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❆❜str❛❝t

●✐✈❡♥ ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣ G ❛❝t✐♥❣ ♦♥ ❛♥ ❛✣♥❡ s❝❤❡♠❡ X ♦✈❡r ❈ ❛♥❞ ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥

h : IrrG → ◆0✱ ✇❡ ❝♦♥str✉❝t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X) ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

♦♥ X✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠♠♦♥ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛❢t❡r ❆❧❡①❡❡✈

❛♥❞ ❇r✐♦♥ ❬❆❇✵✺❪ ❛♥❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ G✕❝♦♥st❡❧❧❛t✐♦♥s ❢♦r ✜♥✐t❡ ❣r♦✉♣s G

✐♥tr♦❞✉❝❡❞ ❜② ❈r❛✇ ❛♥❞ ■s❤✐✐ ❬❈■✵✹❪✳ ❖✉r ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♠♦r♣❤✐s♠ Mθ(X) → X✴✴G

♠❛❦❡s t❤✐s ♠♦❞✉❧✐ s♣❛❝❡ ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t X✴✴G✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ♦❢ t❤❡ ③❡r♦ ✜❜r❡ ♦❢ t❤❡ ♠♦♠❡♥t

♠❛♣ ♦❢ ❛♥ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ (❈2)⊕6 ❛s ♦♥❡ ♦❢ t❤❡ ✜rst ❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s

✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✳ ❲❤✐❧❡ ❞♦✐♥❣ t❤✐s✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ r❡❛❧✐s❛t✐♦♥

♦❢ s✉❝❤ ❝❛❧❝✉❧❛t✐♦♥s✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r q✉❡st✐♦♥s ♦❢ s♠♦♦t❤♥❡ss ❛♥❞ ❝♦♥♥❡❝t❡❞♥❡ss ❛♥❞

t❤❡r❡❜② s❤♦✇ t❤❛t ♦✉r ❍✐❧❜❡rt s❝❤❡♠❡ ❣✐✈❡s ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s②♠♣❧❡❝t✐❝

r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✳

❩✉s❛♠♠❡♥❢❛ss✉♥❣

❋ür ❡✐♥❡ r❡❞✉❦t✐✈❡ ●r✉♣♣❡ G✱ ❞✐❡ ❛✉❢ ❡✐♥❡♠ ❛✣♥❡♥ ❈✕❙❝❤❡♠❛ X ✇✐r❦t✱ ✉♥❞ ❡✐♥❡ ❍✐❧✲

❜❡rt❢✉♥❦t✐♦♥ h : IrrG → ◆0 ❦♦♥str✉✐❡r❡♥ ✇✐r ❞❡♥ ▼♦❞✉❧r❛✉♠ Mθ(X) ❞❡r θ✕st❛❜✐❧❡♥

(G, h)✕❑♦♥st❡❧❧❛t✐♦♥❡♥ ❛✉❢ X✱ ❞❡r ❡✐♥❡ ❣❡♠❡✐♥s❛♠❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡s ✐♥✈❛r✐❛♥t❡♥

❍✐❧❜❡rts❝❤❡♠❛s ♥❛❝❤ ❆❧❡①❡❡✈ ✉♥❞ ❇r✐♦♥ ❬❆❇✵✺❪ ✉♥❞ ❞❡s ✈♦♥ ❈r❛✇ ✉♥❞ ■s❤✐✐ ❬❈■✵✹❪ ❡✐♥✲

❣❡❢ü❤rt❡♥ ▼♦❞✉❧r❛✉♠❡s ✈♦♥ θ✕st❛❜✐❧❡♥ G✕❑♦♥st❡❧❧❛t✐♦♥❡♥ ❢ür ❡♥❞❧✐❝❤❡ ●r✉♣♣❡♥ G ✐st✳

❯♥s❡r❡ ❑♦♥str✉❦t✐♦♥ ❡✐♥❡s ▼♦r♣❤✐s♠✉s Mθ(X) → X✴✴G ♠❛❝❤t ❞✐❡s❡♥ ▼♦❞✉❧r❛✉♠ ③✉

❡✐♥❡♠ ❑❛♥❞✐❞❛t❡♥ ❡✐♥❡r ❆✉✢ös✉♥❣ ❞❡r ❙✐♥❣✉❧❛r✐tät❡♥ ❞❡s ◗✉♦t✐❡♥t❡♥ X✴✴G✳
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❞✉♥❣ ❡✐♥❡r ❲✐r❦✉♥❣ ✈♦♥ Sl2 ❛✉❢ (❈2)⊕6 ❛❧s ❡✐♥❡s ❞❡r ❡rst❡♥ ❇❡✐s♣✐❡❧❡ ✈♦♥ ✐♥✈❛r✐❛♥t❡♥

❍✐❧❜❡rts❝❤❡♠❛t❛ ♠✐t ▼✉❧t✐♣❧✐③✐tät❡♥✳ ❉❛❜❡✐ ❜❡s❝❤r❡✐❜❡♥ ✇✐r ❡✐♥❡ ❛❧❧❣❡♠❡✐♥❡ ❱♦r❣❡❤❡♥s✲

✇❡✐s❡ ❢ür ❞❡r❛rt✐❣❡ ❇❡r❡❝❤♥✉♥❣❡♥✳ ❋❡r♥❡r ③❡✐❣❡♥ ✇✐r✱ ❞❛ss ✉♥s❡r ❍✐❧❜❡rts❝❤❡♠❛ ❣❧❛tt ✉♥❞

③✉s❛♠♠❡♥❤ä♥❣❡♥❞ ✐st ✉♥❞ ❞❛❤❡r ❡✐♥❡ ❆✉✢ös✉♥❣ ❞❡r ❙✐♥❣✉❧❛r✐tät❡♥ ❞❡r s②♠♣❧❡❦t✐s❝❤❡♥

❘❡❞✉❦t✐♦♥ ❞❡r ❲✐r❦✉♥❣ ❞❛rst❡❧❧t✳

❘és✉♠é

◆♦✉s ❝♦♥str✉✐s♦♥s ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s Mθ(X) ❞❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s s✉r X

♣♦✉r ✉♥ ❣r♦✉♣❡ ré❞✉❝t✐❢ G q✉✐ ❛❣✐t s✉r ✉♥ s❝❤é♠❛ ❛✣♥❡ X s✉r ❈ ❡t ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥

❞❡ ❍✐❧❜❡rt h : IrrG → ◆0✳ ❈❡t ❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❡st ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❝♦♠♠✉♥❡ ❞✉

s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❞✬❛♣rès ❆❧❡①❡❡✈ ❡t ❇r✐♦♥ ❬❆❇✵✺❪ ❡t ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s

❞❡s G✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s ♣♦✉r ✉♥ ❣r♦✉♣❡ ✜♥✐ G ✐♥tr♦❞✉✐t ♣❛r ❈r❛✇ ❡t ■s❤✐✐ ❬❈■✵✹❪✳

◆♦tr❡ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ♠♦r♣❤✐s♠❡ Mθ(X) → X✴✴G ❢❛✐t ❞❡ ❝❡t ❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ✉♥

❝❛♥❞✐❞❛t ♣♦✉r ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés ❞✉ q✉♦t✐❡♥t X✴✴G✳

❉❡ ♣❧✉s✱ ♥♦✉s ❞ét❡r♠✐♥♦♥s ❧❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❞❡ ❧❛ ✜❜r❡ ❡♥ ③ér♦ ❞❡ ❧✬❛♣✲

♣❧✐❝❛t✐♦♥ ♠♦♠❡♥t ❞✬✉♥❡ ❛❝t✐♦♥ ❞❡ Sl2 s✉r (❈2)⊕6✳ ❈✬❡st ✉♥ ❞❡s ♣r❡♠✐❡rs ❡①❡♠♣❧❡s ❞✬✉♥

s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❛✈❡❝ ♠✉❧t✐♣❧✐❝✐tés✳ ❈❡❝✐ ♥♦✉s ❛♠è♥❡ à ❞é❝r✐r❡ ✉♥❡ ❢❛ç♦♥ ❣é✲

♥ér❛❧❡ ❞❡ ♣r♦❝é❞❡r ♣♦✉r ❡✛❡❝t✉❡r ❞❡ t❡❧s ❝❛❧❝✉❧s✳ ❊♥ ♦✉tr❡✱ ♥♦✉s ❞é♠♦♥tr♦♥s q✉❡ ♥♦tr❡

s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❡st ❧✐ss❡ ❡t ❝♦♥♥❡①❡ ✿ ❈❡t ❡①❡♠♣❧❡ ❡st ❞♦♥❝ ✉♥❡ rés♦❧✉t✐♦♥

❞❡s s✐♥❣✉❧❛r✐tés ❞❡ ❧❛ ré❞✉❝t✐♦♥ s②♠♣❧❡❝t✐q✉❡ ❞❡ ❧✬❛❝t✐♦♥✳

✐✈



❈♦♥t❡♥ts

❆❜str❛❝t ✐✐✐

❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✐✐✐

❘és✉♠é ✐✈

■♥tr♦❞✉❝t✐♦♥ ✭❢r❛♥ç❛✐s❡✮ ✈✐✐

■♥tr♦❞✉❝t✐♦♥ ✭❡♥❣❧✐s❤✮ ①✐

✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s ✶

✶✳✶✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛❢t❡r ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✶✳ ❚❤❡ q✉♦t✐❡♥t r❡❧❛t❡❞ t♦ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✷✳ ❚❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ♦❢ t❤❡ q✉♦t✐❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷✳✸✳ ❚❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸✳✶✳ ❚❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts Fρ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸✳✷✳ ❊♠❜❡❞❞✐♥❣ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s ✳ ✶✸

✶✳✸✳✸✳ ❚❤❡ ●r❛ss♠❛♥♥✐❛♥ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✸✳✹✳ ❚❤❡ ♣♦✐♥ts ♦❢ HilbGh (X)orb ❛s s✉❜s❝❤❡♠❡s ♦❢ X ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✹✳✶✳ ❙♠♦♦t❤♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✹✳✷✳ ❈♦♥♥❡❝t❡❞♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✸✶

✷✳✶✳ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✷✳ ❋✐♥✐t❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✸✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛s ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✳ ✸✼

✈



❈♦♥t❡♥ts

✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✸✾

✸✳✶✳ ❊♠❜❡❞❞✐♥❣s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✷✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♥❡❡❞❡❞ ❢♦r ●■❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✷✳✶✳ ❚❤❡ ❧✐♥❡ ❜✉♥❞❧❡ L ❛♥❞ t❤❡ ✇❡✐❣❤ts κ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✷✳✷✳ ❚❤❡ ❣❛✉❣❡ ❣r♦✉♣ Γ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r χ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✸✳ ❖♥❡✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ❛♥❞ ✜❧tr❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✹✳ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✹✳✶✳ 1✕st❡♣ ✜❧tr❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✺✸

✹✳✶✳ ◗✉♦t✐❡♥ts ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✷✳ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ A′ ⊂ A ❛♥❞ F ′ ⊂ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✻✺

✺✳✶✳ ❈♦r❡♣r❡s❡♥t❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷✳ ❖♣❡♥♥❡ss ♦❢ θ✕st❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸✳ ❚❤❡ ♠❛♣ ✐♥t♦ t❤❡ q✉♦t✐❡♥t X✴✴G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✻✳ ❖✉t❧♦♦❦ ✼✸

✻✳✶✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥✐♥❣ ♦❢ ♣♦✐♥ts ✐♥ M θ(X) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✻✳✷✳ ❚❤❡♦r② ♦❢ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✻✳✸✳ ❘❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

❆✳ G✕❡q✉✐✈❛r✐❛♥t ❢r❛♠❡ ❜✉♥❞❧❡s ✼✼

❇✳ ❘❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s ✼✾

❇✐❜❧✐♦❣r❛♣❤② ✽✺

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ✽✾

✈✐



■♥tr♦❞✉❝t✐♦♥

▲❡s s❝❤é♠❛s ❞❡ ❍✐❧❜❡rt ❥♦✉❡♥t ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡ ❞❡s rés♦❧✉t✐♦♥s ❞❡ s✐♥✲

❣✉❧❛r✐tés✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❡s rés♦❧✉t✐♦♥s s②♠♣❧❡❝t✐q✉❡s ♦✉ ❝r❡♣❛♥t❡s ✿ ❉✬❛♣rès ❋♦❣❛rt②

❬❋♦❣✻✽✱ ❚❤❡♦r❡♠ ✷✳✹❪✱ ❧❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ♣♦♥❝t✉❡❧ Hilbn(X) ❡st ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥✲

❣✉❧❛r✐tés ❞✉ ♣r♦❞✉✐t s②♠étr✐q✉❡ SnX ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❧✐ss❡ X ❡t ♣♦✉r t♦✉t n ∈ ◆✳ ❆✉ ❝❛s

♦ù X ❡st éq✉✐♣é❡ ❞✬✉♥❡ str✉❝t✉r❡ s②♠♣❧❡❝t✐q✉❡✱ ❝✬❡st ♠ê♠❡ ✉♥❡ rés♦❧✉t✐♦♥ s②♠♣❧❡❝t✐q✉❡

❞✬❛♣rès ❇❡❛✉✈✐❧❧❡ ❬❇❡❛✽✸✱ Pr♦♣♦s✐t✐♦♥ ✺❪✳ ❉❡ ♣❧✉s✱ s✐ ♦♥ ❝♦♥s✐❞èr❡ ❧✬❛❝t✐♦♥ ❞✬✉♥ ❣r♦✉♣❡

✜♥✐ G s✉r ✉♥❡ ✈❛r✐été X✱ ✐❧ ② ❛ ❧❡ G✕s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt G -Hilb(X) ❞✬■t♦ ❡t ◆❛❦❛♠✉r❛

❬■◆✾✻✱ ■◆✾✾✱ ◆❛❦✵✶❪✳ ❆✉ ❝❛s ♦ù X ❡st ✉♥❡ ✈❛r✐été q✉❛s✐✕♣r♦❥❡❝t✐✈❡ ❡t ♥♦♥✕s✐♥❣✉❧✐èr❡ ❡t

G ⊂ Aut(X) ❡st ✉♥ ❣r♦✉♣❡ ✜♥✐ t❡❧ q✉❡ ❧❡ ✜❜ré ❝❛♥♦♥✐q✉❡ ωX ❡st ✉♥ G✕❢❛✐s❝❡❛✉ ❧♦❝❛❧❡♠❡♥t

tr✐✈✐❛❧✱ ❇r✐❞❣❡❧❛♥❞✱ ❑✐♥❣ ❡t ❘❡✐❞ ❬❇❑❘✵✶❪ ❞♦♥♥❡♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❛ss✉r❡r

q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡ ❞✉ G✕s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ❝♦♥t❡♥❛♥t ❧❡s G✕♦r❜✐t❡s ❧✐❜r❡s

s♦✐t ✉♥❡ rés♦❧✉t✐♦♥ ❝r❡♣❛♥t❡ ❞✉ q✉♦t✐❡♥t X/G✳ ❊♥ ♦✉tr❡✱ ❡♥ ❞✐♠❡♥s✐♦♥ 3 ✐❧s ❞é♠♦♥tr❡♥t

q✉❡ ❝❡tt❡ ❝♦♠♣♦s❛♥t❡ ❞✬♦r❜✐t❡s ❝♦ï♥❝✐❞❡ ❛✈❡❝ G -Hilb(X)✳ ❉♦♥❝✱ s✐ X ❡st ✉♥❡ ✈❛r✐été ❞❡

❞✐♠❡♥s✐♦♥ 3 ❛✉ ♣❧✉s✱ ❧❡ G✕s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ❧✉✐✕♠ê♠❡ ❡st ✉♥❡ rés♦❧✉t✐♦♥ ❝r❡♣❛♥t❡ ❞❡

X/G✳

■❧ ② ❛ ❞❡✉① ❣é♥ér❛❧✐s❛t✐♦♥s ❞✉ G✕s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✿ P♦✉r tr♦✉✈❡r ✉♥❡ ❧✐st❡ ❝♦♠♣❧èt❡

❞❡s rés♦❧✉t✐♦♥s ❞✬✉♥ q✉♦t✐❡♥t ♣❛r ✉♥ ❣r♦✉♣❡ ✜♥✐✱ ❈r❛✇ ❡t ■s❤✐✐ ✐♥tr♦❞✉✐s❡♥t ❧✬❡s♣❛❝❡ ❞❡

♠♦❞✉❧❡s ❞❡s G✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s✳ P♦✉r ❧❡s ❣r♦✉♣❡s ✜♥✐s ❛❜é❧✐❡♥s G ⊂ Sl3(❈) ✐❧s

♠♦♥tr❡♥t q✉❡ t♦✉t❡ rés♦❧✉t✐♦♥ ♣r♦❥❡❝t✐✈❡ ❝r❡♣❛♥t❡ ❞❡ ❈3/G ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❝♦♠♠❡ ✉♥

t❡❧ ❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❆❧❡①❡❡✈ ❡t ❇r✐♦♥ ❢♦✉r♥✐ss❡♥t ❧❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt

✐♥✈❛r✐❛♥t ♣♦✉r tr❛✐t❡r ❧❡ ❝❛s ❞❡ ❣r♦✉♣❡s ré❞✉❝t✐❢s ❛✉ ❧✐❡✉ ❞❡ ❣r♦✉♣❡s ✜♥✐s ❬❆❇✵✹✱ ❆❇✵✺❪✳

▲✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ t❤ès❡ ❝♦♥s✐st❡ ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❝♦♠✲

♠✉♥❡ ❞❡ ❝❡s ❞❡✉① ❡s♣❛❝❡s ❞❡ ♠♦❞✉❧❡s✳ ❈❡tt❡ ❣é♥ér❛❧✐s❛t✐♦♥ Mθ(X) s❡r❛ ❧✬❡s♣❛❝❡ ❞❡ ♠♦✲

❞✉❧❡s ❞❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s ♣♦✉r ✉♥ ❣r♦✉♣❡ ré❞✉❝t✐❢ G ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

h : IrrG → ◆0✱ q✉✐ r❡♠♣❧❛❝❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ré❣✉❧✐èr❡ ❞❛♥s ❬❈■✵✹❪✳ ▲❡s ♣❛r❛❣r❛♣❤❡s

s✉✐✈❛♥ts ré❝❛♣✐t✉❧❡♥t ♣❧✉s ♣ré❝✐s❡♠❡♥t ❧❡s ❞é♠❛r❝❤❡s ❞❡ ❈r❛✇ ❡t ■s❤✐✐ ❡t ❞✬❆❧❡①❡❡✈ ❡t

❇r✐♦♥ ❛✐♥s✐ q✉❡ ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ à ❝❡ s✉❥❡t✳

✈✐✐



■♥tr♦❞✉❝t✐♦♥ ✭❢r❛♥ç❛✐s❡✮

➱t❛♥t ❞♦♥♥é ✉♥ ❣r♦✉♣❡ ✜♥✐ G ⊂ Gln(❈) q✉✐ ❛❣✐t s✉r ❈n✱ ❧❛ ♥♦t✐♦♥ ❞✬✉♥❡ G✕❝♦♥st❡❧❧❛t✐♦♥

✐♥tr♦❞✉✐t❡ ❞❛♥s ❬❈■✵✹❪ ❣é♥ér❛❧✐s❡ ❧❡ ❝♦♥❝❡♣t ❞❡s G✕❝❧✉st❡rs ❡♥ r❡♠♣❧❛ç❛♥t ❧❡s q✉♦t✐❡♥ts

G✕éq✉✐✈❛r✐❛♥ts ❛✈❡❝ ❞é❝♦♠♣♦st✐♦♥ ✐s♦t②♣✐q✉❡ ✐s♦♠♦r♣❤❡ à ❧❛ r❡♣rés❛♥t❛t✐♦♥ ré❣✉❧✐èr❡ R

❞❡ G ♣❛r ❧❡s O❈n✕♠♦❞✉❧❡s G✕éq✉✐✈❛r✐❛♥ts ❝♦❤ér❡♥ts ❛✈❡❝ ❞é❝♦♠♣♦st✐♦♥ ✐s♦t②♣✐q✉❡ ❞✉

♠ê♠❡ t②♣❡✳ ❯♥❡ t❡❧❧❡ G✕❝♦♥st❡❧❧❛t✐♦♥ F ❡st ❛♣♣❡❧é θ✕st❛❜❧❡ ♣♦✉r ✉♥ θ ∈ Hom❩(R(G),◗)

s✐ θ(F) = 0 ❡t s✐ ♣♦✉r t♦✉t s♦✉s✕❢❛✐s❝❡❛✉ G✕éq✉✐✈❛r✐❛♥t ❝♦❤ér❡♥t ♣r♦♣r❡ ❡t ♥♦♥✕♥✉❧

0 6= F ′ ( F ♦♥ ❛ θ(F ′) > 0✳ ❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥✱ ❈r❛✇ ❡t ■s❤✐✐ ❝♦♥str✉✐s❡♥t ❧✬❡s♣❛❝❡ ❞❡

♠♦❞✉❧❡s Mθ ❞❡s G✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s ❝♦♠♠❡ ❧❡ q✉♦t✐❡♥t ●■❚ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s r❡✲

♣rés❡♥t❛t✐♦♥s ❞❡s ❝❛rq✉♦✐s ❛ss♦❝✐é à G ♣❛r ❧❡ ❣r♦✉♣❡ ❞❡s ❛✉t♦♠♦r♣❤✐s♠❡s G✕éq✉✐✈❛r✐❛♥ts

❞❡ R ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❑✐♥❣ ❞❛♥s [❑✐♥✾✹]✳ P♦✉r ✉♥ ❝❤♦✐① s♣é❝✐❛❧ ❞❡ θ ✐❧s

ré❝✉♣èr❡♥t Mθ = G -Hilb(❈n)✳

P♦✉r ✉♥❡ ❞❡✉①✐è♠❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ G✕s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt✱ ❆❧❡①❡❡✈ ❡t ❇r✐♦♥ ✜①❡♥t ✉♥

❣r♦✉♣❡ ❝♦♠♣❧❡①❡ ré❞✉❝t✐❢ G ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ h : IrrG → ◆0 s✉r ❧✬❡♥s❡♠❜❧❡ IrrG =

{ρ : G → Gl(Vρ)} ❞❡s ❝❧❛ss❡s ❞✬✐s♦♠♦r♣❤✐s♠❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥s ✐rré❞✉❝t✐❜❧❡s ❞❡ G✳

❆❧♦rs✱ ❞❛♥s ❬❆❇✵✹✱ ❆❇✵✺❪ ❧❡s ❛✉t❡✉rs ❞é✜♥✐ss❡♥t ❧❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t HilbGh (X)

♣♦✉r ✉♥G✕s❝❤é♠❛ ❛✣♥❡X✳ ❙❡s ♣♦✐♥ts ❢❡r♠és ♣❛r❛♠ètr❡♥t ❧❡s s♦✉s✕s❝❤é♠❛sG✕✐♥✈❛r✐❛♥ts

❞❡ X ❞♦♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✐s♦t②♣✐q✉❡ ❞❡ ❧✬❛♥♥❡❛✉ ❞❡ ❝♦♦r❞♦♥♥é❡s ❡st ✐s♦♠♦r♣❤❡ à
⊕

ρ∈IrrG❈
h(ρ) ⊗❈ Vρ✳ ➱q✉✐✈❛❧❡♠♠❡♥t✱ s❡s ♣♦✐♥ts ❢❡r♠és ♣❛r❛♠ètr❡♥t t♦✉s ❧❡s q✉♦t✐❡♥ts

OX/I✱ ♦ù I ❡st ✉♥ ❢❛✐s❝❡❛✉ ❞✬✐❞é❛✉① ❞❡ OX ❛✈❡❝ ❝❡tt❡ ♠ê♠❡ ❞é❝♦♠♣♦s✐t✐♦♥ ✐s♦t②♣✐q✉❡✳

◆♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ à ❝❡s ❝♦♥str✉❝t✐♦♥s ❞✬❡s♣❛❝❡s ❞❡ ♠♦❞✉❧❡s ❝♦♥s✐st❡ à ✉♥✐✜❡r ❧❡s ✐❞é❡s

❞❡ ❬❈■✵✹❪ ❡t ❞❡ ❬❆❇✵✹✱ ❆❇✵✺❪ ✿ P♦✉r ✉♥ ❣r♦✉♣❡ ❝♦♠♣❧❡①❡ ré❞✉❝t✐❢ G✱ ✉♥ G✕s❝❤é♠❛

❛✣♥❡ X ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ h : IrrG → ◆0 ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛ ♥♦t✐♦♥ ❞✬✉♥❡ (G, h)✕

❝♦♥st❡❧❧❛t✐♦♥✱ q✉✐ ❡st ✉♥ OX✕♠♦❞✉❧❡ G✕éq✉✐✈❛r✐❛♥t ❝♦❤ér❡♥t ❛✈❡❝ ❞é❝♦♠♣♦s✐t✐♦♥ ✐s♦t②✲

♣✐q✉❡ ❞♦♥♥é❡ ♣❛r h ❝♦♠♠❡ ❝✐✲❞❡ss✉s✳ ❊♥s✉✐t❡ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❧❛ θ✕st❛❜✐❧✐té ❞✉ ❝❛s ❞❡s

G✕❝♦♥st❡❧❧❛t✐♦♥s✳ ◆♦tr❡ ❝♦♥❞✐t✐♦♥ ❞❡ st❛❜✐❧✐té ❡st ♣❧✉s ❞é❧✐❝❛t❡ q✉❡ ❝❡❧❧❡ ❞❡ ❈r❛✇ ❡t ■s❤✐✐

❝♦♠♠❡ ❡❧❧❡ ❝♦♠♣♦rt❡ ✉♥ ♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ ♣❛r❛♠ètr❡s✳ ◆♦✉s ❞ét❡❝t♦♥s ✉♥ ♥♦♠❜r❡ ✜♥✐

❞✬❡♥tr❡ ❡✉① q✉✐ ❝♦♥trô❧❡♥t ❧❡s ❛✉tr❡s✳ ❆❧♦rs ♥♦✉s ❝♦♥str✉✐s♦♥s ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ t❤é♦r✐❡ ❣é♦♠étr✐q✉❡ ❞❡s ✐♥✈❛r✐❛♥ts

❛♣♣❧✐q✉é❡ ❛✉① s❝❤é♠❛s ◗✉♦t ✐♥✈❛r✐❛♥ts✳ ◆♦tr❡ ❛♣♣r♦❝❤❡ ❡st ♣❛r❛❧❧è❧❡ à ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡

❍✉②❜r❡❝❤ts ❡t ▲❡❤♥ ❬❍▲✶✵❪ ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s ✜❜rés ✈❡❝t♦r✐❡❧s

st❛❜❧❡s ❞❡ ❙✐♠♣s♦♥ ❬❙✐♠✾✹❪✳ ❊♥ ♦✉tr❡✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ♠♦r♣❤✐s♠❡ Mθ(X) → X✴✴G

q✉✐ ❣é♥ér❛❧✐s❡ ❧❡ ♠♦r♣❤✐s♠❡ ❞❡ ❍✐❧❜❡rt✕❈❤♦✇✳ P♦✉r ✈♦✐r s✐ ❝❡ ♠♦r♣❤✐s♠❡ ❞♦♥♥❡ ✉♥❡

rés♦❧✉t✐♦♥ ❞❡ s✐♥❣✉❧❛r✐tés ❞❡s ét✉❞❡s s✉♣♣❧é♠❡♥t❛✐r❡s ❞❡✈r♦♥t êtr❡ ❡✛❡❝t✉é❡s✳

✈✐✐✐



▲❛ str✉❝t✉r❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

➱t❛♥t ❞♦♥♥é q✉✬♦♥ s❛✐t très ♣❡✉ s✉r ❧❡s s❝❤é♠❛s ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥ts ❡t q✉✬✐❧ ♥✬❡①✐st❡

❛✉❝✉♥ ❡①❡♠♣❧❡ ❞❛♥s ❧❡ ❝❛❞r❡ s②♠♣❧❡❝t✐q✉❡ ❥✉sq✉✬à ♣rés❡♥t✱ ♥♦✉s ❞ét❡r♠✐♥♦♥s ✉♥ t❡❧

❡①❡♠♣❧❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✱ à s❛✈♦✐r ❧❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❞❡ ❧❛ ✜❜r❡ ❡♥ ③ér♦ ❞❡

❧✬❛♣♣❧✐❝❛t✐♦♥ ♠♦♠❡♥t ❞✬✉♥❡ ❛❝t✐♦♥ ❞❡ Sl2 s✉r (❈2)⊕6✳ ❈✬❡st ✉♥ ❞❡s ♣r❡♠✐❡rs ❡①❡♠♣❧❡s ❞✬✉♥

s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❛✈❡❝ ♠✉❧t✐♣❧✐❝✐tés✳ ❊♥ ❞❡❤♦rs ❞❡ ❧✬✐♥✈❡st✐❣❛t✐♦♥ ❞❡ ❧✬❡①❡♠♣❧❡

♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♣r♦❝é❞✉r❡ ❣é♥ér❛❧❡ ♣♦✉r ❡✛❡❝t✉❡r ❞❡ t❡❧s ❝❛❧❝✉❧s ❞❛♥s ❧❛ ♣❛rt✐❡ ✶✳✸✳

◆♦✉s ♦❜t❡♥♦♥s ♥♦tr❡ s❝❤é♠❛ ❞❡ ❍✐❧❜❡rt ✐♥✈❛r✐❛♥t ❝♦♠♠❡

Sl2 -Hilb(µ−1(0)) = {(A,W ) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}.

❊♥ ♦✉tr❡ ♥♦✉s ❞é♠♦♥tr♦♥s q✉✬✐❧ ❡st ❧✐ss❡ ❡t ❝♦♥♥❡①❡✳ ❉♦♥❝✱ ❝✬❡st ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥✲

❣✉❧❛r✐tés ❞❡ ❧❛ ré❞✉❝t✐♦♥ s②♠♣❧❡❝t✐q✉❡ ❞❡ ❧✬❛❝t✐♦♥✳ ▲❡ ❝♦♥t❡♥✉ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❛ été ♣✉❜❧✐é

❞❛♥s ❚r❛♥s❢♦r♠❛t✐♦♥ ●r♦✉♣s ❬❇❡❝✶✶❪✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❡s ♥♦t✐♦♥s ❞✬✉♥❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ ❞❡ θ✕s❡♠✐st❛✲

❜✐❧✐té ❡t ❞❡ θ✕st❛❜✐❧✐té✱ ❞❛♥s ✉♥❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❛✉ ❝❛s ❞❡s G✕❝♦♥st❡❧❧❛t✐♦♥s ❡t ♥♦✉s

❞é✜♥✐ss♦♥s ❧❡s ❢♦♥❝t❡✉rs ❝♦rr❡s♣♦♥❞❛♥tsMθ(X) ❡tMθ(X)✳ P✉✐s ♥♦✉s ♠♦♥tr♦♥s q✉❡ t♦✉t❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥ θ✕st❛❜❧❡ ❡st ❡♥❣❡♥❞ré❡ ❝♦♠♠❡ OX✕♠♦❞✉❧❡ ♣❛r ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ s❡s

❝♦♠♣♦s❛♥t❡s ❞é❝r✐t ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ✜♥✐ D− ⊂ IrrG✳ ❆❧♦rs t♦✉t❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ θ✕

st❛❜❧❡ ❡st ✉♥ q✉♦t✐❡♥t ❞✬✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t ❞♦♥♥é H ❡t ♣♦✉rt❛♥t ❝✬❡st ✉♥ é❧é♠❡♥t ❞✉

s❝❤é♠❛ ◗✉♦t ✐♥✈❛r✐❛♥t QuotG(H, h)✳ ❙✐ ♦♥ ❝❤♦✐s✐t θ ❞✬✉♥❡ ❢❛ç♦♥ ✉♥ ♣❡✉ ♣❧✉s r❡str✐❝t✐✈❡✱ ❧❡

♠ê♠❡ ❡st ✈r❛✐ ♣♦✉r θ✕s❡♠✐st❛❜✐❧✐té✳ ➚ ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ❢♦♥❝t❡✉r

Mθ(X) éq✉✐✈❛✉t ❛✉ ❢♦♥❝t❡✉r ❞❡ ❍✐❧❜❡rt HilbGh (X) s✐ h ❡st ❝❤♦✐s✐ t❡❧ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛

r❡♣rés❡♥t❛t✐♦♥ tr✐✈✐❛❧❡ ρ0 ❡st é❣❛❧❡ à 1 ❡t θρ0 ❡st ❧❛ s❡✉❧❡ ✈❛❧❡✉r ♥é❣❛t✐✈❡ ❞❡ θ✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸ ♥♦✉s tr❛✐t♦♥s ❧❛ t❤é♦r✐❡ ❣é♦♠étr✐q✉❡ ❞❡s ✐♥✈❛r✐❛♥ts ❞✉ s❝❤é♠❛ ◗✉♦t

✐♥✈❛r✐❛♥t QuotG(H, h) ❛✜♥ ❞❡ ❝♦♥str✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❝♦♠♠❡ s♦♥ q✉♦t✐❡♥t ●■❚ ✿ ▲❡ s❝❤é♠❛ ◗✉♦t ✐♥✈❛r✐❛♥t ❡st ❡q✉✐♣é ❞✬✉♥ ❝❡rt❛✐♥ ✜❜ré

❞❡ ❞r♦✐t❡s ❛♠♣❧❡ L q✉✐ ❡st ✐♥❞✉✐t ♣❛r ❧❡ ♣❧♦♥❣❡♠❡♥t ❞❡ QuotG(H, h) ❞❛♥s ✉♥ ♣r♦✲

❞✉✐t ❞❡ ●r❛ss♠❛♥♥✐❡♥♥❡s✳ ◆♦✉s ét❛❜❧✐ss♦♥s ❝❡❧❛ ❞❛♥s ❧❛ ♣❛rt✐❡ ✸✳✶✳ ❊♥ ❝♦♥s✐❞ér❛♥t ❧❡

❣r♦✉♣❡ ❞❡ ❥❛✉❣❡ Γ✱ ♥♦✉s ❛♥❛❧②s♦♥s ●■❚✕st❛❜✐❧✐té ❡t ●■❚✕s❡♠✐st❛❜✐❧✐té s✉r QuotG(H, h)

r❡❧❛t✐❢ à ❧❛ ❧✐♥é❛r✐s❛t✐♦♥ ✐♥❞✉✐t❡ s✉r L ♠♦❞✐✜é❡ ♣❛r ✉♥ ❝❛r❛❝tèr❡ χ✳ ❆✐♥s✐✱ ♣♦✉r ❧✬❡♥✲

s❡♠❜❧❡ ❞❡s q✉♦t✐❡♥s ●■❚✕s❡♠✐st❛❜❧❡s QuotG(H, h)ss ♥♦✉s ♦❜t❡♥♦♥s ❧❡ q✉♦t✐❡♥t ❝❛té❣♦✲

r✐q✉❡ QuotG(H, h)ss✴✴
Lχ

Γ✱ q✉✐ s✬❛✈èr❡ êtr❡ ✉♥ ❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

●■❚✕s❡♠✐st❛❜❧❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ ♥♦✉s ét❛❜❧✐ss♦♥s ✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

✐①



■♥tr♦❞✉❝t✐♦♥ ✭❢r❛♥ç❛✐s❡✮

❡t ❧❡s q✉♦t✐❡♥ts G✕éq✉✐✈❛r✐❛♥ts [q : H ։ F ] ∈ QuotG(H, h) ❛✐♥s✐ q✉✬✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡

❞❡ ❧❡✉rs s♦✉s✕♦❜❥❡❝ts r❡s♣❡❝t✐❢s✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ❛✉tr❡ ❝♦♥❞✐t✐♦♥ ❞❡

✭s❡♠✐✮st❛❜✐❧✐té θ̃ q✉✐ ❡st éq✉✐✈❛❧❡♥t à ❧❛ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐té ♠❛✐s q✉✐ r❡ss❡♠❜❧❡ ❜❡❛✉❝♦✉♣

à ❧❛ θ✕✭s❡♠✐✮st❛❜✐❧✐té✳ ❙✐ F ❡st θ✕st❛❜❧❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ F ❡st ❛✉ss✐ θ̃✕st❛❜❧❡ ❡t

♣♦✉rt❛♥t ❝❤❛q✉❡ ♣♦✐♥t ❛ss♦❝✐é [q : H ։ F ] ❞❛♥s QuotG(H, h) ❡st ●■❚✕st❛❜❧❡✳ ❆❧♦rs ♥♦✉s

♣♦✉✈♦♥s ré❛❧✐s❡r ❧❡ ❢♦♥❝t❡✉r Mθ(X) ❞❡s ❢❛♠✐❧❧❡s ♣❧❛t❡s ❞❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s

❝♦♠♠❡ ✉♥ s♦✉s✕❢♦♥❝t❡✉r ❞✉ ❢♦♥❝t❡✉rMχ,κ(X) ❞❡s ❢❛♠✐❧❧❡s ♣❧❛t❡s ❞❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

●■❚✕st❛❜❧❡s✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ♣r♦♣r✐étés ❞❡ ❝❡s ❢♦♥❝t❡✉rs✳ Pr❡♠✐èr❡♠❡♥t ♥♦✉s

❞é♠♦♥tr♦♥s q✉❡ Mχ,κ(X) ❡t Mχ,κ(X) s♦♥t ❝♦r❡♣rés❡♥tés ♣❛r QuotG(H, h)ss✴✴
Lχ

Γ ❡t

QuotG(H, h)s/Γ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ Mθ(X) ❡st ❝♦r❡♣rés❡♥té ♣❛r ❧❡

s♦✉s✕❡♥s❡♠❜❧❡ QuotG(H, h)sθ/Γ✱ ♦ù QuotG(H, h)sθ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s é❧é♠❡♥ts θ✕st❛❜❧❡s

❞❛♥s QuotG(H, h)✳ ◆♦✉s ❛♣♣❡❧♦♥s

Mθ(X) := QuotG(H, h)sθ/Γ

❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s✳ ❉❡ ♣❧✉s ♥♦✉s ♣r♦✉✈♦♥s q✉❡ θ✕

st❛❜✐❧✐té ❡st ✉♥❡ ♣r♦♣r✐été ♦✉✈❡rt❡ ❞❛♥s ❧❡s ❢❛♠✐❧❧❡s ♣❧❛t❡s✳ ❉❡ ❝❡ ❢❛✐t ♥♦✉s ❞é❞✉✐s♦♥s

q✉❡ Mθ(X) ❡st ✉♥ s♦✉s✕s❝❤é♠❛ ♦✉✈❡rt ❞❡ QuotG(H, h)s/Γ ❡t ❛❧♦rs ✉♥ s❝❤é♠❛ q✉❛s✐✕

♣r♦❥❡❝t✐❢✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❧❡ s❝❤é♠❛M θ(X) ❝♦♠♠❡ s❛ ❝❧ôt✉r❡ ❞❛♥s QuotG(H, h)ss✴✴
Lχ

Γ✳

❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ♠♦r♣❤✐s♠❡ ❞❡ M θ(X) ❞❛♥s ❧❡ q✉♦t✐❡♥t X✴✴G q✉✐

❝♦rr❡s♣♦♥❞ ❛✉ ♠♦r♣❤✐s♠❡ ❍✐❧❜❡rt✕❈❤♦✇✳

➚ ❧❛ ✜♥ ❞❡ ❧❛ t❤és❡ ♥♦✉s ❞✐s❝✉t♦♥s q✉❡❧q✉❡s ❛s♣❡❝ts s✉♣♣❧é♠❡♥t❛✐r❡s ❞❡s ❡s♣❛❝❡s ❞❡

♠♦❞✉❧❡s Mθ(X) ❡t M θ(X) q✉✐ ❞♦♥♥❡♥t ❞❡s ♣❡rs♣❡❝t✐✈❡s ✈❛❧❛❜❧❡s à êtr❡ ♣♦✉rs✉✐✈✐❡s ❞❛♥s

❧✬❛✈❡♥✐r✳

■❧ ② ❛ ❞❡✉① ❛♣♣❡♥❞✐❝❡s ✿ ❉❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❆ ♥♦✉s é❧❛❜♦r♦♥s ✉♥❡ ✈❡rs✐♦♥ G✕éq✉✐✈❛r✐❛♥t❡

❞❡s ✜❜rés ❞❡ ❝❛❞r❡ ❞♦♥t ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❛♥s ❧❛ ♣❛rt✐❡ ✺✳✶ ❛✜♥ ❞✬✐♥t❡r♣rét❡r ❧❡s ❢♦♥❝t❡✉rs

❞❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ st❛❜✐❧✐té ✈❛r✐é❡s ❝♦♠♠❡ ❞❡s q✉♦t✐❡♥ts

❞❡s ❢♦♥❝t❡✉rs ❞❡s q✉♦t✐❡♥ts ❞❡ H ✭s❡♠✐✮st❛❜❧❡s ♣❛r ❧❡ ❝❤♦✐① ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ q✉♦t✐❡♥t

♣❛rt✐❝✉❧✐èr❡✳ ❉❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❇ ♥♦✉s ❝♦♥str✉✐s♦♥s ❧❡ s❝❤é♠❛ ◗✉♦t ✐♥✈❛r✐❛♥t r❡❧❛t✐❢✱ q✉✐

❣é♥ér❛❧✐s❡ ❧❡ s❝❤é♠❛ ◗✉♦t ✐♥✈❛r✐❛♥t ❝♦♥str✉✐t ♣❛r ❏❛♥s♦✉ ❞❛♥s ❬❏❛♥✵✻❪✳ ❉❛♥s ❧❛ ♣❛rt✐❡

✺✳✷ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❝❡tt❡ ✈❡rs✐♦♥ r❡❧❛t✐✈❡ ❛✜♥ ❞❡ ♠♦♥tr❡r q✉❡ ❧❛ θ✕st❛❜✐❧✐té ❡st ✉♥❡

♣r♦♣r✐été ♦✉✈❡rt❡ ❞❛♥s ❧❡s ❢❛♠✐❧❧❡s ♣❧❛t❡s ❞❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❡♥ s♦rt❡ q✉❡ ❧✬❡s♣❛❝❡

❞❡ ♠♦❞✉❧❡s ❞❡s (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s θ✕st❛❜❧❡s ♣❡✉t ❡♥✜♥ êtr❡ ♦❜t❡♥✉ ❝♦♠♠❡ ✉♥ s♦✉s✕

s❝❤é♠❛ ♦✉✈❡rt ❞✉ q✉♦t✐❡♥t ❣é♦♠étr✐q✉❡ QuotG(H, h)s/Γ✳

①



■♥tr♦❞✉❝t✐♦♥

❍✐❧❜❡rt s❝❤❡♠❡s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ s❡❛r❝❤ ❢♦r r❡s♦❧✉t✐♦♥s ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ ✐♥

♣❛rt✐❝✉❧❛r ❢♦r s②♠♣❧❡❝t✐❝ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❝r❡♣❛♥t ♦♥❡s✿ ■❢ X ✐s ❛ s♠♦♦t❤ s✉r❢❛❝❡✱ t❤❡♥

❜② ❋♦❣❛rt② ❬❋♦❣✻✽✱ ❚❤❡♦r❡♠ ✷✳✹❪ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ♦❢ ♣♦✐♥ts Hilbn(X) ✐s ❛ r❡s♦❧✉t✐♦♥

♦❢ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s②♠♠❡tr✐❝ ♣r♦❞✉❝t SnX ❢♦r ❡✈❡r② n ∈ ◆✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X

❝❛rr✐❡s ❛ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡✱ t❤✐s ✐s ❡✈❡♥ ❛ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥ ❜② ❇❡❛✉✈✐❧❧❡ ❬❇❡❛✽✸✱

Pr♦♣♦s✐t✐♦♥ ✺❪✳ ❋✉rt❤❡r✱ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ❣r♦✉♣ G ♦♥ ❛ ✈❛r✐❡t② X✱

t❤❡r❡ ✐s ■t♦ ❛♥❞ ◆❛❦❛♠✉r❛✬s G✕❍✐❧❜❡rt s❝❤❡♠❡ G -Hilb(X) ❬■◆✾✻✱ ■◆✾✾✱ ◆❛❦✵✶❪✳ ■♥ t❤❡

❝❛s❡ ✇❤❡r❡ X ✐s ❛ ♥♦♥✕s✐♥❣✉❧❛r q✉❛s✐♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ❛♥❞ G ⊂ Aut(X) ❛ ✜♥✐t❡ ❣r♦✉♣

s✉❝❤ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❜✉♥❞❧❡ ωX ✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ G✕s❤❡❛❢✱ ❇r✐❞❣❡❧❛♥❞✱ ❑✐♥❣ ❛♥❞

❘❡✐❞ ❬❇❑❘✵✶❪ ❣✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❛ss✉r✐♥❣ t❤❛t t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡

G✕❍✐❧❜❡rt s❝❤❡♠❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❢r❡❡ G✕♦r❜✐ts ✐s ❛ ❝r❡♣❛♥t r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ q✉♦t✐❡♥t

X/G✳ ▼♦r❡♦✈❡r✱ t❤❡② ♣r♦✈❡ t❤❛t ✉♣ t♦ ❞✐♠❡♥s✐♦♥ 3 t❤✐s ♦r❜✐t ❝♦♠♣♦♥❡♥t ✐s t❤❡ ✇❤♦❧❡ ♦❢

G -Hilb(X)✳ ❍❡♥❝❡✱ ✐❢ X ✐s ❛ ✈❛r✐❡t② ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st 3✱ t❤❡ G✕❍✐❧❜❡rt s❝❤❡♠❡ ✐ts❡❧❢

✐s ❛ ❝r❡♣❛♥t r❡s♦❧✉t✐♦♥ ♦❢ X/G✳

❚❤❡r❡ ❡①✐st t✇♦ ❣❡♥❡r❛❧✐s❛t✐♦♥s ♦❢ t❤❡ G✕❍✐❧❜❡rt s❝❤❡♠❡✿ ❚♦ ✜♥❞ ❛ ❝♦♠♣❧❡t❡ ❧✐st ♦❢

r❡s♦❧✉t✐♦♥s ❢♦r ✜♥✐t❡ ❣r♦✉♣ q✉♦t✐❡♥ts✱ ❈r❛✇ ❛♥❞ ■s❤✐✐ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕

st❛❜❧❡ G✕❝♦♥st❡❧❧❛t✐♦♥s ❬❈■✵✹❪✳ ❚❤❡② s❤♦✇ t❤❛t ❢♦r ✜♥✐t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣s G ⊂ Sl3(❈)✱

❡✈❡r② ♣r♦❥❡❝t✐✈❡ ❝r❡♣❛♥t r❡s♦❧✉t✐♦♥ ♦❢ ❈3/G ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s s✉❝❤ ❛ ♠♦❞✉❧✐ s♣❛❝❡✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t♦ ❞❡❛❧ ✇✐t❤ q✉♦t✐❡♥ts ❢♦r r❡❞✉❝t✐✈❡ ✐♥st❡❛❞ ♦❢ ✜♥✐t❡ ❣r♦✉♣s ❆❧❡①❡❡✈ ❛♥❞

❇r✐♦♥ ♣r♦✈✐❞❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❬❆❇✵✹✱ ❆❇✵✺❪✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s t❤❡s✐s

✐s t♦ ❝♦♥str✉❝t ❛ ❝♦♠♠♦♥ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡s❡✱ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X) ♦❢ θ✕st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❢♦r ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣ G ❛♥❞ ❛ ♠❛♣ h : IrrG→ ◆0✱ ✇❤✐❝❤ r❡♣❧❛❝❡s

t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥ ♦❝❝✉rr✐♥❣ ✐♥ ❬❈■✵✹❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤s s✉♠♠❛r✐③❡ ♠♦r❡

♣r❡❝✐s❡❧② t❤❡ ❛♣♣r♦❛❝❤❡s ♦❢ ❈r❛✇ ❛♥❞ ■s❤✐✐ ❛♥❞ ♦❢ ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ❛♥❞ ♦✉r ❝♦♥tr✐❜✉t✐♦♥

t♦ t❤❡ s✉❜❥❡❝t✳

●✐✈❡♥ ❛ ✜♥✐t❡ ❣r♦✉♣ G ⊂ Gln(❈) ❛❝t✐♥❣ ♦♥ ❈n✱ t❤❡ ♥♦t✐♦♥ ♦❢ G✕❝♦♥st❡❧❧❛t✐♦♥ ✐♥tr♦❞✉❝❡❞

✐♥ ❬❈■✵✹❪ ❣❡♥❡r❛❧✐s❡s t❤❡ ❝♦♥❝❡♣t ♦❢ G✕❝❧✉st❡rs ❢r♦♠ G✕✐♥✈❛r✐❛♥t q✉♦t✐❡♥ts ♦❢ O❈n ✇✐t❤

①✐



■♥tr♦❞✉❝t✐♦♥ ✭❡♥❣❧✐s❤✮

✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥ R ♦❢ G t♦ G✕❡q✉✐✈❛r✐❛♥t

❝♦❤❡r❡♥t O❈n✕♠♦❞✉❧❡s ✇✐t❤ t❤✐s ❣✐✈❡♥ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❙✉❝❤ ❛ G✕❝♦♥st❡❧❧❛t✐♦♥ F

✐s θ✕st❛❜❧❡ ❢♦r s♦♠❡ θ ∈ Hom❩(R(G),◗) ✐❢ θ(F) = 0 ❛♥❞ ✐❢ ❢♦r ❡✈❡r② ♥♦♥✕③❡r♦ ♣r♦♣❡r G✕

❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ 0 6= F ′ ( F ♦♥❡ ❤❛s θ(F ′) > 0✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ❈r❛✇ ❛♥❞

■s❤✐✐ ❝♦♥str✉❝t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ Mθ ♦❢ θ✕st❛❜❧❡ G✕❝♦♥st❡❧❧❛t✐♦♥s ❛s t❤❡ ●■❚✕q✉♦t✐❡♥t

♦❢ t❤❡ s♣❛❝❡ ♦❢ q✉✐✈❡r r❡♣r❡s❡♥t❛t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ G ❜② t❤❡ ❣r♦✉♣ ♦❢ G✕❡q✉✐✈❛r✐❛♥t

❛✉t♦♠♦r♣❤✐s♠s ♦❢ R ❛s ❞❡s❝r✐❜❡❞ ❜② ❑✐♥❣ ✐♥ [❑✐♥✾✹]✳ ❋♦r ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ θ t❤❡②

r❡❝♦✈❡r Mθ = G -Hilb(❈n)✳

❆s ❛ s❡❝♦♥❞ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ G✕❍✐❧❜❡rt s❝❤❡♠❡✱ ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ✜① ❛ ❝♦♠♣❧❡①

r❡❞✉❝t✐✈❡ ❣r♦✉♣ G ❛♥❞ ❛ ♠❛♣ h : IrrG → ◆0 ♦♥ t❤❡ s❡t IrrG = {ρ : G → Gl(Vρ)} ♦❢

✐s♦♠♦r♣❤② ❝❧❛ss❡s ♦❢ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ G✳ ❚❤❡♥ ❢♦r ❛♥② ❛✣♥❡ G✕s❝❤❡♠❡

X✱ ✐♥ ❬❆❇✵✹✱ ❆❇✵✺❪ t❤❡ ❛✉t❤♦rs ❞❡✜♥❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ HilbGh (X)✱ ✇❤♦s❡

❝❧♦s❡❞ ♣♦✐♥ts ♣❛r❛♠❡t❡r✐s❡ ❛❧❧ G✕✐♥✈❛r✐❛♥t s✉❜s❝❤❡♠❡s ♦❢ X ✇❤♦s❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣s ❤❛✈❡

✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s♦♠♦r♣❤✐❝ t♦
⊕

ρ∈IrrG❈
h(ρ) ⊗❈ Vρ✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛❧❧ q✉♦t✐❡♥ts

OX/I✱ ✇❤❡r❡ I ✐s ❛♥ ✐❞❡❛❧ s❤❡❛❢ ✐♥ OX ✱ ✇✐t❤ t❤✐s ♣r❡s❝r✐❜❡❞ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❖✉r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡s❡ ❝♦♥str✉❝t✐♦♥s ♦❢ ♠♦❞✉❧✐ s♣❛❝❡s ✐s t♦ ✉♥✐❢② t❤❡ ✐❞❡❛s ♦❢ ❬❈■✵✹❪

❛♥❞ ❬❆❇✵✹✱ ❆❇✵✺❪✿ ❋♦r ❛ ❝♦♠♣❧❡① r❡❞✉❝t✐✈❡ ❣r♦✉♣ G✱ ❛♥ ❛✣♥❡ G✕s❝❤❡♠❡ X ❛♥❞ ❛ ♠❛♣

h : IrrG → ◆0 ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t

❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡ ✇✐t❤ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥ ❜② h ❛s ❛❜♦✈❡✳ ❚❤❡♥ ✇❡ ✐♥tr♦✲

❞✉❝❡ θ✕st❛❜✐❧✐t② ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❝❛s❡ ♦❢ G✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❚❤✐s st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

♠♦r❡ ❞❡❧✐❝❛t❡ t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❈r❛✇ ❛♥❞ ■s❤✐✐ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ✐♥✜♥✐t❡❧② ♠❛♥② ♣❛r❛♠❡✲

t❡rs✳ ❲❡ ❧♦❝❛t❡ ✜♥✐t❡❧② ♠❛♥② ♦❢ t❤❡♠ ✇❤✐❝❤ ❝♦♥tr♦❧ t❤❡ ♦t❤❡rs✳ ❚❤❡♥ ✇❡ ❝♦♥str✉❝t t❤❡

♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❜② ♠❡❛♥s ♦❢ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r②

❛♥❞ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s ✐♥ ❛ ♣❛r❛❧❧❡❧ ✇❛② t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

st❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s ♦❢ ❙✐♠♣s♦♥ ❬❙✐♠✾✹❪ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❬❍▲✶✵❪ ❜② ❍✉②❜r❡❝❤ts ❛♥❞ ▲❡❤♥✳

❆s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ✇❡ ♠♦r❡♦✈❡r ❝♦♥str✉❝t ❛ ♠♦r♣❤✐s♠

Mθ(X) → X✴✴G✳ ❋✉rt❤❡r st✉❞✐❡s ♦❢ Mθ(X) ❤❛✈❡ t♦ ❜❡ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r

t❤✐s ♠♦r♣❤✐s♠ ❣✐✈❡s ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s t❤❡s✐s ✐s ❛s ❢♦❧❧♦✇s✿

❙✐♥❝❡ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ❛♥❞ t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢ ❡①❛♠♣❧❡s

✐♥ t❤❡ s②♠♣❧❡❝t✐❝ s❡tt✐♥❣ ✉♣ t♦ ♥♦✇✱ ✐♥ ❈❤❛♣t❡r ✶ ✇❡ ❞❡t❡r♠✐♥❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t

❍✐❧❜❡rt s❝❤❡♠❡✱ ♥❛♠❡❧② ♦❢ t❤❡ ③❡r♦ ✜❜r❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛♣ ♦❢ ❛♥ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ (❈2)⊕6✳

■t ✐s ♦♥❡ ♦❢ t❤❡ ✜rst ❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✳ ■♥ ❛❞❞✐t✐♦♥
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t♦ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①❛♠♣❧❡✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ r❡❛❧✐s❛t✐♦♥ ♦❢

s✉❝❤ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳ ❲❡ ❞❡t❡r♠✐♥❡ ♦✉r ❍✐❧❜❡rt s❝❤❡♠❡ t♦ ❜❡

Sl2 -Hilb(µ−1(0)) = {(A,W ) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}.

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s s♠♦♦t❤ ❛♥❞ ❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ ✐t ✐s ❛ r❡s♦❧✉t✐♦♥ ♦❢

s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✳ ❚❤❡ ❝♦♥t❡♥ts ♦❢ t❤✐s ❝❤❛♣t❡r ❤❛✈❡

❜❡❡♥ ♣✉❜❧✐s❤❡❞ ❛s ❛♥ ❛rt✐❝❧❡ ♦♥ ✐ts ♦✇♥ ✐♥ ❚r❛♥s❢♦r♠❛t✐♦♥ ●r♦✉♣s ❬❇❡❝✶✶❪✳

■♥ ❈❤❛♣t❡r ✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥s ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ θ✕s❡♠✐st❛❜✐❧✐t② ❛♥❞ θ✕

st❛❜✐❧✐t② ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❝❛s❡ ♦❢G✕❝♦♥st❡❧❧❛t✐♦♥s ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞✲

✉❧✐ ❢✉♥❝t♦rs Mθ(X) ❛♥❞ Mθ(X)✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t ❡✈❡r② θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥

✐s ❣❡♥❡r❛t❡❞ ❛s ❛♥ OX✕♠♦❞✉❧❡ ❜② ✐ts ❝♦♠♣♦♥❡♥ts ✐♥❞❡①❡❞ ❜② ❛ ❝❡rt❛✐♥ ✜♥✐t❡ s✉❜s❡t

D− ⊂ IrrG✱ s♦ t❤❛t ❡❛❝❤ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s ❛ q✉♦t✐❡♥t ♦❢ ❛ ✜①❡❞ ❝♦❤❡r❡♥t

s❤❡❛❢ H ❛♥❞ ❤❡♥❝❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ QuotG(H, h)✳ ❲✐t❤ ❛ s❧✐❣❤t❧②

♠♦r❡ r❡str✐❝t✐✈❡ ❝❤♦✐❝❡ ♦❢ θ✱ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r θ✕s❡♠✐st❛❜✐❧✐t②✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r

✇❡ s❤♦✇ t❤❛t ✐❢ h ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ✈❛❧✉❡ ♦♥ t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ρ0 ✐s 1 ❛♥❞

θρ0 ✐s t❤❡ ♦♥❧② ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ♦❢ θ✱ t❤❡♥ t❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦r Mθ(X) ❡q✉❛❧s t❤❡ ❍✐❧❜❡rt

❢✉♥❝t♦r HilbGh (X)✳

■♥ ❈❤❛♣t❡r ✸ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r② ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

QuotG(H, h) ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛s ✐ts ●■❚✕

q✉♦t✐❡♥t✿ ❚❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝❡rt❛✐♥ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ L

❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❡♠❜❡❞❞✐♥❣ ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥

✸✳✶✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ Γ✱ ✇❡ ❡①❛♠✐♥❡ ●■❚✕st❛❜✐❧✐t② ❛♥❞ ●■❚✕s❡♠✐st❛❜✐❧✐t②

♦♥ QuotG(H, h) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥❞✉❝❡❞ ❧✐♥❡❛r✐s❛t✐♦♥ ♦♥ L t✇✐st❡❞ ❜② ❛ ❝❡rt❛✐♥

❝❤❛r❛❝t❡r χ✳ ❚❤✉s✱ ♦♥ t❤❡ s❡t ♦❢ ●■❚✕s❡♠✐st❛❜❧❡ q✉♦t✐❡♥ts QuotG(H, h)ss ✇❡ ♦❜t❛✐♥

t❤❡ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t QuotG(H, h)ss✴✴
Lχ

Γ✱ ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

●■❚✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐♥ ❈❤❛♣t❡r ✺✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ ❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛♥❞ G✕❡q✉✐✈❛r✐❛♥t

q✉♦t✐❡♥ts [q : H ։ F ] ∈ QuotG(H, h) ❛♥❞ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ s✉❜♦❜✲

❥❡❝ts✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ✭s❡♠✐✮st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ θ̃ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t

t♦ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ❜✉t r❡s❡♠❜❧❡s ✈❡r② ♠✉❝❤ θ✕✭s❡♠✐✮st❛❜✐❧✐t②✳ ❲❡ s❤♦✇ t❤❛t ✐❢ F

✐s θ✕st❛❜❧❡✱ t❤❡♥ ✐t ✐s ❛❧s♦ θ̃✕st❛❜❧❡ ❛♥❞ ❤❡♥❝❡ ❛♥② ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t [q : H ։ F ] ✐♥

QuotG(H, h) ✐s ●■❚✕st❛❜❧❡✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡❛❧✐s❡ t❤❡ ❢✉♥❝t♦r Mθ(X) ♦❢ ✢❛t ❢❛♠✐❧✐❡s

♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛s ❛ s✉❜❢✉♥❝t♦r ♦❢ t❤❡ ❢✉♥❝t♦r Mχ,κ(X) ♦❢ ✢❛t ❢❛♠✐❧✐❡s

♦❢ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳
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■♥tr♦❞✉❝t✐♦♥ ✭❡♥❣❧✐s❤✮

■♥ ❈❤❛♣t❡r ✺ ✇❡ ❝♦♥s✐❞❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❢✉♥❝t♦rs✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t Mχ,κ(X)

❛♥❞ Mχ,κ(X) ❛r❡ ❝♦r❡♣r❡s❡♥t❡❞ ❜② QuotG(H, h)ss✴✴
Lχ

Γ ❛♥❞ QuotG(H, h)s/Γ✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ Mθ(X) ✐s ❝♦r❡♣r❡s❡♥t❡❞ ❜② ✐ts s✉❜s❡t QuotG(H, h)sθ/Γ✱ ✇❤❡r❡

QuotG(H, h)sθ ✐s t❤❡ s❡t ♦❢ θ✕st❛❜❧❡ ❡❧❡♠❡♥ts ✐♥ QuotG(H, h)✳ ❲❡ ❝❛❧❧

Mθ(X) := QuotG(H, h)sθ/Γ

t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣r♦✈❡ t❤❛t θ✕

st❛❜✐❧✐t② ✐s ♦♣❡♥ ✐♥ ✢❛t ❢❛♠✐❧✐❡s✳ ❋r♦♠ t❤✐s ❢❛❝t ✇❡ ❞❡❞✉❝❡ t❤❛t Mθ(X) ✐s ❛♥ ♦♣❡♥

s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)s/Γ ❛♥❞ ❤❡♥❝❡ ❛ q✉❛s✐♣r♦❥❡❝t✐✈❡ s❝❤❡♠❡✳ ❲❡ ❞❡✜♥❡ t❤❡ s❝❤❡♠❡

M θ(X) ❛s ✐ts ❝❧♦s✉r❡ ✐♥ QuotG(H, h)ss✴✴
Lχ

Γ✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥str✉❝t ❛ ♠♦r♣❤✐s♠ ❢r♦♠

M θ(X) t♦ t❤❡ q✉♦t✐❡♥t X✴✴G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠✳

❆s ❛♥ ♦✉t❧♦♦❦✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s t❤❡s✐s ✇❡ ❞✐s❝✉ss s♦♠❡ ❢✉rt❤❡r ❛s♣❡❝ts ♦❢ t❤❡ ♠♦❞✉❧✐

s♣❛❝❡s Mθ(X) ❛♥❞ M θ(X)✱ ✇❤✐❝❤ ❛r❡ ✇♦rt❤ ❜❡✐♥❣ ♣✉rs✉❡❞ ✐♥ t❤❡ ❢✉t✉r❡✳

❚❤❡r❡ ❛r❡ t✇♦ ❛♣♣❡♥❞✐❝❡s✿ ■♥ ❆♣♣❡♥❞✐① ❆ ✇❡ ✇♦r❦ ♦✉t ❛ G✕❡q✉✐✈❛r✐❛♥t ✈❡rs✐♦♥ ♦❢ ❢r❛♠❡

❜✉♥❞❧❡s✱ ✇❤✐❝❤ ✇❡ ♥❡❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶ t♦ ✐♥t❡r♣r❡t t❤❡ ❢✉♥❝t♦rs ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

✇✐t❤ ✈❛r✐♦✉s st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛s q✉♦t✐❡♥ts ♦❢ t❤❡ ❢✉♥❝t♦rs ♦❢ ✭s❡♠✐✮st❛❜❧❡ q✉♦t✐❡♥ts

♠♦❞✉❧♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r q✉♦t✐❡♥t ♠❛♣✳ ■♥ ❆♣♣❡♥❞✐① ❇ ✇❡ ❝♦♥str✉❝t t❤❡ r❡❧❛t✐✈❡

✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ❝♦♥str✉❝t❡❞

❜② ❏❛♥s♦✉ ✐♥ ❬❏❛♥✵✻❪✳ ❲❡ ♥❡❡❞ t❤✐s r❡❧❛t✐✈❡ ✈❡rs✐♦♥ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t θ✕st❛❜✐❧✐t② ✐s ❛♥

♦♣❡♥ ♣r♦♣❡rt② ✐♥ ✢❛t ❢❛♠✐❧✐❡s ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ s♦ t❤❛t ❡✈❡♥t✉❛❧❧②

t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡

♦❢ t❤❡ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t QuotG(H, h)s/Γ✳

◆♦t❛t✐♦♥ ❛♥❞ ❝♦♥✈❡♥t✐♦♥s

■♥ t❤✐s t❤❡s✐s✱ G ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛ ❝♦♠♣❧❡① ❝♦♥♥❡❝t❡❞ r❡❞✉❝t✐✈❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ❛♥❞ X ❛♥

❛✣♥❡ G✕s❝❤❡♠❡ ♦✈❡r ❈✱ t❤❛t ✐s ❛♥ ❛✣♥❡ s❝❤❡♠❡ X = SpecR ♦✈❡r ❈ s✉❝❤ t❤❛t G ❛❝ts

♦♥ X ❛♥❞ ♦♥ ✐ts ❝♦♦r❞✐♥❛t❡ r✐♥❣ ❈[X] = R✳

❲❡ ✇♦r❦ ♦✈❡r t❤❡ ❝❛t❡❣♦r② ✭❙❝❤✴❈✮ ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦✈❡r ❈✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦rs ✇❡ ❞❡♥♦t❡ ❜② ✭❙❝❤✴❈✮♦♣ ✐ts ♦♣♣♦s✐t❡ ❝❛t❡❣♦r②✳ ❋♦r ❛ s❝❤❡♠❡

Y ∈ ✭❙❝❤✴❈✮✱ t❤❡r❡ ✐s t❤❡ ❢✉♥❝t♦r ♦❢ ♣♦✐♥ts Y : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮ t♦ t❤❡ ❝❛t❡❣♦r②

✭❙❡t✮ ♦❢ s❡ts✱ ❣✐✈❡♥ ❜② Y (S) = Hom(S, Y )✳ ❋♦r S ∈ ✭❙❝❤✴❈✮ ❧❡t ❢✉rt❤❡r ✭❙❝❤✴S✮ ❜❡ t❤❡

❝❛t❡❣♦r② ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦✈❡r S✳

①✐✈



✶✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡

✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

▲❡t G ❜❡ ❛ ❝♦♠♣❧❡① ❝♦♥♥❡❝t❡❞ r❡❞✉❝t✐✈❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ❛♥❞ X ❛♥ ❛✣♥❡ G✕s❝❤❡♠❡

♦✈❡r ❈✳ ❉❡♥♦t❡ ❜② Irr(G) t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s

♦❢ G ❛♥❞ ❧❡t h : Irr(G) → ◆0 ❜❡ ❛ ♠❛♣✱ ❝❛❧❧❡❞ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥

t❤✐s s❡tt✐♥❣✱ ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ❞❡✜♥❡ ✐♥ ❬❆❇✵✺❪ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ HilbGh (X)

♣❛r❛♠❡t❡r✐s✐♥❣ G✕✐♥✈❛r✐❛♥t s✉❜s❝❤❡♠❡s ♦❢ X ✇❤♦s❡ ♠♦❞✉❧❡s ♦❢ ❣❧♦❜❛❧ s❡❝t✐♦♥s ❛❧❧ ❤❛✈❡

t❤❡ s❛♠❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
⊕

ρ∈IrrG❈
h(ρ) ⊗❈ Vρ ❛s G✕♠♦❞✉❧❡s✳ ❚❤❡✐r ❞❡✜♥✐t✐♦♥

r❡❧✐❡s ♦♥ t❤❡ ✇♦r❦ ♦❢ ❍❛✐♠❛♥ ❛♥❞ ❙t✉r♠❢❡❧s ♦♥ ♠✉❧t✐❣r❛❞❡❞ ❍✐❧❜❡rt s❝❤❡♠❡s ❬❍❙✵✹❪ ❛♥❞

❣❡♥❡r❛❧✐s❡s t❤❡ G✕❍✐❧❜❡rt s❝❤❡♠❡ ♦❢ ■t♦ ❛♥❞ ◆❛❦❛♠✉r❛ ❬■◆✾✻✱ ■◆✾✾✱ ◆❛❦✵✶❪✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h ✐s ♠✉❧t✐♣❧✐❝✐t②✕❢r❡❡✱ ✐✳❡✳ imh ⊂ {0, 1}✱ s❡✈❡r❛❧

❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❜② ❏❛♥s♦✉ ❬❏❛♥✵✼❪✱ ❇r❛✈✐ ❛♥❞

❈✉♣✐t✲❋♦✉t♦✉ ❬❇❈❋✵✽❪ ❛♥❞ P❛♣❛❞❛❦✐s ❛♥❞ ✈❛♥ ❙t❡✐rt❡❣❤❡♠ ❬P✈❙✶✵❪✱ ✇❤✐❝❤ ❛❧❧ t✉r♥ ♦✉t

t♦ ❜❡ ❛✣♥❡ s♣❛❝❡s✳ ❏❛♥s♦✉ ❛♥❞ ❘❡ss❛②r❡ ❬❏❘✵✾❪ ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡s ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❛✣♥❡ s♣❛❝❡s✳ ❚❤❡r❡ ❛r❡ s♦♠❡ ♠♦r❡ ✐♥✈♦❧✈❡❞

❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ❜② ❇r✐♦♥ ✭✉♥♣✉❜❧✐s❤❡❞✮ ❛♥❞ ❇✉❞♠✐❣❡r ❬❇✉❞✶✵❪✳

❍❡r❡ ✇❡ ♣r❡s❡♥t ❛ ♠♦r❡ s✉❜st❛♥t✐❛❧ ❡①❛♠♣❧❡✱ ✇❤❡r❡ X ✐s ❛ 9✕❞✐♠❡♥s✐♦♥❛❧ s✐♥❣✉❧❛r ✈❛r✐❡t②✱

✇❤♦s❡ q✉♦t✐❡♥t ✐s ❛❞❞✐t✐♦♥❛❧❧② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡✳ ❚❤❡ ❣r♦✉♣ ✇❡

❝♦♥s✐❞❡r ✐s Sl2 ❛♥❞ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✐s t❤❡ ♦♥❡ ♦❢ ✐ts r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥

h : ◆0 → ◆, d 7→ d+ 1. ✭✶✳✶✮

❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ s✉❝❤ ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ✐s ♥♦t ❛♥ ❛✣♥❡ s♣❛❝❡ ✐s ✐♠♣♦r✲

t❛♥t ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s✿ ❲❤✐❝❤ ❝♦♥❞✐t✐♦♥s

❤❛✈❡ t♦ ❜❡ ❢✉❧✜❧❧❡❞ s♦ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐s ❝♦♥♥❡❝t❡❞ ♦r s♠♦♦t❤❄ ■s t❤❡

✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t X✴✴G❄ ❚❤✐s ✐s ❢♦r

❡①❛♠♣❧❡ t❤❡ ❝❛s❡ ❢♦r t❤❡ G✕❍✐❧❜❡rt s❝❤❡♠❡ ✇❤❡r❡ G ✐s ✜♥✐t❡✱ X ✐s q✉❛s✐♣r♦❥❡❝t✐✈❡ ❛♥❞

♥♦♥✕s✐♥❣✉❧❛r ❛♥❞ ❤❛s ❞✐♠❡♥s✐♦♥ ❛t ♠♦st 3 ❬❇❑❘✵✶❪✳

✶



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❖✉r ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❢♦r Sl2 ✇✐❧❧ ❜❡ s♠♦♦t❤ ❛♥❞ ❝♦♥♥❡❝t❡❞ ❛♥❞ ✐t

✇✐❧❧ ❡✈❡♥ ❜❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ ❜✉t ✐t ❞♦❡s ♥♦t ✐♥❤❡r✐t t❤❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡

♦❢ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② ♦❢ t❤❡ q✉♦t✐❡♥t✳

◆♦✇ ✇❡ ♣r❡s❡♥t t❤❡ s❡tt✐♥❣ ♦❢ ♦✉r ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ t❤❡ ✈❡❝t♦r

s♣❛❝❡ (❈2)⊕6 = Mat2×6(❈) ❛r✐s✐♥❣ ❛s s②♠♣❧❡❝t✐❝ ❞♦✉❜❧❡ ❢r♦♠ t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ (❈2)⊕3

✈✐❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❧❡❢t✳

❚❤❡ ♠♦♠❡♥t ♠❛♣ µ : (❈2)⊕6 → sl2✱ M 7→ MQM tJ ❞❡✜♥❡s t❤❡ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥

(❈2)⊕6✴✴✴Sl2 := µ−1(0)✴✴Sl2✱ ✇❤❡r❡ J =
(

0 1
−1 0

)
✳ ■♥ ❬❇❡❝✶✵❪ ✇❡ ♦❜t❛✐♥❡❞ ✐ts ❞❡s❝r✐♣t✐♦♥ ❛s

❛ ♥✐❧♣♦t❡♥t ♦r❜✐t ❝❧♦s✉r❡ µ−1(0)✴✴Sl2 ∼= O[22,12] ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ▲✐❡ ❛❧❣❡❜r❛ so6 ❢♦r t❤❡

q✉❛❞r❛t✐❝ ❢♦r♠ ❣✐✈❡♥ ❜② t❤❡ ♠❛tr✐① Q =
(

0 I3
I3 0

)
✳ ❲r✐t✐♥❣ (❈2)⊕6 = ❈2 ⊗❈ ❈

6 ✇❡ s❡❡

t❤❛t ✇❡ ❤❛✈❡ ❛ s②♠♠❡tr✐❝ s✐t✉❛t✐♦♥ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢ SO6 = SO(Q) ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥

❢r♦♠ t❤❡ r✐❣❤t✳ ▼♦r❡♦✈❡r✱ µ ✐s ✐♥✈❛r✐❛♥t ❢♦r t❤✐s ❛❝t✐♦♥✱ s♦ t❤❛t SO6 ❛❝ts ♦♥ t❤❡ ③❡r♦ ✜❜r❡

µ−1(0)✳ ❆s ❜♦t❤ ❛❝t✐♦♥s ❝♦♠♠✉t❡✱ SO6 ❛❧s♦ ❛❝ts ♦♥ t❤❡ q✉♦t✐❡♥t ❜② Sl2✳ ❚❤❡ q✉♦t✐❡♥t

♠❛♣ ν : µ−1(0) → µ−1(0)✴✴Sl2 ✐s ❣✐✈❡♥ ❜② ♠❛♣♣✐♥❣ M t♦ M tJMQ✳ ■♥ ❢❛❝t✱ t❤❡ q✉♦t✐❡♥t

♠❛♣ ♦❢ t❤❡ Sl2✕❛❝t✐♦♥ ✐s t❤❡ ♠♦♠❡♥t ♠❛♣ ♦❢ t❤❡ SO6✕❛❝t✐♦♥ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤❡ SO6✕

❛❝t✐♦♥ ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✇❤✐❧❡ ❛♥❛❧②s✐♥❣ µ−1(0)✴✴Sl2 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❍✐❧❜❡rt s❝❤❡♠❡✳

❚❤❡ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② O[22,12] ❤❛s t✇♦ ✇❡❧❧✕❦♥♦✇♥ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥s ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱

♥❛♠❡❧② t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡ T ∗P3 ∼= {(A,L) ∈ Y × P3 | imAt ⊂ L} ❛♥❞ ✐ts ❞✉❛❧

(T ∗P3)∗ ∼= {(A,H) ∈ Y × (P3)∗ | H ⊂ kerAt}✳ ❍❡r❡ ✇❡ ✐❞❡♥t✐❢② sl4 ∼= so6✱ s♦ t❤❛t

✇❡ ❤❛✈❡ Y := {A ∈ sl4 | rkA ≤ 1} ∼= O[22,12]✳ ❲❡ ✇❛♥t t♦ ❦♥♦✇ ✐❢ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧

✭s②♠♣❧❡❝t✐❝✮ r❡s♦❧✉t✐♦♥✳ ❙✐♥❝❡ ❍✐❧❜❡rt s❝❤❡♠❡s ♦❢ ♣♦✐♥ts ❛♥❞ G✕❍✐❧❜❡rt s❝❤❡♠❡s ❛r❡ ♦❢t❡♥

❝❛♥❞✐❞❛t❡s ❢♦r ✭s②♠♣❧❡❝t✐❝✮ r❡s♦❧✉t✐♦♥s ❬❋♦❣✻✽✱ ❇❡❛✽✸✱ ❇❑❘✵✶❪✱ ✇❡ ❤♦♣❡ t❤❛t t❤✐s ✐s ❛❧s♦

tr✉❡ ❢♦r ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s✳ ■♥❞❡❡❞✱ ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h ✐♥

✭✶✳✶✮✱ ✐♥ ♦✉r ❡①❛♠♣❧❡ ✇❡ ✜♥❞

❚❤❡♦r❡♠ ✶✳✶ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ Sl2 -Hilb(µ−1(0)):=HilbSl2h (µ−1(0)) ♦❢ t❤❡

③❡r♦ ✜❜r❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛♣ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ (❈2)⊕6 ✐s t❤❡ s❝❤❡♠❡

{(A,W ) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}, ✭✶✳✷✮

✇❤❡r❡ Grassiso(2,❈
6) ✐s t❤❡ ●r❛ss♠❛♥♥✐❛♥ ♦❢ 2✕❞✐♠❡♥s✐♦♥❛❧ ✐s♦tr♦♣✐❝ s✉❜s♣❛❝❡s ♦❢ ❈6

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❣✐✈❡♥ ❜② Q✳ ▼♦r❡♦✈❡r✱ Sl2 -Hilb(µ−1(0)) ✐s s♠♦♦t❤ ❛♥❞

❝♦♥♥❡❝t❡❞✱ ❛♥❞ t❤✉s ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥ µ−1(0)✴✴Sl2✳

✷



❘❡♠❛r❦✳ Sl2 -Hilb(µ−1(0)) ✐s ♥♦t ❛ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥ ♦❢ µ−1(0)✴✴Sl2 s✐♥❝❡ ✐t ✐s ♥♦t ❛

s❡♠✐s♠❛❧❧ r❡s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠

Sl2 -Hilb(µ
−1(0)) → {(A,L,H) ∈ Y ×P3 × (P3)∗ | imAt ⊂ L ⊂ H ⊂ kerAt}

❣✐✈❡♥ ❜② t❤❡ ❛ss✐❣♥♠❡♥ts (A,L ∧ H) 7→(A,L,H) ❛♥❞ (A,W ) 7→ (A,LW , HW ) ✇✐t❤

LW := {v ∈ ❈4 | dim(v ∧W ) = 0}✱ HW := {v ∈ ❈4 | dim(v ∧W ) ≤ 1}✱ ✐t ❞♦♠✐♥❛t❡s t❤❡

t✇♦ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥s✿

Sl2 -Hilb(µ
−1(0))

wwoooooooooooo

��

((PPPPPPPPPPPP

T ∗P3

''OOOOOOOOOOOO (T ∗P3)∗

vvnnnnnnnnnnnn

µ−1(0)✴✴Sl2

(A,W )3

yyssssssssss _

��

�

%%KKKKKKKKKK

(A,LW )
�

&&LLLLLLLLLLL
(A,HW )2

xxrrrrrrrrrrr

A

❚❤❡ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ Sl2 -Hilb(µ−1(0)) ❝♦♥s✐sts ♦❢ ♣♦✐♥ts ♦❢ t✇♦ ❞✐✛❡r❡♥t t②♣❡s✿

❚❤❡♦r❡♠ ✶✳✷ ❚❤❡ s✉❜s❝❤❡♠❡ ZA,W ⊂ µ−1(0) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t (A,W ) ✐♥

Sl2 -Hilb(µ−1(0)) ✐s

ZA,W ∼=

{
Sl2, ✐❢ A ∈ O[22,12],{(

a b
c d

)∣∣ad− bc = 0
}
, ✐❢ A = 0.

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✶✳✶ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡ ❛s ❞❡✜♥❡❞ ❜② ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ✐♥ ❬❆❇✵✺❪✳ ❋✐rst✱ ✇❡ ❣✐✈❡ t❤❡✐r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

✐♥✈❛r✐❛♥t ❍✐❧❜❡rt ❢✉♥❝t♦r✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✳ ❚❤❡♥

✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ❛♥❞ ❛♥❛❧②s❡ ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❍✐❧❜❡rt

❢✉♥❝t✐♦♥ ❤❛✈❡ t♦ ❜❡ s❛t✐s✜❡❞ s♦ t❤❛t t❤✐s ♠♦r♣❤✐s♠✱ ♦r ❛t ❧❡❛st ✐ts r❡str✐❝t✐♦♥ t♦ ❛ ❝❡rt❛✐♥

❝♦♠♣♦♥❡♥t✱ ✐s ♣r♦♣❡r ❛♥❞ ❜✐r❛t✐♦♥❛❧✳ ❚❤❡s❡ ❛r❡✱ ❜❡s✐❞❡s s♠♦♦t❤♥❡ss ♦❢ t❤❡ s❝❤❡♠❡✱ t❤❡

✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ❢♦r ❜❡✐♥❣ ❛ r❡s♦❧✉t✐♦♥✳ ❲✐t❤ r❡❣❛r❞ t♦ t❤✐s✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦r❜✐t

❝♦♠♣♦♥❡♥t HilbGh (X)orb✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐q✉❡ ❝♦♠♣♦♥❡♥t ♠❛♣♣✐♥❣ ❜✐r❛t✐♦♥❛❧❧② t♦ t❤❡ s❡t

♦❢ ❝❧♦s❡❞ G✕♦r❜✐ts✳ ■❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐s ♥♦t ✐rr❡❞✉❝✐❜❧❡✱ t❤✐s ❝♦♠♣♦♥❡♥t ✐s

st✐❧❧ ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ r❡s♦❧✉t✐♦♥✳

❆❢t❡r✇❛r❞s✱ ✇❡ t✉r♥ t♦ ♦✉r ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❤❡r❡ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣❡♥❡r❛❧ ✜✲

❜r❡ ♦❢ t❤❡ q✉♦t✐❡♥t ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ r✐❣❤t ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s

❜✐r❛t✐♦♥❛❧✐t②✳

✸



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❙❡❝t✐♦♥ ✶✳✸ ✐s t❤❡ ❤❡❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❋✐rst✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ t♦ ✜♥❞

❣❡♥❡r❛t♦rs ♦❢ t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

❢✉♥❝t♦r✳ ❚❤❡♥ ✇❡ ❝♦♥str✉❝t ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐♥t♦ ❛ ♣r♦❞✉❝t

♦❢ ●r❛ss♠❛♥♥✐❛♥s ❢♦❧❧♦✇✐♥❣ ✐❞❡❛s ❜② ❇r✐♦♥ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❡♠❜❡❞❞✐♥❣ ❝♦♥str✉❝t❡❞ ✐♥

❬❍❙✵✹❪✳ ❚❤✉s t❤✐s ❝❤❛♣t❡r ❞♦❡s ♥♦t ♦♥❧② ❣✐✈❡ ❛♥ ✐♥✈♦❧✈❡❞ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ❛ ✈❛r✐❡t② ✇❤✐❝❤ ✐s ♥♦t ❛♥ ❛✣♥❡ s♣❛❝❡✱ ❜✉t ✐t ❝❛♥ ❛❧s♦ ❜❡

❝♦♥s✉❧t❡❞ ❛s ❛ ❣✉✐❞❛♥❝❡ ❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❢✉rt❤❡r ❡①❛♠♣❧❡s✳ ❲❤✐❧❡ ❞❡s❝r✐❜✐♥❣ t❤❡

❣❡♥❡r❛❧ ♣r♦❝❡ss✱ ✇❡ ❛❧✇❛②s s✇✐t❝❤ t♦ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❡①❛♠♣❧❡ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤

st❡♣✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ✐♥ ♦✉r ❡①❛♠♣❧❡ ❛s ✭✶✳✷✮✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ✐✳❡✳ t♦ ✜♥❞ ♦✉t ✐❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ✇❤♦❧❡ ❍✐❧❜❡rt s❝❤❡♠❡✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✹ ✇❡ s❤♦✇ t❤❛t t❤❡ ❧❛tt❡r ✐s s♠♦♦t❤ ❜②

❝♦♥s✐❞❡r✐♥❣ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t ✐t ✐s

❝♦♥♥❡❝t❡❞✳

✶✳✶✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛❢t❡r ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥

❇❡❢♦r❡ ♣❛ss✐♥❣ t♦ t❤❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✱ ✇❡ ♣r❡s❡♥t t❤❡

❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ❜② ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥ ✐♥

❬❆❇✵✹✱ ❆❇✵✺❪✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ❝♦♥s✉❧t ❇r✐♦♥✬s s✉r✈❡②

❬❇r✐✶✶❪✳

❋✐① ❛ ❝♦♠♣❧❡① r❡❞✉❝t✐✈❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ G ❛♥❞ ❛♥ ❛✣♥❡ G✕s❝❤❡♠❡ X ♦✈❡r ❈✳ ❲❡ ❞❡♥♦t❡

❜② IrrG t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ρ : G → Gl(Vρ) ♦❢

G ❛♥❞ ❜② ρ0 ∈ IrrG t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳

❆s G ✐s r❡❞✉❝t✐✈❡✱ ❡✈❡r② G✕♠♦❞✉❧❡ W ❞❡❝♦♠♣♦s❡s ❛s t❤❡ s✉♠ ♦❢ ✐ts ✐s♦t②♣✐❝ ❝♦♠♣♦♥❡♥ts

W ∼=
⊕

ρ∈IrrGW(ρ) =
⊕

ρ∈IrrGWρ ⊗❈ Vρ✱ ✇❤❡r❡ Wρ = HomG(Vρ,W )✳

❲❡ ❝❛❧❧ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ HomG(Vρ,W ) t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ρ ✐♥ W ✳ ■❢ ❡❛❝❤ ✐rr❡❞✉❝✐❜❧❡

r❡♣r❡s❡♥t❛t✐♦♥ ♦❝❝✉rs ✇✐t❤ ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t②✱ ✐✳❡✳ hW (ρ) := dimHomG(Vρ,W ) < ∞ ❢♦r

❛❧❧ ρ ∈ IrrG✱ t❤❡♥ hW : IrrG → ◆0 ✐s ❝❛❧❧❡❞ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ♦❢ W ✳ ■t ✐s s❛✐❞ t♦

❜❡ ♠✉❧t✐♣❧✐❝✐t②✕❢r❡❡ ✐❢ hW (ρ) ∈ {0, 1} ❢♦r ❛❧❧ ρ ∈ IrrG✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ ❝❛❧❧ ❛♥②

♠❛♣ h : IrrG → ◆0 ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥✳ ❯♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧

❛❧✇❛②s ❛ss✉♠❡ t❤❛t h(ρ0) = 1✳

■❢ F ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX×S✕♠♦❞✉❧❡ ♦✈❡r s♦♠❡ ♥♦❡t❤❡r✐❛♥ ❜❛s✐s S ✇❤❡r❡ G

❛❝ts tr✐✈✐❛❧❧② ❛♥❞ p : X × S → S ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♥ t❤❡r❡ ✐s ❛❧s♦ ❛♥ ✐s♦t②♣✐❝ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ p∗F ∼=
⊕

ρ∈IrrGFρ ⊗❈ Vρ✱ ✇❤❡r❡ t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts Fρ = HomG(Vρ,F)

✹



✶✳✶✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛❢t❡r ❆❧❡①❡❡✈ ❛♥❞ ❇r✐♦♥

❛r❡ ❝♦❤❡r❡♥t OS✕♠♦❞✉❧❡s✳ ❚❤❡② ❛r❡ ❧♦❝❛❧❧② ❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ F ✐s ✢❛t ♦✈❡r S✳ ■♥ t❤✐s

❝❛s❡ ❞❡♥♦t❡ ❜② hF (ρ) := rkFρ t❤❡✐r r❛♥❦✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶ ❬❆❇✵✺✱ ❉❡✜♥✐t✐♦♥ ✶✳✺❪ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ h : IrrG→ ◆0✱ t❤❡ ❛ss♦❝✐❛t❡❞

❢✉♥❝t♦r

HilbGh (X) : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮

S 7→





Z

p

��<
<<

<<
<<

<⊂ X × S

��
S

∣∣∣∣∣∣∣∣

Z ❛ G✕✐♥✈❛r✐❛♥t ❝❧♦s❡❞ s✉❜s❝❤❡♠❡✱

p ✢❛t,

hOZ
= h




,

(f : T → S) 7→ (Z 7→ (idX × f)∗Z)

✐s ❝❛❧❧❡❞ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt ❢✉♥❝t♦r✳

◆♦t❛t✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts ✐♥ t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ p∗OZ ❜②

Fρ = HomG(Vρ, p∗OZ)✳ ❇② t❤❡ ❝♦♥❞✐t✐♦♥ hOZ
= h ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡② ❛r❡ ❧♦❝❛❧❧② ❢r❡❡

OS✕♠♦❞✉❧❡s ♦❢ r❛♥❦ h(ρ)✳

❘❡♠❛r❦✳ ■♥ ❛♥❛❧♦❣② t♦ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ G t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢ ❡✈❡r② ✜❜r❡ Z(s) ♦❢ t❤❡

♣r♦❥❡❝t✐♦♥ p : Z → S ♦❢ ❛ ❝❧♦s❡❞ ♣♦✐♥t s ∈ S s❛t✐s✜❡s

❈[Z(s)] = Γ(Z(s),OZ(s)) = (p∗OZ)(s) ∼=
⊕

ρ∈IrrG

❈h(ρ) ⊗❈ Vρ

s✐♥❝❡ t❤❡ ✜❜r❡ Fρ(s) ✐s ❛ ❈✕✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s

h(ρ) ❝♦♣✐❡s ♦❢ Vρ ❢♦r ❡✈❡r② ρ ∈ IrrG✱ s♦ ✇❡ ✇r✐t❡
⊕

ρ∈IrrG V
⊕h(ρ)
ρ ✐♥st❡❛❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤❡ ♦♥❧② ✐♥✈❛r✐❛♥ts ♦❢ ❈[Z(s)] ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✐s♦t②♣✐❝❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ tr✐✈✐❛❧

r❡♣r❡s❡♥t❛t✐♦♥ ρ0✱ ✐✳❡✳ h(ρ0) ❝♦♣✐❡s ♦❢ t❤❡ ❝♦♥st❛♥ts✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷ ❬❍❙✵✹✱ ❆❇✵✹✱ ❆❇✵✺❪ ❚❤❡r❡ ❡①✐sts ❛ q✉❛s✐♣r♦❥❡❝t✐✈❡ s❝❤❡♠❡ r❡♣r❡✲

s❡♥t✐♥❣ HilbGh (X)✱ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ HilbGh (X)✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛♥❞ t❤❡ q✉♦t✐❡♥t

X✴✴G = Spec❈[X]G ♣❛r❛♠❡t❡r✐s✐♥❣ t❤❡ ❝❧♦s❡❞ ♦r❜✐ts ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ X✳ ❚❤❡r❡ ✐s

❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠✱ t❤❡ q✉♦t✐❡♥t✕s❝❤❡♠❡ ♠❛♣

η : HilbGh (X) → Hilbh(ρ0)(X✴✴G), Z 7→ Z✴✴G,

✺



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❞❡s❝r✐❜❡❞ ✐♥ ❬❇r✐✶✶✱ ❙❡❝t✐♦♥ ✸✳✹❪✳ ■t ✐s ♣r♦♣❡r ❛♥❞ ❡✈❡♥ ♣r♦❥❡❝t✐✈❡ ❬❇r✐✶✶✱ Pr♦♣♦s✐t✐♦♥

✸✳✶✷❪✳ ❆s ✇❡ ❛ss✉♠❡ h(ρ0) = 1✱ ✇❡ ❤❛✈❡ η : HilbGh (X) → Hilb1(X✴✴G) = X✴✴G✳

❋♦r t❤✐s ♠♦r♣❤✐s♠ ♦r ❛t ❧❡❛st ✐ts r❡str✐❝t✐♦♥ t♦ s♦♠❡ ❝♦♠♣♦♥❡♥t ♦❢ HilbGh (X) t♦ ❜❡

❜✐r❛t✐♦♥❛❧✱ ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ hF ♦❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ F ♦❢ t❤❡ q✉♦t✐❡♥t

♠❛♣ ν : X → X✴✴G✿

Γ(F,OX) =
⊕

ρ∈IrrG

V ⊕hF (ρ)
ρ .

▲❡♠♠❛ ✶✳✶✳✸ ❙✉♣♣♦s❡ X ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❚❤❡♥ HilbGhF (X) ❤❛s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t

HilbGhF (X)orb s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ t♦ t❤✐s ❝♦♠♣♦♥❡♥t

η : HilbGhF (X)orb → X✴✴G ✐s ❜✐r❛t✐♦♥❛❧✳

Pr♦♦❢✳ ❇② ❛♥ ✐♥❞❡♣❡♥❞❡♥t r❡s✉❧t ♦❢ ❇r✐♦♥ ❬❇r✐✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺❪ ❛♥❞ ❇✉❞♠✐❣❡r ❬❇✉❞✶✵✱

❚❤❡♦r❡♠ ■✳✶✳✶❪✱ ✐❢ ν : X → X✴✴G ✐s ✢❛t✱ t❤❡♥ X✴✴G r❡♣r❡s❡♥ts t❤❡ ❍✐❧❜❡rt ❢✉♥❝t♦r

HilbGhF (X)✱ t❤✉s X✴✴G ∼= HilbGhF (X)✳ ■♥ t❤❡ ♥♦♥✕✢❛t ❝❛s❡ ❧❡t U ⊂ X✴✴G ❜❡ ❛ ♥♦♥✕❡♠♣t②

♦♣❡♥ ❛✣♥❡ s✉❜s❡t s✉❝❤ t❤❛t ν−1(U) → U ✐s ✢❛t✳ ❙✐♥❝❡ ❛❧❧ ✜❜r❡s ♦❢ ν−1(U) → U ❤❛✈❡

t❤❡ s❛♠❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ hF ❛s t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ♦❢ ν✱ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

HilbGhF (ν
−1(U)) = η−1(U) ✐s ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ HilbGhF (X) ❛♥❞ U ✐s ✐s♦♠♦r♣❤✐❝ t♦

η−1(U)✳ ❚❤✉s t❤❡ r❡str✐❝t✐♦♥ ♦❢ η t♦ ✐ts ❝❧♦s✉r❡ HilbGhF (X)orb := η−1(U) ✐s ❜✐r❛t✐♦♥❛❧✳

■❢X ❛♥❞ ❤❡♥❝❡X✴✴G ✐s ✐rr❡❞✉❝✐❜❧❡✱ s♦ ❛r❡ U ❛♥❞ η−1(U) ∼= U ✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡

❝♦♠♣♦♥❡♥t C ⊂ HilbGhF (X) ❝♦♥t❛✐♥✐♥❣ η−1(U)✳ ❚❤❡ ♠♦r♣❤✐s♠ η|C : C → X✴✴G ✐s

❞♦♠✐♥❛♥t ❛♥❞ t❤❡ ✜❜r❡s ♦❢ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ X✴✴G ❛r❡ ✜♥✐t❡ ✭✐♥❞❡❡❞ t❤❡ ♣r❡✐♠❛❣❡ ♦❢

❡❛❝❤ ❡❧❡♠❡♥t ✐♥ U ✐s ❛ ♣♦✐♥t✮✳ ❚❤✐s ♠❡❛♥s t❤❛t dimC = dimX✴✴G✱ ❤❡♥❝❡ η−1(U) = C

✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t✳ �

❉❡✜♥✐t✐♦♥ ✶✳✶✳✹ ❚❤❡ ✈❛r✐❡t② HilbGhF (X)orb ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ▲❡♠♠❛ ✐s ❝❛❧❧❡❞ t❤❡ ♦r❜✐t

❝♦♠♣♦♥❡♥t ♦r ♠❛✐♥ ❝♦♠♣♦♥❡♥t ♦❢ HilbGhF (X)✳

❘❡♠❛r❦✳ ✶✳ ❚❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦❤❡r❡♥t ❝♦♠♣♦♥❡♥t ❢♦r t♦r✐❝ ❍✐❧❜❡rt

s❝❤❡♠❡s✳ ■t ✐s t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❜✐r❛t✐♦♥❛❧ t♦ X✴✴G✳

✷✳ ❚❤❡ ♠❛♣ η|HilbGhF
(X)orb ✐s ❞♦♠✐♥❛♥t ❛♥❞ ♣r♦♣❡r ❛♥❞ HilbGhF (X)orb ⊂ HilbGhF (X) ✐s

❝❧♦s❡❞✱ s♦ η|HilbGhF
(X)orb ✐s ❡✈❡♥ s✉r❥❡❝t✐✈❡✳ ❚❤✉s ✐t ✐s ❛ ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ r❡s♦❧✉t✐♦♥

♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ X✴✴G✳

❘❡♠❛r❦ ✶✳✶✳✺ ■❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ♦❢ ν : X → X✴✴G ❤❛♣♣❡♥s t♦ ❜❡ t❤❡ ❣r♦✉♣ G ✐t✲

s❡❧❢ t❤❡♥ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✐s hG(ρ) = dim(Vρ) s✐♥❝❡ ✇❡ ❤❛✈❡ Γ(G,OG) = ❈[G] ∼=

✻



✶✳✷✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥

⊕
ρ∈IrrG V

∗
ρ ⊗❈ Vρ ❛♥❞ dim(V ∗

ρ ) = dim(Vρ)✳ ■♥ ❛♥❛❧♦❣② t♦ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ ❣r♦✉♣s✱ ✐♥

t❤✐s s✐t✉❛t✐♦♥ ✇❡ ✇r✐t❡

G -Hilb(X) := HilbGhG(X) ❛♥❞ G -Hilb(X)orb := HilbGhG(X)orb.

✶✳✷✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥

✶✳✷✳✶✳ ❚❤❡ q✉♦t✐❡♥t r❡❧❛t❡❞ t♦ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡

❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ (❈2)⊕6 ✈✐❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t✳ ❚❤❡r❡ ✐s ❛

s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ♦♥ (❈2)⊕6 ❣✐✈❡♥ ❜② t❤❡ ♠❛tr✐① J =
(

0 1
−1 0

)
✱ ♥❛♠❡❧② t❤❡ ❜✐❧✐♥❡❛r

❢♦r♠ (❈2)⊕6 × (❈2)⊕6 → ❈✱ (M,N) 7→ tr(M tJN)✳ ❚♦ ♦❜t❛✐♥ ❛ q✉♦t✐❡♥t t♦ ✇❤✐❝❤ t❤✐s

s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❞❡s❝❡♥❞s✱ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ♠♦♠❡♥t ♠❛♣ ✭❝❢✳ ❬▼❋❑✾✹✱ ❈❤❛♣t❡r

✽❪✮ ❛♥❞ t❤❡ q✉♦t✐❡♥t ♦❢ ✐ts ③❡r♦ ✜❜r❡✱ ❝❛❧❧❡❞ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥ ♦r ▼❛rs❞❡♥✕❲❡✐♥st❡✐♥

r❡❞✉❝t✐♦♥✳ ❆s s❤♦✇♥ ✐♥ ❬❇❡❝✶✵❪✱ ✐♥ ♦✉r ❝❛s❡ t❤❡ ♠♦♠❡♥t ♠❛♣ µ : (❈2)⊕6 → sl2 ✐s ❣✐✈❡♥ ❜②

M 7→MQM tJ ✱ ✇❤❡r❡ Q =
(

0 I3
I3 0

)
✳ ❚❤❡ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥ (❈2)⊕6✴✴✴Sl2 = µ−1(0)✴✴Sl2

❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ ♥✐❧♣♦t❡♥t ♦r❜✐t ❝❧♦s✉r❡

µ−1(0)✴✴Sl2 ∼= O[22,12] = {A ∈ so6 | A
2 = 0, rkA ≤ 2, Pf4(QA) = 0},

✇❤❡r❡ Pf4(QA) ❞❡♥♦t❡s t❤❡ P❢❛✣❛♥s ♦❢ t❤❡ 15 s❦❡✇✕s②♠♠❡tr✐❝ 4 × 4✕♠✐♥♦rs ♦❢ QA✳

❯♥❞❡r t❤❡ ❛❞❥♦✐♥t ❛❝t✐♦♥ ♦❢ SO6 t❤✐s ✈❛r✐❡t② ❝♦♥s✐sts ♦❢ t✇♦ ♦r❜✐ts ♦❢ ♠❛tr✐❝❡s ♦❢ r❛♥❦ 2

❛♥❞ 0✱ r❡s♣❡❝t✐✈❡❧②✿ O[22,12] = O[22,12] ∪ {0}✳ ❚❤❡ q✉♦t✐❡♥t ♠❛♣ ✐s ν : µ−1(0) → O[22,12]✱

M 7→M tJMQ✳

■♥ ❝♦♦r❞✐♥❛t❡s M = ( x11 x12 x13 x14 x15 x16x21 x22 x23 x24 x25 x26 ) ✇❡ ❤❛✈❡

M tJMQ =

(
(−x2,ix1,3+j + x1,ix2,3+j)ij (−x2,ix1,j + x1,ix2,j)ij

(−x2,3+ix1,3+j + x1,3+ix2,3+j)ij (−x2,3+ix1,j + x1,3+ix2,j)ij

)

=

(
(Λi,3+j)ij (Λi,j)ij

(Λ3+i,3+j)ij (Λj,3+i)ij

)
,

✇❤❡r❡ i ❛♥❞ j ❛❧✇❛②s r❛♥❣❡ ❢r♦♠ 1 t♦ 3 ❛♥❞ Λs,t = det(x(s), x(t)) ✐s t❤❡ 2 × 2✕♠✐♥♦r

♦❢ t❤❡ s✕t❤ ❛♥❞ t✕t❤ ❝♦❧✉♠♥ ✐♥ M ✳ ❚❤✉s t❤❡ ✜❜r❡s ♦❢ ν ❝♦♥s✐st ♦❢ t❤♦s❡ M ✇✐t❤ ✜①❡❞

2× 2✕♠✐♥♦rs✳ ❆ ❢✉rt❤❡r ❝♦♥❞✐t✐♦♥ ✐s M ∈ µ−1(0)✱ ✐✳❡✳

0 =MQM t =




2 ·
3∑
i=1

x1,ix1,3+i
3∑
i=1

(x1,ix2,3+i + x1,3+ix2,i)

3∑
i=1

(x1,ix2,3+i + x1,3+ix2,i) 2 ·
3∑
i=1

x2,ix2,3+i


 .

✼



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

✶✳✷✳✷✳ ❚❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ♦❢ t❤❡ q✉♦t✐❡♥t

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ hF ♦❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ F ♦❢ t❤❡ q✉♦t✐❡♥t ♠❛♣

ν : µ−1(0) → µ−1(0)✴✴Sl2✱ s♦ t❤❛t HilbSl2hF
(µ−1(0)) ✐s ❜✐r❛t✐♦♥❛❧ t♦ µ−1(0)✴✴Sl2✱ ✇❡ ❤❛✈❡

t♦ ❝♦♠♣✉t❡ F ✜rst✳ ❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❧♦❝✉s ✇❤❡r❡ ν ✐s ✢❛t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ❚❤❡ q✉♦t✐❡♥t ♠❛♣ ν r❡str✐❝t❡❞ t♦ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ t❤❡ ♦♣❡♥ ♦r❜✐t ♦❢

t❤❡ SO6✕❛❝t✐♦♥ ν−1(O[22,12]) → O[22,12] ✐s ✢❛t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜❜r❡s ♦✈❡r ❛❧❧ ♣♦✐♥ts ✐♥ t❤❡

♦r❜✐t O[22,12] ❛r❡ ✐s♦♠♦r♣❤✐❝✳

Pr♦♦❢✳ µ−1(0) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢ SO6 ✈✐❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ r✐❣❤t✱ ✇❤✐❝❤

✐♥❞✉❝❡s t❤❡ ❛❞❥♦✐♥t ❛❝t✐♦♥ ♦♥ µ−1(0)✴✴Sl2 = O[22,12]✳ ❙✐♥❝❡ t❤❡ ♠❛♣ ν : µ−1(0) → O[22,12]

✐s SO6✕❡q✉✐✈❛r✐❛♥t✱ ν ✐s ✢❛t ♦✈❡r t❤❡ ✇❤♦❧❡ SO6✕♦r❜✐t O[22,12] ♦r ♦✈❡r ♥♦ ♣♦✐♥t ♦❢ t❤✐s

♦r❜✐t✳ ❇② ●r♦t❤❡♥❞✐❡❝❦✬s ▲❡♠♠❛ ♦♥ ❣❡♥❡r✐❝ ✢❛t♥❡ss ❛♥❞ s✐♥❝❡ O[22,12] \ O[22,12] = {0}✱

t❤❡ s❡❝♦♥❞ ❝❛s❡ ❝❛♥♥♦t ♦❝❝✉r✳ ❇② ❡q✉✐✈❛r✐❛♥❝❡✱ ❛❧❧ ✜❜r❡s ♦✈❡r t❤✐s ♦r❜✐t ❛r❡ ✐s♦♠♦r♣❤✐❝✳

�

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ✐t ✐s ❡♥♦✉❣❤ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✜❜r❡ ♦✈❡r

♦♥❡ ♣♦✐♥t A0 ✐♥ t❤❡ ✢❛t ❧♦❝✉s O[22,12]✳ ❲❡ ❝❤♦♦s❡ A0 = (aij) ✇✐t❤ a15 = −a24 = 1 ❛♥❞

aij = 0 ♦t❤❡r✇✐s❡✳ ❋♦r M ∈ ν−1(A0) t❤✐s ❝♦rr❡s♣♦♥❞s t♦ Λ1,2 = 1 = −Λ2,1 ❛♥❞ Λi,j = 0

♦t❤❡r✇✐s❡✳ ❚❤✉s

1 = Λ1,2 = x11x22 − x12x21, ❤❡♥❝❡ x11 6= 0 6= x22 ♦r x12 6= 0 6= x21.

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛ss✉♠❡ x11 6= 0✳ ❚❤❡♥ x22 =
1 + x12x21

x11
.

❋♦r j = 3, . . . , 6 ✇❡ ❤❛✈❡

0 = Λ1,j = x11x2j − x1jx21 ⇒ x2j =
x1jx21
x11

,

0 = Λ2,j = x12x2j − x1jx22 ⇒ x12
x1jx21
x11

= x1j
1 + x12x21

x11

=
x1j
x11

+
x1jx12x21

x11

⇒ x1j = 0 ❢♦r j = 3, . . . , 6,

⇒ x2j =
x1jx21
x11

= 0 ❢♦r j = 3, . . . , 6.

❚❤✐s ✐♠♣❧✐❡s x11x14 + x12x15 + x13x16 = 0,

x11x24 + x12x25 + x13x26 + x14x21 + x15x22 + x16x23 = 0,

x21x24 + x22x25 + x23x26 = 0,

✽



✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

s♦ M ∈ µ−1(0) ✐s ❛✉t♦♠❛t✐❝✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❣❡♥❡r❛❧ ✜❜r❡ ✐s

F := ν−1(A0) =
{(

x11 x12 0 0 0 0
x21 x22 0 0 0 0

)
∈ (❈2)⊕6

∣∣ x11x22 − x12x21 = 1
}
∼= Sl2. ✭✶✳✸✮

❚❤✐s ❥✉st✐✜❡s t❤❡ ♥♦t❛t✐♦♥ Sl2 -Hilb(µ−1(0)) = HilbSl2hF
(µ−1(0)) ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❘❡♠❛r❦

✶✳✶✳✺✳

❘❡♠❛r❦✳ ❆♥❛❧♦❣♦✉s ❝❛❧❝✉❧❛t✐♦♥s ♦✈❡r 0 s❤♦✇ t❤❛t t❤❡ ✜❜r❡ ν−1(0) ❤❛s ❞✐♠❡♥s✐♦♥ 5✱ s♦ ν

✐s ♥♦t ✢❛t ♦✈❡r 0 ❛♥❞ O[22,12] ✐s t❤❡ ♠❛①✐♠❛❧ ✢❛t ❧♦❝✉s✳

✶✳✷✳✸✳ ❚❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡

❚❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✜❜r❡✳

❚❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Sl2 ❛r❡ ♣❛r❛♠❡t❡r✐s❡❞ ❜② t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ✐♥❝❧✉❞✐♥❣

③❡r♦✿ Irr(Sl2) ∼= ◆0✱ Vd ↔ d✱ ✇❤❡r❡ Vd = ❈[x, y]d ❝♦♥s✐sts ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ♦❢

❞❡❣r❡❡ d s♦ t❤❛t dimVd = d+1✳ ❇② ❘❡♠❛r❦ ✶✳✶✳✺ t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢ Sl2 ❞❡❝♦♠♣♦s❡s

❛s

❈[Sl2] ∼=
⊕

d∈◆0

V ⊕ dimVd
d =

⊕

d∈◆0

V
⊕(d+1)
d ,

s♦ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❞✐♠❡♥s✐♦♥ hSl2(d) = dimVd = d+ 1✳

❋♦r t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ t❤✐s ♠❡❛♥s t❤❛t t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts Fd ❤❛✈❡ t♦ ❜❡ ❧♦❝❛❧❧②

❢r❡❡ ♦❢ r❛♥❦ d+ 1✳

✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

❖✉r ✐❞❡❛ t♦ ✐❞❡♥t✐❢② Sl2 -Hilb(µ−1(0)) ✐s t♦ ❞❡t❡r♠✐♥❡ ❣❡♥❡r❛t♦rs ❢♦r t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐✲

❛♥ts Fd ❛♥❞ t♦ ✉s❡ t❤❡♠ t♦ ❡♠❜❡❞ t❤❡ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ µ−1(0)✴✴Sl2

❛♥❞ s♦♠❡ ●r❛ss♠❛♥♥✐❛♥s✳ ❋✐rst✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✶ ✇❡ ❞❡s❝r✐❜❡ t❤❡ s❤❡❛✈❡s Fρ ✐♥ ❣❡♥❡r❛❧ ❜②

❣✐✈✐♥❣ ❛ s♣❛❝❡ Fρ ♦❢ ❣❡♥❡r❛t♦rs ❛s ❛♥ OHilbGh (X)✕♠♦❞✉❧❡ ❢♦r ❡❛❝❤ ρ ∈ IrrG✳ ❲❡ ❝❛❧❝✉❧❛t❡

F1 ✐♥ ♦✉r ❡①❛♠♣❧❡✳ ■♥ ❙❡❝t✐♦♥ ✶✳✸✳✷ ✇❡ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ♦❜t❛✐♥ ❛ ♠❛♣ ηρ t♦ t❤❡ ●r❛ss♠❛♥✲

♥✐❛♥ ♦❢ q✉♦t✐❡♥ts ♦❢ Fρ ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)✳ ❲❡ s❤♦✇ t❤❛t ♦♥❡ ❝❛♥ ❡♠❜❡❞ HilbGh (X) ✐♥t♦

❛ ♣r♦❞✉❝t ♦❢ ✜♥✐t❡❧② ♠❛♥② ♦❢ t❤❡s❡ ●r❛ss♠❛♥♥✐❛♥s✳ ❆❢t❡r✇❛r❞s✱ ❢♦r Sl2 -Hilb(µ−1(0))

✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛♣ η1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t

t❤✐s s✐♥❣❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❡♥♦✉❣❤ t♦ ❣✐✈❡ ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ✐♥t♦

µ−1(0)✴✴Sl2 ×Grass(F1, h(1))✳ ❚❤❡♥ ✇❡ ❞❡t❡r♠✐♥❡ ❛ str✐❝t s✉❜s❡t ♦❢ t❤✐s ✇❤✐❝❤ ❝♦♥t❛✐♥s

t❤❡ ✐♠❛❣❡✳ ❋✐♥❛❧❧②✱ ❜② ✇r✐t✐♥❣ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✇❡ ♣r♦✈❡ ✐♥

✾



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❙❡❝t✐♦♥ ✶✳✸✳✸ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ❡✈❡♥ ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡t❡r♠✐♥❡

❡①♣❧✐❝✐t❧② t❤❡ ❡❧❡♠❡♥ts ♦❢ Sl2 -Hilb(µ−1(0)) ❛s s✉❜s❝❤❡♠❡s ♦❢ µ−1(0) ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✹ ❛♥❞

t❤✉s ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✷✳

✶✳✸✳✶✳ ❚❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts Fρ

❚♦ ❞❡s❝r✐❜❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ♦r ❛t ❧❡❛st ✐ts ♦r❜✐t ❝♦♠♣♦♥❡♥t✱ ✇❡ ❤❛✈❡ t♦

❞❡t❡r♠✐♥❡ t❤❡ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s Fρ ♦❢ r❛♥❦ h(ρ) ♦♥ HilbGh (X)✳ ❋♦r t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥✲

t❛t✐♦♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❜② ❇r✐♦♥ ❬❇r✐✶✶✱ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺❪✱ ❢♦r ✇❤✐❝❤

✇❡ ❣✐✈❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣r♦♦❢✳

▲❡♠♠❛ ✶✳✸✳✶ ■❢ h(ρ0) = 1 t❤❡♥ ❢♦r ❛♥② s❝❤❡♠❡ S ❛♥❞ ❡✈❡r② Z ∈ HilbGh (X)(S) ✇❡ ❤❛✈❡

Fρ0
∼= OS✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ ✉♥✐✈❡rs❛❧ s✉❜s❝❤❡♠❡ t❤✐s ②✐❡❧❞s Fρ0

∼= OHilbGh (X)✳

Pr♦♦❢✳ ❚❛❦✐♥❣ ✐♥✈❛r✐❛♥ts✱ t❤❡ ❞❡✜♥✐♥❣ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts Fρ ②✐❡❧❞s

t❤❡ ✐s♦♠♦r♣❤✐s♠ p∗O
G
Z
∼=
⊕

ρ∈IrrGFρ ⊗❈ V
G
ρ ✳ ❇✉t t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❡ ♦♥❧②

✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛❞♠✐tt✐♥❣ ✐♥✈❛r✐❛♥ts✱ ❛♥❞ ❛❧❧ ♦❢ ✐ts ❡❧❡♠❡♥ts ❛r❡ ✐♥✈❛r✐❛♥ts✳

❚❤✉s
⊕

ρ∈IrrGFρ ⊗❈ V
G
ρ = Fρ0 ✳ ❚❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ p# : OS = OG

S → p∗O
G
Z

∼= Fρ0

✐♥❞✉❝❡❞ ❜② p✱ ✇❤✐❝❤ ✐s ✐♥❥❡❝t✐✈❡ s✐♥❝❡ p ✐s s✉r❥❡❝t✐✈❡✳ ❚❤❡ OS✕♠♦❞✉❧❡s OS ❛♥❞ Fρ0 ❛r❡

❜♦t❤ ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ ♦♥❡✳ ❖✈❡r ❡❛❝❤ ❝❧♦s❡❞ ♣♦✐♥t s ∈ S t❤❡ ✜❜r❡s ❛r❡ OS(s) = ❈

❛♥❞ Fρ0(s) = (p∗OZ)
G(s) = (p∗OZ)

G ⊗❈ k(s) = (p∗OZ ⊗❈ k(s))
G = ❈[Z(s)]G✱ ❛♥❞

❈[Z(s)]G = Vρ0
∼= ❈✳ ❙♦ ❜② ◆❛❦❛②❛♠❛✬s ▲❡♠♠❛✱ p# ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ❤❡♥❝❡ OS

∼= Fρ0 ✳

�

❋♦r ❣❡♥❡r❛❧ ρ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ♦❜s❡r✈❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ t❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ ♦♥ X ❜② ❛♥✲

♦t❤❡r ❝♦♠♣❧❡① ❝♦♥♥❡❝t❡❞ r❡❞✉❝t✐✈❡ ❣r♦✉♣ H ❝♦♠♠✉t✐♥❣ ✇✐t❤ t❤❡ G✕❛❝t✐♦♥✳ ❇② ❬❇r✐✶✶✱

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵❪✱ s✉❝❤ ❛♥ ❛❝t✐♦♥ ❛❧s♦ ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦♥ X✴✴G ❛♥❞ ♦♥ HilbGh (X)✱ s✉❝❤

t❤❛t t❤❡ q✉♦t✐❡♥t ♠❛♣ ❛♥❞ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ❛r❡ H✕❡q✉✐✈❛r✐❛♥t✳

❈♦♥s✐❞❡r t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ❈[X] ∼=
⊕

ρ∈IrrG❈[X]ρ⊗❈ Vρ✱ ✇❤❡r❡ H ❛❝ts ❜② t❤❡

✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦♥ ❈[X]ρ = HomG(Vρ,❈[X]) ❛♥❞ tr✐✈✐❛❧❧② ♦♥ Vρ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ❋♦r ❡✈❡r② ρ ∈ IrrG✱ t❤❡ ❈[X]G✕♠♦❞✉❧❡ ❈[X]ρ ✐s ✜♥✐t❡❧② ❣❡♥❡r✲

❛t❡❞✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ H✕♠♦❞✉❧❡ Fρ ❛♥❞ ❛♥ H✕❡q✉✐✈❛r✐❛♥t s✉r❥❡❝t✐♦♥

❈[X]G⊗❈Fρ ։ ❈[X]ρ✳ ❋♦r ❛♥② ❡❧❡♠❡♥t Z ∈ HilbGh (X)(S) ❛♥❞ ❛♥② s❝❤❡♠❡ S✱ t❤❡ s♣❛❝❡

Fρ ❣❡♥❡r❛t❡s t❤❡ s❤❡❛❢ ♦❢ ❝♦✈❛r✐❛♥ts Fρ = Hom(Vρ, p∗OZ) ❛s ❛♥ OS✕♠♦❞✉❧❡✱ s♦ t❤❛t t❤❡

♠♦r♣❤✐s♠ ♦❢ OS✕H✕♠♦❞✉❧❡s OS ⊗❈ Fρ → Fρ ✐s s✉r❥❡❝t✐✈❡✳

✶✵



✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

Pr♦♦❢✳ ❚❤❡ s♣❛❝❡ ❈[X]ρ = HomG(Vρ,❈[X]) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s ❛♥ ❈[X]G✕♠♦❞✉❧❡✱

s❡❡ ❬❉♦❧✵✸✱ ❈♦r♦❧❧❛r② ✺✳✶❪✳ ❚❤✉s ✇❡ ❝❛♥ ❝❤♦♦s❡ ✜♥✐t❡❧② ♠❛♥② ❣❡♥❡r❛t♦rs ❛♥❞ ❞❡✜♥❡

Fρ t♦ ❜❡ t❤❡ H✕♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡♠✳ ❚❤✐s ❣✐✈❡s ❛♥ H✕❡q✉✐✈❛r✐❛♥t s✉r❥❡❝t✐♦♥

❈[X]G ⊗❈ Fρ ։ ❈[X]ρ✳

❚♦ ❞❡t❡r♠✐♥❡ ❣❡♥❡r❛t♦rs ❢♦r Fρ ✇❡ ✉s❡ t❤❡ ✉♥✐✈❡rs❛❧ s✉❜s❝❤❡♠❡ UnivGh (X)✳ ❚❤❡♥ ✇❡

♦❜t❛✐♥ t❤❡ r❡s✉❧t ❢♦r ❛♥ ❛r❜✐tr❛r② s❝❤❡♠❡ S ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t Z ∈ HilbGh (X)(S) ❜②

♣✉❧❧✐♥❣ ✐t ❜❛❝❦✳ ❲❡ ❤❛✈❡

UnivGh (X)

p

""F
FF

FF
FF

FF
FF

⊂ X ×HilbGh (X)

pr2
��

// X

ν

��
HilbGh (X)

η // X✴✴G

❚❤❡ ❛❝t✐♦♥ ♦❢ H ♦♥ X✱ X✴✴G ❛♥❞ HilbGh (X) ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦❢ H ♦♥ t❤❡ ✜❜r❡❞

♣r♦❞✉❝t X ×X✴✴G HilbGh (X) ❛♥❞ ♦♥ UnivGh (X) s✉❝❤ t❤❛t ❛❧❧ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❞✐❛❣r❛♠

❛r❡ H✕❡q✉✐✈❛r✐❛♥t✳ ❇② ❬❇r✐✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺❪✱ ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❤❛✈❡ ❛♥ ❡♠❜❡❞❞✐♥❣

UnivGh (X) →֒ X ×X✴✴G HilbGh (X)✳ ❚❤✐s ②✐❡❧❞s ❛ s✉r❥❡❝t✐✈❡ H✕❡q✉✐✈❛r✐❛♥t ♠♦r♣❤✐s♠

OHilbGh (X) ⊗❈[X]G ❈[X] ։ p∗OUnivGh (X).

❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ p∗OUnivGh (X)
∼=
⊕

ρ∈IrrGFρ ⊗❈ Vρ ✇✐t❤ ❛♥ ✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦❢ H

♦♥ ❡❛❝❤ Fρ ❛♥❞ t❤❡ tr✐✈✐❛❧ ❛❝t✐♦♥ ♦♥ Vρ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ✐s♦t②♣✐❝

❞❡❝♦♠♣♦s✐t✐♦♥ OHilbGh (X) ⊗❈[X]G ❈[X] ∼=
⊕

ρ∈IrrGOHilbGh (X) ⊗❈[X]G ❈[X]ρ ⊗❈ Vρ ❛s G✕

♠♦❞✉❧❡s✳ ❚♦❣❡t❤❡r✱ ✇❡ ♦❜t❛✐♥ H✕❡q✉✐✈❛r✐❛♥t s✉r❥❡❝t✐♦♥s

OHilbGh (X) ⊗❈[X]G ❈[X]ρ ։ Fρ

❢♦r ❡✈❡r② ρ ∈ IrrG✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ OHilbGh (X)✕H✕♠♦❞✉❧❡ Fρ ✐s ❣❡♥❡r❛t❡❞ ❜② ❈[X]ρ✱

✇❤✐❝❤ ✐s ✐♥ t✉r♥ ❣❡♥❡r❛t❡❞ ❜② Fρ ♦✈❡r ❈[X]G✳ ❚❤✐s ②✐❡❧❞s

OHilbGh (X) ⊗❈ Fρ ։ OHilbGh (X) ⊗❈[X]G ❈[X]ρ ։ Fρ. ✭✶✳✹✮

�

❘❡♠❛r❦ ✶✳✸✳✸ ■♥ ♣❧❛❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ♦♥❡ ♠❛② ♠♦r❡ ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r

t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ QuotG(H, h) ❢♦r ❛ ✜①❡❞ ❝♦❤❡r❡♥t s❤❡❛❢ H ♦♥ X✱ ❝♦♥str✉❝t❡❞

❜② ❏❛♥s♦✉ ✐♥ ❬❏❛♥✵✻❪✳ ■t ♣❛r❛♠❡t❡r✐s❡s q✉♦t✐❡♥ts H ։ F ✇✐t❤ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ H0(F) ✐s♦♠♦r♣❤✐❝ t♦
⊕

ρ∈IrrG V
⊕h(ρ)
ρ ✳ ❚❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ❣❡♥❡r❛❧✐s❡s t❤❡

✶✶



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✿ HilbGh (X) = QuotG(OX , h)✱ ✇❤❡r❡ t❤❡ q✉♦t✐❡♥ts F ❛r❡ ❥✉st

str✉❝t✉r❡ s❤❡❛✈❡s OZ ♦❢ t❤❡ s✉❜s❝❤❡♠❡s Z ♦❢ X✳

❆ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✐❢ ♦♥❡

❝♦♥s✐❞❡rs t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ p∗(π
∗H) =

⊕
ρ∈IrrGHρ ⊗❈ Vρ ♦✈❡r ❛♥② s❝❤❡♠❡ S✱ ✇❤❡r❡

π : X × S → X ❛♥❞ p : X × S → S✱ ❛♥❞ ♦♥❡ r❡♣❧❛❝❡s ❈[X]ρ ❜② Hρ ❛♥❞ Fρ ❜② s✉✐t❛❜❧②

❝❤♦s❡♥ s♣❛❝❡s Hρ ✇❤✐❝❤ ❣❡♥❡r❛t❡ Hρ ❛s ❛♥ ❈[X]G✕♠♦❞✉❧❡ ❛♥❞ Fρ ❛s ❛♥ OS✕♠♦❞✉❧❡✳

❲❡ ♣r❡s❡♥t ❛ ❞✐✛❡r❡♥t ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✳

❆♣♣❧✐❝❛t✐♦♥ t♦ F1

❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t F0 = OSl2 -Hilb(µ−1(0)) ✐s ❢r❡❡ ♦❢ r❛♥❦ 1 ❜② ▲❡♠♠❛ ✶✳✸✳✶✳ ❲❡

❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ V1 = ❈2 ❛♥❞ ❞❡t❡r♠✐♥❡ F1✳ ■t ✇✐❧❧ t✉r♥ ♦✉t

✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺ t❤❛t ❛t ❧❡❛st t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t Sl2 -Hilb(µ−1(0))orb ✐s ❛❧r❡❛❞②

❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤✐s s❤❡❛❢✳

❚❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ ♦❢ SO6 ♦♥ µ−1(0) ✈✐❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ r✐❣❤t ❛♥❞ t❤❡ ✐♥❞✉❝❡❞

❛❝t✐♦♥ ♦♥ O[22,12] ❜② ❝♦♥❥✉❣❛t✐♦♥✳ ❚❤❡ ✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦♥ Sl2 -Hilb(µ−1(0)) ✐s ❛❧s♦ ❜②

♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ r✐❣❤t✳ ❋♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ✇❡ ♦❜t❛✐♥

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✹ ❚❤❡ s✐① ♣r♦❥❡❝t✐♦♥s pi|µ−1(0) : µ
−1(0) → ❈2✱ i = 1, . . . , 6 ❣❡♥❡r❛t❡

F1✳ ❍❡♥❝❡ ✇❡ ♠❛② t❛❦❡ F1
∼= ❈6 t♦ ❜❡ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SO6✳

Pr♦♦❢✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ F1 ✐s ❣❡♥❡r❛t❡❞ ❜② HomSl2(❈
2,❈[µ−1(0)])✱

✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ MorSl2(µ
−1(0),❈2) ❜❡❝❛✉s❡ ♦❢ t❤❡ s❡❧❢✕❞✉❛❧✐t② ♦❢ t❤❡ st❛♥❞❛r❞

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Sl2✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ µ−1(0) ⊂ (❈2)⊕6 ✐♥❞✉❝❡s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠

MorSl2((❈
2)⊕6,❈2) ։ MorSl2(µ

−1(0),❈2) ❜② s❤r✐♥❦✐♥❣ ♠♦r♣❤✐s♠s t♦ µ−1(0)✳ ❆❝❝♦r❞✲

✐♥❣ t♦ ❬❍♦✇✾✺❪✱ t❤❡ s♣❛❝❡ ♦❢ Sl2✕❡q✉✐✈❛r✐❛♥t ♠♦r♣❤✐s♠s MorSl2((❈
2)⊕6,❈2) ✐s ❛ ❢r❡❡

♠♦❞✉❧❡ ♦❢ r❛♥❦ 6 ♦✈❡r t❤❡ r✐♥❣ ♦❢ ✐♥✈❛r✐❛♥ts ❈[(❈2)⊕6]Sl2 ✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥s

pi : (❈
2)⊕6 → ❈2 t♦ t❤❡ i✕t❤ ❝♦♠♣♦♥❡♥t✳

❚❤❡ r❡str✐❝t✐♦♥s pi|µ−1(0) : µ
−1(0) → ❈2 st✐❧❧ s♣❛♥ ❛ 6✕❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✿ ❈♦♥s✐❞❡r ❢♦r

❡①❛♠♣❧❡ t❤❡ ♠❛tr✐❝❡s Mi ✇❤❡r❡ ❡❛❝❤ ❝♦❧✉♠♥ ❡①❝❡♣t t❤❡ i✕t❤ ♦♥❡ ✐s 0✳ ❚❤❡♥ MiQM
t
i = 0

❢♦r i = 1, . . . , 6✱ s♦ Mi ∈ µ−1(0)✳ ■♥ t✉r♥✱ t❤❡ ✐❞❡♥t✐t② pj(Mi) = δij
(
x1j
x2j

)
s❤♦✇s t❤❛t t❤❡

pi|µ−1(0) ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✉s MorSl2(µ
−1(0),❈2) ∼= HomSl2((❈

2)⊕6,❈2) ❛♥❞

F1 = 〈pi | i = 1, . . . , 6〉 ∼= ❈6✳

❚❤❡ SO6✕❡q✉✐✈❛r✐❛♥t ✐❞❡♥t✐✜❝❛t✐♦♥ ❈6 ∼= HomSl2((❈
2)⊕6,❈2)✱ ei 7→ pi ✐♥❞✉❝❡s t❤❡ ✐♥♥❡r

♣r♦❞✉❝t 〈pi, pj〉 = δi+3,j + δj+3,i ♦♥ 〈p1, . . . , p6〉✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ ❝❛♥ ❛❧s♦ ✇r✐t❡

〈p, q〉 = ptQq ❢♦r ❛❧❧ ♠❛♣s p, q ∈ F1 ❛♥❞ ✇❡ s❡❡ t❤❛t F1 ✐s t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ �

✶✷



✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

✶✳✸✳✷✳ ❊♠❜❡❞❞✐♥❣ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s

❆s r❡♠❛r❦❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ ❡✈❡r② ♠❛♣ S → HilbGh (X) ❣✐✈❡s ✉s ❛ ♠❛♣

OS⊗❈Fρ → Fρ ❜② ♣✉❧❧✐♥❣ ❜❛❝❦ t❤❡ ♠♦r♣❤✐s♠ ✭✶✳✹✮✳ ❙✐♥❝❡ Fρ ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ q✉♦t✐❡♥t ♦❢

OS ⊗❈ Fρ ♦❢ r❛♥❦ h(ρ)✱ t❤✐s ✐♥ t✉r♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠❛♣ S → Grass(Fρ, h(ρ)) ✐♥t♦ t❤❡

●r❛ss♠❛♥♥✐❛♥ ♦❢ q✉♦t✐❡♥ts ♦❢ Fρ ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❛❦✐♥❣ S = HilbGh (X)✱

✇❡ ♦❜t❛✐♥ ❛ ♠❛♣ ♦❢ s❝❤❡♠❡s

ηρ : HilbGh (X) → Grass(Fρ, h(ρ)).

■♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ t❤✐s ♠❛♣ ✐s ❛❣❛✐♥ H✕❡q✉✐✈❛r✐❛♥t✳ ❊✈❛❧✉❛t✐♥❣ ❛t ❛

❝❧♦s❡❞ ♣♦✐♥t s ∈ S ②✐❡❧❞s

(S → HilbGh (X)) 7−→ (OS ⊗❈ Fρ → Fρ) 7−→ (S → Grass(Fρ, h(ρ))), ✭✶✳✺✮

(s 7→ Zs) 7−→ (fρ,s : Fρ → Fρ(s)) 7−→ (s 7→ Fρ(s)),

✇❤❡r❡ t❤❡ ✜❜r❡s Fρ(s) ❛r❡ ✈❡❝t♦r s♣❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

ηρ : HilbGh (X) → Grass(Fρ, h(ρ)), Z 7→ Fρ(Z).

❆s ❈[X]ρ = HomG(Vρ,❈[X]) ∼= MorG(X,V
∗
ρ )✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ s♣❛❝❡ Fρ

❛r❡ G✕❡q✉✐✈❛r✐❛♥t ♠♦r♣❤✐s♠s ❢r♦♠ X t♦ V ∗
ρ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ❛t ❛♥ ❡❧❡♠❡♥t Z ∈ HilbGh (X)

♠❡❛♥s r❡str✐❝t✐♥❣ MorG(X,V
∗
ρ ) → MorG(Z, V

∗
ρ )✱ s♦ ✐♥ ✭✶✳✺✮ ✇❡ ❤❛✈❡

fρ,Z : Fρ ։ Fρ(Z), p 7→ p|Z . ✭✶✳✻✮

❚❤❡ ♠❛♣ ηρ0 ❞♦❡s ♥♦t ②✐❡❧❞ ❛♥② ✐♥❢♦r♠❛t✐♦♥ s✐♥❝❡ Grass(Fρ0 , h(ρ0)) = Grass(❈, 1) ✐s

♦♥❧② ❛ ♣♦✐♥t✳ ❚❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ηρ ❞❡✜♥❡s ❛ ♠❛♣

HilbGh (X) → X✴✴G×
∏

ρ∈IrrG
ρ 6=0

Grass(Fρ, h(ρ)). ✭✶✳✼✮

❚❤✐s ♠❛♣ ✐s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✱ ❡✈❡♥ ✐❢ ✇❡ r❡♣❧❛❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❜② ❛ ♣r♦❞✉❝t ♦✈❡r

❛ s✉✐t❛❜❧② ❝❤♦s❡♥ ✜♥✐t❡ s✉❜s❡t ♦❢ IrrG ♦♥❧②✿ ■♥❞❡❡❞✱ ❧❡t B = TU ❜❡ ❛ ❇♦r❡❧ s✉❜❣r♦✉♣

♦❢ G✱ ✇❤❡r❡ T ✐s ❛ ♠❛①✐♠❛❧ t♦r✉s ❛♥❞ U t❤❡ ✉♥✐♣♦t❡♥t r❛❞✐❝❛❧✳ ❆ss✐❣♥✐♥❣ t♦ Vρ ✐ts

❤✐❣❤❡st ✇❡✐❣❤t ❣✐✈❡s ❛ ♦♥❡✕t♦✕♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ IrrG ❛♥❞ t❤❡ s❡t ♦❢ ❞♦♠✐♥❛♥t

✇❡✐❣❤ts Λ+ ✐♥ t❤❡ ✇❡✐❣❤t ❧❛tt✐❝❡ Λ ♦❢ T ✳ ❊①t❡♥❞ h t♦ Λ ❜② 0✳ ▲❡t V ❜❡ ❛ ✜♥✐t❡✕

❞✐♠❡♥s✐♦♥❛❧ T✕♠♦❞✉❧❡ ❝♦♥t❛✐♥✐♥❣ X✴✴U ✳ ❇② ❬❆❇✵✺✱ ❚❤❡♦r❡♠ ✶✳✼✱ ▲❡♠♠❛ ✶✳✻❪✱ ✇❡ ❤❛✈❡

❝❧♦s❡❞ ❡♠❜❡❞❞✐♥❣s HilbGh (X) →֒ HilbTh (X✴✴U) →֒ HilbTh (V ) ❛♥❞ ❡❛❝❤ ♠♦❞✉❧❡ ❈[V ]ρ ✐s

✶✸



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❣❡♥❡r❛t❡❞ ❜② s♦♠❡ ❈✕✈❡❝t♦r s♣❛❝❡ Eρ ♦✈❡r ❈[V ]T ✳ ❚❤❡ Eρ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s ❧✐❢ts ♦❢ Fρ✱

s♦ t❤❛t ✇❡ ❤❛✈❡ Eρ ։ Fρ ✉♥❞❡r ❈[V ] ։ ❈[X]✳ ❆s s❤♦✇♥ ❜② ❬❍❙✵✹✱ ❚❤❡♦r❡♠ ✷✳✷✱ ✷✳✸❪✱

t❤❡ ♠❛♣

HilbTh (V ) →֒
∏

ρ∈D

GrassV✴✴T (Eρ, h(ρ))

✐s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ ❢♦r ❛ s✉✐t❛❜❧② ❝❤♦s❡♥ ✜♥✐t❡ s✉❜s❡t D ⊂ Λ✳ ❙✐♥❝❡ h ✈❛♥✐s❤❡s ♦✉ts✐❞❡

Λ+ ✇❡ ❡✈❡♥ ♦❜t❛✐♥ D ⊂ IrrG ✐♥ ♦✉r ❝❛s❡✳ ❊✈❡r② q✉♦t✐❡♥t ♦❢ Fρ ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)

✐s ❛❧s♦ ❛ q✉♦t✐❡♥t ♦❢ Eρ ♦❢ ❞✐♠❡♥s✐♦♥ h(ρ)✱ s♦ ❢♦r ❛♥② ρ ∈ D ✇❡ ❤❛✈❡ ❛♥ ❡♠❜❡❞❞✐♥❣

GrassX✴✴G(Fρ, h(ρ)) →֒ GrassV✴✴T (Eρ, h(ρ))✳ ❋✉rt❤❡r✱ ❡✈❡r② ❡❧❡♠❡♥t ✐♥ HilbTh (V ) ❝♦♠✐♥❣

❢r♦♠ HilbTh (X✴✴U) ✐s ❛❧r❡❛❞② ❣❡♥❡r❛t❡❞ ❜② Fρ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣♦s✐t❡ ♠♦r♣❤✐s♠

HilbTh (X✴✴U) →֒
∏
ρ∈DGrassV✴✴T (Eρ, h(ρ)) ❢❛❝t♦rs t❤r♦✉❣❤

∏
ρ∈DGrassX✴✴G(Fρ, h(ρ))✱ s♦

t❤❛t ✇❡ ♦❜t❛✐♥
∏
ρ∈D

GrassX✴✴G(Fρ, h(ρ)) � � /
∏
ρ∈D

GrassV✴✴T (Eρ, h(ρ))

HilbGh (X)

)
	

6mmmmmmm

����

� � / HilbTh (X✴✴U)
?�

O�
�
�

����

� � / HilbTh (V )
?�

O

����
X✴✴G (X✴✴U)✴✴T � � / V✴✴T

■♥ ❢❛❝t✱ HilbGh (X) ❡♠❜❡❞s ✐♥t♦ X✴✴G×
∏
ρ∈DGrass(Fρ, h(ρ)) ❜❡❝❛✉s❡ t❤❡ r❡❧❛t✐✈❡ ●r❛ss✲

♠❛♥♥✐❛♥ GrassX✴✴G(Fρ, h(ρ)) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ♣r♦❞✉❝t X✴✴G×Grass(Fρ, h(ρ)) ❛♥❞ ❢♦r

Z ∈ HilbGh (X)✱ ❈[Z] =
⊕

ρ∈IrrGFρ⊗❈Vρ✱ t❤❡ ❡❧❡♠❡♥ts [Fρ ։ Fρ] ∈ GrassX✴✴G(Fρ, h(ρ))✱

ρ ∈ IrrG✱ ❛❧❧ ♠❛♣ t♦ t❤❡ s❛♠❡ ♣♦✐♥t Z✴✴G ✐♥ X✴✴G✳

❚❤✐s s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✿ ❖♥❡

❝❛♥ st❛rt ✇✐t❤ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥✳ ❈❛❧❧ ✐t ρ1✳ ■❢ η × ηρ1 ✐s ♥♦t ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✱ ❛❞❞

❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ρ2✳ ■❢ η × ηρ1 × ηρ2 ✐s ♥♦t ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✱ ❝♦♥t✐♥✉❡✳ ❚❤❡r❡

✇✐❧❧ ✇❡ ❛ ♥✉♠❜❡r s ∈ ◆ s✉❝❤ t❤❛t η×ηρ1 × . . .×ηρs ✐s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✳ ❚❤❡♥ ✐❞❡♥t✐❢②

t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s ✐♠♠❡rs✐♦♥✳

❘❡♠❛r❦✳ ❘❡♣❧❛❝✐♥❣ Fρ ❜② Hρ ❛s ✐♥ ❘❡♠❛r❦ ✶✳✸✳✸✱ ❛❧❧ st❡♣s ❡①❝❡♣t t❤❡ ❧❛st ♦♥❡ ❛❧s♦ ❛♣♣❧②

t♦ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡✱ s♦ t❤❛t ❢♦r s♦♠❡ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG ✇❡ ♦❜t❛✐♥ ❛ ✭♥♦t

♥❡❝❡ss❛r✐❧② ❝❧♦s❡❞✮ ❡♠❜❡❞❞✐♥❣

QuotG(H, h) →
∏

ρ∈D

Grass(Hρ, h(ρ)).

❲❡ ❝♦♥str✉❝t t❤✐s ♠♦r♣❤✐s♠ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳

✶✹



✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ η1

❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ F1 ❣✐✈❡s ✉s ❛♥ SO6✕❡q✉✐✈❛r✐❛♥t ♠❛♣

η1 : Sl2 -Hilb(µ−1(0)) → Grass(F1, dimV1) = Grass(❈6, 2), Z 7→ F1(Z).

❚❤❡ ✜❜r❡ F1(Z) ♦❢ t❤❡ s❤❡❛❢ F1 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥s

pi : µ
−1(0) → ❈2 t♦ t❤❡ s✉❜s❝❤❡♠❡ Z ⊂ µ−1(0)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺ ✶✳ ❚❤❡ ♠❛♣ η × η1 ✐s ❣✐✈❡♥ ❜②

Sl2 -Hilb(µ−1(0)) → µ−1(0)✴✴Sl2 ×Grass(2,❈6), Z 7→ (Z✴✴Sl2, ker(f1,Z)
⊥).

✷✳ ❚❤❡ ✐♠❛❣❡ ♦❢ η × η1 r❡str✐❝t❡❞ t♦ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t Sl2 -Hilb(µ−1(0))orb ✐s ❝♦♥✲

t❛✐♥❡❞ ✐♥ Y := {(A,U) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂ U}✳

Pr♦♦❢✳ ✶✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦r♣❤✐s♠ η1 : Sl2 -Hilb(µ−1(0)) → Grass(❈6, 2) ❡①♣❧✐❝✐t❧②✱

✇❡ ❛♥❛❧②s❡ t❤❡ ♠❛♣ f1,Z : F1 → F1(Z) ❞❡✜♥❡❞ ✐♥ ✭✶✳✻✮✳ ❆s ✐t ✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ❤❛✈❡

F1(Z) ∼= F1/ ker(f1,Z)✳ ◆♦✇ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ●r❛ss♠❛♥♥✐❛♥ ♦❢ q✉♦t✐❡♥ts ✇✐t❤ t❤❡

●r❛ss♠❛♥♥✐❛♥ ♦❢ s✉❜s♣❛❝❡s ✈✐❛ t❤❡ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ Grass(❈6, 2) → Grass(2,❈6)✱

F1/ ker(f1,Z) 7→ ker(f1,Z)
⊥✳ ❚❤✉s η1 ✐s t❤❡ ♠♦r♣❤✐s♠ Sl2 -Hilb(µ−1(0)) → Grass(2,❈6)✱

Z 7→ ker(f1,Z)
⊥✳

✷✳ ❖✈❡r O[22,12]✱ t❤❡ ♠♦r♣❤✐s♠ η× η1 : η
−1(O[22,12]) → O[22,12]×Grass(2,❈6) ✐s ❣✐✈❡♥ ❜②

ZA 7→ (A, ker(f1,ZA
)⊥). ❋♦r ❛♥❛❧②s✐♥❣ t❤❡ ✐♠❛❣❡✱ ✇❡ ❝❤♦♦s❡ t❤❡ s♣❡❝✐❛❧ ♣♦✐♥t A0 ∈ O[22,12]

❛❣❛✐♥✳ ❉❡s❝r✐♣t✐♦♥ ✭✶✳✻✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✶✳✸✮ s❤♦✇s t❤❛t ker(f1,ZA0
) = 〈p3, p4, p5, p6〉 ✇✐t❤

♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ker(f1,ZA0
)⊥ = 〈p4, p5〉 ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛❜♦✈❡✳

❙✐♥❝❡ pt4Qp4 = pt4Qp5 = pt5Qp5 = 0✱ t❤✐s s♣❛❝❡ ✐s ✐s♦tr♦♣✐❝✳ ❚❤✉s ❢♦r ❡✈❡r② ♣♦✐♥t A ✐♥ t❤❡

♦♣❡♥ ♦r❜✐t✱ ker(f1,ZA
)⊥ ✐s ✐s♦tr♦♣✐❝✳ ❆s ❜❡✐♥❣ ✐s♦tr♦♣✐❝ ✐s ❛ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥✱ η× η1 ♠❛♣s

t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ O[22,12] ✉♥❞❡r η✱ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t✱ t♦ t❤❡ ✐s♦tr♦♣✐❝

●r❛ss♠❛♥♥✐❛♥✿

η × η1 : η−1(O[22,12]) = Sl2 -Hilb(µ−1(0))orb → O[22,12] ×Grassiso(2,❈
6).

❋♦r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❡①❛♠✐♥❡ A0 =


 0

0 1 0
−1 0 0
0 0 0

0 0


 ❛❣❛✐♥✳ ❲❡

❝❛♥ ❝♦♥s✐❞❡r A0 ❛♥❞ ✐ts tr❛♥s♣♦s❡ At0 ❛s ♠❛♣s

A0 : F1 → F1, p4 7→ −p2, p5 7→ p1, pi 7→ 0 ❢♦r i = 1, 2, 3, 6,

At0 : F1 → F1, p1 7→ p5, p2 7→ −p4, pi 7→ 0 ❢♦r i = 3, 4, 5, 6.

✶✺



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❚❤✉s ✇❡ ❤❛✈❡ im(At0) = 〈p4, p5〉 = ker(f1,ZA0
)⊥✳ ❙✐♥❝❡ η × η1 ✐s SO6✕❡q✉✐✈❛r✐❛♥t✱ t❤❡

❡q✉❛❧✐t② im(At) = ker(f1,ZA
)⊥ ❤♦❧❞s ❢♦r ❡✈❡r② A ✐♥ t❤❡ ♦r❜✐t O[22,12] ❛♥❞ ✇❡ ♦❜t❛✐♥

η × η1(η
−1(O[22,12])) ⊂ Y ′ := {(A,U) ∈ O[22,12] ×Grassiso(2,❈

6) | imAt = U}.

■❢ A ∈ O[22,12] \ O[22,12]✱ ✐ts r❛♥❦ ✐s s♠❛❧❧❡r t❤❛♥ 2 ✭✐♥❞❡❡❞ A = 0✮✱ ❛♥❞ s♦ ✐s dim(imAt)✳

❍❡♥❝❡ t❤❡ ❝❧♦s✉r❡ ♦❢ Y ′ ✐♥ O[22,12] ×Grassiso(2,❈
6) ✐s Y ✳ �

❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❢✉rt❤❡r ❡①❛♠✐♥❛t✐♦♥ t❤❛t η×η1 ❛❝t✉❛❧❧② ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✭Pr♦♣♦s✐t✐♦♥

✶✳✸✳✼✮✱ ❡✈❡♥ ♦♥ t❤❡ ✇❤♦❧❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹✮✳

✶✳✸✳✸✳ ❚❤❡ ●r❛ss♠❛♥♥✐❛♥ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡

❋♦r ❛ ❢✉rt❤❡r ❛♥❛❧②s✐s ♦❢ t❤❡ ✐♠❛❣❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐s♦tr♦♣✐❝ ●r❛ss♠❛♥♥✐❛♥ ❛s ❛ ❤♦♠♦✲

❣❡♥❡♦✉s s♣❛❝❡ Grassiso(2,❈
6) = SO6/P ✱ ✇❤❡r❡ P = (SO6)W0 ✐s t❤❡ ✐s♦tr♦♣② ❣r♦✉♣ ♦❢ ❛♥

❛r❜✐tr❛r② ♣♦✐♥t W0 ∈ Grassiso(2,❈
6)✳ ❲❡ ❝❤♦♦s❡ W0 = 〈p1, p2〉✳ ■❢ g

W
∈ SO6 ✐s ❝❤♦s❡♥

s✉❝❤ t❤❛t W = g
W
W0✱ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✐s

Grassiso(2,❈
6) → SO6/P, W 7→ g

W
P = [g

W
], gW0

7→[g].

❚❤❡ ♣r♦❥❡❝t✐♦♥ f : Y
pr2
−−→ Grassiso(2,❈

6) ∼= SO6/P, (A,U) 7→ U 7→ [g
U
] ♠❛❦❡s Y ❛ ✜❜r❡

❜✉♥❞❧❡ ✇✐t❤ t②♣✐❝❛❧ ✜❜r❡ E := f−1([I6]) = pr−1
2 (W0)✳ ■t ❝❛♥ ❜❡ ✇✐tt❡♥ ❛s ❛♥ ❛ss♦❝✐❛t❡❞

SO6✕❜✉♥❞❧❡✱ ✐✳❡✳ Y ∼= SO6 ×
P E := SO6 × E/∼ ✇✐t❤ r❡❧❛t✐♦♥ (g,A) ∼ (gp−1, pAp−1)✳

▲❡♠♠❛ ✶✳✸✳✻ ❚❤❡ ✜❜r❡ E = {A ∈ O[22,12] | imAt ⊂W0} ✐s ♦♥❡✕❞✐♠❡♥s✐♦♥❛❧✳

Pr♦♦❢✳ ▲❡t At = (aij)✱ ✐✳❡✳ Atpi =
∑
ajipj ✳ ❲❡ ❤❛✈❡

❼ imAt ⊂W0 = 〈p1, p2〉✱ t❤✉s aij = 0 ✐❢ i = 3, 4, 5, 6✱

❼ ❜② ❞✉❛❧✐t②✱ W⊥
0 = 〈p1, p2, p3, p6〉 ⊂ kerAt✱ ✇❤✐❝❤ ✐♠♣❧✐❡s aij = 0 ✐❢ j = 1, 2, 3, 6✳

❚❤❡r❡ ♦♥❧② r❡♠❛✐♥ a14✱ a24✱ a15 ❛♥❞ a25✳ ❇✉t

❼ At ∈ so6 ✐♠♣❧✐❡s a14 = a25 = 0 ❛♥❞ a24 = −a15✳

❚❤✉s E ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❆1
❈
✳ �

✶✻



✶✳✸✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

❈♦♥♥❡❝t✐♥❣ t❤✐s t♦ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡✱ ✇❡ ❤❛✈❡

µ−1(0)✴✴Sl2

Sl2 -Hilb(µ
−1(0))orb

η
55lllllllllllll

f ′=f◦(η×η1) ))RRRRRRRRRRRRRR

η×η1 // Y ∼= SO6 ×
P E

pr1
hhQQQQQQQQQQQQQ

fvvmmmmmmmmmmmmm

SO6/P

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ f ′ ♠❡❛♥s t❤❛t Sl2 -Hilb(µ−1(0))orb ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛♥ ❛ss♦❝✐❛t❡❞

SO6✕❜✉♥❞❧❡ ✇✐t❤ ✜❜r❡ F := f ′−1([I6]) ❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ SO6✕❜✉♥❞❧❡s ✇❡ ♦❜t❛✐♥

SO6 ×
P F

��;
;;

;;
;;

;;
;;

;;
;;

;;
;

(η×η1)′

��

∼= // Sl2 -Hilb(µ
−1(0))orb

η×η1

��
f ′

}}{{
{{

{{
{{

{{
{{

{{
{{

{{
{{

SO6 ×
P E

&&MMMMMMMMMM

∼= // Y

fvvmmmmmmmmmmmmmmm

SO6/P

❆s η × η1 ✐s ❜✐r❛t✐♦♥❛❧ ❛♥❞ ♣r♦♣❡r✱ r❡str✐❝t✐♥❣ (η × η1)
′ t♦ t❤❡ ✜❜r❡ ♦✈❡r ❛♥② ♣♦✐♥t ♦❢

SO6 ②✐❡❧❞s ❛ ❜✐r❛t✐♦♥❛❧ ❛♥❞ ♣r♦♣❡r ♠♦r♣❤✐s♠ ψ : F → E✳ ❙✐♥❝❡ E ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡

❛✣♥❡ ❧✐♥❡✱ ψ ♠✉st ❜❡ ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❣❡t ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥

♦❢ Sl2 -Hilb(µ−1(0))orb✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✼ ❚❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Y ✿

Sl2 -Hilb(µ−1(0))orb ∼= {(A,U) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}.

✶✳✸✳✹✳ ❚❤❡ ♣♦✐♥ts ♦❢ HilbGh (X)orb ❛s s✉❜s❝❤❡♠❡s ♦❢ X

❚♦ ✐❞❡♥t✐❢② t❤❡ ♣♦✐♥ts ♦❢ HilbGh (X)orb ❛s s✉❜s❝❤❡♠❡s ♦❢ X✱ ✇❡ ❛ss✉♠❡ t❤❡r❡ ✐s ❛♥ ❡♠❜❡❞✲

❞✐♥❣

HilbGh (X)orb →֒ X✴✴G×
∏

ρ∈M

Grass(Fρ, h(ρ)), Z → (Z✴✴G, (Fρ(Z))ρ∈M )

✇❤❡r❡M ⊂ IrrG ✐s ❛ s✉✐t❛❜❧❡ ✜♥✐t❡ s✉❜s❡t ❛♥❞ Fρ(Z) = Fρ/ ker(fρ,Z) ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥

♠❛♣ fρ,Z : Fρ → Fρ(Z)✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ❣✐✈❡s ✉s t❤❡ ✐♥✈❛r✐❛♥t ♣❛rt ❛♥❞ t❤❡ ρ✕♣❛rts ♦❢

t❤❡ ✐❞❡❛❧ IZ ♦❢ Z ❛s

(IZ)
G = IZ✴✴G

(IZ)ρ =
(
ker(fρ,Z)

)
.

✶✼



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❚❤✉s IZ ⊃ IM := 〈IZ✴✴G, ker(fρ,Z) | ρ ∈ M〉✳ ■❢ IM ❛❧r❡❛❞② ❤❛s ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h✱ t❤❡♥

IZ ❤❛s ♥♦ ❢✉rt❤❡r ❣❡♥❡r❛t♦rs ❛♥❞ ✇❡ ♦❜t❛✐♥ IZ = IM ✳

❚❤❡ ♣♦✐♥ts ♦❢ Sl2 -Hilb(µ
−1(0))orb ❛s s✉❜s❝❤❡♠❡s ♦❢ µ−1(0)

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✷ ❢♦r t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t✳ ❲✐t❤

r❡❣❛r❞ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ✐♥ ❢❛❝t ❚❤❡♦r❡♠ ✶✳✷✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✽ ❚❤❡ s✉❜s❝❤❡♠❡ ZA,W ⊂ µ−1(0) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (A,W ) ∈ Y ✐s

ZA,W ∼=

{
Sl2, ✐❢ A ∈ O[22,12],{(

a b
c d

)∣∣ad− bc = 0
}
, ✐❢ A = 0.

Pr♦♦❢✳ ❈♦♥s✐❞❡r✐♥❣ η × η1✱ ✇❤✐❝❤ ❡♠❜❡❞s t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t Sl2 -Hilb(µ−1(0))orb ✐♥t♦

µ−1(0)✴✴Sl2 × Grass(2,❈6) ✈✐❛ Z 7→ (Z✴✴Sl2, ker(f1,Z)⊥)✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ZA,W =

(η × η1)
−1(A,W ) ♦r ✐ts ✐❞❡❛❧ IA,W ✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ SO6 ♦♥ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ❛♥❞ ♦♥ Y

r❡❞✉❝❡s t❤✐s t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♦♥❡ ZA,W ❢♦r ❡✈❡r② ♦r❜✐t ♦❢ Y ✿ ❙✐♥❝❡ η × η1 ✐s SO6✕

❡q✉✐✈❛r✐❛♥t✱ ❛❧❧ ♣♦✐♥ts ✐♥ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ ♦♥❡ ♦r❜✐t ❛r❡ ✐s♦♠♦r♣❤✐❝✳ Y ❞❡❝♦♠♣♦s❡s ✐♥t♦

t✇♦ SO6✕♦r❜✐ts {(A, imAt) | A ∈ O[22,12]} ∼= O[22,12] ❛♥❞ {0} ×Grassiso(2,❈
6)✱ ❜❡❝❛✉s❡

t❤❡ ❛❝t✐♦♥ ♦♥ Grassiso(2,❈
6) ✐s tr❛♥s✐t✐✈❡✳

❋✐rst ✇❡ ❝♦♥s✐❞❡r A ∈ O[22,12]✳ ❙✐♥❝❡ η ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s ♦✈❡r t❤❡ ✢❛t ❧♦❝✉s

O[22,12]✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ZA,W = η−1(A) = ν−1(A) ∼= Sl2 ❜② ❙❡❝t✐♦♥ ✶✳✷✳✷✳

◆♦✇ ❧❡t A ∈ O[22,12] \O[22,12] = {0}✳ ❚❤❡♥ Z0,W✴✴Sl2 = 0✱ s♦ ❛❧❧ 2×2✕♠✐♥♦rs ♦❢ ❡❧❡♠❡♥ts

✐♥ Z0,W ✈❛♥✐s❤✱ ✐✳❡✳ (I0,W )Sl2 = (Λi,j | i, j = 1, . . . , 6)✳

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ s✉❜s❝❤❡♠❡ Z0,W ❡①♣❧✐❝✐t❧② ❢♦r W = W0 = 〈p1, p2〉✳ ❈♦♥s✐❞❡r t❤❡

♠❛♣ f1,Z0,W0
: F1 → F1(Z0,W0)✱ q 7→ q|Z0,W0

✳ ❲❡ ❦♥♦✇ t❤❛t W0 = ker(f1,Z0,W0
)⊥✳

■❢ q =
∑6

i=1 aipi ∈ ker(f1,Z0,W0
)✱ ✇❡ ❤❛✈❡ 0 = q(M) =

∑6
i=1 ai

(
x1i
x2i

)
❢♦r ❡✈❡r② M ∈

Z0,W0 ✳ ❚❤✉s✱ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ I0,W0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥

✐s (I0,W0)1 = (
∑6

i=1 aix1i,
∑6

i=1 aix2i | q ∈ W⊥
0 ) ❛♥❞ ❢♦r t❤❡ ✐♥❞✉❝❡❞ s✉❜s❝❤❡♠❡

Z ′
0,W0

:= Spec(❈[µ−1(0)]/((I0,W0)
Sl2 + (I0,W0)1)) ⊃ Z0,W0 ✇❡ ❤❛✈❡

Z ′
0,W0

=

{
M ∈ (❈2)⊕6

∣∣∣∣∣
MQM t = 0,Λi,j = 0 ∀ i, j,
∑6

i=1 aix1i = 0 =
∑6

i=1 aix2i ∀ q ∈W⊥
0

}
.

■♥ ♦✉r ❝❛s❡✱ W⊥
0 = 〈p1, p2, p3, p6〉✱ t❤✉s ❧❡tt✐♥❣ q ❜❡ ❡❛❝❤ ♦❢ t❤❡s❡ ❣❡♥❡r❛t♦rs ②✐❡❧❞s t❤❡

❡q✉❛t✐♦♥s x1i = 0 = x2i ✐❢ i = 1, 2, 3, 6✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐♥ Z ′
0,W0

✇❡ ❤❛✈❡ M =

✶✽



✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

(
0 0 0 x14 x15 0
0 0 0 x24 x25 0

)
❛♥❞ 0 = Λ45 = x14x25 − x15x24✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ MQM t = 0 ✐s

❛✉t♦♠❛t✐❝❛❧❧② ❢✉❧✜❧❧❡❞✳ ❙♦ ✇❡ ♦❜t❛✐♥

Z ′
0,W0

=

{(
0 0 0 x14 x15 0

0 0 0 x24 x25 0

)
∈ (❈2)⊕6

∣∣∣∣∣x14x25 − x15x24 = 0

}
.

❙✐♥❝❡ t❤✐s ✐s ❛ ✢❛t ❞❡❢♦r♠❛t✐♦♥ ♦❢ Sl2✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧ ❤❛s t❤❡ ❝♦rr❡❝t ❍✐❧❜❡rt

❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ♦❜t❛✐♥ I0,W0 = ((I0,W0)
Sl2 +(I0,W0)1) ❛♥❞ Z0,W0 = Z ′

0,W0
✳

�

✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

❯♣ t♦ ♥♦✇ ✇❡ ❤❛✈❡ ❝❤❛r❛❝t❡r✐s❡❞ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ♦♥❧②✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡✱ ✇❡ ❛♥❛❧②s❡ s♦♠❡ ♦❢ ✐ts ♣r♦♣❡r✲

t✐❡s✳ ❲❡ ♣r♦✈❡ t❤❛t Sl2 -Hilb(µ−1(0)) ✐s s♠♦♦t❤ ❛t ❡✈❡r② ♣♦✐♥t ♦❢ Sl2 -Hilb(µ−1(0))orb

✐♥ ❙❡❝t✐♦♥ ✶✳✹✳✶✱ s♦ t❤❛t t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ✐s ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢

Sl2 -Hilb(µ−1(0))✳ ❇② s❤♦✇✐♥❣ t❤❛t Sl2 -Hilb(µ−1(0)) ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ❤❡♥❝❡ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t✱ ❙❡❝t✐♦♥ ✶✳✹✳✷ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ♥❛♠❡❧②

Sl2 -Hilb(µ−1(0)) = {(A,W ) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}✳

✶✳✹✳✶✳ ❙♠♦♦t❤♥❡ss

❖♥❡ ✇❛② t♦ ❡①❛♠✐♥❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ✐s t♦ ❝❛❧❝✉❧❛t❡ ✐ts t❛♥❣❡♥t s♣❛❝❡✳

■❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❡q✉❛❧s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ ❛t ❡✈❡r②

♣♦✐♥t ♦❢ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t✱ t❤❡ ❧❛tt❡r ✐s s♠♦♦t❤ ❛♥❞ ♦♥❡ ❝♦♥❝❧✉❞❡s t❤❛t t❤❡r❡ ✐s ♥♦

❛❞❞✐t✐♦♥❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐♥t❡rs❡❝t✐♥❣ ✐t✱ s♦ HilbGh (X)orb ✐s

❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✳

▲❡t Z ∈ HilbGh (X)✱ R := Γ(X,OX) ❛♥❞ IZ ❜❡ t❤❡ ✐❞❡❛❧ ♦❢ Z ✐♥ OX ✇✐t❤ s♣❛❝❡ ♦❢ ❣❧♦❜❛❧

s❡❝t✐♦♥s IZ ✳ ❍❡r❡ ✐s ❛ ❢♦r♠✉❧❛ t♦ ❝♦♠♣✉t❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡ ❛t t❤❡ ♣♦✐♥t Z✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶ ❬❆❇✵✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✸❪ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡ ✐s ❣✐✈❡♥ ❜②

TZ HilbGh (X) = HomR(IZ , R/IZ)
G = HomR/IZ (IZ/I

2
Z , R/IZ)

G

= H0(HomOZ
(IZ/I

2
Z ,OZ))

G.

✶✾



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❘❡♠❛r❦ ✶✳✹✳✷ ❈♦♥s✐❞❡r t❤❡ r❡❣✉❧❛r ♣❛rt Zreg ♦❢ Z✳ ■❢ Z ✐s r❡❞✉❝❡❞✱ r❡str✐❝t✐♥❣ ♠♦r♣❤✐s♠s

t♦ Zreg ②✐❡❧❞s ✐♥❥❡❝t✐♦♥s

HomOZ
(IZ/I

2
Z ,OZ) →֒ HomOZreg

(IZreg/I
2
Zreg

,OZreg) ❛♥❞

HomOZ
(IZ/I

2
Z ,OZ)

G →֒ HomOZreg
(IZreg/I

2
Zreg

,OZreg)
G.

❚❛❦✐♥❣ ❣❧♦❜❛❧ s❡❝t✐♦♥s ✇❡ ♦❜t❛✐♥

HomR/IZ (IZ/I
2
Z , R/IZ)

G →֒ H0(Zreg,HomOZreg
(IZreg/I

2
Zreg

,OZreg))
G.

❆❧❧ t❤❡s❡ ♠❛♣s ❛r❡ ✐s♦♠♦r♣❤✐s♠s ✐❢ Z ✐s ♥♦r♠❛❧✳ ■♥ t❤✐s ❝❛s❡ ♦♥❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❣❧♦❜❛❧

s❡❝t✐♦♥s ♦❢ t❤❡ ♥♦r♠❛❧ s❤❡❛❢ (IZreg/I
2
Zreg

)
∨
= HomOZreg

(IZreg/I
2
Zreg

,OZreg) ✐♥ ♦r❞❡r t♦

♦❜t❛✐♥ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✳

❚❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ Sl2 -Hilb(µ
−1(0))

■♥ t❤❡ ❝❛s❡ ♦❢ Sl2✱ ✇❡ ✉s❡ t❤❡ ♣r❡✈✐♦✉s ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t

❍✐❧❜❡rt s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ♦❢ Sl2 -Hilb(µ−1(0)) ✐s s♠♦♦t❤

❛♥❞ ❝♦♥♥❡❝t❡❞✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸ ❋♦r ❡✈❡r② ♣♦✐♥t Z ∈ Sl2 -Hilb(µ
−1(0))orb t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❛♥✲

❣❡♥t s♣❛❝❡ ✐s

dimTZSl2 -Hilb(µ
−1(0)) = 6 = dimSl2 -Hilb(µ−1(0))orb.

❚❤❡r❡❢♦r❡✱ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t ✐s ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡✳

Pr♦♦❢✳ ❆s ❜❡❢♦r❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ♦♥❡ ♣♦✐♥t ♦❢ ❡❛❝❤ SO6✕♦r❜✐t ❜❡❝❛✉s❡ t❤❡

❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s st❛❜❧❡ ✐♥ ❡✈❡r② ♦r❜✐t ♦❢ t❤❡ SO6✕❛❝t✐♦♥✳ ❖✈❡r t❤❡ ♦♣❡♥

♦r❜✐t t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ s❤♦✇✱ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❛t η−1(O[22,12]) ∼= O[22,12] ✐s s♠♦♦t❤✳

❖✈❡r t❤❡ ♦r✐❣✐♥ ✇❡ ❝♦♥s✐❞❡r

Z := Z0,W0 =

{(
0 0 0 x14 x15 0

0 0 0 x24 x25 0

)∣∣∣∣∣x14x25 − x15x24 = 0

}

∼=

{(
λx λy

µx µy

)∣∣∣∣∣x, y ∈ ❈, [λ : µ] ∈ P1

}
.

✷✵



✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

❖✉r str❛t❡❣② ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t t❤✐s ♣♦✐♥t ✐s t❤❡

❢♦❧❧♦✇✐♥❣✿ ❋✐rst✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ I ♦❢ Z ❛♥❞ ♦❢ t❤❡ ✈❡❝t♦r

s♣❛❝❡ ❈[µ−1(0)]/I ❛♥❞ ♦❢ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ♥♦r♠❛❧ s❤❡❛❢ I/I2✳ ❚❤❡ s❝❤❡♠❡ Z ✐s ♥♦r♠❛❧

s✐♥❝❡ ✐t ✐s ❛ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ Z \ Zreg = {0} ✐♥ Z ✐s ❣r❡❛t❡r

t❤❛♥ 2✱ ♥❛♠❡❧② 3✳ ❍❡♥❝❡ ✉s✐♥❣ ❘❡♠❛r❦ ✶✳✹✳✷ ✇❡ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t

s♣❛❝❡ t♦ t❤❡ ❡①❛♠✐♥t❛t✐♦♥ ♦❢ Zreg✳ ❲❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡

s❤❡❛❢ ❛♥❞ t❤❡ ♥♦r♠❛❧ s❤❡❛❢ ♦❢ t❤✐s ♥♦♥✕❛✣♥❡ s❝❤❡♠❡ ♦♥ ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣✳ ■♥ ♦r❞❡r t♦

s✐♠♣❧✐❢② t❤✐s✱ ✇❡ ❢✉rt❤❡r r❡❞✉❝❡ ❢r♦♠ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ Sl2✕❧✐♥❡❛r✐s❡❞ s❤❡❛✈❡s ♦♥ Zreg

t♦ B✕❧✐♥❡❛r✐s❡❞ s❤❡❛✈❡s ♦♥ ❈2 \ {0} ❢♦r ❛ ❇♦r❡❧ s✉❜❣r♦✉♣ B ♦❢ Sl2✳ ❆❢t❡r ❞❡s❝r✐❜✐♥❣ t❤❡

B✕❧✐♥❡❛r✐s❡❞ s❤❡❛✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ str✉❝t✉r❡ s❤❡❛❢ ❛♥❞ t❤❡ ♥♦r♠❛❧ s❤❡❛❢ ♦❢ Zreg

♦♥ ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ ♦❢ ❈2 \ {0}✱ ✇❡ ❝♦♠♣✉t❡ t❤❡✐r ❣❧♦❜❛❧ s❡❝t✐♦♥s✳ ❋✐♥❛❧❧②✱ t❤❡ ♥✉♠❜❡r

♦❢ B✕✐♥✈❛r✐❛♥ts ♦❢ t❤❡s❡ ❣❧♦❜❛❧ s❡❝t✐♦♥s ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✳

❊①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ s❤❡❛❢ ❛♥❞ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ♥♦r♠❛❧ s❤❡❛❢

♦❢ Z

❲❡ ❤❛✈❡ Z ⊂ µ−1(0)sing✿ ■❢ M ∈ Z t❤❡♥ ❛❧❧ ♦❢ ✐ts 2 × 2✕♠✐♥♦rs ✈❛♥✐s❤✳ ❚❤✐s s❤♦✇s

t❤❛t M ∈ V (XtJX) = µ−1(0)sing✱ ✇❤❡r❡ X = ( x11 x12 x13 x14 x15 x16x21 x22 x23 x24 x25 x26 ) ❞❡s❝r✐❜❡s t❤❡

❝♦♦r❞✐♥❛t❡s ✐♥ ❈[x11, . . . , x26]✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❛❧s♦ ✇r✐t❡ a := x14✱ b := x15✱ c := x24 ❛♥❞ d := x25✳ ▲❡t I ❜❡ t❤❡ ✐❞❡❛❧

♦❢ Z ✐♥ R := ❈[µ−1(0)] = ❈[x11, . . . , x26]/(XQX
t)✳ ❙❡tt✐♥❣ z := x14x25−x15x24 ✇❡ ❤❛✈❡

I = (x11, x12, x13, x16, x21, x22, x23, x26, z),

R/I = ❈[a, b, c, d]/(ad− bc).

❚❤❡♥ I/I2 = R〈x11, x12, x13, x16, x21, x22, x23, x26, z〉 ✇✐t❤ r❡❧❛t✐♦♥s XQXt = 0✿

0 = x11x14 + x12x15 + x13x16 ≡ x11a+ x12b mod I2

0 = x11x24 + x12x25 + x13x26 + x14x21 + x15x22 + x16x23

≡ x11c+ x12d+ x21a+ x22b mod I2

0 = x21x24 + x22x25 + x23x26 ≡ x21c+ x22d mod I2.

❘❡❞✉❝t✐♦♥ t♦ Zreg

❲❡ ❛♥❛❧②s❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TZSl2 -Hilb(µ−1(0)) ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❜②

r❡❞✉❝✐♥❣ t♦

Ż := Zreg = Z \ {0} = {(λv, µv) | v ∈ ❈2 \ {0}, [λ : µ] ∈ P1}.

✷✶



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

▲❡t İ ❜❡ t❤❡ ✐❞❡❛❧ s❤❡❛❢ ♦❢ Ż✳ ❆s Z ✐s ♥♦r♠❛❧✱ ❜② ❘❡♠❛r❦ ✶✳✹✳✷ ✇❡ ❤❛✈❡

TZSl2 -Hilb(µ−1(0)) = H0(Z,HomOZ
(I/I2,OZ))

Sl2

∼= H0(Ż,HomO
Ż
(İ/İ2,OŻ))

Sl2 .

❈♦♥s✐❞❡r t❤❡ ❝♦✈❡r✐♥❣ ♦❢ Ż ❜② t❤❡ ♦♣❡♥ ❛✣♥❡ s❡ts Ża = SpecRa✱ Żb = SpecRb✱ Żc =

SpecRc ❛♥❞ Żd = SpecRd✱ ✇❤❡r❡

Ra = (❈[a, b, c, d]/(ad− bc))a = ❈[a, a
−1, b, c, d]/(ad− bc) = ❈[a, a−1, b, c],

Rb = (❈[a, b, c, d]/(ad− bc))b = ❈[a, b, b
−1, d],

Rc = (❈[a, b, c, d]/(ad− bc))c = ❈[a, c, c
−1, d],

Rd = (❈[a, b, c, d]/(ad− bc))d = ❈[b, c, d, d
−1].

■♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ t❤❡ s❤❡❛❢ İ/İ2✱ ✇❡ ❝♦♠♣✉t❡ ✐t ♦♥ ❡❛❝❤ s❡t ♦❢ t❤✐s ❝♦✈❡r✐♥❣✳ ❆s

İ = I|Ż ❛♥❞ I ❝♦✐♥❝✐❞❡ ♦♥ ❛♥ ♦♣❡♥ s✉❜s❡t✱ İ/İ2 ✐s ❣❡♥❡r❛t❡❞ ❜② x11✱ x12✱ x13✱ x16✱ x21✱

x22✱ x23✱ x26✱ z ✇✐t❤ r❡❧❛t✐♦♥s

0 = x11a+ x12b

0 = x11c+ x12d+ x21a+ x22b

0 = x21c+ x22d.

❙✐♥❝❡ a ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ Ra✱ t❤❡ ✜rst r❡❧❛t✐♦♥ ②✐❡❧❞s x11 = − b
ax12. ❚❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥

❜❡❝♦♠❡s 0 = − b
ax12c + x12

bc
a + x21a + x22b = x21a + x22b, t❤✉s x21 = − b

ax22. ❚❤❡♥

t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ 0 = − b
ax22c + x22

bc
a ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❢✉❧✜❧❧❡❞ ❛♥❞ ❣✐✈❡s ♥♦ ♠♦r❡

✐♥❢♦r♠❛t✐♦♥✳ ❉❡♥♦t✐♥❣ İa := İ|Ża
✱ t❤✐s s❤♦✇s t❤❛t

İa/İ
2
a = Ra〈x12, x13, x16, x22, x23, x26, z〉

✐s ❢r❡❡ ♦❢ r❛♥❦ 7✳ ❚❤✐s ♠❡❛♥s t❤❛t İ/İ2 ✐s ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ 7✱ s✐♥❝❡ ✇❡ ♦❜t❛✐♥ ❛♥❛❧♦✲

❣♦✉s❧②

İb/İ
2
b = Rb〈x11, x13, x16, x21, x23, x26, z〉,

İc/İ
2
c = Rc〈x12, x13, x16, x22, x23, x26, z〉,

İd/İ
2
d = Rd〈x11, x13, x16, x21, x23, x26, z〉.

▲❡t Żab = SpecRab✳ ❲❡ ♦❜t❛✐♥

Rab = ❈[a, a
−1, b, b−1, c, d]/(ad− bc) = ❈[a, a−1, b, b−1, c] = ❈[a, a−1, b, b−1, d],

İab/İ
2
ab = ❈[a, a

−1, b, b−1, c]〈x12, x13, x16, x22, x23, x26, z〉

= ❈[a, a−1, b, b−1, d]〈x11, x13, x16, x21, x23, x26, z〉

✷✷
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✇✐t❤ d = b
ac ❛♥❞ ❜❛s❡ ❝❤❛♥❣❡ x11 = − b

ax12 ❛♥❞ x21 = − b
ax22.

❘❡❞✉❝t✐♦♥ ♦❢ Sl2✕❧✐♥❡❛r✐s❡❞ s❤❡❛✈❡s t♦ s❤❡❛✈❡s ❧✐♥❡❛r✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛

❇♦r❡❧ s✉❜❣r♦✉♣

❚♦ ❝♦♠♣✉t❡ H0(Ż,Hom(İ/İ2,OŻ))
Sl2 ✱ ✇❡ r❡❞✉❝❡ t❤❡ Sl2✕❧✐♥❡❛r✐s❡❞ s❤❡❛❢ İ/İ2 ♦♥ Ż

t♦ ❛ B✕❧✐♥❡❛r✐s❡❞ s❤❡❛❢ ♦♥ ❈2 \ {0}✱ ✇❤❡r❡ B =
{(

t u
0 t−1

)∣∣ t ∈ ❈∗, u ∈ ❈
}
✐s t❤❡ ❇♦r❡❧

s✉❜❣r♦✉♣ ♦❢ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ♦❢ Sl2✳

❈❧❛✐♠ Ż ✐s ❛♥ ❛ss♦❝✐❛t❡❞ Sl2✕❜✉♥❞❧❡✿

Ż ∼= Sl2 ×
B E, ✇❤❡r❡ E = {(λe1, µe1) | [λ : µ] ∈ P1} ∼= ❈2 \ {0} ❛♥❞ e1 =

(
1
0

)
.

Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣

ϕ : Ż → P1 ×P1, (λv, µv) 7→ ([v], [λ : µ]).

❙✐♥❝❡ g · (λv, µv) = (λgv, µgv) ❢♦r ❡✈❡r② g ∈ Sl2✱ t❤❡ ♠❛♣ ϕ ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥

g · ([v], [λ : µ]) = ([gv], [λ : µ]) ♦♥ P1 ×P1✳ ❚❤✐s ②✐❡❧❞s ❛♥ ❡q✉✐✈❛r✐❛♥t ♣r♦❥❡❝t✐♦♥

π : Ż → P1, (λv, µv) 7→ [v].

❋✉rt❤❡r✱ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ Sl2/B
∼=
−→ P1✱ ( g11 g12g21 g22 ) ·B 7→ [g11 : g21]✳

❲❡ ❤❛✈❡ E = π−1([e1])✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ B ♦♥ E ✐♥❞✉❝❡❞ ❜② t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ♦♥ Ż ✐s

b · (λe1, µe1) = (tλe1, tµe1)✳ ❚❤✉s ♦♥ ❈2 \ {0} ✇❡ ❤❛✈❡ b · (λ, µ) = (tλ, tµ)✱ ✐✳❡✳ t❤❡ ❛❝t✐♦♥

♦❢ B ♦♥ ❈2 \ {0} ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❈∗✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳

◆♦✇ ❛♥ Sl2✕❧✐♥❡❛r✐s❡❞ s❤❡❛❢ F ♦♥ Ż ❝♦rr❡s♣♦♥❞s t♦ ❛ B✕❧✐♥❡❛r✐s❡❞ s❤❡❛❢ G ♦♥ ❈2 \ {0}

❛s ✇❡❧❧ ❛s t❤❡✐r ❞✉❛❧s ❝♦rr❡s♣♦♥❞ t♦ ❡❛❝❤ ♦t❤❡r✳ ■❢ j : ❈2 \ {0} →֒ Ż ❞❡♥♦t❡s t❤❡ ✐♥❝❧✉s✐♦♥

❛♥❞ e = I2 ·B ∈ Sl2/B ∼= P1 ✇❡ ♦❜t❛✐♥ G ❛s t❤❡ ✜❜r❡ F(e) = j∗F ✳ ■♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥

✇❡ ❤❛✈❡ F = Sl2 ×
B G✳

❚❤❡ ✐♥✈❛r✐❛♥t ❣❧♦❜❛❧ s❡❝t✐♦♥s ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ s❤❡❛✈❡s ❝♦✐♥❝✐❞❡✿

H0(Ż,HomO
Ż
(F ,OŻ))

Sl2 = H0(❈2 \ {0},HomO
❈2\{0}

(G,O❈2\{0}))
B.

❲❡ t❛❦❡ F = I/I2 ❛♥❞ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❞✉❛❧ ♦❢ j∗F ✳

❆s O❈2 = ❈[λ, µ] ❛♥❞ ❈2 \ {0} = ❈2 \ {0}λ ∪❈
2 \ {0}µ✱ t❤❡ str✉❝t✉r❡ s❤❡❛❢ ✐s ❣✐✈❡♥ ❜②

O❈2\{0}(❈
2 \ {0}λ) = ❈[λ, λ

−1, µ],

O❈2\{0}(❈
2 \ {0}µ) = ❈[λ, µ, µ

−1].
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✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

■♥ ♦✉r ❝❛s❡ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s j : ❈2 \ {0} → Ż, (λ, µ) 7→
(
λ µ
0 0

)
, s♦ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ r✐♥❣s ✇❡

❤❛✈❡ a 7→ λ✱ b 7→ µ✱ c 7→ 0 ❛♥❞ d 7→ 0✳ ❚❤✐s ♠❡❛♥s t❤❛t j∗(İ/İ2) ✐s ❣✐✈❡♥ ❜②

j∗(İ/İ2)(❈2 \ {0}λ) = ❈[λ, λ
−1, µ]〈x12, x13, x16, x22, x23, x26, z〉,

j∗(İ/İ2)(❈2 \ {0}µ) = ❈[λ, µ, µ
−1]〈x11, x13, x16, x21, x23, x26, z〉,

j∗(İ/İ2)(❈2 \ {0}λµ) = ❈[λ, λ
−1, µ, µ−1]〈x12, x13, x16, x22, x23, x26, z〉

= ❈[λ, λ−1, µ, µ−1]〈x11, x13, x16, x21, x23, x26, z〉

✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ x11 = −µ
λx12 ❛♥❞ x21 = −µ

λx22✳

❚♦ ❝♦♠♣✉t❡ t❤❡ ❞✉❛❧ j∗(İ/İ2)
∨
= HomO

❈2\{0}
(İ/İ2,O❈2\{0})✱ ❞❡♥♦t❡ ❜② (yij , w) t❤❡

❜❛s✐s ❞✉❛❧ t♦ (xij , z)✱ ✐✳❡✳ yij(xkl) = δ(ij)(kl)✱ yij(z) = 0✱ w(xij) = 0✱ w(z) = 1✳ ❚❤❡♥ ✇❡

❤❛✈❡

j∗(İ/İ2)
∨
(❈2 \ {0}λ) = ❈[λ, λ

−1, µ]〈y12, y13, y16, y22, y23, y26, w〉,

j∗(İ/İ2)
∨
(❈2 \ {0}µ) = ❈[λ, µ, µ

−1]〈y11, y13, y16, y21, y23, y26, w〉,

j∗(İ/İ2)
∨
(❈2 \ {0}λµ) = ❈[λ, λ

−1, µ, µ−1]〈y12, y13, y16, y22, y23, y26, w〉

= ❈[λ, λ−1, µ, µ−1]〈y11, y13, y16, y21, y23, y26, w〉

✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ y11 = −λ
µy12 ❛♥❞ y21 = −λ

µy22✳

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ s❡❝t✐♦♥s

❚❤❡ ❣❧♦❜❛❧ s❡❝t✐♦♥s H0(❈2 \ {0}, j∗(İ/İ2)
∨
) ❛r❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♠❛♣

H0(❈2\{0}λ, j
∗(İ/İ2)

∨
)⊕H0(❈2\{0}µ, j

∗(İ/İ2)
∨
)
ϕ
→ H0(❈2\{0}λµ, j

∗(İ/İ2)
∨
),

(p, q) 7→ p|❈2\{0}λµ − q|❈2\{0}λµ .

▲❡t

p = p1y12 + p2y13 + p3y16 + p4y22 + p5y23 + p6y26 + p7w, pi ∈ ❈[λ, λ
−1, µ],

q = q1y11 + q2y13 + q3y16 + q4y21 + q5y23 + q6y26 + q7w, qi ∈ ❈[λ, µ, µ
−1].

❉❡♥♦t❡ pi =
pNi
pDi

❛♥❞ qi =
qNi
qDi

✇✐t❤ pNi , q
N
i ∈ ❈[λ, µ]✱ pDi ∈ ❈[λ] ❛♥❞ qDi ∈ ❈[µ]✱ pNi , p

D
i

r❡❧❛t✐✈❡❧② ♣r✐♠❡✱ ❛s ✇❡❧❧ ❛s qNi , q
D
i ✳ ■♥ ❈[λ, λ

−1, µ, µ−1] ✇❡ ❤❛✈❡

q = −
λ

µ
q1y12 + q2y13 + q3y16 −

λ

µ
q4y22 + q5y23 + q6y26 + q7w.

❚❤✉s ✐❢ i ∈ {2, 3, 5, 6, 7}✱ ❢♦r p ❛♥❞ q t♦ ❜❡ ❡q✉❛❧ ✐♥ ❈[λ, λ−1, µ, µ−1] ✇❡ ♠✉st ❤❛✈❡ pi = qi✱

✐✳❡✳ pNi · qDi = pDi · qNi ✳ ❆s pNi ❛♥❞ pDi ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦r✱ pDi ♠✉st ❞✐✈✐❞❡ qDi ✳ ❇✉t

✷✹
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pDi ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ λ ✇❤✐❧❡ qDi ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ µ✳ ❚❤✐s ❢♦r❝❡s pDi t♦ ❜❡ ❝♦♥st❛♥t✱

✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② pDi = 1✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s qDi = 1 s✐♥❝❡ qNi ❛♥❞ qDi ❛r❡

❝♦♣r✐♠❡✳ ❲❡ ♦❜t❛✐♥ pNi = pi = qi = qNi ∈ ❈[λ, µ].

■❢ i = 1 ♦r 4✱ ✇❡ s❡❡ pi = −λ
µqi✱ ♦r µpi = −λqi✳ ❚❤✉s pNi = λp̃Ni ✱ q

N
i = −µp̃Ni ✇✐t❤ s♦♠❡

p̃Ni ∈ ❈[λ, µ] ❛♥❞ pDi = 1 = qDi ❛s ❜❡❢♦r❡✳ ❚❤✐s ②✐❡❧❞s

H0(❈2 \ {0},HomO
❈2\{0}

(j∗(İ/İ2),O❈2\{0})) = kerϕ

= {(λp1y12 + p2y13 + p3y16 + λp4y22 + p5y23 + p6y26 + p7w,

− µp1y11 + p2y13 + p3y16 − µp4y21 + p5y23 + p6y26 + p7w) | pi ∈ ❈[λ, µ]}

= ❈[λ, µ]〈λy12, y13, y16, λy22, y23, y26, w〉,

✇❤✐❝❤ ✐s ❛ ❢r❡❡ ♠♦❞✉❧❡ ♦❢ r❛♥❦ 7✳

❈♦♠♣✉t❛t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥ts

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥s ♦❢ Sl2 ❛♥❞ B ♦♥ t❤❡s❡ ♠♦❞✉❧❡s✳ ▲❡t g = ( g11 g12g21 g22 )✳ ❚❤❡♥

g · x1i = g11x1i + g12x2i, g · x2i = g21x1i + g22x2i,

g · a = g11a+ g12c, g · c = g21a+ g22c,

g · b = g11b+ g12d, g · d = g21b+ g22d,

g · z = g(x14x25 − x15x24)

= (g11x14 + g12x24)(g21x15 + g22x25)− (g11x15 + g12x25)(g21x14 + g22x24)

= (g11g22 − g12g21)(x14x25 − x15x24) = z.

❚❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❞✉❛❧ ✐s ❞❡t❡r♠✐♥❡❞ ❜②

g · y1i(x1i) = y1i(g
−1x1i) = y1i(g22x1i − g12x2i) = g22,

g · y1i(x2i) = y1i(g
−1x2i) = y1i(−g21x1i + g11x2i) = −g21

⇒ g · y1i = g22y1i − g21y2i,

g · y2i(x1i) = y2i(g
−1x1i) = y2i(g22x1i − g12x2i) = −g12,

g · y2i(x2i) = y2i(g
−1x2i) = y2i(−g21x1i + g11x2i) = g11

⇒ g · y2i = −g12y1i + g11y2i,

g · w(z) = w(g−1z) = w(z) ⇒ g · w = w.

✷✺



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ♦✈❡r ❈2 \ {0}✱ t❤❡ ❛❝t✐♦♥ ♦❢ g =
(
t u
0 t−1

)
✐s

g · λ = tλ, g · x1i = tx1i + ux2i, g · y1i = t−1y1i,

g · µ = tµ, g · x2i = t−1x2i, g · y2i = −uy1i + ty2i,

g · z = z, g · w = w.

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ B = TU ✇✐t❤ t♦r✉s T =
{(

t 0
0 t−1

)}
❛♥❞ ✉♥✐♣♦t❡♥t r❛❞✐❝❛❧

U = {( 1 u0 1 )}✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ B✕✐♥✈❛r✐❛♥ts st❡♣✇✐s❡✿

❈[λ, µ]〈λy12, y13, y16, λy22, y23, y26, w〉
B=(❈[λ, µ]〈λy12, y13, y16, λy22, y23, y26, w〉

U )T .

▲❡t u = ( 1 u0 1 )✳ ❲❡ ❤❛✈❡

u · λ = λ, u · λy12 = λy12,

u · µ = µ, u · y13 = y13,

u · w = w, u · y16 = y16,





✐♥✈❛r✐❛♥ts

u · λy22 = λ(−uy12 + y22) = −uλy12 + λy22,

u · y23 = −uy13 + y23,

u · y26 = −uy16 + y26





❝❛♥♥♦t ❜❡ ❝♦♠❜✐♥❡❞

t♦ ❢♦r♠ ✐♥✈❛r✐❛♥ts✳

❙♦ ✇❡ ❣❛✐♥

❈[λ, µ]〈λy12, y13, y16, λy22, y23, y26, w〉
U = ❈[λ, µ]〈λy12, y13, y16, w〉.

❚♦ ❝♦♠♣✉t❡ t❤❡ T✕✐♥✈❛r✐❛♥ts✱ ❧❡t t =
(
t 0
0 t−1

)
✳ ❲❡ ♦❜t❛✐♥

❞❡❣r❡❡ 1✿

t · λ = tλ,

t · µ = tµ,

✐♥✈❛r✐❛♥ts✿

t · w = w,

t · λy12 = tλt−1y12 = λy12,

❞❡❣r❡❡ −1✿

t · y13 = t−1y13,

t · y16 = t−1y16.

❚❤✐s ②✐❡❧❞s t❤❡ ✐♥✈❛r✐❛♥ts w✱ λy12✱ λy13✱ µy13✱ λy16 ❛♥❞ µy16✳ ❙♦ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞

H0(Ż,Hom(İ/İ2,OŻ))
Sl2 = H0(❈2 \ {0},Hom(I/I2,O❈2\{0}))

B

= ❈〈λy12, λy13, µy13, λy16, µy16, w〉.

❚❤✐s ♠❡❛♥s t❤❛t TZSl2 -Hilb(µ−1(0)) ✐s 6✕❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t

♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐s ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ �

✷✻



✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

✶✳✹✳✷✳ ❈♦♥♥❡❝t❡❞♥❡ss

❚♦ ❡①❛♠✐♥❡ ❝♦♥♥❡❝t❡❞♥❡ss ✇❡ ❧♦♦❦ ❛t ❈∗✕❛❝t✐♦♥s✿

■❢ t❤❡r❡ ✐s ❛ ❈∗✕❛❝t✐♦♥ ♦♥ X ✇❤✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ G✕❛❝t✐♦♥✱ ✐t ❞❡s❝❡♥❞s t♦ ❛ ❈∗✕

❛❝t✐♦♥ ♦♥ X✴✴G s♦ t❤❛t t❤❡ q✉♦t✐❡♥t ♠❛♣ X → X✴✴G ✐s ❈∗✕❡q✉✐✈❛r✐❛♥t✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡

✇❛② t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ✐s ❝♦♥♥❡❝t❡❞ ✐s t♦ ❝♦♠♣✉t❡ t❤❡

✐♥❞✉❝❡❞ ❈∗✕❛❝t✐♦♥ ♦♥ HilbGh (X) ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ ❛❧❧ ✜①❡❞ ♣♦✐♥ts ♦❢ ❈∗ ✐♥ X✴✴G✳ ❚❤❡

❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ✐s ♣r♦♣❡r ❛♥❞ ❈∗✕❡q✉✐✈❛r✐❛♥t✱ t❤❡r❡❢♦r❡ ❢♦r ❡✈❡r② ✜①❡❞ ♣♦✐♥t x

✐♥ t❤❡ ✐♠❛❣❡ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ✜①❡❞ ♣♦✐♥t ✐♥ ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❜r❡

η−1(x)✳

❘❡♠❛r❦✳ ▲❡t (X✴✴G)∗ ❞❡♥♦t❡ t❤❡ ✢❛t ❧♦❝✉s ♦❢ t❤❡ q✉♦t✐❡♥t ♠❛♣✳ ❙✐♥❝❡ η|η−1((X✴✴G)∗) ✐s ❛♥

✐s♦♠♦r♣❤✐s♠✱ ❡✈❡r② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❞✐✛❡r❡♥t ❢r♦♠

HilbGh (X)orb = η−1((X✴✴G)∗) ♦♥❧② ❝♦♥t❛✐♥s ♣♦✐♥ts ♦❢ t❤❡ ✜❜r❡s ♦✈❡r X✴✴G \ (X✴✴G)∗✳ ■❢

♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛❧❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡s❡ ✜❜r❡s ♠❡❡t t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t✱

❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② ♦♥❡ ❦♥♦✇s t❤❡ ♦r❜✐t ❝♦♠♣♦♥❡♥t t♦ ❜❡ s♠♦♦t❤✱ t❤❡♥ t❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥②

❢✉rt❤❡r ❝♦♠♣♦♥❡♥t✳ ■♥ t❤✐s ❝❛s❡ HilbGh (X) = HilbGh (X)orb ✐s ❝♦♥♥❡❝t❡❞✳

❈♦♥♥❡❝t❡❞♥❡ss ♦❢ Sl2 -Hilb(µ
−1(0))

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t Sl2 -Hilb(µ−1(0)) ✐s ❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐s t❤❡ r❡♠❛✐♥✐♥❣

st❡♣ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇♥ t❤❛t t❤❡

❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Sl2 -Hilb(µ−1(0))orb ✐s s♠♦♦t❤✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ Sl2 -Hilb(µ−1(0)) ✐s ❝♦♥♥❡❝t❡❞✱ ❤❡♥❝❡

✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ ✐ts ♦r❜✐t ❝♦♠♣♦♥❡♥t ❛♥❞ ✇❡ ❤❛✈❡

Sl2 -Hilb(µ−1(0)) = Sl2 -Hilb(µ−1(0))orb

= {(A,W ) ∈ O[22,12] ×Grassiso(2,❈
6) | imAt ⊂W}.

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❈∗ ♦♥ µ−1(0) ❜② s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞

❛❝t✐♦♥ ♦♥ µ−1(0)✴✴Sl2 = O[22,12]✳ ❋♦r t ∈ ❈ ❛♥❞ M ∈ µ−1(0) ✇❡ ❤❛✈❡ (tM)tJ(tM)Q =

t2(M tJMQ)✱ t❤✉s t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ q✉♦t✐❡♥t ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ t2✳ ❚❤❡♥ t❤❡ ♦♥❧②

❈∗✕✐♥✈❛r✐❛♥t ❡❧❡♠❡♥t A ∈ O[22,12] ✐s A = 0✱ s♦ ❛❧❧ ✜①❡❞ ♣♦✐♥ts ♦❢ Sl2 -Hilb(µ−1(0)) ♠❛♣

t♦ 0✳

❚❤❡ ✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦♥ Sl2 -Hilb(µ−1(0)) ♠❛♣s Z t♦ tZ✳ ■❢ Z ✐s ❛♥ Sl2✕✐♥✈❛r✐❛♥t s✉❜✲

s❝❤❡♠❡ ♦❢ µ−1(0)✱ t❤❡♥ tZ ✐s ❛❧s♦ Sl2✕✐♥✈❛r✐❛♥t ❜❡❝❛✉s❡ t❤❡ ❛❝t✐♦♥ ♦❢ Sl2 ❝♦♠♠✉t❡s

✷✼



✶✳ ❆♥ Sl2✕❍✐❧❜❡rt s❝❤❡♠❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s

✇✐t❤ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❙❡❝♦♥❞❧②✱ t❤❡ ❣❧♦❜❛❧ s❡❝t✐♦♥s ♦❢ Z ❛♥❞ tZ ❛♥❞ t❤❡✐r ✐s♦t②♣✐❝

❞❡❝♦♠♣♦s✐t✐♦♥s ❝♦✐♥❝✐❞❡✱ s♦ ✐♥❞❡❡❞ tZ ∈ Sl2 -Hilb(µ
−1(0))✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ s❤♦✇s t❤❛t t❤❡ s❡t ♦❢ ❈∗✕✜①❡❞ ♣♦✐♥ts ✐♥ Sl2 -Hilb(µ−1(0)) ✐s

Grassiso(2,❈
6)✱ t❤❡ ✜❜r❡ ♦❢ Sl2 -Hilb(µ−1(0))orb ♦✈❡r ③❡r♦✳ ❈♦♥s❡q✉❡♥t❧②✱ η−1(0) ❤❛s

♥♦ ❢✉rt❤❡r ❝♦♠♣♦♥❡♥ts✱ ❛♥❞ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r Sl2 -Hilb(µ−1(0))✳ �

▲❡♠♠❛ ✶✳✹✳✺ ❚❤❡ s❡t ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥ Sl2 -Hilb((❈
2)⊕6) ✉♥❞❡r t❤❡ ❈∗✕❛❝t✐♦♥ ✐s ✐s♦✲

♠♦r♣❤✐❝ t♦ t❤❡ ●r❛ss♠❛♥♥✐❛♥ Grass(2,❈6) ♦❢ 2✕❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ♦❢ ❈6✳ ■ts s✉❜s❡t

♦❢ ❈∗✕✜①❡❞ ♣♦✐♥ts ✐♥ Sl2 -Hilb(µ−1(0)) ✐s ❣✐✈❡♥ ❜② Grassiso(2,❈
6)✳

Pr♦♦❢✳ ▲❡t Z ⊂ (❈2)⊕6 ❜❡ ❛ ❈∗✕✜①❡❞ ♣♦✐♥t ✐♥ Sl2 -Hilb((❈2)⊕6) ❢♦r t❤❡ ✜rst ❛ss❡rt✐♦♥

❛♥❞ ✐♥ Sl2 -Hilb(µ
−1(0)) ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧ I ✐s

❤♦♠♦❣❡♥❡♦✉s✳ ❚❤❡♥ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ♠❛♣s Z t♦ 0✱ s♦ ❛❧❧ 2 × 2✕♠✐♥♦rs ♦❢

❡❛❝❤ ❡❧❡♠❡♥t ✐♥ Z ✈❛♥✐s❤✳ ❍❡♥❝❡ I ❝♦♥t❛✐♥s ❛❧❧ t❤❡ 15 ♠✐♥♦rs Λi,j ✳

◆♦✇ ❧❡t ✉s ❛♥❛❧②s❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥✈❛r✐❛♥t ✐❞❡❛❧s I ✐♥ R = ❈[x11, . . . , x26]✱ ❝♦♥t❛✐♥✲

✐♥❣ ❛❧❧ Λi,j ✱ ✇✐t❤ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ R/I ∼=
⊕

d∈◆0
V

⊕(d+1)
d ✱ ✇❤❡r❡ Vd = ❈[x, y]d✳

❆❢t❡r✇❛r❞s ✇❡ ✇✐❧❧ r❡str✐❝t t♦ ✐❞❡❛❧s ❝♦♥t❛✐♥✐♥❣ XQXt✱ ✇❤✐❝❤ ❛r❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢

Sl2 -Hilb(µ−1(0))✳

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ (❈2)⊕6 = Hom(❈6,❈2) ❝♦♥s✐sts ♦❢ 6 ❝♦♣✐❡s ♦❢ V1✱ s♦ t❤❛t ✐ts ❝♦♦r✲

❞✐♥❛t❡ r✐♥❣ R ✐s ✐s♦♠♦r♣❤✐❝ t♦
⊕

n∈◆0
Sn(V ⊕6

1 )✳ ❙✐♥❝❡ R ∼=
⊕

n∈◆0
Sn(Hom(❈6,❈2)∗)

✐s ❣r❛❞❡❞ ❛♥❞ I ✐s ❤♦♠♦❣❡♥❡♦✉s✱ R/I ✐s st✐❧❧ ❛ ❣r❛❞❡❞ ♦❜❥❡❝t✳ ❚❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ I ❣✉❛r✲

❛♥t❡❡s t❤❛t I1 ✐s ❛ s✉❜r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Hom(❈6,❈2)∗✱ ✐✳❡✳ t❤❡r❡ ✐s ❛ s✉❜s♣❛❝❡ V ⊂ ❈6

s✉❝❤ t❤❛t I1 = Hom(V,❈2)∗✳ ❚❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦st✐♦♥ ♦❢ R/I r❡q✉✐r❡s ❡①❛❝t❧② t✇♦

❝♦♣✐❡s ♦❢ V1✱ ❛♥❞ t❤❡② ♠✉st ❛❧r❡❛❞② ❝♦♠❡ ❢r♦♠ R1/I1✱ s✐♥❝❡ ♥♦ s✉❝❤ ❝♦♣② ❝❛♥ ❜❡ ❝♦♥✲

tr✐❜✉t❡❞ ♦r ❦✐❧❧❡❞ ❜② ❣❡♥❡r❛t♦rs ♦❢ ❤✐❣❤❡r ❞❡❣r❡❡✳ ■❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ V ✇❡r❡ 5 ♦r 6

t❤❡♥ R1/I1 ✇♦✉❧❞ ❝♦♥s✐st ♦❢ ♦♥❡ ♦r ③❡r♦ ❝♦♣✐❡s ♦❢ V1✱ r❡s♣❡❝t✐✈❡❧②✱ ❤❡♥❝❡ ✐t ✇♦✉❧❞ ❜❡

t♦♦ s♠❛❧❧✳ ■❢ dimV ≤ 3 t❤❡♥ R1/I1 ✇♦✉❧❞ ❜❡ t♦♦ ❜✐❣ ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ❝♦♥t❛✐♥ ❛t ❧❡❛st

t❤r❡❡ ❝♦♣✐❡s ♦❢ V1✳ ❚❤✉s ✇❡ ❦♥♦✇ t❤❛t dimV = 4✱ s♦ t❤❛t ❛❢t❡r ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢

❝♦♦r❞✐♥❛t❡s ✇❡ ❝❛♥ ✇r✐t❡ I ⊃ J = (x3, y3, x4, y4, x5, y5, x6, y6, x1y2 − y1x2)✱ s✐♥❝❡ t❤❡

♦t❤❡r 2 × 2✕♠✐♥♦rs xiyj − yjxi ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧✳ ❚❤❡♥

R/J ∼= ❈[x1, y1, x2, y2]/(x1y2 − y1x2) ✐s t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢ ❛ ✢❛t ❞❡❢♦r♠❛t✐♦♥ ♦❢ Sl2

❛♥❞ ❤❛s ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
⊕

d∈◆0
V

⊕(d+1)
d ❛s ❞❡s✐r❡❞✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ ♥♦ ❢✉rt❤❡r

❣❡♥❡r❛t♦rs ❛♥❞ I = J ✳

❙♦ t❤❡ ✜①❡❞ ♣♦✐♥ts ✐♥ Sl2 -Hilb((❈2)⊕6) ✉♥❞❡r t❤❡ ❈∗✕❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❤♦✐❝❡

♦❢ ❛ 4✕❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ ❈6✳ ❍❡♥❝❡ ✐t ✐s ♣❛r❛♠❡t❡r✐s❡❞ ❜② t❤❡ ●r❛ss♠❛♥♥✐❛♥

✷✽



✶✳✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡

Grass(4,❈6)✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Grass(❈6, 2) ❛♥❞ Grass(2,❈6)✳

❋♦r Z t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ µ−1(0) ✇❡ ❤❛✈❡ t♦ ♣✐❝❦ ♦♥❧② t❤♦s❡ ✐❞❡❛❧s ✇❤✐❝❤ ❝♦♥t❛✐♥ XQXt✱

s♦ t❤❛t ✇❡ ❤❛✈❡ MQM t = 0 ❢♦r ❡✈❡r② M ∈ Z✳ ❲❡ ✐♥t❡r♣r❡t M ∈ (❈2)⊕6 ❛s ❛ ♠❛♣

❈6 → ❈2✳ ❚❤❡ ❢❛❝t M ∈ Z = Spec(R/I) ♠❡❛♥s t❤❛t M ✈❛♥✐s❤❡s ♦♥ V ✱ s♦ ✇❡ ❝❛♥

✐♥t❡r♣r❡t ✐t ❛s ❛ ♠❛♣ ❈6/V → ❈2✳ ❆s t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ (❈2)⊕6 ✐s ✐♥❞✉❝❡❞ ❜② t❤❡

✐♥♥❡r ♣r♦❞✉❝t ♦♥ ❈6✱ t❤❡ ❝♦♥❞✐t✐♦♥ MQM t = 0 ❢♦r ❡✈❡r② M ∈ Z ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

✈❛♥✐s❤✐♥❣ ♦❢ vtQv ❢♦r ❛❧❧ v ∈ ❈6/V ✳ ❚❤✐s s❤♦✇s t❤❛t I ⊃ (XQXt) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❈6/V

✐s ❛♥ ✐s♦tr♦♣✐❝ s✉❜s♣❛❝❡ ♦❢ ❈6✳ �

❘❡♠❛r❦✳ ❙✐♥❝❡ µ−1(0) ⊂ (❈2)⊕6✱ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ Sl2 -Hilb(µ−1(0)) ✐s ❛

s✉❜s❝❤❡♠❡ ♦❢ Sl2 -Hilb((❈2)⊕6)✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥ts s✉❣❣❡sts t❤❛t t❤❡

✜❜r❡ ♦✈❡r 0 ♦❢ Sl2 -Hilb((❈2)⊕6) ❝♦♥t❛✐♥s t❤❡ ✇❤♦❧❡ ●r❛ss♠❛♥♥✐❛♥✳ ■♥❞❡❡❞ ♦♥❡ ❤❛s

Sl2 -Hilb((❈2)⊕6) = {(❈2)⊕6✴✴Sl2 × Grass(2,❈6) | imAt ⊂ W} ❛s ❛ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦

❜② ❚❡r♣❡r❡❛✉ ✇✐❧❧ s❤♦✇✳

✷✾





✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣❡♥❡r❛❧✐s❡ t❤❡ ♥♦t✐♦♥ ♦❢G✕❝♦♥st❡❧❧❛t✐♦♥✱ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ❈r❛✇

❛♥❞ ■s❤✐✐ ✐♥ ❬❈■✵✹❪ ❢♦r ✜♥✐t❡ ❣r♦✉♣s✱ t♦ t❤❡ ❝❛s❡ ♦❢ r❡❞✉❝t✐✈❡ ❣r♦✉♣s✳ ■♥ ♦✉r ❞❡✜♥✐t✐♦♥✱ ✇❡

r❡♣❧❛❝❡ t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❛♥ ✐s♦t②♣✐❝ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ❣✐✈❡♥ ❜② ❛ ♣r❡s❝r✐❜❡❞ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h✳ ❋✉rt❤❡r✱ ✇❡ ❛❞❛♣t ❈r❛✇ ❛♥❞ ■s❤✐✐✬s

♥♦t✐♦♥ ♦❢ θ✕st❛❜✐❧✐t② ❛♥❞ θ✕s❡♠✐st❛❜✐❧✐t② ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦rs Mθ(X)

❛♥❞ Mθ(X) ♦❢ θ✕st❛❜❧❡ ❛♥❞ θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ✐♥

❙❡❝t✐♦♥ ✷✳✷ ✇❡ s❤♦✇ t❤❛t θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s s❛t✐s❢② ❛ ❝❡rt❛✐♥ ✜♥✐t❡♥❡ss

❝♦♥❞✐t✐♦♥✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ❡①❛♠✐♥❡ ✢❛t ❢❛♠✐❧✐❡s ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛♥❞ r❡❞✉❝❡ t❤❡

✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ θ✕✭s❡♠✐✮st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ t♦ ✜♥✐t❡❧② ♠❛♥② s✉❜s❤❡❛✈❡s ♦♥❧②✳ ❚❤❡

❛✐♠ ✐s t♦ ❝♦♥st✉❝t ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s r❡♣r❡s❡♥t✐♥❣ Mθ(X)✱

✇❤✐❝❤✱ ❢♦r ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ θ✱ r❡❝♦✈❡rs t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✳ ■♥❞❡❡❞✱ ✐♥ ❙❡❝t✐♦♥

✷✳✸ ✇❡ s❤♦✇ t❤❛t ✐❢ h(ρ0) = 1 ❛♥❞ θ ✐s ❝❤♦s❡♥ ❛♣♣r♦♣r✐❛t❡❧②✱ t❤❡♥ Mθ(X) ❝♦✐♥❝✐❞❡s ✇✐t❤

t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt ❢✉♥❝t♦r✳

✷✳✶✳ ❉❡✜♥✐t✐♦♥s

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ❧❡t G ❜❡ ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣✱ X ❛♥ ❛✣♥❡ G✕s❝❤❡♠❡ ❛♥❞

h : IrrG → ◆0 ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ IrrG ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤② ❝❧❛ss❡s ♦❢

✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ρ : G→ Gl(Vρ)✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶

✶✳ ▲❡t Rh :=
⊕

ρ∈IrrG❈
h(ρ) ⊗❈ Vρ ❜❡ t❤❡ G✕♠♦❞✉❧❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s ❣✐✈❡♥ ❜② h✳

❆ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ♦♥ X ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡ F s✉❝❤ t❤❛t

H0(F) ✐s ✐s♦♠♦r♣❤✐❝ t♦ Rh ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G✳

✷✳ ●✐✈❡♥ ❛ s❝❤❡♠❡ S✱ ❛ ❢❛♠✐❧② ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦✈❡r S ✐s ❛ ❝♦❤❡r❡♥t s❤❡❛❢

F ♦♥ ❛ ❢❛♠✐❧② ♦❢ ❛✣♥❡ G✕s❝❤❡♠❡s X ♦✈❡r S ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❆❇✵✺✱ ❉❡✜♥✐t✐♦♥

✶✳✶❪✱ ✐✳❡✳ ♦♥ ❛ s❝❤❡♠❡ X ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢ G ❛♥❞ ❛♥ ❛✣♥❡ G✕✐♥✈❛r✐❛♥t

✸✶



✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

♠♦r♣❤✐s♠ X → S ♦❢ ✜♥✐t❡ t②♣❡✱ s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥s F (s) = F |X (s) ❛r❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ t❤❡ ✜❜r❡s X (s) := X ×S Spec(k(s))✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ r❡♣r❡s❡♥t t❤❡ ❢✉♥❝t♦r t❤❛t ❛ss✐❣♥s t♦ ❛ s❝❤❡♠❡ S t❤❡ s❡t ♦❢ ❢❛♠✐❧✐❡s ♦❢

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ ❛ s❝❤❡♠❡ X✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s❡t ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X

✐s t♦♦ ❧❛r❣❡ t♦ ❜❡ ♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛ s❝❤❡♠❡✳ ❍❡♥❝❡✱ t♦ ❝♦♥str✉❝t ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

t❤❡s❡ ♦❜❥❡❝ts✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s s❛t✐s❢②✐♥❣ ❛ ❝❡rt❛✐♥ st❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥ θ ∈ Hom(IrrG,◗) ∼= ◗IrrG✳ ❚♦ ❞❡✜♥❡ s✉❝❤ ❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❡ ✜rst ♥❡❡❞

t♦ ❛ss♦❝✐❛t❡ t♦ θ ❛ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ r✐♥❣ R(G) =
⊕

ρ∈IrrG❩ · ρ ❛♥❞ ♦♥ t❤❡

❝❛t❡❣♦r② CohG(X) ♦❢ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ■❢ θ ∈ ◗IrrG✱ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ θ : R(G) → ◗ ∪ {∞} ❜②

θ(W ) := 〈θ, hW 〉 :=
∑

ρ∈IrrG

θρ · dimWρ

✇❤❡r❡ W =
⊕

ρ∈IrrGWρ ⊗❈ Vρ ✐s t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ W ✳

■♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r θ ❛s ❛ ❢✉♥❝t✐♦♥ θ : CohG(X) → ◗ ∪ {∞} ✇❡ s❡t

θ(F) := θ(H0(F)) =
∑

ρ∈IrrG

θρ · dimFρ

✇✐t❤ H0(F) =
⊕

ρ∈IrrGFρ ⊗❈ Vρ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ F ✐s ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ t❤❡♥

θ(F) =
∑

ρ∈IrrG θρh(ρ)✳

❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✇❡ ♥❡❡❞ ♦♥ (G, h)✕❝♦♥st❡❧✲

❧❛t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸ ❆ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✐s ❝❛❧❧❡❞ θ✕s❡♠✐st❛❜❧❡ ✐❢ θ(F) = 0 ❛♥❞ ✐❢ ❢♦r

❛❧❧ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s F ′ ⊂ F ✇❡ ❤❛✈❡ θ(F ′) ≥ 0✳ ▼♦r❡♦✈❡r✱ F ✐s ❝❛❧❧❡❞

θ✕st❛❜❧❡ ✐❢ θ(F) = 0 ❛♥❞ ✐❢ ❢♦r ❛❧❧ ♥♦♥✕③❡r♦ ♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s

0 6= F ′ ( F ✇❡ ❤❛✈❡ θ(F ′) > 0✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ r❡♣❧❛❝❡ t❤❡ s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥s ❢♦r st❛❜✐❧✐t② ❛♥❞ s❡♠✐st❛❜✐❧✐t② ❜② s❡t✲

t✐♥❣ ❡✈❡r②t❤✐♥❣ ❝♦♥❝❡r♥✐♥❣ s❡♠✐st❛❜✐❧✐t② ✐♥ ♣❛r❡♥t❤❡s❡s ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s②♠❜♦❧

✏≥
( )
✑✿ ❆ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✐s ❝❛❧❧❡❞ θ✕✭s❡♠✐✮st❛❜❧❡ ✐❢ θ(F) = 0 ❛♥❞ ✐❢ ❢♦r ❛❧❧ ♥♦♥✕③❡r♦

♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s F ′ ⊂ F ✇❡ ❤❛✈❡ θ(F ′)≥
( )

0✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱

✏≤
( )
✑ st❛♥❞s ❢♦r ✏≤✑ ✐♥ t❤❡ ❝❛s❡ ♦❢ s❡♠✐st❛❜✐❧✐t② ❛♥❞ ✏<✑ ✐♥ t❤❡ ❝❛s❡ ♦❢ st❛❜✐❧✐t②✳

✸✷



✷✳✷✳ ❋✐♥✐t❡♥❡ss

❘❡♠❛r❦ ✷✳✶✳✹ ❊✈❡r② G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ ♦❢ F ✐♥❞✉❝❡s ❛ G✕❡q✉✐✈❛r✐❛♥t q✉♦t✐❡♥t

F ′′ := F/F ′ ♦❢ F ✳ ❈♦♥✈❡rs❡❧②✱ ❡✈❡r② G✕❡q✉✐✈❛r✐❛♥t q✉♦t✐❡♥t α : F ։ F ′′ ✐♥❞✉❝❡s ❛ G✕

❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ := kerα ♦❢ F ✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s

s❛t✐s❢② hF ′ + hF ′′ = h✱ s♦ t❤❛t θ(F) = θ(F ′) + θ(F ′′)✳ ❚❤✉s ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F

✐s θ✕s❡♠✐st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ(F) = 0 ❛♥❞ ✐❢ ❢♦r ❛❧❧ ♥♦♥✕③❡r♦ ♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t

q✉♦t✐❡♥ts F ։ F ′′ ✇❡ ❤❛✈❡ θ(F ′′) < 0✱ ❛♥❞ F ✐s θ✕st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ(F) = 0 ❛♥❞ ✐❢

❢♦r ❛❧❧ G✕❡q✉✐✈❛r✐❛♥t q✉♦t✐❡♥ts F ։ F ′′ ✇❡ ❤❛✈❡ θ(F ′′) ≤ 0✳

◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦rs t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✺ ❚❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦r ♦❢ θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X ✐s

Mθ(X) : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮

S 7→ {F ❛♥ S✕✢❛t ❢❛♠✐❧② ♦❢ θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X × S}/∼=,

(f : S′ → S) 7→
(
Mθ(X)(S) → Mθ(X)(S′),F 7→ (idX ×f)∗F

)
.

❚❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦r ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X ✐s

Mθ(X) : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮

S 7→ {F ❛♥ S✕✢❛t ❢❛♠✐❧② ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X × S}/∼=,

(f : S′ → S) 7→
(
Mθ(X)(S) → Mθ(X)(S′),F 7→ (idX ×f)∗F

)
.

✷✳✷✳ ❋✐♥✐t❡♥❡ss

❖✉r str❛t❡❣② t♦ ❝♦♥str✉❝t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X) ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐s

t♦ s❤♦✇ t❤❛t ❛❧❧ θ✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛r❡ q✉♦t✐❡♥ts ♦❢ ❛ ❝❡rt❛✐♥ ❝♦❤❡r❡♥t

OX✕♠♦❞✉❧❡ H ❛♥❞ t♦ ♦❜t❛✐♥ ♦✉r ♠♦❞✉❧✐ s♣❛❝❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

QuotG(H, h) ❛♥❞ ✐ts ●■❚✕q✉♦t✐❡♥t✳

■♥ ♦r❞❡r t♦ ❞♦ t❤❛t ✜① θ ∈ ◗IrrG s✉❝❤ t❤❛t θρ < 0 ❢♦r ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ρ ∈ IrrG✳ ❚❤✐s

✐♥❞✉❝❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

IrrG = D+ ∪D0 ∪D− s✉❝❤ t❤❛t θρ





> 0, ρ ∈ D+,

= 0, ρ ∈ D0,

< 0, ρ ∈ D−.

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ θ✱ t❤❡ s❡t D− ✐s ✜♥✐t❡✳ ❙✐♥❝❡ θ(F) ✐s s✉♣♣♦s❡❞ t♦ ❜❡ 0 ❢♦r ❛♥② θ✕

s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✱ t❤❡ ✈❛❧✉❡s ♦❢ θ ❤❛✈❡ t♦ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t 〈θ, h〉 = 0✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡r✐❡s
∑

ρ∈IrrG θρh(ρ) ✐s ❝♦♥✈❡r❣❡♥t✳

✸✸



✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❘❡♠❛r❦ ✷✳✷✳✶ ■❢ θ = 0 ♦r ❛t ❧❡❛st θρ = 0 ✇❤❡♥❡✈❡r h(ρ) 6= 0✱ t❤❡♥ ❡✈❡r② (G, h)✕

❝♦♥st❡❧❧❛t✐♦♥ ✐s θ✕s❡♠✐st❛❜❧❡✱ ❜✉t t❤❡r❡ ❛r❡ ♥♦ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❚❤✐s ❝❛s❡

✐s ♥♦t ♦❢ ❛♥② ✐♥t❡r❡st✳ ❚♦ ❛✈♦✐❞ t❤✐s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s

❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ρ s✉❝❤ t❤❛t θρ 6= 0 ❛♥❞ h(ρ) 6= 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ D−∩supph

❛♥❞ D+ ∩ supph ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥✕❡♠♣t②✳

▲❡t F ❜❡ ❛ θ✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❛♥❞ F ′ ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢

♦❢ F ✳ ▲❡tH0(F ′) ∼=
⊕

ρ∈IrrGF ′
ρ⊗❈Vρ ❜❡ t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐ts ❣❧♦❜❛❧ s❡❝t✐♦♥s✳

❚❤❡♥ ✇❡ ❤❛✈❡ h′(ρ) := dimF ′
ρ ≤ h(ρ) ❢♦r ❡✈❡r② ρ ∈ IrrG✳ ❙✐♥❝❡ D− ✐s ✜♥✐t❡✱ θ(F ′) ✐s

❛❧s♦ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ❛♥❞ ✇❡ ❤❛✈❡

θ(F ′) =
∑

ρ∈IrrG

θρh
′(ρ) =

∑

ρ∈D−

θρ︸︷︷︸
<0

h′(ρ)︸ ︷︷ ︸
≥0︸ ︷︷ ︸

≤0

+
∑

ρ∈D+

θρ︸︷︷︸
>0

h′(ρ)︸ ︷︷ ︸
≥0︸ ︷︷ ︸

≥0

!
≥
( )

0.

❆s ❛ ♣❤✐❧♦s♦♣❤②✱ ✐❢ F ✐s t♦ ❜❡ θ✕✭s❡♠✐✮st❛❜❧❡✱ t❤❡ ✈❛❧✉❡s h′(ρ) s❤♦✉❧❞ ❜❡ ❛s ❧❛r❣❡ ❛s

♣♦ss✐❜❧❡ ✐♥ D+ ❛♥❞ ❛s s♠❛❧❧ ❛s ♣♦ss✐❜❧❡ ✐♥ D−✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ s✉❜s❤❡❛✈❡s ♦❢ F

s❤♦✉❧❞ ❜❡ s✐♠✐❧❛r t♦ F ✐♥ ♣♦s✐t✐✈❡ ♣❛rts ❛♥❞ t❤❡② s❤♦✉❧❞ ♥❡❛r❧② ✈❛♥✐s❤ ✐♥ ♥❡❣❛t✐✈❡ ♣❛rts✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♠♦st ❞❡st❛❜✐❧✐s✐♥❣ s✉❜s❤❡❛❢ ♦❢ F ✐s t❤❡ s✉❜s❤❡❛❢ ♦❢ F ❣❡♥❡r❛t❡❞ ❜②

✐ts s✉♠♠❛♥❞s ✐♥ D−✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡♥❡ss r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳✷✳✷ ■❢ F ✐s ❛ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ♦♥ X✱ t❤❡♥ ✐t ✐s ❣❡♥❡r❛t❡❞ ❜②
⊕

ρ∈D−
Fρ ⊗❈ Vρ ❛s ❛♥ OX✕♠♦❞✉❧❡✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ OX✕s✉❜♠♦❞✉❧❡ F ′ ♦❢ F ❣❡♥❡r❛t❡❞ ❜②
⊕

ρ∈D−
Fρ ⊗❈ Vρ✳ ❚❤❡♥ ✇❡

❤❛✈❡✿
h′(ρ) = h(ρ) ❢♦r ρ ∈ D−,

h′(ρ) ≤ h(ρ) ❢♦r ρ ∈ D+ ∪D0.

❚❤✐s ✐♠♣❧✐❡s

θ(F ′) =
∑

ρ∈D−

θρh
′(ρ) +

∑

ρ∈D+

θρh
′(ρ) ≤

∑

ρ∈D−

θρh(ρ) +
∑

ρ∈D+

θρh(ρ) = θ(F) = 0.

❙✐♥❝❡ F ✐s θ✕st❛❜❧❡ t❤✐s ♠❡❛♥s t❤❛t F ′ = F ✱ ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ F ′ ✇♦✉❧❞ ❞❡st❛❜✐❧✐s❡ F ✳

❚❤✐s s❤♦✇s t❤❛t ❡✈❡r② θ✕st❛❜❧❡ s❤❡❛❢ F ✐s ❣❡♥❡r❛t❡❞ ❜②
⊕

ρ∈D−
Fρ ⊗❈ Vρ✳ �

❉❡✜♥✐t✐♦♥ ✷✳✷✳✸ ■❢ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ♦♥ X ✐s ❣❡♥❡r❛t❡❞ ❜②
⊕

ρ∈D−
Fρ ⊗❈ Vρ ❛s

❛♥ OX✕♠♦❞✉❧❡✱ ✇❡ s❛② F ✐s ❣❡♥❡r❛t❡❞ ✐♥ D−✳

✸✹



✷✳✷✳ ❋✐♥✐t❡♥❡ss

❘❡♠❛r❦ ✷✳✷✳✹ ■❢ ✇❡ ❡✈❡♥ ❤❛✈❡ θ ∈ (◗ \ {0})IrrG t❤❡♥ t❤❡ t❤❡♦r❡♠ ❛❧s♦ ❤♦❧❞s ❢♦r θ✕

s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s F ✳ ❋♦r t❤❡♥ ✐♥ t❤❡ ♣r♦♦❢ θ✕s❡♠✐st❛❜✐❧✐t② ②✐❡❧❞s θ(F ′) = 0

❛♥❞ ❤❡♥❝❡ h′(ρ) = h(ρ) ❢♦r ❡✈❡r② ρ ∈ D+✳ ❙✐♥❝❡ D0 = ∅ ✐♥ t❤✐s ❝❛s❡✱ t❤✐s ❛❧r❡❛❞② ❣✐✈❡s

F ′ = F ✳

❚❤✐s ✜♥✐t❡♥❡ss r❡s✉❧t ❝❛✉s❡s ✉s t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❡❡ OX✕♠♦❞✉❧❡ ♦❢ ✜♥✐t❡ r❛♥❦✿

H :=
⊕

ρ∈D−

❈h(ρ) ⊗❈ Vρ ⊗❈ OX
∼= O

∑
ρ∈D−

h(ρ) dimVρ

X . ✭✷✳✶✮

❚❤❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷ ✐t ❢♦❧❧♦✇s t❤❛t ❡✈❡r② θ✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❛s ❛ q✉♦t✐❡♥t ♦❢ H ✭✐❢ θ ∈ (◗ \ 0)IrrG✮✳ ❲❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥

❙❡❝t✐♦♥ ✹✳✶✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♠❛② ❝♦♥s✐❞❡r QuotG(H, h) t♦ ❝♦♥str✉❝t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡

♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳

❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ D− ✐s t❤❛t θ✕✭s❡♠✐✮st❛❜✐❧✐t② ❝❛♥ ❜❡ ♣r♦✈❡♥

❜② ❝❤❡❝❦✐♥❣ ✜♥✐t❡❧② ♠❛♥② s✉❜s❤❡❛✈❡s ♦♥❧②✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣r♦♣♦s✐t✐♦♥s ❛♥❞

❧❡♠♠❛s s❤♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺ ❆ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✐s θ✕✭s❡♠✐✮st❛❜❧❡ ✐❢ θ(F) = 0 ❛♥❞ ❢♦r ❛❧❧

♥♦♥✕③❡r♦ ♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛✈❡s F̃ ⊂ F ❣❡♥❡r❛t❡❞ ✐♥ D− ✇❡ ❤❛✈❡ θ(F̃)≥
( )

0✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t θ(F̃)≥
( )

0 ❢♦r ❡✈❡r② ♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F̃ ⊂ F ❣❡♥❡r❛t❡❞

✐♥ D− ❛♥❞ ❧❡t F ′ ❜❡ ❛ G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ ♦❢ F ✳ ❈♦♥s✐❞❡r t❤❡ s✉❜s❤❡❛❢ F∗ ♦❢ F ′

❣❡♥❡r❛t❡❞ ❜② t❤❡ F ′
ρ✱ ρ ∈ D−✱ s♦ t❤❛t ✇❡ ❤❛✈❡ h∗(ρ) := dimF∗

ρ = h′(ρ) ❢♦r ρ ∈ D− ❛♥❞

h∗(ρ) ≤ h′(ρ) ❢♦r ρ ∈ IrrG \D−✳ ❙✐♥❝❡ F∗ ✐s ❣❡♥❡r❛t❡❞ ✐♥ D−✱ ✇❡ ❤❛✈❡

θ(F ′) =
∑

ρ∈D−

θρh
′(ρ) +

∑

ρ∈IrrG\D−

θρ︸︷︷︸
≥0

h′(ρ)

≥
∑

ρ∈D−

θρh
∗(ρ) +

∑

ρ∈IrrG\D−

θρh
∗(ρ) = θ(F∗)≥

( )
0.

�

▲❡♠♠❛ ✷✳✷✳✻ ❚❤❡ ❢❛♠✐❧② ♦❢ ♣❛✐rs
{
(F ,F ′)

∣∣∣∣∣
F ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❣❡♥❡r❛t❡❞ ✐♥ D−✱

F ′ ⊂ F ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ ❣❡♥❡r❛t❡❞ ✐♥ D−

}
✭✷✳✷✮

✐s ❜♦✉♥❞❡❞✱ ✐✳❡✳ t❤❡r❡ ✐s ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ Z✱ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦❢ OX×Z✕♠♦❞✉❧❡s F

❛♥❞ ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ F ′ ♦❢ F s✉❝❤ t❤❛t t❤❡ ❢❛♠✐❧② ✭✷✳✷✮ ✐s ❝♦♥t❛✐♥❡❞

✐♥ t❤❡ s❡t {(F |X×Spec(k(z)),F
′|X×Spec(k(z))) | z ❛ ❝❧♦s❡❞ ♣♦✐♥t ✐♥ Z}✳

✸✺



✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

Pr♦♦❢✳ ❚❤❡ s❡t ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s F ❣❡♥❡r❛t❡❞ ✐♥ D− ✐s ♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛ s✉❜s❡t

♦❢ t❤❡ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ QuotG(H, h)✳ ❋♦r ❛ ✜①❡❞ F t❤❡ s✉❜s❤❡❛✈❡s F ′ ⊂ F ❣❡♥❡r❛t❡❞

✐♥ D− ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ s✉❜s♣❛❝❡s F ′
ρ ⊂ Fρ ❢♦r ρ ∈ D−✳ ❍❡♥❝❡ t❤❡②

❛r❡ ♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛ s✉❜s❡t ♦❢
∏
ρ∈D−

∐h(ρ)
k=0 Grass(k,❈h(ρ))✳ ❚❤✉s t❤❡ s❡t ✭✷✳✷✮ ✐s

♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛ s✉❜s❡t ♦❢ QuotG(H, h) ×
∏
ρ∈D−

∐h(ρ)
k=0 Grass(k,❈h(ρ))✳ ❚❤✐s ✐s ❛

♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✱ s♦ t❤❡ ❢❛♠✐❧② ✭✷✳✷✮ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧② ♦❢ ✐ts ❢✉♥❝t♦r

♦❢ ♣♦✐♥ts✳ �

❘❡♠❛r❦✳ ❖✉r ♥♦t✐♦♥ ♦❢ ❜♦✉♥❞❡❞♥❡ss ❞✐✛❡rs ❢r♦♠ ❬❍▲✶✵✱ ❉❡✜♥✐t✐♦♥ ✶✳✼✳✺❪ ✐♥ t❤❡ r❡q✉✐r❡✲

♠❡♥t ♦♥ Z ♥♦t t♦ ❜❡ ♦❢ ✜♥✐t❡ t②♣❡ ❜✉t ♥♦❡t❤❡r✐❛♥ ♦♥❧②✳ ❚❤✐s ✐s ❡♥♦✉❣❤ ❢♦r ❧❛t❡r ✉s❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s {h1, . . . , hn} s✉❝❤ t❤❛t ❢♦r

❛♥② θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ❛♥❞ ❛♥② G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ F ′ ♦❢ F

❣❡♥❡r❛t❡❞ ✐♥ D−✱ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h′ ♦❢ F ′ ✐s ♦♥❡ ♦❢ t❤❡ h1, . . . , hn✳

Pr♦♦❢✳ ❙✐♥❝❡ ❛♥② θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s ❣❡♥❡r❛t❡❞ ✐♥ D− ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷✱

▲❡♠♠❛ ✷✳✷✳✻ s❛②s t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ♣❛✐rs (F ,F ′) ✇✐t❤ F ❛ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥

❛♥❞ F ′ ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ ♦❢ F ❣❡♥❡r❛t❡❞ ✐♥ D− ✐s ♣❛r❛♠❡t❡r✐s❡❞ ❜② ❛

♥♦❡t❤❡r✐❛♥ ❜❛s✐s Z ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛ ♣❛✐r ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s (F ,F ′) ♦♥ X × Z✳ ❚❤❡

❢❛♠✐❧② (F ,F ′) ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✢❛t ♦♥ Z✱ ❜✉t ✇❡ ❝❛♥ ✉s❡ ❬●r♦✻✶✱ ▲❡♠♠❡ ✸✳✹❪ t♦ ♦❜t❛✐♥

❛ ✢❛tt❡♥✐♥❣ str❛t✐✜❝❛t✐♦♥ ♦❢ Z✱ t❤❛t ✐s ❛ ✜♥✐t❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Z =
∐n
i=1 Zi ♦❢ Z ✐♥t♦ ❛

❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❧♦❝❛❧❧② ❝❧♦s❡❞ s✉❜s❝❤❡♠❡s Zi ⊂ Z s✉❝❤ t❤❛t (F |Zi
,F ′|Zi

) ✐s ❛ ✢❛t ❢❛♠✐❧②

♦♥ Zi✳ ❚❤❡♥ ❢♦r ❛❧❧ z ∈ Zi t❤❡ ✜❜r❡s F (z) ❤❛✈❡ t❤❡ s❛♠❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ hi✳

▲❡♠♠❡ ✸✳✹ ✐♥ ❬●r♦✻✶❪ ✐s ♦♥❧② ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ OX×Z ❛♥❞ (F ,F ′) ❛r❡

❣r❛❞❡❞ ♦✈❡r ◆0✱ OX×Z ✐s ❣❡♥❡r❛t❡❞ ❜② (OX×Z)1 ❛♥❞ h ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳ ❲❡ r❡❞✉❝❡

♦✉r s✐t✉❛t✐♦♥ t♦ t❤✐s s❡tt✐♥❣ ❛s ❢♦❧❧♦✇s✿ ❉❡✜♥❡ ❛ ♠❛♣ a : IrrG ∼= ◆rkG
0 → ◆0 ✈✐❛ ρ =

∑
ρi∈IrrG

niρi 7→
∑

ρ∈IrrG ni✱ ✇❤❡r❡ ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② ni ✈❛♥✐s❤✳ ❚❤❡♥ OX×Z ✐s ❣r❛❞❡❞

♦✈❡r◆0 ✇✐t❤ (OX×Z)n =
⊕

a(ρ)=n(OX×Z)ρ✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r F ❛♥❞ F ′✳ ❚❤❡ ❢✉♥❝t✐♦♥

p : ◆0 → ◆0✱ p(n) =
∑

a(ρ)=n h(ρ) ❞❡s❝r✐❜❡s t❤❡ r❛♥❦ ♦❢ t❤❡ Fn ❛♥❞ ❛♥❛❧♦❣♦✉s❧② ✇❡ ❤❛✈❡

p′ ❢♦r F ′✳ ❋✉rt❤❡r✱ t❤❡r❡ ✐s ❛ ❞❡❣r❡❡ d s✉❝❤ t❤❛t t❤❡ r✐♥❣ O
(d)
X×Z :=

⊕
n∈◆0

(OX×Z)nd ✐s

❣❡♥❡r❛t❡❞ ❜② (O
(d)
X×Z)1 = (OX×Z)d✳ ❋♦r i = 1, . . . , d−1 s❡t F i :=

⊕
n∈◆0

Fi+nd✱ s♦ t❤❛t

F = F 0 ⊕ . . . ⊕ F d−1✳ ❚❤❡♥ ❛❧❧ t❤❡ F i ❛r❡ O
(d)
X×Z✕♠♦❞✉❧❡s ❛♥❞ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣

❢✉♥❝t✐♦♥ pi ✇✐t❤ pi(n) = rkF i
n ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳ ❇② ❬●r♦✻✶✱ ▲❡♠♠❡ ✸✳✹❪ ✇❡ ✜♥❞ ❛

✢❛tt❡♥✐♥❣ str❛t✐✜❝❛t✐♦♥ ❢♦r ❡❛❝❤ F i✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ♦❜t❛✐♥ ❛ ✢❛tt❡♥✐♥❣ str❛t✐✜❝❛t✐♦♥

❢♦r t❤❡ (F ′)i✳ ❚❤❡✐r ❝♦♠♠♦♥ r❡✜♥❡♠❡♥t ②✐❡❧❞s ❛ ✢❛tt❡♥✐♥❣ str❛t✐✜❝❛t✐♦♥ ❢♦r (F ,F ′)✳ �
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✷✳✸✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛s ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❈♦r♦❧❧❛r② ✷✳✷✳✽ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼✱ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✐s θ✕

✭s❡♠✐✮st❛❜❧❡ ✐❢ θ(F) = 0 ❛♥❞ ❢♦r ❛❧❧ i = 1, .., n ✇✐t❤ hi ❛❝t✉❛❧❧② ♦❝❝✉rr✐♥❣ ❛s ❛ ❍✐❧❜❡rt

❢✉♥❝t✐♦♥ ♦❢ s♦♠❡ ♥♦♥✕③❡r♦ ♣r♦♣❡r G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ ♦❢ F ❣❡♥❡r❛t❡❞ ✐♥ D−✱ ✇❡ ❤❛✈❡

〈θ, hi〉 ≥( )
0✳

✷✳✸✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❛s ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❋♦r r❡❝♦✈❡r✐♥❣ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt ❢✉♥❝t♦r ✭❝❢✳ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✮ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡✱ ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡ θ s✉❝❤ t❤❛t D− ❝♦♥s✐sts ♦❢ t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥❧②✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶ ■❢ h(ρ0) = 1 ❛♥❞ θ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t D− = {ρ0}✱ t❤❡♥ t❤❡ ♠♦❞✉❧✐

❢✉♥❝t♦r ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt ❢✉♥❝t♦r✿

Mθ(X) = HilbGh (X).

Pr♦♦❢✳ ▲❡t S ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ♦✈❡r ❈✱ s ∈ S ❛ ♣♦✐♥t ❛♥❞ F = F (s) ❛ ✜❜r❡ ♦❢ ❛ ✢❛t

❢❛♠✐❧② F ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X × S ❣❡♥❡r❛t❡❞ ✐♥ D−✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ D− = {ρ0}

♠❡❛♥s θρ0h(ρ0) = −
∑

ρ∈D+

θρ︸︷︷︸
>0

h(ρ)︸︷︷︸
>0

< 0✳ ❋♦r ❛♥② G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ ⊂ F ✇❡ ❤❛✈❡

θ(F ′) =
∑

ρ∈IrrG

θρ h
′(ρ)︸ ︷︷ ︸

≤h(ρ)

✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t h(ρ0) = 1 t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s ❢♦r h′(ρ0)✿

❼ h′(ρ0) = 1 = h(ρ0)✿ ■♥ t❤✐s ❝❛s❡

θ(F ′) = θρ0 · 1 +
∑

ρ∈IrrG
ρ 6=ρ0

θρh
′(ρ) =

∑

ρ∈IrrG
ρ 6=ρ0

θρ︸︷︷︸
≥0

(h′(ρ)− h(ρ)︸ ︷︷ ︸
≤0

) ≤ 0,

s♦ ❢♦r st❛❜❧❡ F t❤✐s ❝❛s❡ ❝❛♥♥♦t ♦❝❝✉r✳

❼ ❍❡♥❝❡ ❢♦r st❛❜❧❡ F ✇❡ ❤❛✈❡ h′(ρ0) = 0✱ s♦ t❤❛t ♥♦ ♣r♦♣❡r s✉❜s❤❡❛❢ ♦❢ F ❝♦♥t❛✐♥s

Vρ0 ✳ ❚❤✉s t❤❡ OX✕♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② Vρ0 ✐s F ✱ ✐✳❡✳ F ✐s ❝②❝❧✐❝✳ ❍❡♥❝❡ ✐t ✐s

✐s♦♠♦r♣❤✐❝ t♦ ❛ q✉♦t✐❡♥t ♦❢ OX ❛♥❞ ✇❡ ❤❛✈❡ F ∼= OZs ❢♦r s♦♠❡ Zs ∈ HilbGh (X)✳

❚❤✐s ♠❡❛♥s t❤❛t F ∼= OZ ❢♦r Z = {(Zs, s) | s ∈ S} ∈ HilbGh (X)(S)✳

❈♦♥✈❡rs❡❧②✱ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t Z ∈ HilbGh (X)(S)✳ ❊✈❡r② ✜❜r❡ OZ(s) ♦❢ ✐ts str✉❝t✉r❡

s❤❡❛❢ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ 1 ∈ OX ✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥✈❛r✐❛♥t✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡r② ♣r♦♣❡r

G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ ♦❢ OZ s❛t✐s✜❡s h′(ρ0) = 0 ❛♥❞ ❤❡♥❝❡ θ(F ′) > 0✳ ❙♦ OZ(s) ✐s

θ✕st❛❜❧❡ ❢♦r ❡✈❡r② s ∈ S✱ ✇❤✐❝❤ ♠❡❛♥s OZ ∈ Mθ(X)(S)✳ �

✸✼



✷✳ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❈♦r♦❧❧❛r② ✷✳✸✳✷ ■❢ h(ρ0) = 1 ❛♥❞ θ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t D− = {ρ0}✱ t❤❡♥ Mθ(X) ✐s r❡♣✲

r❡s❡♥t❛❜❧❡ ❛♥❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐s Mθ(X) = HilbGh (X)✳

✸✽



✸✳ ●❡♦♠❡tr✐❝ ■♥✈❛r✐❛♥t ❚❤❡♦r② ♦❢ t❤❡

✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

■♥ t❤❡ ❧❛st ❝❤❛♣t❡r ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❡✈❡r② θ✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s ❛

q✉♦t✐❡♥t ♦❢ H :=
⊕

ρ∈D−
❈h(ρ) ⊗❈ Vρ ⊗❈ OX ✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t

s❝❤❡♠❡ QuotG(H, h) ♣❛r❛♠❡t❡r✐s✐♥❣ ❛❧❧ G✕❡q✉✐✈❛r✐❛♥t q✉♦t✐❡♥t ♠❛♣s [q : H ։ F ]✱ ✇❤❡r❡

F ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡ ✇❤♦s❡ ♠♦❞✉❧❡ ♦❢ ❣❧♦❜❛❧ s❡❝t✐♦♥s ✐s ✐s♦♠♦r✲

♣❤✐❝ t♦ Rh :=
⊕

ρ∈IrrG V
⊕h(ρ)
ρ ✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ ❝♦♥str✉❝t ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ✐♥✲

✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s ❣❡♥❡r❛❧✐s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✶✳✼✮✳

❚❤✐s ❡q✉✐♣s QuotG(H, h) ✇✐t❤ ❛♥ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ L ✳ ❚❤❡r❡❛❢t❡r ✇❡ ❞✐s❝✉ss t❤❡ ❣❡♦✲

♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r② ✭●■❚✮ ♦❢ QuotG(H, h) ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t

QuotG(H, h)ss✴✴
Lχ

Γ ♦❢ ●■❚✕s❡♠✐st❛❜❧❡ q✉♦t✐❡♥ts ❛♥❞ ✐ts s✉❜s❡t ♦❢ st❛❜❧❡ ♦❜❥❡❝ts✱ t❤❡

❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t QuotG(H, h)s✴✴
Lχ

Γ = QuotG(H, h)s/Γ✳ ■ts s✉❜s❡t ✇❤✐❝❤ ❝♦♥t❛✐♥s

t❤❡ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✇✐❧❧ ❜❡ ♦✉r ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❍❡r❡✱ Γ ❞❡♥♦t❡s t❤❡ ❣❛✉❣❡ ❣r♦✉♣ ♦❢ H ❛♥❞ Lχ ✐s t❤❡ ❛♠♣❧❡ ❧✐♥❡

❜✉♥❞❧❡ L ✇✐t❤ ❧✐♥❡❛r✐s❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❝❤❛r❛❝t❡r χ ♦❢ Γ✳ ❲❡ ❞❡s❝r✐❜❡

t❤❡s❡ ♣❛r❛♠❡t❡rs ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❆❢t❡r✇❛r❞s✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ ❡①❛♠✐♥❡ 1✕♣❛r❛♠❡t❡r s✉❜✲

❣r♦✉♣s ♦❢ Γ ❛♥❞ ❡st❛❜❧✐s❤ t❤❡✐r ❞❡s❝r✐♣t✐♦♥ ✈✐❛ ✜❧tr❛t✐♦♥s ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡
⊕

ρ∈D−
❈h(ρ)

✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥ ❢♦r ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

❖✉t ♦❢ t❤✐s ✇❡ ❡✈❡♥t✉❛❧❧② ❡st❛❜❧✐s❤ ❛ ❝♦♥❞✐t✐♦♥ ❢♦r ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ❜② ❝♦♥s✐❞❡r✐♥❣

s✉❜s♣❛❝❡s ♦❢
⊕

ρ∈D−
❈h(ρ) ✐♥st❡❛❞ ♦❢ ✜❧tr❛t✐♦♥s✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡

●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② t♦ θ✕✭s❡♠✐✮st❛❜✐❧✐t② ✐♥ ❈❤❛♣t❡r ✹✳

✸✳✶✳ ❊♠❜❡❞❞✐♥❣s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

▲❡t H ❜❡ ❛♥② ❝♦❤❡r❡♥t G✕❡q✉✐✈❛r✐❛♥t OX✕♠♦❞✉❧❡ ✇✐t❤ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ H0(H) =
⊕

ρ∈IrrGHρ ⊗❈ Vρ ❛♥❞ h : IrrG→ ◆0 ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ h(ρ0) = 1✳ ❚❤❡♥ ✇❡

❝♦♥s✐❞❡r t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ QuotG(H, h) ❛s ❝♦♥str✉❝t❡❞ ✐♥ ❬❏❛♥✵✻❪✳ ❇❡❢♦r❡ ✇❡

✸✾



✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

❛❞❞r❡ss ♦✉rs❡❧✈❡s t♦ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r② ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡✱ ✇❡ ✜rst

❝♦♥str✉❝t ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ QuotG(H, h) ✐♥t♦ ❛ ✜♥✐t❡ ♣r♦❞✉❝t
∏
σ∈DGrass(Hσ, h(σ)) ♦❢

●r❛ss♠❛♥♥✐❛♥s ❣❡♥❡r❛❧✐s✐♥❣ t❤❡ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ ✭✶✳✼✮✳

❋✐rst✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✐♥t♦ ❛ ✜♥✐t❡ ♣r♦❞✉❝t ♦❢

♦r❞✐♥❛r② ◗✉♦t s❝❤❡♠❡s✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG s✉❝❤ t❤❛t

QuotG(H, h) −→
∏

ρ∈D

Quot(Hρ, h(ρ)), [q : H → F ] 7−→ (q|Hρ : Hρ → Fρ) ✭✸✳✶✮

✐s ✐♥❥❡❝t✐✈❡✳

Pr♦♦❢✳ ▲❡t [u : H ⊠ OQuotG(H,h) ։ U ] ∈ QuotG(H, h)(QuotG(H, h)) ❜❡ t❤❡ ✉♥✐✈❡rs❛❧

q✉♦t✐❡♥t✳ ❉❡♥♦t❡ ❜② K := keru ✐ts ❦❡r♥❡❧✳ ■❢ p : X × QuotG(H, h) → QuotG(H, h)

✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✱ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

p∗K =
⊕

ρ∈IrrGKρ⊗❈Vρ✳ ▲❡t D ❜❡ ❛ ✜♥✐t❡ s❡t s✉❝❤ t❤❛t K ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ Kρ⊗❈Vρ✱

ρ ∈ D ❛s ❛♥ OX×QuotG(H,h)✕♠♦❞✉❧❡✳

❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ OQuotG(H,h)✕

♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s ηρ : Hρ ⊠OQuotG(H,h) ։ Uρ ❢♦r ρ ∈ D✳

❙✐♥❝❡ G ✐s r❡❞✉❝t✐✈❡✱ ✇❡ ❤❛✈❡ Kρ = ker(Hρ ⊠ OQuotG(H,h) ։ Uρ) ❢♦r ❡✈❡r② ρ ∈ IrrG✳

❚❤✉s✱ ✐❢ ✇❡ ❛r❡ ❣✐✈❡♥ ηρ ❢♦r ρ ∈ D ✇❡ ❛❧s♦ ❤❛✈❡ Kρ ❢♦r ρ ∈ D✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ K✱ s✐♥❝❡ ✐t

✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ Kρ⊗❈ Vρ✱ ρ ∈ D✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ r❡❝♦♥str✉❝t U := coker(K → H)✳

◆♦✇ ✐❢ S ✐s ❛♥ ❛r❜✐tr❛r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ❛♥❞ [q : H⊠OS ։ F ] ∈ QuotG(H, h)(S) t❤❡♥

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ α : S → QuotG(H, h) s✉❝❤ t❤❛t [q] ✐s t❤❡ ♣✉❧❧✕❜❛❝❦ ♦❢

t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t✿ α∗u = q : H⊠OS → α∗U = F ✳ ❙✐♥❝❡ U ✐s ✢❛t ♦✈❡r QuotG(H, h)✱

t❤❡ ❢✉♥❝t♦r α∗ ✐s ❡①❛❝t✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ OX×S✕♠♦❞✉❧❡s

0 −→ α∗K −→ H⊠OS
q

−→ α∗U −→ 0.

❚❤❡r❡❢♦r❡✱ ker q = α∗K ✐s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❞❡❣r❡❡s ✐♥ D✱ s♦ t❤❛t ✐t ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞

✐❢ ker qρ ❢♦r ρ ∈ D ✐s ❣✐✈❡♥✳

❚❤✐s s❤♦✇s t❤❛t t❤❡ ♠❛♣ ♦❢ ❢✉♥❝t♦rs QuotG(H, h) →
∏
ρ∈D

Quot(Hρ, h(ρ)) ✐s ❛ ♠♦♥♦♠♦r✲

♣❤✐s♠✳ ❚❤❡♥ t❤✐s ❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s ✭✸✳✶✮✳ �

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❡♠❜❡❞ ❡❛❝❤ ◗✉♦t s❝❤❡♠❡Quot(Hρ, h(ρ)) ✐♥t♦ ❛ ❝❡rt❛✐♥ ●r❛ss♠❛♥♥✐❛♥✿
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✸✳✶✳ ❊♠❜❡❞❞✐♥❣s ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ❋♦r ❡❛❝❤ ρ ∈ IrrG t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ Hρ ❛♥❞

❛ s✉r❥❡❝t✐♦♥ ❈[X✴✴G]⊗❈ Hρ ։ Hρ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛♥ ❡♠❜❡❞❞✐♥❣

Quot(Hρ, h(ρ)) −֒→ Grass(Hρ, h(ρ)). ✭✸✳✷✮

Pr♦♦❢✳ ❉❡♥♦t❡ Qρ := Quot(Hρ, h(ρ))✳ ▲❡t [uρ : H ⊠ OQρ ։ Uρ] ∈ Quot(Hρ, h(ρ))(Qρ)

❜❡ t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ◗✉♦t s❝❤❡♠❡✱ t❤❡ OQρ✕♠♦❞✉❧❡ Uρ ✐s

❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ h(ρ)✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❈✕✈❡❝t♦r s♣❛❝❡ Uρ ⊂ Hρ

s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ uρ|OUρ⊗❈Qρ
: Uρ ⊗❈ OQρ → Uρ ✐s s✉r❥❡❝t✐✈❡✳ ❚❛❦✐♥❣ t❤❡ ✜❜r❡s

❛t ❡✈❡r② ♣♦✐♥t ♦❢ Quot(Hρ, h(ρ))✱ t❤✐s ②✐❡❧❞s ❛ ♠♦r♣❤✐s♠

Quot(Hρ, h(ρ)) −→ Grass(Uρ, h(ρ)).

❚❤✐s ♠♦r♣❤✐s♠ ♥❡❡❞ ♥♦t ❜❡ ✐♥❥❡❝t✐✈❡✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ♣♦ss✐❜❧② ❤❛✈❡

t♦ ❡♥❧❛r❣❡ Uρ✳ ❚❤❡r❡❢♦r❡ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡♥❡ss r❡s✉❧ts✿

✶✳ ■t ✐s ❛ ✇❡❧❧✕❦♥♦✇♥ ❢❛❝t t❤❛t t❤❡ ♠♦❞✉❧❡ ♦❢ ❝♦✈❛r✐❛♥ts Hρ = Hom(Vρ,H) ✐s ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ ❛s ❛ ❈[X✴✴G]✕♠♦❞✉❧❡✱ s❡❡ ❬❉♦❧✵✸✱ ❈♦r♦❧❧❛r② ✺✳✶❪✳ ▲❡t Wρ ❜❡ ❛ ❈✕✈❡❝t♦r s♣❛❝❡

❣❡♥❡r❛t❡❞ ❜② s✉❝❤ ❣❡♥❡r❛t♦rs✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ s✉r❥❡❝t✐✈❡ ♠❛♣ ❈[X✴✴G]⊗❈Wρ ։ Hρ✳

✷✳ ❚❤❡ ❦❡r♥❡❧ Kρ := keruρ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t ✐s ❛ ❝♦❤❡r❡♥t ❈[X✴✴G] ⊗❈ OQρ✕

♠♦❞✉❧❡✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ✜♥✐t❡✕❞✐♠❡♥s✐♦♥❛❧ ❈✕✈❡❝t♦r s♣❛❝❡ Kρ ⊂ Kρ ✇❤✐❝❤ ❣❡♥❡r❛t❡s

Kρ ❛s ❛ ❈[X✴✴G] ⊗❈ OQρ✕♠♦❞✉❧❡✳ ❋♦r ❡✈❡r② k ∈ Kρ ✇❡ ✇r✐t❡ k =
∑
fi ⊗ mik ✇✐t❤

✜♥✐t❡❧② ♠❛♥② ❡❧❡♠❡♥ts fi ∈ OQρ ❛♥❞ mik ∈ Hρ✳ ▲❡t Mρ ❜❡ t❤❡ ❈✕✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞

❜② ❛❧❧ t❤❡ mik✳

❉❡✜♥❡ Hρ := (Wρ + Uρ)⊕Mρ✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ♠♦r♣❤✐s♠

ηρ : Quot(Hρ, h(ρ)) −→ Grass(Hρ, h(ρ)),

[q : Hρ ։ Fρ] 7−→ [(q|Wρ+Uρ , q|Mρ) : Hρ ։ Fρ]

❝♦♥str✉❝t❡❞ t❤✐s ✇❛② ✐s ✐♥❥❡❝t✐✈❡✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s ✇❡ ❤❛✈❡ t♦ r❡❝♦♥str✉❝t uρ ✐❢ ✇❡

❛r❡ ❣✐✈❡♥ ❛ ♠♦r♣❤✐s♠ fρ : Hρ ⊗❈ OQρ → Uρ ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ ηρ✳ ▲❡t Aρ := ker fρ✳ ❙✐♥❝❡

fρ ∈ im ηρ✱ ✇❡ ❤❛✈❡ Aρ ⊃ (1 ⊗❈ Kρ) ⊗❈ OQρ ✳ ❚❤✐s ♠❡❛♥s t❤❛t Aρ ❣❡♥❡r❛t❡s Kρ ❛s ❛

❈[X✴✴G]✕♠♦❞✉❧❡ ❛♥❞ ✇❡ ♦❜t❛✐♥ u ❛s t❤❡ ❝♦❦❡r♥❡❧ ♦❢ Kρ → Hρ ⊠OQρ ✳

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✱ t❤❡ ✐♥❥❡❝t✐✈✐t② ❢♦r ❛♥ ❛r❜✐tr❛r② s❝❤❡♠❡ S ❛♥❞ ❛♥

❡❧❡♠❡♥t [Hρ⊠OS → Fρ] ∈ Quot(Hρ, h(ρ))(S) ❝❛♥ ❜❡ s❤♦✇♥ ❜② ♣✉❧❧✐♥❣ ❜❛❝❦ t❤❡ ✉♥✐✈❡rs❛❧

q✉♦t✐❡♥t✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❛❧s♦ ❤♦❧❞s ♣♦✐♥t✇✐s❡✳ �

❚♦❣❡t❤❡r✱ t❤❡s❡ ❡♠❜❡❞❞✐♥❣s ②✐❡❧❞ ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✐♥t♦ ❛

♣r♦❞✉❝t ♦❢ ✜♥✐t❡❧② ♠❛♥② ●r❛ss♠❛♥♥✐❛♥s✿
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✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

❈♦r♦❧❧❛r② ✸✳✶✳✸ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✸✳✶✮ ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣s ✭✸✳✷✮ ❢♦r

ρ ∈ D ②✐❡❧❞s ❛♥ ❡♠❜❡❞❞✐♥❣

η : QuotG(H, h) −֒→
∏

ρ∈D

Grass(Hρ, h(ρ)). ✭✸✳✸✮

✸✳✷✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♥❡❡❞❡❞ ❢♦r ●■❚

◆♦✇ ❧❡t H ❜❡ ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✮✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❣r♦✉♣ ❛❝t✐♦♥ ♦♥ t❤❡

✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ♦❢ H✱ ❢♦r ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ ♦❜t❛✐♥ t❤❡ ●■❚✕q✉♦t✐❡♥t✳ ■♥ ♦r❞❡r t♦

❞❡t❡r♠✐♥❡ t❤✐s q✉♦t✐❡♥t✱ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❛♥ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ QuotG(H, h)✱ ✇❤✐❝❤ ❝❛♥

❜❡ ❧✐♥❡❛r✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✉♣ ❛❝t✐♦♥✳ ❚❤❡ ❧✐♥❡❛r✐s❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ ❛ ❝❤❛r❛❝t❡r

♦❢ t❤❡ ❣r♦✉♣✳

■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H✱ ✇❡ ✇r✐t❡ Aρ := ❈h(ρ)✱ ✐✳❡✳ H :=
⊕

ρ∈D−
Aρ ⊗❈ Vρ ⊗❈ OX ✳ ❋♦r

❡✈❡r② [q : H ։ F ] ∈ QuotG(H, h)✱ t❤❡ s❤❡❛❢ F = q(H) ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✜♥✐t❡❧② ♠❛♥②

❝♦♠♣♦♥❡♥ts q(Aρ ⊗❈ Vρ ⊗❈ OX)✱ ρ ∈ D−✱ ❛s ❛♥ OX✕♠♦❞✉❧❡✳

❈❡rt❛✐♥❧②✱ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t ✐❞❡♥t✐❝❛❧ ✇✐t❤ t❤❡ ✐s♦t②♣✐❝ ❝♦♠♣♦♥❡♥ts

F(ρ) := Fρ ⊗❈ Vρ = q(H(ρ))✱ s✐♥❝❡ ❢♦❧❧♦✇✐♥❣ ❙t❡✐♥❜❡r❣✬s ❢♦r♠✉❧❛ ❬❍✉♠✼✷✱ ❙❡❝t✐♦♥ ✷✹✳✹❪

t❤❡ ✐s♦t②♣✐❝ ❝♦♠♣♦♥❡♥t H(ρ) ♠❛② ❝♦♥t❛✐♥ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢♦r♠ Aρ′⊗❈❈[X]ρ′′⊗❈Vρ ✐♥

❛❞❞✐t✐♦♥ t♦ Aρ⊗❈❈[X]G⊗❈Vρ✱ ♥❛♠❡❧② ✐❢ Vρ ♦❝❝✉rs ❛s ❛ s✉♠♠❛♥❞ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

Vρ′ ⊗❈ Vρ′′ =
⊕

σ∈IrrG V
⊕mσ

ρ′ρ′′

σ ✳

✸✳✷✳✶✳ ❚❤❡ ❧✐♥❡ ❜✉♥❞❧❡ L ❛♥❞ t❤❡ ✇❡✐❣❤ts κ

■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG ❛♥❞ ❛♥ ❡♠❜❡❞❞✐♥❣ η

♦❢ QuotG(H, h) ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s
∏
σ∈DGrass(Hσ, h(σ))✱ ✇❤❡r❡ Hσ ✐s ❛

❈✕✈❡❝t♦r s♣❛❝❡ ✇✐t❤ ❣❡♥❡r❛t♦rs ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✳ ❈♦♠♣♦s✐♥❣ η ✇✐t❤

t❤❡ P❧ü❝❦❡r ❡♠❜❡❞❞✐♥❣ πσ ❢♦r ❡✈❡r② ♦❝❝✉rr✐♥❣ ●r❛ss♠❛♥♥✐❛♥ ✇❡ ❤❛✈❡

QuotG(H, h)
η

−֒→
∏

σ∈D

Grass(Hσ, h(σ))
(πσ)σ
−֒→

∏

σ∈D

P(Λh(σ)Hσ). ✭✸✳✹✮

❋♦r ❛♥② s❡t ❝♦♥t❛✐♥✐♥❣ D ✇❡ ❛❧s♦ ♦❜t❛✐♥ ❛♥ ❡♠❜❡❞❞✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ❛❞❞✐♥❣ ❢✉rt❤❡r

r❡♣r❡s❡♥t❛t✐♦♥s ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ♠❛② ❛ss✉♠❡ D− ⊂ D✳ ❙✐♥❝❡ Grass(Hσ, h(σ)) ✐s ❛ ♣♦✐♥t

✐❢ h(σ) = 0 ❛♥❞ ❤❡♥❝❡ ✐t ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s s✉♣♣♦s❡

D ⊂ D− ∪D+✳

✹✷



✸✳✷✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♥❡❡❞❡❞ ❢♦r ●■❚

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r②✱ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ D ❧❡❛❞

t♦ ❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②✳ ❲❡ ✇✐❧❧ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ D

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ ❈❤❛♣t❡r ✹✳✸✳

❋♦r ❡✈❡r② ❝❤♦✐❝❡ ♦❢ κ ∈ ◆D
0 ✱ t❤❡ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡s Oσ(1) ♦♥ P(Λh(σ)Hσ) ❣✐✈❡ ❛ ❧✐♥❡

❜✉♥❞❧❡
⊗

σ∈D(π
∗
σOσ(1))

κσ =
⊗

σ∈D(detWσ)
κσ ♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ●r❛ss♠❛♥♥✐❛♥s✱

✇❤❡r❡ Wσ ❞❡♥♦t❡s t❤❡ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧② ♦❢ Grass(Hσ, h(σ))✳ ■t ✐s ❛♠♣❧❡ ✐❢ κσ ≥ 1 ❢♦r

❡✈❡r② σ ∈ D✳ ❚❤✐s ✐♥ t✉r♥ ✐♥❞✉❝❡s ❛♥ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡

L = η∗
⊗

σ∈D

(π∗σOσ(1))
κσ =

⊗

σ∈D

(detUσ)
κσ ✭✸✳✺✮

♦♥ QuotG(H, h)✱ ✇❤❡r❡ p∗U =
⊕

σ∈IrrG Uσ ⊗❈ Vσ ✐s t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡

✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t [π∗H ։ U ] ♦♥ X × QuotG(H, h)✳ ❍❡r❡✱ π : X × QuotG(H, h) → X

❛♥❞ p : X ×QuotG(H, h) → QuotG(H, h) ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥s✳

❘❡♠❛r❦✳ ■♥ ❈❤❛♣t❡r ✹✳✸ ✇❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r L ✇✐t❤ ✇❡✐❣❤ts κσ ∈ ◗>0✳ ❚♦ ❣✐✈❡ t❤✐s

❛ ♠❡❛♥✐♥❣✱ ❧❡t k ❜❡ t❤❡ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛❧❧ t❤❡ κσ✱ σ ∈ D✳ ❚❤❡♥ ✇❡ ❤❛✈❡

kκσ ∈ ◆ ❢♦r ❛❧❧ σ ∈ D ❛♥❞ L k ✐s ❛♥ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ QuotG(H, h)✱ ✇❤✐❝❤ ❞❡✜♥❡s

❛♥ ❡♠❜❡❞❞✐♥❣ ❛s ❛❜♦✈❡✳

✸✳✷✳✷✳ ❚❤❡ ❣❛✉❣❡ ❣r♦✉♣ Γ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r χ

❋♦r ❣✐✈✐♥❣ ❝♦♥❝r❡t❡ s✉r❥❡❝t✐♦♥s H ։ F r❛t❤❡r t❤❛♥ ♦♥❧② ❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡s F ✇❤✐❝❤

❛r❡ q✉♦t✐❡♥ts ♦❢H✱ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛ ♠❛♣ Aρ → Fρ ❢♦r ❡✈❡r② ρ ∈ D−✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥

❛ ♠♦❞✉❧✐ s♣❛❝❡ ♣❛r❛♠❡t❡r✐s✐♥❣ s❤❡❛✈❡s F ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❝❤♦✐❝❡✱ ✇❡ ♥❡❡❞ t♦ ❞✐✈✐❞❡

✐t ♦✉t ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r t❤❡ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ Γ′ :=
∏
ρ∈D−

Gl(Aρ)

♦♥ H ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t ♦♥ t❤❡ ❝♦♥st✐t✉❡♥t ❝♦♠♣♦♥❡♥ts✳ ❙✐♥❝❡ t❤❡ s❝❛❧❛r

♠❛tr✐❝❡s ❛❝t tr✐✈✐❛❧❧②✱ ✇❡ ❛❝t✉❛❧❧② ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Γ :=
(∏

ρ∈D−
Gl(Aρ)

)
/❈∗✳ ❚❤✐s

❛❝t✐♦♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦♥ QuotG(H, h) ❢r♦♠ t❤❡ r✐❣❤t✿ ▲❡t γ = (γρ)ρ∈D− ❛♥❞

[q : H ։ F ] ∈ QuotG(H, h)✳ ❚❤❡♥ [q] · γ ✐s t❤❡ ♠❛♣

[q] · γ : H ։ F , aρ ⊗ vρ ⊗ f 7→ q(γρaρ ⊗ vρ ⊗ f).

❋✉rt❤❡r✱ t❤✐s ❛❝t✐♦♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❧✐♥❡❛r✐s❛t✐♦♥ ♦♥ s♦♠❡ ♣♦✇❡r L k ♦❢ L ✭❝♦♠♣❛r❡

t♦ t❤❡ r❡♠❛r❦ ❛❢t❡r ▲❡♠♠❛ ✹✳✸✳✷ ✐♥ ❬❍▲✶✵❪✮✳ ❘❡♣❧❛❝✐♥❣ κσ ❜② kκσ ❢♦r ❡✈❡r② σ ∈ D✱

✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t L ✐ts❡❧❢ ❝❛rr✐❡s ❛ Γ✕❧✐♥❡❛r✐s❛t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ t✇✐st t❤✐s

❧✐♥❡❛r✐s❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❤❛r❛t❡r χ✱ ✇❤❡r❡ χ(γ) =
∏
ρ∈D−

det(γρ)
χρ ❛♥❞ χ ∈ ❩D−

✹✸



✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

s✉❝❤ t❤❛t
∑

ρ∈D−
χρh(ρ) = 0✳ ❲❡ ✇r✐t❡ Lχ ❢♦r t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ L ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡

❧✐♥❡❛r✐s❛t✐♦♥ t✇✐st❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r χ✳

✸✳✸✳ ❖♥❡✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ❛♥❞ ✜❧tr❛t✐♦♥s

❚♦ ❝♦♥str✉❝t t❤❡ ●■❚✕q✉♦t✐❡♥t✱ ✇❡ ❡①❛♠✐♥❡ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ♦❢ Γ ✐♥ ♦r❞❡r t♦ ❛♣♣❧②

▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥ ❛♥❞ ❤❡♥❝❡ ❞❡❞✉❝❡ ❛ ❝♦♥❞✐t✐♦♥ ❢♦r ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②✳ ▲❡t

[q : H ։ F ] ∈ QuotG(H, h) ❛♥❞ λ : ❈∗ → Γ ❜❡ ❛ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣✳ ❚❤❡♥ λ ✐♥❞✉❝❡s

❛ ❣r❛❞✐♥❣ ❛♥❞ ❛ ❞❡s❝❡♥❞✐♥❣ ✜❧tr❛t✐♦♥ ♦♥ A :=
⊕

ρ∈D−
Aρ✱ s♦ t❤❛t ❢♦r ❡✈❡r② ρ ∈ D− ✇❡

❤❛✈❡

Aρ =
⊕

n∈❩

Anρ , A≥n
ρ =

⊕

m≥n

Amρ ,

✇❤❡r❡ Anρ = {a ∈ Aρ | λ(t) · a = tna} ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ Aρ ♦♥ ✇❤✐❝❤ λ ❛❝ts ✇✐t❤ ✇❡✐❣❤t

n✳ ❚❤✐s ✐♥❞✉❝❡s ❛ ❣r❛❞✐♥❣

H =
⊕

n∈❩

Hn, ✇❤❡r❡ Hn =
⊕

ρ∈D−

Anρ ⊗❈ Vρ ⊗❈ OX ,

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜❧tr❛t✐♦♥ ✐s

H≥n =
⊕

m≥n

Hm =
⊕

ρ∈D−

A≥n
ρ ⊗❈ Vρ ⊗❈ OX .

❚❤✐s ✐♥ t✉r♥ ✐♥❞✉❝❡s ❛ ✜❧tr❛t✐♦♥ ♦❢ F ❜②

F≥n := q(H≥n),

❛♥❞ ✇❡ ❞❡✜♥❡ ❣r❛❞❡❞ ♣✐❡❝❡s

F [n] := F≥n/F≥n+1.

❘❡♠❛r❦ ✸✳✸✳✶ ❈❧❡❛r❧②✱ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② Anρ ❛r❡ ♥♦♥✕③❡r♦ ❢♦r ❡✈❡r② ρ ∈ D−✱ s♦ t❤❡ s❛♠❡

❤♦❧❞s ❢♦r Hn ❛♥❞ F [n]✳ ❋✉rt❤❡r✱ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② H≥n ❛♥❞ F≥n ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ 0 ♦r

H ❛♥❞ F ✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❣r❛❞❡❞ ♦❜❥❡❝t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ F ✐s

F :=
⊕

n∈❩

F [n] =
⊕

n∈❩

F≥n/F≥n+1.

✹✹



✸✳✸✳ ❖♥❡✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ❛♥❞ ✜❧tr❛t✐♦♥s

❋♦r t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts ♦❢ F ✇❡ ❤❛✈❡ Fσ =
⊕

n∈❩F
[n]
σ ❢♦r ❡✈❡r② σ ∈ IrrG✳ ❙✐♥❝❡

G ✐s r❡❞✉❝t✐✈❡✱ t❤❡ s❡q✉❡♥❝❡s

0 → F≥n+1
σ → F≥n

σ → F [n]
σ → 0

❛r❡ ❡①❛❝t ❢♦r ❡✈❡r② σ ∈ IrrG ❛♥❞ ❡✈❡r② n ∈ ❩✱ s♦ t❤❛t dimF
[n]
σ = dimF≥n

σ −dimF≥n+1
σ ✳

▲❡t M,N ∈ ❩ s✉❝❤ t❤❛t dimF
[n]
σ = 0 ❢♦r ❡✈❡r② n > M ✱ n < −N ✳ ❚❤❡♥ F≥−N

σ = Fσ ❛♥❞

F≥M+1
σ = 0 ❛♥❞ ✇❡ ❤❛✈❡

dimFσ =
∑

n∈❩

dimF [n]
σ =

M∑

n=−N

(
dimF≥n

σ − dimF≥n+1
σ

)

= dimF≥−N
σ − dimF≥M+1

σ = dimFσ.

❚❤❡r❡❢♦r❡ F ❤❛s t❤❡ s❛♠❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ❛s F ✱ s♦ t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s

[qn : H
n
։ F [n]] ②✐❡❧❞s ❛ ♣♦✐♥t [q = ⊕nqn : H ։ F ] ∈ QuotG(H, h)✳ ■t ❤❛s t❤❡ ♣r♦♣❡rt②

t❤❛t ✐t ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ λ(t) ♦♥ [q] ✇❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✿

▲❡♠♠❛ ✸✳✸✳✷ [q] = limt→0[q] · λ(t)
−1 = limt→∞[q] · λ(t)✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ❬❍▲✶✵✱ ▲❡♠♠❛ ✹✳✹✳✸❪✳ ❲❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ q✉♦t✐❡♥t

[Q : H⊗❈ ❈[T ] ։ F ] ∈ QuotG(H, h)(❆1) ♦✈❡r ❆1 = Spec❈[T ] ✇✐t❤ ✜❜r❡s [Q(0)] = [q]

❛♥❞ [Q(t)] = [q] · λ(t)−1 ❢♦r ❡✈❡r② t 6= 0✳ ❆s Q(0) ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ Q(t) t❤✐s ❣✐✈❡s t❤❡

❛ss❡rt✐♦♥✳ ❉❡✜♥❡

F :=
⊕

n∈❩

F≥n ⊗❈ T
−n ⊂ F ⊗❈ ❈[T, T−1].

❆s F≥n = 0 ❢♦r n ≫ 0✱ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② s✉♠♠❛♥❞s ✇✐t❤ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t ♦❢ T ❛r❡

♥♦♥✕③❡r♦✳ ❙♦ ❧❡t M ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t F≥n = 0 ❛♥❞ H≥n = 0 ❢♦r ❛❧❧ n > M ✳

❚❤✉s F =
⊕

n≤M F≥n ⊗❈ T
−n ⊂ F ⊗❈ T

−M❈[T ]✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❞❡✜♥❡

H :=
⊕

n∈❩

H≥n ⊗❈ T
−n ⊂ H⊗❈ T

−M❈[T ]

❛♥❞ q ✐♥❞✉❝❡s ❛ s✉r❥❡❝t✐♦♥ [q′ : H ։ F ] ♦❢ ❆1✕✢❛t ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ ❆1 ×X✳

▲❡t AV =
⊕

ρ∈D−
Aρ ⊗❈ Vρ✳ ❚❤❡r❡ ✐s ❛ ♠❛♣ ν : AV ⊗❈ ❈[T ] →

⊕
n∈❩A

≥n
V ⊗❈ T−n

❞❡✜♥❡❞ ❜② ν|Am
V ⊗❈1 = idAm

V
⊗❈T

−m✱ ✐✳❡✳ ❢♦r v ∈ AmV ✇❡ ❤❛✈❡ ν(v ⊗ T k) = v ⊗ T k−m✳

❚❤❡♥ ✇❡ ❤❛✈❡ ✐♥❞❡❡❞ v ∈ A
≥−(k−m)
V = A

≥(m−k)
V ✳ ❚❤❡ ♠❛♣ ν ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡❝❛✉s❡

❡✈❡r② ❡❧❡♠❡♥t v ⊗ T−n ✇✐t❤ v ∈ AmV ❛♥❞ m ≥ n ❤❛s ❛ ✉♥✐q✉❡ ♣r❡✐♠❛❣❡ v ⊗ Tm−n✳

✹✺



✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

❚❤❡ s✉r❥❡❝t✐♦♥ Q = q′ ◦ (ν ⊗ 1) ♠❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❛t✐✈❡✿

AV ⊗❈ OX ⊗❈ ❈[T ]
∼=

ν⊗1
//

Q
��

H
� � //

q′

��

H⊗❈ T
−M❈[T ]

q⊗1

��
⊕

n∈❩ F
≥n ⊗❈ T

−n
F

� � // F ⊗❈ T
−M❈[T ]

❖♥ t❤❡ s♣❡❝✐❛❧ ✜❜r❡ {0} ×X ✇❡ ❤❛✈❡

F (0) = F/(T · F ) =
(⊕

n∈❩

F≥n ⊗ T−n
)/(⊕

n∈❩

F≥n ⊗ T−n+1
)

=
(⊕

n∈❩

F≥n ⊗ T−n
)/(⊕

n∈❩

F≥n+1 ⊗ T−n
)

=
⊕

n∈❩

F≥n/F≥n+1 =
⊕

n∈❩

F [n] = F

❛♥❞ ✐♥ t❤❡ s❛♠❡ ✇❛② H (0) =
⊕

n∈❩H
n = H✱ s♦ Q(0) = ⊕nqn = q✳ ❘❡str✐❝t✐♥❣ t♦ t❤❡

♦♣❡♥ ❝♦♠♣❧❡♠❡♥t ❆1 \ {0} ❝♦rr❡s♣♦♥❞s t♦ ✐♥✈❡rt✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ T ✱ s♦ t❤❛t ❛❧❧ ❤♦r✐③♦♥t❛❧

❛rr♦✇s ✐♥ t❤❡ ❞✐❛❣r❛♠ ❛❜♦✈❡ ❜❡❝♦♠❡ ✐s♦♠♦r♣❤✐s♠s✿

H⊗❈ ❈[T, T
−1]

ν⊗1 //

Q
��

H⊗❈ ❈[T, T
−1]

q⊗1

��
F ⊗❈[T ] ❈[T, T

−1]
∼= // F ⊗❈ ❈[T, T

−1]

❋♦r ✜①❡❞ t ∈ ❈✱ ν(t)|Am
V

✐s ❥✉st ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ λ(t)−1|Am
V

= t−m ♦♥ ❡✈❡r② ✇❡✐❣❤t

s♣❛❝❡ AmV ✳ ❍❡♥❝❡ Q(t) ✐s ❥✉st [q] · λ(t)−1✳ �

❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ [q] ❛s ❛ ❧✐♠✐t ♦❢ [q] · λ(t) ②✐❡❧❞s t❤❛t ✐t ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢

λ✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ ♦❢ λ ♦♥ t❤❡ ✜❜r❡

Lχ([q]) =
⊗

σ∈D

det(Fσ)
κσ =

⊗

σ∈D

det
(⊕

n∈❩

F [n]
σ

)κσ =
⊗

σ∈D

⊗

n∈❩

det(F [n]
σ )κσ .

❲❡ ❡①❛♠✐♥❡ t❤✐s ❛❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥ ♦r❞❡r t♦ ❣❛✐♥ s♦♠❡ ❝r✐t❡r✐❛ ❢♦r t❤❡ ●■❚✕

✭s❡♠✐✮st❛❜✐❧✐t② ♦❢ [q]✳

✸✳✹✳ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②

❋♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ✭s❡♠✐✮st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ●■❚✕s❡♥s❡ ❛s ❞❡✜♥❡❞ ✐♥ ❬▼❋❑✾✹✱

❉❡✜♥✐t✐♦♥ ✶✳✼❪✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣s ♦♥ Lχ✳

✹✻



✸✳✹✳ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②

❙✐♥❝❡ t❤✐s ✇❡✐❣❤t ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞♦♣t ▼✉♠❢♦r❞✬s ❞❡✜♥✐t✐♦♥

❬▼❋❑✾✹✱ ❉❡✜♥✐t✐♦♥ ✷✳✷❪ t♦ ♦✉r s✐t✉❛t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸✳✹✳✶ ❋♦r [q : H ։ F ] ∈ QuotG(H, h) ❛♥❞ ❡✈❡r② 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ λ

✇❡ ❞❡✜♥❡ µLχ
(q, λ) ❛s t❤❡ ✇❡✐❣❤t ♦❢ λ ♦♥ Lχ([q])✳

❚❤✉s✱ ✐♥ ♦✉r s✐t✉❛t✐♦♥✱ ▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥ ❬▼❋❑✾✹✱ ❚❤❡♦r❡♠ ✷✳✶❪ ❝❛♥ ❜❡

❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✷ ✭▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥✮

❚❤❡ ♣♦✐♥t [q : H ։ F ] ∈ QuotG(H, h) ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✇✐st❡❞ ❧✐♥❡

❜✉♥❞❧❡ Lχ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② ♥♦♥✕tr✐✈✐❛❧ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ λ : ❈∗ → Γ ✇❡ ❤❛✈❡

µLχ
(q, λ)≥

( )
0✳

❘❡♠❛r❦✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥

µ(q, λ) ≤
( )

0 ❬❍▲✶✵✱ ❚❤❡♦r❡♠ ✹✳✷✳✶✶❪ ✇❤❡♥ µ ✐s ❞❡✜♥❡❞ ✈✐❛ t❤❡ ✇❡✐❣❤t ♦❢ λ ♦♥ t❤❡ ✜❜r❡

♦❢ L ❛t t❤❡ ❧✐♠✐t ❛t ③❡r♦✳ ❆s ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t ❛t ✐♥✜♥✐t②✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ❧✐♠✐t

♦❢ t❤❡ ✐♥✈❡rs❡ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ❛t ③❡r♦✱ ✇❡ ❤❛✈❡ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ❡①❛❝t❧② ✇❤❡♥

t❤❡ ♥❡❣❛t✐✈❡ ✇❡✐❣❤t ✐s ≤
( )
0✱ ✐✳❡✳ µLχ

(q, λ)≥
( )

0✳

◆♦✇ ✇❡ ❡st❛❜❧✐s❤ s♦♠❡ ❡①♣r❡ss✐♦♥s ❢♦r µLχ
(q, λ) ✐♥ t❡r♠s ♦❢ κ ❛♥❞ χ✿

▲❡♠♠❛ ✸✳✹✳✸ ❚❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ❈∗ ✈✐❛ λ ♦♥ Lχ[q] ✐s

µLχ
(q, λ) =

∑

n∈❩

n

(∑

σ∈D

κσ · dim❈(F
[n]
σ ) +

∑

ρ∈D−

χρ · dim❈(A
n
ρ )

)

=
∑

n∈❩

n
(
κ(F [n]) + χ(An)

)
.

Pr♦♦❢✳ ❚❤❡ ✇❡✐❣❤t µLχ
(q, λ) ✐s t❤❡ ❡①♣♦♥❡♥t ✐♥ t❤❡ ✐❞❡♥t✐t②

λ(t)|Lχ([q]) = λ(t)| ⊗
σ∈D

⊗
n∈❩

det(F
[n]
σ )κσ

= tµLχ (q,λ) · idLχ([q]) .

❚❤✐s ♥✉♠❜❡r s♣❧✐ts ✐♥t♦ ❛ s✉♠ µLχ
(q, λ) = m+mχ✱ ✇❤❡r❡ m ✐s t❤❡ ✇❡✐❣❤t ♦♥ t❤❡ ✜❜r❡

♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❧✐♥❡ ❜✉♥❞❧❡ L ([q]) ❛♥❞ mχ ❝♦♠❡s ❢r♦♠ t❤❡ t✇✐st ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r χ✳

❙✐♥❝❡ t❤❡ ✇❡✐❣❤t ♦❢ λ ♦♥ F
[n]
σ ✐s n✱ ❢♦r ✐ts ✇❡✐❣❤t ♦♥ t❤❡ ❞❡t❡r♠✐♥❛♥t det(F

[n]
σ )κσ ✇❡

♦❜t❛✐♥ n · dim(F
[n]
σ ) · κσ✳ ❚❤❡ ✇❡✐❣❤ts ♦♥ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝ts ♦✈❡r D ❛♥❞

❩ tr❛♥s❧❛t❡ t♦ ❛ s✉♠ ♦❢ t❤❡ ✇❡✐❣❤ts✱ s♦ ✇❡ ♦❜t❛✐♥ m =
∑

σ∈D

∑
n∈❩ n · κσ · dimF

[n]
σ ✳

✹✼



✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

❚❤❡ λ(t)ρ ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ♦❢ s✐③❡ (dimAρ)× (dimAρ) ✇✐t❤ ❡♥tr✐❡s tn ❛❝❝♦r❞✐♥❣ t♦

t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Aρ =
⊕

n∈❩A
n
ρ ✳ ❚❤❡ t✇✐st ❜② t❤❡ ❝❤❛r❛❝t❡r χ ✐s ❣✐✈❡♥ ❜② t❛❦✐♥❣ t❤❡

♣r♦❞✉❝t ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ λ(t)ρ t♦ t❤❡ χρ✬s ♣♦✇❡r✳ ❚❤✉s ✇❡ ❤❛✈❡

tmχ =
∏

ρ∈D−

det(λ(t)ρ)
χρ =

∏

ρ∈D−

∏

n∈❩

tn·dim(An
ρ )·χρ ,

❛♥❞ mχ =
∑

ρ∈D−

∑
n∈❩ n · χρ · dim(Anρ )✳

❚♦❣❡t❤❡r✱ t❤✐s ②✐❡❧❞s

µLχ
(q, λ) =

∑

n∈❩

n

(∑

σ∈D

κσ · dimF [n]
σ +

∑

ρ∈D−

χρ · dimAnρ

)
.

�

●❡♥❡r❛❧✐s✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❜❡❢♦r❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❬❑✐♥✾✹❪✱ ✇❡ ♦❜t❛✐♥ ❛♥♦t❤❡r ❢♦r♠✉❧❛

❢♦r µLχ
(q, λ)✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹ ■♥ t❡r♠s ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣

λ✱ ✇❡ ❤❛✈❡

µLχ
(q, λ) =

M∑

n=−N+1

(
κ(F≥n) + χ(A≥n)

)
−N · κ(F),

✇❤❡r❡ −N ✐s t❤❡ ♠✐♥✐♠❛❧ ❛♥❞ M t❤❡ ♠❛①✐♠❛❧ ♦❝❝✉rr✐♥❣ ✇❡✐❣❤t✳

Pr♦♦❢✳ ❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ N ❛♥❞ M ✇❡ ❤❛✈❡ F≥n = 0✱ A≥n = 0 ❢♦r n > M ❛♥❞

F≥n = F ✱ A≥n = A ❢♦r n ≤ −N ✱ s♦ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✸✳✹✳✺ t✇✐❝❡✱ s❡tt✐♥❣ B = F ✱

ϕ = κ ❛♥❞ B = A✱ ϕ = χ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ②✐❡❧❞s

∑

n∈❩

n
(
κ(F [n]) + χ(An)

) ✭✸✳✻✮
=

M∑

n=−N+1

(
κ(F≥n) + χ(A≥n)

)
−N ·

(
κ(F) + χ(A)︸ ︷︷ ︸

=0

)

=

M∑

n=−N+1

(
κ(F≥n) + χ(A≥n)

)
−N · κ(F).

�

■♥ t❤❡ ♣r♦♦❢ ✇❡ ✉s❡❞ t❤❡ ♥❡①t ❧❡♠♠❛✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡①♣❧✐❝✐t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡

✈❛❧✉❡s ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❡❞ ♦♥ ❛ ✜❧t❡r❡❞ ♦❜❥❡❝t ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥

❛♣♣❧✐❡❞ ♦♥ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤✐s ♦❜❥❡❝t✿

▲❡♠♠❛ ✸✳✹✳✺ ▲❡t B =
⊕

n∈❩

⊕
τ B

n
τ ❜❡ ❛ ❣r❛❞❡❞ ♦❜❥❡❝t s✉❝❤ t❤❛t ❢♦r s♦♠❡ ✐♥t❡❣❡rs N ✱

M ✇❡ ❤❛✈❡ Bn :=
⊕

τ B
n
τ = 0 ❢♦r ❡✈❡r② n < −N ✱ n > M ✳ ❉❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✹✽



✸✳✹✳ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②

✜❧t❡r❡❞ ♦❜❥❡❝ts ❜② B≥n =
⊕

n≥m

⊕
τ B

m
τ ✱ s♦ t❤❛t B≥M+1 = 0 ❛♥❞ B≥−N = B✳ ❚♦

❡✈❡r② ❝♦❧❧❡❝t✐♦♥ ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ϕ = (ϕτ ) ✇❡ ❝❛♥ ❛ss✐❣♥ t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡r ϕ(B) =
∑

τ ϕτ dim(Bτ )✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ✇❡ ❤❛✈❡

∑

n∈❩

n · ϕ(Bn) =
M∑

n=−N+1

ϕ(B≥n)−N · ϕ(B). ✭✸✳✻✮

Pr♦♦❢✳ ❙✐♥❝❡ Bn
τ = B≥n

τ /B≥n+1
τ ❢♦r ❡✈❡r② τ ❛♥❞ s✐♥❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ✐s ❛❞❞✐t✐✈❡ ♦♥

q✉♦t✐❡♥ts✱ ✇❡ ♦❜t❛✐♥

∑

n∈❩

n · ϕ(Bn) =
M∑

n=−N+1

n ·
∑

τ

ϕτ dim(B≥n
τ /B≥n+1

τ )

=
M∑

n=−N

n ·
∑

τ

ϕτ
(
dim(B≥n

τ )− dim(B≥n+1
τ )

)

=

M∑

n=−N

n · ϕ(B≥n)−
M+1∑

n=−N+1

(n− 1) · ϕ(B≥n)

=
M∑

n=−N+1

ϕ(B≥n) + (−N) · ϕ(B≥N
︸ ︷︷ ︸
=B

)− (M + 1− 1) · ϕ(B≥M+1
︸ ︷︷ ︸

=0

)

=

M∑

n=−N+1

ϕ(B≥n)−N · ϕ(B).

�

❋♦r ❧❛t❡r ✉s❡ ✇❡ ♣r♦✈❡ t❤❛t ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Γ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✻ ■❢ [q] ∈ QuotG(H, h) ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡✱ t❤❡♥ s♦ ✐s [q] · γ ❢♦r ❡✈❡r②

γ ∈ Γ✳

Pr♦♦❢✳ ▲❡t [q] ∈ QuotG(H, h)✱ γ ∈ Γ✳ ■❢ λ ✐s ❛ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣✱ t❤❡♥ s♦ ✐s

λ̃ := γ−1λγ✳ ❋♦r limt→∞[q] · λ(t) = [q] ✇❡ ❤❛✈❡ limt→∞([q] · γ) · γ−1λ(t)γ = [q] · γ✳ ❚❤❡

❣r❛❞✐♥❣ ♦♥ t❤❡ Aρ ✐♥❞✉❝❡❞ ❜② λ̃ ✐s Ãnρ = γ−1
ρ Anρ ✱ s♦ t❤❛t

(q · γ)
( ⊕

ρ∈D−

Ã≥n
ρ ⊗❈ Vρ ⊗❈ OX

)
= (q · γ)

( ⊕

ρ∈D−

γ−1
ρ A≥n

ρ ⊗❈ Vρ ⊗❈ OX

)

= q
( ⊕

ρ∈D−

γργ
−1
ρ A≥n

ρ ⊗❈ Vρ ⊗❈ OX

)

= q
( ⊕

ρ∈D−

A≥n
ρ ⊗❈ Vρ ⊗❈ OX

)
= F≥n.

✹✾



✸✳ ●■❚ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

❚❤✐s s❤♦✇s t❤❛t µLχ
(q · γ, γ−1λγ) = µLχ

(q, λ)✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ µLχ
(q, λ) ≥ 0 ❢♦r ❡✈❡r②

1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ λ ✐❢ ❛♥❞ ♦♥❧② ✐❢ µLχ
(q · γ, λ) ≥ 0 ❢♦r ❡✈❡r② 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣

λ✳ �

✸✳✹✳✶✳ 1✕st❡♣ ✜❧tr❛t✐♦♥s

◆❡①t ✇❡ ❛♥❛❧②s❡ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r 1✕st❡♣ ✜❧tr❛t✐♦♥s ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡

❝♦♥❞✐t✐♦♥ ❢♦r ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②✿

▲❡t A ) A′ ) 0 ❜❡ ❛ 1✕st❡♣ ✜❧tr❛t✐♦♥ ❛♥❞ A′′ ❛ ❝♦♠♣❧❡♠❡♥t ♦❢ A′ ✐♥ A✳ ❚❤❡♥ ❢♦r ❛♥②

1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ Γ ❛❝t✐♥❣ ✇✐t❤ s♦♠❡ ✇❡✐❣❤t n′ ♦♥ A′ ❛♥❞ n′′ ♦♥ A′′✱ t❤❡ ✇❡✐❣❤ts

❤❛✈❡ t♦ ❢✉❧✜❧❧ n′ ·dimA′+n′′ ·dimA′′ = 0✳ ❚❤❡r❡❢♦r❡✱ ✉♣ t♦ ❛ ♠✉❧t✐♣❧❡ ✐♥ 1
gcd(dimA′,dimA)❩

✇❡ ❤❛✈❡ n′ = dimA′′ = dimA− dimA′ ❛♥❞ n′′ = − dimA′✳ ❲❡ ❞❡♥♦t❡ t❤❡ 1✕♣❛r❛♠❡t❡r

s✉❜❣r♦✉♣ ❛ss♦❝✐❛t❡❞ t♦ A′ ✐♥ t❤✐s ✇❛② ❜② λ′✳ ❲❡ ❤❛✈❡

AdimA−dimA′
= A′,

A− dimA′
= A′′ ∼= A/A′,

FdimA−dimA′
= q
( ⊕

ρ∈D−

A′
ρ ⊗❈ Vρ ⊗❈ OX

)
=: F ′,

F− dimA′
= q(

⊕

ρ∈D−

(A′
ρ ⊕A′′

ρ)⊗❈ Vρ ⊗❈ OX)/F
dimA−dimA′

= F/F ′.

❚❤✐s ②✐❡❧❞s

µLχ
(q, λ′) = (dimA− dimA′) ·

(
κ(F ′) + χ(A′)

)
− dimA′ ·

(
κ(F/F ′) + χ(A/A′)

)

= (dimA− dimA′) ·
(
κ(F ′) + χ(A′)

)

− dimA′ ·
(
κ(F)− κ(F ′) + χ(A)︸ ︷︷ ︸

=0

−χ(A′)
)

= dimA ·
(
κ(F ′) + χ(A′)

)
− dimA′ · κ(F).

❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r µLχ
(q, λ′) t♦ ❜❡ ♣♦s✐t✐✈❡✿

µLχ
(q, λ′)≥

( )
0 ⇐⇒ µ(A′) := dimA ·

(
κ(F ′) + χ(A′)

)
− dimA′ · κ(F)≥

( )
0

⇐⇒ dimA ·
(
κ(F ′) + χ(A′)

)
≥
( )

dimA′ · κ(F) ✭✸✳✼✮

⇐⇒

(
κ(F ′) + χ(A′)

)

dimA′
≥
( )

κ(F)

dimA
.

❍❡r❡ ✇❡ ❤❛✈❡ dimA 6= 0 s✐♥❝❡D− 6= ∅ ❜② ❘❡♠❛r❦ ✷✳✷✳✶ ❛♥❞ dimA′ 6= 0 ❜② t❤❡ ❛ss✉♠♣t✐♦♥

A′ 6= 0✳

✺✵



✸✳✹✳ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r 1✕st❡♣ ✜❧tr❛t✐♦♥s t♦ ❡①❛♠✐♥❡ ●■❚✕

✭s❡♠✐✮st❛❜✐❧✐t②✿

▲❡♠♠❛ ✸✳✹✳✼ ❆ ♣♦✐♥t [q : H ։ F ] ∈ QuotG(H, h) ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡ ⇐⇒ ❢♦r ❡✈❡r②

1✕st❡♣ ✜❧tr❛t✐♦♥ A ) A′ ) 0 ✇❡ ❤❛✈❡ µ(A′)≥
( )

0✳

Pr♦♦❢✳ ✏⇒✑✿ ❈♦♥s✐❞❡r✐♥❣ t❤❡ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❧tr❛t✐♦♥✱ t❤✐s

❢♦❧❧♦✇s ❢r♦♠ ▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥✳

✏⇐✑✿ ▲❡t λ ❜❡ ❛♥② ♥♦♥✕tr✐✈✐❛❧ 1✕♣❛r❛♠❡t❡r s✉❜❣r♦✉♣✳ ❇② ▼✉♠❢♦r❞✬s ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥

✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t µLχ
(q, λ) ≥

( )
0✳ ▲❡t −N ❞❡♥♦t❡ t❤❡ ♠✐♥✐♠❛❧ ❛♥❞ M t❤❡ ♠❛①✐♠❛❧

♦❝❝✉rr✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥ ❢♦r ❡✈❡r② n ∈ {−N + 1, . . . ,M} t❤❡ s❡q✉❡♥❝❡ A ) A≥n ) 0 ✐s ❛

1✕st❡♣ ✜❧tr❛t✐♦♥✳ ❚❤✉s ✇❡ ❤❛✈❡ κ(F≥n) + χ(A≥n)≥
( )

dimA≥n

dimA · κ(F) ❜② ✭✸✳✼✮✳ ❚❤✐s ②✐❡❧❞s

µLχ
(q, λ) =

M∑

n=−N+1

(
κ(F≥n) + χ(A≥n)

)
−N · κ(F)

≥
( )

M∑

n=−N+1

dimA≥n ·
κ(F)

dimA
−N · κ(F)

= N · dimA ·
κ(F)

dimA
−N · κ(F) = 0,

s✐♥❝❡ ❜② ▲❡♠♠❛ ✸✳✹✳✺ ✇✐t❤ B = A✱ ϕ ≡ 1 ✇❡ ❤❛✈❡

M∑

n=−N+1

dimA≥n =
∑

n∈❩

n · dimAn

︸ ︷︷ ︸
=0

+ N · dimA = N · dimA.

❚❤✐s s❤♦✇s t❤❛t [q] ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡✳ �

❚❤✉s ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②✿

❈♦r♦❧❧❛r② ✸✳✹✳✽ ❆♥ ❡❧❡♠❡♥t [q : H ։ F ] ∈ QuotG(H, h) ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ ❢♦r ❡✈❡r② ❣r❛❞❡❞ s✉❜s♣❛❝❡ 0 6= A′ ( A ❛♥❞ F ′ := q
(⊕

ρ∈D−
A′
ρ⊗❈ Vρ⊗❈OX

)
t❤❡

✐♥❡q✉❛❧✐t② µ(A′) := dimA ·
(
κ(F ′) + χ(A′)

)
− dimA′ · κ(F)≥

( )
0 ❤♦❧❞s✳

✺✶





✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥s

❆s ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ ❛♥ ❛✣♥❡

G✕s❝❤❡♠❡ X ❛s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ t❤❡ ●■❚✕q✉♦t✐❡♥t QuotG(H, h)ss✴✴
Lχ

Γ✱ ✜rst ♦❢ ❛❧❧ ✇❡

❞❡t❡r♠✐♥❡ t❤❡ ❡❧❡♠❡♥ts ✐♥ QuotG(H, h) ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥

✹✳✶✳ ■t t✉r♥s ♦✉t t❤❛t ❡✈❡r② ●■❚✕s❡♠✐st❛❜❧❡ q✉♦t✐❡♥t ❝❛♥ ✐♥❞❡❡❞ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ✇❛②✱ s♦ t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❢✉♥❝t♦r Mχ,κ(X) ♦❢

✢❛t ❢❛♠✐❧✐❡s ♦❢ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❲❡ ❝♦♠♣❛r❡ Mχ,κ(X) ✇✐t❤ t❤❡ ❢✉♥❝t♦r

Mθ(X) ♦❢ ✢❛t ❢❛♠✐❧✐❡s ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡

❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s ❣❡♥❡r❛t❡❞ ✐♥ D− ♦❢

❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ❛♥❞ t❤❡ ❣r❛❞❡❞ s✉❜s♣❛❝❡s ♦❢ A =
⊕

ρ∈D−
Aρ ❞❡✜♥✐♥❣ s✉❜s❤❡❛✈❡s

♦❢H✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥❡✇ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ θ̃ ♦♥ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ●■❚✕st❛❜✐❧✐t② ❢♦r (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❣❡♥❡r❛t❡❞ ✐♥ D−✳ ❚❤✐s r❡✲

❞✉❝❡s ♦✉r ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s t♦ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃✱ ✇❤✐❝❤ ❧♦♦❦

✈❡r② s✐♠✐❧❛r ❢♦r ❛ ❝❡rt❛✐♥ ❝❤♦✐❝❡ ♦❢ t❤❡ ●■❚✕♣❛r❛♠❡t❡rs χ ❛♥❞ κ✳ ■♥❞❡❡❞✱ ✐♥ ❙❡❝t✐♦♥

✹✳✸ ✇❡ s❤♦✇ t❤❛t θ ✐s ❛ ❧✐♠✐t ♦❢ t❤❡ θ̃✱ ✇❤❡♥ t❤❡ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG ✐♥ t❤❡ ❞❡✜♥✐✲

t✐♦♥ ♦❢ θ̃ ✈❛r✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✜♥❞ ♦✉t t❤❛t θ✕st❛❜✐❧✐t② ✐♠♣❧✐❡s θ̃✕st❛❜✐❧✐t② ❛♥❞ ❤❡♥❝❡

●■❚✕st❛❜✐❧✐t②✱ s♦ t❤❛t t❤❡ ❢✉♥❝t♦r ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✐s ❛ s✉❜❢✉♥❝t♦r ♦❢ t❤❡

❢✉♥❝t♦r ♦❢ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳

✹✳✶✳ ◗✉♦t✐❡♥ts ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦✐♥ts ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ ✇❤✐❝❤ ♦r✐❣✐♥❛t❡ ❢r♦♠ θ✕s❡♠✐st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✱ ✇❡ ❛♥❛❧②s❡ t❤❡ q✉♦t✐❡♥t ♠❛♣ ❢♦r t❤❡s❡ ❡❧❡♠❡♥ts ✜rst✳

❋r♦♠ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛❧❧ θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s F ❛r❡ q✉♦t✐❡♥ts

♦❢

H :=
⊕

ρ∈D−

Aρ ⊗❈ Vρ ⊗❈ OX ,

✺✸



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✇❤❡r❡ Aρ = ❈h(ρ) ❛♥❞ D− ✐s t❤❡ ✜♥✐t❡ s✉❜s❡t ♦❢ IrrG ✇❤❡r❡ θ t❛❦❡s ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✿

❙✐♥❝❡ Fρ = HomG(Vρ,F) ✇❡ ❤❛✈❡ ♥❛t✉r❛❧ ❡✈❛❧✉❛t✐♦♥ ♠❛♣s

evρ : Fρ ⊗❈ Vρ ⊗❈ OX → F , α⊗ v ⊗ f 7→ α(v) · f

❛♥❞ F ✐s ❣❡♥❡r❛t❡❞ ❛s ❛♥ OX✕♠♦❞✉❧❡ ❜② t❤❡ ✐♠❛❣❡s ♦❢ evρ✱ ρ ∈ D− ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷✳

❈❤♦♦s✐♥❣ ❛ ❜❛s✐s ♦❢ ❡❛❝❤ Fρ✱ ✐✳❡✳ ✜①✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠ ψρ : Aρ → Fρ✱ ❛♥❞ ❝♦♠♣♦s✐♥❣ ✐t

✇✐t❤ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♠❛♣✱ ✇❡ ♦❜t❛✐♥

qρ : Aρ ⊗❈ Vρ ⊗❈ OX → F , a⊗ v ⊗ f 7→ ψρ(a)(v) · f ✭✹✳✶✮

❛♥❞ t❤❡ qρ ❛❞❞ ✉♣ t♦ t❤❡ ✇❤♦❧❡ ♦❢ F ✿

q := ⊕
ρ∈D−

qρ : H =
⊕

ρ∈D−

Aρ ⊗❈ Vρ ⊗❈ OX → F .

❚❤✐s ❣✐✈❡s ✉s ❛ ♣♦✐♥t [q : H ։ F ] ∈ QuotG(H, h) ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ♠❛♣

ϕρ : Aρ → Fρ = HomG(Vρ,F), a 7→ (v 7→ q(a⊗ v ⊗ 1)), ✭✹✳✷✮

✐s ❥✉st t❤❡ ✐s♦♠♦r♣❤✐s♠ ψρ s✐♥❝❡ ❢♦r a ∈ Aρ ❛♥❞ v ∈ Vρ ✇❡ ❤❛✈❡

ϕρ(a)(v) = q(a⊗ v ⊗ 1) = ψρ(a)(v) · 1 = ψρ(a)(v).

❚❤❡ ♣♦✐♥t [q : H ։ F ] ∈ QuotG(H, h) ❝♦♥str✉❝t❡❞ t❤✐s ✇❛② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢

t❤❡ ✐s♦♠♦r♣❤✐s♠s ψρ✳ ❆♥② ♦t❤❡r ❝❤♦✐❝❡ ❞✐✛❡rs ❢r♦♠ ψρ ❜② ❛♥ ❡❧❡♠❡♥t ✐♥ Gl(Aρ)✱ s♦

t❤❛t ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ q✉♦t✐❡♥t ♦❢ QuotG(H, h) ❜②

Γ :=
(∏

ρ∈D−
Gl(Aρ)

)
/❈∗✳ ❲❡ ✇✐❧❧ ♠❛❦❡ t❤✐s ♠♦r❡ ♣r❡❝✐s❡ ✐♥ ❈❤❛♣t❡r ✺✳

❈♦♥✈❡rs❡❧②✱ ❢♦r ❛♥② ❡❧❡♠❡♥t [q : H ։ F ] ∈ QuotG(H, h)✱ t❤❡ q✉♦t✐❡♥t F ✐s ❛ G✕

❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX✕♠♦❞✉❧❡ ✇✐t❤ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s♦♠♦r♣❤✐❝ t♦ Rh✱ s♦ ✐t

✐s ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣s ϕρ ♥❡❡❞ ♥♦t ❜❡ ✐s♦♠♦r♣❤✐s♠s s♦

t❤❛t [q] ♥❡❡❞ ♥♦t ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❛s ❛❜♦✈❡ ❡✈❡♥ ✐❢ F ✐s θ✕st❛❜❧❡✳

❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ ❛ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X) ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❛s

❛ s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)ss✴✴
Lχ

Γ✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❡①♣❧♦r✐♥❣ ✇❤✐❝❤ q✉♦t✐❡♥t ♠❛♣s

q ❞♦ ✐♥❞❡❡❞ ❛r✐s❡ ❢r♦♠ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✳

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ❢♦r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t [q] ∈ QuotG(H, h) t❤❡ ♠❛♣s ϕρ ❛r❡

✐s♦♠♦r♣❤✐s♠s ✐❢ [q] ✐s ●■❚✕s❡♠✐st❛❜❧❡✳

▲❡♠♠❛ ✹✳✶✳✶ ▲❡t [q : H ։ F ] ∈ QuotG(H, h) ❜❡ ●■❚✕s❡♠✐st❛❜❧❡✳ ■❢ χρ <
κ(F)
dimA ❢♦r

s♦♠❡ ρ ∈ D−✱ t❤❡♥ ϕρ : Aρ → Fρ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✺✹



✹✳✶✳ ◗✉♦t✐❡♥ts ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

Pr♦♦❢✳ ❋✐① ρ ∈ D− ❛♥❞ ❧❡t Kρ := kerϕρ✳ ■❢ ϕρ ✐s ♥♦t ✐♥❥❡❝t✐✈❡✱ t❤❡♥ A ⊃ Kρ ) 0

✐s ❛ 1✕st❡♣ ✜❧tr❛t✐♦♥✳ ❋♦r t❤❡ ✐♥❞✉❝❡❞ s❤❡❛❢ ✇❡ ♦❜t❛✐♥ F ′ = q(Kρ ⊗❈ Vρ ⊗❈ OX) =

ϕρ(Kρ) · OX = 0✱ s♦ t❤❛t

µ(Kρ) = dimA ·
(
κ(0) + χ(Kρ)

)
− dimKρ · κ(F)

= dimA · χρ dimKρ − dimKρ · κ(F)

= dimKρ · (dimA · χρ − κ(F)) < 0

❜② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ χρ✳

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ s❡♠✐st❛❜✐❧✐t②✱ s♦ kerϕρ ❤❛s t♦ ❜❡ 0✳ ❆s Aρ ❛♥❞ Fρ ❤❛✈❡ t❤❡

s❛♠❡ ❞✐♠❡♥s✐♦♥ h(ρ)✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ϕρ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ �

❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② ●■❚✕s❡♠✐st❛❜❧❡ q✉♦t✐❡♥t [q : H ։ F ] ∈ QuotG(H, h) t❤❡ qρ

❛r❡ ♦❢ t❤❡ ❢♦r♠ ✭✹✳✶✮ ❢♦r ρ ∈ D−✳ ■♥ t❤✐s s❡♥s❡✱ [q] ❛r✐s❡s ❢r♦♠ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✳

■❢ ❢♦r ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ❛♥❞ ❛ ❝❤♦✐❝❡ ♦❢ ✐s♦♠♦r♣❤✐s♠s (ψρ)ρ∈D− t❤❡ ❝♦rr❡s♣♦♥✲

❞✐♥❣ ♣♦✐♥t ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡✱ t❤❡♥ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛♥② ♦t❤❡r ❝❤♦✐❝❡ ♦❢ ✐s♦♠♦r✲

♣❤✐s♠s ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✻✳ ❚❤✉s ✐t ♠❛❦❡s s❡♥s❡ t♦ ❞❡❛❧ ✇✐t❤ ●■❚✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕

❝♦♥st❡❧❧❛t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❆ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡✱ ✐❢ ❢♦r s♦♠❡ ❛♥❞ ❤❡♥❝❡

❛♥② ❝❤♦✐❝❡ ♦❢ ✐s♦♠♦r♣❤✐s♠s (ψρ)ρ∈D− t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✮ ✐s ●■❚✕

✭s❡♠✐✮st❛❜❧❡✳ ▲❡t

Mχ,κ(X) : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮

S 7→ {F ❛♥ S✕✢❛t ❢❛♠✐❧② ♦❢ ●■❚✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X × S}/∼=

(f : S′ → S) 7→
(
Mχ,κ(X)(S) → Mχ,κ(X)(S′),F 7→ (idX ×f)∗F

)
,

❛♥❞

Mχ,κ(X) : ✭❙❝❤✴❈✮♦♣ → ✭❙❡t✮

S 7→ {F ❛♥ S✕✢❛t ❢❛♠✐❧② ♦❢ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X × S}/∼=

(f : S′ → S) 7→
(
Mχ,κ(X)(S) → Mχ,κ(X)(S′),F 7→ (idX ×f)∗F

)

❜❡ t❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦rs ♦❢ ●■❚✕s❡♠✐st❛❜❧❡ ❛♥❞ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X

❣❡♥❡r❛t❡❞ ✐♥ D−✱ r❡s♣❡❝t✐✈❡❧②✳

❋r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ ✇❡ ❡①♣❡❝t t❤❛t QuotG(H, h)ss✴✴
Lχ

Γ ❛♥❞ QuotG(H, h)s/Γ

❝♦r❡♣r❡s❡♥t t❤❡s❡ ❢✉♥❝t♦rs✳ ❲❡ ✇✐❧❧ s❡❡ t❤✐s ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳

✺✺



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✹✳✷✳ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❣r❛❞❡❞ s✉❜s♣❛❝❡s ♦❢ A ❛♥❞

G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛✈❡s ♦❢ F

■❢ t❤❡ ♠❛♣ Aρ → Fρ ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ ❤❡♥❝❡ ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❡ ♠❛② ❡st❛❜❧✐s❤ ❛ ❝♦rr❡✲

s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s✉❜s❤❡❛✈❡s ♦❢ t❤❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ❛♥❞ ❣r❛❞❡❞ s✉❜s♣❛❝❡s ♦❢ A✳

❇② ▲❡♠♠❛ ✹✳✶✳✶ t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♣♣❧✐❡s t♦ ●■❚✕s❡♠✐st❛❜❧❡ ❡❧❡♠❡♥ts✳ ❋✐rst ✇❡ ❜❡❣✐♥

✇✐t❤ s♦♠❡ ❣r❛❞❡❞ s✉❜s♣❛❝❡ A′ ⊂ A✱ ✐✳❡✳ ✇❡ ❤❛✈❡ s✉❜s♣❛❝❡s A′
ρ ⊂ Aρ ❢♦r ❡✈❡r② ρ ∈ D−✳

▲❡t

F ′ := q
(⊕

ρ∈D−

A′
ρ ⊗❈ Vρ ⊗❈ OX

)
=
(⊕

ρ∈D−

ϕρ(A
′
ρ)
)
· OX ✭✹✳✸✮

❜❡ t❤❡ s✉❜✕OX✕♠♦❞✉❧❡ ♦❢ F ❣❡♥❡r❛t❡❞ ❜② t❤❡ ϕρ(A′
ρ)✱ ρ ∈ D−✳ ❙✐♥❝❡ ϕρ|A′

ρ
✐s ✐♥❥❡❝t✐✈❡

✇❡ ❤❛✈❡ dimA′
ρ ≤ dimF ′

ρ ❢♦r ❡✈❡r② ρ ∈ D−✳

❋✉rt❤❡r✱ ✇❡ ❞❡✜♥❡

Ã′
ρ := ϕ−1

ρ (F ′
ρ), Ã′ :=

⊕

ρ∈D−

Ã′
ρ.

❚❤❡♥ ✇❡ ❤❛✈❡

❼ dim Ã′
ρ = dimF ′

ρ =: h′(ρ) s✐♥❝❡ ϕρ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱

❼ Ã′
ρ = ϕ−1

ρ

([(⊕
σ∈D−

ϕσ(A
′
σ)
)
· OX

]
ρ

)
⊃ ϕ−1

ρ

(
ϕρ(A

′
ρ)
)
= A′

ρ✱

❼ q
(⊕

ρ∈D−
Ã′
ρ ⊗❈ Vρ ⊗❈ OX

)
=
(⊕

ρ∈D−
ϕρ(Ã

′
ρ)
)
· OX = F ′✱ s✐♥❝❡ ϕρ(Ã′

ρ) = F ′
ρ ✐❢

ρ ∈ D− ❛♥❞ F ′ ✐s ❣❡♥❡r❛t❡❞ ✐♥ D−✳

❋♦r t❤✐s r❡❛s♦♥✱ Ã′ ✐s ❝❛❧❧❡❞ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ A′✳

❈♦♥✈❡rs❡❧②✱ ✐❢ ✇❡ st❛rt ✇✐t❤ s♦♠❡ s✉❜s❤❡❛❢ F ′ ⊂ F ✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② t♦

♦❜t❛✐♥ t❤❡ s❛t✉r❛t✐♦♥ F̃ ′ ♦❢ F ′✿ ▲❡t

Ã′
ρ := ϕ−1

ρ (F ′
ρ), Ã′ :=

⊕

ρ∈D−

Ã′
ρ,

F̃ ′ := q
(⊕

ρ∈D−

Ã′
ρ ⊗❈ Vρ ⊗❈ OX

)
=
(⊕

ρ∈D−

ϕρ(Ã
′
ρ)
)
· OX =

(⊕

ρ∈D−

F̃ ′
ρ

)
· OX ,

❆s ❜❡❢♦r❡ ✇❡ ❤❛✈❡ dim Ã′
ρ ≤ dim F̃ ′

ρ ❛♥❞ ϕ−1
ρ (F̃ ′

ρ) ⊃ Ã′
ρ ❢♦r ❡✈❡r② ρ ∈ D− ❛s ✇❡❧❧ ❛s

q
(⊕

ρ∈D−
ϕ−1
ρ (F̃ ′

ρ) ⊗❈ Vρ ⊗❈ OX

)
=
(⊕

ρ∈D−
ϕρ(ϕ

−1
ρ (F̃ ′

ρ))
)
· OX = F̃ ′✳ ▼♦r❡♦✈❡r✱ F̃ ′ ✐s

t❤❡ OX✕♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ F ′
ρ✱ ρ ∈ D−✱ s♦ ✇❡ ❤❛✈❡

F ′
ρ = F̃ ′

ρ ❢♦r ❡✈❡r② ρ ∈ D−,

F ′
ρ ⊃ F̃ ′

ρ ❢♦r ❡✈❡r② ρ ∈ IrrG \D−.

✺✻



✹✳✷✳ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ A′ ⊂ A ❛♥❞ F ′ ⊂ F

❚❤✉s ✐❢ F ′ ✐s ❣❡♥❡r❛t❡❞ ✐♥ D− t❤❡♥ F ′ = F̃ ′ ❛♥❞ dim Ã′
ρ = dimF ′

ρ = h′(ρ)✳

■♥s♣✐r❡❞ ❜② t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ●■❚✕✭s❡♠✐✮st❛✲

❜✐❧✐t② ✐♥ t❡r♠s ♦❢ t❤❡ F ′ ✐♥st❡❛❞ ♦❢ t❤❡ A′✿

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶ ▲❡t F ❜❡ ❛♥② (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ F ′ ⊂ F ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t

s✉❜s❤❡❛❢✱ h′(ρ) := dimF ′
ρ✳ ▲❡t θ̃ : CohG(X) → ◗ ❜❡ t❤❡ ❢✉♥❝t✐♦♥

θ̃(F ′) :=
∑

ρ∈D−

(
κρ + χρ −

κ(F)

dimA

)
h′(ρ) +

∑

σ∈D\D−

κσh
′(σ).

■♥ t❤❡ ❛❜♦✈❡ s❡tt✐♥❣ ✐❢ F ′ ✐s ❣❡♥❡r❛t❡❞ ✐♥ D− ✇❡ ❤❛✈❡ h′(ρ) = dim Ã′
ρ✳ ❈♦♠♣❛r✐♥❣ t❤✐s

❞❡✜♥✐t✐♦♥ t♦ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✼✮ ✇❡ ✜♥❞

dimA · θ̃(F ′) = µ(Ã′). ✭✹✳✹✮

❘❡♠❛r❦✳ ❙✐♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ●■❚✕st❛❜✐❧✐t② ♦♥ QuotG(H, h) ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♠❜❡❞❞✐♥❣

✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ●r❛ss♠❛♥♥✐❛♥s✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ θ̃ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✜♥✐t❡

s✉❜s❡t D ⊂ IrrG✳ ■❢ t❤❡r❡ ✐s ❛♥② ❛♠❜✐❣✉✐t② ❛❜♦✉t D ✇❡ ✇r✐t❡ θ̃D ✐♥st❡❛❞ ♦❢ θ̃✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ r❡❞✉❝❡s t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ θ✕✭s❡♠✐✮st❛❜✐❧✐t② ❛♥❞

●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃ ❢♦r s❤❡❛✈❡s ❣❡♥❡r❛t❡❞ ✐♥ D−✳

❚❤❡♦r❡♠ ✹✳✷✳✷ ▲❡t χρ ≤
κ(F)
dimA ✳ ❚❤❡♥ [q : H ։ F ] ∈ QuotG(H, h) ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ F ✐s ❛ θ̃✕✭s❡♠✐✮st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✳

Pr♦♦❢✳ ✏⇒✑✿ ▲❡t F ′ ❜❡ ❛ G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ ♦❢ F ✳ ❈♦♥s✐❞❡r t❤❡ s✉❜s❤❡❛❢ F ′′ ♦❢ F ′

❣❡♥❡r❛t❡❞ ❜② t❤❡ F ′
ρ✱ ρ ∈ D−✱ s♦ t❤❛t ✇❡ ❤❛✈❡ h′′(ρ) := dimF ′′

ρ = h′(ρ) ❢♦r ρ ∈ D− ❛♥❞

h′′(ρ) ≤ h′(ρ) ❢♦r ρ ∈ IrrG \D−✳ ❲❡ ❞❡✜♥❡ Ã′′ =
⊕

ρ∈D−
ϕ−1
ρ (F ′′

ρ ) ❛s ❛❜♦✈❡✳ ❆s F ′′ ✐s

❣❡♥❡r❛t❡❞ ✐♥ D−✱ ✇❡ ❤❛✈❡ θ̃(F ′′) = µ(Ã′′)
dimA ≥

( )
0 ❜② ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t②✳ ❋♦r F ′ t❤✐s ②✐❡❧❞s

θ̃(F ′) =
∑

ρ∈D−

(
κρ + χρ −

κ(F)

dimA

)
h′(ρ)︸ ︷︷ ︸
=h′′(ρ)

+
∑

σ∈D\D−

κσ︸︷︷︸
>0

h′(σ)︸ ︷︷ ︸
≥h′′(σ)

≥
∑

ρ∈D−

(
κρ + χρ −

κ(F)

dimA

)
h′′(ρ) +

∑

σ∈D\D−

κσh
′′(σ) = θ̃(F ′′) ≥

( )
0.

✺✼



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✏⇐✑✿ ▲❡t A′ ⊂ A ❜❡ ❛ ❣r❛❞❡❞ s✉❜s♣❛❝❡✳ ❆s ✐♥ ✭✹✳✸✮ ✇❡ ❝♦♥str✉❝t F ′ ❛♥❞ Ã′ ⊃ A′✳ ❇②

θ✕✭s❡♠✐✮st❛❜✐❧✐t② ✇❡ ❤❛✈❡ µ(Ã′) = dimA · θ̃(F ′)≥
( )

0✳ ❋✉rt❤❡r✱ ✇❡ ♦❜t❛✐♥

χ(Ã′)− χ(A′) = χ(Ã′/A′) =
∑

ρ∈D−

χρ · dim(Ã′/A′)ρ

≤
∑

ρ∈D−

κ(F)

dimA
· dim(Ã′/A′)ρ =

κ(F)

dimA
·
∑

ρ∈D−

dim(Ã′/A′)ρ

=
κ(F) · dim(Ã′/A′)

dimA
=

dim Ã′ − dimA′

dimA
· κ(F).

❙❡♣❛r❛t✐♥❣ Ã′ ❛♥❞ A′ ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ❜② dimA t❤✐s ②✐❡❧❞s

dimA · χ(Ã′)− dim Ã′ · κ(F) ≤ dimA · χ(A′)− dimA′ · κ(F),

s♦ t❤❛t

µ(A′) = dimA · (κ(F ′) + χ(A′))− dimA′ · κ(F)

≥ dimA · (κ(F ′) + χ(Ã′))− dim Ã′ · κ(F) = µ(Ã′)≥
( )

0.

�

■❢ ✇❡ ❝♦✉❧❞ s❤♦✇ t❤❛t

θ̃(F ′)≥
( )

0 ⇐⇒ θ(F ′)≥
( )

0 ✭✹✳✺✮

❢♦r ❡✈❡r② G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ ♦❢ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✱ t❤❡♥ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥

♦❢ t❤❡ t❤❡♦r❡♠ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✱ ✇❡ ✇♦✉❧❞ ❛❧s♦ ❤❛✈❡ t❤❛t ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s

θ✕✭s❡♠✐✮st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ●■❚✕✭s❡♠✐✮st❛❜❧❡✳ ❚❤❡r❡❢♦r❡ ✐t ✇♦✉❧❞ ❡✈❡♥ ❜❡ ❡♥♦✉❣❤

t♦ s❤♦✇ ✭✹✳✺✮ ❢♦r F ❛♥❞ F ′ ❣❡♥❡r❛t❡❞ ✐♥ D− ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡

❛❜♦✈❡ t❤❡♦r❡♠✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭✹✳✺✮ ♠✐❣❤t ❜❡ ❛s❦✐♥❣ t♦♦ ♠✉❝❤ ❢♦r✱ ❜✉t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡❝t✐♦♥ ✇❡ s❤♦✇ ❛t ❧❡❛st t❤❛t θ✕st❛❜✐❧✐t② ✐♠♣❧✐❡s ●■❚✕st❛❜✐❧✐t② ✭❈♦r♦❧❧❛r② ✹✳✸✳✻✮✳ ❆s t❤❡

❚❤❡♦r❡♠ s✉❣❣❡sts✱ ✇❡ t❤❡r❡❢♦r❡ ❝♦♠♣❛r❡ θ ❛♥❞ θ̃ ❛♥❞ ✇❡ s❤♦✇ t❤❛t θ✕st❛❜✐❧✐t② ✐♠♣❧✐❡s

θ̃✕st❛❜✐❧✐t②✳

✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ t✇♦ ❢✉♥❝t✐♦♥s ♦♥ CohG(X)✿

θ(F ′) =
∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D\D−

θσh
′(σ) +

∑

τ∈IrrG\D

θτh
′(τ),

θ̃(F ′) =
∑

ρ∈D−

(
κρ + χρ −

κ(F)

dimA

)
h′(ρ) +

∑

σ∈D\D−

κσh
′(σ).

✺✽



✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t θ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦✈❡r ✐♥✜♥✐t❡❧② ♠❛♥② ❡❧❡♠❡♥ts ✇❤✐❧❡

t❤❡ ♥✉♠❜❡r ♦❢ s✉♠♠❛♥❞s ✐♥ θ̃ ✐s ✜♥✐t❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣❛rt ♦✉ts✐❞❡ D ♦❢ θ ❜②

SD :=
∑

τ∈IrrG\D

θτh(τ).

❚♦ ❝♦♠♣❛r❡ θ ❛♥❞ θ̃ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ❝❤♦♦s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r χ ❛♥❞

t❤❡ ✇❡✐❣❤ts κ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✉r ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ L ✿

χρ = θρ − κρ +
κ(F)

dimA
❢♦r ρ ∈ D−,

κρ > 0 ❛r❜✐tr❛r② ❢♦r ρ ∈ D−, ✭✹✳✻✮

κσ = θσ +
SD

d · h(σ)
❢♦r σ ∈ D \D−,

✇❤❡r❡ d := #(D \D−) ✐s t❤❡ ♥✉♠❜❡r ♦❢ s✉♠♠❛♥❞s ✐♥ t❤❡ s❡❝♦♥❞ s✉♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

θ̃✳ ❙✐♥❝❡ D ⊂ D− ∪D+ ✇❡ ❤❛✈❡ θσ > 0 ❢♦r ❛❧❧ σ ∈ D \D−✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥❡q✉❛❧✐t②

SD ≥ 0 ❤♦❧❞s✱ s♦ t❤❛t ✇❡ ❛❧✇❛②s ❤❛✈❡ κσ > 0✳

❘❡♠❛r❦✳ ❙✐♥❝❡ θρ < 0 ❛♥❞ κρ > 0 ❢♦r ❡✈❡r② ρ ∈ D−✱ ✇❡ ❛✉t♦♠❛t✐❝❛❧❧② ❤❛✈❡

χρ = θρ − κρ +
κ(F)

dimA
<

κ(F)

dimA
,

s♦ t❤❡ ♣r❡r❡q✉✐s✐t❡s ♦❢ ▲❡♠♠❛ ✹✳✶✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✷ ❛r❡ ❛❧✇❛②s s❛t✐s✜❡❞ ✇✐t❤ t❤❡

❝❤♦✐❝❡ ✭✹✳✻✮ ♦❢ χ ❛♥❞ κ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s s✉❜st❛♥t✐❛t❡ ✇❤② t❤❡ ❝❤♦✐❝❡ ✭✹✳✻✮ ❢♦r χ ❛♥❞ κ ✐s ♥❛t✉r❛❧✿

▲❡♠♠❛ ✹✳✸✳✶ ▲❡t F ❜❡ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✳ ❲✐t❤ ❆♥s❛t③ ✭✹✳✻✮ ♦❢ χ ❛♥❞ κ ❢♦r ❛♥②

G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ F ′ ♦❢ F ✇❡ ❤❛✈❡

θ̃(F ′) =
∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D\D−

θσh
′(σ) +

SD
d

∑

σ∈D\D−

h′(σ)

h(σ)
,

✐♥ ♣❛rt✐❝✉❧❛r θ̃(F) = θ(F)✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡

θ̃(F ′) =
∑

ρ∈D−

(
κρ + χρ −

κ(F)

dimA

)
h′(ρ) +

∑

σ∈D\D−

κσh
′(σ)

=
∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D\D−

(
θσ +

SD
d · h(σ)

)
h′(σ)

=
∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D\D−

θσh
′(σ) +

SD
d

∑

σ∈D\D−

h′(σ)

h(σ)
,

✺✾



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

s♦

θ̃(F) =
∑

ρ∈D−

θρh(ρ) +
∑

σ∈D\D−

θσh(σ) +
SD
d

∑

σ∈D\D−

h(σ)

h(σ)

=
∑

ρ∈D−

θρh(ρ) +
∑

σ∈D\D−

θσh(σ) + SD

= θ(F).

�

❘❡♠❛r❦✳ ■❢ t❤❡ s✉♣♣♦rt D− ∪D+ ♦❢ θ ✐s ✜♥✐t❡✱ t❤❡♥ ♦♥❡ ♠❛② t❛❦❡ D = D− ∪D+✳ ■♥ t❤✐s

❝❛s❡ t❤❡ s✉♠♠❛♥❞ SD ✈❛♥✐s❤❡s ❛♥❞ t❤❡ ❧❡♠♠❛ ②✐❡❧❞s

θ̃(F ′) =
∑

ρ∈supp θ

θρh
′(ρ) = θ(F ′).

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ G ✐s ❛ ✜♥✐t❡ ❣r♦✉♣✱ θ✕✭s❡♠✐✮st❛❜✐❧✐t② ❛♥❞ ●■❚✕✭s❡♠✐✮st❛❜✐❧✐t② ❝♦✐♥❝✐❞❡ ❛s

✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❈r❛✇ ❛♥❞ ■s❤✐✐ ❬❈■✵✹❪✳ ❇✉t ❢♦r ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣ G✱ t❤❡ s✉♣♣♦rt ♦❢

θ ✇✐❧❧ ❜❡ ✐♥✜♥✐t❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r ♦t❤❡r✇✐s❡ t❤❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✇❤✐❝❤ ❛r❡ θ✕s❡♠✐st❛❜❧❡

❜✉t ♥♦t θ✕st❛❜❧❡ ♠✐❣❤t ♥♦t ❜❡ q✉♦t✐❡♥ts ♦❢ H ❜② ❘❡♠❛r❦ ✷✳✷✳✹✳

▲❡♠♠❛ ✹✳✸✳✷ ■❢ χ ❛♥❞ κ ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✳✻✮✱ χ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❝❤❛r❛❝t❡r ✐❢ ❛♥❞

♦♥❧② ✐❢ θ(F) = 0✳

Pr♦♦❢✳ ❆ ❝❤❛r❛❝t❡r χ ♦❢
∏
ρ∈D−

Gl(Aρ) ✐s ❛ ❝❤❛r❛❝t❡r ♦❢
∏
ρ∈D−

Gl(Aρ)/❈
∗ ✐❢ ❛♥❞ ♦♥❧②

✐❢
∑

ρ∈D−
χρh(ρ) = 0✳ ❲❡ ❤❛✈❡

∑

ρ∈D−

χρh(ρ) =
∑

ρ∈D−

(
θρ − κρ +

κ(F)

dimA

)
h(ρ)

=
∑

ρ∈D−

θρh(ρ) −
∑

ρ∈D−

κρh(ρ) +
κ(F)

dimA
·
∑

ρ∈D−

h(ρ)

︸ ︷︷ ︸
=dimA

=
∑

ρ∈D−

θρh(ρ) −
∑

ρ∈D−

κρh(ρ) + κ(F)︸ ︷︷ ︸
=
∑

ρ∈D κρh(ρ)

=
∑

ρ∈D−

θρh(ρ) +
∑

ρ∈D\D−

κρh(ρ)

=
∑

ρ∈D−

θρh(ρ) +
∑

ρ∈D\D−

(
θρ +

SD
d · h(ρ)

)
h(ρ)

=
∑

ρ∈D−

θρh(ρ) +
∑

ρ∈D\D−

θρh(ρ) + SD = θ(F).

✻✵



✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃

�

❋♦r ❝♦♠♣❛r✐♥❣ θ t♦ θ̃✱ ✇❡ ❝♦♥s✐❞❡r θ̃ = θ̃D ✇❤❡♥ t❤❡ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG ✈❛r✐❡s✳ ❲❡

♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r t❡r♠✿

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸ ■❢ D− ∪D+ ⊃ D̃ ⊃ D✱ t❤❡♥ ❢♦r ❛♥② G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ F ′ ♦❢ ❛

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ✇❡ ❤❛✈❡

θ̃
D̃
(F ′)− θ̃D(F

′) =
∑

τ∈D̃\D

(
θτh(τ) +

S
D̃

d̃

)
h

′(τ)

h(τ)
−

1

d

∑

σ∈D\D−

h′(σ)

h(σ)


 ,

✇❤❡r❡ d̃ := #(D̃ \D−)✱ ❛♥❞

θ(F ′)− θ̃D(F
′) =

∑

τ∈IrrG\D

θτh(τ)


h

′(τ)

h(τ)
−

1

d

∑

σ∈D\D−

h′(σ)

h(σ)


 .

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✸✳✶✱ ✇❡ ❤❛✈❡

θ̃D(F
′) =

∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D\D−

θσh
′(σ) +

SD
d

∑

σ∈D\D−

h′(σ)

h(σ)
❛♥❞

θ̃
D̃
(F ′) =

∑

ρ∈D−

θρh
′(ρ) +

∑

σ∈D̃\D−

θσh
′(σ) +

S
D̃

d̃

∑

σ∈D̃\D−

h′(σ)

h(σ)
.

❙♦ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s

θ̃
D̃
(F ′)− θ̃D(F

′) =
∑

σ∈D̃\D

θσh
′(σ) +

S
D̃

d̃

∑

σ∈D̃\D−

h′(σ)

h(σ)
−

SD
d

∑

σ∈D\D−

h′(σ)

h(σ)

=
∑

σ∈D̃\D

θσh
′(σ) +

S
D̃

d̃

∑

σ∈D̃\D

h′(σ)

h(σ)
+

(
S
D̃

d̃
−
SD
d

) ∑

σ∈D\D−

h′(σ)

h(σ)

(∗)
=

∑

τ∈D̃\D

(
θτh(τ) +

S
D̃

d̃

)
h′(τ)

h(τ)
−

1

d

∑

τ∈D̃\D

(
S
D̃

d̃
+ θτh(τ)

) ∑

σ∈D\D−

h′(σ)

h(σ)

=
∑

τ∈D̃\D

(
θτh(τ) +

S
D̃

d̃

)
h

′(τ)

h(τ)
−

1

d

∑

σ∈D\D−

h′(σ)

h(σ)


 ,

✻✶



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

s✐♥❝❡ ❢♦r (∗) ✇❡ ❝❛❧❝✉❧❛t❡

S
D̃

d̃
−
SD
d

=
1

d̃

∑

τ∈IrrG\D̃

θτh(τ) −
1

d

∑

τ∈IrrG\D

θτh(τ)

=

(
1

d̃
−

1

d

) ∑

τ∈IrrG\D̃

θτh(τ) −
1

d

∑

τ∈D̃\D

θτh(τ)

= −
d̃− d

d̃d
S
D̃

−
1

d

∑

τ∈D̃\D

θτh(τ)

= −
1

d

∑

τ∈D̃\D

S
D̃

d̃
−

1

d

∑

τ∈D̃\D

θτh(τ)

= −
1

d

∑

τ∈D̃\D

(
S
D̃

d̃
+ θτh(τ)

)
.

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❡rr♦r t❡r♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

θ(F ′)− θ̃D(F
′) =

∑

τ∈IrrG\D

θτh
′(τ) −

SD
d

∑

σ∈D\D−

h′(σ)

h(σ)

=
∑

τ∈IrrG\D

θτh
′(τ) −

1

d

∑

τ∈IrrG\D

θτh(τ)
∑

σ∈D\D−

h′(σ)

h(σ)

=
∑

τ∈IrrG\D

θτ


h′(τ)− 1

d

∑

σ∈D\D−

h′(σ)

h(σ)
h(τ)




=
∑

τ∈IrrG\D

θτh(τ)


h

′(τ)

h(τ)
−

1

d

∑

σ∈D\D−

h′(σ)

h(σ)


 .

�

❚❤❡ s❡t D = {D ⊂ IrrG | D− ∪D+ ⊃ D ⊃ D−} ♦❢ ❛❧❧ s✉❜s❡ts ♦❢ D− ∪D+ ❝♦♥t❛✐♥✐♥❣

D− ✐s ❞✐r❡❝t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝❧✉s✐♦♥✳ ■♥ t❤✐s s❡♥s❡✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❧✐♠✐t ♦✈❡r t❤❡s❡

s❡ts✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡✈❡❛❧ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ θ ❛♥❞ θ̃✿

❈♦r♦❧❧❛r② ✹✳✸✳✹ ❚❤❡ ❢✉♥❝t✐♦♥ θ ✐s t❤❡ ♣♦✐♥t✇✐s❡ ❧✐♠✐t ♦❢ t❤❡ ❢✉♥❝t✐♦♥s θ̃D ❛s D ❝♦♥✈❡r❣❡s

t♦ t❤❡ ✇❤♦❧❡ s✉♣♣♦rt ♦❢ θ✿

θ(F ′) = lim
D∈D

θ̃D(F
′) ∀ F ′ ⊂ F .

Pr♦♦❢✳ ❙✐♥❝❡ θ(F) =
∑

τ∈IrrG θτh(τ) ✐s ❝♦♥✈❡r❣❡♥t✱ t❤❡ s✉♠
∑

τ∈IrrG\D θτh(τ) ❝♦♥✈❡r❣❡s

t♦ 0 ✇❤❡♥ D ❜❡❝♦♠❡s ❧❛r❣❡r✳ ❋✉rt❤❡r✱ ❢♦r ❡✈❡r② τ ∈ D− ∪D+ ✇❡ ❤❛✈❡ 0 ≤ h′(τ)
h(τ) ≤ 1✱ s♦∣∣∣h

′(τ)
h(τ) − 1

d

∑
σ∈D\D−

h′(σ)
h(σ)

∣∣∣ ≤ 1✳ �

✻✷



✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ θ ❛♥❞ θ̃

■♥ ❣❡♥❡r❛❧✱ ❡q✉❛❧✐t② ✇✐❧❧ ♦♥❧② ❤♦❧❞ ✐♥ t❤❡ ❧✐♠✐t✱ ❜✉t ♥♦t ❢♦r ✜♥✐t❡ D✳ ❲❡ ✉s❡ t❤✐s ❝♦r♦❧❧❛r②

t♦ s❤♦✇ t❤❛t ❡✈❡r② θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s ❛❧s♦ θ̃✕st❛❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉❜s❡t D ⊂ D−∪D+ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ■❢

F ✐s ❛ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❛♥❞ F ′ ❛ G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ ♦❢ F ✱ ❜♦t❤ ❣❡♥❡r❛t❡❞

✐♥ D−✱ t❤❡♥ ❢♦r ❡✈❡r② ✜♥✐t❡ s❡t D̃ ❝♦♥t❛✐♥✐♥❣ D ✇❡ ❤❛✈❡ θ̃
D̃
(F ′) > 0✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼✱ t❤❡ s❡t

{θ(F ′′) | F ′′ ⊂ F ❛ G✕❡q✉✐✈❛r✐❛♥t s✉❜s❤❡❛❢ ❣❡♥❡r❛t❡❞ ✐♥ D−}

✐s ✜♥✐t❡✳ ▲❡t θ0 ❜❡ ✐ts ♠✐♥✐♠✉♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ θ(F ′) ≥ θ0✳

■❢ ✇❡ ✜① ε > 0✱ ❜② ❈♦r♦❧❧❛r② ✹✳✸✳✹ t❤❡r❡ ✐s ❛ s✉❜s❡t D = D(ε,F ′) ⊂ D− ∪D+ s✉❝❤ t❤❛t

|θ(F ′)− θ̃
D̃
(F ′)| < ε ❢♦r ❡✈❡r② D̃ ⊃ D✳ ❙✐♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼ t❤❡ ❢✉♥❝t✐♦♥s θ(F ′) ❛♥❞

θ̃
D̃
(F ′) t❛❦❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ✈❛❧✉❡s ✇❤❡♥ F ′ ✈❛r✐❡s✱ D ❝❛♥ ❜❡ ❝❤♦s❡♥ s✐♠✉❧t❛♥❡♦✉s❧②

❢♦r ❛❧❧ t❤❡ F ′✳ ◆♦✇ ✐❢ ✇❡ ❝❤♦♦s❡ ε < θ0✱ ✇❡ ♦❜t❛✐♥ D = D(ε) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② D̃ ⊃ D

✇❡ ❤❛✈❡

θ̃
D̃
(F ′) > |θ(F ′)− ε| ≥ θ0 − ε > 0.

�

◆♦✇ ✇❡ s✉♠♠❛r✐s❡✿

❈♦r♦❧❧❛r② ✹✳✸✳✻ ▲❡t θ ∈ ◗IrrG ❜❡ ❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

♦♥ X ✇✐t❤ 〈θ, h〉 = 0✳ ❋♦r H :=
⊕

ρ∈D−
❈h(ρ)⊗❈Vρ⊗❈OX ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t

s❝❤❡♠❡ QuotG(H, h) ❛♥❞ t❤❡ ❛♠♣❧❡ ❧✐♥❡ ❜✉♥❞❧❡ L =
⊗

σ∈D(detUσ)
κσ ♦♥ QuotG(H, h)

✇✐t❤ D ⊂ IrrG ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥ t❤❡ s❡♥s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✱ κρ > 0 ❛r❜✐tr❛r② ❢♦r

ρ ∈ D− := {ρ ∈ IrrG | θρ < 0} ❛♥❞ κσ = θσ + SD

d·h(σ) ❢♦r σ ∈ D \ D−✳ ▲❡t t❤❡ ♥❛t✉r❛❧

❧✐♥❡❛r✐s❛t✐♦♥ ♦❢
(∏

ρ∈D−
Gl(❈h(ρ))

)
/❈∗ ♦♥ L ❜❡ t✇✐st❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r χ : IrrG→ ❩✱

χρ = θρ−κρ+
κ(F)
dimA ✳ ❲❡ s❡t θ̃(F ′) =

∑
ρ∈D−

(
κρ+χρ−

κ(F)
dimA

)
h′(ρ)+

∑
σ∈D\D−

κσh
′(σ)✳

❲✐t❤ t❤❡s❡ ❝❤♦✐❝❡s ♦❢ D✱ κ✱ χ ❛♥❞ θ̃✱ ❡✈❡r② θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s θ̃✕st❛❜❧❡ ❛♥❞

❤❡♥❝❡ ●■❚✕st❛❜❧❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✷✱ ✐❢ t❤❡ s❡t D

✐♥ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✸✳✹✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ ✭✸✳✺✮ ✐s ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤

✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✳ �

❖♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢✉♥❝t♦rs✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✻✸



✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

❈♦r♦❧❧❛r② ✹✳✸✳✼ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛♥❞ ❝❤♦✐❝❡s ❛s ✐♥ ❈♦r♦❧❧❛r② ✹✳✸✳✻✱ t❤❡ ♠♦❞✉❧✐

❢✉♥❝t♦r Mθ(X) ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X ✐s ❛ s✉❜❢✉♥❝t♦r ♦❢ t❤❡ ♠♦❞✉❧✐

❢✉♥❝t♦r Mχ,κ(X) ♦❢ ●■❚✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X✳

✻✹



✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ❛ss✉♠♣t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✹✳✸✳✻✳ ❚❤❡ ♣r❡❝❡❞✐♥❣

❝❤❛♣t❡rs ❧❡❛✈❡ ✉s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✿ ❲❡ ❤❛✈❡

QuotG(H, h)ss := {[q : H ։ F ] ∈ QuotG(H, h) | [q] ✐s ●■❚✕s❡♠✐st❛❜❧❡}

QuotG(H, h)s := {[q : H ։ F ] ∈ QuotG(H, h) | [q] ✐s ●■❚✕st❛❜❧❡}

QuotG(H, h)sθ := {[q : H ։ F ] ∈ QuotG(H, h) | F ✐s θ✕st❛❜❧❡}

❛♥❞ ✐♥❝❧✉s✐♦♥s

QuotG(H, h)sθ ⊂ QuotG(H, h)s ⊂ QuotG(H, h)ss.

❋♦r❣❡tt✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r q✉♦t✐❡♥t ♠❛♣✱ t❤✐s ②✐❡❧❞s ✐♥❝❧✉s✐♦♥s
{

θ✕st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

}
⊂

{
●■❚✕st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

}
⊂

{
●■❚✕s❡♠✐st❛❜❧❡

(G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

}
.

❖♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢✉♥❝t♦rs t❤✐s tr❛♥s❧❛t❡s ✐♥t♦ ❛ s❡q✉❡♥❝❡

Mθ(X) ⊂ Mχ,κ(X) ⊂ Mχ,κ(X).

■♥ ❙❡❝t✐♦♥ ✺✳✶ ✇❡ s❤♦✇ t❤❛t Mχ,κ(X)✱ Mχ,κ(X) ❛♥❞ Mθ(X) ❛r❡ ❝♦r❡♣r❡s❡♥t❡❞ ❜② t❤❡

❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t QuotG(H, h)ss✴✴
Lχ

Γ✱ t❤❡ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t QuotG(H, h)s/Γ ❛♥❞ ✐ts

s✉❜s❝❤❡♠❡ Mθ(X) := QuotG(H, h)sθ/Γ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

QuotG(H, h)sθ

����

⊂ QuotG(H, h)s

����

⊂ QuotG(H, h)ss

����

Mθ(X) ⊂ QuotG(H, h)s/Γ ⊂ QuotG(H, h)ss✴✴
Lχ

Γ.

Mθ(X) ✐s t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳ ■t ❣❡♥❡r❛❧✐s❡s t❤❡ ✐♥✈❛r✐❛♥t

❍✐❧❜❡rt s❝❤❡♠❡ ❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

✻✺



✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ s❤♦✇ t❤❛t Mθ(X) ✐s ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)s/Γ ❛♥❞ ✐s

t❤❡r❡❢♦r❡ q✉❛s✐♣r♦❥❡❝t✐✈❡✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Mθ(X) ❛s ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦✈❡r t❤❡ q✉♦t✐❡♥t X✴✴G✱ ✐♥

❙❡❝t✐♦♥ ✺✳✸ ✇❡ ❝♦♥str✉❝t t❤❡ ❞❡s✐r❡❞ ♠♦r♣❤✐s♠Mθ(X) → X✴✴G ❣❡♥❡r❛❧✐s✐♥❣ t❤❡ ❍✐❧❜❡rt✕

❈❤♦✇ ♠♦r♣❤✐s♠✳

✺✳✶✳ ❈♦r❡♣r❡s❡♥t❛❜✐❧✐t②

▲❡t R := QuotG(H, h)ss✱ Rs := QuotG(H, h)s ❛♥❞ Rsθ := QuotG(H, h)sθ ❜❡ t❤❡ s✉❜s❡ts ♦❢

QuotG(H, h) ♦❢ ●■❚✕s❡♠✐st❛❜❧❡✱ ●■❚✕st❛❜❧❡ ❛♥❞ θ✕st❛❜❧❡ q✉♦t✐❡♥ts ♦❢ H✱ r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❡❧❡♠❡♥ts [q : H ։ F ] ∈ QuotG(H, h) t❤❡ s❤❡❛❢ F = q(H) = q(
⊕

ρ∈D−
Aρ⊗❈Vρ) ·OX

✐s ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ✐♥D−✳ ▼♦r❡♦✈❡r✱ ❢♦r [q : H ։ F ] ∈ R t❤❡ ♠❛♣s ϕρ : Aρ → Fρ✱

a 7→ (v 7→ q(a ⊗ v ⊗ 1)) ❛r❡ ✐s♦♠♦r♣❤✐s♠s ❢♦r ❡✈❡r② ρ ∈ D− ❜② ▲❡♠♠❛ ✹✳✶✳✶ ❛♥❞ s✐♥❝❡

t❤❡ ✐♥❡q✉❛❧✐t② χρ <
κ(F)
dimA ❤♦❧❞s✳ ❆s ♣r❡s❡♥t❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✷✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡s❡

✐s♦♠♦r♣❤✐s♠s ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ Γ′ :=
∏
ρ∈D−

Gl(Aρ)✱ ✇❤✐❝❤ ❛❝ts ♦♥

QuotG(H, h) ❢r♦♠ t❤❡ r✐❣❤t ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ H✳ ❚❤❡ s✉❜s❡ts

R ❛♥❞ Rs ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤✐s ❛❝t✐♦♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✻✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r Rsθ
s✐♥❝❡ t❤❡ ❛❝t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ Γ′ ❞♦❡s ♥♦t ❝❤❛♥❣❡ F ✳

❚♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❛♠❜✐❣✉✐t② ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ϕρ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ❛♥❞ q✉♦t✐❡♥ts ♦❢ t❤✐s ❣r♦✉♣ ❛❝t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶ ❆ ♠♦r♣❤✐s♠ R → M ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢

Γ′ =
∏
ρ∈D−

Gl(Aρ) ♦♥ R ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ❝♦r❡♣r❡s❡♥ts Mχ,κ(X)✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱

❛ ♠♦r♣❤✐s♠ Rs → M s ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t ♦❢ t❤❡ Γ′✕❛❝t✐♦♥ ♦♥ Rs ✐❢ ❛♥❞ ♦♥❧② ✐❢

M s ❝♦r❡♣r❡s❡♥ts Mχ,κ(X)✱ ❛♥❞ ❛ ♠♦r♣❤✐s♠ Rsθ → M s
θ ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t ♦❢ t❤❡

Γ′✕❛❝t✐♦♥ ♦♥ Rsθ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M s
θ ❝♦r❡♣r❡s❡♥ts Mθ(X)✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ❬❍▲✶✵✱ ▲❡♠♠❛ ✹✳✸✳✶❪✳

▲❡t S ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ♦✈❡r ❈ ❛♥❞ F ❛ ✢❛t ❢❛♠✐❧② ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ❣❡♥✲

❡r❛t❡❞ ✐♥ D− ✇❤✐❝❤ ✐s ♣❛r❛♠❡t❡r✐s❡❞ ❜② S✱ s♦ t❤❛t ❢♦r ❡✈❡r② s ∈ S t❤❡ ✜❜r❡ F (s) ✐s

❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ♦♥ ❳✳ ▲❡t p : X × S → S ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥✳ ❲❡ ❧♦♦❦ ❛t t❤❡

✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

p∗F ∼=
⊕

ρ∈D−

Fρ ⊗❈ Vρ.

❚❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t G ✐s r❡❞✉❝t✐✈❡✱ p ✐s ❛✣♥❡ ❛♥❞ F ✐s ✢❛t ♦✈❡r S ②✐❡❧❞ t❤❛t t❤❡ Fρ ❛r❡

❧♦❝❛❧❧② ❢r❡❡ OS✕♠♦❞✉❧❡s ♦❢ r❛♥❦ h(ρ) ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ (Fρ)(s) = F (s)ρ✳ ❲❡ ❞❡✜♥❡ t❤❡

✻✻



✺✳✶✳ ❈♦r❡♣r❡s❡♥t❛❜✐❧✐t②

OS✕s✉❜♠♦❞✉❧❡

V −
F

:=
⊕

ρ∈D−

(p∗F )(ρ) =
⊕

ρ∈D−

Fρ ⊗❈ Vρ ⊂ p∗F . ✭✺✳✶✮

❚❤❡ ♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ i : V −
F

→֒ p∗F ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ s✉r❥❡❝t✐♦♥

α : p∗p∗F ։ F ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐❞❡♥t✐t② ✉♥❞❡r t❤❡ ❛❞❥✉♥❝t✐♦♥ Hom(p∗p∗F ,F ) ∼=

Hom(p∗F , p∗F ) ②✐❡❧❞s ❛ ♠♦r♣❤✐s♠

ϕF := α ◦ p∗i : p∗V −
F

→ F .

❋✐❜r❡✇✐s❡✱ ϕF (s) : (p∗V −
F
)(s)⊗❈ OX → F (s) ✐s s✉r❥❡❝t✐✈❡ s✐♥❝❡ ❡❛❝❤ F (s) ✐s ❣❡♥❡r❛t❡❞

✐♥ D− ❛s ❛♥ OX✕♠♦❞✉❧❡✳ ❙♦ ϕF ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✳

❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ AV :=
⊕

ρ∈D−
Aρ ⊗❈ Vρ ✇❡ ❝♦♥s✐❞❡r t❤❡ G✕❡q✉✐✈❛r✐❛♥t ❢r❛♠❡ ❜✉♥❞❧❡

π : ■(F ) := ■somG(AV ⊗❈ OS , V
−
F
) → S ❛ss♦❝✐❛t❡❞ t♦ V −

F
❛s ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

■t ♣❛r❛♠❡t❡r✐s❡s G✕❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠s AV ⊗❈OS → V −
F

❛♥❞ ❣✐✈❡s ✉s ❛ ❝❛♥♦♥✐❝❛❧

♠♦r♣❤✐s♠ α : AV ⊗❈ O■(F ) → π∗V −
F
✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r πX := idX ×π : X × ■(F ) → X × S ❛♥❞ t❤❡ ✉♥✐✈❡rs❛❧ tr✐✈✐❛❧✐s❛t✐♦♥

α⊗❈ idX : AV ⊗❈OX×■(F ) = H⊗❈O■(F ) → (p◦πX)
∗V −

F
♦♥ X×■(F )✳ ❚❤✉s ✇❡ ♦❜t❛✐♥

❛ ❝❛♥♦♥✐❝❛❧❧② ❞❡✜♥❡❞ q✉♦t✐❡♥t

[π∗XϕF ◦ (idX ⊗❈α) : H⊗❈ O■(F ) → π∗Xp
∗V −

F
→ π∗XF ] ∈ QuotG(H, h)(■(F )),

✇❤✐❝❤ ✐♥ t✉r♥ ②✐❡❧❞s ❛ ❝❧❛ss✐❢②✐♥❣ ♠♦r♣❤✐s♠

φF : ■(F ) −→ QuotG(H, h), ψ 7−→ [qψ : H ։ (π∗XF )(ψ) = F (π(ψ))].

❆s ❞✐s❝✉ss❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✱ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ Γ′ ❛❝ts ♦♥ ■(F ) ❢r♦♠ t❤❡ r✐❣❤t ❛♥❞

π : ■(F ) → S ✐s ❛ ♣r✐♥❝✐♣❛❧ Γ′✕❜✉♥❞❧❡✳ ❇② ❝♦♥str✉❝t✐♦♥✱ φF ✐s Γ′✕❡q✉✐✈❛r✐❛♥t ❛♥❞

✇❡ ❤❛✈❡ φ−1
F

(R) = π−1(Sss)✱ ✇❤❡r❡ Sss = {s ∈ S | F (s) ●■❚✕s❡♠✐st❛❜❧❡}✳ ■❢ S ♣❛✲

r❛♠❡t❡r✐s❡s ●■❚✕s❡♠✐st❛❜❧❡ s❤❡❛✈❡s✱ ✇❡ ❡✈❡♥ ❤❛✈❡ φ−1
F

(R) = π−1(S) = ■(F )✱ ❤❡♥❝❡

φF (■(F )) = φF (φ−1
F

(R)) ⊂ R✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐♥ ❢❛❝t ✇❡ ❤❛✈❡ φF : ■(F ) → R✳ ❚❤✐s

♠♦r♣❤✐s♠ ✐♥❞✉❝❡s ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❢✉♥❝t♦rs

■(F )/Γ′ → R/Γ′.

❙✐♥❝❡ π : ■(F ) → S ✐s ❛ ♣r✐♥❝✐♣❛❧ Γ′✕❜✉♥❞❧❡✱ S ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t ♦❢ ■(F )✱ s♦

t❤❛t ✇❡ ♦❜t❛✐♥ ❛♥ ❡❧❡♠❡♥t ✐♥ (R/Γ′)(S)✳ ❚❤✉s ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ tr❛♥s❢♦r♠❛t✐♦♥

Mχ,κ(X) → R/Γ′✳

✻✼



✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❉❡♥♦t✐♥❣ pR : X × R → R✱ t❤❡ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧② [q : p∗RH ։ U ] ♦♥ R ②✐❡❧❞s ❛♥ ✐♥✈❡rs❡

❜② ♠❛♣♣✐♥❣ (R/Γ′)(S) t♦ Mχ,κ(X)(S) = (idX ×ξ)∗U ✱ ✇❤❡r❡ ξ : S → R ✐s t❤❡ ✉♥✐q✉❡

❝❧❛ss✐❢②✐♥❣ ♠♦r♣❤✐s♠✳

❆❧t♦❣❡t❤❡r t❤✐s ♠❡❛♥s t❤❛t ❛ s❝❤❡♠❡ M ❝♦r❡♣r❡s❡♥ts Mχ,κ(X) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❝♦r❡♣r❡✲

s❡♥ts R/Γ′✱ ❤❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t ♦❢ R ❜② Γ′✳

❚❤❡ s❛♠❡ ♣r♦♦❢ ❧✐t❡r❛❧❧② ❣♦❡s t❤r♦✉❣❤ r❡♣❧❛❝✐♥❣ ●■❚✕s❡♠✐st❛❜✐❧✐t② ❜② ●■❚✕st❛❜✐❧✐t② ❛♥❞

R✱ M ❛♥❞ Mχ,κ(X) ❜② Rs✱ M s ❛♥❞ Mχ,κ(X)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ✇❡❧❧ ❛s r❡♣❧❛❝✐♥❣ ●■❚✕

s❡♠✐st❛❜✐❧✐t② ❜② θ✕st❛❜✐❧✐t② ❛♥❞ R✱ M ❛♥❞ Mχ,κ(X) ❜② Rsθ✱ M
s
θ ❛♥❞ Mθ(X)✳ �

❈♦r♦❧❧❛r② ✺✳✶✳✷ ❚❤❡ ❝❛t❡❣♦r✐❝❛❧ q✉♦t✐❡♥t QuotG(H, h)ss✴✴
Lχ

Γ ❝♦r❡♣r❡s❡♥ts t❤❡ ❢✉♥❝t♦r

Mχ,κ(X)✱ t❤❡ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t QuotG(H, h)s/Γ ❝♦r❡♣r❡s❡♥ts Mχ,κ(X) ❛♥❞ ✐ts s✉❜✲

s❝❤❡♠❡ QuotG(H, h)sθ/Γ ❝♦r❡♣r❡s❡♥ts Mθ(X)✳

Pr♦♦❢✳ ❚❤❡ q✉♦t✐❡♥ts ❜② Γ ❛♥❞ Γ′ ❝♦✐♥❝✐❞❡ s✐♥❝❡ ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ✐❞❡♥t✐t② ❛❝t tr✐✈✐❛❧❧②✳

❋♦r Γ′ ❛♥❞ Mχ,κ(X) ❛♥❞ Mχ,κ(X) t❤❡ ❛ss❡rt✐♦♥ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

♣r♦♣♦s✐t✐♦♥✳ ❙✐♥❝❡ QuotG(H, h)s/Γ ✐s ❡✈❡♥ ❛ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t ❛♥❞ QuotG(H, h)sθ ✐s ❛

G✕✐♥✈❛r✐❛♥t s✉❜s❡t ♦❢ QuotG(H, h)s✱ QuotG(H, h)sθ/Γ ✐s ❛❧s♦ ❛ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t ❛♥❞

t❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✳ �

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸ ❚❤❡ s❝❤❡♠❡ Mθ(X) := QuotG(H, h)sθ/Γ ✐s ❝❛❧❧❡❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳

❘❡♠❛r❦✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✭❈♦r♦❧❧❛r② ✷✳✸✳✷✮ t❤❛t ✐❢ h(ρ0) = 1 ❛♥❞ ✐❢ θ

✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t D− = {ρ0}✱ ✇❡ r❡❝♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✿

Mθ(X) = HilbGh (X).

✺✳✷✳ ❖♣❡♥♥❡ss ♦❢ θ✕st❛❜✐❧✐t②

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♠♦❞✉❧✐ s♣❛❝❡Mθ(X) ✐s ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)s/Γ✱

✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❜❡✐♥❣ θ✕st❛❜❧❡ ❛♥❞ θ✕s❡♠✐st❛❜❧❡ ❛r❡ ♦♣❡♥ ✐♥ ✢❛t ❢❛♠✐❧✐❡s

♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ❇❡✐♥❣ θ✕st❛❜❧❡ ❛♥❞ θ✕s❡♠✐st❛❜❧❡ ✐s ❛♥ ♦♣❡♥ ♣r♦♣❡rt② ✐♥ ✢❛t ❢❛♠✐❧✐❡s

♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s✳

✻✽



✺✳✷✳ ❖♣❡♥♥❡ss ♦❢ θ✕st❛❜✐❧✐t②

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ❬❍▲✶✵✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶❪✳ ▲❡t f : X → S ❜❡ ❛ ❢❛♠✐❧②

♦❢ ❛✣♥❡ G✕s❝❤❡♠❡s ❛♥❞ F ❛ ✢❛t ❢❛♠✐❧② ♦❢ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ♦♥ X ✳ ▲❡t

H :=

{
h′′ ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥

∣∣∣∣∣
∃ s ∈ S ❛♥❞ ❛ s✉r❥❡❝t✐♦♥ α(s) : F (s) → F ′′

✇✐t❤ kerα(s) ❣❡♥❡r❛t❡❞ ✐♥ D− ❛♥❞ hF ′′ = h′′

}
,

Hss := {h′′ ∈ H | 〈θ, h′′〉 > 0},

Hs := {h′′ ∈ H | 〈θ, h′′〉 ≥ 0}.

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✹✱ H ✐s ✜♥✐t❡✳ ❋♦r ❡❛❝❤ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h′′ ✐♥ H

✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ πh′′ : QuotGX/S(F , h′′) → S ✇✐t❤ ✜❜r❡s

QuotG(F (s), h′′) ♦✈❡r s ∈ S✳ ❙✐♥❝❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ F (s) ❛r❡ ✜♥✐t❡✱ t❤❡ ♠❛♣ πh′′

✐s ♣r♦❥❡❝t✐✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ❇✳✺✳ ❚❤✉s ✐ts ✐♠❛❣❡ ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ S✳ ❘❡♠❛r❦ ✷✳✶✳✹

s❛②s t❤❛t F (s) ✐s θ✕s❡♠✐st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h′′ ♦❢ ❡✈❡r② q✉♦t✐❡♥t ♦❢

F (s) s❛t✐s✜❡s 〈θ, h′′〉 < 0 ❛♥❞ θ✕st❛❜❧❡ ✐❢ 〈θ, h′′〉 ≤ 0✳ ❆❝❝♦r❞✐♥❣❧②✱ F (s) ✐s θ✕✭s❡♠✐✮st❛❜❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ s ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜♥✐t❡✱ ❤❡♥❝❡ ❝❧♦s❡❞✱ ✉♥✐♦♥
⋃
h′′∈H(s)s im(πh′′)✳ �

❚❤❡ ♦♣❡♥♥❡ss ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ θ✕st❛❜❧❡ tr❛♥s❢❡rs t♦ t❤❡ s❝❤❡♠❡ Mθ(X)✿

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥sMθ(X) ✐s ❛♥ ♦♣❡♥

s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)s/Γ✳

Pr♦♦❢✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥❝❧✉s✐♦♥ QuotG(H, h)θ ⊂ QuotG(H, h)s✳ ❚❤❡

s❝❤❡♠❡ QuotG(H, h)s r❡♣r❡s❡♥ts t❤❡ ❢✉♥❝t♦r QuotG(H, h)s✳ ▲❡t

F ∈ QuotG(H, h)s
(
QuotG(H, h)s

)

❜❡ t❤❡ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧② ✐♥ QuotG(H, h)s✱ s♦ t❤❛t t❤❡ ✜❜r❡ F (F) ❡q✉❛❧s F ✳ ❙✐♥❝❡ ❜②

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ θ✕st❛❜❧❡ ✐s ♦♣❡♥ ✐♥ ✢❛t ❢❛♠✐❧✐❡s✱ t❤❡ s❡t

QuotG(H, h)sθ = {[q : H ։ F ] ∈ QuotG(H, h)s/Γ | F (F) ✐s θ✕st❛❜❧❡}

✐s ♦♣❡♥ ✐♥ QuotG(H, h)s✳

▼♦r❡♦✈❡r✱ t❤❡ q✉♦t✐❡♥t ♠❛♣ ν : QuotG(H, h)s → QuotG(H, h)s/Γ ✐s ♦♣❡♥✳ ❚❤✉s✱ ✐ts

✐♠❛❣❡ Mθ(X) = ν(QuotG(H, h)sθ) ✐s ♦♣❡♥ ✐♥ QuotG(H, h)s/Γ✳ �

❙✐♥❝❡Mθ(X) ✐s ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ QuotG(H, h)ss✴✴
Lχ

Γ✱ ✐t ✐s ❛ q✉❛s✐♣r♦❥❡❝t✐✈❡ s❝❤❡♠❡✳

❲❡ ❛❞❞✐t✐♦♥❛❧❧② ❝♦♥s✐❞❡r ✐ts ❝❧♦s✉r❡✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳✸ ❚❤❡ ❝❧♦s✉r❡ ♦❢ Mθ(X) ✐♥ QuotG(H, h)ss✴✴
Lχ

Γ ✐s ❞❡♥♦t❡❞ ❜② M θ(X)✳

✻✾



✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

✺✳✸✳ ❚❤❡ ♠❛♣ ✐♥t♦ t❤❡ q✉♦t✐❡♥t X✴✴G

❋♦r t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡✱ ❏❛♥s♦✉ ❬❏❛♥✵✻✱ P❛❣❡ ✶✸❪ ❝♦♥str✉❝t❡❞ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡

❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠

γ : QuotG(H, h) −→ Quot(HG, h(ρ0)), [q : H ։ F ] 7−→ [q|HG : HG
։ FG].

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ h(ρ0) = 1✱ ✇❡ ❡①t❡♥❞ t❤❡ r❡str✐❝t✐♦♥ γ|QuotG(H,h)ss t♦ ❛ ♠♦r♣❤✐s♠ t♦

X✴✴G✿

❚❤❡♦r❡♠ ✺✳✸✳✶ ■❢ h(ρ0) = 1✱ t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ QuotG(H, h)ss → X✴✴G✱ ✇❤✐❝❤ ②✐❡❧❞s

❛ ♠♦r♣❤✐s♠

η : M θ(X) → X✴✴G, F 7→ suppFG.

Pr♦♦❢✳ ▲❡t S ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ♦✈❡r ❈ ❛♥❞ [q : π∗H ։ F ] ∈ QuotG(H, h)ss(S)✱

✇❤❡r❡ π : X × S → X✳ ❚❤❡♥ ✇❡ ❤❛✈❡ γS(q) : OS ⊗❈ HG → FG✳ ❙✐♥❝❡ ❡✈❡r② ✜❜r❡ q(s)

✐s ●■❚✕s❡♠✐st❛❜❧❡✱ t❤❡ ♠♦r♣❤✐s♠ ϕρ0 : Aρ0 → FG(s) ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

❢♦r ❡✈❡r② s ∈ S✳ ❍❡♥❝❡ γS(q) r❡str✐❝t❡❞ t♦ t❤❡ s✉❜s❡t OS ⊗❈ OG
X

∼= OS ⊗❈ Aρ0 ⊗❈ OG
X

♦❢ OS ⊗❈ HG ♠❛♣s s✉r❥❡❝t✐✈❡❧② t♦ FG✳ ❈♦♥s✐❞❡r t❤❡ ❝♦♠♣♦s✐t❡ ♠♦r♣❤✐s♠

ψ : OS
id⊗1
−−−→ OS ⊗❈ OG

X ։ F
G.

❚❤❡ ✐♠❛❣❡ ♦❢ s⊗ 1 ∈ OS ⊗❈OG
X ✐s ❛ ❢✉♥❝t✐♦♥ f(s)✳ ■❢ ✐t ✇❡r❡ 0 ❢♦r s♦♠❡ s ∈ S✱ t❤❡ ♠❛♣

OS ⊗❈ OG
X → FG ✇♦✉❧❞ ♥♦t ❜❡ s✉r❥❡❝t✐✈❡ ♦♥ t❤❡ ✜❜r❡ FG(s)✱ s♦ t❤✐s ❝❛♥♥♦t ❤❛♣♣❡♥✳

❚❤✉s ψ ✐s ♥♦✇❤❡r❡ 0✳ ❚❤❡ OS✕♠♦❞✉❧❡s OS ❛♥❞ FG ❛r❡ ❜♦t❤ ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ 1✱ s♦

ψ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✐s s❤♦✇s t❤❛t FG ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉❜s❝❤❡♠❡ Z ⊂ S ×X✴✴G✳

❲✐t❤ t❤❡ ♥♦t❛t✐♦♥

Z
� � i //

p

∼=

$$J
JJJJJJJJJJ S ×X✴✴G

pr2 //

��

X✴✴G

S

✇❡ ♦❜t❛✐♥ ❛ ♠♦r♣❤✐s♠

pr2 ◦ i ◦ p
−1 : S → X✴✴G.

❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡✳ ■♥❞❡❡❞✱ ❧❡t g : T → S ❜❡ ❛ ♠♦r♣❤✐s♠

♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦✈❡r ❈✳ ❉❡♥♦t✐♥❣ ❜② πT : X ×T → X t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ X✱ ✇❡ ❣❡t

[(idX × g)∗q : π∗TH ։ (idX × g)∗F ] ∈ QuotG(H, h)ss(T )✳ ❚❤❡ ✐♥✈❛r✐❛♥ts s❛t✐s❢②

((idX × g)∗F )G = g∗FG ∼= g∗OS
∼= OT .

✼✵



✺✳✸✳ ❚❤❡ ♠❛♣ ✐♥t♦ t❤❡ q✉♦t✐❡♥t X✴✴G

❍❡♥❝❡✱ t❤❡ s✉❜s❝❤❡♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ((idX × g)∗F )G ✐s ZT = Z ×S T ❛♥❞ ✇❡ ❤❛✈❡

ZT
� � j //

pT

∼=

%%KKKKKKKKKKK
T ×X✴✴G //

pr2◦(g×idX✴✴G)

44

��

S ×X✴✴G // X✴✴G

T

❚❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥ ②✐❡❧❞s ❛ ♠♦r♣❤✐s♠

(pr2 ◦ (g × idX✴✴G)) ◦ j ◦ p
−1
T : T → X✴✴G.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t✐♥❣ ❞✐❛❣r❛♠✿

T ×X✴✴G

g×idX✴✴G
��

ZT

��

? _
joo pT // T

g

��
S ×X✴✴G Z? _

ioo p // S

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ i ◦ p−1 ◦ g = (g × idX✴✴G) ◦ j ◦ p
−1
T ✱ s♦ t❤❛t t❤❡ ♠♦r♣❤✐s♠ ❢♦r T ✐s

t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠♦r♣❤✐s♠ ❢♦r S ✇✐t❤ g✿

T

g

��

(pr2◦(g×idX✴✴G))◦j◦p−1
T // X✴✴G

S

pr2◦i◦p−1

55kkkkkkkkkkkkkkkkkkkkkk

❚❤✉s✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs

QuotG(H, h)ss → Mor(·, X✴✴G).

P❧✉❣❣✐♥❣ ✐♥ QuotG(H, h)ss✱ t❤✐s ❣✐✈❡s ❛ ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s

η : QuotG(H, h)ss → X✴✴G.

❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ s✉❜s❝❤❡♠❡ ♦❢ X✴✴G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ FG = OG
X/IF ❢♦r ❛ ♣♦✐♥t

[q : H ։ F ] ∈ QuotG(H, h)ss ✐s ❥✉st ✐ts s✉♣♣♦rt

suppFG = {p ∈ OG
X | p ⊃ IF} =

{√
IF

}
.

■t ♦♥❧② ❝♦♥s✐sts ♦❢ ♦♥❡ ♣♦✐♥t s✐♥❝❡ dimFG = h(ρ0) = 1✳

❙✐♥❝❡ FG ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❜❛s✐s ♦❢ H✱ t❤❡ ♠♦r♣❤✐s♠ η ✐s Γ✕✐♥✈❛r✐❛♥t✳

❍❡♥❝❡ ✐t ❞❡s❝❡♥❞s t♦ QuotG(H, h)ss✴✴
Lχ

Γ✳ ❘❡str✐❝t✐♥❣ ✐t t♦ M θ(X) ✇❡ ❡✈❡♥t✉❛❧❧② ♦❜t❛✐♥

❛ ♠♦r♣❤✐s♠

η : M θ(X) → X✴✴G, F 7→ suppFG

❛♥❞ t❤❡ s❛♠❡ ❢♦r QuotG(H, h)s/Γ ❛♥❞ Mθ(X)✳ �

✼✶



✺✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❚❤✉s ✇❡ ❤❛✈❡ ❝♦♥st✉❝t❡❞ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ ❢♦r Mθ(X) ❛♥❞

M θ(X)✱ ✇❤✐❝❤ r❡❧❛t❡s t❤❡s❡ ♠♦❞✉❧✐ s♣❛❝❡s t♦ t❤❡ q✉♦t✐❡♥t X✴✴G✳

❘❡♠❛r❦✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ✇❡ ❝♦♥str✉❝t❡❞ ♠♦r♣❤✐s♠s

γρ : QuotG(H, h) −→ Quot(Hρ, h(ρ)), [q : H → F ] 7−→ [q|Hρ : Hρ → Fρ],

✇❤❡r❡ γρ0 ✐s t❤❡ ❍✐❧❜❡rt✕❈❤♦✇ ♠♦r♣❤✐s♠ γ✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ♠❛② ❛❞♦♣t t❤❡ ♣r♦♦❢ ♦❢

❚❤❡♦r❡♠ ✺✳✸✳✶ t♦ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥ ♠♦r♣❤✐s♠s

ηρ : M θ(X) −→ Sh(ρ)(X✴✴G), F 7−→ suppFρ

❢♦r ❛♥ ❛r❜✐tr❛r② ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h ❛♥❞ ❢♦r ❡✈❡r② ρ ∈ IrrG✳

✼✷



✻✳ ❖✉t❧♦♦❦

■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥str✉❝t❡❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X) ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s

❛♥❞ ❛ ♠♦r♣❤✐s♠ η : Mθ(X) → X✴✴G✳ ❋✉rt❤❡r✱ ✇❡ ❞❡t❡r♠✐♥❡❞ ❛♥ ✐♥✈♦❧✈❡❞ ❡①❛♠♣❧❡ ♦❢ ❛♥

✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡ ❢♦r t❤❡ ❣r♦✉♣ Sl2 ❛❝t✐♥❣ ♦♥ ❛ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② X✱ ✇❤✐❝❤ ✐s ❛

s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ♠♦❞✉❧✐ s♣❛❝❡ Mθ(X)✳ ❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❢✉rt❤❡r ❡①❛♠♣❧❡s ✇♦✉❧❞ ❜❡

✐♥t❡r❡st✐♥❣ ✐♥ ♦r❞❡r t♦ ❣❡t ❛♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♠♦❞✉❧✐ s♣❛❝❡s✱ ❡✳❣✳ ❝♦♥❝❡r♥✐♥❣

s♠♦♦t❤♥❡ss✱ ❝♦♥♥❡❝t❡❞♥❡ss ❛♥❞✱ ❢♦r s②♠♣❧❡❝t✐❝ ✈❛r✐❡t✐❡s X✴✴G✱ s②♠♣❧❡❝t✐❝✐t② ♦❢ Mθ(X)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ ♦✉t ❤♦✇ ♦✉r ❡①❛♠♣❧❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡

♦❢ t❤❡ s❛♠❡ Sl2✕❛❝t✐♦♥ ♦♥ X ❢♦r ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ♦❢ θ✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ θ

✐s ❛❧s♦ ❛ ♥♦t❡✇♦rt❤② t♦♣✐❝✳ ▼♦r❡♦✈❡r✱ s♦♠❡ q✉❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❧♦s✉r❡ ♦❢ Mθ(X)

❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ η st✐❧❧ ❤❛✈❡ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳

❍❡r❡ ✇❡ ❞✐s❝✉ss s♦♠❡ ✐❞❡❛s ✇❤✐❝❤ ❛r❡ ✇♦rt❤ ❜❡✐♥❣ ♣✉rs✉❡❞ ✐♥ t❤❡ ❢✉t✉r❡✳

✻✳✶✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥✐♥❣ ♦❢ ♣♦✐♥ts ✐♥ M θ(X)

❲❡ ❞❡✜♥❡❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M θ(X) ❛s t❤❡ ❝❧♦s✉r❡ ♦❢ Mθ(X) ✐♥ QuotG(H, h)ss✴✴
Lχ

Γ

✇✐t❤♦✉t ❡①♣❧✐❝✐t❧② ❞❡s❝r✐❜✐♥❣ ✐ts ❡❧❡♠❡♥ts ❣❡♦♠❡tr✐❝❛❧❧②✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s

◗✉❡st✐♦♥ ✻✳✶✳✶ ❉♦❡s t❤❡ s❝❤❡♠❡ M θ(X) ❝♦r❡♣r❡s❡♥t t❤❡ ♠♦❞✉❧✐ ❢✉♥❝t♦r Mθ(X) ♦❢ θ✕

s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s❄

❋✐rst ♦❢ ❛❧❧✱ ♦♥❡ ❤❛s t♦ ❢❛❝❡ t❤❡ q✉❡st✐♦♥ ✐❢ ❡✈❡r② θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ✐s

❛❧s♦ ●■❚✕s❡♠✐st❛❜❧❡✳ ❙❡❝♦♥❞❧②✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ θ ❢♦r

✇❤✐❝❤ t❤❡ ♥♦t✐♦♥s ♦❢ θ✕st❛❜✐❧✐t② ❛♥❞ θ✕s❡♠✐st❛❜✐❧✐t② ❝♦✐♥❝✐❞❡✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♦❜t❛✐♥

M θ(X) = Mθ(X)✳ ❋♦r ❡①❛♠♣❧❡ t❤✐s ✐s tr✉❡ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡✳ ❙✐♥❝❡

h(ρ0) = 1✱ ❛♥② s✉❜s❤❡❛❢ F ′ ♦❢ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ F ❤❛s ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ h′ ✇✐t❤

h′(ρ0) = 0 ♦r h′(ρ0) = 1✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ θ(F ′) ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞

❝❛s❡✱ F ′ = F ❜② ❙❡❝t✐♦♥ ✷✳✸✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡ ♥♦ θ✕s❡♠✐st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s ✇❤✐❝❤

❛r❡ ♥♦t θ✕st❛❜❧❡✳
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✻✳ ❖✉t❧♦♦❦

■♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❈r❛✇ ❛♥❞ ■s❤✐✐ ❬❈■✵✹❪ ❛♥❞ ❑✐♥❣ ❬❑✐♥✾✹❪ θ ♦♥❧② ❝♦♥s✐sts ♦❢ ✜♥✐t❡❧②

♠❛♥② ❝♦♠♣♦♥❡♥ts✳ ■♥ t❤❡✐r ❝❛s❡✱ θ✕s❡♠✐st❛❜✐❧✐t② ❛♥❞ ●■❚✕s❡♠✐st❛❜✐❧✐t② ❛r❡ ❡✈❡♥ ❡q✉✐✈✲

❛❧❡♥t✱ ❛s ✇❡❧❧ ❛s θ✕st❛❜✐❧✐t② ❛♥❞ ●■❚✕st❛❜✐❧✐t②✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✐❢ t❤✐s

❛❧s♦ ❤♦❧❞s ✐♥ ♦✉r ❝❛s❡✳ ❲✐t❤ r❡❣❛r❞ t♦ ❚❤❡♦r❡♠ ✹✳✷✳✷ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

q✉❡st✐♦♥✿

◗✉❡st✐♦♥ ✻✳✶✳✷ ▲❡t F ❜❡ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❣❡♥❡r❛t❡❞ ✐♥ D− ❛♥❞ F ′ ❛ G✕❡q✉✐✈❛r✐❛♥t

❝♦❤❡r❡♥t s✉❜s❤❡❛❢ ♦❢ F ✇❤✐❝❤ ✐s ❛❧s♦ ❣❡♥❡r❛t❡❞ ✐♥ D−✳ ❈❤♦♦s❡ θ ∈ ◗IrrG ✇✐t❤ θ(F) = 0

❛♥❞ θ̃ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✶ ✇✐t❤ ✈❛❧✉❡s ✭✹✳✻✮ ♦❢ χ ❛♥❞ κ✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❞♦ ✇❡ ❤❛✈❡

θ(F ′)≥
( )

0 ⇐⇒ θ̃(F ′)≥
( )

0 ?

■❢ ♥♦t✱ ❛r❡ t❤❡r❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ θ ✉♥❞❡r ✇❤✐❝❤ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❤♦❧❞s❄

✻✳✷✳ ❚❤❡♦r② ♦❢ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s

❘❡❣❛r❞✐♥❣ t❤❡ ❡rr♦r ❡st✐♠❛t❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸✱ ◗✉❡st✐♦♥ ✻✳✶✳✷ ✐s ❡q✉✐✈❛❧❡♥t t♦

◗✉❡st✐♦♥ ✻✳✷✳✶ ▲❡t F ❜❡ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥ ❣❡♥❡r❛t❡❞ ✐♥ D− ❛♥❞ ❧❡t h′ ❜❡ ♦♥❡ ♦❢ t❤❡

✜♥✐t❡❧② ♠❛♥② ♣♦ss✐❜❧❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s ♦❢ ✐ts G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s ❣❡♥❡r❛t❡❞

✐♥ D− ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✳✼✳ ❋✐① ε > 0✳ ❉♦❡s t❤❡r❡ ❡①✐st ❛ ✜♥✐t❡ s✉❜s❡t D ⊂ IrrG

s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✜♥✐t❡ s❡t D̃ ⊃ D ♦♥❡ ❤❛s

∑

τ∈IrrG\D̃

θτh(τ)


h

′(τ)

h(τ)
−

1

d

∑

σ∈D̃\D−

h′(σ)

h(σ)


 < ε ?

❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ♦♥❡ ❤❛s t♦ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s ❡①t❡♥s✐✈❡❧②✳

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s t♦ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s✿

◗✉❡st✐♦♥ ✻✳✷✳✷ ▲❡t h : IrrG→ ◆0 ❜❡ t❤❡ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ♦❢ s♦♠❡ G✕♠♦❞✉❧❡ s✉❝❤ t❤❛t

h ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s h(ρ) ❢♦r ρ ✐♥ s♦♠❡ ✜♥✐t❡ s✉❜s❡t D− ⊂ IrrG✳

✶✳ ❲❤✐❝❤ ❦✐♥❞s ♦❢ ❢✉♥❝t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ ❢♦r h❄

✷✳ ▲❡t h′ : IrrG → ◆0 ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s h′(ρ) ❢♦r ρ ✐♥ D−

❛♥❞ h′(ρ) ≤ h(ρ) ❢♦r ❡✈❡r② ρ ∈ IrrG✳ ■❢ h′ ♦❝❝✉rs ❛s ❛ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥ ♦❢ ❛ G✕

❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ ♦❢ ❛ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥✱ ✇❤❛t ❛r❡ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s

♦❢ h′❄

✼✹



✻✳✸✳ ❘❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s

✻✳✸✳ ❘❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s

❚❤❡ ♦r✐❣✐♥❛❧ ♣✉r♣♦s❡ ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ♦❢ Mθ(X) ✇❛s t❤❡ s❡❛r❝❤ ❢♦r r❡s♦❧✉t✐♦♥s ♦❢ s✐♥✲

❣✉❧❛r✐t✐❡s✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ s②♠♣❧❡❝t✐❝ s❡tt✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ✐♥✈❡st✐❣❛t❡

t❤❡ ❢♦❧❧♦✇✐♥❣✿

◗✉❡st✐♦♥ ✻✳✸✳✶ ■s M θ(X) ♦r Mθ(X) s♠♦♦t❤ ♦r ❞♦❡s t❤❡r❡ ❡①✐st ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥t❄

◗✉❡st✐♦♥ ✻✳✸✳✷ ■s η : Mθ(X) → X✴✴G ♣r♦❥❡❝t✐✈❡❄

❋✉rt❤❡r✱ ✇❡ ✇❛♥t t♦ ❦♥♦✇✿

◗✉❡st✐♦♥ ✻✳✸✳✸ ■s t❤❡ ♠❛♣ η : M θ(X) → X✴✴G ♦r ✐ts r❡str✐❝t✐♦♥ t♦ ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥t ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛t✐❡s❄ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡ ❛♥❞ ✐❢ X✴✴G ✐s ❛ s②♠♣❧❡❝t✐❝

✈❛r✐❡t②✱ ✐s η ❡✈❡♥ ❛ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥❄

❈♦♥✈❡rs❡❧②✱ ✐♥s♣✐r❡❞ ❜② t❤❡ s✐t✉❛t✐♦♥ ❢♦r ✜♥✐t❡ G ❡①❛♠✐♥❡❞ ✐♥ ❬❈■✵✹❪✱ ✇❡ ❝❛♥ ❛s❦✿

◗✉❡st✐♦♥ ✻✳✸✳✹

✶✳ ■s ❡✈❡r② ❝r❡♣❛♥t r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ X✴✴G ❛ ❝♦♠♣♦♥❡♥t ♦❢ s♦♠❡ ♠♦❞✉❧✐

s♣❛❝❡ ♦❢ θ✕st❛❜❧❡ (G, h)✕❝♦♥st❡❧❧❛t✐♦♥s Mθ(X) ❢♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ θ❄

✷✳ ❲❤❛t ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♣❛❝❡s Mθ(X) ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ θ❄ ❋♦r

❡①❛♠♣❧❡✱ ✐s t❤❡r❡ ❛ ❝❤❛♠❜❡r str✉❝t✉r❡ ✐♥ t❤❡ s♣❛❝❡ ◗IrrG s✉❝❤ t❤❛t ❢♦r θ ✐♥ ❛♥②

❝❤❛♠❜❡r ❛♥❞ θ′ ✐♥ ❛♥ ❛❞❥❛❝❡♥t ✇❛❧❧ t❤❡r❡ ✐s ❛ ♠❛♣ Mθ′(X) →Mθ(X) ❛♥❞ ❢♦r ❡✈❡r②

✇❛❧❧✕❝r♦ss✐♥❣ t❤❡ ✐♥✈♦❧✈❡❞ ♠♦❞✉❧✐ s♣❛❝❡s ❛r❡ r❡❧❛t❡❞ ❜② ❛ ✢♦♣❄

✸✳ ■s t❤❡r❡ ❛ ❞✐st✐♥❣✉✐s❤❡❞ ❝❤♦✐❝❡ ♦❢ θ s♦ t❤❛t Mθ(X) ❞♦♠✐♥❛t❡s ❛♥② ♦t❤❡r Mθ′(X)❄

❆r❡ t❤❡r❡ ♠✐♥✐♠❛❧ ❝❤♦✐❝❡s ✇❤✐❝❤ ❣✐✈❡ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥s❄

■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ♦✉r ❡①❛♠♣❧❡

Sl2 -Hilb(µ−1(0))

wwoooooooooooo

��

((PPPPPPPPPPPP

T ∗P3

''OOOOOOOOOOOO (T ∗P3)∗

vvnnnnnnnnnnnn

µ−1(0)✴✴Sl2

✼✺



✻✳ ❖✉t❧♦♦❦

✐♥ ❈❤❛♣t❡r ✶✱ ✇❡ ❦♥♦✇ t❤❛t Sl2 -Hilb(µ−1(0)) = Mθ(X) ❢♦r θ ∈ ◗IrrG s✉❝❤ t❤❛t θρ0 ✐s

t❤❡ ♦♥❧② ♥❡❣❛t✐✈❡ ✈❛❧✉❡✳

◗✉❡st✐♦♥ ✻✳✸✳✺ ❆r❡ t❤❡ s②♠♣❧❡❝t✐❝ r❡s♦❧✉t✐♦♥s T ∗P3 ❛♥❞ (T ∗P3)∗ ❛❧s♦ ♦❢ t❤❡ ❢♦r♠

Mθ(X) ❛♥❞ ✐❢ s♦✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦rr❡❝t ❝❤♦✐❝❡ ❢♦r θ❄

✼✻



❆✳ G✕❡q✉✐✈❛r✐❛♥t ❢r❛♠❡ ❜✉♥❞❧❡s

❲❡ ❝❛rr② ♦✈❡r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢r❛♠❡ ❜✉♥❞❧❡s ✐♥ ❬❍▲✶✵✱ ❊①❛♠♣❧❡ ✹✳✷✳✸❪ t♦ t❤❡ G✕

❡q✉✐✈❛r✐❛♥t s❡tt✐♥❣✳

▲❡t S ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r ❈ ✇✐t❤ tr✐✈✐❛❧ G✕❛❝t✐♦♥ ❛♥❞ E ❛ G✕❡q✉✐✈❛r✐❛♥t OS✕♠♦❞✉❧❡ ✇✐t❤

✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

E =
⊕

ρ∈E

Eρ ⊗❈ Vρ

❢♦r s♦♠❡ ✜♥✐t❡ s✉❜s❡t E ⊂ IrrG✱ ✇❤❡r❡ t❤❡ Eρ ❛r❡ ❧♦❝❛❧❧② ❢r❡❡ OS✕♠♦❞✉❧❡s ♦❢ r❛♥❦ rρ✳

▲❡t r :=
∑

ρ∈E rρ✳ ❲❡ ✇r✐t❡ Aρ := ❈rρ ❛♥❞ AV :=
⊕

ρ∈E Aρ ⊗❈ Vρ✳ ❋♦r ρ ∈ E ✇❡

❝♦♥s✐❞❡r t❤❡ ❣❡♦♠❡tr✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s

πρ : ❍om(Aρ ⊗❈ OS , Eρ) := Spec(S∗Hom(Aρ ⊗❈ OS , Eρ)
∨
) → S

❛s ❞❡✜♥❡❞ ✐♥ ❬❍❛r✼✼✱ ❊①❡r❝✐s❡ ■■✳✺✳✶✽❪✳ ❚❤❡② ♣❛r❛♠❡t❡r✐s❡ OS✕♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s

fρ : Aρ ⊗❈ OS → Eρ✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ❜✉♥❞❧❡s ②✐❡❧❞s ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠s

π∗ρHom(Aρ ⊗❈ OS , Eρ)
∨
→ O❍om(Aρ⊗❈OS ,Eρ)✳ ▲❡t ❢✉rt❤❡r

❍(E) := ❍omG(AV ⊗❈ OS , E) := Spec(S∗
⊕

ρ∈E

Hom(Aρ ⊗❈ OS , Eρ)
∨
)

=
∏

ρ∈E

❍om(Aρ ⊗❈ OS , Eρ),

✇❤❡r❡ t❤❡ ♣r♦❞✉❝t ✐s t❛❦❡♥ ♦✈❡r t❤❡ ❜❛s❡ s❝❤❡♠❡ S✳

❙✐♥❝❡
⊕

ρ∈E Hom(Aρ⊗❈OS , Eρ) ∼= HomG(
⊕

ρ∈E Aρ⊗❈ Vρ⊗❈OS ,
⊕

ρ∈E Eρ⊗❈ Vρ)✱ t❤❡

❣❡♦♠❡tr✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ π : ❍(E) → S ♣❛r❛♠❡t❡r✐s❡s G✕❡q✉✐✈❛r✐❛♥t OS✕♠♦❞✉❧❡ ❤♦♠♦✲

♠♦r♣❤✐s♠s f : AV ⊗❈ OS → E ✳ ❖✈❡r ❛♥② ♣♦✐♥t s ∈ S ✐ts ❡❧❡♠❡♥ts ❛r❡ k(s)✕❧✐♥❡❛r ♠❛♣s

f(s) : AV ⊗❈ k(s) → E(s)✳ ❍❡r❡✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ✐s

α : π∗HomG(AV ⊗❈ OS , E)
∨
→ O❍(E).

❉✉❛❧✐s✐♥❣ ✐t✱ ✇❡ ♦❜t❛✐♥ ❛ ♠♦r♣❤✐s♠ α
∨
: O❍(E) → π∗HomG(AV ⊗❈ OS , E)✳ ■t ✐s ❞❡t❡r✲

♠✐♥❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ 1 ∈ O❍(E)✱ s♦ t❤❛t ❣✐✈✐♥❣ α ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛ G✕❡q✉✐✈❛r✐❛♥t

✼✼



❆✳ G✕❡q✉✐✈❛r✐❛♥t ❢r❛♠❡ ❜✉♥❞❧❡s

❤♦♠♦♠♦r♣❤✐s♠ α′ : π∗(AV ⊗❈ OS) = AV ⊗❈ O❍(E) → π∗E ♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❤♦♠♦♠♦r✲

♣❤✐s♠s (α′
ρ : Aρ ⊗❈ O❍(E) → π∗Eρ)ρ∈E ✳ ❋♦r ❡✈❡r② ❤♦♠♦♠♦r♣❤✐s♠ f ∈ ❍(E) ✇❡ ❤❛✈❡

α′(f) : AV ⊗❈ k(f) → π∗E(f) = E(s)⊗k(s) k(f)✳

❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ α ❤❛s t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② t❤❛t ❢♦r ❛♥② ♣❛✐r ♦❢ ♠♦r♣❤✐s♠s

(u : T → S, a : u∗HomG(AV ⊗❈ OS , E)
∨

→ OT ) t❤❡r❡ ❡①✐sts ❛ ❝❧❛ss✐❢②✐♥❣ ♠♦r♣❤✐s♠

Ψu,a : T → ❍(E) s❛t✐s❢②✐♥❣ Ψu,a ◦ π = u ❛♥❞

Ψ∗
u,aα = a : Ψ∗

u,aπ
∗HomG(AV ⊗❈ OS , E)

∨
= u∗HomG(AV ⊗❈ OS , E)

∨
→ OT .

❊q✉✐✈❛❧❡♥t❧②✱ ❢♦r ❛ G✕❡q✉✐✈❛r✐❛♥t OT ✕♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ a′ : AV ⊗❈OT → u∗E ✱ t❤❡

♠♦r♣❤✐s♠ Ψu,a s❛t✐s✜❡s Ψ∗
u,aα

′ = a′ : AV ⊗❈ OT → Ψ∗
u,aπ

∗E = u∗E ✳

❚❤❡ ♦♣❡♥ s✉❜s❝❤❡♠❡

■somG := ■somG(AV ⊗❈ OS , E) := {f ∈ ❍(E) | detα′(f) 6= 0}

♦❢ G✕❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠s AV ⊗❈OS → E ✐s ❝❛❧❧❡❞ t❤❡ G✕❡q✉✐✈❛r✐❛♥t ❢r❛♠❡ ❜✉♥❞❧❡

❛ss♦❝✐❛t❡❞ t♦ E ✳ ❍❡r❡✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ α′ : AV ⊗❈ O■somG
→ π∗E ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t

✐s♦♠♦r♣❤✐s♠✳ ❋♦r ❛♥② ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s u : T → S t♦❣❡t❤❡r ✇✐t❤ ❛♥ ✐s♦♠♦r♣❤✐s♠

a′ : AV ⊗❈ OT → u∗E ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ Ψu,a : T → ■somG s✉❝❤ t❤❛t

Ψu,a ◦ π = u ❛♥❞ Ψ∗
u,aα

′ = a′ : AV ⊗❈ OT → Ψ∗
u,aπ

∗E = u∗E ✳

❚❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ ♦❢ Γ′ :=
∏
ρ∈E Glrρ ♦♥❍(E) ❢r♦♠ t❤❡ r✐❣❤t ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡

❝♦♠♣♦♥❡♥ts Aρ✿ ❋♦r ❝❧♦s❡❞ ♣♦✐♥ts s ∈ S(❈) ❛♥❞ g = (gρ) ∈ Γ′(❈) ❛♥❞ f = ⊕fρ ❝♦♥s✐st✐♥❣

♦❢ ❤♦♠♦♠♦r♣❤✐s♠s fρ : Aρ⊗❈ k(s) = Aρ → Eρ(s) ✇❡ ❤❛✈❡ (f ·g)ρ(a) = fρ(gρa)✳ ■❢ f ✐s ❛♥

✐s♦♠♦r♣❤✐s♠ t❤❡♥ s♦ ✐s f · g✱ ❤❡♥❝❡ ■somG ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤✐s ❛❝t✐♦♥ ❛♥❞ ■somG → S

✐s ❡✈❡♥ ❛ ❩❛r✐s❦✐✕❧♦❝❛❧❧② tr✐✈✐❛❧ ♣r✐♥❝✐♣❛❧ Γ′✕❜✉♥❞❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❣❡♦♠❡tr✐❝ q✉♦t✐❡♥t

■somG /Γ
′ ❡①✐sts✳ ■ts ❡❧❡♠❡♥ts ❛r❡ G✕❡q✉✐✈❛r✐❛♥t OS✕♠♦❞✉❧❡s ✐s♦♠♦r♣❤✐❝ t♦ AV ⊗❈ OS

✇✐t❤♦✉t ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✼✽



❇✳ ❘❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s

■♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ✇❡ ♥❡❡❞ ❛ r❡❧❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡✳

❚❤❡ ❛❜s♦❧✉t❡ ❝❛s❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ❏❛♥s♦✉ ❬❏❛♥✵✻❪ ❜✉✐❧❞✐♥❣ ✉♣♦♥ t❤❡ ♠✉❧t✐❣r❛❞❡❞

◗✉♦t s❝❤❡♠❡ ♦❢ ❍❛✐♠❛♥ ❛♥❞ ❙t✉r♠❢❡❧s ❬❍❙✵✹❪✳ ❚❤❡ ♣❛ss❛❣❡ ❢r♦♠ t❤❡ ❛❜s♦❧✉t❡ t♦ t❤❡

r❡❧❛t✐✈❡ s✐t✉❛t✐♦♥ ✐s st❛♥❞❛r❞✳

▲❡t S ∈ ✭❙❝❤✴❈✮ ❛♥❞ X ❛ ❢❛♠✐❧② ♦❢ ❛✣♥❡ G✕s❝❤❡♠❡s ♦✈❡r S✳ ❉❡♥♦t❡ p : X → S✳

❉❡✜♥✐t✐♦♥ ❇✳✶ ❋♦r ❛♥② G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t OX ✕♠♦❞✉❧❡ H✱ t❤❡ r❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t

◗✉♦t ❢✉♥❝t♦r ✐s t❤❡ ❢✉♥❝t♦r

QuotGX/S(H, h) : ✭❙❝❤✴S✮
♦♣ → ✭❙❡t✮

(g : T → S) 7→




q : (idX × g)∗H ։ F

∣∣∣∣∣∣∣∣

q ❛ G✕❡q✉✐✈❛r✐❛♥t ♠♦r♣❤✐s♠,

F ✐s T✕✢❛t,

hF = h








T ′ τ //

g′   @
@@

@@
@@

@ T

g

��
S


 7→

(
QuotGX/S(H, h)(T ) → QuotGX/S(H, h)(T

′)

q 7→ (idX × τ)∗q

)
.

❆s ✐♥ t❤❡ ❛❜s♦❧✉t❡ ❝❛s❡✱ t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t ❢✉♥❝t♦r ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ q✉❛s✐♣r♦❥❡❝t✐✈❡

s❝❤❡♠❡ ♦✈❡r S✿

Pr♦♣♦s✐t✐♦♥ ❇✳✷ ❚❤❡r❡ ✐s ❛ s❝❤❡♠❡ Q ♦✈❡r S r❡♣r❡s❡♥t✐♥❣ QuotGX/S(H, h)✱ ✐✳❡✳ t❤❡r❡

❡①✐sts ❛ ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s f : Q→ S ❛♥❞ ❛ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t u ∈ QuotGX/S(H, h)(Q)

s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♠♦r♣❤✐s♠ g : T → S t♦❣❡t❤❡r ✇✐t❤ ❛ q✉♦t✐❡♥t q ∈ QuotGX/S(H, h)(T )

t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ a : T → Q ♦❢ s❝❤❡♠❡s ♦✈❡r S s❛t✐s❢②✐♥❣ f ◦ a = g ❛♥❞

(idX × a)∗u = q✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ s❡✈❡r❛❧ st❡♣s ❡❛❝❤ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ ❛ ❝❧❛✐♠ ✇r✐tt❡♥ ✐♥ ✐t❛❧✐❝ ❧❡tt❡rs

❢♦❧❧♦✇❡❞ ❜② ✐ts ♣r♦♦❢✳
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❇✳ ❘❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s

✶✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❧♦❝❛❧ ✐♥ t❤❡ ❜❛s✐s✿ ▲❡t S =
⋃
Si ✇✐t❤ ♦♣❡♥ ❛✣♥❡ s❝❤❡♠❡s Si✳ ❋♦r

❡✈❡r② i✱ s✉♣♣♦s❡ QuotGX|Si
/Si

(H|Si
, h) ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ s❝❤❡♠❡ fi : Qi → Si ♦✈❡r Si

✇✐t❤ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t

[ui : (idX ×fi)
∗(H|Si

) → F ] ∈ QuotGX|Si
/Si

(H|Si
, h)(Qi).

▲❡t Sij := Si ∩ Sj ✳ ❚❤❡♥ ❢♦r ❡✈❡r② i ❛♥❞ j ✇❡ ❤❛✈❡

Qij := Qi ×Ui
Sij

fij
��

ι′ij // Qi

fi
��

Sij
ιij // Si

❚❤❡♥ Qij r❡♣r❡s❡♥ts t❤❡ ❢✉♥❝t♦r QuotGX|Sij
/Sij

(H|Sij
, h) ✇✐t❤ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t ❣✐✈❡♥

❜② uij := (idX × ι′ij)
∗ui : (idX × fij)

∗(H|Sij
) ։ F ✳ ■♥❞❡❡❞✱ ❧❡t gij : T → Sij ❜❡ ❛

s❝❤❡♠❡ ♦✈❡r Sij ❛♥❞ qij ∈ QuotGX|Sij
/Sij

(H|Sij
, h)(T )✳ ❚❤❡♥ T ✐s ❛❧s♦ ❛ s❝❤❡♠❡ ♦✈❡r

Si ❛♥❞ ✇❡ ❤❛✈❡ QuotGX|Sij
/Sij

(H|Sij
, h)(T ) = QuotGX|Si

/Si
(H|Si

, h)(T )✳ ◆♦✇ s✐♥❝❡ Qi

r❡♣r❡s❡♥ts QuotGX|Si
/Si

(H|Si
, h) t❤❡r❡ ✐s ❛ ♠❛♣ aij : T → Qi s✉❝❤ t❤❛t fi ◦ aij = ιij ◦ gij

❛♥❞ (idX × aij)
∗ui = qij ✳ ❚❤❡♥ ❜② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ✜❜r❡❞ ♣r♦❞✉❝t t❤❡r❡ ✐s

❛ ♠❛♣ bij : T → Qij s❛t✐s❢②✐♥❣ fij ◦ bij = gij ❛♥❞ ι′ij ◦ bij = aij ✿

Qij

fij
��

ι′ij

// Qi

fi
��

T
gij //
bij

??~
~

~
~

aij
((

Sij
ιij // Si

❚❤✉s ✇❡ ❛❧s♦ ❤❛✈❡

(idX × bij)
∗uij = (idX × bij)

∗(idX × ι′ij)
∗ui = ((idX × ι′ij) ◦ (idX × bij))

∗ui

= (idX × (ι′ij ◦ bij))
∗ui = (idX × (aij))

∗ui = qij .

❍❡♥❝❡ Qij r❡♣r❡s❡♥ts QuotGX|Sij
/Sij

(H|Sij
, h)✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r Qji✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ ✐s♦♠♦r♣❤✐s♠ ϕij : Qij → Qji✳ ❇② ✐ts ✉♥✐q✉❡♥❡ss t❤❡ ❝♦❝②❝❧❡ ❝♦♥❞✐✲

t✐♦♥ ✐s s❛t✐s✜❡❞✱ s♦ t❤❛t t❤❡ Qi ❝❛♥ ❜❡ ❣❧✉❡❞ t♦ ❛ s❝❤❡♠❡ Q ♦✈❡r S✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts

QuotGX/S(H, h)✳

✷✳ ❲❡ ❝❛♥ ❛ss✉♠❡ X = X × S ✐s ❛ ♣r♦❞✉❝t✿ ❇② st❡♣ ✶ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t S ✐s ❛✣♥❡✳

❈♦♥s✐❞❡r t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ p∗OX =
⊕

ρ∈IrrGFρ⊗❈Vρ✱ ✇❤❡r❡ p : X → S✳ ❆s p ✐s

❛ ♠♦r♣❤✐s♠ ♦❢ ✜♥✐t❡ t②♣❡✱ p∗OX ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s ❛♥ OS✕❛❧❣❡❜r❛✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡

✽✵



✜♥✐t❡❧② ♠❛♥② Fρ ⊗❈ Vρ s✉❝❤ t❤❛t S∗OS

(⊕
ρ∈DX

Fρ ⊗❈ Vρ
)
։ p∗OX ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t

s✉r❥❡❝t✐♦♥✳ ❙✐♥❝❡ S ✐s ❛✣♥❡ ❛♥❞ ❡❛❝❤ Fρ ✐s ❝♦❤❡r❡♥t✱ t❤❡r❡ ✐s ❡✈❡♥ ❛ ❢r❡❡ ♠♦❞✉❧❡ ♦❢

❣❡♥❡r❛t♦rs

S∗OS

( ⊕

ρ∈DX

Vρ ⊗❈ O
k(ρ)
S

)
= OS ⊗❈ S∗

( ⊕

ρ∈DX

V k(ρ)
ρ

)
։ p∗OX .

●❡♦♠❡tr✐❝❛❧❧②✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡♠❜❡❞❞✐♥❣ i : X →֒ S × X ♦✈❡r S✱ ✇❤❡r❡ X =

Spec S∗(
⊕

ρ∈DX
V
k(ρ)
ρ ) ∼= ❆

∑
ρ∈DX

k(ρ) dim(Vρ)✳ ❍❡♥❝❡ r❡♣❧❛❝✐♥❣ H ❜② i∗H✱ ✇❡ ❝❛♥ r❡❞✉❝❡

t♦ t❤❡ ♣r♦❞✉❝t ❝❛s❡✳

✸✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ G✕❡q✉✐✈❛r✐❛♥t ❝♦❤❡r❡♥t s❤❡❛❢ H′ ♦♥ X ❛♥❞ ❛ ♠❛♣

ν : π∗H′
։ H✱ ✇❤❡r❡ π : X × S → X ✐s t❤❡ ♣r♦❥❡❝t✐♦♥✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✐s♦t②♣✐❝ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ p∗H =
⊕

ρ∈IrrGHρ ⊗❈ Vρ✳ ❚❤❡ Hρ ❛r❡ ❧♦❝❛❧❧② ❢r❡❡ ❛♥❞ ❜② ❙t❡♣ ✶ ✇❡ ❝❛♥ ❡✈❡♥

❛ss✉♠❡ t❤❡ Hρ t♦ ❜❡ ❢r❡❡✳ ❙✐♥❝❡ H ✐s ❛ ❝♦❤❡r❡♥t OX×S✕♠♦❞✉❧❡✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉❜s❡t

DH ⊂ IrrG ❛♥❞ ❢♦r ❡❛❝❤ ρ ∈ DH t❤❡r❡ ✐s ❛♥ OS✕s✉❜♠♦❞✉❧❡ Uρ ⊂ Hρ ♦❢ ✜♥✐t❡ r❛♥❦ s✉❝❤

t❤❛t H ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ p∗Uρ ⊗❈ Vρ✱ ρ ∈ DH✳ ❍❡♥❝❡ ❢♦r ❡✈❡r② ρ ∈ DH ✇❡ ✜♥❞ ❛

s✉r❥❡❝t✐♦♥ O
m(ρ)
S ։ Uρ ✇✐t❤ m(ρ) ∈ ◆✳ ❖♥ X × S ✇❡ ♦❜t❛✐♥

π∗
(⊕

ρ∈DH
O
m(ρ)
X ⊗❈ Vρ

)
=
⊕

ρ∈DH
O
m(ρ)
X×S ⊗❈ Vρ

���� && &&MMMMMMMMMMMMM

⊕
ρ∈DH

p∗Uρ ⊗❈ Vρ // // H

❚❤✉s ❡✈❡r② q✉♦t✐❡♥t ♦❢ H ✐s ❛❧s♦ ❛ q✉♦t✐❡♥t ♦❢ π∗H′ ✇✐t❤ H′ :=
⊕

ρ∈DH
O
m(ρ)
X ⊗❈ Vρ✳

✹✳ QuotG(X×S)/S(H, h) ✐s ❛ s✉❜❢✉♥❝t♦r ♦❢ QuotG(H′, h) × S✿ ❋♦r ❛ s❝❤❡♠❡ T ♦✈❡r S✱ ✇❡

❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t✐♥❣ ❞✐❛❣r❛♠

X × T

pT
��

idX×g//

πT ''
X × S

p

��

π // X

T
g // S

■❢ [q : (idX × g)∗H ։ F ] ∈ QuotG(X×S)/S(π
∗H′, h)(T ) t❤❡♥ t❤❡ OX×T ✕♠♦❞✉❧❡ F ✐s ❛❧s♦

❛ q✉♦t✐❡♥t ♦❢ (idX × g)∗π∗H′ = π∗TH
′✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥

QuotG(X×S)/S(H, h) → QuotG(H′, h)× S ✈✐❛

QuotG(X×S)/S(H, h)(T ) → QuotG(H′, h)(T )× S(T ),

[q : (idX × g)∗H ։ F ] 7→ ([ν ◦ q : π∗TH
′ → F ], [g : T → S]).
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❇✳ ❘❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s

✺✳ QuotG(X×S)/S(H, h) ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ QuotG(H′, h) × S✿ ❇②

❬❏❛♥✵✻❪✱ t❤❡ s❝❤❡♠❡ QuotG(H′, h) r❡♣r❡s❡♥ts t❤❡ ✐♥✈❛r✐❛♥t ◗✉♦t ❢✉♥❝t♦r QuotG(H′, h)✳

❚❤✉s✱ QuotG(H′, h) × S ✐s r❡♣r❡s❡♥t❡❞ ❜② QuotG(H′, h) × S✱ ✇❤✐❝❤ ✐s ❛♥ S✕s❝❤❡♠❡ ✈✐❛

t❤❡ ♣r♦❥❡❝t✐♦♥ QuotG(H′, h)× S → S✳ ❙♦ QuotG(X×S)/S(H, h) ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝❧♦s❡❞

s✉❜s❝❤❡♠❡ ♦✈❡r S ✐❢ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❙t❡♣ ✸ ✐s ❛ ❝❧♦s❡❞ ❡♠❜❡❞❞✐♥❣ ❢♦r

❡✈❡r② S✕s❝❤❡♠❡ T ✳

❚♦ s❤♦✇ t❤✐s✱ ❧❡t [q : π∗TH ։ F ] ∈ QuotG(H′, h)(T ) ❢♦r s♦♠❡ S✕s❝❤❡♠❡ T ✳ ❉❡♥♦t✐♥❣

K := ker(ν : π∗H′
։ H)✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✿

(idX × g)∗K //

α
&&MMMMMMMMMMM
π∗TH

′

q

��

(idX×g)∗ν // // (idX × g)H

q̃
uuuul l l l l l l l

F

✇❤❡r❡ q̃ ❡①✐sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ α := q|(idX×g)∗K = 0✳ ❆♥❛❧♦❣♦✉s❧② t♦ ❙t❡♣ ✷ ✇❡ ❝❛♥ ✜♥❞

❛ s✉r❥❡❝t✐♦♥ νK : π∗TK
′
։ (idX × g)∗K ✇✐t❤ K′ =

⊕
ρ∈DK

O
n(ρ)
X ⊗❈ Vρ ❛♥❞ n(ρ) ∈ IrrG

❢♦r ρ ✐♥ s♦♠❡ ✜♥✐t❡ s❡t DK ⊂ IrrG✳ ▲❡t α′ := α ◦ νK✳ ❙✐♥❝❡ νK ✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ❤❛✈❡

α = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ α′ = 0✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ((pT )∗α′)ρ : O
n(ρ)
X → ((pT )∗F )ρ

✈❛♥✐s❤❡s ❢♦r ❡✈❡r② ρ ∈ DK✳ ❇② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ((pT )∗α′)ρ ❣✐✈❡s

✉s ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ Tρ ⊂ T ❢♦r ❡❛❝❤ ρ✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡

T0 :=
⋂
ρ∈DK

Tρ ⊂ T ❞❡s❝r✐❜✐♥❣ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ (pT )∗α′✳ ❆♣♣❧②✐♥❣ t❤✐s ❝♦♥str✉❝t✐♦♥ t♦

T = QuotG(H′, h) × S ❛♥❞ q t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t ♦♥ t❤✐s s❝❤❡♠❡✱ ✇❡ ♦❜t❛✐♥ ❛ ❝❧♦s❡❞

s✉❜s❝❤❡♠❡ Q ⊂ QuotG(H′, h) × S ♦✈❡r S s✉❝❤ t❤❛t ❡✈❡r② ♠♦r♣❤✐s♠ T ′ → T ❢❛❝t♦rs

t❤r♦✉❣❤ Q ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② q✉♦t✐❡♥t ✐♥ (QuotG(H′, h)×S)(T ′) ❝♦♠❡s ❢r♦♠ ❛♥ ❡❧❡♠❡♥t

✐♥ QuotG(X×S)/S(H, h)(T )✳ ❚❤✐s s❤♦✇s t❤❛t Q r❡♣r❡s❡♥ts QuotG(X×S)/S(H, h)✳ �

▲❡♠♠❛ ❇✳✸ ▲❡t T ❜❡ ❛ s❝❤❡♠❡ ❛♥❞ β : E → F ❛♥ OT ✕♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ ✇✐t❤ F

❧♦❝❛❧❧② ❢r❡❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ T0 ⊂ T s✉❝❤ t❤❛t ❛♥② ♠♦r♣❤✐s♠

f : T ′ → T ❢❛❝t♦rs t❤r♦✉❣❤ T0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ f∗β = 0✳

Pr♦♦❢✳ ❲❡ ✐♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ✇❡❧❧✕❦♥♦✇♥ ❧❡♠♠❛ ❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✳

❙✐♥❝❡ F ✐s ❧♦❝❛❧❧② ❢r❡❡✱ β ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠♦r♣❤✐s♠ β′ : F
∨
⊗❈ E → OT ✳ ❉❡♥♦t❡ t❤❡

✐♠❛❣❡ ♦❢ β′✱ ✇❤✐❝❤ ✐s ❛♥ ✐❞❡❛❧ ✐♥ OT ✱ ❜② I✳ ❚❤❡♥ f∗β = 0 ⇔ f∗β′ = 0 ⇔ f−1I = 0 ❛♥❞

T0 := V (I) ❤❛s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt②✳ �

❉❡✜♥✐t✐♦♥ ❇✳✹ ❚❤❡ s❝❤❡♠❡ QuotGX/S(H, h) := Q ♦✈❡r S ✐s ❝❛❧❧❡❞ t❤❡ r❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t

◗✉♦t s❝❤❡♠❡✳
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Pr♦♣♦s✐t✐♦♥ ❇✳✺ ■❢ t❤❡ OS✕G✕♠♦❞✉❧❡ p∗H ❤❛s ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t✐❡s✱ t❤❡♥ t❤❡ r❡❧❛t✐✈❡

✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡ QuotGX/S(H, h) ✐s ♣r♦❥❡❝t✐✈❡ ♦✈❡r S✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ❬❏❛♥✵✻✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✷❪✳ ❆s ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢

t❤❡ q✉❛s✐♣r♦❥❡❝t✐✈❡ s❝❤❡♠❡ QuotG(H′, h)× S ♦✈❡r S✱ t❤❡ r❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡

✐s q✉❛s✐♣r♦❥❡❝t✐✈❡ ♦✈❡r S✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♠♦r♣❤✐s♠ QuotGX/S(H, h) → S

✐s ♣r♦❥❡❝t✐✈❡✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ✐t ✐s ♣r♦♣❡r✳ ❚❤❡r❡❢♦r❡ ✇❡ ✉s❡ t❤❡ ✈❛❧✉❛t✐✈❡ ❝r✐t❡r✐♦♥

♦❢ ♣r♦♣❡r♥❡ss ❬❍❛r✼✼✱ ❚❤❡♦r❡♠ ■■✳✹✳✼❪✳

▲❡t D ❜❡ ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦✈❡r S ❛♥❞ K ✐ts ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ ❜②

pK : X ×S SpecK → SpecK ❛♥❞ pD : X ×S SpecD → SpecD t❤❡ ♣r♦❥❡❝t✐♦♥s t♦ t❤❡ ❜❛s❡

s❝❤❡♠❡s✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

SpecK

��

φ //

g

,,

QuotGX/S(H, h)

��
SpecD

g // S

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡①t❡♥s✐♦♥ φ̃ : SpecD → QuotGX/S(H, h) s✉❝❤ t❤❛t t❤❡ ❞✐❛✲

❣r❛♠♠ ❝♦♠♠✉t❡s✳

❙✉❝❤ ❛ ♠♦r♣❤✐s♠ φ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡❧❡♠❡♥t ✐♥ QuotGX/S(H, h)(K)✱ ✐✳❡✳ t♦ ❛ s✉r❥❡❝t✐✈❡

♠♦r♣❤✐s♠ [q : H ⊗OS
K ։ FK ] ♦❢ OX ⊗OS

K✕♠♦❞✉❧❡s s✉❝❤ t❤❛t ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

pK∗FK =
⊕

ρ∈IrrG(FK)ρ ⊗❈ Vρ t❤❡ s❤❡❛✈❡s ♦❢ ❝♦✈❛r✐❛♥ts (FK)ρ ❛r❡ K✕✈❡❝t♦r s♣❛❝❡s ♦❢

❞✐♠❡♥s✐♦♥ h(ρ)✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0 → BK → H⊗OS
K → FK → 0.

❚❤❡ ✐♥❝❧✉s✐♦♥ H⊗OS
K ⊃ H⊗OS

D ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ s✉❜s❤❡❛❢ B′ := BK ∩ (H⊗OS
D)

♦❢ H⊗OS
D✱ ✇❤✐❝❤ ②✐❡❧❞s ❛ q✉♦t✐❡♥t F ′ = (H⊗OS

D)/B′ ♦❢ H⊗OS
D✳ ❙✐♥❝❡ G ✐s r❡❞✉❝t✐✈❡

✇❡ ❤❛✈❡

F ′
ρ = (Hρ ⊗OS

D)/B′
ρ = (Hρ ⊗OS

D)/((BK)ρ ∩ (Hρ ⊗OS
D)). ✭❇✳✶✮

◆♦✇ ❧❡t (FD)ρ := F ′
ρ/(t♦rs✐♦♥)✳ ❚❤❡ ❦❡r♥❡❧ (BD)ρ = (Hρ⊗OS

D)/(FD)ρ ✐s t❤❡ s❛t✉r❛t✐♦♥

♦❢ B′
ρ✳ ❲❡ ❤❛✈❡ ❡①❛❝t s❡q✉❡♥❝❡s

0 // B′
ρ

//
_�

��

Hρ ⊗OS
D // F ′

ρ
//

����

0

0 // (BD)ρ // Hρ ⊗OS
D // (FD)ρ // 0,
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❇✳ ❘❡❧❛t✐✈❡ ✐♥✈❛r✐❛♥t ◗✉♦t s❝❤❡♠❡s

✇❤✐❝❤ ❜❡❝♦♠❡ ❡q✉❛❧ ❛❢t❡r t❡♥s♦r✐♥❣ ✇✐t❤ K✳ ❚❤❡ (FD)ρ ❛r❡ t♦rs✐♦♥✕❢r❡❡ ❛♥❞ ❤❡♥❝❡ t❤❡②

❛r❡ ✢❛t D✕♠♦❞✉❧❡s✳ ❙✐♥❝❡ Hρ ❤❛s ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t✐❡s✱ ❡❛❝❤ (FD)ρ ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❛♥❞ ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ h(ρ)✳

❚❤❡ ❞✐r❡❝t s✉♠ BD := p∗D
(⊕

ρ∈IrrG(BD)ρ ⊗❈ Vρ
)
✐s ❛ s✉❜♠♦❞✉❧❡ ♦❢ H ⊗OS

D✳ ■♥❞❡❡❞✱

❜② t❤❡ ❝♦♥str✉❝t✐♦♥✱ B′ ✐s ❛ s✉❜♠♦❞✉❧❡✳ ▲❡t f ∈ OX ❜❡ ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ B′
ρ t♦ B′

σ✳

❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ✐t ♠❛♣s (BD)ρ t♦ (BD)σ✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠♠✿

B′
ρ

·f

��

⊂ (BD)ρ

α

���
�
�

//

ψ

��

Hρ ⊗OS
D

��
B′
σ

ϕ
33

⊂ (BD)σ // Hσ ⊗OS
D // (FD)σ

❙✐♥❝❡ (BD)σ = ker(Hσ ⊗OS
D → (FD)σ)✱ t❤❡ ♠♦r♣❤✐s♠ ϕ ✐s t❤❡ ③❡r♦ ♠❛♣✱ ❛♥❞ t❤❡ s❛♠❡

❤♦❧❞s ❢♦r t❤❡ ❝♦♠♣♦s✐t✐♦♥ ϕ ◦ f ✳ ❍❡♥❝❡ ψ ❢❛❝t♦rs t❤r♦✉❣❤ (BD)ρ/B
′
ρ✳ ❚❤✐s ♠♦❞✉❧❡ ✐s

t♦rs✐♦♥ s✐♥❝❡ (BD)ρ ✐s t❤❡ s❛t✉r❛t✐♦♥ ♦❢ B′
ρ✳ ■♥ ❝♦♥tr❛st t♦ t❤✐s✱ (FD)σ ✐s t♦rs✐♦♥✕❢r❡❡ ❜②

✐ts ❞❡✜♥✐t✐♦♥✳ ❍❡♥❝❡ t❤❡ ✐♠❛❣❡ ♦❢ ψ ✐s 0✳ ❚❤✐s s❤♦✇s t❤❛t α ❡①✐sts ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥

✇✐t❤ f ♠❛♣s (BD)ρ t♦ (BD)σ✳

❚❤✉s✱ t❤❡ q✉♦t✐❡♥t FD = (Hρ⊗OS
D)/BD ♦❢H⊗OS

D ✐s ❛♥ ❡❧❡♠❡♥t ✐♥QuotGX/S(H, h)(D)✱

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠♦r♣❤✐s♠ φ̃ : SpecD → QuotG(X×S)/S(H, h)✳ ❇❡❝❛✉s❡ ♦❢ ✭❇✳✶✮

✇❡ ♦❜t❛✐♥

0 // BD ⊗D K // H⊗OS
D ⊗D K // FD ⊗D K // 0

0 // BK // H⊗OS
K // FK // 0.

❍❡♥❝❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ φ̃ t♦ SpecK ✐s φ✳ �
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❬■◆✾✾❪ ❨✉❦❛r✐ ■t♦ ❛♥❞ ■❦✉ ◆❛❦❛♠✉r❛✳ ❍✐❧❜❡rt s❝❤❡♠❡s ❛♥❞ s✐♠♣❧❡ s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ ◆❡✇

tr❡♥❞s ✐♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ✭❲❛r✇✐❝❦✱ ✶✾✾✻✮✱ ✈♦❧✉♠❡ ✷✻✹ ♦❢ ▲♦♥❞♦♥ ▼❛t❤✳

❙♦❝✳ ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✳✱ ♣❛❣❡s ✶✺✶✕✷✸✸✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳ Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱

✶✾✾✾✳

❬❏❛♥✵✻❪ ❙é❜❛st✐❡♥ ❏❛♥s♦✉✳ ▲❡ s❝❤é♠❛ ◗✉♦t ✐♥✈❛r✐❛♥t✳ ❏✳ ❆❧❣❡❜r❛✱ ✸✵✻✭✷✮✿✹✻✶✕✹✾✸✱ ✷✵✵✻✳

❬❏❛♥✵✼❪ ❙é❜❛st✐❡♥ ❏❛♥s♦✉✳ ❉é❢♦r♠❛t✐♦♥s ❞❡s ❝ô♥❡s ❞❡ ✈❡❝t❡✉rs ♣r✐♠✐t✐❢s✳ ▼❛t❤✳ ❆♥♥✳✱

✸✸✽✭✸✮✿✻✷✼✕✻✻✼✱ ✷✵✵✼✳

❬❏❘✵✾❪ ❙é❜❛st✐❡♥ ❏❛♥s♦✉ ❛♥❞ ◆✐❝♦❧❛s ❘❡ss❛②r❡✳ ■♥✈❛r✐❛♥t ❞❡❢♦r♠❛t✐♦♥s ♦❢ ♦r❜✐t ❝❧♦s✉r❡s

✐♥ sl(n)✳ ❘❡♣r❡s❡♥t✳ ❚❤❡♦r②✱ ✶✸✿✺✵✕✻✷✱ ✷✵✵✾✳

✽✻



❇✐❜❧✐♦❣r❛♣❤②

❬❑✐♥✾✹❪ ❆❧❛st❛✐r ❉✳ ❑✐♥❣✳ ▼♦❞✉❧✐ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ✜♥✐t❡✕❞✐♠❡♥s✐♦♥❛❧ ❛❧❣❡❜r❛s✳

◗✉❛rt✳ ❏✳ ▼❛t❤✳ ❖①❢♦r❞ ❙❡r✳ ✭✷✮✱ ✹✺✭✶✽✵✮✿✺✶✺✕✺✸✵✱ ✶✾✾✹✳

❬▼❋❑✾✹❪ ❉❛✈✐❞ ▼✉♠❢♦r❞✱ ❏♦❤♥ ❋♦❣❛rt②✱ ❛♥❞ ❋r❛♥❝❡s ❑✐r✇❛♥✳ ●❡♦♠❡tr✐❝ ■♥✈❛r✐❛♥t

❚❤❡♦r②✱ ✈♦❧✉♠❡ ✸✹ ♦❢ ❊r❣❡❜♥✐ss❡ ❞❡r ▼❛t❤❡♠❛t✐❦ ✉♥❞ ✐❤r❡r ●r❡♥③❣❡❜✐❡t❡ ✭✷✮✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ t❤✐r❞ ❡❞✐t✐♦♥✱ ✶✾✾✹✳

❬◆❛❦✵✶❪ ■❦✉ ◆❛❦❛♠✉r❛✳ ❍✐❧❜❡rt s❝❤❡♠❡s ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦r❜✐ts✳ ❏✳ ❆❧❣❡❜r❛✐❝ ●❡♦♠✳✱

✶✵✭✹✮✿✼✺✼✕✼✼✾✱ ✷✵✵✶✳

❬P✈❙✶✵❪ ❙t❛✈r♦s P❛♣❛❞❛❦✐s ❛♥❞ ❇❛rt ✈❛♥ ❙t❡✐rt❡❣❤❡♠✳ ❊q✉✐✈❛r✐❛♥t ❞❡❣❡♥❡r❛t✐♦♥s ♦❢

s♣❤❡r✐❝❛❧ ♠♦❞✉❧❡s ❢♦r ❣r♦✉♣s ♦❢ t②♣❡ A✳ ❛r❳✐✈✿✶✵✵✽✳✵✾✶✶✈✷ ❬♠❛t❤❆●❪✱ ✷✵✶✵✳

❬❙✐♠✾✹❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✳ ▼♦❞✉❧✐ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ ❛

s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳ ■✳ ■♥st✳ ❍❛✉t❡s ➱t✉❞❡s ❙❝✐✳ P✉❜❧✳ ▼❛t❤✳✱ ✭✼✾✮✿✹✼✕✶✷✾✱

✶✾✾✹✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ t❤❛♥❦ ♠② ❛❞✈✐s♦r ▼❛♥❢r❡❞ ▲❡❤♥ ❢♦r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ t❤✐s t❤❡s✐s ❛♥❞ ❤✐s s✉❣❣❡st✐♦♥s

❤♦✇ t♦ ❞❡❛❧ ✇✐t❤ ♥✉♠❡r♦✉s ❞✐✣❝✉❧t✐❡s✳ ❋✉rt❤❡r✱ ■ ♦✇❡ ♠♦st ♦❢ ♠② ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠❛t✐♦♥

t♦ ❤✐♠ ❛♥❞ ■ ❛♠ t❤❛♥❦❢✉❧ ❢♦r ❧❡❛r♥✐♥❣ ❢r♦♠ ❤✐s ❡①❝❡❧❧❡♥t st②❧❡✳

■ ❛♠ ❣r❛t❡❢✉❧ t♦ ♠② s❡❝♦♥❞ ❛❞✈✐s♦r ❈❤r✐st♦♣❤ ❙♦r❣❡r ❢♦r ♣r♦♣♦s✐♥❣ ♠❡ t❤❡ ✇♦r❦ ♦♥ θ✕

st❛❜❧❡ G✕❝♦♥st❡❧❧❛t✐♦♥s ❛♥❞ ❢♦r t❤❡ t✐♠❡ ■ s♣❡♥t ✐♥ ◆❛♥t❡s✳ ■ ❡s♣❡❝✐❛❧❧② t❤❛♥❦ ❤✐♠ ❢♦r

♠❛❦✐♥❣ t❤❡ ❝♦t✉t❡❧❧❡ ♣♦ss✐❜❧❡✳

▼♦r❡♦✈❡r✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ ❙❛♠✉❡❧ ❇♦✐ss✐èr❡ ❛♥❞ ❉❛♥✐❡❧ ❍✉②❜r❡❝❤ts

❢♦r t❤❡✐r ❛✈❛✐❧❛❜✐❧✐t② ❢♦r t❤❡ r❡♣♦rts ♦♥ ♠② t❤❡s✐s ❛♥❞ ❢♦r t❤❡ ❞❡❢❡♥s❡✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❛ ♣❧❡❛s✉r❡ t♦ t❤❛♥❦ ▼✐❝❤❡❧ ❇r✐♦♥ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ✇♦r❧❞ ♦❢

✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s ❛♥❞ ❢♦r ❣✉✐❞✐♥❣ ♠❡ t❤r♦✉❣❤ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①❛♠♣❧❡

✐♥ ❈❤❛♣t❡r ✶✳ ■ ❛❧s♦ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❤✐♠ ❢♦r ❤✐s ❤♦s♣✐t❛❧✐t② ❞✉r✐♥❣ t❤❡ ❢♦✉r ♠♦♥t❤s

■ s♣❡♥t ✐♥ ●r❡♥♦❜❧❡✳ ❋✉rt❤❡r✱ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ❏♦sé ❇❡rt✐♥ ❢♦r ❤✐s ♣r✐✈❛t❡ ❧❡ss♦♥s ♦♥ t❤❡

G✕❍✐❧❜❡rt s❝❤❡♠❡ ✇❤✐❝❤ ❛❧s♦ ❡♥❧❛r❣❡❞ ♠② ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt s❝❤❡♠❡s✳

■ ❝♦r❞✐❛❧❧② t❤❛♥❦ ❘♦♥❛♥ ❚❡r♣❡r❡❛✉ ❢♦r t❤❡ ❡①❝❤❛♥❣❡ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦♥ ✐♥✈❛r✐❛♥t ❍✐❧❜❡rt

s❝❤❡♠❡s ❛♥❞ ❢♦r ♠❛❦✐♥❣ ♠② s❡❝♦♥❞ ✈✐s✐t ✐♥ ●r❡♥♦❜❧❡ s♦ ❛❣r❡❛❜❧❡✳

■ ♠♦st ❤❡❛rt✐❧② t❤❛♥❦ ❙ö♥❦❡ ❘♦❧❧❡♥s❦❡✱ ❩✐②✉ ❩❤❛♥❣ ❛♥❞ ▼❛r❦✉s ❩♦✇✐s❧♦❦ ❢♦r s♦♠❡ ❢r✉✐t❢✉❧

❞✐s❝✉ss✐♦♥s ❛❜♦✉t ♠② ✇♦r❦✳ ❚❤❡② ❛❧s♦ ❝♦♥tr✐❜✉t❡❞ ❛ ❧♦t t♦ t❤❡ ♣❧❡❛s❡♥t ❛t♠♦s♣❤❡r❡ ✐♥

▼❛✐♥③ ❛s ✇❡❧❧ ❛s ♠② ❢❡❧❧♦✇ ❞♦❝t♦r❛❧ st✉❞❡♥ts ❛t t❤❡ ♠❛t❤ ❞❡♣❛rt♠❡♥t✳ ❆ s♣❡❝✐❛❧ t❤❛♥❦

❣♦❡s t♦ ▼rs✳ P✐❧❧❛✉✱ ✇❤♦ ❤❛s ♥♦t ♦♥❧② ❛❧✇❛②s ❜❡❡♥ t❤❡r❡ ❢♦r ❡✈❡r②❜♦❞②✬s ♦r❣❛♥✐s❛t✐♦♥❛❧

♥❡❝❡ss✐t✐❡s ❜✉t ❛❧s♦ ❢♦r ❡✈❡r②♦♥❡✬s ❝♦♠❢♦rt✳

■t ✇❛s ❛❧s♦ ♥✐❝❡ t♦ ❜❡ ✇❛r♠❧② r❡❝❡✐✈❡❞ ❜② t❤❡ ❞♦❝t♦r❛❧ st✉❞❡♥ts ✐♥ ◆❛♥t❡s ❛♥❞ ✐♥ ●r❡♥♦❜❧❡✱

❢♦r ✇❤❛t ■ t❤❛♥❦ t❤❡♠ ❝♦r❞✐❛❧❧②✳

❋✉rt❤❡r♠♦r❡✱ ■ t❤❛♥❦ ❛❧❧ t❤❡ ♣❡♦♣❧❡ ✇❤♦ r❡❛❞ ❛ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢ t❤✐s t❤❡s✐s ❢♦r t❤❡✐r

❝♦rr❡❝t✐♦♥s✳

■ ❛♠ t❤❛♥❦❢✉❧ t♦ ▲❛rs ❑❛❞❡r❛❧✐ ❢♦r ❜❡✐♥❣ ♠② ♠❡♥t♦r✱ ❢♦r ❣✐✈✐♥❣ ♠❡ ✐♥s✐❣❤t ✐♥t♦ ❤✐s ✇♦r❦

❛♥❞ ❢♦r ❡♥❝♦✉r❛❣✐♥❣ ♠❡ ✐♥ ❞✐✣❝✉❧t t✐♠❡s✳

■ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ❣r❛♥t ❜② t❤❡ ❉❡✉ts❝❤❡r ❆❦❛❞❡♠✐s❝❤❡r ❆✉st❛✉s❝❤❞✐❡♥st✱

✽✾



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

✇❤✐❝❤ ❛❧❧♦✇❡❞ ♠❡ t♦ ❞♦ ♠② r❡s❡❛r❝❤ ✐♥ ❋r❛♥❝❡ ❢♦r ♦♥❡ ②❡❛r✱ ❛♥❞ t❤❡ ❉❡✉ts❝❤❡ ❋♦rs❝❤✉♥❣s✲

❣❡♠❡✐♥s❝❤❛❢t ❢♦r ♣r♦✈✐❞✐♥❣ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r r❡s❡❛r❝❤ ✐♥ ▼❛✐♥③ ❜② t❤❡ ❙♦♥❞❡r✲

❢♦rs❝❤✉♥❣s❜❡r❡✐❝❤ ❚r❛♥sr❡❣✐♦ ✹✺ ✏P❡r✐♦❞s✱ ▼♦❞✉❧✐ ❙♣❛❝❡s ❛♥❞ ❆r✐t❤♠❡t✐❝ ♦❢ ❆❧❣❡❜r❛✐❝

❱❛r✐❡t✐❡s✑✳

■ ✇♦✉❧❞ ♥♦t ❤❛✈❡ ♣❡rs❡✈❡r❡❞ t❤❡ ❢♦✉r ②❡❛rs ♦❢ ♠② t❤❡s✐s ✇✐t❤♦✉t ♠② ❢r✐❡♥❞s ❛♥❞ ♠② ❢❛♠✐❧②✳

■ t❤❛♥❦ ❆♥♥❡✱ ❈❛r✐♥❛✱ ❉♦r♦✱ ▲✐❧✐✱ ▼❛r✐♦♥✱ ❙❡❜❛st✐❛♥✱ ❙✈❡♥ ❛♥❞ ❨❛❡❧ ❢♦r t❤❡✐r ❢r✐❡♥❞s❤✐♣✱

❖❧✐✈❡r ❢♦r ♠✉❝❤ ♠♦r❡ t❤❛♥ t❤❛t✱ ❛♥❞ ▲❛✉r❛✱ ❏✉❧✐❛♥ ❛♥❞ ♠② ♣❛r❡♥ts ❢♦r ❜❡✐♥❣ ❛❧✇❛②s t❤❡r❡

❢♦r ♠❡✳ ❚❤❛♥❦ ②♦✉✱ ❘♦❧❛♥❞✱ ❢♦r ❜r✐♥❣✐♥❣ s✉♥s❤✐♥❡ ✐♥t♦ ♠② ❧✐❢❡✳
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