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EX3R� X

y� {eu �f f�tkf~ �tg{ ��ff� f��{� ��g���g� jt j� �tjk{tfk�g h�~�k{� �f kgf���� �� ��i�f{ m ��
ikj�{ Y�� s~�k�ej�{ ��efk��{ �g j �� ��e���g��� �tg{ eg �gsk��gg�m�gf ��efk�� �t�f���th�k~ x��e� ���k � g�e{ h��h�{�g{ eg� thh����� mejfk{�g{��k�jj� �vi�k�tgf j�{ �thf�e�{ �jt{{kle��
m�gf efkjk{~{ �tg{ �� ��g�� � �thhjk�tfk�g Yeg ��� gtfe��j � eg ���m �f�� �f eg �v��m�f���
ts�� eg {v{f�m � �� sk{k�g x �� ���gk�� � �g �ef�� � �{f �thtij� �� �~f��m kg�� f��{ h�~�k{~�
m�gf jt h�{� j� �tj� �e s~�k�ej� {e� jt ��te{{~� �g �~f��ftgf j�{ m t�let��{ {k�gtj~fkle�{
te {�j x �j h �ef ��g� ht� j �kgf��m ~�ktk�� �� jt �t�f� �� j ��gsk��gg�m�gf ��efk�� � |�e�gk� ��{
kg|��m tfk�g{ � jt |�k{ ����g�tgf�{ �f ��mhj~m �gftk��{ � ��jj�{ |�e�gk�{ ht� j� ��� x � kg{k �
��ff� ��mikgtk{�g � �kg|��m tfk�g{ ��kf �t�tgfk� jt h�~�k{k�g �f j �kgf~��kf~ �e {v{f�m � �� j��
�tjk{tfk�g �f �� g�ftmm�gf �tg{ j�{ ��g�{ e�itkg�{ ��g{�{ �� j�{ kg|��m tfk�g{ �e ��� g�
{�gf ht{ |���~m �gf �tij�{ x yt m k{� �g �es�� �� �� {v{f�m � t ~f~ m �g~� �tg{ ��e� ~fe��{�k{fkg�f�{ x 
tg{ jt h��m k��� � jt |e{k�g �� ��gg~�{ �{f �	��fe~� ht� eg � jf�� �� 
 tjm tg
~f�g�e x 
tg{ �� �t{ � jt h�~�k{k�g �if�ge� �{f let{k��~�km ~f�kle� � ��h �g�tgf jt ��{fk�g� ��vh�f��{�{ mejfkh j�{ �tg{ j� �t��� tef���efk�� �e ��{ |��f�{ g�g�jkg~t�kf~{ kgf���ekf�{
ht� j� {v{f�m � �� sk{k�g gek{�gf |��f�m �gf � j �kgf~��kf~ ��{ �~{ejftf{ �� j� �tjk{tfk�g x � ��{f��g� f�ef gtfe��jj�m �gf � le� �tg{ jt {���g�� ~fe�� � j� � jf�� �� 
 tjm tg �{f ��mhjt�~
ht� eg � jf�� ht�fk�ejtk�� �f hje{ ht�fk�ejk���m �gf ht� eg � jf�� ht�fk�ejtk�� �~g~fkle� x yt
h�~�k{k�g �if�ge� �{f k�k {km kjtk�� � jt h��m k��� ~fe�� �f j �kgf~��kf~ ��{ �~{ejftf{ �� jt
j� �tjk{tfk�g t{{e�~� x �g ��stg��� � ��ff� m ~f���� �{f ��e�m tg�� �g f�mh{ �� �tj�ej �f g�
h �ef �f�� efkjk{~� �g f�mh{ �~�j {e� j�{ ���kgtf�e�{ t�fe�j{ x

�
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z�k{ f��{k{ ��h ��f ��tj{ � kf� h���k{� tg� eg����ehf�� j��tjk�tfk�g �| m �ikj� ��i�f{Y|�� ��tmhj� ��t� s��k�j�{� � kf� kg t ��t� �gsk��gm�gf t{{� �ktf�� f� t h���k{� gem��k�tj
m th x � mejfk{�g���ktj thh��t�� m ���kg� {�g{��{ it{k�tjjv e{�� kg {e�� thhjk�tfk�g{ Yj��
��{f ��� � ���m�f�� � �v��m �f��� tg� t sk{k�g {v{f�m � k{ h��h �{�� x ��fetjjv� f�k{ s k{k�g
{v{f�m k{ tij� f� �ks� h���k{�jv f�� j� �tj h �{� �| f�� s��k�j� �g f�� ��t� ��kj� ��f��fkg�
��t� jkg�{ x ��ehj�� � kf� t gem ��k�tj m th f�k{ s k{k�g tj���kf�m �ks�{ i �f� ���eg�tgf
tg� ��mhj�m �gft�v kg|��m tfk�g ��mht�tij� � kf� f�� �g� h��sk��� iv f�� ��� x z�e{
f�k{ �tft ��mikgtfk�g �g{e��{ t��e�t�v tg� kgf���kfv �| f�� j� �tjk�tfk�g {v{f�m �{h ��ktjjv
kg ��g{� e�itg t��t{ ����� ��� �tft t�� g�f {� ��jktij� x z�� �k{fkg�f kmhj�m �gftfk�g{
�| f�tf {v{f�m t{ i��g ��g�e�f�� x �g f�� � �{f �g� � �tft |e{k�g k{ ��tjk��� e{kg� tg �� �
f�g��� 
 tjm tg � jf�� x �g f�tf �t{� f�� ��{ejfkg� h���k{k�g ��t���{ {�m � f�g ��gfkm �f��{ x
����s�� � f�� m tgt��m �gf �| mejfk��vh�f��{k{ j� �tjk�tfk�g kg f�� m �f���tv ��gf��f ��
f�� {f��g� g�g� jkg�t�kfk�{ kgs�js�� iv f�� sk{k�g {v{f�m ��f�t�f{ {��k�e{jv f�� kgf���kfv �|
f�� j� �tjk�tfk�g x z��g kg f�� {���g� {�jefk�g � f�� 
 tjm tg � jf�� k{ gtfe�tjjv ��hjt��� � kf�
t ht�fk�j�{ � jf�� tg� m��� {h ��k��tjjv tg ��g�fk� ht�fk�j�{ � jf�� x z�� ��{ejfkg� h���k{k�g
k{ {km kjt� f� f�� h������gf tg� f�� kgf���kfv �| f�� j� �tjk�tfk�g k{ kg{e��� x �gv�tv� f�k{
m �f��� kgsj�s�{ t j�g� �tj�ejtfk�g fkm � tg� �tgg�f �eg ��tj fkm � �g t�fetj �� �{ x
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�� ��m ���k� f�e{ j�{ m �mi��{ �� m�g u e�v� w�g{k�e� yte��gf z�t{{�e�tkg� h�e� j �ts�k�
h�~{k�~ x w�g{k�e� ��kjkhh � ��ggk|tkf � w�g{k�e� �t����~�t�� ��{ftk�� �f w�g{k�e� ��tg�
��k{ ��v��f h�e� j �kgf~��f le �kj{ �gf h��f~ � m�g f�tstkj �g t���hftgf � ��f�� �thh��f�e�{ x
�� {�e�tkf� {e�f�ef ��m ���k�� ��jtg� ��thek{ � m�g �k���f�e� �� f��{� � h�e� m �ts�k�

�g�t��~ �e�tgf f�ef�{ ��{ tgg~�{ � h�e� {�{ h�~�k�e� ��g{�kj{ � {�g tk�� �f f�ef� jt htfk�g����gf kj t |tkf h��es� j��{ �� jt ������fk�g �� �� m tge{��kf x
�� s�e��tk{ ~�tj�m �gf f~m �k�g�� f�ef� m t ��tfkfe�� �gs��{ ��~�~�k� ��te{{� � m�g

����k���f�e� �� f��{� � h�e� {�g {�efk�g ��g{ftgf �f {�{ ��m t�le�{ x w tk{ te{{k � h�e� f�e{
j�{ m �m �gf{ ht�ft�~{ tef�e� �� jt jkf���tfe�� �f �� jt me{kle� x
� k�g {e� u � ��m ���k� j ��g{�mij� ��{ h ��{�gg�{ le� u �tk he ��f�v�� te y��w�� � g�ftm �

m�gf ��metj� � ����� � ���k{f�h�� �f �ekjjtem� ��gf j�e� tm kfk~ �f j�e� i �gg� �em �e�
�gf ��g�e �� f�tstkj t��~tij� te le�fk� k�g x �� ��m ���k� ~�tj�m �gf z�k���v ��tf�te h�e�
m �ts�k� |tkf �~��es�k� j� � jf�t�� ht�fk�ejtk�� �f � �ts�k� {ehh��f~ f�ef�{ m �{ le�{fk�g{ x
�g�g m�{ ���gk���{ h �g{~�{ s�gf � j ��g{�mij� ��{ h ��{�gg�{ �� m t |tm kjj� lek m ��gf

f�eu �e�{ �g��e�t�~ � h�e�{eks�� ��ff� s�k� �f {�ef�ge �tg{ j�{ m �m �gf{ �k� �kj�{ � � m�{
��e{kg{ �f tm k{ 
tm k�g Y�tm �j� �f � ts k�� Yy� ���{� �f hje{ ht�fk�ejk���m �gf � m�{ ht�
��gf{ x
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N (m,P) � ��g{kf~ �te{{k�gg� �� m�v�gg� m �f �� m tf�k�� �� ��st�ktg�� P

ε = N (0,P) � ��g{kf~ �te{k�gg� ��gf�~� �� m tf�k�� �� ��st�ktg�� P

U(a, b) � j� k �� h��itikjkf~ egk|��m � {e� j �kgf��stjj� [a, b]
k � j� f�mh{ �k{��~fk{~

� 
���� �� � ��� �� �
Xk|k−1

� ~ftf t h�k��k
Pk|k

� m tf�k�� �� ��st�ktg�� �� j �~ftf t h�{f~�k��k Xk|k

Xk|k
� ~ftf t h�{f��k��k

Pk|k−1
� m tf�k�� �� ��st�ktg�� �� j �~ftf t h�k��k Xk|k−1

Kk
� �tkg �� 
 tjm tg

W k
� i�ekf �e {v{f�m � �vgtm kle�

Qk
� m tf�k�� �� ��st�ktg�� �e i�ekf �vgtm kle�

V k
� i�ekf �� m �{e��

Rk
� m tf�k�� �� ��st�ktg�� �e i�ekf �� m �{e��

Uk
� s��f�e� �� ��mmtg��

Sk
� i�ekf �e s��f�e� �� ��mmtg��
� 
���� ����
�� ��
�� �

X0:k = (X0, X1, . . . , Xk)
T � f�tu ��f�k�� �e h����{{e{

Y 1:k = (Y 1, Y 2, . . . , Y k)
T � s��f�e�{ �� m �{e��{ u e{le �� j �kg{ftgf k

pk|k = p(Xk|Y 1:k)
� j� k �� h��itikjkf~ t h�{f��k��k �� Xk

��g�kfk�gg�jj�m �gf � Y 1:k

pk|k−1 = p(Xk|Y 1:k−1)
� j� k �� h��itikjkf~ t h�k��k �� Xk

��g�kfk�gg�jj�m �gf � Y 1:k−1

Xn � s��f�e� � �~ftf �� jt ht�fk�ej� n
wn � h �k�{ �� jt ht�fk�ej� n
SN = (Xn, wn) � get�� �� N ht�fk�ej�{
Neff

� ��kf��� �� jt ftkjj� �� �t�� �e get�� �� ht�fk�ej�{
NTh

� {�ekj �e ��kf��� �� jt ftkjj� �� �t��
�������� �
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� � �
wgyro

� s kf�{{� tg�ejtk�� |�e�gk� ht� j� �v��m�f��
vgyro

� kg���fkfe�� {e� wgyro

∆D
� �~hjt��m �gf m�{e�~ ht� j ����m~f�k�

v∆D

� kg���fkfe�� {e� ∆D

δv
� tg�j� �� i�tlet�� �e s�jtgf

δr
� tg�j� �� i�tlet�� ��{ ��e�{
�� ������� �
� � �

Y gps = (xgps, ygps)
T � kg|��m tfk�g{ |�e�gk�{ ht� j� ���

Rgps
� ��st�ktg�� ��{ kg���fkfe��{ ��{ kg|��m tfk�g{ ��� {tg{ m��~jk{tfk�g ��

R
′

gps
� ��st�ktg�� ��{ kg���fkfe��{ ��{ kg|��m tfk�g{ ��� ts�� m��~jk{tfk�g ��

latg
� jtf�g�� ���

Y vision = (L,X0, ψ, α, Ch, Cl)
� kg|��m tfk�g{ |�e�gk�{ ht� j� �thf�e� �s k{k�g �

Rvision
� ��st�ktg�� ��{ kg���fkfe��{ ��{ kg|��m tfk�g{ �sk{k�g �

latv
� jtf�g�� �	 k{k�g �

Y dgps = (xdgps, ydgps)
T � kg|��m tfk�g{ |�e�gk�{ ht� j� ���

Rdgps
� m tf�k�� �� ��st�ktg�� ��{ kg���fkfe��{ ��{ kg|��m tfk�g{ ���


������ ���� �
xr
�f yr

� ��k�kg� �e ��h ��� j� �tj � jt ��ef� �tg{ j� �~|~��gfk�j �e m�g��
θr
� ��k�gftfk�g �e ��h ��� j� �tj � jt ��ef� �tg{ j� �~|~��gfk�j �e m�g��

Li
� jt���e� �� jt s�k� �� �k��ejtfk�g i �� jt ��ef�

(x, y, θ)T � tffkfe�� �e s~�k�ej� �tg{ j� �~|~��gfk�j �e m�g��
(Xr, Yr,Ψr)

T � tffkfe�� �e s~�k�ej� �tg{ j� �~|~��gfk�j �� jt ��ef�

���� ������� �

��� � �j�itj ��{kfk�gkg� �v{f�m
��� � 
 k	 ���gfktj � j�itj ��{kfk�ggkg� �v{f�m�}�� � �lekstj�gf }{�� �tg�� ������
�� � ���m�f�k� 
 kjefk�g � | ����k{k�g
�
�� � ���k��gftj 
 kjefk�g �| ����k{k�g
	
�� � 	��fk�tj 
 kjefk�g �| ����k{k�g��� � �g��fktj �tsk�tfk�g �v{f�m

� � 
 tjm tg �kjf���
� � ��f�g��� 
 tjm tg �kjf��
}
� � }g{��gf�� 
 tjm tg �kjf���� � �kjf�� ht�fk�ejtk����� � ��g�fk� �t�fk�j� � kjf����� � ��letgfktj �m h��ftg�� ��{tmhjkg�
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���� � ��g�fk� �tmhjkg� �m th��ftg�� ��{tmhjkg���� � �tmhjkg� �mh��ftg�� ��{tmhjkg�
��� � ���ejt�k��� �t�fk�j� �kjf��
���� � �t���jt����jjk{tfk�g �t�fk�j� �kjf��w ��� � w�tg �gf���tf�{ �let�� �����
�w�� � ���f w�tg �let�� ������� � �ef������{{ks�





0>� �4 T43 � >QV2S43

�<IK9 M98 � <;J�698 �

�:;6GMH[;JG: �n

� ���� 	� 	 
��� ��

� 
98 � 7;�GM98 M9 5G8J;JG::9� 9:; ��
�x� y� h �{kfk�gg�m�gf ��jtfk| x x x x x x x x x x x x x x x x x x x x x x x x x x x x ��

�x�x� ��{kfk�gg�m �gf ht� ���m ~f�k� x x x x x x x x x x x x x x x x x x x x x ��
�x�x� ��{kfk�gg�m �gf kg��fk�j x x x x x x x x x x x x x x x x x x x x x x x x x ��
�x�x� �ef��{ m ~f����{ x x x x x x x x x x x x x x x x x x x x x x x x x x x x ��
�x�x� �kjtg x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x ��

�x� y� h�{kfk�gg�m�gf ti{�je x x x x x x x x x x x x x x x x x x x x x x x x x x x ��
�x� x� 
�{��khfk�g x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x ��
�x� x� ��{kfk�gg�m �gf ht� {tf�jjkf�{ x x x x x x x x x x x x x x x x x x x x x x � �
�x� x� ��{kfk�gg�m �gf ht� f~j~h��g� ��jje jtk�� x x x x x x x x x x x x x x x x ��
�x� x� ��{kfk�gg�m �gf ht� sk{k�g �tg{ eg �gsk��gg�m �gf ��efk�� x x x x x x � �
�x� x
 �kjtg x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x 
 �

�x� y�{ {v{f�m �{ �� h �{kfk�gg�m�gf �vi�k�� x x x x x x x x x x x x x x x x x x x 
�
p 
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� x� y� � jf�t�� �hfkm tj x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x 


� x� y�{ m ~f����{ tgtjvfkle�{ x x x x x x x x x x x x x x x x x x x x x x x x x x x 
�

� x� x� y� � jf�� �� 
 tjm tg x x x x x x x x x x x x x x x x x x x x x x x x x x x 
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� j�{ f�tste� heijk�{ ts�� jt ��g��hfk�g � ��g�kg{ �� ��tgfk�� tef�m tfk{~{ �
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�etgf te� {v{f�m �{ kg��fk�j{ �� �tef� h�~�k{k�g kj{ {�gf �e� f��h ����{ �f {�es�gf f��h�k� �kj�{ � ~ftj�gg�� h�e� h�es�k� �f�� �mit�le~{ �tg{ eg s~�k�ej� ��efk�� x
� kg{k j�{ thh�����{ �� k{ftgf�{ �� j� �tjk{tfk�g h�~�k{� ~jti ��~�{ �tg{ jt ��mmegtef~�� jt ��i �fkle� m�ikj� g� {�gf le� h�e �g�jkg�{ � �f�� efkjk{~�{ �tg{ j� m �g�� tef�m�ikj� x��ff� f��{� h�~{�gf� eg {v{f�m � �� j� �tjk{tfk�g �~h �g�tgf � ��t�eg� �� ��{ ��gf�tkgf�{ x ��

{v{f�m � {� it{� {e� jt ��mikgtk{�g � �kg|��m tfk�g{ h��s�gtgf � �eg �g{�mij� �� �thf�e�{
h��h�k� ��hfk|{ �f ��f~�� ��hfk|{ �� |tki j�{ ���f{ f�j{ le �eg ��� gtfe��j � eg ���m�f�� �f eg
�v��m �f�� �� f���g�j��k� w�w� � eg {v{f�m � �� s k{k�g tkg{k le� � �eg� �t�f� h�~�k{� ��
j ��gsk��ggm�gf ��efk�� x y� {v{f�m � �� sk{k�g � �g���� thh�j~ �thf�e� �s k{k�g � h��m �f �

� �� j� �tjk{�� h�~�k{~m �gf j� s~�k�ej� {e� jt ��te{{~� � ��{f����k�� �� ��ggt�f�� {t h �{k�fk�g jtf~�tj� �f {�g ��k�gftfk�g {e� jt ��ef� �
� �� j� �tjk{�� j� s~�k�ej� �tg{ j� m�g�� �g �	��fetgf eg� m k{� �g �����{h �g�tg�� ts��jt �t�f� �� j ��gsk��gg�m�gf ��efk�� �f ��g� |�e�gk� eg� kg|��m tfk�g �� j� �tjk{tfk�g
����g�tgf� ts�� j� ��� x
�e� tstgft��{ km h��ftgf{ �~{ejf�gf �� j �efkjk{tfk�g �� �� �thf�e� �

� tm~jk���� jt h�~�k{k�g �e {v{f�m � ��� � �thf�e�{ h��h�k� ��hfk|{ it{ ���f{ h ���m�fftgf � �thh������ j�{ h ��|��m tg��{ � �eg {v{f�m � ��mikgtgf ��� �k	~��gfk�j{ �f
{v{f�m � kg��fk�j �� �tef� h�~�k{k�g �

� tm~jk��tfk�g �� jt ��ie{f�{{� �f �� jt �tikjkf~ �e {v{f�m � �g {ehhj~tgf j� ���j��{le� j �kgf~��kf~ �� {�{ kg|��m tfk�g{ �{f ��m k{� �g �te{� �g ht�fk�ejk�� �tg{ j�{
��g�{ e�itkg�{ ��g{�{ �� j� ��� h�ef �f�� m k{ �g �~|tef ht� j�{ � ��ejftfk�g{ ��{
{tf�jjkf�{ h��s�le~{ ht� j�{ i�fkm �gf{ � j�{ fegg�j �f� xxx

�� m~m�k�� {� �ks k{� �g ��e� ht�fk�{ te�le�jj�{ {� �tu �ef�gf j�{ tgg���{ x
yt h��m k��� ht�fk� {� �~��mh�{� �g f��k{ ��thkf��{ x }g h��m k�� ��thkf�� �� {�gf h�~�

{�gf~�{ j�{ �ks��{�{ m ~f����{ �� h �{kfk�gg�m�gf j�{ hje{ {�es�gf e{kf~�{ �tg{ j� ��mtkg��� jt ��i�fkle� m �ikj� � {ts�k� � j�{ m ~f����{ �� h �{kfk�gg�gf ti{�je � j�{ m ~f����{ ��
h�{kfk�gg�m�gf ��jtfk| �f �g�g j�{ m ~f����{ �� h�{kfk�gg�m �gf �vi�k��{ lek ��mikg�gf
j�{ ��e� h�~�~��gf�{ x y �thh����� h��h�{~� �tg{ ��ff� f��{� �{f eg� m ~f���� �� h�{kfk�g�
g�m �gf �� fvh � �vi�k�� � �jj� g~��{{kf� ��g� jt m k{� �g hjt�� � �eg {v{f�m � �� |e{k�g ����gg~�{ h �e� ��mikg�� j�{ kg|��m tfk�g{ h��s�gtgf �� �k	 ~��gf{ �thf�e�{ �mit�le~{ �tg{
j� s~�k�ej� x ��e� ��jt j� � jf�t�� itv~{k�g t ~f~ ��f�ge � j�{ h�kg�kh �{ �g {�gf h�~{�gf~{ �tg{
j� ��e� k�m � ��thkf�� �� j �t���gf �{f {e�f�ef m k{ {e� j� � jf�� �� 
 tjm tg �f j� � jf�� ��

 tjm tg ~f�g�e h�e� j�{ m ~f����{ tgtjvfkle�{ �f {e� j�{ � jf��{ �� w�gf~��t�j� �f j�{ �k|�



�r �:;6GMH[;JG:

|~��gf{ � jf��{ ht�fk�ejtk��{ h�e� j�{ m ~f����{ gem~�kle�{ x ��mm� j�{ � jf��{ �� 
 tjm tg
{�gf ��hek{ j�g�f�mh{ ik�g �~�gk{ � eg {kmhj� �thh�j �{f �	 ��fe~ �tg{ �� m ~m�k�� x �g
��stg��� j�{ � jf��{ �� w�gf~��t�j� �f g�ftmm�gf j�{ � jf��{ ht�fk�ejtk��{ ts�� kgf��t�fk�g��gf j�{ f�tste� {�gf �g���� �~��gf{ {�gf hje{ �~ftkjj~{ �tg{ �� ��thkf�� x �g�g h�e� �{h ~�
��� �~tjk{�� eg � jf�t�� �hfkm tj � kj �{f g~��{{tk�� �� �t�t�f~�k{�� te m k�e� j�{ kg|��m tfk�g{
efkjk{~�{ �f �g ht�fk�ejk�� j�e� �t�t�f��� {f���t{fkle� � j� ���gk�� ��thkf�� �� ��ff� ht�fk�
h�~{�gf� j�{ �k	~��gf�{ m tgk���{ �� �t�t�f~�k{�� hek{ �� m ��~jk{�� j�{ kg|��m tfk�g{ {f��
��t{fkle�{ ��mm� jt m��~jk{tfk�g �� �te{{�wt���s � jt m ��~jk{tfk�g �ef��~���{{ks� �f� xxx
yt {���g�� ht�fk� �t{{�mij� j ��g{�mij� ��{ �~s�j�hh �m �gf{ ��k�kgte� �� ��ff� f��{� xy� letf�k�m � ��thkf�� ti ���� j� ���k� ��{ �k	~��gf{ �thf�e�{ h �e� g�f�� thh����� �� j��

�tjk{tfk�g �vi�k�� tkg{k le� jt �t�t�f~�k{tfk�g �� j�e�{ kg|��m tfk�g{ � �� j�e�{ kg���fkfe��{
�f �� j�e� ��mh��f�m �gf f�mh���j x ��ftmm�gf �� ��thkf�� kg{k{f� {e�f�ef {e� jt �t�t�f~�
�k{tfk�g �f jt m��~jk{tfk�g ��{ kg���fkfe��{ ��{ kg|��m tfk�g{ h��s�gtgf �e �v��m �f�� �f�e ��� ��gf j� ��mh��f�m �gf {f� ��t{fkle� �{f f��{ {�es�gf g~�jk�~ �tg{ �� f�jj�{ thhjk�t�
fk�g{ tkg{k le� {e� jt ��{��khfk�g �~ftkjj~� �e �thf�e� �vi�k�� �sk{k�g �x 
�e� m~f����{ ��
� jf�t��{ itv~{k�g{ �gf ~f~ ��f�ge�{ h�e� �~tjk{�� jt ��mikgtk{�g{ � �kg|��m tfk�g{ h��s�gtgf�� ��{ �ks��{�{ �thf�e�{ � j� � jf�� �� 
 tjm tg ~f�g�e �f j� � jf�� ht�fk�ejtk�� �~g~fkle� x � kg{k
j� �kglek�m � �f j� {k� k�m � ��thkf�� h�~{�gf�gf ��{h ��fks�m �gf jt m k{� �g �es�� �� g�f��
thh����� �� j� �tjk{tfk�g ts�� ��t�eg �� ��{ ��e� � jf��{ tkg{k le� �� g�mi��e� �~{ejftf{
tff�{ftgf jt stjk� kf~ �� ��{ thh�����{ x
�g�g �� m ~m�k�� {� f��m kg� �g ��ggtgf le�jle�{ ��g�je{k�g{ �f h ��{h ��fks�{ {e� ��

f�tstkj x
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�g ��i�fkle� m �ikj� � kj �� k{f� f��k{ m ~f����{ �k	~��gf�{ �� h �{kfk�gg�m�gf x Y�� 
< KG�
[<KJ8<;JG: 69K<;J�9 �� j� �~hjt��m �gf ��jtfk| �e s~�k�ej� �{f �~f��m kg~ ht� kgf~��tfk�g{
{e���{{ks�{ � �kg|��m tfk�g{ �~��kstgf jt �kg~m tfkle� �e s~�k�ej� � � ��{f����k�� j�{ ��mh��
{tgf�{ �� skf�{{� �f � �t��~j~�tfk�g {�j�g eg� tffkfe�� � ���k�kg� ��gge� �e s~�k�ej� x Y��

< KG [<KJ8<;JG: <I8GKH9 �� j�{ �thf�e�{ |�e�gk{{�gf ��{ kg|��m tfk�g{ h ��m �fftgf ���~f��m kg�� �k���f�m �gf jt h�{kfk�g �e ��i �f �tg{ eg �~|~��gfk�j ��gg~ Y�� � �~|~��gfk�j
�~��~{kle� h�e� j� h�{kfk�gg�m �gf ht� ��� � j� �~|~��gfk�j �� jt �t�f� ��{ tm��{ sk{e�j{
h�e� j� h�{kfk�gg�m �gf ht� sk{k�g �f� xxx� x �f �g�g Y�� K9 5G8J;JG::9� 9:; ��I6JM9 ��
j� ��i �f �{f j� �tjk{~ �g ��mikgtgf j�{ m ~f����{ �� h�{kfk�gg�m �gf ��jtfk| �f �� h�{kfk�g�
g�m �gf ti{�je � tm~jk��tgf tkg{k jt j� �tjk{tfk�g �e s~�k�ej� �g ��mh�g{tgf j�{ �k	 ~��gf{
h��ij�m �{ ��g��gf�~{ �tg{ j�{ ��e� m ~f����{ h�~�~��gf�{ Y�~�ks�{ � j�g� f��m � �� jt
h�{kfk�g �e s~�k�ej� h �e� j� h�{kfk�gg�m �gf ��jtfk| �f j�{ h��ij�m �{ � �� ��ejftfk�g{ h �e�
j� h�{kfk�gg�m�gf ti{�je � x �g ��stg��� jt ��mikgtk{�g ��{ kg|��m tfk�g{ �ijk�� jt m k{� �g
�es�� �� h�� ��{{e{ �� |e{k�g �� ��gg~�{ �~tjk{~{ �g �~g~�tj ht� ��{ m ~f����{ �� � jf�t��
itv~{k�g x }g� ~fe�� ikijk���th�kle� �� ��{ �k	~��gf�{ m ~f����{ st �f�� h�~{�gf~� �tg{
j�{ f��k{ h�� ��tkg�{ {��fk�g{ x

��� +� `%����%���$��� �������
y� h�{kfk�gg�m�gf ��jtfk| h �ef �f�� je k m �m� �~��mh�{~ �g f��k{ �tf~���k�{ � j� h ��

{kfk�gg�m �gf ht� ���m~f�k� � j� h �{kfk�gg�m�gf kg��fk�j �f j� h �{kfk�gg�m�gf ��jtfk| ��v�
i�k�� � �tg{ j�le�j h�{kfk�gg�m �gf ht� ���m ~f�k� �f h�{kfk�gg�m �gf kg��fk�j {�gf ��mikg~{ x

� �� �� ����� ������ ��� ��� �	�� �����
yt j��tjk{tfk�g ht� ���m ~f�k� �{f f��{ �~htg�e� �g ��i �fkle� m �ikj� �� ht� {t |t�k�

jkf~ � {�g |tkij� ���f �� m k{� �g �es�� tkg{k le �eg� �t��g�� � �t�lek{kfk�g ��{ m �{e��{ f��{
~j�s~� x y ����m~f�k� h ��m �f �� |�e�gk� eg� letgfk��tfk�g ��{ �~hjt��m �gf{ �e�skjk�g�{ �e
s~�k�ej� �g m�{e�tgf jt ��ftfk�g ��{ ��e�{ x ��{ m �{e��{ {�gf �~g~�tj�m �gf �~tjk{~�{ ht���{ ����e�{ kg��~m �gfte� ��ehj~{ � j �t�� ��{ ��e�{ � jt h�~�k{k�g �� jt m �{e�� �~h �g� k�k



pq 
98 � 7;�GM98 M9 5G8J;JG::9� 9:;
�k���f�m �gf �� jt �~{�jefk�g �e ����e� x y �kg|��m tfk�g � ���k�gftfk�g h �ef �f�� te{{k �~��ekf� �� jt �k	~��g�� �� �k{ftg�� ht���e�e� ht� jt ��e� ���kf� �f �te��� �e s~�k�ej� xy� �tj�ej �� jt h�{kfk�g ��jtfks� �f �e �th �e s~�k�ej� (x, y, θ)T �{f �~tjk{~ ht� kgf~��tfk�g{{e���{{ks�{ �� {�{ �~hjt��m �gf{ ~j~m �gftk��{ x yt ��ggtk{{tg�� �e �ktm �f�� ��{ ��e�{ �
j ��gf�� t��{ ��{ ��e�{ �f �� jt �kg~m tfkle� �e s~�k�ej� �{f k�k ��lek{� x

� �� �� �� 
9 � GM� K9 [J:7� <;J^H9 M9 ;�59 [�<6
��g{k�~��g{ le� jt �t��g�� � �t�lek{kfk�g ��{ m �{e��{ ���m ~f�kle�{ {�kf t{{�� ~j�s~�

h�e� �~tjk{�� ��{ h �fkf{ �~hjt��m �gf{ ~j~m �gftk��{ �f le� j� s~�k�ej� {� �~hjt�� {tg{ �jk{{��
m�gf Y�| ��e�� �x�� x �g h��m k�� jk�e � �tj�ej�g{ jt skf�{{� j�g�kfe�kgtj� � jt s kf�{{� jtf~�tj��e s~�k�ej� {�j�g j �t�� (xv, yv)

�f jt skf�{{� �� ��ftfk�g �e s~�k�ej� �g |�g�fk�g ��{ skf�{{�{
tg�ejtk��{ ��{ ��e�{ wg

�f wd

x

Y

Xxk

yk

θk

vlat

vlon

l

��� � �x�� w���j� �kg~m tfkle� �� fvh � ��t�





vlon = r(wd+wg)
2

vlat = 0

θ̇ = r(wd−wg)

l

Y�x��

�� r �{f j� �ktm �f�� ��{ ��e�{ Y{ehh�{~ k��gfkle� h�e� j�{ ��e� ��e�{� �f l jt �k{ftg��{~ht�tgf j�{ ��e� ��e�{ x ��f�g{ le� j ��vh �f��{� �� �~hjt��m �gf {tg{ �jk{{�m �gf kmh�{�
le� jt skf�{{� {�j�g j �t�� jtf~�tj �e s~�k�ej� {�kf ��g{k�~�~� gejj� x
yt s kf�{{� j�g�kfe�kgtj� �f jt s kf�{{� jtf~�tj� �e s~�k�ej� {�j�g j �t�� (x, y) {�gf ��gg~�{ht� j�{ ��jtfk�g{ �

{
vlat = −ẋ sin(θ) + ẏ cos(θ)
vlon = ẋ cos(θ) + ẏ sin(θ)

Y�x��



� �� � 
9 5G8J;JG::9� 9:; 69K<;J� p�
�g f�gtgf ��mhf� ��{ ~letfk�g{ Y�x�� �f Y�x�� �f �g kgf~��tgf �tg{ j� f�mh{ j�{ s kf�{{�{

j�g�kfe�kgtj� � jtf~�tj� �f �� ��ftfk�g �e s~�k�ej� kj �{f h�{{ki j� �� ��ggt�f�� j�{ �~hjt���
m�gf{ ~j~m �gftk��{ �e s~�k�ej� x � kg{k j� �~hjt��m �gf �e s~�k�ej� � �eg kg{ftgf k− 1 � eg
kg{ftgf k �{f �~��kf ht� �





xk = xk−1 +
r(wd + wg)

2
∆T cos(θk)

yk = yk−1 +
r(wd + wg)

2
∆T sin(θk)

θk = θk−1 +
r(wd − wg)

l
∆T

Y�x��

ts�� ∆T
j� f�mh{ ~��ej~ �gf�� j�{ kg{ftgf k �f k − 1

� �� �� �p � GM� K9 [J:7� <;J^H9 M9 ;�59 ;6J[�[K9
�� m���j� {� �tm �g� � ��g{k�~��� eg s~�k�ej� ts�� ��e� ��e�{ t��k���{ �f eg� ��e��k���f�k�� tstgf Y�| ��e�� �x�� x y �~ftf �e s~�k�ej� �{f tj��{ �~��kf ht� j� s��f�e� �� h�{kfk�g

(x, y, θ)T �f j �tg�j� �� i�tlet�� �� jt ��e� δr x ��j�g le� j�{ �thf�e�{ {�gf m �gf~{ {e� j�{��e�{ t��k���{ �� j�{ ��e�{ tstgf �e s~�k�ej� � ��e� |��mejtfk�g{ �� �� m���j� �kg~m tfkle�
�� k{f�gf � �f {�gf {e���{{ks�m �gf �~��kf�{ ht� j�{ ~letfk�g{ Y�x�� �f Y�x
� �

Y

Xxk

yk

θk

vlat

vlon

δr

��� � �x� � w���j� �kg~m tfkle� �� fvh � f�k�v�j�




ẋ
ẏ

θ̇

δ̇r


 =




cos(θ)
sin(θ)

tan
δr
l

0


 vlon +




0
0
0
1


 vr

Y�x��
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


ẋ
ẏ

θ̇

δ̇r


 =




cos(δr) cos(θ)
sin(δr) sin(θ)

sin
δr
l

0


 vlon +




0
0
0
1


 vr

Y�x
�

�� δ̇r �{f jt skf�{{� �� i�tlet�� �� jt ��e� �k���f�k�� �f vlon
jt s kf�{{� j�g�kfe�kgtj� ��{

��e�{ t��k���{ �e ��{ ��e�{ tstgf{ �e s~�k�ej� {�j�g jt �k{h�{kfk�g ��{ ���m�f��{ x
��g{k�~��g{ j �~letfk�g Y�x� � � �g t�m�fftgf le� j �tg�j� �� i�tlet�� �� jt ��e� �k���f�k��

{�kf ��gge � f�ef kg{ftgf Yj ��{fkm tfk�g �� δ̇r ��sk�gf kgefkj�� �f �g kgf~��tgf �tg{ j� f�mh{
ẋ � ẏ � θ̇ � j� �~hjt��m �gf �e s~�k�ej� �gf�� j�{ kg{ftgf k �f k − 1 �{f �






xk = xk−1 + vlon∆T cos(θk)
yk = yk−1 + vlon∆T sin(θk)

θk = θk−1 + tan
δr
l

Y�x	�

�� m���j� �{f �~tjk{f� {�e{ jt ��gf�tkgf� le �� f�ef kg{ftgf |θ| ≤ θmax ≤ π
2
� �� lek

f�t�ekf le� j �tg�j� �� i�tlet�� �� jt ��e� �k���f�k�� ��kf �f�� i��g~ x ��ff� ��gf�tkgf�
h �ef �f�� �~~��kf� �g |�g�fk�g �e �tv�g �� ��e�ie�� kg{ftgftg~� m t�km tj Rmax

�f jt
skf�{{� j�g�kfe�kgtj� tkg{k

|θ| ≤ |vlon| Rmax
�� Rmax =

l

tan(δrmax)

Y�x��

� �� �� �n � GM7KJ8<;JG: M98 9669H68 GMG� 7;6J^H98
y� h�kg�khtj �~|tef �� ��ff� m ~f���� �{f eg� �~�ks� �� jt h �{kfk�g h��h��fk�gg�jj� � jt�k{ftg�� ht���e�e� ht� j� s~�k�ej� � h�kg�khtj�m �gf eg� ��tg�� ����e� {e� jt h�{kfk�g � ��

� �te{� �� j �t��emejtfk�g � �����e�{ j��{ ��{ kgf~��tfk�g{ {e���{{ks�{ x 
 �th��{ ����kg{f�kg�tg{ �����kg{f�kg �� ���� ���	t� ��{ ����e�{ h �es�gf �f�� �jt{{~�{ �g ��e� �tf~���k�{ �
�x K98 9669H68 8� 8;7� <;J^H98 � ��{ ����e�{ { �tu �ef�gf � ��tle� kf~�tfk�g �� jt j��
�tjk{tfk�g �e s~�k�ej� �f {�gf �� ��e� gtfe��{ �k	 ~��gf�{ � t� j�{ ����e�{ {e� j�{
ht�tm�f��{ m ~�tgkle�{ �e s~�k�ej� Yj�{ ��e�{ �� �ktm �f��{ �k	~��gf{ � ����e�{ {e� jt
j�g�e�e� �gf��t�� ��{ ��e�{ � g�g tjk�g�m�gf ��{ ��e�{ � �f� xxx� �f i � j�{ ����e�{ ��
m �{e��{ Y�~{�jefk�g ��{ ����e�{ � |�~le�g�� � �~��tgfkjj�ggt�� kg��t�f� � �f� xxx� x y�{
����e�{ {v{f~m tfkle�{ �e h��m k�� �e fvh � {�gf �g �~g~�tj ��mh�g{~�{ �g efkjk{tgf��{ m ~f����{ �� �tjki�t�� tj��{ le� ��jj�{ �e {���g� fvh� g� h�es�gf �f�� ����k�~�{
�f ��ks�gf �f�� h�k{�{ �g ��g{k�~�tfk�g �tg{ j� m ���j� �kg~m tfkle� �e s~�k�ej� x

� x K98 9669H68 :G:�8� 8;7� <;J^H98 � ��{ ����e�{ {�gf �k���f�m �gf �e�{ te� ��gft�f{
s~�k�ej� � f���tkg x � jj�{ h�~{�gf�gf eg �t�t�f��� tj~tf�k�� �f �~h �g��gf �g �~g~�tj ��{
�t�t�f~�k{fkle�{ �e {�j � {e�|t�� �� ��ej�m �gf k��~�ejk��� Yf��e{ �f i�{{�{� � h�~{�g��� ��iu �f{ {e� jt ��ef� �e �g���� �jk{{�m �gf �e s~�k�ej� Ys k�t��{ � f���tkg �jk{{tgf� x 
e
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|tkf �� j �kmh�{{ki kjkf~ �� j�{ h�~�k�� � j�{ ����e�{ g�g�{v{f~m tfkle�{ {�gf let{km �gf
km h�{{ki j�{ � ��mh�g{�� {tg{ ����e�{ � ��{ m ~f����{ �� h�{kfk�gg�m �gf ti{�je x

��j�g j ��gs k��gg�m�gf �tg{ j�le�j ~s�je� j� s~�k�ej� � j �eg� �e j �tef�� �� ��{ {�e���{� �����e�{ ��sk�gf h�~h �g�~�tgf� ��stgf j �tef�� x �t� ���mhj� �tg{ j� �t��� � �thhjk�tfk�g{
�g �gsk��gg�m�gf kgf~�k�e� � j�{ ����e�{ g�g�{v{f�m tfkle�{ ~ftgf let{k�kg�� k{ftgf�{ � �� {�gf
j�{ ����e�{ {v{f~m tfkle�{ lek ��g{fkfe�gf jt �te{� h�kg�khtj� ��{ �~�ks�{ �� jt h�{kfk�g x �g
��stg��� �tg{ eg �gsk��gg�m �gf ��f~�k�e� � �� lek �{f g�f�� �t{ � �� {�gf j�{ ����e�{ g�g�
{v{f~m tfkle�{ lek u �e�gf eg �� j� h�km���ktj �tg{ ��ff� �~�ks� x
}g� tgtjv{� ��{ h�~g�m�g�{ h�v{kle�{ � j ���k�kg� ��{ ����e�{ ���m ~f�kle�{ �{f f��{

��mhjkle~� � m�ff�� �g �es�� x 
 �th��{ ��ks�{ �� ���� ��� �� �g h�ef ��g{k�~��� le� j �~�t�f�
fvh � {e� jt �k{ftg�� ht���e�e� ∆Dk

ht� eg ���m �f�� � j �kg{ftgf k � �{f ��g{fkfe~ � �eg f��m ���h�~{�gftgf j �����e� {e� jt m �{e�� �e ����e� Y�� st�ktg�� σq
� �f � �eg f��m � ��h�~{�gftgf

j �kg�e�g�� ��{ ����e�{ {e� j�{ ht�tm�f��{ �� j� �tjk{tfk�g x �� f��m � �{f m��~jk{~ ht� eg
i�ekf ijtg� ��gf j �~�t�f�fvh � �{f h��h��fk�gg�j � jt �k{ftg�� m �{e�~� Yε∆D

∆Dk

� �

σ∆Dk
=
√
σ2

q + (ε∆D
∆Dk

)2
Y�x��

� �� �� ����� ������ ��� �������	
��ff� f���gkle� �� j� �tjk{tfk�g {� it{� {e� j �efkjk{tfk�g ��{ {v{f�m �{ kg��fk�j{ �� gt�

sk�tfk�g Y���� � ��gf j� g�m �{f �� te |tkf �� j �efkjk{tfk�g ��{ h��h�k~f~{ kg��fk�jj�{ �� jt
m tfk��� �f �� jt jem k��� x 
 �th��{ j�{ j�k{ �� jt m ~�tgkle� |��mej~�{ ht� �{tt� ��� f�g � jt
j� �tjk{tfk�g �e s~�k�ej� �{f �~�ekf� �� jt ��eij� kgf~��tfk�g ��{ ��mh�{tgf�{ t��~j~��m ~�
f�kle�{ a �e s~�k�ej� �

�
���� � v =

∫
a dt

Y�x��
� �� 
�
��

p =

∫
v dt

Y�x���
��e� �~tjk{�� j� h�{kfk�gg�m�gf �tg{ eg {v{f�m � �� �~|~��g�� kj �{f tj��{ g~��{{tk�� ��
��ggt�f�� j ���k�gftfk�g {htfktj� ��{ ��mh�{tgf�{ t��~j~��m ~f�kle�{ x � kg{k j�{ {v{f�m �{��� {�gf ��mh�{~{ �� f��k{ t��~j~��m �f��{ ��k�gf~{ � j �tk�� �� f��k{ �v��{��h �{ x

��
�����
��
θ =

∫
w dt

Y�x���

� �� �p �� 
98 MJ�769:;8 8� 8;�� 98 �� Z
y�{ �k	~��gf{ {v{f�m �{ kg��fk�j{ h �es�gf �f�� �jt{{~{ �g ��e� �tf~���k�{ � j�{ {v{f�m �{

�� hjtf�{�|��m �{ {ftikjk{~�{ � �f j�{ {v{f�m �{ �� ��mh�{tgf jk~{ �x ��j�g j�{ h ��|��m tg��{
�f j� h�k� �� ��sk�gf �gs k{t�~{ h�e� jt j� �tjk{tfk�g �e ��i�f � ��{ {v{f�m �{ h �es�gf �f��
��mh�{~{ �� �k	~��gf{ fvh �{ �� �thf�e�{ kg��fk�j{ x 
tg{ jt {ekf� �� ��ff� {��fk�g � j�{



p� 
98 � 7;�GM98 M9 5G8J;JG::9� 9:;
��e� �tf~���k�{ �� {v{f�m �{ �f j�{ �k	~��gf{ �thf�e�{ kg��fk�j{ j�{ hje{ efkjk{~{ {�gf �~��kf{
{e��kg�f�m �gf � �� hje{ tmhj�{ kg|��m tfk�g{ h �e���gf �f�� f��es~�{ �tg{ ���tk�� �� ���� � x

K98 8� 8;�� 98 J:96;J9K8 �� 5K<;98��G6� 98 8;<IJKJ8798 � \ �� {�gf j�{ h��m k��{ {v{f�m �{�� gtsk�tfk�g kg��fk�jj� � j�{ �thf�e�{ {�gf {�jk�tk��{ � �eg� hjtf��|��m � k{�j~� ��{ m �es��
m�gf{ m ~�tgkle�{ Y��e�� �x�� �f j� h �{kfk�gg�m�gf �{f {km hj�m �gf �~tjk{~ ht� eg� ��eij�
kgf~��tfk�g ��{ ��mh�{tgf�{ � �t��~j~�tfk�g �e s~�k�ej� x �h��{ eg h�t{� kg kfktj� � �tjk�g��
m�gf � j �tffkfe�� �� jt hjtf��|��m � �{f t{{��s k� m ~�tgkle�m�gf �g |�g�fk�g ��{ m �{e��{
�v��{��hkle�{ �f ��g{��s� ��g� eg� tffkfe�� ��g{ftgf� �~�gk{{tgf j� ��h ��� �e {v{f�m ��� �~|~��g�� x �� ��g�� �� {v{f�m � �{f f��{ h ��|��m tgf �f �	 �� j �tstgft�� �� h��f~��� j�{
�thf�e�{ �� jt hjeht�f ��{ ski�tfk�g{ �g��e�e�{ ht� j� s~�k�ej� � h��j�g��tgf tkg{k jt �e�~��� |�g�fk�gg�m �gf �e {v{f�m � x �g ��stg��� j�{ m ~�tgk{m �{ � �t{{��s k{{�m �gf {�gf ��m �
hj���{ � ���f�e� �f �g��mi�tgf{ x

K98 8�8;�� 98 J:96;J9K8 �� [G�5G8<:; KJ78 � \ �g���� thh�j~{ {v{f�m �{ kg��fk�j{ �{f�th����g �� kj{ {�gf j�{ |�e kf{ �e h�����{ f���g�j��kle� �f �g ht�fk�ejk�� �� j �kg|��m tfkle� x 
tg{
�� �k{h�{kfk| � j�{ t��~j~��m �f��{ �f j�{ �v��m �f��{ {�gf �k���f�m �gf {�jk�tk��{ �e ���h{ �e
s~�k�ej� x y�{ t��~j~�tfk�g{ m �{e�~�{ �k���f�m �gf �tg{ j� ��h ��� jk~ te s~�k�ej� {�gf ��gs���
fk�{ �tg{ j� ��h ��� �� �~|~��g�� �g |�g�fk�g �� j �tffkfe�� m �{e�~� ht� j�{ �v��m�f��{ x � kg{k
j�{ {v{f�m �{ � �t{{��s k{{�m �gf m ~�tgkle�{ {�gf ��mhj�f�m �gf ��mhjt�~{ ht� eg {v{f�m �
kg|��m tfkle� �km kgetgf tkg{k {�g ���f �� |ti�k�tfk�g x ��{ {v{f�m �{ {�gf ��g� �� {f�e��
fe�� f��{ {kmhj� ts�� eg |tki j� �g��mi��m �gf {htfktj �f �~{k{ftgf{ te� ����{ � kj{ {�gf ��g�
ht�fk�ejk���m �gf thh��h�k~{ h�e� j� ��mtkg� tef�m �ikj� x �~tgm�kg{ � ��ff� ��g��e�tfk�g
h�~{�gf� j �kg��gs~gk�gf �� {�em�ff�� j�{ �thf�e�{ te� ski�tfk�g{ �e s~�k�ej� � j�e�{ m ��
{e��{ {�gf tj��{ f��{ i�ekf~�{ �f g~��{{kf�gf � �km h��ftgf{ h�~�f�tkf�m �gf{ �~��t�tgf tkg{k
jt h�~�k{k�g ht� �thh��f te� {v{f�m �{ � hjtf�{�|��m �{ {ftikjk{~�{ x

K98 [<5;9H68 J:96;J9K8 \ j�{ �thf�e�{ kg��fk�j{ f�e���gf eg jt��� ~s�gftkj ��{ {�k�g��{
��gf�mh��tkg�{ ��mm� jt m~�tgkle� � j �~j��f��gkle� � j ��hf��gkle� �e �g���� jt h�v{kle�
tf�m kle� x 
tg{ j�{ ���gk���{ �~��ggk�{ � f��k{ �tf~���k�{ �� �v��{��h �{ {� {�gf �~m t��
le~�{ � ��j�{ � kg� yt{�� �v��{ � ��j�{ � ki �� �hfk� �v��{ �f ��j�{ w k�����j��f���w���tgk�tj�v{f�m { �v��{ x
�x j� �y� � ��~~ �tg{ j�{ tgg~�{ 	� �f thht�ef �tg{ j�{ {v{f�m �{ {f�th���g �tg{ j�{
tgg~�{ �� �{f eg ����jj�gf �thf�e� kg��fk�j x �j t eg� f��{ i �gg� {ftikjkf~ �f jkg~t�
�kf~ �e |t�f�e� � �~���jj� � eg� |tki j� {�g{ki kjkf~ � j �t��~j~�tfk�g tkg{k le �eg� i �gg�
�~h ~ftikjkf~ �� {�{ h ��|��m tg��{ �g |�g�fk�g ��{ st�ktfk�g{ �� jt f�mh~�tfe�� Y��m �
h�g{tfk�g h�{{ki j�� x ��h �g�tgf �� �thf�e� ��{f� f��{ �g~��e� �f g ��{f efkjk{~ le��tg{ j�{ thhjk�tfk�g{ m kjkftk��{ �f j �tsktfk�g x

� x j� ��� � kgs�gf~ �tg{ j�{ tgg~�{ �� � kj ��stkf �f�� eg� {km hj� tjf��gtfks� it{ ���f
te� �y� x ��fe�jj�m �gf � kj �ifk�gf ��{ h ��|��m tg��{ ~lekstj�gf�{ s�k�� {eh ~�k�e��{
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��� � �x� � �v{f�m � kg��fk�j � hjtf��|��m � {ftikjk{~�

te� �y� ts�� �g ht�fk�ejk�� eg� f��{ ��tg�� jkg~t�kf~ �e |t�f�e� � �~���jj� �f eg� kg�
{�g{ki kjkf~ �gs��{ j�{ s ki�tfk�g{ x �j �{f �~{��m tk{ f��{ ��mh~fkfk| �tg{ j�{ thhjk�tfk�g{
m kjkftk��{ �f j�{ thhjk�tfk�g{ ��mm���ktj�{ x

� x j�{ �v��m �f��{ w�w� � {�gf h�~{�gf~{ ��mm� j�{ ��mhjt�tgf{ ��{ ��e� h�~�~��gf{
�thf�e�{ �f ���k �tg{ �� g�mi��e� ��mtkg�{ � �thhjk�tfk�g x �j{ i ~g~��k�gf � �eg�
�~�e�fk�g �� ftkjj� �f �� h�k� f��{ km h��ftgf x ��h�g�tgf ��{ tstgft��{ km hjkle�gf
eg� itk{{� ��{ h ��|��m tg��{ f�jj� le� j �te�m�gftfk�g �e i�ekf �� m �{e�� � eg� |tki j�
{�g{ki kjkf~ Y|t�f�e� � �~���jj�� �f� xxx w tk{ ��ff� f���g�j��k� �{f �g hj�kg �{{�� �f �g
h�ef ht�k�� le� ��{ �thf�e�{ ��s k�gg�gf �� hje{ �g hje{ ��mh~fkfk|{ x

�etgf te� t��~j~��m �f��{ j�{ �thf�e�{ ~j��f��m ~�tgkle�{ �gf f�eu �e�{ ��m kg~ f�e{ j�{��mtkg�{ � �thhjk�tfk�g{ g�g {�ej�m �gf ht��� le� j�e�{ h�k� {�gf �tk{�ggtij�{ m tk{ ht���
le �te�eg� f���g�j��k� tjf��gtfks� j�e� �gf {e��~�~ t ht�f j�{ t��~j~��m �f��{ � let�f�
�~{�gtgf egkle�m �gf efkjk{~{ �tg{ j� �ek�t�� �� m k{{kj�{ ft�fkle�{ x ��h�g�tgf ��hek{
le�jle�{ tgg~�{ � j� te{{k j�{ �thf�e�{ w�w� �gst�k{{�gf j� m t���~ �f {�gf �� hje{ �g
hje{ ��mh~fkfk|{ x }g� ��{��khfk�g hje{ �~ftkjj~� �� j �~ftf �� j �t�f ��{ �thf�e�{ kg��fk�j{
h �ef �f�� f��es~� �tg{ ��t�i�e� �� ���� ����� �f �����kg{f�kg �� ���� ���	t� x

� �� �p �p � GM7KJ8<;JG: M98 9669H68 M98 [<5;9H68 J:96;J9K8

tg{ ���e � ����� �e �g���� ��t�� � ����� j�{ tef�e�{ t� �m �gf le� j ��g h�ef ��g{k�~���

le� f��k{ {�e���{ � �����e�{ kg�e�g��gf jt m �{e�� � �eg �thf�e� kg��fk�j Y��e�� �x� � � {ts�k� �
eg iktk{ {e� jt m �{e�� � eg mtestk{ �tjki�t�� �e |t�f�e� � �~���jj� �e �g���� j�{ g�g�
jkg~t�kf~{ �� ��jek��k �f ik�g {e� j� i�ekf �� m �{e�� x � ht�fk� �� ��{ �vh�f��{�{ j�{ m �{e��{



pr 
98 � 7;�GM98 M9 5G8J;JG::9� 9:;
� �eg t��~j~��m �f�� ã �f � �eg �v��m�f�� w̃ h �es�gf �f�� m ��~jk{~�{ �� jt m tgk��� {ekstgf� �

ã = Kaa+ ba + εa
Y�x���

w̃ = Kww + bw + εw
Y�x���

ts�� �
� a �f w m�{e��{ |�e�gk�{ ht� j�{ �thf�e�{
� K j� |t�f�e� � �~���jj� �
� b j� i ktk{ {e� jt m �{e�� �
� ε j� i�ekf �� m �{e�� x

�<[;9H6 M �7[�9KK9 9; :G:� KJ:7<6J;78 \ j� |t�f�e� � �~���jj� g �~s�je� ht{ �e h �e �tg{
j� f�mh{ � �g ��g{~le�g�� eg� h���~�e�� �� �tjki�tfk�g h��m �f � ��{fkm �� �� ht�tm �f�� ��
m tgk��� �~�gkfks� x ��mm� h�e� f�ef �thf�e� � ��{ g�g�jkg~t�kf~{ {�gf h�~{�gf�{ � j�e� h�k{�
�g ��mhf� h �ef �f�� �~tjk{~� �g m��~jk{tgf j� |t�f�e� � �~���jj� ht� eg h�jvg�m� � ������
{eh ~�k�e� �e ~�tj � � x 
tg{ �� �t{ j�{ ht�tm�f��{ � ������ � �f � ������ � ��h�~{�gf�gf j� iktk{
�f j� |t�f�e� � �~���jj� �f j�{ ht�tm �f��{ {eh ~�k�e�{ �e ~�te� � � �~��ks�gf j�{ g�g� jkg~t�kf~{�e |t�f�e� � �~���jj� �

ã = Ka0 +Ka1a+Ka2a
2 + . . .

Y�x���
w̃ = Kw0 +Kw1w +Kw2w

2 + . . .
Y�x�
�

Sortie

Entrée

��� � ����

Sortie

Entrée

�� � ���	
�� 
 ����
��


Sortie

Entrée

��� �����������	�

��� � �x� � ����e�{ �jt{{kle�{ �� m�{e��{ kg��fk�jj�{


9 I J<J8 \ kj h �e��tkf �f�� |t�kj�m �gf �~f��m kg~ j��{le� j� {v{f�m � kg��fk�j g� {eikf
te�eg m�es�m�gf x ��h �g�tgf kj �{f �k	~��gf � ��tle� m k{� {�e{ f�g{k�g � j�{ st�ktfk�g{
h�{{ki j�{ �e iktk{ �g���� thh�j~ �{ftikjkf~ �� iktk{ � {�gf {�es�gf ��gg~�{ �tg{ j�{ {h ~�k��
�tfk�g{ f���gkle�{ �� jt ��gf�tj� kg��fk�jj� x �g �ef�� � �� ht�tm �f�� ~s�je� �g |�g�fk�g �� jt
f�mh~�tfe�� x �� h�~g�m �g� �� �~�ks� �e iktk{ �{f ��g� tj��{ f��{ kmh��ftgf h �g�tgf j�{
h��m k���{ m kgef�{ th��{ jt m k{� {�e{ f�g{k�g{ �� j�{ ��mh�{tgf{ ~j��f��gkle�{ { �~��te	 �gf x
� je{k�e�{ m tgk��� �� m��~jk{�� ��ff� �~�ks� �e iktk{ �� k{f�gf �tg{ jt jkff~�tfe�� �
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�x jt m t���� tj~tf�k�� �
bk = bk−1 + εb

Y�x�	�
��ff� m ��~jk{tfk�g ��g{k���� le� j� iktk{ �{f ��g{ftgf �f h ��m �f � �ts�k� eg ������� ��tg��e� �� �� ht�tm�f�� h �g�tgf eg� ��e�f� h ~�k��� � ��i{��stfk�g g�ftmm�gf
u e{f� th��{ jt h�t{� �� h�~��te	t�� �� jt ��gf�tj� kg��fk�jj� x

� x j� h����{{e{ m t���s k�g �
bk = −βbbk−1 + εb

Y�x���
��ff� m��~jk{tfk�g efkjk{~� �tg{ ��t�� � ����� ��ie�t���e{ � ���
� h ��m �f �� h��g���
�g ��mhf� j�{ st�ktfk�g{ �e iktk{ �tg{ j� f�mh{ �� 1

βb

�{f j� f�mh{ �� ����~jtfk�g ��
jt st�ktij� tj~tf�k�� b x� x m ���j� �g |�g�fk�g �� jt f�mh~�tfe�� �

bk = b0 + b1Tk + b2T
2
k

Y�x���
��ff� m ��~jk{tfk�g h��h�{~� �tg{ ���eg� �� ���� ��� �� ��g{k���� le� j� iktk{ h �ef �f��
�{fkm ~ � f�ef kg{ftgf ht� eg h�jvg�m� �e {���g� ����� |�g�fk�g �� jt f�mh~�tfe��
T
x y�{ ht�tm�f��{ bi g� {�gf ht{ ��g{ftgf{ m tk{ st�k�gf �g |�g�fk�g �� jt skf�{{� ����ftfk�g w � kj �{f tj��{ g~��{{tk�� �� �tjki��� ��{ ht�tm�f��{ �g |�g�fk�g �� w x


9 I6HJ; M9 � 98H69 \ kg~skftij� ��mm� �tg{ f�e{ �thf�e�{ � kj t h�e� ��k�kg� j� i�ekf��{ ��mh�{tgf{ ~j��f��gkle�{ � j� i�ekf �� letgfk��tfk�g �f� xxx� kj �{f �g �~g~�tj ��g{k�~�~
��mm� eg i�ekf ijtg� �te{{k�g x

� �� �p �n �:�H9:[9 M98 9669H68 8H6 K9 5G8J;JG::9� 9:;
��h��g�g{ j�{ ~letfk�g{ Y�x��� �f Y�x��� �f h��g�g{ �g ��mhf� j�{ m���j�{ � �����e�{

h�~�~��mm�gf ��h �{~{ � jt s kf�{{� �f jt h �{kfk�g �e s~�k�ej� {�gf tj��{ �

ṽ =

∫
Kaa+ ba + εa dt

= v + bat+

∫
εadt

Y�x���

p̃ =

∫∫
Kaa + ba + εa dt

= p+
bat

2

2
+

∫∫
εadt

Y�x���
j ���k�gftfk�g �{f �

θ̃ =

∫
Kww + bw + εw dt

= θ + bwt+

∫
εwdt

Y�x���
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� ht�fk� �� ��{ ~letfk�g{ � kj �{f tk{~ �� s�k� le� j� itk{ �{f j� f��m � j� hje{ h �g�~�tgf�tg{ jt m �{e�� �� jt skf�{{� � �� jt h�{kfk�g �f �� j ���k�gftfk�g �e m�ikj� x �g �	�f kj �te{�

eg� �~�ks� lek te�m �gf� jkg~tk��m �gf �g |�g�fk�g �e f�mh{ h�e� jt s kf�{{� �f j ���k�gftfk�g
�f let��tfkle�m�gf h�e� jt h�{kfk�g x
��e� jkm kf�� ��{ h�~g�m�g�{ �g ��kf {�kf �
� �{fkm �� j� iktk{ � ��tle� kg{ftgf �g h��gtgf �g ��mhf� eg ��{ m���j�{ �� iktk{ se�tg{ jt {��fk�g h�~�~��gf� �f ik�g {�� ��{ kg|��m tfk�g{ h��s�gtgf � �eg tef�� �thf�e�
f�j le �eg ��� �

� ���tjki��� j� iktk{ �g jk�g� � ��tle� |�k{ le� j� s~�k�ej� ��{f� kmm�ikj� �� lek �{ft{{�� |�~le�gf h �e� j�{ s~�k�ej�{ ��efk��{ x
�g�g � j�{ i�ekf{ �� m �{e�� kgf���ek{�gf eg h�~g�m �g� �� m t���� tj~tf�k�� �tg{ j�{�k	 ~��gf�{ m �{e��{ lek �{f km h�{{ki j� � ��mh�g{�� x

� �� �� 
����� � ����	��

� �� �n �� � 7;�GM9 M9 5G8J;JG::9� 9:; ��I6JM9
}g� j� �tjk{tfk�g h�~�k{� ht� eg� thh�� ��� he��m �gf kg��fk�jj� {�mij� kg��mhtfkij�

ts�� j�{ thhjk�tfk�g{ ��i�fkle�{ �g �tk{�g �e h�k� ��{ �thf�e�{ kg��fk�j{ x �g �	�f j�{ �th�
f�e�{ t���{{kij�{ �g f��m � �� ���f{ h�~{�gf�gf j �kg��gs~gk�gf m tu �e� �� �~�ks�� �thk��m �gf
ts�� j� f�mh{ � Yh����{{e{ � �kgf~��tfk�g h�~{�gf~ �tg{ jt {��fk�g h�~�~��gf�� x ��e� ��m ~��k�� � �� h��ij�m � �� g�mi��e� {v{f�m �{ �	t�tgtv� ����� �z��thh �� ���� ����� h��h�{�gf�� ��mikg�� {kmhj�m �gf j ����m~f�k� h�e� m �{e��� jt s kf�{{� jkg~tk�� �f eg �v��m �f�� h �e�
m �{e��� jt skf�{{� �� ��ftfk�g �e s~�k�ej� x yt j� �tjk{tfk�g �{f �tg{ �� �t{ m�kg{ h�~�k{� �f
g~��{{kf� � ��f�� ���tj~� ht� ��{ kg|��m tfk�g{ ��f~�� ��hfks�{ m tk{ �jj� h�~{�gf� j �tstgft��� ��f�� |t�kj� � m�ff�� �g �es�� �f h �e �g~��e{� x
}g� tef�� m ~f���� h��h�{~� �tg{ �����kg{f�kg �� ���� ���	i� thh�j~� �v����m~f�k� ���

h�{� {e� j� ��g{ftf ��h ~�km �gftj le ��g h�~{�g�� �� {�e���{ � �����e�{ g�g�{v{f~m tfkle�{ �
j�{ m �{e��{ �� �th |�e�gk�{ ht� j ����m ~f�k� �f jt �v��m~f�k� �k	���gf ��g{k�~�tij�m �gf
tj��{ le ��g ti{�g�� �� ��{ {�e���{ � �����e�{ �jj�{ ��{f�gf f��{ {km kjtk��{ x y�{ tef�e�{ h���
h�{�gf �� �~�ek�� j� �th �e s~�k�ej� �g efkjk{tgf {�ej�m �gf j�{ kg|��m tfk�g{ ���m~f�kle�{
{te| j��{le ��jj�{ {�gf f��h �k	~��gf�{ �� ��{ ��gg~�{ �v��m ~f�kle�{ x ��jj�{��k {�gf tj��{
efkjk{~�{ h �e� �{fkm �� j� �th x �� {v{f�m � h��m �f �� m kgkm k{�� j�{ �~�ks�{ �tg{ j ��{fkm tfk�g�� jt h�{kfk�g �e s~�k�ej� jk~�{ � j �efkjk{tfk�g �� �v��m�f�� it{ �� �tmm� x

� �� �n �p �G8J;JG::9� 9:; 5<6 9�9; �G55K96
y� �t�t� ��hhj�� |�e�gkf eg� �{fkm tfk�g kg{ftgftg~� �� jt skf�{{� jkg~tk�� �e m�ikj�

ht� �thh��f � eg �iu �f �� jt {��g� Y�g �~g~�tj j� {�j� �g {� it{tgf {e� j ��	�f 
�hhj��� k��te x y� h�kg�kh � �{f �� �k�k��� eg |tk{��te ~j��f��m t�g~fkle� �� |�~le�g�� F s��{ j�{�j � j� |tk{��te ���e th��{ jt �~���fk�g {e� j� {�j h�~{�gf� eg �~�tjt�� �� |�~le�g�� ∆F
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h��h ��fk�gg�j � jt s kf�{{� V ��jtfks� te �~hjt��m �gf �e s~�k�ej� ht� �thh��f te {�j x �g��g j �kgf~��tfk�g �� jt m �{e�� �� jt skf�{{� ��gg��t eg� �{fkm tfk�g �e �~hjt��m �gf �e
s~�k�ej� x �� {v{f�m � {e�f�ef efkjk{~ �tg{ j� ��mtkg� t��k��j� h�e� ��mhjt��� j ����m~�
f�k� �����kg{f�kg �� ���� ���	t� ��f�gf� �� ���� ����� � h�~{�gf� j �tstgft�� � ��f�� kg{�g{ki j�
te �jk{{�m �gf ��{ ��e�{ ht� �thh��f te {�j �f te� ����e�{ kg�ekf�{ ht� jt h��{{k�g ��{
hg�e{ �tg{ j� m ���j� �kg~m tfkle� �e s~�k�ej� x �g ��stg��� � eg f�j {v{f�m � �{f j�e�� �
m�ff�� �g �es�� ftgf te h�kgf �� se� �� j �~j��f��gkle� le� �e f�tkf�m �gf �� j �kg|��m tfk�g x
� hje{ jt h�~�k{k�g {e� jt m �{e�� {� �~��t�� |��f�m �gf ts�� jt �km kgefk�g �� jt skf�{{��e s~�k�ej� �f �{f f��{ �~h �g�tgf� ��{ kg���fkfe��{ � �tg�j� � �kg�k��g�� �e �t�t� Y{e�f�ef�tg{ j� �t{ �� |��f ftg�t�� �e s~�k�ej�� x
� �� �� � �	��
y� h�{kfk�gg�m �gf it{~ {e� j�{ m �{e��{ ���m~f�kle�{ �{f eg {v{f�m � h �e ���f�e� �

�thk�� �f h�~�k{ � ��e�f f��m � x 
 �tkjj�e�{ �tg{ j� �t{ � �thhjk�tfk�g{ ��efk���{ � kj �{f ��s�ge
tk{~ �� m �ff�� �g �es�� hek{le� j�{ s~�k�ej�{ �~��gf{ |�e�gk{{�gf ��{ m �{e��{ ht� j �kgf���
m~�ktk�� ��{ {v{f�m �{ ��� x ��h �g�tgf hje{k�e�{ {�e���{ � �����e�{ h �es�gf �~��t��� j�
h�{kfk�gg�m�gf � �g ht�fk�ejk�� j�{ ����e�{ {v{f~m tfkle�{ �f j�{ ����e�{ g�g�{v{f~m tfkle�{ �
mtk{ kj g� |tef ht{ h ����� �� se� le� ��ff� m ~f���� �� h�{kfk�gg�m �gf �{f ���je{ks�m �gf
�
 �f g� h �ef ht{ h��g��� �g ��mhf� jt �~�m ~f�k� �e f���tkg Ytg�j� �� {kf� � �� �k{�m �gf
�f � �t�kmef� lek h �ef kg�ek�� f��{ |��f�m �gf j� {v{f�m � �g ����e� xy� h �{kfk�gg�m�gf ht� {v{f�m � kg��fk�j t h�e� tstgft��{ �� |�e�gk� �� g�mi��e{�{ kg�
|��m tfk�g{ f�jj�{ le� jt h�{kfk�g � jt s kf�{{� � j ���k�gftfk�g � j �t��~j~�tfk�g �f jt ��ftfk�g�e s~�k�ej� � � ��f�� kg�~h �g�tgf ��{ ht�tm�f��{ �~�m~f�kle�{ �e s~�k�ej�{ � h �e {�g{ki j�
te� ��g�kfk�g{ �� ��ej�m �gf �f ��g� let{k� kg{�g{ki j� te� ����e�{ {v{f~m tfkle�{ �f g�g�
{v{f~m tfkle�{ lek t	��f�gf j ����m~f�k� x ��h�g�tgf h �e� ��{ �tk{�g{ ~��g�m kle�{ j�{
�thf�e�{ kg��fk�j{ efkjk{~{ �tg{ j� h �{kfk�gg�m�gf �� s~�k�ej� ��efk�� {�gf �g �~g~�tj ��
m�kg���{ ���f{ � ��g� �� m�kg���{ letjkf~{ � tkg{k j� h �{kfk�gg�m�gf �{f tj��{ {�em k{ � ��
|��f�{ �~�ks�{ �e�{ � jt ��eij� kgf~��tfk�g �e iktk{ �f te h�~g�m �g� �� mt���� tj~tf�k��
jk~ � j �kgf~��tfk�g ��{ i�ekf{ �� m �{e��{ x�g�g h�e� �km kge�� j �kg�e�g��{ ��{ �~�ks�{ �tg{ ��{ ��e� m~f����{ � kj �{f g~��{{tk��� ��	��fe�� eg ���tjt�� �~�ejk�� ht� eg {v{f�m � �� h�{kfk�gg�m�gf ti{�je x

��� +� `%����%���$��� �a�%�*
� �� �� � ����������
y�{ m ~f����{ �� h �{kfk�gg�m�gf ti{�je ��h �{�gf �~g~�tj�m �gf {e� jt h ����hfk�g � �~j~�

m�gf{ ��m t�letij�{ �k{h�{~{ �tg{ j ��gsk��gg�m�gf �e s~�k�ej� �e �e ��i �f x ��jek��k �{f
tj��{ j� �tjk{~ �tg{ eg ��h ��� �j�itj jk~ � ��f �gsk��gg�m �gf x ��e� �~h�g��� � jt h��ij~�
mtfkle� �� jt j� �tjk{tfk�g ti{�je� ��e� fvh �{ �� {f�tf~�k�{ h �es�gf �f�� ��g��gf�~�{ �

� {�kf j�{ ~j~m �gf{ ��m t�letij�{ f�tg{m �ff�gf ��{ kg|��m tfk�g{ te {v{f�m � �� h����h�fk�g �f jt j� �tjk{tfk�g �{f {km hj�m �gf �~tjk{~� ht� eg� f�kjtf~�tfk�g �e eg� f�ktg�e�
jtfk�g �� ��{ kg|��m tfk�g{ �
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� {�kf j�{ ~j~m �gf{ ��m t�letij�{ {�gf ht{{k|{ Yitjk{�{ t�fk��k�jj�{ �e tm��{ gtfe��j{�k{h�{~{ �tg{ j ��gsk��gg�m�gf� tele�j �t{ j� {v{f�m � �� h����hfk�g ��kf � �ti��� j�{�~f��f�� tstgf � ��	��fe�� jt j� �tjk{tfk�g �e s~�k�ej� x
� k�g {�� � le�j le� {�kf j� �t{ �� ��e�� � j� h�� ��{{e{ �� h�{kfk�gg�m�gf g~��{{kf� f�eu �e�{
eg� ��ggtk{{tg�� �� j ��gsk��gg�m �gf �~g~�tj�m �gf ��gg~� {�e{ |��m � �� �t�f� x

	 K7� 9:;8 69� <6^H<I K98 <[;J�8 \ 
tg{ �� �t{ � j�{ kg|��m tfk�g{ jk~�{ te� ~j~m �gf{
��m t�letij�{ {�gf �g �~g~�tj f�tg{m k{{�{ te {v{f�m � �� h����hfk�g ht� ��{ m�v�g{ ��
��mmegk�tfk�g �t�k� |�~le�g�� �f jt j� �tjk{tfk�g �{f �~tjk{~� ht� eg� f�kjtf~�tfk�g �� ��{
kg|��m tfk�g{ x ��ff� m ~f���� �{f jt���m �gf efkjk{~� h�e� j� h �{kfk�gg�m�gf �� itf�te�
�w�g�� � �� ���� ����� � � �tsk�g{ �
 tvf�g �� ���� ����� �f �{f j� h�kg�kh � �� h�{kfk�gg�m �gf
ht� ��� Y�| {��fk�g �x� x�� �e �g���� ht� f~j~h��gk� m �ikj� Y�| {��fk�g �x� x�� x

	 K7� 9:;8 69� <6^H<I K98 5<88J�8 \ 
tg{ ��ff� {kfetfk�g � j� h�{kfk�gg�m �gf �e s~�k�ej�
��h �{� {e� jt h ����hfk�g �f jt �t�f���th�k� �� j ��gsk��gg�m�gf h�� ��� �e s~�k�ej� � j �tk���� �thf�e�{ ��f~�� ��hfk|{ f�j{ le� j� �t�t� �
k{{tgtvt�� �� ���� ��� �� � j�{ �thf�e�{ f~j~m ~�
f�kle�{ le� �� {�kf ht� jt{�� ��ekstgf �� ���� ����� ����gg��� �� ���� ����� �e ht� ejf�t{�g
�
 j��m tg �� ���� ���
� �zt���{ �� ���� ����� �e �g���� ht� ��{ {v{f�m �{ �� s k{k�g x y� h���
��{{e{ �� j� �tjk{tfk�g {� �~��mh�{� tj��{ �g f��k{ ~fth �{ � �� ��g{f�e�fk�g � �eg� �t�f�
j� �tj� �� j ��gsk��gg�m�gf �g |�g�fk�g ��{ kg|��m tfk�g{ h��s�gtgf ��{ �thf�e�{ ��f~����h�
fk|{ � �� m k{� �g �����{h�g�tg�� �� ��ff� �t�f� ts�� eg� �t�f� �j�itj� �� j ��gsk��gg�m �gf
�f �� �tj�ej Y�g �~g~�tj f�ktg�ejtfk�g ��{ kg|��m tfk�g{ ��f~����hfks�{ eg� |�k{ jt m k{� �g
�����{h�g�tg�� �	��fe~�� �� jt h �{kfk�g �f �� j ���k�gftfk�g �e s~�k�ej� x
��g�tm�gftj�m �gf ��e� �t{ �� ��e��{ h �es�gf �f�� �k{fkg�e~{ � {�kf jt �t�f� �j�itj� ��

j ��gsk��gg�m �gf �{f �k{h �gkij� �f j� h �{kfk�gg�m�gf { ��	��fe� ��mm� h�~{�gf~ �k�tstgf x��kf �jj� g ��{f ht{ �k{h �gkij� tele�j �t{ j� {v{f�m � �� h����hfk�g ��kf ��g{f�ek�� {t h��h��
�t�f� �j�itj� te |e� �f � m�{e�� �� {�g ��hj��tfk�g �� j ��gsk��gg�m �gf � �g ht�j� tj��{ ���y�w � �
k{{tgtvt�� �� ���� ��� �� ��ekstgf �� ���� ����� x
y �tstgft�� ��{ m ~f����{ �� h�{kfk�gg�m �gf ti{�je ht� �thh��f te� m ~f����{ �� h �{k�

fk�gg�m �gf ��jtfk| �{f j �~jkm kgtfk�g �e h�~g�m�g� �� �~�ks� ��g��gf�~ ts�� ��{ ���gk���{ x�g ��gf�� ht�fk� jt j� �tjk{tfk�g �~h�g� �k���f�m �gf �� jt sk{kikjkf~ ��{ ~j~m �gf{ ��m t��
letij�{ ht� j� {v{f�m � �� h ����hfk�g �f g~��{{kf�gf ik�g {�es�gf eg tm~gt��m�gf t�~�
letf� �� j ��gsk��gg�m �gf �f ��g� eg kgs�{fk{{�m �gf j�e�� �g ~lekh �m �gf x 
� hje{ f�ef
��tg��m�gf �� ��g��e�tfk�g �� ��f �gsk��gg�m �gf kmhjkle� eg� ��m k{� �g �te{� �� {�g
tm~gt��m�gf �f �� {t �t�f� x �g�g j�{ f�tkf�m �gf{ ��{ kg|��m tfk�g{ k{{e�{ ��{ �k	 ~��gf{
�thf�e�{ {�gf �g �~g~�tj hje{ j�e��{ le� h �e� j�{ �thf�e�{ h��h�k� ��hfk|{ x

� 7;�GM98 M9 5G8J;JG::9� 9:; <I8GKH 9:� J8<L9<IK98 5GH6 :G;69 <556G [�9 \ z�ef� �ti��� � g�e{ �thh �j�g{ le� g�f�� thh����� ��kf h ��m �ff�� jt j� �tjk{tfk�g � �eg s~�k�ej��tg{ j� �~{�te ��efk�� �g ��g{k�~�tgf le� {t �t�f� �� k{f� Y�t�f� �~��kstgf j�{ jkm kf�{ ��{
�� ����	��
��� ��������	��� ��
 � ��� ��	
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s�k�{ �� �k��ejtfk�g � �f le �te�eg tm~gt��m�gf �� {�g kg|�t{f�e�fe�� g ��{f �gs k{t��tij�Yht{ �� itjk{�{ t�fk��k�jj�{� x � j��{ {�ej�m �gf ��e� m ~f����{ �� h�{kfk�gg�m �gf ti{�je
h�~{�gf~�{ �k���{{e{ h �es�gf �f�� efkjk{tij�{ � j�{ m ~f����{ �� h�{kfk�gg�m�gf � ht�fk�� �~j~m �gf{ ��m t�letij�{ t�fk|{ ��mm� j� h�{kfk�gg�m �gf ht� ��� �e ht� f~j~h��gk� m ��
ikj� �f jt m ~f���� �� h �{kfk�gg�m�gf ts�� ~j~m �gf{ ��m t�letij�{ ht{{k|{ �gtfe��j{ � Y�tg{
g�f�� �t{ m t�let��{ {k�gtj~fkle�{ te {�j � jkm kf�{ �� jt ��te{{~�� ht� {v{f�m � �� sk{k�g x��{ �k	 ~��gf�{ m ~f����{ {�gf h�~{�gf~�{ �tg{ jt {ekf� �� ��ff� {��fk�g x

� �� �� ����� ������ ��� ��� ����		����

� �p �p �� � 98[6J5;JG: M98 8� 8;�� 98 9� J8;<:;8
z��k{ {v{f�m �{ �z�e�{f�g � ����� �� h�{kfk�gg�m�gf ht� {tf�jjkf�{ �� k{f�gf �� ht� j�

m�g�� � ��e� {�gf �~u � �h ~�tfk�gg�j{ �� {�gf j� {v{f�m � tm~�k�tkg ��� ��	 �z�� �f j�
{v{f�m � �e{{� �y����� x y� f��k{k�m � � � ��{f����k�� j� {v{f�m � �e��h ~�g ��y�y�� � �{f
�g ��e�{ �� ��g{f�e�fk�g x

�� Z ��]Z��� \ y� {v{f�m � ��� Y�j�itj ��{kfk�gkg� �v{f�m � ��	 �z�� t ~f~ m k{
�g � �es�� ht� j� m kgk{f��� �� jt �~|�g{� �m ~�k�tkg� ��{ j�{ tgg~�{ ���� x 
� �� |tkf kj �{f
�gfk���m �gf {�e{ ��gf�� j� tm ~�k�tkg �f j�e� h ��m �f eg� �k{h�gkikjkf~ {~j��fks� �e {k�gtj �g
��vhftgf ���ftkg�{ kg|��m tfk�g{ x �� {v{f�m � �{f ��mh�{~ �� �� {tf�jjkf�{ ��	 �z�� {e�
	 ��ikf�{ kg�jkg~{ �� 

�� eg� tjfkfe�� �� �� ��� �m �f �� 
 {ftfk�g{ tm~�k�tkg�{ te {�j��gf jt h�kg�khtj� {� f��es� te� �ftf{�}gk{ x y� {v{f�m � ��� �{f m�g�ktj�m �gf ��gge �f
��tfekf �f h ��m �f eg� j� �tjk{tfk�g ts�� eg� h�~�k{k�g �� 10m � 2σ � �� lek j� ��g� j� hje{
efkjk{~ te m�g�� x �~tgm�kg{ kj |tef �thh�j�� le� ���ftkg�{ ��g�{ �~���th�kle�{ g� {�gf
ht{ ��es��f�{ �f le� j� {v{f�m � h�ef s�k� {�{ h ��|��m tg��{ �~��t�~�{ s�j�gftk��m �gf ht�
j�{ tm ~�k�tkg{ �g �t{ �� �e���� x

�
��� ZZ \ �y����� Y�y�itj �ts k�tfk�g �tf�jjkf� �v{f�m � ��j�gt{{ � ����� �{f
j �~lekstj�gf �e{{� �e ��� x �j t ~f~ �~s�j�hh ~ � ht�fk� �� ���� ht� j�{ m kjkftk��{ �e{{�{
�f �{f �h ~�tfk�gg�j ��hek{ ���� x �y����� �{f ��mh�{~ �� �� {tf�jjkf�{ {e� � ��ikf�{Yh ��m �f eg� �~���tgk{tfk�g hje{ �thk�� ��{ {tf�jjkf�{ �g �t{ �� htgg�� kg�jkg~{ �� 	� x���
�� ��� �m � �tjfkfe�� �f �� 
 {ftfk�g{ te {�j x yt ht�fk�ejt�kf~ �� �y����� �{f le� ��tle�
{tf�jjkf� h�{{��� {t h��h�� |�~le�g�� ~m k{{k�g �� lek te�m�gf� jt �~{k{ftg�� te i��ekjjt�� xw tj��e��e{�m �gf � � j ���e�� t�fe�jj� {�ej{ � {tf�jjkf�{ {�gf t�fk|{ � �te{� ��{ h��ij�m �{
~��g�m kle�{ le� ��ggt�f jt �e{{k� x

��
�
	� \ ��y�y�� ���g��k�f� �� ���� ����� ��tjkj�� � ����� {��t j� |efe� {v{f�m � ��
h�{kfk�gg�m�gf ht� {tf�jjkf�{ � j �kgkfktfks� �� j �}gk�g �e��h~�gg� �f �� j ����g�� �htfktj��e��h ~�gg� x yt g~��{{kf~ � �eg {v{f�m � �� h�{kfk�gg�m�gf �e��h ~�g �~h�g� te i �{�kg� �kg�~h �g�tg�� |t�� te ��� tm ~�k�tkg x �g �	 �f � �g �t{ �� ��g� kf �e m ~{�gf�gf� ts�� j�{
}�� � j �t���{ ��{ �e��h ~�g{ te {k�gtj ��� h�e��tkf �f�� �~��t�~ x � kg{k j ��e��h � m k{� {e�
eg {v{f�m � g�stf�e� �f h ��|��m tgf lek {ehh�km ��t j�{ ��{f�k�fk�g{ Yh�~�k{k�g �f �tikjkf~�
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�e ��� x y �eg ��{ tf�ef{ �� ��y�y�� {��t � ��f�� �gfk���m �gf {�e{ ��gf�� j� �ks kj x y�
�tj�g��k�� �� �~tjk{tfk�g �� ��y�y�� �{f j� {ekstgf �

� ��� �����	 � 
~s�j�hh�m�gf
� ���	����� � stjk�tfk�g �g ��ikf�
� ������� �� � 
~hj�k�m �gf
� � ht�fk� �� �� �� � ��hj�kftfk�g ��mm���ktj� x

y� {v{f�m � ��y�y�� {��t ��mh�{~ �� �� {tf�jjkf�{ t�fk|{ Yh je{ � �� {���e�{� hjt�~{ {e�
� ��ikf�{ � ��	 �	 
m � �tjfkfe�� �f � ��gf��{ �� ��gf�� j�{ �g �e��h~�g ������ggtgf eg
m kgkmem �� �� {ftfk�g{ te {�j x 
� hje{ � ��y�y�� �k	e{��t �� {k�gte� {e� � itg��{ ��
|�~le�g��{ � 	 h�e� j�{ {��s k��{ ��tfekf{ � � h�e� j� {��s k�� ��mm���ktj �f � h�e� j� {��s k��
heijk� �~�j�m �gf~ x ��{ �k	 ~��gf{ {��s k��{ {�gf �

� ���sk�� �es��f Y�e �� h�e� �h�g ���sk���
� ���sk�� ��mm���ktj Y �e �� h�e� ��mm���ktj ���s k���
� ���sk�� �� jt {���f~ �� jt s k� Y�e ��y h�e� �t|�fv �| yk|� ���sk���
� ���sk�� �� ��������� �f {���e�{ Y�e ��� h�e� ��t��� �g� ��{�e� {��sk���
� ���sk�� heijk� �~�j�m �gf~ Y�e ��� h�e� �eijk� ���ejtf�� ���sk����g ��g�je{k�g � ��y�y�� �{f � jt |�k{ j� ��g�e���gf �f j� ��mhj~m �gftk�� �e ��� � |�e��

gk{{tgf eg� hje{ ��tg�� �tikjkf~ �f eg� m�kg��� sejg~�tikjkf~ x

� �p �p �p � 6J:[J5 9 MH 5G8J;JG::9� 9:;
y� h�{kfk�gg�m �gf ht� {tf�jjkf�{ h �ef �f�� �~tjk{~ {�j�g ��e� m~f����{ �k	~��gf�{ x yt

h��m k��� �{f eg� {kmhj� f�kjtf~�tfk�g �g |�g�fk�g ��{ kg|��m tfk�g{ ~m k{ ht� j�{ {tf�jjkf�{
s k{ki j�{ � ��ff� m ~f���� {� g�mm� j� h�{kfk�gg�m �gf ti{�je ht� {tf�jjkf�{ x y �tef�� m ~f����
efkjk{� eg� {ftfk�g �� it{� Y��gf jt h�{kfk�g �{f ht�|tkf�m �gf ��gge�� lek f�tg{m �f te
�~��hf�e� j�{ ������fk�g{ ��{ ����e�{ �� f�kjtf~�tfk�g{ � h��m �fftgf tkg{k eg h�{kfk�gg�m �gf
f��{ h�~�k{ �e m�ikj� � ��ff� m ~f���� { �thh�jj� j� h�{kfk�gg�m �gf ��jtfk| ht� {tf�jjkf�{ x

�G8J;JG::9� 9:; <I8GKH y� h�{kfk�gg�m �gf ht� {tf�jjkf� �i ~kf te h�kg�kh � �� f�ktg�e�
jtfk�g x ����� � j ����j��� tf�m kle� le� h �{{��� ��tle� {tf�jjkf� � j�{ �g��{ �t�k� ~m k{�{
{e� ��e� h��f�e{�{ y � �f y� ~m �ff�gf � � ��{ kg{ftgf{ ��gge{ � ��{ {k�gte� ���~{ {�j�g ��{
|�~le�g��{ h{�e���tj~tf�k��{ x }g� �~hjkle� �� jt {~le�g�� �e ���� �e {tf�jjkf� �{f �~g~�~�
ht� j� �~��hf�e� �g m �m� f�mh{ le� j� {tf�jjkf� x y� �~�tjt�� le� ��kf {eik� jt �~hjkle�
t�g �� ���g�k��� ts�� j� ���� ���e �����{h�g� te f�mh{ �� h��ht�tfk�g � h�k{ ht� j� {k�gtj �
h�e� ht���e�k� jt �k{ftg�� {tf�jjkf���~��hf�e� x ��ff� �k	 ~��g�� �� f�mh{ mejfkh jk~� ht� jt
skf�{{� �� jt jem k��� �tg{ j� s k�� ��gg� eg� m�{e�� �� �k{ftg�� thh�j~� h{�e����k{ftg�� x
}g� {�ej� �k{ftg�� g ��{f ht{ {e� {tgf� h�e� �~f��m kg�� eg h�kgf � kj |tef ��g� f�~��

�kle�m�gf � ��mm� �tg{ j� h�kg�kh � � �eg� f�kjtf~�tfk�g � �~tjk{�� jt m �m� �h~�tfk�g ts����e� tef��{ {tf�jjkf�{ � h��ftgf � f��k{ j� g�mi�� �� h{�e����k{ftg��{ x ��{ f��k{ �h{�e����k{ftg��{ � g� {�gf ��hj�kftij�{ le� {k j�{ ������gg~�{ �� ��tle� {tf�jjkf� {�gf ��gge�{ x
� � � j� {k�gtj ~m k{ ht� ��tle� {tf�jjkf� ��gfk�gf eg ���� h��h�� � ��je k��k lek h �ef �f��
k��gfk�~ ht� j� �~��hf�e� � ��je k��k ��ggtk{{tgf j�{ ~h�~m~�k��{ ��{ �k	~��gf{ {tf�jjkf�{ h �ef
�if�gk� j�{ ������gg~�{ ��{ f��k{ {tf�jjkf�{ te m�m�gf �� j �~m k{{k�g �e {k�gtj x yt h�{kfk�g
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�e �~��hf�e� �{f j �kgf��{��fk�g ��{ � {h����{ ��gf j�{ ��gf��{ {�gf ��t�eg ��{ {tf�jjkf�{ �f�� �tv�g jt �h{�e����k{ftg�� � {~ht�tgf j� {tf�jjkf� �e �~��hf�e� Y�| ��e�� �x
� x

Récepteur

��� � �x
 � ��{kfk�gg�m �gf ti{�je ht� {tf�jjkf�{
��h�g�tgf � �tg{ jt h�tfkle� j�{ ����e�{ �� {vg����gk{tfk�g � ����j��� �gf�� j�{ {tf�jjkf�{

�f j� �~��hf�e� g� h ��m �ff�gf ht{ � ��if�gk� eg h�kgf �tg{ eg ��h ��� �g f��k{ �km �g{k�g{
m tk{ {�ej�m �gf eg� ��g� t{{�� st{f� � ��gf�gtgf j� �~��hf�e� x y�{ ����e�{ �� {vg����gk{tfk�g
h�es�gf �f�� f�t�ekf�{ ��mm� eg� letf�k�m � kg��gge� �tg{ j� h����{{e{ �� f�ktg�ejtfk�g �
tkg{k eg� m �{e�� � �eg� letf�k�m � h{�e����k{ftg�� h ��m �f �� �~{�e��� �� h��ij�m � �f ��
|�e�gk� j�{ ������gg~�{ f�k�km �g{k�gg�jj�{ tkg{k le� j �����e� � ����j��� �e �~��hf�e� x

� 98H69 M9 K< � J;9889 y� {v{f�m � ��� h ��m �f ~�tj�m �gf �� m�{e��� jt skf�{{� �
jtle�jj� {� �~hjt�� j �efkjk{tf�e� x ��ff� ~stjetfk�g {� |tkf ht� m �{e�� 
�hhj�� {e� j� {k�gtj
h��s�gtgf � �eg {tf�jjkf� ��� x �g �	 �f � j� {k�gtj h ���e ht� j� �~��hf�e� ��� g �t ht{
��t�f�m �gf jt m �m� |�~le�g�� le� j��{le �kj �{f �~g~�~ ht� j� {tf�jjkf� x �ekstgf j� h�kg�kh �� ��	�f 
�hhj�� � j� �thh��f ��{ |�~le�g��{ �{f |�g�fk�g ��{ skf�{{�{ ��jtfks�{ �e {tf�jjkf�
�f �� j �efkjk{tf�e� x �g �ef�� � ��ff� m �{e�� h ��m �f �� �~f��f�� �f �� ����k��� j�{ {tef{ ��
h�t{� h �f�gfk�jj�m �gf h�~{�gf{ �tg{ j�{ m �{e��{ �� h�t{� Y�| {��fk�g {ekstgf�� x
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9 �� Z MJ�769:;J9K \ y� ��� �k	~��gfk�j Y
���� |�g�fk�gg� ��t�f�m �gf ��mm� j�
{v{f�m � �~��kf h�~�~��mm�gf � mtk{ �	 �� ��{ h ��|��m tg��{ g�ff�m �gf {eh ~�k�e��{ x y�
��tg��m�gf { ��	 ��fe� te gks�te �e �~��hf�e� � lek �{f ~lekh ~ � �eg i��fk�� {ehhj~m �g�
ftk�� h ��m �fftgf �� ����s�k� ��{ kg|��m tfk�g{ � �e hjef�f ��{ ������fk�g{ �g h��s�gtg�� ��
{ftfk�g{ 
��� x y� h�kg�kh � �e 
��� �{f ��jtfks�m �gf {km hj� � j�{ m �{e��{ �	 ��fe~�{ �g
eg jk�e �� h �{kfk�g ��gge� {�gf ��mht�~�{ te� stj�e�{ f�~��kle�{ � �f j�e� �k	~��g�� |�e��
gkf tj��{ eg� ������fk�g lek �{f ��f�tg{m k{� s��{ j �efkjk{tf�e� � ��gf j� �~��hf�e� kgf~����t
j�{ ������fk�g{ �tg{ j� �tj�ej �� {t h�{kfk�g � tm~jk��tgf ��g{k�~�tij�m �gf {t h�~�k{k�g xy �thhjk�tfk�g �� ��ff� m ~f���� h �ef {� |tk�� � �k	~��gf{ gks�te� � {�kf {e� jt h �{kfk�g �tj�
�ej~� � {�kf �k���f�m �gf {e� jt m �{e�� ��{ h{�e����k{ftg��{ x }g �~��hf�e� ��� �{f hjt�~ �g
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eg jk�e �� h �{kfk�g ��gge� � jt {ftfk�g �� �~|~��g�� x �� �~��hf�e� ����kf j�{ {k�gte� ~m k{
ht� j�{ {tf�jjkf�{ �f m �{e�� j�{ h{�e����k{ftg��{ x �j j�{ ��mht�� �g{ekf� ts�� j�{ �k{ftg��{
f�~��kle�{ � � ��{f����k�� j�{ �k{ftg��{ �gf�� j� �~��hf�e� �f ��t�eg ��{ {tf�jjkf�{ {��stgf
� jt m �{e�� �� h�{kfk�gg�m �gf x yt h�{kfk�g ��t�f� ��{ {tf�jjkf�{ �{f ��gge� ����� � ��{
~h�~m~�k��{ le� j� �~��hf�e� ��t��� �g m~m�k�� x y�{ ������fk�g{ {�gf �g{ekf� ~jti ��~�{
�f ��f�tg{m k{�{ s��{ j �efkjk{tf�e� � skt eg m �{{t�� ��gge {�e{ j� g�m �� �z�w �� ��� xy� �~��hf�e� m�ikj� h �ef ��g� thhjkle�� j�{ ������fk�g{ � {�{ h��h��{ m �{e��{ �� h{�e����k{ftg��{ x

Station 

de base
Récepteur

Corrections

��� � �x	 � ��{kfk�gg�m�gf ��jtfk| ht� {tf�jjkf�{
yt f���g�j��k� 
��� te�m�gf� ��g{k�~�tij�m �gf jt h�~�k{k�g jt |tk{tgf ht{{�� �� ��

m � m�kg{ � �eg m �f�� x y �kg��gs~gk�gf � �eg f�j {v{f�m � �{f {t h ��f~� � lek g ������� ht{
hje{k�e�{ ��gftkg�{ �� � kj�m �f��{ tef�e� ��{ {ftfk�g{ � �~m k{{k�g x ��h�g�tgf jt ��es��fe��
h �ef �f�� g�ff�m �gf tm ~jk��~� ����� � jt ��f�tg{m k{{k�g ��{ ������fk�g{ ht� j �kgf��m ~�ktk���� {tf�jjkf�{ �~�{ftfk�ggtk��{ Y�| {��fk�g �x� x� x
� x

< � 98H69 M9 5�<89 \ y�{ �~��hf�e�{ j�{ hje{ h ��|��fk�gg~{ h ��m �ff�gf � ���hj�kf���k���f�m �gf jt h�t{� {e� j�{ �g��{ h��f�e{�{ y � �f y� �g �~f��m kgtgf j� �~h�t{t�� �gf��
j� {tf�jjkf� �f j� �~��hf�e� x y� h�kg�kh � �� �� {v{f�m � �{f jt ��mht�tk{�g �� jt h�t{� �e
{k�gtj ���e ht� j� �~��hf�e� Y ��g� ~m k{ ht� j� {tf�jjkf� � ts�� jt h�t{� �e {k�gtj �~g~�~�
ht� j ��{�kjjtf�e� � let�f� kgf��g� te �~��hf�e� �f lek �{f eg� �~hjkle� �e {k�gtj {tf�jjkf� x �
ht�fk� �� ��ff� m �{e�� �� h�t{� � �g h�ef �if�gk� eg� �k{ftg�� {tf�jjkf���~��hf�e� �g mej�
fkh jktgf ��ff� h�t{� ht� jt j�g�e�e� ��{ �g��{ h��f�e{�{ Y�� ���m h�e� y � �f �� ���m h�e�y�� x yt �k{ftg�� �if�ge� �{f jt �k{ftg�� {tf�jjkf���~��hf�e� x 
tg{ �� �t{ � j� f�tkf�m �gf ��{��gg~�{ h �ef {� |tk�� �� ��e� |t��g{ � {�kf �g m��� h�{f�h ~�tf�k�� � j �tk�� �� j��k�k�j{
{h ~�ktjk{~{ � {�kf �g f�mh{ �~�j � tele�j �t{ �g ht�j� tj��{ �� �z
 � x y� h�kg�khtj kg��gs~�
gk�gf �� �� {v{f�m � �� h�{kfk�gg�m�gf �{f eg� h�t{� � �kgkfktjk{tfk�g �f �� �~kg kfktjk{tfk�g
f��{ j�g�e� Yhje{k�e�{ �k�tkg�{ �� {���g��{� � �� h�~g�m �g� �{f � �teftgf hje{ h ~gtjk{tgf

��
�� � �� 
 � ��
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9 5G8J;JG::9� 9:; <I8G KH n�
�tg{ j�{ {kfetfk�g{ e�itkg�{ �� jt m �{e�� �� h�t{� �{f {�es�gf h ���e� ht� j� �~��hf�e� �
�te{� ��{ � ��ejftfk�g{ �e�{ te� i�fkm �gf{ � te� h�gf{ �f� xxx wtj��~ ��f kg��gs~gk�gf �f eg
h�k� ~j�s~ � jt h�~�k{k�g �e ��� �z
 Y�� j ������ �� � � 
 �m � h�ef u e{fk��� {�g efkjk{tfk�g�tg{ �� g�mi��e{�{ thhjk�tfk�g{ �� h�{kfk�gg�m �gf �g �gs k��gg�m�gf ��f~�k�e� x

� �p �p �
� ZGH6[98 M �9669H68

�j �� k{f� �� g�mi��e{�{ {�e���{ � �����e�{ h�estgf �~��t��� j� h�{kfk�gg�m�gf � jt
{vg����gk{tfk�g �� j ����j��� ��{ {tf�jjkf�{ � jt �~�m ~f�k� �� jt ��g{f�jjtfk�g ��{ {tf�jjkf�{ �
jt f�ts��{~� ��{ �k	~��gf�{ ��e���{ �� j �tfm�{h���� � j�{ �	 �f{ �� mejfk�f�tu �f �e {k�gtj��� �f j�{ ����e�{ �� m �{e��{ �e �~��hf�e� x

� G6KGL9 M98 8<;9KKJ;98 \ yt {vg����gk{tfk�g �gf�� j�{ ���j���{ ��{ {tf�jjkf�{ �f ��jj�{��{ �~��hf�e�{ �{f eg� {�e��� � �����e� kmh��ftgf� {e� jt h�~�k{k�g � h�e� ��m ~�k�� � ��f
�i{ft�j� f���gkle� � j� h �{kfk�gg�m�gf { ��	 ��fe� te m�kg{ ts�� � {tf�jjkf�{ x ��h �g�tgf
jt g~��{{kf~ � �ts�k� � {tf�jjkf�{ h�e� �	��fe�� eg� m�{e�� h �{� eg h��ij�m � � ��jek �� jt
��es��fe�� ��� x �g �	�f � jt ��g��e�tfk�g t�fe�jj� ��{ {tf�jjkf�{ g� ��es�� le� �
� �� jt
hjtg�f� �f ��g� �tg{ 
� ��{ �t{ jt m �{e�� �� h�{kfk�gg�m�gf g ��{f h�{{ki j� le �ts�� f��k{
{tf�jjkf�{ � �� lek gekf ��tg��m�gf � {t h�~�k{k�g x

�7G� 7;6J9 M98 8<;9KKJ;98 \ yt �k{h �{kfk�g �� jt ��g{f�jjtfk�g kg�ekf eg� |��f� �~��t�t�
fk�g �~�m ~f�kle� �� jt h�~�k{k�g ��e� |�k{ ht� u �e�{ �tg{ ���ftkg�{ ��g�{ jkm kf~�{ h�e� ��{�e�~�{ �� 
 � �� mkgef�{ x �t� tkjj�e�{ j �~j~stfk�g ��{ {tf�jjkf�{ �f j�e�{ h �{kfk�g{ ��jtfks�{
ht� �thh��f te �~��hf�e� st t	 ��f�� jt letjkf~ ��{ h �{kfk�g{ �tj�ej~�{ x ��ff� letjkf~ h �ef
�f�� �t�t�f~�k{~� ht� j� �tj�ej ��{ |t�f�e�{ �� �~��t�tfk�g �~�m~f�kle� thh �j~{ 
�� � Y�|
tgg��� � � ��ggtgf tkg{k � j �efkjk{tf�e� eg� k�~� �� jt ��g�tg�� � thh��f�� � eg� m�{e�� x


< 67�6<[;JG: M<:8 K �JG:G85��69 \ y�{ �g��{ �t�k�{ k{{e�{ ��{ {tf�jjkf�{ �e {v{f�m ���� ��ikftgf � �� ��� �m � �tjfkfe�� ��ks�gf f�ts��{�� �g h��m k�� j �k�g�{h���� � jt h��ht�
�tfk�g �e {k�gtj ��� �{f tj��{ h ��fe�i ~� ��mm� f�ef� �g�� ~j��f��m t�g~fkle� f�ts��{tgf
eg m kjk�e ��g�e�f�e� Yj �k�g�{h���� �{f ��mh�{~� � �k�g{ �f � �~j��f��g{� x ��ff� h ��fe�itfk�g
{� m tgk|�{f� ht� eg ��ft�� �f ��g�ekf � eg� {e��{fkm tfk�g �e f�mh{ �� h��ht�tfk�g �e
{k�gtj �f ��g� jt �k{ftg�� {tf�jjkf���~��hf�e� x


< 67�6<[;JG: M<:8 K< ;6G5G85��69 \ y� f�mh{ �� h��ht�tfk�g �� j ��g�� ��� �{f k�k
t	��f~ ht� jt f�g�e� �g sth�e� � ��te �� ��ff� ��e��� it{{� �� j �tfm�{h���� x �j {��tkf ��g�
g~��{{tk�� �� ��ggt�f�� ��ff� letgfkf~ ts�� h�~�k{k�g f�ef j� j�g� �e f�tu �f {eks k ht� j ��g��
h�e� ~ftijk� j�{ kmh�~�k{k�g{ {e� j�{ m �{e��{ �� h{�e����k{ftg��{ lek �g �~��ej�gf x
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98 ;6<� 9;8 �HK;J5 K98 \ y� h�~g�m�g� ��{ f�tu �f{ mejfkhj�{ �{f �� � jt �~��� k�g ��{
�g��{ �t�k�{ ~m k{�{ ht� j�{ {tf�jjkf�{ � ht� j�{ kg|�t{f�e�fe��{ �g m kjk�e e�itkg x ��{ �~��� k�g{
s�gf {�es�gf te�m�gf�� jt �k{ftg�� �e f�tu �f {tf�jjkf���~��hf�e� �f ��g� te{{k jt �e�~� ��
h��ht�tfk�g �e {k�gtj x y� �~��hf�e� st tj��{ �tj�ej�� eg� �k{ftg�� {tf�jjkf���~��hf�e� |te{{�
�f ��g� ��mm�ff�� eg� ����e� {e� jt h �{kfk�g x


9 I6HJ; M98 � 98H698 \ y� i�ekf �� jt m �{e�� �{f �{fkm ~ � m�kg{ �� �� �� jt j�g�e�e��e {k�gtj {e� j�le�j {� |tkf jt m �{e�� � �tg{ j� �t{ � �eg m�{e�� �� h�t{� ��mm� �tg{ ��jek� �eg �tj�ej �� h{�e����k{ftg�� x

tg{ jt �~tjkf~ � ��{ ����e�{ {�gf kg�~h �g�tgf�{ j�{ eg�{ ��{ tef��{ �f { �t��kfk�gg�gf x�~tgm�kg{ � ��mm� jt f�kj~�tfk�g �{f �~tjk{~� ht� eg� m ~f���� ��{ m�kg���{ �t��~{ � jt

h�~�k{k�g �e {v{f�m � ��� �{f � ��gsk��g �� �
m �f ��jj� �e 
��� kg|~�k�e�� � eg m�f�� x

��e��� � �����e�{ ����e�{ ��� Ym � ����e�{ 
��� Ym �
���j��� tf�m kle� �� �
 ���{kfk�g �e {tf�jjkf� �� �z�ts��{~� k�g�{h���� � x� � ��z�ts��{~� f��h�{h���� � �� � �� �	 � ����~�k{k�g �e �~��hf�e� � �� � ��
�~��� k�g ht�t{kf�{ � �� � �	

��� � �x�� ����e�{ ��{ {v{f�m �{ ��� �f 
���

}g ftij�te �� |t�f�e�{ � �����e�{ �tg{ j� �t{ �e ��� �z
 g ��{f ht{ �~tjk{tij� �t� j�{
����e�{ ��g��gf�~�{ �tg{ j�{ m ~f����{ h�~�~��gf�{ {�gf ~jkm kg~�{ �tg{ �� fvh � �� m �{e��
h�e� �if�gk� eg� h�~�k{k�g �� le�jle�{ m kjjkm �f��{ x

� �p �p �� �� 7KJG6<;JG: MH 8�8;�� 9
Z� 8;�� 9 M �<HL� 9:;<;JG: 5<6 8<;9KKJ;98 Z�� Z \ 
� |t��g � tm~jk���� jt {~�e�kf~��{ thhjk�tfk�g{ �� gtsk�tfk�g t~�k�gg� �f m t�kfkm � � �k	~��gf{ htv{ hjt��gf ��{ {tf�j�
jkf�{ �~�{ftfk�ggtk��{ ��gf j� �� j� �{f �� f�tg{m �ff�� te� efkjk{tf�e�{ {e� jt |�~le�g��y � ��{ ������fk�g{ h�~�k{�{ Y��ikf�{ ��� � ���j���{ � k�g�{h���� �f f��h�{h����� �tj�ej~�{
ht� eg �~{�te kmh��ftgf �� {ftfk�g{ �� ��gf�� j� te {�j �f ��{ ��gg~�{ � �kgf~��kf~ kg|���
mtgf ��{ ����e�{ �e {v{f�m � x }g �tkg �� h�~�k{k�g �g h�{kfk�gg�m �gf ti{�je � {e�f�ef {e�
jt ��mh�{tgf� s��fk�tj� ��kf h ��m �ff�� � �tff�kg��� eg� h�~�k{k�g �� � � �m tkg{k le �eg�
h�~�k{k�g �~�km ~f�kle� �g h�{kfk�gg�m�gf �k	 ~��gfk�j Y�| ftij�te �x�� x y�{ {v{f�m �{ � �te��
m�gftfk�g ht� {tf�jjkf�{ ��ejj�� �� ���� ����� ��i�e{tj�m �� ���� ����� j�{ hje{ ��gge{ {�gf
���� � ��e���{ �� ���� ���
� h�e� j ��m~�kle� �e ���� � w��� � h�e� j� �th �g �f �����
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�t�t�f~�k{fkle�{ ��� � ���� ��y�y�� � ����� ����
�i�� �� �tf�jjkf�{ �� � � �� � � 
� � 	
�
�� � 	
�� � � � � � � � �� � ���~�k{k�g h�{ x ti{�je Ym � � � � � � � � �	 � � ��

��� � �x� � ��~�k{k�g{ �if�ge�{ ht� j� {v{f�m � ����

� ���g��k�f� �� ���� ����� h�e� jt ��mmegtef~ �e��h~�gg� x

� KGI<K � <� JL<;JG: Z<;9KKJ;9 Z�8;9� �� ZZ \ y� ���� �{f jt �~tjk{tfk�g �� j �kg�
f���h ~�tikjkf~ ��{ �k	 ~��gf{ {v{f�m �{ �� �t�k�gtsk�tfk�g ht� {tf�jjkf�{ �� k{ftgf �tg{ j�
m�g�� � t�fe�jj�m �gf ��gf�kie�gf te ���� j�{ {v{f�m �{ ��� � �y����� �f j�{ {v{f�m �{
�~�{ftfk�ggtk��{ Y���� � ����� xxx� � j� {v{f�m � ��y�y�� {��t kgf~��~ te� tj�gf�e��� ���� x y� ���� ��h�{��t tj��{ �{{�gfk�jj�m �gf {e� j�{ ��e� {v{f�m �{ ��� Y}�� � �f��y�y�� Y�} � x y �kg�~h �g�tg�� �f j �kgf���h ~�tikjkf~ ��{ ��e� {v{f�m �{ thh��f��t eg�
��gfkgekf~ �� {��s k�� �g �t{ �� �~|tkjjtg�� �� j �eg ��{ ��e� {v{f�m �{ tkg{k le� j �~m k{{k�g�� m�{{t��{ � �kgf~��kf~ h��h��{ � ��t�eg ��{ {v{f�m �{ x

� �� �� ����� ������ ��� ��� �� 	������ ��		� 	����

� �p �n �� �:;6GMH[;JG:
��{ ���gk���{ tgg~�{ � ��{ {v{f�m �{ �� ��mmegk�tfk�g m�ikj� �gf ~f~ �~s�j�hh ~{ h �e�

|�e�gk� jt h �{{ki kjkf~ �� j� �tjk{�� j �efkjk{tf�e� � �eg f~j~h��g� m�ikj� ht� �thh��f � eg� {ft�
fk�g �� it{� � j �k�~� h�kg�khtj� ~ftgf �� h �es�k� j� �tjk{�� {�g efkjk{tf�e� �g �t{ � �e���g�� x����� � jt ��g{kf~ �e �~{�te �� f~j~��mmegk�tfk�g �tg{ jt hjeht�f ��{ skjj�{ �f ��{ �~�k�g{
�f �� jt h�{{ki kjkf~ �� �~f��m kg�� jt h�{kfk�g � �eg f~j~h��g� � j �k�~� � �kgf~���� �� {��sk���tg{ j�{ {v{f�m �{ �� gtsk�tfk�g �g ��mhj~m �gf �e ��� �{f thht�e x �g �	 �f j�{ f~j~�
h��g�{ h��ftij�{ �� ��e� k�m � �~g~�tfk�g h�es�gf �~f��m kg�� jt h�{kfk�g � �eg efkjk{tf�e�
g �kmh��f� �� �f g �kmh��f� letg� ts�� eg� h�~�k{k�g �� ��
m ����� te �~{�te ��w � x �f
j�{ f~j~h��g�{ h��ftij�{ �� f��k{k�m � �~g~�tfk�g efkjk{tgf j� �~{�te }wz� � h��m �ff�gf
eg� j� �tjk{tfk�g �gsk��g �k� |�k{ hje{ h�~�k{� x

� �p �n �p � 6J:[J5 9 MH 5G8J;JG::9� 9:;
y�{ �h ~�tf�e�{ h �es�gf �mhj�v�� �k	 ~��gf�{ f���gkle�{ h�e� |�e�gk� j�{ kg|��m tfk�g{�� j� �tjk{tfk�g �����ij�m � ����� �� � j�� �� ���� ����� �
� j �tg�j� � �t��ks~� Y��� � �
� j� f�mh{ � �t��ks~� Yz�� �� �
������
�� �
��	�	������ ��	 �	�	��� �	
���� �
�	 ��
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� jt �k	~��g�� �� f�mh{ � �t��ks~� Yz
�� ���
� jt �k	~��g�� �� f�mh{ � �t��ks~� �kf� te�m�gf~� Y� ��z
 �� �

�G� \ �s�� te m�kg{ ��e� {ftfk�g{ �� it{� � jt h�{kfk�g �{f �if�ge� ht� j �kgf��{��fk�g�� ��e� jk�g�{ ht{{tgf ht� ��t�eg� ��{ {ftfk�g{ �� it{� �f ��gf j�e�{ ��k�gftfk�g{ h �es�gf
�f�� �~f��m kg~�{ Y��e�� �x�� x 
� �� |tkf j�{ tg�j�{ �� �k���fk�g{ Θi

��{ {k�gte� ���e{ ht�
��t�eg� ��{ {ftfk�g{ �� it{� ��ks�gf �f�� m �{e�~{ �g efkjk{tgf ��{ tgf�gg�{ thh��h�k~�{ xy �kg��gs~gk�gf m tu �e� �� ��ff� m ~f���� �{f �tg{ j� �t{ �� te�eg� jk�g� g ��� k{f� �gf�� j�
f~j~h��g� m�ikj� �f jt {ftfk�g �� it{� �t� jt ���gk��� m �{e�� stjk�� �� j �tg�j� �{f efkjk{~�
h�e� �	 ��fe�� jt j� �tjk{tfk�g x 
� hje{ �tg{ j� �t{ �� mejfk�f�tu �f j�{ {k�gte� �~�~��k{
h �es�gf kgf��|~��� �tg{ jt m �{e�� �� j �tg�j� x

BS BS

Position
du mobile

Θ1 Θ2

��� � �x� � �jje{f�tfk�g �� jt m ~f���� ���

�G� \ 
tg{ �� �t{ � j� h�kg�kh � �� f�ktg�ejtfk�g �{f efkjk{~ h�e� �tj�ej�� jt h �{kfk�g �e
f~j~h��g� m�ikj� Y��e�� �x�� x ��k j�{ �k{ftg��{ δi �if�ge�{ ht� jt m �{e�� �e f�mh{ ��s�j �e {k�gtj ~m k{ ht� j� m�ikj� �f te m�kg{ f��k{ {ftfk�g{ �� it{� {�gf m �{e�~�{ � ��ff�
m �{e�� ��lek��� eg� {vg����gk{tfk�g �e �~��hf�e� �f ��{ {ftfk�g{ �� it{� x yt h�{kfk�g �e
m�ikj� �{f �~�ekf� �� j �kgf��{��fk�g �� f��k{ ����j�{ ��gf�~{ tef�e� ��{ {ftfk�g{ �� it{� �f�� �tv�g δi x y��{le� hje{ �� � {ftfk�g{ �� it{� {�gf efkjk{~�{ � ��{ kg|��m tfk�g{ ����g�tgf�{thht�tk{{�gf j��{ �e �tj�ej �� jt h �{kfk�g � tkg{k kj �{f h �{{ki j� �� �tj�ej�� jt jtf�g�� �e
m�ikj� tkg{k le� {�g ����e� � ����j��� ht� jt m ~f���� ��{ m�kg���{ �t��~{ x ��ff� m ~f����
�{f �g �~g~�tj �g~��e{� �t� jt {vg����gk{tfk�g ��{ {ftfk�g{ �� it{� �f �e m�ikj� g~��{{kf���{ m ��k��tfk�g{ m tu �e��{ �� jt {ftfk�g �� it{� ftgf te h�kgf �� se� �� mtf~�k�j le�
j��k�k�j � �g ��gf��ht�fk� te�eg� m��k��tfk�g �e f~j~h��g� m�ikj� g ��{f g~��{{tk�� x
��G� \ ��ff� f���gkle� efkjk{� ��{ �vh��i �j�{ h �e� �~f��m kg�� jt h �{kfk�g Y��e�� �x�� x�e jk�e �� m�{e��� j� f�mh{ � �t��ks~� ��mm� h�e� jt m ~f���� h�~�~��gf� � jt m ~f����z
�� m�{e�� te m �m� kg{ftgf jt �k	~��g�� �� f�mh{ �e {k�gtj � �t��ks~� �gf�� �k	~��gf�{
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BS BS

BS
Position
du mobile

δ1
δ2

δ3

��� � �x� � �jje{f�tfk�g �� jt m ~f���� z��

{ftfk�g{ �� it{� x ��ff� �k	~��g�� �� f�mh{ h��m �f �� �tj�ej�� eg� �k{ftg�� ��g{ftgf�
�gf�� ��e� {ftfk�g{ �� it{� � �~�gk{{tgf eg� �vh��i �j� lek kg�kle� j�{ h �{kfk�g{ h �{{ki j�{�e f~j~h��g� m�ikj� x �k te m�kg{ f��k{ {ftfk�g{ �� it{� {�gf efkjk{~�{ � jt h�{kfk�g �e
m�ikj� �{f ��g� �~f��m kg~� ht� j �kgf��{��fk�g �� f�ef�{ j�{ �vh��i �j�{ x y �tstgft�� ��
��ff� m ~f���� �{f jt {ehh��{{k�g ��{ ����e�{ � ����j��� �tg{ j �~letfk�g � ��i{��stfk�g �f
j �tff~getfk�g ��{ �	�f{ ��{ ��g�kfk�g{ tfm �{h�~�kle�{ {e� jt �~f��m kgtfk�g �� jt h�{kfk�g x�g ��stg��� � �g hje{ ��{ m��k��tfk�g{ ��{ {ftfk�g{ �� it{� g~��{{tk��{ � jt m ~f���� z�� �
kj �{f �ijk�tf�k�� le� j�{ {ftfk�g{ �� it{� hek{{�gf ��mmegkle�� �g{�mij�{ h �e� �~tjk{��
jt {vg����gk{tfk�g x

BS

BS

BS

Position
du mobile

�vh ��i�j� �
δ1 − δ3�

�{f�

�vh��i �j� �
δ1 − δ3�

�{f�

δ1

δ2

δ3

��� � �x� � �jje{f�tfk�g �� jt m ~f���� z
��

	 ���� \ 
tg{ ��ff� ���gk��� m ~f���� jt h�{kfk�g �e m�ikj� �{f �g���� �tj�ej~� ht�
j �kgf��{��fk�g �� hje{k�e�{ �vh ��i�j�{ x wtk{ ht� �thh��f � jt m ~f���� z
�� � j� {k�gtj
�gs�v~ ht� eg� {ftfk�g �� it{� �{f ���e � jt |�k{ ht� j� f~j~h��g� m�ikj� �f ht� eg� {ftfk�g�� �~|~��g�� ��gf jt h�{kfk�g �{f ht�|tkf�m �gf ��gge� Y��ff� {ftfk�g ��kf �f�� tu �ef~� te
�~{�te � x yt �k	 ~��g�� �� f�mh{ � �f ��g� ht� jt m �m� ���t{k�g jt �k{ftg�� �gf�� jt {ftfk�g
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�� it{� �f jt {ftfk�g �� �~|~��g�� �{f tj��{ �~f��m kg~� �g ����~jtgf j�{ ��e� {k�gte� ���e{ x��mm� jt �k{ftg�� �~�ekf� ��gfk�gf f�eu �e�{ j�{ ����e�{ � ����j��� jk~�{ te m�ikj� � f��k{
m �{e��{ {�gf g~��{{tk��{ h�e� �{fkm �� jt h�{kfk�g �e m�ikj� x
y� h�~�k{k�g {e� jt j� �tjk{tfk�g �if�ge� ht� j ��g{�mij� �� ��{ f���gkle�{ �~h �g� �
� �e g�mi��{ �� m �{e��{ � �g �ifk�gf ��g� eg m �kjj�e� |�g�fk�gg�m �gf �tg{ j�{ ��g�{e�itkg�{ �t� j�{ {ftfk�g{ �� it{� {�gf hje{ g�mi��e{�{ �
� �� jt �~�m ~f�k� �e �~{�te � �g �	�f �g �~g~�tj j�{ {ftfk�g{ �� it{� g ��gf ht{ ~f~hjt�~�{ h�e� ts�k� eg� i �gg� �~�m~f�k� m tk{ h�e� |�e�gk� jt m �kjj�e�� ��es��fe��
h�{{ki j� �e �~{�te �

� mtk{ te{{k �� jt {e���t��� �e �~{�te �� ��mmegk�tfk�g lek h �ef u �e�� eg �� j� h�~�h�g�~�tgf {e� jt h�~�k{k�g x
y� ftij�te �x� h�~{�gf� jt h�~�k{k�g �if�ge� �g |�g�fk�g �� ��t�eg� �� ��{ m ~f����{ �f�� jt �~g~�tfk�g ��{ f~j~h��g�{ m �ikj�{ x

��w }wz�z
�� � ��z
 90
xxx

160m 5
xxx

20m���
100
xxx

200m 100
xxx

200mz�� � �� 50
xxx

100m

��� � �x� � ��~�k{k�g{ �if�ge�{ ts�� j�{ �~g~�tfk�g{ ��w �}wz�

� �p �n �n 
98 8� 8;�� 98 9� J8;<:;

� g�mi��e� h��u �f{ �gf se j� u �e� ��hek{ jt ���gk��� �~��ggk� � kj �{f ik�g {�� kmh�{�

{ki j� � ��g |�e�gk� eg� jk{f� ���te{fks� x y�{ h�kg�khte� {v{f�m �{ �� k{ftgf �tg{ j� ��mm����
{�gf h�~{�gf~{ �tg{ ��ff� {��fk�g x
�9K989:;J:9K \ y� h��u �f z�j�{�gfkg�j �~s�j�hh~ � jt it{� ht� jt {��k~f~ 
�� �{f eg
{v{f�m � �� j� �tjk{tfk�g {�j�g jt f���gkle� ��� x y �tg�j� � �t��ks~� �{f k�k m �{e�~ ht� ��{
�thf�e�{ {h ~�k�le�{ ��mh�{~{ �� f��k{ tgf�gg�{ �mgk�k���fk�gg�jj�{ {kfe~�{ ts�� j�{ {ft�
fk�g{ �� it{� x y�{ m �{e��{ � �te m�kg{ ��e� �thf�e�{ {�gf �gs�v~�{ � eg� {ftfk�g ��
��gf�� j� lek �~f��m kg� jt h�{kfk�g �e m�ikj� x y�{ �thf�e�{ h �es�gf te{{k jk�� j� ��gf�ge��{ f�tm �{ �� ��gf�� j� �e �~{�te f~j~h��gkle� � f��es�� j� gem~�� �� f~j~h��g� �e m�ikj�
�f j ��gs�v�� � jt {ftfk�g �� ��gf�� j� x � kg{k jt h�{kfk�g �{fkm ~� �f j� gem~�� f~j~h��gkle�
{�gf tj��{ {f� ��~{ �tg{ eg� it{� �� ��gg~�{ t���{{ki j� te� efkjk{tf�e�{ �e {v{f�m � ��
j� �tjk{tfk�g x y�{ �{{tk{ �gf ~f~ m �g~{ �tg{ jt ��g� � ��ggtg�tj� �g 	 k��kg k� �e ���� �
j�{ �thf�e�{ ��es�tgf eg� ��g� �� 2km × 2km � jt h�~�k{k�g �if�ge� ht� �� {v{f�m � �{f
{eh ~�k�e�� � ��m �tg{ 
�� ��{ �t{ � {eh ~�k�e�� � �
m �tg{ 	�� ��{ �t{ � {eh ~�k�e�� �
��m �tg{ ��� ��{ �t{ �f {eh ~�k�e�� � ���m �tg{ �� x�� ��{ �t{ x � j ���e�� t�fe�jj� � jt
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{� �k~f~ z�e���{kfk�g ��gfkge� �� �~s�jj�h �� �� {v{f�m � �g efkjk{tgf eg� f���gkle� �vi�k���� j� �tjk{tfk�g z
������ x

��� Z�� \ y� {v{f�m � �� j� �tjk{tfk�g �}���� �yt���� � ��� �� �~s�j�hh ~ ht� jt ��m �
ht�gk� i�kftggkle� �tmi�k��� ��{kfk�gkg� �v{f�m Y���� �{f it{~ {e� jt m ~f���� � ��z
 xyt {vg����gk{tfk�g ��lek{� �gf�� j�{ {ftfk�g{ �� it{� �{f �if�ge� �g �i{��stgf j�e�{ {k�
�gte� ht� eg �~��hf�e� {h ~�k�le� thh �j~ y� �tfk�g w�t{e��m �gf }gkf Yyw} � {kfe~ � eg�
h�{kfk�g ��� �f j� hje{ {�es�gf ts�� eg� {ftfk�g �� it{� Ythh��� km tfks�m �gf eg yw}
�{f g~��{{tk�� h �e� � {ftfk�g{ �� it{�� x y� �tj�ej �� jt h �{kfk�g �{f �~tjk{~ ht� j� ���skg�w�ikj� y��tfk�g ��gf�� Y�wy� � �f j�{ m �{{t��{ �� {vg����gk{tfk�g {�gf �gs�v~{ ht� j�
{��s k�� �w� �e �~{�te� ��w x �h��{ �� g�mi��e� �{{tk{ ��h ~�km �gfte� � ��� t |�e�gk j�{
��g{ftf{ {ekstgf{ �

� �tmi�k��� � ��g� h~�k�e�itkg �� 5km2 � h�~�k{k�g {eh ~�k�e�� � 
�m �tg{ 	�� ��{�t{ �
� ��e{f�g � ��g� h ~�k�e�itkg� � h�~�k{k�g {eh~�k�e�� � 
�m �tg{ 	�� ��{ �t{ �
� ��g� 
�g� � ��g� e�itkg� ��g{� � h�~�k{k�g {eh~�k�e�� � ��
m �tg{ 	�� ��{ �t{ x
 �th��{ ��{ �~{ejftf{ � j�{ �	�f{ �� mejfk�f�tu �f �tg{ j�{ ��gf��{ skjj�{ �~��t��gf j�{ h ��|���

mtg��{ �e {v{f�m � x

Z:<5�6<[� \ y� h��u �f �gthz�t�� �w���j�kg �� ���� ��� h �ef �f�� ��g{k�~�~ ��mm� eg�
{�jefk�g � ���� Yt{{kf�� ��� {�jefk�g � x 
 tg{ ��ff� m ~f���� � j�{ {k�gte� ��� {�gf ���
�e{ ht� ��{ {ftfk�g{ �~��hf�k��{ ���{ �f �� h �{kfk�g{ ��gge�{ � j�{ m �{{t��{ �� gtsk�tfk�g
{�gf tj��{ �~���~{ hek{ f�tg{m k{ te {��s�e� �	��fetgf jt j� �tjk{tfk�g �e m�ikj� x �etgf
te m��ej� ��� kgf~��~ te m�ikj� � kj �~���� j�{ m �{e��{ ��{ h{�e����k{ftg��{ {~ht�tgf
��je k��k �f j�{ �k	~��gf{ {tf�jjkf�{ s k{ki j�{ �tg{ jt ��g{f�jjtfk�g x ��{ m �{e��{ {�gf �jj�{�
m �m�{ �gs�v~�{ te {��s�e� �f j� �tj�ej �� jt h�{kfk�g { ��	 ��fe� �g h��gtgf �g ��mhf� j�{
������fk�g{ �k	~��gfk�jj�{ �~�ekf�{ ��{ m �{{t��{ �� gtsk�tfk�g{ |�e�gk{ ht� j�{ {ftfk�g{ �~�
��hf�k��{ �if�gtgf tkg{k eg� j� �tjk{tfk�g h����� � �eg {v{f�m � 
��� x 
 �th��{ j�{ �~{ejftf{
��h ~�km �gfte� �� {v{f�m � h��m �f eg� ��es��fe�� f�ftj� �tg{ j�{ ��g�{ e�itkg�{ ��g{�{
tkg{k le �eg� i �gg� ��es��fe�� �tg{ j�{ �gsk��gg�m �gf{ kgf~�k�e�{ x yt h�~�k{k�g �if�ge�
�g ��f~�k�e� �{f {eh ~�k�e�� � �m �tg{ 	�� ��{ �t{ �f �g kgf~�k�e� � ��m �tg{ 	�� ��{
�t{ x
] 7� J[HK9 6GH;J96 � j ���e�� t�fe�jj� � te�eg {v{f�m � g �t ~f~ ��g�e h�e� j� ��mtkg�
��efk�� � �� �g ht�fk� ht� j� m tgle� �� mtfe�kf~ ��{ {v{f�m �{ �� j� �tjk{tfk�g ht� f~j~h���
gk� ��jje jtk�� � g~tgm�kg{ ��{ ���mhj�{ �� h��u �f �� ��������� h �es�gf �f�� f��es~{ �tg{
���f{���� �� ���� ��� �� ��tg� �� ���� ����� x
� �� �� ����� ������ ��� ��� � ����� 	��� �� ��� ������� ��� �������

�hek{ j�{ s kg�f ���gk���{ tgg~�{ � �� g�mi��e� f�tste� {e� j� f��m � �� jt j� �tjk{tfk�g�� s~�k�ej� ��efk�� ht� sk{k�g �gf se j� u �e� �
�{�e�t �� ���� ����� ����f��� k �� ���� ����� x
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�g �~g~�tj j� h����{{e{ �� j� �tjk{tfk�g h�ef �f�� �~��mh�{~ �g �kgl ~fth �{ �� j �t�lek{kfk�g�� j �km t�� � �� eg h�~f�tkf�m �gf � �� jt {��m �gftfk�g �� j �km t�� � � � j �kgf��h�~ftfk�g �~�m~�
f�kle� �� jt ��ef� � ht�fk� �� j �km t�� {��m�gf~� tkg{k le� j ��{fkm tfk�g ��{ ht�tm �f��{ ��
j� �tjk{tfk�g �e s~�k�ej� {e� jt ��ef� �f �g�g 
� eg� ~fth � �� {eks k h��gtgf �g ��mhf� �e
g�g j�{ kg|��m tfk�g{ �kg~m tfkle�{ �e s~�k�ej� lek h ��m �f �� �~f��m kg�� j�{ ��g�{ � �kg�
f~��f h�e� jt {��m �gftfk�g � j �kf~�tfk�g {ekstgf� x }g ���tgk��tmm� �� jt j� �tjk{tfk�g ��
s~�k�ej� ht� s k{k�g �tg{ eg �gsk��gg�m �gf ��efk�� �{f ��gg~ ht� jt ��e�� �x�� x

Acquisition 

de l’image

Segmentation

 de ’image

Interprétation

géométrique 

Estimation des

 paramètres de 

localisation

Suivi
informations

proprioceptives

Prétraitement

��� � �x�� � � ��tgk��tmm� � �eg {v{f�m � �� j� �tjk{tfk�g it{~� {e� jt sk{k�g
y �thh����� �� {��m�gftfk�g �~h�g� �k���f�m �gf �� j ��gsk��gg�m�gf �tg{ j�le�j ~s��

je� j� ��i�f �e j� s~�k�ej� x �g h�ef �k{fkg�e�� ��e� fvh �{ � ��gsk��gg�m�gf{ ��efk��{ �
�� j�{ �gsk��gg�m�gf{ ��efk��{ {f�e�fe�~{ h �e� j�{le�j{ ��{ ~j~m �gf{ ��m t�letij�{ �tg{
jt {��g� f�j{ le� j�{ m t�let��{ te {�j {e� {�gf h�e� k��gfk��� jt ��ef� �tg{ j �km t�� �f
�� j�{ �gsk��gg�m �gf{ ��efk��{ {�m k�{f�e�fe�~{ �� kj g �v t ht{ �e h �e � �~j~m �gf{ ��m t��
letij�{ h ��m �fftgf � �k��gfk��� j�{ jkm kf�{ �� jt ��te{{~� x � kg{k h�e� j�{ �gsk��gg�m �gf{
{f�e�fe�~{ � j�{ f���gkle�{ �� {��m�gftfk�g ��h �{�gf h�kg�khtj�m �gf {e� jt �~f��fk�g ��{
m t�let��{ te {�j �g efkjk{tgf eg {��m�gftfk�g �� fvh � ��gf�e� �f h �e� j�{ �gsk��gg�m �gf{
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g�g�{f�e�fe�~{ j�{ f���gkle�{ �� {��m �gftfk�g �gf h�e� ief � �k��gfk��� j ��g{�mij� �� jt
��ef� �tg{ j �km t�� �f ��h�{�gf {e� ��{ h�kg�kh �{ �� {��m �gftfk�g �g �~�k�g x ��{ ��e�
thh�����{ �� {��m �gftfk�g {�gf h�~{�gf~�{ �tg{ j�{ {��fk�g{ �x� x� x� �f �x� x� x� x
}g� |�k{ jt {��m �gftfk�g �� j �km t�� �	��fe~� � j ��{fkm tfk�g �� jt h�{kfk�g �e s~�k�ej�

�e �e ��i�f {e� jt ��ef� �{f �~tjk{~� ht� eg� kgf��h�~ftfk�g �~�m~f�kle� �� jt {��g� Y�|
{��fk�g �x� x� x�� x 
� g�mi��e{�{ m ~f����{ �gf ~f~ h��h�{~�{ �tg{ jt jkff~�tfe�� � �f h �e�
��t�eg� � ��jj�{ kj �{f g~��{{tk�� �� ���k{k� eg m���j� f�k� km �g{k�gg�j �f��e eg m���j� ik��km �g{k�gg�j {�j�g le� j ��g ���k{kf �� �~{�e��� j� h��ij�m � �� j� �tjk{tfk�g �tg{ j� m�g��
�
 �f��e �tg{ j �km t�� x ��{ �k	~��gf{ m���j�{ {�gf h�~{�gf~{ �tg{ jt {��fk�g �x� x� x� x

� �p �
�

�� Z9L� 9:;<;JG: 5<6 [G:;GH6
y�{ m ~f����{ �� {��m �gftfk�g ht� ��gf�e� { �thhjkle�gf �~g~�tj�m �gf �tg{ j�{ ��gf��f�{�� ��ef�{ {f�e�fe�~�{ lek {�gf �~jkm kf~�{ ht� ��{ m t�let��{ te {�j �f �� j�{ f�tg{kfk�g{

��ef� � mt�let��{ {�gf f��{ ��gf�t{f~�{ x 
tg{ j� �t{ � �km t��{ �� gks�te� �� ��k{ � ��{
f�tg{kfk�g{ {�gf �~f��f~�{ �g thhjkletgf �� {kmhj�{ �h ~�tf�e�{ �k	~��gfk�j{ � ��jj�{��k �f
j�{ ��gf�e�{ {�gf tj��{ f��es~{ �g ��������tgf ��{ m t�kmem{ j� �te� �����{h�g�tgf te�
st�ktfk�g{ i�eftj�{ �� jem kg�{kf~ �tg{ j �km t�� x 
tg{ j� �t{ � �km t��{ ��ej�e�{ � � �tef��{
ht�tm�f��{ f�j{ le� jt f�kgf� �e jt {tfe�tfk�g h �es�gf �f�� tu �ef~{ � jt jem kg�{kf~ h �e�
|t�kjkf�� jt �~f��fk�g ��{ m t�let��{ te� {�j{ x 
� hje{ � h�e� tm~jk���� jt �~f��fk�g ��{
m t�let��{ te {�j ��e� f���gkle�{ {�gf {�es�gf efkjk{~{ �
�x j�{ f�tg{kfk�g{ �~f��f~�{ {�gf thht�k~�{ {�j�g j�{ jk�g�{ �� j �km t�� �f ��mht�~�{ � eg
�tit�kf �� m t�let��{ te {�j j� hje{ {�es�gf eg m���j� �hjtf�te � Y� ��{f����k�� eg
m���j� �� jem kg�{kf~ �~��kstgf jt f�tg{kfk�g ��te{{~��mt�let�����te{{~�� � ��jj�{��k
{�gf tj��{ ��g{k�~�~�{ ��mm� j�{ ��gf�e�{ ��{ m t�let��{ te� {�j{ �g ��������tgf j�
m t�kmem �� ����~jtfk�g �gf�� j� m ���j� �~f��f~ �f j� �tit�kf x

� x jt ��e� k�m � {�jefk�g �{f � �te�m �gf�� j� �thh��f {k�gtj {e� i�ekf � jt ��������� ��{
��gf�e�{ g� { ��	��fe� hje{ tj��{ �tg{ f�ef� j �km t�� mtk{ �tg{ ��{ ��g�{ � �kgf~��f{Y��g�{ ���ftg�ejtk��{ �e ht�tjj~j~hkh ~�kle�{� �e �g���� {km hj�m �gf {e� le�jle�{
jk�g�{ �� j �km t�� x 
tg{ �� �t{ � ��{ ��g�{ {�gf {�es�gf �~�ekf�{ �� j �~fth � �� {eks k �f
t��~j���gf ��g{k�~�tij�m �gf j �~fth � �� {��m �gftfk�g x

	�k�k �tg{ j ������ ����g�j��kle� � ���ftkg{ ���mhj�{ � �thh�����{ �� {��m �gftfk�g ht�
��gf�e� �~�k~�{ � jt j� �tjk{tfk�g �� s~�k�ej� �g m kjk�e� {f�e�fe�~{ �


��	
�� \ �tg{ ��ff� thh����� �
 �ge� � ����� � j�{ h�km kfks�{ km t��{ {�gf �~f��f~�{
ht� eg� {km hj� ~fth � �� � jf�t�� Y�h ~�tf�e� �� ��i �j� �f j�{ i���{ �� s�k�{ {�gf �~f��m k�
g~{ ht� eg� f�tg{|��m ~� �� ��e�� �g ��g{k�~�tgf le� j�{ i ���{ �� jt ��ef� h �es�gf �f���~��kf{ �tg{ j �km t�� ht� ��e� jk�g�{ ���kf�{ x ��h�g�tgf ��ff� �vh�f��{� { �ts��� h �e t�~�
letf� �tg{ j�{ {kfetfk�g{ �� sk�t��{ � |��f� ��e�ie�� � h�e� �~{�e��� �� h��ij�m � j �tef�e��tg{ �
 �ge� �� ���� ����� �~�k�� tj��{ �� �~��k�� j�{ i���{ �� s�k�{ �� �k��ejtfk�g ht� eg
m���j� ��hjk�kf� ��mh�{~ �� �kgl {��m �gf{ x y�e�{ h�{kfk�g{ ~ftgf tu e{f~�{ � j ��g{�mij�
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��{ h�km kfks�{ �~f��f~�{ �tg{ j �km t�� ht� eg� m ~f���� ��{ m�kg���{ �t��~{ m ~�ktg{ x w tj�
��~ ��ff� tm ~jk��tfk�g � ��ff� m ~f���� �{f {�g{ki j� te� ���ejftfk�g{ ��{ h�km kfks�{ km t��{
g�ftmm�gf j�{ ���ejftfk�g{ kg�ekf�{ ht� ��{ �i{ft�j�{ {� f��estgf jt ��te{{~� �e �g����
j�{ ��tg��m�gf{ � �kjjem kgtfk�g �tg{ jt {��g� x

���� �� \ �tg{ ��ff� thh����� �
 je�� �� ���� ���
t� �
�jjt��f �� ���� ����� jt {��m �g�
ftfk�g �� j �km t�� �{f �~tjk{~� �tg{ j ��{ht�� ��� x �g �	 �f j�{ tef�e�{ h��h�{�gf eg� m~f����
��k�kgtj� lek h ��m �f �� ����ggt�f�� j�{ m t�let��{ te {�j �g |�g�fk�g �� j�e�{ f�kgf�{ Yte��ftf{�}gk{ ��e� f�kgf�{ �� k{f�gf h �e� j�{ m t�let��{ te {�j � j� i jtg� �e j� u teg�� x � kg{k
j�{ hk��j{ thht�f�gtgf � ��{ ��e� f�kgf�{ {�gf �~f��f~{ �tg{ j �km t�� �f j�{ itg��{ ijtg���{
�e u teg�{ {�gf ��f�tkf�{ �tg{ ��{ ��g�{ � �kgf~��f{ �g ������tgf j� m t�kmem �� ����~jt�
fk�g �gf�� j� ��t�k�gf � �eg m���j� �hjtf�te � Yht{{t�� ��s�f�m �gf ��te{{~��mt�let�� te
{�j���te{{~�� �f j� ��t�k�gf ���k��gftj� ��{ hk��j{ thht�f�gtgf t h�k��k te mt�let�� te
{�j x y �~fth � �� {eks k h��g� �g ��mhf� j ��vh �f��{� le� jt f�kgf� ��{ m t�let��{ te {�j �{f
kgst�ktgf� te� ��g�kfk�g{ m ~f~���j��kle�{ � �eg� km t�� � j �tef�� �f h ��m �f �� �~�gk� ��{
��g�{ � �kgf~��f{ h �e� jkm kf�� jt ��������� ��{ hk��j{ ijtg�{ �e u teg�{ x
]	
�� \ �e|���� �tg{ ��e|���� �� ���� ����i � ��e|���� � ��� �� h��h�{� eg� thh�����

{ftfk{fkle� �� j� �tjk{tfk�g lek efkjk{� eg m���j� ��hjk�kf� �tg{ j �km t�� h�e� ��h�~{�gf�� j�{
m t�let��{ te� {�j �f eg m���j� kmhjk�kf� h�e� �~��k�� jt h �{kfk�g �e s~�k�ej� �f jt �~��
m~f�k� �� jt ��te{{~� x ��k j� m���j� ��hjk�kf� �{f �~�gk ht� 4n ht�tm�f��{ ��gf 2n {�gf j�{h�{kfk�g{ ��{ h �kgf{ �t�t�f~�k{fkle�{ �e h�jv��g� ��h�~{�gftgf jt s�k� �� �k��ejtfk�g �tg{
j �km t�� �f 2n j�{ kg���fkfe��{ {e� jt h �{kfk�g �� ��tle� h�kgf{ �t�t�f~�k{fkle�{ �f j� m ����j� kmhjk�kf� �{f �~�gk ht� ��{ t��{ �� ����j� x ��e� tm ~jk���� j� h����{{e{ �� j� �tjk{tfk�g �
j �tef�e� h��h�{� � ��	 ��fe�� eg� h�t{� � �thh��gfk{{t�� lek h ��m �f � �thh��g��� f�ef�{ j�{�~h �g�tg��{ {ftfk{fkle�{ �gf�� ��{ ��e� m���j�{ �g |�g�fk�g �� j ��g{�mij� ��{ {��g�{ te�
f���efk���{ ��g��gf�tij�{ �tg{ jt �~tjkf~ x 
tg{ �� �t{ � kj �{f tj��{ h �{{ki j� �� �~egk� j �~fth ��� {��m�gftfk�g �f � �kgf��h�~ftfk�g �~�m ~f�kle� �g eg� {�ej� ~fth � �f j �~ftf �e {v{f�m �
�{f tj��{ ��g{fkfe~ ��{ ht�tm �f��{ �� h�{kfk�g �e s~�k�ej� � �� �~�m~f�k� �� jt ��ef� tkg{k
le� j�{ ht�tm�f��{ �e m���j�{ ��hjk�kf�{ x y ���k�kgtjkf~ �� ��ff� m ~f���� fk�gf te |tkf le�
h�e� ��tle� h �kgf �e m���j� ��hjk�kf� �~f��f~ �tg{ j �km t�� � kj �{f h�{{ki j� � ��if�gk� �k�
���f�m �gf eg� �{fkm tfk�g �� jt h�{kfk�g �e s~�k�ej� �f le �kj g ��{f ht{ tj��{ �ijk�tf�k�� ���~f��f�� f�e{ j�{ h�kgf{ h�e� �if�gk� eg� �{fkm tfk�g ������f� �� jt j� �tjk{tfk�g �e s~�k�ej� �
�� lek ��g� ��ff� m ~f���� ��ie{f� te� � ��ejftfk�g{ �f te� ��tg��m �gf{ � �kjjem kgtfk�g{ x
��e� tm~jk���� j �~fth � �� {��m�gftfk�g � �tg{ ���ftkg�{ thh�����{ j �km t�� ��k�kgtj�

h �ef {eik� te h�~tjtij� ��{ f�tg{|��m tfk�g{ Y~fth � �� h�~f�tkf�m �gf� x 
�e� {kfetfk�g{
h �es�gf �f�� ��g��gf�~�{ {�j�g j� ���k� �e h�~f�tkf�m �gf � {�kf ��jek��k g �t te�eg� kg�
�e�g�� {e� j ��{ht�� �f j �~fth � �� {��m�gftfk�g { ��	 ��fe� f�ef {kmhj�m �gf �tg{ j �km t��
h�~f�tkf~� � {�kf ��je k��k �	 ��fe� eg ��tg��m�gf � ��{ht�� tele�j �t{ kj �{f g~��{{tk�� � �~ft�
ijk� ��{ �efkj{ h ��m �fftgf �� m�ff�� �g ~sk��g�� jt ��te{{~� �tg{ �� g�es�j �{ht�� x

����� ������� 	�
� ��

����
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���� \ k�k j�{ tef�e�{ ����f��� k �� ���� ����� ������k �� ���� ����� h��h�{�gf �� ����
�k��� teftgf le� h�{{ki j� j�{ �	 �f{ �� h ��{h ��fks�{ �g f�tstkjjtgf �tg{ eg� se� t~�k�gg� ��
jt {��g� ��efk��� x ��ff� se� �{f �if�ge� ht� eg� f�tg{|��m tfk�g ��w �� �� j �km t�� ��k�kgtj�Ys�k� ��e�� �x��� x �g ��g{k�~�tgf le� jt jt���e� �� jt ��te{{~� �{f ��g{ftgf� �f ��gge� � j�{
i���{ �� jt ��te{{~� h �es�gf �f�� ��g{k�~�~{ ��mm� ht�tjj�j�{ �tg{ ��ff� g�es�jj� km t��
�f �~f��m kg~{ �� jt m tgk��� {ekstgf� � �� j ��g{�mij� ��{ f�tg{kfk�g{ i�eftj�{ �� jem kg�{kf~
{�gf �~f��f~�{ ht� eg {kmhj� ��t�k�gf ���k��gftj � �� ��{ f�tg{kfk�g{ {�gf thht�k~�{ ��e�
� ��e� {e� ��tle� jk�g� �� j �km t�� �g f�gtgf ��mhf� ��{ ��gf�tkgf�{ {e� jt jt���e� �� jt
��ef� �f �� j�{ i ���{ ��{ s�k�{ �� �k��ejtfk�g {�gf �~f��m kg~{ �g �	 ��fetgf eg� ����~jtfk�g
s��fk�tj� �� ��{ ��ehj�{ x

��� �� �

��� � �x��� �gs��{� h ��{h ��fks� m thhkg� t� ��e�� ��k�kgtj� i � h��u ��fk�g ��w �� jt ��e��
��k�kgtj�


��� �� \ 
 ��e{��� �tg{ �
 ��e{��� �� ���� ����� h��h�{� eg� g�es�jj� m ~f���� ���~f��fk�g �� i ���{ �� s�k� lek �	��fe� eg� f�tg{|��m tfk�g km t���|�~le�g�� ��gf j�{ �t�t��
f~�k{fkle�{ |�~le�gfk�jj�{ {�gf �if�ge�{ ht� eg� f�tg{|��m tfk�g �g ��{kge{ �k{���f� Y
�z � xy�{ �tef�{ |�~le�g��{ ��gf j �tmhjkfe�� �f jt h�t{� {�gf �k���f�m �gf ��jk~�{ � jt h�{kfk�g
�f j ���k�gftfk�g ��{ ��gf�e�{ �tg{ j �km t�� kgkfktj� �f {�gf tj��{ tk{~m �gf �~f��ftij�{ �tg{
�� g�es�j �{ht�� x 
� ��ff� m tgk��� j�{ tef�e�{ �{h ���gf tkg{k { �t	 �tg��k� ��{ h��ij�m �{
jk~{ te� ��tg��m�gf � �kjjem kgtfk�g �tg{ jt {��g� x

� �p �
�

�p Z9L� 9:;<;JG: 5<6 67LJG:
y�{ m ~f����{ �� {��m �gftfk�g ht� �~�k�g { �thhjkle�gf h�kg�khtj�m �gf �tg{ j�{ ��gf��f�{�� ��ef�{ {�m k�{f�e�fe�~�{ �f g�g�{f�e�fe�~�{ ��gf j�{ i ���{ �� jt ��ef� {�gf {�es�gf h �e

mt�le~{ �f h �e ��gf�t{f~{ �f g� h �es�gf �f�� �~f��f~{ ht� ��{ thh�����{ �� {��m�gftfk�g
ht� ��gf�e� x y �k�~� �~g~�tj� �� ��ff� m ~f���� �{f �� �~��mh�{�� j �km t�� �g hje{k�e�{ ��g�{
��m���g�{ ��gf te m�kg{ eg� ��kf �����{h �g��� � jt ��te{{~� � j�{ hk��j{ thht�f�gtgf �
��t�eg� �� ��{ �~�k�g{ {�gf tj��{ �jt{{~{ �g |�g�fk�g �� ��kf���{ f�j{ le� j�e� ��ej�e� Y�tg{

�� ��	
��
 �
��� 
�	�	
 � ��� ��	
�	�
����� ��� �� �� ����� ���� ��
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j ��{ht�� ��� �� �e ��� �� � �e j�e� f��fe�� {�es�gf �~�gk� ht� ��{ ��kf���{ {ftfk{fkle�{ f�j{
le� j ���m��~g~kf~ � j ��gf��hk� � j �~g���k� �e �g���� j� ��gf�t{f� x �g�g ��mm� j�{ ��g�kfk�g{� �kjjem kgtfk�g{ �� jt ��ef� {�gf {�es�gf st�ktij�{ �tg{ �� f�jj�{ {��g�{ � j� g ks�te �� ��k{ �{f
{�es�gf ���je �� ��{ m ~f����{ �t� kj g� h �ef �t��m �gf ��g{fkfe~ eg ��kf��� {e� {tmm�gf�k{��km kgtgf x

� K<88J�[<;JG: 5<6 [GHK9H6 \ �tg{ �� �t{ � jt �jt{{k��tfk�g ��{ hk��j{ �� j �km t�� �{f
�~tjk{~� �tg{ j ��{ht�� ��{ ��ej�e�{ Y��� � ��� �e tef�� �{ht�� �� ��ej�e�� �g �	��fetgf
eg {�ekjjt�� ��{ kg|��m tfk�g{ mejfk�km �g{k�gg�jj�{ �~jks �~�{ ht� j �km t�� x ��ff� f���gkle�
t {e�f�ef ~f~ efkjk{~� �tg{ jt �g ��{ tgg~�{ ���� �

��� �G65G6<;JG: \ 
etg �tg{ �
etg �� ���� ����� �
etg �� ���� ����� h��h �{� ��
�jt{{�� j�{ hk��j{ �g �	 ��fetgf eg {kmhj� {�ekjjt�� �tg{ j ��{ht�� ��� g~tgm�kg{ ��ff�
f���gkle� �{f {�g{ki j� te� ��tg��m�gf{ � �~�jtk��m �gf �� jt {��g� se� ht� jt �tm~�t x ��e�
tff~ge�� �� h�~g�m�g� � j�{ tef�e�{ h��h�{�gf � �thh��g��� �vgtm kle�m �gf j�{ ��ej�e�{
�t�t�f~�k{fkle�{ ��{ ��g�{ �� j �km t�� ��g{~�{ thht�f�gk� � jt ��ef� x
] ��Z \ ze�� �tg{ �ze�� �� ���� ����� �ze�� �� ���� ����� h��h�{� �� f�tstkjj�� egkle��

m�gf �tg{ j ��{ht�� ��{ ��ej�e�{ �� x y �tef�e� u e{fk�� �� ���k� �g h��gtgf le ��g �~g~�tj
jt ��mh�{kfk�g {h ��f�tj� ��m kgtgf� h�e� j�{ hk��j{ thht�f�gtgf � jt ��ef� f�g� s��{ j�
ij�e tj��{ le� j� ��{f� �� j �km t�� f�g� �j�itj�m �gf s��{ j� ��e�� �f m�gf�� tkg{k le �kj �{f
h�{{ki j� �� {~ht��� j�{ hk��j{ ���ef� � �f �g�g���ef� � ht� eg {kmhj� hjtg x 
� hje{ � h�e�
h��g��� �g ��mhf� j�{ �ks��{�{ {h ~�k��kf~{ � �eg� {��g� ��efk��� � {ts�k� jt h�~{�g�� �e
g�g � ��mi��{ � �� �tle�{ � ��te � �� g�k�� � �� f���� �e �� ��e���g �f� xx j �tef�e� ��g{k����
hje{k�e�{ �jt{{�{ h�e� �~��k�� jt ��ef� Y�| ��e�� �x��� x y��{le� jt �jt{{k��tfk�g �{f �	���
fe~� � j� {v{f�m � �~f��m kg� j�{ hk��j{ thht�f�gtgf te i��� �� jt ��ef� Y{�e{ j ��vh �f��{�
le� ��{ hk��j{ �gf � hk��j{ s�k{kg{ thht�f�gtgf � jt �jt{{� �g�g���ef� � �f � hk��j{ s�k{kg{
thht�f�gtgf � jt �jt{{� ���ef� �� � jt h�{kfk�g �f j ���k�gftfk�g �e s~�k�ej� {e� jt ��te{{~�
{�gf tj��{ �~f��m kg~�{ �g h��gtgf ��mhf� eg m���j� �� h �gf� �f �� stjj~� �� h�e� ��h�~�
{�gf�� jt �~�m~f�k� �� jt ��ef� x

� K<88J�[<;JG: [GHK9H6 I<�78J9::9 \ j ��vh�f��{� ~m k{� j��{ � �eg� f�jj� �jt{{k��tfk�g
�{f le� j�{ �jt{{�{ ���ef� � �f �g�g���ef� � te�le�jj�{ thht�fk�gf h�f�gfk�jj�m �gf eg hk��j
h �es�gf �f�� ��h�~{�gf~�{ ht� �k	 ~��gf�{ �k{f�kiefk�g{ �te{{k�gg�{ h�~�~�gk�{ �tg{ j ��{�
ht�� ��{ ��ej�e�{ x 
tg{ �� �t{ � ��tle� �k{f�kiefk�g �{f ��h�~{�gf~� ht� jt m �v�gg� �f jt
��st�ktg�� ��{ ��mh�{tgf�{ �� ��ej�e�{ � �eg� �jt{{� �f jt h��itikjkf~ le �eg hk��j thht��
fk�gg� � eg� �� ��{ �jt{{�{ �{f �tj�ej~� � ht�fk� �e f�~���m � �� �tv�{ x �g�g jt h��itikjkf~
le� j� hk��j thht�fk�gg� � jt ��ef� P (hk��j|��ef�) �{f �~�gk� ht� j� m t�kmem �� h���itikjkf~ le� �� hk��j thht�fk�gg� � eg� ��{ �jt{{�{ ��ef�{ x � kg{k {k j�{ �k	~��gf�{ �jt{{�{
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rouge

bleu

accotement

route ombragé

route

flaque d’eau

bleu

(a) (b)

��� � �x�� � � jt{{k��tfk�g ��{ hk��j{ �tg{ j ��{ht�� �� ��ej�e�{ �� � ��e�� Yt� j�{ �jt{{�{ �tg{
j ��{ht�� �� ��ej�e� �� � ��e�� Yi � j �km t�� ��k�kgtj� se� ht� jt �tm~�t

���ef� � {�gf wr = {wr1, wr1 . . . , wrn} �� wr
{�gf �~�gk{ ht� j�{ ��e� h��m k��{ m �m�gf{��{ �k{f�kiefk�g{ �te{{k�gg�{ mr

�f
cr
� jt h��itikjkf~ le �eg hk��j thht�fk�gg� � jt ��ef�

�{f �
P (hk��j|��ef�) = arg maxc

[ 1√
(2π)3|cr|

e
−

1

2
(c−mr)T

c
−1
r (c−mr)] Y�x���

ts�� c j� s��f�e� ��mh�{~ ht� j�{ ��mh�{tgf�{ �� ��ej�e� �e hk��j x 
� g�mi��e� f�tste�it{~{ {e� ��ff� {��m �gftfk�g �gf se j� u �e� te �~ief ��{ tgg~�{ ���� �g h�g{��t {e�f�ef
te� {v{f�m �{ �
Z���� \ lek t ~f~ �~s�j�hh~ � j �egks��{kf~ �� �tg���k� w�jj�g ���k{m tg �� ���� ��� ��

���k{m tg �� ���� ����� x �� {v{f�m � efkjk{� � �jt{{�{ �� ��ej�e�{ h�e� ��h�~{�gf�� jt �jt{{�
���ef� � �f � �jt{{�{ h �e� ��h�~{�gf�� h �e� jt �jt{{� �g�g���ef� �x �� ���k� h ��m �f tkg{k�� h��g��� �g ��mhf� j�{ ��tg��m�gf{ � �kjjem kgtfk�g �� jt {��g� � j�{ ��tg��m�gf{ ��
��ej�e� �e ��s�f�m �gf �� jt ��ef� � �f� xxx }g� |�k{ j�{ hk��j{ �� j �km t�� �jt{{~{ � eg� km t��
ikgtk�� Y��ef��g�g���ef�� �� jt {��g� �{f �if�ge� � ��ff� km t�� �{f tj��{ ��mht�~� ts����{ km t��{ ikgtk��{ h�~�~�gk�{ |�g�fk�g ��{ �k	~��gf{ {�~gt�k�{ �� ��ef� �f � �kgf��{��fk�g
h�estgf �f�� ��g��gf�~{ �tg{ jt �~tjkf~ Y�| ��e�� �x�� x� �kg{k j �km t�� ikgtk�� h�~�~�gk�
�if�gtgf j� m �kjj�e� {���� �� ����~jtfk�g ts�� j �km t�� ikgtk�� |�e�gk� ht� j� h����{{e{ ��
�jt{{k��tfk�g �{f ��g{k�~�~� ��mm� ��h�~{�gftgf te m k�e� jt {��g� ��efk��� �f j� s~�k�ej�
h �ef �f�� j� �tjk{~ �g |�g�fk�g �� ��{ �t�t�f~�k{fkle�{ �~�m ~f�kle�{ x
]	
�� \ �tg{ j� m �m� ��gf��f� �e|���� ��e|���� �� ���� ����t� h��h �{� eg� m~f������ j� �tjk{tfk�g �� jt �jt{{k��tfk�g �{f �	��fe~� � ht�fk� � �eg m���j� �� jem kgtg�� x � kg{k

�g �~��mh�{tgf j �km t�� �g {��f�e�{ �� ftkjj� 	�	 hk��j{ �f �g �tj�ejtgf j�e� m�v�gg� �f
j�e� st�ktg�� ��{ gks�te� �� ��k{ � ��tle� {��f�e� h �ef �f�� �jt{{~ �g efkjk{tgf j �~letfk�g
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��� � �x�� � �m t��{ ikgtk��{ h�~�~�gk�{

Y�x��� x ��k j �tef�e� h��h�{� �� h��g��� �g ��mhf� eg {�ej m���j� �� jem kgtg�� h �e�
��h�~{�gf�� jt �jt{{� ���ef� �� �� m ���j� ~ftgf �t�t�f~�k{~ �g |�g�fk�g ��{ kg|��m tfk�g{ ��
jem kgtg�� � �eg� ��g� hv�tm k�tj� h �{kfk�gg~� �g it{ �f te ��gf�� �� j �km t�� x }g� |�k{
jt �jt{{k��tfk�g �	��fe~� eg� ~fth � �� ��jt�tfk�g h ��m �f �� g� �t���� le� j�{ {��f�e�{
thht�f�gtgf �~�jj�m �gf � jt ��ef� x �g�g �g g� �t��tgf le� j�{ {��f�e�{ ��h�~{�gftgf j�{
i���{ �� jt ��ef� �f �g ��g{k�~�tgf le� j�{ i���{ �� jt ��ef� h �es�gf �f�� �~��kf{ ht� ��{���kf�{ � jt h �{kfk�g �f j ���k�gftfk�g �e s~�k�ej� �{f �tj�ej~� x

� K<88J�[<;JG: 5<6 ;6<:8�G6� <;JG: � G65�GKGLJ^H9 \ j �k�~� h�kg�khtj� �� ��ff� th�
h�� ��� �{f �� {��m �gf�� j �km t�� �g �~�k�g{ egk|��m �{ �g ��hj�kftgf j�{ h��h�k~f~ � �eg�
f�tg{|��m tfk�g m��h��j��kle� hje{ ��gge� {�e{ j� g�m �� �jk�g� �� ht�ft�� ��{ �te� �
���e���� �� ���� ����t� ���e���� �� ���� ����i � x �ek{ �� ����g{f�ek�� jt ��gfkgekf~ ��{ m t��
let��{ te� {�j{ Y{k kj{ �� k{f�gf� �e ��{ i ���{ �� jt ��te{{~� �g tu �eftgf eg� ~fth � ��
� jf�t�� f�mh���j �� jt {~le�g�� � �km t�� x

� K<88J�[<;JG: 89KG: M98 [6J;�698 8;<;J8;J^H98 \ ��{ m ~f����{ �� �jt{{k��tfk�g efk�
jk{�gf ��{ tff�kief{ {ftfk{fkle�{ �}g{�� � ����� ��mm� h�km kfks�{ ~j~m �gftk��{ �� f��fe��
lek {�gf �~�gk{ ht� j� ��mh��f�m �gf {htfktj �tg{ j �km t�� ��{ hk��j{ �f �� j�e� s�k{kgt�� xy�{ m ���j�{ {ftfk{fkle�{ j�{ hje{ efkjk{~{ ��hj�kf�gf j�{ m tf�k��{ �� ������e���g�� � j�{ ���
�� �k�gf{ � �tef� ����~jtfk�g �e �g���� j�{ �k{f���tmm�{ �� {�mm�{ �f �� �k	~��g��{ x

�����	 \ 
 t{�� �tg{ �
 t{�� � ����� �f �
 t{�� �� ���� ����� h��h�{� eg� m~f������ j� �tjk{tfk�g �� j�{ i ���{ �� jt ��ef� {�gf �~f��f~{ �g efkjk{tgf j�{ ��kf���{ � �~g���k� �� ��gf��hk� � �� ��gf�t{f� �f � ���m��~g~kf~ x ��e� tjj~��� j�{ �tj�ej{ � j �km t�� �{f �~��mh�{~�
�g {��f�e�{ �� ftkjj� ��� hk��j{ � j�{ ht�tm �f��{ {ftfk{fkle�{ {�gf tj��{ �tj�ej~{ �g |�g�fk�g�� ��{ {��f�e�{ �f ��{ m tf�k��{ �� ���� ��e���g�� �����{h �g�tgf�{ te� ��kf���{ {ftfk{fkle�{ x� kg{k eg hk��j �{f ��g{k�~�~ ��mm� thht�f�gtgf � eg i��� �� ��ef� �g ��������tgf j�
m kgkmem ��{ ht�tm �f��{ � �~g���k� �f � ���m��~g~kf~ �e j� m t�kmem �e ��gf�t{f� �f � ��g�
f��hk� x yt j� �tjk{tfk�g �e s~�k�ej� �{f �~f��m kg~� ht� eg� m~f���� �� m�kg���{ �t��~{ �g
��g{k�~�tgf le� j�{ i���{ �� jt ��te{{~� {�gf ��h�~{�gf~{ ht� ��e� �vh��i �j�{ {~ht�~�{ ��
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jt jt���e� �� jt ��ef� �f ����~j~�{ �gf�� �jj�{ x
��
� \ ���stgf�{ �tg{ ����stgf�{ � ���
� h�~{�gf� eg� m~f���� �� {��m�gftfk�g

h�e� �gsk��gg�m �gf {�m k�{f�e�fe�~ x 
tg{ eg h��m k�� f�mh{ � eg� {kmhj� ~fth � �� {���
m�gftfk�g �g �~�k�g �{f �~tjk{~� � h�e� ��t�eg� �� ��{ �~�k�g{ � ��e�� ht�tm�f��{ {�gf tj��{�~f��m kg~{ � {ts�k� � j�{ � ��mh�{tgf�{ m �v�gg�{ �� ��ej�e� � ��{ ��kf���{ �� f��fe��{
��mm� j �~g���k� � jt ����~jtfk�g � j� ��gf�t{f� � j ��gf��hk� � j ���m��~g~kf~ � jt getg�� �f jt
h�� ~m kg�g�� tkg{k le� jt h �{kfk�g �� ��jj�{��k �tg{ j �km t�� x }g� �jt{{k��tfk�g �� ��{ �~�
�k�g{ �g |�g�fk�g �� ��{ ht�tm �f��{ �{f tj��{ h�{{ki j� �f �~tjk{~� {�kf ht� jt f���gkle� ���ehh��f 	��f�� wt��kg� {�kf ht� jt m ~f���� ��{ � hje{ h�����{ s�k{kg{ x ��j�g j�{ �~{ejftf{�� jt �jt{{k��tfk�g j�{ �~�k�g{ s�k{kg�{ tvtgf jt m �m� gtfe�� Y� ��{f����k�� thht�f�gtgf � jt
m �m� �jt{{�� {�gf |e{k�gg~�{ t�g �� ����k��� j�{ ����e�{ �� {e��{��m �gftfk�g �f j�{ i���{�� s�k�{ {�gf tj��{ ��f��es~{ �g �~f��ftgf j�{ ��gf�e�{ ��mmeg{ ��{ �~�k�g{ �kf�{ ���ef� �
�f j�e�{ �~�k�g{ ��gg���{ x

� �p �
�

�n � GM7KJ8<;JG: M9 K< [�<H8879
�g �~g~�tj ��e� m���j�{ �� ��te{{~� kgf��sk�gg�gf �tg{ eg tj���kf�m � �� j� �tjk{tfk�g

ht� sk{k�g � eg m���j� �
 efkjk{~ h�e� ��h�~{�gf�� j�{ i ���{ �� jt ��te{{~� �tg{ j �km t��
�f lek h ��m �f �� �~�gk� j�{ ��g�{ � �kgf~��f �tg{ j �km t�� �f eg m���j� f�k� km �g{k�gg�j lek�~�gkf jt �~�m~f�k� �� jt ��ef� �f h ��m �f � jt |�k{ �� �~f��m kg�� jt h �{kfk�g �f j ���k�gftfk�g�e s~�k�ej� �tg{ jt {��g� �f �� h��g��� �g ��mhf� j �t{h ��f �kg~m tfkle� �e s~�k�ej� �f
j� f�mh{ Ythh����� �
 � x 
 �th��{ �
 je�� �� ���� ����� � ��e� {��f�{ �� m ���j�{ �� k{f�gf �
j�{ m ���j�{ kmhjk�kf�{ Y�e ht�tm~f�kle�{� �f j�{ m ���j�{ ��hjk�kf�{ x ��es�gf j�{ m���j�{
kmhjk�kf�{ ��h�~{�gf�gf j�{ i���{ �� jt ��te{{~� ht� ��{ ���kf�{ � ��{ t��{ �� ����j� � ��{
ht�ti�j�{ �e ��{ �j�f�����{ Y{�es�gf {�e{ j ��vh�f��{� �� ��ef� hjtg�� tj��{ le� j�{ m���j�{
��hjk�kf�{ �~��ks�gf j�{ jkm kf�{ �� jt ��te{{~� ht� eg �g{�mij� �� h�kgf{ �e eg �g{�mij��� {��m�gf{ x y�{ m���j�{ kmhjk�kf�{ {�mij�gf hje{ thh��h�k~{ h�e� �~��k�� ��{ ��ef�{
{f�e�fe�~�{ �f j�{ m ���j�{ ��hjk�kf�{ {�mij�gf hje{ t�~letf �tg{ ��{ ��gf��f�{ �� ��ef�{
g�g�{f�e�fe�~�{ ��gf j�{ jkm kf�{ �� ��te{{~� g� h �es�gf �f�� ��h�km ~�{ tgtjvfkle�m�gf x
tg{ jt {ekf� �� ��ff� {��fk�g g�e{ tjj�g{ h�~{�gf�� j�{ �k	~��gf{ m���j�{ kmhjk�kf�{ �f
��hjk�kf�gf le� j ��g h�ef ��g��gf��� �tg{ jt jkff~�tfe�� x


98 � GM� K98 J�5KJ[J;98 GH 5<6<� 7;6J^H98 � �tg{ jt �~tjkf~ � j�{ ��ef�{ {�gf ��g{fk�
fe~�{ � �eg �g{�mij� �� {��m�gf{ h�{{~�tgf ��t�eg ��{ �t�t�f~�k{fkle�{ �~�m ~f�kle�{ ���{
f�j{ ��{ ���kf�{ h�e� j�{ {��m �gf{ ���fkjk�g�{ � ��{ t��{ �� ����j� h �e� j�{ s k�t��{ �e �g�
���� ��{ �j�f�����{ h�e� j�{ {��m �gf{ �� f�tg{kfk�g x �tfe��jj�m �gf � j�{ m ���j�{ kmhjk�
�kf�{ ��h�{�gf �e� te{{k {e� j�{ m �m�{ �t�t�f~�k{fkle�{ x ��h�g�tgf h�e� ts�k� eg m���j��~��kstgf f�ef� ��{ {kfetfk�g{ ��efk���{ � j�{ h��fk�g{ ���fkjk�g�{ g� {�gf �g �~g~�tj ht{
��h�~{�gf~�{ ht� ��{ ���kf�{ m tk{ ht� ��{ t��{ �� ����j� �� �tv�g kg�gk x � j��{ j�{ h�kg�k�
hte� m���j�{ km hjk�kf�{ �tg{ j ��{ht�� �
 {�gf {�kf ��{ t��{ �� ����j� ���thek{ �� ���� ���
�
�
 ��e{��� �� ���� ����� Ytele�j �t{ �g ��g{k���� le� jt ��e�ie�� �� jt ��ef� �{f f�eu �e�{
��g{ftgf� m �m� �tg{ j�{ ��g�{ �� f�tg{kfk�g � {�kf ��{ �j�f�����{ �wte��� �� ���� �����
�
k��mtgg{ �� ���� ����� lek h ��m �ff�gf �� f�gk� ��mhf� �� jt st�ktfk�g �� jt ��e�ie�� �g
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|�g�fk�g �� j �t�� j�g�kfe�kgtj �� ��ef� x

tg{ j �km t�� � j�{ m ���j�{ kmhjk�kf�{ �~�gk{{�gf j� ��gf�e� �� jt ��te{{~� x ��{ m���j�{

g� �����{h �g��gf ht{ |���~m �gf � jt h��u ��fk�g h��{h ��fks� � �eg m���j� km hjk�kf� �� j ��{�
ht�� �
 mtk{ {�gf ���k{k{ �� f�jj� {��f� le� j�e�{ ht�tm �f��{ hek{{�gf �f�� �~f��m kg~{ ht�
eg� {km hj� m ~f���� �� �~���{{k�g x � k�g {�� j� m���j� j� hje{ {kmhj� �{f jt jk�g� ���kf� m tk{
te{{k j� hje{ ��{f�k�fk| �t� kj g� h ��m �f le� �� �~��k�� ��{ h��fk�g{ �� ��ef� ���fkjk�g� x ��g�� f�gk� ��mhf� � �~s�gfe�j ��e�ie�� �� jt ��ef� � kj |tef kgf���ek�� ��{ ht�tm�f��{ {ehhj~�
m�gftk��{ x ��{ m ���j�{ {�gf tj��{ ��{ t��{ �� ht�ti �j� �
 �ge� �� ���� ����� �t�t�f~�k{~{
ht� ��{ h�jvg�m�{ �e {���g� ����~ �e j� hje{ {�es�gf ��{ �vh��i �j�{ �
 je�� �� ���� ���
i�
���thek{ �� ���� ���
� Yh��u ��fk�g � �eg t�� �� ����j� �tg{ j� hjtg km t��� ��gf eg �� j�e�{
t��{ �{f �~�gk ht� jt jk�g� � ����k��g thht�tk{{tgf �tg{ j �km t�� x


98 � GM� K98 9�5KJ[J;98 � ��{ m���j�{ h ��m �ff�gf eg� ��{��khfk�g h�kgf ht� h�kgf ��
jt ��ef� �g |�g�fk�g ��{ ������gg~�{ ��{ jkm kf�{ �� jt ��te{{~� x �g �~g~�tj eg m���j�
��hjk�kf� �{f �~f��m kg~ �g |tk{tgf �����{h �g��� ��{ h �kgf{ � eg� |��m � �~�m~f�kle� h�~��~�gk� Y�� � h�jv��g�{� �f |�e�gkf eg� ��h�~{�gftfk�g ���j� �� jt ��te{{~� x 
tg{ j ��{�
ht�� f�k� km �g{k�gg�j � ��gf�tk��m �gf te� m���j�{ km hjk�kf�{ � kj{ {�gf �~�gk{ ht� eg ��tg�
g�mi�� �� ht�tm�f��{ h �e� �t���� f�e{ j�{ ����~{ �� jki ��f~ �� jt |��m � �~�m ~f�kle� x
tg{ j �km t�� �
 �ge� �� ���� ����� ��tg� �� ���� ����� � ���ftkg{ ����~{ �� jki ��f~ {�gf ~jk�
mkg~{ ��{ m���j�{ ��hjk�kf�{ hek{le� jt �km �g{k�g {htfktj� �e h��ij�m � �km kge� x 
tg{
�� �t{ � j�{ tmik�e �f~{ {e� j�{ h �{kfk�g{ �~�jj�{ ��{ ~j~m �gf{ ��m t�letij�{ Ytmik�e �f~{
{�es�gf ��g��gf�~�{ �tg{ j ��{ht�� f�k� km �g{k�gg�j� �k{ht�tk{{�gf � j�{ ht�tm�f��{ �� ��{
m���j�{ {�gf tkg{k m k�e� �~f��m kg~{ �f jt j� �tjk{tfk�g �e s~�k�ej� �{f tj��{ hje{ h�~�k{� x
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yt j��tjk{tfk�g �e s~�k�ej� �{f �~tjk{~� j��{ �� j �kgf��h�~ftfk�g �� jt �~�m ~f�k� �� jt
{��g� ��efk��� x �g �~g~�tj � ��ff� ~fth � |�e�gkf ��{ kg|��m tfk�g{ {e� j �tffkfe�� �e s~�k�ej�
{e� jt ��te{{~� f�jj�{ le� {t h �{kfk�g jtf~�tj� �f {�g ��k�gftfk�g tkg{k le� ht�|�k{ ��{ kg|���
mtfk�g{ {e� jt �~�m~f�k� �� jt ��ef� f�jj�{ le� {t jt���e� � {t ��e�ie�� � �f� xxx ��e� �~tjk{��
��ff� ~fth � � kj �� k{f� ��e� mtgk���{ �� h���~��� � {�kf j �kgf��h�~ftfk�g �~�m~f�kle� �{f
�	��fe~� �tg{ j �km t�� tele�j �t{ eg ���ftkg g�mi�� �� ht�tm �f��{ �t�t�f~�k{tgf jt |��m �
�~�m ~f�kle� �� jt ��ef� �tg{ j �km t�� Y���kf�{ � ht�ti�j�{ � h�jvg�m� �f� xxx� {�gf �~f��m kg~{
�f efkjk{~{ h�e� �{fkm �� j �tffkfe�� �e s~�k�ej� �tg{ j� m �g�� �
 � {�kf j �kgf��h�~ftfk�g �~��
m~f�kle� �{f �k���f�m �gf �	 ��fe~� �tg{ j ��{ht�� �
 tele�j �t{ j ��{fkm tfk�g �� j �tffkfe���e s~�k�ej� �{f kmm ~�ktf� x
��j�g j� fvh � �� m ���j� �~�m ~f�kle� � j �kgf��h�~ftfk�g �~�m~f�kle� h �ef �f�� �~tjk{~��tg{ j �km t�� ht� �ks��{�{ m ~f����{ x ��e� j�{ m���j�{ kmhjk�kf�{ � j�{ m ~f����{ j�{ hje{

��e�tgf�{ {�gf jt f�tg{|��m ~� �� ��e�� �
 �ge� � ����� ���k{m tg �� ���� ����� � �tg{ j� �t{
�� j�{ i���{ �� s�k�{ {�gf ��h�~{�gf~{ ht� ��{ ���kf�{ � �e jt m ~f���� ��{ m�kg���{ �t��
�~{ �f {�{ �ks��{�{ ��f�g{k�g{ ��mm� j�{ m�kg���{ �t��~{ m ~�ktg{ �
 je�� �� ���� ���
t� �
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h�g�~�~{ �
 �ge� �� ���� ����� � �~�e�{k|{ ��ek��t�� �� ���� ����� j��{le� j�{ i���{ �� s�k�{
{�gf ��h�~{�gf~{ ht� ��{ ht�ti �j�{ � ��{ �vh��i �j�{ �e �g���� ��{ h�jvg�m�{ x ��e� j�{
m���j�{ ��hjk�kf�{ � jt m ~f���� efkjk{~� �{f �g �~g~�tj jt m ~f���� ��{ m�kg���{ �t��
�~{ �
 �ge� �� ���� ����� x �g�g � le�jle�{ |�k{ j�{ m ~f����{ �� w�gf~ �t�j� �e �� ���
�ekf {kmej~ {�gf �jj�{ te{{k efkjk{~�{ h �e� �~{�e��� j� h��ij�m � �� j �kgf��h�~ftfk�g �~��
m~f�kle� Y�f �� le�jle� {�kf j� fvh � �� m���j� �~�m ~f�kle� efkjk{~� ��mm� j� m�gf��
�yt�{�m tgtg �� ���� ���
� �e �g���� ��tg� �� ���� ����� x

�etgf � j ��{fkm tfk�g �� j �tffkfe�� �e s~�k�ej� {e� jt ��te{{~� � �f �� le ��jj� {�kf �k����
f�m �gf �~tjk{~� �tg{ j ��{ht�� �
 �e le ��jj� fk�gg� ��mhf� �� j �kgf��h�~ftfk�g �~�m~f�kle�
�
 � �{f �{{�gfk�jj�m �gf it{~� {e� j ��{fkm tfk�g itv~{k�gg� �� m���j�{ kmhjk�kf�{ �
 x y� hje{
{�es�gf � ��ff� �{fkm tfk�g �{f �	 ��fe~� ht� eg � jf�� �� 
 tjm tg �
k��mtgg{ �� ���� �����
��e|���� � ��� �� mtk{ te{{k le�jle� |�k{ ht� eg � jf�� � ht�fk�ej�{ �wt��� �� ���� �����
��h�{f�j�	 �� ���� ����� x

� �� �� � �	��
y� h�{kfk�gg�m�gf ht� {tf�jjkf�{ �{f jt m ~f���� ht� ����jj�g�� �� j� �tjk{tfk�g �� ��i�f{

m�ikj�{ �g �gsk��gg�m�gf ��f~�k�e� x ��j�g j� ���f �gsk{t�~ h�e� j� �~��hf�e� � jt h�~�k{k�g�� jt j� �tjk{tfk�g h �ef st�k�� � ��gsk��g �
m Y��� �jt{{kle� � �eg ���f �� j ������ �� ���
e
�

� le�jle�{ ��gfkm �f��{ Y��� �z
 � �����
e
� x � ~tgm�kg{ {k j� {v{f�m � �{f {�em k{ � ��{

��{f�k�fk�g{ ie��~ftk��{ j� h�k� �e �~��hf�e� ��sk�gf eg kg��gs~gk�gf m tu �e� x 
� hje{ �
j�{ � ��ejftfk�g{ �f j�{ �	 �f{ �� mejfk�f�tu �f h��s�le~{ ht� j�{ kmm�eij�{ � j�{ fegg�j{ � j�{
t�i��{ �f� xxx �~��t��gf |��f�m �gf jt h�~�k{k�g �e {v{f�m � �� h�{kfk�gg�m�gf �f h �ef m �m�
�g��g���� eg t���f f�ftj �� jt j� �tjk{tfk�g xy� h �{kfk�gg�m�gf ht� f~j~h��g� ��jje jtk�� �{f {���m �gf j �ts�gk� �e h�{kfk�gg�m �gf �g �g�
sk��gg�m �gf e�itkg �f ��h�~{�gf��t j �tstgft�� �� {ehhj~�� j� ��� j� �� {�{ h ��|��m tg��{
{�gf �~��t�~�{ x ��h�g�tgf � j ���e�� t�fe�jj� � j� m tgle� �� m tfe�kf~ �� �� {v{f�m � ��
h�{kfk�gg�m�gf tkg{k le �eg� ��es��fe�� thh��� km tfks� �e f���kf�k�� ht� j� �~{�te }wz�Y��� �e f���kf�k�� �����eh ~ tef�e� ��{ ��tg��{ t��j�m ~�tfk�g{ |�tg�tk{�{� g� h��m �ff�gf
ht{ eg� j� �tjk{tfk�g �tij� �f h�~�k{� �e m�ikj� � f�ef �g���kf �f � f�ef kg{ftgf {e� j� {�j
|�tg�tk{ xy� h�{kfk�gg�m�gf ht� sk{k�g �tg{ eg �gsk��gg�m�gf ��efk�� �{f j �thh�� ��� �� j� �tjk{tfk�g
lek {� �thh�� ��� j� hje{ �e {v{f�m � �� h ����hfk�g �emtkg x ����� � eg g�mi�� kg���vtij�� �kg|��m tfk�g{ |�e�gk�{ ht� j �km t�� kj �{f h�{{ki j� �� �~f��m kg�� jt h�{kfk�g �f j ���k�g�
ftfk�g �e s~�k�ej� �tg{ jt hjeht�f ��{ {��g�{ ��efk���{ x ��f�gfk�jj�m �gf � j� {�ej h �kgf
|tki j� �� ��ff� m ~f���� �{f j ���f�t�fk�g ��{ h�km kfks�{ �� jt m t{{� � �kg|��m tfk�g{ x �g
�	�f f�ef�{ h�km kfks�{ g�g �~f��f~�{ Y���ejftfk�g{ ht� ��{ �i{ft�j�{ � ��tg��m �gf � �kjje�
mkgtfk�g{ � ��g�kfk�g{ �jkm tfkle�{� h �es�gf m �ff�� �g �~|tef j �kgf��h�~ftfk�g �~�m~f�kle�
�f |te{{�� jt j� �tjk{tfk�g �e s~�k�ej� x �~tgm�kg{ �� g�mi��e� f�tste� �gf h��es~ le�
��ff� m ~f���� �� j� �tjk{tfk�g ~ftkf �tij� �tg{ �� g�mi��e{�{ {kfetfk�g{ x �t� ��gf�� � kj g�
|tef ht{ h ����� �� se� le� ��ff� m ~f���� �� h�{kfk�gg�m �gf |�e�gkf eg� h �{kfk�g �f eg�
��k�gftfk�g �e s~�k�ej� �tg{ j� �~|~��gfk�j �� jt ��ef� lek g� h �es�gf �f�� ��mikg~�{ ts��� �tef��{ kg|��m tfk�g{ �� h �{kfk�g ti{�je� {tg{ j �efkjk{tfk�g � �eg �t�f� �� j ��gsk��gg�m �gf



�p 
98 � 7;�GM98 M9 5G8J;JG::9� 9:;

��efk�� x

��� +�� �����$�� /� `%����%���$��� d�a��/�
��mm� j� m�gf�� j� ftij�te �x� � j�{ �k	~��gf�{ m ~f����{ �� h�{kfk�gg�m�gf h�~{�gf�gf�ks��{ kg��gs~gk�gf{ �f tstgft��{ x y� h�kg�khtj tstgft�� �e h�{kfk�gg�m�gf ��jtfk| �{f eg�

�t��g�� � �t�lek{kfk�g ��{ kg|��m tfk�g{ ~j�s~� lek h ��m �f �� �tj�ej�� h�~�k{~m �gf j� �~hjt�
��m �gf �e ��i�f � ��e�f f��m � x �t� ��gf�� � � j�g� f��m � � ��ff� m ~f���� �ks���� �g �tk{�g�� j �t��emejtfk�g ��{ ����e�{ j��{ ��{ kgf~��tfk�g{ {e���{{ks�{ ��{ �~hjt��m �gf{ ~j~m �g�
ftk��{ x �g ��stg��� j� h�{kfk�gg�m�gf ti{�je g ��{f ht{ t	��f~ ht� �� h��ij�m � m tk{ j�
�~{ejftf �� jt j� �tjk{tfk�g �{f {eu �f � jt s k{ki kjkf~ ��{ {�e���{ � �kg|��m tfk�g � jt s k{ki kjkf~��{ {tf�jjkf�{ h �e� j� h�{kfk�gg�m�gf ht� ��� � jt s k{kikjkf~ ��{ {ftfk�g{ ~m �ff�k��{ h �e�
j� h�{kfk�gg�m �gf ht� f~j~h��g� ��jjejtk�� �e �g���� jt s k{ki kjkf~ ��{ tm ��{ sk{e�j{ h �e�
j� h �{kfk�gg�m�gf ht� s k{k�g x 
� ht� �� ��g{ftf � eg� {�ej� m ~f���� �� h �{kfk�gg�m�gf g�
h �ef h ��m �ff�� eg� j� �tjk{tfk�g �tij� � �eg ��i�f x �g h �ef tff�kie�� �� h��ij�m � te |tkf
le� j�{ kg|��m tfk�g{ {�g{��k�jj�{ efkjk{~�{ �tg{ ��{ �ks��{�{ m ~f����{ �� h�{kfk�gg�m �gf��gg�gf eg� m�{e��{ kmht�|tkf�{ � � ��{f����k�� le ��jj�{ {�gf ��{ m �{e��{ ht�fk�jj�{ �f��e
�gft��~�{ � �����e�{ ��{ h�~g�m�g�{ h�v{kle�{ le� j ��g ������� � thh�~��g��� Y�tg{ g�f��
�t{ � jt h �{kfk�g � j ���k�gftfk�g � j �t��~j~�tfk�g �f� xxx �e s~�k�ej�� x
��e� �~h�g��� � �� h��ij�m � � jt hjeht�f ��{ {v{f�m �{ �� h �{kfk�gg�m�gf {�gf �~tjk{~{

ht� ��{ {v{f�m �{ �vi�k��{ ��mikgtgf hje{k�e�{ {�e���{ � �kg|��m tfk�g{ x 
tg{ �� �t{ �g
h�ef �k{fkg�e�� ��e� �t{ �� ��e�� � {�kf ��{ kg|��m tfk�g{ {�gf �� m �m� gtfe��{ �f {�gf �
�x ����g�tgf�{ � tele�j �t{ jt ��mikgtk{�g ��{ kg|��m tfk�g{ f�gf� � �t�����f�� jt h�~�k�
{k�g �f j� ����~ �� ��g�tg�� �e {v{f�m � �� h�{kfk�gg�m �gf �g |�g�fk�g �� hje{k�e�{
�i{��stfk�g{ �k{fkg�f�{ �

� x ��mhj~m �gftk��{ � �tg{ �� �t{ jt |e{k�g ��{ kg|��m tfk�g{ h ��m �f �g �~g~�tj �� |�e�gk�
eg� kg|��m tfk�g hje{ ��mhj�f� {e� j� ��mh��f�m �gf �e s~�k�ej� �tg{ {�g �gs k��g�
g�m �gf lek g� h �ef �f�� �if�ge� �g efkjk{tgf ��{ �thf�e�{ {~ht�~m �gf x

��kf ��{ kg|��m tfk�g{ g� {�gf {�gf ht{ �� m �m�{ gtfe��{ Ykg|��m tfk�g{ h��h�k� ��hfks�{ �f
��f~����hfks�{� � tele�j �t{ j� {v{f�m � �� h�{kfk�gg�m�gf ti{�je �{f �g �~g~�tj ��t��~ ��
����k��� �~�ejk���m �gf j ��{fkm tfk�g �e {v{f�m � �� h�{kfk�gg�m �gf ��jtfk| t�g �� htjjk�� j�{
h��ij�m �{ �� �~�ks�{ ��g��gf�~{ ts�� ��jek��k x ��ff� m ~f���� �� ������fk�g �vgtm kle� �{f�~{k�g~� {�e{ j� f��m � �� ���tjt�� �vgtm kle� x
��e� m �ff�� �g �es�� �� f�j{ {v{f�m �{ �� h�{kfk�gg�m�gf � �� g�mi��e{�{ f���gkle�{�� |e{k�g �� ��gg~�{ {�gf �k{h �gkij�{ x }g� f��{ i �gg� ~fe�� ikijk���th�kle� �{f h�~{�g�

f~� �tg{ ���ev�� �� ���� ����� x ��{ f���gkle�{ h �es�gf �f�� {~ht�~�{ �g letf�� ��tg��{
�jt{{�{ � �� j�{ thh�����{ tgtjvfkle�{ f�jj�{ le� j� � jf�� �� 
 tjm tg �f {�{ ��f�g{k�g{Y�| {��fk�g � x� x�� � �� j�{ thh�����{ gem ~�kle�{ f�jj�{ le� j� � jf�� ht�fk�ejtk�� �f {�{ �� �
f�g{k�g{ Y�| {��fk�g � x�� � �� j�{ thh�� ���{ �g{�mijk{f�{ le� �� {�kf j�{ thh�� ���{ � ���
��e� i��g~� �� tji�t��{ � ����� �e j�{ thh�����{ ht� tgtjv{� � �kgf��stjj�{ �
 k�	�� � �����
���k�g�� �� ���� ���
� �f �g�g � � j�{ thh�����{ it{~�{ {e� jt f�~��k� ��{ ���vtg��{



� �n � 
98 8�8;�� 98 M9 5G8J;JG::9� 9:; ��I6JM9 �n
��{kfk�gg�m�gf ��jtfk|

w ~f���� �stgft��{ �g��gs~gk�gf{
��{kfk�gg�m �gf

ht�
���m~f�k�

• h�e ����
• �thk��

• h�{kfk�gg�m�gf �

• �ks���� � j�g� f��m �
• {�g{kij� te� ��g�kfk�g{�� ��ej�m �gf

��{kfk�gg�m �gf
kg��fk�j

• �tj�ej � h �{kfk�g � skf�{{�{ �t��~j~�tfk�g{
• kg{�g{ki j� te� ��g�kfk�g{�� ��ej�m �gf
• �thk��

• �ks���� � j�g� f��m �
• h�~�k{k�g�h�k�

��{kfk�gg�m�gf ti{�je
w~f���� �stgft��{ �g��gs~gk�gf{

��{kfk�gg�m�gf ht�
{tf�jjkf�{

• g� �ks���� ht{ � j�g�f��m �
• ��es��fe�� m �g�ktj�
• mk{� �g �es�� |t�kj�

• {�g{kij� te� ���ejftfk�g{��{ {tf�jjkf�{
• h�~�k{k�g�h�k�

��{kfk�gg�m�gf ht�
f~j~h��g� ��jjejtk��

• g� �ks���� ht{ � j�g�f��m �
• ��es��fe�� t���e� �g ��g�e�itkg�
• j� �tjk{tfk�g �tg{ j�{kmm �eij�{ Y�� � ht�� kg��

• {�g{kij� te� ���ejftfk�g{��{ {ftfk�g{ �� it{�
• tm ~gt��m �gf �e �~{�tef~j~h��gkle�

��{kfk�gg�m�gf ht�
s k{k�g

• g� �ks���� ht{ � j�g�f��m �
• t�thftfk�g

• {�g{kij� te� ���ejftfk�g{��{ tm��{ sk{e�j{
• tm ~gt��m �gf ��j ��gsk��gg�m �gf

��� � �x� � �stgft��{ �f kg��gs~gk�gf{ ��{ m ~f����{ �� h�{kfk�gg�m�gf ��jtfk| �f ti{�je

���v��� � ����� ��tuu t� �� ���� ����� �e jt f�~��k� ��{ h�{{ki kjkf~{ ��e{{tjt� � ����� x � k�g
{�� � �tg{ ��ff� f��{� � kj g�e{ t ~f~ km h�{{ki j� � �~fe�k�� j ��g{�mij� �� ��{ m ~f����{ �f � ��g
u e{fk��� j� ���k� x �~tgm�kg{ � ��mm� j�{ thh�� ���{ tgtjvfkle�{ �f g�ftmm�gf j� � jf�� ��

 tjm tg ~f�g�e {�gf j�{ hje{ e{kf~�{ �tg{ j�{ thh�����{ �vi�k��{ �� j� �tjk{tfk�g �g ���
i�fkle� m�ikj� � g�e{ ts�g{ ��g� �hf~ �tg{ eg h��m k�� f�mh{ h �e� ��jek��k x 
 �tkjj�e�{ jt
f�~��k� tkg{k le� j�{ �~{ejftf{ ��h ~�km �gfte� �� j �thh�� ��� �� j� �tjk{tfk�g efkjk{tgf ��ff�
f���gkle� �� |e{k�g {�gf h�~{�gf~{ �tg{ j� ��thkf�� 
 x ��h�g�tgf ��mm� j� m�gf����gf
j�{ �~{ejftf{ ��h ~�km �gfte� � j� ���k� �e � jf�� �� 
 tjm tg ~f�g�e �{f �k{�eftij� �tg{ ��{
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�gsk��gg�m �gf{ ��efk��{ ��mh��ftgf hje{k�e�{ s�k�{ �� �k��ejtfk�g �t� kj �{f g~��{{tk���� �~��� ��{ {kfetfk�g{ mejfkm ��tj�{ Y{kfetfk�g{ �~g~�tj�m �gf kg��mhtfkij�{ ts�� j�{ th�
h�� ���{ tgtjvfkle�{� x ��e� �~{�e��� �� h��ij�m � � g�f�� ���k� � ��{f tj��{ h ��f~� s��{ eg�
m~f���� gem~�kle� �f hje{ ht�fk�ejk���m �gf s��{ j� � jf�� ht�fk�ejtk�� �~g~fkle� ��mm�
j� m�gf�� j �thh�� ��� �� j� �tjk{tfk�g h�~{�gf~� �tg{ j� ��thkf�� 	 x ��g �� ��mh��g��� j�{
m ~�tgk{m �{ �� ��{ ��e� f���gkle�{ �� |e{k�g � eg� ~fe�� thh��|�g�k� ��{ thh�����{ tgt�
jvfkle�{ �f gem ~�kle�{ �{f h��h �{~� �tg{ j� h�� ��tkg ��thkf�� x



�1>� VQS4 �

@4 � V�QS>�4


tg{ �� ��thkf�� � j� h��ij�m � �e � jf�t�� �tg{ j� �t{ �~g~�tj �{f ti ���~ �g ��h�{tgf
j�{ �k	 ~��gf�{ thh�����{ �jt{{kle�{ efkjk{~�{ h �e� j� �~{�e��� x y�{ ��e� ��tg��{ �jt{{�{ ��
m ~f����{ {�gf h�~{�gf~�{ � j�{ m ~f����{ tgtjvfkle�{ � ��mm� j� � jf�� �� 
 tjm tg �f j�{
m ~f����{ gem~�kle�{ ��mm� j� � jf�t�� � ht�fk�ej�{ � m�gf�tgf tkg{k j�{ jkm kf�{ �f |tkij�{{�{�� ��t�eg� �� ��{ m ~f����{ x

� �� +� � ����-� %`��$ ��
y� h��ij�m � �e � jf�t�� ��g{k{f� � �{fkm �� j �~ftf �� st�ktij�{ � �eg {v{f�m � �vgtm kle�Yst�ktij�{ � �~ftf� {eu �f � ��{ h ��fe�itfk�g{ �f �i{��s~�{ ht�fk�jj�m �gf x yt m��~jk{tfk�g ��

j �~s�jefk�g �tg{ j� f�mh{ ��{ ~ftf{ X t≥0

�e {v{f�m � ��g{k�~�~ { �~��kf tj��{ {�e{ jt |��m �� �eg� ht�fk� � �~s�jefk�g �~f��m kgk{f� �f � �eg� ht�fk� {f� ��t{fkle� �

X t≥0 = X0 +

∫ t

0

f(X t,W t, t)dt
Y� x��

�� X0
�{f j �~ftf kg kfktj ��{ st�ktij�{ � �~ftf � f �{f eg� |�g�fk�g �~f��m kgk{f� �~��kstgfjt �vgtm kle� �f W t

�{f eg h�� ��{{e{ �� � k�g�� {ftg�t�� m��~jk{tgf j�{ h ��fe�itfk�g{
tj~tf�k��{ �� jt �vgtm kle� �e {v{f�m � x y� h�� ��{{e{ X t

�{f tj��{ eg h�� ��{{e{ wt���sk�g x

tg{ j� ief �� �~f��m kg�� j �~ftf � �eg {v{f�m � �k{���f � �g �{f tm �g~ � ��g{f�ek�� eg�

~letfk�g � ��i{��stfk�g lek ��jk� � ��{ kg{ftgf{ k j ��i{��stfk�g Y k
� j �~ftf ��e�tgf Xk{t��tgf le� j�{ m �{e��{ {�gf �gft��~�{ � �����e�{ �e�{ � j �km h��|��fk�g ��{ �thf�e�{ x

Y k = hk(Xk) + V k

Y� x��
�� hk

�{f eg� |�g�fk�g � ��i{��stfk�g ��gge� �f V k
eg� {ekf� �� st�ktij�{ tj~tf�k��{ ��

{ftfk{fkle� ��gge� m��~jk{tgf j �kmh ��|��fk�g ��{ �i{��stfk�g{ x �g ������� � �~f��m kg��
j �~ftf �e {v{f�m � Xk

� ht�fk� ��{ �i{��stfk�g{ (Y 1, . . . , Y n)
x �ekstgf jt stj�e� �� n �ght�j� �

� � �eg h��ij�m � �� jk{{t�� {k n > k �
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� � �eg h��ij�m � �� � jf�t�� {k n = k �
� � �eg h��ij�m � �� h�~�k�fk�g {k n < k

x
y�{ �vh�f��{�{ �jt{{kle�{ �e � jf�t�� {�gf j�{ {ekstgf�{ �
� j�{ �i{��stfk�g{ (Y k, k ≥ 1) {�gf mefe�jj�m �gf kg�~h �g�tgf�{ � ��g�kfk�gg�jj�m �gf� Xk≥0

x
� j� h�� ��{{e{ � �~ftf Xk

�{f w t���sk�g �f j� i�ekf �� m �{e�� V k
�{f eg �g{�mij� ��

st�ktij�{ tj~tf�k��{ kg�~h �g�tgf�{ �e h����{{e{ Xk

x
� X0

j �~ftf kg kfktj � h�~{�gf� eg� �k{f�kiefk�g �� h��itikjkf~ {ehh�{~� ��gge� �f kg�~�
h�g�tgf� �� V k

�f �� W k

x
��g � ��if�gk� eg � jf�t�� �hfkm tj � �g ������� �jt{{kle�m�gf � mkgkm k{�� jt st�ktg�� ��
j �����e� �� � jf�t�� x � kg{k � {k X̂k

�~{k�g� eg �{fkm tf�e� �� j �~ftf Xk
� ��je k��k {��t �hfkm tj

{ �kj m kgkm k{� j �����e� m �v�gg� let��tfkle� �
E[(X̂k −Xk)(X̂k −Xk)

T ]
Y� x��

�t�ftgf �� j ��vh �f��{� le� j�{ {�ej�{ kg|��m tfk�g{ �k{h �gkij�{ {e� j� {v{f�m � {�gf j�{
m �{e��{ (Y1, . . . , Yk)

� tj��{ j ��{fkm tf�e� �� st�ktg�� m kgkm tj� g�g iktk{~ �{f ��gg~ ht� �
X̂k = E[Xk|Y 1, . . . , Y k]

Y� x��

tg{ j� �t{ �� jt j�k ��g�kfk�gg�jj� p(Xk|Y 1, . . . , Y k)

�{f mejfkm��tj� � kj �{f {�e�tkftij��� h��g��� j ��{fkm tf�e� �e mt�kmem t h�{f��k��k
X̂k = Arg MaxXk

[p(Xk|Y 1, . . . , Y k)]
Y� x
�

y� � jf�t�� �hfkm tj ��g{k{f� � �tj�ej�� jt ��g{kf~ ��g�kfk�gg�jj� pk|k

�� j �~ftf Xk
�

{t��tgf j�{ �i{��stfk�g{ Y 1:k = (Y 1, . . . , Y k)
u e{le �� j �kg{ftgf ��e�tgf k

pk|k = p(Xk|Y 1:k)
Y� x	�


tg{ jt h�tfkle� � jt ftkjj� �e s��f�e� � ��i{��stfk�g Y 1:k
te�m�gftgf � ��tle� kg{ftgf

k � kj �{f {�e�tkftij� le� j ��g ht�sk�gg� � ��gf�gk� j �kg|��m tfk�g tkg{k t��emej~� �tg{ egs��f�e� ��gf jt �km �g{k�g g� ���k{{� ht{ �� m �m� x �j �{f tj��{ kgf~��{{tgf � �~ftijk� eg�
��h��{{k�g �~�e���gf� �� jt ��g{kf~ ��g�kfk�gg�jj� pk|k

x � kg{k pk|k
g� ��kf �f�� ��h�km ~�

le ��g |�g�fk�g �� jt ���gk��� �i{��stfk�g Y k
�f �� jt j�k ��g�kfk�gg�jj� pk−1|k−1

�� j �kg{ftgf
h�~�~��gf x y� ht{{t�� �� pk−1|k−1

� pk|k
|tkf kgf��s�gk� jt j�k ��g�kfk�gg�jj� �� pk|k−1

��
j �~ftf pk|k

{t��tgf j�{ �i{��stfk�g{ Y 1:k−1 = (Y 1, ..., Y k−1)

pk|k−1 = p(Xk|Y 1:k−1)
Y� x��

yt {ekf� ��{ j�k{ �� h��itikjkf~ pk|k−1
� �{f thh�j~� � jf�� �� h�~�k�fk�g �f {� �~��mh�{�

�g ��e� ~fth �{ �{{�gfk�jj�{ �
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� ��~�k�fk�g � j �~fth � �� h�~�k�fk�g �e � jf�� efkjk{� jt ��ggtk{{tg�� t h�k��k �� j �~ftf �e{v{f�m � �f �� {�g g�vte �� f�tg{kfk�g p(Xk, Xk−1)
Y�~�gk ht� j� {v{f�m � �vgtm kle��e {v{f�m �� � �g �~tjk{tgf jt f�tg{kfk�g �� pk−1|k−1
� pk|k−1

�� jt m tgk��� {ekstgf� �

pk|k−1 =

∫

Rd

p(Xk, Xk−1)pk−1|k−1dXk−1

Y� x��
�e Rd

�~{k�g� j ��{ht�� � �~ftf x
� ������fk�g � j �~fth � �� ������fk�g efkjk{� j ��i{��stfk�g Y k

� f�ts��{ jt ��g{kf~ ��g�k�
fk�gg�jj� p(Y k|Xk)

Y�g���� thh �j~� ��g{kf~ �� s�tk{�mijtg��� � �f h ��m �f tkg{k ��
����k��� jt ��g{kf~ h�~�kf� pk|k−1

� ht� thhjk�tfk�g �� jt |��mej� �� �tv�{ x

pk|k =
p(Y k|Xk) p(Xk|Y 1:k−1)

p(Y k|Y 1:k−1)

Y� x��
{�kf

pk|k =
p(Y k|Xk)pk|k−1∫

Rd
p(Y k|Xk)pk|k−1dXk

Y� x���
y �thhjk�tfk�g �� ��{ ~fth �{ ��gg� jt {�jefk�g f�~��kle� �e � jf�t�� g�g jkg~tk�� �hfkm tj x��g �tj�ej �	 ��fk| �� k�� j� �tj�ej � �kgf~��tj�{ mejfk� km �g{k�gg�jj�{ x w tj��e��e{�m �gf � ��{

le� j �~letfk�g � �~ftf �f��e j �~letfk�g � ��i{��stfk�g {�gf g�g�jkg~tk��{ � ��{ kgf~��tj�{ g�
{� �tj�ej�gf ht{ tgtjvfkle�m�gf x �g t tj��{ ����e�{ � ��{ thh��� km tfk�g{ {�kf ht� ��{
m ~f����{ tgtjvfkle�{ Yht� ���mhj� j� � jf�� �� 
 tjm tg ~f�g�e lek ��g{k���� j� m���j�� �~ftf jkg~t�k{~� � {�kf ht� ��{ f���gkle�{ gem ~�kle�{ Yj� � jf�t�� ht�fk�ejtk��� x

� �� +�� $��d%/�� ��������*��
� �� �� �� �	��� 	� � �	� ��

~s�j�hh~ ht� 
 tjm tg �
 tjm tg x� ��	�� h�e� j� �t{ �k{���f �f ��h�k{ ht� 
 tjm tg �f

�e�v �
 tjm tg �� ���� ��	�� h�e� j� �t{ ��gfkge � �g f��es��t eg� h�~{�gftfk�g �~ftkjj~� �e
� jf�� �� 
 tjm tg �tg{ ���ji � ����� x �g ��g{k���� le� j� m���j� � �~ftf �{f jkg~tk�� � ts��
eg i�ekf t��kfk| �te{{k�g �f j ��i{��stfk�g �{f eg� |�g�fk�g jkg~tk�� �� j �~ftf �gft��~� � �eg
i�ekf t��kfk| �te{{k�g � �f ��h�~{�gf~ ht� j�{ ~letfk�g{ Y� x��� �f Y� x���

Xk = FkXk−1 + GkUk + ΦW k

Y� x���
��

� y�{ s��f�e�{ Xk
� Xk−1 ∈ Rd1 {�gf j�{ s��f�e�{ � �~ftf � j �kg{ftgf k �f k − 1 �

� Uk ∈ Rd2 �{f j� s��f�e� �� ��mmtg�� �e {v{f�m � �
� W k ∈ Rd3 �{f eg s��f�e� �� i�ekf t��kfk| �te{{k�g {e� j �~ftf �
� y�{ m tf�k��{ Fk

�
Gk
�f

Φ
{�gf ��{ m tf�k��{ �~f��m kgk{f�{ �� ftkjj�{ d1 × d1

� d1 × d2
�

d1×d3
��h�~{�gftgf jt �vgtm kle� �e {v{f�m � � j �kgf��t�fk�g �e s��f�e� �� ��mmtg��

�f �e i�ekf �te{{k�g t��kfk| �tg{ j� {v{f�m � x
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Y k = HkXk + ΨV k

Y� x���
��

� Y k ∈ Rd4 �{f jt m �{e�� � j �kg{ftgf k �
� Hk

jt m tf�k�� � ��i{��stfk�g �e {v{f�m � �� ftkjj� d4 × d1
�

� V k ∈ Rd5 �{f j� i�ekf �� m �{e�� �
� Ψ

jt m tf�k�� � �kgf��t�fk�g �e i�ekf �� m �{e�� �tg{ j �~letfk�g � ��i{��stfk�g �� ftkjj�
d4 × d5

x

� hje{ � j�{ s��f�e�{ �� st�ktij�{ tj~tf�k��{ W k

�f V k
{�gf {ehh�{~{ mefe�jj�m �gf kg�~�

h�g�tgf{ � kg�~h �g�tgf{ �� j �~ftf kg kfktj X0

�e {v{f�m � � ijtg�{ �f {ekstgf eg� �k{f�kiefk�g�� h��itikjkf~ g��m tj� �
p(W k) ∼ N (0,Qk)

p(V k) ∼ N (0,Rk)
Y� x���

�� j�{ m tf�k��{
Qk
�f

Rk
{�gf j�{ m tf�k��{ �� ��st�ktg�� t{{��k~�{ ��{h ��fks�m �gf te h���

��{{e{ �f te� m �{e��{ x �g�g j �~ftf kg kfktj X0

�e � jf�� ��kf {eks�� jt j�k g��m tj� N (X̄0,P0)ts�� �
X̄0 = E[X0]

P0 = E[(X0 − X̄0)(X0 − X̄0)
T ]

Y� x���

� ht� j� |tkf �� jt jkg~t�kf~ ��{ ~letfk�g{ � �~ftf �f �� m �{e�� � �e �t�t�f��� �te{{k�g ��
j �~ftf �f ��{ �i{��stfk�g{ � jt j�k �� h��itikjkf~ t h�{f��k��k ��es��gtgf j �~ftf �e {v{f�m �
�{f jt j�k g��m tj� N (X̂k|k,Pk|k)

lek h �ef �f�� �gfk���m �gf �~��kf� ht� {�{ ��e� h��m k��{
m�m �gf{ x �g f�gtgf ��mhf� ��{ ~letfk�g{ �� h�~�k�fk�g Y� x�� �f �� ������fk�g Y� x��� � j�
� jf�� �� 
 tjm tg h �ef {� �~{em�� ht� j�{ f��k{ ~fth �{ {ekstgf�{ x





p(Xk−1|Y 1:k−1) = N (Xk−1|k−1,Pk−1|k−1)
p(Xk|Y 1:k−1) = N (Xk|k−1,Pk|k−1)

p(Xk|Y 1:k) = N (Xk|k,Pk|k)

Y� x�
�

�� j�{ ��e� h��m k��{ m�m�gf{ h �es�gf �f�� � ��tle� kg{ftgf ��gg~{ ht� j�{ ~letfk�g{
{ekstgf�{ �

Xk|k−1 = FXk−1|k−1 + GUk

Y� x�	�
Pk|k−1 = FPk−1|k−1F

T + ΦQkΦ
T

Y� x���
�f

Xk|k = Xk|k−1 + Kk(Y k − HXk|k−1)
Y� x���

Pk|k = (I− KkH)Pk|k−1

Y� x���
ts��

Kk = Pk|k−1H
T (HPk|k−1H

T + ΨRkΨ)−1
Y� x���

�g �~g~�tj � �g thh�jj� j �kgg�stfk�g j �~�t�f �gf�� jt m �{e�� �f {t h�~�k�fk�g x � jj� �{f��gg~� ht� Ỹ k|k = Y k|k−Y k|k−1
�g {t��tgf le� Y k|k−1 = HT

k HkXk|k−1

x ��f ~�t�f h �g�~�~
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ht� j� �tkg �� 
 tjm tg
Kk
��h�~{�gf� jt letgfkf~ � �kg|��m tfk�g {ehhj~m �gftk�� � thh��f��

� jt ������fk�g j��{ � �eg� g�es�jj� m �{e�� x y� �tkg �� 
 tjm tg � f�eu �e�{ ��mh�k{ �gf��
� �f � � u �e� eg �� j� f��{ kmh��ftgf �tg{ j �~fth � �� ������fk�g x �j h ��m �f �� ��ggt�f�� jt
��g�tg�� le� j ��g h�ef thh��f�� � jt m �{e�� ht� �thh��f � jt h�~�k�fk�g x �j ��sk�gf � �te�
ftgf hje{ km h��ftgf le� jt ��st�ktg��

Rk

�e i�ekf �� m �{e�� f�g� s��{ eg� m tf�k�� gejj� �
�� lek h�ks kj~�k� jt m �{e�� ��stgf jt h�~�k�fk�g x � j �kgs��{� � {k jt ��st�ktg��

Pk|k−1
h�~�kf�

f�g� s��{ � � �f ��g� j��{le� jt m tf�k��
Qk
f�g� �jj��m �m� s��{ � � j� �tkg �� 
 tjm tg f�g�

te{{k s��{ � x � j��{ j� � jf�� h�ks kj~�k� jt h�~�k�fk�g ��stgf jt m �{e�� x
�j �� k{f� te m�kg{ f��k{ thh�����{ �k	 ~��gf�{ ��g�ek{tgf te� ~letfk�g{ �e � jf�� ��


 tjm tg� �e�vx }g� h��m k��� thh����� itv~{k�gg� ��g{k{f� � �tj�ej�� ��hjk�kf�m �gf j�{��e� ~fth �{ �� h�~�k�fk�g �f �� ������fk�g x }g� ��e� k�m � thh�� ��� ht� h��u ��fk�g lek
��g{k{f� � m�gf��� le� j�{ kgg�stfk�g{ Y k − HkX̂k|k−1

��g{fkfe�gf eg� {ekf� �� st�ktij�{
tj~tf�k��{ kg�~h �g�tgf�{ �f �� h��u �f�� j� h�� ��{{e{ � �~ftf {e� jt it{� ��f��g��m tj� t{{��
�k~� ��g���{�g �� ���� ����� x }g� f��k{k�m � �{f �� g�f�� le� j� h��ij�m � �e � jf�t�� jkg~tk��
�te{{k�g �{f ~lekstj�gf te h��ij�m � ��{ m�kg���{ �t��~{ �~�e�{k|{ x
�k j ��vh �f��{� �� i�ekf{ �te{{k�g{ g ��{f hje{ s~�k�~� Y�g ��g{k�~�tgf j� {v{f�m � �v�

gtm kle� f�eu �e�{ jkg~tk��� � tj��{ �g m�gf�� le� j� � jf�� �� 
 tjm tg��e�v |�e�gkf eg�
�{fkm tfk�g � st�ktg�� m kgkm tj� �� j �~ftf �e {v{f�m � {k j ��g �k{h �{� �� j�e�{ ��e� h��m k��{
m�m �gf{ x 
tg{ �� �t{ Xk|k

g� �~{k�g� hje{ j ��{h ~�tg�� ��g�kfk�gg�jj� � mtk{ {�g �{fkm ~�
ht� j� � jf�� �� 
 tjm tg��e�v le� j ��g �kf {�e{ �hfkm tj x

� �� �� �� �	��� 	� � �	� �� ����	� ���

��mm� �~��kf �tg{ j� ��thkf�� h�~�~��mm�gf � j� � jf�� �� 
 tjm tg ~f�g�e { �kg{��kf�tg{ j�{ h��ij�m �{ �� � jf�t�� �hfkm tj ��gf j� h����{{e{ �f��e j�{ |�g�fk�g{ �� m�{e��{
{�gf jkg~tk��{ x w tj��e��e{�m �gf �tg{ �� g�mi��e{�{ {kfetfk�g{ ��{ ��gf�tkgf�{ g� {�gf
ht{ s~�k�~�{ x 
tg{ �wtvi��� � ����� j �tef�e� �~m�gf�� le� j� � jf�� �� 
 tjm tg ~f�g�e
h��m �f � ��{fkm �� j �~ftf � �eg {v{f�m � ��gf j� h�� ��{{e{ �f��e j�{ |�g�fk�g{ �� m�{e��{
{�gf g�g� jkg~tk��{ �g jkg~t�k{tgf j�{ ~letfk�g{ �e � jf�� �� 
 tjm tg tef�e� � �eg h�kgf�� |�g�fk�gg�m�gf � ��tle� kg{ftgf x ��e� �~tjk{�� �� ��tg��m�gf g�e{ ��s�g{ �tg{ eg
h��m k�� f�mh{ m��k��� j�{ ~letfk�g{ Y� x��� �f Y� x��� �� jt m tgk��� {ekstgf� �

{
Xk = fk(Xk−1, Uk,W k)

Y k = hk(Xk, V k)

Y� x���

�� hk
�f fk

{�gf ��{ |�g�fk�g{ g�g jkg~tk��{ x �g ��g{k���� ��ff� |�k{ le� j� s��f�e� ��
��mmtg�� Uk

�{f �gft��~ � �eg i�ekf ijtg� {ehh�{~ �te{{k�g �~�gk ht� jt m tf�k�� �� ���
st�ktg��

Sk

x �� i�ekf �{f ~�tj�m �gf kg�~h �g�tgf ��{ i�ekf{ �� m �{e�� �f � �~ftf tkg{k le��� j �~ftf kgkfktj �e {v{f�m � x
y� � jf�� �� 
 tjm tg ~f�g�e ��h�{� {e� j �thh��� km tfk�g �te{{k�gg� �� jt j�k t h�{f��k��k
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��es��gtgf j �~ftf x � kg{k j�{ ~letfk�g{ Y� x�
� ��sk�gg�gf �




p(Xk−1|Y 1:k−1) ' N (Xk−1|k−1,Pk−1|k−1)

p(Xk|Y 1:k−1) ' N (Xk|k−1,Pk|k−1)

p(Xk|Y 1:k) ' N (Xk|k,Pk|k)

Y� x���

�g |tk{tgf j �thh��� km tfk�g �� ztvj�� te h��m k�� te ����� ��{ ��e� h��m k��{ m �m�gf{
j �~letfk�g � �~ftf h �ef �f�� jkg~t�k{~� tef�e� �� j ��{fkm ~� Xk−1|k−1

h�e� ��s�gk� �
Xk|k = fk(Xk−1|k−1, Uk, 0) + Fk

[
Xk−1 −Xk−1|k−1] + ΦkW k

Y� x���
��

Fk =
∂fk(X,Uk, 0)

∂X

∣∣∣
X=Xk−1|k−1

Y� x���

Gk =
∂fk(Xk−1|k−1, U, 0)

∂U

∣∣∣
U=Uk

Y� x�
�

Φk =
∂fk(Xk−1|k−1, Uk,W )

∂W

∣∣∣
W=Wk

Y� x�	�

� jt m �m� mtgk��� � j �~letfk�g � ��i{��stfk�g h �ef �f�� jkg~t�k{~� tef�e� Xk|k−1

h�e���gg�� �
Y k = hk(Xk|k−1, 0) + Hk

[
Xk −Xk|k−1

]
+ ΨV k

Y� x���
��

Hk =
∂hk(X, 0)

∂X

∣∣∣
X=Xk|k−1

Y� x���

Ψk =
∂hk(Xk|k−1, V )

∂V

∣∣∣
V =V k

Y� x���
�g thhjkletgf j� � jf�� �� 
 tjm tg � ��{ ~letfk�g{ jkg~t�k{~�{ �g �ifk�gf tj��{ j�{ ~letfk�g{�e � jf�� �� 
 tjm tg ~f�g�e �

Xk|k−1 = fk(Xk−1|k−1, Uk, 0)
Y� x���

Pk|k−1 = FkPk−1|k−1F
T
k + GT

k SkG
T
k + ΦkQkΦ

T
k

Y� x� ��
�f

Xk|k = Xk|k−1 + Kk(Y k − hk(Xk|k−1, 0))
Y� x���

Pk|k = (I −KkHk)Pk|k−1

Y� x���
��

Kk = Pk|k−1H
T
k (HkPk|k−1H

T
k + ΨkRkΨk)

−1
Y� x���

�j v t ��e� {�e���{ � �kg��t�fkfe�� lek h �es�gf kg�e�g��� j ��{fkm tfk�g �e � jf�� �� 
 tj�
mtg ~f�g�e x yt h��m k��� �{f jt jkg~t�k{tfk�g ��{ m���j�{ � �~ftf �f � ��i{��stfk�g � ��tle�
kg{ftgf k x �f jt {���g�� �{f �� |tk�� j ��vh �f��{� le� j ��{fkm tfk�g t h�k��k �f t h�{f��k��k
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�� j �~ftf ��{f�gf f�eu �e�{ �te{{k�gg�{ x �g �	�f � mtj��~ j� f�~���m � �� jt jkm kf� ��gf�tj�
j�{ g�g�jkg~t�kf~{ �tg{ j�{ m ���j�{ ��g�ek{�gf {�es�gf j�{ �k{f�kiefk�g{ �� h��itikjkf~ t
h�k��k �f t h �{f��k��k s��{ ��{ �k{f�kiefk�g{ �� h��itikjkf~ g�g �te{k�gg�{ x � kg{k j�{ ��e�
h��m k��{ m �m �gf{ �{fkm ~{ ht� j� � jf�� g� {�gf hje{ le� ��{ thh��� km tfk�g{ �� jt �~tjkf~ x
�gfekfks�m �gf � hje{ jt jkg~t�k{tfk�g �{f �g� Y�~s�j�hh �m �gf �� ztvj�� � ��{ �����{

{eh ~�k�e�{� � hje{ j� � jf�� ��kf ��gg�� �� m�kjj�e�{ �~{ejftf{ x 
 �tkjj�e�{ j ���t�fkfe�� �� jt
jkg~t�k{tfk�g �~h�g� ��{ letgfkf~{ �

E
[
(Xk|k−1 −Xk|k−1)(Xk|k−1 −Xk|k−1)

T
]

E
[
(Xk−1|k−1 −Xk−1|k−1)(Xk−1|k−1 −Xk−1|k−1)

T
] Y� x�
�

tkg{k le� �e ����~ �� g�g�jkg~t�kf~ ��{ ~letfk�g{ � �~ftf �f � ��i{��stfk�g f �f h x � je{ ��{letgfkf~{ {�gf h �fkf�{ m �kjj�e�� �{f j �thh��� km tfk�g x }g� thh��� km tfk�g �� ��{ letgfkf~{
h �ef �f�� |�e�gk� ht� j�{ f�t��{ ��

Pk−1|k−1
�f ��

Pk|k−1

x 
 tg{ jt h�tfkle� � {k j� {v{f�m �
��mh��f� ��{ g�g�jkg~t�kf~{ f��h kmh��ftgf�{ � j� {v{f�m � jkg~t�k{~ �{f f��h ~j�k�g~ �e
{v{f�m � �~�j � ht� ��g{~le�gf j� � jf�� �� 
 tjm tg t�����tgf f��h �� ��g�tg�� te {v{f�m �
jkg~t�k{~ t f�g�tg�� � �ks����� x ��e� ��m ~�k�� � �� h��ij�m � f��k{ m ~f����{ �gf ~f~ h���
h�{~�{ �

� {�kf �g ��g{k���� le� j� m���j� �� h�~�k�fk�g g ��{f ht{ f��{ t�thf~ �f �g te�m �gf�t�fk��k�jj�m �gf jt ��st�ktg�� �e i�ekf t{{��k~� � j �~ftf h�e� ��mh�g{�� j�{ ����e�{�� h�~�k�fk�g �
� {�kf �g t������ m �kg{ �� ��g�tg�� te ht{{~ �g te�m�gftgf jt ��st�ktg�� Pk|k−1
� {�kf �g efkjk{� eg h����{{e{ kf~�tfk| h �e� tm~jk���� jt jkg~t�k{tfk�g �e m���j� x 
tg{�� �t{ jt m �{e�� ��e�tgf� �{f tj��{ efkjk{~� h �e� m �ff�� � u �e� j ��{fkm tfk�g h�~�~���gf� �� j �~ftf tef�e� �� jtle�jj� eg g�es�te � jf�� �� 
 tjm tg ~f�g�e �{f thhjkle~ x
�g ht�j� tj��{ �� � jf�� �� 
 tjm tg ~f�g�e kf~�~ �wtvi��� � ����� x

�g�g � j ��
� g� h�estgf |�e�gk� le �eg� thh��� km tfk�g �te{{k�gg� �� jt j�k ��g�k�
fk�gg�jj� g ��{f ht{ �e f�ef �thtij� �� �~��� j�{ �t{ �� mejfkm ��tjkf~ x y ���e�k{fkle� �jt{�
{kle�m�gf efkjk{~� �tg{ ��{ �t{ �{f � �thh�� ���� jt j�k ��g�kfk�gg�jj� ht� eg m ~jtg�� ��
�te{{k�gg�{ ��gf ��tle� ��mh�{tgf� �{f �{fkm ~� ht� eg �
� x wtk{ j ��� �t�kf~ �� ��ff�
f���gkle� g ��{f ht{ �t�tgfk� �����g{�g �� ���� ����� ��j{ht�� �� ���� ����� x
� �� �� �� �	��� 	� � �	� �� ���� � ���� ���
���h�{~ �tg{ ��ejk�� �� ���� ���	� �f ��ejk�� �� ���� ��� �� � j� � jf�� �� 
 tjm tg {tg{ iktk{Y}g{��gf�� 
 tjm tg �kjf��� �{f eg� tef�� ��f�g{k�g �e � jf�� �� 
 tjm tg h�e� j�{ {v{f�m �{

g�g jkg~tk��{ x �j ��h �{� {e� j� h�kg�kh � le �kj �{f hje{ tk{~ � �thh������ eg� j�k �te{{k�gg�
ht� eg get�� �� h �kgf{ le� �� jkg~t�k{�� j�{ |�g�fk�g{ � �~ftf �f �� m �{e�� �e � jf�� �� 
 tj�
mtg f�t�kfk�gg�j x � kg{k jt j�k �� h��itikjkf~ t h �{f��k��k �{f ��h�~{�gf~� ht� eg �g{�mij�� �~��tgfkjj�g{ �thftgf f�ftj�m �gf jt j�k N (Xk|k−1,Pk|k−1)

x � ��{f tj��{ � ��{ ~��tgfkjj�g{
le� {�gf thhjkle~{ j�{ m���j�{ g�g� jkg~tk��{ � �~ftf �f �� m �{e�� x
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��ff� m ~f���� ��{{�mij� te h�kg�kh � ��{ � jf��{ �� w�gf~ �t�j� m tk{ ts�� ��h �g�tgf

jt �k	~��g�� |�g�tm�gftj� {ekstgf� � j�{ ~��tgfkjj�g{ Yte{{k thh�j~{ {k�m t h�kgf{� g� {�gf
hje{ fk�~{ �� m tgk��� tj~tf�k�� m tk{ �� m tgk��� �~f��m kgk{f� ����� � jt f�tg{|��m tfk�g
eg{��gf�� Y}g{��gf�� z�tg{|��m tfk�g � x
p �p �n �� � 6J:[J5 9 M9 K< ;6<:8�G6� <;JG: �H:8[9:;9M �

~��kf� �tg{ ��ejk�� � ����� �f �w���� �� ���� ��� �� jt f�tg{|��m tfk�g �eg{��gf�� � �{f

|��mej~� �� jt m tgk��� {ekstgf� x ��kf A eg� st�ktij� tj~tf�k�� �� �km �g{k�g n tvtgf h �e�m�v�gg� Ā �f ��st�ktg�� PA

x ��kf eg� st�ktij� B = g(A) |�g�fk�g g�g jkg~tk�� �� A x �g��g{f�ekf j�{ 2n+ 1 s��f�e�{ χ
i

�� h�k�{ wi

�� jt m tgk��� {ekstgf� �





χ
0

= Ā w0 =
κ

n + κ

χ
i
= Ā+ (

√
(n+ κ)PA)i wi =

1

2
(n+ κ) i = 1, ..., n

χ
i
= Ā− (

√
(n+ κ)PA)i wi =

1

2
(n+ κ) i = n+ 1, ..., 2n

Y� x�	�

�� κ �{f eg |t�f�e� � �~���jj� lek ��gf�� j� jt �~ht�fkfk�g ��{ ~��tgfkjj�g{ tef�e� �� jtm�v�gg� �f (
√

(n+ κ)PA)i �{f jt ieme ��j�gg� �� jt m tf�k�� �� jt �~��mh�{kfk�g �����j�{�v �� jt m tf�k�� (n + κ)PA

x
κ = n(α2 − 1)

Y� x���
�� j� ht�tm�f�� α �~f��m kg� jt �k	e{k�g ��{ {k�m t h�kgf{ {t��tf le� 10−4 ≤ α ≤ 1

x
�g{ekf� j�{ s��f�e�{ χ

i

{�gf h��ht�~{ {�j�g jt |�g�fk�g g�g jkg~tk�� g �
Bi = g(χ

i
), i = 0, ..., 2n

Y� x���
yt m�v�gg� �f jt m tf�k�� �� ��st�ktg�� �� jt st�ktij� tj~tf�k�� B {�gf ��gg~�{ ht� �

B̄ ≈
2n∑

i=0

wiBi

Y� x���

PB ≈
2n∑

i=0

wi(Bi − B̄)(Bi − B̄)T
Y� x���

p �p �n �p 	 ;<5 98 MH � K;69 M9 �<K� <: H:8[9:;9M
��g{k�~��g{ eg {v{f�m � � �~ftf �~�gk ht� j �~letfk�g Y� x��� x ��e� le� j�{ i�ekf{ ��

m �{e��{ hek{{�gf �f�� h�k{ �g ��mhf� �tg{ j� �tj�ej ��{ {k�m t h�kgf{ � j� {v{f�m � � �~ftf��kf �f�� m ��k�~ � j� s��f�e� � �~ftf �{f tj��{ te�m �gf~ �g kgf~��tgf j�{ i�ekf{ �� h�~�k�fk�g
�f � ��i{��stfk�g � � ��{f����k�� �

Xa
k−1|k−1 =




Xa

k−1|k−1

W k

V k



 Y� x� ��



p �p � 
98 � 7;�GM98 <:<K�;J^H98 rn

�f j�{ ~letfk�g{ �� h�~�k�fk�g �f � ��i{��stfk�g {�gf �~~��kf�{ �� jt m tgk��� {ekstgf� �
{
Xa

k|k−1 = fa(Xa
k−1|k−1, Uk)

Y k|k−1 = ha(Xa
k|k−1)

Y� x���
�g�g � jt m k{� �g �es�� �e � jf�� �� 
 tjm tg eg{��gf�� {ekf tj��{ j�{ ~fth �{ {ekstgf�{ �

� 67MJ[;JG: M9 K �7;<; \ yt h��m k��� ~fth � ��g{k{f� � �~g~��� eg get�� �� {k�m t h�kgf{
�~ht�fk{ �tg{ j� s�jem� ht�tm~f�~ ht� jt j�k N (Xa

k−1|k−1,P
a
k−1|k−1)

hek{ �� |tk�� ~s�je�� ��
get�� {�j�g j� m ���j� � �~ftf x �g�g j �~ftf t h�k��k Xa

k|k−1
tkg{k le� jt m tf�k�� �� ��st�ktg��

Pa
k|k−1

{�gf �tj�ej~{ �
�x �s�jefk�g �e get�� �� {k�m t h�kgf{ �

(χk)i = fa
k ((χk−1)i, Uk) i = 0 . . . 2n

Y� x���
� x y �~ftf t h�k��k �{f �{fkm ~ �

Xa
k|k−1 =

2n∑

i=0

Wi(χk)i

Y� x���

�� j�{ h �k�{ Wi
t{{� �k~{ te {k�m t h�kgf (χk)i

�

W0 =
κ

n + κ

Wi =
1

2(n+ κ)
i = 1 . . . 2n

Y� x�
�

� x yt m tf�k�� �� ��st�ktg�� ��h�~{�gftgf j�{ ����e�{ �� j �~ftf t h�k��k �{f �~�gk� ht� �

Pa
k|k−1 =

2n∑

i=0

Wi((χk)i −Xa
k|k−1)((χk)i −Xa

k|k−1)
T

Y� x�	�

��
Qk
�{f jt m tf�k�� ��h�~{�gftgf j�{ ����e�{ �e h����{{e{ � �~ftf �f j�{ h�k�{ Wi�~��kf{ ht� �

W0 =
κ

n+ κ
+ (1 − α2 + β)

Wi =
κ

n+ κ
i = 1 . . . 2n

Y� x���
y� ht�tm�f�� β �{f kgf~��~ �tg{ j� �tj�ej ��{ h�k�{ h �e� kgf���ek�� eg� ��ggtk{{tg��t h�k��k {e� jt �k{f�kiefk�g �� h��itikjkf~ �e s��f�e� � �~ftf x � kg{k {k p(X) �{f eg��te{{k�gg� jt stj�e� �hfkm tj� �e ht�tm �f�� β �{f � x
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� 67MJ[;JG: M9 K �GI896�<;JG: \ ��mm� j �~fth � h�~�~��gf� � kj |tef |tk�� ~s�je�� j� get���� {k�m t h�kgf{ {�j�g j� m ���j� � ��i{��stfk�g � hek{ �tj�ej�� j ��i{��stfk�g t h�k��k Y k|k−1�f {t m tf�k�� �� ��st�ktg��
PY k|k−1Y k|k−1

�
� x �s�jefk�g �e get�� �� {k�m t h�kgf{ �

(Yk)i = ha
k((χk−1)i) i = 0 . . . 2n

Y� x���
� x y ��i{��stfk�g t h�k��k �{f �{fkm ~� �

Y k|k−1 =

2n∑

i=0

Wi(Yk)i

Y� x���

� x yt m tf�k�� �� ��st�ktg�� �

PY k|k−1Y k|k−1
=

2n∑

i=0

Wi((Yk)i − Y k|k−1)((Yk)i − Y k|k−1)
T

Y� x
��
��

Rk
�{f jt m tf�k�� ��h�~{�gftgf j�{ ����e�{ �e h����{{e{ � ��i{��stfk�g x

� J89 � � GH6 \ �tg{ ��ff� ���gk��� ~fth � � jt m tf�k�� �� ��st�ktg�� ���k{~�
K
�gf�� j �~ftf

t h�k��k �f j ��i{��stfk�g t h�k��k ��kf �f�� �tj�ej~� x ��ff� m tf�k�� �����{h�g� �g |tkf te
�tkg �� 
 tjm tg x y �~ftf �{f �gtj�m �gf m k{ � u �e� ht� j�{ ~letfk�g{ �e � jf�� �� 
 tjm tg
f�t�kfk�gg�jj�{ x
�x y� �tkg �� 
 tjm tg �{f ��g�

K = PXa
k|k−1

Y k|k−1
P−1

Y k|k−1Y k|k−1

Y� x
 ��
ts��

PXa
k|k−1Y k|k−1

=

2n∑

i=0

Wi((χk)i −Xa
k|k−1)((Yk)i − Y k|k−1)

T Y� x
��
� x yt m k{� � u �e� �{f tj��{ �~tjk{~� � j �~ftf �f jt m tf�k�� �� ��st�ktg�� t h�{f��k��k {�gf �

Xa
k|k = Xa

k|k−1 + K(Y k − Y k|k−1)
Y� x
��

Pk|k = Pk|k−1 − KPXa
k|k−1Y k|k−1

KT
Y� x
��

p �p �n �n �G:[KH8JG: 8H6 K ����
y� � jf�� �� 
 tjm tg eg{��gf�� �{f hje{ ��ie{f� te� g�g�jkg~t�kf~{ le� j� � jf�� ��


 tjm tg ~f�g�e x 
tg{ ��ejk�� �� ���� ����� j �tef�e� m�gf�� le �kj �{f ~lekstj�gf � j ��
�
ts�� eg� jkg~t�k{tfk�g � j ������ � x �j g� ��m tg�� te�eg� jkg~t�k{tfk�g �e m���j� �f ��g�
te�eg �tj�ej ��hjk�kf� ��{ m tf�k��{ u t��ik�gg�{ g ��{f g~��{{tk�� x �g�g {�g ���f �� �tj�ej
�{f let{km �gf k��gfkle� � ��je k �� j ��
� x �g ��stg��� � h�e� eg i�g |�g�fk�gg�m �gf ��
�� � jf�� � kj �{f ti{�jem�gf g~��{{tk�� le� j�{ �k{f�kiefk�g{ �� h��itikjkf~ t h�k��k �f t
h�{f��k��k {�k�gf �� gtfe�� �te{{k�gg� � �� lek g ��{f ht{ |����m �gf j� �t{ �tg{ j�{ m ~f����{�� j� �tjk{tfk�g Y~fth � �� h�~�k�fk�g iktk{~� ht� j�{ �thf�e�{ �e j� m���j� �kg~m tfkle�� x
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y� h�kg�kh � �� it{� ��{ � jf��{ �� w�gf~ �t�j� �{f h�~{�gf~ �tg{ ��ff� ht�fk� x ��mm�

f�ef�{ m ~f����{ �� w�gf~ �t�j� � ��{ � jf��{ ��h �{�gf {e� eg ��tg� g�mi�� �� {kmejtfk�g{ x
tg{ j� �t{ �e � jf�t�� � j�{ ht�tm�f��{ {kmej~{ {�gf thh �j~{ ��{ ht�fk�ej�{ �f ��h�~{�gf�gf
jt f�tu ��f�k�� � �eg {v{f�m � �vgtm kle� � � ��� j �thh �jjtfk�g �� � jf�� ht�fk�ejtk�� �e �g�
���� �� � jf�� � ht�fk�ej�{ x ��ff� m ~f���� ��g{k���� j� h��ij�m � �� � jf�t�� � �eg h�kgf ��
se� h��itikjk{f� x � kg{k j� � jf�� �hfkm tj �{f j ��{fkm tfk�g �� jt j�k �� h��itikjkf~ �� j �~ftf
Xk
��g�kfk�gg�jj�m �gf � j ��g{�mij� ��{ m �{e��{ Y 1, . . . , Y k

� ��{f����k�� p(Xk|Y 1 . . . Y k)
x

��e� ��jt � eg �g{�mij� �� f�tu ��f�k��{ � �~ftf �{f �~g~�~ {�j�g j� {v{f�m � �vgtm kle� � �
ht�fk� �ele�j eg� m�{e�� �mhk�kle� �{f ��g{f�ekf� �g |�g�fk�g �� j ��g{�mij� ��{ �i{��st�
fk�g{ x ����� � jt j�k ��{ ��tg�{ g�mi��{ ��ff� m �{e�� �mhk�kle� ��gs���� s��{ jt m �{e��
t{{��k~� Xk|Y 1 . . . Y k

x ���k{tg �� ���� ����� ���ejtmhtjtm �� ���� �����
yt h��m k��� ��tg�� |tm kjj� �� � jf��{ �� w�gf~ �t�j� �{f it{~� {e� jt h���~�e�� ���Y��le�gfktj �mh��ftg�� �tmhjkg� � x � kg{k �tg{ j�{ tgg~�{ �� j� � jf�� �� w�gf~ �t�j�

h�g�~�~ skf j� u �e� ��tg�{��kg � ����� x y �k�~� �� it{� �{f �� |tk�� ~s�je�� N ht�fk�ej�{
kg�~h �g�tgf�{ j�{ eg�{ ��{ tef��{ �f �� j�{ h �g�~��� � ��tle� kg{ftgf k �g |�g�fk�g ��j�e�{ s�tk{�mijtg��{ ts�� j�{ �i{��stfk�g{ x yt ��gs����g�� � �eg� f�jj� m ~f���� ��m tg�tgf
jt {kmejtfk�g � �eg ��tg� g�mi�� �� f�tu ��f�k��{ � j�{ �tht�kf~{ �� �tj�ej ��{ ���kgtf�e�{�� j �~h �le� �mh ������gf j�e� �~s�j�hh�m�gf �f ��{ m ~f����{ g� ��gge��gf eg s~�kftij�
kgf~��f le �� jt �g ��{ tgg~�{ �� x ��h �g�tgf m tj��~ j �~s�jefk�g �� j �kg|��m tfkle� � ��ff�
m ~f���� h �ef ts�k� f�g�tg�� � j�g� f��m � � �t{{�mij�� j ��g{�mij� ��{ ht�fk�ej�{ �g eg
{�ej h �kgf �� j ��{ht�� � �~ftf �f ��g� �ks����� x
��e� �g�k�e�� �� h��ij�m � � eg� ��e� k�m � |tm kjj� �� � jf��{ �� w�gf~ �t�j� it{~�

{e� jt h���~�e�� ����� Y��le�gfktj �m h��ftg�� �tmhjkg���{tmhjkg� � t ~f~ kgf���ekf��tg{ j�{ tgg~�{ �� x �� g�es�te � jf�� h�~{�gf� eg� �k	~��g�� g�ftij� �tg{ j �~s�jefk�g��{ f�tu ��f�k��{ x � kg{k �jj�{ g �~s�je�gf hje{ �� m tgk��� kg�~h �g�tgf� m tk{ {eik{{�gf eg�
{~j��fk�g �g |�g�fk�g �� j�e� s�tk{�mijtg�� ts�� j�{ �i{��stfk�g{ � ���ftkg�{ {�gf tj��{ �e�
hjkle~�{ �f � �tef��{ ~jkm kg~�{ x �ekstgf{ j�{ �k	 ~��gf{ tef�e�{ ��mm� 
�j w��tj �f tj �tg{
�w��tj � ���	� � �����g �tg{ ������g �� ���� ����� � 
 kft�t�t �tg{ �
 kft�t�t � ���	� �e �g�
���� �{t�� �f � jt�� �tg{ ��{t�� �� ���� ����� �g ht�j� ��{h ��fks�m �gf �� � jf�� ht�fk�ejtk��
ts�� kgf��t�fk�g �e kgf��t�fkg� ht�fk�j� � jf�� � �� � jf�� i ��f{f�th �e �i��{f�th � jf�� �� ��
� jf�� �� w�gf~ �t�j� �e �g���� �� ��g��g{tfk�g x ��h�g�tgf m tj��~ ��ff� tm ~jk��tfk�g kj
h �ef t��ks�� le� ��{ � jf��{ �ks����gf �g���� � j�g� f��m � x
� kg ��{ tgg~�{ �� � hje{k�e�{ tef�e�{ �gf �{{tv~ �� �~{�e��� j� h��ij�m � �� �ks����g����{ � jf��{ ht�fk�ejtk��{ ts�� kgf��t�fk�g x �t� ���mhj� � �e�u tg� ��e�u tg� � ����� h��h �{�

eg g�es�te � jf�� � ht�fk�ej�{ lek efkjk{� g�g hje{ eg� ��h�~{�gftfk�g �k{���f� �� jt ��g{kf~�� h��itikjkf~ m tk{ hjef�f eg� ��h�~{�gftfk�g ��gfkge� ����� � j �efkjk{tfk�g �� g�vte ��
�~�ejt�k{tfk�g x �j �{h ��� tkg{k ~��thh �� te h�~g�m �g� �� �~�~g~��{��g�� ��{ ht�fk�ej�{ x
�g ht�j� tj��{ �� � jf�� ht�fk�ejtk�� �~�ejt�k{~ x � k�e��k �� k�e��k � ����� h��h �{� �� �~{�e���
�� h��ij�m � �g kgf~��tgf jt f�~��k� �� j �~s�jefk�g �~g~fkle� �tg{ j �~fth � �� h�~�k�fk�g �e
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� jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g x y�{ ht�fk�ej�{ {�gf tj��{ ��g{k�~�~�{ ��mm� ��{ kg�k�
sk�e{ �e �g���� ��{ ����m�{�m�{ lek ~s�je�gf {�j�g jt �vgtm kle� �e {v{f�m � � �~ftf �f
lek h �es�gf {eik� ��{ meftfk�g{ �~g~fkle�{ x y �tef�e� �{h ��� tkg{k �if�gk� eg� ��es��fe��
�hfkm tj� �� j ��{ht�� � �~ftf ht� j� u �e �� ht�fk�ej�{ �f �g�k�e�� j� h�~g�m �g� �� �~�~g~�
��{��g�� x �� g�es�te � jf�� �{f thh �j~ j� � jf�� ht�fk�ejtk�� �~g~fkle� x
z�ef � �ti��� �tg{ �� ��thkf�� j� h�kg�kh � �� j �~��tgfkjj�ggt�� h�g�~�~ � g~��{{tk�� h �e�

jt ��mh�~��g{k�g �� f�ef � jf�� ht�fk�ejtk�� � �{f �~��kf x �ek{ le�jle�{ eg{ ��{ h�kg�khte�
� jf��{ ht�fk�ejtk��{ ~g�g�~{ �k���{{e{ {�gf h�~{�gf~{ �tg{ j ������ ����g�j��kle� x

� �� �� � ������		����
� � ��	��� ��

y� fk�t�� {ekstgf eg� |�g�fk�g � �kmh��ftg�� �{f eg� m~f���� �� w�gf~ �t�j� f��{
efkjk{~� �tg{ j�{ ��t�g�{ �� wt���s �wt�{�tjj � ��
	� ��eikg � ����� x ��g{k�~��g{ j� {v{f�m �
{ekstgf �

� j� s��f�e� � �~ftf Xk
� �{fkm �� �{f eg h����{{e{ wt���sk�g �� �k{f�kiefk�g kgkfktj�

Π0
�f �� ��g{kf~ �� h��itikjkf~ �� f�tg{kfk�g p(Xk|Xk−1)

�
� j�{ �i{��stfk�g{ Y k

{�gf kg�~h �g�tgf�{ ��g�kfk�gg�jj�m �gf � jt st�ktij� Xk
�f �gf

h�e� �k{f�kiefk�g �� h��itikjkf~ p(Y k|Xk)
x

��e� f�ef� |�g�fk�g f kgf~��tij� ht� �thh��f � jt j�k �� f�tg{kfk�g p(X0:k|X0:k−1)
� {�g

�{h ~�tg�� �{f tj��{ �
I(f) =

∫
f(X0:k)p(X0:k|Y 1:k)dX0:k

Y� x

�

tg{ j�{ thh�� ���{ �jt{{kle�{ �� w�gf~ �t�j� h�e� �{fkm �� I(f) � kj {e� f �� �~g~���j�{ f�tu ��f�k��{ �� N st�ktij�{ tj~tf�k��{ X i

0:k
� i = 1, ..., N {ekstgf jt j�k �� f�tg{kfk�g

p(X0:k|Y 1:k)
� hek{ �� �tj�ej�� j ��{h ~�tg�� �� p(X0:k|Y 0:k)

� ht�fk� ��{ f�tu ��f�k��{ �

pN(X0:k|Y 1:k) =
1

N

N∑

i=1

δXi
0:k

Y� x
	�

�f � ��{fkm �� I(f) �
IN (f) =

1

N

N∑

i=1

f(X i
0:k)

Y� x
��
�j��{ � {�j�g jt j�k ��{ ��tg�{ g�mi��{ �g h�ef ��g{k�~��� le� IN(f) thh����� te m k�e�
I(f) � {k N f�g� s��{ j �kg�gk x

lim
N→∞

IN (f) = I(f)
Y� x
��


e h�kgf �� se� f�~��kle� ��ff� m ~f���� � ��{fkm tfk�g �{f f�ef � |tkf {tfk{|tk{tgf� � ���
h�g�tgf �tg{ jt h�tfkle� kj �{f km h�{{kij� �� �~g~��� �� m tgk��� �� �t�� j�{ f�tu ��f�k��{
{�j�g p(X0:k|Y 1:k)

� �t� p(X0:k|Y 1:k)
g ��{f ��gge� le �� eg �� �� �k�gf h��{ �� g��m tjk{tfk�g x
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}g� {�jefk�g tjf��gtfks� �{f � �efkjk{�� jt m ~f���� � �~��tgfkjj�ggt�� h�g�~�~ x y �k�~� ��
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p(Xn

k , X
n
k−1)

x }g� ��{��khfk�g �� �� � jf�� �{f ��gg~ ht� j �tj���kf�m � � x
 x
�� � jf�� �{f t�fe�jj�m �gf eg ��{ hje{ h ��|��m tgf{ �g mtfk��� � ��{fkm tfk�g t{{��k~� te

� jf�t�� �hfkm tj x ��mm� h�e� j� � jf�� ht�fk�ejtk�� ����� � kj ��k�gf� j�{ ht�fk�ej�{ �g |�g��
fk�g{ ��{ �i{��stfk�g{ �tg{ j�{ ��g�{ kgf~��{{tgf�{ �� j ��{ht�� � �~ftf �f h ��m �f � ��g�k�e��
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j� h�~g�m�g� �� �~�~g~��{��g�� ��{ ht�fk�ej�{ jk~ te� � jf��{ �� w�gf~ �t�j� x ��h �g�tgf��e� {kfetfk�g{ h �es�gf m �ff�� �g �~|tef ��ff� m ~f���� Y��e�� � x� Yt� �f � x� Yi �� �
� x jt {kfetfk�g �� j ��i{��stfk�g �{f f��{ h�~�k{� �f jt h�~�k�fk�g g �thh��f� le� f��{ h �e� �kg|��m tfk�g{ x ��ej�{ j�{ ht�fk�ej�{ h�����{ �� jt m �{e�� �gf eg� |��f� h��itikjkf~
te ���t�� �� jt |�g�fk�g �� s�tk{�mijtg�� �f ��g� jt m tu ��kf~ ��{ ht�fk�ej�{ {�gf
~jkm kg~�{ ht� j �~fth � �� �~~��tgfkjj�ggt�� g� �t��tgf le� f��{ h �e �� ht�fk�ej�{ ���
h�~{�gftfks�{ �� j �~ftf x �� h�~g�m �g� thh �j~ j �thhtes�k{{�m �gf ��{ ~ftf{ lek h �ef
�f�� tff~ge~ ht� eg ~��tgfkjj�ggt�� h ~�k��kle� x

� x jt {kfetfk�g �� j �kgf��{��fk�g �� jt j�k ��g�kfk�gg�jj� t h�k��k �f �� jt j�k �� s�tk{�m �
ijtg�� �{f ��jtfks�m �gf |tki j� x yt hjeht�f ��{ ht�fk�ej�{ �gf eg� |tki j� h��itikjkf~
te ���t�� �� jt |�g�fk�g �� s�tk{�mijtg�� x �h��{ j �~fth � �� �~~��tgfkjj�ggt�� � jt j�k
t h�k��k g ��{f le� f��{ h �e m��k�~� �f g �thh�� ��� ht{ s~�kftij�m �gf jt j�k �~�jj� x ��
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��mm� �g j �t se �tg{ jt {��fk�g h�~�~��gf� � h�e� �g�k�e�� j� h�~g�m�g� �� �~�~g~�

��{��g�� kj �{f g~��{{tk�� � ��	 ��fe�� eg �~~��tgfkjj�ggt�� �e u �e �� ht�fk�ej� � �g �~g~�tgf
eg tef�� get�� �� ht�fk�ej�{ �� m �m� ftkjj� �� {�gf |ts��k{~�{ j�{ ht�fk�ej�{ �� hje{ ��tg�
h�k�{ x ��jj�{��k {�gf �ehjkle~�{ �f ��jj�{ ts�� eg h�k�{ |tki j� {�gf ~jkm kg~�{ x ��e{ tjj�g{�tg{ jt {ekf� �� ��ff� {��fk�g h�~{�gf�� j�{ h�kg�khtj�{ f���gkle�{ �� �~~��tgfkjj�ggt��
efkjk{~�{ �tg{ jt h�tfkle� � f�ef�{ ��{ m ~f����{ t{{e��gf le� j� g�mi�� �� ��{��g�tgf{� �eg� ht�fk�ej� �{f f�eu �e�{ h��h ��fk�gg�j � {�g h�k�{ � � ��{f����k�� le� E[Nn

k ] = Nwn
k

x �g
��stg��� jt st�ktg�� ��{ h�k�{ ��{ ht�fk�ej�{ �k	��� � �eg� m ~f���� � j �tef�� x
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��� � � x� � �kfetfk�g{ m �fftgf �g �~|tef j� � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g � ��e�� Yt� �
�i{��stfk�g f��{ h�~�k{� � ��e�� Yi � � �i{��stfk�g kg���~��gf� ts�� jt h�~�k�fk�g
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~��kf� �tg{ �yke �� ���� ���
� � ��ff� f���gkle� �{f jt hje{ ��e�tmm�gf efkjk{~� � ��tle�

ht�fk�ej� �{f {~j��fk�gg~� �g |�g�fk�g �� j �km h��ftg�� �� {�g h�k�{ wi
k
{ekstgf ��ff� �~�

mt���� �
� eg �g{�mij� �� st�ktij�{ tj~tf�k��{ ����gg~�{ un ∈ [0, 1], i = 1, . . . , N �{f �~g~�~ �
� {k jt st�ktij� tj~tf�k�� uj �{f ��mh�k{� �tg{ j �kgf��stjj� [

∑j
n=1w

n
k ,
∑j−1

n=1w
n
k ] � jt ht��fk�ej� �� h�k�{ wj = [

∑j
n=1w

n
k −
∑j−1

n=1w
n
k ] �{f {~j��fk�gg~� � {k m st�ktij�{ tj~tf�k��{

uj {�gf ��mh�k{�{ �tg{ ��f kgf��stjj� tj��{ jt ht�fk�ej� �� h�k�{ wj �{f �ehjkle~� m|�k{ �
� �g�g j�{ h�k�{ �� ��t�eg� ��{ ht�fk�ej�{ {�gf �~kg kfktjk{~{ � 1

N

x
�k �g g�f� Nn′

k
j� g�mi�� �� ht�fk�ej�{ �ehjkle~�{ h �e� ��tle� ht�fk�ej� n � f�j le� {k

Nn′

k = 0 jt ht�fk�ej� �{f ~jkm kg~� � tj��{ E[Nn′

k ] = Nwn
k
�f var(Nn′

k ) = Nwn
k (1 − wn

k )
x
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��ff� f���gkle� �� �~~��tgfkjj�ggt�� �yke �� ���� ����� �{f eg� tm~jk��tfk�g �e �~�

~��tgfkjj�ggt�� mejfkg�m ktj lek s k{� � �km kge�� jt st�ktg�� var(Nn′

k )
��{ ht�fk�ej�{ �e�

hjkle~�{ �
� f�ef � �ti ��� bNwn

k c
��{��g�tgf{ �� jt ht�fk�ej� n {�gf �~g~�~{ � b.c �~g�f� jt ht�fk��gfk��� � �eg g�mi�� �

� hek{ t�g �� ��g{��s�� eg g�mi�� �� ht�fk�ej�{ ��g{ftgf � kj |tef ���k{k� N̄ ht�fk�ej�{��
N̄ =

N∑

n=1

(Nwn
k − bNwn

k c)
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� �g�g eg �~~��tgfkjj�ggt�� mejfkg�m ktj �{f efkjk{~ h�e� �~g~��� j�{ N̄ ~��tgfkjj�g{
h�g�~�~{ ht� j� h�k�{ �~{k�e�j

wn′

k =
wn

k − bNwn
k c

N̄
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��ff� m ~f���� h��h �{~� �tg{ �
 kft�t�t � ���	� �f ��t�h �gf�� �� ���� ����� �{f eg� st�

�ktgf� �� jt f���gkle� �� �~~��tgfkjj�ggt�� mejfkg�m ktj x � j ��g��gf�� ��{ m ~f����{ h�~�~���gf�{ � �� g� {�gf hje{ N st�ktij�{ tj~tf�k��{ ����gg~�{ lek {�gf �~g~�~�{ m tk{ hjef�f eg�g{�mij� �� st�ktij�{ {�m k��~f��m kgk{f�{ u′n = (n−m)/N ts�� m ∈ [0, 1] �f n = 1, . . . , N
x

� kg{k ��ff� |�k{ E[Nn′

k ] 6= Nwn
k
mtk{ var(Nn′

k ) �{f f��{ h �fkf� x
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�k j �~fth � �� �~~��tgfkjj�ggt�� h ��m �f �� ��t|�t���k� � j� get�� �� ht�fk�ej�{ � �jj� h �ef

�gf�t�g�� eg thhtes�k{{�m �gf ��{ ~ftf{ �tg{ jt �k{f�kiefk�g �� h��itikjkf~ x ��e� �km kge��
�� h�~g�m�g� kj �{f ��g{�kjj~ �� �~tjk{�� j� �~~��tgfkjj�ggt�� h ~�k��kle�m �gf x � kg{k j�{
ht�fk�ej�{ �� h �k�{ |tkij� h �es�gf ��hj���� j ��{ht�� � �~ftf h �g�tgf hje{k�e�{ kf~�tfk�g{
tstgf � ��f�� h�f�gfk�jj�m �gf ~jkm kg~�{ x 
tg{ jt jkff~�tfe�� ��e� h�kg�khte� ��kf���{ �gf ~f~
h��h �{~{ h�e� �~f��m kg�� jt g~��{{kf~ �e �~~��tgfkjj�ggt�� x y� ��kf��� �� jt ftkjj� �� �t���e get�� �� ht�fk�ej�{ Neff

h��h�{~ ht� 
�g� �f yke �
�g� �� ���� ����� x �� ��kf��� ��h �{�
{e� jt st�ktg�� �� jt �k{f�kiefk�g �� h��itikjkf~ t h�{f��k��k �f h �ef �f�� thh����~ ht� �

Neff ≈ 1
∑N

n=1(w
n
k )2

Y� x	��
�kg{k j� �~~��tgfkjj�ggt�� �{f �	��fe~ j��{le� j �kg~�tjkf~ Neff < NTh

�{f s~�k�~� ts��
NTh

∈ [0, N ]
x y �efkjk{tf�e� ��� j� {�ekj {�j�g j�{ g~��{{kf~{ �� j �thhjk�tfk�g x

y� {���g� ��kf��� �� �~~��tgfkjj�ggt�� t ~f~ kgf���ekf �tg{ ���tm � ����� x �� ��kf��� �{f
��ff� |�k{ it{~ {e� j ��gf��hk� ��{ h �g�~�tfk�g{ ��{ ht�fk�ej�{ ��g{fkfetgf j �thh��� km tfk�g�� jt �k{f�kiefk�g �� h��itikjkf~ t h�{f��k��k �

Ent = log(N) +
N∑

i=1

wn
k logw

n
k

Y� x���

�g h�ef ��m t�le�� ���ftkg�{ h��h�k~f~{ jk~�{ � �� ��kf��� � � �ti��� ��je k��k �{f f�eu �e�{
��mh�k{ �gf�� 0 < Ent ≤ log(N)

x �j �{f gej {k f�e{ j�{ h�k�{ ��{ ht�fk�ej�{ {�gf ~�te�
� 1/n �f stef j�� �� � {k j �eg ��{ h�k�{ �{f ~�tj � � Ythhtes�k{{�m �gf {~s��� �e u �e� ��
ht�fk�ej�{� x � kg{k j �~fth � �� �~~��tgfkjj�ggt�� �{f �	 ��fe~� {k j �kg~�tjkf~ Ent > ETh

�{f
s~�k�~� x ETh

�{f eg {�ekj ��~ ht� j �efkjk{tf�e� �g |�g�fk�g �� j �thhjk�tfk�g g�ftmm�gf ��
j �tmhjkfe�� �� jt st�ktfk�g �e {k�gtj �� m �{e�� �g |�g�fk�g �� j �~ftf x
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�e �kj {�kf {v{f~m tfkle� �e t�thftfk| � j� �~~��tgfkjj�ggt�� ��mhf j �kg�~h �g�tg�� ��{

ht�fk�ej�{ tkg{k j�{ f�~���m �{ �jt{{kle�{ �� ��gs����g�� f�j{ le� jt j�k ��{ ��tg�{ g�mi��{
�� �g���� j� f�~���m � �� jt jkm kf� ��gf�tj� {�gf kgthhjk�tij�{ x 
�{ �~{ejftf{ f�~��kle�{ {e�
jt ��gs����g�� ��{ m ~f����{ �� � jf�t�� ht�fk�ejtk�� ts�� kgf��t�fk�g h �es�gf �f�� f��es~{�tg{ �w��tj � ���
� ���k{tg �� ���� ����� x 
e h�kgf �� se� h�tfkle� jt �~h �g�tg�� ��{ ht��
fk�ej�{ kgf���ekf� ht� j �~fth � �� �~~��tgfkjj�ggt�� g� h ��m �f hje{ eg� ht�tjj~jk{tfk�g �e
� jf�� {�j�g ��tle� ht�fk�ej� x

p �n �n �n �G:[KH8JG:
y �tu �ef �� j �~fth � �� �~~��tgfkjj�ggt�� t h��m k{ � ��g�k�e�� j� h��ij�m � �� �~�~g~��{�

��g�� ��g��gf�~ �tg{ j�{ � jf��{ �� w�gf~ �t�j� � |tk{tgf tkg{k �e � jf�� ht�fk�ejtk�� ts��
kgf��t�fk�g j �eg ��{ m �kjj�e�{ � jf��{ �g mtfk��� � ��{fkm tfk�g h�e� {v{f�m �{ g�g� jkg~tk��{ x��h�g�tgf � �� � jf�� g ��{f ht{ � j �ti�k �e h�~g�m�g� �� �~�~g~��{��g�� g�ftmm�gf j��{le�
j�{ i�ekf{ � ��i{��stfk�g{ �f��e j�{ i�ekf{ �e {v{f�m � �vgtm kle� {�gf |tki j�{ �e kg�� k{ftgf{ x
��j�g ���ftkg{ tef�e�{ ��gf �e�u tg� ��e�u tg� � ����� � j� �t�t�f��� �k{���f �e � jf�� �{f�~f��m kgtgf �tg{ �� h�~g�m�g� �� �ks����g�� �f h��h�{� �� �~tjk{�� j ��{fkm tfk�g � ht�fk�� �eg� thh��� km tfk�g ��gfkge� �� jt ��g{kf~ �� h��itikjkf~ �� jt m �{e�� x ��ff� thh��� km t�

fk�g �{f �	 ��fe~� ht� j �kgf���e�fk�g � �eg� ~fth � �� �~�ejt�k{tfk�g �tg{ j� � jf�� ht�fk�ejtk��
ts�� kgf��t�fk�g x �� g�es�te � jf�� {� g�mm� tj��{ j� � jf�� ht�fk�ejtk�� �~�ejt�k{~ x 
 �tef��{
tef�e�{ ��gf � k�e��k �� k�e��k � ����� � h��h �{�gf �� �~{�e��� j� h�~g�m�g� �� �~�~g~��{�
��g�� �g ��mikgtgf jt f�~��k� �� j �~s�jefk�g �~g~fkle� � j �~fth � �� h�~�k�fk�g �e � jf��
ht�fk�ejtk�� ts�� kgf��t�fk�g x ��ff� f���gkle� h ��m �f eg� m�kjj�e�� ��es��fe�� �� j ��{ht��� �~ftf �� jt ht�f ��{ ht�fk�ej�{ �f �km kge� |��f�m �gf j� �k{le� � �thhtes�k{{�m �gf ��{ ~ftf{
tkg{k le� jt �~�~g~��{��g�� ��{ ht�fk�ej�{ x �g ht�j� tj��{ �� � jf�� ht�fk�ejtk�� �~g~fkle� x��{ ��e� � jf��{ {�gf m tkgf�gtgf h�~{�gf~{ �g �~ftkj{ �tg{ j�{ ��e� h����tkg�{ {��fk�g{ x
� �� �� � �	��� �������	���� ��
�	����� ���
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y �~fth � �� �~~��tgfkjj�ggt�� h��h�{~� �tg{ j�{ � jf��{ ht�fk�ejtk��{ ts�� kgf��t�fk�g �{f

eg� m~f���� ��mm��� h�e� �km kge�� j� h��ij�m � �� �~�~g~��{��g�� �e u �e �� ht�fk�ej�{ x��h�g�tgf j��{le� j� {v{f�m � �vgtm kle� �{f m tj h�{~ � � ��{f����k�� j� �thh��f {k�gtj {e�
i�ekf �{f {�kf f��{ ��tg� {�kf f��{ h �fkf � j�{ � jf��{ ht�fk�ejtk��{ ��g��gf��gf ��{ h��ij�m �{� �thhtes�k{{�m �gf ��{ ht�fk�ej�{ x �� h�~g�m�g� �{f � �teftgf hje{ t���gfe~ le� �tg{
j �~fth � �� �~~��tgfkjj�ggt�� � j�{ ht�fk�ej�{ ��h�~{�gf�gf eg� �k{f�kiefk�g �k{���f� te jk�e� �eg� �k{f�kiefk�g ��gfkge� x �k �� h��ij�m � g ��{f ht{ h�k{ �g ��mhf� ������f�m �gf � kj h �ef
��g�ek�� � eg thhtes�k{{�m �gf {~s��� ��{ ht�fk�ej�{ �� f�ef�{ j�{ ht�fk�ej�{ ���eh�gf j�
m �m� h�kgf �� j ��{ht�� � �~ftf ��ggtgf tkg{k eg� ��h�~{�gftfk�g ����g~� �� jt �k{f�kiefk�g�� h��itikjkf~ t h�{f��k��k x
}g� {�jefk�g h �{{ki j� h �e� �g�k�e�� �� h��ij�m � t ~f~ h��h �{~� �tg{ ��e�u tg� � �����

�f �we{{� �� ���� ��� �� � {�e{ j� g�m �� � jf�� ht�fk�ejtk�� �~�ejt�k{~ x �� � jf�� �{f k��gfkle�
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échantillon

 noyau

densité estimée

��� � � x� � �hh��� km tfk�g ��gfkge� �� jt �k{f�kiefk�g �� h��itikjkf~

te � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g ����hf~ j �~fth � �� �~~��tgfkjj�ggt�� lek g� { ��	��fe�
hje{ ht� �thh��f � eg� ��h�~{�gftfk�g �k{���f� �� jt �k{f�kiefk�g �� h��itikjkf~ t h�{f��k��k
m tk{ � ht�fk� � �eg� thh��� km tfk�g ��gfkge� �� jt �k{f�kiefk�g �� h��itikjkf~ p(Xk|Y 1:k)Y�| x ��e�� � x�� x � kg{k j� � jf�� ht�fk�ejtk�� �~�ejt�k{~ thh����� jt �k{f�kiefk�g �� h��itikjkf~
t h �{f��k��k {�j�g jt ��jtfk�g {ekstgf� �

p(Xk|Y 1:k) ≈
N∑

n=1

wn
kKh(Xk −Xn

k)
Y� x���

�� Kh
�{f j� g�vte �� �~�ejt�k{tfk�g �~�gk ht� �

Kh(X) =
1

hnx
K(

X

h
)

Y� x���
ts��

� h � j� |t�f�e� �� �kjtftfk�g lek �~�gkf jt ftkjj� �� jt |�g�f�� �e g�vte �� �~�ejt�k{tfk�g �{�e{ jt ��gf�tkgf� le� h > 0
x

� nx � jt �km �g{k�g �e s��f�e� � �~ftf x
y� ht�tm�f�� h u �e� eg �� j� �� jk{{t�� �� jt ��g{kf~ �� h��itikjkf~ t h�{f��k��k x � kg{k {k

h �{f h �fkf � j� g�vte �� �~�ejt�k{tfk�g thh����� eg� kmhej{k�g �� 
k�t� �f ��g� �g �ifk�gfeg� ��h�~{�gftfk�g �k{���f� �� jt �k{f�kiefk�g �� h��itikjkf~ x �e ��gf�tk�� {k h �{f ��tg��g { �thh����� � �eg� ��h�~{�gftfk�g ��gfkge� �� ��jj���k x
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y� g�vte �� �~�ejt�k{tfk�g K �f j� |t�f�e� �� �kjtftfk�g h {�gf ���k{k{ �� m tgk���� m kgkm k{�� j �����e� let��tfkle� m�v�gg� Yg�f~� w��� � �gf�� jt s�tk� �k{f�kiefk�g ��

h��itikjkf~ �f jt ��h�~{�gftfk�g �mhk�kle� |�e�gk� ht� j� � jf�� ht�fk�ejtk�� �~�ejt�k{~ �

MISE(h,K) = E
[ ∫

[ p̂(Xk|Y 1 : k) − p(Xk|Y 1:k) ]2dXk

] Y� x���
}g� ��{��khfk�g �e � jf�� ht�fk�ejtk�� �~�ejt�k{~ �{f ��gg~� ht� j �tj���kf�m � � x	 x

� ������ ��	 
 �� 
 ���� �	 ���� ��� �� ��	 ��� ������� ���

• ���� k = 0

• ���� �	 � SN
0 = (Xn

0 , w
n
0 = 1

N
) �	 �� � �� �� � ���� �� �	 L0

�
• ���� k ≥ 1

•  !� "�# $� % & ���� �	 � Xn
k �	 �� � �� �� � p(Xn

k |Xn
k−1)

�
• *���+,# $� % &

• �� �� �� ��	� �	� ���� ��� �	� �� ����	 � �	� �� ��� �� � ����� ����� 


w̃n
k = p(Y k|Xn

k)w̃n
k−1

• ���� ����� ���	 � �	� �� ��� 
 wn
k = w̃n

k/
∑N

n=1 w̃
n
k
�

• ���,�/%# $""� %%/�+ &
• � � �	 � ���� �	 �	 �������� ���� ����	 	�� �� ���� � ���� 


• �� ����	 �
Sk

�� ��� ���	 �	 ������� ��	 	�����) �	 �� � 	 �
 �	 ���� �� � �	�
SN

k

• �� ����	 �
Dk

�	 � ) �	
DkD

T
k = Sk

• 			���	 � �� � ����	 � ����� ��	 ��	� �	� ��	 ���� � SN
k

	� ������� �� ��	 ��
�	�	�� ��
 �� ��� wn

k

• �	�� �	 �	� �� ��� wn
k
� �� �� �	 �� 1

N

• ���� �	 � N ������ �	� � ����� ��	� εn � ���� �� � � ����� � (����	�������
• 	 �� � ��� ���	 � Xn

k = Xn
k + hoptDkε

n

•  -# $./# $� % & �	 ����	 SN
k|k = (sk

k, w
n
k ) �	 ��	� � (� ���� ��	 � �� �� � � ����	 ��� �� 


p(Xk|Y 1:k) =

N∑

n=1

wn
k δXn

k

�g f��m � �� ��mhj�� kf~ � j� � jf�� ht�fk�ejtk�� �~�ejt�k{~ �{f ��mht�tij� te � jf�� ht�fk�
�ejtk�� ts�� kgf��t�fk�g � ��mtg�tgf {�ej�m �gf �g hje{ jt �~g~�tfk�g �� � ht�fk�ej�{ {�j�g
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j� g�vte �� �~�ejt�k{tfk�g � ��tle� ~fth � �� �~~��tgfkjj�ggt�� x 
tg{ jt h�tfkle� � kj �i�
fk�gf �� m �kjj�e��{ h ��|��m tg��{ le� j� � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g � �g ht�fk�ejk�� kj
�{f �thtij� � ��g�k�e�� j�{ �t{ � �thhtes�k{{�m �gf {~s���{ �e u �e� �� ht�fk�ej�{ j��{le� j�{
i�ekf{ �e {v{f�m � �vgtm kle� {�gf gej{ x �~tgm�kg{ �tg{ j� �t{ �� j�{ i�ekf{ �� m �{e��{
{�gf |tki j�{ jt let{k�f�ftjkf~ ��{ ht�fk�ej�{ �gf eg� s�tk{�mijtg�� gejj� Y��e�� � x�� �f j�
� jf�� ht�fk�ejtk�� �~�ejt�k{~ h �ef tj��{ �ks����� m tj��~ j �~fth � �� �~�ejt�k{tfk�g x

��� � � x� � 
~�~g~��{��g�� �e � jf�� ht�fk�ejtk�� �~�ejt�k{~ � |tki j� i�ekf � ��i{��stfk�g

p �n �
�

�p ��GJ� G5;J� <K MH :G�<H

tg{ j� �t{ �� f�ef�{ j�{ ht�fk�ej�{ �gf j� m �m� h�k�{ � j� ���k� �hfkm tj �e g�vte ��

�~�ejt�k{tfk�g �{f eg g�vte � ��htg���gk��s ��e�u tg� � ����� ���{{k � ����� tkg{k �

Kopt =





nx+ 2

2Cnx

(1 − ||x||) {k||x|| < 1

0 {kg�g
Y� x���

��e� �� m �m� �t{ � j� ht�tm �f�� �� �kjtftfk�g �hfkm tj �{f �

hopt = A(K)N
1

nx+4
Y� x�
�

��
A =

[
8C−1

nx (nx+ 4)(2
√
π)nx

] 1
nx+4 Y� x�	�

�� Cnx
�{f j� s�jem� �� j ��vh ��{h���� �~�gk �tg{ Rnx x �j �{f kmh��ftgf �� g�f�� le� j�g�vte �hfkm tj Kopt

�{f f�ftj�m �gf kg�~h �g�tgf �� jt �k{f�kiefk�g �� h��itikjkf~ p(x) �fle ��g ��stg��� j� |t�f�e� �� �kjtftfk�g �g �{f |��f�m �gf �~h �g�tgf x ��g ���k� �{f ��g�
h�km���ktj h �e� j� ��mh��f�m �gf �� j ��{fkm ~� �
�jtk�j� � ����� x
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y� � jf�� ht�fk�ejtk�� �~g~fkle� h��h�{~ kg kfktj�m �gf ht� � k�e��k �tg{ �� k�e��k � �����

�{f eg� m ~f���� ��k�kgtj� h�e� �~{�e��� j� h��ij�m � �� �~�~g~��{��g�� �e � jf�� ht�fk�e�
jtk�� ts�� kgf��t�fk�g ��mikgtgf jt f�~��k� �� j �~s�jefk�g �~g~fkle� � ��je k��k x y�{ tef�e�{
h��h �{�gf � �kgf���ek�� eg� ~fth � �� meftfk�g �~g~fkle� �tg{ j �~fth � f�t�kfk�gg�jj� �� h�~��k�fk�g �e � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g � tkg{k j�{ ht�fk�ej�{ ~s�je�gf {�j�g j �~letfk�g�vgtm kle� �e {v{f�m � � �~ftf hek{ {eik{{�gf ��{ meftfk�g{ �� f�jj� |t��g le ��jj�{ � ��eh�gf
te m k�e� h�{{ki j� j ��{ht�� � �~ftf x 
tg{ ��ff� {��fk�g g�e{ tjj�g{ �thh �j�� j� h�kg�kh � ��
j �~s�jefk�g �~g~fkle� � ��mm�gf j �thhjkle�� � eg {v{f�m � � ��{ht�� � �~ftf �f �g�g ��mm�gf
j �kgf~���� te � jf�� ht�fk�ejtk�� x

p �n �� �� 	�GKH;JG: L7:7;J^H9 9; 8� 8;�� 9 M �7;<;

9 56J:[J5 9 M9 K �7�GKH;JG: 9: L7:7;J^H9 \ y�{ tj���kf�m �{ � �~s�jefk�g �~g~fkle�
h ��m �ff�gf �� |tk�� ~s�je�� �tg{ j� f�mh{ eg� h �hejtfk�g Pk = (I1

k , I2
k , . . .IN

k )
�� Nkg�ks k�e{ Y�e ����m�{�m�{� �� ��t�eg �� ��{ kg�ks k�e{ ��h�~{�gf� eg� {�jefk�g h�f�gfk�jj�

te h��ij�m � h�{~ x y �~s�jefk�g �tg{ j� f�mh{ � �eg� f�jj� thh�� ��� {� �~��mh�{� �g letf��
~fth �{ �
�x jt ��~tfk�g �� jt h�hejtfk�g kgkfktj� �
� x j �~stjetfk�g � j �kg{ftgf k �� ��tle� {�jefk�g |�e�gk{{tgf tkg{k eg� m�{e�� �� j�e�km h��ftg�� �tg{ jt h �hejtfk�g �
� x jt {~j��fk�g �~g~fkle� h ��m �fftgf �� |��m �� eg� g�es�jj� h�hejtfk�g Pk+1

� ht�fk� ��
jt h �hejtfk�g Pk

�f �g |�g�fk�g ��{ ��g�{ ��������~{ Y� ��{f����k�� �� j�e� kmh��ftg���tg{ jt h�hejtfk�g �
� x j �~s�jefk�g h��h��m �gf �kf� �	��fe~� ht� jt meftfk�g �� jt h�hejtfk�g � eg� g�es�jj�
h�hejtfk�g Pk+1

�{f tkg{k |��m ~� �g thhjkletgf ��{ �h ~�tf�e�{ �~g~fkle�{ {e� jt
h�hejtfk�g Pk

�g h�ef g�f�� le �kj v t ��e� |tm kjj�{ � ��h ~�tf�e�{ �~g~fkle�{ �k	 ~��gf{ �
� j�{ �h ~�tf�e�{ �� meftfk�g � � lek h ��m �ff�gf �� ��~�� �� g�es�te� kg�ks k�e{ �gthhjkletgf �� |tki j� ��tg��m�gf � eg egkle� kg�ks k�e �
� j�{ �h ~�tf�e�{ �� m ~jtg��� � lek h ��m �ff�gf �� ��~�� ��{ g�es�te� kg�ks k�e{ �g��mikgtgf ���ftkg{ ��g�{ �� hje{k�e�{ kg�ks k�e{ x
�g h��gtgf �g ��mhf� ��ff� ��{��khfk�g � �g h�ef �~�gk� j �~s�jefk�g �~g~fkle� ht� j �tj�

���kf�m � {ekstgf �

	�GKH;JG: L7:7;J^H9 M �H: 8�8;�� 9 M �985<[9 M �7;<; \ wtkgf�gtgf � thhjkle�g{ ��
h�kg�kh � � eg� h�hejtfk�g ��gf j �~s�jefk�g �{f �~�k� ht� eg m���j� � ��{ht�� � �~ftf x yt

���	�	��� �� 
��	���
� ������	
� �� 
��	���
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� ������ ��	 
 �� 
 � (��� ��� �� � ����� �) �	

• ���� k = 0

• �%$# $/ "$-/# $� % 
���� �	 � P0

• ���� k ≤ 1

•  !/ "�/# $� % 
 �� ����	 � wn
k−1

�	 �� �� ����� �� � Pk−1 �
• �� "+,# $� % ��%�# $��+ 
 ���� �	 � Pk

	� '� ��� �� � �	 Pk−1

• ��#/# $� % ��%�# $��+ 
 ���	 � Pk
��	� �	� � �� ���	��� ����� �) �	� �

h�hejtfk�g �{f tj��{ {ei{fkfe~� ht� eg �g{�mij� �� s��f�e�{ � �~ftf �
Pk = X1

k, X
2
k, . . . , X

N
k

Y� x���
�f j�{ �k	 ~��gf�{ ~fth �{ �� j �~s�jefk�g ��s k�gg�gf �
�x j �kg kfktjk{tfk�g � ��kf �~g~��� j ��g{�mij� ��{ ~ftf{ Xn

k
�g |�g�fk�g �� jt �k{f�kiefk�g ��

h��itikjkf~ p(X0)
�f ~stje�� j �km h��ftg�� �� ��t�eg �� ��{ ~ftf{ {�j�g jt �k{f�kiefk�g�� h��itikjkf~ p(X0|Y 0)

x
• ��e� n = 1 . . . N �tj�ej�� Xn

0 = p(X0)
�f wn

0 = p(Xn
0 |Y 0)

� x j �~stjetfk�g � ��kf h ��m �ff�� �� �tj�ej�� j �kmh��ftg�� �� ��tle� ~ftf te {�kg �� jt
h�hejtfk�g {�j�g eg� |�g�fk�g �� s�tk{�mijtg�� wn

k = f(Xn
k) lek h �ef �f�� �~�gk���e�k{fkle�m�gf �e �g {ekstgf j�{ |�g��m�gf{ m tf�~mtfkle�{ �e h��ij�m � h�{~ x��{ |�g�fk�g{ ��e�k{fkle�{ h �es�gf �f�� wn

k = |Y − f(Xk)| � wn
k = (Y − f(Xk))

2 �e
�g���� jt j�k g��m tj� wn

k = e−
(Y −Xk)2

2R
x

• ��e� n = 1 . . . N �tj�ej�� wn
k = f(Xn

k)

� x jt {~j��fk�g � h ��m �f �� ��~�� eg g�es�jj� h �hejtfk�g �g {~j��fk�ggtgf j�{ kg�ks k�e{�� hje{ ��tg��{ kmh��ftg��{ � kj �� k{f� �� g�mi��e{�{ f���gkle�{ �� {~j��fk�g � �gf��
tef�� f�ef�{ j�{ f���gkle�{ �� �~~��tgfkjj�ggt�� ��{ � jf��{ ht�fk�ejtk��{ ts�� kgf���
t�fk�g{ {�gf k�k efkjk{tij�{ x

� x jt meftfk�g �~g~fkle� � ��kf �~g~��� eg� g�es�jj� h �hejtfk�g �g jek thhjkletgf j�{
�h ~�tf�e�{ �~g~fkle�{ �f h ��m �f tkg{k �� |tk�� ~s�je�� jt h �hejtfk�g �tg{ j� f�mh{ x

• ��e� n = 1 . . . N �~g~��� eg g�mi�� tj~tf�k�� r ∈ [0, 1]

• �k r < pc
tj��{ {~j��fk�gg�� tj~tf�k��m �gf ��e� kg�ks k�e{ {XA

k , X
B
k }
�tg{

jt h�hejtfk�g �� Pk
�f �	 ��fe�� jt meftfk�g {ekstgf� �

{
XnewA

k = γXA
k + (1 − γ)XB

k

XnewB
k = γXB

k + (1 − γ)XA
k

Y� x���
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�� γ ∈ [0, 1] �{f ���k{k ht� j �efkjk{tf�e� {�j�g j� h��ij�m � � �~{�e��� x y�{ht��gf{ {XA
k , X

B
k } {�gf tj��{ ��mhjt�~{ ht� j�e�{ ��{��g�tgf{

{XnewA
k , XnewB

k } x
• ��e� n = 1 . . . N �~g~��� eg g�mi�� tj~tf�k�� r ∈ [0, 1]

• {k r < pm
tj��{ {~j��fk�gg�� tj~tf�k��m �gf j �kg�ks k�e XA

k

�tg{ jt h�he�
jtfk�g Pk

�f �	��fe�� jt meftfk�g {ekstgf� �
XnewA

k = XA
k + εm

Y� x���
�� εm �{f �~�k ht� jt j�k g��m tj� N (0,Qm)

�~�gk{{tgf jt st�ktfk�g h�{�
{kij� tef�e� �� j �kg�ks k�e ht��gf x

pc
�f pm

��h�~{�gf�gf jt h��itikjkf~ � ��	 ��fe�� {�kf eg i�t{{t�� �~g~fkle� {�kf eg� meft�
fk�g �~g~fkle� x
�s�� eg� f�jj� thh����� � kj �{f h �{{ki j� � ��{fkm �� �tg{ j�{ ~ftf{ {e���{{k|{ X0:k =

(X0, X1 . . .Xk)
� �eg h��ij�m � �~�k ht� eg m���j� � ��{ht�� � �~ftf � mtk{ h��itij�m �gf

ts�� eg� m testk{� h�~�k{k�g x �g �	�f � j �~s�jefk�g �� jt h �hejtfk�g �{f �	��fe~� ht� j �~fth ��� meftfk�g �f g� h��g� ht{ �g ��mhf� j� m���j� �vgtm kle� �e {v{f�m � � �~ftf x � kg{k
jt g�es�jj� h�hejtfk�g Pk

�{f j� �~{ejftf � �eg� �k	e{k�g ��{ ~ftf{ tef�e� �� j �tg�k�gg�
h�hejtfk�g Pk−1

Y��e�� � x� Yt�� �f g ��{f ��g� ht{ ��k�gf~� �tg{ j ��{ht�� � �~ftf ��mm� j�
|��tkf j �~fth � �� h�~�k�fk�g ��{ � jf��{ ht�fk�ejtk��{ Y��e�� � x� Yi �� x �gfekfks�m �gf �g ��m �
h��g� le� ��ff� m ~f���� ��g��gf�� ��{ h��ij�m �{ �� ��gs����g�� �e{ te �t�t�f��� �k	e{�� j �~s�jefk�g �f kmh�{� eg� mtestk{� h�~�k{k�g {e� j ��{fkm ~� x
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p �n � 
98 � K;698 M9 � G:;7 �<6KG �n

p �n �� �p � 6J:[J5 9 MH � K;69 5<6;J[H K<J69 L7:7;J^H9
yt {f�e�fe�� tj���kf�m kle� � �eg � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g �f j �thh����� � �~s��

jefk�g �~g~fkle� �gf �g �~tjkf~ �� g�mi��e{�{ {km kjt�kf~{ �
� j �t{{� �ktfk�g h�hejtfk�g Pn, wn �{f {km kjtk�� te u �e �� ht�fk�ej�{ SN = (Xn, wn) �
� j �~fth � � �~stjetfk�g �{f {km kjtk�� � j �~fth � �� ������fk�g �
� j �~fth � �� {~j��fk�g �{f {km kjtk�� � j �~fth � �� �~~��tgfkjj�ggt�� x�g �	�f � {�ej j�{ ~fth �{ � �~s�jefk�g ��{ ~ftf{ {�gf �k	 ~��gf�{ �tg{ ��{ ��e� thh�����{ x

� � � ��t�eg� �� ��{ ~fth �{ h�~{�gf� eg �~|tef �
�x j �~fth � �� meftfk�g kmh�{� eg� ��gs����g�� j�gf� �� jt h�hejtfk�g s��{ jt s�tk�
{�jefk�g �g �tk{�g � �eg� �k	e{k�g ����{{ks� ��{ ht�fk�ej�{ �tg{ j ��{ht�� � �~ftf x

� x j��{le� j�{ i�ekf{ ��{ ~letfk�g{ �vgtm kle�{ {�gf |tki j�{ � j �~fth � �� h�~�k�fk�g �e
� jf�� ht�fk�ejtk�� kgf���ekf eg h�~g�m�g� �� �~�~g~��{��g�� �e �g ht�fk� te m tgle��� �k	e{k�g ��{ ht�fk�ej�{ �tg{ j ��{ht�� � �~ftf x

� h�k��k � j�e�{ �~|tef{ {�mij�gf �f�� ��mhj~m �gftk��{ �f ��{ ��e� ~fth �{ h �es�gf �f��
��mikg~�{ t�g �� htjjk�� j� h�~g�m�g� �� �~�~g~��{��g�� ��g��gf�~ �tg{ j�{ � jf��{ ht�fk�
�ejtk��{ ts�� kgf��t�fk�g x y� � jf�� tkg{k �if�ge { �thh�jj� j� � jf�� ht�fk�ejtk�� �~g~fkle� �f
h �ef �f�� �~��kf ht� j �tj���kf�m � � x� x
�k j ��g ��mht�� j� � jf�� ht�fk�ejtk�� �~g~fkle� te � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g

f�t�kfk�gg�j � {�ej� j �~fth � �� h�~�k�fk�g �{f �k	 ~��gf� x � jj� �~tjk{� � �tg{ eg h��m k�� f�mh{ �
eg� meftfk�g �e u �e� �� ht�fk�ej�{ Sn

k−1
{�j�g j�{ �k	 ~��gf{ �h ~�tf�e�{ �~g~fkle�{ t�g

le� j�{ ht�fk�ej�{ ��es��gf j� m k�e� h�{{ki j� j ��{ht�� � �~ftf hek{ � �tg{ eg ��e� k�m �
f�mh{ � �jj� �	��fe� j �~s�jefk�g ��{ ht�fk�ej�{ {�j�g j�{ ~letfk�g{ �vgtm kle�{ �e {v{f�m �� �~ftf x �~tgm�kg{ h�e� le� jt ��es��fe�� �� j ��{ht�� � �~ftf {�kf �hfkm tj� � kj �{f g~��{{tk��� ���k�gf�� j� h����{{e{ �� meftfk�g �e u �e� �� ht�fk�ej�{ �f ��g� �� {eh��sk{�� j�{ �h ~�t�
f�e�{ �~g~fkle�{ x ��e� ���k � j �tj���kf�m � �� w~f��h �jk{�� t{fkg� �w�f��h�jk{ �� ���� ��
��
�� t{fkg�{ � ����� �{f efkjk{~ x y�{ g�es�te� �h ~�tf�e�{ �~g~fkle�{ �~{ejftgf{ {�gf tj��{ th�
h�j~{ �h ~�tf�e�{ �~g~fkle�{ �m~f��h�jk{~{ �x

p �n �� �n 
98 G576<;9H68 L7:7;J^H98 �� 7;6G5GKJ878 �
�s�� j�{ �h ~�tf�e�{ �~g~fkle�{ f�t�kfk�gg�j{ � j� u �e �� ht�fk�ej�{ {eikf ��{ meftfk�g{�k	e{�{ f�ef tef�e� �� j �tg�k�g u �e �� ht�fk�ej�{ x ��h�g�tgf � h�e� le� j�{ ht�fk�ej�{

��es��gf ������f�m �gf j ��{ht�� � �~ftf kj �{f g~��{{tk�� le� ��ff� meftfk�g {�kf ��k�gf~� x � � �
j��{ �� jt ���gk��� ������fk�g � j� u �e �� ht�fk�ej�{ �{f ��k�gf~ �tg{ j ��{ht�� � �~ftf � {�j�g jt��g{kf~ � �kmh��ftg�� p(Y k−1, X

n
k−1)

x �j �{f ��g� �ijk�tf�k�� le� j�{ �h ~�tf�e�{ �~g~fkle�{
h��gg�gf �g ��mhf� ��ff� ��g{kf~ � �kmh��ftg�� h�e� �~tjk{�� jt meftfk�g �yke � ���	� x ��e�
���k j�{ �h ~�tf�e�{ �~g~fkle�{ f�t�kfk�gg�j{ {�gf m ��k�~{ �g kgf���ek{tgf j �tj���kf�m � ��w~f��h �jk{�� t{fkg�{ �tg{ j�e� {f�e�fe�� x ��{ g�es�te� �h~�tf�e�{ {�gf h�~{�gf~{ �tg{ j�{
tj���kf�m �{ � x� �f � x�� x
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� ������ ��	 
 �� 
 ���� �	 ���� ��� �� ��	 ����� �) �	 ���

• ���� k = 0

• ���� �	 � SN
0 = (Xn

0 , w
n
0 = 1/n) �	 �� � �� �� � ���� �� �	 L0

• ���� k 6= 1

•  !� "�# $� % 

• �����) �	 � �(� �� ���	�� �	 �� �� ��	 ����� �) �	 � SN

k−1

• �����) �	 � �(� �� ���	�� �	 ����� �� � ����� �) �	 � SN
k−1

• ���� �	 � Xn
k �	 �� � �� �� � p(Xn

k , X
n
k−1)

• *���+,# $� % 

• �� �� �� ��	� �	� ���� ��� �	� �� ����	 � �	� �� ��� �� � ����� �����

w̃n
k = p(Y k|Xk)w

n
k

• ���� ����� ���	 � �	� �� ��� wn
k = w̃n

k

∑N
n=1 w̃

n
k

• ���,�/%# $""� %%/�+ 

• 			���	 � �� � ����	 � ����� ��	 ��	� �	� ��	 ���� � SN

k
	� ������� �� ��	 ��	�	��

��
 �� ��� wn
k

• �	�� �	 �	� �� ��� � �� �� �	�� 1
N

•  -# $./# $� % & �	 ����	 SN
k = (Xn

k , w
n
k ) �	 ��	� � (� ���� ��	 � �� �� � � ����	 ��� �� 


p(Xk|Y 1:k) =

N∑

n=1

wn
kδsn

k

�g h �ef g�f�� le� j�{ h��itikjkf~{ pc
�f pm

g �thht�tk{{�gf hje{ �tg{ j�{ �h ~�tf�e�{
�~g~fkle�{ �m~f��h�jk{~{ �� �t� �jj�{ {�gf ��mhjt�~�{ ht� j�{ ��kf���{ �� w~f��h �jk{ x

p �n �� �
� �G:[KH8JG:


 �th��{ j�{ �~{ejftf{ ��h ~�km �gfte� h�~{�gf~{ ht� z kf� �tg{ �zkf� �� ���� ����t� �f
�zkf� �� ���� ����i � � j� ��mh��f�m �gf �e � jf�� ht�fk�ejtk�� �~g~fkle� �{f ik�g m�kjj�e�
le� ��jek �e � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g x yt meftfk�g �~g~fkle� j��{ �� j �~fth ��� h�~�k�fk�g h ��m �f ik�g eg� m�kjj�e�� ��es��fe�� ��{ ht�fk�ej�{ �� j ��{ht�� � �~ftf �f
�g�k�e� j� h�~g�m�g� �� �~�~g~��{��g�� �e � jf�� ��� x 
� hje{ j �efkjk{tfk�g �� j �tj���kf�m ��� w~f��h�jk{�� t{fkg� �tg{ j�{ �h ~�tf�e�{ �~g~fkle�{ t{{e�� eg� ��es��fe�� �hfkm tj� ��
j ��{ht�� � �~ftf te se ��{ �i{��stfk�g{ �f h��s�le� eg� ��gs����g�� {��� �f �thk�� �� ��
� jf�� � m �m� ts�� eg g�mi�� �� ht�fk�ej�{ �~�ekf x y �kgf���e�fk�g �� meftfk�g{ �~g~fkle�{�tg{ j �~fth � � �~s�jefk�g h ��m �f te{{k eg �tkg �g f�mh{ �� �tj�ej � �g m ~m�k�� � �g h�~�k{k�g�e � jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g �jt{{kle� x



p �
�

�
�G:[KH8JG: ��

� ������ ��	 
 �� 
 � (� �� ���	�� �	 �������	 ����� �) �	 ���� ���� ���� �

• ���� n . . .N �� �	�� �� ��	 � � ����� ��	�	�� �	�
 ���� ��� �	� {SA
k−1,SB

k−1} 	� �����) �	 � �	��
�(� �� ���	�� �	 �������	 ����� �) �	 � ��� �� �� ��	 �

{
XnewA

k−1 = γXA
k−1 + (1 − γ)XB

k−1

XnewB
k−1 = γXB

k−1 + (1 − γ)XA
k−1

�� γ 	�� ��� � ��� �� �� � ���'���	 U [0, 1] �
• �	�����	 � �	� ���	��� ��� �	 ��� �	��	 ������ 	 � ��	���� 	 � �����	 �	 � ���� �	 �	 ��� ����� ��� 


• Snew
k−1

	�� ���	 ���	 � �

p(Y k−1|Xnew
k−1) > max{p(Y k−1, X

A
k−1), p(Y k−1, X

B
k−1)}

• � ���� 	 ��	 	�� ���	 ���	 �	 �� � ������ �����

p(Y k−1|Xnew
k−1)

max{p(Y k−1, X
A
k−1), p(Y k−1, X

B
k−1)

� ������ ��	 
 ��� 
 � (� �� ���	 �� �	 ����� �� � ����� �) �	 ���� �� �� ���� �

• ���� n . . .N �� �	�� �� ��	 � � ����� ��	�	�� ��	 ���� �� � �	 SA
k−1

	� � ����) �	 � ��� �(� �� ���	��
�	 ����� �� � ����� �) �	 � ��� �� �� ��	 �

XnewA
k−1 = XA

k−1 + εm

�� εm ��� � ��� N (0, σ2
m)

• �	�����	 � �	 ���	�� ��� ��� �	��	 ����� 	 � ��	���� 	 � �����	 �	 � ���� �	 �	 ��� �� �� ���
• SnewA

k−1
	�� ���	 ���	 � �

p(Y k−1|Xnew
k−1) > p(Y k−1, X

A
k−1)

• � ���� 	 ��	 	�� ���	 ���	 �	 �� � ������ �����

p(Y k−1|Xnew
k−1)

p(Y k−1, X
A
k−1)

� �� #%�!�*��%�

tg{ �� ��thkf�� g�e{ ts�g{ �~��kf j�{ ��e� h�kg�khtj�{ m ~f����{ �� � jf�t�� � {ts�k� �

j�{ m ~f����{ tgtjvfkle�{ ts�� j� � jf�� �� 
 tjm tg �f j�{ m ~f����{ gem ~�kle�{ ts�� j�
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� jf�� �� w�gf~ �t�j� �f {�{ st�ktgf�{ x 
tg{ j�{ m ~f����{ tgtjvfkle�{ � j� � jf�� �� 
 tjm tg
~f�g�e �{f j� � jf�� ht� ����jj�g�� ��ggtgf ��{ �~{ejftf{ �thk��{ �f {tfk{|tk{tgf{ �tg{ j�
�t��� �� {v{f�m �{ |tki j�m �gf g�g� jkg~tk��{ x ��h�g�tgf j��{le� j� {v{f�m � ��sk�gf |��f��
m�gf g�g� jkg~tk�� {�{ h ��|��m tg��{ {� �~��t��gf x y �}g{��gf�� 
 tjm tg �kjf�� h ��m �f ��
�~{�e��� �� h��ij�m � mtk{ {�ej�m �gf {�e{ jt ��gf�tkgf� le� j�{ �k{f�kiefk�g{ �� h��itik�
jkf~ t h�k��k �f t h�{f��k��k {�k�gf �� gtfe��{ �te{{k�gg�{ x �g �����{ �� ��{ �vh�f��{�{ �
kj |�e�gkf je k te{{k �� m testk{ �~{ejftf{ x �j {�mij� ��g� h �e efkjk{tij� �tg{ j� ��gf��f��� jt ��i �fkle� m�ikj� �� �� g�mi��e� iktk{ {�gf kgf���ekf{ �tg{ j �~fth � �� h�~�k�fk�gYiktk{ �e �v��m �f�� � ��ggtk{{tg�� thh��� km tfks� �� jt �~�m~f�k� �e ��i �f �f� xxx� �f �� j�{�k{f�kiefk�g{ �� h��itikjkf~ �gf h �e �� ��tg�� � ��f�� �te{{k�gg�{ x
y��{le� j�{ ��g�kfk�g{ �� g�g� jkg~t�kf~{ {�gf |��f�{ �f le� j�{ m ~f����{ tgtjvfkle�{

~���e�gf � j�{ m ~f����{ gem~�kle�{ Y�g ht�fk�ejk�� j�{ � jf��{ �� w�gf~ �t�j� � {�gf tj��{
efkjk{~�{ x ��h �g�tgf j�{ � jf��{ �� w�gf~ �t�j� h�~{�gf�gf �e� te{{k le�jle�{ |tki j�{{�{ x� kg{k � h�e� j�{ � jf��{ �� w�gf~ �t�j� it{~{ {e� jt h�� �~�e�� ��� � �f h�e� eg g�mi��
��g{ftgf �� ht�fk�ej�{ �tg{ j� f�mh{ � kj �{f let{k�kg~s kftij� le� j ��{fkm tfk�g �ks���� �
j�g� f��m � x ��e� j�{ � jf��{ �� w�gf~ �t�j� it{~{ {e� jt h�� �~�e�� ����� � �g ht�fk�ejk�� j�
� jf�� ht�fk�ejtk�� ts�� kgf��t�fk�g � �� h�~g�m�g� �{f tff~ge~ ht� j �tu �ef � �eg� ~fth � ��
�~~��tgfkjj�ggt�� x �~tgm�kg{ ��{ � jf��{ h �es�gf �g���� �ks����� j��{le� j� {v{f�m � � �~ftf
�{f |tki j�m �gf i�ekf~ x
�j �� k{f� ��e� m~f����{ h�e� �km kge�� j� h�~g�m�g� �� �ks����g�� � j� � jf�t�� ht�fk�

�ejtk�� �~�ejt�k{~ �f j� � jf�t�� ht�fk�ejtk�� �~g~fkle� �
�x yt h��m k��� m ~f���� h ��m �f �� ��g{��s�� jt �ks��{kf~ �e u �e �� ht�fk�ej�{ �����

� eg� ~fth � �� �~�ejt�k{tfk�g ht� g�vte �� ��gs�jefk�g �f tkg{k � ��	 ��fe�� eg�
�{fkm tfk�g ������f� j��{le� j�{ i�ekf{ �e {v{f�m � �vgtm kle� {�gf |tkij�{ � �e m �m�
s�k�� kg�� k{ftgf{ x ��h�g�tgf � �� � jf�� h �ef f�ef �� m �m� �f�� m k{ �g �~|tef j��{le�
j� i�ekf �� m �{e�� �{f f��{ |tki j� x

� x yt {���g�� m~f���� h��m �f �jj� te{{k �� ��g{��s�� jt �ks��{kf~ �e u �e �� ht�fk�ej�{
m tk{ ��ff� |�k{ �g tm ~jk��tgf j �~fth � � �~s�jefk�g �e � jf�� ��� � j �tk�� � ��h ~�tf�e�{
�~g~fkle�{ x ��ff� f���gkle� h ��m �f eg� �{fkm tfk�g ������f� j��{le� j�{ i�ekf{ �e
{v{f�m � �vgtm kle� {�gf |tki j�{ x 
� hje{ j �kgf���e�fk�g �� j �tj���kf�m � t���hft�
fk�g���u �f �� w~f��h�jk{��t{fkg� �tg{ j�{ �h ~�tf�e�{ �~g~fkle�{ h ��m �f eg� ��gs���
��g�� �thk�� �� �� � jf�� �f eg� �km kgefk�g ��{ ht�fk�ej�{ g~��{{tk��{ � {�g i�g
|�g�fk�gg�m �gf x

�g�g � h�e� eg i�g |�g�fk�gg�m�gf �� ��{ m ~f����{ �� � jf�t�� � ���ftkg�{ ��gf�tkgf�{
{e� j�{ kg|��m tfk�g{ ��ks�gf �f�� ��{h ��f~�{ x � kg{k h�e� j�{ �ks��{ � jf��{ �� 
 tjm tg � j ��{�
fkm tfk�g �� j �~ftf �e {v{f�m � {� it{� {e� j�{ ��e� h��m k��{ m�m �gf{ ��{ kg|��m tfk�g{ � kj
�{f tj��{ h�~|~�tij� le� ��{ kg|��m tfk�g{ {�k�gf �� gtfe�� �te{{k�gg� �f {�k�gf g~��{{tk���
m�gf ijtg���{ x �g ��stg��� ��mm� j�{ � jf��{ ht�fk�ejtk��{ f�tkf�gf �k���f�m �gf jt ��g{kf~�� h��itikjkf~ � jt gtfe�� ��{ kg|��m tfk�g{ kmh��f� h �e Y�� � egk|��m � � �te{{k�gg� � mejfk�
m��tj� �f� xxx� x �t� ��gf�� � ��mm� h�e� j� � jf�� �� 
 tjm tg � ��{ kg|��m tfk�g{ ��ks�gf �f��



p �
�
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ijtg���{ x �k ��ff� ���gk��� ��gf�tkgf� g ��{f ht{ ��{h ��f~� � ��jt {k�gk�� le� ��{ kg|��m tfk�g{
��mh��f�gf eg� ht�fk� {f� ��t{fkle� lek �{f �jj��m �m� �~�k� ht� eg {v{f�m � � �~ftf x ��e�
�if�gk� eg |�g�fk�gg�m �gf �hfkm tj ��{ m ~f����{ �� � jf�t�� h�~{�gf~�{ �tg{ �� ��thkf�� � kj
�{f tj��{ g~��{{tk�� � �k��gfk��� �� {v{f�m � � �~ftf �f �� j �kgf���ek�� �tg{ j� {v{f�m � � �~ftf�e � jf�� �� 
 tjm tg �e �e � jf�� ht�fk�ejtk�� x � ��{f j ��iu �f �e h����tkg ��thkf�� x





�1>� VQS4 �
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��mm� �g j �t se � jt �g �e ��thkf�� h�~�~��gf � j�{ m ~f����{ �� � jf�t�� ��lek���gf
���ftkg�{ ��gf�tkgf�{ {e� j�{ kg|��m tfk�g{ le ��jj�{ f�tkf�gf ��gf jt hje{ kmh��ftgf� �{f j�e�
ijtg���e� x �k ��ff� ��gf�tkgf� g ��{f ht{ ��{h ��f~� ��jt {k�gk�� le� j�{ kg|��m tfk�g{ g� {�gf
ht{ egkle�m�gf �t�t�f~�k{~�{ ht� j�e�{ h��h�k~f~{ {ftfk{fkle�{ m tk{ {�gf te{{k ht� j�e�
��mh��f�m �gf f�mh���j x 
tg{ �� �t{ � kj �{f g~��{{tk�� �� j� m��~jk{�� �f �� j� h��g��� �g
��mhf� �tg{ j� h����{{e{ �� |e{k�g t�g � ��if�gk� eg � jf�t�� �hfkm tj x ��g{k�~��g{ χ̃k

eg�
kg|��m tfk�g g�g ijtg��� � ��jj���k h �ef �f�� �~��kf� �� jt m tgk��� {ekstgf� �

χ̃k = χk + bχk
+ εχk

Y� x��
ts��

� χ̃ � j �kg|��m tfk�g |�e�gk� ht� eg �thf�e� �
� χ � jt stj�e� �~�jj� �� j �kg|��m tfk�g �e jt ht�fk� {v{f~m tfkle� �� j �kg|��m tfk�g χ̃
� bχ

� jt ht�fk� g�g�ijtg��� �� j �kg|��m tfk�g χ̃ le� j ��g g�mm��t ht� jt {ekf� �ht�fk�{f� ��t{fkle� ��
� εχ

� eg i�ekf ijtg� �~{k�e�j x
�� jt ht�fk� {f� ��t{fkle� bχ �� j �kg|��m tfk�g χ̃ h �ef �f�� ��g{k�~�~� ��mm� eg h�� ��{{e{{f� ��t{fkle� ��gf j� ��mh��f�m �gf �tg{ j� f�mh{ �{f �~�k ht� j� {v{f�m � � �~ftf {ekstgf �






bχk
= Fbχk−1

+ Φwk

yk = Hbχk
+ Ψvk

Y� x��

�� {v{f�m � � �~ftf �~��kf ��g� j� ��mh��f�m �gf �tg{ j� f�mh{ �� jt ht�fk� {f� ��t{fkle��� j �kg|��m tfk�g χ̃k
� j��{le �eg� f�jj� kg|��m tfk�g �{f h�k{� �g ��mhf� �tg{ eg� m~f����

� jf�t�� x �j �{f tj��{ g~��{{tk�� �� �t�t�f~�k{�� �� {v{f�m � � �~ftf Y�g ht�fk�ejk�� j� {v{f�m ��vgtm kle�� �f �� j �kgf~���� te {v{f�m � � �~ftf �� jt m ~f���� �� � jf�t�� x

tg{ �� ��thkf�� � g�e{ tjj�g{ f�ef � �ti��� �thh �j�� j�{ �ks��{ �efkj{ m tf�~m tfkle�{

g~��{{tk��{ � jt �t�t�f~�k{tfk�g ��{ h�� ��{{e{ {f���t{fkle�{ g�ftmm�gf jt |�g�fk�g � �tef��
����~jtfk�g lek h ��m �f �� �~��k�� j�e� ��mh��f�m �gf f�mh���j � hek{ h�~{�gf�� j�{ �k	 ~��gf{
m���j�{ �� it{� h ��m �fftgf eg� �t�t�f~�k{tfk�g {kmhj� �f �thk�� �� g�mi��e� h�� ��{{e{
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{f� ��t{fkle�{ x �� {�gf j�{ h����{{e{ �� ��g{ftgf� tj~tf�k�� � j�{ h�� ��{{e{ �� m t���� tj~t�
f�k�� �e �g���� j�{ h����{{e{ �� �te{{�wt���s x �g�g j��{le� ��{ ���gk��{ g� h �es�gf
thh������ j�{ s~�kftij�{ h����{{e{ {f���t{fkle�{ � j�{ h����{{e{ tef��~���{{k|{ {�gf {�es�gf
efkjk{~{ x ��e� ��k �gf jt ht�fk�ejt�kf~ �� h�es�k� efkjk{�� eg ��tg� g�mi�� �� ht�tm�f��{
t�g � ��if�gk� eg� ��{��khfk�g f��{ ���j� �e h����{{e{ � m��~jk{�� x ��{ ht�tm �f��{ {�gf j�
hje{ j� {�es�gf �~f��m kg~{ ht� ��{ m ~f����{ �� �~���{{k�g jkg~tk�� f�jj� le� jt m ~f������ �ej���tj��� � jt m ~f���� �� jt ��st�ktg�� �e �g���� jt m ~f���� �� �e�� Y�| {��fk�g
� x�� x

� �� .%�/�$��� $��d�$����*��
� �� �� �������� 	 
���� ����� 	����� �� 	������ �� �����	�
��g{k�~��g{ eg h����{{e{ {f���t{fkle� {ftfk�ggtk�� te {���g� ����� � � ��{f����k�� eg

h�� ��{{e{ lek � g �kmh��f� le�j kg{ftgf �e f�mh{ � jt m �m� m�v�gg� �f jt m �m� st�ktg�� x
 �th��{ �����g �� ���� ����� � h�e� �t�t�f~�k{�� �gfk���m �gf eg h����{{e{ {f���t{fkle� � kj
�{f g~��{{tk�� �� ��ggt�f�� j�{ �~h �g�tg��{ �tg{ j� f�mh{ �� f�ef�{ j�{ stj�e�{ �e h����{�
{e{ �f h��h�{� � �efkjk{�� j�{ �t�t�f~�k{fkle�{ �� jt |�g�fk�g � �tef�����~jtfk�g h �e� �~�gk�
j� h����{{e{ x
yt |�g�fk�g � �tef� ����~jtfk�g � �eg h�� ��{{e{ b(t) �{f �~�gk� ��mm� jt m�v�gg� �eh���ekf b(t).b(t − τ) �

R̄bb(τ) = E[b(t).b(t − τ)] =

∫ +∞

−∞

b(t).b(t− τ)dτ
Y� x��

�� τ �{f j� �~�tjt�� f�mh���j �gf�� j�{ ~��tgfkjj�g{ x
�k j� h��ij�m � �{f f�tkf~ �tg{ j� ��mtkg� �k{���f � jt |�g�fk�g � �tef�����~jtfk�g �{f

��mhjt�~� ht� jt {~le�g�� � �tef�����~jtfk�g lek �{f �~�gk� �� jt m tgk��� {ekstgf� �

R̄bb(m) = E[b(k).b(k −m)] = m�tg[
∞∑

k=−∞

b(k).b(k −m)
] Y� x��

��
� k ��h�~{�gf� j�{ kg{ftgf{ � �~��tgfkjj�ggt�� �e h����{{e{ � f�j{ le� t = k∆T

ts�� ∆Tjt h ~�k��� � �~��tgfkjj�ggt�� �e h�� ��{{e{ �k{���f �
� m ��h�~{�gf� j� �~�tjt�� f�mh���j �gf�� j�{ ~��tgfkjj�g{ x

 �th��{ j�{ ~letfk�g{ Y� x�� �f Y� x� � � j�{ stj�e�{ �� R̄bb

{�gf ��gge�{ {k j� g�mi�� ��
m�{e��{ ��h ~�km �gftj�{ �e h�� ��{{e{ tj~tf�k�� b �{f kg�gk x ��h�g�tgf � �tg{ jt h�tfkle� �jt |�g�fk�g � �tef� ����~jtfk�g �{f �tj�ej~� � ht�fk� � �eg g�mi�� �� m �{e��{ �gk x 
tg{ ��
�t{ R̄bb(m) �{f tj��{ ��mhjt�~� ht� Rbb(m)

x � kg{k h �e� eg� {~�k� �� m �{e��{ �k{���f�{ �e
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h�� ��{{e{ b(k) ts�� k = 1 . . .N � jt {~le�g�� � �tef�����~jtfk�g �{f �

Rbb(m) = E[b(k).b(k −m)] =
1

N − |m|

N−|m|∑

k=1

b(k).b(k −m)
Y� x
�

��e� j� �~�tjt�� m = 0 � jt stj�e� �� jt {~le�g�� � �tef�����~jtfk�g �{f ��gg~� ht� �

Rbb(0) = E[b2(k)] =
1

N

N∑

k=1

b2(k) = σ2
b + µ2

b

Y� x	�

��
� σb

�{f j �~�t�f�fvh � �e h����{{e{ tj~tf�k�� b(k) �
� µb

�{f jt m�v�gg� �e h�� ��{{e{ tj~tf�k�� b(k) x

 �th��{ j �~letfk�g Y� x	� � {k j� h�� ��{{e{ ~fe�k~ �{f g�g iktk{~ Yh����{{e{ � m�v�gg�

gejj�� � h�e� m = 0 jt {~le�g�� � �tef�����~jtfk�g |�e�gkf �k���f�m �gf jt st�ktg�� �� ��h�� ��{{e{ x 
� hje{ � {k jt |�g�fk�g � �tef� ����~jtfk�g �~����f �thk��m �gf �tg{ j� f�mh{ �
j� h�� ��{{e{ st�k� �thk��m �gf �tg{ j� f�mh{ x �e ��gf�tk�� � {k jt |�g�fk�g � �tef�����~jt�
fk�g �~����f ��e��m �gf tj��{ j� h����{{e{ st�k� j�gf�m �gf x 
� ht� �� ��g{ftf � �g h �ef
�g �~�ek�� le �eg h�� ��{{e{ h �ef �f�� te{{k �~��kf ht� {�{ �t�t�f~�k{fkle�{ |�~le�gfk�jj�{
�f g�ftmm�gf ht� {t ��g{kf~ {h ��f�tj� �� hek{{tg�� x yt ��g{kf~ {h ��f�tj� �� hek{{tg��
�{f �tj�ej~� ht� jt f�tg{|��m ~� �� ��e��k�� �� jt |�g�fk�g � �tef�����~jtfk�g �e h�� ��{{e{
~fe�k~ x y�{ ��g{kf~{ {h ��f�tj�{ �� hek{{tg�� � �eg {k�gtj ��gfkge �f � �eg {k�gtj �k{���f {�gf�~��kf�{ ��{h ��fks�m �gf ht� j�{ ~letfk�g{ Y� x�� �f Y� x�� x

Sbb(w) =

∫ +∞

−∞

Rbb(τ)e
−jwtdτ

Y� x��

Sbb(e
jw) =

+∞∑

m=−∞

Rbb(m)e−jwm Y� x��
yt ��g{kf~ {h ��f�tj� �� hek{{tg�� �~��kf ��mm�gf jt hek{{tg�� Y�e hjef�f �tg{ g�f�� �t{
jt st�ktg��� � �eg� {~�k� �� m �{e��{ �{f �k{f�kie~� �tg{ j� ��mtkg� |�~le�gfk�j x �~�kh��le��
m�gf � jt |�g�fk�g � �tef� ����~jtfk�g �e jt {~le�g�� � �tef� ����~jtfk�g h�es�gf �f�� �tj�ej~�{
ht� jt f�tg{|��m ~� kgs��{� �� ��e��k�� �� jt ��g{kf~ {h ��f�tj� �� hek{{tg�� �f {�gf �~�gk�{
��{h ��fks�m �gf ht� j�{ ~letfk�g{ Y� x�� �f Y� x��� �

Rbb(τ) =
1

2π

∫ +∞

−∞

Sbb(w)ejwtdw
Y� x��

Rbb(m) =
1

2π

∫ +π

−π

Sbb(e
jw)ejwmdw

Y� x���
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y� i�ekf ijtg� ��g���{�g �� ���� ����� � j��{le �kj �{f {ftfk�ggtk�� �{f eg h����{{e{ tj~t�

f�k�� �� m�v�gg� gejj� Yµb = 0� �f �� ��g{kf~ {h ��f�tj� �� hek{{tg�� ��g{ftgf� YSbb(.) =
Sbb(0)� x 
 �th��{ j�{ ~letfk�g{ Y� x�� �f Y� x��� � jt |�g�fk�g � �tef� ����~jtfk�g �f jt {~le�g��� �tef� ����~jtfk�g � �eg i�ekf ijtg� {�gf ��gg~�{ ��{h ��fks�m �gf ht� j�{ ~letfk�g{ Y� x���
�f Y� x��� �

Rbb(τ) =
1

2π

∫ +∞

−∞

Sbb(0)ejwtdw =
Sbb(0)

2π

∫ +∞

−∞

ejwtdw = Sbb(0)δ(τ)
Y� x���

Rbb(m) =
1

2π

∫ +π

−π

Sbb(0)ejwmdw =
Sbb(0)

2π

∫ +π

−π

ejwmdw = Sbb(0)δ(m)
Y� x���

�� δ(τ) �{f jt |�g�fk�g �� 
 k�t� h�e� jt ��h�~{�gftfk�g ��gfkge� �f δ(m) �{f j �km hej{k�gegkftk�� h�e� jt ��h�~{�gftfk�g �k{���f� �f {�gf �~�gk�{ �� jt m tgk��� {ekstgf� �

δ(τ) =

{
0 h�e� τ 6= 0
∞ h�e� τ = 0

�f δ(m) =

{
0 h�e� m 6= 0
1 h�e� m = 0

Y� x���
�kg{k �g ��g{k�~�tgf j �~letfk�g Y� x��� �f j�{ h��h�k~f~{ �� j �km hej{k�g egkftk�� δ(m) � �gh�ef �g �~�ek�� le� jt |�g�fk�g � �tef�����~jtfk�g Rbb(m) �{f ~�tj� � Rbb(0) �

Rbb(0) = σ2
b = Sbb(0)δ(0) ⇔ Sbb(m)δ(m)

Y� x���
y�{ ��e��{ � x�Yt� �f � x�Yi � m�gf��gf ��{h ��fks�m �gf jt |�g�fk�g � �tef� ����~jtfk�g �f jt��g{kf~ {h ��f�tj� �� hek{{tg�� � �eg i�ekf ijtg� x 
 �th��{ jt |�g�fk�g � �tef� ����~jtfk�g � kj

g ��� k{f� te�eg� tef�����~jtfk�g � �eg i�ekf ijtg� �g �����{ �� m
�
� x 
� hje{ � �g h��gtgf

�g ��mhf� j�{ �t�t�f~�k{fkle�{ �� j �km hej{k�g �� 
 k�t� � jt st�ktg�� � �eg i�ekf ijtg� �{f
kg�gk� x � kg{k j� i�ekf ijtg� Y{�es�gf thh �j~ h����{{e{ tj~tf�k�� he�� �{f {�ej�m �gf eg
��g��hf f�~��kle� �f g ��{f ht{ h�v{kle�m �gf �~tjk{tij� ���ji � ����� x �g �~hkf �� ���k � �tg{
jt h�tfkle� � j� i�ekf ijtg� h �ef �f�� efkjk{~ ts�� {e���{ h�e� thh������ ���ftkg{ h�� ��{{e{
tj~tf�k��{ �e ik�g �g���� h�e� �~g~��� � �tef��{ h����{{e{ tj~tf�k��{ �g j� ht{{tgf te f�ts��{�� � jf��{ |��m �e�{ Y{�thkg� � jf��{ �g tg�jtk{� x

� ��  �%!���*� -������ � `����� / ,*� a�*�� a���!
yt hjeht�f ��{ h����{{e{ {f���t{fkle�{ g� h �es�gf �f�� �~�gk{ tgtjvfkle�m�gf �t� �

f�ef kg{ftgf kj{ {�gf ��es��g~{ ht� j� �t�t�� x ��h�g�tgf kj{ h �es�gf �f�� thh�� ��~{ ht� ��{
h�� ��{{e{ ��gf j�{ �t�t�f~�k{fkle�{ Ym �v�gg� � st�ktg�� � |�g�fk�g � �tef� ����~jtfk�g �f� xxx�
{� �thh�����gf j� hje{ h�{{ki j� �� j�e�{ �t�t�f~�k{fkle�{ x ��{ h����{{e{ {�gf �~g~�tj�m �gf
�~g~�~{ �g ht{{tgf eg i�ekf ijtg� � f�ts��{ eg � jf�� |��m �e� Y�~g~�tj�m �gf eg {v{f�m ��vgtm kle� jkg~tk��� � �� � jf�� m��k�� ��g� j�{ �t�t�f~�k{fkle�{ �� jt {~le�g�� � ��gf�~�
h�e� le ��jj� thh�� ��� j� hje{ h�{{ki j� j�{ �t�t�f~�k{fkle�{ �e h����{{e{ {f���t{fkle� � m���~jk{�� x 
tg{ ��{ ��g�kfk�g{ � j�{ �k	 ~��gf{ ht�tm �f��{ �e � jf�� |��m �e� {�gf �hfkm tj�m �gf
�{fkm ~{ �g m kgkm k{tgf te {�g{ ��{ m �kg���{ �t��~{ jt �k	~��g�� �gf�� j� h����{{e{ �f jt
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−τ τ

Rbb(0) = Sbb(0)δ(0)

���
−w w

Sbb = Sbb(0) = cste

�� �

��� � � x�� �t�t�f~�k{fkle�{ � �eg i�ekf ijtg� � ��e�� Yt� |�g�fk�g � �tef�����~jtfk�g ��e��Yi � ��g{kf~ {h ��f�tj�

Système dynamique

linéaire

Filtre formeur

Estimation

optimale

+
-

Signal à modéliser

Bruit

 blanc

��� � � x� � 
~f��m kgtfk�g �e � jf�� |��m �e�

{��fk� �e � jf�� |��m �e� Y��e�� � x�� x

 tg{ jt {ekf� �� ��ff� {��fk�g g�e{ tjj�g{ h�~{�gf�� j�{ m ���j�{ �� h�� ��{{e{ {f���t{�

fkle�{ j�{ hje{ efkjk{~{ �tg{ j� ��mtkg� �� jt ��i�fkle� m �ikj� x 
� hje{ � h�e� hje{ ��
jk{ki kjkf~ � b(k) �{f �~{��m tk{ ~��kf bk x

� �� �� �� ��������� �	���� ���
yt ��g{ftgf� tj~tf�k�� thh�j~� �g tg�jtk{ �tg��m ikt{ �e �tg��m ��g{ftgf � �{f eg�

letgfkf~ tj~tf�k�� kmh�{{ki j� � h�~�k�� �f �� stj�e� ��g{ftgf� x 
tg{ �� �t{ � �� h�� ��{{e{
�{f �~�gk ht� j �~letfk�g �k	 ~��gfk�jj� �

ḃ(t) = 0
Y� x�
�


tg{ j� ��mtkg� �k{���f � �� h����{{e{ �{f tj��{ �~�gk ht� j �~letfk�g �� �~�e���g�� �
bk+1 = bk

Y� x�	�



�� � GM7KJ8<;JG: M98 9669H68
�g {ei{fkfetgf j �~letfk�g Y� x�	� �tg{ j �~letfk�g Y� x� � �g �ifk�gf tj��{ jt |�g�fk�g � �tef��
����~jtfk�g � �eg h�� ��{{e{ �� ��g{ftgf� tj~tf�k�� �

Rbb(m) = E[b2k] = Rbb(0) = �{f� Y� x���
�kg{k � j� � jf�� |��m �e� g~��{{tk�� � j ��if�gfk�g � �eg f�j h����{{e{ �{f eg � jf�� lek t h �e�
ht�fk�ejt�kf~ � eg� ��g�kfk�g kgkfktj� tj~tf�k�� � te�eg� �gf�~� �f �~tjk{� eg� kgf~��tfk�g ��
{t {��fk� � �eg kg{ftgf � j �tef�� x

� �� �� �� � ����� �	���� ���
��e� eg h����{{e{ �� fvh � �� m t���� tj~tf�k�� Ythh�j~ �g tg�jtk{ �tg��m �tj� h����{{

�e � kgg�� h����{{ �e �g���� ����gktg�m�fk�g h�� ��{{� � {t h�~�k�fk�g �{f �gfk���m �gf�~�gk� ht� eg h�� ��{{e{ tj~tf�k�� he� � � ��{f����k�� eg i�ekf ijtg� x 
tg{ j� ��m tkg� ��gfkge
�� h�� ��{{e{ �{f ��g� �~��kf ht� j �~letfk�g �k	 ~��gfk�jj� �

ḃ(t) = ε(t)
Y� x���

�f �tg{ j� ��mtkg� �k{���f ht� j �~letfk�g �� �~�e���g�� �
bk+1 = bk + εk

Y� x���
�kg{k � j� h����{{e{ �� m t���� tj~tf�k�� �{f �~g~�~ �g kgf~��tgf eg� {~le�g�� tj~tf�k���~����~j~� �tg{ j� f�mh{ x 
 �tkjj�e�{ �g h��gtgf �g ��mhf� jt f�~��k� �� jt jkm kf� ��gf�tj�
�f h�e� eg g�mi�� �� m�{e��{ f��{ km h��ftgf � j �~letfk�g Y� x��� ��gs���� s��{ �

bk+1 =
k∑

i=1

εi
Y� x���


 �th��{ ��ff� ~letfk�g � kj �{f |t�kj� �� �~f��m kg�� jt m�v�gg� �f jt st�ktg�� � �eg f�j
h�� ��{{e{ �

µb = E[bk+1] = E
[ k∑

i=1

εi

]
=

k∑

i=1

E[εi] = 0
Y� x���

σ2
b = E[b2k+1] − µ2

b = E[b2k+1] =

k∑

i=1

E[ε2i ] = kσ2
ε

Y� x���

 �th��{ j� �tj�ej �� jt st�ktg�� Y�| x ~letfk�g Y� x���� � j� h����{{e{ �� m t���� tj~tf�k��
�{f eg h����{{e{ g�g {ftfk�ggtk�� �t� {t st�ktg�� ��tg�� jkg~tk��m �gf �tg{ j� f�mh{ x �t�
��g{~le�gf j�{ �t�t�f~�k{fkle�{ �� jt |�g�fk�g � �tef�����~jtfk�g g� {�gf ht{ efkjk{tij�{
h�e� �~�gk� �� h����{{e{ x ��h �g�tgf � �th��{ �w��tm �� � ����� � kj h �ef �f�� ��g{k�~�~
{ftfk�ggtk�� h �g�tgf eg |tkij� kgf��stjj� �� f�mh{ x y �thh �jjtfk�g �� mt���� tj~tf�k�� �{f
eg� tgtj��k� te ��mh��f�m �gf � �eg� h ��{�gg� �	��fetgf ��{ �~hjt��m �gf{ {e���{{k|{ �tg{��{ �k���fk�g{ ��mhj�f�m �gf t�ikf�tk��{ x
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� �� �� ��� ��� ������ 	� ������� �����
y�{ h����{{e{ �� �te{{�wt���s {�gf ��{ h����{{e{ {ftfk�ggtk��{ ��gf j�e� |�g�fk�g� �tef� ����~jtfk�g {�gf ��h�~{�gf~�{ ht� eg� ��h�g�gfk�jj� x �t� ���mhj� � h�e� j� h�� ��{{e{�� �te{{�wt���s �e h��m k�� ����� jt |�g�fk�g � �tef�����~jtfk�g �{f �~�gk� ht� �

Rbb(τ) = σ2
be

−β1|τ |
Y� x���

��
� σb

�{f j �~�t�f�fvh � �e h����{{e{ �
� β1

�{f j �kgs��{� �e f�mh{ �� ����~jtfk�g τc1 �e h����{{e{ h �e� j�le�j jt |�g�fk�g� �tef� ����~jtfk�g stef Rbb(τc1) = 1/e σ2
b

x

 tg{ �� �t{ � j� � jf�� |��m �e� �{f j� {v{f�m � t i�e�j� |��m ~� �e h��m k�� ����� le� j ��g

h�ef s�k� �tg{ jt ��e�� � x� x ��mm� j� m �gf�� jt ��e�� � x� � jt ����~jtfk�g �gf�� j�{ m �{e��{� �eg h����{{e{ �� �te{{�wt���s �e h��m k�� ����� �km kge�gf j��{le� j� �~�tjt�� f�mh���j
{~ht�tgf j�{ m �{e��{ te�m�gf� �f ��gs���� s��{ � h�e� τ = ∞ x y� h�� ��{{e{ �� �te{{�wt���s �e ��� ����� �{f f��{ {�es�gf efkjk{~ h �e� m��~jk{�� j�{ h�� ��{{e{ {f� ��t{fkle�{ �t�
{t ��{��khfk�g m tf�~mtfkle� �{f s�tkm �gf {kmhj� x 
tg{ jt ��i�fkle� m �ikj� kj �{f efkjk{~
{�es�gf h�e� ��h�~{�gf�� j�{ ht�fk�{ {f� ��t{fkle�{ ��{ kg|��m tfk�g{ kg��fk�jj�{ ��t�� � �����
��ie�t���e{ � ���
� x

+
-

b(0)

b(t)∫ε(t)

β1

��� � � x� � � kjf�� |��m �e� h�e� eg h����{{e{ �� �te{{�wt���s �e ��� �����


�{ h����{{e{ �� �te{{�wt���s � ������ hje{ ~j�s~ h �es�gf �f�� �~g~�~{ �g efkjk{tgf
jt |��mejtfk�g �~g~�tj� �� j �tef� ����~jtfk�g �� ��{ h�� ��{{e{ ���ji � ����� x � kg{k h�e� eg
����� p � jt |�g�fk�g � �tef�����~jtfk�g � �eg h����{{e{ �� �te{{�wt���s �{f ��gg~� ht� jt��jtfk�g �

Rbb(τ) = σ2
be

βp|τ |

p−1∑

n

(p− 1)! (2βp|τ |)p−n−1(p+ n− 1)

(2p− 2)! n! (p− n− 1)!

Y� x���
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−τ τ

−τc1 = − 1

β1
τc1 =

1

β1

σ2
be

−β1|τ |

σ2
b

1
e
σ2

b

��� � � x� � ��g�fk�g � �tef�����~jtfk�g � �eg h����{{e{ �� �te{{�wt���s �e ��� �����

�� j� f�mh{ �� ����~jtfk�g τcp

�f ht� ��g{~le�gf βp
{�gf f��es~{ tgtjvfkle�m�gf �g �~{�j�

stgf j �~letfk�g �
Rbb(τcp) =

1

e
σ2

b

Y� x�
�
�kg{k � ht� ���mhj� � h�e� �if�gk� jt |�g�fk�g � �tef�����~jtfk�g � �eg h����{{e{ �� �te{{�wt���s �e {���g� ����� kj {e� f �� h�{�� p = 2 �f n = {0, 1} x � j��{ jt |�g�fk�g � �tef������~jtfk�g �� �� h����{{e{ �{f �~��kf� ht� �

Rbb(τ) = σ2
be

−β2|τ |(1 + β2|τ |)
Y� x�	�

�� β2
�{f �tj�ej~ �g �~{�jstgf j �~letfk�g Rbb(τc2) = 1

e
σ2

b
� � ��{f����k�� �

σ2
b e

−β2|τc2 |(1 + β2|τc2|) = σ2
b e

−1

−β2|τc2| + ln(1 + β2|τc2|) = −1

β2 =
2.146194

τc2

Y� x���

y�{ |��mej�{ ��{ |�g�fk�g{ � �tef� ����~jtfk�g ��{ h�� ��{{e{ �� �te{{�wt���s � ������ � �

 � tkg{k le� j�e� f�mh{ �� ����~jtfk�g � {�gf h�~{�gf~{ �tg{ j� ftij�te � x�x
�j �� k{f� ��e� �t{ ht�fk�ejk��{ h�e� j�{ h����{{e{ �� �te{{�wt���s �
�x j� �t{ �� j ������ p �e h����{{e{ �� �te{{�wt���s �{f ~�tj � �~�� x �� h����{{e{ g�h�~{�gf� tj��{ te�eg� ����~jtfk�g �tg{ j� f�mh{ ��{ ��gg~�{ �f f�g� s��{ eg i�ekf
ijtg� x

� x j� �t{ �� j ������ p j ������ �e h����{{e{ f�g� s��{ j �kg�gk x y �~letfk�g Y� x�� � f�g�tj��{ s��{ e−βp|τ | �f jt |�g�fk�g � �tef� ����~jtfk�g s��{ eg� ��g{ftgf� �� stj�e� σ2
b

x
y� h����{{e{ �� �te{{�wt���s � ������ p→ ∞ h �ef �f�� tj��{ ��g{k�~�~ ��mm� eg
h�� ��{{e{ �� ��g{ftgf� tj~tf�k�� x
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� ���� �ef�����~jtfk�g |�g�fk�g Rbbp(τ)
z�mh{ �� ����~jtfk�g

� σ2
b e

−β1|τ | 1

β1

�
σ2

b e
−β2|τ |(1 + β2)|τ |

2.146194

β2

� σ3
be

−β3|τ |(1 + β3|τ | +
1

3
β2

3 |τ |2)
2.904629

β3

� σ4
be

−β4 |τ |(1 + β4|τ | +
3

5
β2

4 |τ |2 +
1

15
β3

4 |τ |3)
3.512648

β4


 σ5
b e

−β5|τ |(1 + β5)|τ | +
3

7
β2

5 |τ |2 +
2

21
β3

5 |τ |3 +
1

105
β4

5 |τ |4)
4.034225

β5xxx xxx xxx

h σ2
be

βp|τ |
∑p−1

n

(p− 1)! (2βp|τ |)p−n−1(p+ n− 1)

(2p− 2)! n! (p− n− 1)!
�~{�e��� Rbb(τcp) =

1

e
σ2

b

��� � � x�� ��g�fk�g{ � �tef� ����~jtfk�g �f f�mh{ �� ����~jtfk�g ��{ h�� ��{{e{ �� �te{{�wt���s � ������ � � g

��e� j�{ h����{{e{ �� �te{{�wt���s j�{ ~letfk�g{ �k	 ~��gfk�jj�{ h�e� j� ��mtkg� ��gfkge
�f j�{ ~letfk�g{ �� �~�e���g�� h�e� j� ��mtkg� �k{���f �~�k{{tgf j�e�{ ��mh��f�m �gf{ �tg{
j� f�mh{ {�gf � h�e� j� h��m k�� ����� �

ḃ(t) = −β1b(t) +
√

2β1σ2
bw(t)

Y� x���
�f

bk+1 = (1 − β1∆T )bk +
√

2β1σ
2
b ∆Tw(k)

Y� x���
h�e� j� {���g� ����� �

b̈(t) = −β2ḃ+ −β2
2b(t) + w(t)

Y� x���
�f

b1k+1
= b1k

+ b2k
∆D

b2k+1
= −β2

2∆T b1k
+ (1 − 2β2∆T )b2k

+ ∆Twk

Y� x� ��
yt ��e�� � x
 m�gf�� j�{ |�g�fk�g{ � �tef� ����~jtfk�g ��{ h����{{e{ �� �te{{�wt���s � ������
� � 
 �f �� h�e� ��e� �k	~��gf{ f�mh{ �� ����~jtfk�g τc1 x y�{ ht�tm�f��{ βp

h�e� ��tle�
����� {�gf �tj�ej~{ �g |�g�fk�g ��{ |��mej�{ �e f�mh{ �� ����~jtfk�g ��gg~�{ �tg{ j� ft�
ij�te � x�x
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�� �

��� � � x
 � ��g�fk�g{ � �tef�����~jtfk�g �� h�� ��{{e{ �te{{�wt���s � ������ � � 
 h�e� eg
f�mh{ �� ����~jtfk�g �� Yt� ��� ��e�� Yi � � ��e��{

�g�g � j�{ h�� ��{{e{ tj~tf�k��{ �� �te{{�wt���s {�gf {�es�gf efkjk{~{ �tg{ �� g�m �
i��e{�{ thhjk�tfk�g{ �� jt h�v{kle� �t� j�e� m��~jk{tfk�g �{f f��{ {kmhj� � h ��m �f � �th�
h�� ���� �� g�mi��e� h����{{e{ tj~tf�k��{ ts�� eg� i �gg� h�~�k{k�g �f {�gf |t�kj�m �gf
kmhjtgftij�{ �tg{ eg {v{f�m � x

� �� �� ���� ����� 	� 	� � �	� 	������� 	�� ��� ������

 �th��{ j�{ {��fk�g{ h�~�~��gf�{ � jt m��~jk{tfk�g � �eg h�� ��{{e{ tj~tf�k�� {f� ��t{fkle�

��h �{� �g ht�fk� {e� j�{ �k	~��gf�{ �t�t�f~�k{fkle�{ �� jt |�g�fk�g � �tef�����~jtfk�g �mhk�
�kle� �e h�� ��{{e{ � m��~jk{�� Y� ht�fk� ��{ ��gg~�{ ��h ~�km �gftj�{� x ��h �g�tgf � �tg{�� f�jj�{ ��g�kfk�g{ � j� g�mi�� jkm kf~ ��{ m �{e��{ kg�ekf ��{ ����e�{ �tg{ ��ff� |�g�fk�g� �tef� ����~jtfk�g �f j�{ stj�e�{ ��{ ht�tm�f��{ ��{ m ���j�{ �~h �g��gf ��g� �e gks�te � �kg�
���fkfe�� �� jt |�g�fk�g � �tef�����~jtfk�g �f h �es�gf ��tg��� {�j�g j� g�mi�� �� m�{e��{
��h ~�km �gftj�{ x }g tef�� h��ij�m � hje{ ��mhj��� t ~f~ h �kgf~ �tg{ �����g �� ���� ����� x�g �	 �f � h�e� eg h�� ��{{e{ ijtg� �� m�v�gg� gejj� � jt ��jtfk�g {ekstgf� �{f {tfk{|tkf� �

σ2Rbb(τ) ≈
4

T

∫ ∞

0

R̄2
bb(τ)dτ

Y� x���
�� �

� σ2Rbb(τ)
� �{f jt st�ktg�� �� jt |�g�fk�g � �tef�����~jtfk�g �e h����{{e{ �~f��m kg~ �

ht�fk� � �eg g�mi�� �gk �� m �{e��{ �
� T � �{f jt �e�~� f�ftj� �� j �t�lek{kfk�g ��{ m �{e��{ ��h ~�km �gftj�{ �
� R̄2

bb(τ)
� �{f jt s�tk� |�g�fk�g � �tef�����~jtfk�g �e h�� ��{{e{ x

��ff� ~letfk�g h �ef �f�� efkjk{~� h�e� �{fkm �� j� g�mi�� �� m �{e��{ g~��{{tk��{ h �e��~f��m kg�� ts�� eg� i�gg� h�~�k{k�g jt |�g�fk�g � �tef�����~jtfk�g �e h����{{e{ � m��~�
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jk{�� x ���g�g{ ht� ���mhj� eg h�� ��{{e{ �� �te{{�wt���s �e h��m k�� ����� x �g {ei{fk�
fetgf jt s�tk� |�g�fk�g � �tef�����~jtfk�g R̄2

bb(τ)
ht� jt |�g�fk�g � �tef� ����~jtfk�g f�~��kle�

σ2
be

−β1|τ | tj��{ �
σ2Rbb(τ) ≈

4

T

∫ ∞

0

σ2
be

−β1|τ |dτ ≈ 2σ4
b

Tβ1
≈ 2σ4

b τc1
T

Y� x���
�� τc1 �{f j� f�mh{ �� ����~jtfk�g � �eg h����{{e{ �� �te{{�wt���s �e h��m k�� ����� x

 �th��{ j �~letfk�g Y� x��� � jt h�~�k{k�g accR Y�e j� gks�te � �kg���fkfe��� �� jt |�g�fk�g� �tef� ����~jtfk�g Rbb(τ)

h �ef �f�� tj��{ �~��kf� ht� j� �thh��f �gf�� j �~�t�f�fvh � �� jt
|�g�fk�g � �tef�����~jtfk�g f�~��kle� R̄bb(τ)

�f jt st�ktg�� �e h�� ��{{e{ � m��~jk{�� �

accR ≈
√
σ2Rbb(τ)

σ4
b

≈
√

2τc1
T

Y� x���
�t� ��g{~le�gf {k j� gks�te � �kg���fkfe�� �gsk{t�~ �{f �� 5% � jt �e�~� f�ftj� T � �t�lek{k�fk�g ��{ m �{e��{ ��h ~�km �gftj�{ ��kf �f�� thh��� km tfks�m �gf ~�tj� � 2τc1/acc

2
R = 400τc1

�
� ��{f����k�� ��� |�k{ j� f�mh{ �� ����~jtfk�g �e h�� ��{{e{ tj~tf�k�� x �g h��gtgf eg �t{ ��
j� h����{{e{ t eg f�mh{ �� �����jtfk�g � �eg� ��e�� � kj �{f tj��{ g~��{{tk�� � �t�le~�k� ��{��gg~�{ h �g�tgf ��� ��e��{ x 
e h�kgf �� se� ��h ~�km �gftj � eg� �t�t�f~�k{tfk�g h�~�k{�� �eg h����{{e{ {f���t{fkle� ��m tg�� ��g� �� ��tg��{ ��{{�e���{ �g f��m � �� f�mh{ �f
�g f��m � �� {f� ��t�� ��{ kg|��m tfk�g{ �f �{f let{k� k��~tjk{tij� �tg{ jt h�tfkle� x

 �eg tef�� h�kgf �� se� � j �~letfk�g Y� x��� h �ef �f�� efkjk{~� h�e� �{fkm �� jt h�~�k{k�g�� jt |�g�fk�g � �tef�����~jtfk�g �if�ge� � ht�fk� � �eg g�mi�� �gk �� m �{e��{ ��h ~�km �g�

ftj�{ Y�� �e�~� f�ftj� � �t�lek{kfk�g T � x 
 tg{ �� �t{ � j�{ ht�tm�f��{ α �f��e β �e m���j��f ��g� j� h�� ��{{e{ m ��~jk{~ {�gf �~�ekf{ �� Rbb(τ)
ts�� eg� h�~�k{k�g �~�gk� ht� accR x

� kgtj�m �gf � ��mm� j� m�gf�� ��ji �tg{ ���ji � ����� � � �te{� ��{ jkm kftfk�g{ ��h ~�k�
m�gftj�{ � jt |�g�fk�g tef� ����~jtfk�g g� h�ef �f�� �~f��m kg~� ������f�m �gf �f jt hjeht�f��{ m��~jk{tfk�g{ �� h�� ��{{e{ tj~tf�k�� h �es�gf �f�� {tfk{|tkf�{ ht� j� m ���j� �� �te{{�wt���s �e h��m k�� ����� x

� �� � %/�������%� �*�%��-�������
y��{le� j� gks�te � �kg���fkfe�� �� jt |�g�fk�g � �tef� ����~jtfk�g �{f ��tg� � jt m ��~�

jk{tfk�g �e h����{{e{ ht� eg h����{{e{ �� �te{{�wt���s �{f h �e ����mmtg�~� x ��e�
�~{�e��� �� h��ij�m � jt m��~jk{tfk�g tef��~���{{ks� �e h�� ��{{e{ h �ef �f�� tj��{ efkjk{~� x�gf���ekf� �tg{ j�{ tgg~�{ ��
� � ��ff� m ~f���� �{f efkjk{~� �tg{ �� g�mi��e� ��m tkg�{
��mm� jt ����ggtk{{tg�� �� jt ht��j� � jt me{kle� �f� xxx � �~ftgf ht{ jkm kf~� � eg �e ��e�
ht�tm�f��{ h�e� �t�t�f~�k{�� j� h�� ��{{e{ � �jj� h ��m �f eg� m��~jk{tfk�g i �te��eh hje{
��� kij� �f ���j� �e h����{{e{ x ��ff� m ��~jk{tfk�g �{f eg �t{ ht�fk�ejk�� �� jt m��~jk{tfk�g��w� � h�e� j�le�j kj g ��{f ht{ g~��{{tk�� �� �~{�e��� eg u �e � �~letfk�g{ g�g� jkg~tk��{

���	��
	�
���	
 � �	 ��	 �	
��	




�qq � GM7KJ8<;JG: M98 9669H68

h�e� �~f��m kg�� j�{ ht�tm�f��{ αn

�e m���j� x 
� hje{ �g kmh�{tgf ��{ ��gf�tkgf�{ {e�
j�{ ht�tm �f��{ αn

� kj �{f h�{{ki j� � ��if�gk� g �km h��f� j�le�j ��{ h����{{e{ h�~�~��mm�gf
h�~{�gf~{ x

tg{ ��ff� {��fk�g � {�gf h�~{�gf~{ j�{ t{h ��f{ |�g�tm �gfte� �� jt m��~jk{tfk�g ��

tkg{k le� f��k{ �k	 ~��gf�{ m ~f����{ �� �~���{{k�g jkg~tk�� g~��{{tk��{ � j ��{fkm tfk�g ��{
ht�tm�f��{ αn

�e m���j� �� � jt m ~f���� �� �ej���tj��� � jt m ~f���� �� jt ��st�ktg��
�f jt m ~f���� �� �e�� x
� �� �� ��� ������ ������
������ 
�

��g{k�~��g{ �tg{ eg h��m k�� f�mh{ eg h����{{e{ tef��~���{{k| � m�v�gg� m�ikj� x yt
m��~jk{tfk�g ��w� �{f it{~� {e� j� h�kg�kh � m tf�~mtfkle� {ekstgf � ��tle� m�{e�� xk� j �kg{ftgf k � �eg� {~�k� �� m �{e��{ �{f �~h �g�tgf� � �� � �eg� {�mm� h�g�~�~� �e ht{{~�� ��{ m �{e��{ Yht�fk� �� � �f �� � �eg� {�mm� h�g�~�~� �e h�~{�gf �f �e ht{{~ � �eg
h�� ��{{e{ tj~tf�k�� �~����~j~ ��{ m �{e��{ Yht�fk� w� � x y� h����{{e{ ��w� h�ef tj��{
�f�� �~��kf ht� jt |�g�fk�g �� f�tg{|��f �g z {ekstgf� �

H(z) =
Y (z)

X(z)
=

q∑
n=0

βnz
−n

1 +
p∑

n=1

αnz−n

Y� x�
�

��
� X(z) �{f jt f�tg{|��m ~� �g z �� j ��gf�~� xk

�
� Y (z) �{f jt f�tg{|��m ~� �g z �� jt {��fk� yk

�
� h �{f j ������ �e h����{{e{ �� �
� α1 . . . αp

{�gf j�{ ht�tm�f��{ Yh�g�~�tfk�g{� �e h����{{e{ ��
� l �{f j ������ �e h�� ��{{e{ w� �
� β0 . . . βq

{�gf j�{ ht�tm �f��{ Yh�g�~�tfk�g{� �e h����{{e{ w� x
y� h����{{e{ �� �{f eg �t{ ht�fk�ejk�� �e h����{{e{ ��w� �� j ������ �� jt ht�fk� w�

�{f gej x �� h����{{e{ �{f �~��kf ht� jt |�g�fk�g �� f�tg{|��f �g z �

H(z) =
Y (z)

X(z)
=

β0

1 +
p∑

n=1

αnz−n

Y� x�	�

�kg{k � j �t�u ��fk| tef��~���{{k| s k�gf �e |tkf le� j �~��tgfkjj�g �e h�~{�gf � �eg h����{�
{e{ tef��~���{{k| �{f {�ej�m �gf h�~�kf ht� j�{ ~��tgfkjj�g{ �� {�g h��h�� ht{{~ x 
tg{ j���mtkg� �k{���f � j �~letfk�g �� �~�e���g�� �~�k{{tgf �� h����{{e{ h �ef �f�� �if�ge� ht� jt
f�tg{|��m ~� kgs��{� �g z �� j �~letfk�g Y� x�	� �f �{f ��gg~� ht� j� ��jtfk�g �

yk = −
p∑

n=1

αnyk−n + β0xk

Y� x���
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� ��{f����k�� �
yk = −α1yk−1 − α2yk−2 . . . αpyk−p + β0xk

Y� x���
��mm� h�e� j�{ h�� ��{{e{ �~g~�~{ � ht�fk� �� � jf��{ |��m �e�{ Ym t���� tj~tf�k�� � h���

��{{e{ �� �te{{�wt���s �f� xxx� � j ��gf�~� xk

�e m���j� tef��~���{{k| �{f eg� {~le�g�� tj~t�
f�k�� �� m �v�gg� gejj� �f g�g ����~j~� �tg{ j� f�mh{ � � ��{f����k�� eg i�ekf ijtg� x y�
h�kg�khtj h��ij�m � �� ��ff� m��~jk{tfk�g �{f � ��{fkm �� �hfkm tj�m �gf j�{ stj�e�{ ��{ ht�t�
m�f��{ αn

�e h�� ��{{e{ �� x �j �{f �g �~g~�tj �~{�je �g m kgkm k{tgf j �����e� �� h�~�k�fk�g
ek
�gf�� j� {k�gtj ��k�kgtj bk �f j� {k�gtj �{fkm ~ b̂k �~f��m kg~ ht� j� m���j� �� �� jt |��m �{ekstgf� �

b̂k = −
p∑

n=1

αnyk−n

Y� x���
yt |�g�fk�g �� ���f efkjk{~� h�e� �~{�e��� j� h��ij�m � �� m kgkm k{tfk�g �{f tj��{ jt {�mm���{ ����e�{ let��tfkle�{ Ek

�� ek
�

Ek =
∑
k

e2k

=
∑
k

[
yk − ŷk

]2

=
∑
k

[
yk +

p∑
n=1

αnyk−n

]2

=
∑
k

[
−

p∑
n=1

αnyk−n + β0εk +
p∑

n=1

αnyk−n

]2

=
∑
k

β2
0ε

2
k

Y� x���


tg{ �� �t{ � �g {ehh�{tgf le� εk �{f eg i�ekf ijtg� �� st�ktg�� egkftk�� � jt m �v�gg� ��{����e�{ let��tfkle�{ Y�e ik�g jt st�ktg�� {k jt m�v�gg� �� ek
�{f gejj�� σ2

e
�{f tj��{ ~�tj�

� β2
0

x �� β2
0
��h�~{�gf� jt st�ktg�� �e �g���� jt hek{{tg�� �{fkm ~� �e i�ekf ijtg� �g �gf�~��e m���j� �� x

� �� �� � ����� ������� 	�� ����� ����� 	�� ��� ������ 
�

�j{ �� k{f�gf �� g�mi��e{�{ m ~f����{ h ��m �fftgf �� �~f��m kg�� j�{ ht�tm �f��{ αn

�e
m���j� �� x 
tg{ ��ff� {��fk�g {�gf {�ej�m �gf h�~{�gf~�{ j�{ f��k{ hje{ ��gge�{ �� ��{
m ~f����{ � {ts�k� jt m ~f���� �� �ej���tj��� � jt m ~f���� �� jt ��st�ktg�� �f jt m ~f������ �e�� x
n �n �p �� 
< � 7;�GM9 M9 �HK9��<K�96
yt m~f���� �� �ej���tj��� � te{{k ��gge� {�e{ j� g�m �� jt m ~f���� � �tef� ����~jtfk�g �

{� �~��ej� �� jt m tgk��� {ekstgf� �
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�x jt {~le�g�� � �tef�����~jtfk�g Rbb(m)
�e h�� ��{{e{ � m��~jk{�� �{f �tj�ej~� � ht�fk��� ��gg~�{ ��h ~�km �gftj�{ �

� x j�{ ht�tm�f��{ �e m���j� �� {�gf �~f��m kg~{ �g �~{�jstgf eg u �e � �~letfk�g{ jk�
g~tk��{ lek h ��m �f �� m kgkm k{�� te {�g{ ��{ m �kg���{ �t��~{ Ek

ht� �thh��f te��k	 ~��gf{ ht�tm �f��{ αnyt ��g�kfk�g �� m kgkm k{tfk�g �e u �e � �~letfk�g{ �{f �~�gk� ht� jt ��jtfk�g {ekstgf� �
∂Ek

∂αn
= 0, 1 ≤ n ≤ p.

Y� x� ��
�g h��gtgf ��mm� h�kgf �� �~ht�f jt f��k{k�m � jk�g� �� j �~letfk�g Y� x��� � g�e{ �if�g�g{ �

Ek =
∑

k

[
bk +

p∑

n=1

αnbk−n

]2

=
∑

k

[
b2k + 2bk

p∑

n=1

αnbk−n +

p∑

n=1

αnbk−n

p∑

i=1

αibk−i

] Y� x���
�g thhjkletgf Y� x� �� � Y� x��� g�e{ �if�g�g{ �

∑

k

[
2bkbk−n + 2bk−nbk−i

p∑

n=1

αn

]
= 0

Y� x���
{�kf �

p∑

n=1

αn

∑

k

bk−nbk−i = −
∑

k

bkbk−n

Y� x���
�k jt {�mm�∑

k

�{f �	��fe~� � ht�fk� � �eg g�mi�� kg�gk �� m �{e��{ � tj��{ j �~letfk�g Y� x���
��s k�gf �

p∑

n=1

αnR̄bb(n− i) = R̄bb(n), 1 ≤ i ≤ p,
Y� x�
�

�� R̄bb(n) �{f j ��g{�mij� ��{ {~le�g��{ � �tef�����~jtfk�g �f R̄bb(n− i) j�{ �� �� �k�gf{ �� jtm tf�k�� � �tef�����~jtfk�g �� j ��g{�mij� ��{ m �{e��{ x �g���� eg� |�k{ � �tg{ jt h�tfkle� kj
�{f kmh�{{ki j� � �ts�k� eg g�mi�� kg�gk �� m �{e��{ h �e� �t�t�f~�k{�� j� h����{{e{ �f ∑

k

e2kg� h�ef �f�� ��gge� te ��j� k > N ts�� N j� g�mi�� �gk �� m �{e��{ x ��e� �~{�e��� ��h��ij�m � � �tg{ jt m ~f���� �� �ej���tj��� f�ef�{ j�{ m �{e��{ h�e� k > N {�gf m k{�{
� �~�� �g thhjkletgf eg h�~�|�g�f�t�� ��{ m �{e��{ x ��{ {~le�g��{ � �tef� ����~jtfk�g {�gf
{�ej�m �gf �tj�ej~�{ h �e� ��tle� m �{e�� thht�f�gtgf � jt |�g�f�� � ��i{��stfk�g x � kg{k�tg{ j� u �e � �~letfk�g{ jkg~tk��{ �� jt ��jtfk�g Y� x�
� � R̄bb(n) �{f ��mhjt�~� ht� Rbb(n)�f j�{ ht�tm�f��{ αn

�e m���j� �� h�es�gf �f�� �~f��m kg~{ �g �~{�jstgf j ���h��{{k�g
mtf�k�k�jj� �

Rbb.α = −rbb ⇒ α = −R−1
bb .rbb

Y� x�	�
�� �

α =




α1

α2

α3xxx
αp



, rbb =




Rbb(1)
Rbb(2)
Rbb(3)xxx
Rbb(p)




Y� x���
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�f �� �

Rbb =




Rbb(0) Rbb(1) Rbb(2) . . . Rbb(p− 1)
Rbb(1) Rbb(0) Rbb(1) . . . Rbb(p− 2)
Rbb(2) Rbb(1) Rbb(0) . . . Rbb(p− 3)xxx xxx xxx

. . .

xxx
Rbb(p− 1) Rbb(p− 2) Rbb(p− 3) . . . Rbb(0)




Y� x���

�kgtj�m �gf jt m �v�gg� ��{ ����e�{ let��tfkle�{ σ2
e
�{f �~f��m kg~� �g �~{�jstgf j�{ ~let�

fk�g{ {ekstgf�{ �



Rbb(0) Rbb(1) Rbb(2) . . . Rbb(p)
Rbb(1) Rbb(0) Rbb(1) . . . Rbb(p− 1)
Rbb(2) Rbb(1) Rbb(0) . . . Rbb(p− 2)xxx xxx xxx

. . .

xxx
Rbb(p− 1) Rbb(p− 2) Rbb(p− 3) . . . Rbb(0)







1
α1

α2xxx
αp




=




σ2
e

0
0xxx
0




Y� x���

y �~letfk�g Y� x��� �{f hje{ ��gge� {�e{ j� g�m � �~letfk�g �� �ej���tj��� x �g h�ef g�f��
le� jt m tf�k�� Rbb

�{f {vm ~f�kle� �f t eg� {f�e�fe�� �� z��hjkf� Ym tf�k�� ��gf f�e{ j�{
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bbh�e� �~{�e��� j�{ ~letfk�g{ �� �ej���tj��� � kj �{f hje{ �� �t�� � �thhjkle�� j �tj���kf�m ��� y�s kg{�g�
e�ikg x ��f tj���kf�m � �{f eg� f���gkle� kf~�tfks� lek h ��m �f �� �tj�ej��
�~�e�{ks�m �gf j�{ ���� �k�gf{ �� h�~�k�fk�g αn
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1 ≤ n ≤ p
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α1,nαi,n−1 + γnαn−i,n−1 1 ≤ i ≤ n− 1
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n)εkn−1

Y� x
��
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�� {�gf ��gge�{ {�e{ j� g�m �� ���� �k�gf �� �~���fk�g{ �f ��ks�gf �f�� kg|~�k�e�{
� � h�e� �t�tgfk� jt {ftikjkf~ �� f�e{ j�{ h� j�{ �e � jf�� �� x 
 �th��{ �����g �� ���� �����
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n �n �p �p 
< � 7;�GM9 M9 K< �G�<6J<:[9
yt m ~f���� �� jt ��st�ktg�� �{f {km kjtk�� � jt m ~f���� �ej���tj��� �tg{ j� {�g{ ��
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�� � ��ff� m ~f���� efkjk{� jt {~le�g�� �� ��st�ktg�� � jt hjt�� �� jt {~le�g�� � �te�
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m ~f���� �{{tv� tstgf f�ef � �efkjk{�� te mt�kmem j�{ m �{e��{ ��h ~�km �gftj�{ �g kgf���ek�
{tgf eg� �it���t�� � ~letfk�g ef (k)

�f eg� �|���t�� � ~letfk�g eb(k)
�� jt h�~�k�fk�g ��{

f��m �{ � �����e� x 
tg{ �� �t{ � �f ht� tgtj��k� ts�� jt m ~f���� �ej���tj��� � ��ff� m ~f����
m kgkm k{� g�g hje{ Ek

� mtk{ EkBurg

�~�gk� ht� jt {�mm� �� ��{ ��e� ~letfk�g{ �

EkBurg
=

N∑

k=1

[e2f (k) + e2b(k)] = min
Y� x
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�� ef (k)
�f eb(k)

{�gf �
ef (k) = b(k) + α1b(k − 1) + α2b(k − 2) + . . .+ α1b(k − 1)

eb(k) = b(k − p) + α1b(k − p+ 1) + α2b(k − p+ 2) + . . .+ α1b(k)

Y� x

�

�g {ei{fkfetgf Ek
ht� EkBurg

�tg{ jt �kglek�m � ~letfk�g �� jt ��jtfk�g Y� x
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h�~�kf�{ ht� ��{ ��e� ~letfk�g{ h �es�gf �f�� �~��kf�{ ht� j�{ ~letfk�g{ {ekstgf�{ �

efn(k) = efn−1(k) + γnebn−1(k − 1)

ebn(k) = ebn−1(k − 1) + γnefn−1(k)

Y� x
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��ff� |��m � �~�e�{ks� �� jt h�~�k�fk�g ��{ ����e�{ �{f �~tjk{~� {ekstgf eg� {f�e�fe�� �g
f��kjjk{ Ythh�j~� jtffk�� {f�e�fe�� �g tg�jtk{� � �eg � jf�� �~�e�{k| Y�| ��e�� � x	� x
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� . . . �αp

�f σ2
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��s�tkf �~h �g��� �e gks�te � �kg���fkfe�� �� jt {~le�g�� � �tef��
����~jtfk�g Rbb(τ)

x ��h �g�tgf h �e� �~{�e��� �� h��ij�m � � �e�� h��h �{� �� �~f��m kg�� �g
h��m k�� j�{ �� �� �k�gf �� �~���fk�g γn

{tg{ efkjk{�� jt ���gk��� ��jtfk�g �� j �~letfk�g Y� x
��
mtk{ �g kgf~��tgf j �~letfk�g Y� x
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Yte jk�e ��{
ht�tm�f��{ αn

h�e� jt m ~f���� �ej���tj���� �{f �
∂εkBurg

∂γn

= 0
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y�{ ���� �k�gf{ �� �~���fk�g {�gf �~��kf{ ht� �
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[efn(k) + ebn(k − 1)]

N∑
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e2fn−1
(k)

N∑
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e2bn−1
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Y� x
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kg|~�k�e�� � � �f ��g� le� j� m���j� �� tkg{k �~�ekf �{f f�eu �e�{ {ftij� x � kgtj�m �gf � j�{
ht�tm�f��{ αn

�e m���j� �� {�gf �if�ge{ �g {tfk{|tk{tgf jt ��gf�tkgf� �~��kf� ht� jt
letf�k�m � ~letfk�g �� jt ��jtfk�g Y� x
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�g�g � � �th��{ ������� �� ���� ����� � j �efkjk{tfk�g ��{ ~letfk�g{ �it���t�� � �f �|���
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+ +
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z−1 z−1
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��� � � x	 � �kjf�� �~�e�{k| �g |��m � �� f��kjjk{
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{v{f~m tfkle�{ �f {f� ��t{fkle�{ �f �� j�{ h��g��� �g ��mhf� �tg{ jt m ~f���� �� � jf�t�� x
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X l
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�� �tg{ g�f�� {kfetfk�g �
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�v��m �f�� � �� jt j� �tjk{tfk�g ti{�je� �{f |�g�fk�g � �kg|��m tfk�g{ |�e�gk�{ ht� eg ��� �f ��
jt |e{k�g �� ��gg~�{ �{f �	 ��fe~� ht� eg � jf�� �� 
 tjm tg x �k jt f�ftjkf~ ��{ kg|��m tfk�g{
|�e�gk�{ ht� j�{ �k	~��gf{ �thf�e�{ {�gf ��g{k�~�~�{ ijtg���{ � j� {v{f�m � {��t �~�k ht� j�
{v{f�m � � �~ftf {ekstgf �

{
Xk = f(Xk−1,∆D, ωgyro)
Y gps = HXk + vgps

Y� x	��
�� �

� Xk = (xk, yk, θk)
T �{f j� s��f�e� � �~ftf � j �kg{ftgf k �

� ∆D
�{f j �kg|��m tfk�g ���m ~f�kle� �

� ωgyro
�{f j �kg|��m tfk�g �v��m~f�kle� �
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� Y gps = (xgps, ygps)
T �{f jt h�{kfk�g |�e�gk� ht� j� ��� �

� H
�{f jt m tf�k�� � ��i{��stfk�g |�g�fk�g �e s��f�e� Xk

�f ��{ kg|��m tfk�g{ ��� �
� �f vgps

{�gf j�{ kg���fkfe��{ {e� jt h�{kfk�g ��� x
��h�g�tgf � ��mm� h�e� f�ef �thf�e� kgf��fk�j � j �kg|��m tfk�g |�e�gk� ht� j� �v��m �f��

g ��{f ht{ ijtg��� Y�| x �letfk�g �x��� � mtk{ {� �~��mh�{� �g ��e� ht�fk�{ �
�x eg� ht�fk� ijtg��� ��gg~� ht� Kωω + εω

� �� �
� Kω

�{f j� |t�f�e� � �~���jj� �� m �{e�� �
� ω jt m �{e�� h��h��m �gf �kf� �e �v��m�f�� �
� �f εω �{f j� i�ekf �� m �{e�� x� x eg� ht�fk� {f� ��t{fkle� bω Yte{{k thh�j~ iktk{ �e �v��m �f��� lek �{f eg� st�ktij�tj~tf�k�� g�g��i{��stij� �f �~h �g�tgf� �� jt f�mh~�tfe�� �e �thf�e� x

�� iktk{ � g� h�estgf �f�� �i{��s~ � �{f kg��gge �f ��kf �f�� �{fkm ~ x ��e� ���k � {�g ��mh���
f�m �gf f�mh���j �{f �t�t�f~�k{~ �f h�k{ �g ��mhf� �tg{ j� {v{f�m � �� j� �tjk{tfk�g x � kg{k
�g ��g{k�~�tgf le� � ht� ���mhj� � bω h�ef �f�� m��~jk{~ ht� eg h����{{e{ tef��~���{{k|� ������ � � � ��{f����k�� eg h�� ��{{e{ tj~tf�k�� �~�k ht� j� {v{f�m � �vgtm kle� {ekstgf �

bωk
= −α1bωk−1

− α2bωk−2
+ β0εbk

Y� x	 ��
�� �

� α1
� α2

� β0
{�gf j�{ ht�tm�f��{ �� jt m ��~jk{tfk�g tef��~���{{ks� �

� εb
eg� st�ktij� tj~tf�k�� he�� x

y� s��f�e� � �~ftf �e {v{f�m � �� j� �tjk{tfk�g ��kf �f�� te�m�gf~ �� jt m tgk��� {ekstgf� �
Xa

k = (xk, yk, θk, θ̇k, bωk
, bωk−1

)T
Y� x	��

y� {v{f�m � � �~ftf �{f m��k�~ �� jt m tgk��� {ekstgf� � �� �
� j �~fth � �� h�~�k�fk�g �{f tj��{ �

Xa
k = fa(Xa

k−1,∆D, α1, α2, β0)
Y� x	��

� ��{f����k�� �
xk = xk−1 + ∆D cos(θk)
yk = yk−1 + ∆D sin(θk)

θk = θk−1 + ∆T θ̇k

θ̇k = θ̇k−1 + εθ̇
bωk

= −α1bωk−1
− α2bωk−2

+ β0εb
bωk−1

= bωk−1

Y� x	��

��
� ∆D

�{f jt �k{ftg�� ht���e�e� ht� j ����m�f�� �
� ∆T

j� f�mh{ ~��ej~ �gf�� j�{ kg{ftgf{ k �f k − 1 �
� εθ̇

�{f eg i�ekf ijtg� �te{{k�g �~�gk{{tgf j�{ st�ktfk�g{ h�{{ki j�{ �� jt skf�{{� ��
��ftfk�g �e s~�k�ej� �gf�� j�{ kg{ftgf{ k �f k − 1

x



n �� �
�G:[KH8JG: �q�

� j �~fth � �� ������fk�g �{f m tkgf�gtgf �




ωgyro = θ̇ + bω

ωs = θ̇ + εs

Y gps = HaXa
k + vgps

Y� x	
�

�� �
� ωs

�{f eg� kg|��m tfk�g ijtg��� h ��m �fftgf � ��i{��s�� jt ht�fk� {v{f~m tfkle� ��
j �kg|��m tfk�g �v��m ~f�kle� �f ��g� � ��{fkm �� jt skf�{{� tg�ejtk�� �e s~�k�ej� x�g|��m tfk�g � lek ht� ���mhj� � h �ef �f�� |�e�gk� ht� j� ��� �

� εs
kg���fkfe�� {e� ωs

�
� Ha �{f jt m tf�k�� � ��i{��stfk�g |�g�fk�g �e s��f�e� � �~ftf te�m�gf~ Xa

k
�f ��{

kg|��m tfk�g{ ��� x
� kg{k � � �th��{ jt ��{��khfk�g �� �� g�es�te {v{f�m � � �~ftf � j�{ �ks��{�{ m��k��tfk�g{

h�~{�gf~�{ �tg{ jt ht�fk� � x� x� {�gf ��f��es~�{ �f g~��{{tk��{ � jt h�k{� �g ��mhf� � �kg|���
mtfk�g{ g�g�ijtg���{ �tg{ eg {v{f�m � � �~ftf � �g �	�f �
�x j� s��f�e� � �~ftf t ~f~ te�m �gf~ � h��gtgf tkg{k �g ��mhf� j�{ ht�fk�{ {v{f~m tfkle�
�f {f���t{fkle� �� j �kg|��m tfk�g �v��m~f�kle� �

� x �tg{ j �~fth � �� h�~�k�fk�g � j� �t�ej �� jt h�{� �e s~�k�ej� �{f �~tjk{~� �g |�g�fk�g�� {�g m���j� �kg~m tfkle� � �� j �kg|��m tfk�g ���m~f�kle� �f �� jt ht�fk� {v{f~m t�
fkle� θ̇ �� j �kg|��m tfk�g �v��m~f�kle� x yt h�~�k�fk�g �� jt ht�fk� {f� ��t{fkle� ��j �kg|��m tfk�g �v��m~f�kle� �{f �~tjk{~� �g |�g�fk�g ��{ ht�tm�f��{ tef��~���{{k|{ �f
jt h�~�k�fk�g �� jt ht�fk� {v{f~m tfkle� �g |�g�fk�g �� {�{ st�ktfk�g{ h�{{kij�{ �~�gk�{
ht� j� i�ekf ijtg� �te{{k�g εθ̇ x

� x �g�g j �~fth � �� ������fk�g � �g hje{ �� ����k��� jt h �{� �e s~�k�ej� �g |�g�fk�g ��{
kg|��m tfk�g{ ��� � h��m �f � ��{fkm �� j�{ ht�fk�{ {f� ��t{fkle� �f {v{f~m tfkle� ��
j �kg|��m tfk�g �v��m ~f�kle� x 
tg{ �� �t{ � j �kg|��m tfk�g �v��m~f�kle� �jj��m �m� �f
eg� {���g�� {�e��� � �kg|��m tfk�g Y�i{��stgf k�k jt ht�fk� {v{f~m tfkle� �� j �kg|��m t�
fk�g �v��m ~f�kle�� {�gf efkjk{~�{ h �e� �	��fe�� ��ff� �{fkm tfk�g x � kg{k j �kg|��m tfk�g
h��s�gtgf �e �v��m �f�� h ��m �f � ��{fkm �� � jt |�k{ {�{ ht�fk�{ {f� ��t{fkle� �f {v{f~�
mtfkle� � ��g�kfk�g le� {t ht�fk� {v{f~m tfkle� {�kf ��gf�tkgf� ht� j�{ kg|��m tfk�g{
h��s�gtgf �e {���g� �thf�e� x

� �� #%�!�*��%�

tg{ �� ��thkf�� �ks��{�{ m ~f����{ �� m��~jk{tfk�g ��{ h�� ��{{e{ {f� ��t{fkle�{ �gf

~f~ h�~{�gf~�{ x y�{ m���j�{ �� h����{{e{ � f�j{ le� jt ��g{ftgf� tj~tf�k�� � jt m t���� tj~t�
f�k�� �e �g���� j�{ h�� ��{{e{ �� �te{{�wt���s h��m �ff�gf eg� ��{��khfk�g {kmhj� �� ��{
h�� ��{{e{ x 
tg{ �� �t{ � j�e� �~f��m kgtfk�g ��h�{� �gfk���m �gf {e� j�{ �t�t�f~�k{fkle�{ ��
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jt |�g�fk�g � �tef� ����~jtfk�g �e s~�kftij� h�� ��{{e{ x ��h�g�tgf � �g h�tfkle� j� g�mi��
jkm kf~ �� m�{e��{ kg�ekf ��{ ����e�{ �tg{ ��ff� |�g�fk�g � �f j�{ h�� ��{{e{ h �es�gf �f�� m tj
m��~jk{~{ x

tg{ �� �t{ � jt m��~jk{tfk�g tef��~���{{ks� ��{ h�� ��{{e{ {f� ��t{fkle�{ �{f {�es�gf

h�~|~�~� x � jj� h ��m �f �� �~��k�� j�e� ��mh��f�m �gf �g |�g�fk�g �� j�e� h��h�� ht{{~ �f� �eg g�mi�� kjjkm kf~ �� ht�tm�f��{ x ��{ �k	~��gf{ ht�tm�f��{ {�gf �~f��m kg~{ ht� ��{
m ~f����{ �� �~���{{k�g jkg~tk�� f�jj�{ le� j�{ m ~f����{ �� �ej���tj��� � jt m ~f���� �� jt��st�ktg�� �e �g���� jt m ~f���� �� �e�� x ��ff� ���gk��� m ~f���� {�mij� jt hje{ thh���
h�k~� �t� �jj� h ��m �f �� �~f��m kg�� ��{ ht�tm�f��{ ts�� eg� i�gg� h�~�k{k�g �f t{{e�� eg�
{ftikjkf~ �e m���j� �tg{ f�ef�{ j�{ ��g�kfk�g{ x
�g�g � {k j�{ kg|��m tfk�g{ � �eg {v{f�m � �� |e{k�g Y� jf�� �� 
 tjm tg �e � jf�� ht�fk�ejtk���

��mh��f�gf eg� ht�fk� {f� ��t{fkle� � kj �{f g~��{{tk�� �� jt �t�t�f~�k{�� hek{ �� jt h��g���
�g ��mhf� �tg{ j�{ �ks��{�{ ~fth �{ �e � jf�t�� x 
tg{ �� �t{ � j�{ ht�fk�{ {v{f~m tfkle�{ �f
{f� ��t{fkle�{ �� ��{ kg|��m tfk�g{ ��sk�gg�gf �� g�es�jj�{ kg��gge�{ �e {v{f�m � �� |e{k�g
�f {�gf kgf���ekf�{ �tg{ j� s��f�e� � �~ftf x � jj� {�gf tj��{ �{fkm ~�{ te m �m� fkf�� le� j�{
tef��{ st�ktij�{ �e {v{f�m � �f g~��{{kf�gf �� g�es�jj�{ kg|��m tfk�g{ h�e� j�e� �{fkm tfk�g x
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� tg{ j�{ ��e� h��m k���{ {��fk�g{ �� �� ��thkf�� � st �f�� h�~{�gf~ j� ��� k� ��{ � k	 ~��gf{
�thf�e�{ h��h�k� ��hfk|{ �f ��f~�� ��hfk|{ g~��{{tk��{ te i�g |�g�fk�gg�m �gf �� g�f�� {v{�
f�m � �� j� �tjk{tfk�g �vi�k�� x y� ��� k� �� ��{ �thf�e�{ { ��	��fe��t �g |�g�fk�g ��{ ��kf���{
{ekstgf{ �

� |tki j� ���f � �kgf~��tfk�g �
� �thf�e�{ h��h�k� ��hfk|{ �gf�t�gtgf eg� |tkij� � ks����g�� �� jt m ~f���� �� h�{kfk�g�g�m �gf �� jtfk| �
� �thf�e�{ ��f~�� ��hfk|{ j�{ hje{ t�~letf{ h�e� j� h�{kfk�gg�m �gf ti{� je �g �gsk��g�
g�m �gf ��efk�� � � ��{f���� k�� {tg{ tm~gt��m �gf �� ��je k��k x

��e� ��tle� �thf�e� tkg{k ��� k{k � f�� k{ �t�t�f~�k{fkle�{ {���gf �~�gk�{ �
	 x j�{ ��gg~�{ |�e�gk�{ ht� j� �thf�e� �
� x j�{ kg���fkfe��{ ��{ ��gg~�{ �

 x jt �tftfk�g ��{ ��gg~�{ Y�tf� � �t�lek{kfk�g �� ��jj�{��k ht� j� {v{f�m � �� j� �tjk{t�
fk�g � x

�g�g jt f�� k{k�m � {��fk�g �� �� ��thkf�� m �gf���t j �kg�e�g�� �� jt jtf�g�� �� ���ftkg{
�thf�e�{ {e� j� h�� ��{{e{ �� |e{k�g �� ��gg~�{ x }g� tj���kf�m k� {�e{�u t��gf� te h��ij�m �
�� � jf�t�� �g {��t �~�ekf� � � jj� h ��m �ff�t �� ���tj�� j�{ kg|��mtfk�g{ �g |�g�fk�g �� j�e�
�tf� � �t�lek{kfk�g h �e� h�es� k� �	��fe�� jt |e{k�g �� ��gg~�{ {~le�gfk� jj�m �gf {tg{ ts� k�
ts� k� � kmh �{�� eg� {vg����gk{tfk�g �� �� jj�{��k x

� �� �
`����� `��`��� ��`����
� �� �� ��� �� 	�� ��������
�stgf �� ��� k{k� j�{ �thf�e�{ h��h�k� ��hfk|{ � kj �{f g~��{{tk�� �� �~f��mkg�� le� jj� f����

gkle� �� j� �tjk{tfk�g �� jtfks� �{f jt hje{ thh��h�k~� h�e� g�f�� thh�� ��� x � �th��{ j �~ftf ��
j �t�f {e� j�{ m ~f����{ h�{kfk�gg�m �gf Y�| ��thkf�� 	� � �� g�mi��e{�{ f���gkle�{ �� k{f�gf �
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jt gtsk�tfk�g kg��fk� jj� Y	� � jt gtsk�tfk�g ht� ���m~f�k� Y�� �f jt gtsk�tfk�g �vi�k�� ��e�
hjtgf � k	~��gf{ fvh �{ �� �thf�e�{ Y
� x

	 x 
� ��� JL�� JG� J���� J� KK� � �� ht� {�g ���f ~j�s~ �jj� g� {�mij� ht{ f��{ t�~letf�
h�e� g�f�� {v{f�m � lek �� s�e� tstgf f�ef eg {v{f�m � �� h �{kfk�gg�m �gf ts�� eg
|tki j� ���f � �kgf~��tfk�g x

� x 
� ��� JL�� JG� ��� GMG� ��� J� � ����� te {v{f�m � ��� ~lekhtgf jt hjeht�f ��{
s~�k�ej�{ �� ���gk���{ �~g~�tfk�g{ � jt gts k�tfk�g ht� ���m~f�k� efkjk{tgf j� m ���j�
�kg~m tfkle� �� fvh � ��t� {�mij� |t�kj� � m �ff�� �g �es�� x 	 ~tgm � kg{ � g�f�� s~�k�ej�
��h~�km �gftj ~ftgf �� jtfks�m �gf tg�k�g g�e{ g �ts�g{ ht{ � � k{h�{kfk�g �� {v{f�m ���� �f ��g� � �kg|��mtfk�g{ ���m~f�kle�{ {e� j�{ ��e� ��e�{ x 
�ff� f���gkle� ��
gtsk�tfk�g g �t ��g� ht{ ~f~ ��f�ge� �tg{ g�f�� �t{ x


 x 
� ��� JL�� JG� ��I� JM� �
� ���� ���� 
 ����� ���� � eg� {� jefk�g h �{{ki j� �� gtsk�tfk�g �vi�k�� �{f �� ��m �
ikg�� j�{ kg|��mtfk�g{ h��s�gtgf � �eg ���m�f�� �f � �eg �v��m�f�� �f � �efkjk{�� j�
m ���j� �kg~m tfkle� �� fvh � ��t� Y�| {��fk�g 	 x	 x	 x	� � jt s kf�{{� tg�ejtk�� �� jt��f
g ��{f hje{ �~�ekf� ��{ ��e� ���m�f��{ m tk{ � k���f�m �gf |�e�gk� ht� j� �v��m�f�� x
}g ��mh��mk{ h�k� �f h�~�k{k�g h �e� j�{ ��e� �thf�e�{ h �ef �f�� k�k |t�kj�m �gf
�~tjk{~ � ��ff� f���gkle� {�mij� s ktij� h �e� g�f�� {v{f�m � x

� ���� ���� 
 ��� �� �� ������ � eg� ��e� k�m � {� jefk�g ��g{k{f� � ��ehj�� j�{ kg|���
mtfk�g{ h��s�gtgf � �eg ���m�f�� �f � �eg �thf�e� � �tg�j� �e s� jtgf x � k j �tg�j� ��
i�tlet�� ��{ ��e�{ h �ef �f�� �tj�ej~ �g |�g�fk�g �� j �tg�j� �� i�tlet�� �e s� jtgf
� ��{f���� k�� {k δr = f(δv)

�{f ��gge� � tj��{ j� h �{kfk�gg�m �gf ��jtfk| �e s~�k�ej�
h �ef �f�� �{fkm ~ � j �tk�� � �eg m ���j� �kg~m tfkle� �� fvh � f�k�v�j� Y�| {��fk�g
	 x	 x	 x�� x ��e� �~tjk{�� eg �thf�e� � �tg�j� te s� jtgf � eg {kmhj� h�f�gfk�m�f�� ��~
{e� j �t�� �e s� jtgf h �ef �f�� efkjk{~ � �� �thf�e� ~ftgf h �e ���f�e� ��ff� f���gkle�
{�mij� �f�� �jj� te{{k efkjk{tij� x

� ����� � �� �� � ��� ��� � j� �t�t� � �	 �f ��hhj�� h �ef �f�� efkjk{~ h�e� ��mhjt���
j �� ��m~f�k� �tg{ j�{ {v{f�m �{ �� h �{kfk�gg�m �gf ��jtfk| x 
�h �g�tgf ��mm � h �e�
jt gtsk�tfk�g kg��fk�jj� � j� h�k� ~j�s~ �e �t�t� � �	 �f ��hhj�� g �tef��k{� ht{ {�g
efkjk{tfk�g �tg{ g�f�� {v{f�m � x

��g� ��e� fvh �{ �� f���gkle�{ �� j� �tjk{tfk�g ��jtfks� {�gf t h�k��k efkjk{tij�{ �tg{
g�f�� {v{f�m � �� j� �tjk{tfk�g � jt gtsk�tfk�g ht� ���m~f�k� ��ehj~� ts�� eg �v��m�f��Ym ���j� �kg~m tfkle� �� fvh � ��t�� �f jt gts k�tfk�g ht� ���m~f�k� ��ehj~� ts�� j� �thf�e�
� �tg�j� te s� jtgf Ym ���j� �kg~m tfkle� �� fvh � f�k�v�j�� x ��e� |tk�� j� ��� k� �gf�� j �eg� ��
��{ ��e� m~f����{ � g�e{ tjj�g{ �~tjk{�� jt j� �tjk{tfk�g �� g�f�� s~�k�ej� {e� eg ht���e�{
�� hje{k�e�{ � kj�m�f��{ ts�� ��t�eg� �� ��{ ��e� m~f����{ �f j�{ ��mht��� te� h �{kfk�g{
|�e�gk�{ ht� eg ���� x 	�e{ �thh � j�g{ i�k�s�m �gf j�{ ~letfk�g{ �� ��t�eg ��{ m ���j�{
�kg~m tfkle�{ t{{� �k~{ � ��{ ��e� f���gkle�{ x
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�� �� �� 	^H�� JG�� MH � GM� K� M� ���� [���
� �th��{ j�{ ~letfk�g{ Y	 x
� �f �g h��gtgf ��mhf� j� |tkf jt s kf�{{� tg�ejtk�� �� jt��f θ̇�{f � k���f�m �gf |�e�gk� ht� j� �v ��m�f�� � j� �~hjt��m �gf �� jtfk| �e s~�k�ej� �{f ��gg~ ht�

j�{ ~letfk�g{ {ekstgf�{ �
xk = xk−1 + ∆Dk

cos(θk)

yk = yk−1 + ∆Dk
sin(θk)

θk = θk−1 + ∆T wgyro

Y� x	�
ts�� �

� ∆Dk
= (Top�odok −Top�odok−1)×

w�z� jt � k{ftg�� ht���e�e� �gf�� j�{ kg{ftgf{
k − 1 �f k �

� ∆T
jt �e�~� {~ht�tgf ��{ ��e� kg{ftgf{ x

�
�� �� �p 	^H�� JG�� MH � GM� K� M� ���� �� J[�[K�
� �th��{ j�{ ~letfk�g{ Y	 x�� �f �g ��g{k�~�tgf le� j ���k�gftfk�g ��{ ��e�{ �{f ��gg~�

ht� jt |�g�fk�g δr = f(δv)
�� δv �{f j �tg�j� te s� jtgf � j� �~hjt��m �gf ��jtfk| �e s~�k�ej�

�{f �~��kf ht� j� u �e � �~letfk�g{ �
xk = xk−1 + ∆D cos(θk)

yk = yk−1 + ∆D sin(θk)

θk = θk−1 +
∆D

l
tan δr

Y� x��
ts�� �

� ∆Dk

jt � k{ftg�� ht���e�e� �gf�� j�{ kg{ftgf{ k − 1 �f k �
� l jt � k{ftg�� �gf�� �{{k�e� x
�j |tef g�f�� le� j �tg�j� te s� jtgf � ��gf jt m �{e�� �{f � k{h�gkij� �tg{ g�f�� s~�k�ej� t

~f~ �tjki�~ �g {ftfkle� �f le� jt |�g�fk�g δr = f(δv)
tkg{k f��es~� �{f eg� |�g�fk�g t� g� x

� �th��{ jt ��e�� � x	 � kj �{f tk{~ �� s� k� le� jt f���gkle� �� j� �tjk{tfk�g ��ehjtgf
j ����m~f�k� �f j� �v��m�f�� �{f i �te��eh hje{ h�~�k{� le� �� jj� ��ehjtgf ���m~f�k� �f tg�j�
te s� jtgf x �g h �ef ��hjkle�� ��{ �~{ejftf{ ht� j� |tkf le� jt |�g�fk�g δr = f(δv)

�{f {eu �ff�
� �� |��f�{ ��gf�tkgf�{ m ~�tgkle�{ j��{ �e �~hjt��m �gf �e s~�k�ej� Y{e{h �g{k�g � h��{{k�g
��{ hg�e{ � �f� xxx� �f ��g� le� jt f�tg{|��mtfk�g t� g� �gf�� j �tg�j� te s� jtgf �f j �tg�j� ��{
��e�{ g ��{f hje{ s~�k�~� x ��e� �if�gk� �� i�g{ �~{ejftf{ ts�� ��ff� f���gkle� � kj |te��tkf
�{fkm �� j �tg�j� ��{ ��e�{ �g |�g�fk�g �� j �tg�j� te s� jtgf m tk{ te{{k �� j ��g{�mij� �� ��{
��gf�tkgf�{ m ~�tgkle�{ �� lek {�mij� � k� �kj� � �if�gk� x yt f���gkle� �� h�{kfk�gg�m �gf
��ehjtgf j ����m~f�k� �f eg �v��m�f�� �{f ��g� ��� k{k� h �e� �	 ��fe�� jt j� �tjk{tfk�g ��jtfks�
�f ht� ��g{~le�gf j�{ �thf�e�{ h��h�k� ��hfk|{ �mit�le~{ �tg{ g�f�� s~�k�ej� ��h~�km �gftj
{�gf eg ���m�f�� �f eg �v��m�f�� x
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��� � � x	� �~{ejftf{ ��mht�tfk|{ ���m�f����v��m�f������m�f���tg�j� te s� jtgf

� �� �� � 
�	�� ����
�

�� �p �� 
� ������ ���� ��� �^��
�g �tk{�g �e �t�t�f��� �~�e�{k| ��{ m ~f����{ �� |e{k�g{ �� ��gg~�{ Y� jf�� �� 
 tjm tg

�f � jf�� ht�fk�ejtk�� �tg{ g�f�� �t{� � j �� ��m�f�� �� kf h ��m �ff�� � �~stje�� jt � k{ftg�� ht��
��e�e� ht� j� s~�k�ej� �gf�� ��e� ~fth �{ �� ������fk�g x ��e� �t{ �� ��e�� h �es�gf �f��
��g��gf�~{ Y�| ��e�� � x�� � {� kf te�eg� kg|��mtfk�g ��f~�� ��hfks� g ��{f f�tkf~� ht� j� {v{�
f�m � �� |e{k�g �gf�� ��e� kg|��mtfk�g{ ���m~f�kle�{ � tele�j �t{ jt � k{ftg�� ht���e�e�
ht� j� s~�k�ej� �{f {kmhj�m �gf �

∆D = qo + v∆D

Y� x
�
��

� qo
�{f j� ht{ �� letgfk��tfk�g �� j ����m�f�� �g m�f�� ht� f�h ���m�f�� �

� v∆D

�{f j �kg���fkfe�� �� jt ��gg~� ���m~f�kle� �
{� kf eg� �e hje{k�e�{ kg|��mtfk�g{ ��f~�� ��hfks�{ {�gf ���e�{ �f � �tg{ �� �t{ � kj �{f g~��{�
{tk�� � ��	 ��fe�� eg� kgf��h � jtfk�g ��{ ��gg~{ ���m~f�kle�{ h�e� �~f��mkg�� jt � k{ftg��
t h�k��k ht���e�e� ht� j� s~�k�ej� h �e� ��t�eg� �� ��{ kg|��mtfk�g{ x � kg{k �g ��g{k�~�tgf
eg� kgf��h � jtfk�g jkg~tk�� �

∆D = vo|tok
− ti| + v

′

∆D

Y� x��
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ts��
� to

jt �tf� � �t�lek{kfk�g �� j �kg|��mtfk�g ���m~f�kle� �
� ti

jt �tf� � �t�lek{kfk�g � jtf�g�� �� j �kg|��mtfk�g ��f~�� ��hfks� �
� �f vo

jt s kf�{{� �e s~�k�ej� �~�ekf�{ ��{ kg|��mtfk�g{ ���m~f�kle�{ tgf~�k�e��{ �
j �kg{ftgf k � � ��{f���� k�� �

vo = qo/(tok
− tok−1

) {k tok
< ti

qo/(tok−1
− tok−2

) {kg�g

distance
parcourue

tok
tok−1

tok−2
tok−3

tok−4
ti

qo ∆D ∆D

ti > tok−2
ti < tok−1

��� � � x� � � k{ftg�� ht���e�e� ht� j� s~�k�ej�

�
�� �p �p ��[��� ����� �� �� ������ ���� ��� �^��
� �th��{ jt {��fk�g 	 x	 x	 x
 � j�{ {�e���{ �jt{{kle�{ � �����e�{ �� j �� ��m~f�k� h �es�gf �f��

� ks k{~�{ �g ��e� �tf~���k�{ � j�{ ����e�{ {v{f~m tfkle�{ �f j�{ ����e�{ g�g {v{f~m tfkle�{ x
� tg{ jt {� jefk�g ��� k{k� h �e� j� h �{kfk�gg�m �gf �� jtfk| � eg {�ej ���m�f�� �{f efkjk{~ � ��g�
j�{ ����e�{ {v{f~m tfkle�{ h �es�gf �f�� �~{em~�{ ht� j�{ ����e�{ �� �~{� jefk�g �e ����e� �f
�� |�~le�g�� � �~��tgfkjj�ggt�� ftg� k{ le� j�{ ����e�{ g�g {v{f~m tfkle�{ ��{f�gf kg��tg�
�~�{ � � {ts� k� �jk{{�m �gf �e s~�k�ej� � gtsk�tfk�g {e� f���tkg t��k��gf~ �f� xxx �� hje{ � ��mm �
j �t��~j~�tfk�g �e s~�k�ej� g ��{f ht{ h�k{� �g ��mhf� j��{ ��{ � k	~��gf�{ kgf��h � jtfk�g{ Y�|
~letfk�g � x� � � ��jj���k �{f eg� g�es� jj� {�e��� � �����e�{ �tg{ j� �tj�ej �e �~hjt��m �gf �e
s~�k�ej� x 
�h �g�tgf ��mm � g�f�� s~�k�ej� g� h �ef {eik� ��{ t��~j~�tfk�g{ �f ��{ �~�~j~�t�
fk�g{ {eh~�k�e��{ � 1g �f le� j� ht{ �� letgfk��tfk�g �� j ����m�f�� �{f �� jtfks�m �gf h �fkfY
qo ' 19, 6cm� �g h �ef ��g{k�~��� le ��jj� �{f g~�jk��tij� ht� �thh ��f te� tef��{ {�e���{
� �����e�{ x � kg{k �g {t��tgf le� j�{ �~{ejftf{ ��h~�km �gfte� �gf m �gf�~ le� j �����e� {e� jt
� k{ftg�� ht���e�e� ht� j� s~�k�ej� �{f f�eu �e�{ kg|~�k�e�� � 1% � g�e{ {ehh�{���g{ le� j�{
kg���fkfe��{ v∆D

�f v′

∆D

{e� jt ��gg~� ���m~f�kle� h �es�gf �f�� �~��kf�{ ht� jt m �m � j� k
g��mtj� �

v∆D
= v

′

∆D
∼ N (0, σ∆D

)
Y� x��

ts��
σ∆D

=
∆D

100

Y� x��
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�� �p �n ����� ��� �� �� ������ ���� ��� �^��
� k j ��g ��g{k���� le� jt �e�~� �� f�tg{m k{{k�g �� j �kg|��mtfk�g ���m~f�kle� te {v{f�m �

�� f�tkf�m �gf �{f f��{ |tkij� � tj��{ jt �tftfk�g �� jt ��gg~� ���m~f�kle� �{f ��gg~� ht�
jt �tf� � �t�lek{kfk�g �� j �kg|��mtfk�g Top�odok

x
� �� �� �� 
���� ����


�mm � g�e{ j �ts�g{ se �tg{ jt {��fk�g 	 x	 x� � j� �v��m�f�� h ��m �f jt m �{e�� � �eg�
skf�{{� tg�ejtk�� x � jt�~ {e� j �t�� s��fk�tj �e s~�k�ej� � kj h ��m �f �� m �{e��� jt s kf�{{� ��
��ftfk�g �� ��je k��k x � �th��{ j �~letfk�g Y	 x	
� � ��ff� kg|��mtfk�g h �ef �f�� �~��mh�{~� �g
f�� k{ ��mh�{tgf�{ � Y	� j� h���ekf |t�f�e� � �~��� jj� × ��gg~� �v��m~f�kle� � Y�� j� iktk{ �fY
� j� i�ekf �� m �{e�� kg�~��gf � f�ef �thf�e� x
�

�� �n �� 
� ������ ����� ��� �^��
	�e{ tjj�g{ ��g{k�~��� le� {�ej� jt h��mk��� ��mh �{tgf� ��h�~{�gf� ��ff� ��gg~� x � kg{k

jt ��gg~� �v��m~f�kle� �{f �~��kf� ht� �
wgyro = Kgw + vgyro

Y� x��
��

� Kg
�{f j� |t�f�e� � �~��� jj� �

� w �{f jt m �{e�� �v��m~f�kle� �
� vgyro

kg���fkfe�� �� jt ��gg~� �v��m~f�kle� x
��e� �tjki��� j� |t�f�e� � �~��� jj� � j� �v��m�f�� t ~f~ kg{ftjj~ {e� eg i�t{ ��i�fkle� �thtij�
�� �~tjk{�� ��{ �~hjt��m �gf{ �k��ejtk��{ �� 
����f �� � � k	~��gf�{ s kf�{{�{ �� ��ftfk�g
tjjtgf �� �	 �t��{ � 	 �t��{ x 
�mm � j� m �gf�� jt ��e�� � x
 j� |t�f�e� � �~��� jj� �� g�f��
�v��m�f�� h �ef �f�� ��g{k�~�~ ��mm � ��g{ftgf �tg{ j� ��mtkg� � �efkjk{tfk�g �� 	 � 	� �t��{ x

�
�� �n �p ��[��� ������ ��� �� ������ ����� ��� �^��
y�{ ��e� ��mh�{tgf�{ ��{ftgf�{ Y	 x	
� ��h�~{�gf�gf ��g� j�{ kg���fkfe��{ {e� jt ��gg~�

�v��m~f�kle� x � kg{k �
vgyro = bw + εw

Y� x��
��

� bw
�{f j� iktk{

� εw
�{f j� i�ekf �� m �{e��

� �th��{ jt {��fk�g 	 x	 x� � j� iktk{ �~h �g� �� jt f�mh~�tfe�� x 
�h �g�tgf g �tvtgf ht{ ��
itg� �� f�{f thh��h�k~ � �g ht�fk�ejk�� � ��g��kgf�{ f���m �{ftf~�{ ��es �tgf j� ��mtkg� ��
f�mh~�tfe�� le� h �ef {eik� eg s~�k�ej� � kj g�e{ �{f kmh �{{ki j� � �~ftijk� eg� �� jtfk�g �gf��
j� iktk{ �f jt f�mh~�tfe�� x 	 ~tgm � kg{ g�e{ ts�g{ he letg� m �m � �~tjk{�� le� jle�{ f�{f{
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��� � � x
 � �t�f�e� � �~���jj� �e �v ��m�f��
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�g �~g~�tj � �� i�ekf �{f ��g{k�~�~ ��mm � �te{{k�g ��gf�~ ijtg� x ��e� s~�k��� ��ff�

�vh �f��{� � eg� |� k{ j� �v��m�f�� {ftikjk{~ �g f�mh~�tfe�� � jt ��g{kf~ �� h��itikjkf~ ��{
m �{e��{ �v ��m~f�kle�{ t ~f~ ��mht�~� � jt ��g{kf~ �� h��itikjkf~ f�~��kle� �� jt j� k g���
mtj� N (bw, σ

2
gyro)

Y��e�� � x� Yi �� �f eg f�{f �� ijtg���e� �� ��{ m �{e��{ Y��e�� � x� Yt�� t
~f~ �~tjk{~ x � kg{k � � �th��{ jt ��e�� � x� Yi � � jt ��g{kf~ �� h��itikjkf~ �~�ekf� ��{ m �{e��{ �{f
f��{ {km kjtk�� � jt ��g{kf~ �� h��itikjkf~ f�~��kle� ��g� j� i�ekf �� m �{e�� {��t {ehh �{~
�� gtfe�� �te{{k�gg� x yt ��e�� � x� Yt� h�~{�gf� jt |�g�fk�g � �tef� ����~jtfk�g ��{ m �{e��{ �
��jj���k { �thh�� ��tgf � �eg� kmhej{k�g �� � k�t� � j� i�ekf �� m �{e�� �{f eg i�ekf ijtg� x ��g�
j� i�ekf �� m �{e�� h �ef �f�� ��g{k�~�~ ��mm � eg i�ekf �te{{k�g ��gf�~ ijtg� � {ftfk�ggtk��
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�ff�
��g{ftgf� �{f tj��{ �~f��mkg~� tstgf ��tle� ��h~�km �gftfk�g ht� eg� h�� �~�e�� � �th�
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�v��m~f�kle� x

� �� �
`����� �b���� ��`����
� �� �� ��� �� 	�� ��������
y� ��� k� ��{ �thf�e�{ ��f~�� ��hfk|{ �{f i �te��eh hje{ tk{~ le� j� ��� k� ��{ �thf�e�{

h��h�k� ��hfk|{ x �g �	 �f kj �~��ej� ��{ m ~f����{ �� h�{kfk�gg�m �gf ti{� je h �f�gfk� jj�m �gf
efkjk{tij�{ �tg{ j�{ ��gf��f�{ ��efk��{ Y�g {t��tgf le �te�eg tm ~gt��m �gf �e �~{�te ��e�
fk�� g ��{f �gsk{t��tij�� x � �th��{ jt {��fk�g 	 x� � kj g ��g �� k{f� le� f�� k{ �tg{ g�f�� �t{ � j�
h�{kfk�gg�m �gf ht� {tf� jjkf�{ � j� h�{kfk�gg�m �gf ht� sk{k�g �f j� h�{kfk�gg�m �gf ht� f~j~�
h��g� �� jje jtk�� x 
�h �g�tgf j� mtgle� �� mtfe�kf~ �� ��ff� ���gk��� f���gkle� jt ��g� h �e
sktij� �tg{ jt �~tjkf~ �f {�ej�{ j�{ ��e� h��m k���{ f���gkle�{ {�mij�gf �gsk{t��tij�{ �tg{
g�f�� thhjk�tfk�g x 
�mm � j� h�{kfk�gg�m �gf ht� {tf�jjkf�{ �{f jt f���gkle� ht� ���� jj�g��
h�e� j� �tjk{�� eg ��i�f m �ikj� �e eg s~�k�ej� �g �gsk��gg�m �gf ��f~�k�e� � kj �{f km h~�tfk|



�pp ����� �� [���[��� ���� ��� ��� [�������

� �kgf~���� �� {v{f�m � �tg{ g�f�� thh�� ��� �f g�f�� ��� k� {� h ��f� ��g� s��{ eg ��� x 
��
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 �~��kstgf

jt h �{kfk�g �e �~��hf�e� ��� {e� jt �t�f� �
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�f �� vygps
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~ftkf ht�|tkf�m �gf ��gge� x � ht�fk� ��{ ��gg~�{ ���e� kjjk�{ � g�e{ ts�g{ he �if�gk� eg� th�
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tkg{k �if�ge�{ � j�e�{ � k{f�kiefk�g{



�p� ����� �� [���[��� ���� ��� ��� [�������

�� h��itikjkf~ f�~��kle�{ Y� k{f�kiefk�g{ �~��kf�{ ht� j�{ j� k{ N (0, σ2
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j�{ � k	~��gf{ h�� ��{{e{ h��h�{~{� �f jt s�tk� m �{e�� ��{ ����e�{ ��� � � ��{f���� k�� �

1

N

N∑

n=1

[
bk − fM(bk−1 . . . bk−m, εk)

]2 Y� x	��

��
� bk

�{f jt m �{e�� ��{ ����e�{ ��� � j �kg{ftgf k �
� N �{f j� g�mi�� �� m �{e��{ t�lek{�{ ��h ~�km �gftj�m �gf �
� fM

{�gf j�{ ~letfk�g{ �� �~�e���g��{ �~�gk{{tgf j� � jf�� |��m �e� �e h�� ��{{e{ {f��
��t{fkle� �

� m �{f j� g�mi�� �� m �{e��{ �e ht{{~ �e h�� ��{{e{ h�k{ �g ��mhf� ht� j� m ���j� �
� εk

�{f j� {k�gtj ijtg� kgu ��f~ �tg{ j� m ���j� � ��tle� kg{ftgf k x
� kg{k � j� m ���j� �if�gtgf jt m �v�gg� ��{ ����e�{ let��tfkle�{ �� h�~� k�fk�g jt hje{

|tki j� � �f �� �tg{ j�{ {kfetfk�g{ {ftfkle� �f �vgtm kle� � {��t efkjk{~ �tg{ j� � jf�t�� x

	 ������ �� �����[� ��� ��� ��������� � ��� ��� �� ���� �^�� \ y� ftij�te � x	 h�~�
{�gf� j�{ {ftfk{fkle�{ {e� j�{ ����e�{ �� h�~� k�fk�g Ym �v�gg� � mt� kmem � m �v�gg� ��{ ���
��e�{ let��tfkle�{� {�j�g � k	~��gf{ m ���j�{ �� h�� ��{{e{ tj~tf� k��{ � {ts� k� � i�ekf ijtg� �
mt���� tj~tf� k�� � �te{{�wt���s � ������ 	 �f �� � ������ 	 � � �~�gk{ ht� jt m ~f���� ��
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�e�� x
� �th��{ jt h��m k��� jk�g� �e ftij�te � x	 � kj �{f �jtk� le� jt m ��~jk{tfk�g ��{ kg���fkfe��{

w ���j� ��
h�� ��{{e{

����e�{ �g � Ym � ����e� �g v Ym �
m �v mt� �w � m �v mt� �w �

� �ekf ijtg� �te{{k�g 	 x��� � x��� � x��� 
 x�� 	 �� x
�� � x�
�tg� �tj� � x�
� � x��� � x��� � x	�� 	 x��� � x	�	�te{{�wt���s ����� 	 � x��	 � x���� � x		� � x	�� 	 x
�� � x�
��� ����� 	 � x�
� � x���� � x��� � x���� 	 x��� � x	�	�� ����� � � x�
� � x���� � x��� � x	�
� 	 x��� � x	���� ����� 
 � x�� 	 � x�	�� � x��� � x	�� 	 	 x��
 � x	���� ����� � � x��
 � x�	�
 � x��	 � x	��� 	 x�� 	 � x	���� ����� � � x��
 � x���� � x��� � x	��
 	 x��� � x	�


��� � � x	� ����e� �� h�~� k�fk�g �g {ftfkle� {� j�g j�{ m ��~jk{tfk�g{ {f� ��t{fkle�{
��� ht� eg i�ekf ijtg� �te{{k�g g ��{f ht{ t�~letf� x � �th��{ j�{ |�g�fk�g{ � �tef� ����~jt�
fk�g �� jt ��e�� � x� � j�{ kg���fkfe��{ �e ��� {�gf ��{ h�� ��{{e{ tj~tf� k��{ lek st�k�gf f��{
j�gf�m �gf ts�� eg f�mh{ �� ����~jtfk�g h�� ��� �� 900s

Y
tc ≈ 	��� � x 
�mm � jt h ~�k���

� �~��tgfkjj�ggt�� ��{ kg|��mtfk�g{ ��� �{f �� 1s � tj��{ j�e�{ kg���fkfe��{ g� st�k�gf let�{km �gf ht{ � �eg kg{ftgf � j �tef�� � �� lek ��hjkle� le� jt m ��~jk{tfk�g ��{ kg���fkfe��{ ht�
eg h�� ��{{e{ �� mt���� tj~tf� k�� ��gg� let{km �gf j�{ m �m �{ �~{ejftf{ le �eg h�� ��{{e{
tef��~���{{k| � ������ � x � h�k��k � �th��{ j�{ �~{ejftf{ �e ftij�te � x	 � � ht�f j� i�ekf ijtg�
�f j� h�� ��{{e{ �� �te{{�wt���s g �km h��f� le�j tef�� h�� ��{{e{ h �ef �f�� efkjk{~ h �e�
m ��~jk{�� j�{ kg���fkfe��{ �e ��� �g {ftfkle� x
yt ��e�� � x� h�~{�gf� jt m �v�gg� ��{ ����e�{ let��tfkle�{ �� h�~� k�fk�g ��{ m ���j�{�� � ������ 	 � � � �f �� h�e� j�{ m ~f����{ �� �~���{{k�g jkg~tk�� �� �ej���tj��� � �� �e��

�f �� jt 
�st�ktg�� x � �th��{ ��ff� ��e�� �g ��f��es� j�{ h��h�{ ~g�g�~{ �tg{ jt {��fk�g 
 x� �
� {ts� k� le� jt m ~f���� �ej���tj��� |�e�gkf j�{ m ���j�{ tef��~���{{k|{ j�{ m � kg{ h�~�k{ �
jt m ~f���� �� jt 
�st�ktg�� j�{ m ���j�{ j�{ hje{ h�~�k{ �f le� jt m ~f���� �� �e�� ��gg�
��{ �~{ejftf{ {km kjtk��{ � jt m ~f���� �� jt 
�st�ktg�� x �g�g � ��mm � jt m ~f���� �� �e��
�{f jt {�ej� � �t�tgfk� jt {ftikjkf~ �e m ���j� � kj �{f h�~|~�tij� � �efkjk{�� ��ff� m~f���� h �e�
�~�gk� jt ht�fk� {f� ��t{fkle� ��{ kg|��mtfk�g{ ��� x

	 ������ �� �����[� ��� ��� ��������� � ��� ��� �� ����� �^�� �
y� ftij�te � x� h�~�

{�gf� j�{ {ftfk{fkle�{ ��{ ����e�{ �� h�~� k�fk�g Ym �v�gg� � mt�kmem � m �v�gg� ��{ ����e�{
let��tfkle�{� {� j�g j�{ h�� ��{{e{ tj~tf� k��{ efkjk{~{ �tg{ j� ht�t��th�� h�~�~��gf x
y� �g���� � � �th��{ jt h��m k��� jk�g� �e ftij�te � x� �g h �ef s� k� le� j� i�ekf ijtg�

�te{{k�g g ��{f ht{ t�~letf h�e� m ��~jk{�� j�{ kg���fkfe��{ ��� x � kg�g f�e{ j�{ tef��{
h�� ��{{e{ ��gg�gf ��{ �~{ejftf{ {km kjtk��{ � ht�f h �ef �f�� j�{ m ���j�{ �� � ������ ~j�s~
lek tm ~jk���gf {�g{kij�m �gf jt h�~�k{k�g �� jt h�~� k�fk�g x �g h �ef ��g� f�ef {kmhj�m �gf
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��� � � x� � �w �� �� h�~� k�fk�g �g {ftfkle� �� bx �f by h�e� j�{ m ~f����{ �� �ej���tj��� ��� �e�� �f �� ��st�ktg��
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m �v mt� �w � m �v mt� �w �
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� � x��
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 x���
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 � x�
 	� � x���
�� ����� 	 � x��

 � x�
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 � x� 	���� ����� � � x��
� � x���� � x�� 	
 � x���� � x���
 � x� 	��

��� � � x� � ����e� �� h�~� k�fk�g �g �vgtm kle� {� j�g j�{ m ��~jk{tfk�g{ {f� ��t{fkle�{

efkjk{�� g �kmh ��f� j�le�j �� ��{ h�� ��{{e{ h �e� m ��~jk{�� j�{ kg���fkfe��{ ��� x
yt ��e�� � x� h�~{�gf� jt m �v�gg� ��{ ����e�{ let��tfkle�{ �� h�~� k�fk�g �g �vgtm kle�

��{ m ���j�{ �� � ������ 	 � � |�e�gk{ ht� j�{ f�� k{ � k	 ~��gf�{ m ~f����{ �� �~���{{k�g jk�
g~tk�� x � �th��{ ��ff� ��e�� � kj thht�t�f le� j�{ f�� k{ m ~f����{ |�e�gk{{�gf ��{ m ���j�{
let{k�~lekstj�gf{ � ��h �g�tgf ��mm � jt m ~f���� �� �e�� �t�tgfkf jt {ftikjkf~ �� ��{ m ��
��j�{ � kj �{f h�~|~�tij� � �efkjk{�� ��ff� m~f���� x

	 ��� � �� � ������ �
� �th��{ j�{ ��e� ht�t��th��{ h�~�~��gf{ � �� g�mi��e{�{ m ~f����{

h �es�gf �f�� efkjk{~�{ h �e� m ��~jk{�� jt ht�fk� {f� ��t{fkle� ��{ kg|��mtfk�g{ ��� Ym t����
tj~tf� k�� � �te{{�wt���s � �� � x yt hje{ h�~�k{� �� f�ef�{ �{f ik�g {�� jt m ��~jk{tfk�g ��
� ������ ~j�s~ x 
�h �g�tgf �� jj���k ��h�~{�gf� eg kg��gs~gk�gf h �e� j� � jf�t�� �f g�ftmm �gf
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��� � � x� � �w �� �� h�~� k�fk�g �g �vgtm kle� �� bx �f by h�e� j�{ m ~f����{ �� �ej���tj��� ��� �e�� �f �� ��st�ktg��

h�e� j� � jf�t�� ht�fk�ejtk�� x �g �	 �f � h�e� f�ef� kg|��mtfk�g g�g ijtg��� � jt ht�fk� {v{f~�
mtfkle� �f jt ht�fk� {f� ��t{fkle� {�gf ��{ kg��gge�{ �f �� ks�gf �f�� kgf~��~�{ te s��f�e�
� �~ftf h�e� �f�� �{fkm ~�{ Y�| {��fk�g 
 x� � x � k j ��g ��g{k���� eg m ���j� �� � ������ � � kj �{f
tj��{ g~��{{tk�� � �tu �ef�� ��e�� st�ktij�{ te s��f�e� � �~ftf � � ��{f���� k�� � st�ktij�{ h �e�
jt ht�fk� {v{f~m tfkle� �f 	 st�ktij� h�e� jt ht�fk� {f� ��t{fkle� ��{ kg|��mtfk�g{ x �f y�e ��� x � tg{ ��ff� {kfetfk�g j ��{ht�� � �~ftf � ��es�k� ht� jt m ~f���� �� � jf�t�� ��sk�gf
f��{ ��tg� �f j ��{fkm tfk�g �� jt h �{kfk�g �e s~�k�ej� ht� eg � jf�� ht�fk�ejtk�� ��mtg�� eg
f��{ ��tg� g�mi�� �� ht�fk�ej�{ lek h �ef �~ht{{�� jt hek{{tg�� �� �tj�ej ��{ ��� kgtf�e�{
t�fe�j{ x � kg{k � h�e� �~tjk{�� j� � jf�t�� � g�e{ ts�g{ ��g� h�~|~�~ efkjk{�� eg� m ��~jk{tfk�g�� �e h��mk�� ����� x y�{ kg|��mtfk�g{ ��� h �es�gf �f�� tj��{ �~��kf�{ ht� �

xgpsk
= xk − αxbxk−1

+ βxεbxk
+ v

′

xgps

ygpsk
= yk − αybyk−1

+ βyεbyk
+ v

′

ygps

Y� x	��

��
� xk

�f yk
{�gf j�{ ht�fk�{ {v{f~m tfkle�{ ��{ kg|��mtfk�g{ ��� �

� bxk

�f byk

{�gf j�{ ht�fk�{ {f� ��t{fkle�{ ��{ kg|��mtfk�g{ ��� le� j ��g g�mm ��t j�{
ht�tm�f��{ �� iktk{ �e ��� �

� αx
� βx

� αy
�f βy

j�{ ht�tm�f��{ ��{ m ���j�{ �� �e h��mk�� ����� ts�� αx
�f αx

��
j ������ �� � x�� �f βx

�f βy
�� j ������ �� � x� �

�g ��g{k�~�tgf le� j�{ ht�fk�{ {v{f~m tfkle�{ xk
�f yk

��{ kg|��mtfk�g{ ��� {�gf �g
�~tjkf~ jt s�tk� h �{kfk�g �e s~�k�ej� �f ��g� jt h �{kfk�g le� j ��g s�ef �{fkm �� � kj �{f tj��{
{�ej�m �gf g~��{{tk�� � �kgf~���� j�{ st�ktij�{ �� jt ht�fk� {f� ��t{fkle� �tg{ j� s��f�e�
� �~ftf �

X =
(
x y θ bx by

)T Y� x	��
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�j��{ j�{ kg���fkfe��{ {e� j�{ kg|��mtfk�g{ ��� {�gf ��g�mm~�{ v′gps = N (0,R

′

gps)�f {�gf �~f��mkg~�{ �g |�g�fk�g ��{ ����e�{ �~{k�e� jj�{ �� h�~� k�fk�g �e m ���j� �� �e
h��mk�� ����� � f� j le� �

R
′

gps ∼
(
σ2

ARx
0

0 σ2
ARy

) Y� x	��
�� σARx

�f σARy

{�gf j�{ ~�t�f{�fvh �{ ��{ ����e�{ �~{k�e� jj�{ �� h�~� k�fk�g x
�

�p �p �n ����� ��� ��� ������� �� Z

�mm � h�e� f�ef �~��hf�e� ��� � j�{ kg|��mtfk�g{ ��� {�gf |�e�gk�{ te {v{f�m � ts��

eg ��ft�� x 
� ��ft�� �{f ��mmeg~m �gf thh �j~ jt jtf�g�� ��� �f �����{h�g� h�kg�khtj��
m �gf te f�mh{ �� f�tkf�m �gf ��{ kg|��mtfk�g{ ���e�{ �� ��t�eg ��{ {tf�jjkf�{ s k{ki j�{ x

�ff� jtf�g�� �{f st�ktij� �f �~h �g� |��f�m �gf �� jt h�{kfk�g �f �e g�mi�� ��{ {tf� jjkf�{
s k{ki j�{ x �~g~�tj�m �gf �� j ������ �� le� jle�{ ��gftkg�{ �� mkjjk{���g��{ � � jj� g� h �ef �f��
g~�jk�~� ht� j� {v{f�m � �� |e{k�g x �g �	 �f � {k j ��g ��g{k���� eg s~�k�ej� {� �~hjt�tgf j�
j�g� � �eg� f�tu ��f� k�� ���fkjk�g� � jt s kf�{{� �� 90km/h � eg� jtf�g�� �� 200ms kg�ekf eg�����e� {e� jt h�{kfk�g �e s~�k�ej� � ��gsk��g 5m � {k jt m k{� � u �e� �{f �~tjk{~� �g |�g�fk�g
�� ��ff� �i{��stfk�g tj��{ j ��{fkm tfk�g �� jt h�{kfk�g {��t �ijk�tf� k��m �gf ����g~� x �stgf
�� ��g{k�~��� j�{ �i{��stfk�g{ ��� � kj �{f ��g� g~��{{tk�� �� ���tj�� �tg{ j� f�mh{ ��{
kg|��mtfk�g{ �g |�g�fk�g �� j�e� jtf�g�� � ���k �{f j ��iu �f �e ht�t��th�� � x� x
 x
 x � tg{ jt
{ekf� �� ��ff� {��fk�g g�e{ tjj�g{ �~��k�� jt m ~f���� efkjk{~� h �e� letgfk��� ��ff� jtf�g�� x

� �th��{ j� ht�t��th�� h�~�~��gf � j�{ ����e�{ {e� j�{ kg|��mtfk�g{ ��� st�k�gf h �e�
j ��{{�gfk�j f��{ j�gf�m �gf �tg{ j� f�mh{ x �g h �ef ��g� {ehh�{�� le� j� �~hjt��m �gf �� jtfk|
�e s~�k�ej� h �ef �f�� �tj�ej~ ts�� eg� i�gg� h�~�k{k�g �g |�g�fk�g �� ��e� kg|��mtfk�g{��� � ��g� kfk�g le� j� f�mh{ {~ht�tgf ��{ kg|��mtfk�g{ {� kf ��jtfks�m �gf |tkij� ht� �th�
h��f te f�mh{ �� ����~jtfk�g ��{ kg���fkfe��{ ��� Y�� j ������ �� jt m kgef�� x 
� m �m �
�~hjt��m �gf h �ef �f�� te{{k �tj�ej~ �g |�g�fk�g ��{ �thf�e�{ h��h�k� ��hfk|{ �e s~�k�ej�
{t��tgf le� j� te{{k eg� i �gg� h�~�k{k�g g ��{f �if�ge� le� {k j� f�mh{ ~��ej~ �gf�� j�
�~ief �f jt �g �e �~hjt��m �gf ��{f� ��e�f x yt jtf�g�� h �ef �f�� tj��{ k��gfk�~� ht� eg�
mkgkm k{tfk�g �� jt {�mm � ��{ ����e�{ let��tfkle�{ �gf�� j� �~hjt��m �gf �tj�ej~ ts�� ��e�
kg|��mtfk�g{ ��� �f j� �~hjt��m �gf �tj�ej~ ts�� j�{ kg|��mtfk�g{ h��h�k� ��hfks�{ �

latg =
� �� m kg(∑

t

∣∣∣∆Dgps(t) − ∆Dpro(t− φ)
∣∣∣
)

φ ∈ [0, φmax]
Y� x���

ts��
� ∆Dgps

jt � k{ftg�� �tj�ej~� � ht�fk� ��{ kg|��mtfk�g{ ��� x
� ∆Dpro

jt � k{ftg�� �~�ekf� ��{ kg|��mtfk�g{ h��h�k� ��hfks�{ x
yt m kgkm k{tfk�g �{f i��g~� �gf�� � �f φmax = 1s �tg{ j� f�mh{ �t� �g ��g{k���� le� jt
jtf�g�� �{f �ijk�tf� k��m �gf ��mh�k{� �tg{ �� m �m � kgf��stjj� � �� lek �{f �~tjk{f� h �e� eg��� x

��e� �~tjk{�� �� �tj�ej � g�e{ g�e{ {�mm �{ km h�{~{ j�{ ��g� kfk�g{ ��h~�km �gftj�{ {ek�
stgf�{ �



�
�p �

�������� ������ [��� ��� �p�

� j� s~�k�ej� {� �~hjt�� {� j�g eg� f�tu ��f� k�� ���fkjk�g� � tkg{k j� �~hjt��m �gf {� �~{em �
� jt � k{ftg�� �e�skjk�g� ht���e�e� ht� j� s~�k�ej� �
� h �e� j�{ kg|��mtfk�g{ ��� �� �~hjt��m �gf �{f �~��kf ht�

∆Dgps(t) =
√

(xgps(t) − xgps(0))2 + (ygps(t) − ygps(0))2
Y� x�	�

�� (xgps(0), ygps(0)) �{f jt h�{kfk�g �� �~ht�f �e s~�k�ej� �f (xgps(t), ygps(t))
jt

h �{kfk�g �e s~�k�ej� � j �kg{ftgf t
� h �e� j�{ kg|��mtfk�g{ h��h�k� ��hfks�{ � �� �~hjt��m �gf h �ef �f�� �~�ekf {kmhj�m �gf
� ht�fk� �� j ����m~f�k� �

∆Dpro(t) =
tn∑

t=t0

∆D(t)
Y� x���

ts�� ∆D(tn) j� �~hjt��m �gf �e�skjk�g� �e s~�k�ej� m �{e�~ ht� j ����m~f�k� �gf��
��e� kg{ftgf{ tn �f tn−1

�
� jt � k{ftg�� � ht���e�k� �{f � ��gsk��g 1500m �
� j� s~�k�ej� �� kf ~s� je�� � skf�{{� ��g{ftgf� j� hje{ j�g�f�mh{ h �{{ki j� � ��ff� skf�{{�~ftgf ��mh�k{� �gf�� 50 �f 100km/h

x
yt ��e�� � x� Yt� m �gf�� le� j�{ � k{ftg��{ �tj�ej~�{ ∆Dgps

�f ∆Dpro

�g |�g�fk�g ��{
��e� � k	~��gf�{ {�e���{ � �kg|��mtfk�g{ �~��ks�gf ik�g j� m �m � �~hjt��m �gf �e�skjk�g� �e
s~�k�ej� �f �� h�e� � k	 ~��gf�{ s kf�{{�{ � �~s� jefk�g x 
�h �g�tgf �tg{ jt ht�fk� jkg~tk�� ��{
��e�i �{ Y��e�� � x� Yi �� � ��{f���� k�� letg� j� s~�k�ej� ~s� je� � skf�{{� ��g{ftgf� � jt ��e�i �
�tj�ej~� �g |�g�fk�g ��{ kg|��mtfk�g{ ��� �{f �g ��ft�� ht� �thh��f � ��jj� �tj�ej~� �g
|�g�fk�g ��{ ��gg~�{ ���m~f�kle�{ � �~m �gf�tgf tkg{k jt h�~{�g�� � �eg� jtf�g�� h �e� j�{
kg|��mtfk�g{ ��� x y�{ {�mm �{ ��{ ����e�{ let��tfkle�{ h�e� φ tjjtgf �� � � 	{ �f h �e�
j�{ s kf�{{�{ 60 �f 70km/h {�gf m �gf�~�{ �tg{ j�{ ��e��{ � x� Y�� �f � x� Y� � x �j �{f tk{~ ��
s� k� le� ��{ |�g�fk�g{ h�~{�gf�gf eg m kgkmem �j�itj tef�e� �� 250ms

x 
� m kgkmem
�{f ��g� jt jtf�g�� �e ��� x � �tkjj�e�{ � �g h �ef f��es�� j�{ stj�e�{ �� jtf�g��{ h�e� ��{
s kf�{{�{ � �~s� jefk�g �e s~�k�ej� ��mh�k{�{ �gf�� 50km/h � 100km/h �tg{ j� ftij�te � x
 x
�e se �� �� ftij�te �g h �ef �g �~�ek�� le� jt jtf�g�� �e ��� g ��{f ht{ |���~m �gf
��g{ftgf� x w tk{ � � �th��{ j�{ f�{f{ ��h~�km �gfte� le� g�e{ ts�g{ �	 ��fe~{ � �� jj���k �{f
f�eu �e�{ ��mh�k{� �gf�� 200ms �f 260ms

x � tg{ jt {ekf� �� �� m~m � k�� � g�e{ ��g{k�~��g{
le� jt jtf�g�� �e ��� �{f ��g{ftgf� �f ~�tj� � j ��{h ~�tg�� �� f�ef�{ j�{ jtf�g��{ m �{e�~�{
��h~�km �gftj�m �gf {� kf �gsk��g 220ms �f lek ht� ���mhj� � �g��g���t eg� ����e� mt�km tj��� 1.44m � 130km/h �� 1m � 90km/h �f �� 0.55m � 50km/h {e� jt j� �tjk{tfk�g �e s~�k�ej� x

� �� �� �� ������� �� ����� �

�mm � ~g�g�~ �tg{ j� �~ief �� ��ff� ht�fk� � g�e{ s�ej�g{ �	 ��fe�� jt j� �tjk{tfk�g ��

g�f�� s~�k�ej� ts�� ��{ �thf�e�{ it{ ���f{ x �tg{ �� �t{ � j�{ kg|��mtfk�g{ h��s�gtgf �e��� {�gf h �e h�~�k{�{ �f kj �{f ��g� g~��{{tk�� � �ts� k� eg� ��e�k�m � {�e��� � �kg|��mtfk�g{
��f~�� ��hfks�{ hje{ h�~�k{�{ h�e� �if�gk� eg� j� �tjk{tfk�g ������f� �e s~�k�ej� x �� hje{ �
� �th��{ jt {��fk�g � x� x� x� � j�{ kg|��mtfk�g{ ��� g� {�gf ht{ ijtg���{ �f kgf���ek{�gf ��e�
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��� � � x� � 
t�t�f~�k{tfk�g �� jt jtf�g�� �e ��� � ��e�� Yt� �~hjt��m �gf ��jtfk| h�e� ��{
s kf�{{�{ � �~s� jefk�g �� 60km/h �f 70km/h � ��e�� Yi � ��g� jkg~tk�� �e �~hjt��m �gf � ��e��Y�� �f Y� � � {�mm � ��{ ����e�{ let��tfkle�{ h�e� 60km/h �f 70km/h

s kf�{{� Y�m �� � �� �� �� �� �� 	��
jtf�g�� Y{� � x��� � x��� � x��� � x��� � x�
� � x���

��� � � x
 � ytf�g��{ �{fkm ~�{ h�e� � k	 ~��gf�{ s kf�{{�{ � �~s� jefk�g �e s~�k�ej�

st�ktij�{ {ehhj~m �gftk��{ bx �f by Yht�fk�{ {f� ��t{fkle�{ ��{ kg|��mtfk�g{ ���� �tg{ j�s��f�e� � �~ftf x y�{ kg|��mtfk�g{ |�e�gk�{ ht� j� �thf�e� �sk{k�g � ��s��gf ��g� h ��m �ff��
eg� �{fkm tfk�g �� ��{ ht�tm�f��{ �f tm ~jk���� tkg{k jt j� �tjk{tfk�g �e s~�k�ej� x
y� �thf�e� �sk{k�g � �{f eg �thf�e� �vi�k�� ��ehjtgf j�{ kg|��mtfk�g{ h��s�gtgf � �eg

tj���kf�m � �� �~f��fk�g �� s� k�{ ht� sk{k�g m �g� �ejtk�� �f j�{ kg|��mtfk�g{ h��s�gtgf ��{
�thf�e�{ h��h�k� ��hfk|{ �e s~�k�ej� x y �tj���kf�m � �� �~f��fk�g �� s� k�{ t ~f~ ��g�e �tg{
g�f�� jti ��tf� k�� ht� ��metj� �e|���� ��e|���� � ��� 	� x �j h ��m �f �gf�� tef�� �� �~f��f��
j�{ m t�let��{ te {� j � �� j�{ m �ff�� �g �����{h�g�tg�� ts�� eg m ���j� �~g~�tj �� ��ef� �f
� ��{fkm �� jt h�{kfk�g jtf~�tj� �f j ���k�gftfk�g �e s~�k�ej� {e� jt ��te{{~� tkg{k le� ���ftkg{
ht�tm�f��{ �~�m~f�kle�{ �� jt ��ef� � ��mm � {t jt���e� �e �g���� {t ��e�ie�� x � tg{ {t
s��{k�g kgfktj� ��f tj���kf�m � ��ggtk{{tkf le� jle�{ jkm kftfk�g{ �

	 x j �efkjk{tfk�g � �eg m ���j� ht�tm�f�kle� � ��e�ie�� ��g{ftgf� h �e� ��h�~{�gf�� jt
�~�m~f�k� �� jt ��ef� lek � g�e{ j� �thh �j�g{ � g� h �ef �~��k�� f�ef�{ j�{ {kfetfk�g{
��efk���{ �f g�ftmm �gf j�{ ��g�{ �� f�tg{kfk�g{ Y�| x {��fk�g 	 x� x� x
� �



�
�p �

�������� ������ [��� ��� �n�
� x j �km h�{{ki kjkf~ �� �~tjk{�� eg {eks k f�mh���j �g |�g�fk�g �e ��mh��f�m �gf �kg~m t�
fkle� �e s~�k�ej� �t� � � j �~h�le� � g�f�� s~�k�ej� ��h ~�km �gftj g �~ftkf ht{ ~lekh ~ ��
�thf�e�{ h��h�k� ��hfk|{ x

� tg{ jt {ekf� �� ��ff� {��fk�g � g�e{ tjj�g{ �thh � j�� j� h�kg�kh � �� ��f tj���kf�m � tele�j
g�e{ ts�g{ tu �ef~ eg� ~fth � �� h�~� k�fk�g h��gtgf �g ��mhf� j� ��mh��f�m �gf �kg~m t�
fkle� �f {ei{fkfe~ eg m ���j� �j�f����tj te m ���j� � ��e�ie�� ��g{ftgf� x �g�g � j� h�kg�kh �
�� jt �~f��fk�g ��{ tm ��{ s k{e� j{ g� {��t ht{ h�~{�gf~ �g �~ftkj{ x 	 ~tgm � kg{ � �� g�mi��e{�{
kg|��mtfk�g{ h �es�gf �f�� f��es~�{ �tg{ ��e|���� �� ���� ����t� ��e|���� �� ���� ����i� x

�
�p �n �� 
� �� ��[ ��� �� � �� ���� ���� � �� � �����

� tg{ jt hjeht�f ��{ m ~f����{ f�t� kfk�gg�jj�{ �� j� �tjk{tfk�g it{~�{ {e� jt s k{k�g � j�
h�� ��{{e{ �{f � ks k{~ �g ��e� ~fth �{ � 	� jt �~f��fk�g �� h�km kfks�{ �tg{ j �km t�� � �� j ��{�
fkm tfk�g �� jt h �{kfk�g � ht�fk� ��{ h�km kfks�{ km t��{ x �� ht� j� mtgle� � �kg|��mtfk�g{
{e� jt ���~��g�� �gf�� j�{ h�km kfks�{ km t��{ �f j�{ ht�tm�f��{ 
� � �{fkm �� � j ��{fkm tfk�g
�� jt j� �tjk{tfk�g �e s~�k�ej� �{f f��{ {�g{kij� � jt s�tk{�mijtg�� ��{ h�km kfks�{ �~f��f~�{ x
��e� htjjk�� �� �~|tef � j �thh�� ��� efkjk{~� �tg{ j� �thf�e� �sk{k�g � h��h�{� �� �ek��� jt
�~f��fk�g ��{ h�km kfks�{ ht� eg m ���j� {ftfk{fkle� lek |�e�gkf j�{ �~h �g�tg��{ �gf�� j�{
kg|��mtfk�g{ km t��{ �f j�{ ht�tm �f��{ �� j� �tjk{tfk�g x
� kg{k j�{ ��e� ~fth �{ f�t� kfk�gg�jj�{ �� j� �tjk{tfk�g {�gf �~egk�{ �g eg� {�ej� � j� s��f�e�

� �~ftf Xv
� �{fkm �� �{f ��g{fkfe~ ht� j�{ h�km kfks�{ km t��{ � j�{ ht�tm�f��{ �� j� �tjk{tfk�g

�e s~�k�ej� �f j�{ ht�tm�f��{ �� �~�m~f�k� �� jt ��ef� x yt ���~��g�� �gf�� j�{ h�km kfks�{ �f
j�{ ht�tm�f��{ 
� �{f �~�k� ht� jt � k{f�kiefk�g �� h��itikjkf~ g��mtj� N (Xv(0),PXv(0))

x

�ff� j� k �{f thh�k{� h �g�tgf eg� h�t{� � �thh��gfk{{t�� � �g ��g{k�~�tgf le� j ��g{�mij�
��{ h�km kfks�{ km t��{ {�gf �� jk~�{ te� ht�tm �f��{ 
� �� jt {��g� ��efk��� ht� eg u �e�
� �~letfk�g{ ��g{k�~�~�{ jkg~tk��{ tef�e� �e h� kgf �� |�g�fk�gg�m �gf �~�gk ht� jt j� k g���
mtj� N (X l(0),PXl

(0))
x �� X l(0) �{f j� s��f�e� m �v�g ��{ ht�tm�f��{ �� j� �tjk{tfk�g �f

�� �~�m~f�k� �� jt ��te{{~� �f
PXl

(0) eg� mtf�k�� �� ��st�ktg�� �~��kstgf j�{ st�ktfk�g{h�{{ki j�{ �� ��{ ht�tm �f��{ �g ��g{k�~�tgf f�ef�{ j�{ {kfetfk�g{ h�{{ki j�{ �� {��g�{ ��e�
fk���{ x
� kg{k � �� ��ff� mtgk��� � jt j� �tjk{tfk�g �{f f�eu �e�{ ��gf�tkgf� ht� j� m ���j� {ftfk{fkle�

�~g~�tj �f g� h �ef �f�� ti ���tgf� x �� hje{ eg� �{fkm tfk�g �� {t letjkf~ �{f |�e�gk� ht�
j �tj���kf�m � �� sk{k�g �f h ��m �f �� {ts� k� {k jt j� �tjk{tfk�g �� kf �f�� h�k{� �g ��mhf� �e
g�g x yt ��e�� � x	� h�~{�gf� j ����tgk��tmm � �� j �tj���kf�m � �� sk{k�g x

� 
�� ���������� p� �� n� �� � �������� ������
� tg{ ��ff� ht�fk� j ��g{�mij� ��{ ht�tm�f��{ �� j� �tjk{tfk�g � �� �~�m~f�k� �� jt ��ef�

tkg{k le� j� m ���j� efkjk{~ h�e� j�{ h�km kfks�{ s�gf �f�� h�~{�gf~{ x }g� |� k{ ��{ ht�tm�f��{
~g�g�~{ � j �thh��gfk{{t�� g~��{{tk�� te |�g�fk�gg�m �gf �� j �tj���kf�m � st �f�� �~��kf �g



�np ����� �� [���[��� ���� ��� ��� [�������

(Xvk|k−1
,Qvk|k−1

)�g ht�fk�ejk��
(Xdk|k−1

,Qdk|k−1
)

(Xvk|k
,Qvk|k

)�g ht�fk�ejk��
(X lk|k

,Qlk|k
)

(X̂dk|k
, Q̂dk|k

)

(Xv0
,Qv0

)

(Xv0
,Qv0

)

��~� k�fk�g

�hh��gfk{{t�� � ���ggtk{{tg��

� {fkm tfk�g

�g|��mtfk�g{
h��h�k� ��hfks�{

��� � � x	� � � ��tgk��tmm � �� j �tj���kf�m � �� sk{k�g

�~ftkj x

���������� �� �� [� ����� ��� �� �� ���� ��� �� �� �� ����� �
y�{ ht�tm �f��{ �~��kstgf

jt h�{kfk�g jtf~�tj� �f j ���k�gftfk�g �e s~�k�ej� {e� jt ��te{{~� tkg{k le� j�{ ht�tm�f��{
�~�m~f�kle�{ �� jt ��ef� {�gf �~�gk{ ht� j� s��f�e� {ekstgf �

X l = (L,X0,Ψ0, α, Ch, Cl)
T

Y� x�
�
ts�� �

� L � jt jt���e� �� jt s� k� �� �k��ejtfk�g �e �� jt ��te{{~� �
� X0

� jt h�{kfk�g jtf~�tj� �e s~�k�ej� {e� jt ��te{{~� �
� Ψ0

� j ���k�gftfk�g �e s~�k�ej� {e� jt ��te{{~� �
� α � j �kg�jkgtk{�g �� jt �tm ~�t �
� Ch

� jt ��e�ie�� jtf~�tj� �� jt ��ef� �
� Cl

� jt st�ktfk�g �j�f����tj� �� jt ��e�ie�� x


�� �� �� �� ���� �� ���� \ y�{ h�km kfks�{ km t��{ h ��m �ff�gf �� ��h�~{�gf�� te m k�e�
j�{ i���{ �� jt ��ef� �tg{ j �km t�� x �tg{ �� g�mi��e{�{ thhjk�tfk�g{ � j�{ i ���{ �� jt ��ef�
{�gf ��h�~{�gf~{ ht� ��{ |�g�fk�g{ � �kgf��h � jtfk�g Yh� jvg�m �{ � ������ ~j�s~ � {hjkg�{ �f� xx� x
� tg{ ��ff� thh�� ��� � j�{ i���{ �� jt ��ef� {�gf ��h�~{�gf~{ ht� eg �g{�mij� �� 2(n− 1)
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{��m �gf{ Y�| ��e�� � x		� � ��gf j�{ ����gg~�{ �� j�e�{ ��f�~m kf~{ {�gf ���{ �f �~�gk�{ eg�
|� k{ h�e� f�ef�{ j��{ �� jt h�t{� � �thh��gfk{{t�� x y�{ h�km kfks�{ km t��{ {�gf tj��{ �~��kf�{
ht� j� s��f�e� Xd

��mh�{~ ��{ ti{�k{{�{ ��{ ��f�~m kf~{ �� ��t�eg �� ��{ {��m �gf{ x

Intervalle de 
confiance

Composante du
vecteur moyen

∆v

vn

v0
u0g ung u0d

und

��� � � x		� ��km kfks�{ km t��{ �� j �tj���kf�m � �� sk{k�g

Xd = (u1g , . . . , ung , u1d
, . . . , und

)T
Y� x���

�� �
� u1g , . . . , ung

��h�~{�gf�gf j�{ ti{�k{{�{ �e i��� �te��� �� jt ��ef� �
� u1d

, . . . , und

��h�~{�gf�gf j�{ ti{�k{{�{ �e i��� ��� kf �� jt ��ef� x
}g� mtf�k�� �� ��st�ktg��

Pd
t{{� �k~� te s��f�e� Xd

�{f �~�gk� �f h ��m �f �� ��ggt�f�� j�{
st�ktfk�g{ h�{{kij�{ �� jt h�{kfk�g �� ��t�eg ��{ {��m �gf{ �tg{ j �km t�� x 
�{ st�ktfk�g{ {�gf
�~�k�{ {� kf ht� jt j� k �� � k{f�kiefk�g �� h��itikjkf~ N (Xd0

,Pd0)
�~�gk� ht� jt h�t{� � �th�

h��gfk{{t�� h �e� jt h��m k��� kf~�tfk�g �� j �tj���kf�m � � {� kf ht� jt j� k N (Xdk|k−1
,Pdk|k−1

)�~�ekf� �� jt h�t{� �� {eks k h�e� j�{ kf~�tfk�g{ {ekstgf�{ x 
�ff� j� k h ��m �f � �g �ef�� � ��
�~�gk� j�{ ��g�{ �� ��������� �tg{ j �km t�� �f ��g� �� � k�k��� jt �~f��fk�g ��{ h�km kfks�{ x
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�mm � �~��kf h�~�~��mm �gf � j� ief �� ��ff� h�t{� �{f

� �thh��g��� jt j� k �� � k{f�kiefk�g �� h��itikjkf~ N (Xv0
,Pv0)

�~�k{{tgf j ��g{�mij� ��{
ht�tm�f��{ �e s��f�e� � �~ftf x 
�ff� j� k �� kf �f�� ��h�~{�gftfks� �� j ��g{�mij� ��{ {��g�{
��efk���{ �� k{ftgf�{ �f thh�k{� eg� |� k{ h�e� f�ef�{ x � jj� �{f �~�gk� ��mm � ~ftgf eg�
|�g�fk�g jkg~tk�� ��{ ht�tm�f��{ �� jt j� k N (X l0 ,Pl0)

�f ��{ ht�tm�f��{ kgf�kg{�le�{ �f
��f�kg{�le�{ �� jt �tm ~�t {�e{ j ��vh �f��{� le� jt ��ef� �{f j� �tj�m �gf hjtg� �f le� jt
��e�ie�� �� jt ��ef� h �ef �f�� �~�gk� ht� eg m ���j� �j�f����tj x

N (Xv0
,Pv0) = f(eu, ev, Z0,N (X l0 ,Pl0))

Y� x���
ts�� eu =

f

du

�f ev =
f

dv

j�{ ht�tm�f��{ kgf�kg{�le�{ �� jt �tm ~�t gem ~�kle� ��gf �
� f �{f jt |� �tj� �� jt �tm ~�t �
� du

�f dv
jt jt���e� �f jt �tef�e� � �eg hk��j �� jt m tf�k�� 

� x
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jt �tef�e� �� jt �tm ~�t ht� �thh��f te {� j x

y�{ �tj�ej{ �e s��f�e� Xv0

�f �� jt m tf�k�� �� ��st�ktg��
Pv0

{�gf h�~{�gf~{ �tg{
j �tgg��� � x
� 
� [� ����� ��� �� ��� �[� ��
yt j� �tjk{tfk�g g~��{{kf� ��e� ~fth �{ � Y	� j �tj���kf�m � �� kf ���������� j ��g{�mij� ��{

h�km kfks�{ X̂dk|k

��h�~{�gftgf t h�k��k jt ��ef� h �e� j �km t�� k x Y�� {k ��ff� ~fth � �{f �~e{{k� �j ��{fkm tfk�g ��{ ht�tm �f��{ �� j� �tjk{tfk�g h �ef �f�� �	 ��fe~� � j �tk�� � �eg � jf�� �� 
 tj�
mtg {t��tgf j�{ �~h �g�tg��{ �gf�� j�{ h�km kfks�{ km t��{ �f j�{ ht�tm�f��{ �� j� �tjk{tfk�g
thh�k{�{ te m �m �gf �� j �thh��gfk{{t�� x 
�{ ��e� ~fth �{ {�gf �~��kf�{ �k���{{�e{ x
��_ � �[���� �����[� ��� ����� �� ����� ���� � ��� ��� �


�ff� h�t{� ��h�{� {e�
j ���hj��tfk�g �� j ��{ht�� ��{ h�km kfks�{ km t��{ ht� eg tj���kf�m � �� fvh � �i�tg�� tg�
i�eg� �x yt ��e�� � x	� h�~{�gf� j ����tgk��tmm � �� ��ff� h�� �~�e�� �� ��������� x �t� eg
{�e�k �� �jt�f~ � j �t{h ��f �i�t��f�t�� kg� � g~��{{tk�� � j �tj���kf�m � �� �i�tg�� tg� i�eg� �
g ��{f ht{ �~��kf �tg{ ��f ���tgk��tmm � x

��g�{ �� ���������Y
Xdk|k−1

�
Pdk|k−1

�

�~j��fk�g �� jt
m � kjj�e�� ��g�

� �kgf~��f

X̂dk|k(d)
�
P̂dk|k(d)

� ~f��fk�g

w k{� � u �e�

�� gt����ef�
��f��es~� �

d = d + 1

�ek
g�g �

X̂dk|k

�
P̂dk|k

�

��� � � x	� � � ���gk���mm � �� j� ��������� ��{ h�km kfks�{ km ���{
��e� ���le� h�� |�g��e� � ��g�jv{�

d
�� j ���i�� �� ��������� � j� ����gg� k{{�g�� �{f

��g{fkfe~� ��{ f�� k{ ~f�h �{ {eks�gf�{ � � ��i ��� j ��j���kf�m � ��������� j� ��g� � �kgf~��f j�
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mk�e� h�{kfk�gg~� ��g{ j �km ��� � eg {��m �gf ��g{~ ��h�~{�gf�� j� i ��� �� j� s� k� �� �k��e�
j�fk�g ��g{ ��ff� ��g� �{f � j��{ �~f��f~ �f �g�g j� s��f�e� � �~f�f X̂dk|k

(d) ��{ h�km kfks�{
km ���{ �{f m k{ � u �e� �g |�g�fk�g �e {��m �gf h�~�~��mm �gf �~f��f~ x

��e� ���le� �{fkm �fk�g �� X̂dk|k
(d) � eg ��kf��� �� ����gg� k{{�g�� �� j� ��ef� �{f �� j�

�ej~ x 
� ��kf��� le�gfk�� j� h��i�ikjkf~ le� j� ��ef� {� kf ��f��es~� ��g� kfk�gg�jj�m �gf �e�
{��m �gf{ �~f��f~{ ��g{ j �km ��� �f h �ef �f�� ~��kf P (Rr|Sr,d)

x � kg{k � ���le� h��|�g��e�
d
�� j ���i�� �� ��������� �� j� m~f���� �� ��g�� �g� ��eg� �� ��je k��k h �ef �f�� �� j�e j~

�� j� m �gk��� {eks�gf� �
{
P (Rr|Sr,d) = P (Rr|Sr,d− 1) +

vn − vn−1

∆v

{k j� {��m �gf �{f �~f��f~
P (Rr|Sr,d) = P (Rr|Sr,d− 1) {kg�g.

�
� x���

�� ∆v
�{f j� ��ef�e� f�f� j� �� j� ��g� � ��g� jv {� ��g{ j �km ��� �f vn

�f vn−1
{�gf j�{ ����g�

g~�{ �� ��g� �� ��������� ��g{ j�le� jj� � ~f~ ��������~ j� {��m �gf h �e� j� h��|�g��e�
d�� j ���i�� �� ��������� x

� kg{k j� ��ef� �{f ��f��es~� {k P (Rr|Sr,d) ≥ RTh
� �s�� RTh ∈ [0, 1] eg {�ekj le� j �efk�jk{�f�e� {� ��� {� j�g j�{ � ks��{�{ {kfe�fk�g{ ��efk���{ x ��� ���mhj� h�e� eg �gsk��gg�m �gf

��efk�� {k�g� jk{~ �s�� ��{ m ��le���{ �e {� j � RTh
h �ef �f�� ��~ 0.4 �j��{ le� h �e� eg �g�

sk��gg�m �gf �e��j f� j le� ��{ ���mkg{ kj h �ef �f�� ��~ � 0.2
x

�g�g j� ��e�� � x	
 h�~{�gf� eg ���mhj� {kmhjk�~ � �~s� jefk�g �� j �� j���kf�m � �� s k{k�g
h�e� eg� km ��� ��gg~� x
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N (Xv0
,Pv0)
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{
Xvk|k

= Xv0
+ Kd[X̂dk|k−1

−HdXv0
]

Pvk|k
= Pv0 − KdHdPv0

�
� ����

�
��
� Kd = Pv0H

T
d
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HdPv0H

T
d + P̂dk|k

]−1
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��� �� � ��� X̂d = HdXv + vd

�
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E[vdv

T
d ] = P̂d
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X̂dk|k(3) �P̂dk|k(3)

�

d = 0

d = 0

d = 1

d = 2
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2n − 2 ������������� 
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����� ��

�������

2n − 3 ����� � ������

2n − 4 ����� � ������

2n − 6 ����� � ������

P (Rr|Sr, 0) = 0

������ ��
P (Rr|Sr, 1)
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P (Rr|Sr, 2)
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X lk|k−1
= f(X lk−1|k−1

,∆D, wgyro)
�
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




Lk|k−1 = Lk−1|k−1 + εL
X0k|k−1

= X0k−1|k−1
− ∆Dk

sin(Ψ0k−1|k−1
)

Ψ0k|k−1
= Ψ0k−1|k−1

+ ∆T wgyro

αk|k−1 = αk−1|k−1 + εα
Chk|k−1

= Chk−1|k−1
+ ∆Dk

Clk−1|k−1

Clk|k−1
= Clk−1|k−1

+ εCl
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�==DE9�:E�@ �?: ��@9 �
X = (x, y, θ, bx, by, θ̇)

T �� G��
�8�9 �

	 x
�:
y
=�?E:E�@ �; 8<� E9;D� ��@? D� �<F<��@:E�D ��>C��:�� B

	 θ ��E�@:�:E�@ �; 8<� E9; D� ��@? 9� > �>� �<F<��@:E�D B
	 bx

�:
by
CE�E? ?;� D�? ��@@<�? ��� B

	 θ̇
8E:�??� �� ��:�:E�@ �; 8<� E9;D� G

�D F�;: @�:�� �;� D� 8 E:�??� �� ��:�:E�@ θ̇ B ;:ED� ��@? D� > ��AD� � �<8�D;:E�@ �; 8<� E9; D��: ��@9 @<9�??�E�� � D �<:�= � �� =�<�E9:E�@ �; � D:�� �� � �D> �@ B �?: �@ �<@<��D �E��9:�> �@:F�;�@E� =�� D� ����> A:�� G ��=�@��@: D� > �?;�� ����> <:�E�;� �?: C�;E:<� B ��@ �� �<�DE?��;@ � D:���� �� 9�::� E@F��> �:E�@ D� =���>A:�� θ̇ �?: E@:���;E: ��@? D� 8�9:�;� � �<:�: G � E@?E� 9���;� ��@@<� ����> <:�E�;� wgyro

9� @ ��?: =D;? ;@� <:�= � �� =�<�E9:E�@ �;E �?: �<�DE?<�
> �E? ;@� <:�= � �� 9����9:E�@ �@ F�@9:E�@ �� 9�DD��9E G
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(� 8�9:�;� E@ E:E�D �?: �<�@E D��?�;� D� =��> EA�� E@F��> �:E�@ ��� �?: ���;� =�� D� ?� ?�:A> � G � E@?E D�? =���>A:��? �� =�?E:E�@ ?�@: x0 = xgps1

�:
y0 = ygps1

G ��>>� D �E@F��> �:E�@
��� @� F�;�@E: �;9;@� ��=�:�A?� ?;� D�? =���> A:��? � ���E�@:�:E�@ �: �� CE�E? B 9�;)�9E ?�@:��@9 9�@?E�<�<? @;D? G (� 8�9:�;� E@ E:E�D �?: D� ?;E8�@: �

X0|0 = (xgps1 , ygp1, 0, 0, 0, 0)T �� G��
��;� �* �9:;�� 9����9:�> �@: D �E@E:E�DE?�:E�@ �; � D:�� �� � �D> �@ B ED �?: @<9�??�E�� ���<�@E� D� > �:�E9� �� 9�8��E�@9� P0|0

�??�9E<� �; 8�9:�;� E@E:E�D �: B �8�@: :�;: B �� �<�@E�D�? 8��E�@9�? ��? =���>A:��? E@E:E�;) �
� G +��E�@9�? �� bx0

�:
by0

� �<=�@��@: ��? 8��E�:E�@? =�??EC D�? ��? ����;�? ��� �: ?�@:�<�@E? =�� D�? D�E? @��> �D�? N (0, σxgps)
�: N (0, σxgps)

B D�;�? 8��E�@9�? ?�@: �

var(bx0) = σ2
xgps

�:
var(by0) = σ2

xgps

�� G��
� G +��E�@9�? �� x0

�:
y0

� �<=�@��@: �� D� > ��<DE?�:E�@ �� D� =��:E� ?:� 9��?:E�;� ��?
E@F��> �:E�@? ��� G , ��=�A? D �<�;�:E�@ �- G��� � D �E@?:�@: k = 0

D� =�?E:E�@ �; 8<� E9; D��?: �<9�E:� =�� �
x0 = xgps1

+ bx0

y0 = ygps1
+ by0

�� G-�
=�� 9�@?<�;�@: D�? 8��E�@9�? ?;� 9��9;@ �� 9�? =���> A:��? �� =�?E:E�@ ?�@: <��D�? �D� ?�>>� ��? 8��E�@9�? ��? ��@@<�? ��� �: ��? 8��E�@9�? ��? CE�E? B �: ?�@: �

var(x0) = σ2
ARx

+ σ2
xgps

�:
var(y0) = σ2

ARy
+ σ2

ygps

�� G��
� G +��E�@9�? ��? =���>A:��? � ���E�@:�:E�@ � D� 8��E�@9� �� D ���E�@:�:E�@ θ �<= �@� ��?8��E�:E�@? =�??ECD�? �� 9� =���> A:��? ��@? D ��?=�9� � �<:�: � 9�;8�E� D��? �� D �E@ E�:E�DE?�:E�@ B � ?�8�E� D ��@?�>CD� ��? �E��9:E�@? �==��:�@�@: � D �E@:��8�DD� [−π, π]
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8��E�@9� �� D� 8 E:�??� �� ��:�:E�@ �<=�@� ��? 8��E�:E�@? =�??EC D�? ��? > �?;��? �; ���
��> A:�� � ?�8�E� θ̇ ∈ [−1, 1] �?�9:E�@ - G� G� G�� G � E@?E D�? 8��E�@9�? ?;� 9�? =���>A:��?= �;8�@: �:�� 9�@?E�<�<�? 9�>>� �

var(θ) = π2 �:
var(θ̇) = 1 �� G��

�@�@ �@ =��@�@: �@ 9�>=:� D� F�E: �;� D�? =���>A:��? ?�@: �<9���<D<? D� > �:�E9� �� 9�8��
�E�@9� E@ E:E�D� �?: �

P0|0 =




σ2
ARx

+ σ2
xgps

0 0 0 0 0

0 σ2
ARy

+ σ2
ygps

0 0 0 0

0 0 π2 0 0 0
0 0 0 σ2

xgps
0 0

0 0 0 0 σ2
ygps

0

0 0 0 0 0 1



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(� =�<�E9:E�@ �� D �<:�: �?: �<�DE?<� �@ =��@�@: �@ 9�>=:� D� F�E: �;� �
	 D �<8�D;:E�@ ��? =���>A:��? �� D� 9�DE?�:E�@ x B y �: θ �?: �<�DE?<� =�� ;@ >��AD� ��:�=� 9��� =�<?�@:< ��@? D� ?�9:E�@ � G� G� G� B
	 D�? =���>A:��? �� CE�E? bx �: by ?�@: �<� E? =�� ��? =��9�??;? �;:��<���??EF? �; =��> E������� �9F ?�9:E�@ - G� G� G�� B
	 D� 8 E:�??� �� ��:�:E�@ �; 8<� E9;D� θ̇ �?: �<9�E:� =�� ;@ =��9�??;? �� > ��9�� �D<�:�E�� B9 ��?:����E�� �;� =�;� 9���;� <:�= � �� =�<�E9:E�@ B 9�D;E�9E @ �<8�D;� =�? > �E? ED �?:�@:�9�< � �;@ C�;E: 9�@:�< CD�@9 ��;??E�@ ���E:EF G
( �<8�D;:E�@ �; 8<� E9; D� �?: �D��? �<9�E:� =�� D� F�@9:E�@ �

Xk|k−1 = f(Xk−1|k−1, αxk
, βxk

, αyk
, βyk︸ ︷︷ ︸����� ����� ��

, ∆D, εbx , εby , εθ̇︸ ︷︷ ︸������� � ������� Uk

) �� G �

�! 




xk|k−1 = xk−1|k−1 − ∆Dsin(θk−1|k−1 + θ̇k−1|k−1∆T )

yk|k−1 = yk−1|k−1 + ∆Dcos(θk−1|k−1 + θ̇k−1|k−1∆T )

θk|k−1 = θk−1|k−1 + θ̇k−1|k−1∆T

bxk|k−1
= −αxk

bxk−1|k−1
+ βxk

εbx

byk|k−1
= −αyk

bxk−1|k−1
+ βyk

εby

θ̇k|k−1 = θ̇k−1|k−1 + εθ̇
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� ∆T

� D� :�>=? <9�;D< �@:�� D�? E@?:�@: k − 1
�:
k B

� ∆D

� D� �E?:�@9� =��9�;�;� �@:�� D�? E@?:�@:? k−1
�:
k B ?�9��@: �;� ∆D ∼ N (∆̄D, σ

2
∆Dk

) B
� αxk

αxyk
βxk

βyk

� D�? =���> A:��? �� ��? =��9�??;? ?:�9��?:E�;�? bx �:
by
G ��?=���>A:��? ��E8�@: �:�� ��9�D9;D<? � 9���;� E@?:�@: B

� εbx

�:
eby

� D�? C�;E:? ��;??E�@? N (0, 1) �DE> �@:�@: 9��9;@ ��? =��9�??;? �;:��<���?�?EF? B
� εθ̇

� D� C�;E: ��;??E�@ N (0, σ2
θ̇
) ��=�<?�@:�@: D�? 8��E�:E�@? =�??EC D�? �� D� 8 E:�??� �@��;D�E�� �; 8<� E9; D� � �;@ E@?:�@: � D ��;:�� G

, ��=�A? D� >��<DE?�:E�@ �� ��? E@9��:E:;��? ��� �?�9:E�@ - G� G� G�� B D�? =���>A:��?
αx
B αy

B βx

�:
βy

?�@: 9�D9;D<? ;@� F�E? = �;� :�;:� =�� D� > <:���� �� �<���??E�@ DE@<�E��
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bxk
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β

1 − e−
Te
τ z−1

=
β

1 − e−
Te
τ

1 − e−
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τ

1 − e−
Te
τ z−1
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H ′(z) =
β ′

1 − α′z−1
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β ′ =
1 + e−

Te′

τ

1 + e−
Te
τ

α′ = −e−Te′

τ
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βxk
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−

∆T
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= −e−

∆T
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βyk
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∆T
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Je =




1 0 −∆D cos(θk|k−1) 0 0 −∆D∆T cos(θk|k−1)
0 1 −∆D sin(θk|k−1) 0 0 −∆D∆T sin(θk|k−1)
0 0 1 0 0 ∆T

0 0 0 −αxk
0 0

0 0 0 0 −αyk
0

0 0 0 0 0 1



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Su
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Su =




σ2
∆D

0 0 0
0 1 0 0
0 0 1 0
0 0 0 σ2

θ̇




�� G���

� D� � �9�CE�@
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B 9�@?:E:;< ��? �<�E8<�? =��:E�DD�? ��? <�;�:E�@? �� =�<�E9:E�@ �� D �<:�:

?�D�@ 9��9;@ ��? =���>A:��? �; 8�9:�;� � ��@:�<� �

Ju =




− sin(θk|k−1) 0 0 0
cos(θk|k−1) 0 0 0

0 βxk
0 0

0 0 βyk
0

0 0 0 0
0 0 0 1


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wgyro = HgyroXk|k + vwgyro
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vwgyro ∼ N (0, σ2
wgyro
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{
Xk|k = Xk|k−1 + Kgyro(wgyro −HgyroXk|k−1)

Pk|k = (1 −KgyroHgyro)Pk|k−1

�� G���
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Kgyro = Pk|k−1H

T
gyro[HgyroPk|k−1H

T
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xgpsk|k−1

= xk|k−1 + bxk|k−1
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= yk|k−1 + byk|k−1
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intervalle de confiance

sur la nouvelle position GPS 

intervalle de confiance 
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position  GPS 

incohérente avec 

la prédiction

position  GPS 

 cohérente avec 

la prédiction 

(xk, yk)

(xgps, ygps)

x

y
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��	 
 � G�� ���<��@9� ��? E@F��> �:E�@? 	��

��@ �� 8<�E��� D� 9��<��@9� �@:�� D� = �?E:E�@ F�;�@E� =�� D� 	�� � D �E@?:�@: k �: ?�=�?E:E�@ � =�E��E Y gpsk|k−1

�<�;E:� �; 8�9:�;� � �<:�: Xk|k−1
B ;@ :�?: �� ?E> ED��E:< �<�@E =��D� 9�D9;D �� D� �E?:�@9� �� � ���D�@�CE? ?;E8�@: �?: �<�DE?< �

dgps = (Y gps − Y gpsk|k−1
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′
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Xk|k = Xk|k−1 + Kgps(Y gps −HgpsXk|k−1)

Pk|k = (1 −KgpsHgps)Pk|k−1
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T
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T
gps + R

′
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Xr = cos(θr)(x− xr) + sin(θr)(y − yr)
Yr = − sin(θr)(x− xr) + cos(θr)(x− xr)

Ψr = θ − θr
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hvision(Xk|k, xr, yr, θr, 0) =

{
X0 = cos(θr)(xk|k − xr) + sin(θr)(yk|k − yr)

Ψ0 = θk|k−1 − θr
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√
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di = (Y vision − Y k|k−1)(Rvision + PYk|k−1
)(Y vision − Ŷ k|k−1)
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Intervalle de confiance

sur les informations

vision sans prise en compte 

de la courbure 

Intervalle de confiance

de l’état a priori

Attitudes possibles du

 véhicule compte tenu 

des informations "vision"

Point de fonctionnement
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X0

(xr , yr)
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de l’état a priori

Attitudes possibles du
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(xr , yr)
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Nouvel intervalle 

de confiance

des informations vision 

 avec prise en compte 

de la courbure de la route

Intervalle de confiance

de l’état a priori

Attitudes possibles du

 véhicule compte tenu 

des informations "vision"

Point de fonctionnement

f
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(xr , yr)
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)
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Y vision = hvision(Xk|k, xr, yr, θr, v
′

vision) �� G���
�8�9 v′

vision
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v′vision ∼ N (0,R
′
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Xk|k = Xk|k−1 + Kvision(Y vision − hvision(Xk|k−1, xr, yr, θr, 0))
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�<�@E ��@? D� ��= A�� �� D� ��;:� �: PC =

(U, V,W )T ?� =��� �9:E�@ ��@? D� ��= A�� 9�><�� �@ :�@�@: 9�>=:� �; F�E: �;� D ��) � �=:E�;�9�> <�� �?: ?E:;< �@ (X0, 0, Z0)
�: �;� D� 9�> <�� = �;: ?;CE� ��? ��:�:E�@? ?�D�@ D ��@� D� ��:�@���� α �: D ��@� D� �� D�9�: Ψ0
�D��? �

PC =




cos(Ψ0) sin(Ψ0) 0
− sin(Ψ0) cos(Ψ0) 0

0 0 1






1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)





X −X0

Y
−Z0


 �� G��

PRc =




cos(Ψ0)(X − Xo) + sin(Ψ0)Y
− cos(α) sin(Ψ0)(X −X0) + cos(α) cos(Ψ0)Y + sin(α)Z0

− sin(α) sin(Ψ0)(X −X0) + sin(α) cos(Ψ0)Y − cos(α)Z0


 �� G-�



����
	������
 

 � ���������� 
 

 � ����	 ���

(� =�E@: �, PR = (X, Y, 0)T � =�;� =��� �9:E�@ ��@? D� =D�@ E> ��� D� = �E@: P i = (u, v)T G��@@�E??�@: D�? =���>A:��? E@:�E@?A�;�? eu

�:
ev

�� D� 9�> <�� B D�? 9�����@@<�? u �: v ?�@:��@@<�? =�� D�? <�;�:E�@? �� =��� �9:E�@ ?;E8�@:�? �

u =
eu cos(Ψ0)(X −X0) + sin(Ψ0)Y )

− cos(α) sin(Ψ0)(X −X0) + cos(α) cos(Ψ0)Y + sin(α)Z0

�� G��

v =
ev(− sin(α) sin(Ψ0)(X −X0) + sin(α) cos(Ψ0)Y − cos(α)Z0)

− cos(α) sin(Ψ0)(X −X0) + cos(α) cos(Ψ0)Y + sin(α)Z0

�� G��
� �E@:�@�@: ?;==�?�@? �;� sin(α)Zo

�:
sin(Ψ0)(X − Xo) ?�E�@: :�;� �;�? E@F<�E�;�? �

� G ��? ��=�:�A?�? ?�@: �<�DE?:�? ��@? D�? 9�@:�):�? ��;:E��? �;� D ��@ � �>=�;@:<? D��? ��?�)=<�E> �@:�:E�@? B � ?�8�E� 3m < Y < 100m B −0.01 < Ch < 0.01 B −3.5 < X0 < 3.5m
G (�?<�;�:E�@? �� =��� �9:E�@ ��8 E�@@�@: �D��? �

u =
eu cos(Ψ0)(X −X0) + sin(Ψ0)Y

cos(α) cos(Ψ0)Y
�� G��

v =
ev sin(α) cos(Ψ0)Y − cos(α)Z0

cos(α) cos(Ψ0)Y
�� G �

	 �8�@�@? ?;� D� F�@9:E�@ Xd0
= fd(eu, ev, Z0, X l0)

G ��::� F�@9:E�@ =��> �: �� 9�D9;D��D�? �C?9E??�? ��? �):�<> E:<? ��? ?��>�@:? ��=�<?�@:�@: D�? C���? �� D� ��;:� ��@? D �E> ��� G��9��@: �;� D�;�? ����@@<�? ?�@: �)�? �: 9�@@;�? B D� 8��E�CD� Y =�;: �:�� �<�;E:� �� D�
��D�:E�@ �� G � �

Y =
ev cos(α)Z0

cos(Ψ0)(−v cos(α) + ev sin(α))
�� G��

�E �@ �<E@� �9:� � ��@? D �<�;�:E�@ �� G�� �: �;� @�;? =��@�@? 9�>>� ��=�:�A?� �;� D�
��;:� ?;E: ;@� :��� �9:�E�� 9D�:�����D� �� ?�8�E� X = ChY 2

2
+ ClY

3

6

� �D��? D�? �C?9E??�? �;
C��� ���E: �� D� ��;:� uid

�: �; C��� ��;9�� �� D� ��;:� uig
?�@: ��@@<�? =�� D�? <�;�:E�@?9E���??�;? �

uid = eu

(
cos Ψ0

(ChY

2
+
ClY

2

6
−X0

)
− sin(Ψ0)

)

cos(Ψ0) cos(α)
�� G���

�:

uig = eu

(
cos Ψ0

(ChY

2
+
ClY

2

6
−X0 − λL

)
− sin(Ψ0)

)

cos(Ψ0) cos(α)
�� G���

�8�9 Yi

D�? 8�D�;�? �� Y �@ F�@9:E�@ ��? �E*<��@:�? 8�D�;�? ��? ����@@<�? vi

G
� E@?E D� F�@9:E�@ Xd0

= fd(eu, ev, Z0, X l0)
�?: 9���9:<�E?<� =�� D� � �;) � �<�;�:E�@?= ��> �::�@: �� 9�D9;D�� D�? �C?9E??�? u1d

�
und

=�;� D�? n ?��>�@:? �; C��� ���E: �: D�?
�C?9E??�? u1g

�
ung

=�;� D�? n ?��>�@:? �; C��� ��;9�� G
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 � ����	

�* �$& � �# �* � *%' 
$# �# $��*' 
*�$#
(� >�:�E9� �� 9�8��E�@9� �<�@E??�@: D�? 8��E�:E�@? =�??ECD�? �� D ��@?�>CD� ��? =����

>A:��? �@ F�@9:E�@ ��? �E?= ��?E�@? �;:��E?<�? �;:�;� �; 8�9:�;� >���@ X l0

�?: ��@@<� =��D �<�;�:E�@ ?;E8�@:� �
Pv0 = JCPl0J

T
C

�� G���
�! D� ��9�CE�@

Jc

�?: D� ����E�@: �� D� F�@9:E�@ Xv0
= fd(eu, ev, Z0, X l0)

?�D�@ 9��9;@ ��?=���>A:��? �; 8�9:�;� > ���@ X l0

G



∂u1g

∂L

∂u1g

∂X0

∂u1g

∂Ψ0

∂u1g

∂α

∂u1g

∂Ch

∂u1g

∂Cl

. . . . . .
∂ung

∂L

∂ung

∂X0

∂ung

∂Ψ0

∂ung

∂α

∂ung

∂Ch

∂ung

∂Cl
∂u1d

∂L

∂u1d

∂X0

∂u1d

∂Ψ0

∂u1d

∂α

∂u1d

∂Ch

∂u1d

∂Cl

. . . . . .
∂und

∂L

∂und

∂X0

∂und

∂Ψ0

∂und

∂α

∂und

∂Ch

∂und

∂Cl

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




�� G���

�@ @�:��� �;� 9�::� > �:�E9� �� 9�8��E�@9� = �;: �:�� > E?� ?�;? D� F��> � �

Pv0 =

(
Pd0 Pld0

Pdl0 Pl0

)
. �� G�-�
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�C� �: ?;� D� :���� �

� G ��:�� =D�@A:� @� = �;: �:�� �<�DD�> �@: �<9�E:� =�� ;@ 8�D;>� �� F��> � �<�;DEA�� G � DD��?: �@ �<@<��D� �??E> ED<� � ;@� �<���� �; � ;@� �DDE=?���� �
� D� �<���� �?: ;@� ?;�F�9� <�;E=�:�@:E�DD� 9��@9E��@: �8�9 D� @E8��; >���@ �� D�
> �� �: �@ 9���;� =�E@: �?: = ��= �@�E9;D�E�� � D� �E��9:E�@ �� D� = �?�@:�;� B

� D ��DDE=?���� �?: ;@� ?;�F�9� > �:�<> �:E�;� 9��@9E��@: �;??E C E�@ �;� =�??EC D� �8�9D� �<���� B 9�DD��9E �?: �@ �<@<��D� 9���9:<�E?<� =�� �E*<��@:? =���>A:��? 9�>>� ?�@��> E����@� �)� B ?�@ ��> E�= �:E: �)� B ?�@ �=D�:E??�> �@: B ?�@ �) 9�@:�E9E:< �:9 GGG ��D�@D ��@���E: �! D ��@ ?� ?E:;� ?;� D� � D�C � :����?:�� B � E*<��@:? > ��AD�? � ��DDE=?����?= �;8�@: �:�� ;:EDE?<�? =�;� 9��@9E��� �; > E�;) D� 9�D�> �@: �8�9 D� �<���� G
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>�@�� �?: D� 9�D�> �@: ��=�<?�@:< ?�;? D� F��> � � �;@� 9��:� =D�@� G ,�@? 9� 9�? ;@� D�E�� 9�@8��?E�@ �@:�� D�? 9�����@@<�? �<��<?E�;�? �C?�D;�? �: D�? 9�����@@<�? =D�@�?�?: @<9�??�E�� G (� �@9��� ?�D�@ D ��@���E: �! D ��@ ?� ?E:;� B � E* <��@:? ?�?:A> �? �� =���
� �9:E�@ = �;8�@: �:�� ;:EDE?<? G
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� G ?�D�@ D� F��> � �� 9�����@@<�? �<����=� E�;�? � ��@? 9� 9�? D�? 9�����@@<�? ?�@:
C�?<�? ?;� ;@� �<F<��@9� � ��DDE=?���� �� �<8�D;:E�@ B �;E �?: ;@� �==��) E> �:E�@ ��D� F��> � �� D� ����� �: �)=�E> �@: D� =�?E:E�@ �� D ��C� �: �@ :��> �? �� D�:E:;�� B ��D�@� E:;�� �: �� ��;:�;� �



��� �� ���� 
� ���
���
�
� 
� ���� 
����	� ���������� �
�
� ���� ���
�

��� � � G�� 	 <����? �: �DDE=?����? �� D� �����

� D� D�:E:;�� ϕ � �?: D ��@� D� �@:�� D� =D�@ <�;�:��E�D �: D� @��> �D� � D� ?;�F�9� �� D�
����� �D ��DDE=?����� �; =�E@: �@ �;�?:E�@ B �?: <��D � �<�� � D �<�;�:�;� �: �?: 9�>=:<= �?E:EF = �;� D ��<> E?=�A�� ���� B @<��:EF = �;� D ��<> E?=�A�� �;� G

� D� D�@� E:;�� λ � �?: D ��@� D� �@:�� D� > <�E�E�@ �� 	 ���@� E9� �: D� > <�E�E�@ �; =�E@:�@ �;�?:E�@ G �D �?: 9�>=:< =�?E:EF 8��? D ��?: G
� D� ��;:�;� � � �<�@E: D� ��;:�;� �DDE=?����D� �@� =�? 9�@F�@��� �8�9 D ��D:E:;��� B �?:D� �E*<��@9� �@ > A:�� �@:�� D� =�E@: 9�@?E�<�< �: D ��DDE=?���� �� �<F<��@9� > �?;�<�
?�D�@ D� @��> �D� � D ��DDE=?���� G ��::� 8�D�;� �?: �<�@E� ��@? ;@ ?� ?:A> � �<��<?E�;��: = �;: �E*<��� �� =D;?E�;�? �E��E@�? > A:��? �8�9 D ��D:E:;�� G �@�@ ED �) E?:� ��?
> ��AD�? �� �<���� = ��> �::�@: �� =�??�� �� D� ��;:�;� �DDE=?����D� � D ��D:E:;��
> �E? ?�;D�> �@: �8�9 ;@ =�<9E?E�@ �<9E> <:�E�;� G

� G ?�D�@ D�? 9�����@@<�? 9��:<?E�@@�? �<� 9�@:�E�;�? � ��@? 9� 9�? B D�? 9�����@@<? ?�@:�<9�E:�? =�� D� =�?E:E�@ 9��:<?E�@@� (X, Y, Z)T
��@@<� ��@? ;@ ��= A�� ���@: ?�@

��E� E@� �; 9�@:�� ��? > �??�? �� D� ����� G ��? 9�����@@<�? @� ?�@: =�? F�;�@E�? =�� D�
	�� >�E? ?�@: ?�;8�@: ;:EDE?<�? 9�>>� E@:��> <�E�E�� D��? ��? 9�D9;D? �� 9��@��> �@:�� ?� ?:A> �? �<��<?E�;�? �� �<F<��@9� G

� G ?�D�@ D�? 9�����@@<�? D� 9�D�? � ��@? 9� 9�? D�? 9�����@@<�? ?�@: �<9�E:�? =�� D�=�?E:E�@ (E,N, U)T
��@@<� ��@? ;@ ��= A�� 9��:<?E�@ :�@��@: � D� �<���� �: ��E�@:<

?�D�@ D�? �E��9:E�@? ��?: B ���:� �: �= �9F ��;�� � G�� G
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(� 9�@8��?E�@ �@:�� 9�? ��;) ?�?:A> �? �� 9�����@@<�? ���;EA�� ;@� �==��) E> �:E�@

�<�> <:�E�;� �� D� ����� ��� D� �<����� G �@ �<@<��D 9�DD��9E �?: 9���9:<�E?<� =�� ;@� �DDE=?������@: D� F��> � �?: 9�@:�� D<� =�� ;@ 9��:�E@ @�>C�� �� =���>A:��? :�D? �;� ?�@ ��> E����@�
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Z

X

Y

��� � � G� � ��?:A> � �� 9�����@@<�? �<����=� E�;�? �: �<� 9�@:�E�;�?

9�����@@<�? �<����=� E�;�? �;) 9�����@@<�? �<� 9�@:�E�;�? �?: ��@@< =�� �

X = (N + h) cosϕ cosλ

X = (N + h) cosϕ sinλ

Z = [(1 − f)2N + h] sinϕ

�� G��

�: D� =�??��� ��? 9�����@@<�? �<� 9�@:�E�;�? �;) 9�����@@<�? �<����=� E�;�? �?: ��@@<=�� �

λ = arctan

(
Y

X

)

ϕ = arctan

(
Z√

X2 + Y 2

(
1 − (2 − f)fN

N + h

)−1
)

h =

√
X2 + Y 2

cosϕ
−N

�� G��

�! f = (a−b)/a �?: D� 9��� 9E�@: � ��=D�:E??�> �@: �� D ��DDE=?���� �: N = a/
√

1 − f(2 − f) sin2 ϕ�?: D� �E?:�@9� ?<=���@: D� =�E@: � �: D ��)� =�D�E�� > �?;�<� ?�D�@ D� �E��9:E�@ = ��= �@�E9;�D�E�� � D ��DDE=?���� =�??�@: =�� D� =�E@: � G

�/0 37! 31$5/ 20 !/ 42#130367 .��

�@ �<@<��D B ED �?: =D;? E@?:�;9:EF = �;� D �;:EDE?�:�;� � �;@ 	�� �� �E?=�?�� ��? 9������@@<�? �; >�CED� ��@? ;@ ?�?:A> � �� 9�����@@<�? D� 9�D�? B 9�? ?�?:A> �? ?�@: @�>C��;)
���� B (�>C��: B 		��� �:9 GGG� �: ?���@: =�<?�@:<? ��@? D�? =�� 9��E@�? ?�9:E�@? �� 9�::�
�@@�)� G �@ 9� �;E 9�@9��@� D�? E@�E9�:�;�? �� =�<9E?E�@ B ED? ?�@: :�;� �;�? 9�D9;D<? ��@? D�
�<F<��@:E�D �� 9�����@@<�? D� 9�D�? ��� �9F ��;�� � G�� �: ?�@: �<:��> E@<? �� D� > �@EA��
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?;E8�@:� � 9�@?E�<��@? X = (x, y, z)T D� 8�9:�;� � �����;� �� = �?E:E�@ ��@? D� ?�?:A> � ��9�����@@<�? �<�9�@:�E�;�? B D� 8�9:�;� XL = (e, n, u)
9����?=�@��@: ��@? D� �<F<��@:E�D ��9�����@@<�? D� 9�D�? �?: ��@@< =�� D� =���;E: �

X XX

��� � � G� � ��?:A> � �� 9�����@@<�? �<�9�@:�E�;�? �: D� 9�D�?

XL = FTX �� G��
�!

F
�?: D� > �:�E9� �� :��@?F��> �:E�@ �

F =




− cosλ sin λ 0
− sinλ − cosλ 0

0 0 1








sinϕ 0 −cosϕ

0 1 0
cosϕ 0 − cosϕ








0 1 0
−1 0 0
0 0 1



 �� G-�

�@ :�@�@: 9�>=:� �� 9�::� ��D�:E�@ �: �@ 9�@@�E??�@: D� > �:�E9� �� 9�8��E�@9� �??�9E<�
�; 8�9:�;� � �����;� ��@? D� �<F<��@:E�D �� 9�����@@<�? �<� 9�@:�E�;�? B ED �?: =�??EC D� ���<:��> E@�� D� 9�8��E�@9� ��? > �?;��? ��@? D� �<F<��@:E�D �� 9�����@@<�? D� 9�D�? �E@?E �

cov(e, n, u) = FT cov(x, y, z)F �� G��

?�E: �



σ2

e σeσn σeσh

σnσe σ2
n σnσh

σhσe σhσn σ2
h



 = FT




σ2

x σxσy σxσz

σyσx σ2
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��"��� 6�� �� '�4� ���9 ��� �� ����$����� �� ������� � ��$��������� �� !��" � ��������� # � � �
 ���� ���� ����� �$$�� ����� �� � �"��� ��� ��  ����� ���� ���  ���� ������� �� ���� ��
������ � 3��"��� � ��� $ ������� ������� $�� �� %�� �� ���� $�� ��  ��$�� ���!��������������
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l =
1

2
ln

1 + sinϕ

1 − sinϕ
− e

2
ln

1 + e sinϕ

1 − e sinϕ

R = Cexp(−nl)

γ = n(λ− λ0)

X = Xs +R sin γ

Y = Ys +R cos γ
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3� $��� ���'��� � �� ������ � !��������� &#" � ���� $�� �� $����� ���� ��� �� �$�����
%�� � ���  ���������� ���� ����� �������� ���� �� ����������� �%�/& # ('��� �� ��������
����� $��� � ����  ����!��$4���� 3��"��� � ��  ��'���� � ���� ���� ��  4��!����� �� ��$ ���
��  ��  ���������� !��!��$4����� ���� �� ����������� !��!��$4����� &#" # ��  4��!�����
�� ��$ ��� ��� �� ���� ���$��� ��� ��7�� $�� �� ����������� ���'���� 2




TX = −168m
TY = −60m
TZ = +320m



 68 #(9
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����� 5 ��� �,$����� � ���� �� $��� �� ����1#�1�� �� 5 ��� ��'�� �� ��'� ��$$ ��
�� $��!���� � �� �� 4�� 4� ��"�����, ���� �� ��� � ��� �� ��  ������� ����� �"��� � ��
3(��1( � ���� ����$ � �� %((/ � ��� '�4� ��� �,$ ���� ���� � ����� �13(� 6� �4� ��� 1,*$ ���� ���� � �� 3(��1( $ ��� � �(��� 5 �� ��������9 # �� '�4� ��� �� ��$ � � ���� �� 1'����� �
$ ��� �� ��� ����!������ ��� � �������� ��'���$$ �� ���� � �����7���� ��� ����� �� �� �� �� �����
��" ����� ��� # 3�� � �������� �4�� �� �� �� 4�� 4� �"����� ������ ��  � ��� ���������� ����
������������ ��� �,�� ��� �� �4�� � �� �� $ �� �$���� � �� ������ ��� � ���� ���� $�� ��� �� ��
� ��� $������� ��, ��'����� �� '�4� ��� #  ������� ���'��, ��� 5 �������� ����  �  ����,��
$ ��'��� ����  ���� 2 �� ���� ���� �� ������ �� '� �� � �� ���� ���� �� ���' � � ��"��� ��� ��� ��
 4������ 6$�� '����� �� $�� 3)+(� 9 � �� ��  � �������� �� '�4� ��� ��� ��  4������ # 3� 7!���
� #% $������� ��� '�� � ������"�� ��  � '�4� ��� #

!"# $ � #% 2 3� '�4� ��� �,$���� ����� �13(�



��� �� ��� 
�� �� ��
��
� ���� � �����

���	���

��� ���� � � �����!�� ��� ��� ��$ ����"�� $��� � ��� ����� � ������"�� �� � ������ � ��"�����
����  � '�4� ��� # ( ������� ��� � ���� �13(� �  ���� ���� � � �����!�� ��� ������� $�� ��
� ���������� �$ � �7���  ��$�� 5 ���, "�������� �� �� �������� # 3 ������������ ��� �����
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$�� ���  ����� �� $�� �� ��� ��� ���'���� $����� �� � ���"�� � ����� ���� �$ � �� ��� ��� ���*������ $ ���  � '�4� ��� 6 � 7!��� � #�9 # + � $��� � �7� �� !������� ��� �� ����� ��� ����� �  ��
� ���������� ��� ��� �� $�� ��$$��� 5 �� � ���� �� '�4� ��� #
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3 ��������� 6�&� '��� ��$� 9 ��� ����  �� 5 ���, "�������� �� %�� � ������ �� ����� �7�
�� ������� ��� $������ � ��� ������ �� � ������ �� %
� ���� ��$� # 3 ������"�� ��������
"������� $ ��� ������ � �� ��� ����� �� � ������ � �� ��$� ��� $�� � ���� ��  � ����� 5 � ��������
�� '�4� ��� 6 � 7!��� � #.9 #
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������ ������ ���� ���� � ��" ��� �������� �� � ���� �� ���� � $�� �� � � ��  ����� ���� �'���
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Gps Motorola
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RADAR Caméra

Odomètre GPS Motorola GPS Omnistar

LIDAR

PC dédié

radar

PIC

Gyromètre

PIC PIC PIC

Bus 

IEEE-1394
Bus 

Ethernet

Bus

CAN

Unité de traitement :

Suivi de route par vision

Détection et suivi d’obstacle

Localisation du véhicule 

etc....

*En cours d’intégration, actuellement ce récepteur GPS est relié à l’unité de traitement

 par le port série. 
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