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Abstract

In this thesis we investigate the Renormalization Group (RG) approach in finite-
dimensional glassy systems, whose critical features are still not well-established, or
simply unknown. We focus on spin and structural-glass models built on hierarchical
lattices, which are the simplest non-mean-field systems where the RG framework
emerges in a natural way. The resulting critical properties shed light on the critical
behavior of spin and structural glasses beyond mean field, and suggest future
directions for understanding the criticality of more realistic glassy systems.
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Introduction






Chapter 1

Historical outline

Paraphrasing P. W. Anderson [4], “the deepest and most interesting unsolved problem
in solid state theory is probably the nature of glass and the glass transition”. Indeed,
the complex and rich behavior of simplified models for real, physical glassy systems
has interested theoreticians for its challenging complexity and difficulty, and opened
new avenues in a large number of other problems such as computational optimization
and neural networks.

When speaking of glassy systems, one can distinguish between two physically
different classes of systems: spin glasses and structural glasses.

Spin glasses have been originally [59] introduced as models to study disordered
uniaxial magnetic materials, like a dilute solution of, say, Mn in Cu, modeled by
an array of spins on the Mn arranged at random in the matrix of Cu, interacting
with a potential which oscillates as a function of the separation of the spins. Typical
examples of spin-glass systems are FeMnTiOg3 [76, 71, 85, 14], (H30)Fe3(SO4)2(OH)g
[56], CdCry 7Ing3S4 [81, 156], Eug5BagsMnO3 [129] and several others.

Spin glasses exhibit a very rich phenomenology. Firstly, the very first magne-

tization measurements of FeMnTiOgz in a magnetic field showed [76] the existence
of a cusp in the susceptibility as a function of the temperature. Occurring at a
finite temperature Ty,4, this experimental observation is customary interpreted as
the existence of a phase transition.
Later on, further experimental works confirmed this picture [71], and revealed some
very rich and interesting features of the low-temperature phase: the chaos and mem-
ory effect. Consider a sample of CdCry 7Ing3S4 in a low-frequency magnetic field
[81]. The system is cooled from above T, = 16.7K down to 5K, and is then heated
back with slow temperature variations. The curve for the out-of-phase susceptibility
X" as a function of the temperature obtained upon reheating will be called the
reference curve, and is depicted in Fig. 1.1.

One repeats the cooling experiment but stops it at 77 = 12K. Keeping the
system at T}, one waits 7 hours. In this lapse of time x” relaxes downwards, i. e. the
system undergoes an aging process. When the cooling process is restarted, x” merges
back with the reference curve just after a few Kelvins. This immediate merging back
is the chaos phenomenon: aging at 17 does not affect the dynamics of the system

3
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Figure 1.1. Out out phase susceptibility x” of CdCry 7Ing 3S4 as a function of the temper-
ature. The solid curve is the reference curve. The open diamonds-curve is obtained by
cooling the system and stopping the cooling process at T} = 7K for seven hours. The
solid circles-curve is obtained upon re-heating the system after the above cooling process.
Data is taken from [81].

at lower temperatures. From a microscopic viewpoint, the aging process brings the
system at an equilibrium configuration at 77. When cooling is restarted, such an
equilibrium configuration behaves as a completely random configuration at lower
temperatures, because the susceptibility curve immediately merges the reference
curve. The effective randomness of the final aging configuration reveals a chaotic
nature of the free-energy landscape.

The memory effect is even more striking. When the system is reheated at a con-
stant rate, the susceptibility curve retraces the curve of the previous stop at T7. This
is quite puzzling, because even if the configuration after aging at 77 behaves as a ran-
dom configuration at lower-temperatures, the memory of the aging at 77 is not erased.

Such a rich phenomenology challenged the theoreticians for decades. The theo-
retical description of such models, even in the mean-field approximation, revealed
a complex structure of the low-temperature phase that could be responsible for
such a rich phenomenology. Still, such a complex structure has been shown to
be correct only in the mean-field approximation, and the physical features of the
low-temperature phase beyond mean field are still far from being understood.

Structural glasses, also known as glass-forming liquids or glass-formers, are liquids
that have been cooled fast enough to avoid crystallization [16, 150]. When cooling
a sample of o — Terphenyl [103], or Glycerol [112], the viscosity 7 or the relaxation
time 7 can change of fifteen order of magnitude when decreasing the temperature of



a factor two, as shown in Fig. 1.2.
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Figure 1.2. Base-10 logarithm of the relaxation time 7 and of the viscosity 7 as a function of
the logarithm of the inverse reduced temperature T, /T, where T}, is the glass-transition
temperature, for several glass formers. Data is taken from [150].

This striking increase of the viscosity can be interpreted in terms of a particle
jamming process, and suggests that a phase transition occurs at a finite temperature
Ty. The physical features of this transition are strikingly more complex than the
ordinary first order transitions yielding a crystal as the low-temperature state.

Indeed, crystals break the translational symmetry at low temperatures, the
particles being arranged on a periodic structure. Ergodicity is broken as well,
because the only accessible microscopic configuration of the particles is the crystal.
The sharp increase in the viscosity of a glass below the glass-transition point yields
also evidence of ergodicity breaking: elementary particle moves become extremely
slow, and energetically expensive, in such a way that the system is stuck in a
mechanically-stable state. Differently from the crystal, this state has the same
symmetry properties as the liquid: no evident symmetry breaking occurs, and there
is no static order parameter to signal the transition. Moreover, at T, the excess
entropy S. of the glass over the crystal is remarkably high, suggesting that there is
a big degeneracy of mechanically-stable states a glass can get stuck in below the
transition point.

Once the system is frozen in one of these exponentially many configurations,
there is no way to keep it equilibrated below Tj. Accordingly, the equilibrium
properties in the whole temperature phase cannot be investigated in experiments.
Still, interesting properties of the low-temperature phase result from the pioneering
works of Kauzmann [93], who first realized that if the excess entropy of a glass



6 1. Historical outline

former [143] is extrapolated from above Ty down in the low-temperature phase, there
is a finite temperature Tk, the Kauzmann temperature, where this vanishes. This is
rather startling because, if the geometry of the crystal is not too different from that
of the liquid, one expects the entropy of the liquid to be always larger than that of
the crystal. There have been countless speculations on the solution of this paradox
[93, 16, 150], and the existence of a Kauzmann temperature in a real glass-former is
nowadays a still hotly-debated and untamed problem from both an experimental
and theoretical viewpoint.

Despite the triking difference between these two kinds of systems spin glasses
and structural glasses have some deep common features. Indeed, according to a
wide part of the community, spin-glass models with quenched disorder are good
candidates to mimic the dynamically-induced disorder of glass-forming liquids [16],
even if some people are still critical about this issue [102]. There are several points
supporting the latter statement. For instance, it has been shown that hard particle
lattice models [18] describing the phenomenology of structural glasses, display the
phenomenology of spin systems with quenched disorder like spin glasses. Accordingly,
there seems to be an underlying universality between the dynamically-induced disor-
der of glass-formers and the quenched disorder of spin glasses, in such a way that
the theoretical description of spin glasses and that of structural glasses shared an
important interplay in the last decades. More precisely, in the early 80’s the solution
of mean-field versions of spin [136] and structural [53] glasses were developed, and
new interesting features of the low temperature phase were discovered. Since then,
a huge amount of efforts has been done to develop a theoretical description of real,
non-mean-field spin and structural glasses. A contribution in this direction through
the implementation of the Renormalization Group (RG) method would hopefully
shed light on the critical behavior of such systems.

Before discussing how the RG framework could shed light on the physics of finite-
dimensional spin and structural glasses, we give a short outline of the mean-field
theory of spin and structural glasses, and on the efforts that have been done to
clarify their non-mean-field regime.

The Sherrington-Kirkpatrick model

The very first spin-glass model, the Edwards-Anderson (EA) model, was introduced
in the middle 70’s [59] as a model describing disordered uniaxial magnetic materials.
Later on, Sherrington and Kirkpatrick (SK) [144] introduced a mean-field version of
the EA model, which is defined as a system of N spins S; = +1 with Hamiltonian

N
H[S) =~ > JiiSiS;, (1.1)
i>j=1

with J;; independent random variables distributed according to a Gaussian distribu-
tion with zero mean and variance 1/N.

The model can be solved with the replica method [119]: given n replicas
51,52,...,§n of the system’s spins, the order parameter is the n x n matrix
Quw = 1/N Zf»il Sa,iSh,; representing the overlap between replica a and replica



b. The free energy is computed as an integral over the order parameter, and ther-
modynamic quantities are calculated with the saddle-point approximation, which is
exact in the thermodynamic limit. SK first proposed a solution for the saddle point
Q’,, which was later found to be inconsistent, since it yields a negative entropy
at low temperatures. This solution is called the replica-symmetric (RS) solution,
because the matrix @7, has a uniform structure, and there is no way to discern
between two distinct replicas. Some mathematically non-rigorous aspects of the
replica approach had been blamed [155] to explain the negative value of the entropy
at low-temperatures. Amongst these issues, there is the continuation of the replica
index n from integer to non-integer values, and the exchange of the n — 0-limit with
the thermodynamic limit N — oco. Still, no alternative approach was found to avoid
these issues.

In the late 70’s Parisi started investigating more complicated saddle points. In
the very first work [134], an approximate saddle point was found, yielding a still
negative but small value of the entropy at low temperatures. The solution was
called replica-symmetry-broken solution, because @7, was no more uniform, but
presented a block structure. Notwithstanding the negative values of the entropy at
low temperatures, the solution was encouraging, since it showed a good agreement
with Monte Carlo (MC) simulations [95], whereas the replica-symmetric solution
showed a clear disagreement with MC data. Later on, better approximation schemes
for the saddle point were considered [135], where the matrix @, was given by a
hierarchical structure of blocks, blocks into blocks, and so on. The step of this
hierarchy is called the replica-symmetry-breaking (RSB) step K. The final result
of such works was presented in the papers of 1979 and 1980 [133, 136], where the
full-RSB (K = oo) solution was presented. According to this solution, the sad-
dle point Q% is uniquely determined in terms of a function ¢(x) in the interval
0 < x < 1, being the order parameter of the system. Parisi’s solution resulted
from a highly nontrivial ansatz for the saddle point @)7,, and there was no proof
of its exactness. Still, the entropy of the system resulting from Parisi’s solution is
always non-negative, and vanishes only at zero temperature, and the quantitative
results for thermodynamic quantities such as the internal energy showed a good
agreement [133] with the Thouless-Almeida-Palmer (TAP) solution [153] at low
temperatures. These facts were rather encouraging, and gave a strong indication
that Parisi’s approach gave a significant improvement over the original solution by SK.

Still, the physical interpretation of the order parameter stayed unclear until
1983 [137], when it was shown that the function ¢(z) resulting from the baffling
mathematics of Parisi’s solution is related to the probability distribution P(q) of
the overlap ¢ between two real, physical copies of the system, through the relation
z(q) = [?d¢'P(¢). Accordingly, in the high temperature phase the order parame-
ter g(x) has a trivial form, resulting in a P(q) = 0(q), while in the low-temperature
phase the nontrivial form of ¢(z) predicted by Parisi’s solution implies a nontrivial
structure of the function P(g). In particular, the smooth form of P(gq) implies the
existence of many pure states.

Further investigations in 1984 [117] and 1985 [121] gave a clear insight into the
way these pure states are organized: below the critical temperature the phase space is
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fragmented into several ergodic components, and each component is also fragmented
into sub-components, and so on. The free-energy landscape could be qualitatively
represented as an ensemble of valleys, valleys inside the valleys, and so on. Spin
configurations can be imagined as the leaves of a hierarchical tree [119], and the
distance between two of them is measured in terms of number of levels k£ one has
to go up in the tree to find a common root to the two leaves. To each hierarchical
level k of the tree one associates a value of the overlap g, where the set of possible
values ¢, of the overlap is encoded into the function g(x) of Parisi’s solution.

Parisi’s solution was later rederived with an independent method in 1986 by
Mézard et al [118], who reobtained the full-RSB solution starting from simple physi-
cal grounds, and presented it in a more compact form.

Finally, the proof of the exactness of Parisi’s solution came in 2006 by Talagrand
[149], whose results are based on previous works by Guerra [69], and who showed
with a rigorous formulation that the full-RSB ansatz provides the exact solution of
the problem.

This ensemble of works clarified the nature of the spin-glass phase in the mean-
field case. According to its clear physical interpretation, the RSB mechanism of
Parisi’s solution became a general framework to deal with systems with a large
number of quasi-degenerate states. In particular, in 2002 the RSB mechanism was
applied in the domain of constraint satisfaction problems [120, 122, 123, 19], showing
the existence of a new replica-symmetry broken phase in the satisfiable region which
was unknown before then.

Despite the striking success in describing mean-field spin glasses, it is not clear
whether the RSB scheme is correct also beyond mean field. Amongst the other
scenarios describing the low-temperature phase of non-mean-field spin glasses, the
droplet picture has been developed in the middle 80’s by Bray, Moore, Fisher, Huse
and McMilllan [111, 64, 61, 60, 62, 63, 27]. According to this framework, in the
whole low-temperature phase there is only one ergodic component and its spin
reversed counterpart, as in a ferromagnet. Differently from a ferromagnet, in a
finite-dimensional spin glass spins arrange in a random way determined by the
interplay between quenched disorder and temperature.

On the one hand, there have been several efforts to understand the striking
phenomenological features of three-dimensional systems in terms of the RSB [78],
the droplet or alternative pictures [81]. Still, none of these was convincing enough
for one of these pictures to be widely accepted by the scientific community as the
correct framework to describe finite-dimensional systems.

On the other hand, there is no analytical framework describing non-mean-field
spin glasses. Perturbative expansions around Parisi’s solution have been widely
investigated by De Dominicis and Kondor [52, 55], but proved to be difficult and
non-predictive. Similarly, several efforts have been done in the implementation in
non-mean-field spin glasses of a perturbative field-theory approach based on the
replica method [72, 99, 39], but they turned out to be non-predictive, because nonper-



turbative effects are completely untamed. Amongst the possible underlying reasons,
there is the fact that such field-theory approaches are all based on a ¢3-theory, whose
upper critical dimension is d. = 6. Accordingly, a predictive description of physical
three-dimensional systems would require an expansion in € = d. — 3 = 3, which
can be quantitatively predictive only if a huge number of terms of the e-series were
known [173]. Finally, high-temperature expansions for the free energy [141] turn out
to be badly behaved in three dimensions [51], and non-predictive.

Since analytical approaches do not give a clear answer on such finite-dimensional
systems, most of the knowledge comes from MC simulations, which started with
the first pioneering works from Ogielsky [131], and were then intensively carried on
during the 90’s and 00’s [15, 109, 110, 104, 108, 132, 100, 7, 87, 171, 89, 91, 82, 47, 83,
48,106, 73, 10, 49, 86, 3, 8]. None of these gave a definitive answer on the structure
of the low-temperature phase, and on the correct physical picture describing it. This
is because a sampling of the low-temperature phase of a strongly-frustrated system
like a non-mean-field spin glass has an exponential complexity in the system size
[9, 160]. Accordingly, all such numerical simulations are affected by small system
sizes, which prevent from discerning which is the correct framework describing the
low-temperature phase. An example of how finite-size effects played an important
role in such analyses is the following. According to the RSB picture, a spin-glass
phase transition occurs also in the presence of an external magnetic field [119], while
in the droplet picture no transition occurs in such a field [64]. MC studies [89, 92]
of a one-dimensional spin glass with power-law interactions yielded evidence that
there is no phase transition beyond mean field in a magnetic field. Later on, a
further MC analysis [105] claimed that the physical observables considered in such a
previous work were affected by strong finite-size effects, and yielded evidence of a
phase transition in a magnetic field beyond mean field through a new method of
data analysis. Interestingly, a recent analytical work [126] based on a replica analysis
suggests that below the upper critical dimension the transition in the presence of an
applied magnetic field does disappear, in such a way that there is no RSB in the
low-temperature phase [124].

This exponential complexity in probing the structure of the low-temperature
phase has played the role of a perpetual hassle in such numerical investigations, and
strongly suggests that the final answer towards the understanding of the spin-glass
phase in finite dimensions will not rely on numerical methods [75].

The Random Energy Model

The simplest mean-field model for a structural glass was introduced in 1980 by
Derrida [53, 54], who named it the Random Energy Model (REM). In the original
paper of 1980, the REM was introduced from a spin-glass model with quenched
disorder, the p-spin model. It was shown that in the limit p — oo where correlations
between the energy levels are negligible, the p-spin model reduces to the REM: a
model of N spins S; = +1, where the energy 6[5] of each spin configuration S is a
random variable distributed according to a Gaussian distribution with zero mean and
variance 1/N. Accordingly, for every sample of the disorder {e[S] g, the partition
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function of the REM is given by

Z=3 e P, (1.2)
S

This model became interesting because, despite its striking simplicity, its solution
reveals the existence of a phase transition reproducing all the main physical features
of the glass transition observed in laboratory phenomena. Indeed, there exists a
finite value T, of the temperature, such that in the high temperature phase the
system is ergodic, and has an exponentially-large number of states available, while
in the low-temperature phase the system is stuck in a handful of low-lying energy
states. The switchover between these two regimes is signaled by the fact that the
entropy is positive for T' > T,, while it vanishes for T' < T.. Interestingly, this
transition does not fall in any of the universality classes of phase transitions for
ferromagnetic systems [173]. Indeed, on the one hand the transition is strictly second
order, since there is no latent heat. On the other hand, the transition presents the
typical freezing features of first-order phase transitions of crystals [115].

Later on, people realized that the phenomenology of the REM is more general,
and typical of some spin-glass models with quenched disorder, like the p-spin model.
Indeed, the one-step RSB solution scheme of the SK model was found [50] to be
exact for both of the p-spin model and the REM [115], and the resulting solutions
show a critical behavior very similar to each other. Accordingly, the REM, the p-spin
model and other models with quenched disorder are nowadays considered to belong
to the same class, the 1-RSB class [16].

The solution of the p-spin spherical model reveals that the physics of such 1-RSB
mean-field models is the following [16]. There exists a finite temperature T, such
that for T' > Ty the system is ergodic, while for T < T} it is trapped in one amongst
exponentially-many metastable states: These are the Thouless Almeida Palmer
(TAP) [153] states. Since the energy barriers between metastable states are infinite
in mean-field models, the system cannot escape from the metastable state it is
trapped in. The nature of this transition is purely dynamical, and it shows up in
the divergence of dynamical quantities like the relaxation time 7, while there is
no footprint of it in thermodynamic quantities. We will denote by f.(T") the free
energy of each of these TAP states and by f,(T") the free energy of the system in
its paramagnetic state. Accordingly, the total free energy of the glass below Ty is
given by f.(T) — TX(T). Since there is no mark of the dynamical transition in
thermodynamic quantities, one has that the free energy of the glass below Ty must
coincide with f,(7")

fp(T) = f(T) = TX(T). (1.3)

Below Ty, there exists a second finite temperature Tk < T}, such that the complexity
vanishes at and below Tk: the number of TAP states is no more exponential, and
the system is trapped in a bunch of low-lying energy minima: the system undergoes
a Kauzmann transition at Tx. The nature of this transition is purely static, and
shows up in the singularities of thermodynamic quantities such as the entropy.



11

An important physical question is whether this mean-field phenomenology persists
beyond mean field. In 1989 Kirkpatrick, Thirumalai and Wolynes (KTW) [96]
proposed a theoretical framework to handle finite-dimensional glass formers, which is
known as the Random First Order Transition Theory (RFOT). Their basic argument
was inspired by the following analogy with ferromagnetic systems. Consider a
mean-field ferromagnet in an external magnetic field h > 0. The free energy has two
minima, fy and f_, with positive and negative magnetization respectively. Being
h >0, one has f_ > f.. Even though the +-state has a lower free energy, it cannot
nucleate because the free-energy barriers are infinite in mean field. Differently, in
finite dimensions d the free-energy barriers are finite, and the free-energy cost for
nucleation of a droplet of positive spins with radius R reads

Af=CiR*" — (f- — [.)CaRY, (1.4)

where the first addend is the surface energy cost due to the mismatch between the
positive orientation of the spins inside the droplet and the negative orientation of
the spins outside the droplet, while the second addend represents the free-energy
gain due to nucleation of a droplet of positive spins, and is proportional to the
volume of the droplet. According to the above free-energy balance, there exists a
critical value R, such that droplets with R < R, do not nucleate and shrink to zero,
while droplets with R > R, grow indefinitely. Inspired by the physics emerging
from mean-field models of the 1-RSB class, KTW applied a similar argument to
glass-forming liquids. Before discussing KTW theory, is important to stress that
the dynamical transition at T,; occurring in the mean-field case disappears in finite
dimensions. This is because the free-energy barriers between metastable states are
no more infinite in the thermodynamic limit. Thus, the sharp mean-field dynamical
transition is smeared out in finite dimensions, and it is plausible that T} is replaced
by a crossover temperature T}, separating a free flow regime for T' > T, from an
activated dynamics regime for T < T, [16].

According to KTW, for T' < T, the system is trapped in a TAP state with
free energy f.. Following the analogy with the ferromagnetic case, the TAP state
is associated with the —-state, while the paramagnetic state with the 4-state.
Accordingly, by Eq. (1.3) one has f_ — fi = T'Y. Nucleation of a droplet of size R
of spins in the liquid state into a sea of spins in the TAP state has a free-energy cost

Af =CRY — TSC,RY,

where the exponent 6 is the counterpart of d — 1 in the ferromagnetic case, Eq. (1.4).

Since the presence of disorder is expected to smear out such a surface effects with

respect to the ferromagnetic case, one has 8 < d — 1. Liquid droplets with radius
1

smaller than R, = (TgIC% d) 4% disappear, while droplets with radius larger that R,
extend to infinity. Since there are many spatially localized TAP states, droplets
can’t extend to infinity as in the mean-field case. The system is rather said to be in
a mosaic state, given by liquid droplets that are continually created and destroyed

[16].

In analogy with the 1-RSB phenomenology, RFOT theory predicts that ¥ van-
ishes at a finite temperature Tx < Ti. Below this temperature liquid droplets cannot
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nucleate anymore, because R, = 0o, and the system is said to be in a ideal glassy
state, i. e. a collectively-frozen and mechanically-stable low-lying energy state. Sill,
the crucial question of the existence of a Kauzmann transition in real glass-formers is
an open issue. It cannot be amended experimentally, because real glasses are frozen
in an amorphous configuration below Ty, and the entropy measured in laboratory
experiments in this temperature range does not give an estimate of the number of
degenerate metastable states. Accordingly, analytical progress in non-mean-field
models of the 1-RSB class describing the equilibrium properties below T, would
yield a significant advance on this fundamental issue.

A clear way to explore critical properties of non-mean-field systems came from
the RG theory developed by Wilson in his papers of 1971 [164, 165]. The RG theory
started from a very simple physical feature observed experimentally in physical
systems undergoing a phase transition [161]. Consider, for instance, a mixture of
water and steam put under pressure at the boiling temperature. As the pressure
approaches a critical value, steam and water become indistinguishable. In particular,
bubbles of steam and water of all length scales, from microscopic ones to macro-
scopic ones, appear. This empirical observation implies that the system has no
characteristic length scale at the critical point. In particular, as the critical point
is approached, any typical correlation length of the system must tend to infinity,
in such a way that no finite characteristic length scale is left at the critical point.
Accordingly, if we suppose to approach the critical point by a sequence of elementary
steps, the physically important length scales must grow at each step. This procedure
was implemented in the original work of Wilson, by integrating out all the length
scales smaller than a given threshold. As a result, a new system with a larger typical
length scale is obtained, and by iterating this procedure many times one obtains a
system whose only characteristic length is infinite, and which is said to be critical.

The above RG scheme yields a huge simplification of the problem. Indeed, systems
having a number of microscopic degrees of freedom which is typically exponential
in the number of particles are reduced to a handful of effective long-wavelength
degrees of freedom. These are the only physically relevant degrees of freedom in the
neighborhood of the critical point, and all the relevant physical information can be
extracted from them.

In the first paper of 1971 Wilson’s made quantitative the above qualitative
picture for the Ising model. Following Kadanoff’s picture [84], short-wavelengths
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degrees of freedom were integrated out by considering blocks of spins acting as a unit,
in such a way that one could treat all the spins in a block as an effective spin. Given
the values of the spins in the block, the value of this effective spin could be easily
fixed to be +1 if the majority of spins in the block are up, and —1 otherwise. The
resulting approximate RG equations were analyzed in the second paper of 1971 [165],
where Wilson considered a simplified version of the Ising model and showed that
this framework could make precise predictions on physical quantities like the critical
exponents, which were extracted in perturbation theory. There the author realized
that if the dimensionality d of the system was larger than 4 the resulting physics in
the critical regime was the mean-field one, while for d < 4 non-mean-field effects
emerge. These RG equations for the three-dimensional Ising model were treated
perturbatively in the parameter € = 4 — d, measuring the distance from the upper
critical dimension d = 4, in a series of papers in the 70’s [169, 166]. The validity of
this perturbative framework was later confirmed by the reformulation of Wilson’s
RG equations in the language of field theory. There, the mapping of the Ising model
into a ¢*-theory and the solution of the resulting Callan-Symanzik (CS) equations
[28, 147, 173] for this theory made the RG method theoretically grounded, and the
proof of the renormalizability of the ¢*-theory [29] to all orders in perturbation
theory served as a further element on behalf of this whole theoretical framework.
Finally, the picture was completed some years later by high-order implementations
of the e-expansion for the critical exponents [157, 41, 40, 43, 42, 94, 68, 97, 98] which
were in excellent agreement with experiments [173, 1] and MC simulations [140, 5].

Because of this ensemble of works, the RG served as a fundamental tool in
understanding the critical properties of finite-dimensional systems. Hence, it is
natural to search for a suitable generalization of Wilson’s ideas to describe the
critical regime of non-mean-field spin or structural glasses. The drastic simpli-
fication resulting from the reduction of exponentially many degrees of freedom
to a few long-wavelength degrees of freedom would be a breakthrough to tackle
the exponential complexity limiting our understanding of the physics of such systems.

Still, a construction of a RG theory for spin or structural glasses is far more
difficult than the original one developed for ferromagnetic systems. Indeed, in the
ferromagnetic case it is natural to identify the order parameter, the magnetization,
and then implement the RG transformation with Kadanoff’s majority rule. Con-
versely, in non-mean-field spin or structural glasses, the order parameter describing
the phase transition is fundamentally unknown.

For non-mean-field spin glasses, the RSB and droplet picture make two radi-
cally different predictions on the behavior of a tentative order parameter in the
low-temperature phase. In the RSB picture the order parameter is the probability dis-
tribution of the overlap P(q), being P(q) = §(q) in the high-temperature phase and
P(q) a smooth function of ¢ in the low-temperature phase [133]. Such a smooth func-
tion reflects the hierarchical organization of many pure states in the low-temperature
phase. In the droplet picture [64] P(g) reduces to two delta functions centered on the
value of a scalar order parameter, the Edwards-Anderson order parameter gga [59].
Such an order parameter is nonzero if the local magnetizations are nonzero, i. e. if the
system is frozen in the unique low-lying ergodic component of the configuration space.
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For structural glasses, after important developments in the understanding of the
critical regime came in 2000 [66], a significant progress in the identification of the
order parameter has been proposed in 2004 [25] and numerically observed in 2008
[17] by Biroli et al., who suggested that the order parameter is the overlap between
two equilibrated spin-configurations with the same boundary conditions: the influ-
ence of the boundary conditions propagates deeper and deeper into the bulk as the
system is cooled, signaling the emergence of an amorphous order at low temperatures.

A justification of the difficulty in the definition of a suitable order parameter
for a spin or structural glass has roots in the frustrated nature of the spin-spin
interactions. To illustrate this point, let us consider a spin system like the SK where
the sign of the couplings J;; are both positive and negative, Eq. (1.1), and try
to mimic Wilson’s block-spin transformation [164] for the SK model. Given the
values of the spins in a block, Kadanoff’s majority rule does not give any useful
information on which should the value of the effective spin. Indeed, choosing the
effective spin to be +1 if most of the spins in the block are up and —1 otherwise
does not make sense: being the J;;s positive or negative with equal probability, the
magnetization inside the block is simply zero on average, and does not give any useful
information on which value should be assigned to the effective spin. Again, frus-
tration is the main stumbling block in the theoretical understanding of such systems.

In order to overcome this difficulty, we recall that Wilson’s approximate RG
equations were found to be exact [161] on a particular non-mean-field model for
ferromagnetic interactions, where the RG recursion formulas have a strikingly simple
and natural form. This is Dyson’s Hierarchical Model (DHM), and was introduced
by Dyson in 1969 [57]. There, the process of integrating out long-wavelength de-
grees of freedom emerged naturally in an exact integral equation for the probability
distribution of the magnetization. This equation was the forerunner of Wilson’s RG
equations.

The aim of this thesis is to consider a suitable generalization of DHM describ-
ing non-mean-field spin or structural glasses, and construct a RG framework for
them. These models will be generally denoted by Hierarchical Models (HM), and
will be introduced in Section 2.2. The definition of HM is quite general, and by
making some precise choices on the form of the interactions, one can build up
a HM capturing the main physical features a non-mean-field spin or structural
glass. Thanks to their simplicity, HM allow for a simple and clear construction of
a RG framework. Our hope is that such a RG framework could shed light on the
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criticality of the glass transition beyond mean field, and on the identification of
the order parameter describing the emergence of an amorphous long-range order,
if present. As a long-term future direction, the RG method on HM could also be
useful to understand the features of the low-temperature phase of such glassy systems.

The thesis is structured as follows. In Chapter 2 of Part I we discuss DHM, and
introduce HM for spin or structural glasses. In Part II we study a HM mimicking the
physics of a non-mean-field structural glass, the Hierarchical Random Energy Model
(HREM), being a hierarchical version of the REM. In this Part we show how one can
work out a precise solution for thermodynamic quantities of the system, signaling
the existence of a Kauzmann phase transition at finite temperature. The HREM
constitutes the first non-mean-field model of a structural glass explicitly exhibiting
such a freezing transition as predicted by RFOT. Interestingly, the solution suggests
also the existence of a characteristic length growing as the critical point is approached,
in analogy with the predictions of KTW. In Part III we study a HM mimicking the
physics of a non-mean-field spin glass, the Hierarchical Edwards-Anderson model
(HEA), being a hierarchical version of the Edwards-Anderson model. The RG
transformation is first implemented with the standard replica field-theory approach,
which turns out to be non-predictive because nonperturbative effects are completely
untamed. Consequently, a new RG method in real space is developed. This method
avoids the cumbersome formalism of the replica approach, and shows the existence
of a phase transition, making precise predictions on the critical exponents. The
real-space method is also interesting from a purely methodological viewpoint, because
it yields the first suitable generalization of Kadanoff’s RG decimation rule for a
strongly frustrated system. Finally, in Part IV we discuss the overall results of this
work, by paying particular attention to its implications and future directions in the
physical understanding of realistic systems with short-range interactions.






Chapter 2

Hierarchical models

In this Chapter we introduce hierarchical models. In Section 2.1 we first introduce
the ferromagnetic version of hierarchical models originally introduced by Dyson, and
in Section 2.2 we extend this definition to the disordered case, in the perspective to
build up a non-mean-field hierarchical model of a spin or structural glass.

2.1 Hierarchical models for ferromagnetic systems

A hierarchical model for ferromagnetic systems has been introduced in the past to
describe non-mean-field spin systems [57], and is known as Dyson’s Hierarchical
Model (DHM). DHM has been of great interest in the past, because Wilson’s RG
equations [164, 165, 163, 167, 168, 169] turn out to be exact in models with power-
law ferromagnetic interactions built on hierarchical lattices like DHM. Indeed, in
this model one can explicitly write an exact RG transformation for the probability
distribution of the magnetization of the system. All the relevant physical information
on the paramagnetic, ferromagnetic and critical fixed point, and the existence of a
finite-temperature phase transition are encoded into these RG equations. Moreover,
all the physical RG ideas emerge naturally from these recursion relations, whose
solution can be explicitly built up with the e-expansion technique [31, 44, 45, 46].

DHM is defined [57, 31] as a system of 2**+! Ising spins Si,. .., Sors1, S; = %1,
with an energy function which is built up recursively by coupling two systems of 2*
spins

Hlf—i—l [Sl, ceey 52k+1] = H,‘f [Sl, cee, Szk] + H]f [S2k+1, e ,SQkJrl] + (2.1)
1 9k+1 2
k+1
where
Cp = 220-or), (2.2)

and F stands for ferromagnetic. The model is defined for
1/2<op < 1. (2.3)

17
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The limits (2.3) can be derived by observing that for o > 1 the interaction energy
goes to 0 for large k, and no finite-temperature phase transition occurs, while for
or < 1/2 the interaction energy grows with k faster than 2%, i. e. faster than the
system volume, in such a way that the model is thermodynamically unstable.

The key issue of DHM is that the recursive nature of the Hamiltonian function
encoded in Eq. (2.1) results naturally into an exact RG equation. This equation
can be easily derived by defining the probability distribution of the magnetization
m for a 2F-spin DHM, as

k
I I R
g =1

where § denotes the Dirac delta function, and C a constant enforcing the normalization
condition [ dmpy(m) = 1. Starting from Eq. (2.1), one can easily derive a recursion
equation relating py to prr1. This equation is derived in Section A.1 of Appendix A,
and reads

k+1
Prr1(m) = ?CF m? /dupk(m + pw)pr(m — ), (2.5)

where any m-independent multiplicative constant has been omitted to simplify the
notation. Eq. (2.5) relies the probability distribution of a DHM with 2* spins with
that of a DHM with 2¥*! spins. Accordingly, Eq. (2.5) is nothing but the flow of
the function pi(m) under reparametrization 2% — 28+ of the length scale of the
system. Historically, Eq. (2.5) has been derived by Dyson [57], and then served as
the starting point for the construction of the RG theory for ferromagnetic systems
like the Ising model. Indeed, Wilson’s RG recursion formulas for the Ising model
[164, 165, 163] are approximate, while they turn out to be exact when applied to
DHM, because they reduce to Eq. (2.5). DHM has thus played a crucial role in
the construction of the RG theory for ferromagnetic systems, because in a sense
the work of Wilson on finite-dimensional systems has been pursued in the effort
to generalize the exact recursion formula (2.5) to more realistic systems with no
hierarchical structure, like the three-dimensional Ising model.

Equation (2.5) has also been an important element in the probabilistic formu-
lation of RG theory, originally foreseen by Bleher, Sinai [20] and Baker [6], and
later developed by Jona-Lasinio and Cassandro [79, 31]. Indeed, Eq. (2.5) aims to
establish the probability distribution of the average of 2¥ spin variables {S;}; for
k — oo. In the case where the spins are independent and identically distributed
(IID), the above analogy becomes transparent, because the answer to the above
question is yield by the central limit theorem. Following this connection between
RG and probability theory, one can even prove the central limit theorem starting
from the RG equations (2.5) [31].

Equation (2.5) has been of interest in the last decades also because it is simple
enough to be solved with high precision, and the resulting solution gives a clear
insight into the critical properties of the system, showing the existence of a phase
transition. The crucial observation is that Eq. (2.5) can be iterated k& > 1 times
in 2% operations. Indeed, the magnetization m of a 2¥-spin DHM can take 2% + 1
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possible values {—1,—142/2% ... 0,--- ;1 —2/2F 1}. According to Eq. (2.4), the
function pg(m) is nonzero only if m is equal to one of these 2¥ + 1 values. It follows
that in order to compute pg11(m), one has to perform a sum in the right-hand side
of Eq. (2.5), involving 2¥ + 1 terms. This implies that the time to calculate py,(m)
for k> 1 is proportional to 2¥. Thus, the use of the hierarchical structure encoded
in Eq. (2.5) yields a significant improvement in the computation of pg(m) with
respect to a brute-force evaluation of the sum in the right-hand side of Eq. (2.4),
which involves 22" terms.

Let us now discuss the solution of Eq. (2.5). For Eq. (2.5) to be nontrivial for
k — o0, one needs to rescale the magnetization variable. Otherwise, the C}ii“—term
in the right-hand side of Eq. (2.5) would diverge for k& — co. Setting

pr(m) = pk(C;k/Qm), (2.6)

Eq. (2.5) becomes

m m + m —
Pry1(m) = e’ ’ /dupk ( Cl/QlL) Pk ( 01/2N> : (2.7)
F

F

The structure of the fixed points of Eq. (2.7) is discussed in Section A.2 of
Appendix A. In particular, it is shown that there exists a value B.p of 3, such
that if 8 < B.r Eq. (2.7) converges to a high-temperature fixed point, while if
B > Ber Eq. (2.7) converges to a low-temperature fixed point. Both of these fixed
points are stable, and can be qualitatively represented as basins of attraction in
the infinite-dimensional space where py(m) flows [163]. These basins of attraction
are separated by an unstable fixed point p.(m), which is reached by iterating Eq.
(2.7) with 8 = B.r. p«(m) is called the critical fixed point, and is characterized
by the fact that the convergence of py to p. for § = 5. r implies the divergence of
the characteristic length scale £ of the system in the thermodynamic limit £ — oco.
Accordingly, in what follows 8. p will denote the inverse critical temperature of DHM.
In the neighborhood of the critical temperature the divergence of £ is characterized
by a critical exponent vg, defined by

T—T. p A

SRNCES e .

where A is independent of the temperature. The critical exponent vg is an important
physical quantity characterizing criticality, and is quantitatively predictable from
the theory. In Section A.3 of Appendix A we show how vp can be computed starting
from the RG equation (2.7). This derivation serves as an important example of
the techniques that will be employed in generalizations of DHM involving quenched
disorder, that will be discussed in the following Sections.

The calculation of v relies on the fact that for 0 < op < 3/4 the critical fixed
point p.(m) is a Gaussian function of m, while for 3/4 < op < 1 p.(m) is not
Gaussian, as illustrated in Section A.2. We recall [44, 45, 31, 163, 173, 174] that a
Gaussian p,(m) corresponds to a mean-field regime of the model. The expression
mean field is due to the following. Consider for instance the thermal average at the
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critical point of a physical observable O(1/2* 1221 S;), depending on the spins S
through the magnetization of the system. This can be expressed as an average of
O(m) with weight p.(m), where p.(m) = p*(CII?ﬂm)

F —
Eg[O] = /dmp*(m)O(m), (2.9)
where Eg stands for the thermal average

_ g k
Efjo) = 2802 BE, 5)
st = s o—BHLS] '

In the mean-field approximation one evaluates integrals like that in the right-hand
side of Eq. (2.9) with the saddle-point approximation [173, 74, 130]. If 0 < o < 3/4,
p.(m) is Gaussian, and so is p.(m), in such a way that the saddle-point approxima-
tion is exact, i. e. the mean-field approximation is correct. On the contrary, for
3/4 < op <1, p.(m) is not Gaussian, and the system has a non-mean-field behavior.
In particular, fluctuations around the mean-field saddle point in the right-hand side
of Eq. (2.9) are not negligible. According to this discussion, we call o = 3/4 the
upper critical dimension [74, 173, 174, 77] of DHM.

In the mean-field region 0 < op < 3/4, vp can be computed exactly, and is
given by Egs. (A.16), (A.17). In the non-mean-field region vr can be calculated by
supposing that the physical picture emerging for 0 < op < 3/4 is slightly modified in
the non-mean-field region. As discussed in Section A.2, this assumption is equivalent
to saying that corrections to the mean-field estimate of integrals like (2.9) are small,
i. e. they can be handled perturbatively. Whether this assumption is correct or
not can be checked a posteriori, by expanding physical quantities like vg in powers
of ep = op — 3/4, and investigating the convergence properties of the expansion.
If the ep-expansion is found to be convergent or resummable [173], the original
assumption is confirmed to be valid. If it is not, the non-mean-field physics is
presumably radically different from that arising in the mean-field region, and cannot
be handled perturbatively. As an example, the result to O(ep) for vp is given by
Egs. (A.16), (A.19). In [46, 44], the ep-expansion has been performed to high
orders, and found to be nonconvergent. Even though, the authors showed that the
application of a resummation method originally presented in [107] yields a convergent
series for v, which is in quantitative agreement with the values of the exponent
obtained by Bleher [23]. Finally, we mention that the results from the ep-expansion
of DHM have been found to be in excellent agreement with those obtained with the
high-temperature expansion, which has been studied by Y. Meurice et al. [114].

Since DHM allows for a relatively simple implementation of the RG equations
for a non-mean-field ferromagnet, it is natural to ask oneself whether there exists a
suitable generalization of DHM that can describe a non-mean-field spin or structural
glass. This generalization will be exposed in the following Section.
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2.2 Hierarchical models for spin and structural glasses

In the effort to clarify the non-mean-field scenario of both spin glasses and structural
glasses, it is useful to consider a suitable generalization of DHM to the disordered
case. Concerning this, it is important to observe that the extension of DHM to the
random case has been performed only for some particular models.

Firstly, models with local interactions on hierarchical lattices built on diamond
plaques [11], have been widely studied in their spin-glass version, and lead to weakly
frustrated systems even in their mean-field limit [67]. Notwithstanding this, such
models yield a very useful and interesting playground to show how to implement the
RG ideas in disordered hierarchical lattices, and in particular on the construction of
a suitable decimation rule for a frustrated system.

Secondly, a RG analysis for random weakly frustrated models on Dyson’s hi-
erarchical lattice has been done in the past by A. Theumann [151, 152], and the
structure of the physical and unphysical infrared (IR) fixed points has been obtained
with the e-expansion technique. Unfortunately, in these models spins belonging to
the same hierarchical block interact with each other with the same [151] random
coupling, in such a way that frustration turns out to be relatively weak and they are
not a good representative for realistic strongly frustrated systems. This is because
these models are obtained from DHM by replacing the coupling J in Eq. (2.1)
with a random variable Ji. Thus, the interaction energy between spins Si, ..., S
is fixed, and purely ferromagnetic or antiferromagnetic, depending on the sign of
Ji. Differently, in strongly frustrated systems like the SK model, the coupling J;;
between any spin pair S;, S; is never fixed to be ferromagnetic or antiferromagnetic,
because its sign is randomly drawn for any 7 and j.

Thirdly, disordered spin models on Dyson’s hierarchical lattice have been studied
by A. Naimzhanov [127, 128], who showed that the probability distribution of the
magnetization converges to a Gaussian distribution in the infinite-size limit. Also in
this case, the interaction between spins Sy, ..., S5 is fixed to be ferromagnetic or
antiferromagnetic, depending on the sign of a random energy &3 which is equal to
+1 with equal probability.

Here we present a different generalization of DHM to a disordered and strongly
frustrated case, first introduced in [65], and simply call these models hierarchi-
cal models (HM). Indeed, the definition (2.1) holding in the ferromagnetic case
can be easily generalized as follows. We define a HM as a system of 2¥*! spins
Sty ..., S9k+1, S = £1, with an energy function defined recursively by coupling two
systems, say system 1 and system 2, of 2% Ising spins

Hiq [51, e S2k+1] = H% [Sl, ce SQk] + H]% [SQkJrl, e, S2k+1} + (2.10)
+€kt1 [Sl, ce 52k+1] .
The energies H, l%, H,f are to be considered as the energy of system 1 and system

2 respectively, while € is the coupling energy between system 1 and system 2.
Differently from the ferromagnetic case, here the coupling energy ex11 [S1,- .., Sor+1]
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of any spin configuration Sy, - - - , Sor+1 is a random variable, which is chosen to have
zero mean for convenience.

2k+1

Since the interaction energy exi1 couples spins, and since its order of

magnitude is give by its variance, one must have
Eclehs] < 2, (2.11)

where E. stands for the expectation value with respect to all the coupling energies
¢, of the model. Eq. (2.11) states that the interaction energy between 2**+! spins is
sub extensive with respect to the system volume 28+, and ensures [119, 130] that
HM are non-mean-field models. The mean-field limit will be constantly recovered
in the following chapters as the limit where E[e2 +1) becomes of the same order of
magnitude as the volume 2¢+1,

As we will show in the following, the form (2.10) of the Hamiltonian corresponds
to dividing the system in hierarchical embedded blocks of size 2%, so that the in-
teraction between two spins depends on the distance of the blocks to which they
belong [65, 34, 35], as shown in Fig 2.1.

€3 —
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Figure 2.1. A 23-spin hierarchical model obtained by iterating Eq. (2.10) until k¥ = 3.
The arcs coupling pairs of spins represent the energies €; at the first hierarchical level
k = 1. Those coupling quartets of spins represent €5 at the second hierarchical level
k = 2. Those coupling octets of spins represent the energies €3 at the third hierarchical
level k = 3.

The random energies €, of HM can be suitably chosen to mimic the interactions
of a strongly frustrated structural glass (Part II), or of a spin glass (Part III), in the
perspective to give some insight into the non-mean-field behavior and criticality of
both of these models. In this thesis such features will be investigated by means of
RG techniques. Indeed, as for DHM, the recursive nature of the definition (2.10)
suggests that HM are particularly suitable for an explicit implementation of the
RG transformation. As a matter of fact, the definition (2.10) is indeed a RG flow
transformation from the length scale 2* to the length scale 271, As we will show
explicitly in Part III, one can analyze the fixed points of such an RG flow, in order
to establish if a phase transition occurs, and investigate the critical properties of the
System.

It is important to observe that without the hierarchical structure this would be
extremely difficult. This is mainly because of the intrinsic and deep difficulty in
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identifying the correct order parameter discussed in Section 1, and thus write an
RG equation for a function (or functional) of it without making use of the replica
method [55, 119] which, up to the present day, could not be used to make predictions
for the non-mean-field systems under consideration in this thesis.

After introducing HM in their very general form, we now make a precise choice
for the random energies €, in order to build up a hierarchical model for a structural
glass, the Hierarchical Random Energy Model, and discuss its solution.
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The Hierarchical Random
Energy Model
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As discussed in Section 1, the REM is a mean-field spin model mimicking the
phenomenology of a supercooled liquid. Given the general definition of HM, it is
easy to make a particular choice for the random energies € in (2.10), to build up
a non-mean-field version of the REM, i. e. a HM being a candidate for describing
the phenomenology of a supercooled liquid beyond mean field. Indeed, we choose
the energies €, to be independent variables distributed according to a Gaussian
distribution with zero mean and variance proportional to C2*

E[ep] ~ C?F, (2.12)

where we set

c? =277, (2.13)

For ¢ < 0 the thermodynamic limit £ — oo is ill-defined, because the interaction
energy Ec[eZ] grows faster than the volume 2*. For o > 1, Ec[€7] goes to 0 as
k — oo, implying that there is no phase transition at finite temperature. Hence, the
interesting region that we will consider in the following is

0<o<1, (2.14)

which is the equivalent of Eq. (2.3) for DHM. As we will discuss in the following,
this HM reproduces the REM in the mean-field case o = 0, and will thus be called
the Hierarchical Random Energy Model (HREM) [33, 36]. According to the general
classification of models with quenched disorder given in Section 1, the HREM has to
be considered as a model mimicking a structural glass.

Before discussing the solution of the HREM, it is important to focus our attention
on some important features of the model that make it interesting in the perspective
of investigating the non-mean-field regime of a structural glass.

Firstly, the hierarchical structure of the HREM allows an almost explicit solution
with two independent and relatively simple methods.
The first method will be described very shortly here (a complete discussion can
be found in [33, 32]) and relies on the fact that the recursive nature of Eq. (2.10)
implies a recursion relation for the function Ny (FE), defined as the number of states
with energy E at the k-the step of the recursion. By solving this recursion equation
for large k, one can compute the entropy of the system

s(E) = 2% log [Nx(E)], (2.15)
and thus investigate its equilibrium properties. The computation time needed to
implement this recursion at the k-th step is proportional to a power of 2¥, and
represents a neat improvement on the exact computation of the partition function,
involving a time proportional to 22" This recursive method is also significantly
better than estimating thermodynamic quantities with MC simulations, because the
latter are affected by a severe increase of the thermalization time when approaching
the critical point, as discussed in Section 1.

The second method investigates the thermodynamic properties of the HREM by
a perturbative expansion in the parameter C, physically representing the coupling
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Figure 2.2. A 23-spin HREM and its interaction structure. Each arc represents an
(@)

interaction energy €, amongst spins falling below the arc.

constant between spins. As a matter of fact, the relatively simple structure of the
model allows for a fully automated expansion in C' of the equilibrium thermody-
namic quantities, which exhibits a neat and clear convergence when increasing the
perturbative order as discussed in Chapter 3.

It follows that the HREM is a model that hopefully encodes the non-mean-field
features of a structural glass, and that is solvable with relatively simple and reliable
methods, such as the recursion equation for A'(E) and the perturbative expansion in
C. In particular, as we will show in Chapter 3, with such methods one can identify
the existence of a phase transition in the HREM, and then analyze its physical
features.

Secondly, it turns out that the 22° encrgy levels {Hj[S]} g of the HREM are
not independent variables as in the REM [53], because here they are correlated
to each other. Indeed, by iterating k times Eq. (2.10), one obtains explicitly the
Hamiltonian for a HREM with 2 spins

Hy[S) = Xk: >~ 159, (2.16)

where § = {S,- -, Sor}, while S0 = {82i(i—1)415 " »S9s;} are the spins in the
i-th embedded block at the j-th hierarchical level, and ey) is the interaction energy
€j (see Eq. (2.10)) of the i-th hierarchical embedded block. The interaction energies
65-2) of Eq. (2.16) are depicted in Fig 2.2 for a HREM with 22 spins.

According to Eq. (2.16), the energy levels are clearly correlated to each other. As
we will show in Chapter 3, this fact implies that some critical features of the HREM
turn out to be quite different from to those of the REM. In particular, we will show
by an explicit calculation how a naive estimate of the critical temperature based on
the hypothesis that the energy levels are uncorrelated fails miserably, proving the
relevance of energy correlations in the critical regime.

Thirdly, the existence of the hierarchical structure depicted in Fig. 2.10 allows
for the introduction of a notion of distance between spins in the HREM, whereas
in the REM there is no notion of distance, because mean-field models have no
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spatial geometry [119]. As we will show in Chapter 4, such a length scale can be
introduced in the HREM by defining a suitable correlation function, and extracting
the characteristic length scale associated with its exponential decay at large distances.
It is then interesting to ask oneself whether such a length diverges at the critical
point as in ferromagnetic systems [74, 101, 173, 174, 163, 162, 138]. This point will
be investigated in Chapter 4, by means of the perturbative expansion method.

We will now present the perturbative computation of the equilibrium properties
of the HREM, and discuss the results on the critical behavior of the model [33].






Chapter 3

Perturbative computation of
the free energy

Given a sample of the random energies {e} = {ey)}jﬂ-7 the free energy of a HREM
with 2% spins is defined as [115, 119]

FIT e}l = =55 log [Z [T, {e}]] (3.1)

where

Z[T {e}] = zexp( BH(S)), (32)

B =1/T is the inverse temperature, and Hy[S] is given by Eq. (2.16). To simplify
the notation, in the following we omit the volume label k in the free energy f and
in the partition function Z unless necessary.

The free energy (3.1) of a typical sample {e} can be computed by hypothesizing
that the self-averaging property holds. According to this property, holding in the
thermodynamic limit of a broad class of disordered systems with quenched disorder
[119, 37], the free energy computed on a fixed and typical sample of the disorder is
equal to the average value of the free energy over the disorder. Here we hypothesize
that this property holds, so that in the thermodynamic limit £ — oo we compute
fIT, {€}] on a typical sample {e} as the average of Eq. (3.1) over the random energies

Jim f[T{e}] = lim Ec[f[T’ {e}]]. (3-3)

The advantage of using the self-averaging property is that the right-hand side
of Eq. (3.3) is easier to compute than the left-hand side by using the replica trick
[119, 115]

1 Ec [Z[T {e}]"] -1

Ee (/17 {e}) = = 37 limy 1R (3.4
According to the general prescriptions of the replica trick [119, 136, 133, 37], the
argument of the limit in Eq. (3.4) is here computed for integer n, and an analytic
function of n is obtained. The left-hand side of (3.4) is then computed by continuing
such a function to real n, and taking its n — 0 limit.

31
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As observed in Section 1, the use of the replica trick in mean-field models can be
non-rigorous, because of the assumption that one can exchange the thermodynamic
limit and the n — 0 limit [119, 115, 136, 37]. It is important to observe that this
issue does not occur in this case. Indeed, by using Eqgs. (3.1), (3.3) and (3.4), one
has

khﬁngo fIT,{e}] = lim lim 1 - Ec[Z]T, {6}]n]

In order to compute Eq. (3.5) in mean-field models, one hypothesizes that one can
first compute the right-hand side of Eq. (3.6) in the thermodynamic limit k£ — oo
by using the saddle-point approximation, and then take n — 0, by exchanging the
limits. Being the HREM a non-mean-field model, the saddle-point approximation
is wrong even in the thermodynamic limit, so that the right-hand side of Eq. (3.5)
cannot be computed by taking its saddle point, and we do not need to exchange
the limits. Hence, the subtleties resulting from the exchange of the limits do not
occur in this case. In other words, here the replica trick is simply a convenient way
to perform the computation of the quenched free energy, and a direct inspection of
Eq. (3.5) in perturbation theory shows that one can do the computation without
replicas, and obtain the same result as that obtained with the replica trick to any
order in C'. We observe that this fact is true also in the mean-field theory of spin
glasses, where the full-RSB solution [133] can be rederived [118] without making use
of the replica method.

Let us now focus on the explicit computation of the right-hand side of Eq. (3.5)
for integer n and on the n — 0-limit. One has

2 k '2k*j n
E [Z[T A} = > e (/1202] > > %gﬂv“,s*,gf’w)’ (3.6)

(Batactm =0 i=1 a,b=1

where §1, e ,S_"n denote the spin configurations of the n replicas of the system
[136, 137, 37, 130]. We then expand Eq. (3.6) in power of C?, and take the
n — 0, k — oo-limits. It is important to observe that this C?-expansion is equivalent
to a high-temperature expansion. Indeed, in Eq. (3.6) any power C? of the coupling
constant is multiplied by a factor 42, so that the smallness of C? is equivalent to
the smallness of the inverse temperature j3.

By Eq. (3.5), the expansion of Eq. (3.6) in powers of C? results into an expansion
for f[T,{e}], that can be written as

[e.9]

FIT e} = C%ei(T), (3.7)

1=0

where for simplicity we omit the k — oo-limit, and the dependence of f on {e} has
disappeared because of the self-averaging property (3.3). The coefficients ¢;(T") can
be explicitly calculated for large i by means of a symbolic manipulation program [170],
handling the tensorial operations on the replica indices [33, 32]. This computation
is carried on for integer n and an analytic function of n is obtained, so that the
limit » — 0 can be safely taken. In Appendix B we give an example of how these
computations are performed, by doing the explicit calculation of the coefficient ¢q.
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In the following, the expansion (3.7) will be worked out at a fixed order [, under the
underlying assumption that the resulting free energy

l
f(T) = C%¢i(T) (3.8)
i=0
approximates the exact free energy (3.7) as [ is large

F(T) 252 £ (T) = fIT, {€}]-

Before discussing the result of this computation for 0 < ¢ < 1, it is interesting
to test perturbation theory in the region o < 0 for the following reason. As stated
in Section 2.2, for ¢ < 0 the thermodynamic limit of the model is ill-defined. This
is because the interaction energy ¢ defined in Eq. (2.10) grows with k faster than
the volume 2* according to Eq. (2.12). Notwithstanding this, having the HREM 2*
spins, one can redefine the inverse temperature

B — 2k, (3.9)
in such a way that the variance of ¢, defined in Eq. (2.12) becomes
E[e2] — 2. (3.10)

The thermodynamic limit is now well-defined, because the coupling energy scales as
the volume, and the model is a purely mean-field one. A direct numerical inspection
of the expansion (3.8) after such a redefinition of 3 for ¢ < 0 shows that as [ is
increased the free energy of the HREM converges to that of a REM [53, 54] with

critical temperature
1

o<0 —

75" = 2oz 2l —37)" (3.11)
The label U in Eq. (3.14) stands for uncorrelated, because the value (3.14) of the
critical temperature can be easily worked out by hypothesizing that the energy levels
are uncorrelated as in the REM. Indeed, the fact that the free energy (3.8) converges
to that of the REM for o < 0 tells us that in this region correlations are irrelevant,
and the model reduces to a purely mean-field one with the same features as the REM.
This is what we expected from the fact that the energy scales as the system vol-
ume (Eq. (3.10)), and serves as an important test of the perturbative expansion (3.7).

We now focus on the region 0 < ¢ < 1. From a direct analysis of the data for the
free energy f;(T'), it turns out that there exists an I-dependent critical temperature
T!, defined in such a way that the entropy at the I-th order in C? vanishes at T = T

dfy (T
Sl( CI) B fCli(zj) T=T!

= 0. (3.12)

As discussed in Section 1, in the REM the fact that the entropy vanishes at a given
temperature signals a Kauzmann phase transition. Hence, by definition TCZ can be
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considered as the [-th order critical temperature of the system. Since perturbation
theory is approximate, and there is no guarantee that a perturbative expansion
converges at a critical point [74, 173, 174, 138], it is important to check the behavior
of T! as [ is increased. In Fig. 3.1, T! as a function of I is depicted for o = 0.1.
Even for [ < 10, a clear convergence is observed, and the resulting ‘exact’ critical
temperature 7> is easily determined by fitting 7' vs. [ with a function of the form
a—bxc, with ¢ < 1, and setting T° = a. In this way, T° as a function of o is
determined in the region 0 < ¢ < 0.15, where Tcl vs. [ for | < 10 exhibits a clear
convergence as a function of [, and the extrapolation for [ — oo is meaningful.

According to Eq. (3.12), the entropy of the HREM

dfoc(T)

s(T) = — T

(3.13)

vanishes for 7" = T>°. This allows a straightforward interpretation of the phase
transition occurring at 7' = T°, resembling to that occurring in the REM [53]: for
T > T?° the entropy is positive, and the system explores an exponentially large num-
ber of states in the configuration space, while for 7" < T)>° the system is trapped in a
handful of low-lying energy states. We have thus shown that the HREM undergoes
a phase transition a la Kauzmann at a finite temperature 77°, whose features are
similar to that of the phase transition of the REM and, more generally, of mean-field
structural glasses [16].

In the inset of Fig. 3.1, T2° as a function of ¢ is depicted, and 72° turns out to
be a decreasing function of o. This fact is physically meaningful, because according
to Eq. (2.13), the larger o the smaller the coupling C' between spins, and so the
smaller the temperature T7° such that for 7' < T7.° all the spins are frozen in a
low-lying energy state.

As in the o < 0-case, we can hypothesize that the energy levels act as uncorrelated
random variables, in such a way that the HREM behaves as a REM. In this case,
the critical temperature can be computed exactly, and is given by

1
T77° = (3.14)

¢ 2y/log2(1 —279)"
Differently from the o < 0-case, here the decorrelation hypothesis turns out to be
wrong. Indeed, by looking at the inset of Fig 3.1, T.>° does not coincide with 777 0,

This fact is a clear evidence that correlations between the energy levels play a crucial
role in the region ¢ > 0, and cannot be neglected.

In Fig 3.2 the free energy f;(T) as a function of the temperature 7' for o = 0.1
and different values of | < 10 is depicted. f;(7T') is found to converge to a finite
value foo(T') for T' > T:°, while for T' < T2° the lower the temperature the worse
the convergence of the sequence f;(7T") vs. [. Hence, when descending into the
low-temperature phase from 7" > T°°, a breakdown of perturbation theory occurs,
signaling the possibility of a nonanalyticity of the free energy at the critical point,
resembling to the nonanalytical behavior of physical quantities occurring in second-
order phase transitions for ferromagnetic systems [74, 101, 173, 174, 138].
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Figure 3.1. Critical temperature T (black points), its fitting function a — b x ¢! (red solid
curve) and asymptotic value T2° = 1.861 £ 0.021 (blue dashed line) as a function of {
for 0 = 0.1. T>° = a has been determined as a fit parameter. Inset: critical temperature
T2 (red points) in the region 0 < o < 0.15 where the first 10 orders of the perturbative
expansion show a clear convergence, and critical temperature T7; Y (black curve), as a
function of 0. The error bars on 7.° are an estimate of the error resulting from the fit

on the parameter a. T° is clearly non-consistent with 7%; V. showing that correlations

between energy levels are important. The o — 07-limit of 7>° does not coincide with
the o — 0~ -limit of 775 because of the abrupt change (3.9) in the normalization of
the temperature when switching from ¢ > 0 to o < 0.

According to the above discussion, the perturbative expansion (3.7) yields a
reliable method to estimate physical quantities in the high-temperature phase
T > T2°. Notwithstanding this, no conclusions can be drawn on the behavior of
the free energy in the low-temperature phase with this perturbative framework.
In particular, this method gives no insight into the structure of the states of the
system in the low-temperature phase. An interesting approach yielding a tentative
solution in the low-temperature phase can be worked out by hypothesizing that the
n replicas 5’1, e ,gn in Eq. (3.6) are grouped into n/x groups, where each group
is composed by z replicas [119, 115]. For any two replicas a,b in the same group
one has S, = S,. We can look at the small C2-expansion (3.7) in the particular
case where the replicas are grouped as described above. We call the free energy
to the [-th order obtained with this ansatz flRSB (T, z). RSB stands for replica-
symmetry-breaking, and has the same physical interpretation as the ordinary RSB
mechanism described in Section 1 for structural glasses: as in the REM, a replica-
symmetry-broken structure in the low-temperature phase implies that the system
is no more ergodic, because it is trapped in a handful of low-lying energy states
[16, 119, 130, 53, 54, 136, 137, 115]. By performing the computation explicitly, it is
easy to find out that fRSB(T,z) = f;(T/z). According to the general prescriptions
of the replica approach [119, 115, 136, 133, 137], as we take the n — 0-limit the
parameter x, originally defined as an integer number, has to be treated as a real
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Figure 3.2. Free energy f as a function of temperature 7" for ¢ = 0.1. We depict
f(T =T +T for 1 =1,2,--- ,10 (gray points), f3(T —T>+T2) (green dashed curve),
fo(T — T +T8) (blue dashed curve), fio(T —T>° +T1%) (black dashed curve), and the
extrapolated free energy foo(T') as a function of T' (red points and solid curve). We also
depict the critical temperature T2° (violet dashed line). For any fixed T, foo(T) has
been obtained by fitting the sequence f;(T —T>° + T!) vs. [ with a function of the form
a—bxc, with ¢ < 1, and setting foo (T) = a. To compute foo(T), we used the sequence
fi(T —T> +T!) vs. I instead of f;(T) vs. [ because the former has the same limit as the
latter for I — oo, and exhibits a better convergence for the accessible values of [ < 10.
The error bars on f(T) are given by an estimate of the fit error on the parameter a.

number lying in the interval [0,1]. Hence, the maximization of fF5B(T,x) with
respect to = gives x = 1 for T > T!, and = T/T! for T < T'. It follows that
according to this this RSB ansatz the exact free energy reads

The form (3.15) of the RSB free energy is the same as that of the REM [119, 53, 54],
and predicts that in the low-temperature phase the HREM has a one-step RSB,
reflecting ergodicity breaking. On the one hand, this RSB ansatz predicts a free
energy foo(T') which is exact for T > T2°, because it coincides with the free energy
computed with perturbation theory without making use of any ansatz. On the other
hand, there is no guarantee that fRSPB is exact in the low-temperature phase. In
particular, the n replicas could be grouped in a more complicated pattern than the
RSB one described above, and this configuration could yield a free energy that is
larger than fR5B for T < T2°. Since in the replica method the exact free energy is
not the minimum, but the maximum of the free energy as a function of the order
parameter configurations [115, 119], such a more complicated pattern would yield
the exact free energy of the system. The investigation of the existence of such an
optimal pattern is an extremely interesting question that could be subject of future
work, and give some insight into the low-temperature phase of the HREM, and
more generally into the low-temperature features of non-mean-field structural glasses.
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Once the existence of a phase transition has been established, we ask ourselves
what are its physical features. In particular, an interesting question is whether,
as in second-order phase transitions [74, 163, 162, 173, 174], the system has no
characteristic scale length at the critical point. Indeed, answering this question
for the HREM is particularly interesting, because an analysis of the characteristic
length scales of the system in the critical region could give some insight into the
construction of a RG theory for non-mean-field structural glasses.






Chapter 4

Spatial correlations of the
model

Being a non-mean-field model, the HREM allows for the definition of a distance
between spins. This definition is yield naturally by the hierarchical structure of the
couplings shown in Fig. 2.1. Indeed, given two spin sites ¢ and j, one can define
their ultrametric distance m as the number of levels one has to get up in the binary
tree starting from the leaves, until one finds a root that is shared by ¢ and j. This
geometrical construction of the ultrametric distance is depicted in Fig. 4.1 for a
HREM with £ = 3. One can thus define the distance between ¢ and j as

li—7|=2". (4.1)

bttt bt

SQ Sﬁ

Figure 4.1. Ultrametric distance between spins Sy and S5 in a HREM with k£ = 3. In
order to find a root shared by S and S5, one has to go 2 levels up in the binary tree.
Hence, the ultrametric distance between Sy and Sy is m = 2.

Once the notion of distance has been clarified, we want to know if the system has
a characteristics length defined in terms of this distance, and what is the behavior
of this length in the critical region. In order to do so [32], we define a correlation
function whose exponential decay at large distances yields a characteristic length
scale £ of the system. This correlation function is defined as

om
m—r0o0

Y(2™,T) =Ee [E§1,§2 lH 651,@&,11] = ¢eXp |:_£2(WT1)] ) (4.2)
=1
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where Eg stands for the thermal average

S ge PHISIO[]
ZIT e}l

and ds,,5, denotes the Kronecker delta function. The correlation function (4.2) has

E4[0[5]] =

(4.3)

the following physical meaning. Given two spin configurations S, Sb, Y (2™, T)
physically represents the mean overlap between S; and Sy on the sites 1,---,2™ of
the lattice.

Before studying the behavior of £ in the region 0 < ¢ < 1, we compute £ in
the region o < 0 where the model is purely mean field. As discussed in Chapter 3,
for the thermodynamic limit to be well-defined for ¢ < 0, one has to rescale the
temperature according to Eq. (3.9). By plugging Eq. (3.9) into Eq. (4.2) and taking
o < 0, one easily obtains the correlation function in the mean-field case

2m
k—o0 25'17572 Hz’:l 551,2'752,1'

m o—ko/2
y(2m, 2 ko/2T) o

(4.4)
= exp(—2"log2).

Comparing Eq. (4.4) to the definition of £(7") in Eq. (4.2), we obtain the mean-field
value of the correlation length

1
log 2

Emp(T) = (4.5)

Eq. (4.5) is consistent with the fact that in the mean-field case there must be no
notion of physical distance between spins [130], and so the system has no physical
length scale signaling the range of spatial correlations between spins.

This picture should radically change for 0 < ¢ < 1, where a physical spatial
structure and distance does exist. In Chapter 3 we showed that the HREM has a
phase transition at 72°. According to the above physical meaning of the correlation
function (4.2), one expects long—range spatial correlations to occur at 7.°, because
for T'— T° both S, and S, should stay trapped in the same handful of low-lying
energy states, and exhibit a high degree of overlap with each other. Hence, Y (2, T)
should tend to 1, in such a way that & diverges.

In the following we compute £ for 0 < o < 1 in the same perturbative framework
as in Chapter 3, to investigate the existence of such a long-range spatial correlations
at the critical point. Firstly, Eq. (4.2) can be rewritten with the replica trick

_Z§1’§2 efﬁ(Hk[SﬂJer[Sz]) 1—[12;"1 55172.752’2.
Z|T {e})?

- o
= Ec |lim Z e P2 am H’“[S“]Hésl,i,szi]

Y(@",T) = E.

(4.6)

n—0 _ -
L 51,550 i=1

gk 26577 n 2m
= %15}% Z exp (4 Z Z Z G S(] 1)) H 81,i:582,i
5 g j= i1

S, =0 a,b=1 i=1
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The last line of Eq. (4.6) is very similar to (3.6), used in Chapter 3 to compute the
free energy of the HREM. Hence, the very same techniques used to compute f in
perturbation theory can be employed here to calculate the correlation function Y.
In particular, one can expand the correlation function (4.6) in the coupling constant
02

0 .

Y (2™, T) =Y C* Y i(T), (4.7)
i=0

and explicitly evaluate the coefficients T, ; by a symbolic manipulation program
[170] until the order ¢ = 9. In Appendix C we present the steps of the computation of
T o(T), to give some insight into the main techniques employed in the calculation
to high orders.

For any fixed m and T, the exact value of Y (2™ ,T) has been computed by
extrapolating the sequence

v, (2™, T) = Xl: C% Y, i(T) (4.8)
=0

to | — oo, with the underlying assumption that for large | Eq. (4.8) converges to
the exact value of the correlation function

V2™, T) "25° Voo (2, T) = Y (2™, T).

The sequence Y;(2™,T') as a function of m for fixed o,l and T is shown in Fig.
4.2 for m = 3,T = 3.5. Even though Y] is nicely convergent even to relatively low
orders for the values of m and T considered in Fig. 4.2, an explicit analysis of
Y;(2™,T) for different values of m shows that the larger m, the larger the number
of orders needed to see a nice convergence with respect to [. This fact can be easily
understood by recalling that the C?-expansion is equivalent to a high-temperature
expansion (see Chapter 3). It is a general feature of high-temperature expansions
[172, 30, 146, 51] that with a finite number of orders of the (3-series, one cannot
describe arbitrarily large length scales. Hence, with a finite number of orders (9 in
our case) for Y;(2™,T), one cannot describe the correlations Y;(2™,T') for too large
m.

Another important fact is that, for any fixed m the convergence of Y;(2™,T) gets
worse as the temperature T is decreased, because more terms in the §-expansion,
and so in the C? expansion, are needed.

Practically speaking, these limitations of the perturbative expansion made us take
m <3 and T > Ty, where Tj is a o-dependent value of the temperature signaling a
breakdown of perturbation theory. As we will discuss in the following, notwithstand-
ing the very small values of m here available, it has been possible to compute the
correlation length £(T") defined in Eq. (4.2) in a wide interval of temperatures.

The correlation length £(7') has been computed for every temperature T' by
fitting the data for Yoo (2™,T) vs. m, according to the definition of £(7) given in
Eq. (4.2).

Once £(T) is known, we investigate its behavior at low temperatures. As stated
above, one cannot take too low values of T because of the non-convergence of the



The data for the
correlation length
of the HREM is
consistent with a
power-law
divergence at the
Kauzmann
transition
temperature.

42 4. Spatial correlations of the model

00092 | e IGrrr SGr i
P
0.009 | |
"x
- 0.0088 |- |
&
o 0.0086 |- § 1
0.0084 | 1
3 Y@, T) x
': —_ l ------------
0.0082 | ¢ a=bxe ]
H Yoo (2, T)
0008 1 ': 1 1 1 1 1 1

Figure 4.2. Y;(2™,T) (black points), its fitting function a — b x ¢! (blue dashed curve) as
a function of I, and Yo, (2™,T) = a (red solid line), determined as a fit parameter. Here
c=01,m=3and T = 3.5.

perturbative expansion. Notwithstanding this, it is still possible to approach enough
the critical point 7;° and investigate the existence of long-range spatial correlations.
In particular, we test the validity of the hypothesis of a diverging &(T') for T' — T2°.
In order to do so, we check whether the data for £(T') is consistent with a power-law
divergence at some temperature T

T—TS C

'R e (19)
The validity of the hypothesis (4.9) has been tested in the following way. We suppose
that Eq. (4.9) holds, and determine the value of T such that the data for £(T") best
fits with Eq. (4.9). We fit the data for log [¢(T)] vs. log(T — T5) for different values
of TS. The value T such that log [£(T)] vs. log(T —T5) best fits with a straight line,
is such that the data for £(T) is consistent with a power-law divergence at ch, accord-
ing to (4.9). The top panel of Fig. 4.3 shows that for o = 0.1 the optimal value of

T¢ is compatible with the critical temperature T>° for ¢ = 0.1 obtained in Chapter 3.

The data for £(T") is thus consistent with a diverging correlation length at the
Kauzmann transition temperature 7°°. In the bottom panel of Fig. 4.3, £(T) as
a function of T for ¢ = 0.1 is depicted, together with its fitting function (4.9)
with Tf = T>°. ¢(T) increases as the temperature is decreased, and its shape is
compatible with a power-law divergence at the Kauzmann transition temperature
T,

Since this work establishes the existence of a thermodynamic phase transition
and the possibility of a diverging correlation length in the HREM, it also shows the
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Figure 4.3. Top: log [¢(T)] vs. log(T — T5) for different tentative values of 1 < TS < 3.2
and o = 0.1. The value of T¢ such that &(T) best fits with the hypothesis (4.9) is
such that log [¢(T)] vs. log(T — T%) best fits with a straight line. This value lies in
the interval [1.8,2], and is thus consistent with the Kauzmann transition temperature
T2 = 1.861 £+ 0.021 of the model. Bottom: £(7T") (black points), its fitting function
(4.9) with TS = T>° (solid red curve), £y (orange dashed line) as a function of T for
o = 0.1, and the Kauzmann transition temperature 7.°° (blue dashed line). In the region
0 < o < 1, the correlation length &(T') at low temperature is significantly larger than the
mean-field value &), because of the existence of physical spatial correlations between
spins. Inset: critical exponent v defined by Eq. (4.9) as a function of 0. v has been
computed by setting T¢ = T°° and fitting &(T) with Eq. (4.9). Error bars on v are an
estimate of the uncertainty resulting from the determination of v as a fit parameter.
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way forward to the study of finite-dimensional spin or structural-glass models.

For instance, the REM has been found [154, 26] to have a dynamical phase transition
at finite temperature if a particular dynamics is chosen: it would be interesting
to study these dynamical properties in the HREM, by introducing some suitable
dynamics of the spins, and by investigating the existence of a dynamical phase
transition, and of a diverging dynamical correlation length.

Another interesting future direction would be to generalize the techniques used in
the solution of the REM to more realistic non-mean-field spin or structural-glass
models, like p-spin models [50] built on a hierarchical lattice. Indeed, even though
the HREM serves as a model representing a non-mean-field structural glass, its
structure is still far from being realistic: strictly speaking, the spins S in the HREM
are not physical degrees of freedom, but serve as mere labels for the energy variables
Hy[S] as in the REM [53, 115, 130]. Moreover, a criticism one could address to the
solution techniques developed in Chapters 3 and 4 is that these do not give any
insight into the construction of a suitable RG protocol. In particular, a decimation
rule on spins is still lacking.

In the following Part we introduce a HM of a spin glass, in the effort to address
these two points: in such a HM spins are real physical degrees of freedom, in such a
way that a decimation rule on spins naturally emerges, and one can explicitly solve
the resulting RG equations.
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As discussed in Section 1, the SK model is a mean-field spin glass, whose critical
properties have been clarified in Parisi’s solution [133, 136, 137, 119, 115, 130].
Whether the physical features of this solution persist also in a non-mean-field version
of the SK, or the non-mean-field case is described by a radically different scheme
[111, 64, 61, 60, 62, 63, 27, 125], is one of the most hotly debated topics in sta-
tistical physics. Being this a very difficult question, it is interesting to consider
non-mean-field versions of the SK that presumably capture all the non-mean-field
physics, and that are simple enough to be solved quite easily, by means of an explicit
implementation of the RG transformation.

Starting from the general definition (2.10) of Hierarchical models given in Section
2.2, here we explicitly chose the random energies €, to build up a non-mean-field
version of the SK model having these features: the Hierarchical Edwards-Anderson
model (HEA) [65, 34, 35, 36]. The HEA is defined by choosing the random energy
ex in the following way [65]

o2 k+1 ok+1
ek+1[51, e ,SQkJrl] = — <2> Z J12,ijSiSja (4.10)
1<j=1

where C' is still defined by Eq. (2.13), and Ji2;; are Gaussian random variables with
zero mean and unit variance.

Starting from Eq. (4.10) and from the definition of the Jjgs, it is easy to show
that e;41 has zero mean, and that its variance satisfies

E[e2] ¥ 92k(1-0) (4.11)

It follows that for o < 1/2 the interaction energy (6.35) grows faster than the volume
2% and the thermodynamic limit & — oo is not defined. The purely mean-field
case, i. e. the case where the interaction energy scales with k as the volume 2%, is
recovered for o = 1/2. Moreover, for ¢ > 1 the interaction energy (6.35) goes to 0
as k — oo, in such a way that no phase transition can occur. Hence, in the following
we will take

1/2 <0 <1, (4.12)

which is the equivalent of Eq. (2.3) for DHM.

Physically speaking, the interaction energy (4.10) of the HEA introduces two-
spin interactions, while the interaction energy of the HREM defined in Part II has
2k+1_gpin interactions. Another fundamental difference between the HEA and the
HREM is that, according to the general classification of models with quenched
disorder given in Section 1, the HEA has to be considered as a model for a spin
glass, while the HREM as a model mimicking the physics of a structural glass [16].
Compared to the HREM, the HEA is a more realistic model, because according to
the definition (4.10), here the spins of the system are physical degrees of freedom,
and not mere labels for the energy variables as in the REM and in the HREM. As
we will see in the following, the HEA also allows for an explicit construction of a
suitable decimation rule on spins, and so of a RG transformation.
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An equivalent definition of the HEA can be given without using the recursion
relation (2.10). Indeed, one can recover Eq. (2.10) by defining the HEA as a system
of 2% spins S; = +1, 0 < i < 2¥ — 1, with Hamiltonian

2k—1
Hy[S) == >~ Ji;8iS;, (4.13)
ij=0

where the J;;s are Gaussian random variables with zero mean and variance gfj gl?j
is given by the following expression: consider the binary representation of the points

i, J

k—1 k—1
i= 2T =) d 28
a=0 a=0

If only the last m digits {cx—m, - ,cx—1} of the binary representation of i are
different from the last m digits {dx_m, -+ ,dk—1} of the binary representation of j,
one has

G =277 (4.14)

The definition (4.13) is equivalent to the definition given by (2.10) and (4.10).

The form (4.13) of the Hamiltonian can be obtained by dividing the system in
hierarchical embedded blocks of size 2, as shown in Fig. 2.1. More precisely, the
integer m can be considered as the ultrametric distance between spins S; and S
defined in Fig. 4.1 for the HREM.

The HEA is a hierarchical counterpart of the one-dimensional spin glass with
power-law interactions (PLSG) [99], which has received attention recently [90, 88,
89, 104, 106]. The only difference between this PLSG and the HEA is the form of
s~ In the PLSG, Eq. (4.14) is replaced by ¢7; = |i — |77, where |i — j| denotes
the ordinary absolute value of ¢ — j. This form of the interaction structure, even
though apparently simpler than that of the HEA, makes the implementation of a
RG transformation extremely harder to pursue practically. Indeed, the form (4.14)
of the interactions of the HEA keeps track of the hierarchical structure of the model,
and so of a symmetry that is absent in the PLSG. Differently from the PLSG, thanks
to this symmetry the RG equations of the HEA allow for a direct solution that can
be in principle computed with extremely high precision [34, 35], as we will show in
Chapter 5.

We now proceed by exposing the techniques developed to solve the HEA [34, 35,
36]. An important observation is that an explicit evaluation of the partition function
for large k is practically impossible, because this would involve 2¥ spins, and so a
sum of 22° terms. Moreover, as discussed in Section 1, there is no guarantee [75]
that even the most refined MC techniques [58, 145, 73, 8, 3, 10] work properly at
low temperatures for reasonably large system sizes, because of the existence of many
metastable minima in the energy landscape.

An interesting method to overcome these difficulties is to use the hierarchical
structure of the model. Indeed, the recursion equation (2.10) stemming from this
structure results into some RG equations, whose thermodynamic limit £ — co can
be studied with some suitable approximation schemes. In Chapter 5, we derive
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these RG equations with the replica approach, and analyze their fixed points with
standard field-theory techniques. We show that notwithstanding their simplicity, the
perturbative solution of these RG equations results into a perturbative series which
is probably non-convergent. Hence, an alternative real-space approach which does
not rely on the replica method is developed in Chapter 6. In this latter approach,
the hierarchical structure of the model is again used to write some RG equations
that can be solved numerically with high precision. The replica RG approach and
the real-space approach are then compared, by considering their predictions on the
critical exponents of the model.






Chapter 5

The RG in the replica approach

In this Chapter we derive and solve the RG equations for the HEA model with the
replica approach [34, 35]. These RG equations can be derived with two different
methods. The first, exposed in Section 5.1, derives the RG equations by using
directly the hierarchical structure of the model. We will call this approach method a
la Wilson, because it implements a coarse-graining RG step relating a 2¥-spin HEA
to a 28t 1_spin HEA, and this yields a RG equation similar to the RG equations
originally obtained by Dyson [57, 44, 45, 31] for DHM, and so analogous to Wilson’s
RG equations [161, 164, 165, 163]. The second approach, exposed in Section 5.2,
reformulates the problem in terms of a ¢3-field theory [173], and the resulting RG
equations are nothing but the Callan-Symanzig equations [173, 174] for such a field
theory. The two formulations are tested to be equivalent by an explicit computation
of the critical exponents.

5.1 The RG method a la Wilson

Let us consider the partition function Z[T, {e}] of a HEA with 2* spins, which is
defined by Eq. (3.2). According to the general features of the replica approach
[119, 115, 130, 65], the physics of the model is encoded into the n — 0 limit of the
n-times replicated partition function

E[Z[T,{}]"] = E. > exp (—,Bzijﬂk[s”ao , (5.1)

{§a}a:1 ,,,,, n

where E. denotes the expectation value with respect to the random distribution of
the energies €, i. e. with respect to all the random couplings Ji2, ;; of Eq. (4.10),
and S, is the spin configuration of the a-th replica of the system. One can then
consider the n x n matrix Qg [119, 115, 130] physically representing the overlap
between replicas a and b, which is defined as

k
12
Qub = oF > Sa,iShi Va # b,
=1
Que = 0Va.
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An interesting quantity which is derived from (5.1) is the probability distribution of
the overlap over the quenched disorder {e}

n n 2k
Pk[Q] = E. Z exp <_5 Z Hk[sa]> H 4 (Qab - 2% Z Sa,iSb,z) )
{§a}a:1 7777 n a=1 a<b=1 =1

(5.2)
where the volume dependence has been explicitly restored with the label k in Py,
and ¢ denotes the Dirac delta function. The quantity Px[Q)] is interesting because
when one iterates the recursion equation (2.10), and a 2k+1_spin HEA is built up,
the resulting Py can be related to Py by a simple recursion equation, which is

B204(k+1) )
PalQ) = exp [ —Tr(Q" ) [[0QuAQuIPHQUPHQ: % (53)
% H 5 (Qab B Ql,ab "; QQ,ab) ’
a<b=1
where Tr denotes the trace over the replica indices a, b, .. ., and the integral over the

matrix @ is denoted by [[dQ] = []h<p—1 dQup- Eq. (5.3) is equivalent to the recur-
sion equation (2.5) for DHM [57], and it yields the flow of the function Py obtained
by coupling two systems with volume 2 to obtain a system with volume 2F*1. Tt
follows that Eq. (5.3) can be considered as the flow of P;, under the reparametrization
2F — 2 x 2F of the length scale [164, 165, 163, 173, 174, 77, 138, 74]. According to
these considerations, Eq. (5.3) is a RG equation.

The very same techniques developed in Section 2.1 and in Appendix A to solve
Eq. (2.5) for DHM can be used to solve Eq. (5.3). Notwithstanding this, the solution
of Eq. (5.3) turns out to be much more cumbersome than that of Eq. (2.5), because
the former is a flow equation for a function Pi[Q)] of a matrix @4, while the latter
is a flow equation for a function pg(m) of a number m. In what follows we will show
the main steps of the solution of Eq. (5.3).

First of all, we seek for a solution of Eq. (5.3) for & — oo, in order to investigate
the critical properties of the HEA in the thermodynamic limit. To this end, let us
rescale the variable @ in Eq. (5.3), by setting

2:[Q] = Py [CT*Q), (5.4)

in such a way that Eq. (5.3) becomes

(5.5)

Z4[Q] = exp (fm@ﬂ) [1ar) 2 {Q = [Q =

C? C?

Similarly to Eq. (2.6), Eq. (5.4) is the correct rescaling for Eq. (5.3) to converge
to a nontrivial fixed point for k¥ — oo, because according to Eqgs. (2.13), (4.12) one
has C' > 1, and the C**+D_term in the right-hand side of Eq. (5.3) is an increasing
function of k allowing for no nontrivial fixed point for £ — oco. It follows that
physically speaking, this rescaling aims to look at the RG equations (5.3) on the
scales that are relevant for large k, by means of a ‘zoom’ on the function Py[Q)],
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which is encoded in the definition (5.4). An analogous rescaling will be presented in
the real-space approach discussed in Chapter 6.

Eq. (5.5) can now be solved by making an ansatz for Z7[Q)], following the same
lines as in the solution of DHM illustrated in Appendix A. The simplest form one
can guess for Z;[Q] is the Gaussian

P41Q) = exp (- Tr[Q?) (5.6)

This form corresponds to a mean-field solution [65]. By plugging Eq. (5.6) into Eq.
(5.5), one finds an evolution equation relating rj to rp_q

2y 2

Even though the mean-field solution (5.6) is a fixed point of the RG equation
(5.5), there is no guarantee that more complex and physically meaningful fixed
points do not exist. By hypothesizing that &;[Q] can be expanded in powers of @,
non-gaussian fixed points can be explicitly built up in a perturbative framework, by
following the same lines as in the Ising model [163] and in DHM [44, 45, 31]. Indeed,
we can add non-Gaussian terms in Eq. (5.6), proportional to higher powers of @Q,
and consistent with the symmetry properties of the model. For instance, in principle
there would be several possible replica invariants proportional to @3, but it is possible
to show that the only invariant that is consistent with the original symmetries of
the Hamiltonian Hy, is Tr[Q?]. It follows that the simplest non-mean-field ansatz for
Z1[Q] reads

240l = exp |- (neTHlQ7) + e mi{aY ). (5.8)

This non-Gaussian ansatz can be handled by supposing that the coefficient wy,
representing the deviations from the Gaussian solution, is small for every k. It is
important to point out that this is an hypothesis which is equivalent to assuming that
the non-mean-field regime of this model can be described in terms of a perturbation
of the mean-field regime [55]. As discussed in Section 1, there is no general agreement
on the fact that the non-mean-field behavior of a spin glass can be described in
terms of a slight modification of the mean-field picture [111, 64, 61, 60, 62, 63, 27].
Hence, one should keep in mind that this assumption is far from being trivial and
surely innocuous.

As shown in Appendix D, if one plugs the ansatz (5.8) into the RG equation (5.5)
and expands up to O(w}), one finds a recursion relation for the vector (ry,wy),
which is expressed as a function of (rg_1,wg_1)

) 82 2 [ wpoy \? 4
neo= T -G o2 (ak) 0w, 59
2wp—1 | n-2 (w1 \° 4 '

Wy = —¢oo T3 (202rk_1) + O(wi_y)-

Egs. (5.9) are analogous to Wilson’s RG equations for the Ising model. Indeed,
the mass rj, and the coupling constant uy, of the ¢p?-theory describing the Ising model
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[173] satisfy a recursion equation very similar to Eq. (5.9) [169, 163].

In general Eqs. (5.9) do not have a finite fixed point rp = rg_1 = e, wp =
wg_1 = Wy for every value of 8. Concerning this, let us suppose that there exists a
finite and nonzero inverse temperature (. such that Eqs. (5.9) have a finite fixed
point. By definition, 8. physically represents the inverse temperature such that the
system is invariant under the RG step k — k + 1, i. e. under reparametrization of
the length scale. Hence, at 5. the system has no characteristic length scale, i. e. it
is critical [161]. We call 3. the inverse critical temperature of the HEA, because it
separates the high and low-temperature phases 8 < (., 8 > 8. where the system is
not invariant under reparametrization of lengths.

We now set S = (. and sketch qualitatively the flow of the coefficient wj towards
its fixed-point value w,. Let us consider first the case 2/C% < 1, i. e. € < 0, with

e=o—2/3. (5.10)

In this case wy is decreased as k — k + 1, and tends to zero, in such a way that
Z1[Q] tends to a Gaussian solution for large k.

The situation is different when € > 0. In order to better understand the case ¢ > 0,
let us rewrite the recursion equation for wy, as

(2 1) +n2( Wh_1
W —Wg_1= | =z —1) wg_
k k—1 o k—1 5 502,

and suppose for simplicity that wy_ is positive. Being 2/C% > 1, the first addend in
the right-hand side of Eq. (5.11) is positive, while the second addend is negative in the
physical limit n — 0. Hence, the first addend aims to increase wyg, while the second
aims to decrease it. As we will show in the following, these two effects compensate
each other, in such a way that wj tends to a finite and nonzero fixed point for &k — oco.

)3 +O(wi_y), (5.11)

Following the very same lines as Wilson, we call Z,[Q], P.[Q)] the fixed-point
probability distributions of the overlap, obtained by setting rp = r., wr = w, in
Z:1Q], Px|Q)] respectively. The equations for n = 0 yield

2

0 e<O0
= 3 5.12
wy, 481log 2 (216/2%) e+ 0(/2) e>0. ( )

As anticipated above, for € > 0, wy, tends to a finite and nonzero value, which is
found to be proportional to € in Eq. (5.12).

We recall [44, 45, 31, 163, 173, 174] that a Gaussian Z,[Q)] corresponds to
a mean-field regime of the model. Indeed, in the mean-field approximation one
evaluates with the saddle-point method the functional integral yielding the replicated
partition function [119, 130, 115, 133, 136]

ELZ [T A)"] = [[dQIP. (@) (513)

where Eq. (5.2) and Eq. (5.1) have been used. If 0 < 2/3,1i. e. € <0, Z,[Q] is
Gaussian, and so is P.[Q], in such a way that the saddle-point approximation is
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exact in the right-hand side of Eq. (5.13), i. e. the mean-field approximation is
correct. On the contrary, for 2/3 < o <1, Z,[Q)] is not Gaussian, and the system
has a non-mean-field behavior. In particular, fluctuations around the mean-field
saddle point in the right-hand side of Eq. (5.13) cannot be neglected. Hence, we
call o = 2/3 the upper critical dimension [74, 173, 174, 77] of the HEA.

In the computation of a given physical quantity O(o) for o > 2/3, fluctuations show
up in the guise of some corrections proportional to € to the mean-field value of this
quantity. It is important to emphasize that these e-corrections are not merely a
numerical improvement on the predictions for the observable, but somehow encode
the strength of the corrections to the mean-field physics. For instance, if O(o) was
expanded in powers of € around o = 2/3, and if this expansion could be resummed
and made convergent, this would mean that the non-mean-field physics of the system
could be considered as a ‘small correction’ to the mean-field physics. On the contrary,
if such a non-mean-field physics were substantially different, the latter statement
would be incorrect, and this fact would dramatically show up in a divergent and
non-resummable e-series for O(o).

These observations can be directly illustrated by considering as observable O
the critical exponent v, related to the divergence of the correlation length &

¢ -1 (5.14)

v can be computed [163] by linearizing the transformation (5.9) in the neighborhood
of 74, w,. Such a linearization is performed by considering the 2 x 2-matrix

O(Thg1, Wet1)

s = (g, wy)

Tl =Tx, Wk =Wsx
It can be shown that v is related to the largest eigenvalue A of .Z by the relation

log 2
v= .
log A

(5.15)

A straightforward calculation yields v at order €, for n =0

1
_ 20—1 o S 2/3
v { 3+ 36e+O(e2) o> 2/3. (5.16)

A detailed analysis of the computation of Appendix E reveals that in this O(w%)—
calculation resulting in the O(e)-estimate of v, one considers all the one-particle
irreducible (1PI) [173, 158, 159] one-loop Feynman diagrams generated by the Q3-
vertex in Eq. (5.8). These are diagrams .1, .%; in Fig. 5.1. Similarly, in the
computation at order w,?, resulting in the O(e?)-estimate of v, one considers two-loop
1PI Feynman diagrams %, -+ , % and %3, - , .%o in Fig. 5.1, and so on.

As can be seen by Eq. (5.16), the coefficient of € in Eq. (5.16) is quite large, an
it is plausible that the full e-series of v does not converge. According to the above
discussion, the convergence or resummability of the series would give some deep
insight into how strongly the mean-field physical picture should be modified in the
non-mean-field region o > 2/3. In particular, a non-resummable series would suggest



56 5. The RG in the replica approach

& @

52 52 I

& D O

SR

Figure 5.1. One and two-loop 1PI Feynman diagrams deriving from the Tr[Q3]-interaction
term, which contribute to the computation of the critical exponent v in the method a la
Wilson presented in Section 5.1, and in the field-theory method presented in Section
5.2. In the method & la Wilson, diagrams .#1,--- , % with two external lines have
to be considered without crosses on the internal lines, and represent the diagrams
contributing to the Tr[@?]-term in %;[Q]. In the same method, it can be shown that
diagrams %, - - , S with three external lines contribute to the Q3, Q%, Q°-terms in
Z:1Q). In the field-theory method, diagrams .4, --- , % and %7, - - - , #1o contribute to
the 1PI two-point and three-point correlation functions respectively, and crosses stand
for Tr[Q?]-insertions [173]. This graphical identification of the same diagrams in the two
methods is an important test of their mutual consistency.
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that the non-mean-field physics cannot be described in terms of a perturbation of
the mean-field one, and would have a strong impact on the general problem of spin
glasses in finite dimensions. It is thus interesting to investigate the properties of the
v-series by directly computing higher orders in €, and checking the convergence or
the resummability of the series.

The computation of the e-expansion at high orders can be performed with a

computer program. This is a particular feature of the HEA, because thanks to the
hierarchical structure of the system, the RG equations (5.5) have a simple form
compared to the RG equations of the PLSG [99] or of the EA model [72]. Indeed, the
latter are nothing but the Callan-Symanzik equations [28, 147, 173] for a Q3-field
theory, and their solution in perturbation theory requires an explicit enumeration
of all the Feynman diagrams deriving from the Q3-vertices, and the computation
of their IR-divergent part. This enumeration is extremely hard to implement in a
computer program, and has never been automated even in the simplest case of the
Ising model [70]. On the contrary, we believe that a symbolic manipulation program
could handle Egs. (5.5) and automate the computation to higher orders in wy, with
no need to evaluate the IR-divergent part of Feynman integrals, which is not needed
in the present approach a la Wilson.
In order to perform this automation, we have evaluated by hand the first few terms
of the series, which has been computed to O(e?) with the method & la Wilson, and
with a quite independent field-theory method exposed in Section 5.2. Both methods
give the same two-loop result for v, which will serve as a severe test for a future
automation of the e-expansion to high orders. This automation is very difficult from
a purely technical viewpoint, and is beyond the scope of this thesis.

Here we sketch the main steps of the two-loop computation of v, more details
are given in [35]. We showed that if we plug the ansatz (5.8) into the right-hand
side of Eq. (5.5) and systematically neglect terms of order higher than w%, we get a
P+1|Q] which is still of the form (5.8), i. e. the RG equations are closed. This is
not true if we keep also terms of order higher than w%. Indeed, it is easy to show
that in this case terms of order @Q* arise in the right-hand side of Eq. (5.5), and
these terms are not present in the original ansatz. This fact implies that to O(w,‘i),
2,[Q] must contain also @Q*-terms, and that these terms must be proportional to
wi. By plugging the fourth-degree polynomial Z[Q] in Eq. (5.5) and expanding
the right-hand side up to O(w}), Q°-terms are generated. It follows that at O(w}),
2, [Q] must contain also Q°-terms, and that these terms must be proportional to w;z.
If this perturbative framework is consistent, by iterating such a procedure to higher
orders we reconstruct the exact function &%[Q]. In particular, at the j-th step of
this procedure we generate n; monomials of order @7, and call these monomials

{I l(j ) [Q]}1=1,....n;- Hence, if this procedure is iterated until step number j = p, Z%[Q)]
can be written in the compact form
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where

In the present work such a procedure has been pushed up to order w,?, and Z[Q)]
has been computed as a fifth-degree polynomial in (). In particular, one generates
n4 = 4 invariants 1™ [Q] of fourth degree and ns = 4 invariants 1(® [Q] of fifth degree

in Q. The explicit expression for all the monomials I, l(j ) [@] at this order is given in
Table E.1 of Appendix E. The set of two RG equations (5.9) for the two-dimensional
vector (rg,wy) = (cﬁ€7 cgg)k) obtained in the one-loop calculation here becomes a

set of ten equations for the vector cﬁc, cggag, 0(143%, e ,04(142, cﬂg, e ,051539, Egs. (E.1)-

(E.10). By linearizing these equations at the critical fixed point one can compute
the 10 x 10-matrix .#, and extract A. By Eq. (5.15), one can then compute the
exponent v at two loops for e >0 and n =0

v =3+ 36€ + [432 — 27(50 + 55 - 21/ + 53 - 2%/3) log 2] 2 4 O(€?). (5.18)

The coefficient of €2 in Eq. (5.18) is about —5.1 x 10%: the first two orders
of the e-expansion show that this is probably badly-behaved and out of control.
In particular, it is impossible to make any prediction on v with the first two or-
ders of the series. Differently, the e-expansion for the critical exponents of the
Ising model (consider for instance the exponent v in [173]) is nonconvergent, but
it settles to a reasonable value as the order is increased from zero up to at least
three, and then it deviates from such a value when higher orders are considered
(see [157, 41, 40, 43, 42, 94, 68, 97, 98] for five-loop computations of the exponents).
Though, in that case the expansion can be resummed and made finite, giving a
result for the exponents which is in excellent agreement with experiments [1] and
MC simulations [140, 5].

As anticipated above, it is interesting to reproduce the two-loop result (5.18)
with an independent method. Indeed, in the effort to build up a fully automated
e-expansion it is important to check that the prediction (5.18) is not only correct, but
also well-defined, i. e. it does not depend on the RG scheme used in the calculation.
For instance, in this approach a la Wilson the IR limit of the theory is taken by
requiring invariance under the transformation k& — k + 1, which doubles the system
volume at each step. On the contrary, in Section 5.2 we perform the IR limit by
considering a real parameter X\ physically representing the typical energy scale of the
system, and by sending it smoothly to zero. As we will show in the next Section,
these two independent ways of taking the IR limit yield the same two-loop result for
v.

5.2 The RG method in the field-theory approach

The replica formulation for the HEA allows for a quite general treatment of the IR
behavior of the system, based on the path-integral formulation. This formulation
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can be developed along the lines of the path-integral formulation of the Ising model
[173, 174, 138, 159]. In the latter the partition and correlation functions are repre-
sented in terms of a path integral over a field ¢, weighted with a ¢*-action. Setting
e =4 — d (for the Ising model we use a different font for €, to avoid confusion with
the € of the HEA defined in Eq. (5.10)), one finds that in the physically relevant
case € > 0 this ¢*-field theory presents IR divergences occurring when the temper-
ature T approaches its critical value. These divergences are removed by means of
the observation that one can construct an auxiliary field theory, the renormalized
one, which makes the same physical predictions as the original one and has no IR
divergences. Indeed, it has been shown that these divergences can be removed at any
order in perturbation theory [29], and reabsorbed in the renormalization constants.
Once the renormalized theory has been built up, one can extract the critical ex-
ponents in perturbation theory from the e-expansion of the renormalization constants.

Here we show how the result (5.18) for v can be reproduced along these lines,
more details can be found in [35], while an extensive treatment of the renormalization
group theory used here is given in [173].

First, this computation is better performed by taking a definition of the HEA
which is slightly different from that of Egs. (2.10), (4.10), and that has the same
critical exponent v. First, let us relabel the spins Sy, -, Sor as Sg, -+, Sox_;. We
redefine the interaction term in Eq. (4.10) as

o2 k+1ok_1ok+l_1
6k+1[S0, sy 52k+1_1] — — () Z Z J127Z‘jSiSj. (5.19)

2 =0 j=2k

The redefinition (5.19) has the following physical meaning. In the original definition
(4.10), one couples two systems, say system 1 and system 2, with 2% spins each, and
obtains a 2FT!-spin system. The interaction energy between 1 and 2 is given by
couplings between spins belonging to 1 (given by the terms in the sum in Eq. (4.10)
with 1 < i,j < 2F), couplings between spins belonging to 2 (given by the terms in
the sum in Eq. (4.10) with 2¥ 41 <4,j < 2¥*1) and couplings between 1 and 2
(given by the terms in the sum in Eq. (4.10) with 1 <4 <2k 2F 41 < j < 2K+1),
In the redefinition (5.19), only the latter couplings are kept, and neither couplings
within system 1 nor 2 appear in the definition.

The equivalence between the two definitions can be shown as follows. If one
considers two spins \S;, S; and their interaction energy, it is easy to show [65] that in
the model defined by Eq. (5.19) the variance of such an interaction energy scales with
the ultrametric distance between S; and S; in the same way as in the model defined
by Eq. (4.10), and that the two variances differ only in a constant multiplicative
factor. It follows that the long-wavelength features of the two models are the same.
According to general universality arguments, both of the models must have the same
critical exponents, because these depend only on the long-wavelength features of the
system, like the way interactions between spins decay at large distances [163, 161].
Notwithstanding this fact, non-universal quantities are generally different in the two
models. For instance, it is well known that if one multiplies the interaction strength
between spins by a constant factor, one changes the microscopic energy scale of the
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system. According to dimensional analysis [173], the critical temperature must be
proportional to this energy scale, and is thus multiplied by the same factor. Hence,
the critical temperature of the model defined by Eq. (4.10) is different from that
of the model defined by Eq. (5.19). This can be verified by considering how the
recursion relation (5.5) is modified when one applies the redefinition (5.19). Indeed,
if one starts from Eq. (5.19) and goes through the steps of the derivation of Eq. (5.5),
one finds a recursion equation that differs from Eq. (5.5) by a factor multiplying 3.
The reason why the definition (5.19) is more suitable for this field-theory approach
will be clarified below.

The path-integral formulation of the HEA can now be introduced by observing
that one can write the replicated partition function (5.1) in terms of a functional
integral over a local overlap field Q; 4 = S} Sho<i<2k—1

E[Z[T,{e}]"] /@Qe‘S[Q] (5.20)

where [2Q = [ HQk 'TI_,—1 dQ; ap stands for the functional integral over the
field @Q; qp. The action S[Q] can be worked out by supposing that there exists a
critical temperature T, such that the characteristic length of the system diverges
as T approaches T,. We stress that this hypothesis has been made also in the RG
approach a la Wilson, where we assumed the existence of a T, such that the RG
equations (5.9) have a nontrivial fixed point, i. e. a fixed point such that the system
has no finite characteristic length.

By taking T ~ T, one can select the IR-dominant terms in S[Q)], and obtain

2’“ 1

Z AL Tr[QiQ5) + 3 Z Tr[Q3]. (5.21)

zg =0
In Eq. (5.21) the propagator A/ ; depends on i, j through the difference Z(i) — Z(j),
where for any 0 <4 < 2F —1 the function Z(7) is defined in terms of the expression
in base 2 of 7 as

i= Zaﬂ I(i Zak 1-;27. (5.22)

According to the above deﬁn1t1on of Z(1), the quadratic term of Eq. (5.21) is
not invariant under spatial translations ¢ — i 4+ [. Accordingly [158, 173], the
Fourier transform of the propagator Ag,j does not depend only on the momentum p
associated with the variable ¢ — j, but it generally depend on both of the momenta
p, q associated with the variables i, j respectively. With this complicated form of
the propagator, any explicit computation of the loop integrals, which is necessary
for the computation of the critical exponents, is extremely difficult to perform. This
problem can be overcome with a simple relabeling of the sites of the lattice. Indeed,
if one sets
I(i) =i, Vi=0,...,28—1,

it is easy to show that Eq. (5.20) still holds, with an action S[Q] which now reads

2’@ 1 2’@—1

Z A Tr[QiQs] + Z Tr[Q7], (5.23)

4,7=0 =0
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where A;; = A,Z—l(i),I—l(j)' Since A;J depends on i,j through the difference
Z(i) —Z(j), Ai; depends on 4, j through the difference i — j. It follows that S[Q)]
is now translationally invariant, and the ordinary Fourier transform techniques
[148, 113] can be used. In particular, the Fourier transform A(p) of A;; depends
only on the dyadic norm [p|y (see [139] for a precise definition of the dyadic norm)

of the momentum p relative to the variable ¢ — j, and can be written as
Alp) = Ipl7 ! +m, (5.24)

where the mass m is proportional to T' — T, and has dimensions [m| = 20 — 1.

The action defined by Eq. (5.23) yields a Tr[Q3]-field theory, which is known to
describe the spin-glass transition in both short-range [39] and long-range [38, 99]
spin glasses. Notwithstanding this, an interesting and novel feature of the propagator
(5.24) is that it depends on the momentum p through its dyadic norm |p|e. This fact
is rather interesting, because it implies a direct analogy with the original derivation
of the RG equations for the Ising model in finite dimensions, in particular with
the Polyakov derivation [163, 142]. Indeed, the basic approximation scheme in the
Polyakov derivation consists in introducing an ultrametric structure in momentum
space, such that the momentum space is divided into shells and the sum of two
momenta in a given shell cannot give a momentum of a higher momentum scale
cell. This feature is analogous to a general property of the dyadic norm, such
that if pi, ps are two integers in 0,...,2%¥ — 1, their dyadic norms satisfy [139]
|p1 + p2l2 < max (|p1]2, |p2|2). This fact implies that if p;,ps are inside a shell of
radius max (|p12, [p2|2), the momentum p; +po is still in that shell. Thus, the dyadic
structure of Eq. (5.24) emerges naturally in more general contexts where there
is no hierarchical structure, such as finite-dimensional systems with short-range
interactions.

A perturbative expansion in g of the two and three-point 1PI correlation func-
tions deriving from the action (5.23) reveals that if € < 0 the field theory (5.23) is
well-defined and finite, while if € > 0 IR divergences occur when m — 0. According
to a simple dimensional argument, if € < 0 the critical exponent v is given by the
first line of Eq. (5.16). On the contrary, if € > 0 a more elaborated treatment is
needed to deal with IR divergences and compute v.

For € > 0, IR divergences can be eliminated by defining a renormalized field
theory having a renormalized mass and coupling constant m,., g.., which are defined
in terms of the bare mass and coupling constant

m = m,+dm, (5.25)
3e

g = mﬁailgrzga (526)

where om is the mass shift due to renormalization, and Z, is the renormalization
constant of the coupling g. According to general results on models with long-range
interactions, the field @); 44 is not renormalized, i. e. its renormalization constant
Zq is equal to one. On the contrary, one has to introduce a renormalization constant
Zg2 enforcing the renormalization of the Tr[Q?]-field. According to the minimal
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subtraction scheme, the renormalization constants dm, Z,, Zp2 are chosen in such a
way that they subtract the divergences occurring in the two and three-point 1PI
correlation functions of the renormalized theory. In the IR limit m, — 0, these
divergences appear in the shape of poles in €. Since here dm, Z;, Z2 are expanded in
powers of the renormalized coupling g,., and since these IR divergences are subtracted
order by order in g,, the constants dm, Z,, Zn2 are given by a series in g, whose
coefficients contain poles in €. From a detailed analysis it turns out that these series
contain only even powers of g;, that only Z; and Zg: are needed to compute v, and
that a-loops Feynman diagrams contribute to order g2 in Zg, Zg2. In Appendix F
we sketch the main steps of the one-loop computation of Z;, Zg2, which are given in
Egs. (F.7), (F.8).

By following the very same techniques as those exposed in Appendix F, we
computed Zg, Zg2 at two loops. For n = 0 one has

2 2/3
Ir 4 1 54+2-2 6
Zs = 17 Relog2 0 5.27
! 18clog2 " " l153662(10g2)2 * Bizeloga | T O, (5:27)
Zop = 1+i+g4 1 (141121847923
¢ 24elog2 7" | 576¢%(log 2)? 2304¢ log 2

One can also show that dm = O(g}).

Egs. (5.27), (5.28) explicitly construct the renormalized theory, which is free of
IR divergences. In this theory, we can safely perform the IR limit, and in particular
compute physical quantities in this limit. In order to do this, we introduce a function
g(A), physically representing the effective coupling constant of the model at the
energy scale A. g(\) can be computed from the Callan-Symanzik equations [28, 147],
as the solution of the differential equation

dg(A)
=\ 2
Blo) = A0, (5.29)
where the S-function is defined as
99y
Blgr) = : 5.30
(9r) = 1 oy (5.30)

1

and u = m;°"'. Eq. (5.29) states that 5(g,) governs the flow of the effective coupling
g(A) under changes in the energy scale A of the system. [(g,) can be explicitly
computed in terms of the renormalization constant Z,, Eq. (5.27)

3 2/3
gr 5 2-2 5 7
) = —3egy + +3 +0(q7). 5.31
B(gr) €g Slog2 19810g 2 9r (9r) (5.31)

The effective coupling g(A) in the IR limit is obtained by letting the energy scale
A go to zero, and is given by ¢gf = g(A = 0). By definition, ¢ is a fixed point of the
flow equation (5.29), and is obtained perturbatively in the shape of a series in €, as
the solution of the fixed-point equation 5(g) = 0. Moreover, one can show from
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Eq. (5.31) that the IR fixed point g} = 0 is stable only for € < 0, while for € > 0
a nontrivial fixed point g* # 0 of order /e arises. The same fixed-point structure
arises in Wilson’s method, Eq. (5.12). Notwithstanding this, in Wilson’s method the
IR limit is reached by doing a set of discrete steps k — k + 1 each of which doubles
the volume of the system, while in this approach this limit is reached by letting the
energy scale A go to zero smoothly.

Once the effective coupling in the IR limit is known, the scaling relations yield
the critical exponent v in terms of g; and of the renormalization constant Zg2

1
_ 32
T g t20 -1 (5.32)

where
dlog Z 2

n2(9r) = p on (5.33)

g7m

By plugging the two-loop result (5.28) for Zg2 into Egs. (5.33) and evaluating 1(gy)
for g, = g}, we can extract v for n = 0 from Eq. (5.32). The result is exactly the
same as that of with Wilson’s method, Eq. (5.18).

The fact that the method a la Wilson and the field-theory method yield the
same two-loop prediction for v shows that the IR limit of the HEA is well-defined,
because it does not depend on the RG framework used to reach it: even though the
two methods have a few underlying common features, they yield the same result
for the universal quantities of the system, which are encoded into the coefficients
of the e-expansion. We want to stress that these universal quantities stay the
same when changing the RG approach and redefining the microscopical details of
the model, Eq. (5.19). Accordingly, this picture suggests that the ordinary RG
ideas for the Ising model work consistently also in this disordered case: the HEA
has a characteristic length diverging at the critical point, and the universal physi-
cal features in the critical region are governed by long-wavelength degrees of freedom.

Notwithstanding the positiveness of this result, the e-expansion is still non-
predictive, because the first few terms of the series (5.18) have a nonconvergent
behavior. On the one hand, one could test empirically the reliability of the present
perturbative approach, and so the convergence properties of the perturbative series,
by solving Eq. (5.5) numerically for integer n > 0 and by comparing the result to
the first three orders of the perturbative expansion. On the other hand, it would
be much more difficult to test whether the series could be made resummable by
some suitable techniques, by explicitly computing high orders of the expansion. To
this end, our two-loop result constitutes a starting point and a severe test of this
high-order computation. An eventual evidence of the resummability of the series
would suggest that the non-mean-field behavior of this model can be considered as a
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perturbation of the mean-field one. On the contrary, a failure of the resummation
techniques would imply that the non-mean-field behavior is radically different from
the mean-field one.

Another weak spot of this replica RG approach is that the method does not
identify the correct spin-decimation rule in a non-mean-field strongly frustrated case,
which, as discussed in Section 1, is one of the fundamental questions and difficulties
in the construction of a RG theory for finite-dimensional spin glasses.

Both of these weak spots of the replica RG approach made us seek for an
alternative methodology which, based on a transparent spin-decimation rule, could
overcome over the difficulties of the replica method, and make quantitative predictions
for the critical exponents. This methodology will be illustrated in Chapter 6, and
does not rely on the replica method, but on a real-space RG criterion.



Chapter 6

The RG approach in real space

As discussed in Section 1, a fundamental ingredient for constructing of a RG theory
is the introduction of a decimation rule. Through decimation, one practically
implements a coarse-graining process that changes the length scale with which one
looks at the physics of the system. For ferromagnetic systems, a suitable spin
decimation rule has been originally introduced by Kadanoff [84], and relies on the
construction of block spins. As discussed in Section 1, Kadanoff’s decimation rule
does not work in a disordered system like the HEA, because the average over disorder
of the magnetization inside a block of spins is trivially zero. In this Chapter we
propose a real-space decimation rule for the HEA which overcomes this problem,
and which is not directly based on the block-spin construction. This method will be
first applied to DHM in Section 6.1, and then generalized to the HEA in Section 6.2.

6.1 The RG approach in real space for Dyson’s Hierar-
chical Model

Let us consider a DHM, defined by Egs. (2.1), (2.2). The real-space RG method
is built up by initially iterating exactly the recursion equation (2.1) for k = kg
steps, assuming for simplicity that H{[S] = 0. In this way, a DHM with 2% spins
S1,-+, 9%k, and Hamiltonian H, ,5) [S1, -+, S5k ] is obtained exactly. Practically
speaking, this means that in the following we compute exactly the physical observ-
ables of this 2%0-spin DHM. For instance, if ky = 2 we have a 4-spin DHM whose
Hamiltonian is

S1+S9\%2 [ S54 542
HQF[Sla"'vsél] = _{CFJ[( 12 2> +< 32 4)]“‘

Sl+52+53+54)2}

+C%J ( (6.1)

4

We recall for future purpose that in the Hamiltonian (6.1), and similarly for arbitrary
values of kg, when one goes one hierarchical level up, the couplings are multiplied
by a factor C'r. In particular, the first addend in braces in Eq. (6.1) physically
represents the couplings at the first hierarchical level, while the second addend
represents the couplings at the second hierarchical level.

65
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Figure 6.1. Approximation of the real-space approach for kg = 2. In the implementation
of the real-space approach to DHM exposed in Section 6.1, a 22-spin DHM with spins
Si,-++,S4 and Hamiltonian (6.1) is approximated by a 2-spin DHM with spins S}, S}
and Hamiltonian (6.2).

In the implementation of the real-space approach to the HEA exposed in Section 6.2, a
22_spin HEA with spins Sy, - - -, S4 and Hamiltonian (6.11) is approximated by a 2-spin
HEA with spins 57,55 and Hamiltonian (6.12).

We now want to build up a 2¥0+1-spin DHM starting from such a 2*0-spin DHM.
As shown in Section 2.1, DHM is a special case where this procedure can be iterated
k times in 2F operations, by using the hierarchical structure of the system resulting
in the recurrence equation (2.5). On the contrary, if the recurrence equations (2.5)
did not hold, in order to build up a 2¥-spin DHM one should compute exactly the
partition function, which involves 22" operations. To our knowledge, for the HEA
model there is no known recursion equation analogous to (2.5). Indeed, the only
recursion equation that one can derive for the HEA is Eq. (5.3), which relies on
the replica approach. To derive a recurrence equation for a function or functional
of a suitably defined order parameter without relying on the replica approach is
very difficult. The origin of this difficulty is nothing but the problem of how to
identify of a suitable order parameter and a function of it, which should replace the
magnetization m and its probability pg(m) in the recursion equation (2.5) of DHM.
Since we have not been able to derive such a recurrence equation without relying
on the replica approach, the construction of a 2*-spin HEA model still requires a
computational effort of 22°_ Tt is hence clear that an approximation scheme is needed
to reach the thermodynamic limit k — oo for the HEA. We now illustrate this ap-
proximation scheme for DHM first, and then generalized it to the HEA in Section 6.2.

Once a 2%0-spin DHM has been built exactly, we consider 20~!-spin DHM,
where J is replaced by another coupling J’. More precisely, such a 2¥0~l-spin
DHM is defined by iterating kg — 1 times Eq. (2.1) with J — J’, and for the
sake of clarity its spins will be denoted by S7,- - - ,Sé,co,l, and its Hamiltonian by

H’?O_l[ 1o ,S’;ko,l]. For ky = 2 the Hamiltonian of this DHM reads

(6.2)

s;+sg>2
)

HT1S,, 5 = —CpJ' (

Given J, the coupling J’ is chosen in such a way that the 250~1-spin DHM represents
as well as possible the 2¥0-spin DHM, as qualitatively depicted in Fig. 6.1. The
precise meaning of this representation will be illustrated shortly.
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According to the iterative construction of Eq. (2.1), a new DHM is then
constructed by taking two copies of the 2¥0~-spin DHM. Say that the first copy has

spins S1,- -+ ,S),,—1 and Hamiltonian H’fo_l[ 1y Sk _1], while the second copy
We make

2 2kp—1

has spins S/ and Hamiltonian H' kFO—l[

! ! !/
2k0 1+17“. I 2k0 2k071+17”' ) 2]90]'
these two copies interact and form a 250-spin DHM with Hamiltonian

2
2ko
1

F ki
H/ko 1[ / o ﬂSéko—l] + Hlko—l[ ék0—1+17 ) éko] - J,CFO 270 ZSZ, . (6-3)
=1

Since each of the DHMs that we make interact represents a 2F0-spin DHM,
the model defined by Eq. (6.3) represents a 2¥0*+1-spin DHM. Once again, this
DHM is then approximated by a 2%0~l-spin DHM with coupling, say, J”, and two
copies of such a 2F0~l_spin DHM are then taken and coupled again, to obtain
a system representing a 2k0+2_spin DHM. Such a recursive construction is iter-
ated k times, and a system representing a 250t*_spin DHM is obtained. Setting
Jo=J J1 = J’ Jo = J” .-, this procedure establishes a relation between .Jj, and
Ji+1. Since at each step k of this procedure we double the system size, this flow
physically represents the RG flow of the coupling J; under reparametrization of the
unit length 2F — 2k+1,

Let us now describe how a 2¥0-spin system has been approximated by a 2~Fo—1-
spin system. Consider a physical observable Of;) (BJ) of the 2%0-spin DHM, whose
spins are Si,- -, Sk, and whose Hamiltonian is H,f; [S1,--+,Sok]. Consider also
an observable O,Ijo_l(ﬁJ’) of the 2¥~1_spin DHM, whose spins are S, --- , bko—15
and whose Hamiltonian is H’ 5(),1[ 1+ 5 Shro—1]- The normalized magnetizations
on the left and right half of the 2¥0-spin system are

2k0 1
2k0 1 Z

my = )
2k0 1 2
s (s 2 4)]
2ko
mr = ?koﬂ Zi:2k0—1+1 Si (6.4)
1 2ko 2
\/ S (W 2imako—141 Si) }

respectively, where Eg stands for the thermal average at fixed temperature 7',
performed with the Boltzmann weight exp(—ﬁHlfO ). Similarly, the normalized
magnetizations on the left and right half of the 2*0~!-spin system are

Qk() 2
m/L = 2k0 2 Z ’
2](:0 2
\/E"/ (2k0 2 Z ) }
2k0 1
mp = 2’“0 7 imgko-241 Si (6.5)
2kp—1
\/Ed’ (2’“0 7 Xiako-211 SI) }
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respectively, where Eg, stands for the thermal average with the Boltzmann weight
1 F
exp(—BH'}, 1)

According to Kadanoff’s block-spin rule, in order that the 250~1-spin DHM might
be a good approximation of the 2¥0-spin DHM, one should map the block of spins
in the left half of the 2¥0-spin DHM into the block of spins in the left half of the
2k0—1_spin DHM, and so for the right half. Accordingly, one should find a method
which quantitatively implements the qualitative equalities

mp =mlp, mg = mfp. (6.6)
To this end, we choose the following observables

O;ﬁg(ﬁj) = Eg[mLmR],
Of _1(B) = Eg [mmi]. (6.7)

According to Egs. (6.6), Kadanoff’s block-spin rule described in Eq. (6.6) can be
practically implemented by imposing the constraint

Of (BJ) = Of _1(BJ"). (6.8)

For any fixed J, Eq. (6.8) is the equation determining J’ as a function of J, as
the value of the coupling of the 2¥0~!-spin DHM such that this is the best-possible
approximation of the 2*0-spin DHM. According to the above discussion, Eq. (6.8) is
the RG equation relating the coupling J at the scale 2¥ to the coupling J’ at the
scale 2k +1,

The RG Eq. (6.8) is not exact, because it relies on the fact that a 2*0-spin
DHM is approximated by a 250~1-spin DHM. Even though, such an approximation
becomes asymptotically exact for large kg, as we will explicitly show in the following.
Another important issue of this RG scheme is that there is a considerable amount of
freedom in the choice of the observables O,f(; , Oﬁ; _1, and that the RG equations (6.8)
depend on this choice. This is the reason why in what follows the whole method will
be systematically tested a posteriori, by comparing its predictions to the predictions
obtained heretofore with other methods, if these exist. As we will show shortly, the
encouraging outcome of this comparison makes us guess that if kg is large enough,
the results of this RG approach do not depend on the choice of the observables, if
this is reasonable.

Quite large values of kg can be achieved by using the hierarchical structure of
the system. Indeed, thanks to this structure the thermal averages appearing in Egs.
(6.7), which would involve 9220 terms in a brute-force computation, can be computed
in 2%0 operations, as shown in Appendix G.

Back to the predictions of Eq. (6.8), one can show that for any kg they reproduce
the interval (2.3). Indeed, for o > 1 Eq. (6.8) gives J' < JVJ, 3, in such a way that
the coupling J goes to 0 when the RG transformation is iterated many times, and no
phase transition occurs. On the contrary, for o < 1/2 one has J' > JV.J, 3, in such
a way that the model is thermodynamically unstable. The fact that the interval
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Figure 6.2. 8J as a function of 8J for Cp = 1.2, ko = 8, and point (K., K.) where the
two curves intersect. According to the discussion in the text, 8 = BEZ implies that

<
JZ .

(2.3) is reproduced is a first test of the correctness of the real-space approach. For
1/2 < op < 1 there is a finite inverse temperature ijg such that for 8 < 55;5 one has
J' < J, while for 8 > Bﬁg one has J' > J, where the label RS stands for real space.
For 5 = ﬁfFS , J/ = J, i. e. the system is invariant under reparametrization of the
length scale 28 — 2F+1. Hence Bfﬁ is the critical temperature of the model [161, 163].

The RG transformation (6.8) is illustrated in Fig 6.2, where 8J’ is depicted as a
function of BJ for a given Cr and kg-value. Interesting properties about universality
emerge from this plot. Indeed, the curve SJ’ as a function of 3J intersects the
straight line 8J for a unique value of the coupling 5J = K,.. Now let us iterate the
RG transformation several times, starting with a given J = Jy, then determining
J' = J1,J" = Jo, and so on. At the first step of the iteration, J; = .Jy if and only
if BJy = K.. It follows that ﬁfﬁ = K./Jp. Similarly, at the next steps K./Jy is
the only value of the inverse temperature such that Jp = Jy Vk. Since K. is defined
as the solution of the equations OII;(KC) = O,fo_l(Kc), it does not depend on the
initial condition Jy, and thus it is universal. As an analogy, K. corresponds to the
dimensionless nearest-neighbor critical coupling of the Ising model, which has been
extensively measured in three dimensions by means of Monte Carlo Renormalization
Group (MCRG) calculations [5, 140]. On the other hand, dimensional quantities
like ﬂfs = K./ Jy are not universal. Indeed, ﬁfj? = K./ Jo depends on the coupling
Jo at the initial step of the iteration, i. e. at microscopic length scales. This is in
agreement with the very general RG picture of ferromagnetic systems like the Ising
model [163], where the critical temperature is not universal because it depends on
the microscopic properties of the lattice.

An important universal quantity is the critical exponent vp, defined in terms
of the correlation length by Eq. (2.8). According to the general RG theory in the
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neighborhood of the critical fixed point K., vp is given by

log 2
_ 6.9
192 log AF RS’ ( )
where Ap gg is here defined as
agJ’
AF RS = . 6.10
dBJ 5=k, (6.10)

Since in this case the RG transformation involves only one variable J, Ap g is
simply the largest eigenvalue of the 1 X 1 matrix linearizing the transformation in
the neighborhood of the critical fixed point. A more complex case where the RG
transformation involves an infinite number of variables will be discussed in Section
6.2. In Fig. 6.3 we depict Appg from Eq. (6.10) together with the values of Ap
(Eq. (A.16)) presented in [46] resulting from the field-theory approach of Section
2.1 and Appendix A, as a function of 1/2 < op < 1. The field-theory method
makes the exact prediction (A.17) for A in the region 1/2 < op < 3/4 where the
mean-field approximation is exact, while it estimates Ap in the non-mean-field region
3/4 < op <1 by means of a resummed er = op — 3/4-expansion. The first order of
this expansion is given by Eq. (A.19).

As kg is increased, Ap ps computed with the real-space method approaches the
field-theory value Ap, confirming the validity of the real-space RG approach. Notice
that according to Eqs. (A.17) and (A.19), the derivative with respect to op of Ap is
discontinuous at o = 3/4. On the contrary, Ar rg is a smooth function of op. This
discrepancy is presumably due to the fact that kg is not large enough, and should
disappear for larger kg, because the real-space approach is exact for kg — oco.

Since the real-space approach for DHM reproduces the interval (2.3) and, for
large kg, also the critical exponents obtained with other methods, it is natural to
generalize it to the HEA model. Accordingly, its predictions will be compared to
those obtained with the replica approach in the mean-field region 1/2 < o < 2/3
where the latter is predictive, yielding a precise consistency test of the two approaches.
On the contrary, in the non-mean-field region 2/3 < ¢ < 1 the replica approach
is not predictive, and thus a quantitative comparison of the values of the critical
exponents would be meaningless. Even though, an interesting question is whether
the real-space approach is predictive in this non-mean-field region. These points will
be addressed in the following Section.

6.2 The RG approach in real space for the Hierarchical
Edwards-Anderson model

It turns out that the definition of the HEA which is suitable to implement the
real-space approach is the one where the interaction energies are redefined by Eq.
(5.19). Accordingly, in what follows the HEA will be defined by Egs. (2.10), (5.19),
and we set for simplicity Hy[S] = 0.
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Figure 6.3. Ap g and Ap as a function of o for 1/2 < op < 1. The black dashed line
represents the upper critical dimension o = 3/4 discussed in Section 2.1 and Appendix
A. The points represent Ap gg for 5 < kg < 12. The orange dashed curve and the red
solid curve represent A obtained with the field-theory method in the mean-field region
1/2 < op < 3/4 and in the non-mean-field region 3/4 < o < 1 respectively. The orange
dashed curve represent the exact mean-field value of Ag given by Eq. (A.17), and the red
continuous curve represents Ap computed with the resummed ep = op — 3/4-expansion
[46] (see Eq. (A.19) for the first order of the ep-expansion).

6.2.1 Simplest approximation of the real-space method

Let us now illustrate how to implement in the spin-glass case the real-space approach
presented in Section 6.1 for kg = 2. The reader should follow our derivation in close
analogy with the one exposed in Section 6.1 for DHM. A HEA model with 22 spins
S1,+ -+, 84 is built up exactly by means of the recursion equation (2.10). Setting
Jij = CQ/QJij, the Hamiltonian of this model is

CQ
Hy[S1,---,84] = —{ [J125152 + J345354] + ?[«7135153 + J145154 +

+J235253 + j245254]}- (6.11)

By definition, the couplings {.J;;}; are IID random variables, and the probability
distribution of each of them will be denoted by p(J).

Thus, we consider a 2-spin HEA model, defined by iterating once Eq. (2.10).
For the sake of clarity its spins will be denoted by 57, S5, and its Hamiltonian reads
H', (S, 85] = = J{(2919.- (6.12)

For each realization of the couplings {J;;}ij, we choose [J{, as a function of
{Jij}i; in such a way that the 2-spin HEA model yields the best-possible approxi-
mation of the 22-spin HEA. This procedure is analogous to that exposed in Section
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6.1 for DHM, and is qualitatively depicted in Fig. 6.1. By choosing J{, in this way,
the distribution p(J) induces a distribution of J{,, that we will denote by p'(J5).
The technical details on how p/(J) is computed from p(7) will be given shortly.

According to the iterative construction of Eq. (2.10), a new HEA is then
constructed by taking two realizations of the 2-spin HEA. Each realization is given
by drawing the coupling 7’ according to its probability distribution p'(J’). Say that
the first realization has spins S, 5% and Hamiltonian H'1[S], S] = —J{55 5%, while
the second realization has spins S5, 5} and Hamiltonian H'1[S%, S)] = —J4,555).
We make these two copies interact and form a 2?-spin HEA with Hamiltonian

2
H'y[S1, 85] + H'1[S3, 53] — %[%’3515:’; + J145154 + T33955 + Jo45554], (6.13)
where J1s, J{4, T3, Ja4 have been drawn independently from the distribution p/(J”).
Since each of the HEA models that we made interact represents a 22-spin HEA,
the model defined by Eq. (6.13) represents a 23-spin HEA. At the next step of the
iteration, this HEA model is again approximated by a 2-spin HEA with coupling,
say, J15, and the probability distribution p”(J/5) of J/4 is computed from p'(J’).
Two realizations of such a 2-spin HEA are then taken and coupled again, to obtain
a system representing a 2%-spin HEA. This step is repeated k-times, and a system

representing a 22t*-spin HEA is obtained.

Setting po(T) = p(7),p1(T) = p/(T), pa(T) = (T, -+, this procedure estab-
lishes a relation between py(J) and piy1(J). Since at each step k of this procedure
we double the system size, this physically represents the RG flow of the probabil-
ity distribution of the coupling px(J) under reparametrization of the unit length
ok — ok+1,

A 22-spin HEA has been approximated by a 2-spin HEA as follows. Consider a
physical observable O2({87:;}ij) of the 22-spin HEA, depending on the 6 couplings
{Jij}i; and B through the dimensionless quantities {/.7;;};. Consider also an ob-
servable O1(8J{,) of the 2-spin HEA, depending on the coupling [J{5 and  through
the dimensionless quantity 5.7{5. We recall that in the real-space approach for DHM
with kg = 2 we built up the observables (6.7) as products of the magnetizations
inside the left and right-half of the 22-spin DHM and of the 2-spin DHM. In a sense
that choice was natural, because we know that the magnetization is the correct
order parameter of DHM. When one tries to generalize that choice to the HEA,
one has to face the fact that the order parameter for non-mean-field spin glasses
is not known, and so the choice of the observables is more difficult and ambiguous.
Inspired by the fact that the order parameter in the mean-field case is the overlap
[133, 136, 137, 119, 130], here we will build up O3, O; as thermal averages of products
of spin overlaps. We want to stress that to a certain extent this choice relies on
the underlying assumption that the overlap is still the good quantity describing the
physics of the system, and should be thus be verified a posteriori. In particular, there
is no guarantee that this choice is correct for values of ¢ lying in the non-mean-field
region 2/3 < o < 1. A detailed analysis of the predictions of this real-space approach
for the critical exponents in this region will be exposed in the following.
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To build up Oy and Oq, consider two real replicas 51,52 of the spins of the

)
22_spin model, and two real replicas S’ ,S”" of the spins of the 2-spin model. The
normalized overlap between S and S? on the left and on the right leaf of the 22-spin
HEA are

StS2+8152
_ 2
QL - 2 ’
E- S%S%+S%S§
S1,52 2
S182+8152
Qn = 2 (6.14)

[(sisi+sisz 2
51,52 “y

respectively, where Eg denotes the thermal average at fixed disorder {J};; and
temperature, performed with the Hamiltonian (6.11). The normalized overlap

-1 -2
between S’ and S’ on the left and on the right leaf of the 2-spin HEA are

Q = SIS7,

Qr = 5387 (6.15)
respectively. Following Kadanoff’s decimation rule, we want to map the 22-spin
HEA into the 2-spin HEA by imposing that the spins S, S2 correspond to the spin

1, and that the spins Ss3, Sy correspond to the spin S). This mapping results in a

correspondence between the overlaps in Eq. (6.14) and those in Eq. (6.15), which
can be qualitatively written as

QL =QL, Qr = Q. (6.16)
Making the following choice for the observables
0:({87;5}) = Egq . [QLQr], (6.17)

O1(BT3) = Egn gn [QLQR],

Kadanoff’s decimation rule encoded in Eq. (6.16) can be practically implemented by
enforcing the constraint

02({BJi;}) = O1(BT5), (6.18)
where Eg denotes the thermal average at fixed disorder Ji, and temperature,
performed with the Hamiltonian (6.12). For any realization of the couplings {J;;}ij,
Eq. (6.18) determines J{, as a function of {J;;};; in such a way that the 2-spin
HEA yields the best-possible approximation of the 22-spin HEA. The mapping (6.18)
results into a mapping between the probability distribution p(J) of each of the
couplings {J;;}i; and p'(J{5). Indeed, Eq. (6.18) can be easily rewritten as

O2({87i;}) = tanh?(BT,).
and thus the mapping between p(J) and p/'(J’) is

PJH = / [Hp(jij)djij] % [5 (J’ - ;arctanh (\/W)) +

i<j

+4 (.7’ + ;arctanh (W))) ] (6.19)
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Eq. (6.19) is the RG flow relating the distribution of the disorder p(7) at length
scale 2F with the distribution of the disorder p'(J’) at length scale 25! and is the
generalization of Eq. (6.8) holding for DHM. We recall that the RG equation (6.8)
for DHM yields a flow for a number J, while Eq. (6.19) yields a flow for a function
p(J), which can be seen as a set {p(J )} of an infinite number of degrees of freedom,
each of which is the value of p(J) at a point J. Accordingly, the solution of Eq.
(6.19) is slightly more complicated than that of Eq. (6.8), and it has been worked
out with two independent techniques. The first one transforms Eq. (6.19) into a
recursion equation relating the moments of p(J) to the moments of p’(J’), which is
built up perturbatively by means of a high-temperature expansion, and is presented
in Section 6.2.1.1. The second one is purely numerical, and solves Eq. (6.19) by
means of the population dynamics algorithm, as illustrated in Section 6.2.1.2. In
the following two Sections we thus illustrate these solution techniques for Eq. (6.19),
and analyze the resulting fixed-points structure and show how the critical exponents
can be calculated in the ky = 2-approximation. Then, we illustrate how the very
same techniques can be implemented in better approximations of the real-space
approach, i. e. kg > 2, and analyze the predictions of the real-space approach for
the critical exponents as a function of kq.

6.2.1.1 Solution of the real-space RG equations with the high-temperature
expansion

Since it is not easy to handle analytically the continuous set of degrees of freedom
{p(J)}7 in Eq. (6.19), it is better to transform the latter into an equation for
the moments of p(J),p' (J’). Since there is +7-symmetry, p(J),p (J’) are even
functions of 7, J’ respectively. Hence, setting

me = / dTp(T) T,

m, = [dTyTT),

one has maq41 = mh, 1 = 0, and Eq. (6.19) can be transformed into an equation
relating {mag}a to {mb,}s. Indeed, let us call the 6 couplings Ji2, Ji3,---,J34
J1, -+, Js respectively, and integrate both sides of Eq. (6.19) with respect to J’

mh, = /Lﬁldjap(ja)] 512(1 {arctanh2“< Og({ﬁjﬂ,}v))]
= Fya[{mas)s)- (6.20)

The function Fj, depends in a complicated way on the even moments {msy}p, and
we have not been able to compute it explicitly. Still, this dependence can be sys-
tematically worked out by expanding in powers of § the square brackets in the
right-hand side of Eq. (6.20). If we truncate the expansion at a given order 32", the
right-hand side of Eq. (6.20) becomes a linear combination of {map}p—1,. m» Which
can be computed explicitly. Hence, if we take Eq. (6.20) for a = 1,..., m, we obtain
a set of equations relating {mb, }a=1,.. m to {map}s=1,.m. This set of equations is
nothing but the flow p(J) — p/(J’) represented with the discrete set of degrees of
freedom {mag ta=1,..m — {mhyto=1....m-
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In Appendix H we show explicitly these equations for m = 2, Eq. (H.1), and
discuss their solution. In particular, we show that if we consider only the leading
terms in the S-expansion, the RG equations relating {mb, }o=1,..m to {map}p=1_ m
reproduce the condition o > 1/2 that has been previously derived in Eq. (4.12). On
the contrary, they do not reproduce the condition ¢ < 1. This is presumably due to
the fact that the present approach implements the lowest-order approximation kg = 2
of the real-space method. Indeed, in Section 6.2.2 we will show that the numerical
implementation of the real-space method for ky > 2 yields a better description of
the region where o significantly deviates from 1/2, and the condition o < 1 should
be recovered for kg large enough.

It is easy to see that Eq. (H.1) has an attractive high-temperature fixed point
ma, = 0Va, and an attractive low-temperature fixed point msg, = oo Va. These fixed
points are separated by a repulsive critical fixed point {m3,},=1, . m. In order to
investigate the latter, one can introduce a critical temperature 555 such that Eq.
(H.1) converges to {m3,}a=1,. m for B = BES. This fixed point is determined by
means of an expansion in powers of o —1/2, physically representing the distance from
the purely mean-field regime o = 1/2 of the model. The critical exponent v defined
by Eq. (5.14) is expressed in terms of the largest eigenvalue Apg of the matrix
linearizing Eq. (H.1) in the neighborhood of {m3,}4=1, . m through the relation

log 2

~ logAgs’

and is given by Eq. (H.7).

This computation can be performed to higher orders. If the expansion is done
up to O(3%™), Ars can be computed to order (¢ — 1/2)™~!. The calculation has
been done for m = 5 by means of a symbolic manipulation program [170], and the
result is

2
Ars = 1+2log2(o—1/2)— 219(;‘(’)‘32)(0— — 122 4
113453 (log 2)3 , 56579203 (log 2)4 A
Bl o LY P B —1/2
00 O YT a0 @A
+0((o —1/2)°). (6.21)

Even though only the first four terms of the expansion are available, Eq. (6.21)
yields an accurate estimate of Arg in a relatively wide range of values of . This is
shown in Table 6.1, where the values of Ag%)s obtained by truncating the expansion
(6.21) to order (o — 1/2)" are listed for different values of 0.54 < ¢ < 0.62 and .
Since Ag% increases by less than 1% when increasing ¢ from 3 to 4, in this region we
can extract the exact value of Agg with good accuracy.

It turns out that the high-temperature expansion cannot be implemented for
ko > 2, because the symbolic manipulations become too difficult. Still, the values of
the critical exponent v computed with the high-temperature expansion for kg = 2
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Table 6.1. Ag)s as a function of ¢ for different values of 0.54 < o < 0.62. The relative

change in A%?g obtained as one increases the order i from 3 to 4 is less than 1%, and
yields an estimate of the error on the critical exponent v.

1 2) 3) (4)
g ARs AgRs AgRs Aps
0.54 1.05545 1.04703 1.04502 1.0451

0.58 1.1109 1.07723 1.06111 1.06244
0.62 1.16636 1.0906 1.03619 1.04291

will serve as an important test of a different, purely numerical implementation of the
RG equations (6.19) for kg = 2, that will be illustrated in the following Section. Once
the agreement between the numerical and analytical approach will be established
for kg = 2, the numerical method will be easily implemented for kg > 2, yielding an
estimate of the exact value of the exponents obtained as kg is increased.

6.2.1.2 Solution of the real-space R(G equations with the population-
dynamics method

The RG equations (6.19) are nonlinear integral equations, and it is difficult to solve
them analytically and determine p/(J’) as a functional of p(J). Accordingly, one
can use some numerical methods. Here we describe a stochastic approach known
as population dynamics, yielding an extremely simple and powerful solution of Eq.
(6.19). Historically, population dynamics appeared first in the theory of localization
of electrons in disordered systems [2], and was later developed for spin glasses [116]
and constraint-satisfaction problems [115].

In population dynamics one represents the function p(J) as a population of
P numbers {J;}i=1,.. p, where each J; has been drawn with probability p(J;).
Accordingly if P is large enough, once we know p(J) we can compute the population
{Ji}i, while once we know the population {7;}; we can compute p(J) from the
relation

P
p(T)dJ ~ % S I[T; € (J,J +dJ)], (6.22)
=1

where the function I[J; € (J,J + dJ)] equals one if J; € (J,J + dJ) and zero
otherwise, and dJ is a suitably chosen small binning interval. Thus, there is a
one-to-one correspondence between p(J) and {Z},zl p, and these are different
representations of the same object

p(T) < {Ji}i=1,...P- (6.23)

In practice, once one knows the population {7;}; the corresponding p(J) is
computed by setting
Fax = max(|7). (6.24)

choosing dJ = 2\iax/B, and using Eq. (6.22), where B is a suitably chosen large
integer number.
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Routine 1 Population-dynamics routine
for i=1,...,P

for a=1,...,6
draw uniformly a random number j in {1,..., P}.
set jotfmp =Ir.

end

draw uniformly a random sign s = +1.

set J/ = s% arctanh <\/02({5Jotzemp}a>>-

end

return {J/};.

The mapping p(J) — p'(J’) given by Eq. (6.19) yields a mapping between
{Ji}i=1,...p and the population {J;}; representing p'(J’)

P (T & {T Yimr,...p. (6.25)

Indeed, once {J;}; is known, it is easy to show that one can compute {J/}; by
means of the pseudocode illustrated in Routine 1.

The reader should notice that the population dynamics Routine is extremely
simple and versatile to implement, and that it requires no evaluation of the inte-
grals in the right-hand side of Eq. (6.19). Once {J/}; is known, this routine is
iterated to compute {J/}; from {J/};, and so on. In particular, by iterating k
times Routine 1 one can compute the population {Jj;}; representing the probability
distribution pg(Jx). Accordingly, the algorithm is named population dynamics after
the fact that k is analogous to the dynamical-evolution time of the population { Jj; }:.

The structure of the fixed points of Eq. (6.19) can be now investigated numer-
ically. Indeed, by iterating the population-dynamics Routine at fixed g and by
computing px(J) as a function of k, it is easy to show that there is a finite value
of B = B such that for 3 < BES pip(J) converges to §(J) as k is increased, while
for B > BES p(J) broadens, i. e. its variance is an increasing function of k. The
reader should observe that this flow to weak and strong coupling for p(J) in the
high and in the low-temperature phase respectively is the analog of the flow to
weak and strong coupling for the number J in the real-space approach for DHM,
depicted in Fig. (6.2). The physical interpretation of these two temperature regimes
is that for 8 < SIS pi.(J) flows to an attractive high-temperature fixed point with
J = 0 where spins are decorrelated, while for 5 > ﬁfs it flows to an attractive
low-temperature fixed point with J = oo where spins are strongly correlated. This
fact implies that as the temperature is lowered below T, a phase transition occurs,
and this transition yields a collective and strongly interacting behavior of spins in
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the low-temperature phase. Even though this result has been derived in the kg = 2-
approximation, the implementations of the real-space method for kg > 2 will confirm
this picture. The existence of a finite-temperature phase transition for a diluted
version of the HEA model has been established heretofore with MC simulations by
means of finite-size scaling techniques [65]. Since the critical properties of such a
diluted version of the HEA should be the same [65] as those of the HEA defined
here, the real-space approach confirms the picture on the criticality of the system
given by MC simulations.

An important feature of the population-dynamics approach is that for o < 1/2
the thermodynamic limit is ill-defined, which has been discussed in Part III, Eq.
(4.12). Indeed, the numerics show that for ¢ — 1/2 %5 — 0, in such a way that
the system is always in the low-temperature phase, i. e. the variance of py(J) is
an increasing function of k, and the thermodynamic limit £ — oo is ill-defined. On
the other hand, according to Eq. (4.12) one should have that ,6’55 — o0 as o — 1,
because for ¢ > 1 no finite-temperature phase transition occurs. Unfortunately, this
condition is not reproduced by the real-space approach. As discussed in Section
6.2.1.1, this is presumably due to the fact that kg is small, i. e. that Eq. (6.19)
implements only the lowest-order approximation of the real-space method (ko = 2).
This hypothesis is supported by the fact that the estimate of the critical exponents
that we will give in what follows significantly improve as kg is increased in the region
where o differs significantly from 1/2, while they hardly change in the region o ~ 1/2,
implying that the closer o to 1, the larger the values of kg needed. Accordingly, for
o — 1 a significantly better description would be obtained if larger values of kg were
accessible, and the ¢ < 1-limit would be recovered.

The numerical implementation of Routine 1 also shows that there is a repulsive
critical fixed point, that we will call p,(7), which is reached by iterating Routine 1
with g = gRS

p(J) = / Llip*(ja)dja] é [5 <j - ﬁc}warctanh <\/m>) +
+5 (J + 525 arctanh (\/m)» ] . (6.26)

This critical fixed point is analogous to the critical value of the coupling K. in the
real-space method for DHM, depicted in Fig. (6.2). In the numerical implementation
both ﬁfs and p.(J) are computed by iterating Routine 1 and by dynamically
adjusting 3 at each step to its critical value, which is approximately determined as
the value of 3 such that fdj’p’(j’)(j’)z = fdjp(j)jz. In order to do so, one
starts with two values of the temperature Tiin, Tvmax such that

Thnin < TcRS < TMAX, (627)

and then iterates the bisection Routine 2.

Each iteration k of Routine 2 is one step of the RG transformation performed at
temperature T = (Tinin + Thiax)/2, and if the second moment of p/(J’) is smaller
than that of p(J), T is in the high-temperature phase, and the interval [Tinin, Tvax]
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Routine 2 Bisection routine
for k = 1,...,/€MAX

set T = (Tiin + Tiax)/2.

set ¢ = 30, T2

compute {J/}; from Routine 1 and set J; = J/Vi=1,...,P.
set /2 =14y, 77,

if %> ¢2 set Thin = Tonin + (Tviax — Tinin)-

else set Thiax = Tvax — (Tvax — Tin)-

end

return T/ = T and {Ji}; < p«(J)

is reduced by 0 < z < 1 by lowering the upper limit Tyax, and vice versa if T is
in the low-temperature phase. By iterating this procedure kyax > 1 times, the
Routine returns an estimate of the critical temperature 77 = T and of the critical
fixed point {J;}i <> p«(J).

Since population dynamics is a stochastic approach, this bisection Routine is not
deterministic, and might give slightly different results when one runs it several times
if the population size P is not large enough. In particular, such a stochastic character
can introduce some instabilities when approaching the repulsive fixed point, and
these might let the bisection Routine flow towards the low or high-temperature
fixed point, far away from p.(J). Accordingly, the parameter = has been chosen by
hand in order to minimize this instability, and the numerical implementation of the
bisection Routine has shown that x ~ 0.1 yields a good estimate of the critical fixed
point.

The critical fixed point p.(J) obtained with this bisection method is depicted
in Fig. 6.4 for a given o-value, where we also represent p.(7) obtained with the
ko = 3, 4-approximations that will be described in what followins.

Once the fixed point p,(J) has been computed numerically, the critical exponents
can be determined by linearizing the transformation (6.19) in the neighborhood
of p«(J). Being the RG equations (6.19) a flow for a continuous set of degrees of
freedom {p(J)}7, the matrix linearizing the RG transformation in the neighborhood
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Px(J)

Figure 6.4. Fixed point p.(J) as a function of J for ¢ = 0.5146 and ky = 2, 3,4,
obtained by iterating Routine 2 starting with po(J) = 1/ 2me=7°/2. For ko = 2,
Jniax = 50, P = 2 x 105, 2 = 0.1 and B = 96. For kg = 3, knax = 50, P = 108, 2 = 0.1
and B = 96. For kg = 4, kyax = 20, P = 2 x 10%,2 = 0.1 and B = 96. p.(J) has
compact support and a convergent behavior as kg is increased. This convergence indicates
that kg is large enough in such a way that the real-space approach is asymptotically
exact for this value of o.

of p«(J) has continuous indices 7, J’, and is defined as

op'(J)
op(J")

p=p«, B=B1S

6 6
3 / I »-(72)dTs|
y=1

AFy=1

[\

i [5 (j — Bc}%s arctanh (\/OQ({ﬁ?SJ)\}K“T))) +

16 <j 4 ;Rs arctanh (\/02({555‘7)\}}"7 ))) ] L (629)

where {87731 = {85571, B 7,1, ST BE5 Tp41..... AR5 J6) and in
the second line of Eq. (6.28) Eq. (6.19) has been used.

In the rigorous treatment [45] of the ep-expansion for DHM, the linearization of
the transformation py(m) — pr11(m) in the neighborhood of p,(m) is formulated in
terms of a linear functional acting on a suitably defined space of functions ¢(m), and
the critical exponents are extracted from the eigenvalues of this functional. These
eigenvalues are determined by the theory of linear functionals, in particular by the
theory of Hermite polynomials. Similarly, here the matrix .# % defines a linear
functional £ acting on a suitably defined space of functions ¢(J), and yielding a
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function L[¢](T)
Llol(9) = [ a7 F5o(T)

Unfortunately, the complicated form (6.28) of .5 did not allow for an analytic
treatment, and in particular the spectrum of .# %%, and so the critical exponents,
could not be determined in terms of the spectrum of well-known linear functionals.
Hence, a completely numerical analysis of the spectrum of .# %% has been done.
This analysis is illustrated in Appendix I. As a result, the critical exponent v defined
by Eq. (5.14) is determined from the spectrum of .#%%. In Fig. 6.5 we depict
M) obtained with this kg = 2-approximation, A(™*) obtained with the ky = 3, 4-
approximations that will be discussed in what follows, and Arg obtained with the
high-temperature expansion as a function of o. We also depict the prediction for
21/¥ of the replica approach discussed in Chapter 5, in both the mean-field region
o < 2/3 and the non-mean-field region o > 2/3. Fig. 6.5 shows that the prediction
Agg for 21/ obtained with the high-temperature expansion and the prediction A+
for 21/¥ obtained with population dynamics are in excellent agreement, confirming
the validity of both methods. Even though, the agreement between Apg, A™) and
21/7 obtained with the replica approach is good only if ¢ is sufficiently close to 1 /2.
As we will see shortly, this discrepancy progressively disappears when implementing
approximations with kg > 2. Since these have been developed along the lines of the
ko = 2-approximation, in the following Section we will sketch only the main steps
of the derivation of the real-space RG equations for ky > 2, and of the resulting
computation of the critical exponents.

6.2.2 Improved approximations of the real-space method

In the real-space approach developed in Section 6.2.1 a 2%0-spin HEA is approximated
by a 2F0~lspin HEA, with kg = 2. This approximation can be implemented for
larger kg and, as discussed above, it becomes asymptotically exact for kg — oco. In
order to generalize the real-space approach to ko > 2, let us consider a 2F0-spin HEA
with spins Si, ..., Sor, and Hamiltonian Hy, [g], where Hy, is obtained by iterating
the recursion equations (2.10), (5.19). Let us set C?/2.J;; = J;;, where .J;; are the
couplings defined in Eq. (2.10), (5.19).

Let us then consider a 2¥0~'-spin HEA with spins S7,.. ., Soko_1

nian H, k‘o—l[g/ |, where Hy,_1 is obtained by iterating the recursion equations (2.10),
(5.19). Let us set 02/2JZ-’]- = J;;, where J/; are the couplings defined in Eq. (2.10),
(5.19). Let us also call the M = 2F0(2% — 1)/2 couplings Jia2, J13, - - - s Toko 1 ko
Ji, -+, Ju respectively, and let us call the M’ = 2Fo—1(2k0—1 _ 1)/2 couplings

! ! / !/ ! :
‘7127 \7137 cevy j2k071_1 okg—1 jl, e 7‘7M’ reSpeCtlve]y.

and Hamilto-

According to the analysis of Section 6.2.1, for each sample of the couplings
{Ja}a we choose {J}, as a function of {J,}, in such a way that the 2k0~1-spin
HEA yields the best-possible approximation of the 2¥0-spin HEA. This procedure is
qualitatively depicted in Fig. 6.6 for kg = 3.

Since in this case the number of couplings of the 2F0~l-spin HEA is M’, we
need a set of M’ equations to determine the optimal couplings {7 }. This set of
equations ensuring that the 250~1-spin HEA approximates the 2%0-spin HEA can
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Figure 6.5. 2'/" as a function of o. The red points represent A(") computed with the

population-dynamics implementation of the real-space RG equations with ky = 2 and
48 < B < 96, kmax = 50,106 < P <2 x 107, 2 = 0.1 and initial distribution po(J) =
1/V2me=7 */2_ The brown points represent A™+) computed with the population-dynamics
implementation of the real-space RG equations with kg = 3 and 48 < B < 100, kyax =
50,4 x 10* < P < 105 2 = 0.1 and initial distribution po(J) = 1/ 2me=7"/2. The
violet points represent A(™+) computed with the population-dynamics implementation
of the real-space RG equations with ky = 4 and 48 < B < 96, kyjax = 20,5 X 103 <
P <2x10%* 2z = 0.1 and initial distribution po(J) = 1/ 2me=7 /2. For any fixed ko
one cannot compute v for too large o, because the bisection routine used to determine
the critical fixed point is unstable for large o. The blue dashed curve represents Arg
computed with the high-temperature expansion of the real-space RG equations to fourth
order in o — 1/2, see Eq. (6.21). The black dashed curve and the green dashed curve
represent 2'/¥ obtained with the replica approach presented in Chapter 5: the black
dashed curve represents the mean-field value of 2!/ for o < 2/3 given by the first line
in Eq. (5.16), while the green dashed curve represents the two-loop result (5.18) for
o > 2/3. The orange dashed curve represents the upper critical dimension o = 2/3
resulting from the replica approach and discussed in Chapter 5.

be obtained by considering M’ physical observables {0?0({ﬁ«77}7)}a:1,..., a of the
2k0_spin HEA, depending on the M couplings {J,}« and on 3 through the dimen-
sionless quantities {34 }o. Consider also M’ observables {Of. | ({8J,}4) Ya=1,.... M/
of the 2¥~!_spin HEA, depending on the couplings {7/}, and on § through the
dimensionless quantity {57, }a-

In order to build up Of and O _,, consider two real replicas S r S2 of the spins

-1 =2
of the 20-spin HEA, and two real replicas S , S of the spins of the 2¥0~1-spin HEA.
Now consider the 250~1 pairs of contiguous spins (S1, S2), (S3,54), - - -, (Soro 15 Soko)

of the 2%0-spin HEA, and the normalized overlaps between S' and S? on each of the
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Figure 6.6. Approximation of the real-space approach for ky = 3. A 23-spin HEA with

=

spins Si,-- -, Sg and Hamiltonian Hg[S] is approximated by a 22-spin HEA with spins
Si,...,S4 and Hamiltonian Hs[S'].

Q

leaves defined by these pairs

S%a—l S%a—l +S%a Sga

Q _ 2
(0% - 9 b
E N S%a—lsga—l+séasga
S1,52 2
where a = 1,...,2F0~1 and Eg g denotes the expectation value with respect

to 51, 52 with Boltzmann weight e PHro . Now consider the normalized overlaps
between S’ and S”? on each of the spins of the 2¥0~!_spin HEA

/ _ 11 Q12
Qa - SaSou

where v = 1,. .., 2k0—1,
Kadanoff’s decimation rule is implemented by imposing the correspondence

between Q, and @', Ya = 1,...,2F~1 This can be done by choosing the following
observables

Ok ({B8T}) = Eg el@iQ2],
Or, ({BT}) = Eg 5:1@1Qs3],
Okol({ﬂjv}v) - Es*l,gz [Q2k0—1—1Q2k0—1]7 (6-29)

Oko-1({BT3}5) = Egu 52[Q10Q5),
0% ({BT}y) = Ega g21Q1Q5],

Ml
Okg—l({ﬁqu}'y) = E§/17§/2 [QIQkO—l_lQ;kO—l], (6.30)
where Eg,, g denotes the expectation value with respect to S, §” with Boltzmann

weight e PHro—1 The 2%0_spin HEA can now be approximated by the 2%0~!_spin
HEA by enforcing the constraints

0%, ({BT}) = Ok, 1 (BT }) Ya = 1,... . M. (6.31)
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In what follows we assume that Eq. (6.31) can be written as

T =1/Bfa({BI5}), (6.32)

where in Eq. (6.32) we have used the fact that the right-hand side of Eq. (6.31)
depends on {J!}, through the dimensionless products {37/ }4.

Now suppose that the couplings {7, } are independent and that each of them is
distributed according to a given p(J). According to Eq. (6.32), the couplings {7 }n
are not independent, because the entangled structure of Eq. (6.32) introduces some
correlation between them. Accordingly, the joint probability distribution of {7/}, is

M’ M’ 1
pe({Ti}a) = / [H p(Ja)dTa| I] 6 (jé - ﬁfa({ﬁjw}w)> ; (6.33)
a=1 a=1

where the label C' stands for correlated. Hence, starting with a set of uncorrelated
couplings {Ja }a, after one step of the RG transformation we generate some correla-
tion between the couplings. This situation occurs in many cases where one performs
an effective reduction of the degrees of freedom of a system under reparametrization
of the length scale. Indeed, it is a quite general fact that if one starts with a set of
degrees of freedom at a given length scale L, additional degrees of freedom are gener-
ated at the length scale 2L. A typical example is the RG flow for the Ising model in
dimensions d ~ 4, where in the effective ¢*-theory one generates additional ¢%, ¢%, - - --
terms after one RG step (see [164, 165, 163, 162, 168] for a general discussion in the
approach a la Wilson and [173] for a discussion in the field-theory approach for the
Ising model). Notwithstanding this, it turns out that in the field-theory RG approach
[173] these terms are finite, i. e. non singular in 1/(4 — d), so they do not need to be
absorbed into the renormalization constants, and do not contribute to the critical
exponents. This fact is intrinsically related to the perturbative renormalizability of
the ¢*-theory [173], and implies that the RG equations can be written in closed form.

It is not easy to tell if the above correlation can be consistently neglected in this
real-space approach, and the answer to this question could be intrinsically related
to the renormalizability of the theory. In our approach we will not address this
delicate point, and we will simply get rid of the above correlation between the [7.s by
assuming that they are independent, and that each of them is distributed according
to a distribution p/'(J’) given by the average of M’ marginalized distributions, each
of which is obtained by integrating pi-({J}}a) over M’ — 1 couplings

i 1 i - AW ! ! 1t /
p(j) = MZ/[ H dj'y] pC(jla-"vjaflvj7~7a+17"'7jM’)' (6'34)
a=1

y=ly#a

By plugging Eq. (6.33) into Eq. (6.34) we obtain the RG equation relating p(J)
to p(J”)

M’ M’
ECIES o | {H pwd@] 5(7' = 305T1) . (63)
a=1 y=1
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A procedure along the lines of that presented in Section 6.2.1 can be applied to
Eq. (6.35): once a 2*-spin HEA has been approximated by a 250~1-spin HEA, one
takes two realizations of the latter and couples them to obtain a system representing
a 2kot+1_spin HEA, and iterates this procedure. In this way one obtains a sequence
p(JT) =po(T), 0" (T") = p1(T), 0" (T") = p2(TJ"), ... physically representing the RG
flow of the disorder distribution.

In the numerical implementation p(J) and p’(J’) are represented by two popu-
lations, and the RG equations (6.35) are implemented in population dynamics by
generalizing Routine 1. The numerical implementation of Eq. (6.35) shows that the
main qualitative features of the kg = 2-case stay the same here. In particular, there
is a finite value of 3, that we will call 3%, such that for 8 < SIS pp(J) converges to
the high-temperature fixed point 6(.7) as k is increased, while for 8 > B/ the width
of pr(J) is an increasing function of k, and pi(J) converges to the low-temperature
fixed point. If one iterates Eq. (6.35) with 3 = 29 the iteration converges to a
finite critical-fixed-point p.(J).

The critical fixed point p,.(J) is obtained by implementing Routine 2, and is
depicted in Fig. 6.4 as a function of J for a given o-value and kg = 3, 4.
The matrix .# ?%, linearizing the RG transformation in the neighborhood of

p+(J) is defined in the same way as in Eq. (6.28), and its eigenvalue A(™*) defined by
Eq. (I.14) yields the critical exponent v defined by Eq. (5.14) according to Eq. (I1.15).

M) for kg = 3,4 is depicted in Fig 6.5 as a function of o. Fig. 6.5 shows that
even though for ky = 2 A(™) is significantly different from the mean-field value
obtained with the replica approach, as ko is increased both A\ for kg = 3 and
M) for kg = 4 agree very well with the mean-field value obtained with the replica
approach in the whole mean-field region 1/2 < ¢ < 2/3. This is an important a
posteriori test of the whole real-space RG framework presented here. The situation
subtler in the non-mean-field region o > 2/3. In this region the e-expansion based
on the replica approach is non-predictive, because the first few orders (5.18) of the
series have a nonconvergent behavior. Still, the data of the real-space approach can
be compared to that of MC simulations [65] performed on a diluted version of the
HEA, where v is an increasing function of ¢ in the non-mean-field region o > 2/3,
which disagrees with the results of the real-space approach, Fig. 6.5.

There might be several reasons for this disagreement [36]. A first issue might be
the smallness of kg in the real-space approach: it is plausible that for larger kg the
derivative of A("*) at o = 2/3_ turns out to be negative, in agreement with the MC
results. Another issue might be that the exponent v is not universal: the exponent
v of the HEA model studied here might be different from that of the diluted version
of the HEA studied in MC simulations. Indeed, universality in non-mean-field spin
glasses has never been established rigorously [75]. On the one hand, universality
violation in finite-dimensional systems [12, 13] resulted from numerical studies done
heretofore, even though more recent analyses based on MC simulations [91] and
high-temperature expansion [51] suggest that universality holds. A third important
issue might be that the couplings correlation has been neglected in the real-space

The real-space RG
method makes
precise predictions
for the critical
exponents of the
Hierarchical
Edwards-
Anderson model,
which are in
agreement with
those of the
replica method in
the classical
region. In the
non-classical
region these
predictions cannot
be compared to
those of the
replica method.
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approach for ky > 2, see Eq. (6.34). Indeed, this couplings correlation might play a
vital role in the non-mean-field region 2/3 < o < 1, and it might yield a radically
different critical behavior of the system if one took it into account.

These issues could be investigated in some future directions of this real-space
method. For instance, it would be interesting to find a way to handle couplings
correlation in the real-space approach. One could then investigate the relevance of
this correlation in both the mean and the non-mean-field region, and compare the
resulting values of the critical exponents to those obtained with MC simulations.
Another interesting future direction would be to implement this approach in the
presence of an external magnetic field. Indeed, by analyzing the existence of a
critical fixed point one could establish whether there is a phase transition in the
non-mean-field region, which has been a hotly debated issue in the last years [89, 105],
and could give some insight into the correct picture describing the low-temperature
phase of the system [64]. Finally, it would be interesting to implement the present
approach for more realistic spin-glass systems, like the three-dimensional EA model.
Indeed, a simple analysis shows that this method can be easily generalized to models
with short-range interactions built on a finite-dimensional hypercube.
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This thesis has investigated the implementation of renormalization-group (RG)
techniques in finite-dimensional glassy systems, in order to shed light on the critical
behavior of spin and structural glasses beyond mean field. In finite dimensions
the existence of a phase transition in structural glasses is not well-established, and
the structure of the low-temperature phase for both spin and structural glasses is
fundamentally unknown and controversial. Since Wilson’s RG equations emerge in a
natural and simple way in ferromagnetic spin models with a hierarchical interaction
structure, in this work we considered two finite-dimensional models of spin and
structural glasses built on Dyson’s hierarchical lattice [57].

After giving a brief introduction on spin and structural glasses in Part I, in Part 11
we focused on a structural-glass model built on a hierarchical lattice, the Hierarchical
Random Energy Model (HREM) [33, 32]. In this study, we showed the first evidence
of a non-mean-field model of a supercooled liquid undergoing a Kauzmann phase
transition. On the one hand, the features of the phase transition are different from
the mean-field case [53]. The free energy is found to be nonanalytical at the critical
point, and our study of the correlation length of the system in the critical region
shows that the data is consistent with the existence of a diverging correlation length.
On the other hand, by investigating the properties of the low-temperature phase we
showed that the free energy has a one-step replica-symmetry-breaking (RSB) saddle
point in the low-temperature phase, describing a fragmentation of the free-energy
landscape into disconnected components.

A first future direction of this work would be to generalize it to more realistic
models, like 1-RSB models with p-spin interactions and p > 3, which have an
entropy-crisis transition in the mean-field case: it would be interesting to build up a
non-mean-field version of these models on a hierarchical lattice, and to implement
a suitable generalization of the RG techniques used for the HREM to study their
critical behavior. A second future direction would be to study the dynamics of the
HREM and of these hierarchical 1-RSB models. In particular, 1-RSB models have a
dynamical phase transition in the mean-field case mimicking the dynamical arrest in
glass-formers at the glass-transition temperature predicted by the Mode Coupling
Theory. If one could check whether this transition persists or is smeared out in such
hierarchical counterparts of mean-field 1-RSB models, one could test directly some
of the building blocks of the Random First Order Transition Theory.

In Part III we presented the study of a spin-glass model built on a hierarchical
lattice, the Hierarchical Edwards-Anderson Model (HEA). Differently from the
HREM, in the HEA the spins are not mere labels for the energy variables, but they
are physical degrees of freedom. This fact allowed for an implementation of a RG
decimation protocol, which has been implemented with two different approaches.
The first approach is based on the replica method [34, 35], while the second one does
not rely on the replica formalism, but on a real-space picture [36].
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In the replica RG approach the infrared (IR) limit of the theory has been taken
with two different methods, and both of them yield the same two-loop prediction for
the e-expansion of the critical exponents. This shows that the IR limit of the theory
is well defined, and suggests the existence of a diverging correlation length in the
system. Unfortunately, this approach makes predictions for the critical exponents
only in the classical region, i. e. in the parameter region where the mean-field
approximation is exact. In the non-classical region the two-loop e-expansion has
a nonconvergent behavior, in such a way that no conclusion can be drawn on the
actual values of the critical exponents.

In the real-space RG approach a generalization of Kadanoff’s block-spin decima-
tion is implemented in spin glasses, and the resulting RG equations are worked out
by means of a series of approximation steps. These equations have been solved by
means of the high-temperature expansion and of the population-dynamics method,
yielding consistent results. Similarly to the replica RG method, the real-space
approach shows that a phase transition occurs in the HEA and that the correlation
length diverges at the critical point. At variance with the replica RG method, this
method makes precise predictions for the critical exponents in both the classical
region, where the critical exponents are in excellent agreement with those of the
replica method, and in the non-classical region. The real-space predictions in this
region are in disagreement with Monte Carlo (MC) simulations done for a diluted
version of the HEA. There might be several possible reasons for this disagreement:
the discrepancy should disappear if better approximation steps were considered in
the real-space approach, or the critical exponents of the HEA model defined here
might be different from those of the diluted HEA, i. e. universality might be violated.

There are several future directions for the replica and for the real-space approach.
As far as the replica approach is concerned, the two-loop calculation that we have
done here is a base of departure for an automated computation of the e-expansion
for the critical exponents. Despite its highly technical nature, the calculation of
high orders of the e-series would clarify whether the e-expansion can be resummed
and made convergent, and so whether the non-mean-field physics of the system can
be considered as a small perturbation of the mean-field one. As far as the real-
space approach is concerned, it would be interesting to improve the approximation
scheme to check whether the disagreement with MC simulations disappears. If the
disagreement does not disappear, one could test the universality of the exponents by
checking directly whether the critical indices stay the same when changing the details
of the quenched-disorder probability distribution. Moreover, in order to shed light
on the structure of the low-temperature phase, it would be interesting to implement
the real-space method in the presence of an external magnetic field and to verify the
existence of a phase transition in the non-classical region, by searching for a critical
fixed point of the RG equations. Indeed, the existence of a phase transition in a
field is one of the fundamental elements discriminating between the RSB and the
droplet picture for finite-dimensional spin glasses, and it would shed light on the
features of the low-temperature phase of these systems.



Appendix A

Properties of Dyson’s
Hierarchical Model

A.1 Derivation of Eq. (2.5)

Let us derive Eq. (2.5) first. We start from the definition (2.4), omit any m-
independent multiplicative constant to simplify the notation, and we have

— = K 2
Z e—ﬁ(H;f[Sﬂ-f-H,f,l[52})+5JC§+1 (leﬂ Z?:l Si) %

—

S
1 2k+1 1 2k:
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. 2k+1
x Z e—ﬁHkp[Sz](g (211C Z S; — mg)]

L §2 i=2k4+1

where we set S; = {S1,...,2u},5; = {Sok 415+, 29k+1}, in the first line we used Eq.
(2.1) and multiplied by a factor equal to one, and in the third line we used the fact
that the quantities in square brackets in the second line are equal to pg(m1), px(m2)
because of the definition (2.4). By changing the variables of integration, Eq. (A.1)
leads to Eq. (2.5).
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A.2 Structure of the fixed points of Eq. (2.7)

Taking H{'[S] = 0, the Hamiltonian H}’ [g] has +5 symmetry, and thus according to
Eqgs. (2.4), (2.6), pi(m) is an even function of m. Hence, the simplest approximation
is to assume that it is a Gaussian

F,2

pr(m) =e "™, (A.2)

by neglecting higher powers of m in the exponential. Non-Gaussian terms will be
later added in the argument of the exponential of Eq. (A.2). For the integral of
pr(m) with respect to m to be finite, we have rf > 0.

By plugging Eq. (A.2) into Eq. (2.7), we obtain a recursion equation for i’

2rf
i1 = CT]? —BJ. (A.3)

Eq. (A.3) can be solved explicitly, and yields

2 \* J J
T£:<CF> (rg—zﬁ_1>+2ﬁ_1. (A4)

It follows that if § = . F, with

Ber =18 /I(2/Cr — 1), (A.5)

r,f has a finite limit r, = rg for £k — oo. This fixed point will be called the critical
fixed point. The critical fixed point is unstable, because any small deviation of 3
from B.r would let r,f flow away from ! towards another fixed point, as one can
see from Eq. (A4). If 8 < . or 5 > B.F, this attractive fixed point is called
the high or low-temperature fixed point respectively. According to Eq. (A.5), the
critical temperature depends on the value r{" at the initial step of the iteration,
i. e. at microscopic length scales 2¥ ~ 1. This fact is in agreement with the very
general picture occurring in ferromagnetic systems like the Ising model [163], where
the critical temperature is not universal, because it depends on the microscopic
properties of the lattice, like the nearest-neighbor couplings between spins.

Another important feature of the solution of Eq. (A.3) is the following. Take
B < Ber and k> 1. According to Eqs. (2.6), (A.2) and (A.4), one has

pr(m) = exp [—2]“ <7’g — QBJ ) mzl . (A.6)

Cr

Eq. (A.6) shows that for large k the variable m = 1/2* 3; S; is distributed
according to a Gaussian distribution with variance proportional to 1/2%. This is the
result that one could have guessed with the central limit theorem, supposing the
spins S; to be independent. Now take 5 = . p. According to Egs. (2.6), (A.2) and
to the fact that ri = r, Vk, for large k one has

pr(m) = e~ CEm’, (A7)
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Eq. (A.7) shows that the distribution of m is still Gaussian, but its variance is
proportional to 1/ C’I'ii, while supposing the spins to be independent by means of the
central limit theorem, one would predict the variance to be proportional to 1/2*.
The physical interpretation of these facts resulting from Egs. (A.6), (A.7) is the
following. For 8 < . spins can be considered as independent, and so m has the
k-dependence predicted by the central limit theorem. On the contrary, at the critical
point strong correlations are developed, resulting in a collective behavior of spins
which cannot be considered as independent anymore, and yielding a magnetization m
with a k-dependence different from that predicted with the independence hypothesis.

Let us now seek for a more accurate approximation of pg, by adding a quartic
term in the exponential in the right-hand side of Eq. (A.2)

pk(m) _ e—(rfm2+w£m4)’ (AS)

where for the integral of pi(m) with respect to m to be finite, one has wi > 0.

In the following we will suppose that the non-Gaussian term fw,f is small for
every k, i. e. that an expansion in powers of w,f is meaningful. Practically speaking,
this is equivalent to supposing that the above qualitative picture resulting from the
Gaussian ansatz (A.2) is slightly modified from the introduction of non-Gaussian
terms in Eq. (A.8). The correctness of this assumption will be tested a posteriori
by checking if the resulting perturbative series for physical quantities is convergent,
or if it can be made convergent with some suitable resummation technique [173].

Plugging Eq. (A.8) into Eq. (2.7) and developing in powers of w’, one has

27‘F

k .02 2
pk+1(m) — e oy m +B8Jm {1_

1
128CH(rE)4

w£+

1 54 8m2rf (3CF + 2m?rl)
ST o7

+ [105CE + 720C%rF m? + 1824C2(rF)2m* +

+768CE(rE )3m® + 256 (rf ) Am®](wi)? + O((wf )3)}. (A.9)

The right-hand side of Eq. (A.9) does not have the same form as the ansatz
(A.8). Notwithstanding this, one can rewrite the term in braces in the right-hand
side of Eq. (A.9) as an exponential up to order (wf )2, and obtain

2rf; F F\2|, 2
— |2k _pgyg -
Prr1(m) exp{ lc BJ + Cr ;fwk QCF(T£)3(wk) m- +
B S . S o P AR (A.10)
CF " G Dy |
Comparing Eq. (A.10) to Eq. (A.8), one has

orF
il = s - B+ %ﬁwf - W(w}:ﬁ +O((wy)?), (A.11)
wl = Gl — ol + 0wl ),
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The second line of Eq. (A.11) can be rewritten as

2 9
Why1 — W), = (C% - 1) wi — W(wif)Q +O((wf))?).
If follows that op < 3/4 implies 2/C% < 1, and so wi, ;| S wf . Hence, for 0 < 3/4
w,f — 0 for k — oo, and any fixed point is Gaussian, while for o > 3/4 a non-
Gaussian fixed point arises for k — oo. Historically, the analysis of Gaussian fixed
points of Eq. (2.6) was first done in [20, 22, 21], while non-Gaussian fixed points have
been studied first in [24], and their analysis was later developed in [46, 45, 44, 80].
According to the above assumption that an expansion in powers of w,f is meaningful,
the structure of the fixed points of Eq. (2.7) discussed in the Gaussian case must

still hold. Let us set 3
€F=0F (A.12)

and show this explicitly in Fig. A.1, where a parametric plot of (rf,wi) as a
function of k is depicted for three different temperatures T' < T.p,T > T.r and
T ~ T.p for a given ep and J-value, with ez > 0. The Figure shows the ex-
istence of two attractive fixed points, the high-temperature fixed point and the
low-temperature fixed point, and of an unstable critical fixed point separating
them, as illustrated in the Gaussian case. Given an initial condition, the parameters

r,f , w,f converge to the critical fixed point only if 8 is equal to its critical value S, p.

Let us now focus on the critical fixed point. This is obtained by setting 5 = .
and by requiring that T,i_l =rf =7 w,fﬂ =w} =wl in Eq. (A.11)

Tf = BCFJ"*'C FwF 2CF(Tf) ( ) +O(( ) )7
wf = éwf—ﬁ( wh)? 4 O((wF ).

(A.13)

If w! is nonzero, one can divide the second equality of Eq. (A.13) by w!’, and get
2 9

1-— = O 2). A.14
&7 = G oUW (A14)
Since w!” must be positive, we have 1 —2/C% < 0,i. e. e > 0. As anticipated above,

a non-Gaussian critical fixed point wl” # 0 exists only if ez > 0, and according to
q. (A.14) it is proportional to ex. Accordingly, if ep < 0 one has wl = 0.

A.3 Calculation of vr

The critical exponent vy can be calculated [163] by linearizing Eq. (A.13) in the
neighborhood of the critical fixed point 7" wf". Let us introduce the 2 x 2 matrix

F F
p_ Oy i)
Mi; = 5(1F wF . (A.15)
(rk » W ) rE=rF wl=wl
One can show [163], that the critical exponent v is related to the largest eigenvalue

AF of %F
log 2

logAp
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/}J'<
0.01 (g, wl) % .
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Figure A.1. Parametric plot of (r},w}') as a function of k with ez = 0.01,.J = 1. The black
points represent (1", wf’) for increasing k from top to bottom, with 7' < T, . The blue
points represent (7, w’) for increasing k from left to right, with T > T, . The red points
represent (1",€J , w,f ) for increasing k from top to bottom: here T has been dynamically
adjusted as follows at each step k. At the step k = 0 of the iteration we consider two
initial values of the temperature T,, g, Th p such that T,, p < To p < Ths p. Then, we
iterate the following procedure. We choose T’ = (T, p+ 7T r)/2 and compute 7, |, wf |
as a function of r}, wf with Egs. (A.11). If r,i_l > rf", we are in the high-temperature
phase, and thus we lower the upper bound on T by setting Tapy r — (T r + T r)/2,
otherwise we are in the low-temperature phase, and we raise the lower bound by
setting T g — (Tinr + Ty r)/2. Then we set k& — k 4+ 1 and repeat. By iterating
this procedure many times, we obtain an estimate of the critical temperature T, p by
successive bisections of the interval [Ty, 7, Tas r], and we also obtain an estimate of the
critical fixed point I, wf’, which is depicted in the Figure. This bisection procedure is
analog to the bisection Routine 2, illustrated in Section 6.2.1.2 for the RG approach in
real space.

If ep <0,onehasrl = B.pJ/(2/Cr—1),wl =0. .#% can be directly computed
from Eq. (A.11), and one has
Ap = 2%r~L (A.17)

Even though Eq. (A.17) has been derived by using the approximate ansatz (A.8),
one can show that any ansatz including m%, m?®, - - - -terms in pi(m) would lead to
Eq. (A.17). Hence, Eq. (A.17) is exact.

If e > 0, the critical fixed point 7, w" can be computed perturbatively as a
power series in e by observing from Eq. (A.14) that w! = O(ef), and by expanding
the left and the right-hand side of Eq. (A.13) in powers of ep. The result is

10

rf = (1—1—\@)501«]—3(4+3\/§)ﬁcleog2-ep+O(62F),

wf = 2(3 + VD) (Bor )2 log 2 - e + O(2). (A18)
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Using Egs. (A.15), (A.11), (A.18), one has
2
Ap =2 (1 +3log2-er+ o@)) : (A.19)

Differently from Eq. (A.17), Eq. (A.19) is not exact, because it is the first order of
a series in €p.



Appendix B

Calculation of ¢

In order to calculate ¢, let us consider Eq. (3.6) for C' = 0. One has

2 2k n
ELZIAGT) = Y e izzésa,i,sb,i) (B.1)

{Sa}a:1 ,,,,, n i=1 a’bzl

{Sa}a:I ,,,,, n i=1a,b=1
— oy e EE S s, :
- exp | 5 2 D SaiShi | [1+0(n?)]
{S:a}azl,m,n i=1a,b=1
x sy
; g 4w | & Pai
{Sa}ta=1,..,n L i=1 \a=1
2k o "
N 2 1l \/z/ dz; exp (‘25”@2 + By Sa,i)
{§a}a:1 ,,,,, n =1 *° a=1

2 2 [ —2z} cosh(Bx;)]"
— 121_[1\/;/—00 dz;e "7 [2 cosh(Bz;)] k
- {\/z/_o:o dae 2" [1 + nlog[2 cosh(Bx)] + O(nQ)} }2

= 1+ n2k\/7/ dze %’ log [2 cosh(B2)] + O(n?).
T J—00

In the second line of Eq. (B.1) we write explicitly dg, s, , in terms of the
spins. In the third line we observe that the first addend in the exponential is O(n?),
and so we don’t have to calculate it because, according to Eq. (3.5), in order to
compute f we need only the terms in E.[Z[T, {€}|"] that are linear in n. In the
fifth line we write the exponential in terms of a Gaussian integral, according to the
Hubbard-Stratonovich transformation [173]. In the sixth line we sum over the spins.
The expression obtained in the sixth line is an explicit function of n, in such a way
that in the seventh and eighth line we develop such an expression in powers of n up
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to linear terms.
Plugging Eq. (B.1) in Eq. (3.5) and using Eq. (3.7), one has
1 /2 [
oo(T) = —= —/ dze 2" log [2 cosh(fz)].
BV ) oo

This calculation has been automated with a symbolic manipulation program
[170], and the coefficients ¢;(T") have been computed for 0 < i < 10.



Appendix C

Calculation of T,

From the last line of Eq. (4.6) with C = 0, one has

2 28 n om
Tm,O(T) = h{}% Z exp %Z Z 65’(1’1.,31772.) H5sl,i,52,i (Cl)
" Sabamtm i=1 a,b=1 i=1
- grE & 1+Smsbl
= )iy B >, e ZZ > H(SS“S%
{Sa}a=1,....n i=1a,b=1
52 2k n
= T]i% > exp 3 >y SMSM) 11 651,501 + O(n?)]
{ga}a 1,...,n i=1a,b=1
82 2k n 27 gm
- 1%5% Z eXp Z (Z ) ] H(;Sl,i,SZi
{S‘a}azl,m, L i=1 = i=1
ok
- ,%13%) B Z [ \/7/ diﬁzeXP< 217 +anlzsm>
{Sa}azl ,,,,, i=1
om
X H 551,1‘752,2'
i=1

= rlzl—%{ [ \/7/ da:zexp< 21‘ +6$zzsaz>]
{S{J. n

=1

2m
H 551,1',5'2,1'} X
=1

X{{Sa}n [ WH[/ dxmxp( 207 +ﬂxZZSM>]}
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27”
= %12%{ l \/7/ dxlexp< 290 +B;rZZSM>]
{Se3n_,

X H 531 )59 Z}

{Z 21:n[+1\/7/ dx;e” QCosh(ﬁxl)] }
— }Lg% ) [H\/>/ da;zexp< 222 —i—Ba:ZZSm)]

{Stta=
2m
X H 551,i,52,i [1+O(n)]
=1
= 711% Z H \/7/ dl‘z eXp 2:15 + sz(232 i+ Sd ) U Sn,i)}
{Sa}n :

) 2 [ _9y2  2cosh(20x;)
-l
Fay { z:l—[l P [2 cosh(Bz;)]>—™ }

B \/7 dpe—27" 2cosh(28z) o

B / [2 cosh(Bx)]2
In the second line of Eq. (C.1) we write explicitly 08, .,5,, in terms of the spins. In
the third line we observe that the first addend in the exponential is O(n?), and so we
don’t have to compute it in the limit n — 0. In the fifth line we write the exponential
in terms of a Gaussian integral, according to the Hubbard-Stratonovich transfor-
mation [173] In the sixth line we split the sum over the spins into a sum involving
spins SI = Sq1, - ,Sa2m, and a sum involving spins S% = Sgom41, - ,Sa72k. In
the seventh line we explicitly calculate the latter sum, and in the eighth line we
observe that this is given by 1+ O(n). In the ninth line we drop the O(n) terms,
and sum over 5}, while in the tenth line we sum over the remaining spins. The

expression obtained in the tenth line is an explicit function of n, in such a way that
in the last line the limit n — 0 can be taken.

This calculation has been automated with a symbolic manipulation program
[170], and the coefficients Y, ;(T") have been computed for 0 < i < 9.



Appendix D

Derivation of the recurrence
equations (5.9)

Plugging Eq. (5.8) into Eq. (5.5), one finds

Tk— 2 Wi —
@k[Q] = €xp {_ [(254 - - i) TT[QQ] + 23561TY[Q3]‘|} X (Dl)

< [ (Pl exp =511 [P. Q).
2Tk_1
oL,

The integral in Eq. (D.1) is Gaussian, and thus it can be calculated exactly by
using standard formulas [173]. Indeed, defining VYa > b the index A = (a,b), the
n(n — 1)/2 integration variables {Pyp}a<p=1,. n can be labeled with the index A:

{PabYa<b=1,...n = {Pa}a=1,. nn-1)/2- In order to compute the Gaussian integral in
Eq. (D.1), we observe that

2wy—q
6

Se_1[P,Q] = Tr[P?] + Tr[QP?).

9?Sk_1[P,Q] _ 8rp_ 4wy
aPaoby o oAt —ge MaslQl,
where
Mab,cd[Q] = Nab,cd[Q] + Nab,dc[Q]v (DQ)
Napcdl@Q] = 0beQda + 0acQap- (D.3)

Calculating the Gaussian integral, Eq. (D.1) becomes

240Q = exp{—KZ’"’“‘l—ﬁz) Tr[Q2]+2;Uéngr[Q3]Hx

Jaet (Mo + M ania))| (D.4)

where in Eq. (D.4) and in the following, @-independent multiplicative constants are
omitted.

Supposing that wy is small for every k, the determinant in the right-hand side
of Eq. (D.4) can now be expanded in powers of wy_j. Calling Tr the trace over
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A-type indices, we use the relation log det = Trlog for the matrix in round brackets
in Eq. (D.4)

{det (825415/13 + 4Ug61MAB[Q])] e (D.5)
1 _ 1 1)
exp{ -3 [Mﬁ%@ﬂ -3 (get) mhriar)+

Wi 3
% (202“;;_1) Tr[M[QJ] + 0<wé_1>] }

By using the definitions (D.2) and (D.3), one has Tr[M[Q]] = 0. Then, by using
Egs. (D.2), (D.3), one has

Te(M[Q)"] = > M[QlapM[Q]pa
AB

= Z (Nab,cd[Q] + Nab,dC[Q]) (ch,ab[Q] + ch,ba[Q])
a>b,c>d

= Z Nab,cd {Q]ch,ab [Q]
a#b,c£d

= Z (5chda + 5achb)(5dach + 5cade)
a#b,c£d

= Z 5cangd
atbertd
= Z(l — gp) (1 — 5cd)5can2)d

abed

= (n—-2)) Q%
ab
= (n—2)Tr[Q?). (D.6)

In the second line of Eq. (D.6) we write the sum over the indices A, B, ... in
terms of a sum over the replica indices a, b, . ... In the third line we use the symmetry
of Ngp cd|@] with respect to a <+ b and rewrite the sum over a > b, ¢ > d in terms
of a sum with a # b, ¢ # d. In the fifth line we find out that only one of the terms
stemming from the product (9pcQaq + dac®db)(ddaQbe + 6ca@pa) does not vanish,
because of the constraints a # b, ¢ # d, Quqe = 0 (see Eq. (5.2)), and because of the
Kronecker ds in the sum. Once we are left with the nonvanishing term, in the sixth
line we write explicitly the sum over a # b, ¢ # d in terms of an unconstrained sum
over a,b,c,d by adding the constraints (1 — d4p)(1 — d¢cq). In the seventh line we
calculate explicitly the sum over the replica indices, and write everything in terms
of the replica invariant I§2) [Q] = Tr[Q?] (see Table E.1).

By following the steps shown Eq. (D.6), all the other tensorial operations can be
done. In particular, one finds

Te[M[QP] = (n—2)Tx[Q’]. (D.7)
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By plugging Eqs. (D.6), (D.7) into Eq. (D.5), and then substituting Eq. (D.5)
into the recursion relation (D.4), one finds

TEL_ 2 n — Wk — 2
7@l = eXp{ - [(2541 - % T - (20‘2;_1) )Tr[QQ] + (D8)

1 [ 2wi_q n—2 WE—1 3 3 4
+3< 6 T (2027"k—1> >Tr[Q |+ O(wi_4)

Comparing Eq. (D.8) to the ansatz (5.8) for &, one finds the recursion relations
(5.9) for the coefficients r, wy.







Appendix E

Results of the two-loop RG
calculation a la Wilson

Here we sketch the results of the perturbative calculation to the order wz mentioned

in Section 5.1. The invariants I )[Q] yielding Z[Q)] as a fifth-degree polynomial in
Q@ are given in Table E.1.

The recurrence RG equation (5. 5) relating Z,_1(Q] to Z[Q)] yields a set of

equations relating the coefficients {cl ,)c 1} to {cl( ,1}] ;. After a quite involved

calculation, one finds that these are

2 3 2 4
g s Vo
Lk — 7 2
¢ 4 4 2072 g)k 1 80405,271
4 4 4
s [ om0 Ay
O T R o) @
2C €1 k-1 8C ik 8C*c; 1
+0 ((%-)°) (E.1)

Table E.1. Invariants generated to the order p = 5. In each line of the table we show the
invariants Il(j ) Q,..., L(ij) [Q] from left to right.

j 1[Q)

2 Tr[Q?]

3 Tr[Q3]

4 Tr[QY] Tr[Q?)? Y are QuQpe > ab Qap

5 Tr[Q°] Tr[QTr([Q%]  Yoped Qup@bcQudQcd X ape QopQacQbe
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3 3 3 5
3 _ 20%,)k71+n_2 Cg,acfl 3”65,)1671
v e ) e
(5) 95

C
+(n+3) 2, k—1 3, k—1
2008, 2006¢7)_,
04(152 1
200670522 1 [12+n(n—1)] +
3 4 4 4
ey [= Dl | 2,
2 2 2 2
4C8e?) | 204 o, 2000
3
+0 ((e)-0)7) (E-2)
(4) (3) 4
2c c
(4) Lk—=1 7 1,k—1 (3) 6
€y = T 5 ( 5 ) +0((77%_1)")» (E.3)
¢ 2 2(;'20(1,3&—1 ( )
(4) (3) 4
2c 3 c
(4) 2, k—1 1,k—1 (3)  \6
Cok = 8 o ( 2 ) + 0 ((Cl,k—l) ) ) (E.4)
¢ 2 202‘35.,)1%1
(4) (3) 1
2c c
(4) 3, k—1 1,k—1 (3) 6
& = L ( . ) +0 ((¢%_)°). (E.5)
C 2C20§7),€71
(4) 0514)14 1 Cgs)k 1 ' ( (3) )
g v g v 6
Cor = g T4 2 +0 (Cl,k—l) ) (E.6)
¢ 20208%1
(5) (3) 5
2c c
(5) 1,k-1 , n+6 1,k—1 (3) 7
Clp = + O ((e1%1)") s (E.7)
1,k 10 9 (20205?34:—1) ( 1,k—1 )
(5) 3) 2
2c c
(5) 2,k—1 1,k—1 (3) 7
o = T 40 ( 5 ) + 0 (Cl,k—l) ) (E.8)
C 20205,39—1 ( )
(5) C§5)k 1 ﬂc 1 i (3)
g v y v 7
Gk = —gio T30 +0 (%)) (E.9)
2C C1 k-1

(5) ) 5
2c
By 4, k—1 Jk—1 (3) \7
k= gt (2(]%&2 ) +0 (%, )7). (E.10)



Appendix F

One-loop RG calculation in the
field-theory approach

In this Appendix we present the computation of the RG functions Z;, Z2 to order g2.

In the bare theory, 1PI correlation functions are defined by the action (5.23), and
they can be obtained as the derivative of the bare 1PI generating functional I'[Q]
with respect to Q; qp. Similarly, the renormalized 1PI correlation functions are the
derivatives with respect to Q of the generating functional I',[Q] of the renormalized
theory, which depends on the renormalized parameters m,, g,. Accordingly, I',[Q]
can be expanded in powers of g, by means of the loop expansion

2k_1 3¢
1 m;

Q= 5 X AYTQQ)]) + 3!9rzTr[Q§](zg+ (F.1)

i,j=0

n—2

+

_6e
my” f793> +0(97)-
The Feynman diagram .#7 is depicted in Fig. 5.1, and is equal to
1% 1

f? = ok 3- (F2)
205 (mr +om + \p|§“‘1)

It is easy to show that .#; has a finite limit for £ — oo. Indeed, the propagator
(5.24) in the sum in the right-hand side of Eq. (F.2) depends on p through its dyadic
norm. Hence, the sum over p in the right-hand side of Eq. (F.2) can be easily
transformed into a sum over all the possible values of |p|2. In order to do so, we
recall [139] that the number of integers 0 < p < 2% — 1 which satisfy |p|y = 277
is given by 277t*~1 This number is the volume of a shell in a space of integer
numbers p, where the distance between two integers p1, p2 is given by the dyadic
norm |p; — p2|e. Hence, Eq. (C.1) becomes

k—1
» 1
7 — 9—i-1 F.3
! jgo [m, + om + 2—]'(20—1)]3 (£:3)

1
[my +om + 2*1(20*1)]3’

k—

00 —i-1

= § 277
7=0
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where in the second line of Eq. (F.3) the k — oo limit has been taken, because the
sum in the first line is convergent in this limit. One can also show that ém = O(g?),
and thus rewrite (F.3) as

Iy = Z 9—J-1
=0

2
[m, +2-920-1]° +Olor). (F4)

Looking at Eq. (F.4), we observe that .#; is divergent for m, — 0. In particular, the
smaller m,., the larger the values of j dominating the sum. It follows that in the IR
limit m, — 0 the sum in the right-hand side of Eq. (F.4) can be approximated by
an integral, because in the region j > 1 dominating the sum the integrand function
is almost constant in the interval [j, j + 1]. Setting ¢ = 277, for m, — 0 we have
—qlog2dj = dgq, and

1 /1 dq
2log2 Jo [m, + ¢*—1]

Ge 1
o—1 m
2 /0
Ge
o—

) 20—-1
T
2log

Sy =

3+ O(gf)

dx
(1 + z20-1)°

m

+0(g})

my 227 oo dz
_ T O(g? F.5
2log2/o (15 a2y oW, (£-5)

where in the last line of Eq. (F.5) the m, — 0-limit has been taken. By considering
the asymptotic behavior for £ — oo of the integrand function in the last line of Eq.
(F.5), one finds that its integral is convergent for € > 0 and divergent for € < 0, in
such a way that it has a singularity for € — 0. Its e-divergent part can be easily
evaluated

6e

Sy = mrzolr(3+ ! )r<1+ ! )+O(2)
T T 4log2 1- 20 1- 20 Ir

+0.1)] + o)), (F.6)

20—1

- {12610g2

where I' is the Euler’s Gamma function, and in the second line of Eq. (F.6) we

developed the right-hand side in the first line in powers of € around € = 0, where

O¢(1) denotes terms which stay finite as € — 0.

We now plug Eq. (F.6) into Eq. (F.1), and require that I',[Q], the generating

functional of the renormalized theory, is finite, i. e. that it has no terms singular in

€. Accordingly, we require that the e-singular part of .#7 is canceled by Z,: this is

the minimal subtraction scheme. Taking n = 0, this subtraction implies that
Zg=1

2 4
+——qg°+0 g, ). F.
1861 297‘ ( T) ( 7)

A very similar calculation can be done by considering the generating functional
I'[Q, K], whose derivatives with respect to Q; o and Kj yield 1PI correlation
functions with Q; 4 and Tr[Q?]—insertions, and by introducing the corresponding



109

functional of the renormalized theory I',[Q, K]. By requiring that I',[Q, K] is finite,
we obtain

1
Zop=14+—g?2+0(qg}). F.
Q2 +24610g29r+ (9;) (F.8)

Egs. (F.7), (F.8) are the one-loop renormalization constants Z,, Ze.






Appendix G

Computation of the observables

6.7 in Dyson’s Hierarchical
Model

In order to compute the observables (6.7), it is convenient to introduce for any
k a discrete magnetization variable u taking 2F + 1 possible values {—1,—1 +
2/2F ... 0,---,1—2/2F 1}, and its probability distribution

Yge Sl (L5, S = p)
Zy, ’

(1) (G.1)

where

Zy = ZefﬁHlf[g],
S

and § denotes the Kronecker delta. Eq. (2.1) implies [57] that 7, (p) satisfies a
recursion equation analogous to Eq. (2.5)

k+1 +
M) = Y mum(u)s (M2 =) (@)
1,042

where a p-independent multiplicative constant has been omitted in the right-hand
side of Eq. (G.2).

Given (J, the recursion equation (G.2) can be iterated numerically kg — 1 times
in 20 operations. Once 7y, (1) is known, the observable O,i) (B8J) can be easily
computed. Indeed, according to Egs. (6.7), (6.4), we have

or ) - Fl(= XET 8) (= X1 8|
| Bs | (e S5

(G.3)
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112 Model

The numerator of Eq. (G.3) is

2k071 2k0
1 1
=1 i=2k0—141
120

2
1 . .
- g S | n (LS8 ik (s |
3
S

=1
1 2k0—1 1 2k0
Mg 2 S| lgmr 22 S x
=1

i=2k0—141
1 2]@071 1 2k0
X2 oko—1 2 Si=pm )9 oko—1 Y. Si=m
B2 i=1 i=2F0—141
Z2 _ ko (m1t+po )2
= ‘ol Z IO (52) 12Ty —1 (1) Tho—1(p2), (G.4)

Zko 15142

where S1 = {S1,- -+, Sgro—1}, 52 = {Sgrg—141, -+, ok }, and in the first line of Eq.
(G.4) we used the recurrence relation (2.1), and we multiplied by a factor equal to
one, while in the second line we used the definition (G.1). By following the same
steps as in Eq. (G.4), the denominator in Eq. (G.3) is

1 2l Zizo—l BJCko (“1+—“2)2 2
Eg || grmr 2o Si| | = 20 ¢ U pdmig o () mrg—1 (1n2).
=1 ko 1,42

(G.5)
By dividing Eq. (G.4) by Eq. (G.5), the multiplicative constants cancel out, and we
are left with

H1tH2

ﬂJCI@O( ! )2
O]i)(ﬁa]) o Zﬂlvﬂg € /’I/LU/Q’]Tk:o—l(,Uzl)ﬂ'kO_l(M2)

JOko (m1tug)?
S @7 T2 2 )1 (12)

. (G.6)

The right-hand side of Eq. (G.6) can be computed in 2k0 operations.



Appendix H

Solution of the real-space RG
equations with the
high-temperature expansion

In this Appendix we show how the RG equations (6.20) can be solved with a sys-
tematic expansion in powers of 3, by illustrating an explicit example where this
expansion is performed up to order 5.

Expanding in powers of 3 the arctanh term in the right-hand side of Eq. (6.20)
we have
mh = Gmy+ G (o) + G Bma)” — G
R K (H.1)
! %(mg)Q + %m4.

An important feature of Eq. (H.1) is that it reproduces the fact that for o < 1/2
the thermodynamic limit is ill-defined, as we discussed in Part III, Eq. (4.12). In
order to see this, let us look at the first line of Eq. (H.1). The first addend in the
right-hand side is the O(3?)-term resulting from the 3-expansion of the term in square
brackets in the right-hand side of Eq. (6.20), while the other addends are O(3*)-
terms. Keeping only the first term and using Eq. (2.13), we have m} = 21727my
. Accordingly, if 0 < 1/2 we have mf > maq, i. e. the variance of the coupling J
increases at each RG step, in such a way that in the thermodynamic limit & — oo
the interaction energy diverges, and the model is ill-defined. On the other hand, Eq.
(H.1) does not reproduce the condition o < 1. This fact will emerge also in the nu-
merical solution of the RG equations (6.19), and it will be discussed in Section 6.2.1.1.

Eq. (H.1) is formally analogous to Eq. (A.11) for DHM, and to Eq. (5.9),
(E.1), (E.2) for the HEA. Accordingly, it is easy to see that Eq. (H.1) has a stable
high-temperature fixed point ms = my4 = 0, and a stable low-temperature fixed
point mo = my4 = co. These fixed points are separated by an unstable critical fixed
point mg = m3, mg = mj. By iterating k times Eq. (H.1) we generate the sequence
mak, M4k, and we depict the flow {mgoy, myy}r in Fig. H.1 for different values of the
temperature. Fig. H.1 shows that there is a value of the temperature TCRS such that
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for T = TFS {mqyy, myr}r converges to m3, m}, while for T = TS {myy, mys s
converges to the high or low-temperature fixed point respectively.

0.1 | E
0.01 | i
2
<t
g
x
0.001 x%
. = v E
X
& T<TRS [
K T>TRS %
T~TF
00001 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3

Figure H.1. Parametric plot of (mgg, mqy) as a function of k with o = 0.6. The black
points represent (ms g, myy) for increasing k from left to right, with 7' < 7%, The blue
points represent (mgy,myy) for increasing k from top to bottom, with 7' > T*%. The
red points represent (mgy, myy) for increasing k from top to bottom: here T has been
dynamically adjusted to 725 at each step k with the same procedure as that described
in the Caption of Fig A.1 for DHM.

We now use the same procedure as that illustrated in Section A.2 to calculate
m3, mj, by taking 8 = 875 in such a way that Eq. (H.1) has a nontrivial fixed point

me =ml, =m}
y 4, 4 " 8 " 8 *
{ my = %gnz + %(5§S)Q(m2)2 + S (B892 (m3)? — §1(BF5)?mj, (H.2)
my = %(mgf + %mj‘l.
The second line in Eq. (H.2) yields
) = 30 (m5)?/[16(1 — C/16), (1.3)

and by plugging Eq. (H.3) into the first line of Eq. (H.2) we obtain

C4 C4 012 RS2
5=—my 1+ |1+ — 50 H.4
Eq. (H.4) has a solution m4 = 0 which is ruled out, and a nonzero solution

mj% oc 1 —C*/2. In the following we will compute this solution with an expansion in
the neighborhood of ¢ = 1/2. According to Eq. (2.13) one has 1—C*/2 = O(c—1/2),
thus we have m3 = O(o — 1/2), and mj; = O((c — 1/2)?). More precisely, from Egs.
(H.4), (H.3) we have

m = (e~ 12 +0((e = 1/27)
my = 2082 o2 00— 12, (H.5)

4(BE5)
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Once the critical fixed point has been found, we can linearize the RG transfor-
mation (H.1) in the neighborhood of m3, m} to extract the critical exponents. To
this end, we introduce the 2 x 2 matrix

oml,
= Omai 1.6
J amQJ . ( )
and its largest eigenvalue Ags. From Egs. (H.6), (H.1), (H.5) one finds
Aps =1+2log2 (o —1/2) 4+ O((c — 1/2)%). (H.7)

This high-temperature expansion can be implemented to higher orders in f.
More precisely, it turns out that if the expansion of the term in square brackets in Eq.
(6.20) is done up to order 3?™, one obtains a set of m RG equations analogous to
Eq. (H.1), relating {maq }q=1,..m to {mb,}ta=1,. m. The critical fixed point and the
matrix M linearizing the RG transformation in its neighborhood are then extracted.
The largest eigenvalue Arg of M can be computed as a power series in 0 — 1/2 up
to order (¢ — 1/2)™~!. This computation has been done for m < 5 by means of a
symbolic manipulation program [170], and the result is given in Eq. (6.21).






Appendix I

Numerical discretization of the
matrix .#Z° in the
ko = 2-approximation

In this Section we describe the numerical computation of the matrix .# %% and of
its spectrum through a discretization of the continuous variable 7.

Suppose that by iterating Routine 2 we computed the critical fixed point p.(J) <>
{Ji}i- As shown in Fig. 6.4, p,(J) has a compact support [—7vax, Jmax|, where
Jvax is defined by Eq. (6.24). This feature of the critical fixed point suggests a
rather natural way to compute .# ‘17%57,, based on a discretization of the continuous
variable J in the compact interval [—7ymax, Jmax]. Let us consider

. 1 ) 2 ]
VIOE {2 + (i — 1)} ngX — Jwax, Vi=1,...,B, (L1)
and the B x B matrix
Wy = M5 (L.2)

The matrix M, and so .# 75 can be easily computed numerically with a population-
dynamics routine which is quite similar to Routine 1.

In Fig. 1.1 we depict .# }3 7 as a function of 7, J’, computed by means of
Eq. (1.2) for a given o-value, and we show that by taking B large enough the
discretization method reconstructs a smooth function of 7, J’.

The eigenvalues of M can be easily extracted numerically, and the eigenvalues
of .# "%, which are related to the critical exponents, can be easily obtained from

those of M as follows. The n-th eigenvalue A and the left and right eigenfunctions
OL(T), $B(T) of MBS are defined by

/ AT MBS BT = AMGE(), (1.3)
[zl aisy, = Aok (L4)
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RS
///JJ,

S = N W e ot

Figure I.1. Matrix .# 5{53, as a function of 7, J’ in the kg = 2-approximation obtained with
the discretization method (I.2) with o = 0.6215, P = 107, B = 96, kyjax = 50,2 = 0.1.
The matrix is not symmetric, and thus some eigenvalues are complex. Notwithstanding
this, the explicit numerical computation of the spectrum of .#®5 shows that the
eigenvalue yielding the critical exponent v is real.

The n-th eigenvalue )\(Dn) and the left and right eigenvectors ¢ (i), ¢%, (i) of M are
defined by

B
=1
jB
ol (0 = AYeh,0). (L6)
=1

If we multiply Egs. (I.5), (I.6) by dJ = 2Jvax/B, take the large-B limit, transform
the sums in Eqgs. (I.5), (I.6) into integrals and use the definition (I.2), by comparing
Egs. (L.5), (1.6) to Egs. (1.3), (I.4) we obtain the following identifications holding in
the B — oo-limit

A cdqr =AM, (1.7)
¢pai) = OR(T(0), (L8)
Spn(l) = o (JT(0). (L.9)

In particular, from Eq. (I.7) we can extract the eigenvalues of .# % from those of
M.

In order to extract the critical exponents, one should observe that there is an
eigenvalue, that we will call A(), which can be calculated analytically and which
does not contribute to v even though it is part of the spectrum of .#Z 5. Indeed,
by multiplying Eq. (6.28) by p.(J’), integrating with respect to J' and using Eq.
(6.26), we obtain

/ AT M3 5p.(T') = 6p(T), (1.10)

while by multiplying Eq. (6.28) by a constant A and integrating with respect to J
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we have
/ dTAMES, = 6A. (L11)
Comparing Egs. (1.10), (I.11) to Egs. (1.3), (I.4) we have
AL =,
o1(J) = pJ),
PU(T) = A (1.12)

Following the very same procedure as Wilson’s [163], if we iterate the RG equations
(6.19) k times for T~ T.*¥ and then iterate [ times, the difference between py,; and
P« is given by

peaid) =p9) = [ AT AN ) 2 pelT) = 9T
= [T SO I T ) (T = (). (113)

where [(.#1%)!] 7. 7+ is the J, J'-th component of the matrix (.#7)!, and in the sec-
ond line of Eq. (I.13) the spectral representation of .#®% has been used. According
to the third line of Eq. (I.12), the integral in the second line of Eq. (I.13) vanishes
for n = 1 because of the normalization condition [dJ'p(J’) = [dT p.(T') = 1.
Hence, the eigenvalue A1) does not contribute either to the exponential divergence
of pg4; from p, nor to v [163]. This fact is rather natural, because the eigenvalue
A1) = 6 is an artefact of the kg = 2-approximation, where a 22-spin HEA model with
exactly six couplings {Ja }« is reduced to a 2-spin HEA. This fact will be elucidated
further in Section 6.2.2 when illustrating the kg > 2-approximations. Indeed also for
ko > 2 there is an eigenvalue \(1) = 2ko(2k0 — 1) /2 which depends explicitly on the
approximation degree kg, but which does not contribute to v.

The eigenvalue of .# % determining v is easily found by defining n, in such a
way that

|)\(m)

— max(A)) and [ dTOE (D)p(T) (D] A0, (114)

and by observing that [163] the critical exponent v defined by Eq. (5.14) is given by

log 2

= 2" L.15
g log (1) (1.15)
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We introduce a random energy model on a hierarchical lattice where the interaction strength between
variables is a decreasing function of their mutual hierarchical distance, making it a non-mean-field model.
Through small coupling series expansion and a direct numerical solution of the model, we provide
evidence for a spin-glass condensation transition similar to the one occurring in the usual mean-field
random energy model. At variance with the mean field, the high temperature branch of the free-energy is

nonanalytic at the transition point.

DOI: 10.1103/PhysRevLett.104.127206

Clarifying the nature of glassy states is a fundamental
goal of modern statistical physics. Both for spin glasses [1]
and for structural glasses [2], the mean-field theory of
disordered systems provides a suggestive picture of labo-
ratory glassy phenomena as the reflection of an ideal
thermodynamic phase transition. Unfortunately, the devel-
opment of a first principles theory of glassy systems going
beyond mean field has resisted decades of intense research
[3-5]. One of the main obstacles towards this goal lies in
the lack of reliable real space renormalization group (RG)
schemes allowing us to reduce the effective number of
degrees of freedom and identify the relevant fixed points
describing glassy phases. In ferromagnetic systems, an
important role in the understanding of the real space RG
transformation has been played by spin systems with
power law interactions on hierarchical lattices [6,7]. In
these models, the RG equations take the simple form of
nonlinear integral equations for an unknown function (as
opposed to the functional of statistical field theory), that
can be solved with high precision. In this perspective, it is
natural to generalize these models to spin glasses [8,9].

In this Letter, we introduce the simplest such spin-glass
model, a random energy model (REM) [13,14]. As we shall
see, the hierarchical REM is such that the interaction
energy between subsystems scales subextensively in the
system size. It thus qualifies as a non-mean-field model.
We report in what follows the results of a small coupling
expansion and of an algorithmic solution of the RG equa-
tions for the entropy that, exploring complementary re-
gions of parameter space, provide the first analytic
evidence in favor of an ideal glass transition in a non-
mean-field model. Interestingly, this transition turns out to
have—as in the case of the standard REM—the character
of an entropy catastrophe analogous to the one hypothe-
sized long ago for the structural glasses [15,16].

The hierarchical REM can be defined as a system of
N = 2K Ising spins with an energy function defined recur-
sively. The recursion is started at the level of a single spin
k = 0, with the definition of Hy[S] = €,(S), where the

0031-9007/10/104(12)/127206(4)
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single spin energies are independent identically distributed
(ii.d.) random variables extracted from a distribution
Mo(€). At the level k + 1, we consider then two indepen-
dent systems of 2¥ spins §; = {S;;},i = 1,...,2%and S, =
{S,;}, i=1,...,2F with Hamiltonians H,[S,] and
Hy[S,], respectively, and put them in interaction to form
a composite system of 2¢*! spins and Hamiltonian

Hi1[S1, o] = Hy[S1] + Hyl[S,] + €[S, S1],

where the €, are i.i.d. random variables extracted from a
distribution ;. (€), chosen to have zero mean and vari-
ance {€[S;, S,]?) ~2*k+D1=2)  The interaction term
€[S}, S,] is physically analogous to a surface interaction
energy between the two subsystems. For o € (0, 1), this
model qualifies as a non-mean-field system, where the
interaction energy between different parts of the system
scales with volume to a power smaller than unity. On the
contrary, when o = 0, the interaction energy grows faster
than the volume. A rescaling of the energy is then neces-
sary to get a well-defined thermodynamic limit. The sys-
tem behaves in this case as a mean-field model. Finally, for
o > 1, the interaction energy decreases with distance and
asymptotically the model behaves as a free system. In the
following, we focus on the most interesting region 0 <
o<l.

We have studied this model with two different methods.
The first one is a replica study of the quenched free energy,
performed through a small coupling perturbative expan-
sion. The second one is a numerical estimate of the micro-
canonical entropy as a function of the energy. Both
methods suggest that a REM-like finite-temperature phase
transition occurs for all o € (0, 1).

Perturbative computation of the free energy.—In order to
make the calculations as simple as possible, we have
chosen a Gaussian distribution for the energies €;. We
then considered the perturbative expansion in g = 2'7¢
of the free energy f(T) = f")(T) + O(g"*"). Notice that
the expansion of f to the mth order takes into account just

© 2010 The American Physical Society
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FIG. 1. The temperatures Tf.'") vs m for ¢ =.1. Here, T, =
1.861 = .021. Inset: 7. vs 0.

the interactions with range less or equal to 2™, i.e., the first
m hierarchical levels.

The computation of the free energy has been done with
the replica method. In this context, it is just a mathematical
tool to organize the terms of the series. We considered then
the expansion of the average partition function of the
system replicated n times

k 21 p
77 —

2. exp[%z DX

S-S, i=1 ab=1

o 50 50 ] (1)

where 8 = 1/T, and SU? is the configuration of the ith
group of spins at the jth level of the hierarchy. This
representation allowed an automated computation of f"
up to the value of m = 10.

A useful check of the method is obtained considering
o < 0. Since in this case high values of j dominate the
energy in (1), correlations between the energy levels can be
neglected. After rescaling the energies by €; — 2ko/2¢ s
the free energy of the model becomes equal to the one of

the standard REM [13,14] with critical temperature 7. =

,/Z j2"’/ /log2. We found that, when increasing m, "

converges to the REM free energy with exponential speed
in the whole high temperature regime 8 < S3..

We now consider f(T) for 0 < o < 1. The direct in-
spection of the curves shows that, for m = 1, the mth order
entropy s"(T) = —df")(T)/dT while positive at high
temperature, becomes negative at some temperature T,

As can be seen in Fig. 1, the sequence T exhibits a good
exponential convergence to a finite limit 7, for o = 0.15.
The stability of these data for large m clearly suggests that
an entropy crisis transition is present in the model at 7.
The inset in Fig. 1 shows that T is a decreasing function of
o, consistently with the fact that the larger o, the weaker
the interaction strength. At high temperature also, the free-
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- ] )
m
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FIG. 2. To get a better convergence for the free energy, we
considered the sequence f"(T — T, + T™) instead of £ (T).
As TV — T. for m — oo, the two sequences have the same limit
FN(T). Here, we see that for o = 0.1, f")(T) has negative
entropy s (T) for T < T,

energy series has a good exponential convergence in g (see
Fig. 2).

This small g expansion gives some evidence for an
entropy crisis taking place at temperature 7. It is impor-
tant to realize that this 7. cannot be simply computed from
the sum of the variances of the €;: the energy correlations
cannot be neglected. An entropy crisis implies the exis-
tence of a phase transition at a temperature = T.. In a REM
scenario, the phase transition would take place exactly at
T., when the entropy vanishes. An argument in favor of
such a result can be found with a one-step replica symme-
try breaking ansatz. Consider the partition function (1) and
suppose that the n replicas are grouped into n/x groups, so

that, for any two replicas a, b in the same group, Slj’i) =

SE)“) for all i, j. Then perform again the small g expansion,
within this ansatz. To each order m, this procedure gives a
free energy F"(T) = £)(T /x). The maximization over x
then gives x = 1 for T > T, and x = T/T" for T <
T . This result is in complete analogy with the one found
in the REM, so the above replica symmetry breaking
Ansatz predicts a REM-like transition at 7 = T,. In order
to get distinct evidence for this scenario, we have done
some numerical study.

Numerical computation of the entropy.—We exploit the
hierarchical structure of the model to compute the micro-
canonical entropy Si(E). In order to make the computa-
tions as simple as possible, we have chosen for w,(€) the
binomial distribution [17,18],

1 My
wmi(€) _W<6+%)'

At the level k, M, is the integer part of y2X1=%) to have the
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same scaling of the variance as in the Gaussian model. The
constant 7y is chosen so that for all the values of o studied,
[(y2K1=9))|/(y2K01=9)) = 1 for every k. Consider the
disorder-dependent density of states for a sample a:
NUE) = Y.s0p,(s),e- The recursion relation that defines
the model’s Hamiltonian implies that when two samples a
and b at the level k are merged to define a sample at the
level k + 1, the resulting density of states N¢(, | (E) sat-
isfies

NGE) =Y n(E, Epe) )

Eq.Ep.€
E=Eq+Ep+e€

nk(Ea) Eb’ é-) = ZS],SZ(SHZ(SI)!EU X
SH;’:(SI):EI; Oe,(s,,5,) e 1S the number of states in the composite

where

system that have H, = E,, H, = E; and interaction en-
ergy equal to €. For given E, and E,,, the joint distribution
of the ny(E,, E,, €) for the different values of € is multi-
nomial ~ with  parameters ¢, = (n(E,, E,, €)) =
NUE)NE(E,) wi(e), while ny’s with different first or
second argument are independent.

Our algorithmic approach starts from the exact iteration
of Eq. (2). Thanks to the use of a discrete interaction
energy, the iteration time grows with k proportionally to
2K3-9) This allowed us to reach the level k = 12. The
results of the iteration shows that the values of the energy
can be divided in bulk region of energy density around the
origin where the number of states N (E) = 2 S(E/2) jg
exponential in the system size, and an edge region where
the number of states is of order one (see Fig. 3).

In order to proceed further, we assume the existence and
self-averaging property of the entropy density S(e) in the
thermodynamic limit. We then coarse grain our descrip-
tion. We discretize the energy density in the bulk region

0.7

0.6 -

0.5

04 -

S(e)

0.3

0.2 -

0.1 -

FIG. 3. The entropy s(e) vs e/,/y for o = 0.9, 0.8, 0.7, 0.6
(with y = 30, 10, 5, 5, respectively), from the outside to the
inside. Inset: power law behavior of 8 — .. The slopes are
close to 1 — o, with o = 0.6, 0.7, 0.8 from bottom to top.

and use an approximated iteration for the entropy, where
the sum (2) is approximated by its maximum term. We
account for the edge region using the exact recursion for
the Ny = 10000 lowest energy levels. We can in this way
iterate many times and obtain a good estimate of the
thermodynamic limit behavior.

In Fig. 3, we present the average entropy density as a
function of the energy density e for various values of o. In
order to identify the transition, it is more convenient to
average the data obtained with a fixed energy difference
from the fluctuating ground states. We can get in this way
good estimates of the value of the inverse critical tempera-
ture of the model B, = s'(ep). An interesting feature
emerging from our analysis is that close to the ground state
energy density e, the entropy is not analytic and behaves
as S(e) = B.(e — eg) + Cle — ¢y)* with a well fitted by
the value a = 2 — o. This behavior, when translated in
the canonical formalism, implies a singularity of the
free energy close to T., F(T)= E,+ const X (T —
T,)@=)/(1=9) " corresponding to a specific heat exponent
a=—7Z.

Having found evidence for a thermodynamic phase tran-
sition, we turn our attention to the distribution of low-lying
energy states. The REM picture suggests that, close to the
ground state, the number of energy levels with given
energy E are independent Poissonian variables with den-
sity (N o (E)) = ePE=E) " A computation using extreme
value statistics shows that the probability Q,(k) that the
ground state and first € — 1 excited states are occupied by n
levels is given by

Q¢(n) = [1 — exp(=£B)]"/(£B.n). 3)

In Fig. 4, we show the Q,(n) obtained numerically together
with a fit with the form (3). This procedure confirms the

1 T T

01k i
g 0.01 F \\ E
i
Hill,
0.001 £ + HE ;
0.0001 . A
1 10 100

n number of levels

FIG. 4. Numerical data (cross) and the fitting function Qs(n)
for the statistics of occupation of the ground state and the first
two occupied levels. Here, k = 10, o = 0.6 and y = 5. The
dashed line is a fit with the form (3) with 8. = 1.20.
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FIG. 5. Finite volume estimation of the inverse critical tem-
perature, \/7,85.]() vs k, for o = 0.6 and y = 5 determined by (3)
(circle) and by B, = s'(ey) (triangles). The latter have been fitted
with a function of the type ,85") = . — BC* (solid line). The
asymptotic value . is given by the dashed line.

validity of a REM-like transition, and provides an alter-
native way of estimating the critical temperature. As Fig. 5
shows, the two estimates for different values of k tend to
the same limit from opposite directions.

Conclusions.—In this Letter, we have introduced a hier-
archical, non-mean-field REM. We have analyzed it
through small coupling series, through a 1RSB replica
ansatz, and through an algorithmic approach. The two
approaches point to the existence of a REM-like phase
transition at the temperature where the entropy vanishes.
At variance with the mean-field result (which predicts a
discontinuity in the specific heat), one finds a nontrivial
specific heat exponent at 7. It will be interesting to study
the replica structure of this hierarchical REM in order to
explore other possible replica solutions at low tempera-
tures. Another important theme of future research is the
study of spin-glass models with p-body interaction
[13,19,20]: at the mean-field level, these models display
an entropy crisis transition similar to the one of the REM

whenever p = 3. It will be interesting to study them on
hierarchical lattices.
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Abstract. We study the adversarial satisfiability problem, where the adversary
can choose whether the variables are negated in clauses or not, in order to
make the resulting formula unsatisfiable. This problem belongs to a general
class of adversarial optimization problems that often arise in practice and are
algorithmically much harder than the standard optimization problems. We use
the cavity method to compute large deviations of the entropy in the random
satisfiability problem with respect to the configurations of negations. We conclude
that in the thermodynamic limit the best strategy the adversary can adopt is to
simply balance the number of times every variable is negated and the number of
times it is not negated. We also conduct a numerical study of the problem, and
find that there are very strong pre-asymptotic effects that may be due to the fact
that for small sizes exponential and factorial growth is hardly distinguishable. As
a side result we compute the satisfiability threshold for balanced configurations
of negations, and also the random regular satisfiability, i.e. when all variables
belong to the same number of clauses.
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1. Introduction

The following setting often arises in practical optimization problems. Consider two
players, each of them has a given set of moves (configurations) and a cost function
depending on the moves of both the players. The first player is trying to optimize a
certain cost function over his set of moves (configurations), and the interest of the second
player is to make this optimum as bad as possible. In the game, at first the second
player (adversary) chooses his moves (a configuration), and then the first player chooses
his moves. What is the best strategy (algorithm) for the adversary in the case where his
set of moves is too large to be able to evaluate all the possibilities? A specific example
of this adversarial optimization setting could be a police department trying to set border
controls in such a way that the amount of goods smugglers can transfer is the smallest
possible [1,2], or minimax games treated in [3].

Let us call the set of moves of the adversary u, and the set of moves of the first
player v, the cost function being f(u,v). The goal of the adversary is to find w,, that
maximizes ming f (@, ). Since in common situations both @ and ¢ have exponentially
many components in the size of the system the adversarial optimization is much harder
than the usual (one-player) optimization, because even evaluating the ming f(u, v) for a
given « is typically a hard optimization problem.

In the theory of algorithmic complexity the so-called NP problems are those for which
it is easy (polynomial) to evaluate if a proposed solution is indeed a solution. In other
words verifying a solution to an NP problem is a polynomial problem. Assume now
that for a given @ the problem JF0®(u,v) = TRUE is an NP problem (as an example
consider ®(u,7) = TRUE if and only if f(@,7) < a where f is the cost function
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from above, and a is a constant). Then the associated adversarial decision problem
is defined as Ju Vo®(u,v) = TRUE. Hence if the class of polynomial problems is
considered easy, and the NP problems correspond to the first level of difficulty, then
the adversarial problems correspond to the second level of difficulty. We could continue
this construction by adding even more levels of logical quantifiers; this would lead to the
so-called polynomial hierarchy of complexity classes. For more details on these notions see
for instance [4, 5]. Without doubt, the theoretical understanding of hard optimization and
decision problems is crucial for many areas of science, and the same holds for adversarial
problems.

The most famous benchmark of an algorithmically hard problem is the K-satisfiability
(K-SAT) of Boolean formulas. Call a clause a logical disjunction (operation ‘or’) of K
variables or their negations. Given a set of N Boolean variables x;, and a set of M clauses,
the satisfiability problem consists in deciding whether all clauses can be simultaneously
satisfied or not. The K-SAT problem was the first problem shown to be NP-complete,
that is as hard as any other NP problems [6]. It has a large number of applications
in automated verification and design. The random K-SAT problem, where variables in
clauses are chosen randomly and negated with probability 1/2, provides easy to generate
hard formulas [7].

Random K-SAT thus became a common playground for new algorithms, and
theoretical ideas for understanding the origin of algorithmic hardness. The statistical
physics approach related to the physics of diluted spin glasses contributed tremendously
to the understanding of the properties of random K-SAT formulas, see e.g. [8,9]. Following
this path in this paper we introduce a random adversarial satisfiability problem and
develop a statistical mechanics framework to understand its properties. This framework
can be readily applied to other random adversarial optimization and decision problems.
We study the large deviation functions for the original optimization problem with respect
to the moves of the adversary. The main ideas of our approach to the study of large
deviations come from studies of spin glasses and the cavity method [10]-[13]. Our approach
is also closely linked to the well established fact that the replicated free energy in Parisi’s
replica symmetry breaking (RSB) [14, 15] can be interpreted as Legendre transformation
of the large deviation function. We will, however, derive our method independently of
these notions, by using only the factor graph representation of the problem and the belief
propagation (BP) algorithm.

One natural setting for the random adversarial satisfiability problem is to introduce
the negation-variables J;,, where J;, = 1 if variable 7 is negated in clause a, and J;, = 0 if
not. The set of moves of the adversary is then all the possible configurations of negations
{Jia}, while the moves of the first player are all the possible configurations of the variables
{z;}. The graph of interactions is chosen at random as before. The goal of the adversary
is to set the negations in such a way that the resulting formula is as frustrated as possible.
In particular, we will be interested in the question: can the adversary make the formula
unsatisfiable or not? We will call this problem random AdSAT.

An independent interest in the random AdSAT comes from the study of the random
quantum satisfiability (quantum SAT) problem [16]-[18]. It was shown that if the
adversary can make the random formula unsatisfiable, then also the random quantum
SAT is unsatisfiable. A natural question is whether the quantum SAT is much more
restrictive than the AASAT or not.
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Note also that the quantified satisfiability (QSAT) problem is another SAT-based
problem that belongs to the general adversarial setting as introduced above. In the QSAT
problem one introduces two types of variables: the existential variables x; and the universal
variables y;. The QSAT then consists in deciding whether V432G (%, y) = TRUE, where
G(7,y) is a satisfiability formula (with negation-variables fixed). Random ensembles
of QSAT were introduced and studied in [19]. QSAT is arguably more important for
industrial applications than the AASAT that we study here. We chose the AASAT defined
as above because it is slightly simpler, and it provides information relevant to the original
random SAT problem. We plan to apply our approach to the random QSAT problem in
the near future.

In terms of methodology our study is also closely related to the work on optimization
under uncertainty [20], where the goal is to find argmin Eyming f (i, 7,t). In other words
one needs to minimize an expectation of a result of an independent minimization, which
itself can be hard to compute. In [20] the authors studied the stochastic bipartite matching
problem with a message passing technique very closely related to the one we use for the
adversarial SAT problem here.

The present paper is structured as follows. In section 2 we set the adversarial
satisfiability problem, and describe our statistical physics approach to solve it. In section 3
we recall the standard belief and survey propagation (SP) equations for the random K-
satisfiability problem. In section 4 we derive the equations to compute the large deviations
with respect to the configurations of negations. In section 5 we first present and discuss
the cavity result for random regular adversarial satisfiability, then we do the same for
the canonical (Poissonian) random adversarial satisfiability. As a side result we obtain
the satisfiability threshold for the (non-adversarial) random regular and random balanced
SAT. In section 6 we compare our theoretical result to numerical simulations, performing
an exhaustive search of all the solutions. Finally, in section 7 we conclude and discuss the
perspectives of this work.

2. AdSAT as a large deviation calculation

The random K-SAT problem is defined as follows. Consider N Boolean variables
{z;}iz1, ., v; = {0,1}, and M = aN clauses 1,. Each clause depends on K random
variables from the N available ones. If a variable ¢ belongs to clause v,, then we set
Jui = 1 if the variable is negated, and J;, = 0 if it is not. The K-SAT problem can
be represented via a so-called factor graph, a bipartite graph between variables (variable
nodes) and clauses (function nodes), with edges between variable ¢ and clause a if i belongs
to clause a. The negation-variables can be seen as attributes of the edges. The random
K-SAT instance corresponds to the case where the J;,s are drawn uniformly at random.
Probably, the most well known property of the random K-SAT is the existence of a phase
transition at a value «, such that if o < a, then with high probability (probability going
to one as N — 00) there exists a configuration {z;} that satisfies all the clauses, and for
a > a. no such configuration exists with high probability. We define 0; as the ensemble
of function nodes connected to the variable node i, 0, as the ensemble of variable nodes
connected to the function node a.

The adversarial satisfiability problem (AdSAT) is defined by drawing a random K-
SAT instance as before without deciding the negation-variables {J;,} = J. A solution to
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the AASAT problem is given by a set J such that the resulting instance is unsatisfiable.
Just as in random K-SAT there is a threshold «, in the random AdSAT such that for
a < aq, no solution to the AASAT formula exists with high probability. And for o > «, a
solution exists with high probability. We observe that o, < «. since above a,. a random
configuration of negations makes the formula unsatisfiable, recall o,.(K = 3) = 4.2667 [21].
Also o, > «, where o, = 1/K is the percolation threshold below which the graph is
basically a collection of small trees and a few single loop components, which are both
satisfiable for any configuration of negations. One of the goals of the present paper is to
estimate the value of the AASAT threshold «.

In random K-SAT the satisfiability threshold can be found by counting the number
of configurations that have a certain energy E({z;}) (i.e. number of unsatisfied clauses).
To compute the entropy one introduces a Legendre parameter S and computes the free
energy f defined as

)
e INIE) = 3 o BEe)) = N5l ste) _ g (1)
{zi}

where the number of configurations having energy E is %) and the saddle-point

approximation for N — oo has been used. If £ = 0 belongs to the support of the
function S(E) then the problem is in the satisfiable phase, if not than the problem is
in the unsatisfiable phase. In the satisfiable phase we call s = S(0)/N the entropy of
satisfying configurations. The cavity method and the replica symmetry breaking serve
to compute f(f) in the thermodynamic limit N — oo [22,8]. There are two crucial
properties that make this calculation possible. First, the energy can be written as a sum
of local terms:

E({z:}) =) 1] b (2)

a i€da

Second, the underlying factor graph is locally tree-like. These computations moreover
provide much more information about the problem than the value of the satisfiability
threshold.

In the study of random AdSAT we will proceed analogously. We consider the number
of configurations of the negations that yield a given value of the entropy of solutions s

s(7) = ylos | ST (1— H5> . (3)

{z;} a=1 i€0a

We define a large deviation function £(s) as the logarithm of this number divided by the
size of the system N. Again to compute L(s) it is advantageous to introduce its Legendre
transform

Z([L’) _ eNCD(x) _ Zest(J) _ eN[E(s)ers}’
J

where the saddle-point approximation for N — oo has been used.

We stress here that £(s) is the large deviation function with respect to the negation-
configurations; it is hence defined for a given geometry of the satisfiability formula.
In what follows we assume, as is usual, that L(s) is self-averaging with respect to the
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formula geometry, i.e. £(s) is almost surely the same function for two randomly chosen
formulas. This assumption is a generalization of the self-averaging property of the free
energy in the canonical K-SAT problem. Note also that when writing this expression we
implicitly assume that the number of negation-configurations that give a certain entropy
is exponential in N. If it is smaller that exponential in N computation of ®(z) will lead
to L(s) = —oo. We will come back to this point in section 6.

Note two special cases: for x = 0 the partition function (4) is simply equal to the
total number of negation-configurations ®(0) = Kalog2; for z = 1, the partition function
above is related to the annealed partition function, ®(1) = log2 + a/log(2X — 1).

The major difficulty in calculating ®(x), for a general value of z, is that the entropy
s(J) is not defined as a sum of local terms. On the other hand the geometry of the
underlying factor graph is still tree-like in the random AdSAT, hence for any configuration
of negations J we can apply the cavity method (with replica symmetry breaking if needed)
to compute the entropy s(J). In the cavity method, as is reminiscent of the Bethe
approximation, the entropy (or more generally Bethe free energy) can be written as a
sum of local terms. This fact enables us to calculate ®(z).

The statistical physics treatment of the random K-SAT problem among others led
to a discovery that the replica symmetry breaking approach is needed [22,8,9] in order
to correctly compute the entropy close to the satisfiability threshold a.. In other words,
in that region the space of solutions splits into well ergodically separated clusters. We
define the complexity function ¥ as the logarithm of the total number of clusters per
variable. The value of the complexity can then be computed with the survey propagation
equations [8]. At the satisfiability threshold the complexity goes to zero, whereas the
entropy density of solutions is a positive number even at the threshold. With this in mind
it will be useful to define also

OLsp ()
Nogp(z) _ TNS(T) _ N[Lsp(X)+zX) Sp _
et vsP —Ze = g''1fsP ) s =% (5)
J
where Lgp(X) is the entropy density of negation-configurations that give a certain
complexity function ¥, and the saddle-point approximation for N — oo has been used.

3. Reminder of equations for belief and survey propagation

With the notation introduced in section 2 we write the belief propagation equations and
the Bethe entropy as derived, e.g., in [23,24]. These equations are asymptotically exact
on locally tree-like graphs as long as all the correlation length scales are finite. If they
are not then splitting the phase space into clusters such that within each cluster the
correlations decay again might be possible. SP then estimates the total number of such
clusters [8], and it does so asymptotically exactly at least close enough to the satisfiability
threshold [25, 9.

Denoting by {miq4, 4} the BP (SP) messages, we write the BP (SP) fixed-point
equations as

Miq = gia({mbi}beai\m {Jbi}beai)y (6)

Mg = Qaz‘({mja}jeaa\i7 {Jja}jeaa)- (7)
doi:10.1088/1742-5468/2011/03 /P03023 6



Adversarial satisfiability problem
In the BP case, the messages read [24] m;, = {02, vl }, g = {02, 01}, and
T
Hbeai\a Vi

/\0 A 1 )
[Tocoia 75 + Hbeé)i\a Vi

G ({Dhi boeoina) =

"' yJai H]E{)a\z ]a
Jja
2— H]E(’)a\z ja

where 7 = 0, 1. In the SP case, mi, = {Q%, QY. Q%Y. e = Qui, and

ggi<{yja}j€8a\ia {Jja}jeaa) =

i ({Toi hoeoi {Quitveona) = C [T (1= Qu),

bedi\a
95 ({ T Yoeais {Qui ocoina) = C H (1 - Qu) {1 - H (1- @bi)] ,
bEU;, beS;a

9 ({Toi heoi- {Quitveona) = C [T (1 = Qu) {1 - [Ia- @bz)] ;

beSiq

gai({@ja}jeaa\z - H Q]aa

j€da\i

where C' is a normalization constant enforcing the relation g}, + gisa + g% =1, and S;4, U;,
are defined as

if Jm =0 Sia = aoi\a, L{ia = 812',

1
if Jia =1 Sia = ali\a, Z/{ia = 802', ( 0)

where 0y/1i = {a € 0i such that .J;, = 0/1}.
If {mia, M4} is a fixed point of equations (6)—(7), the Bethe entropy for BP and the
complexity for SP are both written in a general form

M N

8({Jm, Myq, m(u}) = Z Sa({mm, Jia}ie@a) + Z Si({maia Jia}aeai) - Z Sai(mim mai)a
a=1 i=1 (ia)
(11)

where for BP
Sa({Viaa Jia}ieaa) = lOg (1 - H Vz{zm> s
A (12)
Si({yaia Jia}aéaz log (H Vbz H Vbz) ;

beoi beor

Sai(l/ia7 lA/al) log (Vzayaz + Vzayiz) )
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while for SP

Sa({@iau Jia}ieaa) - IOg (1 - H Q;{;) ;

j€da

Si({@ai, Jia Yacoi) = log{H (1- sz) + H (1- sz) — H(l - sz)] ; (13)

bedyi bedi bedi
Sai(Qiaa Qaz) = log (1 - %Qaz) .

Readers unfamiliar with the interpretation and derivation of the belief and the survey
propagation (8)—(10) are referred to [23, 26, 24]. However, for understanding of our method
in what follows the general form (6)—(7) and (11) is sufficient.

4. Computation of the large deviations function

The most important formula of section 3 is (11): in certain regimes it gives the
asymptotically exact entropy or complexity in a form factorized in local terms. The
remaining complication is that now everything depends on the fixed point of the BP (SP)
equations. We can, however, write

Z(z) = Z / H dmqdiing;e"N (i mieie)) H 6(Mia — Gia({M0i }ocoinas 1 Jbiboeoi))
J ia (ia)
X ][ 000 = Gai({mja}scomis { Jja}sc0a)). (14)
(ia)
If we now introduce auxiliary variables w;, = {Jia, Mia, 14; } the partition function defined
by (4) can be re-written in the common local form

Za) = Y H%({wia}iew] H%({wia}aeai)] {H \vaxwm)} , (15)

{wn} L=t (ia)
where
Vo ({wia Yicoa) = eemiediadico) TT 6 (s — Gai({mja}jcoair {Jja}icoa)),
i€da
U, ({wia Yacai) = eSillmaiJaitacor) H 6(mia — gia ({Mwi bveainas { Joi foeoi)), (16)
acdi

Wi (i) = @70 {miathes).

In equation (15) and in the following the sum over w;, stands for the sum over .J;, and
the integral over m;,, Myg;.

The probability measure in equation (15) is local and can hence be represented with
an auxiliary factor graph that can be viewed as decorating the original K-SAT factor
graph. Figure 1 depicts this construction.

The partition function Z(z) can now be computed by implementing the general BP
formalism to the auxiliary graph, just as is done in the derivation of the 1RSB equations
in [24] (note indeed the close formal resemblance of our approach and the 1RSB equations).
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Figure 1. Left: the graph of the original K-SAT instance. Empty circles
and empty squares represent variable and function nodes respectively. An edge
connecting a variable node ¢ to a function node a means that the function node 1,
depends on z;. Right: the auxiliary factor graph describing equation (15), built
upon the graph of the K-SAT instance in the left panel. Empty squares with
black-filled squares inside represent the W, function nodes, empty circles with
black-filled squares inside represent W; function nodes of the auxiliary graphs.
Finally, black-filled squares represent ¥;, function nodes, while black-filled circles
represent w;, variable nodes of the auxiliary graph. An edge connecting w;, to a
function node of the auxiliary graph means that such a function node depends
on Wigq.

We call S;,(w;,) the message going from the variable node ia to the function node a, and

gai (wia) the message going from the variable node ia to the function node i. BP equations
on the auxiliary factor graph on the variables w;, then lead to fixed-point equations for

these messages:

~

Sai (wia) =~ Z [2ai({mja> Jja}jeaaa mai)]x H 5(maj - gaj({mk:a}keaa\ja {Jka}keaa))

{wjatjeoari Jj€da
X H Sja(wja)a (17)
j€da\i
Sia(wm) =~ Z [Zia({mbia Jz’b}beaia mm)]m H 5(77% - gib({mci}ceai\ba {Jci}ceai))
{wib}beaiva bedi
X H Sbi(wib), (18)
bedi\a

where

A — Si({w,J; i)—=Sai(Mia,Mai
Zia ({13, Ji Yoeai, Mia) = eSilMvirTivdocoi) =Sai(m ),

2ai({Mja Jja}jcoa, Mai) = oo fiakicoa) ~Sailmia hai),

Equations (17)—(18) can be further simplified. It is easy to check that when the
fixed-point equations (6)—(7) hold, the term z;, (respectively Z,;) does not depend on
the ‘backward’ messages m;, (respectively 7,;). Using this result, we can see that (17)-
(18) are compatible with a choice of the messages Sj,, S, depending only on my,, Ji,
and only on 1, J;, respectively. Indeed, if we assume that S;,(w;a) = Sia(Mia, Jui), and

doi:10.1088/1742-5468 /2011 /03 /P03023 9
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~ ~

Sai(Wia) = Sai(Mai, Jui), then (17)—(18) become

Sia(miaa Jai) ~ Z H dmbigb,- (mbi, Jbz) [Zia({mbi, Jib}beai\a)]x
{Ibitocoina = beEdi\a
X 6(mia - gm({mbi}beaz‘\m {Jbi}beaz‘)), (19)

S’ai (maia Jai) =~ Z / H dmjaSja(mjaa Jja) [gai({mjaa Jja}jeaa\i)]x
{Jaj}jeoari Jj€Da\i
X 5(mai - gai({mja}jeé)a\ia {Jja}jeaa))' (20)

The free energy ®(z) can then be computed using the general expression for the Bethe
free entropy [24]

M N
NO(z) =) Fo+ > F, =) Fi, (21)
a=1 i=1 (ia)

where

IE‘a = log Z H dmiaSia(miaa Jia)exSa({miayJia}iGBa):| ) (22)

{Jia}icoa = 1€0a

Fz’ = IOg Z H dmaz‘gai(maia Jia)exSi({mai}aeai)] ) (23)

{Jiatacoi = a€oi
Fi, = log [Z / dmiq dmg; Sia(Mia, Jia)gai(maia Ji )eigi“(mi“’m”)} . (24)
']ia,

Equations (19)—(20) clearly show the formal analogy with the 1RSB cavity
equations [24]. The difference between equations (19)—(20) and the latter is that in the
AdSAT case the negations are considered as physical degrees of freedom of the partition
function Z(x), and the resulting cavity equations (19)—(20) consist in a weighted average
of the quantities [2iq ({Mwi; Jib focoina)]”s [Zai ({Mja, Jjatjeoai)]” over {Jia, Mia, Mqi }. On the
contrary, in the 1RSB case the only degrees of freedom are the BP messages {m;,, 14} in
such a way that the resulting 1RSB cavity equations consist in an average over (m;q, 74;)
at fixed J;,s.

The biggest advantage of the formal resemblance of equations (19)—(20) to the
1RSB cavity equations is that in order to solve (19)—(20) numerically we can use the
very same technique and all the related knowledge as in the case of 1RSB. We indeed
use the population dynamics [22], where the distributions Sia(miq, Jia), Sai(ai, Jia) are
represented as populations of P messages. When the size of the population P is large, we
expect the populations to reproduce well the distributions S, (Mia, Jia), and Sgi(Mai, Jiq)-
The cavity equations (19)—(20) can be written in terms of these populations. Starting from
a given initial configuration, the iteration of the cavity equations yields the fixed-point
populations satisfying (19)—(20). Once this fixed point is achieved the free energy ®(z)
can be computed numerically by means of (21)—(24). This is repeated for different values

doi:10.1088/1742-5468,/2011 /03 /P03023 10



Adversarial satisfiability problem

of z and finally the Legendre transform L(s) is evaluated. Everything is done in the very
same way as the 1RSB equations are usually solved, for more details see, e.g., 22,27, 28].
The only difference is in the treatment of the negation-variables. In our case one writes

A

the distributions S, (miq, Jia)s Sai(Mai, Jia) as
Sia(mim J; ) = %Sia(mmuz'a), Sai(maia J; ) = %S’ai(mmuz‘a),

because Sio(Jia) = [ dmigSia(Mia, Jia) = 1/2 = Sai(Jm), as can be seen by
explicitly integrating equations (19)—(20). We then introduce a pair of populations
{SL1s], SLs]}eer...p and {S9[s], S%[s]}e—1...p representing the probability distributions
Sia(Mmia|l), Sm.(maiu) and S;,(m,|0), ﬁm(mmm) respectively. The population dynamics is
then implemented in terms of such populations, and the resulting fixed point investigated
numerically.

5. Cavity method results for random AdSAT

In this section we present the solution of the cavity equations (19)—(20), and its
implications for the random AdSAT problem.

5.1. Large deviations of the entropy and complexity on regular instances

Before addressing the random AdSAT as defined in section 1 we will study it on random
regular instances. On L-regular instances every variable belongs to exactly L clauses. A
random L-regular instance is chosen uniformly at random from all possible ones with a
given number of variables N and number of clauses M, provided that KM = LN. Note
that, as far as we know, this ensemble of random SAT instances was not treated in the
literature previously.

In the 3-SAT problem discussed in this paper the Bethe entropy is asymptotically
exact only as long as the BP equations converge to a fixed point [9]; the non-convergence
is equivalent to the spin glass instability, or a continuous transition to a replica symmetry
breaking phase. On random regular graphs with random values of negations, BP stops
converging at L = 12 (this is the reason why these and larger values are omitted from
table 1), meaning that for L > 12 there is a need for SP (or another form of replica
symmetry breaking solution). For L > 15 BP iterations for random regular 3-SAT lead
to contradictions (zero normalizations) meaning that in this region the large random
instances are almost surely unsatisfiable. Survey propagation on random regular 3-SAT
has a trivial fixed point for L < 12, and a non-trivial fixed point for L = 13 with the
value of complexity ¥(L = 13) = 0.008. SP does not converge for L > 14; if we ignore
the non-convergence, and compute the complexity from the current values of messages,
we get on average (L = 14) = —0.03. This means that L = 13 is the largest satisfiable
case.

The great advantage of random regular instances is that topologically the local
neighborhood looks the same for every variable :. Moreover, we recall that in regimes
where the BP equations are asymptotically exact the properties of variable ¢ depend
only on the structure of the local neighborhood of 7. Hence on regular graphs
all the quantities in equations (19)—(20) are independent of the indices 4,7, and
a,b. This so-called factorization property simplifies crucially the numerical solution of
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Table 1. The Bethe free entropy on regular instances with random negation-
configurations (Syan), with balanced negation-configurations (sg), and non-
frustrated with J;, = 0 V(ia) (sy). The entropy for the non-frustrated case
and for the balanced case for even degree L < 10 can be computed analytically
since the BP fixed point is factorized in these cases. In the other cases we iterate
the BP equations on large random graphs and compute the entropy from the
corresponding BP fixed point. The star signals that BP did not converge and
the value of entropy was obtained by averaging over an interval of time. The x
means that BP converged to contradictions for these densities of constraints.

L Sran SB SuU
2 0.6039 0.5710 0.6196
3 05592  0.5324  0.5975
4 0.5134 0.4488  0.5796
5 0.4686 0.4120 0.5644
6 0.4220 0.3266  0.5513
7 03750  0.2902  0.5397
8 0.3302 0.2044  0.5293

9 0.2816 0.1677 0.5199
10 0.2319 0.082* 0.5114
11 0.1813  0.042* 0.5035

12 0.128 * x 0.4962
13 0.07 * X 0.4894
14 x X 0.4831

~

equations (19)—(20); the 2K M distributions {S;,(Via, Jia), Sai(Pais Jai)} reduce to only
two (J = 0 and 1) distributions S(v,.J), S(, J). Moreover, the thermodynamic limit is
taken directly without increasing the computational effort. (To avoid confusion, we recall
here that for the canonical random K-SAT problem where negation-variables are chosen
uniformly at random and fixed, the BP solution is not factorized. In the adversarial
version one sums over the negation-variables, hence the factorization.)

In figure 2 we show the large deviation function £(s) of the Bethe entropy s obtained
by the population dynamics over BP messages on regular graphs with K = 3 and variable
degree L = 4, ie. by solving equations (19), (20) and (21)-(24). First of all, in the
‘infinite temperature’ case, i.e. when the Legendre parameter x = 0, that is at the
maximum of £(s), we recover the logarithm of the total number of negation-configurations
L(x = 0) = Llog2. The corresponding value of entropy s(x = 0) = s, is the Bethe
entropy for a random choice of negations (values summarized in table 1).

The inset of the figure shows that as the Legendre parameter x — +oo both £ and
s converge to well defined ending points (the same data in a logarithmic plot show that
the convergence is exponential). Let us denote the lowest entropy ending point (left,
r — —o00) (s1,Lr), and the highest entropy ending point (right, z — o0) (sg,Lr).
We observe systematically that the value of sg is equal to sy, where sy is the entropy
of the uniform negation-configuration which is obtained by computing a fixed point of
equations (6)—(7) such that ,; = v ¥Y(ai), v;, = v ¥(ia) and J;, = 0 V(ia), and plugging
it into equation (11). The values of sy as a function of L are summarized in table 1. An
edge-independent fixed point of the BP equations is called factorized. We realize that sy
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Figure 2. Left: the BP large deviation function £(s) versus the Bethe entropy
s computed by population dynamics on regular graphs with K = 3, L = 4,
population size P = 10*. The left ending point (fi,, £1,) corresponds to balanced
configurations of negations, whereas the right ending point (fgr,Lr) to the
polarized configurations of negations (more details in the text). Right: the SP
large deviation function Lgp(X) versus the complexity ¥ computed by population
dynamics on regular graphs with K = 3,L = 13,P = 10* (bottom), and
K =3,L =12, P =75 x 10 (top).

also corresponds to the value of the Bethe entropy when every variable is either always
negated or never negated; we call such negation-configurations polarized. There are 2V
polarized negation-configurations, and indeed the logarithm of the number of such choices
corresponds to the value of Lg = log2. Intuitively such configurations of negation are
frustrating the formula in the least possible way, and figure 2 shows that such intuition is
asymptotically exact in this case.

Similarly, for the lowest entropy ending point, for even values of the degree L, we
realize that £;, = log <L§2) and sp, corresponds to a value sg that is obtained from a

factorized BP fixed point when each variable is L/2 times negated and L/2 times non-
negated; values are summarized in table 1. Such balanced configurations of negations
locally frustrate the variables in a maximal way (half of the clauses want the variable
to be 1, the other half 0). And the computation presented in figure 2 suggests that
asymptotically there are no correlated negation-configurations that would frustrate the
formula even more and decrease the value of the entropy further.

We investigate in more detail the result following from figure 2, i.e. that the most
frustrated configurations of negations on the regular graphs with even degree are the
balanced negations; we denote the balanced negation-configurations {J;,}p = Jg. There
are (Lﬁz)N such negation-configurations. Does our result mean that all of them lead
to the same number of solutions N(J)? We will see in section 6 that this is not
true for finite N. The correct conclusion from the result presented in figure 2 is that
limy o [log N (TB)]/N = sp = s1, independently of the realization of Jg. This can also
be seen directly from the solution of the BP equations on the formulas with balanced
negations. Indeed, for even L the fixed point of the BP equations is factorized and
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independent of the realization of negations and also of the size of the graph. We tried
numerically formulas of various sizes and many possible realizations of balanced negations,
and for even degree L < 10 BP always converges to the factorized fixed point (at L = 10
BP stops converging, as we will discuss later in the paper), giving always the same Bethe
entropy density sg. Further discussion about the true entropy fluctuations compared to
the constant Bethe entropy in this case will be presented in section 6.

For regular graphs with odd degree L we cannot achieve ideal balancing of every
variable. Instead, we call a configuration of negations balanced if for every variable there
is either (L — 1)/2 or (L + 1)/2 negations. The total number of such configurations

is then 2V ((L_Ll) /2)N. The BP fixed point on the balanced instances for odd L is not
factorized anymore. We can, however, solve the cavity equations (19)-(20) restricted to
only balanced values of negations and we obtain that within the error-bars of the numerical
resolution of the equations (that are less than 1%) all the balanced configurations give
the same value of Bethe entropy also in the odd L case.

Our results for large deviations of the Bethe entropy lead to a conclusion that for
the regular instances and in the limit N — oo the most frustrated formulas are all
those with balanced configurations of negations. Let us hence conclude this section by
summarizing the properties of regular SAT instances with balanced negations. BP on
balanced instances converges for L < 9, and leads to contradictions for L > 13. Survey
propagation on balanced regular instances has a trivial fixed point for L < 9, for L = 10
a fixed point with complexity Yg(L = 10) = 0.018, and for L > 11 the complexity is
negative (e.g. X¥g(L = 11) = —0.001, X5(L = 12) = —0.075).

For completeness, we also computed the large deviations of the complexity function.
That is, we solved equations (19)—(20) using SP as the basic message passing scheme.
Figure 2 (right) shows some of the results for L = 12 and 13; we indeed see that
there are configurations of negations that lead to negative complexity. Unfortunately,
it is hard to extract any information from these curves for very negative values of z,
because of the noise introduced by the finite population size effects. This also poses
a problem for L = 10 and 11, where we know that a non-trivial fixed point of SP
exists for the balanced configurations of negations. In the population dynamics we
should hence see a non-trivial solution for very negative values of x. Instead we were
only able to obtain very mnoisy and inconclusive data from the population dynamics
with population sizes up to 7.5 x 10*. For L = 10 the SP equations have only
one factorized fixed point for all the balanced configurations of negations; this again
strongly suggests that instances with balanced negations are the most frustrated ones,
and hence that for L = 10 the adversary cannot make large formulas unsatisfiable. For
lower values of L < 9 the population dynamics has always only a trivial fixed point
given by Sia(Qiania) = 5( 51)5( %)5(6221 - 1)/27 Sai(Qaiajia) = 5(@(11)/2 yleldlng
®(z) = Kalog2. SP is hence not very useful in this case to obtain new information
about the random AdSAT problem.

In summary, for L > 11 the adversary will succeed in making a large formula
unsatisfiable by simply balancing the negations (for L > 14 a random choice of negations
would do). On the other hand, following our previous conclusion that the balanced
formulas are the most frustrated ones, for L < 10 the adversary will not be able to make
large random regular SAT instances unsatisfiable by adjusting the values of negation-
variables.
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5.2. Results for random AdSAT, i.e. instances with Poisson degree distribution

In the most commonly considered ensemble of the random K-satisfiability problem,
K variables appearing in each clause are chosen independently at random (avoiding
repetitions). For large system sizes this procedure generates Poissonian degree distribution
with mean Ka. In this case every node has a different local neighborhood and hence
the fixed point of equations (19)—(20) is not factorized, and the distribution S;,(miq, Jaui),
Sai(Mai, Jos) are different on every edge. We hence solve equations (19)—(20) by generating
an instance of the problem (graph) of size N, associating one population of size P
with every directed edge, and iterate following equations (19)—(20). This is more
computationally involved, and we are able to treat only modestly large N and P, typically
several hundreds. The resulting large deviation function £(s) is depicted in figure 3 for
several values of constraint density «.

For low values of the constraint density, e.g. @ = 1 in figure 3, the location of the
right (large entropy, least frustrated) ending point (sgr, Lr) corresponds, as in the case of
random regular instances, to the value of Bethe entropy that is obtained if no negations
are present in the instance (J;, = 0 for all ia), and Lg = (1 —e ¥%)log 2 (corresponding to
the number of negation-configurations where no variable is locally frustrated). For larger
values of the constraint density, e.g. a = 2 in figure 3, the results from population sizes as
large as we were able to achieve are very noisy for large values of x &~ 100. We observed
that the data are getting smoother as the population size is growing, however not enough
to be able to confirm from these data that (sg, Lg) is the right ending point.

The part of the curve corresponding to a very large negative parameter x does not
converge to an ending point. Instead at some zy the large deviation function L£(s) ceases
to be concave, and an unphysical branch appears for x < xy. This unphysical branch is
not present on random regular instances with even degree; when the degree is odd the
data for large negative x are inconclusive in the sense that we might see a unphysical
branch or only a numerical noise. We define the left ending point as the extreme of the
physical branch s, = s(z), and Ly, = L(x). We observe systematically that in the region
of interest (say for v > 1) the values s, and Ly, are very close to the values corresponding
to balanced instances (sg,Lp). In balanced instances each variable is negated as many
times as non-negated (for variables of odd degree the absolute value of the difference
between the number of negations and non-negations is one). In the thermodynamic limit
the number of such balanced negation—conﬁgurations is

We made a number of attempts to obtain a value of entropy considerably smaller
than the balanced entropy, s < sg. First, we removed the leaves from the formula and
balanced only the residual formula. This indeed leads to a lower value of the entropy, but
for a > 1 the difference was less than 1%. We tested the population dynamics limited
to the balanced negation-configurations, i.e. we solved equations (19)—(24) where the sum
over the negation-variables in equations (20) and (23) was limited only to the balanced
negation-configurations. The large deviation function £(s) obtained in this way did not
differ more than by 1% from the value (sg, Lp), see figure 3 (left). We also investigated the
results of population dynamics over the SP equations and we were not able to find cases
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Figure 3. Left: the BP large deviation function £(s) versus the Bethe entropy s
computed by population dynamics on Poissonian graphs with random negation-
configurations, for K = 3, various values of the constraint density «, and both
positive and negative z. For @ = 1-3 the part of the curve with x < 0 has been
computed with N = P = 300. For a = 1 the part of the curve with x > 0 reaches
the right ending point, and has been computed with N = P = 500. For o = 2,3
the part of the curve with positive z has been computed with N = P = 300,
and it does not reach the right ending point; even larger N and P are needed to
remove the noise from the data for very large positive x. For x < 0, an unphysical
branch (concave part of the curve) starts at xg ~ —42, 29 ~ —44, ¢y ~ —40 for
«a =1, 2,3 respectively. The points indicate the values for balanced configurations
of negations (sp, L£p), and for configurations of negations where all the variables
are non-negated (sg,Lr). Right: zoom of the large deviation function L(s)
versus s for a = 1 close to the low entropy ending point for N = P = 500.
The data become noisy close to the low entropy ending point; larger graph and
population sizes lead to an improvement. We plotted the data down to the
lowest value of entropy s; hence the unphysical branch is not plotted. The point
indicates the value (sg, L) for balanced configurations of negations. The blue
data points show the large deviation function restricted to balanced configurations
of negations for N = 102, P = 103. Notice the narrow range of entropies s
plotted in the latter, and how little the lowest entropy we achieved differs from
the balanced value.

where the complexity would decrease by more than 1% below the complexity value on
the balanced instances. We also tried simulated annealing on the negation-variables using
the Bethe entropy as the cost function, with the same result. All this makes us conclude
that with at least 1% of precision the satisfiability threshold for random adversarial SAT
equals the satisfiability threshold of the balanced random ensemble.

Let us hence summarize the results about BP and SP for the random satisfiability
problem with balanced configurations of negations. For K = 3 the BP ceases to converge
for a > 2.96. SP starts to converge to a non-trivial fixed point for a > 3.20, and the
complexity decreases to zero at

ap = 3.399 + 0.001; (26)

this is hence the satisfiability threshold on the balanced random formulas. All our
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Figure 4. Left: £y (s) versus s for regular random graphs with random negations,
computed exactly for 15 < N < 60 with Ny = 10° samples 7, and binning interval
As = (Smax—Smin)/100 with K = 3, L = 8, where spax and Sy, are the maximum
and minimum entropies of the Ny samples respectively. We also plot £(s) versus
s computed with the population dynamics for both negative z (P = 5 x 10%)
and positive z (P = 2 x 10%). Right: £y(s) versus s for regular random graphs
with balanced negations, computed exactly for 39 < N < 87, Ny = 10°, binning
interval As = (Smax — Smin)/100, and K = 3, L = 8. The curves do not superpose,
so the large deviations decay faster than exponentially.

observations about the large deviation function suggest that the threshold for the random
adversarial satisfiability problem satisfies o, > 3.39.

6. Numerical results for AASAT and large deviations

In this final section we compare theoretical predictions from the cavity method with
numerical results.

6.1. Numerical results for large deviations

First, we investigate numerically the number of configurations of negations yielding a
formula with a certain entropy of solutions. For one given random graph geometry
of size N, we generate independently at random I > 1 different configurations of
negations, and for each of them we count the number of solutions using a publicly available
implementation of the exact counting algorithm relsat [29]. We define the probability
Px(s) over the negation-configurations that the value of the entropy density is between s
and s + As, where As is a binning interval that we will specify later.

Following the assumption of exponentially-small large deviations made in
equation (4), we define

Ln(s) = % log Py(s) — log max PN(S)] : (27)

The numerical result for Ly(s) is depicted in figure 4 (left) for L = 8, and compared to
the predictions of the large deviations of the Bethe entropy from section 5. The agreement
between the numerical data point and the theoretical prediction is not good in the low
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entropy region. One possibility is that this is due to pre-asymptotic effects; on the other
hand this does not seem likely as the numerical curves seem to superpose nicely for different
system sizes. Another possibility is that we neglected some replica symmetry breaking
effects; note, however, that the large deviation calculation over survey propagation did
not provide any non-trivial result. We hence leave this disagreement as an open problem.

At this point we want to recall the result from BP that we obtained on balanced
regular instances with even degree (i.e. for instance L = 8); in that case the BP fixed
point was factorized and independent of the negation-configuration even for small graphs.
Let us hence investigate the numerical results for the large deviations of the entropy in
this case. The data for Lx(s) are depicted in figure 4 (right); recall from table 1 that the
maximum of the curve corresponds to sg obtained with BP. The curves in figure 4 (right)
clearly do not superpose for different system sizes. Indeed, Ly(s) seems to be ‘closing’.
From these data it is indeed plausible that in the limit N — oo, Ly(s) converges to a
delta function on the value of entropy s = sg.

Hence, the data in figure 4 (right) suggest that the probability that the entropy of a
formula is different from the value predicted by BP is smaller than exponentially small.
This makes us conclude that in a general case, the probability of having an entropy outside
the interval (sp,sg) is smaller than exponentially small (we recall that for the balanced
negations and even degree L regular graphs s;, = sg = sg). Hence in the thermodynamic
limit there are almost surely no negation-configurations that would lead to a value of
entropy outside the range (sg, sr).

Moreover, the large deviation function Ly(s) if asymptotically negative can be
interpreted as a probability of generating a rare graph and configuration of negations
having entropy s [30]. Since there are of order NV regular graphs, and there is no or at
least one graph with entropy s ¢ (sr, sr), we can have either Py(s) =0 or

Py(s) > e ist, (28)
where ¢; is some positive constant. Consider now that there are eV*" of configurations of
negations (e.g. L' = Kalog?2 if we consider all the negation-configurations, or £ = Lg

if we consider just the balanced negation-configurations). The fraction of graphs with
configurations of negations leading to entropy s ¢ (sr, sg) has to be small only if

PN(s)eNU < 1. (29)

If an equality holds in equation (28) then equation (29) holds in the thermodynamic limit,
N — oo. However, (29) does not have to hold for finite N unless

C1

N > N, = exp <£) . (30)

Since ¢; can be considerably smaller than L', the crossover value of N, might be very
large and out of reach for exact numerical methods. This justifies the presence of strong
pre-asymptotic effects for the system sizes treated in figure 4.

6.2. Strong finite size corrections for the AdSAT threshold

We investigate numerically the AASAT threshold «, by computing the probability (over
random graph instances) ps that an adversary is not able to find a configuration of
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Figure 5. Probability p, that using the simulated annealing algorithm described
in the text we did not find any unsatisfiable configuration of negations for L-
regular instances, as a function of L, for different system sizes 9 < N < 54. We
used the annealing rate r = 1.1, and number of instances I = 100.

negations that makes the formula unsatisfiable. We do this on regular instances because
of the reduced fluctuations that arise due to the randomness of the graph.

We generate I > 1 regular instances for each value of the degree L and for each
size N. Then for each instance we use simulated annealing on the negation-variables in
order to minimize the number of solutions; we monitor whether an unsatisfiable formula
is generated or not. This general strategy for AASAT was suggested by [31]. In particular,
we introduce an inverse temperature (. Initially we set 5 = 1. We choose randomly one
of the negation-variables, J;,, and attempt to flip it, i.e. to set J;, — 1 — J;,. Denoting
by J' the configuration of negations after this flip, we accept the flip with probability
min{1,e ?©7 =571 The entropy S; is computed exactly with a publicly available
implementation of the exact exhaustive search algorithm relsat [29]. This algorithm has
an exponential running time in the size of the system, limiting us to very small system
sizes. Attempting for N negation flips is one Monte Carlo (MC) step. Every 10 MC
steps we multiply the inverse temperature by a rate factor » > 1. We keep track of the
so far minimal value of entropy s, and the index ng of the MC step in which it was
first found. The algorithm stops if either an unsatisfiable instance is encountered or no
further decrease in the value of entropy su;, has occurred in the last 9 x ng+ 50 MC steps.
The probability ps plotted in figure 5 is then given by the fraction of cases in which an
unsatisfiable instance was not found.

There is of course no guarantee that our algorithm found the actual minimal possible
entropy. So, strictly speaking, any result for the satisfiability threshold derived from the
data for p4 is only an upper bound to the true threshold. However, given the strictness of
our stopping condition we have a reasonable confidence that our results are very close to
the exact results. Figure 5 depicts the fraction of regular instances of size N where we were
unable to find a configuration of negations that would make the formula unsatisfiable.

On first sight the numerical data in figure 5 do not agree with our theoretical
predictions. Indeed, we predicted that unsatisfiable configurations of negations exist only
for L > 11, whereas, for the system sizes our simulated annealing algorithm was able
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to treat, we find unsatisfiable negation-configurations for a large fraction of graphs with
L > 8.

On a second sight, however, we see in figure 5 that for L = 6 and 7 there are very
strong finite size corrections to ps. Indeed, for . = 6 and size N = 9 we find that roughly
3/4 of the instances can be made unsatisfiable, whereas for N = 36 none of the I = 100
instances that we tried can be made unsatisfiable. Similarly for L = 7 and size N = 36
we find that most of the I = 100 instances can be made unsatisfiable, whereas for N = 54
almost none of them. If this trend continues it is perfectly plausible that in the N — oo
limit even for L = 10 the adversary is never successful. These results, in agreement with
the conclusions of section 6.1, suggest very strong pre-asymptotic effects in the AASAT
problem. The strength of the finite size corrections hence poses a challenge to numerical
verifications of our cavity method asymptotic predictions.

On the other hand, the scaling argument presented in equation (30) suggests that
the system sizes at which the asymptotic behavior starts to be dominant might be
quite large (perhaps thousands or more); this is in particular true in the vicinity of the
satisfiability threshold. Hence, in the AASAT problem, and likely also in other adversarial
optimization problems, it is particularly important to develop techniques that predict
the pre-asymptotic behavior and the finite size corrections. We saw from the results on
random regular instances with even degree that BP predicts the same Bethe entropy for
all balanced negation-configurations independently of the system size; hence the methods
for analysis of finite size corrections and pre-asymptotic effects will have to go beyond
the assumptions of the cavity method. On the other hand, analysis of the cases where
the BP fixed point is factorized might be a good playground for the development of such
techniques.

7. Discussion and conclusions

In this paper we studied the adversarial satisfiability problem and concluded that the
most frustrated instances of random K-SAT are very close to the ones with balanced
configurations of negations. For random regular 3-SAT instances this leads to a threshold
L = 11, starting from which the adversary is able to find unsatisfiable configurations of
negations (compare to L = 14 for the ordinary random regular 3-SAT). For the canonical
(Poissonian) adversarial 3-SAT this leads to a, = 3.399(1) (compare to a,. = 4.2667 for
the ordinary random 3-SAT). The satisfiability threshold values for the regular and for
the balanced 3-SAT instances were obtained as a side result.

This result is rather uninteresting from the algorithmic point of view, as balancing
negations is an easy problem. However, the same method we used here can be applied
to more interesting situations, for instance the quantified SAT problem. Recall also that
the adversarial satisfiability problem was suggested as a problem interpolation between
random SAT and random quantum SAT. Note, however, that our study leads to the
conclusion that the adversary SAT is much closer to the classical random SAT than to
the quantum SAT. Note that in the large K limit the random satisfiability threshold
scales as o ~ 2% log2; the same scaling holds for the threshold in the random K-SAT
with balanced negations, since at large K the degree of the variables is so large that the
difference between the Poissonian distribution of the number of non-negated variables and
balanced negation-configurations does not play any role in the leading order in K. On
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the other hand, the satisfiability threshold of the quantum SAT was upper-bounded by
2K 1og2/2 [17,18]; hence the quantum effect must be responsible for this drastic decrease
of the threshold value.

We obtained our results by studying the large deviations of the entropy in the ordinary
random K-SAT. In particular, an approach leading to equations very similar to the 1RSB
equations leads to the calculation of the large deviations in the case where rare instances
are exponentially rare. Exponential large deviations are common in statistical physics. In
some cases, see, e.g., [32], [11]-[13], the large deviations are rarer than exponentially rare.
In our study this arises for regular random K-SAT instances with balanced negations and
even degree. In cases where the large deviation function decays faster than exponentially
with the system size extremely strong finite size corrections and pre-asymptotic effects
can be induced, as we argued in section 6, where we presented numerical studies of the
large deviations and of the satisfiability threshold. Interestingly, methods based on the
standard cavity method are not straightforwardly applicable to study of the related finite
size corrections and pre-asymptotic behavior. It remains a theoretical challenge to find out
how to describe analytically and algorithmically these pre-asymptotic effects that might
be crucial for solving some industrial instances of adversarial optimization problems.

Finally we did not address the possibility of replica symmetry breaking in the space
of negations (due to its technical difficulty) and this should also be a subject of future
works.
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The large scale behavior of the simplest non-mean-field spin-glass system is analyzed, and the critical
exponent related to the divergence of the correlation length is computed at two loops within the e-expansion
technique with two independent methods. The techniques presented show how the underlying ideas of the
renormalization group apply also in this disordered model, in such a way that an e-expansion can be consis-

tently set up. By pushing such calculation to high orders in €, a consistent non-mean-field theory for such

disordered system could be established, giving a substantial contribution the development of a predictive

theory for real spin glasses.

DOI: 10.1103/PhysRevE.82.040105

The understanding of glassy systems and their critical
properties is a subject of main interest in statistical physics.
The mean-field theory of spin-glasses [1] and structural
glasses [2] provides a physically and mathematically rich
theory. Nevertheless, real spin-glass systems have short-
range interactions, and thus cannot be successfully described
by mean-field models [1]. This is the reason why the devel-
opment of a predictive and consistent theory of glassy phe-
nomena going beyond mean field is still one of the most
hotly debated, difficult and challenging problems in this do-
main [3-5], so that a theory describing real glassy systems is
still missing. This is because nonperturbative effects are
poorly understood and not under control, and the basic prop-
erties of large scale behavior of these systems still far from
being clarified.

In ferromagnetic systems, the physical properties of the
paramagnetic-ferromagnetic transition emerge in a clear way
already in the original approach of Wilson [7], where one can
write a simple renormalization group (RG) transformation. It
was later realized that Wilson’s equations are exact in models
with ferromagnetic power-law interactions on hierarchical
lattices as the Dyson model [8,9]. This model contains all the
physical RG properties, and is simple enough to yield a so-
lution of the RG equations within the e-expansion [10].

The extension of this approach to random systems is
available only in a few cases. An RG analysis for random
models on the Dyson hierarchical lattice has been pursued in
the past [11,12], and a systematic analysis of the physical
and unphysical infrared (IR) fixed points has been developed
within the e-expansion technique. Unfortunately, in such
models spins belonging to the same hierarchical block inter-
act each other with the same [11] random coupling J, in such
a way that frustration turns out to be relatively weak and they
are not a good representative of realistic strongly frustrated
system. Moreover, there has recently been a new wave of
interest for strongly frustrated random models on hierarchi-
cal lattices [ 13—15]: for example, it has been shown [14] that
a generalization of the Dyson model to its disordered version
[the hierarchical random energy model (HREM)] has a ran-
dom energy model-like phase transition.

In this letter we present a field theory analysis of the
critical behavior of a generalization of Dyson’s model
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to the disordered case, known as the hierarchical Edwards-
Anderson Model (HEA) [13]. The HEA is of particular in-
terest, since it is a non-mean-field strongly frustrated model
with long-range interaction. It follows that its RG analysis
pursued in this work makes a contribution to the develop-
ment of a theory describing real glassy systems with short-
range interaction. Indeed, the symmetry properties of the
HEA make an RG analysis simple enough to be done with
two independent methods, showing that its IR-limit is physi-
cally well-defined, independently on the computation tech-
nique that one uses. The same symmetry properties make
the RG equations simple enough to make a high-order
e-expansion tractable by means of a symbolic manipulation
program, resulting in a first predictive theory for the critical
exponents for a strongly frustrated non-mean-field system
mimicking a real spin-glass. It is possible that such a pertur-
bative expansion turns out to be nonconvergent: if this hap-
pens, it may help us to pin down the nonperturbative effects.
Motivated by this purpose, we show with a two-loop calcu-
lation that such e-expansion can be set up consistently, and
that the ordinary RG underlying ideas actually apply also in
this case, so that the IR limit of the theory is well-defined
independently on the regularization technique.

The Hamiltonian of the HEA is defined [13] as H,[S]=
=2 1JixS:S, where the spin S;s take values =1 and J;; are
Gaussian random variables with zero mean and variance 0'2
Everything depends on the form of o'2 that will be chosen in
such way to make the model s1mple enough, and a good
candidate mimicking a real glassy system. At large distance
we have that 7,=O(|i—k|%), where o is a parameter tuning
the decay of the interaction strength with distance: we re-
cover the mean-field regime for o=1/2, while no transition
is present for o>1 [13]. We will thus be interested in the
case 1/2<o<1, where the interaction strength mimics the
non-mean field forces of a real spin glass. The form of 0'2 1 18
given by the following expression: if only the last m d1g1ts in
the binary representation of the points i and k are different,
o'2 =2729" This form of the Hamiltonian corresponds in di-
V1d1ng the system in hierarchical embedded blocks of size
2™ such that the interaction between two spins depends on
the distance of the blocks to which they belong. The quantity
o'i « 1s not translational invariant, but it is invariant under a

©2010 The American Physical Society
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huge symmetry group and this will be crucial in the study of
the model.

We reproduce the IR behavior of the HEA by two differ-
ent methods. The first method is analogous to the coarse-
graining Wilson’s method for the Ising model: the IR limit is
obtained by imposing invariance with respect to the compo-
sition operation taking two systems of 2* spins and yielding
a system of 2K*! spins, for which one can obtain closed for-
mulas because of hierarchical structure of the Hamiltonian.
The second method is more conventional: we perform the
IR-limit of the theory by constructing an IR-safe renormal-
ized theory and performing its IR limit by the Callan-
Symanzik equation.

Wilson’s method. As mentioned before, the hierarchical
symmetry structure of the model makes the implementation
of a recursionlike RG equation simple enough to be solved
within an approximation scheme, yielding [13] a recurrence
relation for the probability distribution of the overlap [1,2]

Oura=1,+.n

Z[Q] = 1410 f [dP]Zk—l{w] x Zk_l[g}’

(1)

where C=2%1-9, B=1/T is the inverse-temperature and
J[dP] stands for the functional integral over P,,. The recur-
sion relation (1) can be solved by supposing Z;[Q] to be a
mean-field solution, i.e., a Gaussian function of Q. As it will
be explicitly shown in the following, the resulting fixed point
Z.[0] of Eq. (1) turns out [13] to be stable just for e=o
—% <0. For €>0 the stable fixed point is no more Gaussian,
and we search for a solution to Eq. (1) as a small perturba-
tion to the mean-field solution

Z[ 0] =exp{~[r, TH{ Q*]+ wy/3 TH Q°]]}. )

General RG arguments [7] suggest that the corrections to the
mean-field solution must be proportional to e.

A complete reconstruction of the function Z,[Q] for €
>0 stems from the following systematic expansion proce-
dure. In first approximation, we write Z,[Q] as in Eq. (2),
and take into account only the cubic term. By inserting Eq.
(2) into Eq. (1), and expanding in terms of w;_; to up to
0(w2_1), we find that Z,[Q] has the same functional form as
in Eq. (2), where the coefficients r;,w; are given by some
functions of r,_;,w;_; that can be directly computed. It fol-
lows that the recursion Eq. (1) yields a relation between
re,wy and r,_y,w;_;. In particular, the recursion relation giv-
ing wy, as a function of r_;,w;_,

n-2 (Wk—l 3

2w ’ 5
= C3/2 + 16c3/2 ) +0(Wk—1)’

Wi =

Tr-1

shows that for e<<0 the fixed point is Gaussian, while for
€>0 a non-Gaussian fixed point arises. It is important point
out that the value of e=0—2/3 is different by the €' =0
—1/2, arising in the generalization Dyson model to its disor-
dered version that has been already pursued in the literature
[11,12]. This is because in the latter the frustration is much
weaker than in the HEA, in such a way that the IR-behavior
of the theory turns out to be generally different.
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Higher order corrections to the Gaussian solution can be
handled systematically: inserting Eq. (2) into Eq. (1), and
expanding to O(wz_ 1), we generate in Z;] Q] four monomials
{I,[OT}=1 . 4 of fourth degree in Q. In order to close the
recursion relation (2), it is then natural to set

4
1
Z[0]=exp) - rk[Tr[Qz] +wi/3 TI[ Q] + ZZ AiIZ[Q]] ,
=1

(3)

where )\,[(=0(W2)- By plugging Eq. (3) into Eq. (1), we
obtain a recursion equation relating ry,wi,{Ai}oi...4 to
Fiet>Wi1>{Ni_t}i=1..-4- This procedure can be pushed to ar-
bitrary high order p in wy, yielding an p-degree polynomial
for

z[0]= exp(— 2> cj,klj[Q]) : 4)

j=2 I=1

where the number 7; of monomials proliferates for increasing
Jj. Following the method explained above, a recursion equa-
tion relating {c;-’ Wil to {c;-’ 4-1}j,; can be obtained, and the criti-
cal fixed point {c j‘*}j,l computed by solving perturbatively in
€ the fixed-point equations. Following the standard RG, we
suppose that the system has a characteristic correlation
length ¢, diverging at the critical point, where the system is
invariant under change in the scale length. By linearizing the
recursion relation close to such fixed point, the critical expo-
nent v governing the power-law divergence of ¢ for T— T,
can be obtained in terms of the largest eigenvalue N\ of the
matrix M linearizing such transformation next to the fixed
point [7]: v'=log, \.

We performed this systematic expansion to the order p
=5, generating n,=4 invariants of fourth degree, and ns=4
invariants of fifth degree in Q. Such computation yields v to
the order €. For n—0, we find

v=3+36€+[432-27(50+ 55 -2'3 + 53 . 2%)log 2]
+0(E). (5)

The one-loop result for v is the same as that of the power-law
interaction spin-glass studied in [5] (where e=3(0-2/3)).
Notwithstanding this, the coefficients of the expansion in
these two models will be in general different at two or more
loops. As a matter of fact, the binary tree structure of the
interaction of the HEA emerges in the nontrivial log 2,2'3
factors in the coefficient of € in Eq. (5), that can’t be there
in the power-law case.

Before discussing the result in Eq. (5), we point out that
Wilson’s method explicitly implements the binary-tree struc-
ture of the model when approaching the IR limit. Neverthe-
less, if the IR limit is well-defined, physical observables like
v must not depend on the technique we use to compute them
in such a limit. It is then important to reproduce Eq. (5) with
a different approach.

Field-theoretical method. Here the e-expansion is per-
formed by constructing a functional integral field theory and
by removing its IR divergences within the minimal subtrac-
tion scheme. The field theory is constructed by expressing
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the average of the replicated partition function as a func-
tional integral over the local overlap field

Qi =SS}, E[Z']= J [dQ]e~S1). (6)

A short computation yields the IR-dominant terms in the
effective Hamiltonian for a system of 2* spins,

0,2%-1 2" 1

slo]= % 2 (0+ P00 ]+ 5 2 Ti0;].
L] *
(7)

where Tr denotes the trace over the replica indexes and
77 1o T—T,. The field theory defined by Eq. (7) reproduces
the Q3 interaction term of the well-know effective actions
describing the spin-glass transition in short-range [16] and
long-range [5,17] spin glasses. Notwithstanding this similar-
ity, the novelty of the HEA is that a high-order e-expansion
can be quiet easily automatized by means of a symbolic ma-
nipulation program solving the simple RG Eq. (1) to high
orders in e. This is not true for such short and long-range
[5,16,17] models, where the only approach to compute the
exponents is the field-theoretical one. Indeed, nobody ever
managed to automatize at high orders a computation of the
critical exponents within the field-theoretical minimal sub-
traction scheme, either for the simplest case of the Ising
model.

To start our field-theoretical analysis, we observe that Eq.
(7) presents an unusual quadratic term that is not invariant
under spatial translations and it is difficult to perform explicit
calculations. This difficulty can be overcome by a relabeling
of the sites of the lattice i=0,---,2%—1, following the same
procedure of [18,19]. After relabehng one obtains that a2
o |i—j[52%, where [i], is the diadic norm of i, i.e., if 2" divides
i and i/2" is odd, |il,=27". Even if this representation is
quite unusual (if you are not an expert in p-adic numbers), in
this way the variance of the couplings J;; is translational
invariant, since it depends only on i—j (each realization of
the system is not translational invariant). In the replica for-
malism we need to know only the variance of the couplings,
not the actual couplings and therefore the effective Hamil-
tonian in replica space is translational invariant and we can
use the standard Fourier transform [19,20] in order to com-
pute loop integrals. The field theory defined by Eq. (7) can
be now analyzed within the loop expansion framework. We

expand the 1PI correlation functions
(m,l)
aybyiyaybylyiy iy

= 2-’<Q,»la “Tr 0} D,

in terms of the renormalized coupling constant g, and
take the small renormalized mass limit 7,—0. According

QtabT[Q]

m-m”m
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to general results [6] concerning long-range models,
the field Q is not renormalized, and all we need
are the Ti[Q?]-renormalization constant Z,, and the
g-renormalization constant Z,. An explicit evaluation of the
loop integrals related to the action [Eq. (7)] shows that the TR
divergences arising for e>0, 7.,— 0 can be reabsorbed into
Z,,Z, by means of the minimal subtraction scheme [6]. An
IR-safe renormalized theory can be constructed, and its IR
fixed point g, is computed as the zero of the B-function
B(g(\)=Ag'(N), yielding the effective coupling constant
g(\) of the theory at the energy scale . v is given in terms
of g:.Z,

wlel=r 80 L mlg1+20-1.  (8)
aTr 8.7

As predicted by dimensional considerations, the fixed
point g-=0 is stable only for e<0, while for €>0 a non-
Gaussian fixed point g, of order € arises. By plugging the
two-loop result for g¢ and Z, into Eq. (8) and taking n— 0,
we reproduce exactly the result [Eq. (5)] derived within Wil-
son’s method.

Conclusions. In this paper we consider a strongly frus-
trated non-mean-field spin-glass system, the HEA model, and
performed an RG analysis yielding results and future devel-
opments for a predictive theory of the critical exponents for
real spin-glass systems. We set up two perturbative ap-
proaches to compute the IR behavior of the HEA. The first
explicitly exploits the hierarchical structure of the model,
and implements a Wilson-like coarse-graining technique to
reach the IR limit. The second relies on the construction of
an effective field theory reproducing the IR limit by means of
the Callan-Symanzik equation. In both methods, we imple-
mented the basic RG underlying ideas. Among these, the
existence of a characteristic length ¢ diverging at the critical
point, where the theory is invariant with respect to changes
in its energy scale. The two approaches yield the same pre-
diction for the critical exponent v related to the divergence of
¢, showing that the IR limit of the theory is well-defined and
independent on the actual method one uses to reproduce it.

Thanks to the hierarchical symmetry of the model, a high-
order e-expansion for the HEA could be automatized by
means of a symbolic manipulation program. If such series
could be made convergent [6] by means of some resumma-
tion technique, such high-order calculation would yield an
analytical control on the critical exponents, resulting in a
precise prediction for a non-mean-field spin-glass.

We are glad to thank S. Franz, M. Mézard and N. Sourlas
for interesting discussions and suggestions.
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In a recent work [M. Castellana and G. Parisi, Phys. Rev. E 82, 040105(R) (2010)], the large-scale behavior
of the simplest non-mean-field spin-glass system has been analyzed, and the critical exponent related to the
divergence of the correlation length has been computed at two loops within the e-expansion technique by two
independent methods. By performing the explicit calculation of the critical exponents at two loops, one obtains
that the two methods yield the same result. This shows that the underlying renormalization group ideas apply
consistently in this disordered model, in such a way that an e-expansion can be set up. The question of the
extension to high orders of this e-expansion is particularly interesting from the physical point of view. Indeed,
once high orders of the series in € for the critical exponents are known, one could check the convergence properties
of the series, and find out if the ordinary series resummation techniques, yielding very accurate predictions for
the Ising model, work also for this model. If this is the case, a consistent and predictive non-mean-field theory for
such a disordered system could be established. In that regard, in this work we expose the underlying techniques
of such a two-loop computation. We show with an explicit example that such a computation could be quite easily
automatized, i.e., performed by a computer program, in order to compute high orders of the e-expansion, and
so eventually make this theory physically predictive. Moreover, all the underlying renormalization group ideas
implemented in such a computation are widely discussed and exposed.

DOI: 10.1103/PhysRevE.83.041134

I. INTRODUCTION

Spin glasses, structural glasses, and the physical description
of their critical properties have interested statistical physicists
for several decades. The mean-field theory of these models
[1-4] provides a physically and mathematically rich picture of
their physics and of their critical behavior. Notwithstanding
the great success of such mean-field theories, real spin-
glass systems are non-mean-field systems, because they have
short-range interactions. It follows that these systems cannot
be described by mean-field models. As a matter of fact,
the generalization of the above mean-field theories to the
non-mean-field case is an extremely difficult task that has still
not been achieved, so that the development of a predictive and
consistent theory of glassy phenomena for real systems is still
one of the most hotly debated and challenging problems in this
domain [5-11].

There are several reasons why this task is so difficult
to achieve. For example, the standard field-theoretical tech-
niques [12,13], yielding the Ising model critical exponents
with striking agreement with experimental data, usually do
not apply to locally interacting glassy systems. Indeed, a
considerable difficulty in the setup of a loop expansion for
a spin glass with local interactions is that the mean-field
saddle point has a very complicated structure [3], and could
even be nonuniquely defined. It follows that the predictions
of a loop expansion performed around one selected saddle
point could actually depend on the choice of the saddle point
itself [14], resulting into an intrinsic ambiguity in the physical
predictions of such an expansion. Moreover, nonperturbative
effects are poorly understood and not under control, and the
basic properties of the large-scale behavior of these systems
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are still far from being clarified. From the physical point of
view, the fact that one cannot handle perturbatively corrections
to the mean-field solution could imply that the physics of real
systems is radically different from the mean-field one, so that
a completely new description is needed.

The physical properties of the paramagnetic-ferromagnetic
transition emerge in a clear way in ferromagnetic systems,
as was already discussed in the original work of Wilson
[13], where one can write a simple renormalization group
(RG) transformation, describing a flow under length-scale
reparametrizations. These RG equations turn out to be exact
in models with power-law ferromagnetic interactions built on
hierarchical lattices such as the Dyson model [15,16]. As a
matter of fact, in these models one can explicitly write an
exact RG transformation for the probability distribution of
the magnetization of the system. All the relevant physical
information on the paramagnetic, ferromagnetic, and critical
fixed point, and the existence of a finite-temperature phase
transition are encoded into these RG equations. Moreover, all
the physical RG ideas emerge naturally from these recursion
relations, whose solution can be explicitly built up with the
e-expansion technique [16—18]. The convergence properties
of such an e-expansion in the Dyson model have been
investigated in Ref. [17]. It turns out that the e series
is divergent, but can be made convergent with a suitable
resummation technique.

The extension of this approach to random systems has been
performed only for some particular models. On the one hand,
a RG analysis for random models on the Dyson hierarchical
lattice has been done in the past [19,20], and a systematic
analysis of the physical and unphysical infrared (IR) fixed
points has been performed within the e-expansion technique.

©2011 American Physical Society
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Unfortunately, in such models spins belonging to the same
hierarchical block interact with each other with the same [19]
random coupling J, in such a way that frustration turns out to
be relatively weak, and they are not a good representative of
a realistic strongly frustrated system.

On the other hand, models with local interactions on
hierarchical lattices built on diamond plaquettes [21] have
been widely studied in their spin-glass version, and also lead to
weakly frustrated systems even in their mean-field limit [22].
Notwithstanding this, such models yield a very useful and
interesting playground to show how to implement the RG
ideas in disordered hierarchical lattices, and in particular on
the construction of a suitable decimation rule for a frustrated
system, which is one of the basic topics in the construction
of a RG for spin glasses, and so in the identification of the
existence of a spin-glass phase in finite dimension.

In addition, recently there has been a new wave of
interest for strongly frustrated random models on hierarchical
lattices [23-25]: For example, it has been shown [24] that a
generalization of the Dyson model to its disordered version
[the hierarchical random energy model (HREM)] has a random
energy model-like phase transition, yielding interesting new
critical properties that do not appear in the mean-field case.

In a recent work [26], we performed a field theory analysis
of the critical behavior of a generalization of Dyson’s
model to the disordered case, known as the hierarchical
Edwards-Anderson model (HEA) [23], that is physically
more realistic than the HREM and presents a strongly
frustrated non-mean-field interaction structure, being thus
a good candidate to mimic the critical properties of a real
spin glass. This analysis is based on the replica method,
and in particular on the assumption that the physics of the
system is encoded in the n — O-limit [1,2]. Moreover, the
symmetry properties of the HEA make a RG analysis simple
enough to be performed with two independent methods, to
check if the IR limit of the model is physically well defined
independently on the computation technique that one uses.
Another element of novelty of the HEA is that its hierarchical
structure makes the RG equations simple enough to make a
high-order e-expansion eventually tractable by means of a
symbolic manipulation program, resulting in a quantitative
theory for the critical exponents beyond mean field for a
strongly frustrated spin-glass system. It is possible that such
a perturbative expansion turns out to be nonconvergent: If
this happens, it may help us to pin down the nonperturbative
effects. Motivated by this purpose, we have shown [26] with
a two-loop calculation that such an e-expansion can be set
up consistently, and that the ordinary RG underlying ideas
actually apply also in this case, so that the IR limit of the theory
is well defined independently on the regularization technique.

In the present work, we show how the underlying RG ideas
emerge in the computation of Ref. [26], and in particular how
such a calculation has been performed, so that the reader can
fully understand and reproduce it. Moreover, we show by an
explicit example of such a computation how the e-expansion
could be automatized, i.e., implemented by a computer
program, in such a way that high orders of the expansion
could be computed to establish its summability properties.

The HEA is defined [23,26] as a system of 25! spins,
S0, -+, Su+1_1,8; = £1, with an energy function defined
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recursively by coupling two systems of 2* Ising spins

H! S0, - Soee1_1]
= H"[So, ., Sy 11+ H [So, ..., Sy 1]
1 0’2k+I71
~ Sarne Z J12,iiSi S, (1)
i<j

where
H/[81,5] = —J2798,5,,

and all the couplings J;; are Gaussian random variables with
zero mean and unit variance. Here o is a parameter tuning the
decay of the interaction strength with distance.

As we will show in the following, the form (1) of the
Hamiltonian corresponds to dividing the system in hierarchical
embedded blocks of size 2¥, so that the interaction between
two spins depends on the distance of the blocks to which they
belong [23,24].

The HEA is a hierarchical counterpart of the one-
dimensional spin glass with power-law interactions [11],
which has received attention recently [27-31].

It is crucial to observe [23] that the sum of the squares of
the interaction terms that couple the two subsystems in Eq. (1)
scales with k as 22%01=%)_ Hence, for ¢ > 1/2 the interaction
energy scales sub-extensively in the system volume, yielding
a non-mean field behavior of the model, while for o < 1/2 it
grows faster than the volume, and the thermodynamic limit
is not defined. On the contrary, for o > 1 the interaction
energy goes to 0 as k — oo, so that no finite-temperature
phase transition can occur. Hence, the interesting region we
will study is o € (1/2,1).

An equivalent definition of the HEA can be given without
using the recursion relation (1). Indeed, one can recover Eq. (1)
by defining the HEA as a system of 2F Ising spins with the
Hamiltonian,

2k—1
Hi[S1= =" J;;5:S;, )

i.j=0

where J;; are Gaussian random variables with zero mean
and variance 0. The form of a,% is given by the following
expression: If only the last m digits in the binary representation
of the points i and j are different, 05. = 2720m This form of the
Hamiltonian corresponds to dividing the system in hierarchical
embedded blocks of size 2™, such that the interaction between
two spins depends on the distance of the blocks to which
they belong. It is important to observe that the quantity oizi
is not translational invariant, but it is invariant under a huge
symmetry group, and this will be crucial in the study of the
model. The two definitions (1) and (2) are equivalent.

We reproduce the IR behavior of the HEA and calculate
its critical exponents by two different methods. Both methods
assume the existence of a growing correlation scale length &,
diverging for T — T, as

g & (T - TC)7V5

in such a way that for T — T the theory is invariant under
reparametrizations of the length scale.
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The first method is analogous to the coarse-graining
Wilson’s method for the Ising model: The scale-free limit
is obtained by imposing invariance with respect to the
composition operation of Eq. (1), taking two systems of
2% spins and yielding a system of 2! spins. As for
the Dyson ferromagnetic model, thanks to the hierarchical
structure of the Hamiltonian, one can obtain closed formulas
for physical quantities with respect to such a composition
operation, analyze the critical and noncritical fixed points, and
extract v.

The second method is more conventional: The IR diver-
gences appearing for k — oo and T — T, are removed by
constructing a renormalized IR-safe theory. The fundamental
physical information one extracts from such a renormalized
theory is the same as that of the original theory defined by
Eq. (1). In particular, the correlation length and its power-law
behavior close to the critical point must be the same, and so
the critical exponent v.

The rest of this paper is divided into three main sections: In
Sec. II we go through the main steps of the computation with
Wilson’s method, show that the tensorial operations can be
easily implemented diagrammatically, and thus performed by a
computer program to compute high orders of the e-expansion.
Moreover, we give the two-loop result for v. In Sec. IIT the
same result is reproduced with the field-theoretical method,
and the analogies between the two methods are discussed.
In particular, we discuss why Wilson’s method would be
definitely better than the field-theoretical method for a high-
order automatization of the e-expansion. In Secs. II and III,
we explicitly do all the steps of the calculation at one loop,
giving to the reader all the information needed to reproduce the

05 (ot

Zi[Q] = JEJ{ > exp
{

SiYia

i

0,2—1 n
Zka Z Jlle >:| 1_[ (Qah
i<j a<b=1

n

X][dQlsz] IT 18] Qe —

a<b=1

f[dQIszl Y Ey |exp

{8i'}ia

x Ey, exp(—ﬁZHkJil[SQ)
a=1 a<b=1
n 0241
<o 30 3 s
a=1 i<j

/[dQldQZ] Z Ej, |exp

{Si'}ia

B Z H\[55]

a=1

x Ey, exp(—

a<b=1

Sy ]+ HE [S5e0,

(i)

-z S“)
) ﬂ 5| Qrar —
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two-loop result for v. Finally, in Sec. IV the two-loop result
is discussed in the perspective of the setup of a high-order
€-expansion.

II. WILSON’S METHOD

As mentioned before, the hierarchical symmetry structure
of the model makes the implementation of a recursive RG
equation simple enough to be solved within an approximation
scheme. As a matter of fact, let us define the probability
distribution of the overlap [1,2],

Ouw, ab=1,....n
3
Qaszbav QaQZOVa,bZI,...,n
as
ZUQI=E, | ) exp (—ﬁZHk’[Sg,..., ;k_l])
{S}ia a=1
2k—1
X 1_[ 8| Quw — % ZS“Sh , )
a<b=1

where B =1/T is the inverse temperature and E; the
expectation value with respect to all the couplings {Ji2,;;}i;.

It is easy to show that the recursion relation (1) for the
Hamiltonian results in arecursion relation for Z;[ Q]. Denoting
by Tr the trace over the replica indexes, by [[dQ] the
functional integral over {Q,p}.<», and setting

Cc =22, (5)

this recursion relation can be derived [23] as follows:

+S51]

261
s
i=0
2k=1_1 1 2k

a ¢ob a ob
Z S8 |8 Q2,ah__2k_1 Z Si'S;
‘_zk—l
261

[T1s(Quw— Z S¢Sy

a<b=1

2k

1_[8 Q2.ap — 2k12

j=2k-1

n

1—[ 5 (Qab ~ Qia -; Q2,ab>

a<b=1
n 2k=11
a ¢gb
1_[ S| Qrav = k-1 Z 5;'Si
a<b=1 i=0

261

Z sesP

[zkl
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2 0,2¢—1 n n
X exp 4521«7 Z <Z SaSa) l_[ S (Qab . Ql,ab '; Q2,ab)

a<b=1

/[dQIdQZ > E, exp( ﬁZHk"IS“)

{Si'}ia
x E,, |:exp ,BZijzl 3’2 )
a<b=1

0,261

x exp |:422k(a 0 Z 2k Z Si'Si
g2C

= exp

The main steps of Eq. (6) can be summarized as follows. We
observe first that in the composition operation of Eq. (1), a
system 1 of 2! spins §; = {So, ...,Sx-1_;} with couplings
J1,ij and a system 2 with 2k=1 spins 3’2 = {Sy-1,...,5%_1}and
couplings J,;; are put into interaction with couplings Ji2,;;,
and a system with 2¥*! spins is obtained. In the first line of
Eq. (6) we used Eq. (1) and inserted the integrals over the
01,0 that are both equal to 1. In the third line we performed
the integral over Jj, which is found in the fourth line to
depend only on the overlap Q. In the fifth line we use the
definition (4) of Z;_;[Q], and obtain the equation relating
Zi—1[0] to Z;[Q]. Here and in the rest of this paper, all the
Q-independent constants multiplying Z;[Q] are omitted for
simplicity. Equation (6) is analogous to the recursion equation
in Dyson’s model [15-18], relating the probability distribution
gr(m) of the magnetization at the k-th hierarchical level to
gi—1(m). According to the general prescriptions of the replica
approach, all the physics of the model is encoded in the n — 0
limit of Z;[Q].
We define the rescaled overlap distributions as

201 = Zi[C7F2 01,

and observe that the recursion relation (6) for Z;[Q] implies
a recursion relation for Z;[Q]:

2
Z Q0] = exp (%Tr[Q2]> / [dP]

P iy
X2 [QC%] e [QCT} NG

To illustrate the technique used to solve (7) for Z;[Q],
we present our method in a simple toy example, where the
matricial field Q, is replaced by a one-component field ¢, the
functional Z;[Q] by a function 2, (¢), and Eq. (7) by

2 —
2w =exp (50) [axen 1[‘1’;/3‘}9 [‘%ﬂ

®)

2

TT[Q ]) /[dQldQZ]Zkfl[Ql]Zkfl[Qﬂ H ) <Qab -

2k=11

l_[ 8| Qrar — Z S¢Sy

a<b=1

261

l_[ 3| Qawr — 2k [ Z Si'S7

j=2k-1

n

1—[ 5 (Qab Qi -; Q2,ab>

a<b=1

Ot + Qzﬁab) . ©)

2
a<b=1

As for Dyson’s model, Eq. (8) can be solved by making an
ansatz for 2 (¢). The simplest ansatz for 2;(¢) is the Gaussian
one:

Qu(¢) = expl—(dip* + exd)]. )

This form corresponds to a mean-field solution. By inserting
Eq. (9) into Eq. (8), one finds two recursion equations relating
di.ex to dy_y,ex_1:

2di—y PP

C 4’
o
cl2-

dy =

€ =

Non-Gaussian solutions can be explicitly constructed pertur-
batively. Indeed, by setting

() = exp [ - <dk¢2 + e + %(f)], (10)

and supposing that u; is small, one can plug Eq. (10) into
Eq. (8) and get

2y BT 1 wer \| o
Q) = _ P
K?) eXp< {[ c 4 cra) |?
2e_1
+ (Cm +
Uk—1

1 2uk,1 1 —
T3 er 2\

Uk—1

2C' 24y, ) ¢

1>3:|¢3+0(u21)}>,

(1D

where ¢-independent constants multiplying €2 (¢) are omitted
for simplicity here and hereinafter. Comparing Eq. (11) with
Eq. (10), one finds three recurrence equations relating dy, e, uy
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to dy_1,ex—1,Up—1:

2diy B* 1 o\ A
d = _—_— = = 0 ,
¢ C 4 C2d,_, +0(uyy)
2er_ Up_1 4
% ="cip 20724, + O (ug_y), 12)

Uk—1

2up—y 1 - ’ 4
Uy = Nl + 5 (Clﬂ—dk_]) + O(Mk—l)~

One can easily analyze the fixed points of the RG-flow
equations (12), and the resulting critical properties. We will
not enter into these details for the toy model, because
all these calculations will be illustrated extensively for the
HEA model.

Back to the original problem, Eq. (7) can be solved by
making an ansatz for Z;[Q], following the same lines as in the
toy model case. The simplest form one can suppose for Z;[ Q]
is the Gaussian one:

2101 = exp(—r Tr[ Q%]). (13)

This form corresponds to a mean-field solution. By inserting
Eq. (13) into Eq. (7), one finds the evolution equation relating
Ir—1 to rg:

2ry B
C 4
Corrections to the mean-field solution can be investigated
by adding non-Gaussian terms in Eq. (13), which are propor-
tional to higher powers of Q, and consistent with the symmetry
properties of the model. It is easy to see [1] that the only
cubic term in Q consistent with such symmetry conditions
is Tr[Q3], so that the non-mean field ansatz of Z;[Q]

reads
Tr[Q ])] (15)

This correction can be handled by supposing that wy is small
for every k, and performing a systematic expansion in powers
of it. By inserting Eq. (15) into Eq. (7), one finds

2 2
zk[Q]=exp{—[( - ﬂ) [Q]+3C3/2T[Q ]}}

x /[dP]exp[— s e, 01, (16)

e = (14)

Z[Q] = exp [ - (VkTr[Q ]+ 2k

S\1P.01 =

2w
1+ 7 QP

The Gaussian integral in Eq. (16) can be computed ex-
actly. Indeed, defining Va > b the super-index A = (a,b),
one has

2S\[P.01 8 4wy
— = ) —M 17
3P0 Py c Oastmn aslQ],  (17)
where
Mab,cd[Q] = Nub,cd[Q] + Nab,dc[Q]v (18)
Nab,cd[Q] = abc Qda + Sachb' (19)
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One thus finds

27— 2 2
Z10] =exp{— [( ’g - — %) IO + 3

87—
X |:det< il
C

The determinant in the right-hand side of Eq. (20) can now
be expanded in wy_;. Denoting by Tr the trace over the A-
type indexes, it is easy to show that Tr[M[Q]] = 0, and one
has to explicitly evaluate the traces Tr[M[Q]*], Tr[M[ Q]3] to
expand the determinant to O(w;_,). Here we show how the
trace Tr[M[Q]*] can be evaluated, in order to show to the
reader how the tensorial operations over the replica indexes
can be generally carried out. By using Egs. (18) and (19), one
has

Wk—1
C3/2

Tr[Qﬁ]}

4wy -2
dap + MAB[Q]):| . (20)

C3/2

T MIQP] = > M[Q1asMIQl3a

AB

D" (Nap.cal Q1+ Nap.ae[ QD)

a>b,c>d

X(ch ab[Q] + ch,bu[Q])

Z Nap.cal QINca.ap[ Q]
a#b,c#d

D" (80cQua + Sac Qar)Saa Qve + Sea Oba)
a#b,c#d

> 80y

a#b,c#d

D (=81 —

abed
=n-2) 0%
ab

= —2)Tr[0?]. (21)

Sc'd)(sca Qid

The steps in Eq. (21) can be summarized as follows: In the sec-
ond line we write the sums over the super indexes A, B, ... in
terms of the replicaindexes a,b, . . ., and in the third line we use
the symmetry of N, .4[ Q] with respect to a <> b and rewrite
the sumovera > b,c > d interms of a sum witha # b,c # d.
In the fifth line we find out that just one of the terms stemming
from the product (8pc Qaa + Sac Qan)(Saa Qe + 8ca Qpa) does
not vanish, because of the constraints a # b,c # d, Q.. = 0,
and because of the Kronecker és in the sum. Once we are left
with the nonvanishing term, in the sixth line we write explicitly
the sum over a # b,c # d in terms of an unconstrained sum
over a,b,c,d by adding the constraints (1 — 8,5)(1 — 8.4). In
the seventh line we perform explicitly the sum over the replica
indexes, and write everything in terms of the replica-invariant
1101 = Tr[ Q] (see Table I).

The trace in Eq. (21) can also be computed with a purely
graphical method, which can be easily implemented in a
computer program to perform this computation at high orders
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TABLE I. Invariants generated at the order p = 5. In each line of the table we show the invariants / l(j oy, ..., I,(,j )[ Q] from left to right.

j I,('f)[Q]

2 Tr[ Q7]

3 Tr[ Q%]

4 Tr{ Q%] Tr{ QP Y uze iy Qi >ur Qi

5 Tr[ Q%] Tr[Q*ITi[ Q%] > abed Q2 Qv Qa Qea > ane 02y Ouc Ope

in wy. Let us set

Tr2[f] = Z falbl ..... a by
a1 #by -, ax#by
= > (U =8up) (1= Saup) farpyoaty (22)
(llhl.w,akbk

for any function of f the replica indexes, and make the
graphical identifications shown in Fig. 1. The last line in
Eq. (21) can now be reproduced by a purely graphical
computation, as shown in Fig. 2. There we show that all the
tensorial operations have precise a graphical interpretation, and
so that they can be performed without using the cumbersome
steps of Eq. (21). This graphical notation is suitable for an
implementation in a computer program, which could push
our calculation to high orders in wy. For example, as shown
in Fig. 2 in a simple example, while computing Tr[M[Q1*]
for k > 1, a proliferation of terms occurs, and some of these
terms can be shown to be equal to each other, because they are
represented by isomorph graphs, so that the calculation can be
extremely simplified.

By following the steps shown in Eq. (21) (or their graphical
implementation), all the other tensorial operations can be
carried out. In particular, one finds

Te[M[QF] = (n — DTr[Q°]. (23)
By plugging Eqs. (21) and (23) into Eq. (20), one finds

2.1 B n=2 wier \°
Z[0] = — P
Q] exP( H c 4 a1 \z_cn
1 2wk_1 n—2 Wi —1 3
2
x Tr[Q ]+§|: 32 + ) (Zrk1C1/2> ]

x Tr[ Q%] + O(w,‘j_,)}>. (24)

Q= a + b.

FIG. 1. Graphical identifications representing symbolically the
mathematical objects used in tensorial operations. The basic objects
are the §,, function, imposing that the replica indexes a and b are
equal (top), and the matrix Q,, (bottom). Once these elements are
represented graphically, all the tensorial operations can be worked
out by manipulating graphical objects composed by these elementary
objects.

Comparing Eq. (24) with Eq. (15), one finds a recursion
relation for the coefficients ry,wy:

2y B on-2 wio ) 4
ry = c 4 2 230, + O(wk_l),
(25)
2wk—l+n_2 Wi—1 3+0( 5)
wy = wy_ ).
KT o 2 \2C"2_, k=1
Setting

e=o0—2/3,

Equation (25) shows that if € < 0, wy — 0 for k — o0, i.e.,
the corrections to the mean field vanish in the IR limit. In
this case, the critical fixed point (r,,w,) of Eq. (25) has
w, = 0. On the contrary, for € > 0 a nontrivial critical fixed
point w, # 0 arises. According to general RG arguments, this
nontrivial fixed point is proportional to some power of € [12].
In particular, one finds that w? = O(e).

The critical exponent v can be computed [13] by consider-
ing the 2 x 2 matrix M linearizing the transformation given
by Eq. (25) around the critical fixed point (r,,w,),

Tk — T - M- Fk—1 — T
Wi — Wy Wi — Wy J’
and is given by

log?2
V= ,
log A

(26)

where A is the largest eigenvalue of M.

Such a procedure can be systematically pushed to higher
orders in wy, and thus in €, by taking into account further
corrections to the mean-field solution. Indeed, if we go back to
Eq. (20) and consider also the O(w;_,) terms on the right-hand
side, we find

- 4wy ~3
I:det(gré 15A3+ Bk 1IWAB[Q]):|

C3/2
1 1 Wi—1 2 2
= —-Tr| - (——~— ) M
exp{ 5 r|: 3 (2C1/2rk_1> [Q]
1 Wi—1 3 3 1 Wk—1 !
=\ M Y S
+3 <2C1/2rk_1> [Q] 4 2C1/2rk_1

x M[Q]* + O(w,fl)i| } 27)
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By computing explicitly the O(w,‘(‘_]) term on the right-hand
side of Eq. (27), one finds

Te[M[Q1*] = nIP[0] + 3171 0] — 161"[ 0] — 81" 0],
1101 =Tr[ 0",
£P101 = ([ 0%,
“) 2 2 (28)
B’re1=y" 03,05
b#c
17101

= Z Qib
ab

Plugging Eq. (28) in Eq. (27) and Eq. (27) in Eq. (20),
we see that at O(w,ffl), Eq. (7) generates the fourth-order
monomials {J, (4)[Q]}l 1.4, which are not included into the
original ansatz (15). It follows that at O(wk) Z[Q] must be
of the form

Z,[0] = exp [ - (rkTr[Qz] + %Tr[Qﬁ

PHYSICAL REVIEW E 83, 041134 (2011)

By inserting Eq. (29) into Eq. (7) and expanding up
to O(w,‘}_]), we obtain six recursion equations relating
Vk,wk,)\l,k, e a)\'4,k to kal,wkfl,)»l,kfl, N ,)»4'/(,1.

Such a systematic expansion can be iterated to any order
O(w}), obtaining

p n;
1 ,
Z[0] = expy—| 2117101 Z 7! ch(jk)l(j)[Q] ’
(30)
where C(lzl){ =ry, c(l,){ = wy, clk =aaVl=1,....4, ny=
I, ng=4, and [f‘)[Q] =Tr[Q%]. In this way, a

recursion equation relating {Cl(.jk)— Jig to {cl(f,() Yoo s
obtained.

The number n; of monomials generated at the step j
of this procedure proliferates for increasing j. In Table I
we show the invariants Il(’ )[Q] obtained by performing this
systematic expansion up to the order p = 5. It is interesting
to observe that the invariants Tr[ Q?]?, Tr[ Q?]Tr[ Q3] that are
generated, are of O(n?) if the matrix Q,;, is replica symmetric.
Notwithstanding this, in general they will give a nonvanishing

4
1 "
=Y M) [QJ)], (29)
4 ; : contribution to the recursion relations {Cz i = {c, k} jils
and so to v. The recurrence equations at O(w ) are the
with A p = O(wH Vi = 1,... 4. following:
|
@ ©) 2 @ @
@ 20 BF n-=2 Cl k=1 Cl k-1 €y k-1 nn—1)
=T T AT ) Ter Do E o |1t
2C Clr g SCCL,(_1 2CC1,1<—1
§41)< 1 3C§¥4l)c 1 (3) \6
+(n—2) =+ 0[(cih-1) ] 31)
@ ®) Lk=1
8Cci—y  8Cci},
3) 3) 3 (S) (5) 5)
D — 20, n—2 Cli—1 n 3ncy F(n+3) 2.k—1 9c3 4
1.k C3/2 2 2C1/2C<1%]>(_l 4C3/2c(f,)(_1 20C3/2cf,)€_1 20CS/20(1%11—1
3 A(tsl)( 1 C(l3l)c 1 (n— 1)05411 1 2‘3;41)( 1 C;4])c 1 3) A7
—— Al 24— 1)] - k- L K- + O[(c?) . (32)
200323 ac2e?) | 2cc?_ ey 2cdd ()]
[
4 “ ©) 4
2@ n 4 ) 2e4 4 Lk—1 (3) \6
“) _ 1,k—1 _n 1,k—1 3) 6 c — > 4 v + ol(c , (36)
Crp = rod > 2C1/2c(12,)(71 + 0[(01’,(_1) ], (33) 4.k C? 2C‘/ch,)<71 [( 1Lk— 1) ]
@ ©) 4 ®) 26(15]1 l n+6( C('zl)“ | )5 3 7
2¢57, 3 c k= 57 +O0[(cr41) ]
@ _ “Cok-1 1,k—1 (3) \6 Lk 5 @) 1k—1
“Q= T2 T3 (ZCI/Zc?,)( 1) +0[(crz0) ] 39 ¢/ 2 \20"2e
k= (37)
4 5
2C(4) C(3) 2C(5) C(3)
@ _ “C3hk-1 1k—1 (3) \6 6 _ “2%-1 1k—1 3 7
u=—gr 8 Y +0[(<Th_)’]. B3 S = om0 Y En +0[(h2) ] 38
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Tr[M[Q]?] = Tro[N[QIN[Q)]] Example of a graphical computation

———

w3 )N

/’\*:ﬂ
]

> Y

ng

- 82

84
| 5
e

———

e

= (n—2)Tx[Q?]

FIG. 2. Graphical computation of Tr[M[Q]?] in Eq. (21). In the
second line, the two addends of the matrix N[Q],p..s in Eq. (19) are
represented graphically in terms of the graphical objects defined in
Fig. 1. In the third line, the legs of such addends are contracted with
each other, and four terms are generated. The second and the third
term can be easily recognized to be topologically identical, and so
equal. According to the condition Q,, = 0 in Eq. (3), the first term
in the third line vanishes. Indeed, in this term the lines coming out
of the square vertex Q,;, are connected by a circuit, meaning that the
matrix element Q,;, is computed with a = b, and thus vanishes. The
second and third terms in the third line also vanish because, according
to Eq. (22), the dummy indexes in Tr, must satisfy a; # b;,a, # bs,
while the graphical structure of the second and third terms enforces
the constraint a, = b,,a; = b, respectively. Moreover, the two top
lines in the third term are actually equivalent to just one line, because
of the relation 82, = 8,,. Hence, we are left with a single term in the
fourth line. In the fifth line, we perform graphically the operation Tr,.
Such an operation can be easily implemented graphically by looking
at the second line of Eq. (22). Let us expand the product of Js in the
second line of Eq. (22), and recall from Fig. 1 that §,, represents a
line with a circular dot connecting a with b. Hence, given a graphical
object O with external legs (indexes) (a;,by), ... ,(ax,by), Tr,[ O] is
nothing but the sum of all the possible 2 contractions (performed
with a line with a circular dot) of these external legs, where each
contracted term is multiplied by (—1)#*of contractions of the term T hjg
case k =2, so we generate 22 terms in the fifth line. In the sixth
line, we take into account the fact that the second and third terms
in the fifth line are topologically isomorph, and that the fourth term
in the fifth line vanishes because of the condition Q,, = 0. In the
seventh line the unconstrained sum over the replica indexes is finally
performed. This can be done graphically in the following way: When
we have an external line connected to a round vertex, summing over
the replica index represented by that line means that one has to simply
remove the line (this is the graphical implementation of the relation
> 8a&s = ga)- We do this in the first term: We sum over the top-left
index, and remove the line on the top. Then we sum over the top-right
index by simply multiplying by n. The sum over the bottom-left and
bottom-right indexes simply yields Tr[Q?]. We do the same for the
second term: We sum over the top-right index and remove the top
line, then sum over the top-left index and remove the top-left line.
Then, the sum over the bottom-left and bottom-right indexes yields
Tr[Q?]. Hence, we get the same result as in Eq. (21).
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(5) 3)
5) 2C3,1<—1+ ( Cl k-1

5
7
201262 ) "‘0[(0&?1171) ] (39)
1,k—1

S)
2¢5

3)
n C1k—1
cr 3\ Geind

5) _
Cafp =

5
)+0[(c§?zl)7]- (40)

By looking at Eqgs. (33)—(40) and using the definition (5),
it is easy to see that the coefficients 61(4,301(5,3 scale to zero as
k — oo if € < 1/12. It is easy to find out that this is actually
true for all the coefficients cl(’k) with j > 3. Such a critical
value € = 1/12 will be reproduced also in the field-theoretical
approach in Sec. III.

The evolution Egs. (31)-(40) depend smoothly on the
replica number 7, so that the analytical continuation n — O,

can be done directly. By linearizing the transformation (31)—

(40) around the critical fixed point {c,(i) } ;.1 and computing the
matrix M, one can extract A, and so v for n = 0 to the order

€2 by using Eq. (26). We find

v = 3 4 36€ + [432 — 27(50 + 55 x 2'/3
+53 x 2°*)log2]e? 4+ O(e¥). 41)

At order €, our result for v is the same as that of the
power-law interaction spin glass [11] [where € = 3(c — 2/3)].
Notwithstanding this, the coefficients of the expansion in these
two models will be in general different at two or more loops.
As a matter of fact, the binary-tree interaction structure of
the HEA emerges in the nontrivial log2,2!/3 factors in the
coefficient of €2 in Eq. (41), which cannot be there in the
power-law case.

Before discussing the result in Eq. (41), we point out
that Wilson’s method explicitly implements the binary-tree
structure of the model when approaching the IR limit. As
a matter of fact, the hierarchical structure of the model
is explicitly exploited to construct the steps of the RG
transformation. Nevertheless, if the IR limit is unique and
well defined, physical observables such as v must not depend
on the technique we use to compute them in such a limit.
It is thus important to verify that Eq. (41) does not depend
on the method we used to reproduce the IR behavior of the
theory. This has been done by reproducing Eq. (41) with a
quite different field-theoretical approach.

III. FIELD-THEORETICAL METHOD

Here the IR limit is performed by constructing a functional
integral field theory and by removing its IR divergences within
the minimal subtraction scheme.

While in Wilson’s method the IR limit was performed by
looking at the scale-invariant fixed points for k — oo after
solving the recursion relation (7), in this case we perform
before the large-k limit, remove the resulting IR singularities
through re-normalization, and then perform the scale-invariant
(IR) limit by means of the Callan-Symanzik equation.
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This computation is better performed by slightly changing
the definition of the model. Indeed, the following redefinition
of the interaction term in Eq. (1),

0,2k+I71 2k_1 2k+l_l
Z Ji2,ijSiS; — Z Z J12,ijSi S (42)
i<j i=0 j=2k

is equivalent to the original definition (1) and makes the field-
theory computations simpler. The equivalence of Eq. (42) with
the original definition (1) can be shown [23] by observing that
the scaling of the spin coupling in the model defined by Eq. (42)
differs from that in Eq. (1) for a constant multiplicative factor,
and thus that the two options are equivalent, and must yield
the same critical exponents. Notwithstanding this, the critical
temperature of the model defined by Eq. (1) and that of the
model defined by Eq. (42) are different. This can be verified by
considering how the recursion relation (6) is modified when
one applies the redefinition (42).

The only difference is the third factor in the second line of
Eq. (6), which is now given by

n 2k1_1 2k
E;, | exp Yo Z Z Z J12,i 87 S}
= i=0 j= =2k-1
/32Ck ) 1 2 2
= exp Tr[Q7] — 7 (Tr[Ql] +Tr[Q2]) :

It follows that the recursion relation (6) becomes

2ck
Z:[0] = exp (’3 Tr[Qz]) / [d0.d Q5]

2ck
X exp <—'316 Tr[Q%]) Zi1[01]

2ck
X exXp <—ﬁ16 Tr[Q%]) Zi-11Q:]

o 1—[ 5<Qab— Ql,ab;—Qz,ab>. 43)

a<b=1

Setting

2c
X [Q] = exp (—%Tr[QZ]) Zi[CT2 01,

one can rewrite Eq. (43) as

2 C
X001 = exp [% (1 - Z) Tr[QZ]] / [dP]

P —P
XXk_l <QC+/2) Xk—l (QCT> . (44)

By comparing Eq. (44) with Eq. (7), it is finally clear that
the redefinition (42) results in an effective redefinition of the
inverse temperature f3.

The redefinition (42) also has a clear physical meaning.
Indeed, the original definition (1) is such that, when two
subsystems of 2F spins are coupled to form a system with
2K1 spins, one introduces couplings Jj;; between the two
subsystems and between the spins within each subsystem,
while in Eq. (42) only couplings between the two subsystems
are introduced.
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By iterating the recursion relation (1), one has an explicit
form for the Hamiltonian H;'[S] of a system of 2 spins in
the large-k limit. Then, the average of the replicated partition
function is expressed as an integral over the local overlap field
Qiab = Sla S,b :

E,;[Z"] =

s D exp (—/3 > H![Sg. ... gk_l])
a=1

{5}ia
= / [dQ]e~1el.

By using a dimensional analysis, it is easy to pick up the terms
in S[Q] that are relevant in the IR limit. It is easy to check that
S[Q] is given by the sum of a quadratic term in Q;,, plus a
cubic term, plus higher-degree terms. The dimensions of the
field Q;,p can be computed by imposing the adimensionality
of the quadratic term, and so the dimensions of the coefficient g
of the cubic term and of those of the higher-degree terms. One
finds that the dimensions of g in energy is [g] = 3¢. Thus, asin
Wilson’s method, the cubic term scales to zero in the IR limit
for € < 0, while a nontrivial fixed point appears for € > 0. As
in Wilson’s method, it is easy to see that for € < 1/12 all the
higher-degree terms in S[ Q] scale to zero in the IR limit. Thus,
the IR-dominant part of the action reads

261 2k 1
Z AGTIQ: 01+ 3 ZTr . (45)
11—0

In the derivation of Eq. (45), the bare propagator A;;
originally depends on i, j through the difference Z(i) — Z(j),
where the function Z(i) is defined as follows: Given i €
[0,2F — 1] and its expression in base 2,

k—1 k—1
i=>a;2, I()=) a2 (46)
Jj=0 Jj=0

Hence, the quadratic term of Eq. (45) is not invariant under
spatial translations. This would make any explicit computation
of the loop integrals, and so of the critical exponents, extremely
difficult to perform. This problem can be overcome by a
relabeling of the sites of the lattice [33],

IG)— iVi=0,...25—1.

After relabeling one obtains that A;; depends on i, just
through the difference i — j, thus S[Q] is translationally in-
variant, and the ordinary Fourier transform techniques [33,34]
can be employed. In particular, the Fourier representation of
the propagator is

2k—1

) .
Ay = % Z [M] (|p|20 Ty m), 47)

where |p|, is the diadic norm of p [32], and the mass m
T — T, has dimensions [m] = 20 — 1.

An interesting feature of the action (45) is the fact the
propagator A in Eq. (47) depends on the momentum p through
its diadic norm | p|,. If we look at the original derivation of the
recursion RG equation for the Ising model in finite dimension
(in particular, to the Polyakov derivation [13]), we find that the
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basic approximation was to introduce an ultrametric structure
in momentum space: The momentum space is divided in shells,
and the sum of two momenta of a given shell cannot give
a momentum of a higher momentum scale cell. This has a
nice similarity with the metric properties of the diadic norm,
where if p, p, are two integers, their diadic norms satisfy [32]
|p1 + pala < max(|pil2,|p2l2).

The field theory defined by Eq. (45) reproduces the Tr[ Q?]
interaction term of the well-know effective actions describing
the spin-glass transition in short-range [35] and long-range
[11,36] spin glasses. Notwithstanding this similarity, the
novelty of the HEA is that a high-order e-expansion can be
quite easily automatized within Wilson’s method, by means
of a symbolic manipulation program solving the simple RG
equation (7). This is not true for such short- and long-range
[11,35,36] models, where the only approach to compute the
exponents is the field-theoretical one. Indeed, to the best
of our knowledge, nobody ever managed to automatize a
high-order computation of the critical exponents within the
field-theoretical minimal subtraction scheme, even for the
Ising model, because such an automation is not an easy
task [37].

The field theory defined by Eq. (45) can be now analyzed
within the loop-expansion framework. The renormalized mass
and coupling constant are defined as

m=m, +m, 48)
3e

g=m""g.Z,. (49)

We define the one-particle-irreducible [12] (1PI) renormalized
correlation functions ') in terms of the bare 1PI correlation
functions ') as

1

D (aybyiy - - pbpims j1 -+ i &)
= Z’ZF(’”’I)(alblzl Ay by 1 ]/;g,mhfl).

Since this model has long-range interactions, the field Q,,
is not renormalized, and [12] Z, = 1. Hence, all we need to
compute v are [12] the renormalization constants Z,,Z, and
dm. These can be obtained by computing the IR-divergent parts
of I'®9 12D with the minimal subtraction scheme [12]. In
other words, one takes the IR limitm, — 0, and systematically
removes the resulting e-singular parts of the correlations
functions by absorbing them into the renormalization constants
Z4,Z5.

The Feynman diagrams contributing to I'>1 TG are
shown in Figs. 3 and 4, respectively, and their singular parts
are in the form of 1/¢,1/€? poles.

Here we show by a simple example how the e-divergent
part of such diagrams can be computed. Let us consider the
one-loop expansion of I'>9. This is obtained by picking up
the Tr[Q?] term in the renormalized 1PI generating functional
[12]:

261

1 3¢ ; 261
I [Q] = 3 Z A;Tr[Q: Q1+ m,3'g ZTr[Q?]
Ti=0

i,j=0

— 2 _6e_
X <Zg + nTmﬁ"" f7g,2> + O(gf). (50)
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OO

3

Sy I s

FIG. 3. One- and two-loop Feynman diagrams contributing to
D, The crosses represent Tr[Q?] insertions. From left to right,

such diagrams computed at zero external momenta are equal to
,95,.95,.94,.95,. 9, respectively.

The loop integral,

261

1 1
Iy = o , (51)
2 ,,Zz(:) (m, +m + [pl37~")’

is represented by the first diagram in Fig. 4.

Equation (51) has a well-defined limit for k — oo. Indeed,
thanks to the translational invariance of the theory, the
argument of the sum on the right-hand side of Eq. (51) depends
on p just through its diadic norm. It follows that the sum .%;
can be transformed into a sum over all possible values of
|pl2. Indeed, using the standard result [32] that the number of
integers p € [0,2%F — 1] such that |pl, = 27/, i.e., the volume
of the diadic shell, is given by 27/t¥~1 Eq. (51) becomes

k—1

: 1
Sy =y 270! ‘
7 Jgo [mr + Sm + 2—_[(20‘*1)]3
= 1
— 2-/-1 - , 52
; im, +om 120 op O
I I8 I

L;/]U

FIG. 4. One- and two-loop Feynman diagrams contributing to
39, From left to right, such diagrams computed at zero external
momenta are equal to .7, %, .%, . %9, respectively. The last diagram
is nonplanar.

041134-10



RENORMALIZATION-GROUP COMPUTATION OF THE ...

where in the second line of Eq. (52) the k — oo limit has been
taken, because the sum in the first line is convergent. By using
the fact that 6m = O(g,z), we can rewrite Eq. (52) as

1
Sy = 2;2 i- 1_[m e +0(g2).  (53)
J

It is easy to see that .#5 is IR divergent for m, — 0. Indeed, in
the limitm, — Othe sumover j in Eq. (53) is dominated by the
terms in the IR region 27/ = |p|, — 0. The js corresponding
to this region go to infinity as m, — 0, yielding a divergent
sum in .%5.

In the IR region, the sum on the right-hand side of Eq. (53)
can be approximated by an integral, because the integrand
function is almost constant in the interval [, j + 1] for large
j. Setting ¢ = 27/, for m, — 0 we have —qlog2dj = dq,
and

1 : dq
Sy = 0(g?
’ 210g2/0 i g O

1
_ _6e ~2%-1

_mr2”'/’" dx 1o 2)
= 2l0g2 Jy (14 x20-1) &r

6e

mﬂZJ—l oo dx
d 0(g?). 54
” ZlogZ/o A xy (&) oY

The integral on the right-hand side of the last line in
Eq. (54) is convergent for € > 0, and diverges as € — O.
Its e-divergent part can be easily evaluated,

6€
r2r71 1
=" r(3+
4log2 1-20

r(1
(1=

lza>+0(g’2)

6e
20—1

r

2
[m + 0€<1>] +0(g7). (55

2k—12k—1
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where I is the Euler-gamma function and O, (1) denotes terms
that stay finite as € — 0. As we will show in the following,
these finite terms give a contribution to the renormalization
constants at two loops. By plugging Eq. (55) into Eq. (50),
one can compute the g2 coefficient of Z, by imposing that
the e-singular part of .#; is canceled by Z,. For n =0
we have

Z,=1+ g +0(g). (56)

48¢log?2

By repeating the same computation for the generating func-
tional I',[Q, K ] of correlation functions with Tr[ Q2] insertions
and imposing that the Y ;! K; Q2 termis finite, i.., that [>-)
is finite, we obtain

1
Zy=1+——g>4+0(g").
2=t o2 T (&)

Such a procedure has been pushed at two loops by an explicit
calculation. Even if the evaluation of the e-divergent part
of the two-loop diagrams is more involved, the techniques
and underlying ideas are exactly the same as those used to
compute the one-loop diagram .#;. In Figs. 3 and 4 we show
the Feynman diagrams contributing to the finiteness conditions
of I'®D and of I'®%, respectively. We denote by .77, ..., %
the diagrams in Fig. 3 evaluated at zero external momenta, and
by .77, ..., %o those in Fig. 4 evaluated at zero momenta. It
is easy to show that the equalities

I =,
fZ = jG = ]95
I3 = S,
Iy =I5 =5
hold, and so that all we need to compute the renormalization

constants are .%;,.%,.%,.%,. .%; is given by Eq. (51), while
the other loop integrals are

1

S = 22kZZ

a5 (me o+ 8m+ pI37) (my + 8 + g3 (my + Sm + 1p — q13)

2k—12¢—1

1

= ZkZZ

=55 (me 4 om A+ 11 (my 4 8m + 1g 27 (e 4 8m 4 |p — g7

1

In the limit m, — 0, .%5,.%3,.%; are given by

—12¢ 2 1
R P
S =mr [(22/3—1 T2

] —lZe 1 1
y=mr (21/3 —116elog2

p=0 ¢g=0 (mr+8m+|p|2‘7 l) (mr+8m+|q|2‘7 1) (mr+8m+|p q|2(f ])

1
1) —
)48610g2

) + 0.(1) + 0(g?),

]+0€(1>+0(g3),
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e ] 1 3, (1 1 1
= m, — — —
¢ 2 | (12e log2)? 8(log2)?  48log2/ e 213 -1 " 223 —-1) 48¢elog?2

+0.(1) + 0(g?).

The finiteness of I'®? is imposed by making finite the lekzgl Tr[Q?] term in the 1PI generating functional T',[Q]. The finiteness

2k

of Fﬁll) is imposed by making finite the Zi:ol K; Q? term in the 1PI generating functional I',[Q, K]. The two-loop expansion

of I',[Q] and of ", [ D, K] read

3

. e N
Iwgzgz?ﬂ@ﬂW;Q g%gﬂ miig 7
gim? 1z ) , 2 6
+T[6(n — 20 Iy +6(n —2)° I +2(n(n — 1) — 4 — (n — 2)) A0l + O(g°)
4+ 57
oo 2, £22m7 0= gy
I [Q,K]= ;0 KiTr[Qi]iZ + T I+ = 2.7 + 2.7
+4f5+ﬂ3]+0(gf)}+..., 58)

where the - -- in Eq. (57) stands for terms that are not cubic
in Q;, while the - - - in Eq. (58) stands for terms that are not
quadratic in Q; and linear in K;. The renormalization constants
Zq,Zy are calculated by imposing that the renormalized
correlation functions T'®?, "D are finite, i.e., that the term
in curly brackets in Eq. (57) and that in Eq. (58) have no
singularities [12] in €. At this purpose, we observe that the
finite part of the integral .#; contributes to the renormalization
constants at two loops. For example, let us consider the second
addend in curly brackets on the right-hand side of Eq. (57). By
using Eq. (55) and the one-loop result (56) for Z,, it is easy to
see that this term produces an e-divergent term, given by
8 r2 (n —2) z:il 3 2

8" Tseiog2® O (59)
where O.(1) is the finite part of .%; in Eq. (55). The term in
Eq. (59) is of O(gf) and singular in €. Hence, it contributes to
the O(g}) term in Z,.

After setting n = 0 and imposing the finiteness conditions,
we find

g2
Zo=1+--5
8 * 1e log 2
1 542 %223
4 6
" 0 9
te [153662(10g2)2 512¢log2 }Jr (&7)
(60)
2
Zy=1+_—5
24€log?2
e 1 (1411 x 213 47 x 223
8 | 576e2(log 22 2304¢ log 2
+0(g). ©1)

It is also easy to verify that §m = O(g}).

Once the IR-safe renormalized theory has been constructed,
the effective coupling constant g(A) at the energy scale X is
computed from the Callan-Symanzik equation in terms of the

1

20—1

B function by setting u = m;"",

_ L, dg®)
- P(e) =r——. (62)

dgr
o

IB(gr) =K

B(g,) can be explicitly computed in terms of the renormaliza-
tion constant Z, by applying ,u% |¢,» on both sides of Eq. (49):

(18 Zg)- (63)

g.m

0= 0

= Mau

The right-hand side of Eq. (63) can then be worked out

explicitly by using the two-loop result (60) and substituting

systematically S(g,) to ;Lg%|g,m. In this way, an explicit
equation for (g, ) is obtained. One finds

g’ 5+2x2%3 7

Slog2 T2 128l0g2 & T 0(s;)- ©4
Setting gF = g(A = 0), we see from Eq. (64) that the fixed
point g} = 0 is stable only for ¢ < 0, while for ¢ > 0 a non-
Gaussian fixed point g* of order /€ arises, as predicted by
dimensional considerations and by Wilson’s method. Now the
IR limit A — 0 can be safely taken, and the scaling relations
yield v, in terms of g and Z,,

dlog Z, 1
, Ve —m8
ou n2lgf]l +20 — 1

g.m

B(gr) = —3eg, +

mlgl=n (65)
By plugging the two-loop result for ¢g* and Z, into Eq. (65),
we reproduce the result (41) derived within Wilson’s method.

We observe that the analytical effort to derive the coef-
ficients of the e-expansion in this field-theoretical approach
is much bigger than that of Wilson’s method. Indeed, in
the minimal subtraction scheme additional calculations are
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needed to extract the coefficients of the € poles of the
Feynman diagrams in Figs. 3 and 4. It follows that for an
automatized implementation of the high-order e-expansion,
Wilson’s method turns out to be much better performing
that the field-theoretical method. Notwithstanding this, the
tensorial operations needed to compute the Q-dependence of
the diagrams in this field-theoretical approach turn out to be
exactly the same as those needed in Sec. II, and no additional
effort has been required to compute them.

IV. CONCLUSIONS

In a previous work [26], we set up two perturbative
approaches to compute the IR behavior of a strongly frustrated
non-mean-field spin-glass system, the HEA model. The two
methods are based on the replica approach, and in particular
on the assumption that the physics of the system is encoded in
the limit where the number of replicas n tends to zero. Within
the e-expansion framework, the two approaches yield the same
prediction at two loops for the critical exponent v related to
the divergence of the correlation length.

In this work the two-loop computation is shown in all
its most relevant details, so that the reader can reproduce
it. Moreover, we show the underlying renormalization group
ideas implemented in the two computation methods. One of
these is the existence of a characteristic length £ diverging at
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the IR critical fixed point, where the theory is invariant with
respect to reparametrization of the length scale.

In addition, we show with an explicit example that such a
computation of the critical exponents could be quite easily
automatized, i.e., implemented in a computer program, in
order to compute high orders of the e-expansion, and so
eventually make this theory physically predictive. Indeed, we
give a graphical interpretation of the cumbersome tensorial
operations needed to compute v and previously used in
Ref. [26]. Such a graphical method makes the calculations
much more straightforward and suitable for an implementation
in a computer program to compute high orders of the €
series. We observe that once this high-order series in € will
be known, some resummation technique will be needed to
make the theory predictive, because the series probably has
a nonconvergent behavior. If the high-order series could be
made convergent by means of some appropriate resummation
technique, this calculation would yield an analytical control
on the critical exponents, resulting in a precise prediction for
a non-mean-field spin glass mimicking a real system.
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Abstract — A real-space Renormalization Group approach is presented for a non-mean-field spin-
glass. This approach has been conceived in the effort to develop an alternative method to the
Renormalization Group approaches based on the replica method. Indeed, non-perturbative effects
in the latter are quite generally out of control, in such a way that such approaches are non-
predictive. On the contrary, we show that the real-space method presented here yields a precise
prediction of the critical behavior and exponents of the model.

Copyright © EPLA, 2011

Introduction. — Spin-glasses, structural glasses, and
the physical description of their critical properties have
interested statistical physicists for several decades. The
mean-field theory of these models [1,2] provides a phys-
ically and mathematically rich picture of their physics
and of their critical behavior. Notwithstanding the great
success of such mean-field theories, real spin-glasses are
non-mean-field systems, because they have short-range
interactions. It follows that these systems cannot be
described by mean-field models. Indeed, the generaliza-
tion of the above mean-field theories to the non-mean-
field case is an extremely difficult task that has still not
been achieved, so that the development of a predictive and
consistent theory of glassy phenomena for real systems is
still one of the most hotly debated and challenging prob-
lems in this domain [3].

This task is difficult to achieve because the perturbative
field-theoretical techniques [4,5] yielding the Ising model
critical exponents with striking agreement with experi-
mental data do not apply to locally interacting glassy
systems. Indeed, a considerable difficulty in the set-up of
a loop-expansion for a spin-glass with local interactions is
that the mean-field saddle-point has a very complicated
structure [1,6], and non-perturbative effects are not under
control, in such a way that the properties of the large-scale
behavior of these systems are still far from being clarified.

The physical properties of the paramagnetic-
ferromagnetic transition emerge clearly in ferromag-
netic systems in the original work of Wilson [4], where

(8) E-mail: michele. castellana@u-psud.ft

one can write a simple Renormalization Group (RG)
transformation describing a flow wunder length-scale
re-parametrizations. These RG equations are exact in
non-mean-field models with power-law ferromagnetic
interactions built on hierarchical lattices like Dyson
Hierarchical Model (DHM) [7]. Indeed, in these models
one can write an exact RG transformation for the prob-
ability distribution of the magnetization of the system,
in such a way that all the relevant physical information
on criticality and all the fundamental RG concepts
are encoded into this equation, whose solution can be
explicitly built up with the e-expansion technique [8,9].
Accordingly, to investigate the RG properties of non-
mean-field spin-glasses it is natural to consider spin-glass
models built on hierarchical lattices. This study has been
done heretofore only for some particular models. On the
one hand, models with local interactions on hierarchical
lattices built on diamond plaquettes [10] have been
widely studied in their spin-glass version, and have been
shown to lead to weakly frustrated systems even in their
mean-field limit [11], and so are not a good representative
of a realistic strongly frustrated spin-glass. On the other
hand, a RG analysis of a different kind of random models
on Dyson hierarchical lattice, and of their physical and
non-physical infrared (IR) fixed points, has been done
heretofore [12]. Unfortunately, also in these models spins
belonging to the same hierarchical block interact with
each other with the same [12] random coupling J, in such
a way that frustration turns out to be relatively weak and
they are not a good representative of a realistic strongly
frustrated system.

47014-pl



M. Castellana

The study of such non-mean-field strongly frustrated
spin-glasses is difficult also because it is hard to identify
the correct order parameter and write the resulting RG
equations for a function or functional of it without relying
on the replica method, which is generally able to make
predictions for the critical exponents only in the mean-
field case [6].

In this letter we present a real-space RG method for a
non-mean-field strongly frustrated spin-glass on a hierar-
chical lattice, the Hierarchical Edwards-Anderson model
(HEA) [13], that does not rely on the replica method.
Even if this method does not identify the order parame-
ter of the system, it is interesting from the methodolog-
ical point of view, because it yields a way to implement
Kadanoff’s [14] block-spin decimation rule in a strongly
frustrated system, and to write the resulting RG equa-
tions. In this way, precise predictions on the critical expo-
nents are obtained.

The HEA is defined as a system of 2Ft! spins
S1y...ySort1, S;==+1, with an energy function defined
recursively by coupling two systems, say system 1 and
system 2, of 2F spins

Hk+1 [»SV]_7 ey Sgk+1} - H}i [Sl, ey Sgk]
ok okt

—&-H]% [52k+17 cee, Szk+1} —go(k+1) Z Z JijSiSj,
i=1 j=2k41

(1)

where J;; are random couplings distributed according
to a Gaussian law with zero mean and unit variance,
and Hy[S]=0. o is a parameter tuning the decay of
the interaction strength between spins with distance. It
turns out that for o <1/2 the thermodynamic limit is
ill-defined, because the interaction energy grows with k
faster than the volume 2, while for o > 1 the interaction
energy goes to zero for large k, and no finite-temperature
phase transition occurs. Accordingly, in the following we
will take 1/2 < o < 1. In this interval, the model is a non-
mean-field one, and the mean-field limit is recovered for
o—1/2[13].

The critical properties of the HEA have been studied
heretofore within the replica formalism [15], showing that
the system has a classical behavior in the region 1/2 <
o0 <2/3, where the mean-field approximation is correct,
while non-mean-field effects are important for 2/3 < o < 1.
This analysis makes a prediction for the critical exponents
only in the classical region 1/2 < o <2/3, because in the
non-classical region 2/3 <o <1 the first few orders of
the o — 2/3 = e-expansion have a non-convergent behavior,
and higher orders are not known.

Before exposing the real-space approach for the HEA,
let us illustrate it in the case where the couplings J;; in
eq. (1) are ferromagnetic, 4.e. for the well-known DHM [7],
in order to test the consistency of our method.

The real-space approach for Dyson Hierarchical
Model. — DHM is defined [7] as a system of 25! spins

S1y..., 80641, S; =+1, with an energy function defined
recursively by coupling two systems, say system 1 and
system 2, of 2% spins

H]f‘+1 [Sl, e ,SQkJrl} :H]f [Sl, e 752k]
) ok+1 2
+H} [Spigy, -, Spra] — JR2U—or) (4l ok+1 Z Sil s
i1

(2)
where HE'[S] =0, the suffix F stands for “ferromagnetic”,
and one can show that 1/2<op <1, with the same
argument as that used to derive the constraints on o for
the HEA.

The real-space RG method is built up by iterating
exactly ko times the recursion equation (2). In this way,
a DHM with 2% spins Si,..., S5, and Hamiltonian
HFE[S1,...,Sox] is obtained. We now want to build up
a 2Fo+l gpin DHM starting from such a 2F0-spin DHM,
which can be done as follows. We consider a 250~ 1-spin
DHM, where J is replaced by another coupling J'. Such a
2ko—1_spin DHM is defined by iterating ko — 1 times eq. (2)
with J — J’, and its Hamiltonian is H,;f_l[ 1 Shrg—1]-
Given J, the coupling J’ is chosen in such a way that
the 2%0—1_spin DHM represents as well as possible the
2ko_spin DHM, as qualitatively depicted in fig. 1. This
approximation is practically implemented by considering
a physical observable O}; (BJ) of the 2Fo-spin DHM, and
an observable Of _,(3.J’) of the 2¥~!-spin DHM, where (3
is the inverse temperature. The normalized magnetization
on the left half of the 2*o-spin DHM is

oko—1 oko—1

e el )

and an analog expression holds for the right-half magne-

tization mpg, where Eg stands for the thermal average at

fixed (3, performed with weight exp(—G8H ,f; ). The normal-

ized magnetization on the left half of the 250 ~1-spin DHM
ko—2

1S
E ;207 N2 -3
= (5 3 ) fos| (= T w) |}
=1 =1

and an analog expression holds for the right-half magneti-
zation m%{, where E g stands for the thermal average with
weight exp(—0H ,’Cf _1). Mimicking Kadanoft’s block-spin

rule, for the 2¢0~1-spin DHM to be a good approximation
of the 2Fo-spin DHM, we map the block of the spins in the
left half of the 2¥o-spin DHM into the block of the spins in
the left half of the 250 ~1-spin DHM, and do the same for
the right half. In order to do so, we choose the observables
to be Of (8J) =Eg[mrmg], Of _1(BJ") =Bg, [m)mf],
and impose the equation

Op (BJ)=0p, 1 (BJ"). (3)

For any fixed J, eq. (3) determines J’ as a function of J, as
the value of the coupling of the 2*0~1-spin DHM such that

47014-p2
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Fig. 1: Approximation of the real-space approach for ko= 2.
In the implementation of the real-space approach for DHM,
a 2%-spin DHM is approximated by a 2-spin DHM. In the
implementation of the real-space approach for the HEA,
a 2%-spin HEA is approximated by a 2-spin HEA.

this yields the best possible approximation of the 2¥°-spin
DHM.

Let us take two copies of the 2F0~l-spin DHM. We
make these two copies interact according to eq. (2), and
form a 2F°-spin DHM. Since each of the DHMs that we
make interact represents a 2Fo-spin DHM, the 2*o-spin
DHM result of this composition effectively represents a
2ko+1_spin DHM. Once again, this DHM is then approxi-
mated as a 20~ 1-spin DHM with coupling, say, J”, and so
on. Setting Jo=J,Jy =J', Ja=J",..., eq. (3) establishes
a relation between Jj and Jiy1, physically representing
the RG flow of the coupling J; under reparametrization
of the unit length 2F — 2++1,

The RG eq. (3) is not exact, because it relies on the
fact that a 2¥o-spin DHM is approximated by a 2k0~1-spin
DHM. Nevertheless, such an approximation must become
asymptotically exact in the large ko-limit, where both 2%
and 2Fo~1 tend to infinity. Quite large values of ko can
be reached by exploiting the hierarchical structure of the
system [7], in such a way that the observables Of ,Of _,
can be calculated with a computational cost proportional
to 2k0 . Tt is possible to show that for any ko the real-space
method reproduces the constraints 1/2 < op < 1. Indeed,
for op > 1 eq. (3) gives J' < J, VJ, 3, so that the coupling
Ji goes to 0 for large k, and no phase transition occurs.
On the contrary, for op <1/2 one has J' > J, VJ, 3, and
the model is thermodynamically unstable.

The critical exponent vp related to the divergence of
the correlation length [5] is easily obtained by linearising
the transformation 3J — 3J’ in the neighborhood of the
critical fixed point 8J = BJ' = K, [4], 21/VF = %|QJ:KC.
In fig. 2 we depict 2'/¥F computed with this method,
together with 2'/¥F computed by Bleher [9,16] with an
independent approach, as a function of 1/2<op <1.
The latter calculation makes an exact prediction for
21/YF in the region 1/2 < op < 3/4 where the mean-field
approximation is exact, while it estimates 2/*F in the
non-mean-field region 3/4 < op <1 by means of a series
of successive approximations. In the bottom inset of fig. 2
we show how Ap pg for finite kg has been extrapolated to
the kg — oco-limit: for every o the sequence A rs vs. kg
is fitted with a function of the form a —b-~*0, and a is
the resulting extrapolated value. The parameter v <1 is
an indicator of the speed of convergence with respect to

Arrs, ko =5

91/vr

4,
o
12 e > Armehe—6 .
y “,A 1.32 s g ﬁms, iﬂ =7 x ¥
Al L ors, ko=8 ® Te
11 < P & Frs, ko
° egﬁ‘ el I G VR Arrs, ko =9 ¥
v T o7 s, e A s, ko =10 ¥
1.1 o 1.26 a—b-qyt - Apps, ko =11
¢ ! Apps ho=12 &
l,n"a 4567 8 910111213 Ar s, extr. .
1.05 ' Ar, mean-field value - - -
,«‘"’ ko Ap, Bleher o

: Upper critical dimension opp = 3.4 wwwue

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

or

Fig. 2: (Color online) 2'/*F as a function of o for 1/2<
or < 1. The black dashed line represents the upper critical
dimension or =3/4 discussed in [8]. The points are given by
2Y/vF computed with the real-space method for 5 < ko < 12,
and the gray points are 21/¥7 extrapolated to ko — oo by fitting
AF rs vs. ko with a function of the form f(ko)=a—b- ~*0 . The
orange dashed curve and the green triangular points are 21/*F
obtained in [16]. Top inset: v vs. or. Bottom inset: Ap rs vs.
ko for o =0.92, its fitting function f(ko) and the extrapolated
value a.

ko: the larger v the slower the convergence. In the main
plot of fig. 2 the extrapolated value is depicted, and this
is in good agreement with the value given in [9,16]. The
region where the disagreement between the two methods is
largest is o ~ 3/4, where 2'/7 must be non-analytic [8].
This non-analiticity cannot show up for finite ky. However,
in the top inset of fig. 2 we show that the parameter ~
has a maximum at op =~ 3/4. This fact shows that the
convergence slows down in the neighborhood of o =3/4,
i.e. that the real-space method signals the appearance of
a non-analiticity of v at op = 3/4, which results from the
switchover from a mean-field to a non-mean-field regime.

It is now natural to generalise this real-space approach
to the HEA model, to compare its predictions with those
obtained with the replica method.

The real-space approach for the Hierarchical
Edwards-Anderson model. — Let us now illustrate how
to apply the real-space method to the HEA, by considering
first the simplest case ky = 2. The reader should follow our
derivation in close analogy with that exposed above for
DHM. A HEA with 22 spins Si,---,S; and Hamiltonian
Hy[Sq,. .., S4] is built up exactly by means of the recursion
equation (1). We set J;; =277J;;, where by definition the
couplings {J;;}i; are independent identically distributed
random variables, and the probability distribution of each
of them will be denoted by p(J). Thus, we consider
a 2-spin HEA, whose Hamiltonian reads H'{[S1,S}] =
—J{35155. For each realization of the couplings {J;; }j,
we choose J/, as a function of {.7;;},; in such a way that
the 2-spin HEA yields the best possible approximation of
the 22-spin HEA, as qualitatively depicted in fig. 1.
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In order to do so, let us consider a physical observable
O2({BTij}ij) of the 2%-spin HEA, depending on the 6
couplings {J;;};; and B, and an observable O1(8J5)
of the 2-spin HEA. Inspired by the fact that the order
parameter in the mean-field case is the overlap [1], here
we build up O and O; as the thermal average of products
of spin overlaps. To build up Os and O1, consider two real
replicas §1, S2 of the spins of the 22-spin model, and two

-1 =2
real replicas S’ , 5" of the spins of th_g 2-spin model. The
normalized overlap between S! and S? on the left leaf of
the 22-spin HEA is

2y -
o, = Sistrsisy [ [ sisp+siss
L = 2 S§1,52 2 )

and an analog expression holds for the right-leaf over-
lap Qr, where Eg stands for the thermal average at
fixed disorder {J;;}:;; and (. The normalized overlap

between S’ ! and §’2 on the left leaf of the 2-spin HEA
is Qf :SilS;Q, and an analog expression holds for the
right-leaf overlap Q7. Following Kadanoff’s decimation
rule, we map the 22-spin HEA into the 2-spin HEA by
imposing that the spins S7,S5 correspond to the spin
S1, and that the spins S3,S; correspond to the spin
S%. This mapping results in a correspondence between
Qr and @', and between Qg and Q. By choosing the
observables as O>({8J:5}) =Eg g [QLQr], 01(8T12) =
E§,17 g [Q7 Q%] Kadanoff’s decimation rule can be prac-
tically implemented by imposing the equality

02({8Ti5}) = 01(BT12), (4)

where E ¢, stands for the thermal average at fixed disorder
J{, and (. For any realization of the couplings {J;;}:;,
eq. (4) determines J/, as a function of {J;;};; in such a
way that the 2-spin HEA yields the best possible approx-
imation of the 22-spin HEA. Accordingly, the distribution
p(J) induces a distribution of [J,, that we will denote
by p'(J{5). The mapping between p(J) and p'(J’) can be
shown to be given by

v = [ [Tz

i<j

X [5 (j’ - %arctanh ( 02({6$j})>)

16 (J’ + %arctanh ( 02({5@-}))) ] )

According to the iterative construction of eq. (1), a
new HEA is then constructed by taking two realizations
of the 2-spin HEA. Each realization is given by throw-
ing the coupling J' according to its probability distrib-
ution p'(J’). We make these two copies interact to form
a 22-spin HEA. Since each of the HEAs that we put into
interaction represents a 22-spin HEA, the 22-spin HEA
result of this composition effectively represents a 23-spin

HEA. At the next step of the iteration, this 22-spin HEA
is again approximated as a 2-spin HEA with coupling, say,
Ji4, and the probability distribution p”(J{4) of J{h is
computed from p’(J’), and so on. This step is repeated
k-times, and a system representing a 22t*-spin HEA is
obtained.

Setting  po(J)=p(J), p(T)=P(T), p2(J)=
p"(J),..., eq. (5) establishes a relation between pi(J)
and pgy1(J), physically representing the RG flow of
the probability distribution of the coupling px(J) under
reparametrization of the unit length 2% — 25+1,

Equation (5) has been solved by means of the population
dynamics algorithm. In population dynamics, one repre-
sents the function p(7) as a population of P >> 1 numbers
{TJi}i=1,..,p, where each J; has been drawn with proba-
bility p(J;). The mapping p(J) — p'(J’) given by eq. (5)
results into a mapping between {7;}; and the population
{J!}: representing p'(J).

The structure of the fixed points of eq. (5) has been
thus investigated numerically, showing that there exists
a finite value of B=p0. such that for <. pr(J)
shrinks to a 0(J) as k is increased, while for 3> (3,
pr(J) broadens, i.e. its variance is an ever-increasing
function of k. The physical interpretation of these two
temperature regimes is that for < 8. pp(J) flows to
the attractive high-temperature fixed point with J =0
where spins are decorrelated, while for 3> 3. it flows to
the attractive low-temperature fixed point with J = oo
where spins are strongly correlated. This fact implies
that as the temperature is lowered below T.=1/8. a
phase transition occurs, resulting in the appearance of
a collective and strongly interacting behavior of spins
in the low-temperature phase. The existence of such a
finite-temperature phase transition for a diluted version of
HEA model has already been established heretofore in MC
simulations by means of finite-size scaling techniques [13].

The population dynamics approach reproduces the fact
that for 0 <1/2 the thermodynamic limit is ill-defined,
as we discussed above. Indeed, the numerics show that
for 0 = 1/2 B.—0, in such a way that the variance of
pr(J), and so that of H, is an ever-increasing function
of k, and the thermodynamic limit k& — oo is ill-defined.
Unfortunately, the second constraint ¢ <1 is not repro-
duced. This is presumably due to the fact that eq. (5)
implements only the lowest-order approximation of the
real-space method, kg =2, and that the method is exact
only for large kq. This hypothesis is supported by the esti-
mate of the critical exponents that we will discuss in the
following, suggesting that the closer o to one, the larger
the values of ky needed to have a good estimate of the
exact result. Accordingly, for ¢ — 1 a significantly better
description would be obtained if larger values of ky were
accessible, and the o < 1-limit would be recovered.

The numerical implementation of eq. (5) also reveals the
existence of a repulsive critical fixed point with a finite
width, that we will denote by p.(J), and that is reached
by iterating eq. (5) with 8= (.. The critical exponent
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v governing the power-law divergence of the correlation
length at §=0. is determined [4] from the spectrum
of the matrix linearising the transformation (5) in the
neighborhood of p. (7).

Before discussing the numerical results for p.(J) and
v, let us discuss better implementations with kg > 2
of this method. The only new element with respect
to the ko=2-case is the following. For ko >2, a 2Fo-
spin HEA is approximated as a 2*o~l-spin HEA. The
latter has 2~0—1(2~k0—1 1) /2= M’ > 1 couplings {T}is-
It turns out that even if the couplings {J;;}:; of the
2%-spin HEA are independent, {J};}i; are not, and are
distributed according to a joint distribution that we
denote by pe({Jj;}ij)- In other words, correlations are
introduced when iterating the RG transformation. In the
present treatment these correlations have been neglected
by assuming that each of the {Jj;}i; behaves as an
independent random variable distributed according to a
distribution obtained as the average of M’ distributions,
each obtained by marginalising pi({J};}i;) with respect
to M' —1 couplings J}.

The real-space approach has been thus implemented
for kg =2,3,4. Larger values of ky were not accessible,
because the computational cost scales as 22" All the
qualitative features emerging for ky=2 and discussed
above are preserved for kg = 3, 4. In fig. 3 we depict p.(J)
as a function of J for several values of ¢ in the kg =3,4
approximations. Two interesting features emerge from
fig. 3. Firstly, the discrepancy between p.(J) in the ko = 3-
approximation and p.(J) in the ko = 4-approximation is
relatively small, signaling that kg =4 is hopefully large
enough for the real-space approach to give a reasonably
good estimate of the critical fixed point, at least for the
values of o considered in fig. 3. Secondly, a plausible
scenario resulting from the inset of fig. 3 is that, for
large ko, p.(0) =0 for o < 2/3, while p.(0) > 0 for o > 2/3.
Interestingly, the analysis of the HEA based on the replica
approach [13,15] predicts a sharp change of behavior from
a mean-field regime for 1/2 < o < 2/3 to a non-mean-field
regime for 2/3 <o < 1. In the real-space approach J;; is
nothing but the effective coupling between spins S; and
S; of a 2ko_spin HEA. At the critical point, S; is obtained
as the coarse-graining of a group of 2¢, [ > 1 spins, which
have been progressively decimated and reduced to a single,
effective degree of freedom S;, and the same property holds
for S;. For o < 2/3 the model is effectively mean-field, and
should thus behave as a fully connected one. Accordingly,
the 2! spins represented by S; must interact with all the
other spins, and so with the 2! spins represented by S;.
Thus, the effective coupling between S; and S; cannot
vanish, i.e. p,(0) =0. In the non-mean-field case o >2/3
the system is not fully connected, because the effective
interaction range is finite. Accordingly, there is a finite
probability that the 2! spins represented by S; do not
interact with the 2! spins represented by S;. Thus, the
effective coupling between S; and S; can vanish, i.e.
p«(0) >0. According to this argument, this change of
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Fig. 3: (Color online) Fixed point p.(J) as a function of
J for ko =3 and 0 =0.621,0.678,0.737 (in black, violet and
brown, respectively), and for ko =4 and o =0.621,0.678,0.737
(in red, blue and green, respectively). For these values of o, the
discrepancy between p.(J) in the ko = 3-approximation and
p«(J) in the ko = 4-approximation is relatively small, signaling
that ko =4 is presumably large enough for the method to give
a reasonably good estimate of the critical fixed point. Inset:
p«(0) vs. o for ko = 3,4. A plausible picture resulting from the
data is that, for large ko, p«(0) =0 for o <2/3 and p.(0) >0
for o >2/3. This picture has a clear physical interpretation
given in the text, and suggests a change of behavior at o =2/3,
reminiscent of the switchover from a mean-field regime for
0 <2/3 to a non-mean-field regime for o > 2/3 predicted by
the replica approach.

behavior of p,(0) at o =2/3 can be seen as the switchover
from a mean-field behavior to a non-mean-field one, and
is predicted independently and confirmed by the replica
analysis of the HEA.

Let us now consider the predictions on the critical expo-
nent v. In fig. 4 we depict 2'/” obtained with the ko=2,
3, 4-approximation and 2'/¥ obtained with the replica
approach [15] as a function of o, both in the mean-field
region ¢ < 2/3 and in the non-mean-field region o > 2/3,
where the first two orders of the e-expansion are depicted.
The agreement between 2!/ computed with the real-space
approach for kg =2 and 2'/* computed with the replica
approach is not satisfying. Nevertheless, for kg = 3,4 the
agreement in the mean-field region 1/2 <o <2/3 is very
good, and serves as an important test of the real-space
method. A quantitative comparison between 2'/* of the
real-space approach and that of the replica approach in
the non-mean-field region cannot be done, because in the
latter the e-expansion is out of control, i.e. the first two
orders of the expansion have a non-convergent behav-
ior, and higher orders are not known. Accordingly, the
e-expansion curve depicted in fig. 4 must not be consid-
ered as an estimate of 2/¥. A prediction for v in the
non-classical region ¢ >2/3 for a diluted version [13] of
the HEA is given by Monte Carlo (MC) simulations [17].
According to [17], for o > 2/3 2/¥ is a decreasing function
of o in the neighborhood of o =2/3, which is in disagree-
ment with the results of the real-space approach, fig. 4.
This discrepancy will be discussed in the following.
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Fig. 4: (Color online) 2!/ as a function of o. The red,
brown and blue points are 2l/v computed with the real-space
approach for ko = 2, 3, 4, respectively. The black dashed curve
and the green dashed curve are 21/" obtained with the replica
approach [15], and the orange dashed line is the relative upper
critical dimension o =2/3 [13]: the black dashed curve is the
mean-field value of 2'/¥ for o < 2/3, while the green dashed
curve is the two-loops result obtained with the e-expansion.

Discussion and conclusions. — In this letter we
developed a real-space RG approach for a non-mean-
field spin-glass, the Hierarchical Edwards-Anderson model
(HEA). This approach is innovative with respect to the
RG approaches to disordered, strongly frustrated systems
developed heretofore that generally rely on the replica
method [6]. Indeed, the present approach does not make
use of the replica method, which is generally predictive
only in the mean-field case, and cannot handle pertur-
batively fluctuations around the mean-field saddle-point,
because these turn out to be out of control [6]. Through
a systematic approximation scheme, the present approach
implements Kadanoff’s block-spin decimation rule [14] on
spins. The implementation of such a decimation rule to a
disordered, strongly frustrated system has not been devel-
oped heretofore because of the intrinsic difficulties intro-
duced by frustration, and allows for an effective reduction
of the degrees of freedom of the system. Kadanoff’s block-
spin rule is practically implemented by approximating a
2k0_spin HEA as a 2 ~l.spin HEA. Such an approxi-
mation is practically performed by imposing that some
observables of the 2Fo-spin HEA are equal to some corre-
sponding observables of the 20~ 1-spin HEA. For large ko,
the method is asymptotically exact, and so are its predic-
tions on the critical features of the system. The method
has been tested in the simplest case of Dyson Hierarchi-
cal Model [7], which is the ferromagnetic version of the
HEA, and the resulting predictions for the critical expo-
nents are in good agreement with the results obtained
heretofore [16].

The method has been then applied to the HEA, and
identifies the existence of a phase transition in the system,
yielding a prediction on the critical exponent v related
to the power-law divergence of the correlation length at
the critical point. Above the upper critical dimension

(0 <2/3), the results for v are in very good quantitative
agreement with those given by the replica method [15]
even for small ky=3,4. Below the upper critical dimen-
sion (o >2/3), the e-expansion for the critical exponents
performed within the replica method is not predictive,
because the first few orders have a non-convergent behav-
ior, and higher orders are not known. Hence, a quantita-
tive comparison between the real-space approach and the
replica approach is not possible. On the contrary, Monte
Carlo (MC) simulations [17] for a diluted version of the
HEA yield a prediction for the critical exponents in this
region. These are in disagreement with those of the real-
space approach. This discrepancy could be due both to
the smallness of kg in the real-space approach, or to the
non-universality of the exponent v when switching from
the HEA defined here to its diluted version, or to the
fact that correlations between the spin couplings have
been neglected in the real-space approach. Accordingly,
the quantitative estimate of v below the upper critical
dimension is a still untamed issue, which could be suitable
for future investigations and developments of the present
real-space method.
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We investigate the finite-size fluctuations due to quenched disorder of the critical temperature of the
Sherrington-Kirkpatrick spin glass. In order to accomplish this task, we perform a finite-size analysis of the
spectrum of the susceptibility matrix obtained via the Plefka expansion. By exploiting results from random
matrix theory, we obtain that the fluctuations of the critical temperature are described by the Tracy-Widom

distribution with a nontrivial scaling exponent 2/3.

DOI: 10.1103/PhysRevB.84.144417

I. INTRODUCTION

The characterization of phase transitions in terms of a
nonanalytic behavior of thermodynamic functions in the
infinite-size limit has served as a milestone'~ in the physical
understanding of critical phenomena. In laboratory and numer-
ical experiments, the system size is always finite so that the
divergences that would result from such a nonanalytic behavior
are suppressed, and are replaced by smooth maxima occurring
in the observation of physical quantities as a function of the
temperature. In disordered systems, the pseudocritical tem-
perature, defined as the temperature at which this maximum
occurs, is a fluctuating quantity depending on the realization
of the disorder. A question naturally arises: Can the fluctu-
ations of the pseudocritical temperature be understood and
determined with tools of probability theory? Several efforts
have been made to study the fluctuations of the pseudocritical
temperature for disordered finite-dimensional systems®~ and
their physical implications. For instance, recently Sarlat et al.'°
showed that the theory of finite-size scaling, which is valid
for pure systems, fails in fully-connected disordered models
because of strong sample-to-sample fluctuations of the critical
temperature.

The extreme value statistics of independent random vari-
ables is a well-established problem with a long history
dating from the original work of Gumbel,'! while less results
are known in the case where the random variables are
correlated. The eigenvalues of a Gaussian random matrix
are an example of strongly-correlated random variables.!?
Only recently, Tracy and Widom calculated'*'¢ exactly the
probability distribution of the typical fluctuations of the
largest eigenvalue of a Gaussian random matrix around its
infinite-size value. This distribution, known as Tracy-Widom
distribution, appears in many different models of statistical
physics, such as directed polymers'”!'® or polynuclear growth
models,' showing profound links between such different
systems. Conversely, to our knowledge no evident connections
between the Tracy-Widom distribution and the physics of spin
glasses have been found heretofore.?’

The purpose of this work is to try to fill this gap. We consider
a mean-field spin glass model, the Sherrington-Kirkpatrick
(SK) model,”' and propose a definition of finite-size critical
temperature inspired by a previous analysis.® We investigate
the finite-size fluctuations of this pseudocritical temperature

1098-0121/2011/84(14)/144417(9)

144417-1

PACS number(s): 64.70.Q—, 75.10.Nr, 02.50.—r

in the framework of extreme value statistics and show that the
Tracy-Widom distribution naturally arises in the description
of such fluctuations.

II. THE MODEL
The SK model?! is defined by the Hamiltonian

N N
J
HUS L il = = D xSiSi+ ) hiSi, (1)
i>j=1 i=1
where §; = %1, the couplings {x;j}i~j=1,.. .~ = {x},x;; =
x;;jVi > j are distributed according to normal distribution with
zero mean and unit variance

P(x)= e 7, 2)

and J is a parameter tuning the strength of the interaction
energy between spins.

The low-temperature features of the SK model have been
widely investigated in the past and are encoded in Parisi’s
solution,”>"?’ showing that the SK has a finite-temperature
spin glass transition at 7, = J in the thermodynamic limit
N — oo. The critical value T, can be physically thought of as
the value of the temperature where ergodicity breaking occurs
and the spin glass susceptibility diverges.>>~%’

While Parisi’s solution has been derived within the replica
method framework, an alternative approach to study the SK
model had been previously proposed by Thouless, Anderson,
and Palmer (TAP).”® Within this approach, the system is
described in terms of a free energy at fixed local magnetization,
and the physical features derived in terms of the resulting
free-energy landscape. Later on, Plefka?® showed that the
TAP free energy can be obtained as the result of a systematic
expansion in powers of the parameter

_BJ
= N2

where B is the inverse temperature of the model. This «
expansion, known as Plefka expansion, has thus served as
a method for deriving the TAP free energy for several classes
of models, and has been extensively used in different contexts
in physics, from classical disordered systems,** to general
quantum systems.>>=¢ It is a general fact that, if the model is

©2011 American Physical Society
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defined on a complete graph, the Plefka expansion truncates to
a finite order in o, because higher-order terms should vanish
in the thermodynamic limit. In particular, for the SK model,
the orders of the expansion larger than three are believed®’ to
vanish in the limit N — oo in such a way that the expansion
truncates, and one is left with the first three orders of the «

series, which reads
1 + m; 1 + m; 1-— nm;
-3 In +
- 2 2 2
l>] + o injmimj

<l—m

X In

2 —
i>j

2
+ YR -md), o)

i>j

—Bf({m;}.B) =

where m; = (S;) is the local magnetization, i.e., the thermal
average () of the spin S; performed with the Boltzmann weight
given by Eq. (1) at fixed disorder {x}.

In the thermodynamic limit N — oo, for temperatures 7 >
T, the only minimum of Bf ({m},B) is the paramagnetic one
m; = 0Vi.Below the critical temperature, the TAP free energy
has exponentially many different minima: the system is in a
glassy phase. In this framework, the phase transition at 7, can
be characterized by the inverse susceptibility matrix, which is
also the Hessian of 8f

. 9%BS)

= =—" 4

ﬂ ‘3 81’71 j 3}71 i om j ( )

The inverse susceptibility matrix in the paramagnetic mini-
mum at leading order in N is

Bxi;' =+ B2INSi; — axij. )

Random-matrix theory states that the average density of
eigenvalues of x,

N
pN(MEEx[ Z (- A(x}))} 6)

has a semicircular shape®® on a finite support [—2+/N,2+/N1,
where [E, denotes expectation value with respect to the random
bonds {x}, and X;({x}) is the ith eigenvalue of x. Equation
(6) is nothing but the density of eigenvalues of the Gaussian
orthogonal ensemble (GOE) of Gaussian random matrices.'>3

Due to self-averaging properties, the minimal eigenvalue of
Bx ! in the paramagnetic minimum is A = (1 — BJ)2. This
shows that, for T > T,, A is strictly positive and vanishes at
T., implying the divergence? of the spin glass susceptibility
1/B°Tr[x?]. Since A is also the minimal eigenvalue of the
Hessian matrix of Sf in the paramagnetic minimum, we
deduce that this is stable for T > T, and becomes marginally
stable at 7.

This analysis sheds some light on the nature of the spin glass
transition of the SK model in terms of the minimal eigenvalue
A of the inverse susceptibility matrix (Hessian matrix) in
the thermodynamic limit. In this paper we generalize such
analysis to finite sizes, where no diverging susceptibility nor
uniquely-defined critical temperature exists, and the minimal
eigenvalue A acquires fluctuations due to quenched disorder.

PHYSICAL REVIEW B 84, 144417 (2011)

We show that a finite-size pseudocritical temperature can
be suitably defined and investigate its finite-size fluctuations
with respect to disorder. As a result of this work, these
fluctuations are found to be described by the Tracy-Widom
distribution.

The rest of the paper is structured as follows. In Sec. III, we
generalize Eq. (5) to finite sizes, in the simplifying assumption
that the Plefka expansion can be truncated up to order o2,
which is known as the TAP approach. We then study the
finite-size fluctuations of the minimal eigenvalue A of the
susceptibility matrix, and show that they are governed by the
TW distribution. In Sec. IV, we extend this simplified approach
by taking into account the full Plefka expansion, by performing
an infinite re-summation of the series. Hence, in Sec. V,
we give a suitable definition of a finite-size pseudocritical
temperature, and show that its fluctuations are governed by
the TW distribution. In Sec. VI, this result is discussed in
the perspective of generalizing it to more realistic spin glass
models.

III. FINITE-SIZE ANALYSIS OF THE SUSCEPTIBILITY IN
THE TAP APPROXIMATION

In this section, we study the finite-size fluctuations due to
disorder of the minimal eigenvalue of the inverse susceptibility
matrix By~ at the paramagnetic minimum m; = 0Vi, by
considering the free energy f in the TAP approximation,
Eq. (3). We want to stress the fact that large deviations
of thermodynamics quantities of the SK model have been
already studied heretofore. For example, Parisi et al. have
studied*®*! the probability distribution of large deviations of
the free energy within the replica approach. The same authors
studied the probability of positive large deviations of the free
energy per spin in general mean-field spin-glass models,*> and
showed that such fluctuations can be interpreted in terms of
the fluctuations of the largest eigenvalue of Gaussian matrices,
in analogy with the lines followed in the present work.

Back to the TAP equations (3), the inverse susceptibility
matrix in the paramagnetic minimum for finite N reads

_axij+6ij 1—|—Olzlegi
ki

IBX,‘;I

BI)

l,fzz, @)

= —ax;j +8;(1+ B*J*) +8

where

‘ 1
#H=VN NZx,fi—l . (8)

ki

According to Eq. (8), z5 is given by the sum of N -1
independent identically-distributed random variables x By
the central limit theorem, at leading order in N the var1able zz
is distributed according to a Gaussian distribution with zero
mean and variance 2

N—o0 1
) =

pn(sh =z eI, ©)
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where py(zh = z) denotes the probability that z), is equal to z
at finite size N.
We set

Bxi;' =81+ B>J%) +aM;. (10)

According to Eq. (8), the diagonal elements of M;; are
random variables correlated to out-of-diagonal elements. The
statistical properties of the spectrum of a random matrix whose
entries are correlated to each other has been studied heretofore
only in some cases. For instance, Stiring et al* studied
the average eigenvalue density for matrices with a constraint
implying that the row sum of matrix elements should vanish,
and other correlated cases have been investigated both from a
physical** and mathematical® point of view.

In recent years, a huge amount of results has been obtained
on the distribution of the minimal eigenvalue of a N x N
random matrix drawn from Gaussian ensembles, such as GOE.
In particular, Tracy and Widom'*~'¢ deduced that for large N,
small fluctuations of the minimal eigenvalue Agog of a GOE
matrix around its leading-order value —2+/N are given by

Agoe = —2+/'N + PGOE» (1)

1
NI
where ¢gog is a random variable distributed according to
the Tracy-Widom (TW) distribution for the GOE ensemble
pcoe(@). It follows that for BJ =1 if zé was independent on
{x}, the matrix M;; would belong to the GOE ensemble, and
the minimal eigenvalue A of 8 ~' would define a variable ¢
according to

1

A= N2/3¢7

12)

and ¢ would be distributed according to the TW distribution
PGOE(®). ,

As shown in Appendix A, this is indeed the case for z),
which can be treated, at leading order in N, as a random
variable independent on x;;. The general idea is that zé is given
by the sum of N — 1 terms all of the same order of magnitude,
and only one amongst these N — 1 terms depends on x;;. It
follows that at leading order in N, z; can be considered as
independent on x;;. Since in Eq. (7) z5 is multiplied by a
sub-leading factor 1/+/N, in Eq. (7) we can consider zé at
leading order in N, and treat it as independent on x;;.

To test this independence property, we set 8J = 1, generate
numerically S >> 1 samples of the N x N matrix 8!, and
compute the average density of eigenvalues of 8!, defined
as in Eq. (6), together with the distribution of the minimal
eigenvalue A for several sizes N. The eigenvalue distribution
on(X) as a function of A is depicted in Fig. 1, and tends to the
Wigner semicircle as N is increased, showing that the minimal
eigenvalue A tends to 0 as N — oo.

The finite-size fluctuations of A around 0 are then investi-
gated in Fig. 2. Defining ¢ in terms of A by Eq. (12), in Fig. 2 we
depict the distribution py(¢) of the variable ¢ for several sizes
N, and show that for increasing N, py(¢) approaches the TW
distribution pgog(¢). Let us introduce the central moments

nY = Eyls],
u¥ =Eyl(¢ — Exlpl)1Vi > 1

PHYSICAL REVIEW B 84, 144417 (2011)

0.25

FIG. 1. (Color online) Density of eigenvalues py (1) of the matrix
Bx ! for N = 64,128,256,512,1024 (inred, blue, yellow, green, vio-
let respectively), 8J = 1and S = 16 x 103, and Wigner semicircular
law psc(A) = 1/(27)4/4 — (2 — 1)? (black) as a function of A. py (1)

approaches psc(A) as N is increased.
of py(¢), and the central moments

RSO = Egorl4l,
1% = Ecoel(¢ — Ecoel¢])1Vi > 1
of the TW distribution, where

Eyl = f dé pu(d) -

Egoel-] = /d¢ PGOE() - .

In the inset of Fig. 2 we depict p) for several sizes N and
M?OE as a function of i, showing that /,LIN converges to /L?OE
as N is increased.

In Fig. 3, this convergence is clarified by depicting A M,N =
(uN — uSO)/uSOF for several values of i > 1 as a function
of N. Aul is found to converge to 0 for large N. In the inset
of Fig. 3, we depict AuY as a function of N, showing that
the convergence of the first central moment with N is much
slower than that of the other central moments. It is interesting
to observe that a slowly-converging first moment has been
recently found also in experimental*® and numerical*’ data
of models of growing interfaces where the TW distribution
appears.

The analytical argument proving the independence property
of z) has been thus confirmed by this numerical calculation.
Hence, the main result of this section is that the finite-size
fluctuations of the minimal eigenvalue of the susceptibility
matrix 8x~! in the TAP approximation for 8J = 1 are of
the order of N~2/3 and are distributed according to the TW
law. These fluctuations have already been found to be of
the order of N=2/3 in a previous work,*® and more recently
reconsidered,*® following an independent derivation based on
scaling arguments, even though the distribution has not been
worked out. Our approach sheds some light on the nature of
the scaling N~2/3, which is nontrivial, since it comes from the
N~/ scaling of the TW distribution, which is found to govern
the fluctuations of A. Moreover, the fact that we find the same
scaling as that found in such previous works can be considered
as a consistency test of our calculation.
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FIG. 2. (Color online) Distribution py(¢) for N = 128,256,512,1024,2048,4096 (in red, yellow, blue, brown, violet, green respectively)
and 10° < § < 4 x 10° samples, and the Tracy-Widom distribution pgor(¢) for the GOE ensemble (black), as a function of ¢. For increasing
N, pn(¢) approaches pgog(¢), confirming the asymptotic independence of the diagonal elements (11) by each of the off-diagonal elements x;;
for large N. Inset: Y forsizes N = 128,256,512,1024,2048,4096 (in red, yellow, blue, brown, violet, green respectively), 10° < § < 4 x 10,

and p89F (black) as a function of i > 1.

We now recall that both the derivation of this section and
the previously-developed analysis of Bray and Moore™® rely
on the TAP approximation, i.e., neglect the terms of the Pleftka
expansion (13) of order larger than 2 in . As we will show
in the following section, these terms give a non-negligible
contribution to the finite-size corrections of the TAP equations,
and so to the finite-size fluctuations of the critical temperature,

04 ; 27 Frog

N
1

24 | ®e.

. . . . .9

128 256 512 1024 2048 4096
N

t 4
Ap

Apl

_0.1 L 1 1 1 1 1
128 256 512 1024 2048 4096

FIG. 3. (Color online) Relative difference AuY between the
central moments ;L,N of the distribution py(¢)for 10° < § < 4 x 10°,
and the central moments u{°F of the Tracy-Widom distribution as
a function of N = 128,256,512,1024,2048,4096, for i = 2,3,4,5
(in red, blue, black, orange respectively). For increasing N, pul
approaches uS°E, confirming the asymptotic independence of z), by
each of the off-diagonal elements x;; for large N. Inset: relative
difference of the first central moment A Mf’ as a function of NV (brown).

Ay approaches 0 very slowly as N is increased.

and thus must be definitely taken into account in a complete
treatment.

IV. FINITE-SIZE ANALYSIS OF THE SUSCEPTIBILITY
WITHIN THE FULL PLEFKA EXPANSION

In this section, we compute the inverse susceptibility matrix
Bx~! by taking into account all the terms of the Plefka
expansion, in the effort to go beyond the TAP approximation
of Sec. III. Notwithstanding its apparent difficulty, here we
show that this task can be pursued by a direct inspection of

the terms of the expansion. Indeed, let us formally write the
29

free-energy f as a series” in «,
fm}y.B) =Y o fu(im}.B). (13)
n=0

Forn < 3, the f,’s are given by Eq. (3). Forn > 3, f, is given
by the sum of several different addends,” which proliferate
for increasing n.

Itis easy to show that at leading order in NV, there is just one
term contributing to f,, and that such a term can be written
explicitly as

N—o0
fn(m}.B) =~

E : XiyipXiniz = Xiy_yiy

> >0p_

x(1=m})x--x(1=m; ). (14)

1 In
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It follows that by plugging Eq. (14) into Eq. (13) and
computing B ' for m; = 0, one obtains a simple expression
for the inverse susceptibility at the paramagnetic solution

o0
P p— +5i,<1 +E Y2 e
ki n=3
X Z xiilxhiz"’xi,lli)

i1>>0y_

1
= —ax;; +8;(1+p*IH + 85"\/_N

2 (B
X |:(,3~]) o) +2§ﬁ2n:| . (15)

where
Nl
, = TNE Z Xiiy Xiyiy ** Xiy_yis YR > 2. (16)

11> >0,

According to Eq. (16), one has that at leading order in N,

E,lz,| =
x[zn] 0Vn > 2, an
]Ex[(zf,)z] =1Vn > 2,
where in the second line of Eq. (17) the multiple sum defining
z! has been evaluated at leading order in N.

We observe that the random variables zfq and x j; in Eq. (15)
are not independent, since each z/ depends on the bond
variables {x}. Following an argument similar to that given in
Sec. III for z5, we observe that, by Eq. (16) and at leading order
in N,z is given by a sum of O(N"~!) terms which are all of the
same order of magnitude. Each term is given by the product of
n — 1 bond variables xi;, x;,j, - - - x;,_,; forming a loop passing
by site i. For any fixed i, j, k, and n, only O(N"?) terms
amongst the O(N"~') terms of z, are entangled with the
random bond variable x . It follows that at leading order in
N, z;, can be considered as independent by x j;. Since the sum
in the second line of Eq. (15) has a 1/+/N factor multiplying
each of the z’s, we can consider the z at leading order in
N. Hence, in Eq. (15) we can consider each of the z/’s as
independent on x .

In Appendix B we show that at leading order in N, the
distribution of z/ is a Gaussian with zero mean and unit
variance for every i and n > 2, while in Appendix C we
show that at leading order in N the variables {z'},; are
mutually independent. Both these predictions are confirmed by
numerical tests, illustrated in Appendix B and C respectively.

Hence, at leading order in N the term in square brackets
in Eq. (15) is nothing but the sum of independent Gaussian
variables, and is thus equal to a random variable o x ¢;, where
¢; is Gaussian with zero mean and unit variance, and

oo

2n
o =281 +4Z BJ)

(n—1)!

= 2BI2EPT — 1) — (BI)).
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It follows that Eq. (15) becomes

o
Bxi;' = —axij + 68 (1 + 8277 + —;,-)
VN
= —ax); +8;(1 + >, (18)
where
, o
Xij = Xij — aijﬂ_Jgi' (19)

Because of the additional diagonal term in Eq. (19), the matrix
x;; does not belong to the GOE ensemble. Notwithstanding this

fact, it has been shown by Soshnikov® that the presence of
the diagonal elements in Eq. (19) does not alter the universal
distribution of the maximal eigenvalue of x;;, which is still
distributed according to the TW law. Hence, denoting by A the

minimal eigenvalue of 8 ~!, we have
A= —pap+ 2L 20
=(1-5 )+W¢GOE, (20)

where ¢goE is a random variable depending on the sample x;;,
and distributed according to the TW law.

In this section, we have calculated the inverse susceptibility
matrix By ', by considering the full Plefka expansion. In
this framework, additional diagonal terms are generated that
were not present in the TAP approximation. These additional
terms can be handled via a resummation to all orders in the
Plefka expansion. As a result, we obtain that the fluctuations
of the minimal eigenvalue A of the susceptibility gx ! are
still governed by the TW law, as in the TAP case treated in
Sec. III.

V. FINITE SIZE FLUCTUATIONS OF THE CRITICAL
TEMPERATURE

We can now define a finite-size critical temperature, and
investigate its finite-size fluctuations due to disorder. In the
previous sections, we have shown that for a large but finite
size N, the minimal eigenvalue of the inverse susceptibility
matrix, i.e., the Hessian matrix of Sf({m},B) evaluated in
the paramagnetic minimum m; = 0, is a function of the
temperature and of a quantity ¢gog, which depends on
the realization of the disorder {x}. Since the TW law, i.e., the
distribution of ¢goE, has support for both positive and negative
values of ¢gog, the subleading term in Eq. (20) can be positive
or negative. Accordingly, for samples {x} such that ¢gog < O,
there exists a value of BJ =~ 1 such that A(8J) = 0, in such
a way that the spin-glass susceptibility in the paramagnetic
minimum diverges. This fact is physically meaningless, since
there cannot be divergences in physical quantities at finite
size. This apparent contradiction can be easily understood by
observing that if A(8J) = 0, the true physical susceptibility
is no more the paramagnetic one, but must be evaluated in
the low-lying nonparamagnetic minima of the free energy,
whose appearance is driven by the emergent instability of
the paramagnetic minimum. According to this discussion, in
the following we will consider only samples {x} such that
¢coe > 0.
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For these samples, the spectrum of the Hessian matrix at
the paramagnetic minimum has positive support for every
temperature: The paramagnetic solution is always stable, and
the paramagnetic susceptibility matrix y is physical and finite.
We define a pseudoinverse critical temperature . J as the value
of BJ such that A has a minimum at 8.J:

dx

—_— 0
dBJ \gy=p.s

—2(1 = B.J) + $coe, (21

1
N
where in the second line of Eq. (21), Eq. (20) has been
used. This definition of pseudocritical temperature has a
clear physical interpretation: The stability of the paramagnetic
minimum, which is encoded into the spectrum of the Hessian
matrix 8 ~!, has aminimum at 8 = S.. According to Eq. (21),
the finite-size critical temperature S, is given by

1/2

ﬂcJ:l_W

®GoE, (22)

where ¢gor depends on the sample {x}, and is distributed
according to the TW law.

Eq. (22) shows that the pseudocritical temperature of the
SK model is a random variable depending on the realization
of the quenched disorder. Finite-size fluctuations of the
pseudocritical temperature are of the order of N~%3, and are
distributed according to the TW law. This has to be considered
the main result of this paper.

VI. DISCUSSION AND CONCLUSIONS

In this paper, the finite-size fluctuations of the critical
temperature of the Sherrington-Kirkpatrick spin glass model
have been investigated. The analysis is carried on within the
framework of the Plefka expansion for the free energy at fixed
local magnetization. A direct investigation of the expansion
shows that an infinite resummation of the series is required to
describe the finite-size fluctuations of the critical temperature.
By observing that the terms in the expansion can be treated
as independent random variables, one can suitably define a
finite-size critical temperature. Such a critical temperature
has a unique value in the infinite-size limit, while it exhibits
fluctuations due to quenched disorder at finite sizes. These
fluctuations with respect to the infinite-size value have been
analyzed, and have been found to be of the order of N~2/3,
where N is the system size, and to be distributed according to
the Tracy-Widom distribution.

The exponent 2/3 describing the fluctuations of the pseu-
docritical temperature stems from the fact that the finite-
size fluctuations of the minimal eigenvalue A of the inverse
susceptibility matrix are of the order of N ~>/3. Such a scaling
for A at the critical temperature had already been obtained
in a previous work,*® where it was derived by a completely
independent method, by taking into account only the first three
terms of the Plefka expansion. The present work shows that
a more careful treatment, including an infinite resummation
of the expansion, is needed to handle finite-size effects. The
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exponent 2/3 derived by Bray and Moore*® is here rederived
by establishing a connection with recently-developed results in
random matrix theory, showing that the scaling N ~>/3 comes
from the scaling of the Tracy-Widom distribution, which was
still unknown when the paper by Bray and Moore®® was
written.

As a possible development of the present work, it would be
interesting to study the fluctuations of the critical temperature
for a SK model where the couplings are distributed according
to a power law. Indeed, in a recent work>? the distribution of
the largest eigenvalue A of a random matrix M whose entries
M;; are power-law distributed as p(M;;) ~ Mi;F“ has been
studied. The authors show that if u > 4, the fluctuations of A
are of the order of N~2/3 and are given by the TW distribution,
while if < 4 the fluctuations are of the order of N—2/#~1/2
and are governed by Fréchet’s statistics. This result could be
directly applied to a SK model with power-law distributed
couplings. In particular, it would be interesting to see if there
exists a threshold in the exponent u separating two different
regimes of the fluctuations of 7.

Another interesting perspective would be to generalize the
present approach to realistic spin glass models with finite-
range interactions. For instance, a huge amount of results has
been quite recently obtained for the three-dimensional Ising
spin glass,~0 and for the short-range p-spin glass model in
three dimensions,®' yielding evidence for a finite-temperature
phase transition. It would be interesting to try to generalize
the present work to that systems, and compare the resulting
fluctuations of the critical temperature with sample-to-sample
fluctuations observed in these numerical works. Accordingly,
the finite-size fluctuations deriving from the generalization of
this work to the three-dimensional Ising spin glass could be
hopefully compared with those observed in experimental spin
glasses,62 such as Fey sMng 5TiOs.

Finally, a recent numerical analysis®® inspired by the
present work has investigated the sample-to-sample fluctua-
tions of a given pseudocritical temperature for the SK model,
which is different from that defined in this work. Even though
the relatively small number of samples did not allow for a
precise determination of the probability distribution of that
pseudocritical point, the analysis yields a scaling exponent
equal to 1/3, which is different from that of the pseudocritical
temperature defined here. As a consequence, the general scal-
ing features of the pseudocritical temperature seem to depend
on the actual definition of the pseudocritical point itself, even
though different definitions of the pseudocritical temperature
must all converge to the infinite-size pseudocritical tempera-
ture as the system size tends to infinity. As a future perspective,
it would be interesting to investigate which amongst the fea-
tures of the pseudocritical point are definition-independent, if
any.
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APPENDIX A: PROOF OF THE ASYMPTOTIC
INDEPENDENCE OF x;; AND z}

Here we show that at leading order in N, the variables x;;
and z; are independent, i.e., that at leading order in N

pn(xij =x,2h =2) = py(xi; =x) x py(h=2). (A
Let us explicitly write the left-hand size of Eq. (A1) as
pN(xij = X,Zé = Z)

= ]E{Xik]k#x [S(Xij - X)(S(Zé - Z)]?
= ]Ex,-j 8<xij - x)E{xik}k#i,k#j
1 o
< As| vV |5 X -1 @

ki k]

where E,, . .. denotes the expectation value with respect
to the probability distributions of the variables x;,,, X0, ..., &
denotes the Dirac delta function, and

(A3)

Proceeding systematically at leading order in N, the second
expectation value in the second line of Eq. (A2) is nothing
but the probability that the variable v/N(3 Y i oz X6 — D

is equal to Ziz'i . We observe that according to the central limit
theorem, at leading order in NV this probability is given by

1 r
Ehik}k#r.k#j S| VN N Z xlzi -1] - le']
ki k]
: _i (A4)
e .
Var

By plugging Eq. (A4) into Eq. (A2) and using Eq. (A3), one
has

: 1
[)N(X,'j =.X,le = Z) = ﬁ/dxijP(xij)S(xij —x)

(z—x,?,./ﬁ)z
xe 4
1 _ =% /WY
P

e
Var

= py(xij = x) X PN(ZQ =z),

= P(x)

(AS5)

where in the first line we explicitly wrote the expectation value
with respect to x;; in terms of the probability distribution (2),
while in the third line proceeded at leading order in N, and
used Eq. (9).

APPENDIX B: COMPUTATION OF THE PROBABILITY
DISTRIBUTION OF z/

Here we compute the probability distribution of z/, at lead-
ing order in N. Let us define a super index L = {iy, ...,i,—1},
where L stands for loop, since L represents a loop passing by
the site i. Let us also set X; = x;;,x;,4, - - - x;,_,i- By Eq. (16)
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one has

o Jm=D
Z;Z%ZXL,sz. (B1)
NT &

We observe that the probability distribution of X is the same
for every L. Hence, according to Eq. (B1), z! is given by the
sum of equally distributed random variables. Now pick two of
these variables, X; and X ;.. For some choices of L,L’, X; and
X/ are not independent, since they can depend on the same
bond variables x;;. If one picks one variable X, the number
of variables appearing in the sum (B1) which are dependent
on X are those having at least one common edge with the
edges of X;. The number of these variables, at leading order
in N, is O(N"~2), since they are obtained by fixing one of the
n — lindexesiy, ...,i,—;. The latter statement is equivalent to
saying that if one picks at random two variables X; and X/,
the probability that they are correlated is

ON"2/N"Hy= Oo(N7}. (B2)

Hence, at leading order in N, we can treat the ensemble of the
variables { X}, as independent. According to the central limit
theorem, at leading order in N, the variable

Jm—=1! 1
(n )I_Nn_42XL

Z =
n—1 n
N> n-D! L

is distributed according to a Gaussian distribution with mean
E,[X.] = 0 and variance

[

n—1 n N1 - Nn-1 2
2 D!

(n—1)!
where in Eq. (B3) Eq. (2) has been used. It follows that at

leading order in N, z!, is distributed according to a Gaussian
distribution with zero mean and unit variance

i N—oo 1
pN(Z,, = Z) - Nz

where py(z), = z) is defined as the probability that ', is equal
to z at size N.

Eq. (B4) has been tested numerically for the first few values
of n: py(zi, = z) has been computed by generating S >> 1
samples of {x}, and so of z'. For n = 3 and 4, the resulting
probability distribution py(z), = z) converges to a Gaussian
distribution with zero mean and unit variance as N is increased,
confirming the result (B4). This convergence is shown in Fig. 4,
where py (z}1 = z) is depicted for different values of N together
with the right-hand side of Eq. (B4), as a function of z.

2
e 7, (B4)

APPENDIX C: INDEPENDENCE OF THE z:’s AT LEADING
ORDER IN N

Let us consider two distinct variables zfq and Z;j;z, and proceed
at leading order in N. Following the notation of Appendix B,
we write Eq. (16) as

. — 1)
g =Ygy, )
N7 7
= Y X )
2 7
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FIG. 4. (Color online) Probability distribution p,\,(z)1 = z) for
S = 10° and different values of N = 64,128,256,512,1024 (in red,
blue, yellow, green, violet respectively) together with a Gaussian
distribution 1/+/27e~%*/? with zero mean and unit variance (black),
as a function of z. As N is increased, pN(zi = z) converges to
1/+/2me=7/2, as predicted by the analytical calculation, Eq. (B4).
Inset: zoom of the above 2plot explicitly showing the convergence of
pa(zh = 2)to 1/4/2me ™/ as N is increased.

where L, L’ represent a loop of length n,m passing by the site
i,j respectively. Some of the variables X; depend on some of
the variables X/, because they can depend on the same bond
variables x;;. Let us pick at random one variable X; appearing

in z/, and count the number of variables X,/ in z, that are
dependent on X . At leading order in N, these are given by
the number of X;  having at least one common bond with X,
and are O(N""~2). Hence, if one picks at random two variables
X1,Xy in Egs. (Cl), (C2) respectively, the probability that
X1,X are dependent is

O(N"2/N" 1= O(N7.

PHYSICAL REVIEW B 84, 144417 (2011)

Poo(23 = 2) X poo(z] =
111024(»2% =2 Zi =

) e 0.2
0.15
0.1
0.05

FIG. 5. (Color online) pip4(z3 = z,z4 = z') for § = 10° samples
(red), and the N — oo limit of the right-hand side of Eq. (C3) (black),
as a function of z,7". For large N, py(z3 = z,2} = 7/) equals py(z} =
7) X pN(zl = 7'), as predicted by Eq. (C3). Hence, at leading order
in N, the variables z} and zj are independent.

It follows that z/, and z1, are independent at leading order
inN,ie., for N - oo

pv(zh =22, =7)=pn(z, =2) x pn(z), =2), (C3)
where py(zi = z,z5, = z/) denotes the joint probability that
7! equals z and z;, equals 7/, at fixed size N.

Eq. (C3) has been tested numerically for n = 3,m = 4:
pn(z4 = z,z) = 7/) has been computed by generating S >>> 1
samples of {x}, and so of zi,z}. As a result, the left-hand
side of Eq. (C3) converges to the right-hand side as N is
increased, confirming the predictions of the above analytical
argument. This is shown in Fig. 5, where p1024(z§ = z,z}1 =
7') is depicted together with the N — oo limit of the
right-hand side of Eq. (C3) [see Eq. (B4)], as a function
of z,7'.
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We study the probability distribution of the pseudocritical temperature in a mean-field and in a short-
range spin-glass model: the Sherrington-Kirkpatrick and the Edwards-Anderson (EA) model. In both
cases, we put in evidence the underlying connection between the fluctuations of the pseudocritical point
and the extreme value statistics of random variables. For the Sherrington-Kirkpatrick model, both with
Gaussian and binary couplings, the distribution of the pseudocritical temperature is found to be the Tracy-
Widom distribution. For the EA model, the distribution is found to be the Gumbel distribution. Being the
EA model representative of uniaxial magnetic materials with quenched disorder like FeysMng sTiO3 or
Eug sBag sMnOs, its pseudocritical point distribution should be a priori experimentally accessible.

DOI: 10.1103/PhysRevLett.107.275701

Disordered uniaxial magnetic materials having a glassy
behavior like Fey sMng 5TiO5 [1] and Eug5BagsMnO; [2]
have interested physicists for decades. Since the first pio-
neering work of Edwards and Anderson (EA) [3], these
systems have been studied by means of spin-glass models
with quenched disorder, which were later considered in
their mean-field version by Sherrington and Kirkpatrick
(SK) [4]. In the thermodynamic limit, Parisi’s solution for
the SK model [5] predicts a phase transition at a finite
critical temperature separating a high-temperature para-
magnetic phase from a low-temperature glassy phase.
Differently, for the EA model there is no analytical solution
and the existence of a finite-temperature phase transition
relies entirely on numerical simulations [6].

Even though criticality in a physical system can emerge
only in the thermodynamic limit [7,8], in laboratory and
numerical experiments the system size is always finite:
singularities of physical observables are smeared out and
replaced by smooth maxima. In order to characterize the
critical point of finite-size systems, a suitably defined pseu-
docritical temperature must be introduced, e.g., the tem-
perature at which such maxima occur. In finite-size systems
with quenched disorder, such a pseudocritical temperature
is a random variable depending on the realization of the
disorder. The characterization of the distribution of the
pseudocritical point and of its scaling properties is still an
open problem which has drawn the attention of physicists
since the very first works of Harris [9-13]. Further studies
of such distributions in spin glasses have been performed in
a recent work [14], where some of the authors showed a
connection between the fluctuations of the pseudocritical
temperature of the SK model and the theory of extreme
value statistics (EVS) of correlated random variables.

The EVS of independent identically distributed (IID)
random variables is a well-established problem: a funda-
mental result [15] states that the limiting Probability
Distribution Function (PDF) of the maximum of IID

0031-9007/11/107(27)/275701(5)
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random variables belongs to three families of distributions:
the Gumbel, Fréchet, or Weibull distribution. Much less is
known about the EVS of correlated random variables. A
noteworthy case of an EVS distribution of correlated ran-
dom variables that has been recently discovered is the
Tracy-Widom (TW) distribution [16], describing the fluc-
tuations of the largest eigenvalue of a Gaussian random
matrix. The TW distribution has been found to describe the
fluctuations of observables of a broad number of physical
and mathematical models, like the longest common se-
quence in a random permutation [17], directed polymers
in disordered media [18], and polynuclear growth models
[19], which can be described by the Kardar-Parisi-Zhang
equation [20,21]. Recently the TW distribution has been
found to describe the conductance fluctuations in two- and
three- dimensional Anderson insulators [22,23] and has
been measured in growing interfaces of liquid-crystal tur-
bulence [24,25] experiments.

In this Letter we study the distribution of the pseudo-
critical temperature in the SK and in the EA model by
means of numerical simulations. Our numerical findings
show that the fluctuations of the pseudocirtical temperature
of the SK model both with Gaussian and binary couplings
are described by the TW distribution. This result suggests
that the features of the fluctuations of the pseudocritical
temperature are universal, i. e., stable with respect to the
distribution of the disorder. To our knowledge, this is the
first time that the ubiquitous TW distribution is shown to
play a role in spin glasses. Moreover, our numerical analy-
sis shows that the fluctuations of the pseudocritical point of
the EA model are described by the Gumbel distribution.
These two results shed light on the role played by EVS in
spin glasses.

To pose the problem, let us consider a system of N spins
S; = *1 located at the vertices of a graph, interacting via
the Hamiltonian H[S] = —>i.)/ijSiS;, where the sum
runs over the interacting spin pairs (i, j). For the SK model

© 2011 American Physical Society
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with Gaussian couplings (GSK) and for the SK model with
binary couplings (BSK) the interacting spin pairs are all the
distinct pairs. The couplings J;; are IID Gaussian random
variables with zero mean and variance 1/N for the GSK
model [4], and are equal to =1/+/N with equal probability
for the BSK model [26]. For the EA model the interacting
spin pairs are the nearest-neighbor pairs on a three-
dimensional cubic lattice with periodic boundary condi-
tions, and J; ; are IID random variables equal to *=1 with
equal probability [3]. For the BSK and EA model, the
binary structure of the couplings allowed for the use of
an efficient asynchronous multispin-coding simulation
technique [6], yielding an extensive number of disorder
samples and system sizes.

Let us now define the physical observables used to carry
on the numerical analysis of the problem. Given two real
spin replicas S', §2, their mutual overlap ¢ = v 2N, Sis?
is a physical quantity characterizing the spin-glass transi-
tion in the thermodynamic limit [5,6]: (¢*);(8) = 0 if

B < Be (g*)7(B) >0 if B> B, where (---); denotes
the thermal average performed with the Boltzmann weight
defined by the Hamiltonian H[S], 8 = 1/T is the inverse
temperature, and == stands for the average over quenched
disorder J = {J,;};;- The finite-size inverse pseudocritical
temperature . 7 of a sample with a realization [J of the
disorder can be defined as the value of 3 at which (g?) ()
significantly differs from zero, i. e., becomes critical. This
qualitative definition is made quantitative by setting

<q2>j(Bc J) = <612>J(,32V)- (D

Both for the GSK and BSK model, 8% is chosen to be the
average critical temperature at size N, which is defined as

the temperature at which the Binder ratio B = 1/2(3 —

(q4>j/<q2)J2) of a system of size N equals the Binder ratio
of a system of size 2N. For the EA model we simply take
BY to be equal to the infinite-size critical temperature
B. = 0.855 [27], because in this case the Binder ratios
cross at a temperature which is very close to the infinite-
size critical temperature B,. The definition (1) and BY are
qualitatively depicted in Fig. 1. The distribution of B, 7

can be characterized by its mean m, its variance a'%, N=
B2 ; = Bc 7%, and by the PDF py(x ) of the natural scal-
ing variable x; = (B, 7 — B.7)/0gn. We can expect
that, to leading order in N, ogn~N ~¢_ and that for large
N, py(x7) converges to a nontrivial limiting PDF p,(x 7).

Sherrington-Kirkpatrick model.—Let us start discussing
the distribution of B, ; for the GSK and BSK model.
Monte Carlo (MC) simulations have been performed with
parallel tempering for system sizes N = 32, 64, 128, 256
(GSK) and N = 16, 32, 64, 128, 256, 512, 1024, 2048,
4096 (BSK), allowing for a numerical computation of
(¢*)7 and so of B.; for several samples J. The data
shows that as the system size N is increased, B,

1 g Bes 13 14 15 16
B

0.8 0.9

FIG. 1. Square value of the overlap {g*), for a sample J
(dashed curve) for the binary Sherrington-Kirkpatrick model
with N = 128, its average (g*), over the samples J (solid
curve) as a function of the inverse-temperature (3, and critical
temperatures BY and B. ;. The dashed vertical lines depict the
definition (1) of B, 7. Inset: Binder parameter B as a function of
the temperature 7 for N = 128, 256, and average pseudocritical
temperature 728, with TV = 1/8Y.

approaches B.. Setting T.;=1/B.7, o7y =T, —
T. 7 ~ N~ %, the power law fit of o7y shown in Fig. 2
gives the value of the scaling exponent ¢ = 0.31 £ 0.07
(GSK) and ¢ = 0.34 = 0.05 (BSK). These values of ¢ are
both consistent with the value ¢ = 1/3 one would
expect from scaling arguments by considering the variable
y=NY3T -T,) [28].

The PDF py of the rescaled variable x ; is depicted in
Fig. 2. The curves py(x) collapse quite satisfyingly in-
dicating that we are close to the asymptotic regime N — 0.
Even though one could naively expect the fluctuations of
the pseudocritical point to be Gaussian, Fig. 2 shows that
this is not the case.

To understand this fact, let us recall the analysis pro-
posed in a recent work [14] by some of the authors. In order
to study the sample-to-sample fluctuations of the pseudo-
critical temperature one uses the Thouless-Anderson-
Palmer approach for the SK model. In the TAP approach
a free energy function of the local magnetization is built up
for any sample J of the disorder, and its Hessian matrix
H;; calculated at the paramagnetic minimum is a random
matrix in the Gaussian orthogonal ensemble. In the ther-
modynamic limit, the spectrum of H;; is described by the
Wigner semicircle, centered in 1 + 32 and with radius 2.
The critical temperature 8. = 1 of the SK model is iden-
tified as the value of B such that the minimal eigenvalue of
H;; vanishes. In [14] the fluctuations of the pseudocritical
temperature are investigated in terms of the fluctuations of
the minimal eigenvalue of H;;. One introduces a definition
of pseudocritical temperature ,@C 7, which is different from
that considered in the present work. The finite-size fluctu-
ations of A, 7 are found to be described by the relation
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N=32 +

N =64
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N = 256
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0.0256 Ff(N)

16 64

0.001

FIG. 2. Distribution of the pseudocritical point both for the
Sherrington-Kirkpatrick (SK) model with Gaussian couplings
(GSK) and for the SK model with binary couplings (BSK). PDF
pw(x7) of the rescaled critical temperature x; for system sizes
N = 32, 64, 128, 256 with 1.6 X 10* = § = 4.7 X 10* (GSK)
and 2.9 X 10* = § = 9.8 X 10* (BSK) disorder samples, Tracy-
Widom distribution prw(x7) (solid curve) and Gaussian distri-
bution ps(x;) (dashed curve), both with zero mean and unit
variance. The plot has no adjustable parameters, and is in
logarithmic scale to highlight the behavior of the distributions
on the tails. Top inset: width o7y for the BSK as a function of N
and fitting function f(N)=aN~ % + bN~?¢, yielding ¢ =
0.34 = 0.05. Bottom inset: same plot as in the main plot in
linear scale.

Be 7 = Be — x7/(2N?*3), where y ; is distributed accord-
ing to the TW distribution in the high-temperature region
BCJ < 1. According to Fig. 2, MC simulations confirm
this analysis: the limiting distribution of py(x;) is de-
scribed with good accuracy by the TW distribution in the
high-temperature regime 3. 7 <1 (x; < 0). The TW dis-
tribution is robust with respect to the choice of the disorder
distribution and to the definition of pseudocritical tempera-
ture. On the other hand, since the exponent ¢ obtained
from MC simulations is not compatible with the exponent
2/3 of B, 7, we conclude that the scaling exponent is
definition dependent [14,29].

Edwards-Anderson model.—The same analysis has been
performed for the three-dimensional EA model. Physical
observables have been computed with parallel tempering
for system sizes N = L3with L = 4,8, 12, 16. Similarly to
the SK model, the width OgN of the distribution of the
pseudocritical point B, 7 shrinks to zero as the system size
N is increased: a power law fit gy = aN ~% gives the
value of the scaling exponent ¢ = 0.23 = 0.03 (inset of
Fig. 3). The PDFs py(x7) of the rescaled critical tempera-
ture seem to have a finite limit as AV is increased, as depicted
in Fig. 3, and this limit coincides with the Gumbel distri-
bution. Both ¢ and the PDF have the following interesting

03 — — —
0.25 3. TaN D
02+ 1
z
= 0.15 x E
01k rqleg) © i
prw(zg) - X

p(zs)

0.01 f

0.001 } :

zg

FIG. 3. Distribution of the pseudocritical point for the
Edwards-Anderson model. PDF py(x ) of the rescaled critical
temperature x; for systems sizes N = 43, 83, 123, 16® with
2.4 X 10* = § = 3.2 X 10* disorder samples, Gaussian distri-
bution pg(x7) (solid curve), Tracy-Widom distribution prw(x7)
(dashed curve), and Gumbel distribution pg,(x ) (dotted curve),
all with zero mean and unit variance. The plot has no adjustable
parameters, and is in logarithmic scale to highlight the behavior
of the distributions on the tails. Top inset: width gy as a
function of N, and fitting function f(N) = aN~ %, with scaling
exponent ¢ = 0.23 = 0.03. Bottom inset: same plot as in the
main plot in linear scale.

features. As far as the exponent ¢ is concerned, we recall
[10] that for systems known to be governed by a random
fixed point like the EA model, it was predicted that the
scaling exponent satisfies 1/¢ = dv, where d is the dimen-
sionality of the system. The value of the critical exponent
v = 1.8 = 0.2 for the EA model is known from numerical
simulations [6], yielding a value of ¢ = 0.19 = 0.02 which
is compatible with that measured from the fluctuations of
the critical temperature. As far as the limiting distribution
Poo(x7) is concerned, we recall that [30] a disordered
system like the EA behaves as an ensemble of independent
subsystems Sy, ..., Sy, where each subsystem S; has a
random local critical temperature 8., the local critical
temperatures {B.}; being IID random variables depending
on the local realization of the disorder. We can argue that,
for a single realization of the disorder 7, the pseudocritical
temperature 3. 7 results from the fact that 8 has to be taken
large enough to bring all of the subsystems {S;}; to criti-
cality. Thus, B, 7 is the maximum over the ensemble of the
local critical temperatures 3, 7 = max; .. If this picture is
correct, 3. 7 is distributed according to one of the EVS
limiting distributions of independent variables [15]: the
Gumbel, Fréchet, or Weibull distribution. Assuming that
the distribution of .. decays exponentially for large ., the
distribution of B, 7 is the Gumbel one. We want to stress
that this argument would not hold for the SK model, where
there is no geometric structure.

Conclusions.—In this Letter, we have performed a nu-
merical analysis of the distribution of the pseudocrtical
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temperature in two mean-field spin glasses, the
Sherrington-Kirkpatrick model with Gaussian couplings
and with binary couplings, and in a short-range spin glass,
the Edwards-Anderson model. The analysis for the
Sherrington-Kirkpatrick models shows that the distribution
of the pseudocritical temperature in the high-temperature
phase is described with good accuracy by the Tracy-
Widom distribution, as suggested by an analytical predic-
tion previously published by some of the authors [14]. To
our knowledge, this is the first time that the Tracy-Widom
distribution is shown to play a role in spin glasses. The fact
that both the Sherrington-Kirkpatrick model with Gaussian
couplings and the Sherrington-Kirkpatrick model with
binary couplings yield the Tracy-Widom distribution
suggests that the Tracy-Widom distribution is universal
with respect to the bonds’ distribution.

The analysis pursued for the three-dimensional
Edwards-Anderson model shows that the liming distribu-
tion of the pseudocritical temperature is the Gumbel dis-
tribution. An argument to understand this result has been
proposed. These two numerical analyses put in evidence a
connection between the critical regime of spin-glass mod-
els and the extreme value statistics theory which has never
been proposed heretofore.

The present Letter opens several perspectives. As far as
the Sherrington-Kirkpatrick model is concerned, we recall
that the Tracy-Widom distribution describes typical fluc-
tuations of the maximal eigenvalue of a Gaussian orthogo-
nal ensemble random matrix, while the large deviations
regime of these fluctuations has been studied only recently
[31]. It would be interesting to study numerically the large
deviations regime of the fluctuations of the critical tem-
perature, where the distribution of the pseudocritical point
could be described by the large deviations function derived
in [31]. It would be also interesting to consider the case
where the couplings J;; are Gaussian with a positive bias J,
[32]. Depending on the value of J,, the Sherrington-
Kirkpatrick model has a phase transition from a paramag-
netic to a spin-glass phase or from a ferromagnetic to a
mixed phase [32]: it would be interesting to investigate,
both analytically and numerically, the fluctuations of these
pseudocritical points. Moreover, in order to bridge the
gap between a mean-field and a short-range interactions
regime, it could be interesting to investigate the fluctua-
tions of the pseudocritical temeperature in spin-glass
models with tunable long-range interactions, like those
introduced in [33]. As far as the Edwards-Anderson
model is concerned, it would be interesting to test experi-
mentally the scenario found here in Feq sMng s TiO5 [1] or
EuysBaysMnO; [2] spin-glass materials. Indeed, ac-
susceptibility measurements in these systems show [1]
that the spin-glass critical temperature can be identified
as the temperature where the susceptibility has a cusp.
Accordingly, the pseudocritical point could be identified
and measured, and one could test whether the resulting

rescaled pseudocritical point distribution converges to the
Gumbel distribution as the system size is increased.
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