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Abstract

La durée de vie en fonctionnement des pièces mécaniques peut être augmentée par la
présence de contraintes résiduelles de compression. Inhérentes à la plupart des procédés
de fabrication, les contraintes résiduelles jouent un rôle sur la tenue en service des élé-
ments mécaniques. La connaissance et la maîtrise de ces contraintes résiduelles et des
procédés associés sont donc fondamentales. La mise en place de méthodes numériques
performantes pour prédire ces contraintes résiduelles permettra à terme d’éviter de nom-
breux et coûteux essais et d’étudier l’influence des principaux paramètres.

Cette thèse présente le développement et l’application de méthodes de calcul semi
analytiques (SA) à la modélisation de procédés mécaniques de mise en compression des
surfaces. Les méthodes SA, initialement développées pour la simulation des contacts
élasto-plastiques, ont l’avantage de temps de calcul très significativement réduits par rap-
port aux méthodes numériques conventionnelles. Cette méthode est d’abord utilisée pour
la simulation d’un procédé connu sous le nom de galetage, avec un chargement de type
contact roulant. Enfin elle est utilisée pour la simulation d’impacts uniques puis répétés,
et les développements associés présentés.

Le contact roulant entre deux massifs élasto-plastiques, représentant une pièce traitée
par galetage et l’élément roulant est d’abord étudié. Une première approche, sans consid-
ération du frottement, est effectuée. L’influence de plusieurs paramètres déterminants est
analysée :

• modèle de comportement de l’élément roulant : purement élastique ou élasto-
plastique de propriétés égales à celles de la surface traitée

• modèle d’écrouissage de la surface traitée : les deux cas limites d’un massif à
écrouissage purement isotrope et purement cinématique sont abordés

• géométrie des massifs en contact : sphères ou ellipsoïdes

• type de chargement : indentation ou roulement.

Trois types de résultats sont analysés :le déplacement résiduel en surface après application
de la charge, la valeur maximale de la pression de contact, à mettre en regard de la pres-
sion hertzienne d’un contact élastique de charge équivalente, et la déformation plastique
maximale. Trois conclusions principales sont déduites de cette analyse :

• la géométrie des éléments en contact a une influence significative sur le niveau de
charge obtenu et par conséquent le niveau de déformation plastique atteint

• pour un contact considéré comme purement élastique, le type de chargement n’a
aucune influence sur les résultat mais la différence devient critique lorsque l’un des
éléments en contact est plastique
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• le modèle d’écrouissage (isotrope ou cinématique) n’a qu’une influence néglige-
able sur les résultats d’indentation. Au contraire, dans le cas d’un contact roulant,
le modèle d’écrouissage joue fortement sur les résultats et particulièrement sur la
stabilisation du niveau de déformation plastique avec le nombre de cycles de roule-
ment.

La simulation d’impacts est ensuite abordée. La méthode développée est tout d’abord
validée numériquement. Deux benchmarks sont effectués entre la méthode SA et dif-
férents codes éléments finis sur les cas d’un impact unique et de trois impacts successifs
à vitesse constante. Les résultats des benchmarks permettent d’assurer la validité de la
méthode SA tout en détectant les limites des hypothèses constitutives du modèle. Des
améliorations notables de la méthode, notamment sur la prise en compte des grands dé-
placements, permettent de repousser les limites de validité du modèle et de prendre en
compte des déformations de l’ordre d’une dizaine de pourcents.

La méthode développée est appliquée à la prédiction du coefficient de restitution.
Dans le cas de l’impact d’une bille rigide sur un massif élastique parfaitement plastique,
les résultats issus de la méthode S.A. sont tout d’abord confrontés aux modèles analy-
tiques issus de la littérature ainsi qu’à d’autres modèles numériques. Une extension à
des impacts sur massif élasto-plastique à écrouissage isotrope est faite, servant de base
au développement de formules analytiques. En se basant sur les travaux de Jackson et al.
[JAC 10] et Weir et Tallon [WEI 05], des formules analytiques permettant une expression
directe du coefficient de restitution sont proposées. Ces nouvelles formules permettent
ainsi de décrire l’influence :

• de la vitesse d’impact, au delà des limites classiquement décrites par les formules
issues de la littérature

• des propriétés des matériaux : élastiques mais aussi plastique en prenant en compte
le taux d’écrouissage dans l’hypothèse où celui-ci est isotrope.

La méthode SA est ensuite confrontée à l’expérience. Trois matériaux ont été plus
particulièrement étudiés : 316L, AA 7010, et l’Inconel 600. Les impacts sont réalisés
à partir d’un canon à air comprimé développé par le laboratoire Mécasurf. Les dimen-
sions des impacts ainsi que les déformations générées, mesurées par stéréo corrélation
sont comparéés aux résultats issus de la méthode. Ces premiers résultats encouragenants
permettent notamment d’étudier l’importance du frottement sur les résultats ainsi que les
limites de l’hypothèse de petites perturbations prises à la base du développement de la
méthode. Les vitesses d’impact et de rebond sont utilisées pour calculer les coefficients
de restitution puis confrontés aux formules analytiques développées, permettant de noter
l’importance de la prise en compte de l’écrouissage dans la prédiction des vitesses de re-
bond.

Une méthodologie est développée pour la prise en compte d’impacts multiple. L’état
de contrainte et de déformation dans une pièce ayant subi un traitement de grenaillage
est supposée homogène dans des plans parallèles à la surface impactée. Une répartition
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triangulaire des impacts est supposée à partir de laquelle une zone de référence est définie
comme étant le triangle formé par le centre des trois premiers impacts. Les résultats sont
ensuite moyennés sur cette surface de référence, la valeur représentative obtenue étant
indépendante de l’ordre des impacts et, dans une certaine mesure, de la répartition des
impacts. La rapidité d’exécution des calculs par méthode SA est mise à contribution pour
étudier l’influence de différents paramètres des procédés de type grenaillage :

• taux de recouvrement. Il est montré qu’un effet de saturation apparait au delà d’une
valeur donnée de taux de recouvrement, dépendant des propriétés des matériaux
concernés

• vitesse d’impact : la vitesse moyenne des différents impacts apparait comme le
paramètre déterminant du procédé, permettant de simplifier les simulations d’impacts
multiples

• nombre d’impacts : au delà de trois impacts, l’évolution de la déformation plastique
dans la zone de référence est négligeable et ce même dans les configurations les plus
critiques (forts taux de recouvrement).

Il est ainsi montré que la simulation de trois impacts répartis de manière triangulaire
avec une vitesse d’impact représentative de l’énergie cinétique moyenne fournie au cours
du procédé est suffisante pour décrire la déformation plastique moyenne générée par
plusieurs impacts. La différence entre les valeurs moyennées et observées simplement
au centre de l’impact montre l’importance du post-traitement des résultats pour la com-
paraison aux données expérimentales.

Le procédé de billage ultrasonore a été tout particulièrement étudié. Dans un premier
temps nous nous sommes attachés à décrire la cinématique des billes dans une cham-
bre fermée, mises et maintenues en mouvement par une sonotrode. L’utilisation de for-
mules analytiques pour l’estimation des coefficients de restitution, lors des nombreux
chocs entre les billes ou avec les parois de la chambre, a permis d’affiner le calcul des
vitesses moyennes d’impact en fonction des paramètres du procédé. La méthode SA est
ensuite utilisée pour déterminer le champ de déformations plastiques induits par les im-
pacts. Trois impacts à vitesse constante sont simulés. Le comportement du matériau
appliqué est issu d’essais cycliques de traction-compression réalisés préalablement. Enfin
une méthode de projection est proposée pour permettre in fine la prédiction des contraintes
résiduelles pour des structures fines ou épaisses. Le champ des déformations plastiques
moyennées issu de la méthode semi analytique est utilisé comme donnée d’entrée pour
un modèle éléments-finis de la structure grenaillée. Une première série de validations
expérimentales de la méthodologie est proposée. La déformée d’une éprouvette fine de
type Almen ainsi que les champs de contraintes résiduelles générés par les impacts sont
comparés avec succès aux résultats issus de la méthode.

K EYWORDS: Modélisation numérique, Méthode semi analytique, plasticité, impact,
grenaillage
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Introduction

Mechanical components can be subjected during their lifetime to large loads, cyclic load-
ings or overloading. Cyclic loadings can cause fatigue and reduce the lifetime of mechan-
ical parts even if the material behaves purely elastically. If the applied load overcome a
certain threshold, plastic flow will occur in the body and change radically its behaviour.

The occurring of plasticity in a part can have both positive and negative effects. By
changing significantly the distribution and amplitude of stress, the presence of plastic
strain can extend the lifetime of a part but it also generates permanent deformation of
the surfaces that can change the load distribution and cause preliminary failure. The
generation of plastic strains into a component is widely done to introduce residual stresses.
Residual stresses, by opposing the stresses generated by the load, will extend the duration
of the concerned part by artificially reducing the internal stresses during operation.

Residual stresses are delicate quantities to measure and most methods of measure-
ments are destructive and costly. Numerical simulation allows to fully and accurately
analyse fields of residual stresses and their generation. There is thus a strong interest in
developing fast and efficient methods to simulate and predict residual stress amplitude
and distribution. A fine definition of residual stresses links with an accurate definition
of the loads generating these stresses. Most loads being carried through contacts,
a correct modelling of the contacts is fundamental. Semi analytical methods are
numerical methods that have gain more attention in the past few years for their speed
and reliability to simulation mechanical contacts, including plasticity among other effects.

The purpose of this work is the development and extension of the Semi Analytical
Method (SAM) for the simulation of mechanical contacts generating plasticity and
residual stresses. Among the various industrial processes used to generate residual
stresses, several are using impacts. The emphasis has been put on shot peening processes
and thus on the extension of the SAM to the modelling of impacts. Low plasticity
burnishing is also studied through the simulation of rolling contacts. Most application
of the SAM being concentrated on rolling elements simulation or fretting contacts, the
level of plastic strain involved, when existing, are usually low, up to a few percents.
Residual stresses generation involves usually higher levels of plasticity and focus was put
on the efficiency of the SAM at relatively high strain levels while still keeping significant
improvements in computation time.

The first chapter presents the industrial context. Processes used to generate residual
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Introduction

stresses are presented and a focus is made on peening processes, the parameters and phe-
nomena they involved. A literature review on the following key points for our analysis
is then made: impacts and multiple impacts models and contact mechanics. An accurate
history of the development of the SAM is presented. Classical but useful formulae from
the literature are recalled and a final point on rolling contact mechanics is addressed.

The second chapter presents the numerical model. The SAM has been deeply studied
and developed by former workers, this chapter focuses only on the specificities of the
method and on points of enhancements addressed in this work. A first set of validations
on simple cases is proposed to confirm the modifications brought to the method.

The effects of plasticity and hardening in rolling contacts is presented in the third
chapter as a first step of low plasticity burnishing simulation. This analysis completes
former studies on rolling contact and introduces the consideration of kinematic hardening
in the SAM.

Following chapters are dedicated to the study of impacts. The numerical simulation
of single impacts is first addressed in the fourth chapter. Numerical validation through a
benchmark is proposed and the model is then applied to the determination of the coeffi-
cient of restitution. Several formulae derived from the literature and numerical results are
proposed to predict in various cases this macroscopic measure of an impact.

Interesting collaboration allowed to perform experiments of single impacts. Results
from these experiments are presented in the fifth chapter and used to validate the formulae
proposed previously and the numerical model developed.

The last chapter focuses on the modelling of multiple impacts processes. A method is
proposed for the simulation of multiple impacts and the processing of the results to obtain
a representative picture of the reality. A benchmark with several other computational
methods validates the SAM that is then applied to various cases. Complementary models
are proposed to perform simulation of a full ultrasonic shot peening process, from the
original process parameters to the final residual stress state in any kind of structures.
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State of the art

In this first chapter, a bibliographic study of the fields
addressed in this analysis is made. Industrial processes

generating compressive residual stresses are first recalled,
focusing on processes involving impacts and ultrasonic shot
peening. A presentation of the methods of simulation and

common results on impact and multiple impacts is then made.
A large part is dedicated to the history of contact modelling,

from the historical Hertzian contact to the more recent
developments of semi analytical methods. Finally, a brief

focus is made on rolling contact.
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Introduction

1.1 Introduction

The aim of this study is the development of a semi analytical method for the modelling of
various industrial processes and especially for the consideration of impacts at low veloci-
ties. Low velocities here includes velocities at which the residual strain of the impacting
body is negligible. The semi analytical method has been shown efficient to compute
residual strains and stresses in various and complex cases.

Industrial processes generating residual stresses are thus first observed. Major part of
this study focuses on the extension of the method to impact modelling and processes using
impacts have so been studied. The main parameters governing the impacts processes,
that consequently will show the model parameters, physical phenomena and processes to
concentrate on, are indicated.

Various hypothesis and model existing for impacts are observed, the effect of inertia
is first studied. Focus is then put on numerical models, for single impacts first for matters
of simplicity. The physical phenomena involved are approached even those that won’t be
considered in this study.

A simplified analysis of many processes and phenomena can be made with the analysis
of the coefficient of restitution, and a study of all existing models and several applying
hypothesis is made. Then the techniques and methods to consider multiple impacts are
addressed.

Finally more general contact mechanics are studied, starting from the original
Hertzian elastic theories used as references, case validation and normalisation values. The
analytical results for circular and elliptical point contacts are fully recalled. The exten-
sions and progress to non Hertzian and non elastic contacts is then studied, leading finally
to the most achieved numerical models and a history of the semi analytical methods.

At last the motivations leading to studies of rolling contacts are presented.

1.2 Generating compressive residual stresses

1.2.1 Industrial context

The duration of mechanical components is fundamental in nowadays industrial applica-
tions. The premature failure of components can lead to very large costs in repairing,
replacement or in the worst cases damages to industrial installations or injuries. The
knowledge and prediction of such failure is thus of great importance. The behaviour of
mechanical components over a long period of time is studied through fatigue analysis and
is a full field of study by itself. Yet to obtain a consistent description of fatigue effect and
consequently anticipate the failure of mechanisms, a correct knowledge of the initial state
of the components is necessary. Mechanical parts are never stress free. They contain so
called residual stresses, i.e. stresses remaining once all kind of loading has been removed
from the mechanical part. These stresses can have various origins. They can be originated
from thermal effects, mechanical loadings, phase transformation or chemical effects. In
all these cases, a part of the piece is subjected to a permanent deformation that generates
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adaptation strains in the deformed part and around it. These elastic strains logically gen-
erate stresses according to the elastic behaviour of materials and these are called residual
stresses.

It is known that introducing compressive residual stresses in the most solicited parts
allows to delay the appearance of cracks and their propagation. Several processes are then
used to introduce stresses in the material, the compressive part of theses stresses should
concentrate on the most solicited zones. One way to do so is to generate a superficial
plastic deformation on the treated part.

Where the problem becomes even more complex is that the forming of mechanical
parts does not produce stress free elements. Welding, machining, casting, and their nu-
merous variations are able to generate complex shapes but they introduce complex stress
fields, which depth in the elements can vary, that can be damageable to the parts. A first
step is to control these processes and know the stresses they produce. In a second step,
it can be planed to reduce the generated stresses by better mastering the processes. How-
ever, when the generated stresses are too high, or present large surface tensile zones, i.e. a
huge risk of crack propagation, it is often necessary to apply surface treatments to reduce
these stresses or at best switch surface tensile residual stresses to compressive residual
stresses, to optimize the life of the component.

1.2.2 Industrial processes

Processes like expanding or roller-burnishing are some of the ways to generate surface
plasticity. They consist in applying a tool (like a roll or a punch) on the surface with a
load high enough to generate a plastic flow. Depending on the number of passes and the
size of the tool theses processes can be called under different names, like low plasticity
burnishing. The mechanical phenomena governing the process remain globally the same.
The simulation of such processes is derived from the simulation of rolling contact, a field
that is well known through the study of rolling elements, like bearings.

A second family of processes generates similar effect but the treated surface is here
impacted to produce a plastic flow. Hammering is one of these techniques, for which
several hammers are put in movement by the effect of a high frequency sonotrode and
applied to the surface, some recent work on high frequency hammering can be found in
[LEQ 10] and [LEQ 11].

Laser peening is another process in which a laser impulse is produced on the surface
of the piece. The treated surface might be coated or covered with a thin film of water.
The energy produced by the laser generates a small blast at the surface. When water is
used, the loading of the surfaces is purely mechanical and consequently the process is
very close to hammering, except that the pressure distribution and intensity are different.
For some applications, the surface might be uncoated or treated without water, in which
case a thermal loading is to be considered which will largely affect the sequence of events.

Furthermore, peening type processes use the impact of small spheres on the surface
to generate plasticity and introduce residual stresses. The diameter of the balls or shots
can vary from some fractions of millimetres to several millimetres. The shot velocity
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ranges usually from a few meters per second to around a hundredmeter per second. The
main difference between the processes is the method used to put the shots in movements.
Traditional methods use air blasting systems or centrifugal blast wheels to throw the shots
up against the treated part. Such methods are rather simple but present large difficulties
in controlling the velocity at which the balls impact the surface and bringing together the
shots to recycle them afterwards.

An other method, called roto peening, uses a rotating wheel to which the shots are
connected by a flexible part. The advantage of this technique is that the impacting shots
stay fixed to the device. Yet, one needs to control the fixing of the shots to the flexible parts
and to consider the mechanical behaviour of this flexible part on the loading conditions
of the piece. Furthermore, the impact is not free any more and sliding may occur during
the impact which would largely modify the behaviour of the process compared to more
classical impacts methods.

One last common method is ultrasonic shot peening. A schematic diagram of the
method is provided in Fig.1.1. The shots are here confined in a closed chamber, which
allows to use a limited number of shots. The shots are of a few millimetres in diameter.
An electric generator is used to generate a sine ultrasonic signal, which is amplified and
transmitted to a sonotrode that puts the ball in movement by contact. The impact velocity
of the shots on the surface thus depends on the sonotrode frequency and movement am-
plitude but usually approaches 10m/s. The treated piece can be located in the chamber if
it’s small enough, as in Fig.1.1. In this case complicated shapes pieces can be treated.
The actual impact velocity, impact angle and effective covering rate of the piece are then
difficult to control. For larger pieces, the chamber presents an opened side and the device
is simply applied on the area to treat. The peening treatment is then applied for a given
time and then translated to the next area. This treatment can easily be automatised if the
process parameters are correctly known.

Finally, cold spray is a process worth mentioning here. The principle is quite similar
to conventional shot peening but the impact velocity is one order of magnitude higher,
with velocities ranging from 100m/s to 1000m/s. Consequently the shot deformation is
considerable and very large deformations are involved. When the impacts present a very
large angle with the normal of the treated surface, this process can be used as abrasion,
while for almost normal impacts, the shots keep stuck to the surface. When the material
of the shots is different than the material of the surface, cold spray can be used to created
coatings, while it can be used for refill operations when the shots and the surface are
made out of the same material. This process has gain large interest in the past few years
and several studies try nowadays to understand better the physics of this problem, both
experimentally, see for example [STO 06], and numerically [YIL 11].

1.2.3 Peening processes efficiency and parameters

In all peening processes, the process is governed by the following parameters: shot me-
chanical properties, shot diameter, duration of peening treatment, number of shots, ve-
locity of impacts and angle of impacts. The angle of impacts effect is often neglected in
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Figure 1.1: Ultrasonic shot peening process schematic diagram showing the shot peening
chamber, ultrasounds generator system and the sample holding system.

the studies. For many peening applications the projection of shots towards the surface is
controlled enough so that the angle made between the trajectory and the normal to the
surface is low enough so that the effect of the tangential velocity can be neglected. So
usually, impacts are considered normal to the surface.

Baskaran [BAS 10] recently provided a remarkable review of shot peening simula-
tions and of shot peening effects. Figure1.2presents a schematic diagram of shot peening
and of the basic dimensions involved. The work piece and several shots are represented.
Each shot produces a dent which dimensions are close to the contact radius, classically
denoteda∗. An affected zone is produced in the work piece, this zone can roughly be con-
sidered as the plastically deformed volume, yet it should be noted that the area affected
by residual stresses can be significantly larger than the plastic zone.

The residual stress distribution in the depth of the work piece is represented in fig1.3.
The plastic zone being concentrated just below the surface, compressive residual stresses
are located in a small sub surface zone, thus leading to the delay of crack propagation. The
tensile stresses are rejected far below the surface and a rough estimation of the equilibrium
provides the ratio between the compressive and tensile stress zones (A1 = A2). The size
of the compressive zone is mainly related to the size of the plastic zone, which depends
on the peening parameter, while the compressive stress zone will expand in the depth of
the work piece with a notable effect of the length of the piece if the dimension in depth is
of the same order of the affected zone.

The residual stress distribution, i.e. mainly their depth and their maximum amplitude
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Figure 1.2: Schematic diagram of shot peening. Shot peening involves multiple and pro-
gressively repeated impacts, resulting in plastic deformation of the surface layer. Once the
shot leaves the work piece, the adjoining layer of material resists any further deformation

thus causing Residual Compressive Stresses [BAS 10].

Figure 1.3: Residual stress distribution after peening treatment. The large compressive
stresses acting on a small thickness (Area A1) are balanced by small tensile stresses acting

on a large thickness (Area A2) [BAS 10].
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is governed by the peening parameters. Figure1.4 resumes the main process parameters
and their effect on the residual stress distribution. The air nozzle pressure, which is to be
linked with conventional air blasting systems, is here indicated but can be directly linked
to the velocity of the shots. It appears that increasing impact velocity, shot diameter and
time of treatment directly increase the amplitude of residual stresses and the depth of the
compressive zone. The hardness of both material plays a direct role in the increase of the
subsurface maximum stress amplitude and at the same time of the surface residual stress.
Finally, an increasing hardness of the shots tends to increase the depth of stresses, while
the hardness of the piece’s material logically has the opposite effect.

Figure 1.4: Effects of input parameters on Residual Compressive Stresses (RCS). HV
represents the hardness, v the shot velocity, D the diameter of the shots, p the air pressure
from nozzle and t the time of treatment. The subscripts s and m denote the shot and the

target material respectively [BAS 10].

In a more macroscopic view, a shot peening treatment will have effects on several
aspects of the work piece. It will modify the residual stress state of the piece and introduce
new plastic strains, but it will also influence the initial crack distribution, being able to
close some existing cracks but also to generate new ones if the treatment is too long.
The plastic strains involved can lead to a change in the material’s properties. The surface
roughness and topography will also change due to the dents produced by the impacts
[SAN 10], and the global geometry of the piece can be changed if the residual distortions
generated have amplitudes close to the piece dimensions. Figure1.5resumes the different
changes that can be cause to a material by a peening treatment as defined by Schulze
[SCH 02].
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Figure 1.5: Changes in the material due to peening [SCH 02].
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1.3 Mechanics of impacts

1.3.1 Single impact modelling

1.3.1.1 Inertial effects

When considering the impact of spherical bodies, several expressions can be used to de-
scribe the mechanics of the problem. Several phenomena may be considered

• the normal problem

• the tangential problem,

• inertia effects and dissipation through elastic wave propagation

• inelastic effect and dissipation through plasticity

The inertia effect are widely considered to be negligible for low to moderate velocities, i.e.
up to a few hundreds ofm/s. This hypothesis was first claimed by Johnson [JOH 85]. Fol-
lowing Love’s criterion [LOV 52], this hypothesis is valid as long as the body dimensions
are such that they allow the elastic waves to reflect many times during the impact. In this
case, the quasi-static hypothesis is correct, which leads to the conditionv< 0.002c0 where
c0 is the elastic wave velocity in the bodies. For steel, this velocity is equal to 5200m/s
which leads to a limit velocity of 10.4m/s. This might seem quite low compared to the
announced range of studied velocities. It is to notice that the impact behaviour ceases to
be elastic far beyond this limit. Thus the onset of yield occurs before the condition on
inertia effects. Still purely elastic behaviour is largely considered since it gives reference
values. Especially, the duration of an elastic plastic impact differs slightly from the elastic
duration of an impact.

Authors have proven that inertial effects have no influence on the elastic plastic im-
pact problem, see [DES 00, YAN 05] for example. Some authors have studied the effect
of inertial effects on the very first step after contact, such as Thompson and Robinson
[THO 77] or Lee and Komvopoulos [LEE 10]. They showed that just at the onset of
contact the indentation velocity can overcome the elastic wave velocity, thus creating a
’super-seismic regime’. The duration of this phase is largely negligible compared to the
duration of the impact.

1.3.1.2 Analytical models

The simulation of impacts is a critical step in the knowledge of compressive residual stress
generating processes. From the highly classical Hertz theory [HER 82], simple models for
elastic impact modelling were derived by Davies [DAV 48] and Johnson [JOH 85]. These
analytical models allow a perfect prediction of the phenomenon of an elastic impact but
show drastically insufficient when plasticity is involved. For processes like shot peening,
the impact velocities are far beyond the yield velocity, that is to say very large plastic flow
occurs during the impacts.
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Some analytical models exist to predict the results of shot peening processes.
Franchim et al [FRA 09] proposed an analytical model based on experimental observa-
tions that allows to predict roughly residual stresses produced by a shot peening process.
Tirosh [TIR 08] proposed a full analytical model to estimate the residual stresses. The
plastic zone generated by an impact is approximated as a penny-shape inclusion for which
residual stresses can be analytically calculated. This model involves very strong hypoth-
esis on the material behaviour. The shape of impacts is necessarily governed by strong
assumptions to obtain simple geometrical shapes from which analytical solutions can be
derived and multiple impacts and close influence between impacts has to be neglected for
the simplified theory to apply. Yet this model allows a fast and interesting estimation of
the stresses and is extended to the fatigue life and shakedown analysis. More recently,
Bhuvaraghan et al. [BHU 10a] proposed an analytical model for a single impact based on
the work of Shen and Atluri [SHE 06] that accounts for strain rate in an isotropic material.

1.3.1.3 Numerical models

Analytical or simplified models present interesting applications for fast estimation and
first steps but they are insufficient when a deeper understanding is necessary. More ac-
curate numerical models are necessary to describe the plastic zone, residual stresses and
other physical phenomena that may occur during impacts. The huge majority of the work
made on impact modelling is made with the finite element method (FEM). Several can
here be cited [KLE 09, ROU 09, VUQ 99, YAN 05, MAJ 05], the FE models are usually
quite similar when only one impact is to be considered but differ highly when considering
several impacts.

The precise effect of some physical phenomena can be better understood on single
impacts. Impact models logically consider plasticity and sometime extend it to visco
plastic effects, see for example Klemenz et al. [KLE 09]. It was shown by Rouhaud et al.
[ROU 02] that the residual stresses are usually overestimated in shot peening simulations.
A first contribution by Ould et al. [OUL 06, MAH 07] showed that kinematic hardening
contributes to reducing the residual amount of stresses. Rouquette et al. [ROU 09] added
thermal effects to their FE model. They showed that the heat produced by plasticity de-
creases the amount of residual stresses although the temperature remains below 200C for
a metal under typical conditions of the peening process. These recent examples show that
shot peening involves multiple physical phenomena each of which needs to be considered
for a full global understanding of the problem.

1.3.1.4 Predicting the coefficients of restitution

An interesting way to analyse the energy stored by the impacted surface resides in the
analysis of the coefficient of restitution. This dimensionless parameter is used to de-
scribe/predict the rebound velocity such as in ultrasonic shot peening [PIL 05, COC 06],
sand-blasting [CHA 09] or cold spraying [ASS 03]. The coefficient of restitution is also
of interest in many applications where overloads or damage are linked to impacts, such as
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for read-write heads in hard-drives [KAT 09, KAT 10], mechanical seals or elements of
roller bearings [SOC 06]. Considering an impact purely normal to the surface, the coeffi-
cient of restitution, usually denotede is defined as the ratio between the rebound velocity
and the initial velocity.

e=

∣

∣

∣

∣

vr

vi

∣

∣

∣

∣

(1.1)

Several authors have studied the coefficient of restitution through analytical models,
numerical models, mostly based on the Finite Element Method (FEM) or experiments.
Johnson [JOH 85] first studied the elastic impact between two spheres or between an
equivalent sphere and a plane, providing an analytical formula when an elastic-perfectly
plastic behaviour is considered. Based on the simplified assumption that the contact pres-
sure is constant and equal to three times the dynamic yield strength when plasticity occurs,
he provided an analytical expression for the impact of an elastic sphere over an elastic per-
fectly plastic body. This expression can be extended to isotropic strain hardening when
the strain-stress curve is assumed to follow a power law.

These expressions are usually derived from the simulation of indentation thus neglect-
ing inertia effects, which is assumed to be valid for impact velocities up to 500m/s for
steels. Yang and Komvopoulos [YAN 05] studied the impact of a rigid sphere on an elas-
tic half-space. They showed that inertial effects may have a significant effect during the
very first load increments but become negligible beyond.

Thornton [THO 97] defined an analytical expression of the coefficient of restitution
for the contact between two elastic-perfectly plastic spheres. The coefficient of restitution
e is described as a function of the normalized velocityv/vy wherev is the initial relative
velocity of the two bodies in contact andvy the lowest initial relative velocity that leads
to plastic flow in one of the bodies in contact. Note that the coefficient of restitution by
Thornton is found very different than the one by Johnson. This could be attributed to the
fact that both bodies are elastic-plastic instead of only one for Johnson.

Zhang and Vu-Quoc [VUQ 99, ZHA 02] studied the impact of a an elastic perfectly
plastic sphere on a rigid body, using FEM to model plasticity in the sphere. They com-
pared three different FE models’ results to the Thornton’s expression of the restitution
coefficient. Based on their results, it can be concluded that the Thornton’s formula un-
derestimates the value of the coefficient of restitution at least for values of initial velocity
up to a hundred times the yield velocity. From our point of view it means that the Thorn-
ton’s equation is probably valid when the materials of the two bodies are identical and for
impact velocities much higher than the yield threshold.

More recently, Jackson and co-workers [JAC 10] derived several equations from a
mixed analysis between FE results and contact equations to describe the loading and un-
loading of a rigid sphere on an elastic perfectly plastic body. They quite successfully
compared their results to published models and experiments. They provided accurate and
reliable so called "empirical equations" to predict the coefficient of restitution. They also
studied the influence of the Poisson’s ratio and showed its strong impact on the coeffi-
cient of restitution. They also mentioned that the influence of strain hardening is rather
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low, referencing Kogut and Etsion [KOG 02]. However these authors studied the normal
indentation of a rigid sphere on an elastic plastic body with linear isotropic hardening
but with a tangent modulus limited to 10% of the Young modulus leading to a difference
for the contact parameters lower than 20% compared to the perfectly plastic case. It will
be shown later that this difference should not be considered negligible for impacts with
stronger strain hardening.

Weir and Tallon [WEI 05] studied the impact of small particles at low velocity (around
1m/s). They developed an analytical model taking into account the size of the elastic-
perfectly plastic particles to model granular flows. They also displayed results for multiple
impacts at the same point with a constant initial velocity. Theses results exhibited an
asymptote equal to 1 for the coefficient of restitution when the number of impacts is high
enough. Finally they proposed some equations to model the evolution of the coefficient of
restitution with the number of impacts as a function of the initial coefficient of restitution.

Multiple repeated impacts at constant velocity have also been studied by Seifried et al.
[SEI 05]. They have shown an increase of the coefficient of restitution with the number
of impacts up to a saturation. However, the saturation value is here found different from
1 since the sphere impacts a rod in which part of the initial kinetic energy is lost through
inertial effects. This work was extended to study the effect of visco-plasticity that can be
critical depending on the impacted material [SEI 10]. Using a pendulum-type experimen-
tal set-up, they validated their results for velocities up to 3.5m/s. Repeated impacts with
visco-plasticity was also studied numerically and a good correlation with experiments was
observed [MIN 10]. Finally Minamoto and Kawamura [MIN 11] extended this work for
"moderately high speed" i.e. up to 20m/s using an air-gun type set-up. Interesting com-
parisons can be made with the impact of a sphere on a semi-infinite body, yet considering
the differences due to inertial effects in the rod.

Li et al. [LI 02, WU 05, LI 09] studied impact on a slightly different case. They
developed models to take into account the deformation of an elastic-plastic sphere on a
rigid half-space. They observed a transition velocity above which the sphere reaches a
quasi-viscous state and starts to fully smash against the impacted surface. Note than in
these models and related experiments the deformation takes place only (models) or mostly
(experiments) within the impacting sphere. Moreover the sphere is highly deformed.
The rebound behaviour is largely different from the cases where the flat is elastic-plastic
and the impacting sphere is rigid or elastic, which leads to maximum strains of lower
magnitude and so lower plasticity.

1.3.2 Multiple impacts modelling

Various authors have provided multiple impacts schemes based on FE models. Baskaran
[BAS 10] recently provided a very relevant review of several existing models. The large
number of impacts to simulate and large computation domain are a critical limit factor
for efficient and relevant computations. The increase of computation capabilities allows
today to perform simulations and some multiple impacts simulations can be performed,
see for example the work by Klemenz [KLE 05, KLE 09], that worked with combined
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hardening models with viscous effects.
A large effort is put on the decrease of the computation domain to obtain realistic

calculation times. The use of symmetries is of course common, often modelling only
one quarter of the impact domain. This is mainly possible since only impacts normal to
the surface are simulated, a tangential velocity components would reduce the number of
symmetries. Several impacts are sometimes performed at the same time at fixed distance
and with a given sequence of impacts to represent the fully shot peened state. The model
adopted by Klemenz et al. is given in Fig.1.6.

Figure 1.6: Impact order and arrangement with full coverage and marked evaluation area
(a) and 3D-FE shot peening model (b) from [KLE 09].

Unit representative cells are chosen to represent the impacts sequence and to analyse
the results. As seen in fig1.6, impacts are chosen to be occurring in a square repartition
by various authors. For Klemenz et al., the results are evaluated in large area containing
several impacts. Majzoobi et al. [MAJ 05] chose a similar square repartition of the im-
pacts, considering all impacts happening at the same time and using the symmetries along
all sides of the square to reproduce the unit cell, see Fig.1.7. They observe the residual
stresses in depth at several locations of the model. They observe a quite large dependency
of the point of observation for results just below the surface.

Schiffner et al. [SCH 99] proposed an extension of 2D model to a 3D model using
a triangular shot repartition by exploiting the symmetries of the problem. Their work
probably lacked the calculation power but provided an interesting insight to other shot
repartition models. Kim et al. [KIM 10] proposed an analysis of residual stresses pro-
duced by multiple impacts with a square repartition similar to that proposed by Klemenz
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Contact mechanics

Figure 1.7: Nine-shot impact model from [MAJ 05].

et al. They proposed an averaging method of the results for comparison with the exper-
imental residual stresses measures made by x-rays that are necessarily averaged. Two
methods were proposed: averaging the results over four nodes situated at each corner of
the reference square unit cell or averaging the results over the full reference area. They
showed that the averaging of results over the full reference area gives good correlation
with experimental results thus showing the importance of focusing on averaged results
and not only on the profile in depth at a given position. Other similar models can be
found in [MEG 07, LI 07]. Other authors chose to focus on a randomized impact repar-
tition, see for example Miao et al. [MIA 09] or Bhuvaraghan [BHU 10b] who proposed
a coupled FEM-DEM model. The DEM model allows to predict the position and veloci-
ties of impacts while the FEM model is used for the effective impact calculation and the
prediction of residual stresses and strains.

1.4 Contact mechanics

1.4.1 Hertzian contact

1.4.1.1 Hertz hypotheses

The mechanics of contacts was first really developed by Hertz [HER 82] who presented
what is called nowadays the Hertzian contact. The Hertzian contact describes the contact
between two elastic bodies of spherical or elliptical geometries subjected to a static load
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1. State of the art

or displacement. The Hertzian theory is based on some important hypothesis:

• the contact zone has an elliptical shape

• the problem is considered frictionless

• the elastic bodies are considered semi-infinite

This last hypothesis is of crucial importance for the theory to apply. The bodies can be
considered semi-infinite under two conditions :

• the contact area dimensions are small in comparison with the bodies dimensions.
In this case the stresses are concentrated around the contact zone and the influence
of the bodies’ boundaries on the stress repartition is negligible. This condition is
ensured by the non-conformity of the surfaces:

• the radii of curvature of the bodies in contact are large compared to the dimensions
of the contact. This condition validates the previous one. Consequently the angles
made by the surfaces in contact have to remain small. The contact area can then be
approximated by a plane and the stress level remains compatible with the theory of
elasticity.

These hypothesis are quite restrictive and thus the theory does not apply for finite di-
mension bodies and when the behaviour is no longer elastic. Yet they give satisfactory
solutions for a large number of applications and offer a fast first step estimation for more
complicated applications. Many particular analytical solutions have been developed over
the years and can be found in Johnson’s reference book [JOH 85]. The solutions for a
circular contact are recalled here as well as the approximated solutions for an elliptical
contact, recently developed by Antoine et al. [ANT 06]. Extension of this theory can be
made for the consideration of an elastic impact. Consequent formulae are here recalled as
well.

1.4.1.2 Circular contact

The analytical solution for the elastic contact of two solids of revolution is described by
Johnson [JOH 85]. The main equations resulting from this solution are recalled here. The
two bodies in contact, denoted 1 et 2, have radii of curvature denoted respectivelyR1 and
R2. The relative curvature of the bodies in contact is given by Eq.1.2. The problem is
represented in Fig.1.8

1
Req

=
1
R1

+
1
R2

(1.2)

The elastic properties of body i are given by its Young modulus of elasticityEi and
Poisson’s ratioνi . The equivalent Young modulus of the two surfaces in contactE∗ is
described by Eq.1.3. It is important to note here thatE∗ is the only material parameter
governing the results.
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Figure 1.8: Schematic representation of the Hertzian contact of solids of revolution: main
parameters of the theory.

1
E∗ =

1−ν2
1

E1
+

1−ν2
2

E2
(1.3)

Considering an applied loadF to the bodies in contact, all other contact parameters
are deduced. The area of contact radiusa, the rigid body displacementδz and maximum
contact pressurePhertzare deducted from the applied load. Similar formulae can easily be
deduced witha, δz or Phertz as input value.

a=

(

3FR
4E∗

)1/3

(1.4)

Phertz=
3F

2πa2 =

(

6FE∗2

π3R2

)1/3

(1.5)

δz=
a2

R
=

(

9F2

16RE∗2

)1/3

(1.6)

Finally the pressure profile in the area of contact which is parabolic is also defined as
a function of the distancer from the center of the contact.

P= Phertz

(

1−
( r

a

)2
)−1/2

|r ≤ a (1.7)
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1. State of the art

1.4.1.3 Elliptical contact

The Hertzian contact of elliptical bodies leads to the formulation of elliptic integrals of
the firstFF and secondFε kinds, defined in Eqs.1.20and1.21. Antoine et al. [ANT 06]
proposed approximate functions for the elliptic integrals that allow excellent evaluations
of the contact parameters. As for the contact of bodies of revolution, the contact of two
elastic elliptical bodies 1 and 2 of radiiRix andRiy respectively in the x and y directions
that are directions parallel to the contact surface. The curvatures of the bodies are defined
as the inverse of the radiiρi = 1/Ri. The geometrical parameters of the problem are
represented in Fig.1.9.

The elastic properties of the bodies are defined similarly to the previous case with the
equivalent Young modulus of the bodies in contact defined in Eq.1.3. The load applied
on the bodies is denotedFc and the rigid body displacementδ, δ∗ is a dimensionless form
of the displacement.

The curvature is defined with the curvature sum∑ρ and curvature differenceFρ.

Figure 1.9: Schematic representation of the Hertzian contact of elliptical solids: bodies
1 et 2, planes of principal curvatures, geometrical parameters and applied forceFc from

[ANT 06].

20 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Contact mechanics

∑ρ = ρ1x+ρ1y+ρ2x+ρ2y (1.8)

Fρ =−

√

R2
1+R2

2+2R1R2cos2ω

∑ρ
(1.9)

WhereR1 = ρ1x−ρ1y andR2 = ρ2x−ρ2y andω is the angle between planes of relative
principal curvatures of both bodies in contact. The relative curvatures of the bodiesA and
B are defined as:

A=
∑ρ
4

(

1+Fρ
)

(1.10)

B=
∑ρ
4

(

1−Fρ
)

(1.11)

These parameters are necessary to define the area of contact. This area is elliptical
with its semi major axis denoteda and semi minor axis denotedb. The axis of the contact
ellipse are defined as functions of their dimensionless forma∗ andb∗.

a= a∗
(

3Fc

2(A+B)E∗

)1/3

(1.12)

a∗ =
(

2κ2Fε (κ)
π

)1/3

(1.13)

b= b∗
(

3Fc

2(A+B)E∗

)1/3

(1.14)

b∗ =

(

2Fε (κ)
πκ

)1/3

(1.15)

The rigid body approachδ, its dimensionless valueδ∗ are defined as follows.

δ = δ∗
(

3Fc

2E∗

)2/3 (A+B)1/3

2
(1.16)

δ∗ =
2FF (κ)

π

(

π
2κ2Fε (κ)

)1/3

(1.17)

Consequently, the force displacement relationship can be expressed.

Fc =

(

25/2

3
E∗

(δ∗)
3
2 (A+B)

1
2

)

δ3/2 (1.18)

All this formulae are function of the ellipticity parameterκ defined asa/b which is to
the geometrical parameterFρ according to the hertzian contact theory.
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Fρ =
B/A−1
B/A+1

=

(

κ2+1
)

Fε (κ)−2FF (κ)
(κ2−1)Fε (κ)

(1.19)

The elliptic integrals of the first and second kind, respectivelyFF andFε are defined
as follows:

FF (κ) =
∫ π/2

0

(

1−
(

1− 1
κ2

)

sin2φ
)−1/3

dφ (1.20)

Fε (κ) =
∫ π/2

0

(

1−
(

1− 1
κ2

)

sin2φ
)1/2

dφ (1.21)

The problem of the theory resides in the expression of theses integrals which is not
analytically known. Approximate functions are thus given for the integrals, as function of
parameterm1 = 1/κ2. They are only valid for 0≤ m1 ≤ 1 (i.e. κ ≥ 1). From the approxi-
mate expressions1.22and1.23, the contact parametersa, b and δ defined previously can
be deduced.

FF (κ) =
(

α0+α1m1+α2m2
1

)

−
(

α3+α4m1+α5m2
1

)

lnm1 (1.22)

Fε (κ) =
(

β0+β1m1+β2m2
1

)

−
(

β3m1+β4m2
1

)

lnm1 (1.23)

The numerical constants in eqs1.22and1.23are defined in table1.1.

α0 1.3862944 α4 0.1213478 β2 0.1077812
α1 0.1119723 α5 0.0288729 β3 0.2452727
α2 0.0725296 β0 1 β4 0.0412496
α3 0.5 β1 0.4630151

Table 1.1: Coefficients for the polynomial approximations1.22and1.23of the elliptic
integrals of first and second kinds from [ANT 06].

1.4.1.4 Frictionless Elastic Normal Impact

The theory of Hertz for the normal contact between two spheres can be used to calculate
the maximum rigid body approachδ∗ for an elastic impact knowing the equivalent radius
and initial relative velocityv of the two bodies in contact.

At any point of the impact, the relationship between the rigid body displacementδ
and the loadF is given by Eq. 1.6. The elastic energy in the body can then easily be
calculated. At the climax of the impact,δ is equal toδ∗, the maximum rigid approach.
The elastic energy is then equal to the initial kinetic of the ballEk as indicated in Eq.1.24.
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Ek =
1
2

mv2 =

∫ δ∗

0
F dδ (1.24)

This allows to calculateδ∗, as proposed by Davies [DAV 48]. The value ofδ∗ can
then be expressed as a function of the sphere radiusR and its initial velocityv, as given
by Eq.1.25.

δ∗ =
(

15
8

Ek

E∗√R

) 2
5

(1.25)

δ∗ = R

(

5
4

ρπ
v2

E∗

)

2
5

(1.26)

This equation can be applied more generally to the impact of spherical bodies of radii
R1 andR2 by substituting the equivalent radiusReq (see Eq.1.2) to R.

No full analytical expression exists for the time-displacement curve of an elastic im-
pact problem. However, a numerical integration of the time-displacement curve was made
by Deresiewicz [DER 68] which allows then to determine the total time of impact:

Tc = 2.94
δ∗

v
= 2.87

(

m2

RE∗2v

)

1
5

(1.27)

An extension of this theory can be made to account for plasticity and thus consider
plastic dissipation during the impact. This more generally leads to the studies on the
coefficient of restitution and is described in1.3.1.4. A similar approach has been applied
by Maw et al. [MAW 76, MAW 81] to oblique impacts. Considering the elastic properties
and friction coefficients of the surfaces in contact and the initial angle of impact, three
regimes can be defined: (i) complete sticking regime for angle of impacts that are small
compared to the friction angle, (ii) partial slip regime during the impact with complete slip
at the beginning and the end of the impact and finally (iii) full sliding for high incidence
angles.

1.4.2 Non Hertzian contact

When the geometries in contact cannot be approximated as ellipsoids or when the be-
haviour of the body is no more elastic, numerous analytical solutions exist as well. Most
of these theories still assume contact between semi infinite bodies but various solutions
exist as well for contact between plates or shells. More complex geometries, including an-
gles or corners have also been studied. Various solutions exist for two dimensional bodies
and are often extended to three dimensional problems when an axisymmetric condition
can be assumed. The book by Gladwell [GLA 80] resumes two of these methods: the
"singular integral equations" (see also [MUS 53, GAL 53]) and the Fourrier transform,
see [SNE 51].
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1. State of the art

The contact of rough surfaces, that allows to consider true manufactured surfaces in
opposition with the perfect surfaces considered by the Hertzian contact, has also been
part of numerous studies. Westergaard [WES 39] provided a solution for the contact of
surfaces presenting a sinusoidal roughness. Greenwood and Williamson [GRE 66] have
developed solutions of rough surfaces using a statistical method describing the distribu-
tion of spherical asperities based on a gaussian distribution.

When the body is no longer homogeneous, solutions exist for the contact on a coated
body. The coating and the underlying body are both considered elastic but with different
properties. Solutions for coatings of constant thickness have been described by Meijers
[MEI 68] using the integral methods from Gladwell [GLA 80].

Analytical solutions exist also for plasticity. They usually consider rigid perfectly
plastic bodies. Johnson [JOH 85] proposed several solutions for the contact and indenta-
tion of plastic bodies and for various geometries. Similar solutions for elastic perfectly
plastic contacts exists for the indentation of spheres, pyramids or cones. The extension of
this theory coupled with the impact considerations allows to calculate analytical solutions
for the coefficient of restitution of the impact of elastic perfectly plastic bodies.

Finally, lot of work has been made on the study of combination of normal and tan-
gential contacts. For full sliding situations, the normal contact problem is all-sufficient
since the shear generated is directly the product of the friction coefficient by the con-
tact pressure. Cattaneo [CAT 38] and Mindlin [MIN 49] provided the solution for mono
dimensional partial slip problems. A spherical contact is considered, on which a nor-
mal and tangential loading are applied. The ratio between the loads has to stay below
the full slip condition given by Coulomb law. Mindlin and Deresiewicz [MID 53] went
further considering a tangential loading proportional to the normal loading. At last, this
problem was generalised to bi-dimensional geometries and more complex geometries by
Ciavarella [CIA 98a, CIA 98b].

1.4.3 Mechanical modelling using semi analytical-methods

For general problems, including complex or finite geometries, influence of plasticity, in-
homogeneities or general tangential loading, the use of numerical methods comes nec-
essary. The most widely used method is of course the Finite Element method. The
discretization of bodies into finite elements allows to consider all kind of problems and
physical phenomena, including dynamics, thermal effects, plasticity, ... This method is
largely mastered and contact problems can be solved this way. Yet numerical problems
often occur and the fine meshing needed in the critical areas, especially the high stress
gradient zones around the contact, sometimes lead to prohibitive computation times. An
alternative to this method is the boundary elements method (BEM). This method is quite
similar to the FEM except that only the boundaries of surfaces of the bodies are meshed.
From this method, analytical solutions can be derived that led to the development of the
semi analytical methods (SAM). When analytical solutions can’t be found for complex
problems, it is possible to discretize the problems in a sum of basic known solutions for
which analytical solutions are known. This basic principle is the foundation of the SAM.
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1.4.3.1 Development of the semi analytical techniques

The first semi analytical models were proposed by Bentall and Johnson [BEN 67] and
Paul and Hashemi [PAU 81] for contact problems under a static load. Kalker proposed
a first formalisation of this method [KAL 90] using a Newton-Raphson algorithm. Now-
ell then studied fretting problems using similar methods but restricted to bi-dimensional
problems [NOW 98, DIN 04]. Other numerical techniques were proposed, for example
Jaeger [JAE 04] uses a Gauss-Seidel algorithm.

Acceleration techniques were then proposed and widely used. Multi-grid techniques
were first used [BRA 90, LUB 91] and more recently Fast Fourrier Transforms techniques
(FFT) [JU 96, NOG 97, POL 00] that are today accepted as the most suitable technique
for semi analytical models. The use of FFT allows a huge gain in the computation time
compare to direct calculation methods but requires an extension of the domain of 8 times
in each dimension problem. This extension was reduced to two times in each compu-
tation direction by the use of DC-FFT technique proposed by Liu et al. [LIU 00]. The
zero-padding and wrap-around order techniques applied to the analytical solutions reduce
to a negligible part the computation error made during the FFT transformation. The cou-
pling of these computation methods with powerful algorithms like the conjugate gradient
method (CGM) [POL 99] allows today the use of very fine mesh in contact areas.

The extension in recent years to plasticity added the consideration of 3D semi analyti-
cal solutions. Bi-dimensional FFTs were first applied at each depth of the solids in contact
[JAC 02]. An acceleration of the technique was proposed by Zhou et al.[ZHO 09], called
the 3D-FFT technique in opposition with the plane by plane 2D-FFT technique that allows
a significant decrease of the computations times.

A significant condition of the use of FFT technique is the necessity of having a
regular mesh. Thus semi analytical models are always composed of cuboidal elements
which dimensions are constant. Other methods exists, like the Galerkin vectors technique
[YU 91a, YU 91b, LIU 05] for the computation of 3D problems but have not been applied
yet to complete semi analytical models.

1.4.3.2 Towards more physical phenomena

The use of SAM was first developed for solving contact problems of elastic complex
shape bodies [BEN 67, PAU 81, KAL 90]. The models were then extended to coatings
of constant thickness behaving elastically [TIA 96, PEN 00, PEN 01, PEN 02, CAI 05]
and thermo-elastic problems [LIU 01, LIU 03]. The extension of SAM always relies on
the knowledge of the reference analytical solutions needed to discretize the problem into
known problems. Most of these analytical solutions are derived from the BEM. It is
important to recall that the SAM always apply to semi infinite bodies.

Chiu [CHI 77, CHI 78] developed analytical solutions for the residual stresses gener-
ated by a cuboid of uniform strain included in a semi infinite body. These solutions were
implemented to SAM to consider the effect of plasticity by Jacq et al. [JAC 01, JAC 02].
This opened the way to elastic plastic contact problems formulation. Problems of contact
of fractal surfaces were then studied by Willner [WIL 04].
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The elastic plastic contact SAM model was applied to the studyof various phenomena.
The interaction between plastic behaviour and frictional heating was developed by Boucly
et al. [BOU 04, BOU 05]. At the same time, plasticity computation was improved using
a return mapping algorithm as defined by Simo and Taylor [SIM 85]. The analysis of
frictional heating in contacts, with the influence of heat partition and sliding speed was
studied by Chen et al. [CHE 08b]. The method was also applied to the case of electrical
sliding contacts, to study the effect of thermal softening and melting inception [CHE 09a].

The fine discretization of the contact domain allowed by the SAM lead to the study of
the contact of rough surfaces [SAI 02]. Similar models were applied for wear and to the
running-in of surfaces [NéL 06] and more recently by Bosman et al [BOS 11a], Wang et
al. [WAN 10b] or Chen et al. [CHE 09b]. Fast computation were also used to perform
studies on multiple loadings and unloadings [CHE 08c].

Antaluca et al. applied a tangential loading in the case of full sliding contact to
study the application over dented surfaces [ANT 04, ANT 05] and studied the case of
a rolling loading over an elastic-plastic flat studying also the influence of the elliptic-
ity ratio of the surfaces in contact, ranging from circular contacts to almost cylindrical
contacts [NéL 07a] with application to conventional roller bearings and up to cylindrical
bearings. Boucly et al. applied similar models to the study of rolling and sliding contact
between asperities [BOU 07].

Beyond the simplification of full slipping regime, Gallego et al. proposed a full con-
tact model for elastic bodies under stick-slip conditions [GAL 07a]. This model was
applied to the prediction of wear of fretting surfaces [GAL 06] and under partial slip con-
dition [GAL 07b]. The model is able to handle all three fretting modes [GAL 10b] and
was coupled with FEM simulation of blades turbines to study the fretting wear at the
blade/disk interface [GAL 10a]. This model was applied to the case of elastic layered
materials [WAN 10a]. In this method, the normal and tangential contact problemsare
solved alternatively. A fully coupled method was proposed by Willner [WIL 88].

Analytical solutions to account for plasticity in the tangential problem were deter-
mined by Fulleringer et al. [FUL 10] and applied to model fretting and wear models of
elastic plastic bodies [FUL 11].

Most recent works were made to couple the dry contact semi analytical models with
lubricated contacts. The transition from mild to severe wear lubricated contacts, still with
the effect of plasticity was studied by Bosman et al. [BOS 11b]. The coupling between
elastic hydrodynamic lubrication (EHL) models and elastic plastic contact models to lead
to PEHL models was made by Ren et al. [REN 10].

At last a huge effort is made today to consider the effect of inclusions or inhomo-
geneities in the contact bodies, model that can be applied to the contact of solids with
defects or irregular coatings. Indentation on elastic bodies containing inhomogeneities
[LER 10] or on elastic plastic indentation on layered materials [CHE 10] has been stud-
ied using the inclusion method and the field is still in full development.
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1.5 Rolling contact mechanics

Rolling contact mechanics and especially fatigue induced by rolling contacts is a wide
field of study. This phenomenon is involved in many industrial applications such as bear-
ings, gears, cams or mechanical transmissions. The fatigue behaviour of material is a
known field and evaluation of the life duration of a component under cyclic loading can
be estimated. Certain material present a endurance limit load below which no fatigue
phenomenon and thus no ruin of the system will occur. Yet the knowledge of the stress
history in the material, both considering the residual stress state and applied stress is nec-
essary for this analysis.
For high reliability industrial applications, systems are dimensioned to word under their
yield limit so that their behaviour stays fully elastic. A simple analytical approach, such
as the Hertzian contact is then all-sufficient to analyse the stress history inside the body,
but the fatigue behaviour under multiple cycles still needs to be analysed. This approach
might show insufficient when the system is submitted to punctual peak loads that may
overcome the yield limit and thus generates defects in the components. The passing of
the load over such created or pre-existing defects will generate higher pressures that may
lead to further plastic flow or crack generation and propagation.

The study of rolling over dents has been studied for example by Nelias et al. [NéL 05,
VIN 06]. The development of semi analytical models applied to indentation [JAC 02,
JAC 01] has led to their extension to the study of rolling contacts over dented surfaces
[ANT 04]. The pressure fields generated by the contact of two elastic plastic bodies with
contact load higher that the limit the load has been studied by Antaluca et al. [NéL 07a]
and the study was generalized to spherical and elliptical contact geometries. The residual
imprint generated by plasticity and the effect of several load passes was made, leading
towards a better understanding of rolling contact under high loads.

1.6 Conclusions

This PhD aims at establishing a method for the simulation of impact and especially multi-
ple impact processes using a semi analytical method. A large knowledge on elastic plastic
contact model based on SAMs will be used as a basis. This method should then be applied
to the study of the shot peening process as part of a collaboration work [LI 11]. The study
of the state of the art showed first that there exists a large number of industrial phenomena
that can be modelled simply by impacts and thus pointed at the interest in developing a
general tool that can be applied to multiple processes.

Numerous parameters involved in this processes were identified, reinforcing the inter-
est in having a fast and efficient method to study the effect of all these parameters that are
shot radius or velocity and material properties among others.

It was observed that impact simulation does not need to consider inertia effects which
will be significant in the development of the method. Several physical phenomena are
to be considered to capture the full physics of the problems. Obvious part of these phe-
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nomena, like plasticity and several material hardening lawswill be considered. More
complicated phenomena like thermal effects are considered as second order influence and
will not be considered.

The main process parameter for shot peening simulation is obviously the number of
impacts. The complexity of modelling the full process implies necessarily the definition
of a strategy to consider multiple impacts in a reduced model. Several strategies exist but
none seems obviously better and a particular care will be applied on the definition of this
method. The multiple impact modelling bibliography study also showed a huge domina-
tion of finite elements methods. No alternative clearly exists today. A large number of
impacts can be considered today due to the increase of computation power but this still
can be a limitation. A fast and reliable model seems an interesting alternative. Simple an-
alytical and thus extremely fast models exists and are in development but the application
to a full problem with multiple impacts is not reached yet.

FE results comparisons with experiments usually show good correlation if these re-
sults are correctly interpreted in terms of area or point where the results are taken. FE can
thus be an interesting reference for validation but it is pointed that a correct interpretation
and post treatment of the results is necessary. This care will be brought to the multiple
impact method definition.

The coefficient of restitution is an interesting field with various applications and sev-
eral approaches exist. Studies usually are confined to low velocities, which corresponds
to the lower velocities of shot peening and no effect of hardening is considered. Further-
more, these studies usually concentrate on a single impact. An extension of these analysis
would prove an interesting development for the study of multiple impact phenomena in a
simple analytical way.

Finally, the use of SAMs for contact problems is today widely use. Their efficiency
has been proven, their accuracy as well. And they attract more and more interests. The
number of physical phenomena considered increases and thus they offer varied possibil-
ities for mechanical simulation. Their computation speed is recognized and they present
as a good candidate to model multiple impact phenomena.

28 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



A Semi Analytical method for contact
and impact simulations

A semi analytical contact method was formerly developed to
study the contact of non conformal elastic-plastic bodies. The
aim of this work is to extend this method to the consideration

of impacts. This chapter presents the major improvements
made to the method for the consideration of impacts. These

improvements fulfil two aims: the adaptation of the method to
relatively large strain levels and the consideration of impact

loadings.
The general algorithm and contact solvers are first briefly

depicted. A brief explanation of numerical improvements is
made. This chapter then concentrates on two major parts of

the code: the stress calculation, on which enhancements have
been brought for the computation speed and the large

displacement consideration, and the plastic strain
computation that has been extended to the consideration of

kinematic, and thus, mixed hardening. Focus is made then on
the specificities of impact consideration and the subsequent

additions made to the method. At last validations of the model
are presented.
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Introduction

2.1 Introduction

The study of the state of the art in chapter1 showed the interest of semi analytical meth-
ods (SAMs) for mechanical modelling. Based on a large experience on SAMs and their
advantages it was chosen to extend the SAM to the consideration of impacts. The use of
SAM is mainly interesting for the computation speed it offers. The ease it presents for the
resolution of contact problems is also an advantage compared to conventional methods.
Finally, the state of the art also showed that the study of impacts is widely ruled by the
Finite Element Method and SAMs can turn up as an interesting alternative.

The model presented here is derived from the model developed by Jacq [JAC 01] and
Boucly [BOU 08]. A semi analytical method was thus developed to model the contact
of elastic-plastic bodies of random shape. Thermal effects as well as the modelling of
wear was included in the model that considered only isotropic hardening. Several other
physical mechanisms, such as tangential stick-slip effects or inclusion modelling, have
also been included to SAMs by various authors. The reader may refer to section1.4.3for
an accurate description of the existing SAMs and modelled phenomena.

Thermal and tangential effects were not included. The study of the literature showed
that these effects are of second order for the studied phenomena. The SAM was firstly
developed for the simulation of contacts between mechanical components. Under normal
load conditions, these components are usually designed to run under their yield limit or
slightly above it. Consequently the study may consider only elasticity [GAL 07a] a low
plasticity level [JAC 01, BOU 08], typically around 1 or 2% or residual strain. The main
goal of the current study is the analysis of industrial processes generating compressive
residual stresses. These processes involve larger strain levels and thus the use of the
method was extended.

The use of SAM at level of deformation of a few percents of plastic strain involves
some care in the definition of the size of the mesh. Actually, numerical instabilities can
occur in SAM, similarly to effects occurring with the discrete element method. The reso-
lution of these instabilities is presented in section2.2.5. The convergence criteria used in
the former were inappropriate for large strain consideration and have been corrected, see
sec.2.2.4.

The semi analytical solutions used in the SAM used a small-strain formulation as
defined in Eq.2.1, whereue denotes the elastic displacements andεe the elastic strain.

εe
i j =

1
2

(

ue
i, j +ue

j ,i

)

(2.1)

The consideration of cross-terms in the strain formulation is thus not included in SAM
and cannot be part of the model, except for considering other semi analytical solutions.
Another important feature of the model is the fact that the plastic strains are calculated in-
crementally, which is crucial for large strain consideration. The semi analytical solutions
used in this method are derived from the Hertzian contact theory, see sec.1.4.1.1and so
consider that the angles made by the surfaces in contact remain small. When the bodies
in contact encounter large deformation, this hypothesis is no longer valid and improve-
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2. A Semi Analytical method for contact and impact simulations

ments were brought to the method to account for this effect in the calculation of stresses
generated by the contact pressure, see sec.2.3.1. At last, an important part of the strain
considerations is the incompatibility equations, that ensure the continuity of the strain
and displacement fields. The non respect of this hypothesis generates an error that can be
neglected at low strain levels, but increases with the strain. This feature is not included in
the current method and might be a source of error in the presented results as well as an
important improvement for upcoming work.

The residual strain computation is a second critical step in the SAM. First, it is the
feature that will determine the influence of plasticity and thus determine the difference
with the analytical elastic solutions and second it is the most time consuming step of the
model. For these reasons, a particular care was brought to this part of the model. The so
called 2DFFT method, used by Jacq and Boucly [JAC 01, BOU 08] was replaced by the
3DFFT method, which allows faster computation and a decrease in the amount of memory
used by the model. Despite the significant benefit in computation time, this method shows
intrinsically rather inaccurate to calculate residual stresses generated by strains located
very close to the surface. A combination of the two methods is thus proposed to decrease
this error while still keeping large benefits in speed.

The computation of plastic strains, that generate the residual stresses, is made by a
classical return-mapping algorithm, first described by Simo and Taylor [SIM 85]. Former
studies concentrated on isotropic hardening, the current study added the consideration
of the kinematic hardening and so the return-mapping algorithm was extended to these
considerations. The various hardening laws used throughout this work are presented sub-
sequently.

As the state of the art showed, the influence of inertial effects in low velocity impacts
is negligible. This feature was thus not included in the model which is then a quasi-static
model for which the load path is not known a priori. To consider impact, it is needed to
determine the loading path at each step as a function of the initial impact velocity. The
determination of the impact loading is described in sec.2.5.

The last part of this chapter is dedicated to the numerical validation of the method.
Former validations made on the elastic-plastic analytical contact model are quickly re-
called. The modifications brought to the plastic strain calculation, including the 3DFFT
methods and convergence criteria modification are validated through comparisons with
FEM results. Elastic analytical solutions are used to validate the impact loading calcula-
tion loop. At last, benchmarks of the simulation of impacts at large strain levels (about
10%) have been made with several finite elements codes and will be presented in the
following chapters.

Finally, some important aspects of the SAMs are worth recalling here. As indicated
further, Fast Fourier Transforms (FFT) are used for the computation of mechanical quan-
tities. The model must then have a mesh of constant size in all three space directions.
Consequently, no mesh reduction in critical areas is possible. A second important aspect
is the use of the semi analytical solutions that are defined for semi infinite bodies. The
consideration of the boundary conditions is thus intrinsic to the used solutions. Conse-
quently, only the area of interest is to be meshed, which allows large gains in computation
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General algorithm and contact solver

time since no meshing of the boundaries is necessary. The drawback to this aspect is that
the method is only able to model semi infinite bodies. That is to say the dimensions of the
simulated bodies have to be large with respect to the area of interest (i.e. the plastic zone)
as described by Saint Venant’s principle.

2.2 General algorithm and contact solver

2.2.1 General algorithm

The general algorithm of the SAM is described here and plotted in Fig.2.1. In addition
to the common steps of the model, the most important steps for the simulation of impact
are presented. Optional steps, i.e. the tangential contact solver and the consideration of
large displacements, are also indicated.

The initial state is first defined. The geometries of the two bodies in contact as
well as their material properties are given. Only one body is considered elastic-plastic
in this study but two elastic plastic bodies could easily be considered. Initial strains
and stresses can be included in the elastic-plastic body. Strains can be consequence of
former plasticity or eventual non homogeneous inclusions, though not part of this work.
Stresses can be of two kinds: residual stresses, consequence of the formerly described
strains, or so-called initial stresses. Initial stresses, denotedσinit , can come from material
phase transformation, surface treatment or strains located outside the simulated zone.
At last, the loading path has to be defined: contact force or rigid body displacement
history for classical contact problems, additional rolling distance and rolling step
for rolling loads and initial velocity for impacts. For impact simulations, the current
velocity is used at each step to calculate the rigid body displacementδz or contact forceFc.

In all cases, the force or displacement is used as input to the contact solver. The
contact is solved using a conjugate gradient method (CGM), see Normal Contact Problem
in Fig. 2.1. When considering tangential effects, an additional contact solver is used. The
normal and tangential contact problems are solved alternatively, the other being consider
constant, until convergence of both problems, see [GAL 07a]. From the contact solver,
the surface pressure field (plus eventual shear fields) is calculated. The normal contact
solver is briefly described in section2.2.3.

In the case of large displacements, this pressure field is considered applied on the
deformed surface and projected on the initial reference surface to account for the angles
made by the surfaces. Consequently, the initial pressure field is resolved into a pressure
normal to the initial surface and shears in the two directions parallel to the surface. This
operation is descibed in section2.3.1.

The contact being solved, the loading of the body is described and the stresses are
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2. A Semi Analytical method for contact and impact simulations

then computed. From the pressure, and eventual shear fields, so called elastic stresses
σe are calculated using classical elementary analytical solutions described in annex A
(see section2.3.1). The residual stressesσres generated by non homogeneous strains in
the body are computed using either the 2DFFT or 3DFFT method, described further in
section2.3.2. Initial stressesσinit are added to obtain the total stressσtot which is simply
the sum of all three stress components according to the small strain hypothesis:

σtot (B) = σe(B)+σres(B)+σinit (B) ,B being a point in the volume (2.2)

The total stress is used as input to the return-mapping algorithm and used to calculate
the increment of plastic strain at each point of the body, see section2.4. From this
increment, new residual stresses are computed along with the increment of surface
residual displacement. The new stress and strain state in the bodies being known, the
convergence of the problem is checked. The increment of residual stress validates the
convergence of the contact problem while the yield function does the same for the plastic
problem. The convergence criteria are described in section2.2.4. In case of convergence,
the next load increment is started, determining the new load or displacement. In the
opposite case, the geometry is updated with the residual stress and a new iteration is
done, starting with the contact solver, with updated stresses and this until convergence is
reached.

Three mechanical quantities are to be computed in this method: surface displace-
ments, stresses and plastic strains. The plastic strains are computed at each element using
the return mapping algorithm. The displacements and stresses are quantities that can be
directly computed at a given time from the source that generates. This source is the load-
ing (pressure and/or shears) for the "elastic" displacements and stresses, and the plastic
strains for the "residual" displacements and stresses. Influence coefficients, recalled in
annexA, describe the link between the source and the calculated quantity. The influ-
ence coefficients are applied using the DC-FFT method to reduce the computation time.
This fast computational method, based on the Fast Fourier Transforms is described in the
following section.

2.2.2 The DC-FFT Method

Semi-analytical methods are based on the use of elementary analytical solutions. Their
use to solve contact problems is well-known, more details can be found in [JAC 01,
JAC 02], [BOU 05, BOU 08] or [GAL 07a]. Only the basic principle of the method is
recalled here. The summation of analytical solutions to obtain the solution of the com-
plex problem is a time consuming operation. It is accelerated by the use of Fast Fourier
Transforms (FFT). This was first introduced by Ju and Farris [JU 96].

The method is illustrated by the computation of the vertical displacement of an elastic
surface generated by a pressure distribution. This computation is made at the Normal
Contact Problem step, represented in Fig.2.1. While solving the contact, a pressure field
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General algorithm and contact solver

Figure 2.1: General algorithm of the contact-impact semi analytical model.
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2. A Semi Analytical method for contact and impact simulations

is determined and the displacement of the surface is then usedto compute the gap between
the surfaces in contact, as detailed in the following section.

The well-known Boussinesq solution [BOU 85] gives the normal displacement at any
point of a surface subjected to a unit force. A similar solution has been provided by Love
[LOV 52] for a rectangle on which a uniform pressure is applied. Theseelementary solu-
tions are known as Green’s functions or influence coefficients. By discretizing the pres-
sure distribution into several patches of uniform pressure, one obtains a two-dimensional
convolution product to describe the surface normal displacementue

z at any point(x,y) of
the surface by taking into account the contribution of each patch of uniform pressurep.

ue
z (x,y) =

x
Dp(x−x′,y−y′

)

p
(

x′,y′
)

dx′dy′ (2.3)

The matrixDp here represents the effect of a uniform pressure applied on a patch
located at(x′,y′) on the normal displacementue

z at(x,y). This convolution product is then
computed by switching to the frequency domain using the Fast Fourier Transforms (FFT)
where it becomes a simple matrix multiplication.

ûe
z (x,y) = D̂p(x,y) p̂(x,y) (2.4)

whereûe
z represents the Fourier transform ofue

z.
Converting data to the frequency domain introduces errors to the solution due to the

periodic repetition of data in the frequency domain inherent to the FFT. In standard fre-
quency analysis, an increase of the initial data in a virtual domain by a factor 5 [JU 96]
or 8 [POL 00] minimum in all space dimensions is necessary to neglect these errors. Liu
et. al. [LIU 00] introduced the discrete convolution method with the FFT (DC-FFT) to
reduce this time consuming domain increase. The computation domain is here only ex-
tended by a factor two in all directions but particular care is put to the virtual domain
definition. The data source, i.e. the pressure in the example given before, is extended by
zeros in the virtual domain, this is called the zero-padding. The matrix of coefficients is
extended using the wrap-around order technique. This consists in reproducing the coef-
ficients in the virtual domain by respecting their parity. The FFT is then applied to the
extended data, multiplication is made in the frequency domain and the inverse FFT allows
to determine the final results with negligible error. By the use of this technique the com-
putation of the results is really fast and the extension of the computation domain limited.
Details on the method can be found in [LIU 00, GAL 07a].

2.2.3 Contact resolution

The resolution of the contact is a critical step of the model and a strength of the method.
The use of SAM for contact problem resolution is well mastered now and only the funda-
mental steps are recalled here.

The contact of two elastic bodies is here considered. The geometry of both bodies
is described by the surface separationh at each point(i, j) of the computation domain.
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General algorithm and contact solver

A total loadFc or rigid body displacementδz is applied on the bodies in contact. The
equations to be solved simultaneously for the elastic contact problem are as follows:

utot
z (i, j) = h(i, j)+δz,(i, j) ∈ Ac (2.5)

p(i, j)> 0,(i, j) ∈ Ac (2.6)

utot
z (i, j)≥ h(i, j)+α,(i, j) 3 Ac (2.7)

p(i, j) = 0,(i, j) 3 Ac (2.8)

∆x∆y ∑
(i, j)∈Ac

p(i, j) = Fc (2.9)

whereutot
z (i, j) is the composite normal displacement of both bodies at point (i,j)

of the contact areaAc, p(i, j) is the pressure,∆x and ∆y are the grid spacings along
the x and y directions, respectively. The main parameters for the problem of a sphere
applied on a plane are plotted in Fig.2.2 (a). Figure2.2 (b) represents the case of large
displacements, where the pressure profile is highly influenced by plasticity and additional
shear is considered. The same set of equations is used for elastic-plastic contact, the
only difference being the permanent surface deformationures that is added to the surface
geometry.

The elastic-plastic contact formulation is based on Betti’s reciprocal theorem. First
introduced by Jacq et al. [JAC 02] for elastic-plastic contacts, it has been adapted by
Boucly et al. [BOU 05] for thermal-elastic-plastic contacts, who introduced frictional
heating based on the work of Liu and Wang [LIU 03] in thermo-elasticity. Thermal effect
won’t be considered in the current work. Betti’s reciprocal theorem allows the calculation
of displacementsu and stressesσ(i, j), as the summation of the contribution of the elastic
field, the residual state, and the thermally induced strains, as in Eqs.2.10and2.2below:

utot
z (A) = ue

z(A)+ures
z (A) ,A being a point on the sur f ace (2.10)

At each convergence step of the contact problem, a pressure distribution is defined,
and the contact conditions described by Eqs.2.5 to 2.9 are checked. The update of
pressures at each step to reach the converged solution is made following the Conjugate
Gradient Method (CGM) as described by Polonsky and Keer [POL 99].

In the present investigation only normal effects will be considered and hence impacts
will be assumed frictionless. However the coupling between normal and tangential
effects has already been implemented in the contact solver - see Gallego et al. [GAL 10c]
and Fulleringer and Nelias [FUL 10] - and this will be the subject of future works.
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2. A Semi Analytical method for contact and impact simulations

Figure 2.2: Representation of the contact parameters for a rigid or elastic ball applied on
an elastic-plastic flat with normal forceFc of displacementδz. (a) without consideration

of large displacements (b) with large displacements consideration.
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General algorithm and contact solver

2.2.4 Convergence criteria

Former versions of the model [JAC 01, BOU 08] used a criterion based on the increment
of residual displacement to ensure the convergence of the current load increment. Con-
sidering the residual displacementures(n)(k) at load increment n and convergence iteration
k, and the residual displacement at the former iterationures(n)(k−1) calculated over the
computation domain of sizeNx×Ny, Ni being the number of points in direction i, the
convergence is ensured if the error calculated as in Eq.2.11 is lower than a prescribed
tolerancetol..

√

∑i=1,Nx ∑ j=1,Ny

(

ures(n)(k) (i, j)−ures(n)(k−1) (i, j)
)2

NxNyMax
∣

∣ures(n)(k)
∣

∣

≤ tol. (2.11)

This criterion ensures the convergence of the contact problem. The force or displace-
ment being prescribed, the residual displacement is the only variable input of the contact
problem during a loading increment. Thus the stabilization of the residual displacement
guarantees the stabilization of the contact problem.

The residual displacement is only a two-dimensional image of the subsurface three
dimensional plastic strains. The convergence of the residual displacement does not guar-
antee the convergence of the plastic problem, the influence of sub-surface strains being
low on the residual displacement. A criteria based on the yield functionf at each point of
the solid is used as defined in Eq.2.12. The yield function is defined in Eq.2.31, 〈a〉 are
the McCauley brackets, denoting the positive part ofa andNplast the number of points
not having reached stabilization yet.

∑i=1,Nx ∑ j=1,Ny ∑k=1,Nz

〈

f (x,y,z)
σy(x,y,z)

〉

Nplast
≤ tol. (2.12)

The new convergence criterion based on the yield function ensures the correct conver-
gence of the plastic problem.

2.2.5 Numerical problems

The SAMs, as other numerical methods, are subjected to problems inherent to the numer-
ical schemes. The most problematic is the concentration of the calculated plastic strain on
some elements. This problems, common in the discrete element method (DEM), gener-
ates after a few iterations a "chessboard-like" strain pattern, the strains being concentrated
on one element over two, thus releasing the surrounding elements and so supporting and
propagating the phenomenon. It is interesting to notice that the average obtained solution
is close to the effective solution of the problem. This phenomenon generates oscillations
around the actual solution, but also often leads to a divergence of the solution. Figure2.3
shows the residual strain profiles in a plane cutting the surface for two equivalent cases,
one presenting localization and the other without numerical problems.
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Figure 2.3: Accumulated plastic strain field in the z direction for a typical impact. Cases
with (a) and without (b) localisation at equivalent time steps. In case (b) the mesh size in

z direction is half the mesh size in the x and y directions.

The use of non-local methods allows a great improvement of this problem. These
methods were firstly implemented for the definition of the plastic strain field. Further
evaluation of the problems showed that the use of non-local methods only delays the
problem while adding parameters of crucial influence of the model and should thus only
be used for the most critical cases.

Non local methods lies on the consideration that the plastic strain at a given point
A is not only function of the state of this point but also of the state of the surrounding
points. The influence of each pointB is defined by a weight functionψ(A,B), which
values converges to 0 after a given characteristic lengthl . The value of the strain at
pointA is then calculated as a weighted mean of the surrounding variables over the whole
computation domainΩ, see Eq.2.13. The efficiency of the method lies in the choice of the
weight functionψ and its characteristic lengthl . A finite Gaussian type weight function
with a characteristic length small enough compared to the strain gradients observed in the
calculations showed the best results.

εp(A) =
∫

Ω
ψ(A,B)εp(B) dΩ (2.13)

The most efficient way to solve this numerical problem, and the one used in Fig.2.3
is derived from the DEM. This problem being common in DEM is solved by adding extra
elements in the concentration zones to increase the mesh density. This method is difficult
to apply directly due to the constant mesh size necessary for the SAM as explained in this
chapter’s introduction. Reducing mesh dimensions in all three directions just reduces the
problem to oscillations at a lower frequency. The solution is to reduce the mesh dimension
in the depth direction only (z) and thus using cuboids of dimensions∆x×∆y×∆z with
∆x× = 2∆z. The ratio between∆x and∆y is taken equal to 1 for axisymmetric problems
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Stress calculation

but can be modified for problems with a dominant x or y direction.

2.3 Stress calculation

Stresses occurring in the elastic-plastic body considered in this model may have three
origins as indicated in Eq.2.2. Thermal effects not being considered in this study, stresses
in the bodies can be generated by: (i) the pressure and/or shears applied on the body’s
surface, denotedσe, (ii) non homogeneous strains in the body, reduced to plastic strain
in this study, denotedσres and (iii) initial stresses, denotedσinit that are generated by
other effects (phase transformation, nitriding, non homogeneous strains located outside
the computation zone,...) and are constant throughout the computation.

The elastic stresses are calculated using the DC-FFT technique applied to the analyti-
cal solutions first derived by Love [LOV 52] for the effect of pressure and extended to the
effect of shears by Vergne [VER 85]. When only a normal contact problem is considered,
the elastic stresses are generated by a pressure only. If the load is large enough (typically
when reaching 10% of total strain), the small displacement assumption is no more valid
and additional shears due to the geometry of the surfaces in contact are to be considered.
Details on this operation are presented here.

The calculation of residual stresses is the most time consuming step of the method. Its
efficiency is thus crucial to the speed of the method. Furthermore, residual stresses being
the origin of the difference between an elastic solution and the effective result of an elastic
plastic simulation, their accuracy is also fundamental. An acceleration technique for the
computation of these stresses and its limitations in terms of results is presented further.

2.3.1 Elastic stresses

An important feature of the model is the assumption of small strains and small displace-
ments that allows the superimposition of the elastic and inelastic contributions. This
hypothesis is usually considered valid in finite elements for strains up to approximately
10% . When large strains occur, it is important to consider an update in the geometry of
the system. Two characteristics of the SAM allow to consider quite large amplitudes of
strains while keeping the small strain hypothesis. First the real surface geometry is fully
considered when solving the contact. The SAM results are then similar to that obtained
with geometry update in finite elements methods. The second feature to consider is the
angle made by the surfaces in contact. In the classical analytical contact formulations, the
angle made by the surface is considered small enough to be neglected [JOH 85]. When
deformations become large enough, this hypothesis is no longer valid. The contact solver
gives a pressure that acts normal to the contact surface. If the angle made by the deformed
surface is large enough compared to the reference flat surface, the contact pressure will
have both a normal and a tangential effect. A formulation is here proposed to consider
this tangential effect in the computation of stresses.

After solving the contact using the CGM, a pressure fieldpCGM, discretized over the
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2. A Semi Analytical method for contact and impact simulations

contact surface is known. This pressure field is assumed to actnormal to the effective
surface of the bodies in contact. At each point of coordinate(i, j) of the contact surfaceAc,
the effective angles made by the deformed surfaces are calculated in each of the directions,
x and y, parallel to the surface. The residual displacementures of the surfaces in the
only part to consider here, the elastic displacementue of the surfaces being implicitly
considered by the analytical solutions giving the stresses.

θx(i, j) =
1
2
(θx+ (i, j)+θx− (i, j)) (2.14)

Where:

θx+ (i, j) = atan

(

ures B1
z (i +1, j)−ures B1

z (i, j)

∆x

)

(2.15)

θx− (i, j) = atan

(

ures B1
z (i, j)−ures B1

z (i −1, j)

∆x

)

(2.16)

WhereB1 is the elastic plastic, originally flat, surface impacted by the balls andB2 the
impacting ball.

Similarly, the angle of the surface in the y direction is computed as follows:

θy(i, j) =
1
2

(

θy+ (i, j)+θy− (i, j)
)

(2.17)

Where:

θy+ (i, j) = atan

(

ures B1
z (i, j +1)−ures B1

z (i, j)

∆x

)

(2.18)

θy− (i, j) = atan

(

ures B1
z (i, j)−ures B1

z (i, j −1)
∆x

)

(2.19)

Figure2.4(a) illustrates the calculation of the surface’s angles.
Consequently, the pressure calculated by the CGMPCGM, assumed to be normal to the

real deformed surface, is projected on the reference flat surface to obtain the equivalent
pressuresPr and shears,sr

x andsr
y. The normal to the real surface is taken as the normal

to the two directions defined byθx andθy. The projection of the calculated pressure over
the reference surface is illustrated in Fig.2.4(b).

Pr (i, j) = PCGM(i, j)cos(θx)cos(θy) (2.20)

qr
x (i, j) = PCGM(i, j)sin(θx) (2.21)

qr
y(i, j) = PCGM(i, j)sin(θy) (2.22)
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Stress calculation

Figure 2.4: (a) Calculation of the surface angle against the reference surface. (b) Pro-
jection of the CGM calculated pressurepCGM normal to the deformed surface on to the

reference surface.
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2. A Semi Analytical method for contact and impact simulations

The total elastic stressesσe in the body are calculated from the resulting pressure and
shears. The stresses generated by the pressure are calculated using the formulae derived
by Love [LOV 52] which have been extended to the case of tangential loading toaccount
for the effect of shears by Vergne [VER 85]. These formulae are recalled in annexA.

This projection of the pressure over the real deformed surface allows to consider large
displacements in the stress computation. The SAM implicitly assumes a small perturba-
tion hypothesis. For reasons mentioned above, the contact solver allows to go beyond the
classical limits of this hypothesis. A description of the upper limit of strain accepted by
the method is tackled in chapter4. A complete approach of large strain and displacement
problems would need three considerations:

• large displacements and slopes: the method proposed in this section ensures a cor-
rect consideration of this effect for the stress computation.

• large strains: the Green functions used to compute all stresses and displacement
in the SAM assume small strains and neglect the second order terms in the strain
tensor definition. The use or development of specific Green functions accounting
for these terms is necessary to compute correctly large strains. At high strain levels
(typically above 10% of strain) discontinuities in the strain fields might appear and
cause instabilities in the convergence process. These discontinuities would be the
consequence of the terms neglected in the strain definition. No study of the effect of
the small strain assumption in the SAM has been conducted at the author’s knowl-
edge, yet the simulations and validations presented in the following show that this
effect is negligible for strain level lower than 10%.

• geometry updating: the stresses computation is made on the reference geometry.
Large changes of the geometry of the solids in contact will influence the stress
distribution. As for the strain definition, no study of the effect of this specific feature
has been made but results prove that this effect has no critical influence in the ranges
of strains and stresses investigated in the following chapter.

2.3.2 Residual stresses

The computation of the residual stresses is made in a similar way than the computation of
elastic stresses. The source of stresses, here the plastic strains, is three dimensional while
the pressure generating the elastic stresses is two dimensional. This implies significant
differences in the computation and especially it the time length it takes. As the pressure
distribution was divided into patches of uniform pressure, the plastic zone is divided into
cuboids of uniform plastic strain. The DC-FFT method is then used to calculate the
residual stresses at any point of the body as the sum of the contribution of each cuboid of
the plastic volume, denotedΩp.

The influence coefficients describing the residual stressesσres generated by a cuboid
of uniform strain are calculated based on the superposition principle proposed by Chiu
[CHI 77, CHI 78] and first applied by Jacq et al. [JAC 02]. The stresses generated by a

44 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Stress calculation

cuboid of uniform residual strain are the sum of three effects: the effect of the cuboid in an
infinite body, the effect of a mirror cuboid in an infinite body and a normal stress, applied
on the free surface to consider the hypothesis of a semi-infinite body. The mirror cuboid
is located beyond the equivalent free surface at a distance along the depth z axis equal to
twice the effective depth of the cuboid. The xz and yz shear components of the mirror
cuboid have the same amplitude but opposite sign of those of the reference cuboid. The
effects of both cuboids allows to remove the shearing effects on the free surface. Finally,
the normal traction generated by these two cuboids is then applied on the free surface to
obtain the final value in a semi-infinite body. This decomposition is illustrated in Fig.2.5
and Eq.2.23.

Figure 2.5: Subdivision of the problem of the residual stresses generated by a cuboid
of uniform strainεp in a semi infinite body into the sum of stresses generated by (a) the
same cuboid in an infinite body, (b) a mirror cuboid in an infinite body and (c) a normal

pressure applied on the semi infinite body surface.

σres(x,y,z) = σres.∞ (x,y,z)+σres m∞ (x,y,z)+σres sur f(x,y,z) (2.23)

Jacq et al. [JAC 02] used a direct formulation of the stresses generated by a cuboid
in a semi infinite body. The influence coefficients obtained depend on the depth of
the cuboid and the calculation point. The DC-FFT must then be applied for each
plastic strain depth and calculation point depth. The FFT computations are only two
dimensional and the method is so called 2DFFT. Calculating separately the effects of the
three sub-problems to finally sum up the total residual stresses allows a significant gain in
computation time and was first proposed by Zhou et al. [ZHO 09]. This so called 3DFFT
method, for the computation of the stresses in an infinite body generated by the cuboid or
its mirror, by 3DFFT, is here used to increase the computation speed. The description of
the influence coefficients necessary to perform the 3DFFT method is recalled in annexA.
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2. A Semi Analytical method for contact and impact simulations

For the 2DFFT method, the residual stress generated at point(x,y,z) by a cuboid of
uniform strain of size∆x×∆y located at point(x0,y0,z0) is expressed directly as follows:

σres
i j (x,y,z) = B∞/2

i jkl (x−x0,y−y0,z,z0)εp
kl (x0,y0,z0) (2.24)

In the case of a complete plastic volumeΩp, the stress any point of the body is ob-
tained as:

σres
i j (x,y,z) = ∑

(x0,y0,z0)∈Ωp

B∞/2
i jkl (x−x0,y−y0,z,z0)εp

kl (x0,y0,z0) (2.25)

A two dimensional FFT is then applied in the x and y directions for each value ofz
andz0 to compute the values of the stresses as:

σres
i j (x,y,z) = ∑

z0

FFT−1
(

B̂∞/2
i jkl (z,z0) ε̂p

kl (z0)
)

(2.26)

Where B̂∞/2
i jkl (z,z0) and ε̂p

kl (z0) are respectively the two dimensional FFT of

B∞/2
i jkl (x,y,z,z0) andεp

kl (x0,y0,z0) in the x and y directions.

In the case of the 3DFFT method, the computation is divided into three parts, follow-
ing the superposition principle. In the case of a plastic volumeΩd, this leads to:

σres
i j (x,y,z) = ∑

(x0,y0,z0)∈Ωp

[

B∞
i jkl (x−x0,y−y0,z−z0)εp

kl (x0,y0,z0)

+B∞
i jkl (x−x0,y−y0,z+z0)εpm

kl (x0,y0,z0)
]

− ∑
(x′,y′)∈Ad

Cp
kl

(

x−x′,y−y′,z
)

σn
kl

(

x′,y′
)

(2.27)

WhereAd is the discretized area, for precision in computation,Ad is taken to be the
calculation domain extended by a given value in x and y directions. Commonly, this value
is taken to be equal to 20 in thex+, x−, y+ andy− directions.σn is the stress component
normal to the free surface generated by the plastic volume and its mirror in the equivalent
semi infinite body :

σn(x′,y′
)

= ∑
(x0,y0,z0)∈Ωp

[

B∞
zzkl

(

x′−x0,y
′−y0,z

′−z0
)

εp
kl (x0,y0,z0)

+B∞
zzkl

(

x′−x0,y
′−y0,z

′+z0
)

εpm
kl (x0,y0,z0)

]

(2.28)

The FFTs are then applied to perform the convolution products in the frequency do-
main and the reverse FFTs allow to obtain the final residual stress. The trick is that the
two first terms in Eq.2.27can be obtained directly by performing a three dimensional
FFT and the third term simply one two dimensional FFT:
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Stress calculation

σres
i j (x,y,z) = FFT−1

(

B̂∞
i jkl ε̂

p
kl

)

+FFT−1
(

B̂∞
i jkl ε̂

pm
kl

)

−FFT−1
(

Ĉp
kl (z) σ̂n

kl

)

(2.29)

Where B̂∞
i jkl , ε̂p

kl and ε̂pm
kl are the 3DFFT ofB∞

i jkl (x,y,z), εp
kl (x0,y0,z0) and

εpm
kl (x0,y0,z0) respectively andĈp

kl (z) and σ̂n
kl the 2DFFT ofCp

kl (x,y,z) and σn
kl (x

′,y′)
respectively in the x and y directions.

This expression can be generalized to any stress caused by a cuboid of given strain,
in the modelling of inclusions or inhomogeneities [LER 10, CHE 10]. It is interesting to
note that the 2DFFT technique can be used for the case of plastic strain only due to the
incompressibility of the plastic strain. The trace of the plastic strain matrix is nil and thus
the analytical calculation of the coefficient is made possible, see [CHI 78, JAC 02] for
more details. For strains due to inclusions or inhomogeneities, that are not necessarily
incompressible, the calculation of the coefficients for the 2DFFT is not possible and the
3DFFT technique, that uses only Chiu’s formulation for an infinite body [CHI 77] and the
effect of a surface pressure, has to be used.

The third term is simply the elastic stresses generated by an equivalent pressure on
the body surface. This equivalent pressure is calculated as the stress normal to the surface
generated in an equivalent infinite body by the considered cuboid and its mirror relatively
to the free surface. During the computation, the result of calculation of the two first terms
is used to compute the third one.

When using the 3DFFT technique, the computation time is highly reduced for two
reasons. First the actual computation time is lower as described in [ZHO 09] due to the
number of operations needed to perform the residual stress calculation. This effect is
actually of second order, the major effect being that the coefficients matrices are of lower
dimension. For the 2DFFT technique, the coefficient matrix has a sizeNx×Ny×N2

z where
Ni is the number of elements in the i direction, where it is only of sizeNx×Ny×2Nz when
using the 3DFFT technique. This generates a large gain in computation time for the
influence coefficient calculation by itself and for the matrices reading, writing and global
manipulation. So the actual effective gain is more a programming effect that an actual
gain in the calculation technique. Still, this improvement is considerable and as far as the
calculation using the 3DFFT technique is possible, it should be applied.

The calculation of residual stresses using the 3DFFT method is validated on the case
of a thermoelastic stress field generated by a spherical inclusion in a half-space. Mindlin
and Cheng [MIN 50] derived an analytic solution for this stress field. A cubicaldomain
of sizea×a×a is modelled. A spherical inclusion of radiusR= 7a/16 centred in the
domain is discretized into cuboids. The inclusion center is located atz= a/2 Dilatation
properties are attributed to the inclusion so that it has diagonal strainsεii = αT where
T is a prescribed temperature. Simple thermal strains are here assumed for comparison
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2. A Semi Analytical method for contact and impact simulations

with an analytical solution but a complete strain tensor could be modelled by this method.
The stresses generated by the thermal strains are calculated using the 3DFFT technique.
Results are normalized byσ0 =EαT/3(1−ν), whereE andν are the elastic properties of
the body and the inclusion. Figure2.6shows the results along the in-depth z-axis through
the center of the inclusion and along the x-axis (parallel to the surface) at the surface
of the body and along the same x-axis (denoted here x’) at depth z, passing through the
center of the inclusion for all three normal stress components.

A very good correspondence between SAM and analytical results is found. Results
taken through the center of the inclusion along an axis parallel to the surface and along a
similar axis but at the surface give excellent results as well. As indicated by Zhou et al
[ZHO 09], the model was discretized with 128 elements in each directions. This is rather
fine but necessary in this case to model accurately enough the curvature of the sphere. The
sides of the inclusion are rather close to the borders of the computation domain, which,
according to Zhou, allows to show the low influence of the surface traction. This is true
in this validation case since the distance of the inclusion to the surface decreases as going
towards the border of the domain. Concrete application have shown that this conclusion
holds no longer for different strain repartitions. The computation domain of the surface
traction is thus extended for a better definition as indicated further.

Comparison with SAM results resulting of coarser discretization have been per-
formed, down to a 32× 32× 32 elements domain. SAM results are then satisfactory
excepted around the curve of the sphere due to a poor representation of the sphere as
cuboids.

Validation of the technique is thus satisfactory. Yet the 3DFFT technique for the
residual stress calculation presents two drawbacks. First, the surface contributionσn has
to be integrated over a finite surface. For the 2DFFT technique, the contribution of this
pressure was analytically considered and so integrated over an infinite surface. In the
3DFFT technique, this contribution has to be limited to a finite surfaceAd. This finite
surface is taken to be greater than the calculation domain. Consequently, the effect of
σn located outside ofAd on the computation domain will be negligible. The increase in
computation time due to this domain extension is negligible since the contribution of the
plastic domain and its mirror has only to be considered in thez= 0 plane.

Secondly, this surface contribution, that was formerly analytically defined is now dis-
cretized on the computation mesh. Following Saint Venant’s principle, the effect of the
discretization will be negligible far enough from the surface but might have a major ef-
fect for the surface elements and that just below it. Since the mesh dimensions have to
be constant over all the computation domain to apply the FFTs, this problem can not be
solved just by refining the mesh.

It is proposed to mix both methods to minimize the effect of the surface discretization
when the plastic area reaches the surface. The 2D-FFT technique is used to account
for the contribution of plastic strains up to a given transition depthztrans. The 3D-FFT
technique is used to compute the effect of the remaining plastic strains. For practical
applications, a value ofztrans equal to 5 showed the best results in terms of quality of
results and computation speed.
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Figure 2.6: Validation of the 3DFFT technique. Computation of the stress generated by a
spherical inclusion of uniform strain in a half-space, comparison with analytical solution
from Mindlin and Cheng [MIN 50]. Stresses along depth axis z passing by the center of
the inclusion (a), along the x-axis parallel to the surface (b) and along the x’-axis, parallel

to x, passing through the center of the inclusion (c).

T. Chaise / Mechanical simulation using a semi analytical method 49

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



2. A Semi Analytical method for contact and impact simulations

σres
i j (x,y,z) = ∑

(x0,y0,z0)∈Ωp|z≤ztrans

B∞/2
i jkl (x−x0,y−y0,z,z0)εp

kl (x0,y0,z0)

∑
(x0,y0,z0)∈Ωp|z>ztrans

B∞
i jkl (x−x0,y−y0,z−z0)εp

kl (x0,y0,z0)

+B∞
i jkl (x−x0,y−y0,z+z0)εpm

kl (x0,y0,z0)

− ∑
(x′,y′)∈Ad

Cp
kl

(

x−x′,y−y′,z
)

σn
kl

(

x′,y′
)

(2.30)

In practice, the residual stresses computation method is determined as a function of the
expected residual strain distribution, desired accuracy of results and desired computation
speed. It should be noted that even the 2DFFT method, although it is slower than the
3DFFT method, gives results in a largely reduced CPU time compared to an equivalent
simulation made by the Finite Element Method with equivalent computation power.

2.4 Plastic strain calculation

2.4.1 The return mapping algorithm

Knowing the total stresses applied to the body, the plastic strain increment generated by
these stresses is calculated. A classical return mapping algorithm is used. The return
mapping algorithm was first proposed by Simo and Taylor [SIM 85] and extended to
larger considerations by Fotiu and Nemat-Nasser [FOT 96]. The extension by Fotiu et
al. allows to consider rate dependant plasticity and a plastic predictor-elastic corrector
for large increments of plastic strain. This second scheme cannot easily be implemented
to the semi analytical method and the efficiency of the classical elastic predictor-plastic
corrector scheme was considered all-sufficient. The return mapping algorithm was first
adapted into the SAM by Boucly et al. [BOU 05]. The extension to kinematic and mixed
hardening has been here made and the full algorithm is recalled.

The plastic body is assumed to be under the effect of a total stress tensorσ. For the
general presentation of the algorithm, the material is assumed to have a mixed hardening
behaviour, with kinematic hardening variable or back-stressX and isotropic hardening
variabler. The several hardening laws used will be recalled in section2.4.2. Assuming
Von Mises plasticity, the yield function is calculated as follows :

f = J2

(

σ−X
)

− r (2.31)

WhereJ2 represents the Von Mises equivalent stress and is given by2.32where the
prime denotes the deviatoric part of the corresponding tensor.

J2

(

σ
)

=

√

3
2

σ′ : σ′ (2.32)
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Plastic strain calculation

The plastic strain rate ˙p and the accumulated plastic strainp are also defined.

ṗ=

√

2
3

ε̇p : ε̇p (2.33)

p=
∫ t

0
ṗdt (2.34)

The loading-unloading conditions are then governed by the Kuhn-Tucker relations :

f ≤ 0, ṗ≥ 0, f ṗ= 0 (2.35)

The isotropic hardening variable is assumed to depend on the accumulated plastic
strainp only, i.e. neither temperature nor strain rate dependency is considered. Similarly,
the back stress is assumed to have the following dependencies :

Ẋ = H (p) ṗµ (2.36)

Whereµ is a normalized stress tensor. For simplicity in the notation, the difference
between the total stress and the back stress is notedsand its Von Mises equivalent is noted
σVM

µ=
3
(

σ−X
)′

2J2

(

σ−X
) =

s

σVM
, µ : µ=

3
2

(2.37)

From a known loading state(a), the total strain increment to the next loading state
(b) is first considered purely elastic (elastic predictor scheme), the total stress increment
is usually calculated using Hooke’s law. In the case of the semi analytical method, the
problem is stress driven and the elastic predictors(1) is directly calculated. The initial
conditions for the return mapping are the given in Eq.2.38.

σ(1)
VM =

√

3
2

s′(1) : s′
(1)

µ(1) =
3s′(1)

2σ(1)
VM

p(1) = pa

εp(1) = εp
a

r(1) = ra

H(1) = Ha

X(1) = X
a

(2.38)

T. Chaise / Mechanical simulation using a semi analytical method 51

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



2. A Semi Analytical method for contact and impact simulations

At each convergence step(n) of the return-mapping, the yield function is calculated:

f (n) = σ(n)
VM− r(n) (2.39)

Then the plastic multiplier, which is here equal to the plastic strain increment∆p is
calculated:

∆p(n) =
f (n)

3G+ r(n),p + 3
2H(n)

(2.40)

Where G is the elastic shear modulus of the plastic body defined asE/(2(1+ν)).
The stresses, strains and hardening variables are updated :

σ(n+1)
VM = σ(n)

VM−
(

3G+
3
2

H(n)
)

∆p(n)

s′(n+1)
= s′(n)− 2

3

(

3G+
3
2

H(n)
)

∆p(n)µ(n)

p(n+1) = p(n)+∆p(n)

εp(n+1) = εp(n)+∆p(n)µ(n)

r(n+1) = r
(

p(n+1)
)

H(n+1) = H
(

p(n+1)
)

X(n+1) = X(n)+H(n)∆p(n)µ(n)

(2.41)

The convergence of the process is checked with the new yield function.

∣

∣

∣
f (n+1)

∣

∣

∣
=
∣

∣

∣
σ(n+1)

VM − r(n+1)
∣

∣

∣
< tol. (2.42)

Wheretol. is a prescribed tolerance, usually taken equal to 1.10−6. If the convergence
is not reached the next plastic multiplier is calculated, else the final values of accumulated
plastic strain, plastic strain tensor, isotropic hardening variables and back stress tensor are
equal to that calculated at step(n+1).

2.4.2 Hardening laws

The extension of plasticity to the consideration of all hardening types was made. Kine-
matic hardening, allowing then to reproduce mixed hardening behaviours was included
in the model. Basic hardening behaviours are depicted in Fig.2.7. Figure2.7(a) shows
the perfectly-plastic case, i.e. with no hardening. This case is very common in many
analytical solutions for it simplifies the establishment of equations. Comparison between
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Plastic strain calculation

numerical and analytical results is thus often made on the case of perfectly-plastic be-
haviour. This case often results in numerical difficulties in solving the equilibrium. Fig-
ure 2.7(b) shows the case of a linear isotropic hardening, i.e. the case where hardening
leads to an isotropic increase of the yield surface, and thus of the yield limit. Finally, Fig.
2.7(c) illustrates kinematic hardening, where plastic flow causes a translation of the yield
surface, the elastic domain being thus constant in size. The general hardening behaviour
of material can be expected to be mixed, with more or less influence of the isotropic and
kinematic parts.

Four isotropic hardening laws, depending on the accumulated plastic strainp, the
elastic young modulusE and the initial yield limitσy0 are used.

• the perfectly plastic hardening law

r = σy0

r,p = 0
(2.43)

• the linear hardening law

r = σy0+
ET

1− ET
E

p

r,p =
ET

1− ET
E

(2.44)

• Swift hardening law

r = B
(

C+ p106
)n

r,p = 106B
(

C+ p106
)n−1 (2.45)

• Ramberg Osgood hardening law

r = σy0+Kpn

r,p = Knpn−1 (2.46)

For the kinematic hardening law, only the Armstrong-Frederick hardening law is here
presented. This law uses two hardening variablesX

1
andX

2
and a simple linear hardening

can be deduced by keeping onlyX
1
.
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2. A Semi Analytical method for contact and impact simulations

Figure 2.7: Stress-Total strain curves for typical hardening laws. (a) Perfectly plastic
hardening law. (b) linear isotropic hardening law. (c) linear kinematic hardening law.
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From contact to impact

X = X1+X2

dX1 =
2
3
C1dεp

dX2 =
2
3
C2dεp− γ2X2ṗ

H =
2
3
(C1+C2)− γ2

X2 : s

σVM

(2.47)

2.5 From contact to impact

The elastic plastic contact solver has been modified for the simulation of impacts. The
problem is considered quasi-static, meaning that no inertial effects are taken into account,
which is consistent for impact speeds lower than 500m/s for most materials as indicated
by Johnson [JOH 85] and deduced from the state of the art study. In other words thepro-
posed method should be valid for impact speeds lower than the sound velocity and when
the contact area is small in comparison to the dimensions of the impacted body. The initial
velocity is taken to be normal to the impacted surface, the contact is assumed frictionless
and so no computation of the tangential problem is made. For impacts involving strains
higher than 6− 8%, the angle between the vertical axis (normal load) and the normal
to the deformed surface is considered and equivalent shears are calculated following the
methodology described in section2.3.1.

When considering an impact loading, the load path is not known a priori. The only
input data is the initial velocityvi or more generally the initial kinetic energyEi

k. At each
load stepn the load has thus to be evaluated as a function of the current kinetic energy
En

k . It is then possible to drive the problem with the contact forceFc or the rigid body
displacementδz.

The rigid body displacement is an interesting option since its calculation is easy when
the velocity is known by following simple equations. Yet, when plasticity occurs at pre-
scribed displacement, the calculated contact force decreases at each convergence step of
the plastic problem during loading. This scheme can lead to the calculation of non phys-
ical plastic strains. A coefficient of relaxation can be applied to the calculated strains
but will only reduce the amplitude of the strains and not correct their distribution. The
error made through the scheme will be negligible if the time step is small enough. Vali-
dations of the model have shown that the error made using a displacement driven scheme
is negligible, satisfactory results being obtained.

The second solution is to use a prescribed contact force scheme. The contact force
has to be estimated in a more complicated way than the displacement and it should be
checked at each load step that the applied force will not overcome the actual maximum
load of the problem. This is made by checking the energies involved and is described
further. For comparison of the impact loops and potential future improvements of the
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2. A Semi Analytical method for contact and impact simulations

method, both problem driving are presented here.

For the displacement driven formulation the time of each load step∆tδz is considered
constant and taken to be an input fraction of the elastic time step described in Eq.2.60.
For the contact force driven formulation, the time of each load step∆tn is variable and is
calculated a posteriori as a function of the rigid body displacement covered by the ball
during the last load step and its velocity.

Knowing the contact forceFn
c , rigid body displacementδn

z at load stepn, the workEFc

done by the contact force during the last load step is first calculated :

En
Fc
=

∫ δn
z

δn−1
z

Fcdδz

=
Fn

c +Fn−1
c

2

(

δn
z −δn−1

z

)

(2.48)

The kinetic energy of the ball is then updated to account for the work done byFc

En
k = En−1

k −En
Fc

(2.49)

The velocity of the spherevn is then calculated. Its sign is given by the sign of the
work done by the contact force, which is positive during loading, i.e. when the ball’s
velocity is positive.

vn =
En

Fc
∣

∣En
Fc

∣

∣

√

2En
k

m
during loading (2.50)

For a displacement driven problem, the next rigid body displacement is directly de-
ducted from the velocity and the known time step value∆tδ.

∆tn+1 = ∆tδ (2.51)

δn+1
z = δn

z +∆tδzvn (2.52)

For a load driven problem, a hypothetical rigid body displacementδhyp
z is first esti-

mated as in the displacement driven case, considering that the time step does not vary
much :

δhyp
z = δn

z +∆tδzvn (2.53)

The next contact force is then estimated assuming a constant load/displacement ratio
for both load steps :

Fn+1
c = Fn

c +
Fn

c −Fn−1
c

δn
z−δn−1

z

(

δhyp
z −δn

z

)

(2.54)
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Model validation

To avoid an overloading of elastic plastic body, the work hypothetically done byFn+1
c

over a distance
(

δhyp
z −δn

z

)

is calculated following Eq.2.48and compared to the residual

kinetic energyEt
k. If the difference in these energies overcomes a prescribed tolerance,

the applied loadFn+1
c is decreased. A similar check is made a posteriori once both contact

parameters are given by the elastic plastic contact solver. If the prescribed tolerance on
the energiestolE is overcome, the last load step is cancelled and the input data reduced.

I f
Fn+1

c +Fn
c

2

(

δn+1
z −δn

z

)

< tolE

then: cancel step

reduce prescribed load/displacement

(2.55)

The time step is then calculated in the load driven scheme :

∆tn+1 =
δn+1

z −δn
z

vn+1−vn (2.56)

The problem being quasi-static, the time step definition plays no specific role on the
convergence of the solver. However an accurate definition of the time step is required to
describe accurately the maximum rigid body approach. Large time steps lead to a rough
estimate of the plastic strains but this effect is of second order since the plastic strains
calculated at the last load steps cover the strains of the previous steps. A parametric
study on the time step effect showed that a total of 20 time steps for loading-unloading
is sufficient for a fine definition of the maximum loading and give the same results for
the rebound velocity and residual plastic strains than when a smaller time step is used.
The duration of an elastic impact being analytically known and close to the duration of an
elastic-plastic impact, the actual time step is determined from Eq.2.60.

The time step being constant and the velocity decreasing during loading, the increment
of displacementδz is large for the first steps and reduces up to the climax of the impact.
Consequently, the displacement steps are fine at the maximum load and relatively coarse
at the first time steps.

Influence of the load and displacement driven schemes was not completely studied.
At low plastic strain amplitude, both methods give equivalent results. For larger plastic
strain levels, a greater influence is expected for which more detailed analysis should be
considered.

For all impact applications presented, the displacement-driven method was used.

2.6 Model validation

Further validations of the model are proposed here. The plastic strain and residual stresses
calculation being modified, a validation of the calculation of plastic strains and resid-
ual strains at low plasticity level is first proposed to guarantee the efficiency of the new
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2. A Semi Analytical method for contact and impact simulations

method for all former applications of the SAM. This validation is made through compar-
isons with finite element indentation simulations based on the work by Jacq [JAC 01].

In a second time, a validation of the impact loading calculation for a displacement
driven situation is proposed. The displacement versus time curve of an elastic impact is
calculated and compared to well-known analytical solutions.

Analysis of the results of impacts at higher plasticity levels, involving the new calcu-
lation of elastic stresses will be proposed in the following chapters as benchmarks with
several finite elements codes. This will provide detailed validations of the plastic and
impact considerations. Validations of the impact model are made at a macroscopic level
in chapter4 by studying the coefficient of restitution and comparing it toseveral results
from the literature.

2.6.1 Low plasticity level indentation - Comparison with FEM results

Former validations of the elastic plastic semi analytical contact code where made for
indentation at low plasticity levels [JAC 02] and further carried out to higher plasticity
levels (up to 5% plastic strain and values of rigid body displacementδz equal to 110 times
the critical rigid body displacementδy corresponding to the onset of plasticity) [NéL 06].
The validations proposed by Jacq et al. is here reproduced to validate the new convergence
criteria and residual strain calculations through the 3DFFT technique.

The quasi static indentation of an elastic plastic flat with Swift isotropic hardening law
by a rigid sphere is simulated using the semi analytical model and the commercial finite
element code Abaqus. The indentation parameters are recalled in Tab.2.1. Residual stress
and strain components are plotted along the depth axis at two locations: at the center of
the contact, see Fig.2.8and at 2µm of the center of the contact, which corresponds here
to one half of the contact radius under maximum load, see Fig.2.9.

Body 1 Body 2
Geometry SphereR= 105µm Flat

Elastic Rigid E2 = 210GPa
properties ν2 = 0.3

Swift
Plastic Rigid B= 1240MPa

properties C= 30
n= 0.085

Load 190mN ; PHertz= 5.5GPa; a= 4µm

Table 2.1: Indentation parameters for the SAM validation at low plasticity level indenta-
tion. Comparison between SAM and Abaqus results.

An excellent fit is obtained for the residual strains and stresses, both at the center of
the contact and at a close distance between SAM and FEM results. The new plasticity
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Model validation
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Figure 2.8: Residual strains and stresses calculated in depth at the center of the indenta-
tion of a rigid sphere on an elastic plastic flat. FEM and SAM results comparison.
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2. A Semi Analytical method for contact and impact simulations
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Figure 2.9: Residual strains and stresses calculated in depth at 2µmfrom the center of the
indentation of a rigid sphere on an elastic plastic flat. FEM and SAM results comparison.
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Model validation

loop parameters can thus be considered validated with respect to Abaqus and with the
former versions of the model.

It can be noticed here that experimental validations of the model where made by com-
parisons of the residual displacements generated by a sphere rolling on a flat. SAM results
showed excellent correlation with the experimental results. Further details are available
in [JAC 01].

2.6.2 Impact loop validation

The impact loop is first validated through a simple elastic impact case where analytical
solutions are well-known.

The theory of Hertz for the normal contact between two spheres as summarized by
Johnson [JOH 85] can be used to calculate the maximum rigid body approachδ∗ knowing
the equivalent radius and initial relative velocity of the two bodies in contact. This is done
by equalizing the initial kinetic energy and the elastic deformation energy stored during
the impact, as proposed by Davies [DAV 48]. The value ofδ∗ can also be expressed as a
function of the sphere radiusR and its initial velocityv, as given by Eq.2.57,

δ∗ =
(

15
8

Ek

E∗√R

) 2
5

(2.57)

where the kinetic energyEk is defined by:

Ek =
1
2

mv2 (2.58)

It yields:

δ∗ = R

(

5
4

ρπ
v2

E∗

)

2
5

(2.59)

No analytical expression exists for the time-displacement curve of an elastic impact
problem. However, the total time of impact can be expressed as follows:

Tc = 2.94
δ∗

v
= 2.87

(

m2

RE∗2v

)

1
5

(2.60)

Using the semi-analytical method, the simulation of an elastic impact is first per-
formed. Figure2.10illustrates the rigid body displacement versus time during an elastic
impact and for a circular contact (sphere on flat). The maximum rigid body displace-
mentδ∗ and the total impact durationTc given by2.59and2.60are used to normalize
the plot. The numerical results obtained from the current model corroborate well with the
analytical results for the maximum values.
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2. A Semi Analytical method for contact and impact simulations
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Figure 2.10: SAM Time-Displacement curve for an elastic impact with displacementδ
normalized by the analytical maximum rigid body displacementδ∗ and timet normalized

by the analytical total impact durationTc

2.7 Conclusions

The semi analytical method was developed and extended to be able to simulate contact at
rather high plastic strain levels, up to the limits of the assumed small strain hypothesis.

Several improvements were made on the method to increase its accuracy and com-
putational speed. The modelled mechanical phenomena were enhanced, with the con-
sideration of impact loadings and kinematic hardening. The method is now capable of
simulating static or rolling contacts with any kind of plasticity hardening model in re-
duced computation time compared to the former versions of the model. Applications of
these improvements to the simulation of rolling contact will be made in the following
chapter.

The validation of impact modelling has been initiated with the validation of the impact
loading calculation for a simple elastic case. Based on this, the impacts being considered
quasi-static the code can be considered fully efficient to model impacts involving low
plastic strain levels (up to about 10%) for which the method was formerly validated.

The behaviour of the method for higher levels of plasticity needs to be investigated.
The consideration of plasticity at large strain levels has been improved with the lifting of
the small displacement hypothesis. Quality of the obtained results needs to be inquired.
Besides, important consideration like compatibility equations are still not considered by
the method and validations of the results is to be done. Chapter4 illustrates several
applications in this direction.
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Conclusions

Analysis of the results at the macroscopic level with the comparison of the coefficient
of restitution will be made and benchmarks with several finite element codes will allow to
evaluate the influence of large strains and the efficiency of the method to simulate these
phenomena.

T. Chaise / Mechanical simulation using a semi analytical method 63

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés
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From rolling contact...

In this chapter, some applications of the semi analytical model
to rolling contact problems are presented. Industrial

applications of rolling contacts, typically including bearings
are usually loaded below their yield limit or encounter very
low plasticity levels. Thus the pressure and stress levels are
commonly calculated using analytical elastic solutions. One

aim of this chapter is to show limits of this approach by
observing the effect of plasticity on the maximum pressure

observed during contact.
The study begins with the analysis of the effect of the

hardening model on indentation and rolling contacts. The
evolution of the residual imprint is studied, the effect of the
rolling loading and hardening model on this imprint and its

stabilization are analysed. The influence of several
parameters on the maximum pressure during contact and

maximum residual strain is then observed. Ranging from an
elastic contact to a stress level above the yield limit, the

influence of the contact geometry (circular or elliptical) and
loading type (indentation or rolling) is presented.
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Introduction

3.1 Introduction

Low plasticity burnishing is an industrial process used to generate compressive residual
stresses by the application of a rolling load on the treated surface. The geometry of the
loaded body can vary as well as the applied load depending on the desired effect. A study
of the rolling of a sphere or an ellipsoid on an elastic plastic semi infinite body is proposed
here as a first insight on low plasticity burnishing modelling.

What is often referred to as a Hertzian contact may undergo plasticity either at the
macro-scale due to an accidental overload, or at an asperity scale due to the presence of
surface defects and/or roughness. Whereas an elastic solution does not explicitly con-
sider the surface velocity or loading history, it is also apparent that a moving (rolling)
load will not yield the same residual stress and strain distribution as that of a purely ver-
tical loading/unloading. Three-dimensional (3D) analysis is also more complex than the
two-dimensional (2D) problem since it implies a change in the surface conformity. This
chapter presents the results of a numerical investigation on frictionless elastic-plastic el-
liptical point contacts with a moving load, as compared to a purely vertical (indentation)
load. In the present analysis, both bodies may behave in an elastic-plastic mode. Both
kinematic and isotropic hardening are considered to account for repeated rolling contacts.
The contact pressure and the plastic strain are found to be reduced when the two bodies
are elastic-plastic, as compared to the case when one of the bodies remains elastic. Nu-
merical results also indicate that, at a given load intensity, the maximum contact pressure
and equivalent plastic strain are affected by the contact geometry (circular and elliptical
point contacts), and differ significantly when the load is moving compared to purely ver-
tical indentation. Whereas the maximum elastic contact pressure (Hertz solution) is often
used as a control parameter for rolling contact fatigue analysis, whatever the geometry
of the contact (point, elliptical or line contact), the results presented here show that the
effective contact pressure and subsequent residual strains are strongly dependent on the
contact geometry in the elastic-plastic regime.

A series of simulations will be briefly presented and analysed in terms of the pressure
distribution under load, as well as permanent surface deformation and residual strain after
unloading. These Two geometries will be investigated, first a circular point contact and
second an elliptical point contact with an ellipticity ratio equal to eight. The contact is
considered frictionless, thus no computation of tangential problem is made. The tangen-
tial displacement implies only a translation of the geometry and plastic strains of both
surfaces in contact.

It is often assumed that plasticity in a contact acts to limit the contact pressure to a
threshold value and is only dependant on the material hardness or yield stress, which is
also referred to as elastic-perfectly plastic behaviour. Such an approach can be used as a
first step, and may yield satisfactory results for a rough surface in terms of real contact
area, pressure distribution, and gap between the contacting surfaces. However, it does
not allow an adequate description of the subsurface stress state, since it does not consider
plasticity which leads to residual stresses and strains.

The incorporation of plasticity in 3D rolling contact analyses has recently gained more
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3. From rolling contact...

attention due to progress in semi-analytical methods (SAM) [JAC 02, SAI 02, BOU 05,
WAN 05, NéL 06, POP 06a, POP 06b, BOU 07, NéL 07a, NéL 07b, ANT 08, CHE 08a,
CHE 08c, WAN 10b], which are an alternative to more costly finite element method
(FEM) simulations (see for example [BIJ 97, JIA 02, GUO 04, KER 07]). While line
contacts and elliptical point contacts may undergo plasticity when the yield stress is ex-
ceeded, the 3D case is more complex since it involves an additional mechanism which is
an increase in the surface conformity as the ellipsoid generates a groove on the counter-
face as it translates. Moreover, most mechanical contacts carry their service load not
simply once, but potentially for a large number of repeated cycles. Therefore the con-
tact analysis could be repeated to account for cyclic loading of the contacting materials,
which can result in large computational overhead when conventional FEM is used. Note
that a first attempt to describe the effect of the hardening model (isotropic, kinematic and
combined kinematic-isotropic hardening) in repeated frictionless rolling elastic-plastic
circular point contact is due to Chen et al. [CHE 08c].

3.2 Hardening Criteria and Numerical Data

There are numerous plasticity models that have been developed - ranging from elastic-
perfectly plastic to elastic-plastic with linear or non-linear behaviour with kinematic,
isotropic, combined isotropic-kinematic, or anisotropic hardening, each having select ca-
pabilities to describe various experimental phenomena. The choice of the yield criterion
may also affect the results. Elastic-perfectly plastic flow without hardening corresponds to
the case in which the stress remains constant during flow; this is exhibited by mild steels
and soft metallic materials as a flat zone in the stress-strain curve. This behaviour does
not match that of hardenable alloy steels that have high yield limits. Since it is our de-
sire to develop models that are most appropriate for this class of steels, a hardening law is
therefore necessary. For isotropic metals, the experimental points are situated between the
von Mises and the Tresca criteria, with very ductile metals closer to the Tresca criterion
[LEM 90]. In numerical models, however, the von Mises criterion is the one most com-
monly used because of its easier implementation in numerical calculations. The Tresca
criterion is more difficult to use because of the discontinuity in the normal at the corners
of the yield surface. It is why in this investigation, a kinematic and an isotropic hardening
models along with the von Mises yield criterion have been chosen for the representation
of the yield surface. As a first approximation, it is assumed that the cyclic stress-strain
response of the material is identical to that under monotonic tension, neglecting any cyclic
softening that may occur due to micro-structural/metallurgical phase changes.

The isotropic hardening law of the EP body is described by the Swift’s law, i.e.
σy = B(C+106p)n, which presents the numerical advantage of being continuously differ-
entiable. Parameters describing the hardening of AISI 52100 bearing steel, for which data
are available, are selected for illustrational purposes:B= 945MPa,C= 20, andn= 0.121
[BOU 05], with p being the accumulated plastic strain. This gives a conventional shear
yield stressK = σY/2= 1187MPaat 0.2% plastic strain. The load level investigated cor-
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Hardening Criteria and Numerical Data

responds to an elastic contact pressure up to 8GPa (Hertzian assumption), which remains
in the elastic shakedown regime. The limit between the elastic regime and the elastic
shakedown regime corresponds to the onset of yielding. It is well known (since Johnson
[JOH 85]) that from the von Mises criterion̋U and a Poisson’s ratio of 0.3̋U the maxi-
mum contact pressure to initiate yield isPmax= 2.8K = 1.60σY at a depth of 0.48a for a
circular point contact, whilst it begins at a point equal to 0.78a below the surface when
Pmax= 3.1K = 1.79σY for Hertzian 2D line contact. Note that no upper limit of shake-
down exists since isotropic hardening is assumed, in other words, a ratcheting regime is
not reached.

The kinematic hardening law of the EP body is described by the Armstrong-
Frederick’s law. Two kinematic hardening variablesX1 andX2 are used. Their evolution
is described by Eq.2.47. The yield function is defined by Eq.2.31:

ParametersC1, C2 and γ2 are obtained by best fitting both hardening laws for a
monotonic tensile loading with values of equivalent plastic strainep ranging from 0 to
2%. These values cover the range of plastic strain studied here. The initial yield limit
σy0 is taken equal to the initial yield limit of the isotropic Swift’s law. This leads to
C1 = 34,591MPa, C2 = 974,304MPa, γ2 = 856 andσy0 = 1,358MPa. Both hardening
curves present a maximum difference of 7.5% with an average of 1.27%. Figure3.1
illustrates the resulting hardening curves for the isotropic Swift law and the kinematic
Armstrong-Frederick law.

0 0.5 1 1.5 2
0

500

1000

1500

2000

2500

3000

3500

e
p
 [%]

σ y [M
P

a]

 

 

Isotropic hardening − Swif Law
Kinematic hardening − Armstrong−Frederick Law

Figure 3.1: Hardening curves for the isotropic Swift’s hardening law and the kinematic
Armstrong Frederick’s law

Throughout this study, pressure results are presented normalized by the Hertzian pres-
sure. The Hertzian pressure is defined as the maximum pressure for a spherical contact.
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3. From rolling contact...

It is defined as in Eq.1.5(see [JOH 85]).
For an elliptic contact, approximate analytical equations have been given by Antoine

et al. [ANT 06]. The Hertzian pressure for an elliptical contact point loaded with force
P0 is then defined as:

Phertz=
3
2

P0

πac
(3.1)

wherea andc are the semi-minor and semi-major axes of the contact ellipse defined
in Eqs.1.12and1.14.

3.3 Indentation results

The vertical loading and unloading of an elastic ball over an EP flat surface is investi-
gated. A normal force of 1150N is applied on the ball. This corresponds, in the elastic
case, to a Hertzian pressure of 5.7GPa. The ball is made of ceramic (Si3N4) with diam-
eterd = 9.525mm. The flat surface is elastic plastic with either isotropic or kinematic
hardening. The contact is considered frictionless, that is to say no computation of the
tangential problem is made. The bodies in contact are considered semi infinite which is
here consistent with the small contact radius (a = 311µm in the elastic case) compared
to the dimensions of the bodies. Small strain hypothesis is assumed, this approach has
been validated for rigid body displacementδ up to 110δc [NéL 06] whereδc is the critical
rigid body displacement at the onset of yielding. In this study, the maximum ratioδ/δc is
limited to 60.

The dimensionless pressure profiles under the maximum load are given for both hard-
ening behaviours in Fig.3.2(a)The radius and pressure are normalized by the elastic
solution for i.e. the contact radius a and the Hertzian pressurePhertz. Both hardening laws
lead to similar pressure profiles which can be explained by the fact that the difference be-
tween hardening behaviours takes mostly place during unloading, not loading. Note also
that, in this example, the influence of plasticity is rather low. Indeed, the pressure pro-
files are only slightly flattened and the effective contact radius is very close to the elastic
contact radius.

Figure3.2(b)gives the equivalent plastic strain profiles in depth and at the center of
the contact after unloading. Both profiles are very similar. Slight differences appear just
below the surface and after the Hertzian depth where the amplitude of strains is the lowest,
around 0.1%. This corresponds to the range of plastic strain where the hardening curves
slightly differ. As a consequence of plastic strains, a permanent residual displacement
appears at the surface of the flat as represented in Fig3.2(c). The small difference between
the two profiles is explained by the integral of the equivalent plastic strain versus depth
and after unloading, see Fig.3.2(b). It can be concluded that, at this load level and for
the simulation of indentation with a single vertical loading/unloading, the translation of
the hardening surface has no significant effect. This results correlates with recent work
by Zait et al. [ZAI 10]. They studied the normal loading of an elastic plastic sphere with
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Indentation results
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Figure 3.2: Pressure profile under maximum load (a), equivalent plastic strain profile in
depth at the center of the contact (b) and longitudinal profile (c) for vertical indentation
of an elastic ball on an EP flat surface with either isotropic or kinematic hardening (k= 1,

Phertz= 5.7GPa)
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3. From rolling contact...

a rigid flat and showed that the hardening model (isotropic or kinematic) has negligible
effect on the results.

3.4 Repeated rolling cycles, effect of the hardening model

The frictionless rolling of a ceramicSi3N4 (elastic) ball of diameter 9.525mm on an
elastic-plastic flat (AISI 52100 steel) is then investigated. This includes determining the
shape of the permanent imprint found on the surface of the EP flat for the different hard-
ening laws. When a tangential displacement is applied to the ball, the contact pressure
profile becomes dissymmetric in the x direction as shown in Fig.3.3. It leads to a slight
shift of the center of the contact forceFc (integral of the pressure distribution) thus gener-
ating a moment that balances the rolling momentMR needed to cause rolling of the ball.
The full kinematics of the ball is represented in Fig.3.4. The presence of a resisting
torque to rolling can also be interpreted as an apparent friction coefficient if instead of
a rolling torque one considers a tangential force acting at the ball center. This apparent
friction coefficient - only due to inelastic effect - is equal to the ratio between the pressure
distribution centroid and the ball radius.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

x/a

p/
p

he
rt

z

 

 

Pressure profile during indentation
Pressure profile during rolling

Rolling direction

Centroid of
pressures
during
rolling

Figure 3.3: Pressure profiles generated by an elastic ball on an elastic plastic flat during
indentation and rolling. The dissymmetry of the pressure profile during rolling leads to a

swift of the reaction force from theOz axis.

Figure3.5shows the longitudinal profile (permanent) found after the first three load-
ing/unloading cycles with rolling of the ball under a Hertz contact pressure of 5.7GPa
(elastic solution) for an isotropic hardening law. The curve with triangle symbols corre-
sponds to the axisymmetric imprint found after unloading and without rolling. The solid
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Repeated rolling cycles, effect of the hardening model

Figure 3.4: Kinematics of a ball rolling on a flat. A normal loadP0 is applied to the ball.
The dissymmetry of the contact pressure distribution leads to a swift of the reaction force

Fc which generates a moment compensated by the rolling momentMR.

curves represent the permanent imprint after vertical loading, rolling of 6.6a (i.e. 2.05mm)
from left to right, maintaining the normal load constant, and (vertical) unloading. Results
are presented in a dimensionless form with the abscissa and ordinate normalized by the
contact radius a (311µm). The parameterk denotes the ellipticity ratio (k= c/a; i.e. k= 1
for a circular point contact). One may observe a decrease in the imprint depth after a
transient period during rolling. This depth reaches an asymptotic value after rolling a
few multiples of the contact radius, which corresponds to a steady-state regime. This is
explained by the change in conformity when the movement starts, which produces a de-
crease in the maximum contact pressure and subsequently lower plasticity, as shown in
Fig. 8 in [NéL 07a]. A comparison of the surface displacement found at the center of
the rolling track after unloading for the first three rolling cycles shows that the permanent
imprint quickly reaches a stabilized value after very few cycles, i.e., two or three rolling
loading cycles, which is due to the isotropic hardening model assumed here. The evolu-
tion between the first and second cycles is explained by the change in the surface confor-
mity due to the plastic imprint that occurs mainly after the first loading cycle. During the
first cycle the ball is rolling on a flat surface (but a groove is formed behind), whereas it
rolls on a groove for further cycles. It should be noted that the maximum depth is higher
for the rolling case compared to the pure vertical loading/unloading case. However, the
imprint depth in the steady-state (rolling) area is found to be slightly lower than the depth
corresponding to an indent (vertical loading/unloading). Another interesting phenomena
is the pile-up at the end, i.e., at the point of unloading, that is found to be higher than
the pile-up at the beginning. This can be explained by the fact that the plastic strain is
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3. From rolling contact...

higher near the starting point than it is at the end. This is also why both the permanent
imprint near the starting point is deeper and the pile-up is shallower. This result is in good
agreement with scratch simulations via FEM [BUC 05].
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Figure 3.5: Longitudinal profile comparison of a vertical loading/unloading with and
without rolling (k = 1, Phertz= 5.7GPa, elastic ball on an EP flat surface with isotropic
hardening; after one, two, and three cycles, rolling distance of 6.6a). Loading, rolling,

and unloading are represented by the heavy arrows.

Equivalent simulations have been performed with an EP flat with an Armstrong-
Frederick’s kinematic hardening law. Results are presented in Fig.3.6similarly to those
in Fig. 3.5. While the results for a single indentation were very similarfor the different
hardening laws, the influence of the kinematic hardening is here significant. First, it can
be observed that the imprint after rolling is deeper than for indentation, whereas it was
shallower for isotropic hardening. It can be explained by a redistribution of residual plas-
tic strains during rolling (or after unloading). Second, it is found that the imprint presents
also an increase in depth at the end of the rolling path which was not visible for isotropic
hardening. Finally, after five rolling cycles and this load level, the imprint is not yet stabi-
lized. Going back to the redistribution of plastic strains during unloading it is well-known
that for the contact of a ball over a flat, the shear profile is symmetric with a change in
sign at the center of the contact. When rolling occurs, the area under the initial contact
in the rolling direction undergoes shearing stresses that change sign as illustrated in Fig.
3.7. The elastic shear stressσxz generated by the contact pressure are represented in the
plane (y= 0) for two rolling increments separated by a distance 1.75a. It can be seen that
the point atx/a= −1, z/a= 0.5 will experience a change in shear stress from 0.4σY to
−0.4σY.
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Repeated rolling cycles, effect of the hardening model
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Figure 3.6: Longitudinal profile comparison of a vertical loading/unloading with and
without rolling (k = 1, Phertz= 5.7GPa, elastic ball on an EP flat surface with kinematic
hardening; after the five first cycles, rolling distance of 6.6a). Loading, rolling, and un-

loading are represented by the heavy arrows.
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3. From rolling contact...
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Figure 3.7: Profiles in the plane (y = 0) of normalized stressesσxz generated by the
normalized contact pressure att andt −∆t separated by a rolling distance of 1.75a. First
rolling cycle of an elastic sphere over an elastic plastic plane with kinematic hardening.

Both represented states correspond to steady-state during the rolling load.
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Circular and elliptical indentation of isotropic hardeningbodies

For isotropic hardening, since the yield surface increases symmetrically in all direc-
tions, no further plasticization occurs when the load passes. However for a fully kinematic
hardening, the yield surface is translated and when the shearing stresses switch sign, re-
verse plasticity occurs and the componentεp

xz of plastic strain decreases. The influence
of this strain component on the residual displacement explains the higher depth of the
imprint when the EP flat behaves plastically kinematic. A similar phenomenon occurs for
diagonal componentsεp

xx andεp
zz, but in a less pronounced way since their amplitude is

lower than for shearing stresses. In kinematic materials, when a load is applied in one di-
rection and plasticity occurs, the yield surface is translated in this "direction". If the load
direction changes, another point (could be an opposite point) on the yield surface can
be reached in the new direction and thus reverse plasticity will occur. The same trends
append after each rolling loading cycle. As a consequence, the residual displacement
profile is modified after the each rolling loading cycle, while it converges very quickly
to a stabilized profile for isotropic hardening, typically after 2 or 3 cycles depending on
the load level. The increase in the residual displacement tends to decrease after each new
cycle (see Fig.3.6). Moreover here far more than 5 cycles are needed to reach the shake-
down. The isotropic and kinematic hardening behaviours can be considered as asymptotic
and idealized behaviours compared to the response of real materials when submitted to
cyclic loading, with a more complex mixed kinematic and isotropic hardening. The fully
isotropic behaviour shows a very fast shakedown while the fully kinematic behaviour
implies that more cycles are needed (no stabilization after the five first cycles in Fig.3.6).

3.5 Circular and elliptical indentation of isotropic hard-
ening bodies

The contact between a stationary or rolling ellipsoid and a flat is now investigated. The
ellipsoid and the flat can have the same elastic properties, however the ellipsoid may
behave either elastically or elastic-plastically, whereas the half-space is always elastic-
plastic. This corresponds to the two extreme situations when two EP bodies with identical
elastic properties but with different hardening laws are in contact. It is typically the case
when two bodies are made of the same alloy but with different heat treatments. In what
follows the plastic behaviour is now assumed isotropic.

Next, the indentation of an elastic-plastic half space by a sphere was analysed, with
the load intensity, i.e., the Hertz pressure normalized by the conventional uni-axial yield
stressPhertz/σY, as the reference configuration. The maximum contact pressure,Pmax,

and the equivalent plastic strain,ep =
√

2
3εp

i j : εp
i j , found at the Herztian depth are shown

in Fig. 3.8. One may observe a pronounced reduction in the maximum contact pressure
when simulating contact between two EP bodies or one EP against one E, up to 30%
and 22% at the highest load as compared to the elastic solution (8GPa), respectively. In
addition, one may observe a significant decrease in the maximum plastic strain found at
the Hertzian depth, from 1.92% for one EP body to 1.38% for two EP bodies, the plastic
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3. From rolling contact...

strain being equally distributed between the two bodies in the latter case.

The above solutions are now compared to the solution found when an elastic or elastic-
plastic sphere rolls over an elastic-plastic half space. The same maximum load is applied
than for the indentation but once the maximum load is reached, a tangential displacement
is applied to the ball thus translating the point of application of the normal load on the flat
surface. Figure3.9 follows the presentation of results in Fig.3.8 after three frictionless
rolling loading cycles, in the steady-state region, i.e., after a rolling distance of at least
five times the contact radius. Three interesting features are observed. First, it is found
that the decrease in the maximum contact pressure compared to the elastic solution is less
important when the load is rolling (Pmax/Phertz= 0.864 and 0.8 for one and two elastic-
plastic bodies, respectively) than for indentation (Pmax/Phertz= 0.796 and 0.717, see Fig.
3.8). The reason is that the change in conformity is less important compared to the elastic
situation (sphere on flat) when the sphere is rolling within a groove, than when the sphere
is loaded against an indented flat. Second, it is observed that there is a very significant
increase in the maximum plastic strain, from 1.92 to 3.09% for one EP body and from
1.38 to 2.32% for two EP bodies, which corresponds to an increase of more than 50%.
As a general trend, the fact that both bodies are EP implies a reduction in the maximum
contact pressure, then decreasing the level of plasticity (plastic strain), and subsequently
the depth of the permanent imprint observed at the surface. Third, as mentioned before,
neither evolution of maximum pressure nor of maximum plastic strain is observed after
the second rolling cycle. The pressure is almost constant for all three rolling cycles,
being only slightly modified by the evolution of the contact surface. A large difference
is observed for the maximum plastic strain between the first and second rolling cycle but
no evolution is observed after the second rolling cycle, the shakedown being reached. As
the normal load increases, the amount of plasticity created during the first rolling cycle
increases and consequently the difference between the two first cycles increases. The
bigger change in surface conformity, the more plasticity is needed to accommodate this
change.

In many engineering applications the contact geometry is neither linear (cylinder on
flat) nor circular. The maximum contact pressure and the maximum plastic strain when an
ellipsoid is vertically loaded/unloaded against an elastic-plastic flat (indentation) using the
data for AISI 52100 bearing steel are shown in Fig.3.10. The same data are plotted in Fig.
3.11when the ellipsoid is rolling on the half-space. Note that before and during rolling,
the ellipsoid is elongated in the direction transverse to the rolling direction, leading to an
elliptical contact with an ellipticity ratiok = c/a= 8. It appears that the static elliptical
contact differs only slightly from the circular contact in terms of the maximum contact
pressure and plastic strain, see Figs.3.8 and 3.10. For the elliptical contact (k = 8)
the maximum contact pressure decreases to 0.837 and 0.767 times the Hertz pressure
(elastic solution) for one and two EP bodies, respectively (Pmax/Phertz= 0.796 and 0.717,
respectively, fork = 1, see Fig.3.8). Meanwhile, the maximum plastic strain found at
the highest contact load (Hertz contact pressure of 8GPa) reaches 1.81 and 1.31% for one
and two EP bodies, respectively, fork = 8, instead of 1.92 and 1.38%, respectively, for
k= 1.
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Circular and elliptical indentation of isotropic hardeningbodies
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Figure 3.8: Maximum contact pressure,Pmax, normalized by the elastic solution,Phertz

(Hertz pressure), and equivalent plastic strain,ep (%), vs. the load intensity,Phertz/σY, for
two EP spheres pressed against each other. E and EP refer to elastic and elastic-plastic,

respectively. The elastic solution (E_E) is the Hertz solution.
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3. From rolling contact...
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(Hertz pressure), and equivalent plastic strain,ep (%), vs. the load intensity,Phertz/σY,
for the three first frictionless rolling cycles, circular point contact (k= 1).

It is worth mentioning that, for a circular point contact (k = 1), differences between
the vertical and rolling loading (see Figs.3.8 and3.9) are less pronounced than for an
elliptical contact (k = 8), see Figs.3.10and3.11. During rolling, the maximum contact
pressure, which is observed in the steady-state region (i.e., when the ellipsoid has rolled
a distance several times its semi-minor axis), is only reduced to 0.962 and 0.92 times
the Hertz pressure for one and two EP bodies, respectively, whereas the reduction was
0.864 and 0.8 for a rolling circular point contact. This can be explained by the fact that
the surface conformity is only slightly altered due to plasticity when a cylinder rolls on a
flat. Indeed at the second rolling cycle a ball will roll in a groove formed during the first
rolling cycle. For a cylinder or when the ellipticity ratio is quite large no groove is formed
and the cylinder will continue to roll on a plane i.e. without geometry accommodation.
Complementary elements can be found in [NéL 07a]. Since the contact pressure remains
quite high despite plasticity and material hardening, the plastic strain at the Hertzian depth
reaches 3.98 and 3.17% for one and two EP bodies, respectively, which is more than twice
the values found for the same static elliptical contact. The evolution between the different
rolling cycles observed for the elliptic contact case is similar to that of the spherical con-
tact case (k = 1), i.e. results for the 2nd and 3rd rolling cycles are very close (within 1%
of difference for the highest load).

It is worth mentioning that the onset of yielding, as graphically depicted in Figs.3.8-
3.11, tends to occur below the limits given by Johnson [JOH 85]. This phenomenon is
an artefact of the SAM and may be explained as follows. Using Swift’s law one may
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Circular and elliptical indentation of isotropic hardeningbodies

define different yield limits. The conventional yield stresscorresponds to a plastic strain
of 0.2%. Some metallurgists prefer to use the micro-yield stress defined by as the stress
leading to a plastic strain of 20×10−6 which is measurable in experiments. Numerically,
the onset of yielding occurs forep = 0, i.e. forσy = B which is significantly lower than
the conventional yield stressσY = B(C+2000)n = 2373MPa used here to normalize the
results.

The numerical results presented here are pertinent to experiments in rolling contact
fatigue (RCF). Usually, the choice of the load level for a given RCF experiment is often
related to the maximum (Hertz) contact pressure corresponding to the elastic solution,
which does not differ when the load is static or moving. It is shown here that, whereas
the magnitude of the maximum von Mises equivalent stress normalized by the contact
pressure is hardly dependent on the contact geometry for the elastic solution, the plastic
strain is strongly affected by the ellipticity ratio and also by whether or not the load
is moving. Therefore, it is suggested that experiments should be performed at the same
magnitude of plastic strain instead of identical contact pressure when comparing materials
from different experimental test configurations, or when trying to extrapolate results from
point to line contact or vice-versa.
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Figure 3.10: Maximum contact pressure,Pmax, normalized by the elastic solution,Phertz

(Hertz pressure); and equivalent plastic strain,ep (%), vs. the load intensity,Phertz/σY,
for frictionless vertical loading, elliptical point contact (k= 8).
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3.6 Conclusions

Several conclusions can be deduced from these simulations that provide interesting in-
sights on the effect of plasticity on static and rolling contacts of non-conformal bodies.

• Circular and elliptical point contacts have been investigated, for stationary (inden-
tation) and moving (frictionless rolling) loads, with at least one elastic-plastic body.
The numerical results presented here indicate that the maximum contact pressure
and the maximum equivalent plastic strain are strongly affected by the contact ge-
ometry (ellipticity ratio) and differ significantly when the load is moving as com-
pared to the stationary (indentation) situation.

• For a circular point contact (k = 1) the maximum contact pressure reached after
a few rolling cycles is found to be slightly higher than for static indentation after
the same number of cycles. Subsequently, the maximum equivalent plastic strain
increases significantly, by a factor of up to 1.5 for the examples presented.

• For a circular point contact (k = 1) the residual imprint is significantly higher for
kinematic hardening than for isotropic hardening. It stabilizes after a few cycles for
isotropic hardening while it keeps on increasing for kinematic hardening. A change
of the residual imprint geometry is also observed at the unloading point after rolling.

82 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Conclusions

• For an elliptical contact (k= 8) with the major axis in the direction transverse to the
rolling direction, the contact pressure decrease from the Hertzian solution is less
pronounced than for a circular point contact, since the conformity is less affected.

• For an elliptical contact (k = 8) it is found that the maximum equivalent plastic
strain during rolling can be more than twice the value obtained for vertical load-
ing/unloading.
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3. From rolling contact...
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... To the modelling of impact

This chapter presents results of impacts simulations using the
semi analytical method. A benchmark with three finite

elements codes is first presented to validate the method at
high levels of strain. The method is then used to study the

influence of the radius of a sphere impacting a semi infinite
plane. Computation of coefficients of restitution is then made

for a wide range of situations and empirical formulae are
proposed to fit the simulation results. Insights are provided

for a straight forward estimation of the coefficient of
restitution in any general case.
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Introduction

4.1 Introduction

A semi analytical method for the study of contact and impact problems has been devel-
oped. It has been validated for cases of low plastic strain intensity and for elastic impacts.
The method was applied to the simulation of rolling contact and will be here applied to
the study of impacts involving relatively large strain levels.

A first section of this chapter presents the benchmark conducted with three finite ele-
ment codes to validate the SAM results on a single impact involving plastic strain over-
coming 10%. The influence of the large displacement consideration in the elastic stresses
calculation, presented in section2.3.1is studied in detail. This section shows the impor-
tant influence of the evolution brought to the code and its efficiency to study impacts at
relatively high velocities. The computation time required by the various codes is quickly
examined.

Based on the benchmark results a study of the influence of the mesh size on the quality
of results and on the speed of calculation is conducted. This allows to evaluate the best
elements size as a function of the problem’s dimensions in terms of required speed while
still obtaining acceptable results.

After a quick study on the effect of the shot’s radius on an impact’s results, a large part
is dedicated to the study of the coefficient of restitution. As a very macroscopic quantity,
the coefficient of restitution is used in various situations, ranging from peening simu-
lations to sports. A comparison with results from several authors is first conducted, thus
providing new validations of the code and showing its capability in predicting coefficients
of restitution. Formulae are then provided, based on Jackson et al [JAC 10], to predict the
coefficient of restitution as a function of the initial impact velocity and of the hardening
behaviour of the impacted material, though limited to isotropic linear hardening. An ex-
tension of these results is provided for repeated impacts, i.e. impacts occurring at the
same point and with constant initial velocity, based on results by Weir et al [WEI 05].
At last, some insights are provided for the evaluation of the coefficient of restitution for
impacts occurring at different initial points.

4.2 Single Impact benchmark

4.2.1 Codes and Impact parameters

Results presented in chapter2 showed the accuracy of the method at low levels of plastic-
ity (below 1% of equivalent plastic strain). Nelias et al. [NéL 06] observed the results at
higher plasticity levels for the case of indentation. Indentation results based on the SAM
were compared with FEM comparisons from Kogut and Etsion [KOG 02]. The plastic
zone evolutions were compared for rigid body displacementsδz up to 110δzc whereδzc is
the critical rigid body approach at which first yield occurs. Forδz≤ 28δzc, corresponding
in this case to an equivalent plastic strain of 5%, an excellent agreement was found be-
tween both methods. Above this value ofδz, fairly good results are obtained, with a small
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4. ... To the modelling of impact

discrepancy due to the fact that the maximum plastic strain increases (up to 12% in this
case) to levels for which the small strain hypothesis holds no longer.

The aforementioned discrepancies are rather small and good confidence is attributed to
the SAM, even for rather large plastic strain levels. A benchmark was conducted between
the SAM and Finite Element codes used by several partners. The aim of this benchmark
is to evaluate the capability of the SAM to predict the residual strain and stress levels
generated by the single impact of a sphere on an elastic-plastic flat. This benchmark
would allow to estimate the error made by the small strain hypothesis on the SAM results
and ensure the capability of the method to calculate the equivalent quasi-static loading
from an initial velocity in the case of an elastic-plastic impact, in complement with results
from chapter2.

The impact of a purely elastic ball, with properties equivalent to that of the steel
100Cr6 on an elastic plastic flat with isotropic hardening and material properties similar
to titanium alloy Ta6V is studied. The initial impact velocity of the ball is taken equal
to 40m/s which produces an equivalent plastic strain level around 10% which is in the
average of plastic strain levels commonly observed during shot peening. The contact is
considered frictionless and the initial velocity is taken to be purely normal to the impacted
surface. No inertial effects are considered for the SAM, yet the density of the ball is nec-
essary for the velocity update and thus provided. The simulation parameters are indicated
in Tab.4.1.

Body 1 Body 2
Geometry SphereR= 0.3mm Flat
Material 100Cr6 Ta6V
Density ρ1 = 7800kg/m3 N.A.
Elastic E1 = 207GPa E2 = 111GPa

properties ν1 = 0.3 ν2 = 0.29
Ramberg-Osgood

Plastic Purely σy0 = 478MPa
properties elastic K = 3270.6MPa

n= 0.441
Initial velocity v= 40m/s

Table 4.1: Material parameters for the single impact benchmark between the Semi Ana-
lytical Method, Abaqus, code_ASTER and Systus.

SAM results are compared with results from three FE codes: Abaqus, Systus and
Code_Aster. The goal being to compare the results more than the computation speed of
the codes, the meshes are taken of equal size in the contact zone and the evolution of
the mesh in the rest of the computation domain is adapted to each model. Approximated
computation times are noted down for comparison. A fine mesh is selected for accurate
comparison of the results: 8.5µmin the x and y in-plane directions, 4.25µmin the depth,
in the contact area. This corresponds to 10 elements along the contact radius. Relatively
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Single Impact benchmark

large computation times are resulting from this but a fair representation of the stress and
strain gradients is obtained. For all finite element codes, linear elements with reduced
integration are used. Such element with a unique Gauss point are the closest to the SAM
elementsthat present a unique calculation point.

The finite elements models consider large displacements and geometry update. In-
ertial effects are implicitly considered as well through the explicit scheme. Benchmark
results thus allow to confirm the negligible effect of inertia and to evaluate the influence
of the small strain hypothesis and geometry update on the results. The SAM method, as
indicated in chapter2 does consider a small strain formulation for the stresses calculation.
Furthermore, large displacements have been implemented and this benchmark will show
the influence of this improvement. At last, the SAM does not update the geometry as FE
codes do. Nevertheless the effective surface shape is considered while solving the contact
and all stresses are calculated in the Lagrangian reference frame. This allow a fair quality
of results even for relatively large strains as shown here.

Finite Element codes Semi Analytical
Abaqus Code_Aster Systus Method

Element size ∆x= ∆y= 8.5µm
in a∗/∆x≈ 10

contact area ∆z= ∆x/2 (in depth direction)
Element Linear hexahedra Cuboids with a central

type with reduced integration calculation point
Number of nodes 139693 101121 139557 1680701

Approximate CPU time 20h 15h 10h 1.7h
1 Number of cuboids in the largest (final) computation zone

Table 4.2: Numerical parameters for the single impact benchmark between the Semi
Analytical Method, Abaqus, code_ASTER and Systus.

4.2.2 Results and analysis

A rapid analysis can first be made on the computation domain size and time between
the different codes. The SAM presents a significantly reduced computation time despite
a higher number of elements. This increase number of elements is due to the constant
size of the SAM elements, necessary for the FFT calculation. The fine mesh size in the
contact area has to be the same over the whole computation domain even in the zones with
lower strain and stress gradients. The Systus results were computed in reduced CPU time
compared to the other FE codes, yet it should be noticed that only a quarter of the domain
was modelled while Abaqus and Code_Aster models describe one half of the problem.
The SAM models the full 3D domain, without symmetry simplifications. Despite this
drawback, the computation with the SAM is significantly faster (see Tab.4.2).
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4. ... To the modelling of impact

Residual surface displacements calculated by the various codes are plotted in Fig.
4.1. Residual stresses and plastic strain results are also compared. The stress and strain
components are analysed in depth at the center of the contact (Figs.4.2 and4.5). Von
Mises equivalent values are also analysed along the z-axis (Figs.4.3 and4.6). In each
case, the SAM results are presented with and without the large displacement consideration
to analyse the effect of this new formulation. The equivalent plastic strain and von Mises
residual stress calculated by the SAM in the (x,z) plane are also plotted, respectively in
Figs.4.4and4.7. All distances are normalized by the contact radiusa∗, calculated equal
to 85+ /− 4.25µm by the SAM. Stresses are normalized by the initial yield limitσy0

indicated in Tab.4.1.
One of the first macroscopic results observable is the surface residual displacement.

The comparison of SAM and FE results in Fig.4.1(a)shows a very good agreement. All
codes but code_Aster show an equal maximum residual displacement. Abaqus shows ir-
regularities on the residual stress profile which points at one of the advantages of the SAM
that is the easy consideration of contact. Other FE codes don’t show this problem. The
waviness of the Abaqus results are obviously oscillating around the right value. A point
of divergence between codes, and especially between the SAM and FEM is the transition
point from negative to positive residual displacement, aroundx= a∗. The SAM predicts a
larger residual imprint and a notable difference in residual displacement in this zone. This
difference might be considered negligible but will especially have some consequences on
the comparisons with experimental results in the following chapter. The value of residual
displacement aroundx= a∗ is mainly governed by the subsurface plastic strains, that are
concentrated at this point and reach the surface as can be seen in Fig.4.4. It can also be
related to the pressure profiles. For such levels of plastic strain, the pressure profile is no
longer flat: the center value decreases while the value at the perimeter increases (see Fig.
2.2). A second interesting fact is the almost negligible influence of the large displacement
consideration on the residual displacement profile, see Fig.4.1(b). This indicates first
that the large displacement consideration is not fundamental for the comparison of simple
surface displacement, at least in the direction normal to the surface ; and in second time
that the normal residual displacement is not very sensitive to the model’s parameters.

Plastic strains give a better view of the overall results. The plastic strain components
being observed at the center of the contact in this case of an axisymmetric problem, the
shear terms are nil and only the radial term (εp

xx = εp
yy) and the term in the depthεp

zz

remain. The accumulated plastic strain is, in this case, almost similar to the equivalent
plastic strain since the hardening is isotropic and no cyclic loading was applied. The
resulting accumulated plastic strain shows logically the same behaviour as the detailed
components. It can be noticed that the zz components is the most sensitive and the one
for which the largest differences are observed. The maximum value as well as its depth are
very similar between all methods. The SAM can then be considered accurate to predict
plastic strains even at relatively high strain amplitudes (here about 10%).

The second interesting fact is the influence of the large displacement formulation in
the SAM. Figure4.3(b)shows that without large displacements, the maximum residual
value is well predicted although its depth is different. Furthermore, the value at the surface
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Figure 4.1: Residual surface displacementures
z for the single impact benchmark case.

Comparison of several methods (a) (SAM with large displacement effect) and comparison
of large displacement effect on SAM results (b).

changes significantly. While it is negative when a purely normal problem is considered,
the influence of the modified geometry and thus the adding of shear implies a significant
value of plastic strain at the surface of the body, which is predicted by the FEM. The
influence of the surface displacement and the angle so generated is quite important here
and should be accounted for in the SAM simulations.

Figure4.4shows the accumulated plastic strain profiles in they= 0 plane calculated
by the SAM with and without large displacement consideration. The shears added by
the large displacement consideration generates a reorganization of the plastic strain. The
maximum plastic strain level is slightly higher and much more concentrated in a torus
located just below the surface under the limits of the contact area.

Residual stresses are a direct consequence of the plastic strain and the final interest-
ing parameter for industrial applications. The residual stress distribution at the center
of the impact in Fig.4.5(a)(the shear components being nil as for the plastic strains)
shows a fairly good agreement between all four different methods. The discrepancy be-
tween the methods is higher for the stresses than it was for the strains. Once again the
zz component is the most sensitive and presents a relatively high discrepancy between all
different methods. SAM results are fairly good compared to FEM results. The maximum
values and their depths are well reproduced, yet differences appear close to the surface.
These differences are not surprising considering the very large difference in contact and
stress considerations between the SAM and FEM. Figure4.5(b)shows the influence of
the large displacement consideration. The gap in the zz stress component is relatively low
but highly significant for the radial component. The surface value in particular changes
significantly when large displacements are considered. An inaccurate estimation of the
surface inclination effect can then have large consequences on the residual stresses, es-
pecially in the critical subsurface zone. Figure4.6 shows the same results for the von
Mises residual stress. As a direct consequence of the stress terms formerly described,
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Figure 4.2: Plastic strain components (εp
xx = εp

yy andεp
zz) along depth z at the center of

the contact for the single impact benchmark case. Comparison of several methods (a)
(SAM with large displacement effect) and comparison of large displacement effect on

SAM results (b).
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Figure 4.3: Accumulated plastic strain p along depth z at the center of the contact for
the single impact benchmark case. Comparison of several methods (a) (SAM with large

displacement effect) and comparison of large displacement effect on SAM results (b).
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Figure 4.4: Accumulated plastic strain p in they= 0 plane for the single impact bench-
mark case. SAM results without (a) and with (b) large displacement effect.

the von Mises stress is fairly well reproduced by the SAM. The differences close to the
surface cumulate and a gap is noticed between the FEM and the SAM up to a depth equal
to 0.5a∗. Equivalent results without large displacement consideration are significantly
different. The evolution of stresses close to the surface is strongly affected by the added
shears. The maximum stress value and its depth are also very different. Yet, it can be
seem in Fig.4.7 that the overall stress distribution is not that different between the two
methods. Neither are the stress levels. The values at the center of the impact just below
the surface are the most affected by the large displacement consideration.
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Figure 4.5: Residual stress components (σres
xx = σres

yy andσres
zz ) along depth z at the center

of the contact for the single impact benchmark case. Comparison of several methods (a)
(SAM with large displacement effect) and comparison of large displacement effect on

SAM results (b).

At last, Fig.4.8shows the residual tensile and compression zones distribution, based
on the sign of the residual hydrostatic pressurepres

hyd= (σres
xx +σres

yy +σres
zz )/3. As analysed
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Figure 4.6: Residual von Mises stressσres
VM along depth z at the center of the contact for

the single impact benchmark case. Comparison of several methods (a) (SAM with large
displacement effect) and comparison of large displacement effect on SAM results (b).
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Figure 4.7: Residual von Mises stressσres
VM in the y = 0 plane for the single impact

benchmark case. SAM results without (a) and with (b) large displacement effect.
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Single Impact benchmark

before, the residual stress distribution is not largely affected by the large displacement
consideration. After one impact, the area below the impact is in compression up to a
depth approximately equal to 3a∗. The depth of this zone reduces with the distance from
the center of the impact. The surroundings of this zone endure residual tension. It should
be noticed that a very localised torus of tensile zone is observed just around the impact.
This zone corresponds to the pile-up in the residual displacement observed at the sur-
face of an impacted material. Interestingly, without large displacement consideration a
small tensile zone was determined at the center of the impact that disappears when the
surface modification is correctly accounted. This is also an important feature of the large
displacement consideration.

It can be expected that the effect of further impacts will delete the surface tensile
zone and make the compressive zone uniform. A compressive layer of depth 3a∗ can be
expected as a result from several impact uniformly distributed.
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Figure 4.8: Representation of the tensile and compression residual stress zones in the
y= 0 plane for the single impact benchmark case. SAM results without (a) and with (b)

large displacement effect.

4.2.3 Effect of the mesh size on SAM results

Based on the results issued from the benchmark, a study on the effect of the mesh size is
done. Simulations with the single impact benchmark parameters are performed with four
different meshes. The effect of the large displacement consideration is also observed.
The mesh sizes are described by the number of elements along the contact radiusa∗. This
value ranges from 10 in the benchmark case to 3 in the coarser mesh case.

For all 8 cases, the accumulated plastic strain p and residual von Mises stress are
plotted in Figs.4.9and4.10respectively, at the center of the impact and along the depth
axis z. Approximate CPU time (constant whether the large displacement are considered
or not) as a function of mesh size are indicated in Tab.4.3. At last, the coefficient
of restitution, defined in Eq.4.5 is calculated for each simulation. The error between
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4. ... To the modelling of impact

each result and the reference coefficient of restitution (value for the finer mesh with large
displacement consideration) is plotted in Fig.4.11.

0 0.5 1 1.5 2 2.5 3 3.5
0

2

4

6

8

10

z/a*

p 
[%

]

 

 

a*/∆x=10

a*/∆x=7.5

a*/∆x=5

a*/∆x=3

(a) SAM w/o large displacements

0 0.5 1 1.5 2 2.5 3 3.5
0

2

4

6

8

10

z/a*

p 
[%

]

 

 

a*/∆x=10

a*/∆x=7.5

a*/∆x=5

a*/∆x=3

(b) SAM w/ large displacements

Figure 4.9: Accumulated plastic strain p along depth z at the center of the contact for
the single impact benchmark case, evolution of the results with the mesh size∆x. SAM

results without (a) and with (b) large displacement effect.

The accumulated plastic strain and residual stress are found almost constant for the
two finer mesh cases (a∗/∆x= 10 and 7.5), this ensures that a critical mesh size has been
reached and that the obtained results won’t be changed by a further mesh refinement.
Results with a relatively coarse mesh (only 5 elements in the contact radius) still present
a very good agreement with the benchmark results. Plastic strain profiles at the center
of the impact present a negligible difference while the residual von Mises stress differs
by less than 6%. For the coarser mesh case, a large difference in the maximum strain
and stress level is observed with a rather poor definition of its depth, due to the size of
the mesh. The evolution of the stress with the mesh size is more significant than the
evolution of strain. A coarse mesh leads to a maximum error of the von Mises residual
stress equal to about 20% when large displacement are considered, and up to 35% in the
opposite case. This last trend is common to all the results, that is to say that the model
without large displacement consideration is a bit more sensitive to the mesh size than the
full model (see Figs.4.9(a)and4.10(a)). When large displacements are considered, the
results distribution is fully reproduced for all mesh sizes, while the coarser mesh results
show an important difference in the surface residual stress with the standard model. In all
cases, the surface and maximum values are the most modified by the element size, while
all intermediate values are fairly well reproduced.

The results on the coefficient of restitution allow a global error consideration. The
coefficient of restitution being the ratio of the rebound and initial velocities, it is thus
a picture of the kinetic energy of the ball and of the overall energy dissipated (through
plasticity) and stored (in residual stresses) in the impacted body. Being a single scalar,
it is the most macroscopic indicator of the impact. Results plotted in Fig.4.11 show

96 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Single Impact benchmark

0 0.5 1 1.5 2 2.5 3 3.5
0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

z/a*

σre
s

V
M

/σ
y0

 

 

a*/∆x=10

a*/∆x=7.5

a*/∆x=5

a*/∆x=3

(a) SAM w/o large displacements

0 0.5 1 1.5 2 2.5 3 3.5
0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

z/a*

σre
s

V
M

/σ
y0

 

 

a*/∆x=10

a*/∆x=7.5

a*/∆x=5

a*/∆x=3

(b) SAM w/ large displacements

Figure 4.10: Residual von Mises stressσres
VM along depth z at the center of the contact for

the single impact benchmark case, evolution of the results with the mesh size∆x. SAM
results without (a) and with (b) large displacement effect.

that the coefficient of restitution is not very sensitive to the mesh size. When the large
displacements of the surface are considered, the error for the coarser mesh is lower than
2%, thus giving a fair image of the rebound velocity even with a very coarse modelling of
the bodies in contact. As for the stresses and strain, the model without large displacement
consideration is a bit more sensitive, showing an error reaching 3.5% when the mesh is
the coarsest. Still this error is rather low and very coarse meshes can be used when the
coefficient of restitution is the observed parameter.

At last, an interesting parameter to look at is the CPU time needed to perform these
simulations. The decrease in computation time is very large. It is more or less inversely
proportional to the cube of the mesh size (since proportional to the number of elements
in the model). It is interesting to notice that relatively coarse meshes can lead to fairly
accurate results in a largely reduce CPU time showing here the interest of such sensitivity
studies and the velocity of the SAM.

a∗/∆x Computation time [min]
10 ≈100
7.5 ≈45
5 ≈15
3 ≈10

Table 4.3:Evolution of the CPU time (computation on 3GHz desktop) with the mesh size
normalized by the maximum area of contact radius

T. Chaise / Mechanical simulation using a semi analytical method 97

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés
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Figure 4.11: Evolution of the error on the coefficient of restitution for an impact with
the mesh size∆x normalized by the maximum area of contact radiusa∗. Effect of large
displacement consideration. The error is measured as the normalized difference with the
reference coefficient of restitutionere f measured in the case of the single impact bench-

mark.
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Effect of the impacting sphere size

4.3 Effect of the impacting sphere size

Some interesting analytical expressions for impact problems can be derived from the
Hertzian theory [JOH 85]. The theory of elastic normal contact between two spheres
(here taken to be a sphere and a plane) gives, for any prescribed normal force or displace-
ment, the maximum contact pressure and the contact radius. One may easily find that at
the maximum load during impact i.e. when the velocity of the impacting sphere drops to
zero, the values of the load, maximum (elastic) contact pressurepHertz, contact radiusa∗

and elastic deflectionδ∗ are given by:

F∗ =
4
3

E∗R2
(

5
4

ρ.π.
v2

E∗

)

3
5

(4.1)
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(4.4)

From theses equations, it can be seen that both the maximum rigid body approachδ∗
and maximum contact radiusa∗ are proportional to the radiusR of the impacting sphere.
Meanwhile, the maximum contact pressurepHertz is independent of the dimension of the
impacting sphere. That is to say, for an impact at a given velocityv, with given material
properties, a modification of the impactor’s dimensions will only change the scale of the
problem, in a proportional manner, but the maximum pressure to which the bodies in
contact are subjected during impact will remain the same.

This was proven for the elastic case, simulations performed with the semi-analytical
method show that similar behaviour is observed in the elastic-plastic regime. Four simu-
lations have been performed, for each of them the initial velocity of the impacting sphere,
as well as all material parameters are kept constant, the radiusR of the sphere being the
only variable. The simulations are conducted for a reference radiusRre f and values of
radius equal to 0.5Rre f , 1.5Rre f and 2Rre f . The accumulated plastic strain profile along
depth at the center of the impact is plotted in Fig.4.12for each impact.

As in the elastic case, the maximum contact pressure was constant, here the maximum
accumulated plastic strain is constant as well. Similarly, it has been shown that in the
elastic case, the dimensions of the problem, e.g. the maximum rigid body approach and
the area of contact, are scaled by the radius. Here, in the same way, the dimensions
of the plastic zone, e.g. both its dimension and the location where the plastic strain is
found maximum, are scaled by the sphere radius. So, whenever an impact problem is
to be considered, the dimensions should not be an issue, considering that the problem is
completely scaled by the radius of the impacting sphere.
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Figure 4.12: Accumulated plastic strainp along depth at the center of the impact(x,y) =
(0,0) for several sphere radiiRi

4.4 Predicting the coefficient of restitution

The purpose of this section is to investigate the coefficient of restitution resulting from
the impact of a rigid (or elastic) sphere on an elastic-plastic body considering an isotropic
hardening. By the use of semi analytical methods, a parametric study of repeated 3D
impacts becomes affordable and numerical results will be analysed as well and analytical
expressions derived.

In a first approach, the problem is considered to be quasi-static, i.e. no inertial effects
are taken into account during computation. It means that the impact velocity should be
much lower than the velocity of sound within the studied materials. The validity of this
assumption has also been discussed by Johnson [JOH 85] and Yang [YAN 05] and similar
conclusions have been reached.

The impact of a rigid sphere on an elastic plastic semi infinite body is here studied.
Considering first a single impact, the evolution of the coefficient of restitution with the
initial relative velocity as defined by Johnson [JOH 85] is described, validation of the
model is made through comparisons with other models and analytical formulae derived.
No inertial effects are taken into account. The effect of the hardening law parameters
are then studied. Simplified equations are derived to predict the coefficient of restitution
versus the dimensionless tangent modulus. That will allow to quickly predict the amount
of energy dissipated during a single impact. Extension will be then made to repeated
impacts, here again several equations are provided.
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Predicting the coefficient of restitution

4.4.1 Coefficient of restitution for a single impact

4.4.1.1 Comparison with various authors

The accuracy of SAM to simulate the coefficient of restitution resulting from the impact
of a rigid or elastic sphere on a semi infinite elastic perfectly plastic body is shown in this
section. The coefficient of restitutione is defined as:

e=

∣

∣

∣

∣

vr

v

∣

∣

∣

∣

(4.5)

Johnson [JOH 85] gives an analytical expression for the evaluation of the coefficient of
restitution for the impact of a rigid sphere on an elastic perfectly plastic body. Considering
that the contact pressure is constant and equal to three times the yield limitσy in the fully
plastic regime, the force displacement relation is given by:

F
Fy

= 5.5
δ
δy

(4.6)

The rigid body approach, assuming neither sinking nor piling-up occurs, is given by:

δ =
a2

2R
(4.7)

Under theses assumptions, the coefficient of restitution becomes:

e' 3.8
(σy

E∗

)
1
2
(

1
2

mv2

σyR3

)

−1
8

(4.8)

This equation suggests that for fully plastic regime the coefficient of restitution is
proportional tov−1/4. Thornton and Ning [THO 98] provided a similar equation for the
coefficient of restitution considering initial velocityv at least 10 times higher than the
yield velocity vy at which plasticity appears, the coefficient of restitution can then be
expressed as follows:

e= 1.185
(vy

v

) 1
4

(4.9)

The yield velocityvy being, in the case of a sphere impacting a half-space, expressed
as:

vy =

√

26σ5
y

ρE∗4 (4.10)

It is interesting to note that this velocity is independent of the radius of the impacting
sphere. Note also that the coefficient of restitution provided by Eq.4.9 does not tend to
unity when the initial velocityv approaches the yield velocityvy. Indeed, this is an ap-
proximated expression for the coefficient of restitution, considering thatv is significantly
higher thanvy. For more details the reader may refer to [THO 98]. Note also that this
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4. ... To the modelling of impact

representation accounts for a fully plastic impact. On the contrary, for values of velocity
close to the onset of plasticity, the elastic part plays an important role and this formulation
is no more valid. Jackson et al. [JAC 10] provided two sets of equations to describe
the evolution of the coefficient of restitution. These equations are defined for specified
ranges of yield strainεy = σy/E and Poisson’s ratioν which correspond to the values
used in this paper. A different definition of the yield velocity is used in these equations,
however in the current range of application this difference is negligible, being lower than
2.5%. Using the residual interference after impact as defined by Etsion et al. [ETS 05],
Jackson et al. predict the evolution of the coefficient of restitution as defined in Eq.4.11.
However this equation is limited to relatively low velocity, up to 1000vy. Such a range of
velocity is often too low compared to those encountered in shoot peening processes. Note
that other models have been proposed in the literature, see for example Wu et al. [WU 03].

e= 1−0.0361(εy)
−0.114ln

(

v
vy

)(

v
vy

−1

)9.5εy

(4.11)

Several simulations are now performed using the semi-analytical method for various
initial velocities and the coefficient of restitution derived. Results are plotted in Fig.4.13
showing the coefficient of restitutioneas a function of the initial velocityv normalized by
the yield velocityvy. The analytical solutions from Johnson [JOH 85] and Thornton and
Ning [THO 98] are plotted as well. As it can be seen, the results provided bythe semi-
analytical method are close to the Johnson’s results, whereas the Thornton’s solution, due
to a different force displacement relation predicts lower values of the coefficient of restitu-
tion. The difference between the analytical solution of Johnson and the numerical results
based on SAM is attributed to the pressure distribution which differs notably. It leads to
different contact stiffness at very high plasticity levels. The difference between the Thorn-
ton and Ning analytical solution and the present SAM numerical results is attributed to
the fact that the former seems to consider implicitly two identical elastic-plastic bodies
in contact whereas here as well as in the Johnson’s solution only one of the two bodies
behaves elastic-plastic.

Zhang and Vu-Quoc [ZHA 02] performed FEM simulations to estimate the coefficient
of restitution, but in a range of lower impact velocities compared to the yield velocity.
Their FE results are plotted in Fig.4.14as well as the Thornton’s and Johnson’s analytical
solutions along with the results by SAM for a lower range of velocity. The Jackson
solution as described in Eq.4.11is also provided. A very good agreement between FE,
half-numerical half-analytical solution of Jackson et al. and SAM numerical results is
observed. This prove that SAM is efficient to predict elastic-plastic impact in a wide
range of velocity, as far as inertia effects can be neglected.

Based on Eq.4.11, a master curve has been derived from curve-fit of the analytical
results with the present model assuming an elastic perfectly-plastic material. The coef-
ficients of this equation4.12, given in Table4.4, differ slightly from those proposed by
Jackson et al.. Note that these results were fitted on a range of velocity about 3.5 times
higher than the one used by Jackson et al.. They proposed equations for velocities up to
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Figure 4.13: Coefficient of restitutione as a function of normalized velocityv/vy for
elastic perfectly plastic impacts: Comparison of semi-analytical results and analytical
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4. ... To the modelling of impact

1000vy as plotted in fig. 4.14while the SAM results are presented for results reaching
3500vy , see fig. 4.15. The slight difference between the two solutions is attributed to
the methods: the method proposed by Jackson et al. combines FEM results and analytical
expressions whereas the present investigation is fully numerical based on SAM. The fitted
curve of SAM results and the raw numerical results show an average difference of 4.7%
with a maximum of 11.1%, as seen in Fig.4.15.

4.4.1.2 Effect of large isotropic hardening

The analysis is now extended to elastic-plastic materials with a linear isotropic behaviour
and different dimensionless tangent modulusET/E ranging from 5% to 80%. A master
equation in the form of Eq.4.12 can be derived for each ratio between the hardening
slope and the Young modulus. A set of parameterfe1, fe2 and fe3 can be estimated for
each material, see Table4.4. Finally a general expression is proposed in the form of
Eq. 4.13for a quick estimation of the restitution coefficient. The results of Eq. 4.12are
plotted in dash lines in Fig.4.15. The approximation provided by Eq.4.13corresponds
to the full line curves, with the constantsaei j given in Table4.5. The results from this
second set of equations show an average difference of 2.9% with the SAM results, with a
maximum of 11.1%, over a wide range of impact velocity ranging from 1 to 3500 times
the yield velocity.

e' 1− fe1(εy)
fe2 ln

(

v
vy

)(

v
vy

−1

) fe3εy

(4.12)

ET/E fe1 fe2 fe3

0 0.0347 −0.114 8.8224
0.05 0.0306 −0.114 8.6554
0.1 0.0273 −0.114 8.5150
0.2 0.0219 −0.114 8.4741
0.4 0.0143 −0.114 8.3205
0.6 0.0085 −0.114 8.2962
0.8 0.0039 −0.114 8.3043

Table 4.4: Curve-fitted parameters for the expression of the coefficient of restitution by
Eq. 4.12for various dimensionless tangent moduli

fe1 = ae11

(

ET

E

)2

+ae12
ET

E
+ae13 (4.13a)

fe3 = ae31

(

ET

E

)2

+ae32
ET

E
+ae33 (4.13b)
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Predicting the coefficient of restitution

It is graphically shown in Fig.4.15that the restitution coefficient increases with the
tangent modulus and decreases with the impact velocity. These two trends could be ex-
plained by the contribution of plasticity. An increase of the kinetic energy leads to more
energy dissipated by plasticity, resulting in lower rebound kinematic energy and velocity.
Conversely a behaviour with higher hardening contributes to lower plastic strain which in
turn increases the coefficient of restitution and then the rebound velocity.
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Figure 4.15: Evolution of the coefficient of restitution as the function of normalized
initial velocity for different hardening laws with best fit to Eqs.4.12and4.13

Parameters in Eq.4.13
ae11 0.0321
ae12 -0.0626
ae13 0.0338
ae31 1.4371
ae32 -1.6811
ae33 8.7514

Table 4.5: Curve-fitted parameters for the expression of the coefficient of restitution by
Eq. 4.13
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4. ... To the modelling of impact

4.4.2 Coefficient of restitution for multiple impacts

4.4.2.1 Coefficient of restitution for repeated impacts

The study is here extended to repeated impacts. It is important to notice that repeated
impacts have here the same initial velocityv which is representative of cases such as shot-
peening but differs from the free rebound of a sphere on a semi infinite body. Various
studies of repeated impacts show that after a given number of impacts the coefficient of
restitution tends to a fixed value. This asymptotic value is equal to 1 in cases where
dissipation through inertial effects can be neglected. This is explained by the fact that,
after some repeated impact, a steady-state regime is reached and the behaviour becomes
fully elastic. Therefore the whole initial kinetic energy is restored to the impacting sphere
[WEI 05] during its rebound. When inertial effects play an importantrole, the saturation
value differs from 1 depending on the amount of dissipated energy as can be seen in
[SEI 05] or [MIN 10]. The global evolution of the coefficient of restitution is similar,
tending more or less rapidly to an asymptotic value depending on the initial velocity of
the sphere and the yield velocity of the body.

Weir and Tallon [WEI 05] proposed an analytical expression, see Eq.4.14, to deter-
mine the coefficient of restitutionen of the n-th impact of an elastic or rigid sphere on an
elastic perfectly plastic sphere as a function of the coefficient of restitution of the former
impacten−1. This equation takes into account the so-called seismic dissipation i.e. the
inertial effects, represented by the termv/c0 wherec0 is the wave velocity in the body.
While neglecting the effect of wave dissipation this equation fits well the semi-analytical
results.

Weir and Tallon proposed another expression giving the coefficient of restitution of
n-th impact directly as a function of the coefficient of restitution of the first impacte1 if
inertial dissipation is neglected. This expression, provided in Eq.4.15, allows to calculate
directly the coefficient of restitution for any impact number and to estimate the number
of impacts to saturation, which here logically occurs fore= 1. In this equation, the
exponent 8/3 comes from the analytical force-displacement relation for the contact of
elastic-perfectly plastic bodies.

An extension of this formula is proposed here, thus adapting this exponent when the
plastic behaviour is no more perfectly plastic but with linear isotropic hardening. This
gives the relation provided in Eq.4.16where the exponentfm depends linearly on the
dimensionless tangential modulusET/E as shown in Eq.4.17with coefficients given in
Table4.6. Several simulations have been performed with tangent modulus ranging from
0 to 50% of the elastic modulus. The initial velocityv is taken equal to 10m/swhich here
corresponds to approximately 1750 times the yield velocityvy. Semi analytical results as
well as results from Eqs.4.16and4.17are presented in Fig.4.16.
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Predicting the coefficient of restitution
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Figure 4.16: Evolution of the coefficient of restitution as the function of the number of
impacts for different hardening laws with best fit to Eq.4.12

The semi analytical results and fitted results show a remarkable correlation with an
average difference of 1.3% with a maximum of 5.9%. The number of impacts to saturation
decreases with the isotropic tangent modulus. Indeed, the higher the tangent modulus, the
more plasticity occurs at each impact reaching faster a stabilized state. For low values
of hardening, or without hardening, the steady state regime requires more impacts to be
reached. It could be explained by the fact that, for low hardening, more plastic flow occurs
during each impact producing also spreading of the plastic zone.

4.4.2.2 Coefficient of restitution for translated impacts

The coefficient of restitution for a first impact can be predicted as a function of material
parameters and impact velocity. Formulae allow to predict the coefficient of restitution for
repeated impacts. A last study is proposed here, considering a second impact occurring
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4. ... To the modelling of impact

Parameters in Eq.4.17
am1 -5.016
am2 8/3

Table 4.6: Curve-fitted parameters for the expression of the coefficient of restitution for
repeated impacts by Eq.4.17

at a different position than the center of the first impact. Here again, the initial impact
velocity is considered constant. The impacted body is considered elastic perfectly plastic
and distances are normalized by the contact radius of the first impacta∗. Several "second"
impacts are simulated at different distances from the first center of impact, denoted by the
distancex from the center of the first impact. The objective here is to provide insights
on the behaviour of impacts between the two limit cases that are repeated impacts and
impacts on a virgin surface.

Results are presented in Fig.4.17. The normal residual displacementures
z and the

subsurface accumulated strain profile are depicted in the same figure for understanding
purposes. An increase (up to 25%) of the coefficient of restitution between the first and
second impact is observed for low values of x (typically belowa∗). The value of the
coefficient of restitutione2 for the second impact then decreases slightly (by up to 4%)
and logically tends to the value ofe1 as x increases and the impacted body gets closer to
a virgin surface.

The evolution of the coefficient of restitution can be linked to the value of the resid-
ual displacement, that is itself a direct consequence of the plastic strain profile. The
coefficient of restitution increases when the second impact occurs in an area with nega-
tive residual displacement and decreases when the residual displacement on the impacted
point is positive. The trends are similar, although no clear link between the two values
can be established. This evolution is clearly consistent with the subsurface plastic strain
distribution and the value of the coefficient of restitution can be linked to the amount of
plastic work that remains to be done in the impacted area before elastic shakedown. Fur-
thermore, in this case, only the value of the residual displacement along the radius was
observed. An averaged value of the residual displacement over the expected contact area
of the second impact might provide a more direct link to the evolution of the coefficient
of restitution.

4.5 Conclusions

This chapter showed the capability of the SAM to simulate single impacts at high strain
levels. Taking into account the large displacements of the surfaces in contact, results of
excellent quality were obtained and validated through comparison with FEM results. It is
to notice that the method is rather unstable at these strain levels. A significant sensitivity
to the convergence parameters (error thresholds and relaxation coefficients mainly) was
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Figure 4.17:Evolution of the coefficient of restitutione2 for a second impact as a function
of the distance with the first impact, value normalized by the coefficient of restitution of
the first impacte1, both impacts with same initial velocities. Superimposition with the
normal residual displacementures

z and accumulated plastic strainp generated by the first
impact.

observed. The method has thus be proven potentially efficient but its robustness can be
improved. These instabilities are most certainly linked to the strain calculation. In the
current method, the compatibility of the strain field is not ensured during the computation
which may be the source of instabilities when the plastic strain levels involved become
relatively high. Furthermore, a slight gap was observed on the residual displacement field
issued from the SAM and the FEM in the region of pile-up. Further investigation on this
phenomena should be necessary.

Computation velocity of the method was studied, along with the effect of the mesh
size. For a single impact, fairly good results are obtained even with relatively coarse
meshes. Three dimensional impact simulations can be performed in reduced time, typi-
cally less than a half hour while conserving an excellent quality of results. Less compu-
tation time can even be obtained for the observation of macroscopic parameters like the
coefficient of restitution. The current computations were performed on a single processor
so even lower computation times can be expected with upcoming parallelization of the
method.

A large focus was made on the study of the coefficient of restitution. Formulae were
provided to predict the coefficient of restitution resulting from the impact of an elastic
sphere over a semi infinite body. These formulae account for the material parameters, the
initial velocity and potential isotropic hardening of the impacted body. The establishment
of formulae for repeated impacts brings equations to consider multiple impacts occurring
at the same point. Insights to consider the evolution of the coefficient of restitution when
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4. ... To the modelling of impact

impacts occur between two limit cases that are repeated impacts and impacts on virgin
surfaces are given. Computational velocity of the method might allow to determine simple
empirical models for any situation and thus evaluate the coefficients of restitution for more
complicated engineering problems, like the simulation of ultrasonic shot peening.
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Single Impact experiments

This chapter presents experimental results of single impacts
on three different materials. An impact device was used to
throw ceramic balls at velocities ranging from 20 to 40m/s.
Coefficients of restitution are measured and compared with

analytical expressions. A measurement of the impacts
dimensions is made both with a contact profilometer and via

digital image stereo correlation. A comparison with
simulation results is made and extended to a comparison of

residual surface strain with stereo correlation results.
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Introduction

5.1 Introduction

The development of new methods implies to put in place validations to ensure the quality
of the results. Three possibilities are then available when developing a computation code:
(i) compare results to analytical solutions in a known case, (ii) compare a test case to
results from other validated computation codes and (iii) compare computation results to
experiments.

A comparison of the semi analytical method results with analytical solutions has been
made in the very simple case of an elastic case. It is obvious that this case validation is
insufficient since it does not imply the effect of plasticity. This effect can be very critical
but no satisfactory analytical solutions exist for the case of impact considering plasticity.

A benchmark was performed with two different Finite Elements codes on a test case.
Obtained results were rather satisfactory and the test case parameters matched common
industrial applications. This allowed to guarantee the quality of the semi analytical
method for the simulation of impacts. Certain hypotheses were assumed for the different
models such as frictionless contact and no inertial or viscous effects. Finally numerical
simulations will be compared to the results of single impact experiments.

Several kinds of experimental set-ups exist to generate single impacts. Dropping balls
from a high height shows very simple to execute but the impact velocity obtained is ex-
tremely limited. Simple pendulum-type devices exists and can produce impacts reaching
4 or 5m/s [SEI 10, MIN 10]. Higher velocities can be reached using air guns. Minamoto
and Kawamura [MIN 11] produced impacts with velocities reaching 20m/s to study coef-
ficients of restitution resulting from the impact of two identical spheres. These velocities
correspond clearly to the range of velocity of peening processes. Impact at higher veloci-
ties will come to the field of ballistics or high velocity processes like cold spray for which
the projectile is very strongly deformed. In the case of shot peening the impactor hard-
ness compared to the one of the impacted surface and the range of velocity are such that
the deformation of the projectile is negligible or at least lower than that of the impacted
surface. Air guns set-ups look then like a good choice to perform impact experiments.

The laboratoryMécasurflocated at the AMPT in Aix-en-Provence, France, developed
an air gun type set-up being able to produce impacts ranging from about 10 to 40m/swith
shots of radii up to 12mm. Experimentations were performed in collaboration with this
laboratory and the results will be compared to those of the semi analytical impact model.

The aim of these experiments was to produce experimental results to validate the
model. It is then necessary to perform impacts under controlled or at least known condi-
tions to feed numerical simulations and to extract results from these experiments able to
confirm the validity of the corresponding numerical results.

The difficulty of knowledge of the experimental conditions remains in two main char-
acteristics: the impact velocity and the impacted material behaviour. The balls wereSi3N4

ceramic balls which elastic properties are known and their yield limit is high enough so
that their behaviour during impact is purely elastic. Furthermore, this hypothesis can be
checked afterwards.
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5. Single Impact experiments

The impact velocity is probably the most critical parameter needed to perform realistic
simulations corresponding to experiments. The impact velocity measurements were per-
formed by two methods. Laser barriers were put on the ball’s trajectory to obtain a first
measure of the impact initial velocity. Secondly, a high speed camera was used to film
the impacts thus being able to measure both the initial and rebound velocity of the ball.
An evaluation of the impacts initial and rebound angle is also possible this way. Several
experimental problems led unfortunately to rather poor velocity measurements. Never-
theless, coefficient of restitution measurements were performed for several impacts.

The knowledge of the elastic and hardening behaviours of the impacted materials is
also of very high importance for the experimental validation. Three materials were chosen
for the experiments:

• An aluminium alloy 7010 (AA 7010). This material was available in great quantities
for preliminary tests and its hardening behaviour was first assumed to be known. It
was later suspected that the initially assumed stress-strain curve did not correspond
to the real response due to ageing of this material. The results will however be
presented since trends have been found coherent with what was expected.

• A stainless steel 316L. A large number of experimental data of the hardening be-
haviour under cyclic and monotonic loading of this specific casting are available.
Thus data for this material also exist for the behaviour at high strain rate and el-
evated temperatures. This material was thus chosen for the interesting insights it
could provide for a finer modelling of impacts.

• An Inconel 600 nickel alloy. This material is used for the industrial application of
the collaborative PhD by Li [LI 11] The hardening behaviour of this material can
present large differences from one casting to another and only monotonic tensile
curves data were available for the specific casting. Cyclic experiments were specif-
ically performed to identify its hardening behaviour. Indentation results, see chapter
3 and simple analytical considerations showed that the kinematic part of hardening
plays only a minor role for indentation and in extension for single impacts. How-
ever a thorough full identification of the cyclic response has been found useful for
the simulation of multiple impacts presented later in chapter6. Experimental results
along with hardening law identification are given in appendix B.

The choice of experimental data to correlate with numerical results is of great impor-
tance. The measurement of the surface profile after impact is relatively easy to perform
and will be used first. The surface profiles were measured using two methods: a classi-
cal contact profilometer and optical stereo correlation method. The aim being to validate
stereo correlation results through profiles obtained through contact. Full impact profiles,
including impact radius and maximum depth of the imprint can be done. This measure
might prove insufficient. The surfaces profiles are only a two dimensional post impact
data, they provide rather poor information upon the complexity of the subsurface three
dimensional elastic plastic contact problem. Numerical simulations showed that the sur-
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Introduction

face geometry post impact is not highly sensitive to several parameters or approximation
in the modelling.

Stereo correlation measures were thus used. Combining pre and post impact measures,
it is possible to measure the surface residual strain profiles and consequently extend the
quality of comparisons. These measurements were proven difficult by the highly trau-
matic loading applied on the samples that causes difficulties for the correlation measures
themselves and speckle generation necessary for the measures. The small dimensions
of impacts (about 2mm in radius), limited by the capability of the experimental impact
device, also made the measurements difficult. The correlation material had to be used
to its maximum capability and a rather poor representation of the large gradients in the
impacted surface has been obtained.

Other experimental measures are in sight though not performed. Residual stresses
measures, performed a priori by x-ray diffraction, might be performed at the surface
and in depth of the samples. The residual stress shows as the perfect parameter to
analyse the results of subsurface plastic phenomena. These measures would prove rather
difficult due to the very high gradients involved in very limited size areas compared to the
measurement zones. Micro graphic analysis and nano indentation tests, to characterize
the materials changes during impact and the plastic zone expense were also considered.

The experimental devices will first be presented. A quick explanation on the stereo
correlation device is made. The measurement difficulties and actual capabilities of the
final set-up are presented along with their impact on the experimental results. The impact
set-up is then described. It should be here recalled that the design and fabrication of this
set-up was not part of this work. The mechanism is presented along with its capabilities
and drawbacks in the actual version. The device these experiments have been made on is
a first version and several improvements are in process.

The final plan of experiments comes next. The range of velocities studied, impact
angle, choice of balls, impacted materials and dimensions of the samples are presented.
Part of the experimental results won’t actually be analysed but are here presented as an
opening to future analysis.
Three different materials were impacted. A presentation of the hardening behaviour of
these materials is made in section5.3. The choice of hardening laws to simulated these
behaviours is discussed in the corresponding section.

The whole experimental results are finally presented. Starting with the basic macro-
scopic measure of the coefficient of restitution, a first comparison is made with the em-
pirical laws developed for the coefficient of restitution accounting for the hardening of
the material in chapter4. The dimensions of the impacts are then analysed. A focus
is made on the residual imprint depth and radius and comparisons between profilometer
and stereo correlation measures are made. A comparison with numerical results is per-
formed on some representative cases and basic tendencies in the evolution of an impact
dimension with the velocity are observed. Finally, the contribution of the stereo correla-
tion is exploited through the analysis of the residual strain measures at the surface of the
impacted materials. Once again, comparisons are made with numerical results.
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5. Single Impact experiments

At last, a large part is dedicated to openings regarding theseexperiments and future
extended exploitation of the results.

5.2 Experimental procedure

5.2.1 Experimental set-up

5.2.1.1 Stereo-Correlation set-up

Digital image correlation is nowadays a classical experimental technique for the mea-
surement of shapes, displacement or strains [SUT 09]. It allows to measure a sample’s
dimensions without physical contact and the technique is extended to the measure of strain
fields. The basic principle of the method lies in the recognition of patterns drawn on the
sample. The principle is similar to the grid method but the randomness of the patterns
brings a higher precision in correlation. Furthermore the random pattern has the advan-
tage to deliver results independent of a given reference coordinate system. The use of one
camera allows then to monitor the positions of points of the sample’s surface and follow
their displacements in a plane perpendicular to the camera’s axis. Post-treatment of the
obtained displacement field allows to determine the corresponding strain (and stress if
elastic) fields.

The use of a second camera, called stereo correlation, offers the possibility to follow
the displacement of the surface’s points in all three spatial dimensions and, by taking sev-
eral pictures during an experiment, in the time dimension as well. Results obtained by
stereo correlation are then similar to profilometer measures except that the history of dis-
placements, and strains, of any point of the surface is known through all the experiment.
Yet this full measure implies the capability of taking picture with a correctly calibrated
correlation system throughout the experiment.

Stereo correlation was used for these measurements to obtain a three dimensional
profile of the impacts and the residual surface strain fields. Only two pairs of pictures are
taken for each impact, one before and one after the impact. Two major problems were
encountered for these measurements: first the realization of speckle that would withstand
the impact of the sphere and still be exploitable on the post impact pictures and secondly to
produce pictures of sufficiently high definition to be able to capture the high displacement
and strain gradients within and around the impact area.

A speckle pattern for stereo correlation will prove efficient if: (i) the speckle size is
coherent with the pixel size of the cameras taking the pictures and (ii) a sufficient contrast
exists between the speckles and the background of the sample. The use of classical black
speckles on white painting background is inappropriate for two reasons. The background
painting thickness is difficult to control and considering the reduced depth of material
having an effect on the rebound behaviour, the actual effect of the painting on the impact
behaviour is hard to quantify. Furthermore, a full painting coat usually endures badly the
impact and in the best cases, all painting is removed from the impact crater. Meanwhile,
in the worst cases, a full patch of painting is torn down by the energy of the impact.
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Experimental procedure

This behaviour depends highly on the quality of the painting and the freshness of the
coat. These problems are solved by first sandblasting the surface with particles small
enough to produce a roughness compared to the impact dimensions that it won’t affect
its behaviour. This produces a grey surface that does not reflect light. A black painting
speckle is then applied to the surface to produce the patterns. The contrast between the
background and the surface is not as good as with classical white painting background
but all-sufficient for correlation if the lighting of the surface is powerful. The roughness
of the surfaces produces small craters for the painting. The integrity of the pattern is then
fully conserved during the impact, at least at the studied impact velocities. A picture of
one sample is shown in Fig.5.1before and after impact.

Figure 5.1: Stainless steel sample Ix09 before (a) and after (b) impact. Conservation of
speckle integrity.

As explained before, the quality of pictures is crucial for the quality of the correlation
results. Two cameras of definition 4872×3248 pixels were used. The large definition
of these cameras authorized catching a picture of the full sample and ensuring that the
impact position will be captured, independently of the precision of the impacting device.
Lenses with a large opening were chosen to get the maximum exposure of the picture.
The problem is to ensure both the sharpness of the whole picture and its brightness. The
opening of the lenses allows to increase the brightness but at the same time it reduces the
depth of field. The opening is thus chosen as the maximal value for which the full picture
is sharp. A rather long shutter speed is selected to increase the brightness of the picture
but reasonable. At last, a very powerful lighting is provided by two sets of bright white
LEDs.

The picture results were not fully satisfactory for several reasons, despite the opti-
mization of the set-up. The position of the lenses in relation to the sample has a direct
influence on the magnification of the pictures and so on the accuracy of the results. This
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5. Single Impact experiments

parameter was limited by the cluttering of the material and isfinally not fully adapted
to the needs of these experiments. A satisfactory brightness was obtained but the im-
pact creates a reflecting area in the crater. The post impact picture thus present very high
brightness changes in localized area (see Fig.5.1). Correlation is impossible in these ar-
eas and large parts of data are consequently missing. Finally, the sandblast of the surface,
absolutely necessary for these measurements, has the drawback to create bright points.
The exact position of these points can differ slightly in the pictures before and after im-
pact and so generate errors in the measurements that are not accounted by the correlation
software. Despite these drawbacks, satisfactory measures were made and an interesting
insight through the capability of stereo correlation measures in impact experimentation
was made. The stereo correlation set-up is presented in Fig.5.2. The whole set-up is
fixed on an optical table to avoid vibrations and relative movement of the elements be-
tween each picture. Indeed, stereo correlation measures and impact experiments were
performed in different locations.

Figure 5.2: Stereo correlation set-up - Sample holding and positioning system, lenses,
cameras and LEDs racks.

The correlation picture are post treated with the digital image correlation commercial
software VIC-3D c©.

5.2.1.2 Impact set-up

Impact experiments were performed on an air gun system. This set-up was designed
and manufacture by the laboratoryMécasurf. Experiments were made in collaboration
with this laboratory. This set-up allows to shoot balls of diameter ranging from a few
millimetres up to around 12mmin diameter at velocities typically ranging from 15m/s to
45m/s. Normal and tangential impacts can be made by tilting the sample. The device is
presented in Figs.5.3and5.4.
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Experimental procedure

Energy is brought to the ball by compressed air. The air is stocked in a tank and
brought to the needed pressure. The air pressure in the tank is the actual monitored pa-
rameter that will determine the impact velocity. The impact is triggered by the opening of
the solenoid valve of the tank. The compressed air is guided to a piston. The ball stands
on conical hourglass shape shell. The diameter of the shell is equal to the inside diameter
of the piston to limit air leaks during the impact. The compressed air propels the shell
and the ball. The first one is stopped by shock absorbers at the end of the piston while
the balls continues and hits the sample. Laser barriers are mounted at the output of the
piston to measure the velocity of the ball. The sample is mounted close to the piston’s end
(about 20cm) to limit the deceleration of the ball between the measure and the impact.
This measure also helps to limit the dispersion in the impact position.

Figure 5.3: Air gun impact set-up from the laboratoryMécasurf. Laser barriers are not
assembled on the photography.

The impact velocity is driven by the air pressure in tank. The lower limit is fixed by
the minimum amount of energy needed to actually put the shell in motion (the mass of the
ball being negligible in comparison). The upper velocity limit is governed by the friction
between the shell and the tube that is not measured and causes a great dispersion in the
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5. Single Impact experiments

Figure 5.4: Air gun impact set-up from the laboratoryMécasurf.

impact velocities. A first analytical estimation of the velocity can be made by neglecting
the friction between the different elements and with the air and considering the piston and
the shell to be perfectly adjusted. The velocityv at distancex from the initial point is
given in Eq.5.1as a function of the air pressureP, the diameter of the pistonD = 2R, the
air densityρair , the massmof the set (shell+ball) andCx the drag coefficient of the former
defined set.

v(x) = tanh−1
(

cosh−1
(

e
πD2ρairCx

8m x
))

√

2P
ρairCx

(5.1)

Several limitations exist on this device that is currently in an optimization process.
First as indicated before, the shell and thus the ball velocity is highly governed by the
friction in the piston. The piston presents a slight ovoid distortion that increases these
friction effects and sometimes causes the blocking of the shell in the piston. This leads to
a very large scattering of the impact velocity for a given air pressure. Figure5.5 shows
the velocities measured by laser barriers for pressures ranging from 1 to 4 bars, the large
scattering of data is there obvious. Some points show a very low velocity compared to the
applied pressure, this is to relate to the blocking of the shell in the piston, these points are
not accounted in the average calculation. As a consequence, the monitoring of velocity is
difficult with this device. A saturation effect is observed nevertheless for pressures higher
than three bars.

The friction in the piston has for secondary effect to generate vibrations of the shell
during its path. The effect of these vibrations are reduced by the damping system at the
end of the piston but interfere with the ball’s trajectory. As a consequence, it is impossi-
ble to predict the position of the impacts with precision. The impact position cannot be
estimated out of an area of dimensions 35×35mm2. These dimensions are low enough to
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Experimental procedure

ensure that the impact will occur on the samples but causes difficulties for the measure-
ments with high speed camera as explained further.

The measurement of the velocity is a also problem. The laser barrier’s sample rate is
rather high, about 25kHzwhile the typical time between the two barriers measurements
range from 200 to 500µs. Thus, the measurement error resulting from the barriers is
non negligible. Velocity measurements are completed with high speed camera videos of
the impacts. The definition of the camera is not optimized compared to the dimensions
of the problems and thus obtaining several sharp images of the ball during its impacts
to perform a satisfactory measure of the velocity was difficult. The ball is sometimes
blurred, or out of the picture, due to the low precision of the position. Yet it was often
possible to measure the impact and rebound velocities of the ball but the measurement
error, difficult to estimate on the videos remains rather high. Comparison between the
two methods offers supplementary information.
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Figure 5.5: Impact velocity measured by laser barriers as a function of air pressure for
the impact set-up.

In summary, this device offers the possibility to perform impacts at velocities from
about 15m/s to 45m/s. The impact position and velocity are not accurately controlled and
significant measurement errors are made on the velocity. The repeatability of the measures
is rather poor and the velocity measurements were doubled to reduce uncertainty of the
results.
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5. Single Impact experiments

5.2.2 Plan of experiments

Impact experiments are performed on three materials. The choice of the material was
described in this chapter’s introduction and is the following : an aluminium alloy 7010,
a stainless steel 316L and a nickel alloy Inconel 600. 316L and Inconel 600 samples
were heat treated after cutting-out. The heat treatment procedure is the same as for the
cyclic behaviour on Inconel 600 experiments, see sectionB.2. The samples were heated
at 600oC for three hours with controlled heating and cooling temperatures to avoid tem-
perature gradients in the pieces. This heat treatment is expected to reduce the residual
stress level in the samples but not to remove it completely. The full analysis of the heat
treatment effect, residual stress level and effective consideration of these stresses on the
numerical simulation was studied by Li [LI 11]. The samples are then sandblasted and
speckled after cleaning of the surface. As a first step here, the samples are considered free
of pre-existing residual stresses and strains.

The samples surface is considered planar but taking of correlation picture before and
after impact allows to check this hypothesis. The in-plane dimensions of the samples
are large enough to apply the hypothesis of semi-infinite body and the impact position is
checked a posteriori to validate this hypothesis. The samples thickness varies between 10
and 12mm. The effective thickness of samples is not crucial as a semi infinite body hy-
pothesis is made. The samples were impacted on only one side to guarantee no interaction
between several impacts.

The full range of velocity is obtained with pressure from 1 to 3 bars. As shown before,
an accurate evaluation of the corresponding velocity is not possible a priori. The impact-
ing balls are made out inSi3N4 ceramic, which yield limit is high enough to guarantee a
fully elastic behaviour of the balls during impact. This hypothesis is checked by visual
observation of the balls after impact. The Young modulus of the ceramic balls is taken
equal to 305GPafrom the bibliography and its density is equal to 3200kg/m3. The diam-
eter of the ball is equal to 10.31mm. This diameter was chosen as the higher diameter (to
provide better measurements of the dimensions through stereo correlation and of residual
stresses through x-ray diffraction) respecting the limit dimension of the set-up and the
semi infinite body hypothesis considering the thickness of the samples.

As indicated before, the impacted body is considered semi infinite and the rigidity of
the whole system is considered infinite, which is a priori consistent with the dimensions
of the set-up and the samples relatively to the ball. At last, impacts were performed
perpendicular to the surface for the majority and a few sets of impacts were made with
an incidence angle (defined in Fig.5.6) equal to 30o to provide some information on
the effect of a tangential component of the velocity. The full experimental conditions are
recalled in tab.5.1. Due to the lack of repeatability of the experiments, severalimpacts
are made for each set of experimental conditions.

122 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Experimental procedure

Figure 5.6: Definition of the incidence angleα.

Impacted Pressure Incidence Number of
material [bars] angle impacts

1 0o 6
Aluminium 2 0o 6

3 0o 6
7010 2 30o 4

1 30o 1
1 0o 4

Stainless Steel 2 0o 4
316L 3 0o 4

2 30o 2
1 0o 6

Inconel 2 0o 6
600 3 0o 7

2 30o 4

Table 5.1: Plan of experiments

T. Chaise / Mechanical simulation using a semi analytical method 123

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



5. Single Impact experiments

5.3 Material parameters

The comparison between experimental and numerical results requires representative hard-
ening laws to describe the hardening behaviour of the impacted materials. Hardening laws
can present several complexity levels depending on the kind of behaviour the material ac-
tually has and on the actual behaviour that is modelled. Single impact experiments are
here performed. Neither inertial nor viscous effects are considered here. Consequently
the knowledge of the quasi-static behaviour of the materials is all-sufficient. Simula-
tions have shown that considering either kinematic or isotropic behaviour has no effect
on simple indentation, see chapter3 or [ZAI 10]. A simple isotropic behaviour could
be considered but kinematic or mixed hardening behaviour might be necessary for mul-
tiple impact experiments that have been performed by Jun Li [LI 11] and which results
are partly presented in chapter6. Kinematic behaviour is then considered for 316L and
Inconel 600 samples.

For all three materials, a simple linear hardening law, as defined in Eq.2.44is also
identified for application of the estimation of the coefficient of restitution as in Eqs.4.12
and4.13. Two parameters regarding plasticity influence the evolution of the coefficient of
restitution: the initial yield limitσy0 and the tangent modulusET . The initial yield stress
has the most critical effect on the coefficient of restitution since it triggers the decrease
of e from its unit value in the elastic case. The tangent modulus acts on the evolution of
the coefficient of restitution but its effect is of lesser order. These two parameters could
be adjusted for an optimal fit but for a better representation of the effect of hardening
on the coefficient of restitution the yield limit should be kept equal to the experimentally
measured value. Only the tangent modulus is thus modified despite leading to a worse fit.

5.3.1 Aluminium alloy 7010

Cyclic experiments were made at the laboratoryMécasurfon AA 7010 samples. Stress
strain curves were made for monotonic tension up to 4.5% total strain providing an
isotropic hardening law described in Eq.5.2. Cyclic experiments were also performed
up to 200 cycles with strain extrema equal to+/−0.9%. A fit is made of this material
hardening law on a linear isotropic hardening law as described in Eq.2.44. Resulting
hardening parameters for AA 7010 are given in tab.5.2and the hardening laws are plot-
ted in Fig. 5.7 for an accumulated plastic strain ranging from 0 to 10%. As indicated
before, the eventual part of kinematic behaviour of this material was not analysed and ex-
perimental results show a critical gap with the numerical results. The material hardening
parameters and especially the initial yield limit of the material are assumed to be wrong
here and supplementary experiments would be necessary.

σy = Kppnp | p≥ 0

σy0 | p= 0
(5.2)
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Material parameters

Elastic parameters
E GPa 70800

ν 0.3
Power law parameters

σy0 MPa 500
Kp MPa 608

np 0.027
linear hardening law parameters
σy0 MPa 500

ET/E % 1.33

Table 5.2: AA 7010 material parameters. Elastic parameters, power law5.2 parameters
and linear isotropic hardening law parameters.
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Figure 5.7: Experimentally identified hardening laws for AA 7010, Stainless steel 316L
and Inconel 600. Monotonic tensile curves and linear isotropic hardening fit.
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5. Single Impact experiments

5.3.2 Stainless Steel 316L

Cyclic tension-compression experiments were performed at different temperatures by
AREVA and a material hardening law has been identified at the ambient temperature on
the software Systus. This hardening law is defined as an Armstrong-Frederick type hard-
ening law (see Eq.5.3) with an isotropic hardening part, here equal to 25%. At each load
step, the plastic flow increment is computed and the actual part of kinematic and isotropic
hardening are determined. The corresponding evolution of the isotropic hardening vari-
able r is numerically deduced but no law is identified for the isotropic hardening. The
yield function is then defined as a function of the kinematic hardening variablesX1 and
X2 and of the part of isotropic hardeningpISO as indicated in Eq.5.3. The corresponding
identified material parameters are given in tab.5.3.

f = J2

(

σ− (1− pISO)
(

X1+X2

))

− r (5.3)

σy0 MPa 232
C1 MPa 1072
C2 MPa 8500

γ2 80
pISO 0.25

Table 5.3: Steel 316L hardening parameters for the Systusc©type mixed hardening law
(Eqs.2.46and2.47).

This hardening law present the drawback of not being completely defined, part of
the hardening being numerically calculated at each load step. Furthermore, as it can be
seen in Eq.2.47, the actual value of the internal hardening variables is not consistent
with their effective consideration for the yield function calculation. An identification of a
conventional mixed hardening law has thus been made.

The identification is made on a monotonic tensile curve based on the kinematic pa-
rameters given in tab.5.3. The partition between kinematic and isotropic hardening plays
no role for the simple tension curve. From this evolution of the total stressσ, it is as-
sumed that a part, denotedσISO and equal topISO is due to isotropic hardening and the
rest, denotedσCIN, is due to kinematic hardening. The split between the two parts is made
according to Eq.5.4.

σ−σy0 = σISO+σCIN

σISO= pISO(σ−σy0)

σCIN = (1− pISO)(σ−σy0)

(5.4)

A kinematic hardening law, based on Armstrong-Frederick model as defined in Eq.
2.47, is fitted toσCIN. A hardening law with two hardening variables is here necessary to
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Material parameters

fit with satisfactory precision the hardening law. For similar reason, a Ramberg-Osgood
power law (Eq.2.46) is chosen for the isotropic hardening part and fitted toσISO. An ex-
cellent fit with the original identified hardening law is obtained and corresponding harden-
ing curves are presented in Fig.5.8. Material parameters for the stainless steel, completed
with the simplified linear hardening law are presented in tab.5.4. The linear hardening
law is presented in Fig.5.7.
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Figure 5.8: Fit of kinematic and hardening parts of hardening laws for the stainless steel
316L.

5.3.3 Inconel 600

The hardening behaviour of Inconel 600 can present significant variations from a casting
to another according to internal industrial bibliography from industrial partners. Cyclic
tension-compression experiments were made on Inconel600 samples from the same cast-
ing as the impact samples. Results, analysis and discussion on the choice of the hardening
law are available in annexB. A fully kinematic non linear hardening law with a unique
hardening variable, described in Eq.B.8, can be used to describe the kinematic hardening
behaviour of Inconel 600. The consideration of the kinematic hardening behaviour would
allow to apply this hardening law both for mono and multiple impacts experiments. Yet
the kinematic hardening parameters were defined only up to 2% of plastic strain and give a
rather poor definition of the yield limit beyond this value. An isotropic Ramberg-Osgood
(see Eq.2.46) hardening law, fitted on a simple tensile curve but for largerplastic strains
is best suited here due to the studied range of plastic strains. A simple fit with a linear
hardening law is made once again, results of the fitting for a simple tensile curve up to
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5. Single Impact experiments

Elastic parameters
E GPa 193.87

ν 0.3
Mixed hardening law parameters
σy0 MPa 232.0
K MPa 155.8

n 0.46
C1 MPa 804.0
C2 MPa 6375.0

γ2 80.07
linear hardening law parameters
σy0 MPa 232

ET/E % 1.33

Table 5.4: Steel 316L parameters. Elastic parameters, mixed hardening law2.47 2.46
parameters and linear isotropic hardening law parameters.

10% accumulated plastic strain is given in Fig.5.7. Material parameters for Inconel 600
are recalled in Tab.5.5.

Elastic parameters
E GPa 195.2

ν 0.3
Ramberg-Osgood isotropic hardening law parameters

σy0 MPa 215
K MPa 1670
n MPa 0.72

γ 110.0
linear hardening law parameters

σy0 MPa 215
ET/E % 1.78

Table 5.5: Inconel 600 material parameters. Elastic parameters, Ramberg-Osgood
isotropic hardening (Eq.2.46) parameters and linear isotropic hardening law parameters.

5.4 Velocity measurements - Coefficient of restitution

Impact experiments were performed with two velocity measurements. The impact ve-
locity is measured by laser barriers while the whole impact is filmed with a high-speed
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Velocity measurements - Coefficient of restitution

camera. The laser barrier measurements, as indicated in section 5.2.1.2, present a large
measurement error due to its sample rate. Furthermore, the cutting of the lasers by the
ball is often incomplete due to its vibrations when it leaves the piston. For these reasons,
the laser barrier measurements are often incomplete or absurd.

The impact videos are unusable when the impact occurs out of the window or out of
focus. In the other cases, the velocity measurement is made by determining the position
of the center of the ball for each picture and calculating its displacement between each
picture. The final impact and rebound velocities are taken as the averages of the measured
velocities upon all available pictures. Several parameters then influence the quality of
measures. The movement of the ball out of the plane of the camera is considered negli-
gible and is impossible to measure here. The exact position of the center of the ball is
delicate to determine at the higher velocities since the ball creates a blur on the pictures.
The velocity measured from two adjacent pictures can thus present significant variations.
The measurement error is thus defined as the standard deviation of the measured veloci-
ties.

The high speed camera measurements are more precise and allow the measurement
of the rebound velocity and are so taken as the reference velocity for the presentation
of results. The average relative error between the two sets of measurements is equal to
15% which mainly indicates that the velocity measurements should be considered with
precaution.

The coefficient of restitution has been measured for all impacts when possible. Re-
sults are presented for all materials in Fig.5.9. The impact velocities studied here are far
above the yield velocities of the studied materials. Thus the evolution of the coefficient
of restitution in the range of studied velocities is rather low. A slight decrease of the coef-
ficient of restitution is observed with the velocity which correlates with the observations
made in chapter4. At a given velocity, the coefficient of restitution increases with the
yield limit of the material. Stainless steel 316L and Inconel 600 have very close Young
moduli and initial yield limit which appears clearly in the measures of the coefficients of
restitution that are very close for both materials.

Based on the experimental measures of the initial yield limits of the impacted mate-
rials, a first fit is made to Eq.4.11. A perfectly plastic (P.P.) hardening law is assumed
and the coefficient of restitution is fitted to the empirical equation given by Jackson et al
[JAC 10]. A more accurate fit is made using the linear hardening laws defined in the for-
mer section and using equations4.12and4.13. Fitting results are presented for all three
material in Fig.5.9.

Results are presented independently for each material in Figs.5.10, 5.11and5.12.
Error bars for the coefficient of restitution are plotted in these figures. This error is de-
duced from the standard deviations of the measurements of the impact velocity∆v and
the rebound velocity∆vr as: ∆e/e= ∆v/v+∆vr/vr . The impact velocities are presented
normalized by the yield velocity of each material as defined in Eq.4.10.

The equation providing the coefficient of restitution in the case of impacts on AA
7010 shows a very poor correlation. Material hardening data for these samples were is-
sued from rather ancient experiments and the material is assumed to have been ageing.
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5. Single Impact experiments
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Figure 5.9: Experimental measurements of the coefficient of restitution as a function
of the impact velocity. Fit to empirical equation4.11considering a perfectly plastic be-

haviour (P.P.) and to Eqs.4.12and4.13considering a linear hardening behaviour.
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Velocity measurements - Coefficient of restitution
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Figure 5.10: Experimental measurements of the coefficient of restitution for impacts on
AA 7010 as a function of the normalized impact velocity. Fit to empirical equation4.11
considering a perfectly plastic behaviour (P.P.) using original experimental data and best

fist to experimental data for estimation of the current yield limit.
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5. Single Impact experiments

According to this hypothesis a decrease of the yield limit would be observed which corre-
lates with the experimental results here. Furthermore this ageing process can be expected
to be irregular among all the samples which could explain the large scattering of the coef-
ficient of restitution measures observed for the aluminium samples compared to the other
materials. Complementary experiments to determine the actual hardening parameters of
the aluminium could not be made. The original hardening behaviour of AA 7010 being
almost nil (see Fig.5.7) a perfectly plastic behaviour is assumed and a best fit is made
with the experimental values of the coefficient of restitution to provide a raw estimate of
the current yield limit of the aluminium alloy. The best fitted curve is provided in Figs.
5.9and5.10. The current yield limit is found to be equal to approximately270MPawhile
the original material data indicated a yield limit equal to 500MPa. Due to the large error
bars and to the bias on the material parameters no clear conclusion can be drawn from
these results. It is still clear that the global trends of the analytical law are consistent
with the experimental results for velocities ranging here from 100 to 400 times the yield
velocityvy (value calculated with the initial value of the yield limit) of the AA 7010.
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Figure 5.11: Experimental measurements of the coefficient of restitution for impacts on
Steel 316L as a function of the normalized impact velocity. Fit to empirical equation4.11
considering a perfectly plastic behaviour (P.P.) and to Eqs.4.12and4.13considering a

linear hardening behaviour.

Coefficients of restitution for impacts on 316L and Inconel 600 show a good consis-
tency between experimental results and analytical laws. The range of normalized veloci-
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Velocity measurements - Coefficient of restitution
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Figure 5.12: Experimental measurements of the coefficient of restitution for impacts on
Inconel 600 as a function of the normalized impact velocity. Fit to empirical equation4.11
considering a perfectly plastic behaviour (P.P.) and to Eqs.4.12and4.13considering a

linear hardening behaviour.
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5. Single Impact experiments

ties are rather similar for both materials, around 6000 timestheir respective yield veloc-
ities. Considering the error bars on the experimental results, the influence of hardening
cannot be clearly observed. For Inconel 600 that presents a relatively large hardening,
a significantly better correlation with the experimental results is observed when consid-
ering a linear hardening than for a simple perfectly plastic behaviour. This shows the
importance of considering hardening for the prediction of the coefficient of restitution
and somehow validates the formulae defined in the former chapter.

5.5 Surface profile measurements

5.5.1 Comparison between profilometer and stereo correlation mea-
surements

Surface profile measurements have been performed on impacted samples. Stereo corre-
lation measurement of the surface displacements in all three directions were made on all
impacted samples. Complementary measurements on a contact profilometer were made
on some of the samples, the measurement time prevented to perform it on all samples.

The sandblasting of the surface was necessary for the stereo correlation measures but
it generates high luminosity points and irregularities on the measured profiles. Further-
more, the impact of the ball on the samples generates a large change in surface orien-
tation. Reflections are thus observed in this area that could not be fully avoided during
stereo correlation measurements, even with changes in the light orientation. Data can not
be measured in the areas of reflection and are thus interpolated with the data from the
surroundings. These interpolated areas are present in all stereo correlation measurements
and therefore results should be considered carefully. At last, the small size of the im-
pacts compared to the measurement capabilities makes that the obtained measures are not
optimum.

On available samples, surface profiles passing by the center of the impacts obtained
by the profilometer and by stereo correlation were compared. A full set of results is
presented for one sample. Global macroscopic parameters for all measurable samples
will be presented further. The sample presented here is a stainless steel 316L sample.
The average impact velocity was measured at 44m/s with a standard deviation of the
measures equal to 2.5m/s. Two lighting orientations were used to perform the stereo
correlation measurement before and after the impact, allowing to move the location of
the reflection area on the impacted sample. Results are presented in Figs.5.13and5.14.
The raw stereo correlation results are presented in Figs5.13(a)and5.14(a)illustrating the
areas in which results are non-existent due to the reflections. The displacement along the
Z direction, in mm, is here presented. The pattern size used for digital image correlation
was optimized as a function of the quality of the results and with respect to the gradients
of the data measured. On each picture, the point of minimum altitude is depicted along
with the x and y parallel lines along which profiles will be measured. It appears first that a
lot of measurement noise is captured at the surface of the sample, this is due to the bright
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Surface profile measurements

points generated by the sandblasting of the surface.
An interpolation of the data in the reflection areas is made on the raw data using the

software Matlab. Several interpolation algorithms were tested giving similar results. The
full surface position profile are presented in Figs.5.13(b)and5.14(b). The profiles of the
interpolated data are then plotted along the x and y directions. The interpolated data are
depicted in blue rectangles on these figures to interpret the results correctly. At last, the
profilometer measures along two perpendicular directions are plotted in Figs.5.13(e)and
5.14(e)and all measured profiles are superimposed in Figs.5.13(f)and5.14(f). All pro-
files are aligned along the minimum surface value for comparisons of the impact shapes.

The first set of results (Fig.5.13) presents a very good agreement between the two
measurement methods. For this impact case, the radiiR0 atz= 0 altitude are very similar
(about 1.45mm) for all four profiles. The depth of the impact is quite well measured by
the stereo correlation technique despite a slight overestimation. The optical measures
does not describe properly here the curvature at the bottom of the impact. At last, the
measurement noise is too high at the surface of the body to be able to measure the dent’s
height. An area of higher height is yet observable around the impact in Figs.5.13(a)and
5.13(b)and macroscopic parameters can be roughly estimated using the stereo correlation.

The second set of results (Fig.5.14) presents measurements for the same sample but
with different orientations of the lightings. Notably, the reflection area slightly overlaps
here the point of minimum altitudezmin of the impact. Consequently, the minimum mea-
sured value is overestimated by the correlation software that lacks data and extrapolates
the value at the border of the reflection zone as a function of the gradient of data, that
is rather high since considering the sides of the impact. The impact radius valuesR0

are roughly the same than in the former case and still consistent with the profilometer
measurements.

This last case is representative of the overall stereo correlation measurements per-
formed here. A correct measurement of the impact radius is made but the depth of the
impact is overestimated by the correlation and results should be considered with care.
The error made here is somehow proportional to the depth of the impact and still gives an
estimate of the real value. The global trends can still be estimated and stereo correlation
results were kept in all cases for a larger number of measurement.

5.5.2 Numerical results

Profilometer and stereo correlation measurements are here studied as a function of the
impact velocity on each material. Three macroscopic measures are selected to describe
the impacts. Figure5.15defines the geometry of the imprint. For both the profilometer
and the stereo correlation measures, the plane of altitudez= 0 is defined as the average
altitude plane. The impact radiusR0 is defined here at altitudez= 0 where the contact
radiusa∗ is identified. Measures ofR0 are very close for both methods. The impact
depthzmin is simply the lowest measure altitude. It was shown previously that the stereo
correlation method tends to overestimate slightly this depth. At last the dent heighthd is
measured as the highest altitude value. Only the profilometer allows this measure and so a
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Figure 5.13:Profile measurements on a stainless steel 316L sample, impact velocity mea-
sured at 44m/s, first lighting orientation. (a) Raw stereo correlation normal displacement
measure (in mm). (b) Interpolated displacement measure (in mm). Measured profiles
along the x (c) and y (d) directions, interpolated zones in light blue. (e) Profilometer

measures along the x and y directions. (f) Superimposition of all profiles.
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Figure 5.14: Profile measurements on a stainless steel 316L sample, impact velocity
measured at 44m/s, second lighting orientation. (a) Raw stereo correlation normal dis-
placement measure (in mm). (b) Interpolated displacement measure (in mm). Measured
profiles along the x (c) and y (d) directions, interpolated zones in light blue. (e) Profilome-

ter measures along the x and y directions. (f) Superimposition of all profiles.
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5. Single Impact experiments

lower set of results is presented for the dent height. The dentheight can experimentally be
highly different if the impact is not purely normal to the surface. Consequently measures
of the impact dent height are often different depending on the direction of the measure
or on the size of the dent considered. Four measures are made on each dent, the average
value is plotted along with the minimum and maximum value for each set of measure.

Figure 5.15: Definition of surface profiles measured parameters: radius of dent at zero
altitudeR0, dent heighthd and dent depthzmin

A first full surface profile is presented for an impact at measured velocityv=25m/son
an Inconel 600 sample. Corresponding simulation results from the SAM and the Abaqus
model used in the benchmark are presented in Fig.5.16. The Inconel material parame-
ters used here differ slightly from those described in section5.3.3and the results are so
slightly different. Contrary to the single impact benchmark a poor correlation is observed
between the SAM and FE results, this is due to the high level of strains involved in this
case. The match between FE simulation and experiments is rather good for this partic-
ular impact case but experimental imprecisions, especially in the velocity measurement
decrease the quality of the correlation and more global observations are made afterwards.
Interestingly, the SAM results atv= 25m/scorrelate very well with profile measure made
at an averaged impact velocity of 21m/s. The large strain levels involved in these cases
make that the SAM results don’t correlate well with the experimental results but as indi-
cated in the further figures, the global trends are well reproduced and a simple shift in the
velocity range seems to be made.

For each material a set of simulations is performed. The ball is taken elastic with
ceramicSi3N4 material parameters. The samples are considered semi infinite, which is
consistent with their dimensions. The depth is the most critical dimension, it is about
12mm for all the samples while the sphere diameter is equal to 10.31mm. The mate-
rial parameters are those defined in section5.3with the correction proposed for the yield
stress of the aluminium alloy. For all simulations, the velocity is considered purely normal
and no friction between the bodies is considered. Similar simulations with a coefficient
of friction equal to 0.4 have been performed and no significant effect on the residual
displacement profiles was observed. Recent results by Fulleringer [FUL 11] showed a
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Figure 5.16: Comparison between surface profile measures and simulated residual dis-
placement from SAM and Abaqus. Impact at measured velocityv= 25m/son an inconel

600 sample.

significant sensibility of the SAM method for frictional indentation. These results were
issued from simulations at very low plastic strain amplitude and with a very fine mesh in
the contact area to correctly describe the stick and slip zones. Similar results were not ob-
tained at high strain levels and a detailed study of the effect of friction was not done here.
It should be noticed that the influence of friction can be significant when the coefficient of
friction if large (higher than 0.3). The radial displacements in the contact area especially
are influenced by the history of slip-stick situation during the indentation/impact. These
effects were not accounted for the comparisons with simulation here and will be part of
future work.

Five impact velocities are considered, ranging from 10 to 50m/s to cover the exper-
imental velocity range and compare the trends on the impact shapes between simulation
and experiments. Results are presented as a function of the impact velocity, with in-
dication of the normalization by the material’s yield velocityvy. For the profilometer
measurements, the error on the velocity measure is depicted to illustrate the possible vari-
ation of the results with this parameter. Similar data is available for the stereo correlation
measurements but is not depicted for readability. At last, the maximum accumulated plas-
tic strain issued from the simulation is plotted. This is an important parameter to estimate
the quality of the simulation results (for plastic strain higher than typically 10% some
numerical error may occur due to the assumption of small strains).

Results are presented in Figs.5.17, 5.18, and5.19for AA 7010, stainless steel 316L
and Inconel 600, respectively. For all materials, that have relatively close yield limits and
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5. Single Impact experiments

thus present close levels of plasticity for similar velocities, the maximum level of accumu-
lated plastic strain is around 10% or more, which is about the limits of the capabilities of
the current code. A large scatter can sometimes be observed in the stereo correlation mea-
surements of the impacts’ depths (blue diamonds in Figs.5.17(c), 5.18(c)and5.19(c)).
This is due to the overestimation of the depth by the correlation process in areas were data
are not defined as described in the former section.
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Figure 5.17: Comparison of experimental profile measurements and results from simu-
lation as a function of impact velocity for impacts on AA 7010 samples. Comparison of
impact radiusR0 (a), dent height (b), dent depth (c) ; maximum accumulated plastic strain

obtained by simulation (d).

Results for impacts on AA7010 are presented in fig.5.17(a). These results should
be considered with care since the yield limit of the material was estimated with the co-
efficient of restitution results in the former section. As a consequence, the comparison
between simulations and experiments is quantitatively poor. Qualitatively, it can be seen
that the trends are the same. In the current range of velocity and for plastic strain that can
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Surface profile measurements

reach 14% the evolution of all measured dimensions is almost linear with the velocity. The
impact depthzmin are overestimated which can be attributed to the poor knowledge of the
hardening law. For similar reasons, the dent height is underestimated and the impact ra-
dius overestimated. It was observed in section4.2that the residual displacement predicted
by the SAM differs from the FE prediction around the limits of the contact zone. This
correlates with the underestimation of the dent height observed here. Furthermore, the
residual displacement predicted by the SAM (see Fig.4.1) being underestimated around
x=+/−a∗ it leads to an overestimation of the radius of impact atz= 0 which here again
correlates with the experimental observations.
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Figure 5.18: Comparison of experimental profile measurements and results from simu-
lation as a function of impact velocity for impacts on stainless steel 316L samples. Com-
parison of impact radiusR0 (a), dent height (b), dent depth (c) ; maximum accumulated

plastic strain obtained by simulation (d).

Results for impacts on the stainless steel 316L and Inconel 600, presented respectively
in Figs.5.18and5.19, show a better correlation due to a good knowledge of the hardening
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5. Single Impact experiments

law. An excellent fit between simulation and experimental results is obtained for the
maximum depth of impact (Figs.5.18(c)and5.19(c)). For both cases the global trends
are perfectly reproduced by the simulation.

An effect of saturation for values of impact velocity above 40m.s is observed both for
the experimental and simulation results for 316L. Complementary experimental points,
coupled with simulation results would be necessary to confirm this trend.

As for impacts on AA7010 samples, the prediction of the impacts’ radii and maxi-
mum depth by the SAM is not perfect. The dent height are largely underestimated by the
simulation but this was shown to be a significant point of improvement on the SAM, yet
once again, the global trend is fairly described. For the impact radiiR0, a good correla-
tion is observed for "low" velocities, i.e. about 10% of maximum plastic strain and the
gap between simulation and experiments increases with the impact velocity. This clearly
shows the limits of the SAM for the simulation of large strains, at least in the current state
of the method. As the maximum plastic strain increases, the description of the effects on
the borders of the contact, where the maximum plastic strain is measured and gets closer
to the surface, by the SAM gets worse. This bias of the method is illustrated here by the
measure of the impact radius that directly depends on these effects.

5.6 Surface residual strain

A significant interest of the stereo correlation is the possibility to measure strains at the
surface of the impacted body, which simple profilometer measurements do not allow. It
was shown here that a significant noise disturbs the measures around the impacts and that
light reflections limit the measures in the impact dent. Despite this, the stereo correlation
measures done here allow to measure the residual strainsεres

xx , εres
xy andεres

yy (x and y being
the directions along the surface) in and around each impact.

Similarly, the surface residual strain can be calculated from simulation results as a
function of the surface residual displacements in the x and y directions, see Eqs.5.5, 5.7
and5.6. More interestingly, a measure of the residual strains outside of the plastic zone
can give a direct measure of the surface residual stresses. The capability of this method is
presented here on an example.

εxx(i, j) =
ures

x (i +1, j)−ures
x (i −1, j)

2∆x
(5.5)

εyy(i, j) =
ures

y (i, j +1)−ures
y (i, j −1)

2∆y
(5.6)

εxy(i, j) =
1
2

(

ures
x (i, j +1)−ures

x (i, j −1)
2∆y

+
ures

y (i +1, j)−ures
y (i −1, j)

2∆x

)

(5.7)

εeq(i, j) =

√

2
3

(

εxx (i, j)2+ εyy(i, j)2+2εxy(i, j)2
)

(5.8)
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Figure 5.19: Comparison of experimental profile measurements and results from simu-
lation as a function of impact velocity for impacts on Inconel 600 samples. Comparison
of impact radiusR0 (a), dent height (b), dent depth (c) ; maximum accumulated plastic

strain obtained by simulation (d).
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5. Single Impact experiments

The stainless steel 316L sample impacted at 44m/s presented in the former section is
presented here again. Stereo correlation strain results are analysed with the same method
that the surface normal displacement measures. Raw data are interpolated and profiles are
extracted along the x and y directions around the maximum impact depth. The interpo-
lated data are marked and the position of the measured impact radius is also depicted for
analysis. Figures5.20, 5.21, 5.22and5.23present the measured residual strains for this
specific impact, for the first orientation of lighting (Fig.5.13).

Experimental results are compared with simulation along the x and y-axis passing by
the center of the impact, when significant. Overall, the results correlate very well out
of the dent for all strain components, confirming the quality of the SAM results. An
interesting insight of these results is the measurement of residual stresses. Surface points
outside the dent being fully elastic, or almost, the strain measurement can be directly
related to the residual stress tensor by the classical theory of elasticity and so the surface
strain measurement can be seen as a direct measure of surface residual stresses.

In the impact dent, corresponding to the contact zone during the impact, significant
differences are observed between experiments and simulation,except for the equivalent
residual strain. Two facts may explain these differences. First, although frictional simu-
lations were performed as a first step, no specific care was taken for the description of the
stick and slip zones during the impact. As indicated before, recent work by Fulleringer
[FUL 11] showed that indentation simulation results might be significantly influenced by
the coupled effect of both friction and plasticity. The radial residual displacement in the
contact zone is highly influenced. Secondly, the quality of the results in the dent zone
is clearly lowered by the lack of data due to the reflections and the interpolation. This
clearly explains the peaks on the experimental values (see in particular Figs.5.20(d),
5.22(c)and5.23). Yet the signs of the residual strainsεres

xx andεres
yy in the contact area

differ between simulation and experiments, although some global trends are similar. Fric-
tional effects along with the limits of the SAM at large strain levels might explains this
important differences but further investigation would here be necessary.

5.7 Conclusions

This chapter presented a first set of experimentations meant to validate impact models.
Thanks to a collaboration with the Mécasurf Laboratory at AMPT Aix-en-Provence, sin-
gle impact experiments were performed on a impact test-rig prototype. Impacts were
performed on three different materials, with balls of the maximum possible diameter and
over the whole range of impact velocity the rig could provide.

The impact velocity was measured by two methods: laser barriers and fast speed
camera measurements. Despite this, the precision obtained on the velocity measurement
was not optimal which is a first important bias of these experiments.

Results were analysed through three kinds of measures:

• the coefficient of restitution. A good correlation was observed between the exper-
imental results and formulae provided in chapter4. Results of the coefficient of
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Figure 5.20: Residual strainεres
xx measurements on a stainless steel 316L sample, impact

velocity measured at 44m/s, first lighting orientation. (a) Raw stereo correlation strain
measure (in mm/mm). (b) Interpolated strain measure (in mm/mm). Measured profiles
in x (c) and y (d) directions, interpolated zones in light blue, superimposition with results

from frictional and frictionless simulations.
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5. Single Impact experiments

(a) (b)

Figure 5.21: Residual strainεres
xy measurements on a stainless steel 316L sample, impact

velocity measured at 44m/s, first lighting orientation. (a) Raw stereo correlation strain
measure (in mm/mm). (b) Interpolated strain measure (in mm/mm).

restitution were also used to determine roughly hardening parameters for the AA
7010 for which no fair data was available due to ageing of the material.

• surface profile by contact profilometer and stereo correlation. Optical measures
were interesting for the short time they require, yet the small size of the impacts
and the difficulty to establish a good contrast on the impacted surfaces strongly
limited the quality of the stereo correlation results. These results showed a good
capability of the SAM to predict the depth of impacts and confirmed the limitations
observed at the border of the contact zones and for high strain levels observed in
the former chapters.

• surface residual strain by stereo correlation. Though limited by the quality of the
correlation results and subject to discussion in the impacted zone for reasons that
still need to be clarified, very encouraging results were found in the zones out of
the impact and for the von Mises equivalent residual strain.

This first set of experimental results so validates the SAM method while also con-
firming its currents limitations. Complementary analysis on the effect of friction and in
the consideration of large displacement in the SAM may provide fairly better fit between
simulations and experiments. As improvements in the simulations are to be considered,
improvements in the experimental results are to be expected as well. The experience
acquired through these experiments provided interesting knowledge for further impact
experiments and a large range of possibilities is observed by the stereo correlation mea-
sures.

Complementary measures have also been considered on the actual samples. Residual
stress measurements might be performed on these samples and compared with simulations
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Figure 5.22: Residual strainεres
yy measurements on a stainless steel 316L sample, impact

velocity measured at 44m/s, first lighting orientation. (a) Raw stereo correlation strain
measure (in mm/mm). (b) Interpolated strain measure (in m/mmm). Measured profiles
in x (c) and y (d) directions, interpolated zones in light blue, superimposition with results

from frictional and frictionless simulations.
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Figure 5.23: Residual strainεres
VM measurements on a stainless steel 316L sample, impact

velocity measured at 44m/s, first lighting orientation. (a) Raw stereo correlation strain
measure (in mm/mm). (b) Interpolated strain measure (in m/mmm). Measured profiles
in x (c) and y (d) directions, interpolated zones in light blue, superimposition with results

from frictional and frictionless simulations.
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Conclusions

results. The relatively small size of the impacted zone as compared to a classical averaging
area for residual stress measurements may provide results difficult to interpret and it is
expected that the gradient of residual stresses in the measured area would be high enough
to interfere with the measurements. A second set of planed measurements is the definition
of the micro structure of the impacted sample and the analysis of its evolution through
the impact. Although not considered in the current SAM model, eventual change in the
material micro structure might be integrated in the model, at least in a phenomenological
manner.
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Modelling of Multiple Impacts

This last chapter deals with the use of the semi analytical
method for the simulation of multiple impacts. A full

methodology is proposed to model the plastic strains and
residual stresses generated by a large number of impacts in a
reduced number of semi analytical simulations. A benchmark
with finite element codes is first performed and the influence
of several impact parameters is studied (velocity, coverage
rate, impact repartition,...). The simulation of a full ultra

sonic shot peening process is then proposed and the results
compared to an experiment within a thin plate.
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Introduction

6.1 Introduction

The previous chapters have provided results mainly for single impacts or impacts occur-
ring at a constant position. Numerical and experimental validations were provided for
these cases. The study of the literature provided several ways to model multiple impacts,
mainly based on analytical or FE models. Analytical models are usually highly simpli-
fied. A huge number of FE models exist, the current calculation powers allowing the
simulation of large number of impacts. Nevertheless, the size of the models remains an
important problem.

A method for the simulation of multiple impacts is proposed in this chapter. Based
on several hypotheses on the residual state of a peened piece a model to represent a large
number of impacts in a reduced number of simulations is proposed. The main advantage
of this model is its very fast computation time. As for the single impact, a benchmark with
finite elements codes has been performed to validate numerically the results obtained by
the SAM for multiple impacts.

Using the fast computation speed of the SAM, several sets of simulation were per-
formed to analyse the influence of various parameters on multiple impact results. Several
models, and the effect of material and process parameters are thus analysed providing a
good understanding of the phenomena involved in multiple impacts.

The multiple impact model being defined and studied two complementary model and
methods are proposed to simulate a complete ultrasonic shot peening process. A macro-
scopic ultrasonic shot peening is proposed to determine the impacts velocities from the
process and material parameters. The SAM multiple impact model then allows to calcu-
late residual strains from the impact velocities and material parameters. At last a method-
ology is proposed to determine residual stresses and macroscopic deflections in finite size
structures from the SAM results, allowing so to model a complete ultrasonic shot peening
process.

6.2 Multiple Impact scheme and reference area

It is assumed that after a uniform shot peening treatment on a surface, the residual stress
and strain state has specific characteristics. The strain state is considered uniform in
planes parallel to the surface and isotropic, i.e. independent on the x and y coordinates of
the point at which its value is observed and on the chosen coordinate system.

The impacts are supposed to occur on regular positions. These positions are located
on the angles of equilateral triangles which side length is notedd. The coverage ratec
is then calculated as the ratio between the surface covered by the impacts over the total
surface. Taking the triangle formed by the center of three impacts, a reference areaAr is
defined. The covering rate can then be calculated over the reference area as follows:

c=
2π√

3

(

a∗

d

)2

(6.1)

T. Chaise / Mechanical simulation using a semi analytical method 153

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



6. Modelling of Multiple Impacts

Wherea∗ is the contact radius for a single elastic plastic impact. A faster estimation
of the coverage rate could be made here by taking into account the contact radius for an
elastic impacta∗e, since this quantity can be calculated analytically. Yet for large velocity
impacts and low hardening materials, commonly involved in shot peening, the difference
betweena∗e anda∗ can be very high thus leading to a wrong estimation of the coverage
rate.

When studying shot peening experimentally, the coverage rate is defined as the surface
covered by the impacts over the total treated surface, for a given time of process. This
measure is usually made visually and is thus quite inaccurate. It is possible to define a
100% covering rate when the whole surface has been covered by at least one shot. Simple
analytical formulae allow then to estimate the time of processing leading to a specific
covering rate.

For simulations, the covering rate can easily be defined as shown in Eq.6.1. This
definition of the simulated covering rate depends on the relative impact positions and
is slightly different from the experimental definition. With balls impacting the surface
at a regular distance on a triangular pattern, the surface is completely covered when the
impact radius is equal to 2/3 of the altitude of the triangle which corresponds to a covering
rate equal to approximately 121%. This difference between experimental and simulated
covering rate might seem significant yet it is beyond the accuracy of the experimental
measure and can be expected to be negligible compared to the effective sensitivity of the
results to the covering rate.

(a)

(b)

Figure 6.1: Reference area definition and averaging process for impacts occurring in a
triangular scheme. (a) Definition of the averaging area along the depth z of the impacted
body. (b) Averaging for 4 distributions to remove the influence of the coordinate system.

For each depthz, the values of results are averaged over the reference area as indicated
in Eq. 6.2:
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Multiple Impact scheme and reference area

C̄i j (z) =
1
Nr

∑
(x,y)∈Ar

Ci j (x,y,z) |C= (εp,σres) (6.2)

WhereNr is the number of elements in the reference areaAr .
A triangular distribution of the impacts has been chosen to minimize the number of

simulations. It allows with only three impacts to obtain a fair representation of the full
shot peened state. A drawback of this distribution is that is presents only one plane of
symmetry. A square distribution of the impacts, for example, would have led to a system
with two planes of symmetry. Simulations have been performed to ensure that the choice
of distribution had a low effect on the results. The residual stress and plastic strain ten-
sors averaged in the reference area won’t here be diagonal. That is to say that the shear
components won’t be nil in the reference coordinate system and thus the choice of this co-
ordinate system will have some effect. It is expected that for an isotropic fully shot peened
state, the results taken at any point of the surface would be constant, independent of the
coordinate system and without off-diagonal terms. This hypothesis is commonly assumed
when modelling residual stresses produced by plastic strains or nitriding [ROU 97].

In the case of simulation, the off-diagonal terms, or shearing terms aren’t totally nil
due to the order of impacts but their magnitude is significantly lower than that of the di-
agonal terms. For impacts occurring simultaneously and with a symmetrical distribution,
their value would be zero. To neglect this effect of the number of impacts, it is assumed
that four simulations are performed, one reference, and three others, with a rotation of the
coordinate system with an angleψ equal toπ/2, π and 3π/2. The final results, consid-
ered representative of the fully shot peened state are taken as the average of these four
simulations.

C̄ψ = C̄+C̄
+π/2

+C̄
+π +C̄

+3π/2
|C=

(

εp,σres
)

(6.3)

Considering the change in the local coordinate system this finally leads to :

C̄ψ =







C̄xx+C̄yy
2 0 0

0 C̄xx+C̄yy
2 0

0 0 C̄zz






|C=

(

εp,σres
)

(6.4)

The final valuesCψ of the tensors will know simply be notedC. After this process, a
residual stress, and more specifically a plastic strain field is obtained. The value of this
field only depends on the depth z and its values are constant in every coordinate system
(−→x ,−→y ,−→z ) where−→x and−→y are parallel to the surface and−→z in the depth of the body.
This field is then coherent with the hypothesis made on the residual strain field in a fully
shot peened body. An other advantage of this method is that it deletes the effect of the
order of impacts. Simple simulations made by varying the order of the impacts showed
that the post processed results are almost exactly the same. The effect of the random order
of impacts is then somehow considered by this method.

All following results of multiple impacts are presented averaged following this pro-
cess. For each set of simulations the distance between the impacts is calculated based on
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6. Modelling of Multiple Impacts

the desired value of coverage rate and the contact radiusa∗ value issued from the first
impact simulation.

6.3 Multiple Impact Benchmark

6.3.1 Codes and Impact parameters

As for a single impact (see chapter4), a benchmark has been conducted between the SAM
and three finite element codes. The aim of this benchmark was to validate the numeri-
cal results issued from several computational methods. Three impacts are simulated and
results are post-processed as indicated in the former section to work on final averaged
values independent of the coordinate system and of the order of impacts. The impacts of
elastic 100Cr6 shots on a Inconel 600 flat with isotropic hardening properties are simu-
lated to match a real engineering case. A reference coverage rate of 100% is simulated
and the impact velocity of the shots is considered constant and equal to 8m/s here again
to be close to the experiments presented further. A first analysis of the results showed that
the level of plastic strain reached is relatively high compared to the demonstrated current
capabilities of the SAM and a certain care is brought to the analysis of the results. The
benchmark simulation parameters are presented in Tab.6.1.

Body 1 Body 2
Geometry SphereR= 2mm Flat
Material 100Cr6 Inconel 600
Density ρ1 = 7800kg/m3 N.A.
Elastic E1 = 207GPa E2 = 218.2GPa

properties ν1 = 0.3 ν2 = 0.3
Ramberg-Osgood

Plastic Purely σy0 = 274MPa
properties elastic K = 1450MPa

n= 0.8
Initial velocity v= 8m/s

Number of impacts 3
Distance between impacts e= 0.619mm

Coverage rate c= 100%

Table 6.1: Material parameters for the multiple impact benchmark between the Semi
Analytical Method, Abaqus, code_ASTER and Systus.

The numerical parameters used by each code are presented in Tab.6.2. The finite
elements used by each model are the same, with complete integration, while the SAM
cuboids have only one central calculation point which is closer to a reduced integration
element. The elements size in the contact areas are the same for the SAM, Systus and
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Multiple Impact Benchmark

Code_Aster with similar depth. The abaqus simulation was made with much smaller
elements in the surface directions but with a depth similar to the other models. This
would allow somehow to analyse the influence of the mesh size in the contact area on the
results but the difference is here negligible compared to the discrepancies of the several
codes. As for the single impact benchmark, the evolution of the mesh out of the contact
areas is let at the discretion of each code user. The CPU time taken for the simulation of
three impacts are indicated. The CPU frequencies used for each code are similar and thus
the indication of the CPU time is a direct measure of the velocity of the code. The Abaqus
simulation took a much longer time than the other ones due to a significant larger number
of nodes. The difference of CPU time between Code_Aster and Systus might be due to the
same reason. The SAM and Systus models were of similar size but the SAM simulation
was more than 10 times faster. The natural velocity of the method is mainly responsible
for this but an other interesting source of reduced computation time is the structure of the
SAM. Indeed for the first and second impact, only the plastic zone generated by these
impacts is to be meshed and so the model size for these impacts is highly reduced.

Finite Element codes Semi Analytical
Abaqus Code_Aster Systus Method

Element size ∆x= ∆y= 16µm ∆x= ∆y= 50µm
in a∗/∆x≈ 20 a∗/∆x≈ 6.5

contact areas ∆z= 2∆x ∆z= 30µm ∆z= ∆x/2
Element Linear hexahedra Cuboids with a central

type with full integration calculation point
Number of nodes 1075340 218942 161149 1509201

CPU time ≈ 120h ≈ 90h ≈ 60h ≈ 5.2h
1 Number of cuboids in the largest (final) computation zone

Table 6.2: Numerical parameters for the multiple impact benchmark between the Semi
Analytical Method, Abaqus, code_ASTER and Systus.

6.3.2 Results and analysis

The post processed results of the benchmark are presented in details in this section. As
usual, distances are normalized by the contact radiusa∗ calculated for the first impact by
the SAM (the variation ofa∗ for the 2nd and 3rd impacts is actually lower than the mesh
size and is thus not measurable) and each stress component is normalized by the initial
yield limit of the material, given in Tab.6.1and here equal to 274MPa.

Figure6.2 shows the plastic strains results. Due to the post-processing of the results
the components in the x and y directions are equal and represent the radial component.
For all four methods, the results are extremely similar for a depth higher than 0.5a∗. In
the subsurface area (between 0 and 0.5a∗) a divergence between the different methods is
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noticed. This difference makes it impossible to choose one ofthe solutions to be the good
one. The SAM is the only method to show a change in the slope close to the surface.
The von Mises equivalent plastic strain, depicted in Fig.6.2(b), is a direct consequence
of these components and shows thus a similar behaviour. The fundamental difference
between the SAM and the finite element method might explain this difference. The high
level of strain involved in these simulations, that are not completely considered by the
SAM may also explain this difference, the maximum plastic strain being located at the
surface. The accumulated plastic strain, plotted in Fig.6.2(c)that describes roughly the
history of the strains during the three impacts is highly different between the SAM and
the FE codes. If the three FE codes don’t give the same results, thus indicating a high
sensitivity of this variable to the model, the SAM results are significantly lower than the
other ones. Explanations for this difference is the same than for the strain components.
It should be noticed here that more than 10% of averaged accumulated plastic strain are
observed, indicating that much more higher local values of strain have been reached which
corresponds to level of strains for which the SAM still has to be improved. Despite this,
the residual strain components, that will generate the residual stresses, are similar between
all four methods. The difference in the accumulated plastic strain will have a significant
effect in the consideration of the final yield limit of the impacted material.

Results for the stresses are presented in Fig.6.3. The averaged radial (xx/yy) and
in depth (zz) stress components are presented. As a consequence of the plastic strains,
the stresses show a rather similar behaviour. The overall results are close between all
three methods, the SAM being slightly different than the three FE codes. Interestingly,
the results from Code_Aster and Systus are extremely similar for the stresses with a small
difference for Abaqus while it was not the case for the strains. The differences on the
stresses components somehow compensates for the von Mises equivalent residual stress
giving remarkably similar results for all four methods.

Overall the SAM gives slightly different results from the FE methods but a very good
fit is observed over all the results. Considering the significant gain in computation time
of the SAM, this clearly confirms the interest of the method despite the fact that some
improvements for the consideration of large strains remain to be done.

The hydrostatic pressure calculated in the multiple impact benchmark case is pre-
sented in Fig. 6.4. Figure6.4(a)presents the hydrostatic pressure averaged over the
reference area. For each value of depth, the value of all points located inside the reference
area is also plotted. The hydrostatic pressure calculated along the center of the first impact
completes this representation. The averaged value after three impacts is very similar to
the value at the center of the first impact. For both cases, the stress is almost nil at the
surface and the body is under compression until 3.25a∗, small tensile stresses beyond this
depth but up to a very large depth balance the effect of compression to ensure the equi-
librium. The representation of the scattering around the averaged value shows that for a
depth higher than 0.5a∗ all points located in the reference area are under compression.
Close to the surface, few points are under tension, certain to a very large value. These
points are located in the borders of each impact’s contact area as visible in the following
figures. Figures6.4(b), 6.4(b) and6.4(b) represent the residual hydrostatic pressure in
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Figure 6.2: Plastic strain components (εp
xx= εp

yy andεp
zz) (a), von Mises equivalent plastic

strain (b) and accumulated plastic strain (c) along depth z averaged over the reference area
for the multiple impact benchmark case.
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Figure 6.3: Residual stresses components (a) and their von Mises equivalent value (b)
along depth z averaged over the reference area for the multiple impact benchmark case.

planes parallel to the surface and respectively at the surface for the first impact, at the
surface after the three impacts and at the Hertzian depth. The effect of the order of im-
pacts is visible when three impacts are involved, yet the global trends are the same after
one or three impacts: the body is in compression in a very large surface except in a small
annulus around the impacts, corresponding to the zone where the residual displacement
is positive and where the matter is pushed outside the contact area during the impacts. At
the Hertzian depth, all the reference area and the surrounding zone is in compression.

Overall, impacts generate, as expected, a layer of compressive residual stresses. The
equilibrating tensile stresses are rejected far below the Hertzian depth, as long as it is
semi infinite. Localized areas of tensile stresses are located at the surface (see also Fig.
4.8) around each impact but can be expected to be annihilated by subsequent impacts
occurring directly on the dent’s borders during a full peening treatment.

6.4 Process, model and material parametric study

Several sets of simulations, involving various numbers of impacts have been performed
to analyse the influence of several parameters on the multiple impact model proposed
here. These various parameters are described in Tab.6.3. Three kinds of parameters are
observed: process, model and material parameters.

The process parameters, though difficult to set experimentally in the way they are
proposed here, are analysed. The influence of the coverage rate is analysed in sections
6.4.1and6.4.2. This study aims at observing how results evolve with the coverage rate
but also how an incorrect knowledge of the experimentally measured coverage rate might
change the corresponding simulation results. A second experimental parameter which is
difficult to measure is the impact velocity. A method will be proposed further for the
estimation of the impact velocity but firstly the influence of a variation of the impact
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Figure 6.4: Residual hydrostatic pressure for the multiple impact benchmark case. (a)
Averaged hydrostatic pressure in the reference area along the depth axis z with all values
for points located in the reference area in black dots. (b) Hydrostatic pressure in the
surface plane (z= 0) after the first impact. (c) Hydrostatic pressure in the surface plane
(z= 0) after the third impact. (d) Hydrostatic pressure at the Hertzian depth (z= 0.48a∗)

after the third impact.
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6. Modelling of Multiple Impacts

velocity around its average value is observed in section6.4.3. It is expected that the
impact velocity would vary a lot in the real case.

Two parameters linked to the model are also analysed. The randomness in the distri-
bution of the impacts is neglected by the model proposed here. Part of this effect is con-
sidered by averaging the results over a reference area which size is linked to the coverage
rate. The choice of the reference area might affect the results. Section6.4.2proposes
a study of the effect of the reference area definition on the results. A second important
model parameter is the number of impacts considered. A study of the evolution of the
results as a function of the number of impacts is proposed in section6.4.4.

At last, the influence of the hardening model of the impacted material is proposed.
Similar sets of simulations of impacts on a purely isotropic, purely kinematic and mixed
hardening flat are studied and compared to give insights on the influence of the hardening
model on the results.

For all simulations the shots impacting the surface are considered rigid and the im-
pact velocity is purely normal to the surface. The contact is considered frictionless and
no computation of the tangential contact problem is made. The range of normalized ve-
locity varies for each simulation as indicated by the impact velocity and the initial yield
limit in Tab. 6.3. All considered impacted materials have the same Young’s modulus and
Poisson’s ratio, respectively equal to 200Gpa and 0.3. For the majority of results, four
data are plotted for each simulation case. First the von Mises equivalent plastic strain
calculated with the averaged plastic strain values over the reference area is presented as a
picture of the level of remaining plastic strains. The averaged accumulated plastic strain
is given to complete the former data with a picture of the history of strains. Averaged
residual stresses are given through two data: the von Mises equivalent value of the av-
eraged residual stress components, to provide a representation of the amount of residual
stress and the residual hydrostatic pressure, to visualize the tension or compression state
of the considered areas. As usual, distances are normalized by the contact radius of the
first impact (used to calculate the coverage rate), stresses and strains are normalized by
the corresponding initial yield valuesσy0 andεy0

6.4.1 Application of reference

A first set of simulations for which parameters are indicated in Tab.6.3is presented here.
Three sets of simulations are performed with all parameters but the coverage rate taken
constant. The coverage rate varies from 75% to 125% which is estimated to be a large
range of imprecision in an experimental measurement of a 100% coverage rate.

Resulting plastic strains (Figs.6.5(a)and6.5(b)) indicate a slight saturation effect
beyond 100% of coverage rate. Both the residual and the accumulated plastic strain show
a very small evolution between 100 and 125% of coverage rate. A saturation effect is
thus observed on the strain, indicating that beyond a certain threshold the evolution of the
residual strain might become negligible. This threshold might vary a lot with the material
and hardening parameters and with the considered velocity, as some further simulations
indicate.
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Figure 6.5: Influence of coverage rate on averaged results for 3 impacts on a linear
isotropic hardening body (ET/E = 10%). (a) Equivalent plastic strain of averaged plastic
strain components. (b) Averaged accumulated plastic strain. (c) Von Mises equivalent of

averaged residual stress components. (d) Averaged hydrostatic pressure.
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6. Modelling of Multiple Impacts

Number Impact Yield limit Tangent Coverage rate
Section of Velocity σy modulus c

impacts [m/s] [MPa] ET/E [%]
6.4.1 3 20 800 10 [75;100;125]

3 [50;100;150;200]
6.4.2 4 2.5 400 10 1001

6 2002

6.4.3 3 [20+/−20%Ekin] 800 10 100
6.4.3 3 [20+/−50%Ekin] 800 10 100
6.4.5 3 2.5 400 103 100
6.4.4 6 10 400 0 150
6.4.4 6 10 400 10 [50;100;150]

1 Square distribution of the impacts
2 Doubling of the impacts of thec= 100% simulation
3 Isotropic, kinematic and mixed hardening

Table 6.3: Multiple impact simulations parameters

For the stresses, values are almost constant for all coverage rates. The von Mises
stress clearly saturates at a value linked to the initial yield limit, while a slight increase in
the hydrostatic pressure level is observed. The differences between all observed results
are clearly below the accuracy of residual stress measurements and might be taken con-
stant for comparison with experiments. The trends and shapes are very similar to those
observed in the multiple impact benchmark case. The levels of strains are close and in
both case, the hardening effect is rather low compared to the initial yield limit. Further
simulations in section6.4.2will show slightly different von Mises stress distribution when
the amount of hardening is higher.

For this set of simulations, the corresponding data values taken in the depth at the
center of the first impact are also indicated. It should be noted that the level of averaged
residual plastic strain is significantly lower than the one taken only at the center of the
impact while the amount of accumulated plastic strain is higher. When three impacts are
involved and the coverage rate is high enough, the points in the reference area will be
strongly influenced by each impact and a lot of plastic flow will occur. A difference is
observed in the depth of the maximum value ofp at the center of the first impact and
after averaging of the results. Figure6.6 shows the typical accumulated plastic strain
distribution in the plane passing by the center of impact. It can be observed that the zone
of maximum plastic strain has its higher depth at the center of the impact and goes closer
to the surface aroundx= a∗. So the maximum value ofp at the center of the first impact
is taken at the maximum depth, while the averaged value considers the areas closer to the
surface in which the strain level is the highest. Consequently a shift towards the surface
is observed when the plastic strain values are averaged over the reference area.

For the stresses the global shapes and level are similar at the center of the first impact
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Figure 6.6: Typical accumulated plastic strain profile in the(x,z) plane after one impact.

and over the reference area. Yet, as for the equivalent residual strain a spreading in the
depth of the area of the maximum is observed when three impacts are involved.

The residual strain and stress gradients are of great importance when the results are
confronted to experiments since (stress) measurements are always averaged over a refer-
ence area.

6.4.2 Impact schemes

The effect of the coverage rate is here investigated from a different manner. Compared to
the former section results, the initial yield limit is lower while the hardening and elastic
properties are the same. Consequently, a higher amount of hardening is involved. The
coverage rate ranges from 50 to 200% and two particular cases are proposed: the compar-
ison between a triangular and square distribution of the impacts for a 100% coverage rate,
and two representation of a 200% coverage rate. The first one is made by considering
three very close impacts for which the coverage rate calculate with Eq.6.1 equals the
desired value. The second one uses the distance between impacts obtained for a 100%
coverage rate but the three impacts are doubled to obtain a final 200% coverage rate. This
second case might be closer to an experimental 200% case for which the processing time
is doubled compared to the 100% case but it involves a higher number of impacts on a
larger zone and is thus longer to simulate. Remaining simulation parameters are recalled
in Tab. 6.3 and the distribution of impacts for all simulations is presented in Fig. 6.7.
Results for all these simulations are plotted in Fig.6.8.

Global trends are the same than for the previous case. The saturation effect is less clear
for this velocity and strain level, yet the evolution of accumulated plastic strain is reduced
over 150% coverage rate. The residual strain distribution is slightly less concentrated than
for the former case due to the different amount of hardening.

The saturation of the von Mises residual stress with the coverage rate is obvious, while
the hydrostatic pressure, as in the former case evolves slightly with the coverage rate. The
stress distribution is here closer to what is observed at the center of a single impact. From
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6. Modelling of Multiple Impacts

Figure 6.7: Impact distribution schemes for several cases. Calculation of the coverage
rate c as a function of the distribution, the contact radius a* and the distance d between
impacts. Subscript s denotes the case of a square distribution and the number in subscripts

references the coverage rate.
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this might be concluded that: (i) a saturation effect on the von Mises stress in a semi
infinite body appears very fast with an increasing coverage rate, (ii) the saturation on
residual strains depends on the material properties and velocity level , (iii) the residual
stress and strain distribution and the value of coverage rate at the saturation is highly
dependent on the hardening and velocity levels.
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Figure 6.8: Influence of coverage rate on averaged results for 3 impacts on a linear
isotropic hardening body (ET/E = 10%), comparison of the effect of the impact dis-
tribution scheme (triangle vs. square atc= 100% andc= 200% vs.c= 2×100%). (a)
Equivalent plastic strain of averaged plastic strain components. (b) Averaged accumu-
lated plastic strain. (c) Von Mises equivalent of averaged residual stress components. (d)

Averaged hydrostatic pressure.

Considering the effect of the impact distribution, results show first than a square distri-
bution of the impacts gives results very similar to a triangular distribution. For the studied
case, averaged residual stresses are exactly the same for both cases and the difference
in the averaged strains are very low, especially compared to the effect of the coverage
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6. Modelling of Multiple Impacts

rate. Complementary simulations on different cases, thoughnot indicated here, indicate
the same trends. Consequently the influence of the impact distribution can be considered
negligible.

At last, the two simulations sets of a 200% coverage rate give results of similar shapes
and amplitude. Accurate conclusions would require more complete simulations but these
first trends tend to indicate that the residual and accumulated plastic strains are close
enough in both case for the model to be considered equivalent. The scattering in the stress
distribution is higher, especially compared to the other simulations results. Yet these data
are for simulation in a semi infinite domain and more complete results in a finite structure
might draw different conclusions.

6.4.3 Influence of velocity variation

The influence of a variation of the impact velocity is studied here. It is convenient, and
commonly done, to perform simulation of multiple impacts with a constant impact ve-
locity. This allows to remove one parameter of randomness from the models. In shot
peening processes, the impact velocity is never constant. It is possible to determine an
average velocity from model of the process (see for example sec.6.5) but becomes then
necessary to determine how results from simulations of multiple impacts with a constant
velocity differ from the reality in which the impact velocity varies. Preliminary answers
are proposed here on some sets of simulations for which the impact velocity of the three
impacts considered varies around an average reference value.

For each case, three simulations of three impacts are made. The first simulation con-
siders three impacts at a constant reference velocityvre f , corresponding to a reference
kinetic energyEkinre f. For the second simulation, the first impact velocity is lower than
the reference velocity and so that the kinetic energy of the first impact is 20% lower than
Ekinre f; the second impact velocity is equal tovre f and the last impact velocity is higher
thanvre f with a kinetic energy 20% higher thanEkinre f. The third simulation considers
the same impact velocities but this time the impact velocity decreases for each impact.
For each simulation the total kinetic energy brought to the body through the three impacts
is constant and equal to 3Ekinre f. The remaining impact parameters are indicated in Tab.
6.3and the results post-processed as usual are presented in Fig.6.9.

Results for this three sets of simulation are almost the same. Slight but negligible
differences can be observed in the accumulated plastic strain and in the von Mises residual
stress at very large depth. A similar set of simulations is performed with a larger kinetic
energy variation (up to 50%) between each impact, results are plotted in Fig.6.10.

For this larger variation case, the difference between the three cases is again very
small. The differences in residual stresses are negligible, a slight increase in the von
Mises stress and hydrostatic pressure is observed with the increase of the first impact
velocity. The accumulated plastic strain and thus the history of plastic strain is lower
when the velocity varies but the residual level of plastic strain (Fig.6.10(a)) is almost
constant.

From these simulations it can be concluded that a variation of the impact velocity
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Figure 6.9: Influence of a variation of 20% of the impact’s kinetic energy on averaged
results for 3 impacts on a linear isotropic hardening body (ET/E = 10%). (a) Equivalent
plastic strain of averaged plastic strain components. (b) Averaged accumulated plastic
strain. (c) Von Mises equivalent of averaged residual stress components. (d) Averaged

hydrostatic pressure.

T. Chaise / Mechanical simulation using a semi analytical method 169

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



6. Modelling of Multiple Impacts

has a negligible effect on the results as soon as the total kinetic energy brought to the
system is constant. Complementary simulations applied to most specific cases might be
performed but it is already possible to validate the hypothesis of a constant impact velocity
for multiple impact velocity as soon as this velocity is representative of the average kinetic
energy of the shots. Remains now to determine this average velocity which will addressed
further.
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Figure 6.10: Influence of a variation of 50% of the impact’s kinetic energy on averaged
results for 3 impacts on a linear isotropic hardening body (ET/E = 10%). (a) Equivalent
plastic strain of averaged plastic strain components. (b) Averaged accumulated plastic
strain. (c) Von Mises equivalent of averaged residual stress components. (d) Averaged

hydrostatic pressure.
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6.4.4 Number of impacts to shakedown

All simulations presented were considering only three impacts before averaging the re-
sults in the reference area. This value is the minimum necessary to define correctly the
reference area but might seem insufficient to correctly define the results in this reference
area. The analysis of results was made on the residual stresses and strains but it is im-
portant to remind that the stresses are only a consequence of the plastic strains and were
calculated in a semi-infinite body. They will differ depending on the boundary conditions
and size of the body in which the plastic strains are generated. When considering more
than three impacts, up to 6 in this case, as defined in Fig.6.11, the correct number of
impacts is reached when the strain averaged over the reference area does not evolve any
more with further impacts. To determine this critical number of impacts, simulations of
6 impacts are made and the accumulated plastic strain averaged over the reference area is
observed.

Two cases are observed: impacts on a 10% isotropic hardening body with 50, 100
and 150% coverage rate and a more critical case of a perfectly plastic body with a 150%
coverage rate. This second case can be considered as a limit case. As no hardening is
involved the evolution of plastic strain from one impact to the other is the highest. In the
case of a 150% coverage rate, the contact radiusa∗ is approximately equal to 2/3 of the
distance between impacts. With very large overlapping of the impacts, the influence of
each impact on the previous impact’s plastic strain is about the highest.

Figure 6.11: Distribution of impacts in a triangular scheme. Definition of the reference
area with the center of the three first impacts and subsequent impact positions.

For the three cases of isotropic hardening (Fig.6.12(a)) the accumulated plastic strain
averaged in the reference area is exactly the same after 3 and 6 impacts. The second set of
impacts (4 to 6) has absolutely no effect on the evolution of plastic strain in the reference
area, the stresses, though not represented here, are reorganized by the subsequent impacts
but simply as the effect of changes in the boundary conditions around the reference area.

For the second case (Fig.6.12(b)), only a slight increase of the accumulated plastic
strain is observed between the 3rd and 6th impacts. Three impacts are then considered as
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6. Modelling of Multiple Impacts

a very reasonable value to determine a converged state of plastic strain over the reference
area. A very low number of simulations is thus needed to determine a state of plastic
strains representative of a full shot peening process. Remains the problem of the determi-
nation of stresses. The stresses calculated here are obtained in a semi infinite body that
remains predominantly elastic. The study of the number of impacts giving a stabilized
stress state has not been done here. It is expected that beyond a certain number of im-
pacts, the stresses in the reference area would show no more evolution, the change in the
boundary conditions being too far from the considered zone to affect the stress distribu-
tion. This number of impacts can be expected to be significant, implying simulations on
a very large computation zone while the only operation done would be to reproduce the
plastic strains of the reference area over the surroundings areas and compute the stresses
over the obtained domain. A faster and much more simple method to do this operation
will be proposed further.
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Figure 6.12: Evolution of the accumulated plastic strainp normalized by the yield strain
for 6 impacts on (a) an isotropic hardening body (ET/E = 10% ; coverage ratesc =

[50%;100%;150%]) and (b) a perfectly plastic body (coverage ratec= 150%).

6.4.5 Hardening model influence

For many applications, material properties are only given by a simple tensile curve and
the kinematic part of the hardening is not necessarily known. When multiple impacts are
considered the sign of radial stresses in some parts of the reference area might change
sign and cyclic effect might be involved. It might be then of great importance to con-
sider kinematic effects when modelling multiple impact processes. It is proposed here
to observe the influence of the hardening model. Several simulations, which parameters
are given in Tab.6.3, are done varying the hardening model. The typical 10% isotropic
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Shot peening process modelling

hardening case is presented with simulations for cases of a perfectly kinematic hardening
body with equivalent tensile curve and an intermediate mixed hardening body with 50%
of isotropic and kinematic hardening. Definition of the hardening models can be found in
section2.4.2and in Fig.2.7.

Results, presented in Fig.6.13, show almost no difference between the isotropic and
mixed hardening cases.

For a purely kinematic hardening body though, very large differences are observed.
Both the residual stresses and strains profiles are highly modified up to 1.75a∗ depth.
The phenomenon observed here is the same than the one described in chapter3. When
the second and third impacts occur, the sign of the radial stresses in some parts of the
reference area changes. Up to a certain depth, the amplitude of stresses is large enough
to produce reverse plasticity and thus decrease the equivalent residual plastic strain level
(see Fig.6.13(a)). At the same time, the accumulated plastic strain logicallyincreases, see
Fig. 6.13(b). This reorganization of the plastic strains expresses as a strong modification
of the residual stresses. Both the levels of von Mises equivalent stress and hydrostatic
pressure are decreased between the surface, at which they are nil, andz= 1.75a∗. These
profiles of stresses are very specific and due to the specific boundary conditions involved
in a three impacts modelling. Kinematic effects can so have strong effects in the strain
and stress results.

The cyclic effects in a multiple impact loading are so negligible if the kinematic effects
are not large enough but their influence can become significant if they are activated.

6.5 Shot peening process modelling

Previous results showed that fast and efficient simulations of multiple impacts can be
performed with the SAM. Simulation results also showed that the model is not highly
sensitive to a variation of the velocity around a reference average value or to different
definitions of the coverage rate. A correctly estimated average impact velocity and cover-
age rate are thus the only necessary process parameters necessary as input to the model.
The presented model was only considering impacts normal to the surface. The influence
of a tangential component of the velocity can be considered negligible for impact angles
lower than 30. Two main problems are addressed here for the case of ultrasonic shot
peening: how can the average impact velocity be linked to the process parameters that
are the sonotrode amplitude and frequency of vibration and is the hypothesis of impacts
normal to the work piece valuable.

6.5.1 Model and simulation parameters

A simplified model of ultrasonic shot peening is proposed here. The peening chamber
is defined in a simple Matlab software as a rectangular box in which several shots are
moving, bouncing against the walls, the sonotrode and the work piece (see Fig.6.14).
The sonotrode is vibrating following a sine curve.
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Figure 6.13: Influence of the impacted material hardening model on averaged results for
3 impacts at a coverage ratec= 100%. (a) Equivalent plastic strain of averaged plastic
strain components. (b) Averaged accumulated plastic strain. (c) Von Mises equivalent of

averaged residual stress components. (d) Averaged hydrostatic pressure.
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Shot peening process modelling

Figure 6.14: Ultra sonic shot peening process model.

From a prescribed initial step of the shots in the chamber, the evolution of the position
~x and velocity~v of the shots at each timeti is computed as follows, the shots being under
the unique influence of the gravity.

~v(ti) =~v(ti−1)+~g∆t (6.5)

~x(ti) =~x(ti−1)+~v(ti−1)∆t +~g
∆t2

2
(6.6)

where∆t is the time step at the current time. The value of∆t is taken the largest to
accelerate the computation but limited by the value avoiding overlapping of the shots with
other elements. The values of time steps are significantly higher than the typical time of
an impact in ultrasonic shot peening, which of the order of 1µs. The impacts are thus
considered instantaneous.

For each time step, the minimum distance of the shots with their neighbours and with
the chamber parts is calculated to determine if an impact is occurring or not. Where an
impact between two elements occurs, the normal~n between them and their relative veloc-
ity v (that differs from the shot velocity only when it impacts the sonotrode) is calculated.
The velocity is decoupled in a normal and a tangential value defined by the normal~n
as indicated in Fig.6.15. The rebounds velocities are calculated using a coefficient of
restitutioneN for the normal velocity andeT for the tangential velocity.

The tangential coefficient of restitution suffers from a lack of knowledge, few liter-
ature data exist about it and the current version of the model does not allow to study
correctly the tangential effects of impacts. Furthermore, no good knowledge of the co-
efficients of friction between the different elements of the shot peening chamber was
available. Considering here elastic impacts between the shots, and with the walls and the
sonotrode, only impacts between the shots and the work piece are elastic plastic. These
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impacts being close to normal, the tangential coefficient of restitution is considered con-
stant and equal to 1 for all impacts.

Figure 6.15: Decoupling of the normal and tangential velocities and corresponding coef-
ficients of restitution definition. The tangential coefficient of restitutioneT is considered

equal to 1.

The normal coefficient of restitutioneN is considered equal to 1 for impacts between
shots and impacts of shots with the walls and the sonotrode. At last, the coefficient of
restitution for impacts of shots on the work piece is defined using the formulae proposed
in chapter4. Simulations performed up to this point involve only a limited number of im-
pacts so the influence of the former impacts on the coefficient of restitution is neglected
andeN is calculated for each impact as for a shot impacting a virgin surface. Further
investigation might propose an evolution of the coefficient of restitution with the increas-
ing number of impacts to account for existing plasticity, up to a point at which the whole
surface is saturated in plastic strains and behaves elastically.

6.5.2 Results - Coverage rate and impact velocity

Results from the ultrasonic shot peening model presented in the previous section are pre-
sented here. A relatively long simulation of the shot peening processing of an Inconel
600 sample is performed. Dimensions, material and process parameters are presented in
Tab. 6.4. The simulations parameters are taken to match the experiments performed in
Li’s PhD thesis [LI 11]. A small number of shots was chosen to limit the impacts between
shots and keep the impact velocity as normal as possible. Longer processing time to ob-
tain saturation results from this choice. The model’s results here allow to validate this
hypothesis.

A major difference between the model and the experiments is the size of the sample,
that was smaller than the chamber in the case of the experiments and is supposed to have
the size of the chamber’s top wall for the simulation. The bolts holding the sample, on
which the ball can experimentally bounce and then acquire a large tangential velocity
components are not modelled neither. At last, in the model, the surface of the sample
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Shot peening process modelling

and the wall is supposed to stay perfectly flat which is an additional parameter helping
keeping a normal impact velocity though being a strong hypothesis.

Initially, the shots are dropped into the box with a velocity close to the sonotrode’s
maximum velocity with a slight tangential component to introduce a minimum random-
ness in the model. No detailed study on the effect of the initial conditions on the model
results was performed, yet is was observed that the model reaches a stabilized state in
very few time steps.

Chamber material PEHD
Chamber dimensions 80×40×50mm3

Shots material Inconel 718
Number of shots 6

Shots radius 3mm
Number of shots 6

Shots initial Close to sonotrode max. velocity
velocity Almost normal to the work piece

Sonotrode material Ta6V
Sonotrode amplitude of vibration 75µm

Sonotrode frequency 20kHz

Sample material Inconel 600

Simulation time 4200 ms

Table 6.4: Ultrasonic shot peening simulations parameters

For this particular simulation, as indicated in the previous section, the coefficients of
restitution are calculated using Eqs.4.12and4.13.

Figure6.16presents the evolution of the impact velocity on the work piece during the
time of the simulation. All normal impact velocities are represented showing a very large
scattering. The absolute, normal and tangential velocities are plotted averaged over 500ms
periods of time and over the whole simulation. It can be seen that the transition period
of the model is negligible and that the evolution of the velocities is extremely stable over
time. The tangential impact velocity appears clearly negligible compared to the normal
impact velocity, validating the normal impacts hypothesis, at least when a few number of
shots are considered. The normal (or absolute) impact velocity appears to be very close
to twice the root mean square (RMS) value of the sonotrode velocity.

Figure6.17shows the distribution of the normal impact velocities on thesonotrode
and on the work piece over the whole simulation. A relatively large scattering of the data
is observed but the averaged value give can directly be related to the process parameters.
As indicated before the average normal impact velocity on the work piece is close to
twice the RMS of the sonotrode velocity, while the average normal impact velocity on the
sonotrode is close to its maximum velocity. The tangential components of the velocities,
impacts between shots and with the walls having second order effects here, the shots

T. Chaise / Mechanical simulation using a semi analytical method 177

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



6. Modelling of Multiple Impacts

0 500 1000 1500 2000 2500 3000 3500 4000 4500
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

t [ms]

v/
(2

R
M

S
(v

so
no

tr
od

e)

 

 

Normal impact velocities
Average impact velocity
Average normal impact velocity
Average tangential impact velocity

Figure 6.16: Evolution of the velocities of impacts on the work piece. Illustration of the
normal and tangential components normalized by twice the sonotrode root mean square

velocity.
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roughly accelerate when hitting the sonotrode and decelerate by dissipating energy in
impacts with the work piece.
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Figure 6.17: Distribution over a given simulation time of the normal impact velocities on
the work piece (a) and on the sonotrode (b).

As indicated in section6.2, the experimental determination of the coverage rate might
largely differ from its value determined in the simulations. A relatively low influence of
the coverage rate over a certain threshold value was deduced from the simulation results.
A comparison between the two methods of determination is proposed here. The two
methods to determine the coefficient of restitution are defined in Fig.6.18(a). From the
simulation results, the coverage rate is calculated as a function of time using the two
definitions. For this calculation the value of the impact radiusa∗ is estimated analytically
as a function of the velocity with formulae proposed by Johnson [JOH 85]. Results are
presented in Fig.6.18(b).

In the beginning of the simulation, almost no overlapping of the impacts occurs and
both definition give the same coverage rate. But this two sets of results quickly diverge.
The average velocity of the shots being almost constant the evolution of the "simulation"
coverage rate (1) with time is almost linear. The second definition gives results with a
significantly lower slope due to the non consideration of the overlapped zones. This evo-
lution is closer to the experimental one. This difference between the different methods
to calculate the coverage rate can have a very strong effect when considering the process
in its entirety and should be considered with care. This simulation results should never-
theless consider with some care for the incomplete physic they depend on and by the fact
that the small number of shots that don’t interact too much with each others, generating
highly deterministic impact zones with very strong overlapping.

The obtained velocities are highly dependent of the physic considered for the coef-
ficients of restitution. Similar simulations were performed for purely elastic impacts for
which the rebound velocity equals the impact velocity, giving highly different results. It
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Figure 6.18: (a) Methods for the experimental determination of the coefficient of resti-
tution: (1) considering the whole surface covered by the impacts, with overlapping, (2)
considering only once each part of the covered surface (visual observation). (b) Evolution
of the coverage rate as a function of time. Comparison of the two calculation methods

presented.

will be necessary then to increase the physical reality of the model by accounting for the
plasticity of the work piece in the determination of the coefficient of restitution to ob-
tain more realistic results and eventually see saturation effects in the results. Rotation
and damage of the shots was not considered here neither and might affect the results.
From these more complete results, a correlation with experimentations, in the saturation
time and the evolution of the coverage rate might be performed. Influence of the process
parameters, like the number, density and size of the shots, sonotrode amplitude and fre-
quency will also most certainly affect the results and should be observed in future work.

6.6 Modelling residual stresses in a real finite size struc-
ture

The most restrictive hypothesis made by the multiple impact model proposed in this chap-
ter is the half-space hypothesis. If the calculated plastic zone has finite dimensions that
can be consistent with finite size structures, the stresses resulting from these inelastic
strains are strongly affected by the boundary conditions. When considering bodies of
finite size, results from the SAM need to be post processed to account for the finite di-
mension of the structure. A method for obtaining residual stresses in a finite size structure
from the residual strains in the semi infinite body is proposed in this section. It is recalled
here that from the multiple impact model is obtained a diagonal strain tensor which value
varies only with the depth of the considered point.
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Modelling residual stresses in a real finite size structure

This method, using the SAM to calculate residual strains and transferring them to a
FE finite structure was applied by Li [LI 11] and compared to experimental results that
are partly presented here.

6.6.1 Strains transfer to finite structure

To determine the residual stresses generated by the final plastic strain field, a model based
on an equivalent approach using thermo-elastic properties is used. The strain fieldεp(z)
determine by the SAM multiple impact model is imported in a finite structure using the
commercial software Systus as thermal strains. This method was previously applied by
Fulleringer et al [FUL 10]. A finite element structure representing the real shot peened
structure is meshed. Each plane of elements is taken to have the same size in depth that
the SAM elements. The FE elements are defined in a different material at each depth.
These materials are attributed anisotropic thermal expansion properties corresponding to
the plastic strain in the current depth as described in Eq.6.7.

αth
i (z) = εp

ii (z) | i = (x,y,z) (6.7)

Whereαth
i is the material’s thermal expansion coefficient in the i direction. A uniform

unit temperature field is applied then applied to the structure. The boundaries of the
model are considered free of any constraint. Under this temperature field, the structure
will deform and its equilibrium give the residual stress field for a finite structure. These
residual stresses are observed at a center point of the structure far from the boundaries
where it is assumed that side effects will influence the results.

The whole multiple impact model is recalled in Fig.6.19 from the three impacts
modelled by the SAM on a semi infinite body to the final residual stress field in a structure
of finite size.

6.6.2 Comparison with experimental results

Ultrasonic shot peening experiments were performed by Li [LI 11] to validate the multiple
impact model proposed here. These experiments are close to the Almen experiments
typically used to validate the repeatability of the processes.

Inconel 600 samples were peened in an ultrasonic shot peening chamber contain-
ing only 10 shots of 4mmdiameter to keep the impacts normal to the samples. Several
sonotrode amplitudes with a vibration frequency of 20kHzwere tested. Only the results
for a maximum vibration of the sonotrode equal to 4m/s are presented here. The time
needed to obtain a 100% coverage rate was determined by visual observation of the sam-
ples, and doubled to obtain a 200% coverage rate. Other process parameters are similar
to those presented in Tab.6.4. The sample dimension are 60×18×2mm3

During the shot peening process, the sample is bolted to the chamber and assumed
to behave as a semi infinite body at each impact’s scale. At the end of the peening,
a slight deflection of the sample is noticed (see Fig.6.20 (b)), showing that the semi
infinite body hypothesis does not perfectly hold. The sample is then released, generating
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Figure 6.19: Averaging and transfer to finite structure process. Averaging of results over
the semi infinite body reference area, exportation as thermal strains in a finite element
model of a finite size structure and computation of residual stresses by resolving the equi-

librium.
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Modelling residual stresses in a real finite size structure

a large deflection that is measured by a three-dimensional measuring machine (Fig.6.20
(c)). Experimental results are completed with residual stresses measurements by x-ray
diffraction, plotted in Fig. 6.21. The residual stresses are measured at different depth
(reached by electro erosion) starting from the peened surface. The change in stiffness of
the sample with the electro erosion is assumed negligible and not accounted for in the
residual stress measures. The stresses are measured in the two directions, x being the
longitudinal direction of the sample and y the transversal direction. The measurement
error is estimated around 50MPa.

Figure 6.20: Definition of the residual arc height on peened sample. (a) Clamped sample
before ultrasonic shot peening treatment. (b) Clamped sample after peening. (c) Released

sample with residual arc.

Experimental results are compared with simulation results. For each set of simulation
three impacts are performed. The shots velocity is assumed constant equal to the max-
imum velocity of the sonotrode (4m/s). The 100Cr6 properties are considered for the
shots that are assumed to behave elastically. The impacted body is assumed elastic plas-
tic with material properties equal to those used for the multiple impact benchmark. The
coverage rate is calculated using the method proposed in section6.2with values equal to
those determined experimentally (despite the assumed bias). Simulation results are the
averaged following the multiple impact method. Averaged residual stresses in the semi
infinite body are plotted as indication in Figs.6.21(b), 6.21(c)and6.21(d).

The averaged plastic strain are then exported in a FE model of the samples as thermal
strains to determine the residual stresses in the finite structure and the deflection of the
samples. FE results in the finite structure are plotted in Fig.6.21. The deflection along
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the longitudinal x direction of the plate is plotted while theresidual stresses are plotted
along the depth of the plate at its center.
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Figure 6.21: Almen-type experimental results for a maximum sonotrode velocityv =
4m/s. (a) Comparison of the deformed shape by simulation and after experiments for 3
coverage rates. Comparison of simulated and XRD measured residual stresses forc =

100% (b),c= 150% (c) andc= 200% (d).

An excellent fit is obtained in this case between simulation and experimental results
for the deflection of the plate. The maximum measured value is perfectly reproduced by
the model. Results tend to diverge at the border of the plate were the actual boundary
conditions logically differ from those used in the simulations. For this case, no saturation
of the deflection is observed for the three values of coverage rate.

The residual stresses values are quite similar for all three cases, both for the experi-
mental and simulation values. The actual measured stresses being the difference the radial
and depth components, these stresses are plotted for the simulation results but with negli-
gible effect due to the low amplitude of the depth stressσres

zz . A significant reorganization
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Conclusions

of the stresses is observed between the semi infinite and finitebodies. The radial stresses
become almost symmetric while stresses in the depthσres

zz are almost nil in the plastic zone
and of very low amplitude beyond. A good fit is observed between both sets of results,
validating roughly the method. Some points present important differences. First the value
measured at the surface is highly different between the three sets of experimental results
while it is almost constant in the simulation. This value was proven to be very sensitive
in the numerical models and especially the SAM behaviour close to the surface is differ-
ent than what the FE model predict. Next, values at deep depth tend to diverge between
simulation and experiments.

Results from these experiments are encouraging despite a certain number of diver-
gences. A significant number of hypotheses remains to be released. The SAM model
needs to be improved at high strains. The impact velocity was here roughly estimated and
might be ripened with ultrasonic shot peening model such as the one presented previously
if the physics involved in the model is fine enough. At last, kinematic hardening effects
might be involved in this case and were not accounted in the model, indeed the difference
in trends between simulation and experiments correlates with the simulation results from
section6.4.5.

6.7 Conclusions

A fast and versatile model for the simulation of multiple impacts using the SAM was
proposed. It allows to simulate the effect of an infinite number of impacts in a reduced
number of simulation. The methodology proposed allows to erase the effect of various
randomness parameters by averaging the results over a reference area. From this model
the influence of a large number of parameters was observed. Only three impacts are
sufficient to obtain a representative residual strain state in most applications. The relative
independence of the model to the impact distribution, velocity variation and coverage rate
in some cases was observed.

Numerical validation was made by a benchmark with three finite element codes. Re-
sults obtained by the SAM are encouraging showing a good correlation with the FE codes
but the high level of strains involved implies instabilities in the SAM and improvement
remain to be done. The gain in computation allowed by the SAM is about one order of
magnitude. Comparison with experimental results was made giving again encouraging
results although a large number of hypotheses need to be addressed.

A full methodology was proposed for the complete modelling of the ultrasonic shot
peening process. Some strong hypotheses need to be released to obtain physically satis-
fying models and a complete coupling of all three models has not been performed yet. A
coupling with accurate experiments was started, trying to obtain representative and mea-
surable experimental data to validate the model. Complementary work by Li [LI 11] goes
in that way.

At last, it should be noticed that the method proposed here can easily be adapted to
any process generating residual stresses. A change in the geometry or loading type would
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6. Modelling of Multiple Impacts

present no difficulty and conventional shot peening, roto peening, hammering or laser
peening might be simulated as long as the loadings can be correctly defined.
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Conclusions and prospects

The prediction of residual stresses is of crucial importance in the development of
high technology applications. Residual stresses cannot be completely relieved from
mechanical parts and more than that they appear to have a fundamental role in the
extension of the fatigue life of components. The development of fast and reliable tools to
predict residual stresses should be useful to improve the fatigue life of mechanical parts
and avoid costly experiments.

The development of Semi Analytical Methods (SAM) in the past years has proven to
be an efficient and especially fast way to simulate mechanical contacts, including when
various physical phenomena such as plasticity, thermal effects, or friction are involved.
The fast computation speed of the SAM becomes a precious advantage when many sim-
ulations are required. The large number of parameters involved is an obstacle to the
mastering of the link between the process parameters, the knowledge of the mechanical
properties of the materials and the results in terms of residual stresses and damaging of
the material. This work tried to offer possibilities of modelling those processes using the
capabilities of the SAM.

A semi analytical model has been extended, based on previous work and knowledge,
for the simulation of mechanical processes such as burnishing or shoot peening. The
calculation of residual strains and stresses does now consider large displacements of
the surfaces, pushing away the limits of the method. A better computation speed was
obtained by the use of the 3DFFT technique. The numerical model was validated on
these specific aspects. The method is now able to account for any kind of hardening
and to consider impacts up to moderate velocities, as far as the equivalent plastic strain
remains below 10% and internal inertial forces can be omitted.

The method was first applied to a frictionless contact, with and without rolling as a
first comprehensive model of the low plasticity burnishing process. The effects of the
geometry and of the material properties on pressure and plastic strain were outlined.
These conclusions would provide interesting data for the estimation of rolling contact
life. The ratcheting phenomenon was observed when considering the case of an elastic
ball rolling on a kinematic hardening elastic plastic flat while very fast stabilization is
observed when isotropic hardening is considered.

The SAM was then applied to the modelling of single and multiple impacts. Vali-
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dations of the model were performed through benchmarks in collaboration with several
finite element code users and experiments on single impacts. These validations empha-
sized the limits of the method in its actual level of development when the level of plastic
strain becomes higher than 10% but also indicated the strong potential of the SAM.

Two applications were investigated in greater details: the prediction of the coefficient
of restitution through the definition of simple empirical formulae and the modelling of
multiple impacts processes from the original process parameters to the final residual
stresses through the coupling of several models.

The experiments performed were a first step to the experimental validation of impact
models. Behaviour trends were obtained on the surface displacement after impacts
on several materials and successfully correlated with SAM results. The digital image
correlation technique was tentatively used to measure the surface displacements and
subsequent strains. More work in this area is now needed. For example the evolution
of the material micro-structure during impacts might provide interesting data to better
understand the physics involved when large strains are observed. Residual stresses
measurements will also be useful to compare with numerical results. The specific
structure of the impacted materials and especially the small areas in which very high
stress gradients are located should be carefully considered in future works.

The model was extended to large displacements but small strains are still assumed.
The extension of the SAM to large strains is therefore one of the main prospects.
Encouraging results were obtained on benchmark results when plastic strains are ranging
from 10 to 12%, approximately. The benchmark with multiple impacts and the associated
experimental results showed the limits of this approach beyond these strain levels. If the
SAM results remain consistent, approximations and numerical instabilities were noticed.
Several points of improvements have already been identified: (i) the continuity of strain
fields should be ensured and might stabilize the convergence for strain level above 10%,
(ii) analytical solutions considering large strains might be applied or developed, and (iii)
using Lagrangian type formulation to solve the equilibrium. This type of formulation
would allow to consider large strains while still solving the equilibrium of the reference
underformed configuration, which is a necessary condition for the application of the FFT
methods.

A multiple impact model was proposed to simulate with a reduced number of impacts
the shot peening process. The use of a reference area and an averaging method allowed to
obtain representative results with the simulation of only three impacts, representing only
a few hours of computation on a standard desktop. It was observed that the computed
plastic strain field is almost independent of the order of impacts, and hardly affected by
the variation of the impact velocity around a mean value. A fast and simple method was
coupled with this model to obtain the residual stress fields generated in a finite size body.
The method is applicable to any kind of structure. Preliminary experimental validations of
the full method were presented. The method can be applied to most mechanical processes

188 T. Chaise / Mechanical simulation using a semi analytical method

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



Conclusions and prospects

that generate residual stresses as soon as the loading and thecontact geometry are known,
such as roto peening, laser peening or hammering for example.

The definition of the loading is one important and delicate part of the processes
modelling. In the case of shot peening, the impact velocity and coverage rate are the
parameters needed. Thanks to a careful analysis carried out to estimate the restitution
coefficient for single or multiple impacts, a simple ultrasonic shot peening model was
proposed. From this model, the impact velocity and the evolution of the coverage rate
with time becomes now predictable and can be linked to the global process parameters
offering direct industrial applications. The results have been found to be highly depen-
dant on the quality of the estimation of the restitution coefficient needed in the simulation.

However, several physical effects have not been yet considered. First the coupling
between the normal and tangential contact problems has not been investigated. How-
ever recent work by [FUL 11] suggested that the presence of plasticity may completely
change the distribution of shears and slips in a stick-slip contact. The effect of friction on
the rotation of the impacting sphere when the impact is oblique has either not been yet
considered.

Visco-elasticity and visco-plasticity may also play a significant role at certain temper-
atures, depending on the material, or at very high impact velocities. Finally body forces
have been neglected but it is obvious that, at high strain rates or when the deformed par-
ticle or the impacted body starts to flow, this assumption does not hold any more. These
effects should require more attention in the future.
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Influence Coefficients

A.1 Elastic stresses generated by a uniform pressure

The influence coefficients giving the elastic stresses in a semi infinite body generated by
a uniform pressure are here recalled. Love [LOV 52] first developed the solution for the
displacement of the surface. The development of the solution to obtain the stresses was
made by Vergne [VER 85].

The pressure is applied on a rectangular surface of size∆x×∆y centered in(x,y) =
(0,0). The coefficients are given as a function of the position of the calculation point
(x,y,z), x andy being the directions parallel to the surface and z the depth, directed to-
wards the body.ν is the Poisson’s ratio of the body.

σIJ
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∆x

2
,y+

∆y

2
,z,E,ν)+Sp

IJ(x−
∆x

2
,y− ∆y

2
,z,E,ν)

−Sp
IJ(x+

∆x

2
,y− ∆y

2
,z,E,ν)−Sp

IJ(x−
∆x

2
,y+

∆y

2
,z,E,ν), (A.1)

with

Sp
xx(x,y,z,E,ν)=

ν
π

arctan

(

z2+y2−yρ
zx

)

+
1−2ν

π
arctan

(

ρ−y+z
x

)

+
z

2π
xy

(x2+z2)ρ
, (A.2)

Sp
yy(x,y,z,E,ν)=

ν
π

arctan

(

z2+y2−yρ
zx

)

+
1−2ν

π
arctan

(

ρ−x+z
y

)

+
z

2π
xy

(y2+z2)ρ
, (A.3)

Sp
zz(x,y,z,E,ν) =

1
2π

arctan

(

z2+y2−yρ
zx

)

− z
2π

xy
ρ

(

1
x2+z2 +

1
y2+z2

)

, (A.4)

Sp
xy(x,y,z,E,ν) =− z

2π
1
ρ
− 1−2ν

2π
ln(ρ+z) , (A.5)

T. Chaise / Mechanical simulation using a semi analytical method 191

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



A. Influence Coefficients
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A.2 Elastic stresses generated by a uniform shear in the
x direction

The influence coefficients giving the elastic stresses in a semi infinite body generated by
a uniform shear are here recalled. Love [LOV 52] first developed the solution for the
displacement of the surface. The extension of the solution to obtain the stresses generated
by a uniform shear was made by Vergne [VER 85].

The shear are applied on a rectangular surface of size∆x×∆y centered in(x,y) =
(0,0). The coefficients are given as a function of the position of the calculation point
(x,y,z), x andy being the directions parallel to the surface and z the depth, directed to-
wards the body.ν is the Poisson’s ratio of the body.
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For the case of a shear in the y or 2 direction, the solutions forS
qy
i j can be found easily

by circular permutation of the indices.

A.3 Residual surface displacement generated by a
cuboid of uniform strain

The influence coefficients giving the residual displacement at the surface of a semi infinite
body generated by a cuboid of uniform strains are recalled here. The solution for the dis-
placement normal to the surface was developed by Chiu [CHI 78] and Jacq [JAC 01]. The
extension to the tangential displacement in the x and y directions was made by Fulleringer
[FUL 10] to couple plasticity and tangential effects in the semi analytical models.

The source of the displacements is a cudoid of uniform strain of dimensions∆x×
∆y×∆z with its center C at(x,y,z). The calculation point A is located at the surface of
the body, at the origin of the coordinate system(x,y,z) = (0,0,0). ν is the Poisson’s ratio
of the body.

A.3.1 Residual displacement in the z direction

The residual displacement in the direction normal to the surface (z or 3) is given by:
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The functionD3i j was analytically integrated by Jacq et al. [JAC 01] and is given by:
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with:
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with R=
√
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A.3.2 Residual displacement in the x direction

The residual displacement in the direction parallel to the surface (x or 1) is given by:

ures
x (A) = εp

i j D1i j (A,C) |(i, j) = 1,2,3 (A.23)

The functionD1i j was analytically integrated by Fulleringer et al. [FUL 11] and is
given by:
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with:
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with R=
√

x2+y2+z2.
For the case of the residual displacement in the y or 2 direction, the solutions forF2i j

can be found easily by circular permutation of the indices.

A.4 Residual stresses in an infinite body

The influence coefficients giving the residual stresses generated in an infinite body by
a cuboid of uniform strainsεp

i j (i, j = 1,2,3) are recalled here. Thess solutions were
developed by Chiu [CHI 77].

The source of the displacements is a cudoid of uniform strain of dimensions∆x×∆y×
∆z with its center located at the origin of the coordinate system(x,y,z) = (0,0,0). The
calculation point M is at(x,y,z). Recall here that the body is considered infinite, thus the
origin of the coordinate system has no importance.ν is the Poisson’s ratio of the body.
The vectors linking the corners of the cuboid to the observation point are first defined as
follows:
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For a cuboid with constant unit normal plastic strain, i.e.εp
11 = 1 andεp

i j = 0|(i, j) 6=
(1,1), the elastic strains at the observation point M are given by:

ε1111=
1

8π3

8

∑
m=1

[

Dm
,1111+

2−ν
1−ν

(

Dm
,1111+Dm

,1133

)

]

−H (M) (A.39)

ε2211=− 1
8π3

8

∑
m=1

[

−Dm
,1122

]

+
ν

1−ν
(

Dm
,2222+Dm

,2233

)

(A.40)

ε3311=− 1
8π3

8

∑
m=1

[

−Dm
,1133

]

+
ν

1−ν
(

Dm
,2233+Dm

,3333

)

(A.41)

ε1211=
1

8π3

8

∑
m=1

[

ν
1−ν

Dm
,1112

]

+
1+ν
1−ν

(

Dm
,2221+Dm

,3312

)

(A.42)

ε1311=
1

8π3

8

∑
m=1

[

ν
1−ν

Dm
,1113

]

+
1+ν
1−ν

(

Dm
,3331+Dm

,2213

)

(A.43)

ε2311=
1

8π3

8

∑
m=1

[

ν
1−ν

(

Dm
,2233+Dm

,3332

)

]

(A.44)

For a cuboid with constant unit shear plastic strain, i.e.εp
12 = εp

21 = 1 andεp
i j =

0|(i, j) 6= (1,2),(2,1), the elastic strains at the observation point M are given by:
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If the point M is located inside the cuboid,H (M) = 1 andH (M) = 0 otherwise. The
functionDm

,i jkl (m= 1. . .8) are defined as follows :
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A. Influence Coefficients

The otherDm
,i jkl functions are obtained by circular permutation of the subscripts. Sim-

ilar permutation allows to determine the elastic strains at the observations point M gen-
erated by other plastic strains. At last the use of the traditional Hooke’s law allows to
calculate the elastic stresses generated by the plastic strain from the elastic strains.
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Experimental characterization of the
cyclic behaviour of inconel 600

B.1 Purpose

To perform simulations of shot peening of inconel 600 samples, an experimental charac-
terization of this material is made. The shot peened surface encounters several successive
impacts, thus an identification of the cyclic hardening behaviour of this material, and es-
pecially of its kinematic part, is wanted. Cyclic experiments have been conducted on this
purpose. Those experiments are carried at ambient temperature.

B.2 Experimental procedure

B.2.1 Samples preparation

Experiments are done on a hydraulic tensile test device with a capacity of 200kN on
inconel 600 samples machined in a solid piece provided by AREVA (casting #157984).
The blueprint is available at the end of this annex. Strain is measured using a clip-on
extensometer (absolute measurement error on strain measurement:+/−0.005%). The
ambient temperature, measured at the beginning of each experiment, is equal to 20degC.

A stress relaxation heat treatment has been made on the samples by heating them up
to 600degC during 3 hours with controlled heating and cooling velocities. These ve-
locities are fixed at 150degC/s to avoid large temperature gradients in the samples. A
characterization of the efficiency of this treatment, by x-ray measurement of the residual
stresses before and after the operation, is also made. The following results come from a
collaborating work with Jun Li. [LI 11]. Results presented here were made on plate sam-
ples of thickness equal to 2mm. These samples were shaped by electro-erosion while the
cyclic experiment samples were machined. Differences in the surface stress distribution
and amplitude between the two kinds of samples can thus be expected.

Measurements of residual stresses made on specimens before and after heat treatment
show a significant decrease of the residual stresses amplitude, see Figs.B.1. The average
sub surface residual stress level is a about−100MPa in both directions parallel to the
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B. Experimental characterization of the cyclic behaviour ofinconel 600

surface and is reduced to a bit more than−50MPa after stress relaxation heat treatment
(SRHT). Just below the surface, tensile residual stresses were observed before SRHT.
The heat treatment switches these stresses to compressive stresses of similar amplitude.
Finally, tensile residual stresses are observed at both surfaces of the samples, before and
after SRHT. Here again, the stress amplitude is reduced by half by the treatment.

The SRHT thus reduces the amplitude of residual stresses but does not remove them.
Surface residual stresses on the actual cyclic experiment samples can be expected to be
different. Nevertheless, the influence of these initial residual stresses will be neglected in
the following work.

The results show that the surface residual stresses is around 100MPa in tension before
heating and lowers of about half after treatment. Yet the difference in these measure-
ment is lower than the measurement error, thus no great efficiency of the treatment can
be noticed. Inside the samples, the residual stress state is in compression with a stress
amplitude averaging around−100MPa, no clear effect of the treatment is here shown. Fi-
nally is can be seen that the stress state is rather independent of the direction of measure,
showing an uniform and isotropic stress state.

B.2.2 Initial data

Simple traction curves were previously made on this casting by AREVA (samples 1.1 and
3.1). The results are displayed in figB.2and will be use to extrapolate the results obtained
during cyclic experiments.

B.2.3 Strain cycles

Two tension-compression cyclic experiments were performed. Both are strain-driven.

Experiment # Strain rate[s−1] Strain amplitude[%] Number of cycles
C1 10−4 0.3 5

0.4 10
1 10

C2 5.10−4 2 10
1 10

0.4 10
2 5

Table B.1: Experimental cycles on Inconel 600 samples, number of cycles, strain rate
and strain amplitude

N.B.: Due to a fault in the equipment, the experimentC1 is incomplete. The workable
part of the results is here present. It notably allows to check for the repeatability of the
experiments.
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Experimental procedure
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Figure B.1: Residual stresses on the inconel 600 samples measured before and after
stress relaxation heat treatment (SRHT). Measurements have been performed by x-ray

diffraction. 1 and 2 are the directions parallel to the surface of the sample.
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B. Experimental characterization of the cyclic behaviour ofinconel 600
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Figure B.2: True stress vs. total strain curves for specimens 3.1 and 3.3. Inconel 600 at
23̌rC. Monotonic traction curves until rupture.

The cycles realised on sampleC2 would allow to determine the cyclic behaviour of
inconel 600. Small amplitudes cycles are made after larger amplitude cycles to observe
a possible memory effect of the material. The experiment on sampleC1 showed a rather
slow stabilization of cycles. Ten cycles are performed for each amplitude on sampleC2.
A second set of cycles at 2% amplitude is made at the end to confirm that the behaviour
at "large" deformation is independent of the return to small deformation cycles. Cycles at
higher amplitude (5%) were planned but were impossible to perform due to the buckling
of the sample.

B.3 Results

The complete stress/strain curves of the experiments are here presented. The strain is that
measured by the extensometer, the initial error inherent in the positioning of the device
has been corrected.

The engineer stressσeng is calculated from the measured effortF and the initial diam-
eterd0 of the samples. The true stressσtrue is calculated by considering the strain to be
fully plastic and incompressible.

σeng=
F
S0

=
F

πd2
0
4

(B.1)
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Results
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Figure B.3: Full strain loading path for experiment on inconel 600 sampleC2

σtrue =
F
S
=

F
S0

1+εtot

= σeng
(

1+ εtot) (B.2)

Both stresses are plotted and compared for the first cycle on sampleC2 (strain ampli-
tude+/−0.4%) and the 51th cycle (strain amplitude+/−2%) on Fig.B.4. Differences
between the two stress measures appear to be negligible for low amplitude cycles and
very small for large amplitude cycles. In the following, the true stress will be used.

FiguresB.5 and B.6 show the full stress/strain curves for experimentsC1 and C2.
Only the exploitable part of experimentC1 is presented as well as the 50 first cycles of
experimentC2.

N.B. : A slight discontinuity in the slope appears on the curves (from the third set of
cycles for experimentC2 in Fig. B.6). This discontinuity corresponds to a slight looseness
in the jaws when the load becomes too high. The reason for this is the small diameter of
the sample’s head that causes a very high pressure on the surface in contact with the
jaws. A better adjustment of the jaws between experimentsC1 andC2 allowed a clear
improvement of this inconvenient.
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B. Experimental characterization of the cyclic behaviour ofinconel 600
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Figure B.4: Comparison of true stressσtrue and engineer stressσeng for low and large
strain amplitude cycles for sampleC2
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Figure B.5: Exploitable part of stress/strain curve of experimentC1 - True stressσtrue vs.
measured total strainεtot
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Figure B.6: Stress/strain curve of experimentC2 - True stressσtrue vs. measured total
strainεtot

T. Chaise / Mechanical simulation using a semi analytical method 205

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2011ISAL0076/these.pdf 
© [T. Chaise], [2011], INSA de Lyon, tous droits réservés



B. Experimental characterization of the cyclic behaviour ofinconel 600

B.4 Analysis

B.4.1 Tensile test

From the first part of the data curves obtained through experiments and those given by
AREVA, it is possible to extract the basic material properties of inconel 600. These
tension data come from two specimen, 1.1 and 1.3, made out of the same inconel 600
casting that the samplesC1 andC2. The complete traction curves of these specimen are
displayed in Fig.B.2.

The superimposition of experimentsC1 andC2 shows the perfect repeatability of the
experiments, see Fig.B.9. From experimentC2, the elastic modulus of inconel 600, as
well as the yield limits at 0% and 0.2% plastic strain, are measured. The yield limit at 0%
plastic strain is determined from the linear part of the loading curve, accounting for the
measurement error on the total strain. The yield limit at 0.2% plastic strain is measured
conventionally, following the norm procedures.

E GPa 195.2
σy0 MPa 215

σy0.2 MPa 242.5

Table B.2: Measured material properties on sampleC2 in inconel 600 from casting
#157984

It appears that the traction curve of specimen 3.1 corresponds perfectly to the first part
of the cyclic experiments, see Fig.B.9. The different between both curves corresponds
to an initial shift in the strain measurement, that was probably made by displacement
measures for the monotonic tension curves. A compensatory shift is made to the specimen
3.1 curve to allow using the full monotonic tensile curve with the more precise date from
experimentsC1 andC2 on the first part of the curves.

Neglecting the kinematic part of the hardening behaviour of the samples, an isotropic
hardening law is fitted to these sample results providing a hardening behaviour law for
the inconel 600 up to very large strains. A ramberg-osgood type hardening law is selected
and the parameters are computed by best fit to the specimen 3.1 tension curve shifted to
be superimposed with theC1 andC2 experiments and for a plastic strain ranging from 0
to 15%. The hardening behaviour of the inconel 600 can thus be described as follows :

σy = σy0+Kpn (B.3)

wherep is the accumulated plastic strain,σy0 the initial yield limit, equal to 215MPa
andK andn the hardening parameters respectively equal to 1670MPaand 0.72.
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Figure B.7: Measurement of yield limits at 0% and 0.2% plastic strain on inconel 600
C2 sample. Upper and lower confidence bounds are indicated on strain measurement,

measurement error on stress is negligible.
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Figure B.8: Comparison of the stress/strain curves from experimentsC1, C2, 1.1 and 3.1
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B. Experimental characterization of the cyclic behaviour ofinconel 600
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Figure B.9: Ramberg-Osgood isotropic hardening law fit to specimen 3.1 shifted to su-
perimpose with the first part of cyclic experiments.

B.4.2 Cycles Stabilization

The experimentC1 showed that the cycle stabilization was rather long on inconel 600.
Ten cycles of each amplitude have been performed during experimentC2. The cycle
stabilization is evaluated from the percentage of stress evolution on the last cycles, based
on the following criterion :

max
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≤ 1% (B.4)

Based on this rule, all cycles are stabilized except from the last set of cycles for which
a gap of 1.16% is still measured for the minimum stress reached at each cycle.

B.4.3 Identification of a non linear hardening law

A first simple identification of a non linear kinematic hardening law is here proposed
[LEM 90]. This hardening law allows to model the stabilized behaviour of the material
without accounting for the memory effect. Thus only the last cycles of each three first
sets of cycles are taken into account, i.e. cycles 10, 20 and 30.

The kinematic hardening variableX evolution is express as follows :

dX =
2
3
Cdεp− γXdp (B.5)

Where p is the accumulated plastic strain. The unidimensional traction-compression
law then expresses as follows, the parameterk, C andγ remaining to identify :

f = |σ−X|−k= 0 (B.6)
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Analysis

dεp =
1
h

〈

σ−X
k

dσ
〉

σ−X
k

=
dσ
h

i f (σ−X)dσ > 0 (B.7)

dX =
2
3
Cdεp− γXdp (B.8)

h=C− γXSgn(σ−X) (B.9)

As a first step, k is determined approximately from the elastic domain size on
stabilized cycles at 0.2%, 1% and 2% total strain. Then, the coefficientC/γ is determined

as the asymptotic value of the curve∆σ
2 −k= f

(

∆εp

2

)

, see Fig.B.10.
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Figure B.10: Non linear hardening law parameters identification - Half stress cycles
amplitude∆σ/2−k vs. half strain cycles amplitude∆ε/2

Giving the following parameters :
The identified hardening law is not a perfect representation of the true hardening be-

haviour of the material. Indeed, only the behaviour of the stabilized cycles is accounted
and the memory effect is lacking too. The extremal values of the cycles are well rep-
resented, yet the evolution of data between the extrema is poorly represented. Still, it
allows a simplified approach of the hardening behaviour for a first study with a rather
simple hardening law. The memory effect is not accounted but its influence on a single
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B. Experimental characterization of the cyclic behaviour ofinconel 600

k MPa 218.17
C MPa 38879.27

γ 110.0

Table B.3: Non linear hardening law parameters
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Figure B.11: Comparison of the identified non linear kinematic hardening law with the
stabilized experimental cycles. Plastic strain vs. true stress.
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Sample blueprint

impact mechanics is considered negligible since only one cycle will be represented. Ac-
tually, this effect might have a large influence only for successive impacts with a decrease
in the load (i.e. the velocity) amplitude. Due to the variations on the inconel 600 material
properties noticed in the literature , the error made by considering only the stabilized cy-
cles behaviours is rather small. Finally, the error made on the path of the loading can be
considered not fundamental as long as the extrema are well represented.

For values of strain beyond 2% the fitted kinematic hardening law might prove insuf-
ficient for it does not consider the increase of the yield limit beyond this values. In such
cases, the ramberg-osgood isotropic hardening law will provide better results as long as
kinematic effects can be neglected.

In a second time, an identification of a more complete law, with two hardening vari-
ables and a mixed hardening behaviour to account for the low evolution of the parameter
k might be planed.

B.5 Sample blueprint
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B. Experimental characterization of the cyclic behaviour ofinconel 600

Figure B.12: Blueprint of the samplesC1 andC2
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