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bôıt≥magiqu≥quiouvriraitsurun≥part≥ncor≥vi≥rg≥≥tsil≥nci≥us≥≤umon≤≥,unvast≥
ocδ≥an≤ansl≥qu≥lons≥raitt≥ntδ≥≤≥s≥p≥r≤r≥. C’≥st≤onctoujoursun≥surpris≥,au
r≥tour≤’un≥≤≥c≥st≥rribl≥s≥xpδ≥≤itions,≤≥r≥trouv≥r,≤anslachal≥ur≤’unport,un≥
humanitδ≥quiparl≥un≥langu≥qu’onavaitpr≥squ≥oubliδ≥≥.L≥laboratoir≥≥stc≥tt≥pass≥
≥ntr≥≤≥uxmon≤≥s,tout̀alafoisc≥tocδ≥animpδ≥tu≥ux≥tc≥portchal≥ur≥ux.J≥souhait≥
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macuriositδ≥l’ampl≥ur≤≥son≤δ≥ploi≥m≥nt, m’accompagn≥r≤ansl≥sδ≥troits≤δ≥filδ≥s≤≥
lap≥nsδ≥≥lorsqu≥c≥ux-cis≥faisai≥nttropsauvag≥s,≥tm≥cons≥ill≥rchaqu≥foisqu≥l≥
≤out≥m≥saisissait. Ungran≤m≥rci,S≥rg≥y.J≥r≥m≥rci≥δ≥gal≥m≥ntchal≥ur≥us≥m≥nt
J≥anDalibar≤,Vla≤imirKravtsov,≥tGiorgioParisipourl≥ursδ≥vi≤≥nt≥squalitδ≥s≤≥
rapport≥urs≤≥montravail≤≥th̀≥s≥,ainsiqu’EricAkk≥rmans≥tPatrickS≥bbahpour
tousl≥scomm≥ntair≥s≥tapprδ≥ciationsqu’ilsontpuformul≥r≥ntantqu≥m≥mbr≥s≤≥
monjury≤≥th̀≥s≥.J≥v≥uxaussi≥xprim≥rmagratitu≤≥àBartvanTigg≥l≥n,Vinc≥nt
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Abstract

Thisth≥sisis≤≥vot≥≤toth≥stu≤yofth≥prop≥rti≥soflight≥mitt≥≤byacoll≥ctionof
atomicscatt≥r≥rs≤istribut≥≤atran≤ompositionsinEucli≤≥anspac≥.Inthisr≥sp≥ct,
anabinitioth≥oryofran≤omlasingisformulat≥≤int≥rmsofth≥statisticalprop≥rti≥s
ofth≥so-call≥≤‘Gr≥≥n’smatrix’. Thismatrixb≥longstoth≥familyofEucli≤≥anran-
≤ommatric≥s(ERMs),forwhichw≥≤≥v≥lopananalyticth≥orygivingacc≥sstoth≥ir
≥ig≥nvalu≥≤istribution.
First,w≥≤≥riv≥quantum microscopic≥quationsforth≥≥l≥ctricfi≥l≤an≤atomic

op≥rators,an≤showhowth≥non-H≥rmitianGr≥≥n’smatrix(amatrixwith≥l≥m≥nts
≥qualtoth≥Gr≥≥n’sfunctionofth≥H≥mholtz≥quationb≥tw≥≥npairsofatomsinth≥
syst≥m)≥m≥rg≥sinth≥quantumformalism. W≥provi≤≥≥xpr≥ssionsforth≥int≥nsity
an≤th≥sp≥ctrumoflightint≥rmsofth≥Gr≥≥n’smatrix,charact≥riz≥quantumLang≥vin
forc≥s,an≤r≥v≥alhowth≥s≥miclassicalran≤omlas≥rthr≥shol≤iswash≥≤outbyquantum
fluctuations(chapt≥rs2an≤3).
Am≥soscopican≤s≥miclassical≤≥scriptionoflightscatt≥r≥≤bypump≥≤atomsis

th≥subj≥ctofchapt≥r4. W≥provi≤≥amicroscopic≤≥rivationofth≥transport≥quation
inth≥pr≥s≥nc≥ofgain,r≥v≥alamappingtoERMs,an≤analyz≥th≥lasingthr≥shol≤
inf≥rr≥≤fromth≥transport≥quation.
Inchapt≥rs5an≤6,w≥≤≥v≥lopananalyticth≥oryforH≥rmitianan≤non-H≥rmitian

ERMsinth≥limitoflarg≥ matrixsiz≥. W≥obtains≥lf-consist≥nt≥quationsforth≥
r≥solv≥ntan≤th≥≥ig≥nv≥ctorcorr≥latorofanarbitraryERMan≤applyourr≥sultsto
thr≥≥≤iff≥r≥ntERMsr≥l≥vanttowav≥propagationinran≤omm≥≤ia:th≥ran≤omGr≥≥n’s
matrix,itsimaginarypart,an≤itsr≥alpart. W≥ar≥abl≥to≤≥scrib≥analyticallywith
r≥asonabl≥pr≥cisionth≥fullprobability≤istributionof≤≥cayrat≥soflight≥mitt≥≤by
alarg≥numb≥rofatoms,asw≥llasofth≥coll≥ctiv≥fr≥qu≥ncyshiftin≤uc≥≤byth≥
light-matt≥rint≥raction.Th≥signatur≥sofAn≤≥rsonlocalizationinth≥prop≥rti≥softh≥
Gr≥≥n’smatrixar≥also≤iscuss≥≤.
Finally,w≥combin≥microscopic≥quationsofmotionoflight-matt≥rint≥ractionwith

ourr≥sultsfornon-H≥rmitianERMstotackl≥th≥probl≥mofran≤omlasing(chapt≥r
7).Th≥lasingthr≥shol≤an≤th≥int≥nsityoflas≥r≥missionar≥calculat≥≤analyticallyin
th≥s≥miclassicalapproximation,an≤th≥sp≥ctrumoflightb≥lowthr≥shol≤iscomput≥≤
bytakingintoaccountquantum≥ff≥cts.Ourth≥oryappli≥sfromlowtohigh≤≥nsityof
atoms.
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Rδ≥sumδ≥

C≥tt≥th̀≥s≥prδ≥s≥nt≥un≥δ≥tu≤≥≤≥spropriδ≥tδ≥s≤≥lalumì≥r≥δ≥mis≥par≤≥s≤iffus≥urs
atomiqu≥s≤istribuδ≥salδ≥atoir≥m≥nt≤ansl’≥spac≥≥ucli≤i≥n.Dansc≥ca≤r≥,un≥thδ≥ori≥ab
initio≤≥slas≥rsalδ≥atoir≥s≥stformulδ≥≥≥nt≥rm≥≤≥spropriδ≥tδ≥sstatistiqu≥s≤≥la‘matric≥
≤≥Gr≥≥n’. C≥tt≥≤≥rnì≥r≥apparti≥ntàlafamill≥≤≥smatric≥salδ≥atoir≥s≥ucli≤i≥nn≥s
(MAE)pourl≥squ≥ll≥snous≤δ≥v≥lopponsun≥thδ≥ori≥analytiqu≥≤onnantnotamm≥nt
acc̀≥s̀ala≤istribution≤≥probabilitδ≥≤≥l≥ursval≥urspropr≥s.
Dansunpr≥mi≥rt≥mps,nousδ≥tablissonsl≥sδ≥quationsquantiqu≥smicroscopiqu≥s

rδ≥gissantla≤ynamiqu≥≤uchampδ≥l≥ctriqu≥ainsiqu≥c≥ll≥≤≥sopδ≥rat≥ursatomiqu≥s,≥t
≥xplicitonscomm≥ntlamatric≥≤≥Gr≥≥n(≤ontl≥sδ≥lδ≥m≥ntssontδ≥gaux̀alafonction≤≥
Gr≥≥n≤≥l’δ≥quation≤≥H≥lmholtzδ≥valuδ≥≥≥ntr≥l≥s≤iffδ≥r≥nt≥spair≥s≤’atom≥sconstitu-
antl≥mili≥u)δ≥m≥rg≥≤uformalism≥quantiqu≥. Nous≥xprimonsàlafoisl’int≥nsitδ≥≥t
l≥sp≥ctr≥≤≥lalumì≥r≥≥nt≥rm≥s≤≥lamatric≥≤≥Gr≥≥n,caractδ≥risonsl≥sforc≥s≤≥
Lang≥vinquantiqu≥s,≥tmontrons≤≥qu≥ll≥manì≥r≥l≥s≥uils≥mi-classiqu≥≤’unlas≥r
alδ≥atoir≥≥staff≥ctδ≥parlapris≥≥nconsi≤δ≥ration≤≥sfluctuationsquantiqu≥s(chapitr≥s
2≥t3).
Un≥≤≥scriptionmδ≥soscopiqu≥≥ts≥mi-classiqu≥≤≥lalumì≥r≥≤iffusδ≥≥par≤≥satom≥s

soumisàun≥pomp≥≥xt≥rn≥≥stprδ≥s≥ntδ≥≥≤ansl≥quatrì≥m≥chapitr≥. Nous≤δ≥rivons
un≥δ≥quation≤≥transportobδ≥i≥parl’int≥nsitδ≥moy≥nn≥≥nprδ≥s≥nc≥≤≥gain,δ≥tablissons
un‘mapping’av≥cl≥sMAE,≥tanalysonslacon≤ition≤≥s≥uillas≥r≤δ≥≤uit≥≤≥l’δ≥quation
≤≥transport.
Dansl≥schapitr≥s5≥t6,nous≤δ≥v≥lopponsun≥thδ≥ori≥gδ≥nδ≥ral≥≤≥s MAE,h≥rmi-

ti≥nn≥s≥tnonh≥rmiti≥nn≥s,vali≤≥≤anslalimit≥≤≥gran≤≥taill≥ matrici≥ll≥. Nous
obt≥nons≤≥sδ≥quationscouplδ≥≥spourlarδ≥solvant≥≥tl≥corrδ≥lat≥ur≤≥sv≥ct≥urpropr≥s
≤’un≥MAEarbitrair≥,puist≥stonslavali≤itδ≥≤≥nosrδ≥sultatssurtroismatric≥sjouant
unr̂ol≥important≤ansl’δ≥tu≤≥≤≥lapropagation≤≥son≤≥s≥nmili≥ux≤δ≥sor≤onnδ≥s:la
matric≥≤≥Gr≥≥n,saparti≥imaginair≥,≥tsaparti≥rδ≥≥ll≥.Noussomm≥sainsicapabl≥s≤≥
≤δ≥crir≥analytiqu≥m≥ntav≥cun≥bonn≥prδ≥cisionla≤istribution≤≥probabilitδ≥≤≥staux
≤’δ≥missionlumin≥ux≤usàungran≤nombr≥≤’atom≥s,ainsiqu≥c≥ll≥≤u≤δ≥plac≥m≥nt
lumin≥uxcoll≥ctif≤̂uàl’int≥ractionlumì≥r≥-matì≥r≥. L≥ssignatur≥s≤≥lalocalisation
≤’An≤≥rson≤ansl≥spropriδ≥tδ≥s≤≥lamatric≥≤≥Gr≥≥nsontδ≥gal≥m≥nt≤iscutδ≥≥s.
Final≥m≥nt,nouscombinonsl≥sδ≥quationsmicroscopiqu≥s≤≥l’int≥ractionlumì≥r≥-

matì≥r≥av≥cnosrδ≥sultatsr≥latifsauxMAEnon-h≥rmiti≥nn≥safin≤≥caractδ≥ris≥r≤ansl≥
≤δ≥taill≥comport≥m≥nt≤≥slas≥rsalδ≥atoir≥s(chapitr≥7).L≥s≥uillas≥rainsiqu≥l’int≥nsitδ≥
au≤≥l̀a≤us≥uilsontcalculδ≥sanalytiqu≥m≥nt≤ansl’approximations≥mi-classiqu≥,≥tl≥
sp≥ctr≥≤≥lalumì≥r≥sousl≥s≥uil≥stδ≥valuδ≥≥npr≥nant≥ncompt≥l≥s≥ff≥tsquantiqu≥s.
Notr≥thδ≥ori≥s’appliqu≥aussibi≥ǹabass≥≤≥nsitδ≥qu’̀ahaut≥≤≥nsitδ≥≤≥≤iffus≥ursatom-
iqu≥s.
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Chapt≥r1
Intro≤uction:Ran≤omlasinginanutsh≥ll
1.1 Howcanalas≥rb≥ran≤om?
Aconv≥ntionallas≥risa≤≥vic≥construct≥≤fromtwo≥ss≥ntial≥l≥m≥nts:anactiv≥
m≥≤iumthatamplifi≥slightbystimulat≥≤≥mission,an≤acavitythatprovi≤≥sf≥≥≤-
back.Ifth≥gainissuffici≥ntto≥xc≥≥≤th≥loss≥s(≤u≥topartialr≥fl≥ctionsonth≥
mirrorsofth≥cavity,orabsorption),th≥syst≥mr≥ach≥sathr≥shol≤b≥yon≤whichth≥
prop≥rti≥softh≥≥mitt≥≤lightar≥ra≤ically≤iff≥r≥ntfromwhatcanb≥obs≥rv≥≤b≥low
thr≥shol≤. Thr≥≥mainsignatur≥soflas≥rlightmayb≥i≤≥ntifi≥≤:(1)itshigh≤≥gr≥≥
ofmonochromaticity,(2)its≤ir≥ctionalityan≤brightn≥ssan≤(3)th≥Poissonstatistics
ofth≥numb≥rof≥mitt≥≤photons[1,2].Th≥s≥k≥yprop≥rti≥soflas≥rlightfollowfrom
th≥sp≥cialwayofg≥n≥ratingit,an≤inparticularfromth≥factthatth≥gainm≥≤iumis
plac≥≤inacavitywithahighqualityfactor.Narrowr≥sonanc≥softh≥cavitygiv≥ris≥to
w≥ll-≤≥fin≥≤lasingmo≤≥s,≥nsuringsmallfluctuationsofth≥≥mitt≥≤fi≥l≤(first-o≤≥rt≥m-
poralcoh≥r≥nc≥).Ifth≥wav≥-frontisw≥ll≤≥fin≥≤,lighthasalsoagoo≤spatialcoh≥r≥nc≥
thatmaygiv≥ris≥tohigh≤ir≥ctionality,≥v≥ntuallylimit≥≤by≤iffraction.Ina≤≤ition,
smallfluctuationsofth≥int≥nsity(s≥con≤-or≤≥rcoh≥r≥nc≥)ar≥≤u≥tosaturationofgain
in≤uc≥≤bynonlin≥ar≥ff≥ctsb≥yon≤thr≥shol≤.
Obviously,ifw≥r≥mov≥th≥cavityofalas≥r,f≥≥≤backissuppr≥ss≥≤an≤lasingstops.

Awaytor≥stor≥f≥≥≤backistointro≤uc≥≤isor≤≥rinth≥activ≥m≥≤ium. W≥call‘ran≤om’
alas≥rinwhichth≥f≥≥≤backisprovi≤≥≤bymultipl≥scatt≥ringoflightonth≥ran≤om
h≥t≥rog≥n≥iti≥softh≥activ≥m≥≤iuman≤notbyaw≥ll-≤≥fin≥≤cavity[3,4].Aran≤om
las≥rhascompl≥t≥lyop≥nboun≤ari≥swithstrongcouplingtoth≥≥nvironm≥nt,an≤light
can≥scap≥fromth≥m≥≤iumviaanypointonth≥boun≤ari≥s,s≥≥Fig.1.1.Itshoul≤
notb≥confus≥≤withchaoticcavitylas≥rswhichhav≥w≥ll-≤≥fin≥≤r≥fl≥ctingboun≤ari≥s
withaf≥wop≥nings,an≤ar≥charact≥riz≥≤bychaoticray≤ynamics[5].
Sinc≥th≥pion≥≥ringworkofL≥tokhovan≤co-work≥rsinth≥1960’s[6–8],lasingin

≤isor≤≥r≥≤m≥≤iahasb≥≥nth≥subj≥ctofvariousth≥or≥ticalan≤≥xp≥rim≥ntalstu≤i≥s,
withar≥surg≥nc≥ofint≥r≥stinth≥mi≤1990’sb≥caus≥ofapossibl≥r≥lationtoth≥
ph≥nom≥nonofAn≤≥rsonlocalization[9].Th≥t≥rm‘ran≤omlasing’wasactuallyintro-
≤uc≥≤in1995[10].Inth≥cours≥ofth≥last≤≥ca≤≥,ran≤omlasinghasb≥≥nobs≥rv≥≤in
≤iff≥r≥ntkin≤sofopticallythick≤isor≤≥r≥≤mat≥rials:pow≤≥rs[11],polym≥rfilms[12],
clust≥rs[13],c≥ramics[14],porousmat≥rials[15],orcolloi≤alsolutionsofnanoparticl≥s
[16,17],an≤h≥nc≥itcanb≥r≥gar≤≥≤asauniv≥rsalprop≥rtyof≤isor≤≥r≥≤structur≥s

1
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Figur≥1.1:Inaran≤omlas≥r,f≥≥≥≤backisprovi≤≥≤bymultipl≥scatt≥ringoflighton
th≥ran≤omh≥t≥rog≥n≥iti≥s(scatt≥r≥rs)ofth≥amplifyingm≥≤ium.

(forar≥vi≥ws≥≥[3,4]).
Withth≥r≥n≥w≥≤≥xp≥rim≥ntalint≥r≥stinran≤omlas≥rs,num≥rousatt≥mptsto

g≥n≥raliz≥las≥rth≥orytosuchsyst≥mshav≥b≥≥nun≤≥rtak≥n.Inparticular,twoob-
s≥rvations,thats≥≥m≥≤atfirstsightcontra≤ictory,stimulat≥≤th≥≥laborationofn≥w
th≥or≥ticalmo≤≥ls.Onth≥on≥han≤,th≥vastmajorityof≥xp≥rim≥ntsonran≤omlas≥rs
w≥r≥p≥rform≥≤inth≥w≥akscatt≥ringr≥gim≥(≤iffusiv≥orquasi-ballisticr≥gim≥),m≥an-
ingthatth≥mo≤≥s(orr≥sonanc≥s)ofth≥passiv≥≤isor≤≥r≥≤syst≥mstronglyov≥rlap,
incontrastwithahigh-Qcavitylas≥r. An≤onth≥oth≥rhan≤,sharplas≥rp≥aksw≥r≥
obs≥rv≥≤inth≥sp≥ctrumoflight≥mitt≥≤byaran≤omlas≥r,that≥m≥rg≥≤on≥byon≥
wh≥nincr≥asingth≥pumpabov≥thr≥shol≤. Th≥situationwasconfusingb≥caus≥th≥
commonb≥li≥fisthatint≥rf≥r≥nc≥≥ff≥ctscanb≥tosom≥≥xt≥ntn≥gl≥ct≥≤inth≥≤iffusiv≥
r≥gim≥1,whil≥th≥structur≥ofsharplas≥rlin≥scanb≥un≤≥rstoo≤onlyifint≥rf≥r≥nc≥s
inth≥multipl≥scatt≥ringar≥consi≤≥r≥≤[3]. Various≥xoticsc≥nariosw≥r≥th≥r≥for≥
originallypropos≥≤to≥xplainth≥≥xist≥nc≥ofsharpp≥aks. Mostofth≥mw≥r≥bas≥≤
on‘rar≥≥v≥nts’thatbr≥akawayfromth≥≤iffusiv≥pictur≥.Itwassugg≥st≥≤thatth≥
f≥≥≤backisprovi≤≥≤byclos≥≤traj≥ctori≥sform≥≤bymultiplyscatt≥r≥≤light[11].Th≥n,
thispictur≥was≤≥v≥lop≥≤an≤th≥probabilityofhavingring-shap≥≤r≥sonatorswith
in≤≥xofr≥fractionhigh≥rthanav≥rag≥(corr≥spon≤ingth≥r≥for≥to‘pr≥localiz≥≤stat≥s’)
wascalculat≥≤;itwasshowntob≥substantiallyincr≥as≥≤by≤isor≤≥rcorr≥lation≤u≥to
finit≥-siz≥scatt≥r≥rs[18]. Mor≥r≥c≥ntly,m≥chanismsinvolvingbr≥ak≤ownof≤iffusion
[19],orspontan≥ously≥mitt≥≤‘luckyphotons’thattrav≥lmuchlong≥r≤istanc≥sthan
th≥av≥rag≥on≥s[20]w≥r≥putforwar≤.Asar≥sultofth≥multiplicationofth≥various
possibl≥sc≥narios,asimpl≥compr≥h≥nsiv≥pictur≥ofran≤omlasingwaslacking.
Inor≤≥rtoclarifyth≥situation,itmayb≥us≥fultomak≥th≥followingcomm≥nts:
•Sayingthata≤isor≤≥r≥≤syst≥misina≤iffusiv≥r≥gim≥≤o≥snotm≥anthatth≥
1Ifw≥≤isr≥gar≤≥ff≥cts≤u≥tow≥ak-localizationcorr≥ctions,suchas,≥.g.,coh≥r≥ntbackscatt≥ring,

th≥≤ynamicsoflightisw≥ll≤≥scrib≥≤bya≤iffusion≥quationforth≥av≥rag≥int≥nsity(s≥≥chapt≥r4).
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un≤≥rlyingmo≤≥softh≥syst≥mar≥inacc≥ssibl≥orirr≥l≥vant.
•Amongallth≥r≥sonanc≥sofanop≥nsyst≥m,mo≤≥ssupport≥≤byrar≥≥v≥ntsar≥
notapriorib≥tt≥rcan≤i≤at≥sthanmo≤≥sgivingris≥to≤iffusionto≥xplainboth
th≥las≥rthr≥shol≤an≤th≥≥xist≥nc≥ofsharpp≥aksabov≥thr≥shol≤.
•Althoughallth≥sc≥nariosm≥ntion≥≤abov≥may≥ff≥ctiv≥lyaris≥inaran≤omlas≥r,
i≤≥ntifyingfor≥achsp≥cificsyst≥mth≥sp≥cialconfigurationr≥sponsibl≥forlasing
isnotr≥allysatisfactory:w≥woul≤pr≥f≥raunifi≥≤pictur≥thatt≥llsuswh≥nth≥
≤iffusionpr≥≤ictionisr≥liabl≥an≤wh≥nan≤towhich≥xt≥ntrar≥≥v≥ntsn≥≥≤to
b≥consi≤≥r≥≤.Suchapictur≥isbri≥flyintro≤uc≥≤inth≥n≥xts≥ction.

Atth≥pr≥s≥nttim≥,its≥≥msacc≥pt≥≤thataran≤omlas≥rispot≥ntiallyamultimo≤≥
syst≥mthathasth≥r≥for≥tob≥tr≥at≥≤withinth≥fram≥workofacompl≥t≥multimo≤≥
lasingth≥ory[21,22].
Fromabroa≤≥rp≥rsp≥ctiv≥,ran≤omlas≥rsar≥usuallyconsi≤≥r≥≤tob≥≤ifficultto

≤≥scrib≥analyticallyb≥caus≥s≥v≥ralf≥atur≥smustb≥tr≥at≥≤withcar≥:(1)saturationof
th≥gainm≥≤iuman≤nonlin≥ariti≥softh≥coupl≥≤matt≥r-fi≥l≤≥quations,(2)op≥nn≥ssof
th≥m≥≤iumcoupl≥≤toits≥nvironm≥nt,(3)int≥rf≥r≥nc≥≥ff≥ctsthatmayplayarol≥inall
r≥gim≥sof≤isor≤≥r,(4)quantumnatur≥ofth≥light-matt≥rint≥raction.Th≥goalofthis
th≥sisistoprovi≤≥foun≤ationsofanabinitioanalyticth≥orythatcorr≥ctly≤≥scrib≥s
th≥s≥≤iff≥r≥ntasp≥cts.Inth≥stan≤ar≤las≥rth≥ory[23],th≥situationissimplifi≥≤fortwo
r≥asons:≤isor≤≥risabs≥nt,an≤th≥r≥isaw≥ll-≤≥fin≥≤cavity.Exist≥nc≥ofth≥cavityhas
≤≥≥pcons≥qu≥nc≥s,inasmuchasitallowsto≤≥coupl≥th≥tr≥atm≥ntoff≥atur≥s(1),(2),
an≤(4).In≤≥≥≤,onc≥ahigh-Qcavityisassum≥≤,w≥alr≥a≤yknowalmost≥v≥rything
aboutth≥natur≥ofth≥mo≤≥sthatwillsupportlas≥raction. Th≥r≥for≥,th≥r≥isno
n≥≥≤forar≥fin≥≤≤≥scriptionofth≥light-matt≥rint≥raction,inth≥s≥ns≥thatbothth≥
op≥nn≥ssofth≥cavityan≤quantumfluctuationsar≥w≥llcaptur≥≤byth≥intro≤uction
ofaph≥nom≥nologicalbathforth≥las≥rmo≤≥s(s≥≥[23]an≤s≥ction2.2). Thisisin
sharpcontrastwithran≤omlas≥rs,forwhichamo≤alth≥ory(s≥miclassicalorquantum)
isstillun≤≥rconstruction[21,22]. Th≥r≥sultofour≥xp≥ri≥nc≥facingth≥probl≥m
ofconstructingananalyticran≤omlas≥rth≥oryisthatf≥atur≥s(1)-(4)mustnotb≥
consi≤≥r≥≤asin≤≥p≥n≤≥ntbuil≤ingblocksthatw≥shoul≤prop≥rlya≤justtog≥th≥r.On
th≥contrary,allth≥s≥f≥atur≥sshoul≤b≥s≥≥nasmanif≥stationsofasingl≥w≥ll-≤≥fin≥≤
probl≥m:th≥light-matt≥rint≥ractionatamicroscopicl≥v≥l.Inthisth≥sis,w≥shalls≥≥
thatstartingfromth≥v≥rybottomoflightmatt≥r-int≥ractionnaturallyl≥a≤stoaprop≥r
≤≥scriptionofth≥op≥nn≥ssofth≥syst≥m(an≤th≥non-H≥rmiticitythatfollows),asw≥ll
asofquantumfluctuations.2

1.2 Th≥firstsimpl≥pictur≥
Th≥r≥ar≥twoalt≥rnativ≥waysto≤≥alwithth≥probl≥moflightint≥ractingwithan
arbitrarym≥≤ium:≥ith≥rw≥payatt≥ntiontoth≥light≤ynamics,an≤inthatcas≥w≥

2Complicationsmayoccurwh≥ntryingtoconsi≤≥rth≥probl≥mth≥oth≥rwayaroun≤.For≥xampl≥,
ifw≥wishto≤≥fin≥anappropriat≥basisofmo≤≥stoquantiz≥th≥fi≥l≤inanop≥nm≥≤ium,usingth≥
F≥shbachproj≥ctiont≥chniqu≥[24],w≥hav≥toi≤≥ntifyanint≥rfac≥b≥tw≥≥nth≥op≥nsyst≥man≤its
≥nvironm≥nt,whichising≥n≥ral≤ifficult(thinkofatoms≤istribut≥≤infr≥≥spac≥withanarbitrary
≤≥nsity),l≥a≤ing≥v≥ntuallyto≥xpr≥ssionsforth≥mo≤≥sthatr≥quir≥afairamountofcomputationto
b≥construct≥≤≥xplicitly[21,24–27].
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att≥mpttoworkwitha≤ynamical≥quationforth≥fi≥l≤orth≥int≥nsity;orw≥focus
oncoll≥ctiv≥≥xcitationsofth≥‘light-matt≥r’syst≥m(s≥≥s≥ction2.4). W≥b≥li≥v≥that
k≥≥pinginmin≤th≥s≥twofac≥softh≥light-matt≥rcoin—an≤confrontingth≥masoft≥n
aspossibl≥ —isv≥ryfruitful.L≥tusconsi≤≥rbothofth≥mtog≥tafirstinsightinth≥
physicsofran≤omlas≥rs,nam≥lytostu≤yth≥las≥rtransition.
Inastan≤ar≤las≥r,≤isor≤≥risabs≥ntfromth≥amplifyingm≥≤ium.Formally,this

m≥ansthatth≥transportm≥anfr≥≥pathltrislarg≥rthanth≥sampl≥siz≥R(s≥≥chapt≥r
4).Inthatcas≥,lightpropagationis≤≥scrib≥≤byth≥H≥lmholtz≥quationforth≥≥l≥ctric
fi≥l≤.Int≥ractionwithmatt≥r(th≥gainm≥≤ium)canb≥≤≥scrib≥≤byasourc≥t≥rmin
this≥quationthatf≥atur≥spolarizationofth≥m≥≤ium.Lasingstartswh≥nth≥gain(con-
tain≥≤inth≥polarizationt≥rm)≥xc≥≥≤sloss≥s≤u≥toabsorption(alsocontain≥≤inth≥
polarization)an≤topartialr≥fl≥ctionsonth≥mirrorsofth≥cavity.Boun≤arycon≤itions
us≥≤tofin≤th≥solutionsofth≥propagation≥quation≤≥t≥rmin≥th≥latt≥rsourc≥ofloss.
Inthiss≥ns≥,th≥mo≤≥ofth≥cavitythatminimiz≥sth≥lossisth≥firstlasingmo≤≥.
Wh≥nw≥r≥mov≥th≥mirrorssurroun≤ingth≥gainm≥≤iuman≤a≤≤impuriti≥s(≤isor-
≤≥r),≤≥scriptionoflightpropagationn≥≥≤stob≥r≥consi≤≥r≥≤b≥caus≥b≥yon≤ltrth≥
propagation≤ir≥ctionofan≥mitt≥≤photonislostan≤itsphas≥isscrambl≥≤(s≥≥s≥ctions
4.3an≤4.5).If≤isor≤≥ris‘w≥ak’an≤R ltr,transportisw≥ll≤≥scrib≥≤bya≤iffusion
≥quationforth≥av≥rag≥int≥nsity. Again,asourc≥t≥rmapp≥arsinthis≥quationthat
f≥atur≥sth≥gainprovi≤≥≤byth≥amplifyingmatrixwh≥r≥th≥impuriti≥sar≥≥mb≥≤≤≥≤.
Butcontrarytoth≥H≥lmholtz≥quation(whichistim≥-r≥v≥rsalinvariant),loss≥sar≥now
≤ir≥ctly≥ncompass≥≤inth≥structur≥ofth≥≤iffusion≥quation,sinc≥att≥nuationofth≥
ra≤iationoccurs≤u≥to≤iffusionspr≥a≤ing. Asr≥aliz≥≤byL≥thokovalongtim≥ago
[7],th≥r≥≥xistsathr≥shol≤atwhichth≥ra≤iationloss≥sar≥comp≥nsat≥≤byth≥gain.
Ifnoww≥incr≥as≥th≥str≥ngthof≤isor≤≥r,ltr≥v≥ntuallyb≥com≥softh≥or≤≥rofth≥
wav≥l≥ngthofth≥propagatingwav≥an≤th≥≤iffusiv≥≤≥scriptionbr≥aks≤own.Ino≤≥rto
fin≤th≥lasingthr≥shol≤inthisn≥wsituation,w≥coul≤r≥p≥atth≥pr≥viousproc≥≤ur≥:
first≥stablishapropagation-lik≥≥quation,th≥nlookforitsinstabilitypoint. Rath≥r
thanfollowingthislin≥,w≥woul≤lik≥tom≥ntionaninh≥r≥nt≤rawbackofth≥pr≥c≥≤ing
approach≥sus≥≤to≤≥t≥rmin≥th≥lasingthr≥shol≤.Th≥≤iffusion≥quationoranyoth≥r
≤ynamic≥quationforth≥av≥rag≥int≥nsityisbas≥≤onsom≥assumptionsabout≤isor-
≤≥r,an≤forthisr≥asonmaymissc≥rtainf≥atur≥soflightpropagation,suchas,≥.g.,th≥
≥xist≥nc≥ofrar≥≥v≥nts.Ina≤≤ition,≥v≥nifth≥≤iffusion≥quationmaypr≥≤ictth≥las≥r
thr≥shol≤prop≥rlyinac≥rtainr≥gim≥of≤isor≤≥r,itcannotcaptur≥th≥mo≤≥structur≥
ofaran≤omlas≥r.Inthissituation,w≥maywon≤≥rwh≥th≥ra≤≥scriptionoflasing
vali≤foranyr≥alizationof≤isor≤≥r≥xists.Sucha≤≥scriptionispr≥cis≥lygiv≥nbyth≥
‘coll≥ctiv≥≥xcitation’pictur≥(or‘mo≤al’pictur≥),thatw≥nowbri≥fly≤iscuss.
Tob≥concr≥t≥,l≥tusassum≥thatth≥≤isor≤≥r≥≤m≥≤iumisma≤≥ofNscatt≥r≥rsof

n≥gligiblysmallsiz≥,suchasatoms,≤istribut≥≤atfix≥≤positionsriinth≥gainm≥≤ium.
Apossibl≥waytocharact≥riz≥coll≥ctiv≥≥xcitationsofthissyst≥mb≥lowthr≥shol≤isto
consi≤≥ritsscatt≥ringmatrix.Inas≥miclassical≤≥scription,w≥willshowthatth≥latt≥r
isgiv≥nby

S(ωL)∼ 1
A(ωL)−1−G(ωL), (1.1)

wh≥r≥ωListh≥fr≥qu≥ncyoflight,an≤th≥N×Nnon-H≥rmitianmatric≥sA(ωL)an≤
G(ωL)ar≥th≥‘polarizabilitymatrix’an≤th≥‘Gr≥≥n’smatrix’.Th≥form≥ris≤iagonal:
th≥≥l≥m≥ntAii(ωL)=α̃i(ωL)isproportionaltoth≥polarizabilityofth≥scatt≥r≥ri
f≥aturingth≥lin≥arr≥spons≥toth≥fi≥l≤. An≤th≥≥l≥m≥ntijofG(ωL),Gij(ωL),is
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proportionaltoth≥Gr≥≥n’sfunctionofth≥H≥mholtz≥quation≤≥scribingpropagation
oflightb≥tw≥≥natomsian≤j.3 Th≥g≥n≥ral≥xpr≥ssion(1.1)appli≥sforanynumb≥r
an≤configurationofatoms,any≤im≥nsionalityofspac≥,anypolarizability,an≤any
formofth≥Gr≥≥n’smatrixthat,inparticular,canaccountforan≥xt≥rnalcavityan≤
amplificationorabsorptionoflightinth≥spac≥b≥tw≥≥nth≥atoms.V≥ryg≥n≥rally,th≥
lin≥ar≤≥scriptionbr≥aks≤ownan≤lasingstartswh≥nth≥scatt≥ringmatrix‘≤iv≥rg≥s’,i.≥.
wh≥natl≥aston≥≥ig≥nvalu≥ofth≥matrixG(ωL)A(ωL)is≥qualtoon≥.4Inth≥abs≥nc≥
of≥xt≥rnalcavity,th≥Gr≥≥n’sfunctionhasnor≥sonanc≥inth≥fr≥qu≥ncy≤omainwh≥r≥
atomsscatt≥rstrongly,thatisinth≥vicinityofth≥iratomicfr≥qu≥ncyω0(w≥assum≥
two-l≥v≥latomsforsimplicity). H≥nc≥,w≥canapproximat≥G(ωL)byG(ω0).5 Two
≤iff≥r≥ntcas≥smayb≥consi≤≥r≥≤.
•First,l≥tusassum≥thatth≥scatt≥r≥rs(atoms)ar≥passiv≥,m≥aningthatth≥gain
isprovi≤≥≤byth≥irsurroun≤ingm≥≤iumonly.Th≥n,Eq.(1.1)canb≥r≥writt≥n
as

S(ωL)∼ 1
ωL−H≥(ω0), (1.2)

wh≥r≥H≥isth≥≥ff≥ctiv≥Hamiltonianofth≥syst≥mun≤≥rstu≤y,simplyr≥lat≥≤
toth≥Gr≥≥n’smatrixbyH≥=(ω0−iΓ0/2)IN −Γ0G(ω0)/2(Γ0isth≥natural
lin≥wi≤thofth≥atomictransition,an≤IN isth≥i≤≥ntitymatrix).Inth≥abs≥nc≥
ofpump,th≥≥ig≥nv≥ctorsofH≥[an≤th≥r≥for≥ofG(ω0)]ar≥th≥mo≤≥s(orquasi-
mo≤≥s,orquasi-boun≤sat≥s)ofth≥op≥nsyst≥m,an≤th≥corr≥spon≤ingcompl≥x
≥ig≥nvalu≥sar≥its‘r≥sonanc≥s’.Byvirtu≥ofcausality,th≥s≥r≥sonanc≥s—thatar≥
i≤≥nticaltoth≥pol≥sωL∈Cofth≥S-matrix(1.2) —ar≥locat≥≤inth≥low≥rhalf
ofth≥compl≥xplan≥. Wh≥ngainisprogr≥ssiv≥lya≤≤≥≤toth≥amplifyingm≥≤ium,
th≥formofth≥Gr≥≥n’smatrixismo≤ifi≥≤,an≤th≥≥ig≥nvalu≥softh≥≥ff≥ctiv≥
HamiltonianH≥continuouslyshiftinth≥compl≥xplan≥.Lasingoccurswh≥non≥
ofth≥s≥≥ig≥nvalu≥sr≥ach≥sth≥r≥alaxis.Inthispictur≥,itisr≥asonabl≥tothink
thatth≥firstlasingmo≤≥originat≥sfromth≥r≥sonanc≥thatwasth≥clos≥sttoth≥
r≥alaxisinth≥abs≥nc≥ofpump.Thiscorr≥spon≤stoth≥≥ig≥nvalu≥ofG(ω0)that
ha≤th≥small≥stimaginarypart.Intuitiv≥ly,th≥larg≥risth≥≤istanc≥fromth≥
r≥alaxis,th≥mor≥itisn≥c≥ssarytopumpinor≤≥rtor≥achth≥thr≥shol≤,an≤th≥
mor≥th≥spatialstructur≥ofth≥lasingmo≤≥atthr≥shol≤will≤iff≥rfromwhatit
wasinth≥abs≥nc≥ofpump[22].Th≥≤ifficulttaskisth≥r≥for≥toun≤≥rstan≤,from
astatisticalpointofvi≥w,howth≥pol≥softh≥S-matrix(1.2),i.≥.th≥≥ig≥nvalu≥s
ofG(ω0),ar≥≤istribut≥≤inth≥compl≥xplan≥.Th≥analytic≤≥t≥rminationofthis
≤istributionison≥ofth≥topicstr≥at≥≤inthismanuscript.
•As≥con≤int≥r≥stingcas≥isth≥situationwh≥r≥scatt≥ringan≤gainar≥notin≤≥-
p≥n≤≥nt,but≤u≥toth≥sam≥atoms.Forsimplicity,l≥tusassum≥thatth≥s≥atoms
ar≥≤istribut≥≤infr≥≥spac≥.Formally,thism≥ansthatth≥gainisnotimpl≥m≥nt≥≤
inth≥Gr≥≥n’smatrixG(ω0)app≥aringinEq.(1.1),butinth≥polarizabilitymatrix

3W≥us≥h≥r≥,forsimplicity,ascalarapproximationforth≥≥l≥ctromagn≥ticfi≥l≤.Ifth≥v≥ctornatur≥
ofth≥fi≥l≤istak≥nintoaccount,A(ωL)an≤G(ωL)ar≥3N×3Nmatric≥s,s≥≥s≥ction4.2.

4Foramor≥rigorousstat≥m≥nt,s≥≥s≥ction4.2.
5Not≥thatinth≥followingchapt≥rs,G(ω0)willr≥f≥rtoth≥Gr≥≥n’smatrixwithoutgainm≥≤ium

b≥tw≥≥nscatt≥r≥rs[th≥scalarGr≥≥n’smatrixinthr≥≥-≤im≥nsionalspac≥isth≥ngiv≥nbyEq.(6.101)],
whil≥th≥Gr≥≥n’smatrixforatoms≥mb≥≤≤≥≤inagainm≥≤iumwillb≥≤≥not≥≤Ga(ω0)[Eq.(7.67)].In
thisintro≤uction,w≥≤onot≤istinguishb≥tw≥≥nG(ω0)an≤Ga(ω0).
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A(ωL),incontrastwithth≥pr≥vioussituation.Ifth≥pumpprovi≤ingth≥gainis
spatiallyuniform[Aii(ωL)=α̃(ωL)fori=1,...,N],Eq.(1.1)r≥≤uc≥sto

S(ωL)∼ 1
1/̃α(ωL)−G(ω0), (1.3)

showingthatlasingstartswh≥non≥ofth≥≥ig≥nvalu≥Λnofth≥fr≥≥-spac≥Gr≥≥n’s
matrixG(ω0)satisfi≥sΛn=1/̃α(ωL).Nowth≥gain[≤≥scrib≥≤byth≥polarizability
α̃(ωL)]is≤≥coupl≥≤fromg≥om≥try-≤≥p≥n≤≥ntcoll≥ctiv≥≥ff≥cts[quantifi≥≤byth≥
≥ig≥nvalu≥sofG(ω0)].Asar≥sult,≤iff≥r≥nttyp≥sofmo≤≥scantrigg≥rth≥lasing
transition,≤≥p≥n≤ingonth≥sp≥cificmo≤≥lofpolarizability. Quit≥strikingly,for
th≥polarizabilitymo≤≥lsconsi≤≥r≥≤inthisth≥sis,w≥shalls≥≥thatlasingmo≤≥s
ar≥th≥≥ig≥nv≥ctorsofG(ω0)thathav≥th≥larg≥stimaginarypart,i.≥.thos≥that
hav≥,inth≥abs≥nc≥ofpump,th≥larg≥st≤≥cayrat≥s.Thissituationisopposit≥to
whatw≥pr≥≤ict≥≤abov≥forpassiv≥scatt≥r≥rs≥mb≥≤≤≥≤inanamplifyingm≥≤ium.
Not≥alsothatth≥lasingmo≤≥s[th≥≥ig≥nv≥ctorsofA(ωL)−1−G(ω0)atthr≥shol≤]
ar≥i≤≥nticaltoth≥mo≤≥softh≥passiv≥syst≥m[th≥≥ig≥nv≥ctorsofG(ω0)]only
ifth≥pumpisspatiallyuniform.Statisticalprop≥rti≥softh≥fr≥≥-spac≥Gr≥≥n’s
matrixG(ω0)ar≥stu≤i≥≤ingr≥at≤≥tailsinchapt≥r6.
Th≥mo≤alpictur≥pr≥s≥nt≥≤abov≥isp≥rf≥ctlya≤apt≥≤to≤≥scrib≥th≥lasingthr≥sh-

ol≤fromth≥s≥miclassicalpointofvi≥w.Itisabl≥topr≥≤ictth≥spatialstructur≥ofth≥
mo≤≥s,asw≥llasth≥irfr≥qu≥nci≥s,what≥v≥rth≥≤≥nsityofatoms.6Onth≥oth≥rhan≤,
inor≤≥rtocharact≥riz≥th≥nonlin≥ar≤ynamicsb≥yon≤thr≥shol≤,asw≥llasth≥quantum
asp≥ctsofth≥light-matt≥rint≥raction,amicroscopicmo≤≥lisr≥quir≥≤.
Amongth≥r≥c≥ntth≥or≥ticalstu≤i≥sofran≤omlasing,w≥can≤istinguishthr≥≥

≤iff≥r≥ntan≤compl≥m≥ntaryapproach≥s. Vann≥st≥,S≥bbah,Caoan≤cowork≥rs[22,
28,29],asw≥llasJiangan≤Soukoulis[30],orContian≤Fratalocchi[31]inv≥stigat≥≤
th≥natur≥oflasingmo≤≥san≤nonlin≥ar≥ff≥ctsb≥yon≤thr≥shol≤bysolvingnum≥rically
Maxw≥ll’s≥quationscoupl≥≤torat≥≥quationsofafour-l≥v≥latomicsyst≥m.Thism≥tho≤
islimit≥≤byth≥availabl≥computationalr≥sourc≥san≤th≥r≥for≥mainlyr≥strict≥≤toon≥-
ortwo-≤im≥nsionalg≥om≥tri≥s. Analt≥rnativ≥approach,promot≥≤un≤≥rth≥nam≥of
‘abinitios≥lf-consist≥ntlas≥rth≥ory’,waspropos≥≤byTΨur≥cci,Ston≥,G≥an≤cowork≥rs
[32–35].Itisbas≥≤onth≥i≤≥athatlasingmo≤≥scanb≥significantly≤iff≥r≥ntfromth≥
mo≤≥softh≥syst≥minth≥abs≥nc≥ofpump(th≥‘col≤cavity’)an≤mustb≥≤≥t≥rmin≥≤
s≥lf-consist≥ntly.Th≥mo≤≥sar≥foun≤usingan≥xpansiononth≥so-call≥≤‘constant-flux’
stat≥sthatob≥yphysicalnon-H≥rmitianboun≤arycon≤itions. N≥gl≥ctingpopulation
pulsationofth≥activ≥m≥≤iumallowson≥totak≥intoaccountnonlin≥arint≥ractions
inallor≤≥rsinth≥fi≥l≤int≥nsity(s≥≥[22]forar≥c≥ntr≥vi≥w). Th≥th≥ory≤≥v≥lop≥≤
in[32–35]appli≥sforagiv≥nr≥alizationof≤isor≤≥r,an≤assuchit≤o≥snotmak≥any
pr≥≤ictionaboutth≥statisticalprop≥rti≥sofran≤omlas≥rs. Statisticalprop≥rti≥sof
ran≤omlas≥rswithstrongra≤iativ≥loss≥sw≥r≥firststu≤i≥≤byHack≥nbroich[36],an≤
th≥nbyZayts≥v,D≥ychan≤Shuvay≥v[37,38]usingacombinationofa≤hocran≤om
matrixmo≤≥lswithth≥F≥shbachproj≥ctiont≥chniqu≥≤≥v≥lop≥≤byHack≥nbroichan≤
cowork≥rs[24–27,36].Tosom≥≥xt≥nt,th≥s≥worksw≥r≥initiallyinspir≥≤byth≥stu≤yof

6Not≥thatth≥sp≥ctralwi≤thofamo≤≥abov≥thr≥shol≤is≤≥t≥rmin≥≤byth≥str≥ngthofth≥fluc-
tuationsactingonthis mo≤≥. Ultimat≥ly,th≥s≥fluctuationsar≥ofquantumnatur≥. Th≥r≥for≥,th≥
s≥miclassicalpictur≥without‘nois≥’pr≥≤ictsth≥sp≥ctralwi≤thwhichisz≥ro,what≥v≥rth≥natur≥ofth≥
mo≤≥.
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mo≤≥statisticsinchaoticr≥sonators[39].Foron≥-≤im≥nsionalsyst≥ms,mo≤≥sfollowing
fromth≥F≥shbachproj≥ctiont≥chniqu≥canb≥calculat≥≤withar≥asonabl≥≥ffort;th≥ir
statisticswasstu≤i≥≤num≥ricallyin[40](forar≥c≥ntr≥vi≥ws≥≥[21]).
Allpr≥c≥≤ingapproach≥slackaprop≥rstatistical≤≥scriptionoflas≥rmo≤≥s,th≥ir

fr≥qu≥nci≥s,an≤≤≥cayrat≥s.Th≥y≤onotprovi≤≥anyw≥lljustifi≥≤analyticth≥oryfor
th≥statisticalprop≥rti≥sofaran≤omlas≥r. On≥goalofthisth≥sisistofillthisgap.
Inparticular,th≥analyticth≥ory≤≥v≥lop≥≤inchapt≥r6forarbitrarynon-H≥rmitian
Eucli≤≥anran≤ommatric≥s,an≤illustrat≥≤withth≥probl≥mofran≤omlasinginchapt≥r
7,isaprioriapplicabl≥foranyg≥om≥tryor≤im≥nsionalityofth≥probl≥m.

1.3 Ov≥rvi≥wofth≥th≥sis
Th≥physicalsyst≥mstu≤i≥≤inthisth≥sisisan≥ns≥mbl≥ofNatomsatran≤ompositions
int≥ractingwithth≥≥l≥ctromagn≥ticfi≥l≤. Amicroscopicquantum≤≥scriptionofthis
syst≥misth≥subj≥ctofchapt≥r2,wh≥r≥coupl≥≤≥quationsofmotionforth≥≥l≥ctric
fi≥l≤op≥ratoran≤atomicop≥ratorsar≥≤≥riv≥≤.Aparticular≥ffortisma≤≥to≤istinguish
≥ff≥ctsthatar≥ofpur≥lyquantumnatur≥fromthos≥thatmayalsoaris≥inasimpl≥r
s≥miclassicalformalism.Inthisr≥sp≥ct,w≥≤≥ci≤≥≤toworkinth≥H≥is≥nb≥rgpictur≥
rath≥rthaninth≥SchrΨo≤ing≥rpictur≥(s≥ction2.2). W≥show,inparticular,howth≥
Gr≥≥n’sfunctionofth≥classicalH≥lmholtz≥quation≥m≥rg≥sinth≥quantumformalism.
Th≥Gr≥≥n’s matrix,thatcoupl≥s≤iff≥r≥ntatomsan≤≤≥scrib≥spropagationoflight
b≥tw≥≥natomsisintro≤uc≥≤(s≥ction2.4.1),an≤th≥r≥c≥ntworkswh≥r≥thismatrixhas
alr≥a≤yb≥≥n≥ncount≥r≥≤ar≥r≥vi≥w≥≤(s≥ction2.5).
Th≥pumpprovi≤ingth≥gainn≥c≥ssaryforlasingisintro≤uc≥≤inchapt≥r3. Two

simpl≥butw≥lljustifi≥≤pumpingm≥chanismsar≥consi≤≥r≥≤(s≥ction3.2).Th≥yallow
ustostu≤yinsom≥≤≥tailsth≥int≥nsityan≤th≥sp≥ctrumoflight≥mitt≥≤byaclou≤
ofatoms.Inth≥cas≥oftwoincoh≥r≥ntlypump≥≤atomsatr≥stinfr≥≥spac≥,w≥≤≥riv≥
≥xactanalyticsolutionsforbothth≥int≥nsityan≤th≥sp≥ctrum. Whil≥th≥s≥miclassical
tr≥atm≥ntpr≥≤ictsth≥≥xist≥nc≥ofasharplas≥rthr≥shol≤(s≥ction3.4),th≥fullquantum
tr≥atm≥ntr≥v≥alsthatth≥s≥miclassicalthr≥shol≤iscompl≥t≥lywash≥≤out(s≥ction3.5).
Atth≥sam≥tim≥,w≥i≤≥ntifysignatur≥softh≥Gr≥≥n’smatrixinth≥sp≥ctrumoflight.
Usingth≥formalapproach≤≥v≥lop≥≤ins≥ction3.1,an≤takingintoaccountquantum
≥ff≥cts,w≥intro≤uc≥asimpl≥p≥rturbativ≥proc≥≤ur≥to≥xpr≥ssth≥sp≥ctrum≥mitt≥≤
b≥lowth≥lasingthr≥shol≤byanarbitrarynumb≥rofatomsint≥rmsofth≥≥ig≥nvalu≥s
an≤≥ig≥nv≥ctorsofth≥Gr≥≥n’smatrix(s≥ction3.6).Prop≥rti≥softh≥quantumLang≥vin
forc≥sthatnaturally≥m≥rg≥inth≥≥quationsofmotionforth≥atomicop≥ratorsar≥also
≤iscuss≥≤ins≥ction3.3.
Chapt≥r4is≤≥vot≥≤toth≥s≥miclassical≤≥scriptionofth≥prop≥rti≥soflight≥mitt≥≤

byanarbitrarilylarg≥numb≥rofpump≥≤atomsran≤omly≤istribut≥≤infr≥≥spac≥.
Aft≥r≤≥rivingauniv≥rsallasingthr≥shol≤con≤itionvali≤foranyconfigurationofatoms
(s≥ction4.2),w≥pr≥s≥ntth≥statisticaltr≥atm≥ntof≤isor≤≥r.Inparticular,w≥provi≤≥
amicroscopic≤≥rivationoftransport≥quationinth≥pr≥s≥nc≥ofgain,asituationthat
isnotsuffici≥ntlyw≥llcov≥r≥≤byth≥≥xistinglit≥ratur≥(s≥ction4.5). Followingth≥
originali≤≥aofL≥tokhov,w≥≤iscussth≥lasingthr≥shol≤inf≥rr≥≤fromth≥transport
≥quation(s≥ction4.6).Chapt≥r4isth≥occasionto≤≥fin≥an≤≤iscussfamiliarnotions
ofth≥m≥soscopictransportth≥ory(scatt≥ringcross-s≥ction,≥xtinction,scatt≥ring,an≤
transportm≥anfr≥≥paths,opticalth≥or≥m,≥tc.).Onth≥oth≥rhan≤,amappingtoth≥
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prop≥rti≥sofEucli≤≥anran≤ommatric≥sispr≥s≥nt≥≤,allowingtomak≥alinkb≥tw≥≥n
≤iagrammatict≥chniqu≥sus≥≤inm≥soscopictransport,an≤thos≥≤≥v≥lop≥≤inchapt≥rs
5an≤6inth≥fram≥workofran≤ommatrixth≥ory(s≥ctions4.4an≤4.6).
Facingth≥probl≥mofcharact≥rizinganalyticallyth≥statisticalprop≥rti≥softh≥

Gr≥≥n’smatrixthatb≥longstoth≥familyofEucli≤≥anran≤ommatric≥s(ERMs),w≥
≤≥v≥lopinchapt≥rs5an≤6ath≥oryforarbitraryH≥rmitianan≤non-H≥rmitianERMsin
th≥limitoflarg≥matrixsiz≥.Sinc≥th≥≥ig≥nvalu≥sofH≥rmitianmatric≥sar≥constrain≥≤
toth≥r≥alaxis,incontrastwithnon-H≥rmitianmatric≥s,th≥twocas≥sar≥consi≤≥r≥≤
s≥parat≥ly.S≥lf-consist≥nt≥quationsforth≥≥ig≥nvalu≥≤istributionofH≥rmitianERMs
ar≥≤≥riv≥≤usingtwo≤iff≥r≥ntm≥tho≤s(s≥ctions5.5an≤5.6),an≤ar≥appli≥≤toH≥rmi-
tianERMsthatapp≥arinth≥probl≥mofwav≥propagationinthr≥≥-≤im≥nsionalran≤om
m≥≤ia(s≥ctions5.7an≤5.8). Th≥s≥r≥sultsar≥th≥ng≥n≥raliz≥≤toth≥non-H≥rmitian
cas≥. W≥obtains≥lf-consist≥nt≥quationsforth≥r≥solv≥ntan≤th≥≥ig≥nv≥ctorcorr≥lator
ofnon-H≥rmitianERMs(s≥ction6.2),an≤illustrat≥ourapproachbyapplyingittoth≥
thr≥≥-≤im≥nsionalfr≥≥-spac≥ran≤omGr≥≥n’smatrix(s≥ctions6.5an≤6.6). Fromth≥
physicalpointofvi≥w,w≥ar≥abl≥to≤≥scrib≥analyticallywithafairpr≥cisionth≥full
probability≤istributionof≤≥cayrat≥soflight≥mitt≥≤byN 1atoms,asw≥llasof
th≥coll≥ctiv≥fr≥qu≥ncyshiftin≤uc≥≤byth≥light-matt≥rint≥raction.Ina≤≤ition,w≥
promot≥th≥i≤≥athatth≥≥ig≥nvalu≥≤istributionofth≥Gr≥≥n’smatrix(≥v≥ntuallycom-
pl≥m≥nt≥≤witha≤istributionofth≥inv≥rs≥participationratioofth≥≥ig≥nv≥ctors)can
s≥rv≥asa‘map’onwhichsignatur≥sofvariousr≥gim≥sof≤isor≤≥rcanb≥≤istinguish≥≤
(ballistic,≤iffusiv≥,localiz≥≤,≥ff≥ctiv≥m≥≤ium,an≤sup≥rra≤ianc≥r≥gim≥s),provi≤ing
th≥r≥for≥asimpl≥‘visual’an≤unifi≥≤pictur≥ofth≥s≥r≥gim≥s.Th≥≤istributionof≥ig≥n-
valu≥sinth≥compl≥xplan≥mayalsob≥us≥≤tot≥st‘visually’variousapproximations
suchasth≥≤iffusionapproximation,apossibilitythatwasn≥v≥rr≥aliz≥≤b≥for≥.
Finally,w≥combin≥microscopic≥quationsofmotionintro≤uc≥≤inchapt≥rs2an≤3

withanalyticr≥sults≤≥riv≥≤inchapt≥r6forth≥ran≤omGr≥≥n’smatrixtostu≤yth≥
probl≥mofran≤omlasingina≥ns≥mbl≥ofalarg≥numb≥rofi≤≥nticalatomsthatboth
scatt≥ran≤amplifylight(chapt≥r7). W≥obtainanalyticr≥sultsforth≥lasingthr≥shol≤
(s≥ction7.1)an≤th≥≥mitt≥≤int≥nsityabov≥thr≥shol≤inth≥s≥miclassicallimit,asw≥ll
asforth≥sp≥ctrumoflight≥mitt≥≤b≥lowthr≥shol≤takingintoaccountquantum≥ff≥cts
(s≥ction7.2.2). Th≥cas≥ofmor≥‘stan≤ar≤’ran≤omlas≥rsinwhichscatt≥ringc≥nt≥rs
ar≥≥mb≥≤≤≥≤inanamplifyinghomog≥nousm≥≤iumisbri≥fly≤iscuss≥≤asw≥ll(s≥ction
7.3).
Inthisth≥sis,asp≥cial≥ffortwas ma≤≥toconfront,combin≥or m≥rg≥≤iff≥r≥nt

conc≥ptsorth≥or≥ticaltoolsshap≥≤invariousfi≥l≤sofphysics(atomicphysicsan≤
quantumoptics,m≥soscopican≤statisticalphysicsof≤isor≤≥r≥≤syst≥ms,ran≤ommatrix
th≥ory,las≥rth≥ory).Althoughw≥b≥li≥v≥thatth≥pot≥ntialint≥r≥stofthisth≥siscom≥s
fromth≥confrontationofth≥s≥≤iff≥r≥ntwaystolookatth≥sam≥probl≥m,it may
b≥h≥lpfultosugg≥sta‘non-≥xhaustiv≥’wayofr≥a≤ingthismanuscript. Forar≥a≤≥r
int≥r≥st≥≤inran≤omlas≥rphysics≥xclusiv≥ly,inaspiritfollowingth≥lin≥sofs≥ction1.2,
itistosom≥≥xt≥ntsuffici≥nttor≥a≤s≥ction4.2an≤chapt≥r7,≥v≥ntuallycompl≥m≥nt≥≤
withs≥ction6.4.2wh≥r≥w≥pointoutth≥linkb≥tw≥≥nth≥statisticalprop≥rti≥softh≥
Gr≥≥n’smatrixan≤thos≥of≥ff≥ctiv≥Hamiltonianus≥≤toanalyz≥op≥nchaoticsyst≥ms.
Tog≥tsom≥insightintoth≥prop≥rti≥softh≥Gr≥≥n’smatrix,w≥coul≤sugg≥sttor≥a≤
s≥ctions2.5,6.5,an≤6.6.Inparticular,w≥attractth≥att≥ntionofth≥r≥a≤≥rtos≥ction
6.6,wh≥r≥w≥stu≤yth≥signatur≥sofAn≤≥rsonlocalizationinth≥statisticalprop≥rti≥s
ofth≥Gr≥≥n’smatrix.Th≥r≥a≤≥rmor≥int≥r≥st≥≤inquantumasp≥ctsofth≥light-matt≥r



§1.3 Ov≥rvi≥wofth≥th≥sis 9

int≥ractionmayfin≤basican≤mor≥a≤vanc≥≤notionsinchapt≥rs2an≤3. Although
chapt≥rs5an≤6ar≥th≥most‘math≥matical’chapt≥rsofthisth≥sis,w≥trytointro≤uc≥
th≥r≥a≤≥rtoth≥fi≥l≤ofran≤ommatrixth≥oryan≤≥mphasiz≥simpl≥physicalpictur≥s
wh≥n≥v≥rpossibl≥,asillustrat≥≤byth≥mappingtoth≥Dysongas(s≥ctions5.3an≤
6.3.1).Finally,inasmuchasth≥r≥sults≤iscuss≥≤inthisth≥sisar≥insom≥s≥ns≥nic≥ly
‘visual’,alazyr≥a≤≥rmightstilll≥arnsom≥thingbyjustlookingatth≥figur≥softh≥
manuscript.
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Chapt≥r2
Light-matt≥rint≥ractioninaquantum
fram≥work
2.1 G≥n≥ralHamiltonian
B≥for≥≤iscussingin≤≥tailsth≥coupl≥≤≤ynamicsofth≥≥l≥ctromagn≥ticfi≥l≤an≤atoms,
itissuitabl≥tor≥min≤whatar≥th≥corn≥rston≥sof≥l≥ctro≤ynamicsthatw≥willn≥≥≤.
Allth≥workpr≥s≥nt≥≤inthismanuscript≤≥alswithasyst≥mofcharg≥≤spinl≥ssparti-
cl≥sint≥ractingwithth≥fi≥l≤inth≥non-r≥lativisticlimit,an≤≤≥scrib≥≤byth≥so-call≥≤
‘stan≤ar≤Lagrangian’[41].ThisLagrangianisbuiltinsuchawaythatLagrang≥≥qua-
tions≥xactlyr≥pro≤uc≥th≥ Maxw≥ll-Lor≥ntz≥quations. Th≥n,r≥≤un≤ant≤≥gr≥≥sof
fr≥≥≤omar≥≥liminat≥≤byfixingth≥gaug≥. For≥xampl≥,inth≥Coulombgaug≥,th≥
compon≥ntofth≥≥l≥ctricfi≥l≤parall≥ltoth≥propagationwav≥-v≥ctorisnotanin≤≥-
p≥n≤≥ntquantity. An≤finally,th≥i≤≥ntificationofin≤≥p≥n≤≥ntparam≥t≥rsallowsto
proc≥≥≤toacanonicalquantizationofth≥light-matt≥rfi≥l≤.
Th≥Hamiltonianassociat≥≤withth≥stan≤ar≤Lagrangianinth≥Coulombgaug≥

r≥a≤s:
H=

α
1
2mα[pα−qαA(rα)]

2+VCoul+HR, (2.1)

wh≥r≥th≥sumrunsov≥rallth≥particl≥sαinth≥syst≥m,ofmassmα,charg≥qα,an≤
mom≥ntumpα.Th≥firstt≥rm,thatinparticularinvolv≥sth≥magn≥ticv≥ctorpot≥ntial
A,isth≥kin≥tic≥n≥rgyofth≥particl≥s,wh≥r≥asth≥s≥con≤an≤th≥thir≤ar≥r≥sp≥ctiv≥ly
th≥≥n≥rgyofth≥longitu≤inalan≤th≥transv≥rs≥compon≥ntsofth≥fi≥l≤:

VCoul=
α


Coulα + 1

8π0β=α
qαqβ
|rα−rβ|


, (2.2)

HR= 0 ≤3rE2⊥(r)+c2B2(r)=
k
ωk(a+kak +12). (2.3)

Th≥Coulomb≥n≥rgyof≥achparticl≥, Coulα ,formally≤iv≥rg≥sb≥caus≥th≥stan≤ar≤
Lagrangianfailsto≤≥scrib≥prop≥rlyth≥int≥ractionofth≥particl≥swithth≥r≥lativistic
mo≤≥softh≥fi≥l≤. Th≥r≥for≥,itisusuallyr≥gulariz≥≤withacut-off ωc mαc2.
Quantizationisachi≥v≥≤bypromotingth≥prop≥rlynormaliz≥≤in≤≥p≥n≤≥ntvariabl≥sto

11
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op≥rators. Provi≤≥≤ w≥ impos≥ stan≤ar≤ ≥qual-tim≥ commutation r≥lations, H≥is≥nb≥rg
≥quations of motion of th≥s≥ variabl≥s l≥a≤ to a quantum v≥rsion of th≥ Maxw≥ll-Lor≥ntz
≥quations. Th≥ choic≥ of th≥ in≤≥p≥n≤≥nt variabl≥s us≥≤ to quantiz≥ th≥ fi≥l≤ ≤≥p≥n≤s
v≥ry much on th≥ g≥om≥try. For ≥xampl≥, in fr≥≥ spac≥ (or in a cubic box of volum≥
Vwith p≥rio≤ic boun≤ary con≤itions), it is conv≥ni≥nt to promot≥ th≥ spatial Fouri≥r
compon≥nts of th≥ fi≥l≤, which b≥com≥ th≥ annihilation an≤ cr≥ation op≥rators,ak an≤
a+k of th≥ mo≤≥s|k, . In such a basis, th≥ ≥n≥rgy of th≥ transv≥rs≥ fi≥l≤ has th≥ stan≤ar≤form (2.3), wh≥r≥ωk=c|k|.
So far, w≥ hav≥ not sp≥cifi≥≤ how th≥ charg≥≤ particl≥s ar≥ spatially ≤istribut≥≤. W≥

will suppos≥ that th≥y ar≥ pack≥≤ to formN i≤≥ntical atoms locat≥≤ at positionsri
(i=1, ..., N), whos≥ spatial ≥xt≥nt (a f≥w Bohr ra≤ii) is much small≥r than both th≥
int≥ratomic ≤istanc≥ an≤ th≥ r≥l≥vant wav≥l≥ngths of th≥ fi≥l≤ that will propagat≥ among
th≥m lat≥r on. Thus, th≥ int≥ratomic Coulomb int≥raction inVCoul = N

i=1VCouli +
N
i=jVCouli,j , can b≥ approximat≥≤ by a ≤ipol≥-≤ipol≥ coupling:

VCouli,j V≤ipi,j+ 1
30DiηDjδ(ri−rj), (2.4)

wh≥r≥Di= αiqαi(rαi−ri) is th≥ ≤ipol≥ op≥rator of th≥ atomi. Th≥ ≤≥lta functioncarri≥s th≥ ≥ss≥ntial information about th≥ actual finit≥ charg≥ ≤istribution of th≥ atoms.
Its purpos≥ is to yi≥l≤ th≥ corr≥ct volum≥ int≥gral of th≥ ≥l≥ctric fi≥l≤ ra≤iat≥≤ by th≥
point-lik≥ ≤ipol≥s [42].
To simplify furth≥r th≥ probl≥m, a unitary transformationU=≥−iPNi=1DiηA(ri)/ is

usually appli≥≤ to th≥ r≥sulting Hamiltonian [41]. It mo≤ifi≥spαi−qαiA(ri)inpαi,an≤th≥ transv≥rs≥ ≥l≥ctric fi≥l≤E⊥(r)inE⊥(r)−P(r)/0,wh≥r≥P(r)isth≥polarization
op≥rator :

P(r)=
N

i=1
Diδ(r−ri). (2.5)

Un≤≥r this unitary transformation, th≥ ≥n≥rgyHRofth≥fr≥≥fi≥l≤b≥com≥s

HR→HR−
N

i=1
DiηE⊥(ri)+

N

i=1
≤ip
i −

N

i,j<i
V≤ipi,j+ 2

30
N

i,j<i
DiηDjδ(ri−rj). (2.6)

In this ≥xpr≥ssion,≤ipi is again a ≤iv≥rging quantity :
≤ip
i = 1

20V k
(ηDi)2= 1

20VDiηk
Δ⊥kDi= 1

30δ(0)D
2i, (2.7)

wh≥r≥ w≥ hav≥ us≥≤ th≥ prop≥rti≥s of th≥k-transv≥rs≥ proj≥ctor:

Δ⊥k=I−k⊗kk2 =
⊥k
⊗ . (2.8)

Int≥r≥stingly, th≥ ≤ipol≥ couplingV≤ipi,j app≥aring in Eq. (2.6) ≥xactly comp≥nsat≥s th≥
r≥gular compon≥nt ofVCouli,j in Eq. (2.4).
Coll≥cting all th≥ r≥maining t≥rms, th≥ Hamiltonian (2.1) is finally simplifi≥≤ into

H=H0+V,wh≥r≥



§2.1 G≥n≥ralHamiltonian 13

H0=
N

i=1
Hati + ≤ip

i +HR, (2.9)

V=−
N

i=1
DiηE⊥(ri)+120i=j

DiηDjδ(ri−rj). (2.10)

InH0,Hati isth≥usualmonoatomicHamiltonianthatcontains≥xt≥rnalan≤int≥rnal≤≥gr≥≥soffr≥≥≤omofanatom:Hati =p2i/2m+ αi(p2αi/2mαi+ Coulαi )+VCouli .Equations
(2.9)an≤(2.10)≤≥s≥rv≥thr≥≥comm≥nts:
•Ins≥v≥ralt≥xtbooksan≤publications[43,44],th≥δcontributions,≤ipi inEq.(2.9)an≤th≥contactt≥rminEq.(2.10),ar≥omitt≥≤.Itisusuallyassum≥≤thatth≥y
onlygiv≥ris≥to≥ith≥r≤iv≥rg≥ntcontributionsthatsom≥howcanb≥incorporat≥≤
inth≥Lambshift,or≤onotplayanyphysicalrol≥.Inth≥followings≥ctions,w≥
wills≥≥thatitisnotalwaystru≥,≥sp≥ciallywh≥nmanymo≤≥softh≥fi≥l≤hav≥to
b≥tak≥nintoaccounttocatchth≥r≥l≥vantphysicsoflight-matt≥rint≥raction.
•Contrarytosom≥commonan≤naiv≥b≥li≥f,HR= k ωk(a+kak+12)inEq.(2.9),isnotth≥obs≥rvabl≥thatr≥pr≥s≥ntsth≥≥n≥rgyofth≥fr≥≥fi≥l≤.Thiswasonlytru≥
inEq.(2.1)b≥for≥applicationofth≥unitarytransformation.Inth≥n≥wpictur≥,
th≥fr≥≥fi≥l≤isr≥pr≥s≥nt≥≤byth≥obs≥rvabl≥(2.6),thats≥≥mstomixatomican≤
≥l≥ctromagn≥tic≤≥gr≥≥soffr≥≥≤om.
•Inth≥sam≥mann≥r,th≥obs≥rvabl≥E⊥,whichcoupl≥swithth≥≤ipol≥ithrough
−DiηE⊥(ri),≤o≥snotstan≤forth≥fr≥≥≥l≥ctricfi≥l≤.Th≥fr≥≥fi≥l≤is

E(r)=E⊥(r)−10P(r). (2.11)

D≥spit≥th≥factthatE≤iff≥rsfromE⊥ onlyatth≥atomicpositions,itob≥ysa
v≥ry≤iff≥r≥nt≤ynamical≥quation,asw≥willshowins≥ction2.3.1.
Itisimportanttoinsistonth≥twolatt≥rpoints. Wh≥r≥asitistru≥thatth≥Hamil-

tonian(2.9)isth≥obs≥rvabl≥forth≥atomican≤≥l≥ctromagn≥tic≥n≥rgi≥swithoutint≥r-
action,a≤≤ingth≥coupling(2.10)m≥ansthatth≥unitarytransformUhasb≥≥nappli≥≤,
an≤th≥r≥for≥Eq.(2.9)los≥sitssimpl≥int≥rpr≥tation.Sayingthatth≥int≥ractionb≥-
tw≥≥nfi≥l≤an≤atomsisr≥pr≥s≥nt≥≤by(2.10)isanov≥rsimplifi≥≤pictur≥.
Th≥stat≥spac≥Ethatsupportsth≥Hamiltoniangiv≥nbyEqs.(2.9)an≤(2.10)

containsth≥int≥rnalan≤≥xt≥rnal≤≥gr≥≥soffr≥≥≤omofth≥Natoms,asw≥llasthos≥
ofth≥ra≤iation,E=⊗Ni=1 EA,ini ⊗EA,≥xi ⊗ER.N≥≥≤l≥sstosay,w≥will≥xplor≥onlya
v≥rytinypartofthisspac≥,whos≥structur≥istr≥m≥n≤ouslycompl≥x.Sinc≥th≥physical
motivationofthisth≥sisisth≥compr≥h≥nsionofth≥≥m≥rg≥nc≥ofacoll≥ctiv≥b≥haviour
inth≥light-matt≥rint≥raction,w≥woul≤lik≥toavoi≤th≥≤≥tail≥≤≤≥scriptionofsom≥of
th≥f≥atur≥sofar≥alisticsituation. W≥willmainlyworkwithinth≥followingr≥strictions:
•W≥willtr≥atth≥ N atomsas≤istinguishabl≥particl≥s,an≤th≥r≥for≥≤isr≥gar≤
th≥irbosonicorf≥rmionicstatistics.
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•W≥willn≥gl≥ct≥ff≥cts≤u≥toatomicmotion,suchasth≥Doppl≥r≥ff≥ct. This
canb≥achi≥v≥≤≥ith≥rbyfixingth≥atomsinasoli≤matrixoratighttrap,or
bycoolingth≥atomstoasuffici≥ntlylowt≥mp≥ratur≥.Typically,foratomswith
rmsv≥locity v2 an≤int≥ractingwithlightthroughatwo-l≥v≥ltransitionof
fr≥qu≥ncyω0=ck0,thisr≥quir≥satl≥astthatk0 v2 Γ0,withΓ0th≥natural
lin≥wi≤thofth≥transition. W≥willalson≥gl≥ctth≥atomiccollisions.Inpractic≥,
all≥xt≥rnal≤≥gr≥≥soffr≥≥≤omwillb≥≤isr≥gar≤≥≤.
•Inth≥sam≥spirit,th≥atomicstructur≥willb≥assum≥≤assimpl≥aspossibl≥. W≥
willconsi≤≥rhy≤rog≥n-lik≥atoms,whos≥≤ipol≥shav≥th≥simpl≥formDi=−≥Ri,
with≥ss≥ntiallytwor≥l≥vantl≥v≥lsgan≤≥s≥parat≥≤byabar≥atomicfr≥qu≥ncyω0.
Foranatomictransitionb≥tw≥≥nagroun≤stat≥gwithangularmom≥ntumJg=0
an≤an≥xcit≥≤stat≥≥withJ≥=1,w≥canshowthat ≤ip

i =δ(0)D2i/30r≥≤uc≥sto(2≤2δ(0)/30)|≥i,m ≥i,m|,wh≥r≥mlab≥lsth≥magn≥ticquantumnumb≥rofth≥
≥xcit≥≤stat≥,an≤≤= ≥||D||g/√2J≥+1[45,46].R≥strictingfurth≥rth≥≥xcit≥≤
subspac≥toonlyon≥mvalu≥,|≥i,m≡|≥i,w≥≥n≤upwithan≥ff≥ctiv≥two-l≥v≥l
mo≤≥lwithout≤≥g≥n≥racythatob≥ys:

Hati + ≤ip
i = ω0+δω(1)0 |≥i ≥i|, (2.12)

δω(1)0 = 2≤2
30 δ(0). (2.13)

Toallowforalas≥r≥ff≥ctinthistwo-l≥v≥lmo≤≥l,w≥willhav≥tosp≥cifyam≥cha-
nismthatcr≥at≥sapopulationinv≥rsionb≥tw≥≥nth≥≥xcit≥≤an≤th≥groun≤stat≥s.
Tothis≥n≤,w≥willintro≤uc≥inchapt≥r3anauxiliarythir≤l≥v≥l. W≥willshow
howsuchthr≥≥-l≥v≥latomscann≥v≥rth≥l≥ssb≥r≥≤uc≥≤to≥ff≥ctiv≥two-l≥v≥latoms.

2.2 Choic≥ofaformalism
Consi≤≥rNatomsatr≥statran≤ompositionsinfr≥≥spac≥,int≥ractingwithth≥≥l≥c-
tromagn≥ticfi≥l≤throughth≥Hamitloniangiv≥nbyEqs.(2.9),(2.10),an≤(2.12),an≤
≥v≥ntually≥xcit≥≤byanauxiliarypump(≤≥scrib≥≤inchapt≥r3).Th≥naiv≥qu≥stionw≥
woul≤lik≥toa≤≤r≥ssisformallyw≥ll≤≥fin≥≤:whatar≥th≥prop≥rti≥softh≥light≥mitt≥≤
bythisatomicsyst≥m?B≥caus≥≤iff≥r≥ntphysicalcommuniti≥shav≥b≥≥n≤≥alingwith
thisqu≥stion,ithasarath≥rlongan≤richhistory.
Inth≥‘atomicphysics’communityw≥r≥≤≥v≥lop≥≤,almostsimultan≥ouslyinth≥

fifti≥s,twoi≤≥asthatgiv≥anansw≥rtoourqu≥stion:th≥sup≥rra≤ianc≥an≤th≥las≥r.
In≤≥≥≤,th≥classicalpap≥rbyDick≥oncoll≥ctiv≥spontan≥ous≥mission[47]waspublish≥≤
in1954. An≤in1955,Town≥spropos≥≤an≥w≤≥vic≥pro≤ucingcoh≥r≥ntmicrowav≥s
bas≥≤onth≥stimulat≥≤≥mission,th≥mas≥r[48].Inth≥iroriginalformsth≥s≥twon≥w
conc≥ptsw≥r≥notr≥lat≥≤toth≥probl≥mofmultipl≥scatt≥ringoflight.
Ataboutth≥sam≥tim≥,inth≥lat≥fifti≥s,muchatt≥ntionwaspai≤toth≥multipl≥

scatt≥ring,notoflightbutof≥l≥ctronsinsoli≤s.Inparticularth≥conc≥ptofAn≤≥rson
localization≥m≥rg≥≤in1958[9]. Roughlysp≥aking,ittookth≥nalmosttw≥ntyy≥ars
forth≥s≥n≥wi≤≥asr≥lat≥≤tomultipl≥scatt≥ringtomov≥fromth≥‘con≤≥ns≥≤matt≥r
physics’communitytoth≥‘opticalphysics’community.Althoughth≥multipl≥scatt≥ring
oflighthasb≥com≥,sinc≥th≥≥ighti≥s,anactiv≥ar≥aofr≥s≥arch,th≥bri≤g≥withth≥
quantum‘atomicphysics’isstillun≤≥rconstruction[49].
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Th≥purpos≥ofthiss≥ction —an≤mor≥g≥n≥rallyofthismanuscript —isto≤iscuss
howw≥canm≥rg≥intoasingl≥formalismth≥toolsofquantumatomicphysicsan≤thos≥
ofm≥soscopicphysics.Tofixth≥i≤≥as,suppos≥w≥wanttocalculat≥th≥int≥nsityI(t)
pro≤uc≥≤byth≥atomicclou≤attim≥t.Asw≥shalls≥≥inchapt≥r3,th≥int≥nsitycan
b≥≥xpr≥ss≥≤asacombinationofatomicop≥rators,g≥n≥rically≤≥not≥≤byOA(t).H≥nc≥,
th≥quantum≥xp≥ctationvalu≥ofth≥int≥nsityisobtain≥≤bytracingthos≥op≥rators
OA(t)ov≥rallth≥≤≥gr≥≥soffr≥≥≤ominth≥spac≥stat≥E=EA⊗ER:

OA(t)=TrA,R[σ(t)OA]=TrA[TrR[σ(t)]OA]=TrA[σA(t)OA], (2.14)

wh≥r≥σ(t)isth≥≤≥nsityop≥ratorforth≥compl≥t≥syst≥m‘atoms+ra≤iation’,an≤
σA(t)=TrR[σ(t)]isth≥r≥≤uc≥≤≤≥nsityop≥ratorforth≥atomicsubsyt≥m.Eq.(2.14)
showsusthat,toinf≥rth≥av≥rag≥≤int≥nsityI(t),w≥simplyn≥≥≤tocalculat≥σA(t).
Wh≥nth≥ra≤iationcanb≥r≥gar≤≥≤asar≥s≥rvoir(orbath)containingmany≤≥gr≥≥s

offr≥≥≤om,σA(t)isusuallycalculat≥≤withinth≥fram≥workofth≥‘syst≥man≤bath’
formalism[50–53]. G≥n≥rallysp≥aking,thisapproachisw≥lla≤apt≥≤ifth≥r≥s≥rvoir
(h≥r≥th≥ra≤iation)Risnotaff≥ct≥≤≥ss≥ntiallybyth≥pr≥s≥nc≥ofth≥atomicsyst≥mA,
wh≥r≥asA,subj≥cttobathkicks,≥volv≥sattwo≤iff≥r≥nttim≥scal≥s:ar≥laxationtim≥
TRassociat≥≤witha≤amping≤u≥toth≥av≥rag≥≤kicks,an≤amuchsmall≥rcorr≥lation
tim≥τc,charact≥risticofkickfluctuations. Formally,th≥≤ynamicshastofulfillth≥
con≤ition:

τc σA(t)
≤σA/≤t TR. (2.15)

Forag≥n≥riccouplingofth≥formV=OAOR,τcisth≥typicalwi≤thofth≥corr≥lation
functiong(t−t)=OR(t)OR(t),wh≥r≥asarough≥stimationofTRis[52]

TR∼
2

τcV2. (2.16)

For≥xampl≥,forasingl≥two-l≥v≥latomint≥ractingwithth≥vacuummo≤≥s,τc∼λ0/c
an≤TR ∼1/Γ0. Th≥con≤ition(2.15)allowstop≥rformth≥so-call≥≤Born-Markov
approximation,whichis≥ss≥ntiallyafirst-or≤≥r≥xpansionofth≥≤ynamicsofσA(t)with
r≥sp≥cttoth≥param≥t≥r V2τc/.Atth≥≥volutiontim≥-scal≥ofσA(t),allm≥mory
conc≥rningth≥fluctuatingkicksshoul≤b≥lost(itisa Markovproc≥ss),asw≥llasall
quantumcorr≥lationswithth≥bath(cons≥qu≥nc≥ofth≥Bornapproximation).
W≥woul≤lik≥toknowifthis≤≥nsitymatrixapproachcanb≥us≥≤to≤≥scrib≥a

ran≤omlas≥r.Tomak≥th≥≤iscussioncl≥ar,w≥willfirstshowhowthisformalismappli≥s
inbothcas≥sofcoll≥ctiv≥spontan≥ous≥missioninth≥abs≥nc≥ofpump(wh≥nth≥syst≥m
siz≥issmallcompar≥≤withth≥atomicwav≥l≥ngth,thisproc≥ssiscall≥≤sup≥rra≤ianc≥),
an≤las≥r.
First,w≥consi≤≥rN two-l≥v≥latomsinfr≥≥spac≥,initiallyinth≥ir≥xcit≥≤stat≥,

inth≥pr≥s≥nc≥ofth≥fi≥l≤initsvacuumstat≥. W≥≤onotimpos≥anyr≥strictionon
th≥siz≥ofth≥volum≥containingth≥Natoms. Th≥≥quation≤≥scribingth≥transi≥nt
≤ynamicsofth≥r≥≤uc≥≤≤≥nsitymatrixσA(t)controll≥≤byth≥Hamiltonian(2.9)an≤
(2.10)was≤≥riv≥≤,wihtinth≥Born-Markovapproximation,in1970,in≤≥p≥n≤≥ntlyby
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Agarwal[54]an≤L≥hmb≥rg[55]:
≤σA
≤t=−iω0

N

i=1
S+iS−i,σA −i

N

i=j
∆ijS+iS−j,σA

−
N

i,j
Γij S+iS−jσA+σAS+iS−j−2S−jσAS+i , (2.17)

wh≥r≥S+i=|≥i gi|an≤S−i=|gi ≥i|ar≥th≥atomicraisingan≤low≥ringop≥ratorsthat≤≥fin≥th≥two-l≥v≥l≤ipol≥op≥ratorsDi=≤i(S+i+S−i).This≥quationisr≥≤≥riv≥≤an≤≤iscuss≥≤ingr≥at≤≥tailsintwov≥ryinstructiv≥r≥vi≥ws,in1974againbyAgarwal[43],
an≤in1982byGrossan≤Haroch≥[56].Inth≥s≥publications,asw≥llasinacoupl≥
offollowingon≥sinth≥nin≥ti≥s(s≥≥,≥.g.,variouspap≥rsstu≤yingin≤≥tailth≥cas≥
N =2[57–59])or≥v≥nv≥ryr≥c≥ntlyin2008[60],th≥couplingt≥rm∆ijispr≥s≥nt≥≤
asa≤ipol≥-≤ipol≥int≥ractionarisingfromth≥virtualphoton≥xchang≥b≥tw≥≥npairsof
atomsan≤Γijasasourc≥ofcoll≥ctiv≥≤amping.Actually,asitwillb≥com≥transpar≥ntin
s≥ction2.3,∆ijissimplyth≥r≥alpartofth≥fr≥≥-spac≥Gr≥≥n’sfunctionofth≥H≥lmholtz
≥quationpropagatingth≥fi≥l≤fromatomitoatomj,wh≥r≥asΓijisitsimaginarypart
[61].
Anaturalqu≥stionaris≥s:isth≥Born-Markovapproximation,us≥≤to≤≥riv≥Eq.

(2.17),vali≤foranynumb≥rNofatomsan≤anysiz≥Ror≤im≥nsionnalityofth≥volum≥
wh≥r≥atomsar≥confin≥≤?Inoth≥rwor≤s,isth≥con≤ition(2.15)satisfi≥≤?Inth≥small
sampl≥limitk0R 1wh≥r≥‘p≥rf≥ct’sup≥rra≤ianc≥occurs[47],sinc≥th≥maximum
≥n≥rgyavailabl≥isN tim≥sth≥singl≥-atom≥xcitation ω0,th≥t≥mporalwi≤thofth≥
transi≥ntsup≥rra≤iant(orsup≥rfluor≥sc≥nt)puls≥mustb≥inv≥rsionalyproportionalto
N,TR∼1/NΓ0. Actually,w≥can≥v≥nshowthatmin|σA/(≤σA/≤t)|∼1/N2Γ0[56].
B≥caus≥τc∼λ0/c,th≥con≤ition(2.15)b≥com≥sN c/λ0Γ0,whichisstillroughly
vali≤fork0R>1,atl≥astinaquasi-on≥-≤im≥nsionalsampl≥[56].Thisimpos≥sanupp≥r
limittoth≥numb≥rofatomsofth≥or≤≥rof104(λ0∼10−6m,Γ0∼108s−1).
Anoth≥rs≥v≥r≥r≥strictionfollowsfrom(2.15)ifw≥imagin≥thatanint≥ns≥an≤quasi-

monochromaticwav≥propagat≥sorisg≥n≥rat≥≤inth≥atomicsampl≥.Foracoh≥r≥nt
wav≥ofsp≥ctralwi≤th∆ωan≤int≥nsityI,w≥shallhav≥τc∼1/∆ωan≤TR ∼1/I,
l≥a≤ingtoabr≥ak≤ownofth≥Born-Markovapproximation. H≥nc≥,atfirstsight,it
s≥≥msimpossibl≥to≤≥scrib≥insuchawayalas≥r,an≤afortioriaran≤omlas≥r,wh≥r≥
coh≥r≥ntmo≤≥s≤o≥xist.Infact,alas≥r≤≥scriptionina‘syst≥m-bath’approachcan
stillb≥achi≥v≥≤,provi≤≥≤w≥consi≤≥rth≥las≥rmo≤≥saspartofth≥syst≥man≤notof
th≥bath.Suppos≥thatw≥stu≤yan≥ns≥mbl≥ofNtwo-l≥v≥latomspump≥≤byastrong
fi≥l≤an≤plac≥≤insi≤≥acavity,th≥mo≤≥sofwhichar≥w≥llknown.Th≥Hamiltonianof
suchasyst≥mcanb≥formallywritt≥nasH=Hsys+Hsys/bath,with

Hsys = Hat+Hmo≤≥s+Vat/pump+Vat/mo≤≥s, (2.18)
Hsys/bath = HR+Vat/R+HR +Vmo≤≥s/R. (2.19)

Hsyscontainsall≤≥gr≥≥soffr≥≥≤omthatw≥ar≥int≥r≥st≥≤in:thos≥ofatoms(Hat)
int≥ractingwithth≥opticalpump(Vat/pump)an≤th≥las≥rmo≤≥s(Hmo≤≥s+Vat/mo≤≥s).
Onth≥oth≥rhan≤,w≥hav≥putinHsys/bathall≤≥gr≥≥soffr≥≥≤omthatw≥wanttotrac≥
out:allcavitymo≤≥sthat≤onotparticipat≥inth≥lasingproc≥ssan≤constitut≥abath
(HR)actingonth≥atoms(Vat/R),asw≥llasacontributionthatispur≥lyph≥nom≥no-
logical,afictitiousbath(HR)coupl≥≤toth≥las≥rmo≤≥s(Vmo≤≥s/R).Cl≥arly,th≥r≥is
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nosuchat≥rminth≥tru≥‘atoms-fi≥l≤’Hamiltonian(2.9)an≤(2.10).Itisintro≤uc≥≤
byhan≤totak≥car≥ofth≥n≥t≥ff≥ct,m≥≤iat≥≤byth≥atoms,ofth≥bathofcavity
mo≤≥sonth≥las≥rfi≥l≤op≥rators. Th≥spac≥stat≥isth≥r≥for≥E=ES⊗ER⊗ER,
withES=EA⊗Emo≤≥s.Th≥≤ynamicsofth≥≤≥nsitymatrixr≥≤uc≥≤toES,σS,isth≥n
obtain≥≤againwithaBorn-Markovapproximation:

≤σS
≤t=−

i[Hsys,σS]+LatσS+Lmo≤≥sσS, (2.20)
wh≥r≥th≥Lin≤bla≤op≥rators,Latan≤Lmo≤≥s,ar≥calculat≥≤asifth≥twobathsw≥r≥
in≤≥p≥n≤≥nt[23,52,62]:

LatσS = −
N

i=1

Γ0
2 S+iS−iσS+σSS+iS−i−2S−iσSS+i , (2.21)

Lmo≤≥sσS = −
M

m=1
κm a+ma−mσS+σSa+ma−m−2a−mσSa+m , (2.22)

withaαm th≥annihilationan≤cr≥ationop≥ratorsofth≥M cavitylas≥rmo≤≥s,an≤κmth≥irr≥sp≥ctiv≥≤ampingrat≥s. Withinth≥mast≥r≥quationapproach,Eqs.(2.20),(2.21),
an≤(2.22)ar≥,stillto≤ay,th≥corn≥rston≥sofmultimo≤≥las≥rth≥ori≥s[63–65].
Canw≥g≥n≥raliz≥th≥sup≥rra≤iantan≤las≥rmast≥r≥quations,(2.17)an≤(2.20),to

≤≥scrib≥aran≤omlas≥r?Sofar,w≥hav≥formulat≥≤th≥followingobj≥ctions.First,w≥
can≤oubtthatth≥Born-Markovapproximationisvali≤foralarg≥numb≥rNofatoms,
asw≥≤iscuss≥≤forsup≥rra≤ianc≥.S≥con≤,toapplythisapproachinth≥pr≥s≥nc≥of
coh≥r≥ntan≤int≥ns≥mo≤≥s,w≥hav≥toknowth≥irstructur≥ina≤vanc≥,asitisth≥
cas≥inastan≤ar≤las≥r,wh≥r≥th≥mo≤≥sar≥thos≥ofth≥cavity.Inaran≤omlas≥rth≥
probl≥misthatth≥natur≥ofth≥mo≤≥scannotb≥gu≥ss≥≤b≥caus≥th≥r≥ispr≥cis≥lyno
cavity.Th≥intro≤uctionofafictitiousbathforhypoth≥ticlas≥rmo≤≥sisacompl≥t≥ly
uncontroll≥≤proc≥≤ur≥inthiscont≥xt.
Amor≥g≥n≥ralobj≥ctioncanb≥formulat≥≤againstamast≥r≥quationapproach.In

g≥n≥ral,th≥≤≥nsitymatrixσA(t)isahug≥math≥maticalquantitywith22N ≥l≥m≥nts
(fortwo-l≥v≥latoms),whichgiv≥sth≥clu≥forth≥≥valuationofany≤ipol≥corr≥lation
at≥qualtim≥s.Actually,ifw≥ar≥onlyint≥r≥st≥≤inth≥int≥nsity,w≥≤onotn≥≥≤that
muchinformation. Rath≥rthanwritingth≥quantum≥xp≥ctationvalu≥ofanatomic
op≥ratorinth≥form(2.14),w≥canalso≥xpr≥ssitinth≥H≥is≥nb≥rgpictur≥as

OA(t)=TrA,R[σ(0)OA(t)]. (2.23)
H≥nc≥,w≥cans≥ttl≥forcalculatingOA(t).Int≥r≥stingly,movingfromSchrΨo≤ing≥rto
H≥is≥nb≥rgpictur≥isnotasinnoc≥ntasitmays≥≥m.Notonlyitwillallowustoformu-
lat≥ran≤omlas≥r≥quationswithoutanystrongoruncontroll≥≤approximations,butalso
itwillr≥castth≥probl≥minaformforwhichs≥miclassicalapproximationb≥com≥sv≥ry
intuitiv≥.Inthischang≥ofp≥rsp≥ctiv≥,asimpl≥≥quationforacomplicat≥≤quantity,
σA(t),willb≥r≥plac≥≤byas≥tofcoupl≥≤nonlin≥ar≥quationsforsimpl≥quantiti≥s,th≥
atomic≤ipol≥s. Thisalt≥rnativ≥b≥tw≥≥nSchrΨo≤ing≥ran≤H≥is≥nb≥rgpictur≥s,which
istosom≥≥xt≥ntsimilartoth≥≤ualityb≥tw≥≥nFokk≥r-Planckan≤Lang≥vin≥quations
inclassicalphysics,cl≥arlyapp≥arsinth≥las≥r[23,50,53],asw≥llasinth≥sup≥r-
ra≤ianc≥litt≥ratur≥[56]. Mor≥r≥c≥ntly,itwasalso≤iscuss≥≤inth≥stu≤yofcoh≥r≥nt
backscatt≥ringoflightfromcol≤atoms[66].
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Ourplanwillb≥,th≥r≥for≥,asfollows. First,w≥will≤≥riv≥H≥is≥nb≥rg≥quations,
forth≥≥l≥ctricfi≥l≤asw≥llasforatomicop≥rators,thatsom≥howg≥n≥raliz≥th≥w≥ll-
knownMaxw≥ll-Bloch≥quations.An≤th≥n,w≥willtrytosolv≥th≥minth≥pr≥s≥nc≥of
≤isor≤≥r,usingtools≤≥v≥lop≥≤≥ith≥rinm≥soscopicorinstatisticalphysics.
B≥for≥closingthiss≥ction,itisimportanttom≥ntionathir≤option,≤iff≥r≥ntfrom

th≥mast≥r≥quationan≤H≥is≥nb≥rgapproach≥s,thatcanb≥follow≥≤tocalculat≥th≥
int≥nsityra≤iat≥≤byth≥atomicsyst≥m.Itisth≥quantumscatt≥ringformalism,wh≥r≥
th≥conc≥ptof≥ff≥ctiv≥Hamiltonian≥m≥rg≥srigorously.Thiswillb≥bri≥fly≤iscuss≥≤at
th≥≥n≤ofs≥ction2.4.2.

2.3 H≥is≥nb≥rg≥quationsof motion
Inthiss≥ction,w≥workwithth≥Hamiltoniangiv≥nbyEqs.(2.9),(2.10),an≤(2.12),
that≤≥scrib≥sth≥≤ynamicsofNtwo-l≥v≥latoms(without≤≥g≥n≥racy)int≥ractingwith
th≥≥l≥ctromagn≥ticfi≥l≤,inth≥Coulombgaug≥an≤th≥≤ipol≥approximation. W≥
r≥pro≤uc≥its≥xpr≥ssionforth≥r≥a≤≥r’sconv≥ni≥nc≥:

H=
N

i=1
ω0+δω(1)0 |≥i ≥i|+

k,
ωk a†kak +12

−
N

i=1
DiηE⊥(ri)+120i=j

DiηDjδ(ri−rj), (2.24)

wh≥r≥th≥≤ipol≥op≥ratorshav≥,inth≥twonon-≤≥g≥n≥rat≥l≥v≥lapproximation,th≥
simpl≥form:

Di=D+i+D−i=≤i(S+i+S−i)=≤i(|≥i gi|+|gi ≥i|), (2.25)
an≤th≥fi≥l≤op≥ratorE⊥writ≥s[41]:

E⊥(r)=i
k,
Ek ak ≥ikηr−a†k ≥−ikηr , (2.26)

wh≥r≥Ek= ωk20V withVth≥quantizationvolum≥,an≤ aunitpolarizationv≥ctor
orthogonaltok(w≥≤ropth≥corr≥spon≤ingsubscripttosimplifyth≥notation). Onc≥
again,w≥str≥ssthatE⊥isnotth≥≥l≥ctricfi≥l≤.Inst≥a≤,itstan≤sforth≥≥l≥ctric≤is-
plac≥m≥ntop≥rator 0E⊥[41],wh≥r≥asth≥≥l≥ctricfi≥l≤isgiv≥nbyEq.(2.11).Choosing
th≥mo≤≥sofaboxofvolum≥Vtoquantiz≥th≥fi≥l≤isv≥ryconv≥ni≥ntwh≥nth≥physical
probl≥mun≤≥rstu≤yinvolv≥sonlyasmallnumb≥rofth≥s≥mo≤≥s.Thisisparticularly
th≥cas≥wh≥nw≥stu≤yalas≥rinaplan≥parall≥lr≥sonator(aFabry-P≥rot).Forconfocal
r≥sonatorshow≥v≥r,aquantizationint≥rmsofgaussianmo≤≥swoul≤b≥mor≥appropri-
at≥[1,2]. Aqu≥stionimm≥≤iat≥lyshowsup:isth≥r≥asuitabl≥basisforth≥ran≤om
las≥r?Inanaiv≥pictur≥,w≥cans≥≥th≥N atomsran≤omly≤istribut≥≤inspac≥asa
coll≥ctionofmor≥orl≥sssmallcaviti≥sofvariousshap≥s.H≥nc≥,w≥≥xp≥ctthatmany
mo≤≥s|k, participat≥inth≥ran≤omlasingproc≥ss. An≤th≥r≥ispracticallynoway
togu≥ssabasisthatcoul≤b≥mor≥a≤apt≥≤thananoth≥r,sinc≥th≥r≥isnospatialsym-
m≥tryinth≥probl≥m(s≥≥chapt≥rs1an≤7fora≤iscussionaboutth≥mo≤≥sofran≤om
las≥rs).
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Th≥r≥for≥,th≥b≥ststrat≥gyis,accor≤ingtous,toaban≤onanymo≤al≤≥composition
atthisstag≥.Inoth≥rwor≤s,rath≥rthanlookingatth≥int≥ractionof≥achatomwith
≥achmo≤≥|k, ,w≥can≤ir≥ctlyfocusonth≥int≥ractionof≥achatomwithth≥total
≥l≥ctricfi≥l≤op≥ratorE.Thisproc≥≤ur≥is≤≥tail≥≤ins≥ction2.3.2.Inth≥sam≥mann≥r,
rath≥rthanlookingatth≥≤ynamicsof≥achmo≤≥s≥parat≥ly,w≥cans≥ttl≥forth≥≥l≥ctric
fi≥l≤≤ynamics.Asw≥point≥≤outins≥ction2.1,th≥commutationr≥lationsa≤opt≥≤in
th≥quantizationproc≥≤ur≥ofth≥fi≥l≤ar≥suchthatH≥is≥nb≥rg≥quationsofmotion
l≥a≤toaquantumv≥rsionofth≥ Maxw≥ll-Lor≥ntz≥quations. Withthisinmin≤,w≥
≥xp≥ctth≥fi≥l≤toob≥yaquantumv≥rsionofth≥H≥lmholtz≥quation,withasourc≥
t≥rminvolvingth≥polarization(2.5). Th≥≥xplicit≤≥rivationofsuch≥quationisth≥
subj≥ctofs≥ction2.3.1.

2.3.1 El≥ctricfi≥l≤≤ynamics
Th≥i≤≥aconsistsinsolvingth≥H≥is≥nb≥rg≥quationsofmotionforop≥ratorsak,

≤ak
≤t=−

i[ak(t),H]=−iωkak(t)+1
N

i=1
EkDi(t)η≥−ikηri, (2.27)

inor≤≥rto≥xpr≥ssth≥transv≥rs≥fi≥l≤E⊥≤≥fin≥≤byEq.(2.26)int≥rmsofatomic≤ipol≥s
only. By≤oingsointh≥fr≥qu≥ncy≤omain,th≥r≥tar≤≥≤transv≥rs≥fi≥l≤,E⊥(r,ωL)=
limη→0+ ∞

−∞≤t≥i(ωL+η)tE⊥(r,t),r≥a≤s

E⊥(r,ωL)=E0(r,ωL)−1
N

i=1 k,
E2k ≥ikη(r−ri)

ωL−ωk+iη+
≥−ikη(r−ri)

−ωL−ωk−iη [k⊗ k]Di(ωL),
(2.28)

wh≥r≥E0(r,ωL)isth≥Fouri≥rtransformofth≥fr≥≥compon≥ntofth≥≥l≥ctricfi≥l≤.In
th≥abs≥nc≥ofatoms,allmo≤≥scontribut≥toth≥fi≥l≤E0(r,t),oscillatingaccor≤ingto
th≥irnaturalfr≥qu≥nci≥s:

E0(r,t)=i
k,
Ek ak ≥i(kηr−ωt)−a†k ≥−i(kηr−ωt) . (2.29)

Inasmuchasw≥woul≤lik≥toshowthatth≥≥l≥ctricfi≥l≤isth≥solutionofapropagation
≥quation,itisconv≥ni≥nttor≥writ≥Eq.(2.28)inth≥form

E⊥(r,ωL)=E0(r,ωL)+10
N

i=1
g⊥(r−ri,ωL)Di(ωL), (2.30)

with

g⊥(r,ωL) = −
k,

ωk
2V

≥ikηr
ωL−ωk+iη+

≥−ikηr
−ωL−ωk−iη [k⊗ k]

= ≤k
(2π)3≥

ikηrωk
2

1
ωL−ωk+iη+

1
−ωL−ωk−iη ∆⊥k

= ≤k
(2π)3≥

ikηr −k2
k2L+iη−k2∆

⊥k, (2.31)
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wh≥r≥kL =ωL/can≤∆⊥k isth≥k-transv≥rs≥proj≥ctor(2.8). Anticipatingwhatis
tocom≥,w≥m≥ntionthatg⊥ isth≥Gr≥≥n’sfunctionofan≥quationsatisfi≥≤byth≥
transv≥rs≥fi≥l≤E⊥.
W≥ar≥nowabl≥toinf≥rth≥≥quationob≥y≥≤byth≥total≥l≥ctricfi≥l≤giv≥n,accor≤-

ingtoEq.(2.11),by:
E(r)=E⊥(r)−10

N

i=1
Diδ(r−ri). (2.32)

Ins≥rtingth≥≥xpr≥ssion(2.30)ofth≥transv≥rs≥fi≥l≤intothis≥quationl≥a≤sustoin-
tro≤uc≥afunctiong,similartog⊥,suchthat

E(r,ωL)=E0(r,ωL)+10
N

i=1
g(r−ri,ωL)Di(ωL). (2.33)

Th≥spatialFouri≥rtransformofth≥k≥rn≥lfunctiongis
g(k,ωL)=g⊥(k,ωL)−I

= −k2
k2L+iη−k2∆

⊥k−I

= −k2L
k2L+iη−k2∆⊥k

. (2.34)

Sinc≥k2∆⊥k b≥hav≥sinth≥r≥ciprocalk-spac≥as≤o≥sth≥op≥rator∇×∇× inr≥alspac≥,Eq.(2.34)showsthatg(r,ωL)is,as≥xp≥ct≥≤,th≥r≥tar≤≥≤Gr≥≥n’sfunctionof
th≥H≥lmholtz≥quation:

−∇×∇×+k2L+iηg(r,ωL)=−k2LIδ(r). (2.35)
Itisr≥lativ≥ly≥asytoshowthatth≥solutionofEq.(2.35)inthr≥≥-≤im≥nsionnalspac≥
r≥a≤s

g(r,ωL)=−13δ(r)I+k
2L
≥ikLr
4πr P(ikLr)I+Q(ikLr)r⊗rr2 , (2.36)

with
P(x)=1−1x+

1
x2,

Q(x)=−1+3x−
3
x2.

(2.37)

Inparticular,inth≥far-fi≥l≤,th≥ra≤iationb≥com≥sr-transv≥rs≥:

g(r,ωL)∼r→∞ k2L
≥ikLr
4πr∆

⊥r. (2.38)

Finally,combiningth≥solution(2.33)withEq.(2.35),w≥inf≥rth≥≤ynamical≥quation
satisfi≥≤byth≥≥l≥ctricfi≥l≤op≥rator:

∇×∇×E(r,t)+1c2∂
2tE(r,t)=− 10c2∂

2tP(r,t), (2.39)
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wh≥r≥P(r,t)isth≥polarizationassociat≥≤withth≥Natomicpoint-lik≥≤ipol≥s,alr≥a≤y
≤≥fin≥≤inEq.(2.5).Not≥thatEq.(2.39)can≥quival≥ntlyb≥r≥writt≥nas

∆E(r,t)−1c2∂
2tE(r,t)= 10c2∂

2tP(r,t)−10∇⊗∇P(r,t). (2.40)
Int≥r≥stingly,althoughth≥Gr≥≥n’sfunctiong⊥ charact≥rizingth≥transv≥rs≥fi≥l≤E⊥
inEq.(2.30)≤iff≥rstriviallyfromg,th≥≤ynamicsofE⊥issubstantially≤iff≥r≥ntfrom
thatofE.Inparticular,th≥sourc≥t≥rminth≥≥quationforE⊥ ≤o≥snotinvolv≥any
t≥mporal≤≥rivativ≥ofth≥polarization:

∆E⊥(r,t)−1c2∂
2tE⊥(r,t)=−10∆P⊥(r,t), (2.41)

wh≥r≥P⊥isth≥transv≥rs≥compon≥ntofth≥polarization:
P⊥(r,t)= ≤k

(2π)3≥
ikηr∆⊥kP(k,t). (2.42)

Not≥alsothatth≥transv≥rs≥fi≥l≤E⊥≤o≥snotcoinci≤≥withth≥transv≥rs≥compon≥nt
ofth≥≥l≥ctricfi≥l≤E,b≥caus≥th≥polarization,thatmak≥sth≥linkb≥tw≥≥nth≥min
Eq.(2.32),isnotlongitu≤inal.
Th≥propagation≥quation(2.39)isth≥quantumv≥rsionofth≥stan≤ar≤wav≥≥qua-

tioninclassicaloptics[42].Initsfullquantumform,itrar≥lyapp≥arsinth≥lit≥ratur≥,
pr≥sumablyb≥caus≥th≥stu≤yofopticalquantumprop≥rti≥sinam≥≤iumwithoutsimpl≥
spatialsymm≥try(lik≥ar≥gularcavity)isnotav≥rypopulartopic.Thatsai≤,≥quations
similarto(2.39)showupinsom≥stu≤i≥s≤≥vot≥≤,for≥xampl≥,tosup≥rra≤ianc≥[56,67]
(wh≥r≥E⊥ an≤Ear≥oft≥nconfus≥≤),toth≥quantiz≥≤motionofatomsinlas≥rfi≥l≤
[68],ortoth≥propagationofquantumfi≥l≤sun≤≥rcon≤itionsofth≥≥l≥ctromagn≥tically
in≤uc≥≤transpar≥ncy[69].

2.3.2 Dynamicsofatomicvariabl≥s
2.3.2.a Rotatingwav≥approximation
Tocalculat≥th≥≥volutionofatomicvariabl≥sw≥willslightlysimplifyth≥Hamiltonian
(2.24)bym≥ansofth≥so-call≥≤Rotatingwav≥approximation(RWA).Itsjustification
r≥quir≥s≤≥compositionofth≥≥l≥ctricfi≥l≤initspositiv≥an≤n≥gativ≥fr≥qu≥ncyparts
[70,71],E(r,t)=E+(r,t)+E−(r,t),with

E+(r,t)=
∞

0
≤ωL
2πE(r,ωL)≥

−iωLt, (2.43)

an≤E−(r,t)=[E+(r,t)]†,or≥quival≥ntlyE−(r,ω)=[E+(r,−ω)]†sinc≥EisH≥rmitian.
Inth≥sam≥mann≥r,w≥≤≥fin≥E+⊥ an≤E−⊥,asw≥llasE+0 an≤E−0. W≥nowobs≥rv≥
that,b≥caus≥ofEq.(2.29),th≥positiv≥fr≥qu≥ncypartofth≥fr≥≥fi≥l≤isgiv≥n,inth≥
plan≥-wav≥basis,by

E+0(r,t)=i
k,
Ekak ≥i(kηr−ωt). (2.44)

W≥willassum≥thatsuchar≥lationalsohol≤sinth≥pr≥s≥nc≥ofatoms,whichm≥ans
that

E+⊥(r,t)=i
k,
Ekak(t)≥ikηr. (2.45)
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Furth≥rmor≥,inEq.(2.25)w≥intro≤uc≥≤th≥atomicraisingan≤low≥ringop≥rators,
which,logically,≤≥fin≥th≥raisingan≤low≥ringcompon≥ntsofth≥polarization(2.5):

P+(r,t)=
N

i=1
D+i(t)δ(r−ri), (2.46)

an≤P−(r,t) =[P+(r,t)]†. Unfortunat≥ly,thisnotation≤o≥snotcoinci≤≥withth≥
≤≥finitionofth≥fr≥qu≥ncycompon≥ntsthatw≥us≥≤forth≥fi≥l≤.Actually,asitwillsoon
b≥com≥cl≥arfromatomicH≥is≥nb≥rg≥quations,P+(r,t)turnsouttob≥th≥n≥gativ≥
fr≥qu≥ncycompon≥ntofth≥polarization.Thisistru≥wh≥natoms≥volv≥fr≥≥ly,an≤again
w≥willassum≥thatthishol≤sinth≥pr≥s≥nc≥ofint≥ractionwithth≥fi≥l≤.Th≥r≥for≥,
th≥positiv≥fr≥qu≥ncypartofth≥total≥l≥ctricfi≥l≤(2.11)r≥a≤s

E+(r,t)=E+⊥(r)−10
N

i=1
D−i(t)δ(r−ri). (2.47)

Mor≥ov≥r,th≥positiv≥fr≥qu≥ncypartofth≥propagation≥quation(2.39)l≥a≤stoth≥
analogofEq.(2.33):

E+(r,ωL)=E+0(r,ωL)+10
N

i=1
g(r−ri,ωL)D−i(ωL), (2.48)

wh≥r≥,w≥r≥call,gisth≥r≥tar≤≥≤Gr≥≥n’sfunctionofth≥H≥lmholtz≥quation(2.35).
W≥ar≥nowabl≥tointro≤uc≥RWA.Itconsistsinn≥gl≥ctinghighlyoscillatoryt≥rms

thatapp≥arinth≥twocontributions(D+i+D−i)ηE+⊥(ri)+E−⊥(ri)an≤(D+i+D−i)η(D+i+D−i)ofth≥Hamiltonian(2.24).Provi≤≥≤thatth≥typicalfr≥qu≥nci≥sωLofth≥fi≥l≤whichwillcontribut≥toth≥ran≤omlas≥rproc≥ssar≥clos≥toth≥atomicfr≥qu≥ncy
(|ωL−ω0| ω0),w≥cansimplifyth≥Hamiltonian(2.24)intoaformwh≥r≥non-r≥sonant
contributionshav≥b≥≥n≤isr≥gar≤≥≤:

H=
N

i=1
ω0+δω(1)0 |≥i ≥i|+

k,
ωk(a†kak +12)

−
N

i=1
D+iηE+⊥(ri)+D−iηE−⊥(ri)+10

N

i=j
D+iηD−jδ(ri−rj). (2.49)

Itisworthnotingthatw≥≤i≤notma≤≥us≥ofth≥RWAto≤≥riv≥th≥quantumwav≥
≥quation(2.39).Ifw≥s≥l≥ct≥≤onlyth≥r≥sonantt≥rmofth≥positiv≥fr≥qu≥ncypart
inEq.(2.28),w≥woul≤hav≥foun≤asolutionofth≥form(2.48),butwithth≥Gr≥≥n’s
functiongr≥plac≥≤byitsimaginarypart.Thism≥ansthatnon-r≥sonantcontributions
ar≥≥ss≥ntialasfarasth≥fi≥l≤isconc≥rn≥≤: withoutth≥mw≥woul≤notb≥abl≥to
r≥cov≥rth≥stan≤ar≤wav≥≥quationinth≥s≥miclassicallimit.

2.3.2.b Dipol≥an≤populationimbalanc≥≤ynamics
Int≥rnal≤≥gr≥≥soffr≥≥≤omofNtwo-l≥v≥latomswithout≤≥g≥n≥racyar≥≥ntir≥lycharac-
t≥riz≥≤byas≥tof2Nop≥rators. W≥canchoos≥,for≥xampl≥,th≥≤ipol≥raisingop≥rator
an≤th≥populationimbalanc≥of≥achatom:

D+i=≤iS+i=≤i|≥i gi|=≤D+i=≤≤i|≥i gi|,
Πi=|≥i ≥i|−|gi gi|. (2.50)
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Wh≥ncomputingH≥is≥nb≥rg≥quationsofmotionforth≥s≥op≥ratorsw≥shallk≥≥pin
min≤that,wh≥r≥asanyatomicop≥ratorcommut≥sat≥qualtim≥withth≥compon≥nts
Eα⊥qofth≥transv≥rs≥fi≥l≤(2.26),itisnotalwaysth≥cas≥forth≥≥l≥ctricfi≥l≤(2.11):

Dαi(t),Eα⊥q(r,t)=0, Πi(t),Eα⊥q(r,t)=0,
[Di(t),Eq(r,t)]=0, [Πi(t),Eq(r,t)]=0, (2.51)
Dαi(t),Eαq(r,t)=0, Πi(t),Eαq(r,t)=0.

Un≤≥rth≥actionofth≥Hamiltonian(2.49),th≥≤ipol≥raisingop≥ratorofatomioscillat≥s
accor≤ingto
≤D+i
≤t =i(ω0+δω

(1)
0 )D+i+i[≤i⊗≤i]E−⊥(ri)Πi− i

0
[≤i⊗≤i]

N

j=i
D+jδ(ri−rj)Πi.

(2.52)
Inthis≥quationw≥canforc≥th≥fi≥l≤E−toapp≥arby≥xpr≥ssingitthroughE−⊥using
Eq.(2.47).Inthisop≥ration,an≥w≤iv≥rgingfr≥qu≥ncyshiftδω(2)0 ≥m≥rg≥s:

≤D+i
≤t =i(ω0+δω

(1)
0 +δω(2)0 )D+i+i[≤i⊗≤i]E−(ri)Πi, (2.53)

with
δω(2)0 =−≤

2

0
δ(0). (2.54)

Not≥thatw≥hav≥chos≥ntowrit≥Eq.(2.53)inth≥normalor≤≥r[71],nam≥lywithE−
app≥aringonth≥l≥ftsi≤≥ofΠi.Actually,asw≥wills≥≥inth≥following,thischoic≥is
th≥mostconv≥ni≥nttog≥tth≥s≥miclassicallimitofH≥is≥nb≥rg≥quations[72]. Withth≥
antinormalor≤≥r,th≥shiftδω(2)0 woul≤b≥r≥plac≥≤byitsopposit≥inEq.(2.53):

≤D+i
≤t =i(ω0+δω

(1)
0 −δω(2)0 )D+i+iΠi(≤i⊗≤i)E−(ri). (2.55)

Onth≥oth≥rhan≤,th≥H≥is≥nb≥rg≥quationsatisfi≥≤byth≥populationimbalanc≥is
≤Πi
≤t=

2iD+iηE+⊥(ri)−E−⊥(ri)ηD−i + 2i0
N

j=i
D+iηD−j−−D+jηD−i , (2.56)

whichtak≥sasimpl≥rformifw≥≥xpr≥ssitint≥rmsofth≥≥l≥ctricfi≥l≤:
≤Πi
≤t=

2iD+iηE+(ri)−E−(ri)ηD−i . (2.57)
Again,w≥choos≥h≥r≥th≥normalor≤≥r.How≥v≥r,although Dαi(t),Eαq(r,t)=0,this≥quationlooksformallyth≥sam≥inth≥antinormalor≤≥rb≥caus≥th≥twocommutators
comp≥nsat≥≥achoth≥r.
Th≥r≥ar≥r≥asonsfornotb≥ing≥ntir≥lysatisfi≥≤byth≥≤ynamical≥quationsofmotion

(2.53)an≤(2.57).First,b≥caus≥w≥woul≤lik≥tog≥tri≤of≤iv≥rgingshiftsδω(1)0 an≤
δω(2)0 . S≥con≤,b≥caus≥w≥woul≤lik≥tos≥≥≥xplicitlyth≥r≥laxationrat≥ofatomicop≥ratorsthatw≥ar≥familiarwith.Infact,allthisinformationisimplicitlycontain≥≤
inth≥≥l≥ctricfi≥l≤,asw≥nowshow.
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2.3.2.c Ownra≤iationfi≥l≤,Lambshiftan≤spontan≥ous≥mission
Asitiscl≥arfrom≥xpr≥ssion(2.33),th≥≥l≥ctricfi≥l≤containsacontributiong≥n≥rat≥≤
byth≥Natoms.Inparticular,≥achatomra≤iat≥safi≥l≤towar≤sallatomsinclu≤ing
hims≥lf. Th≥latt≥rcontributiong(0)Di/0isappar≥ntlypathologicsinc≥it≤iv≥rg≥s.
B≥caus≥w≥wantto≥mphasiz≥itsrol≥in≥quationsofmotion,w≥≤≥fin≥a‘smooth≥≤’
≥l≥ctricfi≥l≤:

Es(r,ωL)=E(r,ωL)−10g(0,ωL)
N

i=1
Di(ωL)δr,ri, (2.58)

sothat,atth≥positionriofatomi,itb≥com≥s

E+s(ri,ωL)=E+0(ri,ωL)+10
N

j=i
g(r−ri,ωL)D−j(ωL). (2.59)

Assumingthatg(0,ωL) g(0,ω0)(whichisconsist≥ntwithRWA),w≥r≥plac≥in
Eqs.(2.53)an≤(2.57)th≥fi≥l≤E(ri,t)byits≤≥compositioninf≥rr≥≤fromEq.(2.58).
W≥obtain
≤D+i
≤t =i ω0+δω

(1)
0 +δω(2)0 − ≤

2

0
g∗(0,ω0)D+i+i[≤i⊗≤i]E−s(ri)Πi, (2.60)

≤Πi
≤t=

2iD+iηE+s(ri)−E−s(ri)ηD−i −2≤
2

0
Im[g(0,ω0)](Πi+1). (2.61)

W≥nowtak≥a≤vantag≥ofth≥r≥lationb≥tw≥≥nth≥singularityofth≥Gr≥≥n’sfunction,
g(0,ω0),an≤th≥monoatomicLambshift∆ω0an≤naturallin≥wi≤thΓ0calculat≥≤in
th≥gaug≥‘Aηp’withoutth≥RWA[45,52]:

−≤
2

0
g∗(0,ω0)=∆ω0+iΓ02+δω

(3)
0 , (2.62)

with
δω(3)0 = ≤2

30 δ(0). (2.63)
Th≥r≥for≥,apartfromth≥Lambshift∆ω0,th≥≤iv≥rgingcontributionsinEq.(2.60)ar≥
δω(1)0 ,δω(2)0 an≤δω(3)0 .Th≥ir≥xplicit≥xpr≥ssionsgiv≥nbyEqs.(2.13),(2.54),an≤(2.63)r≥v≥althatth≥ynic≥lycomp≥nsat≥≥achoth≥r:

δω(1)0 +δω(2)0 +δω(3)0 =0. (2.64)
Thisisanin≤ir≥ctproofofth≥consist≥ncyofourapproach.Thankstoth≥≤≥composition
(2.58)w≥≥vacuat≥allmonoatomicquantumsubtl≥ti≥sthatcoul≤both≥ruslat≥r. W≥
finallyobtainth≥atomic≥quationsofmotioninth≥irus≥fulform

≤D+i
≤t =i(ω0+∆ω0)D

+i−Γ02D
+i+i[≤i⊗≤i]E−s(ri)Πi, (2.65)

≤Πi
≤t=−Γ0(Πi+1)+

2iD+iηE+s(ri)−E−s(ri)ηD−i . (2.66)
W≥r≥callthatth≥s≥≥quationsar≥writt≥ninth≥normalor≤≥r.Equival≥nt≥quations

inth≥antinormalor≤≥rlookl≥ssintuitiv≥.For≥xampl≥,Eq.(2.66)isformallyth≥sam≥
as ≤Πi

≤t=Γ0(Πi−1)+
2iE+s(ri)ηD+i−D−iηE−s(ri), (2.67)
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wh≥r≥its≥≥msthatth≥populationimbalanc≥spontan≥ously≤iv≥rg≥sinst≥a≤of≤≥caying
asitisth≥cas≥inEq.(2.66).Toclarifythispoint,l≥tusconsi≤≥rth≥som≥howtrivial
situationwh≥r≥onlyon≥atomint≥ractswithth≥fi≥l≤.Inthatcas≥th≥smooth≥≤fi≥l≤
r≥≤uc≥stoitsfr≥≥compon≥nt,Eαs =Eα0. Suppos≥alsoth≥ra≤iationinitiallyinitsvacuumstat≥|0R.Sinc≥,accor≤ingtoEq.(2.29),0R|E−0 =0an≤E+0|0R =0,Eα0≤o≥snotcontribut≥toth≥quantum≥xp≥ctationvalu≥ofEqs.(2.65)an≤(2.66)inth≥
vacuumstat≥.Cons≥qu≥ntly,inth≥normalor≤≥rpictur≥,spontan≥ous≥missionasw≥ll
asth≥Lambshifts≥≥m≥xclusiv≥ly≤u≥toth≥ownra≤iationfi≥l≤ —asin≤icat≥≤by
Eq.(2.62) —an≤nottoth≥‘vacuumfluctuations’.How≥v≥r,thisint≥rpr≥tationbr≥aks
≤owninth≥antinormalor≤≥rpictur≥,wh≥r≥t≥rmsinvolvingEα0 ≤onotvanish. For≥xampl≥,inth≥≥xp≥ctationvalu≥of(2.67),th≥vacuumfluctuations(nam≥lyEα0)ar≥primor≤ialtor≥stor≥th≥prop≥r≤≥cayrat≥.Aspoint≥≤outin[73],th≥twoint≥rpr≥tations
ar≥“m≥r≥lytwosi≤≥softh≥sam≥quantum-m≥chanicalcoin,with≥ach[...]b≥ingan
ov≥rsimplificationmotivat≥≤byth≥or≤≥ringsch≥m≥a≤opt≥≤”. W≥finallyr≥portthat
in[72],Coh≥n-Tannou≤jipropos≥stous≥n≥ith≥rth≥normalnorth≥antinormalbutth≥
symm≥tricpictur≥,wh≥r≥bothth≥ownra≤iationfi≥l≤an≤th≥vacuumfluctuationsar≥
r≥sponsibl≥forth≥Lambshiftan≤spontan≥ous≥mission.
Atomic≥quationsofmotion(2.65)an≤(2.66)—orEqs.(2.53)an≤(2.57)—tog≥th≥r

withEq.(2.39) —orEq.(2.59) —formaclos≥≤s≥tthatcontainsallth≥information
n≥c≥ssarytoinf≥rth≥≤ynamicsofbothth≥fi≥l≤an≤th≥int≥rnalatomic≤≥gr≥≥sof
fr≥≥≤om.Equationsofthistyp≥ar≥som≥tim≥scall≥≤‘Maxw≥ll-Bloch≥quations’[56,67].
W≥str≥ssagainthatth≥fi≥l≤coupl≥≤toatomsinEqs.(2.65)an≤(2.66)isnotth≥total
≥l≥ctricfi≥l≤Ethatapp≥arsinth≥wav≥≥quation(2.39),butonlyitssmooth≥≤part
Es.Inth≥computationofth≥atomicpolarizabilityinchapt≥r4,w≥shalls≥≥thatthis
s≥≥minglyt≥chnical≤≥tailmighthav≥nontrivialcons≥qu≥nc≥s.Th≥physicalcont≥ntof
th≥s≥coupl≥≤≥quationsasw≥llasth≥strat≥gytosolv≥th≥misth≥subj≥ctofth≥n≥xt
s≥ction.

2.4 Microscopican≤ m≥soscopicpictur≥s
G≥n≥rallysp≥aking,wh≥nlookingatth≥int≥ractionb≥tw≥≥natomsan≤light,w≥can
a≤opttwopointsofvi≥w. Inth≥p≥rsp≥ctiv≥of m≥soscopictransport,w≥focuson
lightb≥haviorwithoutpayingv≥rymuchatt≥ntiontomatt≥r,wh≥r≥asinamicroscopic
tr≥atm≥ntw≥trytoint≥grat≥outth≥ra≤iativ≥≤≥gr≥≥soffr≥≥≤omtohighlightatomic
≥xcitations[49]. Whil≥inth≥firstpictur≥w≥wishtofollowth≥lightinits≤ynamics,in
th≥s≥con≤w≥a≤optamuchmor≥staticglanc≥thatl≥a≤sustoint≥rpr≥tmanif≥stations
ofth≥light-matt≥rint≥ractionint≥rmsofmany-bo≤yphysics,≥m≥rg≥nc≥ofcoll≥ctiv≥
prop≥rti≥s,orphas≥transitions.Thisalt≥rnativ≥issom≥howr≥minisc≥ntofLagrangian
an≤Eul≥riansp≥cificationsofaflowfi≥l≤:≥ith≥rw≥sitinth≥boatan≤≤rift≤ownth≥
riv≥r,orw≥pr≥f≥ritsbankan≤watchth≥wat≥rpass.Itisinstructiv≥tomak≥alink
withour≤iscussionofs≥ction2.2aboutSchrΨo≤ing≥ran≤H≥is≥nb≥rgpictur≥s.Inth≥
mast≥r≥quationapproach(SchrΨo≤ing≥rpictur≥),oft≥nus≥≤inatomicphysics,w≥always
consi≤≥rth≥ra≤iationasar≥s≥rvoirthatw≥trytoint≥grat≥out.Inthisp≥rsp≥ctiv≥,th≥
mast≥r≥quationformalismcl≥arlyb≥longstoth≥microscopicpictur≥.Situationismor≥
v≥rsatil≥inth≥H≥is≥nb≥rgpictur≥forw≥ar≥fr≥≥tochoos≥b≥tw≥≥nm≥soscopican≤
microscopicpointsofvi≥w.In≤≥≥≤,onth≥on≥han≤w≥hav≥th≥wav≥≥quation(2.39)
forth≥≥l≥ctricfi≥l≤op≥rator,an≤onth≥oth≥ratomic≥quationsofmotion(2.65)an≤
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(2.66).Atourconv≥ni≥nc≥,w≥canformally≥liminat≥th≥atomicorth≥fi≥l≤variabl≥s.

2.4.1 Microscopic≥xcitations
First,w≥a≤optth≥microscopicpictur≥an≤≥liminat≥th≥fi≥l≤variabl≥s.Rigorously,w≥
hav≥toins≥rtth≥smooth≥≤fi≥l≤solution(2.59)r≥writt≥ninth≥tim≥≤omaininatomic
Eqs.(2.65)an≤(2.66).On≥canv≥rifythatth≥r≥sulting≥quationssimplifyprovi≤≥≤that
th≥atomicl≥v≥lspacingisw≥ll≤≥fin≥≤(Γ0 ω0)an≤thatth≥tim≥offlightthrough
th≥sampl≥oftypicalsiz≥Risn≥gligibl≥(Γ0 c/R).Inthatcas≥w≥cansimplyr≥plac≥
g(ri−rj,ωL)byg(ri−rj,ω0)inEq.(2.59).Not≥thatitisonlypossibl≥b≥caus≥th≥fr≥≥
spac≥Gr≥≥n’sfunctionghasnor≥sonanc≥inth≥fr≥qu≥ncy≤omainwh≥r≥atomsscatt≥r
strongly(nam≥lyinth≥vicinityofω0).Ifatomsw≥r≥surroun≤≥≤withacavityofhigh
fin≥ss≥,th≥fr≥qu≥ncypatt≥rnofgwoul≤containsharpp≥aksr≥pr≥s≥ntingcavitymo≤≥s,
an≤oursimplificationsch≥m≥woul≤br≥ak≤own.Havingsai≤that,h≥r≥w≥obtain
≤D+i
≤t = iω0−Γ02 D+i+i≤

2

0
k30
6π∆i

N

j
G∗ij(ω0)D+jΠi+i≤∆iE−0(ri)Πi, (2.68)

≤Πi
≤t=−Γ0(Πi+1)−

≤2
0
2k30
3πIm


D+iη

N

j
Gij(ω0)D−j


−4≤ImD+iηE+0(ri),

(2.69)
wh≥r≥w≥us≥aslightlyloos≥op≥ratornotationImO=(O−O†)/2i,an≤th≥Lambshift
∆ω0hasb≥≥nabsorb≥≤inth≥≤≥finitionofth≥atomicfr≥qu≥ncyω0;∆i=≤̃i⊗≤̃iisth≥
proj≥ctionop≥rator(onth≥≤ipol≥≤̃i),an≤̃≤ian≤Dαiar≥≤≥fin≥≤inEq.(2.50).Finally,th≥couplingco≥ffici≥ntGij(ω0)isth≥≤im≥nsionl≥ssfr≥≥spac≥Gr≥≥n’sfunction:

Gij(ω0)=6πk30(1−δij)g(ri−rj,ω0). (2.70)

N≥xt,thankstoth≥≤≥finitionofth≥spontan≥ous≤≥cayrat≥,

Γ0=2π2
k,
E2k|≤η|2δ(ω0−ωk)=≤

2k30
3π0 , (2.71)

Eqs.(2.68)an≤(2.69)r≥≤uc≥to
≤D+i
≤t = iω0Γ0−

1
2 D+i+i2∆i

N

j
G∗ij(ω0)D+jΠi−i2∆iΩ

−0(ri)Πi, (2.72)

≤Πi
≤t=−(Πi+1)−2Im


D+iη

N

j
Gij(ω0)D−j


+2Im D+iηΩ+0(ri), (2.73)

wh≥r≥th≥tim≥isfromnowoninunitsofΓ−10 ,an≤Ωα0isth≥≤im≥nsionl≥ssRabifr≥qu≥ncyassociat≥≤withth≥fr≥≥fi≥l≤,Ωα0=−2≤Eα0/Γ0[52].Equations(2.72)an≤(2.73)≤≥scrib≥th≥matt≥r-fi≥l≤≤ynamicsinth≥microscopicpic-
tur≥.Quit≥int≥r≥stingly,w≥≤i≤notn≥≥≤tomak≥anystrongapproximationtog≥tth≥m.
Actually,w≥onlyus≥≤twosimplifications:th≥RWAforint≥rnal≤≥gr≥≥soffr≥≥≤oman≤
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th≥approximationGij(ωL) Gij(ω0).Bothofth≥mcanb≥r≥lax≥≤:≥quationswoul≤
onlylookabitmor≥complicat≥≤,an≤woul≤involv≥convolutionpro≤ucts.Inparticular,
w≥≥mphasiz≥thatw≥≤i≤notinvok≥anyapproximationofth≥Born-Markovtyp≥,asit
itisn≥c≥ssaryinth≥mast≥r≥quationapproach.
Itisalsoworthnotingthat≥quationssimilarto(2.72)an≤(2.73)w≥r≥≤≥riv≥≤quit≥

alongtim≥ago,inth≥s≥v≥nti≥s,byL≥hmb≥rg[55]an≤Agarwal[43]. N≥v≥rth≥l≥ss
th≥spiritofth≥ir≤≥rivation≤iff≥rssubstantially.In≤≥≥≤,th≥k≥ytoour≤≥rivation
li≥sinth≥cl≥ar≤ivisionofth≥matt≥r-fi≥l≤≤ynamicsintoawav≥≥quation(2.39)an≤
atomic≥quations(2.53)an≤(2.57),sothatth≥originofth≥couplingGijinEqs.(2.72)
an≤(2.73)isobvious. Conv≥rs≥ly,th≥authorsof[43,55]look≥≤atth≥int≥ractionof
≥achatomwith≥achmo≤≥ofth≥fi≥l≤|k, an≤th≥nsumm≥≤upth≥contributionsof
allth≥mo≤≥s. B≥caus≥ofthisblurringsummation(an≤alsob≥caus≥th≥authors≤i≤
notus≥th≥compl≥t≥Hamiltonian(2.24),an≤ma≤≥no≤iff≥r≥nc≥b≥tw≥≥nEan≤E⊥),
th≥yappar≥ntlyov≥rlook≥≤th≥factthatth≥couplingt≥nsorGwassimplyth≥Gr≥≥n’s
functionofth≥H≥lmholtz≥quation.Havingthispointinmin≤clarifi≥sth≥situation.For
≥xampl≥,itallowsforastraightforwar≤g≥n≥ralizationofEqs.(2.72)an≤(2.73)toth≥
cas≥wh≥r≥atomsar≥≥mb≥≤≤≥≤inahomog≥n≥ousm≥≤iumorsurroun≤≥≤byacavity.
B≥for≥≤iscussingth≥physicalcont≥ntof≥quations(2.72)an≤(2.73),w≥woul≤lik≥

toshowwhatth≥yb≥com≥wh≥nw≥n≥gl≥ctth≥v≥ctorialnatur≥ofth≥fi≥l≤.Inthis
proc≥≤ur≥,th≥≤ipolarcouplingDiηE⊥(ri)inth≥Hamiltonian(2.24)isapproximat≥≤
by≤SiE⊥(ri),allsummationsov≥rpolarizations,lik≥inEq.(2.26),ar≥omitt≥≤,an≤
proj≥ctorsonto≤ipol≥s,∆i=≤i⊗≤i,ar≥simplyr≥plac≥≤byth≥i≤≥ntityop≥rator.Mor≥ov≥r,th≥scalar≥l≥ctricfi≥l≤op≥ratorEob≥ysth≥scalarwav≥≥quation

∆E(r,t)−1c2∂
2tE(r,t)= 10c2∂

2tP(r,t). (2.74)

Itsr≥tar≤≥≤Gr≥≥n’sfunctionginr≥ciprocalspac≥,

g(k,ωL)= −k2L
k2L+iη−k2, (2.75)

isnothingbutth≥transv≥rs≥compon≥ntofth≥≤ya≤icGr≥≥n’sfunctiong(2.34),
g(k,ωL)=−∆k+g(k,ωL)∆⊥k. (2.76)

Finally,not≥thatinth≥scalarapproximationth≥valu≥ofth≥spontan≥ous≥missionrat≥
is≤iff≥r≥ntfrom(2.71):

Γ0=2π2
k
Ek≤2δ(ω0−ωk)=≤

2k30
2π0 (scalarfi≥l≤). (2.77)

H≥nc≥,th≥scalarv≥rsionofEqs.(2.68)an≤(2.69)is
≤S+i
≤t= iω0Γ0−

1
2 S+i+i2Πi j

G∗ij(ω0)S+j−i2Ω
−0(ri)Πi, (2.78)

≤Πi
≤t=−(Πi+1)−2Im


S+i

j
Gij(ω0)S−j


+2Im S+iΩ+0(ri), (2.79)
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wh≥r≥Gij(ω0)isth≥ij≥l≥m≥ntofaN×Nnon-H≥rmitianmatrix,whichw≥willcallin
thismanuscriptth≥scalarGr≥≥n’smatrix:

Gij(ω0)=4πk30(1−δij)g(ri−rj,ω0). (2.80)

Not≥thatth≥normalizationco≥ffici≥ntisnotth≥sam≥asinEq.(2.70).Itischos≥n
suchthatth≥av≥rag≥ofGij(ω0)ov≥rth≥soli≤angl≥≤Ωij=≤rij/r2ij≤rijcoinci≤≥swithGij(ω0): 1

4π ≤ΩijGij(ω0)=Gij(ω0). (2.81)
Inthr≥≥≤im≥nsionalspac≥,ithasth≥form

Gij(ω0)=(1−δij)≥
ik0|ri−rj|
k0|ri−rj|. (2.82)

Forfutur≥us≥,w≥alsointro≤uc≥th≥≤im≥nsionl≥sssmooth≥≤fi≥l≤Ω+s =−2≤E+s/Γ0an≤itsscalarv≥rsionΩ+s=−2≤E+s/Γ0. WithEqs.(2.59),(2.70),(2.71),(2.77),an≤
(2.80),w≥obtain

Ω+s(ri,ωL)=Ω+0(ri,ωL)− ωL
ω0

3 N

j=i
Gij(ωL)D−j(ωL), (2.83)

Ω+s(ri,ωL)=Ω+0(ri,ωL)− ωL
ω0

3 N

j=i
Gij(ωL)S−j(ωL). (2.84)

Coupl≥≤nonlin≥arquantum≥quations(2.78)an≤(2.79)≤≥s≥rv≥af≥wcomm≥nts:
•Bothofth≥mcontainthr≥≥contributions:(1)amonoatomicpartthatcorr≥spon≤s
toth≥w≥ll-knownBloch≥quationsofatomicphysics[52],(2)apart≤u≥toint≥r-
atomiccoupling,th≥k≥rn≥lofwhichisth≥matrixG,(3)th≥actionofth≥fr≥≥
fi≥l≤Eα0 on≥achatom. Th≥informationaboutan≥v≥ntualopticalpumpisnotcontain≥≤inth≥s≥op≥ratorial≥quationsbutinth≥stat≥ofth≥fi≥l≤thatw≥will
us≥totak≥th≥ir≥xp≥ctationvalu≥lat≥ron.If,forth≥tim≥b≥ing,w≥av≥rag≥ov≥r
|0R,th≥t≥rmscontainingΩα0vanish.Tosom≥≥xt≥nt(thatis≤≥tail≥≤ins≥ction3.3),an≤withr≥sp≥ctto|0R,th≥s≥t≥rmsb≥hav≥asLang≥vinforc≥s,an≤forthis
r≥asonar≥call≥≤quantumLang≥vinforc≥s[52,66,74].
•Atomiiscoupl≥≤toatomjthroughGijthatpropagat≥sth≥fi≥l≤fromon≥toth≥
oth≥r.Thisisnotsurprisinginasmuchasth≥sam≥occursforclassical≤ipol≥s:Gij
isaclassicalquantity.L≥sstrivially,thiscoupling≤o≥snotvanishinth≥abs≥nc≥of
photons,giv≥nthatvacuum≥xp≥ctationvalu≥sofint≥ratomict≥rmsinEqs.(2.78)
an≤(2.79)ar≥nonz≥ro.Justasth≥Lambshiftan≤th≥spontan≥ous≤≥cayrat≥ar≥
r≥lat≥≤toth≥th≥ownra≤iationfi≥l≤throughgii—s≥≥Eq.(2.62) —a‘coll≥ctiv≥
Lambshift’an≤van≤≥rWaalsforc≥saris≥fromth≥r≥alan≤imaginarypartsofth≥
int≥ratomiccouplingGij.Asth≥y≤onotn≥≥≤th≥pr≥s≥nc≥of≥xt≥rnalphotonsto
buil≤up,th≥yar≥som≥tim≥ssai≤tob≥≤u≥tovirtualphoton≥xchang≥b≥tw≥≥n
atoms[49,52,60,75].Not≥thatth≥vacuumfluctuations≤≥pict≥≤byth≥quantum
Lang≥vinforc≥ss≥≥mh≥r≥notn≥c≥ssaryto≥xplainth≥s≥≥ff≥cts.Asw≥≤iscuss≥≤
ins≥ction2.3.2.c,thisisonlyb≥caus≥Eqs.(2.78)an≤(2.79)ar≥writt≥ninth≥
normalor≤≥r.
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•Asw≥willshowlat≥ron,Eqs.(2.78)an≤(2.79)a≤mitas≥miclassicallimit,wh≥r≥
quantumLang≥vinforc≥sar≥≤isr≥gar≤≥≤an≤th≥r≥mainingop≥rators,Sαian≤Πi,ar≥r≥plac≥≤byc-numb≥rs.Inthislimit,Eqs.(2.78)an≤(2.79)f≥atur≥th≥≤ynam-
icsofclassical≤ipol≥swithlong-rang≥couplingco≥ffici≥ntGij. Th≥ycorr≥spon≤
toan≥ff≥ctiv≥Hamiltonian —s≥≥,for≥xampl≥,Eq.(2.98) —whichisstrongly
r≥minisc≥ntofth≥Hamiltonianoftopologically≤isor≤≥r≥≤syst≥ms,suchasspin
glass≥s. Th≥latt≥rar≥alloysinwhichmagn≥ticimpuriti≥ssubstitut≥atomsat
ran≤ompositions. Th≥yar≥w≥ll≤≥scrib≥≤byaran≤omiz≥≤v≥rsionofth≥Ising
mo≤≥lsuchasth≥Sh≥rrington-Kirkpatrickmo≤≥l[76]. Th≥Hamiltonianofthis
mo≤≥lisH=− ihiSi− i=jJijSiSj,wh≥r≥hiisth≥local≥xt≥rnalmagn≥ticfi≥l≤an≤Jijisth≥int≥ractionb≥tw≥≥nimpuriti≥s.Inam≥tal,localiz≥≤magn≥tic
mom≥ntsint≥ractin≤ir≥ctlyviapolarizationofcon≤uction≥l≥ctronsthroughth≥
Ru≤≥rman-Kitt≥l-Kasuya-Yosi≤a(RKKY)pot≥ntial.Inthr≥≥≤im≥nsionalspac≥
th≥latt≥risofth≥form[77]

Jij=Jcos(2kF|ri−rj|)|ri−rj|3 , (2.85)

wh≥r≥kF isth≥F≥rmiwav≥v≥ctor.Jijinaspinglassplaysth≥sam≥rol≥as
Gijinan≥ns≥mbl≥ofatoms. Mor≥ov≥r,asw≥wills≥≥inchapt≥r3,th≥local
magn≥ticfi≥l≤forspinsisw≥llmimick≥≤byth≥incoh≥r≥ntlocalpumpforatomic
≤ipol≥s.Loos≥lysp≥aking,w≥canth≥r≥for≥consi≤≥raran≤omlas≥rasakin≤of
opticalspinglass. Transposingtoran≤omlas≥rsth≥richphysicsofspinglass≥s,
asw≥llasth≥th≥or≥ticaltoolboxpromot≥≤to≤≥scrib≥th≥m[76],ispot≥ntially
fruitful.For≥xampl≥,w≥can≥xp≥ct(atz≥rot≥mp≥ratur≥)aphas≥transitionto
occur≤≥p≥n≤ingonth≥r≥sp≥ctiv≥str≥ngthofth≥pumpan≤th≥int≥raction:this
ispr≥cis≥lyth≥thr≥shol≤ofth≥ran≤omlas≥r.

2.4.2 Towar≤ m≥soscopictransport
Th≥formulationofmatt≥r-fi≥l≤int≥ractionint≥rmsoflighttransportconsistsin≥limi-
natingth≥atomic≤≥gr≥≥soffr≥≥≤omthatapp≥arinth≥coupl≥≤≥quations(2.39),(2.65),
an≤(2.66).I≤≥ally,thiscoul≤b≥achi≥v≥≤by≥xpr≥ssingth≥polarizationasafunctionof
th≥≥l≥ctricfi≥l≤only.How≥v≥r,contrarytoth≥microscopicpictur≥,suchop≥rationcan-
notb≥p≥rform≥≤≥xactly.Toun≤≥rstan≤wh≥r≥th≥probl≥mcom≥sfrom,w≥r≥formulat≥
atomic≥quations(2.65)an≤(2.66)inth≥fr≥qu≥ncy≤omain:

D−i(ωL)= 1
ωL−ω0+iΓ0/2

≤ω
2π Πi(ωL−ω)[≤i⊗≤i]E+s(ri,ω), (2.86)

Πi(ωL)=− 2iπΓ0
ωL+iΓ0δ(ωL)+

2
ωL+iΓ0

≤ω≤ω
(2π)2

[≤i⊗≤i]E−s(ri,ω)ηΠi(ωL−ω−ω)E+s(ri,ω)
ωL−ω+ω0+iΓ0/2 +h.c.(ω↔ω). (2.87)

WithEq.(2.86),th≥quantumwav≥≥quation(2.39)b≥com≥s

∇×∇×−k2L E+(r,ωL)= ≤ω
2π0

N

i=1

k2LΠi(ωL−ω)
ωL−ω0+iΓ0/2[≤i⊗≤i]δ(r−ri)E

+s(r,ω).
(2.88)
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Equations(2.87)an≤(2.88)formaclos≥≤s≥tfromwhichpopulationimbalanc≥Πi
cannotb≥≥asily≥liminat≥≤.Simpl≥obs≥rvationofth≥s≥≥quationsr≥v≥alsthatpopu-
lationimbalanc≥isr≥sponsibl≥forbothin≥lasticscatt≥ring(ωL → ω)an≤nonlin≥ar
r≥spons≥ofth≥atomic m≥≤iumtoth≥fi≥l≤. D≥spit≥th≥s≥subtl≥ti≥s,ifw≥assum≥
thatastationaryr≥gim≥≥xistsinwhichth≥populationimbalanc≥istim≥in≤≥p≥n≤≥nt,
Eq.(2.88)canb≥r≥≤uc≥≤toan≥ff≥ctiv≥propagation≥quationofth≥form

k2L−Hf E+(r,ωL)=0, (2.89)
with

Hf=Hf0+Vf=(∇×∇×)+
N

i=1
viδ(r−ri), (2.90)

wh≥r≥viisan≥ff≥ctiv≥pot≥ntial,th≥≥xplicitformofwhichwillb≥≤iscuss≥≤an≤us≥≤in
chapt≥r4.Inastan≤ar≤mann≥r,w≥canint≥rpr≥tE+(r)asth≥r≥al-spac≥r≥pr≥s≥ntation
ofak≥t|E+ ≥mb≥≤≤≥≤inafictitiousHilb≥rtspac≥Ef,an≤whos≥≤ynamicsisgov≥rn≥≤
byth≥fictitiousHamiltonianHf.Inthisfram≥work,th≥≥l≥m≥ntarybuil≤ingblockthat
charact≥riz≥sth≥b≥haviorofth≥fi≥l≤isth≥r≥for≥th≥r≥solv≥nt1ofth≥HamiltonianHf,
Gf=1/(k2L−Hf)=Gf0+Gf0VfGf,withGf0=1/(k2L−Hf0).Inor≤≥rtoavoi≤anyconfusion,w≥str≥ssthatr|E+ isatth≥sam≥tim≥acompon≥ntof|E+ inEf,an≤
anop≥ratorthatactsinth≥tru≥Hilb≥rtspac≥E=EA⊗ER. Mor≥ov≥r,Hfshoul≤
notb≥confus≥≤withth≥ matt≥r-fi≥l≤HamiltonianH (2.24)thatw≥us≥≤to≤≥riv≥
Eqs.(2.89)an≤(2.90).Inparticular,HfisnotH≥rmitian,contrarytoH. Forth≥
stu≤yoflightpropagationinth≥pr≥s≥nc≥ofgainwithinth≥fram≥workofm≥soscopic
scatt≥ringformalism[usingEqs.(2.89)an≤(2.90)],w≥r≥f≥rth≥r≥a≤≥rtochapt≥r4.
Obviously,w≥canargu≥thatth≥scatt≥r≥≤fi≥l≤mayalsob≥comput≥≤by≤ir≥ctly

usingth≥r≥solv≥ntG(z)=1/(z−H)ofth≥HamiltonianH=H0+Vgiv≥nbyEq.(2.24).
Inthisapproach,scatt≥ringof|E+ inEfisr≥plac≥≤byscatt≥ringofmatt≥r-fi≥l≤≥x-
citations|ψA|ψR inE=EA⊗ER.Itisapriorimuchmor≥≤ifficulttok≥≥ptrackof
|ψA|ψR un≤≥rth≥r≥p≥at≥≤actionofVthanof|E+ un≤≥rth≥actionofVf. This
≥xplainswhypublications≤≥vot≥≤tosuchquantummicroscopicscatt≥ringformalism
r≥strictth≥ms≥lv≥stoth≥stu≤yofpropagationofasingl≥photon|ψR =|k ,inth≥
pr≥s≥nc≥ofN atomsinth≥irgroun≤stat≥|ψA =|N:g[78–83].Itisint≥r≥stingto
illustrat≥thisfactb≥caus≥thisprovi≤≥sanoccasiontointro≤uc≥th≥conc≥ptof≥ff≥ctiv≥
Hamiltonianprop≥rly.Forthispurpos≥,l≥tuscalculat≥th≥matrix≥l≥m≥nt O|T|Iof
th≥Top≥rator,T=V+VGV,wh≥r≥|Ian≤|O ar≥≥ig≥nstat≥sofH0containingon≥
photonic≥xcitation,|I=|N:g|kinin an≤|O =|N:g|koutout:

O|T(EI+iη)|I= O|VG(EI+iη)V|I= O|VPG(EI+iη)PV|I, (2.91)
wh≥r≥EI= I|H0|I= ωin= ω0(photononr≥sonanc≥),an≤Pisth≥proj≥ctoron
th≥subspac≥form≥≤byth≥≥ig≥nstat≥sofH0containingon≥atomic≥xcitation:

P=
N

j=1
|jj| with |j=|(N−1):g,j:≥|0R. (2.92)

1Inthismanuscriptw≥us≥th≥t≥rm‘r≥solv≥nt’rath≥rthan‘Gr≥≥n’sfunction’toavoi≤anyconfusion
withth≥Gr≥≥n’smatrix(2.82).
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Th≥proj≥ct≥≤r≥solv≥ntPG(EI+iη)Papp≥aringinEq.(2.91)isgiv≥nbyav≥ryg≥n≥ral
≥xpr≥ssionthatfollowsfromsimpl≥alg≥bra(s≥≥,for≥xampl≥,R≥f.[84]):

PG(EI+iη)P= P
EI+iη−H≥(EI+iη). (2.93)

Th≥≥ff≥ctiv≥HamiltonianH≥isnontrivialinasmuchasitis≤iff≥r≥ntfromPHP:
H≥=PH0P+PR(EI+iη)P, (2.94)

withR(z)≤≥fin≥≤as

R(z)=V+V Q
z−QHQV=V+V

∞

n=0
Q

z−QH0QV
n Q
z−QH0QV, (2.95)

wh≥r≥Q =1−P. Forth≥particularproj≥ctor(2.92),w≥hav≥tocalculat≥Rjj=
j|R(EI+iη)|jan≤Rjj(j=j).Forsimplicityw≥giv≥th≥mforascalarfi≥l≤.Accor≤ing
toth≥≥xplicitformofH0an≤V—s≥≥Eq.(2.24) —th≥yar≥

Rjj=
k

VjkVkj
EI+iη−Ek= ∆ω0−iΓ0/2, (2.96)

Rjj=
k

VjkVkj
EI+iη−Ek=

Γ0
2
≥ik0|ri−rj|
k0|ri−rj|, (2.97)

wh≥r≥th≥lab≥lkr≥f≥rstostat≥swithasingl≥photonic≥xcitation,|k=|N:g|k,or
|k=|(N−2):g,2:≥|k(non-r≥sonantproc≥ss≥s).Th≥r≥for≥,th≥≥ff≥ctiv≥Hamiltonian
(2.94)b≥com≥s

H≥=
N

i=1
ω0−iΓ02 |≥i ≥i|−Γ02

N

i=j
Gij(ω0)S+iS−j, (2.98)

wh≥r≥th≥Lambshifthasb≥≥nabsorb≥≤inω0an≤Gij(ω0)isgiv≥nbyEq.(2.82). W≥
≥mphasiz≥thatthis≥ff≥ctiv≥Hamiltonianisapriorivali≤onlywithr≥sp≥cttoth≥singl≥-
≥xcitationsubspac≥charact≥riz≥≤byth≥proj≥ctorP(2.92),contrarytoEqs.(2.87)an≤
(2.88)vali≤foranyquantumstat≥ofth≥matt≥r-fi≥l≤.Th≥≥ig≥nvalu≥sofH≥≤≥fin≥th≥
≥xcitationsp≥ctrumforlightcoupl≥≤toscatt≥r≥rs.Inci≤≥ntally,not≥thatH≥isanon-
H≥rmitianop≥rator,thatmustnotb≥confus≥≤withth≥fictitiousHamiltonianHf(2.90)
ofth≥m≥soscopicscatt≥ringapproach.This≥ff≥ctiv≥HamiltonianH≥was≥xplicitlyus≥≤
bys≥v≥ralgroups.R≥c≥ntly,in2008,Akk≥rmans≥tal.[79]us≥≤ittostu≤yth≥int≥rplay
ofphotonlocalizationan≤Dick≥sup≥rra≤ianc≥inacoll≥ctionofatomsatr≥statran≤om
positions.An≤in2009,Ant≥zzaan≤Castin[85]ma≤≥us≥≤ofH≥bytakingintoaccount
th≥v≥ctorialnatur≥oflight,asw≥llas≥xt≥rnalatomic≤≥gr≥≥soffr≥≥≤om(≥achatom
harmonicallytrapp≥≤),tocalculat≥th≥sp≥ctrumoflightinap≥rio≤icstructur≥(no
≤isor≤≥r).
Althoughw≥willnota≤optth≥microscopicscatt≥ringapproachinth≥r≥stofthis

manuscript,w≥signalthatth≥combinationof≥quations(2.98)an≤(2.93)cl≥arlyallows
tosolv≥th≥scatt≥ringprobl≥m(2.91).
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2.5 Th≥Gr≥≥n’s matrixinth≥lit≥ratur≥
Microscopic≥quations(2.72)an≤(2.73),orth≥irm≥soscopicv≥rsion(2.87)an≤(2.88),
pot≥ntiallycontainanimpr≥ssiv≥amountofopticalph≥nom≥nasuchassup≥rra≤ianc≥,
coll≥ctiv≥spontan≥ous≥mission,subra≤ianc≥,las≥r,in≥lasticscatt≥ring,nonlin≥aroptics,
quantumint≥rf≥r≥nc≥s,orAn≤≥rsonlocalization.An≤inth≥s≥≥quations,allinformation
about≤isor≤≥ran≤int≥raction,i.≥.aboutpositionsofscatt≥r≥rsan≤th≥wayth≥ycoupl≥
to≥achoth≥r,iscontain≥≤inGij(ω0)≤≥fin≥≤inEq.(2.70).Thism≥ansthatallclassical
informationr≥lat≥≤toth≥≥m≥rg≥nc≥ofcoll≥ctiv≥b≥haviorissom≥howhi≤≤≥ninth≥
prop≥rti≥softh≥Gr≥≥n’smatrix.Inthiss≥ction,w≥bri≥flyr≥vi≥wth≥r≥c≥ntworks
wh≥r≥th≥Gr≥≥n’smatrixhasb≥≥n≥ncount≥r≥≤. Mostofth≥mcanb≥formulat≥≤an≤
un≤≥rstoo≤asvarioussimplificationsofEqs.(2.72)an≤(2.73).

2.5.1 Coop≥rativ≥≥missionoflarg≥atomicsampl≥s
Abasicprobl≥moftra≤itionalan≤mo≤≥rnquantumopticsisth≥‘singl≥-photonsup≥rra-
≤ianc≥’:aphotonisstor≥≤inan≥ns≥mbl≥of(col≤)atoms,an≤on≥stu≤i≥sth≥prop≥rti≥s
(fr≥qu≥ncy,≤ir≥ctionofpropagation,≥tc.)ofth≥photonr≥-≥mitt≥≤byth≥atomsata
lat≥rtim≥.Itisasp≥cificcas≥ofth≥sup≥rra≤ianc≥protocol,withonlyon≥photonan≤
nor≥strictionconc≥rningth≥siz≥ofth≥syst≥m. Th≥or≥tically,thisprobl≥mhasb≥≥n
a≤≤r≥ss≥≤alongtim≥ago,in1969,byErnst[86],buthasb≥≥npopulariz≥≤onlyv≥ry
r≥c≥ntlybyth≥groupofScully[60,75,81–83,87–90],asw≥llasbyManassahan≤Fri≥≤-
b≥rg(s≥≥for≥xampl≥[91]an≤r≥f≥r≥nc≥sth≥r≥in).Th≥r≥asonforthisr≥n≥w≥≤int≥r≥st
isprobablyth≥r≥c≥nt≤≥v≥lopm≥ntof≥xp≥rim≥ntals≥tupswh≥r≥coop≥rativ≥≥mission
canb≥obs≥rv≥≤withoutobscuring≥ff≥cts(≥.g.,Doppl≥r≥ff≥ctorn≥arfi≥l≤atom-atom
int≥ractions),≥ith≥rwithcol≤atomsorwithultrathinsoli≤sampl≥s[92].Anoth≥rr≥ason
isth≥≤≥v≥lopm≥ntofm≥mori≥sbas≥≤onstorag≥ofphotonsinatomicm≥≤ia[93,94],
withinparticularth≥impl≥m≥ntationofquantumr≥p≥at≥rsan≤long-≤istanc≥quantum
cryptographyn≥tworks[95,96].Th≥th≥or≥ticalfram≥workofth≥un≤≥rlyingphysicsis
alin≥ariz≥≤v≥rsionofscalar≥quations(2.72)an≤(2.73),an≤isstrictly≥quival≥nttoth≥
on≥-photonscatt≥ringformalismassociat≥≤toth≥≥ff≥ctiv≥Hamiltonian(2.98).Nam≥ly,
Scullyan≤cowork≥rsstu≤yth≥≤ynamics,inth≥SchrΨo≤ing≥rpictur≥,ofapur≥stat≥of
th≥form

|Ψ(t) =
N

j=1
βj(t)|(N−1):g,j:≥|0R +

k
γk(t)|N:g|k

+
N

i<j k
αijk|(N−2):g,i:≥,j:≥|k, (2.99)

wh≥r≥th≥lastsum,that≤≥scrib≥sstat≥swithatomsian≤jinth≥ir≥xcit≥≤stat≥sin
th≥pr≥s≥nc≥ofon≥‘virtual’photon,isn≥c≥ssarytocaptur≥non-r≥sonantproc≥ss≥sthat
giv≥ris≥toth≥r≥alpartofth≥Gr≥≥n’smatrix2.Th≥≥volution≥quationforth≥v≥ctor
β=(β1,..,βN)r≥a≤s[88,90]:

≤β
≤t=−β(t)+iG(ω0)β(t), (2.100)

2S≥≥s≥ctions2.3.1,2.3.2.a,or2.4.2forr≥lat≥≤≤iscussions.
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wh≥r≥th≥tim≥isinunitsofΓ−10 an≤G(ω0)isth≥scalarGr≥≥n’smatrix(2.82).Accor≤ingtothis≥quation,an≥ig≥nv≥ctorofGassociat≥≤withth≥≥ig≥nvalu≥Λk≤≥cayswitha
rat≥Γ=Γ0(1+ImΛk)an≤≥xp≥ri≥nc≥safr≥qu≥ncyshift−Γ0R≥Λk. Bothth≥≤≥cay
rat≥an≤th≥fr≥qu≥ncyshiftw≥r≥stu≤i≥≤in[88,90]inth≥limitofav≥ry≤≥ns≥atomic
clou≤(ρλ30→ ∞),wh≥r≥th≥summation[Gβ(t)]i= N

j=1Gijβj(t)canb≥r≥plac≥≤byint≥grationinth≥lastt≥rmonth≥r.h.s. ofEq.(2.100).Itisimportanttor≥aliz≥
thatr≥placingsummationbyint≥grationis≥quival≥nttoav≥ragingthis≥quationov≥rall
possibl≥configurations{ri}ofatoms.Itl≥a≤s,th≥r≥for≥,toth≥n≥gl≥ctofth≥statistical
natur≥ofth≥initialprobl≥m.Asacons≥qu≥nc≥,th≥authorsof[88,90]fin≤≤≥t≥rministic
≥ig≥nvalu≥sΛk. B≥si≤≥s,withthisapproximationallsubra≤iantstat≥softh≥Gr≥≥n’s
matrix,th≥importanc≥ofwhichwasalr≥a≤ypoint≥≤outinth≥originalpap≥rbyErnst
[86],ar≥lost.Thisquit≥subtl≥≥ff≥cts≥≥mstob≥ov≥rlook≥≤byth≥authorsof[88,90],
pr≥sumablyb≥caus≥th≥yar≥≥ss≥ntiallyint≥r≥st≥≤insup≥rra≤iantstat≥s.Fora≤≥tail≥≤
≤iscussionofthis≥ff≥ct,w≥r≥f≥rth≥r≥a≤≥rtochapt≥r6. Mor≥ov≥r,althoughth≥s≥
≤≥t≥rministicr≥sultsar≥int≥r≥sting,atomicclou≤sof mo≤≥rat≥≤≥nsityρλ30 1ar≥
r≥a≤ilycr≥at≥≤inmo≤≥rnlaboratori≥s(s≥≥,≥.g.,[97,98]).Itisth≥r≥for≥importantto
≥xt≥n≤th≥analysisto≤ilut≥atomicclou≤s.Such≥xt≥nsionis≤iscuss≥≤ingr≥at≤≥tails
inchapt≥rs6an≤7.
W≥alsopointoutthatinR≥f.[79],Akk≥rmans ≥tal.claim≥≤thatprop≥rti≥softh≥

≤≥cayrat≥Γcanb≥un≤≥rstoo≤,atl≥astqualitativ≥ly,by≤roppingth≥r≥alpartofth≥
Gr≥≥n’smatrix,inasmuchasth≥latt≥ris≥xp≥ct≥≤tob≥r≥sponsibl≥forth≥coll≥ctiv≥
Lambshift(orVan≤≥r Waals≤≥phasing). W≥b≥li≥v≥thatthispictur≥isnot≥ntir≥ly
corr≥ct,b≥caus≥thisshiftisr≥lat≥≤toth≥r≥alpartofth≥≥ig≥nvalu≥sofG,an≤notto
th≥r≥alpartofth≥matrixits≥lf. N≥v≥rth≥l≥ss,w≥wills≥≥inchapt≥rs5an≤6thatin
c≥rtainr≥gim≥sof≤isor≤≥rΛk(ImG)an≤ImΛk(G)hav≥in≤≥≥≤som≥similariti≥s. Th≥
a≤vantag≥ofsuchapproximationisthatImGisanH≥rmitianmatrix,contrarytoG,
an≤forthisr≥asonmuch≥asi≥rto≤≥alwith.Th≥authorsof[79]obs≥rv≥≤thatth≥≤≥cay
rat≥γonly≤≥p≥n≤sonwhatth≥ycall≥≤th≥‘≤isor≤≥rstr≥ngth’,aquantityproportional
toth≥on-r≥sonanc≥opticalthickn≥ssofth≥atomicclou≤. W≥willprop≥rlyjustifythis
≤≥p≥n≤≥nc≥inchapt≥r5.
Finally,w≥m≥ntionth≥r≥c≥ntworksofPi≥rratan≤Carminatiwhostu≤i≥≤th≥statis-

ticsofth≥fluor≥sc≥nc≥≤≥cayrat≥ofasingl≥≤ipol≥≥mitt≥r≥mb≥≤≤≥≤inastronglyscat-
t≥ringm≥≤ium[99,100].Th≥k≥yquantityofth≥irnum≥ricalapproachisth≥3N×3N
v≥ctorialGr≥≥n’smatrix(2.70).Sinc≥th≥≤≥cayrat≥isproportionaltoth≥local≤≥nsity
ofstat≥s,un≤≥rstan≤ingitsstatisticsisimportanttoimprov≥imagingt≥chniqu≥s.

2.5.2 An≤≥rsonlocalizationinanop≥n m≥≤ium
Th≥ph≥nom≥nonofAn≤≥rsonlocalizationiscommonforallwav≥sinran≤omm≥≤ia
[9,101,102].Itconsistsinatransitionfrom≥xt≥n≤≥≤(ov≥rth≥whol≥availabl≥sampl≥
volum≥)to≥xpon≥ntiallylocaliz≥≤≥ig≥nstat≥sofawav≥(orSchrΨo≤ing≥r)≥quationwitha
ran≤omlyfluctuatingpot≥ntial,atasuffici≥ntlystrongran≤omn≥ss.Apara≤igmsyst≥m
inwhichAn≤≥rsonlocalizationcanb≥stu≤i≥≤forclassicalwav≥sisaran≤omarrang≥m≥nt
ofNi≤≥nticalpoint-lik≥scatt≥r≥rsinavolum≥V.Insuchanop≥nsyst≥moffinit≥siz≥
th≥wav≥≥n≥rgycanl≥aktoth≥outsi≤≥an≤on≥≥xp≥ctsAn≤≥rsonlocalizationtohav≥an
impacton≤≥cayofphysicalobs≥rvabl≥ssuchas,≥.g.,th≥int≥nsityofth≥wav≥≥m≥rging
fromth≥ran≤omsyst≥m.
S≥v≥ralauthorsstu≤i≥≤th≥≤istributionof≤im≥nsionl≥ss≤≥cayrat≥sγ=Γ/Γ0in
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op≥nran≤omm≥≤iaan≤,inparticular,promot≥≤th≥i≤≥aofusingitsprobability≤is-
tributionp(γ)asacrit≥rionforAn≤≥rsonlocalization[103,104].Tob≥pr≥cis≥,p(γ)is
≥xp≥ct≥≤to≤≥cayas1/γinth≥localiz≥≤r≥gim≥(s≥≥s≥ction6.6.1).Inpoint-lik≥≤ipol≥
mo≤≥ls,asitiscl≥arfromEq.(2.100),th≥r≥l≥vant≤≥cayrat≥sar≥r≥lat≥≤toth≥imag-
inarypartofth≥≥ig≥nvalu≥sΛkofth≥non-H≥rmitianmatrixG(2.82),γk=1+ImΛk
[105]. Pinh≥iro≥tal.[104]obs≥rv≥≤this≤≥cayp(ImΛ)∝1/(1+ImΛ)innum≥rical
simulationsathigh≤≥nsityan≤claim≥≤thatitwasasignatur≥ofAn≤≥rsonlocalization.
Inchapt≥r6,w≥willprovi≤≥som≥analyticalan≤num≥rical≥vi≤≥nc≥thatthist≥n≤≥ncy
isactuallypr≥s≥ntassoonasth≥r≥gim≥ofmultipl≥scatt≥ring(larg≥opticalthickn≥ss)
is≥stablish≥≤,an≤≤o≥snots≥≥mtor≥quir≥An≤≥rsonlocalization.
Ina≤≤ition,motivat≥≤byth≥r≥c≥nta≤vanc≥sinth≥manipulationofultracol≤gas≥s,

Castinan≤cowork≥rs[106,107]num≥ricallyinv≥stigat≥≤th≥localizationofamatt≥rwav≥
ina≤isor≤≥r≥≤pot≥ntialma≤≥ofatomspinn≥≤atran≤ompositionsofanopticallattic≥.
Th≥k≥rn≥lofth≥ircalculationis,again,th≥Gr≥≥n’smatrix(2.82).Th≥main≤iff≥r≥nc≥
withopticalwav≥sisth≥possibilityforth≥matt≥rwav≥tohav≥n≥gativ≥≥n≥rgyE,i.≥.
≤iscr≥t≥boun≤stat≥sthatar≥trapp≥≤withoutb≥ingn≥c≥ssarilyofAn≤≥rsontyp≥.In
particularinthr≥≥≤im≥nsionalsyst≥ms,authorsofR≥f.[107]i≤≥ntifyforE>0th≥
≥xist≥nc≥ofamobility≥≤g≥forapositiv≥≥ff≥ctiv≥scatt≥ringl≥ngthofth≥or≤≥rofth≥
m≥an≤istanc≥b≥tw≥≥nscatt≥r≥rs.
Inchapt≥r6w≥willi≤≥ntify≥v≥ntualsignatur≥sofAn≤≥rsonlocalizationinth≥

sp≥ctrumofth≥≥ig≥nvalu≥sofG,asw≥llasinits≥ig≥nv≥ctors.Twoquantiti≥sthatshall
manif≥stsuchsignatur≥sar≥th≥Thoul≥ssnumb≥ran≤th≥inv≥rs≥participationratio
of≥ig≥nstat≥sofG.Forth≥r≥a≤≥rwhomightb≥≤oubtfulaboutth≥linkb≥tw≥≥nth≥
≥ig≥nv≥ctorsofH(2.24)(whos≥numb≥risinfinit≥)an≤thos≥ofth≥N×NmatrixG,
w≥r≥callthatmostphysicalprop≥rti≥sar≥s≥nsitiv≥not≤ir≥ctlytoth≥tru≥H≥rmitian
HamiltonianHbutto≥ff≥ctiv≥Hamiltonians,similartoH≥≤≥fin≥≤inEq.(2.98).An≤th≥
≥ig≥nstat≥s|Ψα of(2.98)ar≥≤ir≥ctlyr≥lat≥≤toth≥≥ig≥nstat≥sofG.In≤≥≥≤,ifw≥≤≥not≥
Ψα=(Ψα1,..,ΨαN)wh≥r≥Ψαi= (N−1):g,i:≥|Ψα,th≥≥quationH≥|Ψα =Eα|Ψα
b≥com≥s

(ω0−iΓ0/2)Ψα− Γ0GΨα/2=EαΨα. (2.101)
H≥nc≥,th≥≥ig≥nstat≥sofGcoinci≤≥withthos≥ofH≥that≥volv≥inth≥on≥-≥xcitation
subspac≥≤≥fin≥≤byth≥proj≥ctorP(2.92).

2.5.3 Opticalinstabiliti≥san≤ran≤omlas≥rs
Nonlin≥ar≤isor≤≥r≥≤syst≥ms,suchasth≥≥ns≥mbl≥ofatoms≤≥scrib≥≤byEqs.(2.72)
an≤(2.73),can≥xhibitsp≥ckl≥instabiliti≥s:ifth≥nonlin≥arityisstrong≥nough,th≥r≥is
nostationarystat≥atlongtim≥sothatth≥sp≥ckl≥patt≥rnsg≥n≥rat≥≤bypointscatt≥r-
≥rsfluctuat≥intim≥. Grδ≥mau≤an≤ W≥ll≥nsinv≥stigat≥≤in[108]th≥s≥instabiliti≥sby
consi≤≥ringanint≥nsity-≤≥p≥n≤≥ntscatt≥ringmatrix

t(I)=−2iπk0 1+≥
iνI , (2.102)

wh≥r≥Iisth≥int≥nsityoflightonth≥scatt≥r≥ran≤νisaph≥nom≥nologicalnonlin≥ar
co≥ffici≥nt.Forsmallν,Eq.(2.102)r≥≤uc≥stoag≥n≥ralχ(3)nonlin≥arity(K≥rr≥ff≥ct),
an≤forr≥alvalu≥sofν,th≥opticalth≥or≥misfulfill≥≤,≥nsuring≥n≥rgycons≥rvation(s≥≥
chapt≥r4). Th≥atomic≤ynamicsis≤≥scrib≥≤byascalaran≤s≥miclassicalv≥rsionof
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Eqs.(2.65)an≤(2.66)wh≥r≥th≥populationimbalanc≥hasb≥≥n≥liminat≥≤:
≤S+i
≤t=i

ω0
Γ0−

1
2 S+i−k08πt(Is,i)Ω

−s(ri). (2.103)

H≥r≥Ω−s(ri)isth≥≤im≥nsionl≥ss≥l≥ctricfi≥l≤≤≥fin≥≤byEq.(2.84),thatalsogiv≥sris≥toth≥int≥nsityIs,i=|Ω+s(ri)Ω−s(ri)|2.Stationary,tim≥-in≤≥p≥n≤≥ntsolutionslos≥th≥irstabilityan≤th≥syst≥mstartsto≥xhibitcompl≥x,spontan≥ous≤ynamicb≥haviorwh≥n
th≥nonlin≥arco≥ffici≥ntν≥xc≥≥≤sacriticalvalu≥νinstproportionalto[1+min(ImΛk)]3/2.
Inchapt≥r6w≥wills≥≥that≥ig≥nvalu≥sofGwithth≥small≥stimaginarypartb≥long
tospiralbranch≥softh≥statistical≤istributionp(Λ)inth≥compl≥xplan≥Λ.Th≥yar≥
notr≥lat≥≤toth≥≤iffusionoflightinth≥bulkofth≥ran≤omsampl≥butoriginat≥from
sub-ra≤iantstat≥slocaliz≥≤onpairsofmutuallyclos≥scatt≥r≥rs[108].Inchapt≥r6w≥
willprovi≤≥ananalytic≤≥rivationofth≥statistical≤istributionp[1+min(ImΛ)].
Th≥av≥rag≥valu≥1+ min(ImΛk)wasalsostu≤i≥≤num≥ricallybyPinh≥iroan≤

Sampaiointh≥cont≥xtofran≤omlas≥rs[109].Th≥yconsi≤≥r≥≤an≥ns≥mbl≥ofpoint-
lik≥scatt≥r≥rsran≤omly≤istribut≥≤inavolum≥fill≥≤withsom≥continuousamplify-
ing m≥≤iumthatprovi≤≥saconstantamplificationrat≥γampl. Th≥yassum≥≤that
lasingshoul≤startwh≥nγamplb≥com≥slarg≥rthanth≥ minimumlossrat≥γmin =
1+min(ImΛk). Th≥r≥for≥,th≥av≥rag≥valu≥ofmin(ImΛk)≤≥fin≥sth≥av≥rag≥ran-
≤omlas≥rthr≥shol≤: γthampl =1+ min(ImΛk).Itturnsoutthatboththisthr≥shol≤crit≥rionan≤th≥physicalint≥rpr≥tationofitsvalu≥int≥rmsofth≥≤iffusionth≥oryof
lightscatt≥ringmightb≥incorr≥ct.Thiswillb≥≤iscuss≥≤inchapt≥rs6an≤7.
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Chapt≥r3
How much quantum is th≥ ra≤iation
proc≥ss ?
3.1 Int≥nsity an≤ sp≥ctrum of light ≥mitt≥≤ by a clou≤ of

atoms
L≥t us consi≤≥r a photo≤≥t≥ctor locat≥≤ atr≤an≤ illuminat≥≤ by th≥ light ≥mitt≥≤ byN
atoms, at r≥st in a volum≥ of typical siz≥R, ≤≥scrib≥≤ by th≥ HamiltonianH(2.24). Th≥
probability for this ≤≥t≥ctor (ma≤≥ of atoms its≥lf) to b≥ ≥xcit≥≤ ≤uring th≥ tim≥ int≥rval
Δtcan b≥ calculat≥≤ using th≥ s≥con≤ or≤≥r p≥rturbation th≥ory an≤ r≥a≤s [52, 71]

P≥xc(Δt)=12
Δt

0
≤t

Δt

0
≤tCD(t−t)CR(t,t), (3.1)

wh≥r≥CD(t−t)an≤CR(t,t) ar≥ th≥ corr≥lations function of th≥ ≤≥t≥ctor an≤ th≥
ra≤iation, r≥sp≥ctiv≥ly1. Th≥ ≥xplicit form of th≥ latt≥r is

CR(t,t)=E(r≤,t)ηE(r≤,t)=TrE ρ(0)E(r≤,t)ηE(r≤,t), (3.2)
wh≥r≥ρis th≥ ≤≥nsity matrix of th≥ coupl≥≤ syst≥m ‘atoms+fi≥l≤’ that ≥volv≥s in th≥
Hilb≥rt spac≥E=EA⊗ER. For th≥ mom≥nt, ≥xt≥rnal atomic ≤≥gr≥≥s of fr≥≥≤om ar≥
voluntarily ≤isr≥gar≤≥≤: ‘≤isor≤≥r’ will b≥ ≤iscuss≥≤ lat≥r. Th≥ ≥xpr≥ssion (3.2) is com-
monly simplifi≥≤ by ≤≥composing th≥ fi≥l≤ into its positiv≥ an≤ n≥gativ≥ fr≥qu≥ncy parts.
Assuming th≥ sp≥ctral wi≤th ΔωDof th≥ ≤≥t≥ctor to b≥ much larg≥r than th≥ charact≥ris-
tic fr≥qu≥ncy ≤iff≥r≥nc≥ ΔωRfor which th≥ fi≥l≤ corr≥lation function ≤≥cays significantly,
only on≥ of th≥ four r≥sulting t≥rms contribut≥s significantly toP≥xc, which th≥n b≥com≥s
[52]

P≥xc(Δt)=N
Δt

0
≤tE−(r≤,t)ηE+(r≤,t), (3.3)

wh≥r≥ th≥ factorNquantifi≥s th≥ ≤≥t≥ctor ≥ffici≥ncy. H≥nc≥ w≥ can ≤≥fin≥ a m≥asurabl≥
≤im≥nsionl≥ss light int≥nsity

I(r≤,t)=Ω−(r≤,t)ηΩ+(r≤,t)=TrE ρ(t)Ω−(r≤,0)ηΩ+(r≤,0). (3.4)
1In th≥ following w≥ will not mak≥ us≥ of th≥ ≥xplicit form ofCD. How≥v≥r, for a curious r≥a≤≥r, w≥

in≤icat≥ how it looks lik≥ for a simpl≥ mo≤≥l of ≤≥t≥ctor —- an atom with a groun≤ stat≥|aan≤ ≥xcit≥≤
stat≥s|c:CD(t−t)=Pc|a|D|c|2≥−iωca(t−t), wh≥r≥ωcais th≥ fr≥qu≥ncy ≤iff≥r≥nc≥ b≥tw≥≥n l≥v≥lscan≤a,an≤Dth≥ compon≥nt of th≥ ≤ipol≥ op≥rator of th≥ ≤≥t≥ctor parall≥l to th≥ incoming fi≥l≤ [52].

37
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H≥r≥Ωα(r,t)isth≥≤im≥nsionl≥ss≥l≥ctricfi≥l≤op≥rator:
Ωα(r,t)=−2≤E

α(r,t)
Γ0 . (3.5)

Th≥pow≥rsp≥ctrumSisusuallycalculat≥≤byassumingth≥fi≥l≤≥mitt≥≤byth≥atoms
tob≥astationaryran≤omproc≥ss. Th≥n,itisr≥lat≥≤toth≥autocorr≥lationfunction
(3.2)byth≥ Wi≥n≥r-Khintchin≥th≥or≥m.Itsmaincompon≥ntis

S(r≤,ωL)=
∞

−∞
≤τ≥−iωLτΩ−(r≤,ts+τ)ηΩ+(r≤,ts). (3.6)

H≥r≥th≥tim≥tsislarg≥≥noughforth≥syst≥mtob≥inth≥stationaryr≥gim≥. Not≥
thatassumingast≥a≤ysp≥ctrumisnontrivial:foralarg≥ass≥mblyofatomswh≥r≥light
≤ynamicsmay≥xhibitchaosorran≤omlasing,thishypoth≥siscannotb≥alwaysvali≤.
Ourpurpos≥istocalculat≥th≥sp≥ctrum(3.6)asw≥llasth≥int≥nsity(3.4)foranarbi-

trarynumb≥rofatoms.Asitissugg≥st≥≤byth≥two≤iff≥r≥ntbut≥quival≥nt≥xpr≥ssions
ofth≥int≥nsityinEq.(3.4),w≥canus≥≥ith≥rth≥SchrΨo≤ing≥rorth≥H≥is≥nb≥rgpictur≥.
Inth≥form≥r,th≥forwar≤tim≥≥volutionop≥ratorU(t)that≤≥fin≥sρ(t)=U(t)ρ(0)U†(t)
is≥xpr≥ss≥≤asth≥Fouri≥rtransformofth≥r≥tar≤≥≤r≥solv≥ntG(z)=(z−H+iη)−1,so
thatth≥int≥nsityr≥a≤s
I(r≤,t)=

∞

−∞
≤ω
2π

∞

−∞
≤∆ω
2π≥

−i∆ωtTrE ρ(0)G†(ω−∆ω2)Ω
−0(r≤)ηΩ+0(r≤)G(ω+∆ω2).

(3.7)
This≥xpr≥ssionisformally≥quival≥nttoth≥squar≥ mo≤ulusofEq.(2.91),an≤for
thisr≥asoncanb≥r≥asonablycalculat≥≤onlyforaf≥wphotonsinth≥initialstat≥
ρ(0) =ρA(0)⊗ρR(0). Foron≥photon,i.≥.forρR(0) =|kinin kinin|,th≥int≥-
gran≤ofEq.(3.7)isproportionaltoasumofpropagationk≥rn≥ls,th≥g≥n≥ricformof
whichisTrEA ρA(0)kinin|G(ω+∆ω2)|k k |G†(ω−∆ω2)|kinin .Suchquantitycanb≥comput≥≤withina≤iagrammaticfram≥work,wh≥r≥usuallyonlyla≤≤≥ran≤maxi-
mallycross≥≤≤iagramsar≥consi≤≥r≥≤[78].
Anoth≥roptionisth≥H≥is≥nb≥rgpictur≥,inwhichw≥hav≥th≥possibilitytochoos≥

b≥tw≥≥nth≥m≥soscopican≤th≥microscopicr≥pr≥s≥ntations. Asw≥hav≥s≥≥nins≥c-
tion2.4,thiscorr≥spon≤sto≥liminat≥≥ith≥rth≥atomicvariabl≥sorth≥fi≥l≤. Th≥
m≥soscopicr≥pr≥s≥ntationissuitabl≥ifw≥canr≥≤uc≥th≥wav≥≥quationtoth≥≥ff≥c-
tiv≥s≥tof≥quations(2.89)an≤(2.90).Inthatcas≥w≥writ≥Ωα(r≤,t)=r≤|Ωα(t)
with|Ωα(t)thatb≥longstoth≥fictitiousHilb≥rtspac≥Ef≤≥fin≥≤ins≥ction2.4.2.Th≥
int≥nsity(3.4)tak≥saformsimilartoEq.(3.7),wh≥r≥th≥int≥gran≤hastob≥r≥-
plac≥≤by Ω+(ω−∆ω2)|r≤ r≤|Ω+(ω+∆ω2). Withth≥h≥lpofth≥Lippman-Schwing≥r≥quation,th≥fi≥l≤|Ω+(ω)isth≥n≥xpan≤≥≤int≥rmsofth≥r≥solv≥ntGf,|Ω+(ω)=
|Ω+0(ω)+Gf(ω)Vf|Ω+0(ω)(s≥≥s≥ction2.4.2). H≥nc≥,again,th≥calculationr≥≤uc≥sto≥valuatingth≥int≥nsitypropagatork≥rn≥l,Gf(ω+∆ω2)⊗Gf†(ω−∆ω2),whichnowinvolv≥sth≥op≥ratorGfrath≥rthanG.Th≥≤ynamicsofthisquantityinth≥pr≥s≥nc≥
ofgainwillb≥≤iscuss≥≤inchapt≥r4.
Inth≥pr≥s≥ntchapt≥rw≥shallconc≥ntrat≥onth≥microscopicr≥pr≥s≥ntationofth≥

H≥is≥nb≥rgpictur≥.Thisisachi≥v≥≤bymakingus≥ofth≥solutionofth≥quantumwav≥
≥quation(2.39).Accor≤ingtoEq.(2.48),th≥solutionforth≥≤im≥nsionl≥ss≥l≥ctricfi≥l≤
(3.5)is

Ω+(r,ωL)=Ω+0(r,ωL)−
N

i=1
G(r−ri,ωL)D−i(ωL), (3.8)
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wh≥r≥allnotationshav≥b≥≥nalr≥a≤y≤≥fin≥≤ins≥ction2.4.1. Forfutur≥us≥w≥also
intro≤uc≥th≥scalarv≥rsionofEq.(3.8),

Ω+(r,ωL)=Ω+0(r,ωL)−
N

i=1
G(r−ri,ωL)S−i(ωL). (3.9)

Asw≥≤i≤ins≥ction2.4.1,infr≥≥spac≥an≤withΓ0 ω0,c/R,w≥approximat≥th≥
Gr≥≥n’sfunctionin(3.8)asG(r−ri,ωL) G(r−ri,ω0).Ins≥rt≥≤intoEq.(3.4),this
l≥a≤stofourt≥rmsofwhichth≥mostint≥r≥stingisth≥on≥thatisnonz≥rointh≥abs≥nc≥
ofphotons(ρR(0)=|0R 0R|):

I(r≤,t)=
N

i,j
Tr(3)G∗(r≤−ri,ω0)D+i(t)⊗D−j(t)G(r≤−rj,ω0), (3.10)

wh≥r≥Tr(3)in≤icat≥sth≥≤ya≤ictrac≥ofa3×3t≥nsor. B≥caus≥w≥woul≤lik≥tog≥t
ri≤ofall≤≥p≥n≤≥nc≥onth≥positionofth≥≤≥t≥ctor,w≥plac≥th≥latt≥rinth≥far-
fi≥l≤k0|r≤−ri| 1,suchthat,withEq.(2.38),G(r≤−ri,ω0) 3∆⊥r≤≥ik0|r≤−ri|/2k0r≤.Int≥nsity(3.10)b≥com≥s

I(r≤,t) 3
2k0r≤

2 N

i,j
≥ik0(ri−rj)ηr≤/r≤Tr(3)∆⊥r≤D+i(t)⊗D−j(t) . (3.11)

UsingEq.(3.9),w≥alsog≥tth≥scalarv≥rsionofEq.(3.11),

I(r≤,t) 1
(k0r≤)2

N

i,j
≥ik0(ri−rj)ηr≤/r≤S+i(t)S−j(t) (scalarfi≥l≤). (3.12)

Aft≥rint≥gratingov≥rth≥≤ir≥ctionofr≤,w≥obtain

I(r≤,t) 4π
(k0r≤)2

N

i,j

sink0|ri−rj|
k0|ri−rj| S

+i(t)S−j(t). (3.13)

Following≥xactlyth≥sam≥lin≥,th≥sp≥ctrum(3.6)ofascalarfi≥l≤tak≥s,inth≥far-fi≥l≤,
th≥form

S(r≤,ωL) 8π
(k0r≤)2

N

i,j

sink0|ri−rj|
k0|ri−rj|R≥

∞

−∞
≤τ≥−iωLτS+i(ts+τ)S−j(ts)Θ(τ).

(3.14)
Fromnowon,w≥will≤ropth≥g≥om≥tricpr≥factor4π/(k0r≤)2thatapp≥arsinIan≤S.
Atthisstag≥,w≥n≥≥≤tointro≤uc≥acoupl≥ofnotations.First,forfutur≥purpos≥,

w≥≤≥fin≥n≥wop≥rators
sαi(t)=≥∓iωatSαi(t), (3.15)

wh≥r≥ωaisanauxiliarytunabl≥param≥t≥rthatwillb≥us≥fulinth≥n≥xts≥ctionto
mov≥inth≥rotatingfram≥ofanopticalpump. Mor≥ov≥r,itisconv≥ni≥nttointro≤uc≥
twoN×Nmatric≥s

Sij=sink0|ri−rj|k0|ri−rj|, (3.16)
Cij(τ)=s+i(ts+τ)s−j(ts)Θ(τ), (3.17)
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sothatth≥sp≥ctrum(3.14)tak≥sth≥compactformS(ωL)=2Tr(N)[SR≥C(ωa−ωL)].
Itisworthnotingthatth≥pr≥s≥nc≥ofth≥matrixSinEq.(3.13)orEq.(3.14)isnotin
anywayr≥lat≥≤toth≥int≥ractionsb≥tw≥≥n≤iff≥r≥ntatoms.Itissimplyacons≥qu≥nc≥
ofth≥factthatsignalsar≥m≥asur≥≤inth≥far-fi≥l≤,whil≥th≥informationabout≤≥cay
rat≥sis≥ntir≥ly,an≤only,contain≥≤inth≥≤ipol≥corr≥latorS+i(ts+τ)S−j(t). W≥also≤≥fin≥amatrixYofsiz≥N ×N,

Ykj(τ)=xk(ts+τ)s−j(ts), (3.18)
wh≥r≥xk≤≥signat≥sth≥Nop≥ratorss+iasw≥llasanyatomicop≥ratorcoupl≥≤toth≥min≥quationsofmotion. H≥nc≥N >N. Furth≥rmor≥,l≥tusassum≥thatthismatrix
ob≥ysalin≥ar≤iff≥r≥ntial≥quation,

≤
≤τY=MY +R, (3.19)

wh≥r≥M an≤Rar≥tim≥-in≤≥p≥n≤≥ntmatric≥sofsiz≥sN×N an≤N×N,r≥sp≥ctiv≥ly.
Th≥n,using≤≥finitions(3.17)an≤(3.18),an≤Eq.(3.19),w≥r≥a≤ilyobtainan≥xpr≥ssion
forth≥sp≥ctrum(inunitsofΓ−10 )int≥rmsofM,Ran≤Y(0):
S(ωL)=−2πTr(N)SPR≥ M(−1)R δ[(ωL−ωp)/Γ0]

+2Tr(N)SPR≥ [i(ωL−ωp)IN/Γ0− M]−1 Y(0)+M(−1)R , (3.20)
wh≥r≥IN isth≥N ×N i≤≥ntitymatrixan≤PisaN×N matrixthatr≥pr≥s≥nts
th≥proj≥ctoronth≥subspac≥g≥n≥rat≥≤byth≥N op≥ratorsS+i.Inthisformulath≥unknownquantiti≥sar≥Y(0),M an≤R.Th≥firstis≤≥fin≥≤inEq.(3.18),an≤th≥two
oth≥rsw≥r≥suppos≥≤tocharact≥riz≥th≥≤ynamicsofYinEq.(3.19).Such≤ynamics
≥xistsifth≥quantumfluctuation-r≥gr≥ssionth≥or≥misfulfill≥≤[110,111].Inthatcas≥
M is≤≥fin≥≤asth≥k≥rn≥lofth≥≥volutionofth≥v≥ctorx=(x1,...,xN ),

≤
≤τx=Mx+λ. (3.21)

Th≥fr≥≥param≥t≥rωathatiscontain≥≤inth≥≤≥finitionofxischos≥nsuchthatth≥
matrixM is≥ff≥ctiv≥lytim≥-in≤≥p≥n≤≥nt.Ifitisnotpossibl≥towrit≥th≥≤ynamicsof
xinth≥form(3.21),th≥nth≥sp≥ctrumisnotgiv≥nby(3.20).Th≥matrixRisr≥lat≥≤
toλaccor≤ingto

Rkj=λks−j(ts). (3.22)
Inor≤≥rtoinf≥rth≥sp≥ctrum(3.20)w≥simplyn≥≥≤tofin≤th≥matrixM,an≤calculat≥
Y(0)an≤Rfromx(ts).Thiswillb≥illustrat≥≤inth≥twofollowings≥ctions.Eq.(3.20)
nic≥lyshowsusthatth≥N ≥ig≥nvalu≥sofM ar≥th≥r≥sonanc≥softh≥sp≥ctrum:imag-
inarypartsgiv≥th≥irfr≥qu≥nci≥san≤r≥alpartsth≥irsp≥ctralwi≤ths.B≥si≤≥s,not≥that
th≥g≥n≥ralstructur≥(3.20)hol≤sforav≥ctorialfi≥l≤asw≥ll.In≤≥≥≤,itissuffici≥nt
tor≥plac≥th≥pro≤uctofop≥ratorsthatapp≥arsinEq.(3.13)byth≥t≥nsorpro≤uctof
Eq.(3.11).Allmatric≥sofsiz≥N×NorN ×N,lik≥Y,b≥com≥3N×3NorN ×3N,
an≤th≥matrixSr≥a≤snowSij=S(ri−rj),wh≥r≥

S(r)=3sink0r2k0r ∆
⊥r+ 3
2(k0r)2 cosk0r−sink0rk0r I−3r⊗rr2 (3.23)
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isnothingbutth≥imaginarypartofth≥≤ya≤icGr≥≥n’smatrixGij(ω0),s≥≥Eqs.(2.36)
an≤(2.70).
Signals(3.13)an≤(3.14)containclassicalan≤quantumcontributions.To≥mphasiz≥

thisfactw≥isolat≥th≥≤≥viationof≥achquantumop≥ratorfromitsquantum≥xp≥ctation
valu≥

Sαi= Sαi +δSαi, (3.24)
suchthatth≥corr≥lationfunctionofS+i an≤S−j canb≥writt≥nasasumof‘classical’an≤‘quantum’contributions:

S+i(t+τ)S−j(t)= S+i(t+τ)S−j(t)+ δS+i(t+τ)δS−j(t). (3.25)
Withinth≥stationarysp≥ctrumhypoth≥sis,classicalt≥rmsgiv≥ris≥toth≥monochro-
maticcontributioninEq.(3.20),whil≥quantumt≥rmsaccountforth≥s≥con≤t≥rmon
itsr.h.s.Inth≥sam≥mann≥r,th≥classicalpartofth≥stationaryint≥nsity(3.13)is

Ic=
N

i,j

sink0|ri−rj|
k0|ri−rj| S

+i(ts)S−j(ts), (3.26)

an≤itsquantumpartIq=I−Icr≥a≤s

Iq=
N

i,j

sink0|ri−rj|
k0|ri−rj| δS

+i(ts)δS−j(ts). (3.27)

On≥goalofthischapt≥ristoun≤≥rstan≤th≥rol≥an≤th≥originofth≥s≥twocontri-
butions.Inparticular,w≥woul≤lik≥toass≥ssth≥importanc≥ofquantumint≥ratomic
corr≥lations,δS+i(t+τ)δS−j(t)fori=j,wh≥nw≥incr≥as≥th≥numb≥rN ofatoms.Inasmuchasth≥answ≥rv≥rymuch≤≥p≥n≤sonth≥pumpingsch≥m≥,w≥willmak≥a
≤istinctionb≥tw≥≥ncoh≥r≥ntan≤incoh≥r≥ntpumps.

3.2 Intro≤uctionofapumping m≥chanism
3.2.1 Coh≥r≥ntpump
L≥tusconsi≤≥rth≥lightinitiallypr≥par≥≤inacoh≥r≥ntstat≥,ρR(0)=|αp αp|,associ-
at≥≤withth≥mo≤≥kpp[s≥≥Fig.3.1(a)].Inatomicphysicsitisw≥llknown[52]that
aunitarytransformcanb≥appli≥≤toth≥Hamiltonian(2.24)suchthatth≥initialstat≥
b≥com≥s|0R an≤th≥fr≥≥fi≥l≤E+0(r,t)acquir≥san≥wcompon≥nt

E+p(r,t)=Epp≥i(kpηr−ωpt), (3.28)

withEp=αp ωp/20V.Takingintoaccountthisn≥wclassicalan≤coh≥r≥ntfi≥l≤,w≥
r≥plac≥in≥quationsofmotions(2.72)an≤(2.73)th≥op≥ratorΩα0(r,t)withΩα0(r,t)+Ωαp(r)≥∓iωpt,wh≥r≥Ωαp(r)=−2≤Epp≥αikpηr/Γ0. Mor≥ov≥r,t≥rmsthatinvolv≥Ωα0b≥hav≥nowasLang≥vinforc≥ssinc≥allquantum≥xp≥ctationsvalu≥sar≥tak≥nwith
r≥sp≥ctto|0R (s≥≥s≥ction2.4.1for≤≥tails). Explicitly,inth≥rotatingfram≥ofth≥
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ωp, Ωp
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δp

(a) Coh≥r≥nt pump (b) Incoh≥r≥nt pump

ωp, Ωp

Figur≥3.1:(a)Coh≥r≥ntopticalpump(amplitu≤≥Ωp,fr≥qu≥ncyωp=ω0+Γ0∆p)n≥ar
r≥sonanc≥(|ωp−ω0| ω0).(b)Eff≥ctiv≥incoh≥r≥ntpump:th≥opticalpumpison
r≥sonanc≥withanauxiliaryl≥v≥la,an≤Γa≥ Γ0,Γ0Ωp.

pump,Eqs.(2.72)an≤(2.73)r≥a≤now
≤D+i
≤t =− i∆p+12 D+i+i2∆ij=i

G∗ij(ω0)D
+
jΠi

−i2∆iΩ
−p(ri)Πi+F+i(t), (3.29)

≤Πi
≤t=−(Πi+1)−2Im


D+iη

j=i
Gij(ω0)D

−
j




+2Im D+iηΩ+p(ri)+FΠi(t). (3.30)

H≥r≥Dαi=≥∓iωptDαi,∆p=(ωp−ω0)/Γ0,th≥tim≥tisinunitsofΓ−10 ,an≤Lang≥vinforc≥sar≥
F+i(t)=−i2∆iΩ

−0(ri,t)Πi(t)≥−iωpt, (3.31)
FΠi(t)=iΩ−0(ri,t)ηD−i(t)−iD+i(t)ηΩ+0(ri,t). (3.32)

Th≥scalarv≥rsionofEqs.(3.29)an≤(3.30)isstraightforwar≤toobtainfromEqs.(2.78)
an≤(2.79).
B≥for≥≤iscussingth≥sp≥ctrumthatw≥caninf≥rfromEqs.(3.29)an≤(3.30),w≥

woul≤lik≥toshowwhatth≥s≥≥quationsb≥com≥wh≥nth≥pumpisnotcoh≥r≥nt.

3.2.2 Incoh≥r≥ntpump
Th≥firsti≤≥aw≥canhav≥tomimicanincoh≥r≥ntpumpistointro≤uc≥aph≥nom≥no-
logicalstationaryvalu≥ofth≥atomicpopulationimbalanc≥Π≥qi =−1.Eqs.(2.65)an≤(2.66)woul≤transforminto

≤D+i
≤t =iω0D

+i−Γ02D
+i+i[≤i⊗≤i]E−s(ri)Πi, (3.33)

≤Πi
≤t=−Γ0(Πi−Π

≥q
i)+2iD+iηE+s(ri)−E−s(ri)ηD−i . (3.34)
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Inth≥abs≥nc≥ofint≥ratomicint≥ractions,Π≥qi isth≥stationaryvalu≥ofth≥populationimbalanc≥controll≥≤byth≥pump. Thisappar≥ntlyr≥asonabl≥proc≥≤ur≥,whichis
commonlyus≥≤inth≥stan≤ar≤las≥rth≥ory[23],an≤alsoinnonlin≥aroptics[112],
≤o≥snotl≥a≤toanycontra≤ictionaslongasw≥workwithasingl≥atom. How≥v≥r,
alr≥a≤yfortwoatoms,th≥solutionofEqs.(3.33)an≤(3.34)r≥v≥alsthatth≥quantum
≥xp≥ctationvalu≥sΠi ar≥nomor≥r≥strict≥≤to[−1,1],asth≥yphysicallyhav≥to.
Th≥r≥for≥,tog≥tri≤ofunphysicalr≥sults,w≥shallproc≥≥≤toamicroscopican≤w≥ll
controll≥≤≤≥scriptionofth≥incoh≥r≥ntpump.
Th≥simpl≥stmicroscopicsch≥m≥ofan≥ff≥ctiv≥incoh≥r≥ntpumpforatwo-l≥v≥latom

isacoh≥r≥ntfi≥l≤onr≥sonanc≥withanauxiliarythir≤l≥v≥l|a[s≥≥Fig.3.1(b)].Th≥
atomicr≥spons≥tosuchapumpwasstu≤i≥≤r≥c≥ntlyin≤≥tailsbySav≥ls≥tal.within
th≥mast≥r-≥quationformalism[113,114].H≥r≥w≥us≥th≥H≥is≥nb≥rgpictur≥.D≥aling
withthr≥≥-l≥v≥latomswithout≤≥g≥n≥racy,≤≥scriptionofint≥rnal≤≥gr≥≥soffr≥≥≤om
r≥quir≥stowrit≥th≥≤ynamical≥quationsofmotionfor5Nop≥rators(inst≥a≤of2Nfor
two-l≥v≥latoms). Withoutgivingth≥irl≥ngthy≤≥rivations,w≥pr≥s≥nth≥r≥th≥main
st≥ps. First,w≥≥xpr≥ssth≥5N H≥is≥nb≥rg≥quationsofmotionint≥rmsofth≥total
≥l≥ctricfi≥l≤E,asw≥≤i≤ins≥ction2.3.2.b. N≥xt,w≥isolat≥th≥ownra≤iationfi≥l≤s
tor≥v≥alth≥spontan≥ous≤≥cayrat≥s. Thir≤,w≥≤≥compos≥th≥smooth≥≤fi≥l≤Esin
thr≥≥parts:itsfr≥≥compon≥ntthatf≥atur≥sLang≥vinforc≥s,acoh≥r≥ntclassicalfi≥l≤
Epoftyp≥(3.28)associat≥≤withth≥coh≥r≥ntstat≥ofth≥pump,an≤th≥fi≥l≤ra≤iat≥≤
byatoms —s≥≥Eq.(2.59). An≤finally,w≥simplifyth≥r≥sulting≥quationsun≤≥rth≥
followingassumptions:

|ωp−ωag| ωag, (3.35)
Γag Γ0,Γ0Ωp Γa≥ ωag,ωa≥,ω0. (3.36)

Th≥assumption(3.35)in≤icat≥sthatth≥opticalpumpisquasi-r≥sonantwithth≥auxil-
iaryl≥v≥l,an≤(3.36)m≥ansthatalll≥v≥lsar≥not≥xc≥ssiv≥lybroa≤an≤≥ach≥xcitation
g≥n≥rat≥≤byth≥pumpfrom|gto|aistransf≥rr≥≤to|≥almostinstantan≥ously[s≥≥
Fig.3.1(b)]. Withth≥s≥assumptions,itispossibl≥tor≥≤uc≥th≥5N ≥quationsto
≥ff≥ctiv≥2N≥quationsthatonlyinvolv≥th≥l≥v≥ls|gan≤|≥.Th≥str≥ngthofth≥pump
onatomiiscontroll≥≤byasingl≥≤im≥nsionl≥ssparam≥t≥r

Wi=Γ0|Ωp,i|
2

Γa≥ , (3.37)

wh≥r≥Ωp,i=−2≤ga,iηE+p(ri)/Γ0with≤ga,ith≥≤ipol≥mom≥ntforth≥|gi→|aitran-sition.Inth≥l≥a≤ingor≤≥r,th≥pumponlyaff≥ctsth≥monoatomicpartsof≤ynamical
≥quations:atomicint≥ractionscontain≥≤inth≥smooth≥≤fi≥l≤(2.59)conc≥rnth≥two
l≥v≥ltransitionan≤thusar≥≥ss≥ntiallyunaff≥ct≥≤byth≥pumpthat≥ffici≥ntlytrigg≥rs
th≥auxiliaryl≥v≥lonly.Furth≥rmor≥,aswasth≥cas≥forth≥coh≥r≥ntpump,allinforma-
tionaboutphotonsthatar≥initiallyinj≥ct≥≤intoth≥atomicm≥≤iumistransf≥rr≥≤into
aclassicalpumpfi≥l≤,m≥aningthatquantum≥xp≥ctationvalu≥shav≥nowtob≥tak≥n
withr≥sp≥ctto|0R:actionofth≥fr≥≥fi≥l≤r≥≤uc≥stoaLang≥vinforc≥. Dynamical
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≥quationsofmotion(2.72)an≤(2.73)inth≥pr≥s≥nc≥ofincoh≥r≥ntpumpb≥com≥
≤D+i
≤t = iω0Γ0−

1
2(1+Wi)D

+i+i2∆i j
G∗ij(ω0)D+jΠi+F+i(ri,t), (3.38)

≤Πi
≤t=−(1+Wi)Πi+Wi−1−2Im


D+iη

j
Gij(ω0)D−j


+FΠi(ri,t). (3.39)

B≥caus≥th≥≥ff≥ctiv≥pumpisincoh≥r≥nt,w≥≤onotn≥≥≤tomov≥inth≥rotatingfram≥
ofth≥pumpfi≥l≤. Cons≥qu≥ntly,th≥Lang≥vinforc≥sar≥≤≥fin≥≤byEqs.(3.31)an≤
(3.32)withωp=0.
Ifw≥justlookatth≥monoatomicpartofEqs.(3.38)an≤(3.39),th≥pumpmo≤ifi≥s

th≥Bloch≥quationsintwoways.Itchang≥sth≥valu≥ofth≥populationimbalanc≥at
≥quilibrium,an≤itr≥normaliz≥sth≥spontan≥ous≥missionrat≥of≥achatom:

Π≥qi =Wi−1Wi+1, (3.40)
Γi=(1+Wi)Γ0. (3.41)

ForWi=1,th≥populationimbalanc≥vanish≥sat≥quilibrium,m≥aningthatin≤≥p≥n-
≤≥ntatoms≥xcit≥≤bysuchanincoh≥r≥ntproc≥ssar≥transpar≥ntfor≥xt≥rnalra≤iation.
How≥v≥r,thissimpl≥pictur≥mustb≥r≥consi≤≥r≥≤assoonasw≥tak≥intoaccountint≥r-
atomiccoupling.
Inth≥following,w≥willsom≥tim≥sn≥gl≥ctth≥v≥ctorialnatur≥ofth≥fi≥l≤.Inthat

cas≥,w≥shallworkwith≥quationssimilartoEqs.(2.78)an≤(2.79),whichb≥com≥in
th≥pr≥s≥nc≥ofth≥pump

≤S+i
≤t= iω0Γ0−

1
2(1+Wi)S

+i+i2Πi j
G∗ij(ω0)S+j+F+i(t), (3.42)

≤Πi
≤t=−(1+Wi)Πi+Wi−1−2Im


S+i

j
Gij(ω0)S−j


+FΠi(t), (3.43)

wh≥r≥th≥tim≥tisinunitsofΓ−10 ,an≤th≥Lang≥vinforc≥sar≥

F+i(t)=−i2Ω
−0(ri,t)Πi(t), (3.44)

FΠi(t)=iΩ−0(ri,t)S−i(t)−iS+i(t)Ω+0(ri,t). (3.45)
Equations(3.38)an≤(3.39)—orth≥irscalarv≥rsion(3.42)an≤(3.43)—containall

th≥informationw≥n≥≥≤to≤≥scrib≥anatomicran≤omlas≥r.Th≥s≥miclassicalthr≥shol≤
≤≥p≥n≤sonth≥r≥sp≥ctiv≥str≥ngthofth≥pumpparam≥t≥rs{Wi}an≤th≥int≥raction
co≥ffici≥nts{Gij},whil≥allquantum≥ff≥ctsar≥≥mb≥≤≤≥≤inth≥factthatop≥rators≤o
notcommut≥an≤inth≥quantumLang≥vinforc≥s.
W≥alsopointoutthatitisnot aprioristraightforwar≤toinf≥r≤ynamical≥quations

ofmotionofS+i(t)= 0R|S+i(t)|0R an≤Πi(t)fromth≥pr≥vious≥quations. Wh≥n
takingth≥quantum≥xp≥ctationvalu≥ofthos≥≥quationswithr≥sp≥ctto|0R,w≥≤o
notg≥taclos≥s≥tsinc≥ S+i(t)an≤ Πi(t)ar≥coupl≥≤toth≥unknownquantiti≥sΠi(t)S+j(t)an≤ S+i(t)S−j(t). Th≥quantumLang≥vinforc≥s,th≥≥xp≥ctationvalu≥
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Coh≥r≥ntpump Incoh≥r≥ntpump
λ (0,−1,0) (0,−1+W,0)

M −


iδp+12 iΩp

2 0
iΩp
2 1 −iΩp2
0 −iΩp2 −iδp+12


−


−iω0Γ0+1+W2 0 0

0 1+W 0
0 0 iω0Γ0+1+W2




Ic= S+ S− (1+4δ2p)Ω2p
(1+4δ2p+2Ω2p)2 0

I=1+Π
2

Ω2p
1+4δ2p+2Ω2p

WW+1

Iq=I−Ic 2Ω4p
(1+4δ2p+2Ω2p)2

WW+1

Tabl≥3.1:λan≤M ar≥quantiti≥sthatar≥us≥fultocomput≥th≥sp≥ctrum(3.20)of
light≥mitt≥≤byasingl≥atom.x(ts)=−M(−1)λ=(x1,x2,x3),int≥rmsofwhich
Y(0)=(1/2+x2/2,−x3,0)an≤R =x3λ. Diff≥r≥ntcontributionsofth≥stationary
int≥nsiy≤≥p≥n≤onlyonx(ts):Ic=|x1|2an≤I=(1+x2)/2.

ofwhichisz≥ro,actuallycontainth≥informationthatisn≥c≥ssarytor≥constructth≥
compl≥t≥≤ynamics.Inthismanuscriptw≥calls≥mi-classicalth≥approximationthat
consistsinr≥placingth≥quantum≥xp≥ctationvalu≥ofth≥pro≤uctofanyquantum
op≥ratorsXian≤Yjbyth≥pro≤uctofth≥irquantum≥xp≥ctationsvalu≥s:

0R|Xi(t)Yj(t)|0R 0R|Xi(t)|0R 0R|Yj(t)|0R. (3.46)
Intuitiv≥ly,thisapproximationis≥xp≥ct≥≤tohol≤inth≥limitN→∞.Itisv≥ryus≥ful
b≥caus≥noww≥onlyn≥≥≤2N ≥quationstoclos≥th≥s≥twh≥r≥app≥ar S+i(t) an≤Πi(t).Butr≥gar≤ingsp≥ctrumprop≥rti≥s,itamountston≥gl≥ctingquantumt≥rmsin
Eq.(3.25).

3.2.3 On≥atomsp≥ctrum:coh≥r≥ntvsincoh≥r≥ntpump
L≥tuscalculat≥th≥sp≥ctrumoflightinth≥simpl≥cas≥ofasingl≥atomplac≥≤atr=0.
Th≥n,th≥t≥rmsthatcoupl≥≤iff≥r≥ntatomsinEqs.(3.29)an≤(3.30),asw≥llasin
Eqs.(3.38)an≤(3.39),≤isapp≥ar.Th≥v≥ctorx≤≥fin≥≤ins≥ction3.1hasonlyN =3
compon≥nts,x=(s+ ,Π,s− ),withωa=ωpforth≥coh≥r≥ntpumpan≤ωa=0for
th≥incoh≥r≥ntpump.InTabl≥3.1,w≥giv≥≥xplicit≥xpr≥ssionsforth≥v≥ctorλan≤
th≥matrixM ≤≥fin≥≤inEq.(3.21). Withasingl≥atom,itisstraightforwar≤tov≥rify
thatth≥matrixY≤≥fin≥≤inEq.(3.18)ob≥ysEq.(3.19).Itm≥ansthatth≥quantum
fluctuation-r≥gr≥ssionth≥or≥mhol≤san≤,th≥r≥for≥,w≥cancomput≥th≥sp≥ctrumfrom
Eq.(3.20).
Th≥mainf≥atur≥softh≥monoatomic≥missionsp≥ctrumin≤uc≥≤byacoh≥r≥ntpump

ar≥≤≥pict≥≤inFig.3.2.Onth≥on≥han≤,th≥classicalan≤monochromaticcompon≥nt
of(3.20)is≥lasticwithr≥sp≥cttoth≥inci≤≥ntfi≥l≤(ωL=ωp).Itisus≥≤to≤≥fin≥,at
smallΩp,th≥≥lasticcross-s≥ction. Wh≥nth≥int≥nsityofth≥inci≤≥ntfi≥l≤isincr≥as≥≤,
th≥≥lasticr≥spons≥b≥com≥snonlin≥aran≤is≥v≥ntuallysuppr≥ss≥≤atlarg≥Ωp[s≥≥Fig.
3.2(b)]. Onth≥oth≥rhan≤,wh≥nw≥incr≥as≥Ωp,th≥quantumcontributiontoth≥
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Figur≥3.2:Sp≥ctruman≤int≥nsityoflight≥mitt≥≤byanatominth≥fi≥l≤ofacoh≥r≥nt
on-r≥sonanc≥pump(δp=0).(a)Classicalan≤quantumcontributionsofth≥sp≥ctrum
(3.20).(b)Stationaryint≥nsityI= ∞

−∞≤ωLS(ωL)/2π. Th≥classicalan≤quantum
compon≥nts,Ican≤Iq,ar≥≤≥fin≥≤byEqs.(3.26)an≤(3.27).

sp≥ctrum(3.20)b≥com≥smor≥an≤mor≥important.Th≥thr≥≥≤iff≥r≥nt≥ig≥nvalu≥sof
th≥matrixM ≤≥fin≥thr≥≥r≥sonanc≥sthatconstitut≥th≥w≥ll-known‘Mollow-tripl≥t’
[115,116].Th≥quantumcontributiongiv≥sris≥,th≥r≥for≥,toin≥lasticscatt≥ring.
Th≥situationiscompl≥t≥ly≤iff≥r≥ntwithth≥incoh≥r≥ntpump.Now,inth≥station-

aryr≥gim≥atomic≤ipol≥sar≥z≥ro,an≤thusth≥classicalpartofth≥sp≥ctrumvanish≥s.
Furth≥rmor≥,≥ig≥nvalu≥sofM giv≥ris≥toonlyon≥fluor≥sc≥nc≥-lik≥r≥sonanc≥c≥nt≥r≥≤
atωL=ω0.AsshowninFig.3.3(a),itswi≤thiscontroll≥≤byΓ≤≥fin≥≤inEq.(3.41).Fi-
nally,contrarytoth≥coh≥r≥ntcas≥,itispossibl≥tog≥tapopulationinv≥rsion(Π >1)
forW>1,sothatI=(1+ Π)/2>0.5[compar≥Figs.3.2(b)an≤3.3(b)].
Inth≥prosp≥ctofa≤≥scriptionofaran≤omlas≥rcompos≥≤ofalarg≥numb≥rN

ofatoms,th≥r≥ar≥r≥asonstopr≥f≥rth≥incoh≥r≥ntsch≥m≥toth≥coh≥r≥nton≥.First,
itisclos≥toth≥historical≤≥scriptionofth≥stan≤ar≤cavitylas≥r[23]. S≥con≤,w≥
canprop≥rly≤≥fin≥an≤≤≥t≥ctathr≥shol≤asth≥pointwh≥r≥classical≤ipol≥sb≥com≥
nonz≥rointh≥stationaryr≥gim≥.Thir≤,th≥quantumpartofth≥sp≥ctrumissimpl≥r,
inasmuchasw≥hav≥onlyon≥monoatomicr≥sonanc≥an≤notthr≥≥.This≥xplainswhy,
fromh≥r≥on,w≥shallconc≥ntrat≥ours≥lv≥sonth≥incoh≥r≥ntsch≥m≥. W≥willr≥turn
toth≥coh≥r≥ntpumplat≥rinchapt≥rs4an≤7.

3.3 Prop≥rti≥sofquantumLang≥vinforc≥s
Th≥purpos≥ofthiss≥ctionistopr≥s≥ntbasicprop≥rti≥softh≥Lang≥vinforc≥s(3.44)
an≤(3.45)thatar≥n≥c≥ssarytocomput≥th≥sp≥ctrum≥mitt≥≤byN>1atoms.
Firstofall,usingΩ+0|0R =0an≤ 0R|Ω−0=0,w≥not≥thatquantum≥xp≥ctationvalu≥softh≥Lang≥vinforc≥swithr≥sp≥ctto|0R ,asw≥llassom≥ofth≥irtim≥corr≥lation

functions,ar≥z≥ro:
Fαi(t) = 0, FΠi(t) = 0,

Fαi(t)Fαj(t) = 0, F+i(t)F−j(t) = 0,
F+i(t)FΠj(t) = 0, FΠi(t)F−j(t) = 0.

(3.47)

Oth≥rtim≥corr≥lationfunctions≥ss≥ntially≤≥p≥n≤onth≥twotim≥commutator
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Ω+0(ri,t),Ω−0(rj,t),wh≥r≥th≥vacuumfi≥l≤Ωα0=−2≤Eα0/Γ0isproportionaltoth≥solutionofth≥H≥lmholtz≥quationinth≥abs≥nc≥ofatoms.Thus,by≤≥finition,corr≥-
lationprop≥rti≥sofΩα0 ar≥suchthattwopointsinspac≥-tim≥,(ri,t)an≤(rj,t),thatcannotb≥conn≥ct≥≤bylightsignals,ar≥notcorr≥lat≥≤[52,74]. Explicitly,withth≥
scalarv≥rsionofEq.(2.44),w≥g≥t

Ω+0(ri,t),Ω−0(rj,t)= 2≤
Γ0

2

k
E2k≥i[kη(ri−rj)−ω(t−t)]

= 2Γ20f(ri−rj,t−t). (3.48)

Th≥functionf(r,τ)hastwomaximaatτ=αr/c.Inth≥fr≥qu≥ncy≤omain,

Ω+0(ri,ωL),Ω−0(rj,ωL)=4πΓ20f(ri−rj,ωL)δ(ωL+ωL), (3.49)

with
f(ri−rj,ωL)=Γ(kL)sinkL|ri−rj|kL|ri−rj|, (3.50)

an≤Γ(kL)=≤2k3L/2π0.Forfr≥qu≥nci≥sωLsuchthat|ωL−ω0| ω0,w≥us≥f(r,ωL)
f(r,ω0),sothatEq.(3.48)b≥com≥s

Ω+0(ri,t),Ω−0(rj,t) 2
Γ0
sink0|ri−rj|
k0|ri−rj|δ(t−t). (3.51)

Inth≥sam≥approximation,w≥alsohav≥
S+i(t),Ω−0(rj,t)=0, (3.52)
S+i(t),Ω+0(rj,t)=G⊥ij(ω0)Πi(t)δt,t, (3.53)
Πi(t),Ω+0(rj,t)=−2G⊥ij(ω0)S−i(t)δt,t, (3.54)

wh≥r≥G⊥ij(ω0)=Gij(ω0)+δ(0)δijisth≥scalarformofth≥transv≥rs≥Gr≥≥n’sfunction≤≥fin≥≤byEq.(2.34). Av≥rysimpl≥wayto≤≥riv≥Eqs.(3.52),(3.53),an≤(3.54)for
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t=tconsistsin≥xpr≥ssingΩ+0(rj,t)int≥rmsofth≥solution(2.30)ofth≥propagation≥quationforth≥transv≥rs≥fi≥l≤Ω+⊥(rj,t)=−2≤E+⊥(rj,t)/Γ0:

Ω+0(rj,t)=Ω+⊥(rj,t)+
N

l=1
G⊥jl(ω0)S−l(t). (3.55)

Foranyatomicop≥ratorXi(t),[Xi(t),ak(t)]=0an≤thus,accor≤ingtoEq.(2.45),
Xi(t),Ω+⊥(rj,t)=0.Eq.(3.55)yi≥l≤s

Xi(t),Ω+0(rj,t)=G⊥ij(ω0)Xi(t),S−i(t), (3.56)
fromwhichw≥g≥tEqs.(3.52),(3.53)an≤(3.54)fort=t.Fort=t,itismor≥suitabl≥
tocom≥backtoth≥≤≥finition(2.44)ofth≥fi≥l≤,asw≥≤i≤inEq.(3.48).
Itisnow≥asyto≥valuat≥tim≥corr≥lationfunctionsthat≤onotvanish:

FΠi(t)FΠj(t)= S+i(t)Ω+0(ri,t)Ω−0(rj,t)S−j(t)
= S+i(t)Ω+0(ri,t),Ω−0(rj,t)S−j(t)
2
Γ0
sink0|ri−rj|
k0|ri−rj| S+i(t)S−j(t)δ(t−t), (3.57)

wh≥r≥w≥hav≥succ≥ssiv≥lyus≥≤Eqs.(3.52)an≤(3.51).Inth≥sam≥mann≥r,w≥obtain
F−i(t)F+j(t)=14Πi(t)Ω

+0(ri,t)Ω−0(rj,t)Πj(t)
1
4Πi(t)Ω

+0(ri,t),Ω−0(rj,t)Πj(t)
1
2Γ0
sink0|ri−rj|
k0|ri−rj| Πi(t)Πj(t)δ(t−t), (3.58)

an≤
FΠi(t)F+j(t)=−12S

+i(t)Ω+0(ri,t)Ω−0(rj,t)Πj(t)
−12S

+i(t)Ω+0(ri,t),Ω−0(rj,t)Πj(t)
−1Γ0

sink0|ri−rj|
k0|ri−rj| S+i(t)Πj(t)δ(t−t). (3.59)

H≥r≥w≥hav≥n≥gl≥ct≥≤th≥contributions≤u≥toEqs.(3.53)an≤(3.54)thatar≥≤omi-
nat≥≤,att=t,byth≥contribution(3.51).Notsurprisingly,corr≥lationfunctions(3.57),
(3.58),an≤(3.59)b≥tw≥≥nop≥ratorscorr≥spon≤ingtotwo≤iff≥r≥ntatomsian≤j≤≥p≥n≤
onth≥≤istanc≥b≥tw≥≥nth≥m.

3.4 S≥miclassicaltr≥atm≥ntoftwoatoms
B≥for≥consi≤≥ringfullquantumEqs.(3.42)an≤(3.43) —orEqs.(3.38)an≤(3.39) —
forN=2atoms,itisinstructiv≥tostu≤yth≥irs≥miclassicalapproximation:

≤S+1
≤t= iω0Γ0−

1
2(1+W1)S

+1+i2Π1G
∗12(ω0)S+2, (3.60)

≤Π1
≤t=−(1+W1)Π1+W1−1−2ImS

+1G12(ω0)S−2 , (3.61)
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wh≥r≥allop≥ratorsar≥nowconsi≤≥r≥≤assimpl≥c-numb≥rs2.Ifw≥tak≥intoaccount
th≥v≥ctorialnatur≥ofth≥fi≥l≤,w≥hav≥tosp≥cifyth≥ori≥ntationofth≥≤ipol≥s≤1an≤
≤2withr≥sp≥cttor12=r1−r2.Forsimpl≥configurationsitjustamountstor≥plac≥
th≥Gr≥≥n’sfunctionG12(ω0)inEqs.(3.60)an≤(3.61)byan≥ff≥ctiv≥Gr≥≥n’sfunction
G≥ff12(ω0).For≥xampl≥,

≤1=≤2⊥r12 =⇒ G≥ff12(ω0)=32
≥ik0r12
k0r12P(ik0r12), (3.62)

≤1=≤2 r12 =⇒ G≥ff12(ω0)=32
≥ik0r12
k0r12[P(ik0r12)+Q(ik0r12)], (3.63)

wh≥r≥P(x)an≤Q(x)ar≥≤≥fin≥≤inEq.(2.37).
Ifth≥int≥ratomic≤istanc≥issuffici≥ntlylarg≥orth≥pumpparam≥t≥rsW1an≤W2

ar≥suffici≥ntlysmall,th≥stationarysolutionsofEqs.(3.60)an≤(3.61)ar≥unaff≥ct≥≤
byth≥int≥ratomicint≥raction:

Sα1(ts)=0, Sα2(ts)=0, (3.64)
Π1(ts)=Π≥q1,Π2(ts)=Π≥q2, (3.65)

withΠ≥qi ≤≥fin≥≤byEq.(3.40).Ifnoww≥incr≥as≥th≥str≥ngthofth≥pumporifth≥atomsg≥tclos≥r,w≥canlookforan≥v≥ntuallasingthr≥shol≤.Itisfoun≤fromth≥
stabilityanalysisofth≥nonlin≥arsyst≥mform≥≤byEqs.(3.60),(3.61)an≤≥quations
obtain≥≤byth≥lab≥linv≥rsion1↔ 2. Followingstan≤ar≤s≥miclassicalth≥ori≥s[23],
w≥willassociat≥th≥instabilityofitstrivialsolutionwithr≥achingth≥lasingthr≥shol≤.
Formally,thissyst≥misofth≥form≤Z/≤t=F(Z)wh≥r≥Z= S+1,S+2,S−1,S−2,Π1,Π2.
W≥intro≤uc≥ δZ=Z−Z(0)wh≥r≥Z(0)isth≥stationarysolutioninth≥abs≥nc≥of
int≥ractionan≤,sinc≥F(Z(0))=0,w≥obtain

≤
≤tδZ=

∂F
∂ZZ(0)δZ. (3.66)

H≥r≥th≥6×6Jacobianmatrix∂F/∂Z|Z(0)isblock-≤iagonal.H≥nc≥,w≥r≥strictours≥lv≥stoth≥stu≤yofth≥2×2blockgov≥rningth≥tim≥≥volutionofδS+= δS+1,δS+2 .Itisconv≥ni≥nttointro≤uc≥a2×2matrixN ≤≥fin≥≤byth≥r≥lation
≤
≤tδS

+= iω0Γ0−
1
2 δS+−i2N

∗δS+. (3.67)

Accor≤ingtoEq.(3.66),th≥matrixN is

N= iW1 −Π≥q1G12(ω0)−Π≥q2G12(ω0) iW2 , (3.68)

sothat,inth≥abs≥nc≥ofpump,itisi≤≥nticaltoth≥2×2Gr≥≥n’smatrixG(ω0).IfδS+(0)
isan≥ig≥nstat≥ofN associat≥≤withan≥ig≥nvalu≥Λ,th≥nδS+(t)∼≥−Γ0(1+ImΛ)t/2.It
isthuscl≥arthatth≥lin≥ar≤≥scription(3.67)br≥aks≤ownan≤lasingstartswh≥nth≥
imaginarypartofatl≥aston≥ofth≥two≥ig≥nvalu≥sofN b≥com≥sl≥ssthan−1.This
ispossibl≥ifth≥con≤itionΠ≥q1Π≥q2 <0isfulfill≥≤,inagr≥≥m≥ntwith[114].Lik≥forth≥stan≤ar≤cavitylas≥r,apopulationinv≥rsionisn≥c≥ssarytor≥achth≥thr≥shol≤,buth≥r≥

2Forbr≥vity,inthiss≥ctionth≥quantum≥xp≥ctationvalu≥ofanyop≥rator Xi is≤≥not≥≤byXi.
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Figur≥3.4:Traj≥ctori≥sinth≥compl≥x-Λplan≥ofth≥two≥ig≥nvalu≥softh≥matrixN
≤≥fin≥≤byEq.(3.68),asint≥ratomic≤istanc≥k0r12≤≥cr≥as≥sfrom∞ to0.From(a)to
(≤),th≥pumpW1ofon≥atomisprogr≥ssiv≥lyincr≥as≥≤,whil≥th≥oth≥ratomisnot
pump≥≤.

onlyon≥ofth≥twoatomshastob≥inthisr≥gim≥.Inparticular,ifth≥twoatomsar≥
≥xcit≥≤withth≥sam≥pumppow≥r,th≥lasingtransition≤o≥snotoccur.Thisr≥striction
issp≥cifictoth≥cas≥N=2.Inchapt≥r7w≥wills≥≥thatitisp≥rf≥ctlypossibl≥tog≥ta
s≥miclassicalthr≥shol≤foralarg≥numb≥rofatomswhichar≥all≥xcit≥≤withth≥sam≥
pumppow≥r.
Figur≥3.4shows,for≤iff≥r≥ntpumpparam≥t≥rs,th≥traj≥ctori≥softh≥two≥ig≥nval-

u≥sofN wh≥nth≥int≥ratomic≤istanc≥r12isprogr≥ssiv≥ly≤≥cr≥as≥≤.Inth≥abs≥nc≥
ofpump,th≥≥ig≥nvalu≥sofN=G(ω0)ar≥Λα=αG12(ω0).Th≥yar≥localiz≥≤ontwo
hyp≥rbolicspirals,|Λ|=1/argΛan≤itsr≥fl≥ctionthroughth≥origin.Λ+an≤Λ−,which
ar≥almost≤≥g≥n≥rat≥≤wh≥nth≥twoatomsar≥farfrom≥achoth≥r,splitintoasubra-
≤iantan≤sup≥rra≤iantbranch≥swh≥nth≥atomsg≥tclos≥r[Fig.3.4(a)].Thissimpl≥
pictur≥ismo≤ifi≥≤wh≥nw≥a≤≤pump[Figs.3.4(b),(c),(≤)].Assoonasth≥con≤ition
Π≥q1Π≥q2 <0issatisfi≥≤,th≥r≥≥xistsacritical≤istanc≥rc12suchthat,forr12<rc12,lasingstarts. Th≥factthatonlytwoscatt≥r≥rscanb≥hav≥asacavityisquit≥r≥markabl≥.
Naiv≥lyw≥coul≤thinkthatsuchaba≤cavityistool≥aky.H≥r≥w≥r≥cov≥rasuffici≥nt
qualityfactorb≥caus≥allmo≤≥softh≥fi≥l≤participat≥,throughth≥fr≥≥-spac≥Gr≥≥n’s
function,toth≥scatt≥ringproc≥ss.Actually,itisworthnotingthatth≥r≥isnog≥n≥ral
r≥strictionforlasingtooccurinagiv≥nm≥≤ium,provi≤≥≤thatw≥canbring≥nough
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Figur≥3.5: Domainof≥xist≥nc≥ofth≥las≥rsolutioninth≥pumpparam≥t≥rspac≥
(W1,W2).(a)Forascalarfi≥l≤G12(ω0)=≥ik0r12k0r12.(b)Forav≥ctorfi≥l≤inth≥configu-ration≤1=≤2 r12,s≥≥Eq.(3.63).An≥c≥ssarycon≤itionforlasingtooccurisW1>1
(populationinv≥rsion)an≤W2<1. H≥r≥th≥symm≥tric≤omaincorr≥spon≤ingtoth≥
lab≥linv≥rsion1↔2isnotshown.

gain.InFig.3.5(a),w≥pr≥s≥ntcontourlin≥sof≥qualrc12inth≥plan≥(W1,W2).B≥-caus≥k0rc12<1,itisimportanttocompar≥th≥s≥r≥sultswitharigoroustr≥atm≥ntofth≥v≥ctorialnatur≥ofth≥fi≥l≤.FromFig.3.5(b),thatcorr≥spon≤stoth≥situation
consi≤≥r≥≤inEq.(3.63),w≥conclu≤≥thatth≥lasingthr≥shol≤still≥xists,althoughth≥
r≥sultsar≥quantitativ≥lymo≤ifi≥≤.Forgiv≥nvalu≥sW1an≤W2,th≥criticalvalu≥k0rc12islarg≥rinth≥v≥ctorialcas≥thaninth≥scalaron≥b≥caus≥,inth≥n≥arfi≥l≤k0r12<1,
th≥int≥ractionco≥ffici≥ntG≥ff12(ω0)∼1/(k0r12)3 G12(ω0)∼1/k0r12.
L≥tusnowconsi≤≥rth≥≤ynamicsabov≥thr≥shol≤.Inth≥stationaryr≥gim≥,itis

possibl≥tosolv≥≥xactlyth≥nonlin≥arsyst≥mform≥≤byEqs.(3.60)an≤(3.61)an≤th≥
corr≥spon≤ing≥quationsobtain≥≤byth≥lab≥linv≥rsion1↔2.Stationarysolutionsar≥
ofth≥form

S+i(t)=si≥i(ωLt+φi), (3.69)
Πi(t)=Πi(ts). (3.70)

W≥r≥min≤thatinournotation, tsisatim≥thatislong≥noughforth≥syst≥mtor≥ach
stationaryr≥gim≥. W≥foun≤thatth≥two≤ipol≥soscillat≥atth≥sam≥fr≥qu≥ncygiv≥n
by

ωL=ω0−Γ02
(1+W1)(1+W2)
2+W1+W2 tan(2φ12) 2

1+ 1+4(1+W1)(1+W2)(2+W1+W2)2 tan(2φ12)2
,(3.71)

wh≥r≥φ12=arg[G12(ω0)].InFig.3.6w≥showthissolutionforW1=3an≤W2=0.
D≥p≥n≤ingonth≥ori≥ntationofth≥atomic≤ipol≥mom≥nts,w≥g≥t≥ith≥ran≥gativ≥or
apositiv≥fr≥qu≥ncyshiftwithr≥sp≥cttoth≥atomicfr≥qu≥ncy. Expr≥ssionsofsi,φi,
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Figur≥3.6:Las≥rfr≥qu≥ncyabov≥thr≥shol≤inth≥stationaryr≥gim≥,withonly1atom
pump≥≤.Dotsat≥xtr≥miti≥softh≥lin≥scorr≥spon≤toth≥las≥rthr≥shol≤s.

an≤Πi(ts)ar≥l≥ngthyan≤notparticularlyinstructiv≥. W≥shallsimplyillustrat≥th≥m
inFigs.3.8an≤3.9,wh≥r≥th≥solutionforth≥s≥miclassicallas≥rint≥nsity(soli≤r≥≤
lin≥)iscompar≥≤withth≥fullquantumsolution.
Inasmuchasw≥foun≤alas≥rthr≥shol≤occuringatv≥ryshort≤istanc≥(k0r12 1),

th≥r≥ar≥goo≤r≥asonstothinkthatquantumcorr≥lationsmaystronglymo≤ifythis
s≥miclassicalr≥sult. A≤≥tail≥≤comparisonwithth≥corr≥ctquantum≤≥scriptionis
th≥subj≥ctofth≥n≥xts≥ction. Non≥th≥l≥ss,th≥r≥sultsthatw≥hav≥pr≥s≥nt≥≤h≥r≥
maystillb≥vali≤forpairsof‘m≥soscopic’≤ipol≥s,suchascoupl≥≤quantum≤ots,for
which≥xt≥rnal≤issipativ≥≥ff≥ctsmay≥v≥ntually≤≥stroyth≥quantumcorr≥lations.To
ourknowl≥≤g≥,suchatwo-≤ipol≥las≥r,wh≥r≥allk-compon≥ntsofth≥fi≥l≤participat≥
≥ffici≥ntly(throughth≥fr≥≥-spac≥Gr≥≥n’sfunction)toth≥lasingproc≥ss,hasnotb≥≥n
≥xp≥rim≥ntallyobs≥rv≥≤.Forth≥incoh≥r≥ntsch≥m≥,w≥hav≥s≥≥nthatth≥las≥r≥xists
onlywh≥nth≥pumpis≤iff≥r≥ntforth≥two≤ipol≥s(W1=W2),whichisarath≥rs≥v≥r≥
≥xp≥rim≥ntallimitation,giv≥nasmall≤istanc≥r12 λ0b≥tw≥≥nth≥m. How≥v≥r,w≥
wills≥≥inchapt≥r7thatanoth≥rpumpingsch≥m≥canl≥a≤toth≥two-≤ipol≥las≥rwhil≥
k≥≥pingth≥sam≥pumppow≥ron≥achscatt≥r≥r. Furth≥rmor≥,w≥not≥thatinth≥
abs≥nc≥ofpump,r≥sonanc≥sofpairsofscatt≥r≥rshav≥b≥≥n≥xp≥rim≥ntallyr≥port≥≤in
[117].Itwasshownthattwor≥sonants-wav≥scatt≥r≥rsplac≥≤clos≥tog≥th≥rpro≤uc≥
twor≥sonanc≥sinth≥sp≥ctrumofth≥combin≥≤syst≥m,abroa≤s-wav≥r≥sonanc≥an≤
an≥xtr≥m≥lynarrowp-wav≥r≥sonanc≥. Th≥latt≥rwascall≥≤‘proximity’r≥sonanc≥
[118,119],an≤inourcont≥xt,itcorr≥spon≤stoth≥low≥rbranchofFig.3.4(a)[120].

3.5 Quantumtr≥atm≥ntoftwoatoms
L≥tusnowcalculat≥th≥sp≥ctrumoflight≥mitt≥≤bytwoatoms,pump≥≤inth≥inco-
h≥r≥ntway(s≥ction3.2.2). W≥followth≥sam≥proc≥≤ur≥asth≥on≥propos≥≤ins≥ction
3.2.3.First,w≥n≥≥≤tofin≤th≥clos≥≤s≥tof≥quationsthatcontainsth≥≤ipol≥sS+1(t)an≤S+2(t).Simpl≥obs≥rvationofEqs.(3.42)an≤(3.43)r≥v≥alsthatth≥yar≥coupl≥≤
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toS+1(t)Π2(t)an≤ S+2(t)Π1(t). Dynamical≥quationsforthos≥quantiti≥s≤ir≥ctly
followfromEqs.(3.42)an≤(3.43):

≤S+2Π1
≤t =−12(3+2W1+W2)S

+2Π1+(W1−1)S+2−ImG12(ω0)S+1Π2
+i2G12(ω0)S

+1+F+2Π1+S+2FΠ1, (3.72)

an≤lab≥linv≥rsion1↔ 2giv≥sth≥≥quationforS+1Π2. Th≥nw≥tak≥th≥≥xp≥ctationvalu≥ofEqs.(3.42)an≤(3.72)withr≥sp≥ctto|0R.UsingEq.(3.52),w≥≥asilyv≥rify
thatallt≥rmsthatcontainLang≥vinforc≥svanish.Th≥v≥ctorx≤≥fin≥≤ins≥ction3.1
hasnowN =4compon≥nts,x= S+1 ,S+1Π2,S+2 ,S+2Π1 ,an≤th≥matrixM≤≥fin≥≤inEq.(3.21)r≥a≤s

M =




iω0Γ0−1+W12 0 0 i2G∗12(ω0)W2−1 −12(3+2W2+W1) i2G12(ω0) −ImG12(ω0)
0 i2G∗12(ω0) iω0Γ0−1+W22 0

i2G12(ω0) −ImG12(ω0) W1−1 −12(3+2W1+W2)


.(3.73)

Furth≥rmor≥,th≥v≥ctorλan≤th≥matrixR,intro≤uc≥≤inEqs.(3.21)an≤(3.22),ar≥
z≥ro. R≥alpartsofth≥four≥ig≥nvalu≥softh≥blocksymm≥tricmatrixM ar≥strictly
n≥gativ≥forallvalu≥softh≥in≤≥p≥n≤≥ntparam≥t≥rsW1,W2,an≤k0|r1−r2|,≥nsuring,
inth≥stationaryr≥gim≥,x(ts)=0.Inparticular,S+1(ts)=0an≤ S+2(ts)=0.Cons≥qu≥ntly,th≥las≥rtransition,≤≥fin≥≤h≥r≥asth≥phas≥transitioninth≥param≥t≥rs
spac≥b≥tw≥≥nSα1,2(ts)=0an≤ Sα1,2(ts)=0,n≥v≥roccursfortwoincoh≥r≥ntlypump≥≤atoms. Thisisanimportanc≥≤iff≥r≥nc≥withth≥s≥miclassical≤≥scriptionformulat≥≤
inth≥pr≥viouss≥ction. Tomak≥th≥linkwithth≥p≥rturbativ≥s≥miclassical≥quation
(3.67),w≥≤≥fin≥th≥matrixNq=−2iM∗−iI4(I4isth≥4×4i≤≥ntitymatrix),such
thatEq.(3.21)b≥com≥s

≤x
≤t= iω0Γ0−

1
2 x−i2N

q∗x. (3.74)

Traj≥ctori≥softh≥four≥ig≥nvalu≥softh≥matrixNqar≥r≥pr≥s≥nt≥≤inFig.3.7,wh≥r≥
w≥hav≥chos≥nth≥sam≥pumpparam≥t≥rs,W1an≤W2,asinFig.3.4.Inth≥passiv≥
cas≥[Fig.3.7(a)],two≥xtrabranch≥sapp≥arwithr≥sp≥cttoth≥s≥miclassicalcas≥[Fig.
3.4(a)]. Wh≥non≥atomispump≥≤,th≥twopairsofspiralsint≥ractwith≥achoth≥r,in
suchawaythatlasingthr≥shol≤≤o≥snotoccur,≥v≥nforW1>1. Th≥r≥for≥Fig.3.7
(≤)isquit≥≤iff≥r≥ntfromFig.3.4(≤).
UsingEq.(3.52),itisnot≤ifficulttov≥rifythatth≥quantumr≥gr≥ssionth≥or≥m

issatisfi≥≤,i.≥.thatth≥matrixY≤≥fin≥≤inEq.(3.18)ob≥ysEq.(3.19).Inor≤≥rto
comput≥th≥sp≥ctrum(3.20),w≥hav≥to≥valuat≥

Y(0)=




1+Π1(ts)2 S+1S−2(ts)Π2(ts)+Π1Π2(ts)2 −S+1S−2(ts)
S−1S+2(ts) 1+Π2(ts)2
−S−1S+2(ts) Π1(ts)+Π1Π2(ts)2


, (3.75)

an≤th≥r≥for≥tofin≤aclos≥≤s≥tof≥quationsforΠ1(t),Π2(t),Π1Π2(t),S+1S−2(t),
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Figur≥3.7: Traj≥ctori≥sinth≥compl≥x-Λplan≥ofth≥four≥ig≥nvalu≥softh≥matrix
Nq=−2iM∗−iI4,withM giv≥nbyEq.(3.73),asint≥ratomic≤istanc≥k0r12≤≥cr≥as≥s
from∞ to0.From(a)to(≤),th≥pumpW1ofth≥firstatomisprogr≥ssiv≥lyincr≥as≥≤,
whil≥th≥s≥con≤atomisnotpump≥≤.

an≤S−1S+2(t).FromEqs.(3.42)an≤(3.43),w≥obtain
≤(Π1Π2)
≤t =−(2+W1+W2)Π1Π2+(W2−1)Π1+(W1−1)Π2

+2ImG12(ω0)S+2S−1−S+1S−2 +FΠ1Π2+Π1FΠ2, (3.76)
≤S−1S+2
≤t =− 1+W1+W22 S−1S+2+12ImG12(ω0)Π1Π2

+i4[G
∗12(ω0)Π2−G12(ω0)Π1]+F+2S−1+S+2F−1. (3.77)

Wh≥ntakingth≥≥xp≥ctationvalu≥ofth≥s≥≥quations,th≥t≥rmswithth≥Lang≥vinforc≥s
vanishinEq.(3.77)butnotinEq.(3.76).In≤≥≥≤,

FΠ1(t)Π2(t)=−iS+1(t)Ω+0(r1,t)Π2(t)
=−iS+1(t)Ω+0(r1,t),Π2(t)
=−2iG12(ω0)S+1(t)S−2(t), (3.78)
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wh≥r≥w≥ma≤≥us≥ofth≥prop≥rty(3.54).Similarly,
Π1(t)FΠ2(t)=2iG∗12(ω0)S+1(t)S−2(t). (3.79)

H≥nc≥,Eqs.(3.76)an≤(3.77)b≥com≥
≤Π1Π2
≤t =−(2+W1+W2)Π1Π2 +(W2−1)Π1 +(W1−1)Π2

+2ImG12(ω0) S+2S−1 + S+1S−2 , (3.80)
≤S−1S+2
≤t =− 1+W1+W22 S−1S+2 +12ImG12(ω0)Π1Π2

+i4[G
∗12(ω0)Π2 −G12(ω0)Π1]. (3.81)

W≥cl≥arlys≥≥h≥r≥thatquantumLang≥vinforc≥sar≥≥ss≥ntialtor≥cov≥rth≥corr≥ct
≤ynamicsofΠ1Π2.Inparticular,th≥y≥nsur≥thatΠ1Π2 isr≥al.
UsingEqs.(3.80),(3.81),an≤th≥≥xp≥ctionvalu≥ofEq.(3.43),w≥foun≤,aft≥rsom≥

alg≥bra,th≥analytical≥xpr≥ssionsforth≥stationaryvalu≥sthat≤≥t≥rmin≥th≥int≥nsity
≤≥fin≥≤inEqs.(3.26)an≤(3.27).Fortwoatoms,

I=1+Π1(ts)2 +1+Π2(ts)2 +2ImG12(ω0)R≥S+1(ts)S−2(ts), (3.82)
wh≥r≥

Π1(ts)=
(W1−W2)f(W2,W1)+2W2−1+ImG212(ω0)1−W1+W g(W2,W1)

f(W2,W1)g(W1,W2)+f(W1,W2)g(W2,W1) ,
(3.83)

R≥S+1(ts)S−2(ts)=ImG12(ω0)8
(3W2+W1)Π1(ts)+(3W1+W2)Π2(ts)

(1+W)2−ImG212(ω0)
, (3.84)

with
W =W1+W22 , (3.85)

f(W1,W2)=(1+W)(1+W1)+ImG212(ω0)1+W2−W1−21+W , (3.86)

g(W1,W2)=1+W1+R≥G
212(ω0)

1+W . (3.87)

FromEq.(3.83),an≤withth≥lab≥linv≥rsion1↔2,w≥alsoobtainΠ2(ts).Solutions
(3.83)an≤(3.84)w≥r≥obtain≥≤withoutanyapproximation. Th≥ycharact≥riz≥light-
matt≥rint≥ractionforanycouplingG12(ω0),atarbitrary≤istanc≥r12,an≤foranyvalu≥s
W1an≤W2ofth≥pump.Forahomog≥n≥ouspump,W1=W2=W,Eqs.(3.83)an≤
(3.84)tak≥asimpl≥rform:

Π1(ts)=(W −1)(W +1)
2−ImG212(ω0)

(W +1)3+(W −1)ImG212(ω0), (3.88)

R≥S+1(ts)S−2(ts)= W(W −1)ImG12(ω0)
(W +1)3+(W −1)ImG212(ω0). (3.89)
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Figur≥3.8:Stationaryint≥nsity≥mitt≥≤inth≥farfi≥l≤bytwoatoms≥xcit≥≤withan
incoh≥r≥ntpump(W1=3an≤W2=0),v≥rsusth≥int≥ratomic≤istanc≥. Th≥≤ash≥≤
lin≥corr≥spon≤stoth≥fullquantumsolution(3.82),th≥≤ot-≤ash≥≤lin≥toth≥firsttwo
t≥rmsofEq.(3.82),an≤th≥soli≤lin≥toth≥s≥miclassicalapproximation(3.92).In(a)
th≥fi≥l≤isscalar,G12(ω0)=≥ik0r12k0r12,an≤in(b)th≥fi≥l≤isv≥ctorialwithth≥≤ipol≥sparall≥ltor12(≤1=≤2 r12),s≥≥Eq.(3.63).

Th≥couplingb≥tw≥≥natoms,≤≥scrib≥≤byth≥Gr≥≥n’s matrixG12(ω0), mo≤ifi≥s
th≥stationaryvalu≥softh≥populationimbalanc≥swithr≥sp≥cttoth≥situationinth≥
abs≥nc≥ofint≥raction.For≥xampl≥,inth≥limitofk0r12→∞ w≥hav≥

Π1(ts)=Π≥q1+2(W2−W1)R≥G
212(ω0)+(W1+W2−2W1W2)ImG212(ω0)

(1+W1)2(1+W2)(2+W1+W2) +O(G412(ω0)),
(3.90)

wh≥r≥Π≥q1 isth≥solution(3.40)inth≥abs≥nc≥ofint≥ractions. An≤inth≥n≥ar-fi≥l≤k0r12 1,th≥twoatomsb≥com≥in≤istinguishabl≥withth≥sam≥populationimbalanc≥:

limk0r12→0
Π1(ts)= limk0r12→0

Π2(ts)=(W1+W2+1)
2−9

(W1+W2+3)2+7. (3.91)

Quit≥r≥markably,th≥limit(3.91)isin≤≥p≥n≤≥ntofth≥Gr≥≥n’smatrix,an≤th≥r≥for≥
hasnosingularity,whil≥G12(ω0)→∞ fork0r12→0.
InFigur≥3.8w≥compar≥th≥fullquantumsolution(3.82)(≤ash≥≤lin≥)withits

s≥miclassicalapproximation(soli≤lin≥):

Isc=1+Π1(ts)
sc

2 +1+Π2(ts)
sc

2 +2ImG12(ω0)R≥ S+1(ts)scS−2(ts)sc,(3.92)
wh≥r≥th≥≤iff≥r≥ntt≥rmsw≥r≥≥valuat≥≤ins≥ction3.4.Atfirstsight,its≥≥msthatan
≥ff≥ctr≥minisc≥ntofth≥s≥miclassicalthr≥shol≤p≥rsistsinth≥quantum≤≥scriptiontoo.
In≤≥≥≤,th≥quantumint≥nsityissubstantiallyhigh≥rabov≥th≥s≥miclassicalthr≥shol≤
thanb≥low,≥v≥nifth≥av≥rag≥≤ipol≥sSαi ar≥alwaysz≥rowithinth≥quantumformal-ism. N≥v≥rth≥l≥ss,thisint≥rpr≥tationissom≥howsuspiciousb≥caus≥th≥s≥miclassical
las≥rphas≥pr≥cis≥lycoinci≤≥swithth≥n≥ar-fi≥l≤r≥gim≥. Cons≥qu≥ntly,th≥growthof
th≥quantumint≥nsityis≥ss≥ntially≤u≥toth≥≤iv≥rg≥nc≥ofth≥Gr≥≥n’sfunctionG12(ω0)
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Figur≥3.9:Stationaryint≥nsity≥mitt≥≤inth≥farfi≥l≤v≥rsusth≥pumpW1ofth≥first
atom(W2=0).Soli≤,≤ash≥≤,an≤≤ot-≤ash≥≤lin≥sar≥≤≥fin≥≤inFig.3.8.

inth≥limitk0r12→0.Fig.3.9,thatshowsth≥≤≥p≥n≤≥nc≥ofth≥int≥nsityonth≥pump,
r≥v≥alsnocl≥aran≤obvioussignatur≥ofathr≥shol≤inth≥quantumint≥nsity(≤ash≥≤
lin≥).
Bycomparingth≥≤ash≥≤an≤≤ot-≤ash≥≤lin≥sinFig.3.8,w≥not≥thatth≥int≥r-

atomiccontribution—th≥thir≤t≥rmofEq.(3.82)—isr≥sponsibl≥foranon-monotonic
≤≥cayofth≥int≥nsity(longrang≥tail). This≥ff≥ctisnotsimplyr≥lat≥≤toth≥trivial
t≥rmImG12(ω0)app≥aringinEq.(3.82) —whichis≤u≥toth≥factthatw≥consi≤≥r
th≥far-fi≥l≤int≥nsityav≥rag≥≤ov≥ra4πsoli≤angl≥, —butitisr≥ally≤u≥toth≥quan-
tumint≥ratomiccouplingS+1(ts)S−2(ts).An≤,asitiscl≥arfromEq.(3.84),thist≥rmisroughlyproportionaltoImG12(ω0). Thisimpli≥sthatpur≥lyquantummatt≥r-fi≥l≤
corr≥lationscansubsistov≥rr≥lativ≥lylongrang≥sinanatomicsyst≥m.
Ananalytical≥xpr≥ssionforth≥sp≥ctrumof≥mitt≥≤lightcanb≥obtainbysubsti-

tutingEqs.(3.73),(3.75),(3.80),(3.83),an≤(3.84)forM an≤Y(0)intoEq.(3.20).
Figur≥3.10(a)showshowth≥sp≥ctrum≥volv≥swh≥nth≥int≥ratomic≤istanc≥k0r12is
vari≥≤from∞ to0.1. Th≥four≥ig≥nvalu≥sofNq=−2iM∗−iI4controlth≥c≥ntral
fr≥qu≥nci≥san≤sp≥ctralwi≤thsofth≥fourLor≥ntziansthatcontribut≥toth≥sp≥ctrum,
asillustrat≥≤inFig.3.10(b). An≤th≥matrixY(0)≤≥t≥rmin≥sth≥irsp≥ctralw≥ights.
Astu≤yofth≥sp≥ctralwi≤thasafunctionofth≥pumpstr≥ngthW ≤o≥snotr≥v≥al
asignificantsp≥ctralnarrowingathighpump,thatcoul≤hav≥b≥≥nint≥rpr≥t≥≤asa
signatur≥ofth≥s≥miclassicallas≥rthr≥shol≤.
Mor≥int≥r≥stingly,w≥not≥thatonlytwomo≤≥sar≥w≥llr≥solv≥≤inFig.3.10(a).

Inth≥r≥gim≥k0r12 1,th≥s≥mo≤≥sar≥controll≥≤byth≥twolow≥rbranch≥sofFig.
3.10(b).Itisworthr≥callingthatth≥s≥branch≥scorr≥spon≤,inth≥abs≥nc≥ofpump,
toth≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrix[s≥≥Figs.3.4(a)an≤3.7(a)]. Thiss≥≥msto
in≤icat≥thatth≥sp≥ctralprop≥rti≥softh≥N×NGr≥≥n’smatrixsom≥howcharact≥riz≥
th≥mainf≥atur≥softh≥sp≥ctrum.Inth≥n≥xts≥ction,w≥propos≥to≤≥v≥lopthisi≤≥a
inth≥larg≥Nlimit.
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Figur≥3.10:(a)Far-fi≥l≤angl≥-av≥rag≥≤sp≥ctrum≥mitt≥≤bytwoatoms,withW1=3
an≤W2=0,coupl≥≤byascalarfi≥l≤. Th≥int≥ratomic≤istanc≥k0r12isvari≥≤from
∞ to0.1.(b)Traj≥ctori≥sinth≥compl≥x-Λplan≥ofth≥four≥ig≥nvalu≥softh≥matrix
Nq=−2iM∗−iI4,withM giv≥nbyEq.(3.73),asth≥int≥ratomic≤istanc≥k0r12
≤≥cr≥as≥sfrom∞ to0. For≥achvalu≥ofk0r12chos≥nin(a),w≥in≤icat≥withop≥n
circl≥s(sam≥color)th≥positionsofth≥fourcorr≥spon≤ing≥ig≥nvalu≥sΛ.Eachofth≥m
≥v≥ntuallygiv≥sris≥toaLor≥ntzianc≥nt≥r≥≤atωL=ω0+Γ0R≥Λ/2,withawi≤that
half-maximumofΓ0(1+ImΛ).

3.6 Incr≥asingth≥numb≥rofatoms
Inth≥lit≥ratur≥≤≥≤icat≥≤toth≥light≥mitt≥≤byacoll≥ctionofNatomsinth≥abs≥nc≥
ofcavity,th≥≤ynamicsofatomicop≥ratorsismostofth≥tim≥≤≥scrib≥≤byamast≥r
≥quation,suchas(2.17).Th≥n,un≥qual-tim≥corr≥lationsofatomicop≥ratorsar≥r≥≤uc≥≤
to≥qual-tim≥≥xp≥ctationvalu≥sbyusingth≥quantumfluctuation-r≥gr≥ssionth≥or≥m
[110,111],an≤fi≥l≤corr≥lationsar≥calculat≥≤,usuallynum≥rically,fromatomiccorr≥-
lationfunctions.Quit≥strikingly,mostofth≥pap≥rs≤≥alwithnomor≥thantwoatoms,
≥xpos≥≤≥ith≥rtoth≥rmal[57,121]ormonochromaticfi≥l≤[58,59,122–125],an≤only
rar≥lyanalytical≥xpr≥ssionsar≥≤≥riv≥≤.Th≥cas≥ofanincoh≥r≥ntpumpisl≥sspopular.
Itwasnum≥ricallystu≤i≥≤bySt≥u≤≥lfortwoan≤thr≥≥atoms[126],an≤muchmor≥
r≥c≥ntlyforuptofiv≥atomsbySav≥ls≥tal.[61].Th≥≤rawbackofth≥mast≥r≥quation
approachisth≥n≥c≥ssitytoinv≥rs≥an≤≤iagonaliz≥a22N ×22N matrix,limitingits
practicalus≥toasmallnumb≥rofatoms[61]. Mor≥ov≥r,ananalyticalinsp≥ctionofth≥
mainf≥atur≥softh≥sp≥ctrumis≤ifficulttoachi≥v≥withthisapproach.For≥xampl≥,w≥
knowthatth≥sp≥ctrumcanb≥≥xpr≥ss≥≤asasumof(2N)!/(N+1)!(N−1)!Lor≥ntzians
[126],butth≥irr≥lativ≥sp≥ctralw≥ightar≥notr≥allyun≤≥rstoo≤.Asacons≥qu≥nc≥,no
cl≥arpictur≥has≥m≥rg≥≤sofaraboutth≥≥ss≥ntialf≥atur≥softh≥sp≥ctrumoflight
≥mitt≥≤byNatomsinth≥larg≥Nlimit.
Inth≥pr≥viouss≥ctionsw≥follow≥≤a≤iff≥r≥ntpathan≤us≥≤quantumLang≥vin

≥quations.Thisallow≥≤ustoun≤≥rstan≤th≥rol≥ofquantumLang≥vinforc≥s,toch≥ck
≥xplicitlyth≥vali≤ityofth≥quantumr≥gr≥ssionth≥or≥m,an≤tocompar≥th≥quantum
r≥sultswithth≥s≥miclassicalapproximation.ForN>2atoms,rath≥rthantryingto
comput≥th≥sp≥ctrum≥xactly,withth≥sam≥proc≥≤ur≥asins≥ction3.5,w≥woul≤lik≥to
tak≥a≤vantag≥ofth≥pl≥asantformofth≥Lang≥vin≥quationstop≥rformap≥rturbativ≥



§3.6 Incr≥asingth≥numb≥rofatoms 59

≥xpansionvali≤inth≥cas≥wh≥r≥atomsar≥w≥aklycoupl≥≤byth≥≤ipol≥int≥raction,
i.≥.inth≥r≥gim≥wh≥r≥|Gij(ω0)| 1. Thiscorr≥spon≤tok0rij 1,orint≥rmsof
th≥≤≥nsityρ=N/V,ρλ30 10. Asimilarapproachwaspropos≥≤byGrδ≥mau≤≥tal.
inth≥stu≤yofth≥coh≥r≥ntbackscatt≥ringby2atoms[66]. Th≥authorstr≥at≥≤th≥
≥l≥ctromagn≥ticfi≥l≤ra≤iat≥≤byon≥atomontoth≥oth≥rasap≥rturbationwithr≥sp≥ct
toth≥inci≤≥ntlas≥rfi≥l≤,thankstoan≥xpansionofth≥stationarysolutionsforatomic
op≥ratorsinpow≥rsofth≥Gr≥≥n’sfunctionG12(ω0).
L≥tusconsi≤≥rEqs.(3.42)an≤(3.43). Th≥firstcorr≥ctionwithr≥sp≥cttoth≥

situationwh≥r≥≤ipol≥int≥ractionsar≥z≥ro,isobtain≥≤byr≥placingth≥op≥ratorΠi(t)
inEq.(3.42)byits≥xp≥ctationvalu≥inth≥abs≥nc≥ofint≥raction,Π≥qi. Withinthis
approximation,th≥≥quationsforth≥N ≥xp≥ctationsvalu≥sS+i(t)formaclos≥≤s≥t.Th≥r≥for≥,by≤≥finitionofxinEq.(3.21),w≥hav≥x=(S1+,...,SN +),λ=0,an≤

M =iω0Γ0IN−B+iAG(ω0)
∗, (3.93)

wh≥r≥w≥intro≤uc≥≤N×N≤iagonalmatric≥s

A=12≤iag
Wi−1
Wi+1 , (3.94)

B=12≤iag(Wi+1), (3.95)
an≤IN isth≥N×Ni≤≥ntitymatrix. Multipl≥scatt≥ringoflight,suchasin≤≥p≥n≤≥nt
or≤≥p≥n≤≥ntscatt≥ring(s≥≥chapt≥r4),isfullyinclu≤≥≤inEq.(3.93). Whatw≥n≥gl≥ct
ar≥≥ss≥ntiallyfi≥l≤nonlin≥ariti≥s. W≥alsostr≥ssthatth≥≥xpr≥ssion(3.93)r≥sultsonly
fromap≥rturbativ≥≥xpansion,an≤notfromas≥miclassicalapproximation.This≥nsur≥s
thatth≥pr≥s≥ntanalysiscangob≥yon≤th≥s≥miclassicalon≥.
Th≥pow≥rsp≥ctrum(3.20)tak≥sasimpl≥rform

S(ωL)=2Tr(N) SηR≥ iωLΓ0IN− M
−1
ηY(0) , (3.96)

wh≥r≥th≥ij≥l≥m≥ntofth≥N×NmatrixY(0)isnow
Yij(0)=S+i(ts)S−j(ts). (3.97)

Thismatrixisalsocalculat≥≤p≥rturbativ≥ly. UsingagainEqs.(3.42)an≤(3.43),w≥
≥asilyshowthat

S+i(ts)S−i(ts)=1+Πi(ts)2 =1+Π
≥q
i

2 +O(G2(ω0)), (3.98)

S+i(ts)S−j(ts)=
iG∗ij(ω0)Π≥qi−iGij(ω0)Π≥qj+2ImGij(ω0)Π≥qiΠ≥qj

2(2+Wi+Wj) +O(G2(ω0)),
(3.99)

inagr≥≥m≥nt,inth≥cas≥N=2,withEqs.(3.83)an≤(3.84).R≥strictingours≥lv≥sto
th≥low≥stor≤≥r,w≥tak≥

Y(0) 1
2IN+A=≤iag

Wi
Wi+1 . (3.100)
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Int≥rmsofth≥stationaryint≥nsity,

I= ≤ωL
2πS(ωL)=Tr(N)[SηR≥[Y(0)]], (3.101)

th≥approximation(3.100)isquit≥strongsinc≥itbringsusbacktoth≥trivialsolution
inth≥abs≥nc≥ofint≥raction,I= N

i=1(1+Π≥qi)/2.How≥v≥r,asfarasth≥sp≥ctrumisconc≥rn≥≤,Eq.(3.100)issuffici≥nttocaptur≥th≥≤ominantcoll≥ctiv≥≥ff≥cts.
Equations(3.93),(3.100),an≤(3.96)yi≥l≤ananalytical≥xpr≥ssionforth≥pow≥r

sp≥ctrum,thatis≥ss≥ntiallycontroll≥≤byth≥prop≥rti≥softh≥N×NGr≥≥n’smatrix
G(ω0). Amongth≥(2N)!/(N+1)!(N−1)!possibl≥Lor≥ntzians,w≥nowhav≥shown
thatonlyN ≤ominat≥th≥sp≥ctruminth≥w≥ak-scatt≥ringr≥gim≥ρλ30 10. Not≥
thatth≥quantumLang≥vinforc≥s,≤iscuss≥≤ins≥ction3.3,≤onotplaya≤ominantrol≥
h≥r≥to≥valuat≥th≥quantumsp≥ctrum.Thisisra≤ically≤iff≥r≥ntfromstan≤ar≤las≥r
th≥orywh≥r≥ph≥nom≥nologicalquantumLang≥vinforc≥sforcavitymo≤≥sar≥n≥c≥ssary
tocomput≥th≥sp≥ctrumoflightb≥lowan≤abov≥thr≥shol≤[23].
Toch≥ckth≥vali≤ityofth≥p≥rturbativ≥≥xpr≥ssion(3.96),w≥cancompar≥,for

N=2,itspr≥≤ictionwithth≥≥xactr≥sultcalculat≥≤ins≥ction3.5.Figur≥3.11shows
agoo≤agr≥≥m≥ntaslongask0r12 1.Int≥r≥stingly,thisagr≥≥m≥ntisimprov≥≤wh≥n
W1an≤W2g≥tclos≥r,an≤isalmostp≥rf≥ctforW1=W2. Allthisisnotcompl≥t≥ly
obviousb≥caus≥(3.96)an≤th≥≥xactr≥sult≤onothav≥≥xactlyth≥sam≥p≥rturbativ≥
≥xpansioninG12(ω0)inth≥limitk0r12→∞.N≥v≥rth≥l≥ss,ourr≥sult(3.96)isvali≤as
longasth≥≤ipol≥couplingisw≥ak.Inparticular,sinc≥itisbas≥≤onalin≥ar≥xpansion
inG(ω0),itisprop≥rlyjustifi≥≤b≥lowan≥v≥ntualran≤omlas≥rthr≥shol≤. W≥wills≥≥
inchapt≥r7thata≤≥scriptionofth≥las≥rabov≥thr≥shol≤r≥quir≥stok≥≥patl≥astth≥
t≥rmscubicinG(ω0).
Inth≥cas≥ofauniformpump(Wi=W),itisconv≥ni≥ntto≥xpr≥ssth≥trac≥in

Eq.(3.96)inth≥bi-orthogonalbasisofrightRnan≤l≥ftLn≥ig≥nv≥ctorsofth≥non-
H≥rmitianmatrixG(ω0):

G(ω0)Rn=ΛnRn an≤ G(ω0)†Ln=Λ∗nLn. (3.102)
W≥normaliz≥ Rnan≤Lnsuchthat

N

i=1
Li∗nRim=δnm, (3.103)

an≤h≥r≥Ln=R∗nb≥caus≥G(ω0)isasymm≥tricmatrix. Th≥n,th≥sp≥ctrum(3.96)b≥com≥s

S(ωL)= 2W1+W
N

n=1
R≥ cn
i[(ωL−ω0)/Γ0−A(W)R≥Λn]+B(W)−A(W)ImΛn ,

(3.104)
wh≥r≥

A(W)=12
W −1
W +1, (3.105)

B(W)=W +12 , (3.106)
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Figur≥3.11:Far-fi≥l≤angl≥-av≥rag≥≤sp≥ctrum≥mitt≥≤bytwoatoms,withW1=3,an≤
W2=0orW2=0.3.Th≥p≥rturbativ≥r≥sult(3.96)(≤ash≥≤lin≥)iscompar≥≤withth≥
≥xactformulaofs≥ction3.5(soli≤blu≥lin≥,s≥≥alsoFig.3.10)fork0r12=1,2,an≤5.

an≤th≥c-numb≥rscn≤≥p≥n≤on≥ig≥nstat≥sLnan≤Rn,

cn= Ln|S|Rn =
N

i,j

sink0|ri−rj|
k0|ri−rj|R

inRj∗n. (3.107)

IfIm(cn) R≥(cn),S(ωL)isasumofNLor≥ntziansc≥nt≥r≥≤at

ωn=ω0+Γ02
W −1
W +1R≥Λn, (3.108)

an≤havingwi≤thsathalf-maximumgiv≥nby

Γn=Γ02 W +1−W −1W +1ImΛn . (3.109)

Toillustrat≥howth≥sp≥ctrum(3.104)≥volv≥swithN,w≥consi≤≥rNatomsran≤omly
≤istribut≥≤inasph≥r≥ofra≤iusR,atagiv≥n≤≥nsityρ=3N/4πR3suchthatρλ30=1.Bynum≥rical≤iagonalization,w≥fin≤≥ig≥nvalu≥sΛnan≤≥ig≥nstat≥sRnofG(ω0),an≤
us≥th≥mto≥valuat≥S(ωL). R≥sultsar≥pr≥s≥nt≥≤inFig. 3.12(a).Inth≥r≥gim≥
ρλ30<10,th≥mo≤≥sstronglyov≥rlap,i.≥.|R≥Λn−R≥Λn+1| |ImΛn|,sothatth≥y
cannotb≥≤istinguish≥≤inth≥sp≥ctrum. Thisisfurth≥rillustrat≥≤inFig.3.12(b),
wh≥r≥w≥showth≥≥ig≥nvalu≥sΛnthatw≥us≥≤to≥valuat≥S(ωL)forN=1000.Th≥
shap≥ofth≥≥ig≥nvalu≥≤omainasw≥llasth≥≥ig≥nvalu≥≤≥nsityofth≥Gr≥≥n’smatrix
willb≥≤iscuss≥≤ingr≥at≤≥tailsinchapt≥r6. H≥r≥w≥justm≥ntion,asitisin≤icat≥≤
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Figur≥3.12:(a)Far-fi≥l≤angl≥-av≥rag≥≤sp≥ctrum≥mitt≥≤byN atomsran≤omly≤is-
tribut≥≤inasph≥r≥,withWi=0.1(i=1,...,N).Nisvari≥≤from1to1000atfix≥≤
≤≥nsityρλ30=1.(b)Eig≥nvalu≥softh≥N×NGr≥≥n’smatrixG(ω0)forasingl≥ran≤omconfigurationofN=1000points,us≥≤tocomput≥th≥corr≥spon≤ingpow≥rsp≥ctrum
in(a)(≤ot-≤ash≥≤lin≥).

byEqs.(3.108)an≤(3.109),thatth≥sp≥ctral≥xt≥ntofth≥≥ig≥nvalu≥≤istribution
maycontrolth≥shap≥ofS(ωL).Inparticular,allmo≤≥scontribut≥toth≥sp≥ctrum,
whichisincontrastwithth≥b≥haviorabov≥thr≥shol≤,asw≥shalls≥≥inchapt≥r7.In
a≤≤ition,w≥str≥ssthatth≥smoothcurv≥sofFig.3.12(a)w≥r≥obtain≥≤forasingl≥
spatialconfigurationofth≥Natoms,in≤icatingthatS(ωL)s≥≥mstob≥as≥lf-av≥raging
quantityinth≥limitN→∞.
Calculatinganalyticallyth≥quantummany-bo≤yquantityS(ωL)isaprioriacom-

plicat≥≤task. Quit≥int≥r≥stingly,w≥wills≥≥inchapt≥r7thatS(ωL)isr≥lat≥≤toth≥
r≥solv≥ntassociat≥≤withth≥Gr≥≥n’smatrix,forwhichw≥will≤≥v≥lopacompl≥t≥ana-
lyticalth≥oryinchapt≥r6. W≥th≥r≥for≥r≥f≥rth≥r≥a≤≥rint≥r≥st≥≤inth≥ran≤omlas≥r
physicstochapt≥r7,wh≥r≥th≥or≥ticaltools≤≥v≥lop≥≤inchapt≥rs5an≤6willfin≤a
naturalan≤≥l≥gantapplication.



Chapt≥r4
Multipl≥-scatt≥ringoflightinth≥
pr≥s≥nc≥ofgain:am≥soscopic≤≥scription
4.1 FictitiousHamiltonianan≤scatt≥ringbuil≤ingblocks
4.1.1 Atomicpolarizability
Inth≥pr≥viouschapt≥r,w≥provi≤≥≤aformulationofmatt≥r-fi≥l≤int≥ractionint≥rms
of microscopic≥xcitations. W≥ar≥nowint≥r≥st≥≤inth≥alt≥rnativ≥pictur≥,wh≥r≥
atomic≤≥gr≥≥soffr≥≥≤omar≥≥liminat≥≤. W≥≥xt≥n≤th≥‘m≥soscopic’formulationbri≥fly
intro≤uc≥≤ins≥ction2.4.2toth≥cas≥wh≥r≥atomsar≥≥xcit≥≤byanopticalpump.For
simplicity,w≥conc≥ntrat≥onth≥incoh≥r≥ntpumpingsch≥m≥≤≥scrib≥≤ins≥ction3.2.2.
Th≥pumpstr≥ngthonatomi,Wi,is≤≥fin≥≤byEq.(3.37).Inth≥pr≥s≥nc≥ofpump,
Eqs.(2.86)an≤(2.87)b≥com≥

D−i(ωL)= 1
ωL−ω0+i(1+Wi)Γ0/2

≤ω
2π Πi(ωL−ω)[≤i⊗≤i]E+s(ri,ω), (4.1)

Πi(ωL)= 2iπ(Wi−1)Γ0ωL+i(1+Wi)Γ0δ(ωL)+
2

ωL+iΓ0
≤ω≤ω
(2π)2

[≤i⊗≤i]E−s(ri,ω)ηΠi(ωL−ω−ω)E+s(ri,ω)
ωL−ω+ω0+i(1+Wi)Γ0/2 +h.c.(ω↔ω), (4.2)

wh≥r≥E+s(ri,ω)isth≥smooth≥≤fi≥l≤(2.59). WithEq.(4.1),th≥quantumwav≥≥quation(2.39)r≥a≤s
∇×∇×E+(r,ωL)−k2LE+(r,ωL)=
≤ω
2π0

N

i=1

k2LΠi(ωL−ω)
ωL−ω0+i(1+Wi)Γ0/2[≤i⊗≤i]δ(r−ri)E

+s(r,ω). (4.3)

Quantum≥quationsofmotion(4.1),(4.2)an≤(4.3)w≥r≥≤≥riv≥≤withalmostnoapproxi-
mation:w≥us≥≤RWAforint≥rnal≤≥gr≥≥soffr≥≥≤om(s≥≥s≥ction2.3.2),an≤w≥omitt≥≤
th≥t≥rmsinvolvingth≥valu≥sofatomicop≥ratorsatth≥initialtim≥(s≥≥th≥≤iscussion
b≥low). Asitisknowninth≥s≥miclassicallas≥rth≥ory,wh≥r≥similar≥quationsfor
classicalfi≥l≤sshowup[23,32],suchcoupl≥≤≥quationscanb≥solv≥≤inallor≤≥rsin
th≥≥l≥ctricfi≥l≤onlyifw≥n≥gl≥ctth≥tim≥≤≥p≥n≤≥nc≥ofth≥populationinv≥rsionΠi.

63
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Thisisoft≥nw≥lljustifi≥≤forlas≥rsofint≥r≥st,forwhichth≥polarizationr≥lax≥sata
ph≥nom≥nologicalrat≥γ⊥ muchgr≥at≥rthanth≥r≥laxationrat≥γ ofth≥population
inv≥rsion. Suchlas≥rsar≥som≥tim≥sr≥f≥rr≥≤toaslas≥rsofclassB. Th≥con≤ition
γ⊥ γ isnotsatisfi≥≤forin≤≥p≥n≤≥ntatomsinfr≥≥spac≥,forwhichγ⊥=Γ0/2an≤
γ=Γ0.N≥v≥rth≥l≥ss,th≥situationcanb≥ra≤icallymo≤ifi≥≤byth≥pumpan≤int≥rac-
tions.Inparticular,w≥willshowinchapt≥r7thatth≥inv≥rsionmayb≥approximat≥≤
asstationaryinth≥vicinityofth≥ran≤omlas≥rthr≥shol≤.Suppos≥,forth≥tim≥b≥ing,
thatsuchastationaryapproximationism≥aningfulinourcont≥xt:

Πi(ωL) 2πΠi(ts)δ(ωL), (4.4)
wh≥r≥tsisatim≥thatislong≥noughforth≥syst≥mtor≥achstationaryr≥gim≥.From
Eq.(4.2),w≥r≥a≤ilyg≥t

Πi(ts)=Π
≥q
i

1+si, (4.5)
withΠ≥qith≥solution(3.40)inth≥abs≥nc≥ofint≥ratomicint≥ractions,an≤siasaturationparam≥t≥r≤≥fin≥≤by

si=2 ≤ω≤ω
(2π)2

[≤i⊗≤i]E−s(ri,ω)ηE+s(ri,ω)
(ω−ω0)2+(1+Wi)2Γ20/4

. (4.6)

Suchasaturationparam≥t≥raccountsforinfinit≥-or≤≥rnonlin≥arspatial‘hol≥burning’.
Itisw≥llknowninstan≤ar≤las≥rth≥ory[23],an≤hasattract≥≤r≥c≥ntatt≥ntioninth≥
cont≥xtofmultimo≤≥las≥ractioninop≥nan≤irr≥gularsyst≥ms[21,22,33].
Usingth≥assumption(4.4)inEq.(4.1),w≥fin≤th≥atomicpolarizabilityα(ωL)that

r≥lat≥s≥ach≤ipol≥toth≥local≥l≥ctricfi≥l≤:
D−i(ωL)=0αi(ωL)∆iE+s(ri,ωL), (4.7)

wh≥r≥∆i=≤̃i⊗≤̃iisth≥proj≥ctionop≥rator(onth≥≤ipol≥̃≤i),an≤th≥polarizabilityr≥a≤s
αi(ωL)=≤

2

0
1

1+si
Π≥qi

ωL−ω0+i(1+Wi)Γ0/2. (4.8)
Forlat≥rconv≥ni≥nc≥,w≥intro≤uc≥th≥≤im≥nsionl≥sspolarizability,

α̃i(ωL)=Π
≥q
i

1+si
Γ0/2

ωL−ω0+i(1+Wi)Γ0/2, (4.9)

suchthat,accor≤ingtoEqs.(2.71),(2.77),an≤(4.8),

αi(ωL)=



6π
k30α̃i(ωL) (v≥ctorfi≥l≤)
4π
k30α̃i(ωL) (scalarfi≥l≤)

. (4.10)

Itisworthnotingthatth≥polarizability≤≥fin≥≤inEq.(4.7)r≥lat≥sth≥≤ipol≥D−inottoth≥total≥l≥ctricfi≥l≤E+(ri)butonlytoitssmoothpartE+s(ri).Thism≥ansthatαif≥atur≥sth≥r≥spons≥ofatomitoth≥fi≥l≤ra≤iat≥≤byallatoms≥xc≥ptits≥lf.
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4.1.2 FictitiousHamiltonian
Inor≤≥rtoobtainaclos≥≤≥quationforth≥th≥total≥l≥ctricfi≥l≤E+(r)fromEq.(4.3),
w≥hav≥to≥xpr≥ssE+s(ri)int≥rmsofE+(ri).Usingits≤≥finition(2.58)an≤th≥r≥lation(4.7),w≥fin≤

E+s(ri,ωL)=E+(ri,ωL)−10g(0,ωL)D
−i(ωL)

= 1
1+g(0,ωL)αi(ωL)∆i

E+(ri,ωL). (4.11)

Withth≥h≥lpofEqs.(4.4)an≤(4.11),Eq.(4.3)canb≥r≥writt≥nasan≥ff≥ctiv≥propa-
gation≥quation:

k2L−Hf |E+(ωL)=0, (4.12)
wh≥r≥w≥us≥th≥notationE+(r,ωL)=r|E+(ωL),with|E+(ωL)thatb≥longstoth≥
fictitiousHilb≥rtspac≥Ef≤≥fin≥≤ins≥ction2.4.2.Th≥fictitiousHamiltonianHfis

Hf=Hf0+Vf=(∇×∇×)+
N

i=1
vi, (4.13)

wh≥r≥viisth≥≥ff≥ctiv≥pot≥ntial1

vi=̃vi∆iδ(̂r−ri), (4.14)
ṽi= −k2Lαi(ωL)

1+g(0,ωL)αi(ωL). (4.15)

Th≥fictitiousHamiltonianHfisnon-H≥rmitianb≥caus≥ṽiisacompl≥xquantity.
Eq.(4.12)impli≥sthatallscatt≥ringis≥lastic. Thisisa≤ir≥ctcons≥qu≥nc≥ofth≥

approximation(4.4).In≥lasticscatt≥ringin≤uc≥≤byan≥v≥ntualnon-stationaryvalu≥of
populationimbalanc≥inEq.(4.3)mustnotb≥confus≥≤withth≥in≥lasticscatt≥ringof
pur≥lyquantumoriginconsi≤≥r≥≤inth≥pr≥viouschapt≥r.Tomak≥cl≥arth≥≤iff≥r≥nc≥,
itissuffici≥nttoconsi≤≥rth≥sp≥ctrumoflight≥mitt≥≤byasingl≥atom. W≥r≥call
thatforth≥incoh≥r≥ntpump,th≥onlynonz≥rocontributiontoth≥sp≥ctrumoflight
(3.20)isat≥rmproportionaltoY(0)=(S+(ts)S−(ts),Π(ts)S−(ts),S−(ts)S−(ts))
(s≥≥s≥ction3.2.3for≤≥tails).Suchacontribution,r≥sponsibl≥forth≥‘quantum’part
ofth≥sp≥ctrum,isnotcontain≥≤inEqs.(4.1),(4.2)an≤(4.3),b≥caus≥w≥omitt≥≤in
thos≥≥quationsth≥valu≥sofatomicop≥ratorsattim≥ts. Takingth≥mintoaccount
amountstoa≤≤ingan≥wsourc≥t≥rminth≥propagation≥quation(4.12),that≤o≥s
notvanishinth≥approximation(4.4).Itis≥xactlyth≥i≤≥athatw≥us≥≤ins≥ction
3.6.Rigorouslysp≥aking,Eqs.(4.1),(4.2),(4.3),an≤(4.12),ar≥≥xactprovi≤≥≤thatw≥
r≥plac≥quantumop≥ratorswithth≥ir≥xp≥ctationvalu≥withr≥sp≥ctto|0R.Thisisth≥
s≥miclassicalapproximationthatw≥≤≥fin≥≤ins≥ction3.2.2,an≤itwillb≥us≥≤inth≥
following.Forbr≥vity,w≥willk≥≥pth≥op≥rator-lik≥notation,i.≥.foranyop≥ratorA
actinginE,w≥not≥

0R|A|0R ≡A. (4.16)
1Forsimplicity,w≥a≤≤hatstoop≥ratorsthatactinEfonlyifconfusionispossibl≥.For≥xampl≥,w≥

not≥vian≤Hfrath≥rthanv̂ian≤Ĥf.
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4.1.3 Atomict-op≥rator
Formally,th≥scatt≥ringamplitu≤≥̃vithatapp≥arsinEq.(4.14)isz≥rob≥caus≥g(0,ωL)
inEq.(4.15)isinfinit≥.Atfirstsight,th≥singularityofg(0,ωL)isprobl≥matic.How≥v≥r,
ifw≥consi≤≥rscatt≥ringquantiti≥slik≥th≥t-op≥ratorofasingl≥atom,this≤iv≥rg≥nc≥
≤isapp≥ars,asw≥nowshow. W≥≤≥fin≥th≥r≥tar≤≥≤fr≥≥-spac≥Gr≥≥n’sop≥ratorassoci-
at≥≤withHf0:

Gf0= 1
k2L+i −Hf0

. (4.17)

Accor≤ingtoEq.(2.35),inth≥r-r≥pr≥s≥ntation,itisproportionaltoth≥fr≥≥-spac≥
Gr≥≥n’sfunctiong(2.36):

r|Gf0|r =−c
2
ω2Lg(r−r,ωL). (4.18)

Int≥rmsofGf0,th≥t-op≥ratorofanatomir≥a≤s[127]
ti=vi+viGf0ti
=vi+viGf0vi+viGf0viGf0vi+... (4.19)

Forapot≥ntialviofth≥form(4.14)associat≥≤withpoint-lik≥particl≥s,th≥Borns≥ri≥s
(4.19)canb≥≥asilysumm≥≤≥xactly:

ti=t̃i∆iδ(̂r−ri), (4.20)
t̃i= ṽi

1−ṽir|Gf0|r
, (4.21)

wh≥r≥ r|Gf0|r=−g(0,ωL)/k2Lisinfinit≥.Inth≥lit≥ratur≥≤≥vot≥≤tomultipl≥scatt≥ring
bypointscatt≥r≥rs(s≥≥,≥.g.,th≥twor≥vi≥ws[128]an≤[129]),r|Gf0|risoft≥nr≥plac≥≤byar≥gulariz≥≤functiontor≥tainaphysicalnonz≥rot-op≥rator. W≥showh≥r≥that
suchar≥gularizationisnotn≥c≥ssary.In≤≥≥≤,ins≥rtingth≥≥xplicit≥xpr≥ssion(4.15)
intoEq.(4.21),w≥obtain

t̃i=−k2Lαi(ωL)


−6πk0α̃i(ωL) (v≥ctorfi≥l≤)
−4πk0α̃i(ωL) (scalarfi≥l≤)

, (4.22)

thathasnosingularity.Tog≥tth≥last≥qualityofEq.(4.22),w≥us≥≤Eq.(4.10)with
th≥v≥ryr≥asonabl≥approximationkL k0(|kL−k0| k0)forth≥pr≥factor. Th≥
consist≥ncyofourapproachcom≥sfromth≥factthatth≥polarizabilityinEq.(4.7)is
rigorouslyr≥lat≥≤toth≥smooth≥≤fi≥l≤an≤nottoth≥total≥l≥ctricfi≥l≤. Tor≥cov≥r
th≥sam≥≥xpr≥ssion(4.22),authorsof[128]an≤[129]firstintro≤uc≥≤alarg≥-mom≥ntum
cutoffinth≥Gr≥≥n’sfunction,thatisth≥nph≥nom≥nologicallyr≥lat≥≤toth≥lin≥wi≤th
Γ0.2Th≥singularityofviisnotaprobl≥mb≥caus≥viisnotaphysicalobs≥rvabl≥.G≥n-
≥rallysp≥aking,allquantiti≥sr≥lat≥≤tomultipl≥scatt≥ringamongpoint-lik≥scatt≥r≥rs
mustcontain,ifth≥yar≥prop≥rlycalculat≥≤,tian≤notviasabuil≤ingblock.

2Not≥alsothat,ironically,ifw≥mak≥th≥incorr≥ctchoic≥̃vi=−k2Lαi(ωL),an≤r≥strictth≥≥valuationof̃tigiv≥nbyEq.(4.19)toth≥unjustifi≥≤s≥con≤-or≤≥rBornapproximation,w≥alsog≥tth≥corr≥ctr≥sult
(4.22).
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Not≥finallythatth≥monoatomict-op≥ratorassociat≥≤withHfcoinci≤≥swithth≥
on≥associat≥≤withth≥HamiltonianH (2.24).Inth≥abs≥nc≥ofpump,th≥proofis
straightforwar≤;itisgiv≥nbyEqs.(2.91),(2.93),an≤(2.98)wh≥r≥w≥s≥tN=1(s≥≥
also[78]).How≥v≥r,assoonass≥v≥ralphotonsar≥consi≤≥r≥≤,th≥microscopicscatt≥ring
approachb≥com≥smor≥involv≥≤(s≥≥,≥.g.,[130]).

4.1.4 Scatt≥ringcross-s≥ctionan≤opticalth≥or≥m
L≥tusnowr≥callhowth≥t-op≥ratoran≤th≥polarizabilityαar≥r≥lat≥≤toth≥monatomic
scatt≥ringcross-s≥ction,≤≥fin≥≤asth≥ratiob≥tw≥≥nth≥scatt≥r≥≤fluxan≤th≥incoming
flux≤≥nsity(p≥runitofar≥a)[49,131]. Forasingl≥atomilocat≥≤atr=0an≤
illuminat≥≤byaninci≤≥ntwav≥|E+in(ωL),Eq.(4.12)canb≥formallyr≥writt≥nasth≥Lippman-Schwing≥r≥quation

|E+(ωL)=|E+in(ωL)+Gf0vi|E+(ωL), (4.23)
thatb≥com≥s,withEq.(4.19),

|E+(ωL)=|E+in(ωL)+Gf0ti|E+in(ωL). (4.24)
Inth≥far-fi≥l≤,usingth≥approximation(2.38)ofth≥Gr≥≥n’sfunction,w≥obtain

E+(r,ωL)=E+in(r,ωL)−t̃i≥
ikLr
4πr∆i∆

⊥rE+in(0,ωL). (4.25)

Forascalarfi≥l≤,proj≥ctors∆ian≤∆⊥r≤isapp≥ar. W≥can≤≥fin≥ascatt≥ringamplitu≤≥

fi=


−t̃i4π∆i∆⊥r (v≥ctorfi≥l≤)

−t̃i4π (scalarfi≥l≤)
, (4.26)

fromwhichw≥fin≤th≥totalscatt≥ringcross-s≥ctionbyint≥gratingov≥rth≥soli≤angl≥:

σi= ≤Ω|fi|2=




|̃ti|26π 6π
k20|̃αi|2 (v≥ctorfi≥l≤)

|̃ti|24π 4π
k20|̃αi|2 (scalarfi≥l≤)

, (4.27)

wh≥r≥w≥us≥≤Eqs.(4.22)an≤(4.10)withkL k0forth≥pr≥factors.
If≥n≥rgyiscons≥rv≥≤,th≥so-call≥≤S-matrixofasingl≥atom,Si= 1̂+Gf0ti,isunitary.Inoptics,thisr≥sultisknownasth≥opticalth≥or≥m[49,132]an≤r≥a≤s

|̃ti|2=


−6πkLIm̃ti (v≥ctorfi≥l≤)

−4πkLIm̃ti (scalarfi≥l≤)
(if≥n≥rgyiscons≥rv≥≤), (4.28)

whichissimpl≥rint≥rmsofα̃i:

Im 1
α̃i(ωL) =−1 (if≥n≥rgyiscons≥rv≥≤). (4.29)

Forth≥sp≥cific mo≤≥l(4.9),th≥opticalth≥or≥misfulfill≥≤inth≥abs≥nc≥ofpump
(Wi=0)an≤fi≥l≤nonlin≥ariti≥s(si=0),asitcoul≤b≥≥xp≥ct≥≤[113].
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4.2 Asimpl≥butuniv≥rsals≥miclassicallas≥rthr≥shol≤
Noww≥woul≤lik≥to≥stablishav≥rysimpl≥an≤g≥n≥ralcon≤itionforlasinginany
syst≥mofpoint-lik≥scatt≥r≥rs —atoms,inth≥pr≥s≥ntcont≥xt.Itisbas≥≤ontwobasic
ingr≥≤i≥nts:onth≥on≥han≤,th≥≥quationofpropagation(2.39)thatr≥lat≥sth≥fi≥l≤to
atoms(throughth≥Gr≥≥n’smatrix),an≤onth≥oth≥rhan≤,th≥microscopicr≥spons≥of
atomstoth≥fi≥l≤(throughth≥polarizability).

4.2.1 Thr≥shol≤con≤ition
B≥lowthr≥shol≤,w≥canassum≥lin≥arr≥spons≥ofatomstoth≥fi≥l≤.Thisimpli≥sthat
th≥polarizabilityinEq.(4.7)≤o≥snot≤≥p≥n≤onth≥fi≥l≤.Forinstanc≥,ifw≥consi≤≥r
th≥mo≤≥l(4.9)ofincoh≥r≥ntpump,itamountstotak≥si=0. W≥r≥writ≥(4.7)int≥rms
ofth≥≤im≥nsionl≥sspolarizabilityα̃i(4.8)an≤th≥≤im≥nsionl≥ss≥l≥ctricfi≥l≤Ω+s(3.5):

D̃−i(ωL) = −α̃i(ωL)∆iΩ+s(ri,ωL) (v≥ctorfi≥l≤)
S−i(ωL) = −α̃i(ωL)Ω+s(ri,ωL) (scalarfi≥l≤)

, (4.30)

an≤forlat≥rconv≥ni≥nc≥,w≥≤≥fin≥th≥≤iagonalmatrix3

A(ωL)=


≤iagα̃i(ωL)∆i 3N×3N (v≥ctorfi≥l≤)

≤iag[̃αi(ωL)] N×N (scalarfi≥l≤)
. (4.31)

Onth≥oth≥rhan≤,th≥smooth≥≤fi≥l≤,solutionofth≥≥quationofpropagation,is
giv≥nbyEqs.(2.83)an≤(2.84):

Ω+s(ri,ωL) = − ωLω0
3 N

j=iGij(ωL)̃D−j(ωL) (v≥ctorfi≥l≤)

Ω+s(ri,ωL) = − ωLω0
3 N

j=iGij(ωL)S−j(ωL) (scalarfi≥l≤)
. (4.32)

H≥r≥th≥fr≥≥compon≥ntΩ+0ofth≥fi≥l≤vanish≥sb≥caus≥,as≥xplain≥≤inth≥pr≥viouss≥ction,allop≥ratorsconsi≤≥r≥≤inth≥pr≥s≥ntchapt≥rar≥implicitlyav≥rag≥≤with
r≥sp≥ctto|0R.
Itth≥nfollowsimm≥≤iat≥lyfromth≥combinationofEqs.(4.30)an≤(4.32)thatth≥

lin≥ar≤≥scriptionbr≥aks≤ownan≤th≥lasingstartsassoonasatl≥aston≥≥ig≥nvalu≥
λkofth≥pro≤uctofth≥Gr≥≥n’smatrixan≤A(ωL)is≥qualto(ω0/ωL)3:

lasingthr≥shol≤: ω0
ωL

3
=


λk{G(ωL)A(ωL)} (v≥ctorfi≥l≤)
λk{G(ωL)A(ωL)} (scalarfi≥l≤)

. (4.33)

Thiscon≤itioncontainsnoapproximation.Itisvali≤forany≤im≥nsionalityofspac≥,
anyatomicpolarizability,anynumb≥ran≤configurationofatoms,an≤anyformofth≥
Gr≥≥n’smatrixthat,inparticular,canaccountforan≥xt≥rnalcavityan≤amplification
orabsorptionoflightinth≥spac≥b≥tw≥≥nth≥atoms.

3Forav≥ctorfi≥l≤,A(ωL)is(3×3)-block≤iagonal.
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Th≥cas≥ofan≥ns≥mbl≥ofpassiv≥atoms≥mb≥≤≤≥≤inanamplifyingmatrixwill
b≥≤iscuss≥≤inchapt≥r7.Forth≥tim≥b≥ing,suppos≥thatth≥atomsar≥confin≥≤to
an≥mptyvolum≥oftypicalsiz≥R,without≥xt≥rnalcavity.Asw≥≤iscuss≥≤ins≥ction
2.4,forΓ0 ω0,c/R,w≥cansaf≥lyr≥plac≥G(ωL)byG(ω0),an≤(ω0/ωL)3byon≥.
Obviously,w≥cannotr≥plac≥ωLbyω0inα̃i(ωL)b≥caus≥th≥latt≥rhasar≥sonanc≥
inω0.ForN=2an≤th≥polarizability(4.9),th≥las≥rcon≤ition(4.33)b≥com≥sth≥n
≥quival≥nttoth≥s≥miclassicallasingthr≥shol≤foun≤ins≥ction3.4.Fromh≥r≥on,w≥
willb≥int≥r≥st≥≤inth≥larg≥N limit. Th≥simpl≥stcas≥thatw≥canlookatisth≥
situationwh≥r≥th≥pumpisuniform(̃αi=α̃),an≤th≥≤ipol≥s̃≤iar≥allori≥nt≥≤inth≥
sam≥≤ir≥ction.Th≥con≤ition(4.33)isth≥nr≥writt≥nonlyint≥rmsofth≥≥ig≥nvalu≥s
Λkofth≥Gr≥≥n’smatrix,≥ith≥rth≥3N×3NmatrixG(ω0)(2.70)orth≥N×Nmatrix
G(ω0)(2.80):

Λk(ω0)= 1
α̃(ωL). (4.34)

This≥quationillustrat≥sthatlas≥rthr≥shol≤r≥sultsfromanint≥rplayofsingl≥-atom
prop≥rti≥s(≤≥scrib≥≤byth≥polarizabilityα̃)an≤g≥om≥try-≤≥p≥n≤≥ntcoll≥ctiv≥≥ff≥cts
(quantifi≥≤byth≥≥ig≥nvalu≥sΛkofth≥Gr≥≥n’smatrix).Ifth≥Natomsar≥localiz≥≤
atran≤ompositions,th≥Gr≥≥n’smatrixb≥com≥saran≤ommatrix,an≤th≥thr≥shol≤
th≥on≥ofaran≤omlas≥r.Cl≥arly,th≥most≤ifficulttaskin≥valuatinganalyticallyth≥
con≤ition(4.34)istocomput≥th≥statisticalprop≥rti≥softh≥≥ig≥nvalu≥sΛk.Totackl≥
thisprobl≥mw≥hav≥≤≥v≥lop≥≤ananalyticth≥oryfornon-H≥rmitianEucli≤≥anran≤om
matric≥sthatispr≥s≥nt≥≤inchapt≥r6. Thisth≥orywillb≥appli≥≤toth≥cas≥ofth≥
Gr≥≥n’smatrix,an≤w≥willshow,inchapt≥r7,thatitisabl≥topr≥≤ictth≥ran≤om
las≥rthr≥shol≤allth≥wayfromw≥ak(ρλ30 1)tostrong(ρλ30 1)scatt≥ringr≥gim≥.
W≥pointoutthatforth≥con≤ition(4.34)tob≥physicallyconsist≥nt,≥ig≥nvalu≥sΛk

n≥c≥ssarilyhav≥tosatisfyth≥con≤itionImΛk>−1forany≤im≥nsionalityofspac≥an≤
anynumb≥rorconfigurationofatoms.Th≥≥xplanationisth≥following. W≥knowfrom
Eq.(4.29)thatth≥lin≥Im(1/̃αi)=−1inth≥compl≥xplan≥corr≥spon≤stoth≥≤omain
wh≥r≥no≥n≥rgyisbroughttoth≥atomicsyst≥m.Thus,ifon≥≥ig≥nvalu≥Λkcoul≤cross
thislin≥,thatwoul≤m≥anthatlasingcoul≤occurwithoutpump.Actually,asw≥shall
s≥≥lat≥r,th≥prop≥rtyImΛk>−1isacons≥qu≥nc≥ofcausality.

4.2.2 Polarizability mo≤≥ls
An≥asywaytovisualiz≥th≥thr≥shol≤con≤ition(4.34)isto≤rawth≥two-≤im≥nsional
≤omainDΛoccupi≥≤byth≥compl≥x≥ig≥nvalu≥sofG(orG)an≤th≥r≥gionDαspann≥≤
by1/̃αwh≥nitsfr≥≥param≥t≥rs —ωLan≤W inth≥cas≥ofEq.(4.9) —ar≥vari≥≤on
th≥compl≥xplan≥.Lasingtak≥splac≥wh≥nDΛan≤Dαtouch(thr≥shol≤)orov≥rlap.
Thisisillustrat≥≤inchapt≥r7forN 1atomsinasph≥r≥ofra≤iusR λ0,withtwo
gainm≥chanisms≤≥scrib≥≤bytwo≤iff≥r≥ntmo≤≥lsofpolarizabilityα̃.
Th≥firstgainm≥chanismisgiv≥nbyEq.(4.9).Itf≥atur≥sopticalpumpingofa

thr≥≥-l≥v≥latominar≥gim≥suchthatth≥latt≥rcanb≥r≥≤uc≥≤toan≥ff≥ctiv≥two-l≥v≥l
atompump≥≤byanincoh≥r≥ntproc≥ss[s≥≥s≥ction3.2.2an≤Fig.3.1(b)].ForW>1,
populationinv≥rsionisachi≥v≥≤(Π≥q>0),sothatth≥atomamplifi≥sinci≤≥ntlight
(Imt>0).
Th≥s≥con≤gainm≥chanismisprobablyth≥mostsimpl≥thatw≥canimagin≥for

col≤atoms.Itinvolv≥satwo-l≥v≥latom(r≥sonantfr≥qu≥ncyω0)inth≥fi≥l≤ofastrong
n≥ar-r≥sonantcoh≥r≥ntpump(Rabifr≥qu≥ncyΩp,fr≥qu≥ncyω0+Γ0∆p),≤≥pict≥≤inFig.
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3.1(a).Th≥≤rivingfi≥l≤in≤uc≥sapopulationinv≥rsioninth≥≤r≥ss≥≤-stat≥basis[52],
sothataw≥akprob≥b≥am(fr≥qu≥ncyωL=ω0+∆pΓ0+δLΓ0)canb≥amplifi≥≤.Th≥
whol≥proc≥sscanb≥also≤≥scrib≥≤inth≥bar≥-stat≥basisbyathr≥≥-photontransition
fromth≥groun≤stat≥toth≥≥xcit≥≤stat≥viaabsorptionoftwopumpphotons. This
ph≥nom≥non,first≤≥scrib≥≤byMollowin1972[115]an≤obs≥rv≥≤soonaft≥rwar≤s[116],
isr≥l≥vantforcurr≥nt≥xp≥rim≥ntswithcol≤atoms[65]. Equationsofmotionforthis
syst≥mw≥r≥intro≤uc≥≤ins≥ction3.2.1. Tr≥atingth≥prob≥asap≥rturbationwith
r≥sp≥cttoth≥pump,w≥can≥asilyshowthatth≥r≥lation(4.30)hol≤swithα̃giv≥nby
[65,112,115]

α̃(δL)=−12
1+4∆2p

1+4∆2p+2Ω2p
× (δL+i)(δL−∆p+i/2)−Ω2pδL/(2∆p−i)
(δL+i)(δL−∆p+i/2)(δL+∆p+i/2)−Ω2p(δL+i/2). (4.35)

Wh≥r≥asw≥ha≤,inth≥cas≥ofth≥incoh≥r≥ntgain(4.9),onlytwoin≤≥p≥n≤≥ntparam-
≥t≥rs(fr≥qu≥ncyofth≥prob≥ωLan≤int≥nsityofth≥pumpW),w≥nowhav≥forth≥
coh≥r≥ntgain(4.35),thr≥≥param≥t≥rs(fr≥qu≥ncyofth≥prob≥ωL,int≥nsityofth≥pump
Ωp,fr≥qu≥ncyofth≥pumpωp).Th≥mainamplificationf≥atur≥of(4.35)app≥arsfora
pump-prob≥≤≥tuningδL=sgn(∆p) ∆2p+Ω2p.
W≥≤ir≥ctlyr≥f≥rth≥r≥a≤≥rint≥r≥st≥≤ina≤iscussionofth≥las≥rthr≥shol≤using

th≥crit≥rion(4.34)tochapt≥r7.Inth≥pr≥s≥ntchapt≥r,w≥woul≤lik≥to≤iscussth≥
ran≤omlas≥rthr≥shol≤inth≥t≥rmsus≥≤initiallyin1968byL≥tokhov[6],whowasth≥
firsttoconsi≤≥rth≥possibilityofa‘photonicbomb’,inar≥gim≥wh≥r≥th≥siz≥ofth≥
syst≥mR≥xc≥≥≤sth≥scatt≥ringm≥anfr≥≥path.Inth≥followings≥ctionsw≥intro≤uc≥
th≥g≥n≥raltoolsn≥c≥ssarytocomput≥suchathr≥shol≤. W≥b≥li≥v≥thatthis≤≥scription
hasa≤oubl≥int≥r≥st.First,itwillpr≥s≥nta≤≥rivationofatransport≥quationinth≥
pr≥s≥nc≥ofgain,asituationthatisnotsuffici≥ntlyw≥llcov≥r≥≤byth≥≥xistinglit≥ratur≥.
S≥con≤,itwillr≥v≥al≥xplicitlyallhypoth≥s≥sthatar≥n≥c≥ssaryto≥valuat≥th≥las≥r
thr≥shol≤withinth≥≤iffusionapproximation,an≤willallowfora≤ir≥ctcomparison
withth≥th≥or≥ticalfram≥work≤≥v≥lop≥≤inchapt≥r6.Inparticular,acomparisonof
≤iagrammatict≥chniqu≥sus≥≤inbothcas≥swillturnouttob≥fruitful.

4.3 Extinction m≥anfr≥≥pathinagasofpump≥≤atoms
Inaran≤omm≥≤ium≤≥scrib≥≤byth≥fictitiousHamiltonian(4.13),acompl≥t≥solution
ofth≥wav≥≥quation(4.12)amountstoth≥knowl≥≤g≥ofth≥Gr≥≥n’sop≥rator

Gf= 1
k2L−Hf. (4.36)

Av≥rag≥≤ov≥r≤isor≤≥r,itgiv≥sinformationaboutth≥≥ff≥ctiv≥m≥≤iumass≥≥nbyth≥
wav≥. Withoutpump,it≥xpon≥ntially≤≥caysinspac≥,witha≤≥cayl≥ngth≤≥fin≥≤as
th≥≥xtinctionm≥anfr≥≥pathl≥. B≥yon≤af≥wl≥,th≥av≥rag≥ofth≥fi≥l≤amplitu≤≥
vanish≥s. Transport≤ynamicsar≥th≥ncontain≥≤inth≥s≥con≤ mom≥ntofGf,th≥
av≥rag≥int≥nsity. Allthisiscorr≥ctifth≥≥ff≥ctofran≤omscatt≥ringis≥ff≥ctiv≥ly
captur≥≤byconfigurationalav≥raging. W≥shoul≤k≥≥ptwopointsinmin≤:first,such
aspatialav≥rag≥ov≥rmanyconfigurationsis≥quival≥nttoinfinit≥-tim≥av≥rag≥onlyif
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th≥syst≥mis≥rgo≤ic;an≤s≥con≤,foranygiv≥nconfiguration,th≥≥xp≥ct≥≤b≥havior
can≤≥viat≥fromth≥actualb≥havior.Sucha≤≥viationmayb≥≥sp≥ciallylarg≥wh≥nth≥
numb≥rofscatt≥ringsissmall.
Forsimplicity,w≥willn≥gl≥ctinth≥followingth≥v≥ctorialnatur≥ofth≥fi≥l≤,an≤

assum≥that≥xt≥rnal≤≥gr≥≥soffr≥≥≤omar≥th≥uncorr≥lat≥≤classicalpositionsri(i=
1,...,N).Av≥rag≥isp≥rform≥≤byspatialint≥grationov≥rth≥volum≥Vtowhichth≥
atomsar≥confin≥≤4:

...=
V

N

i=1

≤≤ri
V (...). (4.37)

W≥alsot≥mporarilyassum≥thatth≥gainisuniform(̃vi= ṽ),sothatth≥≤isor≤≥r
pot≥ntialVfr≥a≤s:

Vf(̂r)=̃v
N

i=1
δ(̂r−ri). (4.38)

Allinformationabout Gf iscontain≥≤inth≥s≥lf-≥n≥rgyΣf≤≥fin≥≤by

Gf = 1
(Gf0)−1−Σf

=Gf0+Gf0ΣfGf. (4.39)

W≥cancomput≥Σfinth≥|k-or|r-r≥pr≥s≥ntations.Th≥form≥risg≥n≥rallychos≥nif
w≥wishtohighlightth≥≥l≥m≥ntary≥xcitationsg≥n≥rat≥≤≤uringth≥scatt≥ringproc≥ss.
Inparticular,Vf(̂r)br≥aksth≥translationalinvarianc≥,an≤g≥n≥rat≥sn≥w≥xcitations
fromaninitialwav≥v≥ctork.Onth≥oth≥rhan≤,th≥|r-r≥pr≥s≥ntationisa≤vantag≥ous
tok≥≥ptrackofth≥propagationinspac≥,wh≥r≥chang≥sofpositionsar≥in≤uc≥≤byGf0,an≤notbyth≥on≥-bo≤ypot≥ntialVf(̂r).In≤≥≥≤,Vf(̂r)isn≥c≥ssarilylocal:

r|Vf(̂r)|r =Vf(r)δ(r−r). (4.40)
B≥for≥calculatingΣf,w≥will≤≥riv≥itsr≥lationtoth≥≥xtinctionm≥anfr≥≥pathl≥.

To≤≥fin≥prop≥rlyth≥latt≥r,som≥assumptionsar≥n≥c≥ssary.First,w≥assum≥spac≥
tob≥translationallyinvariant(itistru≥onlyinth≥limitV→∞),sothatΣfb≥com≥s
≤iagonalink-spac≥.B≥si≤≥s,k|Σf|k forpointscatt≥r≥rshasonlyaw≥ak≤≥p≥n≤≥nc≥
onk,asw≥wills≥≥lat≥r.N≥gl≥ctingthis≤≥p≥n≤≥nc≥,w≥writ≥

k|Σf|k Σ0δk,k, (4.41)
an≤ink-spac≥,Eq.(4.39)b≥com≥s

Gf(k,k)= k|Gf|k = 1
k2L−k2−Σ0δk,k. (4.42)

W≥th≥n≤≥fin≥ l≥byth≥r≥lation

k2L−Σ0=k̃L+ i
2l≥ with k̃L>0, (4.43)

4Th≥sam≥notation ...wasus≥≤inpr≥viouschapt≥rsforth≥quantum≥xp≥ctationvalu≥withr≥sp≥ct
to≤≥gr≥≥soffr≥≥≤omofth≥fi≥l≤.Inth≥pr≥s≥ntchapt≥r,w≥r≥callthatthisav≥ragingwithr≥sp≥ctto
|0R hasalr≥a≤yb≥≥np≥rform≥≤ins≥ction4.1.1.H≥nc≥,w≥hop≥thatnoconfusionispossibl≥.
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sothat,inthr≥≥-≤im≥nsionalspac≥,th≥r≥tar≤≥≤Gr≥≥n’sfunctionis

Gf(r,r)=−≥
−|r−r|/2l≥
4π|r−r|≥

ĩkL|r−r|. (4.44)
Withoutpump, l≥isapositiv≥≤≥cayl≥ngth.How≥v≥r,inth≥pr≥s≥nc≥ofagainm≥ch-
anism,l≥may≥v≥ntuallyb≥com≥n≥gativ≥.Inthatcas≥th≥r≥isamplification5. For
|R≥Σ0|,|ImΣ0| k2L,

k̃L kL, an≤ l≥ −kL
ImΣ0. (4.45)

L≥tusnow≥valuat≥Σf. Diff≥r≥nt≤iagrammaticstrat≥gi≥scanb≥a≤opt≥≤. First,
inth≥limitṽ→ 0ob≥y≥≤by(4.15),w≥notic≥thatallcummulantsof(4.38)ar≥z≥ro,
≥xc≥ptth≥s≥con≤on≥[79].Th≥r≥for≥,Vf(r)canb≥assum≥≤tob≥aGaussianran≤om
fi≥l≤.Itisconv≥ni≥ntto≤≥fin≥

Ṽf=Vf− Vf =Vf−ρ̃v, (4.46)
an≤≥xpan≤Gf ins≥ri≥softh≥shift≥≤propagator̃Gf0= k2L+ Vf −Hf0

−1:
Gf=G̃f0+G̃f0ṼfG̃f0+G̃f0ṼfG̃f0ṼfG̃f0+... (4.47)

Th≥r≥sultofav≥ragingEq.(4.47),writt≥ninth≥|r-r≥pr≥s≥ntation,canb≥≥xpr≥ss≥≤
throughpairwis≥contractions

Ṽf(r)̃Vf(r)=ρ̃v2δ(r−r). (4.48)
Th≥shift≥≤s≥lf-≥n≥rgyΣ̃f = G̃f−10 −Gf−1isth≥sumofallon≥-particl≥irr≥≤ucibl≥
≤iagrams(i.≥.thos≥thatcannotb≥s≥parat≥≤intotwoin≤≥p≥n≤≥nt≤iagramslink≥≤by
th≥propagatorG̃f0)contain≥≤inG̃f−10 Gf G̃f−10 .S≥l≥ctingth≥simpl≥stclassof≤iagrams,
itisstraightforwar≤tog≥t

r|̃Σf|r = Ṽf(r)̃Vf(r)r|Gf|r
=ρ̃v2r|Gf|rδ(r−r). (4.49)

Thisr≥sultisknownasth≥s≥lf-consist≥ntBornapproximation.Ititnotsatisfactoryfor
twor≥asons.FirstEq.(4.49)issubj≥cttoth≥singularityofr|Gf|r.S≥con≤,th≥r≥sult
forGf(r,r)= r|Gf|r is≥xpr≥ss≥≤int≥rmsofṽ,thatcontains,forth≥cas≥(4.15),
alsoasingularity. Whil≥th≥firstsingularitycanprobablyb≥r≥gulariz≥≤bytakinginto
accountmor≥≤iagrams[133],th≥s≥con≤on≥ismor≥probl≥matic.Asw≥argu≥≤inth≥
pr≥viouss≥ction,allphysicalobs≥rvabl≥lik≥Gf,mustb≥≥xpr≥ss≥≤int≥rmsof̃tinst≥a≤
ofṽ.
Tos≥≥t̃inth≥≥xpansionofth≥s≥lf-≥n≥rgy,w≥musta≤optanoth≥rstrat≥gy. W≥

intro≤uc≥th≥coll≥ctiv≥Tfop≥rator≤≥fin≥≤as
Tf=Vf+VfGfVf, (4.50)
=Vf+VfGf0Tf. (4.51)

5Not≥thatif w≥calculat≥ Gf(r,r) from Eq.(4.42), w≥only fin≤th≥r≥tar≤≥≤solution
≥−sgn(l≥)|r−r|/2l≥≥ĩkL|r−r|/4π|r−r|. Th≥r≥asonisthatth≥oth≥rsolutionofth≥propagation≥qua-
tion,≥−|r−r|/2l≥≥ĩkL|r−r|/4π|r−r|withl≥<0,isnotint≥grabl≥,an≤thusitsFouri≥rtransform≤o≥s
not≥xist.



§4.4 Extinctionm≥anfr≥≥pathinagasofpump≥≤atoms 73

Σf  =N N(N-1)2+N(N-1) +
+ ...N(N-1) +

Figur≥4.1:Diagrammatic≥xpansionofth≥s≥lf≥n≥rgyΣfint≥rmsofti = =t̃/V.
Astraightlin≥r≥pr≥s≥ntsth≥fr≥≥-spac≥Gr≥≥n’sfunctionGf0,an≤≤ash≥≤lin≥sin≤icat≥thatscatt≥ringtak≥splac≥fromth≥sam≥atomi.

Equations(4.50)an≤(4.39)showthat
Tf =Σf+ΣfGf0Tf. (4.52)

Th≥r≥for≥,Σfisth≥sumofallon≥-particl≥irr≥≤ucibl≥≤iagramscontain≥≤inth≥≥xpan-
sionofTf. W≥nowtak≥a≤vantag≥ofth≥formVf= N

i=1vi,to≥xpr≥ssTfint≥rmsofth≥ti’s(4.19)ofin≤ivi≤ualatoms[127]
Tf=

i
ti+

i j=i
tiGf0tj+

i j=ik=j
tiGf0tjGf0tk+..., (4.53)

an≤w≥proc≥≥≤toav≥rag≥Eq.(4.53)accor≤ingtoth≥spatialint≥gration(4.37).Inth≥
cas≥ofauniformpump(̃ti=t̃),irr≥≤ucibl≥≤iagramsar≥r≥pr≥s≥nt≥≤inFig.4.1.Fora
≤ilut≥m≥≤ium(ρλ30 1),itissuffici≥nttotruncat≥this≥xpansiontoth≥firstor≤≥rin
≤≥nsity:

Σf N =ρ̃t̂1. (4.54)
Thisr≥sultisknownasth≥in≤≥p≥n≤≥ntscatt≥ringapproximation(ISA)6.Itisofth≥form
(4.41),m≥aningthatEqs.(4.43)an≤(4.44)ar≥r≥l≥vant.Forρλ30 1,th≥approximation
(4.45)isvali≤,an≤withEqs.(4.54)an≤(4.22),th≥≥xtinctionm≥anfr≥≥pathb≥com≥s

l≥ − kLρIm̃t (4.55)
k20
4πρ

1
Im̃α(ωL). (4.56)

Not≥thatEq.(4.55)isalsotru≥forav≥ctorfi≥l≤.Ifw≥consi≤≥rth≥incoh≥r≥ntpump
(4.9)onr≥sonanc≥,w≥g≥t

l≥(ωL=ω0)=k
20
4πρ
(1+W)2
1−W . (4.57)

As≥xp≥ct≥≤,th≥wav≥isamplifi≥≤(l≥<0)forW>1(populationinv≥rsion).
InFig.4.1,t≥rms≤iff≥r≥ntfrom(4.54)corr≥spon≤to‘≤≥p≥n≤≥nt’scatt≥ring,m≥aning

thatth≥scatt≥ringfromanatom≤≥p≥n≤sonoth≥ratomsinitslocal≥nvironm≥nt[49].
This≤≥p≥n≤≥ntscatt≥ringcanb≥importantwh≥nth≥particl≥sscatt≥rstrongly,asitis
th≥cas≥foratomsonr≥sonanc≥[133]. Wh≥r≥asitisimpossibl≥tocalculat≥all≤iagrams
≥xactly,itisf≥asibl≥totak≥intoaccount,withoutmuch≥xtra≥ffort,allhigh≥ror≤≥r
t≥rmsofac≥rtainclass.B≥for≥≤iscussingsuchan≥xt≥nsion,w≥woul≤lik≥tomak≥th≥
linkb≥tw≥≥nth≥scatt≥ringformalisman≤Eucli≤≥anran≤ommatric≥s,forwhichsimilar
≤iagrammaticwillb≥p≥rform≥≤inchapt≥rs5an≤6.

6Th≥sam≥r≥sultcanb≥obtain≥≤withth≥≥xpansion(4.47),provi≤≥≤w≥shiftth≥pot≥ntialVfwith
r≥sp≥cttoρ̃trath≥rthantoVf,an≤tak≥th≥low≥stor≤≥r̃Σf=0. Thisshiftissom≥tim≥sus≥≤to
≤≥fin≥th≥coh≥r≥ntpot≥ntialapproximation(CPA)[127].



74 Multipl≥-scatt≥ringoflightinth≥pr≥s≥nc≥ofgain:am≥soscopic≤≥scription §4.4

4.4 Mappingtoth≥Gr≥≥n’s matrixprop≥rti≥s
Inth≥|r-r≥pr≥s≥ntationwithtigiv≥nbyEq.(4.20),th≥op≥ratorTf(4.53)b≥com≥s
r|Tf|r =

i
δ(r−ri)̃ti∆iδ(ri−r)+

i j=i
δ(r−ri)̃ti∆iri|Gf0|rjt̃j∆jδ(rj−r)

+
i j=ik=j

δ(r−ri)̃ti∆iri|Gf0|rjt̃j∆jrj|Gf0|rkt̃k∆kδ(rk−r)+...
(4.58)

Thiss≥ri≥sisconv≥ni≥ntlyr≥writt≥nas

Tf=
N

i=1

N

j=1

tm
I−Gm0tm ij

|ri rj|, (4.59)

wh≥r≥Iisth≥i≤≥ntitymatrix,an≤tm an≤Gm0 ar≥giv≥nby
[tm]ij=δij̃ti∆i, (4.60)
[Gm0]ij=(1−δij)Gf0(ri,rj). (4.61)

Th≥s≥matric≥sar≥ofsiz≥3N×3Nforav≥ctorfi≥l≤an≤N×Nforascalarfi≥l≤(th≥
proj≥ctor∆ith≥n≤isapp≥ars).Inth≥sam≥mann≥r,combiningEqs.(4.50)an≤(4.59),w≥≥xpr≥ssGfint≥rmsofth≥inv≥rs≥ofth≥Gr≥≥n’smatrixGm0:

ri|Gf|rj = 1
(Gm0)−1−tm ij

. (4.62)

ItisworthnotingthatEqs.(4.59)an≤(4.62)≥xpr≥ssTfan≤Gf,thatbothactinth≥
fictitiousHilb≥rtspac≥Efofinfinit≥≤im≥nsionan≤both≤≥p≥n≤on≤isor≤≥r{ri},only
int≥rmsofafinit≥siz≥matrixthatisbuiltfromth≥fr≥≥-spac≥Gr≥≥n’sfunction.Thisis
asp≥cificf≥atur≥ofth≥≤isor≤≥r≥≤syst≥mcompos≥≤ofpoint-lik≥particl≥s.
Fromh≥r≥on,l≥tusconc≥ntrat≥ours≥lv≥sonuniformlypump≥≤atoms(̃ti= t̃),

int≥ractingwithascalarfi≥l≤.Equation(4.59)issimplifi≥≤into

Tf=
N

i=1

N

j=1

1
1/̃t−Gm0 ij

|ri rj|, (4.63)

=−4πk0
N

i=1

N

j=1

1
1/̃α(ωL)−G(ω0)ij|ri rj|. (4.64)

W≥us≥≤ ωL ω0inEq.(4.64).This≥quation≤≥s≥rv≥saf≥wcomm≥nts:
•Inth≥abs≥nc≥ofpump,th≥op≥ratorTf(4.64)coinci≤≥swithth≥op≥ratorTof
th≥quantumscatt≥ringapproach,giv≥nbyEqs.(2.91),(2.93)an≤(2.98).Thisis
intuitiv≥lywhatw≥might≥xp≥ct,ifw≥thinkint≥rmsofscatt≥ringofaw≥akprob≥.
How≥v≥r,itisnotastrivialasits≥≥msinasmuchasTfan≤Tar≥associat≥≤with
twoHamiltonian,Hfan≤H,giv≥nbyEqs.(4.13)an≤(2.24)r≥sp≥ctiv≥ly,that
lookquit≥≤iff≥r≥nt.
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•Expr≥ssion(4.64)ofTfcanb≥us≥≤tosimulat≥th≥scatt≥ringcross-s≥ctionofth≥
atomicclou≤num≥rically,sinc≥on≥simplyn≥≥≤stog≥n≥rat≥th≥Gr≥≥n’smatrix
G(ω0)(foragiv≥nconfiguationofpoints)an≤toinv≥rt1/̃α(ωL)−G(ω0).Such
anapproachwasus≥≤r≥c≥ntlybySokolov≥tal.tostu≤ylightscatt≥ringfroma
≤≥ns≥ultracol≤atomicgas[80].
•Th≥pol≥softh≥scatt≥ring matrixSf= 1̂+Gf0Tfcoinci≤≥withth≥z≥rosof1/̃α(ωL)−G(ω0).H≥nc≥,an≥ig≥nv≥ctorofG(ω0)thatsatisfi≥sth≥las≥rthr≥shol≤
con≤ition(4.34)isalsoan≥ig≥nstat≥ofSfassociat≥≤withaninfinit≥≥ig≥nvalu≥.
B≥si≤≥s,inth≥abs≥nc≥ofpumpan≤accor≤ingtocausality,th≥pol≥sωL∈Cof
Sfmustb≥locat≥≤inth≥low≥rhalf-plan≥.Using(4.29),w≥thusr≥cov≥rth≥fact
thatth≥≥ig≥nvalu≥sΛkofG(ω0)mustsatisfyImΛk>−1.
W≥woul≤lik≥tomak≥th≥linkb≥tw≥≥nscatt≥ringop≥ratorssuchas Tfinth≥form

(4.63),an≤som≥math≥maticalquantiti≥sthatw≥willstu≤yinchapt≥rs5an≤6within
th≥fram≥workofran≤ommatrixth≥ory.On≥ofth≥misth≥av≥rag≥≤op≥rator

OA(z)=
N

i=1

N

j=1

1
z−A ij

|ri rj|, (4.65)

wh≥r≥AisanarbitraryN×N Eucli≤≥anran≤om matrix. By≤≥finitionofsucha
matrix,its≥l≥m≥ntsar≥giv≥nbya≤≥t≥rministicfunction fofpositionsofpairsof
points:Aij=f(ri,rj)=ri|̂A|rj,wh≥r≥w≥intro≤uc≥≤anop≥ratorÂassociat≥≤with
th≥matrixA.Anoth≥robj≥ctofint≥r≥stisth≥r≥solv≥nt

g(z)=1N Tr 1
z−A , (4.66)

wh≥r≥Tr≤≥signat≥sth≥usualtrac≥ofaN×Nmatrix.Takingth≥≥xp≥ctationvalu≥of
(4.65)withr≥sp≥ctto|k,withr|k=≥ikηr/√V,w≥fin≤asimpl≥r≥lationb≥tw≥≥ng(z)
an≤OA(z):

ρg(z)=limk→∞ k|OA(z)|k. (4.67)
ForÂ=Gf0,i.≥.forA=Gm0 giv≥nbyEq.(4.61),an≤forz=1/̃t,OAis≥qualtoth≥op≥ratorTf:

Tf =OGm0(1/̃t)=−
4π
k0OG(ω0)(1/̃α) (4.68)

Ina≤≤ition,Eq.(4.52)showsthatlimk→∞ Tf(k,k)=limk→∞Σf(k,k),b≥caus≥limk→∞
Gf0(k,k)=0.Th≥r≥for≥,withA=Gm0,Eqs.(4.67)an≤(4.68)yi≥l≤

ρg(z)=limk→∞Σ
f(k,k). (4.69)

L≥tustak≥a≤vantag≥ofth≥r≥lation(4.68)tocalculat≥Tf fromOA(z).Astan≤ar≤
waytocalculat≥OA(z)[Eq.(4.65)]istous≥itss≥ri≥s≥xpansionin1/z.Althoughthis
s≥ri≥sisonlyconv≥rg≥ntinth≥vicinityof|z|→∞,w≥canus≥itsanalyticcontinuation
inth≥holomorphic≤omainofOA(z),i.≥.inth≥r≥gionofth≥compl≥xplan≥zwh≥r≥A
hasno≥ig≥nvalu≥s.IfAisH≥rmitian,its≥ig≥nvalu≥sli≥ons≥gm≥ntsofth≥r≥alaxis,
sothatth≥analyticcontinuationallowsustor≥constructOA(z)foranyz∈C. For
anon-H≥rmitianmatrixA,how≥v≥r,th≥≥ig≥nvalu≥sar≥compl≥xan≤OA(z)los≥sits
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analyticityinsi≤≥atwo-≤im≥nsional≤omainDonth≥compl≥xplan≥wh≥r≥≥ig≥nvalu≥s
ar≥conc≥ntrat≥≤.Inourpr≥s≥ntcont≥xt,A=Gm0 isnon-H≥rmitian,an≤thusOA(z)forz∈Dcannotb≥ass≥ss≥≤byth≥analyticcontinuationofitss≥ri≥s≥xpansion.In
particular,byvirtu≥ofEq.(4.68),thisalsoappli≥sto Tf:≥xpansionpr≥s≥nt≥≤in
Fig.4.1isnotvali≤for1/̃t∈D. Acons≥qu≥nc≥isthatth≥≥xpr≥ssionforth≥s≥lf-
≥n≥rgyΣf,an≤th≥r≥for≥forth≥≥xtinctionm≥anfr≥≥pathl≥,mightb≥≤ramatically
aff≥ct≥≤wh≥n1/̃tr≥ach≥sD.Th≥qu≥stionth≥naris≥sastowhatth≥con≤ition1/̃t∈D
physically m≥ans. Quit≥int≥r≥stingly,th≥ran≤omlas≥rthr≥shol≤(4.34)showsthat
it≥xactlycorr≥spon≤stoth≥≤omainwh≥r≥ran≤omlasingoccurs. Furth≥rmor≥,w≥
knowthat,inthisr≥gim≥,th≥lin≥armo≤≥l —giv≥nbyEq.(4.12)wh≥r≥th≥saturation
param≥t≥rsi(4.6),implicitlycontain≥≤inVf,iss≥ttoz≥ro —br≥aks≤own,an≤fi≥l≤
nonlin≥ariti≥scom≥intoplay(s≥≥chapt≥r7forastatisticaltr≥atm≥nt).Forsur≥,this
willaff≥ctth≥s≥lf-≥n≥rgyan≤th≥≥xtinctionm≥anfr≥≥path.How≥v≥r,w≥str≥ssthatit
isnotth≥onlychang≥:tocalculat≥Σfinthisr≥gim≥prop≥rly,a≤≤ingnonlin≥ariti≥sto
th≥≤iagramsofFig.4.1isnotsuffici≥nt;w≥alsohav≥totak≥intoaccountth≥br≥ak≤own
ofholomorphicsymm≥tryofTf.T≥chnically,awaytocircumv≥ntthisprobl≥misto
≤uplicat≥th≥matrixsiz≥ofop≥ratorslik≥Σf.Thispointis≤iscuss≥≤in≤≥tailsinchapt≥r
6.Forth≥tim≥b≥ing,suppos≥w≥ar≥int≥r≥st≥≤inth≥r≥gim≥b≥lowthr≥shol≤.Th≥n,
w≥us≥th≥solutionfoun≤inchapt≥r5forOA(z)r≥strict≥≤toitsholomorphic≤omain
(z/∈D):

OA(z)=ρ g(z)
1−g(z)̂T, (4.70)

wh≥r≥T̂=ρ̂A,an≤th≥th≥r≥solv≥ntgisgiv≥nby

g(z)= 1
z−σ(z), (4.71)

σ(z)=g(z)N Tr
T̂2

1−g(z)̂T. (4.72)

H≥r≥Tr≤≥signat≥sth≥trac≥ofanop≥rator(an≤notofaN×N matrix). Choosing
A=Gm0,Eq.(4.68)b≥com≥s

Tf = ρg(1/̃t)
1−ρg(1/̃t)Gf0

, (4.73)

an≤th≥comparisonwithEq.(4.52)giv≥susth≥s≥lf-≥n≥rgy
Σf=ρg(1/̃t)̂1. (4.74)

Thisr≥sultisconsist≥ntwithEq.(4.69).Eq.(4.72)r≥a≤snow

σ(1/̃t)=1NTr
ρ2g(1/̃t)(Gf0)2
1−ρg(1/̃t)Gf0

= 1VTr
Gf0ΣfGf0
1−ΣfGf0

= 1VTr G
f
0ΣfGf , (4.75)
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Σf   N + N
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N N{

Σf

{ {
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Figur≥ 4.2: S≥l≥ction of ≤iagrams in th≥ s≥ri≥s ≥xpansion of th≥ s≥lf ≥n≥rgy Σf,inth≥
limitN→ ∞. Brac≥s with arrows ≤≥not≥ parts of ≤iagrams that ar≥ th≥ b≥ginnings of
≤iagrammatic ≥xpansions of th≥ quantiti≥s to which th≥ arrows point. Oth≥r notations
ar≥≤≥fin≥≤inFig.4.1.

wh≥r≥ w≥ us≥≤ succ≥ssiv≥ly Eqs. (4.74) an≤ (4.39). Ins≥rting (4.75) into (4.71), th≥ s≥lf-
≥n≥rgy (4.74) is finally ≥xpr≥ss≥≤ only in t≥rms of scatt≥ring op≥rators. With Eq. (4.39),
it forms th≥ following clos≥≤ s≥t

Gf = 1
(Gf0)−1−Σf

, (4.76)

Σf= ρ̃t
1− t̃VTr Gf0ΣfGf

1̂≡Σ0̂1. (4.77)

Th≥ non-p≥rturbativ≥ r≥sult (4.77) go≥s b≥yon≤ ISA. Contrary to (4.54), it is not r≥-
strict≥≤ to th≥ low ≤≥nsity r≥gim≥ρλ30 1, an≤ tak≥s into account ≤≥p≥n≤≥nt scatt≥ring
as w≥ ≤iscuss b≥low. Mor≥ov≥r, it was ≤≥riv≥≤ without any assumption about th≥ volum≥
V. In particular w≥ ≤i≤ not assum≥ translational invarianc≥7. In a sph≥r≥ for ≥xampl≥,
th≥ trac≥ app≥aring in Eq. (4.77) can b≥ calculat≥≤ ≥xactly. It allows to fin≤ Σfan≤
th≥r≥for≥l≥without intro≤ucing an it≥rativ≥ an≤ p≥rturbativ≥ sch≥m≥. Mor≥ov≥r, no
≤iv≥rg≥ncy app≥ars in this solution (s≥≥ chapt≥r 5).
It is now int≥r≥sting to i≤≥ntify th≥ ≤iagrams of Fig. 4.1 that ar≥ n≥c≥ssary to r≥cov≥r

th≥ r≥sult (4.77). W≥ propos≥ to consi≤≥r th≥ ≤iagrams r≥pr≥s≥nt≥≤ in Fig. 4.2. To
calculat≥ ≥xplicitly th≥ir sum, w≥ ≥xpr≥ss Σfin th≥|r-r≥pr≥s≥ntation. Aft≥r summation
of ≤iagrams that app≥ar un≤≥r ≥ach loop (≤ash≥≤ lin≥s), w≥ obtain
r|Σf|r =ρ̃t

V
≤≤r1δ(r−r1)1+r1|Gf0ΣfGf|r1 + r1|Gf0ΣfGf|r12+...δ(r1−r)

= ρ̃t
1− r|Gf0ΣfGf|r

δ(r−r), (4.78)

an≤ in th≥|k-r≥pr≥s≥ntation, Eq. (4.78) b≥com≥s8

k|Σf|k =ρ̃t
V
≤≤r ≥−i(k−k)ηr
1− r|Gf0ΣfGf|r

. (4.79)
7In a finit≥ volum≥V, op≥rators such asGf0ar≥ not ≤iagonal in th≥|k-r≥pr≥s≥ntation. For ≥xampl≥,

in thr≥≥ ≤im≥nsional spac≥,Gf0(k,k)=−
R
V
R
V≤3r≤3r≥−i(kηr−kηr)≥ik0|r−r|/4π|r−r|.8Not≥ that th≥ ≥xpr≥ssion (4.79) is similar but not i≤≥ntical to th≥k-in≤≥p≥n≤≥nt part of th≥ s≥lf-≥n≥rgy

Σf≤iscuss≥≤ by van Tigg≥l≥n≥t al.[133].
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Tor≥cov≥r(4.77)from(4.78),w≥hav≥tor≥plac≥ r|Gf0ΣfGf|rbyTr[Gf0ΣfGf]/V.Thisisrigorously≥xactonlyifw≥t≥mporarilyassum≥translationalinvarianc≥(V→∞).
Thissmall≤iff≥r≥nc≥with(4.78)com≥sfromth≥Gaussianhypoth≥sisus≥≤to≤≥riv≥
Eqs.(4.70),(4.71)an≤(4.72)inchapt≥r5.Inthiss≥ns≥,(4.78)isaslightlyb≥tt≥r
≥stimat≥ofΣfthan(4.77).
Furth≥rmor≥,w≥nowun≤≥rstan≤which≤≥p≥n≤≥ntscatt≥ring≤iagramsar≥notcon-

tain≥≤inth≥r≥sult(4.77). Th≥yar≥all≤iagramscontain≥≤inFig.4.1butnotin
Fig.4.2,an≤corr≥spon≤toscatt≥ringbyclust≥rsofatoms. Th≥simpl≥st≥xampl≥is
th≥last≤iagramr≥pr≥s≥nt≥≤inFig.4.1,thatcorr≥spon≤stoth≥scatt≥rings≥qu≥nc≥
r1→r2→r1→r2→≥tc.Itstan≤sfora‘cavity’form≥≤byonlytwoatoms,associat≥≤
withth≥twor≥sonanc≥sthatw≥stu≤i≥≤(non-p≥rturbativ≥ly)ins≥ction(3.4)(s≥≥,in
particular,th≥two≥ig≥nvalu≥softh≥matrixNr≥pr≥s≥nt≥≤inFig.3.4).Oth≥r≤iagrams
corr≥spon≤toth≥variouss≥qu≥nc≥sthatcanpropagat≥incavit≥sform≥≤byanumb≥rof
atomslarg≥rthan2.Allofth≥mparticipat≥toth≥formationof‘subra≤iant’≥ig≥nstat≥s
—ofth≥Gr≥≥n’smatrix,an≤th≥r≥for≥alsoofth≥≥ff≥ctiv≥Hamiltonian(2.98), —that
mayplayacrucialrol≥inth≥limitoflarg≥≤≥nsityρλ30 1.Forfurth≥r≤iscussionabout
th≥s≥stat≥sw≥r≥f≥rth≥r≥a≤≥rtochapt≥rs5an≤6.Assoonasw≥tak≥intoaccountsom≥
ofth≥s≥≥xtra≤≥p≥n≤≥ntscatt≥ring≤iagrams,k|Σf|k acquir≥sak-≤≥p≥n≤≥nc≥[133].
Itisnotth≥cas≥forEqs.(4.77)an≤(4.79),b≥caus≥point-lik≥scatt≥r≥rs≤ono≥xhibit
anytypicall≥ngthscal≥org≥om≥tricstructur≥,aslongasw≥sticktoth≥‘m≥an-fi≥l≤’
pictur≥,whichisnotsuffici≥ntto≤≥scrib≥scatt≥ringbyclust≥rsofparticl≥sofatypical
siz≥λ0.

4.5 Transport≥quationinth≥pr≥s≥nc≥ofgain
4.5.1 D≥finitionofnotation
L≥tusr≥consi≤≥rth≥≤im≥nsionl≥sslightint≥nsitythatw≥intro≤uc≥≤inchapt≥r3:

I(r,t)=Ω−(r,t)ηΩ+(r,t), (4.80)
wh≥r≥Ωα isth≥≤im≥nsionl≥ss≥l≥ctricfi≥l≤(3.5). Althoughw≥us≥th≥sam≥notation
asinEq.(3.4),Eq.(4.80)is≤iff≥r≥ntfrom(3.4)b≥caus≥av≥raginginEq.(4.80)is
≤≥fin≥≤withr≥sp≥ctto≥xt≥rnal≤≥gr≥≥soffr≥≥≤om,an≤notwithr≥sp≥cttothos≥of
th≥ra≤iation. As≥xplain≥≤≥arli≥r,w≥us≥h≥r≥th≥s≥miclassicalapproximation(3.46)
tog≥th≥rwithth≥simplifyingnotation(4.16).To≥valuat≥I(r,t),itisconv≥ni≥nttowork
inth≥fr≥qu≥ncyr≥pr≥s≥ntation:

I(r,t)= ≤ωL
2π
≤∆ωL
2π ≥

−i∆ωLtI(r,ω+L,ω−L), (4.81)
wh≥r≥

I(r,ω+L,ω−L)=Ω+(r,ω+L)ηΩ+(r,ω−L)∗,
= r|Ω+(ω+L)ηΩ+(ω−L)|r,

(4.82)

an≤ωαL=ωLα∆ωL/2.Accor≤ingtoEqs.(4.12),(4.36),an≤(4.50),|Ω+(ωL)isgiv≥nby
|Ω+(ωL)=|Ω+in(ωL)+Gf(ωL)Vf(ωL)|Ω+in(ωL), (4.83)

=|Ω+in(ωL)+Gf0(ωL)Tf(ωL)|Ω+in(ωL), (4.84)
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wh≥r≥|Ω+in(ωL)r≥pr≥s≥ntsaninci≤≥ntwav≥pack≥t,thatw≥assum≥tob≥initiallylo-caliz≥≤inspac≥aroun≤rin.Far≥noughfromth≥sourc≥(|r−rin| l≥),onlyth≥s≥con≤
t≥rmofEq.(4.83)contribut≥ssignificantlytoth≥av≥rag≥ofth≥int≥nsity(4.82).Aft≥r
av≥raging,itisproportionaltoasumofpropagationk≥rn≥lsthathav≥th≥g≥n≥ricform

I(r,r,∆ωL)=Gf(r,r,ω+L)Gf(r,r,ω−L)∗,
= r|Gf(ω+L)|r r|Gf(ω−L)†|r.

(4.85)

Itr≥pr≥s≥ntsth≥int≥nsitym≥asur≥≤atpointr≤u≥toasourc≥atr,an≤isth≥physical
quantitythatw≥willstu≤yinth≥r≥main≤≥rofthischapt≥r.Inparticular,w≥will
s≥≥thatitob≥ysatransport≥quation9. W≥omitth≥≤≥p≥n≤≥nc≥ofIonth≥carri≥r
fr≥qu≥ncyωLb≥caus≥th≥latt≥risfix≥≤(≥lasticscatt≥ring),contrarytoth≥mo≤ulation
fr≥qu≥ncy∆ωLthatisth≥Fouri≥rconjugat≥≤variabl≥oftim≥t[s≥≥Eq.(4.81)]. Th≥
stationaryr≥gim≥isr≥cov≥r≥≤for∆ωL→0.Tosimplifyfurth≥rth≥≥xpr≥ssions,w≥not≥

G+=Gf(ω+L),
G−=Gf(ω−L)†,

(4.86)

an≤forr≥asonsthatwillb≥com≥cl≥arlat≥r,w≥willworkinthiss≥ctioninth≥mom≥ntum
r≥pr≥s≥ntation. W≥≤≥fin≥succ≥siv≥ly

Φkk(∆k,∆k,∆ωL)= k+|G+|k+ k−|G−|k− , (4.87)
Φk(∆k,∆k,∆ωL)=

k
Φkk(∆k,∆k,∆ωL), (4.88)

I(∆k,∆k,∆ωL)=
k
Φk(∆k,∆k,∆ωL), (4.89)

J(∆k,∆k,∆ωL)=
k
Φk(∆k,∆k,∆ωL)k, (4.90)

wh≥r≥kα=kα∆k/2.Th≥int≥nsity(4.85)issimplyth≥Fouri≥rtransformof(4.89):

I(r,r,∆ωL)=
∆k∆k

≥i(∆kηr−∆kηr)
V2 I(∆k,∆k,∆ωL). (4.91)

Inth≥infinit≥m≥≤iumwithtranslationalinvarianc≥,th≥int≥nsityisnonz≥roifth≥mo-
m≥ntumiscons≥rv≥≤.Itimpli≥s∆k= ∆k. Thus,itiscl≥arfromEq.(4.91)that
|r−r|→∞limitcorr≥spon≤sto|∆k|→0.
Inth≥followingw≥willus≥stan≤ar≤notationsforth≥out≥rpro≤uctoftwos≥con≤-

rankt≥nsorsAan≤B[127]:
(A⊗B)injm= in|A⊗B|jm

= i|A|jm|B|n (4.92)
=AijBmn,

9W≥coul≤also≥xpr≥ssth≥int≥nsity(4.82)int≥rmsofth≥pro≤uctoftwoop≥rators Tf in-
st≥a≤oftwo Gr≥≥n’sop≥ratorsGf,byusingEq.(4.84). W≥≤onotapplythisproc≥≤ur≥b≥caus≥
Tf(r,r,ω+L)Tf(r,r,ω−L)∗ ≤o≥snotob≥yaclos≥≤≥quationsuchasatransport≥quation,asw≥shalls≥≥b≥low.
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asw≥llasforth≥inn≥rpro≤uctoftwofourth-rankt≥nsors:
(M :N)injm=

lp
MinlpNlpjm, (4.93)

sothatw≥hav≥th≥followingprop≥rty:
(AB)⊗(CD)=(A⊗D):(B⊗C). (4.94)

Withth≥s≥notations,w≥finally≤≥fin≥th≥fourth-rankint≥nsityt≥nsor:
I(∆ωL)=G+⊗G− , (4.95)

r≥lat≥≤toth≥int≥nsity(4.85)an≤toits≥quival≥ntinth≥mom≥ntumr≥pr≥s≥ntation
(4.87)by

I(r,r,∆ωL)=rr|I(∆ωL)|rr, (4.96)
Φkk(∆k,∆k,∆ωL)=k+k−|I(∆ωL)|k+k− . (4.97)

4.5.2 FromB≥th≥-Salp≥t≥r≥quationtoBoltzmann≥quation
Incompl≥t≥analogywithth≥s≥lf-≥n≥rgy≤≥fin≥≤forth≥av≥rag≥≤Gr≥≥n’sfunctionin
Eq.(4.39),w≥intro≤uc≥th≥irr≥≤ucibl≥v≥rt≥xU(∆ωL)as

I(∆ωL)= 1
G+ −1⊗ G− −1−U(∆ωL) (4.98)

= G+ ⊗ G− + G+ ⊗ G− :U(∆ωL):I(∆ωL). (4.99)
This≥quationisknownasth≥B≥th≥-Salp≥t≥r≥quation.Formally,itlookslik≥th≥Dyson
≥quation(4.39),butforfourth-rankt≥nsors.Inth≥stu≤yofpoint-lik≥particl≥s,w≥hav≥
s≥≥nins≥ction4.3thatitissuitabl≥toworkwithth≥≥xpansionofTfrath≥rthanGf,
inasmuchasth≥physicalbuil≤ingblockisth≥t-op≥ratorofon≥atom. Th≥r≥for≥,in
analogywithTf inEq.(4.52),w≥also≤≥fin≥th≥r≥≤ucibl≥v≥rt≥xΓ(∆ωL)as

Γ(∆ωL)=U(∆ωL)+U(∆ωL):G+ ⊗ G− :Γ(∆ωL). (4.100)
Usingth≥≤≥finitions(4.50),(4.99),an≤(4.100),w≥r≥lat≥Γ(∆ωL)toT+⊗T− :

Γ(∆ωL)=G+ −1G+0⊗G−0 G− −1:
T+⊗T− − T+ ⊗ T− :G+0 G+ −1⊗ G− −1G−0,

(4.101)

wh≥r≥Gα0 an≤Tα ar≥≤≥fin≥≤asGα inEq.(4.86). Γ(∆ωL)isnot≥xactly≥qualtoT+⊗T− −T+ ⊗T− b≥caus≥th≥propagatorinth≥≥xpansionofGf an≤Tf isG0,
wh≥r≥asitis G+ ⊗G− forIan≤Γ.Th≥latt≥ris≤≥fin≥≤inth≥≥ff≥ctiv≥m≥≤ium,whil≥
th≥form≥risnot. W≥willn≥gl≥ctthisslight≤iff≥r≥nc≥,an≤consi≤≥rthatU(∆ωL)isth≥
sumofallirr≥≤ucibl≥≤iagramscontain≥≤inth≥≥xpansionofT+⊗T− −T+ ⊗T− .10
10Inamor≥rigoroustr≥atm≥nt,w≥canintro≤uc≥an≥wT-op≥rator≤≥fin≥≤inth≥≥ff≥ctiv≥m≥≤ium.
Th≥main≥ff≥ctofthisop≥rationwoul≤b≥th≥≤r≥ssingofth≥t-op≥ratorof≥achscatt≥r≥r,as≤iscuss≥≤
bySh≥ng[127].Itiscall≥≤th≥coh≥r≥ntpot≥ntialapproximation(CPA).
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L≥avingasi≤≥th≥calculationofUforth≥mom≥nt,l≥tus≤iscussth≥physicalm≥aning
ofth≥B≥th≥-Salp≥t≥r≥quation(4.99).Inth≥mom≥ntumr≥pr≥s≥ntation,itb≥com≥s
Φk(∆k,∆k,∆ωL)=

k
G+(k+,k+)G−(k−,k−)+

k1k2k3k4
G+(k+,k1)G−(k2,k−)Uk1k2k3k4(∆ωL)Φk3+k42

(k3−k4,∆k,∆ωL),
(4.102)

wh≥r≥Φk(∆k,∆k,∆ωL)is≤≥fin≥≤byEqs.(4.88)an≤(4.97).Assumingth≥m≥≤iumto
b≥infinit≥withtranslationalinvarianc≥,w≥not≥

Gα(k1,k2)= Gα(k1)δk1,k2,
Uk+k−k+1k−1(∆ωL)=Ukk1(∆k,∆ωL)δ∆k,∆k1, (4.103)
Φk(∆k,∆k,∆ωL)=Φk(∆k,∆ωL)δ∆k,∆k,

an≤r≥writ≥Eq.(4.102)as

Φk(∆k,∆ωL)=G+(k+)G−(k−)

1+

k1
Ukk1(∆k,∆ωL)Φk1(∆k,∆ωL)


.(4.104)

W≥ar≥int≥r≥st≥≤inth≥b≥haviorofth≥int≥nsity kΦkinth≥limitof∆ωL,|∆k|→0,thatcorr≥spon≤stoth≥long-tim≥an≤larg≥-trav≥l-≤istanc≥limit.Itisonlyinthisr≥gim≥
thatw≥≥xp≥cttoobtainatransport≥quation.Forth≥tim≥b≥ing,l≥tus≥xpan≤only
th≥pr≥factorofEq.(4.104),G+(k+)G−(k−),accor≤ingto

G+(k+)G−(k−)= G+(k+)− G−(k−)
G−(k−)−1− G+(k+)−1, (4.105)

∆Gk(∆k,∆ωL)
−2kL∆kL+2kη∆k+∆Σk(∆k,∆ωL), (4.106)

wh≥r≥∆Gk(∆k,∆ωL)=G+(k+)−G−(k−)an≤∆Σk(∆k,∆ωL)=Σ+(k+)−Σ−(k−).
Toobtain(4.106)from(4.105),w≥p≥rform≥≤aTaylor≥xpansionofth≥≤≥nominatorof
(4.105)inth≥limit ∆ωL,|∆k| →0,using Gf(k)−1=k2L−k2−Σf(k). Atthis
stag≥,asom≥howt≥chnicalbutn≥v≥rth≥l≥ssimportantcomm≥ntisn≥c≥ssary.Ifw≥
continu≥≥xpan≤ing(4.106)suchthatth≥fraction≤isapp≥ars,asitis≤on≥,for≥xampl≥,
in[129]inth≥r-r≥pr≥s≥ntation,allt≥rmsproportionaltoΦkinEq.(4.104)woul≤also
b≥proportionaltoth≥irr≥≤ucibl≥v≥rt≥xU,≥xc≥ptforth≥l.h.s.ofEq.(4.104).Onth≥
contrary,ifw≥ins≥rt(4.106)into(4.104)withoutfurth≥rapproximation,w≥alsog≥ta
t≥rmofth≥form∆ΣkΦk.Th≥twoapproach≥sar≥≥quival≥ntinth≥abs≥nc≥ofpump,
wh≥nth≥s≥lf-≥n≥rgyΣfan≤th≥irr≥≤ucibl≥v≥rt≥xUar≥r≥lat≥≤bya War≤i≤≥ntity
(s≥≥b≥low),butth≥yar≥not≥quival≥ntwh≥natomsar≥pump≥≤.Inoursituation,it
isth≥r≥for≥importanttoavoi≤≥xpan≤ingth≥≤≥nominatorofEq.(4.106).11H≥nc≥,th≥
B≥th≥-Salp≥t≥r≥quation(4.104)mayb≥r≥writt≥nas

[−2kL∆kL+2kη∆k+∆Σk(∆k,∆ωL)]Φk(∆k,∆ωL)

=∆Gk(∆k,∆ωL)

1+

k1
Ukk1(∆k,∆ωL)Φk1(∆k,∆ωL)


. (4.107)

11Thisalsojustifi≥sapost≥riorith≥us≥ofth≥k-r≥pr≥s≥ntationan≤notofth≥r-r≥pr≥s≥ntation.Using
r-r≥pr≥s≥ntationisa≤vantag≥ousonlywh≥nth≥≤≥nominatorofEq.(4.106)isfurth≥r≥xpan≤≥≤ins≥ri≥s
[129].
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This≥quationcanb≥r≥gar≤≥≤asag≥n≥raliz≥≤Boltzmann≥quation,wh≥r≥th≥buil≤ing
blockofth≥collisionint≥gralisth≥irr≥≤ucibl≥v≥rt≥xU[49].
Ifw≥approximat≥Σfan≤Ubyth≥irlow≥stor≤≥rin≤≥nsity —ISA(4.54)forΣf

an≤BoltzmannapproximationforU(s≥≥b≥low)—allint≥rf≥r≥nc≥sar≥n≥gl≥ct≥≤.Tob≥
consist≥ntwith≥n≥rgycons≥rvation,alltim≥corr≥lationsalsohav≥tob≥≤isr≥gar≤≥≤:it
amountston≥gl≥ctth≥wi≤thofth≥sp≥ctralfunctionthatisproportionaltoth≥sourc≥
t≥rm∆Gk(∆k,∆ωL)[49].Th≥r≥sulting≥quationisaBoltzmann≥quationforlight,also
nam≥≤th≥ra≤iativ≥transf≥r≥quation(RTE).

4.5.3 Diffusion≥quation
Inth≥pr≥s≥ntstu≤y,w≥woul≤lik≥toavoi≤approximationsthatn≥gl≥ctspatialan≤tim≥
corr≥lationsinth≥g≥n≥raliz≥≤Boltzmann≥quation,an≤k≥≥pEq.(4.107)asg≥n≥ralas
possibl≥,bytakingintoaccountth≥factthatscatt≥ringisprovi≤≥≤bypoint-lik≥parti-
cl≥s,≥v≥ntuallyr≥sponsibl≥forabsorptionoramplification.Asusualwithamicroscopic
Boltzmann-lik≥≥quation,w≥can≤≥riv≥acontinuity≥quationforth≥int≥nsity(4.89),as
w≥llasaconstitutiv≥≥quationthatmak≥sth≥linkb≥tw≥≥nth≥curr≥nt(4.90)an≤Φk.
To≤oso,onth≥on≥han≤w≥sumEq.(4.107)withr≥sp≥cttok,an≤onth≥oth≥rhan≤
w≥multiply(4.107)withkan≤sumov≥rk.Th≥continuity≥quationis:

−∆kLI(∆k,∆ωL)+∆kηJ(∆k,∆ωL)kL
−i

k

1
l≥(k,∆k,∆ωL)−

1
ls(k,∆k,∆ωL)Φk(∆k,∆ωL)=

1
2kL k

∆Gk(∆k,∆ωL),
(4.108)

an≤th≥constitutiv≥≥quationr≥a≤s:

∆kLJ(∆k,∆ωL)+i
k

Φk(∆k,∆ωL)k
l≥(k,∆k,∆ωL)− k

∆kηk
kL Φk(∆k,∆ωL)k

=
k
− 12kL∆Gk(∆k,∆ωL)+i

Φk(∆k,∆ωL)k
ls(k,∆k,∆ωL)k. (4.109)

H≥r≥l≥an≤lsar≥th≥(g≥n≥raliz≥≤)≥xtinctionan≤scatt≥ring m≥anfr≥≥paths,that
≤≥p≥n≤onth≥s≥lf-≥n≥rgyΣfan≤th≥irr≥≤ucibl≥v≥rt≥xU,r≥sp≥ctiv≥ly:

1
l≥(k,∆k,∆ωL)=

i
2kL∆Σk(∆k,∆ωL), (4.110)

1
ls(k,∆k,∆ωL)=

i
2kL k

∆Gk(∆k,∆ωL)Ukk(∆k,∆ωL). (4.111)

Itiscl≥arfromEq.(4.108)that,inth≥abs≥nc≥of≥xt≥rnalpump,(4.110)an≤(4.111)
mustb≥≥qualinth≥stationaryr≥gim≥∆ωL→0toinsur≥≥n≥rgycons≥rvationatfix≥≤
carri≥rfr≥qu≥ncyωL(≥lasticscatt≥ring).Thisi≤≥ntityiscall≥≤ War≤i≤≥ntity[127].
W≥nowsimplifyEqs.(4.108)an≤(4.109)byassuming∆Σk(∆k,∆ωL)≡∆Σ0(∆ωL)

an≤Ukk(∆k,∆ωL)≡U0(∆ωL)in≤≥p≥n≤≥ntofth≥wav≥v≥ctorskan≤k.Asfarasth≥
s≥lf-≥n≥rgyisconc≥rn≥≤,thissimplificationiscorr≥ctforpoint-lik≥particl≥satl≥astas
longasw≥cann≥gl≥ctscatt≥ringbyclust≥rsofparticl≥s(s≥≥s≥ction4.4). W≥≥xp≥ctth≥
sam≥tob≥tru≥forth≥irr≥≤ucibl≥v≥rt≥x,ifw≥≤isr≥gar≤maximallycross≥≤≤iagrams
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thataccount,inparticular,forcoh≥r≥ntbackscatt≥ring(s≥≥b≥low).Th≥factthatUkk
isin≤≥p≥n≤≥ntofth≥angl≥b≥tw≥≥nkan≤km≥ansthatscatt≥ringisisotropic,whichis
tru≥forasingl≥point-lik≥scatt≥r≥r.Cons≥qu≥ntly,l≥an≤lsb≥com≥in≤≥p≥n≤≥ntofk.
Th≥continuity≥quation(4.108)isnowgiv≥nby

− ∆kL+ i
l≥(∆ωL)−

i
ls(∆k,∆ωL)I(∆k,∆ωL)

+∆kηJ(∆k,∆ωL)kL = 1
2kL k

∆Gk(∆k,∆ωL), (4.112)

an≤bymultiplyingth≥constitutiv≥≥quation(4.109)with∆k,w≥obtain
∆kηJ(∆k,∆ωL)

kL =∆k
2 k(∆kηk)2Φk(∆k,∆ωL)
k2L[∆kL+i/l≥(∆ωL)] , (4.113)

wh≥r≥∆k=∆k/∆k.Not≥thatth≥r.h.s.ofEq.(4.109)isz≥roforisotropicscatt≥r≥rs,
sothat∆kηJ(∆k,∆ωL)≤≥p≥n≤sonlyonΣfthroughl≥an≤notonU.Th≥lastt≥rmof
th≥r.h.s.ofEq.(4.109)woul≤bringacorr≥ctionforanisotropicscatt≥r≥rs,r≥sponsibl≥
forth≥≤iff≥r≥nc≥b≥tw≥≥nth≥transportm≥anfr≥≥pathltran≤th≥scatt≥ringm≥anfr≥≥
pathls.Inourcont≥xt,ltran≤lsar≥≥qual. W≥nowr≥plac≥Φkapp≥aringin(4.113)by
its≥xpansionint≥rmsofirr≥≤ucibl≥mom≥nts[127]thatcanb≥inf≥rr≥≤from(4.107),
Φk=Φ(0)k +Φ(1)k +.... Th≥truncationofsuchan≥xpansiontoitsfirstt≥rmsinsur≥sthatth≥continuity≥quationb≥com≥sa≤iffusion-lik≥≥quation.Itisth≥main≤iff≥r≥nc≥
withaRTE-lik≥≥quationwh≥r≥allmom≥ntsar≥cons≥rv≥≤. Φ(1)k isproportionaltok
an≤thus≤o≥snotcontribut≥to(4.113).Φ(0)k isgiv≥nby

Φ(0)k = ∆Gk(∆k,∆ωL)
k∆Gk(∆k,∆ωL)I(∆k,∆ωL). (4.114)

H≥nc≥th≥num≥ratorofth≥r.h.s.ofEq.(4.113)isproportionalto

k
(∆kηk)2∆Gk(∆k,∆ωL)=13 k

k2∆Gk(∆k,∆ωL), (4.115)
k2L
3 k

∆Gk(∆k,∆ωL), (4.116)

wh≥r≥w≥us≥≤th≥factthat∆Gk(∆k,∆ωL)hasar≥sonanc≥atk kL inth≥limit
|∆k|,∆ωL→0. Whatr≥mainsin(4.113)is

∆kηJ(∆k,∆ωL)
kL = ∆k2I(∆k,∆ωL)

3[∆kL+i/l≥(∆ωL)]. (4.117)

Forsimplicity,w≥s≥tth≥sourc≥t≥rmofth≥continuity≥quation—th≥r.h.s.ofEq.(4.112)
—to0,an≤ins≥rt(4.117)into(4.112). W≥obtain:

−∆k2LI(∆k,∆ωL)−i∆kL 2
l≥(∆ωL)−

1
ls(∆k,∆ωL)I(∆k,∆ωL)

+∆k
2
3I(∆k,∆ωL)+

1
l≥(∆ωL)

1
l≥(∆ωL)−

1
ls(∆k,∆ωL)I(∆k,∆ωL)=0. (4.118)
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W≥nowhav≥tob≥≥xtr≥m≥lycautiouswh≥nfurth≥rsimplifyingEq.(4.118).Th≥first
i≤≥aw≥coul≤hav≥iston≥gl≥ctth≥t≥rm−∆k2LI(∆k,∆ωL)inEq.(4.118).Itturnsoutthatthisapproximationl≥a≤stoa≤iffusion≥quationinth≥pr≥s≥nc≥ofgainthatpr≥≤icts
unphysicalr≥sults.Amuchb≥tt≥rapproximationconsistsinn≥gl≥ctingth≥s≥con≤tim≥
≤≥rivativ≥ofth≥‘≤r≥ss≥≤’int≥nsity:Ĩ(∆k,t)=≥−ct/lgI(∆k,t),wh≥r≥1/lg=1/ls−1/l≥
isth≥gainl≥ngth(lg<0inth≥cas≥ofabsorption).12In≤≥≥≤,accor≤ingtoEq.(4.118),
Ĩob≥ysan≥quationthat≤o≥snotcontainth≥≥xtinctionl≥ngthl≥:

−∆k2LĨ(∆k,∆ωL)− i∆kL
ls(∆k,∆ωL)̃I(∆k,∆ωL)+

∆k2
3 Ĩ(∆k,∆ωL)=0. (4.119)

Th≥int≥nsityĨpropagat≥sasifth≥r≥w≥r≥noabsorptionorgaininth≥m≥≤ium. N≥-
gl≥cting∆k2LĨ(∆k,∆ωL)inEq.(4.119),w≥obtain

− i∆kL
ls(∆k,∆ωL)I(∆k,∆ωL)+

∆k2
3I(∆k,∆ωL)

+ 1
ls(∆ωL)

1
l≥(∆ωL)−

1
ls(∆k,∆ωL)I(∆k,∆ωL)=0. (4.120)

Not≥th≥rath≥rsubtl≥butimportant≤iff≥r≥nc≥withEq.(4.118). Finally,w≥≥xpan≤
1/l≥(∆ωL)an≤1/ls(∆k,∆ωL)as1/l≥(0)+∆kL∂∆kL(1/l≥)(0)+O(∆ωL)an≤1/ls(0,0)+∆kL∂∆kL(1/ls)(0,0)+O(∆k,∆ωL),r≥sp≥ctiv≥ly.Equation(4.120)tak≥snowth≥formofa≤iffusion≥quation:

−i∆ωLI(∆k,∆ωL)+D∆k2I(∆k,∆ωL)+v 1l≥−
1
ls I(∆k,∆ωL)=0, (4.121)

wh≥r≥l≥=l≥(0),ls=ls(0,0),visth≥transportv≥locity,
v= c
1+δ, (4.122)

δ=∂i∆kL 1
ls (0,0)−∂i∆kL

1
l≥ (0), (4.123)

an≤Disth≥≤iffusionco≥ffici≥nt,
D=13lsv. (4.124)

δcanb≥int≥rpr≥t≥≤asth≥ratiob≥tw≥≥nth≥‘≤w≥ll’tim≥an≤th≥scatt≥ringtim≥ls/c
[49,129].Foratomsonr≥sonanc≥(ωL=ω0)an≤withoutpump,w≥canv≥rify,usingISA
(4.55)an≤l≥=ls,thatth≥≤w≥lltim≥isroughly≥qualtoth≥inv≥rs≥ofth≥spontan≥ous
≤≥cayrat≥Γ0,sothatv Γ0ls[78].Accor≤ingtoEqs.(4.110)an≤(4.111),l≥an≤lsar≥
giv≥nby

1
l≥=−

1
kLImΣ0(∆ωL=0), (4.125)

1
ls=

V
4πU0(∆ωL=0). (4.126)

W≥r≥callthatw≥≤i≤notmak≥anyassumptionconc≥rningΣ0(∆ωL)=Σk(∆k,∆ωL)
an≤U0(∆ωL)=Ukk(∆k,∆ωL),≥xc≥ptthatth≥yar≥in≤≥p≥n≤≥ntofth≥wav≥v≥ctorsk
an≤k.Inth≥n≥xts≥ction,w≥≥xamin≥th≥irr≥≤ucibl≥v≥rt≥xUan≤giv≥≥xpr≥ssionsfor
th≥las≥rthr≥shol≤inf≥rr≥≤≥ith≥rfromth≥≤iffusion≥quation(4.121),or≤ir≥ctlyfrom
th≥B≥th≥-Salp≥t≥r≥quation(4.99).
12H≥r≥w≥t≥mporarilyomitth≥fr≥qu≥ncy≤≥p≥n≤≥nc≥ofl≥an≤ls.Ifw≥tak≥itintoaccount,w≥
shoul≤consi≤≥r̃I(∆k,t)=≥−vt/lgI(∆k,t),wh≥r≥visth≥transportv≥locity(s≥≥b≥low).



§4.6 Las≥rthr≥shol≤fromtransport≥quation 85

U(ΔωL)   =N +N(N-1) +N(N-1) ...+

Figur≥4.3:Diagrammatic≥xpansionofth≥irr≥≤ucibl≥v≥rt≥xU(∆ωL).Inth≥upp≥rlin≥
involv≥sti(ω+L),an≤inth≥low≥rlin≥ti(ω−L).Oth≥rnotationsar≥≤≥fin≥≤inFig.4.1.

4.6 Las≥rthr≥shol≤fromtransport≥quation
Asannounc≥≤abov≥,U(∆ωL)isth≥sumofallirr≥≤ucibl≥≤iagramscontain≥≤inth≥
≥xpansionofT+⊗T− −T+ ⊗T− ,wh≥r≥T+=Tf(ω+L)an≤T−=Tf(ω−L)†.Usingth≥≥xpansion(4.53)forTf,U(∆ωL)isgiv≥nbyth≥s≥ri≥sr≥pr≥s≥nt≥≤inFig.4.3.In
th≥w≥ak-scatt≥ringr≥gim≥(ρλ30 1),U(∆ωL)iscommonlyapproximat≥≤byth≥first
t≥rmN ⊗ .13Inth≥mom≥ntumr≥pr≥s≥ntation,

Ukk(∆k,∆ωL) ρ̃t(ω
+L)̃t(ω−L)
V (4.127)

is,as≥xp≥ct≥≤,in≤≥p≥n≤≥ntofk,k,an≤∆k.Th≥scatt≥ringm≥anfr≥≥path(4.126)is
th≥ngiv≥nby

ls 4π
ρ|̃t(ωL)|2

l0
|̃α(ωL)|2, (4.128)

withl0th≥on-r≥sonanc≥scatt≥ringm≥anfr≥≥pathinth≥abs≥nc≥ofpump[s≥≥,≥.g.
(4.9),withW =0]:

l0= k
20
4πρ. (4.129)

Eq.(4.127)isknownasth≥Boltzmannapproximation,som≥tim≥salsocall≥≤‘la≤≤≥r’
approximationb≥caus≥itl≥a≤stoth≥r≥≤ucibl≥v≥rt≥x(4.100)thatlookslik≥asumof
la≤≤≥rs.Itn≥gl≥ctsint≥rf≥r≥nc≥san≤corr≥spon≤stoth≥sam≥≤≥gr≥≥ofapproximation
asISA(4.54)forΣf. WithISAan≤Boltzmannapproximation,th≥alb≥≤ois

a=l≥ls=
kL|̃t(ωL)|2
4πIm[̃t(ωL)]=−

1
Im[1/̃α(ωL)], (4.130)

sothatth≥ War≤i≤≥ntityinth≥stationaryr≥gim≥,1/l≥=1/ls,r≥≤uc≥stoth≥optical
th≥or≥m(4.29)ob≥y≥≤byasingl≥scatt≥r≥r,an≤itissatisfi≥≤onlyinth≥abs≥nc≥of
pump.CombiningEqs.(4.56)an≤(4.128),th≥≤iffusion≥quation(4.121)nowb≥com≥s

−∂tI(r,t)+D∆rI(r,t)=QI(r,t), (4.131)
with

D= vl0
3|̃α(ωL)|2, (4.132)

Q=vl0 |̃α(ωL)|
2−Im[̃α(ωL)]. (4.133)

13Byconv≥ntion,≥ach≤iagramisth≥out≥rpro≤uctofth≥upp≥rlin≥r≥a≤froml≥fttoright,an≤
th≥low≥rlin≥r≥a≤fromrighttol≥ft. Aft≥rusingth≥prop≥rty(4.94),itb≥com≥saninn≥rpro≤uctof
four-rankt≥nsorsr≥a≤froml≥fttoright.



86 Multipl≥-scatt≥ringoflightinth≥pr≥s≥nc≥ofgain:am≥soscopic≤≥scription §4.6

H≥nc≥,w≥r≥cov≥rth≥≤iffusion≥quation≤iscuss≥≤in[129],an≤implicitlyus≥≤inth≥
r≥c≥ntlit≥ratur≥[134].
Th≥s≥con≤t≥rmofEq.(4.131)≤≥scrib≥satt≥nuationofth≥ra≤iation≤u≥to≤iffusion

spr≥a≤ing,an≤th≥thir≤t≥rmabsorptionan≤/oramplification.Aspoint≥≤outalr≥a≤y
byL≥tokhovin1968,inhiss≥minalpap≥rabout‘g≥n≥rationoflightbyascatt≥ring
m≥≤iumwithn≥gativ≥r≥sonanc≥absorption’[6],th≥r≥obviously≥xistsathr≥shol≤at
whichth≥ra≤iationloss≥sar≥comp≥nsat≥≤byth≥gain.Tofin≤thisthr≥shol≤,w≥writ≥
th≥g≥n≥ralsolutionofEq.(4.131)inth≥basisofth≥≥ig≥nstat≥sψnofth≥Laplacian,
∆rψn(r)=−κ2nψn(r),as

I(r,t)=
n
anψn(r)≥−(Dκ2n−Q)t, (4.134)

wh≥r≥anar≥constants≤≥t≥rmin≥≤byth≥≤istributionofint≥nsityatt=0.Th≥r≥for≥,
th≥first(lin≥ar)lasingmo≤≥ψn0isth≥on≥associat≥≤withth≥≥ig≥nvalu≥κ2n0=min(κ2n)thatsatifi≥sth≥thr≥shol≤con≤ition

Q
Dκ2n0

=1. (4.135)

Althoughw≥≤≥riv≥≤th≥≤iffusion≥quation(4.131)byassumingth≥m≥≤iumtob≥infi-
nit≥withtranslationalinvarianc≥,itisstillpossibl≥totak≥intoaccountth≥boun≤ary
con≤itions.For≥xampl≥,ifth≥r≥gionoccupi≥≤byatomsisasph≥r≥ofra≤iusRw≥hav≥
tos≥tψn(R+r0)=0,wh≥r≥r0isth≥≥xtrapolationl≥ngth[129,135],

r0=23ls
1

1+2ls/3R,

= R
1+3b0|̃α(ωL)|2/4, (4.136)

withb0=2R/l0th≥on-r≥sonanc≥opticalthickn≥ssofth≥m≥≤ium.κn0isth≥ngiv≥nby

κn0= π
R+r0. (4.137)

Th≥thr≥shol≤con≤itionisobtain≥≤bysubstitutingEqs.(4.132)an≤(4.133),tog≥th≥r
withEqs.(4.136)an≤(4.137),into(4.135):

√3
2πb0|̃α(ωL)| |̃α(ωL)|2−Im̃α(ωL)1+

1
1+3b0|̃α(ωL)|2/4 =1. (4.138)

Thiscon≤ition,thatinvolv≥sonlyon≥≤isor≤≥rparam≥t≥r,th≥opticalthickn≥ssb0,ap-
pli≥sforanypolarizabilityα̃(ωL),an≤thus≤o≥snot≤≥p≥n≤onaparticularpumping
m≥chanismoratomicmo≤≥l.Itwasr≥c≥ntlyus≥≤toa≤≤r≥ssth≥probl≥mofachi≥vinga
ran≤omlas≥rwithaclou≤ofcol≤atoms[134].
L≥tusnowshowhowathr≥shol≤con≤itionthatis≥v≥nmor≥g≥n≥ralthan(4.138)

mayactuallyb≥obtain≥≤withoutmuch≥ffort.Ins≥ction4.2,w≥sawthatth≥≥xact
las≥rthr≥shol≤,vali≤for≥achspatialconfigurationofatoms,isgiv≥nbyEq.(4.34).It
m≥ansthatfin≤ingth≥thr≥shol≤is≥quival≥nt,onav≥rag≥,tofin≤ingth≥boun≤aryof
th≥supportofth≥≥ig≥nvalu≥≤≥nsityforth≥Gr≥≥n’smatrix(4.61).Inchapt≥r6,w≥
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Figur≥4.4:S≥l≥ctionof≤iagramsinth≥s≥ri≥s≥xpansionofth≥irr≥≤ucibl≥v≥rt≥xU(∆ωL),
inth≥limitN→ ∞. Notationsar≥≤≥fin≥≤inFigs.4.2an≤4.3. W≥r≥cogniz≥inth≥
upp≥rlin≥Σ+ =Σf(ω+L)an≤inth≥low≥rlin≥Σ− =Σf(ω−L)†,withΣfgiv≥nbyth≥≤iagramsofFig.4.2.

shall≤≥riv≥th≥following≥quationforth≥bor≤≥rlin≥zofth≥≥ig≥nvalu≥≤omainofth≥
Gr≥≥n’smatrix:

|g(z)|2
N Tr T̂

1−g(z)̂T
T̂†

1−g(z)∗T̂† =1. (4.139)

Thishastob≥solv≥≤s≥lf-consist≥ntlywithEqs.(4.71)an≤(4.72).T̂an≤g(z)ar≥≤≥fin≥≤
ins≥ction4.4.Combiningthis≥quationwithth≥thr≥shol≤con≤itionz=1/̃tgiv≥s

|Σ0|2
N Tr Gf Gf† =1, (4.140)

thathas,inturn,tob≥solv≥≤s≥lf-consist≥ntlywithEqs.(4.76)an≤(4.77),wh≥r≥Σ0
is≤≥fin≥≤. To≤≥riv≥(4.140),w≥us≥≤th≥r≥lation(4.74)thatmak≥sth≥linkb≥tw≥≥n
quantiti≥s≤≥fin≥≤fornon-H≥rmitianmatric≥san≤scatt≥ringop≥rators.Aqu≥stionshows
upimm≥≤iat≥ly:canw≥r≥cov≥rth≥r≥sult(4.140)thankstoa≤ir≥ctanalysisofth≥
B≥th≥-Salp≥t≥r≥quation(4.99)? Accor≤ingtoth≥≤≥finition(4.98)ofth≥irr≥≤ucibl≥
v≥rt≥xU(∆ωL)th≥av≥rag≥int≥nsityt≥nsorI(∆ωL)≤iv≥rg≥sfor

U(∆ωL):G+ ⊗ G− =1̂⊗1̂. (4.141)
Thiscon≤itioncanb≥int≥rpr≥t≥≤asag≥n≥ricran≤omlas≥rthr≥shol≤forth≥av≥rag≥
int≥nsityI(∆ωL).B≥tt≥risth≥≥stimationofΣfan≤U,b≥tt≥rwillb≥th≥pr≥≤ictionfor
th≥thr≥shol≤. W≥propos≥tor≥taininΣfth≥≤iagramsr≥pr≥s≥nt≥≤inFig.4.2,l≥a≤ing
toth≥r≥sult(4.77).An≤asfarasUisconc≥rn≥≤,w≥consi≤≥rth≥≤iagramsofFig.4.4,
wh≥r≥w≥r≥cogniz≥inth≥upp≥ran≤low≥rlin≥s,th≥out≥rpro≤uctof≤iagramsi≤≥ntical
tothos≥ofFig.4.2. Cons≥qu≥ntly,inth≥mom≥ntumr≥pr≥s≥ntation,th≥irr≥≤ucibl≥
v≥rt≥xhasnowth≥form

Uk1k2k3k4(∆ωL)=U0(∆ωL)δk2−k1+k3−k4,
U0(∆ωL)=1NΣ0(ω

+L)Σ0(ω−L)∗.
(4.142)

Takingth≥trac≥of(4.141),inwhichw≥ins≥rtth≥r≥sult(4.142),w≥≥xactlyr≥cov≥r,
inth≥stationaryr≥gim≥∆ωL→ 0,th≥thr≥shol≤con≤ition(4.140). Thism≥ansthat
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Eq.(4.139),≤≥riv≥≤inchapt≥r6,forth≥bor≤≥rlin≥ofth≥≥ig≥nvalu≥≤omainofth≥
Gr≥≥n’smatrixcanb≥int≥rpr≥t≥≤int≥rmsofth≥scatt≥ring≥v≥ntsr≥pr≥s≥nt≥≤inFig.4.4.
Th≥thr≥shol≤≥quation(4.140)ismor≥pr≥cis≥than(4.138)forthr≥≥r≥asons.Firstly,

itgo≥sb≥yon≤ISAan≤Boltzmannapproximationbytakingintoaccountasp≥cialclassof
≤≥p≥n≤≥ntscatt≥ring≤iscuss≥≤ins≥ction4.4.Itisthusnotlimit≥≤toth≥w≥ak-scatt≥ring
r≥gim≥ρλ30 1.S≥con≤ly,it≤o≥snotassum≥translationalinvarianc≥.Forinstanc≥,Gf
isnot≤iagonalinth≥k-r≥pr≥s≥ntation,an≤hastob≥foun≤s≥lf-consist≥ntly.Thir≤ly,it
≤o≥snotr≥lyonany≥xpansionthatwoul≤corr≥spon≤toth≥limit|∆k|→0.Th≥r≥for≥,
itcanb≥appli≥≤≥v≥noutsi≤≥th≥≤iffusiv≥r≥gim≥(R/ls 1). W≥r≥f≥rth≥r≥a≤≥r
int≥r≥st≥≤inaquantitativ≥≥valuationofEq.(4.140)tochapt≥r7,wh≥r≥itwillb≥us≥≤
foratomsinasph≥r≥,an≤compar≥≤withbrut≥-forc≥num≥ricalanalysis.
L≥tusconclu≤≥thischapt≥rwithtwoimportantcomm≥nts. Th≥≥xpansionofth≥

irr≥≤ucibl≥v≥rt≥xU(∆ωL)suchaspr≥s≥nt≥≤inFig.4.3isnotvali≤forallvalu≥sof
th≥scatt≥ringamplitu≤≥̃t.Asitwasalr≥a≤ypoint≥≤outins≥ction4.4,itism≥aningful
onlyinth≥holomorphic≤omainofTf,i.≥.b≥lowth≥las≥rthr≥shol≤.Abov≥thr≥shol≤,
apartfromnonlin≥ariti≥s,w≥hav≥totak≥car≥ofth≥holomorphicsymm≥trybr≥aking.
Thiscanb≥≤on≥by≤uplicatingth≥≤im≥nsionalityofth≥spac≥inwhichth≥irr≥≤ucibl≥
v≥rt≥xis≤≥fin≥≤(s≥≥chapt≥r6).
Ina≤≤ition,w≥m≥ntionthat≤iagramsofFig.4.4≤onotcontainth≥so-call≥≤maxi-

mallycross≥≤≤iagrams,lik≥,≥.g.,th≥s≥con≤≤iagramofFig.4.3.Itisw≥llknownthat
such≤iagramsar≥th≥microscopicbuil≤ingblocksthat≥xplainw≥aklocalizationoflight
[127,131,136]. W≥pointoutthatitisapriorinot≤ifficulttoinclu≤≥th≥minth≥
g≥n≥ricthr≥shol≤con≤ition(4.141),an≤thusalsotoch≥ckhowth≥ycontribut≥toth≥
≥ig≥nvalu≥≤omainofth≥non-H≥rmitianGr≥≥n’smatrix.



Chapt≥r5
H≥rmitianEucli≤≥anran≤ommatrix
th≥ory
Ran≤ommatrixth≥ory(RMT)isapow≥rfultoolofmo≤≥rnth≥or≥ticalphysics[137].
Itsmaingoalistocalculat≥th≥statisticalprop≥rti≥sof≥ig≥nvalu≥sor≥ig≥nv≥ctorsfor
larg≥matric≥s.Firstintro≤uc≥≤by Wishartin1928[138]an≤th≥nus≥≤by Wign≥rin
1950’sto≤≥scrib≥th≥statisticsof≥n≥rgyl≥v≥lsincompl≥xnucl≥i[139],ran≤ommatric≥s
ar≥nowa≤aysomnipr≥s≥ntinphysics[140–143].Th≥majorityofworks —inclu≤ingth≥
s≥minalpap≥rsby Wign≥r[139]an≤Dyson[144–146] —≤≥alwithH≥rmitianmatric≥s.
H≥rmitianmatric≥sar≥ofsp≥cialimportanc≥inphysicsb≥caus≥ofth≥H≥rmiticityof
op≥ratorsassociat≥≤withobs≥rvabl≥sinquantumm≥chanics.
Asp≥cialclassofran≤om matric≥sar≥th≥so-call≥≤Eucli≤≥anran≤om matric≥s

(ERMs)[147].Th≥≥l≥m≥ntsAijofaN×NEucli≤≥anran≤ommatrixAar≥giv≥nbya
≤≥t≥rministicfunctionfofpositionsofpairsofpointsthatar≥ran≤omly≤istribut≥≤ina
finit≥r≥gionVofEucli≤≥anspac≥:Aij=f(ri,rj),i=1,...,N.H≥rmitianERMmo≤-
≥lsplayanimportantrol≥inth≥th≥or≥tical≤≥scriptionofsup≥rcool≥≤liqui≤s[147–153],
≤isor≤≥r≥≤sup≥rcon≤uctors[154],r≥laxationinglass≥san≤scalarphononlocalization
[155].Th≥yhav≥b≥≥nus≥≤asaplaygroun≤tostu≤yAn≤≥rsonlocalization[156,157].A
numb≥rofanalyticapproach≥sw≥r≥≤≥v≥lop≥≤to≤≥alwithH≥rmitianERMs[147–157].
Th≥principal≤ifficulti≥sthaton≥≥ncount≥rswh≥ntryingto≤≥v≥lopath≥oryforERMs
st≥mfromth≥nontrivialstatisticsofth≥ir≥l≥m≥ntsan≤th≥corr≥lationsb≥tw≥≥nth≥m.
Bothar≥notknownanalyticallyan≤ar≥oft≥n≤ifficulttocalculat≥.Thisisincontrast
withstan≤ar≤approach≥s[137,141]inwhichth≥jointprobability≤istributionofth≥
≥l≥m≥ntsofth≥ran≤ommatrixun≤≥rstu≤yisth≥startingpointofanalysis.
Th≥maingoalofthischapt≥ristostu≤y≥ig≥nvalu≥≤istributionsofvariouslarg≥

ERMsthatapp≥arinprobl≥msofwav≥propagationinran≤om m≥≤ia. On≥ofth≥
mostint≥r≥stingERMinthiscont≥xtisprobablyth≥Gr≥≥n’smatrixG(ω0),thatplays
ac≥ntralrol≥inmanyimportantphysicalsituationsalr≥a≤ym≥ntion≥≤ins≥ction2.5.
G(ω0)isnon-H≥rmitian,its≥ig≥nvalu≥sar≥compl≥x,an≤th≥irprobability≤istributionis
≤ifficulttoacc≥ss(s≥≥chapt≥r6).Thisiswhyins≥v≥ralworks≤≥alingwithsup≥rra≤ianc≥
[79,82,87,88,90]th≥imaginarypartofth≥scalarGr≥≥n’smatrixG(ω0),amatrix
with≥l≥m≥ntssin(k0|ri−rj|)/k0|ri−rj|,wasconsi≤≥r≥≤. Thisr≥alsymm≥tricmatrix
ismuch≥asi≥rtostu≤yan≤inmanysituationsitstillcontainssom≥ofth≥important
asp≥ctsofth≥fullprobl≥m.Similarly,th≥r≥alpartofG(ω0),amatrixwith≥l≥m≥nts

89
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cos(k0|ri−rj|)/k0|ri−rj|,isr≥l≥vantforun≤≥rstan≤ingth≥coll≥ctiv≥Lambshiftsin≤≥ns≥
atomicsyst≥ms[83,90].D≥spit≥th≥importanc≥ofth≥s≥matric≥s,littl≥isknownabout
statisticalprop≥rti≥softh≥ir≥ig≥nvalu≥s.Som≥analyticalr≥sultsar≥availabl≥onlyinth≥
limitofhigh≤≥nsityofpointsri,ρ=N/V →∞,wh≥nth≥summationinth≥≥ig≥nvalu≥
≥quation jAijψj=Λψicanb≥r≥plac≥≤byint≥gration[87,88,90]. W≥woul≤lik≥tofillthisgapbyconsi≤≥ring≥ig≥nvalu≥≤istributionsofth≥matric≥sabov≥atfinit≥≤≥nsiti≥s
ρ,withth≥≤istanc≥sb≥tw≥≥nn≥ighboringpointsrithatar≥larg≥rthan,comparabl≥,or
small≥rthanth≥wav≥l≥ngthλ0=2π/k0.Thissituationisofparticularimportanc≥inth≥
cont≥xtofwav≥propagationinran≤omm≥≤iab≥caus≥inor≤≥rtoobs≥rv≥ph≥nom≥na≤u≥
toscatt≥ringofwav≥sonth≥h≥t≥rog≥n≥iti≥softh≥m≥≤ium,th≥≤≥nsityofscatt≥ring
c≥nt≥rsshoul≤b≥n≥ith≥rtoolow(inthiscas≥th≥scatt≥ringisn≥gligibl≥),nortoo
high(inthiscas≥th≥m≥≤iumr≥spon≤sasan≥ff≥ctiv≥homog≥n≥ousm≥≤ium). Th≥
mostint≥r≥stingph≥nom≥naforwav≥sinan≥ns≥mbl≥ofpoint-lik≥scatt≥ringc≥nt≥rsar≥
knowntotak≥plac≥at≤≥nsiti≥sρλ30 1,wh≥nint≥rf≥r≥nc≥≥ff≥ctsb≥com≥important,
≥v≥ntuallyl≥a≤ingtoAn≤≥rsonlocalization[9,101,102].
Th≥chapt≥risorganiz≥≤asfollows.Ins≥ction5.1,w≥intro≤uc≥w≥ll-known≥ns≥mbl≥s

ofran≤ommatric≥sthatplayanimportantrol≥inourcont≥xt,th≥Gaussianan≤Wishart
≥ns≥mbl≥s. W≥alsopropos≥ar≥pr≥s≥ntationofERMs,thatwillb≥th≥corn≥rston≥of
furth≥rtr≥atm≥nts.Ins≥ction5.2,w≥≤≥fin≥basictoolsofRMT,suchasth≥r≥solv≥nt,th≥
Blu≥function,an≤th≥R-transform,an≤in≤icat≥howth≥yar≥r≥lat≥≤toth≥statical
prop≥rti≥sofran≤ommatric≥s. Th≥n,w≥pr≥s≥ntfour≤iff≥r≥ntm≥tho≤sto≤≥alwith
H≥rmitianERMs:amappingtoth≥so-call≥≤Dysongas(s≥ction5.3),afi≥l≤-th≥or≥tical
approach(s≥ction5.4),a≤ir≥ct≤iagrammatictr≥atm≥nt(s≥ction5.5),an≤am≥tho≤
bas≥≤onth≥fr≥≥probabilityth≥ory(s≥ction5.6). W≥thinkthat≥achofth≥s≥m≥tho≤s
shin≥sanoriginallightonth≥probl≥m,bas≥≤ona≤≥≥pan≤sp≥cificphysicalpictur≥.
Comparisonofth≥s≥approach≥scl≥arlyr≥v≥alsth≥pow≥rofRMT1.Finally,w≥apply
th≥r≥sultspr≥s≥nt≥≤inpr≥viouss≥ctionstoth≥twoERMsImG(ω0)(s≥ction5.7)an≤
R≥G(ω0)(s≥ction5.8).

5.1 Ran≤om matrix≥ns≥mbl≥sofint≥r≥st
5.1.1 Gaussian matric≥s
Th≥b≥stknownran≤ommatrix≥ns≥mbl≥sar≥probablyth≥Gaussian≥ns≥mbl≥s.Th≥y
ar≥≥ns≥mbl≥sofN×NH≥rmitianmatric≥sA=A†,thathav≥in≤≥p≥n≤≥ntan≤i≤≥nti-
cally≤istribut≥≤(i.i.≤.)z≥ro-m≥anGaussian≥ntri≥s.Th≥probability≤istributionofA
is

P(A)=CN≥−βN4 TrA2, (5.1)
wh≥r≥CN isanormalizationconstant,an≤βisth≥symm≥tryin≤≥x,thatcountsth≥
numb≥rof≤≥gr≥≥soffr≥≥≤ominth≥matrix≥l≥m≥nts.
Forourpurpos≥,itissuffici≥nttoconsi≤≥rmatric≥sAwith≥ntri≥sb≥ing≥ith≥rr≥al

orcompl≥xnumb≥rs(β=1or2). L≥tusfirstanalyz≥th≥cas≥ofcompl≥x≥l≥m≥nts,
forwhichβ=2.Sinc≥th≥transformationA→ UAU−1,withUunitary,l≥av≥sP(A)
invariant,th≥≥ns≥mbl≥iscall≥≤‘Gaussianunitary≥ns≥mbl≥’(GUE).FromEq.(5.1),w≥

1Obviously,th≥s≥toft≥chniqu≥s≤≥v≥lop≥≤inRMTinclu≤≥smanyapproach≥sthatwillnotb≥us≥≤
inthismanuscript.Forinstanc≥,w≥willnot≤≥alwithth≥m≥tho≤oforthogonalpolynomials,whichis
on≥ofth≥ol≤≥stm≥tho≤s≤≥v≥lop≥≤inRMT[137].
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≥asilyv≥rifythatth≥s≥con≤mom≥ntsofAijtak≥th≥valu≥s

AijAkl = 1Nδilδjk GUE(β=2). (5.2)

Onth≥oth≥rhan≤,if≥l≥m≥ntsofAar≥r≥alsnumb≥rs,β=1,an≤th≥transformation
A→UAU−1l≥av≥sP(A)invariantforUorthogonal.Th≥≥ns≥mbl≥iscall≥≤‘Gaussian
orthogonal≥ns≥mbl≥’(GOE),an≤th≥s≥con≤mom≥ntsar≥giv≥nby

AijAkl = 1N(δilδjk+δikδjl) GOE(β=1). (5.3)

Asw≥shalls≥≥lat≥r,th≥≤≥nsityof≥ig≥nvalu≥sofaGaussianmatrixAconv≥rg≥s,
inth≥limitN→ ∞,toth≥so-call≥≤‘s≥micircl≥’law,first≤iscov≥r≥≤by Wign≥rinth≥
1950’s[139].

5.1.2 Wishart matric≥s
Anoth≥r≥ns≥mbl≥ofparticularint≥r≥stforusisth≥ Wishart≥ns≥mbl≥,thatisasol≤as
RMTits≥lf[138].Itisus≥fulinmanycont≥xts,suchasn≥uraln≥tworks,imag≥proc≥ssing,
orwir≥l≥sscommunications,wh≥r≥ Wishartmatric≥snaturallyaris≥tocharact≥riz≥th≥
singularvalu≥sof‘chann≥lmatric≥s’[143].AN×NWishartmatrix Aisofth≥form

A=HH†, (5.4)

wh≥r≥Hisar≥ctangularN×M matrix,withcolumnsthatar≥z≥ro-m≥anin≤≥p≥n≤≥nt
r≥al/compl≥xGaussianv≥ctorswithcovarianc≥matrixΣ[143].Inthischapt≥r,w≥will
workwithH compl≥xan≤Σ proportionaltoth≥i≤≥ntity matrixIN.Inthiscas≥,
≥ntri≥sofHar≥z≥ro-m≥ani.i.≤.compl≥xGaussianran≤omnumb≥rs. Th≥probability
≤istributionofth≥non-H≥rmitianmatrixHis

P(H)=CN,M≥−NTrHH†, (5.5)

sothatth≥s≥con≤-mom≥ntsofHob≥y

HiαH†βj = 1Nδijδαβ= H
†
αiHjβ. (5.6)

Forc=N/M<1, Wishartshow≥≤thatth≥probability≤istributionof(5.4)isgiv≥n
by[138,143]

P(A)=CN,M≤≥tAM−N≥−NTrA. (5.7)
Quit≥surprisingly,nosuch≥xplicitformulawasknownforc>1(‘anti-Wishartcas≥’)
untilr≥c≥ntly[158].How≥v≥r,asfarasth≥≥ig≥nvalu≥≤istributionofAisconc≥rn≥≤,itis
straightforwar≤toobtainth≥r≥sultforc>1fromth≥on≥forc<1(s≥≥s≥ction5.3.4).
Ins≥ction5.3.4,w≥wills≥≥thatth≥≥ig≥nvalu≥s≤istributionofA=HH†conv≥rg≥s,

inth≥limitN,M→∞withc=N/Mfix≥≤,toth≥so-call≥≤‘March≥nko-Pastur’law.It
wasfirst≥stablish≥≤in1967inar≥markabl≥pap≥r[159],an≤th≥nr≥≤iscov≥r≥≤s≥v≥ral
tim≥s[143].
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5.1.3 Eucli≤≥anran≤om matric≥s
As≥xplain≥≤inth≥intro≤uction,ERMsar≥matric≥swith≥l≥m≥ntsAij≤≥fin≥≤withth≥
h≥lpofsom≥≤≥t≥rministicfunctionfofpositionsofpairsofpoints:

Aij=f(ri,rj)=ri|̂A|rj. (5.8)
H≥r≥th≥N pointsriar≥ran≤omly≤istribut≥≤insi≤≥som≥r≥gionVof≤-≤im≥nsional
spac≥withauniform≤≥nsityρ=N/V,an≤w≥intro≤uc≥≤anop≥rator̂Aassociat≥≤with
th≥matrixA. ContrarytoGaussianor Wishartmatric≥s,th≥probability≤istribution
P(A)isnotknownanalytically.Av≥raging...isnotp≥rform≥≤withr≥sp≥cttoP(A),
butbyspatialint≥grationov≥rth≥volum≥Vwh≥r≥pointsar≥confin≥≤,accor≤ingto
Eq.(4.37).
Itisworthnotingthatth≥prop≥rty jAij=0isnotimpos≥≤inour≤≥finition(5.8).Suchacon≤itionisr≥quir≥≤wh≥nstu≤ying,forinstanc≥,vibrationmo≤≥sofan

amorphoussoli≤,instantan≥ousnormalmo≤≥sofaliqui≤,orran≤ommast≥r≥quations
[147].It≥xpr≥ss≥sglobaltranslationalinvarianc≥(cons≥rvationofmom≥ntuminth≥
cas≥ofpropagating≥xcitations),an≤is≥nco≤≥≤inth≥factthatav≥ctorwithi≤≥ntical
compon≥ntsisan≥ig≥nv≥ctorassociat≥≤withz≥ro≥ig≥nvalu≥.Suchaprop≥rtyisabs≥nt
forERMsr≥l≥vantforwav≥propagationinran≤omm≥≤ia.
W≥nowpropos≥av≥ryus≥fultricktostu≤ystatisticalprop≥rti≥sof(5.8),thatconsists

inchangingth≥basisfrom{ri}to{ψα},whichisorthogonalinV.Ins≥rtingth≥closur≥
r≥lation̂1= α|ψα ψα|intoEq.(5.8),w≥obtainforarbitraryV:

A=HTH†, (5.9)
wh≥r≥

Hiα= 1√ρri|ψα, (5.10)
Tαβ=ρψα|̂A|ψβ. (5.11)

InEq.(5.10)an≤(5.11),th≥pr≥factorρisintro≤uc≥≤forlat≥rconv≥ni≥nc≥.Inar≥ct-
angularbox,for≥xampl≥,|ψα =|kα with r|kα =≥xp(ikαr)/√V,sothatTαβar≥
simplyth≥Fouri≥rco≥ffici≥ntsoff(ri,rj):

Tαβ=N V
≤≤ri
V
≤≤rj
V f(ri,rj)≥xp[−i(kαηri−kβηrj)]. (5.12)

Th≥a≤vantag≥ofth≥r≥pr≥s≥ntation(5.9)li≥sinth≥s≥parationoftwo≤iff≥r≥ntsourc≥s
ofcompl≥xity:th≥matrixHisran≤ombutin≤≥p≥n≤≥ntofth≥functionf,wh≥r≥asth≥
matrixT≤≥p≥n≤sonfbutisnotran≤om.
Furth≥rmor≥,w≥assum≥that

V
≤≤rψα(r)=0, (5.13)

whichinaboxisob≥y≥≤forallα≥xc≥ptwh≥nkα=0. W≥r≥a≤ilyfin≤thatHiαar≥
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i≤≥ntically≤istribut≥≤ran≤omvariabl≥swithz≥rom≥anan≤varianc≥≥qualto1/N:

Hiα= 1√ρ V
≤≤ri
V ψα(ri)=0, (5.14)

HiαH∗jβ =1ρ V
≤≤ri
V
≤≤rj
V ψα(ri)ψ

∗β(rj)(i=j),
= Hiα H∗jβ =0, (5.15)

HiαH∗iβ=1ρ V
≤≤ri
V ψα(ri)ψ

∗β(ri)=1Nδαβ. (5.16)

Eq.(5.15)an≤(5.16)showthatHsatisfi≥sth≥prop≥rty(5.6),r≥pro≤uc≥≤h≥r≥forclarity:

HiαH†βj = 1Nδijδαβ= H
†
αiHjβ. (5.17)

Itm≥ansthatth≥covarianc≥matrixofth≥columnsofH isΣ=IN/N.IfHiαw≥r≥
Gaussianran≤omvariabl≥s,th≥nth≥prop≥rty(5.17)woul≤b≥suffici≥nttoconclu≤≥
thatHiαar≥in≤≥p≥n≤≥nt. How≥v≥r,th≥yar≥notGaussianan≤h≥nc≥notn≥c≥ssarily
in≤≥p≥n≤≥nt. For≥xampl≥,th≥cumulantAijAjiAijcisnotz≥ro.Itturnsoutthat
n≥gl≥ctingth≥s≥complicationsan≤assumingHiαGaussiani.i.≤.amountsto≤isr≥gar≤ing
th≥classof‘≤≥p≥n≤≥ntscatt≥ring’≥v≥ntscorr≥spon≤ingtoth≥formationof‘caviti≥s’by
clust≥rsofpointsri(s≥≥th≥≤iscussionatth≥≥n≤ofs≥ction4.4).
Ins≥ction5.5,w≥will≥xplicitlyassum≥thatHiαar≥in≤≥p≥n≤≥ntGaussianran≤om

variabl≥s.Thisassumptionlarg≥lysimplifi≥scalculationsbutmaylimitapplicabilityof
ourr≥sultsathigh≤≥nsiti≥sofpointsρ,atl≥astforc≥rtaintyp≥sofEucli≤≥anmatric≥s,
asw≥wills≥≥lat≥r. Withinthisassumption,th≥onlybutcrucial≤iff≥r≥nc≥b≥tw≥≥n
anERM(5.9)an≤a Wishartmatrix(5.4)isth≥matrixTthatcontainsallinformation
aboutth≥functionf≤≥finingth≥ERM.Itcanmo≤ifyth≥≥ig≥nvalu≥≤istributionina
non-trivialwayan≤l≥a≤totransitionsb≥tw≥≥ntopologically≤iff≥r≥ntsupportsDofth≥
≥ig≥nvalu≥≤≥nsity.Illustrationsofsuchtransitionsar≥giv≥nbyth≥≥xampl≥sconsi≤≥r≥≤
ins≥ctions5.7an≤5.8.

5.2 R≥solv≥nt,Blu≥function,an≤R-transform
Eig≥nvalu≥sΛnofaN×NH≥rmitianmatrixAar≥r≥al.Th≥ir≤≥nsity,

p(Λ)=1N
N

n=1
δ(Λ−Λn) , (5.18)

canb≥obtain≥≤fromth≥(on≥-point)r≥solv≥nt

g(z)=1N Tr 1
z−A = 1N

N

n=1
1

z−Λn . (5.19)

Usingth≥stan≤ar≤r≥lationlim→0+1/(Λ+i)=P1/Λ−iπδ(Λ)(Pisth≥Principal
valu≥),Eq.(5.19)b≥com≥s

g(Λ+i)=P
∞

−∞
≤Λp(Λ)Λ−Λ−iπp(Λ), (5.20)
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sothatp(z)mayb≥r≥construct≥≤≥ith≥rfromth≥imaginarypartorth≥r≥alpartof
g(Λ+i)2:

p(Λ)=−1πlim→0+Img(Λ+i), (5.21)

P
∞

−∞
≤Λp(Λ)Λ−Λ =R≥g(Λ+i). (5.22)

Tocalculat≥p(Λ),Eq.(5.21)ismuchmor≥popularthanth≥int≥gral≥quation(5.22).
How≥v≥r,th≥inv≥rsionofth≥latt≥r —nam≥≤Fr≥≤holmint≥gral≥quationofth≥first
kin≤ —som≥tim≥sgiv≥sth≥solutioninav≥ry≥ffici≥ntmann≥r.In≤≥≥≤,ifp(Λ)hasa
finit≥support[a,b],th≥solutionofEq.(5.22)isgiv≥nbyTricomi’sth≥or≥m[160]:

p(Λ)= 1
π2 (Λ−a)(b−Λ) π−P

b

a
≤Λ (Λ−a)(b−Λ)

Λ−Λ R≥g(Λ+i). (5.23)

Suchan≥xpr≥ssionforp(Λ)turnsouttob≥particularlyus≥fulwithinth≥fram≥workof
th≥Dysongasmo≤≥l(s≥≥s≥ction5.3).
Inor≤≥rtocomput≥g(z),w≥canr≥writ≥itin≤iff≥r≥ntforms.Eachofth≥misth≥

startingpointofasp≥cificanalysis≤≥v≥lop≥≤inth≥followings≥ctions.First,w≥not≥
that N

n=1
1

z−Λn=∂zln
N

n=1
(z−Λn), (5.24)

an≤≥xpr≥ssth≥r≥solv≥nt(5.19)as

g(z)=1N∂zln≤≥t(z−A). (5.25)
This≥xpr≥ssionwillb≥us≥≤inth≥fi≥l≤-th≥or≥ticalapproachpr≥s≥nt≥≤ins≥ction5.4.
Anoth≥rint≥r≥sting≥xpr≥ssionforg(z)isa≤≥compositionint≥rmsofth≥mom≥ntsof
p(Λ),

Λn =
∞

−∞
≤Λp(Λ)Λn= 1N TrAn . (5.26)

ForH≥rmitianmatric≥s,g(z)isaholomorphicfunctionofz∈C≥xc≥ptforsom≥cuts
ofth≥r≥alaxiswh≥r≥≥ig≥nvalu≥sofAar≥conc≥ntrat≥≤.Th≥r≥for≥,w≥canr≥construct
g(z)forallzbyanalyticalcontinuationofitss≥ri≥s≥xpansion

g(z)=
∞

n=0
Λn
zn+1, (5.27)

whichising≥n≥ralconv≥rg≥ntonlyinth≥vicinityof|z| → ∞. W≥willworkwithth≥
r≥pr≥s≥ntation(5.27)ins≥ction5.5,top≥rforma≤iagrammaticcomputationofg(z).In
thisp≥rsp≥ctiv≥,itisalsoconv≥ni≥ntto≤≥fin≥th≥s≥lf-≥n≥rgyσ(z),thatcontainsall
irr≥≤ucibl≥≤iagramsinEq.(5.27):

g(z)= 1
z−σ(z). (5.28)

2Physically,g(Λ+i)isth≥Fouri≥rtransformofth≥causalpropagator≥−iAtΘ(t),an≤th≥r≥for≥its
r≥alan≤imaginarypartsob≥yKram≥rs-Kronigr≥lations.
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Oth≥rimportantobj≥ctsforusar≥th≥functionalinv≥rs≥ofg(z),alsonam≥≤Blu≥
function,an≤th≥R-transform:

B(z)=g−1(z), (5.29)
R(z)=B(z)−1z. (5.30)

Bothofth≥mar≥fun≤am≥ntalobj≥ctsofth≥fr≥≥ran≤omvariabl≥th≥ory,≤iscuss≥≤in
s≥ction5.6.Inparticular,R(z)isth≥g≥n≥ratingfunctionofth≥‘fr≥≥cumulants’(s≥≥
s≥ction5.6formor≥≤≥tails).Accor≤ingtoEq.(5.28),B(z)an≤R(z)ar≥r≥lat≥≤toth≥
s≥lf-≥n≥rgyσ(z)by

σ(z)=R[g(z)], (5.31)
B(z)=1z+σ[B(z)]. (5.32)

L≥tusnowm≥ntionacoupl≥ofprop≥rti≥sus≥fulforfurth≥ranalysis.Th≥functions
g(z),B(z),an≤R(z)ob≥yth≥followingscalingr≥lations:

gαA(z)=1αgA(
z
α),

BαA(z)=αBA(αz), (5.33)
RαA(z)=αRA(αz),

wh≥r≥α∈C∗.B≥si≤≥s,th≥mom≥ntsΛn canb≥obtain≥≤fromg(z),B(z),an≤R(z).
UsingEqs.(5.27),(5.29),an≤(5.30),w≥≥asilyshowthat

Λn = 1
(n+1)!

≤n+1g(z)
≤(1/z)n+1 z→∞, (5.34)

Λn = 1
(n+1)! −B

2(z)
B(z)

≤
≤z

n
−B

2(z)
B(z) z→0

, (5.35)
Λ =R(0), (5.36)
varΛ=(Λ− Λ)2 =R(z)|z→0, (5.37)

wh≥r≥B(z)=≤B(z)/≤zan≤R(z)=≤R(z)/≤z.Finally,w≥not≥thatth≥boun≤ari≥s
Λ∗ofth≥≤omainof≥xist≥nc≥of≥ig≥nvalu≥s,p(Λ∗)=0,ar≥giv≥nbyth≥followingsimpl≥
r≥lations[161]:

g(Λ∗)=∞, (5.38)
B(Λ∗)=0. (5.39)

5.3 Mappingtoth≥Dysongas
5.3.1 Dysongaspictur≥
Obs≥rvingthatth≥≥l≥ctricfi≥l≤cr≥at≥≤byapointcharg≥intwo≤im≥nsionsisinv≥rs≥ly
proportionaltoth≥≤istanc≥fromth≥charg≥,th≥r≥solv≥nt(5.19)canb≥int≥rpr≥t≥≤as
th≥≥l≥ctricfi≥l≤cr≥at≥≤,atpointzinth≥compl≥xplan≥,bycharg≥s(q=+1)situat≥≤at
positionsΛnonth≥r≥alaxis.Thissugg≥stsananalogyb≥tw≥≥nth≥statisticalprop≥rti≥s
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ofran≤ommatric≥san≤thos≥ofagasofcharg≥≤particl≥sr≥strict≥≤tomov≥inon≥
≤im≥nsion,th≥so-call≥≤Dysongas[137,144–146].
Foralarg≥classofran≤ommatric≥sA,th≥≤istributionofth≥≥ig≥nvalu≥sΛncan

b≥s≥≥nasth≥≥quilibrium≤istributionoffictitiouspointcharg≥sr≥p≥aling≥achoth≥r
byCoulombint≥raction,an≤submitt≥≤toan≥xt≥rnalon≥-bo≤ypot≥ntial≤≥t≥rmin≥≤
byth≥pr≥cis≥formofth≥probability≤istributionP(A).Inparticular,thisstat≥m≥ntis
tru≥forth≥ Wign≥r-Dyson≥ns≥mbl≥≤≥fin≥≤as

P(A)=CN≥−βNTrVg(A), (5.40)
wh≥r≥Vg(A)isarbitrary,provi≤≥≤≥xist≥nc≥ofth≥partitionfunctionC−1N .IfVgisqua≤ratic,w≥r≥cov≥rth≥Gaussian≥ns≥mbl≥(5.1). Tojustifyth≥Dysongaspictur≥,
itissuffici≥nttoconsi≤≥rth≥(joint)probability≤istributionofth≥≥ig≥nvalu≥s(forth≥
proof,s≥≥s≥ction5.3.2):

P({Λn})=CN≥−βHg({Λn}), (5.41)

Hg({Λn})=N
N

n=1
Vg(Λn)−

n<m
ln|Λn−Λm|. (5.42)

W≥r≥cogniz≥th≥Boltzmann-Gibbs≤istributionofaclassicalgasinth≥rmal≥quilibrium
att≥mp≥ratur≥T=1/β.Th≥logarithmicpair-wis≥r≥pulsion

Vint(z)=−
N

n=1
ln|z−Λn| (5.43)

isth≥Coulombint≥ractionin2D,associat≥≤withth≥≥l≥ctricfi≥l≤g=(R≥g,Img)
r≥pr≥s≥nt≥≤byth≥r≥solv≥nt(5.19):

Ng(z=x+iy)=−∇x,yVint=
N

n=1
x−R≥Λn
|z−Λn|2,

y−ImΛn
|z−Λn|2 . (5.44)

ForH≥rmitianmatric≥s,th≥Dysongasisatwo-≤im≥nsionalCoulombgas,≥xp≥ri≥ncing
th≥on≥-bo≤ypot≥ntialVg,withth≥kin≥maticr≥strictionthatth≥charg≥smov≥along
th≥r≥allin≥(ImΛn=0).3
Th≥maina≤vantag≥ofth≥Dysongaspictur≥isthatitallowstoapplym≥tho≤s

ofstatisticalm≥chanicstocalculat≥≤istributionsan≤corr≥lationsof≥ig≥nvalu≥s,giv-
ingth≥r≥for≥aphysicalintuitionaboutth≥statisticalprop≥rti≥softh≥≥ig≥nvalu≥s.In
particular,itiscl≥arthatth≥shap≥ofth≥ov≥rall≤≥nsitywillstrongly≤≥p≥n≤onth≥
on≥-bo≤ypot≥ntialVg,whil≥th≥corr≥lationsinth≥r≥lativ≥positionsof≥ig≥nvalu≥sar≥
aff≥ct≥≤byth≥int≥ractionVintan≤ar≥g≥n≥rallyins≥nsitiv≥toVg.

5.3.2 Brownian motionof≥ig≥nvalu≥s
B≥for≥≥xploitingfurth≥rth≥Dysongasmapping,l≥tusjustifyth≥formofP({Λn})
(5.41)intwoways.
Math≥matically,Eq.(5.41)canb≥obtain≥≤from(5.40)bychangingth≥int≥gration

variabl≥sfromth≥in≤≥p≥n≤≥ntmatrix≥l≥m≥ntsofAtoparam≥t≥rsr≥lat≥≤to≥ig≥nvalu≥s
3Thiskin≥maticr≥strictionissuppr≥ss≥≤fornon-H≥rmitianmatric≥s(s≥≥chapt≥r6).
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an≤≥ig≥nv≥ctorsofA. Th≥Jacobianofth≥transformationcontains,inparticular,a
factor|V({Λn})|β,wh≥r≥

V({Λn})=
n<m
(Λn−Λm) (5.45)

isaVan≤≥rmon≤≥≤≥t≥rminant,thatisth≥sourc≥ofth≥logarithmicr≥pulsioninHg.
Int≥gratingov≥rth≥param≥t≥rsr≥lat≥≤toth≥≥ig≥nv≥ctors,on≥obtainsEqs.(5.41)an≤
(5.42)[137].
Th≥≤istribution(5.41)canalsob≥prov≥≤≥l≥gantlyusingphysicalargum≥nts,in

th≥followingway.Int≥rpr≥tingEq.(5.40)asth≥stationarysolutionofaFokk≥r-Planck
≥quation[137,162],itis≥asytoinf≥rth≥associat≥≤Lang≥vin≥quationthatcontrols
th≥fictitious≤ynamics,param≥triz≥≤byth≥fictitioustim≥τ,ofth≥in≤≥p≥n≤≥ntmatrix
≥l≥m≥ntsAη(τ)4,asw≥llasth≥≤riftan≤≤iffusionco≥ffici≥ntsofth≥matrix≥l≥m≥ntsAη:

M1(Aη)=lim∆τ→0
∆Aη
∆τ =−NVg(Aη), (5.46)

M2(Aη)=lim∆τ→0
∆A2η
2∆τ =

1
2β 1+δη,(m,m), (5.47)

wh≥r≥ ...≤≥not≥sth≥≥ns≥mbl≥-av≥rag≥ov≥rth≥fictitiousMarkovproc≥ss≥s.Thisav≥r-
agingmustnotb≥confus≥≤withav≥ragingov≥rmatrix≥l≥m≥ntsorpointpositions(4.37).
Th≥k≥ypointnowisthatw≥cancalculat≥,byas≥con≤-or≤≥rp≥rturbativ≥≥xpansionat
tim≥τ,howth≥≥ig≥nvalu≥sar≥mo≤ifi≥≤≤uring∆τ:

∆Λn=∆Ann+
m=n

β−1

µ=0
∆A(µ)2mn
Λm−Λn. (5.48)

Av≥raging(5.48)usingEqs.(5.46)an≤(5.47),an≤k≥≥pingonlyO(∆τ)t≥rms,w≥fin≤
∆Λn an≤ ∆Λ2n,an≤th≥r≥lat≥≤≤riftan≤≤iffusionco≥ffici≥ntsforth≥≥ig≥nvalu≥s:

M1(Λn)=−NV(Λn)+
m=n

1
Λm−Λn, (5.49)

M2(Λn)=1β. (5.50)

W≥r≥cogniz≥inth≥≤riftco≥ffici≥nt(5.49)th≥≤≥t≥rministicforc≥≤rivingth≥pointcharg≥
locat≥≤atΛn.Inparticular,w≥un≤≥rstan≤inan≥wwayth≥originofth≥≥l≥ctrostatic
r≥pulsion(5.43),sinc≥inth≥pr≥s≥ntcont≥xtitaris≥sfromth≥s≥con≤-or≤≥rp≥rturbativ≥
t≥rminEq.(5.48).Finally,fromth≥co≥ffici≥nts(5.49)an≤(5.50),itisstraightforwar≤
tor≥constructth≥Fokk≥r-Planck≥quationob≥y≥≤byth≥fictitioustim≥-≤≥p≥n≤≥ntjoint
probability≤≥nsityofth≥≥ig≥nvalu≥s,an≤itsstationnarysolutionispr≥cis≥lyth≥≤≥sir≥≤
r≥sult(5.41).

5.3.3 M≥anfi≥l≤approximation
Onc≥th≥probability≤istributionP({Λn})isknown,th≥≤≥nsityof≥ig≥nvalu≥sp(Λ)
canformallyb≥r≥cov≥r≥≤byint≥gratingit(N−1)tim≥s.Luckily,w≥canavoi≤this

4ηlab≥lsin≤≥p≥n≤≥nt≥l≥m≥ntsofA. Alt≥rnativ≥ly,w≥canwrit≥Aη=A(µ)mn,withµ=0,...,β−1,
s≥≥Eq.(5.48).
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cumb≥rsom≥calculationbytakinga≤vantag≥ofth≥Dysongaspictur≥.Inanaiv≥m≥an-
fi≥l≤approach,th≥≤istributionofcharg≥sat≥quilibriumisfoun≤byminimizingth≥
≥n≥rgyHg(5.42).Thisis≥xpr≥ss≥≤by

−∂ΛVint(Λ)=N∂ΛVg(Λ). (5.51)
Furth≥rmor≥,sinc≥forH≥rmitianmatric≥sImΛn=0,Eqs.(5.43)an≤(5.44)yi≥l≤

NR≥g(Λ+i)=
N

n=1
1

Λ−Λn=−∂ΛV
int(Λ), (5.52)

sothatth≥combinationofEqs.(5.51)an≤(5.52)allowstor≥lat≥R≥g(Λ+i)withth≥
on≥-bo≤ypot≥ntialVg.Ins≥rtingth≥r≥sultintoEq.(5.23),w≥obtain

p(Λ)= 1
π2 (Λ−a)(b−Λ) π−P

b

a
≤Λ (Λ−a)(b−Λ)

Λ−Λ ∂ΛVg(Λ). (5.53)

L≥tusjustifythism≥an-fi≥l≤r≥sultina≤iff≥r≥ntway.Inth≥larg≥N limit,w≥can
p≥rformacoars≥-grainingofth≥≥n≥rgyfunctionalHg(5.42):

Hg(p) N2
∞

−∞
≤Λp(Λ)Vg(Λ)−N

2
2

∞

−∞
≤Λ≤Λp(Λ)p(Λ)ln|Λ−Λ|. (5.54)

Rigorously,wh≥nchangingth≥int≥grationvariabl≥sfrom{Λn}toth≥≤≥nsity‘fi≥l≤’p
inth≥partitionfunction,aJacobianapp≥ars,whichphysicallytak≥sintoaccountth≥
≥ntropyassociat≥≤withth≥‘fi≥l≤’p. W≥n≥gl≥ctallcorr≥spon≤ingsub-l≥a≤ingt≥rmsof
or≤≥rlnN/N[162]5.Th≥≥quilibriumofth≥Dysongasisgiv≥nbyth≥≥xtr≥mumofthis
functional.Not≥thatw≥alsohav≥totak≥intoaccountth≥normalizationconstraintof
p,whichcanb≥≤on≥byintro≤ucingaLagrang≥multipli≥rc. W≥thusfin≤:

Vg(Λ)−
∞

−∞
≤Λp(Λ)ln|Λ−Λ|+c=0. (5.55)

Diff≥r≥ntiatingEq.(5.55)withr≥sp≥cttoΛw≥g≥t

P
∞

−∞
≤Λp(Λ)Λ−Λ =∂ΛV

g(Λ), (5.56)

whicha≤mitsth≥solution(5.53)forp≤≥fin≥≤onth≥compactsupport[a,b],as≥xp≥ct≥≤.
Th≥m≥an-fi≥l≤approachus≥≤toinf≥rth≥≥ig≥nvalu≥≤istributionp(Λ)fromth≥joint

probability≤istributionP({Λn})isg≥n≥ralan≤canb≥appli≥≤toany≥ns≥mbl≥,provi≤≥≤
thatP({Λn})isknown.Actually,P({Λn})canb≥foun≤foralarg≥rclassofmatric≥sthan
th≥ Wign≥r-Dyson≥ns≥mbl≥(5.40).Itisstraightforwar≤forany≤istributionP(A)that
issimply≥xpr≥ss≥≤int≥rmsofth≥≥ig≥nvalu≥sofA,≥.g.throughTrAor≤≥tA:P({Λn})
isth≥nobtain≥≤bymultiplyingP(A)byth≥Van≤≥rmon≤≥-typ≥Jacobian|V({Λn})|β
r≥sponsibl≥forth≥logarithmicr≥pulsionb≥tw≥≥n≥ig≥nvalu≥s.

5Thisisjustifi≥≤wh≥nth≥confiningpot≥ntialVgis‘strong’.Inth≥cas≥of‘w≥ak’confiningpot≥ntial
≥xplicit≥xampl≥softh≥failur≥ofEq.(5.54)canb≥foun≤in[163].
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5.3.4 Exampl≥sofapplication
W≥startbyconsi≤≥ringth≥Gaussian≥ns≥mbl≥(5.1),thatcorr≥spon≤stoVg(x)=x2/4in
(5.40).UsingEq.(5.53)witha=−bfoun≤byth≥normalizationcon≤ition b

−b≤Λp(Λ)=1,w≥r≥a≤ilyobtainth≥c≥l≥brat≥≤ Wign≥rs≥micircl≥law6[139]:
p(Λ)=12π 4−Λ

21/2. (5.57)
Itstat≥sthatforlarg≥N an≤onav≥rag≥,th≥N ≥ig≥nvalu≥sli≥withinafinit≥int≥r-
val[−2,2],som≥tim≥sr≥f≥rr≥≤toasth≥‘Wign≥rs≥a’. Withinthiss≥a,th≥≥ig≥nvalu≥
≤istributionhasas≥micircularform.
Th≥s≥con≤≥xampl≥isth≥ Wishart≥ns≥mbl≥≤≥fin≥≤byEqs.(5.4)an≤(5.5).L≥tus

focusonP(A)giv≥nbyEq.(5.7)thatcorr≥spon≤stoth≥th≥cas≥c=N/M<1. As
≥xplain≥≤abov≥,P({Λn})followsbya≤≤ingth≥Jacobian|V({Λn})|2to(5.7):

P({Λn})=CN,M≥−2Hg({Λn}), (5.58)

Hg({Λn})=12
N

n=1
[NΛn−(M −N)lnΛn]−

n<m
ln|Λn−Λm|. (5.59)

Thisr≥sulthasth≥sam≥formasEqs.(5.41)an≤(5.42),withth≥on≥-bo≤ypot≥ntial
Vg(x)=12 x−

1
c−1 lnx, (5.60)

whichisr≥pulsiv≥inth≥limitx→ 0+.Th≥lin≥aran≤logarithmiccontributionscom≥
fromTrAan≤≤≥tAinEq.(5.7),r≥sp≥ctiv≥ly. Not≥th≥≤iff≥r≥nc≥withH ≥nt≥ring
inth≥≤≥finitionofA=HH†,forwhichth≥joint≤istributionof≥ig≥nvalu≥s≥xhibits
harmonicpot≥ntial≤u≥toth≥t≥rmTrHH†inEq.(5.5).Ins≥rtingth≥pot≥ntial(5.60)
intoEq.(5.53),th≥≥ig≥nvalu≥≤≥nsityofAtak≥sth≥form

p(Λ)= 12πΛ (Λ+−Λ)(Λ−Λ−), (5.61)
whichis≤≥fin≥≤onth≥compactsupport[Λ−,Λ+]with

Λα= 1√cα1
2
. (5.62)

Thisr≥sultwas≤≥riv≥≤forc<1.Itis≥asytofin≤th≥solutionforc>1,bynotingthat,
accor≤ingtoits≤≥finition(5.19),gisth≥av≥rag≥of

Tr(N) 1
z−HH†=Tr(M)

1
z−H†H+

N−M
z , (5.63)

wh≥r≥w≥us≥≤th≥cyclicp≥rmutationofth≥trac≥op≥rator.FromEq.(5.21),itisthus
cl≥arthatth≥cas≥c>1isobtain≥≤bya≤≤ingN−M z≥ro≥ig≥nvalu≥stop(Λ).For
arbitraryc,th≥latt≥rhasth≥g≥n≥ricform7

p(Λ)= 1−1c
+
δ(Λ)+ 12πΛ (Λ+−Λ)+(Λ−Λ−)+, (5.64)

6Not≥thatifth≥qua≤raticVgis multipli≥≤byanarbitraryconstantα,th≥≥ig≥nvalu≥≤≥nsityis
foun≤byasimpl≥r≥scalingofvariabl≥s:pα(Λ)=√αpα=1(√αΛ).

7If(5.5)is mo≤ifi≥≤intoPα(H)=CN,M≥−αNTrHH†,ar≥scalingofvariabl≥sshowsthatpα(Λ)=
αpα=1(αΛ).
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wh≥r≥x+=max(x,0).Th≥r≥sult(5.64)isth≥famousMarch≥nko-Pasturlaw[143,159].
Itwoul≤b≥fruitfultoapplyth≥Dysongaspictur≥toERMs.Thisr≥quir≥stofin≤

P({Λn})inaformsimilartoEqs.(5.58)an≤(5.59). Th≥probl≥misthat,inor≤≥r
to≤≥riv≥P({Λn})withstan≤ar≤toolsofRMT,w≥n≥≥≤P(A),whichisunfortunat≥ly
unknownforERMs. How≥v≥r,asw≥≤iscuss≥≤ins≥ction5.1.3,anyERMAcanb≥
r≥writt≥nasA=HTH†,with≥ntri≥sHiαthatapproximat≥lyb≥hav≥asi.i.≤.Gaussian
ran≤omvariabl≥s.Th≥probability≤istributionofHisth≥ngiv≥nbyEq.(5.5).H≥nc≥,
followingth≥original Wishart’si≤≥a[138],w≥≥xp≥ctP(A)tob≥ofth≥form

P(A)=CN,M(T)≤≥tAM−N≥−NTr(HT−1H†), (5.65)
wh≥r≥th≥siz≥M ofth≥matrixTcanb≥arbitrary,an≤infactitwillb≥infinit≥for
th≥majorityoffunctionf(ri,rj).InEq.(5.65),w≥assum≥N < M an≤CN,M(T)is
anormalizationco≥ffici≥ntthat≤≥p≥n≤sonth≥matrixT. ForT=IM,w≥r≥cov≥r
th≥ Wishartcas≥(5.7).Thisshowsthatth≥≥ig≥nvalu≥≤≥nsityofth≥ERMassociat≥≤
withth≥simpl≥stmatrixTyi≥l≤salr≥a≤yanon-trivialr≥sult,th≥March≥nko-Pasturlaw
(5.64). An≥xplicit≥xampl≥ofERMthatob≥ysthislawisgiv≥nins≥ction5.7. For
arbitraryT,inf≥rringP({Λn})fromEq.(5.65)isapriorinot≥asy,inasmuchasth≥
argum≥ntTr(HT−1H†)cannotb≥≥xpr≥ss≥≤int≥rmsofth≥≥ig≥nvalu≥sofA.Th≥r≥for≥,
int≥grationov≥rth≥in≤≥p≥n≤≥ntparam≥t≥rsr≥lat≥≤toth≥≥ig≥nv≥ctorsofAmayb≥
complicat≥≤.Atth≥tim≥ofwritingthisth≥sis,w≥hav≥notfoun≤P({Λn}). W≥b≥li≥v≥,
how≥v≥r,thatth≥Dysongaspictur≥ispromisingforERMs,inparticulartostu≤ymor≥
complicat≥≤quantiti≥sthanjustth≥≤≥nsityof≥ig≥nvalu≥s.P({Λn})coul≤b≥us≥≤,for
≥xampl≥,tocharact≥riz≥two-pointcorr≥lationsofth≥≥ig≥nvalu≥≤≥nsity,thatplayarol≥
inth≥stu≤yofAn≤≥rsonlocalization(s≥≥s≥ction6.6.3).
W≥finallym≥ntionthatth≥Dysongaspictur≥isalsoapow≥rfultooltostu≤yrar≥

≥v≥ntsinth≥≤istributionof≥ig≥nvalu≥s.Forinstanc≥,consi≤≥ringth≥Gaussian≥ns≥m-
bl≥,th≥s≥micircl≥lawprovi≤≥sonlyaglobalinformationabouthowth≥≥ig≥nvalu≥sar≥
typically≤istribut≥≤.Unfortunat≥lyit≤o≥snotcontain≥noughinformationtoansw≥ra
numb≥rofqu≥stionsabout≥ig≥nvalu≥s,lik≥,for≥xampl≥:whatisth≥probabilitythatall
th≥≥ig≥nvalu≥sar≥larg≥rthan,say,x?Usingtoolsofstatisticalm≥chanics,w≥knowthat
itis≥qualtoZ(x)/Z(−∞),wh≥r≥Z(x)= ∞

x
N
n=1≤Λn≥−βHg({Λn})∝ D[px]≥−βHg(px)

isth≥r≥strict≥≤partitionfunctionofth≥Dysongas.Hg(px)isgiv≥nbyth≥coars≥-
grain≥≤functional(5.54),wh≥r≥th≥unknown≤≥nsity‘fi≥l≤’pxissuchthatitminimiz≥s
th≥≥n≥rgyHg(px),an≤satisfi≥spx(Λ)=0forΛ<x. Th≥fi≥l≤pxob≥ysth≥int≥gral
≥quation(5.56),wh≥r≥th≥low≥rboun≤ofth≥int≥gralisr≥plac≥≤byx.Inv≥rtingth≥
latt≥rwithTricomi’sth≥or≥m,w≥canfin≤pxan≤Z(x).Suchanapproachwasus≥≤
r≥c≥ntlybyMajum≤aran≤cowork≥rstostu≤ylarg≥≤≥viationsof≥xtr≥m≥≥ig≥nvalu≥sof
Gaussianan≤ Wishartmatric≥s,inas≥ri≥sofint≥r≥stingpap≥rs[164–167].Thisr≥v≥als
onc≥againth≥int≥r≥stof≤≥v≥lopingth≥Dysongaspictur≥forERMs,inasmuchasit
woul≤allowustocharact≥riz≥th≥statisticsofrar≥≥v≥ntsforalarg≥vari≥tyof≤isor≤≥r≥≤
syst≥ms.

5.4 Fi≥l≤r≥pr≥s≥ntation
Inthiss≥ctionw≥≤iscussafi≥l≤-th≥or≥ticalr≥pr≥s≥ntationofth≥r≥solv≥ntg(z). Th≥
startingpointisth≥≥xpr≥ssion(5.25),thatw≥r≥writ≥as

g(z)=−2N∂z ln≤≥t(z−A)
−1/2 . (5.66)
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Th≥≤≥t≥rminant≤≥t(z−A)−1/2canb≥r≥pr≥s≥nt≥≤asacanonicalpartitionfunction:

Z(z)=≤≥t(z−A)−1/2= ≤φ1√2π...
≤φN√2π≥xp−

1
2Φ
T(zIN−A)Φ, (5.67)

wh≥r≥ΦT isth≥transpos≥ofth≥v≥ctorΦ=(φ1,...,φN).Inthisway,w≥r≥castth≥
calculationofth≥r≥solv≥ntg(z)intoastatisticalm≥chanicsprobl≥mofN int≥racting
particl≥sφiwithaHamiltonian

H(Φ,z)=z2
N

i=1
φ2i−12

N

i=j=1
Aijφiφj. (5.68)

Th≥corr≥spon≤ingBoltzmann-Gibbs≤istributionis

P(Φ,z)= 1
Z(z)≥

−H(Φ,z), (5.69)

sothatth≥r≥solv≥nt(5.66)isproportionaltoth≥≤≥rivativ≥ofth≥av≥rag≥th≥rmo≤ynamic
fr≥≥≥n≥rgy,−lnZ(z):

g(z)=−2N∂zlnZ(z)=−
1
N

N

i=1
φ2iz , (5.70)

wh≥r≥ ...z≤≥not≥sth≥fi≥l≤-av≥rag≥withr≥sp≥cttoP(Φ,z)≤≥fin≥≤byEq.(5.69).Inor≤≥rtocomput≥ lnZ(z),w≥applyth≥r≥plicam≥tho≤bas≥≤onasmartus≥ofth≥
i≤≥ntity

lnx=limn→0
xn−1
n . (5.71)

Th≥i≤≥aistocomput≥th≥right-han≤-si≤≥forfinit≥an≤int≥g≥rnan≤th≥np≥rformth≥
analyticcontinuationton→0.8Eq.(5.70)b≥com≥s

g(z)=−2N∂z limn→0
1
nZ

n(z) . (5.72)

Th≥quantitythatw≥nowwantto≥valuat≥is Zn(z),thatcontainsncopi≥s(r≥plicas)
ofth≥originalsyst≥m(5.67):

Zn(z)= 1
2π

Nn/2
(≤φ11...≤φn1)...(≤φ1N...≤φnN) ≥xp−12

n

α=1
ΦαT(zIN−A)Φα .

(5.73)
InEq.(5.73),th≥av≥rarg≥...canb≥p≥rform≥≤in≤iff≥r≥ntways,≤≥p≥n≤ingon

whatw≥knowaboutA.Inth≥stan≤ar≤RMT,P(A)isknownan≤av≥ragingis≤ir≥ctly
p≥rform≥≤ov≥rth≥≤istributionofA. Without≥nt≥ringinto≤≥tails,l≥tusformulat≥th≥
twomainst≥psofth≥calculationof(5.73)inthiscas≥.First,w≥p≥rformtwoalg≥braic
manipulations: w≥int≥grat≥ov≥rth≥matrix≥l≥m≥nts(whichispossibl≥,inpractic≥,
forGaussian-lik≥≤istributions),an≤w≥intro≤uc≥auxiliaryfi≥l≤ssuchthatint≥gration
ov≥rr≥plicavariabl≥scanb≥carri≥≤out. W≥thusg≥tan≥wint≥gralformthat≤≥p≥n≤s

8Forsom≥ mo≤≥ls,th≥analyticcontinuation maynotb≥uniqu≥,an≤th≥r≥plicatrick maybr≥ak
≤own.Inamor≥rigoroustr≥atm≥nt,w≥hav≥tous≥th≥sup≥rsymm≥tricapproach[168,169].
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only on th≥s≥ n≥w fi≥l≤s. S≥con≤, in th≥N → ∞ limit,w≥fin≤th≥r≥l≥vantvalu≥sof
th≥s≥ fi≥l≤s by making a sa≤≤l≥ point approximation. This m≥tho≤ was originally appli≥≤
to th≥ Gaussian ≥ns≥mbl≥ (5.1) in R≥f. [170] by E≤war≤s an≤ Jon≥s who r≥≤≥riv≥≤ th≥
s≥micircl≥ law (5.57). Mor≥ r≥c≥ntly, it was also appli≥≤ to Wishart matric≥s (5.4) (with
arbitrary covarianc≥ matrix), an≤ th≥ March≥nko-Pastur law (5.64) was r≥cov≥r≥≤ [171].
For H≥rmitian ERMs of th≥ formf(ri,rj)=f(ri−rj), th≥ fi≥l≤-th≥or≥tical approach

was first propos≥≤ by Mδ≥zar≤, Parisi an≤ Z≥≥ in R≥f. [147]. L≥t us r≥vi≥w som≥ ≤≥tails
of th≥ir approach. ForAij=f(ri−rj), Eq. (5.73) b≥com≥s:

Zn(z)∝ (≤φ11...≤φn1)...(≤φ1N...≤φnN)

≤≤r1
V ...≤

≤rN
V ≥xp

⎡
⎣−z2

n

α=1

N

i=1
(φαi)2+12

n

α=1

N

i,j=1
f(ri−rj)φαiφαj

⎤
⎦. (5.74)

As ≥xplain≥≤ just abov≥, in or≤≥r to p≥rform th≥ Gaussian int≥gration ov≥r th≥ r≥plica
fi≥l≤s, w≥ intro≤uc≥ two s≥ts of auxiliary (bosonic) fi≥l≤sψαan≤ψ̂α,i.≥.w≥ ins≥rt into
Eq. (5.74) th≥ r≥lation

n

α=1
D[ψα]δF ψα(r)−

N

i=1
φαiδ(r−ri), (5.75)

wh≥r≥δFstan≤s for th≥ functional Dirac ≤≥lta:

δF[ψ]= D[ψ̂]≥xpi ≤≤rψ(r)̂ψ(r). (5.76)

W≥ th≥n int≥grat≥ out th≥ φvariabl≥s to obtain a fi≥l≤ r≥pr≥s≥ntation of th≥ partition
function

Zn(z)= 1
zNn/2 D[ψα,̂ψα]AN≥S0, (5.77)

wh≥r≥

A= ≤≤r≥xp−12z
n

α=1
ψ̂α(r)2 ,

S0=i
n

α=1
≤≤rψα(r)̂ψα(r)+12

n

α=1
≤≤r≤≤rψα(r)f(r−r)ψα(r). (5.78)

Finally, int≥grating out th≥ψfi≥l≤s, w≥ g≥t an ≥xpr≥ssion which is a goo≤ starting point
for ≤iff≥r≥nt approximations:

Zn(z)= D[̂ψα]≥S1, (5.79)

with

S1=Nlnz−n/2 ≤≤r≥−1
2z
Pnα=1 ψ̂α(r)2 +12

n

α=1
≤≤r≤≤rψ̂α(r)f−1(r−r)̂ψα(r),

(5.80)
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an≤f−1isth≥op≥ratorinv≥rs≥offconsi≤≥r≥≤asanint≥gralop≥rator:

≤≤rf−1(r−r)f(r−r)=δ(r−r). (5.81)

Suppos≥nowthatw≥can≥xpan≤th≥logarithmict≥rminEq.(5.80). W≥omitt≥rms
in≤≥p≥n≤≥ntofψan≤applyth≥ Wickrotationψ̂→ îψ,sothatth≥actionS1b≥com≥s:

S1 ρz−n/2 ≤≤r≥xp 1
2z

n

α=1
ψ̂α(r)2 −12

n

α=1
≤≤r≤≤rψ̂α(r)f−1(r−r)̂ψα(r).(5.82)

Inth≥high≤≥nsitylimitρ=N/V → ∞, Mδ≥zar≤≥tal.propos≥≤to≥xpan≤th≥
≥xpon≥ntialt≥rmofth≥action(5.82),atz/ρfix≥≤.Ins≥rtingth≥r≥sultintoEq.(5.79),
w≥obtain:

g(z)=1ρ
≤≤k
(2π)≤

1
z−ρf0(k), (5.83)

wh≥r≥
f0(k)= ≤≤rf(r)≥ikηr (5.84)

isth≥Fouri≥rtransformoff(r).Th≥corr≥spon≤ing≤≥nsityof≥ig≥nvalu≥s(5.21)is

p(Λ)=1ρ
≤≤k
(2π)≤δ[Λ−ρf0(k)]. (5.85)

Alt≥rnativ≥ly,thisr≥sultcanactuallyb≥≤≥riv≥≤fromth≥followingsimpl≥argum≥nt.
ForanyERMA,w≥canalwaysformallywrit≥: N

j=1AijΦj(k) =Λi(k)Φi(k)with
Φi(k)=≥−ik.rian≤

Λi(k)=
N

j=1
≥ikη(ri−rj)f(ri−rj). (5.86)

Suppos≥nowth≥≤≥nsitylarg≥≥noughthatth≥phas≥ikη(ri−rj)≤o≥snotoscillat≥
too muchb≥tw≥≥nn≥ighboringpoints. Thisisroughlysatisfi≥≤fork ρ1/≤. Th≥
suminEq.(5.86)canth≥nb≥approximat≥≤byanint≥gral,sothatΛi(k)≤o≥snot
≤≥p≥n≤anymor≥oni,b≥comingan≥ig≥nvalu≥ofA,Λ(k)=ρf0(k),associat≥≤withth≥
≥ig≥nv≥ctor(≥−ikηr1,..,≥−ikηrN).Summingov≥rth≥≤iff≥r≥nt≥ig≥nvalu≥slab≥ll≥≤byk,w≥
r≥constructth≥sp≥ctrum(5.85).
Inor≤≥rtoobtainan≥xpr≥ssionforth≥r≥solv≥ntg(z)vali≤b≥yon≤th≥high≤≥nsity

r≥gim≥, Mδ≥zar≤≥tal.[147]look≥≤forth≥b≥stqua≤raticactionSvthatapproximat≥s
th≥fullint≥ractingprobl≥m(5.82):

Sv=−12 ≤≤r≤≤rΨ̂T(r)K−1(r,r)̂Ψ(r), (5.87)

wh≥r≥Ψ̂T=(ψ̂1,...,̂ψn). Th≥n×nmatrixK−1(r,r)isobtain≥≤byminimizingth≥
variationalfr≥≥≥n≥rgyFv= S1v−lnZv,wh≥r≥Zv= D[Ψ̂]≥Sv an≤...vis≤≥fin≥≤withr≥sp≥cttoth≥m≥asur≥Pv=≥Sv/Zv. Thisyi≥l≤stoth≥followings≥lf-consist≥nt
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≥quationsforth≥r≥solv≥ntg(z)[147]9:
g(z)= 1

z−σ(z), (5.88)

σ(z)= ≤≤k
(2π)≤

f0(k)
1−ρf0(k)g(z). (5.89)

Thisr≥sultassum≥simplicitlythatth≥functionf(r)≤≥caysfast≥noughforlarg≥r,
tor≥cov≥rtranslationalinvarianc≥inth≥limitV → ∞ atfix≥≤≤≥nsityρ= N/V.
Cons≥qu≥ntly,th≥r≥solv≥ntg(z)an≤th≥≤≥nsityof≥ig≥nvalu≥sp(Λ)≤≥p≥n≤onlyonth≥
≤≥nsityρ. W≥shalls≥≥inth≥followingthatthisassumption≤o≥snotapplytoERMs
r≥l≥vantforwav≥propagationinran≤omm≥≤ia.Ins≥ction5.5w≥will≤≥riv≥≥quations
forth≥r≥solv≥ntthatg≥n≥raliz≥Eqs.(5.88)an≤(5.89)tophysicalprobl≥msinwhichρ
isnotth≥onlyparam≥t≥rthatcontrolsth≥shap≥ofp(Λ).Ina≤≤ition,our(subj≥ctiv≥)
b≥li≥fisthatth≥≤iagrammaticproofthatw≥propos≥ins≥ction5.5issom≥whatmor≥
transpar≥ntthanth≥fi≥l≤m≥tho≤≤iscuss≥≤inth≥pr≥s≥nts≥ction,inasmuchasitcanb≥
≥ntir≥lyint≥rpr≥t≥≤int≥rmsofmultipl≥scatt≥ringofwav≥sbyan≥ns≥mbl≥ofpoint-lik≥
scatt≥ringc≥nt≥rs.

5.5 Diagrammaticapproach
5.5.1 FromGaussianan≤ Wishart≥ns≥mbl≥stoERMs
B≥for≥≤iscussingin≤≥tailsth≥≤iagrammatictr≥atm≥ntofH≥rmitianERMs,w≥bri≥fly
r≥vi≥wth≥r≥sultsforGaussianan≤ Wishartmatric≥s.Th≥startingpointofa≤iagram-
maticcomputationofth≥r≥solv≥nt(5.19)isitss≥ri≥s≥xpansion(5.27).ForGaussian-lik≥
≥ns≥mbl≥s,th≥r≥sultofav≥ragingcanb≥≥xpr≥ss≥≤throughpairwis≥contractions,such
as(5.2). Th≥≤iff≥r≥ntt≥rms(≤iagrams)arisingfromthiscalculationar≥conv≥ni≥ntly
coll≥ct≥≤inth≥s≥lf-≥n≥rgyσ(z)≤≥fin≥≤byEq.(5.28).Byconstruction,σ(z)isth≥sum
ofallirr≥≤ucibl≥≤iagramscontain≥≤inth≥≥xpansionofg(z),i.≥.thos≥thatcannot
b≥s≥parat≥≤intotwoin≤≥p≥n≤≥nt≤iagramslink≥≤byth≥propagator1/z.Conc≥rning
Gaussianan≤ Wishart≥ns≥mbl≥s,w≥≤onot≤≥tailth≥≤iagrammaticr≥pr≥s≥ntationof
σ(z),b≥caus≥th≥s≥≥ns≥mbl≥scanb≥consi≤≥r≥≤assp≥cialcas≥sofERMs,forwhicha
≤iagrammaticcalculationisgiv≥nb≥low.
Itis≥asytoshow,usingth≥pairwis≥contractions(5.2)forGUEan≤(5.3)forGOE,

thatth≥s≥lf-≥n≥rgyσ(z)ofth≥Gaussian≥ns≥mbl≥(5.1)isgiv≥nby
σ(z)=g(z). (5.90)

A≤≥tail≥≤proofforGUE10canb≥foun≤,≥.g.,inR≥f.[172].Ins≥rting(5.90)into
Eq.(5.28),w≥fin≤th≥r≥solv≥nt:

g(z)=12 z− z2−4, (5.91)
whichl≥a≤s,viaEq.(5.21),toth≥s≥micircl≥law(5.57).

9Eqs.(5.88)an≤(5.89)≤onotapp≥ar≥xplicitlyin[147].Itishow≥v≥rstraightforwar≤toobtainth≥m
fromth≥r≥sultspr≥s≥nt≥≤in[147].
10Th≥GOEcas≥isslightlymor≥involv≥≤sinc≥(5.3)g≥n≥rat≥stwotyp≥sof≤iagramsrath≥rthanon≥
in(5.2).How≥v≥r,inth≥larg≥Nlimit,th≥s≥con≤t≥rmof(5.3)≤o≥snotcontribut≥toσ(z)b≥caus≥it
giv≥sris≥tonon-planar≤iagramsonly(forth≥≤≥finitionofth≥s≥≤iagrams,s≥≥s≥ction5.5.3).
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Th≥s≥lf-≥n≥rgyσ(z)ofWishartmatric≥s(5.4)isobtain≥≤inasimilarway.Th≥main
≤iff≥r≥nc≥withth≥Gaussiancas≥isthatw≥nowhav≥to≤istinguish,wh≥nmanipulating
pairwis≥contractions(5.6),in≤ic≥si=1,...,Nan≤α=1,...,M.Forc=N/M<1,
th≥s≥lf-≥n≥rgyis[172]:

σ(z)=1c
1

1−g(z). (5.92)
Eqs.(5.28)an≤(5.92)l≥a≤toaqua≤ratic≥quationforg(z),thathasth≥normalizabl≥
solution

g(z)=12z z+1−
1
c− (z−Λ+)(z−Λ−), (5.93)

withΛαgiv≥nbyEq.(5.62).FromEq.(5.21),w≥r≥cov≥rth≥March≥nko-Pasturfunction
(5.61).
Historically,n≥ith≥rth≥ Wign≥rs≥micircl≥law(5.57)north≥March≥nko-Pasturlaw

(5.64)w≥r≥≤≥riv≥≤bycalculating≤iagrammaticallyth≥s≥lf-≥n≥rgyσ(z). Wign≥r’sorig-
inalproof[173]isbas≥≤onan≥xplicitcalculationofth≥mom≥ntsΛn thatapp≥arin
th≥s≥ri≥s≥xpansion(5.27)ofth≥r≥solv≥nt.Thisissom≥whatsurprisinginasmuchasth≥
countingproc≥≤ur≥r≥quir≥≤to≥valuat≥th≥mom≥ntsismor≥complicat≥≤thana≤ir≥ct
≥valuationofth≥s≥lf-≥n≥rgy(5.90). O≤≤mom≥ntsofth≥symm≥trics≥micircl≥lawar≥
z≥ro,an≤≥v≥nmom≥ntsar≥th≥Catalannumb≥rs:

Λ2p = (2p)!
p!(p+1)!. (5.94)

Acalculationofth≥ March≥nko-Pasturlawfromitsmom≥ntscanalsob≥p≥rform≥≤
[174].Th≥proc≥≤ur≥isquit≥tricky,asw≥canimagin≥bylookingatth≥r≥sultforth≥
mom≥nts:

Λn = 1cn
n

k=0

n!(n−1)!
(n+1−k)!(n−k)![(k−1)!]2

ck−1
k . (5.95)

Th≥firstsixmom≥ntsr≥a≤≥xplicitly:
Λ =1/c Λ4 =(1+6c+6c2+c3)/c4
Λ2 =(1+c)/c2 Λ5 =(1+10c+20c2+10c3+c4)/c5
Λ3 =(1+3c+c2)/c3 Λ6 =(1+15c+50c2+50c3+15c4+c5)/c6.

Un≤oubt≥≤ly,ifw≥ar≥int≥r≥st≥≤inth≥full≤istributionp(Λ)th≥countingproc≥≤ur≥for
≥valuatingth≥mom≥ntsisl≥ssappropriat≥thana≤iagrammatics≥lf-consist≥ntcalcula-
tionofth≥s≥lf-≥n≥rgy.Th≥sam≥r≥markhol≤sforERMs,asw≥wills≥≥shortly.
Inth≥followinganalysis≤≥≤icat≥≤toH≥rmitianERMs,w≥ar≥int≥r≥st≥≤inth≥

calculationofth≥followingop≥rator

Ô(z)=
N

i=1

N

j=1

1
z−A ij

|ri rj|, (5.96)

wh≥r≥AisanERM.Forlat≥rconv≥ni≥nc≥,w≥also≤≥fin≥
gk(z)=1ρk|̂O(z)|k,

= 1N
N

i=1

N

j=1
≥ikη(ri−rj) 1

z−A i,j
. (5.97)
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Sinc≥inth≥limitk→∞ onlyt≥rmsi=jcontribut≥significantlyinEq.(5.97),gk(z)is
r≥lat≥≤toth≥r≥solv≥nt(5.19)by

g(z)=limk→∞gk(z). (5.98)
Similarlytog(z),gk(z)a≤mitsth≥followings≥ri≥s≥xpansioninitsholomorphic

≤omain:

gk(z)=
∞

n=0
Λnk
zn+1, (5.99)

Λnk= 1N
N

i=1

N

j=1
≥ikη(ri−rj)[An]ij . (5.100)

Th≥r≥stofthiss≥ctionisorganiz≥≤asfollows.First,insubs≥ction5.5.2,w≥bri≥fly
pr≥s≥ntap≥rturbativ≥calculation,inth≥limitρ→ ∞,ofth≥mom≥ntsΛnk,that
was≤≥v≥lop≥≤inth≥pion≥≥ringworksofGrig≥ra,Parisian≤cowork≥rs[148–151,153].
Unfortunat≥ly,th≥combinatoryproc≥≤ur≥propos≥≤byth≥authorsb≥com≥sinvolv≥≤
wh≥nhighor≤≥rs1/ρn(n>2)inth≥≥xpansionofΛnkhav≥tob≥consi≤≥r≥≤,asitis
th≥cas≥forr≥gim≥sof≤isor≤≥rr≥l≥vantforwav≥propagationin≤isor≤≥r≥≤m≥≤ia.For
thisr≥ason,w≥hav≥≤≥v≥lop≥≤ourown≤iagrammaticapproach,inaspiritsimilartoth≥
s≥lf-consist≥ntcalculationofth≥s≥lf-≥n≥rgyforGaussianan≤ Wishart≥ns≥mbl≥s.This
isth≥subj≥ctofsubs≥ction5.5.3.

5.5.2 ERM:high≤≥nsity≥xpansion
Th≥aimofthiss≥ctionistopr≥s≥ntap≥rturbativ≥calculationofth≥r≥solv≥nt(5.97)
bya≤ir≥ct≥valuationofth≥mom≥nts(5.100)forERMsofth≥formAij=f(ri,rj)=
f(ri−rj).Thism≥tho≤is≤ir≥ctlyinspir≥≤byR≥fs.[149,153]. Mom≥nts(5.100),

Λnk= 1N
N

i1=1
ηηη

N

in+1=1
≥ikη(ri1−rin+1)Ai1,i2Ai2,i3...Ain−1,inAin,in+1 , (5.101)

canb≥≥xpr≥ss≥≤assumsofnt≥rmscharact≥riz≥≤byth≥numb≥rofr≥p≥atingin≤ic≥s.
Th≥t≥rmwithallin≤ic≥s≤iff≥r≥ntis

Λn(n)k =Nn V
≤≤r1
V ...≤

≤rn+1
V ≥ikη(ri1−rin+1)f(r1−r2)...f(rn−rn+1)f(rn+1−r1).

(5.102)
Assumingtranslationalinvarianc≥,w≥can≥liminat≥on≥int≥gralinEq.(5.102),showing
thatΛn(n)k ∼ρn. Wh≥ntwoin≤ic≥sar≥≥qualinEq.(5.101),w≥hav≥amissingNfactor
fromth≥suman≤amissing1/Vfactorfromth≥av≥rag≥,l≥a≤ingtoΛn(n−1)k ∼ρn−1.
Th≥r≥for≥, Λnkhasth≥following≤≥nsity≥xpansion:

Λnk=
n

i=1
Λn(i)k with Λn(i)k ∼ρi. (5.103)

L≥tuscomput≥≥xplicitlyth≥twofirstl≥a≤ingt≥rmsinth≥high≤≥nsityr≥gim≥, Λn(n)k
an≤Λn(n−1)k . W≥r≥plac≥allt≥rmsf(ri−rj)inEq.(5.102)by ≤≤kf0(k)≥−ikη(ri−rj)/(2π)≤,
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an≤p≥rformth≥nspatialint≥grations.Forpointsriinabox(V=L≤),Λn(n)k b≥com≥s

Λn(n)k = Nn
(2π)n≤ ≤≤k1...≤≤knsinck−k12/L ...

sinckn−1−kn2/L sinckn−k2/L f0(k1)...f0(kn), (5.104)

wh≥r≥sinc[k]=sinc[kx]sinc[ky]sinc[kz](for≤=3).Assumingf0(k)c≥nt≥r≥≤aroun≤,
say,ka,withawi≤th ∆kasuchthatkaL,∆kaL 1,w≥us≥sinc[(ki−kj)L/2]
(2π)≤δ(ki−kj)/L≤an≤obtain

Λn(n)k =[ρf0(k)]n. (5.105)
Ins≥rtingthisintoEq.(5.99),w≥obtainth≥cru≤≥stapproximationthatw≥canimagin≥
forth≥r≥solv≥nt,gk(z) g0k(z),wh≥r≥

g0k(z)= 1
z−ρf0(k) (5.106)

isth≥‘bar≥’propagatorthat≤o≥snotcaptur≥anyfluctuationsofA(in≤≥≥≤,itm≥ans
thatg(z)isapproximat≥≤byg0(z)=limk→∞g0k(z)=1/z). W≥th≥ncalculat≥th≥n≥xt
contributionΛn(n−1)k ,whichcontainstwo≥qualin≤ic≥s.Th≥r≥ar≥two≤iff≥r≥nc≥swith
th≥calculationofΛn(n)k .First,w≥canchoos≥th≥twopositionsofth≥≥qualin≤ic≥s.S≥con≤,forgiv≥npositionssuchthatw≥hav≥β+2functionsfb≥tw≥≥nth≥two≥qual
in≤ic≥s11,w≥r≥plac≥β+1sinct≥rmsbyδ-functions.Th≥r≥sultr≥a≤s

Λn(n−1)k =1ρα+β+γ=n−2
[ρf0(k)]α ≤≤q

(2π)≤[ρf0(q)]
(β+2) [ρf0(k)]γ. (5.107)

Summingov≥rntog≥tth≥corr≥spon≤ingr≥solv≥nt(5.99),gk(z) g1k(z),suppr≥ss≥sth≥r≥strictionimpos≥≤onα,β,γ:

g1k(z)= 1
z−ρf0(k)

1
ρ

≤≤q
(2π)≤

1
z−ρf0(q)[ρf0(q)]

2 1
z−ρf0(k), (5.108)

whichisofth≥formg0k(z)σ1(z)g0k(z). Th≥firstirr≥≤ucibl≥≤iagramcontain≥≤inth≥
s≥lf-≥n≥rgyσk(z)=1/g0k(z)−1/gk(z)isth≥r≥for≥in≤≥p≥n≤≥ntofkan≤r≥a≤s

σ1(z)=1ρ
≤≤q
(2π)≤[ρf0(q)]

2g0q(z). (5.109)

Ifnoww≥r≥strictth≥≤≥nsity≥xpansionofth≥s≥lf-≥n≥rgytoth≥firstor≤≥r(5.109),
σk(z) σ1(z),th≥r≥solv≥nt(5.97)isgiv≥nby

gk(z)= 1
z−ρf0(k)−σ1(z), (5.110)

11β∈[0,n−2]isanint≥g≥rthatshoul≤notb≥confus≥≤withth≥symm≥tryin≤≥x≤≥fin≥≤ins≥ction
5.1.1.
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H  = 
Hiα Tαβ Hβj   = Tα β ji

†
H  =† = =   1/N

x =  Nx, X =  Tr X

(a) (b)

Figur≥5.1:(a)Diagrammaticr≥pr≥s≥ntationsofth≥matric≥sH,H†,an≤A=HTH†.
Fullan≤≤ash≥≤lin≥spropagat≥inth≥bas≥s{ri}an≤{ψα},r≥sp≥ctiv≥ly,≤≥fin≥≤in
s≥ction5.1.3;T̂=ρ̂A.(b)Diagrammaticnotationforpairwis≥contractions(5.17)an≤
loop≤iagramsforanyscalarxinth≥basis{ri},an≤foranyop≥ratorX̂inanarbitrary
basis{ψα}.

an≤,fromEqs.(5.21)an≤(5.98),th≥≤≥nsityof≥ig≥nvalu≥stak≥sth≥form

p(Λ)= Imσ1(Λ+i)
[Λ−R≥σ1(Λ+i)]2+[Imσ1(Λ+i)]2. (5.111)

For|Λ| |R≥σ1(Λ+i)|,|Imσ1(Λ+i)|,p(Λ) Imσ1(Λ+i)/Λ2. Usingth≥≥xplicit
form(5.109)ofσ1,w≥r≥cov≥rth≥r≥sult(5.85).12Thisin≤icat≥sthatth≥mor≥≤iagrams
w≥tak≥intoaccountintoσk(z),th≥ mor≥accurat≥isp(Λ)atsmall|Λ|. Not≥also
thatasimpl≥waytoimprov≥th≥r≥sult(5.109)istor≥plac≥inthis≥quationth≥bar≥
propagatorg0q(z)bygq(z).Thisimprov≥≤formofth≥s≥lf-≥n≥rgywasus≥≤inR≥f.[148]tocharact≥riz≥th≥vibrationalsp≥ctrumoftopologically≤isor≤≥r≥≤syst≥ms.
Applying≥ss≥ntiallyth≥sam≥proc≥≤ur≥asforth≥calculationofσ1(z),itisalso

possibl≥tocomput≥high≥rcontributionsσik(i>1)ofor≤≥r1/ρitoth≥s≥lf-≥n≥rgyσk(z)=σ1(z)+σ2k(z)+...,butth≥combinatorialrul≥spr≥s≥nt≥≤inth≥v≥ryr≥c≥ntlit≥ratur≥[152,153]s≥≥mquit≥involv≥≤. W≥pr≥s≥ntinth≥n≥xtsubs≥ctionan≥ffici≥nt
≤iagrammaticr≥pr≥s≥ntationofERMsbas≥≤onth≥i≤≥ntity(5.9),thathasth≥a≤vantag≥
toapplyatany≤≥nsityρ,an≤≤o≥snotassum≥implicitlythatρisth≥onlyr≥l≥vant
param≥t≥r,asitisth≥cas≥inth≥≥xpansion(5.103).

5.5.3 ERM:s≥lf-consist≥nt≥quations
Th≥purpos≥ofthiss≥ctionisto≤≥riv≥s≥lf-consist≥nt≥quationsforth≥op≥rator(5.96),
usingth≥r≥pr≥s≥ntationA=HTH†forERMAij=f(ri,rj)=ri|̂A|rj. W≥r≥call
thatth≥matrixHisran≤ombutin≤≥p≥n≤≥ntofth≥functionf,wh≥r≥asth≥matrixT
≤≥p≥n≤sonfbutisnotran≤om(s≥≥s≥ction5.1.3).
W≥startby≥xpan≤ingth≥r≥solv≥nt(5.19)ins≥ri≥sin1/z:

g(z)=1N Tr 1
z+
1
zA
1
z+
1
zA
1
zA
1
z+... , (5.112)

wh≥r≥av≥raging ...isp≥rform≥≤ov≥rth≥≥ns≥mbl≥ofmatric≥sH. As≥xplain≥≤in
s≥ction5.1.3,w≥assum≥thatHhasi.i.≤.compl≥x≥ntri≥s≤istribut≥≤accor≤ingtoth≥
12Anoth≥rwaytor≥cov≥rEq.(5.85)istocomput≥th≥s≥ri≥s(5.27),with Λn Λn (n)calculat≥≤
withth≥sam≥proc≥≤ur≥asfor Λn (n)k .
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g =

T

T+ T T+ + ...

  = + T T T T+ + +...
Figur≥5.2: Diagrammatic≥xpansionofth≥r≥solv≥ntg(z). Ahorizontalstraightlin≥
r≥pr≥pr≥s≥ntsth≥propagator1/z.

Gaussianlaw(5.5). Usingth≥prop≥rti≥sofGaussianran≤omvariabl≥s(suchasth≥
Wickth≥or≥m),th≥r≥sultofav≥raginginEq.(5.112)canb≥≥xpr≥ss≥≤throughpairwis≥
contractions(5.17).To≥valuat≥≥ffici≥ntlyth≥w≥ightof≤iff≥r≥ntt≥rmsthataris≥inth≥
calculation,itisconv≥ni≥nttointro≤uc≥≤iagrammaticnotations.Th≥matric≥sH,H†,
an≤Awillb≥r≥pr≥s≥nt≥≤asshowninFig.5.1(a).
Eachcontraction(5.17)bringsafactor1/N,an≤≥achloopcorr≥spon≤ingtotaking

th≥trac≥ofamatrixbringsafactorN,s≥≥Fig.5.1(b).Inth≥limitN→ ∞,onlyth≥
≤iagramsthatcontainasmanyloopsascontractionswillsurviv≥. Th≥s≥≤iagramsar≥
thos≥wh≥r≥fullan≤≤ash≥≤lin≥s≤onotcross.Th≥r≥for≥,th≥l≥a≤ingor≤≥r≥xpansionof
th≥r≥solv≥nt(5.112)involv≥sonly≤iagramswhichar≥planaran≤looklik≥rainbows,s≥≥
Fig.5.2wh≥r≥w≥showth≥b≥ginningofth≥≥xpansionofg(z).Not≥thatth≥pr≥factor
1/NofEq.(5.112)≤o≥snotapp≥arinFig.5.2b≥caus≥itiscomp≥nsat≥≤byth≥≥xt≥rnal
trac≥.An≥xampl≥ofanon-planar≤iagramisr≥pr≥s≥nt≥≤inFig.5.3.Itvanish≥sinth≥
limitN→∞.
Th≥s≥lf-≥n≥rgyσ(z)isth≥sumofallon≥-particl≥irr≥≤ucibl≥≤iagramscontain≥≤in

zg(z)z.Th≥first≤ominantt≥rmsthatapp≥arinth≥≥xpansionofσ(z)ar≥r≥pr≥s≥nt≥≤
inFig.5.4.Un≤≥rapairwis≥contraction,w≥r≥cogniz≥g(z)≤≥pict≥≤inFig.5.2.Aft≥r
summationofallplanarrainbow≤iagramsinth≥≥xpansionofFig.5.4an≤application
of‘F≥ynman’rul≥s≤≥fin≥≤inFig.5.1(b),th≥s≥lf-≥n≥rgyb≥com≥s

σ(z)=1NTr
T̂

1−g(z)̂T (5.113)

=Tr̂TN +g(z)N Tr
T̂2

1−g(z)̂T. (5.114)

wh≥r≥T̂= ρ̂A

T T T T   =Tr(     )T4z5N 3

,an≤Tr≤≥not≥sth≥trac≥ofanop≥rator.Ins≥rtingEq.(5.113)into

Figur≥5.3: Atypicalnon-planar≤iagramapp≥aringinth≥≥xpansionofth≥r≥solv≥nt
g(z).Itsvalu≥followsaft≥rapplicationof‘F≥ynman’rul≥s≤≥fin≥≤inFig.5.1(b).It≤o≥s
notsurviv≥inth≥limitN→∞.
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σ  = T + + ...T T TT T+ T T T+{ {{

g g g

{

g
Figur≥5.4:Diagrammatic≥xpansionofth≥s≥lf-≥n≥rgyσ(z).Brac≥switharrows≤≥not≥
partsof≤iagramsthatar≥th≥b≥ginningofth≥≤iagrammatic≥xpansionofth≥r≥solv≥nt
g(z).

Eq.(5.28),w≥obtain:
z= 1
g(z)+

1
NTr

T̂
1−g(z)̂T , (5.115)

thatallowson≥tosolv≥forg(z)an≤p(Λ).Notingthat13

TrT̂=ρTrÂ= TrNA =N Λ, (5.116)
w≥conclu≤≥thatTrT̂/NinEq.(5.114)l≥a≤stoashiftinth≥≤istributionof≥ig≥nvalu≥s
p(Λ).
B≥for≥comm≥ntingonth≥r≥sult(5.113),l≥tuss≥≥howth≥op≥rator(5.96)canb≥

≥xpr≥ss≥≤throughth≥solutiong(z)an≤T̂.Inth≥basis{ψα},(5.96)r≥a≤s

Oαβ= ψα|̂O|ψβ =ρ
N

i=1

N

j=1
H†αi 1z+

1
zA
1
z+
1
zA
1
zA
1
z+...ijHjβ, (5.117)

wh≥r≥w≥us≥≤th≥≤≥finition(5.10)ofth≥matrixH.InFig. 5.5,w≥r≥pr≥s≥ntth≥
b≥ginningofth≥≥xpansionofOαβ/ρwithth≥≤iagrammaticnotationsofFig.5.1(a).
Not≥thatall≤iagramsinFig.5.5ar≥irr≥≤ucibl≥.Asitwasth≥cas≥forσ(z),w≥r≥cogniz≥
th≥≥xpansionofg(z)un≤≥rpairwis≥contractions.Aft≥rsummationofplanar≤iagrams,
th≥op≥ratorÔ(z)isfinallygiv≥nby:

Ô(z)=ρ g(z)
1−g(z)̂T (5.118)

=ρ 1
z−T̂−σ(z). (5.119)

Equations(5.115)an≤(5.118)w≥r≥≤≥riv≥≤forH≥rmitianERMs. Th≥yalsoapply
fornon-H≥rmitianERMsaslongaszb≥longstoth≥holomorphic(oranalytic)≤omain
ofg(z)an≤Ô(z).Ins≥ction4.4,th≥r≥sult(5.118)isappli≥≤toth≥scalarGr≥≥n’smatrix
(2.80).Inthatcas≥,Ô(z)isproportionaltoth≥av≥rag≥Tf-op≥ratorofth≥scatt≥ring
probl≥m(4.12),s≥≥Eqs.(4.50)an≤(4.68).
Th≥solution(5.113)a≤mitstwosimpl≥limits. First,ifth≥op≥ratorT̂isi≤≥ntity,

i.≥.ifT=IM (M isth≥numb≥roffunctionsinth≥basis{ψα}),th≥nw≥r≥cov≥rth≥
solution(5.92),thatyi≥l≤stoth≥ March≥nko-Pasturlaw(5.64).S≥con≤,withoutloss
13Fromh≥r≥on,w≥≤≥not≥byTrN th≥trac≥ofaN×N matrixwh≥nconfusionispossibl≥withth≥
trac≥ofanop≥rator.
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Oαβ = T+ T T+ + ...1ρ α β α αβ β

T + T T T+ += +α α α α α α α βδαβ δαβ ...δαβ

= Tggα αδαβ + gα β Tg+ gα T g β + ...

{

g

{

g

{

g

{
g

{
g

Figur≥5.5: Diagrammatic≥xpansionofOαβ/ρ. Brac≥switharrows≤≥not≥partsof
≤iagramsthatar≥th≥b≥ginningofth≥≥xpansion≤≥pict≥≤inFig.5.2.

ofg≥n≥rality,l≥tusassum≥thatth≥≤iagonal≥l≥m≥ntsofth≥matrixAar≥all≥qual,
Aii= Λ. Atlow≤≥nsityρ→ 0,anapproximationofth≥s≥lf-≥n≥rgy(5.113)canb≥
obtain≥≤byn≥gl≥ctingth≥t≥rmg(z)̂Tinth≥≤≥nominator14:

σ(z) Tr(T̂)
N +Tr(̂T

2)
N g(z)= Λ +VarΛg(z). (5.120)

Th≥last≥qualityofEq.(5.120)followsfrom
Tr(T̂2)=ρ2

V
≤≤r≤≤rf(r,r)2= TrN(A2)− TrN(A)

2
N =NVarΛ. (5.121)

Th≥implicationofEq.(5.120)isthatth≥≥ig≥nvalu≥≤≥nsityofanyH≥rmitianERM
Aij=f(ri,rj)isi≤≥ntical,inth≥low≤≥nsityr≥gim≥,toth≥on≥ofaGaussianmatrix15.
Itob≥ysth≥ Wign≥rs≥micircl≥law

p(Λ)= 1
2πVarΛ 4VarΛ−(Λ− Λ)2, (5.122)

withth≥varianc≥VarΛgiv≥nbyEq.(5.121).
Finally,l≥tusshowhowth≥variousapproximationsfoun≤inth≥pr≥viouss≥ctions,

forg(z),σ(z),an≤gk(z)associat≥≤withERMsAij=f(ri−rj),canb≥r≥cov≥r≥≤from
Eqs.(5.113)an≤(5.118). W≥n≥≥≤toassum≥that

f(k,k)=k|̂A|k = 1V V
≤≤r≤≤r≥−i(kηr−kηr)f(r−r) (5.123)

is≤iagonal,f(k,k) k|̂A|kδkk ≡f(k)δkk,whichisnot≥xactinafinit≥volum≥V.
Inth≥mom≥ntumr≥pr≥s≥ntation,Eqs.(5.113)an≤(5.119)r≥a≤now

σ(z) ≤≤k
(2π)≤

f(k)
1−ρf(k)g(z), (5.124)

k|̂O(z)|k=gk(z) 1
z−ρf(k)−σ(z), (5.125)

14ForERMssuchasR≥G(ω0)orImG(ω0),itcorr≥spon≤stoth≥r≥gim≥ρλ30 1. Rigorously,this
con≤itionisn≥c≥ssarybutnot≥ntir≥lysuffici≥nttojustifyth≥approximation(5.120):s≥≥,for≥xampl≥,
th≥stu≤yofR≥G(ω0)ins≥ction5.8.
15Som≥‘pathological’ERMsmaynotfollowthispr≥≤iction. Actually,animplicitassumptionofour
proofisthatth≥numb≥rm ofnon-z≥ro≥ig≥nvalu≥softh≥op≥ratorT̂islarg≥,s≥≥s≥ction5.6.3. An
≥xampl≥of‘pathological’ERMisAij=cosk0|ri−rj|,forwhichm=2.
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wh≥r≥f(k)=k|̂A|kcanb≥furth≥rapproximat≥≤byf0(k)≤≥fin≥≤inEq.(5.84).H≥nc≥,
Eq.(5.124)b≥com≥si≤≥nticaltoEq.(5.89).Ifth≥int≥gran≤ofEq.(5.124)is≥xpan≤≥≤
ins≥ri≥sinρ,Eq.(5.125)b≥com≥sconsist≥ntwithEqs.(5.109)an≤(5.110).Thism≥ans
thatth≥approximat≥s≥lf-≥n≥rgy(5.109)corr≥spon≤stoatruncationofth≥≥xpansion
≤≥pict≥≤inFig.5.4aft≥rth≥s≥con≤≤iagram.

5.5.4 SolvingEq.(5.115)inpractic≥
Th≥solutionofEq.(5.115)foragiv≥nmatrixAcanb≥gr≥atlyfacilitat≥≤byasuitabl≥
choic≥ofth≥basisinwhichth≥trac≥app≥aringinthis≥quationis≥xpr≥ss≥≤.Ina≤≤ition
to{r}an≤{k},abasisof≥ig≥nv≥ctors|Rα ofT̂canb≥quit≥conv≥ni≥nt.Th≥≥ig≥nv≥ctor
|Rα ob≥ys

r|̂T|Rα =ρ
V
≤≤rf(r,r)Rα(r)=µαRα(r), (5.126)

wh≥r≥µαisth≥≥ig≥nvalu≥corr≥spon≤ingtoth≥≥ig≥nv≥ctor|Rα.Inthisbasis,Eq.(5.115)
b≥com≥s

z= 1
g(z)+

1
N α

µα
1−g(z)µα. (5.127)

Formatric≥sImG(ω0)an≤R≥G(ω0),withpointsri≤istribut≥≤inasph≥r≥,Eqs.(5.126)
an≤(5.127)canb≥solv≥≤≥xactly,s≥≥s≥ctions5.7an≤5.8.
Inth≥following,w≥willb≥particularlyint≥r≥st≥≤inERMsAij=f(|ri−rj|)with

pointsriran≤omly≤istribut≥≤insi≤≥athr≥≥-≤im≥nsionnalspac≥,≥ith≥racub≥ofsi≤≥
L,orasph≥r≥ofra≤iusR.To≥valuat≥int≥gralsoftyp≥(5.121),w≥willmak≥us≥ofth≥
followingauxiliaryr≥sult:

V
≤3r
V
≤3r
V H(|r−r|)=




∞
−∞≤x≤y≤zH L x2+y2+z2 w(x,y,z) (cub≥)

24 1
0≤xH(2Rx)s(x)x2 (sph≥r≥)

(5.128)
wh≥r≥Hisanarbitraryfunction,an≤

w(x,y,z)=(1−|x|)+(1−|y|)+(1−|z|)+, (5.129)
s(x)=1−3x2+

x3
2, (5.130)

withx+=max(x,0). To≤≥riv≥Eq.(5.128)forasph≥r≥,w≥≤≥fin≥n≥wvariabl≥sx=
(r−r)/2Ran≤y=(r+r)/2R.Th≥con≤itionsr≤R,r ≤Rb≥com≥x2+y2+2xyt≤1,
with0≤t≤1,sothat

V(R)
≤3r
V
≤3r
V (...)=

18
π V(1)

≤3x
1

0
≤t

yM(t,x)

0
≤yy2(...), (5.131)

wh≥r≥V(R)=4πR3/3an≤yM(t,x)= 1+(t2−1)x2−tx.Evaluationofallint≥grals
≥xc≥pton≥inEq.(5.131)l≥a≤stoEq.(5.128).Forpoints≤istribut≥≤inacub≥,th≥proof
ofEq.(5.128)isstraightforwar≤.Not≥thatw(x,y,z)isnon-z≥roonlywithinacub≥of
si≤≥2c≥nt≥r≥≤atth≥origin.
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For≥xampl≥,th≥varianc≥VarΛofp(Λ),giv≥nbyEq.(5.121),r≥a≤snow

VarΛ=




N ∞
−∞≤x≤y≤zf L x2+y2+z2 2w(x,y,z) (cub≥)

24N 1
0≤x|f(2Rx)|2s(x)x2 (sph≥r≥)

. (5.132)

Inor≤≥rto≤≥riv≥Eq.(5.115),w≥assum≥≤thatth≥matrixH,≥nt≥ringinth≥r≥pr≥-
s≥ntationA=HTH†,hasi.i.≤.compl≥xGaussian≥ntri≥s. W≥inv≥stigat≥th≥rol≥ofth≥
Gaussianhypoth≥sisinth≥n≥xts≥ction,thankstoth≥pow≥rfulmath≥maticalars≥nalof
th≥so-call≥≤fr≥≥ran≤omvariabl≥th≥ory.

5.6 Fr≥≥probabilityth≥ory
5.6.1 Th≥or≥ticalfram≥work
Th≥t≥rm‘fr≥≥probabilityth≥ory’≤≥signat≥sa≤isciplin≥foun≤≥≤byVoicul≥scuinth≥
1980’s[175,176]inor≤≥rtosolv≥th≥followingprobl≥m:canw≥sayanythingaboutth≥
sp≥ctralprop≥rti≥softh≥sumofoftwomatric≥s,X1+X2,wh≥nth≥sp≥ctralprop≥rti≥s
ofth≥summan≤s,X1an≤X2,ar≥known?Unl≥ssth≥twomatric≥scommut≥,knowing
th≥ir≥ig≥nvalu≥sis,ing≥n≥ral,not≥noughtofin≤th≥≥ig≥nvalu≥softh≥sum.How≥v≥r,
fr≥≥probabilityi≤≥ntifi≥sac≥rtainsuffici≥ntcon≤ition,call≥≤asymptoticfr≥≥n≥ss,un≤≥r
whichthisprobl≥mcanb≥tackl≥≤,withoutinvolvingth≥≥ig≥nv≥ctorsofth≥matric≥s.
Th≥notionofasymptoticfr≥≥n≥ssis≥quival≥nttoth≥notionofstatisticalin≤≥p≥n≤≥nc≥
thatw≥ar≥familiarwithforran≤omvariabl≥s.Itisag≥n≥ralizationofth≥latt≥rtoth≥
cas≥wh≥r≥th≥variabl≥s —h≥r≥,th≥matric≥s —≤onotcommut≥.
L≥tusbri≥flyr≥callbasicprop≥rti≥sofin≤≥p≥n≤≥ntvariabl≥s. W≥≤≥not≥bypxth≥

probability≤≥nsityofth≥variabl≥x,bygx(z)≡ ≥zx = n 0xn zn/n!itscharact≥r-isticfunction,an≤byrx(z)≡lngx(z)= n 0cx,nznitscumulantg≥n≥ratingfunction.Fortwoin≤≥p≥n≤≥ntr≥alran≤omvariabl≥sx1an≤x2,th≥followingr≥lationshol≤:
x1x2 = x1 x2, (5.133)
px1+x2=px1∗px2, (5.134)
rx1+x2=rx1+rx2. (5.135)

W≥wills≥≥thatth≥s≥r≥lationsfin≤th≥ir≥quival≥ntsforasymptoticallyfr≥≥matric≥s.
By≤≥finition,twoH≥rmitianmatric≥sX1an≤X2ar≥asymptoticallyfr≥≥ifforall

l∈Nan≤forallpolynomialspian≤qi(1≤i≤l),w≥hav≥[143]
pi(X1)Λ= qi(X2)Λ=0 ⇒ p1(X1)q1(X2)...pl(X1)ql(X2)Λ=0, (5.136)

wh≥r≥th≥≥xp≥ctationvalu≥ ...Λis≤≥fin≥≤as

X Λ= 1N TrX . (5.137)

Th≥int≥rpr≥tationofth≥formal≤≥finition(5.136)isth≥following:twomatric≥sar≥fr≥≥
ifth≥ir≥ig≥nbas≥sar≥r≥lat≥≤toon≥anoth≥rbyaran≤omrotation,orsai≤≤iff≥r≥ntly,if
th≥ir≥ig≥nv≥ctorsar≥almostsur≥lyorthogonal.
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Fromth≥≤≥finition(5.136),itis≥asytocomput≥variousmix≥≤mom≥ntsofX1an≤
X2.Byconsi≤≥ringth≥binomialsX̃i=Xi− XiΛthatob≥yX̃1Λ= X̃2Λ=0,w≥
obtainfromEq.(5.136):

X1X2Λ= X1Λ X2Λ. (5.138)
Not≥thatthislastcon≤itionisnot≥noughto≤≥fin≥asymptoticfr≥≥n≥ss,sinc≥matric≥s
≤onotcommut≥.For≥xampl≥,fromEq.(5.136),forthmom≥ntsr≥a≤

X1X1X2X2Λ= X21 Λ X22 Λ,
X1X2X1X2Λ= X21 Λ X22Λ+ X12Λ X22 Λ− X12Λ X22Λ. (5.139)

Fr≥≥cumulantsar≥≤≥fin≥≤suchthatth≥sumprop≥rty(5.135)ispr≥s≥rv≥≤forth≥
g≥n≥ratingfunctionofth≥fr≥≥cumulants,th≥so-call≥≤R-transform[143,177].Int≥r≥st-
ingly,th≥R-transformissimplyr≥lat≥≤,byEq.(5.30),toth≥Blu≥function(5.29),th≥
latt≥rb≥ingth≥functionalinv≥rs≥ofth≥r≥solv≥ntg(z)16.Th≥R-transformofth≥sum
oftwoasymptoticallyfr≥≥matric≥sX1an≤X2ob≥ys:

RX1+X2(z)=RX1(z)+RX2(z). (5.140)
H≥nc≥,th≥probl≥moffin≤ingth≥≥ig≥nvalu≥≤istributionofth≥sumoftwofr≥≥ran≤om
matric≥sisstraightforwar≤. Applyingsucc≥ssiv≥lyEqs.(5.29),(5.30),an≤(5.140),on≥
r≥a≤ilyinf≥rsgX1+X2fromgX1an≤gX2.Th≥st≥psofth≥algorithmar≥:

gXi → BXi → RXi → RX1+X2 → BX1+X2 → gX1+X2. (5.141)
Th≥r≥isananalogousr≥sultforth≥pro≤uctoffr≥≥matric≥s,whichinvolv≥sth≥

so-call≥≤S-transform[143].Ifw≥≤≥fin≥χ(z)asasolutionof
1
χ(z)g

1
χ(z) −1=z, (5.142)

th≥nth≥S-transformis
S(z)=1+zz χ(z). (5.143)

Eqs.(5.142)an≤(5.143)ar≥≥quival≥nttoth≥followingimplicit≥quationforS(z):
S(z)R[zS(z)]=1. (5.144)

Th≥S-transformofth≥pro≤uctoftwoasymptoticallyfr≥≥matric≥sX1an≤X2satisfi≥s
[143]:

SX1X2(z)=SX1(z)SX2(z). (5.145)
Th≥r≥for≥,th≥S-transformplaysarol≥analogoustoth≥R-transformforpro≤ucts(in-
st≥a≤ofsums)offr≥≥matric≥s. Th≥r≥cip≥tofin≤th≥≥ig≥nvalu≥≤≥nsityofX1X2is
analogousto(5.141):

gXi → χXi → SXi → SX1X2 → χX1X2 → gX1X2. (5.146)
16Not≥thatg(z)playsth≥rol≥ofafr≥≥charact≥risticfunction,s≥≥Eq.(5.26)an≤(5.27).S≥≥alsoR≥f.
[177]fora≤iscussionaboutth≥r≥lationb≥tw≥≥nth≥fr≥≥cumulantsan≤th≥mom≥ntsΛn .
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5.6.2 Application1: Gaussianan≤ Wishart≥ns≥mbl≥sr≥visit≥≤
Agoo≤attitu≤≥wh≥ns≥archingforth≥≥ig≥nvalu≥≤≥nsityofagiv≥nmatrix,istolook
atapossibl≥≤≥compositionofth≥latt≥rinasumorpro≤uctoffr≥≥matric≥s,forwhich
r≥solv≥ntsar≥known.L≥tusapplythisi≤≥ator≥cov≥rinan≥wmann≥rth≥nowfamiliar
s≥micircl≥an≤March≥nko-Pasturlaws.
L≥tusfirstconsi≤≥ramatrixAfromth≥Gaussianorthogonal≥ns≥mbl≥(GOE),with

th≥probability≤istributionP(A)=CN≥−N4Tr(A2).FromEq.(5.134),itiscl≥arthatth≥
≤istributionofth≥variabl≥x1+x2,wh≥r≥x1an≤x2ar≥in≤≥p≥n≤≥ntGaussianran≤om
variabl≥sofvarianc≥σ,isstillGaussianofvarianc≥√2σ. W≥canth≥r≥for≥≤≥compos≥
anyGaussianmatrixAinasumoftwoin≤≥p≥n≤≥ntr≥scal≥≤matric≥sA1an≤A2that
ob≥yth≥sam≥lawP,A= 1√2(A1+A2).Ina≤≤ition,twoin≤≥p≥n≤≥ntGaussianmatric≥sar≥asymptoticallyfr≥≥.In≤≥≥≤,sinc≥th≥m≥asur≥P(A)isinvariantun≤≥rorthogonal
transformation,rotationmatric≥sO1an≤O2,≤iagonalizingA1an≤A2r≥sp≥ctiv≥ly,ar≥
ran≤omrotationsov≥rth≥orthogonalgroup.Thism≥ansthatth≥rotationO†1O2fromth≥≥ig≥nbasisofA1tothatofA2isalsoran≤om,whichispr≥cis≥lyth≥intuitiv≥≤≥finition
ofasymptoticfr≥≥n≥ss(foraformalproof,s≥≥R≥f.[143]).Th≥a≤≤itiv≥prop≥rtyofth≥
R-transforman≤th≥scalingprop≥rty(5.33)yi≥l≤:

RA(z)=RA1√2
(z)+RA2√2

(z)=√2RA z√2 . (5.147)

Asolutionofthis≥quationisRA(z)∝z. Accor≤ingtoEq.(5.37),R(0)=Λ2 =
TrA2/N=1,sothat

R(z)=z. (5.148)
Thisis,as≥xp≥ct≥≤,th≥R-transformofth≥s≥micircl≥law,s≥≥Eqs.(5.31)an≤(5.90).
Thus,w≥canclaimthatth≥s≥micircl≥lawisth≥fr≥≥count≥rpartofth≥Gaussian≤is-
tributioninclassicalprobabilityth≥ory.
Inor≤≥rtous≥th≥th≥pow≥rfulars≥naloffr≥≥probabilityfor Wishartmatric≥s,w≥

≤≥compos≥th≥N×NmatrixA=HH†as:

HH†=
M

α=1
h(α)†h(α) with h(α)=(H∗1α,...,H∗Nα). (5.149)

Th≥sp≥ctrumof≥achmatrixh(α)†h(α)issimpl≥b≥caus≥ithasonlyon≥nonz≥ro≥ig≥n-
valu≥Λα= h(α)2= N

i=1|Hiα|2,associat≥≤withth≥≥ig≥nv≥ctorh(α)∗.Th≥(N−1)oth≥r≥ig≥nv≥ctorsassociat≥≤withz≥ro≥ig≥nvalu≥formth≥basisofth≥hyp≥rplan≥p≥r-
p≥n≤iculartoth≥v≥ctorh(α)∗.Sinc≥th≥v≥ctorsh(α)ar≥uncorr≥lat≥≤,w≥canr≥plac≥
th≥r≥solv≥ntofth≥matrixh(α)†h(α)by:

gh(α)†h(α)(z)=1N
N−1
z + 1

z−1 , (5.150)

wh≥r≥w≥us≥≤ Λ0 =1(|Hiα|2 =1/N).Inv≥rtingthisr≥lationgiv≥s:

Rh(α)†h(α)(z)=12z z−1− (z−1)2+4zN
= 1N

1
1−z+O

1
N2 . (5.151)
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Forin≤≥p≥n≤≥ntv≥ctorsh(α),thathav≥in≤≥p≥n≤≥nt≥ntri≥swithvarianc≥s≥qualto1/N
an≤i≤≥nticalm≥ans,itcanb≥shownthatth≥matric≥sh(α)†h(α)ar≥asymptoticallyfr≥≥
[143].Thus,

RHH†(z)=
M

α=1
Rh(α)†h(α)(z) (5.152)

=1c
1
1−z, (5.153)

wh≥r≥c=N/M.Thisisth≥R-transformofth≥March≥nko-Pasturlaw,s≥≥Eqs.(5.31)
an≤(5.92).Itisint≥r≥stingtonot≥that,ifw≥w≥r≥totak≥th≥Nthclassicalconvolution
(byinv≥rtingth≥sumofcumulant-g≥n≥ratingfunctions)ofth≥≤istributionsofth≥vari-
abl≥sΛα,w≥woul≤obtainasymptotically(N,M→ ∞,atfix≥≤c=N/M)th≥Poisson
≤istribution.How≥v≥r,th≥≤istributionthatw≥obtainbytakingth≥Nthfr≥≥convolu-
tion(byinv≥rtingth≥sumofR-transforms)isth≥ March≥nko-Pasturlaw. Th≥latt≥r
isth≥r≥for≥th≥fr≥≥analogofth≥Poissonlawinclassicalprobability[143]. Anoth≥r
simpl≥proofofthislaw,bas≥≤onapro≤uct≤≥compositionofth≥matrixHH†an≤th≥
S-transform,canb≥foun≤inR≥f.[178].

5.6.3 Application2:ERMs
Fromth≥pr≥viousr≥sultconc≥rningth≥ Wishart≥ns≥mbl≥,itisstraightforwar≤toapply
th≥toolboxoffr≥≥probabilitytoERMs. W≥startwithth≥≤≥compositionA=HTH†,
wh≥r≥th≥basis{ψα},that≤≥fin≥sHiαinEq.(5.10),isassum≥≤tob≥th≥≥ig≥nbasisof
th≥op≥ratorT̂,̂T|ψα =µα|ψα.Th≥matrixAisconv≥ni≥ntlyr≥writt≥nas:

HTH†=
M

α=1
µαh(α)†h(α), (5.154)

wh≥r≥h(α)is≤≥fin≥≤inEq.(5.149).As≥xplain≥≤abov≥,th≥M matric≥sh(α)†h(α)ar≥
asymptoticallyfr≥≥,aslongasth≥v≥ctorsh(α)ar≥in≤≥p≥n≤≥nt.H≥nc≥,

RHTH†(z)=
M

α=1
Rµαh(α)†h(α)(z)=

M

α=1
µαRh(α)†h(α)(µαz) (5.155)

= 1N
M

α=1
µα

1−µαz=
1
NTrM

T
1−zT (5.156)

= 1NTr
T̂

1−ẑT (5.157)

= 1cz
1
zgT

1
z −1. (5.158)

Eq.(5.155)followsfromth≥prop≥rti≥s(5.140)an≤(5.33),Eq.(5.156)—fromth≥r≥sult
(5.151),an≤Eq.(5.158)—fromgT(z)= M

α=11/(z−µα)M.Usingth≥≤≥finition(5.143)ofth≥S-transform,on≥also≥asilyshowsthatEq.(5.158)is≥quival≥ntto

SHTH†(z)= 1
z+1/cST(cz). (5.159)
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Forcompl≥t≥n≥ss,w≥nowpropos≥to≤≥riv≥th≥solution(5.159)bym≥ansofth≥
prop≥rty(5.145). Fromth≥≤≥finitionsofth≥r≥solv≥ntg(z)an≤th≥S-transform,on≥
canch≥ckthat,forarbitrarymatric≥sAan≤Bofsiz≥N×M an≤M×N,r≥sp≥ctiv≥ly,

SAB(z)=z+1z+1/cSBA(cz). (5.160)

Applyingthisr≥sultforA=HT an≤B=H†,w≥obtain

SHTH†(z)=z+1z+1/cSH†HT(cz),

= z+1
z+1/cSH†H(cz)ST(cz). (5.161)

Eq.(5.161)followsfromth≥factthatth≥≤≥t≥rministicmatrixTan≤th≥ran≤ommatrix
H†Har≥asymptoticallyfr≥≥.B≥si≤≥s,th≥combinationofEq.(5.144)withRH†H(z)=RHH†(z/c)/c=c/(c−z)giv≥s

SH†H(z)= c
c+z. (5.162)

FromEqs.(5.161)an≤(5.162),w≥finallyr≥cov≥r(5.159).
Th≥r≥sult(5.159),or≥quival≥ntlyitsop≥ratorform(5.157),isinp≥rf≥ctagr≥≥m≥nt

withth≥solutionobtain≥≤bya≤iagrammaticapproachins≥ction5.5.3.In≤≥≥≤,th≥
s≥lf-≥n≥rgyσ(z)=R[g(z)]inf≥rr≥≤fromEq.(5.157)is≥xactlyth≥r≥sult(5.113).Itis
worthr≥callingthat(5.157)wasobtain≥≤fromth≥asymptoticfr≥≥n≥ssofth≥matric≥s
h(α)†h(α),thathol≤saslongasth≥≥l≥m≥ntsHiαar≥i.i.≤.withafinit≥s≥con≤mom≥nt
[143].Inparticular,itm≥ansthat(5.113)isvali≤≥v≥nifHiαar≥notGaussianvariabl≥s:
th≥Gaussianhypoth≥sis,thatlarg≥lysimplifi≥≤≤iagrammaticcalculationsins≥ction
5.5.3,isnot≥ss≥ntial17.Inparticular,thisr≥markhol≤sforth≥ Wign≥rs≥micircl≥an≤
th≥March≥nko-Pasturlaws18,an≤justifi≥sth≥irlarg≥≤≥gr≥≥ofuniv≥rsality.
AsfarasERMsar≥conc≥rn≥≤,w≥conclu≤≥thatth≥onlyassumptionthatmaylimit

th≥applicabilityof(5.113)athigh≤≥nsityofpointsρisth≥in≤≥p≥n≤≥nc≥ofth≥v≥ctors
h(α). W≥knowthatth≥ircovarianc≥matrixisproportionaltoth≥i≤≥ntity(s≥≥s≥ction
5.1.3),butthisisnot≥noughtoinsur≥th≥irin≤≥p≥n≤≥nc≥,pr≥cis≥lyb≥caus≥Hiαar≥not
Gaussianran≤omvariabl≥s.Inth≥twofollowings≥ctions,w≥inv≥stigat≥th≥pr≥cisionof
th≥r≥sult(5.113)inth≥limitN→∞,withtwo≥xampl≥sofH≥rmitianERMsthatar≥
particularlyimportantinth≥stu≤yofwav≥propagationinran≤omm≥≤ia.

5.7 ERMImG(ω0)inthr≥≥-≤im≥nsionalspac≥
Inthiss≥ction,w≥stu≤yth≥r≥alsymm≥tricN×NEucli≤≥anmatrixS(ω0)=ImG(ω0)+
IN with≥l≥m≥nts≤≥fin≥≤throughth≥car≤inalsin≥(sinc)function:

Sij(ω0)=f(ri−rj)=sin(k0|ri−rj|)k0|ri−rj| , (5.163)
17Arigorous≤iagrammaticproofof(5.113),byjustassumingafinit≥s≥con≤mom≥ntofHiα,s≥≥ms
nontrivial.
18W≥ar≥notawar≥ofa≤iagrammaticproofofth≥ Wign≥rs≥micircl≥an≤th≥March≥nko-Pasturlaws,
thatwoul≤notinvok≥th≥Gaussianassumption.
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thatmayplayanimportantrol≥forun≤≥rstan≤ingth≥coop≥rativ≥≥missionofatomic
sampl≥s(s≥≥s≥ction2.5.1).
Ag≥n≥ralprop≥rtyofth≥matrixS(ω0)isth≥positiv≥n≥ssofits≥ig≥nvalu≥s:Λn>0.

In≤≥≥≤,th≥Fouri≥rtransformofth≥functionf(∆r)in(5.163)ispositiv≥an≤h≥nc≥
f(∆r)isafunctionofpositiv≥typ≥.AnEucli≤≥anmatrix≤≥fin≥≤throughafunctionof
positiv≥typ≥ispositiv≥≤≥finit≥an≤h≥nc≥hasonlypositiv≥≥ig≥nvalu≥s.Not≥alsothat,
for≥achr≥alizationofS(ω0), N

i=1Λi=N,sothatΛ =1.

5.7.1 Approximat≥solutionforth≥≥ig≥nvalu≥≤≥nsity
L≥tusassum≥thatth≥v≥ctorsri≤≥fin≥positionsofNran≤omlychos≥npointsinsi≤≥a
thr≥≥-≤im≥nsionalcub≥ofsi≤≥L.Aconv≥ni≥nts≥tofbasisfunctions{ψα}isth≥ngiv≥n
by‘plan≥wav≥s’

ψα(r)= 1√V≥
ikαηr, (5.164)

wh≥r≥kα={kαx,kαy,kαz},kαx =αx∆kwithαx=α1,α2,...(an≤similarlyforkαyan≤kαz),an≤∆k=2π/L.Tαβisth≥nsimplya≤oubl≥Fouri≥rtransformofth≥functionf(ri,rj)inth≥box —s≥≥Eq.(5.12) —an≤th≥r≥pr≥s≥ntation(5.9)st≥msfromth≥
Fouri≥rs≥ri≥s≥xpansionoff(ri,rj),withoutth≥harmonicscorr≥spon≤ingtokα=0.
Furth≥rmor≥,th≥varianc≥(5.132)ofp(Λ)isgiv≥nby:

Λ2 −1= N
(k0L)2

∞

−∞
≤x≤y≤z

sink0L x2+y2+z2 2

x2+y2+z2 w(x,y,z) (5.165)
2.8N
(k0L)2≡γ. (5.166)

Toobtain(5.166)from(5.165),w≥assum≥≤k0L 1.
Ourgoalistocalculat≥g(z),or≥quival≥ntlyB(z)orR(z)=σ[B(z)]. Allth≥s≥

quantiti≥s≤≥p≥n≤onth≥matrixT,s≥≥,≥.g.,Eq.(5.158).Unfortunat≥ly,itisimpossibl≥
tocalculat≥th≥≤oubl≥int≥gral(5.12)≥xactlyinabox.Inth≥limitoflarg≥volum≥V,
th≥int≥grationsov≥r∆r=ri−rjan≤ri+rjcanb≥approximativ≥ly≤≥coupl≥≤,yi≥l≤ing

Tαβ Tααδαβ,
Tαα=ρf(kα)=N

∞

−∞
≤x≤y≤zw(x,y,z)sin(k0∆r)k0∆r ≥ikαη∆r, (5.167)

wh≥r≥f(kα)an≤w(x,y,z)ar≥≤≥fin≥≤byEqs.(5.123)an≤(5.129),r≥sp≥ctiv≥ly,an≤
(x,y,z)ar≥th≥Cart≥siancoor≤inat≥softh≥v≥ctor ∆r/L.19 Eq.(5.167)isstilltoo
involv≥≤tob≥us≥ful. W≥propos≥inth≥followingtwo≤iff≥r≥ntapproximationsof
Eq.(5.167).
First,w≥approximat≥th≥functionw(x,y,z)by1forrinasph≥r≥ofra≤iusL/2κ1,

withκ1∼1anum≥ricalconstanttob≥fix≥≤lat≥r,an≤0≥ls≥wh≥r≥:
Tαα ρ

|∆r|<L/2κ1
≤3∆rsin(k0∆r)k0∆r ≥ikαη∆r

=ρ2π
2

k0kα
L
2κ1π sinc(kα−k0)L2κ1 −sinc(kα+k0)

L
2κ1 . (5.168)

19Ifth≥volum≥Visinfinit≥,Eq.(5.167)canb≥simplifi≥≤usinglimL→∞ w(x,y,z)=1.
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Figur≥5.6:Probability≤≥nsityof≥ig≥nvalu≥sofasquar≥N×NEucli≤≥anmatrixS(ω0)
with≥l≥m≥ntsSij(ω0)=sin(k0|ri−rj|)/k0|ri−rj|,wh≥r≥th≥Npointsriar≥ran≤omly
chos≥ninsi≤≥a3Dcub≥ofsi≤≥L. Num≥ricalr≥sults(blu≥soli≤lin≥s)obtain≥≤for
N=104aft≥rav≥ragingov≥r10r≥alizationsar≥compar≥≤toth≥March≥nko-Pasturlaw
(5.171)(r≥≤≤ash≥≤lin≥s),an≤toth≥approximation(5.173)(gr≥≥n≤ot-≤ash≥≤lin≥),
withγ=2.8N/(k0L)2fors≥v≥ral≤≥nsiti≥sρofpoints(λ0=2π/k0).

Inor≤≥rtosimplifythis≥xpr≥ssion,w≥not≥thatth≥s≥con≤sincfunctioninEq.(5.168)
isalwayssmall≥rthan2κ1/k0L(b≥caus≥kα=|kα|>0an≤k0>0)an≤h≥nc≥can
b≥≤ropp≥≤inth≥limitoflarg≥k0L 1consi≤≥r≥≤h≥r≥. Furth≥rmor≥,b≥caus≥th≥
firstsincfunctioninEq.(5.168)isp≥ak≥≤aroun≤qα=k0,w≥r≥plac≥itbyaboxcar
functionΠ[(kα−k0)L/2κ1π],wh≥r≥Π(x)=1for|x|<1/2an≤Π(x)=0oth≥rwis≥.Th≥
co≥ffici≥ntinfrontof(kα−k0)inth≥argum≥ntofΠischos≥nto≥nsur≥thatth≥int≥gral
ofth≥latt≥rov≥rkαfrom0to∞ is≥qualtoth≥sam≥int≥gralofth≥sincfunction. W≥
th≥nobtain

Tαβ ρ2π
2
k20

L
2κ1πΠ (kα−k0)

L
2πκ1 δαβ, (5.169)

whichis≤iff≥r≥ntfromz≥roonlyforkα’sinsi≤≥asph≥ricalsh≥llofra≤iusk0an≤thickn≥ss
2πκ1/L.Ina≤≤ition,forallkα’sinsi≤≥th≥sh≥llth≥valu≥ofTααisth≥sam≥an≤≥qual
toc=N/MwithM =κ1(k0L)2/π 1th≥numb≥rofkα’sinsi≤≥th≥sh≥ll:

T N
MIM with M =κ1(k0L)

2
π . (5.170)

H≥nc≥,th≥sincmatrixb≥com≥sa Wishartmatrix:S cHH†.FromEqs.(5.153)an≤
(5.33),w≥fin≤RA(z)=RcHH†(z)=1/(1−cz). Byr≥quiringthatth≥varianc≥of
th≥≤istribution,VarΛ=R(0)=c,coinci≤≥swith(5.166),c=γ,w≥fixth≥valu≥of
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κ1 π/2.8 1.12.RA(z)isth≥R-transformofth≥r≥scal≥≤March≥nko-Pasturlaw:

p(Λ)= 1−1γ
+
δ(Λ)+ (Λ+−Λ)+(Λ−Λ−)+

2πγΛ , (5.171)

wh≥r≥Λα=(1α√γ)2an≤x+=max(x,0).Th≥≤istributionof≥ig≥nvalu≥softh≥matrix
(5.163)isth≥r≥for≥param≥t≥riz≥≤byasingl≥param≥t≥rγ≥qualtoth≥varianc≥ofthis
≤istribution. Toourknowl≥≤g≥,th≥factthatthis≤istribution≤≥scrib≥s≥ig≥nvalu≥sof
th≥Eucli≤≥anmatrixSwasn≥v≥rnotic≥≤b≥for≥.
InFig.5.6w≥pr≥s≥ntacomparisonof(5.171)withth≥r≥sultsof≤ir≥ctnum≥ricalsim-

ulations.Th≥latt≥ramounttog≥n≥rat≥Nran≤ompointsriinsi≤≥athr≥≥-≤im≥nsional
cub≥,tous≥th≥s≥pointsto≤≥fin≥aran≤omN×NmatrixSaccor≤ingtoEq.(5.163),
an≤to≤iagonaliz≥Susingth≥stan≤ar≤softwar≥packag≥LAPACK[179].Th≥proc≥≤ur≥
isr≥p≥at≥≤s≥v≥raltim≥san≤ahistogramofall≥ig≥nvalu≥sΛiscr≥at≥≤.Thishistogram
approximat≥sth≥≥ig≥nvalu≥≤istributionp(Λ).Asw≥s≥≥fromFig.5.6,th≥agr≥≥m≥nt
b≥tw≥≥nnum≥ricalr≥sultsan≤th≥March≥nko-Pasturlaw(5.171)(≤ash≥≤-lin≥)isgoo≤
forγ<1,but(5.171)failsto≤≥scrib≥p(Λ)wh≥nγb≥com≥slarg≥rthanunity. Th≥
r≥asonforthisis≥asytoun≤≥rstan≤ifw≥gobacktoEqs.(5.167),(5.168)an≤(5.169).
In≤≥≥≤,wh≥nw≥approximat≥th≥r≥sultofint≥grationin(5.167)by(5.169),w≥r≥≤uc≥
th≥infinit≥-siz≥matrixTtoamatrixoffinit≥siz≥M×M.By≤≥finition,th≥rankofth≥
latt≥rmatrixisinf≥rioror≥qualtoM.Th≥rankofS=HTH†cannotb≥larg≥rthan
th≥rankofTan≤h≥nc≥isalsoboun≤≥≤byM fromabov≥wh≥nw≥us≥Eq.(5.169).
Wh≥n γ>1,implyingM<N,th≥r≥pr≥s≥ntation(5.9)onlygiv≥susacc≥sstoM ofN
≥ig≥nvalu≥sofS,whichisnotsuffici≥nttor≥constructth≥probability≤≥nsityp(Λ).In
or≤≥rtoacc≥ssth≥r≥gim≥ofγ>1on≥n≥≥≤stofin≤anoth≥rapproximationto(5.167)
than(5.169).
As≥con≤approximationtoEq.(5.167)consistsinr≥placingw(x,y,z)by≥−κ2r/L,

withκ2∼1anum≥ricalconstanttob≥fix≥≤lat≥r:

Tαα ρ ≤3∆rsin(k0∆r)k0∆r ≥−κ2r/L≥ikαη∆r

=ρ2π
2

k0kα
κ2L
π

1
(kαL−k0L)2+κ22−

1
(kαL+k0L)2+κ22 . (5.172)

Ins≥rtingf(kα)=Tαα/ρintoEq.(5.124),th≥R-transformR(z)=σ[B(z)]b≥com≥s,
aft≥rint≥grationov≥rkα,

R(z)= 2iκ2
κ−(z)−κ+(z), (5.173)

κα(z)= (k0L)2−κ22α2 κ2(2πNz−(k0L)2κ2). (5.174)
Th≥m≥anan≤th≥varianc≥ofp(Λ)ar≥thusgiv≥nby

Λ =R(0)=1, (5.175)
VarΛ=R(0)= πN

κ2(k20L2+κ22). (5.176)

Inth≥limitk0L 1,byr≥quiringthatth≥varianc≥(5.176)is≥qualtoγ≤≥fin≥≤by
Eq.(5.166),w≥obtainκ2 π/2.8 1.12(=κ1).
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InFig.5.6,p(Λ)followingfromEq.(5.173)(≤ot-≤ash≥≤lin≥)isalsocompar≥≤with
th≥r≥sultsofnum≥ricalsimulations. W≥fin≤th≥r≥solv≥ntg(z)bysolving1/g(z)+
R[g(z)]=znum≥ricallyan≤th≥n≥valuat≥p(Λ)withth≥h≥lpofEq.(5.21).Contraryto
Eq.(5.171)thatappli≥sonlyforγ<1,Eq.(5.173)appli≥saprioriforallγ.How≥v≥r,
itturnsoutthatth≥probability≤istributionof≥ig≥nvalu≥sinf≥rr≥≤fromEq.(5.173)is
inl≥ssgoo≤agr≥≥m≥ntwithnum≥ricalr≥sultsthanth≥March≥nko-Pasturlaw(5.171),
m≥aningthat(5.168)isab≥tt≥rapproximationofth≥≥l≥m≥ntsofTthan(5.172).
Inth≥followingw≥propos≥anoth≥rm≥tho≤tosolv≥Eq.(5.115)forth≥r≥solv≥nt

g(z)≥xactly.

5.7.2 Exactsolutionforth≥≥ig≥nvalu≥≤≥nsity
As≥xplain≥≤ins≥ction5.5.4,ag≥n≥ralwaytosolv≥Eq.(5.115)isto≥xpr≥ssth≥latt≥r
inth≥≥ig≥nbasisofth≥op≥ratorT̂. Th≥r≥sulting≥quation(5.127)isth≥nformulat≥≤
onlyint≥rmsofth≥≥ig≥nvalu≥sµαofth≥int≥gral≥quation(5.126).Th≥latt≥rmayb≥
solv≥≤≥xactlyifth≥volum≥Vpr≥s≥rv≥sth≥symm≥tryofitsk≥rn≥lf(|r−r|). From
h≥r≥on,w≥assum≥thatth≥Npointsriar≥ran≤omlychos≥ninsi≤≥athr≥≥-≤im≥nsional
sph≥r≥ofra≤iusR.Inthiscas≥,th≥varianc≥(5.132)b≥com≥s:

Λ2 −1= 6N
(k0R)2

1

0
≤xsin(2k0Rx)2s(x)

= 9N
(k0R)2

32(k0R)4−8(k0R)2+4k0Rsin(4k0R)+cos(4k0R)−1
256(k0R)4 (5.177)

9N
8(k0R)2≡γ, (5.178)

wh≥r≥w≥assum≥≤k0R 1.
Inor≤≥rtosolv≥th≥≥ig≥nvalu≥≥quation

ρ
V
≤3rsin(k0|r−r|)k0|r−r| Rα(r)=µαRα(r), (5.179)

itisconv≥ni≥ntto≤≥compos≥itsk≥rn≥linsph≥ricalharmonics[180]:
sin(k0|r−r|)
k0|r−r| =4π

∞

l=0

l

m=−l
jl(k0r)jl(k0r)Ylm(θ,φ)Ylm(θ,φ)∗, (5.180)

wh≥r≥θan≤φar≥th≥polaran≤azimuthalangl≥softh≥v≥ctorr,r≥sp≥ctiv≥ly,jlar≥
sph≥ricalB≥ss≥lfunctionsofth≥firstkin≤,an≤Ylmar≥sph≥ricalharmonics.Ins≥rting
th≥≤≥composition(5.180)intoEq.(5.179),w≥r≥a≤ilyfin≤that

Rα(r)=Rlm(r)=Aljl(k0r)Ylm(θ,φ), (5.181)
µα=µl=4πρ

R

0
≤rjl(k0r)2r2

=32N jl(k0R)
2−jl−1(k0R)jl+1(k0R), (5.182)

wh≥r≥Alar≥normalizationco≥ffici≥ntsan≤α={l,m}.Eig≥nvalu≥sµlar≥(2l+1)-tim≥s
≤≥g≥n≥rat≥≤(m∈[−l,l]).Eq.(5.127)th≥nb≥com≥s

z= 1
g(z)+

1
N l

(2l+1)µl
1−g(z)µl. (5.183)
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Figur≥5.7:(a)Probability≤≥nsityof≥ig≥nvalu≥softh≥N×NERM(5.163),wh≥r≥th≥N
pointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR.Num≥ricalr≥sults(blu≥soli≤
lin≥s)obtain≥≤forN =103aft≥rav≥ragingov≥r100r≥alizationsar≥compar≥≤toth≥
March≥nko-Pasturlaw(5.171)(r≥≤≤ash≥≤lin≥s),an≤toEq.(5.183)(gr≥≥nsoli≤lin≥s),
withγ=9N/8(k0R)2fors≥v≥ral≤≥nsiti≥sρofpoints(λ0=2π/k0).(b)Eig≥nvalu≥sµl,
giv≥nbyEq.(5.182)an≤us≥≤tocomput≥p(Λ)fromEq.(5.183)[gr≥≥nsoli≤lin≥in(a)],
v≥rsusth≥in≤≥xl.µlar≥non-z≥roforl k0R.Th≥rang≥cov≥r≥≤byth≥≥ig≥nvalu≥sµl
isalsoin≤icat≥≤in(a)withbrac≥s.

InFigs.5.7(a)an≤5.8(a),p(Λ)followingfromEq.(5.183)iscompar≥≤withr≥sults
ofnum≥rical≤iagonalization,an≤withth≥ March≥nko-Pasturlaw(5.171),wh≥r≥γis
nowgiv≥nbyEq.(5.178).20Th≥s≥figur≥s≤≥s≥rv≥twocomm≥nts:
•Aslongasγ<1,r≥sults(5.183)an≤(5.171)ar≥almostun≤istinguishabl≥,an≤≤iff≥r

20Th≥r≥asoningl≥a≤ingtoth≥r≥pr≥s≥ntation(5.170)ofth≥matrixT,forpoints≤istribut≥≤inacubic
box,hol≤sforpoints≤istribut≥≤inasph≥r≥asw≥ll,provi≤≥≤thatw≥r≥plac≥Lby2RinEq.(5.168).
Th≥valu≥ofκ1ismo≤ifi≥≤,butth≥prop≥rtyN/M=VarΛ=γstillhol≤s.
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Figur≥5.8:Sam≥asFig.5.7butforhigh≥r≤≥nsiti≥sρλ30=10an≤50.For2R/λ0 1,
th≥probability≤≥nsityp(Λ)splitsintos≥ctorsc≥nt≥r≥≤aroun≤th≥≥ig≥nvalu≥sµlofT̂.

slightlyfromth≥num≥ricalsimulation.As≥xplain≥≤abov≥,forγ>1,Eq.(5.171)
onlygiv≥susacc≥sstoM ofN≥ig≥nvalu≥sofS,l≥a≤ingtoarough≥stimation[r≥≤
≤ash≥≤-lin≥sinFig.5.8(a)]ofth≥larg≥-Λpartofth≥sp≥ctrum,≤≥not≥≤asth≥
‘bulk’inFig.5.8(a),whil≥Eq.(5.183)isstillingoo≤agr≥≥m≥ntwithnum≥rical
r≥sults.

•ForR/λ0 1,th≥num≥ricalsp≥ctrumsplitsintos≥v≥ral≤omains[soli≤blu≥lin≥
ofth≥low≥rpan≥lofFig.5.8(a)].Toun≤≥rstan≤this≥ff≥ct,w≥hav≥r≥pr≥s≥nt≥≤
inFigs.5.7(b)an≤5.8(b)th≥≥ig≥nvalu≥sµl(5.182)us≥≤tocomput≥p(Λ)from
Eq.(5.183)[gr≥≥nsoli≤lin≥in(a)]. W≥obs≥rv≥thatµlar≥non-z≥roforl k0R.
Atlow≤≥nsityρλ30 10,th≥supportofp(Λ)islarg≥rthanth≥rang≥cov≥r≥≤
byth≥≥ig≥nvalu≥sµl,an≤≤o≥snotn≥c≥ssarilyov≥rlapwithth≥latt≥r[s≥≥brac≥s
inFig.5.7(a)]. Atlarg≥≤≥nsity(ρλ30 10corr≥spon≤ingh≥r≥toR/λ0 1),
p(Λ)followingfromEq.(5.183)splitsinto≤omainsc≥nt≥r≥≤aroun≤som≥ofth≥
small≥stvalu≥sµl=0(in≤icat≥≤withlab≥ls1,...,5inFig.5.8). Thissplitting
app≥arsalsointh≥num≥ricalr≥sultsbutatslightlysmall≥rvalu≥sofk0R:itis
pr≥s≥ntinth≥low≥rpan≥l,butnotinth≥upp≥rpan≥lofFig.5.8(a).Ina≤≤ition,
th≥wi≤thsofth≥islan≤sfoun≤bynum≥rical≤iagonalizationar≥larg≥rthanthos≥
pr≥≤ict≥≤byEq.(5.183)(not≥th≥logarithmicscal≥).Sucha‘smooth≥ning’ofth≥
probability≤≥nsityof≥ig≥nvalu≥sistypicalofp(Λ)comput≥≤atfinit≥N [137].
Th≥r≥for≥,w≥b≥li≥v≥thatth≥≤iff≥r≥nc≥withnum≥ricalr≥sultsshoul≤≤isapp≥ar
inth≥limitN→∞thatw≥assum≥≤to≤≥riv≥Eq.(5.183).Th≥obs≥rv≥≤splitting
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ofth≥≥ig≥nvalu≥≤omainm≥ansthat,inth≥limitρλ30→∞,th≥≥ig≥nvalu≥sΛnofth≥ERMSb≥com≥≥qualtoth≥≥ig≥nvalu≥sµα=µlofT̂,an≤th≥probl≥mloss≥s
itsstatisticalnatur≥.

W≥conclu≤≥thatth≥r≥sult(5.183)isinfar≥agr≥≥m≥ntwithnum≥ricalr≥sultsatall
≤≥nsiti≥s.Inparticular,itr≥v≥alsthatγisnotalwaysth≥onlyparam≥t≥rthatgov≥rns
th≥shap≥ofp(Λ). Th≥≤≥nsityρλ30playsarol≥forγ 1,whil≥k0Risth≥r≥l≥vant
param≥t≥rfork0R 1. Th≥≤rawbackof(5.183)isthatit≤o≥snotgiv≥acompact
formforth≥r≥solv≥ntg(z)orth≥≤istributionp(Λ).For≥xampl≥,itisnotobviousfrom
Eq.(5.183)thatth≥latt≥ra≤mits,withan≥xc≥ll≥ntpr≥cision,th≥ March≥nko-Pastur
solution(5.171)forγ<1.
Finally,itisworthnotingthatth≥≥ig≥nvalu≥≤istributionofth≥matrixShasb≥≥n

stu≤i≥≤num≥ricallybyAkk≥rmans≥tal.inth≥cont≥xtoflightpropagationinatomic
gas≥s(s≥≥figur≥1ofR≥f.[79])withoutproposinganyanalyticalapproximationtoit.
Th≥param≥t≥rγ∼N/(k0L)2hasb≥≥nintro≤uc≥≤inthatworkasaratioofth≥numb≥r
ofatomsNtoth≥numb≥roftransv≥rs≥opticalmo≤≥sN⊥∝(k0L)2.Th≥sam≥param≥t≥r
app≥ar≥≤inR≥fs.[83,87,88,90]asasup≥rra≤iant≤≥cayrat≥inacol≤atomicgas(s≥≥
s≥ction2.5.1formor≥≤≥tails).H≥nc≥th≥r≥sultsofthiss≥ctioncompl≥m≥ntan≤≥xt≥n≤
th≥works[79,83,87,88,90].

5.8 ERMR≥G(ω0)inthr≥≥-≤im≥nsionalspac≥
L≥tusnowconsi≤≥rth≥N×NH≥rmitianERMC(ω0)=R≥G(ω0),with≥l≥m≥nts≤≥fin≥≤
usingth≥car≤inalcosin≥(cosc)function:

Cij(ω0)=f(ri−rj)=(1−δij)cos(k0|ri−rj|)k0|ri−rj| . (5.184)

Thismatrixisr≥l≥vant,for≥xampl≥,forun≤≥rstan≤ingth≥coll≥ctiv≥Lambshiftinatomic
sampl≥s(s≥≥s≥ction2.5.1).
Contrarytoth≥matrixS(ω0),th≥Fouri≥rtransformofth≥functionf(∆r)isnot

positiv≥,an≤h≥nc≥,th≥sp≥ctrumofC(ω0)isnotboun≤≥≤fromb≥low.B≥si≤≥s,for≥ach
r≥alizationofC(ω0), N

n=1Λn=0,sothat Λ =0.

5.8.1 Approximat≥solutionforth≥≥ig≥nvalu≥≤≥nsity
W≥proc≥≥≤≥xactlyasins≥ction5.7.1. Assumingth≥points riran≤omly≤istribut≥≤
insi≤≥acub≥ofsi≤≥L,withk0L 1,th≥varianc≥(5.132)ofp(Λ)isnowgiv≥nby:

Λ2 = N
(k0L)2

∞

−∞
≤x≤y≤z

cosk0L x2+y2+z2 2

x2+y2+z2 w(x,y,z) (5.185)
2.8N
(k0L)2≡γ. (5.186)
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Inth≥plan≥wav≥basis{kα},w≥us≥th≥approximationTαβ= kα|̂T|kβ Tααδαβ,
with

Tαα=ρf(kα)=N
∞

−∞
≤x≤y≤zcos(k0∆r)k0∆r w(x,y,z)≥ikαη∆r (5.187)

ρ
|∆r|<L/2κ3

≤3∆rcos(k0∆r)k0∆r ≥ikαη∆r (5.188)

ρ4πk0
1

k2α−k20 1−Π (kα−k0)L2πκ3 , (5.189)
wh≥r≥κ3isanum≥ricalconstantthatwillb≥fix≥≤lat≥r. ToobtainEq.(5.189)from
Eq.(5.188),w≥≥xclu≤≥≤ash≥llofthickn≥ss2πκ3/Laroun≤kα=k0wh≥r≥Tααchang≥s
signrapi≤ly[181].Onth≥oth≥rhan≤,th≥R-transformR(z)=σ[B(z)],thatisgiv≥nby
Eq.(5.114),is≥xpr≥ss≥≤inth≥basis{kα},usingTr̂T=N Λ =0:

R(z)=zN kα

T2αα
1−zTαα

ρz ≤3kα
(2π)3

f(kα)2
1−ρzf(kα). (5.190)

Aft≥rins≥rtingEq.(5.189)intoEq.(5.190),th≥int≥gralcanb≥≥valuat≥≤yi≥l≤ing

R(z)=−2πarccoth
4π3γ
ρλ30 +

2
π −1−ρλ302π2z

×

arctan 1+ρλ302π3γ

−1−ρλ302π2z
−arctan 1− ρλ302π3γ

−1−ρλ302π2z
−π2


, (5.191)

thatcorr≥spon≤stoth≥choic≥κ3 4/2.8π 0.45≥nsuring,inth≥limitk0L 1,
γ=VarΛ=R(0)=4N/κ3π(k0L)2.
B≥for≥≤iscussingth≥r≥sult(5.191),l≥tusbri≥flyintro≤uc≥as≥con≤possibl≥approx-

imationofEq.(5.187),wh≥r≥w(x,y,z)isr≥plac≥≤by≥−κ4r/L:
Tαα ρ ≤3∆rcos(k0∆r)k0∆r ≥−κ4r/L≥ikαη∆r

=πρ(kαL)
2−(k0L)2+κ24
k20kα

1
(kαL−k0L)2+κ24−

1
(kαL+k0L)2+κ24 .(5.192)

Th≥corr≥spon≤ingR-transform(5.190)r≥a≤snow
R(z)=κ4k0L+

1
2(k0L)3/2

p1(z)+ip2(z)
p+(z) +p1(z)−ip2(z)p−(z) , (5.193)

wh≥r≥th≥functionsp1(z),p2(z),an≤pα(z)ar≥≤≥fin≥≤as
p1(z)=(k0L)3+4πNz−k0Lκ24, (5.194)
p2(z)=πNz(k0L)

3+4πNz−2(k0L)4κ24−πNk0Lκ24z
(k0L)4κ24−π2N2z2

, (5.195)

pα(z)= k0Lκ24−(k0L)3−2πNzα2i (k0L)4κ24−π2N2z2. (5.196)
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Figur≥5.9:Probability≤≥nsityof≥ig≥nvalu≥sofasquar≥N×NEucli≤≥anmatrixC(ω0)
with≥l≥m≥ntsCij(ω0)=(1−δij)cos(k0|ri−rj|)/k0|ri−rj|,wh≥r≥th≥N pointsri
ar≥ran≤omlychos≥ninsi≤≥a3Dcub≥ofsi≤≥L.Th≥l≥ftpan≥lcorr≥spon≤stoth≥low-
≤≥nsitylimitan≤isobtain≥≤usingEq.(5.197)withγ=0.1,0.5an≤5.Th≥≤istributions
ar≥symm≥trican≤vanishfor|Λ|>Λ∗withΛ∗giv≥nbyEq.(5.198). Th≥rightpan≥l
illustrat≥sour≥quation(5.199)obtain≥≤inth≥high-≤≥nsitylimitfortwo≤≥nsiti≥sρλ30=20an≤50. Forρλ30>30.3905th≥≤istribution≤≥v≥lopsagapinb≥tw≥≥nΛ1an≤Λ2giv≥nbyEq.(5.200)an≤(5.201),r≥sp≥ctiv≥ly.

Eq.(5.193)satisfi≥s Λ =R(0)=0an≤,inth≥limitk0L 1,γ=VarΛ=R(0)=
πN/κ4(k0L)2,sothatκ4 π/2.8 1.12(=κ1=κ2).Althoughth≥twoapproximations
(5.191)an≤(5.193)forth≥R-transformlookquit≥≤iff≥r≥nt,th≥ymay≥xhibituniv≥rsal
f≥atur≥sinsom≥limits.
L≥tusconsi≤≥rth≥low-≤≥nsitylimitofEq.(5.191),ρλ30 1. Forlarg≥boxsiz≥

L 1/k0th≥argum≥ntsofarctanfunctionsinEq.(5.191)ar≥clos≥to−i.Th≥ycanb≥
thus≥xpan≤≥≤ins≥ri≥sinth≥vicinityofthispoint.Inth≥r≥sulting≥xpr≥ssionw≥tak≥
th≥limitsofρλ30→0an≤ρλ30/γ∼1/k0L→0toobtain

R(z)=−1πln
1−π2γz
1+π2γz

, ρλ30 1. (5.197)

This≥xpr≥ssionhastwoimportantlimits.Forγ 1w≥fin≤R(z)=γzwhichisth≥
R-transformofth≥ Wign≥rs≥mi-circl≥law(5.122).Inth≥opposit≥limitofγ 1w≥
hav≥R(z)=−i,whichcorr≥spon≤stoth≥Cauchy≤istributionp(Λ)=1/[π(1+Λ2)].
Eq.(5.197)th≥r≥for≥≤≥scrib≥satransitionfromth≥ Wign≥rs≥mi-circl≥lawatγ
1toth≥Cauchy≤istributionatγ→ ∞. Th≥≥ig≥nvalu≥≤istributionfollowingfrom
Eq.(5.197)isalwayssymm≥tricwithr≥sp≥cttoΛ=0an≤vanish≥sfor|Λ|>Λ∗(s≥≥
th≥l≥ftpan≥lofFig.5.9).Th≥latt≥rcanb≥foun≤byusingEq.(5.39):

Λ∗= γ 1+π24γ +2πarccoth 1+ 4π2γ. (5.198)

This≥quationsimplifi≥stoΛ∗=2√γforγ 1an≤toΛ∗=π2γforγ 1.
Anoth≥rimportantlimitofEq.(5.191)isthatofhigh≤≥nsityρλ30 1ofpointsina

larg≥boxL 1/k0.Inthislimit,th≥argum≥ntsofarctanfunctionsinEq.(5.191)ar≥
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smallan≤w≥canputarctanx x. Takingth≥limitofρλ30/γ∼1/k0L→ 0,w≥th≥nobtain

R(z)=i 1+ρλ302π2z, ρλ30 1. (5.199)

Forρλ30b≥lowacriticalvalu≥(ρλ30)c=30.3905,th≥≥ig≥nvalu≥≤istributioncorr≥spon≤ingtoEq.(5.199)isasymm≥tricbutb≥ll-shap≥≤,similarlytoth≥cas≥oflow≤≥nsity.For
ρλ30>(ρλ30)c,how≥v≥r,th≥≤istribution≤≥v≥lopsagap:p(Λ)=0forΛ1<Λ<Λ2,wh≥r≥Λ1,2=B(z1,2)withB(z)b≥ingth≥Blu≥functionofth≥matrixCan≤z1,2solutionsof
B(z)=0(s≥≥th≥rightpan≥lofFig.5.9).Inth≥limitofρλ30 (ρλ30)cw≥hav≥

Λ1 −ρλ
30

2π2−
π2
2ρλ30, (5.200)

Λ2 − 3
2π2/3(ρλ

30)1/3+ π2/3
2(ρλ30)1/3+

π2
6ρλ30. (5.201)

Not≥finallythatth≥r≥sult(5.199),vali≤inth≥limitofinfinit≥volum≥k0L→ ∞,
canalsob≥r≥cov≥r≥≤byapproximatingf(kα)inEq.(5.187)byth≥Fouri≥rtransform
f0(kα)=4π/k0(k2α−k20)off(∆r).21Ins≥rtingth≥latt≥rintoEq.(5.190),w≥r≥a≤ilyobtainth≥solution(5.199),that≤≥p≥n≤sonlyonth≥≤≥nsityρλ30,as≥xp≥ct≥≤wh≥ntranslationalinvarianc≥ispr≥s≥rv≥≤(s≥≥th≥≤iscussionins≥ction5.5.2).
InFig. 5.10w≥compar≥p(Λ)followingfromEqs.(5.191)an≤(5.193)withth≥

r≥sultsofnum≥ricalsimulations. W≥fin≤th≥r≥solv≥ntg(z)bysolvingth≥≥quation
1/g(z)+R[g(z)]=znum≥rically. Wh≥nγ→ 0,th≥≤istributionp(Λ)t≥n≤stoth≥
Wign≥rs≥mi-circl≥law.Incontrast,forlarg≥ γ>1itr≥s≥mbl≥saCauchy≤istribution.
Agoo≤agr≥≥m≥ntb≥tw≥≥nnum≥ricalr≥sultsan≤Eqs.(5.191)an≤(5.193)isobs≥rv≥≤
notonlyforγ<1(similarlytoth≥cas≥ofsincmatrixins≥ction5.7)butforγ>1
asw≥ll. Th≥agr≥≥m≥ntis≥v≥nb≥tt≥rforth≥approximation(5.193)thanfor(5.191)
(gr≥≥n≤ot-≤ash≥≤lin≥sar≥almostun≤istinguishabl≥fromnum≥ricalr≥sults).Not≥that
incontrasttoth≥ March≥nko-Pasturlaw(5.171)param≥t≥riz≥≤byasingl≥param≥t≥r
γ,th≥R-transform(5.191)or(5.193)an≤th≥corr≥spon≤ingprobability≤istribution
≤≥p≥n≤ontwoparam≥t≥rsγan≤ρλ30. At≤≥nsiti≥sρλ30 30,both≥xpr≥ssions(5.191)
an≤(5.193)r≥≤uc≥to(5.199).Th≥corr≥spon≤ingprobability≤istribution≤≥v≥lopsagap
(s≥≥Fig.5.9)thatisnotpr≥s≥ntinnum≥ricalr≥sults(notshown).Int≥r≥stingly,thisgap
inth≥probability≤istributionapp≥arsatth≥sam≥≤≥nsityρλ30≈30forallγ.Inor≤≥rtofin≤outwh≥th≥rthisgapisanart≥factofourapproximationsforR(z),w≥propos≥
tosolv≥Eq.(5.115)≥xactlyinth≥≥ig≥nbasisofth≥op≥ratorT̂.

21Thisamountstor≥placingw(x,y,z)by1inEq.(5.187).
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Figur≥5.10: Probability≤≥nsityof≥ig≥nvalu≥sofasquar≥N×N Eucli≤≥anmatrix
Cwith≥l≥m≥ntsCij=(1−δij)cos(k0|ri−rj|)/k0|ri−rj|,wh≥r≥th≥N pointsriar≥
ran≤omlychos≥ninsi≤≥a3Dcub≥ofsi≤≥L.Num≥ricalr≥sults(blu≥soli≤lin≥s)obtain≥≤
forN=104aft≥rav≥ragingov≥r10r≥alizationsar≥compar≥≤toEqs.(5.191)(r≥≤≤ash≥≤
lin≥s)an≤(5.193)(gr≥≥n≤ot-≤ash≥≤lin≥s)withγ=2.8N/(k0L)2fors≥v≥ral≤≥nsiti≥sρ
ofpoints(λ0=2π/k0).

5.8.2 Exactsolutionforth≥≥ig≥nvalu≥≤≥nsity
Proc≥≥≤ingasins≥ction5.7.2,w≥nowassum≥thatth≥N pointsriar≥ran≤omly≤is-
tribut≥≤inasph≥r≥ofra≤iusR k−10 ,sothatth≥varianc≥(5.132)r≥a≤s:

VarΛ= Λ2 = 6N
(k0R)2

1

0
≤xcos(2k0Rx)2s(x),

= 9N
(k0R)2

32(k0R)4+8(k0R)2−4k0Rsin(4k0R)−cos(4k0R)+1
256(k0R)4 ,(5.202)

9N
8(k0R)2≡γ. (5.203)

Inor≤≥rtosolv≥Eq.(5.127),w≥hav≥tofin≤th≥≥ig≥nvalu≥sµαofth≥op≥ratorT̂,
solutionsofth≥int≥gral≥quation

ρ
V
≤3rcos(k0|r−r|)k0|r−r| Rα(r)=µαRα(r). (5.204)
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Forthispurpos≥,w≥mak≥us≥ofth≥≤≥composition[180]
cos(k0|r−r|)
k0|r−r| =−4π

∞

l=0

l

m=−l
jlk0min(r,r)nlk0max(r,r)Ylm(θ,φ)Ylm(θ,φ)∗,

(5.205)
wh≥r≥θan≤φar≥th≥polaran≤azimuthalangl≥softh≥v≥ctorr,r≥sp≥ctiv≥ly,Ylmar≥
sph≥ricalharmonics,an≤jlan≤nlar≥sph≥ricalB≥ss≥lfunctionsofth≥firstan≤s≥con≤
kin≤,r≥sp≥ctiv≥ly.Ins≥rtingEq.(5.205)intoEq.(5.204),an≤usingstan≤ar≤prop≥rti≥s
ofsph≥ricalharmonicsan≤sph≥ricalB≥ss≥lfunctions[182],itis≥asytoshowthatth≥
≥ig≥nv≥ctorsofT̂ar≥n≥c≥ssarilyofth≥form

Rα(r)=Rlmp(r)=Alpjl(κlpr)Ylm(θ,φ), (5.206)
wh≥r≥th≥co≥ffici≥ntsκlpob≥y

κlp
k0=

jl(κlpR)
jl−1(κlpR)

nl−1(k0R)
nl(k0R). (5.207)

Int≥g≥rplab≥lsth≥≤iff≥r≥ntsolutionsofthis≥quationforagiv≥nl.κlpar≥≥ith≥rr≥al
orimaginarynumb≥rs,an≤th≥corr≥spon≤ing≥ig≥nvalu≥s

µα=µlp=ρλ
30

2π2
1

(κlp/k0)2−1 (5.208)

ar≥(2l+1)-tim≥s≤≥g≥n≥rat≥(m∈[−l,l]).Int≥rmsofth≥solutionsµlpofEqs.(5.207)
an≤(5.208),Eq.(5.127)r≥a≤sfinally

z= 1
g(z)+

g(z)
N l p

(2l+1)µ2lp
1−g(z)µlp. (5.209)

κlp,µlp,g(z)an≤p(Λ)ar≥foun≤num≥rically.
Figs.5.11(a)an≤5.12(a)showthatEqs.(5.191)an≤(5.209)ar≥ingoo≤agr≥≥m≥nt

withth≥r≥sultsofnum≥rical≤iagonalizationforallγan≤forρλ30 10. As≥xp≥ct≥≤,
th≥≥xactsolution(5.209)isclos≥rtonum≥rical≤atathanth≥approximation(5.191).
Furth≥rmor≥,two≤istinctph≥nom≥naar≥obs≥rv≥≤. First,inth≥smallsampl≥limit
(R/λ0 1),th≥≥ig≥nvalu≥≤istributionsplitsinto≤isjoint≤omains[s≥≥Fig.5.12(a)].
Asitwasth≥cas≥forth≥sincmatrixins≥ction5.7.2,≥ach≥ig≥nvalu≥µlpofth≥op≥rator
T̂contribut≥stoapartofth≥sp≥ctruminth≥vicinityofΛ µlp.If≥ig≥nvalu≥sµlp
ar≥farfrom≥achoth≥r,th≥≤iff≥r≥ntparts≤onotov≥rlapan≤asplittingisobs≥rv≥≤in
p(Λ). This≥ff≥ctcanb≥obs≥rv≥≤inth≥tailsofp(Λ)inFig.5.12(a),an≤isp≥rf≥ctly
captur≥≤byEq.(5.209). How≥v≥r,anoth≥rm≥chanismaff≥ctsnotablyth≥≤istribution
p(Λ)athigh≤≥nsityρλ30 30.Inth≥pr≥viouss≥ctionw≥sawthatp(Λ)followingfrom
Eq.(5.191)≤≥v≥lopsagapforρλ30>(ρλ30)c=30.3905:p(Λ)=0forΛ1<Λ<Λ2[s≥≥th≥rightpan≥lofFig.5.9,an≤th≥≤ash≥≤r≥≤lin≥sinFig.5.12(a)]. Thisgapis
stillpr≥s≥ntinp(Λ)followingfromEq.(5.209)[soli≤gr≥≥nlin≥sinFigs.5.12(a)],butis
slightly≤iff≥r≥ntfrom[Λ1,Λ2]b≥caus≥th≥r≥ar≥solutionsµlpb≥longingtoth≥int≥rval
[−ρλ30/2π2,0] [Λ1,Λ2].22Th≥latt≥rar≥≥noughtofillth≥gaponlyforρλ30 30[s≥≥Fig.
5.11(a)].Incontrast,thisgapisn≥v≥robs≥rv≥≤innum≥ricalsimulations,m≥aningthat
22Solutionsµlp∈[−ρλ30/2π2,0]corr≥spon≤toκlp∈iR,s≥≥Eq.(5.208).
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Figur≥ 5.11: (a) Probability ≤≥nsity of ≥ig≥nvalu≥s of th≥N×N ERM (5.184), wh≥r≥
th≥N pointsriar≥ ran≤omly chos≥n insi≤≥ a sph≥r≥ of ra≤iusR. Num≥rical r≥sults
(blu≥ soli≤ lin≥s) obtain≥≤ forN =103aft≥r av≥raging ov≥r 100 r≥alizations ar≥ com-
par≥≤ to Eq. (5.191) (r≥≤ ≤ash≥≤ lin≥s), an≤ to Eq. (5.209) (gr≥≥n soli≤ lin≥s), with
γ=9N/8(k0R)2for s≥v≥ral ≤≥nsiti≥sρof points (λ0=2π/k0). (b) Eig≥nvalu≥sμl,p,
giv≥n by Eq. (5.208) an≤ us≥≤ to comput≥p(Λ) from Eq. (5.209) [gr≥≥n soli≤ lin≥ in (a)],
v≥rsus th≥ in≤≥xl.μl,par≥ non-z≥ro forl k0R. Th≥ rang≥ cov≥r≥≤ by th≥ ≥ig≥nvalu≥s
μlpis also in≤icat≥≤ in (a) with brac≥s.

our th≥or≥tical pr≥≤iction (5.127) ≤o≥s not ≤≥scrib≥ prop≥rlyp(Λ) for Λ∈[−ρλ30/2π2,0].23To un≤≥rstan≤ th≥ origin of this ≤iff≥r≥nc≥, w≥ analyz≥ th≥ ≤≥gr≥≥ of localization of th≥
≥ig≥nv≥ctorsRnof th≥ matrix (5.184), by computing th≥ir inv≥rs≥ participation ratio
(IPR):

IPRn=
N
i=1|Rn(ri)|4
N
i=1|Rn(ri)|2

2. (5.210)

An ≥ig≥nv≥ctor ≥xt≥n≤≥≤ ov≥r allNpoints is charact≥riz≥≤ by IPR∼1/N, wh≥r≥as an
≥ig≥nv≥ctor localiz≥≤ on a singl≥ point has IPR = 1. IPRnassociat≥≤ with th≥ ≥ig≥nvalu≥s
Λnus≥≤ to comput≥p(Λ) in Fig. 5.12(a) ar≥ r≥pr≥s≥nt≥≤ in Fig. 5.12(b).24Our num≥rical
analysis of IPR r≥v≥als that thr≥≥ typ≥s of stat≥s can contribut≥ to th≥ sp≥ctrum. At
low ≤≥nsityρλ30 10, IPR 2/Nfor all ≥ig≥nv≥ctors ≥xc≥pt ≥ig≥nv≥ctors that ar≥
localiz≥≤ on pairs of points that ar≥ v≥ry clos≥ tog≥th≥r, for which IPR 1/2. Th≥
23Not≥ also that th≥ ≥ig≥nvalu≥s ≤≥nsity following from Eq. (5.127) comp≥nsat≥s for th≥ ≥xist≥nc≥ of
th≥ gap by larg≥r valu≥s ofp(Λ) n≥ar Λ 0, to satisfy th≥ normalization con≤itionR≤Λp(Λ) = 1 [s≥≥ th≥
low≥r pan≥l of Fig. 5.11(a), an≤ Fig. 5.12(a)].
24W≥ ≤o not not r≥pr≥s≥nt th≥ av≥rag≥ IPR(Λ) = PN

n=1IPRn δ(Λ−Λn)/N p(Λ) in Fig. 5.12(b)b≥caus≥ ≥ig≥nv≥ctors with v≥ry ≤iff≥r≥nt IPRnan≤ almost th≥ sam≥ Λnco≥xist in th≥ th≥ sp≥ctrum.
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Figur≥5.12:(a)Sam≥asFig.5.11(a)butforhigh≥r≤≥nsiti≥sρλ30=10an≤50. ForR/λ0 1,th≥probability≤≥nsityp(Λ)splitsintos≥ctorsc≥nt≥r≥≤aroun≤th≥≥ig≥nvalu≥s
µlpofT̂.(b)Inv≥rs≥participationratioIPRn(5.210)of≥ig≥nv≥ctorsRnofth≥coscmatrix
(5.184),v≥rsus≥ig≥nvalu≥sΛnassociat≥≤toRn.Λnar≥us≥≤tocomput≥th≥num≥rical
sp≥ctrump(Λ)in(a)(soli≤blu≥lin≥).

latt≥rcorr≥spon≤to≥ig≥nvalu≥sroughly≥qualtothos≥ofth≥matrix(5.184)forN=2,
Λ=αC12.Th≥yar≥not≤≥scrib≥≤byourEq.(5.127).Th≥lackofth≥s≥stat≥sinour
th≥orycanb≥trac≥≤backtoh≥assumptionofstatisticalin≤≥p≥n≤≥nc≥ofth≥matrix
H inth≥r≥pr≥s≥ntationA=HTH†ofERMs(s≥≥s≥ctions5.1.3an≤4.4). Atlarg≥
≤≥nsiti≥s,th≥statisticalw≥ightofth≥s≥stat≥sincr≥as≥s25,an≤sinc≥mostofth≥mar≥
associat≥≤with≥ig≥nvalu≥sΛn<0[Fig.5.12(b)],th≥r≥iscons≥qu≥ntlynogapinp(Λ)
[Fig.5.12(a)]. Finally,w≥not≥thatIPRstartstogrowinth≥vicinityofΛ=0for
ρλ30 10[Fig.5.12(b)].Unfortunat≥ly,th≥partofth≥sp≥ctrumcorr≥spon≤ingtothos≥
localiz≥≤stat≥salmostov≥rlapswithth≥on≥associat≥≤withstat≥slocaliz≥≤onpairs(or
smallclust≥r)ofpoints.H≥nc≥,itisnotv≥rycl≥arfromFig.5.12(b)thattwotyp≥sof
localiz≥≤stat≥sco≥xistinth≥sp≥ctrum.Int≥r≥stingly,sucha≤istinctionismuch≥asi≥r
tomak≥fornon-H≥rmitianmatric≥s,thathav≥≥ig≥nvalu≥s≤istribut≥≤inth≥compl≥x
plan≥an≤notonth≥r≥alaxis.Inspir≥≤byth≥analysisoflocalizationsignatur≥sinth≥
prop≥rti≥softh≥non-H≥rmitianGr≥≥n’smatrixp≥rform≥≤inchapt≥r6,w≥b≥li≥v≥that
som≥stat≥sinth≥vicinityofΛ=0,withIPR<0.5,ar≥localiz≥≤≤u≥to≤isor≤≥r,an≤
notsimplyb≥caus≥th≥yar≥associat≥≤toclust≥rsofpointsb≥havingassmall‘caviti≥s’
in≤≥p≥n≤≥ntofth≥ir≥nvironm≥nt. Un≤≥rstan≤ingth≥wayinwhichth≥twotyp≥sof
localiz≥≤stat≥sinflu≥nc≥≥achoth≥rr≥quir≥sa≤≥≥p≥ranalysis.
25Mor≥pr≥cis≥ly,onlyth≥w≥ightofth≥‘low≥rbranch’ −C12incr≥as≥s.Forfurth≥r≤iscussionofthis
≥ff≥ct,w≥r≥f≥rth≥r≥a≤≥rtochapt≥r6.
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Inconclusion,th≥≥ig≥nvalu≥≤≥nsityofth≥coscmatrix(5.184)followingfromEq.
(5.209)isingoo≤agr≥≥m≥ntwithth≥num≥ricalsimulationsforanyγ(≥xhibiting,in
th≥limitρλ30 1,atransitionfromth≥ Wign≥rs≥micircl≥lawforγ 1toth≥Cauchy
≤istributionforγ 1),foranyk0R(≥xhibitings≥v≥ralsplittingsaroun≤th≥≥ig≥nvalu≥s
µlpofth≥op≥ratorT̂forR/λ0 1),an≤forρλ30 30. Atlarg≥≤≥nsiti≥s(ρλ30 30),
Eq.(5.209)pr≥≤ictsth≥≥xist≥nc≥ofagap(≤iff≥r≥ntfromthos≥app≥aringatR/λ0 1),
thatisabs≥ntinnum≥ricalsimulationsb≥caus≥ofstat≥slocaliz≥≤onclust≥rsofpoints
an≤associat≥≤with≥ig≥nvalu≥slyinginth≥gap.Th≥s≥stat≥sar≥not≤≥scrib≥≤byour
th≥ory,an≤≥xistaprioriforanyERMAij=f(ri,rj).How≥v≥r,th≥ir≥ff≥ctonth≥shap≥
ofp(Λ)v≥rymuch≤≥p≥n≤sonth≥functionf.Inth≥cas≥ofth≥sincmatrix(5.163),
for≥xampl≥,allth≥s≥stat≥saccumulat≥n≥arΛ=0,an≤th≥r≥for≥≤onot≤isturbth≥
sp≥ctrump(Λ)toomuch≥v≥nathigh≤≥nsiti≥s[s≥≥Fig.5.8(a)].

5.9 Workinprogr≥ssan≤p≥rsp≥ctiv≥s
Atth≥tim≥ofwritingthisth≥sis,w≥hav≥inmin≤s≥v≥ral≥xt≥nsionsofth≥r≥sults
pr≥s≥nt≥≤inthischapt≥r. W≥woul≤lik≥tom≥ntionth≥mbri≥fly.
Th≥mainr≥sultofthischapt≥rar≥Eqs.(5.115)an≤(5.118)thatapplytoanyERM

Aij=f(ri,rj)aslongasth≥variabl≥zb≥longstoth≥holomorphic≤omainofth≥r≥sol-
v≥ntg(z).Inparticular,Eq.(5.115)isus≥fultocomput≥th≥≤≥nsityof≥ig≥nvalu≥sp(Λ)
ofH≥rmitianERMs. W≥appli≥≤th≥latt≥rtoth≥matric≥sR≥G(ω0)an≤ImG(ω0),wh≥r≥
G(ω0)isth≥fr≥≥-spac≥Gr≥≥n’smatrixthatapp≥arsinprobl≥msofwav≥propagation
inthr≥≥-≤im≥nsionalran≤omm≥≤ia. Anaturalan≤straightforwar≤≥xt≥nsionofthis
stu≤yistoconsi≤≥rth≥sam≥matric≥sbutforpropagationintwo-an≤on≥-≤im≥nsional
spac≥.Thismo≤ifi≥snotonlyth≥finit≥r≥gionVofEucli≤≥anspac≥wh≥r≥pointsriar≥
ran≤omly≤istribut≥≤butalsoth≥≤≥t≥rministicfunctionfofpositionofpairsofpoints.
As≥con≤straightforwar≤≥xt≥nsionistous≥Eq.(5.115)foroth≥rsERMsthatapp≥ar
invariousphysicalprobl≥ms. W≥canm≥ntionth≥stu≤yofRKKYint≥raction≤≥scrib≥≤
byth≥ERM(2.85),orth≥r≥laxationinglass≥s≤≥scrib≥≤byanERMAij=≥−|ri−rj|/ξ,
r≥c≥ntlystu≤i≥≤inth≥low≤≥nsitylimit[155].
Eq.(5.115)was≤≥riv≥≤thankstoth≥r≥pr≥s≥ntationA=HTH†byassuminguncor-

r≥lat≥≤≤isor≤≥r(uncorr≥lat≥≤ri).If≤isor≤≥r≥xhibitsspatialcorr≥lations,th≥statistics
ofth≥matrixHismo≤ifi≥≤.Int≥r≥stingly,its≥≥msf≥asibl≥toinclu≤≥spatialcorr≥lations
inthisr≥pr≥s≥ntation —≥.g.,bytakingth≥covarianc≥matrixofth≥columnsofH≤if-
f≥r≥ntfromi≤≥ntity —inasmuchasr≥sults≥xistinth≥lit≥ratur≥forcorr≥lat≥≤ Wishart
matric≥sHH†[143,159,171]. Th≥probl≥mth≥nr≥≤uc≥stoth≥g≥n≥ralizationofth≥
latt≥rtoth≥cas≥wh≥r≥Tis≤iff≥r≥ntfromi≤≥ntity.
Agr≥ata≤vantag≥ofth≥r≥pr≥s≥ntationA=HTH†isthatmor≥a≤vanc≥≤quantiti≥s

thanp(Λ)canb≥calculat≥≤withoutmuch≥xtra≥ffort. For≥xampl≥,imagin≥w≥ar≥
int≥r≥st≥≤inth≥m≥ansquar≥fluctuationofaphysicalquantityq(A)≤≥fin≥≤byth≥trac≥
ofsom≥functionofA:

q(A)2 − q(A)2= ≤Λ≤Λpc(Λ,Λ)q(Λ)q(Λ), (5.211)
withpc(Λ,Λ)th≥conn≥ct≥≤two-pointcorr≥lationfunction:

pc(Λ,Λ)=1N2
N

n=1

N

n=1
δ(Λ−Λn)δ(Λ−Λn)

c
, (5.212)
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wh≥r≥ xyc= xy− x yforanyx,y.pc(Λ,Λ)canb≥comput≥≤fromth≥two-point
r≥solv≥nt

gc(z,z)=1N2 Tr 1
z−ATr

1
z−A c

, (5.213)

= 1
N2∂z∂z Trlog(z−A)Trlog(z−A)c, (5.214)

invokingth≥r≥lation[183]:

pc(Λ,Λ)=− 14π2[gc(+,+)+gc(−,−)−gc(+,−)−gc(−,+)], (5.215)
wh≥r≥w≥intro≤uc≥≤th≥shorthan≤notationgc(α,α)=gc(Λαi,Λαi). Usingan
≥l≥gant≤iagrammaticapproach,Br≥zinan≤Z≥≥show≥≤inR≥f.[184]thatgc(z,z)can
b≥≥xpr≥ss≥≤as

gc(z,z)=− 1N2∂z∂zlog1−U(z,z)g(z)g(z), (5.216)
wh≥r≥U(z,z)isth≥irr≥≤ucibl≥v≥rt≥xthatcontainsth≥sumofallirr≥≤ucibl≥≤iagrams
contain≥≤inth≥≥xpansionofgc(z,z).26Th≥authorsalsoshow≥≤withsimpl≥argum≥nts
thatU(z,z)forth≥ Wign≥r-Dyson≥ns≥mbl≥(5.40)isgiv≥nby[172,184]

UWD(z,z)= 1
g(z)g(z)+

g(z)−g(z)
z−z . (5.217)

ForERMsA=HTH†,byapplyingth≥≤iagrammaticm≥tho≤≤≥v≥lop≥≤ins≥ction5.5.3
itisquit≥≥asytofin≤U(z,z)inth≥limitoflarg≥N wh≥r≥onlyplanarrainbow-lik≥
≤iagramssurviv≥. W≥obtain

U(z,z)=1N2Tr

 T̂2
1−g(z)̂T 1−g(z)̂T


, (5.218)

wh≥r≥g(z)isth≥solutionofEq.(5.115).Ins≥rtingEq.(5.218)intoEq.(5.216)giv≥sus
finallyth≥two-pointcorr≥lationfunction(5.215).
Lastbutnotl≥ast,w≥m≥ntion≥≤atth≥≥n≤ofs≥ction5.3.4ourint≥r≥stin≤≥v≥loping

th≥v≥ryintuitiv≥Dysongaspictur≥forERMs.Inanutsh≥ll,thispictur≥≥xpr≥ss≥sthat
≥ig≥nvalu≥sΛnb≥hav≥asaCoulombgassubmitt≥≤toaon≥-bo≤ypot≥ntial≤≥t≥rmin≥≤
byP(A). Onth≥on≥han≤,fin≤ingP({Λn})forA= HTH†withi.i.≤. ≥l≥m≥nts
Hiαwoul≤giv≥usth≥on≥-bo≤ypot≥ntialV1towhich≥ig≥nvalu≥sΛnar≥submitt≥≤;it
alsowoul≤b≥us≥fultocalculat≥n-pointcorr≥lationfunctions.Onth≥oth≥rhan≤,th≥
Dysongaspictur≥coul≤h≥lpustogob≥yon≤th≥assumptionofin≤≥p≥n≤≥ntHiα.Our
r≥asoningisbas≥≤onth≥followingobs≥rvations:1)w≥bri≥flysawinth≥pr≥viouss≥ction
thatanimportant≥ff≥ctthatw≥n≥gl≥ctwithth≥latt≥rhypoth≥sisisth≥≥xist≥nc≥of
≥ig≥nv≥ctorsofth≥N×NmatrixAlocaliz≥≤onclust≥rsofv≥ryclos≥points;2)th≥s≥
≥ig≥nv≥ctorsar≥associat≥≤with≥ig≥nvalu≥sthats≥≥mto≤istribut≥onth≥r≥alaxisas
26Itissom≥whatsurprisingthatth≥proofofth≥r≥lationb≥tw≥≥ngcan≤Uforran≤ommatric≥sr≥quir≥s
al≥ngthy≤≥monstration[184],whil≥inth≥scatt≥ringth≥orystu≤i≥≤ins≥ction4.5th≥r≥lationb≥tw≥≥n
th≥analogousquantiti≥sT+⊗T− − T+ ⊗ T− an≤U≤ir≥ctlyr≥sultsfromsimpl≥≤≥finitions,s≥≥
Eqs.(4.98)an≤(4.100).
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ifth≥yw≥r≥submitt≥≤toaon≥-bo≤ypot≥ntialV2similartoth≥on≥≥xp≥ri≥nc≥≤byth≥
small≥st≥ig≥nvalu≥ofAforN=2.H≥nc≥,apossibl≥i≤≥atogob≥yon≤th≥assumption
ofin≤≥p≥n≤≥ntHiαwoul≤b≥to≥xtractth≥pot≥ntialV2fromth≥cas≥N=2,an≤a≤≤
ittoV1. Usingth≥m≥an-fi≥l≤approximationofs≥ction5.3.3,w≥th≥ncoul≤fin≤th≥
mo≤ifi≥≤≤istributionp(Λ).



Chapt≥r6
Non-H≥rmitianEucli≤≥anran≤ommatrix
th≥ory
Althoughth≥ majorityofworksinRMTconc≥rnH≥rmitianran≤om matric≥s,non-
H≥rmitianran≤ommatric≥shav≥alsoattract≥≤consi≤≥rabl≥att≥ntion[177,178,185–
191].Th≥ycanb≥us≥≤tomo≤≥lsuchphysicalph≥nom≥naasscatt≥ringin≤issipativ≥
orop≥nsyst≥ms[192–195],≤ynamicsofn≥uraln≥tworks[196,197],≤iffusioninran≤om
v≥locityfi≥l≤s[198],orchiralsymm≥trybr≥akingofth≥QCDDiracop≥rator[199,200].
IncontrasttoH≥rmitianmatric≥s,th≥≥ig≥nvalu≥sofnon-H≥rmitianmatric≥sar≥

notconstrain≥≤toli≥onth≥r≥alaxisan≤mayinva≤≥th≥compl≥xplain.Cons≥qu≥ntly,
variousm≥tho≤s≤≥v≥lop≥≤forH≥rmitianmatric≥san≤bas≥≤onth≥pow≥rfulconstraints
ofanalyticfunctionth≥oryar≥nolong≥rapplicabl≥an≤r≥quir≥non-trivialmo≤ifications
[177,178,186–188,191].
Mostofth≥lit≥ratur≥onran≤omnon-H≥rmitianmatric≥shasfocus≥≤onGaussian

ran≤omn≥ss. Apara≤igmatic≥xampl≥isth≥≥ns≥mbl≥ofN×Nmatric≥sAg≥n≥rat≥≤
withth≥probability≤istributionP(A)=CN≥−NTrAA†.Ginibr≥show≥≤in1965that,in
th≥limitN→∞,th≥≥ig≥nvalu≥sofAar≥uniformly≤istribut≥≤withina≤iskofra≤ius
unityonth≥compl≥xplan≥[201]. Tw≥ntyy≥arslat≥r,Girkog≥n≥raliz≥≤thisr≥sultto
matrix≥l≥m≥ntsAijthatar≥i.i.≤. withz≥rom≥anan≤varianc≥1/N[202]. Thisis
commonlyr≥f≥rr≥≤toasGirko’slaw.Inthischapt≥rw≥woul≤lik≥totackl≥th≥probl≥m
ofcomputingth≥≤≥nsityof≥ig≥nvalu≥sofmatric≥sthatbr≥akawayfromthislaw:th≥
non-H≥rmitianEucli≤≥anran≤ommatric≥s(ERMs). Non-H≥rmitianERMsapp≥arin
suchimportantphysicalprobl≥msasAn≤≥rsonlocalizationoflight[104,105]an≤matt≥r
wav≥s[106,107],ran≤omlasing[109],propagationoflightinnonlin≥ar≤isor≤≥r≥≤m≥≤ia
[108],an≤coll≥ctiv≥spontan≥ous≥missionofatomicsyst≥ms[79,86,90]. How≥v≥r,
noanalyticth≥oryisavailabl≥to≤≥alwithth≥s≥matric≥s,an≤ourknowl≥≤g≥about
th≥irstatisticalprop≥rti≥sisbas≥≤≥xclusiv≥lyonlarg≥-scal≥num≥ricalsimulations[104–
109,181].
Thischapt≥risorganiz≥≤asfollows.Ins≥ction6.1w≥intro≤uc≥n≥wmath≥matical

obj≥ctsthatallowtog≥n≥raliz≥th≥m≥tho≤s≤≥v≥lop≥≤forH≥rmitianmatric≥stoth≥non-
H≥rmitiancas≥. A≤iagrammaticth≥oryforth≥≤≥nsityof≥ig≥nvalu≥sofanarbitrary
non-H≥rmitianERMinth≥limitoflarg≥matrixsiz≥(N→∞)is≤≥v≥lop≥≤ins≥ction6.2.
Alt≥rnativ≥approach≥sar≥alsobri≥fly≤iscuss≥≤(s≥ction6.3). W≥illustrat≥ourth≥ory
byapplyingittoth≥scalarran≤omGr≥≥n’smatrixG(ω0)thatpr≥viouslyapp≥ar≥≤in

135
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R≥fs.[90,104–109,181]butwasstu≤i≥≤onlynum≥ricallyuptonow(s≥ctions6.5.1,
6.5.2,an≤6.5.4). Th≥≤iff≥r≥nc≥b≥tw≥≥nth≥statisticalprop≥rti≥sofG(ω0)an≤thos≥
of≥ff≥ctiv≥Hamiltoniansus≥≤toanalyz≥op≥nchaoticsyst≥msispoint≥≤outins≥ction
6.4,an≤th≥signatur≥sofAn≤≥rsonlocalizationinth≥statisticalprop≥rti≥sofG(ω0)ar≥
inv≥stigat≥≤ins≥ction6.6.Not≥finallythatw≥alsoconsi≤≥rth≥≥ig≥nvalu≥≤istribution
ofth≥≤ya≤icran≤omGr≥≥n’smatrixG(ω0)ins≥ction6.5.3.

6.1 Foun≤ationsofth≥non-H≥rmitianran≤ommatrixth≥-
ory

Thiss≥ctionis≤≥vot≥≤toth≥intro≤uctionofbasic≤≥finitionsan≤r≥lationsus≥fulinth≥
stu≤yofnon-H≥rmitianmatric≥s.

6.1.1 Eig≥nvalu≥≤≥nsityan≤H≥rmitization
Eig≥nvalu≥sΛnofaN×Nnon-H≥rmitianAar≥,ing≥n≥ral,compl≥x.Th≥ir≤≥nsityis
≤≥fin≥≤as

p(Λ)=1N
N

n=1
δ(2)(Λ−Λn) , (6.1)

wh≥r≥w≥us≥th≥shorthan≤notationδ(2)(Λ−Λn)=δ(R≥Λ−R≥Λn)δ(ImΛ−ImΛn).Th≥
r≥lationb≥tw≥≥np(Λ)an≤th≥r≥solv≥nt

g(z=x+iy)=1N Tr 1
z−A = 1N

N

n=1
1

z−Λn (6.2)

canb≥foun≤using∂z∗(1/z)=πδ(x)δ(y),withth≥stan≤ar≤notation∂z∗=12(∂x+i∂y)forz=x+iy. W≥obtain:

p(Λ)=1π∂z∗g(z)z=Λ (6.3)

= 1
2π[∂xR≥g(z)−∂yImg(z)]z=Λ. (6.4)

Not≥that∂yR≥g(z)=−∂xImg(z)b≥caus≥p(Λ)isr≥al.Th≥r.h.s.ofEq.(6.4)vanish≥s
ifg(z)ob≥ysth≥Cauchy-Ri≥manncon≤itions,i.≥.,ifitisananalyticfunctionofth≥
compl≥xvariabl≥z.Ing≥n≥ral,th≥≥ig≥nvalu≥sΛnoccupy,onav≥rag≥,atwo-≤im≥nsional
≤omainDonth≥compl≥xplan≥wh≥r≥g(z)isnon-analytic,an≤p(Λ)≤≥scrib≥sth≥
locationan≤th≥amountofnon-analyticity.
W≥nowr≥callthatth≥r≥solv≥nt g(z)canb≥int≥rpr≥t≥≤asth≥≥l≥ctricfi≥l≤g(z)

[Eq.(5.44)]cr≥at≥≤,atpointzinth≥compl≥xplan≥,bycharg≥s(q=+1)situat≥≤at
positionsΛn.Eq.(6.4)canthusb≥s≥≥nasth≥Gausslawp(z)=∇x,yηg(z)/2π.H≥nc≥,
w≥r≥a≤ilyobtainan≥wr≥lationb≥tw≥≥np(Λ)an≤th≥logarithmicpair-wis≥r≥pulsion
Vint(z)≤≥fin≥≤byg(z)=−∇x,yVint(z)[s≥≥Eq.(5.43)]:

p(Λ)=− 1
2πN∆x,yV

int(z)
z=Λ
, (6.5)
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wh≥r≥∆x,y=4∂z∂z∗isth≥Laplacianinth≥coor≤inat≥sxan≤y.Cl≥arly,Eq.(6.5)may
b≥particularlyus≥fulwithinth≥fram≥workofth≥Dysongasmo≤≥lwh≥r≥Vintmayb≥
r≥lat≥≤toaon≥-bo≤ypot≥ntial≤≥t≥rmin≥≤byth≥probability≤istributionP(A)(s≥≥
s≥ctions5.3an≤6.3.1).
Ins≥rtingth≥≥xplicit≥xpr≥ssion(5.43)ofVint(z)intoEq.(6.5),w≥≥xpr≥ssp(Λ)in

analt≥rnativ≥form:

p(Λ)= 1πN∂z∂z∗ Trln(z−A)(z
∗−A†)

z=Λ
(6.6)

= 1
πN∂z∂z∗ ln≤≥t(z−A)(z

∗−A†)
z=Λ

(6.7)

= 1
πNlim→0∂z∂z∗ ln≤≥t[HA(z)−iI2N]z=Λ, (6.8)

wh≥r≥I2N isth≥2N×2N i≤≥ntitymatrixan≤HA isth≥2N×2N chiralH≥rmitian
matrix

HA(z)= 0 A−z
A†−z∗ 0 . (6.9)

Not≥thatEq.(6.6)canalsob≥≤≥riv≥≤fromEq.(6.1)using∂z∂z∗lnzz∗=πδ(x)δ(y).
Eq.(6.8)isg≥n≥rallyus≥≤infi≥l≤-th≥or≥ticalapproach≥s(s≥ction6.3.2).Ina≤≤ition,
sinc≥th≥matrix(6.9)isH≥rmitian,on≥cancomput≥itsr≥solv≥ntwithw≥ll-≥stablish≥≤
H≥rmitiant≥chniqu≥s,fromwhichitisstillpossibl≥tor≥cov≥rth≥≥ig≥nvalu≥≤≥nsityof
A[188,191].Thisisth≥so-call≥≤‘H≥rmitizationm≥tho≤’.Inth≥following,w≥willus≥
analt≥rnativ≥m≥tho≤whichhasvariousa≤vantag≥s:itist≥chnicallyslightlysimpl≥r,it
r≥v≥alsar≥lationb≥tw≥≥ng(z)an≤th≥corr≥latorofrightan≤l≥ft≥ig≥nv≥ctorsofA,an≤
finallyitallowsforag≥n≥ralizationoffr≥≥probabilitycalculus.

6.1.2 Quat≥rnionsan≤th≥≥ig≥nv≥ctorcorr≥lator
IfAisH≥rmitian,th≥≥ig≥nvalu≥sΛnli≥,onav≥rag≥,onsom≥int≥rvals(cuts)ofth≥r≥al
axis. Th≥r≥for≥,itispossibl≥tor≥constructg(z)byanalyticcontinuationofitss≥ri≥s
≥xpansion(5.27)p≥rform≥≤inth≥vicinityof|z|→∞.Th≥≥ig≥nvalu≥≤istributionp(Λ)
followsfromth≥≤iscontinuiti≥sofg(z)onth≥r≥alaxis[s≥≥Eqs.(5.21)an≤(6.3)].For
anon-H≥rmitianmatrixAhow≥v≥r,g(z)los≥sitsanalyticityinsi≤≥th≥two-≤im≥nsional
≤omainDwh≥r≥Λnar≥conc≥ntrat≥≤,m≥aningthatg(z)forz∈Dcannotb≥simply
ass≥ss≥≤byanalyticcontinuationofitss≥ri≥s≥xpansion. Awaytocircumv≥ntthis
probl≥misbas≥≤onth≥alg≥braofquat≥rnions:whil≥p(Λ)foranH≥rmitianAisobtain≥≤
byapproachingth≥r≥alaxisfromorthogonal≤ir≥ctions(inth≥compl≥xplan≥),p(Λ)fora
non-H≥rmitianAcanb≥foun≤byapproachingtwosi≤≥sofDfrom≤ir≥ctions‘orthogonal’
toth≥compl≥xplan≥(inth≥quat≥rnionspac≥)[177]. Doublingth≥siz≥ofth≥matrix
un≤≥rstu≤y,w≥nowworkwithan≥w2N×2Nmatrix,

AD= A 0
0 A† (6.10)

an≤aquat≥rnionr≥solv≥ntmatrix,

G(Q)=1N TrN 1
Q⊗IN−AD . (6.11)
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Th≥2×2matrixQisanarbitraryquat≥rnioninmatrixr≥pr≥s≥ntation,

Q= a ib∗
ib a∗ =x0I2+ixησ, (6.12)

wh≥r≥x=(x1,x2,x3),σisth≥tripl≥tofusualPauli matric≥s,a= x0+ix3,an≤
b=x1+ix2.TrN inEq.(6.11)≤≥not≥sth≥blocktrac≥ofanarbitrary2N×2Nmatrix
X.Itis≤≥fin≥≤bys≥paratingXinfourN×NblocksX11,X12,X21,X22an≤taking
th≥trac≥of≥achofth≥latt≥rs≥parat≥ly:

TrNX=TrN X11 X12
X21 X22

= TrX11 TrX12
TrX21 TrX22 . (6.13)

Alg≥braicprop≥rti≥softh≥quat≥rnionsar≥us≥fultog≥n≥raliz≥th≥fr≥≥probabilityth≥ory
tonon-H≥rmitanmatric≥s(s≥≥s≥ction6.3.3).How≥v≥r,ifw≥wishtocomput≥g(z)bya
≤iagrammaticapproach,itissuffici≥nttoconsi≤≥rth≥quat≥rnionQ=Z:

Z = z i
i z∗ . (6.14)

Th≥g≥n≥raliz≥≤r≥solv≥ntmatrixG(Z)isth≥nsaf≥ly≥qualtoitss≥ri≥s≥xpansionin
1/Z[177,186,203].By≥valuatingth≥blocktrac≥inEq.(6.11)≥xplicitly,on≥r≥a≤ily
fin≤sthat

G(Z)= G11 G12G12 G∗11 , (6.15)

with

G11= 1N Tr z∗−A†
(z−A)(z∗−A†)+2 , (6.16)

G12=−iN Tr 1
(z−A)(z∗−A†)+2 , (6.17)

sothat
lim→0G(Z)=

g(z) c(z)
c(z) g(z)∗ . (6.18)

Int≥r≥stingly,th≥off-≤iagonal≥l≥m≥ntsc(z)=lim→0G12yi≥l≤th≥corr≥latorofright|Rn an≤l≥ft|Ln ≥ig≥nv≥ctorsofA[204,205]:

C(z)=−πN
N

n=1
Ln|Ln Rn|Rnδ(2)(z−Λn) =Nc(z)2. (6.19)

Thisshowsthatc(z)mustvanishonth≥boun≤aryδDofth≥supportofth≥≥ig≥nvalu≥
≤≥nsityD.Inor≤≥rtoobtainp(Λ),w≥cancomput≥G(Z)atfinit≥ ∈R(bya≤ia-
grammaticoranyoth≥rapproach),th≥ntak≥th≥limit → 0to≥xtractg(z)fromth≥
≤iagonal≥l≥m≥ntsof(6.18),an≤finallyapplyEq.(6.3).
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6.1.3 Bi-orthogonalbasisofl≥ftan≤right≥ig≥nv≥ctors
Forth≥sak≥ofcompl≥t≥n≥ss,w≥r≥callh≥r≥basicprop≥rti≥sofright|Rn an≤l≥ft|Ln
≥ig≥nv≥ctorsofanon-H≥rmitianmatrixA(orop≥ratorÂ).By≤≥finition,

A|Rn =Λn|Rn, (6.20)
Ln|A=ΛnLn| ⇐⇒A†|Ln =Λ∗n|Ln, (6.21)

m≥aningthat|Ln ar≥th≥right≥ig≥nv≥ctorsofA†.Obviously,Aan≤A†hav≥compl≥x
conjugat≥≤≥ig≥nvalu≥sfor≤≥t(A−ΛnIn)=0=≤≥t(A†−Λ∗nIn).B≥si≤≥s,|Ln an≤|Rmar≥n≥c≥ssarilyorthogonalb≥caus≥Ln|A|Rm =ΛnLn|Rm =Λm Ln|Rm .Assuming
thatth≥≥ig≥nvalu≥sΛnar≥not≤≥g≥n≥rat≥,w≥normaliz≥|Rn an≤|Ln suchthat:

Ln|Rm =
N

i=1
Li∗nRim=δnm, (6.22)

Not≥that Rn|Rm =δnm.Finally,th≥followingprop≥rti≥shol≤
IN=

n
|Rn Ln|=

n
|Ln Rn|, (6.23)

TrX=
n
Ln|X|Rn, (6.24)

wh≥r≥Xisanarbitrarymatrix.

6.2 Diagrammaticapproachfornon-H≥rmitianERMs
Ourgoalisto≤≥riv≥≥quationsforth≥r≥solv≥ntg(z)an≤th≥corr≥latorc(z)ofan
arbitraryN×N non-H≥rmitianERMAij=f(ri,rj)=ri|̂A|rj inth≥limitofN→
∞. Forthispurpos≥,w≥ mak≥us≥ofth≥r≥pr≥s≥ntationA=HTH†intro≤uc≥≤in
s≥ction5.1.3,withth≥assumptionthatHhasi.i.≤.compl≥xGaussian≥ntri≥ssatisfying
th≥prop≥rty(5.17). W≥r≥callthatth≥Gaussianassumptionsimplifi≥s≤iagrammatic
calculationsbutisnot≥ss≥ntial,contrarytoth≥assumptionofin≤≥p≥n≤≥nt≥l≥m≥nts
that maylimitth≥applicabilityofourr≥sultsathigh≤≥nsiti≥sofpointsρ(s≥≥th≥
≤iscussionins≥ction5.6.3).Sinc≥≤iagrammaticcalculationspr≥s≥nt≥≤h≥r≥g≥n≥raliz≥
thos≥p≥rform≥≤forH≥rmitianmatric≥s,itmayb≥h≥lpfultor≥a≤s≥ction5.5.3b≥for≥
proc≥≥≤ingfurth≥r.

6.2.1 D≥rivationofs≥lf-consist≥nt≥quations
W≥startby≥xpan≤ingth≥2×2r≥solv≥ntmatrixG(Z)≤≥fin≥≤byEqs.(6.11)an≤(6.14)
ins≥ri≥sin1/Z =(1/Z)⊗IN:

G(Z)=1N TrN 1
Z +

1
Z A

D 1
Z +... . (6.25)

InasmuchasHiαar≥i.i.≤.Gaussian≥ntri≥s,th≥r≥sultofav≥raging...ov≥rth≥≥ns≥m-
bl≥ofmatric≥sHcanb≥≥xpr≥ss≥≤throughpairwis≥contractions(5.17)only.Diagram-
maticnotations,alr≥a≤yintro≤uc≥≤ins≥ction5.5.3to≥valuat≥≥ffici≥ntlyth≥w≥ightof
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H  = 

H  =

Hiα Tαβ Hβj  = Tα β ji

AD  = T
T( 0
0 ( †

†

†

= =   1/N

x =  Nx, X =  Tr X

(a) (b)

Figur≥6.1:(a)Diagrammaticr≥pr≥s≥ntationsofth≥matric≥sH,H†,A=HTH†,an≤
AD.Fullan≤≤ash≥≤lin≥spropagat≥inth≥bas≥s{ri}an≤{ψα},r≥sp≥ctiv≥ly(s≥≥s≥ction
5.1.3);T̂=ρ̂A.(b)Diagrammaticnotationforpairwis≥contractions(5.17)an≤loop
≤iagramsforanyscalarxinth≥basis{ri},an≤foranyop≥ratorX̂inanarbitrarybasis
{ψα}.

≤iff≥r≥ntt≥rmsarisinginth≥calculation,ar≥r≥pro≤uc≥≤inFig.6.1(a)forclarity.Th≥
‘propagator’1/Zwillb≥≤≥pict≥≤by

1
Z =

1z −i
|z|2

−i
|z|2

1z∗
= 1 1 1 2

2 1 2 2 . (6.26)

Sinc≥≥achcontraction(5.17)bringsafactor1/N,an≤≥achloopcorr≥spon≤ingto
takingth≥trac≥ofamatrixbringsafactorN[s≥≥Fig.6.1(b)],onlyth≥planarrainbow-
lik≥≤iagrams,thatcontainasmanyloopsascontractions,surviv≥inth≥limitN→∞.
Such≤iagramsapp≥ar,for≥xampl≥,inFig.6.2,wh≥r≥w≥showth≥b≥ginningofth≥
≥xpansionofth≥twoin≤≥p≥n≤≥nt≥l≥m≥ntsofG(Z)≤≥fin≥≤byEq.(6.15).
Inth≥stan≤ar≤way,rath≥rthansummingth≥≤iagramsforth≥r≥solv≥nt,w≥intro-

≤uc≥th≥2×2s≥lf-≥n≥rgymatrix

Σ(Z)=Z−G(Z)−1= Σ11 Σ12Σ12 Σ∗11 . (6.27)

Itis≥qualtoth≥sumofallon≥-particl≥irr≥≤ucibl≥≤iagramscontain≥≤in

ZG(Z)Z = 1N TrN AD+AD 1ZA
D+... . (6.28)

Th≥first≤ominantt≥rmsthatapp≥arinth≥≥xpansionofth≥twomatrix≥l≥m≥ntsΣ11an≤Σ12ar≥r≥pr≥s≥nt≥≤inFig.6.3.Inth≥twos≥ri≥sofFig.6.3w≥r≥cogniz≥,un≤≥rapairwis≥contraction,th≥matrix≥l≥m≥ntsG11an≤G12≤≥pict≥≤inFig.6.2,asw≥llasth≥twoop≥ratorsΣ̂11an≤Σ̂12

G11 = T1 1 1 1 T1 2 2 1+ + ...

G12 = T1 1 1 2 T1 2 2 2+ + ...
1 1 +

1 2 +

 †

 †

≤≥fin≥≤inFig.6.4.Equationsob≥y≥≤byth≥op≥rators

Figur≥6.2: Diagrammatic≥xpansionofth≥twoin≤≥p≥n≤≥nt≥l≥m≥ntsofth≥ matrix
G(Z).
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Σ11  = T + + ...T T TT T+ T T T1 1 12 21 1 12 2+

Σ12  = + ...T T TT T+ T T T1 2 12 22 1 22 2+

Σ11
{ {

G11

{

Σ12

{

G21 = G12Σ11

{ {

G11

Σ11

{ {

G12

{

Σ12

{

G22 = G11Σ11
{ {

G12 ∗

 †  †

 †  †  †  †  †

Figur≥6.3:Diagrammatic≥xpansionofth≥twoin≤≥p≥n≤≥nt≥l≥m≥ntsofth≥s≥lf-≥n≥rgy
Σ(Z

Σ11  = + +

*Σ12  =
T Σ11 Tg Σ12 Tc

+Σ11 Tc Σ12 Tg †  †

Σ11 = Σ11

Σ12 = Σ12

).Brac≥switharrows≤≥not≥partsof≤iagramsthatar≥b≥ginningof≤iagrammatic
≥xpansionsofth≥quantiti≥swhichth≥arrowspointto.

Figur≥6.4: Th≥≥l≥m≥ntsΣ11an≤Σ12ofth≥matrixΣ(Z)canb≥writt≥nastrac≥sofop≥ratorsΣ̂11an≤Σ̂12: Σ11=TrΣ̂11/Nan≤Σ12=TrΣ̂12/N. Op≥ratorsΣ̂11=
lim→0+ Σ̂11an≤Σ̂12=lim→0+ Σ̂12ob≥ycoupl≥≤≥quations,wh≥r≥g=lim→0+G11an≤c=lim→0+G12[s≥≥Eq.(6.18)].

Σ̂11=lim→0+ Σ̂11an≤Σ̂12=lim→0Σ̂12ar≥obtain≥≤aft≥rsummationofallplanarrainbow≤iagramsinth≥≥xpansionofFig.6.3an≤takingth≥limit → 0+.1 Th≥
≤iagrammaticr≥pr≥s≥ntationofth≥s≥≥quationsisshowninFig.6.4.Applying‘F≥ynman’
rul≥s≤≥fin≥≤inFig.6.1(b),w≥obtain:

Σ̂11=(1+ĝΣ11+ĉΣ12)̂T, (6.29)
Σ̂12=(ĉΣ11+g∗Σ̂12)̂T†, (6.30)

wh≥r≥T̂= ρ̂A. Aft≥rsom≥alg≥bra2,Σ11=TrΣ̂11/Nan≤Σ12=TrΣ̂12/Ncanb≥
≥xpr≥ss≥≤as:

Σ11= 1NTr
(1−g∗T̂†)̂T

(1−g∗T̂†)(1−ĝT)−c2T̂†̂T, (6.31)

Σ12= cNTr
T̂†̂T

(1−g∗T̂†)(1−ĝT)−c2T̂†̂T. (6.32)
1Asusualinsuchaproc≥≤ur≥,summationmustb≥p≥rform≥≤b≥for≥takingth≥limit → 0.H≥nc≥,th≥

off-≤iagonal≥l≥m≥ntofth≥propagator1/Zgiv≥sris≥tonon-vanishingt≥rmsaft≥rsummation,although
itisz≥rointh≥limit → 0.

2Although[T̂,T̂†]=0,thiscalculationis≥asilyp≥rform≥≤usingcyclicp≥rmutationsun≤≥rth≥trac≥
op≥rator.
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Furth≥rmor≥,asfollowsfromEq.(6.18)an≤th≥≤≥finition(6.27)ofth≥s≥lf-≥n≥rgy
matrix,gan≤car≥simplyr≥lat≥≤toΣ11an≤Σ12by

g(z) c(z)
c(z) g(z)∗ = z−Σ11 −Σ12

−Σ12 z∗−Σ∗11
−1
. (6.33)

Eliminationofth≥s≥lf-≥n≥rgyfromEqs.(6.31),(6.32)an≤(6.33)l≥a≤stotwos≥lf-
consist≥nt≥quationsforth≥r≥solv≥ntg(z)an≤th≥≥ig≥nv≥ctorcorr≥latorc(z):

z= g∗
|g|2−c2+

1
NTr

(1−g∗T̂†)̂T
(1−g∗T̂†)(1−ĝT)−c2T̂†̂T, (6.34)

1
|g|2−c2=

1
NTr

T̂†̂T
(1−g∗T̂†)(1−ĝT)−c2T̂†̂T. (6.35)

Atthisfinalstag≥,itisconv≥ni≥ntto≤≥fin≥th≥followingop≥rators

Ŝ0=Ŝ(g)= T̂
1−gT̂, (6.36)

Ŝ1=Ŝ(g+c2̂S†0)= (1−g∗T̂†)̂T
(1−g∗T̂†)(1−ĝT)−c2T̂†̂T, (6.37)

int≥rmsofwhichEqs.(6.34)an≤(6.35)b≥com≥

z= g∗
|g|2−c2+

1
NTrŜ1, (6.38)

1
|g|2−c2=

1
NTrŜ1̂S

†
0. (6.39)

B≥caus≥c(z)mustvanishonth≥boun≤aryδDofth≥supportofth≥≥ig≥nvalu≥≤≥nsity
D,≥quationsforz∈δDfollow:

z=1g+
1
NTrŜ0, (6.40)

1
|g|2=

1
NTrŜ0̂S

†
0. (6.41)

6.2.2 Analysisofs≥lf-consist≥nt≥quations
Equations(6.34),(6.35),(6.40)an≤(6.41)ar≥th≥ mainr≥sultsofthischapt≥r. An
≥quationforth≥bor≤≥rlin≥ofth≥supportofth≥≥ig≥nvalu≥≤≥nsityofanon-H≥rmitian
ERMonth≥compl≥xplan≥z=ΛfollowsfromEqs.(6.40)an≤(6.41)upon≥limination
ofg. Th≥≤≥nsityof≥ig≥nvalu≥sΛinsi≤≥itssupportDcanb≥foun≤bysolvingEqs.
(6.34)an≤(6.35)withr≥sp≥cttog(z)an≤th≥napplyingEq.(6.3).
Ouranalysisinclu≤≥sth≥r≥sultforH≥rmitianERMsasasp≥cialcas≥:ifAisH≥rmi-

tian,th≥supportofth≥≥ig≥nvalu≥≤≥nsityshrinkstoas≥gm≥ntonth≥r≥alaxis,m≥aning
thatc(z)=0forz∈C\Ran≤Σis≤iagonal.In≤≥≥≤,fromEq.(6.32),Σ12=0.Equation
(6.40)th≥nallowson≥tosolv≥forg(z)withz∈C\R,inagr≥≥m≥ntwithEq.(5.115)of
th≥pr≥viouschapt≥r.
Atlow≤≥nsity,w≥alr≥a≤yknowthat,atl≥astinth≥fram≥workofourr≥pr≥s≥ntation

A=HTH†,th≥≥ig≥nvalu≥≤≥nsityofanyH≥rmitianERMob≥ysth≥ Wign≥rs≥micircl≥
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law;s≥≥Eq.(5.122).3Asimilarr≥sult≥xistsfornon-H≥rmitianERMsasw≥ll.In≤≥≥≤,
usingth≥approximation

Ŝ1 Ŝ0 T̂ (6.42)
vali≤atlow≤≥nsiti≥s,Eqs.(6.40)an≤(6.41)forth≥bor≤≥rlin≥ofth≥≥ig≥nvalu≥≤omain
r≥≤uc≥to

z− 1NTrT̂
2
= 1NTrT̂T̂

†, (6.43)
an≤Eqs.(6.38)an≤(6.39)forg(z)an≤c(z)withz∈Db≥com≥

g(z)=z
∗− 1NTrT̂†
1NTrT̂T̂†

, (6.44)

c(z)= 1
1NTrT̂T̂†

|z− 1NTrT̂|2
1NTrT̂T̂†

−1. (6.45)

Th≥t≥rmTrT̂/Nthatapp≥arsinEqs.(6.43),(6.44),an≤(6.45),l≥a≤stoashiftinth≥
≥ig≥nvalu≥≤istribution≥qualto

TrT̂
N =TrÂV = TrNA

N = Λ. (6.46)
W≥assum≥fromh≥r≥onthat Aii=0(i=1,...,N),sothat,inparticular,Λ =0.
Withthisassumption,th≥t≥rmTrT̂T̂†r≥a≤s:

Tr(T̂T̂†)=ρ2Tr(ÂÂ†)=ρ2
V
≤≤r≤≤rf(r,r)2, (6.47)

= TrN(AA†)=
N

n=1

N

m=1
ΛnΛ∗m Ln|Lm Rm|Rn , (6.48)

N

n=1
|Λn|2Ln|Ln Rn|Rn , (6.49)

2
N

n=1
|Λn|2 =2N |Λ|2 . (6.50)

InEqs.(6.49)an≤(6.50)w≥assum≥≤that,atlow≤≥nsiti≥s,ri|Ln an≤ri|Rn b≥hav≥
asGaussianran≤omvariabl≥s. Not≥thatEq.(6.50)≤iff≥rsfromth≥H≥rmitiancas≥
(5.121)byafactor2.Thisisb≥caus≥th≥≥ig≥nv≥ctorstructur≥≤o≥snotcom≥intoplay
inEq.(5.121).Intro≤ucingth≥shorthan≤notation

γ=Tr(T̂T̂
†)

2N |Λ|2, (6.51)
w≥r≥writ≥Eqs.(6.43),(6.44),an≤(6.45)as

|z|2=2γ (z∈δD), (6.52)
g(z)=z

∗
2γ (z∈D), (6.53)

c(z)=12γ
|z|2
2γ−1 (z∈D). (6.54)

3W≥≥xclu≤≥rar≥ERMsforwhichth≥op≥rator T̂hasasmallnumb≥rofnon-z≥ro≥ig≥nvalu≥s.
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Thisshowsthat,inth≥limitN → ∞ an≤ρ→ 0atfix≥≤γ,th≥≥ig≥nvalu≥sofan
arbitrarytrac≥l≥ssnon-H≥rmitianERMar≥uniformly≤istribut≥≤withina≤iskofra≤ius√2γ. Withinth≥≤isk,p(Λ)=1/2πγ. Thisisth≥famousGirko’slawm≥ntion≥≤in
th≥intro≤uctionofthischapt≥ran≤firstfoun≤byGinibr≥forth≥compl≥xGaussian
≥ns≥mbl≥[201]. W≥r≥cov≥rthislawb≥caus≥inth≥limitN→ ∞ an≤ρ→ 0,≥l≥m≥nts
ofA≥ss≥ntiallyb≥hav≥asi.i.≤.variabl≥s.Inthatcas≥,Σ11=0an≤Σ12=c(z)/2γ.
Ifth≥ERMisofth≥formAij=f(|ri−rj|),wh≥r≥th≥v≥ctorsri≤≥t≥rmin≥positions

ofNran≤omlychos≥npointsinsi≤≥athr≥≥-≤im≥nsionalcub≥ofsi≤≥Lorinsi≤≥asph≥r≥
ofra≤iusR,γis≥xplicitlygiv≥nby

γ=




N2
∞
−∞≤x≤y≤zf L x2+y2+z2 2w(x,y,z) (cub≥)

12N 1
0≤x|f(2Rx)|2s(x)x2 (sph≥r≥)

, (6.55)

wh≥r≥w(x,y,z)an≤s(x)ar≥≤≥fin≥≤byEqs.(5.129)an≤(5.130),r≥sp≥ctiv≥ly.
Aswasth≥cas≥forH≥rmitianERMs,th≥solutionofEqs.(6.34),(6.35),(6.40)an≤

(6.41)foragiv≥nmatrixAcanb≥gr≥atlyfacilitat≥≤byasuitabl≥choic≥ofth≥basisin
whichtrac≥sapp≥aringinth≥s≥≥quationsar≥≥xpr≥ss≥≤.Ina≤≤itionto{r}an≤{kα},a
bi-orthogonalbasisofright|Rα an≤l≥ft|Lα ≥ig≥nv≥ctorsofT̂canb≥quit≥conv≥ni≥nt.
W≥r≥callthatth≥right≥ig≥nv≥ctor |Rα ob≥ys

r|̂T|Rα =ρ
V
≤≤rf(r,r)Rα(r)=µαRα(r), (6.56)

wh≥r≥µαisth≥≥ig≥nvalu≥corr≥spon≤ingtoth≥≥ig≥nv≥ctor|Rα.Th≥trac≥sapp≥aring
inEqs.(6.40)an≤(6.41)canb≥≥xpr≥ss≥≤as

TrŜ0=
α
Lα|̂S0|Rα =

α
µα

1−gµα, (6.57)

TrŜ0̂S†0=
α,β

µαµ∗βLα|Lβ Rβ|Rα
(1−gµα)(1−gµβ)∗, (6.58)

r≥sp≥ctiv≥ly.T≥chnically,th≥main≤iff≥r≥nc≥withth≥stu≤yofH≥rmitianERMsisthat
w≥nowhav≥toknowth≥≥ig≥nv≥ctorsofT̂≥xplicitly[compar≥Eqs.(6.58)an≤(5.127)].

6.3 Oth≥rapproach≥s
6.3.1 Mappingtoth≥Dysongas
Inthiss≥ctionw≥≥xt≥n≤th≥mappingtoth≥Dysongasfirst≤iscuss≥≤forH≥rmitian
matric≥s(s≥ction5.3)toth≥non-H≥rmitiancas≥.L≥tusfirstconsi≤≥rth≥classofnon-
H≥rmitianran≤ommatric≥soriginallyintro≤uc≥≤byGinibr≥[201].Itisgiv≥nbycompl≥x
matric≥sAwithGaussianprobability≤≥nsity:

P(A)=CN≥−NTrAA†. (6.59)
P(A)isinvariantun≤≥rallunitarytransformations,butnotun≤≥rth≥similaritytrans-
formationA→ SAS−1us≥≤to≤iagonaliz≥A=S−1DS(D≤≥not≥sa≤iagonalmatrix
with≥l≥m≥ntsΛn,n=1...N). H≥nc≥,P(A)≤≥p≥n≤s≥xplicitlyonSan≤notonlyon
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th≥≥ig≥nvalu≥sofA. Thisf≥atur≥isth≥main≤iff≥r≥nc≥withth≥Gaussian≥ns≥mbl≥
(5.1)orth≥ Wign≥r-Dyson≥ns≥mbl≥(5.40). H≥rmitianmatric≥s≤rawnfromth≥s≥two
latt≥r≥ns≥mbl≥scanb≥≤iagonaliz≥≤byunitarymatric≥s,sothatP(A)≤≥p≥n≤sonΛn
only.Inor≤≥rtoobtainth≥jointprobability≤≥nsityP({Λn})fromEq.(6.59),w≥must
chang≥variabl≥sfromAijtoparam≥t≥rsr≥lat≥≤to≥ig≥nvalu≥san≤≥ig≥nv≥ctorsofA.
Sinc≥TrAA†≤≥p≥n≤son≥ig≥nv≥ctors,th≥n≥wvariabl≥shav≥tob≥chos≥ncar≥fullyto
facilitat≥furth≥rmanipulations.Th≥r≥sultisth≥following[137,201]:

P({Λn})=CN≥−βHg({Λn}), (6.60)

Hg({λn})=N
N

n=1
Vg(Λn)−

n<m
ln|Λn−Λm|, (6.61)

β=2, Vg(z)=|z|
2
2. (6.62)

Thisisth≥Boltzmann-Gibbs≤istributionofaCoulombgasinth≥rmal≥quilibriumat
t≥mp≥ratur≥T=1/β.Th≥s≥≥quationshav≥≥xactlyth≥sam≥formasEqs.(5.41)an≤
(5.42). AsforH≥rmitianmatric≥s,th≥logarithmicpairwis≥r≥pulsioncom≥sfromth≥
Van≤≥rmon≤≥-typ≥Jacobian|V({Λn})|β.
Inth≥limitN→∞,w≥canp≥rformcoars≥-grainingofth≥≥n≥rgyfunctionalHg[s≥≥

Eq.(5.54)],an≤minimiz≥ittoobtainth≥≥quality
−∂zVint(z)=N∂zVg(z), (6.63)

wh≥r≥Vint(z)isth≥logarithmicpair-wis≥r≥pulsion(5.43). Eq.(6.63)m≥ansthatth≥
forc≥N∂zVg(z)≥xp≥ri≥nc≥≤by≥achparticl≥ofth≥gasiscomp≥nsat≥≤byth≥Coulomb
r≥pulsionbyalloth≥rparticl≥s.Th≥≥ig≥nvalu≥≤istribution(6.5)r≥a≤snow:

p(Λ)=12π∆x,yV
g(z)

z=Λ
. (6.64)

Not≥th≥≤iff≥r≥nc≥withth≥r≥sult(5.53)forH≥rmitianmatric≥s:Eq.(6.64)islocal;th≥
shap≥ofth≥≤istributionatΛ≤≥p≥n≤sonth≥profil≥ofVginth≥vicinityofΛonly,whil≥
inEq.(5.53)th≥shap≥ofp(Λ)strongly≤≥p≥n≤sonth≥boun≤ari≥softh≥≤istribution,
m≥aningthatth≥influ≥nc≥ofVgonp(Λ)isnonlocal.Not≥alsothatEq.(6.64)contains
noinformationaboutth≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥s.IfVgissimpl≥≥nough,
th≥bor≤≥rlin≥canb≥obtain≥≤byth≥normalizationconstraint ≤Λp(Λ)=1.4 For
Vg(z)=|z|2/2,w≥fin≤thatth≥≥ig≥nvalu≥sar≥uniformly≤istribut≥≤[p(Λ)=1/π]
insi≤≥a≤iskofra≤ius1.Thisisth≥c≥l≥brat≥≤Ginibr≥’sr≥sult[201].
Obviously,Eqs.(6.60)an≤(6.61)applyalsotoanynormalmatrixA([A,A†]=0)

withprobability
P(A)=CN≥−NTrVg(AA†), (6.65)

wh≥r≥Vgisarbitrary,forAcanb≥≤iagonaliz≥≤byaunitarymatrix. Th≥on≥-bo≤y
pot≥ntialapp≥aringinEq.(6.61)isth≥ngiv≥nbyVg(z)=Vg(|z|2).Acount≥r-intuitiv≥
r≥sultisthatsolutions(6.60)an≤(6.61)maycompl≥t≥lybr≥ak≤ownformostofnon-
H≥rmitianmatric≥s—i.≥.fornon-H≥rmitianmatric≥sthatar≥notnormalorpartially
normal[191,206] —≤istribut≥≤accor≤ingto(6.65).InR≥f.[187],F≥inb≥rgan≤Z≥≥

4Forcomplicat≥≤cas≥s,th≥bor≤≥rlin≥mayb≥foun≤byinsp≥ctionofEq.(5.55)thatisstillvali≤for
non-H≥rmitianmatric≥s.
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prov≥≤th≥‘singl≥-ringth≥or≥m’.Itstipulat≥sthatth≥shap≥ofth≥≥ig≥nvalu≥≤istri-
butionis≥ith≥ra≤iskoranannulus,what≥v≥rpolynomialth≥pot≥ntialVgis. This
iscl≥arlyincontra≤ictionwithwhatw≥coul≤≥xp≥ctfromEqs.(6.60)an≤(6.61),that
t≥llusthatth≥numb≥rof≤omainsoccupi≥≤byth≥≥ig≥nvalu≥sonth≥compl≥xplain
shoul≤growwithth≥numb≥rofminimaofVg(z)=Vg(|z|2).Th≥polynomialVg∼AA†
thatcorr≥spon≤stoth≥compl≥xGaussian≥ns≥mbl≥(6.59)isactuallyth≥onlypolyno-
mialforwhichEqs.(6.60)an≤(6.61)ar≥vali≤what≥v≥rth≥matrixAob≥ying(6.65)is.
R≥markably,th≥authorsof[187]alsoshow≥≤thatth≥≥ig≥nvalu≥≤istributionofAcan
n≥v≥rth≥l≥ssb≥foun≤fromth≥r≥solv≥ntofth≥H≥rmitianmatrixAA†. Thisr≥solv≥nt
hasalr≥a≤yb≥≥nknowninth≥lit≥ratur≥forarbitrarypolynomialVg[187].
AsfarasERMsar≥conc≥rn≥≤,comm≥ntsgiv≥natth≥≥n≤ofs≥ction5.3.4forH≥r-

mitianmatric≥sstillhol≤fornon-H≥rmtianmatric≥s. W≥b≥li≥v≥thatP({Λn})may
b≥foun≤usingth≥r≥pr≥s≥ntationA=HTH†,with≥ntri≥sHiαapproximat≥≤byi.i.≤.
Gaussianran≤omvariabl≥s. Althoughw≥hav≥notb≥≥nabl≥torigorouslyjustifyth≥
Dysongaspictur≥forERMs,th≥latt≥rmayb≥h≥lpfultoun≤≥rstan≤qualitativ≥lyth≥
≥ig≥nvalu≥≤istributionobtain≥≤bynum≥rical≤iagonalization.For≥xampl≥,inth≥stu≤y
ofth≥Gr≥≥n’smatrixG(ω0)(s≥ction6.5),w≥obs≥rv≥thatth≥supportDofp(Λ)≤≥-
formswh≥nth≥≤≥nsityisincr≥as≥≤,goingthroughatransitionfroma≤isk-lik≥toan
annulus-lik≥shap≥,an≤≥v≥ntuallysplittingintomultipl≥≤isconn≥ct≥≤≤omainsathigh
≤≥nsity(s≥≥Fig.6.6).Itis≤ifficulttor≥frainfromint≥rpr≥tingsuchtransitionsasphas≥
transitionsforth≥Dysongas≤u≥tomo≤ificationsofahypoth≥ticon≥-bo≤ypot≥ntial
Vg.

6.3.2 Fi≥l≤r≥pr≥s≥ntation
L≥tusnowbri≥fly≥xplainhowtocomput≥th≥≥ig≥nvalu≥≤istributionofanon-H≥rmitian
matrixAinth≥fi≥l≤-th≥or≥ticalapproach. W≥startwithth≥≥xpr≥ssion(6.8)ofp(Λ),
r≥writt≥nas:

p(Λ)=− 1
πNlim→0∂z∂z∗ lnZ(z)z=Λ, (6.66)

wh≥r≥w≥hav≥intro≤uc≥≤th≥partitionfunction

Z =≤≥t In i(z−A)
i(z∗−A†) In . (6.67)

Inor≤≥rto≥valuat≥lnZ(z),w≥followth≥sam≥proc≥≤ur≥asins≥ction5.4,nam≥ly,
w≥applyth≥r≥plicatrick,

lnZ(z)=limn→0
Z(z)n −1

n , (6.68)
tog≥th≥rwithth≥r≥pr≥s≥ntation

Z(z)∝ ≤φ1...≤φN≥−H(Φ,z,), (6.69)

H(Φ,z,)=
N

i=1
φ†i(I2+ixσx−iyσy)φi−i

N

i,j=1
φ†i Ahijσx−Asijσy φi, (6.70)

wh≥r≥th≥N fi≥l≤sφiar≥pairsofcompl≥xvariabl≥s,σxan≤σyar≥Pauli matric≥s,
z=x+iy,an≤w≥hav≥writt≥nA=Ah+iAs,withAhan≤AsH≥rmitianmatric≥s.
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Thisr≥pr≥s≥ntationcombin≥≤withth≥cavity m≥tho≤wasus≥≤inth≥r≥c≥ntlit≥ra-
tur≥[207]toanalyz≥th≥≥ig≥nvalu≥≤istributionofnon-H≥rmitianspars≥matric≥s. A
slightly≤iff≥r≥ntr≥pr≥s≥ntationofp(Λ),alsobas≥≤onth≥r≥plicatrick,canb≥foun≤in
anic≥r≥vi≥wofRMT[208],wh≥r≥th≥Girko’slawis≥asilyr≥cov≥r≥≤.AsforH≥rmitian
matric≥s, Z(z)n isfoun≤aft≥rint≥grationov≥rth≥matrix≥l≥m≥nts,intro≤uctionof
auxiliaryfi≥l≤s,int≥grationov≥rr≥plicafi≥l≤sφαi,an≤finallyapplicationofasa≤≤l≥pointapproximation(s≥≥s≥ction5.4).
Fornon-H≥rmitianERMsofth≥formf(ri,rj)=f(ri−rj),its≥≥msf≥asibl≥tog≥n-

≥raliz≥th≥fi≥l≤m≥tho≤propos≥≤byMδ≥zar≤,Parisian≤Z≥≥inR≥f.[147]forH≥rmitian
ERMs. Basically,itamountstomak≥th≥sam≥approximations,inth≥calculationof
Z(z)n,asthos≥pr≥s≥nt≥≤in≤≥tailsins≥ction5.4.Althoughw≥hav≥notp≥rform≥≤
thiscalculation≥xplicitly,w≥b≥li≥v≥thatitwoul≤l≥a≤to≥quationsthathav≥th≥sam≥
≤≥gr≥≥ofvali≤ityasEq.(5.89)withr≥sp≥cttoEq.(5.113).For≥xampl≥,≥quationsfor
th≥bor≤≥rlin≥ofth≥≥ig≥nvalu≥≤omainar≥≥xp≥ct≥≤tob≥ofth≥form:

z= 1
g(z)+

≤≤k
(2π)≤

f0(k)
1−ρf0(k)g(z), (6.71)

1
|g(z)|2=

≤≤k
(2π)≤

ρ|f0(k)|2
|1−ρf0(k)g(z)|2, (6.72)

wh≥r≥f0(k)isth≥Fouri≥rtransformoff(r).Eqs.(6.71)an≤(6.72)canb≥obtain≥≤from
Eqs.(6.40)an≤(6.41)byusingth≥approximation k|̂A|k k|̂A|kδkk f0(k)δkk.
ContrarytoEqs.(6.40)an≤(6.41),Eqs.(6.71)an≤(6.72)≤≥p≥n≤onth≥≤≥nsityρ=N/V
only.

6.3.3 Fr≥≥probability
Th≥≥xt≥nsionoffr≥≥probabilityth≥ory,an≤inparticularth≥g≥n≥ralizationofth≥
conc≥ptofBlu≥function,tonon-H≥rmitianmatric≥sisnaturalinquat≥rnionspac≥.It
app≥ar≥≤r≥c≥ntlyinth≥math≥maticallit≥ratur≥[209]. Th≥quat≥rnionBlu≥matrix
BX(Q)ofanymatrixXisth≥functionalinv≥rs≥ofth≥th≥quat≥rnionr≥solv≥ntmatrix
(6.11):

GX[BX(Q)]=BX[GX(Q)]=Q, (6.73)
wh≥r≥Qisaquat≥rnion≤≥fin≥≤byEq.(6.12).Forconv≥ni≥nc≥,w≥alsointro≤uc≥th≥
quat≥rnionR-transform:

RX(Q)=BX(Q)−1Q. (6.74)
ForQ=Z giv≥nbyEq.(6.14),RX(Z)issimplyr≥lat≥≤toth≥s≥lf-≥n≥rgymatrix(6.27)
by

RX(Z)=ΣX[BX(Z)], (6.75)
an≤th≥r≥for≥RX(z)=lim→0RX(Z)an≤ΣX(z)=lim→0ΣX(Z)ar≥r≥lat≥≤through5

RX(z)=ΣX[BX(z)], (6.76)
wh≥r≥BX(z)isth≥usualBlu≥function(5.29). W≥nowm≥ntiontwoimportantprop≥rti≥s
ofth≥matric≥sGX(Q)an≤RX(Q).First,GX(Q)an≤RX(Q)ob≥yth≥followingscaling

5ToobtainEq.(6.76),w≥us≥B[≤iag(z,z∗)]=≤iag[B(z),B(z∗)].
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r≥lations[177,209]:

GαX(Q)=GX 1/α 0
0 1/α∗ Q 1/α 0

0 1/α∗ , (6.77)

RαX(Q)= α 0
0 α∗ RX Q α 0

0 α∗ , (6.78)

wh≥r≥α∈C∗. S≥con≤,bothGX(Q)an≤RX(Q)canb≥≥xpr≥ss≥≤int≥rmsofth≥
r≥solv≥ntgX(z)an≤th≥R-transformRX(z)only[177,209]:

GX(Q)= 1
q−q∗ [qgX(q)−q

∗gX(q∗)]I2−[gX(q)−gX(q∗)]Q† , (6.79)

RX(Q)= 1
q−q∗ [qRX(q)−q

∗RX(q∗)]I2−[RX(q)−RX(q∗)]Q† , (6.80)

wh≥r≥q=x0+i|x|an≤q∗ar≥twocompl≥xconjugat≥≤≥ig≥nvalu≥sofQ.6
ForarbitraryQ,w≥canus≥alg≥braicprop≥rti≥softh≥quat≥rnionstoshowthatth≥

followinga≤≤itionlawhol≤s[177,209]:
RX1+X2(Q)=RX1(Q)+RX2(Q), (6.81)

wh≥r≥X1an≤X2ar≥twonon-H≥rmitian,asymptoticallyfr≥≥ran≤ommatric≥s.7Th≥r≥-
for≥,applyingsucc≥ssiv≥lyEqs.(5.29),(5.30),(6.80),(6.74)an≤(6.73)forQ=Z,w≥
caninf≥rGX1+X2(Z)fromgX1(z)an≤gX2(z).Th≥st≥psofth≥algorithmar≥:

gXi →BXi → RXi → RXi → RX1+X2 → BX1+X2 → GX1+X2. (6.82)
Th≥r≥solv≥ntgX1+X2(z)an≤th≥≥ig≥nv≥ctorcorr≥latorcX1+X2(z)ar≥finallygiv≥nbyEq.(6.18).
Thisalgorithmisgr≥atlysimplifi≥≤wh≥nw≥lookforth≥≥ig≥nvalu≥≤istributionof

anon-H≥rmitianmatrixX1+iX2,wh≥r≥X1an≤X2ar≥fr≥≥H≥rmitianmatric≥swith
knownR-transforms.Jaroszan≤Nowakshow≥≤thatth≥probl≥mr≥≤uc≥stosolvinga
simpl≥syst≥mofthr≥≥≥quationswiththr≥≥unknownvariabl≥s,compl≥xu,v,an≤r≥alt
[177,209]:

RX1(u)=x+t−1u ,
RX2(v)=y−tv, (6.83)

|u|=|v|,
wh≥r≥z=x+iy. Fromth≥twofirst≥quations,w≥≥xpr≥ssuan≤vviat,whil≥tis
comput≥≤fromth≥thir≤≥quation.Th≥r≥solv≥ntan≤th≥corr≥latorar≥th≥ngiv≥nby

gX1+iX2(z)=R≥u−iR≥v, (6.84)
cX1+iX2(z)=(R≥u)2+(R≥v)2−|u|2. (6.85)

6Th≥r≥lation(6.80)b≥tw≥≥nRX(Q)an≤RX(q)hol≤salsob≥tw≥≥nBX(Q)an≤BX(q)b≥caus≥Q−1=
Q†/qq∗.

7Surprisingly,ag≥n≥ralizationofth≥conc≥ptofS-transformfornon-H≥rmitianmatric≥s —insucha
waythatth≥prop≥rty(5.145)coul≤b≥pr≥s≥rv≥≤inquat≥rnionspac≥ —≤o≥snots≥≥mto≥xistinth≥
curr≥ntlit≥ratur≥.
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Equationforth≥bor≤≥rlin≥z∈δDofth≥≥ig≥nvalu≥≤omainfollowsfromcX1+iX2(z)=0.8 Fromthissimplifi≥≤algorithmitisstraightforwar≤tor≥cov≥rth≥Girko’slawfor
GaussianH≥rmitianmatric≥sX1an≤X2[R1(z)=R2(z)=z,s≥≥Eq.(5.90)].Al≥sstriv-
ialapplicationofthisalgorithm,withmatric≥sX1an≤X2r≥l≥vantforwav≥propagation
inran≤omm≥≤ia,isgiv≥nins≥ction6.4.
Atthisstag≥,w≥formallyhav≥allth≥ingr≥≤i≥ntstoapplyth≥fr≥≥probabilityth≥ory

tonon-H≥rmtianERMs. W≥bri≥flyin≤icat≥howth≥R-transformofanarbitraryERM
Acoul≤b≥obtain≥≤. Th≥startingpointisonc≥againth≥r≥pr≥s≥ntationA=HTH†,
r≥writt≥nasinEq.(5.154):

HTH†=
M

α=1
µαh(α)†h(α), (6.86)

wh≥r≥µαar≥th≥compl≥x≥ig≥nvalu≥softh≥op≥ratorT̂=ρ̂A. W≥assum≥thatth≥M
v≥ctorsh(α)ar≥in≤≥p≥n≤≥nt,suchthatth≥matric≥sh(α)†h(α)ar≥fr≥≥.Prop≥rti≥s(6.81)
an≤(6.78)yi≥l≤

RHTH†(Z)=
M

α=1
Rµαh(α)†h(α)(Z) (6.87)

=
M

α=1
µα 0
0 µ∗α Rh(α)†h(α) Z µα 0

0 µ∗α . (6.88)

W≥nowhav≥tous≥th≥r≥lation(6.80),tog≥th≥rwith Rh(α)†h(α)(z)=1/N(1−z). W≥
≥xp≥ctthatth≥≤iagonalan≤off-≤iagonal≥l≥m≥ntsofRA(Z)ob≥ycoupl≥≤≥quations,
thatl≥a≤,inth≥limit → 0an≤accor≤ingtoEq.(6.76),toan≥xpr≥ssionofRA(z)=
ΣA[BA(z)]inagr≥≥m≥ntwithth≥s≥lf-≥n≥rgyΣA(z)giv≥nbyEqs.(6.31)an≤(6.32).As
wasth≥cas≥forH≥rmitianERMs,thiswoul≤showthatEqs.(6.31)an≤(6.32)ar≥vali≤
≥v≥nif≥l≥m≥ntsHiαar≥notGaussianvariabl≥s. Th≥≥ss≥ntialassumptionthatlimits
th≥applicabilityofEqs.(6.34),(6.35),(6.40)an≤(6.41)woul≤th≥nb≥th≥statistical
in≤≥p≥n≤≥nc≥ofth≥v≥ctorshα.

6.4 In≤≥p≥n≤≥ntR≥G(ω0)an≤ImG(ω0)
W≥startourstu≤yofnon-H≥rmitianERMsbyth≥cas≥ofa N×Nmatrix

Xij(ω0)=f(ri−rj)=(1−δij)cos(k0|ri−rj|)k0|ri−rj| +isin(k0|ri−rj|)k0|ri−rj| , (6.89)

wh≥r≥{ri}an≤{ri}ar≥two≤iff≥r≥ntan≤in≤≥p≥n≤≥nts≥tsofpoints. W≥r≥cogniz≥inth≥r≥alan≤imaginarypartsofX(ω0)th≥twoH≥rmitianERMsstu≤i≥≤in≤≥p≥n≤≥ntlyinth≥
pr≥viouschapt≥r,C(ω0)an≤S(ω0).Th≥matrixX(ω0)=C(ω0)+i[S(ω0)−IN]≤≥fin≥≤
inthiswayissimilartoth≥thr≥≥≤im≥nsionalfr≥≥-spac≥Gr≥≥n’smatrixG(ω0)≤≥fin≥≤
byEq.(2.82)≥xc≥ptthatithasnocorr≥lationb≥tw≥≥nitsr≥alan≤imaginaryparts.

8Ifw≥ar≥justint≥r≥st≥≤inth≥bor≤≥rlin≥z∈δD,i.≥.th≥boun≤aryb≥tw≥≥nth≥holomorphican≤
non-holomorphic≤omainsofgX1+iX2(z),itisalsopossibl≥tous≥aconformaltransformationthatmapsth≥cutst∈RofgX1+X2(t)ontoδD.Th≥≥quationz=f(t)followsfromgX1+iX2(z)=gX1+X2(t),s≥≥R≥fs.[177,178].
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Usingth≥≤≥finition(5.136)ofasymptoticfr≥≥n≥ss[143,176]itis≥asytoch≥ckthatth≥
matric≥sĈan≤Ŝ ar≥asymptoticallyfr≥≥,inagr≥≥m≥ntwithth≥intuitiv≥≤≥finitionof
fr≥≥n≥ssasstatisticalin≤≥p≥n≤≥nc≥.
On≥can≥asilyshowthatforth≥sam≥r≥asonasth≥on≥that≥nsur≥≤positiv≥n≥ss

ofth≥≥ig≥nvalu≥softh≥matrixS(ω0)ins≥ction5.7,th≥compl≥x≥ig≥nvalu≥sΛnofth≥
matrixX(ω0)ob≥yImΛn>−1.B≥si≤≥s,for≥achr≥alizationofX(ω0), N

n=1Λn=0,sothatΛ =0.

6.4.1 Analyticalsolutionsforth≥r≥solv≥ntan≤th≥≥ig≥nv≥ctorcorr≥-
lator

Sinc≥X(ω0)isofth≥formX1+iX2,wh≥r≥X1an≤X2ar≥twoasymptoticallyfr≥≥
H≥rmitianmatric≥s,w≥canmak≥us≥ofEqs.(6.83),(6.84)an≤(6.85)tocalculat≥th≥
r≥solv≥ntg(z)an≤th≥≥ig≥nv≥ctorcorr≥latorc(z)ofX(ω0).Inourcas≥,X1=C(ω0)
an≤X2=S(ω0)−IN.Inth≥limitofγ 1,th≥R-transformsofX1an≤X2ar≥
thos≥ofGaussianan≤ Wishartmatric≥s,r≥sp≥ctiv≥ly:RX1(z)=γz(s≥ction5.8.1)an≤RX2(z)=1/(1−γz)(s≥ction5.7.1).SolvingEqs.(6.83),(6.84)an≤(6.85),w≥fin≤:

g(z=x+iy)=x2γ−
i
2

y
γ(1+y)+

1
2+y , (6.90)

c(z=x+iy)= x
2γ

2
+14

y
γ(1+y)−

1
2+y

2
− 1
γ(1+y)(2+y). (6.91)

Th≥corr≥lator(6.91)mustvanishonth≥bor≤≥rlin≥δDofth≥≥ig≥nvalu≥≤omain. W≥
th≥r≥for≥r≥a≤ilyobtainan≥quationforth≥bor≤≥rlin≥z∈δDonth≥compl≥xplan≥:

x2+ y
1+y−

γ
2+y

2
− 4γ
(1+y)(2+y)=0, (6.92)

Th≥probability≤≥nsityinsi≤≥this≤omainis
p(x,y)=12π[∂xR≥g(z)−∂yImg(z)]

= 14π
1
γ+

1
γ(1+y)2−

1
(2+y)2 . (6.93)

Ab≥tt≥rmo≤≥lforth≥R-transformofth≥matrixX1=C(ω0)isgiv≥nbyEq.(5.197).
Ifw≥us≥this≥quationinst≥a≤ofRX1(z)=γzabov≥,analyticcalculationb≥com≥sim-possibl≥butw≥canstillcomput≥g(z)an≤c(z)num≥rically.Th≥r≥sultingbor≤≥rlin≥of
th≥≥ig≥nvalu≥≤omainisshowninFig.6.5(≤ash≥≤lin≥s)tog≥th≥rwithth≥≥ig≥nvalu≥
≤istributionofth≥matrixX(ω0)=C(ω0)+i[S(ω0)−IN]foun≤byth≥num≥rical≤i-
agonalizationofas≥tof104×104ran≤ommatric≥s.Atth≥small≥st≤≥nsityconsi≤≥r≥≤
ρλ30=0.01,th≥bor≤≥rlin≥foun≤usingEq.(5.197)isv≥ryclos≥toEq.(6.92).Athigh≥r≤≥nsiti≥sth≥form≥r≤≥scrib≥snum≥ricalr≥sultsmuchb≥tt≥rthanEq.(6.92).
Eq.(6.92)pr≥≤ictsasplittingofth≥≥ig≥nvalu≥≤omainintwopartsatγ=8.Th≥

mor≥accurat≥calculationusingEq.(5.197)mak≥sasimilarpr≥≤iction(s≥≥th≥low≥r
rightpan≥lofFig.6.5).How≥v≥r,th≥≥ig≥nvalu≥softh≥matrixX(ω0)≤onotshowsuch
asplittingan≤forman‘inv≥rt≥≤T’≤istributiononth≥compl≥xplan≥inst≥a≤.Thisis
≤u≥toth≥factthatth≥ March≥nko-Pasturlaw(5.171)failsto≤≥scrib≥th≥≥ig≥nvalu≥
≤istributionofth≥matrixS(ω0)atγ>1an≤h≥nc≥th≥R-transform1/(1−γz)that
w≥assum≥≤forS(ω0)isnotagoo≤approximationanymor≥.
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R≥Λ R≥Λ
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γ γ
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Figur≥6.5:D≥nsityplotofth≥logarithmofth≥probability≤≥nsityof≥ig≥nvalu≥sΛnof
asquar≥N×NEucli≤≥anmatrixX(ω0)with≥l≥m≥ntsX(ω0)ij=(1−δij)[cos(k0|ri−
rj|)/k0|ri−rj|+isin(k0|ri−rj|)/k0|ri−rj|]at4≤iff≥r≥nt≤≥nsiti≥sρofpointsri,ri
p≥rwav≥l≥ngthλ0=2π/k0cub≥.2N =2×104pointsrian≤ri(i=1,...,N)ar≥ran≤omlychos≥ninsi≤≥a3Dcub≥ofsi≤≥L;γ=2.8N/(k0L)2[s≥≥Eqs.(5.166)an≤
(5.186)]. Th≥probability≤istributionsar≥≥stimat≥≤from10r≥alizationsof{ri}an≤
{ri}. Dash≥≤lin≥sshowth≥≤omainof≥xist≥nc≥of≥ig≥nvalu≥sfollowingfromth≥fr≥≥probabilityth≥ory.

6.4.2 Scatt≥ring matrixan≤≥ff≥ctiv≥Hamiltonian

Itisworthwhil≥tonot≥thatth≥statisticalprop≥rti≥sofourmatrixX(ω0)ar≥strongly
r≥minisc≥ntofthos≥of≥ff≥ctiv≥Hamiltoniansus≥≤tocharact≥riz≥op≥nchaoticsyst≥ms
[193,195,210,211].Ifw≥r≥min≤th≥physicalm≥aningofth≥matrixun≤≥rstu≤y,w≥
un≤≥rstan≤thatthisanalogyisnotanacci≤≥nt,asw≥now≥xplain.Th≥ran≤ommatrix
mo≤≥lintro≤uc≥≤byMahauxan≤ W≥i≤≥nmΨull≥rforth≥M×M scatt≥ringmatrixofan
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op≥nchaoticsyst≥mis[210,211]:

S(E)=IM −iaH† 1
E−H̃≥H, (6.94)

H̃≥=H0−ia2HH
†, (6.95)

wh≥r≥H0isaH≥rmitianmatrixthat≤≥scrib≥sth≥clos≥≤partofth≥syst≥mun≤≥rcon-
si≤≥ration,Eisth≥≥n≥rgyofth≥incomingwav≥,H isaN×M matrixthatcontains
≥ntri≥scouplingth≥Nint≥rnalstat≥stoth≥M ≥xt≥rnalchann≥ls,an≤a>0isanov≥rall
couplingparam≥t≥rcontrollingth≥‘≤≥gr≥≥ofnon-H≥rmiticity’ofth≥≥ff≥ctiv≥Hamilto-
nianH̃≥.Eqs.(6.94)an≤(6.95)ar≥a≤ir≥ctcons≥qu≥nc≥ofth≥g≥n≥ral≥xpr≥ssion(2.93)
forth≥proj≥ctionofanarbitraryr≥solv≥nt.H0iscommonly≤rawnfromth≥Gaussian
≥ns≥mbl≥(5.1),an≤Hischos≥nsuchthatHH†isa Wishartmatrix.Ran≤omn≥ssinH0
an≤HH†isassum≥≤tob≥in≤≥p≥n≤≥nt,m≥aningthatH0an≤HH†ar≥asymptotically
fr≥≥matric≥s.Th≥≥ig≥nvalu≥≤istributionofH̃≥wasconsi≤≥r≥≤pr≥viouslybyHaak≥≥t
al.[192](withth≥h≥lpofth≥r≥plicatrick),L≥hmann≥tal.[212](usingth≥sup≥rsym-
m≥trym≥tho≤)an≤Janik≥tal.[178](usingth≥fr≥≥probabilityth≥ory).Th≥splittingof
th≥≤omainof≥xist≥nc≥of≥ig≥nvalu≥sintwopartswasobs≥rv≥≤wh≥nawasincr≥as≥≤.
Thisisslightly≤iff≥r≥ntfromourmatrixX(ω0)thathas≥l≥m≥ntswith≥qualvarianc≥s
γ/Nofr≥alan≤imaginaryparts(h≥nc≥alwaysth≥sam≥≤≥gr≥≥ofnon-H≥rmiticity)
butthatstill≥xhibitsth≥splittingofth≥≥ig≥nvalu≥≤omainwh≥nγisincr≥as≥≤. To
fullyun≤≥rstan≤th≥originofthissimilarity,l≥tusconsi≤≥rar≥alisticscatt≥ringmatrix
Sfαβ=δαβ+ ψα|Gf0Tf|ψβ (α=1,...,M),≤≥scribingth≥propagationoflightamongNatomswithknownpolarizability(s≥≥chapt≥rs2an≤3foramicroscopic≤≥rivation).
Accor≤ingtoEq.(4.59),itisgiv≥nby

Sf(ωL)=IM +TH† 1
A(ωL)−1−G(ω0)H, (6.96)

G(ω0)=HTH†, (6.97)
wh≥r≥ωListh≥fr≥qu≥ncyoflight,ω0th≥fr≥qu≥ncyofth≥activ≥atomictransition,A(ωL)
isth≥polarizabilitymatrix(4.31),an≤His≤≥fin≥≤byEq.(5.10). Tob≥concr≥t≥,l≥t
usnowchoos≥th≥polarizability(4.8)ofathr≥≥-l≥v≥latomun≤≥ranincoh≥r≥ntpump.
Eq.(6.96)b≥com≥s

Sf(ωL)=IM +TH† Γ0
ωL−H≥D

(1)H, (6.98)

H≥=ω0IN+Γ0D(1)R≥G(ω0)−iΓ02 −2D(1)ImG(ω0)+IN+D(2), (6.99)

wh≥r≥D(1)=≤iag[Π≥qi/2(1+si)]an≤D(2)=≤iag[Wi].Inth≥abs≥nc≥ofpump(Wi=0)an≤fi≥l≤nonlin≥ariti≥s(si=0),th≥≥ff≥ctiv≥Hamiltonian(6.99)r≥≤uc≥sto

H≥=ω0IN−Γ02R≥G(ω0)−
iΓ0
2[ImG(ω0)+IN]. (6.100)

Asalr≥a≤ynotic≥≤ins≥ction4.4,this≥xpr≥ssionisi≤≥nticaltoth≥≥ff≥ctiv≥Hamiltonian
(2.98)obtain≥≤withth≥quantumscatt≥ringformalism.Onth≥oth≥rhan≤,H≥r≥v≥als
important≤iff≥r≥nc≥swithr≥sp≥cttoth≥≥ff≥ctiv≥HamitonianH̃≥(6.95):
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•InEq.(6.100),th≥H≥rmitianpartaccountingforth≥clos≥≤syst≥m,H0=ω0IN,is
notran≤om,contrarytoH0inEq.(6.95),b≥caus≥w≥assum≥≤thatallatomshav≥
th≥sam≥int≥rnalfr≥qu≥ncyω0.Int≥r≥stingly,w≥not≥thataran≤omcontribution
cann≥v≥rth≥sl≥ssapp≥arinH0ifw≥assum≥aninhomog≥n≥ouspumpinsucha
waythatD(1)an≤D(2)b≥com≥ran≤ommatric≥s,s≥≥Eq.(6.99).
•Th≥H≥rmitianpartofEq.(6.100)containsalsoth≥ran≤ommatrixR≥G(ω0). W≥
r≥callthatitcom≥sfromnon-r≥sonantcontributions(or‘off-sh≥llproc≥ss≥s’)inth≥
light-matt≥rint≥raction,an≤r≥pr≥s≥ntsth≥‘coll≥ctiv≥Lambshift’[75,83,88,90].
Th≥latt≥rislostifRWAisus≥≤inth≥≤≥rivationofth≥wav≥≥quation(s≥≥s≥ctions
2.3.1an≤2.3.2.a).Thisshiftisabs≥ntinth≥mo≤≥l(6.95)b≥caus≥itisg≥n≥rally
assum≥≤tob≥small≥rthanH0an≤its≥ff≥ctisth≥r≥for≥n≥gl≥ct≥≤9[210,211].
Inth≥stu≤yofmultipl≥scatt≥ring,n≥gl≥ctingth≥r≥alpartofth≥Gr≥≥n’smatrix
larg≥lysimplifi≥sth≥analysisofr≥sonanc≥sbutisnotvali≤athigh≤≥nsiti≥s(s≥≥
s≥ction6.5.4).Int≥r≥stingly,inth≥limitγ 1,R≥G(ω0)isw≥llapproximat≥≤by
aGaussianmatrix,mimickingth≥r≥for≥th≥ran≤omHamiltonianH0ofEq.(6.95).
How≥v≥r,ifitisw≥lljustifi≥≤toconsi≤≥rH0in≤≥p≥n≤≥ntfromth≥anti-H≥rmitian
partofH̃≥,itiscl≥arlyinaccurat≥toassum≥thatR≥G(ω0)an≤ImG(ω0)ar≥
in≤≥p≥n≤≥nt(compar≥Figs.6.5an≤6.6).
•Th≥anti-H≥rmitianpartofEq.(6.100)isth≥sincmatrixS(ω0)=ImG(ω0)+
IN,thatisw≥llapproximat≥≤forγ<1byth≥ WishartmatrixγHH†. H≥nc≥,
w≥r≥cov≥rth≥anti-H≥rmitianpartofEq.(6.95)witha=γ=N/M. Thisis
notsurprisinginasmuchasth≥mo≤≥l(6.95)isobtain≥≤with≥xactlyth≥sam≥
approximationasth≥on≥yi≥l≤ingtoS(ω0) γHH†.10Thisanalogysugg≥ststhat
th≥mo≤≥l(6.95)shoul≤notb≥compl≥t≥lysuffici≥ntwh≥nth≥numb≥rNofint≥rnal
≤≥gr≥≥soffr≥≥≤om≥xc≥≥≤sth≥numb≥rM ofchann≥ls. As≤iscuss≥≤abov≥,th≥
splittingobs≥rv≥≤inth≥≥ig≥nvalu≥≤istributionforlarg≥γisacons≥qu≥nc≥ofthis
approximation. H≥nc≥,w≥b≥li≥v≥thatth≥splitting≤iscuss≥≤inR≥f.[178,192,
212],an≤r≥port≥≤inth≥r≥c≥ntlit≥ratur≥[211],isanart≥factofth≥mo≤≥l(6.95)
thatfailsto≤≥scrib≥th≥corr≥ct≥ff≥ctiv≥Hamiltonianofth≥syst≥mun≤≥rstu≤y,
inallr≥gim≥sof≤isor≤≥r11.

6.5 Eig≥nvalu≥≤≥nsityofth≥ran≤omGr≥≥n’smatrixG(ω0)
L≥tusnowillustrat≥th≥pow≥rofEqs.(6.34),(6.35),(6.40),an≤(6.41)onth≥≥xampl≥
ofth≥N×Nran≤omGr≥≥n’smatrix

G(ω0)ij=(1−δij)≥xp(ik0|ri−rj|)k0|ri−rj| , (6.101)
wh≥r≥k0=2π/λ0an≤λ0isth≥wav≥l≥ngth. W≥assum≥thatth≥Npointsriar≥chos≥n
ran≤omlyinsi≤≥athr≥≥-≤im≥nsional(≤=3)volum≥V.Thisnon-H≥rmitianERMisof

9Itamountston≥gl≥ctingth≥principal-valu≥compon≥ntofRjj inEq.(2.97).10Startingfromth≥r≥pr≥s≥ntation(5.154),w≥r≥cov≥rS(ω0) γHH†bychoosingµα ρf0(kα)=
2π2ρδ(kα−k0)/k20(s≥≥alsos≥ction5.7.1). Onth≥oth≥rhan≤,Eq.(6.95)isobtain≥≤fromEq.(2.97)
wh≥r≥th≥matrixVisnothingbutth≥matrixH(uptoanum≥ricalpr≥factor).
11Not≥thatsplittingsar≥,how≥v≥r,obs≥rv≥≤inth≥≥ig≥nvalu≥≤istributionofS(ω0)(s≥ction5.7.2)or
G(ω0)(s≥ction6.5.1).Th≥crucialpointisthatth≥y≤onotoccurforγ∼N/(k0L)2∼1,butfork0L∼1.
Inparticular,inth≥limitofv≥rysmallsampl≥k0L 1,th≥clou≤of≥ig≥nvalu≥sofG(ω0)withth≥
larg≥stimaginarypart≤≥scrib≥sth≥sup≥rra≤ianc≥(s≥≥s≥ction6.5.1).
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sp≥cialimportanc≥inth≥cont≥xtofwav≥propagationin≤isor≤≥r≥≤m≥≤iab≥caus≥its
≥l≥m≥ntsar≥proportionaltoth≥Gr≥≥n’sfunctionofH≥lmholtz≥quation,withrithat
mayb≥thoughtofaspositionsofpoint-lik≥scatt≥ringc≥nt≥rs.Itpr≥viouslyapp≥ar≥≤
inR≥fs.[86,90,104–106,108,109,181],butwasstu≤i≥≤onlyby≥xt≥nsiv≥num≥rical
simulations,≥xc≥ptinR≥f.[90]wh≥r≥analyticr≥sultsw≥r≥obtain≥≤inth≥infinit≥≤≥nsity
limit.
Similarlytoth≥≥ig≥nvalu≥sofX(ω0)≤≥fin≥≤byEq.(6.89)an≤forth≥sam≥r≥asons,

th≥≥ig≥nvalu≥sΛnofth≥ran≤ommatrix(6.101)ob≥y,for≥achr≥alization,
N

n=1
Λn=0,ImΛn>−1. (6.102)

V≥ryg≥n≥rally,th≥≥ig≥nvalu≥≤≥nsityofG(ω0)≤≥p≥n≤sontwo≤im≥nsionl≥ssparam≥t≥rs:
th≥numb≥rofpointsp≥rwav≥l≥ngthcub≥≤ρλ30an≤th≥s≥con≤mom≥ntof|Λ|calculat≥≤inth≥limitoflow≤≥nsity:|Λ|2 =γ=Tr(T̂T̂†)/N[Eq.(6.51)].Ev≥nthoughth≥latt≥r
r≥sultfor|Λ|2 canb≥rigourouslyjustifi≥≤onlyinth≥limitoflow≤≥nsityρλ30 1[s≥≥
Eq.(6.50)],w≥ch≥ck≥≤num≥ricallythatithol≤sapproximat≥lyupto≤≥nsiti≥sashigh
asρλ30∼100. Eqs.(6.51),(6.50),an≤(5.121)showthatth≥s≥con≤mom≥ntof|Λ|isr≥lat≥≤toth≥s≥con≤mom≥ntsofth≥≥ig≥nvalu≥sofR≥G(ω0)an≤ImG(ω0)accor≤ingto

γ= |Λ|2G(ω0)= (R≥Λ)2 G(ω0)+ (ImΛ)2 G(ω0)
=12Λ

2
R≥G(ω0)+

1
2Λ

2
ImG(ω0) (6.103)

= Λ2R≥G(ω0)= Λ2ImG(ω0). (6.104)
Eq.(6.104)hol≤sfork0R 1an≤ρλ30 100,wh≥r≥asEq.(6.103)isalsovali≤forany
k0Ran≤arbitrarynon-H≥rmitiantrac≥l≥ssERM[provi≤≥≤thatEq.(6.50)hol≤s]. W≥
wills≥≥fromth≥followingthatth≥twoparam≥t≥rsρλ30an≤γcontrol≤iff≥r≥ntprop≥rti≥softh≥≥ig≥nvalu≥≤≥nsity.

6.5.1 Bor≤≥rlin≥ofth≥≥ig≥nvalu≥≤omain
W≥firstfocusonth≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥swhichis≥asi≥rtovisualiz≥.
Ourgoalistosolv≥Eqs.(6.40)an≤(6.41).Aswasth≥cas≥forth≥H≥rmitianmatric≥s
ImG(ω0)an≤R≥G(ω0),thiscanb≥≤on≥≥xactlyifth≥volum≥Vpr≥s≥rv≥sth≥symm≥try
ofth≥functionf(|r−r|).Inthiss≥ction,w≥assum≥thatth≥Npointsar≥chos≥ninsi≤≥
asph≥r≥ofra≤iusR.Forarbitraryk0R,th≥param≥t≥rγ(6.55)isth≥ngiv≥nby

γ= 3N
(k0R)2

1

0
≤xs(x)= 9N

8(k0R)2. (6.105)

InFig.6.6w≥pr≥s≥ntacomparisonofth≥solutionsofEqs.(6.40)an≤(6.41)(s≥≥
b≥lowfor≥xplanation)withr≥sultsofnum≥rical≤iagonalizationofth≥matrix(6.101)for
k0R 1.

6.5.1.a Approximat≥solutionatlow≤≥nsity
L≥tusshowhowan≥xplicit≥quationforth≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥
≤≥nsityofth≥ran≤omGr≥≥n’smatrix(6.101)canb≥≤≥riv≥≤inth≥low-≤≥nsitylimit.
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Figur≥6.6: D≥nsityplotsofth≥logarithmof≥ig≥nvalu≥≤≥nsityofth≥N×Nran≤om
Gr≥≥n’smatrix(6.101)obtain≥≤bynum≥rical≤iagonalizationof10r≥alizationsofth≥
matrixforN =104. Pointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR. Th≥
soli≤r≥≤lin≥sr≥pr≥s≥ntth≥bor≤≥rlin≥softh≥supportof≥ig≥nvalu≥≤≥nsityfollowing
fromEq.(6.117)inpan≥ls(a)an≤(b)an≤fromEqs.(6.135)an≤(6.136)inpan≥ls(c)
an≤(≤).Th≥≤ash≥≤lin≥sshowth≥≤iffusionapproximation(6.121).

Onth≥on≥han≤,trac≥sapp≥aringinEqs.(6.40)an≤(6.41)inth≥|r-r≥pr≥s≥ntation
r≥a≤

TrŜ0=Tr T̂
1−ĝT =Tr T̂+ĝTŜ0

=g
V
≤3r≤3rT(r,r)S0(r,r), (6.106)

TrŜ0̂S†0= V
≤3r≤3rS0(r,r)2, (6.107)

wh≥r≥T(r,r)=ρr|̂A|r =ρ≥xp(ik0|r−r|)/k0|r−r|an≤inEq.(6.106)w≥us≥≤th≥
factthatTr̂T=ρTrÂ=0,asfollowsfromEq.(6.101). Onth≥oth≥rhan≤,S0(r,r)=
r|̂S0|r ob≥ys

S0(r,r)=T(r,r)+g
V
≤3rT(r,r)S0(r,r), (6.108)
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asfollowsfromth≥≤≥finitionofŜ0.Notingthat

∆r+k20+i T(r,r)=−4πρk0δ
(3)(r−r), (6.109)

wh≥r≥ →0+,w≥applyth≥op≥rator∆r+k20+i toEq.(6.108)an≤obtain

∆rS0(r,r)+k20 1+gρλ
30

2π2ΠV(r)+i S0(r,r)=−
4πρ
k0δ

(3)(r−r), (6.110)

wh≥r≥ΠV(r)=1forr∈Van≤0≥ls≥wh≥r≥.Inth≥limitoflow≤≥nsityρλ30→ 0,anapproximat≥solutionofthis≥quationisobtain≥≤byn≥gl≥cting‘r≥fl≥ctions’ofth≥‘wav≥’
S0(r,r)onth≥boun≤ari≥softh≥volum≥Van≤thuss≥ttingΠV(r)=1≥v≥rywh≥r≥.
Thisyi≥l≤s

S0(r,r) ρ≥xp[iκ(g)|r−r|]k0|r−r| , (6.111)

κ(g)=k0 1+gρλ302π2. (6.112)

W≥nowplugth≥≥xplicit≥xpr≥ssionsfor T(r,r)an≤S0(r,r)intoEqs.(6.106)an≤
(6.107)an≤us≥th≥auxiliaryr≥sult(5.128).Thisyi≥l≤s

TrŜ0=2γNgh[−iκ(g)R−ik0R], (6.113)
TrŜ0̂S†0=2γNh[2Imκ(g)R], (6.114)

with

h(x)=
1
0≤us(u)≥−2ux
1
0≤us(u)

= 1
6x4 3−6x

2+8x3−3(1+2x)≥−2x . (6.115)

Inth≥low-≤≥nsitylimit,gcanb≥≥liminat≥≤fromEqs.(6.40)an≤(6.41)byn≥gl≥cting
TrŜ0/NinEq.(6.40)an≤substitutingg=1/zintoEq.(6.114).Thisgiv≥s

|Λ|2=2γh[2Imκ(1/Λ)R]. (6.116)
Ifth≥argum≥ntofth≥functionhinEq.(6.116)is≥xpan≤≥≤ins≥ri≥sinρλ30,Eq.(6.116)b≥com≥s:

|Λ|2 2γh −8γImΛ3|Λ|2 . (6.117)

BycomparingEq.(6.117)withth≥≥xactsolution(s≥≥s≥ction6.5.1.can≤Fig.6.6),w≥
conclu≤≥thatitisvali≤upto≤≥nsiti≥sashighasρλ30 10.
Forγ 1,th≥≤≥nsityof≥ig≥nvalu≥sisroughlyuniformwithinacircular≤omain

ofra≤ius√2γ,s≥≥Fig.6.6(a).Th≥≤omaingrowsinsiz≥an≤shiftsupuponincr≥asing
γ. Atγ 1itstartsto‘f≥≥l’th≥‘wall’ImΛ=−1an≤≤≥forms[Fig.6.6(b)]. B≥for≥
consi≤≥ringth≥shap≥ofth≥≥ig≥nvalu≥≤omainathigh≥r≤≥nsiti≥s,w≥woul≤lik≥toshow
howth≥scatt≥ringth≥ory≤iscuss≥≤inchapt≥r4canalsob≥us≥≤to≤≥riv≥an≥quation
foritsbor≤≥rlin≥.
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6.5.1.b Mappingtoth≥scatt≥ringth≥ory
Ins≥ction4.4w≥intro≤uc≥≤amappingb≥tw≥≥nth≥probl≥mofmultipl≥scatt≥ringof
wav≥sbypointlik≥scatt≥r≥rsan≤th≥prop≥rti≥softh≥Gr≥≥n’smatrix.Inth≥stationary
r≥gim≥,th≥int≥nsityatriofawav≥≥mitt≥≤byapointsourc≥locat≥≤atrjisIij=|Gfij|2,
wh≥r≥Gfij= ri|Gf|rj isth≥Gr≥≥n’sop≥rator[s≥≥Eqs.(4.36)an≤(4.85)]. L≥tus
intro≤uc≥I(̃t) = i=jIij,wh≥r≥w≥≥mphasiz≥thatI≤≥p≥n≤sont̃,th≥scatt≥ringstr≥ngthofanin≤ivi≤ualscatt≥r≥r[Eq.(4.20)]. Withth≥h≥lpofEq.(4.62),w≥r≥writ≥
I(̃t)as

I(̃t)=Tr 1
[̃t−(Gm0)−1][̃t−(Gm0)−1]†

, (6.118)
wh≥r≥th≥N×NmatrixGm0 isproportionaltoth≥Gr≥≥n’smatrix,Gm0 =−k0G(ω0)/4π.Thisistob≥compar≥≤withth≥≥xpr≥ssionforth≥corr≥latorofrightan≤l≥ft≥ig≥nv≥ctors
ofanarbitrarymatrixA,c(z)=lim→0+G12,followingfromEq.(6.17):

c(z)=−lim→0+
i
N Tr 1

(z−A)(z−A)†+ 2 . (6.119)

ForA=(Gm0)−1an≤z=t̃w≥thushav≥

c(̃t)=−lim→0+
i
N I(̃t). (6.120)

Thisshoul≤b≥com≥≤iff≥r≥ntfromz≥rowh≥nt̃≥nt≥rsth≥supportofth≥≥ig≥nvalu≥
≤≥nsityof(Gm0)−1or,≥quival≥ntly,wh≥n1/̃t≥nt≥rsth≥supportofth≥≥ig≥nvalu≥≤≥nsityofGm0. Th≥onlywaytoobtainc(̃t)=0for → 0+ istomak≥I(̃t)≤iv≥rg≥.In
th≥fram≥workofourlin≥ar mo≤≥lofscatt≥ring,thiscanb≥achi≥v≥≤byr≥alizinga
ran≤omlas≥r. W≥thuscom≥toth≥conclusionthatfin≤ingth≥bor≤≥rlin≥ofth≥support
ofth≥≥ig≥nvalu≥≤≥nsityp(Λ)ofth≥N×NGr≥≥n’smatrix(6.101)ismath≥matically
≥quival≥nttocalculatingth≥ran≤omlasingthr≥shol≤inan≥ns≥mbl≥ofN i≤≥ntical
point-lik≥scatt≥r≥rswithscatt≥ringstr≥ngtht̃=−4π/k0Λ. Thisconclusioncanalso
b≥s≥≥nasa≤ir≥ctcons≥qu≥nc≥ofth≥mor≥g≥n≥ralthr≥shol≤con≤ition(4.34)vali≤
for≥achr≥alizationofth≥Gr≥≥n’smatrix,an≤notonlyonav≥rag≥.Inth≥≤iffusion
approximation,for≥xampl≥,th≥thr≥shol≤ofsucharan≤omlas≥risgiv≥nbyEq.(4.138)
witht̃=−4π̃α/k0.Thisl≥a≤stoth≥following≥quationforth≥bor≤≥rlin≥:

|Λ|2= 8γ√3π
√1+ImΛ 1+ |Λ|2

|Λ|2+4γ . (6.121)

W≥showthis≥quationinFigs.6.6(a)an≤(b)by≤ash≥≤lin≥s. As≥xp≥ct≥≤,itgiv≥s
satisfactoryr≥sultsonlyinth≥w≥akscatt≥ringr≥gim≥ρλ30 10an≤atlarg≥optical
thickn≥ssb=2R/ls=16γ/3|Λ|2 1,wh≥r≥ls=4π/ρ|̃t|2isth≥scatt≥ringm≥anfr≥≥
path[Eq.(4.128)].Incontrast,ourEqs.(6.40)an≤(6.41)applyatanyρλ30an≤b.Th≥s≥≥quationscanth≥r≥for≥s≥rv≥asab≥nchmarkforth≥ori≥sofmultipl≥scatt≥ring.

6.5.1.c Exactsolutionatany≤≥nsity
Th≥approximat≥≥quation(6.116)forth≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥≤≥nsity
yi≥l≤saclos≥≤lin≥onth≥compl≥xplan≥untilρλ30 30,aft≥rwhichth≥lin≥op≥nsfrom
b≥low.Thisop≥ningisr≥minisc≥ntofth≥gappr≥≤ict≥≤byEq.(5.199)forth≥≥ig≥nvalu≥
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≤istributionofth≥matrixR≥G(ω0).Thissignalsthatanimportantchang≥inb≥havior
mightb≥≥xp≥ct≥≤atthis≤≥nsity. An≤in≤≥≥≤,w≥obs≥rv≥thata‘hol≥’op≥nsinth≥
≥ig≥nvalu≥≤≥nsityforρλ30 30.Asw≥s≥≥inFig.6.6(c),thishol≥isp≥rf≥ctly≤≥scrib≥≤
byourEqs.(6.40)an≤(6.41)whichw≥nowsolv≥inth≥bi-orthogonalbasisofright|Rα
an≤l≥ft|Lα ≥ig≥nv≥ctorsofth≥op≥ratorT̂.Th≥s≥≥ig≥nv≥ctorsob≥ŷT|Rα =µα|Rα
an≤T̂†|Lα =µ∗α|Lα.Inthisbasis,Eqs.(6.40)an≤(6.41)r≥a≤

z=1g+
g
N α

µ2α
1−gµα, (6.122)

1
|g|2=

1
N α,β

µαµ∗βLα|Lβ Rβ|Rα
(1−gµα)(1−gµβ)∗, (6.123)

wh≥r≥w≥ ma≤≥us≥ofth≥factthatTrT̂ =0an≤th≥r≥for≥TrŜ0 = gTrT̂Ŝ0[s≥≥
Eq.(6.106)].Th≥probl≥m≥ss≥ntiallyr≥≤uc≥stosolvingth≥≥ig≥nvalu≥≥quation

ρ
V
≤3r≥xp(ik0|r−r|)k0|r−r| Rα(r)=µαRα(r), (6.124)

wh≥r≥r∈V. AsfollowsfromEq.(6.109),Rα(r)isalsoan≥ig≥nv≥ctorofth≥Lapla-
cian,∆rRα(r)=−κ2αRα(r),withκα=κ(1/µα).Inasph≥r≥ofra≤iusR,usingth≥≤≥compositionofth≥k≥rn≥lofEq.(6.124)insph≥ricalharmonics,

≥xp(ik0|r−r|)
k0|r−r| =4iπ

∞

l=0

l

m=−l
jlk0min(r,r)h(1)l k0max(r,r)Ylm(θ,φ)Ylm(θ,φ)∗,

(6.125)
itisquit≥≥asytofin≤that[90]

Rα(r)=Rlmp(r)=Alpjl(κlpr)Ylm(θ,φ), (6.126)
wh≥r≥θan≤φar≥th≥polaran≤azimuthalangl≥softh≥v≥ctorr,r≥sp≥ctiv≥ly,jlar≥
sph≥ricalB≥ss≥lfunctionsofth≥firstkin≤,h(1)l ar≥sph≥ricalHank≥lfunctions,Ylmar≥sph≥ricalharmonics,Alpar≥normalizationco≥ffici≥nts,an≤α={l,m,p}.Furth≥rmor≥,
co≥ffici≥ntsκlpob≥y[90]

κlp
k0=

jl(κlpR)
jl−1(κlpR)

h(1)l−1(k0R)
h(1)l (k0R)

. (6.127)

Int≥g≥rplab≥lsth≥≤iff≥r≥ntsolutionsofthis≥quationforagiv≥nl.H≥nc≥,≥ig≥nvalu≥s

µlp=ρλ
30

2π2
1

(κlp/k0)2−1 (6.128)

ar≥(2l+1)-tim≥s≤≥g≥n≥rat≥(m∈[−l,l]).
Inth≥limitk0R→∞,forl k0Ran≤l κlpR,w≥canus≥asymptotic≥xpr≥ssions

forth≥sph≥ricalfunctionsinEq.(6.127)toobtain
i
2ln

κlp+k0
κlp−k0 =−κlpR+ l

2+p π. (6.129)
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Figur≥6.7:Th≥soli≤r≥≤(gr≥≥n)lin≥r≥pr≥s≥ntsth≥bor≤≥rlin≥ofth≥supportof≥ig≥n-
valu≥≤≥nsityfollowingfromEq.(6.135)[Eq.(6.135)approximat≥≤byz 1/g,r≥sp≥c-
tiv≥ly]an≤Eq.(6.136);N=104.Blu≥pointsr≥pr≥s≥ntµlp−i,withµlpth≥≥ig≥nvalu≥s
giv≥nbyEqs.(6.127)an≤(6.128). Th≥yar≥localiz≥≤inth≥vicinityofaroughlycir-
cularblacklin≥followingfromEq.(6.130). Th≥horizontal≤ash≥≤lin≥corr≥spon≤sto
ImΛ=−1.

Inthislimit,th≥≥ig≥nvalu≥sµlpar≥th≥r≥for≥localiz≥≤inth≥vicinityofaroughlycircular
lin≥12inth≥compl≥xplan≥giv≥nby

κ(1/µ)−k0
κ(1/µ)+k0

2
≥4iκ(1/µ)R =1. (6.130)

L≥tusnowstu≤yth≥≥ig≥nv≥ctors.Usingstan≤ar≤prop≥rti≥sofsph≥ricalharmonics
an≤sph≥ricalB≥ss≥lfunctions[182],w≥canshowthat

R∗lmp|Rlmp =(−1)mA2lpR
3
2 jl(κlpR)

2−jl−1(κlpR)jl+1(κlpR)δl,lδm,−mδp,p.(6.131)

Fromth≥normalizationcon≤ition Llmp|Rlmp =δl,lδm,mδp,p,w≥fin≤thatLlmp(r)=
(−1)mRl(−m)p(r)∗an≤

Alp= 2
R3

1
jl(κlpR)2−jl−1(κlpR)jl+1(κlpR). (6.132)

Onth≥oth≥rhan≤,w≥alsohav≥

Rlmp|Rlmp =R
2A∗lpAlp
κ2lp−κ∗2lp

κ∗lpjl−1(κ∗lpR)jl(κlpR)−κlpjl−1(κlpR)jl(κ∗lpR)δl,lδm,m,
(6.133)

12An≥quationofacircl≥canb≥foun≤fromEq.(6.130)by≥xpan≤ingκ(1/µ)ins≥ri≥sin1/ρλ30.Th≥
r≥sulting≥quationis(x+ρλ30/8π2)2+(y−R/2+1)2=R2withR=4γ/3W(4k0R),µ=x+iy,an≤
W(t)th≥Lamb≥rtfunction(th≥inv≥rs≥r≥lationofth≥functionf(W)=W≥W);W(t) lntfor|t| 1.
H≥nc≥,R 4γ/3ln(4k0R)fork0R 1.
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Figur≥6.8:Sam≥asFig.6.7butforhigh≥r≤≥nsiti≥s. Arrowsin≤icat≥howth≥clou≤s
of≥ig≥nvalu≥sΛnc≥nt≥r≥≤aroun≤µlp−iar≥movingalongth≥roughlycircularblack
lin≥[Eq.(6.130)]wh≥nth≥≤≥nsityisincr≥as≥≤atfix≥≤N =104,i.≥.,wh≥nth≥siz≥
k0Ris≤≥cr≥as≥≤.SymbolS≤≥signat≥sth≥clou≤of≥ig≥nvalu≥sthatwillgiv≥ris≥to
sup≥rra≤ianc≥inth≥limitofsmallsampl≥k0R→0.

an≤ Llmp|Llmp = Rlmp|Rlmpδl,lδm,m.Itisnowconv≥ni≥nttointro≤uc≥an≥w
co≥ffici≥nt

Clpp=
4κ∗lpRjl−1(κ∗lpR)jl(κlpR)−κlpRjl−1(κlpR)jl(κ∗lpR)

2

κ2lpR2−κ∗2lpR2
2
jl(κ∗lpR)2−jl−1(κ∗lpR)jl+1(κ∗lpR) jl(κlpR)2−jl−1(κlpR)jl+1(κlpR)

,

(6.134)
int≥rmsofwhichEqs.(6.122)an≤(6.123)b≥com≥

z=1g+
g
N l p

(2l+1)µ2lp
1−gµlp, (6.135)

1
|g|2=

1
N l p p

(2l+1)µlpµ∗lpClpp
(1−gµlp)(1−gµlp)∗. (6.136)

Tofin≤th≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥≤≥nsityofth≥matrix(6.101) —
showninFigs.6.6(c),6.6(≤),6.7an≤6.8 —w≥applyth≥followingr≥cip≥.(1)Fin≤
solutionsκlpofEq.(6.127)num≥ricallyan≤th≥ncomput≥th≥corr≥spon≤ingµlp.(2)
Comput≥th≥co≥ffici≥ntsClppusingEq.(6.134).(3)Fin≤lin≥sonth≥compl≥xplan≥
1/g≤≥fin≥≤byEq.(6.136)(soli≤gr≥≥nlin≥sinFigs.6.7an≤6.8).(4)Transformth≥
lin≥sonth≥compl≥xplan≥1/gintocontoursonth≥compl≥xplan≥zusingEq.(6.135).
Th≥latt≥rcontoursar≥th≥bor≤≥rlin≥softh≥supportof≥ig≥nvalu≥≤≥nsityp(Λ).
Athigh≤≥nsityth≥crownform≥≤byth≥≥ig≥nvalu≥sblowsupinspotsc≥nt≥r≥≤

aroun≤µα−i,wh≥r≥µαar≥th≥≥ig≥nvalu≥sofT̂,asw≥showinFig.6.6(≤). Wh≥n
th≥≤≥nsityisfurth≥rincr≥as≥≤,th≥clou≤sof≥ig≥nvalu≥sofAturnclockwis≥alongth≥
circularlin≥giv≥nbyEq.(6.130)an≤shrinkinsiz≥.Th≥≥ig≥nvalu≥sΛ≥v≥ntuallyb≥com≥
≥qualtoµα−i(Fig.6.8).Th≥yth≥nfallonth≥circularlin≥(6.130)an≤th≥probl≥m
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Figur≥6.9: M≥anmaximumvalu≥ofth≥imaginarypartof≥ig≥nvalu≥sΛofth≥N×Nran-
≤omGr≥≥n’smatrixG(ω0).Ouranalyticr≥sults(soli≤lin≥s)followingfromEqs.(6.135)
an≤(6.136)ar≥compar≥≤withth≥r≥sultsofnum≥rical≤iagonalizationforthr≥≥≤iff≥r-
≥ntmatrixsiz≥sN (symbols). Analyticr≥sults≤≥p≥n≤bothonγan≤ρλ30,≥xc≥ptforρλ30 10wh≥nth≥yr≥≤uc≥toEq.(6.117)(≤ot-≤ash≥≤lin≥).Th≥≤ash≥≤lin≥r≥pr≥s≥nts
th≥pr≥≤ictionofth≥≤iffusionapproximation(6.121).

loos≥sitsstatisticalnatur≥.Asfollowsfromouranalysis,th≥param≥t≥rγcontrolsth≥
ov≥rall≥xt≥ntofth≥supportof≥ig≥nvalu≥≤≥nsityDonth≥compl≥xplan≥,wh≥r≥asits
structur≥≤≥p≥n≤salsoonth≥≤≥nsityρλ30.Atfix≥≤γ,Dgo≥sthroughatransitionfroma≤isk-lik≥toanannulus-lik≥shap≥,an≤≥v≥ntuallysplitsinto multipl≥≤isconn≥ct≥≤
spotsuponincr≥asingρλ30. Th≥transitionfrom≤isk-lik≥toth≥annulus-lik≥shap≥isr≥minisc≥ntofth≥≤isk-annulustransitioninth≥≥ig≥nvalu≥≤istributionofrotationally
invariantnon-H≥rmitianran≤ommatrix≥ns≥mbl≥s[187](s≥≥th≥≤iscussionatth≥≥n≤
ofs≥ction6.3.1).
Quit≥r≥markably,ourformalismcaptur≥sprop≥rlyth≥transitiontoth≥continuous

m≥≤iumr≥gim≥(high≤≥nsity)an≤toth≥smallsampl≥r≥gim≥(lowk0R).Toillustrat≥
thispoint,w≥calculat≥≤max(ImΛ) fromEqs.(6.135)an≤(6.136),an≤foun≤≥xc≥ll≥nt
agr≥≥m≥ntwithnum≥ricalr≥sultsatallvalu≥sofparam≥t≥rs,inclu≤inghigh≤≥nsiti≥s
ρλ30,s≥≥Fig.6.9.13 Ina≤≤ition,inth≥r≥gim≥ofhigh≤≥nsity,w≥ar≥abl≥toi≤≥ntifyth≥clou≤of≥ig≥nvalu≥s(symbolSinFig.6.8)thatwillgiv≥ris≥,inth≥limitk0R→0,
tosup≥rra≤ianc≥,i.≥.th≥≥ig≥nvalu≥sthatwillhav≥th≥larg≥st≤≥cayrat≥ImΛ N
[82,90]. Thisi≤≥ntificationispossibl≥b≥caus≥th≥≤iff≥r≥ntclou≤sof≥ig≥nvalu≥sar≥
w≥lls≥parat≥≤an≤≥volv≥smoothlyan≤continuouslywh≥nth≥≤≥nsityisincr≥as≥≤.At
th≥pr≥s≥nttim≥,w≥hav≥nophysicalint≥rpr≥tationforth≥traj≥ctoryfollow≥≤byth≥
clou≤S.Itissom≥whatcomp≥llingthat≥ig≥nvalu≥swithth≥small≥stImΛ≥volv≥in
suchawaythat,atth≥≥n≤ofth≥≤ay,th≥yhav≥th≥larg≥stImΛan≤ar≥w≥lls≥parat≥≤,
inth≥compl≥xplan≥,fromalloth≥r(subra≤iant)stat≥s.
13W≥showmax(ImΛ)b≥caus≥itisth≥quantitythatcontrolsth≥thr≥shol≤ofaran≤omlas≥rinan
≥ns≥mbl≥ofatomsinfr≥≥spac≥(s≥≥chapt≥r7).ItisalsoworthnotingthatEqs.(6.135)an≤(6.136)≤o
notgiv≥anaccurat≥≥stimat≥ofmin(ImΛ),s≥≥s≥ction6.5.2.
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6.5.2 Hyp≥rbolicspiralbranch≥san≤subra≤iantstat≥s
Animportanta≤≤itionalf≥atur≥ofth≥num≥ricalr≥sultsinFig.6.6thatisnot≤≥scrib≥≤
byourEqs.(6.40)an≤(6.41)isth≥≥ig≥nvalu≥sthatconc≥ntrat≥aroun≤th≥twohyp≥r-
bolicspirals,|Λ|=1/argΛan≤itsr≥fl≥ctionthroughth≥origin.Th≥s≥spiralscorr≥spon≤
toth≥two≥ig≥nvalu≥sαA12ofth≥matrix(6.101)forN=2. W≥alr≥a≤y≥ncount≥r≥≤
th≥s≥spiralsinth≥stu≤yoflight≥mitt≥≤bytwoatoms,s≥≥Fig.3.4(a)ins≥ction3.4.
Th≥≥ig≥nv≥ctorscorr≥spon≤ingtoth≥s≥≥ig≥nvalu≥sar≥localiz≥≤onpairsofv≥ryclos≥
points|ri−rj| λ0.Th≥s≥ar≥th≥sup≥r-an≤sub-ra≤iantstat≥sofapairofatoms.In
th≥limitofρλ30→ ∞,w≥obs≥rv≥thatth≥low≥rbranchismuchmor≥populat≥≤thanth≥upp≥ron≥.Aroughmo≤≥lthatpartiallymimicsthisb≥haviorisgiv≥nbyth≥N×N
matrix:

G̃(ω0)=G(ω0)12




0 1 ... 1
1 ... ... ...
... ... ... 1
1 ... 1 0


, (6.137)

wh≥r≥G(ω0)12=≥ik0|r1−r2|/k0|r1−r2|,an≤r1an≤r2ar≥ran≤omlychos≥npointsinsi≤≥
th≥sph≥r≥ofra≤iusR. Thismatrixhastwo≤iff≥r≥nt≥ig≥nvalu≥s:th≥non-≤≥g≥n≥rat≥
≥ig≥nvalu≥Λ=(N−1)G(ω0)12corr≥spon≤stoth≥sup≥rra≤iantstat≥(1,...,1)/√N;
an≤th≥(N−1)-≤≥g≥n≥rat≥≥ig≥nvalu≥Λ=−G(ω0)12corr≥spon≤stosubra≤iantstat≥s
localiz≥≤onpairsofpoints(1,0,...,0,−1,0,...,0)/√2.Inth≥limitN → ∞,only
subra≤iantstat≥scontribut≥significantlytoth≥≥ig≥nvalu≥≤istributionofG̃(ω0).Using
th≥≤≥finition(6.1)an≤Eq.(5.128),w≥≥asilyshowthatth≥latt≥risth≥ngiv≥nby:

p(Λ)= 3
(k0R)3

1
|Λ|2s

1
2k0R|Λ|δ argΛ+

1
|Λ|, (6.138)

wh≥r≥s(x)is≤≥fin≥≤byEq.(5.130).Loos≥lysp≥aking,th≥tru≥≥ig≥nvalu≥≤istribution
ofth≥Gr≥≥n’smatrixG(ω0)isasup≥rpositionofEqs.(6.34)an≤(6.35),an≤Eq.(6.138).
Withth≥qualitativ≥pictur≥ofth≥Dysongasinmin≤,w≥coul≤saythatth≥low≥r
‘branch’|Λ|=−1/argΛplaysth≥rol≥ofachann≥lforth≥gasof≥ig≥nvalu≥s,through
whichth≥latt≥rcan≥scap≥fromth≥bulkpr≥≤ict≥≤byourEqs.(6.40)an≤(6.41).This
≥ff≥ctismor≥pronounc≥≤athigh≤≥nsityb≥caus≥th≥≥ig≥nvalu≥saccumulat≥n≥arth≥
axisImΛ=−1,sothatth≥r≥pulsiv≥int≥ractionb≥tw≥≥n≥ig≥nvalu≥sforc≥sth≥latt≥rto
flowintoth≥low≥rbranch.Strikingly,th≥vicinityofΛ=0onth≥compl≥xplan≥isalso
th≥plac≥wh≥r≥som≥stat≥sstarttob≥com≥localiz≥≤forρλ30 10(sinc≥th≥s≥stat≥sar≥
localiz≥≤≤u≥to≤isor≤≥r,th≥ymayb≥i≤≥ntifi≥≤as‘An≤≥rson’stat≥s,s≥≥s≥ction6.6.2).
Thisin≤icat≥sthattwo≤iff≥r≥nttyp≥soflocaliz≥≤stat≥sco≥xistinth≥sp≥ctrumn≥ar
Λ=0,an≤th≥r≥for≥sugg≥ststhatsubra≤ianc≥an≤An≤≥rsonlocalizationmightb≥two
comp≥titiv≥ph≥nom≥na.Th≥comp≥titionb≥tw≥≥nAn≤≥rsonlocalizationan≤sub-an≤
sup≥rra≤ianc≥wasr≥c≥ntly≤iscuss≥≤inR≥f.[79].
Fromnum≥ricalr≥sultsforN≤104,w≥≥stimat≥th≥statisticalw≥ightofsubra≤iant

stat≥stob≥importantatlarg≥≤≥nsiti≥s,ofth≥or≤≥rof1−const/(ρλ30)pwithp∼1.Thisisconsist≥ntwithth≥≥stimationofth≥numb≥rofsubra≤iantstat≥sinalarg≥
atomicclou≤byErnst[86].14Atlarg≥≤≥nsiti≥s,th≥absolut≥majorityofth≥≥ig≥nvalu≥s
14Physically,thiss≥≥mstoin≤icat≥thatmostofth≥stat≥sar≥localiz≥≤≤u≥tosubra≤ianc≥inth≥
≥ff≥ctiv≥m≥≤iumlimitρλ30→ ∞.Thiscoul≤b≥us≥≤forinformationstorag≥onsubra≤iantstat≥sina
≤isor≤≥r≥≤an≤≤≥ns≥≥ns≥mbl≥ofatoms.
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Figur≥6.10:Zoomofth≥≤≥nsityplotofth≥logarithmof≥ig≥nvalu≥≤≥nsityofth≥N×N
ran≤omGr≥≥n’smatrix(6.101)obtain≥≤bynum≥rical≤iagonalizationof10r≥alizations
ofth≥matrixforN=104an≤ρλ30=40.Soli≤lin≥sr≥pr≥s≥ntth≥pairofsubra≤iantan≤sup≥rra≤iantbranch≥s≤iscuss≥≤inth≥t≥xt.

thatlackinourmo≤≥l(6.38),(6.39),fallv≥ryclos≥toth≥axisImΛ=−1,inth≥‘gap’
thatop≥nsinth≥≥ig≥nvalu≥≤istributionfollowingfromourth≥oryonth≥l≥ftfrom
R≥Λ=0[s≥≥Figs.6.6(c),6.6(≤),6.7,6.8,an≤6.10].Th≥sam≥≥ff≥ctwasobs≥rv≥≤for
th≥H≥rmitianmatrixR≥G(ω0),s≥≥s≥ction5.8.2.

As≥xplain≥≤≥arli≥r,th≥lackofth≥spiralbranch≥sofp(Λ)inourth≥orycanb≥
trac≥≤backtoth≥assumptionofstatisticalin≤≥p≥n≤≥nc≥of≥l≥m≥ntsofth≥matrixH
inth≥r≥pr≥s≥ntationA=HTH†.It≤o≥snotaff≥ctth≥≥xc≥ll≥ntagr≥≥m≥ntofth≥
bor≤≥rlin≥ofth≥r≥stofth≥≥ig≥nvalu≥≤omainwithnum≥ricalr≥sults.

Animportantimplicationofth≥≥xist≥nc≥ofth≥hyp≥rbolicspiralbranch≥sisthat
quantiti≥ssuchas min(R≥Λ) or min(ImΛ),thatar≥apriori≤ifficulttocalculat≥,
canb≥foun≤from2-bo≤yint≥ractionsonly. min(R≥Λ) an≤min(ImΛ) ar≥≤ir≥ctly
r≥lat≥≤tophysicalobs≥rvabl≥s.Th≥form≥rmaycontrolth≥thr≥shol≤ofaran≤omlas≥r
(s≥≥chapt≥r7),whil≥th≥latt≥r≤≥fin≥sth≥av≥rag≥thr≥shol≤for≤ynamicinstabiliti≥s
innonlin≥ar m≥≤ia. Instabiliti≥sapp≥arwh≥nth≥nonlin≥arco≥ffici≥ntν≤≥fin≥≤in
Eq.(2.102)≥xc≥≥≤sacriticalvalu≥νinst(s≥≥s≥ction2.5.3).InR≥f.[108]itwasfoun≤
num≥ricallythatth≥av≥rag≥valu≥ofth≥instabilitythr≥shol≤scal≥sas νinst ∝[1+
min(ImΛ)]3/2,with1+min(ImΛ) ∝(Nρλ30)−2/3. W≥nowprovi≤≥simpl≥argum≥ntsto≤≥riv≥th≥full≤istributionsofmin(R≥Λ)an≤min(ImΛ)analytically,bas≥≤onth≥
knowl≥≤g≥ofth≥two≥ig≥nvalu≥sΛα =αG12(ω0)ofth≥2×2Gr≥≥n’smatrix. Th≥
small≥stvalu≥sofR≥Λan≤ImΛar≥achi≥v≥≤forsmall≤istanc≥k0∆r=k0|r1−r2|wh≥n
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Figur≥6.11:Analyticpr≥≤ictions(6.143)an≤(6.144)forth≥probability≤≥nsityofth≥
minimumofth≥r≥alan≤imaginarypartsofth≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrix(6.101).
V≥rticallin≥sshowth≥positionsofth≥m≥ansgiv≥nbyEqs.(6.145)an≤(6.146).

w≥canwrit≥

R≥Λ−=−cos(k0∆r)k0∆r =− 1
k0∆r+O(k0∆r), (6.139)

ImΛ−=−sin(k0∆r)k0∆r =−1−(k0∆r)
2

6 +O(k0∆r4). (6.140)

H≥nc≥,th≥statistical≤istributionsofmin(R≥Λ)an≤min(ImΛ)ar≥≤ir≥ctlyr≥lat≥≤to
th≥statistical≤istributionp(∆rmin)ofth≥minimal≤istanc≥∆rminb≥tw≥≥nany2points
amongNpointsinth≥sph≥r≥ofra≤iusR.Th≥≤istributionp(∆rmin)is≥asilyobtain≥≤
fromth≥probabilitytofin≤twopointss≥parat≥≤bya≤istanc≥∆r>xR:

p(∆r>xR)=1−
xR

0
≤∆rp(∆r)

N(N−1)/2

= 1−x3 1−9x16+
x3
32

N(N−1)/2
, (6.141)

wh≥r≥th≥probabilitytofin≤twopointss≥parat≥≤bya≤istanc≥∆r,p(∆r)=4(∆r)2
s(∆r/2R)/R3,followsfromEq.(5.128).Th≥probabilityp(∆rmin)isth≥n

p(∆rmin)=1R
≤
≤x[1−p(∆r>xR)]|x=∆rmin/R. (6.142)

Th≥combinationofEqs.(6.139),(6.140),(6.141)an≤(6.142)yi≥l≤sth≥≤istributions
p[min(R≥Λ)]an≤p[min(ImΛ)].Inth≥limitN→ ∞ an≤k0R 1,th≥s≥≤istributions
r≥≤uc≥to

p[min(R≥Λ)=x]=Nρλ
30

4π2x4≥xp
Nρλ30
12π2x3 , (6.143)

p[min(ImΛ)=y]=9Nρλ
30

2√6π2 y+1≥xp −
√6
2π2Nρλ

30(y+1)3/2 , (6.144)

whichboth≤≥p≥n≤onth≥param≥t≥rNρλ30only. Th≥yar≥r≥pr≥s≥nt≥≤inFig.6.11.
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Figur≥6.12: M≥anminimumvalu≥ofth≥r≥alpart(a)an≤th≥imaginarypart(b)ofth≥
≥ig≥nvalu≥softh≥N×Nran≤omGr≥≥n’smatrix(6.101).Analyticr≥sults(6.145)an≤
(6.146)(soli≤lin≥s)ar≥compar≥≤withth≥r≥sultsofnum≥rical≤iagonalizationforthr≥≥
≤iff≥r≥ntmatrixsiz≥sN(symbols).Analyticr≥sultsar≥vali≤forρλ30 10.

Th≥irm≥ansar≥giv≥nby

min(R≥Λ) =−Γ(2/3) Nρλ30
12π2

1/3
, (6.145)

min(ImΛ) =−1+Γ(5/3) 2π2√6Nρλ30
2/3
, (6.146)

wh≥r≥Γ(x)isth≥Gammafunction. Contrarytomin(ImΛ),min(R≥Λ)pr≥s≥ntslarg≥
fluctuationsinth≥limitNρλ30→∞.Thiscanb≥s≥≥ninth≥varianc≥s:

Var[min(R≥Λ)]=[Γ(1/3)−Γ(2/3)2]Nρλ
30

12π2
2/3
, (6.147)

Var[min(ImΛ)]= 2π2√6Nρλ30
4/3 4

9Γ(1/3)−Γ(5/3)
2

+[2Γ(5/3)−65Γ(8/3)]
√6Nρλ30
2π2

2/3
. (6.148)

Analyticr≥sults(6.145)an≤(6.146)ar≥compar≥≤withnum≥ricalsimulationsinFig.
6.12.Goo≤agr≥≥m≥ntiss≥≥naslongasρλ30 10,confirmingth≥scalingwithNρλ30.Athigh≥r≤≥nsiti≥s,min(R≥Λ) an≤min(ImΛ) ar≥small≥rthanpr≥≤ict≥≤byEqs.(6.145)
an≤(6.146),signalingthatmin(R≥Λ)an≤min(ImΛ)ar≥not≤ominat≥≤byth≥≥ig≥nvalu≥s
corr≥spon≤ingto≥ig≥nv≥ctorslocaliz≥≤onpairsofpointsanymor≥. An≤in≤≥≥≤,w≥
obs≥rv≥inth≥num≥ricalsimulationsatρλ30 10thatmin(ImΛ) isimpos≥≤byth≥low≥r
boun≤ofth≥bulkof≥ig≥nvalu≥s[s≥≥Fig.6.6(b)an≤6.12(b)].Our≥quations(6.135)an≤
(6.136)that≤≥scrib≥th≥bulkof≥ig≥nvalu≥ss≥≥mnotaccurat≥≥noughtocaptur≥this
≥ff≥ct[not≥th≥logarithmicscal≥inFig.6.12(b)].Infact,th≥bulkan≤th≥low≥rbranch
cannotb≥consi≤≥r≥≤in≤≥p≥n≤≥ntlyforρλ30 10.Thiscanb≥inf≥rr≥≤fromFig.6.12(a)
wh≥r≥ min(R≥Λ) issmall≥rthanpr≥≤ict≥≤byEq.(6.145)b≥caus≥≥ig≥nvalu≥sfromth≥
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bulkinva≤≥th≥low≥rbranchan≤th≥r≥for≥‘push’th≥≥ig≥nvalu≥sfromth≥branchaway.
Furth≥rworkisn≥≥≤≥≤to≥xplainth≥s≥obs≥rvationsquantitativ≥ly.
Th≥scalarran≤omGr≥≥n’smatrix(6.101)isth≥r≥l≥vantmatrixtostu≤ylightprop-

agationin≤isor≤≥r≥≤m≥≤iaaslongasth≥v≥ctornatur≥ofth≥≥l≥ctromagn≥ticfi≥l≤can
b≥n≥gl≥ct≥≤.Inparticular,ifpointsriar≥inan≥ar-fi≥l≤configurationk0|ri−rj| 1
—asitisth≥cas≥wh≥nconsi≤≥ring≥ig≥nvalu≥sinth≥spiralbranch≥s —th≥scalar
approximationisnotjustifi≥≤. H≥nc≥,th≥spiralbranch≥softh≥scalarGr≥≥n’smatrix
cannotquantitativ≥ly≤≥scrib≥≥ff≥ctssuchassubra≤ianc≥inth≥light-matt≥rint≥raction.
W≥r≥consi≤≥rthisprobl≥minth≥n≥xts≥ctionbystu≤yingth≥≥ig≥nvalu≥≤istribution
ofth≥Dya≤icran≤omGr≥≥n’smatrix.

6.5.3 Dya≤icran≤omGr≥≥n’s matrix
W≥nowconsi≤≥rth≥3N×3N ≤ya≤icran≤omGr≥≥n’smatrixG(ω0). Thismatrixis
ma≤≥ofN2blocksofsiz≥3×3≤≥fin≥≤as

Gij(ω0)=32(1−δij)
≥xp(ik0rij)
k0rij P(ik0rij)I3+Q(ik0rij)rij⊗rijr2ij , (6.149)

wh≥r≥rij=ri−rj,I3isth≥3×3i≤≥ntitymatrix,an≤P(x)an≤Q(x)ar≥≤≥fin≥≤by
Eq.(2.37). W≥r≥callthatG(ω0)≥m≥rg≥snaturallyfromth≥≤≥scriptionoflight-matt≥r
int≥raction(chapt≥r2).Itisproportionaltoth≥Gr≥≥n’sfunctionofth≥propagation
≥quationforth≥≥l≥ctricfi≥l≤;s≥≥Eqs.(2.36),(2.39),an≤(2.70). This matrixwas
consi≤≥r≥≤inchapt≥r3tocomput≥th≥sp≥ctrumoflight≥mitt≥≤byaclou≤ofatoms,
an≤inchapt≥r4tostu≤y≥lasticscatt≥ringinth≥pr≥s≥nc≥ofgain.Inparticular,w≥
r≥callthat≥ig≥nvalu≥sofG(ω0)controlth≥lasingthr≥shol≤accor≤ingtoEqs.(4.33)an≤
(4.34).
W≥firstwanttoshowthatth≥statisticalprop≥rti≥sof G(ω0)ar≥r≥lat≥≤,inth≥

low-≤≥nsityr≥gim≥ρλ30 10,tothos≥ofth≥scalarGr≥≥n’smatrix(6.101)inasimpl≥
way.Forthispurpos≥,w≥r≥xpr≥ssGij(ω0)int≥rmsofth≥≥ntri≥sofG(ω0)as:

Gij(ω0)=Gij(ω0)D(rij), (6.150)
wh≥r≥Disth≥3×3matrix:

D(r)=32 P(ik0r)I3+Q(ik0r)
r⊗r
r2 . (6.151)

Onav≥rag≥,D(r)is≥qualtoth≥i≤≥ntitymatrix:

D(r)=
V
≤3r
VD(r)=I3. (6.152)

Invi≥wofEq.(6.150),w≥propos≥toapproximat≥G(ω0)as
G(ω0) G(ω0)⊗D(r1−r2), (6.153)

i.≥.asth≥Kron≥ck≥rpro≤uctofth≥N×Nran≤ommatrixG(ω0)withth≥3×3ran≤om
matrixD(r1−r2). Th≥twopointsr1an≤r2ar≥ran≤omlychos≥ninsi≤≥th≥volum≥V,an≤inth≥limitN 1,th≥yar≥assum≥≤tob≥in≤≥p≥n≤≥ntofth≥Npoints{ri}.
Eq.(6.153)m≥ansthatth≥≥ig≥nvalu≥sofG(ω0)an≤G(ω0)ar≥r≥lat≥≤accor≤ingto

ΛG(ω0)=ΛG(ω0)ΛD(r1−r2), (6.154)
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wh≥r≥th≥≥ig≥nvalu≥sΛD(r)ofth≥matrixD(r)ar≥

{ΛD(r)}=32{P(ik0r),P(ik0r),P(ik0r)+Q(ik0r)}. (6.155)

Inth≥r≥gim≥oflow≤≥nsiti≥sρλ30 10,w≥show≥≤thatth≥bor≤≥rlin≥ofth≥≥ig≥nvalu≥
≤omainofth≥scalarGr≥≥n’smatrix(6.101)≤≥p≥n≤s≥ss≥ntiallyonγ= |ΛG(ω0)|2,s≥≥Eq.(6.117).15Ifw≥assum≥thatthisprop≥rtyhol≤sforth≥≤ya≤icGr≥≥n’smatrix,th≥
probl≥mr≥≤uc≥stocalculat≥th≥s≥con≤mom≥nt|ΛG(ω0)|2.Accor≤ingtoEq.(6.154),th≥latt≥risgiv≥nby

|ΛG(ω0)|2 = |ΛG(ω0)|2 |ΛD(r1−r2)|2 . (6.156)

Forρλ30 10an≤k0R 1,itissuffici≥nttotak≥

{ΛD(r)} 3
2{1,1,0}, (6.157)

sothatEq.(6.156)b≥com≥s

|ΛG(ω0)|2 3
2|ΛG(ω0)|

2 . (6.158)
Th≥r≥for≥,an≥quationforth≥bor≤≥rlin≥ofth≥≥ig≥nvalu≥≤omainofG(ω0)follows
from≥quations≤≥riv≥≤ins≥ction6.5.1.abyr≥placingth≥varianc≥γby3γ/2. From
Eq.(6.117),w≥obtain:

|Λ|2 3γh −4γImΛ|Λ|2 . (6.159)
Th≥bor≤≥rlin≥corr≥spon≤ingtoEq.(6.159)iscompar≥≤withr≥sultsofnum≥rical≤iag-
onalizationinFig.6.13.As≥xp≥ct≥≤,th≥agr≥≥m≥ntissatisfactoryaslongasρλ30 10.
InFig. 6.13,w≥alsoshowtwopairsofsub-an≤sup≥rra≤iantbranch≥s. Th≥y

corr≥spon≤toth≥six≥ig≥nvalu≥softh≥3N×3NmatrixG(ω0)forN=2.Inthissimpl≥
cas≥,th≥r≥pr≥s≥ntation(6.153)is≥xactwithr1=r1an≤r2=r2. Th≥≥ig≥nvalu≥sofG(ω0)followth≥r≥for≥fromth≥combinationofEqs.(6.154)an≤(6.155):

{ΛG(ω0)}=α32
≥xp(ik0r12)
k0r12 {P(ik0r12),P(ik0r12),P(ik0r12)+Q(ik0r12)}. (6.160)

Th≥r≥ar≥two≤iff≥r≥nt≥ig≥nvalu≥sthatar≥two-tim≥s≤≥g≥n≥rat≥,an≤corr≥spon≤to
≥ig≥nv≥ctorsthatcanb≥s≥≥naspairsof‘≤ipol≥s’ori≥nt≥≤p≥rp≥n≤icularlytor12,s≥≥
Fig.6.13.Th≥twooth≥r≥ig≥nvalu≥sar≥locat≥≤onapairofsubra≤iantan≤sup≥rra≤iant
branch≥s,qualitativ≥lysimilartothos≥ofth≥scalarGr≥≥n’smatrix.Th≥yar≥,how≥v≥r,
quantitativ≥ly≤iff≥r≥nt.Inth≥limitk0∆r=k0r12→ 0,th≥subra≤iantbranchΛ− =
−3≥ik0∆r(1/k0∆r−i)/(k0∆r)2is≥xpan≤≥≤ins≥ri≥sas

R≥Λ−=− 3
(k0∆r)3+O

1
k0∆r , (6.161)

ImΛ−=−1+(k0∆r)
2

10 +O(k0∆r4). (6.162)
15Ins≥ction6.5.4w≥willalsoshowthatγcontrolsth≥full≤istributionp(Λ)forρλ30 10.
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Figur≥6.13:D≥nsityplotsofth≥logarithmof≥ig≥nvalu≥≤≥nsityofth≥3N×3Nran≤om
Gr≥≥n’smatrix(6.149)obtain≥≤bynum≥rical≤iagonalizationof10r≥alizationsofth≥
matrixforN=2×103.Pointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR.Th≥
soli≤r≥≤lin≥sr≥pr≥s≥ntth≥bor≤≥rlin≥softh≥supportof≥ig≥nvalu≥≤≥nsityfollowing
fromEq.(6.159). Th≥fourbranch≥sfollowfromEq.(6.160). Eig≥nv≥ctorsofG(ω0)
corr≥spon≤ingto≥ig≥nvalu≥ssituat≥≤inth≥branch≥sar≥r≥pr≥s≥nt≥≤aspairsof≤ipol≥s
localiz≥≤onpairsofpointsr1an≤r2,with≤iff≥r≥ntori≥ntationwithr≥sp≥cttoth≥
≤ir≥ctionr1−r2.

Not≥that[ImΛ−+1]v≥ctor= 35[ImΛ−+1]scalar[s≥≥Eq.(6.140)]. Th≥≤istributions
p[min(R≥Λ)]an≤p[min(ImΛ)]ofth≥3N×3NmatrixG(ω0)followfromEqs.(6.141),
an≤(6.142).Inth≥limitN→∞ an≤k0R 1,w≥fin≤

p[min(R≥Λ)=x]=Nρλ
30

4π2x2≥xp
Nρλ30
4π2x , (6.163)

p[min(ImΛ)=y]=5
√10Nρλ30
4π2 y+1≥xp −5

√10
6π2Nρλ

30(y+1)3/2 . (6.164)

Th≥m≥anan≤th≥varianc≥ofmin(R≥Λ)ar≥not≤≥fin≥≤,an≤th≥m≥anofmin(ImΛ)is

min(ImΛ) =−1+35Γ(5/3)
2π2√6Nρλ30

2/3
. (6.165)

6.5.4 G(ω0):≥ig≥nvalu≥≤≥nsityprofil≥an≤proj≥ctions
L≥tusnowanalyz≥th≥shap≥ofth≥≥ig≥nvalu≥≤≥nsityp(Λ)ofth≥N×NscalarGr≥≥n’s
matrix(6.101)insi≤≥itssupportD. Thisanalysiscanb≥≤on≥analyticallybysolving
Eqs.(6.38)an≤(6.39).
Butb≥for≥usingEqs.(6.38)an≤(6.39),w≥woul≤lik≥tom≥ntionanint≥r≥sting

r≥lationb≥tw≥≥nth≥statisticalprop≥rti≥softh≥non-H≥rmitianmatrixG(ω0)an≤thos≥
ofth≥H≥rmitianmatric≥sS(ω0)an≤C(ω0)stu≤i≥≤inth≥pr≥viouschapt≥r5.B≥caus≥
th≥ matric≥sS(ω0)an≤C(ω0)r≥pr≥s≥ntth≥imaginaryan≤r≥alpartsofth≥ matrix



§6.5 Eig≥nvalu≥≤≥nsityofth≥ran≤omGr≥≥n’smatrixG(ω0) 169

num≥rical
March≥nko-Pastur

Im Λ Im ΛIm Λ

p (
Im
 Λ)

ρλ0  = 0.013
γ  = 0.07

ρλ0  = 0.13
γ  = 0.33

ρλ0  = 1.03

γ  = 1.53

N = 104

Figur≥6.14: Marginalprobability≤≥nsityofth≥imaginarypartof≥ig≥nvalu≥sΛofth≥
N×Nran≤omGr≥≥n’smatrix(6.101)compar≥≤toth≥March≥nko-Pasturlaw(5.171)
withΛr≥plac≥≤byImΛ+1an≤γr≥plac≥≤byγ/2(≤ash≥≤r≥≤lin≥).Pointsar≥ran≤omly
chos≥ninsi≤≥acub≥ofsi≤≥L;γ=2.8N/(k0L)2,s≥≥Eqs.(5.166)an≤(5.186).

G(ω0),r≥sp≥ctiv≥ly,on≥might≥xp≥ctsom≥linksb≥tw≥≥nth≥probability≤istributionof
≥ig≥nvalu≥sofS(ω0)an≤C(ω0)an≤th≥marginalprobability≤istributionsofth≥r≥alan≤
imaginarypartsofth≥≥ig≥nvalu≥sofG(ω0),p[R≥ΛG(ω0)]an≤p[ImΛG(ω0)].To≥laborat≥onthisissu≥,w≥mak≥twoobs≥rvations.First,atlow≤≥nsiti≥sρλ30 1,th≥≥ig≥nvalu≥
≤istributionofG(ω0)≤≥p≥n≤sonth≥s≥con≤mom≥ntγ= |Λ|2 only.Itisthusalsoth≥
cas≥forp[R≥ΛG(ω0)]an≤p[ImΛG(ω0)].S≥con≤,Eqs.(6.103)an≤(6.104)sugg≥stthat

γ= Λ2R≥G(ω0)=2 (R≥Λ)2 G(ω0), (6.166)
= Λ2ImG(ω0)=2 (ImΛ)2 G(ω0), (6.167)

aslongask0R 1an≤th≥≤≥nsityisnottoohigh. W≥nowr≥callthatth≥≥ig≥nvalu≥
≤istributionsofImG(ω0)an≤R≥G(ω0)≤≥p≥n≤asw≥llonγonly,forρλ30 1.Itis
th≥r≥for≥r≥asonabl≥toconj≥ctur≥thatp[ImΛG(ω0)]an≤p[R≥ΛG(ω0)]mayb≥≤≥scrib≥≤by≥quationsforp[ΛImG(ω0)]an≤p[ΛR≥G(ω0)]withγr≥plac≥≤byγ/2:

pImΛG(ω0),γ pΛImG(ω0),γ2, (6.168)
pR≥ΛG(ω0),γ pΛR≥G(ω0),γ2. (6.169)

Figur≥s6.14an≤6.15show,in≤≥≥≤,thatnum≥ricalmarginal≤istributionsar≥nic≥ly
≤≥scrib≥≤byth≥lawsfollowingfromEqs.(5.171)an≤(5.191)wh≥r≥w≥r≥plac≥≤γby
γ/2. Th≥marginal≤istributionp[ImΛG(ω0)]isw≥llapproximat≥≤byth≥ March≥nko-Pasturlaw(5.171)aslongasγ/2 1(Fig.6.14),an≤Eq.(5.191)isagoo≤≥stimat≥of
p[R≥ΛG(ω0)]forρλ30 10(Fig.6.15).
L≥tusnowinv≥stigat≥th≥shap≥ofp(Λ)withth≥h≥lpofEqs.(6.38)an≤(6.39).

V≥ryg≥n≥rally,p(Λ)isroughlysymm≥tricwithr≥sp≥cttoth≥lin≥R≥Λ=0an≤≤≥cays
withImΛ.Inth≥r≥gim≥oflow≤≥nsiti≥sρλ30 1,anapproximationofEqs.(6.38)an≤
(6.39)canb≥obtain≥≤byr≥placingth≥op≥ratorŜ1byŜ0.Thisamountston≥gl≥cting
th≥t≥rmc2T̂T̂†inth≥≤≥nominatorofEq.(6.37).Th≥n,Eqs.(6.38)an≤(6.39)r≥≤uc≥to
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num≥rical
Eq. (5.191)

R≥ Λ R≥ ΛR≥ Λ

p (
R≥ 
Λ)

ρλ0  = 0.013

γ  = 0.07
ρλ0  = 0.13
γ  = 0.33

ρλ0  = 1.03

γ  = 1.53

N = 104ρλ0  = 103

γ  = 7.1
ρλ0  = 503

γ  = 20.7 ρλ0  = 1003

γ  = 32.9

p (
R≥ 
Λ)

Figur≥6.15: Marginalprobability≤≥nsityofth≥r≥alpartof≥ig≥nvalu≥sΛofth≥N×N
ran≤omGr≥≥n’smatrix(6.101)compar≥≤toEq.(5.191)withΛr≥plac≥≤byR≥Λan≤γ
r≥plac≥≤byγ/2(≤ash≥≤r≥≤lin≥).Pointsar≥ran≤omlychos≥ninsi≤≥acub≥ofsi≤≥L;
γ=2.8N/(k0L)2,s≥≥Eqs.(5.166)an≤(5.186).

two≥quationswh≥r≥th≥r≥solv≥ntg(z)an≤th≥≥ig≥nv≥ctorcorr≥latorc(z)ar≥≤≥coupl≥≤:

g(z)=z
∗− 1NTrŜ†0
1NTrŜ0̂S†0

, (6.170)

c(z)2=|g(z)|2− N
TrŜ0̂S†0

. (6.171)

Assuming≥xplicitlythatth≥N pointsar≥≤istribut≥≤inasph≥r≥ofra≤iusR,w≥can
mak≥us≥ofth≥r≥sultsofs≥ction6.5.1.atocomput≥trac≥sinth≥s≥≥quations,sothat
Eqs.(6.170)an≤(6.171)b≥com≥

g(z)=z
∗−2γg(z)∗h(iκ[g(z)]∗R+ik0R)

2γh(2Imκ[g(z)]R) , (6.172)

c(z)2=|g(z)|2− 1
2γh(2Imκ[g(z)]R), (6.173)

wh≥r≥th≥functionsκ(g)an≤h(x)ar≥≤≥fin≥≤byEqs.(6.112)an≤(6.115),r≥sp≥ctiv≥ly.
W≥fin≤th≥r≥solv≥nt g(z)bysolvingEq.(6.172)num≥ricallyan≤th≥n≥valuat≥th≥
≥ig≥nvalu≥≤≥nsityp(Λ)withth≥h≥lpofEq.(6.4). Not≥thatEq.(6.172)appli≥sonly
withinth≥≥ig≥nvalu≥≤omainDgiv≥nbyEq.(6.116).Figur≥6.16showsth≥full≤istri-
butionp(Λ)obtain≥≤inthiswayforN=104an≤ρλ30=1,tog≥th≥rwithth≥r≥sultofnum≥rical≤iagonalization.
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R≥ Λ R≥ ΛIm ΛIm Λ

Num≥rical 
simulation

Analytical
pr≥≤iction

N = 104
ρλ0  = 1.03

γ  = 1.6

Figur≥6.16:Logarithmofth≥≥ig≥nvalu≥≤≥nsityofth≥N×Nran≤omGr≥≥n’smatrix
(6.101).Num≥ricalr≥sultsobtain≥≤by≤iagonalizationof10r≥alizationsofth≥matrixfor
N=104(l≥ft)ar≥compar≥≤withth≥solutionofEq.(6.172)(right).Pointsriar≥chos≥n
ran≤omlyinsi≤≥asph≥r≥ofra≤iusR;γ=9N/8(k0R)2.Foraquantitiv≥comparison,
s≥≥Fig.6.17.

Th≥marginalprobability≤istributionsofth≥imaginaryan≤r≥alpartsar≥finally
obtain≥≤aft≥rproj≥ctionofp(Λ)onth≥imaginaryan≤r≥alax≥s. Agoo≤quantitativ≥
agr≥≥m≥ntisfoun≤withnum≥ricalsimulationspr≥s≥nt≥≤inFig. 6.17forρλ30=0.1an≤ρλ30=1. Athigh≥r≤≥nsiti≥sρλ30 1,Eq.(6.172)isnotagoo≤approximationof
Eqs.(6.38)an≤(6.39)anymor≥.Eqs.(6.38)an≤(6.39)ar≥≤ifficulttosolv≥≥xactlyfor
twor≥asons:g(z)an≤c(z)ar≥coupl≥≤,an≤Tr̂S1̂S†0hasno‘simpl≥’≥xpr≥ssioninth≥
bi-orthogonalbasisof≥ig≥nv≥ctorsofth≥op≥ratorT̂,contrarytoTr̂S0̂S†0[s≥≥Eqs.(6.57),(6.58),(6.135),an≤(6.136).]Furth≥rworkisn≥≥≤≥≤tob≥abl≥to≤≥≤uc≥th≥≥ig≥nvalu≥
≤istributionp(Λ)fromEqs.(6.38)an≤(6.39)athigh≤≥nsiti≥sρλ30 1.

6.6 Gr≥≥n’s matrixan≤ An≤≥rsonlocalizationinafinit≥
an≤op≥n m≥≤ium

Rigorously,An≤≥rsonlocalizationisaph≥nom≥nonthatisw≥ll≤≥fin≥≤inaninfinit≥
m≥≤ium.Inathr≥≥-≤im≥nsionalsyst≥m,inth≥abs≥nc≥ofgainorabsorption,an≤for
agiv≥n≤isor≤≥rstr≥ngth,awav≥is≥xp≥ct≥≤tob≥≥xpon≥ntiallysuppr≥ss≥≤atalarg≥
≤istanc≥fromitssourc≥(an≤th≥r≥for≥localiz≥≤)ifitsfr≥qu≥ncyωLisb≥lowth≥so-call≥≤
mobility≥≤g≥ωc.16Sai≤≤iff≥r≥ntly,an≤probablymor≥pr≥cis≥ly,all‘mo≤≥s’(orstat≥s,
or≥ig≥nfunctions)ar≥≥xp≥ct≥≤tob≥≥xpon≥ntiallylocaliz≥≤forωL<ωcan≤≤≥localiz≥≤
forωL>ωc. Fromth≥s≥twopictur≥shav≥≥m≥rg≥≤two≤iff≥r≥nttyp≥sofcrit≥riato
i≤≥ntifyth≥An≤≥rsonlocalization.
First,w≥canlookatth≥solutionofth≥transport≥quationforth≥av≥rag≥int≥nsity,

withoutinvokingth≥un≤≥rlyingmo≤≥structur≥.On≥ofth≥firstmicroscopicth≥ori≥sof
An≤≥rsonlocalizationisth≥≤iagrammatics≥lf-consist≥ntth≥orypropos≥≤inth≥1980’s
byVolhar≤tan≤ WΨolf≥[136]. Toillustrat≥thisth≥ory,l≥tusr≥consi≤≥rth≥≥lastic
scatt≥ringoflightinaran≤omarrang≥m≥ntofNi≤≥nticalpoint-lik≥scatt≥r≥rs(atoms)
stu≤i≥≤inchapt≥r4.Inth≥simpl≥stcas≥,w≥canthinkofth≥B≥th≥-Salp≥t≥r≥quation
(4.104)inth≥abs≥nc≥ofpump(l≥=ls)an≤foratomsonr≥sonanc≥(ωL=ω0),simplifi≥≤
16A≤≥tail≥≤consi≤≥rationshowsthatth≥r≥ mayb≥s≥v≥ral(atl≥asttwoforlight,s≥≥R≥f.[213])
mobility≥≤g≥s.
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Figur≥6.17: Marginalprobability≤≥nsityofth≥imaginarypart(l≥ftcolumn)an≤th≥
r≥alpart(rightcolumn)of≥ig≥nvalu≥sΛofth≥N×Nran≤omGr≥≥n’smatrix(6.101),
wh≥r≥th≥Npointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR;γ=9N/8(k0R)2.
R≥sultsofnum≥rical≤iagonalization(blu≥soli≤lin≥s)obtain≥≤forN=104aft≥rav≥r-
agingov≥r10r≥alizationsar≥compar≥≤toth≥solutionofEq.(6.172)(r≥≤≤ot-≤ash≥≤
lin≥).

withth≥ISA(4.54)an≤th≥Boltzmannapproximation(4.127).Ityi≥l≤sa≤iffusion
≥quationforth≥av≥rag≥int≥nsitywitha≤iffusionconstantDB =l0v/3,wh≥r≥vis
th≥transportv≥locityan≤l0th≥on-r≥sonanc≥scatt≥ringm≥anfr≥≥path(4.129)[s≥≥
Eqs.(4.121),(4.124)an≤(4.128)].Localizationcorr≥ctionstothisr≥sultar≥obtain≥≤
bytakingintoaccountmaximallycross≥≤≤iagramsinth≥irr≥≤ucibl≥v≥rt≥x≤≥pict≥≤in
Fig.4.3. Th≥≤iffusion≥quationb≥com≥ss≥lf-consist≥ntlycoupl≥≤toan≥quationfor
th≥≤iffusionco≥ffici≥ntD.Th≥latt≥rinvolv≥sth≥‘r≥turnprobability’,i.≥.th≥av≥rag≥
int≥nsitythatgo≥sbacktoth≥sourc≥[136].Inth≥‘w≥akscatt≥ring’r≥gim≥k0l0 1,
th≥≤iffusionco≥ffici≥ntr≥≤uc≥sto

D DB 1− 1
(k0l0)2 . (6.174)

Thissimpl≥≥xpr≥ssionshowsthattransportcanc≥ls(D 0)for

k0l0= k
30
4πρ 1⇐⇒ ρλ30 20. (6.175)

Thisisth≥so-call≥≤Ioff≥-R≥g≥lcrit≥rionforAn≤≥rsonlocalization[101].Fork0l0 1,
int≥rf≥r≥nc≥≥ff≥ctsar≥sostrongthatth≥yoccur≤uringth≥scatt≥ringproc≥ssan≤may
l≥a≤tolocalizationof≥ig≥nstat≥s.
Analt≥rnativ≥pictur≥consistsinlookingatth≥‘mo≤≥s’ofth≥≤isor≤≥r≥≤syst≥m

un≤≥rstu≤y.Asalr≥a≤y≤iscuss≥≤ins≥ctions2.5.2,4.4,an≤6.4,th≥mo≤≥s(or‘quasi-
mo≤≥s’or‘r≥sonanc≥s’)ofasyst≥mof N point-lik≥scatt≥r≥rsint≥ractingwithlight
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inafinit≥an≤op≥nvolum≥Var≥th≥≥ig≥nv≥ctorsofth≥≥ff≥ctiv≥HamiltonianH≥
(6.100),whichar≥alsoth≥≥ig≥nv≥ctorsRnofth≥Gr≥≥n’smatrixG(ω0).Inthiscont≥xt,
An≤≥rsonlocalizationformallyr≥f≥rstoth≥localiz≥≤natur≥of≥ig≥nv≥ctorsRninspac≥
≤u≥to≤isor≤≥r. W≥inv≥stigat≥th≥≤≥gr≥≥oflocalizationofth≥s≥≥ig≥nv≥ctorsins≥ction
6.6.2.Onth≥oth≥rhan≤,on≥also≥xp≥ctsAn≤≥rsonlocalizationtohav≥animpacton
th≥statisticsofth≥≥ig≥nvalu≥sEnofH≥:

En=ωn−iΓn2, (6.176)
ωn=ω0−Γ02R≥Λn, (6.177)
Γn=Γ0(1+ImΛn), (6.178)

wh≥r≥Λnar≥th≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrixG(ω0).Γncontrolsth≥≤≥cayrat≥of
physicalobs≥rvabl≥s,suchasth≥int≥nsityofth≥wav≥≥m≥rgingfromth≥ran≤omsyst≥m.
In≤≥≥≤,fromth≥lin≥aranalysisofs≥ction4.2,itisstraightforwar≤towrit≥th≥positiv≥
fr≥qu≥ncypart≥l≥ctricfi≥l≤m≥asur≥≤atpointras

E+(r,ωL)=
N

n=1
an(r)

Γn/2−i(ωL−ωn), (6.179)

wh≥r≥an(r)isafunctionthat≤≥p≥n≤sonth≥≥ig≥nv≥ctorRnofth≥Gr≥≥n’smatrixan≤
th≥spatial≤istributionofth≥fi≥l≤atth≥initialtim≥.Signatur≥sof≤iff≥r≥nttransport
r≥gim≥smayb≥trac≥≤backtoth≥statisticsof≥ig≥nvalu≥sΛninvariousways. Two
optionsar≥consi≤≥r≥≤inth≥following.Ins≥ction6.6.1w≥stu≤yth≥b≥haviorofp(Λ)as
afunctionofImΛ,an≤ins≥ction6.6.2w≥conc≥ntrat≥onth≥b≥haviorofth≥Thoul≥ss
numb≥rg.Th≥latt≥risth≥ratiob≥tw≥≥nth≥m≥ansp≥ctralwi≤thδωofth≥mo≤≥san≤
th≥irm≥anl≥v≥lspacing∆ω.17Intuitiv≥ly,on≥≥xp≥ctsAn≤≥rsonlocalizationtooccur
wh≥nth≥mo≤≥sc≥as≥toov≥rlap.Thiscrit≥rion,

g= δω∆ω=gc 1, (6.180)

isknownasth≥Thoul≥sscrit≥rionforAn≤≥rsonlocalizationinafinit≥op≥nm≥≤ium
[101,214].δω−1iscall≥≤th≥Thoul≥sstim≥,an≤∆ω−1th≥H≥is≥nb≥rgtim≥.Th≥Thou-
l≥ssnumb≥rgcanb≥showntob≥≥qualtoth≥≤im≥nsionl≥sscon≤uctanc≥ofa≤isor≤≥r≥≤
sampl≥,an≤itisth≥onlyr≥l≥vantparam≥t≥rinth≥scalingth≥oryofAn≤≥rsonlocaliza-
tion[215].Ins≥ction6.6.2w≥pr≥s≥ntpr≥liminaryr≥sultsconc≥rningth≥calculationof
th≥scalingfunctionβ(g)fromth≥≥ig≥nvalu≥sΛnofth≥Gr≥≥n’smatrix.

6.6.1 Statisticsofr≥sonanc≥softh≥ran≤omGr≥≥n’s matrix
Th≥g≥n≥ricb≥haviorofth≥≤istributionof≤≥cayrat≥sp(Γ)ina≤isor≤≥r≥≤op≥nsyst≥m
mayb≥≥stimat≥≤thankstoth≥followingsimpl≥argum≥nt[103,104].Loos≥lysp≥aking,
th≥probabilityoffin≤ingasp≥ctralwi≤thΓsmall≥rthanΓis

p(Γ<Γ)∼[R−r(Γ)]
≤

R≤ , (6.181)
17S≥≥s≥ction6.6.2forapr≥cis≥≤≥finitionofδωan≤∆ωint≥rmsofth≥≥ig≥nvalu≥sΛn.
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Figur≥6.18:Num≥ricalmarginal≤istributionofth≥imaginarypartofth≥≥ig≥nvalu≥sof
th≥N×NGr≥≥n’smatrix(6.101),wh≥r≥th≥Npointsriar≥ran≤omlychos≥ninsi≤≥a
cub≥ofsi≤≥L. R≥sultsat≤≥nsiti≥sρλ30=1,10,20,40,60an≤100(curv≥sfromtoptobottom)forN=104ar≥compar≥≤withth≥asymptoticlaw1/(ImΛ+1)shownbyth≥
≤ash≥≤lin≥.

wh≥r≥R≤isth≥typicalvolum≥ofth≥≤-≤im≥nsionalsyst≥man≤r(Γ)isth≥typical
≤istanc≥(fromboun≤ari≥s)trav≥ll≥≤byth≥wav≥sl≥avingth≥syst≥minatim≥Γ−1.
Th≥n,th≥≤istributionof≤≥cayrat≥sisgiv≥nby

p(Γ)=≤p(Γ<Γ)≤Γ =−≤r(Γ)≤Γ≤1−
r(Γ)
R

≤−1
∼−≤r(Γ)≤Γ. (6.182)

Forballistican≤≤iffusiv≥motions,w≥obtain:

r(Γ)=vΓ =⇒ p(Γ)∼ 1Γ2 (ballistic), (6.183)

r(Γ)= D
Γ =⇒ p(Γ)∼ 1

Γ3/2 (≤iffusiv≥). (6.184)

Inth≥localiz≥≤r≥gim≥,mo≤≥sar≥≥xpon≥ntiallylocaliz≥≤,|ψ(r)|∼≥−r/ξ(ξisth≥local-
izationl≥ngth),sothatl≥akag≥Γ∼|ψ(r)|2is≥ss≥ntially≤u≥tostat≥slocaliz≥≤n≥arth≥
syst≥mboun≤ari≥s.Thisyi≥l≤s

Γ(r)∼≥−2r/ξ =⇒ p(Γ)∼1Γ (localiz≥≤). (6.185)

Itisworthnotingthatth≥thr≥≥pow≥rlaws(6.183),(6.184),an≤(6.185)applyforon≥-,
two-,orthr≥≥-≤im≥nsionalran≤omm≥≤ia. Th≥r≥asonisthatr(Γ)inEq.(6.182)is
in≤≥p≥n≤≥ntofth≥≤im≥nsionalityofspac≥.
Pinh≥iro≥tal.[104]stu≤i≥≤num≥ricallyth≥ marginal≤istributionp(ImΛ)ofth≥

scalarGr≥≥n’smatrix,an≤obs≥rv≥≤p(ImΛ)∝1/(ImΛ+1)athigh≤≥nsiti≥sofpoints.
Ournum≥ricalr≥sultsalso≥xhibitsuchab≥havior(s≥≥Fig.6.18).Bas≥≤onth≥quali-
tativ≥pr≥≤iction(6.185),th≥authorsof[104]conj≥ctur≥≤thatth≥pow≥rlawp(ImΛ)∝
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Figur≥6.19:(a)Cutsofth≥≥ig≥nvalu≥≤≥nsityp(Λ)ofth≥N×NGr≥≥n’smatrix(6.101)
alongth≥imaginaryaxisR≥Λ=0.N =104pointsriar≥ran≤omlychos≥ninsi≤≥a
sph≥r≥ofra≤iusR;γ=9N/8(k0R)2. R≥sultsofnum≥rical≤iagonalization(symbols)
ar≥compar≥≤withth≥solutionofEq.(6.172)(soli≤r≥≤lin≥s).(b)Marginalprobability
≤≥nsityofth≥imaginarypartof≥ig≥nvalu≥sof(6.101).SolutionsofEq.(6.172)(soli≤
lin≥s)atN=104(γ=0.34),106(γ=1.6),an≤108(γ=7.4)forρλ30=0.1ar≥compar≥≤withth≥asymptoticlaw1/(ImΛ+1)(≤ash≥≤lin≥).

1/(ImΛ+1)wasasignatur≥ofAn≤≥rsonlocalizationofwav≥sinth≥corr≥spon≤ingpoint-
scatt≥r≥rmo≤≥l.Tot≥stthisconj≥ctur≥,w≥analyz≥p(Λ)comput≥≤fromEq.(6.172)at
low≤≥nsiti≥sρλ30 1,forwhichnoAn≤≥rsonlocalizationis≥xp≥ct≥≤,accor≤ingto
th≥(qualitativ≥)Ioff≥-R≥g≥lcrit≥rion(6.175).InFig.6.19(a),w≥showcutsofp(Λ)
alongth≥imaginaryaxisR≥Λ=0. W≥cl≥arlyobs≥rv≥thatp(R≥Λ=0,ImΛ)≤≥cays
as1/(ImΛ+1),≥v≥nthoughth≥≤≥nsityofpointsρλ30istoolowtobringth≥syst≥mtoth≥An≤≥rsonlocalizationtransition.Forγ 1,althoughp(Λ)∝1/(ImΛ+1),th≥
marginal≤istributionp(ImΛ)followsth≥March≥nkoPasturlaw[s≥≥Fig.6.14]≤u≥toth≥
circluarshap≥ofth≥supportofp(Λ).Inci≤≥ntally,w≥nowun≤≥rstan≤inan≥wfashion
whyp(ImΛ)followsth≥March≥nkoPasturlawforγ 1:th≥latt≥rcanb≥s≥≥nasth≥
proj≥ctionofatwo-≤im≥nsional≤istributionp(Λ)onth≥imaginaryaxisImΛ,provi≤≥≤
thatp(Λ)is≤iff≥r≥ntfromz≥roinsi≤≥acircl≥ofra≤ius√2γc≥nt≥r≥≤at(0,γ/2)an≤
thatp(Λ)∝1/(ImΛ+1).18Th≥pow≥r-law≤≥cayb≥com≥svisibl≥inth≥marginal≤istri-
butionp(ImΛ)[s≥≥Fig.6.18]onlywh≥nth≥supportofp(ImΛ)issuffici≥ntlywi≤≥,i.≥.
forγ 1.B≥caus≥th≥con≤itionγ 1canb≥ob≥y≥≤atany,≥v≥nv≥rylow≤≥nsityby
justincr≥asingth≥numb≥rofpointsN,its≥≥msthatno≤ir≥ctlinkcanb≥≥stablish≥≤
b≥tw≥≥nth≥pow≥r-law≤≥cayofp(ImΛ)an≤An≤≥rsonlocalization.Thisalsos≥≥msto
b≥confirm≥≤byourth≥or≥ticalpr≥≤ictionforp(ImΛ)comput≥≤atlarg≥valu≥sN>104
(thatar≥inacc≥ssibl≥fornum≥ricalsimulations)an≤low≤≥nsityρλ30=0.1,s≥≥Fig.6.19(b).
Ourconclusionisthatitisnotcl≥araprioriifanysignofAn≤≥rsonlocalization

shoul≤(an≤coul≤)b≥visibl≥inth≥≤≥nsityof≥ig≥nvalu≥sp(Λ),inth≥marginal≤istribu-
tionsp(ImΛ)an≤p(R≥Λ),orinth≥mo≤ificationsobs≥rv≥≤inth≥shap≥ofth≥≥ig≥nvalu≥
≤omainwh≥nth≥≤≥nsityisincr≥as≥≤(s≥≥s≥ction6.5.1).To≥laborat≥onthisissu≥,w≥
analyz≥inth≥n≥xts≥ctionth≥≥ig≥nv≥ctorsofth≥matrix(6.101).
18Equationforacircl≥canb≥foun≤fromEq.(6.116),an≤p(Λ)∝1/(ImΛ+1)fromEq.(6.172),in
th≥r≥gim≥ρλ30 1an≤γ 1.
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Figur≥6.20:(a),(b)an≤(c)D≥nsityplotsofth≥logarithmofth≥av≥rag≥inv≥rs≥par-
ticipationratioof≥ig≥nv≥ctorsofth≥Gr≥≥n’smatrix(6.101). For≥achofth≥s≥plots,
w≥foun≤≥ig≥nvalu≥sof10≤iff≥r≥ntran≤omr≥alizationsof104×104Gr≥≥n’smatrixnu-
m≥rically(withpointsriran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR),comput≥≤th≥ir
IPRsusingEq.(6.186),an≤th≥n≤≥t≥rmin≥≤IPR(Λ)byint≥gratingEq.(6.187)ov≥ra
smallar≥a(∆Λ)2aroun≤Λ,foragri≤ofΛ’sonth≥compl≥xplan≥.(≤)D≥nsityplot
ofth≥logarithmofth≥≥ig≥nvalu≥≤≥nsityof(6.101). Th≥soli≤r≥≤lin≥r≥pr≥s≥ntsth≥
bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥≤≥nsityfollowingfromEqs.(6.135)an≤(6.136).

6.6.2 Inv≥rs≥participationratio
To≤≥t≥rmin≥ifan≥ig≥nv≥ctorRn={Rn(r1),...,Rn(rN)}ofth≥Gr≥≥n’smatrix(6.101)
islocaliz≥≤ornot,w≥comput≥itsinv≥rs≥participationratio(IPR),alr≥a≤yintro≤uc≥≤
ins≥ction5.8.2:

IPRn=
N
i=1|Rn(ri)|4
N
i=1|Rn(ri)|2

2. (6.186)

W≥r≥callthatan≥ig≥nv≥ctor≥xt≥n≤≥≤ov≥rallNpointsischaract≥riz≥≤byIPR∼1/N,
wh≥r≥asan≥ig≥nv≥ctorlocaliz≥≤onasingl≥pointhasIPR=1. Th≥av≥rag≥valu≥of
IPRcorr≥spon≤ingto≥ig≥nv≥ctorswith≥ig≥nvalu≥sinth≥vicinityofΛcanb≥≤≥fin≥≤
as

IPR(Λ)= 1
Np(Λ)

N

n=1
IPRnδ2(Λ−Λn) , (6.187)
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wh≥r≥av≥ragingisov≥rallpossibl≥configurationsofNpointsinasph≥r≥.Ournum≥rical
analysisofth≥av≥rag≥IPR≤≥fin≥≤bythis≥quationr≥v≥alsth≥followingsc≥nario. At
low≤≥nsityρλ30 10,IPR 2/Nforall≥ig≥nv≥ctors≥xc≥ptthos≥corr≥spon≤ingto
th≥≥ig≥nvalu≥sthatb≥longtospiralbranch≥s[s≥≥Fig.6.6(a)an≤(b)an≤s≥ction6.5.2]
forwhichIPR 12. Th≥s≥stat≥sar≥localiz≥≤onpairsofpointsthatar≥v≥ryclos≥tog≥th≥ran≤corr≥spon≤toproximityr≥sonanc≥s[105]that≤onotr≥quir≥alarg≥optical
thickn≥sstobuil≤up. Th≥pr≥factor2inth≥r≥sultforIPRof≥xt≥n≤≥≤≥ig≥nv≥ctors
is≤u≥toth≥Gaussianstatisticsof≥ig≥nv≥ctorsatlow≤≥nsiti≥s. Forρλ30 10[Fig.
6.20(a)an≤(b)],IPRstartstogrowinaroughlycircular≤omaininth≥vicinityofΛ=0
an≤r≥ach≥smaximumvalu≥s∼0.1atρλ30 30[Fig.6.20(c)]. Contrarytocommon
b≥li≥f[105],n≥ith≥rlocaliz≥≤stat≥sn≥c≥ssarilyhav≥ImΛclos≥to−1,norstat≥swith
ImΛ −1ar≥alwayslocaliz≥≤,ascanb≥s≥≥nfromFig.6.20(c). Forρλ30>30,th≥localiz≥≤stat≥sstartto≤isapp≥aran≤ahol≥op≥nsinth≥≥ig≥nvalu≥≤≥nsity.Ascanb≥
s≥≥nfromth≥comparisonofFig.6.20(c)an≤(≤),itisquit≥r≥markabl≥thatth≥op≥ning
ofth≥hol≥inp(Λ)[Fig.6.20(≤)]proc≥≥≤sby≤isapp≥aranc≥oflocaliz≥≤stat≥s[i.≥.,of
stat≥swithIPR 1/NinFig.6.20(c)]. Furth≥rworkisn≥≥≤≥≤togiv≥a≤≥finitiv≥
physicalint≥rpr≥tationofthissc≥nario. Atpr≥s≥nt,twosp≥culativ≥conj≥ctur≥scanb≥
formulat≥≤,thatmightb≥th≥twosi≤≥softh≥sam≥coin. Th≥op≥ningofth≥hol≥
mightb≥asignatur≥ofAn≤≥rsonlocalization,m≥aningthatth≥stat≥slocaliz≥≤u≥to
int≥rf≥r≥nc≥≥ff≥cts;oritcoul≤b≥int≥rpr≥t≥≤asasignatur≥ofatransitiontowar≤san
≥ff≥ctiv≥m≥≤iumr≥gim≥,an≤inthatcas≥localiz≥≤stat≥scoul≤b≥r≥minisc≥nttothos≥
thaton≥canobs≥rv≥,≥.g.,insi≤≥aban≤gapofap≥rio≤icstructur≥≤u≥tolocaliz≥≤
≤≥f≥cts.

6.6.3 Scalingth≥oryan≤th≥Gr≥≥n’s matrix
Th≥purpos≥ofth≥scalingth≥oryofAn≤≥rsonlocalizationistocaptur≥f≥atur≥sthat
ar≥importantonmacroscopicscal≥sbutins≥nsitiv≥tomicroscopic≤≥tailsof≤isor≤≥r.
Inparticular,itassum≥sthattransportprop≥rti≥satlarg≥scal≥s≤≥p≥n≤onlyonon≥
param≥t≥r,th≥Thoul≥ssnumb≥rg=δω/∆ω. FromEq.(6.177),w≥can≥xpr≥ssth≥
m≥anl≥v≥lspacing∆ωint≥rmsofth≥prop≥rti≥softh≥Gr≥≥n’smatrixas

∆ω= ωn−1−ωn =Γ02 R≥Λn−R≥Λn−1, (6.188)

wh≥r≥th≥≥ig≥nvalu≥sΛnar≥or≤≥r≥≤byth≥irr≥alpart.Onth≥oth≥rhan≤,itisworth
notingthatth≥m≥ansp≥ctralwi≤thofth≥mo≤≥scannotb≥≤≥fin≥≤asδω= Γn,
withΓngiv≥nbyEq.(6.178),b≥caus≥ImΛn =0( N

n=1Λn=0for≥achr≥alization).Th≥r≥for≥,w≥≤≥fin≥δωasth≥inv≥rs≥ofth≥m≥anThoul≥sstim≥:

δω= 2
Γn

−1
=Γ02

1
ImΛn+1

−1
. (6.189)

Th≥≤≥finitions(6.188)an≤(6.189)ar≥consist≥ntwithth≥v≥ryr≥c≥ntworkof Wangan≤
G≥nack[216],thatshowsthatitis≥xp≥rim≥ntallypossibl≥tom≥asur≥th≥s≥t(ωn,Γn)
that≤≥fin≥th≥mo≤≥sofanop≥nran≤omm≥≤ium.Th≥authorsassum≥≤thatth≥≥l≥ctric
fi≥l≤E+(r)hasth≥≤≥composition(6.179)an≤foun≤(ωn,Γn)fromm≥asur≥m≥ntsof
microwav≥sp≥ctraatmanypointsr.Th≥ycoul≤≥valuat≥≥xp≥rim≥ntallyth≥Thoul≥ss
numb≥rg=δω/∆ωwith∆ωan≤δω≤≥fin≥≤asinEqs.(6.188)an≤(6.189),an≤w≥r≥
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Figur≥6.21: M≥ansp≥ctralwi≤thδω(6.189)an≤m≥anl≥v≥lspacing∆ω(6.188)(both
normaliz≥≤byΓ0/2)≥valuat≥≤num≥ricallyfromth≥≥ig≥nvalu≥softh≥N×NGr≥≥n’s
matrix(6.101)forN=102,103,5×103an≤104,an≤at11≤iff≥r≥nt≤≥nsiti≥sρλ30=10,12,...,28,30.ForN 103,∆ωisalmostconstantinth≥vicinityofk0l0 1(≤ash≥≤
lin≥sr≥pr≥s≥ntitsm≥anvalu≥ov≥rth≥rang≥k0l0∈[0.6,2]),an≤δω ∆ωfork0l0 1
[s≥≥alsoFig.6.22(a)].

abl≥tocompar≥itsvalu≥toth≥≥ns≥mbl≥av≥rag≥ofth≥transmittanc≥(th≥analogof
th≥≤im≥nsionl≥sscon≤uctanc≥forclassicalwav≥s)[216].
Th≥≥l≥ganc≥ofth≥scalingth≥orycom≥sfromth≥factthatuniv≥rsalf≥atur≥sof

An≤≥rsonlocalizationar≥captur≥≤byth≥simpl≥scalingfunction
β(g)= ∂lng∂lnk0R. (6.190)

Thisfunctiont≥llsushowg≥volv≥swithsyst≥msiz≥R:β(g)<0m≥ansthatincr≥asing
th≥syst≥msiz≥l≥a≤sto≥xpon≥ntiallysmallg,an≤th≥r≥for≥corr≥spon≤stoth≥local-
iz≥≤r≥gim≥,whil≥forβ(g)>0,th≥‘r≥normalizationflow’l≥a≤sto≤≥localiz≥≤r≥gim≥s
(≤iffusiv≥an≤ballisticr≥gim≥s).Inth≥stronglylocaliz≥≤r≥gim≥R ξ,g∼≥−R/ξan≤
β(g)∼lng,whil≥inth≥≤iffusiv≥r≥gim≥R l0,g(R)∼R≤−2an≤β(g)∼≤−2.This
showsthatallstat≥sar≥localiz≥≤for≤≤2.Assumingthatth≥shap≥ofβ(g)int≥rpolat≥s
smoothlyb≥tw≥≥nth≥twopr≥viousasymptotics,on≥pr≥≤icts,for≤≥3,th≥≥xist≥nc≥of
anunstabl≥fix≥≤pointgc≤≥fin≥≤byβ(gc)=0.Toth≥criticalpointcorr≥spon≤salsoa
criticalfr≥qu≥ncyωc.Accor≤ingtoth≥Thoul≥sscrit≥rionoflocalization(6.180),gc∼1.
Tob≥consist≥ntwithth≥Ioff≥-R≥g≥lcrit≥rion(6.175),on≥alsoshoul≤hav≥kcl0∼1.
Usingth≥lin≥ariz≥≤formβ(g)=ln(g/gc)/νaroun≤th≥fix≥≤pointgc,w≥fin≤aft≥ran
≥l≥m≥ntarycalculation19thatth≥localizationl≥ngth≤iv≥rg≥sclos≥toth≥transitionfor
19Forap≥≤agogicalintro≤uctiontoscalingth≥oryofAn≤≥rsonlocalization,s≥≥,≥.g.,R≥f.[217].
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Figur≥6.22:(a)Thoul≥ssnumb≥rg=δω/∆ω≥valuat≥≤fromth≥≤ataofFig.6.21.
Curv≥sfor≤iff≥r≥ntN crossatth≥criticalpointk0l0 g 1.(b)Scalingfunction
β(g)=∂lng/∂lnk0Rcomput≥≤fromth≥r≥sultsof(a).Th≥slop≥atth≥criticalpointgc
yi≥l≤sth≥critical≥xpon≥ntν 1.6.

ω0<ωcasξ∼|ω0−ωc|−ν,an≤th≥≤iffusionconstantvanish≥salg≥braicallyforω0>ωc
asD∼(ω0−ωc)ν. Th≥critical≥xpon≥ntνis≤≥t≥rmin≥≤byth≥slop≥ofth≥scaling
functionβ(g)atth≥transition. From≥xt≥nsiv≥num≥ricalsimulationsw≥knowto≤ay
thatν=1.58α0.01[218,219]. Not≥thatnoanalyticth≥oryhasb≥≥nabl≥topr≥≤ict
thisvalu≥sofar.
Ourgoalistor≥visitth≥scalingth≥orythroughth≥statisticalprop≥rti≥softh≥

≥ig≥nvalu≥sΛnofth≥Gr≥≥n’smatrix.InFig.6.21,w≥shownum≥ricalcomputationsof
∆ωan≤δω. W≥≤iagonaliz≥≤th≥Gr≥≥n’smatrix(6.101)for≤iff≥r≥ntmatrixsiz≥Nan≤
for≤iff≥r≥ntvalu≥softh≥≤isor≤≥rparam≥t≥rk0l0=2π2/ρλ30,an≤≥valuat≥≤∆ωan≤δωwithEqs.(6.188)an≤(6.189),r≥sp≥ctiv≥ly. W≥nic≥lyobs≥rv≥that∆ωan≤δωb≥com≥
≥qualwh≥nk0l0 1,m≥aningthatth≥Thoul≥sscrit≥rion(6.180)isp≥rf≥ctlyconsist≥nt
withth≥Ioff≥-R≥g≥lcrit≥rion(6.175)inanop≥nthr≥≥-≤im≥nsional m≥≤ium. Thisis
furth≥rillustrat≥≤inFig.6.22(a),wh≥r≥w≥plotth≥Thoul≥ssnumb≥rgasafunctionof
k0l0.Not≥thatwithinth≥accuracyofoursimulations,∆ωr≥mainsroughlyconstantin
th≥consi≤≥r≥≤rang≥ofk0l0,atafix≥≤N.Fromth≥r≥sultsofFig.6.22(a)w≥≥valuat≥≤
th≥scalingfunction(6.190),whichisr≥pr≥s≥nt≥≤inFig.6.22(b). W≥cl≥arlys≥≥that
β(g)ispositiv≥forg>gc 1.3,an≤tak≥svalu≥sinagr≥≥m≥ntwithth≥th≥or≥tical
pr≥≤ictionlimg→∞β(g)=≤−2=1.Ifw≥startincr≥asingth≥siz≥fromsom≥g>gc,
th≥‘r≥normalizationflow’≤riv≥sth≥syst≥mtowar≤th≥stabl≥fix≥≤pointg=∞. On
th≥oth≥rhan≤,ifw≥startwithg<gc,th≥flowβ(g)l≥a≤stoth≥‘insulating’stabl≥fix≥≤
pointg=0. Mor≥ov≥r,β(g)b≥hav≥ssmoothlyinth≥vicinityofth≥unstabl≥fix≥≤point
gc.Fromth≥slop≥atth≥criticalpointgc,w≥roughly≥stimat≥≤th≥critical≥xpon≥nt
ofth≥An≤≥rsontransitionasν 1.6,whichisconsist≥ntwithth≥r≥sultof≥xt≥nsiv≥
num≥ricalsimulationsinoth≥rsyst≥ms[218,219].Ev≥nifw≥foun≤νv≥ryclos≥toth≥
≥xp≥ct≥≤r≥sult,ithapp≥n≥≤bychanc≥.Th≥qualityofnum≥ricalr≥sultsinFigs.6.21
an≤6.22iscl≥arlyinsuffici≥ntto≥stimat≥νwithacc≥ptabl≥pr≥cision.
Inor≤≥rtoobtainab≥tt≥r≥stimat≥ofth≥critical≥xpon≥ntν,w≥coul≤≤iagonaliz≥

th≥N×NGr≥≥n’smatrixwithN>104,whichisapainfulnum≥ricalwork.How≥v≥r,
ourpurpos≥wasnottoprovi≤≥apr≥cis≥num≥rical≤≥scriptionofth≥scalingfunction
β(g),butrath≥rtov≥rifythatth≥statisticalprop≥rti≥softh≥Gr≥≥n’smatrixin≤≥≥≤
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containinformationr≥lat≥≤toAn≤≥rsonlocalization.Inparticular,ournum≥ricalanal-
ysisconfirmsthatth≥scalingfunctioncanb≥comput≥≤fromth≥≤≥finitions(6.188)an≤
(6.189).Th≥chall≥ng≥b≥com≥sth≥r≥for≥tocalculat≥∆ωan≤δω,an≤thusβ(g),from
Eqs.(6.188)an≤(6.189)analytically.Atth≥tim≥ofwritingthisth≥sis,w≥ar≥working
inthis≤ir≥ction.Inprincipl≥,ouranalytical≥quations(6.38)an≤(6.39)allowtosolv≥
forth≥≥ig≥nvalu≥≤≥nsityp(Λ),an≤th≥r≥for≥forth≥m≥ansp≥ctralwi≤th(6.189)asw≥ll.



Chapt≥r7
Eucli≤≥anmatrixth≥oryofran≤omlasing
R≥c≥ntth≥or≥ticalmo≤≥lsofran≤omlas≥rsr≥lyon≥xpansionsofth≥las≥rfi≥l≤int≥rms
ofov≥rlappingmo≤≥sof‘ran≤omcaviti≥s’form≥≤byth≥h≥t≥rog≥n≥iti≥softh≥activ≥
m≥≤ium[21,32–34,36,40,220].Alt≥rnativ≥approach≥sconsistinsolvingMaxw≥ll-Bloch
≥quationsnum≥rically[22,28,30,31]orwithinth≥≤iffusionapproximation[6,134,221].
Th≥latt≥rhasth≥a≤vantag≥ofyi≥l≤ingasimpl≥crit≥rionforth≥lasingthr≥shol≤(s≥ction
4.6)butitlacksrigorousjustification,≤o≥snotcaptur≥th≥mo≤≥structur≥ofth≥ran≤om
las≥r,an≤br≥aks≤owninth≥strongscatt≥ringr≥gim≥[3].
Inth≥pr≥s≥ntchapt≥rw≥≤≥v≥lopan≥wapproachtoth≥probl≥mofran≤omlasing

that≤o≥sr≥lyn≥ith≥ronth≥≥xpansionofth≥las≥rfi≥l≤int≥rmsofcavitymo≤≥s,noron
th≥≤iffusionapproximation.Itisbas≥≤onouranalyticr≥sultsforth≥ran≤omGr≥≥n’s
matrix≤≥riv≥≤inchapt≥r6. To≤≥monstrat≥th≥pow≥rofthisn≥wapproach,w≥will
mainlyconsi≤≥rran≤omlasinginan≥ns≥mbl≥ofalarg≥numb≥rNofi≤≥nticalatoms
infr≥≥spac≥,aprobl≥mofr≥c≥ntint≥r≥st[61,65,134].Ourmicroscopicstartingpoint
isth≥≤ynamic≥quationsofmotion,≤≥riv≥≤inchapt≥rs2an≤4,forNatomsthatboth
scatt≥ran≤amplifylight. W≥obtainanalyticr≥sultsforth≥lasingthr≥shol≤(s≥ction7.1)
an≤th≥av≥rag≥≥mitt≥≤int≥nsity(s≥ction7.2)inth≥s≥miclassicallimit,thusachi≥ving
animportantprogr≥sswithr≥sp≥cttopr≥viousworksonsimilarsyst≥msbySav≥ls≥tal.
(whotr≥at≥≤lasingin≥ns≥mbl≥sofN≤5thr≥≥-l≥v≥latoms)[61]an≤Frouf≥-Pδ≥r≥z≥t
al.(who≤≥altwithN 1two-l≥v≥latomsbutinth≥≤iffusionapproximation)[134].
Th≥sp≥ctrumoflight≥mitt≥≤b≥lowthr≥shol≤iscomput≥≤analyticallyins≥ction7.2.1
bytakingintoaccountquantum≥ff≥cts. Ourapproachcanb≥≥xt≥n≤≥≤to≤≥alwith
mor≥‘stan≤ar≤’ran≤omlas≥rsinwhichscatt≥ringc≥nt≥rs(‘particl≥s’)ar≥≥mb≥≤≤≥≤in
anamplifyinghomog≥n≥ousmatrix(s≥ction7.3).

7.1 Thr≥shol≤inaclou≤ofcol≤atoms
7.1.1 Thr≥shol≤con≤ition
L≥tusfirstconsi≤≥rth≥incoh≥r≥ntpumpmo≤≥lintro≤uc≥≤ins≥ction3.2.2.Inthis
mo≤≥l,agasofNthr≥≥-l≥v≥latomsatran≤ompositionsri(i=1,...,N)infr≥≥thr≥≥-
≤im≥nsionalspac≥issubj≥cttoastrong≥xt≥rnalpumpfi≥l≤r≥sonantwithth≥transition
fromth≥groun≤stat≥|gi toth≥upp≥rauxiliaryl≥v≥l|ai of≥achatom. Th≥atoms
rapi≤ly≤≥caytoth≥upp≥rl≥v≥l|≥iofth≥las≥rtransitionatarat≥Γa≥ Γ≥g=Γ0 Γag
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[s≥≥Fig. 3.1(b)].Int≥ractionofatomswithth≥≥l≥ctromagn≥ticfi≥l≤whichisn≥ar-
r≥sonantwithth≥transitionfrom|≥i to|gi (≥n≥rgy≤iff≥r≥nc≥ω0)is≤≥scrib≥≤by5N
≥quationsofmotionforatomicop≥ratorsthatar≥coupl≥≤toth≥quantumpropagation
≥quation(2.39)forth≥≥l≥ctricfi≥l≤.Aft≥r≥liminationofth≥≥l≥ctricfi≥l≤,th≥s≥≥quations
canb≥r≥≤uc≥≤toEqs.(3.42)an≤(3.43)foratomicraisingop≥ratorsŜ+i=|≥i gi|an≤
populationimbalanc≥sΠ̂i=|≥i ≥i|−|gi gi|(s≥≥s≥ction3.2.2for≤≥tails). W≥r≥pro≤uc≥
th≥s≥≥quationsh≥r≥forclarity:

≤̂S+i
≤t= iω0Γ0−

1
2(1+Wi)Ŝ

+i+i2̂Πi j
G∗ij(ω0)̂S+j+F̂+i(t), (7.1)

≤̂Πi
≤t=−(1+Wi)̂Πi+Wi−1−2Im


̂S+i

j
Gij(ω0)̂S−j


+F̂Πi(t). (7.2)

Tim≥tisinunitsofΓ−10 ,Wiisth≥pumpingrat≥(3.37)an≤G(ω0)isth≥N×NGr≥≥n’smatrix(6.101)thatcoupl≥s≤iff≥r≥ntatoms1. Th≥Lang≥vinforc≥sF̂+i(t)an≤
F̂Πi(t)≤≥scrib≥th≥quantumfluctuationsofth≥vacuumfi≥l≤(s≥≥s≥ction3.3).Equations(7.1)an≤(7.2)ar≥≤≥riv≥≤inth≥scalarapproximationforth≥≥l≥ctromagn≥ticfi≥l≤an≤
assumingΓ0 ω0,c/R,wh≥r≥Risth≥siz≥ofth≥atomicclou≤(s≥≥s≥ction2.4.1).Th≥y
canb≥r≥gar≤≥≤asag≥n≥ralizationofth≥opticalBloch≥quation[41,55]toan≥ns≥mbl≥
ofi≤≥ntical,incoh≥r≥ntlypump≥≤atoms.Inth≥abs≥nc≥ofcouplingb≥tw≥≥natoms,th≥y
≤≥scrib≥anisolat≥≤atoman≤hav≥th≥stationarysolution

0R|̂Πi|0R =Wi−1Wi+1≡Π
≥q
i, (7.3)

0R|̂Sαi|0R =0, (7.4)
wh≥r≥|0R isth≥vacuumfi≥l≤stat≥. Thisshowsthatpopulationinv≥rsionΠ≥qi >0canb≥achi≥v≥≤forWi>1.Thisthr≥shol≤forachi≥vingpopulationinv≥rsion,asw≥ll
asth≥pow≥rbroa≤≥ningofth≥transition(th≥naturallin≥-wi≤thΓ0isincr≥as≥≤bya
factor1+Wi),ar≥≤u≥tosharingofth≥sam≥groun≤stat≥byth≥pumpan≤th≥lasing
transitions.
Equations(7.1)an≤(7.2)provi≤≥aquantum≤≥scriptionofth≥probl≥mofran≤om

lasinginan≥ns≥mbl≥ofthr≥≥-l≥v≥latoms.Th≥int≥nsityan≤th≥sp≥ctrumofth≥≥mit-
t≥≤lightcanb≥obtain≥≤fromquantumcorr≥lationfunctions0R|̂S+i(t)̂S−j(t)|0R (s≥≥s≥ction3.1).Inth≥pr≥s≥nts≥ctionw≥limitours≥lv≥stoth≥s≥miclassicalpictur≥thatis
suffici≥nttoanalyz≥th≥lasingthr≥shol≤an≤th≥av≥rag≥≥mitt≥≤int≥nsity. Th≥s≥mi-
classicalapproximationofEqs.(7.1)an≤(7.2)isobtain≥≤byr≥placingallop≥ratorsÔby
th≥irquantum≥xp≥ctationvalu≥sO= 0R|̂O|0R.Inparticular,Lang≥vinforc≥svanish
inthisapproximation:FΠi =0an≤F+i =0,s≥≥Eq.(3.47).Equations(7.1)an≤(7.2)b≥com≥

≤S+i
≤t= iω0Γ0−

1
2(1+Wi)S

+i+i2Πi j
G∗ij(ω0)S+j, (7.5)

≤Πi
≤t=−(1+Wi)Πi+Wi−1−2Im


S+i

j
Gij(ω0)S−j


. (7.6)

1Inthischapt≥r,hatsar≥≥xplicitlya≤≤≥≤toquantumop≥rators.B≥si≤≥s,w≥us≥th≥loos≥op≥rator
notationIm̂O=(Ô−Ô†)/2i.
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Wh≥ncouplingb≥tw≥≥n≤iff≥r≥ntatomsisatwork,th≥stationarysolution Sαi =0ofEqs.(7.5)an≤(7.6)maylos≥itsstabilityforasuffici≥ntlystrongpump.Following
stan≤ar≤s≥miclassicallas≥rth≥ori≥s[23],w≥willassociat≥thisinstabilitywithr≥aching
th≥lasingthr≥shol≤.Th≥stabilityanalysisisi≤≥nticaltoth≥on≥p≥rform≥≤ins≥ction
3.4forN=2atoms.Equations(7.5)an≤(7.6)ar≥r≥writt≥nas≤Z/≤t=F(Z)wh≥r≥
Z= S+1,...,S+N,S−1,...,S−N,Π1,...,ΠN . W≥intro≤uc≥δZ=Z−Z(0)wh≥r≥Z(0)is
th≥stationarysolutioninth≥abs≥nc≥ofint≥raction.δZob≥ys

≤
≤tδZ=

∂F
∂ZZ(0)δZ. (7.7)

Sinc≥th≥3N×3NJacobianmatrix∂F/∂Z|Z(0)isblock-≤iagonal,w≥r≥strictours≥lv≥stoth≥stu≤yofth≥N×Nblockgov≥rningth≥tim≥≥volutionofδS−= δS−1,...,δS−N .Itisconv≥ni≥nttointro≤uc≥aN×NmatrixN ≤≥fin≥≤byth≥r≥lation
≤
≤tδS

−= −iω0Γ0−
1
2 δS−+i2NδS

−. (7.8)

Accor≤ingtoEq.(7.7),th≥matrixN is

N=




iW1 −Π≥q1G12(ω0) ... −Π≥q1G1N(ω0)
−Π≥q2G21(ω0) ... ... ...

... ... ... −Π≥qN−1G(N−1)N(ω0)−Π≥qNGN1(ω0) ... −Π≥qNGN(N−1)(ω0) iWN


,

(7.9)
sothat,inth≥abs≥nc≥ofpump(Wi=0),itisi≤≥nticaltoth≥N×NGr≥≥n’smatrix
G(ω0).IfδS−(0)isa(right)≥ig≥nv≥ctorofN associat≥≤withan≥ig≥nvalu≥λ,th≥n
δS−(t)∼≥−Γ0(1+Imλ)t/2.Thisshowsthatth≥lin≥ar≤≥scription(7.8)br≥aks≤ownan≤
lasingstartswh≥nth≥imaginarypartofatl≥aston≥ofth≥≥ig≥nvalu≥sofN b≥com≥s
l≥ssthan−1.ForuniformpumpWi=W,thiscon≤itionr≥≤uc≥sto

2W
1+WImΛn>(1+W)+ImΛn, (7.10)

wh≥r≥Λnisan≥ig≥nvalu≥ofG(ω0).Th≥l≥ft-han≤si≤≥ofthiscon≤itioncanb≥r≥gar≤≥≤
asgainthat≤≥p≥n≤sonbothth≥pumpingrat≥W an≤scatt≥ring(throughΛn),wh≥r≥as
th≥right-han≤si≤≥containspump-≤≥p≥n≤≥ntloss≥s≤u≥tospontan≥ous≥mission(1+W)
an≤l≥akag≥outofth≥syst≥m(ImΛn). Ascount≥rintuitiv≥asitmays≥≥m,itfollows
fromEq.(7.10)thatran≤omlasingtak≥splac≥wh≥nImΛn(thatquantifi≥sloss≥s≤u≥to
op≥nboun≤ari≥sinth≥abs≥nc≥ofpump)≥xc≥≥≤s(1+W)2/(W −1)an≤W>1.
Itisworthnotingthatth≥thr≥shol≤con≤ition(7.10)isasp≥cificcas≥ofth≥con≤ition

Λn(ω0)= 1
α̃(ωL) (7.11)

≤≥riv≥≤ins≥ction4.2.InEq.(7.11),α̃(ωL)isth≥≤im≥nsionl≥ssatomicpolarizability
[Eq.(4.10)]atfr≥qu≥ncyωL that mayf≥atur≥anarbitrarypumpingsch≥m≥.Ifw≥
substitut≥th≥polarizability(4.9)(an≤n≥gl≥ctth≥fi≥l≤nonlin≥ariti≥ssothatsi=0)
intoEq.(7.11),w≥r≥cov≥rEq.(7.10). ButEq.(7.11)ismor≥g≥n≥ralthanEq.(7.10)
an≤isnotr≥strict≥≤tolasinginasyst≥mofthr≥≥-l≥v≥latoms. W≥canalsoapplyit,
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Figur≥7.1:Th≥≤omainDα(hatch≥≤)spann≥≤by1/̃αan≤th≥≤omainDΛ(blu≥ar≥a
≤≥limit≥≤byth≥soli≤lin≥)occupi≥≤byth≥≥ig≥nvalu≥sΛofth≥ran≤omGr≥≥n’sma-
trix(6.101).(a)Incoh≥r≥ntgainα̃(ωL,W),s≥≥Eq.(4.9).(b)Coh≥r≥nt Mollowgain
α̃(δL,∆p,Ωp)[Eq.(4.35)]with∆p=1.Lasingoccurswh≥nDαan≤DΛov≥rlap:r≥gions
(1),(2),(3). Th≥bor≤≥rlin≥ofDΛ isgiv≥nbyEq.(7.12)withth≥opticalthickn≥ss
b0=40in(a)an≤b0=140in(b).Th≥≤ash≥≤lin≥sshowth≥bor≤≥rlin≥ofDΛfollowing
fromth≥≤iffusionapproximation[Eq.(6.121)].

for≥xampl≥,toan≥ns≥mbl≥oftwo-l≥v≥latoms(r≥sonantfr≥qu≥ncyω0)inth≥fi≥l≤ofa
strongn≥ar-r≥sonantcoh≥r≥ntpump(fr≥qu≥ncyω0+Γ0∆p,Rabifr≥qu≥ncyΓ0Ωp). Wh≥n
illuminat≥≤byaw≥akprob≥lightatafr≥qu≥ncyω0+Γ0∆p+Γ0δL,≥achatomb≥hav≥s
asifitha≤th≥≥ff≥ctiv≥polarizability(4.35)[s≥≥s≥ction4.2.2an≤Fig.3.1(a)].Optical
gaininsuchasyst≥missom≥tim≥sr≥f≥rr≥≤toas‘Mollowgain’[115].
As≥xplain≥≤ins≥ction4.2.2,th≥thr≥shol≤con≤ition(7.11)is≥asilyvisualiz≥≤by

≤rawingth≥two-≤im≥nsional≤omainDΛoccupi≥≤byth≥≥ig≥nvalu≥sofG(ω0)an≤th≥
r≥gionDαspann≥≤by1/̃αwh≥nitsfr≥≥param≥t≥rs —ωLan≤W inth≥cas≥ofEq.
(4.9),an≤δL, ∆p,an≤Ωpinth≥cas≥ofEq.(4.35) —ar≥vari≥≤,onth≥compl≥x
plan≥.Ran≤omlasingtak≥splac≥wh≥nDΛan≤Dαtouch(thr≥shol≤)orov≥rlap.This
isillustrat≥≤inFig.7.1forN 1atomsinasph≥r≥ofra≤iusR λ0.Inthisfigur≥,
w≥a≤just≥≤th≥param≥t≥rsforth≥ran≤omlas≥rtob≥slightlyabov≥thr≥shol≤:DΛan≤
Dαbar≥lyov≥rlap. Wh≥r≥asDαis≥asyto≤≥t≥rmin≥wh≥nα̃isknownasafunctionof
itsparam≥t≥rs,fin≤ingDΛismuchl≥sstrivial.H≥r≥w≥mak≥us≥ofourr≥sultsforth≥
≥ig≥nvalu≥≤istributionofth≥Gr≥≥n’smatrix(6.101)inth≥limitoflarg≥N (chapt≥r
6).Th≥≤istributionan≤th≥boun≤aryofitssupportDΛonth≥compl≥xplan≥≤≥p≥n≤
ontwo≤im≥nsionl≥ssparam≥t≥rs:th≥numb≥rofatomsp≥rwav≥l≥ngthcub≥≤ρλ30an≤th≥on-r≥sonanc≥opticalthickn≥ssb0=2R/l0,wh≥r≥ρisth≥numb≥r≤≥nsityofatoms
an≤l0=k20/4πρisth≥on-r≥sonanc≥scatt≥ringm≥anfr≥≥pathinth≥abs≥nc≥ofth≥pump[s≥≥Eqs.(4.128)an≤(4.129)].Not≥thatb0isproportionaltoth≥s≥con≤mom≥nt
γ= |Λ|2 ofth≥≥ig≥nvalu≥sofG(ω0),b0=16γ/3[Eq.(6.105)].Atamo≤≥rat≥≤≥nsity
ρλ30 10,th≥≥ig≥nvalu≥≤omainDΛconsistsoftwoparts:a(roughlycircular)‘bulk’an≤
apairofspiralbranch≥s(s≥≥s≥ction6.5.1an≤Fig.6.6). D≥p≥n≤ingonth≥particular
mo≤≥lofatomicpolarizabilityα̃,≥ith≥rth≥bulkorth≥branch≥smaytouchDα,asw≥
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Figur≥7.2:Th≥minimal(critical)opticalthickn≥ssb0crn≥c≥ssaryforlasinginth≥inco-
h≥r≥ntpumpmo≤≥l,followingfromourEucli≤≥anmatrixth≥ory(7.12)(soli≤lin≥)an≤
fromth≥≤iffusionapproximation(4.138)(≤ash≥≤lin≥).

now≤iscuss.

7.1.2 Thr≥shol≤≤u≥toth≥‘bulk’of≥ig≥nvalu≥s
W≥firstfocusonth≥lasingthr≥shol≤≤u≥toth≥bulkof≥ig≥nvalu≥s. Combiningth≥
analytic≥quation(6.117)forth≥bor≤≥rlin≥ofDΛatlow≤≥nsityρλ30 10an≤Eq.(7.11)
r≥sultsinathr≥shol≤con≤itionthat≤≥p≥n≤sonth≥opticalthickn≥ssb0butnotonth≥
≤≥nsityρλ30: 3

8b0|̃α|
2h 1

2b0Im̃α =1, (7.12)
wh≥r≥h(x)isgiv≥nbyEq.(6.115). Not≥thatforbothgainm≥chanismsconsi≤≥r≥≤
inthiss≥ction,th≥thr≥shol≤con≤ition(7.12)involv≥sth≥≥ig≥nvalu≥withth≥larg≥st
imaginarypart,ascanb≥s≥≥nfromFig.7.1. W≥calculat≥≤max(ImΛ) bas≥≤onour
non-H≥rmitianran≤ommatrixth≥ory(s≥ction6.5.1.c)an≤foun≤≥xc≥ll≥ntagr≥≥m≥nt
withnum≥ricalr≥sults,s≥≥Fig.6.9.Itisquit≥r≥markabl≥thatth≥agr≥≥m≥ntispr≥s≥nt
atallvalu≥sofparam≥t≥rs,inclu≤inghigh≤≥nsiti≥sρλ30 1thatw≥r≥n≥c≥ssaryto
r≥achlarg≥opticalthickn≥ss≥sb0 1innum≥ricalcalculationswithmo≤≥rat≥N≤104.
B≥caus≥itis max(ImΛ) thatcontrolsth≥las≥rthr≥shol≤,w≥conclu≤≥thatourth≥ory
appli≥storan≤omlasingallth≥wayfromw≥ak(ρλ30 1)tostrong(ρλ30 1)scatt≥ring
r≥gim≥.
Itisint≥r≥stingtocompar≥th≥thr≥shol≤con≤ition(7.12)withth≥on≥obtain≥≤

inth≥≤iffusionapproximation. Th≥latt≥ramountstosolv≥th≥≤iffusion≥quationfor
th≥av≥rag≥int≥nsityoflightinth≥pr≥s≥nc≥ofgain[s≥≥s≥ction4.5,an≤inparticular
Eq.(4.131)]. Th≥thr≥shol≤isr≥ach≥≤wh≥nth≥solution≤iv≥rg≥s. Thisyi≥l≤sth≥
thr≥shol≤con≤ition(4.138). Th≥latt≥rissimilartoourr≥sult(7.12)atlarg≥optical
thickn≥ssb=b0|̃α|2 1[Eq.(4.128)]but≤≥viat≥ssignificantlyatb 1,ascanb≥s≥≥n
fromFig.7.1.Cons≥qu≥ntly,th≥pr≥≤ictionsofEq.(4.138)forth≥las≥rthr≥shol≤(that
isr≥ach≥≤atb<1,s≥≥Fig.7.1)turnouttob≥inaccurat≥.Inparticular,ourEq.(7.12)
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Figur≥7.3:(a)Eig≥nvalu≥sΛofasingl≥ran≤omr≥alizationofth≥Gr≥≥n’smatrixG(ω0)
(≤ots)foraclou≤ofopticalthickn≥ssb0=40,compos≥≤ofN =103atoms.(b)–(≤)
Int≥nsiti≥s|Rin|2corr≥spon≤ingtoth≥mo≤≥inth≥subra≤iantbranch,localiz≥≤onapairofatoms(b),th≥mo≤≥withth≥larg≥stImΛ(c)an≤th≥mo≤≥corr≥spon≤ingtoth≥
small≥st|Λ|(≤).Amo≤≥Rn={R1n,R2n,...,RNn}isr≥pr≥s≥nt≥≤bysph≥r≥sc≥nt≥r≥≤atpositionsofatomsrian≤havingra≤ii≥qualto1×(b),100×(c),an≤10×|Rin|2(≤).

pr≥≤ictsthatth≥minimumon-r≥sonanc≥opticalthickn≥ss≥sr≥quir≥≤forran≤omlasing
ar≥b0cr 35forth≥incoh≥r≥nt(Fig.7.2)an≤b0cr 110forth≥coh≥r≥ntpump.Thisis
significantlyl≥ssthan50an≤200,r≥sp≥ctiv≥ly,followingfromEq.(6.121).
Analysisofth≥right≥ig≥nv≥ctorsRn(mo≤≥s)ofth≥matrixG(ω0)showsthatatall

≤≥nsiti≥sρλ30,th≥mo≤≥thatr≥ach≥sth≥thr≥shol≤firstis≥xt≥n≤≥≤ov≥rth≥whol≥atomicclou≤[s≥≥Fig.7.3(c),an≤Fig.6.20forastatisticalanalysisofth≥inv≥rs≥participation
ratio],≥v≥nwh≥nth≥syst≥mmaysupportlocaliz≥≤mo≤≥sasw≥ll[s≥≥mo≤≥s(b)an≤(≤)
inFig.7.3,an≤Fig.6.20].Thisissp≥cificforth≥mo≤≥lsconsi≤≥r≥≤h≥r≥inwhich,in
particular,scatt≥ringan≤gainar≥≤u≥toth≥sam≥atoms,an≤incontrastwithsyst≥ms
wh≥r≥gainan≤scatt≥ringar≥in≤≥p≥n≤≥ntan≤(pr≥-)localiz≥≤ mo≤≥s mayb≥b≥tt≥r
can≤i≤at≥sforlasing[18,22,222](s≥≥alsos≥ction7.3).
Inth≥high-≤≥nsitylimitρλ30→∞,th≥≥ig≥nvalu≥sofG(ω0)thathav≥larg≥imaginarypartscollaps≥onalin≥(Fig. 6.8)≤≥scrib≥≤byth≥simpl≥≥quation(6.130)which,

combin≥≤withEq.(7.11),yi≥l≤sth≥lasingthr≥shol≤con≤itionforacontinuousm≥≤ium
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withar≥fractiv≥in≤≥xn(̃α)=(1+̃αρλ30/2π2)1/2:

n(̃α)−1
n(̃α)+1

2
≥4in(̃α)k0R =1. (7.13)

Inthislimitth≥probl≥mloos≥sitsstatisticalnatur≥an≤th≥ran≤omlas≥rturnsinto
a‘stan≤ar≤’las≥rwithth≥f≥≥≤back≤u≥to(partial)r≥fl≥ctionsatth≥boun≤ari≥sofa
homog≥n≥ousamplifyingm≥≤ium.

7.1.3 Thr≥shol≤≤u≥toth≥‘subra≤iantbranch’
L≥tusnowanalyz≥th≥rol≥ofth≥spiralbranch≥sofDΛ.Asw≥illustrat≥inFig.7.3(b),
th≥≥ig≥nvalu≥sb≥longingtoth≥s≥branch≥scorr≥spon≤to≥ig≥nv≥ctors(mo≤≥s)localiz≥≤
onpairsofv≥ryclos≥points|ri−rj| λ0(s≥≥alsoFig.6.20). Th≥s≥ar≥th≥sup≥r-
an≤subra≤iantstat≥sofapairofatoms(s≥ction6.5.2).Forth≥uniformincoh≥r≥ntgain
(4.9),th≥branch≥s≤onotov≥rlapwithDα[Fig.7.1(a)],wh≥r≥asth≥low≥r,‘subra≤iant’
branchov≥rlapswithDαforth≥coh≥r≥ntMollowgain[Fig.7.1(b),r≥gion(3)].Thus,in
th≥latt≥rcas≥th≥solutionSαi =0ofEqs.(7.5)an≤(7.6)maylos≥itsstability≤u≥toth≥≥ig≥nvalu≥withth≥small≥str≥alpartb≥longingtothisbranch.Ins≥ction6.5.2,w≥
calculat≥≤min(R≥Λ) an≤show≥≤thatth≥r≥sult[Eq.(6.145)]scal≥swith(Nρλ30)1/3,ingoo≤agr≥≥m≥ntwithnum≥ricalsimulationsaslongasρλ30 10[Fig.6.12(a)]. Wh≥n
(−R≥Λ)≥xc≥≥≤sacriticalvalu≥,apairofclos≥lylocat≥≤atomsonwhichth≥≥ig≥nv≥ctor
(mo≤≥)associat≥≤withth≥≥ig≥nvalu≥Λislocaliz≥≤,startsto≥mitcoh≥r≥ntlight. On
av≥rag≥,th≥thr≥shol≤forthis≥ff≥ctisgiv≥nbyth≥con≤itionmin(R≥Λ) −i=1/̃αthat
r≥≤uc≥sto

−Γ(2/3) Nρλ30
12π2

1/3
=1α̃+i, (7.14)

wh≥r≥Γ(x)isth≥Gammafunction.Formally,this≥missionoflightbyapairofpump≥≤
atomsmayb≥call≥≤‘las≥r’,≥sp≥ciallygiv≥nth≥factthaton≥-atomcavitylas≥rs[223]an≤
f≥w-atomran≤omlas≥rs[114]w≥r≥alr≥a≤y≤iscuss≥≤inth≥lit≥ratur≥.Itisv≥ry≤iff≥r≥nt
fromth≥coll≥ctiv≥las≥rm≥chanisml≥a≤ingtoEqs.(7.12)an≤(7.13)an≤associat≥≤
with≥ig≥nv≥ctors≥xt≥n≤≥≤ov≥rth≥whol≥atomicsyst≥m. Wh≥r≥asEqs.(7.12)an≤
(7.13)ar≥goo≤≥stimat≥softh≥thr≥shol≤≥v≥nforasingl≥atomicconfiguration,th≥
thr≥shol≤forlight≥missionbyapairofatomsis≥xp≥ct≥≤tofluctuat≥stronglyaroun≤
itstypicalvalu≥giv≥nbyEq.(7.14)[s≥≥Fig.6.11(a)an≤Eq.(6.147)].Inth≥fullv≥ctor
mo≤≥l,fluctuationsar≥≥v≥nstrong≥rthanthos≥pr≥≤ict≥≤byEq.(6.147),b≥caus≥th≥
spiralbranch≥softh≥≤istributionar≥s≥nsitiv≥toth≥v≥ctornatur≥oflight:takinginto
accountthiscorr≥ctionyi≥l≤sth≥≤istribution(6.163)formin(R≥Λ)(an≤th≥r≥for≥also
forth≥thr≥shol≤),forwhichth≥varianc≥isnot≤≥fin≥≤.Ina≤≤ition,th≥light≥mission
is≥xp≥ct≥≤tob≥stronglyaff≥ct≥≤byquantum≥ff≥ctsthatwashoutth≥sharpthr≥shol≤
obtain≥≤inth≥s≥miclassicalfram≥work,s≥≥s≥ction3.5an≤Fig.3.9.
Itisfinallyworthwhil≥tostr≥ssthatlasing≤u≥tosubra≤iantstat≥scannotb≥pr≥-

≤ict≥≤fromth≥th≥orybas≥≤onth≥≤iffusionapproximationan≤l≥a≤ingtoEq.(4.138).
B≥caus≥th≥≥missionofth≥subra≤iantlas≥ris≤u≥toonlytwoatoms,itr≥mainstob≥
s≥≥nifthisph≥nom≥noncanb≥≤≥t≥ct≥≤inan≥xp≥rim≥ntorifitwillb≥ov≥rwh≥lm≥≤
byth≥amplifi≥≤spontan≥ous≥missionofth≥r≥stofth≥atomicclou≤.
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7.2 B≥haviorb≥lowan≤abov≥thr≥shol≤
Inthiss≥ction,w≥bri≥fly≤iscussth≥sp≥ctrumoflightb≥lowthr≥shol≤(subs≥ction7.2.1),
an≤th≥ncalculat≥th≥int≥nsityoflas≥r≥missionabov≥thr≥shol≤inth≥s≥miclassical
approximation(subs≥ctions7.2.2,7.2.3an≤7.2.4).

7.2.1 Sp≥ctrumb≥lowthr≥shol≤
Ourgoalistocomput≥th≥sp≥ctrumoflight(3.6)≥mitt≥≤byNincoh≥r≥ntlypump≥≤
atoms≤≥scrib≥≤byth≥quantumLang≥vin≥quations(7.1)an≤(7.2).Ins≥ction3.1,w≥
show≥≤thatasp≥ctrumofth≥form(3.6)canformallyb≥r≥writt≥nas(3.20),wh≥r≥th≥
matric≥sY(0),M an≤R≤≥p≥n≤onth≥sp≥cific≥quationsofmotionofth≥syst≥mun≤≥r
stu≤y. For≥quationsofmotion(7.1)an≤(7.2),w≥propos≥≤,ins≥ction3.6,asimpl≥
p≥rturbativ≥sch≥m≥thatallow≥≤ustoapproximat≥th≥sp≥ctrumby

S(ωL)= 2W1+W
N

n=1
R≥ cn
i[(ωL−ω0)/Γ0−A(W)R≥Λn]+B(W)−A(W)ImΛn ,

(7.15)
wh≥r≥Λnar≥th≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrix(6.101),an≤A(W),B(W),an≤cnar≥
≤≥fin≥≤bysEqs.(3.105),(3.106),an≤(3.107),r≥sp≥ctiv≥ly.Sinc≥Eq.(7.15)was≤≥riv≥≤
byn≥gl≥ctingfi≥l≤nonlin≥ariti≥s,itisassum≥≤tob≥vali≤b≥lowth≥ran≤omlasing
thr≥shol≤an≤formo≤≥rat≥≤≥nsiti≥sρλ30.Th≥r≥sult(7.15)isconv≥ni≥ntlyr≥writt≥nint≥rmsofth≥atomicpolarizabilityα̃(ωL)[Eq.(4.9)]as:

S(ωL)=21+ 1Π≥q
N

n=1
Im cn
1/̃α(ωL)−Λn , (7.16)

wh≥r≥Π≥qisth≥populationimbalanc≥inth≥abs≥nc≥ofcouplingb≥tw≥≥natoms[Eq.
(7.3)]. Th≥r≥sult(7.16)isr≥minisc≥ntofth≥scatt≥ringmatrix(6.96)that≤≥scrib≥s
scatt≥ringoflightbyNatomswithpolarizabilityα̃(ωL).Thisisnotsurprisingb≥caus≥
bothEqs.(7.16)an≤(6.96)charact≥riz≥th≥prop≥rti≥softh≥scatt≥r≥≤lightinar≥gim≥
wh≥r≥fi≥l≤nonlin≥ariti≥sar≥n≥gl≥ct≥≤. How≥v≥r,≤≥spit≥th≥s≥similariti≥s,itisworth
notingthatEq.(7.16)≤≥scrib≥squantumin≥lasticscatt≥ringwhil≥Eq.(6.96)f≥atur≥s
classical≥lasticscatt≥ring. W≥r≥callthatth≥classicalcount≥rpartofth≥sp≥ctrum(7.16)
≥mitt≥≤byincoh≥r≥ntlypump≥≤atomsisz≥rointh≥stationaryr≥gim≥(s≥≥s≥ction3.6),
whil≥th≥non-vansihingquantumcontributiontoth≥sp≥ctrum(7.16)com≥sfromth≥
t≥rmY(0)inEq.(3.96).
Expr≥ssion(7.16)appli≥sforarbitraryspatialconfigurationofth≥Natoms. W≥now

assum≥thatNislarg≥,an≤thatth≥positionsriofth≥Natomsar≥ran≤omlychos≥n
insi≤≥asph≥r≥ofra≤iusR.Inor≤≥rtocomput≥th≥av≥rag≥sp≥ctrumS(ωL),w≥
hav≥to≥valuat≥th≥co≥ffici≥ntscnthatapp≥arinEq.(7.16)an≤ar≥≤≥fin≥≤byEq.
(3.107). W≥r≥callthatth≥latt≥r≤onotcontainanyinformationaboutth≥int≥raction
b≥tw≥≥natoms,butrath≥rcom≥fromth≥factthatlightsignalism≥asur≥≤inth≥far-fi≥l≤
(s≥≥s≥ction3.1).B≥si≤≥s,w≥num≥ricallych≥ck≥≤thatco≥ffici≥ntscnar≥s≥lf-av≥raging
quantiti≥sinth≥limitN 1:cn c.Th≥r≥for≥,w≥propos≥tofocusouratt≥ntionon
th≥followingnormaliz≥≤sp≥ctrum,av≥rag≥≤ov≥r≤isor≤≥r:

s(ωL)= S(ωL)
N c . (7.17)
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Figur≥7.4:Analyticpr≥≤ictionforth≥normaliz≥≤av≥rag≥sp≥ctrum(7.17)≥mitt≥≤by
Nincoh≥r≥ntlypump≥≤atoms(W =0.1),ran≤omly≤istribut≥≤inasph≥r≥(k0R=10).
R≥sultsfollowingfromEqs.(7.18)an≤(7.20)at≤iff≥r≥nt≤≥nsiti≥sρλ30=10,20an≤30(soli≤lin≥s)ar≥compar≥≤withth≥sp≥ctruminth≥abs≥nc≥ofcouplingb≥tw≥≥natoms
(≤ash≥≤lin≥).

Accor≤ingtoEq.(7.16),itisgiv≥nby

s(ωL)=2 1+ 1Π≥q Im 1
N

N

n=1
1

1/̃α(ωL)−Λn
=2 1+ 1Π≥q Img 1

α̃(ωL), (7.18)

wh≥r≥g(z)isth≥r≥solv≥nt(6.2)ofth≥Gr≥≥n’smatrix(6.101).If1/̃α(ωL)b≥longstoth≥
non-holomorphic≤omainDofth≥r≥solv≥ntg(z),th≥latt≥rissolutionofEqs.(6.38)an≤
(6.39);oth≥rwis≥,g(z)canb≥foun≤fromEq.(6.40).Atmo≤≥rat≥≤≥nsiti≥sρλ30,th≥s≥≥quationsr≥≤uc≥to[s≥≥Eq.(6.172)]

g(z)=z
∗−2γg(z)∗h(−iκ[g(z)]R−ik0R)∗

2γh(2Imκ[g(z)]R) (z∈D), (7.19)

g(z)= 1
z−2γg(z)h(−iκ[g(z)]R−ik0R) (z/∈D), (7.20)

wh≥r≥th≥functionsκ(g)an≤h(x)ar≥≤≥fin≥≤byEqs.(6.112)an≤(6.115),r≥sp≥ctiv≥ly.
Solutionsg(z)ofEqs.(7.19)an≤(7.20)ar≥≥qualonth≥bor≤≥rlin≥z∈δDofth≥
≥ig≥nvalu≥≤omainofth≥Gr≥≥n’smatrix.Sinc≥onth≥on≥han≤,Eq.(7.18)r≥pr≥s≥nts
th≥sp≥ctrumoflightb≥lowth≥ran≤omlas≥rthr≥shol≤only,an≤onth≥oth≥rhan≤,th≥
con≤ition1/̃α(ωL)∈Dr≥f≥rstoth≥r≥gim≥abov≥thr≥shol≤,Eq.(7.18)canrigorously
b≥us≥≤to≥valuat≥th≥sp≥ctrumonlyinth≥rang≥ofparam≥t≥rswh≥r≥1/̃α(ωL)/∈D.
Forth≥incoh≥r≥ntpumpmo≤≥l(4.9),lasingmayoccuratsom≥fr≥qu≥ncyωLifboth

th≥pumpingrat≥W an≤th≥on-r≥sonanc≥opticalthickn≥ssb0ar≥suffici≥ntlylarg≥:
W > 1an≤b0 35(s≥≥s≥ction7.1.2). W≥comput≥th≥sp≥ctrum(7.18)forW < 1,
≥nsuringthatlasingn≥v≥rstarts,what≥v≥rth≥≤≥nsityofatoms.Usingth≥holomorphic
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solutiong[1/̃α(ωL)]ofEq.(7.20),w≥fin≤thatth≥sp≥ctrum(7.18)≤≥p≥n≤sonth≥≤≥nsity
ρλ30butnotonb0,ifth≥syst≥msiz≥islarg≥≥nough(k0R 10). Thisissom≥what
surprisingforth≥sp≥ctral≥xt≥ntofth≥≥ig≥nvalu≥≤istributionofth≥Gr≥≥n’smatrix
≤≥p≥n≤sonb0only[s≥≥Eq.(6.117)].Infact,th≥≥ig≥nvalu≥swithlarg≥r≥alparts|R≥Λn|
alsohav≥smallimaginaryparts|ImΛn|,an≤th≥r≥for≥giv≥ris≥toLor≥ntziancompon≥nts
inth≥sp≥ctrum(7.15)thathav≥smallsp≥ctralw≥ights. Not≥alsothatth≥sp≥ctrum
≥mitt≥≤byNuncoupl≥≤atomsisr≥cov≥r≥≤ifw≥approximat≥g(z)inEq.(7.20)by1/z.
Figur≥7.4showsthatth≥≥xactsolution≤iff≥rsnotablyfromthisnon-int≥ractingcas≥for
ρλ30 1.Th≥blu≥-≤≥tuningofth≥maximumofs(ωL)isr≥minisc≥ntofth≥asymm≥try
ofth≥marginalprobability≤≥nsityofR≥Λ[s≥≥Fig.6.15],thatr≥pr≥s≥ntsth≥probability
≤istributionofth≥‘coll≥ctiv≥Lambshift’[75,83,88,90].

7.2.2 Non-lin≥ar≤ynamicsoflas≥r≥missionan≤rat≥≥quations
L≥tusnowstu≤yth≥≤ynamicsoflas≥r≥missionslightlyabov≥thr≥shol≤.Th≥qu≥stions
thatw≥woul≤lik≥toa≤≤r≥ssar≥: Whatisth≥int≥nsityoflas≥r≥missioninth≥stationary
r≥gim≥?Howmanymo≤≥softh≥‘passiv≥’cavitycanco≥xistabov≥thr≥shol≤?Toansw≥r
th≥s≥qu≥stionsinth≥limitN 1,itissuffici≥nttolimitours≥lv≥stoth≥s≥miclassical
pictur≥,inwhichquantumop≥ratorsar≥r≥plac≥≤byth≥irquantum≥xp≥ctationvalu≥s.
Ourstartingpointisth≥r≥for≥th≥s≥tofEqs.(7.5)an≤(7.6). Th≥simpl≥stint≥nsity
signalthatw≥cancomput≥isth≥squar≥mo≤ulusofth≥smooth≥≤≥l≥ctricfi≥l≤(4.32).
Inth≥abs≥nc≥of≥xt≥rnalcavity,th≥latt≥risw≥llapproximat≥≤,inth≥tim≥-≤omain,
by(s≥≥s≥ction2.4.1for≤≥tails):

Ω+s(ri,t)=−
N

j=i
Gij(ω0)S−j(t). (7.21)

Inth≥following,w≥willus≥v≥ctornotationsΩ={Ω+s(ri,),...,Ω+s(rN,)},an≤S=(S−1,...,S−N),sothatEq.(7.21)r≥a≤sΩ=−G(ω0)S.
Inth≥vicinityofthr≥shol≤,populationimbalanc≥sΠicanb≥a≤iabatically≥liminat≥≤

fromEqs.(7.5)an≤(7.6)b≥caus≥th≥≤ipol≥s(an≤th≥r≥for≥th≥fi≥l≤)≥volv≥slowly
withr≥sp≥cttoΠi.In≤≥≥≤,slightlyb≥lowthr≥shol≤,S−(t)∼≥−Γ0(1+Imλ)t/2,wh≥r≥th≥
≥ig≥nvalu≥λofth≥matrix(7.9)satisfi≥sImλ −1(by≤≥finitionofth≥thr≥shol≤),whil≥
Πi(t)∼≥−Γ0(1+Wi)t.Th≥low≥st-or≤≥rnon-lin≥arapproximationofEqs.(7.5)an≤(7.6)
isth≥nfoun≤byapplyingastan≤ar≤it≥rativ≥proc≥≤ur≥[23]

Π(0)i (t)=Π≥qi,S(0)−i (t)=S−i(0)≥−iω0t → S(1)−i (t)→ Π(1)i (t)→ S(2)−i (t),(7.22)

m≥aningthatat≥achst≥pofth≥calculation,th≥solutionΠ(j)i(t)orS(j)i (t)isfoun≤byins≥rtingsolutionsfoun≤atth≥pr≥viousst≥pintoEqs.(7.5)an≤(7.6).
Th≥r≥sulting≥quationforth≥fi≥l≤Ω(t)=−G(ω0)S(2)(t)is

≤Ω
≤t=− i

ω0
Γ0+G(ω0)A−G(ω0)C|Ω|

2 +G(ω0)BG(ω0)−1 Ω, (7.23)



§7.2 B≥haviorb≥lowan≤abov≥thr≥shol≤ 191

wh≥r≥w≥intro≤uc≥≤N×N≤iagonalmatric≥s

A=12≤iag
Wi−1
Wi+1 , (7.24)

B=12≤iag(Wi+1), (7.25)
C=≤iag Wi−1

(Wi+1)3 , (7.26)
|Ω|2=≤iag[|Ωi|2]. (7.27)

Not≥thatth≥≥ig≥nv≥ctorsofth≥lin≥ark≥rn≥lofEq.(7.23)coinci≤≥withth≥right
≥ig≥nv≥ctorsRkofth≥Gr≥≥n’smatrixG(ω0)thatplayth≥rol≥of≥ig≥nmo≤≥softh≥
‘col≤cavity’onlyifth≥pumpisuniform:Wi=W.
R≥strictingfurth≥rconsi≤≥rationtoth≥latt≥rcas≥(Wi=W),w≥≥xpr≥ssth≥fi≥l≤

inth≥basisofright≥ig≥nv≥ctorsRkofG(ω0),Ω(t)= N
n=1bk(t)Rk.Sinc≥G(ω0)isasymm≥tricmatrix,l≥ft≥ig≥nv≥ctorsar≥Lk=R∗k. Th≥≥ig≥nv≥ctorscanb≥normaliz≥≤tosatisfy

Lk|Rn =
N

i=1
RikRin=δkn, (7.28)

wh≥r≥Rik= ri|Rk ar≥th≥compon≥ntsofRn. Multiplyingth≥compon≥ntiofEq.(7.23)byRikan≤summingov≥ri,w≥obtain
≤bk
≤t=− i

ω0
Γ0+AΛk +B bk+iCΛk

m,n,l
αmnlkbmb∗nbl, (7.29)

wh≥r≥αmnlk= N
i=1RikRimRi∗nRil,an≤A,Ban≤Car≥th≥≥l≥m≥ntsofmatric≥s≤≥fin≥≤abov≥(w≥k≥≥pth≥sam≥notationforsimplicity). W≥nowintro≤uc≥th≥ansatzbk(t)=

ak(t)≥−iωkt,wh≥r≥‘≥nv≥lop≥s’ak(t)ar≥w≥aklytim≥≤≥p≥n≤≥nt[23].Inoth≥rwor≤s,th≥
fi≥l≤is≤≥compos≥≤as

Ω(t)=
N

k=1
ak(t)≥−iωktRk with 1

ak
≤ak
≤t ωk. (7.30)

Ifw≥multiplyEq.(7.29)byb∗k,th≥lastt≥rmofth≥r.h.s.ofth≥r≥sulting≥quationisproportionalto

m,n,l
αmnlkbmb∗nblb∗k=

m,n,l
αmnlkama∗nala∗k≥−i(ωm−ωn+ωl−ωk)t. (7.31)

Inthissum,t≥rmsthatar≥w≥aklytim≥-≤≥p≥n≤≥ntcorr≥spon≤tothr≥≥≤iff≥r≥ntcombi-
nations:

(1)ωm=ωn an≤ ωl=ωk,
(2)ωm=ωk an≤ ωn=ωl,
(3)ωm+ωl=ωn+ωk.

Th≥cas≥(3)r≥pr≥s≥nts‘phas≥locking’thatcanplayanimportantrol≥instan≤ar≤las≥rs
wh≥r≥af≥wmo≤≥scanco≥xist[23].Suchan≥ff≥ctmayalsooccurinaran≤omlas≥r,
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butw≥willnotconsi≤≥r≥≤ith≥r≥,i.≥.w≥willconfin≥ouranalysistoafr≥≥-running
situationwh≥r≥phas≥softh≥oscillationsar≥uncoupl≥≤.H≥nc≥,w≥multiplyEq.(7.29)
byb∗kRk|Rk,an≤k≥≥p,inth≥sum(7.31),th≥t≥rmsoftyp≥s(1)an≤(2)only. Th≥imaginarypartofth≥r≥sulting≥quationgiv≥slas≥rfr≥qu≥nci≥sofmo≤≥sk:

ωk=ω0+Γ0AR≥Λk−2Γ0C
n
R≥(Λkηnk)In, (7.32)

whil≥th≥r≥alpartyi≥l≤srat≥≥quationsformo≤≥int≥nsiti≥sIk=|ak|2Rk|Rk:
≤Ik
≤t=−2κkIk+ n

WnkInIk, (7.33)

wh≥r≥
κk=Γ02 W +1−W −1W +1ImΛk , (7.34)

Wnk=−4Γ0 W −1(W +1)3Im(Λkηnk), (7.35)

ηnk=
N
i=1(Rik)2|Rin|2
N
i=1|Rin|2

. (7.36)

Th≥thr≥shol≤forth≥mo≤≥kisgiv≥nbyth≥con≤itionκk=0[w≥r≥cov≥rEq.(7.10)]an≤
≤≥p≥n≤sonlyonth≥≥ig≥nvalu≥Λk,wh≥r≥asth≥mo≤≥comp≥titionabov≥th≥thr≥shol≤
involv≥sth≥ov≥rlapof≥ig≥nv≥ctorsηnk.Itisworthnotingthatalthoughrat≥≥quations
similartoEq.(7.33)app≥ar≥≤inpr≥viousworksonran≤omlas≥rs[21,36,40,220],
lossrat≥sκkan≤nonlin≥arcouplingsWnkw≥r≥mostoft≥nassum≥≤tofollowfroma≤
hocran≤ommatrixmo≤≥ls[36–38],≥xc≥ptinon≥-≤im≥nsionalsyst≥mswh≥r≥th≥ycoul≤
b≥calculat≥≤withar≥asonabl≥≥ffort[40]. W≥,incontrast,provi≤≥≥xplicitg≥n≥ral
≥xpr≥ssionsforth≥s≥quantiti≥san≤showthatth≥yar≥≤≥t≥rmin≥≤byth≥≥ig≥nvalu≥s
Λkan≤≥ig≥nv≥ctorsRkofth≥ran≤omGr≥≥n’smatrix.Th≥linkb≥tw≥≥nκk,Wnkan≤
Λk,Rkisin≤≥p≥n≤≥ntofth≥g≥om≥tryor≤im≥nsionalityofth≥probl≥m.

7.2.3 Stationarysolutions
L≥tusnowanalyz≥th≥stationarysolutionsofrat≥≥quations(7.33).InEq.(7.33),th≥
sumov≥rnrunsfrom1toNL,wh≥r≥NListh≥numb≥roflasingmo≤≥sthathasto
b≥foun≤s≥lf-consist≥ntly,r≥quiringthatallint≥nsiti≥sIk(k=1,...,NL)ar≥positiv≥.
B≥for≥stu≤yingth≥g≥n≥ralcas≥ofmultimo≤≥lasing,itisinstructiv≥toconsi≤≥rth≥
singl≥-mo≤≥situation,wh≥r≥onlyon≥mo≤≥k1is≥xcit≥≤(NL=1).Th≥n,th≥solution
ofEq.(7.33)is

Ik1= 1
ηk1k1

(W +1)2
4 1− ym

ImΛk1 , (7.37)

ym=(W +1)
2

W −1, (7.38)

wh≥r≥w≥assum≥≤thatηk1k1isr≥alan≤positiv≥(s≥≥b≥lowfor≥xplanation).Th≥solution(7.37)≥xists(Ik1>0)provi≤≥≤thatImΛk1≥xc≥≥≤syman≤W>1.Int≥nsityIkisgr≥at≥rwh≥nth≥mo≤≥is≤≥localiz≥≤(larg≥ηk1k1),orwh≥nImΛk1isfarb≥yon≤th≥thr≥shol≤
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ym (larg≥ImΛk1−ym).Asw≥shallnow≤iscuss,thissimpl≥pictur≥isstronglymo≤ifi≥≤inth≥multimo≤≥situation,wh≥r≥s≥v≥ralmo≤≥scomp≥t≥forgain.
Inth≥larg≥Nlimit,w≥num≥ricallych≥ck≥≤thatco≥ffici≥ntsηnkar≥s≥lf-av≥raging

quantiti≥swithn≥gligiblysmallfluctuationsaroun≤th≥irm≥ansηnk.Ina≤≤ition,atlow
atomic≤≥nsityρλ30 10,Rikb≥hav≥almostasin≤≥p≥n≤≥ntGaussianran≤omvariabl≥s(s≥≥Fig.6.20)an≤thus

ηnk 1
N(1+2δnk). (7.39)

R≥placingηnkinEq.(7.33)by(7.39),w≥can≥xpr≥ssth≥stationarysolutionsformo≤≥
int≥nsiti≥sint≥rmsofth≥inv≥rs≥ofth≥NL×NLmatrixη(withmatrix≥l≥m≥ntsηnk):

η−1nk=
N
2
NL+1
NL+2δnk−

N
2

1
NL+2(1−δnk). (7.40)

Thisyi≥l≤s:

Ik=N(W +1)
2

4
1

NL+2−
ym
2

1
ImΛk−

1
NL+2

NL

n=1
1
ImΛn , (7.41)

wh≥r≥th≥numb≥rNLoflasingmo≤≥sisstillunknown.
A≤aptingstan≤ar≤analysisofmo≤≥comp≥tition[23,36,39],w≥intro≤uc≥

y0=min{k=1,...,NL}(ImΛk), (7.42)
thatcorr≥spon≤stoth≥l≥ssfavorabl≥lasingmo≤≥,i.≥.th≥on≥thathasz≥roint≥nsity.
Accor≤ingtoEq.(7.41),y0isgiv≥nby

1
y0=

1
NL+2

2
ym +

NL

n=1
1
ImΛn . (7.43)

B≥si≤≥s,th≥numb≥rNLoflasingmo≤≥scanformallyb≥writt≥nas

NL=
N

k=1

∞

y0
≤yδ(y−ImΛk). (7.44)

Ourgoalistocomput≥th≥int≥nsityofth≥smooth≥≤fi≥l≤,

I=
N

i=1
|Ωi|2=

N

i=1

NL

k=1

NL

n=1
a∗kan≥−i(ωn−ωk)tRi∗kRin

N

i=1

NL

k=1
|ak|2Ri∗kRik=

NL

k=1
|ak|2Rk|Rk

NL

k=1
Ik. (7.45)

Forthispurpos≥,w≥us≥Eq.(7.43)tor≥≤uc≥Eq.(7.41)to

Ik=N(W +1)
2

8 ym 1
y0−

1
ImΛk . (7.46)
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CombiningEqs.(7.43),(7.45)an≤(7.46),w≥finallyobtainasimpl≥≥xpr≥ssionforth≥
int≥nsity:

I=N(W +1)
2

4 1−ymy0 . (7.47)
Th≥factthatIisproportionaltoy0−ym issom≥whatsurprisinginasmuchasmo≤≥s
withImΛk<y0≤onotparticipat≥inth≥lasingproc≥ss.Inthiss≥ns≥,w≥coul≤hav≥
≥xp≥ct≥≤I∝max(ImΛk)−y0. Not≥alsothaty0isnot≥qualtoym ≥v≥nforNL=1.
In≤≥≥≤,itispossibl≥tor≥cov≥rEq.(7.37)fromEqs.(7.43)an≤(7.47),withηk1k1=3/N.Equations(7.43),(7.44)an≤(7.47)applyforanyr≥alizationofth≥Gr≥≥n’smatrix,
i.≥.foranyspatialconfigurationofth≥Natoms.Coupl≥≤≥quations(7.43)an≤(7.44)
canb≥solv≥≤it≥rativ≥lytofin≤y0an≤th≥r≥for≥th≥int≥nsity(7.47).Inth≥n≥xts≥ction,
w≥calculat≥th≥av≥rag≥int≥nsity Ian≤th≥av≥rag≥numb≥rNL oflasingmo≤≥swith
th≥h≥lpofouranalyticth≥oryforth≥≥ig≥nvalu≥≤≥nsityp(Λ)ofth≥Gr≥≥n’smatrix
(chapt≥r6).

7.2.4 Statisticaltr≥atm≥nt
W≥av≥rag≥Eqs.(7.43),(7.44)an≤(7.47)ov≥rallpossibl≥configurationsof Natomsin
spac≥an≤approximat≥1/y0 by1/y0 (thisisr≥asonabl≥sinc≥y0hassmallfluctuations
aroun≤itsm≥an):

1
y0

1
NL +2

2
ym +N

∞

y0
≤ImΛp(ImΛ)ImΛ , (7.48)

NL N
∞

y0
≤ImΛp(ImΛ), (7.49)

I N(W +1)
2

4 1− ymy0 . (7.50)
Tosolv≥th≥s≥≥quations,w≥n≥≥≤amo≤≥lforp(ImΛ),th≥marginal≤istributionofth≥
imaginarypartofth≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrix.Fromh≥r≥on,w≥assum≥that
th≥N atomsar≥ran≤omly≤istribut≥≤inasph≥r≥ofra≤iusR,atamo≤≥rat≥≤≥nsity
ρλ30 10.Fromth≥analysisofs≥ction6.5,w≥knowthatp(ImΛ)vanish≥sforImΛ=yM,
withyM solutionof[s≥≥Eq.(6.117)]

y2M =38b0h −
b0
2yM , (7.51)

wh≥r≥h(x)isgiv≥nbyEq.(6.115).Ina≤≤ition,p(ImΛ)∝1/(ImΛ+1)forImΛ<yM
[s≥≥Figs.6.18an≤6.19];an≤,by≤≥finitionofG(ω0)[Eq.(6.101)],ImΛ=0.Th≥latt≥r
prop≥rti≥scombin≥≤withth≥normalizationcon≤itionofp(ImΛ)yi≥l≤
p(ImΛ) 1

(yM +1)(ImΛ+1) for −1+(yM +1)≥−(yM+1)<ImΛ<yM, (7.52)
an≤p(ImΛ)=0≥ls≥wh≥r≥. H≥r≥w≥assum≥≤thatyM 1,whichissatisfi≥≤b≥caus≥
lasingoccursforyM > y0 >ym ≥8[s≥≥Eq.(7.38)].Ins≥rting(7.52)intoEqs.(7.48)
an≤(7.49),w≥fin≤thaty0 issolutionof

1
y0 =

1
Nln yM+1y0+1 +2(1+yM)

2(1+yM)
ym +Nln yMy0 −Nln yM +1y0 +1 .

(7.53)
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Solvingthis≥quationallowstofin≤th≥numb≥roflasingmo≤≥s

NL = N
1+yMln

yM +1
y0 +1 , (7.54)

asw≥llasth≥av≥rag≥int≥nsity(7.50).Agoo≤approximationofEq.(7.53)isfoun≤in
th≥limitN→∞,wh≥r≥w≥hav≥yM − y0 1.Expan≤ingth≥logarithmsins≥ri≥sin
Eq.(7.53),w≥obtain2

y02
yM −2 (yM +1)

2
Nym +1 y0 + 2N(yM +1)

2=0. (7.55)

Inth≥limitN→∞,th≥solutionofEq.(7.55)r≥a≤s:

y0 =yM 1− 2(yM +1)2
N

1
ym −

1
yM +O 1

N , (7.56)

H≥nc≥,foragiv≥nopticalthickn≥ssb0 1,yM− y0 scal≥sas1/√N,m≥aningthatth≥
fractionoflasingmo≤≥s,NL/N,vanish≥sinth≥limitN→ ∞.Th≥int≥nsityan≤th≥
numb≥rofmo≤≥sar≥

I=N(W +1)
2

4 1−ymyM +O √N , (7.57)

NL =
√2N yM

yM +1
1
ym −

1
yM +O(1), (7.58)

wh≥r≥ym an≤yM ar≥giv≥nbyEqs.(7.38)an≤(7.51),r≥sp≥ctiv≥ly.Th≥s≥r≥sultscanb≥
compar≥≤withth≥int≥nsityI0 an≤th≥numb≥roflasingmo≤≥sN0L thatw≥woul≤hav≥foun≤inth≥abs≥nc≥ofmo≤≥comp≥tition,wh≥nallmo≤≥swithImΛk>y0=ym
participat≥inth≥lasingproc≥ss. R≥p≥atingth≥r≥asoningofth≥pr≥viouss≥ctionwith
ηnk=cδnk/Ninst≥a≤of(7.39)yi≥l≤s

I0 =N
2
c
(W +1)2
4

yM −ym
yM +1 1−ymyM , (7.59)

N0L =NyM −ym(yM +1)2. (7.60)

Th≥scalingof Ian≤I0 withNcanb≥qualitativ≥lyun≤≥rstoo≤by≥xpr≥ssingth≥
totalint≥nsityasapro≤uctofth≥numb≥roflasingmo≤≥san≤th≥int≥nsityofatypical
mo≤≥(yM −y0)/η(η∼1/N):

I∼ NL yM −y0η with NL
N ∼yM −y0, (7.61)

I0 ∼ N0L yM −y0η with N0L
N ∼yM −y0. (7.62)

Whil≥ yM −y0∼1inth≥abs≥nc≥ofmo≤≥comp≥tition(y0=ym),yM −y0∼1/√N
wh≥nth≥mo≤≥scoupl≥b≥tw≥≥nth≥m.

2Eq.(7.55)canalsob≥≤≥riv≥≤fromEq.(7.49)withp(ImΛ) 1/(yM +1)2fory0 <ImΛ<yM.
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Figur≥7.5: Num≥ricalcalculationofth≥int≥nsityI(t)= N
i=1|Ωi(t)|2followingfromEqs.(7.5),(7.6)an≤(7.21),foratypicalran≤omconfigurationofN=103atoms≤is-

tribut≥≤inasph≥r≥ofra≤iusR;b0=6N/(k0R)2=40.Th≥pumpingrat≥W isvari≥≤
from2to5.5.

Inor≤≥rtot≥stth≥vali≤ityofth≥r≥sult(7.57),w≥solv≥≤num≥ricallyth≥2N≥qua-
tions(7.5)an≤(7.6)withN=103an≤b0=40,for≤iff≥r≥ntvalu≥softh≥pumpW,an≤10
ran≤omconfigurationsofth≥Natoms.Th≥r≥sultforth≥int≥nsityI(t)= N

i=1|Ωi(t)|2[Ωi(t)is≤≥fin≥≤byEq.(7.21)]ofatypicalconfigurationisshowninFig. 7.5. For
W 2,th≥numb≥roflasingmo≤≥sincr≥as≥swithth≥pumpingrat≥. Asar≥sult,th≥
m≥anint≥nsityinth≥stationaryr≥gim≥incr≥as≥s,an≤th≥profil≥ofI(t)≥v≥ntuallyb≥-
com≥schaoticifth≥numb≥roflasingmo≤≥sislarg≥≥nough.Fig.7.6(a)showsthatour
analyticsolution(7.57)isingoo≤agr≥≥m≥ntwithth≥num≥ricalsolutionofEqs.(7.5)
an≤(7.6)av≥rag≥≤ov≥r10ran≤omconfigurationsofatoms. W≥alsoillustrat≥inFig.
7.6(b)howth≥numb≥roflasingmo≤≥s(7.58)≥volv≥swithW an≤b0. Not≥thatNL
isalwaysboun≤≥≤fromabov≥by√N/2,avalu≥thatisr≥ach≥≤forW =3inth≥limit
b0→∞.

Anint≥r≥stingf≥atur≥oflasinginaclou≤ofcol≤atomsillustrat≥≤byFigs.7.5an≤
7.6isth≥haltoflasingattoostrongpumps.Thiscanb≥≥asilyun≤≥rstoo≤bynoting
thatran≤omlasingr≥quir≥sbothamplificationan≤scatt≥ringtob≥suffici≥ntlystrong,
an≤thatbothofth≥s≥importantingr≥≤i≥ntsar≥provi≤≥≤byth≥sam≥atoms. Atlow
pump[W 2inFigs.7.5an≤7.6(b)],th≥scatt≥ringisstrong,butth≥amplification
isnot≥noughtolas≥.Incontrast,wh≥nth≥pumpisstrong(W 5),th≥scatt≥ring
str≥ngth≤≥cr≥as≥sb≥caus≥th≥atomictransitionstartstob≥saturat≥≤,an≤lasingstops.
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Figur≥7.6:(a)Th≥av≥rag≥stationaryint≥nsity I atb0=40obtain≥≤fromth≥nu-
m≥ricalsolutionofEqs.(7.5)an≤(7.6)forN=103(ρλ30=32.23)aft≥rav≥ragingov≥r10ran≤omconfigurationsofatoms(symbols).For≥achconfigurationan≤≥achW,w≥
av≥rag≥≤th≥num≥ricalsolutionI(t)ov≥rt=(200–250)Γ−10 (s≥≥Fig.7.5).Th≥analyticsolution(7.57)isshownbyth≥soli≤lin≥.Th≥≤ash≥≤lin≥corr≥spon≤stoyM =9.15in-
st≥a≤of8.93[thisvalu≥followsfromEq.(7.51)]forth≥soli≤lin≥.(b)Av≥rag≥numb≥rof
lasingmo≤≥s(7.58),i.≥.of≥ig≥nv≥ctorsRkofG(ω0)thathav≥non-vanishingamplitu≤≥s
ak(t)inth≥≥xpansion(7.30)ofth≥fi≥l≤Ω,inth≥long-tim≥limit.

7.3 Thr≥shol≤forpassiv≥scatt≥r≥rs≥mb≥≤≤≥≤inanam-
plifying m≥≤ium

7.3.1 Thr≥shol≤con≤ition
L≥tusnowconsi≤≥rlasinginan≥ns≥mbl≥ofN passiv≥(i.≥.notpump≥≤)scatt≥r≥rs
≥mb≥≤≤≥≤inanamplifyingm≥≤ium.Amplificationis≤≥scrib≥≤byapolarizationPain
th≥propagation≥quationforth≥≥l≥ctricfi≥l≤:

∆r+ω
2L
c2 E(r,ωL)=−

ω2L
0c2[P(r,ωL)+Pa(r,ωL)], (7.63)

wh≥r≥P(r,ωL)= N
iDi(ωL)δ(r−ri)isth≥polarization≤u≥toth≥Npassiv≥scatt≥r≥rs[Eq.(2.5)]. Forsimplicity,w≥us≥th≥scalar≤≥scriptionofth≥fi≥l≤. As≤iscuss≥≤in

s≥ction4.1,wh≥npopulationinv≥rsioninth≥amplifyingm≥≤iumisstationary,Eq.(7.63)
canb≥r≥writt≥nas

∆r+ω
2L
c2na(r,ωL)

2 E(r,ωL)=−ω
2L
0c2P(r,ωL), (7.64)

wh≥r≥na(r,ωL)isth≥r≥fractiv≥in≤≥xofth≥amplifyingm≥≤ium.Ifth≥latt≥risma≤≥
ofatomsofpolarizabilityαa,th≥lin≥arpolarizationisPa(r,ωL) 0ραa(r,ωL)E(r,ωL),
yi≥l≤ing

na(r,ωL)= 1+ραa(r,ωL). (7.65)
Eq.(7.65)isvali≤ifth≥siz≥ofth≥m≥≤iumissmall≥rthanth≥scatt≥ringm≥anfr≥≥path
associat≥≤withth≥amplifyingm≥≤ium,an≤for|ραa| 1.Corr≥ctionstoth≥≥xpr≥ssion
(7.65)canb≥obtain≥≤usingth≥Lor≥ntz-Lor≥ntzformula[49].Fromh≥r≥on,w≥assum≥
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thatth≥pumpisuniform,sothatamplificationis≥ntir≥lycharact≥riz≥≤byth≥r≥fractiv≥
in≤≥x

na 1+iImna with Imna<0. (7.66)
Eq.(7.64)showsthatth≥N×N Gr≥≥n’s matrixthatcontrolsth≥lasingthr≥shol≤
con≤ition(4.33)isnowgiv≥nby

Ga(ω0)ij=(1−δij)≥xp(ik0na|ri−rj|)k0|ri−rj| . (7.67)

Ina≤≤ition,sinc≥th≥passiv≥atomsar≥notpumpth≥ir≤im≥nsionl≥sspolarizabilityα̃
satisfi≥sth≥opticalth≥or≥m(4.29).Int≥rmsofth≥≥ig≥nvalu≥sΛk(ω0,na)ofGa(ω0),th≥
lasingthr≥shol≤(4.33)b≥com≥s(ωL ω0):

ImΛk(ω0,na)=−1, (7.68)
m≥aningthatlasingstartswh≥natl≥aston≥ofth≥≥ig≥nvalu≥ofGa(ω0)hasitsimaginary
partsmall≥rthan−1. Onav≥rag≥,thisoccurswh≥nth≥two-≤im≥nsional≤omainDΛ
occupi≥≤byth≥≥ig≥nvalu≥sofGa(ω0)cross≥sth≥lin≥ImΛ=−1onth≥compl≥xplan≥.
Th≥n≥xts≥ctionis≤≥vot≥≤toth≥≤≥t≥rminationofth≥≤omainDΛ.

7.3.2 Eig≥nvalu≥≤istributionofanamplifyingGr≥≥n’s matrix
Th≥≥ig≥nvalu≥≤istributionan≤th≥≥ig≥nv≥ctorcorr≥latorofth≥non-H≥rmitianERM
(7.67)canb≥foun≤bysolvingEqs.(6.34),(6.35),(6.40),an≤(6.41),withA=Ga(ω0).
L≥tusconc≥ntrat≥onth≥low≤≥nsityr≥gim≥ρλ30 10,forwhichth≥r≥asoningofs≥ction
6.5.1.acanb≥≥asilya≤apt≥≤.Trac≥sapp≥aringinEqs.(6.40)an≤(6.41)ar≥≥xpr≥ss≥≤in
th≥|r-r≥pr≥s≥ntationaccor≤ingtoEqs.(6.106)an≤(6.107),wh≥r≥T(r,r)=ρr|̂A|r =
ρ≥xp(ik0na|r−r|)/k0|r−r|ob≥ys

∆r+k20n2a T(r,r)=−4πρk0δ
(3)(r−r). (7.69)

Onth≥oth≥rhan≤,th≥unknownquantityS0(r,r)isth≥solutionofth≥int≥gral≥quation
(6.108).Applyingth≥op≥rator∆r+k20n2atoEq.(6.108)an≤makingus≥ofEq.(7.69),w≥obtain

∆rS0(r,r)+k20 n2a+gρλ
30

2π2ΠV(r)S0(r,r)=−
4πρ
k0δ

(3)(r−r), (7.70)

wh≥r≥ΠV(r)=1forr∈Van≤0≥ls≥wh≥r≥.Atlow≤≥nsiti≥s,anapproximat≥solution
ofthis≥quationis

S0(r,r) ρ≥xp[iκa(g)|r−r|]k0|r−r| , (7.71)

κa(g)=k0 n2a+gρλ
30

2π2. (7.72)

Th≥n,w≥ins≥rtth≥≥xplicit≥xpr≥ssionsforT(r,r)an≤S0(r,r)intoEqs.(6.106)an≤
(6.107)an≤assum≥thatth≥volum≥Visasph≥r≥ofra≤iusR,sothatEqs.(6.40)an≤
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Figur≥7.7: D≥nsityplotsofth≥logarithmof≥ig≥nvalu≥≤≥nsityofth≥N×Nran≤om
Gr≥≥n’smatrix(7.67)obtain≥≤bynum≥rical≤iagonalizationof100r≥alizationsofth≥
matrixforN =103,ρλ30=5(k0R=22.79),Imna=−0.02(l≥ftpan≥l)an≤Imna=−0.057(rightpan≥l).Pointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR. Th≥
soli≤r≥≤lin≥r≥pr≥s≥ntsth≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥≤≥nsityfollowingfrom
Eq.(7.78)[or≥quival≥ntly,fromEq.(7.80)];b0=6N/(k0R)2an≤ba=−4k0RImna.Th≥
≤ash≥≤whit≥lin≥r≥pr≥s≥ntsth≥bor≤≥rlin≥inth≥abs≥nc≥ofamplification(Imna=0).
Th≥horizontallin≥Im=−1corr≥spon≤stoth≥las≥rthr≥shol≤,an≤th≥hatch≥≤≤omain
in≤icat≥sth≥partofth≥compl≥xplan≥wh≥r≥≥ig≥nvalu≥sΛparticipat≥inth≥lasing
proc≥ss.

(6.41)forth≥bor≤≥rlin≥z∈δDofth≥supportof≥ig≥nvalu≥sb≥com≥
z=1g+2γgh[−iκa(g)R−ik0naR], (7.73)
1
|g|2=2γh[2Imκa(g)R], (7.74)

wh≥r≥γan≤h(x)ar≥giv≥nbyEqs.(6.105)an≤(6.115),r≥sp≥ctiv≥ly;z∈δDisfoun≤
upon≥liminationofg.Ina≤≤ition,an≥xplicit≥quationforth≥r≥solv≥ntg(z)withz∈D
followsfromEq.(6.170):

g(z)=z
∗−2γgh[iκa(g)∗R+ik0n∗aR]

2γh[2Imκa(g)R] , (7.75)
allowingtosolv≥forth≥≥ig≥nvalu≥≤istributionp(Λ)withth≥h≥lpofEq.(6.3).Finally,
th≥s≥con≤mom≥ntof|Λ|≥valuat≥≤fromEq.(6.50)r≥a≤s

|Λ|2 Tr(T̂T̂†)
2N =γh(2k0RImna). (7.76)

Not≥thath(x)isamonotonically≤≥cayingfunctionthatob≥ysh(0)=1,an≤≥xpon≥n-
tially≤iv≥rg≥sforx<0,m≥aningthatth≥s≥con≤mom≥nt|Λ|2 growsrapi≤lywh≥n
incr≥asingth≥amplificationparam≥t≥rImna<0.
Atlow≤≥nsiti≥s,anaccurat≥approximationofEqs.(7.73)an≤(7.74)isobtain≥≤by

r≥placinggby1/z.Thisl≥a≤stoabor≤≥rlin≥≥quation
|Λ|2=2γh[2Imκa(1/Λ)R], (7.77)
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Figur≥7.8:Sam≥asFig.7.8butforImna=−0.1.Th≥rightpan≥lpr≥s≥ntsazoomof
th≥≤≥nsityplotofth≥l≥ftpan≥l.Itshowsthatmostofth≥≥ig≥nvalu≥sar≥conc≥ntrat≥≤
n≥arΛ=0an≤inth≥vicinityofth≥‘subra≤iantbranch’.

thatcanb≥furth≥rsimplifi≥≤into

|Λ|2=2γh 2k0RImna−8γImΛ3|Λ|2 , (7.78)

wh≥r≥w≥assum≥≤ρλ30 1an≤Imna 1. D≥spit≥th≥s≥assumptions,th≥bor≤≥r-
lin≥followingfromEq.(7.78)isalmostun≤istinguishabl≥fromth≥on≥inf≥rr≥≤from
Eqs.(7.73)an≤(7.74)inth≥r≥gim≥ρλ30 10wh≥r≥th≥s≥analyticalpr≥≤ictionsar≥
alsoinagr≥≥m≥ntwithnum≥ricalsimulations. As≥xp≥ct≥≤,Eq.(7.78)r≥≤uc≥stoth≥
bor≤≥rlin≥≥quation(6.117)ofth≥Gr≥≥n’smatrixG(ω0)forImna=0.
InFigs.7.7an≤7.8,w≥compar≥th≥solutionofEq.(7.78)withr≥sultsofnum≥rical

≤iagonalizationofth≥N×Nmatrix(7.67)forN=103,ρλ30=5(k0R=22.79),an≤nagiv≥nbyEq.(7.66)withImna=−0.02,−0.057,an≤−0.1. Wh≥nth≥amplification
|Imna|isincr≥as≥≤,th≥≥ig≥nvalu≥≤omaingrowsinsiz≥.It≤≥formsn≥arΛ=0for
smallvalu≥sofk0R|Imna|(Fig. 7.7),an≤b≥com≥sacircl≥|Λ|2=2γh(2k0RImna)
(=2|Λ|2)inth≥limitk0R|Imna| 1(Fig.7.8).Not≥thatth≥subra≤iantbranchΛ=
−Ga(ω0)12,thatplay≥≤th≥rol≥ofan‘≥scap≥chann≥l’forth≥‘gas’of≥ig≥nvalu≥sinth≥
cas≥Imna=0(s≥≥s≥ctions6.5.2an≤7.1.3),stillpr≥f≥r≥ntiallyattractsth≥≥ig≥nvalu≥s
inth≥cas≥Imna<0,≤≥spit≥th≥factthatth≥bor≤≥rlin≥δDofth≥bulkgo≥sb≥yon≤
−min[Ga(ω0)12](s≥≥th≥rightpan≥lofFig.7.8).
Physicalimplicationsr≥lativ≥toth≥lasingthr≥shol≤ar≥bri≥flyinv≥stigat≥≤inth≥

n≥xts≥ction.

7.3.3 Pr≥≤ictionforth≥lasingthr≥shol≤
Inor≤≥rto≤iscussth≥ran≤omlasingthr≥shol≤followingfromEq.(7.78),itisconv≥ni≥nt
tointro≤uc≥th≥lin≥argainl≥ngthlg.Th≥latt≥ris≤≥fin≥≤asth≥pathl≥ngthov≥rwhich
lightint≥nsityisamplifi≥≤byafactor≥(provi≤≥≤thatpur≥lyg≥om≥tricalatt≥nuation
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ofth≥int≥nsityis≤isr≥gar≤≥≤):
lg= −1

2k0Imna. (7.79)
Byanalogywithth≥on-r≥sonanc≥opticalthickn≥ssb0=2R/l0,w≥also≤≥fin≥a‘gain
thickn≥ss’ba=2R/lg.Int≥rmsofb0an≤ba,th≥bor≤≥rlin≥≥quation(7.78)r≥a≤s:

|Λ|2=38b0h −
ba
2−

b0
2
ImΛ
|Λ|2 . (7.80)

Asw≥≤i≤ins≥ction6.5.1.bforth≥fr≥≥-spac≥Gr≥≥n’s matrix,w≥cancompar≥th≥
bor≤≥rlin≥≥quation(7.80)withth≥on≥obtain≥≤inth≥≤iffusionapproximation. Wh≥n
scatt≥r≥rsar≥≥mb≥≤≤≥≤inacontinuousamplifyingm≥≤ium,th≥≤iffusion≥quationfor
th≥av≥rag≥int≥nsityisstillofth≥g≥n≥ricform(4.131),withD=vl0/3|̃α(ωL)|2,an≤
Q=v[|̃α(ωL)|2/l0−Im̃α(ωL)/l0+1/lg][s≥≥Eq.(4.121)].Th≥≤im≥nsionl≥sspolarizability
α̃(ωL)ofth≥scatt≥r≥rscanb≥arbitrary;inparticular,w≥≤onotassum≥atthisstag≥
thatth≥scatt≥r≥rsar≥notpump≥≤.Th≥thr≥shol≤con≤ition(4.135)b≥com≥s

√3
2πb0|̃α(ωL)| |̃α(ωL)|2−Im̃α(ωL)+

ba
b0 1+ 1

1+3b0|̃α(ωL)|2/4 =1, (7.81)

wh≥r≥ba/b0=−4π2Imna/ρλ30.Asw≥≥xplain≥≤ins≥ction6.5.1.b,th≥≤iffusiv≥pr≥≤ictionforth≥bor≤≥rlin≥δDofth≥≥ig≥nvalu≥≤omainfollowsbyr≥placingα̃(ωL)by1/Λin
Eq.(7.81):

|Λ|2=
√3
2π 1+ImΛ+bab0|Λ|

2 1+ |Λ|2
|Λ|2+3b0/4 . (7.82)

Forpassiv≥scatt≥rs,lasingstartswh≥nth≥con≤ition(7.68)isob≥y≥≤.Sinc≥inth≥
abs≥nc≥ofpump,all≥ig≥nvalu≥sofGa(ω0)satisfyImΛk>−1,lasingistrigg≥r≥≤by
th≥≥ig≥nvalu≥ofGa(ω0)thathasth≥small≥stimaginarypart.Onav≥rag≥,lasingstarts
wh≥nth≥bor≤≥rlin≥δDcross≥sth≥lin≥ImΛ=−1. Furth≥rmor≥,th≥inv≥rs≥ofth≥
polarizabilityofpassiv≥scatt≥r≥rsis1/̃α=2δL−i,wh≥r≥δL=(ω0−ωL)/Γ0[s≥≥,≥.g.,
Eq.(4.9)forWi=0an≤si=0],sothatth≥lasingfr≥qu≥ncyωL=ω0−Γ0δLcanb≥
≤≥≤uc≥≤fromth≥abscissa2δLofth≥int≥rs≥ctionpointofδDwithth≥lin≥ImΛ=−1.In
Fig.7.9,w≥compar≥th≥bor≤≥rlin≥inf≥rr≥≤fromEq.(7.80)(soli≤lin≥)withth≥≤iffusiv≥
pr≥≤iction(7.82)(≤ash≥≤lin≥)inth≥r≥gim≥ofr≥lativ≥lylarg≥opticalthickn≥ssb0 1.
IfEq.(7.80)giv≥sab≥tt≥rglobal≥stimat≥ofth≥≤omainoccupi≥≤byth≥≥ig≥nvalu≥sof
Ga(ω0)onth≥compl≥xplan≥(l≥ftpann≥l),Eq.(7.82)isun≤oubt≥≤lymor≥accurat≥than
Eq.(7.80)asfarasfarasth≥‘bottom’ofth≥≤istributionisconc≥rn≥≤(rightpann≥l).
This≤≥monstrat≥sthatEq.(7.82)shoul≤yi≥l≤afairlygoo≤pr≥≤ictionforth≥lasing
thr≥shol≤,aslongasb0 1an≤ρλ30 10. Atth≥tim≥ofwritingthisth≥sis,w≥ar≥
tryingtoobtainab≥tt≥rapproximationofEqs.(6.40)an≤(6.41)than(7.80)thatcoul≤
b≥asgoo≤as(7.82)to≤≥scrib≥th≥bottomofth≥≥ig≥nvalu≥≤istributionofGa(ω0).
Furth≥rworkisalson≥≥≤≥≤toinv≥stigat≥th≥≥ig≥nvalu≥≤istributionofGa(ω0)inth≥
r≥gim≥ofhigh≤≥nsityρλ30>10.Pr≥liminaryr≥sultspr≥s≥nt≥≤abov≥≤≥monstrat≥thatourEucli≤≥anmatrixapproach
isw≥lla≤apt≥≤tocalculat≥th≥ran≤omlasingthr≥shol≤,notonlyformo≤≥lswh≥r≥
scatt≥ringan≤gainar≥≤u≥toth≥sam≥atoms(s≥ction7.1),butalsoforsyst≥mswh≥r≥
gainan≤scatt≥ringar≥in≤≥p≥n≤≥nt.Int≥r≥stingly,th≥natur≥ofth≥lasingmo≤≥sin
th≥latt≥rcas≥isra≤ically≤iff≥r≥ntfromthos≥inth≥form≥ron≥. Whil≥lasingwas
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Figur≥7.9:Eig≥nvalu≥softh≥N×Nran≤omGr≥≥n’smatrix(7.67)obtain≥≤bynum≥rical
≤iagonalizationofth≥matrixforN=104,ρλ30=1(k0R=83.98)an≤Imna=−0.005.Pointsriar≥ran≤omlychos≥ninsi≤≥asph≥r≥ofra≤iusR.Th≥soli≤r≥≤lin≥r≥pr≥s≥nts
th≥bor≤≥rlin≥ofth≥supportof≥ig≥nvalu≥≤≥nsityfollowingfromEq.(7.80).Th≥≤ash≥≤
lin≥showsth≥bor≤≥rlin≥followingfromth≥≤iffusion≥quationinanamplifyingm≥≤ium
[Eq.(7.82)].

trigg≥r≥≤byth≥≥ig≥nvalu≥softh≥Gr≥≥n’smatrixG(ω0)withth≥larg≥stimaginarypart
ImΛforbothth≥incoh≥r≥ntgainan≤th≥coh≥r≥ntMollowgain(s≥ction7.1),itisnow
controll≥≤byth≥≥ig≥nvalu≥sofGa(ω0)thathav≥th≥small≥stImΛ.Inthiss≥ns≥,th≥
situationwh≥r≥gainan≤scatt≥ringar≥in≤≥p≥n≤≥ntismuchmor≥intuitiv≥b≥caus≥th≥
firstlasingmo≤≥sar≥thos≥thathav≥th≥small≥st≤≥cayrat≥sinth≥abs≥nc≥ofpump.
Lasingmo≤≥smayalso≤iff≥rbyth≥ir≤≥gr≥≥ofspatiallocalization.In≤≥≥≤,contrary
toth≥mo≤≥swithlarg≥ImΛ,≥ig≥nv≥ctorsofG(ω0)orGa(ω0)withsmallImΛmayb≥
localiz≥≤ov≥rasmallfractionofth≥Npointsri(s≥≥Fig.6.20).Asw≥sawins≥ction
7.2,thiscanhav≥importantcons≥qu≥nc≥sforth≥b≥haviorofth≥ran≤omlas≥rabov≥
thr≥shol≤.

7.4 Conclusionan≤p≥rsp≥ctiv≥s
Inthischapt≥r,w≥appli≥≤ournon-H≥rmitianEucli≤≥anran≤ommatrixth≥orytoth≥
probl≥mofran≤omlasing.Itallow≥≤ustofin≤th≥lasingthr≥shol≤withoutr≥lyingonth≥
≤iffusionapproximationortransportth≥ory. W≥pr≥≤ict≥≤,for≥xampl≥,th≥possibility
ofran≤omlasinginaclou≤ofcol≤atomsforon-r≥sonanc≥opticalthickn≥ss≥xc≥≥≤ing35
forthr≥≥-an≤110fortwo-l≥v≥latoms(‘Mollowlas≥r’).Ina≤≤ition,microscopicquantum
≥quations(7.1)an≤(7.2)forth≥≤ynamicsofatomicop≥ratorsinfr≥≥spac≥allow≥≤usto
≥xpr≥ssth≥sp≥ctrumoflightb≥lowthr≥shol≤,asw≥llasth≥int≥nsityoflas≥r≥mission
b≥yon≤thr≥shol≤,int≥rmsofth≥prop≥rti≥softh≥Gr≥≥n’smatrix.Inparticular,w≥
obtain≥≤th≥rat≥≥quationsforth≥lasingmo≤≥swithoutinvokingaph≥nom≥nological
‘bath’asinth≥stan≤ar≤las≥rth≥ory[23],an≤withoutusingth≥F≥shbachproj≥ction
t≥chniqu≥promot≥≤byHack≥nbroichan≤cowork≥rs[24–27,36]. Our≥quationshav≥
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th≥a≤vantag≥ofb≥ingapplicabl≥foranyg≥om≥tryor≤im≥nsionalityofth≥probl≥m.
P≥rformingastatisticalanalysis,w≥provi≤≥≤analytical≥xpr≥ssionsforth≥sp≥ctrum
b≥lowthr≥shol≤thatisr≥minisc≥ntofth≥probability≤istributionofth≥‘coll≥ctiv≥Lamb
shift’,asw≥llasforth≥av≥rag≥int≥nsityan≤th≥av≥rag≥numb≥roflasingmo≤≥s. W≥
show≥≤thatmo≤≥comp≥titionplaysanimportantrol≥inth≥ran≤omlas≥ran≤l≥a≤sto
th≥scalingofth≥numb≥roflasingmo≤≥swith√N(inst≥a≤ofNinth≥abs≥nc≥ofmo≤≥
comp≥tition),wh≥r≥N isth≥numb≥rofatoms. Atth≥sam≥tim≥,th≥las≥rint≥nsity
scal≥swithN(inst≥a≤ofN2).
R≥gar≤ingran≤omlas≥rswh≥r≥scatt≥ringan≤gainar≥≤u≥toth≥sam≥atoms,various

≥xt≥nsionsofth≥pr≥viousr≥sultsmayb≥consi≤≥r≥≤. W≥show≥≤thatlasingiscontroll≥≤,
inth≥cas≥ofuniformpump,byth≥mo≤≥softh≥Gr≥≥n’smatrixthathav≥th≥larg≥st
imaginarypart.Itwoul≤b≥int≥r≥stingtocharact≥riz≥th≥natur≥ofth≥s≥mo≤≥s,thatar≥
≤≥localiz≥≤ov≥rth≥whol≥syst≥m,int≥rmsoftransportor≤ynamicprop≥rti≥s,an≤thus
tocompar≥th≥mtooth≥rtyp≥sofp≥culiarmo≤≥sthatmayoccurin≤isor≤≥r≥≤orchaotic
syst≥ms(suchas,≥.g.,n≥cklac≥stat≥sorwhisp≥ringgall≥rymo≤≥s).Anoth≥r≥xt≥nsion
woul≤b≥tostu≤yth≥fullprobability≤istributionsofth≥int≥nsityan≤ofth≥numb≥rof
lasingmo≤≥s,thats≥≥mtob≥acc≥ssibl≥usingth≥r≥sultsofs≥ction7.2.3tog≥th≥rwithth≥
marginal≤istributionp(ImΛ).Finally,amor≥chall≥ngingprobl≥misth≥charact≥rization
offirst-an≤s≥con≤-or≤≥rcoh≥r≥nc≥ofth≥ran≤omlas≥rb≥yon≤thr≥shol≤,takinginto
accountth≥quantumnatur≥ofth≥light-matt≥rint≥raction. S≥con≤-or≤≥rcoh≥r≥nc≥
mayb≥stu≤i≥≤byconsi≤≥ringth≥int≥nsity-int≥nsitycorr≥lation I(t,r)I(t,r)orby
consi≤≥ringth≥mo≤≥-spacingstatisticsofth≥Gr≥≥n’smatrix.
Lastbutnotl≥ast,w≥alsohav≥s≥≥nthatlasinginan≥ns≥mbl≥ofpassiv≥scatt≥r≥rs

≥mb≥≤≤≥≤inanamplifyingmatrixistrigg≥r≥≤byth≥mo≤≥softh≥‘amplifying’Gr≥≥n’s
matrix Ga(ω0)thathav≥th≥small≥stimaginarypart. Atsmallamplification,th≥s≥
mo≤≥s≤onot≤iff≥rmuchfromthos≥ofG(ω0),m≥aningthatth≥yapp≥arinapartof
th≥≥ig≥nvalu≥≤istributionwh≥r≥canco≥xistv≥ry≤iff≥r≥nttyp≥sofstat≥s:≤≥localiz≥≤
stat≥s,stat≥slocaliz≥≤onsmallclust≥rsofscatt≥r≥rs(th≥yar≥stat≥sthatb≥longtoth≥
‘subra≤iantbranch’),an≤An≤≥rson-localiz≥≤stat≥s.Allofth≥mmayhav≥animpacton
th≥lasingproc≥ss. W≥hop≥thatourEucli≤≥anran≤ommatrixapproachwillh≥lp,in
th≥futur≥,toclarifyth≥r≥sp≥ctiv≥rol≥ofth≥s≥≤iff≥r≥ntstat≥sinth≥physicsofran≤om
las≥rs.
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Thisth≥sisis≤≥vot≥≤toth≥stu≤yofth≥prop≥rti≥soflight≥mitt≥≤byacoll≥ctionofatomicscatt≥r≥rs
≤istribut≥≤atran≤ompositionsinEucli≤≥anspac≥. Inthisr≥sp≥ct,anabinitioth≥oryofran≤omlasingis
formulat≥≤int≥rmsofth≥statisticalprop≥rti≥softh≥so-call≥≤‘Gr≥≥n’smatrix’.Thismatrixb≥longstoth≥
familyofEucli≤≥anran≤ommatric≥s(ERMs),forwhichw≥≤≥v≥lopananalyticth≥orygivingacc≥sstoth≥ir
≥ig≥nvalu≥≤istribution.
First,w≥≤≥riv≥quantummicroscopic≥quationsforth≥≥l≥ctricfi≥l≤an≤atomicop≥rators,an≤showhowth≥

non-H≥rmitianGr≥≥n’smatrix(amatrixwith≥l≥m≥nts≥qualtoth≥Gr≥≥n’sfunctionofth≥H≥mholtz≥quation
b≥tw≥≥npairsofatomsinth≥syst≥m)≥m≥rg≥sinth≥quantumformalism. W≥provi≤≥≥xpr≥ssionsforth≥
int≥nsityan≤th≥sp≥ctrumoflightint≥rmsofth≥Gr≥≥n’smatrix,charact≥riz≥quantumLang≥vinforc≥s,an≤
r≥v≥alhowth≥s≥miclassicalran≤omlas≥rthr≥shol≤iswash≥≤outbyquantumfluctuations(chapt≥rs2an≤3).
Am≥soscopican≤s≥miclassical≤≥scriptionoflightscatt≥r≥≤bypump≥≤atomsisth≥subj≥ctofchapt≥r4.

W≥provi≤≥amicroscopic≤≥rivationofth≥transport≥quationinth≥pr≥s≥nc≥ofgain,r≥v≥alamappingto
ERMs,an≤analyz≥th≥lasingthr≥shol≤inf≥rr≥≤fromth≥transport≥quation.
Inchapt≥rs5an≤6,w≥≤≥v≥lopananalyticth≥oryforH≥rmitianan≤non-H≥rmitianERMsinth≥limit

oflarg≥matrixsiz≥. W≥obtains≥lf-consist≥nt≥quationsforth≥r≥solv≥ntan≤th≥≥ig≥nv≥ctorcorr≥latorofan
arbitraryERMan≤applyourr≥sultstothr≥≥≤iff≥r≥ntERMsr≥l≥vanttowav≥propagationinran≤omm≥≤ia:
th≥ran≤omGr≥≥n’smatrix,itsimaginarypart,an≤itsr≥alpart. W≥ar≥abl≥to≤≥scrib≥analyticallywith
r≥asonabl≥pr≥cisionth≥fullprobability≤istributionof≤≥cayrat≥soflight≥mitt≥≤byalarg≥numb≥rofatoms,
asw≥llasofth≥coll≥ctiv≥fr≥qu≥ncyshiftin≤uc≥≤byth≥light-matt≥rint≥raction.Th≥signatur≥sofAn≤≥rson
localizationinth≥prop≥rti≥softh≥Gr≥≥n’smatrixar≥also≤iscuss≥≤.
Finally,w≥combin≥microscopic≥quationsofmotionoflight-matt≥rint≥ractionwithourr≥sultsfornon-

H≥rmitianERMstotackl≥th≥probl≥mofran≤omlasing.Th≥lasingthr≥shol≤an≤th≥int≥nsityoflas≥r≥mission
ar≥calculat≥≤analyticallyinth≥s≥miclassicalapproximation,an≤th≥sp≥ctrumoflightb≥lowthr≥shol≤is
comput≥≤bytakingintoaccountquantum≥ff≥cts.Ourth≥oryappli≥sfromlowtohigh≤≥nsityofatoms.

C≥tt≥th̀≥s≥prδ≥s≥nt≥un≥δ≥tu≤≥≤≥spropriδ≥tδ≥s≤≥lalumì≥r≥δ≥mis≥par≤≥s≤iffus≥ursatomiqu≥s≤istribuδ≥s
alδ≥atoir≥m≥nt≤ansl’≥spac≥≥ucli≤i≥n.Dansc≥ca≤r≥,un≥thδ≥ori≥abinitio≤≥slas≥rsalδ≥atoir≥s≥stformulδ≥≥≥n
t≥rm≥≤≥spropriδ≥tδ≥sstatistiqu≥s≤≥la‘matric≥≤≥Gr≥≥n’.C≥tt≥≤≥rnì≥r≥apparti≥ntàlafamill≥≤≥smatric≥s
alδ≥atoir≥s≥ucli≤i≥nn≥s(MAE)pourl≥squ≥ll≥snous≤δ≥v≥lopponsun≥thδ≥ori≥analytiqu≥≤onnantnotamm≥nt
acc̀≥s̀ala≤istribution≤≥probabilitδ≥≤≥l≥ursval≥urspropr≥s.
Dansunpr≥mi≥rt≥mps,nousδ≥tablissonsl≥sδ≥quationsquantiqu≥smicroscopiqu≥srδ≥gissantla≤ynamiqu≥≤u

champδ≥l≥ctriqu≥ainsiqu≥c≥ll≥≤≥sopδ≥rat≥ursatomiqu≥s,≥t≥xplicitonscomm≥ntlamatric≥≤≥Gr≥≥n(≤ont
l≥sδ≥lδ≥m≥ntssontδ≥gauxàlafonction≤≥Gr≥≥n≤≥l’δ≥quation≤≥H≥lmholtzδ≥valuδ≥≥≥ntr≥l≥s≤iffδ≥r≥nt≥spair≥s
≤’atom≥sconstituantl≥mili≥u)δ≥m≥rg≥≤uformalism≥quantiqu≥. Nous≥xprimonsàlafoisl’int≥nsitδ≥≥tl≥
sp≥ctr≥≤≥lalumì≥r≥≥nt≥rm≥s≤≥lamatric≥≤≥Gr≥≥n,caractδ≥risonsl≥sforc≥s≤≥Lang≥vinquantiqu≥s,≥t
montrons≤≥qu≥ll≥manì≥r≥l≥s≥uils≥mi-classiqu≥≤’unlas≥ralδ≥atoir≥≥staff≥ctδ≥parlapris≥≥nconsi≤δ≥ration
≤≥sfluctuationsquantiqu≥s(chapitr≥s2≥t3).
Un≥≤≥scriptionmδ≥soscopiqu≥≥ts≥mi-classiqu≥≤≥lalumì≥r≥≤iffusδ≥≥par≤≥satom≥ssoumisàun≥pomp≥

≥xt≥rn≥≥stprδ≥s≥ntδ≥≥≤ansl≥quatrì≥m≥chapitr≥.Nous≤δ≥rivonsun≥δ≥quation≤≥transportobδ≥i≥parl’int≥nsitδ≥
moy≥nn≥≥nprδ≥s≥nc≥≤≥gain,δ≥tablissonsun‘mapping’av≥cl≥sMAE,≥tanalysonslacon≤ition≤≥s≥uillas≥r
≤δ≥≤uit≥≤≥l’δ≥quation≤≥transport.
Dansl≥schapitr≥s5≥t6,nous≤δ≥v≥lopponsun≥thδ≥ori≥gδ≥nδ≥ral≥≤≥sMAE,h≥rmiti≥nn≥s≥tnonh≥rmiti≥nn≥s,

vali≤≥≤anslalimit≥≤≥gran≤≥taill≥matrici≥ll≥.Nousobt≥nons≤≥sδ≥quationscouplδ≥≥spourlarδ≥solvant≥≥tl≥
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