Fpj−1/2), ✭✶✵✳✹✶✮

✇✐t❤ t❤❡ ✢✉①❡s

Fpj+1/2 = Froe
j+1/2 + φpj+1/2

(1− κ)j
2

|vx,j+1/2|(Tnj+1 − Tnj ), ✭✶✵✳✹✷✮

✇❤❡r❡ Froe
j+1/2 ✐s t❤❡ st❛♥❞❛r❞ ❘♦❡ ♥✉♠❡r✐❝❛❧ ✢✉①✿

Froe
j+1/2 =

1

2

[
vx,j+1/2(T

n
j+1 + Tnj )− |vx,j+1/2|(Tnj+1 − Tnj )

]
. ✭✶✵✳✹✸✮

❆❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❡♥t✐r❡❧② ❡✈❛❧✉❛t❡❞ ♦♥ ❛ ❧♦❝❛❧❧② ✉♥✐❢♦r♠ ♠❡s❤ ♦❢ s✐③❡ ∆x✳ ❚❤❡ s❛♠❡
❢♦❧❧♦✇s ❢♦r ❞✐r❡❝t✐♦♥s y ❛♥❞ z✳
❆❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✷✺✮✱ ❛ ❝♦rr❡❝t✐✈❡ t❡r♠ s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ s❝❤❡♠❡
✭✶✵✳✹✶✮ ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ s❝❤❡♠❡ ✐s t❤✉s ✇r✐tt❡♥ ❛s

Tn+1
j = Tnj −

∆tC
∆x

(Fpj+1/2 − Fpj−1/2) +
∆tC
∆x

Tnj (vx,j+1/2 − vx,j−1/2), ✭✶✵✳✹✹✮

❢♦r ❛ ♦♥❡✲st❡♣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ t❤❛t ❛❧♦♥❣ ✇✐t❤ ✭✶✵✳✹✷✮ ❛♥❞ ✭✶✵✳✹✸✮ ②✐❡❧❞s ❛ ♠♦❞✐✜❡❞ ❖❙▼P
s❝❤❡♠❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♣r♦❜❧❡♠ ✭✶✵✳✷✮ s❤♦✇ t❤❛t t❤❡ ♠♦❞✐✜❡❞ s❝❤❡♠❡ ✭✶✵✳✹✹✮
❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡ ❧♦❝❛❧ ❛❝❝✉♠✉❧❛t✐♦♥s ✐♥ s♣❛t✐❛❧❧② ❝♦♥st❛♥t r❡❣✐♦♥s✳ ❚❤❡ ♦s❝✐❧✲
❧❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ❛r❡ ❤♦✇❡✈❡r ✈❡r② s♠❛❧❧✳

✶✵✳✹ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♣r♦❜❧❡♠ ✭✶✵✳✷✮ t❤❛t ♠♦❞❡❧s ❧❛♠✐♥❛r ✢❛♠❡s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✈♦rt✐❝❡s✱ ✇❡
❝♦♥❞✉❝t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ st✉❞② ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤❡
s✐♠✉❧❛t✐♦♥ ♦❢ ♣r❡♠✐①❡❞ ✢❛♠❡s ✐♥ ✷❉ ❛♥❞ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ ♠♦❞❡❧ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥
❝♦♠❡s ❢r♦♠ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ▲❛✈❡r❞❛♥t ✫ ❈❛♥❞❡❧ ✐♥ ❬▲❈✽✾❪✳

✶✵✳✹✳✶ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥

❲❡ ❡st❛❜❧✐s❤ ✐♥ t❤✐s ♣❛rt t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬▲❈✽✾❪ ❢♦r
❛ ✷❉ ❝♦♥✜❣✉r❛t✐♦♥✳ ❊①t❡♥s✐♦♥s t♦ ✸❉ ❝❛s❡s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ❛❢t❡r✇❛r❞✳
❲❡ ❝♦♥s✐❞❡r ❛ sq✉❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❤❡r❡ ❛ ♠✐①t✉r❡ ♦❢ ❢✉❡❧ ❛♥❞ ♦①✐❞✐③❡r ❝♦♥st✐t✉t❡s
t❤❡ ❧♦✇❡r ❤❛❧❢✲♣❧❛♥❡✱ ✇❤✐❧❡ ♣r♦❞✉❝ts ♦❝❝✉♣② t❤❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡✳ ❚❤❡ ❝❤❡♠✐str② ✐s ❢❛st ❜✉t
✇✐t❤ ❛ ✜♥✐t❡ r❛t❡✱ ❛♥❞ ❛ t❤✐♥ ♣r❡♠✐①❡❞ ❧❛♠✐♥❛r ✢❛♠❡ ✐s ✐♥✐t✐❛❧❧② ❧♦❝❛t❡❞ ❛t t❤❡ ♠✐❞✲♣❧❛♥❡✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✐s ♠♦❞❡❧❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❆rr❤❡♥✐✉s ❧❛✇ ❬▲❈✽✾❪✿

ẇ =
B1

WOWF
ρ2YOYFT

2e−Ta/T , ✭✶✵✳✹✺✮

✇❤❡r❡ B1 ✐s ❛ ♣r❡❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r ❛♥❞ Ta✱ t❤❡ ❛❝t✐✈❛t✐♦♥ ❡♥❡r❣②✳ ❋♦r ♣r❡♠✐①❡❞ ❧❛♠✐♥❛r
✢❛♠❡s✱ t❤❡ ♠✐①t✉r❡ ♠❛② ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ❢✉❡❧ ❧❡❛♥ ✇✐t❤ ❛ ❤✐❣❤ ❞✐❧✉❡♥t ❝♦♥❝❡♥tr❛t✐♦♥✳ ❍❡♥❝❡✱



❙❡❝t✳ ✶✵✳✹ ✲ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s ✷✸✸

t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❢✉❡❧ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ♦①✐❞✐③❡r ♠❛ss ❢r❛❝t✐♦♥ ✐s
♥❡❛r❧② ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦ ✐ts ✉♣str❡❛♠ ✈❛❧✉❡ YO = YOo✳ ❚❤❡r❡❢♦r❡✱ ✭✶✵✳✹✺✮ ❜❡❝♦♠❡s

ẇ =
B1

WOWF
ρ2YOoYFT

2e−Ta/T . ✭✶✵✳✹✻✮

❙✉❜s❝r✐♣ts ( )o✱ ( )b✱ ❛♥❞ ( )⋆ ✐♥❞✐❝❛t❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❢r❡s❤ ♠✐①t✉r❡ ③♦♥❡✱ ❜✉r♥t ♣r♦❞✉❝t ③♦♥❡✱
❛♥❞ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✳
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❛t✐♦s ρo/ρb = Tb/To ✐s ❛ss✉♠❡❞ ♥❡❣❧✐❣✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♣r❡ss✉r❡ ✐s ❡s✲
s❡♥t✐❛❧❧② ❝♦♥st❛♥t ❛♥❞ ❤②♣♦t❤❡s✐s ✻✳ ❲✐t❤ t❤❡s❡ ❤②♣♦t❤❡s❡s✱ t❤❡ ❝♦♠♣♦s✐t❡ ❙❝❤✈❛❜✲❩❡❧❞♦✬✈✐❝❤
✈❛r✐❛❜❧❡✿

θZ = T +
Q

cp
YF, ✭✶✵✳✹✼✮

✈❡r✐✜❡s ❛ t✐♠❡ ❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥ ♦❢ t②♣❡ ✭✶✵✳✷✮ ✇✐t❤♦✉t s♦✉r❝❡ t❡r♠ ❧✐❦❡ ✭✶✵✳✺✮✱ ✇❤❡r❡❛s ❢r♦♠
❛ s✐♠♣❧❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ r❡❧❛t✐♦♥ ✐♥ ❛♥ ❛❞✐❛❜❛t✐❝ ❢r❛♠❡✇♦r❦✱ ✇❡ ❣❡t

cp(Tb − To) = Q(YFo − YFb). ✭✶✵✳✹✽✮

❇② ❡✈❛❧✉❛t✐♥❣ θZo ❛♥❞ θZb ✐♥ ✭✶✵✳✹✼✮ ❛♥❞ ❢r♦♠ ✭✶✵✳✹✽✮✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t θZ ✐s ❝♦♥st❛♥t
t❤r♦✉❣❤♦✉t t❤❡ ✢❛♠❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ♣r♦❣r❡ss ✈❛r✐❛❜❧❡ c(x, y, t) ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞✿

c =
T − To
Tb − To

=
YFo − YF
YFo − YFb

. ✭✶✵✳✹✾✮

❯s✐♥❣ T/Tb = 1 + τc✱ ✇❤❡r❡ τ = Tb/To − 1✱ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✭✶✵✳✹✻✮ ❜❡❝♦♠❡s✽

ẇ = B⋆YFo(1− c)e−Ta/(To(1+τc)), ✭✶✵✳✺✵✮

✇✐t❤

B⋆ =
B1

WOWF
ρ2oYOoT

2
o . ✭✶✵✳✺✶✮

❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ ❢✉❡❧ ♠❛ss ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ✐♥ ✭✶✵✳✷✮✱ ✇❡ ♥♦✇ ❤❛✈❡

∂tYF + vx∂xYF + vy∂yYF −D
(
∂2xYF + ∂2yYF

)
= −B⋆

ρo
YFo(1− c)e−Ta/(To(1+τc)), ✭✶✵✳✺✷✮

✇❤✐❝❤ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

∂tc+ vx∂xc+ vy∂yc−D
(
∂2xc+ ∂2yc

)
=
B⋆
ρo

(1− c)e−Ta/(To(1+τc)). ✭✶✵✳✺✸✮

❈♦♥s✐❞❡r✐♥❣ ❛ sq✉❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ s✐③❡ 2L✱ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛✉s✐♦♥ t✐♠❡ τd =
L2/D✱ ❛♥❞ ❛ ✈❡❧♦❝✐t② V = D/L✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✿

x⋆ =
x

L
, y⋆ =

y

L
, vx,⋆ =

vx
V
, vy,⋆ =

vy
V
, t⋆ =

t

τd
. ✭✶✵✳✺✹✮

❲❡ ✜♥❛❧❧② ♦❜t❛✐♥ ❬▲❈✽✾❪✿

∂t⋆c+ vx,⋆∂x⋆c+ vy,⋆∂y⋆c−
(
∂2x⋆c+ ∂2y⋆c

)
= Da (1− c)e−Ta/(To(1+τc)), ✭✶✵✳✺✺✮

✇❤❡r❡ Da = B⋆τd/ρo = τd/τch ✐s ❛ ❉❛♠❦ö❤❧❡r ♥✉♠❜❡r ❛♥❞ τch = B⋆/ρo✱ ❛ ❝❤❡♠✐❝❛❧ t✐♠❡✳

✽❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t YFb = 0 ✐♥t♦ ✭✶✵✳✹✾✮✳



❙❡❝t✳ ✶✵✳✹ ✲ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s ✷✸✹

❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss t❛♥❣❡♥t✐❛❧ ✈❡❧♦❝✐t② ✐♥❞✉❝❡❞ ❜② t❤❡ ✈✐s❝♦✉s ❝♦r❡ ✈♦rt❡① ❝♦♠✐♥❣ ❢r♦♠ ✭✶✵✳✼✮✱
❜❡❝♦♠❡s

vθ,⋆(r⋆, t⋆) =
Re Sc

r⋆

(
1− e−r

2
⋆/(4 Sc t⋆)

)
, ✭✶✵✳✺✻✮

✇❤❡r❡ t❤❡ ❘❡②♥♦❧❞s ❛♥❞ ❙❝❤♠✐❞t ♥✉♠❜❡rs ❛r❡ ❞❡✜♥❡❞ ❜②

Re =
Γ

2πν
, Sc =

ν

D
. ✭✶✵✳✺✼✮

■♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ✈❡❧♦❝✐t② ✐s ❣✐✈❡♥ ❜②

vx,⋆ =

(
y⋆ − y0,⋆

r⋆

)
vθ,⋆,

vy,⋆ = −
(
x⋆ − x0,⋆

r⋆

)
vθ,⋆,





✭✶✵✳✺✽✮

❢♦r ❛ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ r♦t❛t✐♥❣ ✈♦rt❡① ✇✐t❤ r❛❞✐✉s

r2⋆ = (x⋆ − x0,⋆)2 + (y⋆ − y0,⋆)2, ✭✶✵✳✺✾✮

✇❤❡r❡ (x0,⋆, y0,⋆) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✈♦rt❡①✳

✶✵✳✹✳✷ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s✿ ✷❉ ❈♦♥✜❣✉r❛t✐♦♥

■♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❞②♥❛♠✐❝ ❝♦✉♥t❡r r♦t❛t✐♥❣ ✈♦rt✐❝❡s✱ ❡❛❝❤ ♦♥❡ ♠♦❞❡❧❡❞ ❜②
✭✶✵✳✺✻✮✱ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ ♣r❡♠✐①❡❞ ✢❛♠❡ ❣♦✈❡r♥❡❞ ❜② ✭✶✵✳✺✺✮ ✐♥ ❛ ✷❉ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
❆❧❧ t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ ❛♥ ❆▼❉ ❙❤❛♥❣❤❛✐ ✷✳✼ ●❍③ ♣r♦❝❡ss♦r ✇✐t❤
♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ✸✷ ●❇✳

❉❛t❛ ■♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ ❙✐♠✉❧❛t✐♦♥ P❛r❛♠❡t❡rs

❲❡ s♦❧✈❡ ♣r♦❜❧❡♠ ✭✶✵✳✺✺✮ ✇✐t❤ ◆❡✉♠❛♥♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❛ ✷❉ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥❧❡ss ❞♦♠❛✐♥ ♦❢ [−1, 1]2✱ ✐✳❡✳✱L = 1 ✐♥t♦ ✭✶✵✳✺✹✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r❡♠✐①❡❞ ✢❛♠❡ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ ❛❝t✐✈❛t✐♦♥ ❡♥❡r❣② ❬▲❈✽✾❪✿

c =

{
e(y⋆−y0,⋆)/∆⋆ , y⋆ ≤ y0,⋆,

1, y⋆ > y0,⋆,
✭✶✵✳✻✵✮

✇❤❡r❡∆⋆ ✐s t❤❡ ♣r❡❤❡❛t ③♦♥❡ t❤✐❝❦♥❡ss✳ ❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✐♥❣
✈❛❧✉❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥t♦ ❡q✉❛t✐♦♥s ✭✶✵✳✺✺✮✱ ✭✶✵✳✺✻✮✱ ❛♥❞ ✭✶✵✳✻✵✮✿

Da = 2.5× 109, Ta = 20000K, To = 300K τ = 6.72, ✭✶✵✳✻✶✮

Re = 1000, Sc = 1, ✭✶✵✳✻✷✮

∆⋆ = 0.02. ✭✶✵✳✻✸✮

❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❣✐✈❡♥ ❜② t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t✇♦ ✈♦rt✐❝❡s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s ✐♥ ✭✶✵✳✺✽✮✱
❝❡♥t❡r❡❞ ❛t (−0.25,−0.5) ❢♦r t❤❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✈♦rt❡①✱ ❛♥❞ (0.25,−0.5) ❢♦r t❤❡ ❝❧♦❝❦✇✐s❡
♦♥❡✳ ❚❤❡ ✈❡❧♦❝✐t✐❡s ❛r❡ ❝♦♠♣✉t❡❞ ❜❡❢♦r❡ ❡❛❝❤ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞
✉♣❞❛t❡❞ ❛❢t❡r t✇♦ t✐♠❡ st❡♣s ∆tC,i ❛❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✶✼✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠❛①✐♠✉♠ t✐♠❡ st❡♣
∆tmax

C,i ✳
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❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ✐♥ ✭✶✵✳✶✶✮ ✇❛s s❡t t♦
η = 10−3✱ ✉♥❧❡ss ♥♦t❡❞ ♦t❤❡r✇✐s❡✱ ✇✐t❤ ηROCK4 = 10−5 ❛♥❞ ηRadau5 = 10−7 ❢♦r t❤❡ ❘❖❈❑✹
❛♥❞ ❘❛❞❛✉✺ s♦❧✈❡rs✳ ❚❤❡ t❤✐r❞ ♦r❞❡r ❖❙▼P s❝❤❡♠❡ ✇❛s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠
✇✐t❤ ❛ st❛❜✐❧✐t② ❈❋▲ ❝♦♥❞✐t✐♦♥ ❡q✉❛❧ t♦ 1✳ ❚❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✇❛s ❣✐✈❡♥ ❜② t⋆ ∈
[0, 4× 10−3]✳ ❋♦r t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ❛♥❞ ✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ t♦❧❡r❛♥❝❡
♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡r✱ ε = 10−2 ❛♥❞ ε = 10−3 ✇❡r❡ ❝❤♦s❡♥ ❛s ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❤r❡s❤♦❧❞
✈❛❧✉❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❧❧✉str❛t✐♦♥s✳ ❚❤❡ ✜♥❡st ❣r✐❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
10242 ♣♦✐♥ts✱ ✐✳❡✳✱ J = 10 ❛s ✜♥❡st ❣r✐❞ ❧❡✈❡❧✳

◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❡ss ✈❛r✐❛❜❧❡ c ✐♥ ✭✶✵✳✹✾✮✱ t❤❡ ❢r❡s❤ ♠✐①t✉r❡ ✐s ❣✐✈❡♥
❜② c = 0✱ ✇❤❡r❡❛s c = 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜✉r♥t ❣❛s❡s✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♣❧❛♥❛r ♣r❡♠✐①❡❞
✢❛♠❡ ✭✶✵✳✻✵✮ ❛t y⋆ = −0.5✱ ✇✐t❤ ❢r❡s❤ ❣❛s❡s ✐♥ t❤❡ ❧♦✇❡r ♣❛rt ✭❜❧✉❡ ③♦♥❡ ✐♥ t❤❡ ✜❣✉r❡✮✱
❋✐❣✉r❡ ✶✵✳✷ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ c ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ ✐♠♣♦s❡❞ ✈♦rt✐❝❡s
✇✐t❤ t❤❡ ✢❛♠❡ ❢r♦♥t✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈♦rt✐❝❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✶✱
❛♥❞ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤✐❣❤ ✈❛❧✉❡s ✇✐t❤ ❧♦❝❛❧✐③❡❞ str♦♥❣ ❣r❛❞✐❡♥ts ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❘❡②♥♦❧❞s
♥✉♠❜❡r ♦❢ Re = 1000✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❢r❡s❤ ♠✐①t✉r❡ ✐s ❞r❛✇♥ ✉♣ t♦✇❛r❞s t❤❡ ❤♦t
r❡❣✐♦♥ ✭r❡❞ ③♦♥❡ ✐♥ ❋✐❣✉r❡ ✶✵✳✷✮ ✐♥ t❤❡ ❝❡♥t❡r r❡❣✐♦♥✱ ❜❡❛t✐♥❣ t❤❡ ❛❞✈❛♥❝❡ ♦❢ t❤❡ r❡❛❝t✐♥❣ ❢r♦♥t✱
✇❤❡r❡❛s ❤♦t ❣❛s❡s ♣r♦♣❛❣❛t❡ ❢❛st❡r ✐♥ t❤❡ ♦✉t❡r ③♦♥❡s ❛r♦✉♥❞ t❤❡ ✈♦rt✐❝❡s ❝♦r❡s✳
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 0.5
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-1 -0.5  0  0.5  1
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t*=1x10
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-3

❋✐❣✳ ✶✵✳✶✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❱❡❧♦❝✐t② ✜❡❧❞ ❛t t⋆ = 10−3 ✭❧❡❢t✮ ❛♥❞ vy,⋆ ❛t y⋆ = −0.5✱ ❛t t⋆ = 10−3

❛♥❞ t⋆ = 3× 10−3 ✭r✐❣❤t✮✳

❚❤❡ ❝♦♥t♦✉r ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✶✵✳✷ ❛❝❝♦✉♥t ❢♦r t❤❡ s♣❛t✐❛❧ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✢❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡
❢r❡s❤ ❣❛s❡s r❡❛❝t ❛♥❞ ❜✉r♥✱ ❛♥❞ ✇❤❡r❡ ❛♥ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❡✛♦rt ✐s ✉s✉❛❧❧② r❡q✉✐r❡❞ t♦
♣r❡❝✐s❡❧② ❞❡s❝r✐❜❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ✢❛♠❡ t❤✐❝❦♥❡ss ✐s r❡❞✉❝❡❞ ❢r♦♠
❛❜♦✉t 0.05 ✐♥ t❤❡ st❛♥❞❛r❞ ♣❧❛♥❛r ❝♦♥✜❣✉r❛t✐♦♥✱ t♦ ❛♣♣r♦①✐♠❛t✐✈❡❧② 0.025 ❛t r❡❣✐♦♥s ✇❤❡r❡
t❤❡ ✢❛♠❡ s✉r❢❛❝❡ ✐s s❤❡❛r❡❞ ❜② t❤❡ ❧♦❝❛❧❧② ❤✐❣❤ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✶✳ ❆
s♣❛t✐❛❧ ♠❡s❤ ♦❢ 10242 ♣♦✐♥ts ✐♥✈♦❧✈❡s ❛♣♣r♦①✐♠❛t✐✈❡❧② 10 ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts t❤r♦✉❣❤♦✉t t❤❡
✢❛♠❡ ❢r♦♥t✱ ❛♥❞ ❣❡♥❡r❛t❡s ❛ r❡❛s♦♥❛❜❧② ❣♦♦❞ ♥✉♠❡r✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❋r♦♠
❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❧❛tt❡r ✐ss✉❡ ✐♠♣♦s❡s ❛ ✜♥❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ❛ ❧♦❝❛❧✐③❡❞
str✉❝t✉r❡✱ 100 t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ ❣❧♦❜❛❧ s❝❛❧❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ ❛♥❞ t❤✉s ❛♥
❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡ s❡❡♠s ♥❛t✉r❛❧✳
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❋✐❣✳ ✶✵✳✷✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ c ❛t t⋆ = 5× 10−4 ✭t♦♣✮✱ 10−3 ✭♠✐❞❞❧❡✮✱
❛♥❞ 1.5 × 10−3 ✭❜♦tt♦♠✮✳ ▲❡❢t✿ r❡❞ ✭r❡s♣✳✱ ❜❧✉❡✮ ③♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❜✉r♥t ✭r❡s♣✳✱ ❢r❡s❤✮ ❣❛s❡s✱ c = 1
✭r❡s♣✳✱ c = 0✮✳ ❘✐❣❤t✿ ❝♦♥t♦✉r ❧✐♥❡s ✇✐t❤ c = 0− 0.99 ❛♥❞ ∆c = 0.11✳
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❋✐❣✉r❡ ✶✵✳✸ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞s✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥✈♦❧✈❡s 7 ❧❡✈❡❧s ♦❢
❞✐✛❡r❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❤❡r❡ t❤❡ ✜♥❡st r❡❣✐♦♥s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥ts✳
◆♦t✐❝❡ t❤❛t t❤❡ ❤✐❣❤❡st ✈❡❧♦❝✐t② ✈❛❧✉❡s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✢❛♠❡ ❢r♦♥t ❛s s❡❡♥
✐♥ ❋✐❣✉r❡ ✶✵✳✶✱ ❛♥❞ t❤✉s ✇❡ ✇✐❧❧ ❤❛✈❡ ❝♦♥st❛♥t ❝♦♥❝❡♥tr❛t✐♦♥ r❡❣✐♦♥s ✇✐t❤ str♦♥❣ ✈❛r✐❛t✐♦♥s ♦❢
t❤❡ tr❛♥s♣♦rt ✜❡❧❞✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣✱ t❤❡ ❧❛tt❡r ❢❡❛t✉r❡ ✐♥tr♦❞✉❝❡s s♦♠❡
♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ ❛♥❞ t❤❡ ❝♦rr❡❝t✐✈❡ t❡r♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✶✵✳✹✹✮ ❛❧❧♦✇s
✉s t♦ r❡❞✉❝❡ ❧♦❝❛❧ ❛❝❝✉♠✉❧❛t✐♦♥s ♦❢ c ❢r♦♠ ❛ ♠❛①✐♠✉♠ ♦❢ 1.01 t♦ ❛♣♣r♦①✐♠❛t✐✈❡❧② 1.0001 ✐♥
t❤❡ ❜✉r♥t r❡❣✐♦♥s✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡s t❤✐s ❜❡❤❛✈✐♦r✱ ❛♥❞
❝♦♥s❡q✉❡♥t❧② r❡✜♥❡s t❤❡s❡ ③♦♥❡s ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡s ✶✵✳✶ ❛♥❞ ✶✵✳✸✳ ■♥ ✉♥✐❢♦r♠ ❣r✐❞ s✐♠✉❧❛t✐♦♥s✱
♥♦ ❛❝❝✉♠✉❧❛t✐♦♥ ✇❛s ❞❡t❡❝t❡❞ ✇❤❡♥ ✉s✐♥❣ ✭✶✵✳✹✹✮✱ ❛♥❞ c ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ 1✳
❋✐♥❛❧❧②✱ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❞❡✜♥❡❞ ❜② ✭✹✳✸✾✮ ❛♥❞ ❛❝❤✐❡✈❡❞ ✐♥ t❤✐s ❝❛s❡ ✇✐t❤ ε = 10−2

❛♥❞ ε = 10−3✱ s❤♦✇ t❤❛t ♥♦ ♠♦r❡ t❤❛♥✱ r❡s♣❡❝t✐✈❡❧②✱ 10% ♦r 15% ♦❢ t❤❡ 10242 ♣♦✐♥ts ❛r❡
♥❡❝❡ss❛r② t♦ r❡♣r❡s❡♥t t❤❡ ✢❛♠❡ ❢r♦♥t ✇✐t❤✐♥ t❤❡ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡✳
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❋✐❣✳ ✶✵✳✸✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❱❛r✐❛❜❧❡ c ❛t t⋆ = 5×10−4 ✭t♦♣ ❧❡❢t✮✱ 10−3 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ 1.5×10−3

✭❜♦tt♦♠ ❧❡❢t✮ r❡♣r❡s❡♥t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧
J = 10 ✇✐t❤ ε = 10−3✳ ❇♦tt♦♠ r✐❣❤t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ❢♦r
ε = 10−2 ❛♥❞ ε = 10−3✳

■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐s s❡tt❧❡❞ ❜② t❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✱
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✇❡ ❞❡✜♥❡ ❢♦r ♣r♦❜❧❡♠ ✭✶✵✳✺✺✮ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ✉♥✐❢♦r♠ ♠❡s❤ ♦❢ 10242✿

• ❆ q✉❛s✐✲❡①❛❝t r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ cJqe✱ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮ ✇✐t❤ ❛
s♠❛❧❧ ✜①❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 10−7❀

• ❚❤❡ s♣❧✐tt✐♥❣ s♦❧✉t✐♦♥ cJsplit ✐s ♥♦✇ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮✱
✇✐t❤ ✭✶✵✳✶✶✮ ❛♥❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−3✱ ❝♦♠♣✉t❡❞ ❛❧s♦ ♦♥ t❤❡ ✉♥✐❢♦r♠ ❣r✐❞❀
❛♥❞

• ❚❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ s♦❧✉t✐♦♥ cMR
split✱ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❛♥❞

t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ 10242 ♣♦✐♥ts ✐♥ t❤❡ ✜♥❡st ❣r✐❞
❧❡✈❡❧ J = 10✳

❉❡✜♥✐♥❣ ❛❧s♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✿

EJsplit =
∥∥cJqe − cJsplit

∥∥
L2 , ✭✶✵✳✻✹✮

EJMR =
∥∥cJsplit − cMR

split

∥∥
L2 , ✭✶✵✳✻✺✮

EMR
split =

∥∥cJqe − cMR
split

∥∥
L2 , ✭✶✵✳✻✻✮

❝♦rr❡s♣♦♥❞✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣✱ s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥✱ ❛♥❞
t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✶✵✳✶ s✉♠♠❛r✐③❡s t❤❡s❡ ❡rr♦rs ✇❤❡r❡
t❤❡ s♦❧✉t✐♦♥s ♦♥ ❛❞❛♣t❡❞ ❣r✐❞s cMR

split✱ ✇❡r❡ r❡❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜♥❡st ❣r✐❞✳

❚❛❜❧❡ ✶✵✳✶✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ L2 ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ✭EJ
split✮✱ s♣❛❝❡

❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✭EJ
MR✮✱ ❛♥❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ✭EMR

split✮ str❛t❡❣✐❡s ❡✈❛❧✉❛t❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s✳

❋✐♥❡st ❣r✐❞✿ 10242✳

t⋆ [10
−3] EJsplit [10

−2]
EJMR [10−3] EMR

split [10
−2]

ε = 10−2 ε = 10−3 ε = 10−2 ε = 10−3

0.5 1.45 5.28 1.79 1.14 1.16

1.0 2.71 6.36 1.69 2.17 2.28

1.5 4.74 7.37 3.12 4.14 4.34

2.0 5.74 7.05 3.47 5.21 5.44

❲✐t❤ t❤✐s ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs✱ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② EMR
split ✐s ✐♥❞❡❡❞

r✉❧❡❞ ❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ EJsplit✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❧♦❝❛❧ ❡rr♦r
t♦❧❡r❛♥❝❡ η✳ ❚❤❡ ❧❛tt❡r ❣❧♦❜❛❧ ❡rr♦r ✇✐❧❧ r❡♠❛✐♥ ♣r❛❝t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥
❡rr♦rs EJMR ❛s s❡❡♥ ✐♥ ❚❛❜❧❡ ✶✵✳✶✱ ❛s ❧♦♥❣ ❛s ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡s ♦❢ ❞❛t❛ t❤r❡s❤♦❧❞✐♥❣ ❛r❡ t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t ✭s❡❡ ❞✐s❝✉ss✐♦♥s ✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✮✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs✱ t❤❡
♣r♦♣♦rt✐♦♥❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ε ✐s ✈❡r✐✜❡❞ ❜✉t ✇✐t❤ ❛ ❧♦✇❡r r❛t❡ t❤❛♥ ✐♥ ♣r❡✈✐♦✉s r❡s✉❧ts✳
❚❤✐s r❛t❡ r❡❞✉❝t✐♦♥ ❛r✐s❡s ❡✐t❤❡r ❜❡❝❛✉s❡ s♦♠❡ ❡rr♦r ❝♦♠♣❡♥s❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤
ε = 10−2✱ ♦r ❜❡❝❛✉s❡ ♦❢ t❤❡ s♣✉r✐♦✉s ✈❛❧✉❡s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✇❤✐❝❤ ❛r❡
♥♦t ♣r❡s❡♥t ✐♥ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ♦♥ ✉♥✐❢♦r♠ ❣r✐❞✱ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❡rr♦rs✳ ❋♦r t❤✐s
♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠✱ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ✐s ♥❡✈❡rt❤❡❧❡ss ♣r❡s❡r✈❡❞ ❢♦r ❜♦t❤ t❤r❡s❤♦❧❞✐♥❣ ✈❛❧✉❡s✱
❡✈❡♥ ❢♦r ε = 10 · η ✭s❡❡ ✜♥❛❧ r❡♠❛r❦s ✐♥ ❈❤❛♣t❡r ✺✮✳



❙❡❝t✳ ✶✵✳✹ ✲ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s ✷✸✾

❚❛❜❧❡ ✶✵✳✷✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❈P❯ t✐♠❡ ✐♥ ♠✐♥✉t❡s ❢♦r t❤❡ q✉❛s✐✲❡①❛❝t✱ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡
s♣❧✐tt✐♥❣✱ ❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣✐❡s ❢♦r t⋆ ∈ [0, 2× 10−3]✳ ❋✐♥❡st ❣r✐❞✿ 10242✳

▼❘✴s♣❧✐tt✐♥❣ ε =
s♣❧✐tt✐♥❣ q✉❛s✐✲❡①❛❝t

10−2 10−3

❈P❯ t✐♠❡ ✭♠✮ ✺✻✳✷✼ ✼✶✳✵✺ ✺✽✾✳✵✵ ✻✻✵✸✳✷✻

❚❛❜❧❡ ✶✵✳✷ ✐♥❝❧✉❞❡s t❤❡ ❈P❯ t✐♠❡s ❢♦r ❤❛❧❢ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢ st✉❞② t⋆ ∈ [0, 2 × 10−3]✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ r❡❢❡r❡♥❝❡ q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ ✐s ✈❡r② ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡✳ ❚❤❡
t♦t❛❧ ❈P❯ t✐♠❡ ❢♦r t⋆ ∈ [0, 4 × 10−3] ✇❛s ❛❜♦✉t 80.73 ❛♥❞ 98.38 ♠✐♥✉t❡s ❢♦r ε = 10−2 ❛♥❞
ε = 10−3✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t✐❝❡ t❤❛t t❤❡ s♣❧✐tt✐♥❣ ❈P❯ t✐♠❡ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦st r❡❞✉❝t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ q✉❛s✐✲❡①❛❝t s♦❧✉t✐♦♥ t❤❛t ❝♦♥s✐❞❡rs ❛ s♠❛❧❧ t✐♠❡ st❡♣ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡
❢❛st❡st ♥✉♠❡r✐❝❛❧ s❝❛❧❡ ✭t❤❡ ❝♦♥✈❡❝t✐✈❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐♥ t❤✐s ❝❛s❡✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ♠✉❝❤ ♠♦r❡
♣❡r❢♦r♠✐♥❣ str❛t❡❣✐❡s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❝♦✉♣❧❡❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡
♣r❡✈✐♦✉s ✈❛❧✉❡s s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❛s ♦♥❡ ♣♦ss✐❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥❞✐❝❛t♦r✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❈P❯
t✐♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ❛❝❝♦✉♥t ❢♦r t❤❡ ❣❛✐♥ ✐ss✉❡❞ ❢r♦♠
t❤❡ ❝♦♠♣r❡ss❡❞ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥✱ ✐❢ ♦♥❡ ❝♦♠♣❛r❡s t❤❡♠ ✇✐t❤ t❤❡ s♣❧✐tt✐♥❣ ❈P❯ t✐♠❡✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡s❡ ❣❛✐♥s ❛r❡ ❡♥t✐r❡❧② ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ❛❝❤✐❡✈❡❞
✇✐t❤ ❡❛❝❤ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ✐♥ ❋✐❣✉r❡ ✶✵✳✸✳ ❚❤✐s ✐s ❛ s✐❣♥ t❤❛t t❤❡ ♠♦st ❡①♣❡♥s✐✈❡ ♣❛rt ♦❢
❝♦♠♣✉t❛t✐♦♥s ✐s r❡❧❛t❡❞ t♦ t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞ t❤✉s ❡✐t❤❡r t♦ t❤❡ ❝♦♥✈❡❝t✐♦♥✱ t❤❡
❞✐✛✉s✐♦♥ ♦r ❜♦t❤ ♣r♦❜❧❡♠s✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜② t❤❡ ❈P❯ t✐♠❡ ♣❡r t✐♠❡ st❡♣ s♣❡♥t ♦♥ t❤❡
s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ♣r♦❜❧❡♠✱ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✵✳✸✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❢♦r t❤❡
❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ❞♦ ♥♦t ✉s❡ t❤❡ ♣r❡✈✐♦✉s ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✱
❛♥❞ t❤✉s ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ♠✐❣❤t ❜❡ ❛❝❤✐❡✈❡❞ ❝♦♥s✐❞❡r✐♥❣ ✐ts s♣❛rs❡ str✉❝t✉r❡ ❛t ❧❡❛st ❢♦r
t❤❡ ✉♥✐❢♦r♠ ❣r✐❞ ♣r♦❜❧❡♠ ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ✇♦r❦✳

❚❛❜❧❡ ✶✵✳✸✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❈P❯ t✐♠❡ ♣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✭✐♥ s❡❝♦♥❞s✮ ❢♦r t❤❡ r❡❛❝t✐♦♥✱
❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥s ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡
t❡❝❤♥✐q✉❡s✱ t⋆ = 1.5× 10−3✱ ❛♥❞ ∆t ≈ 8.77× 10−6 ❢♦r t❤❡ t❤r❡❡ s♦❧✉t✐♦♥s✳ ❋✐♥❡st ❣r✐❞✿ 10242✳

❈P❯ t✐♠❡ ♣❡r t✐♠❡ st❡♣ ✭s✮

s♣❧✐tt✐♥❣
▼❘✴s♣❧✐tt✐♥❣

ε = 10−2 ε = 10−3

❘❡❛❝t✐♦♥ ✹✳✽✼ ✶✳✵✾ ✶✳✸✼

❉✐✛✉s✐♦♥ ✶✾✳✾✸ ✺✳✵✾ ✹✳✹✽

❈♦♥✈❡❝t✐♦♥ ✻✽✳✻✺ ✻✳✼✾ ✶✵✳✷✻

❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✶✵✳✹ ✐❧❧✉str❛t❡s t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ❛r❡ ♣r❛❝t✐❝❛❧❧② t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t♦❧❡r❛♥❝❡s✳ ❚❤✐s ✐♥❞✐❝❛t❡s ❛ ❣♦♦❞
❞❡❝♦✉♣❧✐♥❣ ♦❢ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❡rr♦rs ❛♥❞ ❛❧s♦ ❛ ♣r♦♣❡r ❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❛♥❞
s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❖t❤❡r✇✐s❡✱ ❛♥② ❞❡✜❝✐❡♥❝② ✇✐❧❧ ❜❡ r❡✢❡❝t❡❞ ❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡s✱
❛♥❞ t❤✉s ❜② t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✐ss✉❡❞ ❢r♦♠ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡✱ ❛s ❞✐s❝✉ss❡❞ ✐♥
❈❤❛♣t❡r ✺✳ ❆♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ ∆t0 = 10−8 ✇❛s ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❝♦♣❡ ✇✐t❤ t❤❡ s✉❞❞❡♥
❛♣♣❛r✐t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✇✐t❤ ✈❡r② ❤✐❣❤ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ❛❜♦✉t 4×105✱ ✇✐t❤ Re = 1000
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✐♥t♦ ✭✶✵✳✺✻✮✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ✐s ♣✐❧♦t❡❞ ❜② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡
✢❛♠❡✱ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❡✈♦❧✈❡ ✉♥t✐❧ ❛ ♣r❛❝t✐❝❛❧❧② ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ ∆t ≈ 9 × 10−6✳
◆❡✈❡rt❤❡❧❡ss✱ t✐♠❡ ❛❞❛♣t❛t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ❤❛♥❞❧❡ ❢❛st ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ ❛♥❞ ❢♦r t❤❡
✜♥❛❧ t♦t❛❧ ❝♦♠❜✉st✐♦♥ ♦❢ t❤❡ ❢r❡s❤ ❣❛s❡s ❛t s♦♠❡ ✉♥❦♥♦✇♥ t✐♠❡✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ ❛❧❧ ❣❛s❡s
❛r❡ ❜✉r♥t ❜② t⋆ = 3.5 × 10−3✳ ❋✐❣✉r❡ ✶✵✳✹ s❤♦✇s t❤❛t ❛♥ ✐♠♣♦rt❛♥t ❞❡❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ s❝❛❧❡s
✐s ♣♦ss✐❜❧❡✱ ✇❤❡r❡ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ✐s ❣❧♦❜❛❧❧② ❛t ❧❡❛st 10 t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ✐♥♥❡r
✐♥t❡❣r❛t✐♦♥ st❡♣s ❢♦r t❤❡ s♣❧✐t r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤✐s ♥❛t✉r❛❧❧②
②✐❡❧❞s ✐♠♣♦rt❛♥t ❣❛✐♥s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✱ ❛❧✇❛②s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳
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❋✐❣✳ ✶✵✳✹✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡ r❡❛❝t✐✈❡ ∆tR1 ❛♥❞
∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜st❡♣s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮
✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−2 ✭❧❡❢t✮ ♦r ε = 10−3 ✭r✐❣❤t✮✳

❚❤❡ r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣s ❛r❡ ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ t❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ♦❢ t❤❡
s♦❧✈❡rs ηRadau5 ❛♥❞ ηROCK4✱ ❛♥❞ ❢♦r ❡❛❝❤ ❤❛❧❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✇❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✶✵✳✹
t❤❡ ❛✈❡r❛❣❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♥❡r r❡❛❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ s✉❜st❡♣s✳ ❚❤✐s ❞❛t❛ ♣♦st tr❡❛t♠❡♥t
s❡r✈❡s ♦♥❧② t♦ ♦❜t❛✐♥ ❝❧❡❛r❡r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t✐♠❡ st❡♣s ✇✐t❤♦✉t
✐♥❝❧✉❞✐♥❣ t❤❡ ♦❢t❡♥ ♠✉❝❤ s♠❛❧❧❡r ✜♥✐s❤✐♥❣ s✉❜st❡♣s ✇✐t❤✐♥ t❤❡ ❝✉rr❡♥t ✭❤❛❧❢✮ s♣❧✐tt✐♥❣ t✐♠❡
st❡♣✳ ❘❡❛❝t✐♦♥ st❡♣s ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ∆tR ≈ 7 × 10−7 ❛t t❤❡ ✢❛♠❡ ❢r♦♥t ✭s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✶✵✳✹✮✱ ❛♥❞ t❤❡② ♣r♦❣r❡ss✐✈❡❧② ✐♥❝r❡❛s❡ ✉♣ t♦ ∆tR = ∆t/2 ❛✇❛② ❢r♦♠ t❤❡ ❤✐❣❤❧② r❡❛❝t✐♥❣ ❛r❡❛✳
❉✐✛✉s✐♦♥ t✐♠❡ st❡♣s ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ∆tD ≈ 5× 10−6 ✭❛✈❡r❛❣❡❞ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✮ ✇✐t❤
s = 6 ✐♥♥❡r st❛❣❡s ❢♦r ❘❖❈❑✹✱ ❢♦r ❛ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ ❛❜♦✉t 2.2 × 106✳ ❚❤❡ ❝♦♥✈❡❝t✐♦♥ t✐♠❡
st❡♣s ❛r❡ ❝♦♠♣✉t❡❞ ❜② ✭✶✵✳✶✾✮✱ ❜❛s❡❞ ♦♥ t❤❡ ♠❛①✐♠✉♠ st❛❜✐❧✐t② t✐♠❡ st❡♣s ∆tmax

C,i ✇❤✐❝❤ ❛r❡
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✵✳✹✱ t♦ ❛✈♦✐❞ t❤❡ ♣r❡✈✐♦✉s r❡♣r❡s❡♥t❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤✐s ❝♦♥✈❡❝t✐✈❡ st❡♣
r❛♥❣❡s ❢r♦♠ ∆tC ≈ 2 × 10−9 ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ t♦ ∆tC ≈ 2 × 10−7 ❛♥❞ ∆tC ≈ 5 × 10−6✱ ❞✉❡
♠❛✐♥❧② t♦ t❤❡ ❝♦♥str❛✐♥✐♥❣ ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s r❡❛s♦♥❛❜❧② ❡①♣❧❛✐♥s t❤❡
❤✐❣❤ ❝♦st ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ st❡♣ ♣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐♥ ❚❛❜❧❡ ✶✵✳✸✳ ❚❤❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣ ❛r❡ ♦r✐❣✐♥❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❤✐❣❤❡st ✈❡❧♦❝✐t②
✈❛❧✉❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❛t t❤❡ ✜♥❡st ❣r✐❞ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛s ♣r❡✈✐♦✉s❧② ♥♦t❡❞✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ❛ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ str❛t❡❣② ✐s ♥♦t ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ✐♥ s✉❝❤
❛ ❝♦♥✜❣✉r❛t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ❛♥❞ ❛❧s♦ ❜❡❝❛✉s❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❤✐❣❤❧②
♥♦♥❧✐♥❡❛r ✐♥ s♣❛❝❡ ❛♥❞ ❡✈♦❧✈❡s ✐♥ t✐♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ s✐♠♣❧❡ ♣r♦❝❡❞✉r❡ t♦ ❝♦♥s✐st❡♥t❧②
♣❛rt✐t✐♦♥ t❤❡ ❧❛r❣❡st ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣ ❛♥❞ t♦ ❞❡✜♥❡ ❧♦❝❛❧ t✐♠❡ st❡♣s ♦✈❡r t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥✱
✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ t❤❛t ❤❛s ♥♦t ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❝♦♥s✐❞❡rs
❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t ❜❛s❡❞ ♥♦t ♦♥❧② ♦♥ t❤❡ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❜✉t
❛❧s♦ ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳
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✶✵✳✹✳✸ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s✿ ✸❉ ❈♦♥✜❣✉r❛t✐♦♥

❚❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ✐s ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ✐❧❧✉s✲
tr❛t❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✵✳✺✺✮ ♦✈❡r ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢
[−1, 1]3✳ ❚❤❡ s❛♠❡ ❞❛t❛ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✇✐t❤ z⋆ ❛♥❞ z0,⋆✱ ✐♥st❡❛❞ ♦❢ y⋆ ❛♥❞ y0,⋆✱
r❡s♣❡❝t✐✈❡❧②✱ ✐♥t♦ ✭✶✵✳✻✵✮✱ ❛s ✇❡❧❧ ❛s t❤❡ s❛♠❡ ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs ✭✶✵✳✻✶✮✲✭✶✵✳✻✸✮✳

❋✐❣✳ ✶✵✳✺✿ ✸❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ c ✭❧❡❢t✮ ❛♥❞ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞s ✭r✐❣❤t✮
❝♦rr❡s♣♦♥❞✐♥❣ t♦ 2563 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 8✱ ❛t t⋆ = 5× 10−4 ✭t♦♣✮ ❛♥❞ 1.5× 10−3 ✭❜♦tt♦♠✮✳

❚❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ✐♥ ✭✶✵✳✶✶✮ ✐s ❛❧s♦ s❡t t♦ η = 10−3✱ ✇✐t❤ ηROCK4 =
10−5✱ ηRadau5 = 10−7✱ ❛♥❞ ε = 10−2 ❢♦r t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❤r❡s❤♦❧❞ ✈❛❧✉❡✳ ❚❤❡ t✐♠❡ ❞♦♠❛✐♥
♦❢ ✐♥t❡❣r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t⋆ ∈ [0, 3.5 × 10−3]✱ ✇❤❡r❡❛s t❤❡ ✜♥❡st ❣r✐❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 2563 ♣♦✐♥ts✱ ✐✳❡✳✱ J = 8 ❛s ✜♥❡st ❣r✐❞ ❧❡✈❡❧✳ ❆ ✸❉ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❞❡✜♥❡❞ ❢♦r
t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ❜② ❛ t♦r♦✐❞❛❧ ✈♦rt❡① ❞✐r❡❝t❧② ✐♥s♣✐r❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ✷❉ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❆t
❡❛❝❤ ♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ z✲❛①✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤✉s ❛ ♣❛✐r ♦❢ ❝♦✉♥t❡r r♦t❛t✐♥❣ ✈♦rt✐❝❡s ❝♦♠♣✉t❡❞
❛s ✉s✉❛❧ ✇✐t❤ ✭✶✵✳✺✻✮ ✇✐t❤ r❛❞✐✉s

r2⋆ = (x⋆ − x0,⋆)2 + (y⋆ − y0,⋆)2 + (z⋆ − z0,⋆)2, ✭✶✵✳✻✼✮

❝❡♥t❡r❡❞ ❛t
√
x20,⋆ + y20,⋆ = 0.25✱ z0,⋆ = −0.5✳ ❆❧t❤♦✉❣❤ t❤❡ r❡s✉❧t✐♥❣ ✜❡❧❞ ✐s ♥♦t ❞✐✈❡r❣❡♥❝❡
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❢r❡❡✱ ✐t s✉✣❝❡s t♦ ❝♦♥str✉❝t ❛ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥ t♦ ✐❧❧✉str❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡
♠❡t❤♦❞✳ ❚❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ✇❛② ✇✐t❤ ♠♦r❡ ♣❤②s✐❝❛❧❧②
❝♦♥s✐st❡♥t ✈❡❧♦❝✐t② ✜❡❧❞s✳ ❋✐❣✉r❡ ✶✵✳✺ s❤♦✇s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣r❡♠✐①❡❞ ✢❛♠❡ ✇✐t❤
t❤❡ t♦r♦✐❞❛❧ ✈♦rt❡①✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞s ♦♥ ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞✳
❋✐❣✉r❡ ✶✵✳✻ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡ st❡♣s ♦❢ ✐♥t❡❣r❛t✐♦♥✳ ❲❡ r❡tr✐❡✈❡ q✉❛❧✐t❛t✐✈❡❧② ❛
s✐♠✐❧❛r ❜❡❤❛✈✐♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s ✷❉ ❝❛s❡✱ ✐♥ t❡r♠s ♦❢ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛♥❞ t❤❡
t✐♠❡ st❡♣♣✐♥❣ ❢♦r ❡❛❝❤ s♣❧✐t s✉❜♣r♦❜❧❡♠✳ ❚❤❡ ❢r❡s❤ ❣❛s❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ❜✉r♥t t❤✐s t✐♠❡ ❜②
t⋆ = 3 × 10−3✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♦❜t❛✐♥❡❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥✱ ♥♦ ♠♦r❡ t❤❛♥ 18% ♦❢ t❤❡ 2563

♣♦✐♥ts ❛r❡ r❡q✉✐r❡❞✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ t♦♦❦ ❛♣♣r♦①✐♠❛t✐✈❡❧② 17.26 ❤♦✉rs ♦❢ ❈P❯ t✐♠❡✳
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❋✐❣✳ ✶✵✳✻✿ ✸❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡✳ ▲❡❢t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡ r❡❛❝t✐✈❡
∆tR1 ❛♥❞ ∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜st❡♣s ✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞
ε = 10−2✳ ❘✐❣❤t✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮✱ ε = 10−2✳

✶✵✳✹✳✹ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❈♦♠♣❧❡① ❈❤❡♠✐str②

■♥ t❤✐s ♣❛rt✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ✷❉ ❛♣♣❧✐❝❛t✐♦♥ ❜✉t ✐♥❝❧✉❞✐♥❣ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧
❦✐♥❡t✐❝s ✐♥ t❤❡ r❡❛❝t✐♦♥ t❡r♠✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ✐❧❧✉str❛t❡ t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥t❡①t ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s✐♠♣❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✳
❊✈❡♥ t❤♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ t♦ ✐♠♣❧❡♠❡♥t ❝♦♠♣❧❡① ❝❤❡♠✐str② ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✲
✐♥❣ ❢r❛♠❡✇♦r❦ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② r✐❣♦r♦✉s ❢r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥
s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ ❛♣♣❧✐❡❞ t♦ ❝♦♠❜✉st✐♦♥ ♣r♦❜❧❡♠s
✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧✐♥❣ ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ✇❡
r❡❢❡r t♦ t❤❡ ❜♦♦❦s ♦❢ ●✐♦✈❛♥❣✐❣❧✐ ❬●✐♦✾✾❪ ❛♥❞ P♦✐♥s♦t ✫ ❱❡②♥❛♥t❡ ❬P❱✵✺❪✳

❉❡t❛✐❧❡❞ ❈❤❡♠✐❝❛❧ ❑✐♥❡t✐❝s

■♥st❡❛❞ ♦❢ t❤❡ s✐♥❣❧❡ st❡♣ r❡❛❝t✐♦♥ ✭✶✵✳✶✮✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ s②st❡♠ ♦❢ Ns s♣❡❝✐❡s r❡❛❝t✐♥❣
❛❝❝♦r❞✐♥❣ t♦ NR r❡❛❝t✐♦♥s✿

Ns∑

k=1

ν ′k,jχk ⇋
Ns∑

k=1

ν ′′k,jχk j = 1, . . . , NR, ✭✶✵✳✻✽✮

✇❤❡r❡ χk st❛♥❞s ❢♦r s♣❡❝✐❡s k✱ ❛♥❞ ν ′k,j ❛♥❞ ν ′′k,j ❛r❡ t❤❡ ♠♦❧❛r st♦✐❝❤✐♦♠❡tr✐❝ ❝♦❡✣❝✐❡♥ts ♦❢
s♣❡❝✐❡s k ✐♥ r❡❛❝t✐♦♥ j✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ②✐❡❧❞s

Ns∑

k=1

ν ′k,jWk =

Ns∑

k=1

ν ′′k,jWk, ✭✶✵✳✻✾✮
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❛♥❞ t❤✉s
Ns∑

k=1

νk,jWk = 0, j = 1, . . . , NR, ✭✶✵✳✼✵✮

✇❤❡r❡
νk,j = ν ′′k,j − ν ′k,j . ✭✶✵✳✼✶✮

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ẇk ♦❢ s♣❡❝✐❡s k ❝♦♥s✐❞❡rs t❤❡ r❛t❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ♦❢ χk ❜② ❛❧❧
NR r❡❛❝t✐♦♥s ✭✶✵✳✻✽✮✱ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

ẇk =

NR∑

j=1

νk,jQk, ✭✶✵✳✼✷✮

✇❤❡r❡ Qk ✐s t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss ♦❢ r❡❛❝t✐♦♥ j✱ ✇❤✐❝❤ ✐s ✇r✐tt❡♥ ❛s

Qk = Kf,j

Ns∏

k=1

(
ρYk
Wk

)ν′k,j
−Kr,j

Ns∏

k=1

(
ρYk
Wk

)ν′′k,j
, ✭✶✵✳✼✸✮

✇❤❡r❡ Kf,j ❛♥❞ Kr,j ❞❡✜♥❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❢♦r✇❛r❞ ❛♥❞ r❡✈❡rs❡ r❛t❡s ♦❢ r❡❛❝t✐♦♥ j✳ ❚❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡s❡ r❛t❡ ❝♦♥st❛♥ts ❝♦♥st✐t✉t❡ ❛ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ ✐♥ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧✐♥❣
❬P❱✵✺❪✱ ❛♥❞ t❤❡② ❛r❡ ✉s✉❛❧❧② ♠♦❞❡❧❡❞ ❜② ❛♥ ❡♠♣✐r✐❝❛❧ ❆rr❤❡♥✐✉s ❧❛✇ ✭❛s s❡❡♥ ❜❡❢♦r❡✱ ❢♦r
✐♥st❛♥❝❡✱ ❢♦r ✭✶✵✳✹✺✮✮✿

Kf,j = Af,jT
βje−Ta,j/T . ✭✶✵✳✼✹✮

❚❤❡ ❜❛❝❦✇❛r❞ r❛t❡s Kr,j ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❢♦r✇❛r❞ ♦♥❡s ✭✶✵✳✼✹✮✱ ❛♥❞ t❤✉s
❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦❣r❡ss r❛t❡s Qk ❜② ✭✶✵✳✼✸✮ ❢♦r ❡❛❝❤ r❡❛❝t✐♦♥ j✱ ✐♥✈♦❧✈❡s ♣r♦✈✐❞✐♥❣ ❞❛t❛ ❢♦r t❤❡
♣r❡❡①♣♦♥❡♥t✐❛❧ ❝♦♥st❛♥ts Af,j ✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❡①♣♦♥❡♥ts βj ✱ ❛♥❞ t❤❡ ❛❝t✐✈❛t✐♦♥ t❡♠♣❡r❛t✉r❡s
Ta,j ✳

■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈♦♠♣❧❡① ❈❤❡♠✐str② ✐♥ t❤❡ ▼♦❞❡❧

❈♦♥s✐❞❡r✐♥❣ t❤❡ s❛♠❡ ♠♦❞❡❧✐♥❣ ❤②♣♦t❤❡s❡s✱ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✵✳✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❢♦r
k = 1, . . . , Ns✱ ❛s

∂tYk + v · ∂xYk −D∂2xYk =
Wk

ρ
ẇk,

∂tT + v · ∂xT −D∂2xT = − 1

ρcp

Ns∑

k=1

hkWkẇk,





✭✶✵✳✼✺✮

❛❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✸✮ ❛♥❞ ✭✶✵✳✹✮✱ ✇❤❡r❡ t❤❡ r❡❛❝t✐♦♥ r❛t❡s ẇk ❛r❡ ❣✐✈❡♥ ♥♦✇ ❜② ✭✶✵✳✼✷✮✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛ss✉♠♣t✐♦♥ ✼ ♦❢ ❝♦♥st❛♥t ❞❡♥s✐t②
✐s ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧♦❝❛❧ ✈❛r✐❛t✐♦♥ ♦❢ s♣❡❝✐❡s ❝♦♥❝❡♥tr❛t✐♦♥s✱ ♦♥ ✇❤✐❝❤ t❤❡ r❡❛❝t✐♦♥ r❛t❡s
❞❡♣❡♥❞✳ ❆❝t✉❛❧❧②✱ ✐♥ ❛ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡ ❢♦r ✇❤✐❝❤ t❤❡ ♣r❡✈✐♦✉s ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❛r❡ st✐❧❧ ✈❛❧✐❞
✭s❡❡✱ ❡✳❣✳✱ ❬P❱✵✺❪✮✱ t❤❡ ❧♦❝❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ❞❡♥s✐t② s❤♦✉❧❞ ✈❡r✐❢② t❤❡ st❛t❡ ❡q✉❛t✐♦♥✿

ρ
R

W
T = p0, ✭✶✵✳✼✻✮

❢♦r ❛ ❝♦♥st❛♥t ♣r❡ss✉r❡ p0✱ ✇❤❡r❡ R = 8.314 J/(mol ·K) ✐s t❤❡ ♣❡r❢❡❝t ❣❛s ❝♦♥st❛♥t✱ ❛♥❞ W ✐s
t❤❡ ♠❡❛♥ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ♦❢ t❤❡ ♠✐①t✉r❡ ❡①♣r❡ss❡❞ ❜②

1

W
=

Ns∑

k=1

Yk
Wk

. ✭✶✵✳✼✼✮
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■♥ ♣r❛❝t✐❝❡✱ t❤✐s ✐♥❝♦♥s✐st❡♥❝② ♥❛t✉r❛❧❧② ❧❡❛❞s t♦ str♦♥❣ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s✳ ■♥ ♦r❞❡r t♦ ♦✈❡r✲
❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
❛♥❞ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ s♣❡❝✐❡s ❛♥❞ t❡♠♣❡r❛t✉r❡ ✭✐✳❡✳✱ ❛♥ ✐♠♣♦s❡❞ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥t♦ ✭✶✵✳✼✺✮✮✱
✇❡ ❤❛✈❡ ♠❛❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳ ❚❤❡ ❞❡♥s✐t② ✐s s✉♣♣♦s❡❞ ❝♦♥st❛♥t ♦♥ t❤❡ ❧❡❢t ❤❛♥❞✲
s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✶✵✳✼✺✮ s✉❝❤ t❤❛t ✇❡ ❦❡❡♣ ❡①❛❝t❧② t❤❡ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤✱ ✇❤❡r❡❛s ✐t ✐s
✉♣❞❛t❡❞ ❛♥❞ ❧♦❝❛❧❧② ❝♦♠♣✉t❡❞ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ❜② t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✭✶✵✳✼✻✮ ✇✐t❤ t❤❡
❝✉rr❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ❛♥❞ t❡♠♣❡r❛t✉r❡✳
❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ❝♦♠✐♥❣ ❢r♦♠ ✭✶✵✳✼✺✮✿

ρ∂tYk =Wkẇk,

ρcp∂tT = −
Ns∑

k=1

hkWkẇk,





✭✶✵✳✼✽✮

❛♥❞ t❤❛t ❜② ❞❡✜♥✐t✐♦♥

cp =

Ns∑

k=1

cp,kYk, ✭✶✵✳✼✾✮

✇❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

ρ∂th = ρcp∂tT +

Ns∑

k=1

hkρ∂tYk = 0. ✭✶✵✳✽✵✮

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ t❤❡ ❡♥t❤❛❧♣② ✐s ✉♥✐❢♦r♠❧② ❝♦♥st❛♥t ❢♦r ♣r♦❜❧❡♠ ✭✶✵✳✼✺✮✲✭✶✵✳✼✻✮✱ ✐✳❡✳✱ h = h0
t❤r♦✉❣❤♦✉t t❤❡ ✢❛♠❡ ❢r♦♥t✱ ❛♥❞ t❤❛t

h0 =

Ns∑

k=1

hkYk = Ψ(Y1, . . . , YNs , T ), ✭✶✵✳✽✶✮

✇❤❡r❡ t❤❡ s♣❡❝✐❡s ❡♥t❤❛❧♣✐❡s ❧♦❝❛❧❧② ❞❡♣❡♥❞ ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❧♦❝❛❧
t❡♠♣❡r❛t✉r❡s ❢r♦♠ ✭✶✵✳✽✶✮ ✇✐t❤ t❤❡ ❝✉rr❡♥t s❡t ♦❢ s♣❡❝✐❡s ❝♦♥❝❡♥tr❛t✐♦♥s✱ r❛t❤❡r t❤❛♥ ❢r♦♠ t❤❡
t✐♠❡ ❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ ✭✶✵✳✼✺✮✳ ❆❧t❤♦✉❣❤ s♦❧✈✐♥❣ ✭✶✵✳✽✶✮ ✐♠♣❧✐❡s t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♠♣❧✐❝✐t ♥♦♥❧✐♥❡❛r s②st❡♠ ❛t ❡❛❝❤ ♣♦✐♥t✱ t❤✐s ❛❧t❡r♥❛t✐✈❡ ❛❧❧♦✇s ✉s t♦
❝♦♥s✐st❡♥t❧② s♦❧✈❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❜② ❧♦❝❛❧❧② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r✐❣❤t t❡♠♣❡r❛t✉r❡✱ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❝♦♥st❛♥t ❛♥❞ ❦♥♦✇♥ ❡♥t❤❛❧♣② ♦❢ t❤❡ ♠✐①t✉r❡✱ ❛♥❞ t❤✉s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t② ❛❝❝♦r❞✐♥❣
t♦ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✭✶✵✳✼✻✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ ❝♦rr❡❝t❧② ❝♦✉♣❧❡ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t s✐❞❡ t❡r♠s✱
❢♦r ✇❤✐❝❤ t❤❡ s❛♠❡ ❡♥t❤❛❧♣② ✐s ❝♦♥s❡r✈❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳
❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s ✭✶✵✳✺✹✮✱ ✇❡ ❛✐♠ ❛t s♦❧✈✐♥❣

∂t⋆Yk + v⋆ · ∂x⋆Yk −D∂2x⋆Yk = τd
Wk

ρ
ẇk, ✭✶✵✳✽✷✮

❢♦r k = 1, . . . , Ns✱ ✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ v⋆ ✐s ❛❧s♦ ❜❛s❡❞ ♦♥ ✭✶✵✳✺✻✮✳ ❲✐t❤ t❤❡ ♣r❡✈✐♦✉s
❛ss✉♠♣t✐♦♥s✱ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠

∂t⋆Yk = τd
Wk

ρ
ẇk, ✭✶✵✳✽✸✮

✐s ❧♦❝❛❧❧② s♦❧✈❡❞✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥✐❢♦r♠❧② ❝♦♥st❛♥t ❡♥t❤❛❧♣② h0✱ ❛♥❞ t❤❛t

✶✳ ❚❤❡ ❧♦❝❛❧ t❡♠♣❡r❛t✉r❡ T ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ ✭✶✵✳✽✶✮ ✇✐t❤ t❤❡ ❝✉rr❡♥t s❡t ♦❢ s♣❡❝✐❡s ❝♦♥✲
❝❡♥tr❛t✐♦♥s (Y1, . . . , YNs)❀



❙❡❝t✳ ✶✵✳✹ ✲ Pr♦♣❛❣❛t✐♦♥ ♦❢ Pr❡♠✐①❡❞ ❋❧❛♠❡s ✷✹✺

✷✳ ❚❤❡ ❞❡♥s✐t② ρ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✭✶✵✳✼✻✮ ❛♥❞ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ T
❛♥❞ (Y1, . . . , YNs)❀ ❛♥❞

✸✳ ❚❤❡ r❡❛❝t✐♦♥ r❛t❡s ẇk ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ✭✶✵✳✼✷✮ ✇✐t❤ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ ρ✱ T ✱ ❛♥❞
(Y1, . . . , YNs)✳

❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✇✐❧❧ ♥♦t ❜❡ ♥❡❝❡ss❛r② ❢♦r ❛ ♠♦r❡ ❝♦♥s✐st❡♥t ♣❤②s✐❝❛❧ ♠♦❞❡❧
❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤②❞r♦❞②♥❛♠✐❝s✱ ❜✉t ❛❧❧♦✇s ✉s t♦ ♣❡r❢♦r♠
s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts ♦❢ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❢♦r ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳

❉❛t❛ ■♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ ❙✐♠✉❧❛t✐♦♥ P❛r❛♠❡t❡rs

❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✵✳✽✷✮ ♦❢ Ns ❡q✉❛t✐♦♥s ✐♥ ❛ ✷❉ sq✉❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ 5 ❝♠
♦❢ s✐❞❡✱ ✐✳❡✳✱ [−6.25, 6.25]2 ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ✉♥✐ts✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t②♣✐❝❛❧ ❞✐✛✉s✐♦♥
❧❡♥❣t❤ ❛♥❞ t✐♠❡ s❝❛❧❡ ♦❢ L = 4× 10−3♠ ❛♥❞ τd = L2/D ✇✐t❤ D = 2.26× 10−5m2/s✳
❆ ♠❡t❤❛♥❡ CH4 ♣r❡♠✐①❡❞ ✢❛♠❡ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❢♦r ✇❤✐❝❤ t❤❡ ❣❧♦❜❛❧ r❡❛❝t✐♦♥ ✐s ✇r✐tt❡♥
❛s

CH4 + 2(O2 + 3.76N2)→ CO2 + 2H2O + 7.52N2 ✭✶✵✳✽✹✮

✇✐t❤ ❛ ♠❛ss st♦✐❝❤✐♦♠❡tr✐❝ r❛t✐♦ st ♦❢ ✹ ❛❝❝♦r❞✐♥❣ t♦

st =
ν ′OWO

ν ′FWF
. ✭✶✵✳✽✺✮

❚❤❡ ❞❡t❛✐❧❡❞ ❦✐♥❡t✐❝s ✭✶✵✳✻✽✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣❧♦❜❛❧ r❡❛❝t✐♦♥ ✭✶✵✳✽✹✮ ✐s ♠♦❞❡❧❡❞ ❜② Ns = 49
s♣❡❝✐❡s ❛♥❞ NR = 299 r❡❛❝t✐♦♥s✱ ❢♦❧❧♦✇✐♥❣ ❛ r❡❛❝t✐✈❡ s❝❤❡♠❡ ❞❡✈❡❧♦♣❡❞ ❜② ▲✐♥❞st❡❞t ✫ ▲❡✉♥❣
✭✶✾✾✽✮✳ ❚❤❡ r❡❛❝t✐♦♥ r❛t❡s ✭✶✵✳✼✷✮ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ❛❧❧ s♣❡❝✐❡s ♦r ♠✐①t✉r❡ r❡❧❛t❡❞ ✈❛r✐❛❜❧❡s ❛r❡
❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❈❤❡♠❦✐♥ ❧✐❜r❛r② ❬❑❘▼✽✵❪✳
❚❤❡ ❢r❡s❤ ♠✐①t✉r❡ ✐s ❣✐✈❡♥ ❜②

YCH4 = 0.06, YO2 = 0.3, YN2 = 0.64, ✭✶✵✳✽✻✮

❛t t❡♠♣❡r❛t✉r❡ To = 300K✱ ❛♥❞ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ p0✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛♥ ❛❞✐❛❜❛t✐❝ ✢❛♠❡
t❡♠♣❡r❛t✉r❡ ♦❢ Tb = 2349.67K ❛♥❞ ❛ ♠✐①t✉r❡ ❡♥t❤❛❧♣② ♦❢ h0 ≈ −2.8 × 109✱ ❛❝❝♦r❞✐♥❣ t♦
✭✶✵✳✽✶✮✱ ❢♦r t❤❡ ❣✐✈❡♥ s❡t ♦❢ s♣❡❝✐❡s ❛♥❞ r❡❛❝t✐♦♥s✳ ❚❤❡ ✐♥✐t✐❛❧ ♠✐①t✉r❡ ✭✶✵✳✽✻✮ ❝♦rr❡s♣♦♥❞s t♦
❛ ❧❡❛♥ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ♦①✐❞✐③❡r ✐s ✐♥ ❡①❝❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢✉❡❧✱ ❛♥❞ t❤✉s t❤❡ ♠✐①t✉r❡
❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦ φM ✐s ❧♦✇❡r t❤❛♥ 1✿

φM = st
YF
YO

. ✭✶✵✳✽✼✮

■♥ ♦r❞❡r t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ♣r❡♠✐①❡❞ ✢❛♠❡ ✇❡ s♦❧✈❡ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✵✳✷✮ ❢♦r YF✱ YO✱
❛♥❞ T ✐♥ ❛ ✶❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤♦✉t ❝♦♥✈❡❝t✐♦♥✱ ✐♥ ❛ s✐♠♣❧✐✜❡❞ ❝❤❡♠✐str② ❢r❛♠❡✇♦r❦✳ ❲❤❡♥
t❤❡ ✢❛♠❡ ❢r♦♥t ❤❛s ❝♦♥✈❡r❣❡❞ ❛♥❞ ♣r♦♣❛❣❛t❡s ✐♥ ❛ s❡❧❢✲s✐♠✐❧❛r ✇❛②✱ t❤❡ ♦❜t❛✐♥❡❞ ♣r♦✜❧❡ ✐s
r❡❝♦♥str✉❝t❡❞ ❢♦r ❛❧❧ s♣❡❝✐❡s ❜② ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡ ♣❡r❢♦r♠❡❞ ✐♥✐t✐❛❧❧②
♦♥ YF✱ ✐✳❡✳✱YCH4 ✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❦♥♦✇♥✱ ❢r❡s❤ ❛♥❞ ❜✉r♥t✱ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❛❧✉❡s✳ ❆ ✷❉ ♣❧❛♥❡
✢❛♠❡ ✇✐t❤ ❛❧❧ Ns s♣❡❝✐❡s ✐s t❤✉s ❣❡♥❡r❛t❡❞✱ ❛♥❞ ✐t ✐s ❛❣❛✐♥ ✐♥t❡❣r❛t❡❞ ✇✐t❤♦✉t ❝♦♥✈❡❝t✐♦♥ ✇✐t❤ ❛
❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t = 10−5 ❞✉r✐♥❣ t⋆ ∈ [0, 10−4]✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s✉✣❝✐❡♥t❧②
❝♦♥s✐st❡♥t ✢❛♠❡ ♣r♦✜❧❡ ❢♦r ❛❧❧ s♣❡❝✐❡s✳ ❆t t⋆ = 10−4✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s t✉r♥❡❞ ♦♥✱ ❛s ✇❡❧❧ ❛s
t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧
s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t0 = 10−8✱ ❛♥❞ ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−2✳ ❲❡ ❦❡❡♣ t❤❡ s❛♠❡
♣r❡✈✐♦✉s ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ❢♦r ❘❖❈❑✹ ❛♥❞ ❘❛❞❛✉✺✱ ✐✳❡✳✱ ηROCK4 = 10−5 ❛♥❞ ηRadau5 = 10−7✳
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❚❤❡ s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ✐s ✉s❡❞ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ ❛ t❤r❡s❤♦❧❞
✈❛❧✉❡ ♦❢ ε = 10−2✱ ❢♦r ✇❤✐❝❤ t❤❡ ✜♥❡st ❣r✐❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 10242

♣♦✐♥ts✱ ✐✳❡✳✱ J = 10 ❛s ✜♥❡st ❣r✐❞ ❧❡✈❡❧✳ ❆♥♦t❤❡r st❛♥❞❛r❞ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝♦♥s✐❞❡rs✱
❢♦r ✐♥st❛♥❝❡✱ ❛♥ ✐♥✐t✐❛❧ ✶❉ ✢❛♠❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ Pr❡♠✐① s♦❧✈❡r ♦❢ ❈❤❡♠❦✐♥ ❬❑❘▼✽✵❪ ❢♦r t❤❡
❣✐✈❡♥ ❦✐♥❡t✐❝s✱ ✐♥st❡❛❞ ♦❢ t❤❡ s✐♠♣❧❡ ❝❤❡♠✐str② ✢❛♠❡ ✭s❡❡✱ ❡✳❣✳✱ ❬❉❇✵✵✱ ◆❑✵✺✱ ❙P◆✵✻❛❪✮✳
❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ✷❉ ❝❛s❡✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❣✐✈❡♥ ❜② t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t✇♦ ✈♦rt✐❝❡s ✇✐t❤
♦♣♣♦s✐t❡ s✐❣♥s ✐♥ ✭✶✵✳✺✽✮✱ ❝❡♥t❡r❡❞ ❛t (−2, 2.5) ❢♦r t❤❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✈♦rt❡① ❛♥❞ (2, 2.5) ❢♦r
t❤❡ ❝❧♦❝❦✇✐s❡ ♦♥❡✱ ✇❤❡r❡ y⋆ = 2.5 ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧② t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ❢r♦♥t✳
▼♦r❡♦✈❡r✱ Re = 625 ❛♥❞ Sc = 1 ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❡✈❛❧✉❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞
t❤❡ s✉❞❞❡♥ ❛♥❞ ♥♦♥♣❤②s✐❝❛❧ str♦♥❣ ✐♥❝r❡❛s❡ ♦❢ ❧♦❝❛❧ ✈❛❧✉❡s ♦❢ vθ,⋆✱ ✇❡ r❡✇r✐t❡ ✭✶✵✳✺✻✮ ❛s

vθ,⋆(r⋆, t⋆) =
Re Sc

r⋆

(
1− e−r

2
⋆/(Sc(R

2
⋆+4 t⋆))

)
, ✭✶✵✳✽✽✮

❢♦r t⋆ ≥ 10−4✱ ✇❤❡r❡ R⋆ = 10−1 ✐s ❛♥ ✐♥✐t✐❛❧ r❛❞✐✉s ❢♦r t❤❡ ✈✐s❝♦✉s ❝♦r❡ ❬▲❈✽✾❪✳
❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥s ♦❢ ❈❤❛♣t❡r ✾ ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✱ t❤❡r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t
✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❛♠❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r
s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✳ ■t ❝♦♥s✐❞❡rs ♣❛r❛❧❧❡❧ ❛♥❞
✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠ ❜② s♣❛❝❡ ♣♦✐♥ts✱ ❛♥❞ ❜② s♣❡❝✐❡s ❢♦r t❤❡ ❞✐✛✉s✐♦♥
❛♥❞ ❝♦♥✈❡❝t✐♦♥ t❡r♠s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ✶✷ ❝♦r❡ ✭✷①✻✮ ✻✹ ❜✐ts
♠❛❝❤✐♥❡ ✭❆▼❉✲❙❤❛♥❣❤❛✐ ✷✳✼ ●❍③ ♣r♦❝❡ss♦rs✮ ✇✐t❤ ♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ✹✽ ●❇✳

◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

❋✐❣✉r❡ ✶✵✳✼ s❤♦✇s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♠❡t❤❛♥❡ CH4 ❛♥❞ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s♣❡❝✐❡s✱ t❤❡ OH
r❛❞✐❝❛❧✱ ❛t t⋆ = 5×10−3✳ ❚❤❡ ❧❛tt❡r ♦♥❡ ✐s ♦❢t❡♥ ✉s❡❞ t♦ ❧♦❝❛❧✐③❡ t❤❡ ✢❛♠❡ ❢r♦♥t ✐♥ ❡①♣❡r✐♠❡♥t❛❧
❞❡✈✐❝❡s✳ ❚❤❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❤♦✇s ❛❧s♦ ❛ ❣♦♦❞ ❜❡❤❛✈✐♦r ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧ r❡✜♥❡♠❡♥t
❡✈❡♥ ❢♦r ❛ ♠✉❝❤ ❧❛r❣❡r s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ 49 ❝♦♠♣❛r❡❞ ✇✐t❤ 19 ✐♥ ❈❤❛♣t❡r ✾✳
❆❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ❝❤❛♥❣❡❞ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✉♥✐ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s s✐♠♣❧❡ ❝❤❡♠✲
✐str② ❝❛s❡✱ ❛♥❞ t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ ❛ ❧♦✇❡r ❘❡②♥♦❧❞s ♥✉♠❜❡r ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ t❤❡ ❝♦♥t♦✉r ❧✐♥❡s
❢♦r YCH4 s❤♦✇ ❛ ♠✉❝❤ t❤✐♥❡r ✢❛♠❡ t❤✐❝❦♥❡ss ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ♣r❡♠✐①❡❞ ✢❛♠❡
✇✐t❤ t❤❡ ✈♦rt✐❝❡s✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ✐s ♥❡❣❧❡❝t❡❞ ✐♥ t❤✐s ♠♦❞❡❧ ❛♥❞ ❤❡♥❝❡✱ t❤✐❝❦❡r
✢❛♠❡s ❛r❡ ❡①♣❡❝t❡❞ ♦t❤❡r✇✐s❡✳ ❚❤✐s ✢❛♠❡ t❤✐❝❦♥❡ss ✐s ♦❢ ❛❜♦✉t 0.05✱ ✐✳❡✳✱ ❛♣♣r♦①✐♠❛t✐✈❡❧② 250
t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ ❣❧♦❜❛❧ s❝❛❧❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ s❛♠❡
s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ s❤♦✉❧❞ ✉s❡ ❡✐t❤❡r ❛t ❧❡❛st ❛ t✇♦ t✐♠❡s ✜♥❡r ❞✐s✲
❝r❡t✐③❛t✐♦♥✱ ✐✳❡✳✱ ❛ s♣❛t✐❛❧ ♠❡s❤ ♦❢ 20482 ♣♦✐♥ts✱ ♦r r❡s❝❛❧❡ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡❧② t❤❡ ♣r♦❜❧❡♠✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ YOH ✐♥ ❋✐❣✉r❡ ✶✵✳✼ ❝❧❡❛r❧② s❤♦✇s t❤❛t ♠♦r❡ ♣♦✐♥ts ❛r❡ ♥❡❡❞❡❞
❢♦r ❛ ❜❡tt❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✳ ❚❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉✲
r❛t✐♦♥ ❛r❡ ✈❡r② ❤✐❣❤✱ ♠♦r❡ t❤❛♥ 95% ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✸✾✮✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ✢❛♠❡
❢r♦♥t ✐s ♠✉❝❤ ♠♦r❡ ❧♦❝❛❧✐③❡❞ ✇✐t❤✐♥ t❤❡ ❡♥t✐r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
❋✐❣✉r❡ ✶✵✳✽ ✐❧❧✉str❛t❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✽✽✮ ✇✐t❤ ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r
♦❢ Re = 625✳ ❆ ❧❡ss ✐♥t❡♥s❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❛s❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥✲
❝♦♥s✐st❡♥❝✐❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥s t❤❛t ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t
❛ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ✐♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✶✵✳✷✮✾✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ❞②♥❛♠✐❝❛❧❧②
❛❞❛♣t❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ✐♥✐t✐❛❧ ✈♦rt✐❝❡s✱ ✐s ❛❞❛♣t❡❞ ❢r♦♠ ∆t0 = 10−8 t♦ ❛♥ ❛❧♠♦st ❝♦♥st❛♥t
✈❛❧✉❡ ♦❢ ∆t ≈ 2 × 10−6 ✭≈ 1.4µs✮ ❢♦r ❛♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ♦❢ η = 10−2✳ ❋♦r t❤✐s ❝♦♥✜❣✉r❛✲
t✐♦♥✱ t❤❡r❡ ✇❡r❡ ❛❧✇❛②s t✇♦ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣s ✇✐t❤✐♥ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❛❝❝♦r❞✐♥❣ t♦

✾❋♦r ✐♥st❛♥❝❡✱ ❢♦r Re = 1000 ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✱ ✇❡ ♦❜s❡r✈❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡ ✈❡r② s✐♠♣❧❡
◆❡✇t♦♥✬s ♠❡t❤♦❞ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✭✶✵✳✽✶✮ ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❆s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞
✐♥ t❤❡ ●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t❡❝❤♥✐q✉❡s ❛r❡ ♦❢t❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ✐♠♣❧✐❝✐t
s♦❧✈❡rs t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ t❤❡s❡ s②st❡♠s ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str② ❢❡❛t✉r❡s✳
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❋✐❣✳ ✶✵✳✼✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡ ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str②✳ ▲❡❢t✿ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ CH4 ✭t♦♣✮ ❛♥❞ OH
✭❜♦tt♦♠✮ ❛t t⋆ = 5 × 10−3✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❛♥ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242 ♣♦✐♥ts ❛t t❤❡ ✜♥❡st
❧❡✈❡❧ J = 10 ✇✐t❤ ε = 10−2✳ ❘✐❣❤t✿ ❝♦♥t♦✉r ❧✐♥❡s ❢♦r YCH4

= 0− 0.59 ✇✐t❤ ∆YCH4
= 0.059 ✭t♦♣✮✱ ❛♥❞

t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮ ❢♦r ε = 10−2 ✭❜♦tt♦♠✮✳

✭✶✵✳✶✾✮✱ ✐✳❡✳✱∆tC,i = ∆t/2✱ i = 1, 2✳ ❋♦r t❤❡ ❣✐✈❡♥ ηROCK4 ❛♥❞ ηRadau5 t♦❧❡r❛♥❝❡s✱ t❤❡ ❞✐✛✉s✐♦♥
t✐♠❡ st❡♣s ✇❡r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✐✳❡✳✱∆tD ≈ ∆t/2✱ ✇❤❡r❡❛s t❤❡ ♠✐♥✐♠✉♠
r❡❛❝t✐♦♥ t✐♠❡ st❡♣s ❛t t❤❡ ❢r♦♥t ✇❡r❡ ♦❢ ❛♣♣r♦①✐♠❛t✐✈❡❧② ∆tR ≈ 2× 10−7 ✭≈ 142 ♥s✮✱ ❣r❛❞✉❛❧❧②
✐♥❝r❡❛s✐♥❣ ✉♣ t♦ ∆tR = ∆t/2 ❡❧s❡✇❤❡r❡✶✵✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛❧❧ t❤❡s❡ s♦❧✈❡rs ❛r❡ ❜❛s❡❞ ♦♥ ❤✐❣❤
♦r❞❡r s❝❤❡♠❡s✱ s♦ t❤❛t ♠✉❝❤ s♠❛❧❧❡r t✐♠❡ st❡♣s ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ ❢♦r st❛♥❞❛r❞ ❧♦✇❡r ♦r❞❡r
♠❡t❤♦❞s ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠✳
❚❤❡ ❈P❯ t✐♠❡ ❢♦r t❤✐s s✐♠✉❧❛t✐♦♥ ✇❛s ♦❢ ❛❜♦✉t 18.99 ❤♦✉rs ❢♦r t⋆ ∈ [0, 5.5 × 10−3] ✇✐t❤ ❛

✶✵❊✈❡♥ t❤♦✉❣❤ ❛ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ✇♦✉❧❞ ❜❡ ❝♦♠♣❧❡t❡❧② ✐♥❛♣♣r♦♣r✐❛t❡✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r
❡①❛❝t❧② t❤❡ s❛♠❡ ♣r♦❜❧❡♠✱ ❧❡t ✉s ❣✐✈❡ s♦♠❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❜② ❑♥✐♦ ❡t ❛❧✳ ✐♥
❬❑◆❲✾✾❪ ❢♦r ❛ ❧♦✇ ▼❛❝❤ ✷❉ ♠❡t❤❛♥❡✲❛✐r ♣r❡♠✐①❡❞ ✢❛♠❡✱ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ ♣❛✐r ♦❢ ❝♦✉♥t❡r✲r♦t❛t✐♥❣ ✈♦rt✐❝❡s✱
❛♥❞ ✇✐t❤ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ♠♦❞❡❧❡❞ ❜② ✸✷ s♣❡❝✐❡s ❛♥❞ ✶✼✼ r❡❛❝t✐♦♥s✳ ❚❤❡s❡ ❛✉t❤♦rs ❝❛❧❝✉❧❛t❡❞ ❛ ♠❛①✐♠✉♠
❞✐✛✉s✐♦♥ t✐♠❡ st❡♣ ♦❢ 20 ♥s t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ❡①♣❧✐❝✐t ♠✉❧t✐✲st❡♣ s❝❤❡♠❡ ❛♥❞ ❢r♦♠ t❤❡r❡✱
❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ 200 ♥s✳ ❚❤❡ ♠✐♥✐♠✉♠ r❡❛❝t✐♦♥ t✐♠❡ st❡♣s ✇❡r❡ ♦❢ ❛♣♣r♦①✐♠❛t✐✈❡❧② 8 ♥s ❢♦r ❛ t♦❧❡r❛♥❝❡
♦❢ 10−6 ❢♦r t❤❡ ✐♠♣❧✐❝✐t ♠✉❧t✐✲st❡♣ ❱❖❉❊ s♦❧✈❡r ❬❇❇❍✽✾❪✳
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❋✐❣✳ ✶✵✳✽✿ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡ ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str②✳ ❱❡❧♦❝✐t② ✜❡❧❞ ❛t t⋆ = 5 × 10−3 ✭❧❡❢t✮✱ ❛♥❞
vy,⋆ ❛t y⋆ = 2.5✱ ❛t t⋆ = 10−3 ❛♥❞ t⋆ = 5× 10−3 ✭r✐❣❤t✮✳

❣❛✐♥ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ 11.54✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❣✐✈❡♥
❜② ♦♥❡ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❛♥❞ t❤❡ ✶✷ ❝♦r❡s ✐♥ ♣❛r❛❧❧❡❧✳ ❚❤❡ r❛t✐♦ ♦❢ ❈P❯ t✐♠❡ ♣❡r s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✇❛s ♦❢
❛♣♣r♦①✐♠❛t✐✈❡❧② 23 : 5 : 1✱ ✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ t❡❝❤♥✐q✉❡ ❢♦r
t❤✐s ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ st✉❞② s❤♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ❜❛s❡❞
♦♥ ❛ ♠♦r❡ ❝♦♥s✐st❡♥t ♠♦❞❡❧✶✶✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ ❛ ❜❡tt❡r ✐♥✐t✐❛❧✐③✐♥❣ ♣r♦❝❡❞✉r❡✱ ❢♦r ✐♥st❛♥❝❡✱
❜② ♠❡❛♥s ♦❢ Pr❡♠✐①✱ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✳ ❚❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts r❡♣r❡s❡♥t ❛♥ ✐♠♣♦rt❛♥t
❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛t ✐s st✐❧❧ ✐♥ ♣r♦❣r❡ss✱ ❛♥❞ t❤❛t ✐s ♥♦t s✉✣❝✐❡♥t❧② ✜♥❛❧✐③❡❞ t♦ ❜❡ ♣r❡s❡♥t❡❞
❤❡r❡✳ ❚❤❡s❡ r❡s✉❧ts ♣r♦✈❡ ♥❡✈❡rt❤❡❧❡ss t❤❛t t❤❡ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❞❡ ❝❛♥
❤❛♥❞❧❡ ✈❡r② ❝♦♠♣❧❡① r❡❛❝t✐✈❡ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦✉♣❧❡❞ ✇✐t❤ ❈❤❡♠❦✐♥
♦r ❛♥② ♦t❤❡r ❝❤❡♠✐str② ❧✐❜r❛r②✳ ■♥ t❤✐s ✇❛②✱ t❤✐s st✉❞② ✐❧❧✉str❛t❡s t❤❡ ♣♦t❡♥t✐❛❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢
t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ ❛♥❞ ❝♦♥st✐t✉t❡s ❛ ✜rst ♣r❡❧✐♠✐♥❛r② st❛❣❡ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥
♦❢ ❢✉❧❧② tr❛♥s♣♦rt ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝s ♠♦❞❡❧s ❢♦r r❡❛❝t✐✈❡ ♠❡❞✐❛✳
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■♥ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦ ♦❢ ♣r♦❜❧❡♠ ✭✶✵✳✷✮ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s st✉❞② ♦♥ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♣r❡♠✐①❡❞
✢❛♠❡s✱ ✇❡ ✐❧❧✉str❛t❡ ✐♥ t❤✐s ♣❛rt t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② t♦ ♥✉♠❡r✐❝❛❧❧②
❞❡s❝r✐❜❡ t❤❡ ✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ ❞✐✛✉s✐♦♥ ✢❛♠❡ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ ✈♦rt❡①✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧
♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❛s t❛❦❡♥ ❢r♦♠ ❛ st✉❞② ❝♦♥❞✉❝t❡❞ ❜② ❚❤é✈❡♥✐♥ ✫ ❈❛♥❞❡❧ ✐♥
❬❚❈✾✺❪✳ ❆ ❝♦♠♣❧❡t❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ st✉❞② ♦♥ ✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❛s❡❞ ♦♥ t❤❡s❡ ♠♦❞❡❧s
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❚❤é✾✷❪✳

✶✵✳✺✳✶ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ✷❉ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❤❡r❡ ♣✉r❡ ❛♥❞ ❢r❡s❤ ❤②❞r♦❣❡♥ ✇✐t❤ ♠❛ss ❢r❛❝t✐♦♥
YF,0 ❛t t❡♠♣❡r❛t✉r❡ TF,0✱ ♦❝❝✉♣✐❡s ✐♥✐t✐❛❧❧② t❤❡ ❤❛❧❢ ✉♣♣❡r ♣❛rt✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❧♦✇❡r ♣❛rt ✐s
♦❝❝✉♣✐❡❞ ❜② ❤♦t ❛✐r ❛t TO,0 ✇✐t❤ YO,0✳ ❆ s✐♥❣❧❡ ✈♦rt❡① ♠♦❞❡❧❡❞ ❜② ✭✶✵✳✼✮ ❛♥❞ ❝❡♥t❡r❡❞ ♦♥ t❤❡

✶✶■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇♦✉❧❞ ♥♦t ♥❡❡❞ t♦ ♣r♦✈✐❞❡ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✭✶✵✳✽✶✮✳
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♣❧❛♥❛r ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡❞✐❛✱ ✐s t❤❡♥ ✐♥tr♦❞✉❝❡❞ t♦ tr❛♥s♣♦rt ❛♥❞ ❛❝❝❡❧❡r❛t❡ t❤❡
♠✐①t✉r❡ ♦❢ ❜♦t❤ ✢✉✐❞s✳ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ❛r❡ t❤✉s ❣✐✈❡♥
❜② t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ✭✶✵✳✷✮ ✇✐t❤ ✭✶✵✳✺✮✱ ✇✐t❤ ❛ r❡❛❝t✐♦♥ r❛t❡ ♠♦❞❡❧❡❞ ❜②

ẇ =
ρ2

νFWF
AYOYFe

(−Ta/T ), ✭✶✵✳✽✾✮

✇❤❡r❡ A ✐s ❛ ♣r❡❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r ❬❚❈✾✺❪✳
■❢ ✇❡ ❝♦♥str✉❝t ❙❝❤✈❛❜✲❩❡❧❞♦✬✈✐❝❤ ✈❛r✐❛❜❧❡s ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡❛❝t✐♥❣ s♣❡❝✐❡s ♠❛ss ❢r❛❝t✐♦♥s
✇✐t❤ ♣r♦♣❡r ❝♦❡✣❝✐❡♥ts✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ✇✐t❤♦✉t s♦✉r❝❡ t❡r♠✱ ❛♥❛❧♦❣♦✉s t♦
t❤❡ ❡q✉❛t✐♦♥ ✭✶✵✳✺✮ ❣♦✈❡r♥✐♥❣ YN✳ ❚❤✉s✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ r❡❞✉❝❡❞ t♦t❛❧ ❤❡❛t r❡❧❡❛s❡❞ χ❀ t❤❡
♥♦r♠❛❧✐③❡❞ t❡♠♣❡r❛t✉r❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❛❝t❛♥ts τ ❀ t❤❡ ♣r♦❞✉❝t t♦ ❢✉❡❧ st♦✐❝❤✐♦♠❡tr✐❝ r❛t✐♦
σ❀ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝♦♠♣❧❡t❡ ♠✐①✐♥❣ ❜❡t✇❡❡♥ r❡❛❝t❛♥ts
✐♥ t❤❡✐r ✐♥✐t✐❛❧ st❛t❡ φ✱ ❞❡✜♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❜②

χ =
QYF,0
cpTO,0

, τ =
TF,0 − TO,0

TO,0
, σ =

νPWP

νFWF
, φ = st

YF,0
YO,0

, ✭✶✵✳✾✵✮

✇✐t❤ t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ❢❛❝t♦r st ❞❡✜♥❡❞ ❜② ✭✶✵✳✽✺✮✱ ♦♥❡ ♠❛② ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿

Z1 =
χYF/YF,0 + τθ

χ+ τ
,

Z2 =
χYO/(φYO,0)− χ/φ+ τθ

−χ/φ+ τ
,

Z3 =
−χYP/(σYF,0) + τθ

τ
,





✭✶✵✳✾✶✮

✇❤❡r❡ θ ✐s t❤❡ r❡❞✉❝❡❞ t❡♠♣❡r❛t✉r❡ ❣✐✈❡♥ ❜②

θ =
T − TO,0
TF,0 − TO,0

. ✭✶✵✳✾✷✮

❚❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s (Z1, Z2, Z3) ❛r❡ ✐♥✐t✐❛❧❧② ❡q✉❛❧ ❛♥❞ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ✇✐t❤♦✉t
r❡❛❝t✐♦♥ t❡r♠ ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❛r❡ ❡q✉❛❧ ❛t ❡❛❝❤ ♣♦✐♥t
❛♥❞ ❢♦r ❛❧❧ t✐♠❡s t♦ t❤❡ s❛♠❡ ✈❛❧✉❡ Z✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s ♣r❡✈✐♦✉s❧②
❞❡✜♥❡❞ ✐♥ ✭✶✵✳✺✹✮✱ ✇❡ ♦❜t❛✐♥ ❛ r❡❞✉❝❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠✿

∂t⋆Z + vx,⋆∂x⋆Z + vy,⋆∂y⋆Z −
(
∂2x⋆Z + ∂2y⋆Z

)
= 0,

∂t⋆θ + vx,⋆∂x⋆θ + vy,⋆∂y⋆θ −
(
∂2x⋆θ + ∂2y⋆θ

)
= F (Z, θ),



 ✭✶✵✳✾✸✮

✇✐t❤

F (Z, θ) = DaφχYO,0

[
1− Z
φτ

+
1

χ
(Z − θ)

] [
Z +

τ

χ
(Z − θ)

]
e(−τa/(1+τθ)), ✭✶✵✳✾✹✮

✇❤❡r❡ τa = Ta/TO,0 ✐s t❤❡ r❡❞✉❝❡❞ ❛❝t✐✈❛t✐♦♥ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ t❤❡ ❉❛♠❦ö❤❧❡r ♥✉♠❜❡r ❞❡✜♥❡❞
❜② Da = ρAτd✳

✶✵✳✺✳✷ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ❛ ✷❉ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇✐t❤ ✐♥✐t✐❛❧❧② t✇♦ ❞✐✛❡r❡♥t ♠❡❞✐❛✱ ❣✐✈❡♥ ❜② ❢r❡s❤ ❢✉❡❧
❛♥❞ ❤♦t ❛✐r✳ ❆ s✐♥❣❧❡ ✈♦rt❡① ♠♦❞❡❧❡❞ ❜② ✭✶✵✳✺✻✮ ❝♦♥st✐t✉t❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♠♣♦s❡❞ ♦♥ t❤❡
❞♦♠❛✐♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛♥ ❆▼❉ ❙❤❛♥❣❤❛✐ ✷✳✼ ●❍③ ♣r♦❝❡ss♦r
✇✐t❤ ♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ✸✷ ●❇✳
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❉❛t❛ ■♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ ❙✐♠✉❧❛t✐♦♥ P❛r❛♠❡t❡rs

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✵✳✾✸✮ ✇✐t❤ ◆❡✉♠❛♥♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✐♥ ❛ ✷❉ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥❧❡ss ❞♦♠❛✐♥ ♦❢ [−1, 1]2✱ ✐✳❡✳✱ L = 1 ✐♥t♦ ✭✶✵✳✺✹✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❛❦❡♥ ❢r♦♠ ❬❚❤é✾✷❪✱ ✐s ❝♦♥s✐❞❡r❡❞✿

Z(x⋆, y⋆) = θ(x⋆, y⋆) =
1

2
[1 + tanh(αy⋆)] , ✭✶✵✳✾✺✮

✇❤❡r❡ α = 200✳ ◆♦t✐❝❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✾✶✮ ❛♥❞ ✭✶✵✳✾✷✮✱ Z(x⋆, y⋆) = θ(x⋆, y⋆) = 1 ✐♥
t❤❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡ ❢♦r t❤❡ ❢r❡s❤ ❢✉❡❧✱ ❛♥❞ Z(x⋆, y⋆) = θ(x⋆, y⋆) = 0 ✐♥ t❤❡ ❧♦✇❡r ♣❛rt ❢♦r t❤❡
❤♦t ❛✐r✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥ ❢♦r Z ✐♥ ✭✶✵✳✾✸✮✱ Z ♠✉st ✈❡r✐❢②
Z ∈ [0, 1] ❛t ❛♥② t✐♠❡✳ ❙✐♠✐❧❛r❧②✱ θ ≤ 1 ❛❝❝♦r❞✐♥❣ t♦ ✭✶✵✳✾✷✮✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❛ss ❢r❛❝t✐♦♥s ❛♥❞
t❡♠♣❡r❛t✉r❡s ♦❢ t❤❡ ❣❛s❡s ❛r❡ ❣✐✈❡♥ ❜②

YF,0 = 1, YO,0 = 0.23, TF,0 = 300K, TO,0 = 1000K. ✭✶✵✳✾✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s t♦❣❡t❤❡r ✇✐t❤ ✭✶✵✳✾✻✮ ❞❡✜♥❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❛r❛♠❡t❡rs ✭✶✵✳✾✵✮✱ t❤❛t
❛❧❧♦✇ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✭✶✵✳✾✹✮ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✭✶✵✳✺✻✮✿

Q

cp
= 5× 104K, st = 8, Da = 1.65× 107, Ta = 8000K, ✭✶✵✳✾✼✮

Re = 1000, Sc = 1. ✭✶✵✳✾✽✮

❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✈♦rt❡① ❝♦♠♣✉t❡❞ ✇✐t❤ ✭✶✵✳✺✽✮ ❛♥❞ ❝❡♥t❡r❡❞
❛t (0, 0)✳ ❚❤❡ ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡rs ✇❡r❡ ✜①❡❞ ❛s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✷❉ ♣r♦♣❛❣❛t✐♥❣ ✢❛♠❡
✇✐t❤ s✐♠♣❧❡ ❝❤❡♠✐str②✱ ✐✳❡✳✱ η = 10−3 ✐♥ ✭✶✵✳✶✶✮ ✇✐t❤ ηROCK4 = 10−5 ❛♥❞ ηRadau5 = 10−7✳ ❚❤❡
t✐♠❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t⋆ ∈ [0, 1.5 × 10−4]✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✇❛s
♣❡r❢♦r♠❡❞ ✇✐t❤ ε = 10−2 ❛♥❞ ε = 10−3 ❢♦r ❛ ✜♥❡st ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ 10242 ♣♦✐♥ts✱ ✐✳❡✳✱ J = 10 ❛s ✜♥❡st ❣r✐❞ ❧❡✈❡❧✳

◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

❋✐❣✉r❡ ✶✵✳✾ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❝♦♠✲
♣✉t❡❞ ❢r♦♠ θ ❜② ✭✶✵✳✾✷✮✳ ❚❤❡r❡ ✐s ✐♥✐t✐❛❧❧② ❢r❡s❤ ❢✉❡❧ ❛t TF,0 = 300❑ ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡✱
✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ❧♦✇❡r ❤❛❧❢ ❝♦♥t❛✐♥s ❤♦t ❛✐r ❛t TO,0 = 1000❑✳ ❆ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ r♦t❛t✲
✐♥❣ ✈♦rt❡① ♠♦❞❡❧❡❞ ❜② ✭✶✵✳✺✽✮ ❛♥❞ ❝❡♥t❡r❡❞ ❛t t❤❡ ♣❧❛♥❛r ✐♥t❡r❢❛❝❡ ✐s ✐♥tr♦❞✉❝❡❞ ✐♠♠❡❞✐❛t❡❧②
❛t t⋆ = 0✳ ❚❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡❞ tr❛♥s♣♦rt s✉♣❡r♣♦s❡s t♦ t❤❡ ❞✐✛✉s✐✈❡ ♠❡❝❤❛♥✐s♠s ❛♥❞ ❛❝❝❡❧❡r✲
❛t❡s t❤❡ ♠✐①t✉r❡ ♦❢ t❤❡ ❣❛s❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❧♦❝❛❧ t❡♠♣❡r❛t✉r❡s ✐♥❝r❡❛s❡ ♣r♦❣r❡ss✐✈❡❧②
❢r♦♠ t❤❡ ✈♦rt❡① ❜r❛✐❞s t♦✇❛r❞ t❤❡ ✈♦rt❡① ❝♦r❡ ❛❧♦♥❣ t❤❡ ❝♦♥t❛❝t s✉r❢❛❝❡ ♦❢ ❜♦t❤ ♠❡❞✐❛✳ ❆
❞✐✛✉s✐♦♥ ✢❛♠❡ ✐❣♥✐t❡s ❛❧♦♥❣ t❤❡ ❝♦♥t❛❝t s✉r❢❛❝❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❡♥tr❛✐♥s ✐♥✐✲
t✐❛❧❧② ❢r❡s❤ ❣❛s ✐♥t♦ t❤❡ ✈♦rt❡① ❝♦r❡ ❛♥❞✱ s✉❜s❡q✉❡♥t❧②✱ ❞❡❧❛②s t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤✐s
❝❡♥tr❛❧ ❝♦r❡ ❜② t❤❡ ❞✐✛✉s✐♦♥ ✢❛♠❡✳ ❚❤✐s ❜❡❤❛✈✐♦r ❝❧❡❛r❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
♦❢ t❤❡ ❣❛s❡s ✭✶✵✳✾✻✮ ❛♥❞ ♦♥ t❤❡ ✐♠♣♦s❡❞ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❛s st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❬❚❤é✾✷✱ ❚❈✾✺❪✳
❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛rt r❡♣r♦❞✉❝❡s t❤❡ ♣❤②s✐❝s ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡s❡ ♣r❡✈✐♦✉s
st✉❞✐❡s ❛♥❞ ✐t ✇❛s ❝❤♦s❡♥ ✐♥ t❤✐s ✇♦r❦ ❜❡❝❛✉s❡ ✐t ❢❡❛t✉r❡s ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳
❚❤❡s❡ ✐ss✉❡s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ s❡✈❡r❡ tr❛♥s♣♦rt ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❝❛s❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s✉❞❞❡♥ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣❤②s✐❝s ❛t s♦♠❡
✐♥st❛♥ts ✇❤✐❝❤ ❛r❡ ♥♦t ❦♥♦✇♥ ❛t ❤❛♥❞✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞s ❛r❡ ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✾✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♠✐①t✉r❡
❧❡♥❣t❤s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢❛♠❡ t❤✐❝❦♥❡ss ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ 0.025✱ s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s
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❋✐❣✳ ✶✵✳✾✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ T ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ θ ✐♥ ✭✶✵✳✾✷✮ ❛t
t⋆ = 5 × 10−5 ✭t♦♣✮✱ 10−4 ✭♠✐❞❞❧❡✮✱ ❛♥❞ 1.5 × 10−4 ✭❜♦tt♦♠✮✳ ■♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❢r❡s❤ ❢✉❡❧✿
TF,0 = 300❑✱ ❛♥❞ ♦❢ t❤❡ ❤♦t ❛✐r✿ TO,0 = 1000❑✳ ❘✐❣❤t✿ ❞②♥❛♠✐❝ ❛❞❛♣t❡❞ ❣r✐❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 10242

♣♦✐♥ts ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ J = 10 ✇✐t❤ ε = 10−3✳
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♣r♦♣❛❣❛t✐♥❣ ❝❛s❡ ✇✐t❤ s✐♠♣❧❡ ❝❤❡♠✐str②✳ ❆ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 10242 ♣♦✐♥ts ✐s t❤✉s r❡❛✲
s♦♥❛❜❧② ❛❝❝✉r❛t❡✳ ❋♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ✜♥❡st r❡❣✐♦♥s ❞②♥❛♠✐❝❛❧❧② ✐❞❡♥t✐❢② t❤❡ ❧♦❝❛❧ r✐s❡
✐♥ t❡♠♣❡r❛t✉r❡ ✉♥t✐❧ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❡♥t✐r❡ ❝♦♥t❛❝t s✉r❢❛❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♥✐t✐❛❧ ❢r♦♥ts
❞♦ ♥♦t r❡q✉✐r❡ ❛ ❢✉❧❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ✜♥❡st ❣r✐❞ ❢♦r ❛ t❤r❡s❤♦❧❞ t♦❧❡r❛♥❝❡ ♦❢ ε = 10−3✱
r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✱ ✐✳❡✳✱ θ
✐♥st❡❛❞ ♦❢ T ✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❧♦✇❡r t❤r❡s❤♦❧❞ ✈❛❧✉❡s✱ t❤❡ ❢r♦♥t ✇✐❧❧ r❡♠❛✐♥ ✐♥ t❤❡ ✜♥❡st ❣r✐❞
❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ t✐♠❡ ♣❡r✐♦❞ ❜❡❝❛✉s❡ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ❢♦r♠❛t✐♦♥ ♦❢ st❡❡♣❡r
❣r❛❞✐❡♥ts ❤❛♣♣❡♥s ♣r❡❝✐s❡❧② ❛t t❤❡ ✢❛♠❡ ❢r♦♥t✳
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❋✐❣✳ ✶✵✳✶✵✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❛♥❞ s♣❛❝❡ ❛❞❛♣t❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣s ∆t ✇✐t❤ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η = 10−3 ✭❧❡❢t✮✱ ❛♥❞ ♦❢ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s DC ❣✐✈❡♥ ❜② ✭✹✳✸✾✮
❢♦r ε = 10−2 ❛♥❞ ε = 10−3 ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✶✵✳✶✵ ✐❧❧✉str❛t❡s t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛❞❛♣t✐✈✐t② ❢❡❛t✉r❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳ ❆♥
✐♥✐t✐❛❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ♦❢ ∆t0 = 10−8 ✇❛s ❝♦♥s✐❞❡r❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✈♦rt❡①
❛♥❞ ❛✈♦✐❞ ✉♥♥❡❝❡ss❛r② r❡❥❡❝t✐♦♥s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ s♣❧✐tt✐♥❣ st❡♣ ✐♥❝r❡❛s❡s
✉♥t✐❧ t⋆ ≈ 6.5×10−5 (∆t ≈ 2×10−5) ❞✉r✐♥❣ t❤❡ ♠✐①✐♥❣ ♣❤❛s❡✱ ❛♥❞ t❤❡♥ ❛ s❡r✐❡s ♦❢ r❡❥❡❝t❡❞ st❡♣s
♦❝❝✉rs ❢♦r t❤❡ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳ ❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s t❤✉s r❡❞✉❝❡❞ ❞♦✇♥ t♦ t❤❡
t✐♠❡ s❝❛❧❡ ♥❡❡❞❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✿ ∆t ≈ 10−7✳ ❚❤✐s ❜❡❤❛✈✐♦r ❝♦✐♥❝✐❞❡s
♥❛t✉r❛❧❧② ✇✐t❤ t❤❡ s✉❞❞❡♥ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✢❛♠❡ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ❢❛st ♣r♦♣❛❣❛t✐♦♥ ❛❧♦♥❣ t❤❡
❝♦♥t❛❝t s✉r❢❛❝❡✱ ♦♥❝❡ ❛ ❝❡rt❛✐♥ t❡♠♣❡r❛t✉r❡ ✐s ❧♦❝❛❧❧② r❡❛❝❤❡❞ ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ ♠✐①t✉r❡ ♦❢ t❤❡
❣❛s❡s✳ ❆ ❞②♥❛♠✐❝ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s ❤❡♥❝❡ ♠❛♥❞❛t♦r② t♦ ✐❞❡♥t✐❢② t❤❡s❡
❝❤❛♥❣❡s ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ t❤✐s ♣r♦❝❡ss✳
❚❤✐s r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ t✐♠❡ st❡♣s ❛❧❧♦✇s ✉s t♦ ✉♣❞❛t❡ t❤❡ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t♦
❝♦♥s❡q✉❡♥t❧② r❡✜♥❡ ❛s ♠✉❝❤ ❛s ♥❡❝❡ss❛r② t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦✱
❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✶✵ ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s✳ ❚❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡
♠❡t❤♦❞ t♦ r❛♣✐❞❧② ✉♣❞❛t❡ t❤❡ ♠❡s❤ ✐s ✐❧❧✉str❛t❡❞ ❜② t❤✐s ❧✐♠✐t ❝❛s❡ ❢♦r ✇❤✐❝❤ t❤❡ ❝❤♦s❡♥
t❤r❡s❤♦❧❞ ♣❛r❛♠❡t❡r ❞♦❡s ♥♦t s✉✣❝❡ t♦ ❝♦♠♣❧❡t❡❧② r❡✜♥❡ t❤❡ ✐♥✐t✐❛❧ ❢r♦♥t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡
❤✐❣❤ ✈❛❧✉❡s ♦❢ t❤❡ ❛❝❤✐❡✈❡❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ❥✉st✐❢② ❛ s♣❛t✐❛❧ ❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠✳
❖t❤❡r ♣♦ss✐❜❧❡ s❝❡♥❛r✐♦s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✵✳✶✶ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡s ♦❢
t❤❡ ❛✐r TO,0 ❛♥❞ t❤❡ s❛♠❡ ❢✉❡❧ t❡♠♣❡r❛t✉r❡ TF,0 = 300❑✳ ❊❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✈♦❧✈❡s ❞✐✛❡r❡♥t
❞②♥❛♠✐❝s ✐♥ t❡r♠s ♦❢ t✐♠❡ s❝❛❧❡s ❛♥❞ ✜♥❛❧ t❡♠♣❡r❛t✉r❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❢♦r t❤❡ t✐♠❡ ✇✐♥❞♦✇
♦❢ t⋆ ∈ [0, 1.5×10−4]✱ t❤❡r❡ ✐s ♦♥❧② ♠✐①✐♥❣ ❢♦r TO,0 = 800❑✱ ✇❤❡r❡❛s ❢♦r TO,0 > 1100❑ ✐❣♥✐t✐♦♥
❤❛♣♣❡♥s ❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧ tr❛♥s✐t✐♦♥ ♣❤❛s❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ s♦ t❤❛t ♥♦ st❡♣ r❡❞✉❝t✐♦♥
✐s ♥❡❡❞❡❞✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ❛r❡ ♦❜✈✐♦✉s❧② ❣✐✈❡♥ ❜② t❤♦s❡ ✐♥ ✇❤✐❝❤ ✐❣♥✐t✐♦♥ ♦❝❝✉rs ❛t s♦♠❡
✉♥❦♥♦✇♥ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡✳ ■♥ ❛♥② ❝❛s❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t s✉❝❤ ❛♥ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ❝❛♥
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❤❛♥❞❧❡ ❛❧❧ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ✇✐t❤♦✉t ❛♥② ♣r❡❧✐♠✐♥❛r② ✐♥❢♦r♠❛t✐♦♥✳
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❋✐❣✳ ✶✵✳✶✶✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t ❛♥❞ t❤❡ ♠❛①✐♠✉♠ t❡♠✲
♣❡r❛t✉r❡ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡s ♦❢ t❤❡ ❤♦t ❛✐r TO,0 ❛♥❞ TF,0 = 300❑✳ ❚♦❧❡r❛♥❝❡s η = 10−3

❛♥❞ ε = 10−3✳

❚❛❜❧❡ ✶✵✳✹✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ L2 ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ ✭EJ
split✮✱ s♣❛❝❡

❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✭EJ
MR✮✱ ❛♥❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ✭EMR

split✮ s♦❧✉t✐♦♥s ❡✈❛❧✉❛t❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s✳

❋✐♥❡st ❣r✐❞✿ 10242✳

t⋆ [10
−4] EJsplit [10

−3]
EJMR [10−3] EMR

split [10
−3]

ε = 10−2 ε = 10−3 ε = 10−2 ε = 10−3

0.5 0.46 6.48 2.12 6.48 2.11

1.0 2.25 13.1 5.77 12.9 5.35

1.5 1.53 37.7 2.69 37.9 3.65

❉❡✜♥✐♥❣ t❤❡ s♣❧✐tt✐♥❣✱ ♠✉❧t✐r❡s♦❧✉t✐♦♥✱ ❛♥❞ ❝♦♠❜✐♥❡❞ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡r✲
r♦rs✱ r❡s♣❡❝t✐✈❡❧②✱ ❜② ✭✶✵✳✻✹✮✱ ✭✶✵✳✻✺✮✱ ❛♥❞ ✭✶✵✳✻✻✮✱ ❚❛❜❧❡ ✶✵✳✹ s❤♦✇s t❤❡s❡ ❡st✐♠❛t❡s ❡✈❛❧✉❛t❡❞
❢♦r θ ❛t ❞✐✛❡r❡♥t t✐♠❡s t⋆✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ s♣❧✐tt✐♥❣ ❡rr♦rs EJsplit ❛r❡ ❡✛❡❝t✐✈❡❧② ❝♦♥tr♦❧❧❡❞
❜② t❤❡ ❧♦❝❛❧ ❡rr♦r ❛❝❝✉r❛❝② η✱ ❛♥❞ t❤❛t t❤❡ ❣❧♦❜❛❧ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❛r❡ ❛♣♣r♦①✐♠❛t✐✈❡❧② ♦❢ t❤❡
s❛♠❡ ♦r❞❡r t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ♦♥❧② ❛ ❢❡✇ t✐♠❡ st❡♣s ❛r❡ r❡q✉✐r❡❞
✇✐t❤✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ♦❢ st✉❞②✳ ❚❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs EJMR ✈❡r✐❢② t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t②
✇✐t❤ t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ε✳ ❲❡ r❡♠❛r❦ t❤❛t t❤✐s ❜❡❤❛✈✐♦r ✇♦✉❧❞ ♥♦t ❜❡ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ❛♥
❛❞❡q✉❛t❡ ✉♣❞❛t✐♥❣ ♦❢ t❤❡ ♠❡s❤ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ❞✉r✐♥❣ t❤❡
✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✢❛♠❡ ❢r♦♥t✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦✉♣❧❡❞ ❛❞❛♣t✐✈❡ t✐♠❡✴s♣❛❝❡ ♣r♦✲
❝❡❞✉r❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ❛r❡ ❛❧s♦ ❧❡ss ✐♠♣♦rt❛♥t
❜❡❝❛✉s❡ t❤❡ ❤✐❣❤❡st ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts ❝♦rr❡s♣♦♥❞ ❛♣♣r♦①✐♠❛t✐✈❡❧② t♦ t❤❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ♦❢
t❤❡ s♦❧✉t✐♦♥✱ ❛♥❞ t❤✉s t♦ ✐♠♣♦rt❛♥t ❧♦❝❛❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ s❡❡ t❤❛t
❢♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ❣❧♦❜❛❧ ❡rr♦r EMR

split ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ♠❛✐♥❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ♠✉❧t✐r❡s✲
♦❧✉t✐♦♥ ❡rr♦rs ❢♦r ε = 10−2✱ ✇❤❡r❡❛s ❢♦r ε = 10−3 t❤❡ ❣❧♦❜❛❧ ❡rr♦r ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✐♠❡ ❛♥❞
s♣❛❝❡ ❡rr♦rs ❜❡❝❛✉s❡ ❜♦t❤ t❤❡ s♣❧✐tt✐♥❣ ❛♥❞ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ❛r❡ ❛♣♣r♦①✐♠❛t✐✈❡❧② ♦❢
t❤❡ s❛♠❡ ♦r❞❡r✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❝♦♥s✐❞❡r✐♥❣ ✐♥ ❣❡♥✲
❡r❛❧ t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✱ ✐✳❡✳✱ η = ε✱ ❝♦♥st✐t✉t❡s ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡
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❛♥❞ ②✐❡❧❞s s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ✭s❡❡ ❞✐s❝✉ss✐♦♥s
✐♥ ❈❤❛♣t❡r ✺✮✳
❚❛❜❧❡ ✶✵✳✺ s✉♠♠❛r✐③❡s t❤❡ ❈P❯ t✐♠❡s ✐♥ ♠✐♥✉t❡s ❢♦r t❤❡ t❤r❡❡ ❛❧t❡r♥❛t✐✈❡s✳ ■♠♣♦rt❛♥t ❣❛✐♥s
✐♥ ❈P❯ t✐♠❡ ❛r❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ❛r❡ ♠♦r❡♦✈❡r ✐♠♣r♦✈❡❞
✇✐t❤ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣②✳ ❚❤❡ r❡❞✉❝t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡✲
s❡♥t❛t✐♦♥ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛❝❤✐❡✈❡❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥s ✐♥ ❋✐❣✉r❡ ✶✵✳✶✵✳ ◆♦t✐❝❡ t❤❛t t❤❡
❣❛✐♥s r❡❧❛t❡❞ t♦ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❛r❡ t❤✐s t✐♠❡ ❧❡ss ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ♦❢ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♣❤❛s❡ ✐♥ ❛ r❛t❤❡r s❤♦rt t✐♠❡ ❞♦♠❛✐♥✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ ♦♥❧② s♣❛❝❡
❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t = 10−7✱ ❛s ✐♥ t❤❡ q✉❛s✐✲❡①❛❝t
❛♣♣r♦❛❝❤✱ ♥❡❡❞s ❛❜♦✉t 56.80 ♠✐♥✉t❡s ♦❢ s✐♠✉❧❛t✐♦♥✳

❚❛❜❧❡ ✶✵✳✺✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❈P❯ t✐♠❡ ✐♥ ♠✐♥✉t❡s ❢♦r t❤❡ q✉❛s✐✲❡①❛❝t✱ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣✱
❛♥❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣✐❡s ❢♦r t⋆ ∈ [0, 1.5× 10−4]✳ ❋✐♥❡st ❣r✐❞✿ 10242✳

▼❘✴s♣❧✐tt✐♥❣ ε =
s♣❧✐tt✐♥❣ q✉❛s✐✲❡①❛❝t

10−2 10−3

❈P❯ t✐♠❡ ✭♠✮ ✻✳✹✸ ✽✳✾✸ ✷✵✼✳✺✷ ✻✼✹✳✻✾
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❋✐❣✳ ✶✵✳✶✷✿ ✷❉ ✢❛♠❡ ✐❣♥✐t✐♦♥✳ ❚♦♣✿ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆t✱ t❤❡ r❡❛❝t✐✈❡ ∆tR1 ❛♥❞
∆tR2✱ ❞✐✛✉s✐✈❡ ∆tD1 ❛♥❞ ∆tD2✱ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ∆tC s✉❜st❡♣s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ ✭✶✵✳✶✵✮
✇✐t❤ t♦❧❡r❛♥❝❡s η = 10−3 ❛♥❞ ε = 10−2 ✭❧❡❢t✮ ♦r ε = 10−3 ✭r✐❣❤t✮✳ ❇♦tt♦♠✿ ✐❧❧✉str❛t✐♥❣ ❝❛s❡ ✇✐t❤
❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❡rr♦rs ✇✐t❤ η = 10−3 ❛♥❞ ε = 10−1✳



❙❡❝t✳ ✶✵✳✻ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✷✺✺

❚❤❡ ✇♦r❦ ❞✐str✐❜✉t✐♦♥ ♣❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❢♦r t❤❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥✱ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜✲
❧❡♠s✱ ✐s t❤✐s t✐♠❡ q✉✐t❡ ✉♥❡✈❡♥ ✐♥ t✐♠❡ ❛s ✐t ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ ❋✐❣✉r❡ ✶✵✳✶✷ t❤❛t s❤♦✇s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥s st❡♣s ❢♦r η = 10−3✱ ❛♥❞ ε = 10−2 ♦r ε = 10−3✳ ❆❝t✉❛❧❧②✱ t❤❡
✇♦r❦ ❞✐str✐❜✉t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✵✳✸ ❞✉r✐♥❣ t❤❡ ♠✐①t✉r❡ ❛♥❞ ♣♦st✲✐❣♥✐t✐♦♥
♣❤❛s❡s✳ ❉✉r✐♥❣ t❤❡ ✜rst ✐❣♥✐t✐♦♥s ❛♥❞ t❤❡ s♠❛❧❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✐♥ t❤❡ ✐♥✐t✐❛❧ tr❛♥s✐❡♥t
♣❤❛s❡s✱ t❤❡ ❝❤❛r❣❡ ✐s r❛t❤❡r ❜❛❧❛♥❝❡❞✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣ ✐s t❤❡ ♠♦st ❝♦♥✲
str❛✐♥✐♥❣ st❡♣ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❤✐❣❤ ❘❡②♥♦❧❞s ✈❛❧✉❡s ✐♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤❡ ❞✐✛✉s✐♦♥ t✐♠❡
st❡♣♣✐♥❣ ♣❡r❢♦r♠❡❞ ❜② ❘❖❈❑✹ ✐s q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ❢♦r ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣
t❤❡ s❛♠❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ s❛♠❡ s✐③❡✱ ✐✳❡✳✱ t❤❡ s♣❡❝tr❛❧
r❛❞✐✉s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦rs ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✳ ◆♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ❛ s❧✐❣❤t s❤✐❢t ✐♥
t⋆ ❢♦r t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✇✐t❤ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ε = 10−2 ❛♥❞ ε = 10−3 ✐♥ ❋✐❣✉r❡ ✶✵✳✶✷✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♥♦r♠❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❡rr♦rs ✐♥ ❚❛❜❧❡ ✶✵✳✹ ❝♦♥✜r♠s t❤❛t
t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❡rr♦rs ✐s st✐❧❧ ❛❝❝❡♣t❛❜❧❡✳ ❆ ❝♦✉♥t❡r ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡
❝❛s❡ ✇✐t❤ ε = 10−1 ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s s✉r❡❧② ❛♥ ✐♠♣♦rt❛♥t ❝♦✉♣❧✐♥❣ ♦❢ ❡rr♦rs t❤❛t r❡s✉❧ts ✐♥
❛ ❞✐✛❡r❡♥t ❛♥❞ ❧✐❦❡❧② ✇r♦♥❣ ♥✉♠❡r✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r✳ ■♥ t❤✐s ✇❛②✱ ✇❡
✐❧❧✉str❛t❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s✱ ❤✐❣❤❧② ♣r♦❜❧❡♠ ❞❡♣❡♥❞❡♥t✱ ❝❛♥
❜❡ ❡❛s✐❧② ❡✈❛❧✉❛t❡❞ ✐♥ ♣r❛❝t✐❝❡✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

✶✵✳✻ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❞❡✈❡❧♦♣❡❞
✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts ♠♦❞❡❧❡❞ ❜② r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ s②st❡♠s✳ ❲❡ ❤❛✈❡ t❤✉s ✐♥❝❧✉❞❡❞ ❛ ❝♦♥✈❡❝t✐✈❡ t❡r♠ t♦ ❜❡ ❤❛♥❞❧❡❞ ❜② t❤❡
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ▲❡t ✉s s✉♠♠❛r✐③❡ s♦♠❡ ❦❡② ❛s♣❡❝ts ♦❢ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✿

• ❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❖❙▼P ♠❡t❤♦❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥
s✉❜♣r♦❜❧❡♠✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❣❡♥❡r❛❧ ♣r❡❝❡♣ts ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❢♦r t❤❡ ♦♣❡r❛t♦r s♣❧✐t✲
t✐♥❣ ♠❡t❤♦❞✳ ❚❤❡ ❖❙▼P ♠❡t❤♦❞ ✐s ❛ ♦♥❡✲st❡♣ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡✱ ❞❡✈❡❧♦♣❡❞ ❜② ❉❛r✉ ✫
❚❡♥❛✉❞ ✐♥ ❬❉❚✵✹❪✳

• ❚❤❡ ❡①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ ❛ ❞✐♠❡♥✲
s✐♦♥❛❧ s♣❧✐tt✐♥❣✱ ✇❤✐❝❤ r❡❞✉❝❡s ❝♦♥s✐❞❡r❛❜❧② t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❝♦♠♣❧❡①✐t② ❛s ✇❡❧❧ ❛s t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥ts✳

• ❙❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐tt✐♥❣ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❛s ✇❡❧❧ ❛s ❛ s✐♠♣❧❡ ❝♦rr❡❝t✐✈❡
♣r♦❝❡❞✉r❡ t♦ r❡❞✉❝❡ ♣♦t❡♥t✐❛❧ ♥✉♠❡r✐❝❛❧ ♦s❝✐❧❧❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤
❢♦r ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❧♦❝✐t② ✜❡❧❞s✳

• ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✜♥❡ s♣❛t✐❛❧ ♠❡s❤❡s ♦❢t❡♥ ♥❡❡❞❡❞ t♦ s✐♠✉❧❛t❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♥ts✱ ❛
❞②♥❛♠✐❝ t✐♠❡ st❡♣♣✐♥❣ ✇❛s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ t✐♠❡ st❡♣s ✇✐t❤✐♥ ❡❛❝❤ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣✱ ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ t❤❡♥ ❡✈❛❧✉❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s ✐ss✉❡❞ ❢r♦♠ ❝♦♠❜✉st✐♦♥
❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ st✉❞✐❡s✱ ♥❛♠❡❧②✿

• ❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♣r❡♠✐①❡❞ ✢❛♠❡s ✐♥ ✷❉✴✸❉ ✇✐t❤ s✐♠♣❧✐✜❡❞ ♦r ❝♦♠♣❧❡① ❝❤❡♠✐❝❛❧ s♦✉r❝❡
t❡r♠s✳

• ❚❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ r❡❛❝t✐✈❡ ♠✐①t✉r❡ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❞✐❢✲
❢✉s✐♦♥ ✢❛♠❡s ✐♥ ✷❉✳



❙❡❝t✳ ✶✵✳✻ ✲ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✷✺✻

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t ❞✐✛❡r❡♥t ♣❤②s✐✲
❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣②✱
❡✐t❤❡r ✐♥ ✷❉ ♦r ✸❉✱ ♣r♦✈✐❞✐♥❣ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs r❡❧❛t❡❞ t♦ t❤❡
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❆❧♦♥❣ ✇✐t❤ ♦t❤❡r ❛❞✈❛♥t❛❣❡s ❛❧r❡❛❞② ✐❧❧✉str❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ♣r❡✈✐♦✉s
❝❤❛♣t❡rs✱ t❤❡ t✐♠❡ ❛❞❛♣t❛t✐♦♥ ♣r♦❝❡❞✉r❡ t✉r♥s ♦✉t t♦ ❜❡ ❛ ❝r✐t✐❝❛❧ t♦♦❧ t♦ ❡✣❝✐❡♥t❧② s✐♠✉❧❛t❡
❜♦t❤ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ♥♦t ♦♥❧② t♦ ❡♥s✉r❡ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❜✉t
❛❧s♦ t♦ ♣r♦♣❡r❧② ❤❛♥❞❧❡ t❤❡ ✐♥✐t✐❛❧ str♦♥❣ tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s✳ ❋✉r✲
t❤❡r♠♦r❡✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❛ss❡ss❡❞ ❢♦r ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ s✉❝❤ ❛s t❤❡ s✉❞❞❡♥
✐❣♥✐t✐♦♥ ♦❢ ❛ ✢❛♠❡✱ ✇✐t❤ r❡♠❛r❦❛❜❧❡ ❞✐✛❡r❡♥t ♣❤②s✐❝s ❛♥❞ t✐♠❡ s❝❛❧❡ s♣❡❝tr❛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ ❛❧❧ ❝❛s❡s✱ ✐♠♣♦rt❛♥t ❣❛✐♥s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛r❡
❛❝❤✐❡✈❡❞✱ r❡❧❛t❡❞ t♦ ❝♦♠♣r❡ss❡❞ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s ❛s ✇❡❧❧ ❛s ❛ ❞❡❞✐❝❛t❡❞ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡
✇✐t❤ ❛❞❡q✉❛t❡ s♦❧✈❡rs ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡s✳
❲❡ r❡❝❛❧❧ t❤❛t ❛❧❧ ✐♥♥❡r s♦❧✈❡rs ❛r❡ ❜❛s❡❞ ♦♥ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s s♦ t❤❛t ❝♦♥s✐❞❡r❛❜❧② s♠❛❧❧❡r
t✐♠❡ st❡♣s ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ r❡q✉✐r❡❞ ❢♦r st❛♥❞❛r❞ ❧♦✇ ♦r❞❡r s❝❤❡♠❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❝❛♥ st✐❧❧
♦❜s❡r✈❡ ❛♥ ✐♠♣♦rt❛♥t ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝tr❛ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ♦✈❡r❝♦♠❡ st❛❜✐❧✐t②
r❡str✐❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t s♦❧✈❡rs✱ ❛♥❞ ❢✉rt❤❡r ❣❛✐♥s ✐♥ ❡✣❝✐❡♥❝② ❢♦r s♣❧✐tt✐♥❣ t✐♠❡
st❡♣s ♥♦t ❧✐♠✐t❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ♣❛rt✐❝✉❧❛r✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ s✉❜♣r♦❜❧❡♠✳ Pr❡❧✐♠✐♥❛r②
r❡s✉❧ts ✇❡r❡ ❛❧s♦ ♣r❡s❡♥t❡❞ ❢♦r ♣r♦❜❧❡♠s t❤❛t ✐♥❝❧✉❞❡ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ❢❡❛t✉r❡s ✐♥ ♦r❞❡r t♦ s❤♦✇
t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ t♦ tr❡❛t ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❧❡t ✉s r❡♠❛r❦ t❤❛t
t❤❡ s✐♠♣❧✐✜❡❞ ❝❤❡♠✐❝❛❧ t❡r♠s r❡t❛✐♥ ❛♥❞ ♠✐♠✐❝ s♦♠❡ ❢❛st s❝❛❧❡ ❢❡❛t✉r❡s ❛♥❞ t❤✉s ♥✉♠❡r✐❝❛❧❧②
st✐✛ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ✐♥❢❡rr❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❢r♦♠ t❤❡
r❛t❤❡r s♠❛❧❧ t✐♠❡ st❡♣s ♥❡❡❞❡❞ t♦ s♦❧✈❡ t❤❡ r❡❛❝t✐♦♥ ♣r♦❜❧❡♠✱ ❛❧t❤♦✉❣❤ ❛ ✜❢t❤ ♦r❞❡r s❝❤❡♠❡
❧✐❦❡ ❘❛❞❛✉✺ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✳
❆ ❦❡② q✉❡st✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢
t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❛❧❧♦✇s ✉s t♦ ❜❡tt❡r
❝♦♥tr♦❧ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ✈❡r② ❡❛s② ❛♥❞ s✐♠♣❧❡ ✇❛②✳ ❚❤❡ ❧❡✈❡❧
♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❝❛♥ ❜❡ t❤✉s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❢♦r ❛❧❧ t❤❡ ♣r♦❜❧❡♠s
❝♦♥s✐❞❡r❡❞✱ ✇❡ ❤❛✈❡ ♦♥❧② ♥❡❡❞❡❞ t♦ s❡tt❧❡ t✇♦ ♣❛r❛♠❡t❡rs✿

• ❚❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ε ♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❜❛❧❛♥❝❡s ❞❛t❛ ❝♦♠✲
♣r❡ss✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♠♣r❡ss❡❞ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s❀ ❛♥❞

• ❚❤❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ η ♦❢ t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ❧✐♠✐ts t❤❡
❞❡❣r❡❡ ♦❢ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❤❡♥❝❡✱ ❝♦♥tr♦❧s t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ❡rr♦rs✳

❲❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ✐❧❧✉str❛t❡❞ ❤♦✇ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ s❡❧❡❝t❡❞ ✐♥ ♣r❛❝t✐❝❡✱ ❜❛s❡❞ ♦♥
♣r✐♥❝✐♣❧❡s ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✺✳
❚❤❡s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✈❡r② s❛t✐s❢❛❝t♦r② ❛♥❞ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ♠❡t❤♦❞ ✐s ❝❛✲
♣❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s ♠♦❞❡❧❡❞ ❜② t✐♠❡
❞❡♣❡♥❞❡♥t P❉❊s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ♠❛✐♥ ❛s♣❡❝ts t❤❛t st✐❧❧ r❡q✉✐r❡ ❢✉rt❤❡r
❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ st✉❞✐❡s✿

• ❆ t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡ t❤❛t t❛❦❡s ❛❧s♦ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ s♣❡❝✐❛❧❧② ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ❝♦♥✈❡❝t✐✈❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ st❡♣s❀ ❛♥❞

• ❚❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇✐t❤ ❛ ❤②❞r♦❞②♥❛♠✐❝s s♦❧✈❡r ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧②
❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ t♦ ❡①t❡♥❞ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ str❛t❡❣②
t♦ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠✳

❇♦t❤ ♠❛tt❡rs ❛r❡ ♣❛rt ♦❢ ♦✉r ❝✉rr❡♥t r❡s❡❛r❝❤✳



❈❤❛♣t❡r ✶✶

P❧❛s♠❛ ❆♣♣❧✐❝❛t✐♦♥✿ P♦s✐t✐✈❡ ❙tr❡❛♠❡r

❙✐♠✉❧❛t✐♦♥s

❲❡ ❢♦❝✉s ✐♥ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡✱ ♣❤②s✐❝❛❧❧② ♠♦❞❡❧❡❞ ❜② ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ✐♦♥✐③✐♥❣ ✇❛✈❡s ❝❛❧❧❡❞ str❡❛♠❡rs✳ ❚❤❡ ❞❡t❛✐❧❡❞
st✉❞② ❛♥❞ ❝♦♠♣r❡❤❡♥s✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ s✉❝❤ ♣❤❡♥♦♠❡♥❛ ✐s ♦❢ t❤❡ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ ❢♦r ♠❛♥②
♠♦❞❡r♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ t❤❡✐r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❝♦♥st✐t✉t❡s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ✐♥ t❤✐s r❡❣❛r❞✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❞❡t❛✐❧❡❞ ♣❤②s✐❝s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s r❡✈❡❛❧s ❛♥ ✐♠♣♦rt❛♥t
t✐♠❡✲s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r ✇❤✐❝❤ ❞❡♠❛♥❞s ❣r❡❛t ✐♥✈❡st♠❡♥ts ✐♥ ❛❝❝✉r❛t❡ ♠❛t❤❡♠❛t✐❝❛❧
♠♦❞❡❧✐♥❣ ❛s ✇❡❧❧ ❛s ❞❡❞✐❝❛t❡❞ ❛♥❞ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ st✉❞② ♦❢
str❡❛♠❡r ❞✐s❝❤❛r❣❡s ❜❡❝♦♠❡s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢r❛♠❡✇♦r❦ t♦ ❡✈❛❧✉❛t❡ ❛♥❞ ❢✉rt❤❡r ❞❡✈❡❧♦♣ t❤❡
♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ✇♦r❦✳
❙tr❡❛♠❡r ❞✐s❝❤❛r❣❡s ❛r❡ ✉s✉❛❧❧② ♠♦❞❡❧❡❞ ❜② st✐✛ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s ♦❢ ❞r✐❢t✲❞✐✛✉s✐♦♥ t②♣❡
❝♦✉♣❧❡❞ ✇✐t❤ ❛ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡
t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r ✶✵ ❢♦r st✐✛ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ❡q✉❛t✐♦♥s✱ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛✲
t✐♦♥s ♦❢ t❤❡ ♣❧❛s♠❛ ♠♦❞❡❧✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛❧s♦ r❡q✉✐r❡❞ t♦
s✐♠✉❧❛t❡ s✉❝❤ ♠♦❞❡❧s✱ ❛♥❞ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ ❡①t❡♥s✐♦♥s t♦ t❤❡ ♣r❡s❡♥t str❛t❡❣② ❛r❡
❝♦♥s❡q✉❡♥t❧② ♥❡❡❞❡❞✳ ■♥ ♦r❞❡r t♦ ❝♦♥❞✉❝t t❤❡s❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ♥❡✇ s❡❝♦♥❞
♦r❞❡r str❛t❡❣② t❤❛t ❝♦✉♣❧❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳
❚❤❡ ❧❛tt❡r s❝❤❡♠❡ ❛❧s♦ ❢❡❛t✉r❡s t✐♠❡ ❛❞❛♣t✐✈✐t② ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧✳ ■♠♣♦rt❛♥t ❣❛✐♥s ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ ❛r❡ t❤✉s ❛❝❤✐❡✈❡❞ ❢♦r ❤✐❣❤❧② ✉♥st❡❛❞② ♣r♦❜❧❡♠s✱ ✇❤✐❧❡ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❞②♥❛♠✐❝ ❧♦❝❛❧ ❡rr♦r ❡✈❛❧✉❛t✐♦♥s✳ ❚❤❡ t✐♠❡✴s♣❛❝❡ ♥✉✲
♠❡r✐❝❛❧ str❛t❡❣② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❛s t❤❡r❡❢♦r❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛ s❡❝♦♥❞ t✐♠❡
❛❞❛♣t✐✈❡ s❝❤❡♠❡ t♦ s♦❧✈❡ t❤❡s❡ ♥❡✇ s❡t ♦❢ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ♣❧❛s♠❛ ❛♣♣❧✐❝❛t✐♦♥s✳
❚❤✐s ♥❡✇ s♦❧✉t✐♦♥ s❝❤❡♠❡ ✇❛s ♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t❡❞ ✇✐t❤ s❛t✐s❢❛❝t♦r② r❡s✉❧ts ❢♦r t❤❡ s✐♠✉✲
❧❛t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♥❣ str❡❛♠❡rs✱ ❛♥❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤✐❣❤❧② ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞
❞✐s❝❤❛r❣❡s ✐♥ ✶❉✳ ❊①t❡♥s✐♦♥s t♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ✇✐t❤ ❛♥
❛❞❡q✉❛t❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ♦❢ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❚❤✐s st✉❞② ❤❛s ♠♦t✐✈❛t❡❞ ❛♥ ❛rt✐❝❧❡ ✇❤✐❝❤
❤❛s ❜❡❡♥ r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s ✐♥ ❛ s♣❡❝✐❛❧ ✐ss✉❡ ♦♥ ❈♦♠♣✉✲
t❛t✐♦♥❛❧ P❧❛s♠❛ P❤②s✐❝s ❬❉❇▼+✶✷❪✳ ❲❡ r❡♣r♦❞✉❝❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤✐s ❛rt✐❝❧❡ ✐♥ ✐ts ✐♥t❡❣r❛❧
✈❡rs✐♦♥ ❜❡❝❛✉s❡ ✐t ❝♦♥st✐t✉t❡s ❛♥ ❡①t❡♥s✐♦♥ t♦ t❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r
❛♣♣❧✐❝❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✜rst ♣r❡s❡♥t ❛ ♣r❡❧✐♠✐♥❛r② st✉❞② ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢
❛ s✐♠♣❧✐✜❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣❧❛s♠❛ ♠♦❞❡❧ ❜② t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ♦❢ ❈❤❛♣t❡r
✺✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
♠✉❧t✐✲♣✉❧s❡❞ ❣❛s ❞✐s❝❤❛r❣❡s ✐♥✈♦❧✈✐♥❣ s❡✈❡r❛❧ ❞②♥❛♠✐❝s ✇✐t❤ ✈❡r② ❞✐✛❡r❡♥t t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡s✳



❙❡❝t✳ ✶✶✳✶ ✲ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ♦♥ ❛ ❙✐♠♣❧✐❢✐❡❞ P❧❛s♠❛ ▼♦❞❡❧ ✷✺✽

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s st✉❞② s❡tt❧❡❞ t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡
❛rt✐❝❧❡✱ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳

✶✶✳✶ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ♦♥ ❛ ❙✐♠♣❧✐✜❡❞ P❧❛s♠❛ ▼♦❞❡❧

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛rt ❛ ❜r✐❡❢ st✉❞② ♦♥ t❤❡ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r
✺ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s✐♠♣❧✐✜❡❞ ♣❧❛s♠❛ ♠♦❞❡❧✳ ❚❤✐s st✉❞② ✇✐❧❧ ❛❧s♦ ❣✐✈❡ ❛ ✜rst ✐♥s✐❣❤t ✐♥t♦
t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❡♥❝♦✉♥t❡r❡❞ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s✉❝❤ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✱ ❛♥❞
s❡r✈❡s ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ s❡❝♦♥❞ ♣❛rt✳

✶✶✳✶✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✿

∂tne −D∂2xne = neα|ve| − neη|ve|+ nenpβep,

∂tnp −D∂2xnp = neα|ve| − nenpβep + nnnpβnp,

∂tnn −D∂2xnn = neη|ve| − nnnpβnp,





✭✶✶✳✶✮

❜❛s❡❞ ♦♥ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✉s✉❛❧❧② ❞❡✜♥❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐♦♥ ♦❢ ✐♦♥s ❛♥❞ ❡❧❡❝✲
tr♦♥s ✐♥ ♣❧❛s♠❛ ♠♦❞❡❧s ❬❇◆✾✻✱ ❑✉❧✾✼❪✱ ✇❤❡r❡ ni ✐s t❤❡ ❞❡♥s✐t② ♦❢ s♣❡❝✐❡s i =❡✱ ♣✱ ♥ ✭❡✿ ❡❧❡❝tr♦♥s✱
♣✿ ♣♦s✐t✐✈❡ ✐♦♥s✱ ♥✿ ♥❡❣❛t✐✈❡ ✐♦♥s✮❀ ve ✐s t❤❡ ❡❧❡❝tr♦♥ ❞r✐❢t ✈❡❧♦❝✐t②❀ α ✐s t❤❡ ✐♠♣❛❝t ✐♦♥✐③❛t✐♦♥
❝♦❡✣❝✐❡♥t❀ η st❛♥❞s ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❛tt❛❝❤♠❡♥t ♦♥ ♥❡✉tr❛❧ ♠♦❧❡❝✉❧❡s❀ ❛♥❞ βep ❛♥❞ βnp ❛❝✲
❝♦✉♥ts✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t❤❡ ❡❧❡❝tr♦♥✲♣♦s✐t✐✈❡ ✐♦♥ ❛♥❞ ♥❡❣❛t✐✈❡✲♣♦s✐t✐✈❡ ✐♦♥ r❡❝♦♠❜✐♥❛t✐♦♥s✳ ❆❧❧
t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ r❡❞✉❝❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ E/Ngas✱ ✇❤❡r❡ E
✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡ ❛♥❞ Ngas ✐s t❤❡ ❛✐r ♥❡✉tr❛❧ ❞❡♥s✐t②✳ ❚❤❡ r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r
t❤❡ ❛✐r ❛r❡ t❛❦❡♥ ❢r♦♠ ❬▼▲✾✼❪✱ ✇✐t❤ ❛tt❛❝❤♠❡♥t ❝♦❡✣❝✐❡♥ts t❛❦❡♥ ❢r♦♠ ❬❑❑▼❙✾✷❪✳

✶✶✳✶✳✷ ◆✉♠❡r✐❝❛❧ ❈♦♥✜❣✉r❛t✐♦♥

■♥ t❤✐s ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛s ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛♥ ❛✐r ❣❛♣ ♦❢ 0.5 ❝♠✱
✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ ❤✐❣❤ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s ♦✈❡r t❤❡ r❡❣✐♦♥ [0, 0.01] ✭❝♠✮✳
❆ ❝♦♥st❛♥t ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ∼ 40 ❦❱✴❝♠ ✐s t❤❡♥ r❡♣❡t✐t✐✈❡❧② ❛♣♣❧✐❡❞ ♦✈❡r t❤✐s r❡❣✐♦♥ ❞✉r✐♥❣
10 ♥s ✇✐t❤ ❛ ♣❡r✐♦❞ ♦❢ 1µs✳ ❆❧❧ ♣❛r❛♠❡t❡rs ✐♥ ✭✶✶✳✶✮ ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ✐♠♣♦s❡❞ ✜❡❧❞✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✿ D = 50 ❝♠2✴s✱ ❛♥❞ ❛ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ 1001 ♣♦✐♥ts ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥❡❣❧✐❣✐❜❧❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♦♥❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ❋✐❣✉r❡ ✶✶✳✶ s❤♦✇s t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❥✉st ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❡❛❝❤ ♣✉❧s❡✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦
❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❣✐✈❡♥ ❡✐t❤❡r ❜② ❛ ❤✐❣❤ r❡❛❝t✐✈❡ ❛❝t✐✈✐t② ✇❤❡♥ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞✱ ♦r ❜② t❤❡ ♣r♦♣❛❣❛t✐✈❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡✳
❋♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✶✳✶✮ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❙tr❛♥❣ s❝❤❡♠❡ St2 ✐♥ ✭✺✳✺✮ ❛♥❞ t❤❡ ❡♠❜❡❞❞❡❞
♦♥❡ St2,δ ✭✺✳✼✮✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ str❛t❡❣② ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✺ ✇✐t❤ ✐♥✐t✐❛❧ s♣❧✐tt✐♥❣
t✐♠❡ st❡♣ ∆t0 = 10−10 ❛♥❞ δ0 = 0.05✱ ❛♥❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞✿

• δmax = 0.999❀

• a1 = 1✱ b1 = c1 = a2 = 1/2✱ b2 = 2/5✱ ❛♥❞ c2 = 1/10 ❢♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ st❡♣s✱ ❛s
✐♥ ✭✺✳✺✾✮❀

• ζ = 0.9 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ❡st✐♠❛t❡❀

• β = 0.1 ❛♥❞ γ = 0.95 t♦ ❞❡✜♥❡ t❤❡ ✇♦r❦✐♥❣ r❡❣✐♦♥ ✭✺✳✻✵✮❀



❙❡❝t✳ ✶✶✳✶ ✲ ❆❞❛♣t✐✈❡ ❙♣❧✐tt✐♥❣ ♦♥ ❛ ❙✐♠♣❧✐❢✐❡❞ P❧❛s♠❛ ▼♦❞❡❧ ✷✺✾

• θ = 10 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ δ ❡st✐♠❛t❡❀

• C0
δ = 10 t♦ ♣♦t❡♥t✐❛❧❧② r❡❥❡❝t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0❀

• ❛♥❞ υ = 0.9 ❛s s❡❝✉r✐t② ❢❛❝t♦r ♦❢ t❤❡ ∆tnew ❡st✐♠❛t❡✳

❚❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❞❡❞✐❝❛t❡❞ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r
✹✱ ✇✐t❤ ❘❛❞❛✉✺ ❢♦r t❤❡ r❡❛❝t✐✈❡ t❡r♠ ❛♥❞ t❤❡ ❘❖❈❑✹ ♠❡t❤♦❞ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ❜♦t❤
✇✐t❤ ✜♥❡ t♦❧❡r❛♥❝❡s✱ ηRadau5 = ηROCK4 = 10−10✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠✉st
❜❡ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❛ t✐♠❡ st❡♣ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣✉❧s❡ ❞✉r❛t✐♦♥✳
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❋✐❣✳ ✶✶✳✶✿ ✶❉ s✐♠♣❧✐✜❡❞ ♣❧❛s♠❛ ♠♦❞❡❧✳ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❜❡❢♦r❡ ✭❧❡❢t✮ ❛♥❞ ❛❢t❡r
✭r✐❣❤t✮ ❡❛❝❤ ♣✉❧s❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ st❡♣✲❧✐❦❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ❢♦r ❛ ❞✉r❛t✐♦♥ ♦❢ t❡♥ ♣✉❧s❡s✳

✶✶✳✶✳✸ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

❋✐❣✉r❡ ✶✶✳✷ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❢♦r ❛ t♦❧❡r❛♥❝❡ ♦❢ η = 10−3 ✐♥ ✭✺✳✶✶✮✳
❚❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ❢❡❛t✉r❡s ❛ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❛♥❞ s✉❝❝❡❡❞s t♦ ❝♦♥s✐st❡♥t❧② ❛❞❛♣t ✐ts❡❧❢
t♦ t❤❡ ❞✐s❝❤❛r❣❡✴♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❡♥♦♠❡♥❛✳ ❚❤✐s ②✐❡❧❞s ❤✐❣❤ ✈❛r②✐♥❣ t✐♠❡ st❡♣s ❣♦✐♥❣ ❢r♦♠
∼ 10−10 t♦ ∼ 10−7✳ ❚❤❡r❡❢♦r❡✱ ❛❢t❡r ❡❛❝❤ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡✱ s✐♥❝❡ t❤❡ ♥❡✇ t✐♠❡ st❡♣ ✐s
❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✶✮✱ t❤✐s ♥❡✇ t✐♠❡ st❡♣ ✇✐❧❧ s✉r❡❧② s❦✐♣
t❤❡ ♥❡①t ♣✉❧s❡✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤✐s✱ ❡❛❝❤ t✐♠❡ ✇❡ ❣❡t ✐♥t♦ ❛ ♥❡✇ ♣❡r✐♦❞✱ ✇❡ ✐♥✐t✐❛❧✐③❡ t❤❡
t✐♠❡ st❡♣ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣✉❧s❡✿ ∆t = 10 ♥s✳ ❚❤✐s t✐♠❡ st❡♣ ✐s ♦❜✈✐♦✉s❧② r❡❥❡❝t❡❞ ❛s
s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✶✳✷✱ ❛s ✇❡❧❧ ❛s t❤❡ ♥❡①t ♦♥❡s✱ ✉♥t✐❧ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡tr✐❡✈❡ t❤❡ r✐❣❤t ❞②♥❛♠✐❝s
♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❢♦r t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳ ◆♦ ♦t❤❡r ✐♥t❡r✈❡♥t✐♦♥ ✐s ♥❡❡❞❡❞ ❡✐t❤❡r
✐♥ t❡r♠s ♦❢ ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs ♦r ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs✱ ✐♥ ♦r❞❡r t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❛❞❛♣t
t❤❡ t✐♠❡ st❡♣ t♦ t❤❡ s❡✈❡r❛❧ t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳
❋♦r t❤✐s ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝r✐t✐❝❛❧ ∆t⋆ ❛♥❞ ♣♦ss✐❜❧② δ ❢♦r Nδ = 10 ❛♥❞ Nδ = 100
✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ❛t ❧❡❛st ♦♥❝❡ ❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡
❛♥❞ ♣♦st✲❞✐s❝❤❛r❣❡ r❡❣✐♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t ∈ [5, 6]µs ❛s ✐♥ ❋✐❣✉r❡ ✶✶✳✷✱ δ = δmax ✇✐t❤
∆t⋆ ≈ 4.3 × 10−9 ❞✉r✐♥❣ t❤❡ ♣✉❧s❡✱ ❛♥❞ δ ≈ 0.26 ✇✐t❤ ∆t⋆ ≈ 1.6 × 10−7 ❢♦r t❤❡ r❡st ♦❢ t❤❡
♣❡r✐♦❞✳ ❙✐♠✐❧❛r ✈❛❧✉❡s ❛r❡ ❢♦✉♥❞ ❢♦r t❤❡ ♦t❤❡r ♣❡r✐♦❞s✳ ◆♦t✐❝❡ t❤❛t ❛❢t❡r ❡❛❝❤ ♣✉❧s❡✱ ∆t⋆ ✐s
❛✉t♦♠❛t✐❝❛❧❧② ✉♣❞❛t❡❞ ❜❡❝❛✉s❡ ∆t ✐♥❝r❡❛s❡s ❛♥❞ t❤❡♥ ∆t ❣❡ts ❡q✉❛❧ t♦ ∆t⋆✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ∆t⋆ ❢♦r ❡❛❝❤ r❡❣✐♦♥✱ r❡s✉❧ts ♥❛t✉r❛❧❧② ❢r♦♠ t❤❡ ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs ❛♥❞ ❤❡♥❝❡✱ ♣❤②s✐❝s ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡❛❝❤ r❡❣✐♠❡✳
❆♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ✐s ❛❝❤✐❡✈❡❞ ❢♦r ❡❛❝❤ ♣❤❛s❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛s ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠
t❤❡ ❣❧♦❜❛❧ ❡rr♦r ❜❡t✇❡❡♥ s♣❧✐tt✐♥❣ ❛♥❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣✉❧s❡ ✭t = 5.01µs✮✱
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❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ ✭t = 6µs✮✳ ❚❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❜②
❛ ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✶✳✶✮ ✇✐t❤ ❘❛❞❛✉✺ ❛♥❞ ✜♥❡ t♦❧❡r❛♥❝❡ ηRadau5 = 10−10✳ ■❢ ✇❡
❝♦♠♣❛r❡ t❤❡s❡ r❡s✉❧ts ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t ❡st✐♠❛t✐♥❣ ❡✐t❤❡r ∆t⋆ ♦r δ✱ ❜✉t ✇✐t❤
δ = δ0 = 0.05✱ ✇❡ ❝❛♥ ❞r❛✇ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛s ✐♥ t❤❡ ❇❩ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❈❤❛♣t❡r ✺✳ ❋♦r
❧❡ss ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥s ✇✐t❤ ❤✐❣❤ t♦❧❡r❛♥❝❡s✱ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❝♦rr❡❝ts t❤❡ ❧♦❝❛❧ ❡rr♦r
❡st✐♠❛t❡s ❝♦♠♣✉t❡❞ δ = δ0 = 0.05✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r η = 10−3 t❤❡r❡ ✐s ❛ r❛t✐♦ ♦❢ ❛❜♦✉t 10
❜❡t✇❡❡♥ ❜♦t❤ s♦❧✉t✐♦♥s✳ ❋♦r ❤✐❣❤❡r t♦❧❡r❛♥❝❡s✱ η ≥ 10−2✱ ❜♦t❤ ♠❡t❤♦❞s ②✐❡❧❞ ❛ t✐♠❡ st❡♣ ❡q✉❛❧
t♦ t❤❡ ♣✉❧s❡ ❞✉r❛t✐♦♥✱ ∆t = 10 ♥s✳ ❋♦r t❤❡ s♠❛❧❧❡st t♦❧❡r❛♥❝❡s✱ s❧✐❣❤t❧② ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s
❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ✜①❡❞ δ = δ0 ❜❡❝❛✉s❡ s♠❛❧❧❡r s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❛r❡ ✉s❡❞✳
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❋✐❣✳ ✶✶✳✷✿ ✶❉ s✐♠♣❧✐✜❡❞ ♣❧❛s♠❛ ♠♦❞❡❧✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❝❝❡♣t❡❞ ❛♥❞ r❡❥❡❝t❡❞ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s✱
❛♥❞ t❤❡ ✐♠♣♦s❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢♦r t ∈ [0, 10]µs ✭t♦♣ ❧❡❢t✮✱ ❞✉r✐♥❣ t❤❡ ♣✉❧s❡ t ∈ [5, 5.01]µs ✭t♦♣ r✐❣❤t✮✱
❛♥❞ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ t ∈ [5.01, 6]µs ✭❜♦tt♦♠ ❧❡❢t✮✳ ❇♦tt♦♠ r✐❣❤t✿ ❣❧♦❜❛❧ L2 ❡rr♦rs ❛t t❤❡ ❡♥❞ ♦❢
t❤❡ ♣✉❧s❡ ✭t = 5.01µs✮ ❛♥❞ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ ✭t = 6µs✮✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧
∆t⋆ ❛♥❞ t✐♠❡ s❤✐❢t δ✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s ♣r❡❧✐♠✐♥❛r② st✉❞②✱ ❧❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡
❢♦r ✇❤✐❝❤ t❤❡ ❛❝❝✉r❛❝② ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t✐♠❡ st❡♣s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st s❝❛❧❡✱
t❤❡ ❡rr♦r ❝♦♥tr♦❧ ❢❡❛t✉r❡❞ ❜② t❤✐s ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ✐♠♣❧✐❡s ❛♥ ❡✛❡❝t✐✈❡ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥ ♦❢
♣r♦❜❧❡♠s ♠♦❞❡❧✐♥❣ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ ♦r ♥✉♠❡r✐❝❛❧
t✐♠❡ s❝❛❧❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛♥ ✐♠♣♦rt❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✐s ❛❝❤✐❡✈❡❞
❢♦r ❤✐❣❤❧② ✉♥st❡❛❞② ♣❤❡♥♦♠❡♥❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t❡❝❤♥✐q✉❡ ✇❛s s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ t❤✐s
s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s t❤❛t ♥❡✈❡rt❤❡❧❡ss ❡①❤✐❜✐ts ❛ ❜r♦❛❞ t✐♠❡ s❝❛❧❡ s♣❡❝tr✉♠
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✱ ❛♥❞ ❛❧s♦ ✐♠♣♦rt❛♥t ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ✈❛r✐❛t✐♦♥ ♦❢ ♣❛✲
r❛♠❡t❡rs ✐♥ t✐♠❡ ❛♥❞ ✐♥ s♣❛❝❡ t❤❛t ♥♦t❛❜❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❚❤❡ ❝♦♠♣❧❡t❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐❧❧ ❜❡ tr❡❛t❡❞
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✐♥ ❞❡t❛✐❧s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✱ ✐♥ ✇❤✐❝❤ t❤❡ s❛♠❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡ ✇✐❧❧ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛
♥❡✇ ♦♥❡ ❢♦r ♣❧❛s♠❛ ♠♦❞❡❧s✳
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▼❛① ❉✉❛rt❡✱ ❩❞❡♥➙❦ ❇♦♥❛✈❡♥t✉r❛✱ ▼❛r❝ ▼❛ss♦t✱ ❆♥♥❡ ❇♦✉r❞♦♥✱ ❙té♣❤❛♥❡

❉❡s❝♦♠❜❡s✱ ❛♥❞ ❚❤✐❡rr② ❉✉♠♦♥t

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ♥❡✇ r❡s♦❧✉t✐♦♥ str❛t❡❣② ❢♦r ♠✉❧t✐✲s❝❛❧❡ str❡❛♠❡r ❞✐s✲
❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ s❡❝♦♥❞ ♦r❞❡r t✐♠❡ ❛❞❛♣t✐✈❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ s♣❛❝❡ ❛❞❛♣t✐✈❡
♠✉❧t✐r❡s♦❧✉t✐♦♥✳ ❆ ❝❧❛ss✐❝❛❧ ✢✉✐❞ ♠♦❞❡❧ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s✱ ❝♦♥s✐❞❡r✐♥❣
❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ t✐♠❡✲s♣❛❝❡ ❛❝❝✉r❛❝② ❝♦♥tr♦❧ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❛♥❞ t❤✉s✱ ❛♥ ❡✛❡❝t✐✈❡ ❛❝❝✉✲
r❛t❡ r❡s♦❧✉t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ t✐♠❡ s❝❛❧❡✳ ❆♥ ✐♠♣♦rt❛♥t ✐♠♣r♦✈❡♠❡♥t
♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥❡✈❡r t❤❡ r❡q✉✐r❡❞ t✐♠❡ st❡♣s ❣♦ ❜❡②♦♥❞
st❛♥❞❛r❞ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠❡s❤ s✐③❡ ♦r s♦✉r❝❡ t✐♠❡ s❝❛❧❡s ❢♦r t❤❡ r❡s✲
♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ✇❤❡r❡❛s t❤❡ st❛❜✐❧✐t② ❝♦♥str❛✐♥t r❡❧❛t❡❞ t♦ t❤❡
❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ s❝❛❧❡ ✐s r❡s♣❡❝t❡❞ ❜✉t ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ♣r❡❝✐s✐♦♥✳ ◆✉♠❡r✐❝❛❧
✐❧❧✉str❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ str❛t❡❣② ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥
♦❢ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ✐♦♥✐③✐♥❣ ✇❛✈❡s ❛s str❡❛♠❡r ❞✐s❝❤❛r❣❡s✱ ❛s ✇❡❧❧ ❛s ❤✐❣❤❧② ♠✉❧t✐✲s❝❛❧❡
♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✱ ❞❡s❝r✐❜✐♥❣ ❝♦♥s✐st❡♥t❧② ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢
s♣❛❝❡ ❛♥❞ t✐♠❡ s❝❛❧❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s ❢♦r ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝❤❛r❣❡✴♣♦st✲
❞✐s❝❤❛r❣❡ ♣❤❛s❡s✱ ♦✉t ♦❢ r❡❛❝❤ ♦❢ st❛♥❞❛r❞ ♥♦♥✲❛❞❛♣t✐✈❡ ♠❡t❤♦❞s✳

❑❡②✇♦r❞s✳ ▼✉❧t✐✲s❝❛❧❡ ❞✐s❝❤❛r❣❡❀ ❚✐♠❡ ❛❞❛♣t✐✈❡ ✐♥t❡❣r❛t✐♦♥❀ ❙♣❛❝❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦✲
❧✉t✐♦♥❀ ❊rr♦r ❝♦♥tr♦❧✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✻✺▼✵✽✱ ✻✺▼✺✵✱ ✻✺❩✵✺✱ ✻✺●✷✵✳
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❉❖■✿ ✶✵✳✶✵✶✻✴❥✳❥❝♣✳✷✵✶✶✳✵✼✳✵✵✷
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✶✶✳✷ ■♥tr♦❞✉❝t✐♦♥

■♥ r❡❝❡♥t ②❡❛rs✱ ♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❛♥ ✐♥❝r❡❛s✐♥❣
❧✐st ♦❢ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ❝❤❡♠✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ❞❡❝♦♥t❛♠✐♥❛t✐♦♥✱ ❛❡r♦❞②♥❛♠✐❝ ✢♦✇ ❝♦♥tr♦❧
❛♥❞ ❝♦♠❜✉st✐♦♥ ❬✈❱✵✵✱ ❋❈●✵✺❪✳ ■♥ ❛❧❧ t❤❡s❡ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❡ ❞✐s❝❤❛r❣❡s t❛❦❡ ✉s✉✲
❛❧❧② t❤❡ ❢♦r♠ ♦❢ t❤✐♥ ♣❧❛s♠❛ ✜❧❛♠❡♥ts ❞r✐✈❡♥ ❜② ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ✐♦♥✐③✐♥❣ ✇❛✈❡s✱ ❛❧s♦ ❝❛❧❧❡❞
str❡❛♠❡rs✳ ❚❤❡s❡ ✐♦♥✐③✐♥❣ ✇❛✈❡s ♦❝❝✉r ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❤✐❣❤ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥❞✉❝❡❞ ❜②
t❤❡ ❢❛st ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♥❡t ❝❤❛r❣❡ ❞❡♥s✐t② ❛❤❡❛❞ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛✈❛❧❛♥❝❤❡ ✇✐t❤ ❧❛r❣❡ ❛♠♣❧✐✲
✜❝❛t✐♦♥✳ ❚❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛r❡ ♠❛✐♥❧② ❣♦✈❡r♥❡❞ ❜② t❤❡ ❈♦✉r❛♥t✱ t❤❡ ❡✛❡❝t✐✈❡
✐♦♥✐③❛t✐♦♥ ❛♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡s s❝❛❧❡s ❬❱P❇✾✹❪✱ ✇❤✐❝❤ ❛r❡ ✉s✉❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢
10−14−10−12s✱ ✇❤❡r❡❛s t❤❡ t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝❡♥t✐♠❡t❡r ❣❛♣s✱
✐s ❛❜♦✉t ❛ ❢❡✇ t❡♥s ♦❢ ♥❛♥♦s❡❝♦♥❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❧❛r❣❡ ✈❛r✐❛t✐♦♥ ♦❢ s♣❛❝❡ s❝❛❧❡s ♥❡❡❞s
❛❧s♦ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ s✐♥❝❡ t❤❡ ❉❡❜②❡ ❧❡♥❣t❤ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❝❛♥ ❜❡ ❛s s♠❛❧❧
❛s ❛ ❢❡✇ ♠✐❝r♦♠❡t❡rs✱ ✇❤✐❧❡ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣s✱ ✇❤❡r❡ ❞✐s❝❤❛r❣❡s ♣r♦♣❛❣❛t❡✱ ❛r❡ ✉s✉❛❧❧②
♦❢ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❡✇ ❝❡♥t✐♠❡t❡rs✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❞❡t❛✐❧❡❞ ♣❤②s✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡s r❡✈❡❛❧s ❛♥
✐♠♣♦rt❛♥t t✐♠❡✲s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ❝❤❛r❛❝t❡r ❬❯❇❘❚✶✵✱ ❊❇❉+✶✶❪✳
▼♦r❡ ❝♦♠♣❧❡① ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡ ♣❧❛s♠❛ ❛ss✐st❡❞ ❝♦♠❜✉st✐♦♥ ♦r ✢♦✇ ❝♦♥tr♦❧✱ ❢♦r ✇❤✐❝❤ t❤❡
❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❣❛s ✢♦✇ ❝❤❡♠✐str② ♦r ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ❞✉r✐♥❣ t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡s ♦❢ t❤❡
✢♦✇ ♦❢ 10−4− 10−3s✱ ✐s ❞✉❡ t♦ ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝❤❛r❣❡s ❣❡♥❡r❛t❡❞ ❜② ❤✐❣❤ ❢r❡q✉❡♥❝② ✭✐♥ t❤❡ ❦❍③
r❛♥❣❡✮ s✐♥✉s♦✐❞❛❧ ♦r ♣✉❧s❡❞ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s ❬P●▲+✵✻✱ ❖❙▼+✵✽❪✳ ❚❤❡r❡❢♦r❡✱ ❞✉r✐♥❣ t❤❡ ♣♦st✲
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❞✐s❝❤❛r❣❡ ♣❤❛s❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❡♥s ♦❢ ♠✐❝r♦s❡❝♦♥❞s✱ ♥♦t ♦♥❧② t❤❡ t✐♠❡ s❝❛❧❡s ❛r❡ ✈❡r② ❞✐✛❡r❡♥t
❢r♦♠ t❤♦s❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣❤❛s❡s ♦❢ ❛ ❢❡✇ t❡♥s ♦❢ ♥❛♥♦s❡❝♦♥❞s✱ ❜✉t ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t
♣❤②s✐❝s ✐s t❛❦✐♥❣ ♣❧❛❝❡✳ ❚❤❡♥✱ t♦ t❤❡ r❛♣✐❞ ♠✉❧t✐✲s❝❛❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉r✐♥❣ ❞✐s❝❤❛r❣❡s✱ ✇❡ ❤❛✈❡
t♦ ❛❞❞ ♦t❤❡r r❛t❤❡r s❧♦✇❡r ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡✱ s✉❝❤ ❛s r❡❝♦♠❜✐♥❛t✐♦♥
♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s✱ ❤❡❛✈②✲s♣❡❝✐❡s ❝❤❡♠✐str②✱ ❞✐✛✉s✐♦♥✱ ❣❛s ❤❡❛t✐♥❣ ❛♥❞ ❝♦♥✈❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱
✐t ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❛❝❝✉r❛t❡❧② s✐♠✉❧❛t❡ t❤❡ ♣❤②s✐❝s ♦❢ ♣❧❛s♠❛✴✢♦✇ ✐♥t❡r❛❝t✐♦♥s ❞✉❡ t♦ t❤❡
s②♥❡r❣② ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝❤❛r❣❡✴♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡s✳
■♥ ♠♦st ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s ♦❢ str❡❛♠❡r ❞✐s❝❤❛r❣❡s✱ t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s ✐s ❣♦✈❡r♥❡❞
❜② ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❝♦✉♣❧❡❞ ✇✐t❤ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❊❛r❧② s✐♠✉❧❛t✐♦♥ st✉❞✐❡s ✇❡r❡
❧✐♠✐t❡❞ t♦ s✐♠♣❧✐✜❡❞ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ str❡❛♠❡r ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝②❧✐♥❞❡r ♦❢ ❝♦♥st❛♥t
r❛❞✐✉s ❬❉❏❊✻✹✱ ❉❉❊✼✶✱ ❆❇✽✵✱ ▼♦r✽✺❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❞❡♥s✐t✐❡s ❛r❡ ❛ss✉♠❡❞
t♦ ❜❡ ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ r❛❞✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ str❡❛♠❡r✿ t❤❡ ✶✳✺❉ ♠♦❞❡❧ ❛♣♣r♦❛❝❤✳ ■♥ t❤✐s
♠♦❞❡❧✱ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❞❡♥s✐t✐❡s ✐s s♦❧✈❡❞ ♦♥❧② ❛❧♦♥❣ ♦♥❡
s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥
t✇♦ ❞✐♠❡♥s✐♦♥s ✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❞✐s❝ ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ ❛ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧
r❡s✉❧ts✳ ❆ ✷❉ ♠♦❞❡❧ ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ✐♥❞❡❡❞ ❡ss❡♥t✐❛❧ t♦ ♣r♦♣❡r❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ❜② t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ✐♥ t❤❡ str❡❛♠❡r ❤❡❛❞✳ ❆❢t❡r t❤❡ ✜rst ✷❉ str❡❛♠❡r
s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ r❡s♦❧✉t✐♦♥ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❬❉❲✽✼❪✱ ♠❛♥② st✉❞✐❡s
❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✐♥ ✷❉ ❬❱P❇✾✹✱ ❇◆✾✼✱ ❑✉❧✵✵✱ P❙❙✵✶✱ ❆❊❍✵✷✱ ❈❇❩+✵✾✱ ❇❇❈✶✵❪ ❛♥❞ ✸❉
❬◆❆❑✵✽✱ P❙❈❇✵✽✱ ▲❊❍✵✽✱ P▼●✶✶❪✳
❇❡✐♥❣ ❛✇❛r❡ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❢✉❧❧② ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✱ ❛
❞❡❝♦✉♣❧✐♥❣ str❛t❡❣② ✐s ✉s✉❛❧❧② ❛❞♦♣t❡❞✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s✉❝❝❡ss✐✈❡ ♥✉✲
♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ✜①❡❞ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ♦❢ t❤❡ ❞r✐❢t✲
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ✜①❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✉r✐♥❣ ❡❛❝❤ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣✳ ❚❤❡s❡ ❝♦♠♣✉✲
t❛t✐♦♥s ♠✐❣❤t ❜❡ ♣❡r❢♦r♠❡❞ ❡①♣❧✐❝✐t❧② ✐♥ t✐♠❡ ✇✐t❤ st❛♥❞❛r❞ ✜rst ♦r ❡✈❡♥ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡s
❬▼❍❊✵✻✱ ❇P▲+✵✼❪✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ t✐♠❡ st❡♣s ❛r❡ ✉s✉❛❧❧② ❧✐♠✐t❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ st❛❜✐❧✐t②
❜② t❤❡ ✈❛r✐♦✉s ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡s s❝❛❧❡s ✭❈♦✉r❛♥t✱ ✐♦♥✐③❛t✐♦♥✱ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥✮✱ ✇❤❡r❡❛s
t❤❡ ❛❝❝✉r❛❝② ♦❢ s✐♠✉❧❛t✐♦♥s ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❣✐✈❡♥ ❜② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ t✐♠❡
s❝❛❧❡✳ ■♥ ♦r❞❡r t♦ s♦♠❡❤♦✇ ♦✈❡r❝♦♠❡ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ ❧✐♠✐t❛t✐♦♥✱ s♦♠❡ s❡♠✐✲✐♠♣❧✐❝✐t
❛♣♣r♦❛❝❤❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❬❱❙❍❑✾✸✱ ❈❉❲✾✾✱ ❍❑✵✵❪✱ ❜❛s❡❞ ♦♥ ❛ ♣r❡❞✐❝t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ❛❤❡❛❞ ✐♥ t✐♠❡ ❞✉r✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♦t❤❡r
t✐♠❡ s❝❛❧❡ ❝♦♥str❛✐♥ts r❡♠❛✐♥✳ ❚❤✐s ❣❛✐♥ ♦❢ st❛❜✐❧✐t② ❛❧❧♦✇s ✐♠♣♦rt❛♥t ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❡r♠s ♦❢
❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❜✉t t❤❡ ❛❝❝✉r❛❝② ♦❢ s✐♠✉❧❛t✐♦♥s ❜❡❝♦♠❡s r❛t❤❡r ❞✐✣❝✉❧t t♦ q✉❛♥t✐❢②✳
❆♥♦t❤❡r ♣❡r❢♦r♠✐♥❣ t❡❝❤♥✐q✉❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ s✐♠✉❧❛t✐♦♥s ❝♦♥s✐❞❡rs ❛♥ ❛s②♥✲
❝❤r♦♥♦✉s ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ s❡❧❢✲❛❞❛♣t✐✈❡ ❧♦❝❛❧ t✐♠❡✲
st❡♣♣✐♥❣✱ ❢♦r ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ t✐♠❡ st❡♣s ❛r❡ ❜❛s❡❞ ❡✐t❤❡r ♦♥ ❧♦❝❛❧ ❞②♥❛♠✐❝ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡
s♦❧✉t✐♦♥ ❬❑❉❖❖✵✺✱ ❖❑✵✻❪ ♦r ♦♥ ❧♦❝❛❧ ❈♦✉r❛♥t ❝♦♥❞✐t✐♦♥s ❬❯❇❘❚✵✼❪✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡
t❤❡ s✉❜❥❡❝t ♦❢ s❡✈❡r❛❧ st✉❞✐❡s ❬❈◆P❚✵✽✱ ❉●❘❙✵✽✱ ❈◆P❚✶✵❪ ❛♥❞ ❛r❡ ♠❛✐♥❧② ❝♦♥❝❡✐✈❡❞ t♦ ❛✈♦✐❞
❡①♣❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥s ✇❤❡♥❡✈❡r t❤❡ ✇❤♦❧❡ s②st❡♠ ✐s ✉♥♥❡❝❡ss❛r✐❧② ❛❞✈❛♥❝❡❞ ✐♥ t✐♠❡ ✇✐t❤ ❛
❣❧♦❜❛❧ t✐♠❡ st❡♣ ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ❢❛st❡st s❝❛❧❡✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡s❡ ♠❡t❤♦❞s ②✐❡❧❞ ❡✣❝✐❡♥t
str❛t❡❣✐❡s✱ s♣❡❝✐❛❧❧② ✐♥ t❡r♠s ♦❢ ❈P❯ t✐♠❡ s❛✈✐♥❣s✱ ✇✐t❤ st❛❜❧❡ ❛♥❞ ✢✉①✲❝♦♥s❡r✈✐♥❣ t✐♠❡ ✐♥✲
t❡❣r❛t✐♦♥s✱ ✐t ✐s r❛t❤❡r ❞✐✣❝✉❧t t♦ ❝♦♥❞✉❝t ❛♥ ❛❝❝✉r❛❝② ❝♦♥tr♦❧ ♦♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ t✐♠❡
❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥s ♦r ♦♥ t❤❡✐r ❝♦✉♣❧✐♥❣ ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡s♦❧✉t✐♦♥ ❢♦r ♣❧❛s♠❛ ♠♦❞❡❧s✳
■♥ t❤✐s ✇♦r❦✱ ❛ ♥✉♠❡r✐❝❛❧ st✉❞② ✐s ❝♦♥❞✉❝t❡❞ ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❛ s❡❝♦♥❞ ♦r❞❡r ❡①♣❧✐❝✐t ✐♥ t✐♠❡
❞❡❝♦✉♣❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❛♥❞ ✐♦♥ ❞❡♥s✐t✐❡s✳ ❆
❧♦✇❡r ♦r❞❡r ❛♥❞ ❡♠❜❡❞❞❡❞ ♠❡t❤♦❞ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t♦ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡ t❤❡ ❞❡❝♦✉♣❧✐♥❣
t✐♠❡ st❡♣s t❤❛t ❣✉❛r❛♥t❡❡ ❛♥ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧
❝♦✉♣❧✐♥❣✳ ❆t t❤✐s st❛❣❡✱ t❤❡ ♦♥❧② ❧✐♠✐t✐♥❣ t✐♠❡ s❝❛❧❡ ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝
t✐♠❡ ❢♦r st❛❜✐❧✐t② r❡❛s♦♥s✳ ■♥ ❛ s❡❝♦♥❞ ❧❡✈❡❧✱ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛



❙❡❝t✳ ✶✶✳✸ ✲ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥ ✷✻✹

❙tr❛♥❣ s❡❝♦♥❞ ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❣❧♦❜❛❧ ♦r❞❡r ♦❢ t❤❡
str❛t❡❣② ❬❉▼❉+✶✷✱ ❉❉❉+✶✷❪✳ ❚❤✐s t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ❝♦♥s✐❞❡rs ❤✐❣❤ ♦r❞❡r ❞❡❞✐❝❛t❡❞
♠❡t❤♦❞s ❞✉r✐♥❣ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ✇❤✐❝❤ ✐s ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣t❡❞ ❜② ❛♥ ❡rr♦r ❝♦♥tr♦❧
♣r♦❝❡❞✉r❡ ❬❉❉❉+✶✶❪✳ ■♥ t❤✐s ✇❛②✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❣❧♦❜❛❧ ❛❞✈❛♥❝❡ ✐♥ t✐♠❡ ❣✐✈❡♥ ❜②
t❤❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ t❤❡ ❧❛tt❡r ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s✱
✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ t❤❡ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡s❤ s✐③❡ ♦r
t❤❡ ❢❛st❡st s♦✉r❝❡ t✐♠❡ s❝❛❧❡s ❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❬❉▼❉❉✶✶❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s t❡❝❤♥✐q✉❡
♣r♦✈✐❞❡s ❛♥ ❡rr♦r ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡ ❛♥❞ st❛♥❞s ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❧♦❝❛❧ st❡♣♣✐♥❣ s❝❤❡♠❡s
t♦ ♦✈❡r❝♦♠❡ t✐♠❡ st❡♣ ❧✐♠✐t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♣❤❡♥♦♠❡♥❛✳
❇♦t❤ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❞❡♥s✐t② r❡s♦❧✉t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛♥ ❛❞❛♣t❡❞ ♠❡s❤ ♦❜t❛✐♥❡❞ ❜②
❛ s♣❛t✐❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ ❍❛rt❡♥✬s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ❬❍❛r✾✺❪ ❛♥❞ ❢✉rt❤❡r ❞❡✲
✈❡❧♦♣❡❞ ✐♥ ❬❈❑▼P✵✸❪✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♣❛t✐❛❧ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡s❡ ♣❤❡♥♦♠❡♥❛
✇✐t❤ st❡❡♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♦♠❡ ❣r✐❞ ❛❞❛♣t❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ✷❉ str✉❝t✉r❡❞
♠❡s❤❡s ✇❡r❡ ❛❧r❡❛❞② ✉s❡❞ ❬▼❍❊✵✻✱ P❙❈❇✵✽✱ ❯❇❘❚✶✵❪ ❛♥❞ ❡①t❡♥s✐♦♥s t♦ ✸❉ ❤❛✈❡ ❜❡❡♥ ❛❧s♦
♣r♦♣♦s❡❞ ❬P❙❈❇✵✽✱ ◆❆❑✵✽❪ ❢♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s
♦❢ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ✐s t❤❛t ✐t ✐s ❜❛s❡❞ ♦♥ ❛ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♥❞
❛♥ ❡rr♦r ♦❢ t❤❡ s♣❛t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ t❤❡♥ ♠❛t❤❡♠❛t✐❝❛❧❧② ❡st✐♠❛t❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱
❛♥ ❡✛❡❝t✐✈❡ ❡rr♦r ❝♦♥tr♦❧ ✐s ❛❝❤✐❡✈❡❞ ❢♦r ❜♦t❤ t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥❛ ✉♥❞❡r st✉❞②✳
❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ✜rst ❡✈❛❧✉❛t❡❞ ❢♦r ❛ ♣r♦♣❛❣❛t✐♥❣ str❡❛♠❡r ♣r♦❜❧❡♠ ✇✐t❤
t❤❡ ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✱ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡
st✉❞✐❡❞✳ ❖♥❝❡ t❤❡ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s s❡tt❧❡❞✱ ❛ ✶✳✺❉ str❡❛♠❡r ♠♦❞❡❧ ✐s ❛❞♦♣t❡❞ ✐♥ ♦r✲
❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡s♦❧✉t✐♦♥ str❛t❡❣② ❜❛s❡❞ ♦♥ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❞❡r✐✈❡❞
❢r♦♠ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ s✉✐t❛❜❧❡ ❢♦r ❛❞❛♣t❡❞ ✜♥✐t❡ ✈♦❧✉♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s ❬❇P❇+✵✼❪✳ ■♥ ❛
s❡❝♦♥❞ st❡♣✱ ❛ ♠♦r❡ ❝♦♠♣❧❡① ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ r❡♣❡t✲
✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✱ ❢♦r ✇❤✐❝❤ ❛ t✐♠❡✲s♣❛❝❡ ❛❞❛♣t✐✈❡ ♠❡t❤♦❞ ✐s r❡q✉✐r❡❞ t♦ ❡✣❝✐❡♥t❧②
♦✈❡r❝♦♠❡ s♦♠❡ ❤✐❣❤❧② ♠✉❧t✐✲s❝❛❧❡ ❢❡❛t✉r❡s ✐♥ ♦r❞❡r t♦ ❢✉❧❧② ❞❡s❝r✐❜❡ t❤❡ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ ♣❤❡✲
♥♦♠❡♥❛✳ ■♥ t❤✐s ✇♦r❦✱ ♦♥❧② ❛ ✶✳✺❉ ♠♦❞❡❧ ✐s ❝♦♥s✐❞❡r❡❞ ❜✉t ❡①t❡♥s✐♦♥s t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s
✐s str❛✐❣❤t❢♦r✇❛r❞ ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ ❛ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ s♦❧✈❡r ❢♦r ❛❞❛♣t❡❞ ❣r✐❞s ❛s ✐t ❤❛s
❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬▼❍❊✵✻✱ P❙❈❇✵✽✱ ❯❇❘❚✶✵❪✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡
❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ✈❛❧✐❞❛t✐♦♥ ♦❢ ♥❡✇ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥
❡q✉❛t✐♦♥s ❛♥❞ ✐ts ❝♦✉♣❧✐♥❣ ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥✱ ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡ s❛♠❡
t✐♠❡✲s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣② ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ✇✐❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ ❢✉t✉r❡ ✇♦r❦✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✸✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥
❛♥❞ t❤❡ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✹✱ ✐♥ ✇❤✐❝❤
t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛❞❛♣t✐✈❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐s ❞❡t❛✐❧❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢
❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛s ✇❡❧❧ ❛s t❤❡ s♣❛t✐❛❧ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t✐✈❡
♣r♦❝❡❞✉r❡✳ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✺ ❢♦r t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s ❣✐✈❡♥
❜② s✐♥❣❧❡ ♣r♦♣❛❣❛t✐♥❣ ❛♥❞ ♠✉❧t✐✲♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✳ ❲❡ ❡♥❞ ✇✐t❤ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞
♣r♦s♣❡❝ts ♦♥ ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳

✶✶✳✸ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛
♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✶✳✸✳ ❚❤❡ t✐♣ ♦❢ t❤❡ ❛♥♦❞❡ ✐s ♣❧❛❝❡❞ 1 ❝♠ ❢r♦♠
t❤❡ ♣❧❛♥❛r ❝❛t❤♦❞❡ ❛♥❞ t❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❛♥♦❞❡ ✐s 324µ♠✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ❛♥❞
❡✛❡❝t✐✈❡ ♠♦❞❡❧ t♦ st✉❞② str❡❛♠❡r ❞②♥❛♠✐❝s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s



❙❡❝t✳ ✶✶✳✸ ✲ ▼♦❞❡❧ ❋♦r♠✉❧❛t✐♦♥ ✷✻✺

❢♦r ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s✱ ❝♦✉♣❧❡❞ ✇✐t❤ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❬❇◆✾✻✱ ❑✉❧✾✼❪✿

∂tne − ∂x · ne ve − ∂x · (De ∂xne) = neα|ve| − neη|ve|+ nenpβep + nnγ,

∂tnp + ∂x · npvp − ∂x · (Dp ∂xnp) = neα|ve| − nenpβep + nnnpβnp,

∂tnn − ∂x · nnvn − ∂x · (Dn ∂xnn) = neη|ve| − nnnpβnp − nnγ,





✭✶✶✳✷✮

ε0 ∂
2
xV = −qe(np − nn − ne), ✭✶✶✳✸✮

✇❤❡r❡ x ∈ ❘d✱ ni ✐s t❤❡ ❞❡♥s✐t② ♦❢ s♣❡❝✐❡s i ✭❡✿ ❡❧❡❝tr♦♥s✱ ♣✿ ♣♦s✐t✐✈❡ ✐♦♥s✱ ♥✿ ♥❡❣❛t✐✈❡ ✐♦♥s✮✱ V
✐s t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✱ vi = µiE ✭E ❜❡✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✮ ✐s t❤❡ ❞r✐❢t ✈❡❧♦❝✐t②✳ Di ❛♥❞ µi✱
❛r❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ♠♦❜✐❧✐t② ♦❢ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s i✱ qe ✐s t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❝❤❛r❣❡✱ ❛♥❞ ε0 ✐s t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ ❢r❡❡ s♣❛❝❡✳ α ✐s t❤❡ ✐♠♣❛❝t
✐♦♥✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥t✱ η st❛♥❞s ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❛tt❛❝❤♠❡♥t ♦♥ ♥❡✉tr❛❧ ♠♦❧❡❝✉❧❡s✱ βep ❛♥❞ βnp
❛❝❝♦✉♥t r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ ❡❧❡❝tr♦♥✲♣♦s✐t✐✈❡ ✐♦♥ ❛♥❞ t❤❡ ♥❡❣❛t✐✈❡✲♣♦s✐t✐✈❡ ✐♦♥ r❡❝♦♠❜✐♥❛t✐♦♥✱
❛♥❞ γ ✐s t❤❡ ❞❡t❛❝❤♠❡♥t ❝♦❡✣❝✐❡♥t✳

❋✐❣✳ ✶✶✳✸✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡ st✉❞✐❡❞ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✳

❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ V ❛r❡ r❡❧❛t❡❞ ❜②

E = −∂xV, ✭✶✶✳✹✮

❛♥❞ t❤✉s✱ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✭✶✶✳✸✮ ❜❡❝♦♠❡s✿

ε0 ∂x · E = qe(np − nn − ne). ✭✶✶✳✺✮

❆❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ r❡❞✉❝❡❞ ❡❧❡❝tr✐❝
✜❡❧❞ E/Ngas✱ ✇❤❡r❡ E ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡ ❛♥❞ Ngas ✐s t❤❡ ❛✐r ♥❡✉tr❛❧ ❞❡♥s✐t②✳ ❋♦r
t❡st st✉❞✐❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs ❢♦r ❛✐r ❛r❡ t❛❦❡♥ ❢r♦♠ ❬▼▲✾✼❪❀
❞❡t❛❝❤♠❡♥t ❛♥❞ ❛tt❛❝❤♠❡♥t ❝♦❡✣❝✐❡♥ts✱ r❡s♣❡❝t✐✈❡❧② ❢r♦♠ ❬❇◆✵✸❪ ❛♥❞ ❬❑❑▼❙✾✷❪❀ ❛♥❞ ♦t❤❡r
r❡❛❝t✐♦♥ r❛t❡s✱ ❛❧s♦ ❢r♦♠ ❬▼▲✾✼❪✳ ❉✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❢♦r ✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ♠♦❜✐❧✐t✐❡s
✉s✐♥❣ ❝❧❛ss✐❝❛❧ ❊✐♥st❡✐♥ r❡❧❛t✐♦♥s
■♥ s✐♠✉❧❛t✐♦♥s ♦❢ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✇✐t❤♦✉t ❛♥② ♣r❡✐♦♥✲
✐③❛t✐♦♥✱ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ t❡r♠ ✐s ❝r✉❝✐❛❧ t♦ ♣r♦❞✉❝❡ s❡❡❞ ❝❤❛r❣❡s ✐♥ ❢r♦♥t ♦❢ t❤❡ str❡❛♠❡r
❤❡❛❞ ❛♥❞ t❤❡♥ t♦ ❡♥s✉r❡ t❤❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ❬❇P▲+✵✼❪✳ ❍♦✇❡✈❡r✱ ✐♥ r❡♣❡t✐t✐✈❡ ❞✐s❝❤❛r❣❡s✱
❬P❛♥✵✺❪ ❛♥❞ r❡❝❡♥t❧② ❬❲P▲+✶✵❪ ❤❛✈❡ s❤♦✇♥ t❤❛t ❡✈❡♥ ❛t ❧♦✇ ❢r❡q✉❡♥❝②✱ ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢
s❡❡❞ ❝❤❛r❣❡s ❢r♦♠ ♣r❡✈✐♦✉s ❞✐s❝❤❛r❣❡s ♠❛② ❜❡ ♣r❡s❡♥t ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✳ ■♥ t❤✐s ✇♦r❦✱
✇❡ ❤❛✈❡ ♥❡❣❧❡❝t❡❞ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ❞✐s❝❤❛r❣❡ ❝♦♥❞✐t✐♦♥s ✇✐t❤
❛ ♣r❡✐♦♥✐③❛t✐♦♥ ❜❛❝❦❣r♦✉♥❞ t♦ ❡♥s✉r❡ ❛ st❛❜❧❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✇✐t❤♦✉t ✐♠♣❛❝t✐♥❣
t❤❡ ♠❛✐♥ ❞✐s❝❤❛r❣❡ ❝❤❛r❛❝t❡r✐st✐❝s ❬P❙❙✵✶✱ P❛♥✵✺✱ ❈❡❧✵✽✱ ❇❇❈✶✵❪✳



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✻✻

✶✶✳✹ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ❢♦r ♠✉❧t✐✲s❝❛❧❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡
s✐♠✉❧❛t✐♦♥s✱ ❜❛s❡❞ ♦♥ ❛ s❡❝♦♥❞ ♦r❞❡r ❞❡❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❞r✐❢t✲
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s✱ ✇✐t❤ s❡❧❢✲❛❞❛♣t✐✈❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ✇✐t❤ ❡rr♦r
❝♦♥tr♦❧✳ ❚❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ t❤❡♥ s♦❧✈❡❞ ✉s✐♥❣ ❛ ❞❡❞✐❝❛t❡❞ ❙tr❛♥❣ t✐♠❡ ♦♣❡r❛t♦r
s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥❛✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❝♦♠♣✉t❡❞
❜❛s❡❞ ♦♥ ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ♠❡t❤♦❞✱ s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ❢♦r t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✉♥❞❡r st✉❞②
✐♥ ✶✳✺❉ ❣❡♦♠❡tr②✳ ❇♦t❤ r❡s♦❧✉t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t✐✈❡ ♠❡s❤ ✉s✐♥❣ s♣❛t✐❛❧
♠✉❧t✐r❡s♦❧✉t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥ ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ s♣❛t✐❛❧ ❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥✳

✶✶✳✹✳✶ ❙❡❝♦♥❞ ❖r❞❡r ❆❞❛♣t✐✈❡ ❚✐♠❡ ■♥t❡❣r❛t✐♦♥ ❙tr❛t❡❣②

▲❡t ✉s ✇r✐t❡ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s ✭✶✶✳✷✮ ❛♥❞ ✭✶✶✳✺✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ❥✉st ❢♦r
❛♥❛❧②s✐s ♣✉r♣♦s❡s✿

dtψ = Ψ(ψ, φ),

0 = Φ(ψ, φ),

}
✭✶✶✳✻✮

❢♦r t > t0✱ ✇❤❡r❡ ψ : ❘ → ❘N×m ❛♥❞ φ : ❘ → ❘N×d st❛♥❞ r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ (ne, np, nn)✱ ✐✳❡✳✱m = 3✱ ❛♥❞ ♦❢ E ♦✈❡r N ♣♦✐♥ts✳ ❙✉♣♣♦s✐♥❣ t❤❛t ❛❧❧ ❢✉♥❝t✐♦♥s
❛r❡ s✉✣❝✐❡♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❛❧❧ t❤❡✐r ✈❛r✐❛❜❧❡s ❛♥❞ ✉s✐♥❣ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ tr✉❡
s♦❧✉t✐♦♥✱ ♦♥❡ ❝❛♥ ✇r✐t❡ ❛❢t❡r s♦♠❡ t✐♠❡ ∆t ❢r♦♠ ✐♥✐t✐❛❧ t✐♠❡ t0✱

ψ(t0 +∆t) = ψ0 +∆tΨ(ψ0, φ0) +
∆t2

2
[∂ψΨΨ+ ∂φΨdtφ]t=t0 +O(∆t

3), ✭✶✶✳✼✮

✇✐t❤ ψ0 = ψ(t0)✱ φ0 = φ(t0)✳
❆ s❡❝♦♥❞ ♦r❞❡r ✐♥ t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✶✳✻✮ ♠✉st t❤❡♥ ✈❡r✐❢② ✭✶✶✳✼✮ ❧♦❝❛❧❧② ❢♦r ❡❛❝❤
∆t✳ ❍♦✇❡✈❡r✱ ❛s ✐t ✇❛s st❛t❡❞ ❜❡❢♦r❡✱ s♦❧✈✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ✭✶✶✳✷✮ ❛♥❞ ✭✶✶✳✸✮ ✭♦r ✭✶✶✳✺✮✮✱
♦r ❡q✉✐✈❛❧❡♥t❧② ✭✶✶✳✻✮✱ ✐♥✈♦❧✈❡s ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✱ ❝♦♥s✐❞❡r✐♥❣ ❢♦r ✐♥st❛♥❝❡ t❤❡
❞✐✛❡r❡♥t ♥❛t✉r❡ ♦❢ ❡q✉❛t✐♦♥s ✭✶✶✳✷✮ ❛♥❞ ✭✶✶✳✸✮ ✭♦r ✭✶✶✳✺✮✮✳ ❚❤❡r❡❢♦r❡✱ ❛ ❞❡❝♦✉♣❧❡❞ ❛♣♣r♦❛❝❤
✐s ♦❢t❡♥ ✉s❡❞ ✐♥ ✇❤✐❝❤ ♦♥❡ ❛✐♠s ❛t s♦❧✈✐♥❣ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤✐s ❛♠♦✉♥ts t♦ s♦❧✈❡

dtψ̃ = Ψ(ψ̃, φ⋆), t ∈ ]t0, t0 +∆t], ✭✶✶✳✽✮

✇✐t❤ ✜①❡❞ φ⋆ = φ(t⋆)✱ t⋆ ∈ [t0, t0 +∆t] ❛♥❞ ψ̃(t0) = ψ0✳
❚❤❡ ♠♦st ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡ ❝♦♥s✐❞❡rs t⋆ = t0✱ t❤❛t ✐s✱ t♦ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❛t t0 ❢r♦♠ Φ(ψ0, φ0) = 0✱ ❛♥❞ t❤❡♥ s♦❧✈❡ ✭✶✶✳✽✮ ✇✐t❤ φ⋆ = φ0✳ ❚❤✐s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❛ st❛♥❞❛r❞ ✜rst ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞ t❤❛t ②✐❡❧❞s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r ✶✱
ψ̃1(t)✱ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ ψ(t)✱ ❜❛s❡❞ ♦♥ ❝❧❛ss✐❝❛❧ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜②
❝♦♥❢r♦♥t✐♥❣ ✭✶✶✳✼✮ ✇✐t❤

ψ̃1(t0 +∆t) = ψ0 +∆tΨ(ψ0, φ0) +
∆t2

2
[∂ψΨΨ]t=t0 +O(∆t

3). ✭✶✶✳✾✮

❚❤❡ s❛♠❡ r❡s✉❧t ❢♦❧❧♦✇s ❢♦r φ̃1(t0 + ∆t) ❝♦♠♣✉t❡❞ ♦✉t ♦❢ Φ(ψ̃1(t0 + ∆t), φ̃1(t0 + ∆t)) = 0
♦r ❡q✉✐✈❛❧❡♥t❧②✱ ♦✉t ♦❢ ✐ts ❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ φ̃1(t0 + ∆t) = Υ(ψ̃1(t0 + ∆t))✱ ❛ss✉♠✐♥❣ ❛
▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥✿

‖Υ(ψ)−Υ(ψ⋆)‖ ≤ L ‖ψ − ψ⋆‖ . ✭✶✶✳✶✵✮



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✻✼

❈♦♥s✐❞❡r✐♥❣ ♥♦✇ ❛♥② t⋆ ∈ [t0, t0+∆t] ✐♥t♦ ✭✶✶✳✽✮✱ t❤❡ ♦♥❧② s❡❝♦♥❞ ♦r❞❡r s♦❧✉t✐♦♥✱ (ψ̃2(t), φ̃2(t))✱
✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② r❡s♦❧✉t✐♦♥ ♦❢ ✭✶✶✳✽✮ ✇✐t❤ φ⋆ = φ 1

2
❢♦r t⋆ = t0 +∆t/2✱ ❢♦r ✇❤✐❝❤

ψ̃2(t0 +∆t) = ψ0 +∆tΨ(ψ0, φ 1
2
) +

∆t2

2
[∂ψΨΨ]ψ→ψ0,φ 1

2

+O(∆t3), ✭✶✶✳✶✶✮

✇❤❡r❡

Ψ(ψ0, φ 1
2
) = Ψ

(
ψ0, φ

(
t0 +

∆t

2

))

= Ψ

(
ψ0, φ0 +

∆t

2
dtφ|t=t0 +O(∆t

2)

)

= Ψ(ψ0, φ0) +
∆t

2
[∂φΨdtφ]t=t0 +O(∆t

2), ✭✶✶✳✶✷✮

❛♥❞ ❤❡♥❝❡✱

ψ̃2(t0 +∆t) = ψ0 +∆tΨ(ψ0, φ0) +
∆t2

2
[∂ψΨΨ+ ∂φΨdtφ]t=t0 +O(∆t

3); ✭✶✶✳✶✸✮

❛♥❞
φ̃2(t0 +∆t) = Υ(ψ̃2(t0 +∆t)). ✭✶✶✳✶✹✮

◆❡✈❡rt❤❡❧❡ss✱ t❤✐s s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ ψ̃2(t)✱ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❦♥♦✇❧❡❞❣❡ ♦❢
φ 1

2
= φ(t0 + ∆t/2)✱ ❛♥❞ t❤✉s✱ ♦❢ ψ(t0 + ∆t/2)✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ♦♥❡ ❝❛♥

s♦❧✈❡ ✭✶✶✳✽✮ ✇✐t❤ φ⋆ = φ̃1(t0+∆t/2) = Υ(ψ̃1(t0+∆t/2))✱ t❤❛t ✐s✱ ❝♦♠♣✉t✐♥❣ ✜rst ψ̃1(t0+∆t/2)
✇✐t❤ t❤❡ ✜rst ♦r❞❡r ♠❡t❤♦❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r❡✈✐♦✉s ♦r❞❡r ❡st✐♠❛t❡s
❛s ✐t ❢♦❧❧♦✇s ❢r♦♠

ψ(t0 +∆t)− ψ̃2(t0 +∆t) =
∆t2

2

[
∂φΨdt(φ− φ̃1)

]
t=t0

+O(∆t3)

=
∆t2

2

[
∂φΨ ∂ψΥdt(ψ − ψ̃1)

]
t=t0

+O(∆t3)

= O(∆t3). ✭✶✶✳✶✺✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ ♠❡t❤♦❞s✱
(
ψ̃1(t0 +∆t)

φ̃1(t0 +∆t)

)
= T ∆t

1

(
ψ0

φ0

)
,

(
ψ̃2(t0 +∆t)

φ̃2(t0 +∆t)

)
= T ∆t

2

(
ψ0

φ0

)
, ✭✶✶✳✶✻✮

✇❡ ♣❡r❢♦r♠ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ T ∆t
2 ✱ ✇❤✐❝❤ ✉s❡s ❛♥ ❡♠❜❡❞❞❡❞ ❛♥❞ ❧♦✇❡r

♦r❞❡r s❝❤❡♠❡ T ∆t/2
1 ✱ ❛s ✐t ✇❛s ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞✳ ❆♥ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ str❛t❡❣② ✐s t❤❡♥

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❜② t✉♥✐♥❣ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡
❞❡❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡✱ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❛t t❤❡ ❡♥❞
♦❢ ❡❛❝❤ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣ ∆t✱ ❣✐✈❡♥ ❜②

∥∥T ∆t
2 (ψ0, φ0)

T − T ∆t
1 (ψ0, φ0)

T
∥∥ ≈ O(∆t2). ✭✶✶✳✶✼✮

❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ηT ✱
∥∥T ∆t

2 (ψ0, φ0)
T − T ∆t

1 (ψ0, φ0)
T
∥∥ < ηT ✭✶✶✳✶✽✮



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✻✽

♠✉st ❜❡ ✈❡r✐✜❡❞ ✐♥ ♦r❞❡r t♦ ❛❝❝❡♣t t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ∆t✱ ✇❤✐❧❡ t❤❡ ♥❡✇ t✐♠❡ st❡♣
✐s ❝❛❧❝✉❧❛t❡❞ ❜②

∆tnew = ∆t

√
ηT∥∥T ∆t

2 (ψ0, φ0)T − T ∆t
1 (ψ0, φ0)T

∥∥ . ✭✶✶✳✶✾✮

❙❡✈❡r❛❧ ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❝❛♥ ❜❡ t❤❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ❡❛❝❤ s✉❜♣r♦❜❧❡♠ ✭✶✶✳✷✮ ❛♥❞ ✭✶✶✳✸✮ ✇❤✐❧❡
t❤❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ♦❢ t❤❡ ❞❡❝♦✉♣❧✐♥❣ s❝❤❡♠❡s ❛♥❛❧②③❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ r❡♠❛✐♥ ✈❛❧✐❞✳
■♥ t❤✐s ✇❛②✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❝❤♦✐❝❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛❧❧♦✇s t♦ str♦♥❣❧② r❡❞✉❝❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✱ ❛♥❞ ❛♥ ❡rr♦r ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡
s✉❝❤ ❛s t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦ ❛❧❧♦✇s t♦ ❡✛❡❝t✐✈❡❧② ❝❛❧✐❜r❛t❡ t❤✐s ❞❡❝♦✉♣❧✐♥❣ ✇✐t❤✐♥ ❛
♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳

✶✶✳✹✳✷ ❘❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉r✐❢t✲❉✐✛✉s✐♦♥ ❊q✉❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✭✶✶✳✷✮✱ t❤❛t ❝❛♥ ❜❡
✇r✐tt❡♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❝♦♥✈❡❝t✐♦♥✲r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

∂tu− ∂x (F (u) +D(u)∂xu) = f (u) , t > t0,

u(t0, x) = u0(x), t = t0,

}
✭✶✶✳✷✵✮

✇❤❡r❡ F ✱ f : ❘m → ❘m ❛♥❞ u : ❘ × ❘d → ❘m✱ ✇✐t❤ ❛ t❡♥s♦r ♦❢ ♦r❞❡r d × d ×m ❛s ❞✐✛✉s✐♦♥
♠❛tr✐① D(u)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ u = (ne, np, nn)

T ✇✐t❤ m = 3 ✐♥ t❤✐s st✉❞②✳
❚❤❡ s②st❡♠ ✭✶✶✳✷✵✮ ❝♦rr❡s♣♦♥❞s t♦ ♣r♦❜❧❡♠ ✭✶✶✳✽✮ ❢♦r ❛ ✜①❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛♥❞ ✐t ✐s s♦❧✈❡❞
❞✉r✐♥❣ ❡❛❝❤ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣ ∆t ✐♥t♦ T2 ✭♦r T1✮ s❝❤❡♠❡✱ ✉s✐♥❣ ❛ ❙tr❛♥❣ t✐♠❡ ♦♣❡r❛t♦r
s❝❤❡♠❡ ✇✐t❤ ❞❡❞✐❝❛t❡❞ ❤✐❣❤ ♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t♦rs ♦♥ ❛ ❞②♥❛♠✐❝ ❛❞❛♣t✐✈❡ ♠❡s❤✱ ❜❛s❡❞ ♦♥ ❛
str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉▼❉+✶✷❪✳ ❚❤✐s r❡s♦❧✉t✐♦♥ ✐s ❜r✐❡✢② ❞❡t❛✐❧❡❞ ✐♥ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✶✳

❚✐♠❡ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣

❆♥ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s t♦ ❝♦♥s✐❞❡r ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣❛rt ✇❤✐❝❤
✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠ ♦t❤❡r ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❧✐❦❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ♦r ❜♦t❤✱ ❢♦r ✇❤✐❝❤ t❤❡r❡
❛❧s♦ ❡①✐st ❞❡❞✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❚❤❡s❡ ❞❡❞✐❝❛t❡❞ ♠❡t❤♦❞s ❝❤♦s❡♥ ❢♦r ❡❛❝❤ s✉❜s②st❡♠
❛r❡ t❤❡♥ r❡s♣♦♥s✐❜❧❡ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❢❛st❡st s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✱ ✐♥ ❛
s❡♣❛r❛t❡ ♠❛♥♥❡r✱ ✇❤✐❧❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❜② t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ s❤♦✉❧❞
❣✉❛r❛♥t❡❡ ❛♥ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ ❝♦✉♣❧✐♥❣✱ ✇✐t❤♦✉t
❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✉❜s②st❡♠✳
❈♦♥s✐❞❡r✐♥❣ ♣r♦❜❧❡♠ ✭✶✶✳✷✵✮ ❛♥❞ ✐♥ ♦r❞❡r t♦ r❡♠❛✐♥ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s❡❝♦♥❞ ♦r❞❡r T2 s❝❤❡♠❡✱
❛ s❡❝♦♥❞ ♦r❞❡r ❙tr❛♥❣ s❝❤❡♠❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❬❙tr✻✽❪

S∆ts(u0) = R∆ts/2D∆ts/2C∆tsD∆ts/2R∆ts/2(u0), ✭✶✶✳✷✶✮

✇❤❡r❡ ♦♣❡r❛t♦rs R✱ D✱ C ✐♥❞✐❝❛t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥❞❡♣❡♥❞❡♥t r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥✱
❞✐✛✉s✐♦♥ ❛♥❞ ❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❛ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ∆ts✱ t❛❦❡♥ ✐♥s✐❞❡ t❤❡ ♦✈❡r❛❧❧
❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣✱ ∆ts ≤ ∆t✳ ❯s✉❛❧❧②✱ ❢♦r ♣r♦♣❛❣❛t✐♥❣ r❡❛❝t✐♦♥ ✇❛✈❡s ✇❤❡r❡ ❢♦r ✐♥st❛♥❝❡✱
t❤❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ s♦♠❡ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s❝❛❧❡s✱ t❤❡ ❢❛st❡st s❝❛❧❡s
❛r❡ ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❣❧♦❜❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ t❤✉s✱ ❧❛r❣❡r s♣❧✐tt✐♥❣

✶❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ✇✐❧❧ ♦♠✐t ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡s❤ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡ ❜②
♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦♥ ✈❛r✐❛❜❧❡s u = (ne, np, nn)

T ✱ ✐♥❝❧✉❞❡❞ ✐♥ ❬❉❇▼+✶✷❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s❝r✐♣t✐♦♥
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❝❤❛♣t❡rs ✸ ❛♥❞ ✹✳ ❚❤❡ t❤r❡s❤♦❧❞ ♣❛r❛♠❡t❡r ε ✐♥ ✭✹✳✷✻✮ ✇✐❧❧ ❜❡ ♥♦t❡❞ ❛s ηMR ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❡ r❡♣r♦❞✉❝❡ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✶✵ ❜❡❝❛✉s❡ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ❡♠❜❡❞❞❡❞
✐♥ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ str❛t❡❣② ♦❢ ❙❡❝t✐♦♥ ✶✶✳✹✳✶✳



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✻✾

t✐♠❡ st❡♣s ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞ ❬❉▼❉+✶✷✱ ❉❉❉+✶✷❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦r❞❡r r❡❞✉❝t✐♦♥s ♠❛② t❤❡♥
❛♣♣❡❛r ❞✉❡ t♦ s❤♦rt✲❧✐❢❡ tr❛♥s✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢❛st ✈❛r✐❛❜❧❡s ❛♥❞ ✐♥ t❤❡s❡ ❝❛s❡s✱ ✐t ❤❛s ❜❡❡♥
♣r♦✈❡♥ ✐♥ ❬❉▼✵✹❪ t❤❛t ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ❡①♣❡❝t❡❞ ✇❤✐❧❡ ❡♥❞✐♥❣ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡
❜② ♦♣❡r❛t♦r R ♦r ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ♣❛rt ✐♥✈♦❧✈✐♥❣ t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ♦❢ t❤❡
♣❤❡♥♦♠❡♥♦♥✳
❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✭✶✶✳✷✵✮ s❤♦✉❧❞ ❜❡ ♣r❡❝✐s❡ ❡♥♦✉❣❤ t♦ ❣✉❛r❛♥t❡❡ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t❡s ❣✐✈❡♥
✐♥ ❙❡❝t✐♦♥ ✶✶✳✹✳✶✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛❞❛♣t✐✈❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ str❛t❡❣②✱ ❜❛s❡❞ ♦♥ ❛ ❧♦❝❛❧ ❡rr♦r
❡st✐♠❛t❡ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆ts✱ ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧
t❤❡ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❬❉▼❉❉✶✶❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ s❡❝♦♥❞✱ ❡♠❜❡❞❞❡❞ ❛♥❞ ❧♦✇❡r
♦r❞❡r ❙tr❛♥❣ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ S̃∆ts ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❬❉❉❉+✶✶❪✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❞②♥❛♠✐❝❛❧❧②
❝❛❧❝✉❧❛t❡ ❛ ❧♦❝❛❧ ❡rr♦r ❡st✐♠❛t❡ t❤❛t s❤♦✉❧❞ ✈❡r✐❢②

∥∥S∆ts(u0)− S̃∆ts(u0)
∥∥ ≈ O(∆ts2) < ηsplit, ✭✶✶✳✷✷✮

✐♥ ♦r❞❡r t♦ ❛❝❝❡♣t t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ∆ts✱ ❛♥❞ t❤✉s✱ t❤❡ ♥❡✇ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ✐s
❣✐✈❡♥ ❜②

∆tnews = min


∆ts

√
ηsplit∥∥S∆ts(u0)− S̃∆ts(u0)

∥∥ , t0 +∆t− t̂


 , ✭✶✶✳✷✸✮

✇✐t❤ ηsplit ≤ ηT ❛♥❞ t̂ =
∑

i∆tsi ✇❤✐❧❡ t̂ ∈ ]t0, t0 +∆t]✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ s✉✐t❛❜❧❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s t♦ ♥✉♠❡r✐❝❛❧❧② ❛♣♣r♦①✐♠❛t❡ R✱ D ❛♥❞ C
❞✉r✐♥❣ ❡❛❝❤ ∆ts ✐s ♠❛♥❞❛t♦r② ♥♦t ♦♥❧② t♦ ❣✉❛r❛♥t❡❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s ❜✉t ❛❧s♦ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ♦❢ ❡❛❝❤ ✐♥❞❡♣❡♥❞❡♥t s✉❜♣r♦❜❧❡♠✳
❆ ♥❡✇ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇❛s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❬❉▼❉+✶✷✱
❉❉❉+✶✷❪✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs ❛ ❤✐❣❤ ✜❢t❤ ♦r❞❡r✱ ❆✲st❛❜❧❡✱ ▲✲st❛❜❧❡ ♠❡t❤♦❞ ❧✐❦❡ ❘❛❞❛✉✺ ❬❍❲✾✻❪✱
❜❛s❡❞ ♦♥ ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s ❢♦r st✐✛ ❖❉❊s✱ t❤❛t s♦❧✈❡s ✇✐t❤ ❛ ❧♦❝❛❧ ❝❡❧❧ ❜② ❝❡❧❧
❛♣♣r♦❛❝❤ t❤❡ r❡❛❝t✐♦♥ t❡r♠✿ ❛ s②st❡♠ ♦❢ st✐✛ ❖❉❊s ✇✐t❤♦✉t s♣❛t✐❛❧ ❝♦✉♣❧✐♥❣ ✐♥ ❛ s♣❧✐tt✐♥❣
❝♦♥t❡①t✳ ❋♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠✱ ❛♥♦t❤❡r ❤✐❣❤ ❢♦✉rt❤ ♦r❞❡r ♠❡t❤♦❞ ❧✐❦❡ ❘❖❈❑✹ ❬❆❜❞✵✷❪ ✐s
❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❡①♣❧✐❝✐t st❛❜✐❧✐③❡❞ ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡s t❤❛t ❢❡❛t✉r❡ ❡①t❡♥❞❡❞
st❛❜✐❧✐t② ❞♦♠❛✐♥s ❛❧♦♥❣ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ❛①✐s✳ ❚❤❡ ❘❖❈❑✹ s♦❧✈❡r ✐s t❤❡♥ ✈❡r② ❛♣♣r♦♣r✐❛t❡
❢♦r ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉s✉❛❧ ♣r❡❞♦♠✐♥❛♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s✳ ❇♦t❤
♠❡t❤♦❞s ✐♥❝♦r♣♦r❛t❡ ❛❞❛♣t✐✈❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t♦♦❧s✱ s✐♠✐❧❛r t♦ ✭✶✶✳✶✾✮ ❛♥❞ ✭✶✶✳✷✸✮✱ ✐♥ ♦r❞❡r
t♦ ❝♦♥tr♦❧ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥s ❢♦r ❣✐✈❡♥ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ηRadau5 ❛♥❞ ηROCK4✱
❝❤♦s❡♥ s✉❝❤ t❤❛t ηRadau5 < ηsplit ❛♥❞ ηROCK4 < ηsplit✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐✲s❝❛❧❡
♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡♥ t❤❛t t❤❡ ❧♦❝❛❧ tr❡❛t♠❡♥t ♣❧✉s t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣♣✐♥❣
♦❢ t❤❡ r❡❛❝t✐♦♥ s♦❧✈❡r ❛❧❧♦✇ t♦ ❞✐s❝r✐♠✐♥❛t❡ t❤❡ ❝❡❧❧s ♦❢ ❤✐❣❤ r❡❛❝t✐✈❡ ❛❝t✐✈✐t② ♦♥❧② ♣r❡s❡♥t ✐♥ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❧♦❝❛❧✐③❡❞ ✇❛✈❡❢r♦♥t✱ s❛✈✐♥❣ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ❛ ❧❛r❣❡ q✉❛♥t✐t② ♦❢ ✐♥t❡❣r❛t✐♦♥
t✐♠❡ ❬❉❉❉+✶✷❪✳
❆♥ ❡①♣❧✐❝✐t ❤✐❣❤ ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ ✐♥ s♣❛❝❡ ♦♥❡ st❡♣ ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡ ❖❙▼P
❬❉❚✵✹❪ ✐s ✉s❡❞ ❛s ❝♦♥✈❡❝t✐✈❡ s❝❤❡♠❡✳ ■t ❝♦♠❜✐♥❡s ♠♦♥♦t♦♥✐❝✐t② ♣r❡s❡r✈✐♥❣ ❝♦♥str❛✐♥ts ❢♦r
♥♦♥✲♠♦♥♦t♦♥❡ ❞❛t❛ t♦ ❛✈♦✐❞ ❡①tr❡♠❛ ❝❧✐♣♣✐♥❣✱ ✇✐t❤ ❚❱❉ ❢❡❛t✉r❡s t♦ ♣r❡✈❡♥t s♣✉r✐♦✉s ♦s✲
❝✐❧❧❛t✐♦♥s ❛r♦✉♥❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦r s❤❛r♣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✳ ❈❧❛ss✐❝❛❧ ❈❋▲ st❛❜✐❧✐t② r❡str✐❝✲
t✐♦♥s ❛r❡ t❤♦✉❣❤ ✐♠♣♦s❡❞ ✐♥s✐❞❡ ❡❛❝❤ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣ ∆ts ❢♦r ♦♣❡r❛t♦r C∆ts ✳ ❚❤❡ ♦✈❡r❛❧❧
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛♥ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ s♣❛t✐❛❧ ♣❤❡♥♦♠❡♥❛ ❛s ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥✱
✇✐t❤ ❛ ❧♦❝❛❧ ✐♠♣❧✐❝✐t ✐♥t❡❣r❛t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥ ✐♠♣❧✐❡s ✐♠♣♦rt❛♥t s❛✈✐♥❣s ✐♥ ❝♦♠♣✉t✐♥❣ t✐♠❡
❛♥❞ ♠❡♠♦r② r❡s♦✉r❝❡s ❬❉▼❉+✶✷❪✱ ❛s ✇❡❧❧ ❛s ❛♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠✲
♣❧❡①✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t ❝♦✉♣❧❡❞ r❡s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✶✳✷✵✮✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞ ❛♥ ❡①♣❧✐❝✐t ❝♦✉♣❧❡❞ tr❡❛t♠❡♥t ♦❢ ✭✶✶✳✷✵✮ ✇✐❧❧ ❤❛✈❡ ❛ ✈❡r② ❧✐♠✐t❡❞ ❡✣❝✐❡♥❝② ❢♦r st✐✛ ♣r♦❜✲
❧❡♠s ✉♥❧❡ss ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ str❛t❡❣✐❡s ❛s t❤❡ ❛s②♥❝❤r♦♥♦✉s ❧♦❝❛❧ t✐♠❡✲st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✼✵

❬❑❉❖❖✵✺✱ ❖❑✵✻✱ ❯❇❘❚✵✼❪ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❡✈❡♥ t❤♦✉❣❤ t❤❡s❡ s❝❤❡♠❡s ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛ ♣r❡❝✐s❡
♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥✳
❋✐♥❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ♦❢ t❤❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❛r❡ ❡✛❡❝t✐✈❡❧② ❤❛♥❞❧❡❞ ❜② ❛♥ ❡rr♦r ❝♦♥tr♦❧
♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ❢✉rt❤❡r♠♦r❡ ❛❧❧♦✇s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦✉♣❧✐♥❣ t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❤❡✲
♥♦♠❡♥♦♥ t❤❛t ❝❛♥ ❜❡ s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s❧♦✇❡r t❤❛♥ t❤❡ ❢❛st❡st t✐♠❡ s❝❛❧❡s ♦❢ ❡❛❝❤
s✉❜♣r♦❜❧❡♠ tr❡❛t❡❞ ❜② ❡❛❝❤ ❞❡❞✐❝❛t❡❞ s♦❧✈❡r✳ ■♥ t❤✐s ✇❛② ❛ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡ s♣❡❝✲
tr✉♠ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛❝❤✐❡✈❡❞ t❤❛t ❧❡❛❞s t♦ ♠♦r❡ ❡✣❝✐❡♥t ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞
❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡ ✇❤❡♥❡✈❡r t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ s❝❛❧❡s ✐s ♣♦ss✐❜❧❡✳

✶✶✳✹✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞

■♥ t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ T2 ✭♦r T1✮
s❝❤❡♠❡ ❛t s♦♠❡ ✜①❡❞ t✐♠❡ ❢♦r ❛ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❤❛r❣❡s (ne, np, nn)✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ✶✳✺❉
♠♦❞❡❧✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ❛❧s♦ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❛❞❛♣t❡❞ ♠❡s❤ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s
♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s✳

❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❈♦♠♣✉t❛t✐♦♥❛❧ ❉♦♠❛✐♥

❆❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✶✶✳✸✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❧✐♠✐t❡❞ ❜② ❛ ♣❧❛♥❛r ❝❛t❤♦❞❡ ❛t x = 0
❛♥❞ t❤❡ t✐♣ ♦❢ ❛ ❤②♣❡r❜♦❧✐❝ ❛♥♦❞❡ ❛t x = Lx✳ ❚❤❡ ❛♥♦❞❡ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ❲❡
❝♦♥s✐❞❡r str❡❛♠❡rs ♦❢ ✜①❡❞ r❛❞✐✉s Rs ❛❧♦♥❣ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥
✐s ❞✐✈✐❞❡❞ ✐♥t♦ nx ❝❡❧❧s ♦❢ ❞✐✛❡r❡♥t s✐③❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛❞❛♣t❡❞ ♠❡s❤✱
✇✐t❤ ❢❛❝❡s xif ✱ ✇❤❡r❡ i ∈ [0, nx] ❛♥❞ ❝❡❧❧ ❝❡♥t❡rs xjc✱ ✇❤❡r❡ j ∈ [1, nx]✳ ❚❤❡ ❢❛❝❡ x0f ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❛t❤♦❞❡ ❛♥❞ xnx

f ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t✐♣ ♦❢ t❤❡ ❛♥♦❞❡✳
❚❤❡r❡❢♦r❡ ❢♦r ❡❛❝❤ ❝❡❧❧ xic✱ t❤❡r❡ ✐s ✐ts ❧❡❢t ❢❛❝❡ x

i−1
f ✱ ❛♥❞ ✐ts r✐❣❤t ❢❛❝❡ xif ✳ ❋♦r ❡❛❝❤ ❝❡❧❧ xjc ✇❡

❞❡✜♥❡ ❛ ✇✐❞t❤ wj = xjf − x
j−1
f ✭s❡❡ ❋✐❣✉r❡ ✶✶✳✹✮✳

❋✐❣✳ ✶✶✳✹✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣r✐❞✿ t❤❡ ❝❡❧❧ ❝❡♥t❡rs ❛r❡ ❧♦❝❛t❡❞ ❛t xjc✱ ✇❤❡r❡❛s ❝❡❧❧ ❢❛❝❡s ❛r❡ ❧♦❝❛t❡❞ ❛t xif ✳
❚❤❡ ❞♦♠❛✐♥ ✐s ❜♦✉♥❞❡❞ ❜② ❢❛❝❡s x0f ✭❝❛t❤♦❞❡✮ ❛♥❞ xnx

f ✭t✐♣ ♦❢ t❤❡ ❛♥♦❞❡✮✳

❘❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞ ✐♥ ❛ ✶✳✺❉ ▼♦❞❡❧

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✉r✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r✱ t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ♦❢
t❤❡ str❡❛♠❡r ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s❡t ♦❢ ✜♥✐t❡ ❝②❧✐♥❞❡rs ♦❢ ✇✐❞t❤ wj ✱ ❜♦✉♥❞❡❞ ❜② ❝❡❧❧ ❢❛❝❡s xj−1

f

❛♥❞ xjf ✳ ❆s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❜♦✉♥❞❡❞ ❜② ❝♦♥❞✉❝t✐♥❣ ❡❧❡❝tr♦❞❡s ♦❢ ✜①❡❞ ♣♦t❡♥t✐❛❧✱
❡❛❝❤ ✈♦❧✉♠❡ ❝❤❛r❣❡ ρj ❝r❡❛t❡s ❛♥ ✐♥✜♥✐t❡ s❡r✐❡s ♦❢ ✐♠❛❣❡ ❝❤❛r❣❡s ❬❉❏❊✻✹✱ ❉❉❊✼✶❪✳ ❚❤❡♥ t❤❡
♣r✐♥❝✐♣❧❡ ♦❢ s✉♣❡r♣♦s✐t✐♦♥ ✐s ✉s❡❞ t♦ s✉♠ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❛❧❧ t❤❡ ❝②❧✐♥❞r✐❝❛❧ s♣❛❝❡
❝❤❛r❣❡s ✐♥ t❤❡ ❞♦♠❛✐♥✱ t❤❡✐r ✐♠❛❣❡ ❝❤❛r❣❡s✱ ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✭❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥
❝❧❛ss✐❝❛❧ r❡s✉❧ts ❬❊▼▼✷✽❪✮✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ❞✇❡❧❧s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ ❝②❧✐♥❞❡rs ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ ❛ s✐♠♣❧❡ ❢♦r♠ ❛♥❞
t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❞♦♠❛✐♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♣❛r❛❧❧❡❧✳
■♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❡ ❤❛✈❡ st✉❞✐❡❞✱ t❤❡ ❝❛t❤♦❞❡ ✐s ❣r♦✉♥❞❡❞ ✇❤❡r❡❛s ❛♥ ❡❧❡❝tr✐❝ ✈♦❧t❛❣❡
✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❛♥♦❞❡✳ ❚❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② t❤❡ ▲❛♣❧❛❝✐❛♥



❙❡❝t✳ ✶✶✳✹ ✲ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙tr❛t❡❣② ✷✼✶

❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❜② ✐♥❝❧✉❞✐♥❣ ❛ s❡r✐❡s ♦❢ ✐♠❛❣❡ ❝❤❛r❣❡s ♦❢ t❤❡ ❝❤❛r❣❡s ✐♥ t❤❡ ❣❛♣✳ ■t ✐s ✐♠♣♦rt❛♥t
t♦ ♥♦t❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❛❧ ❣❡♦♠❡tr②
♦❢ ❡❧❡❝tr♦❞❡s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✶✳✸✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ✇♦r❦✱ t♦ s✐♠♣❧✐❢② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
✐♠❛❣❡ ❝❤❛r❣❡s ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❜♦t❤ ❡❧❡❝tr♦❞❡s ❛r❡ ♣❧❛♥❛r✳ ❋♦r ❛ ✈♦❧✉♠❡ ❝❤❛r❣❡ ρj
❝❡♥t❡r❡❞ ❛t xjc✱ t❤❡r❡ ❡①✐st ✐♠❛❣❡ ❝❤❛r❣❡s ♦❢ t❤❡ ✜rst ♦r❞❡r ✇✐t❤ ❝❤❛r❣❡ −ρj ❛t x = 2Lx − xjc
♠✐rr♦r❡❞ t❤r♦✉❣❤ t❤❡ ❛♥♦❞❡✱ s❡❡ ❋✐❣✉r❡ ✶✶✳✺❛✱ ❛♥❞ ❛t x = −xjc ♠✐rr♦r❡❞ t❤r♦✉❣❤ t❤❡ ❝❛t❤♦❞❡✱
s❡❡ ❋✐❣✉r❡ ✶✶✳✺❜✳ ❆♥❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ ✐♠❛❣❡ ❝❤❛r❣❡s t❤❡r❡ ❡①✐st ❤✐❣❤❡r ♦r❞❡r ✐♠❛❣❡ ❝❤❛r❣❡s
♦❢ ♦♣♣♦s✐t❡ s✐❣♥s ❛♥❞ s♦ ❢♦rt❤✳ ❆❧❧ t❤❡ ✐♠❛❣❡ ❝❤❛r❣❡s ♦❢ ρj ✉♣ t♦ ♦r❞❡r t❤r❡❡ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✉r❡ ✶✶✳✺❝✳

❋✐❣✳ ✶✶✳✺✿ ■♠❛❣❡ ❝❤❛r❣❡s ✉♣ t♦ t❤❡ t❤✐r❞ ♦r❞❡r✿ ✭❛✮ ❝❤❛r❣❡ ρj ✐s ✜rst ♠✐rr♦r❡❞ ❜❡❤✐♥❞ t❤❡ ❛♥♦❞❡
✭x = Lx✮✱ ✭❜✮ ❝❤❛r❣❡ ρj ✐s ✜rst ♠✐rr♦r❡❞ ❜❡❤✐♥❞ t❤❡ ❝❛t❤♦❞❡ ✭x = 0✮✱ ✭❝✮ ❝❤❛r❣❡ ρj ❛♥❞ ✐ts ✐♠❛❣❡s✳

❋✐❣✳ ✶✶✳✻✿ ❈❤❛r❣❡❞ ❝②❧✐♥❞❡r ❝♦♥s✐❞❡r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✶✳✺❉ ♠♦❞❡❧✳

■♥t❡❣r❛t✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈♦✉❧♦♠❜✬s ❧❛✇ ❬❏❛❝✾✾❪ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s✉♣❡r♣♦s✐t✐♦♥✱ ✇❡
✜♥❞ t❤❛t t❤❡ ❝②❧✐♥❞❡r ❝❤❛r❣❡s ♦❢ ❝❡❧❧s j ∈ [1, nx] ♦❢ ✇✐❞t❤ wj ✱ r❛❞✐✉s Rs✱ ❝❤❛r❣❡❞ ✇✐t❤ ❞❡♥s✐t✐❡s
ρj ✭s❡❡ ❋✐❣✉r❡ ✶✶✳✻✮✱ ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ EL(xif) ❛t x

i
f ❬❊▼▼✷✽❪✱ ❝r❡❛t❡ t❤❡ ❡❧❡❝tr✐❝

✜❡❧❞ E ❛t ♣♦s✐t✐♦♥ xif ❛s ❢♦❧❧♦✇s✿

E(xif) = EL(x
i
f) +

nx∑

j=1

s
ρjwj
2ε0


1− wj + 2hi,j√

h2i,j +R2
s +

√
(hi,j + wj)

2 +R2
s


 , ✭✶✶✳✷✹✮



❙❡❝t✳ ✶✶✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✼✷

✇❤❡r❡

hi,j =




xif − x

j
f for i ≥ j,

xj−1
f − xif for i < j,

❛♥❞ s =




+1 for i ≥ j,

−1 for i < j.
✭✶✶✳✷✺✮

❚❤❡ ♣♦s✐t✐✈❡ s✐❣♥ ♦❢ s ❛❝❝♦✉♥ts ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡ r✐❣❤t ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ ❝❤❛r❣❡❞ ❝②❧✐♥❞❡r ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❚❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❛♣♣❧✐❡s ❢♦r t❤❡ ✐♠❛❣❡ ❝❤❛r❣❡s✱ ❜✉t ❛♥
❛♣♣r♦♣r✐❛t❡ s✐❣♥ ♦❢ t❤❡ ❝❤❛r❣❡ ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✶✶✳✺✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❛ s❤❛r❡❞ ♠❡♠♦r② ❝♦♠♣✉t✐♥❣ ❡♥✈✐r♦♥♠❡♥t✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐s
❛❝❝♦♠♣❧✐s❤❡❞ ❢♦r ❡q✉❛t✐♦♥ ✭✶✶✳✷✹✮✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❝♦r❡ s♦❧✈❡s s✉❝❝❡ss✐✈❡❧② t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥
♦♥❡ s✐♥❣❧❡ ♣♦s✐t✐♦♥ xif ✱ ❛♥❞ ✇❤❡r❡ ♥❡✐t❤❡r s②♥❝❤r♦♥✐③❛t✐♦♥ st❛❣❡s ♥♦r ❞❛t❛ ❡①❝❤❛♥❣❡ ❛r❡ ♥❡❡❞❡❞
❛♠♦♥❣ ♥♦❞❡s✳
◆♦t❡ t❤❛t ❢♦r Rs →∞ ✭✐♥✜♥✐t❡ ♣❧❛♥❡ ❝❤❛r❣❡s✮✱ ❡q✉❛t✐♦♥ ✭✶✶✳✷✹✮ ②✐❡❧❞s t❤❡ ❡①❛❝t ❡❧❡❝tr✐❝ ✜❡❧❞
❢♦r ❛ ♣❧❛♥❛r ❢r♦♥t✿

Einf =

nx∑

j=1

s
ρjwj
2ε0

. ✭✶✶✳✷✻✮

❋♦r ✜♥✐t❡ r❛❞✐✉s Rs t❤❡ s♦❧✉t✐♦♥ ✭✶✶✳✷✹✮ ✐s ✈❛❧✐❞ ♦♥❧② ♦♥ t❤❡ ❛①✐s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✱ ❜✉t ✇❤❡♥
❛♣♣❧✐❡❞ t♦ ❛ ❞✐s❝❤❛r❣❡ ♦❢ ❛ s♠❛❧❧ r❛❞✐✉s✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐❧❧ ✈❛r② ♦♥❧② ♥❡❣❧✐❣✐❜❧② ♦✈❡r t❤❡
❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❢♦r ❛♥② ✜♥✐t❡
r❛❞✐✉s t❤❛♥ ❛♥② ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❬❉❏❊✻✹❪✳

✶✶✳✺ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r
t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ♣♦s✐t✐✈❡ str❡❛♠❡rs ✉s✐♥❣ ❛ ✶✳✺❉ ♠♦❞❡❧ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✳ ❋✐rst✱
✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❢♦r ✇❤✐❝❤ ❞✐✛❡r❡♥t
❢❡❛t✉r❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❛r❡ ❞✐s❝✉ss❡❞✱ ❡✳❣✳✱ ❡rr♦r ❡st✐♠❛t❡s✱ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✈❛❧✉❡s
❛♥❞ ❝♦♠♣✉t✐♥❣ t✐♠❡✱ ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❝❤♦♦s❡ t❤❡ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡♥✱ t❤❡ ♣♦t❡♥✲
t✐❛❧ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❢✉❧❧② ❡①♣❧♦✐t❡❞ ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ r❡♣❡t✐t✐✈❡ ❞✐s❝❤❛r❣❡s
❣❡♥❡r❛t❡❞ ❜② ❤✐❣❤ ❢r❡q✉❡♥❝② ♣✉❧s❡❞ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧♦♥❣ t✐♠❡ s❝❛❧❡ r❡❧❛①❛t✐♦♥✱
❢♦r ✇❤✐❝❤ ❛ ❝♦♠♣❧❡t❡ ♣❤②s✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡s ✐s
❛❝❤✐❡✈❡❞✳

✶✶✳✺✳✶ Pr♦♣❛❣❛t✐♦♥ ♦❢ ❛ P♦s✐t✐✈❡ ❙tr❡❛♠❡r ✇✐t❤ ❈♦♥st❛♥t ❆♣♣❧✐❡❞ ❱♦❧t❛❣❡

❲❡ ❝♦♥s✐❞❡r ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ 1 ❝♠ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✐♣ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡ ❛♥❞
t❤❡ ♣❧❛♥❡✱ ❛♥❞ ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ 13 ❦❱ ❛t x = Lx✳ ❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s✱
t❤❡ ❞✐s❝❤❛r❣❡ ✐s ✐♥✐t✐❛t❡❞ ❜② ♣❧❛❝✐♥❣ ❛ ♥❡✉tr❛❧ ♣❧❛s♠❛ ❝❧♦✉❞ ✇✐t❤ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❝❧♦s❡
t♦ t❤❡ t✐♣ ♦❢ t❤❡ ❛♥♦❞❡✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

ne,p(x)|t=0 = nmax exp
(
−(x− c)2/w2

)
+ n0, nn(x)|t=0 = 0, ✭✶✶✳✷✼✮

✇❤❡r❡ w = 0.027 ❝♠✱ c = 1 ❝♠✱ nmax = 1014 ❝♠−3✱ ❛♥❞ ✇✐t❤ ❛ ♣r❡✐♦♥✐③❛t✐♦♥ ♦❢ n0 = 108 ❝♠−3✳
❚❤❡r❡ ❛r❡ ♥♦ ♥❡❣❛t✐✈❡ ✐♦♥s ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ str❡❛♠❡r r❛❞✐✉s ✐s s❡t t♦ Rs = 0.05 ❝♠
t♦ ❤❛✈❡ ❛ t②♣✐❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ str❡❛♠❡r ❤❡❛❞ ♦❢ 120 ❦❱✴❝♠ ❬❑✉❧✾✽❪✳ ❍♦✲
♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳

❚✇♦ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✶✳✼✱ ❢♦r 12 ♥❡st❡❞ ❣r✐❞s
❡q✉✐✈❛❧❡♥t t♦ 4096 ❝❡❧❧s ♦♥ t❤❡ ✜♥❡st ❣r✐❞✱ L = 12✱ ❛♥❞ ❢♦r ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s ♦❢ ηT = ηsplit =
ηMR = 10−4❀ t❤❡ s♣❛t✐❛❧ r❡✜♥❡♠❡♥t t❛❦❡s ♣❧❛❝❡ ♦♥❧② ✇❤❡r❡ ✐t ✐s r❡q✉✐r❡❞✳ ❋✐♥❡ t♦❧❡r❛♥❝❡s
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❋✐❣✳ ✶✶✳✼✿ P♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ❛t t = 6♥s ✭❧❡❢t✮ ❛♥❞ t = 10♥s ✭r✐❣❤t✮✳ ❚♦♣✿ ❡❧❡❝tr✐❝ ✜❡❧❞❀
♠✐❞❞❧❡✿ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t②❀ ❛♥❞ ❜♦tt♦♠✿ ❣r✐❞ ❧❡✈❡❧s✳ ❋✐♥❡st ❣r✐❞✿ ✹✵✾✻✱ ηT = ηsplit = ηMR = 10−4✳

✇❡r❡ ❝❤♦s❡♥ ✐♥ ❛❧❧ ❝❛s❡s ❢♦r t❤❡ s♦❧✈❡rs✱ ηRadau5 = ηROCK4 = 10−7✱ t♦ ❣✉❛r❛♥t❡❡ ❛❝❝✉r❛t❡
✐♥t❡❣r❛t✐♦♥s✳ ❋♦r ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛s❡s✱ t❤❡ ❞❡t❛✐❧ ✐♥ ❡❛❝❤ ❝❡❧❧ ✐s t❛❦❡♥ ❛s t❤❡ ♠❛①✐♠✉♠ ♦❢
t❤❡ ❞❡t❛✐❧s ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✼✷✮ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✱ ✇❤❡r❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦♣❡r❛t♦r ✐s ❛
♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ❞❡❣r❡❡ 2✱ ♣❡r❢♦r♠❡❞ ♦♥ ♥♦r♠❛❧✐③❡❞ log u ♦❢ t❤❡ ❞❡♥s✐t② ✈❛r✐❛❜❧❡s
✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❞✐s❝r✐♠✐♥❛t❡ t❤❡ str❡❛♠❡r ❤❡❛❞s ❢r♦♠ t❤❡ ❤✐❣❤❧② ✐♦♥✐③❡❞ ♣❧❛s♠❛ ❝❤❛♥♥❡❧❀
t❤✐s ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡ ❣✉❛r❛♥t❡❡s ❛ ❝♦rr❡❝t s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❛s s❡❡♥
✐♥ ❋✐❣✉r❡ ✶✶✳✼ ❢♦r t❤❡ ❞❡♥s✐t② ♣r♦✜❧❡s✳
■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛s ❛
✜♥❡ r❡s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ T2 s❝❤❡♠❡ t❤❛t ❝♦♥s✐❞❡rs ❛ ✜①❡❞ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣✱ ∆t = 10−14 s
❛♥❞ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ 4096 ❝❡❧❧s✳ ❋♦r t❤✐s r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛r❡
❛❝❝❡♣t❛❜❧❡ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s st✐❧❧ ❢❡❛s✐❜❧❡✱ ❜✉t ✐t r❡q✉✐r❡s ❛❜♦✉t ✶✹ ❞❛②s ♦❢ r❡❛❧ s✐♠✉❧❛t✐♦♥
t✐♠❡ ♦♥ ❛♥ ❆▼❉ ❖♣t❡r♦♥ ✻✶✸✻ Pr♦❝❡ss♦r ❝❧✉st❡r✱ ✇❤✐❧❡ r✉♥♥✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥
✐♥ ♣❛r❛❧❧❡❧ ♦♥ ✶✻ ❈P❯ ❝♦r❡s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❜❛s❡❞ ♦♥ ❛
❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❝❤❛r❣❡❞ ❝②❧✐♥❞❡rs✱ r❡♣r❡s❡♥ts ✽✵✪ ♦❢ t♦t❛❧
❈P❯ t✐♠❡ ♣❡r t✐♠❡ st❡♣ ✭❛❜♦✉t 3.2 s✮✳
❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♠✉st ✈❡r✐❢② t❤❡ ♣r❡✈✐♦✉s ♦r❞❡r ❡st✐♠❛t❡s ❢♦r t❤❡ T1 ❛♥❞ T2 s❝❤❡♠❡s ❣✐✈❡♥
✐♥ ❙❡❝t✐♦♥ ✶✶✳✹✳✶✳ ❲❡ ❝♦♥s✐❞❡r ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛t t = 10 ♥s✳ ■♥
♦r❞❡r t♦ ♦♥❧② ❡✈❛❧✉❛t❡ ❡rr♦rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞❡❝♦✉♣❧✐♥❣ t❡❝❤♥✐q✉❡s✱ T1 ❛♥❞ T2✱ ✇❡ ❝♦♥s✐❞❡r
❛ ✜♥❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣✱ ∆ts = 10−14 s✱ t♦ s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✭✶✶✳✷✮ ❛♥❞ ❛
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❋✐❣✳ ✶✶✳✽✿ ◆♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ T1 ✭✜rst ♦r❞❡r✮ ❛♥❞ T2 ✭s❡❝♦♥❞ ♦r❞❡r✮
s♦❧✉t✐♦♥s ❢♦r s❡✈❡r❛❧ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆t ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ ✹✵✾✻ ❝❡❧❧s✳ ❚♦♣✿ ❡❧❡❝tr♦♥ ✭❧❡❢t✮ ❛♥❞
♣♦s✐t✐✈❡ ✐♦♥s ✭r✐❣❤t✮❀ ❛♥❞ ❜♦tt♦♠✿ ♥❡❣❛t✐✈❡ ✐♦♥s✳

✉♥✐❢♦r♠ ❣r✐❞❀ t❤❡♥✱ ✇❡ s♦❧✈❡ ✭✶✶✳✻✮ ✇✐t❤ ❜♦t❤ s❝❤❡♠❡s ❢♦r s❡✈❡r❛❧ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆ti✱
❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ✜rst✴s❡❝♦♥❞ ♦r❞❡r ❛♥❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s
❛❢t❡r t✐♠❡ t = 210∆ts = 1.024 × 10−11 s✳ ❋✐❣✉r❡ ✶✶✳✽ s❤♦✇s r❡s✉❧ts ✇✐t❤ ∆ti = 2i∆ts✱ ✇❤❡r❡
i ∈ [1, 10]✱ ✇❤✐❝❤ ❝❧❡❛r❧② ✈❡r✐❢② ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ✐♥ t✐♠❡ ❢♦r t❤❡ T1 ❛♥❞ T2 s❝❤❡♠❡s✱
r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ♣r♦✈❡ ✐♠♣♦rt❛♥t ❣❛✐♥s ✐♥ ❛❝❝✉r❛❝② ❢♦r s❛♠❡ t✐♠❡ st❡♣s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r
∆t ≤ 10−12 s t❤❡ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ ♣r♦✈✐❞❡s s♦❧✉t✐♦♥s ✇✐t❤ L2 ❡rr♦rs ❛t ❧❡❛st 100 t✐♠❡s
❧♦✇❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✜rst ♦r❞❡r ♠❡t❤♦❞✳
❋✐❣✉r❡ ✶✶✳✾ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦r ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ❜❡t✇❡❡♥ t❤❡
t✐♠❡✲s♣❛❝❡ ❛❞❛♣t❡❞ ❛♥❞ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❢♦r s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s✱ ηT = ηsplit = ηMR = 10−4✱
10−3✱ ❛♥❞ 10−2✳ ❚❤❡s❡ ❛r❡ r❛t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r s✐♥❝❡ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❛❞❛♣t❡❞
s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❡✈❛❧✉❛t❡❞ ❡①❛❝t❧② ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡② ❛r❡ ♦❢t❡♥ s❧✐❣❤t❧②
s❤✐❢t❡❞ ♦❢ ❛❜♦✉t ∼ 10−14 − 10−13s✳ ■♥ t❤❡s❡ t❡sts✱ t❤❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆t ✇❡r❡ ❧✐♠✐t❡❞
❜② t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ st❡♣✱ ∆tDR✱ ❛❢t❡r ♥♦t✐❝✐♥❣ ❛♥ ✐♠♣♦rt❛♥t ❛♠♦✉♥t ♦❢ r❡❥❡❝t✐♦♥s
♦❢ ❝♦♠♣✉t❡❞ t✐♠❡ st❡♣s ❛❝❝♦r❞✐♥❣ t♦ ✭✶✶✳✶✾✮✱ ✇❤❡♥❡✈❡r ∆t & 1.5 × ∆tDR✳ ❖t❤❡r✇✐s❡✱ ∆t ✐s
❞②♥❛♠✐❝❛❧❧② ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❧♦❝❛❧❧② s❛t✐s❢② t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝② ηT ✱ ❜✉t ✐t ❞♦❡s ♥♦t s❤♦✇
✐♠♣♦rt❛♥t ✈❛r✐❛t✐♦♥s ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡❧❢✲s✐♠✐❧❛r ♣r♦♣❛❣❛t✐♥❣ ♣❤❡♥♦♠❡♥♦♥✳
■♥ ❋✐❣✉r❡ ✶✶✳✶✵✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❛♣t❡❞ ❣r✐❞ t♦ ❡❛❝❤ ♣r❡✈✐♦✉s ❝♦♥✜❣✉r❛t✐♦♥
✇✐t❤ ❞✐✛❡r❡♥t t♦❧❡r❛♥❝❡s✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❞❡♥s✐t✐❡s s❤♦✇s t❤❛t
❢♦r ηT = ηsplit = ηMR = 10−2✱ t❤❡ str❡❛♠❡r ❢r♦♥t ♣r♦♣❛❣❛t❡s ❢❛st❡r t❤❛♥ ✐♥ t❤❡ r❡❢❡r❡♥❝❡
❝❛s❡✱ ✇✐t❤ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ♣❡❛❦ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❢r♦♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r
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❋✐❣✳ ✶✶✳✾✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ L2 ❡rr♦rs ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❛❞❛♣t❡❞ s♦❧✉t✐♦♥s
✇✐t❤ η = ηT = ηsplit = ηMR = 10−4✱ 10−3✱ ❛♥❞ 10−2, ❛♥❞ ✹✵✾✻ ❝❡❧❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜♥❡st
❞✐s❝r❡t✐③❛t✐♦♥✳ ❚♦♣✿ ❡❧❡❝tr♦♥ ✭❧❡❢t✮ ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✭r✐❣❤t✮❀ ❛♥❞ ❜♦tt♦♠✿ ♥❡❣❛t✐✈❡ ✐♦♥s✳

ηT = ηsplit = ηMR ≤ 10−3✱ ✇❡ ♦❜s❡r✈❡ ❛ q✉✐t❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❛❞❛♣t❡❞ ❛♥❞
r❡❢❡r❡♥❝❡ r❡s♦❧✉t✐♦♥s✳
❲❡ ❝♦♥s✐❞❡r ♥♦✇ ❛♥ ❛❝❝✉r❛t❡ ❡♥♦✉❣❤ r❡s♦❧✉t✐♦♥ ✇✐t❤ ηT = ηsplit = ηMR = 10−4 ❛♥❞ ✐♥✈❡st✐❣❛t❡
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞s✱ t❤❛t ✐s✱ t❤❡ ✜♥❡st s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛t ❧❡✈❡❧ L t❤❛t
s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋✐❣✉r❡ ✶✶✳✶✶ s❤♦✇s t❤❡ ❛❞❛♣t❡❞ ❣r✐❞s ❢♦r L = 10✱ 11 ❛♥❞ 12✱
r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ 1024✱ 2048 ❛♥❞ 4096 ❝❡❧❧s ✐♥ t❤❡ ✜♥❡st ❣r✐❞❀ ❛♥❞ ❛ ❝❧♦s❡✲✉♣ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞s ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❤❡❛❞ ❛t t = 8 ♥s✳ ❲❡ s❡❡ t❤❛t ❢♦r t❤✐s ❧❡✈❡❧ ♦❢
t♦❧❡r❛♥❝❡s✱ t❤❡ str❡❛♠❡r ❢r♦♥t ♣r♦♣❛❣❛t❡s s❧✐❣❤t❧② s❧♦✇❡r t❤❛♥ t❤❡ r❡❢❡r❡♥❝❡ ❝❛s❡ ❢♦r L = 10✱
✇❤❡r❡❛s L = 11 ❣✐✈❡s ❛❧r❡❛❞② ❣♦♦❞ r❡s♦❧✉t✐♦♥s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛♥❞ ✇✐t❤
L = 12✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ L ✇♦✉❧❞ ♥❡❡❞ ❧♦✇❡r t♦❧❡r❛♥❝❡s ✐♥ ♦r❞❡r t♦ r❡t❛✐♥ r❡❣✐♦♥s
❛t t❤❡ ✜♥❡st ❧❡✈❡❧❀ t❤✐s ✐s ❛❧r❡❛❞② t❤❡ ❝❛s❡ ❢♦r L = 13 ✭❡q✉✐✈❛❧❡♥t t♦ 8192 ❝❡❧❧s✮✳ ❚❤❡r❡❢♦r❡✱
L = 11 ✇✐t❤ 2048 ❝❡❧❧s ❛t t❤❡ ✜♥❡st ❧❡✈❡❧ s❡❡♠s t♦ ❜❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ❢♦r t❤✐s ❧❡✈❡❧ ♦❢
❛❝❝✉r❛❝②✳
❚❛❜❧❡ ✶✶✳✶ s✉♠♠❛r✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ✭#AG✮ ❛t t✐♠❡ t = 8♥s✱ ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✭DC✮ ❞❡✜♥❡❞ ❛s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❛❝t✐✈❡ ❝❡❧❧s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❡q✉✐✈❛❧❡♥t ♥✉♠❜❡r ♦❢ ❝❡❧❧s ❢♦r t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡ 2048 ❢♦r L = 11✳ ❋♦r t❤✐s
♣r♦♣❛❣❛t✐♥❣ ❝❛s❡✱ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ r❡♠❛✐♥s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❞✉r✐♥❣ t❤❡ t✐♠❡ s✐♠✉❧❛t✐♦♥
✐♥t❡r✈❛❧✳ ❚❤❡ ❈P❯ ❝♦♠♣✉t✐♥❣ t✐♠❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ t✐♠❡ ❞♦♠❛✐♥ ♦❢ st✉❞② ♦❢ t ∈ [0, 10] ♥s
❝♦♠♣✉t❡❞ ❜② ♦♥❡ s♦❧❡ ❈P❯ ❝♦r❡✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t♦t❛❧ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❢♦r L = 11
❛♥❞ t♦❧❡r❛♥❝❡s ηT = ηsplit = ηMR = 10−4✱ ✐t ✐s ∼ 44 t✐♠❡s ❧❡ss ❡①♣❡♥s✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛
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❋✐❣✳ ✶✶✳✶✵✿ ❚♦♣✿ ❛❞❛♣t❡❞ ❣r✐❞s ✭❧❡❢t✮ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s ✭r✐❣❤t✮ ❛t t = 8♥s ✇✐t❤ ✹✵✾✻ ❝❡❧❧s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ✜♥❡st ❞✐s❝r❡t✐③❛t✐♦♥✱ ❛♥❞ η = ηT = ηsplit = ηMR = 10−4✱ 10−3✱ ❛♥❞ 10−2✳ ❇♦tt♦♠✿ ③♦♦♠ ♦♥ t❤❡
❡❧❡❝tr♦♥ ❞✐str✐❜✉t✐♦♥s ✭❧❡❢t✮ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✭r✐❣❤t✮ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡
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❋✐❣✳ ✶✶✳✶✶✿ ❆❞❛♣t❡❞ ❣r✐❞s ✭❧❡❢t✮ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s ✭r✐❣❤t✮ ❛t t = 8♥s✱ ❢♦r s❡✈❡r❛❧ ✜♥❡st s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥ L = 10✱ ✶✶ ❛♥❞ ✶✷✱ ηT = ηsplit = ηMR = 10−4✱ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳

r❡s♦❧✉t✐♦♥ ♦♥ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ✇✐t❤ 2048 ❝❡❧❧s ❛♥❞ ηT = ηsplit = 10−4 ✭❈P❯ t✐♠❡ ♦❢ 8552 s✮✳ ❚❤✐s
✐s q✉✐t❡ r❡❛s♦♥❛❜❧❡✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡s♦❧✉t✐♦♥
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛t ❧❡❛st O(N2) ❢♦r N ❝♦♠♣✉t✐♥❣ ❝❡❧❧s✱ ❛❢t❡r ✭✶✶✳✷✹✮✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❞❡✈❡❧♦♣❡❞ ❝❛♥ ❜❡
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❚❛❜❧❡ ✶✶✳✶✿ ◆✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ t❤❡ ❛❞❛♣t❡❞ ❣r✐❞ ✭#AG✮ ❛♥❞ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✭DC✮ ❛t t✐♠❡ t = 8♥s✱
❈P❯ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❢♦r t ∈ [0, 10] ♥s✱ L = 11✱ ❛♥❞ s❡✈❡r❛❧ t♦❧❡r❛♥❝❡s η = ηT = ηsplit = ηMR✳

η #AG DC✪ ❈P❯✭s✮

10−6 724 35.35 1360

10−5 421 20.56 517

10−4 263 12.84 193

10−3 138 6.74 66

10−2 70 3.42 24

❡✣❝✐❡♥t❧② ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ✐♦♥✐③✐♥❣ ✇❛✈❡s ❛s str❡❛♠❡r
❞✐s❝❤❛r❣❡s✳ ❆♥ ✐♠♣♦rt❛♥t r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♣✉t✐♥❣ t✐♠❡ r❡s✉❧ts ❢r♦♠ s✐❣♥✐✜❝❛♥t ❞❛t❛ ❝♦♠♣r❡s✲
s✐♦♥ ✇✐t❤ st✐❧❧ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s st✉❞② ❛❧❧♦✇s t♦ ♣r♦♣❡r❧② t✉♥❡ t❤❡ ✈❛r✐♦✉s
s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❛ ✜♥❡ r❡s♦❧✉t✐♦♥ ♦❢ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥s✱
❜❛s❡❞ ♦♥ t❤❡ t✐♠❡✲s♣❛❝❡ ❛❝❝✉r❛❝② ❝♦♥tr♦❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♠❡t❤♦❞✳

✶✶✳✺✳✷ ❙✐♠✉❧❛t✐♦♥ ♦❢ ▼✉❧t✐✲P✉❧s❡❞ ❉✐s❝❤❛r❣❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦♥ t❤❡ s✐♠✲
✉❧❛t✐♦♥ ♦❢ ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s ❬P●▲+✵✻✱ P▲▲✶✵❪✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
♣r♦✜❧❡ ❢♦r t❤✐s t②♣❡ ♦❢ ❞✐s❝❤❛r❣❡s ✐s ❛ ❤✐❣❤ ✈♦❧t❛❣❡ ♣✉❧s❡ ❢♦❧❧♦✇❡❞ ❜② ❛ ③❡r♦ ✈♦❧t❛❣❡ r❡❧❛①❛t✐♦♥
♣❤❛s❡✳ ❚❤❡ t②♣✐❝❛❧ ♣✉❧s❡ ❞✉r❛t✐♦♥ ✐s ∼ 10−8 s✱ ✇❤✐❧❡ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡ t❛❦❡s ♦✈❡r ∼ 10−4 s✳
❚❤❡ ❞❡t❛✐❧❡❞ ❡①♣❡r✐♠❡♥t❛❧ st✉❞② ♦❢ t❤❡s❡ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❤❛s s❤♦✇♥ t❤❛t t❤❡ ❝✉♠✉❧❛t✐✈❡ ❡✛❡❝t
♦❢ r❡♣❡❛t❡❞ ♣✉❧s✐♥❣ ❛❝❤✐❡✈❡s ❛ st❡❛❞②✲st❛t❡ ❜❡❤❛✈✐♦r ❬P▲▲✶✵❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❧❧✉str❛t✐♦♥s✱ ✇❡
❝❤♦♦s❡ ❛ ♣✉❧s❡ ❞✉r❛t✐♦♥ ♦❢ Tp = 15 ♥s✱ ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ t✐♠❡ t❤❛t ✐s ♥❡❡❞❡❞
❢♦r t❤❡ ❞✐s❝❤❛r❣❡ t♦ ❝r♦ss t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✳ ❚❤❡ r✐s❡ t✐♠❡ ❝♦♥s✐❞❡rs t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦
❣♦ ❢r♦♠ ③❡r♦ t♦ t❤❡ ♠❛①✐♠✉♠ ✈♦❧t❛❣❡ ❛♥❞ ✐t ✐s s❡t t♦ Tr = 2 ♥s✳ ❚❤❡ ♣✉❧s❡ r❡♣❡t✐t✐♦♥ ♣❡r✐♦❞ ✐s
s❡t t♦ TP = 10−4 s✱ ❡q✉❛❧ t♦ 10 ❦❍③ ♦❢ r❡♣❡t✐t✐♦♥ ❢r❡q✉❡♥❝②✱ ❛ t②♣✐❝❛❧ ✈❛❧✉❡ ✉s❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts
❬P●▲+✵✻❪✳ ❲❡ ♠♦❞❡❧ t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡ P ❜② ✉s✐♥❣ s✐❣♠♦✐❞ ❢✉♥❝t✐♦♥s

P (t, s, r, p) = 1− σ(−t,−s, r)− σ(t, s+ p, r), ✭✶✶✳✷✽✮

✇✐t❤

σ(t, s, r) =
1

1 + exp(−8(t− s)/r) , ✭✶✶✳✷✾✮

❢♦r t✐♠❡ t✱ ✇❤❡r❡ s ✐♥❞✐❝❛t❡s ✇❤❡♥ t❤❡ ♣✉❧s❡ st❛rts❀ r ✐s t❤❡ r✐s❡ t✐♠❡❀ ❛♥❞ p ✐s t❤❡ ♣✉❧s❡
❞✉r❛t✐♦♥❀ t✱ s✱ r✱ p ∈ [0, TP]✳ ❲✐t❤ ❛ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Vmax✱ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ V (t)
✐s ❝♦♠♣✉t❡❞ ❜②

V (t) = Vmax · P
(
t−

⌊
t

TP

⌋
· TP, Tr, Tr, Tp

)
. ✭✶✶✳✸✵✮

■♥ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛♥❞ 300❑✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❬P❛♥✵✺✱
❲P▲+✶✵❪✱ ❡❧❡❝tr♦♥s ❛tt❛❝❤ r❛♣✐❞❧② t♦ O2 ♠♦❧❡❝✉❧❡s ❞✉r✐♥❣ t❤❡ ✐♥t❡r♣✉❧s❡ t♦ ❢♦r♠ ♥❡❣❛t✐✈❡
✐♦♥s ✭❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ s❝❛❧❡ ♦❢ 20 ♥s✮✳ ❚❤❡♥✱ t❤❡ r❛t❡ ♦❢ t❤❡ ♣❧❛s♠❛ ❞❡❝❛② ✐s ❞❡t❡r♠✐♥❡❞ ❜②
✐♦♥✲✐♦♥ r❡❝♦♠❜✐♥❛t✐♦♥ ❬❑❑▼❙✾✷✱ P❛♥✵✺✱ ❲P▲+✶✵❪✳ ❲❤❡♥ t❤❡ ♥❡①t ✈♦❧t❛❣❡ ♣✉❧s❡ ✐s ❛♣♣❧✐❡❞✱
❡❧❡❝tr♦♥s ❛r❡ ❞❡t❛❝❤❡❞ ✇✐t❤ ❛ r❛t❡ t❛❦❡♥ ❢r♦♠ ❬❇◆✵✸❪✳ ❚❤❡r❡❢♦r❡✱ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇❡ ❛ss✉♠❡
❛ ❞✐str✐❜✉t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r♣✉❧s❡ ♣❤❛s❡ ✇✐t❤ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣r❡✐♦♥✐③❛t✐♦♥



❙❡❝t✳ ✶✶✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✼✽

❝♦♥s✐st✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ✇✐t❤ ❛ ❞❡♥s✐t② ♦❢ 109 ❝♠−3✳ ❋♦r ❡❧❡❝tr♦♥s✱ ✇❡ ❝♦♥s✐❞❡r
❛ ❧♦✇ ❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ♦❢ 101 ❝♠−3✳ ❚❤✐s s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❡❧❡❝tr♦♥s ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts✳
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❋✐❣✳ ✶✶✳✶✷✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ t❤❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ∆t ❢♦r ❛ ♠✉❧t✐✲♣✉❧s❡
s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ✜rst ✻ ♣✉❧s❡s ✭❧❡❢t✮ ❛♥❞ ❢♦r t❤❡ ✹t❤ ♦♥❡ ✭r✐❣❤t✮ ✇✐t❤ ✐ts s✉❜s❡q✉❡♥t r❡❧❛①❛t✐♦♥✳ ❘❡❥❡❝t❡❞
t✐♠❡ st❡♣s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❜❧❛❝❦ ❝r♦ss❡s✱ ✇❤✐❧❡ t❤❡ ♠✐♥✐♠✉♠ t✐♠❡ s❝❛❧❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❧✉❡ ❧✐♥❡✳

❲❡ s❡t t❤❡ t♦❧❡r❛♥❝❡s t♦ ηT = ηsplit = ηMR = 10−4 ❛♥❞ ❝♦♥s✐❞❡r L = 11 ❣r✐❞ ❧❡✈❡❧s✱ ❡q✉✐✈❛❧❡♥t
t♦ 2048 ❝❡❧❧s ✐♥ t❤❡ ✜♥❡st ❣r✐❞✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✜❣✉r❛t✐♦♥✱ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❋✐❣✉r❡ ✶✶✳✶✷ s❤♦✇s t❤❡
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ❛♥❞ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❢♦r t❤❡ ✜rst s✐① ♣✉❧s❡s✱
❡✈❡♥ t❤♦✉❣❤ s✐♠✉❧❛t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞ ❢♦r ✶✵✵ ♣✉❧s❡s✱ t❤❛t ✐s t ∈ [0, 10−2] s✳ ❚❤✐s s✐♠✉❧❛t✐♦♥
t♦♦❦ ♦✈❡r 8❤44♠ ✇❤✐❧❡ r✉♥♥✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ♣❛r❛❧❧❡❧ ♦♥ 6 ❈P❯ ❝♦r❡s ♦❢ t❤❡
s❛♠❡ ❆▼❉ ❖♣t❡r♦♥ ✻✶✸✻ Pr♦❝❡ss♦r ❝❧✉st❡r❀ t❤✐s ❣✐✈❡s ❛♥ ❛✈❡r❛❣❡ ♦❢ 5.24 ♠✐♥✉t❡s ♣❡r ♣✉❧s❡
♣❡r✐♦❞✳ ❋✐❣✉r❡ ✶✶✳✶✷ s❤♦✇s ❛❧s♦ t❤❡ ❢♦✉rt❤ ♣✉❧s❡ ❢♦r ✇❤✐❝❤ t❤❡ st❡❛❞②✲st❛t❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝
♣❤❡♥♦♠❡♥♦♥ ✇❛s ❛❧r❡❛❞② r❡❛❝❤❡❞ ❛♥❞ ❛❧♠♦st t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ✐s r❡♣r♦❞✉❝❡❞
❞✉r✐♥❣ t❤❡ r❡st ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ t✐♠❡ st❡♣s ❛r❡ ❛❜♦✉t ∼ 10−11 s ❞✉r✐♥❣ ♣✉❧s❡s✱ t❤❡♥
✐♥❝r❡❛s❡ ❢r♦♠ ∼ 10−12 s ✉♣ t♦ ❛❜♦✉t ∼ 10−6 s ❞✉r✐♥❣ ❛ ♣❡r✐♦❞ ∼ 6000 t✐♠❡s ❧♦♥❣❡r✱ ❢♦r ✇❤✐❝❤
st❛♥❞❛r❞ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❛r❡ ✇✐❞❡❧② ♦✈❡r❝♦♠❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳
❙♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠ ❢♦r s✉❝❤ ❞✐✛❡r❡♥t s❝❛❧❡s ✇✐t❤ ❛ ❝♦♥st❛♥t t✐♠❡ st❡♣ ✐s ♦✉t ♦❢ q✉❡st✐♦♥ ❛♥❞
❡✈❡♥ ❛ st❛♥❞❛r❞ str❛t❡❣② t❤❛t ❝♦♥s✐❞❡rs t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛❧❧ t✐♠❡ s❝❛❧❡s ✇♦✉❧❞ ❧✐♠✐t ❝♦♥s✐❞❡r❛❜❧②
t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ ❛s ✐t ✐s s❤♦✇♥ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡
❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ ✐s t❤❡ ❣♦✈❡r♥✐♥❣ t✐♠❡ s❝❛❧❡ ❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✇✐t❤
❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ✇❤❡r❡❛s t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡ ✐s ❛❧t❡r♥❛t✐✈❡❧② r✉❧❡❞ ❜② ❞✐✛✉s✐✈❡
♦r ❝♦♥✈❡❝t✐✈❡ ❈❋▲✱ ♦r ❜② ✐♦♥✐③❛t✐♦♥ t✐♠❡ s❝❛❧❡✱ ✇✐t❤ ❛❧❧ s❡❝✉r✐t② ❢❛❝t♦rs ❛♥❞ ❈❋▲ ❝♦♥❞✐t✐♦♥s
s❡t t♦ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✶✶✳✶✷✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❛ t✐♠❡ st❡♣ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣✉❧s❡ ❞✉r❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱
❛❢t❡r ❡❛❝❤ r❡❧❛①❛t✐♦♥ ♣❤❛s❡✱ s✐♥❝❡ t❤❡ ♥❡✇ t✐♠❡ st❡♣ ✐s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡
❛❝❝♦r❞✐♥❣ t♦ ✭✶✶✳✶✾✮✱ t❤✐s ♥❡✇ t✐♠❡ st❡♣ ✇✐❧❧ s✉r❡❧② s❦✐♣ t❤❡ ♥❡①t ♣✉❧s❡✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤✐s✱
❡❛❝❤ t✐♠❡ ✇❡ ❣❡t ✐♥t♦ ❛ ♥❡✇ ♣❡r✐♦❞✱ t❤❛t ✐s ✇❤❡♥ ⌊t/TP⌋ ❝❤❛♥❣❡s✱ ✇❡ ✐♥✐t✐❛❧✐③❡ t❤❡ t✐♠❡ st❡♣
✇✐t❤ ∆t = 0.5Tr = 1 ♥s✳ ❚❤✐s t✐♠❡ st❡♣ ✐s ♦❜✈✐♦✉s❧② r❡❥❡❝t❡❞ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✶✳✶✷✱ ❛s ✇❡❧❧
❛s t❤❡ ♥❡①t ♦♥❡s✱ ✉♥t✐❧ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡tr✐❡✈❡ t❤❡ r✐❣❤t ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❢♦r t❤❡
r❡q✉✐r❡❞ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡✳ ◆♦ ♦t❤❡r ✐♥t❡r✈❡♥t✐♦♥ ✐s ♥❡❡❞❡❞ ♥❡✐t❤❡r ❢♦r ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs
♥♦r ❢♦r ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs ✐♥ ♦r❞❡r t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❛❞❛♣t t❤❡ t✐♠❡ st❡♣ ♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡
✈❛r✐♦✉s t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✇✐t❤✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛❝❝✉r❛❝②✳
❋✐❣✉r❡ ✶✶✳✶✸ r❡♣r❡s❡♥ts t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ✇❤✐❝❤ r❛♥❣❡s ❢r♦♠ ∼ 2% ✉♣



❙❡❝t✳ ✶✶✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✼✾

t♦ ∼ 16% ❞✉r✐♥❣ ❡❛❝❤ ♣✉❧s❡ ♣❡r✐♦❞✳ ❘❡❣❛r❞✐♥❣ ♦♥❧② t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣②✱ ❛ ❣r✐❞ ❛❞❛♣t❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥✈♦❧✈❡s r❡s♦❧✉t✐♦♥s ∼ 39 t♦ ∼ 2500
t✐♠❡s ❢❛st❡r✱ ❜❛s❡❞ ♦♥ ❛ r❡❛❧❧② r♦✉❣❤ ❡st✐♠❛t❡ ❢♦r O(N2) ♦♣❡r❛t✐♦♥s✳
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❋✐❣✳ ✶✶✳✶✸✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝♦♠♣r❡ss✐♦♥ ❢♦r ❛ ♠✉❧t✐✲♣✉❧s❡ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ✜rst s✐① ♣✉❧s❡s
✭❧❡❢t✮ ❛♥❞ ❢♦r t❤❡ ❢♦✉rt❤ ♦♥❡ ✭r✐❣❤t✮ ✇✐t❤ ✐ts s✉❜s❡q✉❡♥t r❡❧❛①❛t✐♦♥✳

❋✐❣✉r❡ ✶✶✳✶✹ ♣r❡s❡♥ts t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❢♦r t❤❡ ✜rst ♣❡r✐♦❞✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ ❛t t =
10 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ✐♥ t❤❡ ❣❛♣✳ ■♥
❙❡❝t✐♦♥ ✶✶✳✺✳✶✱ ❛ ♣r❡✐♦♥✐③❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ✇❛s ✉s❡❞ t♦ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈❡
str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ s❡❡❞ ❡❧❡❝tr♦♥s ❛❤❡❛❞ ♦❢ t❤❡ str❡❛♠❡r ❢r♦♥t ❛r❡ ❝r❡❛t❡❞ ❛s
t❤❡ ❢r♦♥t ♣r♦♣❛❣❛t❡s ❜② ❞❡t❛❝❤♠❡♥t ♦❢ ♥❡❣❛t✐✈❡ ✐♦♥s ✐♥✐t✐❛❧❧② ♣r❡s❡♥t✳ ❲❡ ♥♦t❡ t❤❛t ❛t 15 ♥s✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛❧♠♦st t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❧❛t❡❛✉ ❜❡❢♦r❡ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱
t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s ❝r♦ss❡❞ ∼ 0.75 ❝♠ ♦❢ t❤❡ 1 ❝♠ ❣❛♣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❞✉r✐♥❣ t❤❡ ✈♦❧t❛❣❡
❞❡❝r❡❛s❡ ❛♥❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡ ✇❤❡r❡ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s ③❡r♦✱ t❤❡r❡
✐s ❛ r❡♠❛✐♥✐♥❣ s♣❛❝❡ ❝❤❛r❣❡ ❛♥❞ st❡❡♣ ❣r❛❞✐❡♥ts ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s ✐♥ t❤❡ ❣❛♣✳ ❚❤❡♥
❢♦r t = 50 ♥s✱ ❋✐❣✉r❡ ✶✶✳✶✹ s❤♦✇s t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❛❧♠♦st ❡q✉❛❧ t♦ ③❡r♦
❡①❝❡♣t ✐♥ ❛ s♠❛❧❧ ❛r❡❛ ✇❤❡r❡ st❡❡♣ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛r❡ ♦❜s❡r✈❡❞ ❜✉t ✇✐t❤ ♣❡❛❦
✈❛❧✉❡s ♦❢ ♦♥❧② 30❱✴❝♠✳ ❲❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤✐s ❛r❡❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
str❡❛♠❡r ❤❡❛❞ ❛t t❤❡ ❡♥❞ ♦❢ ✐ts ♣r♦♣❛❣❛t✐♦♥ ❛s ✐t ✐s s❡❡♥ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ♥♦t❡ t❤❛t ✐♥
t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡✱ ❡❧❡❝tr♦♥s ❛r❡ ❛tt❛❝❤✐♥❣ ❛♥❞ t❤❡♥ ❛t t = 50 ♥s✱ t❤❡ ❞❡♥s✐t② ♦❢ ♣♦s✐t✐✈❡ ✐♦♥s ✐s
❛❧♠♦st ❡q✉❛❧ t♦ t❤❡ ❞❡♥s✐t② ♦❢ ♥❡❣❛t✐✈❡ ✐♦♥s ✐♥ t❤❡ ✇❤♦❧❡ ❣❛♣✳ ❆t t = 99972 ♥s✱ t❤❡ ❞❡♥s✐t✐❡s ♦❢
❝❤❛r❣❡❞ s♣❡❝✐❡s ❤❛✈❡ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ ❞✉❡ t♦ ❝❤❛r❣❡❞ s♣❡❝✐❡s r❡❝♦♠❜✐♥❛t✐♦♥✳ ❍♦✇❡✈❡r✱
✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s str❡❛♠❡r ❤❡❛❞ ❝❛♥ st✐❧❧ ❜❡ ♦❜s❡r✈❡❞ ❛t
t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ❛s ❛t t = 50 ♥s✱ ❜✉t ✇✐t❤ ♠✉❝❤ s♠❛❧❧❡r ❣r❛❞✐❡♥ts ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s
❛♥❞ ❛ ✈❡r② s♠❛❧❧ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤✐s ✜♥❛❧ st❛t❡ ✐s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ♣✉❧s❡ ✇✐t❤
❛ ♥♦♥✲✉♥✐❢♦r♠ ❛①✐❛❧ ♣r❡✐♦♥✐③❛t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ❛♥❞ ❛ ♠✉❝❤ s♠❛❧❧❡r ❞❡♥s✐t②
♦❢ ❡❧❡❝tr♦♥s✳
❆❢t❡r ❛ ❢❡✇ r❡♣❡t✐t✐✈❡ ♣✉❧s❡s✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s r❡❛❝❤❡❞ ❛ st❡❛❞②✲
st❛t❡ ❜❡❤❛✈✐♦r ❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❚♦ s❤♦✇ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✇❤❡♥ t❤❡ st❡❛❞②✲st❛t❡ ✐s r❡❛❝❤❡❞✱ ❋✐❣✉r❡ ✶✶✳✶✺ s❤♦✇s t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✶✵✵t❤
♣❡r✐♦❞✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♠❛❣❡s ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❋✐❣✉r❡ ✶✶✳✶✹✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✾✾t❤ ♣✉❧s❡✱
✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛①✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✐♥ t❤❡ ❣❛♣ ✐s ✉♥✐❢♦r♠ ❛♥❞ t❤❛t
t❤❡ ❧❡✈❡❧ ♦❢ ♣r❡✐♦♥✐③❛t✐♦♥ ✐s 5 × 1010 ❝♠−3 ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ❛♥❞ 104 ❝♠−3 ❡❧❡❝tr♦♥s✳
❲❡ ♥♦t❡ t❤❛t 10 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✶✵✵t❤ ♣✉❧s❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s
❢❛st❡r t❤❛♥ ❢♦r t❤❡ ✜rst ♣✉❧s❡✳
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❋✐❣✳ ✶✶✳✶✹✿ ❋✐rst ♣❡r✐♦❞ ♦❢ ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✳ ❚♦♣✿ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ❛t
t = 10♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡ ✭❧❡❢t✮❀ ❛♥❞ ❛t t = 15♥s ✭r✐❣❤t✮✳ ❇♦tt♦♠✿ r❡❧❛①❛t✐♦♥ ♦♥ t❤❡
s❤♦rt t✐♠❡ s❝❛❧❡ t = 50♥s❀ ❛♥❞ ❡♥❞ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡ ❛❢t❡r t = 99972♥s ✭r✐❣❤t✮✳



❙❡❝t✳ ✶✶✳✺ ✲ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✷✽✶

-120

-100

-80

-60

-40

-20

 0

E
 [
k
V

/c
m

]

9900010 ns

10
1

10
4

10
7

10
10

10
13

n
i [

c
m

-3
]

ne
n+
n-

2

4

6

8

10

12

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

le
v
e
l

x [cm]

-140

-120

-100

-80

-60

-40

-20

 0

 20

E
 [
k
V

/c
m

]

9900015 ns

10
1

10
4

10
7

10
10

10
13

n
i [

c
m

-3
]

ne
n+
n-

2

4

6

8

10

12

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

le
v
e
l

x [cm]

 0

 5

 10

 15

 20

 25

E
 [
V

/c
m

]

9900050 ns

10
1

10
4

10
7

10
10

10
13

n
i [

c
m

-3
]

ne
n+
n-

2

4

6

8

10

12

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

le
v
e
l

x [cm]

-0.5
-0.4
-0.3
-0.2
-0.1

 0
 0.1
 0.2
 0.3
 0.4
 0.5

E
 [
V

/c
m

]

9999998 ns

10
1

10
4

10
7

10
10

10
13

n
i [

c
m

-3
]

ne
n+
n-

2

4

6

8

10

12

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

le
v
e
l

x [cm]

❋✐❣✳ ✶✶✳✶✺✿ ❙t❡❛❞②✲st❛t❡ ♦❢ ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s ✭❧❛st ♣❡r✐♦❞✮✳ ❚♦♣✿ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡
❞♦♠❛✐♥ ❛t t = 9900010♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡ ✭❧❡❢t✮❀ ❛♥❞ ❛t t = 9900015♥s ✭r✐❣❤t✮✳ ❇♦tt♦♠✿
r❡❧❛①❛t✐♦♥ ♦♥ s❤♦rt t✐♠❡ s❝❛❧❡ t = 9900050♥s❀ ❛♥❞ ❡♥❞ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡ t = 9999998♥s ✭r✐❣❤t✮✳
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❚❤✐s ❢❛st❡r ♣r♦♣❛❣❛t✐♦♥ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ♣r❡✐♦♥✐③❛t✐♦♥ ❧❡✈❡❧ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡
✐♦♥s ✐♥ t❤❡ ❣❛♣ ✐♥ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✜rst ✈♦❧t❛❣❡ ♣✉❧s❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r t❤❡ ✶✵✵t❤ ♣✉❧s❡✱
15 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣✉❧s❡ t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s ❛❧♠♦st ❝♦♠♣❧❡t❡❧② ❝r♦ss❡❞ t❤❡ ✐♥t❡r✲
❡❧❡❝tr♦❞❡ ❣❛♣ ❛♥❞ t❤❡♥ ❞✉r✐♥❣ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡✱ t❤❡r❡ ✐s ♥♦ r❡♠❛✐♥✐♥❣ s♣❛❝❡ ❝❤❛r❣❡ ✐♥ t❤❡
✇❤♦❧❡ ❣❛♣✳ ❈♦♥s❡q✉❡♥t❧②✱ 50 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✶✵✵t❤ ♣✉❧s❡✱ ❛①✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ❛❧❧
❝❤❛r❣❡❞ s♣❡❝✐❡s ❛r❡ ✉♥✐❢♦r♠✳ ❆s ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ❢♦r t❤❡ ✜rst ♣✉❧s❡✱ ❛t 50 ♥s ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡ ♠♦st ❡❧❡❝tr♦♥s ❤❛✈❡ ❛tt❛❝❤❡❞ ❛♥❞ t❤❡♥✱ t❤❡ ❞❡♥s✐t② ♦❢ ♣♦s✐t✐✈❡ ✐♦♥s ✐s ❛❧♠♦st
❡q✉❛❧ t♦ t❤❡ ❞❡♥s✐t② ♦❢ ♥❡❣❛t✐✈❡ ✐♦♥s ✐♥ t❤❡ ✇❤♦❧❡ ❣❛♣✳ ❲❡ s❡❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝
✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ✉♥✐❢♦r♠ ❛t 50 ♥s✱ ❜✉t ♥♦ st❡❡♣ ❣r❛❞✐❡♥ts ❛r❡ ♦❜s❡r✈❡❞ ❛s ❢♦r t❤❡ ✜rst
✈♦❧t❛❣❡ ♣✉❧s❡✳ ❆t t = 9999998 ♥s✱ t❤❛t ✐s t♦ s❛② ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✶✵✵t❤ ♣❡r✐♦❞✱ ✇❡ ♥♦t❡ t❤❛t
❛ ✈❡r② ❧♦✇ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❣❛♣✳ ❆♥ ❛①✐❛❧❧② ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❤❛r❣❡s ✐s
♦❜t❛✐♥❡❞ ✇✐t❤ 5 × 1010 ❝♠−3 ❢♦r ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ❛♥❞ 104 ❝♠−3 ❢♦r ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤
✇❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✶✵✵t❤ ♣✉❧s❡✳ ❚❤✐s ❞❡♠♦♥str❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ st❡❛❞②✲st❛t❡
❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞ ❞✐s❝❤❛r❣❡s✳

✶✶✳✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ♣r♦♣♦s❡s ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r ♠✉❧t✐✲s❝❛❧❡ str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✳ ■t ✐s
❜❛s❡❞ ♦♥ ❛♥ ❛❞❛♣t✐✈❡ s❡❝♦♥❞ ♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ str❛t❡❣② t❤❛t ❛❧❧♦✇s t♦ ❞✐s❝r✐♠✐♥❛t❡ t✐♠❡
s❝❛❧❡s✲r❡❧❛t❡❞ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛✱ ❣✐✈❡♥ ❛ r❡q✉✐r❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥s✳
❈♦♠♣❛r❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ ❢♦r ✇❤✐❝❤ ❛❝❝✉r❛❝② ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t✐♠❡
st❡♣s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛st❡st s❝❛❧❡✱ t❤❡ ❝♦♥tr♦❧ ❡rr♦r ❛♣♣r♦❛❝❤ ✐♠♣❧✐❡s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱
❛♥ ❡✛❡❝t✐✈❡ ❛❝❝✉r❛t❡ r❡s♦❧✉t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢❛st❡st ♣❤②s✐❝❛❧ t✐♠❡ s❝❛❧❡✱ ❛♥❞ ♦♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❛♥ ✐♠♣♦rt❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✇❤❡♥❡✈❡r t❤❡ r❡q✉✐r❡❞
t✐♠❡ st❡♣s ❣♦ ❜❡②♦♥❞ st❛♥❞❛r❞ st❛❜✐❧✐t② ❝♦♥str❛✐♥ts✳ ❚❤❡ ❧❛tt❡r ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ s❡❧❢✲❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ str❛t❡❣② ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇❤✐❝❤
❝♦♥s✐❞❡rs s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ♥♦t ❧✐♠✐t❡❞ ❜② st❛❜✐❧✐t② ❝♦♥str❛✐♥ts ❢♦r r❡❛❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞
❝♦♥✈❡❝t✐♦♥ ♣❤❡♥♦♠❡♥❛✳ ❙♦ ❢❛r✱ t❤❡ ❣❧♦❜❛❧ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝
r❡❧❛①❛t✐♦♥ st❛❜✐❧✐t② ❝♦♥str❛✐♥t ❜✉t ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛❝②✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❤❛✈❡ ❛❧s♦
❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❞❡❝♦✉♣❧✐♥❣ t✐♠❡ st❡♣s ❛r❡ r❛t❤❡r ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ ❛♥ ❛❝❝✉r❛❝② ❝r✐t❡r✐♦♥✳
❇❡s✐❞❡s✱ ✐❢ ❛ t❡❝❤♥✐q✉❡ s✉❝❤ ❛s ❛ s❡♠✐✲✐♠♣❧✐❝✐t ❛♣♣r♦❛❝❤ ✐s ✐♠♣❧❡♠❡♥t❡❞✱ t❤❡ s❛♠❡ ✐❞❡❛s ♦❢ t❤❡
♣r♦♣♦s❡❞ ❛❞❛♣t✐✈❡ str❛t❡❣② r❡♠❛✐♥ ✈❛❧✐❞✳
❆♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ✇❛s ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❡rr♦r ❝♦♥tr♦❧ ♦❢ t❤❡
s♣❛t✐❛❧ ❛❞❛♣t❡❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❤❛✈❡ ♣r♦✈❡♥ ❛ ♥❛t✉r❛❧ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
t✐♠❡ ❛♥❞ s♣❛❝❡ ❛❝❝✉r❛❝② r❡q✉✐r❡♠❡♥ts ❛♥❞ ❤♦✇ t❤❡ s❡t ♦❢ t✐♠❡✲s♣❛❝❡ ❛❝❝✉r❛❝② t♦❧❡r❛♥❝❡s t✉♥❡s
t❤❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ t✐♠❡✲s♣❛❝❡ ♠✉❧t✐✲s❝❛❧❡ ♣❤❡♥♦♠❡♥♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ♠✉❧t✐✲♣✉❧s❡❞ ❞✐s❝❤❛r❣❡ ❝♦♥✜❣✉r❛t✐♦♥s ♣r♦✈❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ♠✉❧t✐✲s❝❛❧❡
♣❤❡♥♦♠❡♥❛✱ ♣r❡✈✐♦✉s❧② ♦✉t ♦❢ r❡❛❝❤✱ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② s✐♠✉❧❛t❡❞ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♠♣✉t✐♥❣
r❡s♦✉r❝❡s ❜② t❤✐s t✐♠❡✲s♣❛❝❡ ❛❞❛♣t✐✈❡ str❛t❡❣②✳ ❆♥❞ t❤❡② ❛❧s♦ s❤♦✇ t❤❛t ❛ ❝♦♥s✐st❡♥t ♣❤②s✐❝❛❧
❞❡s❝r✐♣t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❢♦r ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡ s❝❛❧❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧
s❝❡♥❛r✐♦s✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❝✉s❡❞ ♦♥ ❛ ✶✳✺❉ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ str❛t❡❣②✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐❧❧ ♦♥❧② ❤❛✈❡ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♠❡❛s✉r❡♠❡♥ts ❜✉t ♥♦t ♦♥ ❛♥② s♣❛❝❡✲t✐♠❡ ❛❝❝✉r❛❝② ♦r st❛❜✐❧✐t② ❛s✲
♣❡❝ts✳ ❆t t❤✐s st❛❣❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❛
♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ s♦❧✈❡r✱ ❡✈❡♥ ❢♦r ❛❞❛♣t❡❞ ❣r✐❞ ❝♦♥✜❣✉r❛t✐♦♥s ❛s ❞❡✈❡❧♦♣❡❞
r❡❝❡♥t❧② ✐♥ ❬▼❍❊✵✻✱ P❙❈❇✵✽✱ ❯❇❘❚✶✵❪✳ ❋✐♥❛❧❧②✱ ❛♥ ✐♠♣♦rt❛♥t ❛♠♦✉♥t ♦❢ ✇♦r❦ ✐s st✐❧❧ ✐♥
♣r♦❣r❡ss ❝♦♥❝❡r♥✐♥❣ ♣r♦❣r❛♠♠✐♥❣ ❢❡❛t✉r❡s s✉❝❤ ❛s ❞❛t❛ str✉❝t✉r❡s✱ ♦♣t✐♠✐③❡❞ r♦✉t✐♥❡s ❛♥❞



❙❡❝t✳ ✶✶✳✻ ✲ ❈♦♥❝❧✉s✐♦♥s ✷✽✸

♣❛r❛❧❧❡❧✐③❛t✐♦♥ str❛t❡❣✐❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ✐s ❛❧s♦
✉♥❞❡r✇❛② t♦ ❡①t❡♥❞ ❛♥❞ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳ ❚❤❡s❡ ✐ss✉❡s ❝♦♥✲
st✐t✉t❡ ♣❛rt✐❝✉❧❛r t♦♣✐❝s ♦❢ ♦✉r ❝✉rr❡♥t r❡s❡❛r❝❤✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❥❡❝t ❣r❛♥t ❢r♦♠ ❆◆❘
✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝② ✲ ❆◆❘ ❇❧❛♥❝s✮✿ ❙é❝❤❡❧❧❡s ✭♣r♦❥❡❝t ❧❡❛❞❡r ❙✳ ❉❡s❝♦♠❜❡s✮✱
❛♥❞ ❜② ❛ ❉■●■❚❊❖ ❘❚❘❆ ♣r♦❥❡❝t✿ ▼❯❙❊ ✭♣r♦❥❡❝t ❧❡❛❞❡r ▼✳ ▼❛ss♦t✮✳
❆✉t❤♦rs ❡①♣r❡ss s♣❡❝✐❛❧ t❤❛♥❦s t♦ ❈❤r✐st✐❛♥ ❚❡♥❛✉❞ ✭▲■▼❙■✲❈◆❘❙✮ ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡ ❜❛s✐s ♦❢
t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❦❡r♥❡❧ ♦❢ ▼❘❴❈❍❖❘❯❙✱ ❝♦❞❡ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ✭❉é❝❧❛r❛t✐♦♥ ❞✬■♥✈❡♥t✐♦♥ ❉■ ✵✸✼✻✵✲✵✶✮✳ ❙✉♣♣♦rt ♦❢ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s ✐s ❣r❛t❡❢✉❧❧②
❛❝❦♥♦✇❧❡❞❣❡❞ ❢♦r s❡✈❡r❛❧ ♠♦♥t❤ st❛② ♦❢ ❩✳ ❇♦♥❛✈❡♥t✉r❛ ❛t ▲❛❜♦r❛t♦r② ❊▼✷❈ ❛s ✈✐s✐t✐♥❣ Pr♦✲
❢❡ss♦r✳ ❩✳ ❇♦♥❛✈❡♥t✉r❛ ✐s ❛❧s♦ ❣r❛t❡❢✉❧ t♦ t❤❡ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥✱ ❨♦✉t❤ ❛♥❞ ❙♣♦rts ♦❢ t❤❡
❈③❡❝❤ ❘❡♣✉❜❧✐❝ ✉♥❞❡r ♣r♦❥❡❝t ❈❩✳✶✳✵✺✴✷✳✶✳✵✵✴✵✸✳✵✵✽✻ ❛♥❞ ♣r♦❥❡❝t ▼❙▼ ✵✵✷✶✻✷✷✹✶✶✳
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❚❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ✇♦r❦ ✇❛s s❡tt❧❡❞ ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧
str❛t❡❣✐❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠s ✇✐t❤ ❛♥ ✐♠♣♦rt❛♥t r❛♥❣❡ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡
s❝❛❧❡s ❞❡s❝r✐❜✐♥❣ r❡❛❧ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ■♥ t❤✐s ❧❛r❣❡ ❝♦♥t❡①t✱ t❤✐s ✇♦r❦ ❤❛s ♣❛rt✐❝✉❧❛r❧②
✐♥tr♦❞✉❝❡❞ ❛ ❢❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s t❤❛t ❤❛✈❡ ②✐❡❧❞❡❞ ❛ ❣❡♥❡r❛❧ t✐♠❡✴s♣❛❝❡
❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ st✐✛ P❉❊s ♠♦❞❡❧✐♥❣ r❡❛❝t✐♥❣ ❢r♦♥ts✳
❚❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ str❛t❡❣② ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛
♥✉♠❡r✐❝❛❧ ❝♦❞❡✱ ✇❤❡r❡❛s t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ❞✐✛❡r✲
❡♥t ❞♦♠❛✐♥s✱ ♥❛♠❡❧② ♥♦♥❧✐♥❡❛r ❝❤❡♠✐❝❛❧ ❞②♥❛♠✐❝s✱ ❜✐♦♠❡❞✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❝♦♠❜✉st✐♦♥✱ ❛♥❞
♣❧❛s♠❛ ✜❡❧❞s✱ ❤❛s ❛ss❡ss❡❞ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❚❤❡
t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❛♥❞ s♦♠❡ ♥❡✇ ❛❝❤✐❡✈❡♠❡♥ts ✐♥ t❡r♠s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧ts ❛s ✇❡❧❧ ❛s
♥✉♠❡r✐❝❛❧ t♦♦❧s✱ ✇❡r❡ t❤✉s ♣✉t ✐♥t♦ ♣r❛❝t✐❝❡ t♦ ♣❡r❢♦r♠ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♠♦❞❡❧s st✉❞✲
✐❡❞ ❢♦r s❝✐❡♥t✐✜❝ ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ♣✉r♣♦s❡s✱ ❝♦✉♣❧✐♥❣ ❡❧❡♠❡♥ts ♦❢ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ❛♥❞
s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣ ❢♦r ♣r♦❜❧❡♠s ♦❢ ✐♥t❡r❡st ❢♦r r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆ ❦❡② ✐ss✉❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞
❞✐s❝✉ss❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ t❤✐s ✇♦r❦ ❞❡❛❧s ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♣r♦✈✐❞✐♥❣ ✈❛❧✐❞ ❡rr♦r ❡st✐♠❛t❡s
❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❆ s♣❡❝✐❛❧ ❝❛r❡ ✇❛s t❤✉s ❣✐✈❡♥ t♦ t❤✐s ❛s♣❡❝t ✐♥ t❤❡ ♣r♦♣♦s❡❞
♥✉♠❡r✐❝❛❧ str❛t❡❣② ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❣❡♥❡r❛❧ ❝r✐t❡r✐❛ t♦ ♠♦♥✐t♦r ❛♥❞ ❧✐❦❡❧② ❝♦♥tr♦❧ t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❚❤❡ ❧❛tt❡r ✐ss✉❡ ✐s ♦❢t❡♥ ✉♥❞❡r❡st✐♠❛t❡❞
♦r ✈❛❣✉❡❧② r❡❢❡rr❡❞ ✐♥ ♠♦st ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✐♥ ✇❤✐❝❤
♥♦ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s✉❛❧❧② ❛✈❛✐❧❛❜❧❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❝❝✉r❛❝② ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤✲
♦❞s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦ s❡tt❧❡ t❤✉s s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ❜❛s❡s t♦
♣❡r❢♦r♠ ❛❝❝✉r❛t❡ ❛♥❞ ❢❡❛s✐❜❧❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✈❛r✐❡❞ st✐✛ ♣r♦❜❧❡♠s✱ ❢♦r ❧❛r❣❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥s ♦✉t ♦❢ r❡❛❝❤ ♦❢ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✱ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦✱ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s✱ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✿

• ■♥ t❡r♠s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✿

✕ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ s❤✐❢t❡❞ ❛♥❞ st❛♥❞❛r❞ ❙tr❛♥❣ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r
❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❉❉❉+✶✶❪❀ ❛♥❞ t❤❡ t❤❡♦✲
r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❢♦r s❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥s✳

✕ ❆ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❙tr❛♥❣ ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r ❛♥❞ t❤❡ st✉❞②
♦❢ ♥♦♥✲❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❢♦r ❧❛r❣❡ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ❬❉❉❉+✶✶❪✳

✕ ◆❡✇ ❡rr♦r ❡st✐♠❛t❡s ♦❢ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❢❡❛t✉r✐♥❣
s♦❧✉t✐♦♥s ✇✐t❤ ❤✐❣❤ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts✱ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❉❉▼✶✶❪✳

✕ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠s ❬❉❉▼✶✶❪❀ ❛♥❞ ❛ t❤❡♦r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❡rr♦rs
❢♦r s❡❧❢✲s✐♠✐❧❛r s♦❧✉t✐♦♥s✳

✕ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ ❢♦r ♣❧❛s♠❛ ♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s✱ ♣✉❜❧✐s❤❡❞
✐♥ ❬❉❇▼+✶✷❪✳



●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ Pr♦s♣❡❝ts ✷✽✺

• ■♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✿

✕ ❆♥ ♦r✐❣✐♥❛❧ s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❢❡❛t✉r✐♥❣ ❞❡❞✐❝❛t❡❞✱ ♦♥❡✲
st❡♣ ❛♥❞ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s ❢♦r ❡❛❝❤ s♣❧✐t s✉❜♣r♦❜❧❡♠ ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉▼❉+✶✷✱
❉❉❉+✶✷❪ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ ❬❉▼▲+✶✶❪✮✱ s✉❝❤ t❤❛t t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❡rr♦rs ❢♦r
❡❛❝❤ s♣❧✐t s②st❡♠ ❛r❡ ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ ❣❧♦❜❛❧ s♣❧✐tt✐♥❣ ❡rr♦r✷✳

✕ ❆ ♥❡✇ ♣❛r❛r❡❛❧ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ s❝❤❡♠❡ ❢♦r P❉❊s ♠♦❞❡❧✐♥❣ ♠✉❧t✐✲s❝❛❧❡ r❡❛❝t✐♦♥
✇❛✈❡s ❬❉❉▼✶✶❪✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠ ✇❛s ♥♦t ♣r❡✈✐♦✉s❧②
✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ st✉❞✐❡❞ ❢♦r st✐✛ P❉❊s✳

✕ ❆ s♣❛❝❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❞❡❞✐❝❛t❡❞ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r
st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❬❉▼❉+✶✷✱ ❉▼▲+✶✶❪✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ❝♦♥✲
st✐t✉t❡s t❤❡ ✜rst ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✉❝❤ ♠❡t❤♦❞s ❛♥❞ t❤❡ ✜rst ✉s❡ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥
t❡❝❤♥✐q✉❡s ❢♦r ❣❡♥❡r❛❧ st✐✛ ♣r♦❜❧❡♠s✸✳

✕ ❆ t✐♠❡ st❡♣♣✐♥❣ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❝♦♥tr♦❧ ❢♦r st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠s✱ ❛♥❞ ❡①t❡♥s✐❜❧❡ t♦ ♠♦r❡ ❣❡♥❡r❛❧ t✐♠❡ ❞❡♣❡♥❞❡♥t P❉❊s ❬❉❉❉+✶✶❪✳ ■♥ ♦✉r
♦♣✐♥✐♦♥✱ t❤✐s ❝♦♥st✐t✉t❡s ❛ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✜❡❧❞ ❜❡❝❛✉s❡ ✐t ♦♣❡♥s ❛ ✇❤♦❧❡
♥❡✇ s❡t ♦❢ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❤✐❣❤❧② ✉♥st❡❛❞② ♣❤❡♥♦♠❡♥❛
✇✐t❤ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s✹✳

✕ ❆ ♥❡✇ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ❢♦r st✐✛ ♣r♦♣❛✲
❣❛t✐♥❣ ✇❛✈❡s ❬❉▼❉❉✶✶✱ ❉▼❉+✶✶❛❪✳ ❆❧t❤♦✉❣❤ ❞②♥❛♠✐❝ ❡rr♦r ❝♦♥tr♦❧ ✐s ❝♦♠♠♦♥
♣r❛❝t✐❝❡ ❢♦r st✐✛ ❖❉❊s✱ t❤✐s ✐s ✉s✉❛❧❧② ♥♦t t❤❡ ❝❛s❡ ❢♦r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ P❉❊s✳ ❚♦
♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ✜rst ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s t❤❛t ❛❝❝♦✉♥ts ❢♦r s✉❝❤ ❛♥
✐ss✉❡✱ ❛♥❞ ♣r♦♣♦s❡s ❣❡♥❡r❛❧ ❝r✐t❡r✐❛ t♦ ❞❡✜♥❡ t❤❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥ ❜② ❞❡❝♦✉♣❧✐♥❣ ❛♥❞ tr❛❝❦✐♥❣ t✐♠❡ ❛♥❞ s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ❡rr♦rs✺✳

✕ ❆ ♥❡✇ t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡ ✇✐t❤ ❧♦❝❛❧ ❡rr♦r ❝♦♥tr♦❧ ❢♦r ♣❧❛s♠❛ ♠♦❞❡❧✐♥❣ ❡q✉❛✲
t✐♦♥s ❬❉❇▼+✶✷❪✱ ❜❛s❡❞ ♦♥ ❛ ❣❡♥❡r❛❧ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ t❤❛t ❞❡❝♦✉♣❧❡s ❡❧❡❝tr✐❝
✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✻✳

✕ ❆ t✐♠❡✴s♣❛❝❡ ❣❡♥❡r❛❧ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✇✐t❤ ❡rr♦r ❝♦♥tr♦❧ ❢♦r ♣❧❛s♠❛
♠♦❞❡❧✐♥❣ ❡q✉❛t✐♦♥s ❬❉❇▼+✶✷❪✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤✐s ✐s ❛ ♥♦✈❡❧t② ✐♥
t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ str❡❛♠❡rs✳

• ■♥ t❡r♠s ♦❢ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣✿

✕ ❆ ♥❡✇ ❛❝❛❞❡♠✐❝✱ ❣❡♥❡r✐❝ ✶❉✴✷❉✴✸❉ ❝♦❞❡ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ st✐✛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❝♦♥✈❡❝t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡

✷❚❤✐s ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ st❛♥❞❛r❞ ♣r❛❝t✐❝❡s t❤❛t ❝♦♥s✐❞❡r s♠❛❧❧ s♣❧✐tt✐♥❣ t✐♠❡ st❡♣s ✐♥ ♣r❛❝t✐❝❡ t♦ ❡♥s✉r❡
♥❡❣❧✐❣✐❜❧❡ s♣❧✐tt✐♥❣ ❡rr♦rs✱ ✇❤❡r❡ t❤❡ ❣❧♦❜❛❧ ❡rr♦rs ❛r❡ r✉❧❡❞ ❜② t❤❡ ✐♥♥❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s♦❧✈❡rs ✭s❡❡✱ ❡✳❣✳✱ ❬◆❑✵✺✱
❙P◆✵✻❛❪ ❛♥❞ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥s ✐♥ ❈❤❛♣t❡r ✹✮✳

✸❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♥t❡♠♣♦r❛♥❡♦✉s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s t♦ s✐♠✉❧❛t❡ ✇❛✈❡s ✐♥ ❡①❝✐t❛❜❧❡
♠❡❞✐❛ ✐♥ ❬❇❘❇❙✶✵❪✱ ❝♦♥s✐❞❡r❡❞ ❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡ s♣❡❝✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧s ✉♥❞❡r
st✉❞②✳

✹❈♦♥t❡♠♣♦r❛♥❡♦✉s ✇♦r❦s ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ❬❑❚✶✶❪ ♦r t❤❡ ❘✐❝❤❛r❞s♦♥ ❡①tr❛♣♦❧❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐♥ ❬●❱✵✷❪✱ r❡♠❛✐♥
s✉✐t❛❜❧❡ ♦♥❧② ❢♦r ♥♦♥ st✐✛ ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ♦t❤❡r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢
❧❛r❣❡ s✐③❡ ♦r ❢♦r ✈❛r✐❡❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤✐s ❢✉♥❝t✐♦♥❛❧✐t②✱ ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❡①❝❡♣t ❢♦r
t❤❡ ♦♥❡s ✐❧❧✉str❛t❡❞ ✐♥ t❤✐s ✇♦r❦✳

✺■♥ ♦t❤❡r t②♣❡ ♦❢ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❧✐❦❡ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡s ❝♦♥❝❡✐✈❡❞ ♠❛✐♥❧②
❢♦r ❛❞❛♣t✐✈❡ ♠❡s❤ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❡ t✐♠❡ ❛❞❛♣t✐✈❡ ❝r✐t❡r✐❛ ❛r❡ ✉s✉❛❧❧② ❜❛s❡❞ ♦♥ ❧♦❝❛❧ st❛❜✐❧✐t② ✐ss✉❡s ❬❈◆P❚✵✽✱
❉●❘❙✵✽✱ ❈◆P❚✶✵❪ r❛t❤❡r t❤❛♥ ❛❝❝✉r❛❝②✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ♣r❡s❡♥t❡❞ ✐♥ ❬❉❘❙✵✾❪ ❝♦♥s✐❞❡rs t✐♠❡ st❡♣
❡rr♦r ❝♦♥tr♦❧ ✇✐t❤ ♠✉❧t✐r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ ❡①♣❧✐❝✐t s♦❧✈❡rs✱ ❛♣♣r♦♣r✐❛t❡ t♦ ♥♦♥ st✐✛ ♣r♦❜❧❡♠s✳

✻Pr❡✈✐♦✉s t✐♠❡ ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡s ❢♦r t❤❡s❡ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ❧♦❝❛❧ t✐♠❡ st❡♣♣✐♥❣ ❜❛s❡❞ ❡✐t❤❡r ♦♥ ❧♦❝❛❧✱
❞②♥❛♠✐❝ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥ ❬❑❉❖❖✵✺✱ ❖❑✵✻❪ ♦r ♦♥ ❧♦❝❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❬❯❇❘❚✵✼❪✱ ❜✉t ♥♦t ♦♥
❛❝❝✉r❛❝② ❝r✐t❡r✐❛✳



●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ Pr♦s♣❡❝ts ✷✽✻

❢❡❛t✉r❡s ❛♥❞ ✇✐t❤ ♣❛r❛❧❧❡❧ r♦✉t✐♥❡s ❢♦r s❤❛r❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡s✳ ❚❤❡ ❝♦❞❡ ❝♦♥✲
s✐❞❡rs ❛ tr❡❡✲str✉❝t✉r❡❞ ❞❛t❛ ❢♦r t❤❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❛ ♠♦❞✉❧❛r
❝♦♥✜❣✉r❛t✐♦♥ t♦ ❡❛s✐❧② ❝♦✉♣❧❡ s♦❧✈❡rs ♦❢ ❞✐✛❡r❡♥t ♥❛t✉r❡✳ ■t ✐s ❝♦❞❡❞ ✐♥ t❤❡ ❋♦rtr❛♥
✾✵✴✾✺ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✱ ❛♥❞ ❝♦♥s✐❞❡rs t❤❡ ❖♣❡♥▼P ❧✐❜r❛r② ❢♦r ♣❛r❛❧❧❡❧ ♣r♦✲
❝❡❞✉r❡s✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❧❡t ✉s ❤✐❣❤❧✐❣❤t s♦♠❡ ❛❝❤✐❡✈❡♠❡♥ts ✐♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❛t t♦ ♦✉r
❦♥♦✇❧❡❞❣❡✱ ✇❡r❡ ♥❡✈❡r ♣❡r❢♦r♠❡❞ ❜❡❢♦r❡ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ❞♦♠❛✐♥s✿

• ❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ✸❉ s❝r♦❧❧ ✇❛✈❡s ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
5123 ♦♥ ❛ st❛♥❞❛r❞ ✇♦r❦st❛t✐♦♥ ♦❢ 32 ●❇✳

• ❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ✶✾✲✈❛r✐❛❜❧❡ ❤✉♠❛♥ ❜r❛✐♥ str♦❦❡ ♠♦❞❡❧ ♦♥ ❛ s✐♠♣❧✐✜❡❞ ✸❉
❣❡♦♠❡tr② ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ 5123 ♦♥ ❛ st❛♥❞❛r❞ ✇♦r❦st❛t✐♦♥ ♦❢
32 ●❇✳

• ❚❤❡ ❝♦♥s✐st❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s✱ ❞❡♣✐❝t❡❞ ❜② t❤❡ s❡❧❢✲
✐❣♥✐t✐♦♥ ♦❢ ❛ r❡❛❝t✐✈❡ ♠✐①t✉r❡ ✇✐t❤ t❤❡ s✉❜s❡q✉❡♥t ❣❡♥❡r❛t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡
✢❛♠❡✱ ❜② ♠❡❛♥s ♦❢ ❞②♥❛♠✐❝ t✐♠❡✴s♣❛❝❡ ❛❞❛♣t✐✈✐t② t♦♦❧s✳

• ❚❤❡ ❝♦♥s✐st❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❤✐❣❤❧② ♠✉❧t✐✲s❝❛❧❡ ♥❛♥♦s❡❝♦♥❞ r❡♣❡t✐t✐✈❡❧② ♣✉❧s❡❞
❞✐s❝❤❛r❣❡s✱ ❞❡s❝r✐❜✐♥❣ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡ s❝❛❧❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t
♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s ❢♦r ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝❤❛r❣❡✴♣♦st✲❞✐s❝❤❛r❣❡ ♣❤❛s❡s✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ♠❡♥t✐♦♥ s♦♠❡ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ❡♥✈✐s✐♦♥❡❞ ✐♥ ❛ s❤♦rt t❡r♠✿

• ❆ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ t♦ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ str❡❛♠❡rs ✐♥ ❬❉❇▼+✶✷❪✱ ❝♦♥s✐❞❡rs t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ s♦❧✈❡r ❢♦r ❛❞❛♣t✐✈❡ ❣r✐❞s ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✼✳
❚❤✐s ❦✐♥❞ ♦❢ s♦❧✈❡r ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❛♥❞ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ✐♠♣❧❡♠❡♥t❡❞✱ ❢♦r
✐♥st❛♥❝❡✱ ✐♥ ❬▼❍❊✵✻✱ P❙❈❇✵✽❪ ❢♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥ ♦♥ ❛❞❛♣t✐✈❡ ❣r✐❞s✳ ❲❡ r❡❝❛❧❧
t❤❛t t❤❡ s❡❝♦♥❞ ♦r❞❡r ♠❡t❤♦❞ ❛s ✇❡❧❧ ❛s t❤❡ t✐♠❡ st❡♣♣✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ ❬❉❇▼+✶✷❪ ❛r❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

• ■♥ t❤❡ s❛♠❡ ✇❛②✱ ❛ ❤②❞r♦❞②♥❛♠✐❝ s♦❧✈❡r ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②
❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✶✵ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts✱ ✐♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r
❝♦♠♣❧❡t❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧s ✇✐t❤ ❝♦♠♣❧❡① ❝❤❡♠✐str② ❛♥❞ ❞❡t❛✐❧❡❞ tr❛♥s♣♦rt✱ ✇✐t❤♦✉t ❛❞♦♣t✲
✐♥❣ ❛ t❤❡r♠♦✲❞✐✛✉s✐✈❡ ❛♣♣r♦❛❝❤✽✳

• ❋r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ s♦♠❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ❝r✐t❡r✐❛✱ ❜❛s❡❞
♦♥ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ❢♦r✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ t✐♠❡ ✐♥✲
t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❝♦♠♣r❡ss❡❞ s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥

✼❚❤✐s ✐s ❛ ✇♦r❦ ✐♥ ♣r♦❣r❡ss ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❩❞❡♥➙❦ ❇♦♥❛✈❡♥t✉r❛ ❛♥❞ t❤❡ t❡❝❤♥✐❝❛❧ s✉♣♣♦rt ♦❢ ▲❛✉r❡♥t
❙❡r✐❡s ❛t t❤❡ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙❡r✈✐❝❡ ❯♥✐t ♦❢ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✳

✽❚❤✐s ✐s ❛ ✇♦r❦ ✐♥ ♣r♦❣r❡ss ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❱✐♦❧❛✐♥❡ ▲♦✉✈❡t ❛♥❞ ❋ré❞ér✐q✉❡ ▲❛✉r❡♥t✱ ❢♦r t❤❡ ♣r❛❝t✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ❢❡❛t✉r❡s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✇❤♦❧❡ ✇♦r❦ ✐s ♣❛rt ♦❢ t❤❡ ❙é❝❤❡❧❧❡s ♣r♦❥❡❝t t❤❛t
❛✐♠s ❛t ❞❡✈❡❧♦♣✐♥❣ ❛ ♥❡✇✱ ❣❡♥❡r❛❧✱ ❛♥❞ ♦♣t✐♠✐③❡❞ ♥✉♠❡r✐❝❛❧ ❝♦❞❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✳
❚❤✐❡rr② ❉✉♠♦♥t ✐s ❝✉rr❡♥t❧② ❧❡❛❞✐♥❣ t❤❡ ❝♦♥❝❡♣t✐♦♥ ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ t❤✐s
❝♦❞❡✱ t❤❛t ❛ss❡♠❜❧❡s ❛❧❧ t❤❡s❡ r❡❝❡♥t ♥✉♠❡r✐❝❛❧ t♦♦❧s✳ ❲❡ ❝♦✉♥t ❛❧s♦ ♦♥ t❤❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ♦❢ ❈❤r✐st✐❛♥ ❚❡♥❛✉❞
r❡❣❛r❞✐♥❣ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❢r♦♥ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❉✐❣✐t❡♦
▼❯❙❊ ♣r♦❥❡❝t✳



●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ Pr♦s♣❡❝ts ✷✽✼

♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ ♣r❡✲
s❝r✐❜❡❞ t♦❧❡r❛♥❝❡s ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ✐s ♥❛t✉r❛❧❧② ❛ ❝❡rt❛✐♥ ❞♦s❡ ♦❢
❤❡✉r✐st✐❝s t❤❛t ❝❛♥ ❜❡ ❝❡rt❛✐♥❧② ✐♠♣r♦✈❡❞✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♠❛t❤❡♠❛t✐❝❛❧
❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐♦✉s ❡❧❡♠❡♥ts ♦❢ t❤❡ str❛t❡❣②✱ ❡✳❣✳✱ st✉❞② ♦❢ ❣❧♦❜❛❧ t✐♠❡✴s♣❛❝❡ ❡rr♦rs✱
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝♦✉♣❧❡❞ t✐♠❡✴s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs✱ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥
♦❢ ✇❛✈❡ ♣r♦✜❧❡ ❛♥❞ s♣❡❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s✳
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t✐✈❡ ❛❞❛♣t✐✈❡ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ❞❡♥s✐t② ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲
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❬❆❜❣✾✺❪ ❘✳ ❆❜❣r❛❧❧✳ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦♥ ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s✿ ❛♣♣❧✐❝❛t✐♦♥ t♦
❈❋❉✳ ■♥ ❑✳❲✳ ▼♦rt♦♥ ❛♥❞ ▼✳❏✳ ❇❛✐♥❡s✱ ❡❞✐t♦rs✱ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ✢✉✐❞
❞②♥❛♠✐❝s✱ ✈♦❧✉♠❡ ✺✱ ♣❛❣❡s ✷✼✶✕✷✼✻✳ ❖①❢♦r❞ ❙❝✐❡♥❝❡ P✉❜❧✐❝❛t✐♦♥s✱ ✶✾✾✺✳

❬❆❇❙✵✺❪ ▼✳❏✳❍✳ ❆♥t❤♦♥✐ss❡♥✱ ❇✳❆✳❱✳ ❇❡♥♥❡tt✱ ❛♥❞ ▼✳❉✳ ❙♠♦♦❦❡✳ ❆♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐✲
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❛♥❞ ❏✳✲P✳ ❇♦✐ss❡❧✳ ❆ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ❜❧♦❝❦✐♥❣ ♦❢ ♠✐❣r❛✐♥❡ ❜② ❘♦❧❛♥❞♦
s✉❧❝✉s✳ Pr♦❣r❡ss ✐♥ ❇✐♦♣❤②s✐❝s ✫ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✾✼✭✶✮✿✺✹✕✺✾✱ ✷✵✵✽✳

❬●❉❉+✵✽❜❪ ❊✳ ●r❡♥✐❡r✱ ▼✳❆✳ ❉r♦♥♥❡✱ ❙✳ ❉❡s❝♦♠❜❡s✱ ❍✳ ●✐❧q✉✐♥✱ ❆✳ ❏❛✐❧❧❛r❞✱ ▼✳ ❍♦♠♠❡❧✱
❛♥❞ ❏✳P✳ ❇♦✐ss❡❧✳ ❆ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ❜❧♦❝❦✐♥❣ ♦❢ ♠✐❣r❛✐♥❡ ❜② ❘♦❧❛♥❞♦
s✉❧❝✉s✳ Pr♦❣r❡ss ✐♥ ❇✐♦♣❤②s✐❝s ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✾✼✿✺✹✕✺✾✱ ✷✵✵✽✳

❬●❡❛✼✶❪ ❈✳❲✳ ●❡❛r✳ ◆✉♠❡r✐❝❛❧ ■♥✐t✐❛❧ ❱❛❧✉❡ Pr♦❜❧❡♠s ✐♥ ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳
Pr❡♥t✐❝❡✲❍❛❧❧ s❡r✐❡s ✐♥ ❛✉t♦♠❛t✐❝ ❝♦♠♣✉t❛t✐♦♥✳ Pr❡♥t✐❝❡✲❍❛❧❧✱ ❊♥❣❧❡✇♦♦❞ ❈❧✐✛s✱
◆❏✱ ✶✾✼✶✳

❬●❊❋✵✸❪ ■✳ ●❛rr✐❞♦✱ ▼✳❙✳ ❊s♣❡❞❛❧✱ ❛♥❞ ●✳❊✳ ❋❧❛❞♠❛r❦✳ ❆ ❝♦♥✈❡r❣❡♥❝❡ ❛❧❣♦r✐t❤♠ ❢♦r
t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♣♣❧✐❡❞ t♦ r❡s❡r✈♦✐r s✐♠✉❧❛t✐♦♥✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✺t❤
■♥t❡r♥❛t✐♦♥❛❧ ❉♦♠❛✐♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ❈♦♥❢❡r❡♥❝❡✱ ▲❡❝t✳ ◆♦t❡s ❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳
✹✵✱ ♣❛❣❡s ✹✻✾✕✹✼✻✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✸✳
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❬●❍✵✽❪ ▼✳ ●❛♥❞❡r ❛♥❞ ❊✳ ❍❛✐r❡r✳ ◆♦♥❧✐♥❡❛r ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❢♦r t❤❡ ♣❛r❛r❡❛❧ ❛❧✲
❣♦r✐t❤♠✳ ■♥ ❉♦♠❛✐♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ▼❡t❤♦❞s ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❳❱■■✱
♣❛❣❡s ✹✺✕✺✻✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✽✳

❬●✐♥✶✵❪ ❱✳ ●✐♥t✐♥❣✳ ❆♥ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐s❝❛❧❡ ♦♣❡r❛t♦r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥
●✳ ❑r❡✐ss ❡t ❛❧✳✱ ❡❞✐t♦r✱ ◆✉♠❡r✐❝❛❧ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❆❞✈❛♥❝❡❞ ❆♣♣❧✐❝❛t✐♦♥s ✷✵✵✾✳
❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✵✳

❬●✐♦✾✾❪ ❱✳ ●✐♦✈❛♥❣✐❣❧✐✳ ▼✉❧t✐❝♦♠♣♦♥❡♥t ❋❧♦✇ ▼♦❞❡❧✐♥❣✳ ❇✐r❦❤ä✉s❡r ❇♦st♦♥ ■♥❝✳✱ ❇♦st♦♥✱
▼❆✱ ✶✾✾✾✳

❬●❥❡✵✼❪ ❚✳ ●❥❡s❞❛❧✳ ■♠♣❧✐❝✐t✕❡①♣❧✐❝✐t ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ str♦♥❣ st❛❜✐❧✐t② ♣r❡s❡r✈✐♥❣ ♠✉❧✲
t✐st❡♣ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❆♣♣❧✳ ◆✉♠❡r✳ ▼❛t❤✳✱ ✺✼✭✽✮✿✾✶✶✕✾✶✾✱ ✷✵✵✼✳

❬●❑❘✵✶❪ ▼✳ ●ü♥t❤❡r✱ ❆✳ ❑✈ær♥ø✱ ❛♥❞ P✳ ❘❡♥tr♦♣✳ ▼✉❧t✐r❛t❡ ♣❛rt✐t✐♦♥❡❞ ❘✉♥❣❡✲❑✉tt❛
♠❡t❤♦❞s✳ ❇■❚ ◆✉♠❡r✳ ▼❛t❤✳✱ ✹✶✿✺✵✹✕✺✶✹✱ ✷✵✵✶✳

❬●▲✻✶❪ ❆✳ ●✉✐❧❧♦✉ ❛♥❞ ❇✳ ▲❛❣♦✳ ❉♦♠❛✐♥❡ ❞❡ st❛❜✐❧✐té ❛ss♦❝✐é ❛✉① ❢♦r♠✉❧❡s ❞✬✐♥té❣r❛t✐♦♥
♥✉♠ér✐q✉❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s à ♣❛s sé♣❛rés ❡t à ♣❛s ❧✐és✳ ❘❡❝❤❡r❝❤❡ ❞❡
❢♦r♠✉❧❡s à ❣r❛♥❞s r❛②♦♥s ❞❡ st❛❜✐❧✐té✳ ✶❡r ❈♦♥❣✳ ❆ss♦❝✳ ❋r❛♥✳ ❈❛❧❝✉❧✱ ❆❋❈❆▲✱
●r❡♥♦❜❧❡✱ ♣❛❣❡s ✹✸✕✺✻✱ ✶✾✻✶✳

❬●▲❋❊✵✻❪ ■✳ ●❛rr✐❞♦✱ ❇✳ ▲❡❡✱ ●✳❊✳ ❋❧❛❞♠❛r❦✱ ❛♥❞ ▼✳❙✳ ❊s♣❡❞❛❧✳ ❈♦♥✈❡r❣❡♥t ✐t❡r❛t✐✈❡
s❝❤❡♠❡s ❢♦r t✐♠❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✭✷✻✮✿✶✹✵✸✕✶✹✷✽✱ ✷✵✵✻✳

❬●♦❦✽✽❪ ❙✳❆✳ ●♦❦♦❣❧✉✳ ❙✐❣♥✐✜❝❛♥❝❡ ♦❢ ✈❛♣♦r ♣❤❛s❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ♦♥ ❝✈❞ r❛t❡s ♣r❡✲
❞✐❝t❡❞ ❜② ❝❤❡♠✐❝❛❧❧② ❢r♦③❡♥ ❛♥❞ ❧♦❝❛❧ t❤❡r♠♦❝❤❡♠✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❜♦✉♥❞❛r② ❧❛②❡r
t❤❡♦r✐❡s✳ ❏✳ ❊❧❡❝tr♦❝❤❡♠✳ ❙♦❝✳✱ ✶✾✽✽✳

❬●P✵✵❪ ❆✳ ●❡r✐s❝❤ ❛♥❞ ❍✳ P♦❞❤❛✐s❦②✳ ❙♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t✉♠♦r
❛♥❣✐♦❣❡♥❡s✐s ♠♦❞❡❧s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✻t❤ ■▼❆❈❙ ❲♦r❧❞ ❈♦♥❣r❡ss✱ ♣❛❣❡s
✸✕✾✺✷✷✵✼✺✱ ✷✵✵✵✳

❬●P▼❉✽✽❪ ●✳ ●♦②❛❧✱ P✳❏✳ P❛✉❧✱ ❍✳❙✳ ▼✉❦✉♥❞❛✱ ❛♥❞ ❙✳▼✳ ❉❡s❤♣❛♥❞❡✳ ❚✐♠❡ ❞❡♣❡♥❞❡♥t
♦♣❡r❛t♦r✲s♣❧✐t ❛♥❞ ✉♥s♣❧✐t s❝❤❡♠❡s ❢♦r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r❡♠✐①❡❞ ✢❛♠❡s✳ ❈♦♠✲
❜✉st✳ ❙❝✐✳ ❚❡❝❤♥♦❧✳✱ ✻✵✿✶✻✼✕✶✽✾✱ ✶✾✽✽✳

❬●r❛✵✸❪ ●✳❉✳ ●r❛❤❛♠✳ ❚✐ss✉❡ ♣❧❛s♠✐♥♦❣❡♥ ❛❝t✐✈❛t♦r ❢♦r ❛❝✉t❡ ✐s❝❤❡♠✐❝ str♦❦❡✳ ❙tr♦❦❡✱
✸✹✿✷✽✹✼✕✷✽✺✵✱ ✷✵✵✸✳

❬●rö✻✼❪ ❲✳ ●rö❜♥❡r✳ ❉✐❡ ▲✐❡r❡✐❤❡♥ ✉♥❞ ✐❤r❡ ❆♥✇❡♥❞✉♥❣❡♥✳ ❱❊❇ ❉❡✉ts❝❤❡r ❱❡r❧❛❣ ❞❡r
❲✐ss✳✱ ❇❡r❧✐♥ ✶✾✻✵✱ ✶✾✻✼✳ ✷♥❞ ❊❞✐t✐♦♥✳

❬●❙✻✾❪ ❆✳ ●✉✐❧❧♦♥ ❛♥❞ ❋✳▲✳ ❙♦✉❧é✳ ▲❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s ♣r♦❜❧è♠❡s ❞✐✛ér❡♥t✐❡❧s
❛✉① ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ♣❛r ❞❡s ♠ét❤♦❞❡s ❞❡ ❝♦❧❧♦❝❛t✐♦♥✳ ❘❆■❘❖ ❆♥❛❧✳ ◆✉♠ér✳
❙❡r✳ ❘♦✉❣❡✱ ✈✳ ❘✲✸✱ ♣❛❣❡s ✶✼✕✹✹✱ ✶✾✻✾✳

❬●❙✾✹❪ P✳ ●r❛② ❛♥❞ ❙✳❑✳ ❙❝♦tt✳ ❈❤❡♠✐❝❛❧ ❖s❝✐❧❧❛t✐♦♥s ❛♥❞ ■♥st❛❜✐❧✐t❡s✳ ❖①❢♦r❞ ❯♥✐✈✳
Pr❡ss✱ ✶✾✾✹✳

❬●✉s✾✹❪ ❑✳ ●✉st❛❢ss♦♥✳ ❈♦♥tr♦❧✲t❤❡♦r❡t✐❝ t❡❝❤♥✐q✉❡s ❢♦r st❡♣s✐③❡ s❡❧❡❝t✐♦♥ ✐♥ ✐♠♣❧✐❝✐t
❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✳ ❆❈▼ ❚r❛♥s✳ ▼❛t❤✳ ❙♦❢t✇✳✱ ✷✵✿✹✾✻✕✺✶✼✱ ✶✾✾✹✳

❬●❱✵✷❪ ❆✳ ●❡r✐s❝❤ ❛♥❞ ❏✳●✳ ❱❡r✇❡r✳ ❖♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ❢❛❝t♦r✐③❛t✐♦♥
❢♦r t❛①✐s✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ ♠♦❞❡❧s✳ ❆♣♣❧✳ ◆✉♠❡r✳ ▼❛t❤✳✱ ✹✷✭✶✲✸✮✿✶✺✾✕✶✼✻✱ ✷✵✵✷✳
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❬●❱✵✼❪ ▼✳ ●❛♥❞❡r ❛♥❞ ❙✳ ❱❛♥❞❡✇❛❧❧❡✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛r❡❛❧ t✐♠❡✲♣❛r❛❧❧❡❧ t✐♠❡✲
✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞✳ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✷✾✭✷✮✿✺✺✻✕✺✼✽✱ ✷✵✵✼✳

❬●❲✽✹❪ ❈✳❲✳ ●❡❛r ❛♥❞ ❉✳❘✳ ❲❡❧❧s✳ ▼✉❧t✐r❛t❡ ❧✐♥❡❛r ♠✉❧t✐st❡♣ ♠❡t❤♦❞s✳ ❇■❚ ◆✉♠❡r✳
▼❛t❤✳✱ ✷✹✿✹✽✹✕✺✵✷✱ ✶✾✽✹✳
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❬P▼●✶✶❪ ▲✳ P❛♣❛❣❡♦r❣✐♦✉✱ ❆✳❈✳ ▼❡t❛①❛s✱ ❛♥❞ ●✳❊✳ ●❡♦r❣❤✐♦✉✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✲
✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❣❛s ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥❝♦r♣♦r❛t✐♥❣ ♣❤♦t♦✐♦♥✲
✐③❛t✐♦♥ ♣❤❡♥♦♠❡♥❛✳ ❏✳ P❤②s✳ ❉✿ ❆♣♣❧✳ P❤②s✳✱ ✹✹✭✹✮✿✵✹✺✷✵✸✱ ✷✵✶✶✳

❬P♦♣✾✼❪ ❙✳❇✳ P♦♣❡✳ ❈♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❝♦♠❜✉st✐♦♥ ❝❤❡♠✐str②
✉s✐♥❣ ✐♥ s✐t✉ ❛❞❛♣t✐✈❡ t❛❜✉❧❛t✐♦♥✳ ❈♦♠❜✉st✳ ❚❤❡♦r② ▼♦❞❡❧❧✐♥❣✱ ✶✭✶✮✿✹✶✕✻✸✱ ✶✾✾✼✳

❬P♦s✵✺❪ ▼✳ P♦st❡❧✳ ❆♣♣r♦①✐♠❛t✐♦♥s ♠✉❧t✐é❝❤❡❧❧❡s✳ ■♥ ◆❡✉✈✐è♠❡ ➱❝♦❧❡ ▼é✲
❝❛♥✐q✉❡ ❞❡s ❋❧✉✐❞❡s ◆✉♠ér✐q✉❡✱ ❘♦s❝♦✛✱ ♣❛❣❡s ✶✕✺✾✳ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t
▼❛r✐❡ ❈✉r✐❡✱ ▲❛❜✳ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ ✷✵✵✺✳ ▲❡ss♦♥ ◆♦t❡s✱ ❛✈❛✐❧❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇✇✳❛♥♥✳❥✉ss✐❡✉✳❢r✴✄♣♦st❡❧✳

❬P❘✼✹❪ ❆✳ Pr♦t❤❡r♦ ❛♥❞ ❆✳ ❘♦❜✐♥s♦♥✳ ❖♥ t❤❡ st❛❜✐❧✐t② ❛♥❞ ❛❝❝✉r❛❝② ♦❢ ♦♥❡✲st❡♣ ♠❡t❤✲
♦❞s ❢♦r s♦❧✈✐♥❣ st✐✛ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ❈♦♠♣✳✱
✷✽✭✶✷✺✮✿✶✹✺✕✶✻✷✱ ✶✾✼✹✳

❬P❘✵✾❪ ❙✳ P♦♣❡ ❛♥❞ ❩✳ ❘❡♥✳ ❊✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❝❤❡♠✐str② ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦♠❜✉st✐♦♥✳ ❋❧♦✇✱ ❚✉r❜✉❧❡♥❝❡ ❛♥❞ ❈♦♠❜✉st✐♦♥✱ ✽✷✿✹✸✼✕✹✺✸✱ ✷✵✵✾✳

❬P❙❈❇✵✽❪ ❙✳ P❛♥❝❤❡s❤♥②✐✱ P✳ ❙❡❣✉r✱ ❏✳ ❈❛♣❡✐❧❧❡r❡✱ ❛♥❞ ❆✳ ❇♦✉r❞♦♥✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢
✜❧❛♠❡♥t❛r② ❞✐s❝❤❛r❣❡s ✇✐t❤ ♣❛r❛❧❧❡❧ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t✳ ❏✳ ❈♦♠♣✳ P❤②s✳✱
✷✷✼✭✶✸✮✿✻✺✼✹✕✻✺✾✵✱ ✷✵✵✽✳

❬P❙❙✵✶❪ ❙✳❱✳ P❛♥❝❤❡s❤♥②✐✱ ❙✳▼✳ ❙t❛r✐❦♦✈s❦❛✐❛✱ ❛♥❞ ❆✳❨✳ ❙t❛r✐❦♦✈s❦✐✐✳ ❘♦❧❡ ♦❢ ♣❤♦t♦✐♦♥✲
✐③❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❛t❤♦❞❡✲❞✐r❡❝t❡❞ str❡❛♠❡r✳ ❏✳ P❤②s✳ ❉✿ ❆♣♣❧✳
P❤②s✳✱ ✸✹✿✶✵✺✕✶✶✺✱ ✷✵✵✶✳

❬P❱✵✺❪ ❚✳ P♦✐♥s♦t ❛♥❞ ❉✳ ❱❡②♥❛♥t❡✳ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❈♦♠❜✉st✐♦♥✳ ❊❞✇❛r❞s✱
✷♥❞ ❡❞✐t✐♦♥ ❡❞✐t✐♦♥✱ ✷✵✵✺✳

❬❘❛❞✽✵❪ ❘✳ ❘❛❞❛✉✳ ➱t✉❞❡ s✉r ❧❡s ❢♦r♠✉❧❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ q✉✐ s❡r✈❡♥t à ❝❛❧❝✉❧❡r ❧❛ ✈❛❧❡✉r
♥✉♠ér✐q✉❡ ❞✬✉♥❡ ✐♥té❣r❛❧❡ ❞❡✜♥✐❡✳ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳✱ ✻✿✷✽✸✕✸✸✻✱ ✶✽✽✵✳

❬❘❇▲+✵✵❪ ❈✳❆✳ ❘❡♥❞❧❡♠❛♥✱ ❱✳❊✳ ❇❡❝❦♥❡r✱ ▼✳ ▲✐❥❡✇s❦✐✱ ❲✳ ❈r✉t❝❤✜❡❧❞✱ ❛♥❞ ❏✳❇✳ ❇❡❧❧✳ P❛r✲
❛❧❧❡❧✐③❛t✐♦♥ ♦❢ str✉❝t✉r❡❞✱ ❤✐❡r❛r❝❤✐❝❛❧ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t ❛❧❣♦r✐t❤♠s✳ ❈♦♠✲
♣✉t✐♥❣ ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥ ✐♥ ❙❝✐❡♥❝❡✱ ✸✿✶✹✼✕✶✺✼✱ ✷✵✵✵✳

❬❘❍▼❉+✵✾❪ ❈✳ ❘♦ss♦✱ ◆✳ ❍❡✈✐❛✲▼♦♥t✐❡❧✱ ❙✳ ❉❡❧t♦✉r✱ ❊✳ ❇❛r❞✐♥❡t✱ ❉✳ ❉♦r♠♦♥t✱ ❙✳ ❈r♦③✐❡r✱
❙✳ ❇❛✐❧❧❡t✱ ❛♥❞ ❨✳ ❙❛♠s♦♥✳ Pr❡❞✐❝t✐♦♥ ♦❢ ✐♥❢❛r❝t ❣r♦✇t❤ ❜❛s❡❞ ♦♥ ❛♣♣❛r❡♥t ❞✐❢✲
❢✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✿ ♣❡♥✉♠❜r❛❧ ❛ss❡ss♠❡♥t ✇✐t❤♦✉t ✐♥tr❛✈❡♥♦✉s ❝♦♥tr❛st ♠❛t❡r✐❛❧✳
❘❛❞✐♦❧♦❣②✱ ✾✺✭✸✮✿✹✺✵✕✹✺✽✱ ✷✵✵✾✳

❬❘❖❆✵✵❪ ❉✳❏✳ ❘♦ss✐✱ ❚✳ ❖s❤✐♠❛✱ ❛♥❞ ❉✳ ❆tt✇❡❧❧✳ ●❧✉t❛♠❛t❡ r❡❧❡❛s❡ ✐♥ s❡✈❡r❡ ❜r❛✐♥ ✐s✲
❝❤❛❡♠✐❛ ✐s ♠❛✐♥❧② ❜② r❡✈❡rs❡❞ ✉♣t❛❦❡✳ ◆❛t✉r❡✱ ✹✵✸✿✸✶✻✕✸✷✶✱ ✷✵✵✵✳

❬❘❖❙+✵✶❪ ▲✳ ❘ø❤❧✱ ▲✳ Øst❡r❣❛❛r❞✱ ❈✳❩✳ ❙✐♠♦♥s❡♥✱ P✳ ❱❡st❡r❣❛❛r❞✲P♦✉❧s❡♥✱ ●✳ ❆♥❞❡rs❡♥✱
▼✳ ❙❛❦♦❤✱ ❉✳ ▲❡ ❇✐❤❛♥✱ ❛♥❞ ❈✳ ●②❧❞❡♥st❡❞✳ ❱✐❛❜✐❧✐t② t❤r❡s❤♦❧❞s ♦❢ ✐s❝❤❡♠✐❝
♣❡♥✉♠❜r❛ ♦❢ ❤②♣❡r❛❝✉t❡ str♦❦❡ ❞❡✜♥❡❞ ❜② ♣❡r❢✉s✐♦♥✲✇❡✐❣❤t❡❞ ▼❘■ ❛♥❞ ❛♣♣❛r❡♥t
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❙tr♦❦❡✱ ✸✷✭✺✮✿✶✶✹✵✕✶✶✹✻✱ ✷✵✵✶✳

❬❘P✵✽❪ ❩✳ ❘❡♥ ❛♥❞ ❙✳❇✳ P♦♣❡✳ ❙❡❝♦♥❞✲♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❢♦r ❛ ❝❧❛ss ♦❢ r❡❛❝t✐✈❡
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❬❘❘●❘✾✽❪ ❑✳ ❘❡✈❡tt✱ ❊✳ ❘✉♣♣✐♥✱ ❙✳ ●♦♦❞❛❧❧✱ ❛♥❞ ❏✳❆✳ ❘❡❣❣✐❛✳ ❙♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥ ✐♥ ❢♦❝❛❧
✐s❝❤❡♠✐❛✿ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞②✳ ❏✳ ❈❡r❡❜✳ ❇❧♦♦❞ ❋❧♦✇ ✫ ▼❡t❛❜✳✱ ✶✽✭✾✮✿✾✾✽✕✶✵✵✼✱
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❬❘❘❚❈✾✾❪ P✳✲❍✳ ❘❡♥❛r❞✱ ❏✳❈✳ ❘♦❧♦♥✱ ❉✳ ❚❤é✈❡♥✐♥✱ ❛♥❞ ❙✳ ❈❛♥❞❡❧✳ ■♥✈❡st✐❣❛t✐♦♥s ♦❢ ❤❡❛t
r❡❧❡❛s❡✱ ❡①t✐♥❝t✐♦♥✱ ❛♥❞ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢❛♠❡ s✉r❢❛❝❡✱ ❢♦r ❛ ♥♦♥♣r❡♠✐①❡❞
✢❛♠❡ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ ✈♦rt❡①✳ ❈♦♠❜✉st✳ ❛♥❞ ❋❧❛♠❡✱ ✶✶✼✭✶✲✷✮✿✶✽✾✕✷✵✺✱ ✶✾✾✾✳

❬❘❙✵✷❪ ❖✳ ❘♦✉ss❡❧ ❛♥❞ ❑✳ ❙❝❤♥❡✐❞❡r✳ ❆ ❢✉❧❧② ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ❢♦r ✸❉
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ■♥ ❘✳ ❍❡r❜✐♥ ❛♥❞ ❉✳ ❑rö♥❡r✱ ❡❞✐t♦rs✱ ❋✐♥✐t❡ ❱♦❧✉♠❡s
❢♦r ❈♦♠♣❧❡① ❆♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✉♠❡ ✸✱ ♣❛❣❡s ✽✸✸✕✽✹✵✳ ❍❡r♠❡s P❡♥t♦♥ ❙❝✐❡♥❝❡✱
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❬❘❙✵✺❛❪ ❉✳▲✳ ❘♦♣♣ ❛♥❞ ❏✳◆✳ ❙❤❛❞✐❞✳ ❙t❛❜✐❧✐t② ♦❢ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❢♦r s②s✲
t❡♠s ✇✐t❤ ✐♥❞❡✜♥✐t❡ ♦♣❡r❛t♦rs✿ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱
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❬❘❙✵✺❜❪ ❖✳ ❘♦✉ss❡❧ ❛♥❞ ❑✳ ❙❝❤♥❡✐❞❡r✳ ❆♥ ❛❞❛♣t✐✈❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞ ❢♦r ❝♦♠❜✉st✐♦♥
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t♦ ❝♦♠♣✉t✐♥❣ st✐✛ st❡❛❞②✲st❛t❡ r❡❛❝t✐♥❣ ✢♦✇s ✇✐t❤ ❛❞❛♣t✐✈❡ ❝❤❡♠✐str②✳ ❈♦♠❜✉st✳
❚❤❡♦r② ▼♦❞❡❧❧✐♥❣✱ ✼✭✷✮✿✸✽✸✕✸✾✾✱ ✷✵✵✸✳

❬❙▼✶✵❪ ❱✳ ❙❛✈❝❡♥❝♦ ❛♥❞ ❘✳▼✳▼✳ ▼❛tt❤❡✐❥✳ ▼✉❧t✐r❛t❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❢♦r st✐✛
❖❉❊s✳ ■♥ ❍✳✲●✳ ❇♦❝❦ ❡t ❛❧✳✱ ❡❞✐t♦r✱ Pr♦❣r❡ss ✐♥ ■♥❞✉str✐❛❧ ▼❛t❤❡♠❛t✐❝s ❛t ❊❈▼■
✷✵✵✽✱ ✈♦❧✉♠❡ ✶✺ ♦❢ ▼❛t❤❡♠❛t✐❝s ✐♥ ■♥❞✉str②✱ ♣❛❣❡s ✸✷✼✕✸✸✷✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐✲
❞❡❧❜❡r❣✱ ✷✵✶✵✳

❬❙▼◆✶✵❪ ❈✳ ❙t❡✐♥❡r✱ ❙✳ ▼ü❧❧❡r✱ ❛♥❞ ❙✳ ◆♦❡❧❧❡✳ ❆❞❛♣t✐✈❡ t✐♠❡st❡♣ ❝♦♥tr♦❧ ❢♦r ♥♦♥st❛t✐♦♥❛r②
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s✳ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✸✷✭✸✮✿✶✻✶✼✕✶✻✺✶✱ ✷✵✶✵✳

❬❙♠♦✽✸❪ ▼✳❉✳ ❙♠♦♦❦❡✳ ❊rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ◆❡✇t♦♥ ♠❡t❤♦❞ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s
t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r✱ t✇♦✲♣♦✐♥t ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❏✳ ❖♣t✐♠✳
❚❤❡♦r② ❆♣♣❧✳✱ ✸✾✭✹✮✿✹✽✾✕✺✶✶✱ ✶✾✽✸✳
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❬❙◆✵✽❪ ❈✳ ❙t❡✐♥❡r ❛♥❞ ❙✳ ◆♦❡❧❧❡✳ ❖♥ ❛❞❛♣t✐✈❡ t✐♠❡st❡♣♣✐♥❣ ❢♦r ✇❡❛❦❧② ✐♥st❛t✐♦♥❛r②
s♦❧✉t✐♦♥s ♦❢ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✈✐❛ ❛❞❥♦✐♥t ❡rr♦r ❝♦♥tr♦❧✳ ❈♦♠♠✳ ◆✉♠❡r✳
▼❡t❤✳ ❊♥❣✱ ✷✵✵✽✳

❬❙❖●+✵✶❪ ▼✳ ❙❛❦♦❤✱ ▲✳ Øst❡r❣❛❛r❞✱ ❆✳ ●❥❡❞❞❡✱ ▲✳ ❘ø❤❧✱ P✳ ❱❡st❡r❣❛❛r❞✲P♦✉❧s❡♥✱ ❉✳❋✳
❙♠✐t❤✱ ❉✳ ▲❡ ❇✐❤❛♥✱ ❙✳ ❙❛❦❛❦✐✱ ❛♥❞ ❈✳ ●②❧❞❡♥st❡❞✳ Pr❡❞✐❝t✐♦♥ ♦❢ t✐ss✉❡ s✉r✲
✈✐✈❛❧ ❛❢t❡r ♠✐❞❞❧❡ ❝❡r❡❜r❛❧ ❛rt❡r② ♦❝❝❧✉s✐♦♥ ❜❛s❡❞ ♦♥ ❝❤❛♥❣❡s ✐♥ t❤❡ ❛♣♣❛r❡♥t
❞✐✛✉s✐♦♥ ♦❢ ✇❛t❡r✳ ❏✳ ◆❡✉r♦s✉r❣✳✱ ✾✺✭✸✮✿✹✺✵✕✹✺✽✱ ✷✵✵✶✳

❬❙♦♠✵✶❪ ●✳●✳ ❙♦♠❥❡♥✳ ▼❡❝❤❛♥✐s♠s ♦❢ s♣r❡❛❞✐♥❣ ❞❡♣r❡ss✐♦♥ ❛♥❞ ❤②♣♦①✐❝ s♣r❡❛❞✐♥❣
❞❡♣r❡ss✐♦♥✲❧✐❦❡ ❞❡♣♦❧❛r✐③❛t✐♦♥✳ P❤②s✐♦❧✳ ❘❡✈✳✱ ✽✶✭✸✮✿✾✻✕✶✵✵✱ ✷✵✵✶✳

❬❙P✵✹❪ ▼✳❆✳ ❙✐♥❣❡r ❛♥❞ ❙✳❇✳ P♦♣❡✳ ❊①♣❧♦✐t✐♥❣ ■❙❆❚ t♦ s♦❧✈❡ t❤❡ r❡❛❝t✐♦♥✕❞✐✛✉s✐♦♥
❡q✉❛t✐♦♥✳ ❈♦♠❜✉st✳ ❚❤❡♦r② ▼♦❞❡❧❧✐♥❣✱ ✽✭✷✮✿✸✻✶✕✸✽✸✱ ✷✵✵✹✳

❬❙P◆✵✻❛❪ ▼✳❆✳ ❙✐♥❣❡r✱ ❙✳❇✳ P♦♣❡✱ ❛♥❞ ❍✳◆✳ ◆❛❥♠✳ ▼♦❞❡❧✐♥❣ ✉♥st❡❛❞② r❡❛❝t✐♥❣ ✢♦✇ ✇✐t❤
♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ ■❙❆❚✳ ❈♦♠❜✉st✳ ❛♥❞ ❋❧❛♠❡✱ ✶✹✼✭✶✲✷✮✿✶✺✵✕✶✻✷✱ ✷✵✵✻✳

❬❙P◆✵✻❜❪ ▼✳❆✳ ❙✐♥❣❡r✱ ❙✳❇✳ P♦♣❡✱ ❛♥❞ ❍✳◆✳ ◆❛❥♠✳ ❖♣❡r❛t♦r✲s♣❧✐tt✐♥❣ ✇✐t❤ ■❙❆❚ t♦ ♠♦❞❡❧
r❡❛❝t✐♥❣ ✢♦✇ ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳ ❈♦♠❜✉st✳ ❚❤❡♦r② ▼♦❞❡❧❧✐♥❣✱ ✶✵✭✷✮✿✶✾✾✕✷✶✼✱
✷✵✵✻✳

❬❙♣♦✾✾❪ ❇✳ ❙♣♦rt✐ss❡✳ ❈♦♥tr✐❜✉t✐♦♥ à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s é❝♦✉❧❡♠❡♥ts ré❛❝t✐❢s✿ ❘é❞✉❝t✐♦♥
❞❡s ♠♦❞è❧❡s ❞❡ ❝✐♥ét✐q✉❡ ❝❤✐♠✐q✉❡ ❡t s✐♠✉❧❛t✐♦♥ ❞❡ ❧❛ ♣♦❧❧✉t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡✳
P❤❉ t❤❡s✐s✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ✶✾✾✾✳

❬❙♣♦✵✵❪ ❇✳ ❙♣♦rt✐ss❡✳ ❆♥ ❛♥❛❧②s✐s ♦❢ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ st✐✛ ❝❛s❡✳ ❏✳
❈♦♠♣✉t✳ P❤②s✳✱ ✶✻✶✭✶✮✿✶✹✵✕✶✻✽✱ ✷✵✵✵✳

❬❙♣♦✵✼❪ ❇✳ ❙♣♦rt✐ss❡✳ ❆ r❡✈✐❡✇ ♦❢ ❝✉rr❡♥t ✐ss✉❡s ✐♥ ❛✐r ♣♦❧❧✉t✐♦♥ ♠♦❞❡❧✐♥❣ ❛♥❞ s✐♠✉❧❛t✐♦♥✳
❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦s❝✐❡♥❝❡s✱ ✶✶✿✶✺✾✕✶✽✶✱ ✷✵✵✼✳

❬❙❘✵✸❪ ●✳❆✳ ❙t❛✛ ❛♥❞ ❊✳▼✳ ❘ø♥q✉✐st✳ ❙t❛❜✐❧✐t② ♦❢ t❤❡ ♣❛r❛r❡❛❧ ❛❧❣♦r✐t❤♠✳ ■♥ Pr♦❝❡❡❞✲
✐♥❣s ♦❢ t❤❡ ✶✺t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❉♦♠❛✐♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ❈♦♥❢❡r❡♥❝❡✱ ▲❡❝t✳ ◆♦t❡s
❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳ ✹✵✱ ♣❛❣❡s ✹✹✾✕✹✺✻✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✸✳

❬❙❙❈✾✹❪ ❏✳▼✳ ❙❛♥③✲❙❡r♥❛ ❛♥❞ ▼✳P✳ ❈❛❧✈♦✳ ◆✉♠❡r✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ Pr♦❜❧❡♠s✳ ❈❤❛♣♠❛♥
✫ ❍❛❧❧✱ ▲♦♥❞♦♥✱ ✶✾✾✹✳

❬❙❙●P✵✽❪ ●✳ ❙t❛✛❡❧❜❛❝❤✱ ❏✳ ❙❡♥♦♥❡r✱ ▲✳ ●✐❝q✉❡❧✱ ❛♥❞ ❚✳ P♦✐♥s♦t✳ ▲❛r❣❡ ❡❞❞② s✐♠✉❧❛t✐♦♥ ♦❢
❝♦♠❜✉st✐♦♥ ♦♥ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s✳ ■♥ ❏✳ P❛❧♠❛ ❡t ❛❧✳✱ ❡❞✐t♦r✱ ❍✐❣❤ P❡r✲
❢♦r♠❛♥❝❡ ❈♦♠♣✉t✐♥❣ ❢♦r ❈♦♠♣✉t❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ✲ ❱❊❈P❆❘ ✷✵✵✽✱ ✈♦❧✉♠❡ ✺✸✸✻ ♦❢
▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✹✹✹✕✹✻✹✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱
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❬❙❙❱✾✼❪ ❇✳P✳ ❙♦♠♠❡✐❥❡r✱ ▲✳❋✳ ❙❤❛♠♣✐♥❡✱ ❛♥❞ ❏✳●✳ ❱❡r✇❡r✳ ❘❑❈✿ ❆♥ ❡①♣❧✐❝✐t s♦❧✈❡r ❢♦r
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❬❙❙❱✵✻❪ ▲✳❋✳ ❙❤❛♠♣✐♥❡✱ ❇✳P✳ ❙♦♠♠❡✐❥❡r✱ ❛♥❞ ❏✳●✳ ❱❡r✇❡r✳ ■❘❑❈✿ ❆♥ ■▼❊❳ s♦❧✈❡r ❢♦r
st✐✛ ❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ P❉❊s✳ ❏✳ ❈♦♠♣✉t✳ ❆♣♣❧✳ ▼❛t❤✳✱ ✶✾✻✭✷✮✿✹✽✺✕✹✾✼✱ ✷✵✵✻✳
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❬❙tr✻✽❪ ●✳ ❙tr❛♥❣✳ ❖♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s✳ ❙■❆▼ ❏✳
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