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CHAPITRE 1

Introduction

Le M-calcul

De la fondation des mathématiques... En 1933, Alonzo Church propose un
systéme [Chu33] connu en tant que A-calcul, ayant pour but de donner une base
logique & la notion de fonction. La notoriété de ce calcul grandit dans les années
qui suivirent. Kleene et Church [Kle36, Chu36] montrérent que la classe des fonc-
tions définissables & I'aide du A-calcul est équivalente aux fonctions récursives de
Herbrand-Godel, elles-mémes équivalentes aux fonctions calculables par une ma-
chine de Turing [Tur37]. Avec l'invention de l'ordinateur, il est maintenant plus
facile de comprendre I'important de ce résultat : si on ne peut pas écrire une fonc-
tion avec un A-terme, alors un ordinateur ne pourra pas la calculer.

...Au premier langage de programmation fonctionnelle. Malgré sa mise
au point avant le premier ordinateur, le A-calcul reste le langage de programmation
fonctionnelle théorique universel, et se trouve étre a la base des langages réels, tel
que ceux de la famille ML (OCaml [Oca], SML/NJ [SML], ...), Haskell [Has|, ou
encore LISP (CommonLisp [LIS], Scheme [Big],...). Son succes peut étre expliqué
par sa simplicité, et par le fait qu’il y seulement deux briques de base : les termes
du A-calcul, et la réduction les reliant. Un terme est, comme en mathématiques, soit
une variable, notée x,y, z, soit une fonction notée Az.t (c’est a dire une fonction qui
prend x en argument et retourne t), soit I’application d’une fonction ¢ a son argument
u noté t u. D’un point de vue programmation, Az.t est un programme qui prend x
en entrée et retourne ¢, et ¢ u ’exécution du programme ¢ avec u passé en argument.
Une grande partie de la force du A-calcul réside dans le fait qu’un argument peut lui
méme étre a son tour une fonction. On dira que les fonctions sont des citoyens de
premiere classe. Une autre propriété essentielle est le fait que lorsque 1’on ajoute une
information supplémentaire, a savoir le typage des A-termes, les < programmes bien
typés ne plantent jamais > comme I’a montré Robin Milner [Mil78]. On peut méme
s’assurer a l'aide du typage que ’on écrit uniquement des programmes qui terminent.
Le fait de considérer des termes typés ne nuit pas a la clarté du programme car
il existe des mécanismes automatiques qui peuvent retrouver les informations de
typage d’'un programme non typé, et vérifier qu’elles sont correctes, c’est a dire
que le programme qui en résulte est bien typé. Ces informations de type deviennent
donc facultatives pour le programmeur. Tout comme les termes, la machinerie sous-
jacente qui va exécuter (ou réduire selon la terminologie du A-calcul) un A-terme
est également tres simple. Elle consiste en une unique regle de réduction, appelée
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la B-réduction, qui transforme un terme (Az.t) u en t{z/u}. Cette réduction est
notée (Ax.t) u —g t{x/u}. La notation t{x/u} représente 'opération qui substitue
chaque occurrence de la variable x par le terme w.

Les substitutions explicites

Le A-calcul en tant que langage pour exprimer les fonctions calculables est pleine-
ment satisfaisant. En revanche, si I’on veut s’en servir pour faire un langage de pro-
grammation, différents problemes apparaissent. Le principal, autour duquel va s’ar-
ticuler toute cette these, est le fait que 'opération de substitution t{z/u} n’a pas été
défini dans le A-calcul lui-méme. Contrairement a la théorie, une implémentation du
A-calcul ne peut pas laisser certains détails de coté, c’est a dire qu’elle doit spécifier
cette opération de substitution de maniere exacte et précise. Cette définition n’étant
pas canonique, cela peut donner lieu a des implémentations tres différentes. De ce
fait, il est plus difficile d’étudier de fagon théorique la base commune aux différentes
implémentations.
Meéme si la définition suivante de substitution est souvent admise :

Nyt {z/u} = Ayt{z/u}

(t v){z/u} = t{x/u} v{z/u}
x{x/u} = u

y{a/u} =y

elle ne permet pas de parler du comportement qu’ont les environnements dans les
langages de programmations, c’est a dire des listes de substitutions qui restent en
attente d’évaluation.

C’est pour toutes ces raisons qu’il est intéressant de définir la substitution
comme étant un citoyen de premiere classe, d’en spécifier les régles qui définissent
son comportement, et d’en étudier les propriétés. On parlera alors de substitution
explicite, contrairement & la substitution implicite, ou métasubstitution, que nous
avons utilisé jusqu’alors.

La premiere incursion dans le domaine est I'article de De Bruijn [dB78] . Méme
si la présentation est différente de celle connue actuellement, et que le mot ”expli-
cite” n’est pas présent, la base d’un calcul qui réduit de fagon élémentaire est jetée.
Cet article fit important pour le projet Automath [Bro], permettant d’exprimer de
fagon formelle des propriétés mathématiques afin de les prouver automatiquement.
Il faudra attendre dix ans pour que l'on s’intéresse non seulement aux cotés pra-
tiques, mais également aux aspects théoriques de ces calculs. Les articles [HL89] de
Hardin et Lévy, et [Cur88] de Curien seront les précurseurs de l'article < Explicit
Substitutions > de Abadi, Cardelli, Curien, et Lévy [ACCL90], considéré comme la
référence du premier calcul avec substitutions explicites dans la littérature. Contrai-
rement a ses ancétres, il n’est plus question ici de s’intéresser uniquement a des ver-
sions simplifiées suffisant a décrire les langages de programmation, mais de prendre

'Une version avec des notations plus modernes est disponible [Les94a]



en compte le systeme de réécriture dans toute sa généralité. C’est cette facon de
traiter le probléeme de la substitution qui va créer une dynamique ”substitutions
explicites” et donner lieu a des dizaines de calculs, & la quéte de celui qui aura
les meilleurs propriétés. La communauté sera d’autant plus motivée que quelques
années plus tard, il apparaitra que le calcul proposé dans [ACCLI0] possede un
défaut majeur [Mel95] (voir propriété PSN, page 5).

Pour pouvoir illustrer I’ensemble des propriétés que ’on s’attend a trouver dans
un calcul avec substitutions explicites, nous utilisons le langage Ax~ [BR95, Blo97]
ou la substitution explicite est représentée par le constructeur [/ ] :

(Az.t)u - t[z/u]
Ay t)lz/u] = Ayt[z/u]
Co)z/u] =y tz/u] v]z/u]
[z /u) - U
ylz/ul — Y
Parmi les régles présentées on peut distinguer —g qui remplace la régle 5 du A-calcul
par une autre créant une substitution explicite identifiée par un nouvel opérateur
du langage. Celui-ci n’est plus "méta”, mais se situe au méme niveau que ’appli-
cation ou ’abstraction. Cette nouvelle sorte de substitution n’est plus effectuée de
suite mais propagée par les régles —,—, qui forment le sous-calcul de propagation.
Prises a part, les régles —,- doivent terminer car elles ne créent pas de nouvelles
substitutions a propager. On dira que ce sous-calcul a la propriété de normalisation
forte. Ce n’est évidemment pas le cas de ’ensemble formé par Ax~ car comme il
existe des programmes qui ne terminent pas, il existe également des termes du A-
calcul qui ne terminent pas, et donc des termes de Ax~. On désire en effet que le
calcul avec substitutions explicites se comporte de la méme fagon que le A-calcul, y
compris lorsqu’il y a des boucles infinies.
On peut lister les différentes propriétés théoriques auxquelles on peut s’attendre
pour un tel langage :

e Correction (ou simulation) : Si un terme du A-calcul se réduit en un
autre, alors on veut pouvoir simuler cette [-réduction dans le calcul avec
substitutions explicites.

Par exemple le terme (Az.zz) Ay.y se [-réduit en A\y.y par les étapes
(Az.zz) Ay.y =5 (Ay.y) (A\y.y) = Ay.y. Dans le langage Ax ™, en partant du
méme terme initial, on arrive bien au méme résultat, en faisant évidemment
plus d’étapes :

(Ax.zz) A\y.y —3p

zz)[z/Ny.y] —x-

zlz/Ayyl zlz/ryyl —x-

(Myy) ale/Ayyl  —e

yly/xlz/Xy.yl] —x-

zlz/Ay.y| -

Ay-y
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e Confluence : si au cours de I’évaluation du programme on poursuit dans
deux directions différentes, alors les deux réductions doivent mener au méme
résultat in fine. Par exemple si dans le programme (14 1) + (2 + 3) on évalue
24+ (24+3)ou (1+1)+ (5), on est sir d’arriver par la suite a un résultat
commun, a savoir 2 + 5. De la méme facon, on avait plusieurs choix lors de
la réduction que l'on a effectuée pour illustrer la S-simulation. On aurait pu
faire le choix suivant :

(\zr.x x) Ay.y —p
(z z)[z/Ay.y] —rx
zlz/Ayyl z[x/Ayy]  —x-
(Ay.y) zlz/Ay.y] —rx
(Ay-y) Ay.y —p
yly/Ay.y] —x
Ay.y

Nous sommes bien arrivés au méme résultat.

Tous les langages que nous étudions dans cette thése sont confluents, comme
I’est d’ailleurs le A-calcul.

Les techniques pour prouver la confluence reposent principalement sur des
jeux de simulation entre le calcul avec substitutions explicites et le A-calcul,
ainsi que sur la propriété de confluence du A-calcul lui méme [Chu4l].

e Confluence sur des termes ouverts : également appelée métaconfluence,
cette propriété s’intéresse a la confluence lorsque 'on a des termes dont on
ne connait pas toute la structure, appelés termes ouverts ou métatermes.
Par opposition, on parlera de termes clos pour les termes dont on connait
la structure entiere. Les termes ouverts peuvent étre utilisés pour effec-
tuer de 'unification d’ordre supérieur [DHKP96, Hue76] ou implémenter des
métalangages [Nad02].

Le concept de terme méta est le méme que celui utilisé pour spécifier les
régles de réduction ou l'on écrit par exemple (t v)[z/u] —,— tlx/u] v[z/ul.
Ici t,v et u sont des termes ”variables” dans le sens ot 'on ne connait pas
leurs structures sous-jacente. De méme que pour la confluence, pour qu'un
calcul soit métaconfluent, il faut qu’il soit possible a partir d’une divergence
dans la réduction de revenir & un terme commun. Le calcul Ax™ n’est pas
métaconfluent comme le montre ’exemple suivant :

tle/ully/v] e ((Azt) w)ly/v] == (Azt)[y/v] uly/v]
? -

tly /o]l uly /o] a M.ty /v) uly /o)

En effet entre les termes t[z/ul[y/v] et t[y/v][z/uly/v]] il n’existe pas de
réduction possible si on ne connait pas la structure de t.



La métaconfluence implique non seulement la confluence sur les termes clos,
mais indique également que les diagrammes peuvent étre fermés de fagon
locale.

Pour montrer la métaconfluence, il n’est plus possible de se reposer sur la
confluence du A-calcul tel qu’on peut le faire pour montrer la confluence sur
les termes clos. A la place, on va utiliser les techniques basées sur la réduction
parallele [Bar84].

Préservation de la normalisation forte (PSN) : si un programme défini
par un A-terme termine, alors cela doit étre également le cas lorsqu’on I’évalue
avec les regles du calcul avec substitutions explicites. C’était le cas pour le
terme (Azx.xx) \y.y lorsqu’on 'a évalué pour illustrer la S-simulation. Il faut
noter qu’un langage avec substitutions explicites correct, c’est a dire qui peut
simuler le A-calcul, ne préserve pas forcément la normalisation forte. Si le A-
terme ¢ se réduit en ¢’ alors il existe un chemin pour simuler cette réduction
dans le calcul avec substitutions explicites, mais il peut également exister un
autre chemin qui meéne sur une boucle infinie.

Malgré son apparente simplicité, la PSN est 'une des propriétés les plus dif-
ficiles a garantir et a démontrer. De plus, contrairement a toute attente, elle
n’est pas vraie pour Ao, le langage pionnier, comme 1’a montré Mellies avec
son contre-exemple [Mel95].

C’est finalement plusieurs années plus tard qu’apparaitront des calculs comme
Ax [BR95, Blo97] ou Av [BBLRD96] qui sacrifieront de la métaconfluence pour
obtenir PSN.

Les techniques pour montrer PSN sont trés variées. Elles peuvent étre fa-
ciles & mettre en oeuvre pour des calculs simples en se contentant d’utili-
ser des RPO (Ax, ...). On peut noter également la technique qui consiste
a remonter ’historique de créations des substitutions en utilisant un argu-
ment de minimalité [BBLRD96]. Une fagon également simple de montrer
PSN est d’utiliser la propriété dite IE, c’est a dire que si un terme t{z/u}
termine, alors sa version explicite ¢[x/u] termine également. Il reste ensuite
a prouver IE, ce qui peut étre fait simplement par induction dans certains
cas [AK10] ou bien via un systéme complexe de calculs auxiliaires avec
étiquettes [DGO1, ABRO0, Kes07]. Une autre facon de montrer la PSN est
I’'utilisation des techniques de simulation. Elles consistent a simuler un calcul
pour lequel on veut montrer PSN dans un autre pour lequel on sait que PSN
est vérifiée [Kes07].

Normalisation forte : cette propriété stipule que tout programme typé ter-
mine. Pour considérer des termes avec substitutions explicites typés, il va
falloir étendre le systeme de typage du A-calcul pour gérer le cas de la sub-
stitution. Méme si cette extension est souvent naturelle, les preuves se com-
pliquent nettement. Ces derniéres reposent (comme pour le A-calcul) sur des
techniques de réducibilité [Bar84], ou utilisent plus simplement la PSN.
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Il existe également une variante, la normalisation faible. Elle indique qu’il
existe, parmi toutes les réductions possibles a partir d’'un terme, un che-
min qui termine. Elle est suffisante pour les implémentations. En effet, toute
implémentation est déterministe, c’est a dire qu’elle va choisir un unique che-
min & suivre qui sera indiqué par une stratégie. Il suffit donc d’imposer une
stratégie normalisante, qui choisit donc toujours le bon chemin, pour ne pas
tomber dans une impasse.

On demande également, comme mentionné ci-dessus, a ce que les regles qui
ne font que propager les substitutions explicites terminent.

e Composition totale : c’est une généralisation de la notion de simulation.
Tout terme t[x/u] du calcul avec substitutions explicites doit pouvoir se
réduire sur t{xz/u}. C’est une propriété théorique tres forte, qui en implique
facilement d’autres (simulation, confluence sur des termes ouverts, ...). Le cal-
cul Ax™ ne posséde pas cette propriété de composition totale car il n’a aucune
régle permettant de composer deux compositions. Par exemple z[z/y|[y/z] ne
se réduit pas sur xz[z/z]. Il doit en effet se réduire d’abord sur y[y/z| puis sur
z, ce qui n’est pas le résultat escompté.

Réussir a obtenir I’ensemble des propriétés mentionnées ci-dessus pour un calcul
avec substitutions explicites est un savant jeu d’équilibres. En effet, pour obtenir
la composition totale ou la métaconfluence, il semble nécessaire d’ajouter une regle
telle t[x/u][y/v] — tly/v][x/uly/v]] qui permet d’obtenir la composition de deux
substitutions pour continuer ensuite la propagation. Malheureusement, une version
naive de composition telle que celle-ci va irrémédiablement conduire au contre-
exemple de Melliés, qui repose sur le fait que le calcul permet de composer des
substitutions lorsque la variable y n’apparait dans u. De nombreuses restrictions
permettent de rattraper PSN, comme interdire a une substitution de traverser une
abstraction [LM99], ou spécifier une stratégie de réduction [GL9IS8], mais presque
toutes se font au détriment d’une ou plusieurs autres propriétés.

Restreindre la régle de composition t[x /u]y/v] — tly/v][z/uly/v]] & la condition
que < y apparaisse dans u > permet déja d’éviter le contre-exemple de Mellies. 11
faut ajouter une équation qui permute les substitutions indépendantes pour pouvoir
avoir réellement toutes les propriétés attendues (notamment la métaconfluence ou
la composition totale) :

tle/ully/v] = tly/v][z/u]

Indépendant signifie que y n’apparait pas dans u et que x n’apparait pas dans v.

Mis a part la catégorisation des calculs ayant telle ou telle propriété, il existe
les distinctions suivantes qui sont orthogonales aux précédentes propriétés (excepté
la présence d’équations, qui est une question ouverte) :

e Noms / Indices : La présentation de variables avec des noms est celle que
nous avons exclusivement utilisée jusqu’a présent, en se contentant de lettres.
Elle présente cependant un gros défaut que 'on peut illustrer par ’exemple
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suivant : si on applique naivement la [-réduction, le terme (A\y.Az.y)
se réduit en Az.z. Or le terme (Ay.A\z.y) = qui devrait étre équivalent a
(Ay.Az.y) x se réduit en A\z.z, désignant un tout autre terme. Cela illustre
le phénomene de capture de variables, qui peut étre évité si I’on renomme
toutes les variables liées (celles qui apparaissent sous la forme Az) d’un terme
de telle fagon & avoir des noms différents des variables libres (celles qui n’ap-
paraissent pas sous la forme A\x).

Utiliser cette solution dans la pratique, pour un langage de programmation,
est completement irréaliste. Afin d’avoir un langage un minimum efficace, il
est nécessaire d’utiliser un systeme tout a fait différent, qui utilise des entiers,
au lieu de lettres, comme les indices de De Bruijn [dB72] ou les moins connus
niveaux de De Bruijn [dB72]. De cette fagon on évite le renommage & chaque
pas de réduction. La contrepartie, mais bien moins couteuse que les renom-
mages, est la mise a jour de certains indices lorsqu’ils traversent des symboles
lieurs. La manipulation de ces indices devient également plus fastidieuse.

Méme si le calcul Ao a été présenté a la fois avec des noms et des indices, c’est
en utilisant des indices que le principal des propriétés a été développé. On
peut en effet remarquer que tout comme les substitutions explicites, ['usage
des indices permet de se rapprocher de la réalité. La plupart des successeurs
de Ao, tels que Ao, [CHL92], Av [BBLRD96, Les94b] ont également utilisé
des indices.

C’est seulement par la suite que des calculs avec noms firent leur apparition.
Le plus simple est sans doute Ax [BR95, Blo97, Ros92, Ros96] décrit par les
regles suivantes :

(A\x.t) u —  tx/u]

t[z/u) — x n’apparalt pas dans ¢
My.t)[z/u] —  Ay.t[z/u]

(v w)lzfu] - ofw/u] wlz/d

Il existe des calculs ayant des indices [MRZ10] et d’autres ayant des
noms [Kes09] avec toutes les bonnes propriétés listées ci-dessus. Les deux
calculs cités en exemple sont d’ailleurs isomorphes [MRZ10], ce qui montre
que le choix entre indices et noms n’est pas important en ce qui concerne les
propriétés théoriques du calcul.

Réduction forte / faible : La réduction forte est celle qui autorise les
réductions peu importe I’endroit ou elles prennent place dans le terme. La
réduction faible, au contraire, interdit les réductions se trouvant en dessous
d’un symbole \. Cette restriction est suffisante pour implémenter des langages
fonctionnels et permet des simplifications, notamment sur la mise a jour des
indices. Elle est donc suffisante pour les langages de programmation, et de ce
fait ces derniers utilisent systématiquement la réduction faible.
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Dans [CHL92] une version faible de Ao a été présentée avec 'avantage d’étre
confluente sur les termes ouverts, contrairement a sa version forte. Il faut noter
que la majorité des études théoriques sur les calculs avec substitutions expli-
cites considérent la réduction forte. D’un point de vue plus pratique, [FMS05]
présente différents calculs avec des réductions faibles dans une optique de
performance.

Présence d’équations : Les équations permettent d’identifier des termes
moralement égaux. L’équation la plus simple est stirement celle qui permute
des substitutions indépendantes : t[z/ully/v] = t[y/v][z/u] (si x n’est pas
dans v et y pas dans u). Elle a été introduite par [Kes07], se basant sur des
idées de [KLO05], se basant a son tour sur les réseaux de preuves de la logique
linéaire [Gir87].

Il a été conjecturé que Aes [Kes07] posséde toutes les propriétés listées ci-
dessus (toutes sont montrées sauf la métaconfluence). Ce fat finalement une
simplification de ce calcul, Aex [Kes09], également avec une équation, qui
atteint le but de vérifier I’ensemble de ces propriétés.

Le calcul Aex comporte les régles et ’équation suivante :

(Az.t) u = tlz/u]

x[z/ul - u

t[z/u) — t si x n’est pas dans ¢

(v w)lz/u] = vlz/u] wlz/u]

(Ay.t)[x/u] — Ay.tlz/u]

tlz/ully/v] — tly/v][z/uly/v]] siy est dans u

tlz/ully/v] = tly/v][z/v] si y n'est pas dans u, et x pas dans v

Il est important de noter que malgré la différence avec Ax qui peut paraitre
minime (régle de composition et équation en plus), les techniques nécessaires
a mettre en oeuvre pour prouver PSN pour Aex sont sans commune mesure.

Pour les calculs avec indices, le seul ayant toutes les propriétés possede
également une équation [MRZ10].

C’est toujours un challenge de comprendre s’il existe un calcul sans équations
ayant toutes les propriétés listées auparavant.

Structure / Distance : Pour la plupart des calculs dans la littérature, la
propagation de la substitution explicite t[z/u] dépend de la structure de t¢.
Cependant, une autre sorte de systéme de propagation existe, basé sur la no-
tion de multiplicité et d’action a distance [Mil07, dB87, Ned92, SP94, KLNO05,
O Conchir06]. On parle de calculs structurels et de calculs a distance.



Par exemple, le calcul Aj [AK10] 2, basé sur le formalisme graphique de [AG09]
définit son mécanisme de propagation de la fagon suivante :

t[z/ul —t si x n’est pas dans ¢

t[z/u] — t{z/u} si z est une fois dans ¢

tlx/ul — tpuylr/ully/u] siz est au moins deux fois dans ¢
tlz/ully/v] = tly/v][z/u] si les substitutions sont indépendantes

ol tyy est le remplacement non-déterministe d’au moins une occurrence de
par y. Malgré la présence de la substitution implicite, on peut tout de méme
parler de calcul avec substitutions explicites car si on implémente \j avec
des graphes, l'opération t{x/u} est aussi atomique que pouvait 'étre la régle
x[z/u] — u dans d’autres calculs.

Le calcul \j [AK10] est également intéressant pour sa reégle de création des
substitutions explicites :
(Az.t)L u —p t[z/u]L

ou L est une liste de substitution. La réduction suivante est possible avec Aj :

Az \y.xy)ab —
Ay.x y)[z/a] b
y)ly/b][z/a]
y)ly/bl

(
(
(
(
(a b)

—
—
—
—

Q@ 2 =y

Dans le chapitre 4, nous proposons d’abord une étude de la confluence pour un
calcul générique avec substitutions explicites qui satisfait un ensemble d’axiomes.
Parmi ces axiomes, la simulation du A-calcul permet de tirer partie de la confluence
du A-calcul. Grace a cette méthode, la confluence d’un calcul se résume a montrer
la confluence et la normalisation du calcul de propagation des substitutions, ainsi
qu’a la vérification de différents axiomes naturels pour un tel calcul.

Dans la suite du chapitre, nous montrons que le Aj-calcul a la propriété de
métaconfluence. Pour y parvenir, nous introduisons une caractérisation des termes
auxquels on a appliqué autant que possible la régle qui duplique une substitution.
Cela permet de pouvoir indiquer comment clore une divergence apres un renom-
mage non-déterministe. En effet, alors que pour le Aj-calcul avec des termes clos il
suffisait d’effectuer la composition totale pour revenir a un terme commun, il faut
maintenant étre plus subtil car la composition totale n’est plus applicable. Cette ca-
ractérisation d’un terme auquel on a appliqué autant que possible la regle de contrac-
tion est indépendante de toute notion de confluence, et serait donc réutilisable dans
des travaux futurs. Apres avoir isolé la difficulté du non-déterminisme, on mettra
en oeuvre la technique de réduction parallele.

2Le calcul a été introduit en tant que < The structural A-calculus > mais nous le catégorisons en
tant que calcul & distance. En effet, le sens de structure dans le titre est celui des regles structurelles
de la logique, et non de structure d’un terme.
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Les ressources explicites

Il est possible d’aller plus loin dans 'explicitation des mécanismes du A-calcul.
On peut en effet voir, a la lumiére de la logique linéaire [Gir87], la substitution
explicite comme une substitution linéaire (c’est & dire qui lie une unique occurrence
de variable) combinée a un effacement de variable (si la variable n’est pas 1a) et
a une duplication (qui permet de dupliquer une variable si elle apparait plusieurs
fois). En se basant sur cette idée, le calcul Alxr [KLO7] posséde non seulement
substitution explicite, mais également contraction et affaiblissement (qui sont les
constructions syntaxiques indiquant qu’il y aura une duplication et un effacement
au moment de I’exécution). La contraction qui s’écrit Cg'z(t) représente le terme ¢
ou les variables y et z sont identifiées en la seule et méme variable x. Il n’est donc
pas possible d’écrire x x dans ce calcul. De la méme fagon, il n’est plus possible
d’écrire une fonction Az.t avec une variable x qui n’est pas utilisée dans t. A la place,
on écrira Az. W, (t) ou x n’apparait donc pas dans ¢. Avec la présence de ces deux
nouveaux opérateurs, il est nécessaire d’ajouter les regles qui vont les propager, et
les faire interagir entre eux-mémes et avec la substitution explicite. La sémantique
associée a ce calcul fera descendre les contractions au plus bas dans les termes,
et monter les affaiblissements au plus haut. Les interactions avec la substitution
sont plus compliquées, notamment lorsqu’une substitution explicite rencontre une
variable contractée ou affaiblie comme dans C%lz(t) [x/u] ou Wy(t)[x/u].

Une fois ce formalisme défini, on peut se poser la question de savoir ce que se-
rait un calcul avec seulement une partie de ses ressources explicites. Il existe des
calculs avec affaiblissement et substitution comme [DGO1] ou bien avec unique-
ment contraction et affaiblissement comme [vO01]. Mais de maniére plus générale
on peut dire que chacune de ces ressources pourrait étre traité implicitement ou
explicitement. Ceci donne les huit possibilités suivantes, ou c, s, et w désignent
respectivement contraction, substitution, et weakening (affaiblissement) :

Ressource ¢ Ressource s Ressource w

Im Im Im
Ex Im Im
Im Ex Im
Im Im Ex
Ex Ex Im
Ex Im Ex
Im Ex Ex
Ex Ex Ex

Pour illustrer ce concept autrement, voici un prisme composé de deux bases,
une ou la substitution est implicite, et autre ou elle est explicite. Par exemple
Ac (qui correspond a la deuxiéme ligne du précédent tableau) est le langage ou
seulement la contraction est explicite, et Aws (qui correspond a ’avant derniere ligne
du précédent tableau) le langage ou seulement l'affaiblissement et la substitution
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sont explicites.

base substitution explicite

base substitution implicite

Cette présentation, avec les arrétes dessinées, insiste sur le fait que 'on peut
factoriser certaines propriétés et espérer pouvoir transférer certaines caractéristiques
automatiquement d’un calcul & un autre par des jeux de simulations.

Dans le chapitre 5, nous considérons 1’étude d’un prisme des ressources. Il faut
noter qu’il existe une multitude de prismes, au moins un pour chaque calcul avec
substitutions explicites existant. L’ajout des opérateurs de contraction et d’affai-
blissement ainsi que la modularisation du prisme pour obtenir les bonnes propriétés
listées précédemment est encore une fois un jeu d’équilibre extrémement délicat.
Certains calculs se prétent plus ou moins bien a ce jeu de simulations dans un
prisme. Dans I’étude que 'on va faire, le calcul avec le plus de ressources explicites
est une variante de A\lxr avec une regle de duplication non-déterministe comme
dans Aj. Le calcul Ag qui gére uniquement de maniere explicite la substitution
présentera lui aussi une duplication non-déterministe. La PSN de ce calcul sera
étudiée séparément au chapitre 3.

Pour décrire le prisme lui-méme, nous introduisons les termes et les réductions
qui sont définies pour I’ensemble du prisme, et non pour chaque calcul. Chacun des
huit calculs sera paramétré par un ensemble de sortes {c, s, w}, représentant respec-
tivement la contraction, la substitution, et I’affaiblissement. Si une sorte appartient
a un calcul donné alors le traitement des opérations correspondantes sont rendues
explicites, comme présenté dans le tableau introduit précédemment. La notion de
base sera également importante, car certains théoremes sont vraies dans une base
mais pas dans 'autre. Par exemple, la composition totale aura uniquement du sens
dans la base de la substitution explicite. Ensuite par un jeu de simulations permet-
tant de transporter des propriétés d’un calcul a un autre, la confluence sera montrée
grace a celle du A-calcul, ainsi que la PSN gréce a celle de Ag montrée au chapitre 3.
Apres avoir introduit des types simples, nous montrons que les termes typés de tous
ces langages sont fortement normalisant.

Pour montrer que Ag bénéficie de PSN, nous utilisons une méthode adaptée
de [Kes07]. Celle-ci nécessite de montrer que la normalisation d’un terme avec sub-
stitution implicite implique la normalisation du méme terme avec substitution ex-
plicite. Pour y arriver, il va falloir utiliser un systeme de substitutions avec des
étiquettes afin d’identifier les termes normalisant utilisés dans le corps des substitu-
tions. Pour propager cette nouvelle sorte de substitution, un systéme de propagation
sera ajouté, qui pourra se diviser en deux sous-systemes. L’un s’occupera de la partie
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interne des substitutions étiquetées, I’autre du reste. On pourra ainsi montrer que si
t{x/u} et u terminent dans le systéme original, alors la version explicite étiquetée
termine également. Il faudra pour conclure s’occuper de I'autre sens, et montrer
que si un terme avec substitution explicite étiquetée termine, alors sa version non
étiquetée termine aussi.

Longueur des réductions

Comme nous ’avons vu auparavant, les longueurs de réductions pour aller d’un
terme & un autre peuvent étre différentes selon que I’on utilise tel ou tel calcul avec
substitutions explicites.

Si on fixe un calcul possédant la normalisation forte, par exemple en se re-
streignant aux programmes typés, il peut étre intéressant de connaitre les lon-
gueurs maximales de réductions. On peut ainsi obtenir une garantie sur le temps
d’exécution d’'un programme, en supposant que chaque pas de réduction prenne
un temps constant. Malheureusement, dans le cas général d’un calcul qui permet
d’exprimer au moins les A-termes typés, cette borne maximale est tellement grande
qu’elle n’est pas utile dans la pratique. En effet, pour le A-calcul, Beckmann a montré
que les bornes maximales correspondent a des tours d’exponentielles dépendant de
la taille du terme initial, mais surtout du type du programme [Bec01]. Pire encore,
il a montré que ces bornes sont exactes, c’est a dire que I'on ne peut pas vraiment
espérer mieux pour le cas général.

Nous allons étudier les bornes maximales pour les calculs avec substitutions ex-
plicites. Ces problémes jamais étudiés auparavant permettraient de mieux connaitre
I’écart pratique séparant le A-calcul des calculs avec substitutions explicites. Cela
pourrait également renseigner sur 1’écart entre les implémentations et les calculs
avec substitutions explicites. Ainsi, on pourrait mieux se rendre compte du niveau
d’abstraction des calculs avec substitutions explicites.

Dans le chapitre 6, nous faisons une étude de la complexité pour un le calcul
Ax~, et conjecturons des éléments de réponse a la question de la quantification de
I’écart de complexité séparant le A-calcul des A-calculs avec substitution explicite.
Pour y parvenir, nous effectuons des expériences pratiques sur la forme que prennent
certains réductions. Grace a un programme qui analyse la taille d’un terme au cours
de sa réduction, nous remarquons des schémas qui se répetent au cours du temps,
ce qui permet d’obtenir des informations sur des directions futures de recherche.

Certification

La vérification des programmes prend une place de plus en plus importante au fur
et & mesure que les programmes eux-mémes se diffusent partout dans la vie de tous
les jours. Dans les domaines ou des programmes défaillants pourraient mettre des
vies en jeu, la simple chasse au bug ne suffit plus. Il faut s’assurer qu’il n’y a plus
aucun bug non pas en les cherchant, mais en ayant la preuve mathématique que le
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programme n’en contient aucun, c’est a dire qu’il est correct.

Ces preuves peuvent parler des programmes eux-mémes, ou bien des propriétés
qu'on en attend. Plutot que de s’intéresser aux programmes eux-mémes, on peut
également considérer la certification des compilateurs, comme développé dans le
projet CompCert [Com]|. De la méme maniere, I’étude de la sémantique des langages
de programmation et de leurs corrections apparait comme un prérequis avant de
s’intéresser aux programmes que l'on pourra écrire avec.

C’est a cet endroit que les substitutions explicites entrent en jeu car elles ont
une place importante pour nombre de langages fonctionnels. Cela présente un grand
intérét car avec le grand nombre de régles que présentent certains calculs, il est re-
lativement facile de faire des erreurs. De plus, cela offre 'avantage de se poser des
questions sur certains détails qui eux, étaient restés implicites. Par exemple le rem-
placement non-déterministe n’a jamais été spécifié formellement pour Aj [AK10].

Pour parvenir a vérifier un programme ou une preuve, différents outils existent.
Certains prouveurs fonctionnent de maniére automatique, d’autres de manieére inter-
active. Il est évident que I’on pourra prouver plus des propriétés plus complexes si on
indique a l'ordinateur comment procéder. Les prouveurs automatiques comme Alt
Ergo [CCKO06] ou CVC3 [BT07] sont en général articulés autour de solveurs plus ou
moins complexe du probleme SAT. Les prouveurs interactifs possedent des théories
bien plus complexes que les prouveurs automatiques. On peut citer Coq [Coq] qui
est basé sur le Calcul des Constructions inductives.

Il faut tout de méme rappeler que avant de pouvoir prouver certaines propriétés,
que cela soit automatiquement ou interactivement, il faut d’abord formaliser le lan-
gage que l'on désirer étudier. Cette formalisation va étre plus ou moins simple selon
que 'on étudie I'arithmétique, pour laquelle il n’y a souvent pas de formalisation
a proprement parler car elle est la plupart du temps intégrée dans le prouveur, ou
bien un langage avec des lieurs. En effet, un désavantage que possede nombre de
prouveurs est I'inexistence de mécanisme permettant de s’occuper de la gestion des
variables liées.

Si on veut formaliser un langage avec indices tel que Ao il n’y aura pas de
probléme car le mécanisme de gestion des lieurs est déja completement formalisé,
mais si on s’intéresse a Ax alors il va falloir spécifier ses régles de réduction avec
des indices, ou bien utiliser un mécanisme compliqué de renommage des variables
pour éviter le phénomene de capture. De plus, il faudrait aussi pouvoir identifier des
termes "jumeaux” tels que Ax.x et Ay.y. Pour gérer ce probleme, d’autres prouveurs
comme Abella [Gac08] utilisent la notion de syntaxe d’ordre supérieure ou ni noms,
ni entiers ne sont utilisés. Une derniére possibilité est l'utilisation de la logique
nominale [GP02] comme le propose Isabelle [Isal.

Dans le Chapitre 6, nous formalisons le calcul Aj en Coq en choisissant d’uti-
liser un mélange d’indices pour représenter les variables liées, ainsi que de noms
pour les variables libres. Nous expliquons les mécanismes a mettre en ocuvre, ainsi
que l'intérét de formaliser un tel calcul. Nous donnons une définition formelle du
remplacement non-déterministe, et, aprés avoir expliquer les difficultés techniques
liées & 'utilisation d’indices, nous donnons une preuve formelle de la propriété de
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composition totale pour Aj.

Résumé de la theése et de ses contributions

e Chapitre 2 : nous définissons toutes les notions présentées informellement dans
cette introduction qui servent tout au long de la thése. Ainsi, nous revenons
plus en détail sur les notions de type et de stratégie.

e Chapitre 3 : nous montrons que le langage As, au coeur du chapitre 5, bénéficie
de la propriété PSN. Ce résultat permettra au chapitre 5 de montrer PSN pour
I’ensemble des calculs du prisme.

e Chapitre 4 : la question de la confluence est traitée de différentes manieres.
D’abord d’un point de vue axiomatique pour l’ensemble des calculs utili-
sant des noms décrits dans cette these. Dans un deuxiéme temps, nous nous
intéressons a la métaconfluence du calcul \j [Ren].

e Chapitre 5 : c’est 1a ol est défini le prisme des ressources, la contribution
la plus importante de la these. Les résultats de ce chapitre ont été publiés
dans [KRO09] puis révisés et étendus dans [KR11].

e Chapitre 6 : pour cette derniére partie, nous proposons une ouverture plus
pratique. Dans un premier temps nous étudions la longueur des réductions
de A\x~ et conjecturons des éléments de réponse. Dans un second temps nous
formalisons Aj en Coq et montrons qu’il possede la propriété de composition
totale.

e Chapitre 7 : nous finissons par une conclusion et une présentation des
différentes lignes de travaux futurs.
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In this Chapter we present some known technical material needed for the com-
prehension of the thesis. The prerequisites only consist of mathematical basis.
In Section 2.1 we present Abstract Reduction Systems, which are used to express
general notions related to reduction. In Section 2.2 we formally introduce the
A-calculus, and all its specific notions. In Section 2.3 we introduce explicit substi-
tutions which are at the heart of the thesis. We present some notions concerning
explicit substitutions in general, and some others only concerning calculi with ex-
plicit substitutions used later in the thesis. Finally, in Section 2.4, we show the
relation between explicit substitutions and logic, through the Curry-Howard iso-
morphism.

2.1 Abstract Reduction Systems

We first state some general properties independent of the reduction system we are
considering. All those notions will be applicable both for the A-calculus and any
A-calculus with explicit substitutions. For more details about this section, consult
the reference book for rewriting, Terese [Ter03].

Definition 2.1.1 (Abstraction reduction system (ARS)). An abstract reduction
system (ARS) is a set A (the objects) equipped with a binary relation —pg (or — if
there is no ambiguity) over A. We write t — u if (t,u) €—. We say that t reduces
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to w. The relation '—>j§ is the transitive closure of g and —% is the reflexive
and transitive closure of —pr. Given two ARSs (A,—rg,) and (A,—g,), the ARS
(A, —R,UR,) s the ARS whose reduction relation is given by —pg, U g,.

Definition 2.1.2 (Sub-ARS). Let (A,—gr) and (B,—pg/) be two ARSs. Then
(A,—R) is a sub-ARS of (B,—pg) if the following conditions are satisfied:

e AC B;
e Va,a' € A, a—prd < a—p d;
e Vac A, Vbe B,a—r b = be A.

Definition 2.1.3 (Reduction modulo). Let (A,—gr) be an ARS with an associated
equivalence relation = over A. Let t,t',u,u’ be objects in A. In this thesis we use
the following notations:

o t =>pt' ift—pgt (this is an alternative notation for t —prt').
ot spt ift=urpu =t

o t =7, t' is the transitive and reflexive closure of —r. As we consider equiva-
lence classes, the reflexive case ist =t', and not t =t'.

Notice that (A, —g) is also an ARS.

Latter in the thesis, the "normal” notion of reduction for a calculus will be
written — g i.e. we almost always want to consider equivalences in the reduction if
there are ones. Even for a calculus without equivalences, we will also use the nota-
tion —p (this is the case where = is simply the syntactical identity). The notation
t =gt will thus only be used to denote that in a calculus with an equivalence we
are not considering the equivalence.

Definition 2.1.4 (Normal form). Given an ARS (A,—r), we say that an object
t € A is in —gr-normal form (resp. = pr-normal form), written t € NF_,, (resp.
t € NF=,,) ort € NFgr if no ambiguity arises, if there is no t' such that t —p t/
(resp. t =gr t'). If t reduces to v and this latter one is in normal form, then v is
said to be a normal form of t.

Definition 2.1.5 (Strongly normalizing (SN)). Given an ARS (A,—R), if there is
no infinite — g-reduction (resp. =g) starting at t € A, then we say that t is —pg-
strongly normalising (resp. = g-strongly normalising), written t € SN_,, (resp.
t € SN=.,, ), or simply t € SNp if no ambiguity arises. An ARS is —pr-strongly
normalising (resp. = g-strongly normalising) iff all its objects are.

Theorem 2.1.6. Let (A,—~g,) and (A,—g,) be two ARSs. Let (B, pr) be another
ARS and g a relation s.t. ¢ C A x B. Suppose that for all a,ad’, b, v

(P1) agb& a—g, d imply W st. o' gt & b3,

(P2) agb& a—p,a imply 3V st. bgb &b—Lb.
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(P3) The relation — g, is SN.
then, a g b & b€ SN imply a € SNR,UR,-

Proof. A proof by contradiction can be easily done as follows. Suppose a ¢
SN (R,uRy)- Then, there is an infinite (R; U Rz)-reduction sequence starting at
a, and since Ry is a well-founded relation by P3, this reduction sequence has nec-
essarily the form
* + * +
a —)Rl aq —>R2 as —)Rl as —>R2 ...00

and can be projected by P1 and P2 into an infinite —pg-reduction sequence as

follows:
a —>}}1 al —>JI§2 as —>*Rl NG’
b =% b —LE b —h 00
We thus get a contradiction with the fact the b € SNp. O

Definition 2.1.7 (Confluence). Given an ARS (A,— R) with an equivalence rela-
tion = over objects. We say that:

1. —pg is confluent if {4 - =% C =5 R
2. =R is confluent modulo = if <= -=-=pr C =5 =&

3. =g is Church-Rosser (CR) modulo = if <+ C =} - =- < where
SRi= (=rUpgesU=)*

Lemma 2.1.8. CR modulo = is the strongest property i.e. 3 = 2 and 3 = 1 but
1+ 3 and 2 # 3.

Proof. Cf. [Ter03]. O

Definition 2.1.9 (Convergence). An ARS (A,— R) is ~»-convergent (~ being
— g or =g) if it is ~>-confluent and ~-strongly normalizing. Thus any object has
a unique ~»-normal form in a ~~-convergent ARS, written |r (t) (if ~~=—pg) or
Ur (t) (if ~>==g) or simply [(t) if no ambiguity arises.

Definition 2.1.10 (Length of a reduction). The length of a reduction starting
from an object a to an object a’ is its number of steps. The equivalence steps are
not considered. In the case of a convergent ARS, the longest length from an object
a to its unique normal form is denoted 1_,,(a) or n=,(a). The notation n(a) will
be used if no ambiguity arises.

Definition 2.1.11 (Strategy). A strategy for an ARS (A,—g) is a sub-ARS having
the same objects and the same normal forms. Furthermore, for every object t, there
is only one u s.t. t reduces to w. The strategy thus defines a function over objects.

Definition 2.1.12 (One-step strategy). A strategy (A,+—g) of an ARS (A,+—pR) is
one-step if T reduces to T' in one step by —g (resp. =g) then T also reduces in
one step to T' by —pr (resp. =g).
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Definition 2.1.13 (Many-step strategy). A strategy (A,—gs) of an ARS (A,— R)
is many-step if T reduces to T' in one step by —g (resp. =g) then T reduces in
several steps to T' by — g (resp. =R).

Definition 2.1.14 (Effective stragtegy). A strategy is effective if it is computable.

Definition 2.1.15 (Perpetual strategy). A strategy ~~ of an ARS (A,—pg) is
perpetual if Va ¢ SN_,, (resp. Ya ¢ SN=.,), a ~ b = b & SN_,, (resp.
a~b = b¢ SN, ).

Definition 2.1.16 (Maximal strategy). A strategy (A, —maz) of an ARS (A,—r)
is —p-mazimal (resp. = p-mazimal) if Ya ¢ NF_,,, (resp. Ya ¢ NF=), ¢ —maz
b = n,(0) <n=pla) (resp. @ —rmaz b = M=, (b) < N=p(a)).

Lemma 2.1.17. If a strategy is maximal, then it is perpetual. The converse is not
true

Proof. Straightforward. O

2.2 Lambda Calculus

2.2.1 Basis

The A-calculus can be seen as an ARS (A, 3) where A is given by Definition 2.2.1
and S by Definition 2.2.12.

Definition 2.2.1 (A-term). The set A of A\-terms is defined by the following gram-
mar:
tus=z | Azt |tu

where x belongs to an infinite set of variables. The term t u is called an application
and Ax.t an abstraction. When it is clear from the context, we will write term
instead of \-term.

Definition 2.2.2 (Tree representation, depth). The inductive definition of A\-terms
allow us to see them as trees. The application t u is a node “application” with the
tree representation of t as left son, and the tree representation of u as a right son.
The abstraction Ax.t is a node “abstraction” with a unique son consisting of the tree
representation of t. A wvariable is a unique node.

A subterm u of t is at depth n in the tree representation of t if one has to cross
n edges from the root of the tree to the tree representation of u.

Definition 2.2.3 (Height). The height h(t) of a term t is defined by h(z) := 0,
h(Az.t) :== 14 h(t), h(u v) := 1+ maz(h(u), h(v)).

Notation 2.2.4. The abstraction takes precedence over application that is with
Azt u we mean \x.(t u). The term ((...((uvy)ve)...)vy) will be abbreviated as
UvL...Up.
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Definition 2.2.5 (Free variables, Bound variables, Closed term). The set fv(t) of
the free variables of a term t is defined by induction as:

fv(z) =
fv(Azw) = fv(u)\{z}
fv(uv) = fv(u)Ufv(v)

The set bu(t) of bound variables of a term t is defined by induction as:

bu(x) = 0
bu(Az.u) = bu(u)U{z}
bu(uv) = bu(u)U bu(v)

A term t is closed if £v(t) = ().

Definition 2.2.6 (Number of occurences). The number of free occurrences of the
variable x in a term t, written |t|,, is defined by induction on t:

|| 2 =1

Yl =0

Aytle = [t

v wly = fulp+ wle

Definition 2.2.7 (Position). A position in a term t describes a subterm in t by
means of a finite sequence (eventually empty, written ) of 0 and 1. The subterm
of t at position p is given by pos(p,t) which is defined by induction on terms:

pos(f-:,t) =t

pos(0-p,uv) = pos(p,u)
pos(l-puv) = pos(p,v)
pos(0-p, Ax.u) = pos(p,u)

For instance, the subterm of y (Az.xz) at position 101 is z.

Definition 2.2.8 (Barendregt’s convention, a-conversion). In all the thesis, we
will intensively use the Barendregt’s convention[Bar8//, that is, free and bound
variables will have different names. Furthermore, different bound variables will
also have different names. The congruence on terms generated by the renaming of
bound wvariables is the a-conversion or a-equivalence. We write t =4 u if u can be
obtained from t by a renaming of bound variables.

Example 2.2.9. The term Ax.x y is a-equivalent to Az.z y but not to \xr.x z.

In all the thesis, the terms will always
be considered modulo a-conversion
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Definition 2.2.10 (Implicit substitution). The implicit substitution of x by u in t,
written t{x/u}, is defined by induction on t, following the Barendregt’s convention:

x{x/u} = u

y{z/u} = u with © # y
Ayo){z/u} = Iyv{z/u} with x #y
(v w{z/u} = v{z/u} w{z/u}

Example 2.2.11. For instance (Ay.x y){z/y} is equal to \z.y z and not Az.z z
which would result in the capture of a free variable.

Definition 2.2.12 (S-redex). In a term t any subterm of the form (Az.u) v is called
a B-redex (or redez if there is no ambiguity). Notice that redexes can be nested.

Definition 2.2.13 (S-reduction). The unique rule of reduction of the A-calculus is
the B-rule, which is the contextual closure of the root rule contracting B-redexes:

(Az.t) u—g t{x/u}
Example 2.2.14. The following -reductions are possible:
o (Mz.xz)(M\y.y) =5 (A\y.y)z —=p 2
o (Az.zz)(Ay.y) =5 (A\y.y) (Az.2) =g Az.z
o (Mr.zz) Ayyy) —p (A\yy y)(Az.z 2) =g (Az.z 2)(N .2 2)) =5 ...

Notice that we have used the a-equivalence in the second and third example. Remark
also that the last reduction sequence is non-terminating.

2.2.2 Lambda Calculus with De Bruijn Indexes

To avoid the capture of free variables, the implicit substitution operation has to
be performed using a-conversion. Substitution is an operation which has a huge
cost since for every (-step, a renaming has to be done, implying to go trough all
the term. Needless to say that there is no way that this approach can be used in
practice.

The solution [dB72], proposed by De Bruijn, is to drop names, and instead use
indexes. Those indexes will represent the number of symbols A between a variable
and the binder. We will however keep names for free variables even if they can
themselves be turned into indexes pointing outside the term.

Example 2.2.15. The A-term Az.(Ay.y (Az.z)) (A\x.z x) is equivalent to
AAL(AD)) (A21).

The S-reduction for terms with indexes is more complex since we have to perform
the replacement and maintain the coherence of the indexes after a substitution.

Let t(n/u) be the replacement function of indexes by De Bruijn terms. The
p-rule is now (A.u) v —g, u(l/v). The index 1 has to be replaced in u by v (if
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we do not consider abstractions). Under A, it is not 1 anymore which has to be
replaced but 1 plus the number of abstractions traversed that is: (ulu2)(n/v) =
ul{n/v) u2(n/v), (A.u){n/v) = X.(u(n + 1/v)). For the case m(n/u), it is more
complex. If m < n, then we simply have m(n/u) = m. However, if m > n, that
means that the index m referred to an abstraction above the head one in (A.u) v.
During the -reduction, as a symbol A is removed, we thus have m(n/v) = m — 1.
We can thus summarise the replacement function:

x(n/v) =z
m itm<n
m(n/v) = Ug(v) ifm=n
m—1 ifm>n
(ulu2)(n/v) = ul{n/v) u2(n/v)

(Au){n/v)

where Ufj (v) is the update of the bound variables in v. The idea (in a first time
we do not consider abstractions in v) is to increase indexes in v by n — 1 (the n

A (u(n +1/v))

abstractions above the index, minus 1 since there is an abstraction which disappear
during the reduction). Of course, it is not sufficient since we have to take into
account abstractions in v, which requires to generalize U (v) into U} (v), where k is
the number of abstractions traversed in v. The update function is thus defined as:

U () =z
U (ul u2) = U} (ul) U} (u2)
U (M) = AUR(u)
" p+n—1 ifp>k
Uk (p) N P otherwise

As it is quite cumbersome to reason with indexes, we will focus on the A-calculus
with names, keeping in mind that there exists a translation from each class of a-
equivalent terms to a unique representative with indexes. The main theoretical
difficulties of the A-calculus properties do not come from the use of indexes, so we
are not avoiding pitfalls.

2.2.3 Types

As we have seen in Example 2.2.14, a reduction from a term can be infinite. The
first characterisation of a subset of strongly normalizing terms uses types [Chu40)].

Definition 2.2.16 (Simple Types). Simple types (T, U, ...) are built over a countable
set of atomic symbols (1,7,...) and the type constructor —. A type with only an
atomic symbol is a ground type.

For instance, ¢ — (y — ¢) is a type.

Definition 2.2.17 (Level). A ground type ¢ has level lv(t) :== 0 and lv(T — U) :=
maz(lv(T) + 1,lv(U)). The level of a term is the level of its type.
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Definition 2.2.18 (Degree). The degree of a term t, g(t), is the mazimum of the
levels of subterms of t.

Definition 2.2.19 (Environment). An environment is a finite set of pairs of the
formx :T. IfT' = {xy : Th,...,xy : T),} is an environment then the domain of T'
is dom(T") = {z1,...,xn}. The renaming of an environment is the renaming of its
domain.

Definition 2.2.20 (Compatible and Disjoint environments). Two environments I’
and A are said to be compatible if x : T € ' and x : U € A imply T = U. Two
environments I' and A are said to be disjoint if there is no common variable in their
environments.

Definition 2.2.21 (Compatible and Disjoint union). Compatible union (resp. dis-
joint union) is defined to be the union of compatible (resp. disjoint) environments.
the domain of T' is dom(T") = {z1, ..., xn }.

Definition 2.2.22 (Typing judgements). Typing judgements have the form T' -t :
T fort a term, T a type and I' an environment.

Definition 2.2.23 (Typing rules, Well-typed term). A term t is well-typed (or
simply typed) if there is a type T and an environment T' s.t. the typing judgement
I'Ft: T is derivable with the following rules:

— war
Ie:THx:T

ae:THt:U 'tt:T—-U T'Fu:T

abs app
I'tXet: T —>U F'Ftu:U

Theorem 2.2.24 (Strong normalisation). FEvery well-typed term is strongly nor-
malizing.

Proof. A lot of proofs exist in the literature. A classical one can be found in [Bar92]
while a short one can be found in [Dav]. O

Notice that the converse is not true. Indeed, the term Ax.x = is S-strongly
normalisable (and even in normal form) but it is not typable by means of the
system of Definition 2.2.23. However, intersection types are able to completely
capture [-strongly normalising terms, i.e. a A-term ¢t is typable in the intersection
typing system of [CDCV81] iff ¢ is S-strongly normalising.

2.2.4 Strategies

For a given A-term, there can be several redexes in it, and thus, several ways to
reduce it. Thus, S-reduction is non-deterministic. A specific path to follow can
be given through a strategy which will select the redex to be contracted. This
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can be useful for both theoretical and practical reasons. Perpetual and maximal
strategies, aka the bad and the worst strategies, can be of great help to prove
different theoretical properties. We will give one of each for the A-calculus. A survey
of both strategies can be found in [vRSSX99] and an elegant method to prove that
a strategy is maximal can be found in [vO07]. From the practical point of view, it
is a necessity to specify a strategy when implementing the A-calculus because we
do not want to choose among redexes. Even if the A-calculus is confluent, we want
to know the path followed during the reduction, making the debugging easier.
The importance of strategies can be summarised in the following example:

Example 2.2.25. The term (Az.y) ((Az.z z) (Aw.w w)) has two redexes. If we
choose to reduce the leftmost one, then the term reduces to y. If we always choose
to reduce the rightmost, then it keeps reducing forever.

Maximal strategies They can be very useful for theoretical purposes. Indeed
they can help to have upper bounds on A-reductions [Bec01, dM03].

Definition 2.2.26 ([Bar84]). The strategy F2 () on a A\-term t s.t. t ¢ NFy is
defined as follows where C[_] is the context where appears the leftmost redex:

z. B (u if v and u
FE(ClOt) u]) = {g%§?$/2}fm( )l i&hefwfise(t) dug¢ NF

Lemma 2.2.27 ([dV87]). The strategy F2 (.) is effective and mazimal.

Example 2.2.28. The term t = (\z.x x) ((Ay.y) 2) reduces using F2 () in the
following way: (A\x.x x) ((A\y.y) 2) =5 (Ay.y) 2) (A\y.y) 2) =5 z (A\y.y) 2) =3
z z. If we had reduced the rightmost redex at the first step this would have given
(Az.z z) (A\y.y) 2) =g (Az.x ) 2 =g 2z z and thus lead to a shorter reduction.

The intuition behind the maximal strategy is to let redexes be duplicated.
As the leftmost redex cannot be duplicated or erased (as it not an argument of
another redex), it is the good choice to start with.

Perpetual strategies They can be useful to show different properties such as
for example finiteness of developments [dV85]. By Lemma 2.1.17, the strategy
FB8()) is also perpetual. However, as we have seen in the case of ARSs, there
are perpetual strategies which are not maximal. We illustrate this fact with the
following definition:

Definition 2.2.29 ([BKS82]). The strategy Fi(_) on a A\-term t s.t. t & NF)y is
defined as follows where C[_] is the context where appears the leftmost redex:

il - {0 EOL et

Notice that the strategy is not effective, since the predicate € SNy is not com-
putable.
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The strategy Fi(-) is perpetual but not maximal. Indeed, consider the term ¢
defined in Example 2.2.28, and notice that the reduction followed is the second one,
with a step less than the maximal reduction.

2.3 JA-calculi with Explicit Substitutions

Almost all the calculi with explicit substitutions defined in this thesis will be built
over the same grammar:

Definition 2.3.1. The set of terms with explicit substitutions is built by extending
the grammar of A-terms with an explicit substitution operator:

tuz=x | et | tul tfr/ul
Notation 2.3.2. The term t[z1/vi]...[xn/vn] is sometimes abbreviated as t[T/v]

when n is clear from the context, or simply tL.

All the typing systems of calculi with explicit substitutions will be constructed
in the same way:
Definition 2.3.3 (Simple explicit typing system). The typing system of the \-
calculus is extended with the following rule:
Nz:BFt: A I'+tu:B
I'Ftlz/u]: A
Definition 2.3.4. All the notions defined for the A-calculus are easily extended to

handle the case of the new explicit substitution constructor:

e Height: h(t[x/u]) := 1+ max(h(t), h(u))

o Free variables: fv(t[z/u] := (fv(t) \ {z}) U fv(u)

e Bound variables: bu(t[x/u| := dbu(t) U dbu(u) U {x}

e Number of occurrences: |tly/ul|z == |t|z + |u|z

e Position: pos(0 - p,t[x/u]) := pos(p,t), pos(1 - p,tlx/u]) := pos(p,u)
o Implicit substitution: t[y/v[{z/u} := t{z/u}y/v{z/u}]

To ease the reading, we will use the following convention for notations:

Convention 2.3.5. Let A\p be a calculus with explicit substitutions. Then its rule
creating expliciting substitutions will be called —p, the set of rules propagating
explicit substitutions —p, and the whole reduction system —y,. The terms of the
calculus Ap will be called p-terms.

If the calculus has an equation =, then any reduction relation —, (z €
{B,p, Ap}) will be considered modulo =. To consider the reduction alone (not mod-
ulo), we will use the notation =.

We present different calculi which we will work with, or evoke further in the
thesis. Most of them have been already informally described in the introduction.
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2.3.1 The Calculi A\x and \x~

The Ax~ [BR95, Blo97] will be used in Chapter 6 for a complexity study. The
Ax-calculus is often evoked all along the thesis.

Definition 2.3.6 (Ax and A\x~). The x-terms are those of Definition 2.3.1 and both
calculi share the rules:

(Az.t)u —B t[z/ul]
(Ny.t)[z/u]  —spam Ay.tlx/u]
tv)lz/u]  —sapp  tz/u] viz/u]
:c[x/u] —SVar U

The only difference comes from the rule of garbage collection. The A\x™ -calculus
has the simple rule:

z[y/u]l = sge- T

whereas Ax-calculus has a more general version:
tly/u] —scet if y ¢ £v(t)

The reduction relation — (resp. —,- ) is generated by the rules —sram, —5App
y = SVar, and —sGe (resp. —sge— ). The reduction relation —y, (resp. —\g—) is
generated by —y (resp. —-) and —p.

The following example is valid for both calculi (i.e. the general version of the
garbage collection rule is not used):

Example 2.3.7. Let I = Ax.x and t = (Az.x y) I. The term t can reduce in the
following way: t —p (z y)[x/I] =sapp z[z/I] ylz/I| =svaer I ylz/I] =scec I y —B
St?[l‘/y] —SVar Y-

They both share the same properties:

Simulation of the A-calculus

e Confluence

Strong normalisation on typed terms (using the typing system described in
Definition 2.3.3.

e PSN

They however do not have neither Full Composition nor metaconfluence as
shown in the introduction.
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2.3.2 The Calculus \j

The Aj-calculus [AK10] will be considered in Chapter 4 when we study its meta-
confluence, and in Chapter 6 when we formalize it, and prove that it enjoys Full
Composition.

Definition 2.3.8 (\j). The j-terms are those of Definition 2.3.1 and the reduction
rules are:

(Ax.t)Lu  —gp t[z/u]L
t

[z/u] —u t |t =0
t[z/ul —a  Hz/u} [t|, =1
t[z/u —c  towylz/ully/u] |tle >1 & y fresh
tlz/ully/v] = tly/vl[z/u] z ¢ fv(v) &y ¢ fv(u)

where L is a list of substitutions (possibly empty) and ty., is the non-deterministic
renaming of m (1 < m < |t|z) occurrences of x in t by y. The rule creating an
explicit substitution is called dB because it is a generalisation of the rule B introduced
before (Definition 2.3.6) but acts at a distance. The reduction relation —; (resp.
—j) is generated by the rules —y, —rq, —vc (T€sp. —ry,—ra, —c and dB)) modulo

Example 2.3.9. The reduction of the term (x x)[z/y] gives either (z x)[z/y] —¢
(@1 22)[z1/yllz2/y] =5y y or (z x)[x/y] —e (w2 x1)[21/y][22/Y]-

There is a deep correspondence between the j-terms and the j-dags [AG09], a
graphical formalism in between proof-nets and graph rewriting. The explicit sub-
stitution t[z/u] corresponds in this framework to a special link called jump in the
graphical framework. The three rules of —; propagating explicit substitutions have
their counterpart in the logical rules of the j-dags. Indeed, coming back to Defi-
nition 2.3.8, the rule — stands for weakening, the rule —4 stands for dereliction,
and the rule —. stands for contraction. In particular the origin of the contraction
rule with a non-determinisic renaming is very natural in this graphical formalism.

The Aj-calculus enjoys all the properties expected from a calculus with ex-
plicit substitutions listed in the introduction [AK10]. Particularly metaconfluence
is shown in Chapter 4 of this thesis. The two following measures on j-terms will be
used in Chapter 4 to show termination of —; on metaterms, and also in Chapter 3
to show termination of —5 on s-terms (cf. infra):

Definition 2.3.10 (Potential multiplicity). The potential multiplicity of the vari-
able x in a term t is defined as M,(t) :== 0 if x ¢ £v(t). Otherwise,

M (x) =1

MoOut) = M)

M, (tu) = M,(t) + My(u)

My (tly/u]) = Mqy(t) + My(t) - max(1, My(u))
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Definition 2.3.11 (Whole multiplicity). The whole multiplicity of a term t is de-
fined as:

jm(x) []

jm(Ay.t) = jm(t)

jm(tu) = jm(t) U jm(u)

jm(tly/ul) = [My(t)]U jm(t) Umaz(l, My(t)) - jm(u)

where:
e Ll is the multiset union,
e n-lay,...,ar] :=[n-ay,...n-ax,
e and [ | is the empty multiset.

This last measure, based on the previous one, decreases for each rule of j.

2.3.3 The Calculus )

The As-calculus is the heart of the prismoid of resources presented in Chapter 5.
The PSN property for As will be proved separately in Chapter 3.

Definition 2.3.12 (\g). The s-terms are those of Definition 2.3.1 and the reduction
rules are:

(Az.t) u —p t[z/ul]

tla/ul —rsee z ¢ £v(t)
x[z/u) —v u

(ANy.t)[x/u] —s.  Ay.tlz/u]

(tv)z/u]  —sa  tz/u]v z ¢ £v(v)

(tv)z/u]  —sn T v[z/y] x ¢ £v(t)

tly/vllz/u] —ss  tly/v[z/u] z € fv(v) \ fv(?)

t[z/u] —spup  taoylT/ully/u] |tle > 1 & y fresh

tlx/ully/v] =ss.  tly/v][z/u] y ¢ tv(u) &z ¢ fv(v)

The reduction relation =5 (resp. —s) is generated by all the previous rules
except B (resp. modulo =g, ).

The reduction relation =, (resp. —»,) is generated by all the previous rules
(resp. modulo =gs, ).

The As-calculus enjoys all the good properties, except metaconfluence for which
it is an open question. The PSN property is shown in Chapter 3, and the other
properties in Chapter 5. A version very similar (the side condition of the rule SS is
simply x ¢ fv(t)) has been rediscovered [Guell] in the context of proof search in
the calculus of structures.
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2.4 Logic

The Curry-Howard correspondence establishes a bijection between the minimal in-
tuitionistic logic in natural deduction style and the A-calculus. The notions of the
two systems are related at the following levels:

e Proofs <> programs
e Logic formulae < types
e Cut-elimination <> S-reduction

This strong connection can be extended to calculi with explicit substitutions.
By removing informations about terms, the set of typing rules

Fx:UFt:T ThFu:U

Fx:TkFx:T T'ktlz/u] :T
Fx:THt:U I'tt:T—-U TFru:T
F'FXlet:T—U 'Ftu:U

gives the following logic rules:

vorT TFRU

axiom

cut
I THU '-T—->U =T
———FF  — intro — elim
I'-T—-U I'+U

The rules axiom, —intro, and —elim define the minimal intuitionistic logic
in natural deduction style. The rule cut belongs however to the rules of sequent
calculus. We thus have a mix between natural deduction and sequent calculus. It is
possible to define a calculus with explicit substitutions such that there is a perfect
correspondence between the calculus and intuitionistic sequent calculus [Her94].

In our logical system, all proofs can be written without the cut-rule as normal
forms of calculi with explicit substitutions do not contain the explicit substitu-
tion constructor. The elimination of the rule cut thus corresponds to normalizing
terms. For instance if we take the rule xz[z/u] — u of Ax, we have the following
correspondence in the logical system:

axiom

Dx:Thrx:T 'Fu:T 2 (cut—elim) -
cut u:T
F+afz/u] : T

It is possible to go further in the decomposition of intuitionistic logic, as sug-
gested by Linear Logic [Gir87], which provides a mechanism to explicitly control the
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use of resources in logic. Indeed, intuitionistic logic can be encoded by a fragment
called multiplicative exponential linear logic (MELL), which notably allows a fine
control of erasure (weakening) and duplication (contraction).

MELL proofs can be specified by means of sequents, as usually done in logic,
but Proof-Nets [Gir87] gives a better graphical formalism that eliminates bureau-
cratic syntactical details. Different notions of calculi with explicit substitutions
were explained in terms of MELL Proof-Nets. A first example is [DCKP00]. An-
other relevant case is given by the Alxr-calculus [KLO07], closed to the calculus
Acsw defined in Chapter 5, that can be understood as an algebraic specification of
intuitionistic MELL Proof-Nets. Last but not least, as we have already stated in
Section 2.3.2, there is a graphical formalism for A-terms inspired by intuitionistic
MELL known as j-dags [AG09], that gives a bureaucratic free interpretation of the
Aj-terms.
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The goal of this chapter is to show Preservation of Strong Normalisation for
the Ag-calculus, a particular sub-calculus of the prismoid of resources which will be
introduced and studied in Chapter 5.

For that, we use a modular technique introduced in [Kes09], stating that PSN
is just a consequence of the IE-property, which states that normalisation of a term
affected by an Implicit substitution implies normalisation of the same term affected

by the corresponding Explicit substitution. Formally,

IE u € SN, & t{z/u}v, € SNy, imply t[z/u|v, € SN),

The IE-property is not easy to prove, we follow here the same ideas in [Kes09],
which consists in the following steps:

e We enrich the Ag-grammar with labelled substitutions, which are used to
mark strongly normalising s-terms used as parameters of substitutions which
remain strongly normalising all along the reduction sequences. For instance
t[x/u] indicates that u is an s-term (without labels) s.t u € SN,,.

e We enrich the reduction system — ), with another system —g (thus obtain-

ing a new system — >\5>' The new system is only used to propagate labelled
substitutions, and does not change the normalisable nature of labelled substi-

tutions.
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e We show that u € SNy, & t{z/u}v, € SNy, imply t[z/u]v, € SN,. Doing
so, we turn the substitution {x/u} into a labelled substitution [z/u], partic-
ularly because u € SNy, .

e We finally show that t[z/u]v, € SN, implies t[z/u]v, € SN,. This is done
by performing an unlabelling on labelled substitutions.

The two first points are developed in Section 3.1 and the two last points in
Section 3.2. The implication I[F = PSN is developed in Section 3.3.

The proof technique we use in this section was introduced in [Kes09] to show
PSN for the Aex-calculus, a simple calculus with explicit substitutions, containing
in particular a composition rule and an equation (as in Ag). The main part of the
proof in [Kes09] is not specific to the calculus Aex since it is abstract enough to
be applied to other calculi with explicit substitutions sharing the explicit grammar
introduced in Definition 2.3.3 and enjoying Full Composition. The major difference
in the PSN proof for A\s that we present in this chapter is the termination proof
for the labelled subcalculus. However, to give a self-contained presentation, we
reproduce here several parts of the original proof in [Kes09].

3.1 The Labelling Technique

In this section we introduce the set of labelled terms and their associated reduction
systems. The key idea is that bodies of labelled substitutions are strongly normal-
ising terms, this invariant being kept during the reduction. The main rewriting
system — )  associated to labelled terms is split in two relations — . and —yge.
The idea is that — \si Steps will be weakly projected (eventually empty steps) into
s Whereas — yge will be strongly projected (at least one step) into Ag. Formally if
xc(_) is a function mapping labelled terms to s-terms, and ¢,t" are labelled terms
then ¢ —, i ' implies xc(t) —=3_ xc(t') and ¢ —yge t' implies xc(t) =1 xc(t)
The key lemma of this section states that — \si IS terminating.

3.1.1 The Labelled Terms

Given a set of variables S, the S-labelled terms or S-terms (or simply labelled terms
if S is clear from the context), are given by:

Ts = «x
| IsTs
] M. Ts (x ¢9S)
| Tslz/Ts] (x ¢9)
| Ts[z/v] (veTsnN SNy, & fv(v) CS &z ¢S)

Labelled substitutions can only contain As-terms so in particular they cannot
contain other labelled substitutions inside them. The reason to add = ¢ S as a
side-condition is to have a grammar stable by a-conversion. Remark that without
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this condition, if S = {y} z[z/y][y/u] is a-equivalent to z[z/z][z/u], leading to a
term not in the grammar anymore. We will thus only consider S-terms where x ¢ S
in the terms of the form u[z/v], u[z/v], and Az.v. As we want to label normalising
substitutions only at the root of a term this will not cause any problem.

Bodies of labelled substitutions are normalising by definition and do not loose
this property thanks to the semantics of the rules propagating labelled substitutions.
Indeed, these rules guarantee that labelled substitutions can traverse/commute nor-
mal substitutions but not the converse. The S-terms will thus be trivially stable by
the reduction defined by the following set of equations and rules:

Equations :
tle/ully/v]  =ssc  tly/vllz/u] y¢tv(u) &z ¢ fv(v)
tle/ully/v]  =sse  tly/vllz/ul y ¢ fv(u) &z dfv(v)

Rules :

tfz/u] —see © z ¢ fv(t)

z[x/u] —y U

Ayt)[z/u]  —s  Ay.t[z/u]

(t v)[z/u] —s, tlw/u] v x ¢ fv(v)

(t v)[z/u] —sap tv[x/u] x ¢ fv(t)
tly/vlle/u]  —ss  tly/v]z/u]] z € £v(v) \ fv(?)
t[z/u] — SDup towylz/ully/u] |tlz > 1 & y fresh

The =5 (resp. —) reduction relation is generated by all the previous reduction
rules (resp. modulo =ss.) conversion. These relations can be simulated by their
corresponding unlabelled reduction relations on s-terms. We also consider the re-
lation —)_ :=—), U =5 (resp. =),:==), U =) on labelled terms where —)_ and
— ), are the reduction relations given in Definition 2.3.12.

Example 3.1.1. The S-term (z z)[z/y][y/x] can be reduced like this:

(2 2)[z/ylly/] s
(z[2/y] 2[z/y])]y/=] e
(zlz/y] 2[z/y'Dly/=lly' /2] =3,
(v ¥)ly/=1ly /=] e
(z z)

3.1.2 Internal and External Reductions

We now split —), in two disjoint relations — i and —)ge which will be projected
into Ag-reduction sequences differently.

Definition 3.1.2. The internal reduction relation —, i is taken as the following
reduction relation = g on ESSCV&—equivalence classes:

o Ifu= v, then tfx/u] =,z t[z/u'].
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o Ift=5t, thent =gt

o Ift =g t/, thent u = g t' uyu t =g ut', Av.t =g Aot tfr/u] =g

t'[x/u], u[z/t] =gl ulz /'], tfx/u] =)\si t'[x/u].

The external reduction relation — xge is taken as the following reduction relation
=as¢ 0N =ss. ssc-equivalence classes:

e If the redex contracted in the reduction t =, t' occurs outside a labelled
substitution, then t =g t'.

o Ift =g U, then tu =jyge t'u,ut =)ge ut’, Azt =)ge Ax.t',t[x/u] =)ge
t'[x/u], ulx/t] =ase ulz/t], tx/u] =g t'[z/u].

Example 3.1.3. The following reduction sequence illustrates the internal and the
external notions of reduction:

Az.z[z/(Ay.y) V] st
Azzz/yly/y]] g
Az.z[z /Y] T Xs¢
Az.z

Lemma 3.1.4. —) ==, U =g

Proof. Straightforward. O

3.1.3 Termination of — A

As —, i will only be weakly projected into Ag, we need to guarantee that there are
no infinite — \si reductions starting from a labelled term. This will be useful in
Section 3.2 to relate termination of A to that of —_.

We show termination of —,_ i using several measures that will be combined
using a lexicographic order. -

The first one counts the number of free occurrences of variables, giving to them
more weight if they appear in the body of labelled substitutions.

Definition 3.1.5.

af,(z) := 0 af,(A\y.t) = af,(t)
af,(z) = 1 af,(tly/u]) = af,(t)+af,(t).af,(u)
af,(tu) = af,(t)+af,(u) af,(tly/u]) = afy(t)+af,(u)

Remark that af,(t) = 0 if x ¢ fv(t) and thus af,(t[y/u]) = af;(t) if x ¢ fv(u).
We also have af,(t) = af,(t{z/y}) for any y fresh.

Lemma 3.1.6. af,(uz]) = af,(uly]) + afy(u[y]) with y fresh.

Proof. By induction on the number of free occurrences of x in w. O



3.1. The Labelling Technique 35

We now define another function which counts the number of variables and give
more weight to those appearing inside bodies of labelled substitution.

Definition 3.1.7. Let exp(k) = 22",

dep(z) =1 dep(t[xr/u]) = dep(t)+ dep(u)
dep(\y.t) := dep(t) dep(tu) := dep(t) + dep(u)
dep(t[z/u]) := dep(t)+ exp(af;(t)).dep(u)

Let ¢(t) := 1+ ny,(t) +maxky, () where maxky, (t) := max{k(t')[t —3_t'} with
the following definition for the function k:

k(x) =1 k(tlz/u]) = k(t).(k(u)+1)
k(Ax.t) = k(t)+1 k(t[z/u]) = k(t).4(u)
k(tu) = k(t)+k(u)+1

Remark that k and ¢ are not mutually recursive because in the case of the
labelled substitution of k, there are no labelled substitutions in the subterm u so
when ¢(u) calls one more time k(_), the case of the labelled substitution cannot be
reached.

We have the following properties on the previous functions:

o p(v)>2

e v —)_ v implies Ny (v) > ), (V') and maxk)_(v) > maxk)_(v') so that ¢(v) >

o(v).

Furthermore, we need extra properties concerning the non-deterministic replace-
ment:

Lemma 3.1.8. Let x, z be distinct variables, and y a fresh variable s.t. y ¢ S.
1. dep(t) = dep(tsy)
2. af,(tpwy) = af,(t)
3. af,(t) = af;(tewy) + afy(tewy)

Proof. The first point is true since dep(-) does not directly take into account vari-
ables, the only way there could be a difference would be a call to a call to af,(-) or
af,(_) which is impossible by a-conversion.

The other points are straightforward. O

We show that af,(t) is stable under reduction, and that dep(_) and k(_) decrease
in such a way that we can prove that —,_; terminates:

Lemma 3.1.9. Let t,u be S-terms and let z ¢ S.

1. t =p, t' implies af.(t) = af.(t'), dep(t) = dep(t'), and k(t) = k(t').
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2. 1 —sLsa,sapss U implies af . (t) = af ('), dep(t) = dep(t'), and k(t) > k(t').
3. t —vsec,spup t' implies af,(t) = af,(t') and dep(t) > dep(t’).
Proof. We only show the interesting cases, as the other ones are straightforward:

o If t = t1][x/u[y/v] =ssc t1ly/v][z/u] =1, with y ¢ fv(u) & z ¢ £v(v), then

£2(t [z /ully/ol)

(tl[[:v/U]])+af (tl[[w/U]]) aty(v)

£2(t1) + aty(t)-afz(u) + afy(ti[z/u]).af.(v)

£.(t) +afy(t1)-afz(u) + (af (t1)+af (t1).afy(u)).af(v)
£2(t) +afy(t1).af:(u) +afy(t).af(v)

£.(th) +afy(tr).afz(v) + (afy(t) + afy(t).afs(v)).af:(u)
£2(t1fy/v]) + afo(t1y/v])-af(u)

£ (tfy/ollz/ul)

dep(t1[z/u][y/v])

aep(t1[/u]) + exp(aty (t [2/u]) dep(v))

dep(t1) + exp(af,(t1)).dep(u) + exp(afy(ti[z/u])).dep(v)
dep(t1) + exp(af,(t1)).dep(u) + exp(afy(t1)).dep(v)
(
(

dep(t1[y/v]) + exp(ats(t1[y/v]))-dep(u)
dep(t1[y/v][x/u])

— k(t) = k(t1)-¢(u).¢(v) = k(t')
o If t1[y/to][x/v] —ss tily/te[z/v]] =t with « ¢ fv(t1) & = € fv(ta)

(taly/te][z/v])
af(ti[y/ta]) + afs (tl[ /752]) =(v)
£2(tly/t2]) + afs(t2).af-(v)
af.(t1) + af,(t2) + af,(t2).af,(v)

1Y
1Y
1

af,(t)

dep(t) = dep(t1) + dep(t2) + exp(af,(t2)).dep(v) = dep(t')

k(t1ly /2][[1‘/1)]]) =
k(t1[y/t2])-¢(v) =
k(t1).(k(t2) +1).0(v) =
k(t1)-(k(t2)-0(v) + 6(v)) >
k(ty).(k(t2[z/o]) +1)  =k(t)

o If t = z[xz/v] -y v =1, then
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af,(z[x/v])
af,(v) + afy(z).af.(v) =
f.(v)

dep(z[x/v]) =
aep(z) + exp(aty(z)) dep(v) =
1+ 4.dep(v) >

dep(v)

o t[x/u] —spup towylr/u][y/u] with |t > 1

£ (t[z/u]) =
£.(t) + afy(t).af.(u) =L.3.18
af, (t) + ( m(t:c’\»y) + afy(tz«»y))'afz(u) =L. 3.1.8
af . (tyoy) + afo(towy)-afs(u) + afy(tpwy).af.(u) =
af:(towy[z/u]) + afy(tory).af:(u) =(ygttv(u))
£ (ool /u) + aty ooy /ul) 2 (u) —ae(t)
dep(t[z/u]) =
dep(t) + exp(afs(t)).dep(u) =L 318
dep(t) + exp(afy(tywy) + afy(tewy)).dep(u) = 318
dep(tpuy) + exp(afy(toy) + afy(tewy)).dep(u) >
dep(tuy) + exp(afy(towy)).dep(u) + exp(aty(tewy)).dep(u) =
dep(tuwy[z/u]) + exp(aty(tzy)).dep(u) =(y¢tv(u))
dep(tawy[z/u]) + exp(aty(towyz/u])).dep(u) = dep(t)

e All inductive cases easily hold because the measures take into account all the
subterms.

O
Lemma 3.1.10. The reduction relation — is terminating.

Proof. Since t — t' implies (dep(t),k(t)) >ier (dep(t’),k(t')) by Lemma 3.1.9 and
>1ez is a well-founded relation, then — terminates. O

We can now conclude this section:
Lemma 3.1.11. The reduction relation — i is terminating.

Proof. [Kes09] By Lemma 3.1.9(1), it is enough to consider = ,i. We thus show that
t =)gi t' implies af (t) > af (t') for 2 ¢ S and (dep(t),k(t)) >ier (dep(t'), k(1')).
We proceed by induction on = )i.

o If t =), t' comes from t =5 t’ then we conclude with Lemma 3.1.9.
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o If uz/v] =g v'[z/v], then we get af,(u) = af,(u') by ih. If dep(u) >
dep(u'), then dep(uf[z/v]) > dep(v/[z/v]). If dep(u) = dep(u'), then k(u) >
k(u') so that dep(u[z/v]) = dep(v/[z/v]) and k(u[z/v]) > k(v [x/v]).

o If u[z/v] =g ufz/v'], then we have af,(u) = af,(u’) by i.h. If dep(v) >
dep(v’), then dep(ufz/v]) > dep(u[z/v']). If dep(v) = dep(v’), then
d((%p[%u;[l‘/]]’[))]]) = dep(ufz/v']) and and ¢(v) > ¢(v') implies k(ufz/v]) =
k(u[z/v']).

O]

3.2 The IE Property

We can now prove the first elementary step of the (IE) property, connecting the
normalisation of an implicit substitution in the reduction system Ag to the normal-
isation of a labelled substitution in Ag:

u € SNy, & t{x/u}v, € SN, imply t[z/u]v, € SN,

This requires, in addition to the termination of the reduction system —,_i, to
project the steps of the labelled reductions in —)_-steps.

3.2.1 Projection

We define a function xc which maps labelled terms to s-terms.

xc(z) = xc(tlz/u]) = =xc(t)[z/xc(u)]
xc(tu) = xc(t) xc(u) xc(t[x/v]) = xc(t){z/v}
xc(Ay.t) = Ay.xc(t)

Lemma 3.2.1. Let t be a labelled term. If t —5 t', then xc(t) = xc(t')

Proof. The interesting case is t = t1[y/to][z/v] —ss t1[y/t2]z/v]] = t' with x €
fv(ta) \ £v(t1):

bl

c(t)

c(t)ly/xc(t2){zx/v}
xe(t){z/vtly/xe(t2){z/v}] =
xe(t)]y/xe(ta){z/v}] = xc(t)

al

Lemma 3.2.2 (Projecting —»,). Let t,t" be labelled terms. Then,
1. t =gs, t' ort =sg t' implies xc(t) = xc(t')
2. t =gi t' implies xc(t) —3_xc(t')

3. t =g t' implies xc(t) —>}\: xc(t')
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Proof. [Kes09]
1. By induction on the conversion relation.
2. In the case of an internal reduction, the interesting cases are:

o If ur/v] =,g ufz/v] comes from v =, o' then xc(uz/v]) =
xc(u){z/v} =, xc(u){z/v'} = xc(uz/v'])

o If t =), t' comes from ¢ = ' (so that also ¢ — t), then Lemma 3.2.1
gives xc(t) = xc(t).

3. In the case of an external reduction, the interesting cases are:

o If t =g t' comes from a reduction ¢ =) ¢’ which occurs outside a
labelled substitution, then xc(t) —3 xc(t’) can be easily shown by in-
duction on t =y, t'.

o If ufz/v] =)o v'[z/v] comes from u =,z o', then xc(u[z/v]) =
xc(u){z/v} =3 in) xc(u ) {z/v} = zc(u'[z/v]).

Lemma 3.2.3. Let t be a labelled term. If xc(t) € SNy, thent € SNy,

Proof. [Kes09] We apply the Theorem 2.1.6 by taking Ri =—,.i, Ry =—)gc, R =
Xs and a g b iff xc(a) = b. Lemma 3.2.2 guarantees Properties P1 and P2, and
Lemma 3.1.11 guarantees Property P3. We then get that xc(t) € SN,, implies
te SN‘U\SiU‘)Ase which is exactly SNHAs by Lemma 3.1.4. We thus conclude. [J

Corollary 3.2.4. Let t,u,v, be s-terms. If u € SN, and t{z/u}v, € SNy, then
tlz/u]v, € SNy,

Proof. Take S = fv(u). The hypothesis u € SN, allows us to construct the S-
labelled term t[x/u]v,. Moreover xc(t) = t so that xc(t[z/u]vy,) = t{z/u}v, and
we thus conclude by Lemma 3.2.3. O

We can now prove the last elementary step, connecting the normalisation of a
labelled substitution in the reduction system Ag to the normalisation of an explicit
substitution in Ag:

tlz/uvn, € SN, implies t[z/ulv, € SN,

This requires to perform an unlabelling, transforming labelled substitutions into
regular explicit substitutions.
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3.2.2 Unlabelling

We define a function U which maps S-terms to ex-terms.

Definition 3.2.5.

U(z) =z

U(tu) = U(t)U(u)
U(Az.t) = Az.U(t)
U(tlz/ul) = U(t)[z/U(u)]
U(t[z/ul) = U()[z/U(u)]

Remark that £v(U(t)) = fv(¢).

Lemma 3.2.6. Let t; be labelled term s.t. U(t1) —», u2. Then there exists a
labelled term uy s.t. t1 —», u1 and U(u1) = uz.

Proof. By induction on —)_. The interesting cases are the following ones, the others
being straightforward:

e ¢ = t[x/u] and:
U(t1) = U(t)[z/U(w)] —spup U(t)amoy[2/U(w)][y/U(u)] = uz

Notice that we can apply —spup thanks to the preservation of free variables
of U(). We can conclude with t; —spup tauy[z/u][y/u] = us.

e The case where U(t1) = t[xz/u]ly/v] — tlz/u[y/v]] with y € fv(u)\ fv(¢) is the
case which justifies the need of the set S. Indeed there are several ways to
label the s-term U(¢1). For instance the labelling t[z/u][y/v] (with y € fv(u))
cannot reduce on t[x/ufJy/v]]. However thanks to the fact that y ¢ S we have
a contradiction.

O
Lemma 3.2.7. Let t € Ts. Ift € SN, then U(t) € SNy,

Proof. To show that U(t) € SN,,, we have to show that all reducts are in SN, i.e.
VE'U(t) =t =, to =t =t/ € SN,,. This is done by induction on 7, (¢) using
Lemma 3.2.6. B

O

Taking S = fv(u) and transforming the s-term s[x/u]u, into the S-term
s[x/u]u;, we have the following special case:

Corollary 3.2.8. If s[x/ulu, € SNy, , then we get s[x/ulu, € SNy, .
We can finally conclude this section:

Lemma 3.2.9 ((IE) Property). Ifu € SN, and s{z/u}u, € SNy, then s[z/ulu, €
SN, .

Proof. By Corollaries 3.2.4 and 3.2.8. O
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3.3 The PSN Proof

In this last section we deduce that the Ag-calculus enjoys indeed Preservation of
Strong Normalisation. As we can use the same perpetual strategy defined in [Kes09]
(thanks to the fact that it is a many-step strategy based on the Full Composition
property), we simply have to follow the proof of [Kes09], performing only straight-
forward modifications.

The modular approach allows to deduce from the (IE) property that the follow-
ing inductive definition gives exactly the set of strongly normalising s-terms:

Definition 3.3.1. The inductive set ZSN is defined as follows:

t,.0tn EZSN n >0 ulz/v|ty..ty EZSN n >0 (app)
xt1.t, € ZSN (var) (Ax.w)vty..t, € ZSN PP

u{x/vity..t, EISN veEISN n>0
u[z/v]ty...t, € ZSN

u € ISN
Ax.u € ISN

(subs) (abs)

Before being able to show that ZSN is exactly the set of strongly normalising
terms of Ag, we introduce the perpetual strategy of [Kes09]. It gives a reduct for
any t ¢ NFy,. There are four cases: if t = x t;...t,, rewrite the left-most ¢; which is
reducible ; if t = Ax.u, rewrite u; if t = (Az.s)uty,, rewrite the head redex (Az.s)u;
if t = s[x/u]v, and u ¢ SN)_, rewrite u and if uw € SN)_, rewrite the head redex
s[z/u] using the full composition property.

Definition 3.3.2 (Perpetual Strategy). The many-step strateqy ~ is defined by
induction:

—B
Oa o = tjum @ 8
U, € NFy, t~1 t s t!
— ———— (p — var) ——————— (p — abs)
TUptU,, ~ Ut Um ALt~ Ax.t
€ SN, ud SNy, u~u
- A (p — subs1) 7 5N, = (p — subs2)

t[z/ultg, ~ t{x/u}u, tlz /ulty, ~ tlx/u|uy,

The strategy is deterministic so that ¢ ~» u and ¢ ~» v implies u = v. The
strategy is also perpetual which is the key to show that ZSN is equal to the set
SN,,. Notice that this is a many-step strategy because we use Full Composition
in the rule p-subs1 to transform the explicit substitution _[z/u] into -{z/u}. This
allows to be independent of the rules specific to a calculus and thus have the same
definition for all the calculi having Full Composition.

We can show that ~» only uses —), reduction steps, and nothing more:

Lemma 3.3.3 (~ is a strategy for —y,). Ift ~ ', then t %L t.
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Proof. By induction on ~-, using Full Composition. O
Theorem 3.3.4 (Perpetuality Theorem). Let t ~ t'. Ift' € SN)_, then t € SN,,.
Proof. [Kes09]. By induction on the strategy ~.

o t = LUty ~ XUnt' Uy, by (p-var). If au,t'v, € SN, then u,,t', v, € SN,..
By i.h. t € SN, so that zu,tv,, € SN,,.

o t = \x.t ~ Az.t’ by (p-abs) is straightforward by induction hypothesis.

o t = (\x.s)ut, ~ s[z/ulu, =t by (p-B). If s[x/ulu, € SNy, then s,u,a, €
SN, . One shows by induction on nxs(s) +nxs(w) +nmas(Tr) that every reduct
from (Az.s)uwy, is in SNy,. Thus (Az.s)utw, € SN,,.

o t = s[z/ulu, ~ s[x/u|u, by (p-subs2) such that v ¢ SN, and u ~ . If
slz/u'|a, € SN, then in particular ' € SNy, and u € SNy, by i.h. So we
can conclude by contradiction.

o t = s[xz/ulty, ~ s{x/u}u, =t by (p-subsl) so that u € SNy, . Then the (IE)
property (Lemma 3.2.9) allows to conclude.

O
Lemma 3.3.5. ZSN = SN,
Proof. [Kes09].
e Given t € SN,,, we prove that ¢ € ZSN by induction on (ny (t),1).
— If t = xty...t,, then in particular ¢y...t, € SNy, so that by i.h. ¢1...t,, €

ZSN and thus t € ZSN by case (var).

— If t = Az.u, then in particular u € SN, so that by ih. v € ZSN and
thus ¢t € ZSN by case (abs).

— If t = u[z/v]t;...t,, then in particular v € SNy, so that by i.h. v €
ISN. Moreover, ulz/v]ty...tn =3 u{z/v}t1...t, so that t € SNy, implies
M (u{x/v}tit,) < ma (t) and thus by i.h. u{x/v}t;...t, € ZSN. We
conclude that t € ZSN by case (subs).

— If t = (Az.w)vty...ty, then ¢ —), uf[z/v]t;...t, implies in particular
M, (u[z/v]t1...t,) < ma (t) so that by ih. w[z/v]t1..t, € ZSN. We
conclude that t € ZSN by case (app).

e Given t € ZSN, we prove that ¢ € SN, by induction on t € ZSN using
Theorem 3.3.4.

— If t = xty...t, € ZSN comes from t;...t, € ZSN, then t;...t, € SN),
holds by the i.h. and thus t € SN,_.

—If t = Az.w € ZSN comes from v € ZSN, then u € SN,_ holds by the
i.h. and thus t € SN)_.
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— If t = u[z/v]t;...t, € ZSN comes from u{zx/v}t;...t,, € ZSN and v €
ZSN, then by the i.h. u{z/v}t;...t, € SNy, and v € SN,,. Thus in
particular t ~ u{z/v}t;...t;, and by perpetuality we have t € SN,_.

— If t = (A\z.u)vty...t, € ZSN comes from uf[z/v|t;...t, € ZSN, then
ul[z/v]ty...t, € SNy, by the i.h. Since t ~ u[z/v]t1...t,, then we conclude
t € SN,_ by perpetuality.

O
We can also use the inductive definition for strongly normalising A-terms:
Definition 3.3.6 (Inductive definition of SN g[vR96]).

u€ SNy t1,..tn €SNg n>0
_LEERD (s
Ar.u € SNg xty..t, € SNg

(varg)

u{z/v}ti..t, e SNg n>0 veSNg
(Az.w)vty...t, € SNg

(appp)

Theorem 3.3.7 (PSN for A-terms). Ift € SNg, thent € SNy_.
Proof. By induction on SN g, using Definition 3.3.1 thanks to Lemma 3.3.5.

o If t = xty...t,, with t; € SNg, then t; € SN, by the i.h. so that the (var)
rule allows to conclude.

e The case t = Az.u is similar.

o Ift = (Az.u)vty...t, with u{z/v}t1...t, € SNgand v € SNg, then both terms
are in SNy, by the i.h. so that the (subs) gives u[z/v]t;...t, € SNy, and the
(app) rule gives (A\x.u)vty...t, € SN),.

O]
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Confluence is one of the essential properties which are desirable for functional
calculi. While other properties such as PSN or Full Composition do not hold for
some of the calculi presented in this thesis, all of them enjoy confluence on terms.
It is then interesting to understand which are the common properties of all these
calculi that are needed to guarantee confluence on terms.

In the first part of this Chapter we show confluence on terms in an axiomatic
way for calculi with names, as done in [Kes96] for calculi with De Bruijn indices.
This means that we develop an abstract proof of confluence for calculi with explicit
substitution which is just based on a set of axioms. More precisely, we define a
general scheme for calculi with explicit substitutions which describes (as axioms)
the abstract operational properties that are sufficient to guarantee confluence on
terms. In order to apply our abstract proof to a particular and concrete calculus,
one just needs to verify that all the axioms hold for it.

Independently, in the second part of the Chapter, we show that Aj enjoys con-
fluence on metaterms. For that, we first extend the Aj-calculus in two ways: we
add metaterms to the original grammar of Aj and we add an equation to its re-
duction system. We then characterise normal forms of metaterms in a concise
and inductive way; this is particularly useful to carry out the proofs developed in
this chapter. This characterization makes possible to forget the difficult aspects of
the non-deterministic replacement operation of Aj. We can finally apply the Tait-
Martin Lo6f’s technique to show confluence on metaterms; this is done by defining a
subtle simultaneous reduction on metaterms with strongly uses the characterization
of normal forms mentioned above.
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4.1 Axiomatic Confluence

4.1.1 Generic Proof

In this section, we show that confluence on terms holds for an abstract calculus
Aprop satisfying some axiomatic properties. The intended meaning of this abstract
calculus is to extract from all the A-calculi with explicit substitutions existing in
the litterature a uniform description of their terms and their behaviour, together
with a set of common features needed to guarantee confluence on terms.

As there exist different kinds of substitutions in the litterature (simple, parrallel,
with lists, ...), we define an abstract data type to define explicit substitutions in a
generic way, so that we can capture all of them. This abstract data type will be then
implemented in different ways by the various concrete calculi in the litterature. For
example, we are able to encompass simple substitutions t[x/u] as we have seen in
Chapter 3 for As, or simple substitutions as defined in the Ax || c-calculus [Blo97].

The specification of the operational semantics of the abstract calculus is very
liberal since we want to capture at the same time structural calculi (such as Ax)
as well as distance calculi (such as Aj), which do not share in general common
reduction rules. This is an important difference with [Kes96] that is not able to
capture distance calculi. Moreover, we want to capture calculi specified by means
of reduction rules and equations, another major difference with [Kes96] that is not
able to handle equational systems. As a consequence, we do not precise the form
of the reduction rules and the equations of the abstract calculus; the behaviour of
the abstract calculi is just specified by means of a set of axioms to be enjoyed by
the normal forms of terms (w.r.t. the substitution calculus).

Definition 4.1.1 (The abstract Aprop-calculus). The terms of the abstract calculus
Aprop, and their abstract lists are defined by the following grammar:

TU:=z | XeT | TU|TS

$:=nil | add($,z2— T)

We use capital letters to emphasize that we are using terms containing macros
for substitutions. The set of variables in the domain of $ is written dom($) and
defined as dom(add($,x — U)) = dom($) U {x}, dom(nil) = (.

We write (x — U) € S if (x — U) belongs to the list S.

We associate to the abstract calculus Aprop a reduction relation —prop prop-
agating explicit substitutions, and a rule —g creating explicit substitutions. The
reduction relation — \prop s generated by the reduction relations —p and —prop-

As we have done for all the calculi we have introduced, we consider abstract lists
modulo a-conversion. For instance, (Ay.7)$ means that y ¢ dom($). Furthermore,
if (x—U) €S and (y— V) €S then z # y.

To enjoy confluence, it is enough for a calculus to enjoy the following properties:



4.1. Axiomatic Confluence 47

1. Be able to implement the macros of the abstract calculus Aprop i.e. there
exists a translation | - | from the abstract grammar of Aprop to its own gram-
mar. All calculi share the same cases for the variable, the abstraction, and
the application: (2] := z, (Az.T] := \e.fT{, [V W] := V] IW]. In the
following, to have a lighter notation, we will simply write 7 instead of [7].

2. Has a rule B of the shape (Az.7)S U —p T add($,z +— U). where $ can be
empty. Remark that by a-conversion, = ¢ dom($).

3. The subset of rules which propagates substitutions —prop is confluent and
strongly normalizing. It thus defines a function which will be written |(_).
Furthermore, we define — )prop as the union of —g and —prep

4. Every term |(7) is a A-term i.e. it does not contain any explicit substitution

5. The normal forms of the abstract reduction relation —prop must verify the
following equations:

(a) e |(znil)=1=z
o [(zadd(S,z—U)) = LUSI)
o [(zadd(S,y —V)) = L(xS){y/l(V)} if x € dom(9)
o [(z8) =z if x ¢ dom($)

(b) LY W)§) = L(VS) L(WVS)

(c) WAy T)$) = Ay.(T$)

To illustrate the first and the second property, we can take for instance Ax.
It is able to implement the macros of Aprop since we can extend the translation
-1 to handle the case of the list with: {7 nil] := {7, and {7 add(S,z — U)] :=
§TS[x/SU]]. The calculus Ax has a rule B which is of the shape (A\z.7)S U —p
T add($, x — U) where $ empty.

We also allow the abstract calculus to be equipped with an equivalence relation
= if the following property is satisfied:

6. It 7 =T then [(T) = (T7).

Following our previous convention, the notations —g, —prop, —*xprop denote now
reduction modulo =.
From Property 5, we can deduce the following property about garbage collection:

Lemma 4.1.2. Let T,U be terms, x,y variables, and $ an abstract list.

If £v(7) Ndom(8) = 0 then L(TS) = L(T).

Proof. By induction on ¢. O
We can also characterize the normal form of an abstract list:

Lemma 4.1.3. Let T,U be terms and $ an abstract list Then, {(T add($,z —
U)) = UTS){=/1U)}
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Proof. First notice that by a-conversion, dom($) N fv(U/) = (. We proceed by
induction on (size(dom($)),|7|) We then proceed by case analysis on 7

[ ] T =, i(xadd(S,x —> U)) =P. 5a \L(US) =L. 412 J,(U) = :):{x/i(l/{)} =L. 412
HaS){z/L(U)}-

T =y with y ¢ dom(S), |(yadd(S,z — U)) =L 410= Yy =L 112 +(Y9)

o T =y with (y— V) €8. |(yadd(S,z —U)) =p. 50 $(¥S){x/L(U)}

e The cases 7 = Az.V and T = V W are straightforward by induction using

Property 5.
L] T = VSl,
i(VSl add(S, x — U)) =p 3
LHVS1)add(S, - U)) =i
LAVS)S){=/LU)} =p. 3
LV$18){z/ L)}

We can apply the induction hypothesis since J(V'$1) contains no explicit sub-
stitutions thanks to Property 4. Notice that it will not be possible with
metaterms since a metaterm normal form can contain explicit substitutions.

O]
Every f-reduction can be simulated in Aprop:
!/ * /
Lemma 4.1.4. Ift =5t thent —Xprop

Proof. We only consider the root case, as inductive ones are straightforward. The
reduction is of the shape t = (Az.v)w =g v{z/w} =t'. By the rule B, (A\z.v)w —p
vadd(nil,z — w) By Lemma 4.1.3, with the special case when $ is empty, we have
l(vadd(nil,z — w)) = [(v){z/}(u)} = v{x/u} since v and u are already in normal
form as they are A-terms without explicit substitutions. O

Lemma 4.1.5. If T —g 7' then |(T) =% L(T").

Proof. We only consider the root case, as the inductive ones are straightforward.
We are thus in the situation where 7 = (Az.V)S U —g Vadd($, z — U) = T'. Then,
WT) =p 5 (A2l(VS)) L(U) =5 LV {2/l (U)} =413 L(Vadd(8, 2z — U)). O

We now introduce the key method, defined in [HL89] which let us benefit from
the fact that prop is confluent and terminating;:

Lemma 4.1.6 (Interpretation method modulo). Let R = Ry U Ry/ ~ where Ry
is terminating, Rs an arbitrary reduction, and =~ an equivalence relation. If there
exists a reduction = on the set of Ry normal forms satisfying:

1. =CR



4.1. Axiomatic Confluence 49

2.t _>R1/% t = \LRl (t) ~ J,Rl (t/)

3. t—>R2/% t = iRl (t) é*ipbl (t/)
then confluence of = implies confluence of R.

Proof. Suppose that t — g t1 and t — g to. By definition, t; =g, Lr,(t1), t2 =g, 4R,
(t2), t =R, 4R (t). It is easy to show by induction on the length of the derivation
that if U —g U’, then |g, (U) =*|g, (U'). Hence |g, (t) =*|r,(t1) and |g,
(t) =*|Rg,(t2). By confluence of =, it exists t3 such that |g,(t1) =* t3* & Lg,(t2).
Finally the first hypothesis ensures that t; — g t3 and to — g t3. ]

Theorem 4.1.7. The abstract calculus Aprop is confluent.

Proof. Taking Ry = prop, Ry = B , /== and ==—}, we respectively satisfy
Points 1,2,3 of Lemma 4.1.6 using Lemma 4.1.4, Property 6, and Lemma 4.1.5. [

4.1.2 Applications

The generic proof we gave in the previous subsection can be applied to all calculi
with names described in this thesis. Notice that since we have defined the behaviour
of the propagation calculus through normal forms, we can deal both with structural
calculi and calculi at distance. Almost all the properties are straightforward except
the third one, requiring strong normalisation and confluence of the propagation
subcalculus.

We illustrate different applications of our abstract result (Theorem 4.1.7).

e Ax: this calculus is quite simple since $ is empty in the B rule of the ab-
stract calculus Aprop. We recall the implementation: {7 nil] := {77, and
(T add(S,z — U)] = [T z/SUT].

As x is convergent [Blo97], Ax turns out to be confluent.
e )\j: the implementation is also defined as {7 nil] := (7], and

(T add(S,z — U)] = [TS][z/SU]]; the only difference being that $ is not
empty in the rule B.

As j is convergent [AK10], Aj turns out to be confluent.
e )x||c: this calculus is defined by the grammar:
tus=x | et | tu |tz ...,Tn/ut, ..., Up)

The explicit substitution construction is shortened as t[Z/w]. The rules of the
System are:

(A\x.t) u —p  t[x/u]

y[x /4] - u with y # x;Vi
(A\y.v)[Z/u] —  Ayo[z/dl

(vw)[z/u] — v[z/u] wz/U]

tl/ully/v] — iz g/ /). ualy/vl]
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It is enough to define [T nil] := {7 and [T add($,z — U)] := (TS [z/TU]]
without handling the case of parallel substitutions. Indeed, a simple substi-
tution is enough for the rule B and more complex parallel substitutions are
only created by the propagating rules.

The system is terminating [Blo97] and the critical pairs are easily joinable.
Thus, Ax||c is confluent.

e \s: to prove termination for As, we can use the measures defined for Aj in
Chapter 2.3.2.

Once again, the critical pairs are easily joinable and we can thus conclude
that As turns out to be confluent.

4.2 Metaconfluence of \j

This section focuses on the Aj-calculus extended with metavariables. We prove
metaconfluence of the calculus equipped with an equivalence relation = . This
confers to Aj all the good properties that one can expect.

To prove metaconfluence we combine the interpretation method [Har89] with
ideas from Tait-Martin Lof’s technique [Bar84]. However, before being able to
apply those standard methods, we need to specify some subtle properties of the
non-deterministic replacement used in the specification of the operational semantics
of Aj. As the equivalence (sub)relation = is a strong bisimulation, we will be able
to extend metaconfluence to the stronger Church-Rosser property.

While the standard method to show confluence for A-calculus and associated
calculi is the one from Tait-Martin Lof, it is the interpretation method, which seems
to be the simplest in this field. Indeed, one can benefit from the fact that almost all
reduction relations of explicit substitutions calculi can be split into a rule creating
substitutions and others propagating them. Furthermore, it is often easy to show
that this last set of rules is confluent and terminating. When dealing with terms, one
can show confluence of calculi with explicit substitutions thanks to the confluence
of the A-calculus [ACCL90, KR97], while with metavariables, it is necessary to
combine the notion of simultaneous reduction introduced by Tait and Martin Lof
to obtain the diamond property of the interpretation calculus [KR95, Kes07].

The result will immediatly extend to the case where other equivalences defining
strong bisimulations on Aj metaterms are added, such as the g-equivalence of Reg-
nier [Reg91]. Furthermore, our result implies metaconfluence on Aj-dags, the graph
formalism from which \j is inspired, since there is a strong bisimulation between
those two systems.

Related works: Other techniques exist to show confluence of calculi with ex-
plicit substitutions such as the Yokouchi-Hikita [YH90] method, used for example
for Aoy [CHL96] and Ax [RBL09]; the Z-technique [vOO08b], used for example for
Aex [Kes09]; the technique of decreasing diagrams [vO08a] used for Ax||c [Blo97].
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Section 4.2.1 introduces the meta Aj-calculus and its properties; Section 4.2.2
defines notations and basic lemmas needed to handle the non-deterministic notion
of replacement ; Section 4.2.3 presents the proof of metaconfluence strictly speaking;
Section 4.2.4 generalizes metaconfluence to the Church-Rosser property.

4.2.1 The Meta \j-calculus and some Basic Properties

We extend the grammar of A\j with metavariables X in order to denote incomplete
programs. To soundly instantiate metavariables with terms, the set of variables A
indexing or decorating X denote the set of variables which are free in it. Thus Xx
is a metaterm whose free variables are A.

Definition 4.2.1 (Metaterms). Terms of the calculus are defined by the following
grammar, as usual modulo a-conversion: t,u =z | Ax.t | t u | tlx/u] | Xa

The metaterm y[z/v] X, . can be instantiated for example by the term y[z/v] y =
or ylz/v] (Az.2z)[w/y]).

Definition 4.2.2 (Variables and Occurences). The notion of free variables is ex-
tended to metavariables by £v(Xa) := A. We write fmvar(t) for the set of all the
free variables of all the metavariables of t.

The number of free occurences of = in t is extended to metavariables, counting
one in the case of Xo with z € A. The notation |¢|, represents the number of
occurrences of x in metavariables of ¢.

The list of substitutions [z /u]...[x,/u] will be abbreviated as [x1, ..., Z, /u].

Definition 4.2.3 (Non-deterministic replacement on metaterms). The non-
deterministic replacement given in Definition 2.3.8 is simply extended to metaterms.

For instance, the term (x[z/X;])z~., denotes either y[z/X,]| or z[z/X,] and
x Xp[2/Z,] denotes either x X, [2/Zy,] or x Xy, [2/Zy,].

T-Y1,Y2

Definition 4.2.4 (Implicit substitution). The implicit substitution is defined on t
only when x ¢ fmvar(t) 1.

x{z/u} = u

y{z/u} =y

ANyv){x/u} = Ayv{x/u} xFy
(v w){z/u} = v{z/u} w{z/u}
vly/wi{z/u} = v{z/u}ly/w{z/u}] x#y

Considering implicit substitution in the context of metavariables, other ap-
proaches exist, consisting of changing back Xa{z/u} into Xa[z/u] even when x

1Tt makes no sense to define the implicit substitution when = appears in a metavariable because
by definition, we do not know what would be the result since the structure of the metavariable is
unknown
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appears in a metavariable [Kes07]. This makes an important difference because do-
ing so, one can move the implicit substitution downward the term and then finally
transform it in a jump. The implicit substitution thus switches from a static to a
dynamic status which is not that what one expects.

Implicit substitution enjoys the following well-known property:

Lemma 4.2.5. Let x,y ¢ fmvar(t) U fmvar(u). Then, t{z/u}{y/v} =
t{y/v{z/u{y/v}}.

Proof. By induction on ¢. O

We can now redefine rules of \j in order to deal with metaterms as follows:

Definition 4.2.6 (\j reduction rules).

(Axt)Lu  —gp t[z/ulL
t

(/] 1 if |tle =0
t[z/ul] —a  Hz/u} if [t|l =1 and z ¢ fmvar(t)
tla/ul —e  teoylz/ully/u] if [t > 1
tla/uly/o] = ty/v]lz/u] if v ¢ fy(v) and y ¢ £v(u)

For instance a reduction of the metaterm ((Az.x 2) X;)[z/y]
is ((Azz z2) Xo)lz/yl —e (= 2)[2/X]lz/y]  —a (= Xo)lz/y]  —e
(r1 Xgy)[z1/yl[z2/y] —a (v Xgy)[za/y] with the last metaterm in normal
form.

Notice that rule 4 is stated in the original version of Aj (defined only on terms)
by “t[z/u] —q4 t{z/u} if |t|; = 1”. In order to be consistent with Definition 4.2.4
of implicit substitution we adopt here a slight variation. As stated before, the
propagation rules are defined by case analysis on the number of occurrences of
the bound variable. The letters in the rules stand for weakening, derelicition, and
contraction. dB is the rule B which is the usual name for the creation of jumps at a
distance. The rule ¢ should be considered as rules schema. It does not correspond
to a single rule but to as many possible partitions between x and y exist. In
particular, one can choose a different partition for each possible c-reduction. Of
course, when implementing the calculus, one should specify a particular strategy
to partition variables. However, since we work with the calculus and not with a
particular implementation of it, we will never specify it in the sequel.

The Aj-calculus was first presented in [AK10] without = since the four rules are
sufficient to enjoy almost all properties including confluence on terms. The equiva-
lence relation is however needed to close the following critical pair on metaterms:

(X Zy)[x/u][y/u] e (Xg Zg)[z/u] = (Xy Zy)[z/ully/u]

— e

(Xe Zy)ly/u[z/u]

Lemma 4.2.7 (Full composition). The Aj-calculus enjoys full composition on
terms [AK10] and metaterms i.e. if x ¢ fmvar(t), then t[z/u] —3; t{z/u}.
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Proof. By induction on the number of occurrences of x in ¢. O

Lemma 4.2.8. The reduction —; is terminating and confluent on metaterms. Thus
for any term t, there is one unique normal form (up to =) written J(t).

Proof. The confluence property is straightforward. For the termination property,
the proof of [AK10] is modified by extending the notion of potential multiplicity
given in Definition 2.3.10 to metavariables with M, (Xa) := 1 if z € A, 0 otherwise.

O

In general, all the proofs for Aj are the same when extending to metaterms since
the kind (meta or not) of an occurrence is stable by reduction and substitution.

Lemma 4.2.9. Metaterms in N'F; are of the following shape with u,v € N Fj:
x| Xa | Az | wo | ufz/v] with |ulz = |ul, =1
For instance (X, y)[xz/u] is in j-normal form but (X, x)[z/u] is not.
Lemma 4.2.10. Ift —3; t' then fmvar(t') C fmvar(t).

Proof. By induction of the rules of Aj. O

Lemma 4.2.10 will be used implicitly for cases where we have t[y/u] —3; t'[y/u]
with z ¢ fmvar(¢) and want to perform the rule ¢'[y/u] —q4 t{y/u}. We need to
have x ¢ fmvar(t'), which is true by the lemma.

Lemma 4.2.11. Let t be a metaterm and x a variable such that v ¢ fmvar(t) Then,
several properties from \j on simple terms hold:

1Ift =35t u =3y o then t{z/u} —3%; t'{x/u'}. In particular, if t =t and
u=u' then t{x/u} =t'{z/u'}.

2. Let t,u be metaterms in j-normal form. Then t{x/u} is also in j-normal
form.

Lemma 4.2.12. If [((Ax.v)L u) = (Az.v')L" ' then | (v]x/u]L) = [(v'[x/u/]L))

Proof. We first notice that v’ is the normal form of u. Then we can notice that
v in (Az.v")L'v is the normal form of v with substitutions and renamings only
determined by L. In the same way, L' is determined by L and the number of
occurrences of variables it binds in v. To conclude, we remark that the normals
forms of the subterms of | (v[z/u|L) are determined in the same way. O
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4.2.2 Non-deterministic Replacement

We state several properties dealing with the most subtle aspect of Aj, the non-
deterministic replacement. The aim is to fully expand substitutions with re-
spect to the rules of j, thus obtaining a term which is renaming-independent.
In this section we will thus characterise |(¢[z/u]) (with ¢,u in j-normal form) as
toroy,oyn (Y1/U]..[Yn/ul{z /u} where this last term is ¢ where all free occurences of
x in a metavariable have been renamed into different fresh variables yq, ..., y, with
an explicit substitution introduced for every y;, anf finally an implicit substitution
to deal with occurences of x not in metavariables. The main goal in this section
will be to show that if ¢t —3; ¢ and u —3; u' then towy, g, [Y1/u]...[yn/u] —3;
t oozt Y1 /0] [yn /0] This is necessary to show that the simultaneous reduc-
tion is included in —); (point 1 of Lemma 4.1.6).

All lemmas are completely independent from the confluence section and could
be used for other studies of A\j.

Definition 4.2.13 (Total non-deterministic renamings on metavariables). Let ¢ be
a metaterm containing exactly n free occurrences of the variable x in the decorations
of its metavariables. Let p be an injective function from the n positions of these
metavariables in t to a set of fresh variables {y1,...,yn}. Then tpzy, .. .y, denotes
the meta-term t where each occurrence of x in a metavariable of t at position p is
replaced by the variable p(p). All the other occurrences of x which do not appear in
metavariables of t are not modified. The set {yi,...,yn} is the image of p, written
img(p). Notice that the operation p is deterministic.

We also need a variant, which still renames all occurrences of x in metavariables,
but which is not injective: it is denoted by tp.pry, ... yn -

A renaming p : x is valid w.r.t. a term t if for every position defined by the
mapping there is a variable x in a metavariable in t.

In the sequel, we will only consider valid renamings w.r.t. the terms in which
they are applied. We will simply write t,.; instead of t,.0vy1,...yn OF tpmyi,...yn
when names of fresh variables are irrelevant or clear from the context. The metaterm
ooy ,yn [Y1/U]...[Yn/u] is abbreviated as t,. 4. If [[t]z = 0 then ¢,.; . should be
read as t.

For instance, the metaterm Z.[y/X;],, ., ,, Where p maps the occurrence
of = at the position 0 to y; and the occurrence of z at the position 1 to
yo is exactly Zy,[y/Xy,]. Taking the same p, the metaterm Zg[z/X,],,, is
Zy [/l ][y

The metaterm ¢t = (z X,,) X, affected by the non injective renaming p associating
all occurrences of x in metavariables of ¢ to y is: ((z X3) X3) ..., = (z Xy) Xy

The notation t,.;, reflects our methodology: rename all occurrences of x in
metavariables to benefit from = which makes the renaming p irrelevant. Non in-
jective renamings will be used when talking about metaterms in which renamed
variables are not bound by independent, and thus permutable, substitutions.



4.2. Metaconfluence of \j 55

Lemma 4.2.14. The following assertions are true regardless the injectivity of the
TENAMINGSs:

e Vp,3py, pu 8.t (V W), = Vi Vpyia
e Vpy, puw,3lp s.t. (v W), = Vp,w Wp,ia-

e Vp,dlp, s.t. ()\y.v)p:z = \y.v

poia
e Vp,,lp s.t. ()\y.v)p:z = \Y.Vp,:z

e Vp,3py, pu 8.t v[y/w],, = vp,ly/wp, ]

® Vpu, puw, 3p st v[y/wl, . = v,/ wp, ]

o Vp,3lpy, puw st v{y/w} . = vo,a{y/wpya}t if vy =1

® Vpu, puw,3p s.t. v{y/w},, = vp,0{y/wp,at if vy =1

Furthermore we have img(p) = img(p,) U img(pw) for all cases except the ab-
straction case where img(p) = img(py).

Proof. We only show the first case as the others are similar. For each mapping like
p(0p) = y; (resp. p(lp) = y;) with p a position, we construct p, (resp. py) like
po(p) = yi (resp. puw(p) = vi)- O

For instance, consider the metaterm Z;[y/Xq] .., ,, With a renaming p asso-
ciating 0 to y; and 1 to ys, then there exists two renamings p; and py (which re-
spectively associate 0 to y1 and 0 to yo) such that Zg[y/Xo] 0y 4y = Ly [Y/Xy,] =

Ly pyzamoryy [V X pyimorys)-
Lemma 4.2.15. For any metaterm t and renaming p, there exist unique

021, sz sUCh hat Yty ) = W) gy with img(ef) C img(p).

Proof. By induction on ¢ using Lemma 4.2.14. O
Example 4.2.16. Consider the metaterm (z z)[z/Xy| with the particular case
where the renaming p is injective such that (z 2)[z/X;],,. ., = (2 2)[2/X,].
Thus L((z 2)[2/Xy]) = (21 22)[2/X][22/Xy] = (21 22)[2/Xa][22/Xa] gy, =

W(z 2)[2/Xz]) gy with p' being the renaming associating to each occurrence of
x the variable y.

We can now state a technical property which let us deal with the non-
deterministic replacement in a "deterministic” way.

Property 4.2.17. Let t,u be metaterms in j normal form. Then, for any p we
have L(t[z/u]) = tpwu{z/u} and thus for any p, p', tpwu =ty

Proof. 1f |t|z = 0 or |t|; = 1 then this is straightforward. Otherwise, t[x/u] reduces
in many c-steps to tp:zy; ..y, [€/0][y1/U]...[yn/u] for any p. We can apply Full Com-
position and obtain t,.; ,{z/u} which is in j-normal form since for every y; [t[,, = 1
and because implicit substitution preserves j-normal form by Lemma 4.2.11:2. [
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This property implies that the non-determinism is irrelevant thanks to substi-
tutions permutation. We can easily generalize to the case where subterms are not
in j-normal form:

Corollary 4.2.18. Let t,u be metaterms. Then, for any p we have |(t[z/u]) =
\l’(t)pa;7\]/(u){m/\l’( )} and thus fOT any p, p \l/( )paj¢ (u) — \l’(t)p’a;”[,(u)

Lemma 4.2.19. Ift =t then for any p, there exists a unique p' s.t. tpp =t .y

Proof. We first show that if ¢ = ' then for any p, there exists a unique p’ such
that t,, =t .. If t = v[y/w][z/u] = v]z/u]ly/w] = t', we have unique p,, p, and
Pw 8 Lo =L 4214 Vpya[Y/Wpy -z [2/Up,:x] = Vpyel2/Upy ) [Y/Wpyy] =L, 4214 tlp’:w'
The inductive cases are straightforward. The general case when ¢t = t' is done by
induction. ]

Notice that the Lemma 4.2.19 is not true for any p’. For instance, take the
reflexive case where ¢t = t/ = X, X,. Two different assignments for ¢t are X,, X,,
and X, X;,, but they are not equivalent modulo =.

Lemma 4.2.20. If u —3; u' then tpy =3y tpaaw- In particular, if u = u' then

tp:a:,u = tp:x,u’ .
Proof. Straightforward. O

Lemma 4.2.21. Ift =t', u = then for any p,p', tpau =t .o . Furthermore,
tpwafz/u} =1t g {z/u’}.

Proof. The second part is obvious from the first by Lemma 4.2.11:1. For the first, by
Lemma 4.2.19, there exists a unique p” s.t. tj; =t/ pr.;. As = is closed by context,
we have typy =t gy and t' oy =t/ by Lemma 4.2.20. Property 4.2.17
concludes with /. 0 =t g - O

We illustrate the first case by simply considering v = u/. Take for instance
t = v[21/X;][22/Z;] and consider the renamed metaterm t,., = v[z1/Xy,|[22/Zs,).
Then for t' = v[zy/Z;|[21/X;] we have:

o if ty., = v[22/ %0y, ][21/Xs,] then

~

’U[Zl/le] 22/ L, 21/
20/ Z,)[21 /Xy )[21 /00
[ Il Il
[ Il Il

<

V][22 Ly 21/ Xy |2 /10
v[22/Zqg, )21/ Xy ][21 /1

o if t/ 1.y = v[20/Zy,)[21/Xs,] then

tp:x,u

v[z21/ Xy 22/ Loy ) [21 /0] [22/ 1]
V[22/ Ly |[21/ Xy [T1 /U] [22/0] =t iz
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Lemma 4.2.22. If x ¢ fmvar(t) then [(t{z/u}) = L(t){z/}(u)}

Proof. By induction on t. All cases are straightforward except the substitution
case. Let t = v[y/w]. By a-conversion y ¢ fv(u).

Loly/wl{z/u}) =
Mo{z/ubly/w{z/u}]) =C. 4.2.18
Wol@/u}) oy wiapun {y/Hwl{z/u}) } =ih
LNz /L W) ey 1) (/s 19/ H W@/ Hw) =)
(L)) pey g ) L2 A Hy /A (w) {2/ L (w) }} =r425
1) gty 19/ H(w) Hz /L) } =C. 4.2.18
Loly/w){z/I(u)}

O
The next technical lemma will be useful in the next section (Lemma 4.2.35).

Lemma 4.2.23. Let t be a metaterm and x a variable. If t —3; t' and u =3 o’
then for any p, p', tpzu -3 -

Proof. We reason by induction on the length of the reduction from ¢ to .

If the length is zero then t = #. By Lemma 4.2.21, taking u = u/, we have
towu =t pizu. By Lemma 4.2.20 t/ ., —% t' y.z,v Which concludes this subcase.

Otherwise, t —>§\j t1 —j t'. By induction hypothesis, for any p, there exists a
p1 st tozu —>§\j t1p,:2,0- For the last step, we have to show that for any p1, if
t1 —»j t' there exists a p' s.t. U pyizu —>§\j t' .o It is actually sufficient to show
that for any py,p/, if t1 —x; t' then t1, 5., —% t' .z We reason by cases on
t1 —\j '

e t1 = (A\y.v)L w —gp v[y/w]L =t/

ZL/lp:ac,u =

(Ayv)Lw), oozlz/u]l =L 4214
(AY-vp,0)lppic Wpyia)[2/u] —as
Upv:m[y/wpw:x]Lerr[z/u] —L. 4.2.14
(v[y/wIL) yir o512/ 1] =c4.218 V' pau

o t1 = vly/w] —q v{y/w} = t' As y appears exactly once in v, we have the
same number of z; in ¢; and in ¢’. Notice that we can apply the rule —4 since
the multiplicity of y cannot be changed by a renaming of z.

tlp:m,u =
(v[y/w])pl:mfwg[z/u] =L. 4.2.14
Vi [Y/Wpyial[2/4]  —a
Upvcx{y/wpw:x}[z/u] =L. 42.14

(U{y/w})p//;x[z/u] =cu218 Vo
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o t1 =vly/u] =y v =1t with y ¢ fv(v)

tlp:x,u =
(U[y/u])pl:xvg[zl/u]‘”[Zn/u] =L.4.2.14
Upi,:m«»zi“.zin [y/upu:;t] [2’1 /u][zn/u] —w

with {2],..., 2/, } a subset of {21, ..., 2, }

Upyiz~sz...2l, [zl/u][zn/u] _>;;

pyiamrzh oty |21/ [/ 1] =c4218 U'pyau

o 11 = vly/w] —c vyu[y/w][z/w] =t with n = |v|, > 1

tlplza:,u =
(U[y/w])pl:x«\»zl7..,7zn [21/u]...[20 /1] =L.4.2.14
Upyiay/Wpyial[21/ U] [2n /1] —e

(vaz)pv;m[y/wpww] [2/wpuiellz1/u].-..[2n /1] =
(Uy“/’z)pv;x [y/wpwar«»ziz;n]
[z/wpw:z'wzi...z;n]
(with {z]...2],} a subset of {z1...2,,} s.t.
{21,z = {21, 20, U {21 s 20 })
(Uy’\'*z)pv;x[y/wpw:m'wzi.uz;n] [Z/wpw:xvzi...zﬁn]
[21/u]...[2, /] —¢
(21 /- [2/ ]
(UyMZ)pv;x[y/wpw:zvzi...z,/n] [Z/wpw:xvzi’...z,/,’i]
[
[
[

21 /u.. [z, /U] _
Zi’/u][le/u] L. 4.2.14
Z7I~/L+1/U][Z§L/U]
(vyozly/w][z/W]) .y 121/ 0] (20 /1]
21 /u]...[2p, /1] =cua218 ' pzu
(21 /- [20/ ]

4.2.3 Confluence on Metaterms

We combine the interpretation method with the idea of simultaneous reduction
defined in Tait-Martin Lof’s technique.

We first isolate the difficulties thanks to the interpretation method and reduce
the confluence of Aj to the confluence of a system defined on j-normal forms, called
the interpretation calculus. There are several possibilities to define this latter one
leading to different proofs. We follow ideas from Tait-Martin L6f and choose a
calculus reducing simultaneously metaterms.

The second part of the proof is to finally show that the interpretation calculus
enjoys the diamond property, which implies that it is confluent. This finally implies
that Aj is confluent.
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Following the interpretation method given in Lemma 4.1.6 by taking R = Aj,
Ry =j, Ry =B, and === we thus have to find a relation =, prove Points 1 and 3
since Point 2 was proved by Lemma 4.2.8, and of course, show that = is confluent.

If we had wanted to show confluence on terms and not on metaterms we would
be in the situation where normal forms are actually lambda terms. We could thus
easily conclude by using the fact that the A-calculus is confluent.

In the rest of this section we will this:

1. Following Tait-Martin Lof, define = as a simultaneous reduction wich mimics
B reductions by taking the j-normal form after each B step.

2. Prove Points 1 and 3 of Lemma 4.1.6 2

3. Prove confluence of = by showing that it enjoys the diamond property, that
is any critical pair can be closed in one step.

There are several ways to define the simultaneous reduction relation. We choose
this high-level definition, which let us use all the properties we have proved in
Section 4.2.2.

Definition 4.2.24 (Simultaneous reduction). We define the simultaneous reduction
= on j-normal forms as follows:

e r=ux

X=X

If u= u then Az.u = \z.u/

Ifu=v and v= v thenuv=1u v

Ift=t, u= ' for any injective p,p , tpwuw =t yaw.
e fv=v,u=u, L= L (Azw)l u= [(v|x/u]L))
The fifth and most subtle rule is valid since p and p’ are injective total renamings.

Example 4.2.25. For instance, (A\x.(X, x)(Xy v))[y/z] v simultaneously reduces
to (Xp1 u) Xy 2))[z1/ul[ze/u] or to (X2 w) (Xp1 2))[x1/ul[xe/u]l. The two terms
are equivalent modulo =.

The following example illustrates the use of the fifth rule. Lett = (\y.y y) X, =
X; X, =t'. There is only one valid renaming p for t which associates the variable
z to the unique occurrence of x. Then tpq., = ((Ay.y y) X,)[z/u] simultaneously
reduces to (X, X,,)[z1/ullz2/u] or to (X,, X,,)[z1/u][z2/u]. Notice that those two
metaterms are equivalent up to =.

2instead of showing —C=C—" as done in the Tait-Martin Lo6f’s technique since it is not true
in our case
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The difficulty of the proof relies on the fact that Aj combines non-deterministic
replacement and action at distance. Indeed, in all calculi defined by a case analysis
on the constructor at the left of the substitution, it is possible to have a rule
Xalzi/ui]...[zn/un] = Xalzi/u].. [z /uy,] with z; ¢ fv(u;) and u; = v}, instead
of the complex ty.z4 = -

As a normal form may contain jumps we need to handle equations in the simul-
taneous reductions. To do so, we introduce a new reduction:

Definition 4.2.26 (Simultaneous reduction modulo). The simultaneous reduction
modulo t == t' occurs if there exists t1,ts s.t. t =1t = to =t

Lemma 4.2.27. Ift =, u = v/, x ¢ fmvar(¢t) then t{z/u} == t'{z/u'}.
Proof. By induction on ¢t = t'. We only consider the interesting cases:

® Upyw = Vg coming from v = ¢ and w = w'. By a-conversion
x # yand y ¢ fv(u). By induction hypothesis, v{z/u} == v'{z/u'}
and w{z/u} == w{x/u'}. By definition of the implicit substitution,
Hz/u} = v{z/u},, piupy and by definition of =, v{z/u},, o ==
v{a/u'} ., iz wy Which is equal to t'{z/u'}.

e \y.v)L w = [(v[y/w']L') coming from v = ¢/, L = L', and w = w'.
By a-conversion z # y. By induction hypothesis, v{z/u} == v'{z/u'},
w{z/u} == w'{z/u'} and L{z/u} == L'{z/u'}.

t{x/u} =
Owolefupiis/u} wiz/u} ==
e /u3 y/w{z/u}(Lz/u'}) =

W' fy/w' L) {z/u'}) =1 4222
L' [y/w'TL){z/L(u')} =(weNF;)
L' ly/w'| L) {z/u'}
O
Lemma 4.2.28. Ift = t' and u = v then [(t[z/u]) == [(t'[x/u]).
Proof. By hypothesis, both ¢t and v are in j-normal form. Then,
L(t[z/u]) =p4.217
tpaufa/u}l Ef(hyp, def and L. 4.2.27)
t/p’:z,u’{x/ul} =P4.2.17
H(#' [z /u])
O

It is thanks to our definition of simultaneous reduction that this proof is short.
Otherwise, a proof by induction on = is needed, and it can take several pages as
in [Kes07]. We can generalize the previous lemma to the case where the terms ¢
and t’ are affected by a list of substitutions:
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Lemma 4.2.29. Ift=t¢, L= 1" and u = u' then [(t[x/u]L) == {(t'[x/u/]L)).

Proof. By hypothesis, both ¢, u and L are in j-normal form. We proceed by induc-
tion on the length of L. If the length is equal to 0 we then fall in Lemma 4.2.28.
Otherwise,

Ltz /ulL) =
Mtz /u][yr /w]...[yn/wn]) =p4217
Wtz /[y /wn]-[yn—1/wn-1]) py o WUn/Wn}  S=ih. def and L. 4.2.27
W [/ TTyn fwn]Tyn—1/wna]) oy AU/ W0} =Pacar
(@[ /u fyr fwh ] Jyn fwr)) =
(¥ [z /u']L)

O]

This technical lemma will be useful to show an admissible rule necessary to show
the diamond property. It is the only one allowing to go from an injective renaming
to a non injective one and vice-versa.

Lemma 4.2.30. If t = t' then for any injective p there exists a unique (possibly
non injective) p' and variables z1, ..., zm such that:

1. tpgeoyrgn =V piarszy .z, with img(p") C img(p).

2. Lt ez Y1 J01) - [Yn/Un]) = t,pzrwvzﬁ---z; (21 /ui]...[z1./un] for any injec-
tive pp and u; € N'Fj.

Proof. 1. By induction on t = t'.

e The case t = v = z =t/ is straightforward.

e The case t = Xp = Xa = t is only interesting when = € fv(A).
Then there is only one renaming possible since x appears only once
and thus taking z; = y we have Xa,., = Xa,_,. Furthermore,
LXagoyly/u]) = Xazwyly/ul, since by hypothesis y is a fresh variable
and thus cannot appear in A which is equal to ¢/ po:z,u With po being the
unique injective renaming possible in #'.

et=vw=vw =t.

(Uw)pim’\»yy..yn —L. 4.2.14 'Upv:x«»y’l,..y;c wpwm«»y’l’...yg
By induction hypothesis,

Vpizroyh .yl = Up - and wp:m«»yi’.‘.y]’p’ = wpw ~z 2y with
. / / .
ing(p,) € img(py) and img(pl,) C ing(pw)

/ / :
ThllS p a:«»y yk p x«»y y” = v p;tziz;n w piuw)_’zi/---zzl;/ which

is equal by Lemma 4.2. 14 to (v w") n un. Furthermore,

/. !/ /
plia—2 .20, 2y 2

img(p') = img(p)) U img(pl,) which are a subset of img(p,) U img(pw)
by hypothesis and img(p,) U img(p,,) = img(p) by Lemma 4.2.14.
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e Cases \z.v = Mz and Vpww = U/p’:m,w’ are similar (i.h. and
Lemma 4.2.14).

e (\zw)L w= [(V[z/w']L).

(()\Z v)L w) =L.42.14
(A2.Vp, ooy opy: ooyt Wizl yf) =

TP S NS R

(v [z/w] )p oz 22 2l zg“...zg') =L.4.2.15
L' 2/ W) oz oz =
(t/)p ITASZ] .. Zm

The fact that img(p') C img(p) is easy using Lemmas 4.2.14 and 4.2.15.

2. By applying rules w and c.
O

Example 4.2.31. Take t = (M\y.y y) X, = X, X, =t/ together with the unique
valid renaming for t which associates the variable z to the unique occurrence of x.
Then tppw: = (Ayy y) X, = X, X, =t/ 0. with p' the renaming associating to
all the occurrences of x in t' the variable z.

To illustrate the second point of Lemma 4.2.30, take any v € NFj
and notice that (X, Xy)[y/u]) can reduce either to (X, Xy,)[y1/u]ly2/u]
or to (Xy Xy)lon/ullyafu] which correspond to ¥ ey, yulyn /ullye/u] or
t spamoys o [Y1/U)[Y2/1], p2 and p being the two valid renamings for t'.

Lemma 4.2.32. We have the following admissible rules:

1 Ift=>t, u=ad, |t|e =1 then tlx/u] = L(H'[x/u]).

2. Ift = tly u; = u; then tp:x«»yl,...,yn [yz/uz] = t/p:x«»zl,...,zm [zz/u;]

Proof. 1. Reading the fourth rule when there is only one occurrence of x gives
tlz/u] = t' .4 which is equal to t/ ., {2/u} since z does not appear in
t' .z and it thus equal to [(t'[z/u']).

2. By Lemma 4.2.30.1, tpuuyi,yn = tpaz.2m- DBy the first point we
have, tppmoyy, e Yi/ti] = Loz zn ¥i/us])) and by Lemma 4.2.30:2,
M iz .z Wi Ui]) = gz [ 21/ 5]

O
Lemma 4.2.33. Ift —p t' then [(t) == |(¢)".

Proof. By induction on the relation ¢ —g t’. If the reduction occurs at the root of
t ie. if t = (Az.w)L u —p v[z/u]L = t/, notice that |(t) = (Az.v')L’ «/. Then by
Lemma 4.2.12, [(¢') = }(v/[x/4/]L) and we conclude by definition of =.

Otherwise, for the subterm u where the B redex is performed we have u = u'.
We easily conclude by induction hypothesis except for the two following cases:
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o t = ofa/u] —p va/u] = . UE) = L0) /b)) with L) S L)
by induction hypothesis. By Lemma 4.2.27 and definition of = we get that

H0) ey {2/ M)} = L) gy ury {2/ L)}

e The case t = ulz/v] —p v/[z/v] = t’ is similar to the previous one.

We can now deduce Point 3 of Lemma 4.1.6:
Corollary 4.2.34. Ift —g t' then [(t) == L(t).
And Point 1 of Lemma 4.1.6:
Lemma 4.2.35. Ift =_t' thent —>§\j t.

Proof. The case t = t' is straightforward. Otherwise, it is sufficient to show that
t = ty implies ¢ —>’)‘\J./E t1. Indeed if t = to = t{, = t; then by hypothesis, to —>§j to
and thus ¢ —>jj t1.

The interesting case is the following one:

ot = Vppu = Vpzw = t1 coming from v = ¢, v = «. By induction
hypothesis, v —3; v and u =% u’. We can then conclude with Lemma 4.2.23.

O]

Lemma 4.2.36. Ift ==, u== ' then for any p, p’ tpwu ==t pow

Proof. By hypothesis, t = t; = to =/, u = u; = us = v/. By Lemma 4.2.21,
tpxu = t1pau, - By hypothesis and definition of =, for any p, t1,.0.u, = 2p:0u,-
Again, by Lemma 4.2.21, t3,.; , =tz Which concludes. O

Lemma 4.2.37 (== has the diamond property). If t; &= t == to, then there
exists tg such that t1 == t3 &= to.

i i
1. We first prove that if ¢ <& t =! ¢; then it exists t] st ¢/ =] & t;. We
proceed by induction on =!. The base cases are the following ones:

o (Wpiar) oy < ulz/v]ly/w] =1 uly/w][z/v] with:
— z ¢ fv(w) and y ¢ £v(v)
= Julle = llully =1

—u=d,v=>v, w20
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Then,

lu/ w] [fv/ v] =

”p ybise 7bm[b/ "])p, soar, ,an[a/v”] =L. 4214
//p y~obi, 7bm)pg:m,\/)a1 myan[b/w”][a/v”] =
) s o [T =
" s a0/ TOT 0]
” Iia~san, an) la/v"][b/w"] =L 4214

\
<

/I

(u”
(u
(u
(u ”p bl oo sbm
(u
(u
(u
(u

By hypothesis, v/ & u =! u, v € v =' v, and v’ & w =" w. Thus, by
induction hypothesis, v’ = v” & u, v/ =v" & v, and v’ = w”" & w. We
thus have:

(uﬂpgwﬁﬁ)pg:y,w”
(u,p;’:w,v’)pgzy,w/ =P. 4.2.17
(ulpw:x,vl)py:y,w’

U izt € Upgy = Ulp.zp- By induction hypothesis, v/ = v} & wuy,
J— / — / [
v' =v) < v and thus v ., =r. 4221 Uy ot = UL E Ulp iz

u/p/;x7v’ E up:x’\’}yl"'wynm

Upy:amorys oo [Y1/ V][ /01] - [yn /0]
By induction hypothesis, v' = v} € v and v = v} < v;.
By Lemma 4.2.32, Uy :amoyy,.iy, [Y1/0)--[Yi/ V1] [Un /0] = 0t 0t -

: — — /
Finally wy .. r =1, 4.2.20 Upt .z 0y =P, 4217 Wiz -

o [(V[z/w' L) € (Azw)L w = (\x. v)Ll w with L =! L;. By induction

hypothesis, v’ = w] € w, v = v] € v, L' =1L} & L;. We thus have
to show that | (v'[z/w'|L") = [ (v}[z/w]]L]) which is true by definition of

W)

e The cases |(v'[z/w'|l)) & (Az.v)L w = (Az.v1)L w and [(v'[z/w'|L)) &

(Az.v)L w = (Az.v)L w; are similar to the previous case.

2. We prove t' &t =t; implies t' = t] & ;.

Proof. By induction on the number k of = steps between ¢ and t;. If £ = 0,
then this is straightforward. If k¥ = k' + 1, we conclude with the following
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diagram:
t = ty = t1
Point 1 i.h

Y U

/ — / — /

t = ) = t)
O

3. We prove t' &= t =t; implies t’ = t| € t;.

Proof. If ' &= t = t1 then we have to and ¢ s.t. ¢ = ¢, € to = t1. By
the previous point, g = t{. We can conclude by applying one more time the
previous point. ]

. We prove t; & t = t, implies there exists t3 such that t| == t3 &= to.

Proof. By induction on =. The interesting cases are the following ones:

e (A\z.w1)L; u1 € (Az.w)L u = (Az.v2)Le ug with u = ug, u = ug, v = vy,
v = vy. We can conclude by induction hypothesis.

e (Az.v1)Li u; € (Az.v)Lu = |(va]z/ug]le) with u = uy, u = ug, v = vy,
v = v2. By induction hypothesis, v1 = u3 & ug and v1 = vz &
ve. By hypothesis, (Az.v1)L; u1 = J(vs[z/us]Ls) and by Lemma 4.2.29
J(va[x/ug|Le) = |(vs]z/us]Ls) which concludes.

e The case [(vi[z/ui]L1) € (A\x.w) u = [(va[r/ug]Ly) is similar to the
previous one.

b tlplzx,ul <= 75;J:ac,u = t?pg:x,Ug' By ih., t1 =13 &= t2 and u; = uz E=
ug. By Lemma 4.2.36, t1,,.0.4, == t3p5:0,u; a0d 124,00, == £33

We can conclude with Property 4.2.17 since t3,,.4 4, = 308, 0,us

O]

. We finally prove that t; &= t == to implies there exists t3 such that t; ==

t3 <= to.

Proof. Let t1 €= t = u = u/ = t5. By the third point, there is u; such that
t1 = u; < w and by the fourth point there is t3 such that u; == t3 &= v/
We conclude that t; == t3 &= ts. ]

We finally conclude since the diamond property obviously implies confluence:

Corollary 4.2.38. The simultaneous reduction == is confluent.

Theorem 4.2.39 (Metaconfluence of —yj). The reduction relation —; is conflu-
ent on metaterms.

Proof. Thanks to Lemma 4.1.6, it is implied by Lemmas 4.2.35 and 4.2.8, and
Corollaries 4.2.34 and 4.2.38. O
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4.2.4 Extensions

Several strong extensions can be easily implied by metaconfluence thanks to the
fact that the equivalence = can always be postponed with respect to A\j because it
is a strong bisimulation.

Lemma 4.2.40. The reduction relation = is an internal strong bisimulation i.e. if
t =wu then t =x; t' implies u =5 u' = 1.

Proof. Assume t = t’ holds in n steps, which is written as ¢ =" ¢/, and that ' =,; s'.
We show that it exists s s.t. ¢ =); s and s = s’. We proceed by induction on n.
The proof is almost the same as the one for Aj and is straightforward.

O
Lemma 4.2.41 (= postponement). If t —3; t' then t =3, - = t'. Furthermore,
the number of \j steps is preserved during the reduction.
Proof. By definition of internal strong bisimulation. O

Confluence modulo and Church-Rosser modulo: As shown in Chapter 2,
there exists stronger properties than metaconfluence for a given reduction relation
modulo.

Theorem 4.2.42. The reduction relation =5 is confluent on metaterms modulo

Proof. If ty {;& t = t =3; t2 then by Theorem 4.2.39, t; —3; t3 3;¢ t2. By
Lemma 4.2.41, we can postpone = and get ¢ :”;\J.E ty = §j<: to which concludes.
O

Theorem 4.2.43. The reduction relation =5 is Church-Rosser modulo = on
metaterms.

Proof. Let t <% t' in n steps. We proceed by induction on n. The case n = 1 is
straightforward. Otherwise, we analyse the first step.

o If t =,jt1 <L ¢/ then we have t; == 3
can immediately conclude.

;<= t' by induction hypothesis and

o If t =t +X ' then we have 1 =1 51 = 82 jj<: t' by induction hypothesis.
By Theorem 4.2.42 t =, so = s1 and we can conclude by transitivity of =.

o If t \j<= t1 <L t’' then we have t; =3 51 = 82 3¢ t'. By Theorem 4.2.42
t = t3 = S0 ’;\j<: s1. To conclude, we transform the reduction ¢’ :>§j S9 =
51 =>)\j=So =tz in t/ =3 52 =\j= So = t3 with Lemma 4.2.41.

d
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Sigma equivalence: Other equivalence relations are defined in [AK10] includ-
ing o-equivalence on A-terms [Reg91]. It is specified by means of the following
equations:

Cw-t)a/u] =o Mytla/u] y ¢ £v(u)
(tv)z/u] =5, tlz/ulv 2z ¢ fv(v)

The equivalence relation = U =,, U =, also defines a strong bisimulation on
terms, and metaterms. We can thus extend the Church-Rosser property as we have
done for =, thus obtaining that the reduction relation Aj is Church-Rosser modulo
= U =4, U =,, on metaterms.

Aj-dags: An other easy consequence of our work is that Aj-dags [AGO09], the
graph formalism of A\j, extended with metaterms is confluent. Indeed, there is a
strong bisimulation between the two formalisms. All the notions of equivalence
on terms do not apply in this graphical representation since they become simply
equalities.
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In this chapter we develop an homogeneous framework, called the prismoid
of resources, which provides eight languages — the wverteres of the prismoid —
dedicated to the control of resources for the A-calculus, together with different
transformation functions — the arrows of the prismoid — between these languages.
Using those transformations, we show confluence, PSN, and strong normaliza-
tion. The results of this chapter have been developped in collaboration with Delia
Kesner and presented in [KR11], which is an extended and revised version of [KR09].

Each vertex of the prismoid is a specialised A-calculus defined by a set of well-
formed terms and a set of axioms and reduction rules as well. Each calculus is
parametrised by a set of sorts wich are of two kinds: resources w (weakening) and
c (contraction), and cut-elimination operation s (substitution). If a sort in the
set {c,s,w} belongs to a given calculus, then the treatment of the corresponding
operations to deal with this sort is completely explicit in this calculus, i.e. is given by
syntax and rules belonging to the language itself. The eight calculi of the prismoid
correspond to 23 different ways to combine the sorts {c,s,w} by means of explicit
or implicit (meta-level) operations.

Thus for example, the Acs-calculus has only explicit control of contraction and
substitution, the A-calculus (called here Ag-calculus), has no explicit control at all,
and the Acgy-calculus — a slight variation of A\1xr [KLO7] — has explicit control of
everything.

For every subset of sorts B C {c,s,w}, the corresponding B-calculus of the
prismoid implements A-calculus in the sense that [-reduction can be simulated
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by B-reduction. It is also possible to take off some explicit information from a
given B-calculus in order to project B-reduction into a less refined relation. More
precisely, for every A C {c,w}, A-reduction (resp. A U s-reduction) is projected
into f-reduction (resp. s-reduction). This asymmetry between languages with and
without sort s are reflected in the prismoid by means of two conceptually different
bases. The base B; contains all the calculi without explicit substitutions, namely
{A\o, Ac, A\w, Acw}, and the base By only contains those with explicit substitutions,
i.e. {)\37 )\cs, Asw, )\csw}.

explicit substitution base

implicit substitution base

For all the calculi of the prismoid we study a set of properties which guarantee
that they are well-behaved, namely, simulation of g-reduction, confluence, preser-
vation of f-strong normalisation (PSN) and strong normalisation (SN) for simply
typed terms. Thus in particular, none of the calculi suffers from Mellies’ counter-
example [Mel95]. Full composition is also shown for all calculi with sort s, i.e. those
included in the explicit substitution base. Each property is stated and proved by
making the set of sorts a parameter, so that the properties for each vertex of the
prismoid turn out to be a particular case of some general abstract proof, which may
hold for the whole prismoid or just for only one base.

Road Map: Section 5.1 introduces syntax and operational semantics of the pris-
moid. Section 5.2 explores how to enrich the A-calculus by adding more explicit
control of resources, while Section 5.3 deals with the dual operation which forgets
information given by explicit weakening and contraction. Section 5.4 is devoted
to PSN and confluence on untyped terms. Finally, typed terms are introduced in
Section 5.5 together with a SN proof for them.

5.1 Terms and Rules of the Prismoid

5.1.1 Terms

We assume a denumerable set of variable symbols z,y,z,.... Lists and sets of
variables are denoted by capital Greek letters I', A, II, . ... We write I';y for TU{y}
when y ¢ T

Definition 5.1.1 (Obligation set difference). We use I' \\ A for obligation set
difference which is equal to set difference when A C T but undefined otherwise.

Definition 5.1.2 (Terms). Terms are given by the grammar:

tow = | Azt | tu | tlz/u] | Wa(t) | CYZ(t)
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Definition 5.1.3. Free and bound variables of t, respectively written fv(t) and
bv(t), are extended w.r.t. to the A-calculus with the contraction and weakening

constructors: Cg‘z(u) binds y and z in u, x is free in Cglz(u) and in Wy(t).

Given three lists of distinct variables I' = x1,...,2,, A = y1,...,y, and II =
21, ..., 2n Of the same length, the notations Wr(t) and C?'H(t) mean, respectively,
Wa, (- . Wy, (t)) and C%}‘Zl (... 5;’2‘2" (t)). These notations will extend naturally to
sets of variables of same size thanks to the equivalence relation in Figure 5.2. The
particular cases Cg |@(t) and Wy (t) mean simply ¢.

Definition 5.1.4 (Renaming). Given lists I' = x1,...,2, and A = y1,...,y, of
distinct wvariables, the renaming of I' by A in t, written Rg(t), is the capture-
avoiding simultaneous substitution of y; for every free occurrence of x; in t.

For example Ry172 (C;‘glf(aﬁgyz)) = C{Zl‘z(ygyz).

Definition 5.1.5 (a-conversion). The a-conversion is the (standard) congruence
generated by renaming of bound variables. For example, )\331.:171(35”21 (y121) =a

)\.%'Q.QEQC;JQIZQ (yQZQ) .

All the operations defined along the chapter are considered modulo alpha-
conversion so that in particular capture of variables is not possible.

Definition 5.1.6 (Positive free variables). The set of positive free variables in a
term t, written £v*(t) is defined by induction on t as:

(
) = (Evi(u) \{zw})U{y} ifzefvt(u) orwe fvh(u)

) = fvT(u) otherwise

£v7 (y) {v}
£y (Ay.u) = fvh(u)\ {y}
fv(u v) = fv(u)Ufvt(v)
tvtWy(u)) = fvt(u)
v (uly/v]) = (EvT(u) \ {y}) UtvF(v)
(
(

The intuition is that £v* () denotes the free variables of ¢ which represent a term
variable at the end of some (possibly empty) ”contraction chain”. For the reader
familiar with proof-nets, each positive free variable can be intuitively associated to

a leaf in a tree made of contraction nodes.

For instance, z is a positive free variable in ol (Wi, (y) x2) because there is

a chain from the contraction C3'/"2 (-) to the term variable zo. Moreover, x is also

x

positive in crle (Cé’llz(z)) because there is a chain from z to the term variable z.

However x is not positive in C;fl'm( sl (y)) because there is no chain starting at

x and ending on a term variable.

Definition 5.1.7 (Number of occurences of positive free variables). The number of
occurrences of the positive free variable x in the term t is written |t|}. We extend
this definition to sets by |t = Sper|t|T.
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Tlhgu Algo T lkg u T lkg u e
wE
3T Twg Albguw  T\szlrs eaw Dzlls Welu)
Fkgv Allgu T lFg u
& -~ (s €B) - (c € B)
I'wg (A\s z) b ulz/v] 2 (T \s {y, 2}) IFs CY*(u)

Figure 5.1: Well-formed terms of the prismoid

z1|z2

Thus for example, given t = W, (zx) W, (y) Cz'"*(22), we have z,y,z € £vT(t)
with [t} =2, [t[f = [t|T =1 but 2 ¢ £v(2).

We now introduce the non-deterministic replacement which, unlike for other
calculi where it was used such as A\j, only deals with positive free variables.

Definition 5.1.8 (Positive non-deterministic replacement). Given a list of distinct

variables x1...xy,, which are all fresh in t, we write t . , for the capture-
TAAT] ... Ty

avoiding non-deterministic replacement of n > 1 positive occurrences of x in t by

the variables x1 ... x,.

Thus for example, (W, (t) = x) . denotes W, (t) y1 y2 or Wy(t) y2 y1. In
THY1Y2
the same way, W, (t) x ) , denotes either W, (t) y = or W, (t)  y, but neither
T~y
Wy (t) x & nor Wy(t) y v.

Definition 5.1.9. Now, let us consider a set of resources R = {c,w} and a set
of sorts § = R U {s}. For every subset B C 8, we define a calculus \g in the
prismoid of resources which is equipped with a set of well-formed terms, denoted T3
and defined in Section 5.1.2, together with a reduction relation, denoted —g¢ and
defined in Section 5.1.5.

Fach calculus Ag belongs to a base : the explicit substitution base Bg which
contains all the calculi having at least sort s and the implicit substitution base By
containing all the other calculi.

5.1.2 Well-Formed terms

Definition 5.1.10 (Well-formed). A term t belongs to the set of well-formed terms
Ts iff there exists a set I' s.t. I' kg t is derivable in the system given by the rules
appearing in Figure 5.1. A term t € Ty is also called a B-term.

From now on we only consider well-formed terms.

In the previous rules, the symbol ; is used to denote disjoint union. Also, W3
means standard union if ¢ ¢ B and disjoint union if ¢ € B. Similarly, I' \g A is
used for '\ A if w ¢ B and for I'\\ A if w € B.

Notice that variables, applications and abstractions belong to all calculi of the
prismoid while weakening, contraction and substitutions only appear in calculi hav-
ing the corresponding sort. If ¢ is a B-term, then w € B implies that bound variables
of t cannot be useless, and ¢ € B implies that no free variable of ¢ has more than
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one free occurrence. Thus for example the term Az.xz y belongs to the calculus Ag
only if w ¢ B (thus it belongs to Ay, Ac, As, Acs), and (xz)[z/yx] belongs to Az
only if s € B and ¢ ¢ B (thus it belongs to Ag and Agy). A useful property is that
I lFg ¢ implies T = £v(¢).

We introduce the following measure o,(t) which counts free occurrences of = in
t by taking care of duplications if the variable is contracted.

Definition 5.1.11 (Number of contracted occurences). The number of contracted
occurrences of the free variable x in the well-formed term t, written o, (t), is defined
modulo a-conversion so that bound variables of t are assumed to be disjoint from
x. Formally,

0z () 1
0z(y) =0
oz()\y.t) = ox(t)
0 (tu) = 0g(t) + ox(u)
ou(tly/ul) = ou(t) + 0x(u)
_ )1 ifv=y
R T oty
o. (CU Y2 _ L+ 0y, (t) + oy, () ifr=y
S AR R0 oty

We extend this definition to sets by or(t) := >, cr 0x(t).

Before introducing the notion of substitution, we need an extra function which
cleans-up useless resources.

Definition 5.1.12 (Deletion). Given a B-term t and a set of variables I', the
deletion function delp(t) removes from t all the occurrences of variables in T that
are useless, i.e. that are free but not positive in t. This operation is defined modulo
alpha-conversion so that bound variables of t are always assumed to be disjoint from

I.

delr(y) =y
delp(u v) := delp(u) delp(v)
delr(Ay.u) = Ay.delpr(u)
delr(uly/v]) = delr(u)ly/delr(v)]
. u ifxel

delrOVa(u) =4 ) (de1r(u) ifodT |

B | delpugy.(w) ifrel &z fvh(CL(u))
delr(Ce™(w) = g'z(delp(u)) otherwise

1 |x2

For example, del,(W,(a) ) = a = and del,(C;'"*(y) ) = y x. This oper-
ation does not increase the size of terms. Moreover, if x € fv(t) \ £vt(¢), then
size(del,(t)) < size(t). Also, delp(t) =t if fv(¢)NT = .
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Lemma 5.1.13 (Preservation of Well-Formed Terms by Deletion). IfI' IF5 ¢ and
A CT then (T'\g (A\ £fv(dela(t)))) IFs dela(t), which simplifies to T \ g A IFg
dela(t) if [t/ =0 .

Proof. By induction on size(t). O

For instance, cleaning-up useless z in the term = W, (y) gives {z,y} \w (= \
{z,y}) Fy del,(x Wy(y)) that is x,y IFy = y.

To introduce the reduction rules of the prismoid we need a meta-level notion
of substitution, defined on alpha-equivalence classes, which is at the same time the
one implemented by the explicit control of resources.

Definition 5.1.14 (Well-formed substitution). A well-formed substitution is a pair
of the form {x/u}, where the term wu, called the body of the substitution, is a
well-formed term. More precisely, if u € Tp, the substitution is also called a B-
substitution.

The application of a B-substitution {x/u} to a B-termt (called the target of the
substitution), written t{x/u}, is defined as follows:

o If|t| =0, then

— If|tlo =0 orw ¢ B then t{x/u} := dely(t).
— Otherwise, t{x/u} := Wey(u)\£v(r)(dels(t)).

o If|t|} > 2, then t{x/u} = tmty{y/u}{x/u}.

o If|tlf =1, t{x/u} := del,(t){z/ul} where t{x/u}} is defined by induction
on t as follows:

xf{x/ul} = u

yf{z/ul} =y T #y

(s ) {{z/ul} = s{{z/ul} v{{z/u}}

(Ayo)f{z/uly = Ayof{z/ul} r#y & y¢tv(u)
sly/vif{z/ult = s{z/ully/v{z/u}}] x#y &y ¢ tv(u)
Wy){z/uly = Wy so) (vlz/ul) T H#y

CU (o ) { TFY

Y1, Y2,y ¢ fv(u)
e () o ul = r=y
e ol /RA Moo/ BE@D | A e

For instance, (W, (a) W (b)){z/y} = Wy(a b) and (c;“‘“ (a) z){x/b} = a b.

This definition looks complex, this is because it is covering all the calculi of the
prismoid by a unique homogeneous specification. The restriction of this operation
to particular subsets of resources results in simplified notions of substitutions. As
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a typical example, the previous definition can be shown to be equivalent to the
well-known notion of higher-order substitution on (-terms [Bar84] given by:

x{x/u} = u
ylz/u} =y £y
ANy.v){z/u} = Iyv{z/u} r#y&yd¢tv(u)

(sv){z/u} = s{z/u} v{z/u}

Substitution definition also simplifies to the following one for c-terms:

x{x/u} = u
y{a/u} =y z £y
Ay.v){z/u} = Iyo{x/u} r#y&yd¢tv(u)
(s v){z/u} = s{x/u} v{z/u}

y1ly2 — pyily2 T #y
o) au = O (o /u) SARAP

x € tv (U2 (1))
i) {afu} = CR(t{y/RA (u) Hy2/RR(w)}) { T = £v(u)

A, II are fresh
CUl(t){z/u) = del.(CH™* (1)) z ¢ £y (1)

Lemma 5.1.15. Definitions of t{x/u} and t{x/u}} are well-founded.
Proof. By induction on (o0,(t),size(t)). O

Lemma 5.1.16. Let t € Tg s.t. |[t|; > 1. Then substitution verifies the following
equalities:

x{z/u} = u

y{w/u} =y T #Y

(Ayoz/ut = Ayv{z/u} T #y

(s v){z/u} = s{z/u} v{z/u}

sly/vl{z/u} = s{z/utly/v{z/u}] T £y

Wy(O){z/up = Wy(t{z/u}) v#£y &ydtv(u)
Wy (t){z/u} = t{z/u} x#y & ye€fv(u)
Pl fa/uy = P (e /u}) v Ay &y ¢ tu(u)

Proof. By substitution definition.
O

Lemma 5.1.17. Let t € Tg. The function del() enjoys the following properties :
1. x ¢ fv(del,(t)) if x & £vT(t).

2. del;(dely(t)) = dely(dely(t)).
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3. del,(t{y/v}) = del (t){y/v} if = ¢ fv(v).
4. del(tf{y/v}) = delo(){{y/v} if = & £v(v).
5. del,(t){z/v}} = del,(t) if x ¢ £vT(¢).

6. del,(t) =t if [t|. = |t|; .

7. ta/u} {y/u} = del,, (O /ul {u/u} i 1 = 1 or |tff = 1.

Proof. By induction on size(t). O

For instance, del,(W,(Wy(2)){y/w}) = del,(Ww(Wi(2))) = Wy(z) =
Wy (2){y/w} = del,(Wy(Wy(2))){y/w} illustrates the third case.

5.1.3 Rewriting rules and equations

We now introduce the reduction system of the prismoid. In the last column of
Figure 5.2 we use the notation AT (resp. A~) to specify that the equation/rule
belongs to the calculus Ag iff A C B (resp. AN B = 0). Thus, each calculus \p
contains only a strict subset of the reduction rules and equations in Figure 5.2.

All the equations and rules can be understood by means of Proof-Nets reduction
(see for example [KLOT7]). The reduction rules can be split into four groups: the
first one fires implicit/explicit substitution, the second one implements substitu-
tion by decrementing multiplicity of variables and/or performing propagation, the
third one pulls weakening operators as close to the top as possible and the fourth
one pushes contractions as deep as possible. Alpha-conversion guarantees that no
capture of variables occurs during reduction. The use of positive conditions (condi-
tions involving positive free variables) in some of the rules will become clear when
discussing projection at the end of Section 5.3.

The notations =g, =¢ and —gug, mean, respectively, the rewriting (resp.
equivalence and rewriting modulo) relation generated by the rules R (resp. equa-
tions £ and rules R modulo equations £). Similarly, =3, =5 and —¢ mean,
respectively, the rewriting (resp. equivalence and rewriting modulo) relation gen-
erated by the rules (resp. the equations and rules modulo equations) of the cal-
culus Ag. Thus for example the reduction relation —; is only generated by the
f-rule exactly as in A-calculus. Another example is —¢ which can be written
—{8,CL,CAL,CAr,CGc}U{CC 4 Ce,CCc } - Sometimes we mix both notations to denote partic-
ular subrelations, thus for example —c¢\5 means — (cr ca cap,coc}U{cCa,Co.CCc}- W€
give in the appendix an independent specification for each calculus of the prismoid.

Among the eight calculi of the prismoid we can distinguish the Ag-calculus,
known as A-calculus, which is defined by means of the —y-reduction relation on
(-terms. Another language of the prismoid is the Acgy-calculus, a variation of
Alxr [KLO7], defined by means of the — ¢ g wj-reduction relation on {c,s,w}-
terms. A last example is the Ay-calculus given by means of —y-reduction, that

1S, —>{3,LW, AWy , AW, JU{WWc } -



5.1. Terms and Rules of the Prismoid ié
Equations :
(cca) Co(ed() = ci(ci (1) c*
(Ce) ¢y = cw ot
(cce) Chlecy ) = (ko)) z#bec&katyz cof
(WWe) Wa(Wy(t)) = Wy(We(t)) Wt
(Ssc) tla/ully/v] = tly/v][z/u] y ¢ tv(u)&x ¢ tv(v) st
Rules :

B)  (Azt)u — t{z/u} s~

(B)  (A\z.t)u — t[x/u] st

(V)  z[z/u] — u st
(SGe) tlx/u] -t x & fv(t) st&w
(SDup) t[x/u] — tz$y[x/u][y/u] [t|F >1 & y fresh T&c
(sL)  (Ay.t)[z/u] — Ay.t[x/u] st
(SAL) (tv)[x/u] — tlx/u]v x ¢ fv(v) st
(SAR) (tv)[xz/u] — twv[z/u] x ¢ fv(t) st
(ss)  tla/ully/v] — tlx/uly/v]] y € fvt(u) \ fv(t) st
(SW1) We(t)x/u] — Wiy su(e) () (sw)™
(SW2) Wy()[z/u] — Wy eo(u)(tla/u]) Yy (sw)*
(LW) Az W,(t) — Wy(A\z.t) x#y wh
(AW1) Wy(u) v = Wipsv(v) (U v) wt
(AWy)  u Wy(v) — Wiy gv(w) (u v) wh
(W) tla/Wyw)] = W so (tlz/u]) (sw)*

y,z € fvt(t)
(sca) CY*(t)w/u] — Cp(tly/ R (w)[z/ RN (w))) {r = fv(u) (cs)*
A, II are fresh

(CL) CY*Oat)  — Ae.CiF (1) ct
(CAy) CYF(tw) = CYF(t)u Y,z & £v(u) ct
(CAr) CYF(tw)  — tCY(u) y, 2 ¢ £u(t) c*
(€s)  CYE(t[z/u]) — tlz/CYF (u)] y, 2 € fvt(u) (cs)*
(SCb) CLE()[x/u] — CY*(t[z/u]) 4wy, z ¢ fv(u) (cs)*
(CW:) CHF(Wy(t)) — R(t) (cw)t
(CWa) CHF(WL(t)) — Wa(CH (1) T#y.2 (cw)t
(CGe) CHZ () — R: (1) y & £v(t) ct&

Figure 5.2: The reduction rules and equations of the prismoid

In order to show that well-formed terms are stable by reduction we first need
the following property.
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Lemma 5.1.18 (Preservation of Well-Formed Terms by Substitution). LetI'I-g ¢
and A kg w and x ¢ A. If (v € £v7(t) orw € B) and (I' \3 ) Wg A is defined,
then (I'\s ) Wa A lkg t{z/u}. Otherwise, I' \3 = I t{x/u}.

Proof. By induction on (o,(t), size(t)).

o If [t|7 =0 and (|t|; =0 or w ¢ B) then we are done by Lemma 5.1.13.

o If [t|f = 0 and [t|, # 0 and w € B then t{x/u} = Weyu)\tv(r)(dels(t)). By
hypothesis I IFg ¢ and by Lemma 5.1.13, T' \3 « IF3 del,(¢). By definition,
L\ z; (A\T) kg Weyup\sv(r)(dele(t)). If ¢ € B, then I NA = ) so that the
left part of the last statement is exactly I' \ ¢ z Wg A and thus we are done.
Otherwise ¢ ¢ B, then we trivially conclude since I'\\gz; (A\T') = '\ 2wz A.

o If [{|7 =n+ 1 with n > 1 then we have Wg = U and :

[hyp]

T kgt

T1...x, fresh
) R o | o A

T~T]...Tn Z h

[ozg,..., 2, UA IFg tx'\tan...mﬂ{xl/u}

i.h.

TUAU...UAIFg t b . {a:l/u} Azn/u}
TUAU...UA)\ 3z UA IFg t%t . {xl/u} {a:n/u}{x/u}

We conclude since the last set of variables is equal to (I'\\g z) UA with '\ s =
well defined since |t|} = n + 1. We can use the i.h. in the first three cases

since o, (tx+x {z1/u}..{zi—1/u}) < o0x(t) and in the last case because
0sll o {r1/u}fan/u}) < os(0).

e Now we analyse all interesting cases where [t|f =1 :

— t ==z, then I' = x and t{z/u} = u so that A I3 t{x/u} by hypothesis.
— t = \y.t/, so that y # x by a-conversion. We have I' =T \\g y (so that
I kg t'), thus (A\y.t){z/u} = Ay.del, (t'){z/ul} = \y.t'{x/u} and
We conclude since (I" \g z Wg A) \3 y =T \p x Wz A as desired.
—t=vw. Wehave ' =T, wg 'y, , I'y, IFg v and ', kg w. Suppose

|v|F = 1 (the case where |w|} = 1 is symmetric). Thus (v w){z/u} =

del,(v){x/ul} del,(w){z/ul} = v{zx/u} w and :
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[hyp)
: [hyp]
Fv ”_B v :
i.h. .
Iy \szWA kg v{z/u} Ly lFg w

(Ty \3 zWg T'y) Wy A kg v{z/u} w
We can conclude since I';, \ x Wg 'y, =T\ =

-t = Cé"z(t’). By hypothesis we have ;I \s {y,z} IFs i"z(t’)
(so that TV IFg ') with T' = ;7" \3 {y,2}. Definition of sub-
stitution gives t{z/u} = del,(CY*(¢){z/ul} = C(){z/u} =
e (#{y/u' Y {z/u"}), where A = £v(u),

If o, (t") > 0 and o,(t') > 0

[hiyp)

I g #
' \p y g A IFg t'{y/u'}
'\ {y, 2} W A wg A" Ikg t'{y/u'}H{z/u"}
D' Vs {y, 2} n A s €31 (¢ {y/u'Hz/u")
The first (resp. second) application of the i.h. is valid since o, (') < 0,(t)
(resp. o.(t'{y/u'}) < 0,(t)). We can conclude since T'\\gz = I"\5{y, z}.

Finally, suppose o,(t') = 0 and w ¢ B (otherwise, the proof is similar to
another detailed case). Then,

i.h.

[hiyp)

I |F73 t
' \gylrs t'{y/u}
'\ {y, 2} Wz A" IFg ¢/ {y/u'}{z/u"}
(I s {y, 2} W A) \x A N5 A3 ATy CX Y (EH{y/u/ Hz /4" )

We can conclude since (I" \\g {y, 2} Wz A’) \ A’ \g A”; A is exactly
"'\ {y,z} Wz A (\3 =\ since w ¢ B and ; = Wy since c € B.

i.h.

— The case t = w[y/v] is similar to lambda and application together.

O]

For instance, suppose x IF¢ Cfl‘xz (x1 x2) and y k¢ y. In this case, we have \\ ¢ =
z1|z2

\ and W3 is the disjoint union. (z\\x)Wcy = y is defined and C;''"* (x1 x2){z/y} =

651'92 (y1 y2) so that y IF¢ CgllyQ (y1 y2)-
As expected, substitution enjoys the following property.
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Lemma 5.1.19 (Substitution Permutation). Let t,u,v € Tg s.t. = ¢ fv(v) and

y ¢ fv(u). Then:

1 e /ui{y/vy = {y/vH{z/u}
2. tfz/uffy/vf = tf{y/vhfz/up

Proof. We prove both statements simultaneously by induction on the tuple

(0fayy (1), size(t)).

1. e First, we treat cases where |[fvt(¢)[, > 2 or |fvT(t)|, > 2.
suppose |£vT(¢)]; > 2 and |£vT(¢)]|, > 2, the other cases being similar.

Then |fv'(¢)|; =n+ 1 and |£vT(¢)], = m + 1 so that:

tz/ut{y/v}

= t +

= t
=3 (Zh) t

T, (/o))
where {x,/u} = {x1/u}..{z,/u}

. {wn/u}{fﬁ/u}{yl/v} Ayn/vH{y/v}

+
TILL Ty

i {yl/v} {yn/oHy/vHan/ul{z/u}

+
LTy

= t{y/vH{z/u}
o If [t|7 =0 and (|fv(t)|, = 0 or w ¢ B) then

tz/ut{y/v} = del.(t){y/v} =L 51173 dela(t{y/v}) = H{y/vHz/u}

o If |¢t|; =0 and |fv(t)|, # 0 and w € B then
t{x/u}{y/v} = va(u)\fv (del ( )){y/v}

There are two interesting cases :
— |t|; =0 and |fv(t)|, > 0

L. 5.1.17:2

— Ity =1

L. 5.1.17:2

t{x/u}{y/v} =
va(v)\fv(u

\£v(v
Wevw)\ev(r) (d
t{y/vH{z/ u}

tH{z/uHy/v}

dely (Wey(u)\sv() (dela(t)) {y/vh
Wev(u)\£v(0)\£v(v) (dely(dely (1)) {y/v})
Weyu)\tv(o)\v(t) (dels(dely (t){y/v]))
dely(t){{y/vi{z/u}

tHy/vH{z/u}

Let us
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e We now consider the case where [t} = [t|7 = 1. We proceed by case
analysis on t.

— The case t = z is impossible by hypothesis.
— t=w.t'.

(Mw.t"){z/ul{y/v}
del;(Aw.t" ) {z/ull{y/v}
= (Mw.del, (t){{z/ul){y/v}
=7 51174 Aw.dely(del (t)){z/ull{y/v}
=g (i.h.)  Aw.dely(del,(t)){y/v}{z/ul}
=1 51172 Aw.dely(dely(t')){{y/v i {z/ul}
=L 51174 Aw.dely(del, (t'){y/vi) {z/ul}
= (M.t ) {y/viH{z/u}

t{e/up{y/v}

w{z/ul{y/v} w{z/ui{y/v}
3 (i-h.)  w{y/vi{z/u} w{y/vH{z/u}
= ty/vH{z/u}

— The case t = s[z/w] is similar to the application case.

The case t = W, () is impossible by hypothesis.
— The case t = W, (t') with z # x,y is straightforward by induction.

- t= Cg'c(t’ ). We only consider the case where a = =

t{z/u}{y/v}
= e ({b/ RS (u) He/RE (w) ) {y/v}
= ™ (#{b/RX (u) He/RE (u) Hy/v})
s (i.h.) Co" (¢ {y/v}{b/RX (u)He/RE (u)})
= Col (' {y/v}){z/u}

Chle (e, () fy/v ) {x/u}
t{y/v}{z/u}

2. This statement can be proved in a similar way.

Lemma 5.1.20 (Preservation of Well-Formed Terms by Reduction).
IfT'lFg t and t =5 u, then there exists a set A s.t. A C T and A kg u. Moreover
ifweB, A=T.

Proof. By induction on size(t) using Lemma 5.1.18. O
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Lemma 5.1.21. Let t € Tp and I' C £v(t) s.t. |t|f = 0. Then t —3 delr(t) if
w ¢ B, and t =5 Wr(delr(t)), if w € B.

Proof. By induction on size(t). O

For instance Cg'z(w) —cge w = dely( %‘Z(w)) and Wy(z) W.(a) —aw —aw,
Wy(z W:(a)) = Wy(del,(Wy(2) W (a)))-

Lemma 5.1.22 (Full Composition). Let t[y/v] € Ty be a term having independent
substitutions [y/v]). Then t[y/v] —5 t{y/v}.

Proof. By induction on (oy(t),size(t)), where op(t) = Yic(i. njoy(t). Let
/7] = [z/u][z/u]. We first show t[z/u] —} t{z/u}, so that t{z/u}[zT/a] —}
t{x/u}{Z/u} = t{y/v} by the i.h. since independence of [7/v] imply oz(t{x/u}) <

o If z ¢ fv(t), then t[z/u] —gec t = t{x/u}.

o If |t|; =n+1 > 2, then we can apply n times the rule SDup in such a way that
each reduction step only replaces one occurrence of the truly free variable x of
t. This gives the following, where we can apply the i.h. since the substitutions
are independent:

t[CU/U] —7SDup
tx, [z/ullzn/u] —SDup
tthlmzn [z/u][z1/u] ... [2n/u] =ss.

t o4 [21/u] ... [zn/ullz/u] —5 (i.h.)

T~r21...2n

t . 1:::Zn{z1/u}...{zn/u}{x/u} = t{z/u}

T2

o If [t|7 = 0 and |fv(¢)]; > 0, we consider the case where w € B, as the one
where w ¢ B is similar to the case where x ¢ fv(t):

tlz/ul =1 5121

Wy (del,(t))[z/u] —rswy
Wey(u)\tv(del, (1)) (delz(t)) =
Wev(u)\(gv(t)\{«}) (d€1z(t)) = (x & £v(u))
Wev(u\£v(r) (de1z(t)) = t{z/u}

e Now, consider the case where ||} = 1. We proceed by case analysis on t:

— t =x. Then z[z/u] =y u=t{z/u}.
— t = Ay.t'. Then t{x/u] —s. Ay.t'[z/u] =% (i.h) yt'{z/u} = t{z/u}.
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—t=vw.

If x € £fv(v) (so that z ¢ fv'(w)) and z € fv(w):

(v w)[x/ul —5 (L. 5.1.21)
(v Wa(del (w)) /4] o

(v dely(w))lx/u] s

(vz/u] dely(w) —5 (i.h)
(v{z/u} del,(w)) -
(dely(v){{z/ul} dels(w)) =L.5.1.17:5

dely(v){{z/ul} dels(w){{z/ul = (v w){z/u}

If z € vt (v) (so that z ¢ fv©(w)) and x ¢ fv(w):

(v w)la/u] —sh
v[x/u] w —5 (i.h.)
v{z/u} w =

del,(v){{z/uff w = (v w){z/u}

If z € £v'(w), then the proof is similar but uses rules AW; and SAg.

— t = v[y/w]. Similar to the previous case using SW and SS¢ in the first
case; SWo and SS in the second case.

The case y = x is impossible by hypothesis so that y # x and we have:

Wy (v)[z/u] —Fsi,
Wy\fv(u) (U{IL‘/U}) =
Wy (dely(v){{z/ul}) =

Wy(dely(v)) fz/ulp = Wy(v){z/u}

-t = Ci,”‘yz (v). We consider the case where y = z, the other one is
straightforward. Let I' = fv(u). Then,

Co2 ()2 /) —sca
e (wlyr /R (W)]ly2/RE (W) =% (i.h.)
e (vfy1/RE () Hyz/RR(w)}) =
D2 (o) {afu}
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For instance, if I' = £v(u), II, A are fresh, u; = R} (u) and up = R};(u), then

Y2 (W, Wa(y2))) e /]y /] =ss.
Y2 (W, (Wa(y2))) ly /0] /0] ~sca
Co Wy, W) 1wl lyzfual) /0] —>su
c?'“<wfv(ul)< W (y2))lye/u2))[z/v]  —su,
Co ™ Wey(ury Wa(y2)ly2 /u2)) [z /o] —su,
Co Wey(ury Wa(alyz/u2))le/v] =y
c?'“wfv(ul)(wx(w))){x/v]

This is correct since:

1 (W, Wa () /0] {y/u}

(
s Wa(y2)) /0] {y/u )
CE M Wy, We(y2)) {n Jun Hya Jua D[ /o] =

(
y1\y2(

§

5.2 Adding Resources

This section is devoted to the simulation of the A\y-calculus into richer calculi having
more resources. We consider the function AR4(-) : Ty — Ty for A C R which
enriches a \p-term in order to fulfill the constraints needed to be an A-term. Adding

is done not only on a static level (the terms) but also on a dynamic level (the
reduction).

Definition 5.2.1 (Adding function).

ARy(z) ==

_ [ DR (1) weAlxdtu(l)
ARg(Ax.t) = { )\x.ARA(t)A otherwise

AT are fresh

otherwise

MRA(t u) = { CA(RY, (AR (1)) R (AR (1)) { c €A & T = tv(t) Ntv(u)

AR, (1) ARy (u)
For example, adding resource c (resp. w) to t = Az.yy gives )\x.Cg”yZ (y192)
(resp. Ax. W, (yy)), while adding both of them gives )\x.Wx(Cgl‘yQ (y192))-
Lemma 5.2.2. Let t € Ty, then we have
1. fv(t) = £v(AR4(t)) = £v T (AR4(2)).
2. delp(ARy(t)) = ARy (t).

Proof. By induction on size(t). O
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Point 1 says that ARy () only adds useful (i.e. positive) variables; thus deleting
any non positive free variable in AR4(t) will leave the term unchanged as stated by
Point 2.

We now establish the relation between AR4 () and well-formed substitution; this
is a technical key lemma of the chapter.

Lemma 5.2.3. Let t,u € Ty and A C R. Then
o Ifc ¢ A then ARy(t){x/ARy(u)} = ARy (t{x/u}).

o Ifce A then Cléln(Rg(ARA(t)){x/RE(ARA(u))}) —* ARy (t{x/u}) where ' =
(fv(t) \ ) Nfv(u) and AII are fresh sets of variables.

Proof. By induction on size(t), using the simplified definition of substitution for
(-terms in Section 5.1.2. By Lemma 5.2.2:1, z cannot be a free variable of ¢ which
is not positive so that we can use the simplification notion of substitution given by
Lemma 5.1.16.  The case ¢ ¢ A can be easily done by i.h. so we only consider
ce A

First suppose = ¢ £v(t). Then,

Co" (RR (AR () {x/ R (AR4(w))}) =
" (RK (AR4(1))) g
RE(RX (AR4(1))) =
ARy (t)

ARa(H{z/u})

Otherwise, z € fv(t) (and in particular, z € £v*(¢) by Lemma 5.2.2:1). We
consider different cases.

e The case t = x is similar to the case where c ¢ A.
o t = \y.t.

—y ¢ fv(t') and w € A.

" (RS (AR (Ay-t)){z/ RE (AR4(u))})

R (g Wy (RR (R4 (1)) {z/ Ry (ARa(w))}) =

™ (g W, (RA (AR () {2/RE (ARA(w)})  —cw
Ay.CR ™ OW, (RK (ARA (1) {z/RE (AR4 (w)})  —bcin

Ay Wy (CR (RK (ARA () {2/ R (AR4(w)}))  —7% (i.h.)

Ay Wy (ARa (t'{z/u}))
ARy (Ay.t'{z/u})
AR ((Ay-t)){z/u})
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— Otherwise

" ((RR (ARaA(\y-t))) {z/ R (AR4(w))}) =
" (Ay.(RR (ARa())) {x/ R (ARa (1)) })  —er
Ay.Cr ' (RE (8R4 (1)) {2/ RE (ARa(w))}) =7 (i-h.)
Ay AR (t{z /u}) =
AR4((Ay.t') {z/u})

e t = v w. Then by a-equivalence we can suppose x ¢ fv(u). Let us consider the
following names for the sets of free variables of the terms under consideration.

Note that ® = fv(t) N fv(u) is a permutation of X, A, ¥.
Also note that fv(v) N fv(w) is a permutation of 3, = and hence

$3,53]|54,2 I b
ARy (1) = Cx ™51 (RE=. (ARA(v)) Ry =, (AR ()
We then have:
$1,A1,01|30,A0,0 AT A, 0
Coa P de e (REAY (4R (1) {a/ RN . (ARa(u))})

7 Vql
S1,A1,01(50,A0, 00 , 53,55 |54,8 AT
CZ}A,\Ii 1| 2,412 2(sz’53‘ 4 4(U/w/){l'/R227A2’\I/2(AR_A(U))})
= H

ASE UyE
A1,%3,53 (AR4(v)) and w' = Ry, 7 (ARy (w)).

where v' = R =
1 4,=4

— If x € fv(v) N fv(w), then z is in = (since = ¢ fv(u)), so = is a per-
mutation of Z’;x for some list Z'. Hence Cgf,;3|z47:4() is equivalent by

$3,3, 54,2, — —
CCc to sz’5?| © 4(C£3|m4()), where Z5; x5 and =; x4 are the correspond-
ing permutations of =3 and Z4, respectively. Noticing that fv(u) is a
permutation of ©,%, A, ¥, so that

=/ =/
H o =, Coghy a2 (eSS sty {5}

where
A,
S = :E/REQ,A%%(ARA(U))
Performing substitution S gives :

$1,A1,%1|22,A2,V5  »23,55|34,5) , ,05,55,A5,V5|06,56,A6, V6
CE,A,\I/ (Czl,E/ (697227/\2,\1’2 (Hl)))
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where H; is equal to:
0,%,A,¥ 0,3,A,¥
(U/w/){$3/R@5,25,A5,xp5 (ARA(u))}{m4/R®6,267A6’% (AR (u))}

O,3,A,¥ 0,%,A,¥
= v'{3/Re} % v, (ARa(w))} w{ma/RG; 50 0 v (AR (1))}
Now we rearrange the contractions:

$1,A1,%1]52,A2,V9 / »%3,55(|34,5)

Csaw (Cs, = (H2))
. 195,55,A5,¥5|06,36,A6,¥s

where Hy 1= Ce,EQ,AQ,\Dg (Hy)

O5|0 =L = Aq|A As|A
=oce  CI (S ey e e ey 1 ey (Ha))))))

where Hs := C?IZQ (Cgf‘24 (CgS‘EG(Hl)))

= |=/ 2
=ac, CO(CFr (e e eyt ey e ()

PR LI Y4l

where Hy := Co' 2 (o™ (c5 ™ (H1)))
05,55,A2,V5,51(06,2),A6,¥2,52  ,A1,53]|A5,5

Soee Comiwi R S (1)

Wq,34|¥6,2
where Hj := C\I,;’Z;‘ %0 (Hy)

This term can be reduced by CAp and then by CAg to

©5,24,A2,V5,%1106,2),A6, V2,32

H, = C@7E/,A,\I/,E (PQ)
A1,23|A5,2 0,X.Av
P = CA;,zf‘ Y5 (0 (s Ry ns e (AR (u))})

0,2/ A¥,% A1,53]A5,2 ALY
= Ro zhmus w, (Cn% 0 (R, (RE, (AR (1)) {8 )

and where
Sp = w3/ Ry, (ARa(u)

Q = Cyst " (w{a /RO, (B (1))
= RO, 5, (Cy s O (R (RS, (AR (w))){S0})
and where
Sq = w4/ Ry}, (ARA ()
We can now apply the i.h. to both subterms and we get:

0,Z/,A,1,%
P =3 P'=Rg 2y 5, (ARa(v{z/u}))

0,2 AV, 2
Q _>j1 Q= R@a,EﬁL,A67‘I’2,E2 (ARq (w{x/u}))

So H' reduces to

05,2, A2, ¥5,51|06,Z,, A6, ¥2,5
Couigy mGesita e (pry)

which is AR4 (v{z/ulw{z/u}) = ARy ((v w){x/u}).



88 Chapter 5. The Prismoid of Resources

— If x € fv(v) et x ¢ fv(w), the term H can be transformed to:

Coy ey (e 2B (o w) {25, )
with Sy = ReY o (AR (u))
= e (e O P W)
=ccacce Copa (Coont 22 (0 /8, } ')
T it e (¢ Sf:Al'Z?’A% (2/8:}) )
Coly 2= P E RN (V) R 2, ARy (w))

0.5
Hl

Y10, E5 5,02
it 334,701,254

where

¥3,A1|X2,A ALY
V= G (R (AR (0) {2/ B, (AR (1))
which reduces by the i.h. to AR4(v{z/u}). Hence,

x 51,00, B3|y, 2
H' A Cz,lll/,EQ st 4(R21,\1/2 _3(ARA(U{$/U}))324,\1/1,_4(ARA(U’)))

which is exactly ARy (v{x/u}w) = AR4((vw){x/u}).
— If x € fv(v) et x ¢ fv(w) the proof is symmetric.

— The case z ¢ fv(v) and x ¢ fv(w) cannot happen since we assumed
x € fv(t).

For instance if c € A, t = (z z) z and u = z, then:

L (BRA((2 2) 2){a/21}) =
I (o 1) ) o)) =
S (2 1) ) =

(R
(c
(

(I (21 20 =) —on
(&
(

Z3|Z4

23|Z2 Z1|Z4 (21 24) Z2) —
23'22 RZ, (ARa(2 2)) 22)
ARA(( ) z))

Theorem 5.2.4 (Simulation (i)). Let t € Ty such that t —¢ t'. Let A C R.
o Ifw e A, then ARg(t) =} Wevi\sv() (ARA(T)).
o Ifwu¢ A, then ARy(t) = AR4(t).

Proof. By induction on the reduction relation — g using Lemma 5.2.3.

e The root case t = (Az.t1) u =g t1{z/u} =t is done using Lemmas 5.2.2 and
5.2.3:
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- A={w}
x x € fv(ty)
AR4(t) =
Ax.AR4(t1) ARg(u) —p
AR (t1){x/ARa(u)} =L 523 ARa(t1{z/u})
x x & £v(ty)
ARy (1) =
Az W, (AR (t1)) ARy (u) =3

Wo (AR (t1)){z/ARA(u)} =
Wev(ara(u)\ev(ara(t1)) (ARA (1))  =(L. 5.2.2)
Wey(u)\ev(t,) (ARA (1)) =

The statement is then true since

fv((Ax.t1) u) \ fv(ti{z/u})
(fv(ty) \x Ufv(u)) \ fv(t1)
fv(u) \ £v(ty)

ARy (W (t1){z/u})
AR 4 Wey(up\£v(tr) (t1))
Wey(up\sv(t:) (ARa(t1))

— A ={c}.
Let I' = fv(Az.t1) Nfv(u).
ARy () =
CAM(RE (AR4(Az.t1)) RL(AR4(u))) =
CAM(RR (Az.AR4 (1)) R (AR4(u))) =
o O R (AR (1)) RE(AR (1) —
CAM(RE (AR, (t1)){x/RE(ARu(1))}) —% (L. 5.2.3)
ARA(tl{x/u}
- A ={c,w}
« The case x € fv(t;) is the same as A = c.
x x ¢ fv(ty)
ARA(t) =
Co ™ (RE (AR (Ao Wa(t1))) RE(ARa(u)) =
" (RR (Aa Wo (ABa(11))) Rh(ARA(w))) =
e Az Wa (R (ARa(11))) RE(AR4(w)))
Co ™ (We (RE (AR (11))){w/ RE (ARa(w)}) = (z ¢ T)
Co ™ (RE (AR (W (1)) {w/ RN (ARa(w)}) =7 (L. 5.2.3)
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The statement is then true since

tv((Azty) uw) \ fv(tr{z/u}) =
( v(t) \zUtv(u)) \fv(t) =
fv(u) \ £v(t1)

o If \v.u =5 A\z.v/ with u =4 «/, then we only consider the case w € A as the
other ones are straightforward.

— If = ¢ fv(u), then

ARy(A\xw) = Az W, (AR 4 (u))
_>11_ (i.h.) /\I‘Wg;(va(u NEv(u') (ARA<u/)))
= )‘l"Wx(va(Ax w)\fv(Az.u') (AR'A( ,)))
= )‘x'va()\:c u)\fv(Az. u’)( (ARA( /)))
_>Ew va()\x.u)\fv()\x u/)()‘x Wa (AR’A( /)))

— If x € fv(u), then

ARy(A\xw) = Az.AR 4 (u)
_>z (i.h.) )\m'va(u)\fv(u’) (AR'A (U,))
= AL Wey(raaup\gv(u') W ev(ur) (ARa (1))
)‘m'va()w.u)\fv()\:c.u’) (Wz\fv(u’) (AR'.A (u
_>Ew va()\az.u)\fv()\a:.u’) ()‘xwx\fv(u’) (ARA (U

)
)
)

o If uv =4 w'v with u =4 v/, we only consider the case where ¢ € A as the
other is straightforward.

Let consider the following names:

Y fv(u') N fv(v)

A = fv()\ (fv(uv) Nfv(v))
U = (fv(u)Nfv(v))\ fv(v)
= (fv(u) \ fv(u')) \ £v(v)

Note in particular that fv(u) N £v(v) is a permutation of X, W. Correspond-
ingly, let ¥;, ¥; and X,, ¥, be fresh variables.

‘We have:
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ARy (u )
Coty P (RS, (AR (u) Ry, (ARA(v)))
h any o RSN, Wy evuy (BRa (1)) RS, (
=we O Y (R, Ww (ARy (1) Ry Yy, (AR (v))
= Coly Y (W (W, (RE, (AR (1)) Ry, (AR (v
— Cgf\’p@llzr’%(WE\Rgf%.(fv(u))(t/»

where ! =Wy, s o) (R, (AR (0) By, (ARA (1))

= Coly P (W= (W, (RE, (AR (/) R (AR4(0))))

a2 Y (W (RE (AR4 () Ry Yy (AR4(0)))))
St WG (RY (RE, (AR4(w/) Ry Yy (ARA(v)))))
(Co™ (RE, (ARA(u))RE, (AR4(v))))

AR (v)))

)
)

I
>

Then it suffices to notice that = = fv(uv) \ £fv(u'v).

e The case uv =g uv’ is similar to the previous one.

O]

For instance, if ¢ = (Az.y) w —g y = ¢/ then AR4(t) = (A2 W (y)) w —3
Wi (y) = Wevn\ev() (AR ().

Since meta-level substitution can also be simulated by the explicit one by
Lemma 5.1.22; then we obtain a more general simulation result.

Corollary 5.2.5 (Simulation (ii)). Let t € Ty such that t —y t'. Let B = AU {s},
where A C R.

o Ifwe A, then ARg(t) =5 Wiy)\sv(r) (ARA(')).
o Ifud A, then ARy(t) —5 AR4(Y).

For instance, if t = (Az.y) w —5 y = t' then ARy(t) = (A2 W (y)) w —su
W (y) = Wes(o)\eu(er) (ARw (2')).

While Corollary 5.2.5 states that adding resources to the Ag-calculus is well
behaved, this does not necessarily hold for any arbitrary calculus of the prismoid.
Thus for example, what happens when the Ag-calculus is enriched with resource
w? Is it possible to simulate each s-reduction step by a sequence of sw-reduction
steps? Unfortunately the answer is no: suppose the function AR4(-) is extended
to s-terms in a natural way; then we have t; = (z y)[z/v] —s x y[z/v] = t3 but

ARu(t1) = Wa(@ 9)[2/0] s @ Wa()lz/0] = ARa(t2).

5.3 Removing Resources

In this section we give a mechanism to remove resources, that is, to change the
status of weakening and/or contraction from explicit to implicit. This is dual to
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the operation adding resources to terms presented in Section 5.2. Whereas adding is
only defined within the implicit base, removing is defined in both bases. As adding,
removing is not only done on a static level, but also on a dynamic one. Thus
for example, removing translates any csw-reduction sequence into a B-reduction
sequence, for any B € {s, cs, sw}.

Definition 5.3.1 (Collapsing function). We first define the collapsing function
SL()) of a well-formed term t without contractions s.t. z ¢ £v(t) as follows:

w ifw¢l

I
5: (w) N z ifweTl
S (uv) = 8, (u)SL(v)
st Owa) = wsh(u), ifwgT
S (ulw/v]) = Si(uw)w/SI(v)], fw¢T
SE(Ww(U)) _ SE(U) Sg(w) € fV(S£<U>)

ng(w)(sg(v)) otherwise

The collapsing function renames the variables of a term by removing also the
weakened ones that do not respect well-formedness. Indeed, if W, (u) appears in
the image term, then = ¢ fv(u). Thus for example S%*(W,(W;(z))) = .

Lemma 5.3.2. Let c ¢ B and t € Tg. Then,
1. sL(t) =t ifTnfv(t) = 0.
2. 87Y(t) = RE() if y & £v(1).
3. del,(SI™2(t)) = SEt™2(dely, 4, (t))-
4. STT(STL2 (1)) = ST (1),
5. SI3:TA(STLT2(t)) = STLP2(ST3:™4 (1)) if x # x3, 4.
6. Sg(t)mtyzsg( ) ifr,y ¢ 7T, 2.
Proof. All the statements are straightforward by induction on size(t). O]

Definition 5.3.3. A well-formed term t is said to be well-signed iff for every vari-
able x € £v(t), © € £vT (t) implies |t|, = |t|; .

Thus for example, W, (y)W,(z) and z(yz) are well-signed while W, (y)z does
not.

Lemma 5.3.4. Let c ¢ B. Suppose t,u € Tp are well-signed. Then,
1. delp(t) =t if x € T implies x € v (t).
2. sLw(t) = RY(SL(t)) if y € £vH(1).

3. del,(sL(t)) = sl(del.(t)) withx ¢ T and x # z.
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4. 8y (O /ut = tfy/ulflz/ul if (tly = 1 or [t = 1) and £v(t)NEv(u) = 0.

5. STY(tH{w/u}) = STY(t){w/STY(u)} if £v(t)Nfv(u) = 0 and x,y cannot be both
mt orin u.

6. If t = t', then SL(t) —g SL(#).

Proof. All the properties can be shown by induction on size(t), except the last one

which can be shown by induction on the reduction relation.
O

The function RR4(-) : T3 = Tp\4 removes A C R from a B-term.

RRy(x) =
RRy (Ax.t) = Az.RR4(t)
RR (t ) := RR4(t) RRy(u)
RRa(t[z/u]) = RRa(?)[r/RRa(u)] '
RRAOVA(D) = { e A1) itw 4
y|Z(RR ®)) ifcg A
RRA(CYF (1) = SY*(dely, . (RRy(t))) if c € A& xefvt(ClF(1)
SU* (R (t)) if ce A& x ¢ tvt(CUF (1))

It is worth noticing that RR4(¢) is always a well-signed term when c € A.

For example, RRc(CZ"2(cyM¥2 Wy, Wy, (z1))y/x2)) = Wy(x)ly/x] and
RRy (W (21) Wy(22)) = 21 z2. More interestingly, RRC(CIl"/J["3 (Wa, (y1)x3)) is y1y2
and not Wy, (y1)y2. This is because when projecting contractions, we do not want
to leave negative variables whose positive occurrences come from the image of the
projection. This is particularly useful when projecting a SCa-reduction step. Indeed,
let us suppose

to

C 2 (ot (Wi, (y)as)[2 /2] —sca C21P2(Co™ (Way (y1)23) [y /1) [y2/ 22])

ty

Then, projecting contractions gives

RRc(to) = (22)[z/z] —spup (4192)[y1/2][y2/2] = RRc(t1)

Remark that the removing function RR4(_) is the identity if the resources A to
be removed are not in the term, i.e. RRy(t) =t if t € Tp\4-
The operation RR4(-) enjoys the following properties:

Lemma 5.3.5. Lett € Tg. Then, for all A C R
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~

. RL(RRA (%)) = RR4(RL (1)).
fvT(RR4 (1)) = £vT ().
fv(RR4(t)) = £v(t) if w e B\ A, £v(RR4(t)) C £v(t) otherwise.

. RRy(t) =RRq(t , )ifc¢B.

T~>Y] ... Yn T~>Y] ... Yn

e e

v

. delr(RR4(t)) = RRy(delp(t)).
Proof. By induction on size(t). O

Lemma 5.3.6. Let t,u € Tg and A C R. If t{z/u} € Tp, then RRy(t{z/u}) =
RR4(t){z/RRu(u)}.

Proof. If « ¢ £v(t) then the property is straightforward so that suppose x € fv(t).
We first prove RRy (t{z/u}) = RRy(t){z/RR4(u)} when [t|J < 1. Now, to prove in
the general case that RRq(t{x/u}) = RR4(¢){z/RR4(u)} we proceed by induction on
|2l

o If [t|T =n+1>2, then c ¢ B. We have

o (mju e uba/u)) —n
t . ){z1/RRa(u)}...{zn/RRa(u)}{x/RRA(u)} =L.5354

T~AT] ... T

t) b n 1T1/RRA(W} {20 [RRA(u) Hz/RRA(u)} =

T~ST...T

We now show RRy(t{z/u}) = RR4(t){z/RRa(u)} when [t|} < 1. We proceed
by induction on (o, (t), size(t)).

e If [t|; = 0 we have three cases.

— If [fv(t)| = 0 or w ¢ B then: RRy(t{x/u}) = RRy(del,(t)) =L. 5355
del;(RRy(t)) = RR4(t){z/RRy(u)}.
— If |fv(t)|; > 0 and w € B and w ¢ A then:

RRy(t{z/u})

RRA (Wsv(u)\£v(r) (dels(t))) =
WfV(U)\fv(t) (RRa(delx(t))) =L. 5.3.5:5
Wey(u)\v(r) (d€1z(RRA(2))) =L.5.3.53

Wew(mRa (u)\£v(ERA (1) (d€1z (RRA(E))) = RRa(t){z/RRa(u)}

— If |fv(t)| > 0 and w € B and w € A then:

RRA(t{z/u}) =

RRA Wey(up\ev(r) (delsz(t))) =

RRy(del,(t)) =L. 5.3.5:5

del, (R (1)) — RRA(f) {2/RRA (1)}
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e We now consider the case where [t =1

— If t = x then RRy(x){z/RR4(u)} = RR4q(u) = RRy(x{x/u}).
— The case t = A\y.v is straightforward by induction.

—t=vw.
If z € £v*(v) (so that € £vT(RR4(v))), then

RRy (v w){z/RR4(u)}
(RRA(v) RRa(w)){x/RRa(u)}
RR4(v){z/RRa(u)} del,(RRa(w)) =i
RR4(v{z/u}) del,(RRa(w)) =L. 535
RRAEv{x/u}) RRy (dely(w)) =
(

RR4 U{l‘/u} delx(w)) -
RR4((v w){z/u})

The case x € fv' (w) is symmetric.
— t = v[y/w]. This case is similar to the previous one.
— t=W,y(v).

If y # 2 & b # w, then

RR4 (Wy(v)){x/RRa(u)}

Wy (RRa (v)){z/RRa(u)}

Wy (dely(RRa (v))){{x/RRa(u) B
Wi sv(ara (w)) (de1e (RRa (v))f{2/RRa(w)}) =L. 535
Wi tv(u)(dels (RRa(v)) {z/RRa(w) }) =L. 535
Wy\fv(u)(RRA(del (v){{z/RRa(u)}}) iih.
Wiev(u) (RRA(dels (v){{z/u}}))

RRA(Wy\fv (u) (del (U){{.CC/’U,}}))

RR4(Wy (v){z/u})

If y # 2 & b =w, then

RR4 (W
RR4 (v
RRy
RR 4
RRy4
RR4 (W,

y(v)){2/RR4(u)}
v){z/RRa(u)}
v{x/u})
dely(v){{z/u})
Wy\fv y(dels(v){{z/u}}))
y (v ){w/u})

i.h.

=

/_\AA/_\/_\,_\

—t=cy (o).
Most of the cases are done using the i.h. and Lemma 5.3.5 except the
one where y = x & ¢ € A. We use the following notations: I' = fv(u),
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A,II are sets of fresh variables, I'y = {z € T||T|} > 1}, Iy = T'\ I'y,
A+, 111, Ag, Iy are similarly defined.

RRc (CY'2 (v)){z/RRe (u)} =

84142 (dely, y, (RRc(v))){z/RRc(u)} =L 5344
dely, y, (RRc(v)){y1/RRc(u) F{{y2/RRc(u) }} =L. 51177

RRc (v){y1/RRc(u) H{y2/RRc(u)} =

RRc (v){y1/Rf (R4 (RRe(u))) Hyz/ RE (Rf;(RRc (u)))} =L. 5351
RRC(U){yl/Rr (RRC(RF( ) )}{92/RH(RRC(RF( )} =L. 5322

RRc (v){y1/S5"" (RRc (RX (1)) }Hya/SE " (RRc (RN (w)))} =I.534:5&L. 5.3.2:1
St (RRe (v) {y1 /RRc (RY (1)) }{y2/RRe (R (u))}) =i.h.

SAOO,HO(SALHl(RRC(U{yl/RZ( YHyz /R (w)}))) =L.5.3.4:1
Sty (881 (deLy (R v o/ R (0} o/ B ))) =
RR(Cr " (v{y1/RE () Hyz/ R (w)}) =
RRc(Ca yl P (){z/u})
O

To illustrate Lemma 5.3.6, let us consider the terms ¢t = Cg'z(Wy(z)) and u =
Wo(Aw.w). Then t{z/u} = corlaz (Way W, (Aw.w))). We thus have:

RRc(t{z/u}) = SI"2(Wa, Wa, Aw.w))) = Wa(S40%2 (Aw.w)) = We(Aw.w)
and
RRc(t){z/RRc(u)} = z{z/Ws(Aw.w)} = W,(Aw.w)

Calculi of the prismoid include rules/equations to handle substitution but also
other rules/equations to handle resources {c,w}. Moreover, implicit (resp. explicit)
substitution is managed by the f-rule (resp. the whole system s). We can then
split the reduction relation —g in two different parts: one for (implicit or explicit)
substitution, which can be strictly projected into itself, and another one for weak-
ening and contraction, which can be projected into a more subtle way given by the
following statement.

Theorem 5.3.7 (Projection). Let A C R such that A C B C 8 and let t € Tg. If
t =g u, then RRy(t) =p\4 RRa(u). Otherwise:

o Ifs¢ B:

— Ift =3 u, then RR4 (1) —>E RRy(u).

— Ift =5\g u, then RRA(t) =} g 4 RRa(u) and RRp(t) = RRp(u).
e Otherwise,

— Ift =g u, then RR4(t) =& RRa(u).

— Ift =p\s u, then RR4(t) —H\s\4 RRy(u).
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Proof. By induction on the reduction relation. For the points involving RRy4(-), one
can first consider the case where A is a singleton. Then the general result follows
from two successive applications of the simpler property.

We only show here the following interesting cases where c € A.

o Let t = CYP(t1)[w/u] —sca CP™(t1]y/RA (w)][z/RY(u)]) = ¢, with y,z €
fvT(t1), I = fv(u) and II, A fresh. Then,

RRA(t) —

SY%(dely,. (RRA(t1)))[a/RRa (u)] =1 5541
SY*(RR4(t1))[x/RR4 (u)] =I. 5342

R%(RY(RRA(t1))) [ /R ()] —spup

RRy (t1)[y/RRa(w)][2/RRa (u)] =

RRy(t1)[y/RA (R (R (u)))][2/ RE(RE (RR4 ()))] —1 5322
RR(t1)[y/SE0 (Sp (RRA(RK (u))][2/SEO(SE (RRA(R (W) =1. 5.32:1
s (85 Ah“l (R4 (t1)[y/RRa (RR ())][2/RRA(RE (u))])) —L 5341
AO’ °(sp M (dela, m, (RRa(t1)[y/RRA(RY (u))][2/RRA(RE (w))]))) = RRA(t')

ot = C%‘Z(tl) —cee RY(t1) = ¢ with z ¢ fv(t;). We first notice that z ¢
fv(RRy4(t1)) by Lemma 5.3.5:3. Also, w ¢ B, otherwise z would be in fv(¢;)
so that RR4(t1) does not contain weakening nor contractions. There are two
cases to consider:

— 1y is positive

RR (1)
Sy’ (dely Z(RRA(tl)))
S%*(RRA(t1)) =L.5.3.4:1
Sy*(dely(RRa(t1))) =rL.53.2:2
RY(RRa (1)) =L. 5351
RR4(RY(11)) = RRy(t)
— 1y is not positive
RR4 (1) -

SY*(RRa(t1)) =L. 5322
RY(RR4(t1)) =rL.535:1
RR4(RY(t1)) = RRa(t)

o t =v[z/u] —spup vy, [z/ully/u] =1, if [v]f > 1 & y fresh .
By Lemma 5.3.5:2 |£vT(RR4(v))|F > 1. Then,

(t) =

RRy (v)[2/RRa(u)] —sDup
RRA(0)py], [#/RRA(u)][y/RRA(w)] =L 5354
RRAE”[y}m)[x/RRA(U)][?//RRA(U)] =

t/
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o t=Ci*(CY (1)) =qc, COY(CEP(t1)) =t with p € £v*(t1). Then,

RR(t)

RR, (Ch (CYP(11)))
S (del,,. (RRA(CYP (1)) =
1% (dely, . (SYP(dely,(RR4(t1))))

ST (deLy(del (SLP(dely, (RRa(11)))))) =L 5343
xT ( 1

Sy 7 (dely(8YP(dels(dely ,(RRp(t1)))))) =
S” (dely (S%P(dels yp(RRp(11))))) =L 5323
Sy” (S%P(delyp(delsy p(RRp(1))))) =
Si;7(SYP(del, y p(RRy(t1)))) =L.5324
St;P*(del; yp(RRp(t1))) =
SY (dely,y (857 (del, p(RRp(1))))) = RRp (')

o t=CY7(CY (1)) =ce. CUF(CY (1)) = . Then,
— Both contracted variables are positive. Then,

RR4 (1) =
R4 (CY 7 (CY7 (1)) -

51,% (dely s (SY7(dely - (RRA(11))))  =L. 5.3.0
sy # (syv (dely +y,2(RRa(t1)))

Syz(sy a (dely % 1 y,2(RRA(t1))) =I.534:3
S¥*(del, . (S, (dely . (RRa(t1))))) =RRa(t)

) =I. 5325
)

— Both contracted variables are negative. Then,

RR(t) =
RRA(Cg/,'Z, (1)) =
SZi’Z/(Sg”f(RRA(tl))) =L.5.3.2:5
SU7(SY* (RRa(f1))) = RRA(t)

— One contracted variable is positive, the other one is negative. Then,

RRy () —
RR4(CY7 (€% (1)) -

527 (84%(dely: (RRA(1)))) =L 532
S¥#(sY,” (dely 2(RR4(t1)))) =L.53.4:3
SY*(dely (S%, (RRa(t1)))) = RRA(t)

e The other root cases use Lemmas 5.3.2, 5.3.4, 5.3.5, and 5.3.6.

e (Cases of internal reductions use Lemma 5.3.4:6. In particular, the case t =
glz(t’) also uses Lemma 5.3.2.
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O]

For instance, the reduction ¢ = C4~ “(y 2)[x/a] —sca allaz( (y 2)[y/a1][z/ag]) =t
is projected into RR¢(t) = (= :r)[a:/a] —spup (T Y)[x/ally/a] =a (y 2)ly/allz/a] =
RRc(t).

It is now time to discuss the need of positive conditions (conditions involving
positive free variables) in the specification of the reduction rules of the prismoid. For
that, let us consider a relaxed form of the SS;-rule: t[z/ully/v] — tlx/u[y/v]] if y €
fv(u) \ £v(t) (instead of y € £vT(u) \ £v(¢)).

The need for the condition y € fv(u) is well-known [Blo97], otherwise PSN does
not hold. The need for the condition y ¢ fv(t) is also natural if one wants to
preserve well-formed terms. Now, the reduction step t; = z[z/Wy(2)]|[y/y'] —ss,
zlz/Wy(2)ly/y']] = t2 in the calculus with sorts {s,w} cannot be projected into
RRy(t1) = z[x/2][y/y'] —ss, x[z/z[y/y']] = RRy(t2) since y ¢ £v(z). Similar exam-
ples can be given to justify positive conditions in rules SDup, SCa and CS.

Lemma 5.3.8. Let t € Ty and let A CR. Then RRy(AR4(t)) = t.

Proof. By induction on size(t).

o ==
RRA(ARA({B)) =X

o t = J\z.t/
—weAand x ¢ fv(t))
RR4 (Ax. W, (AR4 (")) = A\x.RR4(ARy(t')) =i Azt

— Otherwise, we are easily done by i.h.

=ihnt

e t=vw
—ccA
RR4 (AR4 (1)) =
RR(Cr" (RR (AR4(v)) RE(AR4(w)))) =
AL (RRA(RK (AR (v)) RE(AR4(w)))) =
SP (RR4(RK (AR4(v))) RR4(RE (ARA(w)))) =1 532
SE i (RR (R4 (AR4 () R£<RRA<ARA<w>>>> =
St (R (RR4(ARA(v)))) ST (RE (RRA(ARA(W)))) =L 582
?(RF (RR4(AR4(v)))) SE(RI;(RRA(AR4(w)))) =I. 532
R ( (RBa (AR (1)) RE(RE(RRA(ARA(w)))) =
)

— Otherwise, we are easily done by i.h.
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The following property states that administration of weakening and/or contrac-
tion is terminating in any calculus.

Lemma 5.3.9. Ifs ¢ B, then the reduction relation —g\g is terminating. If
s € B, then the reduction relation —p\g is terminating.

Proof. The reduction relation —g\g is contained in —g\g so it is sufficient to
show termination of the biggest relation. We show that w —g\g w’ implies
(S(w"), I(w'),L(w')) <iex (S(w),I(w),L(w)) where S(t) , I(t) and L(t) are defined
by induction as follows :

S(z) 1 L(x) =1
S(Az.t) = S(t) L(Az.t) = L(t)
S(v w) = S(v)+S(w) L(t u) = L(t) + L(u)
S(We(t)) = 8(t) LW (1)) = L(t)
s(cdF)) = s L(CYE(t) = L@t)+1
S(t[z/u]) S(t) + Mg (t).S(u) L(t[z/u]) := L(t).(L(u) +1)
I(x) = 2
I(Az.t) = 2.I(t)+2
I(t u) = 2.(I(t)+ I(u)) +2
IWu(t)) = I(t)+1
(1) = 2.1()
I(tlz/u]) = T(t).(I(u)+1)
with M, (¢) defined as follows :
If x ¢ £v(t) then My (¢) := 1, otherwise :
M (z) =1
MOgt) = M)
My (t) if x € fv(t) \ fv(u)
M, (t u) = { M, (u) if x € fv(u) \ £v(t)
My (t) + Mg (u) if x € fv(t) Nfv(u)
1 ifr=y
My (W (1)) = M, () ifox#y
v 1+ My, (t) + My, (t) if 2 =y
Mo (CY12 (1)) = w0 foy
Mg (t) + My (t). (Mg (u) + 1) if x € fv(u) Nfv(t)
M, (t[y/u]) = My (t).(Mz(u) +1) if x € fv(u) \ £v(t)
M (t) otherwise

We also have to show that w —g\g w’ implies M, (w) = M. (w’). If 2z ¢ fv(w), we
have M, (w) = M,(w’). So suppose z € fv(w).

We show properties for the equation SS¢ (other are straightforward), and some
interesting cases for the rules:
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o t[z/ully/v] =ss. tly/v][z/u] with z ¢ fv(v) and y ¢ fv(u).
— Multiplicity (suppose y, 2z € £v(t) (other cases are similar))
x z € fv(t) Nfv(u) NEv(v)

=
IS
—~

S\
~—

— Complexity

— Interpretation
I(w) = I(t).(I(u) +1).(I(v) +1) = I(w')

— Last

d W?J(u)v 7AW Wy\fv(v) (uv)

— Multiplicity
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x z#y, z € fv(u) Nfv(v) (other cases are similar),

M. (w) = My (u) + M (v) = M (w')

x 2=

-y € fv(v)

M, (w) =1+ M, (v) > M,(v) =M, (w)

-y ¢ 1v(v)

M, (w) =1=M,(w)
— The complexity is obviously the same.

— Interpretation

I(w)

2.(IWy(u)) + I(v)) + 2
2.(I(u) + 14+ I(v)) +2
2.(I(u) + I(v))+2+1

v Il

o C' () /ul —vsca CF (tlan/ R () lwa/ Ry (u)]) with w1,z € £9*(1), T =

fv(u), A II fresh

— Multiplicity
x z ¢ fv(u)
M, (w) =M, (t) = M, (w')
* z € fv(u) (and thus z ¢ fv(t))
M. (w)

Mz, (£) 4 Moy (8) + 1). (M (u) + 1)
Mo, (£).(Ma (1) + 1) + Moy (£). (M (u) + 1) + 1

Mo, (tlx1/ Ry (u)][w2/ Ry (w)]) + My (tz1 /Ry (w)] [22/ Ry (w)]) + 1

M, (w')
— Complexity
S(w) =
S(t) + (My(t) + M. (t) +1).8(u) >
S(t) + My(t).S(u) + M (t).S(u) =(z¢ fv(Rg(u)))
S(tfy/ RY (w))) + M. (t[y/ RS (w)]) S(u) =
S(tly/RX (w)][2/ RS (w)) — s(w')

— Interpretation
o Cotle2 (tlz/u]) —rcs 75[915/C:z11|a2 (u)] with a1, a2 € £vF(u)

— Multiplicity
x 2 #a

I(w')

vl
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- z ¢ fv(u) (and thus z € fv(t))

M, (w) =
Mo, (¢[x/u]) + Ma, (t[z /u]) + 1 =
My (t). (Ma, (w) + 1) + My (t). Moy (u) +1) +1 =
My (2). (May () + My (u) + 1) + M:v(t) +1 >
My (). (May () + May (u) + 1) + Mz (2) =
My (£).((Ma, () + Moy (u) +1) +1) =
(1) (4 CE2 () + 1)
M, (w')

— Complexity

S(w) = S(t) + My (t).S(u) = S(w')
— Interpretation

I(w) = 2.1(¢).(I(u) + 1) > I(¢).(2.I(u) + 1) = I(w')

e The inductive cases are easy. Let consider the interesting one : t[y/u] —
tly/u'] with z € fv(u) N fv(t).

— Multiplicity. By induction hypothesis we get M, (u') < M, (u)

x z € fv(u)

M. (ty/ul) =

M, (t) + My(¢).(Ma(u) +1) >

M (1) + My (1) (Mx(u) +1) =M (t[y/u])
x 2 ¢ fv(u)

M. (tly/ul) =M. (t) + My (). (M (w) + 1) > M (8) = M= (t[y/u])

— Complexity is straightforward (as the other cases) since M;(t) = 1 when
x ¢ fv(t).

— Interpretation is also straightforward.

We conclude this section by relating adding and removing resources :
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Lemma 5.3.10. Let ) # A C R. Ift € Ty is in A-normal form then w € A implies
t =4 Wev(t)\sv(rry () (ARa(RRA(t))) and w & A implies t =4 AR4(RR4(1)).

Proof. By induction on size(t).
o If t = x, then x = ARy (RR4(z)) and £v(¢) \ £v(RRy4(t)) =0
o If t = Az.u, then we reason by cases.

—w e A We know u =4 va(u)\fV(RR‘A(u))(ARA(RRA(U))) by the i.h. But
t is in A-normal form, so fv(u) \ £v(RR4(u)) C {z}, otherwise it can
be reduced by LW. Now, if fv(u) \ £v(RRa(u)) = 0, then also fv(t) \
fv(RRy(t)) = 0 and the claim ¢t =4 AR4(RR4(Ax.u)) immediately holds.
Otherwise, fv(u) \ £v(RR4(u)) = {z} and t =4 Ax. W, (AR4(RRy(u))) =
AR, (RRA(t)).

— w¢ A. Then \x.u =4 (i.h.) Axz.AR4(RR4(u)) = AR4q(RRy(Az.u)).

e If t = u v, then we reason by cases.

— w € A. Then,

t =4 Wev(w)\tv(rRa (w)) (ARA(RRA (1)) Wey(o)\£u(RR4 (v)) (ARA(RRA(V)))

by the i.h. But ¢ is an A-normal form, thus fv(u) \ £v(RR4(u)) = fv(v)\
fv(RR4(v)) = 0, (otherwise it could be reduced by AW, or AW,). Hence,
fV(t) = fV(RRA(t)) and t =A ARA(RRA(U))ARA(RRA(U)). If ¢ € A then
t =4 AR4(RRy(t)) since RRy(u) and RR4(v) have no variable in common.
If c ¢ A then t =4 AR4(RR4(t)) by definition of the function AR4(-).

—w ¢ A. Then, t =4 AR4(RR4(u)) AR4(RRy(v)) by i.h. We have t =4
AR (RRy(t)) since RR4(u) and RRy(v) have no variable in common.

o If t =W,(u), then t =4 Wx(va(u)\fv(RRA(u))(ARA(RRA(U)))) by the i.h. This
last term is equal t0 Wey(s)\ev(rr, (¢)) (ARA(RRA(?))) since z € fv(t) but = ¢
fv(RRy(t)).

o Ift = C%IZ(U), then t =4 C;{'Z(va(u)\fv(mﬂ(u))(ARA(RRA(U»)) by the i.h. We
know also that y,z € fv'(u) since otherwise ¢ could be reduced by CWy or
CWi. We now reason by cases.

— w € A. Since t is in A-normal form, we have fv(u) \ £v(RR4(u)) = 0,
otherwise ¢ could be reduced by CWy or CWi. Thus we get t =4
%lZ(ARA(RRA(u))). But ¢ is well-formed, so that y,z € fv(u) and
x ¢ fv(u). Since y,z € fv'(u), then y,z € fvT(RR4(u)) C £v(RRyg(u))
and also = ¢ £v(RR4(u)).
Since ¢ € A, then by definition RR4(t) = S¥%*(del, .(RRa(u))), so that
x € £v(RR4(t)) and we get £v(t) = £v(RR4(1)).
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Notice that RRy(u) can be neither a variable (otherwise ¢ would
not be well-formed) nor an abstraction (otherwise ¢ could be re-
duced by CL), so that RRy(u) = w v, and thus ARy (RRy(u)) =
Cg‘W(R$(ARA(w)) R (AR4(v))) for @ = fv(w) N £v(v) and T and ¥
fresh sets of variables.

Hence, t = CY(Ch" (RE (AR, (w)) RE(AR4(v)))).

Now it would suffice that y € fv(w) \ fv(v) and z € fv(v) \ fv(w) (the
symmetric case is similar) to prove that this term is in fact:

(Cy"¥ (R2(AR4(w)) RE(AR4(v)))) =
(Co " (ARA(RYE(RY(w))) AR4(Ry(R:(v))))) =
(Co" (RYS(AR4(RY(w))) RyZ(ARA(RE(v))))) =

ARy (RY(w) RZ(v)) =I. 5322
( z
(
(

S
—~ —~

(RRa(u))) =L. 5.3.4:1

By well-formedness we know that y, z € fv(w v).

Suppose that one of them, say y, is both in w and in v. Then y € ®, so
that

t=4 oy YYD (R (ARa(w))) R (ARA(v)))

which we can rearrange using =¢c, into
t=4 CUV (Cyr " (R (ARa(w)) RE(ARA(0))))

if z € fv(w) \ £v(v), or into

=y oW (YYD (R (ARa(w)) RY(ARA(v))))

if z € fv(v) \ fv(w), or into

P TII’ /’ 1! \I’//7Z/,Z”
t=q cYEcl D (RE (AR (w) R (ARA(v))))

if z € fv(v) Nfv(w).

In the first (resp. second and third) case, ¢ can be CAp (resp. CAg and
(CAp or CAg))-reduced on ijl‘z() (resp. C;‘y”() and (Cg'Z/() or C,g”'ZH())).
In both cases, it contradicts the fact that ¢ is in A-normal form. Hence,
y ¢ ® (and similarly z ¢ ).

Now suppose that both y and z are on the same side, say in w. Then ¢
can be CAr-reduced on Cy |Z(). Similarly, they cannot be both in v. Hence
one of them is only in w, and the other is only in v, as required.
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—w ¢ A. Then, we have y,z € fv(u), otherwise ¢ could be reduced by
CGc. The reasoning is then similar to the previous case except that here
RRy(u) cannot be a variable otherwise it would be CGc-reducible; and
Y,z € RRy(u) by the i.h. and the fact that ARy () preserves free variables.

O

To illustrate Lemma 5.3.10 let us consider the term ¢t = W, (Az. Cy‘z( z)).
Then, RR{cw}(t) = A\z.x @, AR{c wy(RR{cw}(f)) = /\:B.Ci"z(y z). We can conclude
since fv(t) \ £v(RR{cw}(t)) = w.

Corollary 5.3.11. Let ) # A C R. Then, the unique A-normal form of t € Ty is
ARA(RRA(t)) ifw ¢ A, and va(t)\fV(RRA(t))(ARA(RRA(t))) ifwe A

Proof. Suppose w € A. Termination of —,4 (Lemma 5.3.9) implies that there
is t' in A-normal form such that ¢ —% ¢. By Lemma 5.1.20, fv(t) = fv(t')
and by Theorem 5.3.7, RRy(t) = RRy(#'). Since ¢’ is in A-normal form, then
t" =4 Wey@)\sv(rr, (#)) (ARa(RRA(t))) by Lemma 5.3.10 and thus we have that
t" =4 Wey(t)\ev(rn A(t))(ARA(RRA(t))). To show uniqueness, let us consider two A-
normal forms ¢} and t} of ¢. By the previous remark, both ¢} and ¢, are congruent
to the term Wey()\£v(rr (¢)) (ARA(RR4(?))) Which concludes the case. The case w ¢ A
is similar. O

5.4 Untyped Properties

We first show PSN for all the calculi of the prismoid. The proof will be split in two
different subcases, one for each base. This dissociation comes from the fact that
redexes are erased by [-reduction in base By while they are erased by SGc and/or
SWi-reduction in base Bg.

Theorem 5.4.1 (PSN). Let B C 8 and A = B\ {s}. Ift € Ty & t € SNy, then
AR4(t) € SN3.

Proof. There are three cases, one for B; and two subcases for Bg.

e Suppose s ¢ B. We first show that u € T & RRg(u) € SNy imply u € SNp.
For that we apply Theorem 2.1.6 with Ry =—p3, Ry =—g\3, B =—3 and
g = RRg(_), using Theorem 5.3.7 and Lemma 5.3.9. Take u = ARg(t). Then
RRg (ARB (t)) =r538t€ S./\/Q) by hypothesis. Thus, ARp (t) € SNg.

e Suppose B = {s}. The proof of ARg(t) =t € SNg is given in Chapter 3 using
a modular proof technique to show PSN of calculi with full composition.

e Suppose s € B. Then B = {s} UA. We show that u € Tg & RR4(u) € SNg
imply u € SN'g. For that we apply Theorem 2.1.6 with Ry =—g, Ro =—rB\s;
R =—s and g = RRy(_), using Theorem 5.3.7 and Lemma 5.3.9.

Now, take u = ARy (t). We have RR4 (AR, (t)) =L.5.3.8 t € SNy by hypothesis
and t € SN'g by the previous point. Thus, AR4(t) € SN 5.
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XC(RRA(t))
RR-A(tl xc RRA (t2))

Bl* *lB
xc(t1) t3 xc(t2)
f‘& Wr, (AR4 (RR.4 (x¢(t1)))) Wr, (AR4 (RR.4 (x¢(t2)))) J A
! l
Wriua, (ARa(t3)) =3 Wr,ua, (AR (3))

Figure 5.3: Confluence diagram

O]

Confluence of each calculus of the prismoid is based on that of the Ag-
calculus [Bar84]. For any A C R, consider xc : Tysyuqa — Ta which replaces
explicit by implicit substitution.

xc(y) =y xc(Wy(t)) = Wy(xc(t))
xc(tu) = xc(t)xe(u)  xe(C)'A(t) = CJ(xe(t)
xc(Ayt) = Ayxc(t) xc(tly/u) = xc(t){y/xc(u)}

Lemma 5.4.2. Lett € Tg. Then t =3 xc(t).

Proof. By induction on size(t) using Lemma 5.1.22. O
Lemma 5.4.3. Lett € Ty. Then RRp\g(xc(t)) = xc(RRp\s(?)).

Proof. By induction on size(t) using Lemma 5.3.6. O
Lemma 5.4.4. Lett € Ts. Ift —s u, then xc(t) —% xc(u).

Proof. By induction on t —g w using the simplified (but equivalent) notion of
substitution on s-terms given in Section 5.1. O

Theorem 5.4.5 (Confluence). Every calculus Ag of the prismoid is confluent mod-
ulo =3.

Proof. The proof is diagrammatically described in Figure 5.3.

Let t —% t; and t —3 t2. We remark that B = A or B = {s} U A, with
A C R. We have RR4(t) — B4 RRy(t;) (i=1,2) by Theorem 5.3.7. Further-
more xc(RR4(t)) =5 xc(RRa(t;)) (i=1,2) by Lemma 5.4.4 and xc(RRa(t:)) —5 t3
(i=1,2) for some t3 € Ty by confluence of the A-calculus [Bar84]. We also have
ARA(RRA(XC(tZ‘))) =I. 543 ARA(XC(RRA(ti))) —>jl WAi (ARA(tg)) for some A; (121,2)
by Theorem 5.2.4.
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x:Thrgax:T

I'kgegt:U 'Fgu:U Abgt:T
'\gz:TkgXxt:T—-U TWg(A\gx:U)kFgtz/u:T

(s € B)

I'kegt:T—-U Abgu:T I'kgt: T
Fwg Abgtu:U Dix:Ubg We(t): T

(w € B)

I'kgt: T
2:U;(C\g{y:U,z:U}) bg CYZ(t): T

(ceB)
Figure 5.4: Typing rules

Lemmas 5.4.2 and Corollary 5.3.11 give t; =5 xc(t;) =% Wr, (AR (RR4(xc(%))))
for some T'; (i=1,2). Then we get Wr,(ARa(RRa(xc(%:)))) —% Wr,ua, (ARA(t3))
(i=1,2). Now, =% C —% so in order to close the diagram we reason as follows.

If w¢ B, then 'y UA; =T UAy = () and we are done. If w € B, then —¢ pre-
serves free variables by Lemma 5.1.20 so that £v(t) = fv(t;) = £v(Wp,ua, (ARA(t3)))
(i=1,2) which gives I'y UA; =Ty U As. O

5.5 Typing

We now introduce simply typed terms for all the calculi of the prismoid, and show
that they all enjoy strong normalisation.

Definition 5.5.1 (Prismoid typing rules). Typing rules described in Figure 5.5
extend the inductive rules for well-formed terms (Section 5.1) with type annotations.

Thus, typed terms are necessarily well-formed and each set of sorts B has its
own set of typing rules. A term t € Ty with type T is written ¢ € 7'2?.

Lemma 5.5.2. IfI'Fg t: T, then
1. fv(t) = dom(T"),

2. A; Rgom(n)(ﬂ) Fa Rgom(n)(t) : T, where I' = AII and S is a fresh set of

variables.
3. RRy(t) € Tg\A, for every A C R.

Proof. By inductionon I' g ¢ : T. O

Theorem 5.5.3 (Subject Reduction). Ift € T, & t —g u, then u € T .
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Proof. By induction on the reduction relation using Lemma 5.5.2. The proof is very
similar to that of Lemma 5.1.20.

We consider interesting cases when the reduction/equivalence relation is at the
root:

o Cg'z(s)[x/v] —sCa C?'H(s[y/Rg(U)][z/Rﬁ(v)]), with I' = fv(u) & A,II fresh.
Since ¢ € B we know that Wg is disjoint union so that the type derivation of
t looks like:

Abs:T
Thv:C  z:C;A\g{y:C,z:CYHCI(s): T
(AN {y:C,z:C}) FCU(s)[x/fv] : T

We then construct the following type derivation:

I'kFo:C
Thv:C AFRY(w):C AFs:T
IFRy(v):C A (A\py:O)F sly/Ra(v)]: T
15 A; (AN y: C) \p 2 : C) F sly/Ra(v)][2/Riy(v)] : T
D;(A\sy:C\p2:C)FCp (sly/Ra(v)][z/ R (v)]) : T

We conclude since A\s{y:C,z:C} =A\gy:C\35z:C.

o CUF(t)[z/u] —seo CUF (t[z/u]), with z # w & y, 2 & £v(w).

ArFt:T
Phu:C A\s{y:B;z:B}w:BFCIU): T
Dwg (A\s{y:B;z:Bhw:B)\sxz:C)FCt)[x/u] : T

'tu:C ARt:T
Fwg (A\px:C)kFtlx/ul: T
(T (AN\gz:C))\s{y:B;z: B}w: BtF Cl*(t[x/u]) : T

‘We conclude since

s (A\s {y: Biz: BYw:B) \na:C) = (z4w)
Fwg (A\g{y:B;z:B}\sz:C;w:B)
Fwg (A\pz:C\s{y:B;z:B});w:B = (y,z¢7T)
Tws (A\pz:C)\s{y:B;z: B};w:B

I
g
R
2

° C%'Z(Wy(t)) —euy R (1).



110 Chapter 5. The Prismoid of Resources

F=¢:T
Ciy:BEW,(t): T
w:B;T\gz:BFCIFOW,(t): T

Then Lemma 5.5.2 allows to conclude I' \¢ 2z : B;w : B+ RZ(t) : T.
o Ci(CI7(5)) =cc, €UV (CH(5)).

N=s:T
I\ {y:B;p:B};x:BFCUP(s): T
C\s{y:B;p: B}\s2: Biw: BFCICYP(s)): T

I'ks:T
I\ {z:B;p:B}iz:BFCP(s): T
P\ {z:B;p: B}\sy:B;w:BFCICIPG$)): T

We conclude since '\ {y : B;p: B}\p2: B=T\g{2:B;p: B}\sy: B
o CUFCYE (1) Zcoe CHF(CUI (1)), with o £ o/, &l £y, 2
Ne=¢:T

P\s{y:B;z:B}y;z:BFCIF@t): T
C\g{y:B;z:B}\s{y :C;2 :Cl;z: B;2": Cl-Cg:lz/(Cg|z(t)) : T

'kt T
P\s{y :C;2:C}a':CF C;”:‘Z’(t) T
C\g{y :B;2 :B}\s{y:B;z:B};x:B;2' : BF C}I;/‘Z(Ci’,llzl(t)) -T

We conclude since I'\g {y : B;z: B} \s {y : C;2' : C} =T \s {y : C; 2 :
C\s{y: B;z: B}.

o s[z/ully/v] =ss. sly/v][x/u], with y & fv(u) & z ¢ £v(v).
MFu:C AbFs:T
Thv:B s (A\sz:C)F sfz/u]: T
Fwg (g (A\sz:C)\sy:B)F slz/ully/v]: T
'tv:B AFs:T
HFu:C Tug(A\sy:B)Fsly/o]: T
Mg (TWs (AN\sy:B))\sz:C)F sly/v]z/u]: T
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We conclude since y ¢ II and x ¢ I" imply

Fwg (HWs (AN\sz:C)\sy:B)=Tus g (A\sz:C\py:B)=
Mg (TWs (AN\gy: B)) \pz:C).

Now, we consider the reduction/equivalence relation is not at the root. We just
consider one case as all the other ones are similar.
If t = uwv =5, u'v, with u =5, «/, then we have
I'tgu:B—-T Abrgov:B
Twg Abguv:T

The i.h. gives IV Fg v/ : B — T with IV CT. Then IV Wy A C I'wWg A and we
thus conclude. ]

Corollary 5.5.4 (Strong Normalisation). Let t € Ty , then t € SN'z.

Proof. Let A C R so that B = A or B = AU {s}. It is well-known that (sim-
ply) typed Ag-calculus is strongly normalising (see for example [Bar84]). It is also
straightforward to show that PSN for the Ag-calculus implies strong normalisation
for well-typed s-terms (see for example [Kes07]). By Theorem 5.3.7 any infinite B-
reduction sequence starting at ¢ can be projected into an infinite (B \ A)-reduction
sequence starting at RR4(¢). By Lemma 5.5.2 RR4(t) is a well-typed (B \ A)-term,

that is, a well-typed term in Ay or Ag. This leads to a contradiction.
O

5.6 Appendix

The M\p-calculus

Rules :
B) Axt)u — t{z/u}

The Ac-calculus

Equations :

(cca) CF(cdPy) = il )

(Co)  CY) = vy

(cce) U EdF) = el ) ety Lol #y.z
Rules :

(B) (A\x.t) u — t{z/u}

CL)  CFOat) = AaciF@)

(CAL)  CUF(tw) -~ ) u v,z & fo(u)

(CAr)  CY(t u) — tCYF () y,z & fo(t)

(cac)  CH(¢) A y & fo(t)
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The Ag-calculus

Equations :
(88¢)  tlz/ully/v] = tly/ollz/u]  y & fo(u) &z d fov)
Rules :
(B) (Ax.t) u —  tlx/u]
(V) x[z/u) —
(SGe)  t[x/u] — t x ¢ fou(t)
(SDup)  t[z/u] =ty lr/ully/u] |t > 1 & y fresh
(SL) Ay.t)[x/u] — Ay.tlz/u]
(SAL) (tv)x/u]  — tz/u]v x ¢ fu(v)
(SAR) (tv)x/u]  — tolz/y] x & fou(t)
(ss) ty/vllz/u] — tly/vlz/u]]  x ¢ fot) &€ folv)
The Ay-calculus
Equations :
(Wie)  Wa(Wy(t)) = Wy(Wa(1))
Rules :
(B) (Ax.t) u —  t{x/u}
(LW) Az W, (t) — Wy(Az.t) xF#y
(AW1)  Wy(u)v = Wi sv(w) (uv)
(AWz)  uWy(v) = Wi gv(u) (w)
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The Acg-calculus

Equations :

(CCa)

Cu (¥ (1))

cy (1)

cul (vt

tla/ully/v]

(Az.t) u
CiF (A1)
CY (tu)

W (tu)
chl (1)
[z /u]
tx/u]
(Ay.t)[z/u]
(tv)[z/u]
(tv)[z/u]
tz/ully/v]

CY (1) /u]

Ut fu))

S s

1

%

tC;%‘Z(u)
Ry, (t)

t

Ay.tx/u
t[z/ulv
tv[x/u]
te/uly/]

e (tly/ RY (w))[2/RE (w)])

t[z/CY (u)]

ClF () ful — CU(t[x/u))

£y, &2 #yz
y ¢ tv(u) & = ¢ fv(v)

Y,z & fv(u)
Y,z & £v(t)

y & fv(t)
x ¢ fv(t)

x ¢ fv(v)
x & fv(t)
y & fv(t) &y e fvh(u)
y,z € £V (t)
' =fv(u)
A, II fresh
y,z € £vT (u)
r#w&y,z ¢ fv(u)
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The Acy-calculus
Equations :
(cca) CiE) = ")
CORNN0 = a0
(cce) CUF () = U (1) a Ay, Lo #y.
(Wie)  W.Wy(t) = W,(Wal(t))
Rules
(8) (A\x.t) u —  t{x/u}
(Lw Ax. Wy (t) — Wy(Ax.t) x#y
(AW Wy (u)v = Wy gv(v) (uv)
(AW uWy(v) = Wi sv(u) (w0)
(cL)  CFat) = Al
(CA Y (tu) = (b y, z ¢ £v(u)
(cA Y (tu) el (w) Y,z ¢ tv(t)
(CW)  CUEW,(t)  — Ri(t)
(CUz)  CLEWL(t) = WLlClF() =,z
(cGe) CUF (1) — Ri(t) y & £v(t)
The Agy-calculus
Equations :
(Wi We(Wy(t)) = Wy(Wal(t))
(ssc)  tlafully/e] = tyflw/u] ¢ fv(e) & o g tv(v)
Rules :
(B) (Ax.t) u —  t[x/u]
(Lw) Az Wy(t) — Wy(Ax.t) x#y
(Awy)  Wy(u)v = Wisv(w)(uv)
( ) UWy(”) - Wy\fv(u) (uv>
(SGc) t[z/ul — x ¢ fo(t)
(SDup)  t[z/u] =ty ully/u] [t| > 1 & y fresh
(SL) (Ayt)z/u] —  Ay.tlz/u]
(sAL)  (to)lz/u]  — tlz/u]v z ¢ fo(v)
(8Ar)  (to)[z/u] — twulz/y] z ¢ fo(t)
(s8) ty/olla/u]  — tly/v[z/u]] x ¢ fo(t) &z € fo(v)
(SWi)  Wi@®)[z/u] — Weyupev)(t)
(SW2)  Wy()[z/u] = Wypsew(tlz/u]) z#y
(sw) tlz/Wy(w)] = Wipsv (tz/ul)
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The Acgy-calculus

Equations :

cca) CUFCIP()) =

(
(ce) C¥F()
(cCe) c“fw”7>>
(W) Wa(W, (1))
(Sc)  t[z/ully/v]

(B) (Az.t) u
V) zfz/y]
(SDup) t[z/u]

(sL)  (Ay.t)[z/u]
(SAL)  (tv)[z/u]
(SAR)  (tv)[z/u]
(s8)  tlz/ully/v]
(8W1)  Wa(t)[z/u]
(Sw2)  Wy(t)[z/u]
(LW) Az Wy (1)
(AWy)  Wy(u)v
(AWz)  uWy(v)
(sw)  tlz/Wy(u)]

(sca) C¥F(1)[z/u]

tlz/ul)
SCb)  CY*(t)[2/u]
W) CUF (W, (1))
Ciy)  CUF (WL (1))

1T [ 11
)
|8 g
<
~
—

Il
=
<
~
=
B
~
£

— tlz/u]
—u

=ty [ /ully/ul

— A\y.tlx/u]
— tlz/u]v
— to[z/u]

— t[z/uly/v]]

— va(u)\fv(t) (t)

()\a; t)

\fv u)

Wieo(r) (t[z/u])

— " (tly/ RY (w)][z/ R (u))

- \.CY (1)
— CiF(t)u
— tCH* (u)

\fv (U’U)
) (u

v)

— t[z/CY* (u)]
— CYF (t/u])

— RZ (1)

— W, (CF (t)

v#y, & #y,z

y & tv(u) & = ¢ fv(v)

[tli > 1 & y fresh

x ¢ fv(v)
x ¢ fv(t)
y & fv(t) &y e fvh(u)

T Fy
T Fy

{ y,z € fvt(t)
I'=fv(u)

AL II fresh
y,7 ¢ t(u)
y,7 ¢ 9(1)

Y,z € £v1 (u)
r#w&y,z¢fv(u)

TFY, 2
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In this Chapter we present two different works which remind us that explicit
substitutions were originally created by a need in the formal design of functional
programming languages, and that was only afterwards that questions such as PSN
or metaconfluence were raised.

In the first section, we try to give ideas to answer the following question: if
the calculi with explicit substitutions are closer to practical implementations, then
to what extent are they closer compared to the A-calculus? To achieve this, we
conjecture bounds on the lengths of reduction for a simple calculus with explicit
substitutions.

In the second section, we present a formalisation of the Aj-calculus in Coq,
explain why it is so complex.

6.1 Complexity

Exact bounds for lengths of reductions are known for the simply typed A-calculus.
In the case of typed A-calculi with explicit substitutions, the cost of the reduction is
not constant w.r.t. the g-reduction and thus the bound rises. We conjecture both
lower and upper bounds depending on the degree and the size of the term from the
point of view of maximal strategies.
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It is interesting to quantify the cost brought by the explicitation of the substi-
tution, as it is more realistic. To quantify it, we will consider bounds for lengths
of reductions. Following works of Schwichtenberg ([Sch82], [Sch91]), based on ideas
from [How80], Beckmann [Bec01] showed exact bounds (upper and lower) for lengths
of reductions in the case of A-calculus, which depend on the size and the degree of
a term. By bound, we actually mean given a set of terms having same degree and
same size (or height), we pick up a term with a longest reduction (there can be sev-
eral terms with the same length of reduction) and give bounds on this reduction.

For a term t with degree n and size N, the bound is an exponential tower of 2 of
N

height n and N at the top, namely 2"

Beckmann’s proof for upper bound proceeds as follows: embed a term ¢ in a tree
structure, according to its size and its degree; rewrite the tree into an another one
using a simpler grammar. In this simple tree, the number of its nodes is a bound
of the longest reduction.

In this section, we will proceed as for the A-calculus and give upper and lower
bounds for a calculus with explicit substitutions. We will use maximal strategies
which can be described by inductive definitions on terms choosing which redex to
fire in order to have the longest reduction. They are well known and immediately
give constructions needed to naturally extend Beckmann’s proof and thus keep the
same scheme for the upper bound proof. However, we will have to deal with the
complexification induced by the number of rules. In our case, the bound will still
be an exponential tower of same height but with 4 instead of 2.

Related works: Upper bounds weaker than Schwichtenberg’s were also found
by [Loa98]. Miranda gave in [dMO03] an historical overview and made clearer the link
between expanded head trees and maximal strategies. In [Sch01] the complexity of
the decision problem, whether a term ¢ reduces to a term t’, was studied for levels
ranging from 1 to 3. In [Xi99], a bound similar to the one in [Sch91] was found,
using bounds extracted from a standardisation theorem proof. In [BWO00] bounds
for Godel System T were ginve using the same technique as in [Bec01]. Beckman’s
result was strengthened in [AJ05] using continuous normalisation.

6.1.1 The calculus with explicit substitutions

We will consider the Ax™-calculus with the simple typing system given in Defini-
tion 2.3.3. From now one, we will only consider well-typed terms. We introduce
the key notion, the maximal strategy, FX ():

Definition 6.1.1. Let C[_] be a head-context of the shape _ [T/u] T where v =
V] .. U, t[T/T] = t[zy/ug]..[xn /us]; and D[] a head-context of the shape - v. If
t is a A\x~ term, then Fx(t) is inductively defined on t, provided that t is not in
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normal form:

F% (D[(Ax.t) u]) = D[t[z/u]]

FL(ClAyD)/u]l) = Clrytlz/u]]

FL(Clv w)lz/ull) = Clole/u] wlz/u]]

F(Clale/t]) = C[t] .

PE(CLRp]) = { L A S
FX (\x.t) = Ax.FZ(t)

F;‘O(mtl...tn) = Ixtl...Fgo(tj)...tn Vi < j,t; € N]:)\x—

Using the context C' instead of D in FX (D[(Az.t) u]) would lead to per-
form the step ((Az.t)u)ly/v] —p tz/u]ly/v] instead of ((Az.t) uw)ly/v] —sapp
(Az.t)[y/v] u[y/v] whereas only the last one is maximal.

6.1.2 Upper bounds

We are interested in giving bounds on the following functions:

dl,(N) := max{ny-(t) : t a term, g(t) < n,|t| < N}
dhp(N) := max{ny,-(t) : t a term, g(t) < n,h(t) < N}

i.e. given a set of Ax -terms with same degree and same size (or height), we
pick up a term with a longest reduction and we give bounds on this reduction.

In [Bec01], the exact bounds for the A-calculus are dh(N) = QSﬂU and dI(N) =

29™) where O(N) is the usual notion to compare functions growth [CLRS01] and

2™ is inductively defined by 27, ; = 2% and 2" = m.

We want to embed each term in a tree representing its longest reduction in the
sense that it is possible to define a route in the tree that mimics choices of the
maximal reduction. Such trees will be called expanded head tree or more simply
eht. Then we count the number of nodes in this tree, and deduce the longest possible
reduction. However, we cannot embed a term directly in this kind of tree because
doing so, we do not know how to guess the height of the resulting tree whereas this
is an indispensable information to estimate the number of nodes.

Therefore we use another kind of trees (associated binary trees, abt) , via an
embedding depending on the degree and the size of the term.

Both kinds of trees are defined by induction. Associated binary trees use one
more rule than expanded head trees, namely the (Cut)-rule. As cut-elimination in
logic, we will remove cuts level by level, quantifying the increase of nodes in this
operation. When all cuts have been removed, we obtain an eht and we have the
desired property i.e. the number of nodes is a bound. Since we know how many
nodes we have when we embed, and how many we add when we eliminate cuts,
then we finally deduce the number of nodes and conclude.

The general scheme of the proof can be graphically summarised as:



120 Chapter 6. Towards Real Life

embedding 7\ cut-elim estimation
abt fe;t\
Lemma 6.1.16 u Lemma 6.1.15 U Lemma 6.1.17

term bound

To show the connection between the trees we are going to use and maximal
strategies, we first define both of them for the A-calculus. We give the definition of
an associated binary tree as in [BecO1].

Definition 6.1.2 (Associated Binary Tree for the A-calculus). An abt l% t for the -
term t with «, p € N is inductively defined (in a bottom-up fashion) by the following
rules:

B) If I%t{x/u} v and I% u, then |70;+1 (Ax.t)u v
(Lam) If I%t, then |%+ "zt
(Var) If I%tl,...,lgtn (n >0), then l%Jrna:tl...tn
(Cut) If l%t with lv(t) < p and I%u, then |%+1 tu

With rule (Var)we have l% x for any x, «, p.

In l% t, a corresponds to the height of the tree and p to the level up to which
it is allowed to use the rule (Cut). In the sequel, we will often use the following
rule, admissible thanks to the particular case of (Var)where we have I% x for any

a, p and variable z: if I% tand a <o/, p < p/, then l%/ t.
We could also have defined binary rules, like for instance (3, if l% t{x/u} v and

B maz(a, B) + 1
t, v, then £ (

rule, but it is less convenient to use.

Az.t)u T. Doing so, we remove the need of this admissible

We specify an equivalent definition of F2 (_) for the M-calculus:

Definition 6.1.3. The mazximal strategy F2(0) on a A-term t s.t. t ¢ N Fy is the
following:

z. B (u if x v and u
FE(D[(\wt) u]) = {DH(A t) FL(u)]  ifx ¢ £u(t) and u ¢ NF

D[t{z/u}] otherwise
FB (\x.t) = M.F2 (1)
Fl(zty .. ty) = xt .FL({t) ... t,Vi < jt; € NFs

A condition giving two cases in the strategy will give a binary node in the
associated binary tree, to keep track of all possibilities.

In general, all rules used to build the abt which are underlined (for example 3
in Definition 6.1.2) are the ones performed by Fi(-), reading downward in the tree.
Rules (Lam)and (Var)are looking for a leftmost-outermost redex to contract, as in
F () except that rules in the strategy do not deconstruct. Rules (Lam), (Var)and
(Cut)will be the same in our case, and would be also the same for other systems with
explicit substitutions. The underlined rules are specific to the maximal strategy in
the system considered. Due to the fact that the (Cut)-rule overlaps rules § and

(Var), for any term ¢, there can be several abts.
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Example 6.1.4. Two different abts for the term (Iy) (Iz) where I = \x.x are:

/B\

2 (1) (12) gy gy (12
o —— |(Var)
%Iy é[z RE
B B B
T g

In the tree on the left, as p =1, we can use the rule (Cut)to obtain (Iy) (Iz) (since
lw((Iy)) =1 as I y is of type a — «) but not to obtain Iy from I and y (since

lv(I)=2).

Example 6.1.5. The shape of a term in head normal form is like:

\'
£t / \\\.
2 /

o tn
n

1
The (Var)rule is designed with l—?+ xr ty...t, and not |%+ xty...t, because it is
easier to count nodes in trees with o fized number of children, as in Lemma 6.1.17.

We now give the definition of associated binary trees, which is adapted from
FZ () to the case of Ax™.

«

Definition 6.1.6 (Associated Binary Tree). An abt b t for the Ax~ term t with
a,p € N is inductively defined by the following rules where C[_] and D[-] are as
defined for FX(.):

(67

B Dtlx/u]], then £ 7" D[(A\z.t)u]
SLam Clry-tlz/u]], then 157 ClOw 1)z /u]
SApp Clvlw/u] wlz/ull, then B Clw w)lz/ul]
SVar C[t], then 2+ Clafa/t]]
C 1

[=] and +|% u, then |%+ Clz[z/u]]

slovlpovnlionlonlionlonlionlo
—

n
Q
@)

S R S

A t, then - Ax.t
(Var) ty, .. ,I; n, then €+nxt1...tn
(Cut) t with lv(t) < p and 1, u, then |%+1
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Notice that B, unlike 8 in A-calculus, does not erase its argument and thus B is
unary. However SGc does and SGc is binary to keep a copy of the erased subterm
in the tree. As for the A-calculus, underlined rules correspond to the maximal

strategy.

Example 6.1.7. Two different ABT for the term (Iy) (Iz), as in Example 6.1.4:

2 (1y) (12)

| B
4
2 (1) (12) 5 @lz/y] (I2)
|
PN g,  SYer
9 5y I2)
Ty T Iz L (Var)
| = 5 Is
1 1 . B
T z[z/y] i z[z/z] 1
‘SVar SVar g 2le/]
0 0 0‘ SVar
Fy oz bz

Definition 6.1.8 (Expanded Head Tree). An abt I% t associated to t is called its
expanded head tree.

An expanded head tree does not use the rule (Cut)and thus is unique, unlike an
arbitrary abt.

Definition 6.1.9 (Number of nodes). The number of nodes #t of an expanded head
tree % t is defined by induction on t:

#D[(\x.t)u] #D[t[z/u]] +1
#C[(\y-D)lz/ul] = #C[Aytlz/u]] +1
4C[(v w)lz/u]] = #C[ofe/u] wle/ul] +1
#Clxlx/ul] = #Cu] +1

#C[zlx/ul] = #C[]+#u+1
H#Ax.t = F#t+1

#(l‘ tl...tn) = Z?:l #ti

We easily notice that for a given eht l—g t we have that for each maximal step
performed on ¢ there is a corresponding edge (and thus a node) in the tree. Actually
for most of the steps in the strategy, we just go down in the tree. If t = C[z[z/u]]
we have all the nodes of the subtree associated to u for the maximal reduction of u

and nodes of C[z] for the rest of the remaining steps.

Lemma 6.1.10. Let t be a Ax™ -term such that l% t. Then #t is a bound on the
longest reduction from t.

Notice that without a proof of maximality for FX (_) we would have had to do
like in [BecO1] with its main lemma: if ¢ —,,- ¢’ then #t' < #t by case analysis on



6.1. Complexity 123

the reduction rule. However we could not deduce a proof of maximality for FZ ()
from this lemma since FZ (_) only visits a subset of the tree.

We now want to embed each Ax~ term in an abt. To do this, we need some
technical lemmas:

We conjecture this lemma

Conjecture 6.1.11 (Explicit Renaming). Ifl% t, then I%a+ ! tly/z].
We are not able to prove it by induction on the derivation ofl% t. Indeed, in

the case where we have |%+1 D[(Az.v)u] coming from l% D[v[x/u]]. We write the
context Dv[z/ul]ly/z] like (v[z/u] t1...t,)[y/z]. We cannot apply the rule B since

we do not have a D context anymore and are thus stuck.

Example 6.1.12. Consider an expanded head tree % xo x1. We have for instance
I% (xo =1)[y/z] Notice that, as the tree is filiform, then the height itself bounds the
longest reduction.

Q

Lemma 6.1.13 (Appending). Ifl% t and t y is a typable term, then l% ty.

Proof. By induction on l% t. We detail less as the reasoning is quite similar to the
previous one.

e B: By induction l%a DJv[xz/u]] y and then by B, l%OH_ ! D[(Az.v) u] y which
concludes since 3o+ 1 < 3a + 3.

Rules SLam, SApp, SVar and SGe are straightforward by induction.

o+ 1 o+ 2

(Lam): By Lemma 6.1.11, I% t'[x/y], then by the rule B, I% (Ax.t') y.

[0}

(Var): By hypothesis, l% t1, .oy by tn. With the rule (Var), we also have I% Yy

and we conclude by a last application of (Var)l% ot xty...tpy.

+1

(Cut): I% t u comes from I% t with lv(t) < p and I% u. We have that
lv(tu) < p since lo(tu) < lu(t). With (Var), we have b 1 y and we can apply

p
the rule (Cut)to get |%+2 tuy.

We now extend the implicit substitution to Ax -terms: t[z/ul{y/v} :=

ty/v}[z/ufy/v}].
a+p

Lemma 6.1.14 (Implicit Substitution). Ifl% t and lg v and lv(v) < p, then |
t{y/v}. We restrict ourselves to the case where there is no node generated by SGc
with Cy] as a left premise in the tree of t.

Proof. By induction on I% t. Let t* :=t{y/v}.
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B: By induction hypothesis I%Jr ¥ D [t*[x/u*]], hence by the B-Rule we have
|%+ gt D[(Az.t*) u*].

Rules SLam, SApp and SVar are straightforward by induction.

67

For the case SGc we have 12 7' C[z[z/u]] coming from I% u and l% C[z] with

P
z # y. By induction hypothesis |%+ﬁ C*[z] and P8 4% . We have |%+B+ !

2
C*[z[x/u*]] by SGc that is €+B+ ! (Clz]z/u]])* thanks to our restriction.

(Lam): By induction hypothesis |%+ﬁ t* and I—g Az.t* by the (Lam)-

Rule.

a+B8+n

t; hence b x t7..t} by (Var), if

x # y. Otherwise, we can weaken the hypothesis and get |%+B v. Then we

can apply n cuts and get |%+ Py ..t

(Var): By induction hypothesis |%+ﬁ

(Cut): By induction hypothesis, I—ZHFﬁ t* and I%Jrﬁ

at+B+1
b

u*. As lv(t) < p we have
tru*.

lv(t*) < p and we can apply (Cut)and get

o

Lemma 6.1.15 (Cut Elimination). If I%H t, then I% t.

a+1

Proof. All cases are easy by induction except (Cut). Suppose we have £~ t u

l_
P
coming from I% 11 tand I% 11 u. Then, by induction hypothesis, I% t and I% u with

lv(t) < p+1, hence lv(u) < p. By Lemma 6.1.13, I%M t x with = ¢ fv(t) so we
4a+1

can apply Lemma 6.1.14 and get %.411 tuie t; tu O

We now have all necessary lemmas to embed each Ax™ term:

[t]
Lemma 6.1.16 (Embedding Lemma). Let t be a Ax™ term. If g(t) < p, thenl% t.

Proof. By induction on t.

\
o l=u, éwl x by (Var)and weakening.
4lt1—1 . : . 4ltl=1 41
o t=Xru, b, u by induction hypothesis and thus t; t by (Lam). We
can conclude since 4/1=1 4+ 1 < 4t (as |t| > 2).
4ltl=1 4ltl=1 . . . 4ltl=1 11
e t=uuv,lk; u and f v by induction hypothesis. By (Cut), | u v

and we conclude as in previous item.
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[t]—2 [—2

It
o t = ufz/v], I% u and I% v by induction hypothesis. By Lemma 6.1.11,
|§-4lf\—2 +1

p u[z/y] with y ¢ fv(u). Thus, as lv(v) < p (since v is a subterm

L 4ltl=2
of t and ¢(t) < p) we can apply Lemma 6.1.14 and get I% SR

lillt\—l 41
P

[x/v] i.e.

ulz/v]. We can conclude since 411 +1 < 4/l (since [t| > 3).

Since our tree is binary and we know its height, we can immediately estimate the
number of nodes:

Lemma 6.1.17 (Estimate Lemma). If 15 ¢ then #t < 2°.

[t
Theorem 6.1.18 (Upper bound). di,,(N) < ot and dhn(N) < 22"

Proof. Using the three key lemmas (embedding, cut elimination, estimation), we
get that the height of a tree is such that: height < 4';'. As the tree is binary we

[t]
have: #t < 2%, Hence by Lemma 6.1.10,
Al
dln(N) <27

As previously noticed, we can derive dh,,(N) since for any term, [t| < 2"®):

It
dh,(N) < 22"
0

This result seems reasonable compared to the A-calculus. However it could be
much stronger with a lower bound closed to it.

6.1.3 Lower bounds

Since Ax~ simulates the A-calculus, the lower bound for the A-calculus is also a valid
lower bound for Ax~. We briefly give terms used in [Bec01] to show optimality.

Let ¢ be a ground type. For n € N, let o(n) be a type s.t. 0(0) = ¢ and
o(n+1) = o(n) — o(n). Notice that lv(o(n)) = n. Let [u]*(v) be the term denoting
the k-fold iteration of uw applied to v, i.e. u(...(u v)...) with k u s. Let o be a type
and N’ be the generalized Church numeral Af* =7 \z.[f]" (2). Fix some variable 0
of type ¢, and d of type ¢ — ¢ — ¢. Let [ = Az*.x and D = Az*.dxx. Let Tj(u) be
a tree-like term of height k defined as Ty(u) = v and Tyy1 = d Ti(u) Ti(u).

We adapt a lemma from [Bec01]:

Lemma 6.1.19. Let k be a natural number. Then,

o 271F (u) v =5, [W]* (v)
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o [DIF(u) = xe- Ti(u)

2k+1

o T}.(10) —5,— Tr(0)
Proof. By induction on k. O

Let 2°CY be D and 2°% be 10. Then we can define AR, with degree n + 1
and size O(NN) [CLRS01], independently of n. Using Lemma 6.1.19 we have:

A% — [QO(’R—l)]N éo(n—Q) 70(71—3)'“?0(—2)

S A A B L

e D3, (10) =3, T, (N)(10)

2N
— 0 T3,(0)

Thus we have di,(N) > 2N 1 i.e. the bound for A-calculus with one more
floor. We can have the same reasoning for dh,(N) and find a similar bound
dh,(N) > 2N 9. Both bounds are really under the upper bound. We conjecture
that both upper and lower bounds can be improved. However, with the approach
with terms AY there is no hope in improving the lower because 2 is not significant
wrt exponential towers of 4 or even 3. The main difficulty comes from the fact that
the maximal strategy for AR, ; or A%H does not share many reductions with A’
and thus it is difficult to find an induction hypothesis.

To investigate, we developed a program which performs the maximal reduction
for Ax~. We analyse the size of the terms during reduction and conjecture that the
optimal bound is a tower of 3 of height n. it is possible to find shapes of A%, graph
in those of A%, or A% in groups of three.

In Figures 6.1.3, 6.1.3 and 6.1.3, we reproduce interesting graphs where the
x-coordinates correspond to the number of steps, y-coordinates to the size of the
term.

Notice that in the Figure 6.1.3, it is only the beginning of the reduction, and the
last part on the right may indicate that it is only a small part. It was impossible
to investigate more in this direction due to the fact that reductions take definitely
too much time (several days), even for terms A%, with N,n < 3.

To compare, we also reproduce a graph in Figure 6.1.3 for the case of the A-
calculus. Notice that peaks appear here group by 2.
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6.2 Formalisation

In this section, we formalise Aj in Coq. The formalisation in its own is interesting
since A\j has been defined in its original version with names and not with indexes,
and the non-deterministic replacement operation of Aj has not been mathematically
defined in [AK10].

The implementation in Coq has been developped in collaboration with Stéphane
Zimmermann. Certain technical details are omitted here for a better comprehen-
sion. The full development can be browsed or downloaded at https://www.pps.
jussieu.fr/~renaud/coq.

6.2.1 Representation of Bound Variables

When studying the theory of calculi with explicit substitutions we have the choice
between calculi with indexes or names, because there is not a major influence on the
properties that a calculus can enjoy. However, when dealing with implementations,
it is quite unrealistic to have simply names and a-conversion. Nevertheless, we still
have the choice between several representation of binders.

1. The first possibility is of course to use De Bruijn indexes or levels [Cré07,
LRD95]. It removes the need of a-conversion, but it is difficult to manipulate
them since indexes or levels have to be shifted when they cross a binder.
Both levels and indexes notations are unique for a given term. An advantage
of indexes over levels are is that they are context-independant i.e. no index
update is required when embedding a term in another. However, when the
context is fixed, updates of levels are easier.

2. Another possibility is to use nominal logic [GP02]. It is mainly available for
the proof assistant Isabelle [Isa], even if an approach with the Coq assistant
has been tried [ABWO07].

3. The locally nameless representation [Chall, Gor93], based itself on the lo-
cally named representation [MP93] is a good compromise between names and
indexes. Neither a-conversion nor indexes shifting is needed. This is done
using the following grammar of preterms:

t::=trmbvar i | trm fvar x | trm abs t | app t t | sub t ¢

Free and bound variables have now their own constructors. Bound variables
are handled as for De Bruijn indexes and free variables are represented using
names, also called atoms, as done in the usual theory. Atoms can be im-
plemented with any datatype which supports a comparison function and a
generator. We will thus use natural numbers in our implementation. For the
sake of clarity, we will however use names in the sequel.

Furthermore, it seems that the induction principles obtained with this tech-
nique are stronger than those obtained automatically with the nominal ap-
proach of Isabelle [ACP108].


https://www.pps.jussieu.fr/~renaud/coq
https://www.pps.jussieu.fr/~renaud/coq
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Given the familiarity of the author with Coq, and the advantages of the locally
nameless representation, we choose this combination.

There exist some attempts to generate and prove all the infrastructure related
to the technicalities of the locally nameless representation directly from simple
specifications (such as those of Ott [SNO™10]) containing a grammar for terms and
a set of rewriting rules. However, as those softwares are still under development
([AW10, SNO™10]), we will thus not use them. Instead, we will adapt all the lemmas
needed for the locally nameless infrastructure of the A-calculus [Chall].

6.2.2 Preterms, and their Operations

The formal grammar of preterms is the following:

Inductive pterm : Set :=
| pterm_bvar : nat -> pterm
| pterm_fvar : var -> pterm
| pterm_abs : pterm -> pterm
| pterm_app : pterm -> pterm -> pterm
| pterm_sub : pterm -> pterm -> pterm.

We will use the notation t[u] to represent pterm_sub t u.
We can define the notion of free variables on preterms:

Fixpoint fv (t : pterm) : vars :=
match t with
pterm_bvar i => {}
pterm_fvar x => {{x}}

pterm_app t1 t2 => (fv t1) \u (fv t2)
pterm_sub t1 t2 => (fv t1) \u (fv t2)
end.

|
|
| pterm_abs t1 => (fv t1)
|
|

where {} is the empty set, and {{x}} the singleton {z}.

Even if there is no need to update indexes, there are still several operations to
be formally defined. In particular, when a proof needs to consider a subterm, there
is some work to do. Indeed, if for the named case we can manipulate the subterm
t of Ax.t, it is not the case for locally nameless terms. For instance, if we take the
subterm trm_bvar 0 of trm_abs trm_bvar 0 (representing Az.z), we have a preterm
which does not correspond to any A-term. We would indeed like to have trm_fvar x
instead.

We will later only consider the subset of locally nameless terms satisfying a
certain predicate, in order to have a bijection between locally nameless terms and
A-terms equivalence classes. In a first time, to be the most general possible, we will
define operations on preterms.

To look to the subterm t under an abstraction (or a substitution), we thus
need to transform the references to the binder into a fresh free variable x. This
is the purpose of the wvariable opening operation. Formally, we need to replace all
trm_bvar i with ¢ equal to the number of binders enclosing the bound variable.

To be more general, we directly define the open operation extended to preterms,
and not only to variables:
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Definition open t u := open_rec 0 u t.

with open_rec being the generalisation of open to any depth, not only 0:

Fixpoint open_rec (k : nat) (u : pterm) (t : pterm) : pterm :=
match t with

| pterm_bvar i => if k = i then u else (pterm_bvar i)
| pterm_fvar x => pterm_fvar x

| pterm_abs t1 => pterm_abs (open_rec (S k) u ti1)

|

pterm_app tl t2 => pterm_app (open_rec k u t1)
(open_rec k u t2)
| pterm_sub tl1 t2 => pterm_sub (open_rec (S k) u t1)
(open_rec k u t2)
end.

We will use the following notations:

Notation "{ k "> u } t" := open_rec k u t.
Notation "t °° u" := open t u.
Notation "t ~ x" := open t (pterm_fvar x).

Symmetrically, we can define the close operation:

Fixpoint close_rec (k : mnat) (x : var) (t : pterm) : pterm :=

match t with
| pterm_bvar i => pterm_bvar i
| pterm_fvar x’ => if x’ = x then

pterm_bvar k

else

pterm_fvar x’

| pterm_abs t1 => pterm_abs (close_rec (S k) x t1)

| pterm_app tl1 t2 => pterm_app (close_rec k x t1)
(close_rec k x t2)
| pterm_sub tl1 t2 => (close_rec (S k) x tl)[close_rec k x t2]
end.
Definition close t x := close_rec 0 x t.
As expected we have:

Lemma close_open_var: forall x t, x \notin fv t -> close (t"x) x = t.

We can also define the implicit substitution on preterms:

Fixpoint subst (z : var) (u : pterm) (t : pterm) : pterm :=
match t with
pterm_bvar i => pterm_bvar i
pterm_fvar x => if x = z then u else (pterm_fvar x)

pterm_app tl t2 => pterm_app (subst z u tl) (subst z u t2)
pterm_sub tl t2 => pterm_sub (subst z u tl) (subst z u t2)
end.
Notation "[ z "> u ] t" := (subst z u t).

|
|
| pterm_abs t1 => pterm_abs (subst z u ti1)
|
|

Notice that the implicit substitution can be defined by means of the closing and
opening operations:

Lemma subst_as_close_open : forall t x u, term t ->

[x "> u]l t = (close t x) u.



132 Chapter 6. Towards Real Life

6.2.3 Locally Closed Terms and Bodies

The grammar of preterms contains much more objects than those in Aj. We will
thus restrict preterms to locally closed terms, or simply terms. The idea is to
have for any bound variable trm_bvar i deep inside a preterm at least ¢ binders
above it. There are several ways to perform this restriction. The simplest one is to
define a term, for instance in the case of the abstraction, by using a statement like
“trm_abs t is a term if there exists a free variable x such that t "x is a term”. We will
however follow the method suggested in [Chall] which uses cofinite quantification.
The idea is to change the previous definition into: trm_abs t is a term if for any
set of variables, there exists a free variable x which is not in this set such that t
“x is a term. Doing so, we have stronger induction principles which facilitates the
development.
Inductive term : pterm -> Prop :=
| term_var : forall x,
term (pterm_fvar x)
| term_abs : forall L ti1,
(forall x, x \notin L -> term (t1 ~ x)) ->
term (pterm_abs t1)
| term_app : forall t1 t2,
term t1 ->
term t2 ->
term (pterm_app tl t2)
| term_sub : forall L t1 t2,
(forall x, x \notin L -> term (t1 ~ x)) ->
term t2 ->
term (pterm_sub t1 t2).

We have now for each trm bvar i in a term t, at least ¢ binders above it, and
thus the operation open is the identity on a term:
Lemma open_rec_term : forall t u, term t -> forall k, t = {k "> u}t.
We also need the predicate body on preterms, stating that if we open a preterm
t (at level 0) with a fresh variable, we obtain a locally closed term:
Definition body t := exists L, forall x, x \notin L -> term (t ~ x).
For instance, trmbvar 0 is a body since (trm_bvar 0)'x = trm_fvar x
which is a term. In the same way, trm.abs trm bvar 1 is also a body
since (trm.abs trmbvar 1)'x = {0 ~> trm fvar x}(trm_abs trmbvar 1) =

trm_abs ({1 ~> trm_fvar x}trm bvar 1) = trm_abs trm_fvar x. Of course, every
term is also a body by Lemma open_rec_term.

6.2.4 Number of Occurrences of Variables

As the Aj-calculus is based on the notion of multiplicity, we need to be able to
count the number of free variables:

Fixpoint fv_occ (x: var) (t: pterm) : nat
match t with
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pterm_bvar k
pterm_fvar z
pterm_abs t’
pterm_app tl1
pterm_sub t1

end.

=>
=>
=>
t2
t2

0

if z = x then 1 else O
fv_occ x t°

=> fv_occ x t1 + fv_occ x t2
=> fv_occ x t1 + fv_occ x t2

We can now wonder if this notion is enough to express for instance the dereliction
rule, stated in the original system as t[x/u] —y t{z/u} when [t|, = 1. With our
approach, this gives t[s] — t ™" s with a condition now a little bit more complex.

There are two options:

e The first one, which only uses the number of occurrences of free variables,
needs to introduce a fresh variable z and is:

forall L, forall x \notin L, fv_occ x t = 1

e As it is not convenient to manipulate fresh variables, and furthermore not

necessary, we count the number of bound variables. The condition simply
becomes bv_occ t = 1.

The idea of bv_occ is to count the number of trm_bvar 0 (modulo the fact that
they are under abstractions). For instance bv_occ(trm_abs trm bvar 1) = 1, and
bv_occ(app (trm_bvar 0)(trm_bvar 0)) = 2. Once again, we have to generalize this
notion to any level. We thus have the general definition:

Fixpoint bv_occ_k (k : nat) (t : pterm) : nat :=
match t with

pterm_bvar i
pterm_fvar x
pterm_abs ti

=> if k = i then 1 else O
=> 0
=> bv_occ_k (S k) ti1

pterm_app tl t2 => (bv_occ_k k tl1) + (bv_occ_k k t2)
pterm_sub tl1 t2 => (bv_occ_k (S k) tl1) + (bv_occ_k k t2)
end.

and the particular case (corresponding to bv_occ), when we consider the number
of bound occurrences at the root of a term:

Definition bv_occ (t : pterm) : nat := bv_occ_k O t.

6.2.5 The Non-deterministic Replacement

The non-deterministic replacement in the contraction rule

tlx/u] —c ty), [v/u]ly/u] with [t > 2

is defined in [AK10] as "we write f,, for the non-deterministic replacement of i
(1 <i<n—1)occurrences of x in ¢t by a fresh variable y”.

This definition is not satisfying since there are several notions which need to be
precisely defined from a mathematical point of view. We propose to first define a
relation ndrn t x y t’ n which means that t’ is obtained from t by renaming n
occurrences of x in y. For practical reasons, the relation is defined on preterms.
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Inductive ndr_n : pterm -> var -> var -> pterm -> nat -> Prop :=
| ndr_bvar : forall x y z,
ndr_n (pterm_bvar z) x y (pterm_bvar z) O
| ndr_varnone : forall x y z,
ndr_n (pterm_fvar z) x y (pterm_fvar z) O
| ndr_varsome : forall x y,
ndr_n (pterm_fvar x) x y (pterm_fvar y) 1
| ndr_abs : forall t t° x y n, ndrnt xy t’ n ->
ndr_n (pterm_abs t) x y (pterm_abs t’) n
| ndr_app : forall t t> w uw’” x y nn’> n’’, n’> =n + n’ ->
ndr n t x y un -> ndr_n t’ x y u’ n’ ->
ndr_n (pterm_app t t’) x y (pterm_app u u’) n’’
| ndr_sub : forall t t> x y u w” nn’ n’’, n’’> =n + n’ ->
ndr_n (t) x y (t’) n -> ndr_.n u x y u’ n’ ->

ndr_n (t[ul) x y (t’[u’]) n’’.

Notice that the non-determinism is only apparent on free variables, and then
propagated by the context.

We can now restrict ourselves to the case where there is the right number of
replacements, that is at least one, and strictly less than the number of occurrences
of the variable to be replaced:

Definition ndr t x y t’> := exists n, (1 <= n) /\

(n < fv_occ x t) /\
ndr_ n t x y t’ n.

We can illustrate the notion of this non-deterministic replacement with what
would be the replacement (z x[z/x])zwy = y x[2/y] in the original version of Aj.
In our case, we have to check:

ndr ((pterm_app (pterm_fvar x) (pterm_fvar x))[pterm_fvar x])

Xy
((pterm_app (pterm_fvar y) (pterm_fvar x))[pterm_fvar y])

This is true since it exists 2 such that:
The non-deterministic replacement preserves the well-formed terms:

Lemma ndr_preservation_term : forall t x y t°’,
term t -> ndr t x y t’ -> term t’.

6.2.6 The Rules of \j

We first introduce rewriting definitions independently of Aj, so our development is
as generic as possible.

6.2.6.1 General Rewriting Rules

First of all we define general definitions for rewriting. Given a relation Red over
preterms (of type p-term -> p_term -> Prop), we define how to build the contex-
tual closure, and the reflexive and transitive closure:

Inductive contextual_closure Red : pterm -> pterm -> Prop :=
| redex : forall t s, Red t s -> contextual_closure Red t s
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| beta_app_left : forall t t’ u, term u ->
contextual_closure Red t t’ ->
contextual_closure Red (pterm_app t u) (pterm_app t’ u)
| beta_app_right : forall t u u’, term t ->
contextual_closure Red u u’ ->

contextual_closure Red (pterm_app t u) (pterm_app t u’)
| beta_abs : forall t t’ L, (forall x, x \notin L ->
contextual_closure Red (t"x) (t’°x)) ->
contextual_closure Red (pterm_abs t) (pterm_abs t’)
| beta_subst_left : forall t t’> u L, term u ->
(forall x, x \notin L -> contextual_closure Red (t"x) (t’"x))
-> contextual_closure Red (pterm_sub t u) (pterm_sub t’ u)
| beta_subst_right : forall t u u’, body t ->
contextual_closure Red u u’ ->
contextual_closure Red (pterm_sub t u) (pterm_sub t u’).

Inductive star_closure Red : pterm -> pterm -> Prop :=
| reflexive_reduction : forall t, star_closure Red t t
| one_step_reduction : forall t u, Red t u -> star_closure Red t u
| transitive_reduction : forall t u v, Red t u ->
star_closure Red u v -> star_closure Red t v.

6.2.6.2 Rules of \j

We redefine the rules of Aj, using the locally nameless representation. Since our
goal is to show Full Composition, it is enough to restrict ourselves to the rule B
where the list of substitutions is empty i.e. (Az.t) u —g t[z/u]. As usually done,
we split the rules of A\j into B and the rules j.

Inductive B_red : pterm -> pterm -> Prop :=
| rule_B : forall t s, body t -> term s ->
B_red (pterm_app (pterm_abs t) s) (t[s]).
Notation "t ->B u" := (B_red t u).
Definition B_ctxt_red t u := (contextual_closure B_red) t u.
Notation "t -->B u" := (B_ctxt_red t u).

We then define all the rules of j, depending on the number of occurrences:

Inductive j_red : pterm -> pterm -> Prop :=
| rule_w : forall t s, body t -> bv_occ t = 0 -> term s ->
j_red (t[s]) t
| rule_d: forall t s, body t-> term s -> bv_occ t = 1 ->
j_red (t[sl) (t°"s)
| rule_c : forall t s x y t’, body t -> term s ->

bv_occ t >= 2 ->

x \notin fv t ->

y \notin fv t ->

ndr (t°x) x y t’> ->

j_red (tl[s]) ((close ((close t’ x)I[s]) y) [sl).
Notation "t ->j u" := (j_red t u).

Definition j_ctxt_red t u := (contextual_closure j_red) t u.
Notation "t -->j u" := (j_ctxt_red t u).
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As we have mentioned before, we use the notion of bv_occ_0 instead of fv_occ
in the dereliction rule.
Of course, we have preservation of well-formed terms:
Lemma preservation_terms_after_B : forall t t’, term t -> t -->B t’
-> term t’.

Lemma preservation_terms_after_j : forall t t’, term t -> t -->j t’
-> term t’.

The contraction rule deserves some attention. First of all, it is important to
notice that as we have chosen to consider the inductive definition ndrn t x y t’
with x a free variable in t, we need to open the body t with a fresh variable x to
state the relation between t"x and t’.

6.2.6.3 Examples

We can illustrate the contraction rule with the reduction which is (2 Aa.z)[z/b] —¢
(z/ Xa.z)[z/b][z'/b] in the original system. We thus want to have a relation
between the terms (app (trm_bvar 0)(trm_abs trm bvar 1))[trm fvar b] and
(app (trm_bvar 1)(trm_abs trm bvar 1))[trm_fvar b|[trm_fvar b]. In the contrac-
tion rule , ¢ is (app (trm_-bvar 0)(trm_abs trm_bvar 1)). If we open it with = we
thus have (app (trm_fvar x)(trm_abs trm_fvar x)) (don’t forget to add one under
a binder). Then we can show that the relation

ndr (pterm_app (pterm_fvar x) (pterm_abs pterm_fvar x))
Xy
(pterm_app (pterm_fvar y) (pterm_abs pterm_fvar x))

holds. Indeed, there exists 1 such that |¢|, > 1 and

ndr_n (pterm_app (pterm_fvar x) (pterm_abs pterm_fvar x))

X
(pterm_app (pterm_fvar y) (pterm_abs pterm_fvar x)) 1

which easily holds.

Now, if we close (app (trm_fvar y)(trm.abs trm fvar x)) with =z this
gives (app (trm_fvar y)(trm.abs trmbvar 1)). The last step is to close
(app (trm_fvar y)(trm_abs trmbvar 1))[trm fvar b] with y which gives
(app (trm_bvar 1)(trm_abs trm bvar 1))[trm_fvar b|[trm_fvar b] and we can thus
conclude.

6.2.7 The Full Composition Proof

We first give the statement and the proof of Full Composition as stated in the
original article:

Theorem 6.2.1 (Full Composition). Let t,u be terms. Then t[x/u] =7 t{z/u}

Proof. By induction on the number of free occurrences of z in t.

o If |t|p =0, then t[x/u] —y t = t{z/u}
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o If |t|, = 1, then t[x/u] —q t{z/u}

o If t|; > 2, then
t[z/u) —c
tooyly/ullz/u] =7 (Lh)
tooy{y/utlz/u] =7 (Lh.)
tooy{y/ut{z/uy = t{z/u}

d

The structure of the proof in our development will be the same. The statement
of the Full Composition theorem is of course not the same, but still very simple,
thanks to the opening operation which is the equivalent of the substitution operation
in the original system on bound variables:

Theorem full_composition : forall t u, term (t([ul) ->
(t[ul) -->j* (t""u).

As it is the most complex proof of our development, we will give a sketch of the
proof. We will proceed by an induction on the number of bound variables at level
0 in t. Let n be this number.

e If n =0, we have to show that t™"u = ¢ to apply the weakening rule. This is
possible using Lemma open_rec_term, at the condition that ¢ is a term. This
is indeed the case since n = 0 (and that ¢ is a body by hypothesis) as stated
by the following lemma:

Lemma bv_occ_body_term : forall t, body t -> bv_occ t = 0 ->
term t.

Notice that this lemma is not true if t is not a body (take for instance
trm bvar 1).

e If n =1, we can immediately apply the dereliction rule.

o Ifn>1,

We can now split the number n of bound variables at level 0 in ¢ into two
numbers nl and n2. The number nl will represent the number of variables
replaced, and n2 those unchanged.

Before showing properties about the non-deterministic replacement, we need
to show that for every term t, there always exists a t’ which is its non-
deterministic replacement:

Lemma ndr_n_exists : forall t x y n, n <= fv_occ x t ->
exists t’, ndr_ n t x y t’ n.
Thus if we pick-up two fresh variables a and b, we can obtain t’ s.t. the

relation ndr n (t"a) a b t’ n1 holds.

We then go through several steps, using the transitive composition:
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Lemma transitive_closure_composition : forall Red t u v,
star_closure Red t u -> star_closure Red u v ->
star_closure Red t v.

— t[u] = j (close (close t’ afu]) b[u])
In this subcase, we simply apply the contraction rule which easily holds.
— (close (close t’ a[u]) blu]) — j (close (close t’ afu]) b)"u In this
subcase, can apply the induction hypothesis which states:

IHn1 : forall t : pterm, bv_occ t = nl -> forall u : pterm,
term (t [ul]) -> (¢t [ul) -->j* (¢t ~° u)

We thus have to show:

bv_occ (close (close t’ a [u]) b) = nil

and

term (close (close t’ a [ul]) b [ul)

Those two goals are automatically solved using tactics which saturate the
context with all the informations which can be obtained using lemmas
concerning free variables and the non-deterministic replacement such as:
Lemma ndr_n_fv_occ : forall t t’> x y n, “(x = y) ->

ndr n t x y t’ n ->
fv_occ y t’ = fv_occ y t + n.

Lemma ndr_n_fv_occ_x : forall t t’> x y n, “(x = y) ->
ndr n t x y t’> n ->
fv_occ x t’> = fv_occ x t - n.

and lemmas relating the number of free variables and the number of
bound variables such as

Lemma bv_occ_close_decompose : forall t y,
bv_occ t + fv_occ y t = bv_occ (close t y).

— (close (close t’ a[u]) b)"u = close ([b ~> u]t’) a[u]) This subcase is
done using Lemma subst_as_close_open and some lemmas concerning
the implicit substitution:

Lemma subst_fresh : forall x t u, x \notin fv t ->
[x "> u]l t = t.
Lemma subst_close : forall t x y u,

x \notin fv u -> y \notin fv u ->
x <>y -> [y "> u] (close t x) = close ([y "> ult) x.

— close ([b ~> u]t’) a[u]) — j (close ([b ~> uJt’) a)”u Once again, we
apply an induction hypothesis dealing with n2 (the number of variables
not replaced) and not n1 (the number of variables replaced). We thus
have to show that:

bv_occ (close ([b "> ult’) a) = n2
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and
term (close ([b ~> ult’) a [ul)
The tactics which we have defined can handle those goals automatically,

using the same principle of context saturation with the lemmas defined
previously.

— (close ([b ~> u]t’) a)"u = ([a ~> u]([b > u|t’)) This step is straight-
forward using Lemma subst_as_close_open.
— ([a ~>u]([b > u]t’)) = t™u This last step proceeds like that:

[a "> ul([b "> ult’)

is transformed into

[b > ul([a "> ult’)

thanks to the following lemma:

Lemma fv_subst_commute : forall t x y u v, x <>y ->
x \notin fv v ->
y \notin fv u ->
([y~>vl[x">ult) = ([x">ully~>v]t).

is transformed into

[a "> ult ~ a

thanks to the following lemma:

Lemma subst_intro : forall x t u,
x \notin (fv t) ->
t "7 u =[x "> ul(t ~ x).

The last lemma allows us to conclude:

Lemma ndr_subst : forall t t’ u x y n,
x <>y ->
y \notin fv t ->
y \notin fv u ->
ndr n t x y t’ n ->
[x">ult = [y >ul([x">ult’).






CHAPITRE 7

Conclusion

Lors de cette thése nous avons abordé différents aspects autour des substitutions
et ressources explicites, ainsi que de la réécriture. Nous proposons de conclure et
d’évoquer des perspectives de recherches en cours ou a venir selon quatre grand
themes de la these.

Réécriture et logique Nous avons a travers le prisme des ressources établi un
cadre homogene pour définir des A-calculs capable de controler ’affaiblissement, la
contraction, et la substitution linéaire. Le comportement opérationnel du prisme des
ressources n’est pas seulement basé sur la propagation structurelle, mais également
sur la décroissance de la multiplicité des variables affectées par les substitutions.
Tous les calculs ont les propriétés de simulation de la S-réduction, de confluence,
de PSN, ainsi que de normalisation forte des termes (simplement) typés. Diverses
directions de recherche sont envisageables pour poursuivre le travail sur le prisme
des ressources.

e La premiere est bien entendu la question de la métaconfluence pour l'en-
semble des calculs du prisme. Avec une approche comme celle proposée au
chapitre 4.2, qui consiste a spécifier les formes normales par rapport a la
duplication des substitutions explicites, nous conjecturons qu’il soit possible
d’obtenir une réponse positive. L’utilisation de cette méthode permettrait
d’ailleurs de mieux la comprendre, pour en arriver a une simplification.

e On peut également considérer ce que deviendrait le prisme si ’on remplacait
As par un autre calcul, tel Aj. En particulier, il serait intéressant d’étudier
les liens entre A\j avec affaiblissement et contraction explicite et le formalisme
graphique de Aj [AG09] ou contractions et affaiblissements sont par nature,
déja explicites. On pourrait ainsi espérer une simplification de ’ensemble du
prisme. D’autre part, la démarche permettant d’atteindre 1’équilibre entre les
différents calculs, les simulations et les propriétés serait facilitée. En effet, le
fait que cet équilibre ft si difficile a obtenir pour le prisme est du en grande
partie au fait que la propagation était aussi structurelle, contrairement a Aj
ou la propagation est a distance par multiplicité.

e Une autre possibilité est de changer la logique ou bien encore sa présentation.
On pourrait par exemple obtenir un prisme en ayant un calcul des séquents
intuitionniste avec affaiblissement et contraction explicite IA¢*% [GILv09]
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(également appelé )\G@Sz dans [GILL11], ou un systéme avec types intersec-
tion est proposé). De la méme maniére, on pourrait utiliser le calcul classique
X [207] ou affaiblissements et contractions sont explicites.

e Un exercice difficile serait de transformer le prisme des ressources en un cube.
Rappelons que notre formalisme prend la forme d’un prisme car il comporte
deux bases (selon le fait que la substitution soit explicite ou non) et que la
projection ne permet pas de passer de I'une a I'autre. Le but serait d’avoir des
opérations d’enrichissement et d’appauvrissement a partir de n’importe quel
sommet du cube vers n’importe quel autre.

e Nous avons privilégié lors du développement du prisme mettre l'accent sur les
relations d’enrichissement et d’appauvrissement entre tous les calculs. De ce
fait, nous avons mis de c6té un certain aspect de la logique car nous n’avons pas
abordé la question de la projection des réductions de chaque calcul du prisme
dans celles d’un formalisme graphique tel que les réseaux de preuves [Gir87],
ou les A\j-dags [AG09]. Bien que cet exercice soit facile & réaliser pour certains
calculs, comme par exemple le A-calcul ou le Acsw-calcul, il ’est impossible
pour d’autres, comme par exemple As. Pour atteindre cet objectif, un moyen
possible serait de transformer le prisme en cube (ainsi la projection dans un
formalisme graphique passerait par le Acsw-calcul) méme si on peut également
imaginer d’autres approches.

Réécriture

e Dans le chapitre 3 nous avons étudié la PSN pour le calcul A\g grice a une
technique modulaire qui sépare les propriétés communes & tous les calculs et
celles spécifiques & chacun d’entre eux. Dans un cadre plus général, on peut se
poser la question de la PSN pour des calculs d’ordre supérieur (exprimés grace
au formalisme des ERS [Kha90] par exemple) avec substitutions explicites. En
effet, il est possible pour tout systéme de réécriture d’ordre supérieur, ou la
substitution est implicite, de la rendre explicite. Dés lors, on doit ajouter un
ensemble de regles qui vont propager les substitutions explicites par rapport
a tous les constructeurs de ce calcul. Cette idée a déja été étudiée [Blo97]
mais la caractérisation des systémes d’ordre supérieur pour lesquels PSN est
vérifiée est tres restrictive. La version plus évoluée pour montrer PSN avec la
technique qui utilise les étiquettes [AK10] serait une bonne piste de départ
pour obtenir PSN pour une plus large classe de systemes.

e Du coté des substitutions explicites seules, de nombreuses possibilités existent.
Pour continuer 1’étude de la confluence axiomatique faite au chapitre 4, on
pourrait I’étendre a la métaconfluence. Celle-ci ne pourrait pas facilement en-
glober ’ensemble des calculs décrits dans cette these, car il faut caractériser la
structure des formes normales. Or il apparait qu’elles peuvent étre fortement
différentes selon le fait que l'on considere un calcul avec propagation selon
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la structure des termes, la multiplicité, ou un mélange des deux. On pourrait
dans un premier temps se concentrer sur les calculs plus traditionnels avec pro-
pagation selon la structure. Par la suite, nous pourrions généraliser le travail
sur la métaconfluence de Aj réalisé au chapitre 4 qui illustre bien le com-
portement des calculs propageant les substitutions explicites a distance selon
la multiplicité. Ainsi nous aurions une preuve axiomatique pour ce genre de
calculs qui pourraient s’adapter a divers formalismes [Mil07, o) Conchir06].

e Un autre probleme apparemment simple, mais qui résiste depuis longtemps,
est de montrer la normalisation du calcul de propagation des substitutions
de Aex grice a un argument donné simplement par une mesure arithmétique.
La difficulté vient de la combinaison de plusieurs facteurs. Premierement on
propage des substitutions méme si elle sont inutiles (dans le sens ou elles ne
lient pas de variable). De ce fait, on ne peut pas se reposer sur une cer-
taine décroissance du nombre de variables affectées par une substitution.
Deuxiemement, il faut définir des mesures qui soient stables par rapport a
I’équation permutant les substitutions indépendantes. Dernierement, on du-
plique des substitutions. Ce comportement est similaire a beaucoup de calculs,
mais dans le cas de Aex cela implique de parfois dupliquer une substitution
pour en créer une autre inutile (dans la régle de composition notamment).

e Malgré 'abondance d’articles traitant des substitutions explicites dans la
littérature, il existe néanmoins encore plusieurs aspects non explorés.

La standardisation [CF58] fait partie des théorémes classiques et bien connus
en A-calcul mais qui n’a pas son penchant du c6té des calculs avec substitutions
explicites. Il existe des approches [Mel05] mais celles-ci reposent principale-
ment sur la standardisation méme du A-calcul. Une direction intéressante se-
rait de s’affranchir de toute notion du A-calcul afin de donner des réductions
standards qui seraient plus spécifiques aux calculs avec substitutions expli-
cites. Le Aj-calcul, par sa propagation a distance, semble un bon candidat.
La réduction linéaire de téte [DRO3] pourrait permettre de définir une telle
notion de standardisation, qui fonctionnerait pour un calcul avec substitution
explicite, mais pas pour le A-calcul.

De la méme maniére, les stratégies normalisante définies pour les calculs avec
substitutions explicites (comme celle du chapitre 6.1 pour Ax™) reproduisent
ce qui est fait en A-calcul, c’est a dire de toujours contracter le redex externe le
plus a gauche. On pourrait de la méme maniere que pour la standardisation,
essayer de définir une approche plus spécifique aux calculs avec substitutions
explicites. Une fois encore, il semble que la réduction linéaire de téte pourrait
étre a la base d’une telle stratégie normalisante.

Complexité Dans le chapitre 4.2 nous avons étudié la complexité du Ax~-calcul,
plus prés des implémentations que le A-calcul. Nous avons ainsi conjecturé 1’écart
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séparant la complexité de ces deux calculs. Ici encore, de nombreuse directions de
recherche sont possibles.

e La premiere est bien évidemment de montrer cette conjecture. Pour cela,
plusieurs voies sont possibles. La premieére consiste a détourner le probleme
en trouvant un autre calcul qui se préte mieux a ’exercice que Ax~. Des essais
non concluant ont été fait avec Aj. Une autre possibilité serait de conserver
Ax~ mais d’ajouter une regle donnant a la substitution explicite le méme
statut que le Cut. Cette régle permettrait de crée directement une substitution
explicite sans effectuer la propagation maximale. Il faudrait par la suite bien
évidemment éliminer cette régle, comme on I’a fait avec la regle Cut.

e Nous n’avons pas encore parlé de la duplication et de son colit. La fagon la
plus naive de I'implémenter dans la regle (t v)[z/u] —=gapp tlx/u] vix/u], est
de réellement dupliquer le terme u et avoir deux occurrences de celui-ci en
mémoire. Cette opération étant en O(|u|) cela ne changerait pas tellement
la borne déja émnorme, la passant au carré approximativement. Au lieu de
dupliquer naivement, on pourrait aller dans ’autre direction et considérer
le partage, voire méme le partage optimal [Lév78]. Bien que cela étant bien
étudié pour le A-calcul (a la fois d’un point de vue typé et non typé), et méme
du point de vue de la complexité [ACMO04], il n’existe actuellement pas de
travail pour les substitutions explicites.

e Comme nous sommes concernés par les descriptions d’implémentations, nous
pourrions nous restreindre au cas faible, celui ou il n’y a pas de réduction
sous les abstractions, ainsi qu’au cas ou il n’y a pas de variables libres. Nous
pourrions également combiner cette restriction avec le partage, comme c’est
fait pour le A-calcul [BLMO5] ou certains calculs avec substitutions expli-
cites [BLR96]. Il serait ainsi intéressant de comparer les résultats obtenus avec
les bornes extraites des machines a environnement utilisées dans les langages
tel OCaml.

e D’un point de vue plus théorique, il serait intéressant de connaitre les bornes
d’un calcul avec composition totale comme Aex. Une autre direction pourrait
étre de généraliser les résultats a n’importe quel calcul. Par exemple, étant
donné un langage et sa stratégie maximale, la notion d’arbre binaire associé
pourrait étre obtenu. Les lemmes menant de la notion d’arbre binaire a la
borne maximale semblent également généralisables. De ce fait, on pourrait
obtenir une procédure qui, étant donné un calcul et une stratégie maximale,
donnerait une borne maximale de réduction.

e Un autre exercice serait de s’intéresser a la complexité implicite. Plutot que de
chercher la borne de tel ou tel calcul, il est intéressant de se fixer une classe de
complexité réaliste (polynomiale ou simplement exponentiel) et de chercher
alors a pouvoir exprimer uniquement des programmes ayant cette complexité.
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On peut y arriver en restreignant la grammaire des termes, ou bien le systeme
de types.

Formalisation Dans le chapitre 6.2 nous avons développé une formalisation de
Aj ainsi que montré la propriété de composition totale.

e Une premiere direction de recherche conduite actuellement est de simplifier
Iopération de remplacement non-déterministe en I'effectuant directement sur
les variables liées, et non sur les variables libres. Ainsi, non seulement la regle
de contraction se simplifie, mais également toute la bureaucratie nécessaire
pour faire le lien entre le nombre de variables libres et celui de variables liées
lorsque l'on fait un renommage non-déterministe.

e Dans un second temps, il semble intéressant de généraliser la regle B qui
déclenche le calcul afin de pouvoir considérer une liste de substitutions entre
labstraction et 'argument, c’est a dire (Az.t)L u — t[z/u]L ou L est une liste,
comme défini dans [AK10]. Bien que cela ne soit pas nécessaire pour obtenir
la propriété de composition totale, il faut considérer cette généralisation pour
capturer les Aj-dags [AGO09] et I’ensemble de leurs propriétés. Les notions
de super-développement [vR93], ou encore de XL-développement [AK10] ont
notamment besoin de la regle B a distance.

e Il est intéressant de noter que la certification du calcul prend une forme py-
ramidale, la base étant constituée de nombreux lemmes techniques rendus
nécessaires par le besoin de spécifier en détail le comportement de toute
opération par rapport a toute autre. Par dessus, se trouvent de nombreux
lemmes un peu plus haut niveau, notamment a propos du remplacement non-
déterministe. Et finalement tout au sommet la preuve de composition totale.
De ce fait, il serait maintenant beaucoup plus rapide de montrer d’autres
propriétés telles que la confluence et la PSN (car la preuve de cette derniere
propriété se fait simplement par induction, contrairement aux preuves de PSN
pour la plupart des calculs avec substitutions explicites dits structurels). La
suite du développement serait également facilitée par l'usage des tactiques
déja disponibles permettant de savoir si un terme est bien formé.
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Les ressources explicites vues par la théorie de la réécriture

Cette these s’articule autour de la gestion de ressources explicites dans les langages fonction-
nels, en mettant I’accent sur des propriétés de calculs avec substitutions explicites raffinant
le A-calcul. Dans une premiere partie, on s’intéresse a la propriété de préservation de la
B-normalisation forte (PSN) pour le calcul Ag. Dans une seconde partie, on étudie la pro-
priété de confluence pour un large ensemble de calculs avec substitutions explicites. Apres
avoir donné une preuve générique de confluence basée sur une série d’axiomes qu’un calcul
doit satisfaire, on se focalise sur la métaconfluence de Aj, un calcul ou le mécanisme de
propagation des substitutions utilise la notion de multiplicité, au lieu de celle de structure.
Dans la troisieme partie de la these on définit un prisme des ressources qui généralise de
maniere paramétrique le A-calcul dans le sens ol non seulement la substitution peut étre
explicite, mais également la contraction et I'affaiblissement. Cela donne un ensemble de
huit calculs répartis sur les sommets du prisme pour lesquels on prouve de maniere uni-
forme plusieurs propriétés de bon comportement comme par exemple la simulation de la
B-réduction, la PSN, la confluence, et la normalisation forte pour les termes typés. Dans
la derniére partie de la thése on montre différentes ouvertures vers des domaines plus pra-
tiques. On s’intéresse a la complexité d’un calcul avec substitutions en premier lieu. On
présente des outils de recherche et on conjecture des bornes maximales. Enfin, on finit en
donnant une spécification formelle du calcul A\j dans l'assistant a la preuve Coq.

Mots clés : Substitutions explicites, ressources, métaconfluence, complexité, formalisation

Explicit resources from the rewriting theory point of view

This thesis deals with the management of explicit resources in functional languages, stressing
on properties of calculi with explicit substitutions refining the A-calculus. In the first part,
we are concerned with the preservation property of S-strong normalisation (PSN) for the Ag-
calculus, a language among the eight calculi of the prismoid of resources defined thereafter.
In the second part, we study the confluence property for a large set of calculi with explicit
substitutions. After having given a generic proof of confluence based on a series of axioms
that a calculus must fulfill to verify this property, we focalise on the metaconfluence of A\j, a
calculus where the propagation mechanism of substitutions uses the notion of multiplicity,
whereas the traditional way is the structural propagation. In the third part, we define a
prismoid of resources which generalise in a parametric way the A-calculus in the sense that
not only the substitution can be explicit, but also the contraction and the weakening. This
gives a set of eight calculi spread over the vertices of the prismoid for which we prove in
a uniform way several properties of good behavior as the simulation of g-reduction, PSN,
confluence, and strong normalisation for typed terms. In the last part of the thesis we
show different opening up to more practical domains. First, we are concerned with the
complexity of a calculus with substitutions. We present research tools and conjecture on
maximal bounds for reductions of the Ax~-calculus . Finally, we give a formal specification
of the Aj-calculus within the proof assistant Coq.

Keywords: Explicit substitutions, resources, metaconfluence, complexity, formalisation
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