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%- 'K&032?-#L .%&10.1 %- &%& .%&10.1G:

 !"#$%  :F  !"#$% &'( )"**%+),-.,/0% 1-+ 2.3*14/ 5678 %9 /):0*- $% 1+,#;

),1% $% .- $09%)9,"# "19,<4%=

M%-/ '#$ 0,,+2.012%&$ ,0/12.-+2J/#$L +0 ,%2&1# #1 +#$ $K$1J3#$ '# '41#.12%&

,#-9#&1 N1/# 1/J$ '2O4/#&1$: "#$ ,%2&1#$ -12+2$4#$ ,#-9#&1 0-$$2 N1/# '#$ &0&%8

1-I#$L '#$ D+$ 3410++2?-#$ 0110?-4$ .=232?-#3#&1 %-L '0&$ +# .0$ '- PQR*L -&#

DI/# %,12?-# 102++4# .=232?-#3#&1 #1 #& E4&4/0+ 3410++2$4# @AAB: "0 '41#.12%& '-

3%-9#3#&1 '# +0 ,%2&1# ,#-1L #++# 0-$$2L N1/# 1/J$ 90/24#: R& ,#-1 &%1#/ +0 '41#.8

12%& ,0/ 2&1#/>4/%341/2# +0$#/ @ASBL ,0/ 3#$-/# '# .0,0.214L 09#. '#$ %$.2++01#-/$

,24T%/4$2$12>$ @AUB %- ,24T%4+#.1/2?-#$ @AVB:

H0&$ &%1/# .0$L &%-$ -12+2$%&$ -& '20,0$%& #& ?-0/1T $-/ +#?-#+ $%&1 '4,%$4#$

'#-7 4+#.1/%'#$: "# ?-0/1T 410&1 ,24T%4+#.1/2?-#L %& ,#-1 3#$-/#/ '2/#.1#3#&1 +#

3%-9#3#&1 0-7 I%/&#$ '#$ 4+#.1/%'#$: Q%-$ .%++%&$ #&$-21# '2O4/#&1#$ ,%2&1#$

.%&'-.1/2.#$ 5 +6#71/43214 '- '20,0$%&: "0 /2E2'214 '- $K$1J3# '%&&# -&# $108

I2+214 $-W$0&1# ,%-/ #O#.1-#/ '#$ $,#.1/%$.%,2#$ 1-&&#+$ .%//#.1#$: X/Y.# 5 $%&

E/0&' >0.1#-/ '# ?-0+214L 2+ #$1 0-$$2 ,%$$2I+# '# +# >02/# %$.2++#/ 09#. -&# 03,+28

1-'# /02$%&&0I+# ,/%.=# '# $0 >/4?-#&.# '# /4$%&0&.# #& 3%'# ()*:

 !"!" #$%&' %()*+,&-)&

H2O4/#&1$ 3%'#$ '6230E#/2# $%&1 -12+2$4$ #& >%&.12%& '#$ .%&1/02&1#$ 23,%$4#$

,0/ +6#&92/%&&#3#&1 '0&$ +#?-#+ '%21 >%&.12%&&#/ +6()* #1 ,0/ $0 >0.2+214 '#

32$# #& %#-9/#: Z+ $%&1 I/2J9#3#&1 /4$-34$ ,0/ +0 DE-/#  :!:

 !"# $!%&'$&

"# 3%'# .%&10.1 #$1 +# ,+-$ 0&.2#& .0/ 2+ #$1 +# ,+-$ 2&1-212> #1 /#$1# -12+2$4

'0&$ '# &%3I/#-7 .0$ ,%-/ %I1#&2/ '#$ 230E#$ 1%,%E/0,=2?-#$: "0 ,%2&1# #&1/#

#& .%&10.1 09#. +0 $-/>0.# #1 %& /4E-+# +0 =0-1#-/ 0D& '6%I1#&2/ -&# '4<#72%&

.%&$10&1#: "#$ 230E#$ $%&1 '%&. %I1#&-#$ 5 >%/.# .%&$10&1#: (D& '6%I1#&2/ -&#

I%&&# $#&$2I2+214L %& -12+2$# +#$ +#92#/$ +#$ ,+-$ $%-,+#$ ,%$$2I+#: [#,#&'0&1L +0
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 !"#$%  "#  !"#$%& '(' )*#&+,-./ 0$,+%&'- 1), 20.'".2&+* %(3), 34.%&5)0.)

678 &3&2-$ 3) 9:;<

$%&'(% )% *+ ,-(.% +' .-/0+.0 )% *+ &'(,+.% /1%&0 2+& 345)%/0%6 .+( &5 *1%70(3$503

)% *+ 2-5/0% &'850 '/% ,-(.% (32'*&54% 9'5 .-/&050'% *+ $+:-(503 )% *+ ,-(.% 0-0+*%6

5* ,+'0 (%0(+/.;%( *+ ,-(.% +00(+.054% &'85% 2+( *% (%&0% )% *+ 2-5/0%"

<+/& /-0(% .+&6 /-'& '05*5&-/& '/ )5+2+&-/ 2-'( &+ =(+/)% &0+85*503 %/ $-)%

>?@ %0 2-'( 0(+4+5**%( ,+.5*%$%/0 A 0(B& 8+&&% 0%$23(+0'(%" <' ,+50 )% &+ =(+/)%

(+5)%'(6 *%& )32*+.%$%/0& &%(+5%/0 $5/5$%& %/ $-)% .-/0+.0" C* %&0 )-/. 5$2-&D

&58*% )% 0(+4+5**%( %/ $-)% &0+059'%" <% 2*'&6 +4%. .% $-)%6 *%& 2-5/0%& EF@

&1'&%/0 +&&%G (+25)%$%/0"

 !"# "$%&'()*#

<+/& .% $-)%6 -/ ,+50 458(%( *% *%45%( A '/% ,(39'%/.% .-//'% %0 *1-/ $%&'(%

)5H3(%/0%& 2(-2(5303& )% .% $-)% )% 458(+05-/" I/ )5&05/='% )%'7 2(5/.52+*%&

$30;-)%& )% ,-/.05-//%$%/0 J *% $-)% 0+225/= -K *+ 2-5/0% %/0(% %/ .-/0+.0

+4%. *+ &'(,+.% A .;+9'% -&.5**+05-/6 %0 *% $-)% /-/D.-/0+.0 -K *+ 2-5/0% /% &-/)%

9'% *% )-$+5/% +00(+.05, )%& ,-(.%& )% 4+/ )%( L+**&"

M-'( $-)3*5&%( .% $-)%6 -/ +&&5$5*% *+ &-/)% A '/ -&.5**+0%'( $3.+/59'%

$-)B*% )% $+&&% %H%.054% m %0 )% (+5)%'( %H%.054% k +'9'%* -/ +22*59'% '/%

,-(.% &5/'&-N)+*% F )% ,(39'%/.% ω" O% 2(5/.52% ,-/)+$%/0+* )% *+ )P/+$59'%

)-//% J

mz̈ + aż + kz = F exp(iωt) Q " RS

-K a )3.(50 *+ )5&&52+05-/ )' (3&-/+0%'(" T/ 2-&+/0 γ = a
m %0 ω0 =

√

k
m 6 -/



 !  !"#$%&' () *$ &+, +#$', '-  !"*# #&+ !'

"#$%&'$ (

z̈ + γż + ω2
0z =

F

m
exp(iωt) )*+*,-

.' "#$%&'$ /0"12 3"41 2"04$%"' z = A(ω) exp(iωt− iΦ(ω)) /5&6 (

A(ω) =
F

m

1
√

(ω2
0 − ω2)2 + (γω)2

)*+*7-

Φ(ω) = arctan

(

γω

ω2
0 − ω2

)

)*+*8-

 !"#$% *+9  !"#"$%&#'(%')*+( ,-"./0'%*,+ +% ,+ /1"(+( ,-*2+ (32,+ +2 )*"#%4

5 678 .9: ;$' 0+ <"$%+*# ,+ )*"0'%& +(% =>?@888: A+( $3*#B+( /3'2%'00&+( (32% 0+(

$3*#B+( %1&3#')*+(:

:&2 ;<4/$%"'2 *+*7 &$ *+*8 2"'$ 1&31;2&'$;&2 =>41& *+9 &$ ?;61%5&'$ 4' @"?&

?& 5%#1/$%"'+ A"41 6/1/6$;1%2&1 6& >&'1& ?& 2B2$C@&D "' 4$%0%2& 0& E/6$&41 ?&

<4/0%$; ?;='% 3/1 Q = ω0

δω "F δω &2$ 0/ 0/1>&41 ?& 0/ 6"41#& ?G/@30%$4?& H

A(ω0)√
2

+

I' 1/3%?& 6/0640 ?"''&

Q =
ω0

γ
)*+*J-

.' 3&4$ /422% 6"@31&'?1& 0& E/6$&41 ?& <4/0%$; 6"@@& 0& 1/33"1$ &'$1& 0G;'&1>%&

/664@40;& ?/'2 0& 1;2"'/$&41 &$ 0G;'&1>%& ?%22%3;& 3&'?/'$ 4'& 3;1%"?&+ K% "'

/11L$& ?G&M6%$&1 0& 1;2"'/$&41D 0G/@30%$4?& 1&0/M&1/ ?"'6 &' 4' $&@32 6/1/6$;N

1%2$%<4& τ = Q/ω0 ?& 0G"1?1& ?& 0/ 2&6"'?& ?/'2 '"$1& 6/2 )Q ≈ 104 − 105 &$

ω0 ≈ 32 OPQ-+
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"# $%&'$()% ')**+, -.'/$0* 1.2()'3+4# !5!6 ()% 1.'&/1+3)-% 7 1' $2*4##'#8%

*.28$+3 9

A(ω0) =
F

mγω0
=

Q

k
F :!5!;<

=# >'83%)$ -% ()'1+32 21%?2 /%$&%3 -4#8 )#% @$'#-% *%#*+A+1+32 ')B >4$8%* *+ 1.4#

3$'?'+11% 7 1' $2*4#'#8%5 C%3 '$@)&%#3 #.%*3 7 84#*+-2$%$ ()% -% >'D4# ()'1+3'3+?%

8'$ -) >'+3 -) 3%&/* -% $2/4#*% 3$0* 1%#3 %# '&/1+3)-%, #4)* 3$'?'+114#* '?%8 1'

/E'*%5 C%33% @$'#-% '&/1+3)-% /%$&%3 %# >'+3 -% &%*)$%$ 1' /E'*% '?%8 /$28+*+4#

:∼ 20 &FG E4$* 84#3'83<5

 !"#$%&"'(! %)#& *% +,$-%&#

H' &'#+0$% 1' /1)* *+&/1% -% &4-21+*%$ 1.+#3%$'83+4# '?%8 1' *)$>'8% %*3 -% 1+#2'I

$+*%$ 1' >4$8% ')34)$ -) /4+#3 -% >4#83+4##%&%#35 "# -2?%14//% -4#8 1' >4$8%

FS(z) = FS(z0) + (z − z0)
∂FS

∂z
(z0) :!5 J<

-'#* 1.2()'3+4# !5!K 9

z̈ + γż +

(

ω2
0 −

1

m

∂FS

∂z
(z0)

)

z =
F

m
exp(iωt) + cste :!5 !<

"# $%84##'L3 '14$* )# #4)?%1 4*8+11'3%)$ -% /)1*'3+4# -% $2*4#'#8%

ω1 =

√

ω2
0 −

1

m

∂FS

∂z
(z0) ≃ ω0

(

1− 1

2k

∂FS

∂z
(z0)

)

:!5  <

"# +#3$4-)+3 '14$*

∆ω = ω1 − ω0 = −ω0

2k

∂FS

∂z
(z0) :!5 M<

()+ %*3 1% -28'1'@% -% >$2()%#8% 14$* -% 1.+#3%$'83+4# '?%8 1' *)$>'8%5 C%33% &4-+I

N8'3+4# /$4?+%#3 -% 1' $'+-%)$ %O%83+?% -% 1.4*8+11'3%)$, %11% %*3 -4#8 +#*3'#3'#2%5

C4#3$'+$%&%#3 7 1.'&/1+3)-% ()+ #28%**+3% )#% &4-+N8'3+4# -% 1.2#%$@+% *348P2%

/4)$ '33%+#-$% )# #4)?%1 2()+1+A$%, 1' /E'*% -% 1.4*8+11'3%)$ %*3 &4-+N2% %# )#%

/2$+4-%5

Q1 >')3 #43%$ ()% -'#* #43$% 8'*

∆ω
ω0

∼ 10−6
, 1% #4)?%') >'83%)$ -% ()'1+32

Q = ω0+∆ω
γ %*3 -4#8 ()'*+&%#3 +#8E'#@25 "# 4A*%$?% %B/2$+&%#3'1%&%#3 ()%

14$*()% 1' /4+#3% %*3 7 /$4B+&+32 -% 1' *)$>'8%, 1' -+**+/'3+4# ')@&%#3% -.')

&4+#* KR5 C% &4-01% *+&/1+*3% #% -28$+3 -4#8 'A*41)&%#3 /'* 1' -+**+/'3+4#

4A*%$?2%5

./0.1/

H' *41)3+4# 1' /1)* *+&/1% /4)$ %O%83)%$ -%* +&'@%* STU %*3 -.%B8+3%$ 1.4*I

8+11'3%)$ 7 )#% >$2()%#8% NB2% %3 -% $2@)1%$ 1' -+*3'#8% /4+#3%I28E'#3+114# 'N#

-.4A3%#+$ )#% '&/1+3)-% 84#*3'#3% +#>2$+%)$% 7 1.'&/1+3)-% &%*)$2% E4$* 84#3'83

:T+@)$% !5!J<5 "# /%)3 '14$* %#$%@+*3$%$ 1%* +&'@%* %# E')3%)$ %3 %# /E'*%5 V'#*
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!"#$%&'( !%() *+&,%-" "' ./%(" ,0'$#" 1' 2&"' ,"&**"1# !0'$#%($"3 4 .#05&,&$6

7" *% (1#8%!") *+%,.*&$17" 7&,&'1" .01# 7"15 #%&(0'(3 9+1'" .%#$ *% 8#6:1"'!"

.#0.#" 71 #6(0'%$"1# !/%'-") 0' "5!&$" 70'! .*1( *0&' 7" *% #6(0'%'!"3 9+%1$#"

.%#$) *% 7&((&.%$&0' %1-,"'$" !" :1& ;% 7&,&'1"# 7+%1$%'$ .*1( *+%,.*&$17"3 <'

!0'(6:1"'!") 0' '" ."1$ .%( 7&=6#"'!&"# *"( &'$"#%!$&0'( 6*%($&:1"( 7"( &'$"#%!>

$&0'( &'6*%($&:1"( "' ,07" ?@>?A@3

 !"#$% B3BC  !"#$%& '( )*+,"+)( '( -./01/203 ∆Ac (45 -& '+6$*(,"( (,5*(

-.&%)-+57'( #8*4 "8,5&"5 (5 -.&%)-+57'( '$4+*$(3 9( "8**("5(7* :; )(*%(5 '.&<745(*

-& '+45&,"( = (5 -.84"+--&5(7* *$&>+5 (, "8,4$?7(,"( (5 @87*,+5 φ (5 ∆A (, *(587*3

 !"# !

D0,," &* % 6$6 "5.*&:16 .#6!67",,"'$) .01# 7" -#%'7( 8%!$"1#( 7" :1%*&$6)

*% #"*%5%$&0' 7+6'"#-&" "($ 2"%1!01. $#0. *"'$" .01# .01;0&# #6-1*"# %;"! *"

(&-'%* 7+%,.*&$17"3 E+&76" *% .*1( (&,.*" !0'(&($" F 1$&*&("# *% ./%(" F *% .*%!"

7" *+%,.*&$17" .01# #6-1*"# *% /%1$"1# GHIJ3 K01# ,"(1#"# *% ./%(") 0' 1$&*&("

1'" 76$"!$&0' /0,07L'" 01 *0!M>&' :1& !0'(&($" F ,1*$&.*&"# *" (&-'%* F ,"(1#"#

.%# *" (&-'%* "5!&$%$"1#3 <' N*$#%'$ *"( /%1$"( 8#6:1"'!"() 0' 02$&"'$ 1' (&-'%*

!0'$&'1 .#0.0#$&0''"* %1 (&-'%* F %,.*&N"#3 <' .#%$&:1") *" $",.( 7" 76$"!$&0'

7" *% ./%(" "($ N56 .%# *% 8#6:1"'!" 7" !01.1#" 71 *0!M>&' O∼B MPQ 7%'( '0$#"

!%(R3

@%*/"1#"1(","'$) *0#(:1" *+0' "($ /0#( #6(0'%'!") *% ./%(" ;%#&" %1((& %;"!

*"( &'$"#%!$&0'( &'6*%($&:1"() 0' '" ."1$ 70'! $01S01#( .%( 7&=6#"'!&"# *"( 80#!"(

6*%($&:1"( 7"( 80#!"( 7&((&.%$&;"(3 9+%1$#" .%#$) *% ./%(" '" ;%#&" 7" 8%T0' (&>

-'&N!%$&;" :1+%1$01# 7" *% 8#6:1"'!" 7" #6(0'%'!" ON-1#" B3UR3 V' '" ."1$ .%(

$#%;%&**"# %;"! 7"( 76!%*%-"( 7" 8#6:1"'!" 7" #6(0'%'!" ∆f (1.6#&"1#( F *% *%#>

-"1# 7" *% #6(0'%'!" !%# *% ./%(" 7";&"'$ %*0#( !0'($%'$"3 9%'( '0$#" !%() *%

,"(1#" 7";&"'7#%&$ .#02*6,%$&:1" .01# 7"( 8%!$"1#( 7" :1%*&$6 (1.6#&"1#( F BCC

CCC3

E% (0*1$&0' !0'(&($" F 1$&*&("# 1'" 201!*" F ;"##01&**%-" 7" ./%(" OKEER :1&

%S1($" *% 8#6:1"'!" 7+"5!&$%$&0' .01# !0'("#;"# *% ./%(" 6-%*" F !"**" 7" *% #6(0>

'%'!" GHUJ3 E+0(!&**%$"1# "($ %&'(& $01S01#( "5!&$6 F (% 8#6:1"'!" 7" #6(0'%'!"3 V'

."1$ %*0#( 1$&*&("# *" 76!%*%-" 7" 8#6:1"'!" 7" #6(0'%'!" .01# #6-1*"# *% /%1$"1#

ON-1#" B3BBR3 D" 76!%*%-" 7" 8#6:1"'!" 7" #6(0'%'!" 801#'&$ 70'! 1'" ,"(1#"

7&#"!$" 71 -#%7&"'$ 7" 80#!" O6:1%$&0' B3 HR3 W'" $#0&(&X," 201!*" &'76."'7%'$"

%S1($" *+&'$"'(&$6 7" *+"5!&$%$&0' .01# -%#7"# *+%,.*&$17" !0'($%'$"3 D" 7"#'&"#

(&-'%* 801#'&$ 1'" ,"(1#" 7" *+6'"#-&" 7&((&.6"3
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 !"#$% "#""  !"#$%& '( )*+,"+)( '- ./01./2 3& )*(%+4*( 56-"7( (89 +,0

'$)(,'&,9( (9 )(*%(9 '( :&*'(* 7;&%)7+9-'( A "6,89&,9(2 3& <33 &=-89( 7& >*$0

?-(,"( &@, ?-( 7& )#&8( φ 86+9 96-=6-*8 $:&7( A 7& )#&8( A 7& *$86,&,"(2 B77(

)(*%(9 '6," '( %&+,9(,+* 7;68"+77&9(-* A 8& >*$?-(,"( '( *$86,&,"(2 3& '(*0

,+4*( 56-"7( &=-89( 7& '+89&,"( )6+,9( $"#&,9+776, )6-* 9*&C&+77(* A '$"&7&:( '(

>*$?-(,"( '( *$86,&,"( ∆f "6,89&,92

$%&&% '()* +,-./% 012'(%34&5 .1)* '%,2%& /1.0 /% 0614*4, /-.* 7)%( ,5+42%

/84.&%,-0&41. -9%0 (- *),:-0% .1)* &,-9-4((1.*# ;.% 2%*),% &<'47)% /% :,57)%.0%

/% ,5*1.-.0% %. :1.0&41. /% (- /4*&-.0% %*& ,%',5*%.&5% =+),% "#" # >. '%)&

/4*&4.+)%, &,14* /12-4.%* ?

• @1), /%* 01.*4+.%* /% /50-(-+% /% :,57)%.0% .5+-&49%*A 1. &,-9-4((% /-.*

(% /12-4.% B!C# D84.&%,-0&41. %*& -&&,-0&49% 0% 7)4 '%,2%& /% ',5*%,9%, (-

'14.&%# E. ',-&47)% 08%*& ,%(-&49%2%.& :-04(% *), /% (813</% /% *4(404)2 0-,

(% 24.42)2 /% (- 01),F% B∼" GH 404C %*& &,I* 4.:5,4%), J (- 01.*4+.% /%

&,-9-4( B∼!KK 2GHC# L), /%* 25&-)3 B1,A 0)49,%A -()24.4)2CA 0%(- *% ,59I(%

'()* /4M04(% 0-, (% 24.42)2 %*& &,I* ',106% /% (- 01.*4+.%# >. N *-)&% O

-(1,* :-04(%2%.& /-.* (%* /12-4.%* B C %& B"C#

• D% /12-4.% B C .8%*& '-* *&-F(%A *4 (81. < &,-9-4((%A 1. 5(14+.% (- '14.&%

(1,*7)% ∆f /424.)%# >. .% '%)& &1)& *42'(%2%.& '-* < -005/%, (1,*7)% (-

'14.&% %*& ,%&4,5%#

• D% /12-4.% B"C 01,,%*'1./ -) 21/% ,5')(*4: /1.0 '()* /-.+%,%)3 '1),

(- '14.&% 0-, 1. %*& &,I* ',106% /% (- *),:-0%# $%'%./-.& .1)* &,-9-4((1.*
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 !"#$%& '&%( #%)"*+!,'%+-&%"# #!,- .*/01&2&,- +!%)13#4 /1# .!"2&,- %,& 5!,+-/!,

6!#&)7#!,8 9&--& 5!,+-/!, )&"2&- &,-"& *%-"& '& .*/"& )*##&" %, #%)&":+!%"*,-

'3)&,'*,- '& 1* '/;3"&,+& '& )7*#& &,-"& 1&# '&%( +!,'&,#*-# #%)"*+!,'%+-&%"#8

9& 1/&, .*/01& )&%- <-"& %,& 0*""/="& -%,,&14 %, 2/+"!:)!,- #%)"*+!,'%+-&%" !%

-!%- *%-"& +!,'%+-&%" '/;%#/. !% 0*1/#-/$%&8 >, )*"-/+%1/&"4 '*,# ,!-"& +*#4 ,!%#

,!%# /,-3"&##!,# *%( 5!,+-/!,# 6!#&)7#!, !? 1* 5!,+-/!, &#- +!,#-/-%3& '@%,& A,&

0*,'& '& 23-*1 ,!"2*1 '@%,& 1!,B%&%" '& 1@!"'"& '& C  28

D*1B"3 '& ,!20"&%#&# *,,3&# '@3-%'& '& 1@&;&- '& )"!(/2/-3 &,-"& %, 23:
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Ë

Ë
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 !"#$% !"#  !"#$ % &'"() *+, -) ./012"3$4..53 67)1$8591574)9 Ê:

,4.4)# % 67)1$8591574)9 80".490)9 $5#9 .)9 ;<< 3' .) .53( -) ." .4(3) =.)#) >
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-# 1#4C8) )$ ." H53) -) 8)15#C8)')3$ ".#'434#'I1#4C8) 953$ 8)7809)3$0)9 )3 ="9:
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+,77&1" ;<2=. 5>&,2 7&*57,.8 7%8*951+,77&1/ &1 522?+) 0) -5,2) >,'2)2 7) 0,5<5.&1 <&32

<5..)2 )1 4&0) @AB )+ 7%&1 )C)*+3) 0). .<)*+2&.*&<,). )1 0,C82)1+. <&,1+. 0)

7%8*951+,77&1" D51. 7) 4),77)32 0). *5./ &1 &'+,)1+ 7). 4).32). )C)*+38). .32
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