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Trace au bord de solutions d’équations de

Hamilton-Jacobi elliptiques et trace initiale

de solutions d’équations de la chaleur avec
absorption sur-linéaire

Résumé

Cette these est constituée de trois parties.

Dans la premiére partie, on s’intéresse au probléme de trace au bord d’une solution
positive de I’équation de Hamilton-Jacobi (E1) —Au+ g(|Vu|) = 0 dans un domaine borné
Q de RV, satisfaisant (E2) u = pu sur 9. Si g(r) > r? avec ¢ > 1, on prouve que toute
solution positive de (E1) admet une trace au bord considérée comme une mesure de Borel
réguliére, pas nécessairement localement bornée. Si g(r) = r? avec 1 < ¢ < ¢. = %, on
montre I'existence d’une solution positive dont la trace au bord est une mesure de Borel
réguliére v Z 0o et on caractérise les singularités frontiéres isolées de solutions positives.
Si g(r) = r? avec ¢, < ¢ < 2, on établit une condition nécessaire de résolution en terme
de capacité de Bessel C'2—4 e On étudie aussi des ensembles éliminables au bord pour des
solutions modérées et sig;na—modérées.

La deuxiéme partie est consacrée a étudier la limite, lorsque k — oo, de solutions
d’équation dyu — Au + f(u) = 0 dans RY x (0,00) avec donnée initiale kdy ott g est la
masse de Dirac concentrée & ’origine et f est une fonction positive, continue, croissante et
satisfaisant f(0) = f~1(0) = 0. On prouve, sous certaines hypothéses portant sur f, qu'il
existe essentiellement trois types de comportement possible en fonction des valeurs finies
ou infinies des intégrales [ f~1(s)ds et [ F~1/2(s)ds, ot F(s) = [; f(r)dr. Grace a
ces résultats, on donne une nouvelle construction de la trace initiale et quelques résultats
d’unicité et de non-unicité de solutions dont la donnée initiale n’est pas bornée.

Dans la troisiéme partie, on élargit le cadre de nos investigations et généralise les
résultats obtenus dans la deuxiéme partie au cas ou 'opérateur est non-linéaire. En par-
ticulier, on s’intéresse a des propriétés qualitatives de solutions positives de 1’équation
dru — Apu + f(u) = 0 dans RY x (0,00) ot p > 1, Ayu = div(|[Vu’ "> Vu) et f est une



RESUME

fonction continue, croissante, positive et satisfaisant f(0) = 0 = f~1(0). Si p > ]\%—JL,

fournit une condition suffisante portant sur f pour l'existence et I'unicité des solutions
fondamentales de données initiales kdy et on étudie la limite, lorsque k& — oo, qui dépend
du fait que f~! et F~/P soient intégrables a I'infini ou pas, oit F(s) = fOS f(r)dr. On donne
aussi de nouveaux résultats de non-unicité de solutions avec donnée initiale non bornée.
Si p > 2, on prouve que toute solution positive admet une trace initiale dans la classe de
mesures de Borel réguliéres positives. Finalement on applique les résultats ci-dessus au cas
modeéle f(u) = u®In®(u+ 1) avec a > 0 et 3 > 0.

on

Mots clés : équations elliptiques quasilinéaires, singularités isolées, mesures de Radon,
mesures de Borel, capacités de Bessel, trace au bord, singularités éliminables, absorption
faiblement sur-linéaire, trace initiale, condition de Keller-Osserman, équations de la chaleur
dégénérées.
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Boundary trace of solutions to elliptic
Hamilton-Jacobi equations and initial trace
of solutions to heat equations with
superlinear absorption

Abstract

This thesis is divided into three parts.

In the first part, we study the boundary value problem with measures for the Hamilton-
Jacobi equation (E1) —Au + g(|Vu|) = 0 in a bounded domain 2 in R, satisfying (E2)
u =y on 0N and provide a condition on g for which the problem (E1)-(E2) can be solved
with any positive bounded measure. When ¢(r) > r? with ¢ > 1, we prove that any
positive solution of (E1) admits a boundary trace which is an outer regular Borel measure,
not necessarily bounded. When g(r) = r¢ with 1 < ¢ < ¢. = %, we prove the existence
of a positive solution with a general outer regular Borel measure v # oo as boundary
trace and we characterize the boundary isolated singularities of positive solutions. When
g(r) = r? with ¢. < ¢ < 2, we show that a necessary condition for solvability is that @ must

be absolutely continuous with respect to the Bessel capacity C2—q e We also characterize
q b

boundary removable sets for moderate and sigma-moderate solutions.

The second part is devoted to investigate the limit, when k — oo, of the solutions of
Ou — Au + f(u) = 0 in RY x (0,00) with initial data kdy, where & is the Dirac mass
concentrated at the origin and f is a nonnegative, continuous, nondecreasing function
satisfying f(0) = f~1(0) = 0. We prove that there exist essentially three types of possible
behaviour according f~! and F~'/2 belong or not to L' (1, 00), where F(s) = Iy f(r)dr. We
use these results for providing a new construction of the initial trace and some uniqueness
and non-uniqueness results for solutions with unbounded initial data.

The main goal of the third part is to investigate the initial value problem with un-
bounded nonnegative functions or measures for the equation dyu — Apu + f(u) = 0 in
RN x (0,00) where p > 1, Ayu = div(|Vul[’"? Vu) and f is a continuous, nondecreasing
nonnegative function such that f(0) = f~1(0) = 0 and to extend the results obtained in
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ABSTRACT

the second part to the cas p # 2. If p > ]\2,—11, we provide a sufficient condition on f for

existence and uniqueness of the fundamental solutions satisfying the initial data kdg and
we study their limit, when k& — oo, according f~! and F~1/P are integrable or not at
infinity, where F(s) = [ f(r)dr. We also give new results dealing with non uniqueness for
the initial value problem with unbounded initial data. If p > 2, we prove that any positive
solution admits an initial trace in the class of positive Borel measures. As a model case we
consider the case f(u) = u®In’(u + 1) with a > 0 and 3 > 0.

Key words : quasilinear elliptic equations, isolated singularities, Radon measures, Borel
measures, Bessel capacities, boundary trace, removable singularities, weakly superlinear
absorption, initial trace, Keller-Osserman condition, degenerate heat equations.
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Notations

Divers :

Q : domaine de RV,

QE=0x(0,T), Qr =RN x (0,T), Qoo = RY x (0, 00).

B, (z0) : la boule de centre zy € RN et de rayon r. Pour simplifier, B, désigne la boule

de centre & 'orgine et de rayon r.

SN=1 " 1a sphére unité de RV,
dS : élément de volume sur 0f2.
d(x) = dist (x,00).

0, the Dirac mass concentrated at the point x.
Espaces de Lebesgue : Soient p > 1 et a > 0.
LP(Q) = {u: Q — R mesurable : / |ul’ dz < co}.
Q

LE.(Q) = {u: Q — R mesurable : / |ul? d*dz < oo}.
Q

Espaces de Sobolev :
WHEP(Q) = {u: Q — R mesurable : D% € LP(Q) pour tout a € NV t. q. |a| < k} pour
tout k € N* et p € [1,00).
Espaces de mesures : Soit « € [0, 1].
B9 () (B9(99)) : espace de mesures de Borel réguliéres sur Q (resp. 99).
M(QL) (M(0N)) : espace de mesures de Radon sur Q (resp. 09).
My (Q) (M4 (09)) : espace de mesures de Radon positives sur Q (resp. 92).
MY () (I (99)) : espace de mesures de Radon bornées positives sur 2 (resp. 99Q).

Mye () = {1 € M(Q) : /Qdo‘d]m < 0o} T a = 0, My (Q) = ME(Q).

Espaces de Marcinkiewicz (ou espaces de Lebesgue faibles) : Soient p > 1, « >0
et u une mesure de Borel positive sur €.

MP(Q;dn) = {u € LL(Qdp) : ullygarg < o0} ot

loc

1—1
[ull pro(0,4,) = Inf {c € [0,00) : / lu| dp < ¢ </ d,u) " VEC O F Borel} .
E E
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NOTATIONS

Si dp = dz, on utilisera la notation MP(2) au lieu de MP(£2; dx).
Si dp = d*dz, on utilisera la notation M4, () au lieu de MP(Q; d*dx).

Espaces de potentiels de Bessel : Soient o € R et p > 1.

Go = F 11+ |€]*)"2) : noyau de Bessel d’ordre «, ot F~! est la transformation de
Fourier inverse sur I'espace de Schwartz S(RV).

LOP(RNY = {f : f = Gaxg,9 € LP(RV)} : espace de potentiels de Bessel d’ordre a et de
degré p avec la norme

||f||La,p(RN) = HgHLP(RN) = [|G—a = f”Lp(]RN) .
SiaeNetl<p<oo, WP(RV) = LaP(RN) et il existe ¢ > 0 telle que
¢! HfHLa,p(RN) = ”fHWOC»P(RN) < C||f||La,p(]RN) Vf e Wa’p(RN)'

Capacités de Bessel : Soient a > 0 et p > 1.

Cop(K) = nf{|[¢[| papmyy : ¢ € S(RY), ¢ > 1 dans un voisinage de K} si K est com-
pact,

Cap(G) =sup{Cqup(K): K C G, K compact} si G est ouvert,
Cap(E) =inf{Cy,(G) : E C G,G ouvert} pour tout ensemble E.



Conventions

La numération choisie pour ’énoncé des théorémes, propositions, lemmes, corollaires,...dans
I'introduction est indépendante de celle dans les chapitres 1, 2 et 3.

Les symboles employés dans chaque partie comme ¢, @, ¥, J, K, ue, v,...ne sont valables
que dans cette partie-la. Par exemple le symbole uys, dans chapitre 1 est défini de ma-
niére différente de celui du chapitre 2. Dans chaque partie (y compris U'introduction), des
références citées se trouvent a la fin de cette partie-la.

Ci, ¢ et ¢ (i € N) désignent des constantes dépendantes de données initiales (comme N,
D, q...) et d’autres quantités données (comme des fonctions tests, des fonctions propres, des
valeurs propres,...). Leur valeur peut varier d’une ligne a l'autre.
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Introduction générale

0.1 Equations de Hamilton-Jacobi elliptiques

0.1.1 Trace au bord et singularités isolées au bord

Soient 2 un domaine borné de classe C? de RY (N > 2) et g une fonction continue
croissante de Ry dans Ry s’annulant en 0. Dans le premier chapitre, on s’intéresse aux
solutions positives d’équation du type

—Au+g(|Vu|) =0 dans Q, (0.1.1)
et on se concentrera en particulier au cas
—Au+ |Vu|?=0  dans Q (0.1.2)

ot ¢ € (1,2). On considére d’abord le probléme de trace au bord associé a 1’équation (0.1.1)

(0.1.3)

—Au+g(|Vu|) =0 dans Q
u=p sur 0f)

ot p est une mesure sur 0f). Une fonction u est dite solution du probléme (0.1.3) si
u € LY(Q), g(|Vu|) € LL(2) avec d = d(x) := dist (x, ) et si elle satisfait

9¢
/ (—uA¢ + g(|Vul)() de = — ?dﬂ (0.1.4)
Q onon
pour tout ¢ € X(Q) = {¢p € CL(Q) : Ap € L>®(Q)}, ot n désigne le vecteur normal
unitaire sortant de 9. Notons que I’hypothése g(|Vu|) € LL(2) est nécessaire afin que
g(|Vu|)¢ soit intégrable pour tout ¢ € X(Q2), d’ou (0.1.4) a un sens.
L’étude de I'équation (0.1.1) et du probléme (0.1.3) est inspirée par les travaux de
Le Gall [27], [28], de Gmira et Véron [19] et de Marcus et Véron [35]-[42] sur 1’équation
semilinéaire

—Au+ h(u) =0 dans Q (0.1.5)

et le probléme de Dirichlet associé avec donnée mesure

{ —Au+ h(u) =0 dans Q2 (0.1.6)
u

I sur 0f2,

—_



0.1. EQUATIONS DE HAMILTON-JACOBI ELLIPTIQUES

ol h est une fonction continue, croissante de R dans R et s’annulant en 0. Gmira et
Véron ont mis en évidence l'existence et 'unicité de la solution du probléme (0.1.6) sous
I’hypothése

/loo(h(s) +h(=s))s~ BT ds < 0o (0.1.7)

et u € M(0N). Pour en savoir plus, on renvoie le lecteur aux travaux de Gmira et Véron
[19]. Le cas ot h(u) = |u|?” ' u avec ¢ > 1 a été largement étudié par Marcus et Véron
[35]-(38], [40], [42] et 'équation

—Au+[u/T'u=0  dans Q (0.1.8)

est bien comprise. Remarquons que si h(u) = |u/? ' u, la condition (0.1.7) est satisfaite
sil < q<gsougqs = % est appelé la valeur d’exposant critique de (0.1.8). On cite

ci-dessous les résultats importants concernant (0.1.6)-(0.1.8).

- En introduisant une notion de trace au bord, moyen naturel et efficace de décrire des
solutions positives de (0.1.8), Marcus et Véron [37] ont montré que toute solution positive
de (0.1.8) dans Bp posséde une trace définie de fagon unique par un couple (S, u) ou S
est un sous-ensemble fermé de 0Br et p € M (R) ot R = 0BR \ S. Aprés, dans [42], en
utilisant une méthode complétement différente, ils ont établi 'existence de trace au bord
de solutions positives de (0.1.6) dans le cas ou 2 est un domaine dont la frontiére est une
variété de classe C?, au sens faible des mesures.

- Si 1l < g < gs, les singularités isolées de solutions positives de (0.1.8) peuvent étre
complétement classifiées. Plus précisément, si u € C(Q\ {0}) N C?(2) est une solution
positive de (0.1.8) qui s’annule sur 992 \ {0}, alors ou bien elle résout le probléme (0.1.6)
avec h(u) = |u|”'u et p = kdy pour certain k > 0 (singularité faible), ou bien [42]

+1
u(z) ~ Cd(x) ]xrh lorsque * — 0 (singularité forte).

- De plus, dans le cas sous-critique, il est bien connu qu’étant donné un couple (S, ) ou
S est un sous-ensemble fermé de 9 et p est une mesure de Radon positive sur R := 0Q\ S,
il existe alors une unique solution positive de (0.1.8) avec la trace au bord (S, p).

- Dans le cas sur-critique q > q¢s, les singularités isolées sont éliminables, c’est-a-dire si
u € C(Q\{0}) NC%(Q) est une solution positive de (0.1.8) qui s’annule sur 92\ {0}, alors
u est identiquement nulle. Ce résultat a été tout d’abord établi par Gmira et Véron [19], et
aprés étendu par Le Gall [30] pour le cas ¢ = 2 a I’aide d’outils probabilistes, par Dynkin
et Kuznetsov [15] pour le cas ¢ < 2 grace a une combinaison de méthodes probabilistes
et analytiques, et par Marcus et Véron [38], [40] pour le cas général ¢ > ¢s par une

méthode analytique. L’outil clé pour résoudre ce probléme est la capacité de Bessel C2 o
q’
en dimension N — 1. On énumére ici quelques résultats significatifs. La condition nécessaire

et suffisante pour laquelle le probléme de Dirichlet associé peut étre résolu est que p est
absolument continue par rapport a la capacité C'2 ¢ De plus, si K C 02 est un compact
2

et u € C(Q\ K)NC?(Q) est une solution positive de (0.1.8) qui s’annule sur 92\ K, alors

u est identiquement nulle si et seulement si C'2 q,(K ) = 0. Une caractérisation compléte de
q7

solutions positives de (0.1.8) a été établie par Mselati [34] si ¢ = 2, par Dynkin [14] pour

le cas gs < ¢ < 2, et finalement par Marcus [33] pour le cas ¢ > ¢s. Ils ont prouvé que

toute solution positive u de (0.1.8) est sigma-modérée, c’est-a-dire qu’il existe une suite
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croissante de mesures ji,, € M4 (0N2) telle que la suite de solutions correspondantes wu,,,, du
probléme de Dirichlet associé avec la donnée frontiére u,, tende vers u.

On présente ensuite les résultats d’existence et d’éliminabilité de singularités au bord
de solutions positives de (0.1.1)-(0.1.3), similaires & ceux rappelés ci-dessus pour (0.1.6)-
(0.1.8).

Dans tout ce qui suit, Gy désigne I’ensemble des fonctions localement Lipschitziennes,
croissantes, positives de R} dans Ry et s’annulant en 0. La condition suivante portant sur
g est appelée la condition d’intégrale sous-critique

/ g(s)s™ “N ds < oo. (0.1.9)
1

Notons que si g(r) < r?, la condition (0.1.9) est vérifice si 1 < ¢ < ¢, = % Notre
résultat principal d’existence et de stabilité est le suivant :

Théoréme 1.1 On suppose que g € Gy satisfait (0.1.9). Alors pout tout p € My (0N), il
N+1

eziste une solution mazximale U, de (0.1.3). De plus, u, € M%(Q) et |Vauy,| € MdTJr(Q)
Finalement, si {p,} est une suite de mesures dans M, (0Q) convergeant vers pi au sens
faible et {uy,} est une suite de solutions de (0.1.3) avec pp = py,, alors il existe une sous-
suite {u, } qui converge vers une solution u, de (0.1.3) dans LY(Q) et {9(IVup,, 1)}
converge vers g(|Vul) dans L5(€2).

Notre techinique repose sur une construction d’une suite de solutions approchées, d’un
résultat de compacité faible a 'aide de (0.1.9) et d’estimations dans 'espace de Marcinkie-
wicz |7], [19], [50], [51]. L’unicité de la solution du probléme (0.1.3) est encore une question
ouverte, sauf dans le cas ot h(r) = r? avec 1 < ¢ < ¢, et u = kdy avec k > 0.

Puisque 0 est de classe C?, il existe §* > 0 tel que pour tout § € (0,8*] et 2 € Q
vérifiant d(x) < 4, il existe un unique o(x) € 99 satisfaisant |z — o(z)| = d(x). On note
o(z) = Proj,,(z). De plus, si n = n,(, est le vector normal unitaire sortant de €2 en
o(x), on a alors x = o(x) — d(z)ny(,). Pour tout ¢ € (0,6*], on pose

Qs ={x € Q:d(z) <0},

Qs ={z € Q:d(x) > d},

Y5 =00 ={r € Q:d(x) =0},
X=X = 0N

Pour tout & € (0,6*], Papplication x +— (d(z),o(x)) définit un C!-difféomorphisme de 5
dans (0,0) x ¥. Chaque point o € Qs+ est représenté par un unique couple (6, 0) € [0,6*]x 2
sous la forme x = o — dn,. Ce systéme de coordonnées, appelé coordonnées de flux, sert a
construire la trace au bord de solutions positives de (0.1.1) définie ci-dessous.

Définition 1.2 Soient pus € M(Xs) pour tout 6 € (0,0%) et u € M(X). On dit que ps — i
lorsque § — 0 au sens faible des mesures si

6—0

lim [ ¢(o(z))dps = /cbd,u Vo € Ce(X). (0.1.10)
Dp s

3
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Une fonction v € C(§2) posséde une trace au bord pn € M(X) si

lim (o(x))u(z)dS = /gbdu Vo € Co(2). (0.1.11)
6—0 s )

De facon analogue, si A est un sous-ensemble relativement ouvert de 35, on dit que u posséde

une trace au bord sur A au sens faible des mesures si yp € 9M(A) et (0.1.10) reste valide

pour tout ¢ € C.(A).

La dichotomie suivante est obtenue par une combinaison des idées de [37], [42] et d'une
construction géométrique de [3].

Théoréme 1.3 Supposons que g € Gy satisfasse (0.1.9) ou que g soit une fonction continue
et satisfasse

lim inf 9(r) >0 (0.1.12)

r—oo 14

ot 1 < q < 2. Soit u€ C?(Q) une solution positive de (0.1.1). Alors pour tout zo € 95 la
dichotomie suivante a lieu

(i) Ou bien il existe un voisinage ouvert U de xq tel que

/ 9(|Vul)d(z)dz < oo (0.1.13)
QNU

et une mesure de Radon positive uy sur OQNU telle que u|z5mu converge vers |y au Sens
faible des mesures lorsque 6 — 0.

(i1) Ou bien pour tout voisinage ouvert U de xo,

/ g(|Vul|)d(x)dx = oo, (0.1.14)
Qnu
et
lim udS = oo. (0.1.15)
6—0 $sNU

L’ensemble S(u) des points z¢ € 0 vérifiant la propriété (ii) est fermé et il existe une
unique mesure de Radon positive p sur R(u) := 0\ S(u) telle que ul;,  converge vers
au sens faible des mesures sur R(u). Le couple (S(u), 1) est appelé la trace au bord de u
et noté trag(u).

Réciproquement, étant donnée une mesure de Borel réguliére (pas nécessairement loca-
lement bornée) v sur 02 , on montre l'existence d’une solution de (0.1.2) dont la trace au
bord est v.

Théoréme 1.4 Supposons 1 < q < qe, S C 9N fermé et p € M4 (R) o R := 0N\ S.
Alors il existe une solution positive u de (0.1.2) telle que trag(u) = (S, p).

L’ingrédients principaux pour obtenir ce résultat sont le résultat de stabilité du théo-
réme 1.1 et 'estimation locale suivante :
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Proposition 1.5 Supposons 1 < ¢ < 2, U C 09 relativement ouvert et € MY (U). Alors
pour tout ensemble compact © C Q, il existe C = C(N,q,Q, 0, H,uHm(U)) > 0 telle que
pour toute solution positive u de (0.1.2) dans Q de trace au bord (S,u') ou S est fermé,
UcCIN\S:=TR ety est une mesure de Radon positive sur R vérifiant |y = pu, on a

u(z) <C Ve o. (0.1.16)

Remarquons que 'hypothése S C 92 dans le théoréme 1.4 est nécessaire car Alarcon,
Garcia-Melian et Quaas [2] ont prouvé qu’il n’existe aucune grande solution, c’est-a-dire
une solution qui explose partout sur 9. Si ¢. < g < 2, le théoréme 1.4 reste vraisi y =0
et S = G ou G C 99N est relativement ouvert et JynG satisfait la condition de sphére
intérieure.

Pour caractériser des singularités isolées de solutions positives de (0.1.2), on considére
le probléme suivant dans 'hémisphére supérieur Siv 1 dans RN

9
2 3
—Aw+ ((3_‘{) w? + |V’w|2> - % (q%l —N) w=0 dans SV

(0.1.17)
w=0 sur GSiV_l,

ou V' et A’ désignent respectivement le gradient covariant et l'opérateur de Laplace-
Beltrami sur SV~1. A chaque solution w de (0.1.17) on peut associer une solution séparable
singuliere ug de (0.1.2) dans RY := {z = (21,22, ...,zn5) = (2/,zn) : zx > 0} s’annulant
sur ORY \ {0} qui est définie a l'aide des coordonnées sphériques (r,o) = (|z|, ﬁ)

2—gq

us(z) = us(r,0) =1 ilw(o) Vo e RY\ {0}. (0.1.18)

Théoréme 1.6 Le probléme (0.1.17) admet une solution positive unique, notée ws, si et
seulement st 1 < q < qe.

Grace a la solution wg, on peut décrire le comportement asymptotique, lorsque x — 0, de
la fonction o 1= limg_,0 ugs, OU ugs, est la solution du probléme (0.1.3) avec h(r) = rq,
1 < g < q.et = kdy. Plus clairement,

Théoréme 1.7 Supposons 1 <g<gq et0e 082. Alors use,o est une solution positive de
(0.1.2) dans Q, continue dans Q\ {0} et s’annulant sur O\ {0}. De plus, on a

2
 lim |24 g 0 () = ws(0), (0.1.19)
Sz —0
£ =o€ Sf71

al

localement uniformément sur Sf_l.

La relation (0.1.19) nous permet de montrer 'unicité de la solution positive de (0.1.2)
de trace au bord ({0}, 0), d’ou la classification suivante :
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Théoréme 1.8 Supposons 1 < q < q. et que u € C(2\ {0}) N C%(Q) soit une solution
positive de (0.1.2) s’annulant sur OQ \ {0}. Alors la dichotomie suivante a lieu

(1) Ou bien il existe k > 0 telle que u = ugs, résout (0.1.3) avec g(r) =19, = koo et
u(z) = kP%(z,0)(1+ o(1)) lorsque © — 0 (0.1.20)

ot P est le noyau de Poisson dans §).

(11) Ou bien u = ux o et (0.1.19) a lieu.

On donne par la suite une estimation inférieure pour des points singuliers sur la fron-
tiére.

Théoréme 1.9 Supposons 1 < q < q. et que u soit une solution positive de (0.1.2) de trace
au bord (S(u), u). Alors pour tout z € S(u), on a
U(T) > Usoz(x) := lim ugs, () Vz € Q. (0.1.21)
k—o00

Le comportement asymptotique de us . lorsque x — 2z est déterminé par ws a laide d’une
translation et d’une rotation.

0.1.2 Eliminabilité de singularités au bord

L’exposant ¢, joue un role crucial puisque ’on a le résultat d’éliminabilité des singula-
rités isolées au bord suivant :

Théoréme 1.10 Supposons q. < q < 2, alors toute solution positive u € C2(Q)NC(Q\{0})
de (0.1.2) s’annulant sur 0Q \ {0} est identiquement nulle.

L’équation (0.1.2) peut étre bien comprise dans le cas sur-critique a l'aide de la capa-

cité Ca—q g dimension N — 1, a condition que des solutions soient modérées ou sigma-
q b

modérées. Suivant Dynkin et Kuznetsov [14], [17], [25], on définit

Définition 1.11 Une solution positive u de (0.1.2) est modérée s’il existe une mesure
p € ML (99) telle que u résout le probleme (0.1.3) avec g(r) = r?. Elle est appelée sigma-
modérée s’il existe une suite croissante de mesures p, € M4 (0N) telle que la suite de
solutions {uy, } soit croissante et converge vers u localement uniformément dans Q lorsque
n — 00.

Autrement dit, u est une solution modérée si et seulement si u € L'(Q) et |[Vul? €
LL(€2), ceci entraine le résultat d’éliminabilité suivant :

Théoréme 1.12 Supposons q. < q < 2 et que K C 0 soit un compact et satisfasse
C2-q ,(K) = 0. Alors toute solution modérée positive u € C2Q)NCQ\ K) de (0.1.2)
q b
s’annulant sur 00\ K est identiquement nulle.
Par conséquent, le résultat ci-dessus reste vrai si u est une solution sigma-modérée. Le

théoréme suivant nous donne une condition nécessaire pour résoudre le probléme (0.1.3)
avec g(r) =1, ¢. < q < 2.
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Théoréme 1.13 Supposons q. < q < 2 et que u soit une solution modérée positive de
(0.1.2) de trace au bord p € M (0N). Alors pu est absolument continue par rapport a la
capacité Ca—q e

q )

0.1.3 Eliminabilité de singularités a l’intérieur
On étudie aussi I’équation du type
—Au+g(|Vu|) =f dans Q (0.1.22)

et le probléme de Dirichlet associé a (0.1.22)

(0.1.23)

—Au+g(|Vu|) =p dans Q
w =0 sur 0f)

ol [t est une mesure de Radon bornée positive sur €2 et g est une fonction localement
Lipschitzienne, croissante, s’annulant en 0. Une fonction u est dite solution de (0.1.23) si
u € LYQ), §(|Vul|) € LY(Q) et

/Q(—UAC + g(|Vu|)¢) dx = /diﬁ (0.1.24)
pour tout ¢ € X (). La condition d’intégrale sous-critique est la suivante :
o0 2N-1
/ g(s)s™ N-Tds < oo. (0.1.25)
1

Par un raisonnement analogue a celui de la preuve du théoréme 1.1, on peut mettre en
évidence 'existence d’une solution du probléme (0.1.23) et d’un résultat de stabilité.

Théoréme 1.14 On suppose que § satisfait (0.1.25). Alors pour toute mesure bornée ji €
M4 (Q), il existe une solution mazimale Uy de (0.1.23). De plus, si {un} est une suite de
mesures bornées positives sur Q convergeant vers une mesure bornée i € M4 () au sens
faible des mesures sur § et {u,, } est une suite de solutions de (0.1.23) avec fi = piy,, alors
il existe une sous-suite {fin, } telle que {uy, } converge vers une solution ujy de (0.1.23)
dans L'(Q) et {9(IVup, )} converge vers g(|Vuz|) dans LY(9).

Dans le cas ou g est une fonction puissance,

—Au+ |Vul! = dans 2 (0.1.26)

avec 1 < ¢ < 2, la valeur critique d’exposant est ¢* = % Dans le cas sous-critique

1 <q< g sipe M(Q), Barles et Porretta ont prouvé l'existence et 1'unicité d'une
solution de (0.1.23) (consulter [5] pour la résolution d’une classe d’équations beaucoup plus
générale). Dans le cas sur-critique ¢* < ¢ < 2, a I’aide de la capacité C 4 en dimension NN,
on peut établir un résultat d’éliminabilité d’ensembles singuliers intérieurs.

Théoréme 1.15 Supposons ¢ < q < 2 et K C Q compact. Si C1y(K) = 0 alors toute
solution positive u € C%2(Q\ K) de

—Au+|Vu|?=0 (0.1.27)
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dans Q\ K vérifiant fasz %ds borné reste bornée et peut étre prolongée en une solution de
la méme équation dans (.

Finalement, on prouve la condition nécessaire suivante sous laquelle I’équation (0.1.26)
est résolue.

Théoréme 1.16 Supposons ¢* < q < 2 et fi € M (Q). Soit u € LY(Q) une solution de
(0.1.23) avec g(r) = r? dans Q vérifiant |Vu| € LI(Q). Alors i(E) =0 si C1 ¢ (E) =0 ou
E C Q est un ensemble Borélien.

0.2 Equations de la chaleur dégénérées non-linéaires

Dans les deux derniers chapitres, on étudie quelques propriétés locales et globales de
solutions d’équations paraboliques du type

Ou— Apu+ f(u) =0 (0.2.1)

dans Quo = RN x (0,00) (N > 2) ot p > 1, Aju = div(|Vu// ?Vu), f : R —» R
est une fonction continue, croissante, positive sur (0,00), s’annulant a 0 et satisfaisant
lims 00 f($) = co. En particulier, on étudie de maniére trés fine I’équation modéle suivante

deu — Apu +u® P (u+1) =0, (0.2.2)

avec a > 0 et § > 0, qui caractérise trés bien I’absorption faiblement sur-linéaire.

La version elliptique de (0.2.2) (avec p = 2) a été traitée d’abord par Richard et Véron
[45]. Tls ont en fait mis en évidence tous les comportements asymptotiques possibles d’une
solution positive de

—Au+u(lntu)? =0 (0.2.3)

dans 2\ {0} (0 € Q) selon des positions relatives de 7 et 2. Aprés, Fabbri et Licois [18]
ont étudié le probléme de trace au bord (au sens défini dans [37]) d’une solution de (0.2.3)
dans une boule Bpr et ont réussi a classifier complétement les solutions singuliéres en un
point appartenant a 9€) en fonction des positions relatives de v et 2.

Sip=2et f(u) = ]u|q_1 u avec ¢ > 1, la structure d’ensemble des solutions de (0.2.1)
est bien comprise et dépend des positions relatives de q et g1 := %, la valeur d’exposant
critique pour I’équation

Au — Au+ |u|T u = 0. (0.2.4)

On rappelle briévement ci-dessous les résultats classiques concernant (0.2.4) dans la litté-
rature.

- Dans le cas sous-critique 1 < ¢ < ¢i, Brezis et Friedman [8] ont prouvé que pour
tout £ > 0 il existe une unique solution fondamentale, c’est-a-dire la solution positive

u = ugs, € C(Qoo \ {(0,0)}) N C?*Y(Qs) du probléme

{ Oru — Au + \u|q_1 u =0 dans Quo

u(.,0) = k& dans D'(RV). (0.2.5)
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De plus, Brezis, Peletier et Terman [9] ont réussi & trouver une solution trés singuliére
Us de l'équation (0.2.4) dans Qo vérifiant u(z,0) = 0 pour tout = # 0 sous la forme
auto-similaire

2]

Uz, t) =t 710 <ﬁ> (0.2.6)

ot ¥(s) est la solution du probléme

\I,//_F(Nfl_i_%)\lﬂ_i_lﬁ\l/_\lﬂ’:o dans (0,00)

U > 0 sur [0,00), P'(0)=0 (0.2.7)

limg_yoo sp%l U(s) =0.

et le comportement asymptotique de ¥ lorsque s — oo est donné par

U(s) = Ce s N1+ 0(s72)] (0.2.8)

ou C est une constante positive. Le lien entre la solution trés singuliére et les solutions
fondamentales a été établi par Kamin et Peletier [21] : ils ont montré en fait que Us =
limy_, 00 ugs, localement uniformément dans Qoo \ {(0,0)}. Apres, Péquation (0.2.4) a été
étudiée de maniére plus générale par Marcus et Véron [39] a 'aide d’une notion de trace
initiale. Ils ont prouvé que toute solution positive u de (0.2.4) posséde une trace initiale
définie par une mesure de Borel réguliére (pas nécessairement localement bornée). Mieux
encore, si 1 < ¢ < g1, ils ont mis en évidence 'existence d’une bijection entre I’ensemble
de telles mesures et 1’ensemble des solutions positives de (0.2.4) dans Q7 := RY x (0, 7).

- Dans le cas sur-critique ¢ > ¢1, Brezis et Friedman [8] ont prouvé que des singulari-
tés concentrées sur des sous-ensembles discrets sont éliminables. En utilisant des capacités
de Bessel appropriées, Baras et Pierre [4] ont abouti & une caractérisation compléte d’en-
sembles éliminables. De plus, ils ont donné des conditions nécessaires et suffisantes pour
lesquelles une mesure de Radon (pas nécessairement positive) soit une trace initiale d’une
solution de (0.2.4). Ensuite, Marcus et Véron [39] ont aussi fourni des conditions néces-
saires et suffisantes d’existence d’une solution maximale de (0.2.4) avec une trace initiale
donnée.

Si p > 2, Kamin et Vazquez [23| ont imposé quelques conditions sur f sous lesquelle il
existe les solutions fondamentales wuys, et la solution trés singuliére de 'équation (0.2.1).
De plus, dans le cas ot f(u) = u? avec ¢ > 1, ils ont montré que la valeur critique est
@=p—1+ % : la solution fondamentale u := ugs, de

{ Ou—Apu+u! =0 dans Qo (0.2.9)

u(.,0) =kdp dans D'(RY)

existe si 1 < g < ¢2 et la solution trés singuliére existe si p — 1 < g < g2. Ce cadre est
optimal car aucune solution trés singuliére n’existe si 1 < ¢ <p—1ou q > go.

Lecasoun 1l < p < 2et f(u) = u? avec ¢ > 1 a été traité par Chen, Qi et Wang
dans [10], [11]. Comme dans le cas p > 2, si ¢ > g2, il est démontré qu’aucune solution
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singuliére n’existe. Par contre, si 1 < g < g2, le phénoméne se produit de maniére différente,
c’est-a-dire les solutions fondamentales et la solution trés singuliére existent & la fois.

L’étude de I’équation
Ou— Apu+u? =0 dans Q% (0.2.10)

ol © est un domaine de RV, a été effectuée en terme de trace initiale par Bidaut-Véron,
Chasseigne et Véron [6]. Ils ont établi I'existence d’une trace initiale dans B%(€2) d’une
solution faible pour des valeurs différentes de p et ¢ (y compris le cas 0 < ¢ < 1) et ont
classifié¢ des traces initiales dans le cas ot p > 2,0 < ¢ < p—1 et Q = RY ou Q est bornée.
Ils ont aussi étudié le probléme de Cauchy associé avec donnée initiale dans B%(Q).

De maniére analogue, notre but dans les deux derniers chapitres est de traiter les
questions suivantes :

(a) l'existence des solutions fondamentales, c’est-a-dire les solutions dont la trace initiale
est kdp avec k > 0 et le comportement de la fonction limite (si elle existe) des fonctions
fondamentales lorsque k& — 00

(b) 'existence d’une trace initiale et la classification des traces initiales;

(c) des résultats d’existence, d’unicité et de non-unicité pour le probléme de Cauchy associé.

A la lumiére des travaux de Kamin et Vazquez [23], on commence par étudier deux
équations spécifiques qui découlent de (0.2.1). La premiére est I’équation différentielle or-
dinaire associée a (0.2.1)

¢+ f(¢) =0. (0.2.11)

Il est bien connu que si
> ds
— < oo, (0.2.12)
1 f(s)
alors I'équation (0.2.11) admet une solution maximale ¢, définie sur (0, 00) qui explose en
0. En fait cette solution est la limite des fonctions ¢, lorsque a — oo ol ¢, est la solution
de (0.2.11) dans [0,00) avec la donnée initiale ¢,(0) = a. De plus, elle est implicitement

déterminée par la formule suivante

*  ds
—_— = . 2.1
/¢ N t V>0 (0.2.13)

Par contre, si (0.2.12) n’est pas vérifiée, une telle solution n’existe pas car lim, o0 g = 00
dans (0,00). Cette solution joue un réle important puisqu’elle domine toute solution u de
(0.2.1) vérifiant
lim w(z,t) =0 (0.2.14)
|x|—o00
pour tout ¢ > 0, localement uniformément sur (0, 00).

La deuxiéme équation issue de (0.2.1) est I’équation stationnaire associée

—Apw + f(w) =0. (0.2.15)

10
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Concernant cette équation, on considére la quantité suivante

/OO ds (0.2.16)
1 F(S);

D’aprés des résultats de Keller-Osserman [24, Théoréme 11|, [44] et de Vazquez [47], si

/ BN (0.2.17)
1 F(s)r

alors I'équation (0.2.15) admet une solution maximale Wy dans RN\ {0}. Cette solution
est la limite, lorsque R — oo et € — 0 successivement, des solutions W := W, r de (0.2.15)
dans I'c g := Bpr\ B, vérifiant limy, e We r(x) = 0o et limp, 1 We r(x) = co. Au contraire,
si (0.2.17) n’a pas lieu, de telles solutions W et Wy n’existent pas, ceci permet de
prouver l'existence de solutions globales de (0.2.15) dans RY.

Une condition additionnelle portant sur f est la sur-additivité
f(s+58) > f(s)+ f(s') Vs, s >0, (0.2.18)

ce qui, combinée avec la monotonicité de f, implique

timint £&) > 0. (0.2.19)

§—00 S

Il convient de souligner que si p > 2 les conditions (0.2.17) et (0.2.19) impliquent (0.2.12).
Par contre, si 1 < p < 2, cette implication n’est plus valable. Sous les conditions (0.2.12)
et (0.2.17), on peut établir des estimations universelles pour les solutions singuliéres de
(0.2.1), ce qui éclaire notre étude de la structure d’ensemble de telles solutions.

0.2.1 Singularités isolées

Dans cette section on se concentre sur les singularités isolées. Kamin et Vazquez |23,
Lemmes 2.3 et 2.4] ont prouvé que si p > 2 et si f satisfait la condition de singularité faible

/Oos_p_lz\)lf(s)ds < 00, (0.2.20)
1

alors pour tout k > 0, il existe une unique solution positive u := uys, de

{ Ou—Apu+ f(u) =0  dans Qo (0.2.21)

u(.,0) =kdp dans RY.

En outre, 'application k — ugs, est croissante. Leur méthode repose essentiellement sur le
fait que la solution fondamentale v := vy, (ou solution de Barenblatt-Prattle) [22], [23] de

{ Ov—App =0 dans Q. (0.2.22)

v(.,0) =kdy dans RY,

11
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est & support compact dans certaine boule By, ;) ot dx(t) dépend de N et p et peut étre
explicitement déterminé. Puisque vgg, est une sur-solution de (0. 2 21) la condition (0.2.20)
implique f(vgs,) € L' (Bgrx(0,T)) pout tout R, T > 0. Dés que N+1 <p <2, U5, (z,t) >0
pour tout (z,t) € Q. Il est montré dans [41] que si p = 2, la condition (0 2. 2()) entraine
f(vks,) € LY(Qr) pout tout T > 0. On prouve que ce résultat reste vrai si N+1 <p<2et
plus précisément :

Théoréme 2.1 Supposons p > ]3—_]?_[1 et f satisfaisant a (0.2.20). Alors il existe une unique
solution positive u := uys, de (0.2.21).

Puisque k — wugs, est croissante, il est naturel d’étudier la limite limy_,o ugs,. Pour
cela, on désigne par Uy ’ensemble des solutions positives u de (0.2.1) dans Q- qui sont
continues dans Q \ {(0,0)}, s’annulent sur {(z,0) :  # 0} et satisfont

lim [ wu(z,t)de = o0 (0.2.23)
t—0 Be

pour tout € > 0.

Théoréme 2.2 Supposons p > N+1 et [ satisfaisant les conditions (0.2.12), (0.2.17) et
(0.2.20). Alors U := limy_s00 ugs, est un €lément minimal de Up.

Lorsque f ne satisfait pas (0.2.12) ou (0.2.17), le probléme devient beaucoup plus
compliqué. Les cas f(u) = u? et f(u) = u®1In’(u + 1) sont bien compris. En particulier :

(A) Si f(u) = u? avec ¢ > 0 alors (0.2.12) est vérifiée si et seulement si ¢ > 1 tandis
que (0.2.17) est vérifiée si et seulement si ¢ > p — 1. De plus, (0.2.20) est satisfaite si et
seulement si ¢ <p— 1+ &.

(B) Si f(u) = u®In’(u +1) (o, B > 0), alors (0.2.12) est vérifiée si et seulement si a > 1
et f>0,oua=1et > 1 tandis que (0.2.17) est vérifiée si et seulement si a > p — 1 et
f>0,oua=p—1et > p. Deplus (0.2.20) est satisfaite si et seulement si « < p—1+ &
et 8> 0.

Dés que p > 2, les phénoménes suivants se produisent en fonction des valeurs de « et

B.

Théoréme 2.3 Supposons p = 2 et que f(u) = uln’B(u + 1) avec B > 0. Soit ugs, la
solution fondamentale de (0.2.21). Alors

(1) 810 < <1, limg_yo0 ups, = 00 dans Qoo.

(11) Si 1l < B <2, limpgseo Uks, (7,1) = doo(t) pour tout (x,t) € Qoo 0U Poo est la solution
mazimale de (0.2.11).

Théoréme 2.4 On suppose que p > 2 et que f(u) = u® lnﬁ(u—i—l) ot € (1,p—1) et > 0.
Soit ugs, la solution de (0.2.21). Alors klim Uks, (T, 1) = Poo(t) pour tout (x,t) € Qoo-
—00

Théoréme 2.5 On suppose que p > 2 et que f(u) = uln®(u+ 1) avec B > 0. Soit Ups, la
solution de (0.2.21). Alors

(i) Si B> 1 alors klim Uk, (T, 1) = Poo(t) pour tout (z,t) € Qoo,
—00

12
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(i1) Si0 < B <1 alors klim Ugs, (z,1) = 00 pour tout (x,t) € Quo-
— 00

0.2.2 Trace initiale
0.2.2.1 Casp=2

Grace aux résultats ci-dessus, on développe une nouvelle construction de trace initiale
de solutions positives, localement bornées de (0.2.1) dans Q. Il convient de noter que
dans le cas f(u) = |u|?" " u, la trace initiale a été construite [39] & 'aide de combinaisons
de 'inégalité de Holder et d’un choix délicat de fonctions tests. De maniére trés différente,
notre nouvelle méthode repose sur le principle de maximum combiné ou bien avec la condi-
tion de Keller-Osserman (0.2.17), ou bien avec des propriétés de limy_,o0 ugg, si (0.2.17)
n’est pas vérifiée. On montre d’abord le :

Théoréme 2.6 Soit u € C*Y(Qx) une solution positive de (0.2.1) dans Quo. L’ensemble
R(u) des points z € RY tels qu’il existe une boule ouverte B,.(z) telle que f(u) € Ll(Q?(z))

est un sous-ensemble ouvert. De plus, il existe une mesure de Radon positive p := p(u) sur
R(u) vérifiant

}ix% u(z,t)¢(z)dr = / C(z)dp(zx) V¢ € Ce(R(u)). (0.2.24)

Ce théoréme nous permet de définir la trace initiale d’une solution positive de (0.2.1).

Définition 2.7 Le couple (S(u), i) ot S(u) = RN \ R(u) est appelé la trace initiale de u
dans S et noté trgn (u). L'ensemble R(u) est appelé l’ensemble régulier de la trace initiale
de u et la mesure p est appelée la partie réquliere de la trace initiale. L’ensemble S(u) est
fermé et est appelé la partie singuliere de la trace initiale de u.

Il est intéressant de noter que si f satisfait (0.2.17) et z € S(u), alors pour tout voisinage
ouvert U de z, on a

lim [ u(z,t)dr = co. (0.2.25)
t—0 U

0.2.2.2 Casp>2

Le cas de la puissance f(u) = u? avec ¢ > 1 a été traité par Bidaut-Véron, Chasseigne et
Véron dans [6]. Néanmoins, leur méthode repose essentiellement sur le fait que le terme non-
linéaire est une fonction puissance, ceci permet d’utiliser 'inégalité de Holder pour prouver
la domination du terme d’absorption sur d’autres termes. Dans notre cas, en combinant
l'idée de [6], des techniques utilisées dans le chapitre 2 pour établir I'existence d’une trace
initiale, un résultat de stabilité de [46, Théoréme 2|, [31, Théoréme 1.1] et I'inégalité de
Harnack de [12], on démontre le résultat suivant :

Théoréme 2.8 Supposons p > 2 et que [ satisfasse (0.2.20). Soit u € C(Qr) une solution
faible positive de (0.2.1) dans Q7. Alors pour tout y € RY la dichotomie suivante a lieu

13



0.2. EQUATIONS DE LA CHALEUR DEGENEREES NON-LINEAIRES

(i) Ou bien
u(x,t) > klim Uk, (T — Y, 1) V(x,t) € Qr, (0.2.26)
— 00

(i) Ou bien il existe un voisinage ouvert U de y et une mesure de Radon uy € M (U)
tels que

lim u(m,t)((x)dx:/gd,u[] V¢ e C.(U). (0.2.27)
=0 Ju U

En fait, si (0.2.20) est vérifiée, (0.2.26) est équivalente au fait que pour tout voisinage
ouvert U de y, on a

limsup/u(x,t)dx = 0. (0.2.28)
t—0 U

Cependant, si (0.2.20) n’est pas vérifiée, on n’a que (0.2.26) = (0.2.28).

Il convient de noter que ce résultat est nouveau méme dans le cas p = 2. L’ensemble
des points y tels que (0.2.27) (resp. (0.2.28)) ait lieu est ouvert (resp. fermé) et est noté
R(u) (resp. (S(u)). En utilisant une partition de 'unité, on montre qu’il existe une unique
mesure de Radon p € M, (R(u)) telle que

lim u(z, t)¢(x)dr = Cdp V(¢ € Ce(R(uw)). (0.2.29)
=0 JR (u) R(u)

Gréace au résultat ci-dessus, on peut alors définir la trace initiale d’une solution positive u
de (0.2.1) dans Q7.

Définition 2.9 Le couple (S(u),n) est appelé la trace initiale de la solution u et noté
tr y (u). L’ensemble S(u) est l'ensemble des points singuliers de tr_ (u), tandis que pi est
la partie réguliere de tr_ (u).

Comme dans [39], la trace initiale peut aussi étre représentée par une mesure de Borel
réguliére, pas nécessairement localement bornée, c’est-a-dire qu’il existe une bijection entre
B'9(RN) et I'ensemble de couples :

CM:(RY) = {(S,p) : S C RY fermé, pu € M (R) avec R =RV \ S}. (0.2.30)

La mesure de Borel v € B/“(RY) correspondant & un couple (S,pn) € CMy(RY) est
déterminée par

00 sStANS #0

_ N -
v(A) = { W(A) si ACR, VA C RY, A Borélien. (0.2.31)

Dans tout ce qui suit, si u est une solution de (0.2.1), on utilisera la notation trg~(u) (resp.
Trgn(u)) pour la trace considérée comme un élément de CMy(RY) (resp. B (RY)).
D’apreés ce qui précéde, on obtient :

Théoréme 2.10 Supposons p > 2 et que f satisfasse (0.2.20). Soit u une solution positive
de (0.2.1). Alors elle posséde une trace initiale v € B (RY).

14
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Remarquons que dans le cas p = 2, ce résultat reste valable si la condition (0.2.20) est
remplacée par la condition de Keller-Osserman (0.2.17). Le comportement de la limite des
fonctions ugs, lorsque k — oo (ol ugs, est la solution de (0.2.21)) nous permet de décrire
plus précisément la trace initiale.

Théoréme 2.11 On suppose que p > 2 et que f satisfait (0.2.20) et (0.2.12). De plus, on
suppose que klim Uks, (T, 1) = Poo(t) pour tout (z,t) € Qoo 0U Poo est la solution mazimale
— 00

de (0.2.15). Si u est une solution positive de (0.2.1) dans Qu, elle posséde alors une trace
initiale qui est ou bien une mesure de Borel Voo vérifiant ve(O) = oo pour tout ouvert
non-vide © C RN, ou bien une mesure de Radon positive i sur RN . Ce résultat est valabe
en particulier si f(u) = u*In’(u+1) awvecp=2,a=1,1<B<20up>2,1<a<p—1,
B>00up>2, a=1,3>1.

La conséquence suivante découle du théoréme 2.11.

Proposition 2.12 Supposons que les hypothéses énoncées dans le théoréeme 2.11 soient
satisfaites. De plus, on suppose que f satisfait (0.2.18) mais ne satisfait pas (0.2.17). Alors,
pour tout a > 0, il existe une solution positive u € C(Qs) de (0.2.1) vérifiant

max{pe (1), wa(|z))} < u(z,t) < Poo(t) +wa(lz])  V(z,t) € Quo (0.2.32)

ol wy est la solution de (0.2.33). Par conséquent, il y a un nombre infini de solutions de
(0.2.1) avec la méme trace au bord vs. De plus, ¢oo est la solution minimale parmi de
telles solutions.

On envisage ensuite le cas ol limy_, o ugs, = 00 dans Q.
Théoréme 2.13 Supposons que f satisfasse (0.2.20) mais ne satisfasse pas (0.2.12). De
plus, on suppose que klim Uks, = 00 dans Qoo. St u est une solution positive de (0.2.1) dans
— 00

Qoo, alors u posséde une trace initiale 1 € My (RY). Ce résultat reste valable en particulier
si flu) =u*In’(u+1) avecp>2, a=1et0<f<1.

Pour établir ce résultat, les outils fondamentaux sont : une méthode développée de [42],
le résultat de stabilité et les théorémes 2.3 et 2.5.

0.2.3 Probléme de Cauchy avec donnée initiale non bornée

On étudie I'ensemble des solutions positives, localement bornées de (0.2.1) dans Qw,
qui varie selon des hypothéses sur f. Pour cela, les solutions radiales de ’équation (0.2.15)
représentent une aide efficace. Le résultat suivant repose sur le théoréme de point fixe de
Picard-Lipschitz et un résultat de Guedda et Véron [20, Théoréme 5.2].

Proposition 2.14 On suppose que p > 1 et que f est localement Lipschitzienne et ne
satisfait pas la condition (0.2.17). Pour tout a > 0, il existe une unique solution positive
w = w, du probléme

—(rN-1 |w/|p—2 w) +rV 1 f(w) =0 dans R
(0.2.33)
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Elle est déterminée par la formule suivante
we(r) =a +/ H, (slN/ Tle(wa(T))dT> ds (0.2.34)
0 0

oty Hy, est la fonction réciproque de la fonction t — |t|P~2%t.

Ce résultat étend un résultat de Vazquez et Véron [48] pour le cas p = 2 au cas général
p > 1. Une conséquence remarquable de la proposition 2.14 est le résultat de non-unicité
suivant :

Théoréme 2.15 On suppose que p > J\%—fl et que f est localement Lipschitzienne, satisfait
(0.2.12) mais ne satisfait pas (0.2.17). Pour toute fonction ug € C(Qoo) vérifiant

we(|z|) < ug(z) < wy(|z)) Vo eRY (0.2.35)

pour certain 0 < a < b, alors il y a au moins deuzr solutions u,u € C(Qs) de (0.2.1) avec
la méme donnée initiale ug. De plus, elles satisfont respectivement

0 < wfz,t) < minfwy(|z]), poo(t)}  V(2,1) € Qoo

donc tlim u(x,t) = 0, uniformément par rappor o x € RN, et
— 00

wa(|z]) <u(z,t) <wp(lz]) ¥(z,1) € Qoo

donc | llim u(z,t) = oo, uniformément par rapport a t > 0.
Tr|—0o0

Dans le cas p = 2, si deux solutions de (0.2.1) ont la méme donnée initiale et le méme
comportement asymptotique & I'infini, alors elles coincident.

Théoréme 2.16 On suppose que p = 2 et que f satisfait (0.2.18) mais ne satisfait pas
(0.2.17). Soient u, i € C(Quo) N C?*Y Qo) deux solutions positives de (0.2.1) avec donnée
initiale ug € C(RN). Si pour tout € > 0,

u(z,t) —a(z,t) = o(we(|z|)) lorsque x — oo (0.2.36)
localement uniformément par rapport 6t > 0, alors u = 4.

Au contraire, si f satisfait (0.2.17), étant donnée une fonction ug € C'(R¥), le théoréme
suivant affirme l'existence et 'unicité d’une solution continue de (0.2.1) avec la donnée
initiale ug. L’affirmation reste vraie si C'(RY) est remplacé par 9, (RY).

Théoréme 2.17 Supposons p =2 et que f satisfasse (0.2.17) et (0.2.18). Alors

(i) Etant donnée une fonction positive ug € C(RYN) il eviste une unique solution positive
u € C(Qoo) de (0.2.1) dans Qs avec la donnée initiale uy.

(ii) Etant donnée une mesure p € 9ﬁ+(RN), il existe au plus une solution positive u €
C(Qoo) de (0.2.1) dans Quo telle que f(u) € L}, (Qoo) et

tim [ (e, )¢ ()de = /R Cdnla) G € CuRY). (0.2.37)

t—0 RN
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De maniére générale, en employant des raisonnements semblables & ceux de Théoréme
3.4 dans [39], on établit 'existence d’une solution maximale et d’une solution minimale de
(0.2.1) avec une trace initiale donnée appartenant a CM (RY).

Théoréme 2.18 Supposons p = 2 et que f satisfasse (0.2.17), (0.2.18) et (0.2.20). Alors
pour tout couple (S, ) € CMy(RN), il existe une solution mazimale us,, et une solution
minimale ug ,, de (0.2.1) dans Qoo avec la méme trace initale (S, 1), au sens suivant :

us, <v<TUsy (0.2.38)
pour toute solution positive v € C*Y(Quo) de (0.2.1) dans Qoo telle que trpn (v) = (S, u).

Remarquons que si p = 2 et f(u) = |ulf " u avec 1 < ¢ < ¢, le comportement
asymptotique précis de U lorsque ¢ — 0 permet de prouver l'unicité de la solution avec
trace initiale donnée dans C M (RY). En général, méme si p = 2 et f(u) = uwln®(u + 1)
avec 8 > 2, l'unicité reste une question ouverte. Cependant, si S = @), 'unicité est mis en
évidence comme énoncée plus haut dans le Théoréme 2.17 (ii).
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Chapitre 1

Boundary trace and removable
singularities of solutions to elliptic
Hamilton-Jacobi equations

Abstract

We study the boundary value problem with measures for (E1) —Au + ¢g(|Vu|) = 0
in a bounded domain  in RY, satisfying (E2) u = pu on 0Q and prove that if g €
LY(1, 00; t=NH+D/N gty is nondecreasing (E1)-(E2) can be solved with any positive bounded
measure. When g¢(r) > r? with ¢ > 1 we prove that any positive solution of (E1) admits a
boundary trace which is an outer regular Borel measure, not necessarily bounded. When
g(r) = r? with 1 < ¢ < ¢. = % we prove the existence of a positive solution with
a general outer regular Borel measure v Z oo as boundary trace and characterize the
boundary isolated singularities of positive solutions. When ¢g(r) = r? with ¢. < ¢ < 2 we
prove that a necessary condition for solvability is that pu must be absolutely continuous
with respect to the Bessel capacity C2;q7q,. We also characterize boundary removable sets

q
for moderate and sigma-moderate solutions.
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1.1. INTRODUCTION

1.1 Introduction

Let © ¢ RY be a bounded domain with C? boundary and g : R, — R, be a nonde-
creasing continuous function vanishing at 0. In this article we investigate several boundary
data questions associated to nonnegative solutions of the following equation

—Au+g(|Vul) =0  inQ, (1.1.1)
and we emphasize on the particular case of
—Au+ |[Vul|? =0 in Q. (1.1.2)

where ¢ is a real number mainly in the range 1 < ¢ < 2. We investigate first the generalized
boundary value problem with measure associated to (1.1.1)

(1.1.3)

{ —Au+g(|Vu|) =0 in Q

U= on 0f2

where p is a measure on Jf). By a solution we mean an integrable function u such that
g(|Vul|) € LY(Q) where d = d(z) := dist (z,09) satisfying

0
/ (—uA¢ + g(|Vul)¢) dz = — aid“ (1.1.4)
Q anon
forall ¢ € X(Q2) := {¢ € C3(Q) : Ap € L>®(Q)}, where n denotes the normal outward unit

vector to 0S). The integral subcriticality condition for g is the following

oo
/ g(s)sim\lfvﬂds < 00. (1.1.5)
1
When g(r) < 79, this condition is satisfied if 0 < ¢ < ¢. := % Our main existence result
is the following :

Theorem 1.1.1 Assume g satisfies (1.1.5). Then for any positive bounded Borel measure
p on 0S) there exists a maximal positive solution w, to problem (1.1.3). Furthermore the
problem is closed for weak convergence of boundary data.

Note that we do not know if problem (1.1.4) has a unique solution, except if g(r) = r4
with 0 < q < q. and p = cdg in which case we prove that uniqueness holds. A natural way
for studying (1.1.1) is to introduce the notion of boundary trace. When g(r) > r? with
q > 1 we prove in particular that the following result holds in which statement we denote
Ys={reQ:dx)=209}ford>0:

Theorem 1.1.2 Let u be any positive solution of (1.1.1). Then for any xzo € O the
following dichotomy occurs :

(i) Either there exists an open neighborhood U of xy such that

/ 9(|Vul)d(z)dz < oo (1.1.6)
QNU
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1.1. INTRODUCTION

and there exists a positive Radon measure uy on 0QNU such that u]26 converges to g in
the weak sense of measures when § — 0.

(ii) Or for any open neighborhood U of xo there holds

/ 9(|Vu|)d(z)dx = oo, (1.1.7)
Qnu
and
lim udS = oo. (1.1.8)
6—0 SsNU

The set S(u) of boundary points xg with the property (ii) is closed and there exists
a unique positive Radon measure p on R(u) := 00 \ S(u) such that u\zé converges to u
in the weak sense of measures on R(u). The couple (S(u), i) is the boundary trace of u,
denoted by traq(u). The trace framework has also the advantage of pointing out some of
the main questions which remain to be solved as it was done for the semilinear equation

—Au+h(u) =0  in Q. (1.1.9)

and the associated Dirichlet problem with measure

(1.1.10)

—Au+ h(u) =0 in
U= on 012,

where h : R — R is a continuous nondecreasing function vanishing at 0. Much is known
since the first paper of Gmira and Véron [17] and many developments are due to Marcus
and Véron [30]-(33] in particular when (1.1.9) is replaced by

—Au+ufu=0 inQ (1.1.11)

with ¢ > 1. We recall below some of the main aspects of the results dealing with (1.1.9)—
(1.1.11), this will play the role of the breadcrumbs trail for our study.

- Problem (1.1.10) can be solved (in a unique way) for any bounded measure p if h
satisfies

/loo(h(s) h(—s)))s™ B ds < oo, (1.1.12)

If h(u) = |u|"' u the condition (1.1.12) is verified if and only if 1 < ¢ < qs, the subcritical

range; s = % is a critical exponent for (1.1.11).

- When 1 < ¢ < ¢s, boundary isolated singularities of nonnegative solutions of (1.1.11)
can be completely characterized i.e. if u € C(Q\ {0}) is a nonnegative solution of (1.1.11)
vanishing on 9€ \ {0}, then either it solves the associated Dirichlet problem with p = ¢dg
for some ¢ > 0 (weak singularity), or [33]

u(x) ~ C’d(:c)|z]_% as ¢ — 0. (strong singularity) (1.1.13)
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1.1. INTRODUCTION

- Always in the subcritical range it is proved that for any couple (S, u) where S C 02
is closed and p is a positive Radon measure on R = 92\ S there exists a unique positive
solution u of (1.1.11) with boundary trace (S, ut) (in the sense defined in Theorem 1.1.2).

- When g > ¢s, i.e. the supercritical range, any solution u € C(Q2\ {0}) of (1.1.11)
vanishing on 99 \ {0} is identically 0, i.e. isolated boundary singularities are removable.
This result due to Gmira-Véron has been extended, either by probabilistic tools by Le
Gall [21], [22], Dynkin and Kuznetsov [13], [14], with the restriction ¢s < ¢ < 2, or by
purely analytic methods by Marcus and Véron [30], [31] in the whole range ¢ < ¢. The
key tool for describing the problem is the Bessel capacity C'% g dimension N — 1. We

list some of the most striking results. The associated Dirichlet problem can be solved with
w € M(ON) if and only if p is absolutely continuous with respect to the Cz o, -capacity.
q7

If K C 09 is compact and u € C(Q\ K) is a solution of (1.1.11) vanishing on 9Q \ K,
then u is identically zero if and only if C2 (K) = 0. The complete characterization of
q7

positive solutions of (1.1.11) has been obtained by Mselati [29] when ¢ = 2, Dynkin [12]
when ¢s < ¢ < 2, and finally by Marcus [28] when ¢s < ¢; they proved in particular that
any positive solution w is sigma-moderate, i.e. that there exists an increasing sequence of
measures i, € M (0Q) such that the sequence of the solutions u = u,, of the associated
Dirichlet problem with u = pu,, converges to .

Concerning (1.1.2) we prove an existence result of solutions with a given trace belonging
to the class of general outer regular Borel measures (not necessarily locally bounded).

Theorem 1.1.3 Assume 1 < q¢ < q. and S C 0N is closed and p is a positive Radon
measure on R := 0Q\S, then there exists a positive solution u of (1.1.2) such that trag(u) =

(S, ).

When 1 < g < g. we prove a stronger result, using the characterization of singular
solutions with strong singularities (see Theorem 1.1.6 below). Surprisingly the condition
S C 01 is necessary since there cannot exist any large solution, i.e. a solution which
blows-up everywhere on 0f).

In order to characterize isolated singularities of positive solutions of (1.1.2) we introduce
the following problem on the upper hemisphere Siv ~1 of the unit sphere in RV

q
2 2
~Aw ((3_;}) w2 + va) ~ 2 (4 -N)w=0 ins)

(1.1.14)

w=0 ondSY 1

where V/ and A’ denote respectively the covariant gradient and the Laplace-Beltrami
operator on SN~!. To any solution w of (1.1.14) we can associate a singular separable
solution u, of (1.1.2) in RY := {z = (z1,29,...,2n5) = (2/,2n) : oy > 0} vanishing on
ORY \ {0} written in spherical coordinates (r,o) = (|z|, ﬁ)

2—q

us(z) = us(r,o0) = i-tw(o) Ve e RY\ {0} (1.1.15)
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Theorem 1.1.4 The problem (1.1.14) admits a positive solution if and only if 1 < q < qe.
Furthermore this solution is unique and denoted by ws.

This singular solution plays a fundamental role for describing isolated singularities.
Theorem 1.1.5 Assume 1 < q < g. and u € C*(Q)NC(Q\{0}) is a nonnegative solution
of (1.1.2) which vanishes on O\ {0}. Then the following dichotomy occurs :

(1) Either there exists ¢ > 0 such that u = u.s, solves (1.1.3) with g(r) =r?, u = cdy and

u(z) = eP%(x,0)(1 4 o(1)) asx — 0 (1.1.16)

where P is the Poisson kernel in .

(11) Or w = lime_yo0 Ues, and

27
m  |z]eu(z) = ws(o). (1.1.17)
Q35z—0
Z. =0 € Sffl

To]
We also give a sharp estimate from below for singular points of the trace

Theorem 1.1.6 Assume 1 < q < q. and u is a positive solution of (1.1.2) with boundary
trace (S(u), ). Then for any z € S(u) there holds

u(T) > Usos, () := lm ues, () Vo € Q. (1.1.18)

c—00

The description of uss, is provided by us defined in (1.1.15), up to a translation and a
rotation.

The critical exponent g. plays for removability of isolated boundary singularities (1.1.2)
a similar role than g plays for (1.1.11) since we prove

Theorem 1.1.7 Assume q. < q < 2, then any nonnegative solution v € C?*(Q)NC(Q\{0})
of (1.1.2) vanishing on 0\ {0} is identically zero.

The supercritical case for equation (1.1.2) can be understood using the Bessel capacity
Cayq ¢ in dimension N — 1, however we can only deal with moderate and sigma-moderate

q
solutions. Following Dynkin [12], [15] we define

Definition 1.1.8 A positive solution u of (1.1.2) is moderate if there exists a measure
p € M (9Q) such that u solves problem (1.1.3) with g(r) = r9. It is sigma-moderate if
there exists an increasing sequence {u,} C My (0N) such that the sequence of solutions
{uy, } increases and converges to u when n — oo, locally uniformly in ).

Equivalently we shall prove that a positive solution u is moderate if and only if it is
integrable in Q and [Vu| € LI().
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1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

Theorem 1.1.9 Assume q. < ¢ < 2 and K C 9 is compact and satisfies C2—q q,(K) =0.
q b

Then any positive moderate solution u € C2(Q)NC(Q\ K) of (1.1.2) vanishing on 0Q\ K
18 identically zero.

As a corollary we prove that the above result remains true if u is a sigma-moderate
solution of (1.1.2). The counterpart of this result is the following necessary condition for
solving problem (1.1.3).

Theorem 1.1.10 Assume q. < q < 2 and u is a positive moderate solution of (1.1.2) with
boundary data p € M4 (0N). Then p is absolutely continuous with respect to the C2—q 7"

capacity. !

We end this chapter with some result concerning question of existence and removability
of solutions of

~Au+g(|Vu) =  inQ (1.1.19)

where (2 is a bounded domain in RY and /i is a positive bounded Radon measure on €. We
prove that if g is a locally Lipschitz nondecreasing function vanishing at 0 and such that

- _2N-—1
/ g(s)s” N-Tds < oo (1.1.20)
1
then equation (1.1.19) admits a solution u satisfying u = 0 on 9. In the power case

—Au+|Vulf=fi inQ (1.1.21)
N

with 1 < ¢ < 2, the critical exponent is ¢* = ;—. We prove that a necessary condition
for solving (1.1.21) with a positive Radon measure fi is that f vanishes on Borel subsets
E with C g-capacity zero. The associated removability statement asserts that if K is a

compact subset of Q such that C »(K) = 0, any positive solution of
—Au+|Vulf=0 inQ\K (1.1.22)

satisfying that |, 90 g—zdS is bounded can be extended as a solution in whole 2.

1.2 The Dirichlet problem and the boundary trace

Throughout this article Q is a bounded domain in RY (N > 2) with a C? boundary
00 and ¢ will denote a positive constant, independent of the data, the value of which
may change from line to line. When needed the constant will be denoted by ¢; or C; for
some indices ¢ = 1,2, ..., or some dependence will be made explicit such as ¢;(a,b,...) or
Ci(a,b,...) for some data a, b...

28



1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

1.2.1 Boundary data bounded measures

We consider the following problem where p belongs to the set 2t(0€2)

{ —Au+g(|Vu|) =0 in

(1.2.1)
U=l on 0f).

We assume that g belongs to the class Gy which means that g : Ry — R, is a locally
Lipschitz continuous nonnegative and nondecreasing function vanishing at 0. The integral
subcriticality condition is the following

/ g(s)s_mf]\fﬂds < 0. (1.2.2)
1

If g(r) = r? the integral subcriticality condition is satisfied if 0 < ¢ < ¢ := %
Definition 1.2.1 A function u € L'(Q) such that g(|Vu|) € LY(Q) is a weak solution of

(1.2.1) if
a¢

/(—uAg+g(!vU|)g)dx=— o (1.2.3)
Q anon

for all ( € X(Q) :={¢p € CL(Q) : Ap € L>=(Q)}.

If we denote respectively by G and P the Green kernel and the Poisson kernel in €,
with corresponding operators G and P it is classical from linear theory that the above
definition is equivalent to

u =P — G2[g(|Vul)]. (1.2.4)

We recall that M} (€2) denote the Marcinkiewicz space (or weak LP space) of exponent
p > 1 and weight h > 0 defined by

_1
M7 (Q) = {v €L, (Q):3C>0s.t. /E|v\hda: < C’|E|}ll PVE CLE Borel}, (1.2.5)

where |E|;, = [x,hdz. The smallest constant C' for which (1.2.5) holds is the Marcinkiewicz
norm of v denoted by ||v]] MP(Q) and the following inequality will be much useful :

Hz : Jv(z)| > AHp < A7P HUH]]UW;(Q VA > 0. (1.2.6)

)

The main result of this section is the following existence and stability result for problem
(1.2.1).

Theorem 1.2.2 Assume g € Gy satisfies (1.2.2), then for any measure p € 94 (0N)

there exists a mazximal solution @ = U, to problem (1.2.1). Furthermore w € M¥~-1 ()
N+1

and |Vu| € My~ (). Finally, if {pn} is a sequence of positive measures in M(Q) which
converges to p in the weak sense of measures and {uy, } is a sequence of solutions of (1.2.1)
with boundary data p,, then there exists a subsequence {“unk} converging to a solution u,,

of (1.2.1) in L*(Q) and {9(IVup,, 1)} converges to g(|Vuy|) in LL().
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1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

We recall the following estimates [9], [17], [41] and [42].

Proposition 1.2.3 For any o € [0, 1], there exists a positive constant ¢; depending on «,
Q and N such that

1G]] 1 g + IGE ]| e < a1 [Vl 0 ) (1.2.7)
d(l
IVE W sy = 1Pl (128)
th
where
Voo = [ @l Vo € Man(@), (1.2.9)
B w1 + 1B iy g + HPQ[M]HM%(Q) < et llullan - (1.2.10)
d
HVIPQ[N]HM;V%(Q) < e lullancan) » (1.2.11)

for any v € M4a () and any p € M(0NQ).

Since 99 is C2, there exists 6* > 0 such that for any § € (0,6*] and € Q such
that d(z) < 0, there exists a unique o(x) € 9Q satisfying | — o(z)| = d(z). We set
o(r) = Proj,,(z). Furthermore, if n = n,(,) is the normal outward unit vector to 9 at
o(z), we have ¥ = 0(z) — d(z)ny(y). For § € (0,6"], we set

Qs ={zr € Q:d(x) <},

QO ={reQ:d(x) >0},

Y5 =00 ={r € Q:d(x) =0},
¥ =3 = 99.

For any 6 € (0,6*], the mapping z + (d(x),o(x)) defines a C! diffeomorphism from s to
(0,0) x . Any point & € Qs+ is represented by a unique couple (6,0) € [0,0*] x ¥ with
formula x = 0 — dn,. This system of coordinates which will be made more precise in the
boundary trace construction is called flow coordinates.

Proof of Theorem 1.2.2. Step 1 : Construction of approxzimate solutions. Let {u,} be
a sequence of positive functions in C*(9€2) such that {u,} converges to u in the weak
sense of measures and ||z, | L) < C2 H/’I’H{)ﬁ(aﬂ) for all n, where ¢z is a positive constant
independent of n. We next consider the following problem

{ —Av+g([V+Pu]))) =0 inQ

v=0 on 0f. (1.2.12)

It is easy to see that 0 and —P% [n] are respectively supersolution and subsolution of
(1.2.12). By [27, Theorem 6.5 there exists a solution v, € W%P(Q) with 1 < p < oo to
problem (1.2.12) satisfying —P®[u,] < v, < 0. Thus the function u, = v, + P%[u,] is a

solution of ( )
—Auy + g(|Vuy|) =0 in Q
{ = 1 on O (1.2.13)
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By the comparison principle [2, Theorem 2.1|, such solution is the unique solution of
(1.2.13).

Step 2 : We claim that the sequences {uyn} and {|Vuy,|} remain uniformly bounded respec-
1

N+l
tively in M~ (Q) and M,~ (). Let £ be the solution to

—Af=1 inQ
{ £20 on o, (1.2.14)
then there exists a constant c3 > 0 such that
1 d
— < _% < ¢ and d(z) < € < esd(x). (1.2.15)
c3 on c3

By multiplying the equation in (1.2.13) by £ and integrating on 2, we obtain

0
/undx+/g(|Vun|)£dx: —/ un—gdS,
Q Q o0 On

/Q s + /Q d(@)g(|Vua|)de < c1 [l1nllgyon) (1.2.16)

where ¢4 is a positive constant independent of n. By Proposition 1.2.3 and by noticing that
Uy < P ], we get

which implies

Q
”u"”M%(Q) <|® [NH]HM%(Q) < c1llpnllpian) < cez [|llmon) - (1.2.17)

Set fn, = —g(|Vuy|) then f, € LL(Q) and u, satisfies

/(—unAC — fnQ)dx = —/ ,un%ds (1.2.18)
Q oo On
for any ¢ € X(Q2). From (1.2.4) and Proposition 1.2.3, we derive that

HVUnHMdN%(Q) <a (an”L;(Q) + HMnHLl(aQ)) ; (1.2.19)

which, along with (1.2.16), implies that

HV“”HM;V%(Q) < &5 || llon ) (1.2.20)

where c¢5 is a positive constant depending only on €2 and N. Thus the claim follows from
(1.2.17) et (1.2.20).

Step 8 : Euxistence of a solution. By standard results on elliptic equations and measure
theory [10, Cor. IV 27, the sequences {u, } and {|Vuy,|} are relatively compact in L, ().
Therefore, there exist a subsequence, still denoted by {u,}, and a function u such that

{u,} converges to u in L}, () and a.e. in Q.

(i) The sequence {u,} converges to u in L*(Q) : let E C Q be a Borel subset, then
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1 1
/Eundw < BN unl] < c1e2| BN [lpllonany - (1.2.21)

it g
The convergence of {u,} in L'(Q) follows by Vitali’s theorem.

(ii) The sequence {g(|Vuy|)} converges to g(|Vu|) in L(€2) : consider again a Borel set
E C Q, A >0 and write

/ d(2)g(|Vn )z < / d(2)g(|Vun| )z + / d(2)g(|Vun)da
E En{z:|Vun(x)|<A} {z:|Vun ()| >}

First

/ A(@)g([Vunl)dz < gV Bl (1.2.22)
En{z:|Vun(z)|<A}

Then

/ d(2)g(|Vun|)de < — / 9(8)dun(s)
En{z:|Vun(z)|>\} A

where wy,(s) = [{x € Q: |Vu,(x)| > s}|q. Using the fact that ¢’ > 0 combined with (1.2.6)
and (1.2.20), we get

t

- / 9(8)duon(5) = g(Nwn () — g(Bwon(t) + / wn(3)g/(5)ds
A

A

Nl b N ,
< 90N N) = 9001 (8) + o [y [ 5 F o (o)

< (n0) <o lellony A5 ) 93) = (6nlt) = o oy =) 90

N+1 t _2N+1
e 5 lofony | a5 s

N1
We have already used the fact that w,(X) < ¢ || MHW%Q) )\7%, and since the condition
(1.2.2) holds, liminf; f%g(t} = 0. Letting ¢t — oo we derive

N —l— 1 Nl e 2N+1

(@)g(|Vun|)dz < cg—— Hﬂ”gm (69) 9(5)5_ N ds. (1.2.23)

/Eﬂ{x:|Vun(x)|>)\}
For ¢ > 0 we fix A in order the right-hand side of (1.2.23) be smaller than §. Thus, if

|E|q < 350071 We obtain
/d(x)g(\Vun\)dar <e (1.2.24)
E
The convergence follows again by Vitali’s theorem. Next for any ¢ € X (), we have
0
[ w4 g(1Funl)de == [ junzeds (1.2.25)
Q On

By taking into account the fact that |(| < cd in 2, we can pass to the limit in each term
n (1.2. 25) and obtain (1.2.3); so u is a solution of (1.2.1). Clearly u € M%(Q) and

|Vu| e M~ (Q) from (1.2.4) and Proposition 1.2.3.
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Step 4 : Existence of a mazimal solution. We first notice that any solution u of (1.2.1) is
smaller than P?[y]. Then u < P9[y] in 5 and by the maximum principle u < us which
satisfies

—Augs + g(|Vug|) =0 in
{ s+ 9(|Vus]) 5 (1.2.26)

us = Pu] on Xj.

As a consequence, by [2, Theorem 2.1], 0 < § < ¢’ = us < uy in Qf and us | @, which
is not zero if y is so, since it is bounded from below by the already constructed solution wu.
We extend ug, |Vus| and g(|Vus|) by zero outside Q:; and still denote them by the same
expressions. Let £ C §) be a Borel set and put E5 = E N} then (1.2.21) becomes

1 1
dr < |EBs|~ < E NHIF’Q
/Eaué e < B sl ) < acal Bl [Pl

Lz
*5) (1.2.27)

1
< c10267| BV [ pllonesy) -

Set ds(x) = dist (z,Qs) (= (d(z) — 0)4+ if z € Qg+), we have

o0

d5(2)g(|Vus|)dz < / o(5)duws(s),

/E[;m{m:|Vu(;>/\} A

where ws(s) = [{x € Q : |Vus(x)| > s}|q,. Since H]P)Q[M”z(;

< c7 ||M||9ﬁ(2)7 (1.2.22)

L1(3s)
and (1.2.23) become respectively
/ ds(2)g(|Vus )z < g(N)|Esas. (1.2.28)
BEsn{a:|Vugs ()| <A}
and
N+1 Ng1 o o0 _2N+41
/ @) Tusl)ds < o™l [ glo)s™*Fas. (1229
Esn{z:|Vus(z)|>A} A

Combining (1.2.28) and (1.2.29) and noting that |Ej|g, < |E|g, we obtain that for any
e > 0 there exists A > 0, independent of ¢ by (1.2.28), such that

/E ds(2)g(|Vug| ) < e. (1.2.30)

provided |E|4 < TTOVESR

Finally, if ( € X(Q2) we denote by (s the solution of

~A¢ = —A¢ in ©
{ “ ¢ (1.2.31)
=0 on Y.
Then 5
[ (ustscs + g1 Vuslics)dn = - [ S2pas (1.2.32)
Q4 ¥ 0N
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1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

Clearly (5| < Cds and (sx,, — ¢ uniformly in 2 by standard elliptic estimates. Since the
8

right-hand side of (1.2.32) converges to — faﬂ %du, it follows by Vitali’s theorem that 1,
satisfies (1.2.3).

Step 5 : Stability. Consider a sequence of positive bounded measures {p,} which converges
weakly to p. By estimates (1.2.17) and (1.2.20), {u,,} and {g(|Vu,,|)} are relatively
compact in L} .(2) and respectively uniformly integrable in L'(Q) and L}(€2). Up to a
subsequence, they converge a.e. respectively to u and g(|Vu|) for some function u. As in

Step 3, u is a solution of (1.2.1). O

A variant of the stability statement is the following result which will be much use-
ful in the analysis of the boundary trace. The proof is similar as Step 4 in the proof of
Theorem 1.2.2.

Corollary 1.2.4 Let g in Gy satisfy (1.2.2) and p € M (0N). Assume {6, } is a sequence
decreasing to 0 and {p,} is a sequence of positive bounded measures on X5 = Ban which
converges to p in the weak sense of measures and let u,, be solutions of (1.2.1) with
boundary data fi,. Then there exists a subsequence {uy, } of solutions of (1.2.1) with
boundary data p,, which converges to a solution u, with boundary data p.

1.2.2 Boundary trace

The construction of the boundary trace of positive solutions of (1.1.1) is a combination
of tools developed in [30]-[32] with the help of a geometric construction from [4].

Definition 1.2.5 Let us € 9M(X5) for all 6 € (0,0%) and p € M(X). We say that pus — p
as & — 0 in the sense of weak convergence of measures if

lim /25¢(0(x))du5 = /E(Z)d/,t Vo € Co(X). (1.2.33)

6—0

A function u € C(Q) possesses a measure boundary trace pu € M(X) if

6—0

lim /E oS = /Z sdp Vo€ Cu(). (1.2.34)

Similarly, if A is a relatively open subset of 3., we say that u possesses a trace p on A
in the sense of weak convergence of measures if p € IM(A) and (1.2.34) holds for every

¢ € Ce(A).

We recall the following result |33, Cor 2.3|, adapted here to (1.1.1), in which it is only
required that g(s) > 0 for every s > 0 :

Proposition 1.2.6 Assume g : Ry — Ry and let u € C?(Q) be a positive solution of
(1.1.1). Suppose that for some z € O there exists an open neighborhood U such that

| svuld(eds < . (1.2.35)
UunQ
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1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

Then v € LY(K N Q) for every compact set K C U and there exists a positive Radon
measure v on X NU such that

lim ¢(o(z))u(x)dS = pdv Vo e Co(2NU). (1.2.36)
0=0 JssnU SNU

Definition 1.2.7 Let u € C%(Q) be a positive solution of (1.1.1). A point z € 09 is a
regular boundary point of w if there exists an open neighborhood U of z such that (1.2.35)
holds. The set of reqular points is denoted by R(u). Its complement S(u) = 9\ R(u) is
called the singular boundary set of u.

Clearly R(u) is relatively open and there exists a positive Radon measure p on R(u)
such that u admits p := u(u) as a measure boundary trace on R(u) and p(u) is uniquely
determined. The couple (S(u), i) is called the boundary trace of v and denoted by traq(u).

The main question is to determine the behaviour of u near S(u). The following result
is proved in [33, Lemma 2.8|.

Proposition 1.2.8 Assume g : Ry — Ry and u € C?(2) be a positive solution of (1.1.1)
with the singular boundary set S(u). If z € S(u) is such that there exists an open neighbo-
rhood U’ of z such that u € L*(U' N Q), then for every neighborhood U of z there holds

lim u(z)dS = oo. (1.2.37)
6—0 $sNU

Remark. In Proposition 1.2.8, it is only required that g(s) > 0 for every s > 0.

Corollary 1.2.9 Let u € C2(Q) is a positive solution of (1.1.2) with 3 < q < 2. Then
(1.2.37) holds for every z € S(u).

Proof. This is a direct consequence of Lemma 1.3.2 since q_—% > —1 implies u € L'().
O

We prove below that this result holds for any 1 < ¢ < 2. Notice that in the following
theorem, it is not required that g is nondecreasing.

Theorem 1.2.10 Assume g : Ry — Ry is continuous and satisfies

tim inf 27 < (1.2.38)
r—oo 14

where 1 < q¢ < 2. If u € C%(Q) is a positive solution of (1.1.1), then (1.2.37) holds for every
z € S(u).

Proof. Up to rescaling we can assume that g(r) > r? — 7 for some 7 > 0. We recall some
results from [7] in the form exposed in [4, Sect 2|. There exist an open cover {3; };‘-3:1 of ¥,
an open set D of RV~ and C? mappings T; from D to X; with rank N — 1 such that for
each o € 3; there exists a unique a € D with the property that ¢ = Tj(a). The couples

35



1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

D, T 1} form a system of local charts of ¥. If we set Q; = {z € Q4+ : o(z) € X} then for
J J J
any j = 1,..., k the mapping

II; : (0,a) = o =Tj(a) — én

where n is the outward unit normal vector to ¥ at Tj(a) = o(z) is a C? diffeomorphism
from (0,6*) x D to ;. The Laplacian obtains the following expressions in terms of this
system of flow coordinates provided the lines o; = ¢t are the vector fields of the principal
curvatures k; on >

A=As+A, (1.2.39)
where
A —8—2—(N—1)Hﬁ (1.2.40)
37 Ha2 90 “

with H = H(J,.) Ly vt fgm being the mean curvature of X5 and

= N—1 Zui=1 1
0 ( VIA] 0 > (1.2.41)

1 N-1
Aa = —
\/W ; doi A”(l — 0R; + /in‘(p) do;

In this expression, A = (Kij) is the metric tensor on ¥ and it is diagonal by the choice of
coordinates and |A| = TIY Ay (1 — 0;)2. In particular

N-1 2
=

Ve =2 g +&5 1.2.42
v ; Aii(1 = 0F; + £i6?) & ( )
and
N-—1 f .
VeVn= % F + &5 = Vob.Non + Esms. 1.2.43
v ; Aii(1 — 0R; + £ii02) $als §-Von + &sms ( )

If z € S(u) we can assume that Uy, := U N ¥ is smooth and contained in a single chart
Y;. Let ¢ be the first eigenfunction of A, in W()1’2(U2) normalized so that max, ¢ =1
and a > 1 to be made precise later on. From

1 1
~Asu— Agu+ Z(IVul’ = 7) + Sg(|Vul) <0

we obtain by multiplying by ¢“ and integrating over Ux,

2
dz/ ugp®dS + (N —1) @qb“Hds + a/ ¢ Vou.VepdS
o Ju, Uy, 06 Us
1 1 (1.2.44)
+= [ ¢*([Vul?—=1)dS + = | ¢%g(|Vu|)dS < 0.
2 UE 2 UE

Provided o > ¢’ — 1 we obtain by Holder inequality

1
7

[ o VouTp0as| < ([ wurtas)” ([ 1veelrovas)
- v Uz (1.2.45)

<ef |Vul76%dS + e [ |Vople ¢27 dS,
Uz; UZ)
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1.2. THE DIRICHLET PROBLEM AND THE BOUNDARY TRACE

and
ou o 1 o
—¢“HdS| < e||H| |Vull¢*dS + e1=a | H|| ;oo o*dS (1.2.46)
Uy, 00 Us Us,
with € > 0. We derive, with € small enough,
d2 (0% 1 (0% 1 (0% /
— | up®dS > | = —cge IVul?¢“dS + = | ¢%g(|Vul|)dS — cg (1.2.47)
d(SQ Us, 2 Us: 2 Us

where cg = cg(q, H) and ¢ = ¢§(N, ¢, H). Integrating (1.2.47) twice yields to

1 o 1
/ u(d,.)p*dS > < - 086> / \Vul?¢*dS(T — 8)dr + = | ¢“g(|Vu|)dS — .
Us, 2 0 Us 2 Us

(1.2.48)
Since z € S(u), the right-hand side of (1.2.48) tends monotically to co as § — 0, which
implies that (1.2.37) holds. O

Remark. 1t is often usefull to consider the couple (S(u), 1) defining the boundary trace of
u as an outer regular Borel measure v uniquely determined by

v(E) :{ ZC()E) iggg%ﬂ# ’ (1.2.49)

for all Borel set £ C 012, and we will denote trgg(u) = v.

The integral blow-up estimate (1.2.37) remains valid if g € Gy and the growth estimate
(1.2.38) is replaced by (1.2.2).

Theorem 1.2.11 Assume g € Go satisfies (1.2.2). If u € C%(Q) is a positive solution of
(1.1.1), then (1.2.37) holds for every z € S(u).

Proof. By translation we assume z = 0 € S(u) and (1.2.37) does not hold. We proceed by
contradiction, assuming that there exists an open neighborhood U of z such that

liminf/ udS < 0. (1.2.50)
6—0 SsNU

By Proposition 1.2.8, for any neighborhood U’ of z there holds

/ udx = oo, (1.2.51)
Qnu’
which implies
limsup/ udS = oo. (1.2.52)
6—0 YsNU’!

For n € Ny, we take U’ = B1 ; there exists a sequence {0, x }ren satisfying limy_,oo 65 = 0
such that !
lim udS = oo. (1.2.53)

k—o0 Eén kmB

1
n
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1.3. BOUNDARY SINGULARITIES

Then, for any ¢ > 0, there exists ky := k,, y € N such that

k> ky = udS > ¢ (1.2.54)

Eén,kmB%

and k, ¢ — oo when n — oo. In particular there exists m := m(¢,n) > 0 such that

/ inf{u,m}dS = ¢. (1.2.55)
S5, NB

Onokg T

By the maximum principle u is bounded from below in ngke by the solution v := VU, 1, of

—Av+¢g(|Vo|) =0 in Q)
{ Onke (1.2.56)

v =inf{u,m} on3Xs, , .
When n — oo, inf{u,m(¢,n)}dS converges in the weak sense of measures to ¢dyg. By

Corollary 1.2.4 there exists a solution uss, such that Vs, — Uty when n — oo and
consequently u > ugg, in Q. Even if w5, may not be unique, this implies

lim inf/ uC(z)dS > lim | wps,C(z)dS = ¢ (1.2.57)
6—0 s 0—0 S5

for any nonnegative ¢ € C(RY) such that ¢ = 1 in a neighborhood of 0. Since ¢ is
arbitrary we obtain

0—0

liminf/ uC(z)dS = 0o (1.2.58)
s

which contradicts (1.2.50). O

1.3 Boundary singularities

1.3.1 Boundary data unbounded measures

We recall that for any ¢ > 1, any solution u of (1.1.2) bounded from below satisfies |20,
Theorem Al] the following estimate : for any € > 0, there exists Ce > 0 such that

sup |Vu(z)| < Ce. (1.3.1)
d(z)>e

Later on Lions gave in [25, Th IV 1] a more precise estimate that we recall below.

Lemma 1.3.1 Assume q > 1 and u € C*(Q) is any solution of (1.1.2) in . Then
IVu(z)| < C1(N, q)(d(z)) 7T Ve (1.3.2)
Similarly, the following result is proved in [25].
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1.3. BOUNDARY SINGULARITIES

Lemma 1.3.2 Assume q¢ > 1 and u € C*() is a solution of (1.1.2) in Q. Then

CoN.0) ()5 — (5 2R .
lu(z)| < ﬁ ((d(x))fr — (6%)a ) +max{|u(z)|: 2 € Tg} Ve eQ (1.3.3)
if q # 2, and
lu(z)| < C3(N) (Ind* —Ind(z)) + max{|u(z)| : z € s+ } Vo € Q (1.3.4)

if ¢ =2, for some Co(N,q),C5(N) > 0.

Proof. Put Ms« := max{|u(z)| : 2 € Xg} and let x € Qs+, z = o(z) — d(z)n4(,), and
rg = 0(x) — "Ny (y). Then, using Lemma 1.3.1, we get

1
lu(x)] < Mg« + / }%u(t:ﬂ + (1 = t)ao)| dt
0 . 1 (1.3.5)
< My + C1(N, q) /0 (td(x) + (1 — 1)5*) 75 (5* — d(x))dt.

Thus we obtain (1.3.3) or (1.3.4) according the value of g. O

If ¢ = 2 and w solves (1.1.2), v = e~ is harmonic and positive while if ¢ > 2, any

solution remains bounded in 2. Although this last case is interesting in itself, we will
consider only the case 1 < ¢ < 2.

Lemma 1.3.3 Assume 1 < ¢ < 2,0 € 9Q and u € C(Q\ {0}) N C%(Q) is a solution of
(1.1.2) in Q which vanishes on 0L\ {0}. Then

—2
u(x) < Ci(g)la|T VreQ (1.3.6)
Proof. For € > 0, we set
0 if r <e
Pc(r) = 5:;-1—36%3—%4-57"—% ife<r<2e
r— % if r > 2e

and let u. be the extension of P.(u) by zero outside 2. There exists Ry such that Q C Bp,.
Since 0 < P/(r) < 1 and P. is convex, u. € C?(R"Y) and it satisfies —Au, + |Vu.[? < 0.
Furthermore u, vanishes in B%O. For R > Ry we set

Uen(@) = Csla) (o] = 1 = (R=977) Vo e B\ B,

—2
where C4(q) = (¢— 1)h(2 —q)~ !, then —AUe,r+|VUcr|? > 0. Since u, vanishes on 0Br
and is finite on 0B, it follows ue < U g in Br\ B.. Letting successively € — 0 and R — oo
yields to (1.3.6). O

Using regularity we can improve this estimate
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1.3. BOUNDARY SINGULARITIES

Lemma 1.3.4 Under the assumptions of Lemma 1.5.3 there holds

Vu(z)| < Cs(q, Qlz| 7T Vze Q. (1.3.7)
and .
u(z) < Cs(q, N)d(x)|z| a1 Vo € Q. (1.3.8)
Proof. For £ > 0, we set
2 ;1
Tolu)(z) = atu(lr) Vo e Q= ZQ (1.3.9)

If x € Q, we set |z|] = d and ug(y) = Tylu|(y) = difgu(dy). Then uy satisfies (1.1.2)
in Q¢ = éQ. Since d < d* := diam(2), the curvature of Q¢ is uniformly bounded and
therefore standard a priori estimates imply that there exists ¢ depending on the curvature
of Q¢ and max{|uq(y)| : & < |y| < 2} such that

3
Vug(z)| <c¢  VzeQd TSl (1.3.10)

| Ot

By (1.3.6), c¢ is uniformly bounded. Therefore |Vu(dz)| < cd™ 7T which implies (1.3.7).

Next, if z € € is such that d(z) > % |z| then (1.3.8) follows from (1.3.6). If z € Q and
d(z) < &|z|, let P € 9\ {0} such that |z — P| = d(z). By (1.3.7), we obtain

1
u(z) < elq, Q)d(x)/ lte + (1 — )P 77 dt, (1.3.11)
0
which, combined with the following estimate

tx + (1 =) P| > [x] = (1 = t)d(z) > = ||

S| Ut

implies (1.3.8). O

In the next statement we obtain a local estimate of positive solutions which vanish only
on a part of the boundary.

Proposition 1.3.5 Assumel < g < 2. Then there exist 0 < r* < 6* and C7 > 0 depending
on N, q and Q such that for compact set K C 00, K # 0Q and any positive solution
u € C(Q\ K)NC%(Q) vanishing on 0Q\ K of (1.1.2), there holds

u(z) < C’7d($)(dK(x))_q%1 VeeQ st d(x) <r', (1.3.12)

where di (z) = dist (z, K).

Proof. The proof is based upon the construction of local barriers in spherical shells. We fix
x € ) such that d(z) < §* and o(x) := Projgq(x) € 02\ K. Set r = dx(z) and consider
%7“ <7r < %r, 7 < 274 and w, = o(z) + ™n,. Since 9Q is C2, there exists r* < 6%,
depending only on €2 such that dg(w,) > %r provided d(z) < r*. For A, B > 0 we define
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1.3. BOUNDARY SINGULARITIES

2
the functions s — 9(s) = A(r' — s)a=T — B and y — v(y) = 0(Jy — wy|) respectively in
[0,7") and B,/(wg). Then

N=1s) +1(s))e

il PN S <_ 1 _(N—l)(r’—s)+<(2—q)A>q1>'

—§"(s) —

S

q—1 q—1 s q—1

We choose A and 7 > 0 such that

B / o g—1
SN i ((2 Q)A> (1.3.13)
q—1 T qg—1

so that inequality —Awv + |[Vv|? > 0 holds in By (w;) \ Br(wy). We choose B so that
_2
v(o(x)) =0(r) =0, i.e. B=A(r' — 7')gf1 Since 7 < 6%, Br(wg) C Q° therefore v > 0 on
0NN B,/ (wy) and v > u on QN IB,s (wg). By the maximum principle we obtain that u < v
in QN B,/(w,) and in particular u(x) < v(z) i.e.
AZ—q)
q—1

u(z) <A ((r’ -7 — d(x))g%% —(r' - T)gj> <

(' —7 —d(z)) =Td(z). (1.3.14)
If we take in particular 7 = %/ and d(z) < 7, then A = A(N,q) and

u(x) < 09r/_ﬁd(m). (1.3.15)

where cg = ¢9(N,q). If we let ' — %r we derive (1.3.12). Next, if x € 2 is such that
d(z) < 6* and d(z) > 3dg(z), we combine (1.3.12) with Harnack inequality [40], and
a standard connectedness argument we obtain that u(x) remains locally bounded in €2,
and the bound on a compact subset G of €} depends only on K, G, N and ¢q. Since
dic(z) > d(z) > dg(x) it follows from Lemma 1.3.2 that (1.3.12) holds. Finally (1.3.12)
holds for every x € ) satisfying d(z) < r*. O

As a consequence we have existence of positive solutions of (1.1.2) in 2 with a locally
unbounded boundary trace.

Corollary 1.3.6 Assume 1 < q < q.. Then for any compact set K C 0N, there exists a
positive solution u of (1.1.2) in Q such that traq(u) = (S(u), u(u)) = (K, 0).

Proof. For any 0 < ¢, we set K, = {x € 0Q : dg(x) < €} and let ¢ be a sequence of
smooth functions defined on 99 such that 0 < ¢ <1, 1. =1 on K, 1 = 0 on 902 \ Ky
(€ < €p so that 9N\ Ky # 0). Furthermore we assume that € < € < ¢y implies 1, < ).
For k € N* let u = uy, . be the solution of

~Au+|Vulf=0 in Q
(1.3.16)

u = k. on 0.

By the maximum principle (k,€) — uy, is increasing. Combining Proposition 1.3.5 with
the same Harnack inequality argument as above we obtain that wuy () remains locally
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1.3. BOUNDARY SINGULARITIES

bounded in € and satisfies (1.3.12), independently of k and e. By regularity it remains
compact in the C’lloc—topology of Q\ K. If we set too ¢ := limy_,o0 g, then it is a solution

of (1.1.2) in © which satisfies

I = Vy e K
w_}lynelKeuoo,e(a:) 00 Y e

locally uniformly in K. Furthermore, if y € K, is such that By(y) N 9Q C K, for some
f > 0, then for any k large enough there exists 8; < 6 such that

_ 1.—1
/mxwmds_k .

For any ¢ > 0, uyg is minorized by u := Uk, By, (y)NOR which satisfies

—Au+|Vu|?=0 in
u=klx_— on Of). (1.3.17)

ng (y)NoK

When k£ — oo, Upg,By, (y) CONVErges to ugs, by Theorem 1.2.2 for the stability and Theo-
rem 1.3.16 for the uniqueness. It follows that ueo e > uygs,. Letting € — 0 and using the

same local regularity-compactness argument we obtain that ug = s 0 = lime_0 Uoo e 1S
a positive solution of (1.1.2) in © which vanishes on 992 \ K and satisfies

UR > Ugs, — lim ug(x)dS >4,
Y 6—0 $sN B (y)

for any 7 > 0. Since 7 and ¢ are arbitrary, (1.2.37) holds, which implies that y € S(ug).
Clearly p(ur) =0 on R(ug) = 02\ S(ux) which ends the proof. O

Remark. 1) It is noticeable that the condition for the singular set to be different from all
the boundary is necessary as it is shown in a recent article by Alarcéon-Garcia-Melian and
Quaas [3].

ii) In the supercritical case the above result cannot be always true since there exist remo-
vable boundary compact sets (see Section 4).

The condition that a solution vanishes outside a compact boundary set K can be weaken
and replaced by a local integral estimate. The next result is fundamental for existence a
solution with a given general boundary trace.

Proposition 1.3.7 Assume 1 < q¢ < 2, U C 99 is relatively open and p € M(U) is a
positive bounded Radon measure. Then for any compact set © C § there exists a constant
Cs = Cs(N,q,H, 0O, [|pllonr)) > 0 such that any positive solution u of (1.1.2) in Q with
boundary trace (S, ') where S is closed, U C 0N\ S := R and ' is a positive Radon
measure on R such that p'|y = p, there holds

u(z) < Cs Vzeo. (1.3.18)
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Proof. We follow the notations of Theorem 1.2.10. Since the result is local, without loss of
generality we can assume that U is smooth and contained in a single chart XJ;. Estimates
(1.2.44)-(1.2.48) are still valid under the form

/U u(8, )¢ dS — /U (8", )6%dS

y
>(1-cue) [ [ [Vultras(e - syir - 57 ) [ $4(6%, Jovds -

(1.3.19)
where ¢19 = c10(gq, H) and ¢}y = ¢}((V, ¢, H). Since the second term in the right-hand side
of (1.3.19) is uniformly bounded by Lemma 1.3.1, it follows that we can let § — 0 and
derive,

5*
/ w(§*, )67 dS+(1—eroe) / / V|9 rdSdr < / o dp-+ly < |l +lor (13.20)
U 0 U U

where ¢}, depends on the curvature H, N and ¢. This implies that there exist some ball
B,(a), @ > 0 and a € U such that B, (a) N 9Q C U and

[ Valde)ds < o + <o (1321)
Ba(a)N$2

Thus, if Bg(b) is some ball such that Bg(b) C Ba(a) N§2, we have
[, 7t < @)= 5)" (Il + o). (13.22)
5

If in (1.3.19) we let § — 0 and then replace 6* by § € (01, 6*] for 4; > 0 we obtain

8“’ "

/deu > /Uu(é, Jovds = (5 =) [ F5(6.)0%5 i (1.3.23)

/11 /11

where ¢y = ¢1o(N, ¢, H, || ptllon(rr))- By Lemma 1.3.1 the second term in the right-hand side
remains bounded by a constant depending on d1, H, N and . Therefore fUz u(0,.)p*dS
remains bounded by a constant depending on the previous quantities and of [[4[|yy ;) and
consequently, assuming that d(x) > 6, for all z € Bg(b) (i.e. d(b) — 5 > 01)

1
U = — udr < ¢ 1.3.24
590 = B0 J gy = (1:3.24)

where c¢11 depends on §1, H, N, ¢ and H,u||m(U). By Poincaré inequality

1 1
q q
( / uqu> < ( / |Vu|qu> T 1Bs(B)] sy | (1.3.25)
Ba() Bs0)

Combining (1.3.22) and (1.3.25) we derive that HUHWL‘Z(BB(b)) remains bounded by a quan-
tity depending only on §;, H, N and ¢ and || MH‘.m(U)‘ By the classical trace theorem in
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Sobolev spaces, ||ul] La(9B(v)) Temains also uniformly bounded when the above quantities
are so. By the maximum principle

u(z) < PP Oulyp ](x) V€ Bg(b), (1.3.26)

where PZ5(®) denotes the Poisson kernel in Bg(b). Therefore, u remains uniformly bounded
in B (b) by some constant ¢{; which also depends on ||,u||5m(U), N, q, Q, b and 3, but not
2

on u. We end the proof by Harnack inequality and a standard connectedness argument as
it has already be used in Proposition 1.3.5. U

The main result of this section is the following

Theorem 1.3.8 Assume 1 < q < q., K C 09 is closed and p is a positive Radon measure
on R := 00\ K. Then there exists a solution of (1.1.2) such that trag(u) = (K, p).

Proof. For ¢ > € > 0 we set Vee = k:x?l + X b and denote by ue¢ 1, the maximal
solution of ‘

—Au+|Vu|?=0 in Q
(1.3.27)

U=V on O

We recall that K. := {x € 0Q : dg(x) < €}, so that v, is a positive bounded Radon
measure. For 0 < € < ¢ there exists y € R and v > 0 such that B,(y) C Xﬁo' Since

HXKEM M(R)
locally bounded in €2, uniformly with respect to k, € and €’. Furthermore (k, €, €') = e ¢ i
is increasing with respect to k. If e ¢ oo ) = liMp o0 Ue e ks it 15 a solution of (1.1.2) in
Q). By the same argument as the one used in the proof of Corollary 1.3.6, any point y € K
is such that ue e o0, > ugs, for any £ > 0. Using maximum principle

is uniformly bounded, it follows from Proposition 1.3.7 that u ¢, remains

(e2 <e1, € <€), k1 < ko) = (ue o i (1.3.28)

1M S u52 »5/2 :kg uu)

Since Ue ¢/ oo, remains locally bounded in € independently of € and €, we can set ug,, =
limer 0 lime 50 Ue ¢/ 00, then by the standard local regularity results ug , is a positive so-
lution of (1.1.2) in €. Furthermore ug ,, > ugs,, for any y € K and £ > 0; thus the set of
boundary singular points of u , contains K. In order to prove that trag(uk ) = (K, 1)
we consider a smooth relatively open set U C R. Using the same function ¢ as in Propo-
sition 1.3.7, we obtain from (1.3.20)

6*
/uK,oo(é*, Jo%dS + (1 — cwe)/ / \Vug oolip*rdSdr < /d,u + - (1.3.29)
U 0 U U

Therefore U is a subset of the set of boundary regular points of ug o, which implies
troo(u) = (K, u) by Proposition 1.2.6. O

Remark. If q. < q < 2, it is possible to solve (1.3.27) if u is a smooth function defined in
R and to let successively k — oo; € — 0 and ¢ — 0 using monotonicity as before. The
limit function w* is a solution of (1.1.2) in Q. If trog(u*) = (S*, u*), then S* C K and
w*|r = p. However interior points of K, if exist, belong to S*.
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1.3.2 Boundary Harnack inequality

We adapt below ideas from Bauman [6], Bidaut-Véron-Borghol-Véron [8] and Trudinger
[39]-[40] in order to prove a boundary Harnack inequality which is one of the main tools for
analyzing the behavior of positive solutions of (1.1.2) near an isolated boundary singularity.
We assume that € is a bounded C? domain with 0 € 9§ and §* has been defined for
constructing the flow coordinates.

Theorem 1.3.9 Assume 0 € 99, 1 < q < 2. Then there exist 0 < rg < §* and Cy > 0
depending on N, q and Q such that for any positive solution v € C(Q U ((9Q\ {0}) N
Ba,,)) N C?(Q) of (1.1.2) wanishing on (09 \ {0}) N Ba,, there holds

Cou(y)

u(y) _ u(x)
= d(y)

Cod(y) ~— d(z)

< (1.3.30)

for every x,y € Bz% N Q satisfying ‘%l < x| < 2ly|.

Since € is a bounded C? domain, it satisfies uniform sphere condition, i.e there exists
ro > 0 sufficiently small such that for any x € 9Q the two balls B,,(z — ron;) and
By, (x 4+ rong) are subsets of © and Q° respectively. We can choose 0 < 1o < min{d*, 3r*}
where r* is in Proposition 1.3.5.

We first recall the following chained property of the domain 2 [6].

Lemma 1.3.10 Assume that Q € 00, 0 < r < rg and h > 1 is an integer. There exists an
integer Ny depending only on ro such that for any points x and y in QN Ba- (Q) verifying
2

min{d(z),d(y)} > r/2", there exists a connected chain of balls By, ..., B; with j < Noh

such that
re€B,yeBj, BiNBi1#0forl<i<j-—1

and 2B; C B2, (Q) N for 1 <i <j. (1.3.31)

The next result is an internal Harnack inequality.

Lemma 1.3.11 Assume @ € (0Q\ {0}) N B2y and 0 <r < |Q| /4. Let u € C(QU ((0Q\
3

{0})N By, )) NC2() be a positive solution of (1.1.2) vanishing on (0Q\ {0}) N Bay,. Then
there exists a positive constant ci2 > 1 depending on N, q, §* and ro such that

u(z) < duly), (1.3.32)

for every x,y € B% (Q) NQ such that min{d(x),d(y)} > r/2" for some h € N.

Proof. We first notice that for any ¢ > 0, Ty[u] satisfies (1.1.2) in Q¢ where T} is defined in
(1.3.9). If we take in particular ¢ = |@Q|, we can assume |@| = 1 and the curvature of the
domain Q9! remains bounded. By Proposition 1.3.5

u(z) < Ch Vx € By(Q)NQ (1.3.33)
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where C? depends on N, ¢, 0*. By Lemma 1.3.10 there exist an integer Ny depending on
ro and a connected chain of j < Nyh balls B; with respectively radii r; and centers z;,
satisfying (1.3.31). Hence due to [39, Corollary 10] and [40, Theorem 1.1] there exists a
positive constant ¢}, depending on N, ¢, 6* and 7o such that for every 1 <i < j,

supu < iy igf u, (1.3.34)
which yields to (1.3.32) with 1o = ¢3°. O

Lemma 1.3.12 Assume the assumptions on QQ and u of Lemma 1.3.11 are fulfilled. If
PcoQNB.(Q) and 0 < s <, there exist two positive constants o and c13 depending on

N, q and ) such that
|z — P|°

80’

for every x € B(P)NQ, where M, p(u) = max{u(z) : z € Bs(P) NQ}.

u(z) < c13 M, p(u) (1.3.35)

Proof. Notice that Bs(P) C Ba,(Q). Up to the transformation Tjg|, we may assume |Q| = 1
and hence u is bounded in Bo,(Q)N as in (1.3.33). We fix z € B4(P) and s’ € (|lx — P|, s).
Set

-~ u
u = 7MS7P(U)
then M, p(i) =1 and
— A+ M () [Va]? =0 (1.3.36)

in B, (Q) N Q. It follows from the assumption and Young’s inequality that
M p! (u) [Va|" < ¢y |Val* + cfy |Vl

where ¢35, 5 depend on ¢. By [40, Theorem 5.2| there exist ¢ = o(N,q,6*) > 0 and
c13 = ¢13(N, g, 6) such that

s\ 7

’ﬂ(z) — ﬂ(z')‘ < ci3 () VZ, 2 S Bs/(P) N Q,

s

which is equivalent to

/

lu(z) — u(2)| < c13 (Z)U Mg p(u) Vz,2' € Bg(P)NKQ. (1.3.37)

Now by taking z = x and letting 2’ — P, we obtain

/

u(z) < c13 (Z)JMs,P(u). (1.3.38)

Since (1.3.38) holds true for every s’ > |z — P/, (1.3.35) follows by rescaling. O

Thanks to Lemma 1.3.11 and Lemma 1.3.12, we obtain the following result by procee-
ding as in [8, Lemma 5] and [6].
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Corollary 1.3.13 Assume Q € (90Q2\ {0}) N Bz% and 0 < r < %. Let w € C(QU ((02\

{0}) N Bayy)) NC?(Q) be a positive solution of (1.1.2) vanishing on (92 \ {0}) N Bay,. Then
there exists a constant ci14 depending only on N, q, 6* and ro such that

u(z) < crqu(Q — gnQ) Vx € B,.(Q) N Q. (1.3.39)

Lemma 1.3.14 Assume Q € (02 \ {0}) N B2y, and 0 < r < %. Let u € C(2U ((092\
3

{0}) N Bayy)) NC3(Q) be a positive solution of (1.1.2) vanishing on (02 \ {0}) N Bay,. Then

there exist a € (0,1/2) and c15 > 0 depending on N, q, 0* and ro such that

1t < u(P —tn,)

t
< — 1.3.40
cisr — u(Q — %nQ - 6157' ( )

for any P € B,(Q) NI and 0 <t < §r.

Proof. As above, we may assume || = 1, thus estimate (1.3.33) holds.

Step 1 : Lower estimate. Let 0 <7 < §r < 1 be fixed. For b > 0 to be made precise later
on, we define in Br— (P — gn,) N Bz (P)
2

s 2
)

_b _
e 16 —e¢

ENISH

, (1.3.41)

b
1

where s = |z — P + 4n,|. Since —Av+|Vv|? = —=V" — 2Ly 4+ |V this last expression
is nonpositive if and only if

s \2
% ( ) N
r—T
_ 2(g—1) (1.3.42)
> (Qb)q_l (6 16 — e_§>1 I ( 5 ) 52—q€*b(q71)(ri)2
r—T
Because € Br—- (P — §n,) N Br(P),

r—T r—T 1

s p—

4 — - 2 4

Hence, if we choose b = N + 6 then (1.3.42) holds true, and thus
—Av+ |Vo|7<0 (1.3.43)

in BT_TT (P—35n,)NB:(P). Since By, (P—ron,) C , it follows that d(z) > dist(z, By, (P -
ron,)) > r/32 for any x € B%(P — gn,) N 9Bz (P), which, along with Lemma 1.3.11,
implies that
Mmzéme—g%) (1.3.44)
where
c1s = iy (1+Cr)
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and Cr is the constant in (1.3.12). Since v < 1 on B% (P —35n,)N0B:(P),

u(r) > cztu(Q — gnQ)v(az) (1.3.45)

on B%(P — gn,) N 0B (P). Moreover dstu(Q — sn,) < ¢y < 1, therefore o(x) =
stu(Q — 30,)v(x) is a subsolution of (1.1.2) in Br—+ (P — 3n,) N Bz (P). Consequently,
2
by setting w := u — v, we get
—Aw+d.Vw >0
in B% (P—5n,)NB:(P)and w > 0 on 8(B% (P—5n,)NB:(P)), where d = (dy, ..., dn)
and

1
dy(z) = q/ IV (tu+ (1 — 6)8)[T 25 (tu+ (1 — t)i)dt W1 <i<N.
0
Since d; € L*(B,—~ (P — §n,) N B: (P)) for every ¢ =1, ..., N, by applying the maximum
2

principle, we deduce that v > v in B% (P = 4n,) N OBz (P). Finally, set z; = P — 7n,
then 2, € Br—- (P — §n,) N B:(P) and
2 4

_b 2

e 1 T T
v(r) > —/—— |1 —(1— >l — 1.3.46
( ) e_1b6—6_2< ( TT>> 157‘ ( )

> 6/1316,115;. (1.3.47)

Thus the left-hand side of (1.3.40) follows since 7 is arbitrary in (0, 7).

Step 2 : Upper estimate. Let a € (0,1/2) be a parameter to be determined later on. We
can choose 19 > 0 so small that Bsa, (P + 3arn,) C Q°. Let ¢ be the first eigenfunction
of the Laplace operator —A in Bs \ Bj with Dirichlet boundary condition and A; is the
corresponding eigenvalue. We normalize ¢1 by ¢1(x) =1 on {z : |z| = 2} and set

outa) = (2P

ar

thus
A1
-A ar = 7~ Par >
b = iz or(@) 2 0
in Bsgr(P + arn,) \ Bg(P + arn,) and vanishes on the boundary of this domain. We
have —A¢qr > 0 > —Au in Bag, (P + arn,) N 2. We can choose a small enough such that
Baor(P +arn,) C B,(Q). Then by Corollary 1.3.13,

u(z) < crau(Q — gnQ)
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for © € 0Bag,r (P + arn,) N Q. Set g?)ar = c14u(Q — 50, )@ar, then —Ag?)ar >0>—Auin
Boar (P + arn,,) N Q and @g, dominates u on d(Bagr(P + arn,) N Q). By the maximum

principle, u < ¢gr in Bogr (P + arn,) N . In particular

P~ tn, — (P +arn,))
ar

-
u(P —tn,) < cia¢1 ( > u(Q — §nQ)'
Since ¢1(x) < ftd(z) = 5(Jz| — 1) for every 1 < |z| < 2, we obtain the right-hand side
of (1.3.40). O

Proof of Theorem 1.3.9. Assume = € B2, N2 and set r = %.
3
Step 1 : Tangential estimate : d(z) < gr. Let Q@ € 0Q \ {0} such that |Q| = |z| and

x € B, (Q). By Lemma 1.3.14,

8 u@—35mg) _u(z) o Q= 5my)
C1s 2| Sd(z) 0P ‘

(1.3.48)

We can connect @ — §n, with —2rn, by m; (depending only on N) connected balls
B; = B(x;, §) with z; € Q and d(z;) > § for every 1 < i < my. It follows from (1.3.34)
that

¢l u(=2rm,) < w(Q = $ng) < c3u(~2rm,),
which, together with (1.3.48) leads to

8 wu(—2rn,) < u(z) u(—2rn,)

< < 8cMers
cyters |zl d(x) 2

(1.3.49)

x|

Step 2 : Internal estimate : d(x) > gr. We can connect —2rn,, with & by ms (depending only

on N) connected balls B = B(xj, §r) with z; € Q and d(z}) > §r for every 1 <i < ma.

By applying again (1.3.34) and keeping in mind the estimate § [z < d(z) < ||, we get

a u(—2rn,) < u(z) < 4¢3 u(—2rn,) (1.3.50)
4z |zl “dx) T a || o

Step 3 : End of proof. Take %—' < s < 2|z|, we can connect —2rn, with —sn, by ms
(depending only on N) connected balls B/ = B(z!,%) with 2/ € Q and d(z) > r for

02 7

every 1 <1i < mg. This fact, joint with (1.3.49) and (1.3.50), yields

i u(_sno)

< /m 1.3.51
G Tal =G 351

]

<

where Cj = C§(N,q,Q). Finally let y € Bg% N Q satisfy % < ly| < 2|z|. By applying
twice (1.3.51) we get (1.3.30) with Co = CZ. O

A direct consequence of Theorem 1.3.9 is the following useful form of boundary Harnack
inequality.
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Corollary 1.3.15 Let u; € C(QU ((02\ {0}) N By, ) NC%(Q) (i = 1,2) be two nonnega-
tiwe solutions of (1.1.2) vanishing on (0Q \ {0}) N Bay,. Then there exists a constant Cg
depending on N, q and Q) such that for any r < 2%

)

:erﬂ(BT\B£)>.

sup (ul(a:) xeQN (B \B

uz () (1.3.52)

~— N3

uy (x

ug(x)

S ClO inf (

1.3.3 Isolated singularities

Theorem 1.2.2 assert the existence of a solution to (1.2.1) for any positive Radon
measure p if g € Gy satisfies (1.2.2), and the question of uniqueness of this problem is still
an open question, nevertheless when p = §, with z € 92, we have the following result

Theorem 1.3.16 Assume 1 < ¢ < q., z € 9Q and ¢ > 0. Then there exists a unique
solution u 1= u.s, to

—Au+|Vul?=0 inQ
{ u=-cd, on Of) (1.3.53)
Furthermore the mapping c — u.s, s increasing.
Lemma 1.3.17 Under the assumption of Theorem 1.3.16, there holds
[Vu(z)] < Cricle — 2™ VzeQ (1.3.54)

with C11 = C11(N, q, k) > 0 where k is the supremum of the curvature of OS).

Proof. Up to a translation we may assume z = 0. By the maximum principle 0 < u(z) <
cP%(z,0) in Q. For 0 < £ < 1, set vy = Ty[u] where T} is the scaling defined in (1.3.9), then
vy satisfies

(1.3.55)

—Avp + ’V’qu =0 in QF
2—gq
vy = €ﬁ+17Nc50 on 00¢

where Qf = 1Q and by maximum principle

0 <wv(x) < it H=N o (z,0) Yz e Q.
Since the curvature of 9Q¢ remains bounded when 0 < ¢ < 1, there holds (see [23])
sup{|Vug(z)| : 2 € QN (Bz \ B%)}
< Clysup{ue() 1 w € QN (B3 \ B1)}
< C{lﬁs%tlz sup{u(fz) : x € QN (B3 B%)}

2-9 ,q9_
< Cpefat TN

(1.3.56)

where C; and Cf; depend on N, ¢ and . Consequently

0 \Vu(ez)| < O (N, g, )elat 7N vz e Q4N (By )\ Bi), V>0

50



1.3. BOUNDARY SINGULARITIES

Set {x =y and |z| = 1, then

Vu(y)| < Cui ly|™ Wy e Q.

Lemma 1.3.18
- GYlz| 7YY
lim —————=

=0.
lz|—0 P(zx,0)

We recall the following estimates for the Green fuction ([8], [17], [41] and [42])

GQ(x7y) < Clﬁd(x) ’33‘ - yyliN v‘rvy €z 7é Y

and
GQ($,y) S Clﬁd(x)d(y) |l’ - y|_N Vx,y € va 7é Yy

where ¢16 = c16(IV, Q). Hence, for a € (0, N +1 — Ngq), we obtain

¢2a,y) < (ew0d@) o =y )" (crsd(@)dly) [o — )
= ClGd(l‘)d(y)l_a |‘T - y|a7N V:I:?y € va 75 Y,

which follows that

G®[|z| N a—N | 1-Ng—
—_— < — 9= dy.
PQ(%O) < ci6 || /RN |z — | |y Yy

By the following identity (see [24, p. 124]),

—-N |, 1-Ng— 1-N
b=l N Ry = g
where ¢jg = cj4(N, ), we obtain

G|z~
P2(z,0)

Since N +1 — Ng > 0, (1.3.57) follows from (1.3.61).

< 6166/16 ‘.’L’|N+1_Nq )

Proof of Theorem 1.3.16. Since u = ¢P?[5] — G%[|Vu|9],

= C.

(1.3.57)

(1.3.58)

(1.3.59)

(1.3.60)

(1.3.61)

(1.3.62)

Let w and @ be two solutions to (1.3.53). For any € > 0, set u. = (1 + €)u then u. is a

supersolution. By step 3,
1- ’U/g(if)
im

a—0 P2 (z,0) = (d+e)e

Therefore there exists 6 = d(e) such that u. > @ on 2 N JBs. By the maximum principle,
ue > u in Q\ Bs. Letting ¢ — 0 yields to v > @ in Q and the uniqueness follows. The

monotonicity of ¢ — u.s5, comes from (1.3.62).

O

As a variant of the previous result we have its extension in some unbounded domains.
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Theorem 1.3.19 Assume 1 < q < q. and either Q = RY = {z = (2/,2n) : zy > 0}
or 08) is compact with 0 € 0. Then there exists one and only one solution to problem
(1.3.53).

Proof. The proof needs only minor modifications in order to take into account the decay

of the solutions at co. For R > 0 we set (0 = 2N Bpr and denote by u := ué’go the unique
solution of T
—Au+|Vu|?=0 inQp
{ u=cdy on IQRg. (1.3.63)
Then
Uggy(¥) < PPR(2,0)  Va € Qg (1.3.64)

Since R+ P®&(.,0) is increasing, it follows from (1.3.62) that R ugso is increasing too
with limit «* and there holds

u*(z) < eP%(x,0) Vo € Q. (1.3.65)

Estimate (1.3.54) is valid independently of R since the curvature of Qg is bounded (or
zero if ) = ]Rf ). By standard local regularity theory, Vuf:;o converges locally uniformly
in Q\ B for any € > 0 when R — oo, and thus u* € C(Q\ {0}) is a positive solution of
(1.1.2) in © which vanishes on 92\ {0}. It admits therefore a boundary trace trao(u*).
Estimate (1.3.65) implies that S(u*) = 0 and p(u*) is a Dirac measure at 0, which is in
fact cdg by combining estimates (1.3.62) for Qp, (1.3.64) and (1.3.65). Uniqueness follows
from the same estimate. U

We next consider the equation (1.1.2) in RY. We denote by (r,0) € Ry x S¥~! are the
spherical coordinates in R and we recall the following representation

Siv_l _ {(Sin¢JI,COS¢) . O_/ e SN_27¢ c [0,%)}7

N -1

1
Av =vpp + —0, + 2A'v
r

r
where A’ is the Laplace-Beltrami operator on S™V—1,

1
Vv :vTe—i—fV'v
r

where V’/ denotes the covariant derivative on S™V~! identified with the tangential derivative,

1 1

A= g (G O ), + P

where A” is the Laplace-Beltrami operator on SV~2. Notice that the function o1 () = cos ¢
is the first eigenfunction of —A’ in W&’Z(Sffl), with corresponding eigenvalue A\ = N —1
and we choose # > 0 such that @1(0) := 0 cos ¢ has mass 1 on Siv_l.

We look for a particular solution of

{ —Au+|[Vul"=0 inRY (1.3.66)

u=0 on JdRY\ {0}
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under the separable form
u(r,o) = rPw(o) (r,o) € (0,00) x SY 1. (1.3.67)

It follows from a straightforward computation that g = % and w satisfies

g9
L= —Aw + ((ED2? + VW) - 245 - Nw =0 in $7~

(1.3.68)
w =0 on 855‘1

Multiplying (1.3.68) by ¢1 and integrating over Sivfl, we get

9 _
[N—l—q<q—]\7>]/ wprdx
qg—1\qg—1 gN-1

+
q
2—6] 2 ) Lo 2
+ — | W+ |V p1dx = 0.
syt \\¢—1

Therefore if N — 1 > %(q% — N) and in particular if ¢ > q., there exists no nontrivial
solution of (1.3.68).

Q

In the next theorem we prove that if N —1 < 2=4 (-L; — N), or equivalently ¢ < %,

¢—1\q—1
there exists a unique positive solution of (1.3.68).

[y

Theorem 1.3.20 Assume 1 < q < q.. There ezxists a unique positive solution ws : = w €
W2’p(SiV_1) to (1.3.68) for all p > 1. Furthermore ws € C>®(SY ).

Proof. Step 1 : Emzistence. We first claim that w := y14]* is a positive sub-solution of
(1.3.68) where v; (i = 1,2) will be determined later on. Indeed, we have

2—q, q _
L(w) =m [(N — 1Dy — ﬁ(ﬁ - N)} ¢1° =722 — D) ? ’V'@1|2
29— q\? 3
i (q—l) N20127 + 71 299%01 20271 |V |2
2—q( ¢ 2—q\? 41 (g1
<ol (V-1 = 2 (T - ) ()

— e [(fﬂ)qﬁl@g"%” +92(72 = 1) |v/901’2:|
+ {73t |V 7
= 19?1 — np? 2La + L.
Since ¢ < ., we can choose

(N+q—Nq)(2—q)

PSR -1
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Since ¢1 < 1, we can choose v; > 0 small enough in order that L; < 0. Next, by Young’s
inequality, for any 3 > 0, we have

2(q(va—1)—v2+2) q—2

q(y2—1)— ’Y2+2‘v/<p ‘q §’Y3‘,01 2—q +,73q W/%’z.

<P1

Since ¢ > 1,
2(q(y2—1) =72 +2)
2—q

hence s
1 2 1 2 = 2
S01(72 )—v2+ |V/g0 |q vagq Jv2+ + oy, \V’cpl\ ‘

Therefore, if we choose 3 such that

a(g—1) __a 2—q € _
(my2) 20 (2 —1) e <3< <q_1> 7!

then —y1¢]? 2Ly + Lz < 0 and the claim follows.
Next, it is easy to see that w = 74, with 74 > 0 large enough, is a supersolution of

3. and o >win S, . erefore there exists a solution w € 2 ) to (1.3.
1.3.68) and in 5 . Therefore th ! W2r(SN1) to (1.3.68
suchthat0<g§w§win5f_l.

Step 2 : Uniqueness. Suppose that w; and we are two positive different solutions of (1.3.68)
and by Hopf lemma V'w; (i = 1,2) does not vanish on Sivfl. Up to exchanging the role of
wy and we, we may assume MaxgN-1 W > MaXgN-1 W] and

+ +

A:=inf{ec>1:cw; >wyin Siv_l} > 1.

Set wy ) = Awi, then wy ) is a positive supersolution to problem (1.3.68). Owing to the
definition of wy ), one of two following cases must occur.

Case 1 : Fither dog € S_]X_l such that wy x(0¢) = wa(og) > 0 and V'w; \(00) = V'wa(oyp).
Set wy := wi )\ — wy then wy >0 in gif*l, w(og) =0, V'wy(0¢) = 0. Morevover,

2 —
—A'wy + (H(wip, Viwra) — H(wz, Viwg)) — q—i(i <q31 - N> wy > 0. (1.3.69)

where H(s, &) = ((3 91252 + |¢11)2, (s,€) € R x RN, By the Mean Value theorem and
(1.3.69),

Aw>\+a—(§ ov’

oH
e 07+ [

(5,6) - J(qil—l\f)]mzo (1.3.70)

where 3 and &; are the functions with respect to o € Siv_l. Since wy ), ws € Cl(SiV_l), we

deduce that %—IZ( L), %?( 5)‘ € L>(SY™). So we may choose 75 > 0 large enough in
other that

AW)\+88§( E)VW)\-F [75—2_1((131—N>:|W)\20.
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1.3. BOUNDARY SINGULARITIES

By maximum principle, wy cannot achieve a non-positive minimum in Siv ~1 which is a
contradiction.
) . oN-1 N-1
Case 2 : or wyi x> wy in S, and Jog € OS]~ such that
&ul by awg
“(0g) = o 1.3.71
L2 (g70) = 222 o). (13.71)

Since wy z(0p) = 0 and wy ) € Cl(SiV*l), there exists a relatively open subset U C Sivfl

such that og € OU and
1

1 g—1 q -1
maxwi ) < q 91 (—N) . 1.3.72
v 2—q\g—1 ( )

We set wy := w; \ —wy as in case 1. It follows from (1.3.70) that

oH _ - 2—gq q OH _ _
—A'wy + 5= (5,8)05,wx = [q—l (q—l_N) _83<S’w)] WA

_ 1.3.73)
2-q| ¢ 2-q\"' (
e () ]

in U owing to (1.3.72). By Hopf lemma a—*(0'0) < 0, which contradicts (1.3.71). The
regularity comes from the fact that w? + |[Vw|?> > 0 in S¥ 1. O

When Rf is replaced by a general C? bounded domain €, the role of w; is crucial for
describing the boundary isolated singularities. In that case we assume that 0 € 9€) and
the tangent plane to 9 at 0 is ORY ™ := {(2/,0) : 2/ € RV}, with normal inward unit

vector ey. If u € C(@\ {0}) is a solution of (1.3.66) then so is Ty[u] for any ¢ > 0. We
say that wu is self-similar if Ty[u] = u for every ¢ > 0.

Proposition 1.3.21 Assume 1 < ¢ < ¢. and 0 gaQ. Then s = lime oo Ues, 15
a positive solution of (1.1.2) in Q, continuous in Q \ {0} and vanishing on 0Q \ {0}.
Furthermore there holds
2
lim |x|qT‘11uoo,0(x) = wy(0), (1.3.74)

Q3z—0

z _ N-1
mfaesg_

locally uniformly on Siv_l.

Proof. 1f u is the solution of a problem (1.3.53) in a domain © with boundary data cd,
we denote it by ugz. Let B and B’ be two open balls tangent to 9Q at 0 and such that

B C Q C B. Since PE(z,0) < P(x,0) < PB”(z,0) it follows from Theorem 1.3.19 and

(1.3.62) that
B

B S uls, <ulfy. (1.3.75)

u cdo

Because of uniqueness and whether © is B,  or B¢, we have

Tolu$y) = uSe;, V>0, (1.3.76)
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1.3. BOUNDARY SINGULARITIES

with ©f = 10 and 0 := 2_%—# 1—N. Notice also that ¢ — ugo is increasing. Since ugo (z) <
©

—2
04((1)’35‘3?1 by (1.3.6), it follows that ugo 0 ugo. As in the previous constructions, ug, o

is a positive solution of (1.1.2) in ©, continuous in © \ {0} and vanishing on 96 \ {0}.
Step 1 :© :=RLY. Then ©f = RV. Letting ¢ — oo in (1.3.76) yields to

RY RY
Tg[uoofo] = uoo-tO Ve > 0. (1.3.77)

N
Therefore uR o is self-similar and thus under the separable form (1.3.67). From Theo-
rem 1.3.20,

RY q=2 T
Uoeo(T) = Ix!q*ws(?’). (1.3.78)

Step 2 : © := B or B'®. In accordance with our previous notations, we set B! = %B and
B¢t = 1B’c for any ¢ > 0 and we have,

Tg[uoBo’o} = ufiio and Tg[ug’co] = uoBo/’colZ (1.3.79)
and p ,
ully <uly <ul R o <uly gufg’fj Vo< o<l <. (1.3.80)

Brct RY _RY
When ¢ — 0, uoo ol u 0 and u CO L 0 Where u 0 and © 0 are positive solutions of

(1.1.2) in RY such that

BZ R_'IY Ri\»j 7R_’1Y Blc[
Uso g S Ungp S Usog SUggg S U Vo< £<1. (1.3.81)

00,0

RY _RY
This combined with the monotonicity of u2 0 and u?2 0 1mphes that u 0 and u 0 vanish

on ORY \ {0} and are continuous in Rf \ {0}. Furthermore there also holds for ¢, ¢ > 0,

00! Bletd

Tyeul o] = To[To[uld o) = u and Tp[ul] = Tp[TuZ o)) = uy (1.3.82)
Letting ¢ — 0 and using (1.3.79) and the above convergence, we obtain
RN N 7RN 7]RN
Unoo = Turfu ol and Ty = T[Sl (1.3.83)

RY RY
Again this implies that @oofo and Uoot() are separable solutions of (1.1.2) in Rf vanishing

R N
on ORY \ {0} and continuous in RY \ {0}. Therefore they coincide with ui*o
Step 3 : End of the proof. From (1.3.75) and (1.3.79) there holds

uBly < Tu o) <uBy  Vo<e<1. (1.3.84)

00,0

Since the left-hand side and the right-hand side of (1.3.84) converge to the same function

RY .
Uoo o(2), We obtain
—2
lim £a—tu o (6x) = |] i T w, () (1.3.85)

£—0 |ac]
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1.3. BOUNDARY SINGULARITIES

and this convergence holds in any compact subset of 2. If we fix |z| = 1, we derive (1.3.74).
O

Remark. It is possible to improve the convergence in (1.3.74) by straightening 9 near
0 (and thus to replace u&p by a function 1]&70 defined in B N Rf ) and to obtain a

convergence in Cl(Sffl).
Combining this result with Theorem 1.2.11 we derive

Corollary 1.3.22 Assume 1 < q < q. and 0 € 0. If u is a positive solution of (1.1.2)
with boundary trace troo(u) = (S(u), u(u)) = ({0},0) then u > u&o.

The next result asserts the existence of a maximal solution with boundary trace ({0}, 0).

Proposition 1.3.23 Assumel < g < g. and 0 € 9. Then there exists a maximal solution
U:= Uo%ﬁ of (1.1.2) with boundary trace traq(U) = (S(U), w(U)) = ({0},0). Furthermore

2290
lim  [a] UL (2) = wi(o), (1.3.86)

locally uniformly on Sﬁrv*l.

Proof. Step 1 : Existence. Since 1 < q < q. < %,

solution of (1.1.2) in RV \ {0},

Us(z) = Anglz|#  with AN,q:@_i) <<zq><(JqV_1<)JQV1>q>>ql‘ .

By Lemma 1.3.3 there exists Cy(q) > 0 such that any positive solution u of (1.1.2) in 2

-2 -2
which vanishes on 00\ {0} satisfies u(x) < 04(q)\:z:|h in Q. Therefore, U*(x) = A*|x|h
with A* := A*(N,q) > max{Apn4, Cs(q)} is a supersolution of (1.1.2) in RV \ {0} and
dominates in € any solution u vanishing on 9Q \ {0}. For 0 < € < max{|z| : z € 2}, we
denote by u, the solution of

there exists a radial separable singular

—Aue + [Vuel?=0 in Q\ Be
ue =0 _ on 00\ Be (1.3.88)
Ue = A*e1  on QN 0Bk..
If € <e, u61|a(Q\Be) < “6‘3(9\36)7 therefore
u<ug <ue <U*(x) in Q. (1.3.89)

Letting € to zero, {u.} decreases and converges to some Uo%,o which vanishes on 9 \ {0}.
By the the regularity estimates already used in stability results, the convergence occurs
in CL.(Q\ {0}), Uo%,O € C(Q2\ {0}) is a positive solution of (1.1.2) and it belongs to

C?(9) ; furthermore it has boundary trace ({0}, 0) and for any positive solution u satisfying
troa(u) = ({0}, 0) there holds

U&,O <u< UOQO,O < U*(x). (1.3.90)
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1.3. BOUNDARY SINGULARITIES

Therefore US! , is the maximal solution.

Step 2 : Q) = Rf. Since

TlU) e = U, e Ve >0, (1.3.91)
there holds
Tifue] = ue. (1.3.92)
N N
Letting € — 0 yields to Ty[U. ifo] =U clifo- Therefore U o is self-similar and coincide with
Y
Ung -

Step 3 : QQ = B or B’®. We first notice that the maximal solution is an increasing function
of the domain. Since T;[u®] = u®" where we denote by u® the solution of (1.3.88) in ©\ B,
4

for any ¢,e > 0 and any domain © (with 0 € 90), we derive as in Proposition 1.3.21-Step
2, using (1.3.92) and uniqueness,

TUE o) = Uy and Ty [UZ) = UZ' (1.3.93)
and
UBO<UBO<u <UZy <UB’”’ Vo< (<l e"<1 (1.3.94)
N
As in Proposition 1.3.21, UBZ0 TUL + < U ‘s and U, Blce U + > U ‘o Where U oo and
U *0 are positive solutions of (1.1. 2) in RY which vamsh on E)]RN \ {0} and endow the
N

RY
same scaling invariance under Ty. Therefore they coincide with u_,.

Step 8 : End of the proof. It is similar to the one of Proposition 1.3.21. O
Combining Proposition 1.3.21 and Proposition 1.3.23 we can prove the final result :
Theorem 1.3.24 Assume 1 < ¢ < q. and 0 € 99Q). Then Uo%,O = uf

00,0
Proof. We follow the method used in [17, Sec 4].

Step 1 : Straightening the boundary. We represent O near 0 as the graph of a C? function
¢ defined in RV~! N By and such that ¢(0) = 0, V$(0) = 0 and

ONNBr={z= (2, zy): 2’ e RN N Bp,zn = ¢(z')}.
We introduce the new variable y = ®(x) with ' = 2’ and yy = znx — ¢(2’), with corres-
ponding spherical coordinates in RV, (r, o) = (|y|, ﬁ) If w is a positive solution of (1.1.2)
in © vanishing on 09 \ {0}, we set u(y) = u(x), then a technical computation shows that
4 satisfies with n = |y‘
12y, (1= 200 (n,en) + [V (n,en)?)
+7, (N —1—r(n,eny)A¢ —2(V'(n,en), V'¢) +r|Ve|* (V' (n,ey), eN>)
+(Vi,en) (26, — [VoI (n,en) — 7AG)
+1(V'ip, en) (2(n,en) Vo] = 26, ) = 2(V'iy, V'6) (n,en)
+ Vo> (V/(V'i,en),en) — 2(V'(V'i,en), V/¢) + Ald
+r2 |tyn 4+ 1V — (¢n + LV'¢) (Gn + £V'0, en)|? = 0.

(1.3.95)

58



1.4. THE SUPERCRITICAL CASE

—2
Using the transformation ¢t = Inr for ¢t < 0 and u(r,0) = rgjv(t, o), we obtain finally that
v satisfies

(1+e€1) vy + (N — qT21 + 62) v+ (Ang +e3)v+ Av
+(V'v, €1) + (Vv ) + (V/(V'v, en), &) (1.3.96)

) ) B ~ q
_ ‘(%v +o)n+ V'o+ ((%v +v)n + V’U;eN>?7‘ =0,

on (—o0,In R] x S¥ := Qg and vanishes on (—oo,In R] x 9SY ™!, where

2—q q
Aog=[—)——-N).
wa=(o=1) (i)

Furthermore the €; are uniformly continuous functions of ¢t and o € SN=1for j=1,..,7,
C! for j =1,5,6,7 and satisfy the following decay estimates

lej(t,.)| < Cet for j=1,..,7 and |eji(¢,.)] + |[V'ej| < cize’ for j =1,5,6,7.
(1.3.97)

Since v, v; and V'v are uniformly bounded and by standard regularity methods of elliptic
equations [17, Lemma 4.4], there exist a constant ¢j; > 0 and T' < In R such that

| (t, .)”CM(W) + [Jue(2, ')HCIW(F) + |lvu(t, ')HCOW(F) < iy (1.3.98)

for any v € (0,1) and t < T — 1. Consequently the set of functions {v(t,.)}+<o is relatively

compact in the C2(Siv ~1) topology and there exist 17 and a subsequence {t,} tending to
—oo such that v(t,,.) = 17 when n — oo in CQ(SiV*l).
Step 2 : End of the proof. Taking u = “2070 or u = UO%O, with corresponding v, we

already know that v(t,.) converges to ws, locally uniformly on S i\f ~L. Thus w; is the unique

element in the limit set of {v(t,.)}+<o and lim;—,_ v(¢,.) = ws in CQ(SiV_l). This implies
in particular

. ugo’o(a:) -
and uniqueness follows from maximum principle. O

As a consequence we have a full characterization of positive solution with an isolated
boundary singularity

Corollary 1.3.25 Assumel < q < g, 0 € 0Q andu € C(Q\{0})NC?(Q) is a nonnegative

solution of (1.1.2) vanishing on O\ {0}. Then either there exists ¢ > 0 such that u = u.s,,

_ 0 _1
Or U = Ug, g = lime—y o0 Ues,y -

1.4 The supercritical case

In this section we consider the case ¢. < ¢ < 2.
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1.4. THE SUPERCRITICAL CASE

1.4.1 Removable isolated singularities

Theorem 1.4.1 Assume q. < q < 2,0 € 9Q and u € C(Q\{0})NC?(Q) is a nonnegative
solution of (1.1.2) vanishing on 9\ {0}. Then u = 0.

Proof. Step 1 : Integral estimates. We consider a sequence of functions ¢, € C>°(R") such
that Cn(li) =0if ’:L‘| < %a Cn(x) =1if |$| > %, 0<¢ <1land |VCn| < ci18n, ‘ACn| < 618n2
where ¢ is independent of n. As a test function we take £¢, (where ¢ is the solution to
(1.2.14)) and we obtain

/ (IVul7€¢, — uCpAE) do = /u (EACy + 2VENC) dr = I + IT. (1.4.1)
Q Q

Set €, = QN {z: L < |z| < 2}, then [,] < dg(N)n~V, thus

2-a49 2-449 1_N 11
I< 018C4(q)/ na—12edr < fgna—i ™ = clgnaT a1

n

since &(x) < eszd(x). Moreover,

2—q 2-q,q_ 11
11 < 61804((1)/ n4—1+1]V§|d:c < clgnq—1+1 N_ Clonda—1 a1,

n

Since q% — qc%l < 0, the right-hand side of (1.4.1) remains uniformly bounded, hence it

follows from monotone convergence theorem that
/ﬂvm%+uﬂx<ux (14.2)
Q

More precisely, if ¢ > q., I + 11 goes to 0 as n — oo which implies

/qvm%+umx:a
Q

Next we assume ¢ = g.. Since |Vu| € L¥(Q), v := G%[|Vu|*] € L}(Q). Furthermore,
u + v is positive and harmonic in 2. Its boundary trace is a Radon measure and since the
boundary trace Tr(v) of v is zero, there exists ¢ > 0 such that Tr(u) = ¢dp. Equivalently,
u solves the problem

(1.4.3)

—Au+|Vul=0 in
u = cdg on 0.

Furthermore, since u € LY(Q), u(x) < c¢P(x,.) in Q. Therefore, if ¢ = 0, so is u. Let us
assume that ¢ > 0.

Step 2 : The flat case. Assume Q = Bfr = B N Rf. We use the spherical coordinates
(r,0) € [0,00) x SN=1 as above. Put

F= [, fos
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then N-1_ N-1
Upr + _ U, — ; u= |Vu’qc (144)
r r
Set v(r) = rN=1a(r), then
1-N = a
Vpr + vy = VT Vu|%, (1.4.5)
and 1
() = Lo (1) = oV [V () (1.46)
Since
1 1 1
[t [l syas = [ VA s < oc (1:47)
0 r 0

it follows that there exists lim,_,o v(r) = a > 0. Let us assume that a > 0. From (1.4.5),
(rNv), = |Vu|? > 0

then "
N (r1) = 5 N, (rg) +/ |Vullds V0 < re <. (1.4.8)

T2

This implies that v,(r) keeps a constant sign on (0,71) for some r; > 0. If v, < 0, then

— ((N-1 a
T = (1 = N)v+rv.)r ™V = |Vu|* > <(2)O(T_N> VO<r<ry (1.4.9)

for some 0 < ry < 7. It follows that |Vu|% ¢ LY(B;), which is a contradiction. Thus
vy > 0. By (1.4.6)

1
/ |Vul?(s)ds < v(1).
0

Using again (1.4.6) it implies lim,_,ov,(r) = 0. Thus (1.4.9) applies and we get the same
contradiction. Therefore a = 0, equivalently

r—0

lim rN_l/ u(r,o)@1(o)dS = 0. (1.4.10)
syt
Set T':={o = (0/,¢) € Sf_l :0< ¢ <7}, then

lim TN_l/u(r, 0)dS = 0. (1.4.11)
r

r—0
By Harnack inequality in Theorem 1.3.9 and since ¢ < vy

u(r, T)

. < eooulr, V(r,o) e SN x T 1.4.12
901(7-) > €20 ( J) (T J) + ( )

v lu(r, ) <

Integrating over I' and using (1.4.11) it follows

, () _
lim, |:£|Nm = 0. (1.4.13)
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By standard regularity methods, (1.4.12) can be improved in order to take into account
that u vanishes on ORY \ {0} and we get

: : u(z)
1 N2 — )= lim ——"t— =0 1.4.14
2 ) S PR (o) R

where PEY (,0) is the Poisson kernel in RY with singularity at 0. Since PRﬁ(.,O) is a
super solution and u = O(PRf(., 0)), the maximum principle implies u = 0.
Step 3 : The general case. For £ > 0, we set
ve(z) = Tylu](z) = N Lu(lz).
Then v, satisfies

vy =0 on 90\ {0}. (1.4.15)

Furthermore, Ty[P?] = P with P2 := P2 and

{ —Avyp + ‘V?)g‘qc =0 in QF

u(x) < ePY(x,0) Vre Q= v(z)< CPQZ(:):,O) Vo € QF

By standard a priori estimates [23], for any R > 0 there exists M (N, g, R) > 0 such that,

sup {|ve(z)| + [Vue(z)| : 2 € Tp N Q)

4 sup { |Vue(z) — Vue(y)]  (2,y) € TR N Qz} < M(N,q,R),

|z —y|
(1.4.16)
where v € (0,1) is independent of ¢ € (0, 1]. Notice that these uniform estimates, up to the
boundary, holds because the curvature of 9Q¢ remains uniformly bounded when ¢ € (0, 1].
By compactness, there exist a sequence {£,,} converging to 0 and function v € C*(RY\ {0})
such that
sup {|(Wn —0)(@)| + |V(ve, —v)(x)] sz € TR N Q‘fn} =0

Furthermore v satisfies

—Av + |Vu|% =0 in RY
(1.4.17)
v=20 on ORY \ {0}.
From step 2, v =0 and
sup {\vgn(xﬂ + |V, ()| :z € TrN QZ"} — 0;
therefore
. N-—1 _ : N —
ilg% |z|™ " u(x) =0 and igr(l) |z|™ |[Vu(z)| = 0. (1.4.18)
Integrating from 0f), we obtain
lim wu(m) =0 (1.4.19)
a—0 d(z) e o
Equivalently u(z) = o(P®(z,0)) which implies u = 0 by the maximum principle. O

62



1.4. THE SUPERCRITICAL CASE

1.4.2 Removable singularities

The next statement, valid for a positive solution of
—Au=f in Q, (1.4.20)

is easy to prove :

Proposition 1.4.2 Let u be a positive solution of (1.1.2). The following assertions are
equivalent :

(i) w is moderate (see Definition 1.1.8).
(ii) u € LY(), |Vu| € LI(Q).

Let ¢ be the first eigenfunction of —A in W01’2(Q) normalized so that supg ¢ = 1 and
A be the corresponding eigenvalue. We start with the following simple result.

Lemma 1.4.3 Let Q be a bounded C? domain. Then for any ¢ >1,0<a <1,y € [0,6%)
and u € CY(Q), there holds

/ (d(x) — )~ Jultdz
y<d(xz)<d*

< Cus / (6%, o) |7dS + / (d(z) — 7)"°|Vultdz
by y<d(x)<d*

where Cra = Cra(a,q,2). If 1 < ¢ < 2 and u is a solution of (1.1.2), we obtain, replacing
d by e,

(1.4.21)

/gol_q|u|qd:v <Ci3 <1 + /cp|Vu|qd$> (1.4.22)
Q Q
where C13 = C13(q,Q).

Proof. Without loss of generality, we can assume that u is nonnegative. By the system of
flow coordinates introduced in the section 1.2.1, for any = € s+, we can write u(z) = u(d, o)
where § = d(z), 0 = o(x) and x = 0 — In,, thus

0* o* ou
u(d,0) —u(d*,0) = — | Vu(o —sns)n,ds=—[ —(s,0)ds,
0 ) 0s
which follows .
. " du
u(0,0) < u(d*, o) — —(s,0)ds.
Fy Os

Thus, by multiplying both sides by (6 — )™ and integrating on (v, d*), we obtain

5*
[ G-eutoas
:

(5*_,7)1—04 o* o*
< ﬁu(é*,a) —|—/ (5—’y)_a/ |Vu(s,o)|dsdd (1.4.23)
_ ., s
O o) 4 [ - Bu(s 0l d
=g ul0n o)+ s—n u(s,o)|ds.

Y
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Integrating on ¥ and using the fact that the mapping is a C'' diffeomorphism, we get the
claim when ¢ = 1. If ¢ > 1, we apply (1.4.23) to u? instead of u and obtain by Holder
inequality

N
/ (0 = ~4)=Cul (5, 0)ds

(5* . ,y)l—a q 6* . .
<X T A - — g4
ST T (6 ,a)—l—l_a : (s =) ~ud™" |Vu(s,o)|ds

(5* —’}’)1_a 25 q o* 5 ” % o* 5 . 1y %
<N * 1 _ A\« _ —a .
S sy wn o) [y( v) " “ulds /7( )T [Vul'ds

(1.4.24)
Since the following implication is true

(A>0,B>0,M>0,A?< M?+ A9'B) = (A< M + B)

we get

0" q
(/ (0 — )~ %ui(4, J)d(5>
g

< (W);uw*m - ( / §*<5—w>q—a|Vu|qu> y

1l -« —
(1.4.25)
Inequality (1.4.21) follows as in the case ¢ = 1. We obtain (1.4.22) with v =0, a =¢—1
and using the fact that cglld < < e din Q with g1 = c21(N). O

Theorem 1.4.4 Assume q. < q < 2. Let K C 092 be compact such that C2—q q,(K) = 0.
e

Then any positive moderate solution v € C*(Q)NC(Q\K) of (1.1.2) such that |Vu| € LE(€2)
which vanishes on 0\ K is identically zero.

Proof. Let n € C?(X) with value 1 in a neighborhood U, of K and such that 0 < n < 1,
consider ¢ = o(P[1 —7])2?. It is easy to check that ¢ is an admissible test function since
C(z) +|V¢(z)] = O(d*+1(z)) in any neighborhood of {z € O : n(x) = 1}. Then

/Q IVu|9¢de = /Q uACdw
= /Q Vu.Vdz.

Next
V¢ = (PU1 — )% Ve — 24/ (P11 — 7)) 27 ~LoVP9[n)],

thus

/\Vu]qu:): = —/ (P21 — 9])%? V. Vudz + 2q’/ (P[1 — )27 —1VP ). Vu pdx
Q Q Q
= /uV((]P’Q[l — )% Vy)ds + 2q’/ (P21 — n])%¢ — VP[] Vu pdz.
Q Q
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Therefore

/ (A + |Vu|?){dx
Q

= —2q’/ (P21 — n])% ~'uV . VP[y)dx + 2q’/ (P[1 — 7))~ pVu. VP[] dz.
Q

Q
(1.4.26)
Since 0 < PY[1 — 5] < 1, |Vy| < co2 in Q and by Hoder inequality,

< ca </nglququ>; </ng|w>ﬂ[ ]|qu>

(1.4.27)

U

/(IP’Q[I — n])quflu V. VPQn] da
Q

Using (1.4.22) and the fact that |Vu| € LY(€), we obtain

1

/

1 q
< (14 9l q,)" ([ aveoiairan) "
Q
(1.4.28)
where co3 = ca3(V, ¢, ). Using again Holder inequality, we can estimate the second term
on the right-hand side of (1.4.26) as follows

L@ = evuveia < ([ |Vurqsodx)‘l’ ([ervetaras)’

/ (1 — )™ 4 Vip. VP da
Q

U

N (1.4.29)
/ q
< e [Vl [ dvPolalas) "
Combining (1.4.26), (1.4.28) and (1.4.29) we derive
1 7
/ (IVul? 4 M) Cdz < chy (1+ IVullfa g )‘1 (/d|VIP’Q[ |9 d;z;> : (1.4.30)
Q
By [37, Propositon 7’ and Lemma 4’|,
[ v ds < colal® g = enlll o, (1.4.31)
Q W (D) Wt (3)
which implies
1
q q q
/Q(\w 420 G < ez (1+ 9l )l e (1.4.32)
where co5 = co5(N,q,Q). Since C2—4 q,(K) = 0, there exists a sequence of functions
q b

{n,} in C?(X) such that for any n, 0 < 7, < 1, 7, = 1 on a neighborhood of K and

Hnn”w%”'(z) — 0 and ||nn| 115y — 0 as n — oo. By letting n — oo in (1.4.32) with 7 re-

placed by 7, and ¢ replaced by ¢, := @(P[1—7,])%?, we deduce that / (IVul? 4+ A\u) pdx =
Q

0 and the conclusion follows. O
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1.4.3 Admissible measures

Theorem 1.4.5 Assume q. < q < 2 and let u be a positive moderate solution of (1.1.2)
with boundary data p € M4 (0Q). Then p(K) =0 for any Borel subset K C 0Q such that
Cayg q,(K) =0.

=

Proof. Without loss of generality, we can assume that K is compact. We consider test
function 7 as in the proof of Theorem 1.4.4, put ¢ = (P[5])%? ¢ and get

8Cd

—du. 1.4.
o0 (1.4.33)

L/(mec—uAde———
Q

By Hopf lemma and since n =1 on K,

¢
— 2 > .
/89 dp > cou(K)

Since
—AC = A+ 4q (PUL — )27 "IV . VP2 ) — 24/ (24" — 1)(PO[1 — 1])%7 2| VP[],

we get
cas(K) < /Q ((|Vu|q +uN)C + 4q'(IP’Q[n])Qq/_lqup.VPQ[n]) dx. (1.4.34)

Using again the estimates (1.4.28) and (1.4.31), we obtain as in Theorem 1.4.4

1

Q124 —1 Q / q q
A@u )Pt VB Vipda| < chg (141 Vullfyq) )" Il oy o (14:39)

Therefore

1
q / q q
cost(K) < /Q(Vu| + uN){dx + o4 (1 + HVUHLg(Q)> In]] S gy (1.4.36)

As in Theorem 1.4.4, since C2-q ,(K) = 0, there exists a sequence of functions {n}
q ’

in C?(X) such that for any n, 0 < 5, < 1, 5, = 1 on a neighborhood of K and

Hnn”w%q»q' — 0 as n — 0. Thus [|nnlp1g) — 0 and ¢ = (Pn.])27 ¢ — 0 ae.

(=)
in Q. Letting n — oo in (1.4.36) with n and ¢ replaced by n,, and (, respectively and using

the dominated convergence theorem, we deduce that p(K) = 0. O

1.5 Removability in a domain

In this section we assume that € is a bounded open domain in RY with a C? boundary.
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1.5.1 General nonlinearity

We consider the following equation

{ —Au+g(|Vu|) =g in Q

(1.5.1)
=0 on 0N

where ¢ is a continuous nondecreasing function vanishing at 0 and f is a Radon measure.
By a solution we mean a function u € L'(€) such that §(|Vu|) € L'(2) satisfying

/(—uAg+§(|Vu|)c)dx:/gdﬁ (1.5.2)
Q Q

for all ¢ € X(Q2). The integral subcriticality condition on g is the following
0| —2N-1
/ g(s)s” N-Tds < o0 (1.5.3)
1

Theorem 1.5.1 Assume g € Gy satisfies (1.5.3). Then for any positive bounded Borel
measure i in §) there exists a mazimal solution uy of (1.5.1). Furthermore, if {un} is a
sequence of positive bounded measures in £ which converges to a bounded measure i in the
weak sense of measures in 0 and {u,, } is a sequence of solutions of (1.5.1) with fi = fin,
then there exists a subsequence {fin, } such that {uy, } converges to a solution uj of (1.5.1)
in L1(Q) and {9(IVuy,, )} converges to g(|Vugl) in LY(9Q).

Proof. Since the proof follows the ideas of the one of Theorem 1.2.2, we just indicate the
main modifications.

(i) We first consider a sequence of functions p, € C5°(€2) converging to v and denote by
wy, the solution of

_Aw+§(|v(w+GQ{Nn])]) =0 inQ (1.5.4)
w=0 on 0. o
Then uy, := wy, + G%*[u,] is a approximate solution to (1.5.1).
(ii) The convergence is performed using
Qr~ Qr~ Qr~ ~
IS 2oy +ICT MR g + IVETTAIN iy ) < 1 Il (1.5.5)
in Proposition 1.2.3.
(iii) For the construction of the maximal solution we consider us solution of
—Aus + §(|Vus|) = in
(V) ; o)
us = G%i] on Xs.

Then consequently, 0 < § < &' = us < uy in Qf and us | u;. Using similar arguments as
in the proof of Theorem 1.2.2 we deduce that w; is the maximal solution of (1.5.1). O
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1.5.2 Power nonlinearity
We consider the following equation

—Au+|Vul? = (1.5.7)

where 1 < ¢ < 2. The study on the above equation also leads to a critical value ¢* = %

In the subcritical case 1 < g < ¢*, if [t is a bounded Radon measure, then the problem

{ —Au+|Vul? = inQ
=0

u on 90 (1.5.8)

admits a unique solution v € L'(Q) such that |Vu|? € LY(Q) (see [5] for solvability of a
much more general class of equation). In the contrary, in the supercritical case, an internal
singular set can be removable provided that its Bessel capacity is null. More precisely,

Theorem 1.5.2 Assume ¢* < q < 2 and K C Q is compact. If Cy o(K) = 0 then any
positive solution u € C*(Q\ K) of

—Au+ |Vul|?=0 (1.5.9)

in Q\ K satisfying that faQ %dS 15 bounded remains bounded and can be extended as a
solution of the same equation in §2.

Proof. Let n € C°(Q2) such that 0 <7 <1, 7 =1 in a neighborhood of K. Put ( =1—1n
and take ¢¢ for test function, then

¢ [ Vunts— [ Stas+ [ ivupras <o,
Q a0 On Q

Since )
v

1
< (/Cq/|Vu|qd:1:> ’ </|V77|q/dx>q .
0 Q
9 z v
/gq’wu\qu g/ iS4+ ¢ (/cq’wu\qu)q </|vn|ffda;>q ,
Q an0On Q Q

which implies

/Cq/_1Vu.Vndx
Q

Therefore

/ 0 /
/Cq |Vu|ldx < 027/ 2has + 028/ |Vn|? dz. (1.5.10)
Q a0 On Q

where ¢; = ¢;(¢) with ¢ = 27,28. Since C o (K) = 0, there exists a sequence {n,} C C(Q)
such that 0 < n, < 1,7, = 1 in a neighborhood of K and ann”LQ'(Q) — 0asn — oo. Then
the inequality (1.5.10) remains valid with n replaced by 7, and ¢ replaced by ¢, =1 —n,,.
Thus, since ¢, — 1 a.e. in €2, we get

/Vu\qu < 027/ @dS.
Q anOn
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Hence, from the hypothesis, we deduce that |Vu| € L1(Q).
Next let n € C5°(€2) and 7, as above, then

/(1 — 1n)Vn.Vudz — /nVnn.Vudw + / (1 — np)n|Vu|?dx = 0.
Q Q Q
Since |Vu| € L(2), we can let n — oo and obtain by monotone and dominated convergence
/ (V. Vu + 5|Va|?) dz = 0.
Q

Regularity results imply that u € C?(2). O

Theorem 1.5.3 Assume ¢* < ¢ <2 and ji € M4 (). Let u € L' (Q) with |Vu| € LY(Q) is
a solution of (1.5.8) in Q. If E C Q is a Borel subset satisfying Cy o (E) = 0 then i(E) = 0.

Proof. Since ji is outer regular, it is sufficient to prove the result when F is compact. Let
7n be a sequence as in the previous theorem, then

/(Vu.Vnn + | Vu|?)dz = /nndﬂ > ju(E). (1.5.11)
Q Q
But the left-hand side of (1.5.11) is dominated by

1 1
(/ ]Vnn\q/dx> ! (/nn\Vu]qd:B) ! + /nn\Vu]qu,
Q Q Q

which goes to 0 when n — oo, both by the definition of the C} 4-capacity and the fact that
Nn — 0 a.e. as n — oo and is bounded by 1. Thus fi(F) = 0. O
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Chapitre 2

Local and global properties of
solutions of heat equation with
superlinear absorption

Abstract

In this chapter !, we study the limit, when k& — oo of the solutions of d;u—Au+ f(u) = 0
in RY x (0, 00) with initial data k&y, where &y is the Dirac mass concentrated at the origin
and f is a positive, superlinear, continuous, increasing function. We prove that there exist
essentially three types of possible behaviour according f~1 and F~Y2 belong or not to
L'(1,00), where F(t) = fg f(s)ds. We use these results for providing a new and more
general construction of the initial trace and some uniqueness and non-uniqueness results
for solutions with unbounded initial data.

1. This chapter is based on the paper : P. T. Nguyen and L. Véron, Local and global properties of
solutions of heat equation with superlinear absorption, Adv. Diff. Equ. 16, 487-522 (2011).
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2.1 Introduction

We investigate some local and global properties of solutions of a class of semilinear heat
equations
0w — Au+ f(u) =0 (2.1.1)

in Qo :=RY x (0,00) (N >2) where f: R, — R, is continuous, nondecreasing, positive
on (0,00), vanishes at 0 and satisfies lims_,o f(5) = 00. As a model equation we shall
consider the following nonlinear term, with a > 0,

Ou — Au~+uln®(u+ 1) =0, (2.1.2)

which points out all the delicate features of weakly superlinear absorption. By opposition,
for power-like absorption f(u) = |u|®u with 8 > 0 much is known about the structure of
the set of solutions. The local and asymptotic behaviour of solutions is strongly linked to
the existence of a self-similar solutions under the form

-1 x
u(xz,t) =t ¥ (ﬁ) (2.1.3)
where ¥ is the solution of a ordinary differential equation (see [1], [2]). In this case the
critical exponent 8. = % plays a fundamental role in the description of isolated singularities
and the study of the initial trace. This is due to the fact that, for 0 < 8 < f., there
exists a positive self-similar solution with an isolated singularity at (0,0) and vanishing
on RV x {0} \ {(0,0)}, while no such solution exists when 3 > 3. and more generally, no
solution with isolated singularities.

In the case of (2.1.2), no self-similar structure exists. There is no critical exponent
corresponding to isolated singularities since there always exist such singular solutions.
Actually, for any k > 0 there exists a unique u = ugs, € C(Quo \ {(0,0)}) N C?1( Q)
solution of

{ Ou—Au+uln®(u+1)=0 inQx 2.1.4)

u(.,0) = kdy in D'(RY).

There are two critical values for a : @ = 1 and a = 2, the explanation of which comes from
the study of the two singular problems

{ ¢ +on%(p+1) =0  in (0,00) 2.15)
¢(0) = oo,
and, for any € > 0,
~AYp+pIn*(p+1) =0  inRV\ B,
‘:lcilr_rzew(:z) ~ o, (2.1.6)

where B, := {z € RY : |2| < €}. When it exists, the solution ¢ of (2.1.5) is given

implicitely by . .
s

— =t vt > 0, 2.1.7

/¢00(t) sIn®(s+1) ( )
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and such a formula is valid if and only if & > 1. For problem (2.1.6) an explicit expression
of the solution is not valid, but this solution exists if and only if @ > 2; in this case, the
Keller-Osserman condition (see (2.1.12) below) holds.

Having in mind this model we study (2.1.1) assuming the weak singularity condition on
[
o0 2
/ s727N f(s)ds < 0. (2.1.8)
1

Proposition 2.1.1 Assume (2.1.8) holds. Then for any k > 0, there exists a unique solu-
tion u = ugs, to

{ Ou—Au+ f(u) =0 in Qoo (2.1.9)

u(.,0) =kdy in D' (RN).

Furthermore, if ¥, is a sequence of positive integrable functions converging to kdy in the
weak-star topology, then the sequence wy, of solutions of (2.1.1) in Qo with initial data iy,
converges to uys,, locally uniformly.

Another important condition on f is

> ds

Under assumption (2.1.10) there exists a maximal solution ¢ := ¢, of
¢+ f(¢)=0  in (0,00) (2.1.11)

which satisfies limy_,o oo (t) = 00. This function is explicited by a formula similar to (2.1.7)
in which sIn®(s + 1) is replaced by f(s).

The next important condition on f we shall encounter is the Keller-Osserman condition,

ie. o 4s
1 F@)<u% (2.1.12)
where s
F(s) = / f(r)dr, Vs e[l,00). (2.1.13)
0

If (2.1.12) is satisfied, by [6, Theorem III] for any e > 0 there exists a maximal solution

Y =1 of
~AY+f()=0  inRY\ B, (2.1.14)

which satisfies lim,_, 9 (2) = oo. Assumptions (2.1.10) and (2.1.13) which are simulta-
neously satisfied in the case of a power like absorption, but not in our model case. This
illuminates the structure of the set of solutions of (2.1.1), in particular in view of the initial
trace problem.

The first question we consider is the study of the limit of us, when k — oco. This
question is natural since k — wuys, is increasing. In order to treat it, we need the super-
additivity on f, i.e.

f(s+58) > f(s)+ f(s') Vs, s >0. (2.1.15)

77



2.1. INTRODUCTION

From this condition and the monotonicity of f, we deduce a minimal linear growth at
infinity
lim inf @ > 0. (2.1.16)

§—00 S

Moreover, notice that if f satisfies (2.1.12) and (2.1.16) then (2.1.10) holds.

In the second section, we prove the following results.

Theorem 2.1.2 Assume f(s) = sln%(s+ 1) avec 0 < a < 1. Then the solutions uys, of
(2.1.4) satisfy klim Uks, (T,1) = 00 for every (x,t) € Qoo.
—00

Theorem 2.1.3 Assume f(s) = sln®(s+ 1) avec 1 < a < 2. Then the solutions uys, of
(2.1.4) satisfy klim Usy (T,1) = ¢oo(t) for every (x,t) € Qoo, where ¢ is the solution of
—00

(2.1.5).

We denote by Uy the set of positive solutions u of (2.1.1) in Q, which are continuous in

Qo \ {(0,0)}, vanish on the set {(z,0) : x # 0} and satisfies

}g% Beu(a;,t)da: =00 (2.1.17)

for any € > 0.

If f(s) =sln“(s+ 1) with a > 2, we obtain a result of minimal element of Uy which
comes from the following theorem :

Theorem 2.1.4 Assume f satisfies (2.1.8), (2.1.12) and (2.1.15). Then U := klim Uks, 1S
—00

the minimal element of Uy, where ugs, is the solution of (2.1.9).

In the third section we study the set of positive and locally bounded solutions of (2.1.1)
in Q. This set differs considerably according the assumption on f. This is due to the
properties of the radial solutions of the associated stationnary equation

—Aw+ f(w)=0  inRY, (2.1.18)

The next result is based upon the Picard-Lipschitz fixed point theorem and a result of
Véazquez and Véron [13].

Proposition 2.1.5 Assume f is locally Lipschitz continuous on Ry and (2.1.12) does not
holds. For any a > 0, there exists a unique positive function w := w, € C?([0,00)) to the

problem
N -1
—w — ——w'+ f(w) =0 in Ry
r (2.1.19)

A striking consequence of the existence of such solutions is the following non-uniqueness
result.

78



2.1. INTRODUCTION

Theorem 2.1.6 Assume f is locally Lipschitz continuous on Ry and satisfies (2.1.10)
but does not satisfy (2.1.12). Then for any ug € C(RYN) satisfying, for some b > a > 0,
wa () < up(w) < wy(z) Yo € RN, there exist two solutions u,u € C(Quo) of (2.1.1) with
watial value ug. They satisfy respectively

0 < u(z,t) < min{wy(x), doo(t)} V(z,t) € Qoo, (2.1.20)

thus tlim w(zx,t) = 0, uniformly with respect to x € RY, and
—00

we(z) < u(z,t) < wp(x) V(z,t) € Qoo, (2.1.21)

thus lim u(x,t) = oo, uniformly with respect to t > 0.
|z|—o0

The next theorem shows that if two solutions of (2.1.1) have the same initial data and
the same asymptotic behaviour as |z| — oo then they coincide.

Theorem 2.1.7 Assume f is locally Lipschitz continuous on Ry and satisfies (2.1.15) but
does not satisfy (2.1.12). Let u and @ be two positive solutions in C(Qs) N C?1(Quo) of
(2.1.1) with initial data ug € C(RY). If for any € > 0,

u(z,t) —u(z,t) = o(we(|z|)) as x — o0 (2.1.22)

locally uniformly with respect to t > 0, then u = .

On the contrary, if the Keller-Osserman condition (2.1.12) holds, a continuous solution is
uniquely determined by the positive initial value uy € C(RY), and uniqueness still holds
if C(RY) is replaced by 9, (RY).

Theorem 2.1.8 Assume [ satisfies (2.1.12) and (2.1.15). Then

(i) For any nonnegative function ug € C(RN) there exists a unique nonnegative solution
u € C(Qoo) of (2.1.1) in Qoo with initial value uyg.

(i3) For any nonnegative measure pn € M(RYN), there exists at most one nonnegative solution
u € C(Qo) of (2.1.1) in Qoo such that f(u) € L}, (Qo) satisfying

lim [ w(z,t)((x)dx =

Jm (()dp(z) V¢ € Co(RY). (2.1.23)
RN RN

In the last section we use the tools studied in the previous sections to develop a new
construction of the initial trace of locally bounded positive solutions of (2.1.1) in Q. By
opposition to the power-like case |7], where the initial trace was constructed by duality
arguments based upon Holder inequality and delicate choice of test functions, our new
method has the advantage of being based only on maximum principle, using either the
Keller-Osserman condition (2.1.12), or the asymptotics of the ugg, if (2.1.12) does not hold
where uygs, is the solution of (2.1.9). We first prove
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Proposition 2.1.9 Letu € C*!(Qy) be a positive solution of (2.1.1) in Quo. The set R(u)

of the points z € RN such that there exists an open ball B,(z) such that f(u) € Ll(QTr(z))
is an open subset. Furthermore there exists a positive Radon measure p := p(u) on R(u)
such that

lim u(z,t)((z)de = /R( )C(az)du(az) V¢ € Ce(R(u)). (2.1.24)

t—0 R(w)
Due to Proposition 2.1.9, we introduce the definition of the initial trace.

Definition 2.1.10 The couple (S(u), 1) where S(u) = RN\ R(u) is called the initial trace
of u in Q and will be denoted by trgn (u). The set R(u) is called the reqular set of the initial
trace of w and the measure p is called the regular part of the initial trace. The set S(u) is
closed and is called the singular part of the initial trace of u.

The initial trace can also be represented by a positive, outer regular Borel measure, not
necessary locally bounded. The space of these measures on RY will be denoted by B, (RY).

There is a one-to-one correspondence between B’ (R™) and the set of couples :

CML(RY) = {(S, 1) : S € RY closed, pu € M4 (R) with R = RV \ S} . (2.1.25)

reqg

The Borel measure v € B (R") corresponding to a couples (S, u) € CM, (RY) is given
by
00 if ANS #0

_ N
v(A) = { W(A) if ACR, VA C RY, A Borel. (2.1.26)

If w is a solution of (2.1.1), we shall use the notation trg~ (u) (resp. Trrn(u)) for the trace
considered as an element of C M, (RY) (resp. B (RY)).

We consider the case when the Keller-Osserman holds.

Theorem 2.1.11 Assume f is nondecreasing and satisfies (2.1.12). If u € C*Y(Qw) is a
positive solution of (2.1.1), it possesses an initial trace v € BL™(RY).

Furthermore, the following theorem deals with the existence of the maximal solution
and the minimal solution of (2.1.1) with a given initial trace (S, u) € C M4 (RY).

Theorem 2.1.12 Assume f is nondecreasing and satisfies (2.1.12), (2.1.8) and (2.1.15).
Then for any (S,u) € CM4(RN) there exist a mazimal solution Us, and a minimal
solution ug , of (2.1.1) in Qoo, with initial trace (S, p), in the following sense :

us,, <v<Tsy (2.1.27)

for every positive solution v € C*(Qs) of (2.1.1) in Qoo such that trgn (v) = (S, p).

If the Keller-Osserman does not hold, we obtain the following results which depend
upon klim Uks, 1S equal to ¢ or is infinite (we recall that ugs, is the solution of (2.1.9)).
—00
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Theorem 2.1.13 Assume (2.1.8), (2.1.10) are verified but (2.1.12) does not hold. Moreover

suppose that klim Usy (T, 1) = Poo(t) for every (z,t) € Q. If u is a positive solution of
— 00

(2.1.1) in Qoo, it possesses an initial trace which is either the Borel measure vo, which

satisfies Voo (Q) = oo for any non-empty open subset O C RN, or is a positive Radon

measure p on RN . This result holds in particular if f(s) = sIn®(s +1) with 1 < a < 2.

A consequence of Theorem 2.1.13 which is worth mentioning is the following :

Proposition 2.1.14 Under the assumptions of Theorem 2.1.18 and the condition (2.1.15),
for any b > 0 there exists a positive solution u € C(Qso) of (2.1.1) satisfying

max{ oo (t); wp(|z])} < u(z,t) < Poo(t) + wp(|x|) V(z,t) € Qoo- (2.1.28)

Consequently there exist infinitely many positive solutions of (2.1.1) with initial trace Veo.
Furthermore ¢ is the smallest of all these solutions.

Theorem 2.1.15 Assume f satisfies (2.1.8) but neither (2.1.10) nor (2.1.12). Moreover
suppose that klim Uks, = 00 N Qoo. If u is a positive solution of (2.1.1) in Quo, it possesses
—00

an initial trace which is a positive Radon measure p on RN . This result holds in particular
if f(s) =sn%(s+1) with 0 < a < 1.

The proofs are combination of methods developed in [10] for elliptic equations, stability
results and Theorem 2.1.2 and Theorem 2.1.3.

Acknowledgement. The authors are grateful to Michéle Grillot for her suggestions of
presentation and careful verification of the manuscript.

2.2 Isolated singularities

In order to study (2.1.1), we start proving Proposition 2.1.1.

|2
Proof of Proposition 2.1.1. We denote by E(z,t) = (47715)7%67T the fundamental
solution of the heat equation in Q. Since kE (k > 0) is a supersolution for (2.1.1), it is
classical to prove that if

= /1 F(RE(x, 8))dz dt < o0 (2.2.1)
0 Br

for any R > 0, then there exists a unique solution u = wys, of (2.1.1) satisfying initial
condition uys,(.,0) = kdp in D’ (RV). Furthermore the mapping k Ugs, 1s increasing.
Actually, it is proved in [8, Th 1.1] that if f satisfies the weak singularity assumption
(2.1.8), then for any positive bounded Borel measure there exists a unique solution u := w,,
of (2.1.1) satisfying w,(.,0) = p. Furthermore if {yu,} is a sequence of positive bounded
measures which converge to a measure p in the weak-star topology of measures, then the
sequence of corresponding solutions {u,,, } converges locally uniformly to u,, and { f(u,)}

converges to f(u,) in L, (RN x [0,00)).
This existence result and the next proposition lead to the conclusion of Proposi-
tion 2.1.1. O
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2.2. ISOLATED SINGULARITIES

Proposition 2.2.1 If f satisfies (2.1.8) then (2.2.1) is fulfilled.

Proof. In this proof, ¢ denote a constant depending on N whose value may change line by
N
line. By linearity we can assume that k& = (47) 2. Moreover assume that R = 1, then

1 1 2
I:// f(Uk)dﬂ?dt:WN/ / f (t_ge_u> rNldr dt.
B1x(0,1) o Jo
2

Set s = t_%e_%t, then

1 t_% N N—-2 N
I=2N"1uy / v 1 [— Ins —1In <t7>] * f(s)s stz dt
0 Jt-ze At
_N
vt N ;
< 2N-lyn / ) [f Ins—1In (t?ﬂ f(s)s7tdstzdt <2N-lwn(l + L)
0 Je 4t
(2.2.2)
where,
_1 1
A i N
L :/ / [—lns—ln (t?)} t2dt s f(s)ds
0 0
1 .
2 [¢ -
— / /(41n5)% (—1Il7')¥7'%d7 3_2_%f(8)d8,
N Jo 0
by setting 7 = st>. But
/“““S)j2V (—1n7)¥7%d7 <c [(—lnT)%T¥} s
0 0
—2
< stV (—1ns)2 (1 + %ln(_—;;nh;s)> ?
< csl‘*'%(—lns) 2
thus
37711
I < c/ s (=1Ins) 2 f(s)ds < oo (2.2.3)
0
by Duhamel’s rule. Further
[e’) s_% N N-—2
L <[ | [—lns—ln (t?)] * trdtsf(s)ds
e"1Jo
9 00 1 _
< / . (—ln’i')TQT%dT 3_2_%f(s)ds (2:2.4)
N e 14J0
< c/ .S 27%f(s)ds
e 14
The conclusion follows from (2.2.2)—(2.2.4). O

82



2.2. ISOLATED SINGULARITIES

For a > 0, we denote by ¢, the solution of (2.1.11) with initial data ¢(0) = a. If (2.1.10)
does not hold then li_)m ¢a(t) = 0o for any ¢ € (0,00). While, if (2.1.10) holds, the solution
a—00

Doo = limy_ oo ¢ and it is given explicitely by
t= / T < 00
doo(t) F(5)

Proof of Theorem 2.1.2. For any k£ > 0, since kE is a super-solution of (2.1.2), it follows

from the maximum principle that ugs, < kE in Qs, which implies ugs,(x,t) < kCH™ >
for every (z,t) € Qoo where C* = (477)7%. Thus

Onttgsy — Atiggy + sy (1 + kC*t2) > 0.
Set 0(t) = In®(1 4+ kC*t~2), O(t) = [ 8(s)ds and vys, (z, 1) = e©Dups, (2, t). Then
Dyvps, — Avgs, = €2V (Bpuns, — Aups, + uns,0(t)) > 0,
and vgg, (-, 0) = uks, (-, 0) = kdp. By maximum principle, it follows that
Voo (T, 1) > kC*t_%e_%f = ugs, (z,t) > /{C*t_%e_e(t)_%. (2.2.5)

Next, if we restrict to 0 < t < 1, k large enough, put a = % In(t~1), b= ln(t% +kC*), and
apply the following inequality

(a+b)*<a+bd* YV0<a<l (2.2.6)
in order to obtain

0(t) = (1 + kC*t= %) = (X In(t~1) + In(t> + kC*))e

IN

N (1) + In(t > + kC*) (2.2.7)

< (1) + In® k.

Therefore, we always assume that 0 < ¢ < 1, and get
1 N 4
o) < /0 S (e + Ik,

which follows that

N 1
C1 = exp <—2a/ ]na(t_l)dt> .
0

B

Uk, (2, 1) > 1Ot~ % elnk—tln® k=g Y(z,t) € RN x (0,1].

Since 0 < a<1,Ink—tIn“k — oo as k — oo. Hence

where
Therefore

lim wgs, (z,t) = 0o
k—ro0

uniformly in every compact subset of RV x (0, 1). This implies the claim. O
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Proposition 2.2.2 Assume (2.1.10) is satisfied. For any k > 0, there holds
Us, (‘Ta t) < (boo (t) V(QZ, t) € Qoo

Proof. For any small € > 0, we set ¢ooc(t) = doo(t — €),t € [€,00) then ¢ooc is a solution of
(2.1.1) in (€, 00), which dominates uggs, on R x {e} for any k > 0. By comparison principle,
Uksy (T,1) < Pooe(t) for every (z,t) € RV x [¢,00). Letting ¢ — 0 yields the claim. O

Proof of Theorem 2.1.3. By using the same argument as in the proof of Theorem 2.1.2
and employing the following inequality

(a+0)* <297 Ha" +b*) Va>1

instead of (2.2.6), we obtain

a-1yipe g 122
Wpsy (1) = CF ™2 mh=277 1 k=" gy 1) € RN x (0, 1),

The sequence {ugs, } is increasing and bounded from above by ¢, then there exists U =
limy o0 Ugs,- Since U > ugs,,

2
_l=|

Uz, t) > C*t 2 k=227 WR) =5 vy 1) e RN x (0,1], ¥k > 0 (2.2.8)

o 1
Let {t,} C (0,1] be a sequence converging to 0. We choose k = k,, = exp(2T-o¢, %), then

20—1 L
Ink, —2°1t, In%k,, = 21-= .=, Next we restrict = in order

2 a1 L 2 2-a
oL gt B s 0 oy <ot
n

Int, — 2 Y%, In%¢, — &

Therefore, since 1 < a < 2,

lim U(z,t,) = oo
n—oo

uniformly on RV if 1 < o < 2, or uniformly on the ball By_1/2 if @ = 2. Since the sequence
{tn} is arbitrary,
lim U(x,t) = o0

t—0"

uniformly on RV if 1 < a < 2, or uniformly on the ball By 1y if a=2.

We pick some point zg in RY (resp. By_1/2) if 1 < a < 2 (resp. o = 2). Since for any
k > 0, the solution ugs,  of (2.1.2) with initial data ks, can be approximated by solutions

with bounded initial data and support in By (x0)(0 < o < 2712 — |0]), by comparison
principle, it follows that

Ulz,t) > ugs,, (x,t) = ups, (x — 20, 1).

Letting k — oo yields to U(z,t) > U(x — xo,t). Reversing the role of 0 and z( yields to
U(zx,t) = U(x — xo,t). If we iterate this process we derive

Q(CE,ZL/) :Q(l._y?t)? vyERN
This implies that U is independent of = and therefore it is the solution of (2.1.5). Thus
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Proposition 2.2.3 Assume (2.1.12) and (2.1.8) are satisfied. Then for any k > 0 there
holds
ks (2, 1) < B(Jz])  V(2,1) € Qoo

where ® is a solution to the problem

{ —0" 4 f(®) =0 in (0, 00)

lim ® = 00.
ligd(s) = oo

Proof. Step 1 : Upper estimate. Since f satisfies (2.1.12), by [6] for any R > 0, there exists
a solution wg to the problem

{ —Awg + f(wg) =0 in Bg,

lim wr(x) = oo,
|| =R

(2.2.9)

and wp is nonnegative since f(0) = 0. Notice also that R — wg is decreasing, since f is
nondecreasing ; moreover limp_,o wr = 0, since f(0) = 0 and f is positive on (0, 00). Let
rg # 0 arbitrary in RY. Set E = {¢: |e] = 1} and take € € E. Put xz = |zg|€ and for
n > |xg| put a,, = ne. Denote by Hg the open half-space generated by € and its orthogonal
hyperplane at the origin, then zz a, € Hz Take R such that n — |zg| < R < n. We set
Wen r(x) = wr(x — ay,), then Wg, r is a solution of (2.1.1) in Bgr(ay,) and blows-up on
the boundary | lin|1 RWeTW r(z) = 00. By the maximum principle,
T—an|—

uksy (2, t) < Wep r(z) V(z,t) € Br(an) x (0,00). (2.2.10)

The sequence {Wg,, p} is decreasing with respect to R and is bounded from below by wys,,
then there exists Wz, := ng We g satisfying
—n

Uksy (2, t) < Wep(z) V(x,t) € Bp(an) x (0,00). (2.2.11)

The sequence {Wz,,} is also decreasing with respect to n and is bounded from below by
Uksy, then there exists We o := li_>m We . Letting n — oo in (2.2.11) yields to
n oo

Ukso (1) < Weoo(x) V(,t) € Hg x (0,00). (2.2.12)

In particular,
Upgy (T t) < Weoo(22)- (2.2.13)

Since uggs, is radial, it follows that
Uks, (T0, 1) = Upsy (Tar t) < Weoo ().
Foranyr>0,n>r,n—r<R<nandé’,e7€E, since wg is radial,
wg(ré — né) = wr(re’ — né).
Letting successively R — n, n — oo yields to

We oo (r€) = W5 __(rél).
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Define ®(r) := Wy oo (r€), ¥r € (0,00) then it satisfies

. N—_1- -
-3 4 (D) =0 in (0,
) in (0, 00) (2.2.14)
lim®(r) = oo,
r—0
and
ups, (z,1) < ®(|z]) V(1) € Qoo (2.2.15)
Step 2 : End of the proof. We claim that
d(r) < ®(r)  Vre (0,00). (2.2.16)
For any € > 0, we set ®(r) = ®(r — €), r > € then P is a solution of
—®” + f(®) =0  in (€,00) (2.2.17)

verifying im®.(r) = oo. Since @, < 0, P, is a supersolution of the equation in (2.2.14) in
T—€

(¢, 00), which dominates ® at r = e. By the maximum principle, ® < ®, in (e, 00). Letting
€ — 0 yields (2.2.16). Combining (2.2.15) and (2.2.16) leads to the conclusion. O

Remark. Combining Proposition 2.2.2 and Proposition 2.2.3 yields to

Uk, (2, 1) < min{poo(t), (|x])} V(z,t) € Qoo, Yk > 0. (2.2.18)

Proof of Theorem 2.1.4. Since f satisfies (2.1.12) and (2.1.16), then (2.1.10) holds. The
sequence {ugs, } is increasing with respect to k and is bounded from above by (2.2.18) then
there exists U := klim ugs, satisfying

—00

U(x,t) < min{po(t), P(|x|)} V(x,t) € Qoo, Vk > 0. (2.2.19)

Moreover, U € Uy because U has the following properties :
(i) It is positive in Q, belongs to C(Qs \ {(0,0)}) and vanishes on R x {0} \ {(0,0)}.

(ii) It satisfies (2.1.1) and

lim [ U(z,t)de =00, Vo >O0. (2.2.20)
t—0 Bo

In the sense of initial trace in Definition 2.4.3, U has initial trace trgn (U) = ({0},0) (here
{0} is the singular part and the Radon measure on RY \ {0} is the zero measure) and the
conclusion follows from Proposition 2.4.7. O

By a simple adaptation of the proof of Proposition 2.2.2 and Proposition 2.2.3 it is
possible to extend (2.2.19) to any positive solution vanishing on R x {0} \ {(0,0)}.
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Proposition 2.2.4 Assume (2.1.12) and (2.1.15) are satisfied. Then any positive solution
u € C?Y(Qu) of (2.1.1) satisfies

u(z,t) < pool(t) V(z,t) € Qoo (2.2.21)

If we assume moreover that u € C(Qw \ {(0,0)}) vanishes on RN x {0} \ {(0,0)}, there
holds

u(z,t) < min{poo(t), ®(|z|)} V(z,t) € Qoo- (2.2.22)

Proof. Since (2.1.15) holds, for any R,7 > 0, (z,t) = ¢oo(t —T) +wpr(x) is a supersolution
of (2.1.1) in Br x (7,00). This function dominates u on the parabolic boundary, thus
U < ¢oo(. —t) + wr in B x (7,00) by the comparison principle. Since f(r) > 0 if r > 0,
RILm wr = 0 in RY. Therefore

o

u(x,t) < Poo(t) = lim lim (poo(t — 7) + wr(x)) V(z,t) € Qoo

7—0 R—o00

For the second estimate we notice that (2.2.10) is valid with us, replaced by u (and without
assumption (2.1.8) since existence is assumed). The remaining of the proof is similar to the
one of Proposition 2.2.3 and we get

u(z,t) <®(lz])  V(2,t) € Qoo-
This implies (2.2.22). O

It is also possible to construct a maximal element of Uy (U is defined in Theorem 2.1.4).
For £ > 0 and € > 0, let u := U, be the solution of

Ou—Au+ f(u) =0 in Qo
u(z,0) =flxp, inRY,

Proposition 2.2.5 For any 7 > 0 and € > 0, there exist £ > 0 and m(r,€) > 0 such that
any positive solution u of (2.1.1) which verifies (i) in the proof of Theorem 2.1.4 satisfies

w(z,t) < Ucg(z,t —7) +m(7,€) V(z,t) € Qoo, t > T. (2.2.23)
Furthermore
lim m(7,e) =0 Ve > 0. (2.2.24)
T—0
Finally
U(x,t) = lim lim lim (Ucg(z,t — 1)+ m(7,¢€)) (2.2.25)

T7—0€e—0/— 00

s the mazimal element of Uy.

Proof. We set £ = ¢oo(7), then u(z,7) < £ for any x € RV, Let W := W, /2 be the solution
of the following Cauchy-Dirichlet problem

W — AW + f(W) =0 in BE, x (0,00)
W(z,0) =0 in B, (2.2.26)

W(z,t) = doo(t) on IB¢ ), X (0, 00)
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and put m(7, €) := max{W/s(z,0) : |z] > €,0 < < 7}. It is clear to see that

lim m(7, €) = We/o(x,0) = 0. (2.2.27)
7—0
From the fact that u(z,0) =0 in B, u u(z,t) < poo(t) in OB¢ 5 % (0, 00) and the maximum

principle, it follows that u(z,t) < W jo(,t) in By % (0, 00).

Next, we compare Ue ¢(.,. — 7) +m(7,€) with u in R x (7, 00). The function U, (.,. —
7) +m(r, €) is a supersolution of (2.1.1) in RY x (7,00). If # € B, U, 4(z,0) = £ > u(z, 1),
which implies U ¢(z,0) + m(r,€) > u(z,7). If x € BE, m(r,e) > Wz, 7) > u(x,7),
hence U ¢(x,0) +m(7,€) > u(z, 7). So we always have U ¢(x,0) +m(7,€) > u(z, ) for any
z € RY. Applying maximum principle yields to Ue¢(.,. — 7) +m(7,€) > u in RY x (7, 00).
Finally, the function U defined by (2.2.25) is the maximal solution because U, ¢(z,t —7) —
Ues(z,t) as 7 — 0 and U g T Ue 0o when £ — oo and Ue o L U when € — 0. O

2.3 About uniqueness

We prove first the existence of global radial solutions of (2.1.18) under the Keller-
Osserman condition.

Proof of Proposition 2.1.5. A solution of (2.1.19) is locally given by the formula

—a+/ = N/ N f(w)dtds (2.3.1)

Existence follows from the Picard-Lipschitz fixed point theorem. The function is increasing
and defined on a maximal interval [0,7,). By a result of Vazquez and Veron [13] r, = 00,
thus the solution is global. Uniqueness on [0, c0) follows always from local uniqueness. The
function r — w(r) is increasing and

w'(r) > fj(va)r, w(r) > a+ j;](jf)ﬂ

for all » > 0. O

Proposition 2.3.1 Assume f is locally Lipschitz continuous on Ry and (2.1.12) does not
hold. For any ug € C(RY) which satisfies

we(|z]) < up(z) < wy(|z|) Ve e RY (2.3.2)

for some 0 < a < b, there exists a positive solution T € C(Qoo) N C*1(Qoo) of (2.1.1) in
Qoo and satisfying u(.,0) = ug in RY. Furthermore

we(|z]) <a(z,t) < wp(|z|) V(z,t) € Qoo (2.3.3)

Proof. Clearly w, and wy, are ordered solutions of (2.1.1). We denote by w,, the solution of
the initial-boundary problem

Opty, — Auy + f(uy) =0 in Q, = By, x (0,00)
up(z,t) = (we(|z]) + wp(|z]))/2 on 0B, x (0,00) (2.3.4)
un(z,0) = ug(x) in B,,.
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By the maximum principle, w,, satisfies (2.3.3) in @,. Using locally parabolic equations
regularity theory, we derive that the set of functions {u,} is eventually equicontinuous on
any compact subset of Q.. Using a diagonal sequence, we conclude that there exists a
subsequence {uy,, } which converges locally uniformly in Qoo to some weak solution @ €
C(Qo) which satisfies (., 0) = up in RY. By standard method, % is a strong solution (at
least C%1(Quo)). O

Proposition 2.3.2 Assume f is locally Lipschitz continuous on Ry and (2.1.10) holds but
(2.1.12) is not satisfied. Then for any ug € C(RN) which satisfies

0 < wup(z) < wp(|z|) vz e RY (2.3.5)

for some b > 0, there emists a positive solution u € C(Qs) of (2.1.1) in Qo satisfying
u(.,0) = ug in RN and

u(z,t) < min{peo (t), wy(|z|)} V(z,t) € Qoo (2.3.6)
Proof. For any R > 0, let up be the solution of

Orur — Aug + f(ug) =0 in Qo
{ t ugr(x,0) = uo(x)xBg(x) inRY. (2.3.7)

The solution which is constructed is dominated by the solution of the heat equation with
the same initial data. Thus

_Jz—y?

ug(x,t) < (47rt)]2V/B e a up(z)dy  V(z,t) € Quo. (2.3.8)

and | 1|im ug(z,t) = 0 uniformly with respect to ¢. The functions ¢, and wy, are solutions
Tr|—0o0

of (2.1.1) in Q, which dominate ugr at ¢ = 0. By the maximum principle,

min{doo (), wp(|z|)} > ur(z,t) V(z,t) € Qoo. (2.3.9)

The fact that the mapping R +— wup is increasing and (2.3.9) imply that there exists
w := lim up which satisfies u(.,0) = ug in RY. Letting R — oo in (2.3.9) yields (2.3.6).

R—o0

Proof of Theorem 2.1.6. Combining Proposition 2.3.1 and Proposition 2.3.2 we see that
there exists two solutions u and w with the same initial data ug which are ordered and
different since lim u(x,t) = oo and lim wu(z,t) < Poo(t) < 0o for all ¢ > 0. O

|z|—00 |z|—o00

Proof of Theorem 2.1.7. By (2.1.15), there always holds

(f(a) — f(b))sign(a —b) > f(Ja — b)) Va,b >0 (2.3.10)
where
1 ifz>0,
sign(z) =< —1 if z <0,
0 ifz=0.
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By Kato’s inequality,
O|lu—1u| — Alu—a| <[0(u—a)—A(u—1u)]|sign(u — a),
therefore by step 1,
Oplu—1a| —Alu—a|+ f(lu—al) <O0. (2.3.11)
Let € > 0. There exists R. > 0 such that for any R > R,,

0 <|u—da|(z,t) <we|z|]) V(z,t)e€ B x][0,1]. (2.3.12)

Since we is a positive solution of (2.1.1) which dominates |u — @] on dBg x [0,1] and at

t =0, it follows that |u — 4| < w, in Bg x [0, 1]. Letting R — oo yields to |u — 4| < w, in

RN x [0, 1]. Letting € — 0 and since lin(l)we(|x]) =0 for any x € RY, we derive |u — @] = 0,
€E—

thus v = @ in RV x [0, 1]. Iterating yields that equality holds in Q. O

Remark. If we replace the condition (2.1.15) by the assumption that @ is increasing in
(0, 00), the conclusion of Theorem 2.1.7 remains valid.

Proof of Theorem 2.1.8.

Proof of statement (i). The solution u which is constructed in Proposition 2.3.2 is a minimal
solution of (2.1.1) in Q4 with the initial value ug. Indeed, if u € C?1(Q4) is a nonnegative
solution of (2.1.1) in Q which satisfies u(.,0) = ug in RY then, by maximum principle,
ur < u in Qo where up is the solution of (2.3.7). Letting R — oo yields u < u in Q.
Next we construct the maximal solution. We recall that wg is the solution of (2.2.9). Since
f satisfies (2.1.15), wg + ug is a supersolution in Bg x (0,00). If u € C(Q) is a solution
(2.1.1) in Qs with initial data wg, it is dominated by wgr + ugr on 0Bg x (0,00). Thus
u < wg+ ur in Br x (0,00). Since

ur < u < WR + UR,
wgr — 0 when R — oo, by Proposition 2.2.3-Step 1, and ug — u, we derive that u = u.

Proof of statement (ii). Assume that there exists at least one positive solution u of (2.1.1)
satisfying (2.1.23) and f(u) € L}, .(Qwo), equivalently [9]

/00/ (—u(Om + An) + f(u)n) dedt = / n(x,0)du(x) (2.3.13)
0 RN RN

for all € C2"' (Qog). We first construct a minimal solution in the following way : let n € N
and R > 0 and let v = vg, be the solution of

v —Av+ f(v) =0 in Bg x (0,00)
v=20 on 0Bg x (0,00) (2.3.14)
v(.,0) =u(.,27") in Bpg.

By the maximum principle, vg(.,t) < u(.,t +27"). Furthermore,

VR (2,27") <., 2_”+1) = vRrn(z,0),
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therefore,
Vpn(2,t+27") <vgppo1(x,t) in B x (0,00). (2.3.15)

Using the formulation (2.3.13) with vg ¢, we obtain

/00/ (—vRn(Om+ An) + f(vgn)n) dedt = / n(z, 0)u(x,27")dx, (2.3.16)
0 RN RN

for any n € Cg’l( Br) The right-hand side of (2.3.16) converges to [pn 1(,0)du(x).
Concerning the left-hand side, there holds f(vgr,(z,t)) < f(u(z,t 4+ 27")). Since f(u) €

L} (Qc), f(vRy) is bounded in L} ( Bry. By the L' regularity theory for parabolic
equations (see [8] and the references therein), the set of functions {vg,} is locally compact
in L], (Qoo) and there exists a subsequence {n;} and a function up such that vg,,, — ug,
almost everywhere in QB and up < u. Noticing that the sets of functions { f(u(.,.+27"))}
and {u(.,. +27")} are uniformly integrable, we obtain that the two sets {f(vr,)} and
{vrn} are also uniformly integrable in Br x (0,7T). It follows from Vitali’s convergence
theorem that, up to a subsequence still denoted by {ny}, vrn, = ug and f(vrn,) = f(ug)
in LY(Bg x (0,T)). Letting n = ny — oo in (2.3.16) we derive

/oOO/RN (—ug(9mn + An) + f(ug)n) dzdt = /

n(x,0)du(x). (2.3.17)
RN

This means that up satisfies up < u and
Oup — Aug + f(ug) =0 in Br x (0,00)
up =0 on 0Bg x (0,00) (2.3.18)
up(.,0) =Xz 1 in Bp.

If @ is any other nonnegative solution of (2.1.1) in Q with initial data u, the sequence
of solutions ¥, of (2.3.14) with initial data @(.,27"™) converges, up to a subsequence, to
some Uy which satisfies ap < @ and is solution of problem (2.3.18). We know from |[7],
[8] that this problem admits at most one solution. Therefore @p = up, which implies that
up < U in QQR. Furthermore, in the above construction, we have only used the fact that
@ is defined in a domain larger than QB and is nonnegative. Consequently, the same
comparison applies if we compare up and up for R > R and we obtain

Up < Up in QOBOR
Put v = limpr_,» up. Using the monotone convergence theorem and a test function n €
c? ’1(Qoo) with compact support in Q27, we obtain

/‘X’/ (—w(Om + An) + f(u)n) dedt = / n(z,0)du(z). (2.3.19)
0 RN RN

from (2.3.17). Thus u satisfies (2.1.23) and f(u) € L}, .(Q). By construction u is smaller
than any other nonnegative solution.

As in the proof of statement (i), we see that, for any n € N*, there holds v < wr+vgr,
in QBr. Consequently u < wg + up and letting R — oo, u < u. Thus u = u. (]
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2.4 Initial trace

2.4.1 The regular part of the initial trace

In this section we only assume that f is a continuous nonnegative function defined on
R, and that u is a C*! positive solution of (2.1.1) in Q7.

Lemma 2.4.1 Assume G is a bounded C? domain in RN, Q% := G x (0,T] and let
u € C2HQS) be a positive solution of (2.1.1) in QS such that f(u) € LY(Q$). Then
u € L>®(0,T; LYNG")) for any domain G' C G’ C G and there exists a positive Radon
measure pug on G such that

t—0

lim [ u(z,t)((z)dz = /((m)dug(aﬁ) V(¢ € Co(G). (2.4.1)
G G

Proof. Let ¢ := ¢ be the first eigenfunction of —A in T/VO1 ’Q(G) with corresponding eigen-
value A\g. We assume ¢ > 0 in G. Then

d 9 o _
dt/Guqbdx+Ag/GugZ)d:UqL/Gf(u)qbder/aGuandS—O

where n denote the outward normal unit vector to 0€2. Since ¢, < 0, the function

t e/\Gt/ u(z, t)o(z)dr — /T/ e f(u)pdax ds
G t JG

is increasing and

/Gu(x,t)¢(x)d$ < eAG(T_t)/Gu(az,T)gZ)(x)dx + e_)‘Gt/tT/Ge)‘Gsf(u)qbda: ds

for 0 <t < T. Thus u € L®(0,T; L*(G")) for any strict domain G’ of G. If ¢ € C%(G),

there holds . .,
& ([atmocwo— [ [ (e -udgdeas) <o 2.42)

Consequently

T
lim u(x,t)((a:)da;:/Gu(x,T)C(:E)da:—{—/o /G(f(U)C_UAO dx ds. (2.4.3)

t—0 G

This implies that u(.,¢) admits a limit in D’(G), and this limit is a positive distribution.
Therefore there exists a positive Radon measure pg on G satisfies (2.4.1). 0

Proof of Proposition 2.1.9. It is clear that R(u) is an open subset. If G is a strict
bounded subdomain of R(u), i.e. G C R(u), there exists a finite number of points z;

(j =1,...k) with 7% > r; > 0 such that f(u) € LY Q" ’ ) and G C Ué?ler].(zj). Let
Hj = B, (z;) the measure defined in Lemma 2.4.1. If ¢ € C¢(G) there exists a partition of
J

92



2.4. INITIAL TRACE

unity {nj}§:1 relative to the cover { B, (zj)};?zl such that n; € C§°(G), supp(n;) C B, (z))

k
and ( = an(. Since

Jj=1

li [ ad@O@d = [ GO@dE) Y= Lk
- Br; (z5) Br; ()

there exists a positive Radon measure p on R(u) satisfying (2.1.24). Notice also that
u € L*>(0,T; LY(Q)) for any G C G C R(u). O

The main problem is to analyse the behaviour of u on the singular set S(u).

2.4.2 The Keller-Osserman condition holds

If the Keller-Osserman condition holds, the existence of an initial trace of arbitrary
positive solutions of (2.1.1) is based upon a dichotomy in the behaviour of those solutions
near t = 0.

Lemma 2.4.2 Assume u is a positive solution of (2.1.1) in Qr and z € S(u). Suppose
that at least one of the following sets of conditions holds.

(i) There exists an open neighborhood G of z such that u € L*(Q%).
(ii) f is nondecreasing and (2.1.12) holds.

Then, for every open relative neighborhood G of z,

lim [ w(z,t)dr = oo. (2.4.4)
t—=0 J

Proof. First, we assume that (i) holds and let ¢ € C?(G), ¢ > 0. Since z € S(u), then for
every open relative neighborhood G’ of z, there holds

T
| [ swdsar=oc. (2.45)
0 G’

Since there exists

T
lim/ / uAldxdt = L € R,
t—0 J; ’
it follows from (2.4.3) that
T
/ u(z,t)((z)dr = / f(u)Cdzds + O(1), (2.4.6)
! t G/

which implies (2.4.4).

Next we assume that (2.1.12) holds and u ¢ L'(Q$) for every relative neighborhood G of
z. If there exists an open neighborhood G C Q of z such that (2.4.4) does not hold, there
exist a sequence {t,} decreasing to 0 and 0 < M < oo such that

sup/u(:v,tn)dx = M. (2.4.7)
G

ln
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Furthermore, we can always replace G by an open ball Bg(z) C G. Thus (2.4.7) holds with
G replaced by Bg(z). Put w, g := wr(. — z) where wg is the maximal solution of (2.2.9)
and let v := v,, be the solution of
ov—Av =0 in Br(z) X (tn,o0)
v =0 on OBR(2) x (t,, ) (2.4.8)
v(,tn) =ul(.,ty) in Br(z).

Since v, > 0, f(wsr + vy) > f(wsr), and w, g + v, is a supersolution of (2.1.1) in
Bpr(z) X (tn,T). It dominates w on dBRr(z) x (t,,T) and at ¢t = t,, thus u < w, g + v, in
Bpgr(z) x (tn,T). We can assume that u(.,t,) — v for some positive and bounded measure
v on Br(z). Therefore

u(z,t) <v(a,t) +wopglz)  in QPR (2.4.9)
where v is the solution of

Ov—Av =0 in QOB;R(Z)
v =0 on dBR(z) x (0,00) (2.4.10)
v(.,0) =v in D'(Bg(z)).

Since v € Ll(QgR(Z)) and wg is uniformly bounded in any ball Bg/(z) for 0 < R’ < R, we
conclude that u € LI(Q?R’(Z)), which is a contradiction. O

Definition 2.4.3 Assume f is nondecreasing and satisfies (2.1.12). Let u € C*Y(Qr) be
a positive solution of (2.1.1) in Qr. We say that u possesses an initial trace with regular
part i € My (R(u)) and singular part S(u) = RN \ R(u) if

(i) For any ¢ € C.(R(u)),
}i_r)ré R(u)u(x,t)C(x)d:c = /R(u)((x)du(x). (2.4.11)

(ii) For any open set G C RN such that G N S(u) # 0

lim [ u(z,t)dr = co. (2.4.12)
t—0 G
Proof of Theorem 2.1.11. The set R(u) and the measure p € M, (R(u)) are defined

by Definition 2.1.10 thanks to Proposition 2.1.9. Because (2.1.12) holds, S(u) = Q \ R(u)
inherits the property (ii) in Definition 2.4.3 because of Lemma 2.4.2 (ii). O

In the case f(s) = sln®(s+ 1) with a > 2, Theorem 2.1.11 can be derived by adapting
the technic in [5]. We present below the proof for the sake of completeness.

Lemma 2.4.4 The function f(r) = rIn®(r + 1) with a > 0 is positive and conver and
it admits a conjugate function f* defined by f*(s) = max,>o(rs — f(r)) = max,>o(rs —
r1In®(r + 1)) which satisfies

Q=

[*(s) <se®* Vs >0. (2.4.13)
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Proof. The second derivative of f is given by the following formula

In®2(r +1)

fir) = (r+1)2

[(r+2)In(r +1) + (a — 1)r]. (2.4.14)

It is easy to see that f”(r) > 0 for every r > 0 and the convexity of f follows straighaway.
The unique maximum of r +— rs — f(r) is achieved for

s=fl(rs) =In%(rs + 1) + «

T 1
In® 1
o n“ (rs+1)

and satisfies In®(rs + 1) < s. On the other hand, there exists 6, > 1 such that, for any
r 20,
,

a—1 < a
7ﬂleln (r+1) <(0y+In(r+1))

In®(r +1) + o

Therefore
% 1
In®(rs +1) €8 < (B +In(rs + 1) = (77 — 1) < < (¢ 1)

and then ) .
s(e® 0 — 1), (1= fus7a )% < f(rs) < s(e®™ —1).

Finally, for every s > 0 and every r > 0,

Q=

1 1 _
rs = f(r) < s(e® —1) = s(e" 70 1) (1~ s )T < se°
which give the desired estimate for f*(s). (]

As a consequence, it is possible to define the initial trace in the case o > 2.

Theorem 2.4.5 Assume f(r) = rIn®(r + 1) avec a > 2. If u € C*Y(Q7) is a positive
solution of (2.1.2) then for every y € Q, the following alternative holds. Fither (i) for every
netghborhood G of y in €,

lim [ w(z,t)dr = oo, (2.4.15)
t—0 G

or (i) there exists an open neighborhood G of y in Q and a positive linear functional Lg

on CX(G) such that

7yn% u(z,t)dx = La(() V(¢ e CF(G). (2.4.16)
—VJa

A criterion for this dichotomy result is the finiteness of the following integral

1
Ivz/ /ulno‘(u—kl)e_wwdxdt (2.4.17)
0 JG

where v > maz{1, =25} and ¢ := @ is the first eigenfunction of —A in I/VO1 (@) normalized
so that maxg ¢ = 1 and Ag > 0 the corresponding eigenvalue.
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Proof. Case 1 : I, = co. For v > 1, set i(x) = e~¢ (), Multiplying (2.1.2) by t(x) and
integrating over GG we have

/G@tuwda:—/GAuwd:U+/Gi/}f(u)dfc:

Since ¢(x) = 0 on OG, it follows that

/Gatu¢dx/GuA¢dx+/G¢f(u)dx=

By some computations, we obtain that

Agp = 7o OTVIVG — pl(y + 1o~ TV + Mg,
which implies
Ap < AP0 Vg%,
Therefore

= uz/Jda:—i—/ uy*ape 20D | v g dx>/wf (2.4.18)

Set £ = max{1, ||V¢>H }. By convexity,

1
1 (5emv) = 3700

By applying the above inequality with r = si5u and s = 20v2¢~200*1) and and using the

definition of f*, we get

Jo uv*pe 20|V g da <w? [o(f(r) + f*(s))da

22

(2.4.19)
<3 L S e + 02 b f (209267204 .
The previous two inequalities yield to
7 uwdfn / Uf(u)dr — €72/ 11)f*(2€72¢_2(7+1))d1;. (2.4.20)
G G

By Lemma 2.4.4, the following estimate holds

—2(y+1)

f (2€ 2¢ (v+1) ) < 2@7 b 2(y+1) (267) ¢ @
Since v > maz{1, =%},

—2(y+1)

/ e~07T@) g2t DTS T g o
G

Moreover 0 < ) < e~!. Hence the second term on the right hand side of (2.4.20) take a
finite value denoted by A. Then we obtain

T uwdac> /wf )dx — A
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Since I, = oo then fol Jo ¥ f(u)dzdt = oo, which implies lim; o [, utbdz = oo, and hence
limy ¢ [, udz = oo.

Case 2 : I, < co. Let K CC G and ¢ € C°(K). By Hopf’s lemma, there exists a positive
constant ¢ such that

P(2) 2 cdyg(x)
where d,, (z) denotes the distance from any point € G to 0G. It follows that

m}%ngi) > dist(K,0G) =: dg > 0.

K /Ol/Kf(u)dxdt</Ol/l(¢f(u)dwdt<oo,

/Ol/Kf(u)d:cdt<oo.

Multiplying (2.1.2) by ¢ and take integrating over K twice on [t, 1], we obtain that

Therefore

which implies

/K w(z,1)¢(z)dz — /K w(z, )¢ (x)de = /t 1 /K (uAC — uln®(u + 1)¢)dzdr.

Because the right hand side is bounded as ¢t — 0, there exists a positive linear functional
La on CX(G) satisfying (2.4.16). O

If Q is a bounded domain with a C? boundary and p € MM°(Q), we denote by wu,, the

solution of
Ou — Au+ f(u) =0 in QY
u =0 ond x (0,00) (2.4.21)
u(.,0) =p in D'(Q).

We recall the following stability result proved in [8, Th 1.1].

Lemma 2.4.6 Let Q be a bounded domain with a C? boundary. Assume f is nondecreasing
and satisfies (2.1.8). Then for any p € IMP(Q) problem (2.4.21) admits a unique solution
uy,. Moreover, if {u,} C MP(Q) converges weakly to p € M°(Q) then uy, — u, locally
uniformly in Q x (0,00) and in LY (Q%), and f(u,,) — f(u,) in LY(QS), for every T > 0.

Remark. The result remains true if € is unbounded, with a C? compact (possibly empty)
boundary and the p,, have their support in a fixed compact set. In such a case u,, (z,t) = 0
when |z| — oo, uniformly with respect to n and ¢ since

2
_lz—y|

e, (,)] < (4m)—1¥/RNe Fd || () Y(2,1) € Qo (2.4.22)

By Lemma 2.4.6 and the remark hereafter, for every y € Q and k > 0, there exists a
unique solution vy 1 o := v to (2.4.21) with u = kd,. By comparison principle (see [8, Prop
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1.2]) vy .0 is positive, increases as k increases and depends continuously on y. Note that
if @ =RY, v, gn(2,t) = vy (2, 1) = ups, (|2 — y| 1) ; furthermore, if f satisfies (2.1.12),
we recall that U = limy_, o ugs, is the minimal solution of (2.1.1) in Qo with initial trace

({0},0).

Proposition 2.4.7 Assume f is nondecreasing and satisfies (2.1.8) and (2.1.12). Let u €
C?*Y(Qoo) is a positive solution of (2.1.1) in Qo with initial trace (S, ). Then for every
yes,

Uy(z,t) :=U(z —y,t) < u(x,t) (2.4.23)

i Qoo-

Proof. By translation we may suppose that y = 0. Since 0 € S(u), for any n > 0 small
enough

lim [ wu(z,t)dx = occ.
t—0 B7I

For € > 0, denote M, = /

BTI

such that m = M, and lin% e(m,n) = 0. Let v, be the solution of the problem
n—

u(x, €)dx. For any m > m, = info M, there exists € = €(m, 1)
o>

Oy — Avy + f(vy) =0 in Qoo
on(z,0) = u(z,e)xp, inRY

where xp, is the characteristic function of B,. By the maximum principle v, < u in
RY x (€,00). By Lemma 2.4.6 and the remark after v, converges to vg, when n goes to
zero. Letting m go to infinity yields (2.4.23). O

Corollary 2.4.8 Under the assumption of Proposition 2.4.7, there exists a minimal posi-
tiwe solution Ug of (2.1.1) in Qoo with initial trace (S,0) in the sense that

Us(z,t) < u(x,t) V(z,t) € Qoo, (2.4.24)
for all positive solution u € C*'(Qwo) of (2.1.1) with initial trace (S, ).

Proof. 1f weset Ug = sup{U, : y € S}, then Ug is a subsolution of (2.1.1). If u is a positive
solution of (2.1.1) with initial trace (S, u), then u > QS by Proposition 2.4.7. Therefore
u is larger than the smallest solution of (2.1.1) in Qu which is above Ug. We denote this
minimal solution by Ug. (|

If S contains some ball By we have a more precise result.

Proposition 2.4.9 Assume that f satisfies (2.1.15). Let u be a positive solution of (2.1.1)
in Qoo with initial trace (S, p). We assume that S has a non-empty interior, and for R > 0,
we denote by intr(S) the set of y € S such that Br(y) C S. Then for any R’ € (0, R)
there holds
u(z,t)
im
t—0 Poo (t)

uniformly for x € Br/(y) and y € intg(S).

=1 (2.4.25)
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Proof. Let y € intr(S) and w(z,t) = u(x,t) + wy,r where wy p = wr(. —y) (wg is the
solution to (2.2.9)). Then w is a supersolution of (2.1.1) in QOBOR(y) and lim;_,o w(x,t) = oo,
uniformly with respect to x € B R( ) by (2.4.23). Then, for any € > 0, there exists ¢, > 0

such that w(z,t) > ¢oo(€) in Qt ). Since ®oo(t+€) remains bounded on dBg(y) x (0, 00),
it follows by the maximum principle that

w(a,t) > doo(t +¢) V(1) € QBrW)

Letting € — 0 and using the fact that w, g remains uniformly bounded in Bpr/(y) with
0 < R’ < R, we derive

w(,t) > doo(t) — Kre V(1) € QERW. (2.4.26)

where Kp = max{wy r(x) : * € Br/(y)}. Combining this estimate with (2.2.21) yields to
(2.4.25). 0

We next derive the following convergence lemma :

Proposition 2.4.10 Assume that f is nondecreasing and satisfies (2.1.8), (2.1.12) and
(2.1.15). Let {un} be a sequence of positive solutions of (2.1.1) in Qo with initial trace
(S(un), pin) such that u, — w locally uniformly in Qoo and let A be an open subset of
R(un) = RV \ S(uy,). Then u is a positive solution of (2.1.1) in Qs with initial trace
denoted by trgn (u) = (S, 1). Furthermore, if u,(A) remains uniformly bounded, then A C
R = RV \ S and x,pin — X p weakly. Conversely, if A C R(u) then un(K) remains
bounded independently of n, for every compact set K C A.

Proof. The fact that u is a positive solution of (2.1.1) in @ is standard by the weak
formulation of the equation. Assume now that ANS # . Let z € ANS and R > 0 such
that Br(z) C A. By convexity, u, is bounded from above in QOBOR(Z) by v, + w, r, where
U, » satisfies

O — Av+ f(v) in QZr(
v on dBg(z) x (0, 00) (2.4.27)
v(.,0) = = XppoHn 0 Bg(2).

0
0

We can assume that, up to a subsequence, Xp (o P = Mz € Smi(BR(z)) weakly, thus
Un,,= — v, wWhere v, is the solution of

v —Av+ f(v) =0 in QBr®)
v=0 on 0Bg(z) x (0,00) (2.4.28)
v(.,0) = p, in Bp(z2).

Therefore
u<v, 4w, g in QER(), (2.4.29)

By Lemma 2.4.6, it implies that u € Ll(QgR'(Z)) for any 0 < R’ < R. Furthermore, if
(2.1.8) is satisfied, then for any positive constant k, s — s™/2 f(s=N/2 4 k) € L'(0,1), thus

if v is such that f(v) € LY(Qy Bz )) there holds f(v + k) € LY(Qp Bz )) In particular,
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since f(vy) € Ll(QgR'(Z)), and if we take & = max{w, r(z) : + € Bpr/(2)}, we derive

that f(u) € Ll(Q?R’(Z)), and therefore z € R, which is a contradiction; thus A C R.
Next, there exist a subsequence {ny} and a bounded positive measure [, with support
in A such that x,un, — i weakly and suppose Br(z) C A. Since up, < vy, .+ k and
flup,) < f(vn,,+k) in Q?R'(Z) and vy, , +k and f(vy, .+ k) are uniformly integrable in

?R'(Z), it follows that u,, and f(up, .) inherit this property. Therefore, if ¢ € C%(Bg(z))
we can assume that it vanishes outside Br/(z). Because

t
/B R(Z)C(x)dunk(x) = /B R(z)unk(ac,lt)C(ac)dacJr /D /B " (—tun, AC + f(un,)C) dads,

(2.4.30)
we derive from Vitali’s convergence theorem

/BR(Z)C(x)dﬂ(x) z/BR(Z)u(:c,t)C(:c)der/o /BR(Z) (—uAC + f(u)¢)deds.  (2.4.31)

This implies that XBR<Z)[L = Xppo M and, by a partition of unity, that g = x,u.

Assume now that K C R is compact. If u,(K) is unbounded and up to a subsequence still
denoted by {n}, there exists a point y € K such that for any neighborhood O of y, O C A,
tn(O) = 00 as n — oo. We can take O = B, (y) and put My, = p,(B,(y)). If m € N*,
there exists an integer n = n(m,r) such that m < M, ,, and lim,_,on(m,r) = oco. Let
ro > r such that B,,(y) C A, and w, be the solution of

ow — Aw + f(w) =0 in QforO )
w=0 on GB(%O @) (2.4.32)

w(.,0) = Xp i 0 By (y).

. o . B, .
By the comparison principle, w, < u, in Qooo(y). Since X, () Hn — md, as r — 0 and
n — 00, we derive Uy, Bry(y) S U from Lemma 2.4.6 and the remark hereafter. Since m is
arbitrary, u, Bry(y) < U- This implies that y € S, which is a contradiction. O

If A is an open subset of 2 and v € M, (A), we define an extension v of v to Q by

v(E) = EHQlfO v(ONA) (2.4.33)

for every Borel set E C 2 where the infimum is taken over the open subsets O; v is an
outer regular Borel measure on 2 and v =y 4.

The following result which shows the existence of a minimal solution of (2.1.1) with a
given initial trace in 9, (A) for any open subset A in R is a straightforward adaptation
of [7, Lemma 3.3|.

Proposition 2.4.11 Assume that f is nondecreasing and satisfies (2.1.8), (2.1.12) and
(2.1.15).

(i) Let A be an open subset of RN and let v € MMy (A) with associated extension v. Then
there exists a positive solution of (2.1.1) in Qs, denoted by w,,, satisfying Trp~(u,) = v and
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such that u,, < v for every positive solution v of (2.1.1) in Q such that tryn(v) = (S, 1)
and X , 0 > V.

(i3) Let Q@ C RN be a bounded domain with a C? boundary and u,, be the solution of problem

Opun — Aup + flu,) =0 in QF
u, =n on 0 x (0,00) (2.4.34)
un(,0) =n inQ.

Denote Uso o := lim u,. Then Uy is the mazimal solution of (2.1.1) in ng i the sense
n—o0o

that the following relation holds in Q% for every positive solution v of (2.1.1)

Usot > 0. (2.4.35)

Taking A = R := RV \' S, we obtain the existence of a minimal positive solution of
(2.1.1) with a given positive Radon measure p € 9, (R) as the regular part of the initial
trace.

Corollary 2.4.12 Let S be a closed subset of RN, R = RN\ S and p € M (R). Then
there exists a positive solution u,, of (2.1.1) such that Trgn(u,) = p and uw, < v for every
positive solution v of (2.1.1) in Qo such that trgn (v) = (S, 1).

As a counterpart of Theorem 2.1.11 we have a existence result stated in Theorem 2.1.12.

Proof of Theorem 2.1.12.

Step 1 : Construction of a minimal solution. Let U g and u,, the minimal solution construc-
ted in Corollary 2.4.8 and Corollary 2.4.12. Then g , := Sup{QS,gu} is a subsolution of
(2.1.1) in Qoo while dg , := Ug + u,, is a supersolution. Furthermore &g, <@g ,. There-
fore the set of solutions u in Q« such that 4g , < u <@g, is not empty and we denote
by ug , the smallest solution larger than 4g , ; it is a solution with initial trace (S, p). If
u is any other positive solution with the same initial trace, it is larger than ug and w,
by Corollary 2.4.8 and Corollary 2.4.12. Therefore it is larger than dg , and consequently

larger than ug ,.

Step 2 : Construction of the maximal solution. The proof is somewhat similar to the one
on [7, Th 3-4], but we give it for the sake of completeness. We denote, for § > 0,

S% = {z e RY : dist (,8) < 0} and R? := RV \ &°.
and let ugs be the measure given by
ps(E) = m(RsNE) VE c RN, E Borel.

We denote by ugs a solution of (2.1.1) in Qs with initial trace (S°,0) : a solution is easily
constructed as the limit when R,k — oo of the solution v = v; g of

v —Av+ f(v) =0 in Qo
{ t v(.,,0) =kx in RY (2.4.36)

(BRNSHU(BRNB%_s)
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By Proposition 2.4.9, there holds, for any 0 < §’ < ¢ and € > 0,

L (z,1t)

) =1 uniformly on Sy (2.4.37)

Let u,, be the solution of of (2.1.1) in Qs with initial trace (0, s15). This solution is

constructed by approximation, as the limit, when R — oo, of the solution v = u,  ,; of
R
O — Au+ f(u) =0 in Qo
. 2.4.38
{ u(.,0) = xp ps in RNV, ( )

For 7 > 0, let u;, be the solution of (2.1.1) in Qs with initial data ms, defined by

| doo(T) if z € Ss
mar(2) = { ups(z, 1) if 2 € Rs.

Then u(.,7) < ms, in S5 and u(.,7) > ms, in Rs by Proposition 2.4.11. Therefore

tim (u(..7) — mg ()4 =0
in the weak sense of measures. Furthermore, this solution does not depend on w, but
only on S5 and ps. The set of functions {us;}r>0 is locally uniformly bounded in Qu.
By the regularity theory for parabolic equations, there exists a subsequence {7} and a
positive solution uj of (2.1.1) in Qu such that us, — wuj locally uniformly in Q. By
Proposition 2.4.9 and Proposition 2.4.11, trpn (u}) = (S°, us). Let ws, be the solution of
(2.1.1) in Qoo with initial data (u(.,7) —msg-(.))+ (it is constructed in the same way as w,,
in Proposition 2.4.11 -(i)). By Theorem 2.1.8-(ii), lim,_,o ws - = 0, locally uniformly. Since
u < Uus; + ws,r in (7,00) X RV, we obtain u < us. If 0 < ¢’ < 6, we can compare similarly
us» with the solution ws , of (2.1.1) with initial data

| ooo(T) if z € S§
My 7 (@) = { uyy, (x,7) if 2 € Rj.

If u}, is the limit of any sequence {ul;/’Tk,}, it satisfies 0 < uj, < uj and has initial trace
(Sél,u(gz). By taking in particular 6 = §,, = 27", we construct a decreasing sequence of
positive solutions {u}_,} of (2.1.1) in Qus, with trgn (u}_.) = (8% ", pg-n), satisfying

U< Uy in Quo.

Clearly the limit us ,, of the sequence {uj_,} is a positive solution of (2.1.1) in Qs With
initial trace (S, ) and is independent of u. It is the maximal solution of the equation with
this initial trace. g

Remark. When f(r) = |r|971r with 1 < ¢ < 1+2/N, precise expansion of usg, (z,t), when
t — 0 allows to prove uniqueness [7]. Even when f(r) = rIn®(r+1) with o > 2, uniqueness
is not known. However, if S = (), uniqueness holds from Theorem 2.1.8-(ii).
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2.4.3 The Keller-Osserman condition does not hold

In this section we assume that (2.1.12) does not hold but (2.1.8) is satisfied.

Lemma 2.4.13 Assume (2.1.8) and (2.1.10) are satisfied but (2.1.12) is not satisfied. Mo-
reover assume that hm L sy (x,t) = ¢poo(t) for every (x,t) € Quoo. If u is a positive solution

of (2.1.1) in Qo whzch satisfies

t—0

limsup/u(aj,t)dm = 00, (2.4.39)
G

for some bounded open subset G C RN then u(z,t) > ¢oo(t) for every (z,t) € Qoo. This
holds in particular if f(r) =rIn®(r+1) with 1 < a < 2.

Proof. By assumpion, there exists a sequence {t,,} decreasing to 0 such that

lim [ u(z,t,)dr = co. (2.4.40)

n—oo G

Since (2.4.39) holds, we can construct a decreasing sequence of open subsets G, C G such
that G C Gy_1, diam(G}y) = €, — 0 when k — oo, and

lim u(zx, t,)dr = oo Vk € N. (2.4.41)

n—oo Gk

Furthermore there exists a unique a € NEGE. We set
/ w(x, ty)dr = My .
Gy

Since lim M, ; = oo, we claim that for any m > 0 and any k, there exists n = n(k) € N
n—oo

such that
/ u(z, tyky)dr > m. (2.4.42)
Gy,

By induction, we define n(1) as the smallest integer n such that M, ; > m. This is always
possible. Then we define n(2) as the smallest integer larger than n(1) such that M, > > m.
By induction, n(k) is the smallest integer n larger than n(k —1) such that M, ; > m. Next,
for any k, there exists ¢ = £(k) such that

/ inf{u(x,t,)); (}dx = (2.4.43)
Gr

and we set
Vk(SU) = 1nf{u(x, tn(k)); E}Xck (‘T)

Let v, = v be the unique bounded solution of

Ov—Av+ f(v) =0 inQu
{ t v(.,0) =V, in RV, (2:4.44)
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Since v(x,0) < u(w,t,y)), we derive
u(z,t +tom) = vi(x,t) V(z,t) € Qoo (2.4.45)

When k£ — oo, Vi = md,, thus vy — upys, by Lemma 2.4.6. Therefore u > w,s,. Since
m is arbitrary and u,,5, — ¢ When m — oo by Theorem 2.1.3, it follows that u > ¢oo.
O

Lemma 2.4.14 Assume (2.1.8) is satisfied but neither (2.1.10) nor (2.1.12) is satisfied.
Moreover assume that klim Ups, = 00 1N Qoo There exists no positive solution u of (2.1.1) in
—00

Qoo which satisfies (2.4.39) for some bounded open subset G C RN . This holds in particular
if fir)=rIn®(r+1) with0 < a <1.

Proof. If we assume that such a u exists, we proceed as in the proof of the previous lemma.
Since Lemma 2.4.6 holds, we derive that u > w,,s, for any m. Since li_r>n Ums, (T,1) = 00
m oo

for all (x,t) € Qx, we are led to a contradiction. O

Thanks to these results, we can characterize the initial trace of positive solutions of
(2.1.1) when the Keller-Osserman condition does not hold.

Proof of Theorem 2.1.13. If there exists some open subset G of RY with the property
(2.4.39), then u > ¢, and the initial trace of u is the Borel measure v. Next we assume
that for any bounded open subset G of R there holds

limsup/u(x,t)dx < 0. (2.4.46)
G

t—0

If S(u) # 0, there exist z € RY and a bounded open neighborhood G of z such that

/OT/Gf(u)da:dxt = 00.

By (2.4.46), u € L>=(0,T; L (G)) € LY(Q$). Then, by Lemma 2.4.2, (2.4.4) holds, which
contradict (2.4.46). Thus S(u) = () and R(u) = RY. It follows from Proposition 2.1.9 that
there exists a positive Radon measure p such that

lim [ w(z,t)((x)dx =

Jm ((x)dp(z) V¢ e Ce(RY). (2.4.47)
RN RN

O

Because of the lack of uniqueness from Theorem 2.1.6 it is difficult to give a complete
characterization of admissible initial data for solutions of (2.1.1) under the assumptions of
Theorem 2.1.13. However, we have the result as in Proposition 2.1.14.

Proof of Proposition 2.1.14. We first notice that max{¢.(t), wp(|z|)} is a subsolution
of (2.1.1) which is dominated by the supersolution ¢oo(t) + wp(|x|). The construction is
standard : for 7 > 0 we set

P(x,7) = % (max{oo(t), ws(|2])} + doo(t) + ws(|z])) -
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There exists a function u = u; € C(Qu) solution of (2.1.1) in Qu such that u,(.,0) =
(., 7). Furthermore

max{poo(t + 7), wp(|z])} < ur(z,t) < oot +7) + wp(|z|) V(z,t) € Qoo (2.4.48)

By the parabolic equation regularity theory, the set {u:};~¢ is locally equicontinuous
in Qoo. Thus there exist a subsequence {7,} and u € C(Q) such that u,, — wu on
any compact subset of Q. Clearly u is a weak, thus a strong solutions of (2.1.1) and it
satisfies (2.1.28). Since any solution u with initial trace vo, dominates ¢, by Lemma 2.4.13,
it follows that ¢ is the minimal one. O

Proof of Theorem 2.1.15. As in the proof of Theorem 2.1.13 and due to Lemma 2.4.14,
S(u) = 0. Therefore R(u) = RY and the proof follows from Proposition 2.1.9. O

Remark. Under the assumptions of Theorem 2.1.13, it is clear, from the proof of Proposi-
tion 2.3.1, that for any 0 < a < b and any initial data ug € C(RY) satisfying

we(x) < up(x) < wp(x) Ve € RY
there exists a solution u € C(Quo) of (2.1.1) in Qu satisfying u(.,0) = ug and
wa(x) < u(x,t) < ’Ujb(ﬂj‘) V(Qj‘,t) € Qoo-

We conjecture that for any positive measure 1 on RV which satisfies, for some b > 0,

/ du(x) S/ wy(x)dx VR >0 (2.4.49)
Br Br

there exists a positive solution u of (2.1.1) in Qs with initial trace . Another interesting
open problem is to see if there exist local solutions in @7 with an initial trace p satisfying

/BRdu(fL‘)

lim —f— =00 Vb > 0. (2.4.50)
R—o00
/ wy(x)dz
Br
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Chapitre 3

Initial trace of positive solutions of a
class of degenerate heat equation
with absorption

Abstract

We study the initial value problem with unbounded nonnegative functions or measures
for the equation dyu — Ayu+ f(u) = 0 in RN x (0, 00) where p > 1, Apu = div(|Vu|’ ™2 Vu)
and f is a continuous, nondecreasing nonnegative function such that f(0) = 0 = f~1(0). In
the case p > ]\2[—%, we provide a sufficient condition on f for existence and uniqueness of the
solutions satisfying the initial data kdy and we study their limit when k& — oo, according
f~' and F~1/? are integrable or not at infinity, where F(s) = fos f(r)dr. We also give new
results dealing with non uniqueness for the initial value problem with unbounded initial
data. If p > 2, we prove that, for a large class of nonlinearities f, any positive solution
admits an initial trace in the class of positive Borel measures. As a model case we consider

the case f(u) = u®In®(u+ 1), where a > 0 and 8 > 0.
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3.1 Introduction

The aim of this chapter is to study some qualitative properties of the positive solutions
of
Ou— Apu+ f(u) =0 (3.1.1)

in Qo = RY x (0,00) where p > 1, Ayu = div(|Vul’"?Vu) and f is a continuous,
nondecreasing function such that f(0) = 0 = f~!(0). The properties we are interested in
are mainly : (a) the existence of fundamental solutions i.e. solutions with kdy as initial data
and the behaviour of these solutions when k& — oo ; (b) the existence of an initial trace and
its properties; (c) uniqueness and non-uniqueness results for the Cauchy problem. This
type of questions have been considered in a previous chapter in the semilinear case p = 2.
The breadcrumbs of this study lies in the existence of two types of specific solutions of
(3.1.1). The first ones are the solutions ¢ := ¢, of the ODE

¢+ f($) =0 (3.1.2)

defined on [0, 00) and subject to ¢(0) = a > 0; it is given by

¢ ds
/¢(t)f(3)' (3.1.3)

The second ones are the solutions of the elliptic equation
—Apw + f(w) =0, (3.1.4)

defined in RY or in R™ \ {0}. It is well-known that the structure of the set of solutions of
(3.1.2) depends whether the following quantity
oo
d
Ji= | (3.1.5)
1 f(s)
is finite or infinite. If J < oo there exists a maximal solution ¢, to (3.1.2) defined on (0, c0)
while no such solution exists if J = oo since lim,—o0 ¢4(t) = 0o. This maximal solution
plays an important role since, by the maximum principle, it dominates any solution u of
(3.1.1) which satisfies
lim w(z,t) =0 (3.1.6)

|z|—o00

for all ¢ > 0, locally uniformly on (0, c0). Concerning (3.1.4) we associate the quantity

*®  ds
K.:/1 o (3.1.7)

It is a consequence of the Vazquez’s extension of the Keller-Osserman condition (see [17],
[12]) that if K < oo, equation (3.1.4) admits a maximal solution Wgn in RN\ {0}. This
solution is constructed as the limit, when R — oo and ¢ — 0 of the solution W :=
Wer of (3.1.4) in I g := Br \ Be, subject to the conditions lim, . We r(z) = co and
limypg We r(7) = 00. On the contrary, if K = oo, such functions W, g and Wgn do
not exist, a situation which will be exploited in Section 3 for proving existence of global
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solutions of (3.1.4) in RY. An additional natural growth assumption of f that will be often
made is the super-additivity

f(s+8) > f(s)+ f(5) Vs, s >0, (3.1.8)
which, combined with the monotonicity of f, implies a minimal linear growth at infinity

lim inf Is) > 0. (3.1.9)

S§—00 S

If p> 2, K < oo jointly with (3.1.8) implies J < 0o, but this does not hold when 1 < p < 2.
When p > 2, J < o0 and K < oo, Kamin and Vézquez proved universal estimates for
solutions which vanish on RY x {0} \ {(0,0)} (see [11]). By a slight modification of the
proof of Proposition 2.2.4 in the chapter 2, it is possible to extend their result to the case
p>1.

Proposition (Universal estimates) Assume p > 1 and f satisfies K < 0o. Let u € C(Quo \
{(0,0)}) be a solution of (3.1.1) in Qoo, which vanishes on RY x {0} \ {(0,0)}. Then

u(z,t) < Wen () V(z,t) € Qoo- (3.1.10)

If we suppose moreover J < oo and that (3.1.8) holds, then
u(z,t) < min {(boo(t), Wey (x)} V(z,t) € Qoo (3.1.11)

When K = oo, no such estimate exists since the function w, solution of (3.1.16) is a
stationnary solution of (3.1.1) with unbounded initial data.

In Section 2 we study the existence of the fundamental solutions us, and their beha-
viour when k — co. Kamin and Vazquez proved in [11, Lemma 2.3 and Lemma 2.4, that
if p > 2 and

o0
/ sTPTN f(s)ds < oo, (3.1.12)
1
then for any £ > 0, there exists a unique positive solution u := ugs, to problem

{ Ou—Apu+ fu) =0  inQx

3.1.13
u(.,0) =kdp in RV, ( )

Furthermore the mapping k — wuys, is increasing. Their existence proof heavily relies on
the fact that, if we denote by v := vy, the fundamental (or Barenblatt-Prattle) solution

of
ov—Ay,v =0 in Q
? = (3.1.14)
v(,,0) =k inRY,

then vy, (., ) is compactly supported in some ball By, (), where 0x(t) is explicit. Since vy,
is a natural supersolution for (3.1.13), condition (3.1.12) states that f(vks,) € L} .(Qoo)-
When 2N/(N + 1) < p < 2, vgs,(z,t) > 0 for all (z,t) € Q. It is already proved in
Proposition 2.2.1 in the chapter 2 that, when p = 2, condition (3.1.12) yields to f(vgs,) €
LY(Qr). We prove here that this result also holds when 2N/(N + 1) < p < 2 and more
precisely,
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Theorem 3.1.1 Assume p > ]\2,—1_?_71 and f satisfies (3.1.12). Then there exists a unique

positive solution u := ugs, to problem (3.1.13).

In view of this result and the a priori estimates (3.1.10) and (3.1.11), it is natural
to study the limit of ugs, when &k — oo. We denote by Uy the set of positive solutions
u € C(Quo \ {(0,0)}) of (3.1.1) in Qoo, vanishing on the set {(z,0) : = # 0} and satisfying

lim | wu(x,t)dr =00 Ve>0.
t—0 Be

Theorem 3.1.2 Assume p > 1\2,—11, J < 00, K < oo and the condition (3.1.12) holds.

Then U = klim ugs, exists and it is the smallest element of Uy.
—00

When one, at least, of the above properties on J and K fails, the situation is much
more complicated and fairly well understood only in the case where f has a power-like or
a logarithmic-power-like growth. We first note that

(A) If f(s) ~ s* (a > 0), then J < oo if and only if @ > 1, while K < oo if and only if
a > p — 1. Moreover (3.1.12) holds if and only if o < p(1+ %) — 1.

(B) If f(s) ~ s®In’(s + 1) (a,B > 0), then J < oo if and only if & > 1 and 8 > 0, or
a=1and > 1while K <o ifandonlyifa>p—1and 8> 0,ora=p—1and 8 > p.
Moreover (3.1.12) holds if and only if & < p(1+ %) — 1 and 8 > 0.

Theorem 3.1.3 Assume p > 2 and f(s) = s*In’(s + 1) where a € (1,p—1) and 8 > 0.
Let uggs, be the solution of (3.1.13). Then klim Uk, (T, 1) = Poo(t) for every (z,t) € Qoo
—00

When a =1 the following phenomenon occurs.

Theorem 3.1.4 Assume p > 2 and f(s) = sIn’(s+1) with B > 0. Let uys, be the solution
of (3.1.13). Then

(i) If B > 1 then klim Uk, (T, 1) = Poo(t) for every (z,t) € Qoo,
— 00
(i1) If 0 < 5 <1 then klim Ups, (z,1) = oo for every (x,t) € Quo-
—00

Section 3 is devoted to study non-uniqueness of solutions of (3.1.1) with unbounded

initial data. The starting observation is the following global existence result for solutions
of (3.1.4) :

Theorem 3.1.5 Assume p > 1, f is locally Lipschitz continuous and K = oo. Then for
any a > 0, there exists a unique solution w := w, to the problem

_(TN—l‘wT’p—2wr)T + rN_lf(w) =0 (3.1.15)
defined on [0,00) and satisfying w(0) = a, w,(0) = 0. It is given by
Wwa(r) = a+/ H, <51N/ Tle(wa(T))dT> ds (3.1.16)
0 0

where H, is the inverse function of t — [t|P~2t.
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This result extends to the general case p > 1 a previous theorem of Vazquez and Véron
[18] obtained in the case p = 2. The next theorem extends to the case p # 2 the theorem
2.1.6 in chapter 2 for the case p = 2.

Theorem 3.1.6 Assume p > ]\2]7]11; f is locally Lipschitz continuous, J < oo and K = oo.

For any function uy € C(Qs) which satisfies
we(|z|) < up(z) < wy(|z)) Vo eRY (3.1.17)

for some 0 < a < b, there exist at least two solutions u,u € C(Qx) of (3.1.1) with initial
value ug. They satisfy respectively

0 < u(zx,t) < min{wy(|z]), poo(t)} V(2,1) € Qoo,

thus tlim w(x,t) = 0, uniformly with respect to x € RN, and
—00

wa(|2]) <a(z,t) <wp(le]) V(2,t) € Qoo

thus lim w(x,t) = oo, uniformly with respect to t > 0.
|z|—o00

In section 4 we prove an existence and stability result for the initial value problem

{(9tu—Apu+f(u) =0 in Qx

3.1.18
u(.,0) =p inRY ( )

where p € S)ﬁﬁr (R™), the set of positive and bounded Radon measures in RY.

Theorem 3.1.7 Assume p > ]\%—JL and f satisfies (3.1.12). Then for any p € MY (RN) the
problem (3.1.18) admits a weak solution wu,. Moreover, if {jn} is a sequence of functions
n L}r(RN) with compact support, which converges to p € mi(RN) in the weak sense of
measures, then the corresponding solutions {Uunﬁf (3.1.18) with initial data p, converge
to some solution u,, of (3.1.18), strongly in L}, (Qr) and locally uniformly in Qr = RY x

loc

(0,T). Furthermore {f(u,)} converges strongly to f(u,) in Li,.(Q).

In Section 5, we discuss the initial trace of positive weak solution of (3.1.1). The power
case f(u) = u? with ¢ > 0 was investigated by Bidaut-Véron, Chasseigne and Véron in
[2]. They proved the existence of an initial trace in the class of positive Borel measures
according to the different values of p—1 and ¢. Accordingly they studied the corresponding
Cauchy problem with a given Borel measure as initial data. However their method was
strongly based upon the fact that the nonlinearity was a power, which enabled to use
Hoélder inequality in order to show the domination of the absorption term over the other
terms. In the present paper, we combine the ideas in [2] and [15] with a stability result for
the Cauchy problem and Harnack’s inequality in the form of [5] to establish the following
dichotomy result which is new even in the case p = 2.

Theorem 3.1.8 Assume p > 2 and (3.1.12) holds. Let u € C(Qr) be a positive weak
solution of (3.1.1) in Qr. Then for any y € RN the following alternative holds
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(i) either
u(x,t) > klim Uk, (T — Y, 1) V(z,t) € Qr, (3.1.19)
—00

(i1) or there exist an open neighborhood U of y and a Radon measure py € M4 (U) such
that

Jim m@m@mz/ww e € Cu(U), (3.1.20)
=0 Ju U

Actually, since (3.1.12) is verified, (3.1.19) is equivalent to the fact that, for any open
neighborhood U of y, there holds

limsup/u(x,t)dac = 00. (3.1.21)
t—0 U

However, if (3.1.12) is not verified, there only holds (3.1.19) = (3.1.21).

The set of points y such that (3.1.20) (resp. (3.1.21)) holds is clearly open (resp. closed)
and denoted by R(u) (resp (S(u)). Using a partition of unity, there exists a unique Radon
measure (1 € My (R(u)) such that

lim mmm@mz/ Cdi V¢ € Co(R(u)). (3.1.22)
=0 JR(w) R(u)

Owing to the above result we define the initial trace of a positive solution u (3.1.1) in Q7 as
the couple (S(u), p) for which (3.1.20) and (3.1.21) hold and we denote it by tr_, (u). The
set S(u) is the set of singular points of tr_, (u), while p is the regular part of tr_, (u). It
is classical that any v € B"9(RY), the set of positive outer regular Borel measures in R,
can be represented by a couple (S, 1) where S is a closed subset of RV and u € 9, (R),
where R = RV \ S, in the following way

00 if ANS #0,

v(A) = { W(A) if ACR, VA Borel.

Therefore Theorem 3.1.8 means that tr_, (u) € Bred(RY).
The initial trace can be made more precise when we know whether klim ugs, is equal
—00

to ¢so Or is infinite.

Theorem 3.1.9 Assume p > 2 and (3.1.12) holds. Let u be a positive solution of (3.1.1)

N Qoo.

I- If J < oo is verified and klim Ukso (T,1) = Poo(t) for every (x,t) € Qoo. Then either
— 00

try (u) is the Borel measure infinity veo which satisfies vso(O) = oo for any non-empty

open subset O C RN, or is a positive Radon measure u on RN,

II- If J = o is verified and klim Uks, = 00 N Qoo. Then tron (u) is a positive Radon
— 00

measure i on RN

As a consequence of I, there exist infinitely many positive solutions u of (3.1.1) in Q
such that tron (1) = Voo. By Theorem 3.1.3, Theorem 3.1.4, the previous results apply in

particular if f(s) = s*In®(s + 1).
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3.2 Isolated singularities

Throughout the article ¢; denote positive constants depending on N, p, f and sometimes
other quantities such as test functions or particular exponents, the value of which may
change from one occurrence to another.

3.2.1 The semigroup approach

We refer to |9, p 117] for the detail of the Banach space framework for the construction
of solutions of (3.1.1) in Qs with initial data in L'(RY) N L>(RY). We set

J(u) = /RN (Zl? |Vul? + F(u)) dx (3.2.1)

when u belongs to the domain D(J) of J which is the set of u € L?(R"™) such that
|Vu| € LP(RY) and F(u) € LY(RY), and J(u) = co if u ¢ D(J). Then J is a proper convex
lower semicontinuous function in L?(RY). Its sub-differential A is defined by its domain
D(A) which is the set of u € L2(RV) such that |Vu| € LP(RY) and F(u) € L'(R") with
the property that —A,u + f(u) € L*(RY) and

/ vA udx :/ IVulP~2 Vu.Vude Vv e D(J), (3.2.2)
RN RN

and by its expression
Au=—-Apu+ f(u) Yu € D(A). (3.2.3)

Notice that (3.2.2) implies that vf(u) € LY(RY) for all v € D(J). The restriction of the
operator A is accretive in L'(RY) and in L%°(R¥), hence in LI(RY) for every ¢ € [1,00].
The operator A, defined in LY(RY) is the closure in LI(RY) of the restriction of A to
LI(RM). Tt is a m-accretive operator, with domain D(4,). Since C§°(RY) C D(4,), D(4,)
is dense in LI(RY). If ug € LY the generalized solution u to

du .
T +Au=0 in (0, c0) (3.2.4)
u(0) = ug
is obtained by the Crandall-Liggett scheme
%—i—fiquizo i=0,1,.. (3.2.5)

when we let h — 0, in the sense that the continuous piecewise linear function Up, defi-
ned by Up(ih) = u; converges to u in the C([0,T], L¢(R™))-topology, for every T > 0.
Furthermore, if ¢ = 2 and ug € D(Asg) (resp. ug € L2(RY)), then % converges to % in
L2([0,T], L*(RN)) (vesp. L?([0, T], L>(RN); tdt)) (see [20]). We shall denote by {S44()}¢~0
the semigroup of contractions of LI(R") generated by —A, thru the Crandall-Liggett Theo-
rem [4].

An important property [9, Lemma 2| is that if w € L'(RY) satisfies
Ajw+ow=h (3.2.6)
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where ¢ > 0 and h € L'(RY), then

Ajwdx = 0. (3.2.7)
RN

Definition 3.2.1 (i) A function u € C([§,00); L*(RY)) where § > 0 is a semigroup solu-
tion (3.1.1) on (8,00) if for any t > § there holds u(.,t) = SA1(t — §)[u(.,d)].

(ii) A function u € C((5,00); L*(R™)) is an extended semigroup solution of (3.1.1) on
(6,00) if for any t > T > &, there holds u(.,t) = S (t — 1)[u(.,7)].

3.2.2 The Barenblatt-Prattle solutions

We recall the explicit expression, due to Barenblatt and Prattle, of the solution v = vy,
of problem (3.1.14). If p =2

2

visy (@, 1) = k(dmt)~ % e~ ir (3.2.8)
and if ]\%—fl <p#2,
A x 2 \F
ks, (2, 1) = £V <A> , where V(¢) = (ck - d|5yp—1) (3.2.9)
tN +
with 1
N p—2 [ A\r1
A= —— ——— d d=—|— , 3.2.10
Np-2)+p p <N> ( )
and where C}, is connected to the mass k by
—2)A
_ N,k with o= PPN 211
Cx = c¢(N,p) wi - DN (3 )

The condition p > ]\2,—11 appears in order that A\ be positive. Notice that, if p > 2 then

p—1

d > 0, therefore the support of vgs,(.,?) is the ball Bs, ;) where 0x(t) = (%) b t%, while

Vgs, (@, 1) > 0 for all (z,t) € Qo if 1\37]4\:1 < p < 2 (and also p = 2 although the expression

of vk, is different). Furthermore, if ﬁ—fl < p < 2, the limit of vgs, when £ — oo is explicit
t\z#

Voo(Z,t) = AN (W) , (3.2.12)

—1
where Ay = (—d)gf?. This type of singular solution which is singular on the whole axis
{0} x (0,00) C Qoo, is called a razor blade (see [19] for some examples). To this solution
corresponds a universal estimate.

Lemma 3.2.2 Assume 1 < p < 2 and let v € C(Qu \ Br, % {0}) be a semigroup solution
positive of (3.1.1)
0w —Apu =0 in Qoo (3.2.13)
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which satisfies

%1_1}1& Kv(:r,t)dx =0, (3.2.14)

for any compact set K C RN \ Bg,. Then there exists c; = c1(N,p) > 0 such that

1

P

sup / v(z,7)dr < ¢ % VR > Ry,t > 0. (3.2.15)

0<r<t J{z:|z|>R} (R— Ro)»
If we assume moreover that | l‘im v(z,t) = 0 locally uniformly with respect to t > 0, then

Tr|—00
1
Db (— )" V@) eQu la| >R (3.2.16)
U(x, —_ 1 (|£l','| _ Ro)p 9 o0y 0

where Ay is the value of the constant in (3.2.12) when N = 1.

Proof. The first estimate is a consequence of

1

A=
sup / v(z,t)dr < co / v(z,0)dr + | — (3.2.17)
0=7<t JBy(a) Bap(a) pr

in [6, Lemma II1.3.1] under the assumption that v(.,0) is continuous with compact support.
Actually this assumption is not used. In this proof the first step is the following estimate
obtained by a suitable choice of test function :

¢
sup/ v(w,t)dwﬁ/ v(a:,O)dx—i—cg// |VolP~tde dr (3.2.18)
0<r<t . Bp(a) Bzr(a) R Jo JBg(a)

valid for any a € RV \ {(0,0)} and R < |a|/2. The second step to get (3.2.17) is to estimate
the integral on the right-hand side by relation (1.4.2) in |6, Lemma [.4.1] with the same
choice of e. We apply estimate (3.2.17) with a sequence of points in a fixed direction e
(with |e| = 1) a = a5 = (2"(R— Ro) + Ro) e and p = py = 2" (R — Ry) (actually we
start with p < pg and let it grow up to pg). Then we get

1

_ N(k—1) t 2-p
sup / v(z,t)de < g2 3 [ ———— ) (3.2.19)
0<7<t J By, (ak) (R—Rp)»

Since the ball B,, (ax) and By, , (ax+1) are overlapping there exist a finite number of points
{e; }?1:1 and {€’; }?2:1 (d; and dz depend only on N) on the unit sphere such that

di oo do
{zeRY:|z| >R} C U U By, (2pre;) U U Br-ry (Re';)
j=1k=1 =1
Therefore
1
> __Nk__ _N t -p
sup / v(x, T)dr < cq |dy 22 A@=p) 4 dp22C-p) | | ———
0<7<t J{a:|z|>R} o (R— Ry)»
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which is (3.2.15).

Estimate (3.2.16) follows from comparison with the 1-dim form of v

t
P

1
=%
Voo (8,1) = Ay < > T st >0, (3.2.20)
For € > 0, the function
(,t) = Voo (z1 — Ro — €,t) + €

where © = (x1,...,2n) = (x1,2'), is a solution of (3.2.13) in Hj py+e X (0,00) where
Hypm = {z € RN : 21 > m}. For R large enough v(x,t) < veo(z1 — Ro — €,t) + € on the
set ((H1,Ry+e NOBR) U (0H1 py+e N Br)) x [0,T] for any T > 0, and for ¢ = 0. By the
maximum principle v(z,t) < voo(x1 — Ro — €,t) + € in (Hi gy+e N Br) % (0,7T]. Letting
successively R — 0o, T'— oo and € — 0 yields

v(z,t) <veo(z1 — Ro,t) V(x,t) € Hy g, % (0,00).

Next we take (z,t) € Qo such that |z| > Ry and consider a rotation R, such that
Re(x) = X = (]z],0,...,0). Set vg, (y,t) = v(R;(y),t) for every (y,t) € Qwo, |y| > Ro.
Since the equation (3.2.13) is invariant under the rotation R, vg, is also a solution of
(3.2.13) and satisfies (3.2.14) and lim|, o VR, (¥, %) — 0 locally uniformly with respect to
t > 0. Hence

URz(y7t) < Uoo(yl - ROat) V(y,t) S Hl,RO X (0, OO)

On one hand, by taking y = X, we get

VR, (X, t) < vso(|z| — Ro,t). (3.2.21)

On the other hand,
vr, (X, 1) = v(R; 1 (Rau(x)),t) = v(x, t). (3.2.22)
Thus (3.2.16) follows from (3.2.21) and (3.2.22). O

Proposition 3.2.3 Assume p > % and let {v"} C C([0,00); LY(RN)) be a sequence
of positive semigroup solutions of (3.2.13) on (0,00) such that v"(.,0) has support in Be,
where €, — 0. If

/ V" (z,0)dr =k, = k asn — o
RN
then v — vgs, locally uniformly in Q.

Proof. We first give the proof in the case ]\%—fl < p < 2. By a priori estimates, up to a

subsequence, {v"} converges locally uniformly in @ to a solution v of (3.2.13) in Q. By
Herrero-Vazquez mass conservation property [9, Theorem 2| (valid if p > ﬂ)

N+1
/ v (x,t)dr = / V" (x,0)dx = ky.
RN RN

118



3.2. ISOLATED SINGULARITIES

By (3.2.16)

1

t 2-p
v (z,t) < Ay <> Yt >0, V|z| > €.

(lz] = €n)?

Since 2— > N, the function

1

= (@mar)

belongs to L'(RY \ Bs), for any § > €,. Since v"(x,t) — v(z,t) uniformly in Bs, it follows
by the dominated convergence theorem

lim v (z,t)dx = / v(z, t)dx = k. (3.2.23)
RN

n—oo RN

Because v is a positive solution with isolated singularity at (0,0), it follows from [3| that
U = Vg, , solution of (3.1.14).
When p > 2, the function wvgs,(.,t) has a compact support Dy, (t) for any ¢t > 0 and
Dkn (t) C BRn(t) where
2 p—2

pP—2
R, (t) = €y + cskp” tNG@- % < € + c5ka 7 NG (3.2.24)

where ¢5 = ¢5(N,p) > 0, € = sup{e,;n € N} and k. = sup{kn;n € N}. Using Lebesgue
dominating theorem we obtain again (3.2.23). O

3.2.3 Fundamental solutions

The following lemma is fundamental.

Lemma 3.2.4 Assume p > ]\%—fl Then, for any k, R,T > 0,
© i (UEM
/ f(s)s ds < 00 = f(vrs,) € L*(Br x (0,7)). (3.2.25)
1

Proof. The result is already proved in the chapitre 2 for the case p = 2 and in [10] for the
case p > 2. It appears to be new in the case N +1 < p < 2. Without any loss of generality

we can assume R =T = 1 and we consider N—H < p < 2. We set d* = —d. By rescaling
we can assume that Cy = d* = 1. Therefore

p—1

ro\ e |
I= // f(vks, )dxdt = wN/ / = 1+ (A) ] rN=Ldr dt.
Bi1x(0,1) N
PRy L, et
Set s =t |1+ (ﬁ) ’ ] ,then r =t~ [(t)‘s)gf1 - 1} " and
tN
N b2 N(Pfl)_l
p—=z p
I= wN/ / (tAs)_ﬁ ((t)‘s) p=T — 1> f(s)dst? dt
t

= 7(,0]\[ [1 +IQ
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where
1 1 N(Pfl)_l
_ 1 p=2 P
L = /p_1/ (ths) p-1 ((t)‘s) p=l — 1> t2A\dt f(s)ds

272 Ja(s)

o 87% 1 p—2 N<Z;)71> -1
I, = (ts) p-1 ((t)‘s)?l — 1> t2A\dt f(s)

1 a(s)

Ap 1
and a(s) is the inverse function of ¢ — t=2(1 4t »- 1)2 2. Clearly

Ap —1 2X(p—1) 2—p
ML) <t 2 = a(s) > sPeD.

Therefore

N(p—1) 1

_ 1 p=2 P
I < / / p—1 <(t>‘3) p=l — 1) t2Adt f(s)ds
2pP— 2 SQA(I” 1)

2; N(p—1) 14 N(p=2) 1
< / / , (I—7r )" 7 Xt 5 drs2a f(s)ds.
>\ op=2 Js26-1

Since%+%>—land%—l>—l

)

S 2(p—1)

s 20p Np-1) | 1, N@-2) 1 22p Np-1) | 1, N@-2)
/ R S S d7'</ (1—rr 1) 7 '35 dr < .
0
1
Furthermore —2 — = —p — & thus

1

HRESS]

—71§06/ 1f() ds.
2P—

We perform the same change of variable with Iy

N(p—1) 1

o (O

2—p N(p=1) 1 1, N(p=2) 1
< / / , (L—7p= 1) Lex+—% dTSfQ*Xf(s)ds.
)\ 1 g2(p—1)

Again

1 2-p Np-1) _ N(p—2) ! 22p Np-1)_; 1, N@-2)

/ » (1—7'1’*11)) oL d7'</ (1—7?*11)) RS S dr < oo,

$2(p—1) 0

then
p(N+1)
I, < 67/ f(s

Therefore (3.2.25) holds. O

Notice that the assumption implies that v, € C(Qoo) N L (3, 00; LY(RN) N L (RY))
for every 6 > 0.
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Proof of Theorem 3.1.1. Existence. Let € > 0, Q¢ 00 = RN x (€,00) and denote by u,
the solution of

Oru = D+ f(u) =0 in Qe
{ t ’ u(.,€) = vpsy (-, €) in RV, (3.2.26)

Since wis, (-, €) is a smooth positive function belonging to L'(RY) the function wu. is
constructed by truncation. By the maximum principle

Ue(z, t+€) < vgsy(x,t+€) V(z,t) € Qe 00 (3.2.27)

For 0 < € <€, ug(z,€) < vgs, (x,€) = ue(x, €), thus ue (z,t + €) < ue(z,t +€) in Qe 0. Set
U = lime_0 e, then @ < vis, in Qoo. By the standard local regularity theory for degenerate
equations, Vu, remains locally compact in (C (Qx0))”, thus @ satisfies (3.1.1) in Q.

In order to prove that

4 ue(z, s)dr + f(ue(z,s))de =0
dt Jgn RN

we recall that ue can be obtained as the limit of thru the iterative implicit scheme (3.2.4)
with ¢ € [1,00] is arbitrary since ueg € L' (RY)N L (RY). For h > 0 we can write it under
the form

Ue,j — hApue,i = _hf(uai) + Ue,i—1-

By (3.2.7), and denoting by Uah the piecewise constant function such that ﬁeyh(jh) = Uej,
we obtain since u g = vgs, (€)

ih )
/ (e — vpsy (€)) (2)dz = — / F(Tp () dadt. (3.2.28)
RN € RN

Letting h — 0 and ¢ — oo such that ih = t > € and using the uniform convergence, we
obtain

/RN“e@vt)dw - /RN”kéo (z, €)dr = —/: RNf(ue(af, s))dxdt. (3.2.29)

Since 0 < ue < vgs, and vgs, (-, ) has constant mass equal to k, we derive

/RNue(w t)dr — k ' // f(vgs, (2, 8))dadt. (3.2.30)

Because f(vgs,) € LY (RN x (0,7)), we can let ¢ — 0, using the monotone convergence
theorem, in order to get

/RN (@, t)da — k ' // f(vrsy (2, 8))dadt. (3.2.31)

lim [ wu(z,t)de = k. (3.2.32)

t—0 RN

This implies that
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If $ € C.(RV), let ¢ € C®(RYN) such that 0 < ¢ < 1, ¢ = 1 on the support of ¢ and
¢(0) = 1. Then

/RNu(:L‘,tM(fﬂ)da::/ w(z, ) ()¢ (z)dx

RN
=600) [ ulw o+ [ u(e.0)(6(@)C@) - 60
Thus

[tttz —o00) [ ate s

RN

< /R ki (2,0)[9(2)C () — 9(0) do

Because |¢(z)((x) — ¢(0)| is continuous and vanishes at zero and vy, (., 0) = kdo, it follows
from (3.2.32)

lim [ wu(z,t)p(x)dr = kp(0). (3.2.33)

t—=0 JrN

Uniqueness. The proof uses some ideas from [10, Th 2.4]. Assume @ is any nonnegative
solution of problem (3.1.13), then, for any € > 0 we denote by ¥, the solution of
Opv — Ap'l) =0 in Qe,oo
{ v(.,€) = u(.,e) in RV, (3.2.34)

By the maximum principle 0 > @ in Q¢ 0. When € — 0, U converges locally uniformly to
a solution ¥ of the same equation in Q). Furthermore, using again |9, Lemma 2|,

/ ﬁe(x,t—i—e)dx:/ u(z, €)dx.
RN RN

By Fatou’s Lemma and using the fact that

lim t(x, e)dr =k,
e—0 RN

we derive

/ o, D) < . (3.2.35)
RN

Since ¥ > 4, equality holds in (3.2.35). Since the fundamental solution is unique [3, Th
4.1], it implies ¥ = vgs, and @ < vgs,. We end the proof as in [3, Th 4.1], using the L!-
contraction mapping principle and the fact that any solution of (3.1.13) is smaller than
Uks, © for t > s > 0, there holds

/RN lulz, £) — @, 1) dz < /N u(z, 5) — iz, 5)| do

R

< / lu(x, s) — vk, (2, 8)| dz +/ |vks, (2, 8) — U(z, s)| dx
RN RN

< / (vgsy (2, 8) — u(x, s))dz +/ (vgsy (2, 8) — u(x, s))d.
RN RN
(3.2.36)
When s — 0 the right-hand side of the last line goes to 0. This implies the claim. ([

The next result shows some geometric properties of the uys, .
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3.2. ISOLATED SINGULARITIES

Proposition 3.2.5 The solution u = ugs, of problem (3.1.15) is radial and nonincreasing
with respect to |x|.

Proof. It is sufficient to prove the result with the approximation u.(., t). By (3.2.9), vgs, (., t)
is radial and decreasing, therefore u.(.,t) is radial too by uniqueness. We notice that u. is
the increasing limit, when R — oo, of the solution u, r of

Ow— Apu+ f(u) =0 in Qfg;,
u=20 on 0BR % (€,00) (3.2.37)
u(.,€) = vis,(.,€) in Bp.

For A € (0, R), we set ¥ = BpN{x = (2\ — x1,2’) : 21 > A} N Br and define wy by
wx(z,t) = wy(x1, 2, t) = uper(Z) — Ue r(T) = ue R(2A — x1, 1 t) — uejR(xl,m’,t).

If QEA = ¥\ X (€,00), there holds

Jwy + Awy + d(x)wy =0 in Qggo
wy >0 in dX) X (e,00) (3.2.38)
wx(.,€) >0 in Xy.

where

UX,e,R—Ue,R

fure,r)—f(ue,r) -
d(z) = { - %f U)e,R # Ue,R
0 if U e,R = Ue,R

and
Awy, = *Apu)\,e,R + Apue,R-

Notice that d > 0 since f is nondecreasing and A is elliptic |7, Lemma 1.3]. Furthermore
the boundary data are continuous, therefore wy > 0. Letting A — 0, changing A by —A
and replacing the z; direction, by any direction going thru 0, we derive that ue g(.,?) is
radially decreasing. Letting R — oo yields to uc(.,t) is radially decreasing too. O

In the next result we characterize positive solutions of (3.1.1) with an isolated singula-

rity at t =0

Proposition 3.2.6 Assume p > N+1 and f satisfies (3.1.12). If u € C(Qwo \ {(0,0)}) is
a positive semigroup solution of (3.1.1) in Qs such that u(xz,0) =0, for all x # 0 and

lim u(z, t)dr < oo,
t—0 RN

then there exists k > 0 such that u = uys,.

Proof. Using [11, Lemma 2.2] when p > 2, or the proof of Theorem 3.1.1 when -2 N+1 <p<2
jointly with the fact that

t u(z,t)dx
RN

123



3.2. ISOLATED SINGULARITIES

is decreasing, we derive that u < vy, for some m > 0 and there exists £ > 0 such that

lim u(x, t)dr = k.
t—=0 JrN

Since u(.,0) vanishes if x # 0, it implies

lim [ w(z, t)o(x)de = kp(0) Vo € C(RY).

t—0 RN

Therefore u satisfies (3.1.13). By uniqueness, u = g, O

3.2.4 Strong singularities

This section is devoted to study the limit of the sequence of the solutions ugs, to (3.1.13)
as k — oo with f(s) = s*In®(s +1) where p > 2, a € [1,p—1)and g > 0.

Proof of Theorem 3.1.3. By the comparison principle,

(p—1)¢ _
Uk50($,t) S ’deo(l‘at) S CSk =2 ¢ )

where vy, is the solution of (3.1.14) in Qs and cg = cg(N,p) > 0 in (3.2.11). We set

Lla=1)(p—1) p—1)¢

(
Or(t) =gk 2 A (egk 2 A 4 1) (3.2.39)

then
Orus, — DpUgs, + Ukéoek(t) > 0. (3.2.40)

Next we write ugg, (z,t) = b (t)wg(x, s(t)) (the functions by and s; will be defined later).
For simplicity, we drop the subscript &k in by and sg. Inserting in (3.2.40), we get

V2P (1) (1) Dswi (2, 8) — Apw(z, ) + b P () + b(t)0k ()| wy(, 5) > 0. (3.2.41)
We choose the functions b and s such that
PPt)s'(t) =1  and  b(t) + b(t)0k(t) =0,
which implies

t
0

b(t) = exp ( — /0 Gk(r)dT) and  s(t) = / exp ( —(p— 2)/079k(0)da)d7'. (3.2.42)

Then Oswy, — Apwy, > 0 in RN x (0, sk,0) with some s; 9 > 0 and wy(.,0) = kdyp. It follows
by comparison principle that wy, > vks, in RY x (0, sk,0). Hence

p—1

t —p2
Uks, (X, 1) > b(t)vks, (x, ) = exp (—/ Hk(T)dT> s (Cgkz — clos@—q)N ]a:\ﬁ )22
0
(3.2.43)
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3.2. ISOLATED SINGULARITIES

Let 01 > E(afpl# and 0 < d2 < 1—A(aw—1). Using (3.2.39) there exists ty > 0 depending

on 01, 02 and k large enough, such that, for any ¢ € (0,ty) there holds
/Otgk(T)dT < e k%1% (3.2.44)
with e11 = c11(e, o, 8, p, N) > 0. It follows from (3.2.42) and (3.2.44) that
t exp [— (p— 2)011k51t52] <s(t) <t. (3.2.45)

Since J < oo holds, there exists the solution ¢ of (3.1.2). The sequence {ugs, } is increasing
and is bounded from above by ¢, then the function U(z,t) := klim ugs, (x,t) satisfies
—00

U(x,t) < ¢oo(t) for every (z,t) € Qoo. We restrict x € By and we choose t such that

1
i 2, 1 2 ‘ __1
cok! — c105(t) TN > 509]# k> <Cm) s(t) =3 (3.2.46)
C9
By (3.2.45), we only need to choose ¢ such that
1
2 -1
k> <010> tpj? exp <011k51t52). (3.2.47)
co
We choose ¢t under the form .
t=k v withy >0, (3.2.48)
then (3.2.47) becomes
210\ ¥
—1
£ > (Cl‘)> 77 exp <c11t52_5”> . (3.2.49)
Co
In order to obtain (3.2.49), it is sufficient to choose vy such that
1 92
— <y < 3.2.50
2 <775, ( )

Indeed, since o < p— 1, we may choose §; and dy close enough % and 1 —\(a—1)
respectively such that (3.2.50) holds true. When ¢ has the form (3.2.48) where ~ satisfies
(3.2.50), from (3.2.43), (3.2.44)-(3.2.46) and the fact that U > us, in Qso, we deduce that

U(zx,t) > ciat N exp |ei3 In(t_l) — ¢pqtP2 0 (3.2.51)

for every (x,t) € By x (0,tg) with ¢y small enough and c¢12 = c12(N, p), c13 = c13(N, p, 7).
Since v satisfies (3.2.50),
C13 ln(t_l) — 011t62_61’Y >0

for every t € (0,tp). Therefore limy_,o U(z,t) = oo uniformly with respect to x € B;. We
next proceed as in [19, Lemma 3.1] to deduce that U(x,t) is independent of x and therefore
it is a solution of (3.1.2). Since J < oo, U(x,t) = ¢poo(t) for every (z,t) € Quo. O

Theorem 3.1.4 is proved by the same arguments as Theorem 3.1.3, using the fact that
U(z,t) is independent of x.
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3.3. NON-UNIQUENESS

3.3 Non-uniqueness

The next result shows that K = oo is the necessary and sufficent condition so that a
local solution of
(N '[P’y = eV f (w) (3.3.1)

can be continued as a global solution. More precisely,

Lemma 3.3.1 Ewvery positive and increasing solution of (3.3.1) defined in an interval [a, a*]
to the right of a > 0 can be continued as a solution of (3.3.1) on [a,+0o0) if and only if f

satisfies

> d

/ ? = (3.3.2)
A F(s)?

for any A > 0.

Proof. The proof is is an extension to the case p # 2 of the one of [18, Lemma 2.1] for the
case p = 2.

Step 1. We first assume that w is defined on a maximal interval [a,a*) with a¢* < co and

lim w(r) = 4o00. Since w is a nondecreasing function, w’ > 0. And hence we may write
r—a*

(3.3.1) under the following form

N -1
r

(WP~ + (p = D P " = f(w),

which implies that
(0 — 1)y~ < f(w) (3.3.3)

and hence

p;lw/p/ w))
5 W) < (Fw)'

Taking the integral over [a,r]|, we get

p—1

) ()P (r) = (w')P(a)] < F(w(r)) - F(w(a)) < F(w(r)).

Since f is positive on (0,00), F'(s) — oo when s — oo, thus there exists a € (a,a*) such
that
2p

0<w(r)f <—"—=F(w(r)) = :
p=1 Fw(r)?
Taking the integral over [a, r], we obtain

w(r) ds 2]3 1 ~
/ 13( _1)p(r—a).
@ F(s)r p

w

< <p2p )’1’ Vr € [a,a").

Letting r — a* yields to

*  ds 2p %* .
T g( _1) (a*—a) < oo
@ F(s)r p

w
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3.3. NON-UNIQUENESS

and (3.3.2) is not satisfied.
Step 2. We assume that

/oo ds
- < 00
A F(s)r
for some A > 0, and we fix A > a. By [17, Theorem 1] there exists a function v defined on

(a, A) such that
w(r) <y(r) Vre(a,A)

for any solution of (3.3.1) on (a, A). Moreover, v can be assumed convex, and %imv(r) =
—a

lim v(r) = 4o0. If w is a solution of (3.3.1) on (a,a + €) such that w(a) > min ~(r)
r—A a<r<A

and w'(a) > 0, it is clear that w(r*) = ~(r*) for some r* < A and w(r) > ~(r) for
r € (r*,r* 4+ ¢€), so w can not be defined on the whole (a, A), and there exists a* < A such
that lim w(r) = co. O

r—a*

Proof of Theorem 3.1.5 By the Picard-Lipschitz fixed point theorem in the case 1 < p <
2 and [8, Th 5.2] in the case p > 2, there exists a unique solution w, to (3.1.16) defined on
a maximal interval [0, 7,) and w, is an increasing function. Since Keller-Osserman estimate
does not hold, by Lemma 3.3.1, the solution can be continued on the whole [0,400) and
global uniqueness follows from the local uniqueness. The function r +— wg(r) is increasing

and
we(r) > a+ p]—jl(f](va))pl“L and w/(r) > (fj(va))mrpil

for any r > 0. O

Proposition 3.3.2 Assume p > 1\3741\-717 f s locally Lipschitz continuous and K = oco. For
any positive function uy € C(Qoo) which satisfies

we(|z|) < up(z) < wy(|z)) Vo eRY (3.3.4)

for some 0 < a < b, there exists a positive function u € C(Qso) solution of (3.1.1) in Qo
and satisfying u(.,0) = ug in RN . Furthermore

we(|z]) < a(z,t) < wp(lz]) V(z,t) € Qoo (3.3.5)

Proof. Clearly w, and wy are ordered solutions of (3.1.1). We denote by u,, the solution to
the initial-boundary problem

Oy, — Apuy, + f(up) =0 in @, := B, x (0,00)
un(2,0) = ug(x) in B, (3.3.6)
up(z,t) = (we(|z]) + wp(|z]))/2 on IB, x (0,00).

By the maximum principle, u, satisfies (3.3.5) in @,. Using locally parabolic equation
regularity [5, Th 1.1, chap III] if p > 2 or [5, Th 1.1, chap IV] if 1 < p < 2, we derive
that the set of functions {u,} is eventually equicontinuous on any compact subset of Q.
Using a diagonal sequence, combined with Proposition 3.4.4, we conclude that there exists
a subsequence {u,, } which converges locally uniformly in Qu to some solution 7 € C'(Quo)
which has the desired properties. O
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Proposition 3.3.3 Assume p > ]\2,—_?_[1, f is locally Lipschitz continuous and J = oo and

K = o0o. Then for any ug € C(RN) which satisfies
0 <up(z) <wp(|z]) VoeRY (3.3.7)

for some 0 < b, there erists a positive solution u € C(Qs) of (3.1.1) in Qs satisfying
u(.,0) = ug in RY and

u(z,t) < minf{wy(|z]), poo(t)} V(z,1t) € Qoo- (3.3.8)

Proof. For any R > 0, let ug be the solution of

Oyup — A]Z)UR + f(uR) =0 in Qo
up(r,0) =up(x)xp,(r) in RY.

The functions ¢, and wy are solutions of (3.1.1) in Q, which dominate ug at ¢t = 0,
therefore, by the maximum principle,

min{¢oo(t), wp(|z|)} > ug(x,t) V(z,t) € Qco. (3.3.9)

The mapping R — up is increasing, jointly with (3.3.9) it implies that there exists a

solution u := P}im ur of (3.1.1) in Qo which satisfies u(x,0) = ug(z) in RY. Letting
— 00

R — o0 in (3.3.9) yields to (3.3.8). O

Proof of Theorem 3.1.6. Combining Proposition 3.3.2 and Proposition 3.3.3 we see that

there exist two solutions u and @ with the same initial data ug, which are ordered and

different since lim w(z,t) = oo and 1|im u(z,t) < ¢poo(t) < oo for all t > 0. O
T|—00

|z|—o00 \

3.4 Estimates and stability

In this section we assume that © is a domain in RY, possibly unbounded, 0 < T < co
and set Q¥ =0 x (0,T) and Q7 := RN x (0,7).

Definition 3.4.1 A nonnegative function u is called a weak solution of (3.1.1) in Q¥ if u,
Vul, f(u) € L, (QF) and

loc

T
/ / <—G(u)8t<p + | VulP 2 Vu.V(g(u)e) + f(u)g(u)ap) dxdt =0 (3.4.1)
0 JQ
for any ¢ € CX(Q%}) and any function g € C(R) N WL2(R) where G'(r) = g(r).

The next results are obtained by adapting the proofs in [2].

3.4.1 Regularity properties

The following integral estimates are essentially [2, Prop 2.1] with u? replaced by f(u).
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Proposition 3.4.2 Assume p > 1. Let § < 0,0 # =1 and 0 <t < 0 < T. Let u be a
nonnegative weak solution of (3.1.1) in Q%. For any nonnegative function ¢ € C°(2) and
T>Dp,

0
5:_1 Q(l +u(:1,‘,t))1+547'(3;)dx—|— |g’/t /Q(l _|_u)5—1C7— |vu‘p da dt
71 [ b 5 -
= 5+1/Q(1+u(x,«9))1+ ¢ (x)dx+/t /Q(1+u) Fu)¢Tdx dt (3.4.2)

(%
+c14/ /(1 + )PP | VP da dt.
t JQ

and

[0+ @ )¢ @i < [ 0+ a0 @de + [ 9 [ iz a

(3.4.3)
0 0
+T/t /Q(l + )07 [ Vul? d:cdt+7'/t /Q(l + u)I=0E-D =P |V |P da dt.
Conversely,
1 . 1 ? .
4/Qu(:c,9)C (a:)d:v—i—2/t /Qf(u)( dx dt
, (3.4.4)
< /Qu(m,t)CT($)dx+T/t /QCT_l IVulP~1 |V¢| de dt + er5
and
0
i/ﬂ(1+u(x,9))gf(x)dx+;/t [ rcrdzat < [ (14 u(w.0)¢"(2)do
0 0
6—1,1 p (1-9)(p—1) pr— D
+r/t /Q(1~I—u) ¢ |Vl d:cdt+7/t /Q(l—l—u) D¢ V(| dxdt+c(1§45)

where ¢; = ¢;(p, f,0,7) (i = 18,19, 20).

The next result is the keystone for the existence of an initial trace in the class of Radon
measures. It is essentially [2, Prop 2.2] with u? replaced by f(u), but we shall sketch its
proof for the sake of completeness.

Proposition 3.4.3 Let u be a nonnegative weak solution of (3.1.1) in QF. Let 0 < 0 < T.
Assume that two of the three following conditions hold, for any open set U CC §Q :

sup /u(x,t)dx < 00, (3.4.6)
te(0,0] JU
0
//f(u)dmdt<oo, (3.4.7)
0o Ju
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0
/ / |VulP~! dz dt < oo. (3.4.8)
0 JU
Then the third one holds for any U CC ). Moreover,
0
/ /u”dm dt < oo Vo e (0,q.) (3.4.9)
0 JU
and
0 N
Vu|" dx dt < Vr e (0, ——qc 3.4.10
| v asar < oo v e 0. 570 (3.410)

where g = p — 1+ p/N. Finally, there exists a Radon measure p € M4 () such that for
any ¢ € Ce(),

t—0

lim u(x,t)((a:)d:vz/((x)d,u (3.4.11)
Q Q

and u satisfies

/G/Q(—u(‘?tso + [VulP? Vu.Vo + f(u)p)da dt
0
_ / (@, 0)dp — / u(, B)p(x, 0)de
Q

Q

(3.4.12)

forany 0 <0 <T and p € C(Q x[0,T)).

Proof. Step 1 : Assume (3.4.6) and (3.4.8) hold. Let ¢ and 7 as in Proposition 3.4.2, there
holds

0
I+ u(z,t)("de = | (1+u(z,0))"de + f(u)(Tdxdt
e

0
+T/ /CT_1|Vu\p_2Vu.VCdxdt.
t JQ
It follows that f(u) € L1((0,0), L} .(Q)).
Step 2 : Assume that (3.4.7) and (3.4.8) hold. Then (3.4.6) follows from (3.4.13).

Step 3 : Assume that (3.4.6) and (3.4.7) hold. Let § € (max(1l — p,—1),0) be fixed. From
(3.4.2), we get, for any 0 < t < 0,

o 1
M‘/ /(1+u)51 [VulP ("da dt < /(1+u(x,9))5+1§7dx
(3.4.14)

0 0
+/t /Q(l%—u)‘sf(u)(dedtJrcM/t /Q(l+u)5+p_1CT_p|VC]pd:cdt.

If p < 2, then (14 u)°tP~! <1 4 u. Consequently, by (3.4.6),
0 0
/ /<1+u>5+p-1gf—p|vquxdt </ /<1+u>gf—pyv<pdmdt <00, (3415)
0 JQ 0 JQ
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which, along with (3.4.7) and (3.4.14), implies that

0
/ /(1 +u)? 7 | Vulf ¢Tdz dt < e17. (3.4.16)
t JQ

If p > 2, we choose 6 € (1 —p,2—p),d # —1, ( and 7 as in Proposition 3.4.2, then (3.4.2)
remains valid. From the inequality (1 + «)'*® < 1 +u and (3.4.6), we find that

/ (1+ u(z, )¢ (2)d <

[0+ 1] Jo /(1 +u(z,1))¢7 (z)dr < cas.

1
10+ 1| Jo

Hence, by (3.4.2),
|5| 0 o—1,7 p 1 0+1 7
35 (1 +u)° (T | VulP dx dt § — (1 + u(z,0))° T (Tdx

// (1+u)’ Cdedt—i-cM// (1 + w)* P17 V([P da dt + c15.

(3.4.17)
Since § < 2—p, §+p—1 < 1, hence (1 +u)°+tP~1 < 1+ u. Therefore, (3.4.16) follows from
(3.4.6), (3.4.7) and (3.4.17).

By applying the Gagliardo-Nirenberg inequality as in |2, Prop 2.2 (iii)|, we deduce that

/Oe/U(l + (e, 1)7dr < o

for any o € (0, ¢) with g = p— 14 &, which leads to (3.4.9). Next for 0 < r < p, and any

6 < 0, we find
//|Vu\ dx<<// 1—|—u51|Vu]pd:cdt>
(1=98)r T
(//1—|—u wdxdt> |

Thus, if r» € (0, ]]Vv—fl), this proves (3.4.10); furthermore, since p — 1 <
(3.4.8).

(3.4.18)

Ngc
N+1»

we obtain

Step 4 : End of the proof. Now we use (3.4.1) with ¢ = 1, for any { € C°(2) and any
O<t<d<T,

/Qu(x,t)g(x)dx = /g)u(m,G)C(x)dx%— /f/ﬂ (]Vu\p_Q Vu.V( + f(u)() dedt. (3.4.19)

Because the right-hand side of (3.4.19) has a finite limit when ¢ — 0, the same holds
with ¢ — /u(asjt)g“(a:)dx The mapping ¢ — limt%g/u(:c,t)C(x)dx is a positive linear
Q Q

functional /g on the space C2°(€2). By a partition of unity it can be extended in a unique
way as a Radon measure p € 94 (2) and (3.4.11) holds.
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Finally, let 0 < ¢ < 6 be fixed, g = 1 and ¢ € C>°(Q%), thus

0
/ /(—uatgo + |VulP 2 Vu. Ve + f(u)p)de dr
t JQ

(3.4.20)
= /u(:v,t)gp(:c,O)dx/u(x,@)gp(:c,@)dx.
Q Q
But
/u(x,t)(cp(:r,t) — o(x,0))dz| < CQ(]t/ u(z, t)dz.
Q Q
By (3.4.11), letting ¢ — 0 yields
[ utw et e > [ ol 0)dn
Q Q
Thus, letting ¢ — 0 in (3.4.20) implies (3.4.12). O

Next we consider the the following problems

A — Apu+ f(u) =0 in QP
u =0 ondQx(0,T) (3.4.21)
u(.,0) =p in Q.

where g € M4 (). The solutions are considered in the entropy sense (see [16] and [13]).

We recall that for ¢ > 1 and © C R? open, the Marcinkiewicz space (or weak Lebesgue
space) M9(0©) is the set of all locally integrable functions u : © — R such that there exists
C > 0 with the property that for any measurable set £ C ©,

/ luldy < C|E|" 4. (3.4.22)
E

The norm of v in M9(©) is the smallest constant such that (3.4.22) holds for any measurable
set E (see [16], [13] for more details). Here dy denotes the Lebesgue measure in R?, although
any positive Borel measure can be used.

We recall the following result of Segura de Leon and Toledo [16, Th 2] and Li [13, Th
1.1] dealing with entropy solutions with initial data in L'. However such solutions coincide
with the semi-group solutions because of uniqueness.

Proposition 3.4.4 Assume p > 1\2,—51, Q C RN is any open subset, h € L*(QF) and
p € LL(Q). Let v € C([0,T; L' (Q)) be the entropy solution to problem

Ov—Apv =h in Q%
v =0 ondx(0,00) (3.4.23)
v(,,0) =p in Q.

Then v e MP~1* X (QS), |Vu| € MP_NLH(Q% and there holds

[v]] ,* HWIIMP,NLH(QQ) < ¢, (3.4.24)

_ b
MP 1+N (Q% 2

for some cy1 > 0 depending on p, N, ||pl| 1) and ||h||L1(Q¥)-
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3.4.2 Stability

Let {un} C LL(RY) be a sequence converging to u in weak sense of measures, then
[tnll 1 vy < ¢, where ¢* depends only on N, p and ||t[|gnga). Denote by wy,, (resp. vy,)
the solution to problem (3.4.21) (resp. (3.4.23) with h = 0) with the initial data p,. Then
the following estimate holds

0 < uy, <vg,. (3.4.25)

By [9, Theorem 3],

- N N P2
||/U/ﬁn('7t)”LOO(RN) S CQZtN<p72)+p ||Hn||L1((pH§N>)+p Vt > 0,

where co3 = c22(N,p) > 0. Thus

—N P
41, (o ) oo vy < €2t VP22 [| || 1T R
e D _oeEn (3.4.26)
< cogt NP=2)4w
for every ¢t > 0, where cog = co3(N,p,c*) > 0.
It follows from (3.4.24) and (3.4.25) that
p+N
||“unHMp—1+p/N(QT) < ¢ Hﬂnﬂﬁﬁ(@%D < cu(N, p, ). (3.4.27)

By (3.4.26) and the regularity theory of degenerate parabolic equations [5], we derive that
the sequence {uyn} is equicontinuous in any compact subset of Q7. As a consequence, there
exist a subsequence, still denoted by {u,, } and a function u such that {u,, } converges to
u locally uniformly in Q7.

Lemma 3.4.5 The sequence {f(u,,)} converges strongly to f(u) in L*(Qr). Furthermore,
{un} converges strongly to w in L (Qr) for every 1 < q < ge.

Proof. Since u, — u a.ein 7, by Vitali’s theorem, it is sufficient to show that the sequence
{f(up,)} is uniformly integrable. Let E be a Borel subset of Q7 and let R > 0. Then, since
f is increasing,

//Ef(“un)dxdt://EO{UM<R}f(Un)dxdt+//EO{UM>R}f(uun)dxdt
< f(R) / /E ddt + / /E e

For A > 0, we set Bp(\) = {(z,t) € Qr) : uu, > A} and a, () = // dx dt. Then
n(A)

/ /E m{um>R}f(z%>d:ccltg / /{ uunZR}f(uyn)dmdt:— /R TFO)dan(y)  (3.4.28)

- / T F N dan(N) < F(R)an(R) + / " au ().
R

R

and
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It follows from (3.4.27) that
p+N

an(A) < 21 HManl;:((%El)) AP R) < e A1),

Plugging these estimates into (3.4.28) yields

// fluy,)dzdt < f(R)an(R) + cz5/ooA<P1+ﬁ>df(A)
En{uu, >R} R

< f(R)an(R) — ca5f(R)R~~1-%)
o (3.4.29)
+ C95 (p -1+ %) / f()\))\_(p‘*‘%)d)\
R

P

1 P T o+ )
§625<p 1+N)/Rf()\))\ BN,

Since

/ AR £(N)dA < oo,
1

for given € > 0,we can choose R > 0 large enough such that
2 [T Bign < €
2 (p 1+N>/R FON RN < 2.
Set 6 = (1+ f(R))™'S, then

|E|<(5$0§//Ef(uun)dxdt<e,

which proves the uniform integrability of the sequence { f(u,)}. The last assertion follows
from the fact that wu,, is bounded in M%(Qr) (remember that ¢. = p — 1+ &) and
M (Qr) C L?OC(@) with continuous imbedding, for any ¢ < ¢.. The conclusion follows

again by Vitali’s theorem. O

Lemma 3.4.6 Assume p > %7 then for any U CcC RYN, the sequence {Vu,,} converges

strongly to Vu in (L*(Qr))N for every 1 < s < s :=p — NLH

Proof. We set hy,, = — f(u, ) and write the equation under the form

{ 8tu#n — Ap’u,#n = hn in QT

Uy (-, 0) = prn in RY. (3.4.30)

We already know from the L'-contraction principle and Proposition 3.4.4 that
||uun(-at)||L1(]RN) < el g2 vy vt € (0,T]

7 (Qr) for every q € [1,qc) and |Vuy,| is bounded in Lj (Qr) for
every 1 < s < s.. Thus |Vuy, [P~! remains bounded in bounded in L (Qr) for every

1<o<o.:=1+ (NTI(p—l)' Furthermore,

oTa
and uy,, — win L

{Vuy,,} is a Cauchy sequence in measure. (3.4.31)
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and the proof is similar to the one of |2, Th 5.1-step2]. Up to the extraction of a subsequence,
{Vu,, } converges a.e. to some D = (D, ..., Dy) in Qp. Consequently, {|Vu,, [P~ Vu,, }
converges a.e. to |D\p72 D in Q7 and, by Vitali’s theorem,

Vuy, — D strongly in (L3 (Q7))Y, Vs € [1,s.),

s s e (3.4.32)
{IVuu, [P *Vuy,} = |DIP"°D strongly in (L7 (Qr))", Vo €[l,0.).

which implies Vu = D and the conclusion of the lemma follows. O

Proof of Theorem 3.1.7. Step 1. For any ¢ € C°(RY) and ¢ > 0, we have

t
/ uun(az,t)g(x)dx—i—// (]Vu,m]p_Q VuunVC—i-f(uun)C)d:cdt:/ pin (2)¢ (7)dx.
RN 0 JRN RN

By Lemma 3.4.5 and Lemma 3.4.6, up to the extraction of a subsequence, we can pass to
the limit in each term and get

t
p—2 —
/RNu(a:,t)((x)d:U—i-/O /RN(Wu] VuV{¢+ f(u)l)dzdt = /RNCd,u.
Letting ¢t — 0 yields

lim u(x, t)((z)dr =

fim | RNC(:C). (3.4.33)

For any ¢ € C°(RY x [0,00)) and 6 > 0, we have
0
/ / (=1, 0 + |V, [PV, Vo + f(uu, )e)de dt
0o JrN

_ /R (0,2 pn(w)ir /R i (7, 0)p(, O)

By the previous convergence results, we can pass to the limit in (3.4.34) to obtain

(3.4.34)

0
/0 /RN(—UOW + |VulP 2 VuVe + f(u)p)ds dt

= [ o0~ [ al.0)e(.0)d
RN RN
Step 2 : u is a weak solution. By (3.4.26)

(3.4.35)

__N__
SUP{Huun(wt)HLoo(RN) Nl )| oo @iy} < cost NE=DE vt € (0,T].

Let ¢ € C(RY). Since {uy,(.,0)} converges locally uniformly to u(.,6) in RY, for any
6 > 0, there holds

T
;/RN(UH” — uum)2(,7T)Cdxdt+/6 /RN(f(an) — flup ) (uy, — uy,,)Cdx dt

T
+ / / Vit "2 Vit — [Vt [P Vit ). (1, — 0, )l
0 RN

| (3.4.36)

< 5 L e = P0G
T
[V T = 9007 V= 1V
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This implies directly
Vi, = Vu in (L, (Qr)", (3.4.37)

by Lemma 3.4.6 when p > 2. When 1 < p < 2, we derive by Fatou’s lemma

T
;/RN(UM” —u)2(.,T)Cdl‘dt—|—/9 /sz(f(u“") — f(w)(up, —u)¢drdt

T
- / / (IVup, [P72 Vuy, — [VulP ™ V).V (uy, —u)(dzdt
0 JRN

| (3.4.38)

< 2/RN(UM" —u)%(.,0)¢dx dt

T
+// ’\Vuun\p_2Vu#n—\Vu|p_2Vu‘]u#m—uHVC]dxdt.
0 RN

Using again Lemma 3.4.6, it implies

T T
lim / / Yy, [P Cdr dt = / / Vul? Cda dt. (3.4.39)
n—oo Jg JRN 6 JRN

Since Vuy,, — Vu weakly in L} (Qr), it implies again that (3.4.37) holds true. At end, let
¢ € C°(Qr) and consider 0 < §# < T and U cC RY such that suppy C (0,T) x U. Let
g € C(RN) N WL2(RN) where G'(r) = g(r). Multiplying the equation in (3.4.21) (with

initial data u = ) by g(uu, )e, we obtain

T
[ 600+ [V, " o', o)
0o Jr (3.4.40)

T
+ 9000) [V, 2V, T+ [ [ gl ) de =0

By Lemma 3.4.5 and (3.4.37), we can pass to the limit in each term. As a consequence, u
is a weak solution.

Step 3 : Stability. Assume that {4} is a sequence of functions in L% (RY) with compact
support, which converges to p € M4 (RY) in the dual sense of C(RY), then [enll 1oy 18
bounded independently of n. By the same argument as in step 1 and step 2, we can pass
to the limit in each term of (3.4.40), hence the conclusion follows. (]

Lemma 3.4.7 Assume p > 2. Let u € C(Qr) be a positive weak solution of (3.1.1) in Qp.
Assume that there exists v > 0 such that

T
/ / VP! dz dt = . (3.4.41)
0 r
Then
sup / u(z, T) = oo. (3.4.42)
TG(O,T) Bg,
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Proof. By contradiction we assume that (3.4.42) does not hold. Then there exists M; > 0
such that
sup / u(z, ) = M. (3.4.43)
7€(0,T) J Bg,
Step 1 : We claim that
u e L®(QP).

Since w is a positive subsolution of the equation in (3.2.13), by [5, Theorem 4.2, Chapter
V], there exists a constant cag = co6(IN,p) such that for every zg € RV, 0 < 0 <tg < T
and o € (0,1), there holds

1 p
co602 _ 2
sp ws— (Kl [ utenan)
Kop(x0) X (to—00,to) p2(l—0)" 2z \to—b<7<to Kp(z0)
(3.4.44)
where K,(x0) is the cube centered at x¢ and wedge 2p, i.e.,
Kp(w0) = RY C— :
p(r0) = {z € max [o' — 2p| < p}
We choose g =0, tg =6 =t, 0 = 1/2 and p = 4r, then (3.4.44) becomes
(p+1) - 2
sup u < P +pc%té(élr);( sup |K4T]1/ u(x,7’)dx> . (3.4.45)
KQTX(%,t) 0<r<t Ky
Since B, C Ko, and K4, C Bg,, from (3.4.43) and (3.4.45), we obtain that
—n( ) —p( ) L
sup w< 2 epgTEr N M = M. (3.4.46)

BQ,—X(O,T)
If p =2, (3.4.46) can be derived by using [5, remark 4.1, Chapter V.
Step 2 : Let ¢ € C°(RYN) such that ¢ > 0 in RN, ¢ =1 in B,, ( = 0 outside of Bo, and
V(] < % We show that, for any o > 0,

t
Ji(t) := / / (u+1)°~1¢P | VulP do dr < oo,
0 BQT
t

(3.4.47)
Ja(t) == / (u+1)0=C=Ddz dr < oco.
0 BQT

Multiplying (3.1.1) by (u+ 1)?¢? and then integrating on RY x [e, ] with 0 < € < t, we get

1
c+1

t
/ (u(m,t)+1)a+1gpdx+a// (u + 1)7-1¢P [Vul? dz dr
Ba, € Bo,

+ /:/BZT(U + 1) f(u)(Pdx dr

= /Bzr(“@: €) +1)71¢Pde

c+1

t
- p/ / (u+1)7¢P~ |[Vul|P 2 VuVidz dr,
€ Bay
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which implies that

t
0/ / (u+1)7=1¢P | VulP dz dr
€ Bay

1 t
/ (u(x,€) + 1)7T1(Pdx +p/ / (u+1)7¢P1 |Vu|p_1 V(| dx dr.
o + 1 Ba, € Ba,
(3.4.48)

By Young’s inequality, for any § > 0,
t
p/ / (u+1)7¢P | Vu|P~ |VC| da diT
€ J Boy

<p5/ / (u+ 1) 1¢P | VulP dz dr + pd~ v 1/ / (u + 1)7P=1 | V(P da dr.
BQT BQT

(3.4.49)
It follows from (3.4.48) and (3.4.49) that
t
(o —pé)/ / (u+1)771¢P|VulP dz dr
€ Bo,
1
< / (u(z, €) + 1)+ Pda + po 7T / / )41 |V CP da dr.
o + 1 Bay Bar
(3.4.50)
By (3.4.46),

sup / (u(z, €) + 1)1 Pdx < o7
€(0,T) J Ba,

where co7 = co7(N, p, 7, (, M3) and

t t
/ / (u+ 1)1\ V(P de dr < r_p/ / (u+ 1) dt < cog
0 BQT 0 BZT

where cog = cag (N p,r, T, My). By combining the previous two estimates with (3.4.50) and

by choosing § = 2p, we get
J1 (t) < co9 Vt € (O,T) (3.4.51)

where ca9 = co9(N, p,r, T, (). By (3.4.46), we also find that
Jg(t) < C30 (3.4.52)
where c39 = c30(N,p,r, T, Ma).

Step 3 : End of proof. By Holder’s inequality, we get

/t/ VPt P drdr < (L()"F (Ja())7.
0 J B

B =

By step 2, we deduce that

T
/ / |VulP~t Pz dt < es1, (3.4.53)
0 BQT

where ¢31 = ¢31(N, p,r, T, ) which contradicts (3.4.41). O
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3.5 Initial trace

From Proposition 3.4.3 and Lemma 3.4.7, we derive the dichotomy result Theorem 3.1.8.

Proof of Theorem 3.1.8 By translation we may suppose that y = 0.

Case 1 : there exists an open neighborhood U of 0 such that (3.4.7) and (3.4.8) hold true.
Then the statement (ii) follows from Proposition 3.4.3.

Case 2 : for any open neighborhood U of 0, (3.4.7) or (3.4.8) does not hold. We first
suppose that (3.4.8) does not hold. We can choose r > 0 such that Bs, C U and (3.4.41)
holds. Then the statement (i) follows from Lemma 3.4.7. Suppose next that (3.4.8) holds
but (3.4.7) does not hold, then Proposition 3.4.3 implies that (3.4.6) does not hold and the
statement (i) follows. O

Proposition 3.5.1 Assumep > 2 and f satisfies (3.1.12). Let u is a positive weak solution
of (3.1.1) in Qoo with initial trace (S, n). Then for everyy € S,

Uy(z,t) :=U(z —y,t) < u(x,t) (3.5.1)

N Qoo.

Proof. By translation we may suppose that y = 0. Since 0 € S(u), for any n > 0 small
enough

lim [ wu(z,t)dx = occ.
t—0 B7I

For € > 0, denote M, = /
B

n
such that m = M, and lirr(l) e(m,n) = 0. Let 1, be the solution to the problem
n—

u(x, €)dx. For any m > m, = info M, there exists € = €(m, 1)
o>

Oyliy — Aptiy + f(Uy) =0 in Qoo
tn(z,0) =u(z,€)x, in RN

where Xz, is the characteristic function of B;. By the maximum principle 4, < u in

RY x (€,00). By Theorem 3.1.7 i, converges to ugs, when 7 goes to zero. Letting m go to
infinity yields (3.5.1). O

Proof of Theorem 3.1.2 The conclusion follows directly from Proposition 3.5.1. U

Lemma 3.5.2 Assume p > 2, (3.1.12) s satisfied, J < oo and klim Uksy (T,1) = Poo(t) for
—00
every (x,t) € Qoo- If u is a positive solution of (3.1.1) in Qs which satisfies

limsup/u(x,t)dx = 00, (3.5.2)
G

t—0

for some bounded open subset G C RY, then u(z,t) > ¢oo(t) for every (z,t) € Quo.
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Proof. By assumption, there exists a sequence {t,} decreasing to 0 such that

lim [ u(z,t,)dr = co. (3.5.3)

n—oo G

2(3.5.2) holds, we can construct a decreasing sequence of open subsets G C G such that
G C Gi_1, diam(Gj) = e — 0 when k — oo, and

lim u(x,ty)der =00 VEk e N. (3.5.4)

n—o0 Gk

Furthermore there exists a unique a € NEGE. We set
/ w(x, ty)dr = My .
Gy,

Since lim M, ;, = oo, we claim that for any m > 0 and any k, there exists n = n(k) € N
n—oQ

such that
/ u(z, tyky)dr > m. (3.5.5)
G

By induction, we define n(1) as the smallest integer n such that M, ; > m. This is always
possible. Then we define n(2) as the smallest integer larger than n(1) such that M, > > m.
By induction, n(k) is the smallest integer n larger than n(k —1) such that M, ; > m. Next,
for any k, there exists ¢ = {(k) such that

/ inf {u(z, typy); £ de = m (3.5.6)
Gy

and we set
Uk(2) = inf{u(z, t,)); (X, (@)-

Let uw := 4y be the unique bounded solution of

Ou—Apu+ f(u) =0  inQx
{ u(.,0) =U, inRV. (357)
Since (7, 0) < u(w,tyy)), we derive
u(z,t +topy) = k(1) V(x,t) € Qoo- (3.5.8)

When k — oo, Uy, — mdg, thus Uy — Up,s, by Theorem 3.1.7. Therefore u > uyy,s,. Since
m is arbitrary and u,,s, — ¢oo When m — oo, it follows that u > ¢. O

When J = o0, the following phenomenon occurs :
Lemma 3.5.3 Assume p > 2, (3.1.12) is satisfied, J = oo and klim Uksy, = 00 N Qoo-
—00
There exists no positive solution u of (3.1.1) in Qs which satisfies (3.5.2) for some bounded

open subset G C RV
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Proof. If we assume that such a u exists, we proceed as in the proof of the previous lemma.
Since Theorem 3.1.7 holds, we derive that u > wu,,s, for any m. Since li_r>n Ums, (T,1) = 00
m oo

for all (z,t) € Qx, we are led to a contradiction. O

Thanks to these results, we can characterize the initial trace of positive solutions of
(3.1.1) when the Keller-Osserman condition does not hold.

Proof of Theorem 3.1.9. (i) If S(u) # 0, there exists y € S(u) and an open neighborhood
G of y such that (3.5.2) holds. By Lemma 3.5.2, u > ¢, and the initial trace of u is the
Borel measure vo,. Otherwise, R(u) = RY and Tr,y(u) € My (RM).

(ii) By the same argument as above and because of Lemma 3.5.3, S(u) = (). Therefore
R(u) = RY and Tr, y(u) € M, (RN). O

Consequently, if K = oo, we obtain the folollowing result :

Corollary 3.5.4 Assume p > 2. If f satisfies (3.1.8), (3.1.12), J < 0o and K = oo, there
exist infinitely many different positive solutions u of (3.1.1) such that trgn(u) = Veo.

Proof. Let b > 0 be fixed. Since f satisfies (3.1.8), (x,t) — U(z,t) = wp(z) + doo(t) is a
supersolution for (3.1.1). Let V(z,t) = max{wy(z), poo(t)} then V, f(V) and |VVI|P are
locally integrable in Qr ; actually V is locally Lipschitz continuous. Let € > 0 and p¢ be a
smooth approximation defined by

0 if r<o0
pe(r) = ;—i if 0<r<e
7’—% if r>e

We set Vo(z,t) = ¢oo(t) + pe[wy(z) — ¢oo(t)]. Then
O Ve — ApVe + J(Ve) = ¢l (1 = pllwy — doo]) — (pL[ws — ¢oo])p71 Apwy

— (p— 1) (PL[wp — boc])”2 P Twp, — o] | Vwn|P + F(Ve)
< F(Ve) — (1 = pllwy — doo)) f(os) — (pLlwy — doo])”~" f(wp).

If ¢ € C°(Qr) is nonnegative, then
//Q (—Vedeod + |VV P2V V.V¢ + f(Vg)qﬁ) dzx dt < o(1).
T
Letting € — 0 implies
// (—Voo+ IVV|P2VV.V¢ + F(V)@) dz dt < 0.
T

Thus V is a subsolution, smaller than U. Therefore there exists a solution u; such that
V < wu < U. This implies that trpn (up) = veo. If &’ > b we construct uy with trpny (uy) =
Voo and limy_, o (up (0,t) — up(0,¢)) > 0. O
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9 Phuoc Tai NGUYEN

T I Trace au bord de solutions d’équations de
PUCVL  Hamilton-Jacobi elliptiques et trace initiale de solutions UNIVERSITE

Péle Universités
Centre Val de Loire  d’équations de la chaleur avec absorption sur-linéaire "7 170

Résumé. Cette thése est constituée de trois parties. Dans la premiére partie, on s’intéresse au
probléme de trace au bord d’une solution positive de 'équation (E1) —Au + ¢g(|Vu|) = 0 dans
un domaine borné 2. Si g(r) > r? avec ¢ > 1, on prouve que toute solution positive de (E1)
admet une trace au bord considérée comme une mesure de Borel réguliére. Si g(r) = r?¢ avec
1<g<q = %, on montre ’existence d’une solution positive dont la trace au bord est une
mesure de Borel réguliere. Si g(r) = r? avec q. < ¢ < 2, on établit une condition nécessaire de

résolution en terme de capacité de Bessel Cz2-4 ¢ On étudie aussi des ensembles éliminables au

bord pour des solutions modérées et sigma—mg)dérées. La deuxiéme partie est consacrée a étudier
la limite, lorsque k — 0o, de solutions d’équation d;u — Au + f(u) = 0 dans RY x (0,00) avec
donnée initiale kdy. On prouve qu’il existe essentiellement trois types de comportement possible
et démontre un résultat général d’existence de trace initiale et quelques résultats d’unicité et de
non-unicité de solutions dont la donnée initiale n’est pas bornée. Dans la troisiéme partie, on
considére I'équation dyu — Ayu + f(u) = 0 dans RV x (0,00) ot p > 1. Si p > ]3—4]\_’1, on fournit une
condition suffisante portant sur f pour l'existence et 'unicité des solutions fondamentales et on
étudie la limite lorsque k — co. On donne aussi de nouveaux résultats de non-unicité de solutions
avec donnée initiale non bornée. Si p > 2, on prouve que toute solution positive admet une trace
initiale dans la classe des mesures de Borel réguliéres positives. Finalement on applique les résultats
ci-dessus au cas f(u) = u®In”(u + 1) avec o, 8 > 0.

Mots clés : équations elliptiques quasilinéaires, singularités isolées, mesures de Radon, mesures
de Borel, capacités de Bessel, trace au bord, singularités éliminables, absorption faiblement sur-
linéaire, trace initiale, condition de Keller-Osserman, équations de la chaleur dégénérées.

Abstract. This thesis is divided into three parts. In the first part, we study the boundary trace
of positive solutions of the equation (E1) —Awu + g(|JVu|) = 0 in a bounded domain 2. When
g(r) > r? with ¢ > 1, we prove that any positive function of (E1) admits a boundary trace
which is an outer regular Borel measure. When g(r) = r? with 1 < ¢ < ¢. = %7 we prove
the existence of a positive solution with a general outer regular Borel measure as boundary trace.
When ¢(r) = r? with ¢. < g < 2, we establish a necessary condition for solvability in term of the

Bessel capacity Cz2—q g We also study boundary removable sets for moderate and sigma-moderate
-4,

solutions. The second part is devoted to investigate the limit, when k& — oo, of the solutions of
Opu—Au+ f(u) = 0in RN x (0, 00) with initial data kdy. We prove that there exist essentially three
types of possible behaviour and provide a new and more general construction of the initial trace
and some uniqueness and non-uniqueness results for solutions with unbounded initial data. In the
third part, we consider the equation d;u — Apu+ f(u) = 0 in RY x (0, 00) where p > 1. If p > 1\277117
we provide a sufficient condition on f for existence and uniqueness of the fundamental solutions
and we study their limit when k& — co. We also give new results dealing with non uniqueness for
the initial value problem with unbounded initial data. If p > 2, we prove that any positive solution
admits an initial trace in the class of positive Borel measures. Finally we apply the above results

to the case f(u) = u®In’(u + 1) with o, 8 > 0.

Key words : quasilinear elliptic equations, isolated singularities, Radon measures, Borel measures,
Bessel capacities, boundary trace, removable singularities, weakly superlinear absorption, initial
trace, Keller-Osserman condition, degenerate heat equations.



