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◆♦♠❡♥❝❧❛(✉*❡

D ✈✐"❡$$❡ ❞✉ ❝❤♦❝ ✭♠✴$✮

u ✈✐"❡$$❡ ❞✉ ✢✉✐❞❡ ✭♠✴$✮

cs ✈✐"❡$$❡ ❞✉ $♦♥ ✭♠✴$✮

M ♥♦♠❜1❡ ❞❡ ▼❛❝❤

ρ ❞❡♥$✐"4 ✈♦❧✉♠✐6✉❡ ✭❦❣✴♠

3
✮

P ♣1❡$$✐♦♥ ✭:❛✮

ξ "❛✉① ❞❡ ♣14$❡♥❝❡ ❞✉ ♠❛"41✐❛✉ ❧♦✉1❞

η 1❛♣♣♦1" ❞❡ ❞❡♥$✐"4 ❡♥"1❡ ❧❡ ♠❛"41✐❛✉ ❧♦✉1❞ ❡" ❧❡ ♠❛"41✐❛✉ ❧4❣❡1

γ ❝♦❡✣❝✐❡♥" ❛❞✐❛❜❛"✐6✉❡

ω ✈♦1"✐❝✐"4 ✭1❛❞✴$✮

E 4♥❡1❣✐❡ "♦"❛❧❡ ✭❏✮

ei 4♥❡1❣✐❡ ✐♥"❡1♥❡ ✭❏✮

ec 4♥❡1❣✐❡ ❝✐♥4"✐6✉❡ ✭❏✮

H ❡♥"❤❛❧♣✐❡ ✭❏✮

V ✈♦❧✉♠❡ ✭♠

3)
T "❡♠♣41❛"✉1❡ ✭❑✮

f ❢♦1❝❡ ✭◆✮

S $✉1❢❛❝❡ ✭♠

2)
L ❞✐♠❡♥$✐♦♥ ❞✬✉♥❡ ❝❡❧❧✉❧❡ ❞❡ ❧❛ ❜♦B"❡ ❞❡ $✐♠✉❧❛"✐♦♥ ✭♠✮

θ ❛♥❣❧❡ ✭

◦)
Γ ❝✐1❝✉❧❛"✐♦♥ ✭♠

2/s)
ǫ ♠♦②❡♥♥❡ ❞❡ ❧✬4♥❡1❣✐❡ ❝✐♥4"✐6✉❡ ♣♦♥❞414❡ ♣❛1 ❧❛ ❞❡♥$✐"4 ♠♦②❡♥♥❡ ✐♥✐"✐❛❧❡ ✭♠

2/s2)
Ω ✐♥"4❣1❛❧❡ ❞❡ ❧✬❡♥$"1♦♣❤✐❡ ♣♦♥❞414❡ ♣❛1 ❧❛ ❞❡♥$✐"4 ♠♦②❡♥♥❡ ✐♥✐"✐❛❧❡ ✭1❛❞

2/s2)
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▲✬"♥❡%❣✐❡ ❞✉ ❙♦❧❡✐❧

▲✬✐♥❝%♦②❛❜❧❡ ❞✐✈❡%.✐/0 ❞❡ ❧❛ ✈✐❡ .✉% ❚❡%%❡ /%♦✉✈❡ .♦♥ ♦%✐❣✐♥❡ ❞❛♥. ❧❛ /❤0♦%✐❡ ❞❡ ❧✬0✈♦❧✉/✐♦♥

❞❡. ❡.♣6❝❡. ♣❛% ❧❛ .0❧❡❝/✐♦♥ ♥❛/✉%❡❧❧❡✱ ♣%♦♣♦.0❡ ♣❛% ❈❤❛%❧❡. ❉❛%✇✐♥✳ ■❧ ❛ .✉♣♣♦.0 =✉❡ ❞❡

/♦✉/ ♣❡/✐/. ❝❤❛♥❣❡♠❡♥/. .❡ .♦♥/ ❛❝❝✉♠✉❧0. ❞✉%❛♥/ ❞❡. ❝❡♥/❛✐♥❡. ❞❡ ♠✐❧❧✐♦♥. ❞✬❛♥♥0❡.✳ ❖%✱

❧❡. ❝❛❧❝✉❧. ❞✉ ♣❤②.✐❝✐❡♥ ❜%✐/❛♥♥✐=✉❡ ❲✐❧❧✐❛♠ ❚❤♦♠.♦♥✱ ♥♦♠♠0 ❛✉..✐ ▲♦%❞ ❑❡❧✈✐♥✱ .✉❣❣0✲

%❛✐❡♥/ =✉❡ ❧✬C❣❡ ❞✉ .♦❧❡✐❧ ♥❡ ♣♦✉✈❛✐/ ❣✉6%❡ ❡①❝0❞❡% =✉❡❧=✉❡. ❞✐③❛✐♥❡. ❞❡ ♠✐❧❧✐♦♥. ❞✬❛♥♥0❡.✱

❝❡ =✉✐ ❛❧❧❛✐/ F ❧✬❡♥❝♦♥/%❡ ❞❡ ❧❛ /❤0♦%✐❡ ❞❡ ❉❛%✇✐♥✳ ❊♥✈✐%♦♥ ✼✵ ❛♥. ♣❧✉. /❛%❞✱ ✈❡%. ✶✾✸✵✱ ❧❡.

♣❤②.✐❝✐❡♥. ❞♦♥♥6%❡♥/ %❛✐.♦♥ F ❉❛%✇✐♥✳ ❊♥ ❡✛❡/✱ ❧❡ ❞0✈❡❧♦♣♣❡♠❡♥/ ❞✬♦✉/✐❧. ♥0❝❡..❛✐%❡. F ❧❛

❝♦♠♣%0❤❡♥.✐♦♥ ❞❡ ❝❡ =✉✐ ❢❛✐/ ❜%✐❧❧❡% ❧❡ .♦❧❡✐❧ ❛ ♣❡%♠✐. ❞✬0❧❛❜♦%❡% ❞❡. ♠0/❤♦❞❡. .♣❡❝/%♦.❝♦✲

♣✐=✉❡.✳ ❈❡❧❧❡.✲❝✐ ♦♥/ ♠♦♥/%0 =✉❡ ❧❡ ❙♦❧❡✐❧ ♥✬0/❛✐/ ♣❛. ❝♦♥./✐/✉0 ❞❡ %♦❝❤❡. ❢♦♥❞✉❡.✱ ❝♦♠♠❡

❧✬❛✈❛✐/ .✉♣♣♦.0 ❑❡❧✈✐♥✱ ♠❛✐. ❡..❡♥/✐❡❧❧❡♠❡♥/ ❞✬❤②❞%♦❣6♥❡ ❡/ ❞✬✉♥ ♣❡✉ ❞✬❤0❧✐✉♠✳ ❊♥ ✶✾✸✽✱ ❧❡

♣❤②.✐❝✐❡♥ ❞✬♦%✐❣✐♥❡ ❛❧❧❡♠❛♥❞❡ ❍❛♥. ❇❡/❤❡ ❝♦♠♣%✐/ =✉❡ ❧❛ ♣%❡..✐♦♥ ❛✉ ❝❡♥/%❡ ❞✉ ❙♦❧❡✐❧ 0/❛✐/

.✐ 0❧❡✈0❡ =✉❡ ❧❡. ♥♦②❛✉① ❞✬❤②❞%♦❣6♥❡ ② 0/❛✐❡♥/ /❛..0. ❛✉ ♣♦✐♥/ ❞❡ ✈❛✐♥❝%❡ ❧❛ %0♣✉❧.✐♦♥ ❡♥/%❡

❝❤❛%❣❡. 0❧❡❝/%✐=✉❡. ❞❡ ♠S♠❡ .✐❣♥❡✳ ❇❡/❤❡ 0❝%✐✈✐/ ❧❛ %0❛❝/✐♦♥ ❡♥ =✉❛/%❡ 0/❛♣❡. ♣❛% ❧❛=✉❡❧❧❡

❧❡. ♥♦②❛✉① ❞✬❤②❞%♦❣6♥❡ ❢✉.✐♦♥♥❡♥/✳ ▲❡. ♣%♦❞✉✐/. ✜♥❛✉① ❞❡ ❝❡//❡ %0❛❝/✐♦♥ ❞❡ ❢✉.✐♦♥ .♦♥/ ✉♥

♣❡✉ ♣❧✉. ❧0❣❡%. =✉❡ ❧❡. ✐♥❣%0❞✐❡♥/. ✐♥✐/✐❛✉① ❀ ❧❛ ♠❛..❡ ♠❛♥=✉❛♥/❡ .❡ %❡/%♦✉✈❡ .♦✉. ❢♦%♠❡

❞✬0♥❡%❣✐❡✱ =✉✐ ❛❧✐♠❡♥/❡ ❧❡ ❙♦❧❡✐❧ ❬✹✺❪✳

❋✐❣✳ ✶ ✕ ▲❡ ❙♦❧❡✐❧✱ .✐6❣❡ ❞❡ ♥♦♠❜%❡✉.❡. %0❛❝/✐♦♥. ❞❡ ❢✉.✐♦♥ ♥✉❝❧0❛✐%❡ ✭✐♠❛❣❡ ❞❡ ❧❛ ◆❆❙❆✮✳
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▲❡" ❝♦♥♥❛✐""❛♥❝❡" ❛❝(✉❡❧❧❡" "✉+ ❧❡ ❙♦❧❡✐❧ ♣❡+♠❡((❡♥( ❞❡ ❧❡ ❞0❝+✐+❡ ❛✈❡❝ ♣+0❝✐"✐♦♥✳ ❈✬❡"(

✉♥❡ 0(♦✐❧❡ ❝♦♠♣♦"0❡ ❞❡ ✼✹ % ❞✬❤②❞+♦❣:♥❡✱ ✷✹ % ❞✬❤0❧✐✉♠ ❡( ❞✬✉♥❡ ❢+❛❝(✐♦♥ ❞✬0❧0♠❡♥("

❧♦✉+❞"✳ ❈✬❡"( ❡♥ "♦♥ ❝♦❡✉+✱ ♦✉ ♥♦②❛✉✱ >✉❡ "❡ ♣+♦❞✉✐"❡♥( ❧❡" +0❛❝(✐♦♥" ❞❡ ❢✉"✐♦♥ ♥✉❝❧0❛✐+❡✱

❛♣♣❡❧0❡" ❛✉""✐ +0❛❝(✐♦♥" (❤❡+♠♦♥✉❝❧0❛✐+❡" ❡①♦(❤❡+♠✐>✉❡"✱ >✉✐ (+❛♥"❢♦+♠❡♥(✱ ❞❛♥" ❧❡ ❝❛"

❞✉ ❙♦❧❡✐❧✱ ❧✬❤②❞+♦❣:♥❡ ❡♥ ❤0❧✐✉♠✳ ▲❛ (❡♠♣0+❛(✉+❡ ② ❡"( ❞❡ ♣❧✉" ❞❡ ✶✺ ♠✐❧❧✐♦♥" ❞❡ ❞❡❣+0"

❑❡❧✈✐♥✱ ❝♦♥(+❡ ✺ ✽✵✵ E "❛ "✉+❢❛❝❡✳ ▲❛ ❞❡♥"✐(0 ✈♦❧✉♠✐>✉❡ ❞✉ ❝♦❡✉+ ❡"( ❞❡ ✶✺✵ ✵✵✵ ❦❣✴♠
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"♦✐( ✶✺✵ ❢♦✐" ❧❛ ❞❡♥"✐(0 ✈♦❧✉♠✐>✉❡ ❞❡ ❧✬❡❛✉ "✉+ ❚❡++❡✳ ▲❡ ♥♦♠❜+❡ ❞❡ +0❛❝(✐♦♥" ❞❡ ❢✉"✐♦♥

♥✉❝❧0❛✐+❡ ❡"( ♣+♦♣♦+(✐♦♥♥❡❧ E ❧❛ ❞❡♥"✐(0 ❞✉ ♥♦②❛✉✱ ❝❡ >✉✐ ❛""✉+❡ ❧✬❛✉(♦✲+0❣✉❧❛(✐♦♥ ❞❡ ❧❛ ❢✉"✐♦♥

♥✉❝❧0❛✐+❡✳ ❚♦✉(❡ ❧0❣:+❡ ❛✉❣♠❡♥(❛(✐♦♥ ❞✉ ♥♦♠❜+❡ ❞❡ +0❛❝(✐♦♥" ♣+♦✈♦>✉❡ ✉♥ +0❝❤❛✉✛❡♠❡♥(

❡( ✉♥❡ ❞✐❧❛(❛(✐♦♥ ❞✉ ❝♦❡✉+✱ >✉✐ +0❞✉✐( ❡♥ +❡(♦✉+ ❧❡ ♥♦♠❜+❡ ❞❡ +0❛❝(✐♦♥"✳ ■♥✈❡+"❡♠❡♥(✱ (♦✉(❡

❞✐♠✐♥✉(✐♦♥ ❧0❣:+❡ ❞❡ ❝❡❧✉✐✲❝✐ +❡❢+♦✐❞✐( ❡( ❞❡♥"✐✜❡ ❧❡ ❝♦❡✉+✱ ❝❡ >✉✐ ❢❛✐( +❡✈❡♥✐+ ❧❡ ♥✐✈❡❛✉ ❞❡

❢✉"✐♦♥ E "♦♥ ♣♦✐♥( ❞❡ ❞0♣❛+(✳

▲❛ ♣+♦❞✉❝(✐♦♥ ❞✬0♥❡+❣✐❡ ❞❡ ❝❡" +0❛❝(✐♦♥" ❞❡ ❢✉"✐♦♥ ♥✉❝❧0❛✐+❡ ❛✉ "❡✐♥ ❞✉ "♦❧❡✐❧ ❡"( ♣❤0♥♦✲

♠0♥❛❧❡✳ ❊♥✈✐+♦♥ ✸✱✹×✶✵38 ♣+♦(♦♥"✱ ♣+♦✈❡♥❛♥( ❞❡" ♥♦②❛✉① ❞✬❤②❞+♦❣:♥❡✱ "♦♥( ❝♦♥✈❡+(✐" ❡♥
❤0❧✐✉♠ ❝❤❛>✉❡ "❡❝♦♥❞❡✱ ♣+♦❞✉✐"❛♥( ✸✱✽✸×✶✵26 ❏♦✉❧❡" ♣❛+ "❡❝♦♥❞❡✳

❆♣♣"✐✈♦✐&❡" ❧❛ ❢✉&✐♦♥ &✉" ❚❡""❡

❆❞♦♣(❡+ ❧❛ ❢✉"✐♦♥ ♥✉❝❧0❛✐+❡ "✉+ ❚❡++❡✱ ❝♦♠♠❡ "♦✉+❝❡ ❞✬0♥❡+❣✐❡ >✉♦(✐❞✐❡♥♥❡✱ ❡"( ✉♥ ❞0✜

♠♦(✐✈❛♥( (♦✉(❡ ❧❛ ❝♦♠♠✉♥❛✉(0 ❞❡" ♣❤②"✐❝✐❡♥" "♣0❝✐❛❧✐"0" ❞❛♥" ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❢✉"✐♦♥✳

▲✬❡♥❥❡✉ ♥✬❡"( ♣❛" "❡✉❧❡♠❡♥( "❝✐❡♥(✐✜>✉❡✱ ✐❧ ❝♦♥❝❡+♥❡ ❧✬❛✈❡♥✐+ 0♥❡+❣0(✐>✉❡ ❞❡ ❧❛ ♣❧❛♥:(❡✳ ❊♥

❡✛❡(✱ ❞❛♥" ❧❡" ♣+♦❝❤❛✐♥❡" ❞0❝❡♥♥✐❡"✱ ♥♦✉" ❛❧❧♦♥" S(+❡ ❝♦♥❢+♦♥(0" E ❧❛ ♣0♥✉+✐❡ ❞❡ ♣0(+♦❧❡

❛✐♥"✐ >✉✬❛✉ ❞❛♥❣❡+ ❞❡" ❞0❝❤❡(" ♥✉❝❧0❛✐+❡" +❛❞✐♦❛❝(✐❢" E ❧♦♥❣✉❡ ❞✉+0❡ ❞❡ ✈✐❡ ♣+♦❞✉✐(" ♣❛+

❧❛ ✜""✐♦♥✳ ▲❡" 0♥❡+❣✐❡" +❡♥♦✉✈❡❧❛❜❧❡" "❡ ❞0✈❡❧♦♣♣❡♥(✱ ♠❛✐"✱ E ❡❧❧❡" "❡✉❧❡"✱ ❡❧❧❡" ♥❡ "✉✣+♦♥(

♣❛" E "✉❜✈❡♥✐+ ❛✉① ❜❡"♦✐♥" ❡♥ 0♥❡+❣✐❡ ❞✉ ♠♦♥❞❡ ❛❝(✉❡❧✳ ▲❛ ❢✉"✐♦♥ "❡+❛✐( ❞♦♥❝ ✉♥❡ "♦❧✉(✐♦♥

0♥❡+❣0(✐>✉❡✳

❖+✱ ❧❛ +0❛❝(✐♦♥ ❞❡ ❢✉"✐♦♥ ♥✉❝❧0❛✐+❡ ❡♥ ❝❤❛✐♥❡ "❡ ♣+♦❞✉✐"❛♥( ❞❛♥" ❧❡ ❙♦❧❡✐❧ ❡"( ❝♦♠♣❧❡①❡

❡( ❡①✐❣❡ ❞❡" ♣+❡""✐♦♥" ❡( ❞❡" (❡♠♣0+❛(✉+❡" >✉✐ ♥✬❡①✐"(❡♥( >✉✬❛✉ ❝♦❡✉+ ❞❡" 0(♦✐❧❡"✳ ■❧ ❛ ❞♦♥❝

❢❛❧❧✉ (+♦✉✈❡+ ❞❡" +0❛❝(✐♦♥" ❞❡ ❢✉"✐♦♥ ♠♦✐♥" ❡①✐❣❡♥(❡"✱ +0❛❧✐"❛❜❧❡" "✉+ ❚❡++❡✳

▲❛ ❢✉"✐♦♥ ❞❡ ❞❡✉① ✐"♦(♦♣❡" ❞❡ ❧✬❤②❞+♦❣:♥❡✱ ❧❡ ❞❡✉(0+✐✉♠ ❉✱ ❞♦♥( ❧❡ ♥♦②❛✉ ❡"( ❢♦+♠0 ❞✬✉♥

♣+♦(♦♥ ❡( ❞✬✉♥ ♥❡✉(+♦♥✱ ❡( ❧❡ (+✐(✐✉♠ ❚✱ ❢♦+♠0 ❞✬✉♥ ♣+♦(♦♥ ❡( ❞❡ ❞❡✉① ♥❡✉(+♦♥"✱ ♥0❝❡""✐(❡

❞❡" (❡♠♣0+❛(✉+❡" ❡( ♣+❡""✐♦♥" ♣❧✉" ❢❛✐❜❧❡" >✉❡ ❧❛ ❢✉"✐♦♥ ❞❡ ❞❡✉① ♥♦②❛✉① ❞✬❤②❞+♦❣:♥❡ ❡(

❧✐❜:+❡ (♦✉( ❞❡ ♠S♠❡ ✉♥❡ 0♥♦+♠❡ >✉❛♥(✐(0 ❞✬0♥❡+❣✐❡ ♣❛+ ✉♥✐(0 ❞❡ ♠❛""❡ ❀ ✽ ❢♦✐" ♣❧✉" >✉❡ ❧❛

✜""✐♦♥ ❞❡ ❧✬✉+❛♥✐✉♠ ❡( ❡♥(+❡ ✶✵
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❢♦✐" ♣❧✉" >✉❡ ❧❡" ❝♦♠❜✉"(✐❜❧❡" ❢♦""✐❧❡"✳ ▲❛ +❛✐"♦♥

"❡ (+♦✉✈❡ ❞❛♥" ❧✬0♥❡+❣✐❡ ❞❡ ❧✐❛✐"♦♥ >✉✐✱ ♣♦✉+ ❧❛ ❢♦+❝❡ ♥✉❝❧0❛✐+❡ ❛✉ "❡✐♥ ❞✬✉♥ ♥♦②❛✉✱ ❡"( ❞❡

❧✬♦+❞+❡ ❞✉ ▼0❣❛✲0❧❡❝(+♦♥✈♦❧(✱ ♦✉ ▼❡❱✱ ❛❧♦+" >✉❡✱ ♣♦✉+ ❧❛ ❢♦+❝❡ 0❧❡❝(+♦♠❛❣♥0(✐>✉❡ ❛✉ "❡✐♥ ❞✉

❝♦+(:❣❡ 0❧❡❝(+♦♥✐>✉❡ ❞✬✉♥ ❛(♦♠❡✱ ❡❧❧❡ ❡"( ❞❡ ❧✬♦+❞+❡ ❞❡ ❧✬0❧❡❝(+♦♥✈♦❧(✱ ♦✉ ❡❱ ❬✽❪✳ ❉❡ ♣❧✉"✱ ❧❡

❝♦♠❜✉"(✐❜❧❡ ❡"( ❛❜♦♥❞❛♥( ❀ ♦♥ (+♦✉✈❡ ❧❡ ❞❡✉(0+✐✉♠ ❞❛♥" ❧✬❡❛✉ ❞❡ ♠❡+ (❛♥❞✐" >✉❡ ❧❡ (+✐(✐✉♠

♣❡✉(✲S(+❡ ❡♥❣❡♥❞+0 ❛✉ "❡✐♥ ❞✬✉♥ +0❛❝(❡✉+✳ ❇✐❡♥ >✉❡ ❧❡ (+✐(✐✉♠ "♦✐( ✉♥ 0♠❡((❡✉+ β✱ "❛ ❞❡♠✐✲
✈✐❡ ♥❡ ❞✉+❡ >✉❡ ✶✷ ❛♥"✱ ❝♦♥(+❛✐+❡♠❡♥( ❛✉① ♣❧✉"✐❡✉+" ♠✐❧❧✐♦♥" ❞✬❛♥♥0❡" ♣♦✉+ ❧❛ ❞❡♠✐✲✈✐❡ ❞❡

❧✬✉+❛♥✐✉♠ ✉(✐❧✐"0 ❞❛♥" ❧❡" ❝❡♥(+❛❧❡" ♥✉❝❧0❛✐+❡" ❛❝(✉❡❧❧❡" E ✜""✐♦♥ ♥✉❝❧0❛✐+❡✳ ▲❛ ❢✉"✐♦♥ ❞✬✉♥
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❡✣❝❛❝❡ ❞❡ ❧❛ #-❛❝,✐♦♥ ❝♦♥)✐❞-#-❡ ❡), -❧❡✈-❡ ❬✹✺❪✳ ❆✜♥ ❞❡ ❝❤❛✉✛❡# ❧❡ ♠-❧❛♥❣❡ 6 ,#>) ❤❛✉,❡
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)✐♦♥ ❛❜❧❛,✐✈❡ ❞✬✉♥ ♠✐❝#♦❜❛❧❧♦♥ ✐##❛❞✐- ♣❛# ❧❛)❡#✱ #❡♣♦)❛♥, ,♦✉, )✐♠♣❧❡♠❡♥, )✉# ❧❡ ♣#✐♥❝✐♣❡

❞✬❛❝,✐♦♥✲#-❛❝,✐♦♥ ❬✻❪✳  ♦✉# ❛,,❡✐♥❞#❡ ❧✬❛❧❧✉♠❛❣❡✱ ✉♥❡ ♣❡,✐,❡ $✉❛♥,✐,- ❞❡ ❞❡✉,-#✐✉♠ ❡, ,#✐,✐✉♠

❞♦✐, S,#❡ ❝♦♠♣#✐♠-❡✱ 6 ❧✬❛✐❞❡ ❞✬✉♥ ❧❛)❡#✱ ❥✉)$✉✬6 ❞❡) ❞❡♥)✐,-) ❞❡ ✶✵✵ 6 ✶ ✵✵✵ ❢♦✐) ❧❛ ❞❡♥)✐,-
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❞❡ ❧✬❡❛✉ ❡& ❡♥ ♠)♠❡ &❡♠♣+ ❝❤❛✉✛/❡ 0 ✶✵✵ ♠✐❧❧✐♦♥+ ❞❡ ❑❡❧✈✐♥✳ 8♦✉9 9/❛❧✐+❡9 ❝❡❝✐✱ ❞✐✛/9❡♥&+

♣9♦❝❡++✉+ ❞♦✐✈❡♥& +❡ +✉❝❝/❞❡9 ❞❛♥+ ❧❡ ♠✐❝9♦❜❛❧❧♦♥ ❝♦♥&❡♥❛♥& ❧❡ ❝♦♠❜✉+&✐❜❧❡ ✭✜❣✉9❡ ✸✮✳

❋✐❣✳ ✷ ✕ ❈✐❜❧❡ &②♣✐E✉❡ ✉&✐❧✐+/❡ ❞❛♥+ ❧❡ +❝❤/♠❛ ❞❡ ❧✬✐♠♣❧♦+✐♦♥ ❛❜❧❛&✐✈❡✳

❈!"❛$✐♦♥ ❞✉ ♣❧❛,♠❛ ❡♥ ❡①♣❛♥,✐♦♥

▲❛ ❝✐❜❧❡ ❡+& ✉♥❡ ♠✐❝9♦❜✐❧❧❡ ❞✬✉♥ ♠❛&/9✐❛✉ +♦❧✐❞❡ 9❡♥❢❡9♠❛♥& ❧❡ ❝♦♠❜✉+&✐❜❧❡ +♦✉+ +❛

❢♦9♠❡ ❝9②♦❣/♥✐E✉❡ ✭✜❣✉9❡ ✷✮✳ ▲❛ ♠❛❥❡✉9❡ ♣❛9&✐❡ ❞❡ ❝❡❧✉✐✲❝✐ +❡ &9♦✉✈❡ ❞❛♥+ ✉♥❡ ❝♦✉❝❤❡

+♦❧✐❞❡ ❞/♣♦+/❡ +✉9 ❧❛ ❢❛❝❡ ✐♥&/9✐❡✉9❡ ❞❡ ❧❛ ❝♦E✉✐❧❧❡ ❞❡ ♣❧❛+&✐E✉❡✱ ♦✉ ❛❜❧❛&❡✉9✳ ▲❛ ♣❛9&✐❡

❝❡♥&9❛❧❡✱ ❣❛③❡✉+❡✱ ❝♦♥&✐❡♥& ♣❡✉ ❞❡ ♠❛&✐K9❡✳ ▲♦9+E✉✬✉♥ ❢❛✐+❝❡❛✉ ❧❛+❡9 ✐♥&❡♥+❡ ✐♥&❡9❛❣✐& ❛✈❡❝

❧✬❛❜❧❛&❡✉9✱ ❧❛ ❢❛❝❡ ❡①&/9✐❡✉9❡ ❞❡ ❝❡❧✉✐✲❝✐ ❡+& ✐♥+&❛♥&❛♥/♠❡♥& ✈❛♣♦9✐+/❡ ❡& ✐♦♥✐+/❡ ✭✜❣✉9❡ ✸✳❛✮✳

❈✬❡+& ❝❡ E✉✬♦♥ ❛♣♣❡❧❧❡ ❧❡ ♣❤/♥♦♠K♥❡ ❞✬❛❜❧❛&✐♦♥✳ ▲❡ ❧❛+❡9 ❝♦♥&✐♥✉❡ ❞✬✐♥&❡9❛❣✐9 ❛✈❡❝ ❧❛ ❝✐❜❧❡

❡♥ +❡ ♣9♦♣❛❣❡❛♥& ❞❛♥+ ❧❛ ③♦♥❡ ❞✬✐♥&❡9❛❝&✐♦♥✱ ♦✉ ❝♦✉9♦♥♥❡✱ ❞✉ ♣❧❛+♠❛ ❛✐♥+✐ ❝9//✱ ❥✉+E✉✬0

❧❛ ❞❡♥+✐&/ ❝9✐&✐E✉❡ ✭✜❣✉9❡ ✹✮✳ 8❧✉+ ♦♥ +❡ 9❛♣♣9♦❝❤❡ ❞❡ ❧❛ +✉9❢❛❝❡ +♦❧✐❞❡✱ ♣❧✉+ ❧❡ ♣❧❛+♠❛

❞✬❛❜❧❛&✐♦♥✱ ❡♥ ❡①♣❛♥+✐♦♥✱ ❡+& ❞❡♥+❡ ❡& ❧❡ ❧❛+❡9 ♣❡✐♥❡ 0 +✬② ♣9♦♣❛❣❡9✳ ❉❡ ❝❡ ❢❛✐&✱ ❛♣9K+ ❧❛

❞❡♥+✐&/ ❝9✐&✐E✉❡✱ ❧✬/♥❡9❣✐❡ ❞✉ ❧❛+❡9 ❞/♣♦+/❡ ❞❛♥+ ❧❛ ❝♦✉9♦♥♥❡ ❡+& &9❛♥+♣♦9&/❡ ❞❛♥+ ❧❛ ③♦♥❡

❞❡ ❝♦♥❞✉❝&✐♦♥✱ ❝♦♠♣9✐+❡ ❡♥&9❡ ❧❛ ❞❡♥+✐&/ ❝9✐&✐E✉❡ ❡& ❧❛ ❞❡♥+✐&/ ❞✉ +♦❧✐❞❡✱ ♣❛9 ❝♦♥❞✉❝&✐♦♥

&❤❡9♠✐E✉❡ ❡& 9❛②♦♥♥❡♠❡♥& ❳ ✈❡9+ ❧❡+ 9/❣✐♦♥+ ❞❡ ♣❧✉+ ❢♦9&❡ ❞❡♥+✐&/✳ ▲❡ ❧✐❡✉ ♦P ❧❛ ❞❡♥+✐&/ ❞✉

❋✐❣✳ ✸ ✕ 8❤❛+❡+ ❞✉ ♣9♦❝❡++✉+ ❞❡ ❧❛ ❢✉+✐♦♥ ♣❛9 ❝♦♥✜♥❡♠❡♥& ✐♥❡9&✐❡❧ ✭✜❣✉9❡ &✐9/❡ ❞❡ ❬✻❪✮✳
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▲❛ ♣❤❛$❡ ❞✬❛❝❝)❧)+❛,✐♦♥

▲❡ ♣❧❛#♠❛ @✉✐ #❡ ❞%1❡♥❞ ✈❡/# ❧✬❡①1%/✐❡✉/ ♣/♦✈♦@✉❡ ❧❛ ❝♦♠♣/❡##✐♦♥ ❜/✉1❛❧❡ ❞✉ ❝♦♠❜✉#1✐❜❧❡

❝♦♥1❡♥✉ ❞❛♥# ❧❛ ❝♦@✉✐❧❧❡ #♦✉# ❧❛ ❢♦/♠❡ ❞✬✉♥❡ ♦✉ ♣❧✉#✐❡✉/# ♦♥❞❡# ❞❡ ❝❤♦❝ ❝❡♥1/✐♣D1❡# ✭✜❣✉/❡

✸✳❜✮✱ #✉✐✈❛♥1 ❧❡ ♣/♦✜❧ 1❡♠♣♦/❡❧ ❞❡ ❧✬✐♠♣✉❧#✐♦♥✳ ❈✬❡#1 H ❝❡ ♥✐✈❡❛✉ @✉✬✐♥1❡/✈✐❡♥1 ❧❡ ♣/✐♥❝✐♣❡

❞✬❛❝1✐♦♥✲/%❛❝1✐♦♥✱ ♦✉ ❡✛❡1 ❢✉#%❡✱ ♣❛/ ❝♦♠♣/❡##✐♦♥ @✉❛#✐✲✐#❡♥1/♦♣✐@✉❡✱ ❝❡ @✉✐ ❝♦♥#❡/✈❡ ✉♥

♥✐✈❡❛✉ ❞✬%♥❡/❣✐❡ ✐♥1❡/♥❡ ❜❛# ❡1 ♠✐♥✐♠✐#❡ ❛✐♥#✐ ❧❡ 1/❛✈❛✐❧ ♥%❝%##❛✐/❡ ♣♦✉/ ❧✬✐♠♣❧♦#✐♦♥ ❬✾❪✳

❖♥ ♣❡✉1 ❛11❡✐♥❞/❡ ❞❡# ✈✐1❡##❡# ❞✬✐♠♣❧♦#✐♦♥ %❧❡✈%❡#✱ ❞❡ ❧✬♦/❞/❡ ❞❡ ✶✵

5
♠✴# ❡1 ❝♦♠♣/✐♠❡/ ❧❡

❝♦♠❜✉#1✐❜❧❡ ❞❡ ♣❧✉# ❞✬✉♥ ❢❛❝1❡✉/ ♠✐❧❧❡ ❬✻❪✳

▲❛ ♣❤❛$❡ ❞❡ ❞)❝)❧)+❛,✐♦♥

▲♦/#@✉❡ ❧❡ /❛②♦♥♥❡♠❡♥1 ❡①1❡/♥❡ ❝❡##❡✱ ❧❛ ❝✐❜❧❡ ❡#1 ❡♥ ✈♦❧ ❜❛❧✐#1✐@✉❡ ♣✉✐# ❝♦♠♠❡♥❝❡ H

❞%❝%❧%/❡/✳ ▲❡# ♦♥❞❡# ❞❡ ❝❤♦❝ ❛②❛♥1 ❛11❡✐♥1 #✐♠✉❧1❛♥%♠❡♥1 ❧❡ ❝❡♥1/❡ ❞❡ ❧❛ ❝❛♣#✉❧❡ #✬② /%✲
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H ❧✬✐♥%2+✐❡✉+ ❞❡ ❝❡ ❢♦✉+✱ &✉✐ ❛>>✉+❡ ❧❛ ❝♦♠♣+❡>>✐♦♥ ❞❡ ❧❛ ♠✐❝+♦❜✐❧❧❡ ❞❡ ❝♦♠❜✉>%✐❜❧❡✳ ❈❡❝✐ ♣+2✲

>❡♥%❡ ❧✬❛✈❛♥%❛❣❡✱ ♣❛+ +❛♣♣♦+% H ❧✬❛%%❛&✉❡ ❞✐+❡❝%❡✱ ❞✬✉♥❡ ❡①❝❡❧❧❡♥%❡ ✉♥✐❢♦+♠✐%2 ❞✬✐++❛❞✐❛%✐♦♥
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√
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❧✬✉%✐❧✐"❛%✐♦♥ ❞❡ ♠♦✉""❡" ❞❡ ❈❍ ✐♠♣-)❣♥)❡" ❞❡ ❉❚✲❝-②♦❣)♥✐0✉❡ ❡♥ %❛♥% 0✉✬❛❜❧❛%❡✉-✱ ❝♦♠♠❡

"✉- ❧❛ ✜❣✉-❡ ✼✳

❆✉ ❝♦✉-" ❞❡ ❝❡" ❞❡-♥✐=-❡" ❛♥♥)❡"✱ ❞✐✛)-❡♥%" ♣♦✐♥%" ❞❡ ❢♦♥❝%✐♦♥♥❡♠❡♥% ♦♥% )%) ❞)✜♥✐"
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❧❛ ✜❣✉'❡ ✶✳✶✳
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❧❛ ❜✐-'❡
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(x, y)

3 3

u = 40



✸✵ ❉❡$❝&✐♣)✐♦♥ ❞❡ ❧❛ ♠♦✉$$❡ ❡) ❞❡ ❧✬♦✉)✐❧ ♥✉♠2&✐3✉❡

❋✐❣✳ ✶✳✻ ✕ ❉✐✛'(❡♥+❡, ♣♦,✐+✐♦♥, ❞✉ ❢(♦♥+ ❞❡ ❝❤♦❝ ❧♦(, ❞❡ ,❛ ♣(♦♣❛❣❛+✐♦♥ ❞❡ ❧❛ ❣❛✉❝❤❡ ✈❡(,

❧❛ ❞(♦✐+❡ ❞❛♥, ❧❡ (',❡❛✉ ❛❧'❛+♦✐(❡ ❞❡ ✜❜(❡,✳

❙✉( ❧❛ ✜❣✉(❡ ✶✳✻✱ ❧❡ ❝❤♦❝ ❛ +(❛✈❡(,' ♣(❡,<✉❡ +♦✉+❡ ❧❛ ♠♦✉,,❡✳ ▲❡ ❢(♦♥+ ❞❡ ❝❤♦❝ ,✉❜✐+

❞❡, ♣❡(+✉(❜❛+✐♦♥, ? ❧❛ (❡♥❝♦♥+(❡ ❞❡ ❝❤❛<✉❡ ✜❜(❡✱ ✐❧ ♥✬❡,+ ❞♦♥❝ ♣❛, ♣❧❛♥✳ ❉❡((✐A(❡ ❧❡ ❢(♦♥+

❞❡ ❝❤♦❝ ,❡ ♣(♦♣❛❣❡♥+ ❞❡, ♦♥❞❡, ❞❡ ❞✐✈❡(,❡, ♥❛+✉(❡,✱ +❡❧❧❡, <✉❡ ❞❡, ♦♥❞❡, ❞❡ ❞'+❡♥+❡✱ ❞❡

(❛('❢❛❝+✐♦♥✱ ❞❡ ('❢(❛❝+✐♦♥✱ ❞❡ ▼❛❝❤✱ ♣(✐♠❛✐(❡, ❡+ ,❡❝♦♥❞❛✐(❡,✳ ❖♥ ♦❜,❡(✈❡ ❞❡, ✢✉❝+✉❛+✐♦♥,

❧♦❝❛❧❡, ❞❡ ❞❡♥,✐+' ❞❛♥, ❧❡ ♠✐❧✐❡✉ ❝❤♦<✉'✳ ❆♣(A, ❧✬✐♥+❡(❛❝+✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ✉♥❡ ✜❜(❡✱ ❧❛ ♠❛✲

+✐A(❡ ,✬❡♥(♦✉❧❡ ? ❝❛✉,❡ ❞❡, ❣(❛❞✐❡♥+, ❞❡ ♣(❡,,✐♦♥ ❡+ ❝('❡ ❞❡, ♣❡+✐+, +♦✉(❜✐❧❧♦♥,✱ ❛♣♣❡❧',✱ ❞❛♥,

❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬❤②❞(♦❞②♥❛♠✐<✉❡✱ ❞❡, ✈♦(+❡①✳ ▲❡ ❢(♦♥+ ❞❡ ❝❤♦❝ ,❡ (❡❞(❡,,❡ ❣(I❝❡ ❛✉① ♦♥❞❡,

❞❡ ▼❛❝❤ <✉✐ ❧❡ (❛++(❛♣♣❡♥+ ❡+ <✉✐ +❡♥❞❡♥+ ? ,+❛❜✐❧✐,❡( ❧❡ ,②,+A♠❡✳ ▲❡, ✈♦(+❡① ,✬❛❣(❛♥❞✐,,❡♥+

+♦✉+ ,✐♠♣❧❡♠❡♥+ ♣❛( (❡❣(♦✉♣❡♠❡♥+ ❞❡, ♣❡+✐+, +♦✉(❜✐❧❧♦♥, ❝('', ♣('❝'❞❡♠♠❡♥+✳ ❈✬❡,+ ✉♥

♣❤'♥♦♠A♥❡ +②♣✐<✉❡ ❞❡ ❧❛ +✉(❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥,✐♦♥♥❡❧❧❡✱ '+❛+ ❝❤❛♦+✐<✉❡ ❞✬✉♥ '❝♦✉❧❡♠❡♥+✳

▲✬✐♥+❡(❛❝+✐♦♥ ❞✬✉♥ ❝❤♦❝ ❛✈❡❝ ✉♥❡ +❡❧❧❡ ♠♦❞'❧✐,❛+✐♦♥ ❞❡ ❧❛ ♠♦✉,,❡ ❛ '+' ❛❜♦(❞'❡ ❛✉♣❛✲

(❛✈❛♥+✳ ❉❛♥, ❧❡ ❝❛❞(❡ ❞❡ ❧❛ ❢✉,✐♦♥ ♣❛( ❝♦♥✜♥❡♠❡♥+ ✐♥❡(+✐❡❧✱ K❤✐❧✐♣♣❡ et al. ❬✹✼❪ ,❡ ,♦♥+

✐♥+'(❡,,', ? ❧❛ ✈✐+❡,,❡ ❞✉ ❝❤♦❝ ❞❛♥, ✉♥❡ ♠♦✉,,❡ ❝♦♥,+✐+✉'❡ ❞❡ ❞❡✉① ♠❛+'(✐❛✉① ❞✐✛'(❡♥+,✳ ■❧,

♦♥+ ❝♦♠♣❛(' ❝❡++❡ ✈✐+❡,,❡ ? ❧❛ ✈✐+❡,,❡ ❞✬✉♥ ❝❤♦❝ <✉✐ ,❡ ♣(♦♣❛❣❡ ❞❛♥, ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣A♥❡ ❡+

❞❡ ♠Q♠❡ ❞❡♥,✐+' ♠♦②❡♥♥❡ <✉❡ ❧❡ ♠✐❧✐❡✉ ❤'+'+♦❣A♥❡✳ ▲❛ ❞❡♥,✐+' ♠♦②❡♥♥❡ ,✬♦❜+✐❡♥+✱ ,✐♠♣❧❡✲

♠❡♥+✱ ♣❛( ♠♦②❡♥♥❡ ❛(✐+❤♠'+✐<✉❡ ❞❡, ❞❡♥,✐+', (❡,♣❡❝+✐✈❡, ❞❡, ❞❡✉① ♠❛+'(✐❛✉①✱ ♣♦♥❞'('❡,

♣❛( ❧❡ +❛✉① ❞❡ ♣(',❡♥❝❡ ❞❡ ❝❡✉①✲❝✐ ✿ ρmoyenne = ξρfibre + (1− ξ)ρgaz ❛✈❡❝ ξ =
surfacefibres

surfacetotale
✳

ξ ❡"# ❧❡ #❛✉① ❞❡ ♣*+"❡♥❝❡ ❞❡" ✜❜*❡" ❡# ❡"# ❢♦*❝+♠❡♥# ❝♦♠♣*✐" ❡♥#*❡ ✵ ❡# ✶✳ ■❧" ♦♥# "✐♠✉❧+

❧❛ ♣*♦♣❛❣❛#✐♦♥ ❞✬✉♥ ❝❤♦❝ ❢♦*#✱ ❝✬❡"# ; ❞✐*❡ ❞❡ ♥♦♠❜*❡ ❞❡ ▼❛❝❤ ❞❡ =✉❡❧=✉❡" ♠✐❧❧✐❡*"✱ ❞❛♥"

✉♥ *+"❡❛✉ ❞❡ ✜❜*❡" ❞✐"♣♦"+❡" ❛❧+❛#♦✐*❡♠❡♥# ❞❛♥" ✉♥ ❣❛③✱ ❝❤♦✐"✐""❛♥# ❧❡" ❞❡♥"✐#+" ❞❡" ♠❛#+✲

*✐❛✉① ❞❡ ♠❛♥✐@*❡ ; ♦❜#❡♥✐* ❞❡" ✈❛❧❡✉*" ❞❡ ❞❡♥"✐#+" ♠♦②❡♥♥❡" ❜✐❡♥ ♣❧✉" +❧+✈+❡" =✉❡ ❝❡❧❧❡ ❞❡"

♠♦✉""❡" ❛❝#✉❡❧❧❡" ❞❡ ❋❈■✳ ❊♥ ❝♦♠♣❛*❛♥# ❝❡" ❞❡✉① ✈✐#❡""❡" ♣♦✉* ❞❡✉① ❞❡♥"✐#+" ♠♦②❡♥♥❡"

❞✐✛+*❡♥#❡"✱ ✷✵ ❦❣✴♠

3
❡# ✶✵✵ ❦❣✴♠

3
✱ ✐❧" ♦♥# ♦❜"❡*✈+ ❞❡" ♣❤+♥♦♠@♥❡" ❞✐✛+*❡♥#"✳ J♦✉* ❧❛ ♣❧✉"

❢❛✐❜❧❡ ❞❡♥"✐#+ ♠♦②❡♥♥❡✱ ✷✵ ❦❣✴♠

3
✱ ❧❡ ❝❤♦❝ "❡ ♣*♦♣❛❣❡ ; ❧❛ ♠K♠❡ ✈✐#❡""❡✱ =✉❡ ❧❡ ♠✐❧✐❡✉ "♦✐#

❤♦♠♦❣@♥❡ ♦✉ ❤+#+*♦❣@♥❡✱ #❛♥❞✐" =✉❡ ♣♦✉* ✉♥❡ ❞❡♥"✐#+ ♠♦②❡♥♥❡ ♣❧✉" +❧❡✈+❡✱ ✶✵✵ ❦❣✴♠

3
✱ ❧❡

❝❤♦❝ "❡ ♣*♦♣❛❣❡ ♣❧✉" *❛♣✐❞❡♠❡♥# ❞❛♥" ❧❡ ♠✐❧✐❡✉ ❤+#+*♦❣@♥❡✳ ❈♦❧❧✐♥" et al. ❬✶✷❪ ♦♥# "✐♠✉❧+ ❧❛

♣*♦♣❛❣❛#✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥" ✉♥❡ ♠♦✉""❡ ❞❡ ✜❜*❡" ❞❡ ❈❍✱ ❞✐"♣♦"+❡" ❛❧+❛#♦✐*❡♠❡♥#✱ ✐♠♣*+✲

❣♥+❡ ❞❡ ❉❚✱ ❝❡ =✉✐ ❝♦**❡"♣♦♥❞ ❛✉① ❞❡♥"✐#+" ♠♦②❡♥♥❡"✱ *❡❧❛#✐✈❡♠❡♥# ❢❛✐❜❧❡"✱ ❛✈❡❝ ❧❡"=✉❡❧❧❡"



✶✳✶ ▲❛ ♠♦✉''❡ ✸✶

♥♦✉# ❛❧❧♦♥# &'❛✈❛✐❧❧❡'✳ ■❧# ♦♥&✱ ❝♦♠♠❡ 0❤✐❧✐♣♣❡ et al.✱ ❝♦♠♣❛'3 ❧❛ ✈✐&❡##❡ ❞✉ ❝❤♦❝ ❞❛♥# ❝❡ ♠✐✲
❧✐❡✉ ❤3&3'♦❣7♥❡ ❡& #♦♥ 38✉✐✈❛❧❡♥& ❤♦♠♦❣7♥❡ ❡& ♦♥& ❡#&✐♠3 ♥3❣❧✐❣❡❛❜❧❡ ❧❛ ❞✐✛3'❡♥❝❡ &'♦✉✈3❡✳

■❧# ❝♦♥&✐♥✉❡♥& ❞♦♥❝ ❧❡✉' 3&✉❞❡ ❡♥ ♣♦#❛♥& ♣♦✉' ❧❛ ♠♦✉##❡ ✉♥❡ ❛♣♣'♦①✐♠❛&✐♦♥ ❞✬❤♦♠♦❣3✲

♥3✐&3✳ ◆♦✉# ❛❧❧♦♥# ♥♦✉# ✐♥&3'❡##❡' ❡♥ '❡✈❛♥❝❤❡ > ❝❡&&❡ &'7# ❢❛✐❜❧❡ ❞✐✛3'❡♥❝❡✱ ❡& ❡♥ 3&✉❞✐❡' ❧❡#

❝♦♥#38✉❡♥❝❡# #✉' ❧✬✐❣♥✐&✐♦♥ ❞❡ ❧❛ ❝✐❜❧❡ ❋❈■✳ ❈❡&&❡ #&'✉&✉'❡ ❞✬❤3&3'♦❣3♥3✐&3# ❞✐#♣♦#3❡# ❛❧3❛✲

&♦✐'❡♠❡♥& ❞❛♥# ✉♥ ♠❛&3'✐❛✉ ❛ #❡'✈✐ > ♠♦❞3❧✐#❡' ❞✬❛✉&'❡# ❡♥✈✐'♦♥♥❡♠❡♥&# 8✉❡ ❧❡# ♠♦✉##❡#✳

❊♥ ❆#&'♦♣❤②#✐8✉❡✱ 0♦❧✉❞♥❡♥❦♦ et al. ❬✺✷❪ ♦♥& ♠♦❞3❧✐#3 ❛✐♥#✐ ❞❡# ❡♥✈✐'♦♥♥❡♠❡♥&# ✈❛'✐3#✱

&❡❧# 8✉❡ ❧❡# ♥✉❛❣❡# ♠♦❧3❝✉❧❛✐'❡#✱ ❧❡# ✢✉✐❞❡# 8✉✐ 3♠❛♥❡♥& ❞❡# ❥❡✉♥❡# 3&♦✐❧❡#✱ ❧❡# ♥3❜✉❧❡✉#❡#✱

❧❡# ♥♦②❛✉① ❣❛❧❛❝&✐8✉❡# ❛❝&✐❢#✳ ■❧# 3♠❡&&❡♥& 3❣❛❧❡♠❡♥& ❧❛ ❝♦♥❝❧✉#✐♦♥ 8✉❡ ❧❡ ❝❤♦❝ #❡ ♣'♦♣❛❣❡

♣❧✉# '❛♣✐❞❡♠❡♥& ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❤3&3'♦❣7♥❡ 8✉❡ ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣7♥❡ ❞❡ ♠L♠❡ ❞❡♥#✐&3

♠♦②❡♥♥❡✱ #❛♥# #♣3❝✐✜❡' ❞❡ ✈❛❧❡✉'# ♣♦✉' ❝❡&&❡ ❞❡'♥✐7'❡✳ ❈❡&&❡ ❞✐✛3'❡♥❝❡ '❡❧❛&✐✈❡ ❞❡ ✈✐&❡##❡

❞❡ ❝❤♦❝ ❡♥&'❡ ❧❡# ♠✐❧✐❡✉① ❤♦♠♦❣7♥❡ ❡& ❤3&3'♦❣7♥❡✱ ❞❡ ♠L♠❡ ❞❡♥#✐&3 ♠♦②❡♥♥❡✱ ❡#& ❧❡ ♣♦✐♥&

❞❡ ❢♦❝❛❧✐#❛&✐♦♥ ❞❡ ❝❡&&❡ &❤7#❡✳ ■♥&3'❡##♦♥# ♥♦✉# > ♣'3#❡♥& > #♦♥ ❝♦♠♣♦'&❡♠❡♥&✱ ❧♦'#8✉❡ ❧❡

❝❤♦❝ #❡ ♣'♦♣❛❣❡ ❞❛♥# ✉♥❡ #&'✉❝&✉'❡ ✉♥ ♣❡✉ #✐♠♣❧✐✜3❡ ♣❛' '❛♣♣♦'& ❛✉ '3#❡❛✉ ❛❧3❛&♦✐'❡ ❞❡

✜❜'❡#✳

❘+'❡❛✉ ❞❡ ✜❜/❡' ❡♥ 1✉✐♥❝♦♥❝❡'

❆✜♥ ❞❡ ❝'3❡' ✉♥❡ ❝❡'&❛✐♥❡ '3❣✉❧❛'✐&3 ❞❛♥# ❧❡ '3#❡❛✉ ❞❡ ✜❜'❡# ♠♦❞3❧✐#❛♥& ❧❛ ♠♦✉##❡✱ ♥♦✉#

❞✐#♣♦#♦♥# ❧❡# ✜❜'❡# ❡♥ 8✉✐♥❝♦♥❝❡#✱ ❝♦♠♠❡ #✉' ❧❛ ✜❣✉'❡ ✶✳✼✳

❋✐❣✳ ✶✳✼ ✕ ❘3#❡❛✉ ❞❡ ✜❜'❡# ❡♥ 8✉✐♥❝♦♥❝❡#
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♠♦❞4❧✐24❡ ♣❛, ✉♥ "❡❧ ,42❡❛✉✳ ■❧2 ♦♥" ♦❜2❡,✈4 >✉❡ ♠❛❧❣,4 ❧❡ ❞4✈❡❧♦♣♣❡♠❡♥" ❞✬✐,,4❣✉❧❛,✐"42

❛✉ ♥✐✈❡❛✉ ❞✉ ❢,♦♥" ❞❡ ❝❤♦❝✱ ❝❡❧✉✐✲❝✐ ♣❡,2✐2"❡ ❞❛♥2 2❛ ,❛✐❞❡✉,✳ ◆♦✉2 ♣♦✉✈♦♥2 ❡♥ ❞✐,❡ ❞❡

♠C♠❡ ♣♦✉, ❧❛ ✜❣✉,❡ ✶✳✽✳ ▲❡ ❢,♦♥" ❞❡ ❝❤♦❝ ❛ ❜❡❛✉ 2✉❜✐, ❞❡2 ♣❡,"✉,❜❛"✐♦♥2✱ "♦✉2 2❡2 ♣♦✐♥"2

2❡ ,❡",♦✉✈❡♥" ❡♥ ♠♦②❡♥♥❡ 2✉, ✉♥❡ ♠C♠❡ ❞,♦✐"❡ ♣❡,♣❡♥❞✐❝✉❧❛✐,❡ H ❧✬4❝♦✉❧❡♠❡♥"✳ ❉❡ ♣❧✉2✱ ❧❛

♣,✐♥❝✐♣❛❧❡ ❞✐✛4,❡♥❝❡ ❡♥",❡ ❧❡ ♣❛22❛❣❡ ❞✉ ❝❤♦❝ ❞❛♥2 ❝❡ ,42❡❛✉ ❞❡ ✜❜,❡2 ❡♥ >✉✐♥❝♦♥❝❡2 ❡" 2♦♥
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❉❛♥2 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬❛2",♦♣❤②2✐>✉❡✱ L♦❧✉❞♥❡♥❦♦ et al. ❬✺✸❪✱ ❛✈❛♥" ❞✬4"✉❞✐❡, ❞❡2 ,42❡❛✉①
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❡♥",❡ ❡❧❧❡2 ❛✐♥2✐ >✉❡ ❞❡ ❧❡✉, 2✉,❢❛❝❡✳ ▲❛ >✉❛♥"✐"4 ❞❡ ✜❜,❡2 ❡" ❧❡✉, ♠❛22❡ ♥✬❛✉,❛✐❡♥" ❛✉❝✉♥❡
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♦❜2❡,✈❛"✐♦♥✳ ◆♦✉2 ❛✈♦♥2 ❢❛✐" ✈❛,✐❡, ❧❡2 ❛♥❣❧❡2 ❡♥",❡ ❧❡2 ✜❜,❡2 ❞✐2♣♦24❡2 ❡♥ >✉✐♥❝♦♥❝❡2✱ ❛✐♥2✐

>✉❡ ❧❡✉, "❛✉① ❞❡ ♣,42❡♥❝❡✳ ◆♦✉2 ,❡♠❛,>✉♦♥2 ❡✛❡❝"✐✈❡♠❡♥" ❞❡2 ❞✐✛4,❡♥❝❡2 ❞❛♥2 ❧✬4"❛" ❞✉
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L♦❧✉❞♥❡♥❦♦ et al. ♦♥" 4❣❛❧❡♠❡♥" 4"❛❜❧✐ ✉♥❡ ❞✐2"❛♥❝❡ ❝,✐"✐>✉❡ ❡♥",❡ ❧❡2 ✜❜,❡2 >✉✐ ❞4✜♥✐"
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♣❡✉" ❜✐❡♥ 2❡ ❝♦♥❝❡✈♦✐, ❡♥ ,❡❣❛,❞❛♥" ❧❛ ✜❣✉,❡ ✶✳✻✳ ❖♥ ❞❡✈✐♥❡ >✉❡ 2✐ ❧❡2 ✜❜,❡2 4"❛✐❡♥" ♣❧✉2

,❛♣♣,♦❝❤4❡2 ❧❡2 ✉♥❡2 ❞❡2 ❛✉",❡2✱ ❧❡2 ❛❧❧4❡2 ❞❡ ✈♦,"❡① ✐♥"❡,❛❣✐,❛✐❡♥" ❧❡2 ✉♥❡2 ❛✈❡❝ ❧❡2 ❛✉",❡2
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❞❡ ❝♦✉,❛♥" 2❛"✐2❢❛✐2❛♥" ❧✬4>✉❛"✐♦♥ 2✐♥❤✲●♦,❞♦♥✳ ❍❛③❛❦ et al. ❬✷✸❪ 2❡ 2♦♥"✱ ❡✉①✱ ✐♥"4,❡2242
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❡♥",❡ ❧❡2 ✢✉❝"✉❛"✐♦♥2 ❞❡ ❞❡♥2✐"4✱ ♣,❡22✐♦♥ ❡" ✈✐"❡22❡ ❝❛✉24❡2 ♣❛, ❧✬❤4"4,♦❣4♥4✐"4 ❞✉ ♠✐❧✐❡✉✳
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❧❡ ❝❤♦❝ 2❡ ♣,♦♣❛❣❡ ♣❧✉2 ,❛♣✐❞❡♠❡♥" ❞❛♥2 ❧❡ ♠✐❧✐❡✉ ❤4"4,♦❣K♥❡✳ ❚♦✉" 2❡ ♣❛22❡ ❛✉ ♥✐✈❡❛✉ ❞❡
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❣,@❝❡ ❛✉① ✈♦,/❡① >✉✐ ♣❡,8✐8/❡♥/✳ ❋♦❝❛❧✐8♦♥8 ♥♦✉8 ♠❛✐♥/❡♥❛♥/ 8✉, ❧❡8 ♣❤<♥♦♠7♥❡8 8✉,✈❡♥❛♥/

* ❧✬✐♥/❡,❢❛❝❡ ❡♥ ♦❜8❡,✈❛♥/ ❧✬✐♥/❡,❛❝/✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ❧❛ ♠♦✐/✐< 8✉♣<,✐❡✉,❡ ❞❡ ❧❛ ✜❜,❡✳

❋✐❣✳ ✶✳✶✷ ✕ D❛88❛❣❡ ❞❡ ❧❛ ,<❢,❛❝/✐♦♥ ,<❣✉❧✐7,❡ ✭* ❣❛✉❝❤❡✮ * ❧❛ ,<❢,❛❝/✐♦♥ ✐,,<❣✉❧✐7,❡ ✭* ❞,♦✐/❡✮✳

❙✉, ❧❛ ✜❣✉,❡ ✶✳✶✷ ♦♥ ,❡❝♦♥♥❛H/ ❧❡ ❢,♦♥/ ❞❡ ❝❤♦❝✱ ❧❡ ❝❤♦❝ /,❛♥8♠✐8 ❞❛♥8 ❧❡ ❧♦✉,❞ ❡/ ❧❡ ❝❤♦❝
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❢,♦♥/ ❞❡ ❝❤♦❝ ❡/ ❧✬✐♥/❡,❢❛❝❡ ❢♦,♠❡♥/ ✉♥ ❛♥❣❧❡ ✐♥❢<,✐❡✉, * ❝❡/ ❛♥❣❧❡ 8♦♥✐>✉❡✱ ❧❛ ,<❢,❛❝/✐♦♥ ❡8/

,<❣✉❧✐7,❡ ❡/ ❧❡ ❢,♦♥/ ❞❡ ❝❤♦❝ ❡8/ ♣❧❛♥✳ ▲♦,8>✉✬✐❧8 ❡♥ ❢♦,♠❡♥/ ✉♥ 8✉♣<,✐❡✉, * ❧✬❛♥❣❧❡ 8♦♥✐>✉❡

♦♥ >✉❛❧✐✜❡ ❧❛ ,<❢,❛❝/✐♦♥ ❞✬✐,,<❣✉❧✐7,❡ ❡/ ❧❡ ❢,♦♥/ ❞❡ ❝❤♦❝ 8❡ ❝♦✉,❜❡✳ ❈✬❡8/ ✉♥ /,❛✐♥ ❞✬♦♥❞❡8

❞❡ ,❛,<❢❛❝/✐♦♥ >✉✐✱ ❧♦,8 ❞❡ /♦✉/ ❝❡ ♣,♦❝❡88✉8✱ 8❡ ❢♦,♠❡ ❡/ ,❡♠♦♥/❡ ❧❡ ❧♦♥❣ ❞✉ ❢,♦♥/ ❞❡ ❝❤♦❝

❡♥ ❧❡ ❝♦✉,❜❛♥/✳

▲❡ ♣❤<♥♦♠7♥❡ ❞❡ 8♦✉8✲❝♦♠♣,❡88✐♦♥ ❞❡,,✐7,❡ ❧❡ ❝❤♦❝ <✈♦>✉< ♣❛, ❍❛③❛❦ et al. ❬✷✸❪ 8❡

,❡♠❛,>✉❡ ❜✐❡♥ ✐❝✐✳ ▲❛ ♣,❡88✐♦♥ </❛♥/ ♣❧✉8 ❢❛✐❜❧❡ * ❝❡/ ❡♥❞,♦✐/✱ ❧❛ ♠❛/✐7,❡ 8✬❡♥,♦✉❧❡✱ ♣❛, ❡✛❡/

❞✬<>✉✐❧✐❜,❛❣❡ ❞❡8 ♣,❡88✐♦♥8✱ ❞❛♥8 ❝❡//❡ ③♦♥❡ ❞❡ ❜❛88❡ ♣,❡88✐♦♥✱ ❝,<❛♥/ ❛✐♥8✐ ✉♥ ✈♦,/❡① >✉✐

8✬❛❣,❛♥❞✐/ ❛✉ ❢✉, ❡/ * ♠❡8✉,❡ ❞✉ ♣❛88❛❣❡ ❞✉ ❝❤♦❝✳ ▲❡ ❢,♦♥/ ❞❡ ❝❤♦❝✱ ❧✉✐✱ 8❡ ❝♦✉,❜❡ /♦✉❥♦✉,8

♣❧✉8 ❥✉8>✉✬* ❞❡✈❡♥✐, ✉♥❡ ♦♥❞❡ 8♣❤<,✐>✉❡ ❞✐✈❡,❣❡♥/❡✳ ❈❡//❡ ♦♥❞❡ 8❡ ,<✢<❝❤✐/ ✐,,<❣✉❧✐7,❡♠❡♥/

8✉, ❧❡ ♠✉, ❞✉ ❜❛8✱ ❝,<❛♥/ ✉♥❡ ♦♥❞❡ ❞❡ ▼❛❝❤ >✉✐ /❡♥❞✱ * ❞❡8 ✐♥8/❛♥/8 ✉❧/<,✐❡✉,8✱ * ,❡❞,❡88❡,
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❧♦✉&❞ ✭7 ❞&♦✐0❡✮ ✭✜❣✉&❡( 0✐&+❡( ❞❡ ❬✸✵❪✮

▲❛②❡( et al. ❬✸✾❪ ♦♥0 +❣❛❧❡♠❡♥0 ✉0✐❧✐(+ ✉♥ 0✉❜❡ 7 ❝❤♦❝ ♣♦✉& ♣&♦♣❛❣❡& ✉♥ ❝❤♦❝ ❢❛✐❜❧❡ 7 0&❛✲
✈❡&( ✉♥❡ ❜✉❧❧❡ ❞✬❤+❧✐✉♠✱ ✉♥❡ ❜✉❧❧❡ ❞✬❛③♦0❡ ❡0 ✉♥❡ ❜✉❧❧❡ ❞❡ ❦&②♣0♦♥✳ ▲❡( 0&♦✐( ❜✉❧❧❡( ❜❛✐❣♥❡♥0

❞❛♥( ❞❡ ❧✬❛✐& 7 ♣&❡((✐♦♥ ❛0♠♦(♣❤+&✐?✉❡✳ ▲❡( ❞❡✉① ❞+❢♦&♠❛0✐♦♥( ♠❛①✐♠❛❧❡(✱ ❜✐❡♥ ?✉❡ 0&B(

❞✐✛+&❡♥0❡( ❧✬✉♥❡ ❞❡ ❧✬❛✉0&❡✱ (♦♥0 ♦❜(❡&✈+❡( ❞❛♥( ❧❡( ❝❛( ♦T ❧❡ &❛♣♣♦&0 ❞❡ ❞❡♥(✐0+ ❡♥0&❡ ❧❛

❜✉❧❧❡ ❡0 ❧✬❛✐& (♦♥0 +❧❡✈+(✱ ❝✬❡(0✲7✲❞✐&❡ ❞❛♥( ❧❡( ❝❛( ❞❡( ❜✉❧❧❡( ❞✬❤+❧✐✉♠ ❡0 ❞❡ ❦&②♣0♦♥✳ ▲❛ ❜✉❧❧❡

❞✬❛③♦0❡✱ ❡❧❧❡✱ ❞❡ ❞❡♥(✐0+ ♣&♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧✬❛✐&✱ ♥❡ (✉❜✐0 ?✉✬✉♥❡ 0&B( ❢❛✐❜❧❡ ❛❧0+&❛0✐♦♥✳ ❍❛❛(

❡0 ❙0✉&0❡✈❛♥0 ❬✷✷❪ ♦♥0 &+❛❧✐(+ ❞❡( ❡①♣+&✐❡♥❝❡( (✉& 0✉❜❡ 7 ❝❤♦❝ ❝♦♥(✐(0❛♥0 7 ♣&♦♣❛❣❡& ✉♥ ❝❤♦❝

7 0&❛✈❡&( ❞❡( ❜✉❧❧❡( ❝②❧✐♥❞&✐?✉❡( ❡0 (♣❤+&✐?✉❡( ❞❡ ❧+❣❡& ❞❛♥( ❞✉ ❧♦✉&❞✱ ❡0 ✐♥✈❡&(❡♠❡♥0✳ ■❧( ♦♥0

♦❜(❡&✈+ ?✉❡ ❧❛ ❞+❢♦&♠❛0✐♦♥ ❞❡ ❧❛ ❜✉❧❧❡ ❛✐♥(✐ ?✉❡ ❧❡( ♣❤+♥♦♠B♥❡( ❞❡ ❞✐✛&❛❝0✐♦♥ ❡0 &+❢&❛❝0✐♦♥

❞✐✛B&❡♥0 ❝♦♠♣❧B0❡♠❡♥0 (❡❧♦♥ ?✉❡ ❧❛ ✜❜&❡ ❡(0 ❧+❣B&❡ ♦✉ ❧♦✉&❞❡✳ W✐❝♦♥❡ ❡0 ❇♦&✐( ❬✹✽❪ (✐♠✉❧❡♥0

❧✬✐♥0❡&❛❝0✐♦♥ ❞✬✉♥ ❝❤♦❝ ♣❧❛♥ ❛✈❡❝ ?✉❛0&❡ 0②♣❡( ❞✬✐♥❤♦♠♦❣+♥+✐0+( ✿ ❝②❧✐♥❞&✐?✉❡(✱ (♣❤+&✐?✉❡( ❀

❧+❣❡& ❞❛♥( ❧♦✉&❞✱ ❧♦✉&❞ ❞❛♥( ❧+❣❡&✳ ■❧( (✬✐♥0+&❡((❡♥0 ❛✉① ♠+❝❛♥✐(♠❡( ❡0 7 ❧❛ ♣❤+♥♦♠+♥♦❧♦❣✐❡

❞❡ ❧❛ ♣&♦❞✉❝0✐♦♥ ❞❡ ✈♦&0✐❝✐0+ ❛♣&B( ?✉❡ ❧❡ ❝❤♦❝ ❛✐0 0♦0❛❧❡♠❡♥0 ✐♥0❡&❛❣✐ ❛✈❡❝ ❧✬✐♥❤♦♠♦❣+♥+✐0+✳

▲❡( ❝♦♥❞✐0✐♦♥( ✐♥✐0✐❛❧❡( ❞❡ ❧❡✉&( (✐♠✉❧❛0✐♦♥( (♦♥0 ❝❤♦✐(✐❡( ❞❡ ♠❛♥✐B&❡ 7 (❡ &❛♣♣&♦❝❤❡& ❛✉

♠❛①✐♠✉♠ ❞❡ ❝❡❧❧❡( ❞❡ ❧✬❡①♣+&✐❡♥❝❡ ❞❡ ❍❛❛( ❡0 ❙0✉&0❡✈❛♥0 ❬✷✷❪✱ ?✉✐ ❡(0 ✉♥ ❡①❝❡❧❧❡♥0 ♣♦✐♥0

❞❡ &+❢+&❡♥❝❡✳ ■❧( ♠♦♥0&❡♥0 ?✉❡ ❧❛ ✈♦&0✐❝✐0+ ❡(0 ❝&++❡ 7 ❧✬✐♥0❡&❢❛❝❡ ❡♥0&❡ ❧✬✐♥❤♦♠♦❣+♥+✐0+ ❡0 ❧❡

♠✐❧✐❡✉ ❡♥✈✐&♦♥♥❛♥0✳ ❆♣&B( ❧❡ ♣❛((❛❣❡ ❞✉ ❝❤♦❝✱ ❧❛ ✈♦&0✐❝✐0+ ✐♥0❡&❛❣✐0 ❛✈❡❝ ❡❧❧❡✲♠\♠❡ 7 0&❛✲

✈❡&( ❧❡ ♠✐❧✐❡✉ ❡♥✈✐&♦♥♥❛♥0 ♣&♦❞✉✐(❛♥0 ❞❡( (0&✉❝0✉&❡( ❞❡ ✈♦&0❡① ❞+♣❡♥❞❛♥0 ❞❡ ❧❛ ❣+♦♠+0&✐❡

❞❡ ❧✬✐♥❤♦♠♦❣+♥+✐0+✳ ■❧( ♦♥0 ❝❛❧❝✉❧+ ❧❛ ❝✐&❝✉❧❛0✐♦♥ ❛♥❛❧②0✐?✉❡♠❡♥0 ❡0 ♥✉♠+&✐?✉❡♠❡♥0 ❛✜♥

❞✬+0✉❞✐❡& ❧✬+✈♦❧✉0✐♦♥ ❞❡ ❧❛ ✈♦&0✐❝✐0+ (❡❧♦♥ ❧❡( ❞✐✛+&❡♥0( ❝❛(✳ ❘❛♥❥❛♥ et al. ❬✺✹❪ ♦♥0 ❛❜♦&❞+
❡①♣+&✐♠❡♥0❛❧❡♠❡♥0 ❧✬✐♥0❡&❛❝0✐♦♥ ❞✬✉♥ ❝❤♦❝ ❢❛✐❜❧❡ ❛✈❡❝ ✉♥❡ ❜✉❧❧❡ ❞✬❤+❧✐✉♠ ❞❛♥( ❧✬❛✐& ❛♠❜✐❛♥0

❡0 ❞❛♥( ❧✬❛③♦0❡✳ ❆ ♣❛&0✐& ❞❡( ✈✐0❡((❡( ❞❡ ❝❤♦❝ ❡0 ❞❡ ❧❛ ❜✉❧❧❡✱ ❞❡( +❝❤❡❧❧❡( ❞❡ ❧♦♥❣✉❡✉& ❛✐♥(✐

?✉❡ ❞✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝✐&❝✉❧❛0✐♦♥✱ ✐❧( ♦♥0 +✈❛❧✉+ ❧❛ ✈❛❧✐❞✐0+ ❞❡ ❞✐✛+&❡♥0( ♠♦❞B❧❡( ❛♥❛❧②0✐?✉❡(✳



✶✳✶ ▲❛ ♠♦✉''❡ ✸✼

❙❛♠#❛♥❡② ❡# ❩❛❜✉*❦② ❬✺✾❪ ♦♥# ✈♦✉❧✉ 3✉❛♥#✐✜❡6 ❧❛ ❝68❛#✐♦♥ ❞❡ ✈♦6#✐❝✐#8 ❜❛6♦❝❧✐♥✐3✉❡ ❞❛♥* ❞❡*

♠✐❧✐❡✉① *✉❥❡#* ❛✉① ✐♥*#❛❜✐❧✐#8* ❘✐❝❤#♠②❡6✲▼❡*❤❦♦✈✱ ❡♥ ❝❛❧❝✉❧❛♥# ❧❛ ❝✐6❝✉❧❛#✐♦♥ ❧❡ ❧♦♥❣ ❞✬✐♥✲

#❡6❢❛❝❡* ♣❧❛♥❡*✱ *✐♥✉*♦E❞✐❛❧❡* ❡# ❝✐6❝✉❧❛✐6❡*✳ ▲✬✐♥#❡6❢❛❝❡ ♣❧❛♥❡ ❡♥#6❡ ✉♥ ♠✐❧✐❡✉ ❧8❣❡6 ❡# ❧♦✉6❞

❢♦6♠❡ ✉♥ ❝❡6#❛✐♥ ❛♥❣❧❡ ❝♦♠♣6✐* ❡♥#6❡ ✵ ❡# ✾✵

◦
✳ ■❧* ❝❛❧❝✉❧❡♥# ❛♥❛❧②#✐3✉❡♠❡♥# ❧❛ ❝✐6❝✉❧❛#✐♦♥

❡①❛❝#❡ ♣♦✉6 ❧❡ ❝❛* ❞✬✉♥❡ 68❢6❛❝#✐♦♥ 68❣✉❧✐J6❡✳ ■❧* ❞♦✐✈❡♥# ② ✐♥❝❧✉6❡ ✉♥❡ ❛♣♣6♦①✐♠❛#✐♦♥ *✉6

❧✬❛♥❣❧❡ ❡♥#6❡ ❧✬✐♥#❡6❢❛❝❡ ❡# ❧❛ ❞✐6❡❝#✐♦♥ ❞❡ ♣6♦♣❛❣❛#✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥* ❧❡ ❝❛* ❞✬✉♥❡ 68❢6❛❝#✐♦♥

✐668❣✉❧✐J6❡✳ ❙❛♠#❛♥❡② et al. ❬✺✽❪ ♦♥# ❝♦♠♣❧8#8 ❧✬8#✉❞❡ ❡♥ ❝♦♥*✐❞86❛♥# ❧❡ ❝❛* ❞✬✉♥❡ ✐♥#❡6❢❛❝❡

❧♦✉6❞✴❧8❣❡6✳ ❙❛♠#❛♥❡② ❡# ❩❛❜✉*❦② ❬✺✾❪ ♦♥# 8❣❛❧❡♠❡♥# ❞8✈❡❧♦♣♣8 ✉♥❡ ❡①♣6❡**✐♦♥ ❛♥❛❧②#✐3✉❡

♣♦✉6 ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝✐6❝✉❧❛#✐♦♥ ❞❛♥* ❧❡ ❝❛* ❞✬✉♥❡ ✐♥#❡6❢❛❝❡ ❝②❧✐♥❞6✐3✉❡ ❡# ❝✐6❝✉❧❛✐6❡✱ ✈❛❧✐❞8❡

♥✉♠86✐3✉❡♠❡♥#✳

▲❡ ❜✐❝♦✉❝❤❡

❈♦♠♠❡ ♥♦✉* ♥♦✉* ✐♥#86❡**♦♥* N ❧✬❛✉❣♠❡♥#❛#✐♦♥ ❞❡ ❧❛ ✈✐#❡**❡ ❞✉ ❝❤♦❝ ❞❛♥* ❧❡ ♠✐❧✐❡✉

❤8#86♦❣J♥❡✱ ❡# ❛✜♥ 3✉❡ ❝❡❧❧❡✲❝✐ *♦✐# ♠❛①✐♠❛❧❡✱ ♥♦✉* ❞❡✈♦♥* #6♦✉✈❡6 ✉♥❡ ❝♦♥✜❣✉6❛#✐♦♥ 3✉✐

♠❛①✐♠✐*❡ ❧❡ ❞8♣O# ❞❡ ✈♦6#✐❝✐#8✳ ❈❡❧❛ ❝♦66❡*♣♦♥❞ N ✉♥❡ ✐♥#❡6❢❛❝❡ ♣❧❛♥❡✱ ❝✬❡*# N ❞✐6❡ N ✉♥

♠✐❧✐❡✉ ❜✐❝♦✉❝❤❡✳ ◆♦✉* *✉♣❡6♣♦*♦♥* ❞❡✉① ♠❛#86✐❛✉①✱ ❧✬✉♥ ❧♦✉6❞ ❡# ❧✬❛✉#6❡ ❧8❣❡6 ✭✜❣✉6❡ ✶✳✶✼✮✳

❋✐❣✳ ✶✳✶✼ ✕ ●8♦♠8#6✐❡ ♠❛①✐♠✐*❛♥# ❧❡ ❞8♣O# ❞❡ ✈♦6#✐❝✐#8✳

W✐6♦♥ et al. ❬✺✶❪ ♦♥# ❝♦♠♠❡♥❝8 N 8#✉❞✐❡6 ❝❡##❡ ❣8♦♠8#6✐❡ ❡♥ *✐♠✉❧❛♥# ❧❛ ♣6♦♣❛❣❛#✐♦♥

❞✬✉♥ ❝❤♦❝ ❢♦6# ❧❡ ❧♦♥❣ ❞❡ ❧✬✐♥#❡6❢❛❝❡ ❡♥#6❡ ❧❡* ❞❡✉① ❣❛③ ❞❛♥* ✉♥❡ ❣8♦♠8#6✐❡ ❝♦♥✜♥8❡✳ ■❧* ♦♥#

#6♦✉✈8 3✉❡ ❧❛ ❞✐✛86❡♥❝❡ 6❡❧❛#✐✈❡ ❞❡* ✈✐#❡**❡* ❞❡ ❝❤♦❝ ❡♥#6❡ ❜✐❝♦✉❝❤❡ ❡# ♠✐❧✐❡✉ ❤♦♠♦❣J♥❡

❛✉❣♠❡♥#❡ ❛✈❡❝ ❧✬8♣❛✐**❡✉6 ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ ♠❛#86✐❛✉ ❧♦✉6❞ ❡# ❧❡ 6❛♣♣♦6# ❞❡ ❞❡♥*✐#8✳ ❉❛♥*

❧❡ ❝❤❛♣✐#6❡ ✸✱ ♥♦✉* ❞8❝6✐✈♦♥* ✉♥❡ ❡①♣86✐❡♥❝❡ *✉6 #✉❜❡ N ❝❤♦❝ ❝♦♥✜6♠❛♥# ❝❡* 68*✉❧#❛#*✳ ▲❛

✜❣✉6❡ ✶✳✶✽ ♠♦♥#6❡ 3✉❡❧3✉❡* ✐♠❛❣❡* ❞❡ *✐♠✉❧❛#✐♦♥ ❞❡ ♣6♦♣❛❣❛#✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥* ❞❡✉①

❝♦✉❝❤❡* ❞❡ ❣❛③ *✉♣❡6♣♦*8❡*✳

❖♥ 6❡#6♦✉✈❡ *✉6 ❧❛ ✜❣✉6❡ ✶✳✶✽ ❞❡* ♣♦✐♥#* ❝♦♠♠✉♥* ❛✈❡❝ ❧✬✐♥#❡6❛❝#✐♦♥ ❞✬✉♥ ❝❤♦❝ ❡# ❞✬✉♥❡

✜❜6❡✱ #❡❧* 3✉❡ ❧❡* ❝❤♦❝* #6❛♥*♠✐* ❡# 68✢8❝❤✐✱ ❧❛ ❝♦✉6❜✉6❡ ❞✉ ❢6♦♥# ❞❡ ❝❤♦❝✱ ❧✬❡♥6♦✉❧❡♠❡♥#

❞❡ ❧❛ ♠❛#✐J6❡✳ ▲❛ 68❢6❛❝#✐♦♥ ❡*# ❞❛♥* ❝❡##❡ ❝♦♥✜❣✉6❛#✐♦♥ #♦✉❥♦✉6* ✐668❣✉❧✐J6❡ ❡# ❧❡ ❞8♣O# ❞❡

✈♦6#✐❝✐#8 ❞❡66✐J6❡ ❧❡ ❝❤♦❝ ❡*# ♠❛①✐♠❛❧✳ ❖♥ ❞✐*#✐♥❣✉❡ ❞❡✉① 68❣✐♠❡* ❞✬8❝♦✉❧❡♠❡♥#✳ ▲❡ 68❣✐♠❡

#6❛♥*✐#♦✐6❡ ♣❡♥❞❛♥# ❧❡3✉❡❧ ❧❛ ✜❣✉6❡ ❞❡ 68❢6❛❝#✐♦♥ 8✈♦❧✉❡ ❡# ❧❡ 68❣✐♠❡ ❛*②♠#♦#✐3✉❡ ❝❛6❛❝#86✐*8

♣❛6 ❧❛ *#❛#✐♦♥♥❛6✐#8 ❛##❡✐♥#❡ ❞❡ ❧✬8❝♦✉❧❡♠❡♥#✳ ❯♥❡ ❞❡*❝6✐♣#✐♦♥ ❜❡❛✉❝♦✉♣ ♣❧✉* #❡❝❤♥✐3✉❡ *❡6❛

❞♦♥♥8❡ ❞❛♥* ❧❡ ❝❤❛♣✐#6❡ ✸✱ ✉♥❡ ❢♦✐* 3✉❡ ❧❡* ♥♦#✐♦♥* #❤8♦6✐3✉❡* *✉6 ❝❡ *✉❥❡# ❛✉6♦♥# 8#8 ♣♦*8❡*✳

❯♥❡ 6❡♠❛63✉❡ ♣❡✉# _#6❡ ❢❛✐#❡ ✐❝✐✳ ❙✉6 ❧❡ ❝❤♦❝ 68✢8❝❤✐✱ ❡# ❧8❣J6❡♠❡♥# *✉6 ❧❡ ❝❤♦❝ #6❛♥*♠✐*✱

♥♦✉* ♦❜*❡6✈♦♥* ❞❡* ✐668❣✉❧❛6✐#8* 6❡**❡♠❜❧❛♥# N ❞❡* ♠❛6❝❤❡* ❞✬❡*❝❛❧✐❡6✳ ❈❡❧❧❡*✲❝✐ ♣♦✉66❛✐❡♥#

_#6❡ *♦✐# ❧✐8❡* ❛✉ ♠❛✐❧❧❛❣❡✱ ❞♦♥❝ ❞✬♦6✐❣✐♥❡ ♥✉♠86✐3✉❡✱ *♦✐# ♣❤②*✐3✉❡✱ ❢♦6♠8❡* ♣❛6 ❧✬✐♥*#❛❜✐❧✐#8

❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧#③✳ ❉❛♥* ❧✬❛♥♥❡①❡ ❞✉ ❝❤❛♣✐#6❡ ✶✱ ♥♦✉* 8#✉❞✐♦♥* ❝❡* ❞❡✉① ❤②♣♦#❤J*❡* ❛✜♥

❞❡ ❞8#❡6♠✐♥❡6 ❧❛3✉❡❧❧❡ *❡6❛✐# ❧❛ ♣❧✉* ♣6♦❜❛❜❧❡✳ ◆♦✉* #6♦✉✈♦♥* 3✉❡ ❧❡* ❞❡✉① ♣❤8♥♦♠J♥❡*

*♦♥# 6❡*♣♦♥*❛❜❧❡* ❞❡* ✐668❣✉❧❛6✐#8* ♦❜*❡6✈8❡*✳



✸✽ ❉❡$❝&✐♣)✐♦♥ ❞❡ ❧❛ ♠♦✉$$❡ ❡) ❞❡ ❧✬♦✉)✐❧ ♥✉♠2&✐3✉❡

❋✐❣✳ ✶✳✶✽ ✕ ❊♥ ❤❛✉)✱ +,❣✐♠❡ )+❛♥1✐)♦✐+❡ ✭t❂✵✳✶♠1 ❡) t❂✵✳✷♠1✮ ❡) ❡♥ ❜❛1✱ +,❣✐♠❡ ❛1②♠♣)♦✲

)✐<✉❡ ✭t❂✵✳✻♠1✮✳

❊①♣2&✐❡♥❝❡$ ❧❛$❡&✲♠♦✉$$❡

❉❡1 ❡①♣,+✐❡♥❝❡1 ✐♠♣❧✐<✉❛♥) ❞❡1 ♠♦✉11❡1 ♦♥) ,❣❛❧❡♠❡♥) ,), +,❛❧✐1,❡1 ❛✈❡❝ ❞❡1 ❧❛1❡+1✳ ❊♥

✷✵✵✵✱ ❇❛)❛♥✐ et al. ❬✺❪ ,)✉❞✐❡♥) ❧❡ +H❧❡ ❞❡ ❧❛ ♠♦✉11❡ ❞❛♥1 ❧❡ ❧✐11❛❣❡ ❞✉ +❛②♦♥♥❡♠❡♥) ❧❛1❡+

1✉+ ❧❛ ❝✐❜❧❡ ❞❛♥1 ❧❡1 ♣+❡♠✐❡+1 ✐♥1)❛♥)1 ❞❡ ❧✬✐++❛❞✐❛)✐♦♥ ❧❛1❡+ ✭✐♠♣+✐♥)✮✳ ❊♥ ❝+,❛♥) ❞❡1 ♥♦♥✲

✉♥✐❢♦+♠✐),1 K ❧✬❛✐❞❡ ❞❡ ❣+✐❧❧❡1✱ ✐❧1 ✐++❛❞✐❡♥)✱ ❛✈❡❝ ❧❡ ❧❛1❡+ ♥,♦❞②♠❡ ❞✉ ▲❯▲■ K O❛❧❛✐1❡❛✉✱ ❞❡1

♠♦✉11❡1 ❞❡ )+P1 ❢❛✐❜❧❡1 ❞❡♥1✐),1✱ ❛❧❧❛♥) ❞❡ ✸✵ K ✷✵✵ ♠❣✴❝♠

3
✳ ■❧1 ♦❜1❡+✈❡♥) <✉❡ ❧❡ )+❛♥1♣♦+)

)❤❡+♠✐<✉❡ ❞✉ ♣❧❛1♠❛ 1✉+❝+✐)✐<✉❡ ❝+,, ♣❛+ ❧✬✐♥)❡+❛❝)✐♦♥ ❞❡ ❧❛ ♠♦✉11❡ ❛✈❡❝ ❧❡1 +❛②♦♥1 ❳ ♦✛+❡

✉♥ ❧✐11❛❣❡ ❞❡1 ♥♦♥✲✉♥✐❢♦+♠✐),1 ❞✉ ❧❛1❡+ ✐♠♣+✐♥) ❞❡ ✶✵✵ %✳ ❊♥ ✷✵✵✹✱ ❑♦❡♥✐❣ et al. ❬✸✸❪

✉)✐❧✐1❡♥) ❧❡ ♠W♠❡ ❧❛1❡+ ❞✉ ▲❯▲■ ♣♦✉+ ♠❡1✉+❡+ ❧❛ ✈✐)❡11❡ ❞✉ ❝❤♦❝ ❡) ❧❛ )❡♠♣,+❛)✉+❡ ❞❛♥1

❞❡✉① ♠♦✉11❡1 ❞❡ ❢❛✐❜❧❡1 ❞❡♥1✐),1 ✿ ✷✵ ❡) ✽✵✵ ♠❣✴❝♠

3
✳ ❙❡✉❧❡ ❧❛ ♠♦✉11❡ ❞❡ ✽✵✵ ♠❣✴❝♠

3

❛ ❞♦♥♥, ❞❡1 +,1✉❧)❛)1✳ ❈❡✉①✲❝✐ 1♦♥) ❡♥ ❛❝❝♦+❞ ❛✈❡❝ ❧❡1 )❛❜❧❡1 ❙❊❙❆▼❊✳ ❊♥ ✷✵✵✻✱ ❇❛)❛♥✐

et al. ❬✹❪ +,❛❧✐1❡♥) ❞✬❛✉)+❡1 ❡①♣,+✐❡♥❝❡1 K ❧✬❛✐❞❡ ❝❡))❡ ❢♦✐1✲❝✐ ❞✉ ❧❛1❡+ ✐♦❞✐♥❡ ❞✉ O❆▲❙ K

O+❛❣✉❡✳ ■❧1 ✉)✐❧✐1❡♥) ❞❡1 ♠♦✉11❡1 ♣♦✉+ ,)✉❞✐❡+ ❧✬❛❝❝,❧,+❛)✐♦♥ ❞✬✉♥ ❝❤♦❝ 1❡ ♣+♦♣❛❣❡❛♥) ❞❛♥1

✉♥ ♣+♦✜❧ ❞❡ ❞❡♥1✐), ❞,❝+♦✐11❛♥)✱ ♣❤,♥♦♠P♥❡ <✉❡ ❧✬♦♥ )+♦✉✈❡ ❧♦+1 ❞✬❡①♣❧♦1✐♦♥ ❞❡ 1✉♣❡+♥♦✈❛❡✳

■❧1 ♠♦♥)+❡♥) <✉❡ ❧✬❛❝❝,❧,+❛)✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥1 ❝❡ ❝❛1 1✉✐) ✉♥ ♠♦❞,❧❡ ✐1❡♥)+♦♣✐<✉❡✳

▼♦❞8❧❡ ❛♥❛❧②)✐3✉❡

❲♦✉❝❤✉❦ et al. ❬✻✼❪ ♦♥) ♣+♦♣♦1, ✉♥❡ ❛♣♣+♦❝❤❡ ❛♥❛❧②)✐<✉❡ ❞❡ ❧✬✐♥)❡+❛❝)✐♦♥ ❞✬✉♥ ❝❤♦❝ ♣❧❛♥

❛✈❡❝ ✉♥ ♠✐❧✐❡✉ ♣❡+)✉+❜,✳ ▲❛ ♣❡+)✉+❜❛)✐♦♥ ❡1) ♠♦❞,❧✐1,❡ ♣❛+ ✉♥ ❝❤❛♠♣ ❞❡ ✈♦+)✐❝✐), ❛❧,❛)♦✐+❡✱

❡♥ ✷❉ ❡) ✸❉✳ ■❧1 ♦♥) ❧✐♥,❛+✐1, ❧❡1 ,<✉❛)✐♦♥1 ❞✬♦♥❞❡ ❞✉ ✢✉✐❞❡ ❝♦♠♣+❡11, ❡) ❧❡1 ♦♥) +,1♦❧✉❡1

❡①❛❝)❡♠❡♥) ♣♦✉+ ❧❡ ❝❛1 ♦b ❧❡ ❝❤♦❝ 1❡ ♣+♦♣❛❣❡ 1❡✉❧ ❞❛♥1 ❧❡ ✢✉✐❞❡ )✉+❜✉❧❡♥)✳ ▲❡1 ,<✉❛)✐♦♥1 ❞❡

❘❛♥❦✐♥❡ ❍✉❣♦♥✐♦) ♦♥) ,❣❛❧❡♠❡♥) ,), ❧✐♥,❛+✐1,❡1 ❡) ❧❡1 1♦❧✉)✐♦♥1 ❛♥❛❧②)✐<✉❡1 ❡①❛❝)❡1 ♦♥) ,),

❞,+✐✈,❡1 ♣♦✉+ ❧❡1 <✉❛♥)✐),1 ✐♥),+❡11❛♥)❡1✱ K 1❛✈♦✐+✱ ❧❡1 ♣❡+)✉+❜❛)✐♦♥1 ❞❡ ♣+❡11✐♦♥ ❞✉ ❝❤♦❝✱

❧❡1 ♦♥❞✉❧❛)✐♦♥1 ❞✉ ❝❤♦❝✱ ❧❡1 ❝♦♠♣♦1❛♥)❡1 +♦)❛)✐♦♥♥❡❧❧❡1 ❞❡ ❧❛ ✈✐)❡11❡ ❡) ❧❛ ✈♦+)✐❝✐), ❞❛♥1 ❧❡

✢✉✐❞❡ 1♦✉1 ❝♦♠♣+❡11✐♦♥✳ ■❧1 ♦♥) ♠♦♥)+, <✉❡ ❧❛ ③♦♥❡ 1,♣❛+❛♥) ❧❡ ✢✉✐❞❡ ❛✉ +❡♣♦1 ❡) ❧❛ ③♦♥❡

)✉+❜✉❧❡♥)❡ ❡1) 1✉❥❡))❡ ❛✉① ✐♥1)❛❜✐❧✐),1 ❞❡ ❘✐)❝❤♠②❡+✲▼❡1❤❦♦✈ ❡) ❡♥ ♦♥) ❝❛❧❝✉❧, ❧❡ )❛✉① ❞❡

❝+♦✐11❛♥❝❡✳ ▲❡1 +,1✉❧)❛)1 1♦♥) ❣,♥,+❛❧✐1,1 K ❧✬,)✉❞❡ ❞❡ ❧✬✐♥)❡+❛❝)✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ ♣❧❛♥❡



✶✳✷ ▲❡ ❝♦❞❡ ❍❊❘❆ ✸✾

❛✈❡❝ ✉♥ ❝❤❛♠♣ ❞❡ ✈♦+,✐❝✐,. ✐/♦,+♦♣✐0✉❡ ✸❉ ❡, ✷❉✳ ❈❡ ❝❤❛♠♣ ❡/, ❞.❝♦♠♣♦/. ❡♥ ♠♦❞❡/ ❞❡

❋♦✉+✐❡+✱ ❡, ❝❤❛0✉❡ ♠♦❞❡ ❡/, /✉♣♣♦/. ✐♥,❡+❛❣✐+ ✐♥❞.♣❡♥❞❡♠♠❡♥, ❛✈❡❝ ❧❡ ❢+♦♥, ❞❡ ❝❤♦❝✳ ■❧/

♦♥, ♠♦♥,+. 0✉❡ ♣❧✉/ ❧❡ ✢✉✐❞❡ ❡/, ❝♦♠♣+❡//✐❜❧❡ ✭γ → 1✮ ❡, ❧❡ ❝❤♦❝ ❢♦+, ✭M → ∞✮✱ ♣❧✉/

❧✬.♥❡+❣✐❡ ❝✐♥.,✐0✉❡ ,✉+❜✉❧❡♥,❡ ❞✐♠✐♥✉❡✳ ❊♥ +❡✈❛♥❝❤❡✱ ✐❧/ ♥❡ ,✐+❡♥, ❛✉❝✉♥❡ ❝♦♥❝❧✉/✐♦♥ /✉+

❧✬❛✉❣♠❡♥,❛,✐♦♥ ❞❡ ❧❛ ✈✐,❡//❡ ❞✉ ❝❤♦❝ ♣+♦✈♦0✉.❡ ♣❛+ ❧❡/ ✐♥❤♦♠♦❣.♥.✐,./✳

✶✳✷ ▲❡ ❝♦❞❡ ❍❊❘❆

▲✬❡♥/❡♠❜❧❡ ❞❡/ .,✉❞❡/ ♥✉♠.+✐0✉❡/ ❡/, ♠❡♥. ❣+C❝❡ ❛✉ ❝♦❞❡ ❤②❞+♦❞②♥❛♠✐0✉❡ ❍❊❘❆

❬✸✷❪ 0✉✐ /❡ ♣+J,❡ ♣❛+❢❛✐,❡♠❡♥, K ❧❛ /✐♠✉❧❛,✐♦♥ ❞❡ ❧❛ ♣+♦♣❛❣❛,✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥/ ✉♥ ♠✐❧✐❡✉

❤.+.+♦❣L♥❡ ♣♦✉+ ❧❡/ +❛✐/♦♥/ .♥✉♠.+.❡/ ❝✐✲❞❡//♦✉/✳

✶✳✷✳✶ ❉❡%❝'✐♣*✐♦♥ ❞✉ ❝♦❞❡

▲❡ ❝♦❞❡ ❍❊❘❆ ♣+./❡♥,❡ ❞❡✉① ❣+♦/ ✐♥,.+J,/ ♣♦✉+ ♥♦/ .,✉❞❡/ ✿ ❞✬✉♥❡ ♣❛+, ✐❧ ✉,✐❧✐/❡ ✉♥

+❛✣♥❡♠❡♥, K ♠❛✐❧❧❛❣❡ ❛❞❛♣,❛,✐❢ ✭✜❣✉+❡ ✶✳✶✾✮✱ ❝❡ 0✉✐ ♣❡+♠❡, ❞❡ /✐♠✉❧❡+ ❞❡/ ♠✐❧✐❡✉① ❞❡

❣+❛♥❞❡ ❞✐♠❡♥/✐♦♥ ,♦✉, ❡♥ ❣❛+❞❛♥, ✉♥❡ ❞❡/❝+✐♣,✐♦♥ ♣+.❝✐/❡ ❞✉ ❝❤♦❝ ❡, ❞❡/ ❣+❛❞✐❡♥,/ ,+./

+❛✐❞❡/✳ ❉✬❛✉,+❡ ♣❛+,✱ ✐❧ ♦♣L+❡ /②/,.♠❛,✐0✉❡♠❡♥, ✉♥❡ +❡❝♦♥/,+✉❝,✐♦♥ ❞✬✐♥,❡+❢❛❝❡ ❞❛♥/ ❧❡/

♠❛✐❧❧❡/ ♠✐①,❡/✱ 0✉✐ ♦✛+❡ ✉♥❡ ❛❞✈❡❝,✐♦♥ ♣+❡/0✉❡ ♥♦♥ ❞✐✛✉/✐✈❡ ❡, ❞♦♥❝ ❧❛ ❝♦♥/❡+✈❛,✐♦♥ ❞❡/

❣+❛❞✐❡♥,/ ❞❡ ❞❡♥/✐,.✱ ✐♥❞✐/♣❡♥/❛❜❧❡ ♣♦✉+ ♥♦,+❡ .,✉❞❡✳ ◆♦✉/ ✉,✐❧✐/♦♥/ ❧❡/ .0✉❛,✐♦♥/ ❞✬.,❛, ❞❡/

❣❛③ ♣❛+❢❛✐,/ ❡♥ ♥.❣❧✐❣❡❛♥, ❝♦♥❞✉❝,✐♦♥ ,❤❡+♠✐0✉❡ ❛✐♥/✐ 0✉❡ ✈✐/❝♦/✐,.✳ ❉❡ ♣❧✉/✱ ❍❊❘❆ ❡/, ✉♥

❝♦❞❡ ♣/❡✉❞♦✲❡✉❧.+✐❡♥✱ ❝✬❡/, K ❞✐+❡ 0✉❡ ❝❤❛0✉❡ ✐,.+❛,✐♦♥ ❝♦♠♣♦+,❡ ✉♥❡ ♣❤❛/❡ ❞❡ ❞✐❧❛,❛,✐♦♥

❧❛❣+❛♥❣✐❡♥♥❡ ❞✉ ♠❛✐❧❧❛❣❡✱ ♣✉✐/ ✉♥❡ ♣❤❛/❡ ❞❡ +❡♣+♦❥❡❝,✐♦♥✳ ❈❡❝✐ ♦✛+❡ ❧✬✐♥,.+J, ❞✬✉♥ ❜♦♥

+❡♥❞✉ ❞✉ ❝❤♦❝ ✉♥✐0✉❡♠❡♥, ♣♦//✐❜❧❡ ❡♥ ♣+❛,✐0✉❡ ❛✈❡❝ ✉♥ ❝♦❞❡ ❧❛❣+❛♥❣✐❡♥✱ ,♦✉, ❡♥ ❣❛+❞❛♥,

✉♥❡ ❞❡/❝+✐♣,✐♦♥ ❞.,❛✐❧❧.❡ ❞❡/ ♣❤.♥♦♠L♥❡/ ❞❡ ✈♦+,✐❝✐,. 0✉✐ /❡+❛✐❡♥, ♣❧✉,X, ❞✉ ❞♦♠❛✐♥❡ ❞❡

❧✬❤②❞+♦❞②♥❛♠✐0✉❡ ❡✉❧.+✐❡♥♥❡✳ ❊♥✜♥✱ ❍❊❘❆ ✉,✐❧✐/❡ ✉♥ /❝❤.♠❛ ❞❡ ,②♣❡ ●♦❞✉♥♦✈ ❞✬♦+❞+❡ ✷✳

❋✐❣✳ ✶✳✶✾ ✕ ❘❛✣♥❡♠❡♥, K ♠❛✐❧❧❛❣❡ ❛❞❛♣,❛,✐❢

✶✳✷✳✷ /♦%*✲*'❛✐*❡♠❡♥*

❯♥ /②/,L♠❡ ❞❡ ♣♦/,✲,+❛✐,❡♠❡♥, ❞❡/ ✜❝❤✐❡+/ ❞❡ /♦+,✐❡ ✐//✉/ ❞✬❍❊❘❆ ❛ .,. ❞.✈❡❧♦♣♣.✳

❈❡/ ✜❝❤✐❡+/ ❞❡ /♦+,✐❡ /♦♥, ❞✉ ,②♣❡ ❯❈❉ ✭❯♥/,+✉❝,✉+❡❞ ❈❡❧❧ ❉❛,❛✮ ❜✐♥❛✐+❡✳ ▲❛ ♣+❡♠✐L+❡



✹✵ ❉❡$❝&✐♣)✐♦♥ ❞❡ ❧❛ ♠♦✉$$❡ ❡) ❞❡ ❧✬♦✉)✐❧ ♥✉♠2&✐3✉❡

 !❛♣❡ ❞✉ ♣♦(!✲!*❛✐!❡♠❡♥! ❝♦♥(✐(!❡ ❡♥ ❧❛ *❡♣*♦❥❡❝!✐♦♥ ❞❡( ❣*✐❧❧❡( ✈❡*( ✉♥ ♠❛✐❧❧❛❣❡ ❝❛*! (✐❡♥

❤♦♠♦❣4♥❡ ❞❡ ♣❛( ♠✐♥✐♠❛❧✱ (❛♥( ♣❡*!❡ ❞✬✐♥❢♦*♠❛!✐♦♥✳ ▲❡ *❡(!❡ ❞✉ !*❛✐!❡♠❡♥! ❡(! ❡✛❡❝!✉ 

(♦✉( ▼❛!❧❛❜✳

✶✳✷✳✸ ❈♦♥✜❣✉*❛,✐♦♥ ♥✉♠/*✐0✉❡

❆✈❡❝ ❍❊❘❆✱ ♥♦✉( ❛✈♦♥( ♣✉ * ❛❧✐(❡* ❞❡( ❝❛❧❝✉❧( (✐♠✉❧❛♥! ❧✬❡①♣ *✐❡♥❝❡ (✉* ✉♥ ❜✐❝♦✉❝❤❡✱

❞ ❝*✐!❡ ❞❛♥( ❧❡ ❝❤❛♣✐!*❡ ✸✳ ❍❊❘❆ ❛  ❣❛❧❡♠❡♥!  ! ❧❡ (✉♣♣♦*! ♥✉♠ *✐C✉❡ ❞❡ !♦✉!❡ ❧✬ !✉❞❡

❞❡ ❧❛ ♣*♦♣❛❣❛!✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥( ❞❡( * (❡❛✉① ❞❡ ✜❜*❡(✱ !*❛✐! ❡ ❞❛♥( ❧❡( ❝❤❛♣✐!*❡( ✹ ❡! ✺✳

▲❡( ❞❡✉① ❝♦♥✜❣✉*❛!✐♦♥( ♥✉♠ *✐C✉❡(✱ ❜✐❝♦✉❝❤❡ ❡! * (❡❛✉① ❞❡ ✜❜*❡(✱ (♦♥! ❞ !❛✐❧❧ (✳

❇✐❝♦✉❝❤❡

▲❛ ♠♦❞ ❧✐(❛!✐♦♥ ❞✉ ❜✐❝♦✉❝❤❡ ❡(! *❡♣* (❡♥! ❡ ♣❛* ❧❛ ✜❣✉*❡ ✶✳✷✵✳

❋✐❣✳ ✶✳✷✵ ✕ ▼♦❞ ❧✐(❛!✐♦♥ ♥✉♠ *✐C✉❡ ❞✉ ❜✐❝♦✉❝❤❡ ✈✐(✉❛❧✐( ❡ ❛✈❡❝ ▼❛!❧❛❜

▲❛ ❜♦K!❡ ❞❡ (✐♠✉❧❛!✐♦♥ ❡(! ❝♦♥❞✐!✐♦♥♥ ❡ ♣❛* !*♦✐( ♠✉*(✱ ❡♥ ❤❛✉!✱ ❡♥ ❜❛(✱ L ❞*♦✐!❡ ❡! ♣❛*

✉♥ ✢✉① L ❣❛✉❝❤❡✳ ▲✬❛✐* ❝♦♠♣*✐♠ (✉* ❧❡ ♠✉* ❞❡ ❣❛✉❝❤❡ ❛ ✉♥ *N❧❡ ❞❡ ♣✐(!♦♥✳ ■❧ (❡ ❞ ♣❧❛❝❡ ❞❡

❧❛ ❣❛✉❝❤❡ ✈❡*( ❧❛ ❞*♦✐!❡ L ❢❛✐❜❧❡( ♥♦♠❜*❡( ❞❡ ▼❛❝❤✱ ❝♦♠♣*✐( ❡♥!*❡ ✶✱✶ ❡! ✶✱✽✳ ▲❡ ❜✐❝♦✉❝❤❡✱

♠✐❧✐❡✉ ✐♠♠♦❜✐❧❡ ✐♥✐!✐❛❧❡♠❡♥!✱ ❡(! ❝♦♠♣♦( ❞✬❛✐* ❡! ❞❡ ❙❋✻✳ ▲✬❛✐* ❞✉ ❜✐❝♦✉❝❤❡ ❛ ✉♥❡ ❞❡♥(✐! 

✐♥✐!✐❛❧❡ ❞❡ ✶✱✶✻✸ ❦❣✴♠

3
✱ ✉♥❡ ♠❛((❡ ♠♦❧❛✐*❡ M = 29 ❣✴♠♦❧ ❡! ✉♥ ❝♦❡✣❝✐❡♥! ❛❞✐❛❜❛!✐C✉❡

γ = 1, 4✳ ▲❛ ❞❡♥(✐! ✐♥✐!✐❛❧❡ ❞✉ SF6 ❡(! ❞❡ ✺✱✽✺✻ ❦❣✴♠

3
✱ (❛ ♠❛((❡ ♠♦❧❛✐*❡ ❡(! M = 146

❣✴♠♦❧ ❡! (♦♥ ❝♦❡✣❝✐❡♥! ❛❞✐❛❜❛!✐C✉❡ ✈❛✉! γ = 1, 09✳ ▲❡( ❞❡✉① ❣❛③ (♦♥! L ✉♥❡ ♣*❡((✐♦♥ ✐♥✐!✐❛❧❡

❞❡ 105 X❛ ❡! L ✉♥❡ !❡♠♣ *❛!✉*❡ ❞❡ ✸✵✵ ❑✳ ▲❡ !❛✉① ❞❡ ♣* (❡♥❝❡ ξ ❞✉ SF6 ❝♦**❡(♣♦♥❞ !♦✉!

(✐♠♣❧❡♠❡♥! L ❧❛ ❤❛✉!❡✉* ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ SF6 ♣❛* *❛♣♣♦*! L ❧❛ ❤❛✉!❡✉* !♦!❛❧❡ ❞❡ ❧❛ ❜♦K!❡

❞❡ (✐♠✉❧❛!✐♦♥✳

❘2$❡❛✉① ❞❡ ✜❜&❡$

❱♦✐❝✐ (✉* ❧❛ ✜❣✉*❡ ✶✳✷✶ ❞❡✉① ❡①❡♠♣❧❡( ❞❡ * (❡❛✉① ❞❡ ✜❜*❡( ❞✐(♣♦( ❡( ❡♥ ❝❛** ❡! ❡♥

C✉✐♥❝♦♥❝❡(✳

❋✐❣✳ ✶✳✷✶ ✕ ▼♦❞ ❧✐(❛!✐♦♥( ♥✉♠ *✐C✉❡( ❞❡( * (❡❛✉① ❞❡ ✜❜*❡( ❡♥ ❝❛** ✭❡♥ ❤❛✉!✮ ❡! ❡♥ C✉✐♥✲

❝♦♥❝❡( ✭❡♥ ❜❛(✮ ✈✐(✉❛❧✐( ❡( ❛✈❡❝ ▼❛!❧❛❜✳



✶✳✷ ▲❡ ❝♦❞❡ ❍❊❘❆ ✹✶

▲❛ ❜♦$%❡ ❞❡ (✐♠✉❧❛%✐♦♥ ❡(% ❝♦♥✜♥0❡ ♣❛2 %2♦✐( ❝♦♥❞✐%✐♦♥( ❞❡ ♠✉2 ❡♥ ❤❛✉%✱ ❡♥ ❜❛( ❡% 5

❣❛✉❝❤❡✳ ❯♥❡ ❝♦♥❞✐%✐♦♥ ❞❡ ✢✉① 5 40 ❦♠✴( ❡♥%2❛♥% ♣❛2 ❧❛ ❞2♦✐%❡ ❧✉✐ ❡(% ❛✛❡❝%0❡✳ ▲❡ ❝❤♦❝ ❡(%
❝200 ♣❛2 ❧✬0❝2❛(❡♠❡♥% ❞✉ ♠✐❧✐❡✉ (✉2 ❧❡ ♠✉2 ❞❡ ❣❛✉❝❤❡ ❡% (❡ ♣2♦♣❛❣❡ ❞❡ ❧❛ ❣❛✉❝❤❡ ✈❡2( ❧❛

❞2♦✐%❡ 5 ❞❡( ♥♦♠❜2❡( ❞❡ ▼❛❝❤ ❞❡ A✉❡❧A✉❡( ♠✐❧❧✐❡2(✳ ▲❛ ♣2❡((✐♦♥ ✐♥✐%✐❛❧❡ ❞✉ ♠✐❧✐❡✉ ❡(% ✜①0❡

5 105 B❛✳ ▲❡ 2❛♣♣♦2% ❞❡ ❞❡♥(✐%0✱ ❧❡( ❝♦❡✣❝✐❡♥%( ❛❞✐❛❜❛%✐A✉❡( ❛✐♥(✐ A✉❡ ❧❡ %❛✉① ❞❡ ♣20(❡♥❝❡
❞❡( ✜❜2❡( ✈❛2✐❡♥% (✉✐✈❛♥% ❧❡( 0%✉❞❡( 20❛❧✐(0❡(✳ ◆♦✉( ♦❜%❡♥♦♥( ❞✐✛02❡♥%❡( ✈❛❧❡✉2( ❞✉ %❛✉① ❞❡

♣20(❡♥❝❡ %♦✉% (✐♠♣❧❡♠❡♥% ❡♥ ❢❛✐(❛♥% ✈❛2✐❡2 ❧✬✐♥%❡2✈❛❧❧❡ ❡♥%2❡ ❧❡( ✜❜2❡(✳ ❈❡%%❡ ❝♦♥✜❣✉2❛%✐♦♥

❜0♥0✜❝✐❡ ❞✬✉♥ 20❢02❡♥%✐❡❧ ❛%②♣✐A✉❡✳ ■❧ ❡(% (♦✉✈❡♥% ♣❧✉( ❝♦✉2❛♥% ❞✬0%✉❞✐❡2 ❧❛ ♣2♦♣❛❣❛%✐♦♥

❞✬✉♥ ❝❤♦❝ ❞❛♥( (♦♥ ♣2♦♣2❡ 20❢02❡♥%✐❡❧ ♦✉ ❞❛♥( ❝❡❧✉✐ ❞✉ ❧❛❜♦2❛%♦✐2❡✳ ❚♦✉%❡❢♦✐(✱ ❞❛♥( ♥♦%2❡

❝❛(✱ ❛✜♥ ❞✬0✈✐%❡2 ❧✬❛❞✈❡❝%✐♦♥ ❞❡ ❧❛ ♠❛%✐J2❡ (♦✉( ❝❤♦❝ ❡% ❞♦♥❝✱ ❧❡( 2✐(A✉❡( ❞❡ ❞✐✛✉(✐♦♥ A✉✐
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♣♦✉% ❧❛ ❣%❛♥❞❡ ♣❛%,✐❡ ❞❡- -✐♠✉❧❛,✐♦♥- ❡✛❡❝,✉&❡- ❞❛♥- ❝❡,,❡ ,❤D-❡✱ ✉♥ ❝♦♠♣%♦♠✐- ❡♥,%❡ ✉♥❡

C✉❛❧✐,& ❞✬✐♠❛❣❡ ❡, ❞❡ %&-✉❧,❛,- -❛,✐-❢❛✐-❛♥,❡ ❡, ✉♥❡ ❞✉%&❡ ❞❡ -✐♠✉❧❛,✐♦♥ ❝♦%%❡❝,❡✱ -♦✐, ✷✵

♠❛✐❧❧❡- ✐♥✐,✐❛❧❡- ✈❡%,✐❝❛❧❡- ❡, ✉♥ ♥✐✈❡❛✉ ❞❡ %❛✣♥❡♠❡♥, ❞❡ (2 ∗ 2)3 ♦✉ ❞❡ (3 ∗ 3)2✳



❆✳✷ ▲❡ %❛✣♥❡♠❡♥* ❞✉ ❝♦❞❡ ❍❊❘❆ ✹✼

❋✐❣✳ ❆✳✸ ✕ ✷✵ ♠❛✐❧❧❡+ ✈❡-.✐❝❛❧❡+ ❀ -❛✣♥❡♠❡♥.✱ ❞❛♥+ ❧✬♦-❞-❡ ✿ ✭✷✯✷✮

2
✱ ✭✷✯✷✮

3
✱ ✭✸✯✸✮

2
❡. ✭✸✯✸✮

3
✳



✹✽ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧-③ ❡- /❛✣♥❡♠❡♥- ❞✉ ❝♦❞❡ ❍❊❘❆

❋✐❣✳ ❆✳✹ ✕ ✺✵ ♠❛✐❧❧❡+ ✈❡-.✐❝❛❧❡+ ❀ -❛✣♥❡♠❡♥.✱ ❞❛♥+ ❧✬♦-❞-❡ ✿ ✭✷✯✷✮

2
✱ ✭✷✯✷✮

3
✱ ✭✸✯✸✮

2
❡. ✭✸✯✸✮

3
✳



❆✳✷ ▲❡ %❛✣♥❡♠❡♥* ❞✉ ❝♦❞❡ ❍❊❘❆ ✹✾

❋✐❣✳ ❆✳✺ ✕ ❱✐&❡((❡( ❞✉ ❝❤♦❝ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ ♥♦♠❜2❡ ♠❛①✐♠❛❧ ❞❡ ♠❛✐❧❧❡( (❡❧♦♥ ❞✐✛72❡♥&(

♥✐✈❡❛✉① ❞❡ 2❛✣♥❡♠❡♥&✳



✺✵ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧-③ ❡- /❛✣♥❡♠❡♥- ❞✉ ❝♦❞❡ ❍❊❘❆



❈❤❛♣✐%&❡ ✷

❱♦"#❡① ❡# ❝❤♦❝( ✿ #❤*♦"✐❡ ❡# ♠♦❞.❧❡(

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ♥♦✉# ✐♥#✐#)♦♥# #✉* ❧❡# ♣*✐♥❝✐♣❡# ❢♦♥❞❛♠❡♥)❛✉① ❞❡ ❧❛ ♣❤②#✐4✉❡ 4✉✐

❡♥❣❧♦❜❡♥) ❧✬8)✉❞❡ ❞❡ ❧❛ ♣*♦♣❛❣❛)✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥# ✉♥ ♠✐❧✐❡✉ ❤8)8*♦❣9♥❡✳ ◆♦✉# ♥♦✉# ✐♥)8✲

*❡##♦♥# ❞✬❛❜♦*❞ = ❧✬❤②❞*♦❞②♥❛♠✐4✉❡✱ ♣*8#❡♥)❡ ❞❡✈❛♥) ❡) ❞❡**✐9*❡ ❧❡ ❝❤♦❝✱ ♣✉✐# = ❧❛ ❞8)♦♥✐4✉❡✱

4✉✐ ❞8❝*✐) ❧❡ ❝❤♦❝ ❡) ❧❡# ♣❤8♥♦♠9♥❡# ❞❡ *8❢*❛❝)✐♦♥ 4✉✐ ❡♥ ❞8❝♦✉❧❡♥)✳ ❉❡✉① ♠♦❞9❧❡# ❛♥❛❧②✲

)✐4✉❡# #♦♥) ♣*8#❡♥)8# ✿ ❝❡❧✉✐ ❞❡ ❍❛③❛❦ et al. ❬✷✸❪✱ 4✉✐ ❝♦♥#✐❞9*❡ ✉♥❡ ♠♦②❡♥♥❡ #♣❛)✐❛❧❡ ❞❡#
✢✉❝)✉❛)✐♦♥# ❞❡# ❣*❛♥❞❡✉*# ❞❡✈❛♥) ❡) ❞❡**✐9*❡ ❧❡ ❝❤♦❝ = ♣❛*)✐* ❞❡# *❡❧❛)✐♦♥# ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦)✱ ❡) ❝❡❧✉✐ ❞❡ ❙❛✉*❡❧ et al. ❬✻✵❪✱ 4✉✐✱ ❞❛♥# ❧❡# 84✉❛)✐♦♥# ❞❡ ❧❛ )✉*❜✉❧❡♥❝❡✱ ♣*❡♥❞ ❡♥
❝♦♠♣)❡ ❧❡ ❞8♣L) ❞❡ ✈♦*)✐❝✐)8 ❞❡**✐9*❡ ❧❡ ❝❤♦❝✳

✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡

◆♦✉# ❞%❜✉'♦♥# ❝❡''❡ ♣❛-'✐❡ ♣❛- ❞❡# -❛♣♣❡❧# ❞❡ ♠%❝❛♥✐1✉❡ ❞❡# ✢✉✐❞❡#✳ ◆♦✉# -❡♣♦#♦♥# ❧❡#

%1✉❛'✐♦♥# ❞❡ ❝♦♥#❡-✈❛'✐♦♥ ❞❡ ❧❛ ♠❛##❡✱ 1✉❛♥'✐'% ❞❡ ♠♦✉✈❡♠❡♥' ❡' %♥❡-❣✐❡✳ ❊♥#✉✐'❡✱ ❧❡# ♥♦✲

'✐♦♥# ❞❡ ✈♦-'✐❝✐'% ❡' '✉-❜✉❧❡♥❝❡ ❛❜♦-❞%❡# ❛✉ ❝❤❛♣✐'-❡ ✶ #❡-♦♥' ❞%✈❡❧♦♣♣%❡# ❡' ❛♣♣-♦❢♦♥❞✐❡#✳

▲❡# ♦✉✈-❛❣❡# ❬✹✷❪✱ ❬✷✵❪✱ ❬✹✵❪ ❡' ❬✸✼❪ ♦♥' ✐♥#♣✐-% ❝❡ 1✉✐ #✉✐'✳

✷✳✶✳✶ ▲❡% &'✉❛*✐♦♥% ❞❡ ❝♦♥%❡0✈❛*✐♦♥

◆♦✉# ❞♦♥♥♦♥# ✐❝✐ ❧❡# %1✉❛'✐♦♥# ❞❡ ❝♦♥#❡-✈❛'✐♦♥ ❞%❝-✐✈❛♥' ❧❡ ♠✐❧✐❡✉ 1✉❡ ♥♦✉# %'✉❞✐♦♥#✳

~u ❡#' ❧❛ ✈✐'❡##❡ ❞✉ ✢✉✐❞❡✱ ρ #❛ ♠❛##❡ ✈♦❧✉♠✐1✉❡✱ p ❧❛ ♣-❡##✐♦♥ ❡' ei ❧✬%♥❡-❣✐❡ ✐♥'❡-♥❡✳ ▲❡#

✈✐'❡##❡# ❞❡ ✢✉✐❞❡# %'❛♥' '-E# %❧❡✈%❡#✱ ❧❡ ♥♦♠❜-❡ ❞❡ ❘❡②♥♦❧❞# ❛''❡✐♥' ♣❧✉#✐❡✉-# ♠✐❧❧✐❡-#✳ ◆♦✉#

♣♦✉✈♦♥# ❞♦♥❝ ♥%❣❧✐❣❡- ❧❡# ❡✛❡'# ❞❡ ❧❛ ✈✐#❝♦#✐'% ❡' ❞❡ ❧❛ ❣-❛✈✐'%✳ ▲❛ ♠❛♥✐E-❡ ❞✬♦❜'❡♥✐- ❝❡#

%1✉❛'✐♦♥# ❡#' ❞%❝-✐'❡ ❡♥ ❞%'❛✐❧ ❞❛♥# ❧✬❛♥♥❡①❡ ❞❡ ❝❡ ❝❤❛♣✐'-❡✳

❈♦♥#❡%✈❛(✐♦♥ ❞❡ ❧❛ ♠❛##❡ ✿ ./✉❛(✐♦♥ ❞❡ ❝♦♥(✐♥✉✐(.

∂ρ
∂t
+∇.ρ~u = 0 ✭✷✳✶✮

❈♦♥#❡%✈❛(✐♦♥ ❞❡ ❧❛ /✉❛♥(✐(. ❞❡ ♠♦✉✈❡♠❡♥( ✿ ./✉❛(✐♦♥# ❞✬❊✉❧❡%

∂(ρ~u)
∂t

+∇.(ρ~u⊗ ~u) = −∇p ✭✷✳✷✮



✺✷ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❈♦♥*❡$✈❛%✐♦♥ ❞❡ ❧✬,♥❡$❣✐❡

∂
∂t

(
ρu2

2 + ρei

)
= −∇.

[
~u
(

ρu2

2 + p+ ρei

)]
✭✷✳✸✮

✷✳✶✳✷ ▲❛ ✈♦'(✐❝✐(+

❉,✜♥✐%✐♦♥

▲❛ ✈♦)*✐❝✐*- ω .❡ ❞-✜♥✐* ❝♦♠♠❡ ❧❡ )♦*❛*✐♦♥♥❡❧ ❞✉ ✈❡❝*❡✉) ✈✐*❡..❡ ✿

~ω = ∇∧ ~u ✭✷✳✹✮

❊❧❧❡ ✐♥*❡)✈✐❡♥* ❞❛♥. ❧❡. ✢✉✐❞❡. ✈✐.:✉❡✉① ❡* ❧❡. -❝♦✉❧❡♠❡♥*. *✉)❜✉❧❡♥*.✳ ❈❡. ❞❡)♥✐❡). ♣❡✉✈❡♥*

?*)❡ ❝♦♥.✐❞-)-. ❝♦♠♠❡ ❧❛ .✉♣❡)♣♦.✐*✐♦♥ ❞✬✉♥❡ *)❛♥.❧❛*✐♦♥ ♠♦②❡♥♥❡ ❡* ❞❡ ♠♦✉✈❡♠❡♥*. ❞❡ )♦✲

*❛*✐♦♥ ❧♦❝❛❧❡✳ ▲❛ ✈♦)*✐❝✐*- ❡.* C ❧✬♦)✐❣✐♥❡ ❞✬-❝♦✉❧❡♠❡♥*. *♦✉)❜✐❧❧♦♥♥❛✐)❡.✱ ♦✉ ✈♦)*❡①✱ ❞✬-❝❤❡❧❧❡.

❞❡ *❛✐❧❧❡. *)G. ✈❛)✐❛❜❧❡.✳ ❊♥ ❡✛❡*✱ ♦♥ *)♦✉✈❡ ❞❡. ✈♦)*❡① ❛✉..✐ ❜✐❡♥ ❞❛♥. ❧❡. *)♦♠❜❡. ❛*♠♦✲

.♣❤-)✐:✉❡. :✉❡ ❞❛♥. ❧✬❤-❧✐✉♠ .✉♣❡)✢✉✐❞❡ ♦✉ *♦✉* .✐♠♣❧❡♠❡♥* ❧♦). ❞❡ ✈✐❞❛♥❣❡ ❞❡ ♥♦. ❧❛✈❛❜♦.

❡* ❜❛✐❣♥♦✐)❡.✳

❊;✉❛%✐♦♥ ❞✬,✈♦❧✉%✐♦♥ ❞❡ ❧❛ ✈♦$%✐❝✐%,

▲✬-✈♦❧✉*✐♦♥ ❞❡ ❧❛ ✈♦)*✐❝✐*- ❡.* ❞-❝)✐*❡ ♣❛) ❧✬-:✉❛*✐♦♥ .✉✐✈❛♥*❡✱ ❞♦♥* ❧❡ ❞-✈❡❧♦♣♣❡♠❡♥* .❡

*)♦✉✈❡ ❡♥ ❛♥♥❡①❡ ❞❡ ❝❡ ❝❤❛♣✐*)❡ ✿

d
dt

(
~ω
ρ

)
= 1

ρ3 (∇ρ ∧∇p) ✭✷✳✺✮

❖♥ )❡*)♦✉✈❡ ✐❝✐ ❧❛ ❝❛✉.❡ ❞❡ ❧✬♦)✐❣✐♥❡ ❞❡ ❧❛ ✈♦)*✐❝✐*- ❛❜♦)❞-❡ ❛✉ ❝❤❛♣✐*)❡ ♣)-❝-❞❡♥* ✿ ❧✬❡✛❡*

❜❛)♦❝❧✐♥❡✱ *)❛❞✉✐* ❞❛♥. ❧✬-:✉❛*✐♦♥ ❞✬-✈♦❧✉*✐♦♥ ❞❡ ❧❛ ✈♦)*✐❝✐*- ♣❛) ❧❡ *❡)♠❡ ∇ρ ∧∇p✳ ❈❡❧✉✐✲

❝✐ .✐❣♥✐✜❡ ✉♥ ❞-❢❛✉* ❞✬❛❧✐❣♥❡♠❡♥* ❞❡. ❣)❛❞✐❡♥*. ❞❡ ♣)❡..✐♦♥ ❡* ❞❡♥.✐*-✱ ❧❡ ♣)❡♠✐❡) -*❛♥*

❧✐- C ❧✬❡✛♦)* :✉✐ .✬❡①❡)❝❡ .✉) ❧❡ ✢✉✐❞❡✱ ❧❡ .❡❝♦♥❞ C .❛ ♠❛..❡ ✐♥❡)*❡✳ ◗✉❛♥❞ ❝❡. ❣)❛❞✐❡♥*.

❞❡✈✐❡♥♥❡♥* ♣❡)♣❡♥❞✐❝✉❧❛✐)❡. ❡♥*)❡ ❡✉①✱ ❧❛ ✈♦)*✐❝✐*- ❛**❡✐♥* .❛ ✈❛❧❡✉) ♠❛①✐♠❛❧❡✳

❈✐$❝✉❧❛%✐♦♥ ❞❛♥* ❧❡* ,❝♦✉❧❡♠❡♥%* ❝♦♠♣$❡**✐❜❧❡*

❯♥❡ ❛✉*)❡ ♠❛♥✐G)❡ ❞✬-*✉❞✐❡) ❧❛ ❞②♥❛♠✐:✉❡ ❞❡ ❧❛ ✈♦)*✐❝✐*- ❝♦♥.✐.*❡ C ❡①❛♠✐♥❡) ❝♦♠♠❡♥*

✈❛)✐❡ ❧❛ ❝✐)❝✉❧❛*✐♦♥ .✉) ✉♥ ❝♦♥*♦✉) ❢❡)♠- :✉❡❧❝♦♥:✉❡ *)❛❝- ❞❛♥. ❧❡ ✢✉✐❞❡ ❡* ❡♥*)❛✐♥- ❛✈❡❝ ❧✉✐✳

❘❛♣♣❡❧♦♥. ❞✬❛❜♦)❞ ❧❡ *❤-♦)G♠❡ ❞❡ ❧❛ ❝✐)❝✉❧❛*✐♦♥✱ ♦✉ ❧❡ *❤-♦)G♠❡ ❞❡ ❑❡❧✈✐♥✱ .✬❛♣♣❧✐:✉❛♥*
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d

dt

[∫

C

~u.δ~l
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= 0 ✭✷✳✻✮
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d

dt

[∫

C

~u.δ~l

]
=

∫

C

d~u

dt
.δ~l = −

∫

C

∇p

ρ
.δ~l ✭✷✳✼✮



✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡ ✺✸

❖♥ ❛ ✉$✐❧✐'( ❧✬(*✉❛$✐♦♥ ❞✬❊✉❧❡/ '♦✉' ❧❛ ❢♦/♠❡

d~u
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d

dt
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C

~u.δ~l

]
=

d

dt

∫∫

S

∇∧ ~u.δs~n =
d

dt

∫∫

S

~ω.δs~n ✭✷✳✽✮
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❞❛♥% ❞❡% %❡♥% ♦♣♣♦%.% ❞✬✉♥❡ ❛❧❧.❡ 0 ❧✬❛✉'$❡✳ ❊♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ❞✐%'❛♥❝❡ ❡♥'$❡ ❧❡% ❛❧❧.❡%✱

❧❡% ❝♦♥%.6✉❡♥❝❡% ❡♥ %♦♥' ❞✐✛.$❡♥'❡%✳ ❙✉$ ❧❛ ✜❣✉$❡ ✷✳✹✱ 0 ❣❛✉❝❤❡ ❧❡% $❛♥❣.❡% ❞❡ ✜❜$❡% ❡♥

6✉✐♥❝♦♥❝❡% %♦♥' %✉✣%❛♠❡♥' .❧♦✐❣♥.❡% ♣♦✉$ 6✉❡ ❧✬.❝♦✉❧❡♠❡♥' %♦✐' ♦$❞♦♥♥. ❡♥'$❡ ❧❡% ❛❧❧.❡%

❞❡ ✈♦$'❡①✳ ❈❡''❡ ❝♦♥✜❣✉$❛'✐♦♥ ❡%' ❝♦♥%'$✉❝'✐✈❡✳ ❆ ❞$♦✐'❡ ❞❡ ❧❛ ✜❣✉$❡ ✷✳✹✱ ❧❡% $❛♥❣.❡% ❞❡

✜❜$❡% %♦♥' '$C% $❛♣♣$♦❝❤.❡% ❧❡% ✉♥❡% ❞❡% ❛✉'$❡%✱ ❧❡% ✢C❝❤❡% ❜❧❡✉❡% ❡' $♦✉❣❡% %❡ %✉♣❡$♣♦%❡♥'✳

❈❡''❡ ♦♣♣♦%✐'✐♦♥ ❞❛♥% ❧❡ %❡♥% ❞❡% ✈✐'❡%%❡% ❞❡ ❧✬.❝♦✉❧❡♠❡♥' ❞.'$✉✐' ❧❛ ❝♦❤.$❡♥❝❡✳ ❈✬❡%' ✉♥❡

❝♦♥✜❣✉$❛'✐♦♥ ❞❡%'$✉❝'✐✈❡✳



✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡ ✺✺

❋✐❣✳ ✷✳✹ ✕ ❈♦♥✜❣✉*❛,✐♦♥ ❝♦♥/,*✉❝,✐✈❡ ✭3 ❣❛✉❝❤❡✮ ❡, ❞❡/,*✉❝,✐✈❡ ✭3 ❞*♦✐,❡✮✳

▲❡1 ❛♠❛1 ❞❡ 2♦✉&❜✐❧❧♦♥1

❆♣*9/ ❛✈♦✐* ❞:❝*✐, ❧❡/ ❡✛❡,/ ❞❡ ❧✬✐♥,❡*❛❝,✐♦♥ ❞❡ ❞❡✉① ,♦✉*❜✐❧❧♦♥/✱ ♣✉✐/ ❞❡ ❞❡✉① *❛♥❣:❡/

❞❡ ,♦✉*❜✐❧❧♦♥/✱ ♥♦✉/ ❡①❛♠✐♥♦♥/ ♠❛✐♥,❡♥❛♥, ❧❡ ❝❛/ ❞✬✉♥ *❡❣*♦✉♣❡♠❡♥, ❞❡ ,♦✉*❜✐❧❧♦♥/✳ ❉❛♥/

❝❡,,❡ ♣❛*,✐❡ ♥♦✉/ *❡♣*:/❡♥,♦♥/ ❧❡/ ✈♦*,❡① ♣❛* C✉❛,*❡ ✢9❝❤❡/ ❡♥❝❛❞*❛♥, ❧❡ /✐❣♥❡ ❞❡ ❧❡✉* /❡♥/

❞❡ *♦,❛,✐♦♥✳ ❙✉* ❧❛ ✜❣✉*❡ ✷✳✺✱ ♥♦✉/ ❝♦♥/✐❞:*♦♥/ ,*♦✐/ ❝♦♥✜❣✉*❛,✐♦♥/ ❞✐✛:*❡♥,❡/ ❞✬❛♠❛/ ❞❡

,♦✉*❜✐❧❧♦♥/✳ ❈❤❛C✉❡ ❝♦♥✜❣✉*❛,✐♦♥ ❝♦♠♣*❡♥❞ ♥❡✉❢ ✈♦*,❡①✳ ❉❛♥/ ❧❛ ♣*❡♠✐9*❡✱ ✐❧/ /♦♥, ,♦✉/ ❞❡

♠H♠❡ /✐❣♥❡ ✭✜❣✉*❡ ✷✳✺❛✮✱ ❞❛♥/ ❧❛ ❞❡✉①✐9♠❡ ❝♦♥✜❣✉*❛,✐♦♥ ❧❡/ *❛♥❣:❡/ /♦♥, ❞❡ /✐❣♥❡ ❛❧,❡*♥:

✭✜❣✉*❡ ✷✳✺❜✮ ❡, ❞❛♥/ ❧❛ ,*♦✐/✐9♠❡ ,♦✉/ ❧❡/ ✈♦✐/✐♥/ ❞✬✉♥ ✈♦*,❡① /♦♥, ❞❡ /✐❣♥❡ ♦♣♣♦/: 3 ❝❡❧✉✐

❞❡ ❝❡ ❞❡*♥✐❡* ✭✜❣✉*❡ ✷✳✺❝✮✳ ▲❛ ✜❣✉*❡ ✷✳✺❜ ❝♦**❡/♣♦♥❞ ❛✉ ❝❛/ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉*❡ ✷✳✹

❡, ❧❛ ✜❣✉*❡ ✷✳✺❝ 3 ❝❡❧✉✐ ❞❡ ❞*♦✐,❡✳ ❉❛♥/ ❧❡ ♣*❡♠✐❡* ❝❛/✱ ♦♥ *❡♠❛*C✉❡ /✉* ❧❛ ✜❣✉*❡ ✷✳✺❛ ✉♥

❋✐❣✳ ✷✳✺ ✕ ❚*♦✐/ ❝♦♥✜❣✉*❛,✐♦♥/ ❞✐✛:*❡♥,❡/ ❞✬❛♠❛/ ❞❡ ,♦✉*❜✐❧❧♦♥/✳

♠♦✉✈❡♠❡♥, ❞❡ *♦,❛,✐♦♥ ❞❡ ❧✬❡♥/❡♠❜❧❡✱ ✐♥❞✐C✉: ♣❛* ❧❡/ ✢9❝❤❡/ *♦✉❣❡/✱ ❞❛♥/ ❧❡ ♠H♠❡ /❡♥/

C✉❡ ❝❡❧✉✐ ❞❡/ ✈♦*,❡① ❞❡ ❧✬❛♠❛/✳ ❈❡❝✐ ❝♦♥❞✉✐, 3 ✉♥ *❛//❡♠❜❧❡♠❡♥, ❞❡ ,♦✉*❜✐❧❧♦♥/ ♣♦✉* ♥✬❡♥

❢♦*♠❡* C✉✬✉♥ /❡✉❧✳ ❙✐ ,♦✉,❡❢♦✐/ ❧❡/ ✈♦*,❡① :,❛✐❡♥, ,*♦♣ *❛♣♣*♦❝❤:/ ❧❡/ ✉♥/ ❞❡/ ❛✉,*❡/✱ ❧❛

❝♦♥✜❣✉*❛,✐♦♥ ❞❡✈✐❡♥❞*❛✐, ❞❡/,*✉❝,✐✈❡✳ ❉✉ ❞❡✉①✐9♠❡ ❝❛/ ✭✜❣✉*❡ ✷✳✺❜✮✱ ✐❧ ❡♥ /♦*, ❞❡/ ❝♦✉❝❤❡/

❞❡ ❝✐/❛✐❧❧❡♠❡♥,✱ ❝♦♠♠❡ ❞:❝*✐, ♣*:❝:❞❡♠♠❡♥,✳ ■❝✐ ❛✉//✐ ❧❡/ ,♦✉*❜✐❧❧♦♥/ ❞♦✐✈❡♥, H,*❡ 3 ✉♥❡

❝❡*,❛✐♥❡ ❞✐/,❛♥❝❡ ❧❡/ ✉♥/ ❞❡/ ❛✉,*❡/ ❛✜♥ ❞❡ ♠❛✐♥,❡♥✐* ✉♥❡ ❝♦♥✜❣✉*❛,✐♦♥ ❝♦♥/,*✉❝,✐✈❡✳ ▲❡

❞❡*♥✐❡* ❝❛/ ♣❡✉, H,*❡ ♦❜/❡*✈: ❞❛♥/ ❧❡/ *:/❡❛✉① ❝❛**:/ ❞❡ ✜❜*❡/✳ ❙✉* ❧❛ ✜❣✉*❡ ✷✳✺❝ ♦♥ ♥❡

❞✐/,✐♥❣✉❡ ❛✉❝✉♥❡ ❞✐*❡❝,✐♦♥ ❞♦♠✐♥❛♥,❡ ❞✉ ♠♦✉✈❡♠❡♥,✳ ❉♦♥❝ /✐ ❧❡/ ✈♦*,❡① /♦♥, /✉✣/❛♠♠❡♥,

❞✐/,❛♥,/✱ ✐❧/ ❝♦♥,✐♥✉❡♥, 3 ,♦✉*♥❡* ✐♥❞:♣❡♥❞❡♠♠❡♥, ❧❡/ ✉♥/ ❞❡/ ❛✉,*❡/✳ ❉❛♥/ ❧❡ ❝❛/ ❝♦♥,*❛✐*❡✱

✐❧ ❡/, ❞✐✣❝✐❧❡ ❞❡ ♣*:✈♦✐* ❧✬❛✈❡♥✐* ❞❡ ❧❛ /,*✉❝,✉*❡ 3 ❝❛✉/❡ ❞❡ ❧✬❛❜/❡♥❝❡ ❞❡ ❝♦❤:*❡♥❝❡ ❡, ❞❡ ❧❛

♣*♦❜❛❜❧❡ ,*❛♥/✐,✐♦♥ 3 ❧❛ ,✉*❜✉❧❡♥❝❡✳

▲❡/ ♥♦,✐♦♥/ C✉✐ ✈✐❡♥♥❡♥, ❞✬H,*❡ ❛❜♦*❞:❡/ ♥♦✉/ ♣❡*♠❡,,❡♥, ❞✬✐♥,*♦❞✉✐*❡ ❧❛ ,✉*❜✉❧❡♥❝❡✳



✺✻ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❊♥ ❡✛❡$✱ ❧❛ ❞②♥❛♠✐,✉❡ ❞❡ ❧❛ ✈♦0$✐❝✐$2 ❡$ ❞✉ $♦✉0❜✐❧❧♦♥ ♣025❡♥$❡ ♣0♦❜❛❜❧❡♠❡♥$ ❧✬❛5♣❡❝$ ❧❡

♣❧✉5 ♣❤②5✐,✉❡ ❞❡ ❧❛ $✉0❜✉❧❡♥❝❡✱ ❞♦♥$ ❧❡5 ✈♦0$❡① 5♦♥$ ❧❡5 2❧2♠❡♥$5 ❝♦♥5$✐$✉$✐❢5✳

✷✳✶✳✸ ▲❛ &✉(❜✉❧❡♥❝❡

▲❛ $✉0❜✉❧❡♥❝❡ 5❡ ♠❛♥✐❢❡5$❡ ❞❛♥5 ❞❡5 ✢✉✐❞❡5 ♣0♦❝❤❡5 ❞❡ ♥♦✉5✱ ❝♦♠♠❡ ♣❛0 ❡①❡♠♣❧❡ ❧✬❡❛✉

❞❡5 $♦00❡♥$5 ❡$ ❞❡5 ♦❝2❛♥5✱ ❧✬❛✐0 ❞❛♥5 ❧❡ 5✐❧❧❛❣❡ ❞❡5 ✈♦✐$✉0❡5 ❡$ ❞❡5 ❛✈✐♦♥5✱ ♠❛✐5 ❛✉55✐ ♣❧✉5

❧♦✐♥$❛✐♥5✱ $❡❧5 ,✉❡ ❧❛ $>❝❤❡ 0♦✉❣❡ ❞❡ ❏✉♣✐$❡0 ♦✉ ❧❛ ❣0❛♥✉❧❛$✐♦♥ 5♦❧❛✐0❡✳ ◆♦✉5 ♣025❡♥$❡0♦♥5

✐❝✐ ❧❡5 2,✉❛$✐♦♥5 ❞❡ ❜❛5❡ ,✉✐ ❧❛ 02❣✐55❡♥$✱ ♣✉✐5 ❡①♣♦5❡0♦♥5 ❧❛ $❤2♦0✐❡ ❞❡ ❑♦❧♠♦❣♦0♦✈ ❡♥ ✸❉

❡$ ❡♥✜♥ ❞✐5❝✉$❡0♦♥5 ❞❡ ❧❛ $✉0❜✉❧❡♥❝❡ ❡♥ ✷❉✱ ❛✜♥ ❞❡ ❧✬❛❞❛♣$❡0 F ♥♦$0❡ 2$✉❞❡✳

❆✮▲❡* ,5✉❛%✐♦♥* ❞❡ ❜❛*❡

❛✮ ❉❡*❝$✐♣%✐♦♥ *%❛%✐*%✐5✉❡ ❞❡* ,❝♦✉❧❡♠❡♥%* %✉$❜✉❧❡♥%* ❡% ❞,$✐✈❛%✐♦♥ ❞❡* ✈❛❧❡✉$*

♠♦②❡♥♥❡*

▲❡5 2❝♦✉❧❡♠❡♥$5 $✉0❜✉❧❡♥$5 ♣025❡♥$❡♥$ ❞❡5 ✢✉❝$✉❛$✐♦♥5 ❛❧2❛$♦✐0❡5 ❞❡ ❧❛ ✈✐$❡55❡✳ G❧✉$H$

,✉❡ ❞❡ ❝❤❡0❝❤❡0 F ❞2❝0✐0❡ ❧❛ ✈✐$❡55❡ ❡♥ $♦✉$ ♣♦✐♥$ ~r(x, y, z) F $♦✉$ ✐♥5$❛♥$ t✱ ♦♥ 5✬✐♥$20❡55❡ F
❧❛ ♣0♦❜❛❜✐❧✐$2 ❞✬♦❜$❡♥✐0 ❝❡0$❛✐♥❡5 ✈✐$❡55❡5 ❡♥ ✉♥ ❝❡0$❛✐♥ ♥♦♠❜0❡ ❞❡ ♣♦✐♥$5 ❜✐❡♥ ❝❤♦✐5✐5✳ G♦✉0

❝❡❧❛ ♦♥ ❝❤❡0❝❤❡ F ❞2$❡0♠✐♥❡0 ❧❡5 ♠♦♠❡♥$5 ❞❡ ❝❡$$❡ ❞✐5$0✐❜✉$✐♦♥ ❞❡ ♣0♦❜❛❜✐❧✐$2 ❛✐♥5✐ ,✉❡ ❧❡5

❢♦♥❝$✐♦♥5 ❞❡ ❝♦002❧❛$✐♦♥ ❡♥$0❡ ❧❡5 ✢✉❝$✉❛$✐♦♥5 ❞❡ ❧❛ ✈✐$❡55❡ ❡♥ ❞❡5 ♣♦✐♥$5 ✈♦✐5✐♥5✳ ▲❡5 ✈❛✲

0✐❛❜❧❡5 ❞2❝0✐✈❛♥$ ❧❡ ✢✉✐❞❡ ❡♥ 2❝♦✉❧❡♠❡♥$ $✉0❜✉❧❡♥$ ✭✈✐$❡55❡✱ ♣0❡55✐♦♥✳✳✳✮ 5♦♥$ ❞2❝♦♠♣♦52❡5 ❡♥

❞❡5 ✈❛❧❡✉05 ♠♦②❡♥♥❡5 ❡$ ❞❡5 ✢✉❝$✉❛$✐♦♥5 ❞❡ ✈❛❧❡✉0 ♠♦②❡♥♥❡ ♥✉❧❧❡ ❧✐2❡5 F ❧❛ $✉0❜✉❧❡♥❝❡✳ G♦✉0

❧❡5 ✢✉✐❞❡5 ✐♥❝♦♠♣0❡55✐❜❧❡5 ♦♥ ✉$✐❧✐5❡ ❧❛ ❞2❝♦♠♣♦5✐$✐♦♥ ❞❡ ❘❡②♥♦❧❞5 ,✉✐✱ 5✉0 ❧❛ ❝♦♠♣♦5❛♥$❡

ui ❞❡ ❧❛ ✈✐$❡55❡ ❞♦♥♥❡ ✿

ui = ui + δui ❛✈❡❝ δui = 0 ❡$ i ∈ [x, y, z] ✭✷✳✾✮

◆♦✉5 ♥♦✉5 ✐♥$20❡55♦♥5 F ❧✬2❝0✐$✉0❡ ❞❡5 ❧♦✐5 ,✉✐ 02❣✐55❡♥$ ❧❡5 ✈❛0✐❛$✐♦♥5 ❞❡ ❧❛ ♠♦②❡♥♥❡ ūi ❡$

❝❡❧❧❡5 ❞❡5 ❝♦002❧❛$✐♦♥5 ❡♥$0❡ ❧❡5 ❝♦♠♣♦5❛♥$❡5 δui ❞❡5 ✢✉❝$✉❛$✐♦♥5✳ ❊♥ $♦✉$❡ 0✐❣✉❡✉0✱ ♣♦✉0

❞2$❡0♠✐♥❡0 ❝❡5 ✈❛❧❡✉05 ♠♦②❡♥♥❡5✱ ✐❧ ❢❛✉❞0❛✐$ ♣0♦❞✉✐0❡ ✉♥ ❣0❛♥❞ ♥♦♠❜0❡ ❞❡ 02❛❧✐5❛$✐♦♥5 ❞✉

♠O♠❡ 2❝♦✉❧❡♠❡♥$ ♣♦✉0 ❞❡5 ❝♦♥❞✐$✐♦♥5 ✐♥✐$✐❛❧❡5 ❡$ ❞❡5 ❣2♦♠2$0✐❡5 ✐❞❡♥$✐,✉❡5✱ ❡$ ❡✛❡❝$✉❡0

✉♥❡ ♠♦②❡♥♥❡ ❞✬❡♥5❡♠❜❧❡ 5✉0 ❞❡5 ✈❛❧❡✉05 ♦❜$❡♥✉❡5 5✉0 $♦✉$❡5 ❧❡5 02❛❧✐5❛$✐♦♥5✳ ❈❡❧❛ ♥✬❡5$ ❡♥

♣0❛$✐,✉❡ ❣✉Q0❡ 02❛❧✐5❛❜❧❡✳ ❈✬❡5$ ♣♦✉0,✉♦✐ ♦♥ 5✉♣♣♦5❡ ,✉❡ ❧❛ $✉0❜✉❧❡♥❝❡ ✈20✐✜❡ ❧✬❤②♣♦$❤Q5❡

❞✬❡0❣♦❞✐❝✐$2 ✿ 5✐ ♦♥ ❛$$❡♥❞ ✉♥ $❡♠♣5 ❛55❡③ ❧♦♥❣✱ ❧✬2❝♦✉❧❡♠❡♥$ ♣❛55❡ ♣❛0 $♦✉5 5❡5 2$❛$5

♣♦55✐❜❧❡5✱ ❡$ ❧❡ $❡♠♣5 ♣❛552 ❞❛♥5 ❝❤❛❝✉♥ ❞✬❡✉① ❡5$ ♣0♦♣♦0$✐♦♥♥❡❧ F 5❛ ♣0♦❜❛❜✐❧✐$2✳ ❖♥

❡♥ ❞2❞✉✐$ ❧❛ ❞2✜♥✐$✐♦♥ 5✉✐✈❛♥$❡ ❞❡ ❧❛ ❝♦♠♣♦5❛♥$❡ ui ❞❡ ❧❛ ✈✐$❡55❡ ♠♦②❡♥♥❡ ❞❡ ❧❛ ✈✐$❡55❡

❞✬2❝♦✉❧❡♠❡♥$ ❡♥ ✉♥ ♣♦✐♥$ ~r(x, y, z) ❞♦♥♥2 ✿

ui(~r, t) =
1

T

∫ t+T

t

ui(~r, t
′

)dt
′

✭✷✳✶✵✮

T ❡5$ ❧❛ ❞✉02❡ ❞✬♦❜5❡0✈❛$✐♦♥✱ ❡❧❧❡ ❞♦✐$ O$0❡ ❣0❛♥❞❡ ❞❡✈❛♥$ ❧❡ $❡♠♣5 ❝❛0❛❝$20✐5$✐,✉❡ τ ❞❡5 ✢✉❝✲
$✉❛$✐♦♥5 ❞❡ ✈✐$❡55❡ ❧❡5 ♣❧✉5 ❧❡♥$❡5 ❛55♦❝✐2❡5 ❛✉① ♠♦✉✈❡♠❡♥$5 $✉0❜✉❧❡♥$5✱ ♠❛✐5 ♣❧✉5 ❝♦✉0$❡

,✉❡ ❧❡ $❡♠♣5 ❞✬2✈♦❧✉$✐♦♥ F ❣0❛♥❞❡ 2❝❤❡❧❧❡ ❞❡ ❧✬2❝♦✉❧❡♠❡♥$ ❣❧♦❜❛❧✳ ▲❛ ♠♦②❡♥♥❡ ❞❡5 ♠♦♠❡♥$5

5✉♣20✐❡✉05 ❞❡ ❧❛ ❞✐5$0✐❜✉$✐♦♥ ❞❡ ♣0♦❜❛❜✐❧✐$2 ❞❡5 ✈✐$❡55❡5 ✐♥❞✐,✉❡ ❝♦♠♠❡♥$ 5♦♥$ 0❡❧✐2❡5 ❡♥$0❡

❡❧❧❡5 ❧❡5 ✈✐$❡55❡5 ✐♥5$❛♥$❛♥2❡5 ❡♥ ❞❡5 ♣♦✐♥$5 ❡$ ❞❡5 $❡♠♣5 ❞✐✛20❡♥$5✳ ❈❡5 ♠♦♠❡♥$5 ❝❛0❛❝✲

$20✐5❡♥$ ❞♦♥❝ ❧❡5 ❝♦002❧❛$✐♦♥5 5♣❛$✐♦✲$❡♠♣♦0❡❧❧❡5✳ ❖♥ ✉$✐❧✐5❡ ❧❡ ♣❧✉5 5♦✉✈❡♥$ ❞❡5 ♠♦♠❡♥$5

❞✬♦0❞0❡ ✷ ❝❡♥$025✱ ❝❛❧❝✉❧25 5✉0 ❧❡5 ✢✉❝$✉❛$✐♦♥5 ♣❛0 0❛♣♣♦0$ ❛✉① ✈❛❧❡✉05 ♠♦②❡♥♥❡5 ✿

bij(~r1, ~r2, t1, t2) = (ui(~r1, t1)− ui(~r1, t1))(uj(~r2, t2)− uj(~r2, t2)) ✭✷✳✶✶✮



✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡ ✺✼

❖♥ ❛ ✈✉ %✉❡ ❧❛ ✈❛❧❡✉( ♠♦②❡♥♥❡ ❞❡- ✢✉❝0✉❛0✐♦♥- δui = ui − ui ❡-0 ♥✉❧❧❡✳ ❈❡♣❡♥❞❛♥0✱ ❧❡✉(-

✈❛❧❡✉(- ❡♥ ❞❡- ✐♥-0❛♥0- t1 ❡0 t2 ♣(♦❝❤❡- ❡0 ❡♥ ❞❡- ♣♦✐♥0- ✈♦✐-✐♥- ~r1 ❡0 ~r2 -♦♥0 ❝♦((7❧7❡-✱
bij ♥✬❡-0 ❞♦♥❝ ♣❛- ♥✉❧✳ ❉❛♥- ❧❡ ❝❛- ❝♦♥0(❛✐(❡✱ -✐ ❧❡- ❝♦♠♣♦-❛♥0❡- δui -♦♥0 ❡♥ ❞❡✉① ♣♦✐♥0-

7❧♦✐❣♥7❡- ♦✉ < ❞❡- ✐♥0❡(✈❛❧❧❡- ❞❡ 0❡♠♣- 7❧❡✈7-✱ ❡❧❧❡- ♥❡ -♦♥0 ♣❛- ❝♦((7❧7❡- ❡0 bij -❡(❛ ♥✉❧❧❡✳

❊♥ ✢✉✐❞❡ ❝♦♠♣(❡--✐❜❧❡✱ ❧❛ ❞7❝♦♠♣♦-✐0✐♦♥ ❞❡ ❘❡②♥♦❧❞- ♥✬❡-0 ♣❛- 0♦✉0 < ❢❛✐0 ❛❞❛♣07❡ ❝❛(

✐❧ ❢❛✉0 7❣❛❧❡♠❡♥0 ❝♦♥-✐❞7(❡( ❧❡- ✢✉❝0✉❛0✐♦♥- ❞❡ ❧❛ ♠❛--❡ ✈♦❧✉♠✐%✉❡ ✿ ρ = ρ̄+δρ✳ ◆♦✉- ❛❧❧♦♥-
❞♦♥❝ ✉0✐❧✐-❡( ❧❛ ❞7❝♦♠♣♦-✐0✐♦♥ ❞❡ ❋❛✈(❡✱ ❜❛-7❡ -✉( ❞❡- ♠♦②❡♥♥❡- ♣♦♥❞7(7❡- ♣❛( (❛♣♣♦(0 <

❧❛ ♠❛--❡ ✈♦❧✉♠✐%✉❡✳ ▲❛ ✈✐0❡--❡ ui -❡ ❞7❝♦♠♣♦-❡✱ -❡❧♦♥ ❋❛✈(❡ ✿

ui = ũi + u
′

i ❛✈❡❝ u
′

i = δui −
δρδui

ρ
✭✷✳✶✷✮

▼♦②❡♥♥7❡ ♣❛( ❋❛✈(❡✱ ũi -✬❡①♣(✐♠❡ ❛✐♥-✐ ✿

ũi(~r, t) =
1

ρ

1

T

∫ t+T

t

ρui(~r, t
′

)dt
′

✭✷✳✶✸✮

▲❛ ♠♦②❡♥♥❡ ❞❡- ✢✉❝0✉❛0✐♦♥- ❡-0 ♥✉❧❧❡ ✿ ũ
′

i = 0

▼❛✐♥0❡♥❛♥0✱ ❡♥ ❞7❝♦♠♣♦-❛♥0 ❧❡- ✈❛(✐❛❜❧❡- 0✉(❜✉❧❡♥0❡- ♣♦✉( ❧❡- ✢✉✐❞❡- ❝♦♠♣(❡--✐❜❧❡-✱

❞♦♥❝ -❡❧♦♥ ❋❛✈(❡✱ ♥♦✉- ♦❜0❡♥♦♥- ❧❡- 7%✉❛0✐♦♥- ❞❡ ❜❛-❡ ❞❡ ❧❛ 0✉(❜✉❧❡♥❝❡ < ♣❛(0✐( ❞❡- 7%✉❛✲

0✐♦♥- ❞❡ ❝♦♥-❡(✈❛0✐♦♥ ❞❡ ❧❛ ♠❛--❡✱ ❞❡ ❧❛ %✉❛♥0✐07 ❞❡ ♠♦✉✈❡♠❡♥0 ❡0 ❞❡ ❧✬7♥❡(❣✐❡ ❡♥ ✷❉✳ ❉❛♥-

✉♥ ♣(❡♠✐❡( 0❡♠♣-✱ ♥♦✉- ❝♦♥-✐❞7(❡(♦♥- ❧❛ ✈✐-❝♦-✐07 ♥♦♥ ♥✉❧❧❡✱ ❛✜♥ ❞✬❡♥ ❝♦♠♣(❡♥❞(❡ ❧❡ (M❧❡

❞❛♥- ❧❡ ♣❤7♥♦♠N♥❡ ❞❡ 0✉(❜✉❧❡♥❝❡✳ ▲✬70❛❜❧✐--❡♠❡♥0 ❞❡ ❝❤❛❝✉♥❡ ❞❡- 0(♦✐- 7%✉❛0✐♦♥- -✉✐✈❛♥0❡-

❡-0 ❞7❝(✐0 ❞❛♥- ❧✬❛♥♥❡①❡ ❞❡ ❝❡ ❝❤❛♣✐0(❡✳

❜✮ ❊,✉❛4✐♦♥ ❞❡ ❧❛ ♠❛66❡

∂ρ̄
∂t
+ ∂(ρ̄ eui)

∂xi
+

∂(ρ̄fuj)
∂xj

= 0 ✭✷✳✶✹✮

❝✮ ❊,✉❛4✐♦♥ ❞❡ ❧❛ ,✉❛♥4✐48 ❞❡ ♠♦✉✈❡♠❡♥4

∂(ρũi)

∂t
+

∂

∂xj
(ρũiũj) +

∂

∂xj
(ρu

′

iu
′

j) +
∂

∂xi
(ρũiũi) +

∂

∂xi
(ρu

′

iu
′

i) =

− ∂

∂xi
p+ ρν

∂2

∂x2j
ũi + ρfi

✭✷✳✶✺✮

❛✈❡❝ p = (γ − 1)ρẽi✳

▲❡ 0❡(♠❡ τ = −ρũiũj -✬❛♣♣❡❧❧❡ ❧❡ 0❡♥-❡✉( ❞❡ ❘❡②♥♦❧❞- ♦✉ ❧❡ 0❡♥-❡✉( ❞❡- ❝♦♥0(❛✐♥0❡-

0✉(❜✉❧❡♥0❡-✳ ■❧ ❝❛(❛❝07(✐-❡ ❧❛ ❝♦((7❧❛0✐♦♥ ❡♥0(❡ ❞❡- ❝♦♠♣♦-❛♥0❡- ✐♥-0❛♥0❛♥7❡- ❞❡ ❧❛ ✈✐0❡--❡

✢✉❝0✉❛♥0❡ ❡0 (❡♥❞ ❝♦♠♣0❡ ❞✉ 0(❛♥-♣♦(0 ♣❛( ❧❡- ✢✉❝0✉❛0✐♦♥- 0✉(❜✉❧❡♥0❡-✳ ▲❡- ❝♦♠♣♦-❛♥0❡-

♥♦♥ ❞✐❛❣♦♥❛❧❡- τi6=j ❥♦✉❡♥0 ✉♥ (M❧❡ ♣❧✉- ✐♠♣♦(0❛♥0 %✉❡ ❧❡- ❝♦♠♣♦-❛♥0❡- ❞✐❛❣♦♥❛❧❡- τii ✳

❊❧❧❡- ❝♦((❡-♣♦♥❞❡♥0 ❡♥ ❡✛❡0 < ❞❡- ❝♦♥0(❛✐♥0❡- ❞❡ ❝✐-❛✐❧❧❡♠❡♥0 %✉✐ ❢❛❝✐❧✐0❡♥0 ❧✬❛♣♣❛(✐0✐♦♥ ❞❡

♥♦✉✈❡❛✉① ♠♦✉✈❡♠❡♥0- ❞❡ (♦0❛0✐♦♥ ❡0 ♣❡(♠❡00❡♥0 ❛✐♥-✐ ❞❡ ♠❛✐♥0❡♥✐( 7❧❡✈7 ❧❡ (♦0❛0✐♦♥♥❡❧ ❞❡

❧❛ ✈✐0❡--❡ ❡0 ❞❡ ❢❛✐(❡ ❛♣♣❛(❛✐0(❡ ❞❡ ♥♦✉✈❡❛✉① 0♦✉(❜✐❧❧♦♥-✳



✺✽ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❞✮ ❊4✉❛%✐♦♥ ❞❡ ❧❛ ❝♦♥*❡$✈❛%✐♦♥ ❞❡ ❧✬,♥❡$❣✐❡ ❝✐♥,%✐4✉❡

❉❛♥# ✉♥ %❝♦✉❧❡♠❡♥+ +✉,❜✉❧❡♥+✱ ✐❧ ❢❛✉+ ❝♦♥#✐❞%,❡, ❧✬%♥❡,❣✐❡ ❞❡ ❧✬%❝♦✉❧❡♠❡♥+ ♠♦②❡♥ ❡+

❧✬%♥❡,❣✐❡ ❞❡# ✢✉❝+✉❛+✐♦♥# +✉,❜✉❧❡♥+❡#✳ ◆♦✉# ❞♦♥♥♦♥# ✐❝✐ ❧✬%8✉❛+✐♦♥ ❞❡ ❝♦♥#❡,✈❛+✐♦♥ ❞❡ ❧✬%♥❡,✲

❣✐❡ ❝✐♥%+✐8✉❡ #❡✉❧❡♠❡♥+✳ ▲❡# +❡,♠❡# ❧✐%# < ❧✬%♥❡,❣✐❡ ✐♥+❡,♥❡ #♦♥+ ✈♦❧♦♥+❛✐,❡♠❡♥+ ♦♠✐#✳

∂ρ̄

∂t
(ũ2i + u

′

i
2) +

∂

∂xi

ρ̄

2
(ũ3i + ũiu

′

i
2 + 2ũiu

′

i
2)

+
∂

∂xj

ρ̄

2
(ũj ũ2i + ũju

′

i
2 + 2ũiu

′

ju
′

i)

= −∂(p̄ũi)

∂xi
− ∂(p̄ũj)

∂xj

✭✷✳✶✻✮

▲❡ +❡,♠❡

∂ρ̄
∂xj

ũiu
′

iu
′

j ,❡♣,%#❡♥+❡ ❧❡ +,❛♥#❢❡,+ ❞✬%♥❡,❣✐❡ ❡♥+,❡ ❧✬%❝♦✉❧❡♠❡♥+ ♠♦②❡♥ ❡+ ❧❡#

✢✉❝+✉❛+✐♦♥# +✉,❜✉❧❡♥+❡#✳ ■❧ ❢❛✐+ ✐♥+❡,✈❡♥✐, < ❧❛ ❢♦✐# ❧❡ ❣,❛❞✐❡♥+ ❞❡ ✈✐+❡##❡ ❞❡ ❧✬%❝♦✉❧❡♠❡♥+

♠♦②❡♥ ❡+ ❧❡ +❡♥#❡✉, ❞❡ ❘❡②♥♦❧❞# ❞✉ +,❛♥#♣♦,+ ❞❡ 8✉❛♥+✐+% ❞❡ ♠♦✉✈❡♠❡♥+ ♣❛, ❧❡# ✢✉❝+✉❛+✐♦♥#

+✉,❜✉❧❡♥+❡#✳

❡✮ ❚$❛♥*♣♦$% ❞❡ ❧❛ ✈♦$%✐❝✐%, ❞❛♥* ✉♥ ,❝♦✉❧❡♠❡♥% %✉$❜✉❧❡♥%

❖♥ ♣❡✉+ ❞%❝♦♠♣♦#❡, ❧❛ ✈♦,+✐❝✐+% ω #♦✉# ❧❛ ❢♦,♠❡ ωi = ω̃i + ω
′

i✳ ❊♥ ✈❛❧❡✉, ❛❜#♦❧✉❡✱

❧❡# +❡,♠❡# ✢✉❝+✉❛♥+# ω
′

i #♦♥+ ❡♥ ❣%♥%,❛❧ ❜❡❛✉❝♦✉♣ ♣❧✉# %❧❡✈%# 8✉❡ ❧❡# +❡,♠❡# ω̃i✳ ◆♦✉# ♥♦✉#

✐♥+%,❡##❡,♦♥# ❞❛♥# ❧❡ ❝❤❛♣✐+,❡ ✺ < ω
′

i✱ ♦✉ ♣❧✉+I+✱ ❝♦♠♠❡ ❝❡# ❝♦♠♣♦#❛♥+❡# #♦♥+ ❡♥ ♠♦②❡♥♥❡

♥✉❧❧❡#✱ < ❧✬❡♥#+,♦♣❤✐❡ ω
′2
i ✳

❢✮ ❉❡*❝$✐♣%✐♦♥ ❞✉ ✢✉① %✉$❜✉❧❡♥% ♣❛$ ✉♥❡ ❛♥❛❧②*❡ %❤❡$♠♦❞②♥❛♠✐4✉❡ ✭❙❛✉$❡❧ et
al. ❬✻✵❪✮

❉❛♥# ❧❛ ,%❢%,❡♥❝❡ ❬✻✵❪✱ ❙❛✉,❡❧ et al. ♣,♦♣♦#❡♥+ ✉♥❡ ❞❡#❝,✐♣+✐♦♥ ❞✉ ✢✉① +✉,❜✉❧❡♥+ ♣❛,
✉♥❡ ❛♥❛❧②#❡ +❤❡,♠♦❞②♥❛♠✐8✉❡✳ ▲✬%+✉❞❡ ❞%+❛✐❧❧%❡ ❞❡ ❧❛ ❞✐#+,✐❜✉+✐♦♥ ❞❡ ✈✐+❡##❡ < ❧✬✐♥+%,✐❡✉,

❞✬✉♥ ✈♦,+❡① #②♠%+,✐8✉❡ ✭✜❣✉,❡ ✷✳✻✮ ❝♦♥❞✉✐+ < ✉♥ #②#+P♠❡ ❞✬%8✉❛+✐♦♥# ❤②❞,♦❞②♥❛♠✐8✉❡#

♣♦✉, ❧❛ ❝♦♥#❡,✈❛+✐♦♥ ❞❡ ❧❛ ♠❛##❡✱ ❞❡ ❧❛ 8✉❛♥+✐+% ❞❡ ♠♦✉✈❡♠❡♥+ ❡+ ❞❡ ❧✬%♥❡,❣✐❡

∂tρ+ ∂x(ρu) = 0 ✭✷✳✶✼✮

∂t(ρu) + ∂x(ρu2 + p+ peff) = 0 ✭✷✳✶✽✮

∂t

(
1
2ρu2 + p

γ−1 +
peff

γeff−1

)
+ ∂x

(
(ρu2 + γp

γ−1 +
γeffpeff
γeff−1 )u

)
= 0 ✭✷✳✶✾✮

♦T ❧❡ ✢✉✐❞❡ ❡#+ #✉♣♣♦#% ✶❉ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ x✳ ▲❡# ✈❛,✐❛❜❧❡# +✉,❜✉❧❡♥+❡#✱ ❧✬%♥❡,❣✐❡ ǫeff ✱
❧❛ ♣,❡##✐♦♥ peff ❡+ ❧❡ ❝♦❡✣❝✐❡♥+ ❛❞✐❛❜❛+✐8✉❡ γeff ✱ #♦♥+ ❞%❝,✐+❡# ♣❛, ❧✬%8✉❛+✐♦♥ ❞✬%+❛+ ❞❡#
❣❛③ ♣❛,❢❛✐+# ✿ ρǫeff = peff

γeff−1 ♦T γeff = 1 + 2
n
✳ n ,❡♣,%#❡♥+❡ ❧❡ ♥♦♠❜,❡ ❞❡ ❞✐♠❡♥#✐♦♥# ❞✉

✈♦,+❡①✳ ▲❛ ♣,❡##✐♦♥ +✉,❜✉❧❡♥+❡ ❡#+ ,❡❧✐%❡ < ❧✬%♥❡,❣✐❡ ❝✐♥%+✐8✉❡ #+♦❝❦%❡ ❞❛♥# ❧❡ ✈♦,+❡① ♣❛, ✿

peff = 1
2〈ρ〉〈δu2〉✱ ♦T 〈.〉 +,❛❞✉✐+ ❧❛ ♠♦②❡♥♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐,❡❝+✐♦♥ ❞❡ ❧❛ ♣,♦♣❛❣❛+✐♦♥ ❞✉

❝❤♦❝ ❡+ δu ❡#+ ❧❛ ✢✉❝+✉❛+✐♦♥ ❞❡ ✈✐+❡##❡ ❞✉❡ ❛✉① ✈♦,+❡①✳ ❈❡ ♠♦❞P❧❡ ♥♦✉# #❡,✈✐,❛ ❞❛♥# ❧❡
❝❤❛♣✐+,❡ ✹ ❡+ ❡#+ ❞%✈❡❧♦♣♣% ❡♥ ❛♥♥❡①❡✳

❇✮▲❛ %❤,♦$✐❡ ❞❡ ❑♦❧♠♦❣♦$♦✈

▲❛ +❤%♦,✐❡ ❞❡ ❑♦❧♠♦❣♦,♦✈ ❡#+ #❛♥# ❞♦✉+❡ ❧❛ ♣❧✉# ❝%❧P❜,❡ ❞❡ ❧❛ +✉,❜✉❧❡♥❝❡✱ ❡+ ♥♦✉#

❧✬❡①♣♦#♦♥# ❜,✐P✈❡♠❡♥+ ✐❝✐✳ ▲❡ ❞%✈❡❧♦♣♣❡♠❡♥+ ❞❡ ❧❛ +✉,❜✉❧❡♥❝❡ ❝♦,,❡#♣♦♥❞ ❡♥ ❢❛✐+ < ✉♥❡



✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡ ✺✾

❋✐❣✳ ✷✳✻ ✕ ❱❡❝'❡✉)* ✈✐'❡**❡* ❞❛♥* ✉♥ ✈♦)'❡① 2✉❛*✐✲*②♠6')✐2✉❡ ✭✜❣✉)❡ '✐)6❡ ❞❡ ❬✻✵❪✮

❡①❝✐'❛'✐♦♥ ❜)✉'❛❧❡ ❞✬✉♥❡ ❣❛♠♠❡ ❞✬6❝❤❡❧❧❡ ')B* ❧❛)❣❡✱ ❞❡♣✉✐* ❧❡* ♣❧✉* ❣)❛♥❞❡*✱ ✐♠♣♦*6❡* ❡♥

❣6♥6)❛❧ ♣❛) ❧❛ ❣6♦♠6')✐❡ ❞❡ ❧✬6❝♦✉❧❡♠❡♥' 6'✉❞✐6✱ ❥✉*2✉✬❛✉① ♣❧✉* ♣❡'✐'❡*✱ ✐♠♣♦*6❡* ♣❛) ❧❛

✈✐*❝♦*✐'6 ❡' ❞6✜♥✐**❛♥' ❧✬6❝❤❡❧❧❡ ❞❡ ❑♦❧♠♦❣♦)♦✈✳ ◆♦✉* ❝♦♠♠❡♥H♦♥* ♣❛) *✉♣♣♦*❡) 2✉❡ ❧❛

'✉)❜✉❧❡♥❝❡ ❡*' ✉♥❡ *✉♣❡)♣♦*✐'✐♦♥ ❞❡ '♦✉)❜✐❧❧♦♥* *♣✐)❛✉① ✭✜❣✉)❡ ✷✳✼✮ ❞❡ ❧♦♥❣✉❡✉) ❞✬♦♥❞❡ r
♣♦✉✈❛♥' ✈❛)✐❡) *✉) ✉♥❡ ❧❛)❣❡ ❣❛♠♠❡✳ ❙♦✐' vr ✉♥❡ ❞✐✛6)❡♥❝❡ ❞❡ ✈✐'❡**❡ '②♣✐2✉❡ ❛✉ *❡✐♥ ❞✉

'♦✉)❜✐❧❧♦♥✳ ▲❡ '❡♠♣* Tr =
r
vr

❡*' ❛♣♣❡❧6 '❡♠♣* ❞❡ )❡'♦✉)♥❡♠❡♥' ❞✉ '♦✉)❜✐❧❧♦♥✳ ■❧ ❞♦♥♥❡ ✉♥

❋✐❣✳ ✷✳✼ ✕ ❙❝❤6♠❛ ❞✉ '♦✉)❜✐❧❧♦♥ ❞✬6❝❤❡❧❧❡ r ✭✜❣✉)❡ '✐)6❡ ❞❡ ❬✹✵❪✮

♦)❞)❡ ❞❡ ❣)❛♥❞❡✉) ❞✉ '❡♠♣* ♠✐* ♣❛) ✉♥❡ ♣❛)❝❡❧❧❡ ❞❡ ✢✉✐❞❡ ♣✐6❣6❡ ❞❛♥* ❝❡ '♦✉)❜✐❧❧♦♥ ♣♦✉)

❡♥ ❢❛✐)❡ ✉♥ '♦✉) ❝♦♠♣❧❡'✳ ❑♦❧♠♦❣♦)♦✈ 6♠❡' ❧✬❤②♣♦'❤B*❡ ❡♥ ✶✾✹✶ ❞✬✉♥❡ ❝❛*❝❛❞❡ ❞✬6♥❡)❣✐❡

2✉✐ *✉♣♣♦*❡ ✉♥ 2✉❛*✐✲62✉✐❧✐❜)❡ ❬✸✹❪ ✿ ♣❡♥❞❛♥' ❧❡ '❡♠♣* ❞❡ )❡'♦✉)♥❡♠❡♥' Tr✱ ❧❡ '♦✉)❜✐❧❧♦♥

♣❡)❞ ✉♥❡ ❝❡)'❛✐♥❡ ❢)❛❝'✐♦♥ a (a < 1) ❞❡ *♦♥ 6♥❡)❣✐❡ ❝✐♥6'✐2✉❡ ♣❛) ✉♥✐'6 ❞❡ ♠❛**❡

v2
r

2 ✱

♣❛) ❞✐✈❡)* ♠6❝❛♥✐*♠❡* ❞✬✐♥*'❛❜✐❧✐'6 2✉✐ ❝♦♥')✐❜✉❡♥' U ❧❛ ❝)6❛'✐♦♥ ❞❡ '♦✉)❜✐❧❧♦♥* ❞❡ '❛✐❧❧❡

✐♥❢6)✐❡✉)❡ U r ✭✜❣✉)❡ ✷✳✽✮✳ ❈❡''❡ ♣❡)'❡ ❡*' ♠❡*✉)❛❜❧❡ ♣❛) ❧❡ '❛✉① ❞❡ ❞✐**✐♣❛'✐♦♥ ❞✬6♥❡)❣✐❡

❝✐♥6'✐2✉❡ ǫr✱ 2✉✐ ❡*' 6❣❛❧ U

1
2a

v2
r

Tr
✳ ▲❡ 2✉❛*✐✲62✉✐❧✐❜)❡ ❞✉ '♦✉)❜✐❧❧♦♥ ✈✐❡♥' ❞❡ ❝❡ 2✉✬✐❧ )❡❝♦✐'

*✐♠✉❧'❛♥6♠❡♥' ❞❡ ❧✬6♥❡)❣✐❡ ❞❡* '♦✉)❜✐❧❧♦♥* ♣❧✉* ❣)♦*✱ ♣❛) ❞❡* ✐♥*'❛❜✐❧✐'6* ❞❡ ♠X♠❡ '②♣❡✳

▲❛ ✜♥ ❞✉ ♣)♦❝❡**✉* U ♣❡'✐'❡ 6❝❤❡❧❧❡ ❡*' ❞✉❡ ❛✉① ❡✛❡'* ✈✐*2✉❡✉①✳ ❉❛♥* ❧❡ ❝❛* ♦Z ❧❛ ✈✐*❝♦*✐'6

*❡)❛✐' ♥✉❧❧❡✱ ❧❡ ♣)♦❝❡**✉* ❞✬❛♠♦)'✐**❡♠❡♥' ❞❡ ❧✬6♥❡)❣✐❡ *❡ ♣♦✉)*✉✐✈)❛✐' ❥✉*2✉✬U ❞❡* 6❝❤❡❧❧❡*

✐♥✜♥✐♠❡♥' ♣❡'✐'❡*✳ ▲✬❤②♣♦'❤B*❡ ❞❡ ❑♦❧♠♦❣♦)♦✈ ❝♦♥*✐*'❡ U *✉♣♣♦*❡) 2✉❡ ǫr ❡*' ✐♥❞6♣❡♥❞❛♥'

❞❡ r ❡' 6❣❛❧ U ✉♥❡ ❝♦♥*'❛♥'❡ ǫ✳ ❊♥ ♥6❣❧✐❣❡❛♥' ❧❛ ❝♦♥*'❛♥'❡ ❞❡ ♣)♦♣♦)'✐♦♥♥❛❧✐'6

a
2 ✱ ♦♥ ❡♥

❞6❞✉✐' ❧❛ ❧♦✐ ❞❡ ❑♦❧♠♦❣♦)♦✈ ✿

vr = (ǫr)
1
3

✭✷✳✷✵✮



✻✵ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❖♥ ♣❡✉% ❛✉''✐ ❢♦+♠✉❧❡+ ❧❛ ❧♦✐ ❞❡ ❑♦❧♠♦❣♦+♦✈ ❞❛♥' ❧✬❡'♣❛❝❡ ❞❡ ❋♦✉+✐❡+✱ ♦6 ❝❤❛8✉❡ ❧♦♥❣✉❡✉+

❞✬♦♥❞❡ r ❞❡ ❧✬❡'♣❛❝❡ +9❡❧ ❡'% ❛''♦❝✐9❡ : ✉♥ ♥♦♠❜+❡ ❞✬♦♥❞❡✱ ♦✉ ♠♦❞❡✱ k = 2π
r
✳ ▲❡ '♣❡❝%+❡

❞✬9♥❡+❣✐❡ E(k) ❡'% ❞9✜♥✐ ❝♦♠♠❡ ❧❛ ❞❡♥'✐%9 ❞✬9♥❡+❣✐❡ ❝✐♥9%✐8✉❡ ❞✉ '✐❣♥❛❧ %✉+❜✉❧❡♥% ❛✉ ♠♦❞❡ k
❡% ❞❡' %❤9♦+✐❡' ❞✉ %+❛✐%❡♠❡♥% ❞✉ '✐❣♥❛❧ ♣❡+♠❡%%❡♥% ❞❡ ♠♦♥%+❡+ 8✉❡ E(k) ❡'% ♣+♦♣♦+%✐♦♥♥❡❧
❛✉ ♣+♦❞✉✐% ❞❡ r ♣❛+ Er ∝ v2r ✳ ▲❛ ❧♦✐ ❞❡ ❑♦❧♠♦❣♦+♦✈ ♠♦♥%+❡ ❛❧♦+' 8✉❡ E(k) ❡'%✱ : ✉♥❡

❝♦♥'%❛♥%❡ Ck ♣+?'✱ ♣+♦♣♦+%✐♦♥♥❡❧ : ǫ
2
3 k

−5
3
✿

E(k) ∝ Err ∝ ǫ
2
3 k

−5
3

✭✷✳✷✶✮

▲❛ ✜❣✉+❡ ✷✳✾❛ ✐❧❧✉'%+❡ ❧❡ ♣+♦❝❡''✉' ❞❡ ❝❛'❝❛❞❡ ❞✬9♥❡+❣✐❡ ❡♥ ✸❉ ❞❛♥' ❧✬❡'♣❛❝❡ ❞❡' ♥♦♠❜+❡'

❋✐❣✳ ✷✳✽ ✕ ❚+❛♥'❢❡+% ❞✬9♥❡+❣✐❡ ❞❡' ❣+♦' %♦✉+❜✐❧❧♦♥' ❛✉① ♣❧✉' ♣❡%✐%' ✭✜❣✉+❡ %✐+9❡ ❞❡ ❬✷✵❪✮

❞✬♦♥❞❡ k✳ O❛+ ✉♥ ❢♦+P❛❣❡ ❡①%9+✐❡✉+ : ❣+❛♥❞❡ 9❝❤❡❧❧❡ ♦♥ ✐♥❥❡❝%❡ ❞❡ ❧✬9♥❡+❣✐❡ ❝✐♥9%✐8✉❡ : ✉♥
%❛✉① ǫ ♣♦✉+ ❝♦♠♣❡♥'❡+ ❧✬9♥❡+❣✐❡ ❞✐''✐♣9❡ : ♣❡%✐%❡ 9❝❤❡❧❧❡ ♣❛+ ✈✐'❝♦'✐%9✳ ▲✬9♥❡+❣✐❡ ❝✐♥9%✐8✉❡
✐♥❥❡❝%9❡ ❡'% %+❛♥'❢9+9❡ ❛✉ ♠R♠❡ %❛✉① ǫ ✈❡+' ❧❡' ❣+❛♥❞' k✱ ❞♦♥❝ ✈❡+' ❧❡' ♣❡%✐%❡' 9❝❤❡❧❧❡' ❧❡
❧♦♥❣ ❞❡ ❧❛ ❝❛'❝❛❞❡ ❞❡ ❑♦❧♠♦❣♦+♦✈ ❥✉'8✉✬: R%+❡ ❞✐''✐♣9❡ ♣❛+ ❧❛ ✈✐'❝♦'✐%9✳

❈✮▲❛ %✉$❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥*✐♦♥♥❡❧❧❡

❉❛♥' ❧❡ ❝❛' ❞❡ ♥♦%+❡ 9%✉❞❡ ✷❉✱ ♥♦✉' ❛✈♦♥' ✈✉ ❛✉ ❝❤❛♣✐%+❡ ✶ 8✉❡ ❧♦+'8✉❡ ❧❡ ❝❤♦❝ '❡

♣+♦♣❛❣❡ : %+❛✈❡+' ✉♥ +9'❡❛✉ ❞❡ ✜❜+❡' ❛❧9❛%♦✐+❡✱ 8✉✐♥❝♦♥❝❡ ♦✉ ❝❛++9✱ ✉♥ ♣❤9♥♦♠?♥❡ ✐♥✈❡+'❡

: ❝❡❧✉✐ ♣+9❞✐% ♣❛+ ❑♦❧♠♦❣♦+♦✈ ❛♣♣❛+❛S%✳ ❊♥ ❡✛❡%✱ ♥♦' ♣❡%✐%' %♦✉+❜✐❧❧♦♥' ✐♥✐%✐❛✉① '❡ +❡✲

❣+♦✉♣❡♥% ❛✜♥ ❞✬❡♥ ❝+9❡+ ❞❡' ♣❧✉' ❣+♦'✳ ❑+❛✐❝❤♥❛♥ ❡♥ ✶✾✻✼ ❬✸✻❪ ❛ ✐♥%+♦❞✉✐% ❝❡ ❝♦♥❝❡♣% ❞❡

❝❛'❝❛❞❡ ✐♥✈❡+'❡ ❞✬9♥❡+❣✐❡ ❡♥ ♠R♠❡ %❡♠♣' 8✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ❝❛'❝❛❞❡ ❞✬❡♥'%+♦♣❤✐❡ ❧♦+'8✉❡ ❧❛

%✉+❜✉❧❡♥❝❡ ♥✬❛ ❧✐❡✉ 8✉✬❡♥ ✷❉✳ ❈♦♠♠❡♥P♦♥' ♣❛+ ❞9✜♥✐+ ❧❛ ❝❛'❝❛❞❡ ❞✬❡♥'%+♦♣❤✐❡✳ ▲✬❡♥'%+♦✲

♣❤✐❡ 9%❛♥% ❧✬98✉✐✈❛❧❡♥% ❞❡ ❧✬9♥❡+❣✐❡ ❝✐♥9%✐8✉❡ ❡♥ ❝❡ 8✉✐ ❝♦♥❝❡+♥❡ ❧❛ ✈♦+%✐❝✐%9✱ ❡❧❧❡ '❡+❛ ❞❡

❧✬♦+❞+❡ ❞❡

ω2
r

2 ♣♦✉+ ✉♥ %♦✉+❜✐❧❧♦♥ ❧♦❝❛❧ ❞❡ %❛✐❧❧❡ r ❛②❛♥% ✉♥❡ ✈✐%❡''❡ ❞❡ +❡%♦✉+♥❡♠❡♥% vr✱ ✉♥❡

9♥❡+❣✐❡ ❝✐♥9%✐8✉❡

v2
r

2 ❡% ✉♥❡ ✈♦+%✐❝✐%9 ωr✳ ▲❡' %♦✉+❜✐❧❧♦♥' : ❣+❛♥❞❡ 9❝❤❡❧❧❡ L ♦♥% ✉♥ %❡♠♣'

❝❛+❛❝%9+✐'%✐8✉❡ ❞❡ +❡%♦✉+♥❡♠❡♥% ❞❡ ❧✬♦+❞+❡ ❞❡ ❧✬✐♥✈❡+'❡ ❞❡ ❧❡✉+ ✈✐%❡''❡ ❛♥❣✉❧❛✐+❡ ❞❡ +♦%❛%✐♦♥✱

'♦✐% ω−1L ✳ ❈❡ %❡♠♣' ❡'% ❝❛+❛❝%9+✐'%✐8✉❡ ❞❡ ❧❛ ❞✐''✐♣❛%✐♦♥ ❞❡ ❧✬❡♥'%+♦♣❤✐❡✱ 8✉✐ '❡ ❢❛✐% ❞♦♥❝ :

✉♥ %❛✉① β 9❣❛❧ : ✿

β =
ω2L
ω−1L

= ω3L ✭✷✳✷✷✮

▲❛ ❞✐'%+✐❜✉%✐♦♥ ❞❡ ✈✐%❡''❡ ❡'% %+?' ❞✐✛9+❡♥%❡ ❞❡ ❝❡❧❧❡ ❞❡ ❑♦❧♠♦❣♦+♦✈ ❡♥ ✸❉✱ ♣✉✐'8✉❡ ✿

vr = rωL = β
1
3 r ✭✷✳✷✸✮



✷✳✶ ❍②❞&♦❞②♥❛♠✐,✉❡ ✻✶

❋✐❣✳ ✷✳✾ ✕ ❈❛&❝❛❞❡ ❞✬+♥❡-❣✐❡ ♣♦✉- ❧❡& ❝❛& ✸❉ ✭❛✮ ❡8 ✷❉ ✭❜✮ ✭✜❣✉-❡ 8✐-+❡ ❞❡ ❬✹✵❪✮

❝❡ ?✉✐ ❝♦--❡&♣♦♥❞ @ ✉♥ &♣❡❝8-❡ ❞✬+♥❡-❣✐❡ rv2r ❞♦♥♥+ ♣❛- ✿

E(k) ∝ β
2
3 r3 ∝ β

2
3 k−3 ✭✷✳✷✹✮

?✉✐ ❡&8 ❧❛ ❝❛&❝❛❞❡ ❞✬❡♥&8-♦♣❤✐❡ ❞❡ ❑-❛✐❝❤♥❛♥✳

❊♥ ❝❡ ?✉✐ ❝♦♥❝❡-♥❡ ❧✬+✈♦❧✉8✐♦♥ ❞❡ ❧✬+♥❡-❣✐❡ ❡♥ 8✉-❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥&✐♦♥♥❡❧❧❡✱ ❧❛ ❞✐&&✐♣❛8✐♦♥

❞✬+♥❡-❣✐❡ ❝✐♥+8✐?✉❡ ♣❛- ❧❛ ✈✐&❝♦&✐8+ ❡&8 ❢❛✐❜❧❡✱ ✈♦✐-❡ ♥+❣❧✐❣❡❛❜❧❡ ?✉❛♥❞ ❧❛ ✈✐&❝♦&✐8+ 8❡♥❞ ✈❡-&

③+-♦✳ ❙✐ ♦♥ &✉♣♣♦&❡ ?✉❡ ❧✬♦♥ ✐♥❥❡❝8❡ ❞❡ ❧✬+♥❡-❣✐❡ ❝✐♥+8✐?✉❡ ❞❛♥& ❧❡ &②&8M♠❡ ❛✉ ♥♦♠❜-❡

❞✬♦♥❞❡ kI ❡8 @ ✉♥ 8❛✉① ǫ✱ ♦♥ ✐♥❥❡❝8❡ ❛✉&&✐ ❞❡ ❧✬❡♥&8-♦♣❤✐❡ @ ✉♥ 8❛✉① β✳ ❈❡88❡ ❡♥&8-♦♣❤✐❡

✈❛ O8-❡ 8-❛♥&❢+-+❡ ✈❡-& ❧❡& ♣❡8✐8❡& +❝❤❡❧❧❡& ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❝❛&❝❛❞❡ ❞✬❡♥&8-♦♣❤✐❡ ❛✉ 8❛✉① β✱ ❡8
&❡-❛ ✜♥❛❧❡♠❡♥8 ❞✐&&✐♣+❡ ♣❛- ✈✐&❝♦&✐8+✳ ▲✬+♥❡-❣✐❡ ❝✐♥+8✐?✉❡ ♥❡ ♣❡✉8 ♣❛& ❞❡&❝❡♥❞-❡ ✈❡-& ❧❡&

♣❡8✐8❡& +❝❤❡❧❧❡&✱ ♦✉ ❤❛✉8❡& ❢-+?✉❡♥❝❡&✱ @ ❝❛✉&❡ ❞✉ ♠✉- ❝-++ ♣❛- ❧❛ ❝❛&❝❛❞❡ ❞✬❡♥&8-♦♣❤✐❡✳

❈❡88❡ +♥❡-❣✐❡ ❛♣♣♦-8+❡ ❝♦♥8✐♥Q♠❡♥8 ❛✉ &②&8M♠❡ ♥❡ ♣❡✉8 ❛❧♦-& O8-❡ ❞✐-✐❣+❡ ?✉❡ ✈❡-& ❧❡&

❣-❛♥❞❡& +❝❤❡❧❧❡&✱ ♦✉ ❜❛&&❡& ❢-+?✉❡♥❝❡&✳ ❈✬❡&8 ❧❛ ❝❛&❝❛❞❡ ✐♥✈❡-&❡ ❞✬+♥❡-❣✐❡✱ ❞❛♥& ❧❛?✉❡❧❧❡ ❞❡&

8♦✉-❜✐❧❧♦♥& ❞❡ ♣❧✉& ❡♥ ♣❧✉& ❣-♦& &❡ ❢♦-♠❡♥8 ♣❛- ❛♣♣❛-✐❡♠❡♥8& &✉❝❝❡&&✐❢&✳ ▲❛ ✜♥ ❞✉ ♣-♦❝❡&&✉&

@ ❣-❛♥❞❡ +❝❤❡❧❧❡ ❡&8 ❞✉❡ ❣+♥+-❛❧❡♠❡♥8 @ ❧❛ 8❛✐❧❧❡ ❞✉ ❝♦♥8❡♥❛♥8 ❞❡ ❧✬+❝♦✉❧❡♠❡♥8✳ ❑-❛✐❝❤♥❛♥

❛ &✉♣♣♦&+ ?✉❡ ❧❡ &♣❡❝8-❡ ❞✬+♥❡-❣✐❡ ❞❛♥& ❝❡88❡ ❝❛&❝❛❞❡ ✐♥✈❡-&❡ ♥❡ ❞+♣❡♥❞ ?✉❡ ❞❡ ǫ ❡8 ❞❡ k
❡8 8-♦✉✈❡ ?✉❡

E(k) ∝ ǫ
2
3 k−

5
3

✭✷✳✷✺✮

▲❛ 8✉-❜✉❧❡♥❝❡ ❡♥ ✷❉ ✭✜❣✉-❡ ✷✳✾❜ &❡ ❝♦♠♣♦-8❡ ❞♦♥❝ ❜✐❡♥ ❞✐✛+-❡♠♠❡♥8 ?✉✬❡♥ ✸❉ ✭✜❣✉-❡

✷✳✾❛ ❡8 ❞❛♥& ♥♦& ♦❜&❡-✈❛8✐♦♥& ❞✉ ❝❤❛♣✐8-❡ ✶ ♥♦✉& ❛✈♦♥& ✈✉ ❝❡88❡ ❝❛&❝❛❞❡ ✐♥✈❡-&❡ ❞✬+♥❡-❣✐❡

♣❡♥❞❛♥8 ❧❛?✉❡❧❧❡ ❧❡& ♣❡8✐8& 8♦✉-❜✐❧❧♦♥& &✬❛&&❡♠❜❧❡♥8 ♣♦✉- ❡♥ ❝-+❡- ❞❡ ♣❧✉& ❣-♦&✳

❈❡ 8②♣❡ ❞❡ ❝❛&❝❛❞❡ ❛ +8+ ♦❜&❡-✈+ ❞❛♥& ❧❡& 8-❛✈❛✉① ❞❡ ❘✳ V✐-♦♥ ❬✺✵❪ ❧♦-&?✉✬✉♥ ❝❤♦❝ ❢♦-8

&❡ ♣-♦♣❛❣❡ ❞❛♥& ❞❡& &8-❛8❡& ❞✬✉♥ ♠❛8+-✐❛✉ ❧♦✉-❞ ❞❛♥& ✉♥ ♠❛8+-✐❛✉ ❧+❣❡-✱ ♠♦❞+❧✐&❛8✐♦♥ ?✉✐

❝♦--❡&♣♦♥❞ @ ✉♥ -❡❧W❝❤❡♠❡♥8 ❞❡& ❝♦♥8-❛✐♥8❡& ❞❛♥& ❧✬+8✉❞❡ ?✉❡ ♥♦✉& ♠❡♥♦♥&✳



✻✷ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❉❛♥# ❧❛ ♣&♦❝❤❛✐♥❡ ♣❛&,✐❡✱ .✉✐ ,&❛✐,❡ ❞✬✉♥ ,♦✉, ❛✉,&❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②#✐.✉❡✱ ❧❛ ❞4,♦✲

♥✐.✉❡✱ ♥♦✉# ♥♦✉# ♣❧❛6♦♥# ❞✐&❡❝,❡♠❡♥, ❡♥ ✷❉✳

✷✳✷ ▲❛ ❞%&♦♥✐*✉❡ ❜✐❞✐♠❡♥/✐♦♥♥❡❧❧❡

▲❛ ❞4,♦♥✐.✉❡ ❡#, ❧❛ ♣❤②#✐.✉❡ ❞❡# ♦♥❞❡# ❞❡ ❝❤♦❝ ❡, ❞❡# ♦♥❞❡# ❞❡ ❞4,♦♥❛,✐♦♥✳ ◆♦✉# ♥♦✉#

✐♥,4&❡##♦♥# ❞❛♥# ❧❡ ❝❛❞&❡ ❞❡ ❝❡,,❡ ,❤;#❡ < ❧❛ ♣❛&,✐❡ ,&❛✐,❛♥, ❞❡# ♦♥❞❡# ❞❡ ❝❤♦❝✱ .✉✐ ❡#,

#✉✣#❛♠❡♥, &✐❝❤❡ < ❡❧❧❡ #❡✉❧❡✳ ▲❡# ♥♦,✐♦♥# .✉❡ ♥♦✉# ❛❧❧♦♥# ❞4,❛✐❧❧❡& #✉& ❝❡ #✉❥❡, ,&♦✉✈❡♥,

❧❡✉& #♦✉&❝❡ ❞❛♥# ❧❡# ♦✉✈&❛❣❡# ❬✻✺❪ ❡, ❬✻✽❪✳

✷✳✷✳✶ ▲❡% ❝❤♦❝%

❆✈❛♥$ ❞✬❛❜♦)❞❡) ❧❛ ❞,$♦♥✐.✉❡ ❜✐❞✐♠❡♥1✐♦♥♥❡❧❧❡✱ ❛✐♥1✐ ♥♦♠♠,❡ ❝❛) ❡❧❧❡ ❡1$ ❝♦♥1❛❝),❡

❛✉① ♣)♦❜❧6♠❡1 .✉✐ 1❡ ♣♦1❡♥$ ❧♦)1.✉❡ ❧✬,$✉❞❡ ❞❡ ❧✬,❝♦✉❧❡♠❡♥$ ❞❡))✐6)❡ ✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝

❡①✐❣❡ ❧✬❡♠♣❧♦✐ ❞❡ ❞❡✉① ❞✐)❡❝$✐♦♥1 ❞❛♥1 ❧✬❡1♣❛❝❡✱ ♥♦✉1 ❝♦♠♠❡♥9♦♥1 ♣❛) )❡♣)❡♥❞)❡ ❧❡1 ❜❛1❡1

❝♦♥❝❡)♥❛♥$ $♦✉$ 1✐♠♣❧❡♠❡♥$ ❧❛ ❢♦)♠❛$✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝✳

❆✈❛♥$ ❧❡ ❝❤♦❝ ✿ ❧❡+ ♦♥❞❡+ +♦♥✐.✉❡+

❯♥❡ ♦♥❞❡ ❡1$ ❧❛ ♣)♦♣❛❣❛$✐♦♥✱ ❞❛♥1 ✉♥ ♠✐❧✐❡✉ ♠❛$,)✐❡❧✱ ❞✬✉♥❡ ♣❡)$✉❜❛$✐♦♥ ♣)♦❞✉✐1❛♥$ 1✉)

1♦♥ ♣❛11❛❣❡ ✉♥❡ ✈❛)✐❛$✐♦♥ ),✈❡)1✐❜❧❡ ❞❡1 ♣)♦♣)✐,$,1 ♣❤②1✐.✉❡1 ❧♦❝❛❧❡1✳ ❊❧❧❡ ❡1$ ❞,❝♦♠♣♦1,❡

❡♥ ,❧,♠❡♥$1 ❞✬❛♠♣❧✐$✉❞❡ ✐♥✜♥✐♠❡♥$ ♣❡$✐$❡✱ ❧❡1 ♦♥❞❡1 1♦♥✐.✉❡1✱ .✉✐ 1❡ 1✉✐✈❡♥$ ❝♦♥$✐♥@♠❡♥$✳

▲✬♦♥❞❡ 1♦♥✐.✉❡ ♣)♦♣❛❣❡✱ ❞❛♥1 ❧❡ ♠✐❧✐❡✉✱ ❞❡1 ✈❛)✐❛$✐♦♥1 ✐♥✜♥✐$,1✐♠❛❧❡1 ❞❡1 ❣)❛♥❞❡✉)1 ❞✬,$❛$1✱

♣❛) ❡①❡♠♣❧❡ dp ♣♦✉) ❧❛ ♣)❡11✐♦♥ ❡$ dv ♣♦✉) ❧❡ ✈♦❧✉♠❡✱ ❡$ ❞❡ ❧❛ ✈✐$❡11❡ ♠❛$,)✐❡❧❧❡ du✳ ▲❡
1✐❣♥❡ ❞❡ dp ❞,$❡)♠✐♥❡ ❧❛ ♥❛$✉)❡ ❞❡ ❧✬♦♥❞❡ 1♦♥✐.✉❡✳ ❙✐ dp > 0✱ ❧✬♦♥❞❡ 1♦♥✐.✉❡ ❡1$ ✉♥❡ ♦♥❞❡
❞❡ ❝♦♠♣)❡11✐♦♥✱ 1✐ dp < 0✱ ❝✬❡1$ ✉♥❡ ♦♥❞❡ ❞❡ ❞,$❡♥$❡✳ ▲♦)1 ❞✉ ♣❛11❛❣❡ ❞✬♦♥❞❡1 1♦♥✐.✉❡1
❞❛♥1 ✉♥ ♠✐❧✐❡✉✱ ✉♥❡ $)❛♥1❢♦)♠❛$✐♦♥ $❤❡)♠♦❞②♥❛♠✐.✉❡ ❛❞✐❛❜❛$✐.✉❡ ❡$ ✐1❡♥$)♦♣✐.✉❡ 1✬♦♣6)❡

❛✉ 1❡✐♥ ❞❡ ❝❡ ❞❡)♥✐❡)✳ ▲❛ ✈✐$❡11❡ ❞❡ ♣)♦♣❛❣❛$✐♦♥ ❞❡ ❧✬♦♥❞❡ 1♦♥✐.✉❡ ❞❛♥1 ❧❡ ♠✐❧✐❡✉ 1✬❛♣♣❡❧❧❡

❧❛ ✈✐$❡11❡ ❞✉ 1♦♥✳ ❊❧❧❡ ❡1$ ❞,1✐❣♥,❡ ♣❛) c ❡$ )❡♣),1❡♥$,❡ ♣❛) ❧❡ ✈❡❝$❡✉) ~c✱ ♥♦)♠❛❧ C ❧✬♦♥❞❡ ❡$
♦)✐❡♥$, ❞❛♥1 ❧❡ 1❡♥1 ❞❡ ♣)♦♣❛❣❛$✐♦♥✳ ▲❛ ✈✐$❡11❡ ❞✉ 1♦♥ ❡1$ ✉♥❡ ❣)❛♥❞❡✉) $❤❡)♠♦❞②♥❛♠✐.✉❡

❞♦♥♥,❡ ♣❛) ❧❛ )❡❧❛$✐♦♥ ✭✷✳✷✻✮✱ p✱ ρ ❡$ S 1♦♥$ ❧❛ ♣)❡11✐♦♥✱ ❧❛ ❞❡♥1✐$, ❡$ ❧✬❡♥$)♦♣✐❡ ❧♦❝❛❧❡✳

c =

(√
dp

dρ

)

S

✭✷✳✷✻✮

H❧✉1 ♣),❝✐1,♠❡♥$✱ ~c )❡♣),1❡♥$❡ ❧❛ ✈✐$❡11❡ )❡❧❛$✐✈❡ ❞❡ ❧✬♦♥❞❡ ♣❛) )❛♣♣♦)$ ❛✉ ♠✐❧✐❡✉✳ ❙✐
❝❡❧✉✐✲❝✐ ❡1$ ❡♥ ♠♦✉✈❡♠❡♥$ C ❧❛ ✈✐$❡11❡ ~u✱ (~u+ ~c) 1❡)❛ ❧❛ ✈✐$❡11❡ ❛❜1♦❧✉❡ ❞❡ ❧✬♦♥❞❡ 1♦♥✐.✉❡✳

❊♥ ♣❧✉1 ❞✬✉♥❡ $)❛♥1❢♦)♠❛$✐♦♥ $❤❡)♠♦❞②♥❛♠✐.✉❡✱ ✉♥❡ $)❛♥1❢♦)♠❛$✐♦♥ ❝✐♥,$✐.✉❡✱ 1♦✉1

❢♦)♠❡ ❞✬❛❝❝,❧,)❛$✐♦♥

~du✱ ❡1$ ,❣❛❧❡♠❡♥$ ❛♣♣♦)$,❡ ❛✉ ♠✐❧✐❡✉✳ ❈❡$$❡ ❛❝❝,❧,)❛$✐♦♥ ~du ❡1$ ❞✐)✐❣,❡
1❡❧♦♥ ❧❛ ♥♦)♠❛❧❡ C ❧✬♦♥❞❡✱ ❝✬❡1$✲C✲❞✐)❡ ❞❛♥1 ❧❛ ♠K♠❡ ❞✐)❡❝$✐♦♥ .✉❡ ~c✱ ♠❛✐1 ♣❛1 ❢♦)❝,♠❡♥$
❞❛♥1 ❧❡ ♠K♠❡ 1❡♥1✳ ▲✬❛❝❝,❧,)❛$✐♦♥

~du ❡$ ❧❛ ✈❛)✐❛$✐♦♥ ❞❡ ♣)❡11✐♦♥ dp 1♦♥$ )❡❧✐,❡1 ♣❛) ❧❛
)❡❧❛$✐♦♥ ✭✷✳✷✼✮✳

dp = ρ~c. ~du ✭✷✳✷✼✮

▲❡ 1✐❣♥❡ ❞❡ dp ♣❡)♠❡$ ✐❝✐ ❞❡ ❞,$❡)♠✐♥❡) ❧❡ 1❡♥1 ❞❡ ~du✳ ❙✐ dp > 0✱ ❧✬♦♥❞❡ 1♦♥✐.✉❡ ,$❛♥$
✉♥❡ ♦♥❞❡ ❞❡ ❝♦♠♣)❡11✐♦♥✱ du ❡$ c 1♦♥$ ❞❡ ♠K♠❡ 1❡♥1 ❡$ ❧❡ ♠✐❧✐❡✉ ❡1$ ❛❝❝,❧,), ❞❛♥1 ❧❡ 1❡♥1
❞❡ ♣)♦♣❛❣❛$✐♦♥ ❞❡ ❧✬♦♥❞❡✳ ❉❛♥1 ❧✬❛✉$)❡ ❝❛1✱ 1✐ dp < 0✱ ❧✬♦♥❞❡ 1♦♥✐.✉❡ ,$❛♥$ ✉♥❡ ♦♥❞❡ ❞❡
❞,$❡♥$❡✱ du ❡$ c 1♦♥$ ❞❡ 1❡♥1 ❝♦♥$)❛✐)❡ ❡$ ❧❡ ♠✐❧✐❡✉ ❡1$ ❛❝❝,❧,), ❞❛♥1 ❧❡ 1❡♥1 ♦♣♣♦1, C ❝❡❧✉✐



✷✳✷ ▲❛ ❞%&♦♥✐*✉❡ ❜✐❞✐♠❡♥/✐♦♥♥❡❧❧❡ ✻✸

❞❡ ❧✬♦♥❞❡ ❞❡ ♣'♦♣❛❣❛*✐♦♥✳ ❙♦✐* ✉♥❡ ♦♥❞❡ ❞✬❛♠♣❧✐*✉❞❡ ✜♥✐❡✱ ❝♦♥3*✐*✉4❡ ❞✬♦♥❞❡3 3♦♥✐5✉❡3

♣❧❛♥❡3✱ ♥♦'♠❛❧❡3 6 ✉♥ ❛①❡ (Ox) ♦'✐❡♥*4 ❞❛♥3 ❧❡ 3❡♥3 ❞❡ ~c✳ ▲❛ ✈✐*❡33❡ ❛❜3♦❧✉❡ ❞❡ (u+ c) ❞❡
❝❤❛5✉❡ ♦♥❞❡ 3♦♥✐5✉❡ ❡3* ❝♦♥3*❛♥*❡✱ ♠❛✐3 ~u ❡* ~c ✈❛'✐❡♥* ❞✬✉♥❡ ♦♥❞❡ 6 ❧✬❛✉*'❡✱ ❧❡ ♣'♦✜❧ ❞❡

❧✬♦♥❞❡ ❣❧♦❜❛❧❡ 3❡ ♠♦❞✐✜❡ ❞♦♥❝ ❛✉ ❝♦✉'3 ❞❡ ❧❛ ♣'♦♣❛❣❛*✐♦♥✳ ▲❡ 3❡♥3 ❞❡ ❧✬4✈♦❧✉*✐♦♥ '❡♣♦3❡ 3✉'

✉♥❡ ♣'♦♣'✐4*4 *'<3 ❣4♥4'❛❧❡ ❞❡ ❧❛ ♠❛*✐<'❡✱ 6 3❛✈♦✐' 5✉❡ ❧❛ ✈✐*❡33❡ ❞✉ 3♦♥ c ❡3* ✉♥❡ ❢♦♥❝*✐♦♥
❝'♦✐33❛♥*❡ ❞❡ ❧❛ ♣'❡33✐♦♥✳ ❯♥❡ ❣'❛♥❞❡ ♣❛'*✐❡ ❞❡3 ❧♦✐3 ❞❡ ❧❛ ❞4*♦♥✐5✉❡✱ ❡* ♥♦*❛♠♠❡♥* ❧❛

❢♦'♠❛*✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝✱ ❡3* ❣♦✉✈❡'♥4❡ ♣❛' ❝❡**❡ ❧♦✐✳ ❙✉' ❧❛ ✜❣✉'❡ ✷✳✶✵ ✉♥❡ ♦♥❞❡ ❞❡

❞4*❡♥*❡ ❡♥ a ❡* ✉♥❡ ♦♥❞❡ ❞❡ ❝♦♠♣'❡33✐♦♥ ❡♥ b 3♦♥* '❡♣'43❡♥*4❡3✳ ❉❛♥3 ❧❡ ❝❛3 ❞❡ ❧✬♦♥❞❡ ❞❡

❞4*❡♥*❡✱ ❝♦♠♠❡ ❧❛ ♣'❡33✐♦♥ ❞✐♠✐♥✉❡ ❞❡ p1 6 p2 ✭dp < 0✮✱ c ❞4❝'♦E*✱ du < 0 ❡* ❡3* ❞❡ 3❡♥3

♦♣♣♦34 6 ~c✳ ✭u+c✮ ❞4❝'♦E* ❞❡ ✶ 6 ✷ ❡* ❧✬♦♥❞❡ 3✬4❧❛'❣✐*✳ ❉❛♥3 ❧❡ ❝❛3 ❞❡ ❧✬♦♥❞❡ ❞❡ ❝♦♠♣'❡33✐♦♥✱
❧❡3 ♣❤4♥♦♠<♥❡3 ✐♥✈❡'3❡3 3✬♦♣<'❡♥*✱ 6 3❛✈♦✐'✱ ❧❛ ♣'❡33✐♦♥ ❝'♦E* ❞❡ p1 6 p2✱ ❞♦♥❝ c ❝'♦E*✳ dp > 0
❞♦♥❝ du > 0 ❡*

~du ❡3* ❞❡ ♠F♠❡ 3❡♥3 5✉❡ ~c✳ ✭u + c✮ ❝'♦E* ❞❡ ✶ 6 ✷ ❡* ❧✬♦♥❞❡ 3❡ '❛✐❞✐*✳ ❈❡

'❡❞'❡33❡♠❡♥* ❞✉ ♣'♦✜❧ ❞❡ ❧✬♦♥❞❡ ❛❜♦✉*✐* ❛✐♥3✐ 6 ❧❛ ❢♦'♠❛*✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝✳

❋✐❣✳ ✷✳✶✵ ✕ ❱✐*❡33❡ 3♦♥✐5✉❡

❋♦4♠❛&✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝

❙♦✐* ✉♥ ♠✐❧✐❡✉ ❞❛♥3 ❧✬4*❛* ✭p0✱ ρ0✮ ❡* ❞❡ ✈✐*❡33❡ ♥✉❧❧❡✳ ▲❛ ❢❛❝❡ ❛''✐<'❡ ✭❘✮✱ ♣❧❛♥❡✱ ❞✬✉♥

4❝❤❛♥*✐❧❧♦♥✱ 3✉❜✐* ✉♥ 3❛✉* ❞❡ ♣'❡33✐♦♥ ❞❡ p0 6 p1 ❡♥ ✉♥ *❡♠♣3 ❝♦✉'*✳ ✭❘✮ 3❡ ♠❡* ❡♥ ♠♦✉✈❡✲

♠❡♥* ❡* ❞❡3 ♦♥❞❡3 3♦♥✐5✉❡3 ❞❡ ❝♦♠♣'❡33✐♦♥ 3♦♥* ❝'44❡3 ❛✉ ❢✉' ❡* 6 ♠❡3✉'❡ 5✉❡ ❧❛ ♣'❡33✐♦♥

❝'♦E*✳ ▲❛ ♣'❡♠✐<'❡ ♦♥❞❡ S0✱ ❡♥ '♦3❡ 3✉' ❧❛ ✜❣✉'❡ ✷✳✶✶✱ *'♦✉✈❡ ❧❡ ♠✐❧✐❡✉ ❞❛♥3 ❧✬4*❛* ✭p0✱ ρ0✱ ✵✮
❡* 3✬② ♣'♦♣❛❣❡ 6 ❧❛ ✈✐*❡33❡ c0✳ ▲✬♦♥❞❡ S✱ ❡♥ ✈❡'* 3✉' ❧❛ ✜❣✉'❡ ✷✳✶✶✱ ♣❛'*✐❡ 6 ❧✬✐♥3*❛♥* t✱ *'♦✉✈❡
❧❡ ♠✐❧✐❡✉ ❞❛♥3 ❧✬4*❛* ✭p✱ ρ✱ u✮ ❡* ❧❡ ♣♦'*❡ 6 ❧✬4*❛* ✭p+ dp✱ ρ+ dρ✱ u+ du✮ ❡♥ 3✬② ♣'♦♣❛❣❡❛♥*

6 ❧❛ ✈✐*❡33❡ ❝♦♥3*❛♥*❡ ✭u+ c✮✳ ❈♦♠♠❡ ❧❛ ✈✐*❡33❡ ✭u+ c✮ ❝'♦E* ❛✈❡❝ ❧❛ ♣'❡33✐♦♥✱ ❝❤❛5✉❡ ♦♥❞❡
3❡ ♣'♦♣❛❣❡ ♣❧✉3 '❛♣✐❞❡♠❡♥* 5✉❡ ❧❛ ♣'4❝4❞❡♥*❡ 5✉✬❡❧❧❡ '❡❥♦✐♥❞'❛ 6 ✉♥ ✐♥3*❛♥* ✉❧*4'✐❡✉'✳ ▲❡3

♦♥❞❡3 S ❢♦'♠❡♥* ❛✐♥3✐ ❣4♦♠4*'✐5✉❡♠❡♥* ✉♥ ❢❛✐3❝❡❛✉ ❞❡ ❞'♦✐*❡3 ❝♦♥✈❡'❣❡♥*❡3 5✉✐ ❛❞♠❡**❡♥*

✉♥❡ ❡♥✈❡❧♦♣♣❡ ✭E✮✱ *❛♥❣❡♥*❡3 6 *♦✉*❡3 ❧❡3 ❞'♦✐*❡3 ❛✉① ♣♦✐♥*3 M ✳ ❈❡♣❡♥❞❛♥*✱ ✭❊✮ ♥❡ ♣❡✉*

♣❤②3✐5✉❡♠❡♥* ♣❛3 '❡♣'43❡♥*❡' ❧❡ *'❛❥❡* ❞✉ ❢'♦♥* ❞❡ ♣❡'*✉❜❛*✐♦♥ ❞❛♥3 ❧❡ ♠✐❧✐❡✉ ❛✉ '❡♣♦3✳

❙❛ ✈✐*❡33❡ ✭u+ c✮ ✱ 5✉✐ ❡3* ❝❡❧❧❡ ❞❡3 ♣♦✐♥*3 M ✱ ❡3* ✐♥❝♦♠♣❛*✐❜❧❡ ❛✈❡❝ ❧❛ ♣'♦♣❛❣❛*✐♦♥ ❞✬✉♥❡

♣❡'*✉❜❛*✐♦♥ ❞✬❛♠♣❧✐*✉❞❡ ✜♥✐❡ ✭p− p0✮ ❞❛♥3 ❧❡ ♠✐❧✐❡✉ 6 ❧✬4*❛* ✭p0✱ ρ0✱ ✵✮✳ ❆✐♥3✐✱ ❧✬♦♥❞❡ S ♥❡

♣❡✉* ❡♥ '4❛❧✐*4 ❛**❡✐♥❞'❡ ❧❡ ♣♦✐♥* M ✳ ▲❛ ♣'♦♣❛❣❛*✐♦♥ ❞♦✐* ❝❡33❡' ❡♥ ✉♥ ♣♦✐♥* I✱ 3✐*✉4 ❛✈❛♥*
M ❡* ❝✬❡3* ❡♥ ❝❡ ♣♦✐♥* 5✉❡ 3❡ *'♦✉✈❡ ❧❡ ❢'♦♥* ❞❡ ♣❡'*✉'❜❛*✐♦♥ '4❡❧✳ ▲❛ ❝♦✉'❜❡ ✭❈✮✱ ❢❛✐*❡ ❞❡

*♦✉3 ❝❡3 ♣♦✐♥*3 ■✱ '❡♣'43❡♥*❡ ❧❡ *'❛❥❡* ❞✉ ❢'♦♥* ❞❡ ♣❡'*✉❜❛*✐♦♥✱ 5✉✐ ❡3* ❧✬♦♥❞❡ ❞❡ ❝❤♦❝✳ ❙❛



✻✹ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

✈✐"❡$$❡ D ❡$" ❝♦♠♣❛"✐❜❧❡ ❛✈❡❝ ❧❛ ♣,♦♣❛❣❛"✐♦♥ ❞✬✉♥❡ ♣❡,"✉❜❛"✐♦♥ ❞✬❛♠♣❧✐"✉❞❡ ✜♥✐❡ ✭p− p0✮
❞❛♥$ ❧❡ ♠✐❧✐❡✉ 5 ❧✬6"❛" ✭p0✱ ρ0✱ ✵✮✳ ▲❛ ❢♦,♠❛"✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝ ❝♦♠♠❡♥❝❡ ❛✉ ♣♦✐♥" I0 ❡"
$❡ ♣♦✉,$✉✐" ❥✉$>✉✬5 ❝❡ >✉❡ ❧❛ ❞❡,♥✐?,❡ ♦♥❞❡ ❞❡ ❝♦♠♣,❡$$✐♦♥ S1✱ ❡♥ "✉,>✉♦✐$❡ $✉, ❧❛ ✜❣✉,❡

✷✳✶✶✱ ❛✐" ,❡❥♦✐♥" ✭❈✮ ❡♥ I1✳ ▲❛ ✈✐"❡$$❡ ❞❡ ❧✬♦♥❞❡ ❝,♦C" ❝♦♥"✐♥D♠❡♥" ❞❡ c0 ❥✉$>✉✬5 D1✳

❋✐❣✳ ✷✳✶✶ ✕ ❋♦,♠❛"✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝

▲❛ ❝♦✉,❜❡ ✭❈✮✱ 6"❛♥" $✐"✉6❡ ❡♥",❡ ✭S0✮ ❡" ✭E✮✱ ❧❛ ♣❡♥"❡ ❞❡ ✭C✮ ❡♥ I ❡$" ✐♥❢6,✐❡✉,❡ 5 ❝❡❧❧❡

❞❡ ✭E✮ ❡♥ M ✱ ❡" ❝♦♠♠❡ c0 ❝♦,,❡$♣♦♥❞ 5 ✉♥❡ ♣❡,"✉,❜❛"✐♦♥ ❞✬❛♠♣❧✐"✉❞❡ ✐♥✜♥✐♠❡♥" ♣❡"✐"❡✱

♦♥ ❛ ✿

c0 < D < u+ c ✭✷✳✷✽✮

▲✬6>✉❛"✐♦♥ ✭✷✳✷✽✮ ",❛❞✉✐" ❧❡ ❢❛✐" >✉❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝ ❡$" $✉♣❡,$♦♥✐>✉❡ ♣❛, ,❛♣♣♦," ❛✉

♠✐❧✐❡✉ ♦I ❡❧❧❡ $❡ ♣,♦♣❛❣❡✱ ❡" $✉❜$♦♥✐>✉❡ ♣❛, ,❛♣♣♦," ❛✉ ♠✐❧✐❡✉ >✉✬❡❧❧❡ ❧❛✐$$❡ ❞❡,,✐?,❡ ❡❧❧❡✳ ❊♥

❞✬❛✉",❡$ ♠♦"$✱ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝ ,❛"",❛♣❡ ❧❡$ ♦♥❞❡$ $♦♥✐>✉❡$ >✉✐ ❧❛ ♣,6❝?❞❡♥" ❡" ❡$" ,❛"",❛♣6❡

♣❛, ❧❡$ ♦♥❞❡$ $♦♥✐>✉❡$ >✉✐ ❧❛ $✉✐✈❡♥"✳ ▲❛ ❝❛,❛❝"6,✐$"✐>✉❡ ❡$$❡♥"✐❡❧❧❡ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ ❡$"

❞❡ ♣,♦♣❛❣❡, ✉♥❡ ❞✐$❝♦♥"✐♥✉✐"6 ❞❡ ✈✐"❡$$❡

~∆u = ~u− ~u0✱ ~u0 6"❛♥" ❧❛ ✈✐"❡$$❡ ✐♥✐"✐❛❧❡✳ ❈❡❧❧❡✲❝✐

❡♥",❛C♥❡ ❞❡$ ❞✐$❝♦♥"✐♥✉✐"6$ ∆p✱ ∆ρ✳✳✳ ❞❡$ ❣,❛♥❞❡✉,$ ❞✬6"❛"✳ ▲❛ ,❡❧❛"✐♦♥ ❞✐✛6,❡♥"✐❡❧❧❡ ✭✷✳✷✼✮✱

♣,♦♣,❡ ❛✉① ♦♥❞❡$ $♦♥✐>✉❡$✱ ♥✬❡$" 6✈✐❞❡♠♠❡♥" ♣❧✉$ ✈❛❧❛❜❧❡ ♣♦✉, ✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝✳ ❙❛ ✈✐"❡$$❡

~D✱ ,❡❧❛"✐✈❡ ❛✉ ♠✐❧✐❡✉ ❞❛♥$ ❧❡>✉❡❧ ❡❧❧❡ $❡ ♣,♦♣❛❣❡✱ ❡$" ♥♦,♠❛❧❡ ❛✉ ❢,♦♥" ❞✬♦♥❞❡✱ ❡" ❧❡ $❛✉" ❞❡

✈✐"❡$$❡

~∆u ❡$" ❝♦❧✐♥6❛✐,❡ ❡" ❞❡ ♠P♠❡ $❡♥$ >✉❡

~D✳ ❊♥✜♥✱ ❧❛ ",❛♥$❢♦,♠❛"✐♦♥ "❤❡,♠♦❞②♥❛♠✐>✉❡

❛♣♣♦,"6❡ ❛✉ ♠✐❧✐❡✉ ♣❛, ❧✬♦♥❞❡ ❞❡ ❝❤♦❝ ❡$" "♦✉❥♦✉,$ ❛❞✐❛❜❛"✐>✉❡ ❝❛, $✉✣$❛♠♠❡♥" ,❛♣✐❞❡✱

♠❛✐$ ♣❛$ ✐$❡♥",♦♣✐>✉❡ ❝❛, ❡❧❧❡ ❡$" ❞✬❛♠♣❧✐"✉❞❡ ✜♥✐❡ ❡" ✐♥$"❛♥"❛♥6❡✳ ▲✬❡♥",♦♣✐❡ ❞✉ ♠✐❧✐❡✉

❝,♦C" ❛✉ ♣❛$$❛❣❡ ❞❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝✳

❈❤♦❝ ♦❜❧✐4✉❡✱ *♦♥✐❝✐%,✱ *%❛%✐♦♥♥❛$✐%,

❙♦✐" ✉♥ ❝❤♦❝ ❞❡ ✈❡❝"❡✉, ✈✐"❡$$❡ ❞❡ ♣,♦♣❛❣❛"✐♦♥

~D ❝♦♥$"✐"✉6 ❞✬✉♥ $❛✉" ❞❡ ✈✐"❡$$❡ ✢✉✐❞❡

~u✳ ❖♥ $❡ ♣❧❛❝❡ ❞❛♥$ ❧❡ ,❡♣?,❡ ❞✉ ❢,♦♥" ❞❡ ❝❤♦❝✳ ▲✬❛①❡ x ❡$" ❞✐,✐❣6 $❡❧♦♥ ❧❛ ❞✐,❡❝"✐♦♥ ❞❡ ❧❛

✈✐"❡$$❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞✉ ✢✉✐❞❡ w0 ❛,,✐✈❛♥" $✉, ❧❡ ❝❤♦❝✳ ▲❛ ✈✐"❡$$❡ ❛♣♣❛,❡♥"❡ ❞✉ ❝❤♦❝✱ ♣,♦❥❡"6❡

$✉, ❧✬❛①❡ x✱ ❡$" ❞♦♥❝ ~q = − ~w0 ✭✜❣✉,❡ ✷✳✶✷✮✳ ❊♥ ❛♣♣❧✐>✉❛♥" ❧❡$ ❜❛$❡$ ❞❡ ❧❛ ",✐❣♦♥♦♠6",✐❡✱



✷✳✷ ▲❛ ❞%&♦♥✐*✉❡ ❜✐❞✐♠❡♥/✐♦♥♥❡❧❧❡ ✻✺

❋✐❣✳ ✷✳✶✷ ✕ ❊%✉❞❡ ❞✉ ❝❤♦❝ ♦❜❧✐/✉❡ ✭✜❣✉3❡ %✐34❡ ❞❡ ❬✺✵❪✮✳

♦♥ ♦❜%✐❡♥% ❧❡; 3❡❧❛%✐♦♥; ❞❡ ❝❤♦❝ ❜✐❞✐♠❡♥%✐♦♥♥❡❧❧❡; ✿

q =
D

sinσ
✭✷✳✷✾✮

w2 = q2 −D2 + (D − u)2 = D2 cot2 σ + (D − u)2 ✭✷✳✸✵✮

tanφ =
u
√

q2 −D2

q2 −Du
=

u cosσ

q − u sinσ
✭✷✳✸✶✮

▲❡; ♣❛3❛♠C%3❡; ❜✐❞✐♠❡♥;✐♦♥♥❡❧; ~q✱ ~w ❡% φ ❞4♣❡♥❞❡♥% ❞❡

~D✱ ✉♥✐❞✐♠❡♥;✐♦♥♥❡❧✱ ❡% ❞✬✉♥ ❛✉%3❡

♣❛3❛♠C%3❡ ❜✐❞✐♠❡♥;✐♦♥♥❡❧✳ ▲❡; 3❡❧❛%✐♦♥; ✭✷✳✷✾✮✱ ✭✷✳✸✵✮ ❡% ✭✷✳✸✶✮ ;♦♥% ❝♦♥❞✐%✐♦♥♥4❡; ♣❛3 ❞❡✉①

❧✐♠✐%❡;✳ G3❡♠✐C3❡♠❡♥%✱ ❧❛ ✈✐%❡;;❡ ❞❡ ♣3♦♣❛❣❛%✐♦♥ ♠✐♥✐♠❛❧❡ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ♣3❡;;✐♦♥ ❡;% ❝❡❧❧❡

❞✬✉♥❡ ♦♥❞❡ ;♦♥♦3❡✳ c0 4%❛♥% ❧❛ ✈✐%❡;;❡ ❞✉ ;♦♥ ❞❛♥; ❧❡ ♠✐❧✐❡✉ ♥♦♥ ❝❤♦/✉4✱ ♦✉ ❛♠♦♥%✱ ❡❧❧❡ ✈43✐✜❡

D > c0✳ ❯♥ ❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❧✐♠✐%❡ σ0 ❡♥ ❡;% ❞4❞✉✐%✱ %❡❧ /✉❡ sinσ0 =
c0
q
✳ ❉❡✉①✐C♠❡♠❡♥%✱

❧❛ ✈✐%❡;;❡ ❞❡ ♣3♦♣❛❣❛%✐♦♥ D ♠❛①✐♠❛❧❡ ❡;% q✱ ♣♦✉3 σ = π
2 ✳

❊♥ ❝❡ /✉✐ ❝♦♥❝❡3♥❡ ❧❛ ✈✐%❡;;❡ w ❞❡ ❧✬4❝♦✉❧❡♠❡♥% ❞✉ ✢✉✐❞❡ ❞❡33✐C3❡ ❧❡ ❝❤♦❝✱ ♦✉ ❡♥ ❛✈❛❧

❞✉ ❝❤♦❝✱ ♦♥ ❞✐;%✐♥❣✉❡ ❞❡✉① ❝❛; ✿ /✉❛♥❞ w < c✱ ❧✬4❝♦✉❧❡♠❡♥% ❡;% ;✉❜;♦♥✐/✉❡✱ /✉❛♥❞ w > c✱
✐❧ ❡;% ;✉♣❡3;♦♥✐/✉❡✳ ❈❡; ❞❡✉① ❞♦♠❛✐♥❡; ;♦♥% ;4♣❛34; ♣❛3 ❧❡ ♣♦✐♥% ;♦♥✐/✉❡ ❝❛3❛❝%43✐;4 ♣❛3 ❧❛

❝♦♥❞✐%✐♦♥ w = c✳ ❉❛♥; ❧❡ ❝❛; ;✉❜;♦♥✐/✉❡✱ ✉♥❡ ♣❡3%✉3❜❛%✐♦♥ ❡♥ ❛✈❛❧ ❞✉ ❝❤♦❝ ♣❡✉% 3❡♠♦♥%❡3

❥✉;/✉✬❛✉ ❢3♦♥% ❡% ❛✈♦✐3 ✉♥❡ ✐♥❝✐❞❡♥❝❡ ;✉3 ❝❡ ❞❡3♥✐❡3✱ ❡% ❛✐♥;✐✱ ❞❡ ❧✬✐♥❢♦3♠❛%✐♦♥ ♣❡✉% ❛✉;;✐

;❡ %3❛♥;♠❡%%3❡ ❧❡ ❧♦♥❣ ❞✉ ❢3♦♥% ❞❡ ❝❤♦❝✳ ❉❛♥; ❧❡ ❝❛; ;✉♣❡3;♦♥✐/✉❡✱ ❧✬✐♥❢♦3♠❛%✐♦♥ ♥❡ ♣❡✉%

3❡♠♦♥%❡3 ✈❡3; ❧❡ ❢3♦♥% /✉✐ 3❡;%❡ ❛❧♦3; ❞3♦✐%✳ ❈❡; ❞❡✉① 34❣✐♠❡; ♦♥% ❞♦♥❝ ✉♥ ❝♦♠♣♦3%❡♠❡♥%

%3C; ❞✐✛43❡♥%✳ ❖♥ ❝❛3❛❝%43✐;❡ ❧❡ ♣♦✐♥% ;♦♥✐/✉❡ ♣❛3 ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ;♦♥✐/✉❡ σ∗✱ %❡❧ /✉❡ ✿

cot2 σ∗ =
c2 − (D − u)2

D2
✭✷✳✸✷✮

▲❛ ;♦♥✐❝✐%4 ❞✉ ❝❤♦❝ ❡;% ❞4✜♥✐❡ ♣❛3 ❧✬❛♥❣❧❡ ;♦♥✐/✉❡ ✿ ;✐ σ < σ∗✱ ❧❡ ❝❤♦❝ ❡;% ;✉♣❡3;♦♥✐/✉❡ ❀ ;✐

σ > σ∗✱ ❧❡ ❝❤♦❝ ❡;% ;✉❜;♦♥✐/✉❡✳

❉❛♥; ❧❡ ❝❛❞3❡ ❞❡ ❧✬4%✉❞❡ ❞❡ ❧❛ 34❢3❛❝%✐♦♥ ❞✬✉♥ ❝❤♦❝ ;✉3 ✉♥❡ ✐♥%❡3❢❛❝❡✱ ❝❡; ❝♦♥;✐❞43❛%✐♦♥;

3❡✈R%❡♥% ✉♥❡ ✐♠♣♦3%❛♥❝❡ ♣❛3%✐❝✉❧✐C3❡✳ ▲✬✐♥%❡3❢❛❝❡ ❡;% ✉♥❡ ❧✐❣♥❡ ♠❛%43✐❡❧❧❡ /✉✐ ❡♥❣❡♥❞3❡ ❞❡;



✻✻ ❱♦#$❡① ❡$ ❝❤♦❝) ✿ $❤+♦#✐❡ ❡$ ♠♦❞/❧❡)

♣❡"#✉"❜❛#✐♦♥* ❞❡ ♣"❡**✐♦♥ ❡# *❡ ❝♦♠♣♦"#❡ ❝♦♠♠❡ ✉♥❡ *♦✉"❝❡ ❞✬♦♥❞❡* ✐♠♠/❞✐❛#❡♠❡♥# ❛♣"0*

❧❡ ♣❛**❛❣❡ ❞✉ ❝❤♦❝✳ ❉❛♥* ✉♥ ❝❛* *✉♣❡"*♦♥✐6✉❡✱ ❧❡* ♦♥❞❡* /♠✐*❡* ♣❛" ❧✬✐♥#❡"❢❛❝❡ ❢♦"♠❡♥#

✉♥❡ *#"✉❝#✉"❡ ❡♥ ❝9♥❡ ❞❡ ▼❛❝❤✱ ❧❛✐**❛♥# ✉♥❡ ③♦♥❡ ❞❡ ✢✉✐❞❡ ♥♦♥ ♣❡"#✉"❜/ ❡♥ ❛✈❛❧ ❞✉ ❝❤♦❝✱

❧✬/❝♦✉❧❡♠❡♥# ❡*# ❛❧♦"* ❞✐# *#❛#✐♦♥♥❛✐"❡✳ ❊♥ "❡✈❛♥❝❤❡✱ ❞❛♥* ❧❡ ❝❛* *✉❜*♦♥✐6✉❡✱ ❞❡* ♣❡"#✉"❜❛✲

#✐♦♥* ❞❡ ♣"❡**✐♦♥ "❛##"❛♣♣❡♥# ❡# ❛❧#0"❡♥# ❧❡ ❢"♦♥# ❞❡ ❝❤♦❝✱ ♣"♦❣"❡**❛♥# ❧❡ ❧♦♥❣ ❞❡ ❝❡❧✉✐✲❝✐

❛✉ ❝♦✉"* ❞✉ #❡♠♣* ❡# "❡♥❞❛♥# ❞❡ ❝❡ ❢❛✐# ❧✬/❝♦✉❧❡♠❡♥# ✐♥*#❛#✐♦♥♥❛✐"❡✳ ❉❡ ♣❧✉*✱ ❛✉ ♥✐✈❡❛✉

❞❡ ❧✬✐♥#❡"❢❛❝❡✱ ✐❧ ❢❛✉# *❛#✐*❢❛✐"❡ @ ✉♥❡ ❝♦♥❞✐#✐♦♥ ❞❡ "❛❝❝♦"❞❡♠❡♥#✳ ❈❡##❡ ❝♦♥❞✐#✐♦♥ ♣♦"#❡

❞✬✉♥❡ ♣❛"# *✉" ❧✬/6✉✐❧✐❜"❡ ❞❡* ♣"❡**✐♦♥* @ ❧✬✐♥#❡"❢❛❝❡ ❡# ❞✬❛✉#"❡ ♣❛"# *✉" ❧❛ ❞✐"❡❝#✐♦♥ ❞❡ ❧❛

✈✐#❡**❡ ✢✉✐❞❡✱ 6✉✐ ❞❡ ♣❛"# ❡# ❞✬❛✉#"❡ ❞❡ ❧✬✐♥#❡"❢❛❝❡ ❞♦✐# ❧✉✐ B#"❡ ♣❛"❛❧❧0❧❡✳ C♦✉" *❛#✐*❢❛✐"❡ ❝❡*

❞❡✉① ❝♦♥❞✐#✐♦♥*✱ ❛✐♥*✐ 6✉❡ ❧❡* "❡❧❛#✐♦♥* ❞❡ ❝❤♦❝✱ ✐❧ ❢❛✉# 6✉✬✉♥❡ ♦♥❞❡ *♦✐# "/✢/❝❤✐❡ ❡# ❛**✉"❡

✉♥ "❛❝❝♦"❞❡♠❡♥# ❡♥#"❡ ❧❡* /#❛#* ❞❡* ♠✐❧✐❡✉① "❡*♣❡❝#✐❢* *♦✉* ❧❡* ❝❤♦❝* ✐♥❝✐❞❡♥# ❡# #"❛♥*♠✐*✳

❯♥❡ #❡❧❧❡ ♦♥❞❡ ♣❡✉# B#"❡ ✉♥ ❝❤♦❝ ♦✉ ✉♥❡ ♦♥❞❡ ❞❡ ❞/#❡♥#❡✳ ❖"✱ ❝♦♠♠❡ ♦♥ ✈✐❡♥# ❞❡ ❧❡ ✈♦✐"✱

❧✬/♠✐**✐♦♥ ❡# ❧❛ *#❛#✐♦♥♥❛"✐#/ ❞✬✉♥❡ #❡❧❧❡ ♦♥❞❡ ♥❡ *♦♥# ❧♦❝❛❧❡♠❡♥# ♣♦**✐❜❧❡* 6✉❡ ♣♦✉" ✉♥❡

✐♥❝✐❞❡♥❝❡ ✐♥❢/"✐❡✉"❡ @ ❧✬❛♥❣❧❡ *♦♥✐6✉❡ ❧♦❝❛❧✳

▲❡) ❝❤♦❝) ✿ +2✉❛$✐♦♥) ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦$

▲❡* ♦"✐❣✐♥❡* ❞✉ ❝❤♦❝ ❛✐♥*✐ 6✉❡ ❝❡* ♣❛"#✐❝✉❧❛"✐#/* /#❛♥# @ ♣"/*❡♥# ❝♦♠♣"✐*❡*✱ ✐♥#/"❡**♦♥*

♥♦✉* @ ❧❛ ♠✐*❡ ❡♥ /6✉❛#✐♦♥ ❞❡ *❛ ♣"♦♣❛❣❛#✐♦♥✳ ❘❛♥❦✐♥❡ ❬✺✺❪ ❡# ❍✉❣♦♥✐♦# ❬✷✶❪✱ ❛✉ ✶✾0♠❡

*✐0❝❧❡✱ *❡ *♦♥# ❝❤❛"❣/* ❞❡ ❝❡##❡ #Q❝❤❡ ♣♦✉" ❧❡ ❝❛* ❣/♥/"❛❧ ❞✉ ❝❤♦❝ *❡ ♣"♦♣❛❣❡❛♥# ❞❛♥*

✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣0♥❡✳ ◆♦✉* "❛♣♣❡❧♦♥* ✐❝✐ ❧❡* /6✉❛#✐♦♥* ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦# ❞❡ ❜❛*❡✳ ▲❡*

❣"❛♥❞❡✉"* ❞✬/#❛#✱ ♦✉ ❣"❛♥❞❡✉"* #❤❡"♠♦❞②♥❛♠✐6✉❡*✱ 6✉✐ ✐♥#❡"✈✐❡♥♥❡♥# ❞❛♥* ❧❡* /6✉❛#✐♦♥* ❞❡

❝❤♦❝ *♦♥# ❧❛ ♣"❡**✐♦♥ p✱ ❧❛ ♠❛**❡ *♣/❝✐✜6✉❡✱ ♦✉ ❞❡♥*✐#/ ❛❜*♦❧✉❡ ρ ❡# ❧✬/♥❡"❣✐❡ *♣/❝✐✜6✉❡ E✳

❉❡✈❛♥# ❧❡ ❝❤♦❝✱ ❧❡ ♠✐❧✐❡✉ ❡*# ❞❛♥* ❧✬/#❛# ✐♥✐#✐❛❧ ✭p0✱ ρ0✱ E0✮✱ ❡# ❞❡""✐0"❡ ❧❡ ❝❤♦❝✱ ❞❛♥* ❧✬/#❛#

✭p✱ ρ✱ E✮✳ ▲✬♦♥❞❡ ❞❡ ❝❤♦❝ ❡*# ❝❛"❛❝#/"✐*/❡ ♣❛" ❞❡✉① ❣"❛♥❞❡✉"* ❝✐♥/#✐6✉❡* ✿ *❛ ✈✐#❡**❡ D
"❡❧❛#✐✈❡ ❛✉ ♠✐❧✐❡✉ ✐♥✐#✐❛❧ ❡# ❧❡ *❛✉# ❞❡ ✈✐#❡**❡ u 6✉✬❡❧❧❡ ♣"♦♣❛❣❡ ❞❛♥* ❧❡ ♠✐❧✐❡✉✳ ❖♥ ❛♣♣❧✐6✉❡

@ ❧❛ #"❛♥*❢♦"♠❛#✐♦♥ ♣❛" ❝❤♦❝ ❧❡* ♣"✐♥❝✐♣❡* ❢♦♥❞❛♠❡♥#❛✉① ❞❡ ❧❛ ♠/❝❛♥✐6✉❡ ✿ ❝♦♥*❡"✈❛#✐♦♥

❞❡ ❧❛ ♠❛**❡✱ ❞❡ ❧❛ 6✉❛♥#✐#/ ❞❡ ♠♦✉✈❡♠❡♥# ❡# ❞❡ ❧✬/♥❡"❣✐❡✳ ❖♥ ♦❜#✐❡♥# ❛✐♥*✐✱ ❡♥#"❡ ❧❡*

❣"❛♥❞❡✉"* ❞✬/#❛# ❡# ❧❡* ❣"❛♥❞❡✉"* ❝✐♥/#✐6✉❡*✱ #"♦✐* "❡❧❛#✐♦♥* ❞❡ ❝❤♦❝ ❛♣♣❡❧/❡* ❛✉**✐ "❡❧❛#✐♦♥*

❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦#✳ ❯♥❡ ♠❛♥✐0"❡ #"0* *✐♠♣❧❡ ❞❡ ❧❡* /#❛❜❧✐" ❡*# ❞/❝"✐#❡ ❞❛♥* ❧✬❛♥♥❡①❡ ❞✉

❝❤❛♣✐#"❡ ✷✳

ρ(D − u) = ρ0D ✭✷✳✸✸✮

p− p0 = ρ0Du ✭✷✳✸✹✮

E − E0 =
1
2(p+ p0)(v0 − v) ✭✷✳✸✺✮

■❧ ❡*# ✉#✐❧❡ ❞✬/❝"✐"❡ ❧❡* "❡❧❛#✐♦♥* ❞❡ ❝❤♦❝ *♦✉* ❢♦"♠❡ *②♠/#"✐6✉❡✱ ❡♥ ✐*♦❧❛♥# ❞❛♥* ❝❤❛6✉❡

♠❡♠❜"❡ ❞❡ ❧❛ "❡❧❛#✐♦♥ ❧❡* ❣"❛♥❞❡✉"* "❡❧❛#✐✈❡* ❛✉① ♠✐❧✐❡✉① ❞❡ ♣❛"# ❡# ❞✬❛✉#"❡ ❞✉ ❢"♦♥#✳ ❖♥

♣♦*❡ ✿

D − u0 = u1 ❡# D − u = u2

❛✈❡❝ u0 = 0 ❞❛♥* ♥♦#"❡ ❝❛*
✭✷✳✸✻✮

▲✬✐♥❞✐❝❡ ✶ "❡♣"/*❡♥#❡ ❧❡ ♠✐❧✐❡✉ ❞❛♥* *♦♥ /#❛# ✐♥✐#✐❛❧✱ ❧✬✐♥❞✐❝❡ ✷ ❝♦""❡*♣♦♥❞ ❛✉ ✢✉✐❞❡ ❝❤♦6✉/✳

❈❡##❡ ♥♦#❛#✐♦♥ ✭✷✳✸✻✮ "❡✈✐❡♥# @ *❡ ♣❧❛❝❡" ❞❛♥* ✉♥ *②*#0♠❡ ❧✐/ ❛✉ ❢"♦♥# ❞❡ ❝❤♦❝✳ ▲❛ ♠❛#✐0"❡

❞❛♥* ❧✬/#❛# ✐♥✐#✐❛❧ ♣/♥0#"❡ ❧❡ ❢"♦♥# @ ❧❛ ✈✐#❡**❡ u1 ❡# ❡♥ *♦"# @ ❧❛ ✈✐#❡**❡ u2✳ ❖♥ ♣❡✉# "//❝"✐"❡



✷✳✷ ▲❛ ❞%&♦♥✐*✉❡ ❜✐❞✐♠❡♥/✐♦♥♥❡❧❧❡ ✻✼

❧❡" ✸ $❡❧❛&✐♦♥" ❞✬❍✉❣♦♥✐♦& "♦✉" ❧❛ ❢♦$♠❡ "✉✐✈❛♥&❡ ✿

ρ1u1 = ρ2u2 ✭✷✳✸✼✮

p1 + ρ1u
2
1 = p2 + ρ2u

2
2 ✭✷✳✸✽✮

u1

(
1
2ρ1u

2
1 +

γ
γ−1p1

)
= u2

(
1
2ρ2u

2
2 +

γ
γ−1p2

)
✭✷✳✸✾✮

▲❛ ✸;♠❡ <=✉❛&✐♦♥ ❞✉ "②"&;♠❡ "✬♦❜&✐❡♥& ❡♥ ❝♦♠❜✐♥❛♥& ❧✬<=✉❛&✐♦♥ ❤②❞$♦❞②♥❛♠✐=✉❡ ❞❡

❝♦♥"❡$✈❛&✐♦♥ ✭❡♥ ❛♥♥❡①❡ ❇✳✷✼✮ ❞❡ ❧✬<♥❡$❣✐❡ D ❧❛ $❡❧❛&✐♦♥ ❞✬❍✉❣♦♥✐♦&✱ ❡♥ ❝♦♥"✐❞<$❛♥& =✉❡

E = 1
2u

2 + ei ❛✈❡❝ ei ❧✬<♥❡$❣✐❡ ✐♥&❡$♥❡ =✉✐ "✬❡①♣$✐♠❡ ❛✐♥"✐ ✿ ei =
p

ρ(γ−1) ✳

❙✐ ❧✬♦♥ "❡ ♣❧❛❝❡ ❞❛♥" ✉♥❡ ❝♦♥✜❣✉$❛&✐♦♥ ❞❡ ❝❤♦❝ ❢♦$&✱ ❧❡ $❛♣♣♦$& ❞❡ ❝♦♠♣$❡""✐♦♥

ρ
ρ0

"✬<❝$✐& ✿

ρ
ρ0
= γ+1

γ−1 ✭✷✳✹✵✮

K♦✉$ ✉♥ ❣❛③ ♣❛$❢❛✐&✱ ♣♦✉$ ❧❡=✉❡❧ γ = 5
3 ✱ "✉❜✐""❛♥& ✉♥ ❝❤♦❝ ❢♦$&✱ ❧❡ $❛♣♣♦$& ❞❡ ❝♦♠♣$❡""✐♦♥

✈❛✉& ✿

ρ
ρ0
= 4✳ ◆♦✉" ♣♦✉✈♦♥" <❣❛❧❡♠❡♥& ❡①♣$✐♠❡$ ❧❡" ✈✐&❡""❡" ❞❡ ❝❤♦❝ D ❡& ❞✉ ✢✉✐❞❡ u ❡♥

❝❤♦❝ ❢♦$& D ♣❛$&✐$ ❞❡" $❡❧❛&✐♦♥" ❞✬❍✉❣♦♥✐♦&✳ ❊♥ "♦$&❡♥& ❧❡" $❡❧❛&✐♦♥" "✉✐✈❛♥&❡" ✿

u2 = 2
γ+1

p
ρ0

✭✷✳✹✶✮

D2 = γ+1
2

p
ρ0

✭✷✳✹✷✮

D = γ+1
2 u ✭✷✳✹✸✮

✷✳✷✳✷ ▲❛ $%❢$❛❝(✐♦♥

▲❛ ❞<&♦♥✐=✉❡ ❜✐❞✐♠❡♥"✐♦♥♥❡❧❧❡ ✐♥&❡$✈✐❡♥& ❞❛♥" ❧❡ &$❛✐&❡♠❡♥& ❞❡ ❧❛ $<❢$❛❝&✐♦♥ ❞❡ ❝❤♦❝✱ =✉✐

❡"& ❧❛ ❝♦♥"<=✉❡♥❝❡ ❞❡ ❧❛ &$❛♥"♠✐""✐♦♥ ♦❜❧✐=✉❡ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ ❡♥&$❡ ❞❡✉① ♠✐❧✐❡✉①✳ ❊❧❧❡

✐♥&$♦❞✉✐&✱ ❡♥&$❡ ❛✉&$❡"✱ ❧❛ ♥♦&✐♦♥ ❞❡ "&❛❜✐❧✐&< ❞✉ ♣$♦❝❡""✉" ❞❡ &$❛♥"♠✐""✐♦♥ ♦✉ ❞✬✐♥&❡$❛❝&✐♦♥✱

❞♦♥& ❧✬<&✉❞❡ ♠❡& ❡♥ <✈✐❞❡♥❝❡ ✉♥ ❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❝$✐&✐=✉❡✱ ✈❛$✐❛❜❧❡ ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ♥❛&✉$❡

❞❡" ♠✐❧✐❡✉① ❡♥ ♣$<"❡♥❝❡ ❡& ❧✬✐♥&❡♥"✐&< ❞✉ ❝❤♦❝ ✐♥❝✐❞❡♥&✳ ▲❛ ✜❣✉$❡ ✷✳✶✸ "❝❤<♠❛&✐"❡ ❧❡ ♣$♦❝❡""✉"

❞❡ $<❢$❛❝&✐♦♥✳

❋✐❣✳ ✷✳✶✸ ✕ ❘<❢$❛❝&✐♦♥ ❞✬✉♥ ❝❤♦❝ ♦❜❧✐=✉❡ ❛✈❡❝ ✭C1✮ ❧❡ ❝❤♦❝ ✐♥❝✐❞❡♥&✱ σ1 ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡✱

✭C
′

✮ ❧❡ ❝❤♦❝ ♦✉ ✉♥❡ ♦♥❞❡ ❞❡ ❞<&❡♥&❡ $<✢<❝❤✐" ❡& ✭C2✮ ❧❡ ❝❤♦❝ &$❛♥"♠✐"✳

❙✐ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡ ❞✉ ❝❤♦❝ ❡"& ✐♥❢<$✐❡✉$ D ❝❡& ❛♥❣❧❡ ❝$✐&✐=✉❡✱ ❧❛ $<❢$❛❝&✐♦♥ ❡"& $<❣✉❧✐;$❡✱

❝✬❡"& D ❞✐$❡ "&❛❜❧❡✱ ❡& &♦✉" ❧❡" <❝♦✉❧❡♠❡♥&" $❡❧❛&✐❢" ❛✉ ♣♦✐♥& ❞✬✐♥❝✐❞❡♥❝❡ "♦♥& "✉♣❡$"♦♥✐=✉❡"✳

❉❛♥" ❧❡ ❝❛" ❝♦♥&$❛✐$❡✱ ❧♦$"=✉❡ ❧❡ ❝❤♦❝ "❡ ♣$♦♣❛❣❡ "♦✉" ✉♥ ❛♥❣❧❡ "✉♣<$✐❡✉$ D ❧✬❛♥❣❧❡ ❝$✐&✐=✉❡✱

❧❛ $<❢$❛❝&✐♦♥ ❡"& ✐♥"&❛&✐♦♥♥❛✐$❡✱ ♦✉ ✐$$<❣✉❧✐;$❡✱ ❡& ❛✉ ♠♦✐♥" ✉♥ <❝♦✉❧❡♠❡♥& ❞❡$$✐;$❡ ❧❡" ❝❤♦❝"

✐♥❝✐❞❡♥&✱ &$❛♥"♠✐" ♦✉ $<✢<❝❤✐ ❡"& "✉❜"♦♥✐=✉❡✳



✻✽ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

▲❛ $,❢$❛❝%✐♦♥ $,❣✉❧✐0$❡

❈♦♠♠❡ ♥♦✉& ❧✬❛✈♦♥& ♣,-❝-❞❡♠♠❡♥0 ✈✉✱ ❧❡& ♦♥❞❡& ❞❡ ❝❤♦❝ &♦♥0 ❝♦♥&0✐0✉-❡&✱ 4 ❧❡✉, ♥❛✐&✲

&❛♥❝❡✱ ❞✬♦♥❞❡& &♦♥✐6✉❡& ❞❡ ❝♦♠♣,❡&&✐♦♥ ✐♥✜♥✐♠❡♥0 ,❛♣♣,♦❝❤-❡&✳ ▲❡ ♣♦✐♥0 I ❡&0 ❧❡ ♣♦✐♥0
❝♦♠♠✉♥ 4 0♦✉0❡& ❝❡& ♦♥❞❡& -❧-♠❡♥0❛✐,❡&✳ :♦✉, 6✉❡ ❧❡ ♣,♦❝❡&&✉& ❞❡ ❢♦,♠❛0✐♦♥ &♦✐0 &0❛❜❧❡✱ ✐❧

❢❛✉0 6✉❡ ❧❛ ✈✐0❡&&❡ ❞✉ ♣♦✐♥0 &♦✉,❝❡ I &♦✐0 &✉♣-,✐❡✉,❡ ♦✉ -❣❛❧❡ 4 ❝❡❧❧❡ ❞❡& ♦♥❞❡& 6✉✬✐❧ ❡♥❣❡♥❞,❡✱
❝✬❡&0 4 ❞✐,❡ 6✉❡ ❧❡& ✈✐0❡&&❡& ❞✉ ♠✐❧✐❡✉ ❞❡,,✐>,❡ ❧❡& ♦♥❞❡& ✐♥❝✐❞❡♥0❡✱ 0,❛♥&♠✐&❡ ❡0 ,-✢-❝❤✐❡

❞♦✐✈❡♥0 @0,❡ &✉♣-,✐❡✉,❡& ♦✉ -❣❛❧❡& ❛✉① ✈✐0❡&&❡& ❛✉①6✉❡❧❧❡& &❡ ♣,♦♣❛❣❡♥0 ❝❡& 0,♦✐& ♦♥❞❡&

♠@♠❡&✳ ❆✉0,❡♠❡♥0 ❞✐0✱ ❧❡& -❝♦✉❧❡♠❡♥0& ❞❡,,✐>,❡ ❧❡& 0,♦✐& ♦♥❞❡& ❞♦✐✈❡♥0 @0,❡ &✉♣❡,&♦♥✐6✉❡&

♦✉ &♦♥✐6✉❡&✳ ▲❡& 0,♦✐& ♦♥❞❡& &❡ ❞-♣❧❛❝❡♥0 ❛❧♦,&✱ &❛♥& ❞-❢♦,♠❛0✐♦♥ ❧❡ ❧♦♥❣ ❞❡ ❧✬✐♥0❡,❢❛❝❡✱ 4 ❧❛

♠@♠❡ ✈✐0❡&&❡ ❡0 ❧❡& -❝♦✉❧❡♠❡♥0& &♦♥0 ♣❛,0♦✉0 &0❛0✐♦♥♥❛✐,❡&✳

▲❛ $,❢$❛❝%✐♦♥ ✐$$,❣✉❧✐0$❡

❉❡✉① ❛&♣❡❝0& ❝❛,❛❝0-,✐&❡♥0 ❧❛ ,-❢,❛❝0✐♦♥ ❞❡ ❝❤♦❝ ✐,,-❣✉❧✐>,❡ ✿ ❧❛ ♠♦❞✐✜❝❛0✐♦♥ ❞✉ ❢,♦♥0 ❞❡

❝❤♦❝ ✐♥❝✐❞❡♥0 ❡0 ❧❛ ❧♦✐ ❞❡ ❧❛ ,-❢,❛❝0✐♦♥ ✐,,-❣✉❧✐>,❡✳ ❉❛♥& ❧❡ ♣,❡♠✐❡, ❝❛&✱ ❧✬♦♥❞❡ ,❡&♣♦♥&❛❜❧❡

❞❡ ❧✬✐,,-❣✉❧❛,✐0- ❞✉ ❝❤♦❝✱ ❝✬❡&0 4 ❞✐,❡ ❝❡❧❧❡ ❞♦♥0 ❧✬-❝♦✉❧❡♠❡♥0 6✉✐ ❧❛ &✉✐0 ❡&0 &✉❜&♦♥✐6✉❡✱ &❡

♣,♦♣❛❣❡ ❧❡ ❧♦♥❣ ❞✉ ❢,♦♥0 ❞❡ ❝❤♦❝ ❡0 ❞❛♥& ❧❡ ♠✐❧✐❡✉ ❛✈❛❧ ❡♥ &✬-❧♦✐❣♥❛♥0 ❞❡ ❧✬✐♥0❡,❢❛❝❡✱ ❛❧0-,❛♥0

❛✐♥&✐ ❧❡ ❢,♦♥0 ❞❡ ❝❤♦❝ ✐♥❝✐❞❡♥0✳ ▲❛ ♠♦❞✐✜❝❛0✐♦♥ ❞✉ ❢,♦♥0 ❞❡ ❝❤♦❝ ❞♦✐0 ❝♦♥❞✉✐,❡ 4 ✉♥ -0❛0

❞❡ ❝❤♦❝ ✐♥❝✐❞❡♥0 &✉, ❧✬✐♥0❡,❢❛❝❡ 0❡❧ 6✉✬✐❧ ♣❡,♠❡00❡ 4 ❧❛ ,-❢,❛❝0✐♦♥ ❞✬@0,❡ ,-❣✉❧✐>,❡✳ ❈✬❡&0 ❧❛

❧♦✐ ❞❡ ❧❛ ,-❢,❛❝0✐♦♥ ✐,,-❣✉❧✐>,❡ ❡0 ❞❡✉① ❝❛& &♦♥0 ❡♥✈✐&❛❣-& ❡♥ ❢♦♥❝0✐♦♥ ❞❡ ❧❛ ♥❛0✉,❡ ❞❡ ❧✬♦♥❞❡

,-✢-❝❤✐❡✳

✐✮✳ ❙✐ ❝✬❡&0 ❧✬♦♥❞❡ ,-✢-❝❤✐❡ 6✉✐ ❡&0 ,❡&♣♦♥&❛❜❧❡ ❞❡ ❧✬✐,,-❣✉❧❛,✐0- ❞❡ ❧❛ ,-❢,❛❝0✐♦♥✱ ❝✬❡&0

❡❧❧❡ 6✉✐ ,❡♠♦♥0❡ ❧❡ ❧♦♥❣ ❞✉ ❢,♦♥0 ❞❡ ❝❤♦❝✳ ❈❡00❡ ✐♥0❡,❛❝0✐♦♥ ❡♥0,❡ ❧✬♦♥❞❡ ,-✢-❝❤✐❡ ❡0 ❧✬♦♥❞❡

✐♥❝✐❞❡♥0❡ ❡♥❣❡♥❞,❡ ✉♥❡ ♦♥❞❡ ❞❡ ▼❛❝❤✱ 0,♦✐&✐>♠❡ ❝❤♦❝ ❜❡❛✉❝♦✉♣ ♣❧✉& ✐♥0❡♥&❡ ❡0 ❞♦♥0 ❧✬-❝♦✉✲

❧❡♠❡♥0 ❞❡,,✐>,❡ ❧✉✐ ❡&0 0♦✉❥♦✉,& &✉❜&♦♥✐6✉❡✳ ❉❡✈❡♥❛♥0 ❧❛ ♥♦✉✈❡❧❧❡ ♦♥❞❡ ✐♥❝✐❞❡♥0❡✱ ❡❧❧❡ ❞♦✐0

&✬✐♥❝✉,✈❡, ❞❡ ♠❛♥✐>,❡ 4 ❛❜♦,❞❡, ❧✬✐♥0❡,❢❛❝❡ &♦✉& ✉♥ ❛♥❣❧❡ ♣❡,♠❡00❛♥0 ❧❛ ,-❢,❛❝0✐♦♥ ♣✉,❡✱

,-❢,❛❝0✐♦♥ ♥♦♥ ,-❣✉❧✐>,❡ ♠❛✐& &❡ ♣♦✉,&✉✐✈❛♥0 ,-❣✉❧✐>,❡♠❡♥0 &❛♥& ♦♥❞❡ ,-✢-❝❤✐❡✳

✐✐✮✳ ❙✐ ❧✬♦♥❞❡ ,-✢-❝❤✐❡ ❡&0 ✉♥❡ ♦♥❞❡ ❞❡ ❞-0❡♥0❡ ♦✉ ✉♥ ❝❤♦❝ &✉♣❡,&♦♥✐6✉❡✱ ❧✬✐,,-❣✉❧❛,✐0-

❞❡ ❧❛ ,-❢,❛❝0✐♦♥ ❡&0 ❞I❡ &♦✐0 ❛✉ ❝❤♦❝ ✐♥❝✐❞❡♥0✱ &♦✐0 ❛✉ ❝❤♦❝ 0,❛♥&♠✐&✳ ▲❛ ♠♦❞✐✜❝❛0✐♦♥ ❞✉ ❢,♦♥0

&❡ ❢❛✐0 ❛❧♦,& ♣❛, ✉♥ 0,❛✐♥ ❞✬♦♥❞❡& ❞❡ ❞-0❡♥0❡ 6✉✐ &✬-0❛❧❡♥0 ❧❡ ❧♦♥❣ ❞✉ ❢,♦♥0 ❡♥ ❧❡ ❝♦✉,❜❛♥0 ❡0 ❡♥

❧✬❛✛❛✐❜❧✐&&❛♥0 ❝♦♥0✐♥I♠❡♥0✱ ❞❡ ♠❛♥✐>,❡ 4 ♦❜0❡♥✐, &✉, ❧✬✐♥0❡,❢❛❝❡ ❞❡& ❝♦♥❞✐0✐♦♥& ❞✬✐♥❝✐❞❡♥❝❡

❞♦♥♥❛♥0 ✉♥❡ ,-❢,❛❝0✐♦♥ ,-❣✉❧✐>,❡✳

▲❛ ♣,❡♠✐>,❡ -0✉❞❡ ❞❡ ,-❢,❛❝0✐♦♥ ❞✬✉♥ ❝❤♦❝ ♣❧❛♥ ❛✈❡❝ ✉♥❡ ✐♥0❡,❢❛❝❡ ❡♥0,❡ ❞❡✉① ❣❛③✱

❧♦✉,❞✴❧-❣❡, ❡0 ❧-❣❡,✴❧♦✉,❞✱ ❛ -0- ❝♦♥❞✉✐0❡ ♣❛, ❏❛❤♥ ❬✸✶❪ ❡♥ ✶✾✺✻ 4 ❧✬❛✐❞❡ ❞✬✉♥ 0✉❜❡ 4 ❝❤♦❝✳ ■❧

♦❜&❡,✈❡ ❞❡& ✜❣✉,❡& ❞❡ ,-❢,❛❝0✐♦♥ 6✉✐ ✈❛,✐❡♥0 &❡❧♦♥ ❧✬✐♥0❡♥&✐0- ❞✉ ❝❤♦❝✳ ❊♥ ✶✾✼✼ ❡0 ✶✾✼✽✱ ❆❜❞✲

❊❧✲❋❛00❛❤ ❡0 ❍❡♥❞❡,&♦♥ ♦♥0 ,❡♣,✐& ❝❡ 0,❛✈❛✐❧ ❡0 ♦♥0 -❣❛❧❡♠❡♥0 ❡①♣-,✐♠❡♥0- ❧❛ ♣,♦♣❛❣❛0✐♦♥

❞✬✉♥ ❝❤♦❝ ❞✬✉♥ ♠✐❧✐❡✉ ❧-❣❡, 4 ✉♥ ♠✐❧✐❡✉ ❧♦✉,❞ ❬✶❪ ❡0 ❞✬✉♥ ♠✐❧✐❡✉ ❧♦✉,❞ 4 ✉♥ ♠✐❧✐❡✉ ❧-❣❡, ❬✷❪✳

:♦✉, ❧❡& ❞❡✉① ❝❛&✱ ✐❧& ♦♥0 ♦❜0❡♥✉ ❞❡& ✜❣✉,❡& ❞❡ ,-❢,❛❝0✐♦♥& ❞✐✛-,❡♥0❡& &❡❧♦♥ ❧✬✐♥0❡♥&✐0- ❞✉

❝❤♦❝✱ 6✉✬✐❧& ❞-✜♥✐&&❡♥0 ♣❛, 6✉❛0,❡ ♥✐✈❡❛✉① ✿ 0,>& ❢❛✐❜❧❡✱ ❢❛✐❜❧❡✱ ❢♦,0❡✱ 0,>& ❢♦,0❡✳ ❍❡♥❞❡,&♦♥

&✬❡&0 ❞❡ ♠@♠❡ ✐♥0❡,❡&&- ❞❡ 0,>& ♣,>& ❛✉ ♣❤-♥♦♠>♥❡ ❞❡ ,-❢,❛❝0✐♦♥ ❞✬✉♥ ❝❤♦❝ ♣❧❛♥ &✉, ✉♥❡

✐♥0❡,❢❛❝❡ ❡♥0,❡ ❞❡✉① ❣❛③ ❞❛♥& ❧❡& ,-❢-,❡♥❝❡& ❬✷✹❪✱ ❬✷✽❪✱ ❬✷✻❪ ❡0 ❬✷✼❪✳



✷✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡) ✻✾

❋✐❣✳ ✷✳✶✹ ✕ ❋♦'♠❛*✐♦♥ ❞✉ ♣♦✐♥* *'✐♣❧❡ ✭✜❣✉'❡ *✐'5❡ ❞❡ ❬✻✺❪✮✳

✷✳✷✳✸ ❖♥❞❡' ❞❡ ▼❛❝❤ ❡, ♣♦✐♥, ,0✐♣❧❡

▲❡ ♣❤5♥♦♠=♥❡ ❞❡ ▼❛❝❤ ❛♣♣❛'❛@* ❡♥ '5❢'❛❝*✐♦♥ ✐''5❣✉❧✐='❡✱ ❧♦'CD✉❡✱ ❡♥ '❛✐C♦♥ ❞❡C ✐♠♣5✲

❞❛♥❝❡C ❞❡C ♠✐❧✐❡✉① ❡♥ ♣'5C❡♥❝❡✱ ❧✬♦♥❞❡ '5✢5❝❤✐❡ ❞♦✐* I*'❡ ✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝✱ ❞♦♥* ❧❛ ❢♦'♠❛*✐♦♥

C✉' ❧✬❛①❡ ❞❡ '5❢5'❡♥❝❡ ❡C* C♦✐* ✐♠♣♦CC✐❜❧❡✱ ❝❛' ❧❡ ❝❤♦❝ ✐♥❝✐❞❡♥* ❡C* C✉❜C♦♥✐D✉❡ ❡* D✉✬❛✉❝✉♥❡

♦♥❞❡ ♥❡ ♣❡✉* I*'❡ '5✢5❝❤✐❡ C✉' ❧✬❛①❡✱ C♦✐* ✐♥C*❛❜❧❡✱ ❝❛' ❧❡ ❝❤♦❝ '5✢5❝❤✐✱ ✉♥❡ ❢♦✐C ❢♦'♠5✱ ❡C*

C✉❜C♦♥✐D✉❡✱ ❞♦♥❝ ❝✐♥5♠❛*✐D✉❡♠❡♥* C*❛❜❧❡✱ ♠❛✐C ❞②♥❛♠✐D✉❡♠❡♥* ✐♥C*❛❜❧❡✳ ▲❛ ❢♦'♠❛*✐♦♥ ❞✉

❝❤♦❝ '5✢5❝❤✐ ❡C* ❛❧♦'C '❡♣♦'*5❡ ❡♥ ✉♥ ♣♦✐♥* ❞✉ ❢'♦♥* ✐♥❝✐❞❡♥* C✐*✉5 ❤♦'C ❞❡ ❧✬❛①❡✱ ❡* D✉✐ C✬❡♥

5❧♦✐❣♥❡ ❛✉ ❝♦✉'C ❞❡ ❧❛ ♣'♦♣❛❣❛*✐♦♥ ✭✜❣✉'❡ ✷✳✶✹✮✳ ▲✬♦♥❞❡ ❞❡ ▼❛❝❤ ♣'❡♥❞ ♥❛✐CC❛♥❝❡ L ♣❛'*✐'

❞❡ ❧❛ ❢♦'♠❛*✐♦♥ ❞✉ ❝❤♦❝ '5✢5❝❤✐ C✉' ❧❡ ❢'♦♥* ❞❡ ❝❤♦❝ ✐♥❝✐❞❡♥*✳ ▲✬✐♥*❡'C❡❝*✐♦♥ ❡♥*'❡ ❧❡C ❝❤♦❝C

✐♥❝✐❞❡♥*✱ '5✢5❝❤✐ ❡* ❧✬♦♥❞❡ ❞❡ ▼❛❝❤ C✬❛♣♣❡❧❧❡ ❧❡ ♣♦✐♥* *'✐♣❧❡✳

❙✉' ❧❛ ✜❣✉'❡ ✷✳✶✹✱ ❧❡ ♣'♦❝❡CC✉C ❞5❜✉*❡ ❛✉ ♣♦✐♥* O✳ ❆ ✉♥ ✐♥C*❛♥* ✉❧*5'✐❡✉'✱ ❧❡C ❝❤♦❝C

'5❢5❝❤✐C ✭C
′

✮ C❡ ❢♦'♠❡♥* ❛✉① ♣♦✐♥*C T ❡* T
′

❤♦'C ❞❡ ❧✬❛①❡✱ C✉' ❧❡C ❢'♦♥*C ❞❡ ❝❤♦❝C ✐♥❝✐❞❡♥*C✳

❊♥ ♠I♠❡ *❡♠♣C✱ ✐❧ ❛♣♣❛'❛@* ❡♥*'❡ T ❡* T
′

✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ ✭C3✮✱ D✉✐ ❡C* ❧✬♦♥❞❡ ❞❡ ▼❛❝❤✳

▲❡C ♣♦✐♥*C T ❡* T
′

✱ ♦P ❧❡C *'♦✐C ❝❤♦❝C C♦♥* ❝♦♥❝♦✉'❛♥*C✱ C♦♥* ❞♦♥❝ ❧❡C ♣♦✐♥*C *'✐♣❧❡C✳ ■❧C

C✉✐✈❡♥*C ❧❡C *'❛❥❡❝*♦✐'❡C ❞❡C ❝♦✉'❜❡C ✭t✮ ❡* ✭t
′

✮✱ D✉✐ C✬5❝❛'*❡♥* ❝♦♥*✐♥T♠❡♥* ❞❡ ❧✬❛①❡✳

▲✬♦♥❞❡ ❞❡ ▼❛❝❤ ❡* ❧❡ ♣♦✐♥* *'✐♣❧❡ C♦♥* ❧✬♦❜❥❡* ❞❡C 5*✉❞❡C '5❛❧✐C5❡C ♣❛' ▼❝❉♦♥❛❧❞ ❡♥ ✶✾✾✶

❬✹✹❪✱ ❍✉♥*❡' ❡* ❇'✐♦ ❡♥ ✷✵✵✵ ❬✷✾❪ ❡* ❙❦❡✇C ❡* ❆C❤✇♦'*❤ ❡♥ ✷✵✵✺ ❬✻✶❪✳ ❉❛♥C ❧❡C C✐♠✉❧❛*✐♦♥C

❡* ❡①♣5'✐❡♥❝❡C ♣'5C❡♥*5❡C ❞❛♥C ❧❡C ♣'♦❝❤❛✐♥C ❝❤❛♣✐*'❡C✱ ♥♦✉C ♦❜C❡'✈❡'♦♥C ❝❡C ♣❤5♥♦♠=♥❡C

❞❡ '5❢'❛❝*✐♦♥✱ ♦♥❞❡ ❞❡ ▼❛❝❤ ❡* ♣♦✐♥* *'✐♣❧❡ ❞❛♥C ❞❡C ❣❛③ ❝♦♥C✐❞5'5C ❝♦♠♠❡ ♣❛'❢❛✐*C✳

✷✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡)

✷✳✸✳✶ ▲❡' 45✉❛,✐♦♥' ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦, ❣4♥40❛❧✐'4❡' ❛✉① ♠✐❧✐❡✉① ❤4✲

,40♦❣>♥❡' ♣❛0 ❍❛③❛❦ et al. ❬✷✸❪

❍❛③❛❦ C✬✐♥*5'❡CC❡ ❛✉① '❡❧❛*✐♦♥C ❡♥*'❡ ❣'❛♥❞❡✉'C ♠❛❝'♦C❝♦♣✐D✉❡C ♠♦②❡♥♥❡C ❡♥ ❛♠♦♥* ❡*

❡♥ ❛✈❛❧ ❞✉ ❝❤♦❝✱ ♣❧✉*]* D✉✬L ❧❡✉'C ✈❛❧❡✉'C ♠✐❝'♦C❝♦♣✐D✉❡C✱ ✢✉❝*✉❛♥*❡C✳ ■❧ C✐♠✉❧❡ ❧❛ ♣'♦♣❛✲

❣❛*✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥C ✉♥❡ ♠♦✉CC❡ ♠♦❞5❧✐C5❡ ♣❛' ✉♥ '5C❡❛✉ ❛❧5❛*♦✐'❡ ❞❡ ✜❜'❡C ✭✜❣✉'❡ ✷✳✶✺✮✳

▲❡ ❝❤♦❝ ❡C* C✉♣♣♦C5 ♠❛❝'♦C❝♦♣✐D✉❡♠❡♥* ♣❧❛♥✳ ❖♥ ❞✐C*✐♥❣✉❡ ❧❛ ❞✐'❡❝*✐♦♥ x ❞❡ ♣'♦♣❛❣❛*✐♦♥

❞❡ ❝❤♦❝ ❡* ❧❡C ❞✐'❡❝*✐♦♥C *'❛♥C✈❡'C❡C y ❡* z✳ L ❝♦''❡C♣♦♥❞ L ❧❛ ❞✐♠❡♥C✐♦♥ ♠♦②❡♥♥❡ ❞❡C

♣♦'❡C ❞❛♥C ❧❡ ❝❛C ❞✬✉♥❡ ♠♦✉CC❡✳ ❖♥ ❝♦♥C✐❞='❡ ✉♥ ❝✉❜❡✱ ❝♦♥*❡♥❛♥* ❧❡ ✢✉✐❞❡✱ ❞❡ ❞✐♠❡♥C✐♦♥

x2 − x1 = L✱ y2 − y1 = L ❡* z2 − z1 = L✳ ❍❛③❛❦ ✐♥*'♦❞✉✐* ❞❡✉① ♠♦②❡♥♥❡C ✿ ❧❛ ♠♦②❡♥♥❡

*'❛♥C✈❡'C❡ ❡* ❧❛ ♠♦②❡♥♥❡ C✉' ✉♥ ♣♦'❡ ❛✉*♦✉' ❞✉ ♣♦✐♥* ❞✬❛❜C❝✐CC❡ x✳ ▲❛ ♠♦②❡♥♥❡ *'❛♥C✈❡'C❡



✼✵ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❋✐❣✳ ✷✳✶✺ ✕ ❈❡❧❧✉❧❡ ❞❡ ❞✐♠❡♥-✐♦♥ L -✉/ ❧❛1✉❡❧❧❡ ❍❛③❛❦ et al. ❬✷✸❪ ❢♦♥9 ❧❛ ♠♦②❡♥♥❡ ❞❡-

✢✉❝9✉❛9✐♦♥-✳

-❡ ♥♦9❡ ♣❛/ ✉♥ ❝/♦❝❤❡9 -✐♠♣❧❡ ❝♦♠♠❡ ❝❡❝✐ ✿

〈...〉 = 1

L2

∫∫ L

0
...dydz ✭✷✳✹✹✮

▲❛ ♠♦②❡♥♥❡ -✉/ ✉♥ ♣♦/❡ ❛✉9♦✉/ ❞✉ ♣♦✐♥9 ❞✬❛❜-❝✐--❡ x -✬F❝/✐9 ✿

〈〈...〉〉 = 1

L

∫ x+L
2

x−L
2

...dx
′

✭✷✳✹✺✮

❈❡- ♠♦②❡♥♥❡- ✈♦♥9 ♥♦✉- -❡/✈✐/ H F9❛❜❧✐/ ❧❡- F1✉❛9✐♦♥- ❞❡ ❝♦♥-❡/✈❛9✐♦♥ ❞❡ ❧❛ ♠❛--❡✱ ❞❡

❧❛ 1✉❛♥9✐9F ❞❡ ♠♦✉✈❡♠❡♥9 ❡9 ❞❡ ❧✬F♥❡/❣✐❡ ♣♦✉/ ❧❛ ♠♦✉--❡ 1✉❡ ♥♦✉- F9✉❞✐♦♥-✳ ◆♦✉- ❛❧❧♦♥-

❝♦♥-✐❞F/❡/ ❧❡- ❞❡✉① ❞✐♠❡♥-✐♦♥- x ❡9 y✳ ▲❡- F9❛♣❡- ❞❡- ❝❛❧❝✉❧- -❡ 9/♦✉✈❡♥9 ❞❛♥- ❧✬❛♥♥❡①❡ ❞✉

❝❤❛♣✐9/❡ ✷✳ M♦✉/ ❧❛ ♠❛--❡✱ ♦♥ ♣❛/9 ❞❡ ❧✬F1✉❛9✐♦♥ ❞❡ ❝♦♥9✐♥✉✐9F ❡9 ♦♥ ♦❜9✐❡♥9 ✿

1
L

∂
∂t

∫ L
2

−L
2

dx
′
∫ x2+x

′

x1+x
′ 〈ρ〉dx = − [〈〈ρux〉〉]x2

x1
✭✷✳✹✻✮

M♦✉/ ❧❛ ❝♦♥-❡/✈❛9✐♦♥ ❞❡ ❧❛ 1✉❛♥9✐9F ❞❡ ♠♦✉✈❡♠❡♥9✱ ❧✬F1✉❛9✐♦♥ ❞✬❊✉❧❡/ ❛❜♦✉9✐9 H ✿

1
L

∂
∂t

∫ L
2

−L
2

dx
′
∫ x2+x

′

x1+x
′ 〈ρux〉dx = − [〈〈ρuxux〉〉]x2

x1
− [〈〈p〉〉]x2

x1
✭✷✳✹✼✮

M♦✉/ ❧❛ ❝♦♥-❡/✈❛9✐♦♥ ❞❡ ❧✬F♥❡/❣✐❡✱ ♦♥ 9/♦✉✈❡ ✿

1

L

∂

∂t

∫ L
2

−L
2

dx′

∫ x2+x
′

x1+x
′

(
1

2
〈ρu2x〉+

1

2
〈ρu2y〉+

1

γ − 1
〈p〉
)

dx =

−
[
1

2
〈〈ρu3x〉〉+

1

2
〈〈ρu2yux〉〉+

γ

γ − 1
〈〈pux〉〉

]x2

x1

✭✷✳✹✽✮

▲❡- ❞F/✐✈F❡- ❞❡- 9❡/♠❡- ❞❡ ❣❛✉❝❤❡ ❝♦♠♣/❡♥♥❡♥9 ❞❡✉① ❝♦♥9/✐❜✉9✐♦♥- ✿ ❧❡ ♠♦✉✈❡♠❡♥9

❞❡ ❧❛ ❞✐-❝♦♥9✐♥✉✐9F ❡9 ❧❡ ❝❤❛♥❣❡♠❡♥9 ❞❡ ❞❡♥-✐9F✱ ✐♠♣✉❧-✐♦♥✱ F♥❡/❣✐❡ ❞❡ ❝❤❛1✉❡ ❝R9F ❞❡

❧❛ ❞✐-❝♦♥9✐♥✉✐9F✳ ❙✉♣♣♦-♦♥- 1✉✬✉♥ F9❛9 1✉❛-✐✲-9❛9✐♦♥♥❛✐/❡ -♦✐9 ❛99❡✐♥9✳ ▲❛ ❞✐-❝♦♥9✐♥✉✐9F -❡

❞F♣❧❛❝❡ H ✉♥❡ ✈✐9❡--❡ ❝♦♥-9❛♥9❡ ❡9 ❧❡- 9❡/♠❡- ❞❡ ❣❛✉❝❤❡ -✬❛♥♥✉❧❡♥9 -✐ ♦♥ -❡ ♣❧❛❝❡ ❞❛♥- ❧❡



✷✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡) ✼✶

 !❢! ❡♥%✐❡❧ ❞✉ ❝❤♦❝✳ ❊♥  ❡✈❡♥❛♥% ❛✉  !❢! ❡♥%✐❡❧ ❞✉ ❧❛❜♦ ❛%♦✐ ❡✱ ❍❛③❛❦ et al. ❬✷✸❪ ♦❜%✐❡♥♥❡♥%

❧❡: !;✉❛%✐♦♥: ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦% ❣!♥! ❛❧✐:!❡: ✿

[〈〈ρ〉〉D − 〈〈ρux〉〉]x2
x1
= 0 ✭✷✳✹✾✮

[
〈〈ρux〉〉D − 〈〈ρu2x〉〉

]x2

x1
= [〈〈p〉〉]x2

x1
✭✷✳✺✵✮

[
〈〈12ρ(u2x + u2y) +

1
γ−1p〉〉D − 〈〈

(
1
2ρ(u

2
x + u2y) +

1
γ−1p

)
ux〉〉

]x2

x1

= [〈〈pux〉〉]x2
x1

✭✷✳✺✶✮

♦G x1 ❡:% ❞❡✈❛♥% ❧❡ ❝❤♦❝ ❡% x2 ❞❡  ✐H ❡✳ D ❡:% ❧❛ ✈✐%❡::❡ ❞✉ ❝❤♦❝ ❞❛♥: ❧❡  !❢! ❡♥%✐❡❧ ❞✉

❧❛❜♦ ❛%♦✐ ❡✳

❈❡ :②:%H♠❡  ❡::❡♠❜❧❡ ❛✉① !;✉❛%✐♦♥: ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦% ❛♣♣❧✐;✉!❡: N ✉♥ ♠✐❧✐❡✉ ❤♦✲

♠♦❣H♥❡✳ ■❧ ❡♥ ❞✐✛H ❡ ❝❡♣❡♥❞❛♥% ❞H: ❧♦ : ;✉✬✐❧ ❡①✐:%❡ ❞❡: ❝♦  !❧❛%✐♦♥: ♥♦♥ ♥✉❧❧❡: ❡♥% ❡ ❧❡:

❣ ❛♥❞❡✉ : ♣❤②:✐;✉❡: ✿

〈〈δρδux〉〉 = 〈〈ρux〉〉 − 〈〈ρ〉〉〈〈ux〉〉 ✭✷✳✺✷✮

〈〈δ(ρu2x)〉〉 = 〈〈ρu2x〉〉 − 〈〈ρ〉〉〈〈ux〉〉2 ✭✷✳✺✸✮

❉❛♥: ❧❡ ❝❛: ♦G✱ ❛✈❛♥% ❧❡ ♣❛::❛❣❡ ❞✉ ❝❤♦❝✱ ❧❡ ♠✐❧✐❡✉ ❡:% ❛✉  ❡♣♦: ❡% ❧❛ ♣ ❡::✐♦♥ ❡:%

♥!❣❧✐❣❡❛❜❧❡✱ ❧❡: !;✉❛%✐♦♥: ✭✷✳✹✾✮ :❡  !❞✉✐:❡♥% N ✿

〈〈ρ〉〉 = ρt +
1
D
〈〈ρu2x〉〉 ✭✷✳✺✹✮

〈〈p〉〉 = 〈〈ρux〉〉D − 〈〈ρu2x〉〉 ✭✷✳✺✺✮

1
2〈〈ρu2x〉〉D + 1

γ−1〈〈p〉〉D − 1
2〈〈pu3x〉〉 − 1

γ−1〈〈pux〉〉 = 〈〈pux〉〉 ✭✷✳✺✻✮

♦G ρt ❡:% ❧❛ ❞❡♥:✐%! ♠♦②❡♥♥❡ ❞❡✈❛♥% ❧❡ ❝❤♦❝✳

◆♦✉: !%✉❞✐♦♥: ❧❡: !❝❛ %:  ❡❧❛%✐❢: ❞❡: ❣ ❛♥❞❡✉ : ❛✉ ❝❛: ❤♦♠♦❣H♥❡ ❞❡ ❞❡♥:✐%! ♠♦②❡♥♥❡

✐♥✐%✐❛❧❡ ✐❞❡♥%✐;✉❡✳ U♦✉ ❝❡❧❛ ♥♦✉: ♣♦:♦♥: ✿

〈〈ρ〉〉 = ρh +∆ρ ✭✷✳✺✼✮

〈〈D〉〉 = Dh +∆D ✭✷✳✺✽✮

〈〈p〉〉 = ph +∆p ✭✷✳✺✾✮

〈〈ux〉〉 = uh +∆u ✭✷✳✻✵✮

◆♦✉: ❝♦♥:✐❞! ♦♥: ;✉❡ ❧❡ ♣ ♦✜❧ ❞❡ ✈✐%❡::❡ ❞❡ ❧❛ ❝✐ ❝✉❧❛%✐♦♥ ❞✉ ✢✉✐❞❡ ❡:% ✐♠♣❛✐ ❡% :✬❛♥♥✉❧❡

❞♦♥❝ ❡♥ ✐♥%!❣ ❛❧❡✳ ▲✬!❝❛ % ❞❡ ✈✐%❡::❡ ∆u ♥✬✐♥%❡ ✈✐❡♥% ❞♦♥❝ ;✉❡ ♣❛ :❡: ♣✉✐::❛♥❝❡: ♣❛✐ ❡:✳

▲❡:  ❡❧❛%✐♦♥: :✉✐✈❛♥%❡: :♦♥% ❞!✈❡❧♦♣♣!❡: N ♣❛ %✐ ❞❡: ❤②♣♦%❤H:❡: ❝✐✲❞❡::♦✉: ✿

ρt

ρh
= γ−1

γ+1 ✭✷✳✻✶✮

uh =
2

γ+1Dh ✭✷✳✻✷✮

ph = ρtuhDh =
γ+1
2 ρtu

2
h ✭✷✳✻✸✮

▲❛  ❡❧❛%✐♦♥ ♦❜%❡♥✉❡ N ♣❛ %✐ ❞❡ ❧❛ ❝♦♥:❡ ✈❛%✐♦♥ ❞❡ ❧❛ ♠❛::❡ ❞❡✈✐❡♥% ✿

(〈〈ρ〉〉 − ρt)D = 〈〈ρux〉〉 = 〈〈ρ〉〉〈〈ux〉〉 ✭✷✳✻✹✮

(ρh +∆ρ− ρt)(Dh +∆D) = (ρh +∆ρ)(uh +∆u) ✭✷✳✻✺✮

❊♥ ❞✐✈✐:❛♥% ❧❡ %♦✉% ♣❛ ρhDh ❡% ❡♥ ❛♣♣❧✐;✉❛♥% ✭✷✳✻✶✮✱ ♥♦✉: ♦❜%❡♥♦♥: ✉♥❡  ❡❧❛%✐♦♥ ❡♥% ❡

∆D
Dh

❡%

∆ρ
ρh

✿

∆D
Dh

(
2

γ+1 +
∆ρ
ρh

)
= −γ−1

γ+1
∆ρ
ρh

✭✷✳✻✻✮



✼✷ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

▲❛ "❡❧❛%✐♦♥ ♦❜%❡♥✉❡ + ♣❛"%✐" ❞❡ ❧❛ ❝♦♥/❡"✈❛%✐♦♥ ❞❡ ❧❛ 1✉❛♥%✐%2 ❞❡ ♠♦✉✈❡♠❡♥% ❞❡✈✐❡♥% ✿

〈〈p〉〉 = 〈〈ρux〉〉D − 〈〈ρu2x〉〉 ✭✷✳✻✼✮

❊♥ ❞)✈❡❧♦♣♣❛♥0 1❡❧♦♥ ✭✷✳✺✼✮ ❡0 ❛♣341 ❛♣♣❧✐❝❛0✐♦♥ ❞❡ ✭✷✳✻✶✮✱ ♥♦✉1 ♦❜0❡♥♦♥1 ✉♥❡ 3❡❧❛0✐♦♥ ❧✐❛♥0

∆p
ph

✱

∆D
Dh

✱

∆ρ
ρh

❡0

∆u2

u2
h

✿

1 + ∆p
ph

=
(
1 + ∆ρ

ρh

) [
γ+1
γ−1

(
1 + ∆D

Dh

)
− 2

γ−1

(
1 + ∆u2

u2
h

)]
✭✷✳✻✽✮

=♦✉3 ❧✬)♥❡3❣✐❡✱ ♥♦✉1 ♣❛30♦♥1 ❞❡ ✿

1

2
〈〈ρu2x〉〉D +

1

γ − 1
〈〈p〉〉D − 1

2
〈〈pu3x〉〉 −

1

γ − 1
〈〈pux〉〉 = 〈〈pux〉〉 ✭✷✳✻✾✮

❝❡ A✉✐ ❛❜♦✉0✐0 B ✿

1

γ − 1

(
1 +

∆D

Dh

)[(
1 +

∆ρ

ρh

)(
1 +

∆u2

uh

)
+

(
1 +

∆p

ph

)]

− 2

(γ + 1)(γ − 1)

(
1 +

∆ρ

ρh
+ 3

∆u2

u2h

)
− 2γ

(γ + 1)(γ − 1)

(
1 +

∆p

ph

)
= 0

✭✷✳✼✵✮

◆♦✉1 ❛✈♦♥1 03♦✐1 )A✉❛0✐♦♥1✱ ✭✷✳✻✻✮✱ ✭✷✳✻✽✮ ❡0 ✭✷✳✼✵✮✱ ❡0 A✉❛03❡ ✐♥❝♦♥♥✉❡1 ∆ρ✱ ∆p✱ ∆u2

❡0 ∆D✳ ◆♦✉1 0❡♥0♦♥1 ❞❡ ❢❡3♠❡3 ❧❡ 1②104♠❡ ❛✈❡❝ ❧❡1 3❡❧❛0✐♦♥1 ❧✐)❡1 B ❧❛ ❝✐3❝✉❧❛0✐♦♥ ❞♦♥♥)❡1

❞❛♥1 ❬✺✾❪✳

✷✳✸✳✷ ▲❡ ❞&♣() ❞❡ ✈♦,)✐❝✐)& /✉, ✉♥❡ ✐♥)❡,❢❛❝❡ ),❛✈❡,/&❡ ♣❛, ✉♥ ❝❤♦❝

❉❛♥1 ❧✬❤②♣♦0❤41❡ ❞✬✉♥ )A✉✐❧✐❜3❡ ❞❡ ♣3❡11✐♦♥ ❡♥03❡ ❧❛ ✜❜3❡ ❡0 ❧✬❡♥✈✐3♦♥♥❡♠❡♥0 ❞❛♥1 ❧❡A✉❡❧

❡❧❧❡ ❜❛✐❣♥❡✱ ♥♦✉1 ♣♦✉✈♦♥1 ❡10✐♠❡3 ❧❡ ❞)♣M0 ❞❡ ✈♦30✐❝✐0) ❝3)) ♣❛3 ❧❡ ♣❛11❛❣❡ ❞✉ ❝❤♦❝ B

03❛✈❡31 ❧❛ ✜❜3❡✳ ❙♦✐0 ρenvD
2
env = ρfibreD

2
fibre✳ ❊♥ ✉0✐❧✐1❛♥0 ❧❛ 3❡❧❛0✐♦♥ ✭❇✳✾✽✮ ❡♥03❡ D ❡0 u ✿

D = γ+1
2 u✱ ♥♦✉1 ♦❜0❡♥♦♥1 ❧❛ ❞✐✛)3❡♥❝❡ ❞❡ ✈✐0❡11❡ ✢✉✐❞❡ B ❧✬✐♥0❡3❢❛❝❡ ✿

∆U = uenv − ufibre = uenv

(
1−

√
ρenv

ρfibre

)
✭✷✳✼✶✮

▲❛ ❝✐3❝✉❧❛0✐♦♥ 0♦0❛❧❡ ❞)♣♦1)❡ ♣❛3 ❧❡ ❝❤♦❝ ❡10 ❛❧♦31 ❡10✐♠)❡ B ✿

Γ =

∮
∆~U .~dl =

(
1−

√
ρenv

ρfibre

)∮
~uenv.~dl ✭✷✳✼✷✮

❈❛❧❝✉❧♦♥1

∫
1
2
fibre ~uenv.~dl ❛✜♥ ❞✬❡10✐♠❡3 ❧❛ ❝✐3❝✉❧❛0✐♦♥ Γ 1✉3 ✉♥❡ ❞❡♠✐✲✜❜3❡ ❞❡ 3❛②♦♥ R ✭✜❣✉3❡

✷✳✶✻✮✱ ♣✉✐1 ♣❛3 1②♠)03✐❡ ♥♦✉1 ❧✬❡①03❛♣♦❧❡3♦♥1 1✉3 ✉♥❡ ✜❜3❡ ❡♥0✐43❡✳ =❛3 ❞)✜♥✐0✐♦♥ ❞✉ ♣3♦❞✉✐0

1❝❛❧❛✐3❡ ✿ ∫

1
2
fibre

~uenv.~dl =

∮
uenvdl cos θ ✭✷✳✼✸✮

❧✬❛♥❣❧❡ θ )0❛♥0 ❧✬❛♥❣❧❡ ❡♥03❡ ❧❡1 ✈❡❝0❡✉31 ~uenv ❡0

~dl✳ ■❧ ❡10 ❝♦♠♣3✐1 ❡♥03❡

π
2 ❡0 −π

2 ❞❛♥1 ❧❡ ❝❛1

❞✬✉♥❡ ❞❡♠✐✲✜❜3❡✳ dl ❡10 ✉♥❡ ❞✐10❛♥❝❡ )❧)♠❡♥0❛✐3❡ 1✉3 ❧❡ ❝❡3❝❧❡ ❞❡ 3❛②♦♥ R ❡0 1✬❡①♣3✐♠❡ ❡♥



✷✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡) ✼✸

❋✐❣✳ ✷✳✶✻ ✕ ❉❡♠✐✲✜❜,❡✳

❝♦♦,❞♦♥♥1❡2 ❝②❧✐♥❞,✐5✉❡2 ❛✐♥2✐ ✿ dl = RdΩ✱ Ω 1:❛♥: ❝♦♠♣,✐2 ❡♥:,❡ π ❡: 0 ❞❛♥2 ❧❡ ❝❛2 ❞✬✉♥❡

❞❡♠✐✲✜❜,❡✳ ▲✬✐♥:1❣,❛❧❡ ❞❡ ❧✬15✉❛:✐♦♥ ✭✷✳✼✸✮ ❞❡✈✐❡♥: ✿

∮
uenvdl cos θ = uenvR

∫ 0

π

dΩ

∫ −π
2

π
2

cos θ

= uenvR [Ω]0π [sin θ]
−π

2
π
2

= uenvR2π

✭✷✳✼✹✮

▲❛ ❝✐,❝✉❧❛:✐♦♥ ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❞❡♠✐✲✜❜,❡ 2✬1❝,✐: ❡♥ ,❡❣,♦✉♣❛♥: ❧❡2 15✉❛:✐♦♥2 ✭✷✳✼✸✮ ❡: ✭✷✳✼✹✮ ✿

Γ 1
2
fibre = 2π

(
1− 1√

η

)
uenvR ✭✷✳✼✺✮

❛✈❡❝ η =
ρfibre

ρenv
✳ F❛, 2②♠1:,✐❡✱ ♥♦✉2 ❛✈♦♥2 Γfibre = 2Γ 1

2
fibre ❞♦♥❝ ✿

Γfibre = 4π
(
1− 1√

η

)
uenvR ✭✷✳✼✻✮

❉❡2 ♠♦❞G❧❡2 ❝❛❧❝✉❧❛♥: ❧❛ ❝✐,❝✉❧❛:✐♦♥ ❧❡ ❧♦♥❣ ❞✬✉♥❡ ✜❜,❡ ❝②❧✐♥❞,✐5✉❡ ❞❡ ,❛②♦♥ R ♦♥: 1:1

♣,♦♣♦212✳ ❊♥ ✶✾✻✵✱ ❘✉❞✐♥❣❡, ❡: ❙♦♠♠❡,2 ❬✺✼❪ 1❧❛❜♦,❡♥: ❧❡ ♠♦❞G❧❡ 2✉✐✈❛♥: ✿

Γ

cs
=

4

γ + 1

(
M2 − 1

M

)
η − 1

η + 1
R ✭✷✳✼✼✮

❛✈❡❝ M ❧❡ ♥♦♠❜,❡ ❞❡ ▼❛❝❤ ❞✉ ❝❤♦❝ ✐♥❝✐❞❡♥: ❡: η =
ρfibre

ρenv
❧❡ ,❛♣♣♦,: ❞❡ ❞❡♥2✐:1✳ ❊♥ ✶✾✽✸✱

F✐❝♦♥❡ ❡: ❇♦,✐2 ❬✹✽❪ ❡: ❡♥ ✶✾✽✽✱ F✐❝♦♥❡ ❬✹✾❪ 1:❛❜❧✐22❡♥: ✉♥ ♠♦❞1❧❡ ✉♥ ♣❡✉ ❞✐✛1,❡♥: ✿

Γ

cs
=

4

γ + 1

(
M2 + 1

M

γM2 + 1

(γ + 1)M2
log(η)R ✭✷✳✼✽✮

❙❛♠:❛♥❡② ❡: ❩❛❜✉2❦②✱ ❡♥ ✶✾✾✸✱ ❛♣♣♦,:❡♥: 5✉❡❧5✉❡2 ❝♦,,❡❝:✐♦♥2 ❛✉① ♠♦❞G❧❡2 ♣,1❝1❞❡♥:2 ✿

Γ

cs
=
(
1 +

π

2

) 2

γ + 1

(
1− 1√

η

)(
1 +

1

M
+

2

M2

)
(M − 1)R ✭✷✳✼✾✮

❛✈❡❝ ✿

cs =

√
γP

ρ0
✭✷✳✽✵✮



✼✹ ❱♦$%❡① ❡% ❝❤♦❝* ✿ %❤,♦$✐❡ ❡% ♠♦❞0❧❡*

❉❛♥# ❧❛ ❧✐♠✐'❡ ❞❡# ❝❤♦❝# ❢♦.'#✱ ♣♦✉. ❧❛2✉❡❧❧❡ M >> 1✱ ❧❛ .❡❧❛'✐♦♥ ✭✷✳✼✾✮ ❞❡✈✐❡♥' ✿

Γ =
(
1 +

π

2

) 2
√

γ

γ + 1

(
1− 1√

η

)
MR ✭✷✳✽✶✮

❊♥ ✉'✐❧✐#❛♥' ❧❛ ❞>✜♥✐'✐♦♥ ❞✉ ♥♦♠❜.❡ ❞❡ ▼❛❝❤ M = D
cs
✱ ❡' ❡♥ ♠✉❧'✐♣❧✐❛♥' ♣❛.

cs√
γ
✱ ♥♦✉#

♦❜'❡♥♦♥# ✿

Γ = 2
γ+1D

(
1− 1√

η

)
R

(
1 + π

2

)
✭✷✳✽✷✮

❊♥ >❣❛❧✐#❛♥' ❧❡# .❡❧❛'✐♦♥# ✭✷✳✼✷✮ ❡' ✭✷✳✽✷✮✱ ♥♦✉# ♣♦✉✈♦♥# ❡♥ ❞>❞✉✐.❡ ∆U C ♣❛.'✐. ❞❡ uenv

✭>2✉❛'✐♦♥ ✭✷✳✼✶✮✮ ❡' ❛✐♥#✐ ❢❡.♠❡. ❧❡ #②#'E♠❡ ❝♦♠♣♦#> ❞❡# >2✉❛'✐♦♥# ✭✷✳✻✻✮✱ ✭✷✳✻✽✮ ❡' ✭✷✳✼✵✮ ✿

uenv =
D

2(γ + 1)

(
1

π
+
1

2

)

∆U = D
2(γ+1)

(
1
π
+ 1

2

) (
1− 1√

η

) ✭✷✳✽✸✮

▼❛❧❤❡✉.❡✉#❡♠❡♥' ∆U ♥✬❡#' ♣❛# ❞✐.❡❝'❡♠❡♥' ❝♦♥♥❡❝'> ❛✉① ✢✉❝'✉❛'✐♦♥# ❞❡# 2✉❛♥'✐'>#

❤②❞.♦❞②♥❛♠✐2✉❡# ✭∆u✱ ∆P ❡' ∆ρ✮ ❞✉ ♠♦❞E❧❡ ❞❡ ❍❛③❛❦ et al. ❬✷✸❪✳ ■❧ #❡♠❜❧❡ 2✉❡ ∆U
❞♦♥♥❡ ✉♥❡ ♠❡#✉.❡ ✐♥❞✐.❡❝'❡ ❞❡ ❧✬>♥❡.❣✐❡ ❝✐♥>'✐2✉❡ ✐♥❥❡❝'>❡ ❞❛♥# ❝❤❛2✉❡ '♦✉.❜✐❧❧♦♥ ❧♦.# ❞❡

❧✬✐♥'❡.❛❝'✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ❧✬✐♥'❡.❢❛❝❡✳ ◆♦✉# ❛✈♦♥# ❜❡#♦✐♥ ❞✬✉♥❡ ❞❡#❝.✐♣'✐♦♥ ♣❧✉# ✜♥❡ ❞❡#

✈♦.'❡① ❞❛♥# ❧❡ ♠✐❧✐❡✉ ♣♦#'✲❝❤♦❝✱ ❝❡ 2✉✐ ❡#' ❡♥ ♣❛.'✐❡ .>❛❧✐#> ❞❛♥# ❧❡ ♠♦❞E❧❡ ❞❡ ❙❛✉.❡❧ et al.
❬✻✵❪✳

✷✳✸✳✸ ❆♥❛❧②(❡ *❤❡,♠♦❞②♥❛♠✐1✉❡ ❞❡ ❧❛ *✉,❜✉❧❡♥❝❡ ♣❛, ❙❛✉,❡❧ et al. ❬✻✵❪

◆♦✉# ✐♥#>.♦♥# ❧✬❛♥❛❧②#❡ '❤❡.♠♦❞②♥❛♠✐2✉❡ ❞❡ ❙❛✉.❡❧ et al. ❬✻✵❪ ❞❛♥# ❧❡# >2✉❛'✐♦♥# ❞❡
❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦' ❡' ♥♦✉# ♦❜'❡♥♦♥# ❧❡ #②#'E♠❡ #✉✐✈❛♥' ✿

ρ1(u−D)− ρ0D = 0 ✭✷✳✽✹✮

ρ0D
2 + p0 − ρ1(u−D)2 − p1 − peff = 0 ✭✷✳✽✺✮

(u−D)(
1

2
ρ1(u−D)2 +

γ

γ − 1
p1 +

γeff
γeff − 1

peff) +D(
1

2
ρ0D

2 +
γ

γ − 1
p0) = 0

✭✷✳✽✻✮

◆♦✉# ❛❧❧♦♥#✱ C ♣❛.'✐. ❞✉ #②#'E♠❡ ❞✬>2✉❛'✐♦♥# ❝✐✲❞❡##✉#✱ ❞>'❡.♠✐♥❡. ✉♥❡ ❡①♣.❡##✐♦♥ #✉♣♣❧>✲

♠❡♥'❛✐.❡ ♣♦✉. ❧❡

∆D
Dh
✱ ❡♥ ❡✛❡❝'✉❛♥' ❧❡# ❝❤❛♥❣❡♠❡♥'# ❞❡ ✈❛.✐❛❜❧❡# #✉✐✈❛♥'# ✿

ǫ = ρ1

ρ0
✭✷✳✽✼✮

M = D
cs
❡' U = u

cs
✭✷✳✽✽✮

c2s =
γp0

ρ0
✭✷✳✽✾✮

π = p
p0
❡' πeff =

peff
p0

✭✷✳✾✵✮

peff =
1
2〈ρ〉〈∆u2〉 ✭✷✳✾✶✮

❛✈❡❝ cs ❧❛ ✈✐'❡##❡ ❞✉ #♦♥ ❞❛♥# ❧❡ ♠✐❧✐❡✉ ♥♦♥ ❝❤♦2✉>✳

❊♥ ❞✐✈✐#❛♥' ❧❛ ♣.❡♠✐E.❡ >2✉❛'✐♦♥ ❞✉ #②#'E♠❡ ✭✷✳✽✹✮ ♣❛. ρ0cs✱ ♥♦✉# '.♦✉✈♦♥# ✿

ǫ =
M

M − U
✭✷✳✾✷✮



✷✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡) ✼✺

❊♥ ❞✐✈✐%❛♥' ❧❛ ❞❡✉①✐,♠❡ ./✉❛'✐♦♥ ❞✉ %②%',♠❡ ✭✷✳✽✹✮ ♣❛9 ρ0c
2
s✱ ❡' ❡♥ ② ✐♥'.❣9❛♥' ✭✷✳✾✷✮✱ ♥♦✉%

'9♦✉✈♦♥% ✿

π = γMU + 1− πeff ✭✷✳✾✸✮

❊♥ ❞✐✈✐%❛♥' ❧❛ '9♦✐%✐,♠❡ ./✉❛'✐♦♥ ❞✉ %②%',♠❡ ✭✷✳✽✹✮ ♣❛9 ρ0c
3
s✱ ❡♥ ② ✐♥'.❣9❛♥' ✭✷✳✾✸✮ ❡' ❡♥

9.%♦❧✈❛♥' ❧✬./✉❛'✐♦♥ ❞❡ %❡❝♦♥❞ ❞❡❣9. ❡♥ M ✱ ♥♦✉% '9♦✉✈♦♥% ✿

M =
γ + 1

4
U − Γeff

2
+

√(
γ + 1

4
U − Γeff

2

)2

+ 1 + ΓeffU ✭✷✳✾✹✮

❛✈❡❝ Γeff =
peff

ρ0ucs

(γ−γeff)
(γeff−1) ✳ ❉❛♥% ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣,♥❡✱ Γeff = 0 ❡' ❧✬./✉❛'✐♦♥ ✭✷✳✾✹✮ %❡ 9.%♦✉'

C ✿

Mh =
γ + 1

4
Uh +

√(
γ + 1

4

)2

U2
h + 1 ✭✷✳✾✺✮

▲❛ ❝♦♠♣❛9❛✐%♦♥ ❞❡% ❝❛% ❤♦♠♦❣,♥❡ ❡' ❤.'.9♦❣,♥❡ ♥.❝❡%%✐'❡ ✉♥ ✐♥✈❛9✐❛♥'✳ ■❝✐✱ ❝♦♠♠❡ ❧❛

♠♦❞✐✜❝❛'✐♦♥ ❞❡ ❧❛ ✈✐'❡%%❡ ❞✉ ❝❤♦❝ ❡%' '❡♠♣♦9❡❧❧❡♠❡♥' %'❛'✐♦♥♥❛✐9❡✱ ❧❛ ✈✐'❡%%❡ ❞✉ ✢✉✐❞❡

❝❤♦/✉. ❡%' ❧❛ ♠I♠❡ ❞❛♥% ❧❡% ❝❛% ❤♦♠♦❣,♥❡ ❡' ❤.'.9♦❣,♥❡ ✿ U = Uh✳

◆♦✉% ❛✈♦♥% ❝❛❧❝✉❧.

∆D
Dh

✭./✉❛'✐♦♥ ✷✳✾✻✮ C ♣❛9'✐9 ❞❡% ❡①♣9❡%%✐♦♥% ✭✷✳✾✹✮ ❡' ✭✷✳✾✺✮ ❞❡ M
❡' Mh✳

∆D

Dh
=

√√√√√√√
2

[(
γ+1
4 Uh

)2
+

(
Γeff
2

)2]
+ ΓeffUh

(
3−γ
4

)
+ 1

2
(

γ+1
4 Uh

)2
+ 1

− 1 ✭✷✳✾✻✮

Mh &❡ ❝❛❧❝✉❧❡ ❞✐.❡❝/❡♠❡♥/✳ M &❡ .2&♦✉/ ❡♥ ❝♦♥&✐❞2.❛♥/ ❧❛ ❞2✜♥✐/✐♦♥ ❞❡ ❧❛ ♣.❡&&✐♦♥ /✉.❜✉✲

❧❡♥/❡ peff ❞♦♥♥2❡ ♣❛. ❙❛✉.❡❧ et al. ❬✻✵❪ ✿ peff =
1
2〈ρ〉〈∆u2〉✳

▲✬✐♥$❡&❛❝$✐♦♥ ❞✬✉♥ ❝❤♦❝ ❛✈❡❝ ✉♥ ♠✐❧✐❡✉ ❤0$0&♦❣2♥❡ ❡3$ &0❣✐ ♣❛& ❧❡3 05✉❛$✐♦♥3 ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦$✱ ❣0♥0&❛❧✐30❡3 ♣❛& ❍❛③❛❦ et al. ❬✷✸❪✱ 5✉✐ ♣&0❞✐3❡♥$ ❧❛ ♠♦❞✐✜❝❛$✐♦♥ ❞❡ ❧❛ ✈✐$❡33❡ ❞❡
❝❤♦❝✱ ♣❛& &❛♣♣♦&$ A 3❛ ✈✐$❡33❡ ❞❡ ♣&♦♣❛❣❛$✐♦♥ ❞❛♥3 ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣2♥❡✱ ❞❡ ❞❡♥3✐$0 ♠♦②❡♥♥❡

05✉✐✈❛❧❡♥$❡✱ ❛✐♥3✐ 5✉✬✉♥ ♣❤0♥♦♠2♥❡ ❞❡ 3♦✉3✲❝♦♠♣&❡33✐♦♥ ❞❡&&✐2&❡ ❧❡ ❢&♦♥$ ❞❡ ❝❤♦❝✳ ▲❡ ❞0♣E$

❞❡ ✈♦&$✐❝✐$0✱ ❝&00 ♣❛& ❧❡ ❝❤♦❝ 3✉& ❧✬✐♥$❡&❢❛❝❡ ❡♥$&❡ ❧❡3 ❞❡✉① ♠✐❧✐❡✉① ❞❡ ❞❡♥3✐$0 ❞✐✛0&❡♥$❡

❡$ ♣&✐3 ❡♥ ❝♦♠♣$❡ ❞❛♥3 ❧❡ ♠♦❞2❧❡ ❞❡ ❙❛✉&❡❧ et al. ❬✻✵❪✱ ❝♦♥❞✉✐$ A ✉♥ 3$♦❝❦❛❣❡ ❞✬0♥❡&❣✐❡

❝✐♥0$✐5✉❡✱ 5✉✐ ❡3$ A ❧✬♦&✐❣✐♥❡ ❞❡ ❧✬❛❝❝0❧0&❛$✐♦♥ ❞✉ ❝❤♦❝✳ ❉❛♥3 ❧❡ ♠✐❧✐❡✉ ❝❤♦5✉0✱ ❞❡3 ✈♦&$❡①

♥❛✐33❡♥$✱ ❡$ ❧✬♦❜3❡&✈❛$✐♦♥ ❞❡ ❧❡✉& 0✈♦❧✉$✐♦♥✱ ❞❛♥3 ❝❡ 3②3$2♠❡ ✷❉✱ $&❛❞✉✐$ ✉♥❡ ❝❛3❝❛❞❡ ✐♥✈❡&3❡

❞✬0♥❡&❣✐❡✱ $②♣✐5✉❡ ❞❡ ❧❛ $✉&❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥3✐♦♥♥❡❧❧❡✳
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❆♥♥❡①❡ ❇

❊!✉❛$✐♦♥( ❡$ ▼♦❞,❧❡(

❇✳✶ ▲❡% &'✉❛*✐♦♥% ❞❡ ❝♦♥%❡0✈❛*✐♦♥

▲❡" ✢✉✐❞❡" "♦♥) ❝♦♥"✐❞+,+" ❝♦♠♣,❡""✐❜❧❡"✱ ❡)✱ ❞❛♥" ✉♥ ♣,❡♠✐❡, )❡♠♣"✱ ♥♦✉" ❡✛❡❝)✉♦♥"

❧❡" ,❛✐"♦♥♥❡♠❡♥)" ❡♥ )❡♥❛♥) ❝♦♠♣)❡ ❞❡" ❡✛❡)" ❞❡ ❧❛ ✈✐"❝♦"✐)+ ❡) ❞❡ ❧❛ ❣,❛✈✐)+✳ ❉❛♥" ✉♥

❞❡✉①✐9♠❡ )❡♠♣" ♥♦✉" ❧❡" ♥+❣❧✐❣❡♦♥" ❛✜♥ ❞❡ ,❡),♦✉✈❡, ❧❡" ❝♦♥❞✐)✐♦♥" ❞❡ ♥♦),❡ +)✉❞❡✳

❇✳✶✳✶ ❈♦♥&❡(✈❛+✐♦♥ ❞❡ ❧❛ ♠❛&&❡ ✿ 12✉❛+✐♦♥ ❞❡ ❝♦♥+✐♥✉✐+1

❖♥ ❝♦♥"✐❞9,❡ ✉♥ ✈♦❧✉♠❡ V <✉❡❧❝♦♥<✉❡ ❞✬✉♥ ✢✉✐❞❡ ✭✜❣✉,❡ ❇✳✶✮✳ ❉❛♥" ❝❡ ✈♦❧✉♠❡✱ ❧❛

✈❛,✐❛)✐♦♥ ❞❡ ♠❛""❡ )❡♠♣♦,❡❧❧❡ "✬+❝,✐) ✿

dm

dt
=

d

dt

∫∫∫

V

ρdV ✭❇✳✶✮

❈❡))❡ ✈❛,✐❛)✐♦♥ )❡♠♣♦,❡❧❧❡ ❞❡ ♠❛""❡ ❝♦,,❡"♣♦♥❞ D ❧✬♦♣♣♦"+ ❞✉ ✢✉① )♦)❛❧ ❞❡ ♠❛""❡ D

),❛✈❡," ❧❛ "✉,❢❛❝❡ ❙ ❡♥✈❡❧♦♣♣❛♥) ❧❡ ✈♦❧✉♠❡ V ✱ ❝❡ <✉✐ ❞♦♥♥❡ ❡♥ ❝♦♥"✐❞+,❛♥) ❧❡ ✈❡❝)❡✉, ~n
♥♦,♠❛❧❡ D S ✿

d

dt

∫∫∫

V

ρdV = −
∫∫

S

ρ~u.~ndS ✭❇✳✷✮

❖♥ ❛♣♣❧✐<✉❡ ❧❡ )❤+♦,9♠❡ ❞❡ ●,❡❡♥✲❖"),♦❣,❛❞"❦✐ ❛✉ ♠❡♠❜,❡ ❞❡ ❞,♦✐)❡ ❛✜♥ ❞✬❡♥ ♦❜)❡♥✐,

✉♥❡ ✐♥)+❣,❛❧❡ ❞❡ ✈♦❧✉♠❡ ✿

❋✐❣✳ ❇✳✶ ✕ ❊✈❛❧✉❛)✐♦♥ ❞✉ ❜✐❧❛♥ ❞❡ ♠❛""❡ ✢✉✐❞❡ D ❧✬✐♥)+,✐❡✉, ❞✉ ✈♦❧✉♠❡ V ✳
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∫∫∫

V

∂ρ

∂t
dV = −

∫∫∫

V

∇.ρ~udV ✭❇✳✸✮

❊♥ '❡❣'♦✉♣❛♥. ❧❡ .♦✉. 0♦✉0 ❧✬✐♥.3❣'❛❧❡ ✈♦❧✉♠✐6✉❡✱ ♦♥ ♦❜.✐❡♥. ✿

∫∫∫

V

(
∂ρ

∂t
+∇.ρ~u

)
dV = 0 ✭❇✳✹✮

❙✐ ♦♥ ❢❛✐. .❡♥❞'❡ ❧❡ ✈♦❧✉♠❡ ❞❡ ❧✬✐♥.3❣'❛❧❡ ✈❡'0 0 ❡. ♦♥ ❞✐✈✐0❡ ❧❡ .♦✉. ♣❛' ❧❡ ✈♦❧✉♠❡

3❧3♠❡♥.❛✐'❡ dV ✱ ✐❧ ♥♦✉0 '❡0.❡ ❧✬36✉❛.✐♦♥ ❞❡ ❝♦♥.✐♥✉✐.3✱ 6✉✐ 0✬3❝'✐. ✿

∂ρ
∂t
+∇.ρ~u = 0 ✭❇✳✺✮

❈♦♠♠❡ ❧❛ ❞✐✈❡'❣❡♥❝❡ ♣❡✉. 0❡ ❞3✈❡❧♦♣♣❡' ❛✐♥0✐ ✿

∇.ρ~u = ρ∇.~u+ ~u.∇(ρ) ✭❇✳✻✮

❡. 6✉❡ ❧❛ ❞3✜♥✐.✐♦♥ ❞❡ ❧❛ ❞3'✐✈3❡ ❞'♦✐.❡ ❡♥ ❢♦♥❝.✐♦♥ ❞❡ ❧❛ ❞3'✐✈3❡ ♣❛'.✐❡❧❧❡ ❡0. ✿

dρ

dt
=

∂ρ

∂t
+ ~u.∇(ρ) ✭❇✳✼✮

❧✬36✉❛.✐♦♥ ❞❡ ❝♦♥.✐♥✉✐.3 0✬❡①♣'✐♠❡ 3❣❛❧❡♠❡♥. ❞❡ ❧❛ ♠❛♥✐E'❡ 0✉✐✈❛♥.❡ ✿

dρ
dt
+ ρ∇.~u = 0 ✭❇✳✽✮

❇✳✶✳✷ ❈♦♥'❡)✈❛,✐♦♥ ❞❡ ❧❛ 0✉❛♥,✐,2 ❞❡ ♠♦✉✈❡♠❡♥, ✿ 20✉❛,✐♦♥' ❞❡ ◆❛✈✐❡)✲

❙,♦❦❡' ❡, ❞✬❊✉❧❡)

❖♥ ❝♦♥0✐❞E'❡ .♦✉❥♦✉'0 ❧❡ ✈♦❧✉♠❡ V ✱ ❝♦♥0.✐.✉3 ❞✬3❧3♠❡♥.0 ♠❛.3'✐❡❧0✱ ❞❡ ✈♦❧✉♠❡ dV ❧✐✲

♠✐.30 ♣❛' ❧❛ 0✉'❢❛❝❡ dS✱ ❞♦♥. ✐❧ 0✉✐. ❧❡0 ❞3♣❧❛❝❡♠❡♥.0✳ ▲❛ '❡❧❛.✐♦♥ ❢♦♥❞❛♠❡♥.❛❧❡ ❞❡ ❧❛

❞②♥❛♠✐6✉❡ ❛♣♣❧✐6✉3❡ L ❝❡ ✈♦❧✉♠❡ V '❡✈✐❡♥. L 3❣❛❧✐0❡' ❧❛ ✈❛'✐❛.✐♦♥ .❡♠♣♦'❡❧❧❡ ❞❡ ❧❛ 6✉❛♥✲

.✐.3 ❞❡ ♠♦✉✈❡♠❡♥. L ❧✬❡♥0❡♠❜❧❡ ❞❡0 ❢♦'❝❡0✱ ❞❡ ✈♦❧✉♠❡ ✭❡① ✿ ❧❛ ♣❡0❛♥.❡✉'✮ ❡. ❞❡ 0✉'❢❛❝❡ ✭❡① ✿

❢♦'❝❡0 ❧✐3❡0 L ❧❛ ♣'❡00✐♦♥ ❡. ❧❛ ✈✐0❝♦0✐.3✮✱ ❡①❡'❝3❡0 0✉' V ✿

d

dt

(∫∫∫

V

ρ~udV

)
=

∫∫∫

V

ρ~fdV +

∫∫
~~σ.~ndS ✭❇✳✾✮

▲❡ .❡♥0❡✉'

~~σ ♣'❡♥❞ ❡♥ ❝♦♠♣.❡ ❧✬❡♥0❡♠❜❧❡ ❞❡0 ❢♦'❝❡0 ❞❡ 0✉'❢❛❝❡ ✭♣'❡00✐♦♥ ❡. ✈✐0❝♦0✐.3✮

0✬❡①❡'❝❛♥. 0✉' S✳

~f ❡0. ❧❛ ❢♦'❝❡ ♣❛' ✉♥✐.3 ❞❡ ♠❛00❡ ❛♣♣❧✐6✉3❡ L ❧✬✉♥✐.3 ❞❡ ♠❛00❡ ❞✉ ✢✉✐❞❡ ✭♣❡✲

0❛♥.❡✉'✱ ❢♦'❝❡ 3❧❡❝.'♦0.❛.✐6✉❡ ♣♦✉' ✉♥ ✢✉✐❞❡ ❝❤❛'❣3✮✳ ▲❛ ❞3'✐✈3❡ ❧❛❣'❛♥❣✐❡♥♥❡

d
dt

❡0. ❝❛❧❝✉❧3❡

❞❛♥0 ❧❡ '3❢3'❡♥.✐❡❧ 6✉✐ 0✉✐. ❧❡ ♠♦✉✈❡♠❡♥. ❞✉ ✢✉✐❞❡✳ ▲❡ .❤3♦'E♠❡ ❞❡ ●'❡❡♥✲❖0.'♦❣'❛❞0❦✐ ♥♦✉0

❞♦♥♥❡ ✉♥❡ ✐♥.3❣'❛❧❡ ✈♦❧✉♠✐6✉❡ ❞❡ ❧❛ ❝♦♠♣♦0❛♥.❡ .♦.❛❧❡ ❞❡ ❧❛ ❢♦'❝❡ ❞❡ 0✉'❢❛❝❡ ✿

∫∫

S

~~σ.~ndS =

∫∫∫

V

∇.~~σdV ✭❇✳✶✵✮

▲✬36✉❛.✐♦♥ ✭❇✳✾✮ ❞❡✈✐❡♥. ✿

∫∫∫

V

d(ρ~u)

dt
dV =

∫∫∫

V

ρ~fdV +

∫∫∫

V

∇.~~σdV ✭❇✳✶✶✮



❇✳✶ ▲❡% &'✉❛*✐♦♥% ❞❡ ❝♦♥%❡0✈❛*✐♦♥ ✽✶

❖♥ ❢❛✐% %❡♥❞(❡ V ✈❡(* ✵ ❡% ♦♥ ❞✐✈✐*❡ ✭❇✳✶✶✮ ♣❛( dV ✿

d(ρ~u)

dt
= ρ~f +∇.~~σ) ✭❇✳✶✷✮

▼❛✐♥%❡♥❛♥% ❞6❝♦♠♣♦*♦♥* ❧❛ ❢♦(❝❡ ❞❡ *✉(❢❛❝❡ [
~~σ] ❡♥ ❢♦(❝❡ ❞❡ ✈✐*❝♦*✐%6 ❡% ❡♥ ❢♦(❝❡ ❞❡ ♣(❡**✐♦♥ ✿

∇~~σ = ∇.~~σ
′ −∇p ✭❇✳✶✸✮

❡% ❝♦♠♠❡

d(ρ~u)
dt

= ∂(ρ~u)
∂t

+∇.(ρ~u⊗~u) = ∂(ρ~u)
∂t

+∇(~u.ρ~u)+~u∇.ρ~u✱ ❧✬6>✉❛%✐♦♥ ✭❇✳✶✷✮ ❞❡✈✐❡♥%
❧✬6>✉❛%✐♦♥ ❞❡ ◆❛✈✐❡(✲❙%♦❦❡* ❡♥ ❝♦♠♣(❡**✐❜❧❡ ❡% *✬6❝(✐% ✿

∂(ρ~u)
∂t

+∇.(ρ~u⊗ ~u) = ρ~f −∇p+∇.~~σ
′

✭❇✳✶✹✮

❉❛♥* ♥♦%(❡ 6%✉❞❡✱ ❧❡* ✈✐%❡**❡* ❞❡ ✢✉✐❞❡* *♦♥% %(G* 6❧❡✈6❡*✱ ❧❡ ♥♦♠❜(❡ ❞❡ ❘❡②♥♦❧❞* ❛%%❡✐♥%

♣❧✉*✐❡✉(* ♠✐❧❧✐❡(*✳ ◆♦✉* ♣♦✉✈♦♥* ❞♦♥❝ ♥6❣❧✐❣❡( ❧❡* ❡✛❡%* ❞❡ ❧❛ ✈✐*❝♦*✐%6 ❞❛♥* ❧✬6>✉❛%✐♦♥ ❞❡

◆❛✈✐❡(✲❙%♦❦❡*✱ ❛✐♥*✐ >✉❡ ❝❡✉① ❞❡ ❧❛ ❣(❛✈✐%6✱ ❡% ✉%✐❧✐*❡(✱ ❝♦♠♠❡ ♣♦✉( ❧❡* ✢✉✐❞❡* ♣❛(❢❛✐%*✱

❧✬6>✉❛%✐♦♥ ❞✬❊✉❧❡( ✿

∂(ρ~u)
∂t

+∇.(ρ~u⊗ ~u) = −∇p ✭❇✳✶✺✮

❈❡%%❡ ❢♦(♠❡ ❞✐%❡ ❝♦♥*❡(✈❛%✐✈❡✱ ♣❡✉% P%(❡ ❞6✈❡❧♦♣♣6❡ ❡% *✬6❝(✐(❡ ❡♥ %❡♥❛♥% ❝♦♠♣%❡ ❞❡ ❧❛

(❡❧❛%✐♦♥ ❞❡ ❝♦♥%✐♥✉✐%6 ✭❇✳✺✮ *♦✉* ❢♦(♠❡ ❞✐%❡ ♥♦♥ ❝♦♥*❡(✈❛%✐✈❡ ✿

ρd~u
dt
= −∇p ✭❇✳✶✻✮

❇✳✶✳✸ ❈♦♥'❡)✈❛,✐♦♥ ❞❡ ❧✬1♥❡)❣✐❡

❙♦✐% E ❧✬6♥❡(❣✐❡ %♦%❛❧❡ ❞✬✉♥ 6❝♦✉❧❡♠❡♥%✱ ei ❧✬6♥❡(❣✐❡ ✐♥%❡(♥❡ ❡% ec ❧✬6♥❡(❣✐❡ ❝✐♥6%✐>✉❡ ❞❡

❝❡% 6❝♦✉❧❡♠❡♥%✳ ❈❡* %(♦✐* 6♥❡(❣✐❡* *♦♥% (❡❧✐6❡* ♣❛( ❧❛ (❡❧❛%✐♦♥ ✿ E = ei + ec✳ ▲✬6♥❡(❣✐❡ ❞❡

❧✬✉♥✐%6 ❞❡ ✈♦❧✉♠❡ ❞✉ ✢✉✐❞❡ ✈❛✉% ✿

ρec + ρei = ρ
u2

2
+ ρei ✭❇✳✶✼✮

▲❛ ✈❛(✐❛%✐♦♥ ❞❡ ❝❡%%❡ 6♥❡(❣✐❡ ❡*% ❞♦♥♥6❡ ♣❛( ❧❛ ❞6(✐✈6❡ ♣❛(%✐❡❧❧❡ ✿

∂

∂t

(
ρu2

2
+ ρei

)
✭❇✳✶✽✮

❉❛♥* ✉♥ ♣(❡♠✐❡( %❡♠♣*✱ ❝❛❧❝✉❧♦♥* ❧❛ ✈❛(✐❛%✐♦♥ ❞❡ ❧✬6♥❡(❣✐❡ ❝✐♥6%✐>✉❡ ✿

∂

∂t

ρu2

2
=

u2

2

∂ρ

∂t
+ ρ~u

∂~u

∂t
✭❇✳✶✾✮

❡%✱ ❡♥ ✉%✐❧✐*❛♥% ❧❡* 6>✉❛%✐♦♥* ❞❡ ❧❛ ♠❛**❡ ✭❇✳✺✮ ❡% ❞✉ ♠♦✉✈❡♠❡♥% ✭❇✳✶✹✮ ✿

∂

∂t

ρu2

2
= −u2

2
∇.ρ~u− ~u.∇p− ρ~u(~u.∇)~u+ ρ~u. ~f + ~u∇.~~σ

′

) ✭❇✳✷✵✮

❊♥ ❛♣♣❧✐❝❛♥% ❧❛ *✉❜*%✐%✉%✐♦♥ ~u(~u.∇)~v = 1
2~u.∇u2 ✿

∂

∂t

ρu2

2
= −u2

2
∇.ρ~u− ~u.∇p− ρ

2
~u.∇u2 + ρ~u. ~f + ~u∇.~~σ

′

✭❇✳✷✶✮
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❙♦✐# h ❧✬❡♥#❤❛❧♣✐❡✱ s ❧✬❡♥#,♦♣✐❡ ❡# T ❧❛ #❡♠♣.,❛#✉,❡✳ ❈❡2 #,♦✐2 ❣,❛♥❞❡✉,2 2♦♥# ,❡❧✐.❡2 ♣❛,

❧❛ ,❡❧❛#✐♦♥ #❤❡,♠♦❞②♥❛♠✐6✉❡ ✿ dh = Tds + 1
ρ
dp✳ ▲❡ ❣,❛❞✐❡♥# ❞❡ ♣,❡22✐♦♥# ∇p ♣❡✉# 9#,❡

,❡♠♣❧❛❝. ♣❛, ρ∇h− ρT∇s✳ ❉✬♦< ✿

∂

∂t

ρu2

2
= −u2

2
∇.ρ~u− ρ~u.∇(h+ u2

2
) + ρT~u.∇s+ ρ~u. ~f + ~u∇.~~σ

′

✭❇✳✷✷✮

▼❛✐♥#❡♥❛♥# ❞.✈❡❧♦♣♣♦♥2 ❧❛ ✈❛,✐❛#✐♦♥ ❞❡ ❧✬.♥❡,❣✐❡ ✐♥#❡,♥❡

∂(ρei)
∂t

❡♥ ✉#✐❧✐2❛♥# ❧❛ ,❡❧❛#✐♦♥

#❤❡,♠♦❞②♥❛♠✐6✉❡ ✿

dei = Tds− pdV = Tds+
p

ρ2
dρ ✭❇✳✷✸✮

◆♦#❛♥# 6✉❡ h = ei +
p
ρ
= ei + pV ✱ ♦♥ #,♦✉✈❡ ✿

d(ρei) = eidρ+ ρdei = hdρ+ ρTds ✭❇✳✷✹✮

❡# ❞♦♥❝✱ ❡♥ ✉#✐❧✐2❛♥# ❧✬.6✉❛#✐♦♥ ❣.♥.,❛❧❡ ❞❡ ❧✬❛❞✐❛❜❛#✐❝✐#.

∂s
∂t
+ ~u.∇s = 0 ✿

∂(ρei)

∂t
= h

∂ρ

∂t
+ ρT

∂s

∂t
= −h∇.ρ~u− ~u.∇s ✭❇✳✷✺✮

▲❛ ✈❛,✐❛#✐♦♥ ❞✬.♥❡,❣✐❡ #♦#❛❧❡ 2✬♦❜#✐❡♥# ❡♥ ❛❞❞✐#✐♦♥♥❛♥# ❧❡2 .6✉❛#✐♦♥2 ✭❇✳✷✷✮ ❡# ✭❇✳✷✺✮ ❡#✱

❡♥ ❣,♦✉♣❛♥# ❧❡2 ❡①♣,❡22✐♦♥2 ❞.❞✉✐#❡2✱ ♦♥ #,♦✉✈❡ ✿

∂

∂t

(
ρu2

2
+ ρei

)
= −

(
h+

u2

2

)
∇.ρ~u− ρ

[
~u.∇

(
h+

u2

2

)]
+ ρ~u. ~f + ~u∇.~~σ

′

✭❇✳✷✻✮

❙♦✐#✱ ✜♥❛❧❡♠❡♥#✱ ❡♥ ♥.❣❧✐❣❡❛♥# ✈✐2❝♦2✐#. ❡# ❣,❛✈✐#. ✿

∂
∂t

(
ρu2

2 + ρei

)
= −∇.

[
~u
(

ρu2

2 + p+ ρei)
)]

✭❇✳✷✼✮



❇✳✷ ❊$✉❛'✐♦♥ ❞✬-✈♦❧✉'✐♦♥ ❞❡ ❧❛ ✈♦1'✐❝✐'- ✽✸

❇✳✷ ❊$✉❛'✐♦♥ ❞✬-✈♦❧✉'✐♦♥ ❞❡ ❧❛ ✈♦1'✐❝✐'-

◆♦✉# ❛❧❧♦♥# '(✉❞✐❡, ❧❡ (,❛♥#♣♦,( ❞❡ ❧❛ ✈♦,(✐❝✐(' ❞❛♥# ❧❡ ❝❛# ❞✬✉♥ ✢✉✐❞❡ ♣❛,❢❛✐( ❡♥ '(❛✲

❜❧✐##❛♥( ❧✬'5✉❛(✐♦♥ ❞❡ ❧✬'✈♦❧✉(✐♦♥ ❞❡ ❧❛ ✈♦,(✐❝✐('✳ 7♦✉, ❝❡❧❛✱ ♦♥ ♣❛,( ❞❡ ❧✬'5✉❛(✐♦♥ ❞✬❊✉❧❡, ✿

∂~u

∂t
+ (~u.∇)~u = −∇p

ρ
✭❇✳✷✽✮

❞♦♥( ♦♥ ♣,❡♥❞ ❧❡ ,♦(❛(✐♦♥♥❡❧ ✿

∇∧
(

∂~u

∂t
+ (~u.∇)~u

)
= −∇ ∧

(∇p

ρ

)
✭❇✳✷✾✮

▲❡ ♣,❡♠✐❡, (❡,♠❡ ❞✉ ♠❡♠❜,❡ ❞❡ ❣❛✉❝❤❡ #✬'❝,✐( ❛✉##✐ ✿

∇∧
(

∂~u

∂t

)
=

∂

∂t
(∇∧ ~u) =

∂~ω

∂t
✭❇✳✸✵✮

▲❡ ❞❡✉①✐H♠❡ (❡,♠❡ ❞✉ ♠❡♠❜,❡ ❞❡ ❣❛✉❝❤❡ #❡ ❞'✈❡❧♦♣♣❡ ❛✐♥#✐ ✿

∇∧ ((~u.∇)~u) = ~u.∇(∇∧ ~u)− (∇∧ ~u).∇~u+ (∇∧ ~u)∇.~u

= (~u.∇)~ω − (~ω.∇)~u+ ~ω∇.~u
✭❇✳✸✶✮

❉❛♥# ❧❡ ♠❡♠❜,❡ ❞❡ ❞,♦✐(❡ ♦♥ ❢❛✐( ❛♣♣❛,❛K(,❡ ❧❡ ❣,❛❞✐❡♥( ❞❡ ❞❡♥#✐(' ✿

−∇ ∧
(∇p

ρ

)
=

1

ρ2
(∇ρ ∧∇p) ✭❇✳✸✷✮

▲✬'5✉❛(✐♦♥ ✭❇✳✷✽✮ ❞❡✈✐❡♥( ✿

∂~ω

∂t
+ ~u.∇~ω − ~ω.∇~u+ ~ω∇.~u =

1

ρ2
(∇ρ ∧∇p) ✭❇✳✸✸✮

7♦✉, ✉♥ '❝♦✉❧❡♠❡♥( ❜✐❞✐♠❡♥#✐♦♥♥❡❧✱ ❧❡ (❡,♠❡ ω.∇~u #✬❛♥♥✉❧❡✳ ▲✬'5✉❛(✐♦♥ ✭❇✳✸✸✮ #❡ #✐♠♣❧✐✜❡ ✿

∂~ω

∂t
+ ~u.∇~ω + ~ω∇.~u =

1

ρ2
(∇ρ ∧∇p) ✭❇✳✸✹✮

▲✬'5✉❛(✐♦♥ ❞❡ ❝♦♥(✐♥✉✐(' ❝♦♥(❡♥❛♥( ❧❡ (❡,♠❡ ∇.~u #✬'❝,✐( ✿ ∂ρ
∂t
+ ρ~∇.~u + ~u.~∇ρ = 0✳ ❈❡ 5✉✐

♥♦✉# ❞♦♥♥❡ ♣♦✉, ❧✬'5✉❛(✐♦♥ ✭❇✳✸✺✮ ✿

∂~ω

∂t
+ ~u.∇~ω − ~ω

ρ
(
∂ρ

∂t
+ ~u.~∇ρ) =

1

ρ2
(∇ρ ∧∇p) ✭❇✳✸✺✮

∂~ω

∂t
− ~ω

ρ

∂ρ

∂t
+ ~u.

(
∇~ω − ~ω∇ρ

ρ

)
=

1

ρ2
(∇ρ ∧∇p) ✭❇✳✸✻✮

❊♥ ❞✐✈✐#❛♥( (♦✉( ♣❛, ρ✱ ❧❡ ♠❡♠❜,❡ ❞❡ ❣❛✉❝❤❡ ❞❡✈✐❡♥( ✿ ∂~ω
ρ∂t
− ~ω

ρ2
∂ρ
∂t
+ ~u.

(
∇~ω
ρ
− ~ω∇ρ

ρ2

)
❝❡

5✉✐ ❡#( '❣❛❧ Q ❧❛ ❞',✐✈'❡ ♣❛,(✐❝✉❧❛✐,❡ ❞❡

~ω
ρ
✳ ❆✐♥#✐✱ ❧✬'✈♦❧✉(✐♦♥ ❞❡ ❧❛ ✈♦,(✐❝✐(' ❡#( ❞♦♥♥'❡ ♣❛,

❧✬'5✉❛(✐♦♥ ✭❇✳✸✼✮ #✉✐✈❛♥(❡ ✿

d
dt

(
~ω
ρ

)
= 1

ρ3 (∇ρ ∧∇p) ✭❇✳✸✼✮

❖♥ ,❡(,♦✉✈❡ ✐❝✐ ❧❛ ❝❛✉#❡ ❞❡ ❧✬♦,✐❣✐♥❡ ❞❡ ❧❛ ✈♦,(✐❝✐(' ❛❜♦,❞'❡ ❛✉ ❝❤❛♣✐(,❡ ♣,'❝'❞❡♥( ✿ ❧✬❡✛❡(

❜❛,♦❝❧✐♥❡✱ (,❛❞✉✐( ❞❛♥# ❧✬'5✉❛(✐♦♥ ❞✬'✈♦❧✉(✐♦♥ ❞❡ ❧❛ ✈♦,(✐❝✐(' ♣❛, ❧❡ (❡,♠❡ ∇ρ ∧∇p✳ ❈❡❧✉✐✲
❝✐ #✐❣♥✐✜❡ ✉♥ ❞'❢❛✉( ❞✬❛❧✐❣♥❡♠❡♥( ❞❡# ❣,❛❞✐❡♥(# ❞❡ ♣,❡##✐♦♥ ❡( ❞❡♥#✐('✱ ❧❡ ♣,❡♠✐❡, '(❛♥(

❧✐' Q ❧✬❡✛♦,( 5✉✐ #✬❡①❡,❝❡ #✉, ❧❡ ✢✉✐❞❡✱ ❧❡ #❡❝♦♥❞ Q #❛ ♠❛##❡ ✐♥❡,(❡✳ ◗✉❛♥❞ ❝❡# ❣,❛❞✐❡♥(#

❞❡✈✐❡♥♥❡♥( ♣❡,♣❡♥❞✐❝✉❧❛✐,❡# ❡♥(,❡ ❡✉①✱ ❧❛ ✈♦,(✐❝✐(' ❛((❡✐♥( #❛ ✈❛❧❡✉, ♠❛①✐♠❛❧❡✳



✽✹ ❊#✉❛&✐♦♥* ❡& ▼♦❞.❧❡*

❇✳✸ ▲❡% &'✉❛*✐♦♥% ❞❡ ❧❛ *✉0❜✉❧❡♥❝❡

❖♥ "❛♣♣❡❧❧❡ ❧❛ ❞(❝♦♠♣♦,✐.✐♦♥ ❞❡ ❋❛✈"❡ ✿

ui = ũi + u
′

i ❛✈❡❝ u
′

i = δui −
δρδui

ρ
✭❇✳✸✽✮

❇✳✸✳✶ ❊%✉❛(✐♦♥ ❞❡ ❧❛ ♠❛00❡ ❞❛♥0 ✉♥ 12❣✐♠❡ (✉1❜✉❧❡♥(

❖♥ ♣❛". ❞❡ ❧✬(9✉❛.✐♦♥ ❞❡ ❝♦♥.✐♥✉✐.( ✭❇✳✺✮ ✷❉ 9✉❡ ❧✬♦♥ ♠♦②❡♥♥❡ ✿

∂ρ̄

∂t
+

∂ρui

∂xi
+

∂ρuj

∂xj
= 0 ✭❇✳✸✾✮

❊♥ ❛♣♣❧✐,✉❛♥. ❧❛ ❞0❝♦♠♣♦4✐.✐♦♥ ❞❡ ❋❛❜8❡ ✭❇✳✸✽✮ 4✉8 ❧❡4 ❝♦♠♣♦4❛♥.❡4 ui ❡. uj ❞❡ ❧❛ ✈✐.❡44❡✱

♦♥ ♦❜.✐❡♥. ✿

∂ρ

∂t
+

∂(ρ(ũi + u
′

i))

∂xi
+

∂(ρ(ũj + u
′

j))

∂xj
= 0 ✭❇✳✹✵✮

▲❛ ♠♦②❡♥♥❡ ❞❡4 .❡8♠❡4 ❞❡ ✢✉❝.✉❛.✐♦♥4 u
′

i ❡. u
′

j ❞✐4♣❛8❛✐44❡♥. ❡. ❧❛ ❝♦♥4❡8✈❛.✐♦♥ ❞❡ ❧❛ ♠❛44❡

❡♥ 0❝♦✉❧❡♠❡♥. .✉8❜✉❧❡♥. ❞❡✈✐❡♥. ✿

∂ρ̄
∂t
+ ∂(ρ̄ eui)

∂xi
+

∂(ρ̄fuj)
∂xj

= 0 ✭❇✳✹✶✮

❇✳✸✳✷ ❊%✉❛(✐♦♥ ❞❡ ❧❛ %✉❛♥(✐(/ ❞❡ ♠♦✉✈❡♠❡♥(

❖♥ ❝♦♠♠❡♥❝❡ ♣❛8 ♠♦②❡♥♥❡8 ❧✬0,✉❛.✐♦♥ ❞❡ ◆❛✈✐❡8✲❙.♦❦❡4 ✭❇✳✶✹✮✱ ❡♥ ❡①♣8✐♠❛♥. ∇.~~σ
′

♣❛8

ν∆~u ✿

∂(ρui)

∂t
+

∂(ρuiui)

∂xi
+

∂(ρuiuj)

∂xj
= ρ̄fi −

∂p̄

∂xi
+

∂2

∂x2i
ui ✭❇✳✹✷✮

▲❛ ❞0❝♦♠♣♦4✐.✐♦♥ ❞❡ ❋❛✈8❡ 4✉8 ❧❛ ✈✐.❡44❡ ❞♦♥♥❡ ✿

∂ρ(ũi + u
′

i)

∂t
+

∂

∂xi
ρ(ũi + u

′

i)(ũi + u
′

i) +
∂

∂xj
ρ(ũi + u

′

i)(ũj + u
′

j)

= ρfi −
∂

∂xi
p̄+ ρν

∂2

∂x2j
(ũi + u

′

i)

✭❇✳✹✸✮

❚♦✉4 ❧❡4 .❡8♠❡4 ♥❡ ❢❛✐4❛♥. ✐♥.❡8✈❡♥✐8 ,✉✬✉♥❡ ❢♦✐4 ❧❡4 ✢✉❝.✉❛.✐♦♥4 u
′

❞✐4♣❛8❛✐44❡♥. ❧♦84 ❞✉

♠♦②❡♥♥❛❣❡✳ ▲✬0,✉❛.✐♦♥ ✭❇✳✹✸✮ ❞❡✈✐❡♥. ✿

∂(ρũi)

∂t
+

∂

∂xj
(ρũiũj) +

∂

∂xj
(ρu

′

iu
′

j) +
∂

∂xi
(ρũiũi) +

∂

∂xi
(ρu

′

iu
′

i) =

− ∂

∂xi
p+ ρν

∂2

∂x2j
ũi + ρfi

✭❇✳✹✹✮

❛✈❡❝ p = (γ − 1)ρẽi✳
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▲❡ "❡#♠❡ τ = −ρũiũj %✬❛♣♣❡❧❧❡ ❧❡ "❡♥%❡✉# ❞❡ ❘❡②♥♦❧❞% ♦✉ ❧❡ "❡♥%❡✉# ❞❡% ❝♦♥"#❛✐♥"❡%

"✉#❜✉❧❡♥"❡%✳ ■❧ ❝❛#❛❝"5#✐%❡ ❧❛ ❝♦##5❧❛"✐♦♥ ❡♥"#❡ ❞❡% ❝♦♠♣♦%❛♥"❡% ✐♥%"❛♥"❛♥5❡% ❞❡ ❧❛ ✈✐"❡%%❡

✢✉❝"✉❛♥"❡ ❡" #❡♥❞ ❝♦♠♣"❡ ❞✉ "#❛♥%♣♦#" ♣❛# ❧❡% ✢✉❝"✉❛"✐♦♥% "✉#❜✉❧❡♥"❡%✳ ▲❡% ❝♦♠♣♦%❛♥"❡%

♥♦♥ ❞✐❛❣♦♥❛❧❡% τi6=j ❥♦✉❡♥" ✉♥ #:❧❡ ♣❧✉% ✐♠♣♦#"❛♥" ;✉❡ ❧❡% ❝♦♠♣♦%❛♥"❡% ❞✐❛❣♦♥❛❧❡% τii ✳

❊❧❧❡% ❝♦##❡%♣♦♥❞❡♥" ❡♥ ❡✛❡" > ❞❡% ❝♦♥"#❛✐♥"❡% ❞❡ ❝✐%❛✐❧❧❡♠❡♥" ;✉✐ ❢❛❝✐❧✐"❡♥" ❧✬❛♣♣❛#✐"✐♦♥ ❞❡
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❧❛ ✈✐"❡%%❡ ❡" ❞❡ ❢❛✐#❡ ❛♣♣❛#❛✐"#❡ ❞❡ ♥♦✉✈❡❛✉① "♦✉#❜✐❧❧♦♥%✳

❇✳✸✳✸ ❊$✉❛'✐♦♥ ❞❡ ❧❛ ❝♦♥/❡0✈❛'✐♦♥ ❞❡ ❧✬3♥❡0❣✐❡

❉❛♥% ✉♥ 5❝♦✉❧❡♠❡♥" "✉#❜✉❧❡♥"✱ ✐❧ ❢❛✉" ❝♦♥%✐❞5#❡# ❧✬5♥❡#❣✐❡ ❞❡ ❧✬5❝♦✉❧❡♠❡♥" ♠♦②❡♥ ❡"
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♥5"✐;✉❡ ❞❡% ✢✉❝"✉❛"✐♦♥% "✉#❜✉❧❡♥"❡% ❡♥ ❧✬❛❜%❡♥❝❡ ❞❡ ❣#❛✈✐"5✳ ❖♥ ♣❛#" ❞❡ ❧✬5;✉❛"✐♦♥ ❞❡ ❧❛

❝♦♥%❡#✈❛"✐♦♥ ❞❡ ❧✬5♥❡#❣✐❡ ✭❇✳✷✼✮ ;✉❡ ❧✬♦♥ ♠♦②❡♥♥❡ ❡" ❞❛♥% ❧❛;✉❡❧❧❡ ♦♥ ♥❡ ❝♦♥%✐❞J#❡ ;✉❡ ❧❡%

"❡#♠❡% ❧✐5% > ❧✬5♥❡#❣✐❡ ❝✐♥5"✐;✉❡✱ ❡" ♥♦♥ > ❧✬5♥❡#❣✐❡ ✐♥"❡#♥❡ ✿
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(ũ3i + ũiu
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✢✉❝"✉❛"✐♦♥% "✉#❜✉❧❡♥"❡%✳ ■❧ ❢❛✐" ✐♥"❡#✈❡♥✐# > ❧❛ ❢♦✐% ❧❡ ❣#❛❞✐❡♥" ❞❡ ✈✐"❡%%❡ ❞❡ ❧✬5❝♦✉❧❡♠❡♥"
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❋✐❣✳ ❇✳✷ ✕ ❱❡❝'❡✉)* ✈✐'❡**❡* ❞❛♥* ✉♥ ✈♦)'❡① 2✉❛*✐✲*②♠6')✐2✉❡ ✭✜❣✉)❡ '✐)6❡ ❞❡ ❬✻✵❪✮

▲✬✐❞6❡ ❞❡ ❙❛✉)❡❧ et al.✱ ❞❛♥* ❧❛ )6❢6)❡♥❝❡ ❬✻✵❪✱ ❡*' ❞✬✐♥')♦❞✉✐)❡ ❞❡* ❡✛❡'* ❞❡ '✉)❜✉❧❡♥❝❡
❞❛♥* ❧❡ ♠♦❞G❧❡ ❞❡ ❩❡❧✬❞♦✈✐❝❤✱ ♠♦❞G❧❡ ❞✬✉♥ ♣❧❛*♠❛ ❝♦♠♣❧G'❡♠❡♥' ✐♦♥✐*6 ❞❛♥* ❧❡2✉❡❧ ❧❛

❢♦)❝❡ ❞❡ ')❛✐♥6❡ ❞✉ ❝❤❛♠♣ 6❧❡❝')✐2✉❡ ❡♥')❡ ✐♦♥* ❡' 6❧❡❝')♦♥* ❡*' *✐ 6❧❡✈6❡ 2✉❡ ❝❡* ❞❡)♥✐❡)*

*❡ ♠❡✉✈❡♥' K ❧❛ ♠L♠❡ ✈✐'❡**❡✱ ❡' ♣♦**G❞❡♥' ❝❡♣❡♥❞❛♥' ❞❡* '❡♠♣6)❛'✉)❡* ')G* ❞✐✛6)❡♥'❡*✳

❈❡ ♠♦❞G❧❡ ❝♦♥*✐*'❡ ❡♥ *♦♠♠❡ ❡♥ ✉♥ *②*'6♠❡ ❞❡ ❧♦✐* ❞❡ ❝♦♥*❡)✈❛'✐♦♥ ❝♦♠♣❧6'6❡* ♣❛) ✉♥❡
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✉♥❡ ♠♦②❡♥♥❡ ❡' ✉♥❡ ❞6❝♦♠♣♦*✐'✐♦♥ ❞❡ ❋❛✈)❡ ❛✉① 62✉❛'✐♦♥* ❞❡ ❝♦♥*❡)✈❛'✐♦♥ ❞❡ ❧❛ ♠❛**❡✱
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❞❡ ❧❛ ♠❛**❡ ♦♥ ♦❜'✐❡♥'✱ ❝♦♠♠❡ ❞6♠♦♥')6 ❞❛♥* ❧✬❛♥♥❡①❡ ♣)6❝6❞❡♥'❡ ✿
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∂(ρ̄ũ2 + p̄+K)

∂y
= 0

✭❇✳✺✺✮

▲✬)A✉❛"✐♦♥ ❞❡ ❧❛ ❝♦♥*❡'✈❛"✐♦♥ ❞❡ ❧✬)♥❡'❣✐❡ "♦"❛❧❡ *✬)❝'✐" ✿

∂ρE

∂t
+

∂((ρE + p)u)

∂x
+

∂((ρE + p)v)

∂y
= 0 ✭❇✳✺✻✮

❛✈❡❝

ρE = ρ̄Ẽ ✭❇✳✺✼✮

ρEu = ρ̄Ẽũ+Kũ ✭❇✳✺✽✮

pu = (γ − 1)ρ̄ẽũ ✭❇✳✺✾✮

❈❡ A✉✐ ❞♦♥♥❡ ♣♦✉' ❧✬)♥❡'❣✐❡ ✿

∂ρ̄Ẽ

∂t
+

∂(ρ̄Ẽũ+ p̄ũ+Kũ)

∂x
+

∂(ρ̄Ẽṽ + p̄ṽ +Kṽ)

∂y
= 0 ✭❇✳✻✵✮

❱♦✐❝✐ ❧❡ *②*">♠❡ ♦❜"❡♥✉ ❛♣'>* ♠♦②❡♥♥❛❣❡ ❞❡* )A✉❛"✐♦♥* ❞❡ ❝♦♥*❡'✈❛"✐♦♥ ✷❉✱ ❞✬❛♣'>*

❧✬)❝'✐"✉'❡ ❞❡ ❙❛✉'❡❧ et al.✱ ❡♥ ♦♠❡""❛♥" ❧❡* *②♠❜♦❧❡* ❧✐)* ❛✉① ♠♦②❡♥♥❡* ✿

∂ρ
∂t
+ ∂ρu

∂x
+ ∂ρv

∂y
= 0 ✭❇✳✻✶✮

∂ρu
∂t

+ ∂(ρu2+p+K)
∂x

+ ∂ρuv
∂y

= 0 ✭❇✳✻✷✮

∂ρu
∂t

+ ∂ρuv
∂x

+ ∂(ρu2+p+K)
∂y

= 0 ✭❇✳✻✸✮

∂ρE
∂t

+ ∂(ρEu+pu+Ku)
∂x

+ ∂(ρEv+pv+Kv)
∂y

= 0 ✭❇✳✻✹✮

❛✈❡❝ E = ei +
1
2(u

2 + v2) + n
2

K
ρ
✳ n ❡*" ❧❡ ♥♦♠❜'❡ ❞❡ ❞✐♠❡♥*✐♦♥*✳ ■❝✐ n = 2 ❞♦♥❝ E =

ei +
1
2(u

2 + v2) + K
ρ
✳



✽✽ ❊"✉❛%✐♦♥) ❡% ▼♦❞-❧❡)

❆②❛♥$ ❞&$❡(♠✐♥& ❧❡ ,②,$-♠❡ ❞✬&/✉❛$✐♦♥, $✉(❜✉❧❡♥$❡,✱ ✐❧, ,✬✐♥$&(❡,,❡♥$ ❡♥,✉✐$❡ 4 ✉♥ ♠♦✲

❞-❧❡ (&❞✉✐$ 4 ✉♥❡ ❞✐♠❡♥,✐♦♥✱ ❝♦♥$❡♥❛♥$ ❞❡, ✈♦($❡① ✷❉ ♦✉ ✸❉✳ ▲❡ ,②,$-♠❡ ,❡ (&❞✉✐$ ❛❧♦(,

4 ✿

∂ρ
∂t
+ ∂ρu

∂x
= 0 ✭❇✳✻✺✮

∂ρu
∂t

+ ∂(ρu2+p+K)
∂x

= 0 ✭❇✳✻✻✮

∂ρE
∂t

+ ∂(ρEu+pu+Ku)
∂x

= 0 ✭❇✳✻✼✮

▲❛ ❢❡(♠❡$✉(❡ ❞❡ ❝❡ ,②,$-♠❡ ♥&❝❡,,✐$❡ ✉♥❡ &/✉❛$✐♦♥ ♣♦✉( ❞&$❡(♠✐♥❡( K✳ G♦✉( ✉♥ ✢✉①
&✈♦❧✉❛♥$ ,❛♥, ❞✐,,✐♣❛$✐♦♥ ❡$ ♣♦✉( ❧❡, ♦♥❞❡, ❞❡ ❝❤♦❝✱ ❧✬&/✉❛$✐♦♥ ❞❡ ❧✬&♥❡(❣✐❡ ❞♦✐$ K$(❡ (&❞✉✐$❡

4 ✿

∂s

∂t
+ u

∂s

∂x
= 0 ✭❇✳✻✽✮

♦M s ❡,$ ❧✬❡♥$(♦♣✐❡ $❤❡(♠♦❞②♥❛♠✐/✉❡✳ ❈❡$$❡ ❝♦♥$(❛✐♥$❡ ✐♠♣♦,&❡ ❛✉ ,②,$-♠❡ ✭❇✳✻✺✮ ❢♦✉(♥✐$
✉♥❡ &/✉❛$✐♦♥ /✉✐ ♣❡(♠❡$ ❧❛ ❞&$❡(♠✐♥❛$✐♦♥ ❞❡ ❧❛ ♣(❡,,✐♦♥ $✉(❜✉❧❡♥$❡ K✳ ❊♥ (❡♠♣❧✐,,❛♥$ ❧❡,
❝♦♥❞✐$✐♦♥, ❞❡ ❧✬✐❞❡♥$✐$& ❞❡ ●✐❜❜,✱ ❡♥ ♣♦,❛♥$ γt =

n+2
n
✱ γt &$❛♥$ ❧❡ ❝♦❡✣❝✐❡♥$ ❛❞✐❛❜❛$✐/✉❡

$✉(❜✉❧❡♥$✱ ❡$ ❡♥ ❝♦♥,✐❞&(❛♥$ /✉❡ ❧✬&♥❡(❣✐❡ $✉(❜✉❧❡♥$❡ ❡,$ ✉♥❡ ❢♦♥❝$✐♦♥ ❞❡ ❧❛ ❞❡♥,✐$& ❡$ ❞❡

❧✬❡♥$(♦♣✐❡ $✉(❜✉❧❡♥$❡ ❝♦♠♠❡ ❝❡❝✐ ✿ et =
n
2

K
ρ
✱ ✐❧, ♦❜$✐❡♥♥❡♥$ ✉♥❡ ,♦❧✉$✐♦♥ ♣♦✉( K ✿

K = C(st)ρ
γt

✭❇✳✻✾✮

❡$ ♥♦$❡♥$ /✉❡ ❧✬&♥❡(❣✐❡ $✉(❜✉❧❡♥$❡ ♣(❡♥❞ ❧❛ ❢♦(♠❡ ❞✬✉♥ ♣♦$❡♥$✐❡❧ $❤❡(♠♦❞②♥❛♠✐/✉❡ ✿

et =
1

γt − 1
C(st)ρ

γt−1
✭❇✳✼✵✮

C(st) ❡,$ ✉♥❡ ❝♦♥,$❛♥$❡ ❞&♣❡♥❞❛♥$ ❞❡ ❧✬❡♥$(♦♣✐❡ $✉(❜✉❧❡♥$❡✳ ❊❧❧❡ ♣❡✉$ K$(❡ ❞&$❡(♠✐♥&❡ ❡♥
❝♦♥,✐❞&(❛♥$ /✉❡ ♣♦✉( ✉♥ ❣❛③ ♣❛(❢❛✐$✱ K ,✬&❝(✐$ ❛✉,,✐ ✿

K = Pt = (γt − 1)ρet ✭❇✳✼✶✮

■❧, ❛❞♦♣$❡♥$ ❡♥,✉✐$❡ ❝❡ ♠♦❞-❧❡ 4 ✉♥ ♣❧❛,♠❛ ❝♦♥,$✐$✉& ❞✬✐♦♥, ❡$ ❞✬&❧❡❝$(♦♥, ❡$ ❡♥ ❞&✈❡❧♦♣♣❡♥$

♥✉♠&(✐/✉❡♠❡♥$ ✉♥ ,♦❧✈❡( ❞❡ ❘✐❡♠❛♥♥✳



❇✳✺ ▲❡% ❝❤♦❝% ✿ ❧❡% +,✉❛/✐♦♥% ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦/ ✽✾

❇✳✺ ▲❡% ❝❤♦❝% ✿ ❧❡% +,✉❛/✐♦♥% ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦/

❖♥ ❝♦♥$✐❞'(❡ ✉♥ +✉❜❡ ❞❡ ♠❛+✐'(❡✱ ❞♦♥+ ❧❛ $❡❝+✐♦♥ ❛ ❧❛ $✉(❢❛❝❡ ✉♥✐+2✱ ♣❛(❝♦✉(✉ ♣❛( ✉♥❡

♦♥❞❡ ❝❤♦❝ ♥♦(♠❛❧❡ ❛✉① ♣❛(♦✐$ ✭✜❣✉(❡ ❇✳✸✮✳ ▲❡$ ♣♦✐♥+$ A ❡+ B (❡♣(2$❡♥+❡♥+ ❧❡$ ♣♦$✐+✐♦♥$ ❞✉

❋✐❣✳ ❇✳✸ ✕ ❚✉❜❡ ❞❡ ♠❛+✐'(❡ ♣❡(♠❡++❛♥+ ✉♥ 2+❛❜❧✐$$❡♠❡♥+ $✐♠♣❧❡ ❞❡$ 2@✉❛+✐♦♥$ ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦+

❢(♦♥+ ❞❡ ❝❤♦❝ ❛✉① ✐♥$+❛♥+$ t ❡+ t+ δt✳ ❖♥ $✉♣♣♦$❡ @✉❡ ❧❡ ♠✐❧✐❡✉ ❞❡✈❛♥+ ❧❡ ❝❤♦❝ ❛ ✉♥❡ ✈✐+❡$$❡
♥✉❧❧❡ ✭u0 = 0✮✳ ❖♥ ❛ ✿

AB = Dδt ✭❇✳✼✷✮

▲✬2❧2♠❡♥+ ❞❡ ♠❛+✐'(❡ $✐+✉2 ❡♥ A J ❧✬✐♥$+❛♥+ t $❡ +(♦✉✈❡ ❡♥ A′ J ❧✬✐♥$+❛♥+ ✭t+ δt✮ ✿

AA′ = uδt ✭❇✳✼✸✮

K♦✉( 2+❛❜❧✐( ❧❛ ❝♦♥$❡(✈❛+✐♦♥ ❞❡ ❧❛ ♠❛$$❡✱ ♦♥ (❛✐$♦♥♥❡ $✉( ❧❛ ♠❛+✐'(❡ ❝♦♠♣(✐$❡ ❡♥+(❡ A ❡+ B
J ❧✬✐♥$+❛♥+ t✱ ❛✈❛♥+ ❧❡ ♣❛$$❛❣❡ ❞✉ ❝❤♦❝✱ ❞♦♥❝ J ❧❛ ❞❡♥$✐+2 ρ0✳ ❙❛ ♠❛$$❡ ❡$+ ✿

m = ρ0.AB = ρ0Dδt ✭❇✳✼✹✮

❆ ❧✬✐♥$+❛♥+ ✭t+ δt✮✱ ❡❧❧❡ $❡ +(♦✉✈❡ ❡♥+(❡ A′ ❡+ B✱ ❝♦♠♣(✐♠2❡ J ❧❛ ❞❡♥$✐+2 ρ ✿

m = ρ.A′B = ρ(D − u)δt ✭❇✳✼✺✮

❞✬♦P ✿

ρ(D − u) = ρ0D ✭❇✳✼✻✮

▲❛ ❝♦♥$❡(✈❛+✐♦♥ ❞❡ ❧✬✐♠♣✉❧$✐♦♥ $✬♦❜+✐❡♥+ ❡♥ ❛♣♣❧✐@✉❛♥+ ❧❛ ❧♦✐ ❞❡$ ♣❡(❝✉$$✐♦♥$✱ ♣✉✐$@✉❡ ❧❡

❝❤♦❝ ❡①❡(❝❡ ✉♥❡ ♣❡(❝✉$$✐♦♥ $✉( ❧✬2❧2♠❡♥+ AB ✿

(p− p0)δt = m(u− u0) ❛✈❡❝ ✐❝✐ u0 = 0 ✭❇✳✼✼✮



✾✵ ❊#✉❛&✐♦♥* ❡& ▼♦❞.❧❡*

p− p0 = ρ0Du ✭❇✳✼✽✮

❊♥✜♥✱ ❧✬,♥❡.❣✐❡ .❡1✉❡ ♣❛. ❧✬,❧,♠❡♥6 AB ❡♥6.❡ t ❡6 t + δt ❡76 ,❣❛❧❡ ❛✉ 6.❛✈❛✐❧ ❞❡7 ❢♦.❝❡7

❡①6,.✐❡✉.❡7 > ❧✬,❧,♠❡♥6✳ ▲❛ ♣.❡77✐♦♥ p0 ♥❡ 6.❛✈❛✐❧❧❡ ♣❛7 ♣✉✐7@✉✬❡❧❧❡ 7✬❡①❡.❝❡ 7✉. ❧❛ ❢❛❝❡ B
@✉✐ .❡76❡ ✜①❡ ❡♥6.❡ t ❡6 t + δt✳ ▲❛ ♣.❡77✐♦♥ p✱ @✉✐ 7✬❡①❡.❝❡ 7✉. ❧❛ ❢❛❝❡ A✱ ❡✛❡❝6✉❡ ❧❡ 6.❛✈❛✐❧

p.AA′ = puδt✳ ▲✬,♥❡.❣✐❡ .❡1✉❡ ❝♦♠♣.❡♥❞ ❞❡ ❧✬,♥❡.❣✐❡ ❝✐♥,6✐@✉❡ ❡6 ✉♥ ❛❝❝.♦✐77❡♠❡♥6 ❞✬,♥❡.❣✐❡

✐♥6❡.♥❡✳ ❉✬♦C ✿ (
E − E0 +

1

2
u2

)
m = puδt ✭❇✳✼✾✮

7♦✐6 ✿

E − E0 =
pu

ρ0D
− 1

2
u2 ✭❇✳✽✵✮

❊♥ (❡♠♣❧❛❝❛♥/ p ♣❛( 0❛ ✈❛❧❡✉( ❞❛♥0 ❧✬56✉❛/✐♦♥ ✭❇✳✼✽✮✱ ♦♥ ❛ ✿

E − E0 =
p0u

ρ0D
+
1

2
u2 ✭❇✳✽✶✮

❞✬♦=✱ ❡♥ ❝♦♠❜✐♥❛♥/ ❛✈❡❝ ❧✬56✉❛/✐♦♥ ✭❇✳✼✻✮ ✿

2(E − E0) =
p+ p0

ρ0

u

D
= (p+ p0)(v0 − v)

❛✈❡❝ ❧❡ (❛♣♣♦(/ ❞❡0 ✈♦❧✉♠❡0 ♠❛00✐6✉❡0

v

v0
= 1− u

D

✭❇✳✽✷✮

E − E0 =
1
2(p+ p0)(v0 − v) ✭❇✳✽✸✮

■❧ ❡0/ ✉/✐❧❡ ❞✬5❝(✐(❡ ❧❡0 (❡❧❛/✐♦♥0 ❞❡ ❝❤♦❝ 0♦✉0 ❢♦(♠❡ 0②♠5/(✐6✉❡✱ ❡♥ ✐0♦❧❛♥/ ❞❛♥0 ❝❤❛6✉❡

♠❡♠❜(❡ ❞❡ ❧❛ (❡❧❛/✐♦♥ ❧❡0 ❣(❛♥❞❡✉(0 (❡❧❛/✐✈❡0 ❛✉① ♠✐❧✐❡✉① ❞❡ ♣❛(/ ❡/ ❞✬❛✉/(❡ ❞✉ ❢(♦♥/✳ ❖♥

♣♦0❡ ✿

D − u0 = u1 ❡/ D − u = u2

❛✈❡❝ u0 = 0 ❞❛♥0 ♥♦/(❡ ❝❛0

✭❇✳✽✹✮

▲✬✐♥❞✐❝❡ ✶ (❡♣(50❡♥/❡ ❧❡ ♠✐❧✐❡✉ ❞❛♥0 0♦♥ 5/❛/ ✐♥✐/✐❛❧✱ ❧✬✐♥❞✐❝❡ ✷ ❝♦((❡0♣♦♥❞ ❛✉ ✢✉✐❞❡ ❝❤♦6✉5✳

❈❡//❡ ♥♦/❛/✐♦♥ ✭❇✳✽✹✮ (❡✈✐❡♥/ M 0❡ ♣❧❛❝❡( ❞❛♥0 ✉♥ 0②0/N♠❡ ❧✐5 ❛✉ ❢(♦♥/ ❞❡ ❝❤♦❝✳ ▲❛ ♠❛/✐N(❡

❞❛♥0 ❧✬5/❛/ ✐♥✐/✐❛❧ ♣5♥N/(❡ ❧❡ ❢(♦♥/ M ❧❛ ✈✐/❡00❡ u1 ❡/ ❡♥ 0♦(/ M ❧❛ ✈✐/❡00❡ u2✳ ❖♥ ♣❡✉/ (55❝(✐(❡

❧❡0 ✸ (❡❧❛/✐♦♥0 ❞✬❍✉❣♦♥✐♦/ 0♦✉0 ❧❛ ❢♦(♠❡ 0✉✐✈❛♥/❡ ✿

ρ1u1 = ρ2u2 ✭❇✳✽✺✮

p1 + ρ1u
2
1 = p2 + ρ2u

2
2 ✭❇✳✽✻✮

u1

(
1
2ρ1u

2
1 +

γ
γ−1p1

)
= u2

(
1
2ρ2u

2
2 +

γ
γ−1p2

)
✭❇✳✽✼✮
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❝♦♥0❡(✈❛/✐♦♥ ✭❇✳✷✼✮ ❞❡ ❧✬5♥❡(❣✐❡ M ❧❛ (❡❧❛/✐♦♥ ❞✬❍✉❣♦♥✐♦/✱ ❡♥ ❝♦♥0✐❞5(❛♥/ 6✉❡ E = 1
2u

2+ ei

❛✈❡❝ ei ❧✬5♥❡(❣✐❡ ✐♥/❡(♥❡ 6✉✐ 0✬❡①♣(✐♠❡ ❛✐♥0✐ ✿ ei =
p

ρ(γ−1) ✳

❉5/❡(♠✐♥♦♥0 M ♣(50❡♥/ ❧❡ /❛✉① ❞❡ ❝♦♠♣(❡00✐♦♥

ρ
ρ0

✳ R♦✉( ❝❡❧❛ ♥♦✉0 ♣❛(/♦♥0 ❞❡ ❧❛ (❡❧❛/✐♦♥

❞✬❍✉❣♦♥✐♦/ 0✉( ❧✬5♥❡(❣✐❡ ✭56✉❛/✐♦♥ ❇✳✽✸✮✱ ❡♥ (55❝(✐✈❛♥/ ❧✬5♥❡(❣✐❡ E ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧✬❡♥/❤❛❧♣✐❡

H ❝♦♠♠❡ ❝❡❝✐ ✿ E = H − pv✱ ❝❡ 6✉✐ ❞♦♥♥❡ ✿

H −H0 =
1

2
(p− p0)(v0 + v) ✭❇✳✽✽✮
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▲❡" #❡❧❛&✐♦♥" &❤❡#♠♦❞②♥❛♠✐.✉❡" ❞❡ ▼❛②❡# ♥♦✉" ♣❡#♠❡&&❡♥& ❞✬3❝#✐#❡ ✿ H = γpv
γ−1 ✱ ❛✈❡❝ v = 1

ρ

❡& γ ❧❡ ❝♦❡✣❝✐❡♥& ❛❞✐❛❜❛&✐.✉❡ ❞✉ ♠✐❧✐❡✉ ❞❛♥" ❧❡.✉❡❧ ❧❡ ❝❤♦❝ "❡ ♣#♦♣❛❣❡✱ ❛✐♥"✐ ✿

γp

ρ(γ − 1)
− γp0

ρ0(γ − 1)
=
1

2
(p− p0)(

1

ρ0
+
1

ρ
) ✭❇✳✽✾✮

❝❡ .✉✐ ♥♦✉" ❞♦♥♥❡ ✿

ρ

ρ0
=
(γ + 1)p+ (γ − 1)p0
(γ − 1)p+ (γ + 1)p0

✭❇✳✾✵✮
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"❡ "✐♠♣❧✐✜❡ ✿

ρ
ρ0
= γ+1

γ−1 ✭❇✳✾✶✮

F♦✉# ✉♥ ❣❛③ ♣❛#❢❛✐&✱ ♣♦✉# ❧❡.✉❡❧ γ = 5
3 ✱ "✉❜✐""❛♥& ✉♥ ❝❤♦❝ ❢♦#&✱ ❧❡ #❛♣♣♦#& ❞❡ ❝♦♠♣#❡""✐♦♥

✈❛✉& ✿

ρ
ρ0
= 4✳ ◆♦✉" ♣♦✉✈♦♥" 3❣❛❧❡♠❡♥& ❡①♣#✐♠❡# ❧❡" ✈✐&❡""❡" ❞❡ ❝❤♦❝ D ❡& ❞✉ ✢✉✐❞❡ u ❡♥
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D =

(
ρ

ρ− ρ0

)
u ✭❇✳✾✷✮
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❧✬✐♠♣✉❧"✐♦♥ ✭3.✉❛&✐♦♥ ❇✳✼✽✮ ✿

p− p0 =

(
ρρ0

ρ− ρ0

)
u2 ✭❇✳✾✸✮

p− p0 =

(
ρρ0

ρ(1− ρ0

ρ
)

)
u2 ✭❇✳✾✹✮

❈❡ .✉✐ ❞♦♥♥❡ ♣♦✉# ✉♥ ❝❤♦❝ ❢♦#& ✿

p =

(
ρ0

(1− γ−1
γ+1)

)
u2 ✭❇✳✾✺✮

u2 = 2
γ+1

p
ρ0

✭❇✳✾✻✮

F❛# ❧❡ ♠V♠❡ #❛✐"♦♥♥❡♠❡♥& ♣♦✉# D ♦♥ &#♦✉✈❡ ✿

D2 = γ+1
2

p
ρ0

✭❇✳✾✼✮

❊♥✜♥ D ❡& u "♦♥& #❡❧✐3❡" ♣❛# ❧❛ #❡❧❛&✐♦♥ ✿

D = γ+1
2 u ✭❇✳✾✽✮
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〈...〉 = 1

L2

∫∫ L

0
...dydz ✭❇✳✾✾✮

▲❛ ♠♦②❡♥♥❡ .✉+ ✉♥ ♣♦+❡ ❛✉0♦✉+ ❞✉ ♣♦✐♥0 ❞✬❛❜.❝✐..❡ x .✬)❝+✐0 ✿

〈〈...〉〉 = 1

L

∫ x+L
2

x−L
2

...dx
′

✭❇✳✶✵✵✮

❈❡. ♠♦②❡♥♥❡. ✈♦♥0 ♥♦✉. .❡+✈✐+ D )0❛❜❧✐+ ❧❡. )1✉❛0✐♦♥. ❞❡ ❝♦♥.❡+✈❛0✐♦♥ ❞❡ ❧❛ ♠❛..❡✱ ❞❡

❧❛ 1✉❛♥0✐0) ❞❡ ♠♦✉✈❡♠❡♥0 ❡0 ❞❡ ❧✬)♥❡+❣✐❡ ♣♦✉+ ❧❛ ♠♦✉..❡ 1✉❡ ♥♦✉. )0✉❞✐♦♥.✳ ◆♦✉. ❛❧❧♦♥.
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∂ρ

∂t
+∇.(ρ~u) = 0 ✭❇✳✶✵✶✮

1✉❡ ❧✬♦♥ ✐♥0:❣+❡ ❞❡ x1 D x2 ✿
∫ x2

x1

∂ρ

∂t
dx = −

∫ x2

x1

∂

∂x
(ρux)dx ✭❇✳✶✵✷✮

∂

∂t

∫ x2

x1

ρdx = −[ρux]
x2
x1

✭❇✳✶✵✸✮

❖♥ ♠♦②❡♥♥❡ .✉+ y ✿

1

L

∫ L

0

(
∂

∂t

∫ x2

x1

ρdx

)
dy = − 1

L

∫ L

0
[ρux]

x2
x1

dy ✭❇✳✶✵✹✮

❡♥ ♣❡+♠✉0❛♥0 ❧❡. ✐♥0)❣+❛❧❡. ✿

∂

∂t

∫ x2

x1

(
1

L

∫ L

0
ρdy

)
dx = −

[
1

L

∫ L

0
ρuxdy

]x2

x1

✭❇✳✶✵✺✮

∂

∂t

∫ x2

x1

〈ρ〉dx = − [〈ρux〉]x2
x1

✭❇✳✶✵✻✮

❖♥ +)✐♥0:❣+❡ ❡♥ x .✉+ ✉♥❡ ❞✐.0❛♥❝❡ L ✿

1
L

∂
∂t

∫ L
2

−L
2

dx
′
∫ x2+x

′

x1+x
′ 〈ρ〉dx = − [〈〈ρux〉〉]x2

x1
✭❇✳✶✵✼✮
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∂

∂t
+ ux

∂

∂x
ρux = −

∂

∂x
p ✭❇✳✶✵✽✮
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 ✉❡ ❧✬♦♥ ✐♥()❣+❡ ❞❡ x1 - x2 ✿

∂

∂t

∫ x2

x1

ρuxdx = − [ρuxux]
x2
x1
− [p]x2

x1
✭❇✳✶✵✾✮

▲❛ ♠♦②❡♥♥❡ :✉+ y ❞♦♥♥❡ ✿

∂

∂t

∫ x2

x1

〈ρux〉dx = − [〈ρuxux〉]x2
x1
− [〈p〉]x2

x1
✭❇✳✶✶✵✮

❊♥✜♥ ♦♥ ✐♥()❣+❡ ❡♥ x :✉+ ✉♥❡ ❞✐:(❛♥❝❡ L ✿

1
L

∂
∂t

∫ L
2

−L
2

dx
′
∫ x2+x

′

x1+x
′ 〈ρux〉dx = − [〈〈ρuxux〉〉]x2

x1
− [〈〈p〉〉]x2

x1
✭❇✳✶✶✶✮

>♦✉+ ❧❛ ❝♦♥:❡+✈❛(✐♦♥ ❞❡ ❧✬@♥❡+❣✐❡✱ ♦♥ ♣❛+( ❞❡ ❧✬@ ✉❛(✐♦♥ ✿

∂

∂t

(
ρu2x
2

+
ρu2y
2

+ ρei

)
= − ∂

∂x

(
ρu3x
2

+
ρu2yux

2
+ pux + ρei

)
✭❇✳✶✶✷✮

>♦✉+ ❧❡: ❣❛③ ♣❛+❢❛✐(: ✿ ei =
p

ρ(γ−1) ✳ ▲✬@ ✉❛(✐♦♥ ✭❇✳✶✶✷✮ ❞❡✈✐❡♥( ✿

∂

∂t

(
ρu2x
2

+
ρu2y
2

+
p

γ − 1

)
= − ∂

∂x

(
ρu3x
2

+
ρu2yux

2
+

γ

γ − 1
pux

)
✭❇✳✶✶✸✮

❈♦♠♠❡ ♣+@❝@❞❡♠♠❡♥( ♦♥ ✐♥()❣+❡ ❞❡ x1 - x2 ✿

∂

∂t

∫ x2

x1

(
ρu2x
2

+
ρu2y
2

+
p

γ − 1

)
dx = −

[
ρu3x
2

+
ρu2yux

2
+

γ

γ − 1
pux

]x2

x1

✭❇✳✶✶✹✮

▲❛ ♠♦②❡♥♥❡ :✉+ y ❞♦♥♥❡ ✿

∂

∂t

∫ x2

x1

(
1

2
〈ρu2x〉+

1

2
〈ρu2y〉+

1

γ − 1
〈p〉
)

dx = −
[
1

2
〈ρu3x〉+

1

2
〈ρu2yux〉+

γ

γ − 1
〈pux〉

]x2

x1

✭❇✳✶✶✺✮

❖♥ ✐♥(@❣+❡ :✉+ L ✿

1

L

∂

∂t

∫ L
2

−L
2

dx
′

∫ x2+x
′

x1+x
′

(
1

2
〈ρu2x〉+

1

2
〈ρu2y〉+

1

γ − 1
〈p〉
)

dx =

−
[
1

2
〈〈ρu3x〉〉+

1

2
〈〈ρu2yux〉〉+

γ

γ − 1
〈〈pux〉〉

]x2

x1

✭❇✳✶✶✻✮
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❇✳✼ ❚❤❡&♠♦❞②♥❛♠✐.✉❡

❈❡""❡ ❛♥♥❡①❡ &❡ "❡'♠✐♥❡ ♣❛' +✉❡❧+✉❡& &✐♠♣❧❡& ♥♦"✐♦♥& ❞❡ "❤❡'♠♦❞②♥❛♠✐+✉❡ ❝♦♥❝❡'♥❛♥"

❧❡& ❣❛③ ♣❛'❢❛✐"&✱ ♣✉✐&7❡& ❞❛♥& ❧❡& ♦✉✈'❛❣❡& ❬✸✽❪ ❡" ❬✻✷❪✳ ■❧ ✜♥✐'❛ ♣❛' ✉♥❡ +✉❡&"✐♦♥ ♦✉✈❡'"❡ ❛✉

&✉❥❡" ❞❡ ❧❛ ❞7"❡'♠✐♥❛"✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥" ❛❞✐❛❜❛"✐+✉❡ ❞✬✉♥ ♠7❧❛♥❣❡ ❞❡ ❞❡✉① ❣❛③✳

❇✳✼✳✶ ▲❡ ♠♦❞)❧❡ ❞✉ ❣❛③ ♣❛0❢❛✐3

▲✬2#✉❛&✐♦♥ ❞✬2&❛&

▲❡ ❝♦♥❝❡♣" ❞❡ ❣❛③ ♣❛'❢❛✐"✱ ❞7✈❡❧♦♣♣7 ❛✉ ♠✐❧✐❡✉ ❞✉ ✶✾I♠❡ &✐I❝❧❡✱ ❝♦♥&"✐"✉❛✐" ❧❡ ♠♦❞I❧❡

❧❡ ♣❧✉& &✐♠♣❧❡ ❡♥ ♣❛'❢❛✐" ❛❝❝♦'❞ ❛✈❡❝ ❧❡ ❝♦♠♣♦'"❡♠❡♥" ❞❡& ❣❛③ '7❡❧& '❛'7✜7&✱ ❝✬❡&"✲K✲❞✐'❡

❞❡& ❣❛③ K ❜❛&&❡ ♣'❡&&✐♦♥ ❡" K ♠❛&&❡ ✈♦❧✉♠✐+✉❡ ❢❛✐❜❧❡✳ ❉❛♥& ❧❡ ♠♦❞I❧❡ ❞❡& ❣❛③ ♣❛'❢❛✐"&✱ ♦♥

&✉♣♣♦&❡ +✉❡ ❧❡& ♠♦❧7❝✉❧❡& &♦♥" ❞❡& ♣❛'"✐❝✉❧❡& ♣♦♥❝"✉❡❧❧❡&✱ &❛♥& ✐♥"❡'❛❝"✐♦♥ ♠✉"✉❡❧❧❡✱ +✉✐

♥✬❡♥"'❡♥" ❥❛♠❛✐& ❡♥ ❝♦❧❧✐&✐♦♥✳ ❈❤❛+✉❡ ♠♦❧7❝✉❧❡ &❡ ❞7♣❧❛❝❡ ❡♥ ❧✐❣♥❡ ❞'♦✐"❡ ❥✉&+✉✬K ❤❡✉'"❡'

❧❡& ♣❛'♦✐& ❞✉ ❝♦♥"❡♥❛♥" &✉' ❧❡&+✉❡❧❧❡& ❡❧❧❡ '❡❜♦♥❞✐"✳ ❈❡& ❤②♣♦"❤I&❡& ❡" ❧❡& ❧♦✐& ❞❡ ◆❡✇"♦♥

♣❡'♠❡""❡♥" ❞❡ ♣'7❞✐'❡ ❧❛ '❡❧❛"✐♦♥ +✉✐ ❧✐❡ ❧❛ ♣'❡&&✐♦♥ p✱ ❧❡ ✈♦❧✉♠❡ V ❡" ❧❛ "❡♠♣7'❛"✉'❡ T ✱ ❡♥
❑❡❧✈✐♥✱ ❞✬✉♥ "❡❧ ❡♥&❡♠❜❧❡ ❞❡ ♠♦❧7❝✉❧❡&✳ ▲✬7+✉❛"✐♦♥ ❞✬7"❛" ❞❡& ❣❛③ ♣❛'❢❛✐"& ♣❡✉" P"'❡ 7❝'✐"❡

&♦✉& ❧❛ ❢♦'♠❡ ✿

pV = nRT ✭❇✳✶✶✼✮

n ❞7&✐❣♥❛♥" ❧❡ ♥♦♠❜'❡ ❞❡ ♠♦❧❡& ❞❡ ❣❛③ ♣'7&❡♥"❡&✳ R ❡&" ❧❛ ❝♦♥&"❛♥"❡ ❞❡& ❣❛③ ♣❛'❢❛✐"& +✉✐

✈❛✉" R = 8, 314 ❏✳♠♦❧❡−1❑−1✳ ❈❡ ♠♦❞I❧❡ ♣❡'♠❡" ❛✉&&✐ ❞❡ '❡❧✐❡' ❧✬7♥❡'❣✐❡ ❝✐♥7"✐+✉❡ ♠♦②❡♥♥❡
❞❡& ♠♦❧7❝✉❧❡& ❞✉ ❣❛③ K ❧❛ "❡♠♣7'❛"✉'❡ ❞❡ ❑❡❧✈✐♥✳ ▲❡& ❝♦❧❧✐&✐♦♥& ❞❡& ♣❛'"✐❝✉❧❡& ❛✈❡❝ ❧❡& ♣❛'♦✐&

❞✉ ❝♦♥"❡♥❛♥" &♦♥" &✉♣♣♦&7❡& 7❧❛&"✐+✉❡&✱ ❞❡ &♦'"❡ +✉❡ ❧❡& ♠♦❧7❝✉❧❡& ♥❡ ♣❡'❞❡♥" ♣❛& ❞✬7♥❡'❣✐❡

❧♦'&+✉✬❡❧❧❡& ❝❤❛♥❣❡♥" ❞❡ ❞✐'❡❝"✐♦♥✳ ▲❛ ♠♦❞✐✜❝❛"✐♦♥ ❞❡ ❧❛ ❞✐'❡❝"✐♦♥ ✐♠♣❧✐+✉❡ ✉♥❡ ✈❛'✐❛"✐♦♥

❞❡ ❧❛ +✉❛♥"✐"7 ❞❡ ♠♦✉✈❡♠❡♥"✳ ▲❡& ♠♦❧7❝✉❧❡& ❡①❡'❝❡♥" ❞♦♥❝ ✉♥❡ ❢♦'❝❡ ❞❡ '7❛❝"✐♦♥ &✉' ❧❡&

♣❛'♦✐&✳ ▲❛ ♣'❡&&✐♦♥ ❞✉ ❣❛③ '❡♣'7&❡♥"❡ ❧❛ ❢♦'❝❡ ♠♦②❡♥♥❡ ♣❛' ✉♥✐"7 ❞❡ &✉'❢❛❝❡ ❡①❡'❝7❡ ♣❛' ❧❡&

♠♦❧7❝✉❧❡& &✉' ❧❡& ♣❛'♦✐&✳ ❉❡ ❝❡❝✐ ♦♥ ❡♥ "✐'❡ ❧❛ '❡❧❛"✐♦♥ ❡♥"'❡ ❧✬7♥❡'❣✐❡ ❝✐♥7"✐+✉❡ ♠♦②❡♥♥❡

Emoy ❡" ❧❛ "❡♠♣7'❛"✉'❡ ❛❜&♦❧✉❡ ✿

Emoy =
3

2
kbT ✭❇✳✶✶✽✮

kb 7"❛♥" ❧❛ ❝♦♥&"❛♥"❡ ❞❡ ❇♦❧"③♠❛♥♥ ❡" ✈❛✉" kb = 1, 38e−23 J K−1
✳

▼2❧❛♥❣❡ ❞❡ ❣❛③ ♣❛6❢❛✐&*

❉❛♥& ❞❡ ♥♦♠❜'❡✉&❡& &✐"✉❛"✐♦♥& ♥♦✉& ❛✈♦♥& ❛✛❛✐'❡ K ❞❡& ♠7❧❛♥❣❡& ❞❡ ❣❛③✳ ▲❡ ❝❛& ❞❡

♠7❧❛♥❣❡& ❞❡ ❣❛③ '❛'7✜7& ❡&" '❡❧❛"✐✈❡♠❡♥" &✐♠♣❧❡ K "'❛✐"❡' ♣❛'❝❡ +✉❡ ❝❤❛+✉❡ ❣❛③ &❡ ❝♦♠♣♦'"❡

❝♦♠♠❡ &✐ ❧❡& ❛✉"'❡& ❣❛③ 7"❛✐❡♥" ❛❜&❡♥"&✳ ❈❡❝✐ ♥✬❡&" +✉✬✉♥❡ ❝♦♥&7+✉❡♥❝❡ ❞✐'❡❝"❡ ❞✉ ♠♦❞I❧❡

❞❡& ❣❛③ ♣❛'❢❛✐"& +✉✐ &✉♣♣♦&❡ +✉❡ ❧❡& ♣❛'"✐❝✉❧❡& ♥✬✐♥"❡'❛❣✐&&❡♥" ♣❛& ❡♥"'❡ ❡❧❧❡&✳ ❈♦♥&✐❞7'♦♥&

❞❡✉① ❣❛③ a ❡" b ♠7❧❛♥❣7& ❞❛♥& ✉♥ ✈♦❧✉♠❡ V K ❧❛ "❡♠♣7'❛"✉'❡ T ✳ ▲❡& ♣'❡&&✐♦♥& ♣❛'"✐❡❧❧❡&
❞❡& ❞❡✉① ❣❛③ &❛"✐&❢♦♥" ❝❤❛❝✉♥❡ K ✉♥❡ 7+✉❛"✐♦♥ ❞✬7"❛" ✿

p(a)V = n(a)RT ✭❇✳✶✶✾✮

p(b)V = n(b)RT ✭❇✳✶✷✵✮

▲❛ ♣'❡&&✐♦♥ p "♦"❛❧❡ ❡&" 7❣❛❧❡ K ✿ p = p(a) + p(b)✳ ▲❡ ♥♦♠❜'❡ ❞❡ ♠♦❧❡& n "♦"❛❧ ❡&" 7❣❛❧

K ✿ n = n(a) + n(b)✳ ❊♥ ❛❞❞✐"✐♦♥♥❛♥" ♠❡♠❜'❡ K ♠❡♠❜'❡ ❧✬7+✉❛"✐♦♥ ❇✳✶✶✾ ♦♥ '❡"'♦✉✈❡
❧✬7+✉❛"✐♦♥ ❞✬7"❛" pV = nRT ✳



❇✳✼ ❚❤❡&♠♦❞②♥❛♠✐.✉❡ ✾✺

❉✐✛✉4✐♦♥

▲❛ ❞✐✛✉&✐♦♥ ❡&* ❧❡ ♣-♦❝❡&&✉& /✉✐ ❝♦♥❞✉✐* 0 ✉♥ 1/✉✐❧✐❜-❡ ❞❡& ❝♦♥❝❡♥*-❛*✐♦♥& ❞❛♥& ✉♥❡

♣❤❛&❡ ❞♦♥♥1❡✱ ♦✉✱ ❡♥ ❞✬❛✉*-❡& *❡-♠❡&✱ ❧❛ *❡♥❞❛♥❝❡ ♥❛*✉-❡❧❧❡ ❞✬✉♥ &②&*8♠❡ 0 -❡♥❞-❡ ❤♦♠♦❣8♥❡

❧❡& ❝♦♥❝❡♥*-❛*✐♦♥& ❞❡& ❡&♣8❝❡& ❝❤✐♠✐/✉❡& ❡♥ &♦♥ &❡✐♥✳ ❝✬❡&* ✉♥ ♣❤1♥♦♠8♥❡ ❞❡ *-❛♥&♣♦-*

✐--1✈❡-&✐❜❧❡ /✉✐ &❡ *-❛❞✉✐* ♣❛- ❧❛ ♠✐❣-❛*✐♦♥ ❞✬❡&♣8❝❡& ❝❤✐♠✐/✉❡& ❞❛♥& ✉♥ ♠✐❧✐❡✉✳ ❙♦✉& ❧✬❡✛❡*

❞❡ ❧✬❛❣✐*❛*✐♦♥ *❤❡-♠✐/✉❡ ♦♥ ♦❜&❡-✈❡ ✉♥ ❞1♣❧❛❝❡♠❡♥* ❞❡& ❝♦♥&*✐*✉❛♥*& ❞❡& ③♦♥❡& ❞❡ ❢♦-*❡

❝♦♥❝❡♥*-❛*✐♦♥ ✈❡-& ❝❡❧❧❡& ❞❡ ❢❛✐❜❧❡ ❝♦♥❝❡♥*-❛*✐♦♥✳ ❈❡ ♣❤1♥♦♠8♥❡ ❡&* -1❣✐ ♣❛- ❧❛ ❧♦✐ ❞❡ ❋✐❝❦ ✿

~j = −D~∇ρ ✭❇✳✶✷✶✮

❈❡❧❧❡ ❧♦✐ -❡❧✐❡ ❧❡ ✈❡❝*❡✉- ❞❡♥&✐*1 ❞❡ ♣❛-*✐❝✉❧❡&

~j ❡* ❧❡ ❣-❛❞✐❡♥* ❞❡ ❝♦♥❝❡♥*-❛*✐♦♥✳ ~j ❡&* ♦-✐❡♥*1
&✉✐✈❛♥* ❧❡& ❞❡♥&✐*1& ❞1❝-♦✐&&❛♥*❡& ❡♥ ♣❛-*✐❝✉❧❡&✱ ❡*✱ ❞♦♥❝✱ ❡♥ ❝♦♥❝❡♥*-❛*✐♦♥ ρ✳ ❙♦♥ ♠♦❞✉❧❡
❝♦--❡&♣♦♥❞ 0 ❧❛ ✈❛-✐❛*✐♦♥ ❞✉ ♥♦♠❜-❡ ❞❡ ♣❛-*✐❝✉❧❡& ♣❛- ✉♥✐*1 ❞❡ *❡♠♣&✳ ▲❛ ❝♦♥&*❛♥*❡ ❞❡

❞✐✛✉&✐♦♥ D ❝❛-❛❝*1-✐&❡ ❧❛ ❢❛H♦♥ ❞♦♥* ❧❛ ❝♦♥❝❡♥*-❛*✐♦♥ ❞✐♠✐♥✉❡ ❞❛♥& ✉♥ &②&*8♠❡✳ ❆ ♣❛-*✐-

❞❡ ❧❛ ❧♦✐ ❞❡ ❋✐❝❦ ❡* ❞❡ ❧✬1/✉❛*✐♦♥ ❞❡ ❝♦♥*✐♥✉✐*1✱ ❧✬1/✉❛*✐♦♥ ❞❡ ❞✐✛✉&✐♦♥ ❡&* 1*❛❜❧✐❡ ✿

∂ρ

∂t
= D∆ρ ✭❇✳✶✷✷✮

∆ ❡&* ✐❝✐ ❧❡ ❧❛♣❧❛❝✐❡♥✳

❇✳✼✳✷ ▲❡ ❝♦❡✣❝✐❡♥+ ❛❞✐❛❜❛+✐/✉❡ γ

❉5✜♥✐7✐♦♥ ❞❛♥4 ❧❡ ❝❛4 ❞✬✉♥ ❣❛③ ♣❛&❢❛✐7

▲❡ ❝♦❡✣❝✐❡♥* ❛❞✐❛❜❛*✐/✉❡ ❞✬✉♥ ❣❛③ ❝♦--❡&♣♦♥❞ ❛✉ -❛♣♣♦-* ❞❡& ❝❤❛❧❡✉-& &♣1❝✐✜/✉❡& 0

♣-❡&&✐♦♥ ❡* ✈♦❧✉♠❡ ❝♦♥&*❛♥* ✿

γ =
Cp

CV
✭❇✳✶✷✸✮

❉❛♥& ❧❡ ❝❛& ❞✬✉♥ ❣❛③ ♣❛-❢❛✐*✱ ❧❛ ❝❤❛❧❡✉- &♣1❝✐✜/✉❡ ♥❡ ❞1♣❡♥❞ ♣❛& ❞❡ ❧❛ *❡♠♣1-❛*✉-❡✳ ❖♥

♣❡✉* 1❝-✐-❡ ❧✬❡♥*❤❛❧♣✐❡ H ❝♦♠♠❡ ❝❡❝✐ ✿ H = CpT ❡* ❧✬1♥❡-❣✐❡ ✐♥*❡-♥❡ ei ❛✐♥&✐ ✿ ei = CV T ✳
❖♥ ♣❡✉* ❡①♣-✐♠❡- γ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧✬❡♥*❤❛❧♣✐❡ ❡* ❞❡ ❧✬1♥❡-❣✐❡ ✐♥*❡-♥❡ ✿

γ =
H

ei
✭❇✳✶✷✹✮

▲❡& ❝❤❛❧❡✉-& &♣1❝✐✜/✉❡& &✬1*❛❜❧✐&&❡♥* 1❣❛❧❡♠❡♥* ❡♥ ❢♦♥❝*✐♦♥ ❞❡ γ ❡* R✱ ❧❛ ❝♦♥&*❛♥*❡ ❞❡& ❣❛③
♣❛-❢❛✐*& ✿

Cp =
γR

γ − 1
❡! CV =

R

γ − 1
✭❇✳✶✷✺✮

■❧ ❡+! ♣❧✉+ ❛✐+0 ❞❡ !2♦✉✈❡2 ❞❡+ ✐♥❢♦2♠❛!✐♦♥+ +✉2 ❧❡ ❝♦❡✣❝✐❡♥! Cp ❞❡+ ❣❛③ <✉❡ +✉2 ❧❡ ❝♦❡✣❝✐❡♥!

CV ✳ ❈❡ ❞❡2♥✐❡2 +❡ ❝❛❧❝✉❧❡ > ♣❛2!✐2 ❞❡ Cp ✿

CV = Cp − nR ✭❇✳✶✷✻✮

▲❡ ❝♦❡✣❝✐❡♥! ❛❞✐❛❜❛!✐<✉❡ +✬❡①♣2✐♠❡ ❛✉++✐ ❡♥ ❢♦♥❝!✐♦♥ ❞❡ ❧❛ ✈✐!❡++❡ ❞✉ +♦♥ c ✿

c =

√
γp

ρ
✭❇✳✶✷✼✮



✾✻ ❊#✉❛&✐♦♥* ❡& ▼♦❞.❧❡*

❈♦❡✣❝✐❡♥& ❛❞✐❛❜❛&✐#✉❡ ❞✬✉♥ ♠6❧❛♥❣❡ ❤♦♠♦❣.♥❡ ❞❡ ❞❡✉① ❣❛③

❉❛♥# ❧❡ ♣'♦❝❤❛✐♥ ❝❤❛♣✐,'❡✱ ♥♦✉# ❛✉'♦♥# ❜❡#♦✐♥ ❞❡ ❝♦♥♥❛✐,'❡ ❧❡ ❝♦❡✣❝✐❡♥, ❛❞✐❛❜❛,✐2✉❡

❞✬✉♥ ♠5❧❛♥❣❡ ❤♦♠♦❣7♥❡ ❞❡ ❞❡✉① ❣❛③ ❞❡ ❝♦❡✣❝✐❡♥, ❛❞✐❛❜❛,✐2✉❡ ❞✐✛5'❡♥,✳ ◆♦✉# ❛✈♦♥# ♣❡♥#5

> ♣❧✉#✐❡✉'# ♠5,❤♦❞❡# ❞❡ ❞5,❡'♠✐♥❛,✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥, ❛❞✐❛❜❛,✐2✉❡ ❞❡ ♠5❧❛♥❣❡✱ γmel✱ ❡♥

❝♦♠♠❡♥?❛♥, ♣❛' ❝❛❧❝✉❧❡' ✉♥❡ ♠♦②❡♥♥❡ ❞❡# ❝❤❛❧❡✉'# #♣5❝✐✜2✉❡# ❝♦♠♠❡ ❝❡❝✐✱ a ❡, b 5,❛♥, ❧❡#

❞❡✉① ❣❛③ ♠5❧❛♥❣5# ✿ γmel =
Cp(a)+Cp(b)
CV (a)+CV (b)

✳ ❆✉ #❡✐♥ ❞✉ ❧❛❜♦'❛,♦✐'❡ 2✉✐ ❛ ♣❡'♠✐# ❧❛ '5❛❧✐#❛,✐♦♥

❞❡ ❧✬❡①♣5'✐❡♥❝❡ ,'❛✐,5❡ ❛✉ ❝❤❛♣✐,'❡ ✸✱ γmel #✬♦❜,✐❡♥, #✐♠♣❧❡♠❡♥, ♣❛' ✉♥❡ ♠♦②❡♥♥❡ ❛'✐,❤♠5✲

,✐2✉❡ ❞❡# ❝♦❡✣❝✐❡♥,# ❛❞✐❛❜❛,✐2✉❡# ❡♥ ♣'5#❡♥❝❡✱ ♣♦♥❞5'5# ♣❛' ❧❡ ,❛✉① ❞❡ ♣'5#❡♥❝❡ ξ ❞✉ ❣❛③
a ✿ γmel = ξγ(a) + (1− ξ)γ(b)✳ ❉❡ ❧❛ '5❢5'❡♥❝❡ ❬✶✻❪✱ ♦♥ ❡♥ #♦', ✉♥❡ ♠♦②❡♥♥❡ ❤❛'♠♦♥✐2✉❡ ✿
1

γmel
= ξ

γ(a) +
1−ξ
γ(b) ✳ ❊♥✜♥✱ ✉♥❡ #♦❧✉,✐♦♥ ❛♥❛❧②,✐2✉❡ #❡'❛ ❞5,❡'♠✐♥5❡ ✉❧,5'✐❡✉'❡♠❡♥, > ♣❛',✐'

❞❡# 52✉❛,✐♦♥# ,❤❡'♠♦❞②♥❛♠✐2✉❡# ❞✬✉♥ ♠5❧❛♥❣❡ ✐#♦,❤❡'♠❡ ❡, ✐#♦❜❛'❡ > ❧❛ ❢♦✐#✳



❈❤❛♣✐%&❡ ✸

❊①♣#$✐❡♥❝❡ )✉$ +✉❜❡ - ❝❤♦❝

❈❡ ❝❤❛♣✐'(❡ '(❛✐'❡ ❞❡ ❧❛ (+❛❧✐,❛'✐♦♥ ❞✬✉♥❡ ❡①♣+(✐❡♥❝❡✱ ❛✈❡❝ ✉♥ '✉❜❡ 5 ❝❤♦❝✱ ❞❡ ♣(♦♣❛❣❛'✐♦♥

❞✬✉♥ ❝❤♦❝ ❞❛♥, ✉♥ ♠✐❧✐❡✉ ❝♦♥,'✐'✉+ ❞❡ ❞❡✉① ❣❛③✳ ▲❛ ♠❡,✉(❡ ❞❡ ❧❛ ✈✐'❡,,❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥ ❞✉

❝❤♦❝ ❡,' (+❛❧✐,+❡ ❞❛♥, ❧❡, ❞❡✉① ❝❛, ,✉✐✈❛♥', ✿ <✉❛♥❞ ❧❡, ❞❡✉① ❣❛③ ❢♦(♠❡♥' ❞❡✉① ❝♦✉❝❤❡, ,✉✲

♣❡(♣♦,+❡, ❡' <✉❛♥❞ ❧❡✉( ♠+❧❛♥❣❡ ❡,' ❤♦♠♦❣?♥❡✳ ▲✬♦❜❥❡❝'✐❢ ❡,' ❞❡ ❞+♠♦♥'(❡( ✉♥❡ ❞✐✛+(❡♥❝❡ ❞❡

✈✐'❡,,❡, ❞❡ ❝❤♦❝ ❡♥'(❡ ❧❡ ❜✐❝♦✉❝❤❡ ❡' ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣?♥❡✳ ▲❛ ♣(❡♠✐?(❡ ♣❛('✐❡ ❞❡ ❝❡ ❝❤❛♣✐'(❡

❡,' ✉♥ (❛♣♣❡❧ ❞❡, (+,✉❧'❛', ♥✉♠+(✐<✉❡, ♦❜'❡♥✉, ♣(+❝+❞❡♠♠❡♥' ♣❛( B✐(♦♥ et al. ❬✺✶❪✳ ❊♥,✉✐'❡✱
❛♣(?, ✉♥❡ ❞❡,❝(✐♣'✐♦♥ ❞+'❛✐❧❧+❡ ❞✉ ❞✐,♣♦,✐'✐❢ ❡①♣+(✐♠❡♥'❛❧✱ ❧❡, (+,✉❧'❛', ❞❡ ❧✬❡①♣+(✐❡♥❝❡ ,♦♥'

❞♦♥♥+, ❡' ❛♥❛❧②,+,✳ ▲✬+'✉❞❡ ❞✉ ♠✐❧✐❡✉ ❤♦♠♦❣?♥❡ ♥♦✉, ♣❡(♠❡' ❞✬❡,'✐♠❡( ❧❡ ❝♦❡✣❝✐❡♥' ❛❞✐❛✲

❜❛'✐<✉❡ ❞❡ ♠+❧❛♥❣❡ ❞❡, ❞❡✉① ❣❛③✳ ▲✬+'✉❞❡ ❞✉ ♠✐❧✐❡✉ ❤+'+(♦❣?♥❡ (❡♣♦,❡ ,✉( ❧✬❛♥❛❧②,❡ ❞❡,

✜❣✉(❡, ❞❡ (+❢(❛❝'✐♦♥ ♦❜,❡(✈+❡, ❧♦(, ❞✉ ♣❛,,❛❣❡ ❞✉ ❝❤♦❝✳ ▲❛ ❝♦♠♣❛(❛✐,♦♥ ❞❡, ❡①♣+(✐❡♥❝❡, ,✉(

♠✐❧✐❡✉① ❤♦♠♦❣?♥❡ ❡' ❤+'+(♦❣?♥❡ ❝♦♥✜(♠❡ ❧❡, (+,✉❧'❛', ♥✉♠+(✐<✉❡, ♦❜'❡♥✉, ♣❛( B✐(♦♥ et al.
❬✺✶❪ ❛✉ ,✉❥❡' ❞❡, ✈✐'❡,,❡, ❞❡ ❝❤♦❝✳ ❊♥✜♥✱ ♥♦✉, ❛✈♦♥, ❡✛❡❝'✉+ ❞❡, ,✐♠✉❧❛'✐♦♥, ❞+❝(✐✈❛♥' ❧❡

♣❧✉, ✜❞?❧❡♠❡♥' ♣♦,,✐❜❧❡ ❧❡, ❡①♣+(✐❡♥❝❡,✳

✸✳✶ ❆♥❛❧②(❡ ♥✉♠,-✐/✉❡ ♣-,❧✐♠✐♥❛✐-❡ ✿ ♣-♦♣❛❣❛4✐♦♥ ❞✬✉♥ ❝❤♦❝

❞❛♥( ✉♥ ❜✐❝♦✉❝❤❡

▲❛ ❣#❛♥❞❡ ❞✐✛)#❡♥❝❡ ❡♥+#❡ ❧❛ ❝♦♥✜❣✉#❛+✐♦♥ ♥✉♠)#✐1✉❡ ❞❡ 2✐#♦♥ et al. ❬✺✶❪ ❡+ ❧❛ ❝♦♥✜✲
❣✉#❛+✐♦♥ ❡①♣)#✐♠❡♥+❛❧❡ 1✉❡ ♥♦✉: ❛♣♣❧✐1✉♦♥: #):✐❞❡ ❞❛♥: ❧❛ ✈❛❧❡✉# ❞✉ ♥♦♠❜#❡ ❞❡ ▼❛❝❤✳ ❊♥

❡✛❡+✱ ❞❛♥: ❧❡: )+✉❞❡: ♥✉♠)#✐1✉❡: :✐♠✉❧❛♥+ ❧❡ ❝♦♥+❡①+❡ ❞❡ ❧❛ ❢✉:✐♦♥ ♣❛# ❝♦♥✜♥❡♠❡♥+ ✐♥❡#✲

+✐❡❧✱ ❧❡ ♥♦♠❜#❡ ❞❡ ▼❛❝❤ ❞♦✐+ C+#❡ ✜①) D ♣❧✉:✐❡✉#: ♠✐❧❧✐❡#:✳ ❆✈❡❝ ❧❡ +✉❜❡ D ❝❤♦❝ ❞♦♥+ ♥♦✉:

❞✐:♣♦:✐♦♥: ♣♦✉# ❧✬❡①♣)#✐❡♥❝❡✱ ❞❡ +❡❧: ♥♦♠❜#❡: ❞❡ ▼❛❝❤ ♥❡ :♦♥+ ♣❛: ❡①♣)#✐♠❡♥+❛❜❧❡:✳ ■❧: :❡

❧✐♠✐+❡♥+ D ❞❡ ❢❛✐❜❧❡: ✈❛❧❡✉#:✱ ✐♥❢)#✐❡✉#❡: D ✷✳ ❈❡♣❡♥❞❛♥+✱ 1✉❡ ❧❡ ❝❤♦❝ :♦✐+ ❢♦#+ ♦✉ ❢❛✐❜❧❡✱ ❧❡

❞)♣J+ ♠❛①✐♠❛❧ ❞❡ ✈♦#+✐❝✐+) :❡#❛ +♦✉❥♦✉#: ❛++❡✐♥+ ❞❛♥: ❧❡ ❝❛: ❞❡ ❧❛ ❣)♦♠)+#✐❡ ❜✐❝♦✉❝❤❡✳

✸✳✶✳✶ ❯♥ ❝❛' ❞✬*❝♦❧❡

▲❡: :✐♠✉❧❛+✐♦♥: ♦♥+ )+) #)❛❧✐:)❡: ❛✈❡❝ ❧❡ ❝♦❞❡ ❍❊❘❆✱ ❞❛♥: ❧❡ #)❢)#❡♥+✐❡❧ ❞✉ ♣✐:+♦♥✱ ❝❡

1✉✐ ♣❡#♠❡+✱ ❝♦♠♠❡ ♥♦✉: ❧✬❛✈♦♥: ♠❡♥+✐♦♥♥) ❛✉ ♣#❡♠✐❡# ❝❤❛♣✐+#❡✱ ❞❡ ♠✐♥✐♠✐:❡# ❧✬❛❞✈❡❝+✐♦♥

❞✉ ✢✉✐❞❡ ❝❤♦1✉)✳ ▲❛ ❝♦♥✜❣✉#❛+✐♦♥ ♥✉♠)#✐1✉❡ ✭✜❣✉#❡ ✸✳✶✮ ❝♦♥:✐:+❡ ❡♥ ❧❛ :✉♣❡#♣♦:✐+✐♦♥ ❞❡

❞❡✉① ❝♦✉❝❤❡: ❞❡ ❞❡♥:✐+): ρ1 ❡+ ρ2 = ηρ1✱ η )+❛♥+ ❞♦♥❝ ❧❡ #❛♣♣♦#+ ❞❡ ❞❡♥:✐+)✳ ▲❛ ❜♦R+❡ ❞❡

:✐♠✉❧❛+✐♦♥ ❡:+ ❝♦♥❞✐+✐♦♥♥)❡ ♣❛# +#♦✐: ♠✉#:✱ ❡♥ ❤❛✉+✱ ❡♥ ❜❛: ❡+ D ❣❛✉❝❤❡✱ ❡+ ✉♥ ✢✉① D ❞#♦✐+❡✳

▲❡: ❞❡✉① ❝♦✉❝❤❡: :♦♥+ ✐♥✐+✐❛❧✐:)❡: ❛✈❡❝ ❧❛ ♠C♠❡ ✈✐+❡::❡ u0✱ ❞❡ ❧❛ ❣❛✉❝❤❡ ✈❡#: ❧❛ ❞#♦✐+❡✱ ❡+
❧✬✐♠♣❛❝+ ❞✉ ✢✉✐❞❡ :✉# ❧❡ ♠✉# ❞❡ ❣❛✉❝❤❡ ❣)♥S#❡ ✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ :❡ ♣#♦♣❛❣❡❛♥+ ❞❡ ❧❛ ❣❛✉❝❤❡



✾✽ ❊①♣%&✐❡♥❝❡ +✉& -✉❜❡ / ❝❤♦❝

✈❡"# ❧❛ ❞"♦✐)❡✳ ▲❡# ✈✐)❡##❡# ❞❡ ✢✉✐❞❡# #♦♥) ❝❤♦✐#✐❡# ❞❡ ♠❛♥✐2"❡ 3 ♦❜)❡♥✐" ✉♥ ❝❤♦❝ ❛✉ ♥♦♠❜"❡

❞❡ ▼❛❝❤ )"2# 6❧❡✈6✱ ❝♦♠♣"✐# ❡♥)"❡ ✺✵✵ ❡) ✶✵✵✵✵✱ ❝♦""❡#♣♦♥❞❛♥) ❛✉① ❝♦♥❞✐)✐♦♥# "❡=✉✐#❡# ♣♦✉"
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❋✐❣✳ ✸✳✸ ✕ ❊✈♦❧✉(✐♦♥ ❞✉ ❢-♦♥( ❞❡ ❝❤♦❝ 1 ❞❡2 ✐♥(❡-✈❛❧❧❡2 -4❣✉❧✐❡-2 ❞❡ (❡♠♣2 ✭✜❣✉-❡ (✐-4❡ ❞❡

❬✺✶❪✮✳

❋✐❣✳ ✸✳✹ ✕

∆q
qh

❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧❛ ✈✐(❡22❡ ✢✉✐❞❡ ✐♥✐(✐❛❧❡ u0 ♣♦✉- ❞✐✛4-❡♥(2 η ❡( ξ ✭✜❣✉-❡ (✐-4❡

❞❡ ❬✺✶❪✮✳

❋✐❣✳ ✸✳✺ ✕

∆q
qh

❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧❛ ❞❡♥2✐(4 ✐♥✐(✐❛❧❡ ρ2 ❞✉ ♠❛(4-✐❛✉ ❧♦✉-❞ ♣♦✉- ❞✐✛4-❡♥(2 η ❡( ξ
✭✜❣✉-❡ (✐-4❡ ❞❡ ❬✺✶❪✮✳

✸✳✶✳✸ ❉❡%♥✐(%❡ )*✉❞❡ ♥✉♠)%✐.✉❡ ♣%)♣❛%❛*♦✐%❡ ✿ )✈♦❧✉*✐♦♥ ❞✉

∆D
Dh

❛✈❡❝ η

❡* γ

❉❛♥2 ❧❡ ❝❤❛♣✐(-❡ 2✉✐✈❛♥(✱ ♥♦✉2 ❛❧❧♦♥2 4(✉❞✐❡- ❧✬4✈♦❧✉(✐♦♥ ❞❡ ❧❛ ❞✐✛4-❡♥❝❡ -❡❧❛(✐✈❡ ❞❡ ❧❛

✈✐(❡22❡ ❞✉ ❝❤♦❝ ❞❛♥2 ✉♥ ♠✐❧✐❡✉ ❤4(4-♦❣E♥❡ ❡( ❞❛♥2 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣E♥❡✱ ❞❡ ❞❡♥2✐(4 ♠♦②❡♥♥❡



✸✳✶ ❆♥❛❧②(❡ ♥✉♠,-✐/✉❡ ♣-,❧✐♠✐♥❛✐-❡ ✿ ♣-♦♣❛❣❛4✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥( ✉♥ ❜✐❝♦✉❝❤❡✶✵✶

❋✐❣✳ ✸✳✻ ✕

∆q
qh

❡♥ ❢♦♥❝)✐♦♥ ❞✉ )❛✉① ❞❡ ♣012❡♥❝❡ ❞✉ ♠❛)10✐❛✉ ❧♦✉0❞ ξ ♣♦✉0 ❞✐✛10❡♥)2 η ✿ ✶✱✶

✭)0✐❛♥❣❧❡2✮✱ ✷ ✭❝❛0012✮✱ ✹ ✭♣♦✐♥)2✮✱ ✶✵ ✭)0✐❛♥❣❧❡2 ✐♥✈❡0212✮ ❡) ✷✵ ✭❧♦2❛♥❣❡2✮ ✭✜❣✉0❡ )✐01❡ ❞❡

❬✺✶❪✮✳

1D✉✐✈❛❧❡♥)❡✱ ♦✉

∆D
Dh

✱ ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❞✐✛10❡♥)2 ♣❛0❛♠E)0❡2✳ ❈❡))❡ ♣❛0)✐❡ ♠♦♥)0❡ ♥✉♠10✐✲

D✉❡♠❡♥) ❧❛ )❡♥❞❛♥❝❡ D✉❡ ✈❛ ❛❞♦♣)❡0 ❧❡

∆D
Dh

❞❛♥2 ❧❡ ❜✐❝♦✉❝❤❡ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥)

❛❞✐❛❜❛)✐D✉❡ γ✱ D✉✐ ❡2) ✐❝✐ ❧❡ ♠K♠❡ ❞❛♥2 ❧❡2 ❞❡✉① ❣❛③✱ ❡) ❡♥ ❢♦♥❝)✐♦♥ ❞✉ 0❛♣♣♦0) ❞❡ ❞❡♥2✐)1

η ❡♥)0❡ ❧❡2 ❞❡✉① ❣❛③✳

❖♥ ♦❜2❡0✈❡ ✉♥❡ ❞1❝0♦✐22❛♥❝❡ ❞✉

∆D
Dh

D✉❛♥❞ γ ❛✉❣♠❡♥)❡✱ ❡) ✉♥❡ ❝0♦✐22❛♥❝❡ ❞✉

∆D
Dh

❛✈❡❝ η✳

❋✐❣✳ ✸✳✼ ✕

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ η ♣♦✉0 ✉♥ ❝❤♦❝ ❢♦0) ❡) ✉♥ ❝❤♦❝ ❢❛✐❜❧❡✳

▲❡ ❝❤❛♣✐)0❡ 2✉✐✈❛♥) ♣0♦♣♦2❡ ✉♥❡ 1)✉❞❡ ♣❧✉2 01✢1❝❤✐❡ ❞❡ ❝❡))❡ ❞1♣❡♥❞❛♥❝❡✳



✶✵✷ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

❋✐❣✳ ✸✳✽ ✕

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ γ ♣♦✉. ✉♥ ❝❤♦❝ ❢♦.)✳

✸✳✷ ❉✐%♣♦%✐(✐❢ ❡①♣,-✐♠❡♥(❛❧

▲❛ 2✐♠♣❧✐❝✐)5 ❞❡ ❝❡ ❝❛2 ♣❡.♠❡) ❢❛❝✐❧❡♠❡♥) 2♦♥ 5)✉❞❡ ❡①♣5.✐♠❡♥)❛❧❡✳ ▲❡ ❞✐2♣♦2✐)✐❢ ❧❡ ♣❧✉2

❛♣♣.♦♣.✐5 ❡) ❧❡ ♣❧✉2 ❢❛❝✐❧❡♠❡♥) ♠❛♥♦❡✉✈.❛❜❧❡ ❡2) ❧❡ )✉❜❡ 9 ❝❤♦❝✱ ;✉❡ ♥♦✉2 ♣.52❡♥)♦♥2 ✐❝✐✱

❛✈❛♥) ❞❡ ❞5❝.✐.❡ ❧❡ 2❡) ✉♣ ❡①♣5.✐♠❡♥)❛❧✳

✸✳✷✳✶ ❚✉❜❡ ( ❝❤♦❝

▲❡2 ❡①♣5.✐❡♥❝❡2 2❡ 2♦♥) ❞5.♦✉❧5❡2 9 ❧✬■♥2)✐)✉) ❯♥✐✈❡.2✐)❛✐.❡ ❞❡2 ❙②2)A♠❡2 ❚❤❡.♠✐;✉❡2

■♥❞✉2).✐❡❧2 ✭■❯❙❚■✮ ❞❡ ❧✬5❝♦❧❡ E♦❧②)❡❝❤✬▼❛.2❡✐❧❧❡✱ 2♦✉2 ❧❛ ❞✐.❡❝)✐♦♥ ❞❡ ●❡♦.❣❡2 ❏♦✉.❞❛♥ ❡)

▲❛③❤❛. ❍♦✉❛2✳ ◆♦✉2 ❛✈♦♥2 ❡✉ 9 ❞✐2♣♦2✐)✐♦♥ ❧❡ )✉❜❡ 9 ❝❤♦❝ ❚✽✵ ✭✜❣✉.❡ ✸✳✾✮✱ ❞❡ 2❡❝)✐♦♥

❝❛..5❡ 80 ♠♠ ❡) 9 ✐♥❝❧✐♥❛✐2♦♥ ✈❛.✐❛❜❧❡ ❬✶✺✱ ✸✾❪✳ ◆♦✉2 ❧✬❛✈♦♥2 ♣♦2✐)✐♦♥♥5 ❤♦.✐③♦♥)❛❧❡♠❡♥)

♣♦✉. ♥♦).❡ 5)✉❞❡✳ ❙❛ ❧♦♥❣✉❡✉. )♦)❛❧❡ ❡2) ❞❡ 3, 805 ♠✳

❋✐❣✳ ✸✳✾ ✕ ❚✉❜❡ 9 ❝❤♦❝ ❚✽✵✳

■❧ ❡2) ❝♦♥2)✐)✉5 ❞❡ ).♦✐2 ♣❛.)✐❡2 ✭✜❣✉.❡ ✸✳✶✶✮ ✿ ❧❛ ❝❤❛♠❜.❡ ❤❛✉)❡ ♣.❡22✐♦♥✱ ❧❛ ❝❤❛♠❜.❡

❜❛22❡ ♣.❡22✐♦♥ ❡) ❧❛ ❝❤❛♠❜.❡ ❞✬❡①♣5.✐❡♥❝❡✳ ▲❡2 ❝❤❛♠❜.❡2 ❤❛✉)❡ ❡) ❜❛22❡ ♣.❡22✐♦♥ 2♦♥) 25✲

♣❛.5❡2 ♣❛. ✉♥ ❞✐❛♣❤.❛❣♠❡ ✭✜❣✉.❡ ✸✳✶✵✮ ;✉✐ 2♦♥) ❞❡2 ❞✐2;✉❡2 ❡♥ ❛❧✉♠✐♥✐✉♠ ❞❡ 0, 8 ♠♠

❞✬5♣❛✐22❡✉. 2).✐52 ❡♥ ❝.♦✐① 2✉. ✉♥ )✐❡.2 ❞❡ ❧❡✉. 5♣❛✐22❡✉.✳ ❉❛♥2 ❧❛ ❝❤❛♠❜.❡ ❤❛✉)❡ ♣.❡22✐♦♥✱



✸✳✷ ❉✐%♣♦%✐(✐❢ ❡①♣,-✐♠❡♥(❛❧ ✶✵✸

❧♦♥❣✉❡ ❞❡ 0, 75 ♠✱ ✉♥ ❣❛③ ❡+, ❝♦♠♣/✐♠1 ❥✉+3✉✬5 ✉♥❡ ✈❛❧❡✉/ ❞❡ ♣/❡++✐♦♥ 3✉✐ ❢❛✐, ❝❧❛3✉❡/ ❧❡

❞✐❛♣❤/❛❣♠❡✳ ❈✬❡+, ❛✐♥+✐ 3✉❡ ❧❡ ❝❤♦❝ ❡+, ❣1♥1/1 ❞❛♥+ ❧❡ ,✉❜❡ 5 ❝❤♦❝✳ ▲❡ ♥♦♠❜/❡ ❞❡ ▼❛❝❤

M ❡+, ✈❛/✐❛❜❧❡ +❡❧♦♥ ❧❡ ♠❛,1/✐❛✉ ✉,✐❧✐+1 ♣♦✉/ ❧❡ ❞✐❛♣❤/❛❣♠❡ ❡, ❧❡ ❣❛③ ✐♥,/♦❞✉✐, ❞❛♥+ ❧❛

❝❤❛♠❜/❡ ❤❛✉,❡ ♣/❡++✐♦♥✳ ▲❡+ ❡①♣1/✐♠❡♥,❛,❡✉/+ ♦♥, 1,❛❧♦♥♥1 ❧❡+ ♣❛/❛♠?,/❡+ ❛✐♥+✐ ✿ ♣♦✉/

✉♥ ♥♦♠❜/❡ ❞❡ ▼❛❝❤ ❞❡ ✶✱✷✵✱ ❧❛ ❝❤❛♠❜/❡ ❤❛✉,❡ ♣/❡++✐♦♥ ❡+, /❡♠♣❧✐❡ ❛✈❡❝ ❞❡ ❧✬❛✐/✱ ❧❡ ❞✐❛✲

♣❤/❛❣♠❡ ❡+, ❢❛✐, ❞❡ ❧❛ +✉♣❡/♣♦+✐,✐♦♥ ❞❡ ❢❡✉✐❧❧❡+ ,/?+ ✜♥❡+ ❞✬❛❧✉♠✐♥✐✉♠ ❀ ♣♦✉/ M = 1, 5✱ ♦♥

+✉/♣/❡++✉/✐+❡ ,♦✉❥♦✉/+ ❛✈❡❝ ❞❡ ❧✬❛✐/ ❡, ❧❡ ❞✐❛♣❤/❛❣♠❡ ❡+, ❡♥ ❛❧✉♠✐♥✐✉♠ ♣❧✉+ 1♣❛✐+ ❀ ❡♥✜♥✱

♣♦✉/ M = 1, 75✱ ❧✬❤1❧✐✉♠ ❡+, ✉,✐❧✐+1 ❞❛♥+ ❧❛ ❝❤❛♠❜/❡ ❤❛✉,❡ ♣/❡++✐♦♥ ❡, ❧❡ ❞✐❛♣❤/❛❣♠❡ ❡+,

1❣❛❧❡♠❡♥, ❡♥ ❛❧✉♠✐♥✐✉♠ 1♣❛✐+✳ ❯♥❡ ❢♦✐+ ❧❡ ❝❤♦❝ ❝/11✱ ✐❧ +❡ ♣/♦♣❛❣❡ ❞❛♥+ ❧❛ ❝❤❛♠❜/❡ ❜❛++❡

♣/❡++✐♦♥✱ ✐♥✐,✐❛❧❡♠❡♥, 5 ❧❛ ♣/❡++✐♦♥ ❛,♠♦+♣❤1/✐3✉❡ ❞❡ 105 H❛✱ ♣♦✉/ ❡♥✜♥ ❞1❜♦✉❝❤❡/ ❞❛♥+

❧❛ ❝❤❛♠❜/❡ ❞✬❡①♣1/✐❡♥❝❡ ✭❡♥ ♣/❡♠✐❡/ ♣❧❛♥ +✉/ ❧❛ ✜❣✉/❡ ✸✳✾✮✳ ❈❡,,❡ ❞❡/♥✐?/❡ ♠❡+✉/❡ ✶✱✵✹

♠ ❞❡ ❧♦♥❣ ❡, ❝♦♥,✐❡♥, ❧❡ ♠✐❧✐❡✉ 5 1,✉❞✐❡/✳ ❉❡✉① ❤✉❜❧♦,+ ❧❛,1/❛❧+ ,/❛♥+♣❛/❡♥,+ ❡♥ ♣❧❡①✐❣❧❛+

♣❡/♠❡,,❡♥, ❞❡ ✈✐+✉❛❧✐+❡/ ❧❡ ♣❛++❛❣❡ ❞✉ ❝❤♦❝✳

❋✐❣✳ ✸✳✶✵ ✕ ❉✐❛♣❤/❛❣♠❡ ❛✈❛♥, ❡, ❛♣/?+ ❧❡ ♣❛++❛❣❡ ❞✉ ❝❤♦❝✳

✸✳✷✳✷ ▼❡%✉'❡ ❡( ✈✐%✉❛❧✐%❛(✐♦♥

●/Q❝❡ 5 ❞❡+ ❝❛♣,❡✉/+ ❞❡ ♣/❡++✐♦♥✱ ❞✐+♣♦+1+ ,♦✉, ❧❡ ❧♦♥❣ ❞❡+ ❝❤❛♠❜/❡+ ❜❛++❡ ♣/❡++✐♦♥

❡, ❞✬❡①♣1/✐❡♥❝❡✱ ❡, /❡❧✐1+ 5 ✉♥ ♦+❝✐❧❧♦+❝♦♣❡ ✭✜❣✉/❡ ✸✳✶✶✮✱ ♥♦✉+ /1❝✉♣1/♦♥+ ❞❡+ ✐♥❢♦/♠❛,✐♦♥+✱

❛♣/?+ 1,❛❧♦♥♥❛❣❡ ❞❡+ ❝❛♣,❡✉/+✱ +✉/ ❧❛ ♣/❡++✐♦♥ ❡, +♦♥ 1✈♦❧✉,✐♦♥ ❞❛♥+ ❧❡ ,❡♠♣+✱ ❡♥ ❝❡/,❛✐♥+

♣♦✐♥,+ ❞✉ ,✉❜❡✱ ❛✐♥+✐ 3✉❡ +✉/ ❧❛ ✈✐,❡++❡ ❞✉ ❝❤♦❝ ❡♥,/❡ ❞❡✉① ❝❛♣,❡✉/+✳ ❯♥ ❡①❡♠♣❧❡ ❞❡+

❋✐❣✳ ✸✳✶✶ ✕ ❙❝❤1♠❛ ❞✉ ❚✽✵ ❛✈❡❝ ❞✐+♣♦+✐,✐❢+ ❞❡ ♠❡+✉/❡ ❞❡+ ♣/❡++✐♦♥+ ❡, ❞❡ ✈✐+✉❛❧✐+❛,✐♦♥✳

+✐❣♥❛✉① ♦❜,❡♥✉+ ❡+, ❞♦♥♥1 +✉/ ❧❛ ✜❣✉/❡ ✸✳✶✷✳ ▲❡ ♣/❡♠✐❡/ +❛✉, ❞❡ ♣/❡++✐♦♥ ❝♦//❡+♣♦♥❞ ❛✉

♣❛++❛❣❡ ❞✉ ❝❤♦❝ ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❤❛3✉❡ ❝❛♣,❡✉/✱ ❧❡ ❞❡✉①✐?♠❡ +❛✉, ❞❡ ♣/❡++✐♦♥ ❡+, ❞U 5 ❧❛

/1✢❡❝,✐♦♥ ❞✉ ❝❤♦❝ +✉/ ❧❡ ❢♦♥❞ ❞❡ ,✉❜❡✳ ❊♥ ❝❡ 3✉✐ ❝♦♥❝❡/♥❡ ❧❛ ✈✐+✉❛❧✐+❛,✐♦♥ ❞✉ ❢/♦♥, ❞❡



✶✵✹ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

❋✐❣✳ ✸✳✶✷ ✕ ❙✐❣♥❛✉① ❞❡ ♣/❡00✐♦♥ ❡♥/❡❣✐02/30 ♣❛/ ❧❡0 ❝❛♣2❡✉/0 ❧♦/0 ❞✉ ♣❛00❛❣❡ ❞✉ ❝❤♦❝ ❞❛♥0

❧❡ 2✉❜❡ 8 ❝❤♦❝✳

❝❤♦❝✱ ✉♥ 0②02;♠❡ 0✐♠♣❧✐✜3 ❞✬♦♠❜/♦0❝♦♣✐❡ ❡02 ♠✐0 ❡♥ ♣❧❛❝❡✱ ❡♥ /❡❝♦✉✈/❛♥2 ✉♥ ❤✉❜❧♦2 ❞❡ ❧❛

❝❤❛♠❜/❡ ❞✬❡①♣3/✐❡♥❝❡ ❛✈❡❝ ❞❡0 ❢❡✉✐❧❧❡0 ❞❡ ♣❛♣✐❡/ ❝❛❧A✉❡✱ ❡2 ❡♥ ♣❧❛B❛♥2 ✉♥❡ ❧❛♠♣❡ ❡2 ✉♥❡

❝❛♠3/❛ ❞❡ ♣❛/2 ❡2 ❞✬❛✉2/❡ ❞❡ ❝❡22❡ ♣❛/2✐❡ ❞✉ 2✉❜❡ 8 ❝❤♦❝ ✭✜❣✉/❡ ✸✳✶✶✮✳ ❙✉/ ❧❛ ✜❣✉/❡ ✸✳✶✺✱

❧❛ ③♦♥❡ ✈✐0✉❛❧✐03❡ ♣❛/ ❧❛ ❝❛♠3/❛ ❡02 ❤❛❝❤✉/3❡✳

✸✳✷✳✸ ❈♦♥✜❣✉)❛+✐♦♥ ❡①♣0)✐♠❡♥+❛❧❡ ✿ ♠✐❧✐❡✉① ❤♦♠♦❣5♥❡ ❡+ ❤0+0)♦❣5♥❡

◆♦✉0 ✈❡♥♦♥0 ❞❡ ❞3❝/✐/❡ ❧❡ 2✉❜❡ 8 ❝❤♦❝✱ ❛✐♥0✐ A✉❡ ❧❡0 ❞✐0♣♦0✐2✐❢0 ❞❡ ♠❡0✉/❡ ❡2 ❞❡ ✈✐✲

0✉❛❧✐0❛2✐♦♥✳ ▼❛✐♥2❡♥❛♥2 ♥♦✉0 ♣/30❡♥2♦♥0 ❧❡ ♠✐❧✐❡✉ 8 32✉❞✐❡/ ❞❛♥0 ❧❛ ❝❤❛♠❜/❡ ❞✬❡①♣3/✐❡♥❝❡✳

▲✬❡①♣3/✐❡♥❝❡ ❝♦♥0✐02❡ 8 ❢❛✐/❡ ♣/♦♣❛❣❡/ ✉♥ ❝❤♦❝ ❞❡ ❢❛✐❜❧❡ ♥♦♠❜/❡ ❞❡ ▼❛❝❤ ✭❞❡ ✶✱✶ 8 ✶✱✽✮

❞❛♥0 ✉♥ ♠✐❧✐❡✉ ❜✐❝♦✉❝❤❡ ❡2 ❞❛♥0 0♦♥ ❤♦♠♦❧♦❣✉❡ ❤♦♠♦❣;♥❡✱ ❛✜♥ ❞✬❡♥ ❝♦♠♣❛/❡/ ❧❡0 ✈✐2❡00❡0

❞❡ ❝❤♦❝✳ ▲❡ ❜✐❝♦✉❝❤❡ ❡02 ❝♦♠♣♦03 ❞❡ SF6 ♣♦✉/ ❧❡ ❣❛③ ❧♦✉/❞ ❡2 ❞✬❛✐/ ❡♥ 2❛♥2 A✉❡ ❣❛③ ❧3✲

❣❡/✳ ▲❡0 ❞❡♥0✐230 ✐♥✐2✐❛❧❡0 0♦♥2 ✺✱✽✺✻ ❦❣✴♠

3
♣♦✉/ ❧❡ SF6 ❡2 ✶✱✶✻✸ ❦❣✴♠

3
♣♦✉/ ❧✬❛✐/✳ ▲❡0

❛✉2/❡0 ❞♦♥♥3❡0 ✐♥✐2✐❛❧❡0 0♦♥2 ✐♥❞✐A✉3❡0 0✉/ ❧❛ ✜❣✉/❡ ✸✳✶✸✳ ▲❡ SF6 ❛ 323 ✐♥2/♦❞✉✐2 ❞❛♥0 ❧❛

❋✐❣✳ ✸✳✶✸ ✕ ❙❝❤3♠❛ ❞✉ ❜✐❝♦✉❝❤❡ SF6✴❛✐/

❝❤❛♠❜/❡ ❞✬❡①♣3/✐❡♥❝❡ ❣/O❝❡ 8 ✉♥❡ ✜♥❡ 2✐❣❡ ❞❡ ♠32❛❧✱ 2/♦✉3❡ 8 2/♦✐0 ❡♥❞/♦✐20 ❞✐✛3/❡♥20✱ ❛✜♥

❞❡ ❧❛✐00❡/ ❞✐✛✉0❡/ ❧❡ ❣❛③ ✭✜❣✉/❡ ✸✳✶✹ ✮✳ ▲❡0 ❡♠♣❧❛❝❡♠❡♥20 ❞❡ ❝❡0 2/♦✉0 ❧♦/0 ❞✉ /❡♠♣❧✐00❛❣❡



✸✳✷ ❉✐%♣♦%✐(✐❢ ❡①♣,-✐♠❡♥(❛❧ ✶✵✺

❋✐❣✳ ✸✳✶✹ ✕ ❚✐❣❡ ♣❡*♠❡,,❛♥, ❧❵✐♥,*♦❞✉❝,✐♦♥ ❞✉ SF6

❞❡ ❧❛ ❝❤❛♠❜*❡ 7♦♥, ♣♦✐♥,87 7✉* ❧❛ ✜❣✉*❡ ✸✳✶✺✳ ;♦✉* 8✈✐,❡* =✉❡ ❧❡ SF6 ♥❡ ❞✐✛✉7❡ ❞❛♥7 ❧❛

❋✐❣✳ ✸✳✶✺ ✕ ❙❝❤8♠❛ ❞❡ ❧❛ ❝❤❛♠❜*❡ ❞✬❡①♣8*✐❡♥❝❡✳

❝❤❛♠❜*❡ ❜❛77❡ ♣*❡77✐♦♥✱ ♥♦✉7 ❛✈♦♥7 ♠✐7 ✉♥ ✜❧♠ ,*C7 ✜♥ ✭✶ µm ❞✬8♣❛✐77❡✉*✮ ❞❡ ▼②❧❛* ❡♥,*❡

❧❡7 ❝❤❛♠❜*❡7 ❞✬❡①♣8*✐❡♥❝❡ ❡, ❞❡ ❜❛77❡ ♣*❡77✐♦♥ ✭✜❣✉*❡7 ✸✳✶✻✮✳

❋✐❣✳ ✸✳✶✻ ✕ ❋✐❧♠ ❞❡ ▼②❧❛*

❈♦♠♠❡ ♥♦✉7 ✈♦✉❧✐♦♥7✱ ❡♥,*❡ ❛✉,*❡✱ ❝♦♠♣❛*❡* ❧❛ ✈✐,❡77❡ ❞✉ ❝❤♦❝ ❞❛♥7 ❧❡ ♠✐❧✐❡✉ ❤8,8*♦✲

❣C♥❡ ❡, ❞❛♥7 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣C♥❡ ❞❡ ❞❡♥7✐,8 8=✉✐✈❛❧❡♥,❡✱ ✐❧ ❛ ❢❛❧❧✉ 8❧❛❜♦*❡* ✉♥❡ ❝♦♥✜❣✉*❛,✐♦♥

❡①♣8*✐♠❡♥,❛❧❡ ♣♦✉* ❧❡7 ❞❡✉① ♠✐❧✐❡✉①✳ ◆♦✉7 ❛✈♦♥7 ❞✬❛❜♦*❞ ✐♥,*♦❞✉✐, ❧❡ SF6 ♣❡♥❞❛♥, ✺✵ 7

O ✉♥❡ ❣*❛❞✉❛,✐♦♥ ❛*❜✐,*❛✐*❡ ❞♦♥♥8❡ ✭❞8❜✐, ✼✮✳ ❆ ♣❛*,✐* ❞❡ ❝❡, 8,❛❧♦♥♥❛❣❡✱ ♥♦✉7 ❛✈♦♥7 ❢❛✐,

✈❛*✐❡* ❧❛ ❞✉*8❡ ❡, ❧❡ ❞8❜✐, ❞✬✐♥,*♦❞✉❝,✐♦♥ ❞✉ SF6✳ ;♦✉* ♦❜,❡♥✐* ✉♥ ♠8❧❛♥❣❡ ❤♦♠♦❣C♥❡✱ ✐❧ ❛



✶✵✻ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

 ♦✉ #✐♠♣❧❡♠❡♥ #✉✣ ❞✬✐♥ -♦❞✉✐-❡ ❧❡ SF6 ❡ ❞✬❛  ❡♥❞-❡✱ ❛✈❛♥ ❞❡ ❞1❝❧❡♥❝❤❡- ❧❡ ❝❤♦❝✱ ✉♥❡

4✉✐♥③❛✐♥❡ ❞❡ ♠✐♥✉ ❡#✱ 4✉❡ ❧❡ ❣❛③ ❞✐✛✉#❡ ✉♥✐❢♦-♠1♠❡♥ ❞❛♥# ❧✬❛✐-✳ ▲❛  ;❝❤❡ ❞1❧✐❝❛ ❡ ❛ 1 1

❞❡ ❝-1❡- ❞❡✉① ❝♦✉❝❤❡# ❞❡ ❣❛③ ♠❛❧❣-1 ❧❡ ♣❤1♥♦♠=♥❡ ❞❡ ❞✐✛✉#✐♦♥✳ ◆♦✉# ❛✈♦♥# ❞♦♥❝ ♣-♦❝1❞1

? ♣❧✉#✐❡✉-#  ✐-#✳ ❚♦✉ ❞✬❛❜♦-❞✱ ❛♣-=# ❛✈♦✐- ✐♥ -♦❞✉✐ ❧❡ ❣❛③ ❧♦✉-❞✱ ♥♦✉# ❛✈♦♥# ❛  ❡♥❞✉ ✶✽

❤❡✉-❡# ❛✈❛♥ ❞❡  ✐-❡-✱ 1♠❡  ❛♥ ❧✬❤②♣♦ ❤=#❡ 4✉❡ ❧❛ ❣-❛✈✐ 1 ♣♦✉--❛✐ ❞1❥♦✉❡- ❧❛ ❞✐✛✉#✐♦♥ ❡ 

4✉❡ ❧❡ SF6 #❡ #❡-❛✐ ❞1♣♦#1 ❛✉ ❢♦♥❞ ❞❡ ❧❛ ❝❤❛♠❜-❡ ❞✬❡①♣1-✐❡♥❝❡✳ ▼❛❧❤❡✉-❡✉#❡♠❡♥ ✱ ❧❡#

#✐❣♥❛✉① ❞❡# ❝❛♣ ❡✉-# ✻ ❡ ✹ ✭♣❧❛❝1# ❡♥ ❤❛✉ ❞✉  ✉❜❡✮ ❡ ✻✬ ❡ ✹✬ ✭❡♥ ❜❛#✮ #♦♥ ❡♥ ✈✐# ? ✈✐#

❞❡✉① ? ❞❡✉① ✭✜❣✉-❡ ✸✳✶✼✮ ❝❡ 4✉✐ #✐❣♥✐✜❡ 4✉❡ ❧❡ ❝❤♦❝ ❡# ♣❛-❢❛✐ ❡♠❡♥ ♣❧❛♥✱ #✐❣♥❛ ✉-❡ ❞✬✉♥

♠1❧❛♥❣❡ ❤♦♠♦❣=♥❡✳ ◆♦✉# ❛✈♦♥# ❛❧♦-# -❛❝❝♦✉-❝✐ ❧❡  ❡♠♣# ❞✬❛  ❡♥ ❡ ❡♥ -❡ ❧❡ -❡♠♣❧✐##❛❣❡ ❡ 

❧❡  ✐- ? ✺ ♠✐♥✉ ❡#✳ ▲❛ ✜❣✉-❡ ✸✳✶✽ ♥♦✉# ♠♦♥ -❡ 4✉❡ ❧❡ ❝❤♦❝ ❡# ❡♥❝♦-❡ ♣❧❛♥ ❡ ❞♦♥❝ 4✉❡ ❧✬❛✐-

❡ ❧❡ SF6 #✬1 ❛✐❡♥ ❞1❥? ♠1❧❛♥❣1#✳ ▲❛ ❞❡-♥✐=-❡ #♦❧✉ ✐♦♥ ❢O ❛❧♦-# ❞❡  ✐-❡- ✐♠♠1❞✐❛ ❡♠❡♥ 

❛♣-=# ❧❡ -❡♠♣❧✐##❛❣❡ ❡ ♥♦✉# ❛✈♦♥# ❛❧♦-# ♦❜#❡-✈1 ✉♥ ❞1❝❛❧❛❣❡ ❞❛♥# ❧❡  ❡♠♣# ❞❡# #✐❣♥❛✉①

❞❡ ♣-❡##✐♦♥ 1♠✐# ♣❛- ❧❡# ❝❛♣ ❡✉-# ❤❛✉ ❡ ❜❛# ✭✜❣✉-❡ ✸✳✶✾✮✳ ◆♦✉# ❛✈♦♥# ❡♥#✉✐ ❡ ❢❛✐ ✈❛-✐❡-

❋✐❣✳ ✸✳✶✼ ✕ ❚✐- ✶✽ ❤❡✉-❡# ❛♣-=# -❡♠♣❧✐##❛❣❡

❋✐❣✳ ✸✳✶✽ ✕ ❚✐- ✺ ♠✐♥✉ ❡# ❛♣-=# -❡♠♣❧✐##❛❣❡

✉♥ ❛✉ -❡ ♣❛-❛♠= -❡ ✿ ❧❡  ❡♠♣# ❞✬✐♥ -♦❞✉❝ ✐♦♥ ❞✉ SF6 ❞❛♥# ❧❛ ❝❤❛♠❜-❡ ❞✬❡①♣1-✐❡♥❝❡ ❛✜♥

❞✬♦❜ ❡♥✐- ❞✐✛1-❡♥ ❡# 1♣❛✐##❡✉-# ❞❡ ❣❛③ ❧♦✉-❞✳ ◆♦✉# ❛✈♦♥# ❡##❛②1 ✷✺✱ ✺✵ ❡ ✼✵ #✳ ▲❛ ❞✉-1❡



✸✳✷ ❉✐%♣♦%✐(✐❢ ❡①♣,-✐♠❡♥(❛❧ ✶✵✼

❋✐❣✳ ✸✳✶✾ ✕ ❚✐' ❡✛❡❝+✉- ✐♠♠-❞✐❛+❡♠❡♥+ ❛♣'34 ❧❡ '❡♠♣❧✐44❛❣❡

❞✬✐♥+'♦❞✉❝+✐♦♥ ❞❡ ✷✺ 4 ❢<+ +'♦♣ ❝♦✉'+❡ ♣♦✉' ❛✈♦✐' ❛44❡③ ❞❡ SF6✱ ❝❡❧❧❡ ❞❡ ✼✺ 4 +'♦♣ ❧♦♥❣✉❡✳

❊♥ ❡✛❡+✱ ❧❡4 ❣❛③ ❝♦♠♠❡♥B❛✐❡♥+ ❞-❥D D ❜✐❡♥ 4❡ ♠-❧❛♥❣❡'✳ ❆✐♥4✐✱ ❧❛ ❞✉'-❡ ❞✬✐♥+'♦❞✉❝+✐♦♥

♦♣+✐♠❛❧❡ ❛ -+- ❡4+✐♠-❡ D ✺✵ 4✳ ▲❡ ❞❡'♥✐❡' ♣❛'❛♠3+'❡ D '-❣❧❡' ❢<+ ❧❡ ❞-❜✐+ ❞✬✐♥+'♦❞✉❝+✐♦♥ ❞✉

❣❛③ ❧♦✉'❞✳ ❚'♦✐4 ❣'❛❞✉❛+✐♦♥4 ❞❡ ❞-❜✐+ ♦♥+ -+- +❡4+-❡4 ❡+ ❧✬✐♥+❡'❢❛❝❡ ❧❛ ♣❧✉4 ♣'-❝✐4❡ ❡♥+'❡ ❧❡4

❞❡✉① ❝♦✉❝❤❡4 ❞❡ ❣❛③ ❢<+ ♦❜+❡♥✉❡ ❛✈❡❝ ❧❡ ❞-❜✐+ ❧❡ ♣❧✉4 ❧❡♥+ ✭❣'❛❞✉❛+✐♦♥ ✸✮✳

✸✳✷✳✹ $❛&&❛❣❡ ❞✉ ❝❤♦❝ ❞❛♥& ❧❡ 0✉❜❡ ✿ ♥♦0❛0✐♦♥& ❡0 ❝♦♥✈❡♥0✐♦♥&

❉❛♥4 ❧❡ ❝❛❞'❡ ❞❡ ❧✬❛♥❛❧②4❡ ❞❡ ❧✬❡①♣-'✐❡♥❝❡✱ ♥♦✉4 ♥♦✉4 4♦♠♠❡4 ✐♥+-'❡44-4 D +'♦✐4 4✐+✉❛+✐♦♥4

❞✐✛-'❡♥+❡4✱ ❝♦''❡4♣♦♥❞❛♥+ D +'♦✐4 ♣♦4✐+✐♦♥4 ❞✉ ❢'♦♥+ ❞❡ ❝❤♦❝ ❧♦'4 ❞❡ 4♦♥ ♣❛44❛❣❡ ❞❛♥4 ❧❡ +✉❜❡✳

◆♦✉4 ❛❧❧♦♥4 ✐❝✐ ❞-❝'✐'❡ ❝❡4 ❝♦♥✜❣✉'❛+✐♦♥4 ❡♥ ❡①♣❧✐❝✐+❛♥+ ❧❡4 ♥♦+❛+✐♦♥4 ❡+ ❝♦♥✈❡♥+✐♦♥4 ❛❞♦♣+-❡4

❞❛♥4 ❧❛ 4✉✐+❡ ❞✉ ♠❛♥✉4❝'✐+✳ ◆♦✉4 ❛♣♣❡❧♦♥4 Di ❧❛ ✈✐+❡44❡ ❞✉ ❝❤♦❝ Q✉✐ ❞-❜♦✉❝❤❡ ❞❛♥4 ❧❡ ♠✐❧✐❡✉

i✱ ❧❛✐44❛♥+ ❞❡''✐3'❡ ❧✉✐ ❧❡ ♠✐❧✐❡✉ i + 1✳ ▲❛ ♣'❡♠✐3'❡ 4✐+✉❛+✐♦♥ ✭✜❣✉'❡ ✸✳✷✵✳❛✮ ❝♦''❡4♣♦♥❞ D

❝❡❧❧❡ ❞✉ ❝❤♦❝ Q✉✐ 4❡ ♣'♦♣❛❣❡ ❡♥❝♦'❡ ❞❛♥4 ❧✬❛✐' ❞❡ ❧❛ ❝❤❛♠❜'❡ ❜❛44❡ ♣'❡44✐♦♥✳ ▲❛ 4❡❝♦♥❞❡

4✐+✉❛+✐♦♥ ✭✜❣✉'❡ ✸✳✷✵✳❜✮ ❝♦''❡4♣♦♥❞ D ❧❛ ♣'♦♣❛❣❛+✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥4 ❧❛ ❝❤❛♠❜'❡ ❞✬❡①♣-'✐❡♥❝❡✳

❯♥ ❝❤♦❝ '-✢-❝❤✐ 4✉' ❧❡ ▼②❧❛' -✈♦❧✉❡ ❡♥ 4❡♥4 ✐♥✈❡'4❡ ❞❛♥4 ❧❛ ❝❤❛♠❜'❡ ❜❛44❡ ♣'❡44✐♦♥✳ ❊♥✜♥✱

❧❡ +'♦✐4✐3♠❡ ❝❛4 ❝♦''❡4♣♦♥❞ D ❧❛ ♣'♦♣❛❣❛+✐♦♥ ❞✉ ❝❤♦❝ '❡+♦✉' ❞❛♥4 ❧❛ ❝❤❛♠❜'❡ ❞✬❡①♣-'✐❡♥❝❡

❛♣'34 '-✢❡①✐♦♥ 4✉' ❧❡ ❢♦♥❞ ❞✉ +✉❜❡✳ ◗✉❛♥❞ ❧❡ ❝❤♦❝ 4❡ ♣'♦♣❛❣❡ ❞✉ ♠✐❧✐❡✉ i ❛✉ ♠✐❧✐❡✉ i+1✱ ✐❧
✈-'✐✜❡ ❧❡ 4②4+3♠❡ ❞✬-Q✉❛+✐♦♥4 ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦+ ❝❧❛44✐Q✉❡4✱ ❛✈❡❝ '❡4♣❡❝+✐✈❡♠❡♥+ uα✱ ρα✱

Pα✱ γ✱ ❧❛ ✈✐+❡44❡ ✢✉✐❞❡✱ ❧❛ ❞❡♥4✐+-✱ ❧❛ ♣'❡44✐♦♥ ❡+ ❧❡ ❝♦❡✣❝✐❡♥+ ❛❞✐❛❜❛+✐Q✉❡ ❞❛♥4 ❧❡ ♠✐❧✐❡✉ α
❡+ Dα ❧❛ ✈✐+❡44❡ ❞✉ ❝❤♦❝ ❞-❜♦✉❝❤❛♥+ ❞❛♥4 ❧❡ ♠✐❧✐❡✉ α ✿

ρi+1(ui+1 −Di)− ρi(ui −Di) = 0 ✭✸✳✹✮

ρi+1(ui+1 −Di)
2 + Pi+1 − ρi(ui −Di)

2 − Pi = 0 ✭✸✳✺✮

(ui+1 −Di)
(
1
2ρi+1(ui+1 −Di)

2 + γ
γ−1Pi+1

)
− ✭✸✳✻✮

(ui −Di)
(
1
2ρi(ui −Di)

2 + γ
γ−1Pi

)
= 0 ✭✸✳✼✮

✭✸✳✽✮

❉❛♥4 ❧❡ 4②4+3♠❡ ❞✬-Q✉❛+✐♦♥ ✭✸✳✹✮✱ α ❡4+ '❡♠♣❧❛❝- ♣❛' i ♦✉ i+ 1✳



✶✵✽ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

❋✐❣✳ ✸✳✷✵ ✕ ❉❡ ❤❛✉* ❡♥ ❜❛- ✿ ♣0❡♠✐30❡✱ ❞❡✉①✐3♠❡ ❡* *0♦✐-✐3♠❡ ♣♦-✐*✐♦♥- ❞✉ ❢0♦♥* ❞❡ ❝❤♦❝

❧♦0- ❞❡ -♦♥ ♣❛--❛❣❡ ❞❛♥- ❧❡ *✉❜❡ < ❝❤♦❝✳

✸✳✷✳✺ ▼❡&✉(❡ ❞❡& ✈✐,❡&&❡& ❡, ♣(❡&&✐♦♥&

❊♥✜♥✱ ♥♦*0❡ ♦❜❥❡❝*✐❢ @*❛♥* ❞❡ ❝❛❧❝✉❧❡0 ❡* ❝♦♠♣❛0❡0 ❡①♣@0✐♠❡♥*❛❧❡♠❡♥* ❞❡- ✈✐*❡--❡- ❞❡

❝❤♦❝✱ ♥♦✉- ❞♦♥♥♦♥- ✐❝✐ ❧❛ ♠@*❤♦❞❡ ✉*✐❧✐-@❡ ♣♦✉0 ❡♥ ♦❜*❡♥✐0 ❧❡- ✈❛❧❡✉0-✳ ▲❡- ♠❡-✉0❡- ❞❡

♣0❡--✐♦♥ ♥♦✉- ♣❡0♠❡**❡♥* @❣❛❧❡♠❡♥* ❞❡ ❝♦♠♣❧@*❡0 ♥♦*0❡ @*✉❞❡✳ ❈✬❡-* ♣♦✉0E✉♦✐ ♥♦✉- ❛✈♦♥-

❞F @*❛❧♦♥♥❡0 ❝❡- ❝❛♣*❡✉0- ❞❡ ♣0❡--✐♦♥ 0@❢@0❡♥❝✐@- PCB113A26✳

❱✐.❡,,❡,

❈♦♥♥❛✐--❛♥* ❧❛ ❞✐-*❛♥❝❡ ❡♥*0❡ *♦✉- ❧❡- ❝❛♣*❡✉0- ❞❡ ♣0❡--✐♦♥✱ ❡* ❧❡ *❡♠♣- E✉❡ ♠❡* ❧❡ ❝❤♦❝

< ♣❛0❝♦✉0✐0 ❝❡- ❞✐-*❛♥❝❡-✱ ❣0G❝❡ ❛✉① -✐❣♥❛✉① ❞♦♥♥@- ♣❛0 ❧✬♦-❝✐❧❧♦-❝♦♣❡✱ ❧❡- ✈✐*❡--❡- ❞❡- ❝❤♦❝-

❞❛♥- ❧❛ ❝❤❛♠❜0❡ ❜❛--❡ ♣0❡--✐♦♥ ✭❝❛♣*❡✉0- ✽ ❡* ✼✮ ❡* ❞❛♥- ❧❛ ❝❤❛♠❜0❡ ❞✬❡①♣@0✐❡♥❝❡ ✭❝❛♣*❡✉0-

✻ ❡* ✹✮ -♦♥* ❛✐-@♠❡♥* ❝❛❧❝✉❧❛❜❧❡-✱ ❛✈❡❝ ✉♥❡ ♣0@❝✐-✐♦♥ ❞❡ ❧✬♦0❞0❡ ❞❡ E✉❡❧E✉❡- ♠✐❧❧✐♠3*0❡- ♣❛0

-❡❝♦♥❞❡✳

4'❡,,✐♦♥,

▲❡- ❝❛♣*❡✉0- *0❛♥-❢♦0♠❡♥* ❧❡- -❛✉*- ❞❡ ♣0❡--✐♦♥ ❡♥ ❞❡- ❞✐✛@0❡♥❝❡- ❞❡ ♣♦*❡♥*✐❡❧ @❧❡❝*0✐E✉❡

❡♥✈♦②@❡- < ❧✬♦-❝✐❧❧♦-❝♦♣❡✳ ❆✜♥ ❞❡ 0❡✈❡♥✐0 < ❧✬@❝❛0* ❞❡ ♣0❡--✐♦♥ E✉✬✐❧- ❞@*❡❝*❡♥*✱ ❧❡- ❝❛♣*❡✉0-

❞♦✐✈❡♥* Q*0❡ ❝❛❧✐❜0@-✳ ❊♥ -❡ ♣❧❛❝❛♥* ❞❛♥- ❧❛ ♣0❡♠✐30❡ ♣♦-✐*✐♦♥ ❞✉ ❢0♦♥* ❞❡ ❝❤♦❝ ✭✜❣✉0❡

✸✳✷✵✳❛✮✱ ♥♦✉- ❞@❞✉✐-♦♥-✱ ❛✈❡❝ i❂✶✱ ❡* u1 = 0✱ ❧❡ 0❛♣♣♦0* ❞❡ ♣0❡--✐♦♥

P2
P1

✭❡E✉❛*✐♦♥ ✭✸✳✾✮✮

-✉✐✈❛♥* ✿

P2
P1

=
2γM2 − γ + 1

γ + 1
, ✭✸✳✾✮

❛✈❡❝ M ❧❡ ♥♦♠❜0❡ ❞❡ ▼❛❝❤ ❞❛♥- ❧✬❛✐0✱ M❂

D1
Cs

✱ Cs ❡" γ #"❛♥" &❡'♣❡❝"✐✈❡♠❡♥" ❧❛ ✈✐"❡''❡

❞✉ '♦♥ ❞❛♥' ❧✬❛✐& ❡" '♦♥ ❝♦❡✣❝✐❡♥" ❛❞✐❛❜❛"✐4✉❡✳ ❆ ♣❛&"✐& ❞❡' '✐❣♥❛✉① ❞❡' ❝❛♣"❡✉&'✱ D1 ❡'"

❞#"❡&♠✐♥#❡✳ ❊♥ ♣&❡♥❛♥" Cs❂343 ♠✴' ❞❛♥' ❧✬❛✐&✱ < "❡♠♣#&❛"✉&❡ ❛♠❜✐❛♥"❡ ❡" < ❧❛ ♣&❡''✐♦♥

❛"♠♦'♣❤#&✐4✉❡✱ M ❡'" ❝❛❧❝✉❧#✳ ❖♥ ✜①❡ P1❂10
5

@❛ ❞❛♥' "♦✉"❡' ❧❡' ❡①♣#&✐❡♥❝❡' ❡" γ❂1, 4 ❞❛♥'

❧✬❛✐&✳ ❖♥ ❡♥ ❞#❞✉✐"✱ ♣♦✉& ❝❤❛4✉❡ "✐& ❞❛♥' ❧✬❛✐&✱ ❧❛ ✈❛❧❡✉& ❞❡ P2✳ ▲❛ ❞✐✛#&❡♥❝❡ ❞❡ "❡♥'✐♦♥ ∆V
❞♦♥♥#❡ ♣❛& ❧❡' ❝❛♣"❡✉&' ❝♦&&❡'♣♦♥❞ < ❧✬#❝❛&" ❞❡ ♣&❡''✐♦♥ ∆P = P2−P1✳ ▲❡' ❝♦❡✣❝✐❡♥"' ❞❡

❝❛❧✐❜&❛"✐♦♥ ❞❡' ❞#"❡❝"❡✉&' '♦♥" ❛✐♥'✐ ♦❜"❡♥✉' ❛✈❡❝ ✉♥❡ ✐♥❝❡&"✐"✉❞❡ ❞❡ ✵✱✸ ❜❛&✴✈♦❧" ✭"❛❜❧❡❛✉

✸✳✷✶✮✳



✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉① ✶✵✾

❋✐❣✳ ✸✳✷✶ ✕ ❈♦❡✣❝✐❡♥,- ❞❡ ❝❛❧✐❜2❛,✐♦♥ ❞❡- ❝❛♣,❡✉2- ❞❡ ♣2❡--✐♦♥

✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉①

◆♦✉- ❝❧❛--✐✜♦♥- ❧❡- 27-✉❧,❛,- ❡♥ ,2♦✐- ♣❛2,✐❡-✳ ◆♦✉- ❝♦♠♠❡♥❝♦♥- ♣❛2 ❧✬❛♥❛❧②-❡ ❞❡- ❝❛-

❤♦♠♦❣=♥❡- ❡, ❡♥ ,✐2♦♥- ❧❡- ✐♥❢♦2♠❛,✐♦♥- ♥7❝❡--❛✐2❡- ? ❧❛ -✉✐,❡ ❞❡ ❧✬7,✉❞❡✳ ❊♥-✉✐,❡✱ ✉♥❡ ❛,✲

,❡♥,✐♦♥ ♣❛2,✐❝✉❧✐=2❡ ❡-, ♣♦2,7❡ -✉2 ❧❡- ,✐2- ❞❛♥- ❧❡ ❜✐❝♦✉❝❤❡ ❡, ❧❡- ♣❤7♥♦♠=♥❡- ❞❡ 27❢2❛❝,✐♦♥

♦❜-❡2✈7-✳ ❊♥✜♥✱ ❧❛ ❝♦♠♣❛2❛✐-♦♥ ❞❡- ✈✐,❡--❡- ❞❡ ❝❤♦❝ ❞❛♥- ❧❡ ❜✐❝♦✉❝❤❡ ❡, ❧❡ ♠7❧❛♥❣❡ ❤♦♠♦✲

❣=♥❡ ❝♦♥-,✐,✉❡ ❧❡ 27-✉❧,❛, ❧❡ ♣❧✉- ✐♠♣♦2,❛♥, ❞❡ ❝❡ ❝❤❛♣✐,2❡✱ ❛✐♥-✐ D✉✬✉♥❡ ❝♦♥✜2♠❛,✐♦♥ ❞❡

❧✬❡♥-❡♠❜❧❡ ❞❡- 27-✉❧,❛,- ♥✉♠72✐D✉❡- ♦❜,❡♥✉- ❛♥,72✐❡✉2❡♠❡♥, ❡, ❞❛♥- ❝❡,,❡ ,❤=-❡✳

✸✳✸✳✶ ▼✐❧✐❡✉ ❤♦♠♦❣,♥❡

◆♦✉- 2❛♣♣❡❧♦♥- D✉❡ ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣=♥❡ ❡-, ♦❜,❡♥✉ ♣❛2 ❞✐✛✉-✐♦♥ ❞✉ SF6 ❞❛♥- ❧✬❛✐2✱

♣❡♥❞❛♥, ✉♥❡ ✈✐♥❣,❛✐♥❡ ❞❡ ♠✐♥✉,❡- ❛♣2=- ❧❡ 2❡♠♣❧✐--❛❣❡ ❞❡ ❧❛ ❝❤❛♠❜2❡ ❞✬❡①♣72✐❡♥❝❡✳

❉#♣♦✉✐❧❧❡♠❡♥'

▲❡- ,✐2- ❡✛❡❝,✉7- ❞❛♥- ❧❡ ♠7❧❛♥❣❡ -♦♥, 27♣❡2,♦2✐7- ❞❛♥- ❧❡ ,❛❜❧❡❛✉ ✸✳✷✷✳ ■❧- ❞✐✛=2❡♥, ❧❡-

✉♥- ❞❡- ❛✉,2❡- ♣❛2 ❧❡ ,❡♠♣- ❡, ❧❡ ❞7❜✐, ❞✬✐♥,2♦❞✉❝,✐♦♥ ❞✉ SF6 ❞❛♥- ❧❛ ❝❤❛♠❜2❡ ❞✬❡①♣72✐❡♥❝❡

❛✐♥-✐ D✉❡ ❧❡ ♥♦♠❜2❡ ❞❡ ▼❛❝❤ ❞✉ ❝❤♦❝ ✐♥❝✐❞❡♥, ❞❛♥- ❧❛ ❝❤❛♠❜2❡ ❜❛--❡ ♣2❡--✐♦♥✳ ▲❡- ✈❛❧❡✉2-

❞❡- ✈✐,❡--❡- ❡, ♣2❡--✐♦♥- -♦♥, ♣27❝✐-❡- ? ✸ % ♣2=-✳ ◆♦✉- ❝♦♥-,❛,♦♥- ✉♥ -❛✉, ❞❡ ♣2❡--✐♦♥

❧♦2-D✉❡ ❧❡ ❝❤♦❝ ❞7❜♦✉❝❤❡ ❞❡ ❧✬❛✐2 ❞❛♥- ❧❡ ♠7❧❛♥❣❡ ✭P5 > P2✮✳ ❈❡❝✐ ❡-, ❞L ❛✉ -❛✉, ❞❡ ❞❡♥-✐,7

❡♥,2❡ ❧✬❛✐2 ❡, ❧❡ ♠7❧❛♥❣❡ ✭ρ4 > ρ2✮✳ ❙✉2 ❧❛ ♣❤♦,♦ ✸✳✷✸✱ ♦♥ ✈♦✐, ❧❡ ❝❤♦❝ D✉✐ -❡ ♣2♦♣❛❣❡ ❞❡ ❧❛

❣❛✉❝❤❡ ✈❡2- ❧❛ ❞2♦✐,❡ ❞❛♥- ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣=♥❡✳ ❖♥ 2❡♠❛2D✉❡ D✉✬✐❧ ❡-, -✉✐✈✐ ❞✉ ▼②❧❛2✳ ▲❛

❜❛♥❞❡ ❢♦♥❝7❡ ❡, ♣❧✉- 7♣❛✐--❡ D✉❡ ❧✬♦♥ ❛♣❡2O♦✐, ? ❞2♦✐,❡ ❝♦22❡-♣♦♥❞ ? ❧❛ -✉♣❡2♣♦-✐,✐♦♥ ❞❡-

❞❡✉① ❢❡✉✐❧❧❡- ❞❡ ♣❛♣✐❡2 ❝❛❧D✉❡ ♣❡2♠❡,,❛♥, ❧❛ ✈✐-✉❛❧✐-❛,✐♦♥ ♣❛2 ♦♠❜2♦-❝♦♣✐❡✳ ▲❡ ❢2♦♥, ❞❡ ❝❤♦❝

-❡ ♣2♦♣❛❣❡ ❜✐❡♥ ❞2♦✐,✱ ❧❡ ♠7❧❛♥❣❡ ♦❜,❡♥✉ ♣❛2 ❞✐✛✉-✐♦♥ ❞✉ SF6 ❡-, ❞♦♥❝ ❜✐❡♥ ❤♦♠♦❣=♥❡✳

◆♦✉- ❛✈♦♥- ✈72✐✜7 ❧❛ -,❛,✐♦♥♥❛2✐,7 ❞✉ ❢2♦♥, ❞❡ ❝❤♦❝ ❛✐♥-✐ D✉❡ ❞✉ ▼②❧❛2✱ ❡♥ ♠❡-✉2❛♥,

♠✐♥✉,✐❡✉-❡♠❡♥, ❧❡- ♣♦-✐,✐♦♥- ❞❡ ❧✬✉♥ ❡, ❞❡ ❧✬❛✉,2❡ -✉2 ,♦✉,❡- ❧❡- ✐♠❛❣❡- ❞❡ ❝❤❛D✉❡ ,✐2✳ ❖♥

❝♦♥-,❛,❡✱ -✉2 ❧❛ ✜❣✉2❡ ✸✳✷✹✱ D✉❡ ❧❡- ✈✐,❡--❡- 7✈♦❧✉❡♥, ❜✐❡♥ ❞❡ ♠❛♥✐=2❡ -,❛,✐♦♥♥❛✐2❡✳ ◆♦✉-

♣♦✉✈♦♥- ❞♦♥❝ ♣♦✉2-✉✐✈2❡ ♥♦,2❡ ❛♥❛❧②-❡✳

❉✐✛#,❡♥'❡$ ♠#'❤♦❞❡$ ❞❡ ❝❛❧❝✉❧ ❞❡ γmelange ❡' ρmelange

▲❛ -✉✐,❡ ❞❡ ❧✬7,✉❞❡ ❝♦♥-✐-,❡ ❡♥ ❧❛ ❞7,❡2♠✐♥❛,✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥, ❛❞✐❛❜❛,✐D✉❡✱ γ4 = γmelange✱

❡, ❞❡ ❧❛ ❞❡♥-✐,7 ♠♦②❡♥♥❡ ❞✉ ♠7❧❛♥❣❡ ❞❡- ❞❡✉① ❣❛③✱ ρ4 = ρmelange✱ ❞❡ ❝♦❡✣❝✐❡♥,- ❛❞✐❛❜❛✲

,✐D✉❡- ❡, ❞❡♥-✐,7- ❞✐✛72❡♥,❡-✱ SF6 ❡, ❛✐2✱ ❛✈❛♥, ❧❡ ♣❛--❛❣❡ ❞✉ ❝❤♦❝✳ ❈❡- ❞♦♥♥7❡- ♥♦✉-
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❋✐❣✳ ✸✳✷✷ ✕ ❈❛& ❤♦♠♦❣+♥❡&

❋✐❣✳ ✸✳✷✸ ✕ ▼②❧❛1 ❡2 ❢1♦♥2 ❞❡ ❝❤♦❝ ❞❛♥& ❧❡ ♠6❧❛♥❣❡ ♣♦✉1 ❧❡ 2✐1 ◆

◦
✾

&❡1✈✐1♦♥2 = ❝♦♠♣❛1❡1 ✉❧261✐❡✉1❡♠❡♥2 ❝❡& ❡①♣61✐❡♥❝❡& = ❞❡& 16&✉❧2❛2& ❞❡ &✐♠✉❧❛2✐♦♥&✳ ◆♦✉&

❡①♣♦&♦♥& ❧❡& 21♦✐& ♠62❤♦❞❡& ❡♥✈✐&❛❣6❡& ♣♦✉1 ❧✬♦❜2❡♥2✐♦♥ ❞❡ ❝❡& ❞♦♥♥6❡&✱ = ♣❛12✐1 ❞❡& 16✲

&✉❧2❛2& ❡①♣61✐♠❡♥2❛✉① ❡2 ❞❡& 6C✉❛2✐♦♥& ❤②❞1♦❞②♥❛♠✐C✉❡&✳ D✉✐& ✉♥❡ 16&♦❧✉2✐♦♥ ❛♥❛❧②2✐C✉❡

❞✬6C✉❛2✐♦♥& 2❤❡1♠♦❞②♥❛♠✐C✉❡& ❡&2 ♣16&❡♥26❡✳

❯-✐❧✐+❛-✐♦♥ ❞❡ ❧❛ ✈✐-❡++❡ ❞✉ ▼②❧❛&

❉❛♥& ✉♥ ♣1❡♠✐❡1 2❡♠♣&✱ ♥♦✉& ❛✈♦♥& 16&♦❧✉ ❧❡& 6C✉❛2✐♦♥& ❤②❞1♦❞②♥❛♠✐C✉❡& ❡♥21❡ ❧❡&

♠✐❧✐❡✉① ✹ ❡2 ✺✱ ❢♦1♠6& ❧♦1&C✉❡ ❧❡ ❢1♦♥2 ❞✉ ❝❤♦❝ &❡ 21♦✉✈❡ ❞❛♥& &❛ ❞❡✉①✐+♠❡ ♣♦&✐2✐♦♥ ✭✜❣✉1❡



✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉① ✶✶✶

❋✐❣✳ ✸✳✷✹ ✕ ❙&❛&✐♦♥♥❛+✐&, ❞❡/ ✈✐&❡//❡/ ❞✉ ❢+♦♥& ❞❡ ❝❤♦❝ ❡& ❞❡/ ❝5&,/ ❣❛✉❝❤❡ ❡& ❞+♦✐& ❞✉

▼②❧❛+ ♣♦✉+ ❧❡ &✐+ ◆

◦
✾

✸✳✷✵✳❜✮✳ ◆♦✉/ ❛✈♦♥/ ♦❜&❡♥✉ ♣♦✉+ γmelange ❡& ρmelange✱ ❧❡/ +❡❧❛&✐♦♥/ ✸✳✶✵ ❛♥❞ ✸✳✶✶✳

γmelange =
2D2

4 − u5D4

2 P4
ρmelange

+ u5D4

✭✸✳✶✵✮

ρmelange =
−(D4(P4 − P5) + u5P4) +

√
u25P

2
4 +D4(P4 − P5)(D4(P4 − P5)− 2u5P4)

2u5D2
4

✭✸✳✶✶✮

❛✈❡❝ P4❂10
5
D❛✳ ❊♥ ❝♦♥/✐❞,+❛♥& F✉❡ ❧❛ ✈✐&❡//❡ ✢✉✐❞❡ u5 ❡/& ❞♦♥♥,❡ ♣❛+ ❧❛ ♠❡/✉+❡ ❞❡ ❧❛

✈✐&❡//❡ ❞✉ ▼②❧❛+✱ ❡& ❡♥ ✉&✐❧✐/❛♥& ❧❡/ ♠❡/✉+❡/ ❞❡ ♣+❡//✐♦♥ ❞❡++✐I+❡ ❧❡ ❝❤♦❝✱ ♥♦✉/ ♣♦✉✈♦♥/

❞,❞✉✐+❡ ❧❡/ ✈❛❧❡✉+/ ❞❡ γmelange ❡& ❞❡ ρmelange ♣♦✉+ ❝❤❛F✉❡ &✐+✳ ▲❛ ✜❣✉+❡ ✸✳✷✺ +❡♣+,/❡♥&❡ ❧❛

✈❛+✐❛&✐♦♥ ❞❡ γmelange ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ρmelange ♦❜&❡♥✉❡ M ♣❛+&✐+ ❞❡ ❞♦♥♥,❡/ ❡①♣,+✐♠❡♥&❛❧❡/ ❡&

❝♦♠♣❛+,❡ M ❞❡✉① ♠,&❤♦❞❡/ ❞✬❡/&✐♠❛&✐♦♥ ❞✐✛,+❡♥&❡/ ✿ ✉♥❡ ♠,&❤♦❞❡ ❛+❜✐&+❛✐+❡ ❞❡ +,❣+❡//✐♦♥

❧✐♥,❛✐+❡ ✭,F✉❛&✐♦♥ ✸✳✶✷✮ ❡& ✉♥❡ ♠,&❤♦❞❡ ✉&✐❧✐/,❡ ♣❛+ ❉✐❛/ et al. ❞❛♥/ ❧❡/ +,❢,+❡♥❝❡/ ❬✶✻✱ ✶✼❪✳
■❧/ ♠♦❞,❧✐/❡♥& ✉♥ ♠,❧❛♥❣❡ ❛✐+✴❡❛✉ ❞✬✉♥❡ ♠❛♥✐I+❡ ❜✐✢✉✐❞❡✱ ❧❡/ ❞❡✉① ✢✉✐❞❡/ /❡ ❞,♣❧❛Y❛♥& M

❧❛ ♠Z♠❡ ✈✐&❡//❡✳ ■❧/ ,&✉❞✐❡♥& ❧❡/ ♣+♦♣+✐,&,/ ❞❡ ❝❡ ♠,❧❛♥❣❡✱ ❞♦♥& ❧❛ ✈✐&❡//❡ ❞✉ /♦♥ F✉✐✱ M

♣❛+&✐+ ❞❡/ ❧♦✐/ ❞❡ ❝♦♥/❡+✈❛&✐♦♥✱ /✉✐& ✉♥❡ ❧♦✐ ❤❛+♠♦♥✐F✉❡✳ ◆♦✉/ &+❛♥/❢♦+♠♦♥/ ❧❛ +❡❧❛&✐♦♥ F✉✬✐❧/

♦♥& &+♦✉✈, ♣♦✉+ ❧❛ ✈✐&❡//❡ ❞✉ /♦♥ ❞❡ ♠❛♥✐I+❡ M ❢❛✐+❡ ❛♣♣❛+❛[&+❡ ❧❡ ❝♦❡✣❝✐❡♥& ❛❞✐❛❜❛&✐F✉❡

✭,F✉❛&✐♦♥ ✸✳✶✸✮✳

γarithmetique = (1− ξ)γair + ξγSF6 ✭✸✳✶✷✮

1

γharmonique
=
1− ξ

γair
+

ξ

γSF6
✭✸✳✶✸✮

▲❡/ &✐+/ ✶✽✱ ✷✷✱ ✷✼ ❡& ✷✾ ✭&❛❜❧❡❛✉ ✸✳✷✷✮ ♣+,/❡♥&❛♥& ❧❡/ ♠Z♠❡/ ❝♦♥❞✐&✐♦♥/ ❞✬✐♥&+♦❞✉❝&✐♦♥

❞❡ SF6 ✭&❡♠♣/ ❡& ❞,❜✐&✮✱ ❧❡/ ❞❡♥/✐&,/ ❡& ❝♦❡✣❝✐❡♥&/ ❛❞✐❛❜❛&✐F✉❡/ ❞✉ ♠,❧❛♥❣❡ ❞❡✈+❛✐❡♥&

Z&+❡ ❧❡/ ♠Z♠❡/ ❞✬✉♥ &✐+ M ❧✬❛✉&+❡✳ ❖+✱ ♦♥ ♦❜/❡+✈❡ ✉♥❡ ✐♠♣♦+&❛♥&❡ ❞✐/♣❡+/✐♦♥ ❞❡ ❝❡/ ✈❛❧❡✉+/

♣♦✉+ ❧❛F✉❡❧❧❡ ♥♦✉/ ♥✬❛✈♦♥/ ♣❛/ ❞✬❡①♣❧✐❝❛&✐♦♥✳ ❙✉+ ❧❛ ✜❣✉+❡ ✸✳✷✺✱ ✉♥ /❡✉❧ ♣♦✐♥& +❡♣+,/❡♥&❡

❝❡/ F✉❛&+❡/ &✐+/✱ ♦❜&❡♥✉ ♣❛+ ♠♦②❡♥♥❡ ❛+✐&❤♠,&✐F✉❡ ❞❡/ F✉❛&+❡ ρmelange ❡& γmelange✱ ❧❡/
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❋✐❣✳ ✸✳✷✺ ✕ γmelange ❡①♣()✐♠❡♥-❛❧✱ ♠♦②❡♥♥❡3 ❤❛)♠♦♥✐5✉❡3 ❡- ❛)✐-❤♠(-✐5✉❡3

❜❛))❡3 ❞✬❡))❡✉) ❤♦)✐③♦♥-❛❧❡3 ❡- ✈❡)-✐❝❛❧❡3 )❡♣)(3❡♥-❡♥- ❧❛ ❞✐3♣❡)3✐♦♥ ❡♥-)❡ ❝❡3 ✈❛❧❡✉)3✳ ▲❡3

❡①-)❡♠❛ ❞❡3 ❜❛))❡3 ❞✬❡))❡✉) ❝♦))❡3♣♦♥❞❡♥- ❛✉① ✈❛❧❡✉)3 ♠✐♥✐♠❛❧❡3 ❡- ♠❛①✐♠❛❧❡3 ❞❡ ρmelange

❡- γmelange ❞❡ ❧✬❡♥3❡♠❜❧❡ ❞❡3 5✉❛-)❡ -✐)3✳

❯-✐❧✐+❛-✐♦♥ ❞❡+ ❞♦♥♥%❡+ ❞✉ ❝❤♦❝ &❡-♦✉&

◆♦✉3 ❛✈♦♥3 ❡33❛②( ✉♥❡ ❛✉-)❡ ♠(-❤♦❞❡ ♣♦✉) ❝❛❧❝✉❧❡) γmelange ❡- ρmelange✳ ◆♦✉3 ❛✈♦♥3

❝♦♠❜✐♥( ❞❡✉① 3②3-?♠❡3 ❞✬(5✉❛-✐♦♥3 ✢✉✐❞❡3 ✿ ❡♥-)❡ ❧❡3 ♠✐❧✐❡✉① ✺ ❡- ✹ ❞✉ 3❡❝♦♥❞ 3❝❤(♠❛ ❡-

❧❡3 ♠✐❧✐❡✉① ✻ ❡- ✺ ❞✉ -)♦✐3✐?♠❡ 3❝❤(♠❛ ✭✜❣✉)❡3 ✸✳✷✵✳❜ ❡- ✳❝✮✱ ❛♣)?3 )(✢❡①✐♦♥ ❞✉ ❝❤♦❝ 3✉) ❧❡

♠✉) ❞✉ ❢♦♥❞✳ ◆♦✉3 ❛✈♦♥3 ♦❜-❡♥✉ ✉♥❡ (5✉❛-✐♦♥ ✉♥✐5✉❡ ♣♦✉) γmelange ✭(5✉❛-✐♦♥ ✭✸✳✶✹✮✮✳

γmelange =
2ρ5(u5 −D5)

2 + P5 − P6
P5 + P6

✭✸✳✶✹✮

❈❡♣❡♥❞❛♥-✱ ❛✈❡❝ ♥♦3 ❞♦♥♥(❡3 ❡①♣()✐♠❡♥-❛❧❡3✱ ♥♦✉3 ♥♦✉3 3♦♠♠❡3 )❡♥❞✉ ❝♦♠♣-❡ 5✉❡

♥♦✉3 ♥❡ ♣♦✉✈✐♦♥3 ♣❛3 ❝❛❧❝✉❧❡) ❝❡ 5✉❡ ♥♦✉3 ❝❤❡)❝❤✐♦♥3 ❝❛) L ❧✬❡♥❞)♦✐- ♦M ❧❡ ❝❤♦❝ )❡-♦✉) (-❛✐-

❞(-❡❝-( ✭❝❛♣-❡✉)3 ✹ ❡- ✻✮✱ ✐❧ ♥✬② ❛✈❛✐- ♣❧✉3 ❞❡ ♠(❧❛♥❣❡ ♠❛✐3 3❡✉❧❡♠❡♥- ❞❡ ❧✬❛✐) ✭✜❣✉)❡ ✸✳✷✻✮✳

❯♥❡ 3♦❧✉-✐♦♥ ❝♦♥3✐3-❡)❛✐- L )(❛❧✐3❡) ❞✬❛✉-)❡3 -✐)3 ❡♥ ♣❧❛O❛♥- ❧❡3 ❝❛♣-❡✉)3 ♣❧✉3 ♣)♦❝❤❡3 ❞✉

❢♦♥❞ ❞✉ -✉❜❡ ✭✜❣✉)❡ ✸✳✷✼✮✳

❯-✐❧✐+❛-✐♦♥ ❞❡+ ❞♦♥♥%❡+ ❞❡ ❧❛ ❝❤❛♠❜&❡ ❜❛++❡ ♣&❡++✐♦♥

❊♥ ❝♦♠❜✐♥❛♥-✱ ❞❛♥3 ❧❡3 ♣)❡♠✐❡) ❡- ❞❡✉①✐?♠❡ 3❝❤(♠❛3 ❞❡ ❧❛ ♣♦3✐-✐♦♥ ❞✉ ❢)♦♥- ❞❡ ❝❤♦❝

✭✜❣✉)❡ ✸✳✷✵✮✱ -)♦✐3 3②3-?♠❡3 ❞✬(5✉❛-✐♦♥3 ✢✉✐❞❡3✱ ❞❡ ♣❛)- ❡- ❞✬❛✉-)❡ ❞✉ ▼②❧❛)✱ ❡♥-)❡ ❧❡3

♠✐❧✐❡✉① ✷ ❡- ✶✱ ♣✉✐3 ✸ ❡- ✷✱ ❡♥3✉✐-❡ ✺ ❡- ✹✱ ♦♥ ♦❜-✐❡♥- ✉♥ γmelange 3✉✐✈❛♥- ✭❡5✉❛-✐♦♥ ✭✸✳✶✺✮✮✳

γmelange =
(P5 − P4)(2D4 − u5)

u5(P5 + P4)
✭✸✳✶✺✮

S❛) ❝❡--❡ ♠(-❤♦❞❡✱ ♥♦✉3 ♦❜-❡♥♦♥3 ❞❡3 )(3✉❧-❛-3 ❜✐❡♥ -)♦♣ ❢❛✐❜❧❡3 ♣❛) )❛♣♣♦)- ❛✉① ♣)(❝(✲

❞❡♥-3✱ ♥♦✉3 ❡♥ ❛))✐✈♦♥3 L ❧❛ ❝♦♥❝❧✉3✐♦♥ 5✉❡ ❧❡3 ✐♥❝❡)-✐-✉❞❡3 3✉) ❧❡3 ❞♦♥♥(❡3 ❡①♣()✐♠❡♥-❛❧❡3



✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉① ✶✶✸

❋✐❣✳ ✸✳✷✻ ✕ ▲❡ ❝❤♦❝ *❡+♦✉* -❡ ♣*♦♣❛❣❡ ❞❛♥- ❧✬❛✐*✱ ❡+ ♥♦♥ ❞❛♥- ❧❡ ♠8❧❛♥❣❡✳

❋✐❣✳ ✸✳✷✼ ✕ ▲❡ ❝❤♦❝ *❡+♦✉* ❞❡✈*❛✐+ ;+*❡ ❞8+❡❝+8 ♣❧✉- ♣*♦❝❤❡ ❞✉ ❢♦♥❞ ❞✉ +✉❜❡✳

-♦♥+ +*♦♣ ✐♠♣♦*+❛♥+❡- ♣♦✉* ❧❡ ♣*♦❜❧>♠❡ ?✉❡ ♥♦✉- +❡♥+♦♥- ❞❡ *8-♦✉❞*❡✳

❈♦♠♣+❡ +❡♥✉ ❞❡- *8-✉❧+❛+- ♣❡✉ ❝♦♥✈❛✐♥❝❛♥+- ❞❡- ❞❡✉① ❞❡*♥✐>*❡- ♠8+❤♦❞❡-✱ ♥♦✉- ❝♦♥-✐✲

❞8*❡*♦♥-✱ ♣♦✉* -✐♠✉❧❡* ✉♥ ♠8❧❛♥❣❡ ♠✐-❝✐❜❧❡✱ ❧❡- ✈❛❧❡✉*- ❞❡ γmelange ❡+ ρmelange ❡-+✐♠8❡- C

♣❛*+✐* ❞❡ ❧❛ ♣*❡♠✐>*❡ ♠8+❤♦❞❡✱ ?✉✐ ❢❛✐+ ❝♦**❡-♣♦♥❞*❡ ❧❛ ✈✐+❡--❡ ❞✉ ▼②❧❛* C ❧❛ ✈✐+❡--❡ ✢✉✐❞❡

❞❡**✐>*❡ ❧❡ ❢*♦♥+ ❞❡ ❝❤♦❝✳
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✸✳✸✳✷ ▼✐❧✐❡✉ ❤)*)+♦❣.♥❡

◆♦✉# $❛♣♣❡❧♦♥# *✉❡ ❧❡# ❞❡✉① ❝♦✉❝❤❡# ❞❡ ❣❛③ #✉♣❡$♣♦#1❡# #♦♥2 ♦❜2❡♥✉❡# ❡♥ ❢❛✐#❛♥2 ♣$♦✲

♣❛❣❡$ ❧❡ ❝❤♦❝ ✐♠♠1❞✐❛2❡♠❡♥2 ❛♣$1# ❧✬✐♥2$♦❞✉❝2✐♦♥ ❞✉ SF6 ♣❛$ ❧❡ ❜❛# ❞❡ ❧❛ ❝❤❛♠❜$❡ ❞✬❡①✲
♣1$✐❡♥❝❡✱ ❛✜♥ ❞✬❡♥ ❧✐♠✐2❡$ #❛ ❞✐✛✉#✐♦♥ ❞❛♥# ❧✬❛✐$✳

❆✮❉%♣♦✉✐❧❧❡♠❡♥-

❈♦♠♠❡ ♣♦✉$ ❧❡ ❝❛# ❤♦♠♦❣>♥❡✱ ❧❡ 2❛❜❧❡❛✉ ✸✳✷✽ ♣$1#❡♥2❡ ✉♥ $1❝❛♣✐2✉❧❛2✐❢ ❞❡ 2♦✉# ❧❡#

2✐$# ❡✛❡❝2✉1# ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❜✐❝♦✉❝❤❡✳ ■❧# ❞✐✛>$❡♥2 ❧❡# ✉♥# ❞❡# ❛✉2$❡# ♣❛$ ❧❡ 2❡♠♣# ❡2 ❧❡

❞1❜✐2 ❞✬✐♥2$♦❞✉❝2✐♦♥ ❞✉ SF6 ❞❛♥# ❧❛ ❝❤❛♠❜$❡ ❞✬❡①♣1$✐❡♥❝❡ ❛✐♥#✐ *✉❡ ❧❡ ♥♦♠❜$❡ ❞❡ ▼❛❝❤
❞✉ ❝❤♦❝ ✐♥❝✐❞❡♥2 ❞❛♥# ❧❛ ❝❤❛♠❜$❡ ❜❛##❡ ♣$❡##✐♦♥✳ ▲❛ ♣$❡##✐♦♥ ❡#2 $❡❧❡✈1❡ ❞❛♥# ❧❛ ❝❤❛♠❜$❡

❜❛##❡ ♣$❡##✐♦♥ ✭P2✮ ❡2 ❞❛♥# ❧❛ ❝❤❛♠❜$❡ ❞✬❡①♣1$✐❡♥❝❡ ✭P5✮ ❛✉ ♥✐✈❡❛✉ ❞❡# ❝❛♣2❡✉$# ✻ ❡2 ✹ ❡♥
❤❛✉2 ❡2 ✻✬ ❡2 ✹✬ ❡♥ ❜❛#✳ ◆♦✉# $❡♠❛$*✉♦♥# *✉❡ ❧❡# ♣$❡##✐♦♥# ❞12❡❝21❡# ❡♥ ❜❛# ❞✉ 2✉❜❡ #♦♥2

#✉♣1$✐❡✉$❡# J ❝❡❧❧❡# ❞✉ ❤❛✉2✳ ◆♦✉# ♥♦2♦♥# 1❣❛❧❡♠❡♥2 *✉❡ ❧❛ ♣$❡##✐♦♥ ❞❡$$✐>$❡ ❧❡ ❝❤♦❝ ❡#2

♣❧✉# ❜❛##❡ ❞❛♥# ❧✬❛✐$ ❞✉ ❜✐❝♦✉❝❤❡ ✭P2✮ *✉❡ ❞❛♥# ❧❡ ♠1❧❛♥❣❡ ❤♦♠♦❣>♥❡ ✭P5✮ ✳ ❙✉$ ❧❡# ✜❣✉$❡#
✸✳✷✾ ♥♦✉# ♦❜#❡$✈♦♥# *✉❡ ❧❡ ❢$♦♥2 ❞❡ ❝❤♦❝ ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❤121$♦❣>♥❡ ❡#2 ❝♦✉$❜1 ❡2 *✉✬✉♥

♣♦✐♥2 2$✐♣❧❡ #✬❡#2 ❢♦$♠1✳
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❋✐❣✳ ✸✳✷✽ ✕ ❈❛# ❤121$♦❣>♥❡#

▲❛ #2❛2✐♦♥♥❛$✐21 ❞✉ ❝❤♦❝ ❛ 121 ✈1$✐✜1❡✳ ❙✉$ ❧❛ ✜❣✉$❡ ✸✳✸✵ ❧❡# ♣♦#✐2✐♦♥# ❞✉ ❤❛✉2 ❡2 ❞✉ ❜❛#

❞✉ ❢$♦♥2 ❞❡ ❝❤♦❝ #♦♥2 2$❛❝1❡# ❡♥ ❢♦♥❝2✐♦♥ ❞✉ 2❡♠♣#✱ ❞❡ ❧❛ ♠O♠❡ ♠❛♥✐>$❡ *✉❡ ♣♦✉$ ❧❡# ❝❛#

❤♦♠♦❣>♥❡#✱ ❡2 ❧❡# ❞❡✉① ❞$♦✐2❡# ♦❜2❡♥✉❡# ❝♦♥✜$♠❡♥2 ❧✬1✈♦❧✉2✐♦♥ #2❛2✐♦♥♥❛✐$❡ ❞❡# ✈✐2❡##❡#✳

❇✮❆♥❛❧②+❡ -❤%♦&✐:✉❡ ❞✉ ❝❛+ ❤%-%&♦❣=♥❡ ✿ ❧❛ &%❢&❛❝-✐♦♥ ❞❡ ❝❤♦❝

▲❛ ✜❣✉$❡ ✸✳✷✾ ♥♦✉# ❞1✈♦✐❧❡ ✉♥ ♣❤1♥♦♠>♥❡ ❞❡ $1❢$❛❝2✐♦♥ 1✈✐❞❡♥2✳ ▲✬❛♥❛❧②#❡ 2❤1♦$✐*✉❡ ❞❡

❝❡# ❡①♣1$✐❡♥❝❡# ❡2✱ ♣❧✉# ♣$1❝✐#1♠❡♥2✱ ❧✬12✉❞❡ ❞❡ ❧✬1❝♦✉❧❡♠❡♥2 ❞❡$$✐>$❡ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝ ❡①✐❣❡♥2



✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉① ✶✶✺

❋✐❣✳ ✸✳✷✾ ✕ %♦'✐)✐♦♥ ❞✉ ❢.♦♥) ❞❡ ❝❤♦❝ ❞❛♥' ❧❡' ❞❡✉① ♠✐❧✐❡✉① ❛✉ ♠6♠❡ ✐♥')❛♥)

❋✐❣✳ ✸✳✸✵ ✕ ❙)❛)✐♦♥♥❛.✐)9 ❞❡' ✈✐)❡''❡' ❞✉ ❝❤♦❝ ♠❡'✉.9❡' ❡♥ ❤❛✉) ❡) ❡♥ ❜❛' ❞✉ ❢.♦♥) ✐♥❝❧✐♥9✳

❧✬❡♠♣❧♦✐ ❞❡ ❞❡✉① ❞✐.❡❝)✐♦♥' ❞❛♥' ❧✬❡'♣❛❝❡✳ ❆✐♥'✐✱ ❝✬❡') ❣.A❝❡ B ❧❛ ❞9)♦♥✐C✉❡ ❜✐❞✐♠❡♥'✐♦♥♥❡❧❧❡

❞9✜♥✐❡ ❛✉ ❝❤❛♣✐).❡ ✷ C✉❡ ♥♦✉' ♣♦✉✈♦♥' ❝♦♠♣.❡♥❞.❡ ❧❡ ♣❤9♥♦♠E♥❡ ❞❡ .9❢.❛❝)✐♦♥ ❞❡ ❝❤♦❝

C✉✐ '✬♦♣E.❡ ❞❛♥' ♥♦).❡ 9)✉❞❡✳ ❆✜♥ ❞✬9)✉❞✐❡. ❧❛ .9❢.❛❝)✐♦♥ ❞❛♥' ❧❛ ❝♦♥✜❣✉.❛)✐♦♥ ❞❡ ♥♦).❡

❡①♣9.✐❡♥❝❡✱ ♥♦✉' ❛✈♦♥' '✐♠✉❧9 ❛✈❡❝ ❍❊❘❆ ❧❛ ♣.♦♣❛❣❛)✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥' ❞❡✉① ❝♦✉❝❤❡' ❞❡

❣❛③✱ ❛✐. ❡) SF6✱ '✉♣❡.♣♦'9❡'✳ ▲❡ )❛✉① ❞❡ ♣.9'❡♥❝❡ ❞✉ SF6 ❡') 9❣❛❧ B ✷✹ %✳ ❉❛♥' ♥♦).❡ ❝❛'✱



✶✶✻ ❊①♣%&✐❡♥❝❡ +✉& -✉❜❡ / ❝❤♦❝

❋✐❣✳ ✸✳✸✶ ✕ ❊♥ ❤❛✉)✱ +,❣✐♠❡ )+❛♥1✐)♦✐+❡ ✭t = 0.1ms ❡) t = 0.2ms✮ ❡) ❡♥ ❜❛1✱ +,❣✐♠❡

❛1②♠♣)♦)✐8✉❡ ✭t = 0.6ms✮✳

❧❡ ❢+♦♥) ❞❡ ❝❤♦❝ ❡1) )♦✉❥♦✉+1 ❝♦✉+❜,✱ ❧❛ +,❢+❛❝)✐♦♥ ❡1) ❞♦♥❝ ✐++,❣✉❧✐>+❡✳ ▲❡ ♠✐❧✐❡✉ ❞❛♥1 ❧❡8✉❡❧

❧❡ ❝❤♦❝ 1❡ ♣+♦♣❛❣❡ ,)❛♥) ❝♦♥✜♥,✱ ❞❡1 ❝♦♥❞✐)✐♦♥1 ❞❡ +,✢❡①✐♦♥ ❛✉① ♣❛+♦✐1 ❞✉ )✉❜❡ ❞♦✐✈❡♥)

D)+❡ ❝♦♥1✐❞,+,❡1✳ ◆♦✉1 ❞✐1)✐♥❣✉♦♥1 ❞❡✉① +,❣✐♠❡1 ❞✐✛,+❡♥)1 ❞✉+❛♥) ❧❛ ♣+♦♣❛❣❛)✐♦♥ ❞✉ ❝❤♦❝ ✿

❧❡ +,❣✐♠❡ )+❛♥1✐)♦✐+❡ ❡) ❧❡ +,❣✐♠❡ ❛1②♠♣)♦)✐8✉❡✳

❛✳ ❘%❣✐♠❡ -&❛♥+✐-♦✐&❡

❊♥ ❛++✐✈❛♥) 1✉+ ❧❡ ❜✐❝♦✉❝❤❡ ✭✜❣✉+❡ ✸✳✸✶ ❡♥ ❤❛✉) H ❣❛✉❝❤❡✮✱ ❧❡ ❝❤♦❝ ❝♦♥)✐♥✉❡ ❞❡ 1❡ ♣+♦♣❛❣❡+

❞❛♥1 ❧✬❛✐+ 1❛♥1 ❞✐1❝♦♥)✐♥✉✐), ❡) 1✉❜✐) ✉♥❡ ✐♥)❡+❛❝)✐♦♥ ❢+♦♥)❛❧❡ ❛✈❡❝ ❧❛ ❝♦✉❝❤❡ ❞❡ SF6✱ ❝❡
8✉✐ ❡♥❣❡♥❞+❡ ✉♥❡ ♦♥❞❡ +,✢,❝❤✐❡ ❞❛♥1 ❧✬❛✐+ ❞❡++✐>+❡ ❧❡ ❝❤♦❝✳ ❙✐ ❧❡ ❝❤♦❝ 1❡ ♣+♦♣❛❣❡❛✐) ❥✉1)❡

❞❛♥1 ✉♥ 1❡✉❧ ❣❛③✱ 8✉❡ ❝❡ 1♦✐) ❧✬❛✐+ ♦✉ ❧❡ SF6✱ ✐❧ +❡1)❡+❛✐) ♣❧❛♥✳ ■❝✐ ❝❡ ♥✬❡1) ♣❛1 ❧❡ ❝❛1✱

❧❛ 1✉♣❡+♣♦1✐)✐♦♥ ❞❡1 ❞❡✉① ❣❛③ ❝+,❡ ✉♥❡ ✐♥)❡+❢❛❝❡ 8✉✐ ❡1) H ❧✬♦+✐❣✐♥❡ ❞❡ ❧❛ ❢♦+♠❛)✐♦♥ ❞✉

♣❤,♥♦♠>♥❡ ❞❡ +,❢+❛❝)✐♦♥✳ ◆♦✉1 1♦♠♠❡1 ❞❛♥1 ❧❡ ❝❛1 ♦M ❝✬❡1) ❧✬♦♥❞❡ +,✢,❝❤✐❡ ❞✉ ❝❤♦❝ ✐♥❝✐❞❡♥)

❞❛♥1 ❧✬❛✐+ 1✉+ ❧✬✐♥)❡+❢❛❝❡ 8✉✐ ❡1) +❡1♣♦♥1❛❜❧❡ ❞❡ ❧❛ +,❢+❛❝)✐♦♥ ✐++,❣✉❧✐>+❡✳ ❊❧❧❡ +❡♠♦♥)❡ ❧❡ ❧♦♥❣

❞✉ ❢+♦♥) ❞❡ ❝❤♦❝ ❞❛♥1 ❧✬❛✐+ ❡) 1♦♥ ✐♥)❡+❛❝)✐♦♥ ❛✈❡❝ ❝❡))❡ ♦♥❞❡ ✐♥❝✐❞❡♥)❡ ❢♦+♠❡ ✉♥❡ ♦♥❞❡ ❞❡

▼❛❝❤ 8✉✐ ❞❡✈✐❡♥) ❧❛ ♥♦✉✈❡❧❧❡ ♦♥❞❡ ✐♥❝✐❞❡♥)❡ ❡♥ ❧❛ ❝♦✉+❜❛♥)✳ ❯♥❡ ♦♥❞❡ ❞❡ +❛+,❢❛❝)✐♦♥ ❞❡1❝❡♥❞

❞❛♥1 ❧❡ SF6 ❧❡ ❧♦♥❣ ❞✉ ❢+♦♥) ❞❡ ❝❤♦❝ ❡♥ 1❡ +,✢,❝❤✐11❛♥) 1✉+ ❝❡❧✉✐✲❝✐ ❡) ❞♦♥♥❛♥) ♥❛✐11❛♥❝❡

H ❞❡1 ♦♥❞❡1 ❞❡ +❛+,❢❛❝)✐♦♥ 1❡❝♦♥❞❛✐+❡1✳ ▲❛ ❞,)❡♥)❡ ❞✉ SF6 ❞❛♥1 ❧✬❛✐+✱ ♦✉ ❞✉ ❧♦✉+❞ ❞❛♥1

❧❡ ❧,❣❡+✱ ✐♠♣❧✐8✉❡ ✉♥ ❡♥+♦✉❧❡♠❡♥) ❞❡ ❧❛ ♠❛)✐>+❡✱ ❡) ❞♦♥❝ ❧❛ ❢♦+♠❛)✐♦♥ ❞✬✉♥ ✈♦+)❡①✳ ❙✉+ ❧❛

✜❣✉+❡ ✸✳✸✶ ❡♥ ❤❛✉) H ❞+♦✐)❡✱ ❧❡ ✈♦+)❡① ❣+❛♥❞✐)✱ ❧✬♦♥❞❡ ❞❡ +❛+,❢❛❝)✐♦♥ ❛))❡✐♥) ❧❛ ♣❛+♦✐ ❜❛11❡

❞✉ )✉❜❡ 1✉+ ❧❛8✉❡❧❧❡ ❡❧❧❡ 1❡ +,✢,❝❤✐) )❛♥❞✐1 8✉❡ ❧❡ ❢+♦♥) ❞❡ ❝❤♦❝ ✐♥❝✐❞❡♥) ❞❛♥1 ❧✬❛✐+ ❝♦♥)✐♥✉❡

H 1❡ ❝♦✉+❜❡+ ❛✉ ❢✉+ ❡) H ♠❡1✉+❡ ❞❡1 ❛❧❧❡+✲+❡)♦✉+1 ❞❡1 ♦♥❞❡1 ❞❡ ▼❛❝❤✳

❜✳ ❘%❣✐♠❡ ❛+②♠♣-♦-✐8✉❡

❙✉+ ❧❛ ✜❣✉+❡ ✸✳✸✶ ❡♥ ❜❛1✱ ❧❡ +,❣✐♠❡ ❛1②♠♣)♦)✐8✉❡ ❡1) ❛))❡✐♥)✳ ▲❛ ✜❣✉+❡ ❞❡ +,❢+❛❝)✐♦♥ 1❡ 1)❛✲

❜✐❧✐1❡ ❡) ❧✬,❝♦✉❧❡♠❡♥) ❞❡✈✐❡♥) 1)❛)✐♦♥♥❛✐+❡✳ ▲❡ ❞,♣Q) ❞❡ ✈♦+)✐❝✐), H ❧✬✐♥)❡+❢❛❝❡ ❡1) ♠❛①✐♠❛❧✱

❧❡ ❝❤♦❝ 1❡ ♣+♦♣❛❣❡ ♣❧✉1 +❛♣✐❞❡♠❡♥) 8✉❡ ❞❛♥1 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣>♥❡ ❞❡ ❞❡♥1✐), ,8✉✐✈❛❧❡♥)❡✳ ▲❛

+❡♠♦♥),❡ ❞✉ ❧♦✉+❞ ❞❛♥1 ❧❡ ❧,❣❡+ ❛✉ ♥✐✈❡❛✉ ❞✉ ✈♦+)❡① ♥♦✉1 ♣❡+♠❡) ❞✬❡♥)+❡✈♦✐+ ❧❛ ❢♦+♠❛)✐♦♥

❞❡ ❝♦✉❝❤❡1 ❞❡ ❝✐1❛✐❧❧❡♠❡♥) ❞❡++✐>+❡ ❧❡ ❝❤♦❝✳ ❉❡1 ♦♥❞❡1 1❡❝♦♥❞❛✐+❡1 ✐11✉❡1 ❞❡ +,✢❡①✐♦♥ 1✉+



✸✳✸ ❘#$✉❧'❛'$ ❡①♣#,✐♠❡♥'❛✉① ✶✶✼

❧❡" ♣❛%♦✐" ❞✉ *✉❜❡ "❡ ♣%♦♣❛❣❡♥* ❞❛♥" ❧❡ ♠✐❧✐❡✉ ❝❤♦1✉2✳

❆✜♥ ❞❡ ✈2%✐✜❡% 1✉❡❧ %2❣✐♠❡ ❞❡ ♣%♦♣❛❣❛*✐♦♥ ♥♦✉" ♦❜"❡%✈♦♥" ❛✈❡❝ ❧❛ ❝❛♠2%❛✱ ♥♦✉" ♠❡✲

"✉%♦♥" ♥✉♠2%✐1✉❡♠❡♥* ❧❛ ❞✐"*❛♥❝❡ ♣♦✉% ❧❛1✉❡❧❧❡ ✐❧ ❞❡✈✐❡♥* ❛"②♠♣*♦*✐1✉❡✳ ◆♦✉" ❡"*✐♠♦♥" ❧❡

❞2❜✉* ❞❡ ❝❡ %2❣✐♠❡ ; ✼✱✽ ❝♠ ; ♣❛%*✐% ❞✉ ❝♦♠♠❡♥❝❡♠❡♥* ❞✉ ❜✐❝♦✉❝❤❡✳ ❙✉% ❧❛ ✜❣✉%❡ ✸✳✶✺✱ ❧❡

❞2❜✉* ❞❡ ❧❛ ✈✐"✉❛❧✐"❛*✐♦♥ "❡ "✐*✉❡ ✶✵✱✺ ❝♠ ❞❡%%✐C%❡ ❧❡ ▼②❧❛%✳ ❙✉% ❧❡" ✐♠❛❣❡" ❡①♣2%✐♠❡♥*❛❧❡"

❝❛♣*2❡" ♣❛% ❧❛ ❝❛♠2%❛✱ ❧❡ %2❣✐♠❡ ❛"②♠♣*♦*✐1✉❡ ❡"* ❞♦♥❝ ❜✐❡♥ ❛**❡✐♥*✳

❝✳ ❈♦♥$#5✉❡♥❝❡ $✉, ❧❛ ♣,❡$$✐♦♥

▲❛ ♠❡✐❧❧❡✉%❡ ❝♦♠♣%2❤❡♥"✐♦♥ ❞✉ ♣❤2♥♦♠C♥❡ ❞❡ %2❢%❛❝*✐♦♥ ; ♣❛%*✐% ❞❡" "✐♠✉❧❛*✐♦♥" ♥♦✉"

♣❡%♠❡* ❞✬❡①♣❧✐1✉❡% ❧✬♦❜*❡♥*✐♦♥ ❡①♣2%✐♠❡♥*❛❧❡ ❞❡ ❝❡%*❛✐♥❡" ✈❛❧❡✉%" ❞❡ ♣%❡""✐♦♥✳ ❉❛♥" ❧❡

*❛❜❧❡❛✉ ❞❡ ❧❛ ✜❣✉%❡ ✸✳✷✽✱ ❧❡" ♣%❡""✐♦♥" ❞2*❡❝*2❡" ❞❛♥" ❧❡ SF6 ❡♥ ❜❛" ❞✉ *✉❜❡✱ P4′ ❡* P6′ ✱
"♦♥* "✉♣2%✐❡✉%❡" ; ❝❡❧❧❡" ❞✉ ❤❛✉*✱ ❞❛♥" ❧✬❛✐%✱ P4 ❡* P6✳ ❈✬❡"* ❧❛ ❝♦❧❧✐"✐♦♥ ❞✉ ❝❤♦❝ ♦❜❧✐1✉❡ "✉% ❧❛

♣❛%♦✐ ❜❛""❡ ❞✉ *✉❜❡ 1✉✐ "✉%♣%❡""✉%✐"❡ ❧❡ ♠✐❧✐❡✉ ❞❡%%✐C%❡ ❧❡ ❝❤♦❝ ❞❛♥" ❧❡ SF6 ✭✜❣✉%❡ ✸✳✸✷✮✳ ▲❛
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❧❛ ✈,*✐✜❝❛)✐♦♥ ❞❡ ❧❛ ♠♦❞✐✜❝❛)✐♦♥ ❞❡ ✈✐)❡&&❡ ❞✉ ❢*♦♥) ❞❡ ❝❤♦❝ ❞❛♥& ❧❡ ❜✐❝♦✉❝❤❡ ❝♦♠♣❛*,❡

❛✉ ♠,❧❛♥❣❡ ❞❡ ❞❡♥&✐), ♠♦②❡♥♥❡ ,=✉✐✈❛❧❡♥)❡✳ ❙✉* ❧❛ ✜❣✉*❡ ✸✳✷✾✱ ♥♦✉& ❛✈♦♥& ♣✉ ✈✐&✉❛❧✐&❡* ❧❡
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♠.❧❛♥❣❡✳ ❆✈❡❝ ❧❡ ❝♦❞❡ ❍❊❘❆✱ ✐❧ ♥♦✉5 ❡5+ ♣♦55✐❜❧❡ ❞✬❛✛❡❝+❡) 9 ❝❤❛3✉❡ ♠❛✐❧❧❡ ✉♥❡ ❢)❛❝+✐♦♥

❞❡ ♣).5❡♥❝❡ ✈♦❧✉♠✐3✉❡ ❞✬❛✐) ❡+ ❞❡ SF6 ❛✈❡❝ ❧❡✉) ❝♦❡✣❝✐❡♥+ ❛❞✐❛❜❛+✐3✉❡ )❡5♣❡❝+✐❢✳ ❖♥ ❡♥

❞.❞✉✐+ ✉♥ γmelange✳ ◆♦✉5 ❢❛✐5♦♥5 ✈❛)✐❡) ❧❡ +❛✉① ❞❡ ♣).5❡♥❝❡ ❞❡ SF6 ❞❡ ✵ 9 ✶ ❡+ ♠❡5✉)♦♥5 ❧❛
✈✐+❡55❡ ❞✉ ❝❤♦❝ 5❡ ♣)♦♣❛❣❡❛♥+ ❞❛♥5 ❧❡5 ❞✐✛.)❡♥+5 ♠.❧❛♥❣❡5✳



✶✷✵ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

❇✐❝♦✉❝❤❡ 0 ✐♥.❡'❢❛❝❡ ♥❡..❡

◆♦✉# ♠♦❞&❧✐#♦♥# ❛✉##✐ ❞❡✉① ❝♦✉❝❤❡# ❞❡ ❣❛③ #✉♣❡2♣♦#&❡# ❡♥ ❢❛✐#❛♥4 ✈❛2✐❡2 ❧❛ ❤❛✉4❡✉2 ❞✉

SF6✳

❇✐❝♦✉❝❤❡ 0 ✐♥.❡'❢❛❝❡ ❞✐✛✉,❡

❆✜♥ ❞❡ #❡ 2❛♣♣2♦❝❤❡2 ❛✉ ♠❛①✐♠✉♠ ❞❡# ❝♦♥❞✐4✐♦♥# ❞❡ ❧✬❡①♣&2✐❡♥❝❡✱ ♥♦✉# ♠♦❞&❧✐#♦♥#

❡♥✜♥ ❧❛ ❞✐✛✉#✐♦♥ ❞✉ SF6 ❞❛♥# ❧✬❛✐2 ❥✉#4❡ ❛✈❛♥4 ❧❡ 4✐2✳ =♦✉2 ❝❡❧❛ ♥♦✉# 2❛❥♦✉4♦♥# ✉♥❡ ❝♦✉❝❤❡
❞❡ ♠&❧❛♥❣❡ ❛✐2✲SF6 ❡♥42❡ ❧❡# ❞❡✉① ❝♦✉❝❤❡# ❞❡ ❣❛③✳ ◆♦✉# ❛442✐❜✉♦♥# @ ❧❛ ❝♦✉❝❤❡ ❞❡ ❞✐✛✉#✐♦♥
❧❛ ❢2❛❝4✐♦♥ ❞❡ ♣2&#❡♥❝❡ f(y) #✉✐✈❛♥4❡✱ ❡♥ ✜①❛♥4 ymax @ ✵✱✵✽ ♠✱ ❤❛✉4❡✉2 ❞✉ 4✉❜❡ @ ❝❤♦❝ ✿

f(y) = 1− b(1− tanh(ζ
(

y
ymax

− α
)
)) ✭✸✳✶✻✮

b = α

1− log(cosh(ζ(1−α))−log(cosh(ζα))
ζ

✭✸✳✶✼✮

ζ = aymax ✭✸✳✶✽✮

ymax = 0, 08m ✭✸✳✶✾✮

α = 1− ξ ✭✸✳✷✵✮

▲❡ ❝♦❡✣❝✐❡♥4 a ❝♦22❡#♣♦♥❞ @ ❧❛ ♣❡♥4❡ ❞❡ f(y) ❡4 θ ❡#4 ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐#♦♥ ❞✉ ❢2♦♥4 ❞❡ ❝❤♦❝
✭✜❣✉2❡ ✸✳✸✻✮✳ ▲❛ ❢2❛❝4✐♦♥ ❞❡ ♣2&#❡♥❝❡ f(y) ❡#4 2❡♣2&#❡♥4&❡ ❡♥ ❢♦♥❝4✐♦♥ ❞❡ y ♣♦✉2 a❂✶✵✱ ✷✵✱

❋✐❣✳ ✸✳✸✻ ✕ ❚✐2 ✶✼ ✿ ❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐#♦♥ θ ❞✉ ❢2♦♥4 ❞❡ ❝❤♦❝✳

✸✵✱ ✹✵✱ ✺✵✱ ✶✵✵✱ ✸✵✵✱ ✻✵✵✱ ✶ ✵✵✵ ❡4 ✶✵ ✵✵✵ #✉2 ❧❡ ❣2❛♣❤❡ ❞❡ ❧❛ ✜❣✉2❡ ✸✳✸✼✳ ❯♥ ❣2❛❞✐❡♥4 ❞❡

❢2❛❝4✐♦♥ ♥✉❧ ✭a❂✵✮ ❝♦22❡#♣♦♥❞ @ ❧❛ ❧✐♠✐4❡ ❛#②♠♣4♦4✐U✉❡ ❞✉ ❝❛# ❤♦♠♦❣V♥❡✱ ✉♥ ❣2❛❞✐❡♥4 ✐♥✜♥✐
2❡♣2&#❡♥4❡ ❧❡ ❜✐❝♦✉❝❤❡✳

✸✳✹✳✷ ❘%&✉❧)❛)&

❈❛❧❝✉❧ ❞✉ γmelange

❆ ♣❛24✐2 ❞❡# ✈✐4❡##❡# ❞❡ ♣2♦♣❛❣❛4✐♦♥ ❞❡ ❝❤♦❝ ❞❛♥# ❧❡ ♠&❧❛♥❣❡ ❡4 ❞❡ ❧✬&U✉❛4✐♦♥ ✭✸✳✷✶✮✱

♥♦✉# ❝❛❧❝✉❧♦♥# ✉♥ γmelange ❡4 ❧❡ ❝♦♠♣❛2♦♥# @ ❝❡❧✉✐ ♦❜4❡♥✉ ❡①♣&2✐♠❡♥4❛❧❡♠❡♥4✱ ❛✐♥#✐ U✉✬❛✉①

♠♦②❡♥♥❡# ❛2✐4❤♠&4✐U✉❡# ❡4 ❤❛2♠♦♥✐U✉❡# ✭✜❣✉2❡ ✸✳✸✽✮✳

γmelange =
2D2

4 − u5D4

2 P4
ρmelange

+ u5D4

✭✸✳✷✶✮

◆♦✉# ♦❜#❡2✈♦♥# U✉❡ ❧❡# 2&#✉❧4❛4# ♥✉♠&2✐U✉❡# #✉✐✈❡♥4 ❧❛ ❞2♦✐4❡ ❛2✐4❤♠&4✐U✉❡✳ ❈❡❝✐ ❡#4 ❝❡♣❡♥✲

❞❛♥4 ❞✐#❝✉4❛❜❧❡✳ ▲❡ ❢❛✐4 U✉❡ ❝❤❛U✉❡ ♠❛✐❧❧❡ #♦✐4 ❛✛❡❝4&❡ ❞✬✉♥❡ ❢2❛❝4✐♦♥ ❞❡ ♣2&#❡♥❝❡ ❞✬❛✐2 ❡4 ❞❡

SF6✱ ❛✈❡❝ ❧❡✉2 γ 2❡#♣❡❝4✐❢✱ ❛ 42V# ♣2♦❜❛❜❧❡♠❡♥4 ✉♥❡ ✐♥✢✉❡♥❝❡ #✉2 ❝❡# 2&#✉❧4❛4# ♥✉♠&2✐U✉❡#✳
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❋✐❣✳ ✸✳✸✼ ✕ ❱❛&✐❛(✐♦♥ ❞❡ ❧❛ ❢&❛❝(✐♦♥ ❞❡ ♣&12❡♥❝❡ SF6 ❡♥ ❢♦♥❝(✐♦♥ ❞❡ y ♣♦✉& ❞✐✛1&❡♥(2 a ❡(

ξ❂✵✱✸✵✳

❋✐❣✳ ✸✳✸✽ ✕ ❈♦♠♣❛&❛✐2♦♥ ❞❡2 γmelange ❞❡ ❧✬❡①♣&'✐❡♥❝❡ ❡+ ❞❡, ,✐♠✉❧❛+✐♦♥,✳

▼!❧❛♥❣❡ ❡' ❜✐❝♦✉❝❤❡ . ✐♥'❡/❢❛❝❡ ♥❡''❡

❙✉' ❧❛ ✜❣✉'❡ ✸✳✸✾ ,♦♥+ '❡♣'&,❡♥+&❡, ❧❡, ✈❛'✐❛+✐♦♥, ❞❡, ✈✐+❡,,❡, ❞❡ ❝❤♦❝ ❞❛♥, ❧❡ ♠&❧❛♥❣❡

❤♦♠♦❣9♥❡ ❡+ ❧❡ ❜✐❝♦✉❝❤❡ ❡♥ ❢♦♥❝+✐♦♥ ❞✉ +❛✉① ❞❡ ♣'&,❡♥❝❡ ❞✉ SF6✳ ◆♦✉, '❡♠❛'=✉♦♥, =✉❡ ❧❡
❝❤♦❝ ,❡ ♣'♦♣❛❣❡ +♦✉❥♦✉', ♣❧✉, '❛♣✐❞❡♠❡♥+ ❞❛♥, ❧❡ ❜✐❝♦✉❝❤❡✱ ❧❛ ❞✐✛&'❡♥❝❡ ❞❡ ✈✐+❡,,❡ &+❛♥+

❧❛ ♣❧✉, &❧❡✈&❡ ♣♦✉' ✉♥ ξ ❝♦♠♣'✐, ❡♥+'❡ ✵✱✺ ❡+ ✵✱✽✳ ▲❡, ✈❛❧❡✉', ❞❡

∆D
Dh

❞❡ ❧✬❡①♣&'✐❡♥❝❡ ❡+ ❞❡,

,✐♠✉❧❛+✐♦♥, ♥❡ ❝♦✐♥❝✐❞❡♥+ ♣❛,✳ ◆♦✉, ♣❡♥,♦♥, =✉❡ ❧✬✐♥+❡'❢❛❝❡ ♥❡++❡ ❡♥+'❡ ❧❡, ❞❡✉① ❝♦✉❝❤❡,

❞❡ ❣❛③ ❞❛♥, ❧❡, ,✐♠✉❧❛+✐♦♥, ❡,+ ❧❛ ❝❛✉,❡ ❞❡ ❝❡++❡ ❣'♦,,❡ ❞✐✛&'❡♥❝❡✳ F♦✉' ❝♦♥✜'♠❛+✐♦♥✱ ♥♦✉,

,✐♠✉❧♦♥, ❧✬✐♥+❡'❢❛❝❡ ❞✐✛✉,❡✳
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✈✐0❡++❡ ❞✉ ❝❤♦❝ ❞❛♥+ ❧❡ ❜✐❝♦✉❝❤❡ J ✐♥0❡)❢❛❝❡ ❞✐✛✉+❡ ❡+0 ❜✐❡♥ ✐♥❢8)✐❡✉)❡ J ❝❡❧❧❡ ❞✉ ❜✐❝♦✉❝❤❡

J ✐♥0❡)❢❛❝❡ ♥❡00❡✳ ◆♦✉+ ♥♦✉+ ✐♥08)❡++♦♥+ ❛✉ 0✐) ✶✼✱ +♦✐0 ξ = 24%✳ ●)N❝❡ ❛✉① ✐♠❛❣❡+ ✈✐❞8♦+✱
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♥♦✉+ ❞♦♥♥❡ ♣♦✉) ξ = 24% ❡0 θ = 45◦ ✉♥❡ ♣❡♥0❡ a❂✷✼✳ ❆✐♥+✐✱ ♥♦✉+ ❞✐+♣♦+♦♥+ ❞❡ 0♦✉0❡+

❧❡+ ❞♦♥♥8❡+ ♥8❝❡++❛✐)❡+✱ a ❡0 θ✱ J ❧❛ +✐♠✉❧❛0✐♦♥ ❞✬✉♥ ❝❛+ ❝♦))❡+♣♦♥❞❛♥0 ❛✉ 0✐) ✶✼✳ :♦✉) a
❡0 θ ✜①8+✱ ♥♦✉+ ❢❛✐+♦♥+ ✈❛)✐❡) ξ ❞❡ ✶✵ J ✾✵ % ❡0 ❝❛❧❝✉❧♦♥+ ❧❡+ ✈✐0❡++❡+ ❞❡ ❝❤♦❝ ❛✜♥ ❞❡ ❧❡+

❝♦♠♣❛)❡) ❛✉① ❝❛+ a❂✵ ✭♠8❧❛♥❣❡ ❤♦♠♦❣7♥❡✮ ❡0 a ✐♥✜♥✐ ✭❜✐❝♦✉❝❤❡ J ✐♥0❡)❢❛❝❡ ♥❡00❡✮✳ ▲❛

✜❣✉)❡ ✸✳✹✶ ♥♦✉+ ❝♦♥✜)♠❡ I✉❡ ❧✬✉♥ ❞❡+ ❡✛❡0+ ❞✬✉♥❡ ✐♥0❡)❢❛❝❡ ❞✐✛✉+❡ ❡+0 ❧❡ )❛❧❡♥0✐++❡♠❡♥0 ❞✉

❝❤♦❝ ♣❛) )❛♣♣♦)0 J ✉♥❡ ✐♥0❡)❢❛❝❡ ♥❡00❡✳ ❈❡❝✐ +✬❡①♣❧✐I✉❡ ♣❛) ❧❛ ❞8✜♥✐0✐♦♥ ❞❡ ❧✬8✈♦❧✉0✐♦♥ ❞✉

❞8♣S0 ❞❡ ✈♦)0✐❝✐08 ~ω ✈✉ ❛✉ ❝❤❛♣✐0)❡ ✷✳ ❈♦♠♠❡ ♥♦✉+ ❧✬❛✈♦♥+ ❞8❥J ♠❡♥0✐♦♥♥8✱ ❧❡ ❞8♣S0 ❞❡

✈♦)0✐❝✐08 ❞8♣❡♥❞ ❞❡+ ❣)❛❞✐❡♥0+ ❞❡ ♣)❡++✐♦♥ ❡0 ❞❡♥+✐08✳ ❉❛♥+ ❧❡ ❝❛+ ❞✬✉♥❡ ✐♥0❡)❢❛❝❡ ❞✐✛✉+❡✱

❝❡+ ❣)❛❞✐❡♥0+ +♦♥0 0♦✉❥♦✉)+ ♣❡)♣❡♥❞✐❝✉❧❛✐)❡+✱ ♠❛✐+ ∇ρ ✈❛)✐❡✳ ▲❡ ❞8♣S0 ❞❡ ✈♦)0✐❝✐08 ❡+0 ❛✐♥+✐

♠♦❞✐✜8 ❡♥0)❛✐♥❛♥0 ✉♥❡ ❛✉❣♠❡♥0❛0✐♦♥ ♠♦✐♥+ ✐♠♣♦)0❛♥0❡ ❞❡+ ✈✐0❡++❡+ ❞❡ ❝❤♦❝✳ ❊♥ 0)❛W❛♥0 ❧❡

∆D
Dh

❡♥ ❢♦♥❝0✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐+♦♥ ❞✉ ❢)♦♥0 ❞❡ ❝❤♦❝ ♣♦✉) ❧❡+ ❡①♣8)✐❡♥❝❡+ ❡0 +✐♠✉❧❛0✐♦♥+

J ✐♥0❡)❢❛❝❡ ❞✐✛✉+❡ ♣♦✉) ξ❂✷✹% ❡0 ξ❂✼✻%✱ ♥♦✉+ ♦❜0❡♥♦♥+ ✉♥ ❜♦♥ ❛❝❝♦)❞ ❡♥0)❡ ❧❡+ )8+✉❧0❛0+

❞❡+ ❡①♣8)✐❡♥❝❡+ ❡0 ❞❡ ❧❛ +✐♠✉❧❛0✐♦♥ J ξ❂✷✹% ✭✜❣✉)❡ ✸✳✹✷✮✳ ❚♦✉❥♦✉)+ ♣♦✉) ❧❡ 0✐) ✶✼✱ +✉) ❧❛

✜❣✉)❡ ✸✳✹✸ +♦♥0 )❡♣)8+❡♥08❡+ ❧✬❡①♣8)✐❡♥❝❡ ❛✈❡❝ +♦♥ ❤♦♠♦❧♦❣✉❡ ❤♦♠♦❣7♥❡✱ ❡0 ❧❡+ +✐♠✉❧❛0✐♦♥+

J ✐♥0❡)❢❛❝❡ ♥❡00❡ ❡0 ❞✐✛✉+❡✳ ❖♥ ♣❡✉0 J ♣)8+❡♥0 ❝♦♥✜)♠❡) I✉❡ ❧❡ ❜✐❝♦✉❝❤❡ J ✐♥0❡)❢❛❝❡ ❞✐✛✉+❡

❡+0 ❧❡ ♠♦❞7❧❡ I✉✐ ❝♦))❡+♣♦♥❞ J ♥♦+ ❡①♣8)✐❡♥❝❡+✳ ◆♦✉+ ♠♦♥0)♦♥+ ✐❝✐ ✉♥❡ ❢♦)0❡ ❝♦))8❧❛0✐♦♥

❡♥0)❡ ❧✬❤808)♦❣8♥8✐08✱ ❧✬✐♥❝❧✐♥❛✐+♦♥ ❞✉ ❢)♦♥0 ❞❡ ❝❤♦❝ ❡0 ❧❛ ✈✐0❡++❡ ❞✉ ❝❤♦❝✳



✸✳✹ ❙✐♠✉❧❛)✐♦♥, ✶✷✸

❋✐❣✳ ✸✳✹✵ ✕ ❱✐'❡))❡ ❞❡ ❝❤♦❝ ❡' ❛♥❣❧❡) ❞✬✐♥❝❧✐♥❛✐)♦♥ ❞✉ ❢5♦♥' ❞❡ ❝❤♦❝ ❡♥ ❢♦♥❝'✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥'

a ♣♦✉5 ξ❂✵✱✷✹ ❡' ξ❂✵✱✼✻✳

❋✐❣✳ ✸✳✹✶ ✕ ❱✐'❡))❡) ❞❡ ❝❤♦❝✳



✶✷✹ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝

❋✐❣✳ ✸✳✹✷ ✕

∆D
Dh

❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐1♦♥ ❞✉ ❢3♦♥* ❞❡ ❝❤♦❝✳

❋✐❣✳ ✸✳✹✸ ✕ ❈♦♠♣❛3❛✐1♦♥ ❡♥*3❡ ❡①♣93✐❡♥❝❡1 ❡* 1✐♠✉❧❛*✐♦♥1✳

◆♦✉1 ❝♦♥❝❧✉♦♥1 ❧✬❛♥❛❧②1❡ ❞❡ ❝❡**❡ ❡①♣93✐❡♥❝❡ ❛✈❡❝ ❧✬9*✉❞❡ ❞❡ ❧✬9✈♦❧✉*✐♦♥ ❞❡ ❧✬9❝❛3* ❞❡1

♣3❡11✐♦♥1 ❡♥ ❜❛1 ❡* ❡♥ ❤❛✉* ❞✉ *✉❜❡ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐1♦♥ ❞✉ ❢3♦♥* ❞❡ ❝❤♦❝✳

▲❡1 ♣3❡11✐♦♥1 1✬♦❜*✐❡♥♥❡♥*✱ ♣♦✉3 ❧❡1 ❡①♣93✐❡♥❝❡1✱ @ ♣❛3*✐3 ❞❡1 ❝❛♣*❡✉31 ❞❡ ♣3❡11✐♦♥ ✹ ❡* ✹✬

❞❛♥1 ❧❛ ❝❤❛♠❜3❡ ❞✬❡①♣93✐❡♥❝❡ ❡*✱ ♣♦✉3 ❧❡1 1✐♠✉❧❛*✐♦♥1✱ ❞❡1 ♠❡1✉3❡1 ❞❡1 1❛✉*1 ❞❡ ♣3❡11✐♦♥

♦❜1❡3✈91 ❛✈❡❝ ❍❊❘❆ ❡♥ ❤❛✉* ❡* ❡♥ ❜❛1 ❞❡ ❧❛ ❜♦✐*❡ ❞❡ 1✐♠✉❧❛*✐♦♥✳ ◆♦✉1 *3❛E♦♥1✱ 1✉3 ❧❛

✜❣✉3❡ ✸✳✹✹✱

∆P
Ph

❡♥ ❢♦♥❝*✐♦♥ ❞❡ θ ♣♦✉3 ❧❡1 *✐31 ❡①♣93✐♠❡♥*❛✉① ❡* ❧❡1 1✐♠✉❧❛*✐♦♥1 ✭ξ = 24% ❡*

76%✮ ❛✈❡❝ ∆P ✱ ❧❛ ❞✐✛93❡♥❝❡ ❞❡ ♣3❡11✐♦♥ ❡♥*3❡ ❧❛ ♣❛3*✐❡ ❤❛✉*❡ ✭❛✐3✮ ❡* ❜❛11❡ ✭SF6✮ ❞✉ *✉❜❡

❡* Ph ❧❛ ♣3❡11✐♦♥ ❞❛♥1 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣J♥❡✳ ❚♦✉* ❞✬❛❜♦3❞✱ ♥♦✉1 3❡♠❛3L✉♦♥1 ✉♥❡ *❡♥❞❛♥❝❡

1✐♠✐❧❛✐3❡ ❞❛♥1 ❧✬❛❣❡♥❝❡♠❡♥* ❞❡1 ♣♦✐♥*1 ❡①♣93✐♠❡♥*❛✉① ❡* ♥✉♠93✐L✉❡1✳ ◆♦✉1 ♦❜1❡3✈♦♥1 ❡♥✲

1✉✐*❡ L✉✬@ ♣❛3*✐3 ❞✬✉♥ ❝❡3*❛✐♥ ❛♥❣❧❡ ❞✬❡♥✈✐3♦♥ ✹✵ ❞❡❣391✱

∆P
Ph

❞✐♠✐♥✉❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥*❛*✐♦♥

❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐1♦♥ ❞✉ ❢3♦♥* ❞❡ ❝❤♦❝✱ ♦✉ ❛✉*3❡♠❡♥* ❞✐*✱ L✉❛♥❞ ❧❛ ♣❡♥*❡ a ❞❡ ❧❛ ❢♦♥❝*✐♦♥



✸✳✹ ❙✐♠✉❧❛)✐♦♥, ✶✷✺

❋✐❣✳ ✸✳✹✹ ✕

∆P
Ph

❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐0♦♥ ❞✉ ❢2♦♥) ❞❡ ❝❤♦❝✳

)❛♥❣❡♥)❡ ❤②♣❡2❜♦❧✐7✉❡✱ ♠♦❞:❧✐0❛♥) ❧❛ ❞✐✛✉0✐♦♥ ❞✉ SF6 ❞❛♥0 ❧✬❛✐2✱ ❞✐♠✐♥✉❡✳ ❊♥ ❡✛❡)✱ ♣❧✉0

θ ❛✉❣♠❡♥)❡ ❡) a ❞✐♠✐♥✉❡✱ ♣❧✉0 ❧❡ ♠✐❧✐❡✉ 0❡ 2❛♣♣2♦❝❤❡ ❞✬✉♥❡ ❝♦♥✜❣✉2❛)✐♦♥ ❤♦♠♦❣>♥❡ ❞♦♥❝

♣❧✉0

∆P
Ph

0✬❛❜❛✐00❡ ❡) )❡♥❞ ✈❡20 ❧❛ ❧✐♠✐)❡ ❤♦♠♦❣>♥❡

∆P
Ph

❂✵✳ B♦✉2 ❞❡0 ♣❡)✐)0 ❛♥❣❧❡0 ✭❣2❛♥❞0

a✮ ❧❡0 ✈❛❧❡✉20 ❞❡ ∆P
Ph

♣2:0❡♥)❡♥) ✉♥❡ )2>0 ❢♦2)❡ ❞✐0♣❡20✐♦♥ ❞✐✣❝✐❧❡♠❡♥) ❡①♣❧✐❝❛❜❧❡✳ ◆♦✉0 ❛)✲

)❡✐❣♥♦♥0 ✐❝✐ ❧❡0 ❧✐♠✐)❡0 ❞❡ ❧✬❛♥❛❧②0❡ ❞❡ ❝❡ ❝❛0 ❜✐❝♦✉❝❤❡ I ✐♥)❡2❢❛❝❡ ❞✐✛✉0❡✳

❈❡" ❡①♣%&✐❡♥❝❡" ♣&%"❡♥*❡♥* ❧❛ ♣&❡♠✐.&❡ ❝♦♥✜&♠❛*✐♦♥ ❡①♣%&✐♠❡♥*❛❧❡ ❞❡ ❧✬❛✉❣♠❡♥*❛*✐♦♥

❞❡ ❧❛ ✈✐*❡""❡ ❞✉ ❝❤♦❝ ❞7❡ 8 ❧✬❤%*%&♦❣%♥%✐*% ❞✉ ♠✐❧✐❡✉ ❞❛♥" ❝❡**❡ ❝♦♥✜❣✉&❛*✐♦♥ ❞❡ *✉❜❡ 8 ❝❤♦❝✳

;♦✉& ❧❡ *✉❜❡ 8 ❝❤♦❝ ✉*✐❧✐"%✱ ♥♦✉" ❛✈♦♥" ❞%✜♥✐ ✉♥❡ ❝♦♥✜❣✉&❛*✐♦♥ ❡①♣%&✐♠❡♥*❛❧❡ ♣❡&♠❡**❛♥*

❧✬%*✉❞❡ ❞❡ ❧❛ ♣&♦♣❛❣❛*✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥" ❞❡✉① ❝♦✉❝❤❡" ❞❡ ❣❛③ ✭❛✐& ❡* SF6✮ ❡* ❞❛♥" ❧❡✉&
♠%❧❛♥❣❡ ❤♦♠♦❣.♥❡✳ ▲✬❛♥❛❧②"❡ ❡①♣%&✐♠❡♥*❛❧❡ ❞❡ ❧❛ ♣&♦♣❛❣❛*✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥" ❧❡ ❜✐❝♦✉❝❤❡

♥♦✉" ❛ ♠♦♥*&% B✉❡ ❧❡ ❢&♦♥* ❞❡ ❝❤♦❝ ❡"* ❝♦✉&❜% ❡* B✉✬✐❧ "❡ ♣&♦♣❛❣❡ ♣❧✉" &❛♣✐❞❡♠❡♥* B✉❡ ❞❛♥"

❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣.♥❡ ❞❡ ❞❡♥"✐*% %B✉✐✈❛❧❡♥*❡✳ ❉❡ ❧✬%*✉❞❡ ❞✉ ❝❛" ❤♦♠♦❣.♥❡✱ ♥♦✉" ❛✈♦♥" ♦❜*❡♥✉

✉♥❡ ♠❡"✉&❡ ❛♣♣&♦❝❤%❡ ❞✉ ❝♦❡✣❝✐❡♥* ❛❞✐❛❜❛*✐B✉❡ ❞❡ ♠%❧❛♥❣❡ B✉❡ ♥♦✉" ❛✈♦♥" ❝♦♠♣❛&%❡ 8

❧❛ *❤%♦&✐❡✳ ▲✬❛♥❛❧②"❡ ♥✉♠%&✐B✉❡ ♥♦✉" ❛ ❛♠❡♥%✱ ❞✬❛❜♦&❞✱ 8 ❞❡✈♦✐& ♠♦❞%❧✐"❡& ❧❛ ❞✐✛✉"✐♦♥ ❞✉

SF6 ❞❛♥" ❧✬❛✐&✱ ♣✉✐"✱ 8 ❛❥✉"*❡& ❝❡**❡ ❞✐✛✉"✐♦♥ ❛✜♥ ❞❡ &❡*&♦✉✈❡& ❧❡" ❝❛" ❡①♣%&✐♠❡♥*❛✉①✳ ❈❡
❢❛✐"❛♥*✱ ❧✬%✈♦❧✉*✐♦♥ ❞❡" B✉❛♥*✐*%" ❤②❞&♦❞②♥❛♠✐B✉❡"✱ *❡❧❧❡" B✉❡ ❧❛ ❞✐✛%&❡♥❝❡ &❡❧❛*✐✈❡ ❞❡" ✈✐✲

*❡""❡" ❞❡ ❝❤♦❝✱ ❧❡" ❛♥❣❧❡" ❞✬✐♥❝❧✐♥❛✐"♦♥ ❡* ❧❛ "✉&♣&❡""✉&✐"❛*✐♦♥✱ ❡"* ❧❛ ♠I♠❡ ❡♥*&❡ ❡①♣%&✐❡♥❝❡

❡* *❤%♦&✐❡✳ ❊♥✜♥✱ ♥♦✉" ❛✈♦♥" ♠✐" ❡♥ %✈✐❞❡♥❝❡ ❧❛ ❢♦&♠❛*✐♦♥ ❞❡" ♦♥❞❡" ❞❡ ▼❛❝❤ ❡♥ &%❢&❛❝✲

*✐♦♥ ✐&&%❣✉❧✐.&❡ ❬✻✺❪✱ ❛✐♥"✐ B✉❡ ❧❡ ♣❤%♥♦♠.♥❡ ❞❡ "♦✉"✲❝♦♠♣&❡""✐♦♥ ❞❡&&✐.&❡ ❧❡ ❝❤♦❝ ❬✷✸❪✳ ❈❡

*&❛✈❛✐❧ ✈❛❧✐❞❡ ❧❡ ❝♦❞❡ ❍❊❘❆ ❡* ❧❡" &%"✉❧*❛*" ♥✉♠%&✐B✉❡" ❞✬%*✉❞❡" ♠❡♥%❡" ♣❛& ❧❡ ♣❛""% ❞❛♥"

❝❡**❡ ❣%♦♠%*&✐❡ ❜✐❝♦✉❝❤❡ ❬✺✶❪ ❛✐♥"✐ B✉❡ ❞❛♥" ❞✬❛✉*&❡" ♠♦❞%❧✐"❛*✐♦♥" ❞❡ ♠♦✉""❡ ❋❈■ ❬✶✹❪✱

*&❛✐*%❡" ❞❛♥" ❧❡" ❝❤❛♣✐*&❡" "✉✐✈❛♥*"✳



✶✷✻ ❊①♣&'✐❡♥❝❡ ,✉' .✉❜❡ 0 ❝❤♦❝



❆♥♥❡①❡ ❞✉ ❝❤❛♣✐+,❡ ✸





❆♥♥❡①❡ ❈

❚❛❜❧❡❛✉① ❞❡( ❣*❛♥❞❡✉*( ❡, ✐♠❛❣❡( ❞❡

❧❛ ❝❛♠0*❛

❱♦✐❝✐ ❞❡✉① (❛❜❧❡❛✉① ,-❝❛♣✐(✉❧❛(✐❢0 ❞❡ (♦✉0 ❧❡0 (✐,0 ✭✜❣✉,❡0 ❈✳✶ ❡( ❈✳✷ ✮ ❡( ✉♥❡ 0✉✐(❡

❞✬✐♠❛❣❡0 ✈✐❞-♦ ❞❡ ❧❛ ♣,♦♣❛❣❛(✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥0 ❧❡ ♠-❧❛♥❣❡ ❤♦♠♦❣>♥❡ ❡( ❧❡ ❜✐❝♦✉❝❤❡✳

❋✐❣✳ ❈✳✶ ✕ ❚✐,0 ❤♦♠♦❣>♥❡0✳ D ❡0( ❧❛ ✈✐(❡00❡ ❞✉ ❝❤♦❝✱ P ❧❛ ♣,❡00✐♦♥✱ ρ ❧❛ ❞❡♥0✐(-✱ u ❧❛ ✈✐(❡00❡
✢✉✐❞❡ ❡( γ ❧❡ ❝♦❡✣❝✐❡♥( ❛❞✐❛❜❛(✐D✉❡✳ ▲❛ 0✐❣♥✐✜❝❛(✐♦♥ ❞❡0 ✐♥❞✐❝❡0 ❡0( ❞♦♥♥-❡ 0✉, ❧❛ ✜❣✉,❡
✸✳✷✵✳



✶✸✵ ❚❛❜❧❡❛✉① ❞❡+ ❣-❛♥❞❡✉-+ ❡/ ✐♠❛❣❡+ ❞❡ ❧❛ ❝❛♠3-❛

Tir D1(m/s) 

±3% 

P2(Pa) 

±3% 

D4(m/s) 

±3% 

P5(Pa) 

Capteur 6‘ 

±3% 

P5(Pa) 

Capteur 4‘ 

±3% 

P5(Pa) 

Capteur 6 

±3% 

P5(Pa) 

Capteur 4 

±3% 

 P5(Pa) 

Equilibrage 

entre 6 et 6 ±3% 

u5 (m/s) 

±3% 

3 516,21 250368 352948 262252 286320 

4 512,15 238490 307845 279751 284570 

7 516,16 242892 324,92 386842 400510 265136 260926 281010 76 

8 515,38 246887 313,08 362868 363812 268454 268567 289560 85 

10 509,03 242112 367,14 349898 372302 247562 243987 263760 

11 511,30 244225 365,46 334390 345147 247537 247401 267470 83 

13 514,38 243697 284,07 329568 333030 285018 285713 296900 73 

15 512,41 241344 343,41 375287 418241 242398 236933 262910 77 

17 511,78 241752 394,70 461017 505538 232659 229987 256560 81 

20 521,83 250772 398,08 466616 511518 237058 241241 263890 45 

21 399,39 139402 313,18 191775 245085 138854 140181 142780 

23 408,15 146552 322,14 213849 274612 145176 147824 149360 

24 417,50 155474 314,50 238491 261994 154725 153585 161600 36 

25 593,52 335045 634180 293454 341480 52 

26 595,78 341568 459,75 642268 692134 292788 295465 337450 77 

28 606,92 352547 457,75 578813 611213 313885 309696 369960 85 

❋✐❣✳ ❈✳✷ ✕ ❚✐&' ❤)*)&♦❣-♥❡'✳ D ❡'* ❧❛ ✈✐*❡''❡ ❞✉ ❝❤♦❝✱ P ❧❛ ♣&❡''✐♦♥✱ ρ ❧❛ ❞❡♥'✐*) ❡* u ❧❛
✈✐*❡''❡ ✢✉✐❞❡✳ ▲❛ '✐❣♥✐✜❝❛*✐♦♥ ❞❡' ✐♥❞✐❝❡' ❡'* ❞♦♥♥)❡ '✉& ❧❛ ✜❣✉&❡ ✸✳✷✵✳



✶✸✶

❋✐❣✳ ❈✳✸ ✕ $%♦♣❛❣❛*✐♦♥ ❞✬✉♥ ❝❤♦❝✱ 3✉✐✈✐ ❞✉ ▼②❧❛%✱ ❞❛♥3 ❧❡ ♠:❧❛♥❣❡ ❤♦♠♦❣;♥❡



✶✸✷ ❚❛❜❧❡❛✉① ❞❡+ ❣-❛♥❞❡✉-+ ❡/ ✐♠❛❣❡+ ❞❡ ❧❛ ❝❛♠3-❛

❋✐❣✳ ❈✳✹ ✕ $%♦♣❛❣❛*✐♦♥ ❞✬✉♥ ❝❤♦❝✱ 3✉✐✈✐ ❞✉ ▼②❧❛%✱ ❞❛♥3 ❧❡ ❜✐❝♦✉❝❤❡



❈❤❛♣✐%&❡ ✹

❘!"❡❛✉ ❝❛''! ❞❡ ✜❜'❡"

❈❡ ❝❤❛♣✐'(❡ ❛♣♣(♦❢♦♥❞✐' ♥✉♠/(✐0✉❡♠❡♥' ❧✬/'✉❞❡ ❞❡ ❧❛ ✈✐'❡44❡ ❞✉ ❝❤♦❝ ❞❛♥4 ✉♥ ♠✐❧✐❡✉

❤/'/(♦❣6♥❡ ❞♦♥' ❧❛ ♠♦❞/❧✐4❛'✐♦♥ 4❡ ❝♦♠♣❧❡①✐✜❡✳ ❉❡ ❧✬✐♥'❡(❢❛❝❡ ♣❧❛♥❡ 4/♣❛(❛♥' ❧❡4 ❞❡✉① ♠❛✲

'/(✐❛✉①✱ ♥♦✉4 ♣❛44♦♥4 = ✉♥❡ (❛♥❣/❡ ❞✬✐♥'❡(❢❛❝❡4 ❞❡♠✐✲❝✐(❝✉❧❛✐(❡4✳ ◆♦✉4 ❛❧❧♦♥4 ♥♦✉4 ❢♦❝❛❧✐4❡(

4✉( ❧❛ ❞✐✛/(❡♥❝❡ (❡❧❛'✐✈❡ ❞❡4 ✈✐'❡44❡4 ❞❡ ❝❤♦❝ ❞❛♥4 ❝❡ ♠✐❧✐❡✉ ❤/'/(♦❣6♥❡ ❡' ❞❛♥4 ❧❡ ♠✐❧✐❡✉ ❤♦✲

♠♦❣6♥❡ ❞❡ ❞❡♥4✐'/ ♠♦②❡♥♥❡ /0✉✐✈❛❧❡♥'❡✳ ◆♦✉4 ❝❤❡(❝❤♦♥4✱ ❞❛♥4 ❝❡ ❝❤❛♣✐'(❡✱ ❧❡4 ♣❛(❛♠6'(❡4

❞❡ ❝❡ ♠♦❞6❧❡ 0✉✐ ✈♦♥' ❛✈♦✐( ✉♥❡ ✐♥✢✉❡♥❝❡ 4✉( ❧❛ ♠♦❞✐✜❝❛'✐♦♥ ❞❡4 ✈✐'❡44❡4 ❞❡ ❝❤♦❝✳ ❉❛♥4 ✉♥

♣(❡♠✐❡( '❡♠♣4✱ ❧❡4 ❝❛(❛❝'/(✐4'✐0✉❡4 ♥✉♠/(✐0✉❡4 4♦♥' (❛♣♣❡❧/❡4 ❡' ♣(/❝✐4/❡4✳ ❉❡✉① ♣(❡♠✐❡(4

❝❛4 ❞❡ 4✐♠✉❧❛'✐♦♥4 4♦♥' ❞/❝(✐'4 ♣❤/♥♦♠/♥♦❧♦❣✐0✉❡♠❡♥'✳ ❉❛♥4 ✉♥ ❞❡✉①✐6♠❡ '❡♠♣4✱ ❧❡4 (/4✉❧✲

'❛'4 ❞❡ ❝❤❛0✉❡ ✈❛(✐❛'✐♦♥ ♣❛(❛♠6'(✐0✉❡ 4♦♥' ❡①♣♦4/4 ❡' ❞✐4❝✉'/4✳ B♦✉( ✜♥✐(✱ ♥♦✉4 ✐♥'/❣(♦♥4

❧❡4 ♠♦❞6❧❡4 ❞❡ ❍❛③❛❦ et al. ❬✷✸❪ ❡' ❞❡ ❙❛✉(❡❧ et al. ❬✻✵❪ = ❧✬/'✉❞❡ ❞❡4 (/4❡❛✉① ❝❛((/4✱ ❛✜♥
❞✬♦❜'❡♥✐( ❞❡4 (/4✉❧'❛'4 ❛♥❛❧②'✐0✉❡4 = ❝♦♠♣❛(❡( ❛✈❡❝ ❧❡4 (/4✉❧'❛'4 ♥✉♠/(✐0✉❡4 ❞✉ ❝♦❞❡ ❍❊❘❆✱

❡' ❞✬❡♥ ❝❛❧❝✉❧❡( ❧❛ ❝✐(❝✉❧❛'✐♦♥✳

✹✳✶ ■♥%&♦❞✉❝%✐♦♥ ♥✉♠-&✐.✉❡

▲❡" #$"✉❧'❛'" ❞❡ ❝❡ ❝❤❛♣✐'#❡ $'❛♥' ❡""❡♥'✐❡❧❧❡♠❡♥' ♦❜'❡♥✉" ♣❛# "✐♠✉❧❛'✐♦♥" ♥✉♠$#✐2✉❡"✱

♥♦✉" #❛♣♣❡❧♦♥" ❞❛♥" ❝❡''❡ ♣#❡♠✐4#❡ ♣❛#'✐❡ ❧❡" ❞$'❛✐❧" ❞❡ ❧❛ ❝♦♥✜❣✉#❛'✐♦♥ ♥✉♠$#✐2✉❡✱ ❞$❥8

✐♥'#♦❞✉✐'❡ ❞❛♥" ❧❡ ❝❤❛♣✐'#❡ ✷ ❛✈❡❝ ❧❡ ❝♦❞❡ ❍❊❘❆✳

✹✳✶✳✶ ▼♦❞&❧✐)❛+✐♦♥ ❡+ ♣❛/❛♠1+/❡)

▼♦❞#❧✐&❛(✐♦♥ ♥✉♠#,✐-✉❡ ❞❡ ❧❛ ♠♦✉&&❡ ❡♥ ,#&❡❛✉ ❝❛,,# ❞❡ ✜❜,❡&

❉❛♥" ❧❡ ❝❤❛♣✐'#❡ ✶✱ ♥♦✉" ❛✈✐♦♥" #❡♣#$"❡♥'$ ❧❡ #$"❡❛✉ ❝❛##$ ❞❡ ✜❜#❡" ❝♦♠♠❡ "✉# ❧❛ ✜❣✉#❡

✹✳✶✳ ❈❡''❡ ❞✐"♣♦"✐'✐♦♥ ❞❡ ✜❜#❡" ❡"' "✐♠♣❧✐✜$❡ ❛✉ ♠❛①✐♠✉♠ ♣❛# ❛♣♣❧✐❝❛'✐♦♥ ❞❡ "$#✐❡" ❞❡

❋✐❣✳ ✹✳✶ ✕ ❘$"❡❛✉ ❝❛##$ ❞❡ ✜❜#❡"✳

"②♠$'#✐❡" ❛①✐❛❧❡" "❡❧♦♥ ❧✬❛①❡ x ✭✜❣✉#❡ ✹✳✷✮✳ ▲❛ ❜♦J'❡ ❞❡ "✐♠✉❧❛'✐♦♥ 2✉❡ ♥♦✉" ❛❧❧♦♥" ✉'✐❧✐"❡#

'♦✉' ❧❡ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐'#❡ ❡"' ♣#$"❡♥'$❡ "✉# ❧❛ ✜❣✉#❡ ✹✳✸✳ ❊♥ ❤❛✉' ❞❡ ❧❛ ✜❣✉#❡ ✹✳✸✱ ❧❛ ❜♦J'❡



✶✸✹ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

❋✐❣✳ ✹✳✷ ✕ ❙✐♠♣❧✐✜❝❛,✐♦♥ ❞✉ 123❡❛✉ ♣❛1 3②♠2,1✐❡ ❛①✐❛❧❡ ❞✬❛①❡ x✳

❋✐❣✳ ✹✳✸ ✕ ▲❛ ❜♦;,❡ ❞❡ 3✐♠✉❧❛,✐♦♥ ❛✉ ,❡♠♣3 ✐♥✐,✐❛❧ t = 0s ❡♥ ❤❛✉,✱ ❡, > t = 1e−12s ❡♥ ❜❛3

❞❡ 3✐♠✉❧❛,✐♦♥ ❡3, 1❡♣123❡♥,2❡ ❛✉ ,❡♠♣3 ✐♥✐,✐❛❧✳ ❊❧❧❡ ❡3, ❝♦♥❞✐,✐♦♥♥2❡ ♣❛1 ,1♦✐3 ♠✉13 ❡♥ ❤❛✉,✱

❡♥ ❜❛3 ❡, > ❣❛✉❝❤❡✳ ❯♥❡ ❝♦♥❞✐,✐♦♥ ❞❡ ✢✉① > ❞1♦✐,❡ ❢❛✐, 1❡♥,1❡1 ❞❡ ❧❛ ♠❛,✐D1❡ > ❧❛ ✈✐,❡33❡

u0✳ ▲❛ ♠❛,✐D1❡ ✐♥✐,✐❛❧❡♠❡♥, ❞❛♥3 ❧❛ ❜♦;,❡ ❞❡ 3✐♠✉❧❛,✐♦♥ ❡3, ♣1♦❥❡,2❡ 3✉1 ❧❡ ♠✉1 ❞❡ ❣❛✉❝❤❡✱

❝♦♠♠❡ ♥♦✉3 ❧❡ ✈♦②♦♥3 3✉1 ❧✬✐♠❛❣❡ ❞✉ ❜❛3 ❞❡ ❧❛ ✜❣✉1❡ ✹✳✸✳ ▲❡ ❝❤♦❝ ♣❛1,❛♥, ❞❡ ❧❛ ❣❛✉❝❤❡

✈❡13 ❧❛ ❞1♦✐,❡ ❡3, ❛✐♥3✐ ❝122✳ ❈♦♠♠❡ ♥♦✉3 ❧✬❛✈♦♥3 ♠❡♥,✐♦♥♥2 ❞❛♥3 ❧❡ ❝❤❛♣✐,1❡ ✶✱ ♥♦✉3 ❛✈♦♥3

❝❤♦✐3✐ ✐❝✐ ❧❡ 12❢21❡♥,✐❡❧ ❞✉ ✢✉✐❞❡ 3♦✉3 ❝❤♦❝✳

.❛*❛♠01*❡% ❞❡ ❧✬$1✉❞❡

◆♦✉3 ❛❧❧♦♥3 ❢❛✐1❡ ✈❛1✐❡1 ❞✐✛21❡♥,3 ♣❛1❛♠D,1❡3 ✿ ξ✱ ❧❡ ,❛✉① ❞❡ ♣123❡♥❝❡ ❞❡3 ✜❜1❡3✱ η✱ ❧❡
1❛♣♣♦1, ❡♥,1❡ ❧❛ ❞❡♥3✐,2 ❞❡3 ✜❜1❡3 ❡, ❝❡❧❧❡ ❞❡ ❧❡✉1 ❡♥✈✐1♦♥♥❡♠❡♥, ✭η =

ρfibres

ρenv
✮✱ u0✱ ❧❛ ✈✐,❡33❡

✢✉✐❞❡ ✐♥✐,✐❛❧❡✱ ❡, γ✱ ❧❡ ❝♦❡✣❝✐❡♥, ❛❞✐❛❜❛,✐O✉❡ ❞❡3 ❞❡✉① ♠❛,21✐❛✉①✳ ▲❡3 ✈❛❧❡✉13 ❞❡ η✱ u0 ❡, γ
3♦♥, ❞✐1❡❝,❡♠❡♥, ✐♥,1♦❞✉✐,❡3 ❞❛♥3 ❧❡ 3❝1✐♣, ♥✉♠21✐O✉❡ ❞❡ ❝❤❛O✉❡ ❝❛3✱ ❝♦♥,1❛✐1❡♠❡♥, > ξ O✉✐

♥2❝❡33✐,❡ ✉♥ ❝❛❧❝✉❧ ♣12❧✐♠✐♥❛✐1❡✳ ξ ❡3, ❧❡ ,❛✉① ❞❡ ♣123❡♥❝❡ ❞❡3 ✜❜1❡3 ❞❛♥3 ❧❛ ♠♦✉33❡ 3D❝❤❡

❡, 3✬2❝1✐, ✿

ξ =
ρmousseseche

ρfibres
✭✹✳✶✮

❊♥ ❝♦♥3✐❞21❛♥, ❧❡ O✉❛1, ❞❡ ✜❜1❡ ❞❡ ❧❛ ✜❣✉1❡ ✹✳✹✱ ❧❛ 1❡❧❛,✐♦♥ ✭✹✳✶✮ ♣❡✉, 3✬❡①♣1✐♠❡1 ❝♦♠♠❡

✉♥ 1❛♣♣♦1, ❞❡ 3✉1❢❛❝❡3 ✭2O✉❛,✐♦♥ ✹✳✷✮✳

ξ =
πr2

0
4

1
Lx∗Ly

✭✹✳✷✮



✹✳✶ ■♥%&♦❞✉❝%✐♦♥ ♥✉♠-&✐.✉❡ ✶✸✺

❋✐❣✳ ✹✳✹ ✕ ◗✉❛&' ❞❡ ✜❜&❡ ✉'✐❧✐./ ♣♦✉& ❧❡ ❝❛❧❝✉❧ ❞❡ ξ✳

❛✈❡❝ r0 ❧❡ &❛②♦♥ ❞❡ ❧❛ ✜❜&❡✱ ✜①/ 8 2, 5 µ♠✱ ❡' Lx ❡' Ly ❧❡. ❝:'/. ❞✉ ❝❛&&/ ❝♦♥'❡♥❛♥' ❧❡ ;✉❛&'

❞❡ ✜❜&❡ ✭Lx = Ly✮✳ ❈❡''❡ &❡❧❛'✐♦♥ ❡.' ✈❛❧❛❜❧❡ ❧♦&.;✉❡ r0 ❡.' ✐♥❢/&✐❡✉& ❛✉① ❝:'/. ❞❡ ❧❛ ❝❡❧❧✉❧❡✳

◗✉❛♥❞ r0 ❡.' .✉♣/&✐❡✉& 8 Lx ♦✉ Ly✱ ❧❛ &❡❧❛'✐♦♥ ✭✹✳✷✮ ♥❡ .✬❛♣♣❧✐;✉❡ ♣❧✉.✳ B♦✉& ❡①♣&✐♠❡&

ξ .♦✉. ❝❡. ❝♦♥❞✐'✐♦♥.✱ ♣❧❛C♦♥. ♥♦✉. ❞❛♥. ❧❛ ❝♦♥✜❣✉&❛'✐♦♥ ❞✬✉♥❡ ❝❡❧❧✉❧❡ ❝❛&&/❡ ❞❡ ❝:'/ L✳
◆♦✉. ❞❡✈♦♥. ❝❛❧❝✉❧❡& ❧❛ .✉&❢❛❝❡ ❞❡ ♠❛'/&✐❛✉ ✜❜&❡ ❝♦♥'❡♥✉ ❞❛♥. ❧❛ ❝❡❧❧✉❧❡✳ B♦✉& ❝❡❧❛✱ ♥♦✉.

✐♥❞✐;✉♦♥. .✉& ❧❛ ✜❣✉&❡ ✹✳✺✱ ❧❡. ♣❛&❛♠G'&❡. ;✉✐ ✈♦♥' H'&❡ ♥/❝❡..❛✐&❡. ❛✉ ❝❛❧❝✉❧✳ ▲❡. &❡❧❛'✐♦♥.

'&✐❣♦♥✐♠/'&✐;✉❡. ♥♦✉. ❞♦♥♥❡♥' ✿

cosσ =
L

L+ dr
=

L

r0

β =
π

2
− 2σ

✭✹✳✸✮

▲❛ .✉&❢❛❝❡ ❞❡ ❧❛ ✜❜&❡ ❞❛♥. ❧❛ ❝❡❧❧✉❧❡ .✬❡①♣&✐♠❡ ❡♥ ❧❛ ❞/❝♦♠♣♦.❛♥' ❡♥ ✉♥ ❝:♥❡ ❝❡♥'&❛❧ ❡' ❡♥

❞❡✉① '&✐❛♥❣❧❡. &❡❝'❛♥❣❧❡. ❞❡ ♣❛&' ❡' ❞✬❛✉'&❡ ❞❡ ❝❡ ❝:♥❡✱ ❝❡ ;✉✐ ❞♦♥♥❡ ✿

Sfibre =
β

2
(r0)

2 + L2 tanσ ✭✹✳✹✮

▲❡ '❛✉① ❞❡ ♣&/.❡♥❝❡ /'❛♥' ❧❡ &❛♣♣♦&' ❞❡ ❧❛ .✉&❢❛❝❡ ❞❡ ❧❛ ✜❜&❡ ❝♦♥'❡♥✉❡ ❞❛♥. ❧❛ ❝❡❧❧✉❧❡ ❡' ❧❛

.✉&❢❛❝❡ ❞❡ ❝❡''❡ ♠H♠❡ ❝❡❧❧✉❧❡✱ ♦♥ ♦❜'✐❡♥' ♣♦✉& r0 > L ✿

ξ = β
2

(
r0
L

)2
+ tanσ ✭✹✳✺✮

❋✐❣✳ ✹✳✺ ✕ ❈❛❧❝✉❧ ❞❡ ξ ♣♦✉& r0 > L✳



✶✸✻ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

❛✈❡❝ r0 = L+ dr✱ β = π
2 − 2σ ❡% σ = cos−1

(
L
r0

)
✳

▲❛ ✈❛(✐❛%✐♦♥ ❞❡ ξ ✈❛ -❣❛❧❡♠❡♥% ❡♥%(❛✐♥❡( ❝❡❧❧❡ ❞❡ Lx ❡% Ly✱ ❝✬❡2% 3 ❞✐(❡ ❧❡2 ✐♥%❡(✈❛❧❧❡2

❡♥%(❡ ❧❡2 ✜❜(❡2 ❡% ❧❛ ❤❛✉%❡✉( ❞❡ ❧❛ ❜♦8%❡ ❞❡ 2✐♠✉❧❛%✐♦♥✳ ❙✉( ❧❛ ✜❣✉(❡ ✹✳✻✱ ♥♦✉2 ♠♦♥%(♦♥2 ✉♥

❡①❡♠♣❧❡ ❞❡ ξ -❣❛❧ 3 40 % ❡♥ ❤❛✉%✱ ❡% ξ -❣❛❧ 3 90 % ❡♥ ❜❛2✳ ▲❡2 ✐♥%❡(✈❛❧❧❡2 ❡♥%(❡ ❧❡2 ✜❜(❡2

❡% ❧❡2 %❛✐❧❧❡2 ❞❡2 ❜♦8%❡2 2♦♥% ❝❧❛✐(❡♠❡♥% ❞✐✛-(❡♥%2 2❡❧♦♥ ❧❡ ξ✳

❋✐❣✳ ✹✳✻ ✕ ❊♥ ❤❛✉%✱ ξ = 40 % ❡% ❡♥ ❜❛2 ξ = 90 %✳

✹✳✶✳✷ ■♥&❡(❛❝&✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ✉♥❡ (❛♥❣2❡ ❞❡ ✜❜(❡5 ✿ ♦❜5❡(✈❛&✐♦♥5 ♣(2✲

❧✐♠✐♥❛✐(❡5

▲❡2 ✜❣✉(❡2 ✹✳✼ ❡% ✹✳✽ ✐❧❧✉2%(❡♥% ❧❛ ♣(♦♣❛❣❛%✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥2 (❡2♣❡❝%✐✈❡♠❡♥% ✉♥ ❝❛2 ♦C

ξ = 40 % ❡% ✉♥ ❝❛2 ♦C ξ = 90 %✱ %♦✉%❡2 ❧❡2 ✺ ♣2✳ ▲❡ (❛♣♣♦(% ❞❡ ❞❡♥2✐%- η ❡2% ❞❡ 4✱ ❧❡
❝♦❡✣❝✐❡♥% ❛❞✐❛❜❛%✐F✉❡ γ✱ ❝❡❧✉✐ ❞❡2 ❣❛③ ♣❛(❢❛✐%2✱

5
3 ✱ ❡% ❧❛ ✈✐%❡22❡ ✢✉✐❞❡ ✐♥✐%✐❛❧❡ u0 ❛ ✉♥❡

✈❛❧❡✉( ❞❡ 40 ❦♠✴2 ❡% ❡2% ❞✐(✐❣-❡ ❞❡ ❧❛ ❞(♦✐%❡ ✈❡(2 ❧❛ ❣❛✉❝❤❡✳ ❉❛♥2 ❧❡ ♣(❡♠✐❡( ❝❛2✱ ❧❡2 ✜❜(❡2

2♦♥% 2✉✣2❛♠❡♥% ❡2♣❛❝-❡2✱ ❝❡ F✉✐ ♣❡(♠❡% ❞❡ ❜✐❡♥ ✐❞❡♥%✐✜❡( %♦✉2 ❧❡2 ♣(♦❝❡22✉2 ❞❡ (-❢(❛❝%✐♦♥ ✿

❧❛ (-❢(❛❝%✐♦♥ (-❣✉❧✐N(❡✱ %(❛❞✉✐%❡ ♣❛( ✉♥ ❢(♦♥% ❞❡ ❝❤♦❝ ❞(♦✐%✱ ❧❛ (-❢(❛❝%✐♦♥ ✐((-❣✉❧✐N(❡ F✉✐

❝♦((❡2♣♦♥❞ 3 ❧❛ ❝♦✉(❜✉(❡ ❞✉ ❢(♦♥% ❞❡ ❝❤♦❝ ❛♣(N2 ❧❡ ♣❛22❛❣❡ ❞❡ ❧✬❛♥❣❧❡ 2♦♥✐F✉❡✳ ▲❡2 ✈♦(%❡①

2❡ ❝(-❡♥% 3 ❧✬✐♥%❡(❢❛❝❡ ❡%✱ 2✉( ❧❡2 ❞❡(♥✐N(❡2 ✐♠❛❣❡2✱ ♦♥ ❞✐2%✐♥❣✉❡ ❧❡2 ❛❧❧-❡2 ❞❡ ✈♦(%❡① ❛✐♥2✐

F✉❡ ❧❡2 ❝♦✉❝❤❡2 ❞❡ ✈✐%❡22❡2 ❡♥ ❝✐2❛✐❧❧❡♠❡♥%✳ ▲❛ ✜❣✉(❡ ✹✳✾ ♠♦♥%(❡ ❧❡2 ♣♦2✐%✐♦♥2 ❞✉ ❢(♦♥% ❞❡

❝❤♦❝ %♦✉%❡2 ❧❡2 %♦✉%❡2 ❧❡2 ✵✱✺ ♣2✳ ❖♥ ❞❡✈✐♥❡ ❜✐❡♥ ❧✬❡♠♣❧❛❝❡♠❡♥% ❞❡2 ✜❜(❡2 ♣❛( ❧❡2 ❝♦✉(❜✉(❡2

2✉❝❝❡22✐✈❡2 ❞✉ ❢(♦♥% ❞❡ ❝❤♦❝✳ R♦✉( ✉♥ ξ = 90 % ✭✜❣✉(❡ ✹✳✽✮✱ ❧❡2 ✜❜(❡2 ❞-♣❛22❛♥% ❞❡ ❧❛ ❜♦8%❡

❞❡ 2✐♠✉❧❛%✐♦♥✱ ♦♥ ❞✐2%✐♥❣✉❡ ❜❡❛✉❝♦✉♣ ♠♦✐♥2 ❜✐❡♥ ❧❡2 ❞❡✉① ♣❤-♥♦♠N♥❡2 ❞❡ (-❢(❛❝%✐♦♥✳ ❊♥

(❡✈❛♥❝❤❡✱ ❧❡2 ❛❧❧-❡2 ❞❡ ✈♦(%❡① 2♦♥% ❜✐❡♥ ❞✐2❝❡(♥❛❜❧❡2 ❞❡((✐N(❡ ❧❡ ❢(♦♥% ❞❡ ❝❤♦❝✳ ❙✉( ❧❡2 %(♦✐2

❞❡(♥✐N(❡2 ✐♠❛❣❡2✱ ❧❡ ❝❤♦❝✱ ❛②❛♥% ❞-%(✉✐% %♦✉%❡2 ❧❡2 ✜❜(❡2✱ ♥❡ 2❡ ♣(♦♣❛❣❡ ♣❧✉2 F✉❡ ❞❛♥2 ❧❡

♠❛%-(✐❛✉ ❧-❣❡( ❡% ❤♦♠♦❣N♥❡✳ ❈✬❡2% ♣♦✉(F✉♦✐ ❧❡ ❢(♦♥% ❞❡ ❝❤♦❝ 2❡ (❡❞(❡22❡✳ ▲❛ ✜❣✉(❡ ✹✳✶✵

(❡%(❛♥2❝(✐% ❜✐❡♥ ❧❛ ❢❛✐❜❧❡ ❝♦✉(❜✉(❡ ❞✉ ❢(♦♥% ❞❡ ❝❤♦❝ ❞✉❡ ❛✉① ❢❛✐❜❧❡2 ❧♦♥❣✉❡✉(2 ❞✬✐♥%❡(❢❛❝❡

❡♥%(❡ ❧❡2 ✜❜(❡2✱ ❛✐♥2✐ F✉❡ 2♦♥ ❛((✐✈-❡ ❞❛♥2 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣N♥❡✳

✹✳✷ ❊$✉❞❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡( ❞✐✛01❡♥$( ♣❛1❛♠5$1❡(

❉❛♥2 ❧❡2 ❝❛❧❝✉❧2 ♥✉♠-(✐F✉❡2 2✉✐✈❛♥%2✱ ❧❡2 ❜♦8%❡2 ❞❡ 2✐♠✉❧❛%✐♦♥ ❝♦♥%✐❡♥♥❡♥% ✷✵ ✜❜(❡2✱

❛✜♥ F✉❡ ❧❡ (-❣✐♠❡ 2%❛%✐♦♥♥❛✐(❡ 2♦✐% ❛%%❡✐♥% ❞❛♥2 ❝❤❛F✉❡ ❝❛2✳ R♦✉( ❝❤❛F✉❡ -%✉❞❡✱ ♥♦✉2 ❛❧❧♦♥2

%(❛❝❡( ❧❡

∆D
Dh

= Di−Dh

Dh
❡♥ ❢♦♥❝%✐♦♥ ❞✉ ♣❛(❛♠N%(❡ ✈❛(✐❛♥% ✿ ξ✱ η✱ u0 ❡% γ✳ ▲❛ ✈✐%❡22❡ ❞✉ ❝❤♦❝



✹✳✷ ❊$✉❞❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡( ❞✐✛01❡♥$( ♣❛1❛♠5$1❡( ✶✸✼

❋✐❣✳ ✹✳✼ ✕ $%♦♣❛❣❛*✐♦♥ ❞✉ ❝❤♦❝ *♦✉*❡2 ❧❡2 5e−12 2 ♣♦✉% ξ = 40 %✳ ▲❛ ❞❡♥2✐*5 ❡2* %❡♣%52❡♥*5❡✳

▲❛ ♠❛*✐7%❡ 5*❛♥* ♣%♦❥❡*5❡ 2✉% ❧❡ ♠✉% ❞❡ ❣❛✉❝❤❡✱ ❧❡2 ✜❜%❡2 ♥♦♥ ❝❤♦<✉5❡2 ❡♥*%❡ ❞❡✉① *❡♠♣2

❝♦♥25❝✉*✐❢2 ♥❡ 2♦♥* ♣❛2 ❛❧✐❣♥5❡2✳

Dh ❞❛♥2 ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣7♥❡ ❞❡ ❞❡♥2✐*5 5<✉✐✈❛❧❡♥*❡ 2✬♦❜*✐❡♥* ♣❛% ❧✬❛♣♣%♦①✐♠❛*✐♦♥ ❞❡2 ❝❤♦❝2

❢♦%*2 ✿ Dh =
γ+1
2 uh✱ ❛✈❡❝ uh = u0✳



✶✸✽ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

❋✐❣✳ ✹✳✽ ✕ $%♦♣❛❣❛*✐♦♥ ❞✉ ❝❤♦❝ *♦✉*❡2 ❧❡2 5e−12 2 ♣♦✉% ξ = 90 %✳ ▲❛ ❞❡♥2✐*5 ❡2* %❡♣%52❡♥*5❡✳

▲❛ ♠❛*✐7%❡ 5*❛♥* ♣%♦❥❡*5❡ 2✉% ❧❡ ♠✉% ❞❡ ❣❛✉❝❤❡✱ ❧❡2 ✜❜%❡2 ♥♦♥ ❝❤♦<✉5❡2 ❡♥*%❡ ❞❡✉① *❡♠♣2

❝♦♥25❝✉*✐❢2 ♥❡ 2♦♥* ♣❛2 ❛❧✐❣♥5❡2✳

❋✐❣✳ ✹✳✾ ✕ $♦2✐*✐♦♥2 ❞✉ ❢%♦♥* ❞❡ ❝❤♦❝ ♣♦✉% ξ = 40 % *♦✉*❡2 ❧❡2 0.5e−12 s✳

✹✳✷✳✶ ❱❛&✐❛(✐♦♥ ❞✉ (❛✉① ❞❡ ♣&01❡♥❝❡ ❞❡1 ✜❜&❡1✱ ξ✳

◆♦✉2 ❢❛✐2♦♥2 ✈❛%✐❡% ❧❡ *❛✉① ❞❡ ♣%52❡♥❝❡ ❞❡2 ✜❜%❡2 ❞❡ ✺ % C ✾✺ %✱ ❛✈❡❝ ✉♥ ♣❛2 ❞❡ ✺ %✳

▲❡ ❝❛2 ξ = 0 ❝♦%%❡2♣♦♥❞%❛✐* ❛✉ ❝❛2 ♦D ❧❡2 ✜❜%❡2 2❡%❛✐❡♥* ❛❜2❡♥*❡2 ❞❡ ❧❛ ❜♦E*❡ ❞❡ 2✐♠✉❧❛*✐♦♥✱

❝♦♥*%❛✐%❡♠❡♥* ❛✉ ❝❛2 ξ = 100 %✱ ♣♦✉% ❧❡<✉❡❧ ❧❛ ❜♦E*❡ ❞❡ 2✐♠✉❧❛*✐♦♥ ♥❡ 2❡%❛✐* %❡♠♣❧✐❡ <✉❡

❞✉ ♠❛*5%✐❛✉ ❝♦♥2*✐*✉❛♥* ❧❡2 ✜❜%❡2✳ ❈♦♠♠❡ ❧❡2 ✜❜%❡2 ♥❡ %❡♠♣❧✐22❡♥* ♣❛2 ❧❛ *♦*❛❧✐*5 ❞❡ ❧❛

❜♦E*❡ ❞❡ 2✐♠✉❧❛*✐♦♥ ❡* <✉❡✱ C ♣❛%*✐% ❞✬✉♥ ξ 5❣❛❧ C ✼✵ %✱ ❧❡✉% %❛②♦♥ ❡2* 2✉♣5%✐❡✉% C ❧❛

❤❛✉*❡✉% ❞❡ ❧❛ ❜♦E*❡✱ ♣♦✉% ❝❤❛<✉❡ ❝❛2 ❧❛ ❞❡♥2✐*5 ♠♦②❡♥♥❡ ❡①❛❝*❡✱ ❡* ❞♦♥❝ ❧❡ ξ ❡①❛❝*✱ ❡2*

%❡❝❛❧❝✉❧5❡✳ ▲❡2 ♣❛%❛♠7*%❡2 ✜①52 ❞❛♥2 ❝❡**❡ 5*✉❞❡ 2♦♥* ❧❡2 2✉✐✈❛♥*2 ✿ η = 4✱ γ = 5
3 ❡* u0 = 40

❦♠✴2✳ ▲❛ ❝♦✉%❜❡ ✹✳✶✶ %❡♣%52❡♥*❡ ❧❛ ✈❛%✐❛*✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝*✐♦♥ ❞❡ ξ✳ ◆♦✉2 ❞5❞✉✐2♦♥2 ❞❡



✹✳✷ ❊$✉❞❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡( ❞✐✛01❡♥$( ♣❛1❛♠5$1❡( ✶✸✾

❋✐❣✳ ✹✳✶✵ ✕ %♦'✐)✐♦♥' ❞✉ ❢.♦♥) ❞❡ ❝❤♦❝ ♣♦✉. ξ = 90 % )♦✉)❡' ❧❡' 0.5e−12 s

❋✐❣✳ ✹✳✶✶ ✕ ❱❛.✐❛)✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ ξ✳

❝❡))❡ ❝♦✉.❜❡ 7✉❡ ξ ❛ ✉♥❡ ❣.❛♥❞❡ ✐♥✢✉❡♥❝❡ '✉. ❧❡

∆D
Dh

✱ 7✉✐ ❛))❡✐♥) '♦♥ ♠❛①✐♠✉♠ ♣♦✉. ❞❡'

✈❛❧❡✉.' ❞❡ ξ ♣.♦❝❤❡' ❞❡ ✼✵ %✱ ❝❡ 7✉✐ ❝♦..❡'♣♦♥❞ ? ✉♥❡ ❧♦♥❣✉❡✉. ❞✬✐♥)❡.❢❛❝❡ ♠❛①✐♠❛❧❡

❡♥).❡ ❧❛ ✜❜.❡ ❡) '♦♥ ❡♥✈✐.♦♥♥❡♠❡♥)✳ ▲❡ ❝❤♦❝ ✐♥)❡.❛❣✐) ❛✈❡❝ ❝❡))❡ ✐♥)❡.❢❛❝❡ ❡♥ ② ❞D♣♦'❛♥)

❞❡ ❧❛ ✈♦.)✐❝✐)D✳ %❧✉' ❧✬✐♥)❡.❢❛❝❡ ❡') ❧♦♥❣✉❡✱ ♣❧✉' ✐❧ ❞D♣♦'❡ ❞❡ ❧❛ ✈♦.)✐❝✐)D✱ ❝❡ 7✉✐ ❡①♣❧✐7✉❡

❧❡ ♠❛①✐♠✉♠ ❞❡ ❧✬D❝❛.) .❡❧❛)✐❢ ❞❡' ✈✐)❡''❡' ♣♦✉. ✉♥❡ ❧♦♥❣✉❡✉. ❞✬✐♥)❡.❢❛❝❡ ♠❛①✐♠❛❧❡✳ %♦✉.

❞❡' ✈❛❧❡✉.' ❞❡ ξ '✉♣D.✐❡✉.❡' ? ✼✵ %✱ ❧❡' ✜❜.❡' '❡ '✉♣❡.♣♦'❡♥)✳ ❈♦♠♠❡ ❡❧❧❡' ❝♦♥)✐♥✉❡♥) ❞❡

❣.♦''✐. ❛✈❡❝ ξ✱ ❧❛ ❧♦♥❣✉❡✉. ❞✬✐♥)❡.❢❛❝❡ ❞✐♠✐♥✉❡✱ ❧❡ ❝❤♦❝ ❞D♣♦'❡ ❞♦♥❝ ♠♦✐♥' ❞❡ ✈♦.)✐❝✐)D ❝❡

7✉✐ ❡①♣❧✐7✉❡ ❧❛ ❞D❝.♦✐''❛♥❝❡ ❞❡ ❧❛ ♣❡♥)❡ ❞❡ ❧❛ ✜❣✉.❡ ✹✳✶✶ ♣♦✉. ❞❡' ξ '✉♣D.✐❡✉.' ? ✼✵ %✳

❆✈❛♥) ❞❡ ♣♦✉.'✉✐✈.❡ ❛✈❡❝ ❧✬D)✉❞❡ ❞❡ ❧❛ ✈❛.✐❛)✐♦♥ ❞❡' ❛✉).❡' ♣❛.❛♠G).❡'✱ ♥♦✉' ❞❡✈♦♥' ♥♦✉'

❛''✉.❡. 7✉❡ ❧❡' ❝♦♠♣❛.❛✐'♦♥' ❡♥).❡ ❧❡' ♠✐❧✐❡✉① ❤♦♠♦❣G♥❡' ❡) ❤D)D.♦❣G♥❡' '♦♥) ♣♦✉.✈✉❡' ❞❡

'❡♥'✳ ❖♥ ♣❡✉) ❡①♣.✐♠❡. Dh ❞❡ ♣❧✉'✐❡✉.' ♠❛♥✐G.❡'✱ ❞♦♥) ❧❡' ❞❡✉① '✉✐✈❛♥)❡' ❀ ❡♥ ❢♦♥❝)✐♦♥ ❞✉

♥♦♠❜.❡ ❞❡ ▼❛❝❤ M ✿

Dh = csM =

√
γP0
ρ0

M ✭✹✳✻✮



✶✹✵ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

❛✈❡❝ cs ❧❛ ✈✐&❡''❡ ❞✉ '♦♥ ❡& ❧✬✐♥❞✐❝❡ ✵ ❞.'✐❣♥❛♥& ❧❡ ♠✐❧✐❡✉ ♥♦♥ ❝❤♦2✉.✱ ❡& ❡♥ ❢♦♥❝&✐♦♥ ❞❡ uh ✿

Dh =
γ + 1

2
uh ✭✹✳✼✮

√
γP0

ρ0
❞❡ ❧✬.2✉❛&✐♦♥ ✭✹✳✻✮ ❡&

γ+1
2 ❞❡ ❧✬.2✉❛&✐♦♥ ✭✹✳✼✮ '♦♥& ❞❡' ❝♦♥'&❛♥&❡'✳ ❆✐♥'✐✱ ❞❛♥' ❧❡ ♠✐❧✐❡✉

❤♦♠♦❣=♥❡✱ 2✉❡ uh '♦✐& ✉♥❡ ❝♦♥'&❛♥&❡ ✐♠♣❧✐2✉❡ ✉♥❡ ✈✐&❡''❡ ❞❡ ❝❤♦❝ Dh ❝♦♥'&❛♥&❡ ❡& ❞♦♥❝ ✉♥

♥♦♠❜@❡ ❞❡ ▼❛❝❤ M .❣❛❧❡♠❡♥& ❝♦♥'&❛♥&✳ B♦✉@ ♣♦✉✈♦✐@ ❝♦♠♣❛@❡@ ❧❡' ✈✐&❡''❡' ❞❡ ❝❤♦❝ ❞❛♥'

❧❡' ♠✐❧✐❡✉① ❤♦♠♦❣=♥❡' ❡& ❤.&.@♦❣=♥❡'✱ ♥♦✉' ❞❡✈♦♥' @❡&@♦✉✈❡@ ❧❡' ♠D♠❡' @❡❧❛&✐♦♥' ❡♥&@❡ ❧❡'

❝♦♥'&❛♥&❡'✳ ▲❡' ❝❛❧❝✉❧' ❞❡ ❧❛ ✜❣✉@❡ ✹✳✶✶ '♦♥& @.❛❧✐'.' H M ❝♦♥'&❛♥&✳ ◆♦✉' ❛✈♦♥' '✐♠✉❧. ✉♥❡

❞❡✉①✐=♠❡ ❢♦✐' ❧❡' ♠D♠❡' ❝❛'✱ ❡♥ ♠❛✐♥&❡♥❛♥& ❝❡&&❡ ❢♦✐'✲❝✐ u ❝♦♥'&❛♥&❡✳ ❙✉@ ❧❛ ✜❣✉@❡ ✹✳✶✷✱ ❧❡'

❞❡✉① ❝♦✉@❜❡' '❡ '✉♣❡@♣♦'❡♥&✱ ❝❡ 2✉✐ ✐♥❞✐2✉❡ 2✉❡ 2✉❡❧2✉❡ '♦✐& u ♦✉ M ♠❛✐♥&❡♥✉ ✜①❡✱ ❧❡'

✈❛❧❡✉@' ❞❡

∆D
Dh

'♦♥& ❧❡' ♠D♠❡'✳ ◆♦✉' ✈❛❧✐❞♦♥' ❛✐♥'✐ ❧❡' ♠.&❤♦❞❡' ❞❡ ❝❛❧❝✉❧ ❞❡

∆D
Dh

✳

❋✐❣✳ ✹✳✶✷ ✕ ❱❛@✐❛&✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝&✐♦♥ ❞❡ ξ✱ H M ❡& u ❝♦♥'&❛♥&'✳

B♦✉@ ❝♦♠♣❧.&❡@ ❝❡&&❡ .&✉❞❡✱ ♥♦✉' ❛✈♦♥' ❡✛❡❝&✉. ❧❛ ♠D♠❡ ✈❛@✐❛&✐♦♥ ❞❡ ξ ♣♦✉@ ✉♥ @❛♣♣♦@&

❞❡ ❞❡♥'✐&. ✐♥❢.@✐❡✉@ H ✶✳ ▲❛ ✜❣✉@❡ ✹✳✶✸ @❡♣@.'❡♥&❡ ❧✬❛✈❛♥❝.❡ ❞✉ ❝❤♦❝ ❞❛♥' ✉♥❡ @❛♥❣.❡ ❞❡

✜❜@❡' ❝❛@❛❝&.@✐'.❡ ♣❛@ ✉♥ &❛✉① ❞❡ ♣@.'❡♥❝❡ ❞❡ ✻✵ % ❡& ✉♥ @❛♣♣♦@& ❞❡ ❞❡♥'✐&. ❞❡ ✵✱✶✳ ❯♥❡

❛❧❧.❡ ❞❡ ✈♦@&❡① '❡ ❢♦@♠❡✱ ❡&✱ ❝♦♠♠❡ ❞.❝@✐& ❞❛♥' ❧❡ ❝❤❛♣✐&@❡ ✶✱ ✐❧' &♦✉@♥❡♥& ❡♥ '❡♥' ✐♥✈❡@'❡

♣❛@ @❛♣♣♦@& ❛✉ ❝❛' ♦R η = 4✳ ❙✉@ ❧❛ ✜❣✉@❡ ✹✳✶✹✱ 2✉❡❧2✉❡ '♦✐& η =✵✱✶ ♦✉ η =✹✱ ❧❡' ❝♦✉@❜❡'

❋✐❣✳ ✹✳✶✸ ✕ ❆❧❧.❡ ❞❡ ✈♦@&❡① ❝♦♥&@❛@♦&❛&✐❢'✱ η = 0, 1 ❡& ξ = 60 %✳

❞❡ ❧❛ ✈❛@✐❛&✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝&✐♦♥ ❞❡ ξ '✉✐✈❡♥& ❧❛ ♠D♠❡ ❛❧❧✉@❡✱ ❡& ♣@.'❡♥&❡♥& ✉♥ ♠❛①✐♠✉♠

♣♦✉@ ✉♥ ξ .❣❛❧ H ✼✵ %✳



✹✳✷ ❊$✉❞❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡( ❞✐✛01❡♥$( ♣❛1❛♠5$1❡( ✶✹✶

❋✐❣✳ ✹✳✶✹ ✕ ❱❛&✐❛(✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝(✐♦♥ ❞❡ ξ✱ ♣♦✉& η = 4 ❡( η = 0, 1 ✳

✹✳✷✳✷ ❱❛%✐❛'✐♦♥ ❞❡ ❧❛ ✈✐'❡..❡ ✢✉✐❞❡ ✐♥✐'✐❛❧❡✱ u0

❚❡3(♦♥3 4 ♣&53❡♥( ❧✬✐♥✢✉❡♥❝❡ 3✉& ❧❡

∆D
Dh

❞❡ ❞✐✛5&❡♥(❡3 ✈✐(❡33❡3 ✢✉✐❞❡3 ✐♥✐(✐❛❧❡3✳ ▲✬5(✉❞❡

❞❡ ❧❛ ✈❛&✐❛(✐♦♥ ❞✉ ξ ♥♦✉3 ❞♦♥♥❡ ❞5❥4 ✉♥❡ ✈❛❧❡✉& ❞❡

∆D
Dh

♣♦✉& u0 = 40 ❦♠✴3✳ ◆♦✉3 ❡✛❡❝(✉♦♥3✱

♣♦✉& ξ = 50 ❡( ✾✵ %✱ ❞✬❛✉(&❡3 ❝❛❧❝✉❧3 ❡♥ ✐♥❥❡❝(❛♥( ❞❡ ❧❛ ♠❛(✐C&❡ 4 u0 =✶✼✱ ✶✵✵✱ ✶ ✵✵✵ ❡( ✶✵

✵✵✵ ♠✴3✱ ❝❡ E✉✐ ♣❡&♠❡( ❞❡ ❜❛❧❛②❡& ✉♥❡ ❧❛&❣❡ ❣❛♠♠❡ ❞❡ ♥♦♠❜&❡3 ❞❡ ▼❛❝❤✳ ◗✉❛♥❞ u0 = 17
♠✴3✱ ❧❡ ❝❤♦❝ ❡3( (&C3 ♠♦✉ ❡( ❡♥❞♦♠♠❛❣❡ ❞✐✣❝✐❧❡♠❡♥( ❧❡3 ✜❜&❡3 ✭✜❣✉&❡ ✹✳✶✺✮✳ ❆ ♣❛&(✐& ❞❡

u0 = 100 ♠✴3✱ ❧❡ ❝❤♦❝ ❡3( 3✉✣3❛♠♠❡♥( ❢♦&( ♣♦✉& ❧❡3 ❞5(&✉✐&❡ ✐♥3(❛♥(❛♥5♠❡♥( ✭✜❣✉&❡ ✹✳✶✻✮✳

▲❛ ✜❣✉&❡ ✹✳✶✼ &❡♣&53❡♥(❡ ❧❡3 ✈❛❧❡✉&3 ❞❡

∆D
Dh

❡♥ ❢♦♥❝(✐♦♥ ❞❡ u0 ❡♥ 5❝❤❡❧❧❡ ❧♦❣❛&✐(❤♠✐E✉❡✳

❋✐❣✳ ✹✳✶✺ ✕ u0 = 17 ♠✴3✱ ξ = 50 %✱ η = 4✳

❋✐❣✳ ✹✳✶✻ ✕ u0 = 100 ♠✴3✱ ξ = 50 %✱ η = 4✳

◆♦✉3 ♦❜3❡&✈♦♥3 ❝❡ E✉❡ ♥♦✉3 ❛((❡♥❞✐♦♥3 ❀ ❧❡

∆D
Dh

♥❡ ✈❛&✐❡ ♣❛3 ♦✉ E✉❡ (&C3 ♣❡✉ ❡♥ ❢♦♥❝(✐♦♥ ❞❡

❧❛ ✈✐(❡33❡ ✢✉✐❞❡ ✐♥✐(✐❛❧❡ ❡( ❞♦♥❝ ❞✉ ♥♦♠❜&❡ ❞❡ ▼❛❝❤✳

✹✳✷✳✸ ❱❛%✐❛'✐♦♥ ❞✉ %❛♣♣♦%' ❞❡ ❞❡♥.✐'4✱ η =

ρfibre

ρenv

❉❛♥3 ❧❡ ❝❤❛♣✐(&❡ ✶✱ ♥♦✉3 ❛✈♦♥3 ❞5❝&✐( ❧✬✐♥(❡&❛❝(✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ✉♥❡ ✜❜&❡ ❞❛♥3 ❧❡3 ❝❛3 ♦U

η > 1 ❡( η < 1✳ ▲❛ ♣&✐♥❝✐♣❛❧❡ ❞✐✛5&❡♥❝❡ ❡♥(&❡ ❝❡3 ❞❡✉① ❝❛3 &53✐❞❡ ❞❛♥3 ❧❡ 3❡♥3 ❞✬❡♥&♦✉❧❡♠❡♥(



✶✹✷ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

❋✐❣✳ ✹✳✶✼ ✕ ❱❛'✐❛)✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ u0✳

❞❡ ❧❛ ♠❛)✐3'❡ ❞❡''✐3'❡ ❧❡ ❝❤♦❝✱ ❞♦♥❝ ❞❛♥6 ❧❡ 6❡♥6 ❞❡ '♦)❛)✐♦♥ ❞✉ ✈♦')❡①✳

❙✉' ❧❛ ✜❣✉'❡ ✹✳✶✽✱ η ♣'❡♥❞ ❧❡6 ✈❛❧❡✉'6 ✵✱✶ ❀ ✵✱✺ ❀ ✶ ❀ ✹ ❀ ✶✵ ❡) ✷✵ ♣♦✉' )'♦✐6 ❝❛6 ✿ ξ =✶✵✱ ✺✵ ❡)

✾✵ %✳ ❖♥ '❡♠❛'E✉❡ E✉❡ ❧✬❛❧❧✉'❡ ❞✉

∆D
Dh

❡6) 6✐♠✐❧❛✐'❡ ♣♦✉' ❧❡6 )'♦✐6 ξ✱ ❝✬❡6) G ❞✐'❡ E✉❡ ♣❧✉6

❋✐❣✳ ✹✳✶✽ ✕ ❱❛'✐❛)✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ η✳

❧❡ '❛♣♣♦') ❞❡ ❞❡♥6✐)H ❡♥)'❡ ❧❡6 ✜❜'❡6 ❡) ❧❡✉' ❡♥✈✐'♦♥♥❡♠❡♥) ❡6) H❧❡✈H✱ ♣❧✉6 ❧✬H❝❛') '❡❧❛)✐❢ ❞❡6

✈✐)❡66❡6 ❞❡ ❝❤♦❝ ❞❛♥6 ❧❡6 ♠✐❧✐❡✉① ❤♦♠♦❣3♥❡ ❡) ❤H)H'♦❣3♥❡ ❡6) ✐♠♣♦')❛♥)✳ ❊♥ '❡✈❛♥❝❤❡✱ ❧❡6

✈❛❧❡✉'6 ❞❡

∆D
Dh

6♦♥) ❞✐✛H'❡♥)❡6 ❀ ❡❧❧❡6 6♦♥) ♣❧✉6 H❧❡✈H❡6 ❞❛♥6 ❧❡ ❝❛6 ξ = 50 % E✉❡ ♣♦✉' ξ = 10
❡) ✾✵ %✱ ❝❡ E✉✐ '❡❥♦✐♥) ❧❡6 'H6✉❧)❛)6 ♣'H6❡♥)H6 6✉' ❧❛ ❝♦✉'❜❡ ✹✳✶✶✳ ▲❛ '❛♣♣♦') ❞❡ ❞❡♥6✐)H η
❡6)✱ ❝♦♠♠❡ ξ✱ ✉♥ ♣❛'❛♠3)'❡ ✐♥✢✉❡♥) 6✉' ❧❡6 ✈❛❧❡✉'6 ❞❡

∆D
Dh

✳ ❈❡❝✐ 6✬❡①♣❧✐E✉❡ ♣❛' ❧❛ '❡❧❛)✐♦♥



✹✳✷ ❊$✉❞❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡( ❞✐✛01❡♥$( ♣❛1❛♠5$1❡( ✶✹✸

❡①✐#$❛♥$ ❡♥$'❡ ❧❡ ❞*♣,$ ❞❡ ✈♦'$✐❝✐$* ❡$ ❧❡ ❣'❛❞✐❡♥$ ❞❡ ❞❡♥#✐$* ✿

d~ω
dt
= 1

ρ2 (∇ρ∧∇P )✳ ▲❡ ❞*♣,$

❞❡ ✈♦'$✐❝✐$*✱ ❡$ ❞♦♥❝ ❧✬*❝❛'$ '❡❧❛$✐❢ ❞❡# ✈✐$❡##❡# ❞❡ ❝❤♦❝✱ ❛✉❣♠❡♥$❡♥$ ❛✈❡❝ ❧❡ ❣'❛❞✐❡♥$ ❞❡

❞❡♥#✐$*✳

✹✳✷✳✹ ❱❛%✐❛'✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥' ❛❞✐❛❜❛'✐0✉❡✱ γ

▲❡ ❞❡'♥✐❡' ♣❛'❛♠:$'❡ ;✉✬✐❧# ♥♦✉# ❛ ♣❛'✉ ♣❡'$✐♥❡♥$ ❞✬❡①♣❧♦'❡' ❡#$ ❧❡ ❝♦❡✣❝✐❡♥$ ❛❞✐❛❜❛✲

$✐;✉❡ γ✳ ❏✉#;✉✬❛❧♦'# ✐❧ ❛ *$* ✜①* A ❧❛ ✈❛❧❡✉' ❞❡# ❣❛③ ♣❛'❢❛✐$# ♠♦♥♦❛$♦♠✐;✉❡#✱

5
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♥♦✉# ✐♥$*'❡##♦♥# A ❞✬❛✉$'❡# ✈❛❧❡✉'# ❞❡ γ ❡$ ❧❡✉' ✐♥✢✉❡♥❝❡ #✉'

∆D
Dh

✳ E♦✉' $'♦✐# ✈❛❧❡✉'# ❞❡

ξ✱ ✷✵✱ ✺✵ ❡$ ✽✵ %✱ ♥♦✉# ❛✈♦♥# ❢❛✐$ ✈❛'✐❡' ❧❡ ❝♦❡✣❝✐❡♥$ ❛❞✐❛❜❛$✐;✉❡ ❞❡ ✶✱✶ A ✺✳ ▲❡# ✈❛❧❡✉'#

❞❡

∆D
Dh

#♦♥$ '*♣❡'$♦'✐*❡# #✉' ❧❛ ✜❣✉'❡ ✹✳✶✾✳ ▲✬*❝❛'$ '❡❧❛$✐❢ ❞❡# ✈✐$❡##❡# ❞❡ ❝❤♦❝ ❛$$❡✐♥$ #♦♥

❋✐❣✳ ✹✳✶✾ ✕ ❱❛'✐❛$✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝$✐♦♥ ❞❡ γ✳

♠❛①✐♠✉♠ ❧♦'#;✉❡ γ ❡#$ ❝♦♠♣'✐# ❡♥$'❡ ✶✱✶ ❡$ ✷✱ ❝✬❡#$✲A✲❞✐'❡ ❧♦'#;✉❡ ❧❡# ♠❛$*'✐❛✉① #♦♥$ $':#

❝♦♠♣'❡##✐❜❧❡#✳ ❊♥#✉✐$❡ ✐❧ ❞✐♠✐♥✉❡ ❧♦'#;✉❡ ❧❛ ❝♦♠♣'❡##✐❜✐❧✐$* ❞❡# ♠❛$*'✐❛✉① ❛✉❣♠❡♥$❡✱ ❥✉#✲

;✉✬A #✬❛♥♥✉❧❡' ♣♦✉' ✉♥ γ ❝♦♠♣'✐# ❡♥$'❡ ✸ ❡$ ✺ #❡❧♦♥ ❧❡# ❝❛#✱ ❡$ ♣♦✉' ξ = 20 ❡$ ✽✵ % ❧❡

∆D
Dh

❞❡✈✐❡♥$ ♠R♠❡ ♥*❣❛$✐❢✳ ❈❡❝✐ #✐❣♥✐✜❡ ;✉✬A ♣❛'$✐' ❞✬✉♥❡ ❝❡'$❛✐♥❡ ✈❛❧❡✉' ❞❡ ❝♦❡✣❝✐❡♥$ ❛❞✐❛✲

❜❛$✐;✉❡✱ ❧❡ ❝❤♦❝ ✈❛ #❡ ♣'♦♣❛❣❡' ♣❧✉# '❛♣✐❞❡♠❡♥$ ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣:♥❡ ;✉❡ ❞❛♥# ❝❡❧✉✐

❤*$*'♦❣:♥❡✳ ▲❛ $❡♥❞❛♥❝❡ ;✉❡ ♥♦✉# ❛✈♦♥# ♦❜#❡'✈*❡ ❥✉#;✉✬✐❝✐ #✬✐♥✈❡'#❡ ❛❧♦'# ❡♥ ❢♦♥❝$✐♦♥ ❞❡ γ✳
❈❡# ✈❛'✐❛$✐♦♥# ❞❡ ❧✬*❝❛'$ '❡❧❛$✐❢ ❞❡# ✈✐$❡##❡# ❞❡ ❝❤♦❝ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥$ ❛❞✐❛❜❛$✐;✉❡✱

❡$ ❞♦♥❝ ❞❡ ❧❛ ❝♦♠♣'❡##✐❜✐❧✐$* ❞✉ ♠✐❧✐❡✉✱ $'♦✉✈❡♥$ ❧❡✉' ❡①♣❧✐❝❛$✐♦♥✱ ❝♦♠♠❡ ♣♦✉' ❧❡ ❝❛# ❞❡

❧❛ ✈❛'✐❛$✐♦♥ ❞✉ '❛♣♣♦'$ ❞❡ ❞❡♥#✐$*✱ ❞❛♥# ❧❛ ❞*✜♥✐$✐♦♥ ❞✉ ❞*♣,$ ❞❡ ✈♦'$✐❝✐$* ;✉✐ #✬❡①♣'✐♠❡

❡♥ ❢♦♥❝$✐♦♥ ❞✉ ❣'❛❞✐❡♥$ ❞❡ ♣'❡##✐♦♥✳ E❧✉# ❧❡ ♠✐❧✐❡✉ ❡#$ ❝♦♠♣'❡##✐❜❧❡✱ ♣❧✉# ❧❡ ❣'❛❞✐❡♥$ ❞❡

♣'❡##✐♦♥ ❞✐♠✐♥✉❡✱ ❝❡ ;✉✐ ✐♠♣❧✐;✉❡ ❧❛ ❞✐♠✐♥✉$✐♦♥ ❞✉ ❞*♣,$ ❞❡ ✈♦'$✐❝✐$* ❡$ ❞❡ ❧✬*❝❛'$ '❡❧❛$✐❢

❞❡# ✈✐$❡##❡# ❞❡ ❝❤♦❝✳



✶✹✹ ❘#$❡❛✉ ❝❛))# ❞❡ ✜❜)❡$

✹✳✸ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡)

✹✳✸✳✶ ❘%&✉❧)❛)& ❞✉ ♠♦❞.❧❡ ❛♥❛❧②)✐3✉❡ ❞❡ ❍❛③❛❦ et al. ❬✷✸❪ ♣♦✉; ❧❡ ❝❛❧❝✉❧

❞✉

∆D
Dh

✳

❆✉ ❝❤❛♣✐'(❡ ✷ ♥♦✉- ❛✈✐♦♥- ❛♣♣(♦①✐♠1 ❧❡- (❡❧❛'✐♦♥- ❞✬❍✉❣♦♥✐♦' ❣1♥1(❛❧✐-1❡- ❡' ♦❜'❡♥✉

❧❡- '(♦✐- 18✉❛'✐♦♥- -✉✐✈❛♥'❡- ✿

∆D
Dh

(
2

γ+1 +
∆ρ
ρh

)
= −γ−1

γ+1
∆ρ
ρh

✭✹✳✽✮

1 + ∆p
ph

=
(
1 + ∆ρ

ρh

) [
γ+1
γ−1

(
1 + ∆D

Dh

)
− 2

γ−1

(
1 + ∆u2

u2
h

)]
✭✹✳✾✮

1

γ − 1

(
1 +

∆D

Dh

)[(
1 +

∆ρ

ρh

)(
1 +

∆u2

uh

)
+

(
1 +

∆p

ph

)]

− 2

(γ + 1)(γ − 1)

(
1 +

∆ρ

ρh
+ 3

∆u2

u2h

)
− 2γ

(γ + 1)(γ − 1)

(
1 +

∆p

ph

)
= 0

✭✹✳✶✵✮

◆♦✉- ❡♥ ❛✈♦♥- ❡①'(❛✐'

∆D
Dh

❞❡- '(♦✐- (❡❧❛'✐♦♥-✳ C♦✉( ✉♥ ❝♦❡✣❝✐❡♥' ❛❞✐❛❜❛'✐8✉❡ ❞❡
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η

)
R

(
1 + π

2

)
✭✹✳✷✵✮



✹✳✹ ❈❛❧❝✉❧ ❞❡ ❧❛ ❝✐*❝✉❧❛+✐♦♥ ✶✹✼

◆♦✉# ✉$✐❧✐#♦♥# ❧❛ ❢♦*♠✉❧❡ -✉✐ *❡❧✐❡ ❧❛ ❝✐*❝✉❧❛$✐♦♥ / ❧❛ ✈✐$❡##❡ ❞✉ ❝❤♦❝✳ ❈❡$$❡ ❞❡*♥✐5*❡ #✬♦❜$✐❡♥$

❞❡# ❝❛❧❝✉❧# ♥✉♠8*✐-✉❡#✳ ❉❛♥# ❧❡ ❝❛# ❞❡ ❝❡$$❡ 8$✉❞❡✱ R = r0 = 2, 5 µm✱ γ = 5
3 ❡$ η = 4✳

▲❛ ❧✐♠✐$❡ ❞❡ ❧❛ ❢♦*♠✉❧❡ ✭✹✳✷✵✮ #❡ $*♦✉✈❡ ❞❛♥# ❧❡ ❢❛✐$ -✉✬❡❧❧❡ ♥❡ ❝♦♥#✐❞5*❡ ♣❛# ❧❡# $❛✉①

❞❡ ♣*8#❡♥❝❡ ♣♦✉* ❧❡#-✉❡❧# ❧❡# ✜❜*❡# #♦*$❡♥$ ❞❡ ❧❛ ❜♦D$❡ ❞❡ #✐♠✉❧❛$✐♦♥✳ ▲❛ ✜❣✉*❡ ✭✹✳✷✷✮

*❡♣*8#❡♥$❡ ❧✬8✈♦❧✉$✐♦♥ ❞❡ ❧❛ ❝✐*❝✉❧❛$✐♦♥ ❞❛♥# ❧❡ *8#❡❛✉ ❝❛**8 ❡♥ ❢♦♥❝$✐♦♥ ❞❡ ξ✳ ❖♥ *❡♠❛*-✉❡

❋✐❣✳ ✹✳✷✷ ✕ ▲❛ ❝✐*❝✉❧❛$✐♦♥ ❡♥ ❢♦♥❝$✐♦♥ ❞❡ ξ✳

-✉❡ ❧❛ ❝✐*❝✉❧❛$✐♦♥ ❝*♦D$ ❥✉#-✉✬/ ✉♥ ♠❛①✐♠✉♠ #✐$✉8 / ξ = 70 %✱ ♣✉✐# *❡❞❡#❝❡♥❞ ❛❜*✉♣$❡♠❡♥$✳
❈❡$$❡ ❞8❝*♦✐##❛♥❝❡ ❡#$ ❞I❡ ❛✉ ❢❛✐$ -✉❡ ❧❡# ✜❜*❡# ❞8♣❛##❡♥$ ❞❡ ❧❛ ❜♦D$❡ ❞❡ #✐♠✉❧❛$✐♦♥ ♣♦✉*

✉♥ ξ #✉♣8*✐❡✉* / ✼✵ %✳
▲❛ ❝♦♥♥❛✐##❛♥❝❡ ❞❡ ∆U ❡$ ❞❡ #❛ ❝♦♥♥❡❝$✐♦♥ ❛✈❡❝ ❧❛ ✈✐$❡##❡ ✢✉✐❞❡ U ❞❡ ❧✬8-✉❛$✐♦♥ ✭✹✳✶✼✮

♥♦✉# ♣❡*♠❡$$*❛✐$ ❞✬❡♥ ❝❛❧❝✉❧❡*

∆D
Dh

❡$ ❞❡ ❧❡ ❝♦♠♣❛*❡* / ♥♦# ✈❛❧❡✉*# ♥✉♠8*✐-✉❡#✳



✶✹✽ ❘$%❡❛✉ ❝❛**$ ❞❡ ✜❜*❡%

▲❛ ♣#♦♣❛❣❛&✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥. ✉♥ #/.❡❛✉ ❝❛##/ ❞❡ ✜❜#❡. ❛ /&/ /&✉❞✐/❡ ♥✉♠/#✐4✉❡♠❡♥&

5 ❧✬❛✐❞❡ ❞❡ ❝❛❧❝✉❧. ✷❉ ❤②❞#♦❞②♥❛♠✐4✉❡. ❡✉❧/#✐❡♥.✳ ▲❡. /4✉❛&✐♦♥. ❞✬/&❛& ❞❡. ❣❛③ ♣❛#❢❛✐&. ♦♥&

/&/ ❝♦♥.✐❞/#/❡. ❡& ♣♦✉# ❞❡. ❣❛③ ♠♦♥♦❛&♦♠✐4✉❡. ✭γ = 5
3✮✱ ✉♥❡ ❛✉❣♠❡♥&❛&✐♦♥ ❞❡ ❧❛ ✈✐&❡..❡ ❞✉

❝❤♦❝ ❛ /&/ ♦❜.❡#✈/❡ ❡♥ ❝♦♠♣❛#❛✐.♦♥ 5 ❧❛ ✈✐&❡..❡ ❞✉ ❝❤♦❝ ❞❛♥. ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣A♥❡ ❞❡ ❞❡♥.✐&/

/4✉✐✈❛❧❡♥&❡✳ ▲❛ ❞✐✛/#❡♥❝❡ #❡❧❛&✐✈❡ ❞❡. ✈✐&❡..❡. ❛&&❡✐♥& .♦♥ ♠❛①✐♠✉♠✱ ♥✉♠/#✐4✉❡♠❡♥& ❡&

❛♥❛❧②&✐4✉❡♠❡♥&✱ ♣♦✉# ✉♥ &❛✉① ❞❡ ♣#/.❡♥❝❡ ❝♦♠♣#✐. ❡♥&#❡ ✺✵ % ❡& ✼✵ %✱ ❝❡ 4✉✐ ❝♦##❡.♣♦♥❞ 5
❧❛ ❧♦♥❣✉❡✉# ♠❛①✐♠❛❧❡ ❞❡ ❧✬✐♥&❡#❢❛❝❡ ❡♥&#❡ ❧❡. ♠✐❧✐❡✉① ❧♦✉#❞ ❡& ❧/❣❡#✳ ▲❛ ❞❡.&#✉❝&✐♦♥ .✉❝❝❡..✐✈❡

❞❡. ✜❜#❡. ❞✉#❛♥& ❧❛ ♣#♦♣❛❣❛&✐♦♥ ❞✉ ❝❤♦❝ ❝♦♥❞✉✐& 5 ✉♥❡ ♥❛♣♣❡ ❞❡ ✈♦#&✐❝✐&/ ❡& ❞❡✉① ❝♦✉❝❤❡.

❞❡ ❝✐.❛✐❧❧❡♠❡♥& ❞❛♥. ❧❡ ♠✐❧✐❡✉ ❝❤♦4✉/✳ ▲❛ ❞✐✛/#❡♥❝❡ #❡❧❛&✐✈❡ ❞❡. ✈✐&❡..❡. ❞/♣❡♥❞ ❞✉ ❞/♣G& ❞❡

✈♦#&✐❝✐&/✱ 4✉✐ ❛♣♣❛#❛H& 4✉❛♥❞ ❧❡ ❝❤♦❝ #❡♥❝♦♥&#❡ ❧❡. ✜❜#❡.✳ ▲❡ ❞/♣G& ❛✉❣♠❡♥&❡ ❛✈❡❝ ❧❡ #❛♣♣♦#&

❞❡ ❞❡♥.✐&/ ❡♥&#❡ ❧❡. ❞❡✉① ♠❛&/#✐❛✉①✱ ❛❜♦✉&✐..❛♥& 5 ✉♥❡ /❧/✈❛&✐♦♥ ❞❡ ❧❛ ❞✐✛/#❡♥❝❡ #❡❧❛&✐✈❡

❞❡. ✈✐&❡..❡.✳ ❊♥✜♥✱ ❧❡ ❝♦❡✣❝✐❡♥& ❛❞✐❛❜❛&✐4✉❡ ❡.& ✉♥ ♣❛#❛♠A&#❡ &#A. ✐♠♣♦#&❛♥&✳ ❊♥ ❡✛❡&✱

❧♦#.4✉❡ γ ❡.& .✉♣/#✐❡✉# 5 ✸✱ ❧❛ ❞✐✛/#❡♥❝❡ ❞❡ ✈✐&❡..❡ .✬❛♥♥✉❧❡✳ ❈❡❝✐ ❡.& ❝♦♥✜#♠/ ♣❛# ✉♥❡

❞❡.❝#✐♣&✐♦♥ &❤❡#♠♦❞②♥❛♠✐4✉❡ ❞❡ ❧❛ &✉#❜✉❧❡♥❝❡ ✐♥./#/❡ ❞❛♥. ❧❡. /4✉❛&✐♦♥. ❤②❞#♦❞②♥❛♠✐4✉❡.

❞❡ ❝♦♥.❡#✈❛&✐♦♥✳ ▲❡. ❝❛❧❝✉❧. ❞❡ ❝✐#❝✉❧❛&✐♦♥ ♠♦♥&#❡♥& ✉♥❡ &#A. ❢♦#&❡ ❝♦##/❧❛&✐♦♥ ❡♥&#❡ ❧❛

♣#/.❡♥❝❡ ❞❡. ✈♦#&❡① ❡& ❧❛ ♠♦❞✐✜❝❛&✐♦♥ ❞❡ ❧❛ ✈✐&❡..❡ ❞✉ ❝❤♦❝ ❞❛♥. ❧❡ ♠✐❧✐❡✉ ❤/&/#♦❣A♥❡ ♣❛#

#❛♣♣♦#& ❛✉ ♠✐❧✐❡✉ ❤♦♠♦❣A♥❡ ❞❡ ❞❡♥.✐&/ ♠♦②❡♥♥❡ /4✉✐✈❛❧❡♥&❡✳



❆♥♥❡①❡ ❞✉ ❝❤❛♣✐+,❡ ✹





❆♥♥❡①❡ ❉

❊①"#❛♣♦❧❛"✐♦♥ ✿ #+,❡❛✉ ❞❡ ✜❜#❡,

#❡❝"❛♥❣✉❧❛✐#❡

❈♦♥#✐❞&'♦♥# ✉♥ '&#❡❛✉ '❡❝,❛♥❣✉❧❛✐'❡ ✭Lx 6= Ly✮ ❡, ❧❡# ❞❡✉① #✐,✉❛,✐♦♥# #✉✐✈❛♥,❡# ✿ Lx <
Ly ❡, Ly < Lx✳ ▲❛ ✜❣✉'❡ ❉✳✶ '❡♣'&#❡♥,❡ ❧❛ ♣'♦♣❛❣❛,✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥# ❧❛ ❜♦<,❡ ♣♦✉'

❋✐❣✳ ❉✳✶ ✕ Lx < Ly✱ ξ = 20 % ❡, ξ > 95 %✳

'❡#♣❡❝,✐✈❡♠❡♥, ✉♥ ξ = 20 % ❡, ✉♥ ξ > 95 % ,'@# &❧❡✈&✳ ◗✉❛♥❞ Lx ❞❡✈✐❡♥, ,'@# ♣❡,✐, ❞❡✈❛♥,
Ly✱ ❧❡# ✜❜'❡# #♦♥, ,'@# ♣'♦❝❤❡# ❧❡# ✉♥❡# ❞❡# ❛✉,'❡# ❤♦'✐③♦♥,❛❧❡♠❡♥, ❡, ♥♦✉# ♦❜,❡♥♦♥# ❧❡ ❝❛#
❧✐♠✐,❡ ❜✐❝♦✉❝❤❡✳ ◗✉❛♥❞ ❧❡# ✜❜'❡# #♦♥, ,'@# '❛♣♣'♦❝❤&❡# ✈❡',✐❝❛❧❡♠❡♥,✱ ♥♦✉# ♥♦✉# ,'♦✉✈♦♥#

❞❛♥# ✉♥ ❛✉,'❡ ❝❛# ❧✐♠✐,❡ ♣♦✉' ❧❡C✉❡❧ ❧❡ ❝❤♦❝ #❡ ♣'♦♣❛❣❡ D ,'❛✈❡'# ❞❡# ❝♦✉❝❤❡# ✈❡',✐❝❛❧❡#✳ ❆

❧❛ ❧✐♠✐,❡ Ly → 0 ❧❡ ❝❤♦❝ ❛✈❛♥❝❡ ❛❧♦'# ❞✬✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣@♥❡ D ✉♥ ❛✉,'❡ ♠✐❧✐❡✉ ❤♦♠♦❣@♥❡✳
■❧ ♥✬② ❛ ❞♦♥❝ ♣❧✉# ❞❡ ❞&♣I, ❞❡ ✈♦',✐❝✐,& D ❧✬✐♥,❡'❢❛❝❡ ❡, ❛✉❝✉♥❡ ❛❝❝&❧&'❛,✐♦♥ ❞✉ ❝❤♦❝ ♥✬❡#,

❛❧♦'# ❛,,❡♥❞✉❡✳



✶✺✷ ❊①%&❛♣♦❧❛%✐♦♥ ✿ &./❡❛✉ ❞❡ ✜❜&❡/ &❡❝%❛♥❣✉❧❛✐&❡



❈❤❛♣✐%&❡ ✺

❘!"❡❛✉ ❞❡ ✜❜)❡" ❡♥ +✉✐♥❝♦♥❝❡"

◆♦✉# ❝♦♠♣❧❡①✐✜♦♥# ❡♥❝♦-❡ ✉♥ ♣❡✉ ❧❛ ♠❛♥✐/-❡ ❞❡ ♠♦❞1❧✐#❡- ❧❛ ♠♦✉##❡ ❡♥ ❝♦♥#✐❞1-❛♥2 ✉♥❡

✈❛-✐❛2✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❡♥2-❡ ❧❡# ✜❜-❡# ❞❡ ❝❤❛8✉❡ -❛♥❣1❡✱ ❝❡ 8✉✐ ❝♦♥❞✉✐2 : 12✉❞✐❡- ❧❛ ♣-♦♣❛❣❛2✐♦♥

❞✉ ❝❤♦❝ ❞❛♥# ✉♥ -1#❡❛✉ ❞❡ ✜❜-❡# ❞✐#♣♦#1❡# ❡♥ 8✉✐♥❝♦♥❝❡#✳ ❚♦✉2 ❞✬❛❜♦-❞✱ ♥♦✉# ❛❧❧♦♥# ♦❜#❡-✈❡-

❝❡ 8✉❡ ❧❛ ✈❛-✐❛2✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❡♥❣❡♥❞-❡ ❞❛♥# ❧❛ ♠♦❞✐✜❝❛2✐♦♥ ❞❡ ❧❛ ✈✐2❡##❡ ❞✉ ❝❤♦❝ ❞❛♥# ❧❡

♠✐❧✐❡✉ ❤121-♦❣/♥❡✱ ✈1-✐✜❛♥2 ❛✐♥#✐ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❣1♦♠12-✐❡ ❞❛♥# ❝❡22❡ 12✉❞❡✳ >✉✐# ♥♦✉#

❛❧❧♦♥# ♥♦✉# ♣❡♥❝❤❡- #✉- ❧❡# ♣❤1♥♦♠/♥❡# ❧✐1# : ❧❛ 2✉-❜✉❧❡♥❝❡✳

✺✳✶ ❊$✉❞❡ ❞❡( ❞✐✛+,❡♥$❡( ❣+♦♠+$,✐❡(

✺✳✶✳✶ ▲❡% ❣'♦♠'*+✐❡% %❡❧♦♥ ❧✬❛♥❣❧❡

❉❛♥# ❧❡ ❝❤❛♣✐*+❡ ✶✱ ❧❛ ❞❡#❝+✐♣*✐♦♥ ❞✉ +1#❡❛✉ ❡♥ 2✉✐♥❝♦♥❝❡# ❢❛✐* ❧✬♦❜❥❡* ❞✬✉♥❡ ✜❣✉+❡ 2✉❡

♥♦✉# +❡♣+❡♥♦♥#✱ ❡♥ ♥♦*❛♥* θ ❧✬❛♥❣❧❡ ❡♥*+❡ ❧❡# ✜❜+❡# ❞❡ ❝❤❛2✉❡ +❛♥❣1❡ ✭✜❣✉+❡ ✺✳✶✮✳

❋✐❣✳ ✺✳✶ ✕ ❘1#❡❛✉ ❞❡ ✜❜+❡# ❡♥ 2✉✐♥❝♦♥❝❡#

❉❛♥# ❝❡ ❝❤❛♣✐*+❡✱ ♥♦✉# 1*✉❞✐♦♥# 2✉❛*+❡ ❣1♦♠1*+✐❡# ❞✐✛1+❡♥*❡#✱ ♣♦✉+ ❧❡#2✉❡❧❧❡# θ ♣+❡♥❞
❧❡# ✈❛❧❡✉+# #✉✐✈❛♥*❡# ✿ ✸✵

◦
✱ ✹✺

◦
✱ ✻✵

◦
❡* ✼✺

◦
✳ ▲❡# +1#✉❧*❛*# #♦♥* ❝♦♠♣❛+1# I ❝❡✉① ♦❜*❡♥✉#

♣♦✉+ ❞❡# ❝❛# ❝♦♥♥✉#✱ I #❛✈♦✐+ θ❂✾✵◦✱ 2✉✐ ❝♦++❡#♣♦♥❞ ❛✉ +1#❡❛✉ ❝❛++1 ❞✉ ❝❤❛♣✐*+❡ ♣+1❝1❞❡♥*✱
❛✐♥#✐ 2✉❡ ❧❡ ❜✐❝♦✉❝❤❡✳ ◆♦✉# ❝♦♥#✐❞1+♦♥# ✉♥ *+♦✐#✐N♠❡ ❝❛# 2✉✐ ❡#* ✉♥❡ ❛❧*❡+♥❛♥❝❡ ❞❡ ♣❧✉#✐❡✉+#

❝♦✉❝❤❡# ✈❡+*✐❝❛❧❡#✱ ♦✉ ♠✉+#✱ 2✉❡ ♥♦✉# ❛❧❧♦♥# ❞1❝+✐+❡ ❞❛♥# ❧❛ #✉✐*❡✳ ▲❡ ❜✐❝♦✉❝❤❡ ❡* ❧❡# ♠✉+#

❥♦✉❡♥* ❧❡ +O❧❡ ❞❡ ❝❛# ❧✐♠✐*❡#✳ ❊♥ ❝❡ 2✉✐ ❝♦♥❝❡+♥❡ ❧❛ ♠♦❞1❧✐#❛*✐♦♥ ❞✉ +1#❡❛✉ ❡♥ 2✉✐♥❝♦♥❝❡#

❞❛♥# ❧❛ ❜♦✐*❡ ❞❡ #✐♠✉❧❛*✐♦♥✱ ❛✜♥ ❞❡ ❢❛✐+❡ ❛♣♣❛+❛✐*+❡ ❧✬❛♥❣❧❡ θ✱ ✐❧ ❢❛✉* +❡♣+1#❡♥*❡+ ❞❡# ❞❡♠✐✲
✜❜+❡# ❡♥ ❜❛# ❡* ❡♥ ❤❛✉* ❞❡ ❧❛ ❜♦R*❡ ❞❡ #✐♠✉❧❛*✐♦♥✱ ❝♦♥*+❛✐+❡♠❡♥* ❛✉ ❝❤❛♣✐*+❡ ♣+1❝1❞❡♥*✳

❈♦♠♠❡ ❝❤❛2✉❡ ✜❜+❡ ❢❛✐* ♣❛+*✐❡ ❞✬✉♥ *+✐❛♥❣❧❡ ✐#♦❝N❧❡ ❢♦+♠1 ❞❡# ❞❡✉① ❛✉*+❡# ✜❜+❡# ❧❡# ♣❧✉#

♣+♦❝❤❡#✱ ❞✬❡♥ ❤❛✉* ❡* ❞✬❡♥ ❜❛#✱ ❧❛ ✈❛+✐❛*✐♦♥ ❞❡ ❧✬❛♥❣❧❡ θ ✈❛ ✐♥❞✉✐+❡ 1❣❛❧❡♠❡♥* ❧❛ ✈❛+✐❛*✐♦♥ ❞❡
❧✬✐♥*❡+✈❛❧❧❡ ❡♥*+❡ ❧❡# ✜❜+❡# ❞✬✉♥❡ ♠T♠❡ +❛♥❣1❡✱ Lx✱ ❡* ❧✬✐♥*❡+✈❛❧❧❡ ❡♥*+❡ ❧❡# +❛♥❣1❡#✱ Ly✳ ▲❛

✜❣✉+❡ ✺✳✷ +❡♣+1#❡♥*❡ ❧❛ ❝❡❧❧✉❧❡ ✉*✐❧✐#1❡ ♣♦✉+ ❧❡ ❝❛❧❝✉❧ ❞✉ *❛✉① ❞❡ ♣+1#❡♥❝❡✳ V❧✉# θ #❡+❛ 1❧❡✈1✱



✶✺✹ ❘$%❡❛✉ ❞❡ ✜❜,❡% ❡♥ .✉✐♥❝♦♥❝❡%

❋✐❣✳ ✺✳✷ ✕ ❈❡❧❧✉❧❡ ✉(✐❧✐*+❡ ♣♦✉. ❧❡ ❝❛❧❝✉❧ ❞❡ ξ✳

♣❧✉* ❧✬✐♥(❡.✈❛❧❧❡ Lx ❡♥(.❡ ❧❡* ✜❜.❡* ❞✬✉♥❡ ♠8♠❡ .❛♥❣+❡ *❡.❛ ♣❡(✐( ❡( ❝❡❧✉✐ ❡♥(.❡ ❧❡* .❛♥❣+❡*

❛❞❥❛❝❡♥(❡*✱ Ly✱ *❡.❛ ❣.❛♥❞✳ ❊( ✐♥✈❡.*❡♠❡♥(✳ ◆♦✉* ❛❧❧♦♥* ✐❧❧✉*(.❡. ❝❡❝✐ ♣❛. ❞❡* ✜❣✉.❡* ❞❡

❜♦>(❡ ❞❡ *✐♠✉❧❛(✐♦♥✱ ? ✉♥ (❡♠♣* ♣♦✉. ❧❡@✉❡❧ ❧❡ ❝❤♦❝ *✬❡*( ❞+❥? ❜✐❡♥ ♣.♦♣❛❣+✱ ♣♦✉. ❝❤❛@✉❡

❛♥❣❧❡✱ ❡♥ ② ❢❛✐*❛♥( ❝♦..❡*♣♦♥❞.❡ ✉♥ ❝❛* ❧✐♠✐(❡ @✉❛♥❞ ❝❡❝✐ ❡*( ♣❡.(✐♥❡♥(✳

θ❂✸✵

◦

▲❛ ✜❣✉.❡ ✺✳✸ ♠♦♥(.❡ ❧❛ ❜♦>(❡ ❞❡ *✐♠✉❧❛(✐♦♥ ❛✉ (❡♠♣* t = 20 ♣* ❞❛♥* ❧❡ .+*❡❛✉ ❡♥

@✉✐♥❝♦♥❝❡* ♣♦✉. ❧❡@✉❡❧ θ = 30◦✳ ❆ ❞.♦✐(❡ ❞❡ ❧❛ ✜❣✉.❡ ✺✳✸✱ ❛✉ ♥✐✈❡❛✉ ❞✉ ♠✐❧✐❡✉ ♥♦♥ ❝❤♦@✉+✱

❋✐❣✳ ✺✳✸ ✕ ❘+*❡❛✉ ❞❡ ✜❜.❡* ❡♥ @✉✐♥❝♦♥❝❡*✱ θ❂✸✵

◦
✱ ξ❂✺✵ %

♦♥ ✈♦✐( ❜✐❡♥ @✉❡ ❝♦♠♠❡ θ ❡*( ♣❡(✐(✱ Lx ❡*( ❣.❛♥❞✱ ❡( Ly ❡*( ♣❡(✐(✳ ❈❡ ❝❛* *❡ .❛♣♣.♦❝❤❡

❞✉ ❝❛* ❧✐♠✐(❡ ♣♦✉. ❧❡@✉❡❧ Lx → ∞ ❡( Ly → 0✱ ❝✬❡*(✲?✲❞✐.❡ ❞❡* ♠✉.* ✈❡.(✐❝❛✉①✱ ✐♥(.♦❞✉✐(*

❞❛♥* ❧❡ ♣❛.❛❣.❛♣❤❡ ♣.+❝+❞❡♥( ❡( .❡♣.+*❡♥(+* *✉. ❧❛ ✜❣✉.❡ ✺✳✹✳ ❉❛♥* ❝❡ ❝❛* ❧✐♠✐(❡✱ (♦✉(❡*

❋✐❣✳ ✺✳✹ ✕ ❈♦✉❝❤❡* ✈❡.(✐❝❛❧❡*✳

❧❡* ✐♥(❡.❢❛❝❡* ❡♥(.❡ ❧❡* ♠❛(+.✐❛✉① ❞❡ ❞✐✛+.❡♥(❡* ❞❡♥*✐(+* *♦♥( ✈❡.(✐❝❛❧❡*✳ ▲❛ ❜❛.♦❝❧✐♥✐❝✐(+✱

@✉✐ ❡*(✱ ♥♦✉* ❧❡ .❛♣♣❡❧♦♥*✱ ❧❡ ♣.♦❞✉✐( ✈❡❝(♦.✐❡❧ ❞❡* ❣.❛❞✐❡♥(* ❞❡ ♣.❡**✐♦♥ ❡( ❞❡ ❞❡♥*✐(+✱ ❡*(

(♦✉❥♦✉.* ♥✉❧❧❡✳ ◆♦✉* ♣♦✉✈♦♥* ❛✐♥*✐ ♣❡♥*❡. @✉❡ ❧❛ ♠♦❞✐✜❝❛(✐♦♥ ❞❡ ❧❛ ✈✐(❡**❡ ❞✉ ❝❤♦❝ ❞❛♥*

❧❡ ❝❛* θ❂✸✵

◦
♥❡ ✈❛ ♣❛* 8(.❡ ❢✉❧❣✉.❛♥(❡✱ *✉.(♦✉( ♣♦✉. ❞❡* ξ +❧❡✈+*✱ ♣♦✉. ❧❡*@✉❡❧* ❧❡* ✜❜.❡*

❞+♣❛**❡♥( ❞❡ ❧❛ ❜♦>(❡ ❞❡ *✐♠✉❧❛(✐♦♥✱ ❢❛✐*❛♥( ❞✐*♣❛.❛>(.❡ ❛✐♥*✐ (♦✉(❡ ✐♥(❡.❢❛❝❡ ♣❡.♣❡♥❞✐❝✉❧❛✐.❡

❛✉ ❢.♦♥( ❞❡ ❝❤♦❝✳ ❯♥ ❛✉(.❡ ♣❤+♥♦♠P♥❡ ♣❡✉( +❣❛❧❡♠❡♥( ♥✉✐.❡ ? ❧✬❛❝❝+❧+.❛(✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥*

❝❡ ❝❛* ✿ ❧❡ *❡♥* ❡( ❧❛ ♣♦*✐(✐♦♥ ❞❡* ✈♦.(❡① ❝.++*✳ ❊♥ ❡✛❡(✱ ❧❡* .❛♥❣+❡* *♦♥( (.P* ♣.♦❝❤❡* ❧❡* ✉♥❡*

❞❡* ❛✉(.❡* ❡( ❞✬❛♣.P* ❧❛ ✜❣✉.❡ ✺✳✺✱ ❞+❥? ♠♦♥(.+❡ ❞❛♥* ❧❡ ❝❤❛♣✐(.❡ ✷✱ ♥♦✉* ♥♦✉* (.♦✉✈❡.✐♦♥*

❞❛♥* ✉♥❡ ❝♦♥✜❣✉.❛(✐♦♥ ❞❡*(.✉❝(✐✈❡✳



✺✳✶ ❊$✉❞❡ ❞❡( ❞✐✛+,❡♥$❡( ❣+♦♠+$,✐❡( ✶✺✺

❋✐❣✳ ✺✳✺ ✕ ❈♦♥✜❣✉)❛+✐♦♥- ❝♦♥-+)✉❝+✐✈❡ ❡+ ❞❡-+)✉❝+✐✈❡

θ❂✹✺

◦

▲❡ )3-❡❛✉ ❞♦♥+ ❧❡- ✜❜)❡- ❞❡ ❞✐✛3)❡♥+❡- )❛♥❣3❡- ❢♦)♠❡♥+ ❡♥+)❡ ❡❧❧❡- ✉♥ ❛♥❣❧❡ ❞❡ ✹✺

◦
❡-+

)❡♣)3-❡♥+3 -✉) ❧❛ ✜❣✉)❡ ✺✳✻✱ 3❣❛❧❡♠❡♥+ ✷✵ ♣- ❛♣)?- ❧❡ ❞3❜✉+ ❞❡ ❧❛ -✐♠✉❧❛+✐♦♥✳ ❉❛♥- ❝❡++❡

❋✐❣✳ ✺✳✻ ✕ ❘3-❡❛✉ ❞❡ ✜❜)❡- ❡♥ B✉✐♥❝♦♥❝❡-✱ θ❂✹✺

◦
✱ ξ❂✺✵ %

❝♦♥✜❣✉)❛+✐♦♥ ❡♥ +)✐❛♥❣❧❡- )❡❝+❛♥❣❧❡- ✭✜❣✉)❡ ✺✳✻✮✱ Lx ❡+ Ly -♦♥+ +♦✉❥♦✉)-✱ )❡-♣❡❝+✐✈❡♠❡♥+✱

❣)❛♥❞- ❡+ ♣❡+✐+-✳ ▲❛ ❞✐✛3)❡♥❝❡ ❡♥+)❡ ❝❡- ❞✐♠❡♥-✐♦♥- ❡-+ +♦✉+❡❢♦✐- ♠♦✐♥- ♠❛)B✉3❡ B✉❡ ♣♦✉)

❧❡ ❝❛- ♦G θ❂✸✵

◦
✱ ❝❡ B✉✐ ♥♦✉- ❢❡)❛✐+ ❞✐)❡ B✉❡ ❧❡ ❝❛- θ❂✹✺

◦
-✬3❧♦✐❣♥❡)❛✐+ ❞✉ ❝❛- ❧✐♠✐+❡ ❞❡-

♠✉)- ❡+ ❞❡ ❧❛ ❝♦♥✜❣✉)❛+✐♦♥ ❞❡-+)✉❝+✐✈❡✱ ❡+ ❞♦♥❝ B✉❡ ❧❛ ❞✐✛3)❡♥❝❡ )❡❧❛+✐✈❡ ❞❡- ✈✐+❡--❡- -❡)❛✐+

✉♥ ♣❡✉ ♣❧✉- 3❧❡✈3❡ B✉❡ ♣♦✉) θ❂✸✵

◦
✳

θ❂✻✵

◦

■❝✐ ❧❡- ✜❜)❡- -♦♥+ ❞✐-♣♦-3❡- ❡♥ ✉♥ )3-❡❛✉ ❞❡ +)✐❛♥❣❧❡- 3B✉✐❧❛+3)❛✉①✱ θ ✈❛✉+ ❞♦♥❝ ✻✵

◦
✳ ❙✉)

❋✐❣✳ ✺✳✼ ✕ ❘3-❡❛✉ ❞❡ ✜❜)❡- ❡♥ B✉✐♥❝♦♥❝❡-✱ θ❂✻✵

◦
✱ ξ❂✺✵ %

❧❛ ✜❣✉)❡ ✺✳✼✱ ❝♦))❡-♣♦♥❞❛♥+ N t =✶✺ ♣-✱ ♦♥ ✈♦✐+ B✉❡ ❧❡- ❞✐-+❛♥❝❡- ❡♥+)❡ ✉♥❡ ✜❜)❡ ❡+ +♦✉+❡-

❝❡❧❧❡- B✉✐ ❧✬❡♥+♦✉)❡♥+ -♦♥+ ❧❡- ♠P♠❡-✳ ▲❡ -❡✉❧ ❛✉+)❡ ❝❛- B✉✐ ♦✛)❡ ❝❡++❡ 3B✉✐❞✐-+❛♥❝❡ ❡♥+)❡

❧❡- ✜❜)❡- ❡-+ ❧❡ ❝❛- ❞❡- )❛♥❣3❡- ❝❛))3❡-✱ ♦G θ❂✾✵

◦
✳ ❊-+✲❝❡ B✉❡ ❝❡++❡ ❛♥❛❧♦❣✐❡ ❛ ✉♥ )T❧❡ ❞❛♥-

❧❛ ♠♦❞✐✜❝❛+✐♦♥ ❞❡ ❧❛ ✈✐+❡--❡ ❞✉ ❝❤♦❝ ❄ ◆♦✉- ❧❡ ✈3)✐✜❡)♦♥- ♥✉♠3)✐B✉❡♠❡♥+ ♣❛) ❧❛ -✉✐+❡✳

θ❂✼✺

◦

▲❡ ✜❣✉)❡ ✺✳✽ ♠♦♥+)❡ ❧❡ )3-❡❛✉ ♠♦❞3❧✐-3 ♣♦✉) ❧✬❛♥❣❧❡ θ❂✼✺

◦
✱ N t =✶✺ ♣-✳ ❈❡ ❝❛- ❡-+

❧✬✐♥✈❡)-❡ ❞❡ ❧❛ ❣3♦♠3+)✐❡ ♣♦✉) ❧❛B✉❡❧❧❡ θ❂✸✵

◦
✳ ❊♥ ❡✛❡+✱ θ 3+❛♥+ 3❧❡✈3✱ ❧❡- ✜❜)❡- ❞✬✉♥❡ ♠P♠❡

)❛♥❣3❡ -♦♥+ +)?- )❛♣♣)♦❝❤3❡- ❧❡- ✉♥❡- ❞❡- ❛✉+)❡-✱ +❛♥❞✐- B✉❡ ❧❡- )❛♥❣3❡- -♦♥+ -3♣❛)3❡- ♣❛)

✉♥ ❣)❛♥❞ ✐♥+❡)✈❛❧❧❡✳ ◆♦✉- )❡+)♦✉✈♦♥- ✐❝✐ ❧❡ ❝❛- ❧✐♠✐+❡ 3+✉❞✐3 ❛✉ ❝❤❛♣✐+)❡ ✸✱ ❧❡ ❜✐❝♦✉❝❤❡✱ ♣♦✉)

❧❡B✉❡❧ Lx → 0 ❡+ Ly →∞✱ B✉❡ ♥♦✉- ❛❞❛♣+♦♥- N ❧✬3+✉❞❡ ❞❡ ❝❡ ❝❤❛♣✐+)❡ ❝♦♠♠❡ ♠♦♥+)3 -✉)

❧❛ ✜❣✉)❡ ✺✳✾✳ ▲❡- ❝♦✉❝❤❡- ❤♦)✐③♦♥+❛❧❡- ♣❡)♠❡++❛♥+ ❧❛ ♠❛①✐♠✐-❛+✐♦♥ ❞✉ ❞3♣T+ ❞❡ ✈♦)+✐❝✐+3✱



✶✺✻ ❘$%❡❛✉ ❞❡ ✜❜,❡% ❡♥ .✉✐♥❝♦♥❝❡%

❋✐❣✳ ✺✳✽ ✕ ❘%&❡❛✉ ❞❡ ✜❜-❡& ❡♥ /✉✐♥❝♦♥❝❡&✱ θ❂✼✺

◦
✱ ξ❂✺✵ %

❋✐❣✳ ✺✳✾ ✕ ❈♦✉❝❤❡& ❤♦-✐③♦♥;❛❧❡& ❛❧;❡-♥%❡&✱ ξ❂✺✵ %

♥♦✉& ♣-%❞✐&♦♥& /✉❡ ❧❛ ❞✐✛%-❡♥❝❡ -❡❧❛;✐✈❡ ❞❡& ✈✐;❡&&❡& ❞❛♥& ❧❡ ❝❛& θ❂✼✺

◦
&❡-❛ ❧❛ ♣❧✉& %❧❡✈%❡

❞❡ ;♦✉;❡& ❝❡❧❧❡& /✉✐ &❡-♦♥; ♦❜;❡♥✉❡& ❞❡& ❛♥❣❧❡& %;✉❞✐%& ✐❝✐✳

✺✳✶✳✷ ❈❛❧❝✉❧ ❞✉

∆D
Dh

∆D
Dh

❡♥ ❢♦♥❝3✐♦♥ ❞❡ ξ

❈♦♠♠❡ ❞❛♥& ❧❡ ❝❤❛♣✐;-❡ ♣-%❝%❞❡♥;✱ ♥♦✉& ❝❛❧❝✉❧♦♥& ❧❛ ❞✐✛%-❡♥❝❡ -❡❧❛;✐✈❡ ❞❡& ✈✐;❡&&❡& ❞❡

❝❤♦❝✱ ❞❛♥& ❧❡& ♠✐❧✐❡✉① ❤%;%-♦❣C♥❡ ❡; ❤♦♠♦❣C♥❡ ❞❡ ❞❡♥&✐;% ♠♦②❡♥♥❡ %/✉✐✈❛❧❡♥;❡✱ ❡♥ ❢♦♥❝;✐♦♥

❞✉ ;❛✉① ❞❡ ♣-%&❡♥❝❡ ❞❡& ✜❜-❡& ξ✳ F♦✉- ❝❡❧❛✱ ✐❧ ❛ %❣❛❧❡♠❡♥; ❢❛❧❧✉ -❡❝❛❧❝✉❧❡- ❧❛ ❞❡♥&✐;% ♠♦②❡♥♥❡

♣♦✉- ❝❤❛/✉❡ ❝❛& ❛✜♥ ❞✬❡♥ ❞%❞✉✐-❡ ❧❡ ξ -%❡❧✳ ❊♥ ❡✛❡;✱ ❞❛♥& ❧❡& ❝❛❧❝✉❧& ♥✉♠%-✐/✉❡& -%❛❧✐&%& ❛✈❡❝

❍❊❘❆✱ ✉♥ ξ ✐♥✐;✐❛❧ ❡&; ❞%✜♥✐ ❡; ❛✜♥ ❞✬♦❜;❡♥✐- ✉♥ ♥♦♠❜-❡ ❞❡ ♠❛✐❧❧❡& ❡♥;✐❡- ❡; ❝♦♥&;❛♥; ♣♦✉-

❧❡ -❛②♦♥ ❞❡ ❧❛ ✜❜-❡✱ ξ ❡&; ♠♦❞✐✜%✳ ▲❡& ξ ✐♥✐;✐❛✉① &♦♥; ✜①%& ❞❡ ✵✱✵✺ L ✵✱✾✺ ❛✈❡❝ ✉♥ ♣❛& ❞❡ ✵✱✵✺✳

❙✉- ❧❛ ✜❣✉-❡ ✺✳✶✵ ♦♥ -❡♠❛-/✉❡ /✉❡ ❧❡& ✐♥;❡-✈❛❧❧❡& ❡♥;-❡ ❧❡& ξ -%❡❧& ♣♦✉- ❝❤❛/✉❡ ❛♥❣❧❡ ♥❡ &♦♥;

♣❛& ;♦✉❥♦✉-& ❛✉&&✐ -%❣✉❧✐❡-& /✉❡ ❝❡✉① ❞%❝✐❞%& ✐♥✐;✐❛❧❡♠❡♥;✱ ♥♦;❛♠♠❡♥; ♣♦✉- ❧❡& ❣-❛♥❞& ξ ❞❡

❧✬❛♥❣❧❡ θ❂✼✺

◦
✳ ▼❛✐& ❝❡❝✐ ♥❡ ♠♦❞✐✜❡ ♣❛& ❧✬❛❧❧✉-❡ ❣%♥%-❛❧❡ ❞❡& ❝♦✉-❜❡& ♦❜;❡♥✉❡&✳ ❈♦♠♠❡♥Q♦♥&

❋✐❣✳ ✺✳✶✵ ✕

∆D
Dh

❡♥ ❢♦♥❝;✐♦♥ ❞❡ ξ ♣♦✉- ❞✐✛%-❡♥;& ❛♥❣❧❡& ❡♥;-❡ ❧❡& ✜❜-❡& ❡; ❝❛& ❧✐♠✐;❡&✳



✺✳✶ ❊$✉❞❡ ❞❡( ❞✐✛+,❡♥$❡( ❣+♦♠+$,✐❡( ✶✺✼

♣❛" ❧❡% ❝♦✉"❜❡% ❞❡

∆D
Dh

❧❡" ♣❧✉" %❧❡✈%"✳ ❈♦♠♠❡ ❞%♠♦♥-.% ♠❛✐♥-❡" ❢♦✐" ❞❛♥" ❝❡--❡ %-✉❞❡✱

❧❡ ❜✐❝♦✉❝❤❡ ❡"- ❜✐❡♥ ❧❛ ❝♦♥✜❣✉.❛-✐♦♥ 8✉✐ ♠❛①✐♠✐"❡ ❧✬❛❝❝%❧%.❛-✐♦♥ ❞✉ ❝❤♦❝ ❞❛♥" ❧❡ ♠✐❧✐❡✉

❤%-%.♦❣;♥❡ ♣❛. .❛♣♣♦.- < "♦♥ %8✉✐✈❛❧❡♥- ❤♦♠♦❣;♥❡✳ ❙✉✐- ❡♥"✉✐-❡ ❧❡ .%"❡❛✉ 8✉✐♥❝♦♥❝❡" ♣♦✉.

❧❡8✉❡❧ θ❂✼✺

◦
✳ ▲❡" ✜❜.❡" ❞❡ ❝❤❛8✉❡ .❛♥❣%❡ %-❛♥- -.;" .❛♣♣.♦❝❤%❡" ❡♥-.❡ ❡❧❧❡" ❡- ❧❡" ✐♥-❡.✈❛❧❧❡"

❡♥-.❡ ❧❡" .❛♥❣%❡" %-❛♥- "✉✣"❛♠♠❡♥- ❣.❛♥❞"✱ ❝❡--❡ ❝♦♥✜❣✉.❛-✐♦♥ ❡"- ❝❡❧❧❡ 8✉✐ "❡ .❛♣♣.♦❝❤❡

❧❡ ♣❧✉" ❞✉ ❝❛" ❧✐♠✐-❡ ❜✐❝♦✉❝❤❡✱ "✉.-♦✉- ♣♦✉. ❧❡" ξ %❧❡✈%"✳ ❉❡✉① ❝♦✉.❜❡" ♣.%"❡♥-❡♥- ❧❛ ♠D♠❡

❛❧❧✉.❡ ❡♥ ❝❧♦❝❤❡✱ ❝❡❧❧❡" ❝♦..❡"♣♦♥❞❛♥- ❛✉① ❛♥❣❧❡" θ❂✻✵

◦
❡- θ❂✾✵

◦
✳ ❊❧❧❡" ❞✐✛;.❡♥- ❝❡♣❡♥❞❛♥-

"✉. ✉♥ ♣♦✐♥- ✿ ♦♥ ♦❜"❡.✈❡ ✉♥❡ ❝♦✉♣✉.❡ < ✺✵% ♣♦✉. θ❂✻✵

◦
✳ ❈❡❝✐ "✬❡①♣❧✐8✉❡ ♣❛. ❧❛ ♣♦"✐-✐♦♥ ❞❡"

✈♦.-❡①✱ ❧✐%❡ < ❝❡❧❧❡ ❞❡" ✜❜.❡"✳ K♦✉. ❧✬❛♥❣❧❡ θ❂✾✵

◦
✱ ❧❡" ✈♦.-❡① ❢♦.♠❡♥-✱ ❥✉"8✉✬< ❞❡" ξ %❧❡✈%"✱

❞❡" ❝♦✉❝❤❡" ❞❡ ❝✐"❛✐❧❧❡♠❡♥-✱ ❛❧✐♠❡♥-❛♥- ✉♥❡ ❝♦♥✜❣✉.❛-✐♦♥ ❝♦♥"-.✉❝-✐✈❡✳ K♦✉. θ❂✻✵

◦
✱ ❝❡--❡

❝♦♥✜❣✉.❛-✐♦♥ ❝♦♥"-.✉❝-✐✈❡ ❡"- ❝❛""%❡ ❞;" 8✉❡ ❧❡ -❛✉① ❞❡ ♣.%"❡♥❝❡ ❛--❡✐♥- ✺✵% < ❝❛✉"❡ ❞❡

❧❛ ❣%♦♠%-.✐❡ ❡♥ 8✉✐♥❝♦♥❝❡" 8✉✐ .❛♣♣.♦❝❤❡ ✐♥%✈✐-❛❜❧❡♠❡♥- ❧❡" ✈♦.-❡① ❝♦♥-.❛.♦-❛-✐❢" ❡♥-.❡

❡✉①✳ ❊♥✜♥✱ ♣♦✉. ❧❡" ❞❡✉① ♣❧✉" ♣❡-✐-" ❛♥❣❧❡"✱ θ❂✸✵

◦
❡- θ❂✹✺

◦
✱ ❧❡" ❝♦✉.❜❡" ❞❡

∆D
Dh

"✉✐✈❡♥-

❝❡❧❧❡ ❞✉ ❝❛" ❧✐♠✐-❡ ❞❡" ❝♦✉❝❤❡" ✈❡.-✐❝❛❧❡"✳ ◆♦✉" ❛✈♦♥" ✈✉ 8✉❡ ❝❡❧❛ ❡"- ❞P ♣.✐♥❝✐♣❛❧❡♠❡♥- ❛✉

♣❡-✐- ✐♥-❡.✈❛❧❧❡ ❡♥-.❡ ❧❡" .❛♥❣%❡"✳ ▲❡" ✈♦.-❡① ❝♦♥-.❛.♦-❛.✐❢" "❡ "✉♣❡.♣♦"❡♥-✱ ❛♥♥✉❧❛♥- ❛✐♥"✐

-♦✉-❡ ❛❝❝%❧%.❛-✐♦♥ ❞✉ ❝❤♦❝ ❡- ❢❛✈♦.✐"❛♥- ✉♥❡ ❝♦♥✜❣✉.❛-✐♦♥ ❞❡"-.✉❝-✐✈❡✳ ❯♥ %❧%♠❡♥- "♦✉❧;✈❡

❝❡♣❡♥❞❛♥- ♥♦-.❡ ❛--❡♥-✐♦♥✳ ▲❛ ❝♦✉.❜❡ .❡♣.%"❡♥-❛♥- ❧✬❛♥❣❧❡ θ❂✹✺

◦
♣❛""❡✱ < ♣❛.-✐. ❞✉ -❛✉①

❞❡ ♣.%"❡♥❝❡ ξ❂✸✵%✱ ❛✉ ❞❡""♦✉" ❞❡ ❝❡❧❧❡ ❝♦..❡"♣♦♥❞❛♥- < θ❂✸✵

◦
✳ ❈❡❝✐ ♣❡✉- "✬❡①♣❧✐8✉❡. ♣❛.

❧❡ ❢❛✐- 8✉❡ ❧❡" ✜❜.❡" ❞✬✉♥❡ ♠D♠❡ .❛♥❣%❡ "♦♥- ♣❧✉" ♣.♦❝❤❡" ❧❡" ✉♥❡" ❞❡" ❛✉-.❡" ❞❛♥" ❧❡ ❝❛"

❞❡ ❧✬❛♥❣❧❡ θ❂✹✺

◦
✳ ❉❡ ❝❡ ❢❛✐-✱ < ♣❛.-✐. ❞✬✉♥ ❝❡.-❛✐♥ -❛✉① ❞❡ ♣.%"❡♥❝❡✱ ❝❡❝✐ ❢❛✈♦.✐"❡.❛✐- ✉♥❡

❝♦♥✜❣✉.❛-✐♦♥ ❡♥❝♦.❡ ♣❧✉" ❞❡"-.✉❝-✐✈❡✳ ◆♦✉" ❝♦♥✜.♠♦♥" ❞♦♥❝✱ ♣❛. ❝❡--❡ %-✉❞❡✱ ❧✬✐♥✢✉❡♥❝❡

❞❡ ❧❛ ❣%♦♠%-.✐❡ "✉. ❧❛ ♠♦❞✐✜❝❛-✐♦♥ ❞❡ ❧❛ ✈✐-❡""❡ ❞✉ ❝❤♦❝ ❞❛♥" ❧❡ ♠✐❧✐❡✉ ❤%-%.♦❣;♥❡✳

∆D
Dh

❡♥ ❢♦♥❝%✐♦♥ ❞❡ η

▲❡ .❛♣♣♦.- ❞❡ ❞❡♥"✐-% ❡"- ✉♥ ❛✉-.❡ ♣❛.❛♠;-.❡ 8✉✐✱ ❞❛♥" ❧❡" .%"❡❛✉① ❝❛..%" %-✉❞✐%" ❧♦." ❞✉

❝❤❛♣✐-.❡ ♣.%❝%❞❡♥-✱ ❥♦✉❡ ✉♥ .S❧❡ ❞❛♥" ❧❛ ✈❛.✐❛-✐♦♥ ❞❡ ❧❛ ❞✐✛%.❡♥❝❡ .❡❧❛-✐✈❡ ❞❡" ✈✐-❡""❡"✳ ◆♦✉"

❡①❛♠✐♥♦♥" ✐❝✐ ❝❡ 8✉✬✐❧ ❡♥ ❡"- ❞❛♥" ❧❡ ❝❛" ❞✉ .%"❡❛✉ ♠♦❞✐✜% ❡♥ 8✉✐♥❝♦♥❝❡"✳ K♦✉. ❝❡❧❛✱ ♥♦✉"

❝❤♦✐"✐""♦♥" ❞❡✉① ❛♥❣❧❡" 8✉✐ ❞♦♥♥❡♥- ❞❡" ✈❛.✐❛-✐♦♥" ❞❡

∆D
Dh

❞✐✛%.❡♥-❡" ❀ θ = 30◦ ❡- θ = 60◦✳

◆♦✉" ✈❡♥♦♥" ❞❡ ✈♦✐. 8✉❡✱ ❞❛♥" ❧❡ ♣.❡♠✐❡. ❝❛"✱

∆D
Dh

"✉❜✐- ✉♥❡ ✈❛.✐❛-✐♦♥ -.;" ♠✐♥✐♠❡✱ ❛❧♦." 8✉❡✱

❞❛♥" ❧❡ "❡❝♦♥❞ ❝❛"✱ "❛ ✈❛.✐❛-✐♦♥ ❡♥ ❝❧♦❝❤❡ ❧✉✐ ❢❛✐- ❛--❡✐♥❞.❡ ❞❡" ✈❛❧❡✉." "✐❣♥✐✜❝❛-✐✈❡"✳ ❆✐♥"✐

♣♦✉. ❝❡" ❞❡✉① ❛♥❣❧❡"✱ ♥♦✉" ❛✈♦♥" "%❧❡❝-✐♦♥♥% -.♦✐" ✈❛❧❡✉." ❞❡ ξ ❡①-.D♠❡"✱ < "❛✈♦✐.✱ ✶✵ %✱ ✺✵

% ❡- ✾✵ %✳ K♦✉. ❝❤❛❝✉♥ ❞❡ ❝❡" -.♦✐" ξ✱ ♥♦✉" ❛✈♦♥" ❡✛❡❝-✉% ✉♥❡ ✈❛.✐❛-✐♦♥ ♣❛.❛♠%-.✐8✉❡ ❞✉

η ❞❡ ✵✱✶ < ✷✵✳ ▲❡" .%"✉❧-❛-" "♦♥- .%✉♥✐" "✉. ❧❛ ✜❣✉.❡ ✺✳✶✶✳ ▲✬❛①❡ ❞❡" ❛❜"❝✐""❡" ❡"- ❡♥ %❝❤❡❧❧❡

❧♦❣❛.✐-❤♠✐8✉❡✳ ◆♦✉" ♦❜"❡.✈♦♥" ❧❛ ♠D♠❡ -❡♥❞❛♥❝❡ 8✉❡ ♣♦✉. ❧❡" .%"❡❛✉① ❝❛..%" ❀ ❞❛♥" ❧❡"

❞❡✉① ❝❛"✱

∆D
Dh

❛✉❣♠❡♥-❡ ❛✈❡❝ η✱ -.;" ❧%❣;.❡♠❡♥- ♣♦✉. θ = 30◦ ❡- ❜❡❛✉❝♦✉♣ ♣❧✉" ❝❧❛✐.❡♠❡♥-

♣♦✉. θ = 60◦✳ ◆♦✉" ❝♦♥✜.♠♦♥" ❛✐♥"✐ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ✈❛.✐❛-✐♦♥ ❞✉ .❛♣♣♦.- ❞❡ ❞❡♥"✐-% ❞❛♥"

❧❛ ♠♦❞✐✜❝❛-✐♦♥ ❞❡ ❧❛ ✈✐-❡""❡ ❞✉ ❝❤♦❝✳

∆D
Dh

❡♥ ❢♦♥❝%✐♦♥ ❞❡ γ

▲❡ -.♦✐"✐;♠❡ ♣❛.❛♠;-.❡ 8✉✐ ✐♥-❡.✈✐❡♥- ❞❛♥" ❧❡" .%"❡❛✉① ❝❛..%" ❡"- ❧❡ ❝♦❡✣❝✐❡♥- ❛❞✐❛❜❛✲

-✐8✉❡✳ ◆♦✉" ❡♥ ✈%.✐✜♦♥" ❧✬✐♥✢✉❡♥❝❡ ❞❛♥" ❧❡" .%"❡❛✉① ❡♥ 8✉✐♥❝♦♥❝❡"✱ ♣♦✉. ❧❡" ♠D♠❡" ❛♥❣❧❡"✱

✸✵

◦
❡- ✻✵

◦
✱ ❡- ♠D♠❡" -❛✉① ❞❡ ♣.%"❡♥❝❡✱ ✶✵ %✱ ✺✵ % ❡- ✾✵ %✱ 8✉❡ ❞❛♥" ❧✬%-✉❞❡ ❞❡ ❧❛ ✈❛.✐❛✲

-✐♦♥ ❞✉ .❛♣♣♦.- ❞❡ ❞❡♥"✐-%✳ K♦✉. ❝❤❛8✉❡ ❛♥❣❧❡ ❡- ❝❤❛8✉❡ -❛✉① ❞❡ ♣.%"❡♥❝❡✱ ❧❡ ❝♦❡✣❝✐❡♥-

❛❞✐❛❜❛-✐8✉❡ ✈❛.✐❡ ❞❡ ✶✱✶ < ✺✳ ▲❛ ✜❣✉.❡ ✺✳✶✷ .❡♣.%"❡♥-❡

∆D
Dh

❡♥ ❢♦♥❝-✐♦♥ ❞❡ γ✳ ▲❛ -❡♥❞❛♥❝❡✱

❜✐❡♥ 8✉❡ ❜❡❛✉❝♦✉♣ ♠♦✐♥" ❝❧❛✐.❡♠❡♥- ♣.♦♥♦♥❝%❡ 8✉❡ ❞❛♥" ❧❡ ❝❤❛♣✐-.❡ ♣.%❝%❞❡♥-✱ "✉✐- ✉♥❡

❞%❝.♦✐""❛♥❝❡ ❞✉

∆D
Dh

❛✈❡❝ ❧✬❛✉❣♠❡♥-❛-✐♦♥ ❞✉ γ✳ ▲✬❛♥♥✉❧❛-✐♦♥ ❞✉

∆D
Dh

"✉.✈✐❡♥- ✐❝✐ < ♣❛.-✐.



✶✺✽ ❘$%❡❛✉ ❞❡ ✜❜,❡% ❡♥ .✉✐♥❝♦♥❝❡%

❋✐❣✳ ✺✳✶✶ ✕

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ η

❋✐❣✳ ✺✳✶✷ ✕

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ γ

❞✬✉♥ ❝♦❡✣❝✐❡♥) ❛❞✐❛❜❛)✐2✉❡ 3❣❛❧ 6 ✷✳

✺✳✷ ▼♦❞&❧❡) ❛♥❛❧②-✐/✉❡)

✺✳✷✳✶ ❍❛③❛❦ et al ❬✷✸❪

❈♦♠♠❡ ❞❛♥9 ❧❡ ❝❤❛♣✐)<❡ ♣<3❝3❞❡♥)✱ ♥♦✉9 ❛♣♣❧✐2✉♦♥9 ❧❡9 ❢♦<♠✉❧❡9 ❝✐✲❞❡99♦✉9✱ ❞3❞✉✐)❡9

❞✉ ♠♦❞?❧❡ ❞❡ ❍❛③❛❦ et al ❬✷✸❪✱ ♣♦✉< ❝❛❧❝✉❧❡< ✉♥

∆D
Dh

❛♥❛❧②)✐2✉❡ 6 ❝♦♠♣❛<❡< ❛✉① ✈❛❧❡✉<9



✺✳✸ ❊♥❡&❣✐❡) ❧✐+❡) , ❧❛ .✉&❜✉❧❡♥❝❡ ✿ +♥❡&❣✐❡ ❝✐♥+.✐3✉❡ ❡. ❡♥).&♦♣❤✐❡ ✶✺✾

♥✉♠#$✐&✉❡( ❞❡ ❧❛ ✜❣✉$❡ ✺✳✶✵✳

∆D
Dh

(
2

γ+1 +
∆ρ
ρh

)
= −γ−1

γ+1
∆ρ
ρh

✭✺✳✶✮

1 + ∆p
ph

=
(
1 + ∆ρ

ρh

) [
γ+1
γ−1

(
1 + ∆D

Dh

)
− 2

γ−1

(
1 + ∆u2

u2
h

)]
✭✺✳✷✮

1

γ − 1

(
1 +

∆D

Dh

)[(
1 +

∆ρ

ρh

)(
1 +

∆u2

uh

)
+

(
1 +

∆p

ph

)]

− 2

(γ + 1)(γ − 1)

(
1 +

∆ρ

ρh
+ 3

∆u2

u2h

)
− 2γ

(γ + 1)(γ − 1)

(
1 +

∆p

ph

)
= 0

✭✺✳✸✮

▲❛ ✜❣✉$❡ ✺✳✶✸ $#✉♥✐7 ❧❡( ❝♦✉$❜❡( ❝♦♠♣❛$❛7✐✈❡( ❡♥7$❡ ❧❡( ✈❛❧❡✉$( ❞❡

∆D
Dh

❛♥❛❧②7✐&✉❡( ❡7

♥✉♠#$✐&✉❡(✳ ▲❡( ♣❛$❛♠>7$❡( ✉7✐❧✐(#( ♣♦✉$ ❧❡ ❝❛❧❝✉❧ ❞❡(

∆D
Dh

❛♥❛❧②7✐&✉❡(✱ (♦✐❡♥7 ❧❛ ❞❡♥(✐7#✱

❧❛ ♣$❡((✐♦♥ ❡7 ❧❛ ✈✐7❡((❡ ✢✉✐❞❡✱ (♦♥7 ♠❡(✉$#( (✉$ ❧❡( ❝❛$7❡( ❞❡ ❞❡♥(✐7#( ♥✉♠#$✐&✉❡(✳ ❊❧❧❡(

(♦♥7 ♠♦②❡♥♥#❡( (✉$ ✉♥❡ ❝❡❧❧✉❧❡ ❞❡$$✐>$❡ ❧❡ ❝❤♦❝✳ ◆♦✉( $❡♠❛$&✉♦♥( &✉❡✱ ❞❛♥( ❧❛ ♣❧✉♣❛$7 ❞❡(

❝❛( ❡7 ❝♦♠♠❡ ❞❛♥( ❧❡ ❝❤❛♣✐7$❡ ♣$#❝#❞❡♥7✱ ❧❛ ♣$❡♠✐>$❡ $❡❧❛7✐♦♥ ❞❡ ❍❛③❛❦ et al (❡ (✐7✉❡ ❧❛

♣❧✉( ♣$♦❝❤❡ ❞❡( ✈❛❧❡✉$( ♥✉♠#$✐&✉❡(✳ ❊❧❧❡ ♥❡ ❝♦G♥❝✐❞❡ ❝❡♣❡♥❞❛♥7 (✉$ ❛✉❝✉♥ ♣♦✐♥7 ❛✈❡❝ ❝❡(

❞❡$♥✐>$❡(✳ ▲❡( ❣$❛♥❞( #❝❛$7( &✉✐ (✬♦❜(❡$✈❡♥7 ❛✈❡❝ ❧❡( ❞❡✉① ❛✉7$❡( $❡❧❛7✐♦♥( ❞❡ ❍❛③❛❦ et al
(♦♥7✱ ✉♥❡ ❢♦✐( ❞❡ ♣❧✉(✱ ❞K( ❛✉① ✈❛❧❡✉$( 7$>( ✢✉❝7✉❛♥7❡( ❞❡ ❧❛ ✈✐7❡((❡ ❞✉ ✢✉✐❞❡ ❞❡$$✐>$❡ ❧❡

❝❤♦❝✳ ◆♦✉( ❛77❡✐❣♥♦♥( ✉♥❡ ❢♦✐( ❞❡ ♣❧✉( ❧❡( ❧✐♠✐7❡( ❞✉ ♠♦❞>❧❡ ❞❡ ❍❛③❛❦ et al. ❬✷✸❪✳
■♥7#$❡((♦♥( ♥♦✉( ♠❛✐♥7❡♥❛♥7✱ ❝♦♠♠❡ ❞❛♥( ❧❡ ❝❤❛♣✐7$❡ ♣$#❝#❞❡♥7✱ O ❧❛ ❝✐$❝✉❧❛7✐♦♥✱ ♠P♠❡

(✬✐❧ ♥♦✉( ♠❛♥&✉❡ 7♦✉❥♦✉$( ❧❛ ♠❡(✉$❡ ❞❡ ∆U &✉✐ ♥♦✉( ♣❡$♠❡77$❛✐7 ❞❡ 7$❛❝❡$

∆D
Dh

❡♥ ❢♦♥❝7✐♦♥

❞❡ ξ ❞✬❛♣$>( ❧❡ ♠♦❞>❧❡ ❞❡ ❙❛✉$❡❧ et al. ❬✻✵❪✳

✺✳✷✳✷ ❈✐%❝✉❧❛*✐♦♥

▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝✐$❝✉❧❛7✐♦♥ (✬♦❜7✐❡♥7 ❛✈❡❝ ❧❛ ❢♦$♠✉❧❡ ✭✺✳✺✮ &✉✐ $❡❧✐❡ ❧❛ ❝✐$❝✉❧❛7✐♦♥ O ❧❛

✈✐7❡((❡ ❞✉ ❝❤♦❝✱ ❞❛♥( ❧❡ ♠✐❧✐❡✉ ❤#7#$♦❣>♥❡✱ ♠❡(✉$#❡ ♥✉♠#$✐&✉❡♠❡♥7✳ ◆♦✉( $❛♣♣❡❧♦♥( &✉❡

R = r0 = 2, 5 µm✱ γ = 5
3 ❡7 η = 4✳

Γ 1
2
fibre = 2πR∆U ✭✺✳✹✮

Γ 1
2
fibre =

2
γ+1D

(
1− 1√

η

)
R

(
1 + π

2

)
✭✺✳✺✮

▲❛ ✜❣✉$❡ ✺✳✶✹ $❡♣$#(❡♥7❡ ❧✬#✈♦❧✉7✐♦♥ ❞❡ ❧❛ ❝✐$❝✉❧❛7✐♦♥ ❞❛♥( ❧❡ $#(❡❛✉ ❝❛$$# ❡♥ ❢♦♥❝7✐♦♥ ❞❡

ξ✳ ▲❛ ❝✐$❝✉❧❛7✐♦♥ #7❛♥7 ♣$♦♣♦$7✐♦♥♥❡❧❧❡ O ❧❛ ✈✐7❡((❡ ❞✉ ❝❤♦❝✱ ✐❧ ❡(7 ✜♥❛❧❡♠❡♥7 ♥♦$♠❛❧ ❞❡

7$♦✉✈❡$✱ ♣♦✉$ ✉♥ ❝❤♦❝ ❢♦$7✱ &✉❡ (♦♥ ❛❧❧✉$❡ ❡♥ ❢♦♥❝7✐♦♥ ❞❡ ξ (✉✐7 ❞❡ 7$>( ♣$>( ❝❡❧❧❡ ❞❡ ❧❛

❝♦✉$❜❡ ❞✉

∆D
Dh

✱ ♣♦✉$ ❝❤❛&✉❡ ❛♥❣❧❡✱ ❞❡ ❧❛ ✜❣✉$❡ ✺✳✶✵✳ ◆♦✉( ♥❡ (♦♠♠❡( ♣❛( ❝♦♥❢$♦♥7#( ❛✉

♣$♦❜❧>♠❡ ❞❡ ❧❛ ❞#❝$♦✐((❛♥❝❡ ❜$✉7❡ ❞❡ ❧❛ ❝✐$❝✉❧❛7✐♦♥ ❝❛❧❝✉❧#❡ ❞❛♥( ❧❡( $#(❡❛✉① ❝❛$$#( ❞✉

❝❤❛♣✐7$❡ ✹ O ♣❛$7✐$ ❞✬✉♥ ❝❡$7❛✐♥ ξ✱ ❝❛$✱ ❧❡( ❜♦U7❡( ❞❡ (✐♠✉❧❛7✐♦♥ ❞❡( &✉✐♥❝♦♥❝❡( #7❛♥7 ❞❡✉①

❢♦✐( ♣❧✉( ❤❛✉7❡(✱ ❧❡( ✜❜$❡( ♥✬❡♥7 (♦$7❡♥7 ♣❛(✳

✺✳✸ ❊♥❡&❣✐❡) ❧✐+❡) , ❧❛ .✉&❜✉❧❡♥❝❡ ✿ +♥❡&❣✐❡ ❝✐♥+.✐3✉❡ ❡. ❡♥✲

).&♦♣❤✐❡

◆♦✉( ♥♦✉( ✐♥7#$❡((♦♥( O ♣$#(❡♥7 ❛✉① ✈❛❧❡✉$( ❞❡( #♥❡$❣✐❡( ♠✐(❡( ❡♥ ❥❡✉ ❧♦$(&✉❡ ❧❡ ❝❤♦❝

(❡ ♣$♦♣❛❣❡ ❞❛♥( ✉♥ $#(❡❛✉ ❞❡ ✜❜$❡( ❞✐(♣♦(#❡( ❡♥ &✉✐♥❝♦♥❝❡( ❡7 ❞❛♥( ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣>♥❡ ❞❡



✶✻✵ ❘$%❡❛✉ ❞❡ ✜❜,❡% ❡♥ .✉✐♥❝♦♥❝❡%

❋✐❣✳ ✺✳✶✸ ✕ ❱❛'✐❛)✐♦♥ ❞✉

∆D
Dh

❡♥ ❢♦♥❝)✐♦♥ ❞❡ ξ✳ ❈♦♠♣❛'❛✐4♦♥ ❞❡4 '54✉❧)❛)4 ♥✉♠5'✐7✉❡4 ❡)

❛♥❛❧②)✐7✉❡4 ❞❡ ❍❛③❛❦ et al ♣♦✉' ❞✐✛5'❡♥)4 ❛♥❣❧❡4 ❡) ❧❡ ❜✐❝♦✉❝❤❡✳



✺✳✸ ❊♥❡&❣✐❡) ❧✐+❡) , ❧❛ .✉&❜✉❧❡♥❝❡ ✿ +♥❡&❣✐❡ ❝✐♥+.✐3✉❡ ❡. ❡♥).&♦♣❤✐❡ ✶✻✶

❋✐❣✳ ✺✳✶✹ ✕ ▲❛ ❝✐)❝✉❧❛,✐♦♥ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ξ✳

❞❡♥2✐,3 34✉✐✈❛❧❡♥,❡✳ ▲❡2 ❣)❛♥❞❡✉)2 4✉❡ ♥♦✉2 ❝❛❧❝✉❧♦♥2 2♦♥, ❧❡2 2✉✐✈❛♥,❡2 ✿

ǫ =
〈ρ1u21〉
〈ρ0〉

✭✺✳✻✮

Ω =

∫∫
ρ1ω

2
1 ❞① ❞②

〈ρ0〉
✭✺✳✼✮

▲✬34✉❛,✐♦♥ ✺✳✻ ❝♦))❡2♣♦♥❞ @ ✉♥❡ 3♥❡)❣✐❡ ❝✐♥3,✐4✉❡ ♣♦♥❞3)3❡ ♣❛) ❧❛ ❞❡♥2✐,3 ✐♥✐,✐❛❧❡ ♠♦②❡♥♥❡

〈ρ0〉✳ ▲✬34✉❛,✐♦♥ ✺✳✼ ❞3❝)✐, ✉♥❡ ❡♥2,)♦♣❤✐❡ ✈♦❧✉♠✐4✉❡ ♣♦♥❞3)3❡ ♣❛) ❧❛ ❞❡♥2✐,3 ✐♥✐,✐❛❧❡ ♠♦②❡♥♥❡

〈ρ0〉✳ ❆✜♥ ❞❡ 2✐♠♣❧✐✜❡) ❧❡ ,❡①,❡✱ ♥♦✉2 ♣❛)❧❡)♦♥2 ♣❧✉2 2✐♠♣❧❡♠❡♥, ❞✬3♥❡)❣✐❡ ❝✐♥3,✐4✉❡ ❡, ❞✬❡♥✲

2,)♦♣❤✐❡✱ )❡2♣❡❝,✐✈❡♠❡♥, ♣♦✉) ❧❡2 34✉❛,✐♦♥2 ✺✳✻ ❡, ✺✳✼✳ ▲❛ ♠♦②❡♥♥❡ ✺✳✻ ❡, ❧✬✐♥,3❣)❛❧❡ ✺✳✼

2❡ ❝❛❧❝✉❧❡♥, 2✉) ❧❛ 2✉)❢❛❝❡ ❞❡))✐G)❡ ❧❡ ❝❤♦❝✱ ♣♦✉) ❝❤❛4✉❡ ❯❈❉✱ ❥✉24✉✬@ ❝❡ 4✉❡ ,♦✉,❡2 ❧❡2

✜❜)❡2 2♦✐❡♥, ❞3,)✉✐,❡2✳ ρ1 ❡2, ❧❛ ❞❡♥2✐,3 ❞✉ ♠✐❧✐❡✉ ❝❤♦4✉3✱ u1 ❡2, ❧❛ ✈✐,❡22❡ ✢✉✐❞❡ ❞❡))✐G)❡

❧❡ ❝❤♦❝ ❡, ω1 ❡2, ❧❡ )♦,❛,✐♦♥♥❡❧ ❞❡ u1✳ ▲❛ ♠♦②❡♥♥❡ ❡, ❧✬✐♥,3❣)❛❧❡ 2♦♥, ♣♦♥❞3)3❡2 ♣❛) 〈ρ0〉✱
❞❡♥2✐,3 ✐♥✐,✐❛❧❡ ♠♦②❡♥♥3❡ 2✉) ❧✬❡2♣❛❝❡ ❞❡ ❧❛ ❜♦N,❡ ❞❡ 2✐♠✉❧❛,✐♦♥ ❝♦♥,❡♥❛♥, ❧❡2 ✜❜)❡2 ❛✉

,❡♠♣2 t = 02✳

✺✳✸✳✶ ❈❛❧❝✉❧ ❞❡ ❧✬,♥❡.❣✐❡ ❝✐♥,1✐2✉❡

❙✉) ❧❡ ♣)❡♠✐❡) ❧♦, ❞❡ ✜❣✉)❡2 ✭✜❣✉)❡2 ✺✳✶✺✮ ❧❛ ✈❛)✐❛,✐♦♥ ❞❡ ❧✬3♥❡)❣✐❡ ❝✐♥3,✐4✉❡ ❡2, )❡♣)3✲

2❡♥,3❡ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ,❡♠♣2 ♣♦✉) ❧❡2 ❛♥❣❧❡2 ✸✵✱ ✹✺✱ ✻✵✱ ✼✺ ❡, ✾✵ ❞❡❣)32✱ ❛✐♥2✐ 4✉❡ ♣♦✉) ❧❡

❜✐❝♦✉❝❤❡ ❡, ❧❡2 ♠✉)2✳ S♦✉) ❝❤❛4✉❡ ❝❛2✱ ,)♦✐2 ξ 2♦♥, 3,✉❞✐32 ✿ ✸✵ %✱ ✺✵ % ❡, ✽✵ %✳ ▲❡2 )32✉❧✲

,❛,2 ❝♦))❡2♣♦♥❞❛♥, @ ❧✬❛♥❣❧❡ ✻✵ ❞❡❣)32 2♦♥, ,)❛❝32 2✉) ❧❛ ✜❣✉)❡ ✺✳✶✼ ♣♦✉) ♥❡✉❢ ξ ❞✐✛3)❡♥,2✳

❯♥❡ ,❡♥❞❛♥❝❡ ❣3♥3)❛❧❡ 2❡ ❞3❣❛❣❡ ♣♦✉) ❧❡2 ❝✐♥4 ❛♥❣❧❡2 ❡, ❧❡ ❜✐❝♦✉❝❤❡ ❀ ❧✬3♥❡)❣✐❡ ❝✐♥3,✐4✉❡

❝)♦N, ❢♦),❡♠❡♥, ♣❡♥❞❛♥, ✶✵

−4
2 ♣♦✉) θ = 30◦ ❡, θ = 60◦ ❡, ♣❡♥❞❛♥, ✺✳✶✵−5 2 ♣♦✉) θ = 45◦✱

θ = 75◦✱ θ = 90◦ ❡, ❧❡ ❜✐❝♦✉❝❤❡✳ ❊♥2✉✐,❡ ❡❧❧❡ 2❡ 2,❛❜✐❧✐2❡ ❥✉24✉✬@ ❛,,❡✐♥❞)❡ ✉♥❡ ✈❛❧❡✉) ❛2②♠♣✲

,♦,✐4✉❡✳ ❉❛♥2 ❧❡ ❝❛2 ❞❡2 ♠✉)2✱ ♥♦✉2 ♥✬♦❜2❡)✈♦♥2 ♣❛2 ❞❡ ✈❛)✐❛,✐♦♥ 2✐❣♥✐✜❝❛,✐✈❡ ❞❡ ❧✬3♥❡)❣✐❡

❝✐♥3,✐4✉❡✳ ◆♦✉2 )❡♠❛)4✉♦♥2 ❞❛♥2 ❝❤❛4✉❡ ❣)❛♣❤❡ ✉♥ ❣)❛❞✐❡♥, ,)G2 )❛✐❞❡ ❞✬3♥❡)❣✐❡ ❛✉ ,❡♠♣2

✐♥✐,✐❛❧ ❞❡ ❝❤❛4✉❡ ❝❛❧❝✉❧✳ ❈❡❝✐ ❡2, ❞Y @ ❧❛ ♠❛♥✐G)❡ ❞♦♥, ❧✬3♥❡)❣✐❡ ❝✐♥3,✐4✉❡ ❡2, ❝❛❧❝✉❧3❡✳ ▲❡2
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✈❛❧❡✉%& ❞❡ ρ1u
2
1 &♦♥* ❞✐✈✐&,❡& ♣❛% ❧❛ &✉%❢❛❝❡ ❞❡%%✐0%❡ ❧❡ ❝❤♦❝✳ ❉❛♥& ❧❡& ♣%❡♠✐❡%& *❡♠♣& ❝❡**❡

&✉%❢❛❝❡ ❡&* ✐♥✜♥✐❡♠❡♥* ♣❡*✐*❡✱ ǫ *❡♥❞ ❛❧♦%& ✈❡%& ❞❡& ❣%❛♥❞❡& ✈❛❧❡✉%& 8✉✐ ♥❡ %❡♣%,&❡♥*❡♥*

♣❛& ❧❛ ♣❤②&✐8✉❡✳ ❈♦♠♣❛%♦♥& ♠❛✐♥*❡♥❛♥* ❧❡& %,&✉❧*❛*& ♦❜*❡♥✉& ♣♦✉% ❝❤❛8✉❡ ❞✐✛,%❡♥* ❝❛&✳

=%❡♥♦♥& ❧❡ ♣%❡♠✐❡% ❣%❛♣❤❡ ❡♥ ❤❛✉* > ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉%❡ ✺✳✶✺✳ ❖♥ ❛ ❧✬,✈♦❧✉*✐♦♥ *❡♠♣♦%❡❧❧❡

❞❡ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ♣♦✉% θ = 30◦✳ ❖♥ %❡♠❛%8✉❡ 8✉❡ ❧❛ ❝♦✉%❜❡ ❝♦%%❡&♣♦♥❞❛♥* > ξ = 30
% ❡&* ❥✉&*❡ ✉♥ ♣❡✉ ❛✉ ❞❡&&✉& ❞❡ ❝❡❧❧❡ %❡♣%,&❡♥*❛♥* ξ = 50 %✳ ▲❛ ✈❛❧❡✉% ❛&②♠♣*♦*✐8✉❡ ❞❡

ǫ ♣♦✉% ξ = 80 % ❞,♣❛&&❡ ❝❡❧❧❡& ❞❡& ❞❡✉① ❛✉*%❡& *❛✉① ❞❡ ♣%,&❡♥❝❡✳ ❘❡✈❡♥♦♥& > ❧❛ ✜❣✉%❡

✺✳✶✵ 8✉✐ ♠♦♥*%❡ ❧✬,✈♦❧✉*✐♦♥ ❞❡

∆D
Dh

❡♥ ❢♦♥❝*✐♦♥ ❞❡ ξ ♣♦✉% ❧❡& ❞✐✛,%❡♥*& ❛♥❣❧❡&✳ =♦✉% ❧❡ ❝❛&

θ = 30◦✱ ∆D
Dh

❡&* ❧❡ ♣❧✉& ,❧❡✈, ♣♦✉% ξ = 80 %✱ ❡* ❧❛ ✈❛❧❡✉% ♦❜*❡♥✉❡ ♣♦✉% ξ = 30 % ❡&*

❜✐❡♥ &✉♣,%✐❡✉%❡ > ❝❡❧❧❡ ❝♦%%❡&♣♦♥❞❛♥* > ξ = 50 %✳ ◆♦✉& ♦❜&❡%✈♦♥& ✉♥❡ ❝♦%%,❧❛*✐♦♥ ❡♥*%❡ ❧❛

♠♦❞✐✜❝❛*✐♦♥ ❞❡ ❧❛ ✈✐*❡&&❡ ❞✉ ❝❤♦❝ ❞❛♥& ❧❡ ♠✐❧✐❡✉ ❤,*,%♦❣0♥❡ ❡* ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡✳ =%❡♥♦♥&

♠❛✐♥*❡♥❛♥* ❧❡ ❝❛& ♦I θ = 60◦✳ =❛%♠✐& ❧❡& *%♦✐& *❛✉① ❞❡ ♣%,&❡♥❝❡ ,*✉❞✐,&✱ ǫ ❡&* ♠❛①✐♠❛❧❡

♣♦✉% ξ = 50 %✱ ❝♦♠♠❡ ❧❡

∆D
Dh

❧✬❡&* ♣♦✉% ξ = 50 % &✉% ❧❛ ✜❣✉%❡ ✺✳✶✵✳ ❏✉&*❡ ❛✉ ❞❡&&♦✉& ✈✐❡♥*

&❡ ♣❧❛❝❡% ❧❛ ✈❛❧❡✉% ❝♦%%❡&♣♦♥❞❛♥* ❛✉ ❝❛& ξ = 30 % ❡*✱ *%0& ❧♦✐♥ ❛✉ ❞❡&&♦✉&✱ ♦♥ %❡*%♦✉✈❡

❧❡ ❝❛& ξ = 80 %✳ ❈❡* ♦%❞%❡ ❞❡ ❞,❝%♦✐&&❛♥❝❡ ❡&* ❧❡ ♠K♠❡ 8✉❡ ♣♦✉% ❧❡& ✈❛❧❡✉%& ❞❡

∆D
Dh

✳ ▲❛

✜❣✉%❡ ✺✳✶✻ ❡&* ❝♦♥&*✐*✉,❡ ❞❡ *%♦✐& ❣%❛♣❤❡& ❝♦%%❡&♣♦♥❞❛♥* ❛✉ *%♦✐& *❛✉① ❞❡ ♣%,&❡♥❝❡ ,*✉❞✐,&

❡* %❡♣%,&❡♥*❛♥* ❧✬,✈♦❧✉*✐♦♥ *❡♠♣♦%❡❧❧❡ ❞❡ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ♣♦✉% ❝❤❛8✉❡ ❛♥❣❧❡✳ ❈♦♥&✐❞,✲

%♦♥& ❧❡ ❣%❛♣❤❡ ❡♥ ❤❛✉* > ❣❛✉❝❤❡✳ ▲❡& ✈❛❧❡✉%& ❞❡ ǫ &♦♥* ❞♦♥♥,❡& ♣♦✉% ξ = 30 %✳ ❉❛♥&

❧✬♦%❞%❡ ❞,❝%♦✐&&❛♥* ❞❡ ❝❡& ✈❛❧❡✉%& ♥♦✉& ❛✈♦♥& θ = 75◦✱ θ = 90◦✱ θ = 60◦✱ θ = 30◦ ❡* ❡♥✜♥
θ = 45◦✳ ❊♥ ♥♦✉& %❡♣♦%*❛♥* > ❧❛ ✜❣✉%❡ ✺✳✶✵✱ ♥♦✉& %❡*%♦✉✈♦♥& ❝❡**❡ ♠K♠❡ ❞,❝%♦✐&&❛♥❝❡ ♣♦✉%

❧❡& ✈❛❧❡✉%& ❞❡

∆D
Dh

✳ ❈❡❝✐ ❡&* ✈❛❧❛❜❧❡ ♣♦✉% ❧❡& ❛✉*%❡& *❛✉① ❞❡ ♣%,&❡♥❝❡ ,*✉❞✐,& &✉% ❧❛ ✜❣✉%❡

✺✳✶✻✳ ❙✉% ❧❛ ✜❣✉%❡ ✺✳✶✼ ❡&* *%❛❝,❡ ❧✬,✈♦❧✉*✐♦♥ *❡♠♣♦%❡❧❧❡ ❞❡ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ♣♦✉% ✉♥ &❡✉❧

❛♥❣❧❡✱ θ = 60◦✱ ❡* ♥❡✉❢ ✈❛❧❡✉%& ❞❡ ξ ❞✐✛,%❡♥*❡&✳ ▲❛ ❝♦%%,❧❛*✐♦♥ ❡♥*%❡ ǫ ❡*

∆D
Dh

❡&* *♦✉❥♦✉%&

✈,%✐✜,❡✳ ◆♦✉& ♠❡&✉%♦♥& ❛❧♦%&✱ > ♣❛%*✐% ❞❡ *♦✉& ❧❡& ❣%❛♣❤❡& ❞,❝%✐*& ♣%,❝,❞❡♠❡♥*✱ ❧❛ ✈❛❧❡✉%
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❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❝❡& ✈❛❧❡✉%&✳ ▲❛ ✜❣✉%❡ ✺✳✶✽

%❡❣%♦✉♣❡ ❧❡& ♣♦✐♥*& %,&✉❧*❛♥*& ❞❡ ❝❡ ❝❛❧❝✉❧ ❡* ❝♦♥✜%♠❡ ✉♥❡ ♣%♦♣♦%*✐♦♥❛❧✐*, ❡♥*%❡ ❧✬,✈♦❧✉*✐♦♥

❞❡& ❞❡✉① 8✉❛♥*✐*,&✳ ❆✈❛♥* ❞✬❛✈❛♥❝❡% ❞❛♥& ❧✬,*✉❞❡✱ ❛%%K*♦♥& ♥♦✉& &✉% ❧❛ ❢♦%♠❡ ❡♥ ❞❡♥* ❞❡

&❝✐❡ ❞❡ *♦✉*❡& ❧❡& ❝♦✉%❜❡& ❞✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡✳ ❆ ❧✬♦%✐❣✐♥❡ ❞❡ ❝❡& ❞❡♥*& ❞❡ &❝✐❡ &❡ *%♦✉✈❡♥* ❧❡&

✢✉❝*✉❛*✐♦♥& ❞❡ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ❞❛♥& ✉♥ %,❣✐♠❡ *✉%❜✉❧❡♥*✳ ▲✬❛❧❧✉%❡ ❣❧♦❜❛❧❡ ❞❡ ❧❛ ❝♦✉%❜❡

%❡♣%,&❡♥*❡ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ♠♦②❡♥♥❡✳ ❖♥ ♣%❡&&❡♥* ❜✐❡♥ 8✉❡✱ &✐ ❧✬♦♥ &♦♠♠❡ ❧✬❡♥&❡♠❜❧❡ ❞❡&

✈❛❧❡✉%& %❡❧❛*✐✈❡& ❞❡& ✢✉❝*✉❛*✐♦♥& ♣❛% %❛♣♣♦%* > ❧❛ ♠♦②❡♥♥❡✱ ♦♥ *%♦✉✈❡%❛✐* ③,%♦✳

❈♦♠♣❛%♦♥& > ♣%,&❡♥* ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ❞❡& %,&❡❛✉① ❡♥ 8✉✐♥❝♦♥❝❡& ❡* ❝❡❧❧❡ ❞❡& ♠✐❧✐❡✉①

❤♦♠♦❣0♥❡&✳ ❙✉% ❧❛ ✜❣✉%❡ ✺✳✶✾✱ ❧❡& ❣%❛♣❤❡& %❡♣%,&❡♥*❡♥* ❧✬,✈♦❧✉*✐♦♥ *❡♠♣♦%❡❧❧❡ ❞❡ ❧✬,♥❡%❣✐❡

❝✐♥,*✐8✉❡ ♣♦✉% ❞❡& ♠✐❧✐❡✉① ❤♦♠♦❣0♥❡& ❞❡ ♠K♠❡ ❞❡♥&✐*, ♠♦②❡♥♥❡ 8✉❡ ❧❡& ❝❛& ✐♥❞✐8✉,& ❞❛♥&

❧❡✉% ❧,❣❡♥❞❡✳ ❉❛♥& ❝❡& ❝❛& ❤♦♠♦❣0♥❡&✱ ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡ ❞❡&❝❡♥❞ *%0& ✈✐*❡ ✈❡%& ❞❡ *%0&

❢❛✐❜❧❡& ✈❛❧❡✉%& ♣❛% %❛♣♣♦%* ❛✉① ❝❛& ❤,*,%♦❣0♥❡&✱ ❝❡ 8✉✐ ❝♦%%❡&♣♦♥❞ > ❧❛ ❞✐✛,%❡♥❝❡ ❞❡ ✈✐*❡&&❡

❞❡ ❝❤♦❝ ♦❜&❡%✈,❡ ♣%,❝,❞❡♠♠❡♥*✳

✺✳✸✳✷ ❈❛❧❝✉❧ ❞❡ ❧✬❡♥-./♦♣❤✐❡

=♦✉% ❧❛ ♣%,&❡♥*❛*✐♦♥ ❞❡& ❣%❛♣❤❡& %❡♣%,&❡♥*❛♥* ❧✬,✈♦❧✉*✐♦♥ *❡♠♣♦%❡❧❧❡ ❞❡ ❧✬❡♥&*%♦♣❤✐❡✱

♥♦✉& &✉✐✈♦♥& ❧❡ ♠K♠❡ ♣%✐♥❝✐♣❡ 8✉❡ ♣♦✉% ❧✬,♥❡%❣✐❡ ❝✐♥,*✐8✉❡✳ ▲❛ ✜❣✉%❡ ✺✳✷✵ ❡&* ❝♦♥&*✐*✉,❡

❞❡& ❣%❛♣❤❡& ♣♦✉% ❧❡&8✉❡❧& ❧✬❛♥❣❧❡ %❡&*❡ ❝♦♥&*❛♥* *❛♥❞✐& 8✉❡ ❧❡ *❛✉① ❞❡ ♣%,&❡♥❝❡ ♣%❡♥❞ ❧❡&

*%♦✐& ♠K♠❡& ✈❛❧❡✉%& 8✉❡ ♣%,❝,❞❡♠♠❡♥* ✿ ✸✵ %✱ ✺✵ % ❡* ✽✵ %✳ ▲❡& ❣%❛♣❤❡& ❞❡ ❧❛ ✜❣✉%❡ ✺✳✷✶

❝♦%%❡&♣♦♥❞❡♥* > ❞❡& ✈❛❧❡✉%& ❞❡ ξ ❝♦♥&*❛♥*❡& ♣♦✉% ❞✐✛,%❡♥*❡& ✈❛❧❡✉%& ❞❡ ❧✬❛♥❣❧❡ θ✳ ▲❛ ✜❣✉%❡

✺✳✷✷ %,✉♥✐* ♣❧✉&✐❡✉%& ξ ♣♦✉% ❧❡ ♠K♠❡ ❛♥❣❧❡✱ ✻✵

◦
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♠K♠❡ ❛❧❧✉%❡ ❞❛♥& *♦✉& ❧❡& ❝❛& ❀ ❡❧❧❡ ❞,❜✉*❡ > ③,%♦ ♣✉✐& ❝%♦[* ❥✉&8✉✬> ✉♥❡ ✈❛❧❡✉% ❛&②♠♣*♦*✐8✉❡✳

▲❛ ❝♦%%,❧❛*✐♦♥ ❡♥*%❡ ❧✬❡♥&*%♦♣❤✐❡ ❡* ❧❡
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❞✐✛/&❡♥(7✳
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❋✐❣✳ ✺✳✷✵ ✕ ❱❛'✐❛)✐♦♥ ❞❡ ❧✬❡♥0)'♦♣❤✐❡ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ )❡♠♣0✳

❧✬7✈♦❧✉)✐♦♥ )❡♠♣♦'❡❧❧❡ ❞❡ ❧✬❡♥0)'♦♣❤✐❡ ❞❛♥0 ❧❡0 ♠✐❧✐❡✉① ❤♦♠♦❣;♥❡0✱ 0✉' ❧❛ ✜❣✉'❡ ✺✳✷✸✱ ♦♥
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❧✬❛❜0❡♥❝❡ ❞❡ ✈♦')❡① ❧♦'0 ❞❡ ❧✬✐♥)❡'❛❝)✐♦♥ ❞✬✉♥ ❝❤♦❝ ❛✈❡❝ ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣;♥❡✳
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❈❡ ❞❡#♥✐❡# ❝❤❛♣✐*#❡ ❝♦♥✜#♠❡ ❧❛ ❝♦♠♣❧❡①✐*0 ❞❡ ❧❛ ♣#0❞✐❝*✐♦♥ ❞❡ ❧❛ ✈✐*❡22❡ ❞❡ ♣#♦♣❛❣❛*✐♦♥

❞✬✉♥ ❝❤♦❝ ❞❛♥2 ✉♥ #02❡❛✉ ❞❡ ✜❜#❡2 #0❣✉❧✐❡#✱ 2❡ #❛♣♣#♦❝❤❛♥* *♦✉*❡❢♦✐2 ❞✬✉♥ #02❡❛✉ ♣❧✉2 #0❛✲

❧✐2*❡✳ ▲✬❛♥❣❧❡ ❡♥*#❡ ❧❡2 ✜❜#❡2 ❞❡ ❞❡✉① #❛♥❣0❡2 2✉♣❡#♣♦20❡2 ❝♦♥2*✐*✉❡ ✉♥ ♣❛#❛♠<*#❡ ❞❡ ♣❧✉2

= ♣#❡♥❞#❡ ❡♥ ❝♦♠♣*❡ ❡* ❧✬❛♥❛❧②2❡ ❞❡2 #02✉❧*❛*2 ❝♦♥✜#♠❡ ❧❛ ❣#❛♥❞❡ ❞0♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ✈✐*❡22❡

❞✉ ❝❤♦❝ = ❧❛ ❣0♦♠0*#✐❡ ❞✉ #02❡❛✉ ❞❡ ✜❜#❡2✳ ▲❡ *❛✉① ❞❡ ♣#02❡♥❝❡✱ ❧❡ #❛♣♣♦#* ❞❡ ❞❡♥2✐*0 ❡* ❧❡

❝♦❡✣❝✐❡♥* ❛❞✐❛❜❛*✐@✉❡ ❡①❡#❝❡♥* *♦✉❥♦✉#2 ❧❡✉# ✐♥✢✉❡♥❝❡✳ ▲✬0✈♦❧✉*✐♦♥ ❞❡ ❧❛ ❞✐✛0#❡♥❝❡ #❡❧❛*✐✈❡

❞❡2 ✈✐*❡22❡2 ❞❡ ❝❤♦❝ ❞❛♥2 ❧❡2 ♠✐❧✐❡✉① ❤0*0#♦❣<♥❡ ❡* ❤♦♠♦❣<♥❡ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❝❡2 *#♦✐2 ❞❡#✲

♥✐❡#2 ♣❛#❛♠<*#❡2 ♣#02❡♥*❡ ❧❛ ♠D♠❡ ❛❧❧✉#❡ @✉❡ ❝❡❧❧❡2 ♦❜*❡♥✉❡2 ❞❛♥2 ❧❡ ❝❛2 ❞✉ 2✐♠♣❧❡ #02❡❛✉
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❞✐✛0#❡♥*2 ❛♥❣❧❡2 ❡* *❛✉① ❞❡ ♣#02❡♥❝❡✳ ❖♥ ♠♦♥*#❡ ✉♥❡ *#<2 ❢♦#*❡ ❝♦##0❧❛*✐♦♥ ❡♥*#❡ ❧✬0♥❡#❣✐❡

❝✐♥0*✐@✉❡ ♠♦②❡♥♥❡ ❡* ❧❛ ♠♦❞✐✜❝❛*✐♦♥ ❞❡ ❧❛ ✈✐*❡22❡ ❞✉ ❝❤♦❝ ❞❛♥2 ❧❡ ♠✐❧✐❡✉ ❤0*0#♦❣<♥❡✳ ❉❛♥2

❝❡**❡ ❝♦♥✜❣✉#❛*✐♦♥ ❝♦♥✜♥0❡ ♦H ❧✬♦♥ ✐♥❥❡❝*❡ ❝♦♥*✐♥✉❡❧❧❡♠❡♥* ❞❡ ❧✬0♥❡#❣✐❡ ♣❛# ❧❛ ❝♦♥❞✐*✐♦♥ ❞❡

✢✉① = ❞#♦✐*❡ ❞❡ ❧❛ ❜♦I*❡ ❞❡ 2✐♠✉❧❛*✐♦♥✱ ♦♥ ♠♦♥*#❡ ❛✉22✐ @✉❡ ❧✬❡♥2*#♦♣❤✐❡ ♠♦②❡♥♥❡ ❛✉❣♠❡♥*❡

❛✈❡❝ ❧❡ *❡♠♣2✳



✶✻✾

▲✬♦❜❥❡❝'✐❢ ❞❡ ❝❡''❡ '❤,-❡ .'❛✐' ❞✬.'✉❞✐❡1 ❧❛ ♣1♦♣❛❣❛'✐♦♥ ❞✬✉♥ ❝❤♦❝ ❞❛♥- ✉♥ ♠✐❧✐❡✉ ❤.✲

'.1♦❣,♥❡✱ ❡♥ ❝♦♠♣❛1❛✐-♦♥ ❛✈❡❝ ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣,♥❡ ❞❡ ❞❡♥-✐'. ♠♦②❡♥♥❡ .;✉✐✈❛❧❡♥'❡✳ ❈❡

'1❛✈❛✐❧ -❡ -✐'✉❡ ❞❛♥- ❧❡ ❝❛❞1❡ ❞❡ ❧✬❛''❛;✉❡ ❞✐1❡❝'❡ ❞❡ ❧❛ ❢✉-✐♦♥ ♣❛1 ❝♦♥✜♥❡♠❡♥' ✐♥❡1'✐❡❧✳

◆♦✉- ❛✈♦♥- ✐❞❡♥'✐✜. ❧❡- ❝❛1❛❝'.1✐-'✐;✉❡- ♣♦✉1 ❧❡-;✉❡❧❧❡- ❧❡- ❡✛❡'- ❞❡ ❧✬❤.'.1♦❣.♥.✐'. -♦♥' ❧❡-

♣❧✉- ♣.♥❛❧✐-❛♥'-✳ ❊♥ ❡✛❡'✱ ❝❡- ❝❛1❛❝'.1✐-'✐;✉❡- ♠❛①✐♠✐-❡♥' ❧✬.❝❛1' ❞❡ ✈✐'❡--❡ ♣❛1 1❛♣♣♦1' ❛✉

❝❛- ❤♦♠♦❣,♥❡ ❞❡ ❞❡♥-✐'. ♠♦②❡♥♥❡ .;✉✐✈❛❧❡♥'❡✳

▲❛ 1❛✐-♦♥ ♣♦✉1 ❧❛;✉❡❧❧❡ ♥♦✉- ♥♦'♦♥- ✉♥❡ ♠♦❞✐✜❝❛'✐♦♥ ❞❡ ❧❛ ✈✐'❡--❡ ❞✉ ❝❤♦❝ ❞❛♥- ❧❡

♠✐❧✐❡✉ ❤.'.1♦❣,♥❡ 1.-✐❞❡ ❞❛♥- ❧✬✐♥'❡1❛❝'✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ❧✬✐♥'❡1❢❛❝❡ ❡♥'1❡ ❧❡- ❞❡✉① ♠✐❧✐❡✉①✱

✐♥'❡1❢❛❝❡ ✐♥❡①✐-'❛♥'❡ ❞❛♥- ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣,♥❡✳ ❆✉ ♥✐✈❡❛✉ ❞❡ ❝❡''❡ ✐♥'❡1❢❛❝❡✱ ❧❛ ❜❛1♦❝❧✐♥✐❝✐'.

♥♦♥✲♥✉❧❧❡✱ ❝✬❡-'✲D✲❞✐1❡ ❧❡ ♣1♦❞✉✐' ✈❡❝'♦1✐❡❧ ❞❡- ❣1❛❞✐❡♥'- ❞❡ ❞❡♥-✐'. ❡' ♣1❡--✐♦♥✱ ❝1.❡✱ ❧♦1-

❞✉ ♣❛--❛❣❡ ❞✉ ❝❤♦❝✱ ❞❡ ❧❛ ✈♦1'✐❝✐'. ;✉✐ ❡-' D ❧✬♦1✐❣✐♥❡ ❞❡ ❧✬❛❝❝.❧.1❛'✐♦♥ ❞✉ ❝❤♦❝✳ ▲❛ ❢♦1♠❡

❡' ❧❛ ❧♦♥❣✉❡✉1 ❞❡ ❧✬✐♥'❡1❢❛❝❡ ❥♦✉❡♥' ❞♦♥❝ ✉♥ 1E❧❡ ❝1✉❝✐❛❧ ❞❛♥- ❧❛ ♠♦❞✐✜❝❛'✐♦♥ ❞❡ ❧❛ ✈✐'❡--❡

❞✉ ❝❤♦❝✳ ❊♥ ❡✛❡'✱ ❝❡❧❧❡✲❝✐ ❡-' ♠❛①✐♠❛❧❡ ❧♦1-;✉❡ ❧❡- ❣1❛❞✐❡♥'- ❞❡ ♣1❡--✐♦♥ ❡' ❞❡ ❞❡♥-✐'.

-♦♥' ♣❡1♣❡♥❞✐❝✉❧❛✐1❡- ❡♥'1❡ ❡✉①✱ ❝❡ ;✉✐ -❡ '1❛❞✉✐' ♣❛1 ✉♥❡ ✐♥'❡1❢❛❝❡ ♣❧❛♥❡ ❡♥'1❡ ❧❡- ❞❡✉①

♠✐❧✐❡✉①✱ ❡' ♣❡1♣❡♥❞✐❝✉❧❛✐1❡ ❛✉ ❢1♦♥' ❞❡ ❝❤♦❝✳ ▲✬✐♥'❡1❛❝'✐♦♥ ❞✉ ❝❤♦❝ ❛✈❡❝ ❧✬✐♥'❡1❢❛❝❡✱ ♣❧❛♥❡

♦✉ ✐♥❝❧✐♥.❡✱ ✐♥❞✉✐' ❞❡- ♣❤.♥♦♠,♥❡- ❞❡ 1.❢1❛❝'✐♦♥ ❛♣♣❛1'❡♥❛♥' ❛✉ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❞.'♦♥✐;✉❡

❜✐❞✐♠❡♥-✐♦♥♥❡❧❧❡✳

◆♦✉- ❛✈♦♥- ♠♦❞.❧✐-. ❧❛ ♠♦✉--❡ ❞❡ ❞✐✈❡1-❡- ♠❛♥✐,1❡-✱ ❡♥ ♣1❡♥❛♥' ❧❡ ♣❛1'✐ ❞❡ ❝♦♠♠❡♥❝❡1

♣❛1 ✉♥❡ ♠♦❞.❧✐-❛'✐♦♥ '1,- -✐♠♣❧❡✱ ;✉❡ ♥♦✉- ❝♦♠♣❧❡①✐✜♦♥- ❛✉ ❢✉1 ❡' D ♠❡-✉1❡ ❞❡ ❧✬.'✉❞❡✳

❆✐♥-✐✱ ♥♦✉- ❛✈♦♥- .'✉❞✐. ❡♥ ♣1❡♠✐❡1 ❧✐❡✉ ❧❡ ❝❛- ♦F ❧✬✐♥'❡1❢❛❝❡ ❡-' ♣❧❛♥❡✳ ▲❡ ❝❤♦❝ -❡ ♣1♦♣❛❣❡

❞❛♥- ✉♥ ♠✐❧✐❡✉ ❜✐❝♦✉❝❤❡ ❡' ❧❡ ❞.♣E' ❞❡ ✈♦1'✐❝✐'. ❡-' ♠❛①✐♠✐-.✳ ❊♥-✉✐'❡✱ ♥♦✉- ♠♦❞.❧✐-♦♥-

❧❛ ♠♦✉--❡ ❡♥ ✉♥ 1.-❡❛✉ ❝❛11. ❞❡ ✜❜1❡- ❞❡ ❈❍ ❜❛✐❣♥❛♥' ❞❛♥- ❞✉ ❉❚✳ ❊♥✜♥✱ ✉♥ ❞❡❣1. ❞❡

❝♦♠♣❧❡①✐'. ❡-' 1❛❥♦✉'. ❡♥ ♣❧❛J❛♥' ❝❡- ♠K♠❡- ✜❜1❡- ❡♥ ;✉✐♥❝♦♥❝❡- ❡' ❡♥ ❢❛✐-❛♥' ✈❛1✐❡1 ❧✬❛♥❣❧❡

❡♥'1❡ ❡❧❧❡-✳

▲❛ ♠❛❥♦1✐'. ❞❡ ♥♦- 1.-✉❧'❛'- ❛ .'. ♦❜'❡♥✉❡ ❣1L❝❡ D ❞❡✉① -✉♣♣♦1'- ✿ ❧❡ ♣1❡♠✐❡1 .'❛♥'

❡①♣.1✐♠❡♥'❛❧✱ ❧❡ '✉❜❡ D ❝❤♦❝ ❚✽✵ ❞❡ ❧✬■❯❙❚■ D ▼❛1-❡✐❧❧❡ ;✉✐ ♥♦✉- ❛ -❡1✈✐ ♣♦✉1 ❧✬.'✉❞❡ ❞✉

❜✐❝♦✉❝❤❡ ❀ ❧❡ ❞❡✉①✐,♠❡ .'❛♥' ♥✉♠.1✐;✉❡✱ ❧❡ ❝♦❞❡ ❤②❞1♦❞②♥❛♠✐;✉❡ ❍❊❘❆✱ ❞♦♥' ❧❡ 1❛✣♥❡✲

♠❡♥' D ♠❛✐❧❧❛❣❡ ❛❞❛♣'❛'✐❢ ❡' ❧❛ 1❡❝♦♥-'1✉❝'✐♦♥ ❞✬✐♥'❡1❢❛❝❡ -❡ -♦♥' ❛✈.1.- ✐♥❞✐-♣❡♥-❛❜❧❡- D

♥♦'1❡ .'✉❞❡✳ ❈✬❡-' ❛✈❡❝ ❧❡ ❝♦❞❡ ❍❊❘❆ ;✉❡ ♥♦✉- ❛✈♦♥- .'✉❞✐. ❧❡- 1.-❡❛✉① ❞❡ ✜❜1❡- ❝❛11.- ❡'

❡♥ ;✉✐♥❝♦♥❝❡-✳ ❉❡- 1.-✉❧'❛'- ❝♦♠♣❧.♠❡♥'❛✐1❡- ♦♥' ❢❛✐' ❧✬♦❜❥❡' ❞❡ ❝❛❧❝✉❧- ❛♥❛❧②'✐;✉❡-✱ ❜❛-.-

-✉1 ❧❡- ♠♦❞,❧❡- ❞❡ ❍❛③❛❦ et al. ❬✷✸❪ ❡' ❙❛✉1❡❧ et al. ❬✻✵❪✳

▲❡- 1.-✉❧'❛'- ❡①♣.1✐♠❡♥'❛✉① ❡' ♥✉♠.1✐;✉❡- ❝♦♥❝♦1❞❡♥' -✉1 ❧❡ ❢❛✐' ;✉❡ ❧❡ ❝❤♦❝ -❡ ♣1♦♣❛❣❡

♣❧✉- 1❛♣✐❞❡♠❡♥' ❞❛♥- ❧❡ ♠✐❧✐❡✉ ❤.'.1♦❣,♥❡ ;✉❡ ❞❛♥- -♦♥ ❤♦♠♦❧♦❣✉❡ ❤♦♠♦❣,♥❡✳ ▲✬.❝❛1' ❞❡

✈✐'❡--❡ ❞.♣❡♥❞ ❞✉ '❛✉① ❞❡ ♣1.-❡♥❝❡ ❞❡- ✜❜1❡- ❞❛♥- ❧❡✉1 ❡♥✈✐1♦♥♥❡♠❡♥'✱ ❞✉ 1❛♣♣♦1' ❞❡

❞❡♥-✐'. ❞❡- ❞❡✉① ♠❛'.1✐❛✉① ❝♦♥-'✐'✉❛♥' ❧❛ ♠♦✉--❡✱ ❞❡ ❧❡✉1 ❝♦❡✣❝✐❡♥' ❛❞✐❛❜❛'✐;✉❡ ❡' ❞❡

❧❛ ❣.♦♠.'1✐❡ ❞✉ ♠✐❧✐❡✉✳ ^❧✉- ♣1.❝✐-.♠❡♥'✱ ♣♦✉1 ❧❡ ❜✐❝♦✉❝❤❡ ✐❧ ❛✉❣♠❡♥'❡ ❛✈❡❝ ❧❡ '❛✉① ❞❡

♣1.-❡♥❝❡ ❡' ♣♦✉1 ❧❡- 1.-❡❛✉① ❞❡ ✜❜1❡- ✐❧ ❡-' ♠❛①✐♠❛❧ ♣♦✉1 ✉♥ '❛✉① ❞❡ ♣1.-❡♥❝❡ ❝♦♠♣1✐- ❡♥

♠♦②❡♥♥❡ ❡♥'1❡ ✺✵ % ❡' ✼✵ %✱ ;✉✐ ❝♦11❡-♣♦♥❞ D ✉♥ ♠❛①✐♠✉♠ ❞❡ ❧♦♥❣✉❡✉1 ❞✬✐♥'❡1❢❛❝❡ ❡♥'1❡

❧❡ ♠✐❧✐❡✉ ❧♦✉1❞ ❡' ❧❡ ♠✐❧✐❡✉ ❧.❣❡1 D ❞✐-'❛♥❝❡ ✐♥'❡1✜❜1❡ ❝♦♥-'❛♥'❡✳ ■❧ ❛✉❣♠❡♥'❡ .❣❛❧❡♠❡♥' ❛✈❡❝

❧❡ 1❛♣♣♦1' ❞❡ ❞❡♥-✐'.✳ ■❧ ❡-' ♠❛①✐♠❛❧ ♣♦✉1 ✉♥ ❝♦❡✣❝✐❡♥' ❛❞✐❛❜❛'✐;✉❡ ❝♦♠♣1✐- ❡♥ ♠♦②❡♥♥❡

❡♥'1❡ ✶✱✶ ❡' ✷✱ -✬❛♥♥✉❧❡ ♣♦✉1 ✉♥❡ ✈❛❧❡✉1 ❝♦♠♣1✐-❡ ❡♥'1❡ ✸ ❡' ✺ ♣♦✉1 ❡♥-✉✐'❡ ❞❡✈❡♥✐1 ♥.❣❛'✐❢✳

❈❡- ✈❛❧❡✉1- ♦♥' .'. ❝♦♥✜1♠.❡- ♣❛1 ✉♥❡ ❞❡-❝1✐♣'✐♦♥ '❤❡1♠♦❞②♥❛♠✐;✉❡ ❞❡ ❧❛ '✉1❜✉❧❡♥❝❡ ❬✻✵❪

✐♥-.1.❡ ❞❛♥- ❧❡- .;✉❛'✐♦♥- ❤②❞1♦❞②♥❛♠✐;✉❡- ❞❡ ❝♦♥-❡1✈❛'✐♦♥✳ ▲✬.'✉❞❡ ❞✉ ♠✐❧✐❡✉ ❤♦♠♦❣,♥❡

❝1.. ♣♦✉1 ❧✬❡①♣.1✐❡♥❝❡ ❛ ❝♦♥❞✉✐' D -❡ ♣♦-❡1 ❧❛ ;✉❡-'✐♦♥ ❞❡ ❧❛ ❞.'❡1♠✐♥❛'✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥'

❛❞✐❛❜❛'✐;✉❡ ❞✬✉♥ ♠.❧❛♥❣❡ ❞❡ ❞❡✉① ❣❛③ ❞❡ ❝♦❡✣❝✐❡♥'- ❛❞✐❛❜❛'✐;✉❡- ❞✐✛.1❡♥'-✳ ▲✬.'✉❞❡ ❞❡ ❧❛

❞✐✛✉-✐♦♥ ❞✉ ❙❋6 ❞❛♥- ❧✬❛✐1 ❧♦1- ❞❡ ❧❛ ♣1♦♣❛❣❛'✐♦♥ ❡①♣.1✐♠❡♥'❛❧❡ ❞✉ ❝❤♦❝ ❞❛♥- ❧❡ ❜✐❝♦✉❝❤❡ ❛

♠♦♥'1. ✉♥❡ ❢♦1'❡ ❝♦11.❧❛'✐♦♥ ❡♥'1❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐-♦♥ ❞✉ ❢1♦♥' ❞❡ ❝❤♦❝ ❡' ❧❛ ♠♦❞✐✜❝❛'✐♦♥

❞❡ ❧❛ ✈✐'❡--❡ ❞✉ ❝❤♦❝✳ ❉✬❛✉'1❡- ❝♦11.❧❛'✐♦♥ ❛✈❡❝ ❧✬.❝❛1' ❞❡ ✈✐'❡--❡ ♦♥' .'. ♦❜-❡1✈..- ✿ ❧❛



✶✼✵ ❈♦♥❝❧✉)✐♦♥ ❡, ♣❡.)♣❡❝,✐✈❡)

❝✐"❝✉❧❛&✐♦♥✱ ♦✉ ❧✬❛♠♣❧✐&✉❞❡ ❞❡ ❧❛ ❢♦"❝❡ ❞❡0 ✈♦"&❡①✱ ❧❡ ❧♦♥❣ ❞❡ ❧✬✐♥&❡"❢❛❝❡ ❡& ❧✬4♥❡"❣✐❡ ❝✐♥4&✐5✉❡

❞❡""✐6"❡ ❧❡ ❝❤♦❝ ❝❛❧❝✉❧4❡ ♣♦✉" ❧❡0 "40❡❛✉① ❡♥ 5✉✐♥❝♦♥❝❡0✳

▲❡0 ♠♦❞6❧❡0 ❛♥❛❧②&✐5✉❡0 0✉" ❧❡05✉❡❧0 ♥♦✉0 ♥♦✉0 0♦♠♠❡0 ❛♣♣✉②40 ♦♥& 4&4 4❧❛❜♦"40 ♣❛"

❍❛③❛❦ et al. ❬✷✸❪ ❡& ❙❛✉"❡❧ et al. ❬✻✵❪✳ ❍❛③❛❦ et al. ❣4♥4"❛❧✐0❡♥& ❧❡0 45✉❛&✐♦♥0 ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦& ❛✉① ♠✐❧✐❡✉① ❤4&4"♦❣6♥❡0 ❡♥ ❡✛❡❝&✉❛♥& ✉♥❡ ♠♦②❡♥♥❡ 0♣❛&✐❛❧❡ ❞❡0 ✢✉❝&✉❛&✐♦♥0

❞❡0 ❣"❛♥❞❡✉"0 ❞❡✈❛♥& ❡& ❞❡""✐6"❡ ❧❡ ❝❤♦❝✳ ◆♦✉0 ❡♥ ❛✈♦♥0 ❝❛❧❝✉❧4 ❧✬4❝❛"& "❡❧❛&✐❢ ❞❡0 ✈✐&❡00❡0

❡♥ ❢♦♥❝&✐♦♥ ❞✉ &❛✉① ❞❡ ♣"40❡♥❝❡ ❞❡0 ✜❜"❡0✳ ◆♦✉0 ❛✈♦♥0 &"♦✉✈4 ❧❛ ♠L♠❡ ❛❧❧✉"❡ 5✉❡ ❝❡❧❧❡

❞❡0 ❝♦✉"❜❡0 ♥✉♠4"✐5✉❡0 ♦❜&❡♥✉❡0 ❛✈❡❝ ❧❡ ❝♦❞❡ ❍❊❘❆✱ ♠❛✐0 ♣❛0 ❞❡ ✈❛❧❡✉"0 ❡①❛❝&❡♠❡♥&

✐❞❡♥&✐5✉❡0✳ ◆♦✉0 ❛✈♦♥0 ❛❧♦"0 &❡0&4 ❧❡ ♠♦❞6❧❡ ❞❡ ❙❛✉"❡❧ et al. 5✉✐✱ ❞❛♥0 ❧❡0 45✉❛&✐♦♥0 ❞❡

❧❛ &✉"❜✉❧❡♥❝❡✱ ♣"❡♥❞ ❡♥ ❝♦♠♣&❡ ❧❡ ❞4♣O& ❞❡ ✈♦"&✐❝✐&4 ❞❡""✐6"❡ ❧❡ ❝❤♦❝ ❡♥ ② ✐♥&"♦❞✉✐0❛♥&

✉♥❡ ♣"❡00✐♦♥ &✉"❜✉❧❡♥&❡✳ ❆ ❧✬❛✐❞❡ ❞✬✉♥ ❝❛❧❝✉❧ ❞❡ ❝✐"❝✉❧❛&✐♦♥ ♥♦✉0 ♣❡"♠❡&&❛♥& ❞❡ &"♦✉✈❡"

✉♥❡ ✈✐&❡00❡ ✢✉✐❞❡✱ ♥♦✉0 ♦❜&❡♥♦♥0 ❞❡0 ✈❛❧❡✉"0 ❞✬4❝❛"& "❡❧❛&✐❢ ❞❡0 ✈✐&❡00❡0 0❡ "❛♣♣"♦❝❤❛♥& ❞❡0

✈❛❧❡✉"0 ♥✉♠4"✐5✉❡0 ♣♦✉" ✉♥ &❛✉① ❞❡ ♣"40❡♥❝❡ 0✉♣4"✐❡✉" P ✺✵ %✳ ❈❡0 ♠♦❞6❧❡0 ❛♥❛❧②&✐5✉❡0

♥♦✉0 ❛♣♣♦"&❡♥& ✉♥❡ ❝♦♥✜"♠❛&✐♦♥ ❞✉ ❝♦❞❡ ❍❊❘❆ ❡♥ ❝❡ 5✉✐ ❝♦♥❝❡"♥❡ ❧✬❛❧❧✉"❡ ❞❡ ❧✬4❝❛"& "❡❧❛&✐❢

❞❡0 ✈✐&❡00❡ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ &❛✉① ❞❡ ♣"40❡♥❝❡ ❞❡0 ✜❜"❡0✱ ♠❛✐0 ♥❡ ❝♦❧❧❡♥& ♣❛0 ❡①❛❝&❡♠❡♥& ❛✉①

✈❛❧❡✉"0 ♥✉♠4"✐5✉❡0✳

▲✬❡♥0❡♠❜❧❡ ❞❡ ❝❡ &"❛✈❛✐❧ ♦✛"❡ ❞❡ ❧❛"❣❡0 ♣❡"0♣❡❝&✐✈❡0 ❡♥ &❡"♠❡ ❞✬❡①♣4"✐❡♥❝❡0✱ ❞❡ 0✐♠✉✲

❧❛&✐♦♥0 ♥✉♠4"✐5✉❡0 ❡& ❞❡ ❝❛❧❝✉❧0 ❛♥❛❧②&✐5✉❡0✳ ❚♦✉& ❞✬❛❜♦"❞✱ ❧❛ "4❛❧✐0❛&✐♦♥ ❞✬✉♥❡ ❡①♣4"✐❡♥❝❡

0✉" &✉❜❡ P ❝❤♦❝✱ ♣♦✉" ❧❛5✉❡❧❧❡ ❧❡ ❝❤♦❝ 0❡ ♣"♦♣❛❣❡"❛✐& ❞❛♥0 ❞❡✉① ❝♦✉❝❤❡0 ❞❡ ❣❛③ 04♣❛"4❡0 ♣❛"

✉♥❡ ✐♥&❡"❢❛❝❡ ♥❡&&❡✱ ♠❛&4"✐❛❧✐04❡ ♣❛" ✉♥ ✜❧♠ ❞❡ 0❛✈♦♥ ♣❛" ❡①❡♠♣❧❡ ❡& ❡♠♣L❝❤❛♥& ❧❡ ♠4❧❛♥❣❡

❞❡0 ❣❛③ ♣❛" ❞✐✛✉0✐♦♥✱ ❞♦♥♥❡"❛✐& ❞❡0 "40✉❧&❛&0 ❜❡❛✉❝♦✉♣ ♣❧✉0 ❢❛❝✐❧❡♠❡♥& ❝♦♠♣❛"❛❜❧❡0 ❛✉①

❝❛❧❝✉❧0 ♥✉♠4"✐5✉❡0✳ ❉❡ ♣❧✉0✱ ✉♥❡ ♠❡0✉"❡ ❡①❛❝&❡ ❞❡ ❧❛ ❞❡♥0✐&4 ❞✉ ♠4❧❛♥❣❡ ❤♦♠♦❣6♥❡ ❞❡0

❞❡✉① ❣❛③ ❛✈❛♥& ❧❡ &✐" ❡& ✉♥❡ ♠❡0✉"❡ ❞❡ ❧❛ ✈✐&❡00❡ ✢✉✐❞❡ ❞❡""✐6"❡ ❧❡ ❝❤♦❝ P ❧✬❛✐❞❡ ❞✬✉♥ ♠❛"✲

5✉❡✉" ♣❡"♠❡&&"❛✐& ❞❡ ❞4❞✉✐"❡✱ ❞❡0 45✉❛&✐♦♥0 ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦&✱ ✉♥❡ ✈❛❧❡✉" ♣❧✉0 ♣"4❝✐0❡

❞✉ ❝♦❡✣❝✐❡♥& ❛❞✐❛❜❛&✐5✉❡ ❞✉ ♠4❧❛♥❣❡ ❡&✱ ♣❛" ❝♦♥045✉❡♥&✱ ❞❡0 0✐♠✉❧❛&✐♦♥0 ♥✉♠4"✐5✉❡0 ♣❧✉0

✜❞6❧❡0 P ❧✬❡①♣4"✐❡♥❝❡ 0❡"❛✐❡♥& "4❛❧✐0❛❜❧❡0✳ ❯♥❡ ❛✉&"❡ ❡①♣4"✐❡♥❝❡ ♣♦✉""❛✐& L&"❡ ❡♥✈✐0❛❣4❡ ❞❛♥0

✉♥ "40❡❛✉ ❞❡ ✜❜"❡0 ❡♥ ❝❛""4 ♦✉ ❡♥ 5✉✐♥❝♦♥❝❡0 ❡♥ ♣♦0❛♥& ✉♥❡ ❣"✐❧❧❡ &"♦✉4❡ ❞❡ ❝❡"❝❧❡0 ❞✐0♣♦040

❡♥ ✉♥ "40❡❛✉ ❞❡ ❣4♦♠4&"✐❡ "4❣✉❧✐6"❡ P ✉♥❡ ❝❡"&❛✐♥❡ ❤❛✉&❡✉" ❞❡ ❧❛ ❝❤❛♠❜"❡ ❞✬❡①♣4"✐❡♥❝❡✳

❙♦✉0 ❝❡&&❡ ❣"✐❧❧❡✱ ✉♥ ✜❧♠ ❞❡ 0❛✈♦♥ 0❡"❛✐& ❢♦"♠4 ❡& ❥✉0&❡ ❛✈❛♥& ❧❡ &✐" ✉♥ ❣❛③ ❢❡"❛✐& ❣♦♥✢❡" ❞❡0

❜✉❧❧❡0 ❞❡ 0❛✈♦♥ P &"❛✈❡"0 ❧❡0 &"♦✉0 ❞❡ ❧❛ ❣"✐❧❧❡✱ ❝"4❛♥& ❛✐♥0✐ ✉♥❡ ❝♦♥✜❣✉"❛&✐♦♥ ♣"♦❝❤❡ ❞✬✉♥

"40❡❛✉ ❞❡ ❞❡♠✐ ✜❜"❡0✳ ❉❛♥0 ❧❡ ❞♦♠❛✐♥❡ ❞✉ ♥✉♠4"✐5✉❡✱ ❧❛ ♠♦❞4❧✐0❛&✐♦♥ ❞❡ ❧❛ ♠♦✉00❡ ❞♦✐&

❡♥❝♦"❡ L&"❡ ❝♦♠♣❧❡①✐✜4❡✱ ❡♥ ❧❡0 ❞✐0♣♦0❛♥& ❞❡ ♠❛♥✐6"❡ ❛❧4❛&♦✐"❡✳ ❉❡0 ❝♦♥❞✐&✐♦♥0 ♣❧✉0 "4❛❧✐0&❡0

❞♦✐✈❡♥& L&"❡ ❝♦♥0✐❞4"4❡0✱ ❝♦♠♠❡ ❧❛ ❝♦♥❞✉❝&✐♦♥ &❤❡"♠✐5✉❡ ❡& ❧❛ ✈✐0❝♦0✐&4✳ ■❧ 0❡"❛✐& ✐♥&4"❡0✲

0❛♥& ❞✬❛♣♣"♦❢♦♥❞✐" ❧✬4&✉❞❡ ❞❡0 ❡✛❡&0 ❞❡ ❧❛ &✉"❜✉❧❡♥❝❡ 0✉" ❧❡ ❢"♦♥& ❞❡ ❝❤♦❝ ♣"♦❞✉✐&❡ ❞❡""✐4"❡

❧✉✐✳ ❊♥✜♥✱ ❡♥ ❝❡ 5✉✐ ❝♦♥❝❡"♥❡ ❧❛ ♣❛"&✐❡ ❛♥❛❧②&✐5✉❡ ❞❡ ❝❡ &"❛✈❛✐❧✱ ❧✬4❧❛❜♦"❛&✐♦♥ ❞✬✉♥ ♠♦❞6❧❡

&♦&❛❧❡♠❡♥& ♣"4❞✐❝&✐❢ ❞❡ ❧❛ ♠♦❞✐✜❝❛&✐♦♥ ❞❡ ❧❛ ✈✐&❡00❡ ❞✉ ❝❤♦❝ ❞❛♥0 ✉♥ ♠✐❧✐❡✉ ❤4&4"♦❣6♥❡

♥4❝❡00✐&❡ ❡♥❝♦"❡ ❜❡❛✉❝♦✉♣ ❞❡ "4✢❡①✐♦♥✳



❇✐❜❧✐♦❣&❛♣❤✐❡

❬✶❪ ❆✳ ▼✳ ❆❜❞✲❊❧✲❋❛--❛❤ ❛♥❞ ▲✳ ❋✳ ❍❡♥❞❡34♦♥✳ ❙❤♦❝❦ ✇❛✈❡4 ❛- ❛ ❢❛4-✲4❧♦✇ ❣❛4 ✐♥-❡3❢❛❝❡✳

❏✳ ❋❧✉✐❞✳ ▼❡❝❤✳✱ ✽✻ ✿✶✺✱ ✶✾✼✽✳

❬✷❪ ❆✳ ▼✳ ❆❜❞✲❊❧✲❋❛--❛❤ ❛♥❞ ▲✳ ❋✳ ❍❡♥❞❡34♦♥✳ ❙❤♦❝❦ ✇❛✈❡4 ❛- ❛ 4❧♦✇✲❢❛4- ❣❛4 ✐♥-❡3❢❛❝❡✳

❏✳ ❋❧✉✐❞✳ ▼❡❝❤✳✱ ✽✾ ✿✼✾✱ ✶✾✼✽✳

❬✸❪ ◆✳●✳ ❇❛4♦✈ ❛♥❞ ❖✳◆✳ ❑3♦❦❤✐♥✳ +,♦❝❡❡❞✐♥❣0 ♦❢ 2❤❡ ❚❤✐,❞ ■♥2❡,♥❛2✐♦♥❛❧ ❈♦♥❣,❡00 ♦♥

◗✉❛♥2✉♠ ❖♣2✐❝0✱ ❈♦❧✉♠❜✐❛ ❯♥✐✈✳ ♣3❡44✱ ◆❡✇ ❨♦3❦✱ ✶✾✻✸✳
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Shock propagation in wetted foams described by a regular square alignment of fibers of heavy

medium immersed in a light medium is studied. A two-dimensional Eulerian adaptative mesh

refinement code is used. The equation of state is assumed to be that of perfect gases. The variation

of the presence ratio of fibers—the ratio of the dry-foam density to the solid density—leads to an

increase in the shock velocity in comparison to the speed that the shock would have in a

homogeneous medium with the same average density. This departure from the homogeneous case

exhibits a maximum when the presence ratio is roughly 70%. Only three independent parameters

seem to have an effect on the shock velocity: the presence ratio, the density ratio between both

fluids, and the adiabatic exponent. The numerical results seem to be consistent with a

thermodynamic description of turbulence. © 2010 American Institute of Physics.

fdoi:10.1063/1.3278598g

I. INTRODUCTION

As part of the inertial confinement fusion sICFd, direct
drive

1,2
is, for the Megajoule Laser,

3
an alternative to reach

high thermonuclear gain. Indeed, the use of polymer sCHd
foam ablator filled by deuterium-tritium sDTd4 allows the
combination of an efficient laser absorption with stabilizing

effects of high ablation velocity. The ablator consists of a

fibrous polymer foam wetted by cryogenic DT. During the

target implosion, a first shock propagates into the heteroge-

neous environment and interacts with the fibers generating,

in the postshock medium, a random isotropic turbulent vor-

ticity field where secondaries shocks propagate later.
5
Under-

standing how the first shock propagation should be modified

becomes very important because it may influence the target

design.

In ICF the use of the DT-wetted foam was first proposed

by Sacks and Darling.
6
Kotelnikov and Montgomery

7
simu-

lated shock propagation in a foam modeled as a regular and

periodic array of fibers, represented by “bubbles” laid out in

staggered rows in two dimensions s2Dd. They found a per-
sistent sharp shock that retains its integrity despite the devel-

opment of surface irregularities. The main difference be-

tween the cases of shocks with and without the density

inhomogeneities seems to be the presence of substantial

downstream turbulence, consisting of roughly equal amounts

of compressible and incompressible contributions. These

contributions result from the passage of the shock around

and through the “bubbles” of high density material. Hazak

et al.
8
as well studied in detail the microscopic processes

involved in shock propagation in fiberlike foams filled with a

low-density fluid. The fibers are modeled in 2D with a series

of parallel cylindrical rods in staggered rows. Hazak et al.

brought attention to a phenomenon called undercompression

after the shock crushes one fiber. A postshock state is estab-

lished with density and pressure values lower than the values

anticipated from the Hugoniot relations for a uniform fluid

with the same average density. It was shown that the under-

compression phenomenon, which is fully consistent with

conservation of mass, momentum, and energy, is due to the

correlation between the fluctuations of density, pressure, and

velocity. The interaction with the interfaces leads to an en-

ergy storage under kinetic form at the expense of the free

energy, which explains the undercompression. Philippe

et al.
9
simulated shock propagation through a random array

of fibers and presented the first description of foam with a

2D Eulerian code with adaptative mesh refinement sAMRd
and interface tracking, thus making possible large-scale

simulations. They compared the shock velocity in this het-

erogeneous medium to the case of a homogeneous medium

with the same average density. No discrepancy with the ho-

mogeneous mixture model was observed when the shock

propagates in a low density foam s20 kg /m3d. On the other
hand, when the density foam is higher s100 kg /m3d, changes
in shock timing were observed. Collins et al.

10
simulated

shock propagation in wetted-foam mixtures and found that

the size of the decay length behind the shock is of the order

of a micron for relevant foam densities. Finally, Piron et al.
11

studied the interaction of a strong planar shockwave through

a fast/slow medium interface confined between two walls

parallel to it. They observed very strong vorticity deposition

and a shock velocity that differs significantly from the one in

a homogeneous medium of the same average density. They

described the transient and steady states of propagation and

verified a set of generalized Rankine–Hugoniot relations.

Heterogeneous mixed media also come into play in as-

trophysical studies. Poludnenko et al.
12
simulated the inter-

action of a shock with a layer of circular obstructions, or

clumps, determining a critical interclump distance requiredad
Electronic mail: benoit.canaud@cea.fr.
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for the transition to a noninteracting regime in which the

clouds are destroyed by the shock independently of one

another.

This paper deals with the propagation of a strong planar

shock through a lattice of fibers. Parameters, such as the

fibers presence ratio in the medium, the density ratio, the

initial shock velocity, and the adiabatic coefficient, are free

parameters influencing the variation of the relative velocity

of the shock front in the heterogeneous case as opposed to

the homogeneous one with the same average density.

The wetted foam is modeled as a lattice of fibers in a 2D

geometry. When the shock propagates into the foam sFig. 1d,
it breaks down the fibers and vorticity deposition at the in-

terface between the fibers and the background takes place

due to the baroclinic instability.
13
The interaction between

the shock and one fiber is described in detail in Refs. 10 and

12. First, the incident shock collides with the fibers with an

incident angle lower than the sonic angle, which character-

izes the transition between the case where postshock fluid

velocities are identical ssubsonic or supersonicd in both ma-
terials in the shock reference frame and the case where post-

shock fluid velocities are different ssubsonic versus super-
sonicd in both media. The shock front remains straight. A
regular shock refraction takes place, with formation of a re-

flected shock and vorticity deposition. The refraction node

moves along the fiber interface and the reflected and trans-

mitted waves are attached to it. These shock waves are bent

because of the evolution of the incidence angle along the

fiber contour. The refraction node moves forward along the

interface; around the fiber, the incident angle increases up to

the sonic angle, which is the regular refraction limit angle.

For refraction angles greater than the sonic angle, the refrac-

tion becomes irregular. The vorticity deposition increases

and a refraction wave train goes up along the shock front,

bending it. A low pressure zone is also created and bears a

vortex eye. At the end of the shock-fiber interaction, the

divergent spherical shockwaves, propagating on both sides of

the fiber, collide and produce a Mach wave that straightens

the shock front.
10,12

When the shock passes through a fiber alignment, the

postshock medium is made of an array of double-counter

rotating vortices generated by each fiber-shock interaction as

shown, for instance, in Fig. 1. When the background is

denser than the fibers, the rotation of the vortices is opposite

to that shown in Fig. 1. Each vortex alignment lies between

two counterstreaming flows. This multiple-layer stacking is

unstable and could transit to a turbulent mixing. The transi-

tion to the turbulent regime is out of the scope of this paper

and should be addressed with three-dimensional s3Dd calcu-
lations in order to analyze the kind of transition and cascad-

ing. In our approach, we want to highlight the effect of en-

ergy storage in the form of kinetic energy. As a result, the

lifetime of vortices at infinity increases, while keeping the

fiber-fiber shock-transit time small. Indeed, conversely, if the

vortices disappear instantaneously sdue to turbulent mixing,
for instanced, the situation would result in a classical situa-
tion where the shock energy is transferred mainly to entropy

without any contribution to enstrophy. This is why the foam

description is reduced to a single alignment of fibers con-

fined between two walls. The walls, here, maintain strong

constraints of symmetry in the system and allow to sustain

the vortex layer during the whole calculation time. Of

course, real foams are more complex and cannot be simply

reduced to a regular fiber layout but our approach presents

the advantages of giving an estimate of an upper bound for

the shock speed increase and of analyzing in detail the rel-

evant parameters involved in this mechanism.

The paper is organized as follow. Section II describes the

numerical method and the setup for simulations. The numeri-

cal results are presented in Sec. III, while Sec. IV provides a

discussion.

II. NUMERICAL METHOD AND SETUP
FOR THE SIMULATIONS

The numerical calculations are performed using the

hydrodynamics code HERA,
14
a French acronym for Hydro-

dynamique Euler Raffinement Adaptatif. The code is devel-

oped at the Commissariat à l’Energie Atomique.

HERA is a multifluid 3D Eulerian hydrodynamic code

whose hydrodynamic solver uses a time-explicit Godunov-

type scheme. It offers two main advantages in the framework

of our study: sid its tree-based AMR allows the simulation of

large-size backgrounds while keeping an accurate shock de-

scription and sharp gradients and siid it systematically pro-

vides an interface reconstruction, which offers an advection

with almost no diffusion and therefore the conservation of

density gradients, which is essential for the present study.

Moreover, the code can handle various parallel modes and

uses a Lagrange projection of all variables.

The simulation sample is a 2D rectangular box whose

length is 23N3L and height L, with N=20 the number of

half fibers in the box, the rest of the box being filled with a

background fluid. The dimensions of a cell are L3L. Each

cell contains a quarter of fiber with radius r0 sFig. 2d. Fibers
have an infinite length in the third dimension. The total num-

ber of meshes reaches several millions. In order to avoid

postshock fluid advection, simulations are performed in the

FIG. 1. An example of density distribution for the shock propagation in a

lattice of heavy-medium fibers embedded in a light-medium background.

FIG. 2. Numerical setup of calculations.
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postshock fluid frame of reference. The matter is confined

between walls on the left-hand side, on the top, and on the

bottom. Along these three boundaries, one has wall-type

boundary conditions. An inflow boundary condition is pre-

scribed on the right-hand side. The fluids have an initial ve-

locity u0 in the box, from right to left. The shock is created

on the left wall and propagates from left to right at a velocity

D. The fluids are considered to be monoatomic ideal gases,

with g=5 /3, except for the last set of computations in which

the adiabatic coefficient varies. Thermal conduction and vis-

cous effects are neglected.

The shock velocity D, in the wetted foam, is compared

to the one Dh of a shock propagating in a homogeneous

medium with the same average density. The departure from

Dh is defined as dD /Dh= sD−Dhd /Dh.

Moreover, we consider the presence ratio of the fibers j

in the medium. It is defined as the ratio of the dry foam

density to the solid density. The shock Mach numberM is

defined byM=D /cs, where cs is the speed of sound in front

of the shock. The ratio h is the ratio between the fibers

density ̺ f and the density of the background fluid ̺b. The

case h=4 corresponds to an ICF case
3
of CH-fibers, for

which the density is 1000 kg /m3, in a background made of

cryogenic DT with a density of 250 kg /m3.

The preshock averaged density and pressure in the box

are ̺0=j̺ f+ s1−jd̺b and P0, while ̺1 and P1 are the post-

shock density and pressure. Series of different simulations

are carried out in order to observe the variation of dD /Dh,

the relative difference of D to Dh. The approximation of

a strong shock in ideal gases allows one to use the following

expression to calculate Dh: Dh=Îssg+1d /2dsP1 /̺0d
= ssg+1d /2du0. Then, Dh is always constant if u0 does not

vary. D is calculated from the simulation data.

The shock position at the top and at the bottom of the

box is plotted as a function of time. It can be seen on Fig. 3

that values oscillate around an averaged straight line whose

slope is the shock velocity. In fact, the dependence of the

shock velocity in the transverse coordinate is associated with

an oscillation around an average value and is not relevant

here. Figure 3 also shows that after a very brief transient

stage the shock reaches a constant velocity during its propa-

gation in the box.

We tested different cell grids for the ground level of

mesh refinement and different options for the AMR proce-

dure. It was observed that the quantity of zero-order cells

must be kept the same in each fiber and must be at least 20

per radius in both Cartesian directions whatever the presence

ratio is. This prevents numerical diffusion at the fiber-

background interface. In addition, the use of different num-

bers of levels stwo or threed and factors stwo or threed does
not modify significantly the results as long as the refinement

stays at two levels by factor of 3 or three levels by factor of

2. In addition, a variation of the sde-drefinement criterion
leads to a variation of less than 5% rms in the dD /Dh values.

Finally, hydrodynamic schemes which are of higher order

in space and time than the one chosen here do not modify

the results while the time of computation is significantly

increased.

III. RESULTS

When the presence ratio j of the heavy material sthe
fibersd in the lighter background varies, the average density

varies and modifies the shock speed. We performed different

simulations, keeping constant either the fluid velocity sand
consequently the homogeneous shock velocityd or the shock
Mach number around 1000 m/s. Here, the density ratio h is

set equal to 4.

Figure 4 shows the variation of dD /Dh versus j for both

previous cases. We observe first that both curves have the

same shape, leading to the conclusion that u0, D, orM have

no significant influence on the variation of dD /Dh. This is

confirmed by the next figure sFig. 5d, where dD /Dh is plotted

versus u0, the initial fluid velocity. Indeed dD /Dh remains

roughly constant while u0 varies. Moreover, inverting densi-

ties sfibers lighter than backgroundd lead to the same conclu-
sion. These curves also show that the values of dD /Dh are

FIG. 3. Position of the shock at the top and bottom of the box.
FIG. 4. dD /Dh vs j for u0, D, andM constant.
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maximum when j lies between 50% and 70%, corresponding

to a maximum of circulation deposition by the shock inter-

acting with the fiber contour.

Figure 6 represents the variation of dD /Dh as a function

of the density ratio h. We see that dD /Dh is higher when h
increases. This effect can be intuitively understood if one

considers the vorticity equation: Dtsv /̺d= s¹̺∧¹pd /̺3,

where v=¹∧u. When h departs from 1, ¹̺ increases. As

dD /Dh depends on the level of vorticity deposition, the

higher the vorticity, the higher the value of dD /Dh.

Moreover, in the simulations, both densities are set equal

to physical values shere, for instance, the cryogenic DT has a
density of 250 kg /m3d. We varied the background density,
keeping h=4, and no significant modification was observed
as previously shown by Piron et al.

11

The variation of dD /Dh for a lattice of fibers depends

only on j and h, when the gases are supposed to be ideal and
monoatomic. The results shown on Fig. 7 indicate that the

adiabatic coefficient g has an effect on the variation of

dD /Dh. For three different values of j, the maximum of

dD /Dh corresponds to a value of g between 1.1 and 2. When

g becomes greater than 2, the increase in the shock velocity

in the heterogeneous medium decreases until it vanishes for

g between 3 and 4. Beyond this threshold, the shock propa-

gates less rapidly than in the homogeneous medium.

Simulations have been subsequently carried out to con-

firm the values of g for which dD /Dh=0. For various values

of h s0.1, 2, 4, and 10d and j s10%, 20%, 30%, 50%, 80%,
and 90%d, dD /Dh is equal to zero for values of the poly-

tropic exponent g between 3 and 5 as seen in Fig. 7. Unfor-

tunately, the determination of the values of g for which

dD /Dh=0 as a function of both parameters h and j is im-

possible due to numerical uncertainties. The only available

information deals with the previous interval.

IV. DISCUSSION

The results described in Sec. III can be analyzed by con-

sidering the turbulence developed behind the shock front. In

the postshock medium, the vortices created by each shock-

fiber interaction join together in order to form a vorticity

sheet with two shear layers. Kovasznay
15
broke up the tur-

bulence phenomenon into three modes: rotational, entropic,

and acoustic. However we choose a macroscopic description

of the phenomenon, as done by Saurel et al.,
16
who consid-

ered an effective equation of state of the turbulence, which

links pressure to energy without giving more details on the

modes which compose it.

Saurel et al. proposed a description of turbulent flows

using a thermodynamic analysis. Looking in detail at the

velocity distribution inside a symmetric vortex leads to the

following set of hydrodynamics equations for conservation

of mass, momentum, and energy, written here for our specific

case,

]t̺ + ]xs̺ud = 0, s1d

FIG. 5. dD /Dh as a function of u0 for two presence ratios: j=50% and 90%.

FIG. 6. dD /Dh as a function of h for three presence ratios: j=10%, 50%,

and 90%.

FIG. 7. dD /Dh as a function of g for six presence ratios: j=10%, 20%,

30%, 50%, 80%, and 90%.
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]ts̺ud + ]xs̺u2 + P + Peffd = 0,
s2d

]tS1
2

̺u2 +
P

g − 1
+

Peff

geff − 1
D

+ ]xFS̺u2 +
gP

g − 1
+

geffPeff

geff − 1
DuG = 0,

where the flow is assumed one-dimensional along the x-axis

sno transverse velocityd and the equation of state is that of a
perfect gas. The turbulent variables senergy «eff, pressure

Peff, and adiabatic exponent geffd are described by an ideal

gas equation of state: ̺«eff=Peff / sgeff−1d where geff=1

+2 /n represents the number of dimensions in which the vor-

tices develop. The turbulent pressure is related to the kinetic

energy stored in the vortex by Peff=1 /2k̺lkdu2l where k · l
represents the average along the direction of shock propaga-

tion and du the velocity fluctuation due to vortices. Follow-

ing Ref. 17, the Rankine–Hugoniot relations can be deduced

for a shock passing through a fiber alignment. Assuming that

turbulence is only present in the postshock medium, one has

for a stationary regime in the preshock medium reference

frame,

̺1su − Dd + ̺0D = 0, s3d

̺0D
2 + P0 − ̺1su − Dd2 − P1 − Peff = 0, s4d

su − DdS1
2

̺1su − Dd2 +
g

g − 1
P1 +

geff

geff − 1
PeffD

+ DS1
2

̺0D
2 +

g

g − 1
P0D = 0. s5d

The velocities u and D are the postshock fluid and shock

velocities. The fluids before and after the shock are labeled

by 0 and 1, respectively. The previous set of equations re-

duces to

M =
g + 1

4
ũ −

Geff

2
+ÎSg + 1

4
ũ −

Geff

2
D2 + 1 + Geffũ ,

s6d

where M=D /cs is the shock Mach number, cs
2=gP0 /̺0

is the sound speed in the preshock fluid, Geff= sPeff /̺0ucsd
3ssg−geffd / sgeff−1dd, and ũ=u /cs. In the homogeneous me-

dium, turbulence disappears sGeff=0d and Eq. s6d reduces to
the well-known expression for an ideal gas equation of state,

Mh =
g + 1

4
ũh +ÎSg + 1

4
D2ũh

2 + 1, s7d

and, in the strong shock limit, to Dh= ssg+1d /2duh. The com-

parison of the heterogeneous and homogeneous cases needs

an invariant parameter. Here, the fact that the modification of

the shock velocity is stationary in time implies that the post-

shock fluid velocity is an invariant parameter between the

heterogeneous and the homogeneous cases sũ= ũhd.
The modification of the shock velocity is directly de-

duced from Eqs. s6d and s7d and reduces, in the limit

Geff! s1,ud and of a strong shock, to

dD

Dh

~
Geff

2Mh1
3 − g

4
ũh

ÎSg + 1

4
D2ũh

2 + 1

− 12 =
− Geff

Mh

Sg − 1

g + 1
D .
s8d

As in Hazak’s description,
8
this model still needs a numerical

input, such as Peff to estimate dD /Dh. However, it provides a

connection with the vorticity deposition included in the Peff

term.

dD /Dh vanishes for Geff=0 and g=geff. In our case, the

rows of vortices produced by the successive shock-fiber in-

teractions evolve into a vorticity sheet with dimension n=1,

which leads to geff=3 in close agreement with the numerical

results of Fig. 7 sdD /Dh=0 for 3,g,5d. When g,geff,

Geff,0 and the shock velocity is greater in the heteroge-

neous case corresponding to an “exothermic” turbulence.
17

This is confirmed by numerical results. On the opposite,

when g.geff, Geff.0 and the turbulence becomes “endo-

thermic.” The shock velocity is lower than the homogeneous

one as seen in the numerical results.

V. CONCLUSION

The shock propagation in a regular square fiber align-

ment of a heavy material immersed in a light background is

investigated by means of 2D Eulerian hydrodynamics calcu-

lations. Ideal gas equations of state are considered and for

monoatomic gases sg=5 /3d, an increase in shock velocity is
observed in comparison to the speed of shock in a homoge-

neous equivalent medium. The difference of velocity reaches

a maximum for a presence ratio of 70%, which corresponds

to a maximum length of heavy/light interface. The succes-

sive destruction of fibers during shock propagation leads to a

vorticity sheet with two shear layers in the postshock me-

dium. The difference of velocity depends on the vorticity

deposition, which appears when the shock crushes the fiber.

This deposition also increases with the density ratio of heavy

and light materials, leading to an increase in the velocity

difference. Finally, the adiabatic exponent is a very important

parameter. Indeed, when g increases above 3, the difference

of velocities vanishes. This is confirmed by a thermodynamic

description of turbulence inserted in hydrodynamics conser-

vation laws.
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