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Chapitre 1

Introduction générale

Contexte.

Interaction fluide-structure.

Les problemes d’interaction fluide-structure apparaissent naturellement en aérodynamique, aéroacous-

tique, biologie. Ils sont de deux types : un solide est immergé dans un fluide. C’est le cas d’un poisson
(solide déformable) ou d'un sous-marin (solide indéformable) dans une riviere ou dans un océan. Un
fluide est contenu dans un domaine dont tout ou partie de la frontiere est déformable. C’est le cas de
I’écoulement sanguin dans une artére ou du mécanisme du mouvement respiratoire : 'air arrive dans les
poumons qui se gonflent sous 'effet du diaphragme.
L’étude de ces problémes est pluri-disciplinaire puisqu’il faut d’abord les modéliser, puis en faire I’étude
aussi bien théorique que numérique. Présentons trés brievement 1’exemple d’un solide indéformable dans
une cavité remplie d’un fluide newtonien incompressible et visqueux en deux dimensions. Le solide in-
déformable est caractérisé par la position de son centre de masse, un point de R?, et par Iangle dans
[0,27[ que fait le solide par rapport a une droite de référence. Le fluide est déterminé par sa vitesse
et sa pression. Grace aux lois de conservation, nous obtenons donc dans cet exemple : deux équations
différentielles ordinaires pour le solide et deux équations aux dérivées partielles pour le fluide. De plus, le
solide agit sur le fluide et réciproquement, ce qui donne les conditions d’interaction aux points de contact
du fluide et du solide. Tout cela, ajouté a des conditions initiales et des conditions aux bords pour le
fluide ou il n’y a pas contact avec le solide, donne le systéeme total.

Controlabilité et stabilisabilité.

L’idée de la controlabilité est également naturelle. On considere une équation d’évolution modélisant ou
non un phénomene physique, biologique, etc. On veut alors, en agissant sur une partie du domaine, amener
la solution du probléme contrélé a un objectif prescrit. Il existe différentes notions de contrélabilité ; celle
qui nous intéressera plus loin (voir Chapitre 5) est la controlabilité & zéro. La contrdlabilité & zéro en
temps T > 0 d’un systéme consiste, pour toute condition initiale, & trouver un controle tel que la solution
du probléme controlé est nulle en temps 7' > 0.

La stabilisabilité est une notion tres proche de la contrdlabilité. On se donne un taux de décroissance

w > 0. On veut alors, pour toute condition initiale y°, trouver un contréle ¢ (dans un certain espace
fonctionnel) tel que la solution y du probléme associé vérifie la décroissance exponentielle suivante

ly(t)] < Ce™!|y°| pour tout t > 0.

La norme | - | est la norme adéquate sur ’espace des conditions initiales.
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Le modele.

Dans 'article de survey [21], les auteurs Quarteroni, Tuveri et Veneziani proposent la modélisation de
I’écoulement du sang dans un vaisseau sanguin. Le systeme sanguin étant complexe, on ne s’intéresse qu’a
une section de vaisseau sanguin. Plusieurs problémes de modélisation se posent alors : pour I’écoulement
sanguin, pour les parois membranaires, pour les conditions d’interaction et enfin pour les conditions
d’entrée et de sortie du vaisseau. Modéliser le probleme, c’est trouver des équations mathématiques qui
décrivent le probleme de départ. Tout ’enjeu est de trouver des équations suffisamment «simples» pour
obtenir des résultats mathématiques mais suffisamment proches du modele pour que ces résultats soient
cohérents avec les données existantes.

Le fluide.

Le sang n’est pas un milieu homogene. Il est formé de plasma a 55% et d’éléments figurés a 45% (les
érythrocytes (globules rouges), les leucocytes (globules blancs) et les thrombocytes (plaquettes)). Cepen-
dant, dans les vaisseaux larges, le sang peut étre considéré comme un fluide newtonien incompressible et
visqueux. Un vaisseau large est un vaisseau sanguin dont 1’épaisseur h est négligeable devant le rayon de
la section R (voir Figure 1.1). Une artére est un vaisseau large par exemple.

U

FIGURE 1.1 — Un vaisseau large (gauche) et son approximation mathématique (droite).

Les équations d’évolution de la vitesse u = (u1, ug, us) et de la pression p du fluide sont les équations
de Navier-Stokes a l'intérieur du domaine :

—diveo(u,p)+ (u-V)u = 0,
diva = 0.

Dans la premiére équation, o(u,p) est le tenseur des contraintes du fluide. Il est donné (pour un fluide
newtonien) par o(u,p) = —pI + v (Vu + (Vu)tr). Le tenseur I est identifié & la matrice Identité de R3.

La structure.

La membrane du vaisseau sanguin est modélisée par une équation des coques, c’est une équation dont
les coefficients dépendent explicitement de la géométrie du vaisseau sanguin & un instant de référence. La
encore, plusieurs simplifications ont été faites pour modéliser la membrane : le déplacement est considéré
inélastique et anisotropique. Cela donne un tenseur des déformations linéaire et les déformations de la
membrane sont plus importantes dans le sens radial. Cela signifie que seul le déplacement radial sera pris
en compte dans la suite. Ce déplacement est cherché par rapport a une position de référence, souvent la
position au repos, i.e. quand le déplacement est nul. Dans la suite, par simplification, nous considérerons
des positions de référence plane, i.e. en deux dimensions, la membrane reposera sur un segment et
nous parlerons alors d’équations des poutres (beam equation en anglais), alors qu’en trois dimensions, la
membrane reposera sur un domaine plan, par exemple (0,L;1) x (0,Ls2) x {1}, et nous parlerons alors
d’équations des plaques (plate equation en anglais).

Nous introduisons maintenant des notations que nous garderons dans tout le mémoire quelque soit le
cadre. A savoir, nous noterons :



Contexte

- T'¢ la position de référence de la poutre/plaque ou I'f§f (avec k = £) quand il y aura deux poutres
(voir Chapitre 6). Le domaine du fluide correspondant a cet état de référence sera noté €.

- Pour un déplacement 7, I‘;(t) sera la position de la poutre/plaque & l'instant t. Quand il y aura
deux déplacements, nous noterons de maniere analogue I‘;l (1) €t F;_( ) les positions des poutres
supérieures et inférieures au temps t. Le domaine du fluide a I'instant ¢ sera alors noté €, (avec
n=(n*,n") s'il y a deux poutres).

- Nous noterons I' la partie fixe de la frontiere de Qg et I'g la frontiere de Qq. Ainsi, I'g = 9% et
L =To\T§oul =T\ (I'§ UTy) quand il y aura deux poutres.

Les différentes équations des poutres/plaques que nous considérons dans la suite s’écrivent toutes dans
I’état de référence, c’est la représentation Lagrangienne. Plus précisément, que ce soit en une ou deux
dimensions ou avec des conditions aux bords différentes (voir plus loin), les équations des poutres/plaques
s’écriront

et + AN — BAm — A = ¢,

Les coeflicients «, 3 et 7y sont des constantes caractéristiques de la poutre/plaque et sont positives avec, de
plus, v > 0. Elles correspondent respectivement a la rigidité, I’étirement et la friction de la poutre/plaque.
Les opérateurs Ay et A2 sont les opérateurs Laplacien et bilaplacien définis sur T'§ ou T'§ selon. Le second
membre ¢ correspond & la force exercée par le fluide sur la poutre/plaque et dépend explicitement du
choix de 'interaction entre les vitesses du fluide et de la poutre/plaque (voir détails plus loin).

Les interactions.

Dans ce mémoire, elles seront de deux sortes :

- L’égalité des vitesses. Rappelons-nous que la vitesse de la poutre/plaque est «radiale». Donc, en deux
dimensions, le déplacement n’est que selon I’axe vertical. On obtient ainsi la condition u = e, au
bord I} 4y, d.e. u(t, @, 1+ n(t, x)) = m(t,z)es. Ici e; et ez sont les vecteurs (1, 0)t et (0,1)%r.
Cela s’écrit en trois dimensions u(t, z,y, 1+ n(t, z,y)) = n:(t, z,y)es, soit encore u = nes sur Ff](t)
oll e1, ey et e3 sont les vecteurs (1,0,0), (0,1,0)% et (0,0,1)*r. Cette condition est considérée
dans les papiers [21, 4, 11, 7, 23, 16].

- Deux égalités scalaires en deux dimensions (seul cas considéré dans ce mémoire) : I’égalité des vitesses
normales et une condition de non-sortie du fluide. Cette condition est sans doute plus physique que
la précédente. Elle est utilisée dans le papier [13]. Elle s’écrit

u-nt =9y, o(u,p)n™ -tT =0 sur F:];(t),
u-n- =-n, o(u,p)n™ -t~ =0 sur Ly
Le vecteur t est le vecteur unitaire tangent a F:Jr (1) Ou F;,( n alors que le vecteur n est le vecteur

unitaire normal a F;]Z( p ou I‘;_ ) sortant de 2, (;). Ils sont donnés par

—1/2 —1/2
6= (1)) (er ), nt = (14 )" (nfen+ ew)
t7=(1+)%) " (er + 1 e2), nT=—(1+(n;)?) " (~nger +eq).
Finalement, le vecteur n est défini par
At =(1+ ) "0t =—nferte, et A =(1+01;)) 0T = —(—urer +ea).

Les conditions aux bords.

Les conditions d’entrée et de sortie peuvent étre choisies de plusieurs sortes. D’un point de vue
physique, on peut imposer un certain profil en entrée, par exemple un écoulement de Poiseuille, et laisser
une condition de sortie libre, c¢’est-a-dire la composante normale du tenseur des contraintes est nulle
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o(u,p)e; = 0 en = L. D’un point de vue mathématique, il est assez pratique de considérer des
conditions périodiques (ce qui sort en = L rentre en = = 0, i.e. u(t, L,y) = u(t,0,y) pour tout ¢, tout
y) ou des conditions de Dirichlet homogenes i.e. u = 0. Nous traiterons ces deux derniéres conditions
dans la suite.

Définitions et notations.

Avec des conditions de Dirichlet homogeénes.

Soit g un ouvert connexe borné de R? (d = 2, 3). On note Iy sa frontiére. Dans la suite, o pourra étre
un domaine rectangulaire et sa frontiére sera connexe (si on prend des conditions de Dirichlet homogene)
ou non. On introduit espace de Hilbert L?(Qg) = L?(Q0; R) et les espaces de Sobolev classiques H*(Qg) =
H*(Q0; R) ainsi que HE(Q) = H*(Qp) Nkeryp ol g est la fonction trace de H*(Q) dans H*~/2(Ty)
pour s > 1/2. On définit les espaces de Sobolev & indices négatifs H*(Qp) = H*(Q; R) = (H§(Q0))'.
Pour une fonction & valeur vectorielle, on introduit les espaces L%(Qg) = [L?(2)]? et H*(Qp) = [H*(Q0)]¢
(pour s € R). On peut définir les mémes espaces sur I'g, par exemple, L?(Ty) ou H*(Ty) ou également
L?(Ty), H*(T'o).

On utilisera aussi ’espace des fonctions vectorielles a divergence nulle et 1’espace des fonctions vectorielles
a divergence nulle et trace normale nulle définis par

VO(Qy) = {VELQ(Q()) t.q. divv=0et / v-nzO},
o
VY(Qy) = {veLQ(Qo) t.q. divv=0et v~n:0}

ainsi que, pour s > 0, V¥(Qo) = H*(Q) N V() et Vi (Qo) = H*(Q0) N V2(Qp).
Pour T'§ un ouvert de R?~!(avec toujours d = 2 ou d = 3), on définit également I’espace de Hilbert

L3(T'g) par
Ly(T§) = {u € L*(I'g) t.q. /F p= 0} :
0

On introduit alors les espaces de Sobolev

s,
{uGH”(FS)ﬂL%(Fg) t.q.,u:a—Z:Osur 6F8} pour 1+ 451 < o,
Hp)(T5) = {MEH”(FS)OL%(F(SJ) t.q. u =0 sur GFS} pour 1 <o <14 931
He(Tg) N LA(Ty) for 0 <o < 41,

Le vecteur n est le vecteur normal unitaire a 0I'§ extérieur a I'§. Ce sont des espaces d’interpolation
entre L3(I'§) et le domaine de 'opérateur des poutres/plaques (voir Chapitres 2 et 4). La pression est
déterminée a une constante additive pres dans les équations de Navier-Stokes. Pour avoir I'unicité, nous
définissons les espaces

H () = {q € H*(Qp) t.q. / q= 0} pour s > 0.
Qo

Dans la suite, nous devrons définir des solutions & des systémes dont le domaine spatial dépend de la
solution. On introduit d’abord les cylindres, pour T' > 0 et pour une fonction 7 comme ci-dessus :

Y= (0,T) xT, $50 = (0,T) x T§,

Q% = (0,T) x Q, p= U {txe,
t€(0,T)

9. = (0,T) x T, o= {t <.
te(0,T)



Définitions et notations

On définit alors les espaces fonctionnels espace-temps pour le cylindre droit Q% :
H™(Q%) = L*0,T;H(Q)) N H™(0,T;L*(Q)),
VOT(@Q%) = LE(0,T; V() N HT(0, T3 VO(Q)),
ainsi que les espaces de Sobolev dans le domaine dépendant du temps €2,(;) :
Définition 1.1. On dit que u appartient a H™(U;eo ) {t} x B (Qy))) (resp. a H™ (U0, {t} ¥
Vo(Qp)))) si
— pour presque tout t dans (0,T), u(t) appartient a H? () (resp. ¢ V7 (Qy4)) )

~ b= u@®)llae@,q) (resp t = [lul®)llve,.,)) eppartient a HT (0, T;R).

On définit finalement les espaces fonctionnels espace-temps pour le cylindre Q7 :

HY7 QL) = P | =B Q) |E | U {8 xL(Q0) |
te(0,T) te(0,T)
VU’T(Q% = L’ U {t} xV° (Qn(t)) mHT U {t}XVO (Qn(t))

te(0,T) te(0,T)

~ 5N 4 . . . .0
De la méme maniére, nous définissons les espaces fonctionnels espaces-temps pour le cylindre X7 :

HO',T

7 (25°) = L2(0,T; Hyy (T5)) 0 HT (0, T; L§(T)).

Avec des conditions périodiques en une ou deux variables.

On utilisera aussi des domaines périodiques en la premiére variable = (en deux dimensions) ou pé-
riodiques en les deux premiéres variables x et y (en trois dimensions). Les domaines seront alors de la
forme rectangulaire ou parallélipédique (voir Figures 1.2 et 1.4). On utilisera la notation # pour ce cadre.
Ainsi, pour Qo = R/L; x (0,1) (avec L; > 0) un domaine de R? périodique en la premiére variable, on
notera Liﬁ (Q) = Li(ﬂo; R) I'espace de Hilbert des fonctions L2 _(R x (0,1); R) périodiques en la variable
x de période L. De méme, nous noterons Hj(€2) 'ensemble des fonctions de Li(Qo) appartenant a
HE (R x (0,1)). Nous donnons les mémes définitions en trois dimensions avec Qo = R/Ly X R/Ls x (0, 1)
(avec Ly, Ly > 0), nous noterons L3, (Q9) = L% (€0; R) 'espace de Hilbert des fonctions L7, (R*x (0,1); R)
périodiques en les variables x et y de période respective Ly et Lo ainsi que Hj (Q0) V'ensemble des fonc-

tions de Li (Q0) appartenant également & H_(R? x (0,1)). Dans ces deux cas, nous pouvons définir de

loc
la méme maniere qu’au dessus les espaces Li (Qp) ou encore H, (©0).

Pour d = 2, la frontiére I'y d’un tel domaine Qg est donnée par I'y = (0, L;) x {0}J(0,L1) x {1}.
Ainsi, avec T'§ = (0, L1) x {1}, on a T' = (0, L1) x {0}. Pour d = 3, T’y = (0, L1) x (0, L2) x {0} J(0, L) x
(0, Ly) x {1}. Et la encore, avec I'y = (0, L1) x (0, Lg) x {1}, ona T = (0, L1) x (0, L) x {0}. Nous pouvons
alors définir les espaces de fonctions vectorielles a divergence nulle et les espaces de celles a divergence et
trace normale nulles :

V5(Q) = {veHL(Q) tq divv=0dans QO},
Vin(Q) = {veHL(Q)t.q divv=0dans Qp et v-n=0sur Fo}.
L’espace pour la pression est noté H3, (€2) = {q € H3 () t.q. fQo q= O}.
En utilisant la Définition 1.1, on introduit les espaces fonctionnels espace-temps pour la vitesse du
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fluide :

HT Q) = L2 U 8 xHE Q) |NE | U {8 xLL () |

t€(0,T) t€(0,T)

vy = | U 8= Vi) |H | U 8 x Vi Q)

te(0,T) te(0,T)

Pour la poutre/plaque, il faut considérer des fonctions Li& (T'§) et a valeur moyenne nulle. Nous noterons
L3 o(T'§) Vespace composé de telles fonctions. Nous noterons aussi Hg(T'§) = H(T§) N Ly ((T§). Les
espaces fonctionnels pour le déplacement de la poutre/plaque sont alors notés

HET(55°) = L2(0,T; HG(T'3)) NH™(0,T; L, o(T'5)).-

Maintenant que les différentes notations ont été introduites, nous allons exposer les différents résultats
obtenus. Dans la premiére partie, nous démontrons des résultats d’existence (et d’unicité) pour les sys-
teémes couplant les équations de Navier-Stokes avec un équation des poutres/plaques (dans deux cadres
différents) aussi bien en deux dimensions qu’en trois.

Dans la seconde partie, nous nous intéressons a la contrdlabilité a zéro d’un systeme couplant les
équations de Navier-Stokes avec une équation différentielle ordinaire liée a une équation des poutres
vue dans la premiere partie. Ensuite, nous démonstrons la stabilisation avec n’importe quel taux de
décroissance d’un systéme couplant les équations de Navier-Stokes avec une équation des poutres dans le
cadre périodique en deux dimensions.

Partie |I.

Dans cette partie, nous nous intéressons aux questions d’existence pour des systéemes couplés fluide-
structure. Comme déja annoncé, par simplification, nous ne nous intéressons ici qu’a des systémes avec
une seule poutre/plaque. Elle sera prise sur la partie supérieure de la frontiere du domaine du fluide.

L’étude de ce type de systeme a déja été traitée. L’existence de solutions faibles pour des systémes
couplés fluide-poutre/plaque a été prouvée aussi bien en deux qu’en trois dimensions dans [7, 11]. Dans
[4], Vauteur prouve l’existence de solutions fortes pour des temps et des conditions initiales petites ainsi
que pour un parametre petit (voir Théoréme 1.2). C’est & partir du systéme traité dans [4] que nous
avons travaillé.

Détaillons un peu plus le résultat de [4]. Dans ce papier, Pauteur considére un domaine rectangulaire
avec condition périodique pour la premiere variable. La poutre est sur la partie supérieure du domaine
(voir Figure 1.2). Le systéme est :

u —divo(u,p)+(u-V)ju = 0 dans Q7.
divu = 0 dans Q.
= Esv"]
u B Nee2 sur X, (1.1)
u = 0 sur X,
Mt — QNzgzxs — /anr — VMtzz = —U(U.,p)ﬁ - €9 sur 2;’0,

(u(0),7(0),7:(0)) = (u®,n"0,9*?).
Avec les notations de [4], le second membre de 1’équation des poutres est

(p1p +vp2 [1e (u1y 4+ uge — 2vuzy)])p, -

L’auteur prouve pour ce systéme le résultat suivant.

Théoréme 1.2 (Beirdo da Veiga, Théoreme 1.1 dans [4]). Supposons que v > 0 et que
5/2 is 3/2 /s
w e VL(Qpo), 00 e YD), 9?0 e HYA(TY)
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n(t)
1 \ 1 /\/\/
| Qo | | Qo) |
Yy \ Yy |
L | L |
T T L T T L

FIGURE 1.2 — Le domaine € (a gauche) et €2, (a droite).

avec les conditions de compatibilité u® = 0 sur I' et u® = n* ey sur Typno. Alors, si py et ||77170||W1,oo(1“8')
sont assez petits, le systéme (1.1) a une solution (u,p,n) pour un temps T suffisament petit. De plus

uel’ | |J {}xHL Q) |, wel®| |J O xLLu@w) |, pel?| U {8 x Hy( Q)
te(0,T) te(0,T) te(0,T)

et
€ L2(0,T5 Hy *(T5)) N L(0, 75 Hy (L)), nu € L2(0, T H, ' /*(T5)).

Si o >0, en supposant que n*° appartient d H;/Q(I‘g), on obtient de plus nn dans L*°(0,T; H;/Q(FS)).

Dans les deux premiers chapitres, nous étudions le systéme (1.1) dans les cas a > 0 (voir Chapitre
2) et a = 0 (voir Chapitre 3) en deux dimensions. Dans le premier cas, nous considérons des conditions
de Dirichlet homogenes au bord du domaine ou il n’y a pas la poutre. Nous aurions tout aussi bien
pu prendre des conditions périodiques. Par contre, dans le second cas (i.e. @ = 0), nous considérons le
cadre périodique (comme dans [4], voir Figure 1.2). Nous ne pouvons pas traiter le cas des conditions
de Dirichlet homogenes dans ce cas a cause du semi-groupe associé a I’équation des ondes amorties (voir
Chapitre 3 pour les détails).Dans le Chapitre 4, nous étendons les résultats des chapitres précédents a
la troiseme dimension dans les deux cas a > 0 et @ = 0. Nous allons maintenant décrire précisément les
résultats des différents chapitres de cette partie.

Chapitre 2.

Dans ce chapitre, qui a fait 'objet de la publication [16], nous considérons le domaine Qg = (0, L) x
(0,1). La poutre repose sur la partie supérieure. L’état de référence est I'§ = (0, L) x {1}. La frontiére
fixe I' est alors donnée par les trois autres segments, a savoir :

T = (0,L) x {0} J{0} x (0,1) | J{L} x (0,1).

Nous considérons des conditions de Dirichlet homogénes sur I'. Le systéme s’écrit alors

uw+ (u-Viu—divo(up) = 0 dans Q7.
divu = 0 dans Q7.,
u = mpey sur B3, (1.2)
u = 0 sur X,
u0) = u’ dans Q,1.0,
Tt — Bnmx — YMtzx + ONagaa = *U(U,p)ﬁ +€y sur E;’Oa (1 3)
((0),m(0)) = ("% 7>°) dans I'g. '

Le chapitre 2 est consacré a la démonstration des résultats suivants pour le systeme (1.2)—(1.3) :
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Théoréme 1.3. Soit (u®, 7%, n?%) dans VI(Q,0) x H}

(0)( 5) X H(lo)( 5). Il existe R > 0 tel que pour
1, 0||

toute donnée initiale satisfaisant ||u0||V1 Q10) T ln + 70131 sy < R? et la condition de
o

compatibilité
wW=0sur?l et u’ = 7n*%, sur F;Lo, (1.4)

le systéme (1.2)—(1.3) admet une unique solution globale (u,p,n) dans l’espace

VEHQP) x L2 | {8 x H Q) | x Hgy (57°).

te(0,7)

Théoreme 1.4. Soit (u’,n*% 7*°) dans V!(Q,1.0) x H?O)(Fg) X H(lo) (TY) satisfaisant la condition de

compatibilité (1.4). Il existe un temps Ty > 0 tel que le systéme (1.2)~(1.3) admet une unique solution
4,2 /58,0
() dans V2H(Q) 22 (Useomy {81 5 MY () ) x B0,
On remarque donc que les Théoremes 1.3 et 1.4 améliorent le Théoreme 1.2. En effet, pour un demi-
cran de régularité en moins pour les conditions initiales de la poutre, nous obtenons des solutions continues
en temps dans cet espace avec de plus par exemple 7;; dans L2(E§i0),

Chapitre 3.

Ce chapitre est consacré a I’étude du systeme (1.5)—(1.6) couplant les équations de Navier-Stokes

—divo(u,p)+(u-V)ju = 0 dans Q7.,
divu = 0 dans Q7.
u = mpey sur X3, (1.5)
u = 0 sur X,
u0) = u’ dans ;1,0

et I’équation des ondes fortement amortie

Net — Bz — Vitww = —o(w,p)hi-ey sur B30, (1.6)
(n(0),m7:(0)) = (", n*?) dans I'§ ‘

en deux dimensions dans le cadre périodique. Le domaine € est alors le méme que celui de [4], voir
Figure 1.2. Plus précisément, nous montrons les résultats suivants.

Théoréme 1.5. Soient 0 < e <1/2 et T > 0. Soit (u°, 7", n>?) dans Vi (Qy.0) x H;JFE(FS) X H;#JFE(FS).
1l existe R > 0 tel que pour toute condition initiale satisfaisant

HuO”%/;(QnLo) ||771 O||1L12Jra (rs) + ||772 0||H1+E(FS) < R2

et la condition de compatibilité (1.4), le systéme (1.5)—(1.6) admet une unique solution forte (u,p,n) dans

V;f(Qg) x L2 U {t} x HY () | x &

te(0,7)
L’espace £, dépendant de €, est défini par
Ef = H'(0,T; HyF(T5)) N H(0,T; H (I5)).

Théoréme 1.6. Soit 0 < & < 1/2. Soit (u®,n"°,n*°) dans Vi (Qy1.0) xHiJrE(FS) x ngf(rg) satisfaisant
la condition de compatibilité (1.4). Il existe un temps Ty > O tel que le systéme (1.5)—(1.6) admet une

unique solution forte (u,p,n) dans Vil(Q?po) x L? (UtG(O,TO) {t} x HY (Qn(t))) x &%, -

On remarque que le systéme (1.5)—(1.6) correspond au cas « = 0 dans [4] (voir Théoréme 1.2). On voit
ainsi que les Théorémes 1.5 et 1.6 proposent ’alternative de ’existence globale pour données petites ou
existence locale pour des données initiales de taille quelconques. Les conditions initiales pour 1’équation
(1.6) sont un peu moins régulieres (1/2 — ¢ cran de régularité en moins) que dans le Théoréme 1.2.

8



Partie |

Chapitre 4.

Ce chapitre étend les résultats des chapitres précédents a la dimension trois. Dans ce contexte, nous
garderons les mémes notations pour les vecteurs et opérateurs.

On se donne un ouvert borné connexe wg de R? & frontiere suffisament réguliere. On construit alors
0y = wp % (0,1). On définit ensuite I'§ = wy x {1}. La partie fixe de la frontiére I" est formée de I'y, et Iy,
voir Figure 1.3.

FIGURE 1.3 — Le domaine 2 en trois dimensions dans le cas o > 0.

Les équations de Navier-Stokes sont :

w —dive(u,p)+(u-V)u = 0 dans Q7.
divu = 0 dans Q7.
u = ez sur 237, (1.7)
u = 0 sur X,
u0) = u dans €2,1.0.

Le déplacement 7 est maintenant une fonction du temps ¢ et aussi des variables d’espace (z, y). L équation
des plaques devient

e+ aAin — BAm — yA 0 sur $7°,
n = 0 sur J;JO,
In 0 (1.8)
= 0 S R
. o sur o
((0),m:(0)) = (n",n>")  dans T
Ici 0;’0 = (0,T) x 0T et ns est le vecteur normal unitaire a OI'§ extérieur a I'§. L'opérateur A? est un

opérateur & domaine H, g‘o)(rg) dans L?(T§) défini par

AQM_(32 a2>2 'y oy 9t

— 4 s
7—&——2 M_w+28m23y2 +87y4’ pour toutueH(O)(FO).

Nous démontrons alors les résultats suivants.
Théoreme 1.7. Soit (u®,n"%, 1n*%) dans V1(Q,1.0) x H(?’O)(FS) X H(lo) (T§). Il existe R > 0 tel que pour
toute donnée initiale satisfaisant |[u®([3q | ) + ||n1’0||§{-€ () + ||772’O||?{<1 ) < R? et la condition de
mnee 0 0

compatibilité
u’ =0 surT et u’ =703 sur oo, (1.9)
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le systéme (1.7)—(1.8) admet une unique solution globale (u,p,n) dans l'espace

v QP x| | {8 x H () | x Hig (55°).

te(0,T)

Théoreme 1.8. Soit (u’,n*%,7*°) dans V(Q,10) x H?O)(Fg) X H(lo) (T¥) satisfaisant la condition de

compatibilité (1.9). Il existe un temps Ty > 0 tel que le systéme (1. 7) —~(1.8) admet une unique solution
(g dans V@) x 2 (Usetoy (8 1 (©0)) % HEZ(50).

Ainsi, la régularité des conditions initiales est la méme que pour le systéme en deux dimensions (voir
Théorémes 1.3 et 1.4) et donne la méme régularité pour les solutions.

Pour le cadre périodique, on introduit deux longueurs Ly et Lo, et wg = R/L; X R/Ly. On définit
alors g = wp x (0,1). L’état de référence de la plaque est I'§ = wg x {1} et la partie fixe de la frontiere
I est réduite & I' = wy x {0}, voir Figure 1.4.

a1 7
| |
s
RO .
1¢ | \ }
! l ! l
| |
w ! w !
! Lo ! )
I [
) /3 r I .
v | v
Y L
0 > [

FIGURE 1.4 — Le domaine € en trois dimensions dans le cadre périodique (v = 0).

Comme dans le chapitre 3, le systéme est

—divo(u,p)+(u-V)ju = 0 dans Q7.
divu = 0 dans Q7.
u = mpez sur 237, (1.10)
u = 0 sur X,
u0) = u dans Q,1.0

et I’équation des ondes fortement amortie

M — BAN —yAm:e = —o(u, ) n-ez sur E;’O, (L.11)
(n(0),7:(0)) = (77 ’0,77 o) dans I'§.

Nous démontrons, dans la seconde partie du chapitre 4, les résultats suivants.

Théoréme 1.9. Soit T > 0. Soit (u®, 7", n*%) dans V1, (Qy1.0) x H5/2(F9) X H3/2( T§). Il existe R > 0

1,0 2 2 2
HH;;/Q(FS)—'_HT] Hi/z(rg) S R* et la

condition de compatibilité (1.9), le systéme (1.10)—~(1.11) admet une unique solution forte (u,p,n) dans

tel que pour toute condition initiale satisfaisant |[u°(3,, @.10) 7"
# ne

VD x| | {t x Hy () | x Er

te(0,T)
L’espace Ep est défini par

Ep = HY0,T; Hy*(T)) N H?(0, T Hy * ().
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Théoreme 1.10. Soit ¢ > O Soit (u°,n"0 n*0) dans V! (Q,1.0) x Hs/Q(I‘S) X Hg/Q(I‘S) satisfaisant la
condition de compatibilité ( 2 1l e:mste un temps Ty > 0 tel que le systeme (1. 10) —(1.11) a une unique
solution forte (u,p,n) dans V4 ) X Lz(Ute(0 ) 1t} % Hy () X Exp -

On peut facilement faire un parallele entre le systéme en deux dimensions et le méme en trois
dimensions. Ce dernier donne, pour des conditions initiales (n'° 7n*?) dans H;E/Q(FO) X HS/Q(FS) =

H;+1/2(F3) X H;H/Q (T'8), des solutions pour I’équation des «plaques» dans l'espace Ep. Ainsi, le systéme
en trois dimensions correspond au cas limite € = 1/2 du Chapitre 3. On remarque en effet que Ep équivaut
a &5 (voir la définition au Théoréme 1.5) pour € = 1/2. De plus, les conditions initiales des Théorémes
1.9 et 1.10 sont celles que prend Beirao da Veiga dans le Théoreme 1.2.

Quelques mots sur la démonstration des Théoréemes 1.3 a 1.10.

Dans chaque cas, la démonstration repose sur les mémes étapes. Premiérement, par un changement de
variables, nous ramenons les équations posées dans @ au domaine fixe Q%. Ce changement de variables
dépend du déplacement 1 et sa bonne définition dépend donc de la régularité de ce déplacement. Le
systéme équivalent obtenu est ainsi posé dans le cylindre Q% mais le changement de variables a fait
apparaitre des non-linéarités. Ensuite, nous traitons le systeme linéarisé autour de la position d’équilibre
(u,p,n) = (0,0,0) en considérant les non-linéarités comme des seconds membres. Cela nous permet de
prouver, pour des seconds membres et des conditions initiales suffisamment réguliers, 1'existence d’une
unique solution globale (i.e. sur [0,7] ou T > 0 est arbitraire mais fini) dans un certain espace de
solutions. Finalement, une méthode de point fixe, une fois une estimation des non-linéarités obtenue en
fonction des solutions du systéme linéarisé, permet de conclure.

Partie II.

Dans ce chapitre, nous nous intéressons a des questions de controlabilité et de stabilisabilité de sys-
temes couplés proches de ceux du chapitre précédent. Plus précisément, nous considérons dans le Chapitre
5, la contrélabilité a zéro d’un systéme couplant les équations de Navier-Stokes a une équation différen-
tielle ordinaire provenant d’une simplification d’une équation des poutres en deux dimensions. Le controle
agit sur un domaine & l'intérieur du domaine du fluide.

Dans le chapitre suivant, nous considérons un systéme proche de [2] oti les murs du canal périodique
sont modélisés par des poutres. Nous montrons, pour tout taux de décroissance et pour des conditions
initiales proches d’une position d’équilibre, la stabilisation de la solution du systéme avec deux controles
agissant sur la partie supérieure de la frontiere, i.e. sur la poutre du dessus.

Chapitre 5.

Dans ce chapitre, nous considérons un domaine au repos g dont la frontiere contient le segment

& = (0,L) x {1} (avec L > 0) correspondant & ’état de référence de la poutre. La partie fixe de la

frontiere I' est connexe et connectée a I'j, voir Figure 1.5. L’équation du fluide est toujours I’équation de
Navier-Stokes, cette fois avec un controle ¢ agissant dans w C €, :

u + (u-Viju—divo(u,p) = cx, dansQJ,
diva = 0 dans Q7.
u = ey sur X3, (1.12)
u = 0 sur X,
u0) = u’ dans Q,1.0.

L’équation des poutres s’écrit dans ce contexte

¢"+Aq = —Iylo(u,p)n-ey], dans (0,7),
(9(0),¢(0)) = (¢"%¢*")

ou N est un entier supérieur a 1, A est une matrice symétrique définie positive carrée de taille N x N
et Iy est la projection de LZ(T§) sur RY. L’inconnue q est un vecteur de RV*! et le déplacement de la

(1.13)
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FIGURE 1.5 — Les domaines 2y (& gauche) et €, (& droite).

poutre 7 est donné & partir de ¢ par n = Zq ot Z est un vecteur ligne R'*" formé des N premiers vecteurs
propres de lopérateur des poutres A, g défini par D(A, 3) = HE‘O)(FS) et Ao gt = Qgzzs — Bltzs POUr

tout 4 dans D(Aq, ).

Nous démontrons alors :

Théoréme 1.11. Soit T > 0. Soit (u° ¢"°,¢*°) dans V' (Q,.0) x RN x RN satisfaisant les conditions
de compatibilité u = 0 sur T et u = Z¢* ey sur Ff]”" Alors il existe R > 0 tel que si

IR 0,00y + 10" fow + 10l < R,
q

le systéme (1.12)—(1.13) est controlable a zéro au temps T en les variables (u,q,q’). Cela signifie qu’il
existe un controle ¢ dans L?(0,T;L%(w)) tel que la solution (u,p,q) du systéme (1.12)—(1.13) avec ¢
comme second membre vérifie

u(T)=0, q(T)=0 and ¢(T)=0.

La preuve de ce résultat repose sur une inégalité d’observabilité pour le systéme adjoint du systéme
linérisé autour de (u,p,q) = (0,0,0) obtenue grace a une inégalité de Carleman. Un point fixe dans des
espaces a poids (en temps) permet de conclure. Ce travail se place dans la lignée d’une série de papiers de
Raymond et Vanninathan [25, 27, 26, 28] ou les auteurs considérent plusieurs types de systémes couplés
(linéaires) fluide-structure ot ’équation pour le fluide est modélisée de I’équation d’Helmholtz a 1’équation
de Stokes.

Chapitre 6.

Nous nous intéressons ici & un domaine avec condition périodique en la variable x en deux dimensions.
La frontiere est en deux parties et est composée de deux poutres de mémes caractéristiques. Un fluide
visqueux incompressible occupe l'intérieur du domaine. Nous souhaitons stabiliser le systéme pour n’im-
porte quel taux de décroissance w > 0 pour des conditions initiales proches de la solution stationnaire
nulle.

Dans ce chapitre, nous considérons les conditions d’interaction du papier [13]. Les deux poutres aux
repos donnent les deux états de références I'f = (0,27) x {1} et Iy = (0,27) x {—1}. Pour ce domaine,
il n’y a pas de frontiére fixe. A l'instant ¢, les parties mobiles de la frontiere s’écrivent en fonction des
déplacements nT et 5™, avec la notation n = (n*,n7) :

F;Vﬂ(t) = d(z,y)eR?tqze(0,2n) et y=1 —|—77+(t,a:)},
L VNP (z,y) €R? t.q. x € (0,27) et y = —1 +7f(t,x)},
Q) = (z,y) € R? t.q. = € (0,27) et —1+n_(t,x)<y<1+n+(t,x)},

12



Partie Il

1 r Fa_ 1

1 Qo 1

Y4 1

L J
z I‘a 2

FIGURE 1.6 — Qg (gauche) et Q, ) (droite).

voir Figure 1.6.

Suivant les notations du début du chapitre, nous notons, pour 7' > 0

i = | < T, ol

te(0,T)

20 =(0,7) xT{, pomi

Le systeme s’écrit alors

= U =T,

te(0,7)

—(0,T) x Ty

Ty =T7 x Ty,

¥% = (0,T) x To.

u, —divo(u,p) +(u-Vju = 0 dans Q7.
divu = 0 dans Q7.
u-n" = kny sur E;’n:, (1.14)
Pt = fixs S '
Mo+ ONne — B — Ve = —ro(wp)n®-n"+ fFyy  sur £7°,
(u(0),7"(0), 77 (0)) = (u,n"",n*?) dans €10 x I'g x I

ou les fonctions fg' et f* sont des contrdles agissant sur la poutre supérieure, x4 est la fonction carac-
téristique de la partie supérieure I‘:Jr ou I‘ar. De plus, f(;r est une fonction du temps seulement.

Nous montrons alors le résultat suivant.

Théoréme 1.12. Pour tout taux de décroissance w > 0, il existe une constante rq > 0 et une fonction

strictement croissante R de Rt dans lui-méme telles que si r appartient ¢ (0,7¢) et si (u®,n*%n

2.0y est

un élément de V;ﬁ (Q21.0) x Hi(l"o) X H# (T'o) satisfaisant la condition de compatibilité (avec les notations

w = (10, u0?))

11:,0,+u0,1+u0,2 _ 2,0+

,0, +
- n on Fn1,0,+7

et linégalité

1,0,—,,0,1 0,2
_771:77 u) +u7

= o0 on I‘;l,ok,

”(uoa771’07772’0)||V;(Qn1,o)XHi(Fg)XH;(Fo) < R(r),

alors le systéme

u — divo(u,p)+ (u-V)u =
diva =

u-nt =

u-n. =

S(unt-tt =

S(un™ -t~

M+ ONfan = Blde = Vi
Net + Nywe = Bz = Ytz
(u(0),n(0), m(0)) =

—o(u,p)nt -nt + fF
J(Uap)ni ‘n-
(uo nl,O 77270)
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avec les controles (obtenus par lois de feedback)

fi = =Bty [(wo oy ") | et pr=— ST IR |(Prfwo oy i)

|| < Mo k£0
admet une unique solution (u,p,n) telle que
. -1 . 1 . .
H@w uo ¢77 HHz#l(ng) + Hew po ¢77 HLQ(O,OO;H;E(Q())) ||eu.) TIHH:#’Q(E&)) + Hew ntHHi’l(Ego) <7

oU ¢y ) est le changement de variables qui transforme Q) en Qo (voir section 6.4).

De plus, les lois de Feedback ITy, (pour k dans Z tel que |k| < M, et k # 0) et Iy sont obtenus comme
unique solutions d’équations de Riccati algébriques de dimension finie (voir sections 6.5.3 et 6.6.2, en
particulier les équations (6.45) et (6.54)).

La stabilisation de systéme couplé fluide-poutre a déja été étudiée dans [23]. Dans ce papier, auteur
considére un systéme couplant les équations de Navier-Stokes en deux dimensions avec une équation des
poutres dans un domaine rectangulaire avec des conditions de Dirichlet homogenes aux bords ou il n’y a
pas de poutres. De plus, les conditions d’interaction sont celles de [4].

Les preuves des résultats de [23] et du Théoréeme 1.12 sont assez proches. Elles reposent sur une
réécriture du systéme dans un domaine fixe grace a un changement de variables (voir les chapitres précé-
dents également), puis sur la linéarisation du systéme obtenu autour de la solution nulle. Ensuite, nous
prouvons la stabilisation du systéme linéarisé nonhomogene. Et finalement par une méthode de point
fixe, nous montrons la stabilisation du systeme de départ écrit dans le domaine fixe.

Le systéme considéré ici peut étre vu comme une extension des systémes étudiés dans [2, 3] ou [29]
ou les différents auteurs étudient la stabilisation d’un fluide dans un canal périodique autour d’un profil
de Poiseuille grace a des actuateurs agissant sur la composante normale de la vitesse au(x) bord(s) du
canal.

Nous nous sommes intéressés aux conditions d’interaction introduites dans [13] parce qu’elles nous
permettent de prouver le probléeme de continuation unique associé a notre probléme. Cette étape est
souvent la plus compliquée pour ce genre de systéme, voir par exemple [18, 19]. Pour des conditions
aux bords comme dans [4, 23], le probléme de continuation unique revient & résoudre 1’équation d’Orr-
Sommerfeld avec des conditions aux bords différentes et méme si nous savons que les solutions de cette
équation sont analytiques, nous ne sommes pas capables de prouver le probléme de continuation unique
associé.

Relation entre les équations et les interactions.

La formule de la divergence appliquée & la vitesse u ou (u,p,n) satisfait, par exemple, le systéme
décrit dans le Chapitre 2 donne

0:/ divu:/ u-n:/nt.
Qn(ty 01 r

s
0

Ainsi, n; est de moyenne nulle. De plus, avec les conditions d’encastrement de la poutre, les termes de
I’équation des poutres 1y, BAsn et yAgn, sont également de moyenne nulle. Ainsi, si le second membre
I'est aussi, nous aurons alors nécessairement aA%7y de moyenne nulle (cela s’applique de la méme maniére
en trois dimensions).

Cette remarque montre que le multiplicateur de Lagrange associé a la contrainte d’incompressibilité
qui apparait dans la constante de la pression projette '’équation des poutres/plaques dans l’espace des
fonctions a moyenne nulle. Les solutions d’une telle équation sont alors nécessairement cherchées parmi
celles de moyenne nulle (il en existe grace au Théoreme de Lax-Milgram).

Dans la suite, au lieu d’écrire I’équation des poutres/plaques avec ce multiplicateur de Lagrange, nous
projetons 1’équation dans l’espace des fonctions & moyenne nulle. Cela permet en particulier de définir
les opérateurs indépendamment de 1’équation comme des applications linéaires d’un espace de fonctions
a moyenne nulle dans lui-méme.

14



Choix de la langue

Choix de la langue.

Les cinqg chapitres suivants sont écrits en anglais. Les chapitres 2 et 5 ont été écrits bien avant ce mé-
moire : le premier a été publié électroniquement en février dernier dans SIAM Journal of Mathematical
Analysis [16] et le second a été soumis il y a quelques mois dans SIAM Journal of Control and Opti-
mization. Ces journaux a comités de lecture internationaux sont écrits en anglais. Les autres chapitres
(Chapitres 3, 4 et 6) ont également été écrits en anglais dans I'espoir qu’ils puissent étre soumis un jour
a publication dans ce méme type de revue.
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Chapitre 2

Existence et unicité de solution pour un systeme cou-
plant les équations de Navier-Stokes et une équation des
poutres en deux dimensions

2.1 Introduction.

We study a fluid-structure system coupling the Navier-Stokes equations in a 2D domain with a damped
beam equation located on the boundary of a domain occupied by a fluid flow. For similar systems, the
existence of weak solutions has been established in [7, 13] for 2D domains and in [7, 11] for 3D domains.

Here we are interested in the existence of local in time strong solutions. In [4], Beirdo da Veiga proves
the existence of local strong solutions for small data under the assumption o > 0 (see the beam equation
(2.3)). In this paper, we improve this type of result, with o > 0, by showing the existence of local strong
solutions without any smallness condition (Theorem 2.3) and we also prove the existence of global strong
solutions in a given time interval [0, 7] for small data (Theorem 2.2).

In the author’s knowlegde, this problem has been introduced in [21] by Quarteroni, Tuveri and
Veneziani to model cardiovascular systems like blood flow in large vessels, arteries for instance.

Let L > 0 and T > 0 be respectively a length and a time. Let n be a function from (0,7") x (0, L) to
(—1,+00). Let t € (0,7"), we can define a domain €, ;) depending on time by

Qpie) = {(az,y) L 0<z<Land0<y< 1+n(t,x)}.

Here 7)(t) is the displacement of the beam. We note by T'§ = (0, L) x {1} the reference configuration of
the beam. The displacement 7 has to satisfy the following assumption

0o > 0 such that V¢ > 0Vz € (0,L) 1+ n(t,z) > >0 (2.1)

to ensure that, for every time ¢, Q, ;) is a connected domain. Let us set Qg = (0, L) x (0,1) and I'g = 9%y,
that is

o = {0} x (0, 1) [ J{L} x (0,1) [ J(0,L) x {0} [ J(0,L) x {1}.
We also set I' = T'y \ I'§, the fixed boundary part
T = {0} x (0,1)_J{L} x (0,1)( (0, L) x {0}

and
o = {(T/»y) ;0<z<Landy=1 +n(t,x)}.
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Chapitre 2. Equations de Navier - Stokes et équation des poutres en deux dimensions

Thus 08,4 =T UT; () We will use other notations:

Yr=(0,T)xT, ¥50 = (0,T) x T3,

QF=(0,T)xQ, Q= J {t}xQqu,
tE(O,T)

%9 = (0,T) x I, » = U {t} x T3
te(0,T)

The velocity u and the pressure p of the fluid in the domain Q7 are described by the Navier-Stokes
equations

u+ (u-Viu—divo(up) = 0 in Q7,
divu = 0 in Q7,
u = mpey on ¥R, (2.2)
u = 0 on X,
u(0) = u’ in Q,1.0.
The displacement 7 satisfies the following beam equation
et — 577m: — VMt + AMgzze = d)[uvpv 77] on 2;07
n(0) = nto in T'§, (2.3)
n(0) = n*o in T'§.
In these equations, o and ¢ are defined by
o(u,p) = —pl+v(Vu+ (Vu)™),
ola,p,n] = —o(u,p)(—me +e2)- e,

where e; = (1,0) and e3 = (0,1) and u = uje; + uses, v > 0 is the viscosity of the fluid; a > 0, 8 > 0,
~ > 0 are constants relative to the structure (see [4] for more details).

2.2 Functional settings.

We have to define the function spaces for the solutions (u,p,n) of (2.2)—(2.3). In the fixed domain
o, we define the classical Hilbert space in two dimensions L2(€y) = L?(Qo; R?) and in the same way
the Sobolev spaces H*(Qq) = H*(Qo; R?). We introduce

Vo(Qy) = {u eH(Qp); divu=0in QO}
H77(Q7) = L*0,T;H(Q)) N HT(0, T; L2(Q)),
VoT(Q) = L*0,T5V7(Q0)) N H™(0,T; VO ().

We need a definition of Sobolev spaces in the time dependent domain €2,;:

Definition 2.1. We say that u belongs to H™ (U,c o,y {t} x H (1)) (respectively to H™ (Uye (o 1y {t} ¥

Vo(Qyw))) if
— for almost every t in (0,T), u(t) belongs to H? (Q () y) (resp. in V7(Qpq)),

=t [[ul@)llae (@, ) (resp- t lu(t)llve(q,,,)) is in H™(0,T;R).
We finally define

H(QF) = L | {3 xH Q) E( U {t} x L Q)

te(0,T) te(0,T)
VoT(Qr) = U & xVva@e)(E( U {1 x VoQ).
te(0,T) te(0,T)
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2.2. Functional settings.

Solutions (u,p,n) of (2.2)—(2.3) satisty

0 = /Q()divu(t):/m()u(t)~n(t)=/rs u(t)-n(t)+/ru(t)-n0
n(t n(t ()
= Ant(t)+0:/oLnt(t,m)dx,

Eeeoll
normal to each part of I' outward €2,(;), that is

s
0

where n(t) = —n(t)e; + eg) is the unit normal to I'} ;) outward €,+) and ng is the unit

no =e; on {L} x (0,1), ng = —ej on {0} x (0,1) or ng=—eyon (0,L) x {0}.

Thus we must choose n?° in LZ(T§) = {77 € LA (T3); / n= O}. Furthermore, we can choose n'% €
g

L3(Tg) and then we shall have

J

We have to choose boundary conditions for 7 too. Here, we decide to fix n and 7, on (0,7) x {0, L} as
follows:

D6 =0 and / m(t) =0 V> 0. (2.4)
T

n(t,0)=n(,L)=0 and n.(¢,0)=mn.(¢t,L)=0 Vte (0,T). (2.5)

We could have chosen periodic boundary conditions as in [4]. The result obtained in the following may
be directly translated to this situation.
With (2.4) and (2.5), we get

J

We use M the orthogonal projection from L?(T'§) onto L(T§) to rewrite the equation (2.3). We will use
a special trace function 7 defined by

ntt:07/17m:03nd/ Nee =0 for all t > 0.
3 r

s s
0 0

1 . . 1
Ysp = Ms(pjrs) = prs — 7/ pry Vp € H?(Qo) with o > .
T3 T3 2
Equation (2.3) becomes B
Nt — ﬁnww - VMhtax + aMSn:L’zmz = YsP + ¢[ua 77] (26)

with ¢[u,n] = —vvs (Vu + (Vu)tr) (—nze1 +e2) - es.
Let us introduce the spaces

p € H(Tg) NLE(TE) s.t. ;Lz,umzoatx:(),L} for 3 <o,
H) () = pe HO (T NLATE) st. p=0at x = O,L} for 3 <o <3, (2.7)
H7(T5) N L§(T5) for 0 <o < 3.

Due to (2.4) and (2.5), we look for 7 in the spaces

Hegl (25°) = L2(0, T3 H3 (T5)) 0 H™(0, T L3(T5)).

The pressure term p is defined in the Navier-Stokes equations up to an additive constant. Then, we define
the space H? (o) by

H7 (Q) = {p € H7(0) such that / p=0}.
Qo

We will look for p in L2(Ute(07T){t} x H* Q1)) (see Definition 2.1).
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Chapitre 2. Equations de Navier - Stokes et équation des poutres en deux dimensions

2.3 Main results.

We can now state the two main theorems of this paper. First, we consider global strong solutions of
the system (2.2)—(2.3) with a condition on the size of the initial data only. Second, we prove the existence
of a local strong solution for the same system.

Theorem 2.2. Let (u®, "%, n*0) € V1(Q,1.0) x Hgo)(I‘S) X H(lo)(FS). There exists R > 0 such that for any
10|12

H

initial data satisfying ||u0||%/1(in)g) +lIn & @8 + ||772’0||%1<10>(F3) < R? and the compatibility condition

u'=0 onl, u’ =n?*%, on Lo, (2.8)

system (2.2)—(2.3) has a unique global strong solution (u,p,n) in

v QD x| | {8 x H () | x Hig (55°).
te(0,7)

Theorem 2.3. Let (u’, n'0 7*%) € V1(Q,1.0) x H?O)(FS) X H(lo)(FS) satisfying the compatibility condition
(2.8). There exists a time Ty > 0 such that system (2.2)—(2.3) has a unique strong solution (u,p,n) €

7 4,2 18,0
v2HQr,) x L* (UtE(O,TO) {t} x H! (Qn(t))) x H g (2%,)-

The core of the paper consists in the proof of these theorems. First of all, thanks to a suitable change
of variables, we introduce an equivalent problem (2.13) in a cylindrical domain Q%. Due to the change
of variables, new nonlinear terms appear in the equations. The proof of existence of solutions for system
(2.13) is split into different steps:

(7)) We study the non homogeneous linearized system (2.21), where the nonlinearities in (2.13) are
now considered as right-hand sides. The proof of existence for this system uses a fixed point method
for another equivalent system (2.30) introduced in section 2.5.2 thanks to the splitting method due
to J. P. Raymond ([22]). Indeed, we see in section 2.5.1 that we cannot apply a fixed point method
directly to system (2.21).

(i) From the linearized system, we prove the existence of strong solutions for system (2.13) thanks
to another fixed point method in section 2.6.

In section 2.7, we complete the proof by checking that the change of variables defined in section 2.4 is
suitable in the sense of Definition 2.4.

2.4 An equivalent problem in the fixed domain €.

We want to use a change of variables to rewrite system (2.2)—(2.3) in the domain Q% = (0,7) x Q.
This change of variables introduces nonlinear terms in the variables (u,p,n) that we will treat as right-
hand sides in section 2.5. As in [4], for a fixed t € (0,T), we introduce the change of variables:

Qney — o

(@,y) — (xz)<x1+ny(m)> (2.9)

Setting f(x,z) = f(x,y), we have the formulas

A

f(@,2) = f(x, (L+n(t z))z) and  f(z,y) = f <x, 1—|—7§/Ofx)> .
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2.4. An equivalent problem in the fixed domain €.

Then we can calculate the derivatives of f(x,y) using the derivatives of f (z,2):

ft = ft—Z T f27
1;75—17

z = x T % . D
o= e
fy = 1+nf2:7 ,

£ Nz 2 Na £ (1+77)77m:r_7792cA
T azm_2z zz T (2 zz TR o5 Jz
/ / . 1+nf (1+77> / (1+mn)? /
foy = mfzz-

ﬁt —div U(A7ﬁ) - [ﬁaﬁu’r]] in Q%’
diva = divwla,g inQY,
a(0) = a’ in Qo, (2.10)
a = n(t,x)es on E?O,
a = 0 on Xp
with . .
F(t,z,z) = F[a,p,n)
2
A e N
= nay + |:Z77t +vz (1 Iy 2773621)] U
N N BNy — N .
+ v —2277111952 + Uz + Muzz} (211)
+ 2(Nep. — nhz)er — (1 + 1)1, + (2001 — G2)h,
and
W(t7$) = W [ﬁ7 77]

= —niier + 2n;l1er
For instance, to calculate the divergence term, we write uj ; + uz . in terms of @ and taking 1 +n as a
multiplier, we get :
0= (1 + n)ﬂl,w - znm'&l,z + a2,z-
Then we see that
al,x + ﬁgyz =diva= —77’&17% + anﬁl,z = div w.

The beam equation (2.3) becomes

A

Tt — /67790:8 = Vtww + M Nrgze = VsP — 21/787:2272 + ’YSH[ﬁ7 TI}

with )
i Ne . N Ny — 21,
Hlta,n =v Ul + Nglo x — U9 5 |. 2.12
] = ({2t st — B2, ) (2.12)
To simplify the notations, we drop out the symbol * and we obtain the system
u; —divo(u,p) = Flu,p,7 in QF,
divu = div wlu,n) in Q%,
u =0 on %9,
u = ne; on Z;’O,
u0) = u’ in Qo, (2.13)
ntt - ’Ynfr"c - ﬂnxx + OéMsTer'rT = ’Ysp - 21/'73“2,2 + rYSH[ua 77] on 2?07
n(0) = ' in TG,
nt(0) = n>0 in T§.

The previous system is equivalent to system (2.2)—(2.3). More precisely, we state the following defi-
nition:
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Chapitre 2. Equations de Navier - Stokes et équation des poutres en deux dimensions

Definition 2.4. (u,p,n) in H21(Q) X L2(Uye 0,1 {t} X H' (Q))) x Higy (£5°) is solution of (2.2)(2.3)

when the following conditions are satisfied:

(i) (4, p,n) obtained for the change of variables G(x, z) = u(z,y), p(z, z) = p(x,y) with z = 18
a solution of (2.13),
(i) for any time t in (0,T), the previous change of variables is a C'-diffeomorphism from Q) into Qo,

(iii) n satisfies condition (2.1).

y
1+n(t,x)

If we set u = v + w[u, 7], we notice that div v =0 and the system satisfied by (v, p,n) is

vi +divo(v,p) = flu,p,1] in Q7,
divv = 0 in QF,
v = —wlu,n)] on Y,
s,0
v = e —wlu,n) on X7, (2.14)
v(0) = u®—w[u,n)(0) in Qq, ’
Mt — Vtww — Blee + OMspzze = YsP — 207502, — 20y5wa 2 [w,n] + v H[u,n]  on £3°,
n(0) = ' in I'g,
nt(0) = 7?0 in I'§
with
flu,p,n] = Flu,p,n] + vAwl[u,n] — Oyw[u, 7], (2.15)
v=uve +ve; and wlu,n] =wi[u,n)e; +wslu,nles.
The explicit expression of wlu,n] = —nuie; + zn,uies only depends on w; and 7. Thus, the boundary

. 0
conditions on X7 and E‘; are
v=0 onX v =mne, on N
= T = Te2 T -

Moreover, the term —2v7y,vz , in (2.14)g vanishes. Indeed, v, 4+ v2, = 0 in QOT and v; = 0 on E;O.
Furthermore, if v is in H>*(Q%.), then V) g0 = 0 and Uy zpms0 = 0. That is why we are considering the
following system:

vy +divo(v,p) = flu,p,7] in Q%,
divv = 0 in Q%,
v = 0 on X,
v = e on Z;O,
v(0) = V° on Qp, (2.16)
Nt — VMtxax — ﬂnmx + aMsnxxxx = Ysp+ h‘[u7 77] on E?Oa
n©) = g0 in I'g,
n:(0) = 7?0 in I'§
where
hlu,n] = —2vyswa,:[u, n] + vsH[u, 1] (2.17)
and
v0 =1’ — w[u,n)(0) = u® + " ule; — 2l ules. (2.18)

In an other hand, to have continuity on [0,T), the previous conditions on v must be checked at time
t = 0. Thus, we have to add a compatibility condition at time ¢ = 0:

divv? =0 in Qo, vP=0 onT and vl =n?le; on T} (2.19)
which is written in terms of (u% n'? 7n*°) as follows:
div (u® + ' %ufe; — 2nt0ules) =0 in Qo, uwW’=0 onTl and u’ =n?%, onT}.

(2.20)
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2.5. Study of an auxiliary linear system.

2.5 Study of an auxiliary linear system.

In this section, we prove existence and uniqueness of solutions to the following system

vy + div o(v,p)

div v

v

A%

v(0)

Nt — VMtxx — 6”&1 + O‘MS"]J,LLL
n(0)

n:(0)

for a right-hand side

(£,h) € Zr = L2(Q}) x L*(0, T; H [, (T3)),

and initial data (v0,n"% 7*%) in X2, where

X =H'(Q) x H(30) (I'5) x H(lo)(F‘S)

and

f
0
0

Tt€2

Ysp+h
1,0

720

(0)

in Q.
in Q%?
on ZT,
on E?O,
in Qo,
on E;O,
in I,
in I'§

(2.21)

(2.22)

X0 = {(zo,,ul’o,/f’o) € X% such that (z°, u*%, u?°) satisfies (2.19)}

The space X will be equipped of the norm

12,1, 120 0 = (112° s gy + s

The main result of this section is the following theorem:

1/
|?{3(rg) + HMQ’OH%IWFS)) :

Theorem 2.5. Let (v0, 010 n%0) be in X2, and (f,h) be in Zr. Then, system (2.21) admits one and only

one solution (v,p,n) in

Xr =

Moreover, we get the estimate

H(V’pa 77)||XT < C(||(V0777170777270)||X0 + H(f7h)||ZT)

{00 € H21(QF) x L2(0, 7511 ()

such that z =0 on X and z = ures on E;’O}

x H 2 (25

© . (2.23)

(2.24)

2.56.1 Why a fixed point method on the pressure term p does not work?

A way to find solutions of the coupled system (2.21) is to use a fixed point method. For a given P in

L?(0,T;H()), we consider the following system

vy + div o (v, p)

div v

v

v

v(0)

Nt — VMxa — ﬂnzm + aMNzyen
1(0)

1:(0)

For fixed given (n'0,

in Q.
in Qf.
on X,
on Z;O,
in Qo,
on E;O,
in I3,
in I'j.

(2.25)

n?9) and h, we can solve the beam equation. Next, knowning 7, we can find solutions

to the Stokes system with right-hand side f, initial data v and a boundary condition depending on 7;.
This idea cannot be applied directly with isomorphism theorems for the two equations separately.

Indeed, we get first
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Chapitre 2. Equations de Navier - Stokes et équation des poutres en deux dimensions

Proposition 2.6. Let (n'°,7*°) be in Hy = H} (T'§) x H}

0 (0yL8)- Forsp, hin L2(0,T; LE(T3)), equation

Ner — /anz — VMtzxw + OMNzzez = Ysp+h on E;’Oa
n(0) = n'° in I'G,
m(0) = n*° in I'g

admits a solution 1 in H?O’)Q (Z?O) satisfying the estimate

9l 32 sy < € (10,12l + bl g, + 6Pl o sz )
Then, the result for the Stokes equations is the following.

Proposition 2.7. Let v be in V1(Qp). For f and g respectively in L*(Q%) and H(QO’;(ZZ}’O) with the

compatibility condition v° = g(0)ez on T'§ and v’ =0 on T, then the system

vi—dvo(v,p) = f in Q%
divv = 0 in QY.
v = gey onXi (2.26)
v = 0 on X,
v(0) = vO inQ

admits a unique solution (v,p) in V*1(Q%) x L*(0,T; H*(Q0)) and furthermore

(v, P)llvz1 Qo) x L2 0,111 (20)) < C(\lvollvl(no) + ”.‘]HH(Z(;)l(z;O) + ||f||L2(Q°T)>-

The first proposition comes from regularity results for the beam equation proved in Proposition 2.13.
The second proposition is a result from [22] in the case when g belongs to H, (2(;)1 (=50).
To conclude, the solution (v, p,n) of system (2.25) obeys

(v, p,m)llx, < C(II(Voml’O,nQ’O)IIXO +[I(f, )| 2, + ||ﬁ||L2<o,T;H1<Qo>>)-

Thus this method gives directly the solution of system (2.25) in the expected spaces (thanks to the
isomorphism theorems) but we cannot act on the constant C' to get a contraction. That is why we have
to consider a new equivalent system.

2.5.2 New equivalent system.

Let us define the so-called Leray projection P from L2(€) in VY (£) where
V2 (Q) = {u € L?(9p) such that u-n =0 on Ty and div u = 0 in QO}.

We want to split system (2.21) into two parts in order to construct a contraction mapping acting on
a part of the pressure term only. More precisely, following the idea of [22, 23], the Stokes system can
be expressed in terms of v, = Pv, vy = (I — P)v and their associated pressures p., ps, then we will
construct a contraction mapping acting on p. to obtain the expected result.

To express simply the Stokes system in the variables (v, v, pe, ps), we have to introduce some oper-
ators. Let us note N the operator defined from H?(T'g) to H73/2(Qq) (for o > —1/2) by ¢ = N(g) (for

gin H?(Ty)) if
0q(t)

Ag(t) =0 in Qg and 5y =9 on Ty. (2.27)
Then, for z in L%(£), the solution 7 of
Ar =divz in Qg and 8—7T:Z-n on I'g
on
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is a sum of two terms 71 and 7 in H' () satisfying
m € H}(Qy) and Am=divz in Qo and Ty = N((z — V) - n).

Setting m = —(—Ap)~(div z), we get m2 = N((z + V(—Ap)~*(div z)) - n). Thus, we can define the
operator 7 from L2(Qq) into H*() by

7(z) = —(=Ap) 1 (div z) + N((z + V(—=Ap)~!(div 2)) -n) for z € L3(Qyp). (2.28)
Finally we note N; the restriction on H?(I'§) of N, that is Ny(g9) = N(gxs) for any ¢g in H(T'§)
(o0 >-1/2).

With these notations, system (2.21);_5 is equivalent to
Vet —VAVe+Vp. = Pf in QF,
(Vi = —vgvs oné]OT7
ve(0) = Pv in Qg,
vs, = VDN (m) in (7]“7 <2.29)
Ps = ’/T(f) - Ns(ntt) in Q(j)“a
P = De + Ps in Q%

The explications to obtain this system are detailed in [22].
The pressure term in the right-hand side of the beam equation is

YsP = YsPe + 'Ysﬂ(f) - ’Yst(Utt)-

System (2.21) is equivalent to the following system in terms of (v, pe, Vs, Ps, 1):

Vet — VAV +Vp, = Pf in QOT,
Ve = —7rVs on ZOT,
ve(0) = PV in Qo,
ve = VN, (Ut) in QOT,
(I + ’Yst)ntt - ﬂnzm - 77)trz + aMsnz:cmm - ’Vspe + h on Z;’O; 2 30
n(o) = pto in T, (2:30)
nt(o) = 77270 in I'g,
P = PetDs in QF,
V = V¢4V in QOT,
ps = w(f) = No(pe) in QY
with .
h = h+ 7 (f). (2.31)

We want to find solutions to system (2.30). With (f,h) and (v9, n'0 1n*?) fixed, our method is to
set the pressure term p, € L?(0,T;H!()) only in the right-hand side of the beam equation. Then,
considering p, only in L27¢(0,7,H*(Q)) (for a small parameter ¢ > 0), we find a solution n of the
modified beam equation in a space E7. The next step is, with n in E%., to get v¢, v, and p, respectively
in V21(Q%), L(0,T; H?(Q0)) N H3/4(0, T; H/2(Qp)) and L2(0,T; H'(2)). All this results will allow us
to define a contraction mapping from a ball of the space of pressure term L2(0,T;H*()) into itself for
a small time Ty in (0, 7). Then, because of the linearity of system (2.30), we will have the existence and
uniqueness of a strong solution in (0,7) corresponding with fixed initial data (v®,n*% n?9) in X2, and
right-hand members (f,h) in Zp.

2.5.3 Existence of solutions for each part of (2.21) and estimates.

We begin this loop by fixing a pressure term p, in the beam equation. We will suppose that p,

belongs to L?(0,T;H()). By a classic embedding theorem, we get v,p, € L>~¢ (O,T; H(lo/)2 (FS)) for

any 0 < € < 1. Then we have the estimate

1 1
D < CT?|~sp for § = — 2.32
||/7 peHL2—a (OvT;H(lo/f(FS)) = H'y peHL2(O,T;H(10/)2(F‘8)) or 2_¢ 9 ( )

Thus, we can prove the following proposition:
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Proposition 2.8. Let 0 < ¢ < 1, (n"%,7*%) in Hy and (f,h) in Zr defined in Proposition 2.6 and in

(2.22). Then, first h defined by (2.31) is in L*(0,T; H(lo/)z(I‘g)) and Second, with p, in L?>~¢(0,T; H(Q0)),

the equation

(I + PYst)ntt - ﬂnmx — YMtzxx + aMsnmmxr == ’)/spe + iL on 2;07
n0) = nto in T§, (2.33)
ne(0) = n*0 inT§
admits a unique solution 1 in
B = L*75(0,T; Hyg **(3)) N W2272(0, 75 H (1)), (2.34)
satisfying
Inllzs < O (N>, + 1P llza=cco.es @) + Wil oo zoszegy ) (2.35)

Furthermore, 1, belongs to H?O/)Q’?’M(E?O).

Proof. First, h is in L2(0,T; H(lo/)z(Fg)) thanks to the regularity of f and h via formula (2.31).
We want to rewrite (2.33) as a first order system. For that, we set

ver=( o ) =)

0 I
A= ( (I+73Ns)_1(—0éM3A2 —|—BA) 7(I+75N5)_1A ) (236)

Then D(—A) = HE‘O)(FS) X H?O)(Fg). We note H = H(QO)(F(S)) x L3(T'§). Y is the solution of the equation

and

0 0
Y'(t) = AY(t . Pk
O = WO+ () g hy ) T (237)
Y0 = Y in I'y.
0
We use the well-known Duhamel’s formula, with B = _ _ = ,
( (I +7sNs) ™ (vsPe + h) >

t
Y (t) = ™Y, + / =TAB(7)dr.
0

For k > 0, we have formally
t
(A0 = (~AfeAYa+ [ (- Ao IAB(rar
0
and because Yy is in [D(—A),H]; /2 and B(7) is in [D(—.A), H]3/4, we get

(—A)HY@) — (_A)n—l/Qet.A(_A)lmyo +/t(_A)n—1/4e(t—7—).A(_A)1/4B(7_)d7_.

0

Now using triangle inequality in H we have for r > 1
[(=A)"Y (@)l
(e

T
T

).

Because (—.A) is a generator of an analytic semigroup (see the proof in [23] which relies on a result in
[8]), we get the estimates (see [20]):

IN

/t(_A)fs—l/éle(t—*r)A(_A)1/4B(7_)d7_

0

i+

L(H) H



2.5. Study of an auxiliary linear system.

With the Young’s formula, we have:

T T
/ H(—A)W(t) at
0. H
< k=172 tA ‘T dtH _ )2y HT
= /0 H( A) ¢ L£(H) (=A) Yo H
T r/p T r/q
| ar-meon! | s
+ -A — :
0 A L(H) 0 H
[ el o] e
c —— (= clit— ——— - :
- o tE—3)r Mg ts=1)p Lr(0.7) L4(0,T;H)
with 1+ % = % + % and k has to satisfy

{ (k — %)7‘ < 1
Then the triplet (p,q,7) = (1,2 — &,2 — €) is suitable. For this choice, x has only to obey k < 1+
and thus k = 1 + /4 is convenient. This gives us first

e
4—2¢

Y € L275(0, T [D((~ A)?), D(~A)l1_eja) = L*~(0, T5 High /(D) x HZ,/*(T5)

and second

Y€ L275(0,T; [D(—A), Hly_ops) = L2750, T; Higy */2(T5) x Hey ' (T5)).

Thus, 7 solution of (2.33) belongs to LQ_E(O,T;H?J)FE/Q(F(SJ)) N W22=¢(0, T H(Eo/f
comes from the Duhamel’s formula and the different calculations above.
The last part is to prove that 7, is in H 230/)2,3/ 4(2;’0). We use different interpolation formulas: 1 belongs

to EZ. thus 0, is in L275(0, T; H(QJ)_EM (L) NWL2=¢(0, T; H(EO/)Q(FS)) which can be embedded continuously

in Wh2=¢(0,T; [H(zoJ;S/Q(FB),H(EO/)Q(FS)]A) for 0 < A < 1. A quick calculation gives us

(T'3)). The estimate

s s —2X 1s
[H(Qo—gs/Q(Fo)7H(EO/)Q(FO)]A = H(Q(;gs/Q ’ (I'e)-

An embedding formula in Sobolev spaces of fractional order (see [1]) gives:

1 1
2—¢ 27

WHr2=2(0,T) — W%2(0,T) when \ =

So WA2=¢(0,T; [H(QOJ;E/Q(FS),H(EO/)Z(I‘S)})\) — L2(0,T; H?O/)Q(I‘S)). In the same way we can prove that

_ 24¢/2 s 2/ms 5
WA2=E(0, T [Higy ™/ (T5), Hig) (T3)]a) — H*/4(0, T L3(T3)). 0

We use a new definition of solutions for the Stokes system (2.26). Indeed, we look for a solution
(Ve, Vs, De) of the equivalent system (see section 2.5.2)

Vet — VAV, +Vp, = Pf in QY%,
Ve = —YrVs on ETa
ve(0) = Pv° in Qo,
vs = VN(g) in Q%v (2.38)
VvV = VetV in QY,
P = Ps+Pe in QF,
pe = 7(f)—Nu(g) in QY

where 7(f) is given in (2.28). We now can state the following result on solutions of the Stokes equivalent
system (2.38):
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Proposition 2.9. Let g be in Hg’()/)z’g/4(2%0), £ in L2(Q%) and v° in V1(Qq) with the compatibility con-
dition v = 0 on T and v° = g(0)ey on T'§. Then, (2.38) admits a unique solution (V.,Vs,pe) in

X5% = V2HQY) x L2(0,T; H2(Q)) N H3/4(0, T; HY2(Q)) x L0, T; H'(Q)). We have the estimate
[(vervapelllxge < e(Ivlvi + ol ys20rsspo) + IElLscan )

Proof. The regularity of the Stokes system can be treated following [22]. Because we are in a rectangular
domain, we have to use Lemma 3.11 in [23] to get the optimal spatial regularity of the Stokes operator.

Thanks to this lemma, we know that the lifting operator D defined for a in L?(2y) and 7 in H?O/)Z (Tg)
by w = D(a,r) in H2(Q) if and only if there exists a function m in H!(£)y) such that w satisfies (for

6o > 0 large)

Oow —vAw+Vr = a in Qo,
divw = 0 in Qg,
w = rey only,

w = 0 onTI

is a continuous operator. Thus, following [22], we get that v, satisfies
Ve = VPAvV, + (0pId + (—vPA))PD(f,g), ve(0)= PvY. (2.39)

Here the Stokes operator vPA defined in V() with domain VZ(Qg) N V() has been extended
by transposition as an operator in (V2(£y) N V§(Qo))" with domain VY (). Furthermore, the Stokes
operator is the generator of an analytic semigroup on V9 ().

For f in L%(QY%) and g in L?(0,T; H?O/)Q(FS)) the right-hand side of (2.39) belongs to L?(0,T; V2 (Q0))

thanks to the regularity of D. Thus, we get with v = Pv" in V{(Qo), that v, belongs to V*!(Q%.) and
satisfies the estimate

0
[Vellvzi(qo) < C(HPV V(o) + IfllLz(0,) + HgHLQ(O,T;H?O/)z(Fg)))'

From the expression of p., we directly get that p. belongs to L2(0,T;H'(Q)) and satisfies the expected
estimate.

The regularity of the operator N, gives that v, belongs to L?(0,T; H?(9)) N H3/4(0,T; H'/2(Qy))
and satisfies the estimate

IVsllz20. 782 (20)) + Vsl srao, 2 (00)) < C||g||H§O/)2,3/4(g;o)-
All these results together give that (ve,vs,pe) belongs to X7° and satisfies the estimate

[(Ve, Vs, Pe) |l x2s < C(||VO||V1(QO) + HQHH(SO/)M/AL(EST,O) + HfHL2(Q%))'

2.5.4 Construction of a solution of system (2.21).

In order to prove the existence of solutions for the system (2.21), we have to construct a contraction
mapping for the equivalent system (2.30). Initial data (v0,n1% 1%0) in X2, and right-hand sides (f, h)
in Zr are fixed in this section. For p,, we consider the mapping G defined by

G: L*0,T;HY Q) — X5 = {(Ve,vs,pe,n) € X2* x ET}
Do —  (Ve, Vs, Pe,n) the solution of system (2.40)
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Vet — VAV +Vp, = Pf in QOT,
Ve = —7VrVs on ZT;
ve(0) = PV in Qq,
vs = VN (nt) in Q(j)“ao
(I + ’Yst)'r]tt - 577'1"7" - ’Ynttr + aMsnTTTT - ’Yspe + h on Z’? ) (2 40)
n(0) = n-° in I'g, '
nt(0) = n>0 in g,
P = PetDs in QF,
vV = VetV in QY.
ps = w(f) = Ny(ne) inQp

where h is defined from f and A in (2.31), E5 and X757 are defined respectively in (2.34) and in Proposition
2.9.

Proposition 2.10. The mapping G is well-defined from L*(0,T;H (%)) into X5. We have moreover the
estimate, for 0 > 0 defined in (2.32):

19@I < C (I, 02,20 Lo + 1€ B) 270 + TPl e2go 70 20 ) (2.41)

Furthermore, for two pressures P, ; and P, o in L*(0,T; H'(Qo)), we have G(P, ) — G(Pen) = (Ve —
Ve,2, Vs 1= Vs2,De,1 — De,2, 1 —12) solution corresponding with G(p, 1 _17@,2) in (2.40) with zero for initial
data and right-hand sides. Moreover, G(p, 1) — G (P, 2) satisfies the estimate
— — 01— —
||g(pe,1) - g(pe,2)HX§~ < cr Hpe,l _pe,2HL2(O,T;H1(QO))'
Proof. Thanks to section 2.5.3, in Proposition 2.8, we get 1 in EF. and 7, in H(?’O/)2’3/4(E;0); Together with

Proposition 2.9 (for g = n;), it follows that (v., vs, e, n) belongs to X5 and satisfies estimate (2.41).
The proof of the second part of this proposition relies on the linearity of the system and the same
propositions. L]

We now are able to construct a contraction mapping from a ball of L?(0,T;H!(€)) into itself. Let
us consider the linear operator F from L2(0,T;H()) into itself defined by

F=Pog
where P is the projection from X% into L?(0,T;H()) defined obviously by
P(Ve, Vs, Des ) = Pe-
We detail some properties on F in the proposition:
Proposition 2.11. F is well-defined from L?(0,T;H()) into itself and, for any R > 0, there exists a
time Ty > 0 such that F is a contraction in

BL2(0,TU;H1(QO))(R) = {qe € LQ(O,To;Hl(Qo)) such that Hq6HL2(O,T(}§H1(QO)) < R}

Proof. Step 1: The well-posedness of F comes from Proposition 2.10.
Step 2: Furthermore, from estimates

1ve vorpe) g < e(I8 v + Il s + €y, )

and

1,0 2,0 —
Inllzs < C (10" ) + 105Pell e o 1720

we get
(Ve pes m)llxs < C(Il(voml’o»n“)llxo + I 2l 2 + T”IIEHL2<0,T;H1(QO>>)
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and thanks to
[PellL2(0,7571 (92)) < Cll(Ves Vs, Pes )| xz.
we have finally

”pEHL?(O,T;Hl(Qo))

_ 2.42
< (IO 2 0l xo + IE W27 + NPl 20zt 00 (242

Thus, we now introduce R > 0 such that C(|[(v?, 9", 7*%)||xo + ||(f, h)||z,) < R/2. If we take P, in
Brz0,7:11 (00)) (R) then, for any time Ty, we get

IPellz2 0,107 (20)) < R/2+ CTgR

which gives
[Pl 20,7077 (20)) < R

for Ty such that CT¢ < 1/2 for instance.
Step 3: The contraction is obtained for two pressure terms p, ;,p. o thanks to the second part of

Proposition 2.10. Indeed, we have for two pressures p, ; and p, 5 in L2(0,T; H'()), the estimate:

||]:(T)e,1) - f(]je,Q)HLQ(O,T;'Hl(QO)) < CTH”TDe,l _T)e,Q”LQ(O,T;'Hl(QO))'
Thus, for Tj such that CTg < 1/2, we get the contraction. O
We have now all the arguments to prove Theorem 2.5.

Proof of Theorem 2.5. By the Banach fixed point theorem, Proposition 2.11 is equivalent to the existence
of a unique solution (v, vy, pe,n) in X5, of system (2.40) on (0,7p). To get the existence of solutions on
(0,T), we use the same idea that in Proposition 2.11 but initializing with p, on (0, 275) defined by P, = pe
on (0,Tp) (with p, coming from the solution (v, Vs, pe,7) obtained above) and p, = 0 on (Tp, 27p). By
linearity of the system, the same estimates occur and we have the existence and uniqueness on (0, 277)
in X5, . Step by step, we get the existence of a solution (v, Vs, pe,7n) of (2.30) in X5.

To conclude the proof of Theorem 2.5, we need to prove the regularity of the solution (v,p,n) of
system (2.21) with v = v, + v, and p = p, + ps. We already have (v., Vs, pe,n) € X5 = VZHQYF) x
L2(0,T; H?(Q0)) N H34(0, T; HY2(90)) x L?(0,T; H'(Q0)) x E5. Now, we use the theorem

Theorem 2.12. Assume that A is the generator of a analytic semigroup, B € L*(0,T;H) and Y° €
[D(A),H], /2. Then the problem

Y'(t) = AY(t) + B(t)
Y(0) = Y°
has a unique solution in H(0,T;H) N L?(0,T; D(—.A)).

In our case, remember that D(—A) = H?O)(Fg) x H{,) (Tg) where A s defined in (2.36), H = Hf (I'§)
L2(T3) and B = (0, (I + vsNs) " (yspe + h))T. Then, we have [D(—A),H],/, = Hs and the following

proposition

Proposition 2.13. Let (n'°,n?°) be in H,. Forp, in L(0,T; H'(Q0)) and h in L*(0,T; L2(T3)), equation

(I + ’Yst)ntt — BNze — Vtwa + AMNeges = VsPe + h  on 2?07
W) = 90 il
n(0) = n*° in TG

admits a solution 1 in H?d)Q (Z‘}’O) satisfying the estimate

19l 32 ey < € (100 + bl 20,23 + Ipell 20000 )-

The regularity of  gives 1; in H'(0,T; L3(T§)) and then v, in H*(0,7; H'/2(Qy)). Consequently, we
have (v, ps) in H>1(Q%) x L2(0,T;H'(Q0)).
Thus, the solution (v,p,n) of (2.21) belongs to X7. The estimate of (v,p,n) in X7 comes from all the
previous one. O
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2.6 Proof of Theorems 2.2 and 2.3 in the fixed domain QY.

In this section, we want to prove Theorems 2.2 and 2.3 in the fixed domain in the sense of Definition
2.4. That is we will find solution (u, p,n) of system (2.13). We will use a fixed point method from a space
of solutions of system (2.21) into itself. We begin the proof by an estimate on (F, w, h) where (F,w) are
defined in (2.11) and h = vsH with H defined in (2.12):

Proposition 2.14. For (u,p,n) in X, (F[u,p,n],wlu,n, h[u,n]) belongs to

Wr = {(G,2,K) € L2(QY) x H21(Q}) x L*(0,T; HyJ ' (T3)) -
such that z =0 on FO} .
and there exists § > 0 such that
[(F[w, p, nl, wla,n], hlw, n)) [w, < CT°(1 + [[(w, p, n) || x) 1 (w, p,n) %, (2.44)
Let (uy,p1,m) and (ug, pa,n2) be two triplets in Xt such that fori=1,2
(Wi, pis mi) || xr < R
for some R > 0, we get
[(F1, wi, h) — (B2, wa, ho)llwy < C(1+ R)RT®|[(uy,p1,m) — (2, p2,m2) || x, (2.45)

with the notations (F;,w;, h;) = (Flug, pi, mi], wlug, n:], hug, ni]).
To prove Proposition 2.14, we use two lemmas.

Lemma 2.15. For 0 < &' < &, we get HY/?*<(0,T) — HY?t'(0,T) and if a belongs to H/2+<(0,T)
then

1/24¢

1/2+¢’

Ha||H1/2+s’(0,T) < CT(I*G)H||a||H1/2+E(0,T) where 6§ =

Lemma 2.16. Let b and a be respectively in HYY/2(QY) and H>'(QY.), then ab belongs to L2(QY.) and
there exists § > 0 such that

labllgage) < CT?llal g0, Dl 1200
Proof of Lemma 2.15. By interpolation,

1/2+ ¢
1/2+¢

HY?+(0,T) = [H/?>2(0,T), L*(0,T)]1_9  where 6 = (0<6<1).

and then if @ is in H'/2+<(0,T) then a is in the interpolated space H'/2%¢'(0,T) with the estimate

—0
lall g1 /24 (0,7 < C||aHiﬂ/2+E(O,T)||a||}ﬂ(0,T)'

On the other hand, the embedding L>°(0,T) < L?(0,7T) and an Hlder inequality in (0,7) of finite mass
gives [|a|z2(0,m) < CTY?||a||p(0,7). The embedding H'/2+<(0,T) < L>(0,T) concludes. O

Proof of Lemma 2.16. By Theorem B.3 in [12], for b € H>Y/2(QY) and a € H*'(QY.), then ab belongs
to H'=2%:1/2=5(Q9.) for 0 < k < 1/2. We now use the two following classical embeddings:

— H'/275(0,T;R) < LY#(0,T;R) (see [1]),

— L'Y%(0,T;R) — L?(0,T;R) (because 2 < 1/k < +00) with the estimate

||C||L2(0,T;R) < Tl/%NHC”LlM(o,T;R) for c € LI/H(OaTQR)-
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These two estimates give together that ¢ = |lab||yz2(q,) Which is in H/27%(0,T;R) belongs to L*(0,T;R)
with the estimate (for 1/2 — x > 0)

< CTY27*lab| /20,112 (52)

< C/Tl/Q_H||abHH172~,1/27n(Q(%)

S C//T1/2_K||GHH2,1(Q%)||b||H1,1/2(Q%).

labllrz(qo)

We can now prove Proposition 2.14.

Proof of Proposition 2.14. Thanks to Lemmas 2.15 and 2.16, we can estimate the norms of the right-hand
sides. We use the strong regularity of n and u. Indeed, 7 in H?d)Q(Z;O) gives:

WEHQH(()’T;H?O()PN)(FS)) for 0<k<1.

This gives us directly that
et

€H (0,75 Hy o) (T'5)

n € H3/4=¢/2(0, T; H(0)2+€(F8)

n€ HY4=</2(0,T; Hy " =(T'9)

);
),
)

)

(2.46)

/24
o ).

The first three equations of (2.46) gives respectively 7, 1, and 7, in L™ (2;’0) with the following estimates
. X
||77||Loc(z:5Tv°) + ”7793”1,00(2;’0) + anfﬂ”Loo(szvD) <cr ||77HH(46)2(25T’0) for x> 0.

From the last equation in (2.46), we only get 1., € L?(0,T; L>=(T3)).
Let us check some terms of F[u, p, n],w[u,n] or h[u,n].
— For F[u,p,n], we only need to check that all the terms are in L?(Q%). The first term in Flu,p,n] is

—nNug:
| =naillra@yy < 1l sy laellLzgy)-
Then, via the embeddings Hz1¢(0,T) < Hz1<(0,T) < C(0,T) and the smoothness of 1, we get

17 oo 5 50y < T30 Nl g1 saser (0,7;H3-2=' (1)) for g’ < ¢ and ¢ such that 0 <e < 1.

Thus ||77||LOO(EST,0) < CTE(I?G)HT]HH?O’?(E;JD) and finally

1(1-0
| =maellzzoyy < 2Ol ez o) lullee )

g uz which satisfies

Another term is 1 &

z

2
147

IImHim@;%||“z||L2(Q%>v

L2(Q%) H1+77 Loo (250

and becomes thanks to Lemma 2.15

Z

1-6 2
[T, = b s

Terms with a product of u and a derivative of u like (1 + ||n||)uius, nzu1u, or usu, must be carefully
studied. Thanks to Lemma 2.16, because u belongs to H2*(Q%) and then u, and u, are in H»'/2(Q%.),
we get that uju,, uju, and ugu, belong to L#(QY) with, for 0 <k < 1/2,

| = (1 +nurug + (2nzu1 — u2)uzlL2(Qo)

CTY2 (14 ll o 30) + el e 2 ) 11 0 [ V81112
1/2—k
cT 1+ IInHHféf(z;%) ||u||H2,1<Q°T>'

IN

IN
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2.6. Proof of Theorems 2.2 and 2.3 in the fixed domain QY.

— For wlu, 7], we have to prove that all the terms belong to H?1(Q%) with the expected estimate. First
of all, the calculations of the derivatives of wlu, 7] are

Wy =  —TgUi€1 — NUL z€1 + 2NpzpU1€2 + 27Ul 1 €2,

W, = —Nui €1+ Nyu1€2 + 20Ul €2,
Woe = —Tag1€1 — 20pU1 €1 — NUL 22€1 + 2NzezU1€2 + 22055U1 €2 + 21U1 22€2, (2.47)
W.z = —NUL €1 + 27pU1 €2 + Nz Ul 22€2,

Wy = —Nuier — Nup €1 + 2Nz tU1€2 + 2N UL €.

Then the estimates of the derivatives in L?(Q%) are obtained almost all as for F[u,p,n]. Others terms
like 7., u1€1 are estimated as follows

||77mmu1HL2(Q°T) < CTH||77mm||L2(0,T;L°°(FS))Hu||L°°(O,T;L2(Qo))' (2.48)

— For hlu,n]. We can remark that h defined in Proposition 2.14 is the trace of function H on I'{j, we can
prove that the lifting H of h belongs to L?(0,T; H(£))). We have to calculate the different terms of H
and their derivatives.

2_2

H = v I ulz+ﬁzu2z_ni+nnu2,z:|a

1+ n?
H, = v ( 1 77 ) 1 Ul:pz+nzmu2x+7]zu2zz

H7 (2.49)

- %—277 7771—2%2

1+n Tz |
H - z - zz
z v 1+ Ul,zz + NaU2,x 1+77 Uz,

Always because of the regularity of n we get the expected estimates.

The second point comes from the at least quadratic nonlinearity of the right-hand sides with respect
to (u,p,n). Some calculations give estimates (2.45). O

Proposition 2.17. For a given triplet (@, p,7] ) m X, system (2.13) with right-hand sides (F,w, H) =
(F[u,p,n], wla,n], H[W, 7)) and initial data (u®,n'°, n?°) in XO satisifying (2.20) admits a unique solu-
tion (u,p,n) in X with the estimate

1w, 2l < er(ll(®, 00,0 | x0 + eT°(1+ (@5, 7)l|x,) (@, 5, D) 1%,.) (2.50)

where § > 0 is defined in Proposition 2.14. In other terms, we can construct a mapping

X XT — XT
@57 X(@,p,m) = (u,p,n) is a solution of the system (2.13) (2.51)
atad with (F[a,p, 7|, w[a, 7], H[u, 7)) for right-hand sides.

which satisfies

HX( u,p,n HXT

< 1(H( 0 20) | xo + 2T (1 4 (T, 5,7)] x.) || (T, B, )||§(T>. (2.52)

Proof. Let us notice that (u,p,n) is solution of (2.13) with right-hand sides (F[u,p, 7], w[u,7], H[a,7])
if and only if (v,p,n) = (u— w[W, 7], p,n) is solution of (2.16) with (f[a,p, 7], h[a,7]) as right-hand sides
and (v0,n19 n20) for initial data (see (2.15), (2.17) and (2.18) for the definitions of f, h and v°). Then
this proposition relies first on the result of existence of solutions for the system (2.21) in Theorem 2.5
and Second on Proposition 2.14 for the estimate. O

We can conclude this section showing existence of solutions in the fixed domain:
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Chapitre 2. Equations de Navier - Stokes et équation des poutres en deux dimensions

Proposition 2.18. Let (u%, n'°, 1n*°) be in X° satisifying (2.20).
(i) There exists a time To > 0 such that system (2.13) admits a unique local strong solution (u,p,n) in
Xr,.
(ii) There exists r small enough such that, under condition ||(u®, n*% 1n%%)||xo < r, system (2.13) admits
a unique global strong solution (u,p,n) in Xr.

Proof. Let (u% n'% 1n%%) be in X0 satisifying (2.20). We note r = ||(u®, n*%, n*0)|| xo and we set R = 2¢;r
(where ¢; is the constant in (2.52)).

5
(i) Let us define Ty = (WI(R—H)> and

By, (R) = {(w,p,n) € Xr, with [|(w,p,7) | xz, < R}.

Then, X is a contraction mapping in Bx, (R). Indeed, let (ui,p1,71) and (ugz,p2,72) be two
triplets in By, (). With the previous notations, we get solutions X'(u;,p;,7;) (i = 1,2) of system
(2.13) corresponding with right-hand sides (F[u;,p;, n:], wus, n:], H[u;,n;]) (¢ = 1,2) and initial
data (u®,n% 7*0). Each solution obeys the estimate (2.52) thanks to Proposition 2.17 with gives
for R and T as above

||X(ui7pia77i)||XTO < -+ R.

v | =

R_
5 =
Second, the difference satisfies

X (a1, p1,m) — X(UQ,pz,ﬂz)HXTO (2.53)
< 16T (1+ R)R|(ur, p1,m) — (a2, p2,m2) || x4, ’

thanks to (2.45), that is
1
||X(u1ap1a771) - X(u27p27772)||XT S 5”(111719177]1) - (u2,p2’7]2)||XT'

(ii) We choose 7 such that coT°r(1 + 2¢;7) = 1, that is
1
T (14 /1 + —2—5)

C1 CQTJ

T =

Then, X is a contraction mapping in Bx,.(R) (see (i) for the details).

2.7 Back to the moving domain.

Thanks to Definition 2.4, the proof of Theorems 2.2 and 2.3 in the moving domain consists in proving
that the change of variables
(o Qo — Qe
(7,2) — (2,9)

is well-defined as a C'—diffeomorphism from Qg into €, for every t € [0,7) and that condition (2.1)
is checked for the solution (u,p,n) of (2.13). Then, we will have (@,p,n) = (¢+(u), P+(p),n) solution
of (2.2)-(2:3) in V2H(Q7) x L2(Uye (o, {8} ¥ H (@) x Hg) (£7°). Furthermore, by the change of
variables, we will be able to check which compatibility condition corresponds in Q7. to (2.20).

We have to show that condition (2.1) is checked. In the case of the existence of solutions for small
data, because we have then

1w, p,n)||xr <,
we easily get from ||77||LOO(EST,0) < HUHH?’?(EST’O) (due to the continuous embedding H?d)Q(Z;O) N LOO(Z;O))
0

that
||77||L00(2§;0) <r<1-46g forr small enough.
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2.7. Back to the moving domain.

Condition (2.1) is checked for local solutions too thanks to the continuity of the embeddings, for 0 < e < 1,
(see the proof of Proposition 2.14)

4,2 s,0 . — s 5,0
H(O) (ETO ) — H1/2+6 (07 T07 H(SQ) % (FO)) - LOO(ZTO )

which gives ||| o (550 < CT09||77HH4,2(25,0) (for 6 > 0) and then |1 o (520 < CTYR < 1 — gy for Ty
To (0) " To To

small enough.

The embedding H?d)z(zsfo) — C([0,T);C*(T})) together with the condition 1+ 7 > &y > 0 show that ¢,

is C! diffeomorphism from € into Q)

All the derivatives of the solutions written in the variable (z,y) are combinations of those in the variable

(z, z) multiplied at most by 7 or one of its derivatives which are smooth enough to get (@, p) in H*?(Q'.) x

LQ(Ute(O,T) {t} x H' (1)) (the calculations are exactely the ones proving that Flu, p,n] belongs to

L*(Q7) for (u,p,n) in X7).

The compatibility conditions became after the change of variables

divu’=0 in Q0, u’ =n?%, on oo and u’=0 onI?"
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Chapitre 3

Existence et unicité de solution pour un systeme couplant
les équations de Navier-Stokes et une équation des ondes
amorties en deux dimensions

3.1 Introduction.

In this chapter, we still consider the system introduced in [21] but in a different setting. More precisely,
we treat here the case & = 0 in the beam equation (see equations (1.3), with ¢ = 0 too, in [4] or (2.3)
in Chapter 2) in the periodic case. We prove the existence and uniqueness of strong solutions either for
small initial data or for a small time of existence (see Theorems 3.2 and 3.3). This follows the different
steps of the previous chapter.

First of all, as we treat in this part the periodic case (see [4]), all the functions in this chapter will be
periodic in the z-variable of period L > 0, the length of the domain.
Let n be a function a priori from (0,7) x (0, L) into R satisfying the assumption:

30p > 0 such that V¢ > 0Vx € (0,L) 1+ n(t,z) > dy > 0. (3.1)

The function 1 models the displacement of the membrane in the upper part of the boundary of the
domain. Assumption (3.1) ensures that the domain €, (see Figure 3.1) defined by

Qye) = {(x,y) €R?st. x€(0,L)and 0 <y <1 +77(t,x)}

is a connected domain for any time ¢ > 0. We introduce the moving boundary Ff]( £ defined by

Loy = {(x,y) €R?st. x€(0,L) and y = 1 +77(t,x)}.

The other part of the boundary is denoted by T, that is T' = (0, L) x {0}. Finally, we introduce Qy =
(0,L) % (0,1) and T'§ = (0, L) x {1} respectively the reference domain and reference state of the membrane
corresponding with the case n = 0, that is when the membrane is «at rest». We define also 'y = 9Qy =
I'UT'§ and give some other notations:

Qr=|J B xQu S37= |J (=, Sr=(0,7)xT,
te(0,T) te(0,T)

Q% =(0,T) x Q, 50 =(0,T) x T§, »9. = (0,T) x Iy.

We introduce here the two partial differential equations of our system. First the Navier-Stokes equa-
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Chapitre 3. Equations de Navier - Stokes et équation des ondes amorties en deux dimensions

ry L

n(t)
1 1 1 /\/\/
| Qo | | Qo) |
Yy \ Yy |
L | L |
€ I L T T L

Figure 3.1: The domains g (left) and €2, (right).

tions in the variables (u,p) (respectively the velocity and the pressure of the fluid)

w —dive(u,p)+(u-V)u = 0 in Q7.
divu = 0 in Q7.
u = ey on xR (3.2)
u = 0 on X,
11(0) = 110 in in,o

and second, the damped wave equation:

Mt — Bee — Viltwe = —o(w,p)(—n.€1 +e2) e on 237, (3.3)
((0),m:(0)) = (n"%,n*°) in T3 :

In equations (3.2) and (3.3), o(u, p) is the Cauchy stress tensor defined by o(u,p) = v (Vu + (Vu)*)—
plI where I is the identity 2 x 2 matrix. The vectors e; and e, are defined by e; = (1,0)*F and ey = (0, 1)*".
The coeflicient v > 0 is the viscosity of the fluid and 5 > 0, v > 0 are constants relative to the structure,
namely the stretching and the friction of the membrane.

3.2 Functional settings.

As in the previous chapter, we need to give a definition for functions in time dependent domains.
Furthermore, the different functions are periodic in the first variable.
We introduce the classic Hilbert space Li& (Q0) as the space of L2_(R x (0, 1)) which are L—periodic.

loc

In the same way, we set L7, (Q0) = L% (0; R?) and H% () = HE(Q0). We introduce
V%&(Qo) = {Z S LQ#(Q()) s.t. divu =0 in Qo}

and
HL™(QF) = L*(0,T;HE(Q0)) N H™(0,T; L (),
VET(QF) = L*0,T;V%(Q)) NHT(0,T; V().

We define functions in the time dependent cylinder Q7. as follows

Definition 3.1. We say that u belongs to H™ (U,c (o 1) {t} x HE(Qy))) (respectively to H™ (U,¢ o, {t} %

V%{:(Qn(t)))) Zf
— for almost every t in (0,T), u(t) belongs to H;’&(‘Qn‘(t)) (resp. in V(1)) )s
—t— Hu(t)”H;(Qn(t)) (resp. t — ||ll(t)||v;(gn(t))) is in HT(0,T;R).

Because of the divergence free condition in (3.2), the solutions (u,p,n) of (3.2)—(3.3) have to satisfy

/ divu:/ u-(1+n§)71/2(—%91+62)—/11'62:/ ne = 0.
Q0 s r rs

0 0
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3.3. Main results.

Thus, n; has to satisfy fFS 1 = 0. In the same way, we will consider displacements n satisfying frs n=0.
0 0

Thus, we must take the initial data for the membrane n*° and 7?° in Liyo(f‘g) the space of x—periodic
function in L?

loc

(R) of period L and of zero mean value in T'§

Li,o(r(s)) = {u € Li(rg) s.t. /rs L= 0} )
0

We introduce the projection Mj from Li& (T'$) onto Liﬁyo(I‘S) defined by

1

~ w forall pe L;(FS).
0

Mg (p) = p

Then, we define a new trace function Vi to set the right-hand side of the damped wave equation on the
space Li,o(l“é) as follows

s s 1 0 (O8 (k
Y5 (q) = MZ(qrs) = qrs — T3] /Fs gr; forall ¢ € HE(€25)(with o > 1/2).
0

The damped wave equation (3.3) becomes

Mt — ﬂnzm — VYMtzx = 7’)’2& [0(u7p)(777me1 + 62) ' eZ)] on 22‘707 (34)
(n(0),m:(0)) = (n"°,n*?) in 5.

Then, we define the Sobolev spaces for the displacement as HZ (T'5) = H?(Tg) N L%, o(T§) and the
spaces on 25 as follow

HET(55°) = L2(0,T; HG(T'3)) NVH™(0,T; L3, o(T)).

The pressure is defined in equations (3.2) and (3.4) up to an additive constant. Thus, to obtain the
uniqueness of the pressure, we look for pressures in Sobolev spaces with zero mean value on €y. That is,
we introduce the spaces

HE(Q0) = {qu;(QU) s.t. / qu} forc >0
Qo

and we will loook for p with (u,p,n) solution of (3.2)—(3.4) in L? (Ute(O,T){t} x Hy (Qn(t))).

3.3 Main results.

The only difference between this chapter and the previous one is that here the coefficient o = 0 in the
beam equation. We will see that the proof is slightly different here because with o = 0, the beam equation
becomes a strongly damped wave equation which gives less regularity for the solutions (see Proposition
3.7 to compare with Proposition 2.8).

We want to prove the following results:

Theorem 3.2. Lete > 0 and T > 0. Let (u°,n"0,1*%) be in Vi Q) x H(5) x Hy (T5). There
ezists R > 0 such that for any initial data satisfying

0)12 02 12 2
u ||v;¢(9"0) + [In ||Hi+5(1“g) +In ||Hi;r5(1"(5)) <R
and the compatibility condition
u'=0 onT and u’=n?%, on Lo, (3.5)
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Chapitre 3. Equations de Navier - Stokes et équation des ondes amorties en deux dimensions

system (3.2)—(3.4) has a unique global strong solution (u,p,n) in

VN < L | |t x Hy () | x &
te(0,T)

The space EF depends on € and is defined by
& = H'(0,T; HL(T5)) N H?(0,T; HE(Tp)).

Theorem 3.3. Let ¢ > 0. Let (u% "% n*%) be in Vi (Qp) x H;&*E(FS) X H;FE(FS) satisfying the

compatibility condition (3.5). There exists a time Ty > 0 such that system (3.2)—(3.4) has a unique strong
. 2,1

solution (u,p,n) € V4 (Q7,) % LQ(Ute(o,To) {t} x HL(Qye))) X €5,

These results improve the one in [4] where the author proves existence of strong solutions for small
initial data, time of existence and smallness of a parameter.

The different steps of the proof are detailed in Chapter 2. First, thanks to a change of variables,
we set the problem in the fixed cylinder Q% = (0,7) x €. Then, we study the linearized system with
nonhomogeneous right-hand sides. Finally, by a fixed point procedure, we are able to prove existence for
the nonlinear system set in the fixed cylinder. The regularity of the change of variables concludes the
proof.

More precisely, the proof in the case o > 0 in Chapter 2 and this result are quite the same. Indeed,
only the lifting of the nonzero divergence term and the nonlinear estimates are different. Thus, we will
refer to the previous chapter when the proofs of the different results will be the same.

3.4 Change of variables.

We introduce the change of variables

Ony: Ly — Lo

(.y) — (“)<x1+7;y(tx)>

Following the previous chapter (see in particular section 2.4), system (3.2)—(3.4) becomes

u; —divo(u,p) = Flu,p,1] in Q7,
divua = div wlu,n] in Q%,
s,0
u = e on X,
a — 0 on S (3.6)
et ~ Blas = hse = Y4 (P = 2vuzz) + Hlun] - on =570,
(u(0),n(0),n:(0)) = (u’,n ", n™")
where
2 2,2
Mz My — 1N
F [u,p, = —nu+ |2 +v2 —Naz || Wy + V9 =220, + MUy + —— U,
[u,p, 7] nuy |:77t (1+17 n)} { 7 n Lo }
+ 2(Nep2 — npz)er — (1 +n)urug + (2n.u1 — uz)u,, (3.7)
wlu,n = —nuie; + zn.uiey, , '
s [ M Nz — 21
H = —_— ' b - z .
[11, 77] VYy 1+ 77ULZ + NaU2,z 1+7 Uz, )

System (3.6) is equivalent to system (3.2)—(3.4) in the sens of
Definition 3.4. (u,p,7n) in Hil(Qg) X LQ(UtG(O,T){t} X Hy Q) X &5 is solution of (3.2)~(3.4) when
the following conditions are satisfied:
(i) (4, p,n) obtained for the change of variables G(x,z) = u(z,y), p(z,z) = p(x,y) with z = T%tr) is
a solution of (3.6),
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3.4. Change of variables.

(ii) for any time t in (0,T), the previous change of variables is a C-diffeomorphism from Q1) into Qo,

(#ii) n satisfies condition (3.1).

In [24], the author considers a lifting of both the divergence condition and the nonhomogeneous Dirich-
let condition. We introduce here his notations (with some modifications due to the periodic boundary
conditions). For —1/2 < ¢y <2 and o9 > 0, we define

01,02

HFO,QO = {(gvh‘) € H;U:l (FO) X H;&Z (QO) s.t. <g -1, 1>H;1 (F0)7H;01 (To) :A h}
0

and for —1/2 <03 <2and —1 <09 <0

i
Hpo o, = {(g’h) € H' (To) x (H#UQ(QOD st (81 Doy ) 1,7 (r) = <h’1>(H#"2<Qo))’vH#“2<no>}

Then, for (g, h) in H?{J%ﬂ, there exists a unique solution (z,7) = (L(g, k), L(g, h)) in HZ (Q0) x H(Q)

of the following equation:
—vAz+Vr=0 and divz=h infy and z=g only.
The liftings L and L, define two linear operators with more general regularity:

Proposition 3.5 (Corollary 8.4 in [24]). The operator L is linear and continuous from H?ﬁgjs into

H;;H(QO) for all =1 < s <1 and the operator L, is linear and continuous from Hfﬂjlﬂ/fs into My (Qo)
for all =1 < s < 1.

This result will be used in particular for (g, h) = (0,div w[u,n]) with w[u,n] defined in (3.7). We
will see in section 3.6 that, for (u,p,n) smooth enough, wlu, n] belongs to

Gr = {k € LL(QY) s.t. divk € L*(0,T; HL (), k¢ € LZ(Q%) and k = 0 on X% b
# #

Thus, with w[u, 7] in G, we get that div w;[u, 5] belongs to L*(0, T} H#l(ﬂ)) thanks to first wu, n] =
0 on 0§y and second the property

<d1V Wt[uu 77]1 h>H;1(QO),H;(QO) = _<Wt [ll, 77]7 Vh>Lj#(QO),Lj#(QO) + <Wt [u7 77] -1, h>H;1/2(F0),H;/2(FO)

for any h in H#(Qo).
This gives, for w[u,n] in Gr, that (0, div w[u, n]) belongs to L? (O, T, Hg{f&)) NH! (0, T; Hlfol’g(l).

Thus, we can lift this nonzero divergence condition by a couple (z[u,n],7[u,7]) = (Lw[u, 7], ipw[u, n))
in HZ' (Q%) x L(0,T; HL(€)) solution of

—vAz[u,n] +Vru,n]=0 and divzfu,n]=divwu,7] inQy and z[u,n =0 onT,.
(3.8)
Futhermore, the continuity of the operators L and L, gives the estimate:
||(Lw[uv77]apr[u777])”Hil(QOT)><L2(O,T;H;t(£20)) < Clwlu,nllle,
where the norm on G is

1/2
— 2 - 2 2
IkllGr = (”k”Li(QUT) 1AV Kll72 0,711, (00)) T ”ktHLi(QDT)) for all k € Gr.
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Thanks to the liftings L and Zp, we look for solution of system (3.6) under the form (u,p,n) =
(v+1z[u,n],q+w[u,n],n) where (z[u,n], 7[u,n]) are defined in (3.8). The system in the variables (v, q,n)
is the following:

vi —divo(v,q) = flu,p,n in QY
divv = 0 in Qg«,
5,0
vV = e on X7,
v = 0 on X, (3.9)
Nt — ﬁ’r]zx — VMtzxz = g+ h[lu, 77]2 in Z‘;’O,
(v(0),7(0),7(0)) = (v, "%, 7*%)
where
f[V,p, 7)] = F[ll,p, 77} 7Zt[u777]7 (310)
bl = [wfua] = 20 (sl ), | + i 311
and
v0 =u’ - z[u’ ). (3.12)

Note that the term —2vwv, . vanishes in the right-hand side of the damped wave equation, because
divv=wv;,+ve,=0in Q% and v; = 0 on Z?O and for v in Hil(Q%)’ Ulz|pe0 = 0. Thus U2,z )538.0 = 0.

The compatibility conditions in terms of (v%,n1? 1n%0) are
div v? = 0 in Qy, v? =n?Yey on T and vi=0onT. (3.13)

That is, in terms of (u% nt% 7n*0)

div (uo - z[uo,nl’o]) =0 in Qy, u’ = 7*%, on T and u’=0onT. (3.14)

From now on, we can follow the different steps of the previous chapter. We will have to adapt the
functional space for n (from H ?0’)2(2?0) when a > 0 to £5 here) and the proof of existence of solution for
the damped wave equation.

Let us begin by proving existence and uniqueness of strong solutions for the linearized system.

3.5 Study of an auxiliary linear system.

In this section, we prove existence and uniqueness of solutions to the system

v —divo(v,q) = f in QY
divv = 0 in Q%,
v = e on Z%O,
v — o T (3.15)
Mt = Blew = Vhza = gg+h o oon =7,
(V(O)vn(o)ant(o)) = (V R/ )
In system (3.15), the initial data (v¥,n%? 7*0) belongs to X%° (for 0 < & < 1/2) where
X0 = HY(Q0) x HEE(T5) x HY(T))
and
X0 = {(zo,ul’o,,uz’o) € X% s.t. (2°, u0, p*0) satisfies (3.13)}. (3.16)

The right-hand side (f, k) in system (3.15) belongs to
Zr = Ly(QF) x L*(0.T: H/*(1})).
The main result of this section is the following.
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3.5. Study of an auxiliary linear system.

Theorem 3.6. Let (v, 010 n29) be in XOF and (f,h) be in Zr.Then, system (3.15) admits a unique
solution (v,q,n) in

X5 = {(z,r7 i) € Hil(QOT) x L2(0,T; H#(Qo)) x E5 s.t. z=0 on X1 and z = pes on EST’O}.
(3.17)
We have the estimate

Ivoamllxs < C (100020 o + (€Dl ) (3.18)

To prove Theorem 3.6, we act as in Chapter 2. That is, we rewrite system (3.15) using the Leray
projection from Li(Qo) onto

V?@ﬁ,n(Qo) ={z¢ Li(Qo) st.divz=0inQpandz-n=0onTo}.

More precisely, we split the velocity v into two parts, namely v. = Pv and v, = (I — P)v. The velocity
V. is solution of an evolutionary partial differential equation associated with a pressure term ¢. and the
velocity v is solution of a stationary partial differential equation assicated to another pressure term gs.

Thanks to the splitting of system (3.6), we are able to prove the existence of a unique solution to the
equivalent system. Then, using the equivalence between the two systems, we can conclude the proof (see
section 3.5.3 for details).

3.5.1 Equivalent system.

The Leray projection maps L% (€Q9) onto VY () along VH(Qy), that is for every z in L3, (Q0),
there exists a function 7(z) in Hj () such that (I — P)z = Vn(z). Furthermore, we can calculate 7(z)
from z. Indeed, taking the divergence and the normal trace in the identity (I — P)z = V7 (z), we get

div (I — P)z) = div z = div (V7 (z)) = An(z) in Q,

((I*P)Z)~n:z~n:V7r(z).n:agilz)

on I'y.

The previous system in 7(z) is ill-posed because, for z in L% (), the normal trace of z is not necessary
defined. But, we can decompose 7(z) into 71(z) and 7o(z) defined by

Ami(z) =divzin Qy and m(z) € Hy o(Q) = {r € Hy(Q) s.t. r=0o0n Ty}

and
on(z)

on

We denote by N the operator from HY(I'g) into H;f?’/z(ﬂo) (for o0 > —1/2) defined for g in HY(I')
(with ¢ > —1/2) by Ng = r if and only if

Amy(z) =01in Qp and

=(z—Vmi(z)) -non Ty

Ar=0in Q¢ and gzgonfg.
on

Then, with 7m1(z) = —(=Ap)~(div z) and m2(z) = N ((z — V71(z)) - n), we get first that
m(z) = N ((z+ V(=Ap)~'(div 2)) - n)

and second that
7(z) = —(—Ap)~'(div z) + N ((z + V(=Ap) ! (div z)) ~n) . (3.19)

In the case of v, with (v, p,n) solution of system (3.15), we know that div v = 0, thus if ¢ is defined
by Vg = (I — P)v, then ¢ = N(v-n) = N(n:xr;). We define by Ny the restriction of NV to I'j, that is

Ny = N(-xr3) defined from Hg(I'g) into Hy*/*(Qp) (for o > ~1/2).
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Finally, we get that system (3.15) is equivalent to the following one:

¢ —div (V67Qe) = Pf in Q(Y)“a
Ve = 7’YTVNS (771‘,) on Z%,

ve(0) = Pv° in Qo,

ve = YNm) i@l

(I + V;Ns)ntt - ﬁ"]wx = VMtzz = 7#qe + h on Z;’O, (320)
(n(0),7:(0)) = (n"°,n*°)

q = Qgetgs in Q%a

V = Vet vy in QY

qs = 7T(f) - Ns(ntt) in Q’(Z)"

where

h=h+y5m(f)

with the operator 7 from Li(ﬂo) into H;E (Q) is defined in (3.19). The whole decomposition of system
(3.15) into system (3.20) can be found in the previous chapter or in [23] and the decomposition for the
Stokes system in [22].

3.5.2 Existence of solution and regularity of each equation separately.

The next proposition gives existence of solution of the damped wave equation with a pressure term
. in the right-hand side in L>~"(0,T; HI/Q( IY)), for 0 < k < 1:

Proposition 3.7. Let 0 < x < 1. Let (n"%,n*°) be in H(T5) x Hy(T§) and (f,h) be in Zr. Then, first
h belongs to L*(0,T; H;Ep(f‘g)) and second, with g, in sz"‘(O,T;H;é(QO)), equation

(T + 95N = Bitee — Ve = Vil +h  on Ty°
S . ’ 3.21
O, m(©) = (0.2 T (3.21)

admits a unique solution 1 in
Ef = WY275(0,T; Hy(T5)) N W>275(0,T; H(T})).
Furthermore, n; belongs to Hi/2’3/4(2340).
Proof. The first point is obvious by definition of h. Second, we write equation (3.21) as a first order

system.
We define H; = Hi(I‘S) X Li,o (T's) endowed with the norm

(1, o)1 F, = H(*AS)M\I%;OW + IquH%;O(rg) V(p1, p2) € Hs.
The operator A, is a operator with domain HZ(T§) on L%, ((T'§) defined by

Agpt = gy for all p € D(—A;) = H;(Fa)

v=(n) =)
)

and defining the operator Ag ., with domain D(Ap ) = HZ(T§) x HZ(T§) on Hy by

I
Aﬁ’”:<0 (I+7#N 1) BA, yA )
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3.5. Study of an auxiliary linear system.

equation (3.21) becomes

0
o= AMY*( (I +73N) 7 |3, + 7 ) (3.22)
Y(0) = Y°

First, using Proposition 2.2 in [30] and Lemma 3.1 in [23], we get that A , is a generator of an analytic

semigroup on Hg. Then, following exactly the proof of Proposition 2.8 in Chapter 2, we get that the
solution of system (3.22) can be written with the Duhamel formula:

t
V() =4yt [ oA Brydr
0

0

with B = ( I+ 7;N5)71 {7;@ —|—i~1] ) in L2=%(0,T; D(A;/;L)) and that Y belongs to
5 €

LQ_K(()’ T [D(A%%,w% D(Aﬁﬁ)]lfﬁ) N Wl’g_ﬁ(()? T [D(Aﬁﬁ)7 HS]lfﬁ)‘

A simple calculation gives the interpolated spaces (see [17]):

[D(A3). D(s)], = {linana) € HA(TE) x HA(TE) sit. B+ € HET)}
[D(Ap~), Hsl,_,. H;(FS) X H;f(l"g).

That is, n belongs to
Wh2=5(0,T; HZ(Tg)) N W50, T; H(T))

and then 7, belongs to
L2750, T; HE(T5)) N WH27%(0, T3 HE(T5))

The same calculation as in Proposition 2.8 in Chapter 2 gives that n; belongs to H. i/ 23/ 4(2;0). Further-
more, we get the expected estimates from the Duhamel formula. O]

The regularity of solution of the Stokes problem stays the same. Namely, we look for solution of the
Stokes equivalent system:

Ver— VAV, +Vg. = Pf in QF,
(V3 = —’}/BVS onél%,
ve(0) = Pv in Qg,
. 3.23
vs = VDN(g) n Q%; ( )
VvV = V. + A\ %H Q%"?
q4s = W(f) - Ns(gt) m QT~

We have the following result

Proposition 3.8. Let g be in Hi/2’3/4(22l0), fin L3, (QF) and v° in Vi (Q) with the compatibility

condition v0 = 0 on T and v° = g(0)es on I'§. Then, (3.23) admits a unique solution (Ve,Vs,qe) in
€,8 ) 1/2 .

X7° = Vil(Q%) x L2(0,T; HZ,(Q0)) N H34(0,T; H#/ (Q0)) x L*(0, T; H,(Q0)). We have the estimate

[(vervesao)llxge < (v lvy oy + gl avmsvn oy + € 5, )

We can now construct the contraction mapping to prove Theorem 3.6.

47



Chapitre 3. Equations de Navier - Stokes et équation des ondes amorties en deux dimensions

3.5.3 Contruction of a solution of system (3.15).

In this section, the initial data (v%,n%? 729) and the right-hand side (f,h) are fixed respectively in
0,e
Xg£ and Zr.
We consider the mapping G defined by
G: L*(0,T;Hy(Q) — Xp™"=X3"xEf

G, — (Ve,Vs,qe,n) solution of system (3.24)

Ve —div (ve,q) = Pf in Q%,
Ve = —7VNs(nt) on E%,
ve(0) = PV° in Q,
v, = VNs(ml in QOT,
(I + Nt = Blee = Vleaa = V3 + 1 on 37, (3.24)
(1(0),n:(0)) = (n",n™") .
qg = qetgs in Q%“7
Vv = Ve + Vg m Qg‘v
gs = m(f)— Ns(nw) in Q.

We have the following result.

Proposition 3.9. The mapping G is well-defined from L?(0,T; H;}QL(QO)) into X3:*". Moreover, we have
the estimate, for 6 = ﬁ - % > 0:

||g(a€)HX;"gh = C(”(VO?’I]LO’?]Q’O)”X()‘S + H(f7h)||ZT + THquHLQ(O,T;H;(QU)))' (325)

Furthermore, for two pressures G, and G, o in L*(0,T; HL(Q0)), the term G(p, 1) — G(Pe2) = (Ven —
Ve2, Vsl = Vs2,qe1 —qe2,M1 —12) is the solution of the system corresponding with G(q. 1 — G, 2) in (3.24)
with zero for initial data and right-hand sides. Moreover, G(q. 1) — G(q. ) satisfies the estimate

_ — 01— _
||g(qe,1) - g(qe,Q)HX;‘S’N < T ||qe,1 - qe,2||L2(O,T;H;(QO))'

From the mapping G, we define another mapping F from L?(0,T;H'(Q2)) into itself defined by F =
P oG where P is the projection from X7*" into L?(0, T} H;(QO)) defined by P(ve, Vs, Ge, ) = Ge-
Proposition 3.10. F is well-defined from L*(0,T; H#(Qo)) into itself and, for any R > 0, there exists a
time T* > 0 such that F is a contraction in

BLz(O,T*;H;(QO))(R) = {re S LZ(O,T*;H%(QQ)) such that ”Te”L?(O,T*;’H;#(QO)) S R}

The proofs of Propositions 3.9 and 3.10 can be easily adapted from the results of the previous sections
by following the proofs of Propositions 2.10 and 2.11.

We now can prove Theorem 3.6. By the Banach fixed point Theorem, the previous proposition is
equivalent to the existence of a unique solution (v, Vs, ¢e,n) of system (3.24) in X7, Using the same
method but beginning the procedure with g, = ¢, on (0,7%) and g, = 0 on (7T*,27™*) where ¢, is the
previous solution on (0, 7*), the same estimates occur, then the Banach fixed point Theorem can be apply
on (0,27*). It gives a solution which extends on (0,27*) the previous one found on (0,7*). Finally,
repeting the same idea enough times, we prove the existence of a solution (v, v, ge, ) of system (3.24)
in X7:*". Then, we use the following proposition to get a better regularity for n (and then for vy):

Proposition 3.11. Let (n"°,7>0) be in H3™(T'3) x H(T3) and let g, be in L*(0,T; HL(Q)) and h in
L?(0,T; H;/Q(Fg)). Then, equation (3.21) admits a unique solution n in

€ = H'(0,T; HL ™ (T5)) N H?(0,T; H(T5))
with the estimate:

2 — |12 712
Inlles. < € (160, m) 2= (g ey + 18 Moz, o) + WA s ey )
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3.6. Proof of Theorems 3.2 and 3.3.

Proof. First, thanks to a classical result (see Theorem 2.12 in Chapter 2), if Y° = (%9 n29)t belongs
to [D(Ap.5), Hsl1/2, [ belongs to Lz(E;O), we know that equation (3.22) admits a unique solution
Y = (n,n,)* in the space

L*(0,T; D(Ag,)) N H'(0,T; Hy) N C([0,T]; [D(Ag ), H]'/?).

Thanks to the calculations above D(Ap ) = HZ(Tg) x H(T§) on Hy = H3(T§) x L3, o(T5). Thus, the
solution Y = (n,n;)*" of (3.22) belongs to

L*(0,T; H(T5) x HE(T5)) N H'(0, T3 Hy(T5) x L o(T5)) N CO([0, T]; HZ(Tg) x Hy(T'p)),
that is, equation (3.21) admits a solution 7 in the space

H' (0, T3 H3(T5)) N H?(0,T5 LY o(I'g))-

We consider now a right-hand side v5¢q, + hin L2(0,T; H;E (T§)) and we set u = n,. Now, we want
to apply Theorem 2.12 to the system satisfies by u, where 7 is the solution of the previous system. We
get formally that p satisfies equation

(I + ’Y#Ns)/ltt - ﬁ/fézx — YMtxx = [quel"r h:| " (326)
(1(0), 1(0)) = (nz,15)
Then, for (n;°,72°) in HZ(T§) x Hy(T§), that is (n"9,7>°) in H,(T§) x HZ(TF), we get
€ HY(0,T5 H (D)) N H?(0,T5 L o(T5)),

that is
n € H'(0,T; H(Tg)) N H?(0,T; Hy(T5)).
Finally, by interpolation, for (n*% 1%°) in [H%(Fa) X H%(FS),H@(FS) X H#(Fg)h_g, we get, provided
that v3q, + h belongs to L*(0, T; [HL(T§), L% o(T§)]1-<) (that is for 0 < e < 1/2),
n € H'(0,T; [H4(T5), Hy(T5)h—e) N H?(0,T; [Hy (T5), L o (T5)]1-<)-

The previous result means that for (n™0,7%9) in [H3(T§) x HZ(Tg), H3.(T§) x Hy, (Tg)]1—e = H(I§) x
H;je(f‘g), for 0 < e < 1/2 and for v3q + h in L2(0,T; H;/Q(FB)), we get 1 € Hl(O,T;Hi“(FS)) N
H2(0,T; H5(T'3)). O

3.6 Proof of Theorems 3.2 and 3.3.

We now have all the tools to prove the main results of this chapter. We first use a fixed point procedure
to prove existence ans uniqueness of system (3.6) in the fixed cylinder @%. Then, using Definition 3.4,
we prove the existence and uniqueness of system (3.2)—(3.4).

3.6.1 In the cylindrical domain Q% = (0,7) x Q.

We use a second fixed point procedure. First, we have to estimate (F[u,p, n], w[u,n], h[u, n]) (defined
in (3.7)) in terms of (u,p,n) in X5. Namely, we have the following result:

Proposition 3.12. Let (u,p,n) be in X5, defined in (3.17), then (Flu,p,n], wu,n|, H[u,n]), obtained
from (u,p,n) in (3.7), belongs to

Wr = L4(Q%) x Gr x L*(0, Ty Hy/*(I'})).
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Furthermore, there exists § > 0 such that
([, p,n], wlu, n], Hu, ) [wy < e2T° (1 + [ (a,p,m) x| (w2 m) 1%z - (3.27)

Let (u1,p1,m) and (az,p2,m2) be two triplets in X3 such that for i = 1,2, [|(wi, pi,n)llxs < R for some
R >0, we get

|(F1, w1, Hy) — (Fa, wo, Hy)llwy < C(1+ R)RT?||(uy,pr,m) — (s, p2,m2)| x:
with the notations (F;,w;, H;) = (Flug, pi, n:], wlwg, n:], H[u;, n:]).

Proof. The proof relies on the Lemmas 2.15 and 2.16 in Chapter 2. More precisely, the smoothness of n
gives the good estimates of the different products. Indeed, n in £% gives by interpolation

ne H (O,T; H;“*‘”*E(rg)) C 0<d<1.
Then,
n€C(0,T) HATS), e € L(S50), nw € HYO,T; HE(TY)  and 1 € L(0,T3 L3(T5)),

The main difference in this part is the space of the divergence term Gr. As already mentionned, we have
to prove that wlu, 7] satisfies

div wlu, ] € L*(0, T; Hy(Q0)),  welu, ] € LL(QF).

The worst term to estimate in all the different calculations is 7y,u; .. From Proposition B.1 in [12],
we have

||7711u1 z||L2 (Q0) < CH”IZHH (ra) v Z”Hl (Q0)" (3.28)

Then, because 7, belongs to H'(0,T; H3(Tg)) and H'(0,T) — L>(0,T), we have

)
112zl Lo 0,7:15, () < CT 0l 20,7385, (05)) 5 for 6 > 0.
This gives
Ieswrzllzz o) < CTInllao,rms gy lunzll p2o mom 1(20)
< T (u,p, )l
The other terms can be estimates using the classic Sobolev embeddings. O

With this proposition, we follow exactly the proof of the fixed point procedure in section 2.6. Namely,
we now state Proposition 3.13 corresponding to Proposition 2.17 in Chapter 2.

Proposition 3.13. For a given triplet (4,p, ) m X%, system (3.6) with right-hand sides (F,w, H) =
(F[u,p,n), wla,n], H[W, 7)) and initial data (u°,n°, ) in XO¢ satisifying (3.14) admits a unique solution
(u,p,n) in X5 with the estimate

1w, p. )l xz < ([ 0° nh)llxoe + 2T (14 (@ 5.7 | x) 1 (@ 5. 7) 1) (3.29)

where § > 0 is defined in Proposition 3.12. In other terms, we can construct a mapping

X X5z — X7
S Xr(@,p,7m) = (u,p,n) is a solutzon of the system (3.6) (3.30)
(@p.m) — with (F[Q,p, 7], w[,n], HQ,7)]) for right-hand sides.
which satisfies
1% (0, ,7) [ x,
5 (3.31)
< (1m0 xos 4+ T+ |57 g ) (.57 ).
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3.6. Proof of Theorems 3.2 and 3.3.

Proof. The proof relies directly on Theorem 3.6 and Proposition 3.12. Indeed, from Proposition 3.12,
we know that for a triplet (W,p,7) in X5, the triplet (F[a,p, 7], w[a, 7], H[W,7]) belongs to Wr and in
particular that w[d,7] belongs to Gr. Thus first, the lifting (z[u,7], 7[a,7]) belongs to Hil(Q%) X
L2(0,T; H%E (0)) and that (z[u®,n*°]) = z[u,7](0) is well-defined thanks to the embedding Hil(Q%) —
C([0,T]; HL(Q)) and satisfies the estimates

I, 75z g+ 1) 20,2306 ) < CIWI Tl

and
1,0 . 2,0
)

12[u®, 7" ]|z, gy < Cll(u®,n [P

Second, the couple (f[@,7], h[w,7]) defined in (3.10) and (3.11) belongs to Zr and the initial data
(u% 10 n29) in X0 satisfying (3.14) gives that (v9,n19 n?9), with vO defined in (3.12), belongs to
X2, We now apply Theorem 3.6 to obtain a unique solution (v, ¢, n) of system (3.9) with (f[u, 7], h[Q, 7))
for right-hand side and (v°,n%?,7*9) for initial data. Then, the correspondance between systems (3.9)
and (3.6) gives that system (3.6) admits a unique solution (u, p,n) in X5 satsifying the estimate

H(u’pa 77)||X§~ <Ch (H(uovnl’oa 7727O)||X0'€ + ||(F[ﬁ7ﬁ>ﬁ}>w[ﬁ’ ﬁ]7 H[ﬁ’ﬁ])HWT) :
Now, using the estimate in Proposition 3.12, we get the estimate of the proposition. O

Then, we can write Theorems 3.2 and 3.3 in the fixed domain, acting in (3.31) either on the time of
existence or on the smallness of the initial data.
Proposition 3.14. Let (u® 0% n') be in XO¢ satisifying (3.14).
(i) There exists a time Ty > 0 such that system (3.6) admits a unique local strong solution (u,p,n) in
X5 -
(ii) There exists v small enough such that, under condition ||(u®,n°,nt)| xo. < r, system (3.6) admits
a unique global strong solution (u,p,n) in X5.

3.6.2 In the domain Q7.

The regularity of the solution (u,p,n) of system (3.6) in both cases of Proposition 3.14 gives that the

change of variables
-1 .
Doty Q — U
(,2) — (z,9) = (z, (1 +n(t z))2)
is a C!—diffeomorphism from € into Q) because 7 is smooth and satisfies condition (3.1). Indeed, by
a Sobolev embedding, we have
9l e 0y < ellnlles

and up to a change of Tj in the first case of Proposition 3.14 or a change to 7 in the second case, we can
always prescribe [[n][es < 1=00 and thus

||77HLoc(z:§;0) <1 —do,

that is n satisfying assumption (3.1).
All these results set us in the case of Definition 3.4.
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Chapitre 4

Existence et unicité de solution pour un systeme cou-
plant les équations de Navier-Stokes et une équation des
plaques/des ondes amorties en trois dimensions

In this chapter, we consider the two different kinds of coupled fluid-structure model introduced in the
Chapters 2 and 3. More precisely, we study the three dimensional cases of the previous systems. That is
the Navier-Stokes equations coupled first with a plate equation and second with a strongly damped wave
equation. These two last equations correspond with the two different cases a > 0 and o = 0 in the plate
equation, see (4.3).

In these cases, the strategy of the proof is to use a Banach fixed point precedure. In the first case,
the estimates of the nonlinear terms are easily done thanks to the high regularity of the solution of the
plate equation (see Chapter 2 and section 4.1). In the second case, we consider the periodic setting (in
the first two space variables) due to the low regularity of the solution of the damped wave equation, see
Chapter 3 and section 4.2 for details.

4.1 Navier-Stokes equations and plate equation.

Let wy be a bounded open subset of R? with smooth boundary dwy. We define the cylindrical domain

Qo by Qo = wp x (0,1). In our problem, the domain I'§ = wg x {1} is the reference state of the plate.
It corresponds with the configuration at rest of the plate. This plate is characterized by the vertical
displacement 7 from the reference state. It depends on the time ¢ and on the position (x,y) in wy. A
priori, the function 7 is defined from RT X wy into (—1,400). At time ¢, the displacement of the plate
define the domain I'? | by

n(t)

Loy = {(ac,y,z) eR?s.t. (z,y) Ewpand z =1+ n(t,x,y)}.

Then, at time ¢, the fluid occupies the domain €, is defined by a subgraph. That is

Qu) = {(as,y,z) eER3s.t. (z,y) Ewpand 0 < 2z < 1+ n(t,x,y)}.
The displacement 71 has to satisfy the following assumption

do > 0 such that V¢t > 0V(z,y) Ewy 1+ n(t,z,y) > >0 (4.1)

to ensure that, for every time ¢, there is no contact between the boundaries of €, ).
The fixed part of the boundary of €, is denoted I'. It consists in two parts: the lateral part denoted
I'; and the bottom part I'y corresponding with z = 0, see Figure 4.1. Namely,

I} = Owo X (O, 1), I'y = wo X {O} and I'=I,uUl}y.

Then, the unit normal to 99, outward €, has the three following expressions depending on the
position on the boundary:
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- on ny(t)v

1 —nz(t)
S iR+ no\ 1

- on I';, n(t) = (ng,0) where ng is the unit normal to dwy outward wy in R,
- on Ty, n(t) = —es.

n(t)

z
Y« T

Figure 4.1: The domain Qg for a > 0.

Let T' > 0, we introduce some notations.

Qt=|J B xu, == |J {8 xTy, I9=(0,T)xTy, Ty=00%=T5uT,
te(0,T) te(0,7)
Q% = (0,7) x Qo, »50 = (0,T) x T3, 03 =(0,T) x ary, Lo =(0,T) x T.

The equations of the system are the three dimensional Navier-Stokes equations in the variables (u, p)
respectively the velocity and the pressure of the fluid

w —dive(u,p)+(u-V)u = 0 in Q7.
divu = 0 in Q7.
u = ez on Xy (4.2)
u = 0 on X,
11(0) = 110 in in,o

and the two dimensional plate equation:

e + aAln — BAM —yAm = —o(u,p)y/1+7n2+n2n-es on T3,

s,0
n =0 on o
In 0 zo (4.3)
= on o,
ans T >
(n(0),m:(0)) = (™", n*°) in T

In these equations, o(u,p) is the Cauchy stress tensor defined by o(u,p) = Z/(Vu + (Vu)tr) —pl. In

equation (4.3), the vector ng is the unit normal vector to IT'§ outward T'§, that is ng, = (ng,0).
Note that the right-hand side of (4.3) is taken in the variables (z,y, z) on the boundary X7:", that is
u=u(t,z,y1+ntzy), p=ptzyl+ntey) withte (0,T)and (z,y) € wo.
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4.1. Navier-Stokes equations and plate equation.

In (4.3), the symbols A, and A2 represent respectively the Laplace operator and the bilaplace operator
on I'j defined respectively by

2 2
D(A;) = H(QO)(FS) and  Agu= (8 + 8) p for all 4 € D(Ay).
€z Y

9 4 s 9 82 32 2 34 54 84 9
D(A]) = Hipy(I'5) and  Ajpu= o2t 52 W= @+26x28y2+87y4 w  for all € D(A?).

In the previous definitions we use the notations:

Li(TS) = {u c L*(T}) s.t. / = 0}

and
H(T%) N LA(TY) if 0<o<1
{wem T NI3ry) st p=0 onorg} if 1<o<2,
o

ong -

H(”O)(FS) =

{mem T nIdmy) st o, 0 ondrg} if 2<o.

It means that the plate equation (4.3) is in fact projected on the space LZ(T§). Another way to
understand it is to introduce the Lagrange multiplier associated to the constraint of zero mean value. We
introduce the projection M; from L2(T'§) to L3(T'§) defined by

1

ﬁ U for all u € LZ(F8>7
ol Jry

Msp=p—
and the trace operator v, associated to My defined by
1 . _ 1
Ysq = Ms(qrs) = qrs — v qry forall ¢ € H?(S) with o > 3
ol Jrg

We remark that for y¢ in H, (I'g), then

0
Agi=— | Vu-vi+ a
rs Ty arg Ong

1=0,

thus Agn already belongs to L3(T'§) for 7 in H(30) (T'8). But the terms A2n and Agn; does not belong a
priori to L(T) in the left-hand side of the plate equation (4.3). We have to rewrite it as follows:

Mt + aM Ay — BAn — YM Ay = —7s [a(u,p)\/ L+n2+mnn- eg} on 77,

5,0
n =0 on oy,
877 0 s,0 (44)
on onor ,
0(0),m(0)) = ("% 7*°) in T3,

4.1.1 Main results.

This part of the chapter is devoted to the proof of Theorems 4.1 and 4.2 which extend to the three
dimensional case the results of Chapter 2.

Theorem 4.1. Let (u’, n*% 7?9 € V1(Q,1.0) x H(30) (T'g) x H(lo) (T'5). There exists R > 0 such that for
any initial data satisfying

02 1,012 2,02 2
[u ||V1(Q771,0) + ™ ||H(30)(r-3) +n HH(lo)(F-S) <R
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and the compatibility condition
w=0 inT and uw’ =n*%;  on oo, (4.5)

system (4.2)—(4.4) has a unique global strong solution (u,p,n) in

V2P x L2 | | {8} x H (Qu) | x Hgh (550).

te(0,T)

Theorem 4.2. Let (u®, n*0 7*%) € V1(Q,1.0) x H(?’O)(Fb) X H%O)(FS) satisfying the compatibility condition
(4.5). There exists a time Ty > 0 such that system (4.2)—(4.4) has a unique strong solution (u,p,n) €

V2 QT x L? (Ute(o,To) {t} x H! (Q”(t))) X HEL )2(25 )

The proof of this results follows exactly the one in Chapter 2. Let us state the different steps of
the proof. First, by a change of variables, we state an equivalent problem in a fixed cylindrical domain
Q% = (0,T) x Qp in section 4.1.2. Second, we prove the existence of global in time (on the fixed time
interval [0,T]) strong solutions for the linearized system with nonhomogeneous right-hand sides. The
proof of existence of the linearized system does not depend on the dimension, thus this part is exactly the
same as in section 2.5 in Chapter 2. Third, by a fixed point precedure, we prove either existence of global
in time strong solutions for small initial data or local in time strong solutions for any initial data. These
results are both due to the fixed point procedure. Indeed, we prove the contraction by acting either on
the initial data or on the length of the time interval.

4.1.2 Change of variables.

As introduced in [4], the change of variables is very simple due to the special form of the domain.
Namely, we have

oy s ey — o

(z,y,2) +— (2,y,20) where 2= -

L+t z,y)

Then we can calculate the derivatives of f(z,y, z) using the derivatives of f (x,y,20):

A n(l? A ’]7 A
fr= ft_ZO fzm fz:fm_201+nf2m f fy_zolJr Jzo
2
I ; U 2 (14 1) New — 13
z— 7 _Jzo0 T — 11_22 Tz Zi zz_Z—IZ7
f ano foo = oo = 2207 e (2075 ) Foa = I
5 (L+n)nyy —nj - 1,
= 2z 2 2020 — <l —yZ7 zz — - 9Jz0z20°
fyy fyy 0 fyo (1+>foo (1+77)2 fo f (1+77)2f00

With this formulas, we can now state the Navier-Stokes equations in the cylindrical domain Q%. The
method is to multiply the equation by 1 + 7 and to put all the nonlinear terms in the right-hand side.
Let us write the different terms first:

W = . — 207t
t t 1+ n 209
A ) 1 2zp . " % 2,27
Au = um; Uyy + 1+ n)zuzuzo 1 " (12 0z + 1y Ty o] + 1 +7)2 [nz + ny] Uz 20
2 27 ~
T 0 (e +1yy) = (g + )] e,
o | 20Nz FO R 207y . TN
Vu = oo g - I S
(u-V)u U {u 1+nu0}+u2 {uy 1+77110:|+’LL3 [1+nu0]
~ 20 . ~ 20My A 1
V - x — T Mz r - 4 PN
p |: 1+nponr:|e1+|:py 1+np0:|92+|:1+77p0:|e3
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4.1. Navier-Stokes equations and plate equation.

Then, equation u; — vAu+ (u- V)u+ Vp = 0 becomes

A A A & N N A A vno N N
0 —vAa+Vp = —niy+ ZoMely, + Vn(umac + uyy) - %uzozo - 27/20(7736113:20 + nyuyzg)
2
VZz ~ N
T (e )80z — 70 (14 0) O + 1) = (02 + 72) 1z,

—(1 + )ity — (1 + )ity + [zo(nzal + ) — ag} i,
+ [Zona:ﬁzo - nﬁw:| e + [zonyﬁzo - 77157/:| €.

In the same way, equation div u = 0 becomes

~

diva = *Z](ﬁl,z + ﬁ2,y) + ZO(nxﬁl,zo + nyﬁQ,Zo)
= div W[ﬁ, 7]},
with
wla,n] = —niie; — nlges + 20(n 01 + 1y l2)es. (4.6)

Finally, the right-hand side of the plate equation becomes

—o(u,p)\/1+ni+nin-es = p—2vuz,+vn, [Ul,z + u3,m} + vy [u2,z + us,y}

N N v N Nz . Uy .
= -2 z |:2 — (2 2:| z 2 s z
p —2vus, +1+77 n—(nz +my) u3,0+1+nu1,0+1+77u2,0

+v nwﬁ/S,w + nyﬁ?),yi| .

Let us drop out the notation *. The Navier-Stokes equations in the cylindrical domain Q% are

u; —divo(u,p) = Flupn  inQy,
divu = divw[u,n in QY,
u = 1nes on 350, (4.7)
u = 0 on X,
u0) = u’ in Qg

where the right-hand side F[u, p, 1] is

v
F[u,p, 77] = —nNu + ZoMtUz, + Vn(uxx + uyy) - %uzozo - QVZO(nwusz + nyuyz(J)
2
Vzy (9 2 2 2
o O = w20 | (14 ) Gl ) = (0 ), (s
—(1+n)uu, — (1 +n)usuy, + [zo(nzul + nyus) — u;»,} u;,
+ [Zonzpzo - 77]%} e; + |:ZO77ypz0 - npy} €.
The plate equation becomes
e + oM AZ) — BAM — YM A = 7sp — 20ysus,. + s Hw,n]  on B30,
n = 0 on 3,
0 4.9
8:175 - 010 . 0n0§’°7 “9)
(77(0)777t(0)) = (77 N7 ) in FS
with
v N Uz . Vlly . N N
Hlu, g = ——on— 2 + %) g, + 220y, + 21 g, . [11 } 4.10
[u, 7] T2 (5 +1my) | 83,2 + s o T 1o g 02 + V| Nelis.e + 1y ls,y (4.10)

To say that system (4.7)—(4.9) is equivalent to system (4.2)—(4.4), we have to state the following
definition:
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Chapitre 4. Equations de Navier - Stokes et équation des plaques / des ondes amorties en trois dimensions

Definition 4.3. (u,p,n) in H21 Q) x L2(Uye 0,1 {t} X H () x Higy (£5°) is solution of (4.2)-(4.3)
when the following conditions are satisfied:
(i) (G,p,n) obtained for the change of variables a(x,y,z0) = u(z,y,z), p(x,y,20) = p(x,y,2) with
20 = Ty 18 o solution of (4.7)-(4.9),
(ii) for any time t in (0,T), the previous change of variables is a C*-diffeomorphism from Q) into Qo,

(iii) n satisfies condition (4.1).

We set u = v + w[u, n]. Noticing that div v = 0, then (v, p,n) is solution of the system:

vi —div o(v,p) = flu,p,n] in QY,
divv = 0 in QY,
v = T"me3— W[ua 7]] on 2’?07 (4 11)
v = —wlu,n] on X, ’
N + oM AZn — BAm — YM Ay, = VsP = 209503 2o + ?[817772}0 on ¥3°,
(v(0),7(0),7:(0)) = (u” —w[u,n](0),n",n™")
with
f[u,p7 77] = F[u,p, 77] _Wt[uan] +VAW[U777]7 (412)
h[u7 77] = 'YSH[uv 77] - 21/78103,20 [11, 77]'

The expression of w[u, 7] only depends on u;, uz and 7. Then, on I'§, wu,n] = 0 due to u; = 0 and
up = 0. Furthermore, in the plate equation (4.11);, the term —2v7y,vs . vanishes. Indeed, for v in
V21(QY), the conditions div v = vy 4 4+ va, + v3., = 0 in Q% and v; = 0, va = 0 on B5° give together
that Ulz|pso = 0, U2,y zs0 = 0 and then U3,z |538,0 = 0.

Finally, system (4.11) is equivalent to the following one:

vi —divo(v,p) = flu,p,7 in QF,
divv = 0 in Q(:)p,
v = e on 2%07
v - 0 on T (4.13)
Mt + aMAZn — BAm — YM Ay = 75p -+ hlw,n] on u57°,
(V(O)a 77(0)77775(0)) = (V NN )
where
v0 =1’ — w[u,5)(0) = u® + %0 + n*Oudes — 2o(nSul + ngug)eg. (4.14)

The compatiblity conditions on the initial data to obtain continuity at time ¢ = 0 are the following

divv®=0 in Qo, vi=n*%; onT; and v’=0onT. (4.15)

That is, for the original initial data (u®,n? n??)

div (u®+n"%ule; + 1" udes — zo(niuf + ngug)eg =0 in Q,

u’ =n*%; onT}§ and uw=0 onT. (4.16)
4.1.3 Study of the linearized system.
We introduce the following system in the cylindrical domain Q%:
vy —divo(v,p) = f in QY,
divv = 0 in QY,
s,0
v = ne3 on X,
v — 0 on ZT’ (4.17)
Nt + onsAfn — BAsn —yYM;Agnyy = vsp+h on E;’Ov
(v(0),n(0),m:(0)) = (v*,n"%,n*?).
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4.1. Navier-Stokes equations and plate equation.

In (4.17), the right-hand sides (f, h) belong to the space

Zp =T2(QF) x L*(0,T; HJ*(T3)).
The initial data (v, nt% 7%9) is in X, where

X0 = HY (@) x H) (T5)  Hiy (T%)

and
X0 = {(zo,ul’o,,uQ’O) € X% s.t. (22, put0, 4u*P) satisfies (4.15)}.

We now can state the main result of this section:

Theorem 4.4. Let (vO,n'0 n%0) in X0 and (£,h) in Zr. Then, system (4.17) admits a unique solution
(v,p,m) in the space

Xp = {(z, ¢, 1) € HY'(Q}) x L*(0,T; H' () x HE(55°) s.t. 2= 0 on S and z = ppes on 2;0}.

Furthermore, the solution (v,p,n) satisfies the estimate
1w, 2,1 xr < Cr (V0,000 [ xo + (£, )] 2,.) -

We do not detail the proof of this result. It can be easily adapted from section 2.5 in Chapter 2. It
relies on the decomposition of the Stokes system in two parts via the Leray operator P from L2(€q) into
VY (Q) where

VO (Q0) = {z €L2(Q) s.t. divz=0inQyand z-n=0on aQO}.
The splitting of the Stokes equation makes appear equations in the variables v, = Pv and vy = (I — P)v

and their associated pressure terms p, and p, respectively. After some calculations, we get the following
system

Ver — VAV, +Vp. = Pf in QY,

Ve = —7;Vg on EOT,

vs = VN (nt) in Q0T7

(I +7sNo)nee + aMAZn — BAMee — YM Ay = Yepe +h on £3°, (4.18)
(Ve(o)vn(o)vnt(o)) = (P"Ovnl’oaﬁQ’O) ’

P = PetDs in Q%,

vV = V.tV in Q%,

bs = W(f) - Ns(mt) in Q%-

One can find the proof of the equivalence between systems (4.18) and (4.17) for the two dimensional case
in Chapter 2.

The next part of this section is devoted to the fixed point procedure proving the existence of solution
in the fixed domain.

4.1.4 Proof of Theorems 4.1 and 4.2.

In this section, we first prove Theorems 4.1 and 4.2 in the fixed cylindrical domain. Then, we check
that the change of variables satisfies the conditions of Definition 4.3.

First, we estimate the right-hand sides (F[u, p,n|, w[u, 5], H[u, 7]) in terms of (u, p,n) in the following
proposition.

Proposition 4.5. Let (u,p,n) be in X, then the triplet (Flu,w,n|,wlu,n], H[u,n]) belongs to
Wy = {(G,z,G) € L2(Q%) x H2(QY) x L2(0,T; H () s.t. z=10 on EOT}
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endowed with the norm

1/2
1(G. 2, @)llwr = (1G22 g, + el sy + 16120 mmmn) -
Futhermore, we have the estimate

(B, w,n], wla, ), Hw, ) [we < CoT°(L+ [1(w, p,0) |l x) | (0, 2, m) 1%, - (4.19)

Let (uy,p1,m) and (ua,p2,m2) be two triplets in Xt such that for i = 1,2, ||(ws, pi, ni)l|lxr < R for some
R >0, we get

|(F1, w1, Hy) — (Fa, w2, Ho)|lw, < C(1+ R)RT®||(uy,p1,m) — (ug,p2,m2) || xr
with the notations (F;, w;, H;) = (F[u;, pi, ni], wlug, m:], H[u;, n5]).

Proof. The proof follows the one in Chapter 2, that is Lemmas 2.15 and 2.16 and Proposition 2.14. But,
in the three dimension case, we have to be very careful. Indeed, for (u,p,n) in X, it is not obvious that
w{u, 7] belongs to H*!(Q%). Following Proposition B.2 in [12], we obtain (with the notations of this
chapter)

Iwlut, e ) < Cllalesss o el oo,
because (with the notations of [12]) A =2, u =0, w =1, n = 3 and d = 2 satisfy

3=A+pu+tw>(n+d)/2=5/2.

But, this estimate does not make appear a power 7 in the right-hand side and so, it is not good enough
for us.

The estimates are proved tediously by checking that every derivatives (until the second order) of
w(u, 7] has a meaning in L?(Q%). That is, we calculate W, Wy, W. , Waz, Wyy, Waozo, Way, Wasg,
Wy, and wy. The worst terms to estimate are ||7]mu1||L2(Q%) and ||nmzu1||Lz(QoT). In both cases,

because 7 belongs to H?d)Q(E}’O), we get that 7, and 7., belong to Hl’l/Q(Z;’O) = H'Y2(0,T; L(T3)) N

(0)
L*(0,T; H ) (T3))-
Then, we use the interpolate spaces for the velocity u. More precisely, u belongs to H>1(Q%) and
thus to H?(0, T; H2(1=9(Qy)) for 0 < § < 1. That is, for § = 1/2 + & for s small enough but non zero
(we will see in the calculation below that 0 < x < 1/4), we get u in HY/2+%(0, T; H~2%(Qp)).
From Proposition B.1 in [12], we get, for any time ¢ and for 0 < k < 1/4, that n:,(¢)u1(¢) belongs to
L?(Qp) and satisfies the estimate

1762 (#)ur ()] L2 (20) < Cllneall o) llur ()] 126 (0)- (4.20)

Indeed, (with the notations of [12]) for A =0, p = 1 — 2k, w = 1 the inequality A+ +w >n/2 =3/2is
satsifed only if k < 1/4 (the limit case k = 1/4 does not work, see details in [12]).
For 0 < % < k, we have the embeddings H'/?%(0,T) < HY?*%(0,T) — C([0,T]) with the estimate

1247
1/2+ Kk’

Hf”Loo(O’T) S CHf||H1/2+:(O ) S CT5||fHH1/2+K,(O’T) for all f S H1/2+K(O7T) with § =

Then, from (4.20), taking the L?(0, T)—norm on both sides and using the L>(0,T)—norm for the velocity
and the L?(0,T)—norm for the displacement on the right-hand side, we get

Ineauillz@gy < Climeellzomm, woyllua (Wl Lo 0,112+ ()

5
< CT HUHH?(;)Z(EST’O)”u”szl(Qg{)'
All the differents terms containing a derivative of 1 can be estimated as above.
We now consider the terms wju,, ugu, and ugu,, in Flu,n]. We follow Lemma 2.16. From Theorem

B.3, for u; in H>'(Q%) and u, in HY'/2(QY.), we get that uju, belongs to HY/2=~1/4=r/4(QY.) for
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4.1. Navier-Stokes equations and plate equation.

0 < p < 1/2. Then, by a classic embedding formula, we know H'/4=¢/2(0,T) — L$(0,T) where % =

53— (5 —5) (see [1]), that is £ = ﬁ Furthermore, we have L¢(0,T) — L?(0,T) (because 2 < ¢) with
the estimate
11
IfllL20,m) < CTZ7% | flleqor for all f € L5(0,T).

But § — E =1-(3-(:- ﬁ)) = 1 — £ which is nonnegative thanks to 0 < p < 1/2 in the application

of Proposmon B.1. Finally, going back to the estimate of uju,, we get

1_p
[u1uz |z (qo) CT? % uyu,| 4

HE~5(0,112(20))
cT%*%Hu Il g2 00y 1t [ 1.2 (00
TH21(QY) 1Mz lHL1/2(QY.)

T3 8 HUHH2 QL)

IA AN A

The second part of the proposition comes directly from the first one and the fact that the functions
F[u,p,n], w[u,n] and H[u,n] are, by construction, at least quadratic in the variables (u,p, 7). O

Proposition 4.6. Let (,p,n) be in Xr, then system (4.7)—(4.9) with initial data (u° n'0 n?0) in XO°
satisfying (4.16) and right-hand side (F[a,p, 7], w[u,7], H[W,7]) admits a unique solution (u,p,n) in Xt
with the estimate

1G5 M e < O (000,20 [0 + CoT (14 [, )l e ) | (0, ) e )

where § is a stricly positive constant. That is we have construct a mapping

XT: XT — XT

(u,p,n) = Xr(Q,p,
u

o ) is the solution of system (4.7) — (4.9)
@p.m) — with (F

n
, D, 7], wa, ], H[W,7]) for right-hand side

which satisfies the estimate

10 (@5, L < C (11”0020 o + CoT* (1 + (8,5, 7)) (5,7, )

Proof. The proof of this proposition can be adapted from the proof of Proposition 2.17 in Chapter 2
using Theorem 4.4 and Proposition 4.5. Indeed, for (u,p,7) in X7, we get by Proposition 4.5 that
(F[u,p,n),w,7)], H[u,7]) belongs to Wr and thus that (f[a,p,7], h[a,7]) (defined in (4.12)) belongs
to Zr. From (u® %% n2%) in X0 satisfying (4.16), we get that (v, nt0 n*%) where v° is defined in
(4.14) belongs to X,. Thus Theorem 4.4 gives the existence of a solution (v,p,7n) to system (4.13) with
(f[w, p, 7], h[W, 7)) for right-hand side and (v°,n'? 1>0) for initial data satisfying

||(Vap7 77)||XT <Gy (||(VO,771’0,772’0)||X0 + ||(f[ﬁ7ﬁaﬁ]ah[ﬁaﬁ])”ZT) .

The correspondence between systems (4.13) and (4.7)—(4.9) gives the existence of a solution (u,p,n) in
X satisfying the estimate

||(u7pu 77)||XT <Ci (H(UO7771’0=772’0)||X0 + ||(F[ﬁ7p7ﬁ]7w[ﬁ7ﬁ}7H[ﬁvﬁ])HWT>

thanks to (u,p,n) = (v + w[u,n],p,n). Estimate (4.19) and the previous inequality give the expected
result. O

We can conclude the proofs of Theorem 4.1 and 4.2 in the fixed domain by the following proposition:

Proposition 4.7. Let (u®,n'% n%%) be in X satisfying (4.16). Then,
(i) there exists a time Ty > 0 such that system (4.7)—(4.9) admits a unique local strong solution
(u,p,n) in Xr,.
(ii) there exists r small enough such that, under the condition ||(u®, n° n?>%)||xo < r, system (4.7)-
(4.9) admits a unique global strong solution (u,p,n) in Xr.

Proof. This proposition is exactly Proposition 2.18 in Chapter 2. O
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Now, thanks to 7 in H(46)2 (£5%) or H?d)Q(Z?f), we can prove that, either for r or for Ty small enough
(depending on the case we consider), 7 satisfies assumption (4.1). Together with

Py Qo — U
(xaya'ZO) i — (l',y,Z)

is a C'— diffeomorphism for any time ¢, that finishes the proof.

4.2 Navier-Stokes equations and strongly damped wave equation.

In this section, we consider the corresponding periodic setting of the previous system (4.2)—(4.3) with
a = 0 in the plate equation. That is, from now on, for Ly, Ly > 0, we define wg = R/L; x R/Ly. Then,
we define the fixed domain Qy = wp x (0,1). The boundary T'g of the domain € is split into two parts,

the reference state of the membrane I'§ = wp x {1} and the bottom part I' = wy x {0}, see Figure 4.2.
For a displacement 7, we define in the same way as in section 4.1 the moving part of the boundary:

Lo = {(a@y,z) €ER®st. (z,9) €wg and z=1+ n(t,x,y)}.
Then, the domain occupied by the fluid at time ¢ > 0 is
Q) = {(z,y,z) eR¥ st (2,y) €wy and 0<z<1+ Tl(t,z,y)}.

the displacement 7 has to satisfy the condition (4.1) too. With this change of notations, we can keep the
definitions, for T > 0,

Qb= U B xu, =3"= |J {3 xT5u, S5 =1(0,T)xTy,

t€(0,T) t€(0,T)
Q% = (0,T) x Qo, ¥50 = (0,T) x T§, Sr = (0,T) xT.
Som
1 ¢
Ly R
Z\ 7 | 7
y ’ F : //
Ok&; J/L1

Figure 4.2: The domain g in three dimensions in the periodic setting (a = 0).

Then, the system in this setting becomes

u, —divo(u,p) +(u-Vju = 0 in Q7,
divu = 0 in Q:’:%
u = €3 on X",
u = 0 on X, (4.21)

Nt — BA — 7Agme —Vi [O(u,p)\/ L+n+nin- 63] on 25,

(U(O)W(O)vm(o)) = (uoanl’OaUQ’O)

Here, v} is the trace function from HY(€2) into H;;l/Z(I’S) for 0 > 1/2 (see Chapter 3 for details). The

operator A; is the Laplace operator on I'§ defined by D(A;) = Hf# (T'§) on LiVO(I‘S) by Asp = % + ‘327‘2‘
for all p in D(Ay).
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4.2. Navier-Stokes equations and strongly damped wave equation.

Note that, the spaces L;O(FS) and HY(T'§) have been defined in Chapter 3 in the one dimensional
periodic case. Here they are the generalization to the two dimensions periodic space (in the variables x
and y). Thus, Li&,o is the space of all periodic (in the variables z and y) functions in L?(I'§) of zero mean
value on I'§ and the spaces HY(I'7) are defined as H?(I'§) N L;&,o (Ts).

4.2.1 Main results.

The aim of this section is to prove the same alternative for system (4.21) than for system (4.2)—(4.3),
that is either existence and uniqueness of local in time strong solution for any initial data or existence
and uniqueness of global in time on [0,7] (T > 0 fixed) strong solution for small initial data. The main
difference is the regularity of initial data and the low regularity of the membrane displacement contrary
to the high regularity of the displacement of the plate. Indeed, in Theorems 4.8 and 4.9, we only get 7 in
H'(0,T; H(T§)) N H?(0,T; L ((T§)) instead of  in H?O’)Z(Z?O) in Theorems 4.1 and 4.2. We can now
state this results

Theorem 4.8. Let (u’ 7% 7*%) € VL (Q1.0) x H;/z(f‘g) X Hi/2(F8). There exists R > 0 such that for
any initial data satisfying

012 1,002 2,02 2
Hu ||V?1¢(QT,1,0) + ||77 ||H;/2(1—\8) + ||77 ||H;/2(1—\8) S R
and the compatibility condition
wW=0 onTl and u’ =n?Ye; in oo, (4.22)

system (4.21) has a unique global strong solution (u,p,n) in

VN x L | | At x HY () | x &r

te(0,T)
h
e Er=H! (0 T: H3/? (13 2 (0, 1: HY? (T3
= T, HY, (O))HH (O,T,H# (FO)). (4.23)

Theorem 4.9. Let (u°, 7%, 7*°) € V5 (Qy10) XH;/z(FS) ><1T1T;‘,1/2 (T') satisfying the compatibility condition

(4.22). There exists a time Ty > 0 such that system (4.21) has a unique strong solution (u,p,n) €
2,1

Vi ( ?0) X LQ(Ute(O,TO) {t} x H%&(Qn(t))) X &y

The proof of Theorems can be found in the previous section and in Chapter 3 where Theorems 3.2
and 3.3 are the equivalent results in the two dimensional case. Namely, we use the previous change of
variables to set the problem in the fixed cylinder QOT. Then, we prove existence and uniqueness of solution
for the linearized system. Next, using a fixed point procedure, we prove the existence and uniqueness
of the nonlinear system in the fixed domain. Finally, the regularity of the change of variables give the
solution in the moving domain (in the sense of Definition 4.3).

4.2.2 Change of variables.

Using the same change of variables as in section 4.1.2, we obtain the following system

uy — div U(u7p) F[u,p, 77] in Qg"a

divu = divw[u,n in Q%,
u = 1e3 on 350, (4.24)
u = 0 on X,
u(0) = u° in Qg
and
M — BAT — YA = Vip — 2v75us. + R H[un]  on T3°, (4.25)
(1(0),m:(0)) = ("%,7*°) in T3 :
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where F[u, p,n], w[u, n] and H[u,n] are defined respectively in (4.8), (4.6) and (4.10). Then, we condider

z[u,n] = Lw[u, n] and w[u,n] = L,w[u, n| defined by

—vAz[u,n] + Vr[u,n] =0 and div z[u,n] =divwu,n] inQy and z[un =g only.
(4.26)
Thanks to Proposition 3.5 in Chapter 3 which state a result in [24], we know that for w[u,n] in G#
defined by

G# = {k € L2(QY) s.t. div k € L2(0, T; HY (), k € L%(Q%) and k = 0 on 29},

we get that (4.26) has a unique solution (z[u,n], 7[u,n]) in Hi{l(QOT) N L*(0,T;Hy(Q)) satisfying the
estimate
H(Z[uvn]vﬂ[ua T]])||H11(Q%)QL2(0,T;HL(Q0)) S OHW[un]HG‘ﬁa

where the norm on G#T;t is
2 : 2 2 1/2 #
1l = (IRl () + 11V KIZa 0,705 00y + eIz 9)) for all k € GF.
See section 3.4 in Chapter 3 for details.

Thus, we look for solution (u, p, n) of system (4.24)—(4.25) under the form u = v+z[u, 5], p = ¢+7[u, 1]
where z[u, 7] and 7[u,n] is the solution of (4.26). Then, (v, q,n) is solution of the following system

vi—divo(v,q) = flup,n in QF,
divv = 0 in QY
s,0
vV = 7mnes3 on X,
v =0 on X, (4.27)
v(0) = v° in o,
me — BAM —yA = yq+h[un]  on X3,
M(0),m(0)) = @"%7*°)  inlg
where
f[u7pa 77] = F[uapa 7]] - Zt[uﬂl]:
hla,p,n] = vsHu,p,n| — 2v (z[a,n]), ., +vs¥[u,n).
and

v =u’ —z[u’ 0.

The compatiblity condition at time ¢ = 0 becomes in the variables (v®,n19 120)

divv®=0 inQy v’=0 onT and v’=17?Y; onT} (4.28)
and in the variables (u®, n'?, 7%0):

div (u’ —z[u®, 7)) =0 inQy, u’=0 onT and u’=7*"e3 onT}. (4.29)

4.2.3 Study of a linear auxiliary system.

In this section, we consider the following linear system:

v —divo(v,q) = f in Q%
divv = 0 in Q%,
v = €3 on E‘}’O,
v =0 on X, (4.30)
v(0) = v° in Qy,
Mt — ﬂMsAen - 'YMsAsnt = ’@q + h on E;’O,
(n(0),m:(0)) = ("% 7n>°) inT§.
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The initial data (v, n?,7%9) belongs to X2 defined from
X% = VL (Q) x Hy*(T3) x HY*(T3)
by
X0# = {(zo,ul’o,,uz’o) € XO% st. (2%, ut0, 4u*0) satisfies (4.28)}.
The right-hand side (f, k) belongs to Z# =L (Q%) x L*(0,T; H;f (T'%)). We have the following result:

Theorem 4.10. Let (v0, %0, 1n20) be in X%# and (f,h) be in Z#. Then, system (4.30) admits a unique
solution (v,q,n) in X# = Vil(QOT) x L*(0,T; Hy(Q)) x Er (the space Er is defined in (4.23)). Fur-
thermore, we have the estimate

1,0z < O (I 020 o + 18 1) 2 )

Proof. The proof is exactly the same as in the two dimensional case (see section 3.5 in Chapter 3). First,
the fixed point procedure in the space X*" (for 0 < k£ < 1) is the same. Then, to obtain a better
regularity of 7, we use Theorem 2.12 in Chapter 2 (see page 32). Finally, the proof by interpolation of
the best regularity for  works in the same way but we have to be careful. In this setting, there are two
periodic variables. Thus, we have to consider 7, the solution of

pee — BAp — YAy = [V;qu + h]x on 2?07
(1(0), 11(0)) (10 n>%) i T},

and n, the solution of
pue = BAp =g = [ypa+h] - on B3,
(1(0), 1(0)) = (n%my°)  in L.
Thus, for [y5q + h] in L?(0,T; Hy(TF)) and (n*0,9>0) in H3(Tg) x HZ (L), pis in H' (0, T; HZ(T§)) N
H?(0,T; L3, (T§)), that is 1) belongs to
H'(0,T; HL (L)) N H?(0,T; Hy(TF)).

The interpolation, with the limit case ¢ = 1/2 (because both h and ~jq belong to L*(0,T; 1‘[;!2(1"5)))7
gives that for initial data (n':?,7%°) in H;é/2 (T8) x Hi/Q(FS), the solution 7 to equation
me = B0 —yAsn = [rga+hl - on L5,
(0),7:(0) = (% n*") inTg
belongs to Er. O

It is important here to stress that it is the point of the proof where we need the periodic setting.
Indeed, thanks to this setting, we can obtain by interpolation a better regularity for n from the fact that

h and 73q belong to L*(0, T} H;/z(l"g)) (and not only L?(25")) and from the corresponding regularity of
the initial data. The case of the Dirichlet homogeneous condition should have been a problem in the next
section due to the non compatibility of the boundary condition with the derivatives of n in that case.

4.2.4 Proof of Theorems 4.8 and 4.9.

We begin by proving this results in the fixed domain. It relies on the same fixed point procedure as
3.6. We introduce the space

Wi = L5(Q%) x GF x L*(0,T; Hy())

endowed with the norm

Now, we can estimate the nonlinearities in system (4.24)—(4.25) in terms of (u,p,n) in X#.

/2
(Gr, @)l = (11615 gy + T2 + G120 2011 00y)) -
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Proposition 4.11. Let (u,p,n) be in X#, then (F[u,p,n],wlu,n], H[u,n]), obtained from (u,p,n) in
(4.8), (4.6) and (4.10), belongs to Wi Furthermore, there exists & > 0 such that

I(F [, p, 0], wia,n), Hlw, n) |l < 2T°(1+ || (u, p, ) x2) | (u, p, 77)\@;&-
Let (uy,p1,m) and (ug, pa,n2) be two triplets in X# such that for i = 1,2, |[(us, ps, mi)|| x# < R for some
T
R >0, we get
[(Fr, w1, Hi) = (F2, wa, Ho)ly» < C(1+ R)RT®||(uy,p1,m) — (a2, pa,12)l| x

with the notations (F;, w;, H;) = (F[u;, pi, n:], wlug, m:], H[u;, n5]).

Proof. This proposition can be proved using the Sobolev embeddings and the nonlinear estimates in the
Appendix B in [12], especially Proposition B.1 and Theorem B.3.

The difference between this proposition and Proposition 4.5 comes from the low regularity of the
displacement of the beam 7. Indeed, for n in £r, we only get

New € H'(0,T5 H/*(T5)) 0 HY/(0, T L2, 4(T'))

and ntzinHi/2’3/4(E%0). But the worst terms to estimate comes from the divergence term. Indeed,
W[u7 17] = —nuie; — Nugzes + 2o (nmul + 7’]y’LL2) e3 gives the terms —zpny u1e3 and —20Nyu2es to estimate

in L2(Q%) (w; has to be in L%(Q9%)). Because Hi/2’3/4(2‘§40) — H;UQ(E;’O), we can use the same
tedious method as in the proof Proposition 4.5.

The second «worst» estimate to get is |[fzou1,z[|r2(go)- Indeed, n is only in Hl(O,T;H;&/z(FS)).
But Proposition B.1 in [12], gives for any time ¢, that 7., (¢)u1 5, (t) belongs to L?*(Qp) thanks to the
calculation (with the notations of [12])

1
X w=1,n=3and3/2=A+pu+w>(n)/2=3/2.

It is the limit case which is possible here because both p > 0 and w > 0. Thus,

A=0, p=

(722 (#) 1, 2 (t)HL2(Qo) < C||77xx(t)HH;/2(p8) uLZOHH#(Qo)' (4.31)

We introduce the embeddings H'(0,T) — H'/2+%(0,T) — C([0,T]) (for 0 < k < 3) with the estimate

1_r
[ fllz=,1) < Cllfllmrr2enory < CTT7 2| fllg1o,r) for all f € HY(0,T).
Thus, taking the L?(0,7)—norm in (4.31) and using the L?(0,7")—norm for the velocity u; ., and the
L>°(0,T)—norm for the displacement on the right-hand side, we get
HnthIHLZ(QOT) < CHntm||Loe(O,T;H;/2(p3))||U1(t)||L2(0,T;H;(QO))
1_ &
< CTiz ||77H5T||u||Hi1(Q%)'

The other terms containing a derivative of n are estimated in the same way. The estimate of the products
U1Ug, Uou, and usu,, are the same as in the proof of Proposition 4.5. O]

Proposition 4.12. Let (u,p,n) be in X#, then system (4.24)-(4.25) with initial data (u®,n*% n%0) in
XO# satisfying (4.29) and right-hand side (F[u,p,n], wlu,n], H[u,n]) admits a unique solution (W, p,7n
n Xq# with the estimate

1@ g < Ca (11000 xo + CaT" (14 1w, o)), o))
where § is a stricly positive constant. That is we have construct a mapping

X Xy — Xx¥
( ) (W, p,7) = Xr(u,p,n) is the solution of system (4.24) — (4.25)
P % with (F[u,p,n],wlu,n|, H[u,n]) for right-hand side
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which satisfies the estimate

& (apm) L cp < Ca (110”0002 xo + CaT" (L4 [, o)) (o) ).

The proof of this proposition relies on Theorem 4.10 and Proposition 4.11. One can find the idea in
the proof of Proposition 3.13.
We can conclude this section showing existence of solutions in the fixed domain:

Proposition 4.13. Let (u°, "0, 1n%°) be in XO# satisfying (4.29). Then,
(i) there exists a time Ty > 0 such that system (4.24)—(4.25) admits a unique local strong solution
(u,p,n) in Xﬁi.
(ii) there exists v small enough such that, under the condition |(u° ™% n>°)| ox < r, system

(4.24)-(4.25) admits a unique global strong solution (u,p,n) in X#.

Proof. The proof is clear thanks to the previous Proposition. We have to act on the size of the initial
data or on the size of the time interval to get the alternative. O

To conclude, thanks to n in Er or &7, we can prove that either for r or for Ty small enough (depending
on the case we consider in Proposition 4.13), n satisfies condition (4.1). Together with

-1 .
Do) * Qo —
(.T,y,Z()) [— (:my,z)

is a C'— diffeomorphism for any time ¢, that finishes the proof.
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Chapitre 5

Controlabilité a zéro d'un systeme couplé fluide - struc-
ture

5.1 Introduction.

Controllability for fluid-structure systems has been studied recently. In a series of papers, J.P. Ray-
mond and M. Vanninathan prove null controllability for different kinds of linear coupled systems modeling,
with an increasing difficulty, fluid-structure interaction in 2D. The fluid is modeled respectively by the
Helmholtz equation [25], the Heat equation [27, 26] and the Stokes equation [28].

In [9], A. Doubova and E. Fernandez-Cara consider a 1D interaction problem of a particle in a fluid
modeled by the Burgers equation. They prove null controllability for the linearized model and then local
null controllability for the nonlinear system.

Very recently, M. Boulakia, A. Oxel in [6] and O. Imanuvilov, T. Takahashi in [14] prove independently
local exact controllability for a system modeling a rigid body moving in a viscous incompressible fluid
described by the Navier-Stokes equations in 2D with a control acting in a fixed subset of the fluid domain.

In this paper, we are interested in the null controllability of a system coupling the Navier-Stokes
equations and an ordinary differential equation (see equations (5.7)—(5.6)). More precisely, we prove that
for any time 7' > 0 and any initial data small enough, we can find a control acting in a subdomain of the
fluid part such that the solution of our system vanishes at time T' (see Theorem 5.3).

The systems in [9, 6, 14] deal with nonlinear fluid equations. The strategy of the different proofs
is quite the same. First, a change of variables sets the problem in a fixed domain. Then, the different
authors prove that the obtained linearized system is null controllable with some control. Finally, a fixed
point procedure gives the local null controllability.

The way used to prove the controllability of the linear [25, 27, 26, 28] or the linearized [9, 6, 14] systems
is based on the duality between the controllability of a system and the existence of an observability
inequality for the adjoint system. Such an observability inequality relies in fact on a Carleman estimate.
The proofs of Carleman estimates are really tricky and not straightforward.

5.1.1 The system.

We consider a viscous incompressible fluid in a two dimensional domain. The boundary of the domain
is split into two parts. One part is fixed, the other one is a moving beam. At rest, the beam is in its
reference state I'y = (0, L) x {1}, where L > 0 is the characteristic length of the beam. The domain of
the fluid at rest is denoted €y. Then its boundary I'y is the union of two curves I'j and I'. We suppose
that the boundary I'y is smooth, that is at least C*.

The displacement of the beam is given by a function 7 depending on the time ¢ and on the position
x in the reference state I'§. Then, a priori, the function 7 is from (0, +o00) x (0, L) in R. For any ¢ > 0,
the moving boundary given by the displacement 7 is

Loy = {(:v,y) €R?st. x€(0,L) and y = 1 —|—77(t,x)}.
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Then, the fluid at time ¢ occupies a domain noted €2, ;) which has for boundary 9, =T'J F;(t).
We have the following assumption on the displacement

Je > 0 such that Vt € [0,T] Vze (0,L) 1+n(tz)>e>0 (5.1)

to ensure that, for every time ¢, ;) is a connected domain.

Let us introduce some notations. We fix a time T > 0, then

QF=0.T)x0Q, Q= |J {1 x%w, Zr=(07T)xT,
te(0,7")

530 =01)xTg,  23"= |J (& xTy, 39 =(0,T)xTo.
te(0,T)

Following the model in [21, 4, 16], the velocity u and the pressure p of the fluid in the domain Q.
are described by the Navier-Stokes equations

u+ (u-Viu—divo(u,p) = 0 in Q7.,
divu = 0 in Q7,
u = ey on Xy, (5.2)
u = 0 on X,
u(0) = u’ in Q,1.0.

In the first equation, the term o(u, p) is the Cauchy stress tensor defined by
o(u,p) = —pl + V(Vu + (Vu)T).

The coefficient v > 0 is the viscosity of the fluid. Finally, e; and ey are the two vectors of R?

(1) ()

Remark 5.1. Due to the incompressibility condition of the fluid, solutions (u,p) of system (5.2) and the
Dirchlet boundary condition nies satisfy, for any time t,

| diva = [ RCRICE R

() o
The vector n(t) is the unit normal to O,y outward Q. It is fived on I' and is given on Ff’(t) by

n(t) = _ ( —ng(t)er + e2>.

V1+ni(t)

Thus, we will consider functions 1 in

Li(T3) = {u € LA(T}) s.t. /F w= o} :

We assume that the displacement of the beam is a Galerkin approximation of the Euler-Bernoulli
beam model. Thus, the function 7 is of the form

2

n(t,x) = Z qr(t)Cx(z), for x € (0,L) and t > 0 (5.3)
k=1
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where N is a fixed integer greater than 1. The familly ((x)r=1,.. ~ is a Hilbertian basis of L(Q)(Fg) (see
Remark 5.1). For each k > 1, (; belongs to C*°(I'{; R) and satisfies

C(z) =0, ((x)=0 for z=0,L.

The unknown ¢(t) is a N x 1 vector,

an(?)

which satisfies the following ordinary differential equation:

q"(t) + Aq(t)

Iy [ — a(u,p)( — e + e2> '92:|

L
(@0).40) = ("¢*).

In this equation, A is the symmetric positive matrix defined by

A:</F

[ is the projection from LZ(T§) to RY. Then, Iy satisfies, for every f in L2(T}),

/FS GQf

/ (N f
s
Introducing M the R?*Y matrix,

M = (Qeg,...,CN@) = (Col C(I)v )7

we have a quite simplier notation for the right-hand side of (5.4):

T

_U(u7p)( — Nz€1 + ez) : Ck62> (5.4)

k=1,..N

(aCk,mel,m + 5Ck,mCl,z)> ;

s
0 kl=1,...N

On(f) =

¢+ Agt) = — | MTo(up)( - mer+e).

s

The displacement we consider can be seen as a Galerkin approximation of the one in [4, 23, 16].
Indeed, let us introduce the following partial differential equation, called beam equation:

Net + M Nowze — Bllex =  —s [a(u,p)(—nmel +es)- 62} on £5°,
n = 1n (O,T) X {0,L}7 (55)
Nz = 0 on (0,T) x {0,L},
(n(0),m:(0)) = (n"°,n*%) in T3,

The coefficients o > 0 and § > 0 are respectively the rigidity and the stretching of the beam. The
operator Mj is the projection from L?(T'§) onto L3(T'§) defined by

p, Vue LAT).

1
Msp=p— —;
T3] Jrs
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We use the trace v, defined by

1 - .
YsP = Ms(p|Fg) =Pp|rs — 7|1_‘s| /F Ppr; Vp € H(Qp) with o > 1/2.
ol JTg

Let us define the operator (A, 5, D(Aq.5)) on L3(I'§) by

D(Aap) = {we H T NLETS) st. p(@) = pra(@) = 0 for 2 =0, L},
Ao st = aMspizpre — Blize for all p € D(Aqy ).

We can easily see that (Aq g, D(Aq,g)) is a symmetric positive operator. We denote {()\;67 Ck)} its
k>1

pairs of eigenvalues-eigenfunctions satisfying first ¢, € D(Aq,g) for all k£ > 1 and second

Aaple = M forall k>1,
(e 61) 0 for k1> 1s.t. k1,

(ca)

L2(T3)

Okl for all k,1 > 1.
()

Then, the family (x)x>1 constitutes a Hilbertian basis of LZ(T'§). Furthermore, each j, for k > 1 belongs

to C>(T'8; R) as sums of exponential functions.

With a direct calculation, we can verify that the right-hand side of the beam equation (5.4) is
a(u,p)( —nger + 92) “€ =p— 22Uy — Vg <U1,y + u2,z)'
Using the projection Iy, it becomes
1IN [p — 21/u2,y} —vlly [nw (ul,y + ug,x” .

The first term is linear in the variables (u, p, q) whereas the second is quadratic in the same variables.
Then the finite dimensional beam equation is

' +Aq = HNlp — 21/1@4 —vily [nx (ul,y + ugyx)},
(@(0),¢'(0)) = (a*°,¢*°).

We set a control ¢ in a subset w of the fluid domain. In assumption (5.1), we can take € such that
the set w will never touch the boundary I‘f](t). For that, let us suppose that

(5.6)

sup y <e.
(z,y)Ew

This is a physical issue because the domain w is supposed to be in the fluid part of the domain and the
control force cannot be out of the domain.

Denoting Z(z) the 1 x N vector Z(z) = (Cl(:c), Cey CN(x)>, we have equivalently

n(t,x) = Z(x)q(t), for x € (0,L) and ¢t > 0.

The equality of the velocities on the boundary becomes u = n,ea = Zq¢'es. Then, the equations of the
fluid part are:

w + (u-Viu—dive(u,p) = cxu in Q7.
divu = 0 in Q7.
u = Zqg'es onXy", (5.7)
u = 0 on X,
u0) = u' in Q,1.0.

The function y,, above is the indicator function of the domain w.
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5.1.2 Functional setting.
In the fixed domain g, we define the classic Hilbert space in two dimensions L?(Qg) = L?(Q;R?) and
in the same way the Sobolev spaces H*(Qg) = H*(Q; R?). We denote

V7 (Q) = {u € H7(Q) ; divu=0in QO}.

Then we define
H?7(Q}) = L*(0,T;H(Q)) N HT(0,T;L*(Q)),
VoT(Qy) = L*0,T5V(Q)) N H(0,T; V().
We need a definition of Sobolev spaces in the time dependent domain €2,

Definition 5.2. We say that u belongs to H™ (U,e o,y {t} x H (1)) (respectively to H™ (Uye (o 1) {t} ¥

V7 (Qyr))) if
— for almost every t in (0,T), u(t) is in H7 (1)) (resp. in V7 (L)),
—t Hu(t)”Ho(Qn(t)) (resp. t+— ||u(t)HVo'(Q_,](t))) is in H™(0,T;R).

We finally define

H Q) = L |J B xB (Q0) |E | U <L Q) |
t€(0,T) t€(0,7T)
vor@Qp) = L U Bxvi(Qe) |NE | U 8 xV ()

t€(0,T) te(0,T)

The pressure term p is defined in the Navier-Stokes equations up to a constant: only the derivatives
of p appears in (5.7). Then, we define the space H? () by

H(Q) = {p € H?(Qp) such that / p= 0} )
Qo
We will look for p in L? (Ute(O,T){t} x H! (Qn(t))) (see Definition 5.2).

5.1.3 Main result.
The aim of this paper is to prove the following result of null controlability of the system (5.7)—(5.6):

Theorem 5.3. Let T > 0. Let (u® ¢*°,¢*°) be in VI(Q,1.0) x RN x RN satisfying the compatibility
condition u® = Zg¢*>%ey on Ff]m and u® = 0 on I'. Then there exists r > 0 such that if

||uo||V1(Qn1,o) + ¢ len + ¢ |ry <,
then the system (5.7)—(5.6) is null controllable at time T in (u,q,q’). That means exactly there exists
c € L*(0,T;L%(w)) such that

u(T)=0, q(T)=0 and ¢(T)=0.

Like the other results of controllability of nonlinear coupled systems already mentioned in the in-
troduction, the first step of the proof is to use a suitable change of variables to set the system in a
fixed domain without changing the domain w of the control. This change of variables and the equivalent
system are introduced in the Section 5.1.4. Then, in section 5.2, we prove the null controllability for
the linearized system with nonhomogeneous right-hand sides using a duality method and a Carleman
estimate. The proof of the Carleman estimate is postponed to section 5.4. Section 5.3 is devoted to the
proof of Theorem 5.3. It relies on a fixed point procedure.
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Figure 5.1: The domains €y (on the left), ©, ) (on the right) and Ry.

5.1.4 The system in a fixed domain.

We suppose that the rectangle Rg = (0, L) x (0,1) is included in the domain €y, see Figure 5.1.

The change of variables is

Gt : Qn(t) — Qo

_y=c
1—ce+n(tz)
z=y otherwise.

=ec+(1—¢) if0<z<Lande<y<1l+ntz)

(z,y) +— (x,z) with

Setting f(x,z) = f(x,y), we can calculate the derivatives of f(z,y) using the derivatives of f(z, z) in
(0,L) x (g,1):

PN

_ A
ft - Jit (Z 5)1_%4‘7’]]‘%’
fac = fxl_(z_g)mfzv
—c
fy = mfz, 2 ( | 2
_ _ Tz 7 - Nz o _ l—e+m)Nee — 0z
fro = fea=em et (- ) o oo e
e

Now, we state the system satisfied by (z, z) = u(x,y) and p(x, 2) = p(x, y):

0, — div J(Avﬁ) = éxw—’_F[ﬁaﬁan] in Q%’
diva = div wli,n] in QY,
0O = Zdes on ¥5°,
a = 0 on ET,
ﬁ(O) = ﬁo in QO
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with F[,p,7) = —(a - V)i

, D, —(u-V)u, & =cand w[i,n] =0 for (z,z) € 2\ (0,L) x (g,1). For (z, z)
in (0,L) x (e,1), we have:

F(t,z,z) = 1 -+ |(z —e)m +v(z —¢€) %— a
)&y - 1—¢ nua Tt 1_€+7] N z
2,2
_ (1 —
tv _Q(Z - E)nwﬁwz + g, + (z 5?[ ng +171§ 6) 0.,
+ ((z— )bz —mpz)er — (L —e+ )10, + ((z — )ty — (1 — s)ﬁg)ﬁz>
and
1 . .
w(t,z) = 1-2 (—nirer + (2 — e)notiez) .
(5.8)
The change of variables gives us a new formula for the right-hand side of (5.6):
1_IN |:ﬁ - 2Vﬁ2,z:| + h[ﬁa 7]]
where )
" Ne . N Ny — 21,
hlt,n| = vil ——— U1, + Nplnpy — — U, | - 5.9
) = o1y (2t s~ ) (5.9

With the identification (5.3), we can use the notation h[l,q] = h[@,n] and the same for F[a, p, q] and
w1, g]. To simplify the notation, we drop out the symbol * and we get the following system:

u; —div o(u,p) = cxo+ Flu,p,q] in Q7,
divu = div wlu,(] in Q%,
u = Zde on ¥5°,
w0 on o (5.10)
" +Aq = Iy {p — 21/1@4 + hlu,q] in (0,7),
(u(0),4(0),4'(0)) = (u’¢"%¢*°).

A way to solve the system (5.10) is to find a equivalent problem with divergence free (see [4, 16]).
Due to the expression of the nonhonmogeneous divergence term div w, we look for a solution u of (5.10)
under the form u = v + w. The new system in the variables (v,p, q) is

vi—diveo(v,p) = cx,+Fu,p,q in Q7.
divv = 0 in Q%,
v = Zdes on ¥5°,
v-o0 on S (5.11)
¢"+Aq = Iyp+hlu,q] in (0,7),
(v(0),9(0),4'(0)) = (u®—w(0),¢"" ¢*").
Indeed, the formula of wu,q] gives us directly that w(0) = X (—n"%ufe; + (2 — £)nL ules) only

depends on (u’, ¢"?,¢*°) and that wlu, g|;r = 0 for (u,p, q) solution of the system (5.10). Furthermore,
the term Iy [ — 21/1}272} does not appear in the right-hand side of (5.11); because if v in H>(Q%) is

solution of (5.11) then div v =0 and v; = 0 on I'g, which together give that v . = 0 on Tg.
In system (5.11), F and h are defined by

F[u7p, Q] = F[u,p, Q] + I/AW[IL Q} - W[ua q]t7 h[uv Q] = h[u7 q] - 2VI_IN |:w2,z[u7 Q]i| (512)

with
v=uvie; +mey and wlu,q| =wi[u,qgle; +wslu,qles.
From now on, we denote
v? = u® — w[u, ¢](0). (5.13)
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On the other hand, we have to add a compatibility condition at time ¢t = 0 for (v°, ¢'0, ¢*):

div(¥)=0 inQy, v'=Z¢*%5; onl§j and v’ =0 onT. (5.14)
For (u°, ¢'?, ¢%%) the compatibility conditions are
div (uo + = (Z¢"'uler — (2 — 5)qu1’0u?e2)) =0 in Q, (5.15)
u’=7¢*%; onl§ and u’=0 onT

5.2 Null controllability of the linearized system with nonhomoge-
neous right-hand sides.

Fixing intial data (v°, ¢, ¢*°) and right-hand sides (F,h), our goal in this section is to prove the
null controllability of system (5.16).

vi—divo(v,p) = cxo +F in Q%,
divv = 0 in QY%
v = Zdes on %50,
v — o on T (5.16)
¢"+Aq = Typ+h in (0,7),
(v(0),4(0),4'(0)) = (v*,¢"" ¢*").

This section is split into three parts. First, in section 5.2.1, we introduce an auxiliary linear system
and we state a result of controllability for this system under some assumptions. In section 5.2.2, we set
system (5.16) in the abstract general setting of the previous section. Then, in the last section, we prove
the controllability of system (5.16).

5.2.1 An auxiliary result.
This part is adapted from [14]. We consider the following abstract linear system:

Z(t) = %z(t)JrBu(t)JrJ f(@®)

20 = 0 (5.17)

Here, U, H, F are Hilbert spaces and A is an unbounded linear operator generator of an analytic
semigroup on H denoted (etA)tZO. B and J are two linear continuous operators respectively from U into
H and from F into H, 2% is an element of H.

Let us introduce weight functions p; (i = 1,2,3) defined by

pi : [0,T] — R continuous functions satisfying p;(T) =0, p;(t) >0Vt € [0,T). (5.18)
Then, we define three time-dependent weighted function spaces §, 3 and i by

§ = {fel*0,T;F)st. py ' f € L*(0,T; F)},
3 = {2€L*0,T.H)st. py'z€ L*0,T;H)},
U = {ueL?0,T,U)st. p3'ue L*0,T;U)}.

In this general abstract setting, we prove the following lemma:

Lemma 5.4. We have the equivalence between
(i) For any ) in L2(0,T; H), the solution ¢ of

—¢'(t) = AT¢(t) + (1)

o) — 0 (5.19)

satisfies the estimate

T
6O+ [ AOIT o0l < ( /

T

T
p%(t)\w(t)lliﬂr/o p%(t)IIB%(t)I?J) : (5.20)
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(i) For any (2°, f) in H x §, there exists u in 4 such that the solution z of (5.17) belongs to 3.

Proof. Remember that the general form of solution for system (5.17) can be written via the Duhamel
formula

t t
z(t) = et420 + / e(t_s)ABU(S)dS + / e(t_s)AJf(S)dS
0 0

which can also be written

t ¢
z(t) — / e(t_S)ABu(s)ds =420 4+ / e(t_S)AJf(s)ds.
0 0

We introduce two operators L7 and My as follows
Lr: Hx§ — L*0,T;H)
t
(2% f) — (t s ef420 +/ e(t_S)AJf(s)ds)
0

and
Mp: 3x4 — L*0,T;H)

(z,u) +— (t — z(t) — /te(t_s)ABu(s)ds> .
0
Then, condition (i7) of the Lemma is equivalent to
Range L+ C Range Mr.
This last inclusion is equivalent to the existence of a constant C' > 0 such that
Ll Exg < Cl| M| 3 < s for all ¢ € L*(0,T; H). (5.21)

The spaces §’, 3’ and Y’ are the dual spaces of §, 3 and U:

§ = {feL?0,T,F)st. pf € L*(0,T;F)},
3 = {2€L*0,T,H)st. ppz € L>(0,T;H)},
W = {uelL?0,T,U0)st. psuc L*(0,T;U)}

with the identifications H = H', F' = F and U = U’.
By a simple calculation, we get, for ¢ solution of (5.19),

Ly: L*0,T;H) — HxF, My L*0,T;H) — 3 x
v o (0(0),J°9) Y — (¥,B%9).

Then, (5.21) becomes

T T T
16O + / p%<t>||J*¢<t>||%sc< / A3 + / p§<t>||B*¢><t>||%J>,

which is exactly (5.20). O
Then, we have the following stronger result:

Theorem 5.5. Under the hypothesis of Lemma 5.4, assume that (i) holds. Then we can define a linear
bounded operator Ur from H X § into U by

Ur: Hx§g — MU
(Zoaf) — u(zo,f)v

such that the solution z of system (5.17) corresponding with the control u .o ) belongs to 3.
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Moreover, if 2° belongs to D((—A)'/?) and if there exists po in C*([0,T];R) such that

po(t) >0 Vte (0,T) and po(t)=0<=1t=T,
. /.

% € L®(0,T) fori=1,2,3, p;gf e L®(0,T) forj=1orj =2,
0 0

(5.22)

then, z satisfies
- € L(0.T; D(=A)) N (0,5 H) N €0, D((~4) /%)),
0

with the estimate

z

Po

< C(I2lpg-aym + If1l5)-
L2(0,T;D(—A)NH(0,T;H)NC([0,T]; D((—A)1/2))

Proof. We begin by proving the existence of the bounded linear operator Ur. Assuming condition (i) in
Lemma 5.4, we know that there exists for any initial data z° in H and right-hand side f in § at least a
function u in 4 such that z belongs to 3. Now, we consider the following functional

1 1
J(z,u) = §I|Z||§ + 5HU||§-

Then, we can find among all the previous control u, the one minimizing this functional, with the corre-
sponding z. Thanks to the observability inequality, a direct calculation gives that this control w satisfies
the estimate

Il < C(12°lm +11£15)-

Denoting @ = Ur(2°, f), then Ur is a linear operator from H x § into 4. Furthermore, it is bounded
thanks to the previous inequality.
The second part relies on the following classical proposition:

Proposition 5.6. Let A: D(A) C X into X where X is a Hilbert space and A an operator generator of an
analytic semigroup on D(A) with a compact resolvent in X. If Y° belongs to D((—A)'/?) and B belongs
to L?(0,T;X), then equation

Yi(t) = AY(t)+B(t)

Yo) = )’

admits a unique solution Y in L*(0,T; D(A))NH (0, T;X)NC([0,T]; D((—A)Y?)). Furthermore, we get
the estimate

IV L20, 15D (A) " H 0,7:)"C([0,7]: D((—A)/2)) < C(H-yO”D((—A)l/?) + ||B||L2(0,T;X))-

Because u;0 5y, f and 20 belongs respectively to L2(0,T; H), L*(0,T; F) and D((—A)Y?), we can
apply the previous proposition and we get that that the solution z of (5.17) belongs to L?(0,T; D(—A))N
H(0,T; H)NC([0,T]; D((—A)'/?)). Futhermore, dividing equation (5.17) by po, we obtain

! /
ORRGE=!
Po Po Po Py (5.23)
Z) 0 = =
Po po(0)
!
Then, we get that (pio) belongs to L?(0,T; H) provided that [’f—o belongs to L?(0,T; D(—A)). From the
previous lemma, we have p% in L2(0,T; H); second, from the choice of the function pg, we have
PO PoP2 %
—0y =02
Po Po P2
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which belongs to L?(0,T; H). Then, applying Proposition 5.6 to system (5.23), we get that

pi € L?(0,T; D(—A)) N H'(0,T; H) N C([0, T); D((—A)"/2))
0

with the estimate

z

N < (I llpg-ayray + 1£15)-

L2(0,T;D(—A))NH(0,T;H)NC([0,T];D((—A)1/2))

5.2.2 Equivalent system.

In this section, we fix the initial data (v°,¢%?,¢??) in X2, defined by
X0 =HY(Q) x RY x RN

and
X0 = {(z07 k0, k') € XO such that (z°, k%, k') verifies (5.14)}.

The space X° is equipped with the norm
0 1.0 7.1 0)12 1/21.012 12 \?
120K, k0 = (120 + 1AV 2R0 B + KB )
The right-hand side (F, h) belongs to the time-dependent weighted function space Wr (see below). Let

us define
V =V9Qo) x RN x RN (5.24)

equipped with the norm

2
L = IVIRe0n) + 14 2alin + [rfw forall (v,q,7) €V.

|(v.a.m)

At this point, we introduce time dependent weighted functions p; (for i = 0,1, 2, 3) satisfying the condi-
tions of the previous section, that is p; (for ¢ = 1,2, 3) satisfy (5.18) and pg is as in Theorem 5.5, that is
po is C2([0, T]; R) and satisfies (5.22). More details about these weighted functions are given in Theorem
5.13 and in section 5.4 (in particular, such functions exist).

We introduce the spaces

Wr = {(G,g) € L*(0,T; L (Q0) x RY) s.t. p; *(G,g) belongs to L(0, T; L?(9g) x RN)},
Zr = {(z,r) s.t. (z,7,7") and py*(z,r,7") are in L?(0,T; V)},
Ur = {d € L*(0,T;L?(w)) s.t. p3'disin LQ(O,T;LQ(w))}.

These spaces are equipped with the norms

T
Gl = [ o O[IGOI o, +la0Ex]dt  for all (G.g) € T
T
1z, )z, = /02_2(75)||(Z,7’,7”)(t)||%/dt for all (z,r) € Zr,

0

T

Idljr = /p§2(t)||d(t)||iz(w)dt for all d € Ur.

0
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We now write system (5.16) as a first order in time linear partial differential equation. Let us introduce
the so-called Leray projection P from L2(Qg) in V() where

V2(Qp) = {u € L?(9p) such that u-n =0 on Ty and div u = 0 in QO}.

We split system (5.16) using the equality v = Pv+ (I — P)v. Let us denote v, = Pv and v, = (I — P)v.
Each part of the velocity field v is associated with a corresponding pressure term p. and ps. We have
the following proposition:

Proposition 5.7. System (5.16) can be splitted into two systems. One, system (5.25), is an evolutionary
system in the variables (e, q1,q2) (where g1 = q and g2 = ¢') and the other, system (5.26), is a stationary
system giving (Vs, De,Ds) as functions of (Ve,q1,q2). That is system (5.16) is equivalent to (5.25)—(5.26)
(see the notation below):

Ve AO O (—Ao)PDS Ve
G = K 0 0 In T
. VIWN(A()m) —A 0 @
PF P(cxw)
+K, 0 + 0 : (5.25)
Oy7(F) +h I nmo(exw)
Ve PvY
@ |(0) = qt°
q2 q2’0
and secondly
ve = VNi(Zg) in ng
pe = N(Av.-n) in QY.
ps = w(F)+m(exe) —Ns(Zdh) in QY, (5.26)
P = DPetps in QF,
vV = V.4V, in QY.

Furthermore, system (5.25) is exactly under the form of system (5.17).

Proof. We use a method due to Raymond (see [22]). In particular, we adapt here the decomposition of a
similar system made in [23]. We write it in this paper for sake of completness. From the Stokes system

vi—vAv+Vp = cxo+F inQY,
divv = 0 in QY,
v = Zqde on E;’O,
v = 0 on X,
v(0) = v° in €,

we get the following equivalent system

Veir— VAV, +Vp. = P(cx,)+ PF in Q%,
Ve = —77Vs on E’(j)“a
ve(0) = Pv° in Qo,
vs = VNi(Zq¢) in QY, (5.27)
bs = ’/T(F) + ’/TO(CXw) - Ns(ZqH) in Q%a
V. = VetV %n Q%v
P = PsTtPe m QT-

In (5.27), we denote N;(-) = N'(-xrs) where A the operator from H?(I'g) to H7+%/2(Qq) (for 0 > —1/2)
defined by r = N(j) for j in H?(Ty) if and only if

Ar = 0 in Qg, g—r = j only.
n

82



5.2. Null controllability of the linearized system with nonhomogeneous right-hand sides.

and 7 and 7 are operators from L2(£)) into H'(2y) defined by

An(F) = divF in Q, Amp(exw) = div (cxw) in Qo,
F _ d " 5.28
on(F) = F-n only o M = 0 on I'y. (5.28)
on on
We have an explicit formula for = and mq:
7(F) = —(—=Ap) ' (div F) + N((F + V(-=Ap) ! (div F)) - n),
mo(exw) = —(=Ap) T (div (exw)) + N((V(=Ap) 7! (div (exw))) - n),
where 11 = —(—Ap)~1(g) if and only if m; € H}(Qp) and Amy = g in Qg for any g € H~1(£y).
From the first equation in (5.27), we get that p. satisfies for any time ¢ in (0,7):
Ap.(t) = 0 in Q, Ope(t) = vAv.(t) onTy,
on
that is p. = VN (Av, - n).
In conclusion, p = ps + pe is equal to
p=m(F) +mo(cxn) — Ns(Zq") + vN(Av, -mn)  in Q.
Then the beam equation becomes
(Iy + TONN(Z ()" + Aq = vTINN(AV, - n) + Hy7(F) + Ixymo(cxs) + h.
System (5.16) is equivalent to system
Vet — Ave +Vp, = P(ch) + PF in Q%v
Ve = —77Vs on E(j)“a
ve(0) = Pv° in Qo,
ve = VN.(Zq) in QY
ps = w(F)—N(Zq") B _ inQF, (5.29)
(IN +TONN(Z()q" + Ag = vIINN(Av, -n) +Ty7(F) +ymo(cxs,) + 7 in (0,7),
(40),4'(0) = (a"°,¢*°), .
V. = Vet Vg {n Qg7
P = Ps+DPe n Q7.

From this system, we can obtain an evolution equation. Indeed, (ve,q,q’) is uncoupled to (v, pe, ps)-
Then, we have first, with obvious notation ¢ = ¢; and ¢’ = ga:

/

Ve AU 0 (—A())PDS Ve
qQ = K 0 0 Iy q1
G2 VIINN(A(-) -n) —A 0 g2
PF P(exw)
+K 0 + 0 , (5.30)
HN’]T(F)-FE HN’IT()(CXW)
Ve PvY
a1 |(0) = q+°
a2 g*°
and secondly
Vs = VNS(Z(D) in Qg’a
pe = N(Av,-n) in QY,
ps = 7(F)+mlexw) —Ns(Zgz) in Q%v (5.31)
D = DPetDs in Q(%a
V = VetV in Q%,
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where K, an isomorphism from V9 () x RY x R¥ into itself defined by

Id 0 0
Ky=| 0 Iy 0 , (5.32)
0 0 (Iy+THyNo(Z(-)

Ap is the Stokes operator defined by D(Ag) = V2(Q0) N V§(Q) in V() and Apz. = vPAz,, for all
z. in D(Ap). The operator D; is a lifting of the nonhomogeneous Dirichlet condition v = Zgoes on T'§
defined from RY into V?2(Q) for r in RY by z = D,r if and only if there exists a function p in H! ()
such that

—vAz+Vp = 0 in Q,
divz = 0 in Qo,
z = Zrey only,

z = 0 onT.

We finally get that system (5.25)—(5.26) is equivalent to system (5.29), that is system (5.25)—(5.26) is
equivalent to system (5.16).

We now can identify notations from (5.25) with those from the previous section. The Hilbert spaces
H, U and F are now respectively

Vi = V2(Q) x RY x RV, L*(w) and L2(Qg) xRV,

The operator A in (5.17) is remplaced by

Ao 0 (—Ag)PD,
A=K 0 0 In
VIINNV(A() -n) —A 0

which is defined from
D(A) = {(Ze,q17q2) € VQ(QO) N V?l(Qo) x RN x RN st z, = —7-VNs(Zq3) on I‘o}

in V,. We have

B: L%*w) — V,

F o
L Plox.) , J( : > — /i F + Joh

(In + TINN(Z(+))) " nmo(cxe)

with
Ji: L2(Qy) — Vi Jo: RY — V,
PF 0
F — K, 0 ’ h — K| 0
HN’lTo(F) E

This gives, with f = (F,h) in L2(Q) x RV,

PF
Jf = 0 -
(In +TNNs(Z () HTOn7(F) + h
Finally,
Ve pPvo
2= ¢ and V= | ¢0
42 7*°
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5.2.3 Null Controllability of system (5.16).
We can now state the main result of this section:

Theorem 5.8. Let (v°, ¢, ¢*Y) be in ch;There exists a linear bounded operator Ur from V x Wy into
L?(0,T;L?(w)) such that for all (F,h) in Wy the solution of system (5.16) associated with the function

c= UT(<VO, %, ¢*%), (F, E)) in the right-hand side belongs to X defined by

Xr = {(X,?T,’I“) e Xr ;Pal(Xﬂr,r) S XT} equipped with the norm ||(x,7,7)||xp = Hpal(x,ﬂ,r)HXT

where X7 = H>1(Q%) x L2(0,T; H(Q0)) x H2(0, T;RY). Furthermore, we have the estimate:

(v, p, @)%, < C’(H(vo,ql’o,qQ"O)HXO + II(EE)IIWT).
That is, system (5.16) is null controllable at time T > 0:
v(T)=0inQy, ¢qT)=0 and J(T)=0.

The proof of this proposition relies on the two previous sections. First, thanks to section 5.2.2, system
(5.16) is equivalent to system (5.25)—(5.26). Then, we can apply results of section 5.2.1 to system (5.25).
Finally, this results and an observability inequality finish the proof.

First, we want to write Lemma 5.4 for system (5.25). Thus, we have to calculate the adjoint operators
A*, B* and J*.

Lemma 5.9. We define the bilinear form ¢ on Vy, by
¢<(Ve, q1,92), (Ye, k1, k2)) = (Ve,Ye)L2(00) + (AY2q1, AV k)pn + (g2, (I + IINNG(Z () k2)gw

for (Ve,q1,q2) and (ye,k1,k2) in Vy. Then, ¢ is a scalar product on Vy,. We still denote Vy, the space
Va endowed with this scalar product. In the following, we set

<'a '>Vn = ¢(7 )

Proof. We have to prove that the operator IIyN,(Z-) : RY — RY is symmetric and positive. Let us take
g2 and k9 in RY | we calculate
(QQ,HNNS(ZICQ))RN.

Aa = 0 in Qq,
By definition, the function a = N5(Zk2) belongs to H%(Q) and satisfies { 0a
871’1 = Zk2XF8 on Fo.

In the same way, we denote b = N,;(Zgz). First, with the previous notation

(g2, INN(Zk2))rny - = (Zg2,a)r2(rs)
ob

= (=0 .
<8n L2(T'3)

Second, an integration by parts gives

ab
(Ab, a)LZ(Qo) = —(Vb, Va)Lz(QO) + (, a)
L3(T§)

or
da
(b, Aa)L2(QO) = 7(Vb, VCL)LQ(QO) + <b, a> .
N/ L2 (rg)
That is, because Aa = 0 and Ab = 0 in Qy,
ab ) da

5 a = (Vba Va)L2 Qo) <b, ) = (Vb, Va)Lz Q)"
(8n Lary) (Q0) on 13Ts) (Q0)
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Putting all the calculations together, we get

(g2, INNG(Zk2))ry = (VD,Va)r2(q,)
= (IIyNs(Zg2), k2)rn -

To prove the positivity, we calculate (g2, [INN,(Zg2))rny for g2 in RY. With the previous equality, we
obtain
(g2, INN(Zg2) ey = [IVB][F2 (0

which concludes the proof. O

Proposition 5.10. - The operator A is a generator of an analytic semigroup on V. Furthermore, it
has a compact resolvent. The adjoint operator A* is given by D(A*) = D(A) and

Id 0 0 Ao 0 (—Ap)PD,
A= 0 Iy 0 0 0 Iy
0 0 (In+IINN(Z())?! VIINN(A(-) -n) A 0

- The operator B* is defined from V,, into L?(w) by

B* 1 = (YE +VNS(ZT2))XUJ~
T2

The operator J* is defined from Vy, into L2(g) x RN by
Ye
I | = (e + IN(Zr2)) ).

T2

Proof. The first point of the proof can be easily adapted from [23, Section 3.] and is left to the reader.
We now prove the second point. Let d be in L?(w) and (ye, r1,72) be in Vy,, then, by definition of B,

Ye
<Bd7 1 > = (Pd,ye)vo(ay) + (IInmo(d), r2)pw

T9 v,
By an integration by parts, we have
dq
(mo(d), Ag)2(0) = —(Vmo(d), V@)r2(00) + (ﬂo(d)7 5) : (5.33)
N/ 12000)

Denoting g = N (Zrs), from equation (5.33), we obtain

0
(Inmo(d), m2)ry = (m0(d), Z72) 12(0) = (Wo(d% aq) = (Vmo(d), Va)r2(a)-
N/ 12000)

Then, setting y = y. + Vg, we see that y is an element of V°(Q) satisfying
y-n=Zry on Iy, y-n=0onlj
and furthermore, thanks to the definition of mo(d) (see (5.28)), we have d = P(d) + Vmo(d). Thus,

(yv d)Lz(Qo) = (Ye + Vq, P(Cl) + V’]TO(d))LQ(QO)
= (Ye, P(d))r2(00) + (Vq, VTo(d))12(00) + (Ve, Vo(d))L2(00) + (Va, P(d))L2(00)-

To conclude, we see that y. and P(d) belong to V9 (Qq) whereas Vq and Vro(d) belongs to (V2 (Q))*.
Then,
(¥, d)r2(0) = Ve, P(d))L2(00) + (Vq, Vo(d)) L2 (00) -
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5.2. Null controllability of the linearized system with nonhomogeneous right-hand sides.

Finally, putting all this calculations together, we get

Ye
<B(d)a ™ > = (d7 Y)LQ(QO) = (da y)L2(w)'
T2 Vo

That is B*, the adjoint operator of B, is defined from V,, into L?(w) by

Ye
B* ™ = (YG+VNS(ZT2))Xw~
T2
We directly deduce J* from the calculations above. O

Then, we have the following proposition:

Proposition 5.11. The two following statements are equivalent:
(i) For all (a.,b,c) in L*(0,T;Vy), the solution (y.,ki,k2) of equation

Ye Ye Qe
— k@) = A Rk )+ (t),
ko k
ye(T) 0 2 >3
B(T) | = | 0
kao(T) 0

satisfies the inequality
T
(e (0), E1.(0), k2(0))5, + /O O] Iye + TN(Zk2)lF () + ol

T T
< ¢ ( | Ao, + [ Ao+ VNS<Zk2>|i2<w)> .
(ii) For all ((on7 0, ¢*°), (F, E)) in Vu x Wr, there exists a control ¢ in Ur such that the solution
(Ve,q1,q2) of (5.25) belongs to 25 with
Z7 = {(Xe,’f‘l,’l"z) € L*(0,T;Vy) s.t. pyt(Xe,71,72) € LQ(O,T;VU)}.

Using the same idea as in section 5.2.2; we get that there exists a pressure term 7 such that (y, 7, k1, k2)
defined from (ye, k1, k2) solution of (5.34) by y =y. + VN(Zks) is solution of the system

-y —divo(y,7) = a in Q%,
divy = 0 in Q%,
y = 0 on X,
y = Zkoes on %5, (5.35)
K, = ky—b in (0,7,
ké + Akl = —HNﬂ' —C in (O, T),
(y(T)vkl(T)ka(T)) = (0,0,0)

with a = a, + VN;(Zc). System (5.35) is exactly the adjoint of system (5.16). Furthermore, with the
notation y =y, + VN, (Zks) for (ye, k1, k2) in V,, we have first that (y, k1, k2) belongs to V and second

that
2

H(y 1 2)V

Iyelliz ) + |AY2 k1 2 + (K2, (I + TINNG(Z2)) o) v
Iy11E2 ) +iA1/2k1|1§N + |k 3n
H(y 1 2) v

n

87



Chapitre 5. Controlabilité a zéro d'un systeme couplé fluide - structure

(see this calculation in the proof of Lemma 5.9 above).
Finally, Proposition 5.11 can be written in term of system (5.16) and its adjoint (5.35) as follows:

Proposition 5.12. The two following statements are equivalent:
(i) For all (a,b,c) in L*(0,T;V), the solution (y,m, ki, ks) of system (5.35) satisfies the inequality:

[0k ks) [+ [ st + ]
r T
< C</O p%(t)ll(a(t),b(t),c(t))n%,dt+/0 pg(t)|y(t)||32(w)>,

(ii) For all (v°,¢%°,¢*°) in V and all (F,h) in Wr, there exists ¢ in Ur such that the solution (v,p, q)
of system (5.16) satisfies (v,q) € Zr.

We set here the result on the observability inequality.

Theorem 5.13. We introduce the weight functions (p;)i=0,1,2,3

polt) = e w0,

pi(t) = (sN)P/2(0 ()2 =", (5.36)
pz(t) _ )\5/2315/4(0*(0)15/46755*(0’ '
p3(t) = pa(t).

where o* and 0* are given at the end of section 5.4. Then, there exists C > 0 such that all the smooth
solutions (y,m, k1, k2) of system (5.35) with any right-hand side (a, b, c) in L*(0,T;V) satisfy the inequality

(6020 20) [+ [ Il + ol

T T
< c(/ A0 (alt), b(t), e(t))|2dt + / p§<t>||y<t>|i2<w>>

for s and A large enough (s > § and \ > 5\)

The proof is postponed to section 5.4 and relies on a Carleman inequality. Now, we are able to prove
the main result of section 5.2.3.

Proof of Theorem 5.8. Thanks to Theorem 5.13, condition (7) of Proposition 5.12 is satisfied. Then, we
can apply Theorem 5.5 to system (5.25). That is, there exists a bounded linear operator U¢ from Vy, x W
into Uz such that the solution (v, q1, g2) of system (5.25) associated with ¢ = U% ((PVO, "0, ¢>%), (F, E))
belongs to Z5%. Using (5.26), we get that v, belongs to

Z5 = {xs € L2(0,T; L2 (D)) s.t. py'x, € LQ(O,T;LQ(QO))}.

This gives together that (v,q1,g2) € Z7. Then, denoting E7 the linear bounded operator from V x Wr
into V,, X Wr defined by

Br (V. "".q*), (B.1)) = ((Pv*.q", "), (F.F)).

we get that Ur = U% o Er is the linear bounded operator of the proposition.
Furthermore, for (v°, g%, ¢*°) in X2_, we get that (Pv®, ¢*?, ¢*°) belongs to D((—A)*/?) = V1 (Qo)x

RY x RY. Applying now the second point of Theorem 5.5 to system (5.25), we get that py ' (Ve, q1,q2)
belongs to

L*(0,T; D(—A)) N H (0, T;Va) NC([0, T); D((—A)"/?))
V2HQF) x H'(0,T;RY) x H' (0, T;RY) NC([0, T); Vi () x RY x RY).
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5.3. Proof of Theorem 5.3.

Then, using (5.26), we get that pal(vs,pe,ps) belongs to

2
(H21(Q%) ne(lo, T H (90))) x [L2(0, 75 H'(9))] -
Finally, v = v, + v, p = ps + pe and g satisfy

v, potv € H*(QF)nc(0, T H' (Q)),
P po_llp e L*(0,T; H' (%)),
¢, d, pota, potd € HYO,T;RY).

That is, thanks to the embedding H'(0,T;RY) — C([0,T];RY) and the definition of py (especially,
po(T) = 0), that we have the null controllability of system (5.16):

v(T)=0, in Qg and qo(T)=¢(T)=0.

5.3 Proof of Theorem 5.3.

In this section, we prove Theorem 5.3. First, we use the previous section to prove the theorem in the
cylinder (0,T) x €. Then, we will derive Theorem 5.3 from this result using the change of variables
introduced in section 5.1.4.

5.3.1 In the cylinder (0,7) x .
First, we begin by proving the null controllability of system

u; —divo(u,p) = cxuo+F in QY,
divu = diV/ w in Q%:O
o e (5.37)
¢"+Aq = ly|p—2vus.|+h in (0,7),
(u(0),4(0),¢'(0)) = (u®¢"° ¢*°).
Because u is not divergence free (see (5.15)), we do not have (u°,¢>%, ¢*%) in the space V. Thus, we

introduce another Hilbert space
L =L%(Q) x RN x RV,
In system (5.37), the right-hand side (F, w, k) belongs to

Wr = {(G,z,g) € Wr s.t. pi (G, (—=A)z, 2, g) belongs to L*(0,T; [L*(Q)]® x RN)}
equipped with the norm
T
[Gozglbws = [ o0 IO, (~8)2le). 2 O) iz + laOs ] for all (G.2.9) € Wi,
where

Wi = {(G,z,g) € L2(Q%) x H21(QY) x L2(0, T;RY) such that z = 0 on ro}.

Remark 5.14. Conditions % € L>(0,T) and % € L>®(0,T) in (5.22) for j = 1 or j = 2 give
0
respectively the equivalence between

Aw w’ w
—,—eLl*Q}) and —eH>(Q})
p1 o p1 Po
and A ,
v Vv v
—,—cL*Q%) and — cH>(QY).
P2 P2 Po
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Then, we have the following result:

Proposition 5.15. Let (u®, ¢*?, ¢*°) be in X satisfying (5.15). There exists a linear bounded operator Ur
from Lx Wy into L?(0, T; L2(w)) such that for all (F,w,h) in Wr the solution of system (5.37) associated

with the function ¢ = UT((uO7ql’0,q2’0)7 (F,W,h)) in the right-hand side belongs to Xr. Furthermore,

there exists a constant C1 > 0 such that

Ip. Dl < s (10,0 0,20 + (B, W)y ). (5.39)
That is, system (5.37) is null controllable at time T > 0
u(T)=0inQy, q(T)=0 and ¢(T)=0.
Proof. Let us define the operator Kr by

KT : L x WT — V x WT
((00,q"0,q20), (F,w, ) = (v, ), (F, )

where v? is defined by (see (5.13))
v =1’ —w(0)

and (F, h) are defined from (F,w,h) as follow (see (5.12))
F =F +vAw — wy, E:h_ZVHN{U}Q’Z}.
The operator K is clearly linear. Moreover it is bounded

Ko (g 0,020, (F,w,m) |

IN

(1, g, )l + [w(O)llez(ay) + | (F. D)5y, )

VxWr
C H ((u07 ¢, 2%, (F, w, h))‘

IN

]LXWT '

Indeed, w belongs to H(Q%) — C([0, T]); H' (), then [W(0)llL2(0) < CIl(F, W, h)|[w,-
Then, thanks to the existence of a bounded operator Ur from VxWr into L?(0,T; L?(w)) used in The-
orem 5.8, we get by composition a linear bounded operator Uz defined from L x Wr into L?(0, T’; L?(w)).

The fact that the solution (u,p, q) of (5.37) associated to ¢ = UT((uo, a+%, ¢*Y), (F,w, h)) belongs to

X7 comes exactly from Theorem 5.8 and u = v+w. Indeed, by construction, the solution (v, p, q) of (5.16)
corresponding with (v°, ¢1'?, ¢>%) and (F, h)—both obtained from (u°,¢*?, ¢?°) and (F,w, h)—and as-

sociated to ¢ = UT((uO,ql’O,qQ’O), (F,W,h)) = UT((VO,ql’O,q27O), (F, E)) belongs to Xr. Moreover,

as w and 3% belongs to H?1(QY%) (see Remark 5.14 and the definition of py in (5.22)), we have first

(u,p,q) = (v+ w,p,q) belongs to X with the expected estimate and second, thanks to w(7T') = 0, that
u(T) =01in Q and q(T)=¢(T) =0.

O

From now on, the initial data (u® ¢'° ¢*Y) is fixed in X° and satisfies (5.15). The time 7' > 0 is

fixed too. We want to prove the controllability of the system written in the fixed domain (5.10). We use
a fixed point procedure based on the result for the linearized system (5.37).

Lemma 5.16. Let (u,p, q) be the solution in Xr of the system (5.37) for the intial data (u®, ¢+, ¢*%) in
X0 satisfying (5.15) and right-hand sides (F,w,h) in Wr, then (F,w,h) = (F[u, p, q], w[u, ¢], h[u,p, q])
defined by (5.8) and (5.9) belongs to Wr and there exists a constant Cy such that

H(Fa W, E)”WT < 02(1 + ||(11,p, Q)HXT)||(U7P, Q)”zXT (539)
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5.3. Proof of Theorem 5.3.

Furthermore, let (u;,pi,q;) (i = 1,2) be solutions in Xr of system (5.37) with the same initial data
(u®, g0 ¢*%) in XO satisfying (5.15) and repectively right-hand sides (F;,w;, h;) (i = 1,2) in Wr. If
(ws, pi, ;) (i =1,2) satisfies for some R > 0,

H(uivpia%)”XT < Ra

then, we have the estimate

[(F1, W1, h2) — (F2, W2, ho) [ wy < Co(1+ R)R|[(1,p1, 1) — (u2,p2, 42) | 27 (5.40)
where (Fi, W, hi) = (Flug, pi, i), Wlug, i), hlug, qi]) (i =1,2).
Proof. First, py and po defined in (5.36) satisfy ﬁ—g € L*(0,T;R). Then, with this, the proof is a

consequence of the definition of the right-hand sides F, W in (5.8) and % in (5.9).The estimate of the
Wr-norm of (F, W, h) is tedious but straightforward from Proposition 6.1 in [16]. O

Proposition 5.17. Let (0,p,q) in X be a solution of the control problem of system (5.37) associated with
(% g0, ¢*9), (F,w,h) in Wy and the control ¢ = Uy ((uO7 a0, ¢*%), (F,w, h)) in L2(0,T; L?(w)) (see
Proposition 5.15). Then, system

w —divo(u,p) = cxo+FWpq inQY,
divu = divw[a,{q in QY,
u = Zde on B3°,
u — 0 on S (5.41)
¢"+Aq = Ilyp+hlag  in(0,7T),
(u(0),4(0),4'(0)) = (u®,¢"%¢*).

is null controllable at time T, that is there exists a control
¢ = Up((u”,q",*°), (F[ti,p.q), wlu, q], h[w,q)))

in L2(0,T;L?(w)) such that the solution (u,p,q) of system (5.41) corresponding with c belongs to Xr and
satisfies
u(T) =0 in Qo, q(T) =0, q(T) =0.

Furthermore, the triplet (u,p,q) satisfies the estimate

10,2, @)%, < G (10,02 50 + Co1 + (8.5, D)) | (T 5, DI, )-
In other terms, we can contruct a mapping

CT : XT — XT
(W,p,q9) — Cr(Q,p,q) = (u,p,q) is the solution of the control problem for system (5.41)

which satisfies the estimate

ler @B DI, < O (1", )0 + Co(l + | @ P D) @D, ). (5:42)

Proof. The proof relies on Proposition 5.15 and estimate (5.39) in the previous lemma. The constants
Cy and Cy are defined respectively in (5.38) and (5.39). O

We now are able to state the main result of this section:

Proposition 5.18. Let (u’, ¢'° ¢*%) be in X satisfying (5.15). Then, there exists v small enough such
that, under condition
(% ", ¢*")[lx0 <1,

system (5.10) is null controllable at time T > 0, that is there exists a control ¢ in L?(0,T;L?(w)) such
that system (5.10) associated with this control ¢ admits a solution (u,p,q) in X7 satisfying

u(T) =0 in Qo, q(T) =0, q(T)=0.
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Proof. For (u,¢"°,¢*>°) in X° as above, we denote r = [|(u?, ¢*?,¢*%)||x0 and R = 2C;r (with C;
defined in (5.38)). We choose r such that Cor(1 +2Cir) =1 (with Cy defined in (5.39)), that is
1 1
" Tacic 2
2y /1+ a6

Then, we define a ball of the space X7 of radius R as follows:
xft ={(z.p.7) € Xr st |(2p.7) |, < R}

Then, Cr is a contraction mapping in X. Indeed, for two triplets (u;,pi,q:) in Xz, by definition of Cr,
we get first that Cp(u;,p;, ¢i) (¢ = 1,2) is solution of the control problem of system (5.10) corresponding
with initial data (u°,¢%°,¢%?), right-hand sides (F[u;,p;, @], wlu;, ¢;], h[u;, ¢;]) and the control c; =

UT ((u07 qLOv q270), (F[uiaph (h]v W[uiv qz]a h[ui> ql])) . This means that CT(uiapia Q1) (Z = ]-a 2) satifies

R R
1Cr (w3, i, i)l ey < 5ty =E
Furthermore, the difference Cr(u1, p1,q1) —Cr(us, p2, ¢2) satisifies by linearity system (5.10) with (0,0, 0)
for initial data and (Fy,wi, he) — (Fa, wa, ho) for right-hand sides. Then, via the estimates (5.38) in
Proposition 5.15 and (5.40) in Lemma 5.16 and the choice of r, we have

1
||CT(1117]917Q1) - CT(UQ»pQ»(D)”XT < §||(1117P17Q1) - (u2>p27q2)||XT~

For r chosen as above, Cr is a contraction mapping from X% into itself. Then, using the Picard-Banach
fixed point theorem, this mapping admits a fixed point (@, p,G) in Xr solution of the control problem
(5.10) corresponding with initial data (u°,q'?,¢%°) in XY, right-hand sides (F[a,p, ], w[a, ], h[Q, §])

and the control ¢ = Ur ((uo, 0, ¢*%), (F[u,p, ), w[t, g, h[a, cj])) That is exactly (@, p, ¢) is a solution
of (5.10) in X and satisfies:

aT)=0inQy, GT)=0 and §(T)=0.

5.3.2 In the moving domain.

In this section, we have to check the conditions on the change of variables. That is we have to prove
that the change of variables
¢t : Qy — Q’r/(t)
(2,2) — (2,9)

is well-defined as a C!—diffeomorphism from Qg into Q) for every ¢ in [0, 7] and that condition (5.1)
is checked. The regularity of ¢ and of the functions (i (k =1,...,N) gives together with the formula of
change of variables in section 5.1.4 that ¢, is a C'—diffeomorphism. We just need to check assumption
(5.1). Since n(t,z) = Zq, n would satisfy the hypothesis (5.1) if we have an estimate on g like
1—e¢
g/l oo, rry) < o
R P

Indeed, the maximum of the function 7 in E;io can be roughly bounded by
||TI||Loo(2;=°) < | Z]| o (rg)llall o 0,1)-

Then 1+ n(t,z) > ¢ for (t,z) € £5° if [l oo 5220y < 1 — €. Because of the following estimate
T

/

q

Po < C(I(®, ¢, ¢*)xo + |(F, w, h)llwy),

gl o= (0, 75Ny < C"
H'(0,T;RN)
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5.4. Proof of Theorem 5.13.

if both the conditions [[(u’,¢*% ¢*%)|x0 < r and (F,w,h) € Wy such that |[(F,w,h)|w, < r are
satisfied then
2(1—¢) 1-¢

312l Le0,0) ~ 1 Zl=(o,L)

llall o< 0,rrry < 2CT <

for r small enough and the hypothesis (5.1) is checked. That is, up to the change of parameter r; defined
by

) ( 1 1—¢ )
ri=min|r, =1,
C3[|Z| L= (0,1
instead of r in the previous section, we have the result of Theorem 5.3 and in the same time the assumption
5.1 is checked.
To conclude, we can remark that the control c stated in Theorem 5.3 is exactely the one obtained by

the fixed point procedure in section 5.3.1. Indeed, the change of variables does not change the subdomain
w where the control acts. In other words, we have, with obvious notations, ¢;(c¢) = c.

5.4 Proof of Theorem 5.13.

Our goal is to prove an observability inequality for the system

yi—divaly,n) = a in QY
divy = 0 in Q%,
Yy = Z]{J2€2 on Z;ﬂ’o,
y = 0 on X, (5.43)
k/l = ko—0 in (0,7),
ky = —Aky—Iy7—c in (0,7),
(y(T)vkl(T)7k2(T)) = (07070)'

The observability inequality we want to prove comes from a Carleman estimate for the coupled system.
In the following, we first prove this Carleman estimate (see sections 5.4.1 to 5.4.4). Then, in section 5.4.5,
we derive the expected result from the previous estimates.

The proof of this Carleman estimate relies mainly on two papers. Indeed, numerous steps of the proof
can be found in [28] with details in [27]. On the other hand, the integral of the pressure term (see sections
5.4.2 and 5.4.3) is estimated via the method of Fernandez-Cara, Guerrero, Imanuvilov and Puel in [10]
itself using [15]. This step is different from the one in [28] where the authors consider a fictitious control
acting on the divergence term (see [28, section 10]). This is the main different between the proof in [28]
and ours.

Roughly speaking, the results of this section can be found in the literature cited above. Some obvious
parts — as integrations by parts — or some details are mentionned but not clearly proved, the interested
reader can adapt them from either [28] or [10].

Let ¢ be a C%(Qp) function satisfying
- ¢(x) >0, for all x € Q,
- |[Vo(x)| > 0 for all z € Qg \ wo,
- ¢(x)=Cforall z €T,
- On¢(x) <0 for all x € Ty,
- Ono(x) = —1, Ag(x) = 0 for all x € T'§.
We define for a large parameter \ > 1, the functions

A+l 8l o)
4 = £ >1
(z) = L ME@mdle) vy e O,
where K; > 0 is a constant such that K7 > 2||¢||oo. We set next @y (x,t) = % and p(x,t) = e (@)

where k is a constant number such that £ > 2. The number k will be fixed to 4 in section 5.4.3, following
[10, 28, 14].
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Let us define z(z,t) = p~*(z,t)y(z,t). System (5.43) written in the variables (z,, ki, k2) is

M1Z+M2z = fs in Q(j)“a
divz = —sVpy-z inQY,
z = p 5Zkses on Z;’O,
z = 0 on X,
z(0)=z(T) = 0 in Qo, (5.44)
K, = ko—0 in (0,7,
ky+ Aky = IIym—c in (0,7),
ki(0) =k (T) = 0
ka(0) = ko(T) = 0
with
Mz = 27/ —2suVp) - Vz and Moz = sphz —vAz — s°v|Vp, |z, 545
f, = pPa—p °Vr+ sv(Apy)z. (5.45)

Indeed, we have calculated

p~° (Bt — VA) p’z = —p V.
We first have

d(p°z) = p°(sOprz+12'),
O, (p°2) = p°(50s,052 + Op,2),
O, (p°2) = p°( 804, 00(80s, 002 + 02,2) + 80z,2,07% + 80z, 0202,2 + 8Iiziz>

= p*(82(00,00)%2 + 804,2, 022 + 250,070z, 7 + 8wi$iz).
Then,
P A(p°z) = 2 |Vpal|’z + sApaz + 25VzVpy + Az.

In the next section, we will only consider the Stokes system. We will set a Carleman inequality on this
system. Then, in the next sections, we will estimate some terms in the right-hand side of this inequality
thanks partly to the beam equation.

5.4.1 Carleman Estimate for the Stokes system.

After a change of time variable ¢t < T — t, we want to have a Carleman estimate on the Stokes part
of the previous system, namely on

—divo(y,7) = a in Q%,
divy = 0 in Q%,
y = ges onxy,
y = 0 on X,
y(0) = y° inQo.

Then, we have, with the notations of (5.45),
HMlZ”i?(Q(’T) + HMQZH%,‘A‘(QOT) + 2(Mz, Maz)12 Qo) = Hsz%ﬁ(QﬂT)- (5.46)
Thus, we have to estimate from below 2(M,z, MQZ)LZ(Q%). We rewrite this term as follows

2(M1z, MQZ)Lz(QOT) = Il + IQ + 13

where
I = 2/ (sphz — vAz — s*v|Vpy|*2z) - 2/,
I, = 451/2/ (VzVp,) -
Q
I; = 4SV/ (s*v|Vpal?z — sphz) - (VzVpy).
Q%
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5.4. Proof of Theorem 5.13.

After some calculations (see [27, 28]), we get

L = 2/ sphz -z = —S/ SD/A/|Z|27
Q% Q7
Ly, = —2v Az -7 = —2v Vzn - 7/,
QY =7
Ly = —2521// Vor|’z -2 = SQV/ Vi - Vi |z[*.
QY Qe

But Vzn-n = 2, on I'j and z = 0 on I'. Then, thanks to z1 , + 22,y = —sV ), - z, we get that

Vzn-n = 0 on I,
Vzn-n = -—-sXp~°g onlj§.

Thus,

n- [
Q

An integration by parts gives that

28/\1//25’05(p‘sg)'(p‘59) = —sw /zo &p gl

T
n- [
Q

In the same way, we have

(282VVQ0)\ -V — s@ﬁ() |z|? + 25)\1//
=7

E(9) (r%9).

0
T

Then,
(2821/V<m -Vl — 8%0&’) |2|* — sAV/ &p gl
=50

0
T

I, = 2512 /20 Onpx|Onz|* — 4s1/? /QO 8&(@8@ . ajz+25u2 Apy|Vz|?.
T T

Qy
and
I; = —2331/2/ \thA\2Agﬁ>\|z|2—4s31/2/ aﬁjmai%aj%|z\2+252u/ Vi - Vulz|?
Q% Q% Q%
+2s21// <pf\Ag0>\|z|2+2531/2/ (Onipr)?|2|* 72521// O\ Onpx|z|*.
Q7 by by

Remembering that z =0 on I' and z = ges on I'§, we get that
I; = —2331/2/ Vo> Apy|z|? —4331/2/ 8Zj@A8i¢A8j¢A|z\2 +252u/ Vi - Voalz|?
QY QY QY

+2521//0 @&A¢A|z|2+253y2/ O(anwk)3p72s\g|2—2521// Ogo')ﬂngm\p72s|g|2.
=5 =5

QT T T

Reordering the different terms, we get the following expression of the cross product.
2(M1z, MQZ)LQ(QUT) =J1+Jo+J3+ j4 + Js + 2Jg

where
Ji = 74531/2/ 81-27j<p>\8,;<p)\3jg0,\|z|2, Jo = 251/2/ Onox|Onz|?,
QF DEX

Jo=28 [ hdealaf =5 [ @ +asty [ Ve Tealal,
Q0 Q0 Q0
Jy = —sAu/ o> g)* + 2531/2/ (Ontpr)?p 2|g|* — 2s2u/ ©h\Onorp” >lgl?,
5,0 5,0 =20

Js = —451/2/ 81-27.7-<p,\8iz -0z, Jg= /
QY% Q
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Chapitre 5. Controlabilité a zéro d'un systeme couplé fluide - structure

Remark 5.19. We use the same notation as in [27]. We only put the symbol~ for Jy because this term is
slightly different than the term Jy in [27].

The next step is to obtain estimates on Ji,J5, J3 and Js.

1 3A(¢p+m||dloo) 3A(¢+ml 9]l )
S5 > 70183/\4/ SR — 033/\4/ SR —
2 9 % (0,T)

tSk (T _ t)Bk tSk (T _ t)Sk ’
Atmllsle)
> -
Jo > 25)\/25‘0 (T = 1) |Onz|”,
T
1 , Ly [ eRHmlela) AmE: )
Is 2 QHMQZHU( 0y = Cs"A /0 12K (T — )2k 2" — Cs )‘/Q t2k+1(T,t)2k+1|Z|

T
e3Me+m||d]l) 2>\(¢>+m\|¢\|oo)
3413 2 2412 —2s 2
s / S VORIl + Ot /E gl
T T

We now calculate an estimate from below of Jg like in [27, 28]. By integrations by parts, we get

sv?
= —/ A2@A|Z|2—S2y2/ (p/)\A@)\|Z|2+SV2 Apx(fs — M1z + sAprz) -z + S1 + 52
2 QO QO QO
T T T

2
: _ sv _
with S = 752u2/ P 25| g|*Onipx and So = 77/ _Oan(A%)p 25|g|%. Then,
P it

T

J Coxd eMé+m| 9]le0) 2 g2\ e MK 2 g\ 2M(o+mlllloo) )
> D _ -z
I /Q O /Q (e 4O /Q PR — e

T
1 1
—*/ |fs|2—*/ ‘M1Z|2+Sl+52.

Then, putting all the above estimates in (5.46), we get

e3Mo+mll]lo0)

IM12]32 o) + [ Mozl2 o ) + 5°A0 / g

212 e @tmlidllee)
oA /Eo WP 9| + 81+ So + Jy
T

ol 5,4 3/\(¢+m\|¢\|w)‘ 2
< [ s +s / T T }
L2(Q%) wox (o) 13F(T —t)3F

We have to calculate now the boundary terms. If we write J; = Ty 4+ 15 + Tg, with

 an g [ MMl
T, = 25 /5( nox)’2” = 25° A%y / 7)3,” g1,

s (T —t
s = —s/\l// &gl

Ts = —2s° / O\ Onprp 259/
=50
We get that |T5| < 2Ty, |Ts| < 3Ty, |S1] < §Ty and |Sz| < §7Ty for A and s large enough (s depending of
A). Then
e3M(¢+mll o)

2 2 314 2
T e A el

2,2 e2M(o+m|8]loo) a2 1 5\3 FONCER AP ot
e /z;"tz’“(T)%p ol + 38 /Es,owﬂ 9]

ol 334 3 e+m|¢]l) ) 2\2 e (¢+m| ¢]lo0) )
< - —2s% 7 '
> {H SHLQ(QE}) +s /wox(O,T) t?’k(T t)?’k ‘Z| +s /E;’Op tk(T—t)k ‘g| :|
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AMo+mllolle)
Then, s?\2 / p_23e |g|* can be absorbed in the left-hand side for s and A large enough

250 (T — )
T ot
t to — —p . t
anks to - s /2;'0 1 (T — 1) p °|g| amely we ge
e3Me+m|9]l) / e3M(dt+mlllloc)

2 2 344 2 3133 —2s 2
[1M12[12 o) + | M2zl oy + 5°A /Qo W\ﬂ +5°A oo OR(T — 1)k P 9]
T

§ c[||f 2 3A4/ SATmldle)
_— S 0 +s %Z :|
L2 (Q7) wox (0.T) 3k (T — t)3k

Let us introduce some notations,
¢« = min - ¢(z)

and then
PAt) = max, gooa(a,t) = th(T — t)k ’
A | KL _ A4 1) 9]l
r(t) = min g-pr(z,t) = th(T — ) ’
. . eMxtmlldlloo)
'(t) = min, g-¢{(z,t) = CR(T — )k
A A 1+m) ] oo
) = max,eqpt(et) = “rm— e

And obviously p*(t) = exp(p3(t)) and p(t) = exp(Ba(t)).

We act exactely like in [28] to improve the previous inequality adding terms depending on Vz, Az or
z' in its left-hand side, namely we have

8—1/ 5_1<|Z’|2+|Az|2)+/ |M1z\2+/ \M2z|2+/ P2 | V|2
QY Q% Q% Q%

5\ /QO sz|2+s3)\4/Qo 53\z|2+s3A3/ 0£3p_2S|Zk2|2
T T Z;

/Q &f’le] -

We need to improve the previous estimate by adding terms of the beam equation in the left-hand
side. Thanks to the following estimate

T T T
/O e (ko R + |AY 2Ry [fn) < © {/O P2 Myl +/0 pr (A 2Rl + lew)},

< C

p72s‘vﬂ|2+53>\4/

3., le(O,T)

we can sum up all the previous results in the following theorem

Theorem 5.20. For A large enough, there is so(A\) > 0 such that for all s > so(N\) and for all the solutions
(z,k1,k2) of (5.44), we have

S—l/ 5_1(|Z/|2+‘AZ|2)+/ |M1Z|2+/ |M2Z|2—|—/ p_23|V7r|2
Q% Q% Q% Q%

T
woxt [ equaP e snt [ el e stn [ ozl v [ e (g + 147 )
Q4 Q% =5 0
T T 9
< o|f pEwatesat [ @l [ A R+ i) + [ e e
QY% w1 x(0,T) 0 0

(5.47)
where wg CC w1 CC Q.

We have to estimate from above the terms of the right-hand side depending of the pressure = and of
the displacement of the beam k;.
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5.4.2 First treatment of the pressure term integral.

We need to get rid of the term [ p~2%|Vr|? in the righ-hand side of the previous inequality. Here,
T
we follow the idea of [15, 10]. We cannot follow the idea of [28] (that is using a fictitious second control on
the divergence term) because we cannot obtain enough time regularity for the fictitious control (because
of the the right-hand sides) to lift these condition at the end of the proof (see section 10. in [28] for
details).

First of all, we have for wy such that wy CC ws CC w the following inequality:

T
81/2/0 (p*)—QS(f*)l/QH7r||§{1/2(90)+82A2/

w2 X (O,T)

/ p—QS‘Vﬂ_|2 < C
0

Qr

p‘2562|7r2] :

Second, to estimate the trace of the pressure w, we need to consider the system in the unknowns
(y*, 7, kI, k3) = (0%y, 0%, 0%y, 0% ky) where 0% = s1/4(p*) ™ (&%) 4

—y* —divo(y*, ) = 0"y+0%a in QY,
divy* = 0 in QY,
y- =0 on X,
y* = Zkie, on 25,
k' = ki+60"k —0%b in (0,7,
k3'+ Ak = —IInm*+60"ke —60*c in (0,7T),

(1), k1(T), k5(T)) = (0,0,0).

Then, we have
720,711 (Q0)) < C(He*ly”Lz(QOT) + 10" alL2qu) + ||k§||H3/4(o,T;RN))~

But, we can estimate the H>/%(0, T; R )-norm thanks to an interpolation inequality (see [17]). Indeed,
we have easily

Y0, T RY) = [H) (0T RY), L0, 3RV

and then, the estimate:

1/4 3/4
I Was a0,y < Ol i tozmm - oz

Finally, we just have to estimate the H'(0,7;R"™)-norm of k. If 7* belongs to LQ(Z;’O) and 6%’ AY/ 2k,
0*'ky belong to L2(0,T;RY), then (kf, k3) belongs to H'(0,T;RY) x H'(0,T;RY) with the estimate:

(k1 k) s < C(He*/kl 20, m) +167 kall 20,7y +1|67 A 20| L2 0 iy +1107€] L2 0. 1y + | 77 HLZ(E;’O))

Then, k3 belongs to H(0,T;RY) and

* w11/4 * 3/4 * 3/4
I3l arsrso iy < CIRS N ato maam) (167 ARt to gy + 167 R |75
3/4

i g0, + 167 A2l 20 rimy + 167l 220 mi0) )-

L2(23°

For € > 0, we use a Young inequality to get

* 1 * * *
7| 20,111 (20)) < C(g||k2||L2(o,T;RN) + |6 /A1/2k1||L2(0,T;RN) +¢l|6 /k2||L2(0,T;RN)
+5H7T*HL2(Z;”) + ||9*IYHL2(Q%) + [0%allL2(qu) + Ha*Al/szL?(O,T;]RN) + H9*C||L2(O,T;RN))‘

Finally, we have

17 20,701 (0)) < C(Ho*k2”L2(O,T;RN) + 5||9*/A1/2k1||L2(0,T;RN) + 5||9*/k2||L2(0,T;RN)

+0*allLz gy + 10 AY2b|| L2 (0, 7:m) + ||9*CHL2(0,T;RN)>~
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5.4. Proof of Theorem 5.13.

Remember that 0*(t) = (£*)/4e=5?x (), We have
|0*/(t)| < CST(S*(t))3/2e_SSDf\(t) and |9*/(t)‘2 < CS2T2(§* (t))3e—2s<p§(t)

We finally get

T
51/2/0\ (p*)—?S(é-*)l/Q||7T||i11/2(90) S C

T
O [l s [ )kl
Q% 0
T *
+S5/2€/0 (f*(t))3€_2sgp>‘(t)(|k2(t)|]%gN+|A1/2k‘1(t)|]§1\7)dt

T *
st [ <f*<t>>1/2e2sw<t>||<a<t>,b(t)m(t»|%fdt] .

0
T
The term s°/2 €3|z|? and the two terms s°/2 / €% p* %% |ky|2~ in the righ-hand side can be absorbed
Q3 0
respectively by s3\% /
Q

inequality:

A@tmlol) L @Aemlele)
z|* and s°A / %% Zko|”. We get the following

o TR(T — )3 o0 R(T — 1) P

3_1/ 5_1(|Z'|2+|Az|2) +/ |M1z\2+/ \Mgz|2+s)\2/ £|Vz|?
QY. QY. QY QY%

+s7At /Q & N /Z e A
T T

T

C

IN

T
SX [ e [0 RO ()
(O,T)le 0

T
w8 [ e s [ e O 0,00, )
) Xw2

We need now to estimate the integrals s>\? /

T
©.1) p~>°¢?|x|* and /0 (€7 ()% PAM AV 2k () 2
5 Xwa

The pressure 7 is determined up to an additive constant, we fix it by adding the following condition
/ 7(z,t)dz =0 for a.e. t € (0,7),
w2
then we can apply the Poincaré-Wirtinger inequality

/ 52)\2€2>\ne—25<p>\|ﬂ_|2 <C S2A2£Qe—25¢3\|vﬂ_‘2
(0,T)xXw (0,T)xwy

to obtain for A and s large enough

/ (52/\262)\n|ﬂ'|2 + |V7T|2)ef2s‘“ < C’/ 52)\2526725“’A*|V7r\2.
(O,T)le (O,T)le

We use the fact that Vr =y’ + vAy + a to finally get

ARy Bx + [kol3n)

T
I(s,A€) < C<83A4/ §3|z|2+55/2/ (£5)3e 2595 (
ng(O,T) 0
g A ~
+ [ AN @ [ g alt v |y'|2>>
s 1) Xw2
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where I(s, A;€) is the left-hand side of inequality (5.47), namely

6.0 = 57 [ (P inaP)+ [ anaP e [ MaaP s [ vap
QY% QY% QY QY.

T
+s)\2/0 ¢|Vzl® +53A4/0 &zl —1—53)\3/ LT Zko? +/ p;28(\kg|§N + |A1/2k1|ﬂ2w).
@ Q =g 0

5.4.3 Estimates of the local integrals of Ay and y’.

The next steps are to estimate the two local integrals in the right-hand side of the previous inequality.
From now on, we fix k = 4 as in [10, 28, 14]. As usual, we act as in [10, 14], we note 0(t) = sAfe™ 9.
Then we have

[ pwrayPs [ @Ry [ ORGP P
(0,T)Xw2 (0,T)xws

(0,T) xws3

for ws such that wy CC w3 CC w.
The second local integral estimate is more complicated to obtain. We have to fix another time
dependent function 6 defined by

0(t) = (s£*)%e ™, where a is a parameter.

Then, we want to find an estimate on [ 7 10(t)|2|y’|2. Thus, we look for an estimate on (z,v, 11, l3) =
O(y, m, k1, k2), solution of the following system

-z —divo(z,) = fa—10y in QY
divz = 0 in Qg«,
z = 0 on X,
z = Zlye on E?O,
lll = lg —6b + 9’k1 in (0, /I’)7
12/ + Aly, = —-IIyy—6c+ 0'ky in (0, T),

(2(T), 14 (T),15(T)) = (0,0,0).

We split the system into two parts, looking for z = z* + z? where (2!, 11,13) and (z2,v?,12,13) are
respectively solutions of

—z" —div o(z',9t) = fa in QY
divz! = 0 in QY,
z8 = 0 on X,
z' = ZI} on B5°,
o= 11— in (0,7),
W+ Al = —Tyg'—6c i (0,7),
(Zl(T)ali(T)vl%(T)) = (0’030)'
and
—z2 —divo(z®,¢?) = -0y in QY,
divz? = 0 in Q%,
z2 = 0 on X,
72> = ZI3 on 350,
2= 240k in (0,7),
2+ Al = Ty +0'ky  in (0,7),
(ZQ(T)J%(T)J%(T)) = (0,0,0).

Thanks to Theorem 5.8 for instance, we have the uniqueness of the system and thus
Oy =z' + 22, 0 =o'+ 9% Ok =11 +1? and Oky =13 + 12,
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and in the same time that

T 1/2
2! 121 o) + I 1m0,y + Nl o, rmny < C (/O |9|2||(f,97h)||§/> :

The same work as in [14, page 423 and next] gives us, with a = 12 and for s, A large enough

2

N

/

C / A289/2 * 9/26—254,0; y2—|—/\5 Gy 2 ¥
L2 (w2 x (0.T)) ( (0.7 s (&) vl | HL2( 2%(0,T))
T T
+>\5/ |9\2||(a,b70)||%/+/ AT (E) R (v ke k) I
0 0
T
+/ A_ls_lé_le_%@(Y’,kLké)H%)
0

Combining all the previous estimates, we get that

(a,b,0)[I%

I(S,)\;f) < C (/ /\5(55*)15/26725@1‘}’? +/ )\5(55*)15/2672390;‘
(0,T) x w2

(O,T) Xwa2

T
+ / AL6Y2(67)3/2672993 |y, By, ko) 3+ / R N WA

T
+s5/2/ (5*)3e—2%(\A1/2k1\§N +k2|§w)>
0

(5.48)
The terms in the second line and the one depending on ks in the last line of the right-hand side of
(5.48) can be absorbed in the left-hand side because of the factor A~! and estimates on the derivatives
of (y, k1, k2) in Theorem 5.8.
Remember that y = e*#*z, we can rewrite inequality I(s, A, £) in terms of y thanks to

Vy = e VZ—I—SZV@,\)
Ay = e Az—|—23V<p,\VZ—|—(52\V¢A|2+5A<p>\)z>
as follow
6.0 = 57 [ et (P e avP) 4 [ vaR e [ eo vy
Q% Q% Q5

+s32\4 /
Q

Finaly, we can sum up all the previous results in the following proposition:

T
ooyl 4N [ izl + [ (gl + 14" ).
T

(5.49)

0
T

Proposition 5.21. For A large enough, there is so(X) > 0 such that for all s > so(A\) and for all the
solutions (z, k1, ks) of (5.44), we have

T
v+ / X5 (s€7)15/2 2993 |, b, ) |3

Isxg) £ Cf [ ey
(0,T) xwa

T (5.50)
+S5/2/ (6*)36—23¢§ A1/2k1|ﬂ2§z\r>
0

where I(s,\, &) has been redefined in (5.49).
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5.4.4 Treatment of the integral of £;.

The last step is to put the term s°/2 fOT(f*)3e_2s*"§ AY2k)2 in the left-hand side of the previous
inequality. For that, we follow the proof in [28, section 7]. Here we strongly use the finite dimensional
beam equation. First, we set

a(t) = (€°(1)2e740,

Thus,
k

__—spx(t * 3/2
d'(t) = e AW ex (1) LT — )Rt

D(t)

with
3 3 ,
D(t) = —se*m=+minlloo) (g7 4 2kt) — 5k;tk(:r — )+t 4 5k;zs’f“(T —t)k

The roots of d’ are exactely the roots of the polynomial D. We will note them T, ..., T, with
0=To<Th <...<T, <Thy1 =T.

Then, d is monotone on the intervals (T3, T;41) for i = 0,...,n. We introduce the space £ of the solution
of (5.44) obtained by varying the right-hand sides (fs, b, ¢). Then, we introduce a subspace of £ denoted
Einy and defined by

gznf = {(Z,i/},kl,kQ) €€ 3 kl(Tz) =0 fori= 1,...,77,}.

This space &, ¢ is of infinite dimension with a codimension less than N x n where N represents the
finite dimension of the beam displacement in (5.3) and n is defined just above. We will treat the case
dim &, = Nn, the proof for the others cases is quite the same. Under this statement, for any 7 =0, ..., n,

there exists N quadruplets (z7, ¢, kb7 kL7) (for j=1,...,N) in € such that

ki;](n) = (6]'7[)[:1,... N-

)

Let & be the space
& =span {ki7 1<i<n 1<j<N|

and &, be the subspace of £ spanned by (z7, 97, ki’j, k;’j)lgign,lgjgjv. Thus
&= ginf @gfin-

Then, we define IT : £ — & by

n

N
(2,9, ki ko) = ) (kl(Tz‘) (05,0)1=1,n (2, 7 R ké’j))

i=1 j=1
Then, we have the following lemma

Lemma 5.22. If (z,¢, k1, k2) is in Einy, then
T T .
/ d(EP|AY2E 2 < C ( / (€ (1) 2P0 ([kyf2n + blfw))-
0 0

Proof. The proof can be found in [28]. We have adapted it with |[AY2k}|2y < C(|k2|2x + [b]2x). O

We can have the following estimate seeing that k1 = ki — II(z, 9, k1, ko) + (2,4, k1, ko) and that
kl - H(Zad}a klakQ) S E’L’nf :
I(s,X€) < C(K(s, X 8) + J(s,X:€))
with

T
K(s,/\;§)=/ AS(85*)15/26_2%|y|2Jr/ A3 (s€") P22 |(a, 0, 0) 5
0

(0,T) xwa
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5.4. Proof of Theorem 5.13.

and

T
J(s,2:6) = 577 / (€ (1) 230 (112, v, by, K)o + [T1(z, 5, Ky, ko) B ).
0

Finally, thanks to a compactness argument like in [28, section 7], we have the last Carleman estimate :

T
I(s, ) < C (/ N (s€7) 10/ 2e 243 |y +/ N (s€7)19/%e 7243 | (a, b, C)|%1>
(0,T) xwa

0

because the terms in |kz|? in the right-hand side can be absorbed by the one in I(s, \; €) for A and s large
enough.

5.4.5 From the Carleman estimate to the observability inequality.
We introduce here a piecewise continuous function ! defined in [0, T] by
() = T?/4 if te€[0,T/2],
| HT—t) i te[T/2,T).

er(@(@)+mlldlloo)

which gives us two new weight functions d(z,t) = &) and oz, t) = 0

()

We use here the energy estimates for the system

Yt — div O-(ya 7T) = a in Q%7
divy = 0 in Q%,
y = Zk2e2 on Z;«’O,
y = 0 on X,
K, = ka—b in (0,7),
kb +Ak; = —Iym—c in (0,7),
(y(T)vkl(T)ka(T)) - <0a070)'
The energy equality is
1d

=5 31 ¥ + Ikald + 14212 ) + V952 0y
= (a,¥)r2(0y) + (b2, b)rn + (A 2k, AV 2b)gn.

Then, integrating from ¢ to T' (with ¢ in (0,7)) and taking the supremum, we get the classic energy
estimate

Y1170 0,722 00)) + HAl/ZkIH%oo(o,T;RN) + k2l oe 0 rmvy + V||VY||22(Q0T)
(5.51)
< C(lalaqp) + 1472020 1y + lel3aormm) )-

That is, using the notation of the space V defined in (5.24), we have
1B, k) e o700y + V195 gy < O (b0 oz )
We introduce a weight function 6 in C*([0,T]; R) satisfying
0=1in[0,7/2], 6=0in[3T/4,T] and|0'| <1/T.
Let us now consider the system satisfied by (0y, 0, k1, ko) = (y*, 7", k1, k2):

—y; —dive(y*,7*) = 6a—0y in QY,
divy* = 0 in Q%,

y* = 0Zkses on E;’O,
y- =0 on X,

Ok, = Oky—0b in (0,7),

0kl + 0Ak; = —IIy7* —6c in (0,7),

(1), k1 (T), k2(T)) = (0,0,0).
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By some integrations by parts, we get the energy identity of the previous system:

Jfv0)

< 01 @0) sy 7l (02)|

Then, by the first energy estimate (5.51), we can estimate the last term on the right-hand side of (5.52)
as above and get the classic estimate
L2(0,3T/4;V)

i)
(5.53)

Because the weigths 6 and o are constant in time on [0,7/2] and the weights in s and A are bigger in the
right-hand side than in the left-hand side, this gives in particular,

H( ), k1(0), ka (0 H Jr53/\4/ / 258 3|y\2
T/2
+5)\2/ / 2550_‘vy|2+53>\3/ 7255 3‘]€ |RN (554)
Qo 0

T/2
| oy o, C)”"]
0

2
2
£2(0,7/2;V) H (y, ki kQ) HLoo(o T/2:V) FVIVYILe /220

(5.52)

2
LZ(T/2,3T/4;V):| '

2 2

2
L2(0,T/2;V) H(y’kl’k2>HL (0,T/2;V) VHVY||L2(O’T/2;L2(Q°)) SOH(a’b’c)‘

< C

On the other hand, the Carleman estimate (5.50) in Proposition 5.21 gives, because 6 = ) and { = o
for t in [T'/2,T], the same result:

T T T
S)\Q/ / O_lvy|26—256 + 83)\4/ / 0_3|y|2e—285 + 83)\3/ / 0,36—255|k2‘]§N
T/2JQ0 T/2 JQo T/2 JT}

T T
C (/ / )\5(80*)15/267256*|y‘2 +/ )\5(80*)15/267255 (a,b, C)H%’
T/2 Jws T/2

Finally, adding inequalies (5.54) and (5.55), we get the expected observability inequality

[ (0.0 k@) [+ 50 [ 0007 Iy @) + s

0

T T
< c( | (s @)%/ O a0 | + [ A5<sa*<t>>15/2e-286*“>||y||iz<w>>~
0 0

(5.55)
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Chapitre 6

Stabilisation d'un systeme couplé fluide - structure.

6.1 Introduction.

In this chapter, we consider a fluid flow in a two dimensional periodic channel. The boundary of the
channel is split into two parts (the upper and the lower part, see Figure 6.1). Each part is a mobile
structure which is modeled by a beam. Our goal is to prove the stabilization (for any decay rate) of this
system with two controls acting on the upper part of the boundary (see section 6.3 for details).

The boundary conditions at the interface between the fluid and the beams are the one studied in [13].
This conditions allow us to prove the approximate controllability of the linearized system around the zero
stationary solution using the explicit expression of the eigenfunctions of the problem (see sections 6.5.1
and 6.5.2). Then, by classic results of controllability, the stabilizability of this system follows. We are
able to prove the stabilization for the nonlinear system thanks to a fixed point method.

Let us denote Q¢ = R/27 x (—1, 1) the reference domain. In the following, we set « for + and I'§ the
two parts of the boundary of Q, that is Tg = R/27 x {+1} and I'; = R/27 x {—1}. We now introduce
two periodic (in the z-variable) functions n* from (0,+00) x (0,27) into a priori R. These functions
model the displacement (with respect to the reference state I'fj) of the boundary of the domain of the
fluid denoted, at time t, €, (with n = (n*,17)) . Thus, the boundaries L) are defined by

Dhety = {(a:,y) eER/2n xRst. y=rl+ n”(t,x)}
and the domain €2, ;) by
Q) = {(Jc,y) ER/2r xRst. —1+n (t,z)<y<1 +n+(t,x)}.
The displacements ™ and 1~ have to satisfy the assumption

There exists dg > 0 such that for all t > 0 and z € (0, 27) 2+nt(t,z) —n (t,r) >y > 0. (6.1)

Under assumption (6.1), the domain €2, is connected at every time ¢. We denote for a time 0 < T' < +00
the different cylindrical domains

QF=(0,T)xQ, IF°=0,T)xT§ Qb= |J {3 xw, 5" = (J {8} xTh.

te(0,T) te(0,T)
The system is
u; —divo(u,p)+(u-Vi)u = 0 in Q1
divu = 0 in QL
u-n" = kny on X"
" 6.2
o(u,p)n”-t* = 0 on X1, (6.2)
773 + 0”7517:7 - ﬂnfq" - ’Ynfzmr = 7%0-(111,01’))121”0 -n” on Zgéoa
(U(O)aﬂ(o)aﬁt(o)) = (u R/ )
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1 r Fa_ 1

1 Qo 1

Y4 1

L J
z 1"6 2T

Figure 6.1: The domains g (left) and €2, (right).

In these equations, o(u,p) is the Cauchy stress tensor of the fluid given by o(u,p) = vS(u) — pIy =
v (Vu + (Vu)tr) — ply with Iy the 2 x 2 identity matrix. The vectors n” and t" are respectively the
outward normal and tangent vectors of the boundary Ffﬁ( " they are given, for any time ¢, by

n(t) = M( ‘”f“)) £(t) = 1+(1n(t))<771(t)>

The vector n* is obtained from n* by n* = x( — nfe; +ez2) = /1 + (n%)?n".

6.2 Functional setting.

As we consider the periodic setting, we will strongly use the Fourier decomposition in the periodic
variable. Namely, we write Li(QO;R) the space of all functions f in L2 (R x (—1,1);R) which are

loc

2m-periodic in the z-variable. Such a function f can be easily characterized by

1
flz,y) = Z]"k(y)eilm7 for all (z,y) € Qo, fr=f-k fo€R and Z/l | fi(y)Pdy < +o0.

keZ keZ” —

The space L% (Q0; R) is endowed with the classic L*-norm:

1
”fH%i(QO;]R) = Z ka||2L2(—1,1;<C) = Z/l \fk(y)lzdy.

keZ keZ” —

We denote Li (Q;R) = [LiyE (20;R)]?. In the same way as above, a vector u in Li(ﬂo; R) is characterized
by
u(e,y) = 3 ue(p)e®, for all (r,9) € Q, wp = (ub,ud), wp=TF, upe R
keZ

and ||u||ii(Qo;R) = Z ||uk‘|i2(—1,1;<C) < too.
kEZ

We can define Sobolev spaces for more regular functions in the Fourier setting as follows:

Hy(Q;R) = {fZkaeik' fx="F-% fo€R

kEZ

|%2(—1,1;<C)> < +OO} .

For any f in H;& (Q0;R), we defined the norm on the Sobolev space H%E (Q0;R) by

and | follf -nmy + D0 (RISl o) + 1o
keZ

1/2

1f e, (0sm) = LfollFr (—11%) + Z (kQHfIcHQLz’(le;C) + ”fhy”%"’(le;C))
keZ\{0}
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6.2. Functional setting.

More generally, we have for any n € N'\ {0} the space HJ,({2;R) as follows

HE(Qp;R) =< f= kaeik- st || follFn(—11m) + Z ||fk\|%{;1k(7171;<0) < +oo

keZ kezZ\{0}
n 2 1/2
_ n 2(n—p)
||fk\\H;k(—1,1;<C) = (Z( » >k P ) ) .
p=0 L2(—1,1;C)
)

for ¢ > 0 by interpolation and for ¢ < 0 by duality. In the

where
P fi
oyP

Then, we can define the space H (Qo; R
same way, we denote the spaces HY (Q0; R) = [HE(Q0; R)]*.
The space of function for the Stokes system is

V%(QO; ={u=(v',u )6L2 (Q0; R) s.t. divu:ui—kuz:OinQo}.

This Hilbert space is endowed with the classic norm in Li(QO;R). Note that the vector functions in
V5 (Q0;R) can be characterized by

VO#(QO;R) = {u = (ut,u?) € Li(QO;R) ie. w = Zuieik' s.t. ufe = E, ué eR forj=1,2
keZ

s.t. divgug = ikup + Ui,y =01in Qg for all k£ € Z} .

Thus for any k € Z, the vector u; belongs to L?(1,1;C) = [L?(—1,1;C)]? and satisfies divyur = 0
n (—1,1), which is exactly the divergence in the Fourier setting (because the derivation by the first
component becomes in the Fourier setting the multiplication by ¢k). We define the space

Vgﬁ)k(—l, ;C) = {z;c = (zi,z,%) € L2(—1, 1;C) s.t. divgzg(y) =0  for ae. y € (—1, 1)}
and in the same way,
Vya(-L1LC) = {z;~C = (z},2%) € L*(=1,1;C) s.t. divgzg(y) =0 for a.e. y € (—1,1)
and 27 = 0 for y = Iil},
V;’kyo(—l, 1;C) = {zk = (2},27) € H'(~1,1;C) s.t. divgzr(y) =0 for a.e. y € (—1,1)
and z; =0 for y = nl}.
We define for a function fj in H#k(—l, 1;C), the gradient Vy fr by
ik f
Vif = .
o ( iy )
In the same way, we define the Laplace operator for functions zj, in Vi,k( 1,1;,C)n V;é ko(—1,1;C) b

1 2.1
Apzp = Zgyy o kgzg )
Zj; g — K2

Due to the incompressible condition in the Stokes system and an integration by parts, we have the
following identity for (u,p,n) the solution of (6.2) at any time ¢:

/Qnm div u(t) = /897,“) Z/ Z/ Z/ R

77"‘(?‘)
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Thus, we take the displacement functions " in the space of the periodic functions in the z-variable with
zero mean value on I'ff (as for the second component of the velocity u), that is " belongs to Li’O(Fg; R)
characterized in the Fourier setting by

LG o(T6R) = q pf = ppe™  with  pf =p=. and  pf=0 st > |pff> <400
kEZ keZ\{0}

We can define more regular Sobolev spaces for the displacement function. For instance, we will endow
the space HZ (T'§; R) with the norm induced by the beam operator A, g defined from D(Aq,5) = Hy (TF)
into L2, o(T§;R) by Aa i = apli,,, — Bk, for all u* € D(Aq 5)(see [23] for details). That is

HL(T§R) = pt = Z pie™ with puf = p®, and pf§ =0 s.t. Z (ak* + BE?) | |? < +o0
kez\{0} kez\{0}

To keep in mind that the family (1)rez\ {0} can be taken such that " = EkeZ\{O} pre* belongs to
a Sobolev space Hg (I'f; R), we introduce on C some «Sobolev spaces» corresponding for any k € Z\ {0}
to Hg,(I'g;R). Let us denote Hg ; (C) the space C endowed with the (equivalent) scalar product

</’LZ7VI’<:£>H;k(C) = (Oék4 + ﬁkQ)U/Q <MII:7V]}:> for any M']:7VI’: € H;f:,k(c)

Thus, for any p*, v* in Hg(I's; R), the classic scalar product (u”, VN)H;(I—\S»;]R) becomes

(1", VH)H;(FQ;R) = Z (g V?)H; L(©) = Z (Oék4 + 5k2)a/2 (i, VE) -
kez | kezZ\{0}

where p" = Zkez\{o} ,ugeik', v = ZkeZ\{O} V,’:eik' are the Fourier series of p, v*. By abuse, we denote
L% (C) = HY ,(C) the set C endowed with the classic scalar product (u,v) = uw for all v in C.

For simplicity, we denote n € H%(I'o; R) instead of (nt,n~) € H%(Fg;R) x HZ(I'y;R) where n =
(nt,n7)and Ty =T x Ty .

The pressure term p in the first Navier-Stokes equation or in the beam equations is defined up to an
additive constant. Thus, to get the uniqueness of the triplet (u, p,n) solution of (6.4), we define the space
for the pressure

HE(Qo; R) = {q € HL(Q; R) s.t. / q= o} ,
Qo

We introduce the space time Sobolev spaces for the velocity, for 0 < T < oo,

H(Q7) = L*(0,T3H%(Q)) N H(0,T; L% (Q)),
VL (@Qr) = L*0,T3VE(Q0)) N H(0,T; Vy(Q))

and the equivalent in the cylinder Q/.:

By (@) = L J {0 xHE () | nH™ | U 8 xLL () |
te(0,T) te(0,T)

vir@p) = L U 8 x Vi) | nH [ U {8 x Vi (Q0)
te(0,T) te(0,T)

Here, we use the following definition.
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6.3. Main result.

Definition 6.1. We say that the function u belongs to HT (Ute(O,T){t} x HY (Qn(t))) (respectively to

HT (Ute(O,T){t} X V;& (Qn(t)))) if
- for almost every t in (0,T), the function u(t,-) belongs to Hg () (resp. to V(Qo)),
- the function t — ||u(t)HH0#(QO) (resp. t — ||u(t)||V;(QO)) belongs to H™(0,T).

We set the spaces for the displacement n = (n*,n™), for 0 < T' < 0o, as follows:

HE"(5) = L2(0,T; HE(To)) N HO (0, T; 13, (T'))
= Hy' (Zp7) x Hy ' (E47).

Using the Fourier decomposition, we introduce, in the same way, the space time Sobolev spaces for
the Fourier coefficient of (u,p,n) (in the fixed domain @%.). That is, for u =}, ., uie’", we introduce
the spaces for uy, corresponding with H " (Q%) and V3" (Q%):

HY,((0,7) x (

—1 )
VZL(0,T) x (-1 .

71)7(:) = L2(07T5H;,k(71717(c))UHT(07T7L2#,I¢(71717C))
;€)= L*(0,T;V% . (~1,1;C)) UHT(0,T; Vi 1 (—1,1;C))

The same idea for the displacements give the space time function spaces (for k # 0), for 0 < T < oo,
HZ.((0,T) x C?) = L*(0,T; HE, ,.(C*)) N H (0, T; L 1 (To))-

Finally, the coefficients py, of the pressure term p will belong to L?(0,T; H;;’k(—l7 1;C)) for k # 0 and pg
will be zero (see the space HZ({0)).

6.3 Main result.

A simple stationary solution of system (6.2) is given by (u,p,n) = (0,0,0,0). The aim of this paper
is to prove the stabilization localy around (0,0, 0,0) with any decay rate w > 0 with two controls fgr and
fT acting on each boundary equation of the upper part. The first control acts as a discontinuity of the
tangential component of the normal Cauchy tensor stress (see equation (6.4); below). The second control,
namely ¥, acts as a force in the right-hand side of the upper beam equation on the whole boundary (see

(6.4),).

More precisely, we prove the following result.

Theorem 6.2. For any decay rate w > 0, there exists a constant ro > 0 and a increasing function R from
R into itself such that if v belongs to (0,79) and (u°,n"0,n*°) is in Vi (Q.0) x HL(To) x Hi(To)
satisfying the compatibility condition (note that u® = (u%*,u%?))

0T = PO onTh —ip T = 0T on T
(6.3)
and
||(u0,771707"72’0)||V;(Qn1,o)xHi(Fg)XH#(Fo) < R(r),
then system (6.4)
u —diwo(u,p)+(u-Viu = 0 in Q7,
divu = 0 in QL,
wB = o on BE
u-n- = - on Z;;”;,
S(un*-t* = ff on L1, (6.4)
S(un™ -t~ = 0 on X",
T]:; + O‘n;xww - 577;; - 7"7:;:96 = _G(u7p)n+ ' Il+ + f+ on Ei&g’
nt_t + an;rrx - ﬁn;r - Vnt_mx = o’(u’p)n7 'n on 2;; )

(u(0),7(0),m(0)) = (u’,n"% 5>
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with the feedback laws

i =Bl [(wosy "), and pt=— ST I [(Pufuoy, meme)]

|| < Mo k0
admits a unique solution (u,p,n) such that
. 1 . -1 . .
Hew uo g, HHil(ng) + Hew pod, HL2(0,+00;H;#(QU)) [ 77||H;2(Ei;,°) + e 77t||H§gl(EiéU) =7

where ¢y, ;) is defined in the next section as the change of variables from €, into §o.

Moreover, the feedback laws 1y, (for k in Z such that |k| < M, and k # 0) and 11y are obtained as
unique solutions of finite dimensional algebraic Riccati equations (see sections 6.5.3 and 6.6.2, especially
equations (6.45) and (6.54)).

Remark 6.3. The term (uo (;5;1)(1) above means the coefficient of mean value (coefficient number zero)

in the Fourier series of the first component of vector (u o ¢;1). The operator Py is the Leray projector
from L?(—1,1;C) onto Vo#yk,n(—l, 1;C).

These kind of systems can model blood flows in large vessels (see [21] and references therein). The
periodic boundary condition has obviously no physical meaning but leads to interesting mathematic
challenges.

The feedback stabilization of the linearized Navier-Stokes equations around a Poiseuille profile in a
channel has been studied by different authors, see for instance [2, 3, 29]. In [23], the author proves the
feedback stabilization of a coupled system (dealing with the Navier-Stokes equations and a beam equation)
for small initial data. The system in [23] is slightly different from the one in this paper. Indeed, the
boundary conditions at the interface with the beam are different. In [23], the author considers the
boundary condition introduced in [21], namely u = n;e2, whereas the boundary conditions in (6.2) are
the ones studied in [13].

With this choice of boundary condition and a Fourier decomposition in the periodic variable, the
problem of unique continuation for any Fourier modus crucially relies on the explicit formula of the
eigenfunctions obtained by solving a linear ordinary differential equation with constant (but depending
on the eigenvalue) coefficients (see section 6.5.1 and in particular Proposition 6.8 for details).

This result may be interesting due to the finite dimensional characterization of the controls either
for the number of the Fourier coefficients for f+ or for the finite dimensional algebraic Riccati equations
giving the different feedback laws. Both have an interest in numerical simulation of the problem.

The idea to prove this type of result is first to write an equivalent system in a fixed domain thanks to
a change of variables. Then, we consider the linearized system around the solution (0,0, 0,0). For this
linear system, we prove the stabilization with standard argument. Finally, we use a fixed point method
to conclude.

6.4 Change of variables.

Thanks to the specific form of the domain €2,,(;), we can construct a change of variables only depending
on 7(t) = (n™(¢),n™(t)) as follows:

oy Sy — Qo
(ry) — <x7z>=(x,

2y — (n*(t,x) + 77‘(@@“)))
24 nt(t,x) —n—(t,x) '

Then, setting f(z, z) = f(z,y), we have the formula:

y—m(t,m)>

fla,2) = fla, 1 +d(t,2)z +m(t,z),  flz,y)=F (x’ 1+d(t,z)
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6.4. Change of variables.

with N N
t —(t t,x) — t
7ML@:n(,w;n(,@ and ﬂt@:n( @QW( x)
The formula of the different derivatives are
_ 7 my + zds ; _ my + 2dy _ fz _ fzz
ft—ft 1+d fza fac—f;ﬂ ].-I—d fza fy_].-i—d, fyy—(1+d)27
s 2(my + 2dy) » my + zd, (Mag + 2dye) (1 +d) — dp(my + 2d;) 5
Thus,
w = @, o metzde
t - t 1 ¥ d ¥2)
Au = f, - 2(myg + zdw)ﬁm (Mg + 2d,)? + 1ﬁzz 3 (Myg + 2dez)(1+d) — dp(my + zdw)ﬁz’
1+d (1+4d)? (1+d)?
(A Mt 2dy a,
(u-Viju = ul(uw 5 d >+u21+d
My + 2d, . D
\Y% = A"c - L ;7 Pz P
p <p‘ 1+d p>91+1+d2
Then, putting all these terms together, mutiplying by 1 + d, we get
ﬁt_I/Aﬁ—’—@ﬁ = F[ﬁ7ﬁ7n] in ng>
diva = g[a,n in QY
ﬁ2 = 77? +Jﬂ[ﬁ7 77] on 2&07
ﬁ17y+ﬂ27z = ZK[A ]-‘rfJXF-# on EKO
Mt + Miowe — Bl — Ve = KD — %wd+Hmﬂ+fxw w2$7
(ﬁ(0)77](0)a77t(0)) = (A 7771 03772 0)
where
. . dy(mg + 2dy) \ . "
F[U-7P7 77] = _dut + ((mt + Zdt) - V(mza: + dez) + VW) u, + VUgy
T dr 2 - d
(i + 2dy) e + 0T EE) 2 D, — et
+(ma: + Zdz)ﬁlﬁz - (dﬁaz - (ma: + Zdz)ﬁz)eb
gla,n] = —diq gz + (my + 2dy) 0 2, gla, n] = —daier + (my + zd;)0y €2,
J"a,n] = nyia, ) )
"la,n] = 2%(1 + d)in . 2( 5)2n. — (dlig o + 15t ) (1 = (7)) — 20582 - + () (G2 + G2,0),
He[a,n] = ( 200 — iting) + gy 4 2 g
>, N - 1+77w 1,z 77z2,z 1+d 1+d2z

(6.5)
From now on, we drop the notation * and we consider the linearized system around (0,0, 0,0), that
is, we look at the system satisfied by (u,p,n,n:):

—divo(u,p) = Flu,p,7] in Q7
divu = g[u,n|=div glu,n) in ng
uz = 1y +j"u,n on %%,
Uy + U2, = "[u,n]+ fJXF+ on ¥%0, (6.6)
N+ e — By = Ve = @ %MA+Hwﬂ+fxw on 35,
(‘1(0):7](0)’7%(0)) = ( 777 377 )

System (6.6) is equivalent to system (6.4) in the sens of the following Definition.

Definition 6.4. The triplet (u, p,7) in H 1(Q” )x L2 (Ute 0,00) 18} X H (2, t))) ><H;§2 (£%,) is solution
of system (6.4) when the following conditions are satisfied:
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(i) the triplet (4, p,n) obtained by the change of variables G(z,z) = u(z,y) and p(z, z) = p(x,y) with
(x,2) = ¢y(x,y) is a solution of (6.6),

(i) for any time t in (0,00), the previous change of variables ¢, ) is a C*-diffeomorphism from
into Qg,

(iii) n satisfies condition (6.1).

We introduce a decomposition of the velocity u into u = v—+L[u, 1] and of the pressure p = g+Ly[u, 1],
where L[u,n] = glu,n] + wlu,n] and L,[u,n] = xu,n| with glu,n] is the vector field in the nonho-
mogeneous divergence condition and (w[u,n], x[u,7n]) is the solution of the nonhomogeneous boundary
instationary Stokes problem

Wi [11, 77] —div J(W[uv 77]7 ﬂ[ua 77]) = 0 in Q%,
divwlu,m] = 0 in Q7
walu,n] = 0 on ¥%0,
S(wlu,n))e>-er = 1"[u,n] - S(glu,n))ez-e1  on XL,
wlu,n](0) = 0 in Q.

We will see in section 6.8 that the right-hand sides are smooth enough to get the well-definition of these
liftings. Then, we look for solution of system (6.6) under the form (v, ¢,n) = (u—L[u,n],p — Ly[u, 1], 7).
The system satisfied by (v, ¢,n) is the following

vy —divo(v,q) = flu,q,n) in Q%
divv = 0 in ng,
K K,0
vy = 7 on X327,
S(V)eZ - e1 = f(;‘rXF(T on 2&07 (6.7)
n?t + an:zxx - ﬁn:z - anzm = K:[q - QVUZ,y] + hﬁ["" 77} + f+XFar on 2&07
(v(0),7(0),m:(0)) = (v, "%, n*?).
where
f[uapv 77] = F[u7p7 77] _gt[uvn} +VAg[Ll,77]7 (68)
heu,n] = H"[u,n] —2vgy[u,n](kl) + k[ru, n] — 2vws y[u, nf](x1),
and
v0 =1’ — g[u,7](0). (6.9)

We add compatibility conditions for the initial data to get continuity at time ¢ = 0 to the solution of
system (6.7)

divv® =0 in Qp, 09 = n*0" on T5.
This can be written in the variables (u®, n':? 7*9) as follows:
div (u® — g[u,n](0)) = 0 in Qy, uy — go[u, n](0) = n*%* on T. (6.10)

In the following, we begin with studying the corresponding linear system to system (6.7). It is obtained
by taking all the right-hand sides (f[u, p,n], h[u,n]) independent of (u,p,n). That is, we consider first
the following system

vi —divo(v,q) = f in Q%
divv = 0 in Q%,
K 0
v = 1 on X,
S(viez-er = fixr+ on %0, (6.11)
77?25 + angxrz - 577::6 - anxz = ﬂ[q - 21/,02711} + hn + f+XFO+ on Egoa
(v(0),7(0),m:(0)) = (v, "% 7n*?)

with fixed right-hand sides (f, h) and initial data (v®,n"% 1%°) in certain spaces.
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Our first goal is to prove the stabilization for any decay rate w > 0 of this system with two controls
foF and f* (respectively in L?(0,00;R) and L?(21;°)) obtained by several feedback laws. The method
we apply here is to split system (6.11) into an infinite number of simplier systemsusing the Fourier
decomposition of (6.11). Then, putting the results for all these systems together, we are able to prove the
stabilization of system (6.11). Finally, we use the linear feedback laws to stabilize the nonlinear system
(6.7) locally around the stationary solution (0,0, 0, 0).

Using the periodicity in the first variable and following [2] for instance, we decompose the previous
system in the Fourier setting. That is, for now on, all the functions will be considered as Fourier series
as follows

Moy = 3 vh(ty)e, Pltay) = Y Ry,

keZ kezZ\{0}

Ul’ﬁ(t,zf) _ Z ni,m(t)ezkx7 ,'72,;@(257.%,) — Z nz,m(t)ezk:c7
keZ\{0} keZ\{0}

oy = Y atye™,  fre) = S fnet.
keZ\{0} kez\{0}

This gives directly the two systems (6.12) for k € Z \ {0} and (6.13) for k =0

Vit = VARV + VkQQk = f in (0,00) x (—1,1),
ikvy + ’Uk’g - 02,& in (0,00) x (—1,1),
vy = Mg on (0,00) x {k1},
Uty zklvé = 02 B} on (0,00) x {k1},
) Mee = M > on (0, 00),
Moy 4 (ak* + BR )" + k0" = k(ge — 2007 ) (K1) + By + fif x4, on (0,00),
(Vi(0),m(0),m(0) = (Vi my ).
(6.12)
and ’Ué,t —vAyy = f in (0,00) x (—1,1),
vy, = fixs om(0,00)x {x1}, (6.13)
w5 (0) = o)t in (—1,1).

In the two following sections, we prove the stabilization (for any decay rate w > 0) of either system
(6.12) with a control f,j acting as a force in the right-hand side of the upper beam equation or the
stabilization of equation (6.13) with a control f; acting on the upper Neumann boundary condition.

The method we follow here is adapted from a paper of J.P. Raymond [23] where the author considers a
slightly different system. Furthermore, the method he uses is applied in this paper for each system (6.12)
and (6.13) to get specific controls. In section 6.7, we collect these results to obtain the stabilization for
any decay rate of the solution of system (6.11). In the next section, by a fixed point method, we are able
to prove the stabilization for any decay rate of the solution of the complete system (6.4) locally around
the stationary state (0,0,0,0).

6.5 Stabilization of (6.12).

We begin by considering the homogeneous system

Vit —VARVE+ Vg, = 0 in (0,00) x (—=1,1),
ikvg +vi, = 0 in (0,00) x (=1,1),
o= 0" on (0,00) x {k1},
Vgt ikvi = 0 on (0,00) x {k1}, (6.14)
1,k 2,k
Mot = M on (0, 00),
or 4 (ko BRI Ak = —2vv} ) (k1) + fiF 0
Moy + (@K™ 4 BE )™ + k= ny, k(qe — 2vvi; ) (K1) + fi xpg,  on (0,00),
(vi(0),mk(0),m2(0) = (vm %)
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All the results obtained for (6.14) will be generalized to system (6.12) in the end of this section (see
Proposition 6.16). First, using the Leray projection Py, we can rewrite following [23] system (6.14)
as two systems, one evolutionnary system in the variables (Ppvy, 77%7 ’71%) and a stationary system in the
variable (I, —Pj)vi. We introduce Hj, = V%ﬁyk’n(—l, 1;C) x H;k((CQ) X Li’k((CQ). This space is endowed
with the norm | - ||m, defined, for all (Pyzy, uj, ui) € Hy by

1/2
(P rzs g i) i, = (||P1<:Zk||32(71,1;<c) + ||M11c|\§{;k(<c2) + (ui, (L2 + Nk)ﬂ@cz)

where the matrix Ny, is defined in (6.20) and (-, )¢z is the standard scalar product on C2.

Proposition 6.5. System (6.14) can be written in the variables (Pivy, (Ix — Pr)vi, ni, ni) where n}, = ny
and n? = k¢ as follows

kak ' kak kak kag
g = Acl o | FB g | (0)= néz :
up Nk Nk M (6.15)
(I =Pr)vik = Vil (277’3)’
g = —Ni(ii, +4vk*n?),
where
I, | 0 0 A,| 0 (—A,P.D, 0
A= 0|1 0 0] 0 I, and  Bifi = 0
+
0|0 @m+Nygt )| s M Mg (I2+Nk>_1<6“

The operator Ay is an operator with domain D(Ayg) in Hy defined by
D(Ay) = { (Pizi, pih 112) € V25 n(—1,1;C) x Hi ,(C?) x H2 (C?) s.t. Pyzy — PyDypl € D(Ak)}

whereas the operator By is a bounded linear operator from C in Hy. The operators Dy, Ny and Sy are
defined respectively in (6.16) and in (6.20). The operator Ay is the Stokes operator defined in (6.18).
The matrices M}, and M2 are defined in (6.22).

Proof. We begin by splitting the Stokes system written in the variable v, = (vi,v?) into two parts,
using the Leray projection Py from L?(—~1,1;C) into VY , (=1,1;C). We introduce a lifting of the
nonhomogenous Dirichlet boundary condition for the velocity (v}, vZ). Namely, we denote wj, = Dyn?

the function solution of the following system

—VvAywp +Vipr = 0 in (71,1),
ikwg +wi, = 0 in (—1,1),
wi = " on {xl}, (6.16)
wy, +ikwy = 0 on {kl},

Then, the velocity and the pressure can be search under the form vy = vy +wy and ¢, = qx + px. Taking
the divergence and the normal trace of the first equation, we obtain the equation satisfied by pg:

Pk,yy — Epr =0 in (—1,1), Py = —21/1(;27],26’“ on k1.

We introduce the two operators denoted N,j and NN, . They are defined by mﬁ = N,ngr andm, = N, g~
(for g; and g, in C) iff
m:yy(y) - kzm:(y) =0 forye(-1,1), mgy(y) =gt fory=1, m;@"y(y) =0 fory=-1
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and
My, (Y) — E*m; (y) =0 forye (—1,1), my,,(y) =0 fory =1, my.,(y) = gy fory=—1.

Thus, introducing the operator Nj from C? into H#k(—l,l;(C) defined for ¢ = (¢g*,¢7) in C? by
my = Nig iff my, = N,;"g+ + N, g~ , we have p, = 721/k2Nk77i"(".

We can write the system in the variable (v, 7}, n?):

Vit —VARVE+ Vg = —Wpy in (0,00) x (—1,1),
ikv, + 05, = 0 in (0,00) x (=1,1),
v, = 0 on (0,00) x {k1},
Uy, Fikvp = 0 on (0,00) x {k1},
’ 1,k 2,k
Met = Tk on (0, c0),
n,zf + (ak* + BE2)n," + 'yk%i’” = k(g — 21/17,%&) + x(p — 2uw§,y), on (0, c0),
~ ~0 1,0 2,0
(vk (0)7 77]% (0)7 771% (O>) = (Vka nk ’ nk )
(6.17)

We see, thanks to equation (6.17), and (6.17), that ¥ already belongs to VY, ; ,(—1,1;C). We introduce
the Stokes operator Ay with domain

D(Ay) = {zk € Viﬁk(—l, 1;C) s.t. zZ(y) =0 and z,iy(y) =0fory= /i].}

in VY ; n(=1,1;C) defined by

1 _ k2 1
Apzi = vAyzy, = ( I’Z%yy B Zké% ) for all zj, € D(Ay). (6.18)
Yy

On the other hand, the right-hand side becomes —P,wy, ;+ in V%ﬁ_’kyn(—l7 1;C). Thus, the Stokes equation
becomes
Vk,t(t) = A,ﬁk(t) — Pka7t(t), :\V/'k(O) = Vg.

Using an integration by parts from the Duhamel formula, we get

Vi(t) = et —|—/0te(tT)A’“ [—Prwg](7)dr,
= oA /0 eltTIAL (A )= Prwy)(F)dr + [ DA [ Prw](7)] :)
which gives
Vi(t) + Prwi(t) = A+ [V + Prwy (0)] + /Ot elt=9AL (AP rwy(1)dT.
That is, Ppvy = v + Prwy is solution of
Pivii(t) = ApPrvi(t) + (—Ag)Prwi(¢), Pipvi(0) = Pyvy. (6.19)

In the equation above, A has to be understood as the extended operator with domain Vgﬁyk’n(—l, 1;C)
in (D(A}))" (still denoted Ay) obtained by transposition from the operator Ay.

The right-hand side of the beam equation has to be written in terms of (Pyvy,ni,n7) too. A simple
calculation gives that g = —N (7, + 2vk*n;). The term —2vv7 , can be split into

—21/1),2611,, = _QV[(P}CVk)27y] — 21/[(Ik — Pk)Vk]Q,y~
But (I — Pg)vg = Vioi with ¢y solution of
Fruy(y) —Kou(y) =0 forally € (=1,1),  ¢n,y(y) =" for y = sl
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Thus, [(Is — Pr)Vi]|o.y = @ryy = k2 = kszni which gives finally
Q= 2vvf = =20[(Pyvy)2,y] — Ni (i, + 4vk*n3)
or using the definition of Ny:
ar — 200}, = =20[(Pyvi)ay] — NF(p + 4wk ™) — Ny + 4wkl 7).

Finally, we denote v, the evaluation in y = k1 of a smooth enough function. Then, the right-hand
sides of the beam equation are

valgr — 2007 ,) = =207 [(Pevi)ay] — 7+N;f(n§jf + 4vk277§+) - V+N,§(n§jt_ + 41/16277;2’_),
gk —2ui ) = A2y [(Prvi)ay] + - NF () + 4k ng ) + - Ny (npy + 4wk>ng 7).

We sum up all these calculations by defining two new operators Nj, from C? into C2 and S; from

VZ kn(=1,1;C) into C* x C* by
0
_{ NS Ny B 0
N = - | SelPevi) = . 6.20
g ( _’Y—Nlj_ _’Y—Nk: k( ka) —2V’Y+[(kak)2,y] ( )

20y [(Prvi)24]

We now can write the beam equations as two first order in time equations as follows

L| 0 M 0 | L Th
= + Sk(Pka) (6.21)
0 | L+ N, s M, | M i
with
M, = —(ak* + Bk*)I, and M: = —vk’Ty — 4vk*Ny,. (6.22)
Finally, equations (6.19) and (6.21) gives system (6.15).
O

To construct the operator Ay, from equation (6.21), we used the following lemma:
Lemma 6.6. The matriz Ny is symmetric positive and thus Is + Ny, is an element of GL2(C).

Proof. Let ap = (a'k*',a,;) and by = (b, bg) be two elements of C2 and 7, s; two functions defined by
rr = Niap and s = Npbg. Then, first

y=1

/_ 11(7‘k,yy(y) —Kry)re)dy = - / 11 (ks )P + K2 () ) dy + 7y ()7 )|

y=—1"

By definition of Ny, we have ry ,,, — k?rp = 0 in (—1,1) and 7, (k1) = af, then

1
2 4 - _ v+ Niay, _
0< /1 \Vire(y)|ge = a) v+ Nrar — a, y—Niap = <ak, ( o Nuag >>C2 = (ak, Npag)c2 -

Thus, (ar, Nyag)c2 > 0. Second,

y=1

1 1
| (k) = K)oy = [ )k = sy + )@ — ey )5

-1 y=-1

which gives directly

af v+ Nib, — a 7—Niby, = P)’+Nkakﬁ —v-Nyapb; .

That is the symmetry:
(ar, Npbp) e = (Npag, bi)ce -
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6.5.1 Study of the operator A;.

We have some property for the operator Ay above.

Proposition 6.7. The operator Ay generates an analytic semigroup on Hy. For each A in the resolvent
set p(Ax) of Ay, the operator (\Ty, — Ag) ™! is compact. Morevover, we have, for w > 0

o(Ay) C {5 € C s.t. Me(d) < —w}, VK| > M,

where M, = max{\/%, \/%}

Proof. Step 1. Analytic semigroup. The idea is to adapt the proof in [23]. First, we write the operator
Ay, as a sum of two operators A{ and A}, and second we prove that the first one generates an analytic
semigroup on H and the second one is Ag—bounded with relative bound zero.

We define
A, | 0 (—Ap)P.D, Ay 0 (—A)PDy,
Al=1 o | 0o I, and Ai = 0 0 I,
0 | Mj M3 (I, + Ni) 'S, | KpMj} K. M3

where K, = (Io + N) ™! — I. Then, we can adpat the proof in [23], in particular Theorems 3.6 and 3.7.
Step 2. Compact resolvent. We consider the following stationary problem:

AV —VARVE+ Vg = ag ye(—1,1),
ik‘vé + ’U;%)y =0 ye (_1’ 1))
2 2,k _
. 'Ué — T’k y - K’]'?
Vk,y + Zlﬂl’l)’]/3 = 02 . - Yy = ’i]-v
A=y y = w1,
N (kBP0 kPt = k(e = 20f,) "y =kl

for A > 0 large enough and (ay, u}, 43) in Hy. This system is equivalent to

AV — VARV + Vg = ag ye(-1L1),
ik + v, = 0 y € (—1,1),
v,% = At - " y =kl
w;y +ikvi = 0 y = kl, (6.23)
1,k 2,k 1,k
)\77k = n, T+ y = kl,
()\2 + k2N + akt + 51@2)77,}*”” = klar — 2007 ) + A+ k)" + "ty =kl

We adapt Section 3.4 in [23] here. For A > 0 large enough, the coefficient \? + vk?\ + (ak* 4 Bk?) is
invertible. Then, we can rewrite system (6.23) as follows:

AV — VARV +Viege = ag y € (-1,1),
ikvp +vp, = 0 ye(=L1),
2o )\K(Q}c — 2uv,§7y) + (A + WkQ),u,lc"'i + ui’” ik o
K N2 kA + akt + B2 Heo ¥=5S
v,i’y +ikvi = 0 y =kl
MR = e y=rl,
(/\2 + ,yk2)\ +akt+ IBkQ)n;ﬁ = k(qr — 21/’1},%’7!) + A+ VkQ)MIIJK + /uti”i y =kl
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From now on, we only consider the Stokes system

Avp —VvARvE+ Vg = ag y e (—1,1),
ikvg +vi, = 0 y € (—1,1),
2
) K(qr — 2vvi ) . (6.24)
= A =kl
Uk peaYEy ey TR
v,;y +ikvi = 0 y=~rl
where . )
A+ k)" "

HE = 232 1 k2 + okt + k2
Let wy, be in the Hilbert space

E; = {zk = (2}, 24) € Vi x(=1,1;C) s.t. z,iy(y) +ikzi(y) = 0 for y = 51}

endowed with the norm

) A2 + k2 + akt + Bk?
Izl = (I3 oo . (

AP+ zi<—1>|2))1/2.

We multiply scalarly the first equation in (6.24) by wy to obtain:

1 y=1
/ <)\Vk Wi+ vV Vka)dy + {(Qk(y) - QVWJ%y(y))wi(y)} .
-t Z;l 1
+2vRe {v,zy(y)wz(y)] = / ay, - widy.
y=—1 -1

In the previous equality the term Vivy : Viwy means:

( ikvy, vy, ) ikwy  wy,

0.2 2 : 5 o

ikvi v, thw;, wy ,

_ S T RS T J J

= E : (thvy,, thwy) L2 (<1,150) + (”k,ywk,y)LQ(—l,l;C)
j=1,2

_ 20,0 .0 J J
= § : k (vk7wk)L2(*1,1;C) +(Uk,y’wk,y)L2(*1,1§C)'
j=1,2

Vka : Vka

The boundary terms, namely (gx(y) — QVU,iy(y))w%(y) for y = k1, can be remplaced by the value of

(gx(y) — 2vvi ,(y)) on the boundary. Indeed, remember that v = )\% + pf for y = K1,

then we have

1 y=1
/ ()\Vk Wi + vV Vka)dy + 2vRe [viy(y)w;% (y)}

—1

A2+ k2N + akt + Bk? —
+ (v + F (~)ui(-1)) (6.26)

y=-1

A
1 2 2 4 2
A+ kN + ak® + Bk _
= / ay, - widy + “—— 5y (uﬁw}f}(l) + hy, w;‘;(—l))-
—1
Now, we set
1 ) y=1
ap(Vg, Wg) = Sﬁe/ (/\Vk A AT Vka) + 2U%Re [vky(y)w,%(y)}y )
71 —_——
A2 4 k2 X\ + ak* + Bk? —
+ . (v wED) + v (-1w(-1))
and 1 2 2 4 2
A+ kN + ak® + Bk _
Ip(wy) = 9%/ a, - Wi + 2 5 e (uZw%(l) + 1y, wi(—l)).
1
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Taking the real part in (6.26), we get that system (6.24) is equivalent to

ap(Vi,wr) = lx(wg) for all wy € Eg,
Aqp (k1) = 21/)\1),34/(/-@1) + k(A2 + K2\ + ak® + BE?) (Vi (K1) — uf) for y = k1

(remember that uf is defined from (uy", u3") in (6.25)). Then, using the Lax-Milgram Theorem, we
prove that the variational problem

Find vi € Ej, s.t. ak(vk,wk) = lk(Wk) for all wy, € Ey,

has a unique solution. This solution satisfies the estimate

IVillm, <€ (laklive,, <1ae + O + 982+ ok + 8k%) (I | + i |))

Remember that
K ()‘ + 7k2) + lu‘k 1,k
fug, = A =
A2+ k2N + ak4 + Bk?

then,

(2 + kA + ok + 882) (Jf |+ L) < © ((ak® + 882) (lap ¥+ L 71 + (12714 127 1) ) -
Thus,

IVills, < € (lakllvy,, 1

voy + ikl oo + Moz, o )

Finally, a regularity argument gives that the weak solution vy, in Ej belongs in fact to Viﬁ, w(—1,1; C)NE;.
Thus, from the equations satisfied by 7} and 77, we get the estimate

HkaVi, -1,1,0) T ||77kHH4 (c2) + ||77k||H2 ) < C(HakHVU (110t ||M11f||H;,k((c2) + ||.U%HL;,C((CZ))’
that is, the resolvent of A is compact in V0#7k7n(—1, 1;C) x C? x C2.

Step 3. Estimate of the eigenvalues. Let us consider the following eigenvalue/eigenfunction problem:

Avp —vARvE+Vige = 0 for y € (—1,1),
ikvg +vi, = 0 for y € (—1,1),
2 2,k
V=M for y = k1,
vi’y +ikvi = 0 for y = K1, (6.27)
)\ni#ﬂ _ niﬁ

2" (b + BE2 0" + k)

K(qr — 21/vﬁ,y)(,‘$1).
The same calculation as in Step 2. gives, with v (k1) = )\7],1’“,
y=1

1
/ ()\Vk Vi + VeV Vka>dy + 2vRe [v%y(y)vi(y)}
1

y=-—1
A2+ yk2 X\ + ak? + k2 _
+ . (In2 12+ 1np ™ 12)

Thus, taking the real part and using a Young inequality, we get that

(e00) + vk2) okl + 10212) + v (o, 12 + 02, 12)

+ [(S‘ie()\)+’yk2)+me( )(TA’T; 5]“2)]

= 0.

(g~ P+ ™17 < o

That is, because the left-hand side is negative, we have either Re(\) < —vk? or Re(\) < —vk2. Finally,
if k satisfies the two inequalities vk? > w and vk? > w, then

Re(N) < —w.
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Let us state a result on the eigenvalues of the operator Ay:
Proposition 6.8. Fuvery eigenvalue of the operator Ay is simple.

Proof. We are going to calculate explicitly the form of the eigenfunction. More preciesely, from the
system (6.27) in the variables (v, 17,1, 77,%) we can obtain an equivalent system written only in the variable
vZ. Indeed, taking the curl of the Stokes equation (that derivating the first component by y, multiplying
the second one by ik and substracting one to the other), we get

v, — V(”’ivygy — Kvp,) +ikqey = 8 £0r y€E E—? B
orye(—1,

Nikvi — ikv (Vi — k2vi) +ikqy, =
and thus
A+ sz)(vty — ikvi) — v( — ikv%yy) =0fory € (—1,1).

Using now the divergence free condition ikv} +U27y =0in (—1,1), we can replace vj by —(ik)_lv,iy, this
gives

1
Vk,yyy

A
(Vi gy — k%,ﬁ)yy - <k2 + V) (Vi yy — KPv7) = 0. (6.28)
The boundary conditions v3(k1) = 77" and v, (K1) + ikv} (k1) = 0 can be replace by
A + 3vk?
022+ a4 G0 = A (it et) - SEEDR e
v,iyy(nl) +E*i(kl) = 0.

These boundary conditions written in the variable v7 come from the divergence free condition, the value
of the pressure term ¢ obtained in the first equation and from the beam equations.

Thus v,% satisfies a fourth order ordinary differential equation with constant coefficients (but depending
on the eigenvalue \). This gives the form of the solution v}:

1/2
vi(y) = acosh(ky) + bsinh(ky) 4 ccosh(¢ry) + dsinh(Yry), with ¢y = <k2 + j) ,

and the different values of the derivatives of v,%:

vﬁ,y(y) = aksinh(ky) + bk cosh(ky) + by, sinh(vgy) + dy cosh(ry),
v,%,yy(y) = ak? cosh(ky) + bk? sinh(ky) + cw,% cosh(vry) + dz/;,i sinh(¢ry),
vi’yyy y) = ak®sinh(ky) + bk® cosh(ky) + cib} sinh(Yry) + dibi cosh(¢py).

Putting all the common terms together in the first boundary condition, we get:

r 2
+ v + ak™) cos — Ak | =5 k" sinh(kk) — ——=——=ksinh(kx a
X2+ k2N + ak') cosh(k) — M 5k sinh(k (Af;”k)k h(k
L 2
+ | (A2 + k%) + ak®) sinh(kr) — Ak <]:2k3 cosh(k) — (Az#k)k cosh(k)ﬂ b
L 2
+ [(A2 + k2N 4 ak?) cosh () — Ak (I:zwz sinh(ygk) — O\%_k#k)wk sinh(wkﬁ)>] c
[ A+ 3vk?
+ | (A2 + vk2\ + ak®) sinh (k) — Ak (;w,?; cosh(vy) — %72”)11% cosh(wk)>] d
= 0.
Then, substracting or adding the two boundary conditions (obtained in y = —1 or y = 1), we have:
A+ 3uk?
{(V + 7k2\ + ak®) cosh(k) — A (]:215’ sinh(k) — (272”% sinh (k) ] a
. A + 3vk? . 6.29
+ [(AQ + YK\ + ak*) cosh () — A (]:2¢,§ sinh(¢y,) — (272”)1@9 smh(wk)ﬂ ¢ (629
= 0.
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and
+ {(ﬁ + k%A + ak?) sinh(k) — A (;k?’ cosh(k) — ()\—Fk#mkcosh(k) b
+ {(v + k2N + k) sinh(gh) — A (;wz cosh(t) — (”k#kz% cosh(wk)ﬂ g (630
= 0.
The other boundary conditions are, for y = k1,
v,%’yy + k%0 = 0.
From these ones, we get
2ak? cosh(k) + 20k? sinh(kk) + c(¢7 + k%) cosh (v ) + d(17 + k) sinh (¢ k) = 0,
that is again two relations between respectively a and ¢ and b and d:
2ak? cosh(k) + (i + k?) cosh(¢y,) = 0 (6.31)
and
2bk? sinh (k) + d(¥ + k?) sinh(i%) = 0. (6.32)

Thus, the eigenvalue X has to satisfy either system (6.29)—(6.31) or system (6.30)—(6.32).
Let us begin with the couple (a,c). We consider the system (6.29)—(6.31). This system has a non
trivial solution if and only if the determinant of the matrix is zero. Namely, if we have the condition:

2k? cosh(k) [(A* + vk*X + ak®) cosh(¢r) + A x 2v4)y, sinh(¢y)]

0 K o) [ (024 k) st 42 22D

2 ksinh(k’)] a
= 0.

That is,

por AKX cosh(k) + <(/\2 + kA + ak?) cosh(k) + LWk g sinh(k;))
€ . = 2 4 4 (6'33)
4vk? iy, cosh(k) — (()\2 + Yk2X + ak?) cosh(k) + %k sinh(k))

The corresponding eigenfunction is
vi(y) = c[ — (42 + k?) cosh(z,) cosh(ky) + k% cosh(k) cosh(wky)} .
Then, at the boundary y = k1, we have
vi(k1) = " = —cib? cosh(iy) cosh(k)

which is different of 0 if both 7 # 0 and cosh(¢) # 0. The first case implies that A = —vk? and
then (after some calculations) equation (6.28) has no nonzero solutions. We have to consider the case
cosh(¢y) = 0. It is impossible too thanks to equation (6.33). Indeed, we rewrite it and obtain

8V2k2(’lp]% _ kQ)z/}k
271.2(0)2 2 2 2 4 v2 (i —k*) :
42k (Y7 — K2y, — (A2 + vk2\ + ak?) + 55"k tanh(k)

e = 1 4

The second term in the right-hand side is 0 if and only if ¢, = 0 which is not (see above) or if ¥? = k>
which is not too (same idea).

We can make the exact same work for the case (b,d). In this case, we obtain the following equation
for A (remember that ¢, = (k* + %)1/2):
o2k _ ] _ 822 (Y7 — k) _
V2 e
42k2 (42 — k)b, — ((A2 + k2N akt) + LD g coth(k))
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and the corresponding eigenvalue is
vR(y) = d[ — (W + k) sinh () sinh (ky) + k? sinh (k) sinh ()
which satisfies at the boundary
v2(k1) = " = kdip? sinh(k) sinh(yy).

Thus, the eigenfunction v} associated to an eigenvalue \ satisfies v3 (k1) # 0. Let us assume that there
exists (at least) two different eigenfunctions Ui’l and v,z’Q corresponding to the same eigenvalue A € C.
2,1
Then, because ’Ui’l(lil) # 0 and ’Ui’z(lil) # 0, we can define the constant 6 = %"n% and a new function
k
vi(y) = vz’l(y) - 91}%2(3/) for every y in (—1,1). By linearity v} is a solution to the same eigenvalue
problem as 1)2’1 and vi’Q and satisfies vZ(1) = 0 by construction. Then vZ(y) = 0 for every y in (—1,1).

The two eigenfunctions are colinear. The eigenvalue \ is simple. O

6.5.2 Approximate controllability and stabilization of system (6.14).

We begin by proving the stabilization of the system with a control in L?(0, 00; C). The stabilization
for any decay rate will be obtained by a shift of the operator. Let us introduce some notations. We define
the space of initial data X2 __ by

k,cc

1,0 2,0y . 0,2 2,0,
X oo = L% 20 in X0 st 2P2(1) = 2"

where
Xp =L*(—1,1;C) x H ,(C*) x L ,(C?).

Proposition 6.9. For any initial data (Vg,n;’o,ni’o) in X};cc and any time T > 0, system (6.14) is
approximately controllable in time T by controls f;' in L*(0,T; Li’k((C)).

Proof. The idea is to prove that for (v, 77,1’0, ni’o) = (0,0¢z,0¢2) (by linearity), the set

R(T) = {(vk(T),n,i(T),ni(T)) where (vk,qk,né,ni) is solution of (6.34) with f,j' in LQ(O,T;L;,C((C))}

Vit —VARVE+Vige = 0 in (0,T) x (—1,1),
ikvg +vp, = 0 in (0,7) x (—1,1),
o= m" on (0,7) x {x1},
Ué,y + zklv,f = O2 on (0,T) x {k1}, (6.34)
2 1 77]5::? = nk”n? on (OvT)a
iy + (k! + BE2 )" kPt = w(ak — 2007, ) (K1) + fif xps,  on (0,7),
(vi(0) (0, 72(0) = (v, m. 1)
is dense in X} ... That is, taking (zx,p,uz) in R(T)*:, we have to prove that (z,puf, ;)
(0,0¢2,0¢2).
Let us introduce the adjoint system of system (6.14):
—Zkt — vARz +Vim, = 0 in (0,7) x (—1,1),
ikzp + 2, = 0 in (0,7) x (—1,1),
2 o= " on (0,7) x {k1},
z,iy +ikzi = 0 on (0,T) x {k1},
) Lo = m" on (0,7),
_:U/k’,lt{ - (O[k4 + ﬁkg)lu‘k’n + ’ykzlu’k’n = H(ﬂ-k - 2I/Zl2€,y)("€1)a on (07 T)a

(2(T), b (T), i3 (7)) = (2h " ")
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This system gives us from the inner product of equation (6.14); by z; (after some integrations by parts),
the following equality.

-1

1 _
[ VD)L + 3k g T (DT / om0t
Thus, with (v(T), nL(T),n3(T)) in R(T) and (27, ", ") in R(T)*, we get that
/ i )dt =0 for all f; in L*(0,T; L 1(C)).

This gives ui’+ = 0. The proof is now reduced to the following unique continuation problem:

Does (zg, f13., p12) the solution to the following eigenvalue problem

—AzZp — VARzE + Vi, = 0 in (—1, 1),
ikzp + z,%y =0 n (—1,1),
2,k
i on {1},
z,iy +ikzi = 0 on {kl}, (6.35)
2 1 _)\M;H = m"
—M" = (ak? o+ BR )" kP = k(e — 202 ) (k1)

with the extra condition ui’+ = 0 satisfy (zg, pt, u2) = (0,0¢2, 0c2)?

The answer comes from the study of the operator Ay in the previous section, especially Proposition
6.8. Indeed, system (6.35) is the same as the one studied in the proof of Proposition 6.8 where we see
that the solution (zg, ,u,lc, ui) of this eigenvalue problem satisfies ui’+ # 0. Thus, the unique continuation
property holds true and so does the approximate controllability. O

Now, let us consider the shifted system corresponding with (6.14). We obtain this system by intro-
ducing new variables (Vg,7},7%) = e (vi,n},n?) where w > 0 is the prescribe decay rate. Then, for
(Vi,m,m?) solution of system (6.14) with initial data (Vk,n,C ,nk ) in X,gcc, the system satisfied by

(vka 77]%7?7%)

Vit —wVE —VARVE+ Vg, = 0 in (0,00) x (—=1,1),
ikvy + 705, = 0 in (0,00) x (—1,1),
o= " on (0,00) x {k1},
Vg + ikvy = 0 on (0,00) x {k1},
o= "+ Wil on (0, 00),
oy — @iy + (ak? + BRI + k%" = < Gk — 2007, ) (K1) + fif xpp. on (0,00),
(v k(O)vnk(O),nk(O)) = (Vkﬂ]k 77713 0)
(6.36)

where f,j = e“"f,j.
From the correspondence between (6.14) and (6.15), we get the directly the correspondence between
system (6.36) and system (6.37)

P\’ Py B Py Pivy
Tk = Ao | W | +B o o= 7" .
i i Th i (6.37)
Iy —Pp)vie = VN (77).
G = —Ni(lj, — wily + k),
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where Ay, is the operator defined by D(Ay ) = D(Ay) and

I, | 0O 0

-Ak,w =A,+w 0|1 0

00 (Ip+Ny™!

Thus, we get the following result.

Theorem 6.10. For all w > 0 and all (v{,7,°,m2°) in X2

R cer there exists a control f;f in L*(0,00;C)

such that the solution (V,qx, Mk, 7M7) of system (6.36) satisfies
s 7 ) 220,00 < 00
Proof. The idea is to use the semigroup approach for system
Te(t) = Apri(t) + B fif (1), re(0) = 12 (6.38)

where r, = (Prvi,ni,n3)" and r) = (Prv?, 77,1’0, 7713’0)7 that is the first equation in (6.15). We follow the
proof of Theorem in [23].

Let us consider w > 0 in the resolvent set of Aj. From Propositions 6.7 and 6.8, we know that the
spectrum of — Ay is constituted of pointwise and simple eigenvalues. We can number and denote them
as follows:

S Re AP < —w < Re(APF) <L < Re(N)).

We denote ¢F = (Pxv?, n, P, n?P)t the eigenfunction of Ay corresponding with A2, for p = 1,..., 0.
Then, we introduce H}} (respectively HJ) the unstable (respectively stable) eigenspace of the operator
Ap,. That is, H} is constituted of all the eigenfunctions corresponding with the eigenvalues A of Ay
satisfying e(A\) > —w and H is constituted with all the other eigenfunctions (corresponding with the
eigenvalues A satsfying Re(\) < —w). That is,

%:Vect{ i,pzl,...,nk} and Hs:Vect{ Z7p=nk+1,...,oo}.

Note that the sum is direct Hj, = H @ H}!. We denote finally by P} the orthogonal projection from Hy
onto the unstable space H}. Applying the projections P or (I — P{*) to system (6.38), we obtain two
systems, one in the variable 7)) = P{ry on H} and this other in the variable rj = (I — P})ry, on H3:

i, = Atk + PEBLSY r(0) = PEry, (6.39)

and
rie=Air + (I = POBRfE,  ri(0) = (I — Py (6.40)

where, with obvious notations, A} = P} A, and A} = (I — P}*)Ax.
Now, we follow classic control theory results. First, from Proposition 6.9, we know that there exists
a control f,:r in L2(0,T;C) such that system (6.14) is approximatively controllable at time 7 > 0. Thus,
system (6.15), is approximatively controllable just like the projected system (6.39). Then, system (6.39)
is controllable (because it is of finite dimension). Let f;” be a control satisfying P (Pyvg, np,n2)(T) =
(0,0¢2,0¢2), then still denoting f,j' its extension by 0 on (7, 00), we use the correspondence between
system (6.15) and system (6.37): rj, = (Pvy,n},n?) is solution of (6.15) if and only if 7 = (P Vi, i, 77)
is solution of system B
Trt(t) = ApuTr(t) + Befil (t),  7r(0) =77 (6.41)

Indeed, using the decomposition of H, into H}} @ Hy, we get
i = ALTEHBESE, TE(0) = P (6.42)
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and
Ty =ALLT+Bifd,  TR(0) = (I - PY)ry (6.43)

with A} |, = PAgw, Ai, = (I — P)Akw, By = PiBy and By = (I — P)By and f,j = e f;f. Thus,
system (6.42) is stabilizable with a control f,:' satisfying

}Er(t)‘ < Cre™ k|| PEry|| for all t >0

for wg, > 0. This result comes from the construction of the control above and the fact that the control is
zero on (T, 00). Thus, we have this estimate for a large enough constante C' > 0 (depending on T, w and
wk).

Now, we prove that the complete system (6.37) is stabilizable. Using the fact that Ai,w is stable on
H, the Duhamel formula and the estimate of the control above, we can prove that equation (6.43) is
stabilizable.

To conclude the proof of the stabilization of system (6.37), we note that (6.37), gives (I, — Py)Vy in
term of 777. Thus, the estimate of 777 in C gives the same estimate for (I, — Pj)v}, in L?(—1,1;C).

The stabilization of system (6.36) follows. Indeed, the correspondence correspondance between
system (6.36) and system (6.37) gives that the solution (Vg,qk, 7L, 72) of (6.36) is linked to the so-
lution (Pyvy, 71, 77) of (6.37) by Vi = Ppvy + VENg(2). Thus, for (Vg,n,i’o,ni’o) in X,g)cc, we
get (kag,ni’o,ni’o) in Hy. Then, there exists a control f,j in L?(0,00;C) such that the solution
(PVi, i, m7) of (6.37), with initial data (kag,n;’o,nZ’o) in Hy and f;" as right-hand side satisfies

1P ik ) 2 0 ooty < CHPRV 0020 i, for all ¢ > 0,

A little calculation made in the proof of Lemma 6.6 gives that (NynZ 72)cz = HV;CN;.ﬁ]%HiQ(f1 10y
Furthermore,

|Wk||%,2(—1,1;<C) = ||kak||i2(—1,1£) + (T — Pk)qk”%ﬁ(—l,l;c) = ||kak||%2(—1,1;(C) + ||Vka7A7%||i2(—1,1;C)~

Thus, ||[(PeVe, T, 12) I, = ||(Vk,ﬁ,£,?7%)|\xg and finally, the solution (Vy,qk, i, 7;) of system (6.36)

satisfies the expected estimate. O

Remark 6.11. Thanks to the estimate of the eigenvalues for the operator Ay, if k satisfies |k| > M, =

max{ “ \/%}, then all the eigenvalues of Ay satisfies Re(A) < —w. Thus, the eigenspace H} for such

value of k is reduced to {0} and system (6.36) is already stable. In the following, for such value of k, we
will consider the control f,j' =0.

6.5.3 Feedback stabilization of system (6.14).

In this section, we follow the previous decomposition to prove the feedback stabilization of each
systems (6.14) (for k such that |k| < M, and k # 0). We prove the feedback stabilization with a finite
dimension control (each control is one dimensional and stabilize the finite dimensional unstable eigenspace
of the operator Ay, .,). Thus the feedback controls will be obtained by solving finite dimensional algebraic
Riccati equations, which can be very usefull in applications.

A way to do that is to consider the infinite time horizon control problems (P(]:’&O, VO 0 772,0)) (kinZ
y(Prev,m, m,
such that |k| < M, and k # 0)

inf {jk(Pkaﬂ?;i,??;%;f;j—) st.  (Pyve,np.mi; i) satisfies (6.37), with f; in L2(0,oo;(C)}

where
1

[e.°] 1 oo
TePevnbi £ =5 [ 1P POk Oyt + 5 [ 1R OPar

Following [23], we directly consider the equivalent system (6.37) in the variables (Pyvy, 7, n?) instead of
the system (6.36) in the variables (vy,n}, 7). First, we can prove the following result.
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Theorem 6.12. For all (kag,n;’o,ni’o) in Hy, problem (Pk(opo VO 0 20)) admits a unique solution
k' E N k

(kak(ka nh0,n20); Uk(ka pee} 20)777k(ka 0 20)7fk(Pkaﬂ7;lcoﬂ7i o)). There exists 11} in C(HY, (HY)*)

obeying I} = (II})* > 0 such that the optimal cost is given by

1

lnf(P o 1,0 20) 2

u pu o 1,0 2,0
O(kak777k 2 ) (Pk (kalmnk ank; )aHk:Pk (kakank; y M ))

By ()"
Moreover, 11}} is the solution to the finite dimensional algebraic Riccati equation

I in L(HE, (H)®), I = ()" >0, TEAR, + (AR ) T — TIEBE (By) "I + I = 0, (6.44)
where

fo= PLAGOPE € CHEHE),  (AL,)" = (PRAGPE) = (PE) AL, (P)" € £(E), (HR)),
Bi = BBy € L(C,Hy),  (Bi)" = (Py'Bx)” € L((H})",C),
I} € L(HE, (HE)™) is the identity.

Denoting I, = (PY)*IIEPY, we have Iy, in C(Hy, (Hg)*) solution to the following algebraic Riccati
equation

Oy in L(Hy, (Hy)"), = )" >0,  HpAg ,+(Ag L) e =T Br (B ) T+ (P)* Py = 0. (6.45)

Proof. This proof is very classical. It can be found in [5]. The reduction of the problem to a control
problem on the finite dimensional space H}' comes from the previous section. Hence, because the operator
By, is bounded from C into Hj, and P} is the projection from H, onto H}, the control operator is bounded
and the observation operator in the functional is ¢} € L(H}, H) such that I} = (i})*d}. O

The algebraic equation (6.44) is set in the space H} the finite dimensional unstable eigenspace of the
operator Ay .. The identity II}} = (II}})* > 0 in (6.44) has to be understood in the sens of the quadratic
linear form:

(Tg,HZSZ)H;7(H;)* = (Ijiry, s};)(Hz)*)Hg for all v, sp € Hy and  (rg, H};T}:)H}“HE)* > 0 for all rj € Hj.
Second, Iy satisfies IIAY |+ (Ap )" I — I BR(By)* 11} + I = 0 when

Hu.A , ( u *TTu u, u)

( kwTk Sk‘)(Hu)* HY + ((Af) g, si ()

— (B Oprg, (By)™ 1T 5Z>C + (Iﬁr%,s}é)(ﬂz)*ﬂz =0 forall ry, s} € H}.

The operator Aj; , is defined by D(Af ) = D(Ay.) on (Hg)* and

I, | 0 0 A,| 0 (—A,P.D; I, |0 0
Aio=1 0L 0 0 0 ~1, +w| 0|1, 0
00 (Ip+Np ! Sk | —-M; M3 00 (Ip+Np) !

The operator Bj is defined from Hj, into C by
Pz,
Bil o | = T
M

Because IIj belongs to £(Hy,Hy), we can see it as a matrix of operators

! Im? I 11},
m,= | m' m? o® |=|( 1m
mh I I I}
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adn thanks to the simple form of Bj};, we can easily calculate

f]j = _BZHk (kakun]ian]%) = - ( 10 )Hi (Pka,'f]}i,’l?]%) = _Hz’+ (kakanli7n13:) .

; t
We use here the notation Hz’+ to denote the first line of the matrix Hi = ( Hi"" Hi’_ ) "

Then, the control obtained above by the feedback law still stabilizes system (6.14) because of the
correspondence between the two systems. Namely, we have

Proposition 6.13. For all (Vo,ni’o,nz’o) in X,g’cc, system
Vit —VARVE+ Vg, = 0 in (0, OO) X (—1, 1),
ikvy +vi, = 0 in (0,00) x (—1,1),
vi = " on (0,00) x {k1},
v}i,y +ikvi = 0 on (0,00) x {k1},
1,k 2,k
nk’t = 77]@ ’ on (07 00)7
2,k 1,k 2,k
Mt + (ak* + BE )" + vk 0" = kg — ZI/Ui,y)(Iil)
3,
L ) 0 ilgkzgpkvkvn/ivnl%) X+ on (0700)7
(v (0), mi(0), 1 (0)) = (Vi m™ i )-
obtained from system (6.14) with the feedback law f,j = —Hi’+ (kak,ni,nz) admits a unique solution

(Vi Gk, M, M) Satisfying

: 1,0 2,0
| (Vk,ﬂiani)um(o,m;xg) < C”(Vov% 2 g )||Xg~

6.5.4 Feedback stabilization of system (6.12).

The idea is to follow the three previous sections. From now on, until the end of section, we will
consider the control obtained by feedback law (for system (6.36)) f = —Hi’J“ (P, i, m7) in the
previous section.

Using the same change of unknowns, we write from system (6.12) system (6.47) in the variable
(Vi, M 7). Then, we write the equivalent system (6.48) to system (6.47) in the variables (P v, 77}, 72).

The control f,j above makes the operator Ay o 11, = Ak, — BeBilly = Agw — Bkﬂz’+ stable on Hj,.
A classic regularity result allows us to conclude this section.

More precisely, we consider the system

Vit —VARVE + Vige = 1 in (0,00) x (—1,1),
ikvy, —|—1}i7y =0 in (0,00) x (=1,1),
) vg = " on (0,00) x {k1},
Vi, +tkvy = 0 on (0,00) X {kl},
v 771’]': = n" on EO oo; el (6.46)
2,k 4 2\, 1,k 2 g’f-@ o 2 K 7 7
Ney + (k™ + BES )™ + k™ ne™ = klgs — Q;Uk,y)(/’vl) + hf
?lgkyz((})kvlﬁ 771%7 771%)X+a on (07 00)7
(Vk(o)vnli(o)ani(o)) = (Vg’m; >y My )

Then, we obtain the shifted system in the variables (Vy, gk, 711, 777 ), denoting f, = e f;, and Ef =e“ hi:

Vit — WV — VARVE+ Vg = fi in (0,00) x (—1,1),
zkﬁi + T/%y =0 in (0,00) x (—1,1),
i = ﬁi” on (0,00) x {k1},
5;%)?/ +ikv; = 0 on (0,00) x {k1},
Ty = e N on (0, 0),
Tt — W™ + (ak* + BE?), " + 00" = k(G — 20 ,) (k1) + hf
z%ii((?kvk,ﬁévﬁz))ﬂ on (0700)7
(Vk(()%ﬁi(()),ﬁzk(())) = (Vg’m; >y M )
(6.47)

Now, we prove the following equivalence.
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Proposition 6.14. System (6.47) can be written in the variables (PxVg, (Ix — P) Ve, 11, 72) as follows

kak ! quk Pkfk kak ka(]i
0 = Akon, | B |+ 0 7 i JO={ "
07 0 (T + Ni) 7 (g + 7. ) T 7
(I —Pi)vie = ViNuiz,
@ = g — Ni(ii, +4vk*n0;),
(6.48)

where g s defined from fy, in (6.50).

Proof. Taking the projection with Py in the first equation of (6.46), we get directly the equation in the
variable P, v, as follows: B
PV}, = APV, + (—AL)P D + Pify

but Pk?k = Ec — er?k with T the solution of

Apmy =divpf,  in (-1,1) and Ty = fi fory=kl

Remark that £, = ( fi, f2). We decompose g in two pressure terms, one, namely Tr% solution of the
¢ k

homogeneous Dirichlet Laplace equation
Ayt = divpf, in (—1,1) and mL € Hy(-1,1;C), (6.49)
k k

the other, namely w% , solution of the following equation depending on w%
k

k

:flf—w% for y = k1

2 _ i (— 2
Amr?k—o in (—1,1) and Py -

such that T = 71% + w»f% . Denoting 7r»f1 = —(—Akp)_l(dikafzk) the solution of (6.49), we get that

75 = ~(=Akp) "M (divif) + Ni (e + Vil(=2x0) M (divif)) (1) ) - e2) (6.50)

This calculation allows us to obtain the pressure term gj in the right-hand side of the beam equation.
Indeed, (I — Py)Vi = Vigy with ¢ = Ng7j? and putting this term in the first equation of (6.12), we
get

Pt — VARDE + G = T -

Thus, g; =7

i Pkt = Ui Nkﬁ%t. Furthermore, the pressure term g§ associated to PV}, satisfies the
equation

Argy =0 in (—1,1) and Ty = *2’/]‘32%2{& for y = k1,
that is gf = —2vk?Nyn?. Finally, gx = ¢ + qf satisfies
E]vk = ’/'I"i_'k — Nk(ﬁl%,t + 41/]41277’\)2]6)
Then, following Proposition 6.5, we get the equivalent system (6.48). O

We can now state the main result of this section.

Theorem 6.15. Let (vg,ni’o,ni’o) in Vi .(=1,1;C) x H}, . (C?) x H}, ;.(C?) satisfying the compatibility
condition v (k1) = 17" and (£, hie) in L2(0,00; L2(—1,1; C) x C2), then system (6.47) admits a unique
solution (Vi, qx, M}, T2) in Hi}k((o,oo) x (=1,1);C) x LZ(O,OO;H?I#&’k(fl,l;C)) X Hj;?k(((),oo) x C?) x
Hi}k((o, o) x C2) which satisfies

S ~ ~1 ~2
HVkHHi}k((o,oo)x(_lg);(:) + ||qk7||L2(0,00;Hi#7k(—1,1;(:)) + an”Hii((O,oo)x@) + anHH;g}k((O,OO)x(C?)

1,0 2,0 77
< C H(Vﬁ,nk' > )||H;,k(f1,1;r0)xH;k(@)xH#k(CZ)+||(fk,hk)||L2(o,oo;L2(—1,1;<C)x<c2)
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6.6. Stabilization of equation (6.13).

Proof. Thanks to the previous section, we know that the feedback control ]’“V,j = in’Jr(Pka,ﬁ,i,ﬁi)
stabilize on Hj, the system (6.37),. From (f), hg) in L?(0, 00; L?(—1,1; C) x C?), we get that (Pyf, 0, (Io+
Ny)Y(hy + W,ka))tr belongs to L?(0, 00; Hj,). Then, because the operator Ay ., 11, is exponentially stable

on Hy, we get that system (6.48), admits a unique solution (Pvy,7;,72) in L?(0, co; Hj,). Thanks now
to the regularity of the initial data, we get by classical regularity result that this solution belongs to
L?(0,00; D(Ag)) N H' (0, 00; Hy,) N C(0, 005 [D(Ag), Hy]1/2), which concludes the proof. O

We go back to system (6.12) using again the correspondance between systems (6.12) and (6.47).

Proposition 6.16. Let (v9, n,i’o, ni’o) bejnNV;E,k(—l, 1;C) x H;k((C?) X Li,k((CQ) satisfying the condition
112’2(,%1) = 77,3’0"'C and (fi., hy) such that (fi,, hy) belongs to L*(0, 00; L2(—1,1; C)xC?). Then, system (6.46)
admits a unique solution (Vi, qr, Ny, n3) such that ¢ (vVi, g, n},n3) belongs to Hilk((O, 00) X (—1,1);C) x
L2(0,00; HY . (—=1,1;C)) x HE%((0,00) x C2) x HZY ((0,00) x C2) and satisfies the estimate
#.k #.,k #.k
w- 2 w- 2 w- 1112 w2112
He Vk”Hi’lk((O,oo)x(—l,l);C) + ”e quLZ(O,oo;H;&‘k(—l,l;(C)) + ”6 nk‘lHii"((opo)Xcz) + ||e 771@||Hi)1k((0700)x(c2)

0,1 ,2\(2 . 2
< C (v smpm )\\H#k(—171;C)xH;,k(CZ’)xH;k(@)+||8w (fkahk)”LQ(O,oo;LZ(—l,l;(C)><((22)

6.6 Stabilization of equation (6.13).

For k = 0, system (6.11) becomes

U(l),t - Vv(l),yy = (} in (07 OO) X (717 1)7
Ugvt - va,yy + oy = g in (07 OO) X (_17 1)7
Uy = 0 in (0,00) x (=1, 1),
vg = 0 on (0,00) x {—1},
vy = foxrr on(0,00) x {1},
Do — QV’Uay = 0 on (0,00) x {k1},
vo = v in (—1,1).

This leads to v} = 0 in (—1,1) and v} satisfies the heat equation with Neumann boundary conditions
(6.13). We now consider the homogeneous system

Vg4 — m}éﬁyy =0 in (0,00) x (—=1,1),
v, = fo on(0,00) x {1}, (6.51)
v, = 0 on (0,00) x {—1}.

This can be written in an abstract setting using the operator Ay = vAxn Laplace operator with homoge-
neous Neumann boundary condition defined on L?(—1,1;R) with domain

D(Ao) = {zg € HX(~1,1) s.t. 20, =0 on (m)}

and a lifting of the nonhomogeneous xn boundary condition N defined by w} = N g* iff

Howé - Vwéiyy =0 in (—1,1),
wy, = foo fory=1,
wé,y =0 fory =—1

for a positive constant 6y large enough. Then, system (6.51) becomes, with the notations v§ = 08 + wj,

géi - Vﬂéﬂ/y = _wé,t + Qowé in (0,00) x (=1,1),
Voy = 0 on (0,00) x {k1},
5(0) = g in (—1,1)
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which gives, with the extension by interpolation on L?(—1,1;R) of the operator (—.Ag) denoted (7%),
the following abstract setting

vy = Aoug+ (00 +v(—A))NG f in (0,00) x (—1,1),
vi(0) = o)t in (—1,1).

We state the different results we need on the operator — Ay in the following proposition:

Proposition 6.17. The operator Ay generates an analytic semigroup on L*(1,1;R). For each X in the
resolvent set p(Ag) of Ao, the operator (\Io — Ag)~! is compact. Morevover, the different eigenvalues
are given by
2
)\g:—u(%r) ., peEN
associated with the eigenfunctions

oo~ L
o = 5
2
vé’p = cos (%y) ifp=2p,p =1,...,00, (6.52)
v? = sin (%y) ifp=02p'+1), p'=0,... 00
Proof. The proof is very classic and is left to the reader. O

6.6.1 Stabilization of system (6.51).

We can prove, in the same way as system (6.14) (for k # 0) is stabilizable for any initial data
in X,gcc and for any decay rate w > 0, that system (6.51) is stabilizable for any initial data vg’l in

X3 =L*-1,1;R) and 1)8’2 = 0 with a control fi in L?(0, 00; R), namely

Proposition 6.18. Let w > 0 be a decay rate. Let 118’1 be in L?(—1,1;R). Then, there exists a control fgr
in L*(0,00;R) such that the solution vy of equation (6.51) with initial data v and fi as a Neumann
boundary condition satisfies the exponential decay:

lle* 05 [l L2 ((0,00)x (~1.1)sR) < Cllvg ™ lL2(-1,1m) for allt > 0.
Furthermore, the control function fy satisfies the exponential decay
1o (D] < Coe " [vh | L2 (- 1.1m). forallt >0
for wg > 0 large enough.

Proof. The same work as above gives directly the result. Indeed, the unique ocntinuation property (to
prove the approximative controllability) is reduced to prove that the eigenfunctions of the operator Ag
do not vanish at the boundary y = 1 which is clear thanks to the explicit form of this eigenvalues (see
(6.52)).

To obtain the exponential decay rate w > 0, we use a new variable v} = e v}, then the same work as
in Theorem 6.10 for system (6.14) can be done here. O

6.6.2 Feedback stabilization of system (6.51).
The feedback law to the stabilization of system (6.51) can be shown by solving the infinite time
horizon control problem (778 1) (for k= 0)
sVo

inf{jo(vg; ) st (vg; foh) satisfies (6.51) with £ inLZ(O,oo;R)}

where
1

oo 1 o0
Hki i) =3 | IR OPa 3 [P
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6.7. Stabilization of system (6.11).

The different notations here are P¥ is the projection from L?(—1,1;R) onto the unstable eigenspace
of the operator Ay, = Ao + wl, this space will be denoted Hf to be coherent with the previous section.

There exists a number ng > 0 such that Hf = Span{(bg,p =0,... ,no} where {¢f},>0 is the family of

eigenfunctions of A corresponding with the oredered eigenvalues {\5},>¢ (see section 6.6).
Then, we can prove the following result

Theorem 6.19. For all vy in Hy, problem (738’331) admits a unique solution (Uévo,l ; f(;:}o,l). There exists
70 0 0
Iy in L(Hy, (Hp)*) obeying Iy = 1§ > 0 such that the optimal cost is given by

. 0,00 1/0n 0,1
inf(P 00) = 5 (UO , Mov,
) 2

)HO,(HO)* '

Moreover, 11y is obtained as Iy = (PY)*IIy Py where I is the solution to the finite dimensional algebraic
Riccati equation

Iy in L(Hg, (Hg)*), g = (lg)" =0,  TgAg + (Ag) g — g By (By) Mg + I =0, (6.53)
where
0 = Py APy’ € L(Hg, Hy), (AG)" = (P Ao F)" = (Py')" Ag ()" € L((Hg)", (H)"),
By = Py'Bo € L(R,Hp), (By)™ = (Fg'Bo)” € L((Hg)", R),
Iy € L(HY, (HY)*) is the identity.

From (6.53), we get the algebraic Riccati equation satisfied by Ij:
Iy in L(Hy, (Hp)*), TIIg= (IIp)* >0, Mo Af + (Ag) Iy — Mg By B + (Py)*(Pg') = 0. (6.54)

6.6.3 Feedback stabilization of system (6.13).

System (6.13) can be written in the semigroup setting as follows:
Vg = Aov — (B0 + v(—Ao)) Ny Tho(vg) + f5 in (=1,1),  v5(0) = vg"! (6.55)

where we take the control obtained by the feedback law of the previous section. Thus, the operator is
exponential stable (with decay rate w) on Hy. Thus, we can state the equivalent to Proposition 6.16 to
system (6.13):

Theorem 6.20. Let v be in H'(—1,1;R) and f} such that ¢ f} belongs to L*((0,00) x (—1,1);R),

then system (6.55) admits a unique solution v} such that

€08 || 7121 ((0,00) x (—1,1)R) < C <||v8’1||H1(—1,1;R) + He“'fé||L2((o,oo)x(—1,1);R))) :

6.7 Stabilization of system (6.11).

In this section, we collect all the different results of the previous sections to get the stabilization of the
nonhomogeneous system (6.11) in the variables (v,p,n) in the fix domain. More precisely, we consider
system (6.11) where the controls fgr and fT are the ones obtained thanks to the previous feedback laws,
that is

[ ==BiMo(vg),  fr=—= > T (Pevi,ni i)™
|k|< M ;k#0

We introduce the space of initial data

X%’CC ={(2° "%, 1*°) in V;&(QO) X Hi(FO) X H#(FO) satisfying ~ 2%% = p>%"* on T}
endowed with the norm of || - ||y of the Hilbert space X9 = V4(Q) x H3(To) x Hy(To) defined, for
every (2%, p'%, p*0) in X9, by

1
2
1,10, 120y = (1210 ) + 1010 iy + 12N 1))

Then, we prove the following result:
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Theorem 6.21. Let (v0, 710 n%0) be in X% e and (£, h) be such that e (£, h) is in L?(0, 0o; Liﬁ(ﬂg; R) x
L(To;R)), then system

vy —divo(v,q) = f in ng»

divv = 0 in Q%
vy = ny on 220,
S(viez-er = —BSHO(U(l))X-s- on Ego,
ngt =+ 0”7;111, - 6n§w - 7”7’5{11 = K[q - 2VU2,y] + h" — Z H%-‘_(kaka 771%7 Ui)elk X+ on Zgoa

|k| <M. ;k#0
(v(0),7(0),m(0)) = (v, n"", 0>

admits a unique solution (v,q,n) such that (v,q,n,n:) belongs to

X3, = { (z,r7u17u2) s.t. e (z,7, pt, u?) belongs to X;fjo}

where
X0 =HH(Q%) x L*(0,00;Hy (Q0)) x Hy*(£%,) x HE'(39,)

endowed with the norm || - ”Xif,o defined, for all (z,r, ut, u?) in XFos by

1
2

ro s 1)l = (|z|§{i,1@o 1B 0 e )+ I sz ) + ||“2||§{;=1(2g0)>
Furthermore, the solution (v,q,n) satisfies the following estimate

le (vl xee ) < Ch (II(VO,nl’OWQ’O)I\X; + [le (£, h)||L2<o,oo;L;(Qn)xL;O(m)) :

Proof. From the last two sections, we get the existence and uniqueness. The fact that (v,p,n) are real
functions comes from the fact that for conjugate initial data, we get conjugate controls f,:' . Indeed, let
us have a look to the system satsifed by (V_g,Dp—k,7—x). From (6.14), we have first (by changing k in
_k)

Vot — VA v +V_gpp 0 in (0,00) x (—1,1),
i(—k)wly, +0%,, = 0 in (0,00) x (—1,1),
e = on (0,00) x {1},
vl,k’y +i(—k)v?, = 0 on (0,00) x {k1},
1,k 2,k
Nkt = M-k on (0, c0)
o+ (k4 6k2)n FARE = Rk — 2002 ) (K1) + frxps,  on (0,00)
(ka(o)a - (0)7’7 (0)) = (Vok,n k77722)
Then, we take the conjugate system:
Yokt — VARKVZE + ViDZk 0 in (0,00) x (—1,1),
(=) (k) +0v2,, = 0 in (0,00) x (—1,1),
@ = 7 on (0,00) x {k1},
vl_,w + (i) (=k)?, = 0 on (0,00) x {k1},
1,k 2,k
I - k.t = Mk on (0, 00)
Wy + ok + BEnEE + Ak = (p_x — 2007 (1) + froxes,  on (0,00)
(V—k(O),n_k(O)m_k(O)) = (VOnth D).

That is, after little simplifications, (V_g,P_f,7—x) satisfies system (6.14) with the same initial data
(because the initial data (v, 719, 7?0) are real and thus v is conjugate to v%,, e.g.) and a control f¥,.

Finally, we get that f;” = E which gives (v, pr,nx) = (V_g, P—r,—%) and that the solution (v, p,n)
has real values.
O
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6.8. Proof of Theorem 6.2.

6.8 Proof of Theorem 6.2.

In the section, we prove the main result of this paper. We rewrite here system (6.4) in the fixed
domain where now the controls f" and f+ are obtained with the feedback laws fi = —BgIly(vg) and

fr=-M(v.n.n) = - Z\kKkIw k;éo (kakankvnk)

u; —vAu+Vp = Flu,p,n] in Q%
divu = gu,n] in QY
U2 = 77? + jﬁ[ua 77] on Egéov
ury +uze = 1w, n] = To(ug)xpt on 57, (6.56)
M+ Oy = BNy = Vi = 6P — 2vuz] + H*[u,n] — I(u,n,m)xp;  on BL°,
(u(0),7(0),m(0)) = (u®,7"% 7n*?)
The shifted system in the variables (4, p, 7', 7%) = ¥ (u,p,n, ;) where (u,p,n) is solution of system
(6.56) is
U —wil—vAU+Vp = ¢ “Fup i, 7% in Q%
divua = e “jgu, 771] in Q%
az _ A’Zm_i_e UJ]K,[ 7,,7] OHZ";C’)O,
Uly +U2g = l“[N ~1] Ho(uo)xpar on ¥%0,
2 ﬁtln = P twptt B on 257,
ﬁtm - wﬁlf'ﬂ + aﬁalzjrﬁww ﬁnwz - ’yna::r = K’[ﬁ_ 2Va2,y] + e_w'HK[IL ﬁl] - H(ﬁ7 ﬁl’ nNQ)XFg' on 21;307
(@(0),7(0),7(0)) = (u®n"°7n*?)
(6.57)

where the right-hand sides (F[a, p, 7, 72], g[u, 7], [0, 7], ([, 7!], H[W, 7!]) are calculated from the right-
hand sides of (6.56) (F[u,p,n], g[u,n],j[u,n],![u,n], H[u,n]) defined in (6.5) as follows:

~ ~ 1 1— _ ~ dp (g + 2dy) \ -
F[u7p, 7711 52] = —d (ut - wu) + ,’727+ <H) + 7"7)27_ (Z) B l/(msz + Zd:r:v) + V(Tni—’_i) u;
2 2 ew: +d
- N ~ T + 2dy)? — e d _ ST
FVUy — 20(My + 2dy) 0, + v (Ma + 2ds) = € U, — (14+e “d)uu, — ugu,
- - ev £+
_ +e_w'<ﬁlm + Zflw)ﬂlﬁz - (dﬁw - (ﬁlm + de)ﬁz)elv
~§[ﬁ7 7]1] = _dal,z + (mL + Zdw)ﬂl,zy
R = iy, B
o'l = 2y ”(1 + e d)ine — 207 (Mh) 20, — (dlizg + 1" T, ) (1 — €2 (1))
_27793 u272 + € v (7730 ) (U’l,z + u2,x>7 -
~ 2v . - e unlr 2vd
H[un] = ———————= (e r];’“ Qul,w — 77915’5“2,95 + 2 =U2 .
7 1+e*2“"(n5)2( (7=") ) ltewd " 1rewd
(6.58)

Remember that d and m are defined from n = (n™,77) in section 6.4. Thus, d and 7 are obtained from
i by
S+ ~1,— S+ ~1,—
T_n=n ~ T4
d=—"— d =
5 an m 5
First, we now state a technical lemma which gives the estimates of elements in (6.58) in terms of
(W,p,7",77) in the space of the solution to the linearized system, that is in X3°; (defined in Theorem
6.21).

Proposition 6.22. Let (&,5,7",7%) in X, then (F[U, 5,7, 7%, g, 7], j[@, 7], ([0, 7'], H[Q, 7'])) de-
fined in (6.58) belongs to

W = LE(QS) x HE' Q1) x Hy ™ (£5,) x H/*N(£2) x L3 (5%)
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endowed with the norm || - ||W;o defined, for all (G,z,a,b,C) in W2

1
2

_ 2 2 2 2 2
(G200, OVl = (1612 an) + 2y o+ ol + Iy +1CTE on

Furthermore, it satisfies the estimate

~i e 11 Y~ a1 T~ o P ~ SO o 2
[(F[,p, 7" 7% gl n'] w0 L g Ha, g D wee < Co [ 1+ (@5, 1577 v ) 1@ 57557 || e -
# #.0 #0

Let now (@™, p™, 7™, 7*™) in X2, for m = 1,2, such that [|(u™,p™ ,ﬁl’m,?]a’m)ﬂxgﬁo < Ry (for

some constant Ry > 0), then the elements (Fm,v~v 7] ,lm, Hm) satisfy
H(F ’g ]1 ll Nl) - (F27§2552772a?[2)”W$ S C(l + RO)ROH(Gl’ﬁlvﬁleﬁZl) - (ﬁ27i)f27771’25ﬁ272)”X§20

with the notations, for m =1, 2,

(j:-T\'m7 §m7}7n77m, j_:’m) _ (f\[ﬁm’ﬁm7 nl m’ ,’72 m] ’g[ﬁm’ ﬁl’m],j[ﬁm, ﬁl’m],ﬂﬁm, ﬁl,mL ﬁ[ﬁm7 ﬁl,m]).

Proof. These estimates can be proved using Theorem B.3 in [12] and following either [16, section 6.] or
[23, section 11.]. For instance, let us prove that g[u,7!] belongs to Hil(ng). We know that g[u,n'] =
—Jﬂlel + (Mg + zczp)ﬂleg. The less regular term is the second one. Indeed, we know that 7' belongs to
H;f(Zgo), thus 7, belongs to H;’S/z (£2,). From Theorem B.3 in [12], we have 7%, satsifying

||,-V,{,v

Tl 2y < O oo sy N2 g

from 7, in H3 3/2 (£2)) and u; in Hil(ng) if (with the notations of [12])

n+d
Atwtp> =
where here A =2, w =1, 4 =0, n = 2 and d = 2, that is 3 > 3/2. Thus, the vector g[u, '] belongs to
Hil(ng) and satisfies the estimate

||§[1~17711]||H;1(Qgc) < O|\7~71||H;2(zgo)||1~1|\H;1(ng)-
O

Before constructing the mapping for the fixed point procedure, we now introduce the lifting we used
in section 6.4.

Proposition 6.23. System (6.57) in the variables (1, p, ﬁl n?) is equivalent to system (6.62) in the vari-
ables (V,q, 1", 7?) where U = v + i[fi,ﬁl] and p =G+ L »[0, ). The lifting L is the sum of two terms,
g[u, '] and W[, n'] defined in (6.61) and the lifting Lp is the pressure term T[U, 7] corresponding with
w(u,n'] in (6.61).

The right-hand sides of system (6.62) are obtained from the ones in system (6.57) thanks to equations
(6.60) and (6.63).

Furthermore, for (f‘[ﬁ,fﬁ, nt 77, gla, b, i, nt, a, gt ﬁ[ﬁ nt) in Wi, (f[u 1t 02, h[ n']) be-
longs to L*(0,00; L%, (Q0) x L% (To)) and for (u®,n"0,n*°) in XY satisfying (6.10), then (v° 771’0 n?0)

with v0 = u® — g[u®, %), belongs to Xo,cc-

Proof. Because of the special form of the nonlinear term g[u, '], we can look for solution (u,p, 7', 7?)

under the form (W + g[u,7'],p,7%,75?). Thus, we get rid of the nonhomogeneous divergence condition
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but it makes appear new terms (dependent on g[u,7']), namely system (6.57) becomes

W —ww—vAw+Vp = e F[up,n 7] in Q%
divw = 0 in Q2
Wy = 72" on Z&O,
Wiy +Wog = e_‘ul[ ,n] HO({E}))XF; on ¥%0,
ﬁt” = PP fwnt on 25,
TR — WP T — B — AR = KD 2w, ] o ] - T, P on BE,
(W(O)an(o)vnt(o)) = (uo_g[uovnl)o]vnlyoanlo)
(6.59)
where _
F[u?pvﬁla?/a] = F[ﬁvﬁvﬁlaﬁa]_ (gt[ﬁaﬁl]_WE[ 1]) Ag[ﬁvﬁl]a
f[u,n] = I"[a,7'] - S(g[u,7'])ez - er — o(g1 [0 7'])xr+ (6.60)
H[W7'] = B[] - rSER7]es - e — TE[E7'],0,0)xp-

We recover directly the regularity and estimate of the elements (E[a, p, 7%, 72], [[4, 7'], H[4, 7']) from
(F[w,p,nt, n%),gla,n'], [[w,n'], H[W,n']) thanks to the regularity of g[u,7']. Indeed, with g[u,7'] in
Hil(ng), we get that

~ 1~ ~1 ~ 2 (0 <~ ~1 1/2,1/4 v0 4]
&[] + Bl 7Y + VAR ] € TR(Q%)  and  SE[W7Y) € B/ L)
Note that the right-hand side j*[1, 7] disappeared in (6.59) because we exactly have g (k1) = j~[0, 7!] =
S
g (K1),

We continue the lifting strategy using a result of [12]. We first look for solution (w,r) with a right-
hand side in the variables (u,n'), then, we use the classic change of unknows (w,7) = e (w, ). More
precisely, we use the following result.

Proposition 6.24 (Theorem 5.3 in [12] in the case 7 = 0 for k = 2.). Let[ be in H;/2’1/4(Ego), then system

w;—vAw+Vr = 0 in ng,
diow = 0 n ng,
wy = 0  onXEY
W1,y + W2z = éﬁ on 2&07
w(0) = 0 inQ

admits a um’que solution (w,T) in Hiﬁl(ng) x L?(0,00;H5(Q0)). Furthermore, this solution satisfies

= 3= fo (z,y)de =0 in (—1,1) (this point is obvious).

Then, applying the previous proposition to the lifting of [[u, '] (which corresponds to l[ '], that is
l[u,n'] = e72¥"[[u,7"]), we obtain a unique solution (w[u, '], 7[u,n']) in Hil(ng) x L2(0, oo; H#(QO)).

Furthermore, the corresponding variables (w[a, '], 7[0,7']) = e (w[u,n'], x[u, n']) satisfies the equa-
tion

W —ww—vAwW+ VT = 0 in Q%
divw = 0 in Q% ,
wy = 0 on ¥%0, (6.61)
Bry+ e = el [@,7] onZr
w(0) = 0 in Qo,

belongs to Hi’l(ng) x L?(0, 00; HL, (Q0)) and W[, 71 =01in (=1,1).

We now look for solution of (6.59) under the form (w,p,7%,7?) = (v + w[u, 7], ¢ + z[a, 7], 7", 72).
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The system satsfied by (v, q,7',7?) is
Vi—wV—vAV+ V] = e “fup it 7 in QY.
divv = 0 in Q%
Ty = 7" on R0,
Uiy + V2. = -l (6‘%)XF§ on 2250,
§ ﬁtl L - ,'72,/-; +w77]'1,/-i N on 2);(,)07
ﬁt " wﬁZK + aﬁ;’zﬁxl ﬂnll - rynmw = K[a_ 21/@/272!] + eiu%h’ﬁ[v7 ﬁl} - H(vv ﬁl’ ﬁQ)Xrg on Zgoa
(V(O)»W(O)ant(o)) = (uO - E[UOWLO]WLO,W2’O)
(6.62)
where
a7 77 = Efapi, i) 663
REE A = H @3] — ke [F[0,7) — 20, [6,7']] - IE[7'] + % [W,7'],0,0)xp+

The point @y, 7'] = 0 in (—1,1) gives that —IIo(@y[W,7']) = 0 and this term vanishes in (6.62). O
All this work has been made to set system (6.62) in the setting of Theorem 6.21 from the previous

section. Thus, together with Proposition 6.22 gives the following theorem.

Theorem 6.25. For a quadruplet (U, p, 7, 7%) in X0, the closed loop system (6.57) with right-hand sides

(F[a, 5,7, 72, g[u, 74, j[a, 7], [, 7], H[a, 7)) deﬁned in (6.58) and initial data (u® n'° n?%) in X%

satisfying (6.10) admits a unique solution (0®,p®,n%*,n%*) in X3 with the estimate

@57 i), < O (100050, 72) g+ Co(1 4+ 157 7P e I8 5.7 ), )
(6.64)
That is, we have construct a mapping from X377 into itself defined by
M X0 — Xgo
~ ~~1 23 ~1 ~2 o ~o ~le ~2e .
@,p,n 7)) — ./\/l( ,p,n 7)) = (u*,p°%, 7 '*) the solution of the close loop system (6.57)

with (F[d ,p,nl,?fz],g[ﬁ,ﬁl],j[ﬁ,ﬁl],ﬂﬁ, 7', H[@,7')) for right-hand sides

which satisfies
M@ 5 7 7P xz, < Cr (1”00, n20) g, + Co(1+ 11,57 7P x5 7P s, )

Furthermore, for two quadruplets (W™, p™, %™, 5%™) for m = 1,2, such that

”( m7f)-m’7f~7'1m sz)”X“’ <R0

for some Ry > 0, the difference (by linearity) M(ut, p*, 7t 7%t — M(Q2,p%, 742, 7%2) corresponds with
the solution of system (6.57) with (F', g, i1, 11, HY)—(F2% g2, j2,12, H?) as right-hand side and (0,0,0,0)
as initial data. We used again the notations, for m =1, 2,

(f\m gm “m Tm,f[m) _ (f\[ﬁm Frz77~]1,m 772’7”]7g[ﬁm,ﬁl’m],g[ﬁm,ﬁl’m],ﬂﬁm,ﬁl’m],ﬁ[ﬁm7r~)l’m]).
Thus, M(al,p', bt n?t) — M(Q2,p%, 742, 7%?) satisfies the estimate
M@, p! Nll,ﬁgl) M@, P2, 702, 77%) | x5, < C102(1+Ro) Rol| (@, ph, 7, ) —(@%, 57, 72, 172 [ x -
Proof. For a quadruplet (@,p,7",7%) in X3°, from Theorem 6.21, system (6.62) corresponding with the
right-hand side (F[w, p, 7,72, h[@,7']) obtained from (F[a,p, ﬁl,fﬂ,g{ﬁ,ﬁl],}[ﬁ,ﬁl]j[ﬁ, 7', H[@, 7))
defined in (6.58) using (6.60) and (6.63) and with the initial data (v°, 79 7772 ) in X, .. defined from
(u®, 0 n20) in XO satisfying (6.10) in (6.9) admits a unique solution (v*,g®*, 7>*,7%*) in X3 satisfying
the estimate

1,7 7Pz, < C (1007020 xg + (1 15,7 7)) | G 57 ) ey ) -

Now, using Proposition 6.23, we get that (@®, 5%, 7>*,7%*) = (v* + L[, 7'],* + Ly[a, 7], 7, 72°) is
solution of (6.57) satisfying estimate (6.64). O
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6.8. Proof of Theorem 6.2.

From the extimate of the mapping M, we deduce the following proposition which state the existence
of the shifted closed loop system (6.57).

Proposition 6.26. Let (u®,n*% n29) in X% satisfying the compatibility condition (6.10). There exists
a constant rq > 0 and a increasing function R from RT into itself such that if r belongs to (0,79) and
H(uo,nl*o,772’0)||X2k < R(r), system (6.57) admits a unique solution (W, p, 7", 7%) in X2, satsfying the
estimate

”(ﬁvﬁv ﬁla ?7)2)”)(;0)0 <

Proof. We want to use the Banach fixed point method. We begin by considering for » > 0 the ball of the
space X3, of radius r, that is

Bxz, () = {(zrutu®) € X5, st N@rut id)lxs, <7}

From Theorem 6.25, we know that M is a well-defined from B X;oo(r) into itself and is a contraction on
B X;:O(T) if the two following inequalities are satisfied

1
Cl||(u07771’0,n2’0)||X% +C1C(1+7r)r<r and CiCy(l+7)r< 3

Let us consider initial data (u®,n*% 1?%) such that H(uo,nl’o,n?’O)HX% < 367~ Thus, r has to satisfy

1
0102(1 + ’I“)’I“ < 5
hich i ible for 0 < r < ——+—— = ry. The function R i 5. F h tant 7 > 0,
which is possible for T XY ro. The function R is r — 5&-. For such a constant r
the mapping M is a contraction from B X;oo(r) into itself, that concludes the proof. O

Now, from the correspondence between system (6.56) and (6.57), we get that (u®,p®,n*®) is solution
to system (6.56) with right-hand side (F[u,p, 7], g[u,n],j[u,n],[u,n], H[u,n]) (defined in (6.5)) if and
only if

(@, p%, 7%, 77°) = e (u®,p*, 0%, ;)

is solution to system (6.57) with rigth-hand side (F[a, , 7%, 7%, §[0, 7'], j[@, 7], [[a, 7], H[@, 7]) (defined

n (6.58)).
Note that the right-hand sides (F[u,p,n], g[u, 7], j[u, 7], {[u, 7], H[u,7]) of (6.56) multiplied by e*" are
exactly the right-hand sides (F[a, 5, 7%, 72, g[w, 7], 7[0, 7], [[@, 7], H[W,7']) of (6.57). Thus, the first

ones give that (f[u, p, 7], h[u, n]) obtained in (6.8) satisfies e (f, h) belongs to L?(0, 00; L% () x L% (To)).

This allows us to write the equivalent result for system (6.56).

Proposition 6.27. Let (u®,n'° n*%) in X% satisfying the compatibility condition (6.10). There exists
a constant ro > 0 and a increasing function R from RT into itself such that if r belongs to (0,7¢) and
|(u®, n*0, 772’0)||X;3£ < R(r), system (6.56) admits a unique solution (u,p,n) such that (u,p,n,n:) belongs

to X3°, (this space is defined in Theorem 6.21) and satisties the estimate

||(u7p7 1, nt)”X::w S r.

Up to a restriction on the value of ry, we can make the assumption (6.1) comes true. Indeed, thanks
to the embedding H;ZQ(E[;O) — L*>(22), we can get 17| e (5,0 < 1=6o. This, with the regularity of n
gives that the change of variables ¢,, defined in section 6.4 is a C ! _diffeomorphism. Thanks to Definition
6.4, we finally obtain the main result of this paper in the moving cylinder Q.
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