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❆❜str❛❝t

❲❤❡♥ ❤❛❞r♦♥s s❝❛tt❡r ❛t ❤✐❣❤ ❡♥❡r❣✐❡s✱ str♦♥❣ ❝♦❧♦r ✜❡❧❞s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜②
q✉❛♥t✉♠ ❝❤r♦♠♦❞②♥❛♠✐❝s ✭◗❈❉✮✱ ❛r❡ ❣❡♥❡r❛t❡❞ ❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦✐♥t✳ ■❢ ♦♥❡ r❡♣r❡s❡♥ts t❤❡s❡
✜❡❧❞s ✐♥ t❡r♠s ♦❢ ♣❛rt♦♥s ✭q✉❛r❦s ❛♥❞ ❣❧✉♦♥s✮✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❧❛tt❡r s❛t✉r❛t❡
❛t ✉❧tr❛❤✐❣❤ ❡♥❡r❣✐❡s✳ ❆t t❤❛t ♣♦✐♥t✱ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ ♣r❡❞♦♠✐♥❛♥t ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧
❡q✉❛t✐♦♥s✳ ❚❤❡ ❤❛❞r♦♥✐❝ st❛t❡s t❤❛t ♦♥❡ ❣❡ts ✐♥ t❤✐s r❡❣✐♠❡ ♦❢ ◗❈❉ ❛r❡ ❣❡♥❡r✐❝❛❧❧② ❝❛❧❧❡❞ ✏❝♦❧♦r
❣❧❛ss ❝♦♥❞❡♥s❛t❡s✑✳

❖✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉ ❤❛s ❜❡♥❡✜t❡❞ ❢r♦♠ r❡❝❡♥t ♣r♦❣r❡ss ✐♥ st❛t✐st✐❝❛❧ ❛♥❞
♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤❛❞r♦♥✐❝ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❛t ✜①❡❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r
✐♥ t❤❡ r❡❣✐♠❡ ✇❤❡r❡ ♥♦♥❧✐♥❡❛r ♣❛rt♦♥ s❛t✉r❛t✐♦♥ ❡✛❡❝ts ❜❡❝♦♠❡ s✐③❛❜❧❡ ✇❛s s❤♦✇♥ t♦ ❜❡ s✐♠✐❧❛r
t♦ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ s②st❡♠ ♦❢ ❝❧❛ss✐❝❛❧ ♣❛rt✐❝❧❡s ✉♥❞❡r❣♦✐♥❣ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳
❚❤❡ ❞②♥❛♠✐❝s ♦❢ s✉❝❤ ❛ s②st❡♠ ✐s ❡ss❡♥t✐❛❧❧② ❣♦✈❡r♥❡❞ ❜② ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢
t❤❡ st♦❝❤❛st✐❝ ❋✐s❤❡r✲❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❘❡❛❧✐③❛t✐♦♥s ♦❢ t❤❛t ❦✐♥❞ ♦❢ ❡q✉❛t✐♦♥s ✭t❤❛t ✐s✱ ✏❡✈❡♥ts✑ ✐♥ ❛ ♣❛rt✐❝❧❡
♣❤②s✐❝s ❧❛♥❣✉❛❣❡✮ ❤❛✈❡ t❤❡ ❢♦r♠ ♦❢ ♥♦✐s② tr❛✈❡❧✐♥❣ ✇❛✈❡s✳ ❯♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛tt❡r ❝❛♥
❜❡ t❛❦❡♥ ♦✈❡r t♦ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ✐♥ ◗❈❉✳

❚❤✐s r❡✈✐❡✇ ♣r♦✈✐❞❡s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❜❛s✐❝ ♠❡t❤♦❞s ♦❢ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ✉s❡❢✉❧ ✐♥ ◗❈❉✱
❛♥❞ s✉♠♠❛r✐③❡s t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ✜❡❧❞s ❛♥❞ ✐ts t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣❤❡♥♦♠❡♥♦✲
❧♦❣✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s✳

❘és✉♠é

▲♦rs ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❞❡ ❤❛❞r♦♥s à ❤❛✉t❡ é♥❡r❣✐❡✱ ❞✬✐♥t❡♥s❡s ❝❤❛♠♣s ❞❡ ❝♦✉❧❡✉r✱ ❞♦♥t ❧❛ ❞②✲
♥❛♠✐q✉❡ ❡st ❞é❝r✐t❡ ♣❛r ❧❛ ❝❤r♦♠♦❞②♥❛♠✐q✉❡ q✉❛♥t✐q✉❡ ✭◗❈❉✮✱ s♦♥t ❝réés ❛✉ ♣♦✐♥t ❞✬✐♥t❡r❛❝t✐♦♥✳
❙✐ ♦♥ r❡♣rés❡♥t❡ ❝❡s ❝❤❛♠♣s ❡♥ t❡r♠❡s ❞❡ ♣❛rt♦♥s ✭q✉❛r❦s ❡t ❣❧✉♦♥s✮✱ ❧❛ ❞❡♥s✐té ❞❡ ❝❡s ❞❡r♥✐❡rs
s❛t✉r❡ à très ❤❛✉t❡ é♥❡r❣✐❡✳ ▲❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s ❞❡✈✐❡♥♥❡♥t ❛❧♦rs ❞♦♠✐♥❛♥ts ❞❛♥s ❧❡s éq✉❛t✐♦♥s
❞②♥❛♠✐q✉❡s✳ ▲❡s ét❛ts ❤❛❞r♦♥✐q✉❡s q✉❡ ❧✬♦♥ ♦❜t✐❡♥t ❞❛♥s ❝❡ ré❣✐♠❡ ❞❡ ❧❛ ◗❈❉ s♦♥t ❣é♥ér✐q✉❡♠❡♥t
❛♣♣❡❧és ✏❝♦♥❞❡♥s❛t ❞❡ ✈❡rr❡ ❞❡ ❝♦✉❧❡✉r✑✳

◆♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❡♥ ◗❈❉ ❛ ❜é♥é✜❝✐é ❞❡ ♣r♦❣rès ré❝❡♥ts ❡♥ ♣❤②s✐q✉❡ st❛t✐s✲
t✐q✉❡ ❡t ❡♥ ♣❤②s✐q✉❡ ♠❛t❤é♠❛t✐q✉❡✳ ❖♥ ❛ ♠♦♥tré q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❛♠♣❧✐t✉❞❡s ❞❡ ❞✐✛✉s✐♦♥
❤❛❞r♦♥✐q✉❡ à ♣❛r❛♠ètr❡ ❞✬✐♠♣❛❝t ✜①é ❞❛♥s ❧❡ ré❣✐♠❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❡✛❡ts ♥♦♥✲❧✐♥é❛✐r❡s ❞❡ s❛t✉✲
r❛t✐♦♥ ❞❡s ❞❡♥s✐tés ❞❡ ♣❛rt♦♥s ❞❡✈✐❡♥♥❡♥t ✐♠♣♦rt❛♥ts ❡st s❡♠❜❧❛❜❧❡ à ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✬✉♥
s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❝❧❛ss✐q✉❡s s♦✉♠✐s à ❞❡s ♣r♦❝❡ss✉s ❞❡ t②♣❡ ré❛❝t✐♦♥✲❞✐✛✉s✐♦♥✳ ▲❛ ❞②♥❛♠✐q✉❡
❞✬✉♥ t❡❧ s②stè♠❡ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❣♦✉✈❡r♥é❡ ♣❛r ❞❡s éq✉❛t✐♦♥s ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té
❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❋✐s❤❡r✲❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ st♦❝❤❛st✐q✉❡✱ q✉✐ ❡st ✉♥❡ éq✉❛t✐♦♥ ❛✉①
❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s st♦❝❤❛st✐q✉❡ ❡t ♥♦♥✲❧✐♥é❛✐r❡✳ ▲❡s ré❛❧✐s❛t✐♦♥s ❞❡ t❡❧❧❡s éq✉❛t✐♦♥s ✭❝✬❡st✲à✲❞✐r❡ ❧❡s
é✈é♥❡♠❡♥ts✱ ❞❛♥s ✉♥ ❧❛♥❣❛❣❡ ❞❡ ♣❤②s✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s✮ ♦♥t ❧❛ ❢♦r♠❡ ❞✬♦♥❞❡s ✈♦②❛❣❡✉s❡s ❜r✉✐té❡s✳
▲❡s ♣r♦♣r✐étés ✉♥✐✈❡rs❡❧❧❡s ❞❡ ❝❡❧❧❡s✲❝✐ ♣❡✉✈❡♥t êtr❡ tr❛♥s♣♦sé❡s ❛✉① ❛♠♣❧✐t✉❞❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥
◗❈❉✳

❈❡ ♠é♠♦✐r❡ ❡st ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❛✉① ♠ét❤♦❞❡s ❞❡ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ✉t✐❧❡s ❡♥ ◗❈❉✱ ❡t
rés✉♠❡ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❝❡s ❞❡✉① ❞♦♠❛✐♥❡s ❛✐♥s✐ q✉❡ s❡s ✐♠♣❧✐❝❛t✐♦♥s t❤é♦r✐q✉❡s ❡t ♣❤é✲
♥♦♠é♥♦❧♦❣✐q✉❡s✳

✷



Pr❡❢❛❝❡

❚❤❡ ♣r❡s❡♥t ♠❡♠♦✐r ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡✈✐❡✇ ♣❛♣❡r ♦❢ ❘❡❢✳ ❬✶❪ ♣✉❜❧✐s❤❡❞ ❛s ❛ P❤②s✐❝s ❘❡♣♦rt ✐♥ ✷✵✵✾✳
❚❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ❤❛s ♥♦t ❝❤❛♥❣❡❞✱ ❜✉t ❧❛r❣❡ ♣❛rts ♦❢ t❤❡ t❡①t ❤❛✈❡ ❜❡❡♥ r❡✇r✐tt❡♥ ✐♥ ♦r❞❡r t♦
♣r♦♣♦s❡ ❞✐✛❡r❡♥t ♣❡rs♣❡❝t✐✈❡s✱ ❛♥❞ t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❧❛t❡st ❞❡✈❡❧♦♣♠❡♥ts✳ ▼♦st ♥♦t❛❜❧②✱ r❡❝❡♥t
st✉❞✐❡s ♦♥ t❤❡ ❞❡♥s✐t② ❝♦rr❡❧❛t✐♦♥s ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ ❛s ❛ ♥❡✇ ❝❤❛♣t❡r
✭❈❤❛♣✳ ✺✮✱ ❛♥❞ ❛ ❜❡tt❡r ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢r♦♥t ✢✉❝t✉❛t✐♦♥s ✐s ❣✐✈❡♥ ✐♥ ❈❤❛♣✳ ✹✳ ▼❛♥②
♦t❤❡r ♠♦r❡ ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥ ♦❢ t❤❡ r❡✈✐❡✇✿ ❋♦r
❡①❛♠♣❧❡✱ ❙❡❝✳ ✸✳✸ ✇❛s s✐♠♣❧✐✜❡❞✳ ❚❤✐s t❤❡s✐s ✇❛s ♣r❡s❡♥t❡❞ ♦♥ ◆♦✈❡♠❜❡r ✸✵✱ ✷✵✶✶ t♦ r❡❝❡✐✈❡ t❤❡
❤❛❜✐❧✐t❛t✐♦♥ ❞❡❣r❡❡ ❢r♦♠ t❤❡ P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡ ❯♥✐✈❡rs✐t② ✐♥ P❛r✐s✳

❚❤❡ ✇♦r❦ r❡♣♦rt❡❞ ❤❡r❡ ✇❛s ❝♦♠♣❧❡t❡❞ ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ ❛❜♦✉t ✽ ②❡❛rs st❛rt✐♥❣ ✐♥ ✷✵✵✸✳ ■t ✇❛s
✐♥s♣✐r❡❞ ✐♥ ❛♥ ❡ss❡♥t✐❛❧ ✇❛② ❜② ❆✳❍✳ ▼✉❡❧❧❡r ❛♥❞ ❇❡r♥❛r❞ ❉❡rr✐❞❛✱ ❜♦t❤ ❜② t❤❡✐r ✇r✐t✐♥❣s✱ ❛❜♦✉t
t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢♦r♠❡r ❛♥❞ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❢♦r t❤❡ ❧❛tt❡r✱ ❛♥❞ ❜② ❞✐r❡❝t ❝♦❧❧❛❜♦r❛t✐♦♥✳
❇♦t❤ ♦❢ t❤❡♠ ❛r❡ ❧❡❛❞✐♥❣ r❡s❡❛r❝❤❡rs ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ✜❡❧❞s✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ❛ ❤♦♥♦r t♦ ❜❡
✐♥✈♦❧✈❡❞ ✐♥ s✉❝❤ ❛ ❝♦❧❧❛❜♦r❛t✐♦♥✿ ▼② ✜rst ❛❝❦♥♦✇❧❡❞❣❡♠❡♥ts ♥❛t✉r❛❧❧② ❣♦ t♦ t❤❡♠✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ ♠② ❝♦❧❧❛❜♦r❛t♦rs ❞✉r✐♥❣ t❤❡s❡ ②❡❛rs ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ♦♥❝❡ P❤❉ st✉✲
❞❡♥ts ❛♥❞ ♣♦st❞♦❝s ✇✐t❤ ✇❤♦♠ ■ ❤❛❞ t❤❡ ♣❧❡❛s✉r❡ t♦ ✇♦r❦✱ t❤❡ ❝♦❧❧❡❣✉❡s ✇❤♦ ❦✐♥❞❧② s❤❛r❡❞ t❤❡✐r
✈✐❡✇s ✇✐t❤ ♠❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠❡♠❜❡rs ♦❢ ♠② ❣r♦✉♣✱ ❧❡❞ ❜② ❇❡r♥❛r❞ P✐r❡✱ ❛♥❞ ❛❧❧ ♠② ❧❛❜♠❛t❡s ❛t
❈P❍❚✳

■ ✇❛r♠❧② t❤❛♥❦ t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡ ❈♦♠♠✐tt❡❡✱ ♥❛♠❡❧② ❏❡❛♥✲❇❡r♥❛r❞ ❩✉❜❡r ✭❝❤❛✐r✮✱ ◆❡st♦r
❆r♠❡st♦✱ ❋r❛♥ç♦✐s ●é❧✐s ❛♥❞ ❈é❝✐❧❡ ▼♦♥t❤✉s ✭r❡❢❡r❡❡s✮✱ ❛♥❞ ❨✉r✐ ❉♦❦s❤✐t③❡r ❛♥❞ ▲❡❝❤ ❙③②✲
♠❛♥♦✇s❦✐✳

❋✐♥❛❧❧②✱ ♠② ✇♦r❦ ❢r♦♠ ✷✵✵✻ t♦ ✷✵✶✵ ✇❛s ❢✉♥❞❡❞ ❜② t❤❡ ❆❣❡♥❝❡ ◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡
✭❋r❛♥❝❡✮✱ ❝♦♥tr❛❝t ❆◆❘✲✵✻✲❏❈❏❈✲✵✵✽✹✲✵✷✱ ❛ ❣r❛♥t r❡❝❡✐✈❡❞ t♦❣❡t❤❡r ✇✐t❤ ❙❛♠✉❡❧ ❲❛❧❧♦♥✳

❙té♣❤❛♥❡ ▼✉♥✐❡r
❈❡♥tr❡ ❞❡ ♣❤②s✐q✉❡ t❤é♦r✐q✉❡✱ ➱❝♦❧❡ ♣♦❧②t❡❝❤♥✐q✉❡✱ ❈◆❘❙

❏✉♥❡ ✷✵✶✷

✸



❈♦♥t❡♥ts

Pr❡❢❛❝❡ ✸

✶ ■♥tr♦❞✉❝t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉ ✺

✷ ❍❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s ❛♥❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✶✵

✷✳✶ P❛rt♦♥ ♠♦❞❡❧ ❛♥❞ ❞✐♣♦❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✷✳✷ ❆♥❛❧♦❣② ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸ ❚❤❡ s✐♠♣❧❡st s❛t✉r❛t✐♦♥ ♠♦❞❡❧ ✷✼

✸✳✶ ❉❡✜♥✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✸✳✷ ✏❋✐❡❧❞ t❤❡♦r②✑ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✸ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✸✳✹ ❘❡❧❛t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣② s❝❛tt❡r✐♥❣ ❛♥❞ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✸✳✺ ❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧s ✐♥ ③❡r♦ ❞✐♠❡♥s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹ ●❡♥❡r❛❧ r❡s✉❧ts ♦♥ st♦❝❤❛st✐❝ tr❛✈❡❧✐♥❣✲✇❛✈❡ ❡q✉❛t✐♦♥s ✹✸

✹✳✶ ❉❡t❡r♠✐♥✐st✐❝ ❝❛s❡✿ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✹✳✷ ❈♦♠❜✐♥✐♥❣ s❛t✉r❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✹✳✸ ❇❡②♦♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥s✿ ❊✛❡❝t ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺ ❙♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ✻✸

✺✳✶ ❘❡❧❡✈❛♥❝❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✺✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✻ P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✽✷

✻✳✶ ❉✐♣♦❧❡ ♠♦❞❡❧s ❛♥❞ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
✻✳✷ ❉✐✛✉s✐✈❡ s❝❛❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✼ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♦✉t❧♦♦❦ ✽✻

❇✐❜❧✐♦❣r❛♣❤② ✽✽

✹



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣②

s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉

❲❤❛t ✐s t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ♠❛ss ♦❢ ♦r❞✐♥❛r② ♠❛tt❡r❄ ❍♦✇ ❛r❡ t❤❡ ♥✉❝❧❡♦♥s ✏❣❧✉❡❞✑ t♦❣❡t❤❡r t♦ ❢♦r♠
st❛❜❧❡ ♥✉❝❧❡✐❄ ❍♦✇ ❝❛♥ ✇❡ ✉♥❞❡rst❛♥❞ t❤❡ ✏③♦♦✑ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✭❤❛❞r♦♥s✮ ✇❤✐❝❤ ❛r❡ s❡♥s✐t✐✈❡ t♦
t❤❡ ✏str♦♥❣✑ ❢♦r❝❡❄

❚❤❡ ♠♦❞❡r♥ t❤❡♦r② ♦❢ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s✱ q✉❛♥t✉♠ ❝❤r♦♠♦❞②♥❛♠✐❝s ✭❛❜r❡✈✐❛t❡❞ ◗❈❉❀ ❋♦r ❛
❝♦♠♣r❡❤❡♥s✐✈❡ t❡①t❜♦♦❦✱ s❡❡ ❘❡❢✳ ❬✷❪✮✱ ❞✐s❝♦✈❡r❡❞ ❛❜♦✉t ✹✵ ②❡❛rs ❛❣♦✱ s❡❡♠s t♦ ❤❛✈❡ t❤❡ ❛❜✐❧✐t②
t♦ ❤❡❧♣ ❛❧❧ t❤❡s❡ ♣r♦❜❧❡♠s ❛♥❞ ♠❛♥② ♦t❤❡rs ✐♥ ❛ ♠♦st ❝♦♠♣❛❝t ❛♥❞ ❡❧❡❣❛♥t ✇❛②✳ ❚❤✐s t❤❡♦r② ✐s
♣❛r❛❧❧❡❧ ✐♥ ✐ts ❢♦r♠✉❧❛t✐♦♥ t♦ t❤❡ ♠♦r❡ ✇❡❧❧✲❦♥♦✇♥ t❤❡♦r② ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✱ q✉❛♥t✉♠
❡❧❡❝tr♦❞②♥❛♠✐❝s✱ ❛♥❞✱ ✇✐t❤ s♦♠❡ ❝❛✈❡❛ts st✐❧❧ t♦ ❜❡ ✉♥❞❡rst♦♦❞✱ t♦ t❤❡ t❤❡♦r② ♦❢ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥s✱
❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢ ❛ ✭♣❛rt✐❛❧✮ ✉♥✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② ❢♦r❝❡s✳ ❍♦✇❡✈❡r✱ ◗❈❉ ♣♦s❡s
♦✉tst❛♥❞✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s✱ ❛♥❞ ✐t ❜❡❝❛♠❡ s♦♦♥ ❝❧❡❛r t❤❛t ✐ts ✈❛r✐♦✉s r❡❣✐♠❡s ❤❛❞ t♦
❜❡ ❡①♣❧♦r❡❞ ❜② ❞❡❞✐❝❛t❡❞ ❡①♣❡r✐♠❡♥ts ❛♥❞ s♣❡❝✐❛❧✐③❡❞ t❤❡♦r❡t✐❝❛❧ t♦♦❧s✳ ❲❤✐❧❡ ✏s✐♠♣❧❡✑ ✜①❡❞✲
♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❤❛s ♣r♦✈❡❞ ❡①tr❡♠❡❧② s✉❝❝❡ss❢✉❧ t♦ ✐♥✈❡st✐❣❛t❡ ❡❧❡❝tr♦❞②♥❛♠✐❝s ❞✉❡ t♦
t❤❡ ✐♥tr✐♥s✐❝ ✇❡❛❦♥❡ss ♦❢ t❤❡ ❢♦r❝❡ ❛❝t✐♥❣ ❜❡t✇❡❡♥ ❝❤❛r❣❡❞ ❧❡♣t♦♥s ✭t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝♦✉♣❧✐♥❣ ✐s
α❡♠ ≃ 1

137 ✮✱ ❝❤r♦♠♦❞②♥❛♠✐❝s ❤❛s t♦ ❞❡❛❧ ✇✐t❤ str♦♥❣ ❝♦✉♣❧✐♥❣ ✐♥st❡❛❞ ✭t❤❡ ❝♦✉♣❧✐♥❣ αs ✐s ♦❢ ♦r❞❡r
✵✳✶ ✐♥ t❤❡ ♠♦st ❢❛✈♦r❛❜❧❡ ❝❛s❡s ❛♥❞ ✉♣ t♦ ✶ ✐♥ ❣❡♥❡r❛❧✮✱ ❛♥❞ ✇✐t❤ ♠♦r❡ s✉❜t❧❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇❤✐❝❤
s❡✈❡r❡❧② ❧✐♠✐ts t❤❡ ✉s❡ ♦❢ ✜①❡❞✲♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ P❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥s ❤❛✈❡ t♦ ❜❡
❤❛♥❞❧❡❞ ✇✐t❤ ❝❛r❡✱ ❛♥❞ ❞❡❞✐❝❛t❡❞ t♦♦❧s ❤❛✈❡ t♦ ❜❡ ✐♥✈❡♥t❡❞ ❢♦r ◗❈❉✳

■t ❤❛s ❤❛♣♣❡♥❡❞ t❤❛t ♠❡t❤♦❞s ✇❡r❡ ❜♦rr♦✇❡❞ ❢r♦♠ ♦t❤❡r ✜❡❧❞s ♦❢ ♣❤②s✐❝s✿ ❋♦r ❡①❛♠♣❧❡ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❧♦✇✲❡♥❡r❣② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❤❛❞r♦♥s ✭♠❛ss❡s✱ ❞❡❝❛② r❛t❡s✳✳✳✮ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣
❧❛tt✐❝❡ ✜❡❧❞ t❤❡♦r②✱ ❧✐❦❡ ✐♥ s♦❧✐❞ st❛t❡ ♣❤②s✐❝s✳ ▼♦r❡ r❡❝❡♥t❧②✱ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ❜② str✐♥❣ t❤❡♦r✐sts
❤❛✈❡ ♣r♦✈❡❞ ✉s❡❢✉❧ t♦ ❛❞❞r❡ss t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ s♣❡❝✐✜❝ ♣r♦❝❡ss❡s ✐♥✈♦❧✈✐♥❣ ✈❡r② ❤✐❣❤✲♦r❞❡r t❡r♠s
✐♥ ❛ ♣❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥✳

❚❤✐s r❡✈✐❡✇✱ ✇❤✐❝❤ ✐s ❛ r❡✈✐s❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛✉t❤♦r✬s ♣✉❜❧✐❝❛t✐♦♥ ❬✶❪✱ s✉♠♠❛r✐③❡s s♦♠❡ r❡❝❡♥t
✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❛ s♣❡❝✐✜❝ r❡❣✐♠❡ ♦❢ q✉❛♥t✉♠ ❝❤r♦♠♦❞②♥❛♠✐❝s✱ t❤❡ s♦✲❝❛❧❧❡❞ ❤✐❣❤✲❡♥❡r❣② ♦r✱ ♠♦r❡
t❡❝❤♥✐❝❛❧❧②✱ ✏s♠❛❧❧✲x✑ r❡❣✐♠❡✳ ❲❡ ❢♦❝✉s ♦♥ ❤♦✇ t❤✐s r❡❣✐♠❡ ✐s ❢♦r♠❛❧❧② r❡❧❛t❡❞ t♦ s♦♠❡ ♠♦❞❡❧s ✇❤✐❝❤
❛♣♣❡❛r ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ s❤♦✇ ❤♦✇ t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ♠❛② ❜❡ ✉s❡❞✳ ❲❡ s❤❛❧❧ ✜rst ❣♦
♦✈❡r t❤❡ r❡❝❡♥t ❤✐st♦r② ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ❡①♣♦s❡ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s r❡s❡❛r❝❤✳

❙❤♦rt ❤✐st♦r② ♦❢ t❤❡ ✜❡❧❞✳ ❚❤❡ st✉❞② ♦❢ q✉❛♥t✉♠ ❝❤r♦♠♦❞②♥❛♠✐❝s ✐♥ t❤❡ ❤✐❣❤✲❡♥❡r❣② r❡❣✐♠❡
❤❛s ✉♥❞❡r❣♦♥❡ ❛ r❛♣✐❞ ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤❡ ❧❛st ✶✺ ②❡❛rs ✇✐t❤ t❤❡ ✇❡❛❧t❤ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ t❤❛t
❤❛✈❡ ❜❡❡♥ ❝♦❧❧❡❝t❡❞✱ ✜rst ❛t t❤❡ ❡❧❡❝tr♦♥✲♣r♦t♦♥ ❝♦❧❧✐❞❡r ❉❊❙❨✲❍❊❘❆✱ ❛♥❞ t❤❡♥ ❛t t❤❡ ❤❡❛✈②✲✐♦♥
❝♦❧❧✐❞❡r ❘❍■❈✳ ▼♦r❡ ❡♥❡r❣② ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥ ❡♥❛❜❧❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ♦❢ ❤✐❣❤❡r ♠❛ss ✐♥ t❤❡
✜♥❛❧ st❛t❡✱ ❛♥❞ t❤✉s t❤❡ ❞✐s❝♦✈❡r② ♦❢ ♥❡✇ ♣❛rt✐❝❧❡s✳ ❇✉t ❤✐❣❤❡r ❡♥❡r❣✐❡s ♠❛❦❡ ✐t ❛❧s♦ ♣♦ss✐❜❧❡ t♦
♦❜s❡r✈❡ ♠♦r❡ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ♦❜❥❡❝ts✱ t❤❛t ✐s t♦ s❛②✱ t♦ st✉❞② ♠♦r❡ ❞❡❡♣❧②
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✈❛❝✉✉♠✳

❆♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ ◗❈❉ ✐♥ t❤✐s r❡❣✐♠❡ ❛r❡ ❜❛s❡❞ ♦♥ ❛ s♦♣❤✐st✐❝❛t❡❞ ❤❛♥❞❧✐♥❣ ♦❢ ♣❡r✲

✺
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t✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥s ♦❢ ♦❜s❡r✈❛❜❧❡s ✐♥ ♣♦✇❡rs ♦❢ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t αs ✇❤✐❝❤✱ t❤❛♥❦s
t♦ ❛s②♠♣t♦t✐❝ ❢r❡❡❞♦♠✱ ✐s ❥✉st✐✜❡❞ ❢♦r ❝❛r❡❢✉❧❧② ❝❤♦s❡♥ ♦❜s❡r✈❛❜❧❡s ✐♥ s♣❡❝✐❛❧ ❦✐♥❡♠❛t✐❝❛❧ r❡❣✐♠❡s✳
❙♦♠❡ s♦♣❤✐st✐❝❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❜❡❝❛✉s❡ ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❋❡②♥♠❛♥ ❣r❛♣❤s✱ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t
❛❧✇❛②s ❝♦♠❡s ✇✐t❤ ✏✐♥❢r❛r❡❞✑ ❛♥❞ ✏❝♦❧❧✐♥❡❛r✑ ❧♦❣❛r✐t❤♠s t❤❛t ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♣❤❛s❡ s♣❛❝❡ t❤❛t ✐s
❛✈❛✐❧❛❜❧❡ t♦ t❤❡ r❡❛❝t✐♦♥✱ t❤❛t ✐s t♦ s❛②✱ t♦ ❦✐♥❡♠❛t✐❝s✱ ❛♥❞ ♠❛② ❡❛s✐❧② ♣✉s❤ t❤❡ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣
t♦ ❧❛r❣❡ ✈❛❧✉❡s✳ ❘❡s✉♠♠✐♥❣ ♣❛rt ♦❢ t❤❡s❡ ❧♦❣❛r✐t❤♠s ✐s ♠❛♥❞❛t♦r②✳ ❘❡s✉♠♠✐♥❣ ❛❧❧ ♦❢ t❤❡♠ ✐s t♦♦
❞✐✣❝✉❧t✳ ❚❤❡ q✉❡st✐♦♥ ✐s t♦ ❝❛r❡❢✉❧❧② s❡❧❡❝t t❤❡ ❞♦♠✐♥❛♥t ♦♥❡s✱ ❛♥❞ t❤✐s ✐s ♥♦t ❛t ❛❧❧ ❡❛s②✳

❆♥ ❡①♣❡r✐♠❡♥t❛❧ ❢❛❝✐❧✐t② ❛❜❧❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❤✐❣❤✲❡♥❡r❣② r❡❣✐♠❡ ♦❢ ◗❈❉ ✇❛s t❤❡ ❍❊❘❆
❝♦❧❧✐❞❡r✱ ✇❤❡r❡ ❡❧❡❝tr♦♥s ♦r ♣♦s✐tr♦♥s s❝❛tt❡r❡❞ ♦✛ ♣r♦t♦♥s ❛t t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❡♥❡r❣②

√
s✱ ❡①✲

❝❤❛♥❣✐♥❣ ❛ ♣❤♦t♦♥ ♦❢ ✈✐rt✉❛❧✐t② Q✳ ❚❤r♦✉❣❤ t❤❡ s❝❛tt❡r✐♥❣✱ ♦♥❡ ❝♦✉❧❞ ♣r♦❜❡ ♣❛rt♦♥✐❝ ✢✉❝t✉❛t✐♦♥s
♦❢ t❤❡ ♣r♦t♦♥ ✭♠❛❞❡ ♦❢ q✉❛r❦s ❛♥❞ ❣❧✉♦♥s✮ ♦❢ tr❛♥s✈❡rs❡ ♠♦♠❡♥t❛ k ∼ Q✱ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦✲
♠❡♥t✉♠ ❢r❛❝t✐♦♥s x ∼ Q2/(Q2 + s)✳

❋♦r ❛ ❧♦♥❣ t✐♠❡✱ t❤❡ ❞♦♠✐♥❛♥t ♣❛r❛❞✐❣♠ ❤❛❞ ❜❡❡♥ t❤❛t t❤❡ ❝♦❧❧✐♥❡❛r ❧♦❣❛r✐t❤♠s lnQ2✱ t❤❛t
❜❡❝♦♠❡ ❧❛r❣❡ ✇❤❡♥ Q2 ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ◗❈❉ ❝♦♥✜♥❡♠❡♥t s❝❛❧❡ Λ2✱ ✇❡r❡ t❤❡ ♠♦st ✐♠♣♦r✲
t❛♥t ♦♥❡s✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ s❡❛r❝❤❡s ❢♦r ♥❡✇ ♣❛rt✐❝❧❡s ♦r ❢♦r ❡①♦t✐❝ ♣❤②s✐❝s r❡q✉✐r❡ t♦ s❝r✉t✐♥✐③❡
♠❛tt❡r ❛t ✈❡r② s♠❛❧❧ ❞✐st❛♥❝❡s✱ ❛♥❞ ❤❡♥❝❡ ✈❡r② ❧❛r❣❡ Q2 ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ P❡rt✉r❜❛t✐✈❡ s❡r✐❡s
♦❢ ♣♦✇❡rs ♦❢ αs lnQ

2 ❤❛✈❡ t♦ ❜❡ ❢✉❧❧② r❡s✉♠♠❡❞✳ ❚❤❡ ❡q✉❛t✐♦♥ t❤❛t ♣❡r❢♦r♠s t❤✐s r❡s✉♠♠❛t✐♦♥ ✐s
t❤❡ ❝❡❧❡❜r❛t❡❞ ❉♦❦s❤✐t③❡r✲●r✐❜♦✈✲▲✐♣❛t♦✈✲❆❧t❛r❡❧❧✐✲P❛r✐s✐ ✭❉●▲❆P✮ ❡q✉❛t✐♦♥ ❬✸✕✺❪✳

❍♦✇❡✈❡r✱ ♦♥❝❡ ❍❊❘❆ ❤❛❞ r❡✈❡❛❧❡❞ ✐ts ❛❜✐❧✐t② t♦ ❣❡t ❡①tr❡♠❡❧② ❣♦♦❞ st❛t✐st✐❝s ✐♥ ❛ r❡❣✐♠❡ ✐♥
✇❤✐❝❤ Q2 ✐s ♠♦❞❡r❛t❡ ✭❢r♦♠ 1 t♦ 100 ●❡❱2✮ ❛♥❞ x ✈❡r② s♠❛❧❧ ✭❞♦✇♥ t♦ 10−5✮ ✐t ❜❡❝❛♠❡ ❝❧❡❛r
t❤❛t ✐♥❢r❛r❡❞ ❧♦❣❛r✐t❤♠s ✭ln 1/x✮ ❝♦✉❧❞ s❤♦✇ ✉♣ ❛♥❞ ❡✈❡♥ ❞♦♠✐♥❛t❡ t❤❡ ♠❡❛s✉r❡❞ ♦❜s❡r✈❛❜❧❡s✳
❚❤❡ r❡s✉♠♠❛t✐♦♥ ♦❢ t❤❡ s❡r✐❡s ♦❢ ✐♥❢r❛r❡❞ ❧♦❣s ✐s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❇❛❧✐ts❦②✲❋❛❞✐♥✲❑✉r❛❡✈✲▲✐♣❛t♦✈
✭❇❋❑▲✮ ❡q✉❛t✐♦♥ ❬✻✕✽❪✳ ❚❤❡ s❡r✐❡s

∑

(αs ln 1/x)
k ✭✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❝♦❡✣❝✐❡♥ts✮ ✐s t❤❡ ❧❡❛❞✐♥❣

♦r❞❡r ✭▲❖✮✱ ✇❤✐❧❡ t❤❡ s❡r✐❡s
∑

αs(αs ln 1/x)
k ✐s t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ✭◆▲❖✮✱ ✇❤✐❝❤ ❤❛s ❛❧s♦

❜❡❡♥ ❝♦♠♣✉t❡❞ ❬✾✱ ✶✵❪✳ ❚❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✐s ❛ ❧✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳
❆t ✉❧tr❛❤✐❣❤ ❡♥❡r❣②✱ t❤❡ ❜❛r❡ ❇❋❑▲ ❡q✉❛t✐♦♥ s❡❡♠s t♦ ✈✐♦❧❛t❡ t❤❡ ❋r♦✐ss❛rt ❜♦✉♥❞✱ t❤❛t st❛t❡s

t❤❛t t♦t❛❧ ❤❛❞r♦♥✐❝ ❝r♦ss✲s❡❝t✐♦♥s ❝❛♥♥♦t r✐s❡ ❢❛st❡r t❤❛♥ (ln2 s)/m2
π✳ ❚❤❡ ❧❛tt❡r ✐s ❛ ❝♦♥s❡q✉❡♥❝❡

♦❢ t❤❡ ✉♥✐t❛r✐t② ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s❝❛tt❡r✐♥❣✳ ❚❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ♣r❡❞✐❝ts ❛ ♣♦✇❡r r✐s❡ ✇✐t❤ t❤❡
❡♥❡r❣② ♦❢ t❤❡ ❢♦r♠ sε✱ ✇❤❡r❡ ε ✐s ♣♦s✐t✐✈❡ ❛♥❞ q✉✐t❡ ❧❛r❣❡ ✭0.3 t♦ 0.5 ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡✛❡❝t✐✈❡ ✈❛❧✉❡
♦❢ αs t❤❛t ✐s ❝❤♦s❡♥✮✳ ❚❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ❜r❡❛❦s ❞♦✇♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡
♦❢ t❤❡ t②♣✐❝❛❧ tr❛♥s✈❡rs❡ ♠♦♠❡♥t✉♠ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♦❜s❡r✈❛❜❧❡ ✭■t ✐s t❤❡ ♣❤♦t♦♥ ✈✐rt✉❛❧✐t②
Q ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡❡♣✲✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣✮✳ ❖♥❡ ♠❛② ❞❡✜♥❡ t❤❡ ❡♥❡r❣②✲❞❡♣❡♥❞❡♥t s❛t✉r❛t✐♦♥ s❝❛❧❡
Qs(x) ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r Q > Qs(x)✳ ❋♦r Q ∼ Qs(x)✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
❢♦r s❝❛tt❡r✐♥❣ t♦ t❛❦❡ ♣❧❛❝❡ ✐s ♦❢ ♦r❞❡r ✶✱ ❛♥❞ ❢♦r Q < Qs(x)✱ ✐t ✇♦✉❧❞ ❜❡ ❧❛r❣❡r t❤❛♥ ✶ ✐❢ ♦♥❡ tr✉st❡❞
t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥✳ ❚❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ✐s ❛ ❝❡♥tr❛❧ ♦❜s❡r✈❛❜❧❡✱ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❦❡❡♣ ❞✐s❝✉ss✐♥❣
✐♥ t❤✐s r❡✈✐❡✇✿ ■t s✐❣♥s t❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❧✐♥❡❛r ✭❇❋❑▲✮ ❢♦r♠❛❧✐s♠ ❤❛s t♦ ❜❡ ❝♦rr❡❝t❡❞ ❢♦r
♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳ ❚❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ♥♦♥❧✐♥❡❛r✐t✐❡s ♠❛♥✐❢❡st t❤❡♠s❡❧✈❡s ✐s ❛ r❡❣✐♠❡ ♦❢ str♦♥❣
❝♦❧♦r ✜❡❧❞s✱ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ t❤❡ ❝♦❧♦r ❣❧❛ss ❝♦♥❞❡♥s❛t❡ ✭❋♦r t❤❡ ❡t②♠♦❧♦❣② ♦❢ t❤✐s t❡r♠✱ s❡❡ ❡✳❣✳
t❤❡ ❧❡❝t✉r❡s ♦❢ ❘❡❢✳ ❬✶✶❪❀ ❢♦r ❛ r❡✈✐❡✇✱ s❡❡ ❘❡❢✳ ❬✶✷❪✮✳

❚❤❡ ❢❛❝t t❤❛t ✉♥✐t❛r✐t② ✐s ✈✐♦❧❛t❡❞ ✐s ♥♦t ♦♥❧② ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❛ ❤❛❞r♦♥✐❝ s❝❛❧❡ ✐♥ t❤❡ ❇❋❑▲
❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ♣❡rt✉r❜❛t✐✈❡ ❡q✉❛t✐♦♥❀ ■♥tr♦❞✉❝✐♥❣ ❝♦♥✜♥❡♠❡♥t ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❝✉t♦✛ ✇♦✉❧❞
♥♦t ❤❡❧♣ t❤✐s ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠✿ ❚❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ✉♥✐t❛r✐t② ✇❤✐❝❤ ✇❡ ❛r❡ t❛❧❦✐♥❣ ❛❜♦✉t ♦❝❝✉r ❛t
s♠❛❧❧ ❞✐st❛♥❝❡s✳ ■t ✐s ❥✉st t❤❛t st✐❧❧ ❤✐❣❤❡r ♦r❞❡rs ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ◆▲❖ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❇❋❑▲
❦❡r♥❡❧ ✐♥❞❡❡❞ ❝♦rr❡❝t t❤✐s ❜❡❤❛✈✐♦r ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❍❊❘❆ ❞❛t❛ ✐♥ t❤❡
s♠❛❧❧✲x r❡❣✐♠❡ ✐s ♣♦ss✐❜❧❡ ❜② t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❝♦rr❡❝t✐♦♥s ❛r❡ ♥♦t ❡♥♦✉❣❤ t♦
t❛♠❡ t❤❡ ♣♦✇❡r✲❧✐❦❡ ❣r♦✇t❤ ♦❢ ❝r♦ss✲s❡❝t✐♦♥s ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ▲❖ ❇❋❑▲ ❡q✉❛t✐♦♥✳ ■t s❡❡♠s
t❤❛t ❛ r❡s✉♠♠❛t✐♦♥ ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❛r❜✐tr❛r② ♦r❞❡r ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞✳

◆❡✇ ❡q✉❛t✐♦♥s ✇❡r❡ ♣r♦♣♦s❡❞ ✇❡❧❧ ❜❡❢♦r❡ t❤❡ ❛❞✈❡♥t ♦❢ ❝♦❧❧✐❞❡rs ❛❜❧❡ t♦ r❡❛❝❤ t❤✐s r❡❣✐♠❡✳
●r✐❜♦✈✲▲❡✈✐♥✲❘②s❦✐♥ ✇r♦t❡ ❞♦✇♥ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❛❞r♦♥✐❝ s❝❛tt❡r✐♥❣ ❝r♦ss✲s❡❝t✐♦♥s
✐♥ t❤❡ ❡❛r❧② ✽✵✬s ❬✶✸✱ ✶✹❪✱ ❛♥❞ ▼✉❡❧❧❡r ❛♥❞ ◗✐✉ ❞❡r✐✈❡❞ ❛ s✐♠✐❧❛r ❡q✉❛t✐♦♥ ❢r♦♠ ◗❈❉ ❛ ❜✐t ❧❛t❡r
❬✶✺❪✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥t❡❣r❛❧ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r t❡r♠✱ ✇❤✐❝❤ ❜❛s✐❝❛❧❧②
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♣❛rt♦♥ s❛t✉r❛t✐♦♥ ❡✛❡❝ts✱ t❤❛t ✐s t♦ s❛②✱ r❡❝♦♠❜✐♥❛t✐♦♥ ♦r r❡s❝❛tt❡r✐♥❣✳ ❚❤❡
❧❛tt❡r ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ❛ ❧✐♥❡❛r ❢r❛♠❡✇♦r❦ s✉❝❤ ❛s t❤❡ ❇❋❑▲ ❢♦r♠❛❧✐s♠✳ ❙✉❜s❡q✉❡♥t❧②✱
♠♦r❡ ✐♥✈♦❧✈❡❞ ◗❈❉ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇❡r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ■♥ t❤❡ ✾✵✬s✱

✻
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▼❝▲❡rr❛♥ ❛♥❞ ❱❡♥✉❣♦♣❛❧❛♥ ❬✶✻✕✶✽❪ ♣r♦♣♦s❡❞ ❛ ✜rst ♠♦❞❡❧✱ ♠❛✐♥❧② ❞❡s✐❣♥❡❞ t♦ ❛♣♣r♦❛❝❤ ❤❡❛✈②✲✐♦♥
❝♦❧❧✐s✐♦♥s✳ ▲❛t❡r✱ ❇❛❧✐ts❦② ❬✶✾❪✱ ❏❛❧✐❧✐❛♥✲▼❛r✐❛♥✱ ■❛♥❝✉✱ ▼❝▲❡rr❛♥✱ ❲❡✐❣❡rt✱ ▲❡♦♥✐❞♦✈ ❛♥❞ ❑♦✈♥❡r
✭❇✲❏■▼❲▲❑✮ ❬✷✵✕✷✹❪ ✇♦r❦❡❞ ♦✉t ◗❈❉ ❝♦rr❡❝t✐♦♥s t♦ t❤✐s ♠♦❞❡❧✱ ❛♥❞ ❣♦t ❡q✉❛t✐♦♥s t❤❛t r❡❞✉❝❡ t♦
t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❧✐♠✐t✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛❝t✉❛❧❧② ❤❛✈❡ t❤❡ ❢♦r♠
♦❢ ❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ❝♦✉♣❧❡❞ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✐♥ ❇❛❧✐ts❦②✬s ❢♦r♠✉❧❛t✐♦♥ ❬✶✾❪✮✱ ♦❢
❛ ❢✉♥❝t✐♦♥❛❧ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❡q✉❛t✐♦♥✱ ♦r ❛❧t❡r♥❛t✐✈❡❧②✱ ♦❢ ❛ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✐♥ ❲❡✐❣❡rt✬s
❢♦r♠✉❧❛t✐♦♥ ❬✷✹❪✮✳ ❆ ♠✉❝❤ s✐♠♣❧❡r ❡q✉❛t✐♦♥ ✇❛s ❞❡r✐✈❡❞ ✐♥ ✶✾✾✻ ❜② ❇❛❧✐ts❦② ❬✶✾❪ ❛♥❞ r❡❞❡r✐✈❡❞
❜② ❑♦✈❝❤❡❣♦✈ ✐♥ ✶✾✾✾ ❬✷✺✱ ✷✻❪ ✐♥ ❛ ✈❡r② ❡❧❡❣❛♥t ✇❛② ✇✐t❤✐♥ ❛ ❞✐✛❡r❡♥t ❢♦r♠❛❧✐s♠✳ ❚❤❡ ♦❜t❛✐♥❡❞
❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ❡q✉❛t✐♦♥ ✭❇❑✮✳ ❚❤❡ ❧❛tt❡r ❞❡r✐✈❛t✐♦♥ ✇❛s ❜❛s❡❞ ♦♥
▼✉❡❧❧❡r✬s ❝♦❧♦r ❞✐♣♦❧❡ ♠♦❞❡❧ ❬✷✼❪✱ ✇❤✐❝❤ ♣r♦✈❡s ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ t♦ r❡♣r❡s❡♥t ◗❈❉ ✐♥ t❤❡ ❤✐❣❤✲
❡♥❡r❣② ❧✐♠✐t✳

❚❤❡ ❡①❝✐t✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤✐s ❦✐♥❡♠❛t✐❝❛❧ r❡❣✐♠❡ ♦❢ ❤❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥ ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇ ✐s t❤❛t t❤❡ ❝♦❧♦r ✜❡❧❞s ❛r❡ str♦♥❣✱ ❛❧t❤♦✉❣❤✱ ❛t s✉✣❝✐❡♥t❧② ❤✐❣❤ ❡♥❡r❣✐❡s✱ t❤❡ ◗❈❉ ❝♦✉♣❧✐♥❣
✐s ✇❡❛❦✱ ❛✉t❤♦r✐③✐♥❣ ❛ ♣❡rt✉r❜❛t✐✈❡ ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤✉s s♦♠❡ ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♦✉t✲
❧✐♥❡❞ ❛❜♦✈❡✳ ■♥ s✉❝❤ str♦♥❣ ✜❡❧❞ r❡❣✐♠❡✱ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ ❝r✉❝✐❛❧✳ ❇✉t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢
❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❞✐✛❡r❡♥t ❡q✉❛t✐♦♥s t❤❛t ❤❛❞ ❜❡❡♥ ❢♦✉♥❞ ❤❛❞ ♥❡✈❡r ❜❡❡♥ q✉✐t❡ ❝❧❡❛r✳ ❆♥②✇❛②✱
t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❡①tr❡♠❡❧② ❞✐✣❝✉❧t t♦ s♦❧✈❡✱ ✇❤✐❝❤ ❤❛❞ ♣r♦❜❛❜❧② ❜❡❡♥ t❤❡ ♠❛✐♥ ♦❜st❛❝❧❡ t♦
♠♦r❡ r❛♣✐❞ t❤❡♦r❡t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ ✜❡❧❞ ✉♥t✐❧ r❡❝❡♥t❧②✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♥❡❡❞ ❢♦r s✉❝❤ ❛ s♦♣❤✐st✐❝❛t❡❞ ❢♦r♠❛❧✐s♠ ✇❛s
♥♦t ♦❜✈✐♦✉s✱ s✐♥❝❡ ❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s s✉❝❤ ❛s t❤❡ ❉●▲❆P ❡q✉❛t✐♦♥ ✇❡r❡ ❛❜❧❡ t♦ ❛❝❝♦✉♥t ❢♦r
❛❧♠♦st ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❞❛t❛✳ ❇✉t ●♦❧❡❝✲❇✐❡r♥❛t ❛♥❞ ❲üst❤♦✛ s❤♦✇❡❞ t❤❛t ✉♥✐t❛r✐③❛t✐♦♥ ❡✛❡❝ts ♠❛②
❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ s❡❡♥ ❛t ❍❊❘❆ ❬✷✽✱ ✷✾❪✳ ❚❤❡✐r ♠♦❞❡❧ ♣r❡❞✐❝t❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t t❤❡ ✈✐rt✉❛❧
♣❤♦t♦♥✲♣r♦t♦♥ ❝r♦ss✲s❡❝t✐♦♥ s❤♦✉❧❞ ♦♥❧② ❞❡♣❡♥❞ ♦♥ ♦♥❡ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ τ ✱ ♠❛❞❡ ♦❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
t❤❡ tr❛♥s✈❡rs❡ ♠♦♠❡♥t✉♠ s❝❛❧❡ ✭✜①❡❞ ❜② t❤❡ ✈✐rt✉❛❧✐t② ♦❢ t❤❡ ♣❤♦t♦♥ Q✮ ❛♥❞ x✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥
✇❛s ❝❛❧❧❡❞ ✏❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✑ ❬✸✵❪✳ ■t ✇❛s ❢♦✉♥❞ ✐♥ t❤❡ ❍❊❘❆ ❞❛t❛ ✭s❡❡ ❋✐❣✳ ✶✳✶✮✿ ❚❤✐s ✐s ♠❛②❜❡
♦♥❡ ♦❢ t❤❡ ♠♦st s♣❡❝t❛❝✉❧❛r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t ❢r♦♠ ❍❊❘❆ ✐♥ t❤❡ s♠❛❧❧✲x r❡❣✐♠❡✳

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❤❛s tr✐❣❣❡r❡❞ ♠❛♥② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ✇♦r❦s✳ ❙♦♦♥ ❛❢t❡r
✐ts ❞✐s❝♦✈❡r② ✐♥ t❤❡ ❞❛t❛✱ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✇❛s s❤♦✇♥ t♦ ❜❡ ❛ ❢❡❛t✉r❡ ♦❢ s♦♠❡ s♦❧✉t✐♦♥s ♦❢ t❤❡
❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ✭❇❑✮ ❡q✉❛t✐♦♥✱ ❡ss❡♥t✐❛❧❧② ♥✉♠❡r✐❝❛❧❧②✱ ✇✐t❤ s♦♠❡ ❛♥❛❧②t✐❝❛❧ ❛r❣✉♠❡♥ts ✭s❡❡
❡✳❣✳ ❬✸✷✕✸✺❪✮✳ ❚❤❡ ❡♥❡r❣② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ✇❛s ❡✈❡♥t✉❛❧❧② ♣r❡❝✐s❡❧② ❝♦♠♣✉t❡❞ ❜②
▼✉❡❧❧❡r ❛♥❞ ❚r✐❛♥t❛❢②❧❧♦♣♦✉❧♦s ❬✸✻❪✳ ▲❛t❡r✱ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐s ❛❝t✉❛❧❧② ✐♥ t❤❡
✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ ❋✐s❤❡r✲❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ ✭❋❑PP✮ ❡q✉❛t✐♦♥ ❬✸✼✱ ✸✽❪✱ ❛♥❞
❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✇❛s ❢♦✉♥❞ t♦ ❜❡ ✐♠♣❧✐❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥ ❛❞♠✐ts tr❛✈❡❧✐♥❣✲✇❛✈❡
s♦❧✉t✐♦♥s ❬✸✾❪✳

❆ ✜rst st❡♣ ❜❡②♦♥❞ t❤❡ ❇❑ ❡q✉❛t✐♦♥✱ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ ❢✉❧❧ s♦❧✉t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣② ◗❈❉✱
✇❛s t❛❦❡♥ ❜② ▼✉❡❧❧❡r ❛♥❞ ❙❤♦s❤✐ ✐♥ ✷✵✵✹ ❬✹✵❪✳ ❆❝t✉❛❧❧②✱ t❤❡② ❞✐❞ ♥♦t s♦❧✈❡ t❤❡ ❇✲❏■▼❲▲❑
❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ t❤❡ ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ❝♦♠♣❧❡t❡ t❤❡♦r②✳ ■♥st❡❛❞✱ t❤❡② s♦❧✈❡❞
t❤❡ ❧✐♥❡❛r ❇❋❑▲ ❡q✉❛t✐♦♥ ✇✐t❤ t✇♦ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ t❤❡② ❛r❣✉❡❞ t♦ ❜❡
❛♣♣r♦♣r✐❛t❡ t♦ r❡♣r❡s❡♥t t❤❡ ❡①♣❡❝t❡❞ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ●❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✈✐♦❧❛t✐♦♥s ✇❡r❡ ❢♦✉♥❞
❢r♦♠ t❤❡✐r ❝❛❧❝✉❧❛t✐♦♥✱ ✇❤✐❝❤ s❤♦✉❧❞ s❤♦✇ ✉♣ ❛t ❛♥② ❡♥❡r❣✐❡s✳

❙✉❜s❡q✉❡♥t❧②✱ ✐t ✇❛s s❤♦✇♥ t❤❛t ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ❛t ✜①❡❞ ❝♦✉♣❧✐♥❣ ✐s ❛❝t✉❛❧❧② ✐♥ t❤❡ ✉♥✐✈❡r✲
s❛❧✐t② ❝❧❛ss ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ st✉❞✐❡❞ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ♠❛② ❜❡
❡♥❝♦❞❡❞ ✐♥ ❡q✉❛t✐♦♥s s✐♠✐❧❛r t♦ t❤❡ st♦❝❤❛st✐❝ ❋❑PP ❡q✉❛t✐♦♥ ❬✹✶❪✳ ❚❤❡ ▼✉❡❧❧❡r✲❙❤♦s❤✐ s♦❧✉t✐♦♥
✇❛s s❤♦✇♥ t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ s♦❧✉t✐♦♥s t♦ t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥✳ ❙♦ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ s❡❡♠s t♦ ❜❡
✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❞✐s♦r❞❡r❡❞ s②st❡♠s st✉❞✐❡❞ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❚❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❤❛s
♣r♦✈✐❞❡❞ ❛ ♥❡✇ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ◗❈❉ ✐♥ t❤❡ ❤✐❣❤✲❡♥❡r❣② r❡❣✐♠❡✱ ❛♥❞ ✐t ❤❛s ♣r♦✈❡♥ ✈❡r② ✉s❡❢✉❧
t♦ ✜♥❞ ♠♦r❡ ❢❡❛t✉r❡s ♦❢ ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣✳

❖✉t❧✐♥❡ ♦❢ t❤✐s ♠❡♠♦✐r✳ ❚❤❡ ♥❡①t ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ ❞❡s❝r✐❜✐♥❣ s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉ ❢r♦♠
❛ s✲❝❤❛♥♥❡❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ r❡❧②✐♥❣ ❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧ ♦r✱ r❛t❤❡r✱ ♦♥ ❛ r❡❛❧✐③❛t✐♦♥
✉s❡❢✉❧ ✐♥ t❤❡ ❤✐❣❤✲❡♥❡r❣② ❧✐♠✐t✱ t❤❡ ❝♦❧♦r ❞✐♣♦❧❡ ♠♦❞❡❧✳ ❖♥❝❡ t❤✐s ♣✐❝t✉r❡ ✐s ✐♥tr♦❞✉❝❡❞✱ ✐t ✐s
♥♦t ❞✐✣❝✉❧t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ♦❝❝✉r✐♥❣ ✐♥ ♦♥❡
s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s ❝❛♣t✉r❡❞ ❜② ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ ❋✐s❤❡r✲
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❋✐❣✉r❡ ✶✳✶✿ ❬❋r♦♠ ❘❡❢✳ ❬✸✶❪❪ P❤♦t♦♥✲♣r♦t♦♥ t♦t❛❧ ❝r♦ss✲s❡❝t✐♦♥ ❢r♦♠ t❤❡ ♠♦st r❡❝❡♥t s❡t ♦❢ ❞❡❡♣✲
✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ❞❛t❛ ✐♥ t❤❡ ❧♦✇✲x r❡❣✐♠❡ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ s❝❛❧✐♥❣✲✈❛r✐❛❜❧❡
τ = Q2/Q2

s(x)✱ ✇❤❡r❡ Q ✐s t❤❡ ✈✐rt✉❛❧✐t② ♦❢ t❤❡ ♣❤♦t♦♥ ❛♥❞ Q2
s(x) ∼ Λ2x−0.3 ✐s t❤❡ s♦✲❝❛❧❧❡❞

s❛t✉r❛t✐♦♥ s❝❛❧❡✳ ❆❧t❤♦✉❣❤ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ✐s ❛ ♣r✐♦r✐ ❛ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s✱ ❛❧❧ ❞❛t❛ ❢❛❧❧ ♦♥
t❤❡ s❛♠❡ ❝✉r✈❡✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❝❛❧❧❡❞ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ❛♥❞ ✇❛s ❞✐s❝♦✈❡r❡❞ ✐♥ ❘❡❢✳ ❬✸✵❪✳
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❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ ✭❋❑PP✮ ❡q✉❛t✐♦♥✳ ❲❡ t❤❡♥ ❡①♣❧❛✐♥ ❤♦✇ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛♣♣❡❛r
✐♥ t❤✐s ❝♦♥t❡①t✳ ■♥ ❈❤❛♣✳ ✸✱ ✇❡ st✉❞② ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ❛ t♦② ♠♦❞❡❧ ❢♦r ✇❤✐❝❤ ♠❛♥② t❡❝❤♥✐❝s ✭✜❡❧❞
t❤❡♦r②✱ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s✮ ♠❛② ❜❡ ✇♦r❦❡❞ ♦✉t ❝♦♠♣❧❡t❡❧②✳ ❚❤✐s ♠♦❞❡❧ ❤♦✇❡✈❡r ✐❣♥♦r❡s s♣❛t✐❛❧
❞✐♠❡♥s✐♦♥s✱ ❛♥❞ t❤✉s✱ ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r tr❛✈❡❧✐♥❣ ✇❛✈❡s✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt
r❡s❡❛r❝❤ ♦♥ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✐♥ ❈❤❛♣✳ ✹✳ ❲❡ t❤❡♥ ❝♦♠❡
❜❛❝❦ t♦ ◗❈❉✱ ❞✐s❝✉ss✐♥❣ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ ✉s t♦ ✐♥tr♦❞✉❝❡ ♥❡✇
♠♦❞❡❧s ❜❡②♦♥❞ t❤❡ s✐♠♣❧❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t②♣❡ ♠♦❞❡❧s ✭❈❤❛♣t❡r ✺✮✳ ❋✐♥❛❧❧②✱
✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ ♥♦✐s② tr❛✈❡❧✐♥❣ ✇❛✈❡s ♠❛② s❤♦✇ ✉♣ ✐♥ t❤❡ ❛❝t✉❛❧ ❞❛t❛✳

❖✈❡r t❤❡ ❧❛st ❢❡✇ ②❡❛rs✱ s❡✈❡r❛❧ ❤✉♥❞r❡❞s ♦❢ ♣❛♣❡rs ❤❛✈❡ ❛♣♣❡❛r❡❞ r❡❧❛t❡❞ t♦ t❤✐s s✉❜❥❡❝t✱
♠❛✐♥❧② ✐ss✉❡❞ ❢r♦♠ ❛ ✈❡r② ❛❝t✐✈❡ t❤♦✉❣❤ r❡str✐❝t❡❞ ❝♦♠♠✉♥✐t②✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ♠❡♠♦✐r ❝❛♥♥♦t
❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ❛❝❝♦✉♥t ♦❢ t❤✐s ❛❜✉♥❞❛♥t ❧✐t❡r❛t✉r❡✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ s♦♠❡ ✐♠♣♦rt❛♥t r❡❝❡♥t
❞❡✈❡❧♦♣♠❡♥ts ❤❛❞ t♦ ❜❡ ❧❡❢t ♦✉t✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐ts❡❧❢✱ ✇❡ ❞♦ ♥♦t ❛tt❡♠♣t t♦
❡st❛❜❧✐s❤ ❛ ❞❡✜♥✐t❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ◗❈❉ ❛♠♣❧✐t✉❞❡s✱ ❢♦r t♦ ♦✉r ❥✉❞❣❡✲
♠❡♥t✱ t❤✐s r❡s❡❛r❝❤ ❧✐♥❡ ✐s ♥♦t ♠❛t✉r❡ ❡♥♦✉❣❤ ②❡t✿ ❆ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ✈❡r② s❛t✉r❛t✐♦♥
♠❡❝❤❛♥✐s♠ ❛t ✇♦r❦ ✐♥ ◗❈❉ ✐s ❞❡✜♥✐t❡❧② ♥❡❡❞❡❞ ❜❡❢♦r❡ ♦♥❡ ♠❛② ❝♦♠❡ t♦ t❤✐s ✐ss✉❡✳ ❋✉rt❤❡r♠♦r❡✱
✐t ✐s ♥♦t ❝❧❡❛r t♦ ✉s t❤❛t ❛ st♦❝❤❛st✐❝ ❢♦r♠✉❧❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❛ t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss✱ s✐♥❝❡ t❤❡r❡ ❛r❡
♥♦t ♠❛♥② ❦♥♦✇♥ ♠❡t❤♦❞s t♦ ❤❛♥❞❧❡ ❝♦♠♣❧✐❝❛t❡❞ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥s✳ ❲❡ ❢❡❡❧ t❤❛t t❤❡ s❛♠❡ ✐s
tr✉❡ ❢♦r t❤❡ s❡❛r❝❤ ❢♦r ❡✛❡❝t✐✈❡ ❛❝t✐♦♥s t❤❛t ✇♦✉❧❞ ✐♥❝❧✉❞❡ s♦✲❝❛❧❧❡❞ P♦♠❡r♦♥ ❧♦♦♣s✳ ❲❡ ❛❧s♦ ❞♦
♥♦t ❛❞❞r❡ss t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ❜❛s❡❞ ♦♥ t❤❡ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡ s②♠♠❡tr② t❤❛t s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s
s❤♦✉❧❞ ❤❛✈❡✿ ❚❤✐s ✇♦✉❧❞ ❞r✐✈❡ ✉s t♦♦ ❢❛r ♦✛ t❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s r❡✈✐❡✇✳ ❆s ❢♦r ♠♦r❡ ♣❤❡♥♦♠❡♥♦✲
❧♦❣✐❝❛❧ ❛s♣❡❝ts✱ ✇❡ ♦♥❧② ❞✐s❝✉ss t❤❡ ❜❛s✐❝ ❢❡❛t✉r❡s ♦❢ t♦t❛❧ ❝r♦ss✲s❡❝t✐♦♥s ✇✐t❤♦✉t ❛tt❡♠♣t✐♥❣ t♦
❛❞❞r❡ss ♦t❤❡r ♦❜s❡r✈❛❜❧❡s s✉❝❤ ❛s ❞✐✛r❛❝t✐♦♥✳ ❲❡ ❞♦ ❛❧s♦ ♥♦t ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ ♥❡①t✲t♦✲❧❡❛❞✐♥❣
❡✛❡❝ts s✉❝❤ ❛s t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ◗❈❉ ❝♦✉♣❧✐♥❣✳ ❚❤✐s ❞✐s❝✉ss✐♦♥✱ t❤♦✉❣❤ ❝r✉❝✐❛❧ ✐❢ ♦♥❡ ✇❛♥ts
t♦ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s ❢♦r ❛❝t✉❛❧ ❝♦❧❧✐❞❡rs✱ ✇♦✉❧❞ ♣r♦❜❛❜❧② ♦♥❧② ❜❡ t❡❝❤♥✐❝❛❧ ✐♥ ✐ts ♥❛t✉r❡✿ ❚❤❡r❡ ✐s
♥♦ ❝♦♥❝❡♣t✉❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✜①❡❞ ❝♦✉♣❧✐♥❣ ❛♥❞ t❤❡ r✉♥♥✐♥❣ ❝♦✉♣❧✐♥❣ ❝❛s❡s✳ ❍❡r❡✱ ♦♥❧②
❜❛s✐❝ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❢❛❝ts ❜r♦✉❣❤t ❛❜♦✉t ❜② t❤✐s ♥❡✇ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ❛r❡
❛❞❞r❡ss❡❞✱ ♥❛♠❡❧② ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ❛♥❞ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣✳
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❈❤❛♣t❡r ✷

❍❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s ❛♥❞

r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s

❲❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❤❡r❡ t❤❡ ♣❤②s✐❝❛❧ ♣✐❝t✉r❡ ♦❢ ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐♥ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧✳ ■♥
t❤❡ ✜rst s❡❝t✐♦♥✱ t❤❡ ❝♦❧♦r ❞✐♣♦❧❡ ♠♦❞❡❧ ❬✷✼❪ ✐s ❞❡s❝r✐❜❡❞ s✐♥❝❡ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ t♦ ❛❞❞r❡ss
❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣✱ ❡s♣❡❝✐❛❧❧② ❝❧♦s❡ t♦ t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣❧❛②
❛ s✐❣♥✐✜❝❛♥t r♦❧❡✳ ■♥ ❛ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❛r❣✉❡ t❤❛t ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐s ❛ ♣❡❝✉❧✐❛r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳

❈♦♥t❡♥ts

✷✳✶ P❛rt♦♥ ♠♦❞❡❧ ❛♥❞ ❞✐♣♦❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✳✶ ●❡♥❡r❛❧ ♣✐❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✳✷ ❇❋❑▲ ❡q✉❛t✐♦♥ ❢r♦♠ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✶✳✸ ❯♥✐t❛r✐t② ❛♥❞ t❤❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✶✳✹ ❚❤❡ ❇✲❏■▼❲▲❑ ❢♦r♠❛❧✐s♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✶✳✺ ❙❛t✉r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✶✳✻ ❚❤❡ P♦♠❡r♦♥ ❧❛♥❣✉❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ❆♥❛❧♦❣② ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷✳✶ ❚❤❡ ❇❑ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷✳✷ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✿ ❛♥ ❡①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷✳✸ ❯♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✶ P❛rt♦♥ ♠♦❞❡❧ ❛♥❞ ❞✐♣♦❧❡s

✷✳✶✳✶ ●❡♥❡r❛❧ ♣✐❝t✉r❡

❋♦r ❞❡✜♥✐t❡♥❡ss✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ❤❛❞r♦♥✐❝ ♣r♦❜❡ ♦✛ s♦♠❡ ❣✐✈❡♥ t❛r❣❡t✱ ✐♥ t❤❡
r❡st❢r❛♠❡ ♦❢ t❤❡ ♣r♦❜❡ ❛♥❞ ❛t ❛ ✜①❡❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱ t❤❛t ✐s t♦ s❛②✱ ❛t ❛ ✜①❡❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ♣r♦❜❡ ❛♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ t❛r❣❡t ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❧❛♥❡ tr❛♥s✈❡rs❡ t♦ t❤❡ ❝♦❧❧✐s✐♦♥
❛①✐s✳ ■♥ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧✱ t❤❡ t❛r❣❡t ✐♥t❡r❛❝ts t❤r♦✉❣❤ ♦♥❡ ♦❢ ✐ts q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s✱ ♠❛❞❡
♦❢ ❛ ❤✐❣❤✲♦❝❝✉♣❛♥❝② ❋♦❝❦ st❛t❡ ✐❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ r❡❛❝t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ✭s❡❡ ❋✐❣✳ ✷✳✶❛✮✳
❆s ✇✐❧❧ ❜❡ ✉♥❞❡rst♦♦❞ ❜❡❧♦✇✱ t❤❡ ♣r♦❜❡ ❡✛❡❝t✐✈❡❧② ✏❝♦✉♥ts✑ t❤❡ ♣❛rt♦♥s ✐♥ t❤❡ ❋♦❝❦ st❛t❡ ♦❢ t❤❡
t❛r❣❡t ✇❤♦s❡ tr❛♥s✈❡rs❡ ♠♦♠❡♥t❛ k ✭♦r s✐③❡s r ∼ 1/k✮ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠♦♠❡♥t✉♠ t❤❛t
❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣r♦❜❡✿ ❚❤❡ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦✛ t❤✐s ♣❛rt✐❝✉❧❛r ♣❛rt♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ♣❛rt♦♥s✳

❚❤❡ ♦❜s❡r✈❛❜❧❡ t❤❛t ✐s ♠❛②❜❡ t❤❡ ♠♦st s❡♥s✐t✐✈❡ t♦ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦❢ ❛ ❤❛❞r♦♥ ✐s t❤❡
❝r♦ss✲s❡❝t✐♦♥ ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ ✈✐rt✉❛❧ ♣❤♦t♦♥ ✇✐t❤ ❛ ❤❛❞r♦♥✐❝ t❛r❣❡t s✉❝❤ ❛s ❛ ♣r♦t♦♥ ♦r ❛

✶✵
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♥✉❝❧❡✉s✳ ❚❤❡ ✈✐rt✉❛❧ ♣❤♦t♦♥ ✐s ❡♠✐tt❡❞ ❜② ❛♥ ❡❧❡❝tr♦♥ ✭♦r ❛ ♣♦s✐tr♦♥✮✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✇✐t❤ t❤✐s
♣r♦❝❡ss✱ ❝❛❧❧❡❞ ✏❞❡❡♣✲✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣✑✱ ✐s t❤❛t t❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ ♣❤♦t♦♥ ✐s ❢✉❧❧② ❝♦♥tr♦❧❧❡❞ ❜②
t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥✳ ❚❤❡ ♣❤♦t♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ❤❛❞r♦♥✐❝ ♦❜❥❡❝t s✐♥❝❡
✐t ✐♥t❡r❛❝ts t❤r♦✉❣❤ ✐ts ✢✉❝t✉❛t✐♦♥s ✐♥t♦ ❛ q✉❛r❦✲❛♥t✐q✉❛r❦ st❛t❡✳ ❚❤❡ ❧❛tt❡r ❢♦r♠ ❛ ❝♦❧♦r ❞✐♣♦❧❡
s✐♥❝❡ ❛❧t❤♦✉❣❤ ❜♦t❤ t❤❡ q✉❛r❦ ❛♥❞ t❤❡ ❛♥t✐q✉❛r❦ ❝❛rr② ❝♦❧♦r ❝❤❛r❣❡✱ t❤❡ ♦✈❡r❛❧❧ ♦❜❥❡❝t ✐s ❝♦❧♦r
♥❡✉tr❛❧ ❞✉❡ t♦ t❤❡ ❝♦❧♦r ♥❡✉tr❛❧✐t② ♦❢ t❤❡ ♣❤♦t♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡s❡ ✢✉❝t✉❛t✐♦♥s
♠❛② ❜❡ ❝♦♠♣✉t❡❞ ✐♥ q✉❛♥t✉♠ ❡❧❡❝tr♦❞②♥❛♠✐❝s ✭◗❊❉✮✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ❞✐♣♦❧❡ ✐♥t❡r❛❝ts ✇✐t❤ t❤❡
t❛r❣❡t ❜② ❡①❝❤❛♥❣✐♥❣ ❣❧✉♦♥s✳ ❚❤❡ ❞✐♣♦❧❡✲t❛r❣❡t ❝r♦ss✲s❡❝t✐♦♥ ❢❛❝t♦r✐③❡s ❛t ❤✐❣❤ ❡♥❡r❣②✳ ❖♥❡ t②♣✐❝❛❧
❡✈❡♥t ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✶❛✳

❉✐♣♦❧❡ ♠♦❞❡❧s ❬✹✷✱ ✹✸❪ ❤❛✈❡ ❜❡❝♦♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣♦♣✉❧❛r ❛♠♦♥❣ ♣❤❡♥♦♠❡♥♦❧♦❣✐sts s✐♥❝❡
❦♥♦✇✐♥❣ t❤❡ ❞✐♣♦❧❡ ❝r♦ss✲s❡❝t✐♦♥ ❡♥❛❜❧❡s ♦♥❡ t♦ ❝♦♠♣✉t❡ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ♦❜s❡r✈❛❜❧❡s✳ ▲✐❦❡
♣❛rt♦♥ ❞❡♥s✐t✐❡s✱ t❤❡ ❧❛tt❡r ✐s ❛ ✉♥✐✈❡rs❛❧ q✉❛♥t✐t②✱ t❤❛t ♠❛② ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ♦♥❡ ♣r♦❝❡ss ❛♥❞
✉s❡❞ t♦ ♣r❡❞✐❝t ♦t❤❡r ♦❜s❡r✈❛❜❧❡s✳ ❉✐✛❡r❡♥t ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧s ♠❛② ❜❡ tr✐❡❞ ❢♦r t❤❡ ❞✐♣♦❧❡
❝r♦ss✲s❡❝t✐♦♥✳ ◗❈❉ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ♠❛② ❡✈❡♥ ❜❡ ❞❡r✐✈❡❞✱ ❛s ✇❡ s❤❛❧❧ ❡①♣❧❛✐♥ ❜❡❧♦✇✳ ❆ ❝r✐t✐❝❛❧
r❡❝❡♥t st✉❞② ♦❢ t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❞✐♣♦❧❡ ♠♦❞❡❧s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✹✹✱ ✹✺❪✳

■♥ ◗❈❉✱ t❤❡ st❛t❡ ♦❢ ❛ ❤❛❞r♦♥✐❝ ♦❜❥❡❝t✱ ❡♥❝♦❞❡❞ ✐♥ ❛ s❡t ♦❢ ✇❛✈❡ ❢✉♥❝t✐♦♥s✱ ✐s ❜✉✐❧t ✉♣ ❢r♦♠
s✉❝❝❡ss✐✈❡ s♣❧✐tt✐♥❣s ♦❢ ♣❛rt♦♥s st❛rt✐♥❣ ❢r♦♠ t❤❡ ✈❛❧❡♥❝❡ str✉❝t✉r❡✳ ❚❤✐s ✐s ✈✐s✐❜❧❡ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢
❋✐❣✳ ✷✳✶❛✿ ❚❤❡ q✉❛r❦ ❛♥❞ t❤❡ ❛♥t✐q✉❛r❦ t❤❛t ❜✉✐❧❞ ✉♣✱ ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ t❛r❣❡t ✐♥ ✐ts ❛s②♠♣t♦t✐❝
st❛t❡ ❡❛❝❤ ❡♠✐t ❛ ❣❧✉♦♥✱ ✇❤✐❝❤ t❤❡♠s❡❧✈❡s ❡♠✐t✱ ❧❛t❡r ♦♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥✱ ♦t❤❡r ❣❧✉♦♥s✳ ❆s ♦♥❡
✐♥❝r❡❛s❡s t❤❡ r❛♣✐❞✐t② y ❜② ❜♦♦st✐♥❣ t❤❡ t❛r❣❡t✱ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❢♦r ♣❛rt♦♥ s♣❧✐tt✐♥❣s
♠❛❦❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❤✐❣❤ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡rs ❧❛r❣❡r✳ ■♥❞❡❡❞✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ ❣❧✉♦♥
t❤❛t ❝❛rr✐❡s ❛ ❢r❛❝t✐♦♥ z ✭✉♣ t♦ dz✮ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ♦❢ ✐ts ♣❛r❡♥t ♣❛rt♦♥ ✭✇❤✐❝❤ ♠❛② ❜❡ ❛ q✉❛r❦
♦r ❛ ❣❧✉♦♥✮ ✐s ♦❢ ♦r❞❡r αsNcdz/z ❢♦r s♠❛❧❧ z ✭Nc ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs❀ Nc = 3 ✐♥ r❡❛❧✲❧✐❢❡ ◗❈❉✮✳
❆s ✇❡ s❡❡✱ t❤❡r❡ ✐s ❛ ❧♦❣❛r✐t❤♠✐❝ s✐♥❣✉❧❛r✐t② ✐♥ z✱ ♠❡❛♥✐♥❣ t❤❛t ❡♠✐ss✐♦♥s ♦❢ ✈❡r② s♦❢t ❣❧✉♦♥s ✭s♠❛❧❧
z✮ ❛r❡ ❢❛✈♦r❡❞ ✐❢ t❤❡② ❛r❡ ❛❧❧♦✇❡❞ ❜② t❤❡ ❦✐♥❡♠❛t✐❝s✳ ❚❤❡ s♣❧✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐s ♦❢ ♦r❞❡r ✶ ✇❤❡♥
t❤❡ t♦t❛❧ r❛♣✐❞✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ y = ln 1/x ✐s ✐♥❝r❡❛s❡❞ ❜② r♦✉❣❤❧② 1/ᾱ ✭t❤❡ ❝♦♥✈❡♥✐❡♥t ♥♦t❛t✐♦♥
ᾱ = αsNc/π ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✮✳ ❖♥❧② s♣❧✐tt✐♥❣s ♦❢ ❛ q✉❛r❦ ♦r ♦❢ ❛ ❣❧✉♦♥ ✐♥t♦ ❛ ❣❧✉♦♥ ❡①❤✐❜✐t t❤❡
1/z s✐♥❣✉❧❛r✐t②✳ ❚❤❡r❡❢♦r❡✱ ❛t ❧❛r❣❡ r❛♣✐❞✐t✐❡s✱ ❣❧✉♦♥s ❡✈❡♥t✉❛❧❧② ❞♦♠✐♥❛t❡ t❤❡ ♣❛rt♦♥✐❝ ❝♦♥t❡♥t ♦❢
t❤❡ ❤❛❞r♦♥s✳

❚❤❡ ♣❛rt♦♥ ♠♦❞❡❧ ✐♥ ✐ts ❜❛s✐❝ ❢♦r♠✱ ✇❤❡r❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♦❜❥❡❝ts ♦❢ t❤❡ t❤❡♦r② ✭q✉❛r❦s ❛♥❞
❣❧✉♦♥s✮ ❛r❡ ❞✐r❡❝t❧② ❝♦♥s✐❞❡r❡❞✱ ✐s ♥♦t s♦ ❡❛s② t♦ ❤❛♥❞❧❡ ✐♥ t❤❡ ❤✐❣❤✲❡♥❡r❣② r❡❣✐♠❡✳ ❖♥❡ ♠❛②
❝♦♥s✐❞❡r❛❜❧② s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠ ❜② ❣♦✐♥❣ t♦ t❤❡ ❧✐♠✐t ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ✭Nc ≫ 1✮✱ ✐♥
✇❤✐❝❤ ❛ ❣❧✉♦♥ ♠❛② ❜❡ s❡❡♥ ❛s ❛ ③❡r♦✲s✐③❡ q✉❛r❦✲❛♥t✐q✉❛r❦ ♣❛✐r✳ ❚❤❡♥✱ ❝♦❧♦r✲♥❡✉tr❛❧ ♦❜❥❡❝ts ❜❡❝♦♠❡
❝♦❧❧❡❝t✐♦♥s ♦❢ ❝♦❧♦r ❞✐♣♦❧❡s✱ ✇❤♦s❡ ❡♥❞♣♦✐♥ts ❝♦♥s✐st ✐♥ ✏❤❛❧❢ ❣❧✉♦♥s✑ ✭s❡❡ ❋✐❣✳ ✷✳✶❜✮✳ ❚❤❡r❡ ✐s ♦♥❧②
♦♥❡ t②♣❡ ♦❢ ♦❜❥❡❝ts ✐♥ t❤❡ t❤❡♦r②✱ ❞✐♣♦❧❡s✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s ✈❡r② ♠✉❝❤ t❤❡ ♣✐❝t✉r❡✳ ❋✉rt❤❡r♠♦r❡✱
❣♦✐♥❣ t♦ tr❛♥s✈❡rs❡ ❝♦♦r❞✐♥❛t❡ s♣❛❝❡ ✭✐♥st❡❛❞ ♦❢ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ✉s✉❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❉●▲❆P
❢♦r♠❛❧✐s♠✮ ❜② tr❛❞✐♥❣ t❤❡ tr❛♥s✈❡rs❡ ♠♦♠❡♥t❛ ♦❢ t❤❡ ❣❧✉♦♥s ❢♦r t❤❡ s✐③❡s ♦❢ t❤❡ ❞✐♣♦❧❡s ✭t❤r♦✉❣❤ ❛♥
❛♣♣r♦♣r✐❛t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✮ ❜r✐♥❣s ❛♥♦t❤❡r ❝♦♥s✐❞❡r❛❜❧❡ s✐♠♣❧✐✜❝❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ s♣❧✐tt✐♥❣s
t❤❛t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❛♠♣❧✐t✉❞❡s ✐♥ t❤❡ ❤✐❣❤✲❡♥❡r❣② ❧✐♠✐t ❛r❡ t❤❡ s♦❢t ♦♥❡s✱ ❢♦r ✇❤✐❝❤ t❤❡ ❡♠✐tt❡❞
❣❧✉♦♥s t❛❦❡ ♦♥❧② ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ♦❢ t❤❡✐r ♣❛r❡♥t✱ t❤❡ ❧❛tt❡r ❜❡✐♥❣ ✈❡r② ❧❛r❣❡✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❣❧✉♦♥s✱ ❛♥❞ t❤✉s ♦❢ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❞✐♣♦❧❡s✱ ✐♥ t❤❡ ♣❧❛♥❡ tr❛♥s✈❡rs❡
t♦ t❤❡ ❝♦❧❧✐s✐♦♥ ❛①✐s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❜② s✉❜s❡q✉❡♥t ❡✈♦❧✉t✐♦♥ ♦♥❝❡ t❤❡ ❣❧✉♦♥s ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞✳
❚❤✉s✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ❞✐♣♦❧❡ ♣r♦❝❡❡❞s t❤r♦✉❣❤ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t s♣❧✐tt✐♥❣s t♦ ♥❡✇
❞✐♣♦❧❡s✳

❲❡ ✇✐❧❧ ♥♦✇ s❡❡ ❤♦✇ t❤✐s ♣✐❝t✉r❡ tr❛♥s❧❛t❡s ✐♥t♦ ❛ ◗❈❉ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r s❝❛tt❡r✐♥❣
❛♠♣❧✐t✉❞❡s✱ ✜rst ✐♥ t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ✇✐❧❧
tr② ❛♥❞ ✉♥❞❡rst❛♥❞ ❤♦✇ t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❧❛tt❡r✳

✷✳✶✳✷ ❇❋❑▲ ❡q✉❛t✐♦♥ ❢r♦♠ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧

❚❤❡ ❜✉✐❧❞✐♥❣ ✉♣ ♦❢ t❤❡ st❛t❡s ♦❢ ❡❛❝❤ ❤❛❞r♦♥ ✐s s♣❡❝✐✜❡❞ ❜② ♣r♦✈✐❞✐♥❣ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❛ ❞✐♣♦❧❡
✇❤♦s❡ ❡♥❞♣♦✐♥ts ❤❛✈❡ tr❛♥s✈❡rs❡ ❝♦♦r❞✐♥❛t❡s (x0, x1) s♣❧✐ts ✐♥t♦ t✇♦ ❞✐♣♦❧❡s (x0, x2) ❛♥❞ (x2, x1)
❛s t❤❡ r❡s✉❧t ♦❢ ❛ ❣❧✉♦♥ ❡♠✐ss✐♦♥ ❛t ♣♦s✐t✐♦♥ x2 ✇❤❡♥ t❤❡ r❛♣✐❞✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞✐♣♦❧❡ ✐s ✐♥❝r❡❛s❡❞✳

✶✶
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✶✿ ✭❛✮ ❚❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ✈✐rt✉❛❧ ♣❤♦t♦♥ ♣r♦❜❡ ♦✛ ❛ ♣❛rt✐❝✉❧❛r ✢✉❝t✉❛t✐♦♥ ♦❢ ❛♥ ❡✈♦❧✈❡❞
t❛r❣❡t ♠❛❞❡ ♦❢ ❛ q✉❛r❦ ❛♥❞ ❛♥ ❛♥t✐q✉❛r❦ ✐♥ ✐ts ❜❛r❡ st❛t❡✳ ❚❤❡ ♣❤♦t♦♥ ♥❡❝❡ss❛r✐❧② ❣♦❡s t❤r♦✉❣❤
❛ q✉❛r❦✲❛♥t✐q✉❛r❦ ♣❛✐r ❛t ❤✐❣❤ ❡♥♦✉❣❤ ❡♥❡r❣✐❡s✱ ✇❤❡♥ t❤❡ t❛r❣❡t ✐s ❞♦♠✐♥❛t❡❞ ❜② ❞❡♥s❡ ❣❧✉♦♥
st❛t❡s✳ ✭❲❤❛t ✐s r❡♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✜❣✉r❡ ✐s ❛❝t✉❛❧❧② t❤❡ ✐♥❡❧❛st✐❝ ❛♠♣❧✐t✉❞❡✱ ✇❤✐❝❤ ✐s ❛ ❝✉t ♦❢ t❤❡
t♦t❛❧ ❝r♦ss✲s❡❝t✐♦♥ ♦r ♦❢ t❤❡ ❢♦r✇❛r❞ ❡❧❛st✐❝ ❛♠♣❧✐t✉❞❡✮✳ ✭❜✮ ■♥ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧✱ t❤❡ ♣r♦❜❡ ❛♥❞
t❤❡ t❛r❣❡t ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ❜② s❡ts ♦❢ ❝♦❧♦r ❞✐♣♦❧❡s✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❝❡❡❞s t❤r♦✉❣❤ ❣❧✉♦♥
❡①❝❤❛♥❣❡s✳ ■t ✐s ♥♦✇ t❤❡ ❡❧❛st✐❝ ❛♠♣❧✐t✉❞❡ t❤❛t ✐s r❡♣r❡s❡♥t❡❞✳ ❚❤❡ ❝✉r❧② ✈❡rt✐❝❛❧ ❧✐♥❡s r❡♣r❡s❡♥t
✷✲❣❧✉♦♥ ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ❞✐♣♦❧❡s✳

■t ✐s ❝♦♠♣✉t❡❞ ✐♥ ♣❡rt✉r❜❛t✐✈❡ ◗❈❉ ❛♥❞ r❡❛❞s ❬✷✼❪

dP

d(ᾱy)
(x01 → x02, x12) =

|x0 − x1|2
|x0 − x2|2|x1 − x2|2

d2x2
2π

. ✭✷✳✶✮

❚❤❛♥❦s ✐♥ ♣❛rt✐❝✉❧❛r t♦ t❤❡ ❧❛r❣❡✲Nc ❧✐♠✐t✱ ❞✐♣♦❧❡ s♣❧✐tt✐♥❣s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❆❢t❡r s♦♠❡ r❛♣✐❞✐t②
❡✈♦❧✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ ❛ ♣r✐♠♦r❞✐❛❧ ❞✐♣♦❧❡✱ ♦♥❡ ❣❡ts ❛ ❝❤❛✐♥ ♦❢ ❞✐♣♦❧❡s s✉❝❤ ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✷✳✷✳

❚❤❡ ❡❧❡♠❡♥t❛r② s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ ❢♦r ♦♥❡ ♣r♦❥❡❝t✐❧❡ ❞✐♣♦❧❡ (x0, x1) ♦✛ ❛ t❛r❣❡t ❞✐♣♦❧❡ (z0, z1)
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❛♣✐❞✐t② ❛♥❞ r❡❛❞s ❬✷✼❪

T ❡❧((x0, x1), (z0, z1)) =
π2α2

s

2
ln2

|x0 − z1|2|x1 − z0|2
|x0 − z0|2|x1 − z1|2

. ✭✷✳✷✮

■❢ t❤❡ t❛r❣❡t ✐s ❛♥ ❡✈♦❧✈❡❞ st❛t❡ ❛t r❛♣✐❞✐t② y✱ t❤❡♥ ✐t ❝♦♥s✐sts ✐♥st❡❛❞ ✐♥ ❛ ❞✐str✐❜✉t✐♦♥ n(y, (z0, z1))
♦❢ ❞✐♣♦❧❡s✳ ❚❤❡ ✭❢♦r✇❛r❞ ❡❧❛st✐❝✮ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ A(y, (x0, x1)) ✐s ❥✉st ❣✐✈❡♥ ❜② t❤❡ ❝♦♥✈♦❧✉t✐♦♥
♦❢ n ❛♥❞ T ❡❧✱ ♥❛♠❡❧②

A(y, (x0, x1)) =

∫

d2z0
2π

d2z1
2π

T ❡❧((x0, x1), (z0, z1))n(y, (z0, z1)). ✭✷✳✸✮

▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ T ❡❧✳ ❚♦ t❤✐s ❛✐♠✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢
t❤❡ ❞✐♣♦❧❡s ✐♥ t❤❡✐r s✐③❡ ✈❡❝t♦r ra = x0−x1 ✭r❡s♣✳ rb = z0− z1✮ ❛♥❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ba = x0+x1

2
✭r❡s♣✳ bb = z0+z1

2 ✮✳ ■♥ t❤❡ ❧✐♠✐t ✐♥ ✇❤✐❝❤ t❤❡ r❡❧❛t✐✈❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐♣♦❧❡s b = ba − bb
✐s ✈❡r② ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡✐r s✐③❡s✱ ✇❡ ❣❡t t❤❡ s✐♠♣❧✐✜❡❞ ❡①♣r❡ss✐♦♥

T ❡❧(ra, rb, b) ∼
|ra|,|rb|≪|b|

α2
s

r2ar
2
b

b4
, ✭✷✳✹✮

❛♥❞ t❤✉s t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ ❞❡❝❛②s ❢❛st ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳ ■❢
✐♥st❡❛❞ t❤❡ r❡❧❛t✐✈❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ✐s s♠❛❧❧ ✭♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ s♠❛❧❧❡st ❞✐♣♦❧❡✮✱ ✇❡

✶✷
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x x

x

0
1

2

✭❛✮

x x

x

0
1

2

✭❜✮

r

1
2

∆b

x x

x

0
1

2

✭❝✮

❋✐❣✉r❡ ✷✳✷✿ ❙❝❤❡♠❛t✐❝ ♣✐❝t✉r❡ ♦❢ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❡ ❡✈♦❧✉t✐♦♥ ❛❢t❡r t❤❡ ✜rst t✇♦ st❡♣s ♦❢
t❤❡ ❡✈♦❧✉t✐♦♥ ✭✭❛✮ ❛♥❞ ✭❜✮✮✱ ❛♥❞ ❛❢t❡r s♦♠❡ ❧❛r❣❡r r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥ ✭❝✮✳ ■♥ t❤❡ ✜rst st❡♣ ✭❛✮✱ t❤❡
✐♥✐t✐❛❧ ❞✐♣♦❧❡ (x0, x1) ✭❞❡♥♦t❡❞ ❜② ❛ ❞❛s❤❡❞ ❧✐♥❡✮ s♣❧✐ts t♦ t❤❡ ♥❡✇ ❞✐♣♦❧❡s (x0, x2) ❛♥❞ (x2, x1) ✭❢✉❧❧
❧✐♥❡s✮✳ ❚❤❡ ♣♦✐♥ts r❡♣r❡s❡♥t t❤❡ ❡❞❣❡s ♦❢ ❡❛❝❤ ❞✐♣♦❧❡✱ t❤❛t ✐s t♦ s❛②✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❧✉♦♥s✳ ■♥
t❤❡ ♥❡①t st❡♣ ✭❜✮✱ t❤❡ ❞✐♣♦❧❡ (x2, x1) ✐ts❡❧❢ s♣❧✐ts ✐♥ t✇♦ ♥❡✇ ❞✐♣♦❧❡s✳ ❚❤❡ s♣❧✐tt✐♥❣ ♣r♦❝❡ss ♣r♦❝❡❡❞s
✭❝✮ ✉♥t✐❧ t❤❡ ♠❛①✐♠✉♠ r❛♣✐❞✐t② ✐s r❡❛❝❤❡❞✳ ▼❛♥② ✈❡r② s♠❛❧❧ ❞✐♣♦❧❡s ❛r❡ ♣r♦❞✉❝❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢
❡❛❝❤ ♦❢ t❤❡s❡ ❡♥❞♣♦✐♥ts✱ ❞✉❡ t♦ t❤❡ ✐♥❢r❛r❡❞ s✐♥❣✉❧❛r✐t② ✈✐s✐❜❧❡ ✐♥ ❊q✳ ✭✷✳✶✮ ✭❖♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡♠
✐s r❡♣r❡s❡♥t❡❞✮✳ ❚❤❡ ③♦♥❡s ✶ ❛♥❞ ✷ ✐♥ ✭❝✮✱ s❡♣❛r❛t❡❞ ❜② t❤❡ tr❛♥s✈❡rs❡ ❞✐st❛♥❝❡ ∆b✱ ✇♦✉❧❞ ❡✈♦❧✈❡
q✉❛s✐✲✐♥❞❡♣❡♥❞❡♥t❧② ❛❢t❡r t❤❡ st❛❣❡ ❞❡♣✐❝t❡❞ ✐♥ t❤✐s ✜❣✉r❡ ✇❤❡♥ s❛t✉r❛t✐♦♥ ❡✛❡❝ts ❛r❡ ✐♥❝❧✉❞❡❞
✭❙❡❡ ❙❡❝✳ ✺✳✶ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s❝✉ss✐♦♥✮✳

✶✸
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❣❡t ❢♦r ❞✐s②♠♠❡tr✐❝ s✐③❡s

T ❡❧(ra, rb, b) ∼
|ra|,|rb|∼|b|

α2
s

r2<
r2>
, ✭✷✳✺✮

✇❤❡r❡ r< = min(|ra|, |rb|)✱ r> = max(|ra|, |rb|)✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ❛♥❣❧❡s ❤❛s ❜❡❡♥
♣❡r❢♦r♠❡❞✳

❊q✉❛t✐♦♥ ✭✷✳✹✮ ♠❡❛♥s t❤❛t t❤❡ ❞✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❧♦❝❛❧ ✐♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✿ ■t ✈❛♥✐s❤❡s ❛s
s♦♦♥ ❛s t❤❡ r❡❧❛t✐✈❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❞✐♣♦❧❡s ✐s ❛ ❢❡✇ st❡♣s ✐♥ ✉♥✐ts ♦❢ t❤❡✐r s✐③❡✳ ❊q✳ ✭✷✳✺✮ s❤♦✇s
t❤❛t ♦♥❧② ❞✐♣♦❧❡s ✇❤♦s❡ s✐③❡s ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥t❡r❛❝t✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡
♥❛t✉r❛❧ ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳ ❚❤✉s t❤❡ ❛♠♣❧✐t✉❞❡ A ✐♥ ❊q✳ ✭✷✳✸✮ ❡✛❡❝t✐✈❡❧② ✏❝♦✉♥ts✑ t❤❡ ❞✐♣♦❧❡s
♦❢ s✐③❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ |x01| ❛t t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r x0+x1

2 ✭✉♣ t♦ |x01| = |x0 −x1|✮✱ ✇✐t❤ ❛ ✇❡✐❣❤t
❢❛❝t♦r α2

s✳
❆♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛♠♣❧✐t✉❞❡ A ✇✐t❤ t❤❡ r❛♣✐❞✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❝❛♥ ❜❡ ❡st❛❜✲

❧✐s❤❡❞✳ ■t ✐s ❡♥♦✉❣❤ t♦ ❦♥♦✇ ❤♦✇ t❤❡ ❞✐♣♦❧❡ ❞❡♥s✐t② ✐♥ t❤❡ t❛r❣❡t ❡✈♦❧✈❡s ✇❤❡♥ r❛♣✐❞✐t② ✐s ✐♥❝r❡❛s❡❞✱
s✐♥❝❡ ❛❧❧ t❤❡ r❛♣✐❞✐t② ❞❡♣❡♥❞❡♥❝❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ n ✐♥ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✭✷✳✸✮✱ ❛♥❞ s✉❝❤ ❛♥ ❡q✉❛t✐♦♥
♠❛② ❡❛s✐❧② ❜❡ ✇♦r❦❡❞ ♦✉t ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ s♣❧✐tt✐♥❣ r❛t❡ ❞✐str✐❜✉t✐♦♥ ✭✷✳✶✮✳ ■t r❡❛❞s ❬✷✼❪

∂n(y, (x0, x1))

∂(ᾱy)
=

∫

d2x2
2π

|x01|2
|x02|2|x12|2

[n(y, (x0, x2)) + n(y, (x2, x1))− n(y, (x0, x1))], ✭✷✳✻✮

✇❤❡r❡ xab ≡ xa − xb✳ ❚❤❡ ✈❡r② s❛♠❡ ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r A✳ ❚❤❡ ❡❧❡♠❡♥t❛r② s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡
T ❡❧ ♦♥❧② ❛♣♣❡❛rs ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛t y = 0✱ ✇❤✐❝❤ ✐s ♥♦t s❤♦✇♥ ✐♥ ❊q✳ ✭✷✳✻✮✳

■♥ ❛ ♥✉ts❤❡❧❧✱ t❤❡ ✐♥t❡❣r❛❧ ❦❡r♥❡❧ ❡♥❝♦❞❡s t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❡s✳ ❚❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ❛t ❛ ❣✐✈❡♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧②✱ ❛♥❞ t❤❡✐r s✐③❡s ❞✐✛✉s❡✳ ❚❤❡
❛♣♣r♦♣r✐❛t❡ ✈❛r✐❛❜❧❡ ✐♥ ✇❤✐❝❤ ❞✐✛✉s✐♦♥ t❛❦❡s ♣❧❛❝❡ ✐s ln(1/|x01|2)✳ ✭❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❝♦❧❧✐♥❡❛r
s✐♥❣✉❧❛r✐t✐❡s ✐♥ ❊q✳ ✭✷✳✶✮✳✮ ❊q✉❛t✐♦♥ ✭✷✳✻✮ ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥✳ ❆ ❝♦♠♣❧❡t❡ s♦❧✉t✐♦♥
t♦ t❤✐s ❡q✉❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡✱ ✐s ❦♥♦✇♥ ❬✹✻❪✳

❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ A ✐s t❤❛t ✐t ✐s ❜♦♦st✲✐♥✈❛r✐❛♥t✳ ❚❤✐s ♣r♦♣❡rt② ✐s
♣r❡s❡r✈❡❞ ✐♥ t❤❡ ❇❋❑▲ ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ ♣✉t t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ ♣r♦❥❡❝t✐❧❡ ✐♥st❡❛❞
♦❢ t❤❡ t❛r❣❡t✱ ♦r s❤❛r❡❞ ✐t ❜❡t✇❡❡♥ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ t❤❡ t❛r❣❡t✿ ❚❤❡ r❡s✉❧t ❢♦r t❤❡ s❝❛tt❡r✐♥❣
❛♠♣❧✐t✉❞❡ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t❤❡ s❛♠❡✳ ■♥ ❛ ❢r❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ t❛r❣❡t ❝❛rr✐❡s y′ ✉♥✐ts ♦❢ r❛♣✐❞✐t②
❛♥❞ t❤❡ ♣r♦❥❡❝t✐❧❡ y − y′✱ t❤❡ ❛♠♣❧✐t✉❞❡ A r❡❛❞s

A(y, (x0, x1)) =

∫

d2z0
2π

d2z1
2π

d2z′0
2π

d2z′1
2π

n♣r♦❥❡❝t✐❧❡(y − y′, (z0, z1)|(x0, x1))

× T ❡❧((z0, z1), (z
′
0, z

′
1))n

t❛r❣❡t(y′, (z′0, z
′
1)). ✭✷✳✼✮

n♣r♦❥❡❝t✐❧❡(y − y′, (z0, z1)|(x0, x1)) ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❞✐♣♦❧❡s (z0, z1) ❢♦✉♥❞ ✐♥ ❛ ❞✐♣♦❧❡ ♦❢ ✐♥✐t✐❛❧ s✐③❡
(x0, x1) ❛❢t❡r ❡✈♦❧✉t✐♦♥ ♦✈❡r y − y′ st❡♣s ✐♥ r❛♣✐❞✐t②✳ ■❢ y′ = y✱ ♦♥❡ r❡❝♦✈❡rs ❊q✳ ✭✷✳✸✮✳ ■❢ y′ = 0✱
t❤❡♥ ❛❧❧ t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ✐♥ t❤❡ ♣r♦❥❡❝t✐❧❡ ✐♥st❡❛❞✳

❚❤❡ ❛♠♣❧✐t✉❞❡ A ✐s r❡❧❛t❡❞ t♦ ❛♥ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ t❤✉s✱ ✐t ♠✉st ❜❡ ❜♦✉♥❞❡❞✿ ■♥
❛♣♣r♦♣r✐❛t❡ ♥♦r♠❛❧✐③❛t✐♦♥s✱ A ❤❛s t♦ r❛♥❣❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❇✉t ❛s st❛t❡❞ ❛❜♦✈❡✱ t❤❡ ❇❋❑▲
❡q✉❛t✐♦♥ ♣r❡❞✐❝ts ❛♥ ❡①♣♦♥❡♥t✐❛❧ r✐s❡ ♦❢ A ✇✐t❤ t❤❡ r❛♣✐❞✐t② ❢♦r ❛♥② ❞✐♣♦❧❡ s✐③❡✱ ✇❤✐❝❤ ❛t ❧❛r❣❡ r❛✲
♣✐❞✐t✐❡s ❡✈❡♥t✉❛❧❧② ✈✐♦❧❛t❡s ✉♥✐t❛r✐t②✳ ❍❡♥❝❡ t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✐s ♥♦t t❤❡ ✉❧t✐♠❛t❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉✳

✷✳✶✳✸ ❯♥✐t❛r✐t② ❛♥❞ t❤❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ❡q✉❛t✐♦♥

■t ✐s ❝❧❡❛r t❤❛t ♦♥❡ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t t❤❛t ❤❛s ❜❡❡♥ ❧❡❢t ♦✉t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❇❋❑▲
❡q✉❛t✐♦♥ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡ ❛♥❞ t❤❡ t❛r❣❡t✳ ❙❡✈❡r❛❧
❛♠♦♥❣ t❤❡ n♣r♦❥❡❝t✐❧❡ ❞✐♣♦❧❡s ✐♥ ❊q✳ ✭✷✳✼✮ ♠❛② ❛❝t✉❛❧❧② ✐♥t❡r❛❝t ✇✐t❤ t❤❡ nt❛r❣❡t ❞✐♣♦❧❡s ✐♥ t❤❡ ♦t❤❡r
❤❛❞r♦♥ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ♦♥❧② r❡❛s♦♥ ✇❤② s✉❝❤ ✐♥t❡r❛❝t✐♦♥s ♠❛② ♥♦t t❛❦❡ ♣❧❛❝❡ ✐s t❤❛t T ❡❧ ∼ α2

s

✭s❡❡ ❊q✳ ✭✷✳✷✮✮✱ ❛♥❞ t❤✉s t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r t✇♦ s✐♠✉❧t❛♥❡♦✉s s❝❛tt❡r✐♥❣s ✐s ♦❢ ♦r❞❡r α4
s✱ ✇❤✐❝❤ ✐s

♣❛r❛♠❡tr✐❝❛❧❧② s✉♣♣r❡ss❡❞✳ ❇✉t t❤✐s ❛r❣✉♠❡♥t ❤♦❧❞s ♦♥❧② ❛s ❧♦♥❣ ❛s t❤❡ ❞✐♣♦❧❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s

✶✹
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S(y,(x  ,x  ))

x

x

x

S(y,(x  ,x  ))
0

0

2

2

2

1

1

❋✐❣✉r❡ ✷✳✸✿ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ❡q✉❛t✐♦♥✳

❛r❡ ♦❢ ♦r❞❡r 1✳ ■❢ n ∼ 1/α2
s ✭✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ♣♦✐♥t ❛❜♦✈❡ ✇❤✐❝❤ t❤❡ ✉♥✐t❛r✐t② ♦❢ A ✐s ♥♦ ❧♦♥❣❡r

♣r❡s❡r✈❡❞ ✐♥ t❤❡ ❇❋❑▲ ❛♣♣r♦❛❝❤✮✱ t❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s s❤♦✉❧❞ ♦❝❝✉r✳
■♥ ♦r❞❡r t♦ tr② ❛♥❞ ✐♠♣❧❡♠❡♥t t❤❡s❡ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t

t❤❡r❡ ❜❡ ♥♦ s❝❛tt❡r✐♥❣ ❜❡t✇❡❡♥ ❛ ❞✐♣♦❧❡ (x0, x1) ❛♥❞ ❛ ❣✐✈❡♥ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ✐♥ ❛ s❝❛tt❡r✐♥❣
✇✐t❤ t♦t❛❧ r❛♣✐❞✐t② y✱ t❤❛t ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② S(y, (x0, x1))✳ ▲❡t ✉s st❛rt ✇✐t❤ ❛ s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡
❡✈♦❧✉t✐♦♥ ✐s ❢✉❧❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t❛r❣❡t✳ ❲❡ ✐♥❝r❡❛s❡ t❤❡ t♦t❛❧ r❛♣✐❞✐t② ❜② ❜♦♦st✐♥❣ t❤❡ ♣r♦❥❡❝t✐❧❡
✭✐♥✐t✐❛❧❧② ❛t r❡st✮ ❜② ❛ s♠❛❧❧ ❛♠♦✉♥t dy✳ ❚❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s t♦ ❞✐st✐♥❣✉✐s❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥
✇❤❡t❤❡r t❤❡ ❞✐♣♦❧❡ (x0, x1) s♣❧✐ts ✐♥ t❤❡ r❛♣✐❞✐t② ✐♥t❡r✈❛❧ dy✳ ■♥ ❝❛s❡ ✐t s♣❧✐ts ✐♥t♦ t✇♦ ❞✐♣♦❧❡s
(x0, x2) ❛♥❞ (x2, x1)✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t✐❧❡ ❞♦❡s ♥♦t ✐♥t❡r❛❝t ✐s ❥✉st t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
♣r♦❜❛❜✐❧✐t✐❡s t❤❛t ❡❛❝❤ ♦❢ t❤❡s❡ ♥❡✇ ❞✐♣♦❧❡s ❞♦ ♥♦t ✐♥t❡r❛❝t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦♥❝❡ ❝r❡❛t❡❞✱ ❞✐♣♦❧❡s
❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■♥ s✉♠♠❛r②✿

S(y + dy, (x0, x1)) =

{

S(y, (x0, x1)) ✇✐t❤ ♣r♦❜❛ 1− ᾱdy
∫

x2

dP
d(ᾱy) (x01 → x02, x12)

S(y, (x0, x2))S(y, (x2, x1)) ✇✐t❤ ♣r♦❜❛ ᾱdy dP
d(ᾱy) (x01 → x02, x12)

✭✷✳✽✮

❚❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ t❛r❣❡t ❛♥❞ t❤❡ ❧✐♠✐t dy → 0✱ ✇❡ ❣❡t

∂

∂y
〈S(y, (x0, x1))〉 = ᾱ

∫

d2x2
2π

x201
x202x

2
21

[〈S(y, (x0, x2))S(y, (x2, x1))〉 − 〈S(y, (x0, x1))〉] ✭✷✳✾✮

✭❙❡❡ ❋✐❣✳ ✷✳✸ ❢♦r ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳✮ ❲❡ s❡❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ✐s ♥♦t ❝❧♦s❡❞✿ ❆♥ ❡✈♦❧✉t✐♦♥
❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦rr❡❧❛t♦r 〈S(y, (x0, x2))S(y, (x2, x1))〉 ✐s r❡q✉✐r❡❞✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t
s✉❝❤ ❝♦rr❡❧❛t♦rs ❢❛❝t♦r✐③❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

〈S(y, (x0, x2))S(y, (x2, x1))〉 = 〈S(y, (x0, x2))〉〈S(y, (x2, x1))〉. ✭✷✳✶✵✮

❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❥✉st✐✜❡❞ ✐❢ t❤❡ ❞✐♣♦❧❡s s❝❛tt❡r ♦✛ ✉♥❝♦rr❡❧❛t❡❞ t❛r❣❡ts✱ ❢♦r ❡①❛♠♣❧❡✱ ♦✛ ❞✐✛❡r❡♥t
♥✉❝❧❡♦♥s ♦❢ ❛ ✈❡r② ❧❛r❣❡ ♥✉❝❧❡✉s✳ ❲r✐t✐♥❣ A = 1− 〈S〉✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧♦s❡❞ ❡q✉❛t✐♦♥ ❢♦r A✿

∂

∂y
A(y, (x0, x1)) = ᾱ

∫

d2x2
2π

x201
x202x

2
21

[A(y, (x0, x2)) +A(y, (x2, x1))

−A(y, (x0, x1))−A(y, (x0, x2))A(y, (x2, x1))], ✭✷✳✶✶✮

✇❤✐❝❤ ✐s t❤❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ✭❇❑✮ ❡q✉❛t✐♦♥ ❬✷✺✱ ✷✻❪✳ ◆♦t❡ t❤❛t ✐❢ ♦♥❡ ♥❡❣❧❡❝ts t❤❡ ♥♦♥❧✐♥❡❛r
t❡r♠✱ ♦♥❡ ❣❡ts ❜❛❝❦ t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✭✷✳✻✮ ✭✇r✐tt❡♥ ❢♦r A ✐♥st❡❛❞ ♦❢ n✮✳ ❆ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✷✳✹✳

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ ❛♥❛❧②t✐❝❛❧❧② t❤❛t t❤❡ ❇❑ ❡q✉❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡ ✉♥✐t❛r✐t② ♦❢ A✿ ❲❤❡♥
A ❜❡❝♦♠❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ ✶✱ t❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ❣❡ts ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❧✐♥❡❛r t❡r♠s ✐♥
♠❛❣♥✐t✉❞❡✱ ❛♥❞ s❧♦✇s ❞♦✇♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ A ✇✐t❤ y✱ ✇❤✐❝❤ ♦t❤❡r✇✐s❡ ✇♦✉❧❞ ❜❡ ❡①♣♦♥❡♥t✐❛❧✳
❍❡♥❝❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✇✐❧❧ ❡①❤✐❜✐t ❡ss❡♥t✐❛❧❧② t✇♦ r❡❣✐♠❡s✿ ❆ ❇❋❑▲ r❡❣✐♠❡ ♦❢
❧♦✇ ❞❡♥s✐t② ✐♥ ✇❤✐❝❤ A ≪ 1 ❛♥❞ ✐♥ ✇❤✐❝❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❝❡❡❞s ❧✐♥❡❛r❧②✱ ❛♥❞ ❛ ❤✐❣❤✲❞❡♥s✐t②
r❡❣✐♠❡ A ∼ 1✳ ❆t ✜①❡❞ y✱ t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ r❡❣✐♠❡s ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞

✶✺
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❋✐❣✉r❡ ✷✳✹✿ P✐❝t✉r❡ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥✳ ❆❧❧ t❤❡ ◗❈❉ ❡✈♦❧✉t✐♦♥ ✐s ♣✉t ✐♥ t❤❡ ♣r♦❜❡✱ ✇❤✐❝❤ ❝❛rr✐❡s
t❤❡ t♦t❛❧ r❛♣✐❞✐t②✳ ■t ❞❡✈❡❧♦♣s ❛ ❤✐❣❤ ♦❝❝✉♣❛♥❝② st❛t❡ ♦❢ ❞✐♣♦❧❡s✱ ✇❤✐❝❤ s❝❛tt❡r ✐♥❞❡♣❡♥❞❡♥t❧② ♦✛
t❤❡ t❛r❣❡t✳

S(y,(x  ,x  ))
0 2

2
S(y,(x  ,x  ))

3

S(y,(x  ,x  ))3 1
x1

x
2

x
0

✭❛✮

S(y,(x  ,x  ))
0x2

1

x
1

x
0

✭❜✮

❋✐❣✉r❡ ✷✳✺✿ ✭❛✮ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❇✲❏■▼❲▲❑ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✷✲♣♦✐♥t ❝♦rr❡❧❛t♦r r❡str✐❝t❡❞ t♦
❞✐♣♦❧❡s ✭x′2 ✐s t❛❦❡♥ ❡q✉❛❧ t♦ x2 ✐♥ t❤✐s ✜❣✉r❡✮✳ ✭❜✮ ❆ ❣r❛♣❤ t❤❛t ✇♦✉❧❞ ❛❧s♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡
✷✲♣♦✐♥t ❝♦rr❡❧❛t♦r ❛♥❞ t❤❛t ✐s ♠✐ss✐♥❣ ✐♥ t❤❡ ❇✲❏■▼❲▲❑ ❢♦r♠❛❧✐s♠✳

s❛t✉r❛t✐♦♥ s❝❛❧❡ Qs(y)✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥✈❡rs❡ s✐③❡ ♦❢ t❤❡ ❞✐♣♦❧❡s ✇❤✐❝❤ s❝❛tt❡r ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ A
❡q✉❛❧ t♦ s♦♠❡ ✜①❡❞ ♥✉♠❜❡r ♦❢ ♦r❞❡r ✶✱ ❢♦r ❡①❛♠♣❧❡ 1

2 ✳ ✭Qs ❛❧s♦ ❞❡♣❡♥❞s ❛ ♣r✐♦r✐ ♦♥ t❤❡ ✐♠♣❛❝t
♣❛r❛♠❡t❡r✱ ❛s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣✳ ✺✮✳

▲❡t ✉s ❣♦ ❜❛❝❦ t♦ ❊qs✳ ✭✷✳✽✮✱✭✷✳✾✮ ❛♥❞ ✐♥st❡❛❞ ♦❢ ❛ss✉♠✐♥❣ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛✲
t♦rs ✭✷✳✶✵✮✱ ✇♦r❦ ♦✉t ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t♦r 〈SS〉✳ ❋r♦♠ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛s
❜❡❢♦r❡✱ ✇❡ ❣❡t

∂

∂y
〈S02S2′1〉 = ᾱ

∫

d2x3
2π

x202
x203x

2
32

(〈S03S32S2′1〉 − 〈S02S2′1〉)

+ ᾱ

∫

d2x3
2π

x212′

x213x
2
32′

(〈S2′3S31S02〉 − 〈S02S2′1〉) , ✭✷✳✶✷✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t❛t✐♦♥ Sab ≡ S(y, (xa, xb))✳ ✭❙❡❡ ❋✐❣✳ ✷✳✺❛ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳✮

❚❤✐s ❡q✉❛t✐♦♥ ❝❛❧❧s ❢♦r ❛ ♥❡✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✸✲♣♦✐♥t ❝♦rr❡❧❛t♦rs✱ ❛♥❞ s♦ ♦♥✳ ❚❤❡ ♦❜t❛✐♥❡❞
❤✐❡r❛r❝❤② ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ❇❛❧✐ts❦② ❤✐❡r❛r❝❤② ❬✶✾❪ ✭s❡❡ ❛❧s♦ ❘❡❢✳ ❬✹✼✕✹✾❪✮ r❡str✐❝t❡❞ t♦ ❞✐♣♦❧❡s✳

✷✳✶✳✹ ❚❤❡ ❇✲❏■▼❲▲❑ ❢♦r♠❛❧✐s♠

❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ❧❡t ✉s ❜r✐❡✢② ♠❡♥t✐♦♥ t❤❡ ❇❛❧✐ts❦②✲❏❛❧✐❧✐❛♥ ▼❛r✐❛♥✲■❛♥❝✉✲▼❝▲❡rr❛♥✲❲❡✐❣❡rt✲
▲❡♦♥✐❞♦✈✲❑♦✈♥❡r ✭❇✲❏■▼❲▲❑✮ ❢♦r♠❛❧✐s♠✳ ■t ✐s ❛ s②st❡♠❛t✐❝ ❛♣♣r♦❛❝❤ ❜❡②♦♥❞ t❤❡ ❧❛r❣❡✲Nc ❧✐♠✐t✱

✶✻
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✐♥✐t✐❛❧❧② s✉♣♣♦s❡❞ t♦ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡ ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ ✇❡❧❧✲❞❡✜♥❡❞
❛♣♣r♦①✐♠❛t✐♦♥s✳ ✭◆♦✇❛❞❛②s✱ t❤❡ st❛t✉s ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❧❡ss ❝❧❡❛r✱ ❛s ✇❡ s❤❛❧❧ ❞✐s❝✉ss ❧❛t❡r ♦♥✮✳
■♥st❡❛❞ ♦❢ ❡✈♦❧✈✐♥❣ ❞✐♣♦❧❡ ♦r ♣❛rt♦♥ ♥✉♠❜❡r ❞❡♥s✐t✐❡s✱ ❇✲❏■▼❲▲❑ ❡✈♦❧✈❡s ♦❜s❡r✈❛❜❧❡s ❝♦♥str✉❝t❡❞
✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❲✐❧s♦♥ ♦♣❡r❛t♦rs

U(x) = P exp

(

igs

∫

dxµAa
µ(x)t

a

)

✭✷✳✶✸✮

✇❤❡r❡ Aa
µ ✐s t❤❡ ❝♦❧♦r ✹✲♣♦t❡♥t✐❛❧ ♦✈❡r ✇❤✐❝❤ ♦♥❡ ❡✈❡♥t✉❛❧❧② ❛✈❡r❛❣❡s t♦ ❛rr✐✈❡ ❛t ♦❜s❡r✈❛❜❧❡s✱ ta

t❤❡ st❛♥❞❛r❞ ❝♦❧♦r ♠❛tr✐❝s ✭❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥✮✱ ❛♥❞ gs =
√
4παs t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❧✐♥❡

t♦ t❤❡ ❝♦❧♦r ✜❡❧❞✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❡①♣♦♥❡♥t ❣♦❡s ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ q✉❛r❦ ✇❤♦s❡
✐♥t❡r❛❝t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② U ✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧❧② ❛ str❛✐❣❤t ❧✐❣❤t❧✐❦❡ ❧✐♥❡ ❛t ✈❡r② ❤✐❣❤ ❡♥❡r❣✐❡s✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ✇❛②s t♦ ♣r❡s❡♥t t❤✐s ♣❤②s✐❝s✳ ▲❡t ✉s ❡①❤✐❜✐t t❤❡ s♦✲❝❛❧❧❡❞ ✏❇❛❧✐ts❦②
❤✐❡r❛r❝❤②✑✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥✜♥✐t❡ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦rr❡❧❛t♦rs
♦❢ U ✳ ■♥ t❡r♠s ♦❢ t❤❡ U ✬s✱ t❤❡ S✲♠❛tr✐① ❢♦r ❞✐♣♦❧❡ s❝❛tt❡r✐♥❣ ♦✛ ❛ ♣❛rt✐❝✉❧❛r ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥
r❡❛❞s

Sab =
1

Nc
❚rU(xa)U

†(xb). ✭✷✳✶✹✮

❚❤❡ ♦❜s❡r✈❛❜❧❡s ❛r❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦rr❡❧❛t♦rs✿ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❞✐♣♦❧❡ ❛♠♣❧✐t✉❞❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠
S ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r t❤❡ ❝♦❧♦r ✜❡❧❞s✳

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❇❛❧✐ts❦② ❤✐❡r❛r❝❤② ❢♦r t❤❡ ♦❜s❡r✈❛❜❧❡ 〈S01〉 ✐s ✐❞❡♥t✐❝❛❧ t♦ ❊q✳ ✭✷✳✾✮✳
❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ♥❡❡❞❡❞ t♦ s♦❧✈❡ t❤❡ ✜rst ♦♥❡✱ r❡❛❞s

∂

∂y
〈S02S21〉 = ᾱ

∫

d2x3
2π

{[

x202
x203x

2
32

〈(S03S32 − S02)S21〉+
x201

x203x
2
31

〈S02(S03S31 − S01)〉
]

+
1

N2
c

[

− (x0 − x3) · (x1 − x3)

(x0 − x3)2(x1 − x3)2
− 1

(x2 − x3)2
+

(x0 − x3) · (x2 − x3)

(x0 − x3)2(x2 − x3)2
+

(x2 − x3) · (x1 − x3)

(x2 − x3)2(x1 − x3)2

]

×
[

1

Nc

〈

❚r
(

Ux0
U†
x2
Ux3

U †
x1
Ux2

U †
x3

)〉

+
1

Nc

〈

❚r
(

Ux0
U†
x3
Ux2

U†
x1
Ux3

U†
x2

)〉

− 2S01

]}

✭✷✳✶✺✮

❚❤❡ ✜rst ❧✐♥❡ ✐s t❤❡ s❛♠❡ ❛s ❊q✳ ✭✷✳✶✷✮✳ ❚❤❡ ♦t❤❡r t❡r♠s ✐♥✈♦❧✈❡ s❡①t✉♣♦❧❡s ❛♥❞ ❛r❡ s✉♣♣r❡ss❡❞ ❛t
❧❛r❣❡✲Nc✳ ❍❡♥❝❡ ✐♥ t❤❡ ❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ r❡❝♦✈❡r ❊q✳ ✭✷✳✶✷✮✳

❚❤❡ ❢❛❝t♦r✐③❡❞ ❝♦rr❡❧❛t♦rs ✭✷✳✶✵✮ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ❞✐♣♦❧❡ ❤✐❡r❛r❝❤②✱ ❛♥❞ t✉r♥ ❛❝t✉❛❧❧②
♦✉t t♦ ❜❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❇✲❏■▼❲▲❑ ❡q✉❛t✐♦♥s✳ ❚❤✐s st❛t❡♠❡♥t
✇❛s ✜rst ♠❛❞❡ ❛❢t❡r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❇✲❏■▼❲▲❑ ❢♦r♠❛❧✐s♠ ✇❛s ✇♦r❦❡❞
♦✉t ✐♥ ❘❡❢✳ ❬✺✵❪✳ ❲❡ ♥♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ ❧❛tt❡r s✐♠✉❧❛t✐♦♥s ❞✐❞ ♥♦t ❝♦✈❡r ❛ ✈❡r② ❧❛r❣❡ r❛♥❣❡
✐♥ r❛♣✐❞✐t②✱ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡② ♠❛② ❤❛✈❡ ♠✐ss❡❞ ♣❤②s✐❝❛❧ ❡✛❡❝ts t❤❛t ✇♦✉❧❞ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ❢✉❧❧
❇✲❏■▼❲▲❑ ❡q✉❛t✐♦♥ ❢r♦♠ ✐ts ❛♣♣r♦①✐♠❛t❡ ❢♦r♠s✳

❲❡ ♠❛② ✇♦♥❞❡r ✇❤② t❤❡r❡ ❛r❡ ♥♦ t❡r♠s ✐♥✈♦❧✈✐♥❣ ♦♥❡✲♣♦✐♥t ❢✉♥❝t✐♦♥s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢
t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❆❝t✉❛❧❧②✱ s✉❝❤ t❡r♠s ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❣r❛♣❤s ❧✐❦❡ t❤❡ ♦♥❡ ♦❢ ❋✐❣✳ ✷✳✺❜✱
✐♥ ✇❤✐❝❤✱ ❢♦r ❡①❛♠♣❧❡✱ t✇♦ ❞✐♣♦❧❡s ♠❡r❣❡✳ ❚❤❡② ❛r❡ ❡①♣❡❝t❡❞ t♦ ♦❝❝✉r ✐❢ s❛t✉r❛t✐♦♥ ✐s ♣r♦♣❡r❧②
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❤✐❧❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❇❛❧✐ts❦② ❡q✉❛t✐♦♥ t♦ ❞✐♣♦❧❡s ❞♦❡s ❛ ♣r✐♦r✐ ♥♦t
❞r❛st✐❝❛❧❧② ❝❤❛♥❣❡ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s✱ s✉❝❤ t❡r♠s ✇♦✉❧❞ ✐♥st❡❛❞ ❤❛✈❡ ❛
❧❛r❣❡ ❡✛❡❝t✱ ❛s ✇❡ s❤❛❧❧ ❞✐s❝♦✈❡r ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ❞✐s❝✉ss✐♦♥✱ ✇❡ ✇✐❧❧ st✐❝❦ t♦
t❤❡ ❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✷✳✾✮✱✭✷✳✶✷✮✳

✷✳✶✳✺ ❙❛t✉r❛t✐♦♥

❚❤❡ ❇❑ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇❡❧❧✲s✉✐t❡❞ ❢♦r t❤❡ ✐❞❡❛❧ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ t❛r❣❡t ✐s ❛ ♥✉❝❧❡✉s ♠❛❞❡ ♦❢
❛♥ ✐♥✜♥✐t② ♦❢ ✐♥❞❡♣❡♥❞❡♥t ♥✉❝❧❡♦♥s✳ ❇✉t ✐t ✐s ♥♦t q✉✐t❡ r❡❧❡✈❛♥t t♦ ❞❡s❝r✐❜❡ t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ♠♦r❡
❡❧❡♠❡♥t❛r② ♦❜❥❡❝ts s✉❝❤ ❛s t✇♦ ❞✐♣♦❧❡s ✭♦r t✇♦ ✈✐rt✉❛❧ ♣❤♦t♦♥s✱ t♦ ❜❡ ♠♦r❡ ♣❤②s✐❝❛❧✮✳

■♥❞❡❡❞✱ ❢♦❧❧♦✇✐♥❣ ❈❤❡♥ ❛♥❞ ▼✉❡❧❧❡r ❬✺✶❪ ✭s❡❡ ❛❧s♦ ❘❡❢✳ ❬✺✷❪✮✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❞✐♣♦❧❡✲❞✐♣♦❧❡
s❝❛tt❡r✐♥❣ ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✱ ✇❤❡r❡ t❤❡ r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥ ✐s ❡q✉❛❧❧② s❤❛r❡❞ ❜❡t✇❡❡♥ t❤❡
♣r♦❥❡❝t✐❧❡ ❛♥❞ t❤❡ t❛r❣❡t ✭s❡❡ ❋✐❣✳ ✷✳✻❛✮✳ ❚❤❡♥ ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✱ t❤❡ t❛r❣❡ts ❛r❡

✶✼
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❞✐♣♦❧❡s t❤❛t st❡♠ ❢r♦♠ t❤❡ ❜r❛♥❝❤✐♥❣ ♦❢ ❛ ✉♥✐q✉❡ ♣r✐♠♦r❞✐❛❧ ❞✐♣♦❧❡✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢
st❛t✐st✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝❡♥t❡rs✱ ✇❤✐❝❤ ✇❛s ♥❡❡❞❡❞ ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✭✷✳✶✵✮ t♦
❤♦❧❞✱ ✐s ♥♦ ❧♦♥❣❡r ❥✉st✐✜❡❞✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ✇❤✐❝❤ ❣♦ ❜❡②♦♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r♠✉❧❛ ✭✷✳✼✮ ❛r❡
♥❡❝❡ss❛r② t♦ ♣r❡s❡r✈❡ ✉♥✐t❛r✐t② ❛s s♦♦♥ ❛s n ∼ 1/α2

s✳ ❚❤✐s ❝❛♠❡ ♦✉t ♦❢ ❛♥ ❛♥❛❧②s✐s ♦❢ ❊q✳ ✭✷✳✼✮
✐♥ t❤❡ r❡st❢r❛♠❡ ♦❢ t❤❡ t❛r❣❡t✳ ❚❤❡ r❛♣✐❞✐t② y❇❋❑▲ ❛t ✇❤✐❝❤ t❤❡ s②st❡♠ r❡❛❝❤❡s t❤✐s ♥✉♠❜❡r ♦❢
❞✐♣♦❧❡s ❛♥❞ ❤❡♥❝❡ ❛t ✇❤✐❝❤ t❤❡ ❇❋❑▲ ❛♣♣r♦❛❝❤ ❜r❡❛❦s ❞♦✇♥ ♠❛② ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ ❢♦r♠ ♦❢ t❤❡
t②♣✐❝❛❧ ❣r♦✇t❤ ♦❢ n ✇✐t❤ y✱ ♥❛♠❡❧② n(y) ∼ eᾱy✳ P❛r❛♠❡tr✐❝❛❧❧②✱

y❇❋❑▲ ∼ 1

ᾱ
ln

1

α2
s

. ✭✷✳✶✻✮

◆♦✇ ✇❡ ♠❛② ❣♦ t♦ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✱ ✇❤❡r❡ ❊q✳ ✭✷✳✼✮ ✇✐t❤ y′ = y/2 ✇♦✉❧❞ ❞❡s❝r✐❜❡ t❤❡
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳ ❚❤❡r❡✱ t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥
t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ ✐♥ t❤❡ t❛r❣❡t ❛r❡ ✇❡❧❧ ❜❡❧♦✇ 1/α2

s✿ n(y❇❋❑▲/2) ∼ 1/αs✳ ❲❡ ❛❝t✉❛❧❧② s❡❡ t❤❛t t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❡s ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡s s②st❡♠s r❡♠❛✐♥s ❧✐♥❡❛r ✉♥t✐❧ y = 2y❇❋❑▲✳ ■♥ t❤❛t r❛♣✐❞✐t②
✐♥t❡r✈❛❧✱ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❝♦♥s✐st ✐♥ t❤❡ s✐♠✉❧t❛♥❡♦✉s s❝❛tt❡r✐♥❣s ♦❢ s❡✈❡r❛❧ ❞✐♣♦❧❡s ❢r♦♠ t❤❡ t❛r❣❡t
❛♥❞ t❤❡ ♣r♦❥❡❝t✐❧❡ ❜✉t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ n st✐❧❧ ♦❜❡②s t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥✳ ◆♦✇✱ ♣❡r❢♦r♠✐♥❣ ❛ ❜♦♦st
t♦ t❤❡ ♣r♦❥❡❝t✐❧❡ r❡st❢r❛♠❡✱ t❤❡ ❡✈♦❧✉t✐♦♥ ❣♦❡s ✐♥t♦ t❤❡ t❛r❣❡t✳ ❋♦r♠✉❧❛ ✭✷✳✸✮ s❤♦✉❧❞ t❤❡♥ ❛♣♣❧②
❢♦r t❤❡ ❛♠♣❧✐t✉❞❡ A✳ ❇✉t ✐❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ✇❡r❡ ❦❡♣t ❧✐♥❡❛r✱ t❤❡♥ t❤❡ ❛♠♣❧✐t✉❞❡ ✇♦✉❧❞
❜r❡❛❦ ✉♥✐t❛r✐t② ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✇♦✉❧❞ ❜❡ ❧❛r❣❡r t❤❛♥ 1/α2

s✳ ❍❡♥❝❡✱ t❤r♦✉❣❤ s♦♠❡
♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ ✇❛s r❡♣r❡s❡♥t❡❞ ❜② ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ❜❡t✇❡❡♥ ❧✐♥❡❛r❧② ❡✈♦❧✈✐♥❣
♦❜❥❡ts ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✱ t❤❡ ❞✐♣♦❧❡ ♥✉♠❜❡r ❞❡♥s✐t② ❤❛s t♦ ❜❡ ❦❡♣t ❡✛❡❝t✐✈❡❧② ❧♦✇❡r
t❤❛♥ 1/α2

s ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ✉♥✐t❛r✐t②✳ ❚❤✐s ✐s ❝❛❧❧❡❞ ♣❛rt♦♥ s❛t✉r❛t✐♦♥✳ ❚❤❡ ♣r❡❝✐s❡ s❛t✉r❛t✐♦♥
♠❡❝❤❛♥✐s♠ ❤❛s ♥♦t ❜❡❡♥ ❢♦r♠✉❧❛t❡❞ ✐♥ ◗❈❉✳ ■t ❝♦✉❧❞ ❜❡ ❞✐♣♦❧❡ r❡❝♦♠❜✐♥❛t✐♦♥s ❞✉❡ t♦ ❣❧✉♦♥
❢✉s✐♦♥✱ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ✐♥s✐❞❡ t❤❡ t❛r❣❡t ✇❤✐❝❤ s❧♦✇ ❞♦✇♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♥❡✇ ❞✐♣♦❧❡s ❬✺✸❪✱
✏❞✐♣♦❧❡ s✇✐♥❣✑ ❛s ✇❛s ♣r♦♣♦s❡❞ ♠♦r❡ r❡❝❡♥t❧② ❬✺✹✱ ✺✺❪✱ ♦r ❛♥② ♦t❤❡r ♠❡❝❤❛♥✐s♠✳ ❙♦♠❡ ♦❢ t❤❡s❡
♠❡❝❤❛♥✐s♠s ♠❛② ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ s✐♠♣❧✐✜❡❞ t♦② ♠♦❞❡❧s❀ s❡❡ ❈❤❛♣✳ ✸✳

❍❡♥❝❡✱ ✉♥✐t❛r✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s t♦❣❡t❤❡r ✇✐t❤ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡ s❡❡♠ t♦ r❡q✉✐r❡
s♦♠❡ s♦rt ♦❢ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ♣❛rt♦♥s✳ ■t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r s✉❝❤ ❛ ♠❡❝❤❛♥✐s♠ ✐s
✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❇✲❏■▼❲▲❑ ❢♦r♠❛❧✐s♠✱ s✐♥❝❡ t❤❡ ❧❛tt❡r ✐s ♥♦t ♦❜✈✐♦✉s❧② ❜♦♦st✲✐♥✈❛r✐❛♥t✳ ❲❤❛t ✐s
❝❧❡❛r ✐s t❤❛t s♦♠❡ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❧❛❝❦s ✐♥ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧✳

❆ ♣❡❞❛❣♦❣✐❝❛❧ r❡✈✐❡✇ ♦❢ s❛t✉r❛t✐♦♥ ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ s❛t✉r❛t✐♦♥
❛♥❞ ✉♥✐t❛r✐t② ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✺✻❪✳ ❖r✐❣✐♥❛❧ ♣❛♣❡rs ✐♥❝❧✉❞❡ ❘❡❢s✳ ❬✺✼✱ ✺✽❪✳

❱✐s✉❛❧✐③✐♥❣ s❛t✉r❛t✐♦♥✿ ❊✈♦❧✉t✐♦♥ ✐♥ ❞✐✛❡r❡♥t ♠♦❞❡❧s

❲❡ ♥♦✇ ✇✐s❤ t♦ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t s❝❤❡♠❡s ♦❢ ✉♥✐t❛r✐③❛t✐♦♥ ✭❇❑ ✉♥✐t❛r✐③❛t✐♦♥✱ ♠✉❧t✐♣❧❡
s❝❛tt❡r✐♥❣s ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✱ ❡①♣❧✐❝✐t ♣❛rt♦♥ ♥✉♠❜❡r s❛t✉r❛t✐♦♥✮ ❛✛❡❝t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s✳

■♥ ❋✐❣✳ ✷✳✼✱ ✇❡ ♣❧♦t t❤❡ S✲♠❛tr✐① ❡❧❡♠❡♥t ❛t ❞✐✛❡r❡♥t r❛♣✐❞✐t② ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✭❧♦❣❛✲
r✐t❤♠✐❝✮ ❞✐♣♦❧❡ s✐③❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t♦② ♠♦❞❡❧s ✇✐t❤ ❞②♥❛♠✐❝s s✐♠✐❧❛r t♦ ◗❈❉ ✭❚❤❡
✉s❡ ♦❢ s✉❝❤ ♠♦❞❡❧s ✇✐❧❧ ❜❡ ❥✉st✐✜❡❞ ❧❛t❡r✱ ✇❤❡♥ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ ❤✐❣❤✲❡♥❡r❣②
◗❈❉ ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❝❡ss❡s✮✳ ❲❡ s❡❡ t❤❛t S ❣♦❡s t♦ ③❡r♦ ✐♥ ❛ r❡❣✐♦♥ ♦❢ s✐③❡s t❤❛t ❡①t❡♥❞s
✇✐t❤ r❛♣✐❞✐t②✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s s❧♦✇❡r ✇❤❡♥ t❤❡r❡ ❛r❡ s❛t✉r❛t✐♦♥ ❡✛❡❝ts ❡①♣❧✐❝✐t❧② ✐♥❝❧✉❞❡❞ ✐♥
t❤❡ ❡✈♦❧✉t✐♦♥✱ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥✳

✷✳✶✳✻ ❚❤❡ P♦♠❡r♦♥ ❧❛♥❣✉❛❣❡

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧ ❛ s✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡ ♦❢ ❤❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s✱ ❛♥❞ ✐t ✐s ✐♥ t❤✐s
❢♦r♠❛❧✐s♠ t❤❛t ✇❡ ✇✐❧❧ ✉♥❞❡rst❛♥❞ ♠♦st ❡❛s✐❧② t❤❡ ❧✐♥❦ ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ■♥ t❤❡
s✲❝❤❛♥♥❡❧ ❢♦r♠✉❧❛t✐♦♥✱ ❛❧❧ t❤❡ ◗❈❉ ❡✈♦❧✉t✐♦♥ ❤❛♣♣❡♥s ✐♥ t❤❡ ❢♦r♠ ♦❢ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦❢
t❤❡ ✐♥t❡r❛❝t✐♥❣ ❤❛❞r♦♥s✳ ❍♦✇❡✈❡r✱ ❛ ♣✐❝t✉r❡ ♠❛②❜❡ ♠♦r❡ ❢❛♠✐❧✐❛r t♦ t❤❡ r❡❛❞❡r ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
✏tr❛❞✐t✐♦♥❛❧✑ ◗❈❉ ❝♦♠♠✉♥✐t② ✐s ❛ t✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡✱ ✇❤❡r❡ t❤❡ r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥ ✐s ♣✉t ✐♥ t❤❡
t✲❝❤❛♥♥❡❧✱ ✇❤✐❧❡ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ t❛r❣❡t st❛② ✐♥ t❤❡✐r ❜❛r❡ st❛t❡s✳ ❚❤✐s ♣✐❝t✉r❡ ❞✐r❡❝t❧② st❡♠s

✶✽
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✻✿ ✭❛✮ ❙❝❛tt❡r✐♥❣ ✐♥ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ✐s s❤❛r❡❞
❜❡t✇❡❡♥ t❤❡ t❛r❣❡t ❛♥❞ t❤❡ ♣r♦❜❡✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ✐s ✉♥✐t❛r✐③❡❞ t❤r♦✉❣❤ t❤❡ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s
♦❝❝✉rr✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡✈♦❧✈❡❞ ✇❛✈❡✲❢✉♥❝t✐♦♥s✳ ✭❜✮ ❇♦♦st ♦❢ t❤❡ ♣r❡✈✐♦✉s ❣r❛♣❤ t♦ t❤❡ r❡st❢r❛♠❡
♦❢ t❤❡ ♣r♦❥❡❝t✐❧❡✳ ❚❤❡r❡ ✐s ♥♦✇ t✇✐❝❡ ❛s ♠✉❝❤ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ t❛r❣❡t ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts
s❤♦✉❧❞ ♦❝❝✉r ✐♥s✐❞❡ ✐ts ✇❛✈❡✲❢✉♥❝t✐♦♥✱ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✳ ❚❤❡② ♠❛② t❛❦❡ t❤❡ ❢♦r♠ ♦❢
✏✐♥t❡r♥❛❧✑ r❡s❝❛tt❡r✐♥❣s ✭❛s ❞❡♣✐❝t❡❞✮✱ ♦r ❞✐♣♦❧❡ ♠❡r❣✐♥❣✳✳✳

0

0.2

0.4

0.6

0.8

1

1.2

-30 -20 -10 0 10 20 30

S

i

Unitarized - LAB
COM

Saturation

❋✐❣✉r❡ ✷✳✼✿ ❬❋r♦♠ ❘❡❢✳ ❬✺✾❪❪ S✲♠❛tr✐① ❡❧❡♠❡♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❞✐♣♦❧❡ s✐③❡
❢♦r y = 5, 10, 20, 30 ✭❢r♦♠ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✜❣✉r❡ t♦✇❛r❞s t❤❡ ♦✉ts❦✐rts✮✳ 1/α2 ❂ ✷✵✳ ❋♦r ❧♦✇
r❛♣✐❞✐t✐❡s ✭y = 5 ❛♥❞ y = 10✮✱ t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ❧✐♥❡❛r ✭♦❢ ❇❋❑▲ t②♣❡✮✳ ❆t y = 20✱ t❤❡ ✉♥✐t❛r✐t②
❧✐♠✐t ❤❛s ❜❡❡♥ r❡❛❝❤❡❞ ✐♥ ❛❧❧ ❝❛❧❝✉❧❛t✐♦♥s ✭S ❜❡❝♦♠❡s ③❡r♦ ✐♥ s♦♠❡ r❡❣✐♦♥ ♦❢ s✐③❡s✮✳ ▲❛t❡r ✭y = 30✮✱
t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ S = 0 ♣r♦♣❛❣❛t❡s ♦✉t✇❛r❞s✳ ❉✐✛❡r❡♥t ✉♥✐t❛r✐③❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ t❡st❡❞✿
s✐♠♣❧❡ ❇❑ ✉♥✐t❛r✐③❛t✐♦♥ ✭✏❯♥✐t❛r✐③❡❞✲▲❆❇✑✮✱ ❝❡♥t❡r✲♦❢✲♠❛ss ✉♥✐t❛r✐③❛t✐♦♥ ✭✏❈❖▼✑✮ ❛♥❞ ✐♥tr✐♥s✐❝
s❛t✉r❛t✐♦♥✳
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=

diagrams

❋✐❣✉r❡ ✷✳✽✿ ❚❤❡ ❇❋❑▲ P♦♠❡r♦♥ ✐s ❛ s✉♠ ♦❢ t✲❝❤❛♥♥❡❧ ❣❧✉♦♥ ❋❡②♥♠❛♥ ❞✐❛❣r❛♠s✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✾✿ ✭❛✮ ❊①❛♠♣❧❡ ♦❢ ❛ ❞✐❛❣r❛♠ ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐♥ t❤❡ t✲❝❤❛♥♥❡❧ r❡♣r❡s❡♥✲
t❛t✐♦♥ ✭s❡❡ ❋✐❣✳ ✷✳✹✮✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s r❡♣r❡s❡♥t P♦♠❡r♦♥s✳ ❚❤❡ r❛♣✐❞✐t② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ P♦♠❡r♦♥ ❧✐♥❡s ✐♥ t❤❡ t✲❝❤❛♥♥❡❧✳ ✭❜✮ P♦♠❡r♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝❧❛ss ♦❢ ❞✐❛❣r❛♠s
t♦ ✇❤✐❝❤ ❋✐❣✳ ✷✳✻❛ ❜❡❧♦♥❣s✳

❢r♦♠ t❤❡ ✉s✉❛❧ ▲♦r❡♥t③✲✐♥✈❛r✐❛♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✱ ✇❤✐❧❡ t❤❡ ❞✐♣♦❧❡ ♣✐❝t✉r❡ ✭♦r
t❤❡ ♣❛rt♦♥ ♠♦❞❡❧✮ ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t✐♠❡✲♦r❞❡r❡❞ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳

❇♦t❤ ♣✐❝t✉r❡s ❤❛✈❡ t❤❡✐r r❡s♣❡❝t✐✈❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s✳ ❚❤❡ ❝♦✈❛r✐❛♥t ❢♦r♠✉❧❛t✐♦♥
s❡❡♠s t♦ ❜❡ ♠♦r❡ s✉✐t❡❞ ❢♦r ❤✐❣❤❡r✲♦r❞❡r s②st❡♠❛t✐❝ ❝❛❧❝✉❧❛t✐♦♥s✱ s✐♥❝❡ ❢♦r ❛ ❣✐✈❡♥ ♦❜s❡r✈❛❜❧❡ t❤❡
♥✉♠❜❡r ♦❢ ❞✐❛❣r❛♠s ✐s s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ t✐♠❡✲♦r❞❡r❡❞ ✭s✲❝❤❛♥♥❡❧✮ ❢♦r♠❛❧✐s♠✳ ❚❤❡ t✐♠❡✲♦r❞❡r❡❞
❢♦r♠❛❧✐s♠ s❡❡♠s ✉♥♣r❛❝t✐❝❛❧ ❜❡②♦♥❞ t❤❡ tr❡❡✲❧❡✈❡❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❧❛tt❡r
❣✐✈❡s ♠❛②❜❡ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ♣✐❝t✉r❡ ♦❢ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ❛♥❞ s❡❡♠s t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ t♦
st✉❞② t❤❡ ❛♣♣r♦❛❝❤ t♦ ✉♥✐t❛r✐t②✳

■♥ t❤❡ t✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡✱ ❝❧❛ss❡s ♦❢ ❋❡②♥❛♠ ❞✐❛❣r❛♠s ❝❛♥ ❜❡ ❣r♦✉♣❡❞ ✐♥t♦ ✏P♦♠❡r♦♥s✑ ✭♦r
❘❡❣❣❡✐③❡❞ ❣❧✉♦♥s✱ s❡❡ ❋✐❣✳ ✷✳✽✮✱ ✐♥ t❡r♠s ♦❢ ✇❤✐❝❤ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ♠❛② ❜❡ ❛♥❛❧②③❡❞✳ ✭❆
♣❡❞❛❣♦❣✐❝❛❧ r❡✈✐❡✇ ♦♥ ❤♦✇ t♦ ❞❡r✐✈❡ t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✐♥ s✉❝❤ ❛ ❢♦r♠❛❧✐s♠ ✐s ❛✈❛✐❧❛❜❧❡ ❢r♦♠
❘❡❢✳ ❬✻✵❪✮✳ ❆♥ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥ ❝♦♥t❛✐♥✐♥❣ P♦♠❡r♦♥ ✜❡❧❞s ❛♥❞ P♦♠❡r♦♥ ✈❡rt✐❝❡s ♠❛② ❜❡ ❝♦♥str✉❝t❡❞✳
■♥ t❤❡s❡ t❡r♠s✱ t❤❡ s✲❝❤❛♥♥❡❧ ❞✐❛❣r❛♠s ♦❢ ❋✐❣✳ ✷✳✹ ❛♥❞ ✷✳✻❛ ♠❛② ❜❡ tr❛♥s❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❞✐❛❣r❛♠s ♦❢ ❋✐❣✳ ✷✳✾✳ ❚❤❡ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥ ❢♦r♠❛❧✐s♠ ✇❛s ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣♣❡❞ ✐♥ ❘❡❢s✳ ❬✻✶✕✻✸❪✳
▼♦r❡ r❡❝❡♥t❧②✱ t❤❡r❡ ❤❛s ❜❡❡♥ s♦♠❡ ♣r♦❣r❡ss ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥ ❬✻✹❪✱ s♦♠❡ ♦❢
✐t ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ♣r♦❝❡ss❡s ❬✻✺✱✻✻❪✳

✷✵
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❲❡ ✇✐❧❧ ♥♦t ❡①♣❛♥❞ ♦♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥t r❡✈✐❡✇✱ ❜❡❝❛✉s❡ ✐t ✐s ❞✐✣❝✉❧t t♦ s❡❡ t❤❡
❛♥❛❧♦❣② ✇✐t❤ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ❆ s✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡ ✐s ♠✉❝❤ ♠♦r❡ ♥❛t✉r❛❧✳
❍♦✇❡✈❡r✱ ❛ ❢✉❧❧ s♦❧✉t✐♦♥ ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ♠❛② r❡q✉✐r❡ t♦ ❣♦ ❜❛❝❦ t♦ t❤❛t ❦✐♥❞ ♦❢ ❝❛❧❝✉❧❛t✐♦♥
❛♥❞ ❝♦♠♣✉t❡ ❛❝❝✉r❛t❡❧② t❤❡ 1 → n P♦♠❡r♦♥ ✈❡rt✐❝❡s✳ ❚❤✐s ♣r♦❣r❛♠ ✇❛s ❢♦r♠✉❧❛t❡❞ s♦♠❡ t✐♠❡
❛❣♦ ❬✻✼✱✻✽❪✱ ❛♥❞ t❤❡r❡ ✐s ❝♦♥t✐♥✉✐♥❣ ♣r♦❣r❡ss ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✭s❡❡ ❡✳❣✳ ❬✻✾✱✼✵❪✮✳

✷✳✷ ❆♥❛❧♦❣② ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❞r❛✇ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ❛♥❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
♣r♦❝❡ss❡s✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥ ❜❡❧♦✇✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐s✱ ✐♥ s♦♠❡ ❧✐♠✐t✱ ❛♥
❡q✉❛t✐♦♥ t❤❛t ❛❧s♦ ❛♣♣❡❛rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❙❡❝♦♥❞✱ ✇❡ ✇✐❧❧ ❡①❤✐❜✐t ❛ s✐♠♣❧❡
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✱ ❛♥❞ s❤♦✇ ✐♥ t❤❡ ✜♥❛❧ s❡❝t✐♦♥ ❤♦✇ t❤✐s ♠♦❞❡❧ ✐s r❡❧❛t❡❞ t♦ s❝❛tt❡r✐♥❣ ✐♥
◗❈❉✱ ❡✈❡♥ ❜❡②♦♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♠♣❧✐❡❞ ✐♥ t❤❡ ❇❑ ❡q✉❛t✐♦♥✳

✷✳✷✳✶ ❚❤❡ ❇❑ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❋❑PP ❡q✉❛t✐♦♥

▲❡t ✉s ✜rst s❤♦✇ ❛t t❤❡ t❡❝❤♥✐❝❛❧ ❧❡✈❡❧ t❤❛t ✉♥❞❡r s♦♠❡ ✇❡❧❧✲❝♦♥tr♦❧❧❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s✱ t❤❡ ❇❑
❡q✉❛t✐♦♥ ✭✷✳✶✶✮ ♠❛② ❜❡ ♠❛♣♣❡❞ ❡①❛❝t❧② t♦ ❛ ♣❛r❛❜♦❧✐❝ ♥♦♥❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❚❤✐s
♦❜s❡r✈❛t✐♦♥ ✇❛s ✜rst ♠❛❞❡ ✐♥ ❘❡❢✳ ❬✸✾❪✳

❚♦ s✐♠♣❧✐❢②✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦r ✐♠♣❛❝t✲♣❛r❛♠❡t❡r ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s✿ A(y, (x0, x1)) ✐s ❛ss✉♠❡❞
t♦ ❞❡♣❡♥❞ ♦♥ y ❛♥❞ x01 ♦♥❧②✱ ♥♦t ♦♥ x0+x1

2 ✳ ❲❡ s✇✐t❝❤ t♦ ♠♦♠❡♥t✉♠ s♣❛❝❡ t❤r♦✉❣❤ t❤❡ ❋♦✉r✐❡r
tr❛♥s❢♦r♠❛t✐♦♥

A(y, k) =

∫

d2x01
2πx201

ei
~k~x01A(y, x01). ✭✷✳✶✼✮

❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❣r❡❛t❧② s✐♠♣❧✐✜❡s t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❬✷✺✱✷✻❪✳ ■t ♥♦✇ r❡❛❞s

∂ᾱyA(y, k) = χ(−∂ln k2)A(y, k)−A2(y, k). ✭✷✳✶✽✮

❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❤✐❝❤ ✐s ❛ ❧✐♥❡❛r t❡r♠✱ ✐s ❛❝t✉❛❧❧② ❛♥ ✐♥t❡❣r❛❧ tr❛♥s❢♦r♠
✇❤♦s❡ ❦❡r♥❡❧✱ ♦❜t❛✐♥❡❞ ❜② ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❇❋❑▲ ❦❡r♥❡❧ ✭✜rst t❤r❡❡ t❡r♠s ♦♥ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✷✳✶✶✮✮✳ ■t ✐s ♠♦st ❡❛s✐❧② ❡①♣r❡ss❡❞ ✐♥ ▼❡❧❧✐♥ s♣❛❝❡ s✐♥❝❡ t❤❡ ♣♦✇❡rs k−2γ

❛r❡ ✐ts ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s

χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ). ✭✷✳✶✾✮

❚❤✐s ❦❡r♥❡❧ ♠❛② ❜❡ ❡①♣❛♥❞❡❞ ❛r♦✉♥❞ s♦♠❡ r❡❛❧ γ = γ0✱ ✜①❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❑❡❡♣✐♥❣ t❤❡ t❡r♠s
✉♣ t♦ O((γ − γ0)

2) ✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❞✐✛✉s✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛t
❧❛r❣❡ r❛♣✐❞✐t✐❡s✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t❛t✐♦♥s χ0 ≡ χ(γ0)✱ χ′

0 ≡ χ′(γ0) ❛♥❞ χ′′
0 ≡ χ′′(γ0)✱ t❤❡ ❇❑

❡q✉❛t✐♦♥ r❡❛❞s

∂ᾱyA = χ′′
0
2 ∂

2
ln k2A+ (γ0χ

′′
0 − χ′

0)∂ln k2A+ (χ0 − γ0χ
′
0 +

γ2
0χ′′

0
2 )A−A2. ✭✷✳✷✵✮

❚❤r♦✉❣❤ t❤❡ ❧✐♥❡❛r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ (ᾱy, ln k2) → (t, x)✱

ᾱy =
t

χ0 − γ0χ′
0 +

γ2
0χ′′

0
2

ln k2 =

√

χ′′
0

2(χ0 − γ0χ′
0) + γ20χ

′′
0

x− γ0χ
′′
0 − χ′

0

χ0 − γ0χ′
0 +

γ2
0χ′′

0
2

t,

✭✷✳✷✶✮

♦♥❡ ♠❛② ❣❡t r✐❞ ♦❢ t❤❡ ✜rst✲♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞s✐❞❡✳ ❲❡ t❤❡♥ ✜♥❞ t❤❛t t❤❡
r❡s❝❛❧❡❞ ❢✉♥❝t✐♦♥

u(t, x) =
A(y(t), ln k2(t, x))

χ0 − γ0χ′
0 +

γ2
0χ′′

0
2

✭✷✳✷✷✮

✷✶
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♦❜❡②s t❤❡ ❡q✉❛t✐♦♥
∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
+ u(t, x)− u2(t, x), ✭✷✳✷✸✮

✇❤✐❝❤ ✐s t❤❡ ❋✐s❤❡r ❬✸✼❪ ❛♥❞ ❑♦❧♠♦❣♦r♦✈✲P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ ❬✸✽❪ ✭❋❑PP✮ ❡q✉❛t✐♦♥✳ ❚❤✐s ❡q✉❛✲
t✐♦♥ ✇❛s ✜rst ✇r✐tt❡♥ ❞♦✇♥ ❛s ❛ ♠♦❞❡❧ ❢♦r ❣❡♥❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ❇✉t ✐t t✉r♥s ♦✉t t♦ ❛♣♣❧② ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② t♦ ♠❛♥② ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧
s✐t✉❛t✐♦♥s✱ s✉❝❤ ❛s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ ❜✉t ❛❧s♦ ❞✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥✱ ❛♥❞ ❡✈❡♥ ♠❡❛♥✲✜❡❧❞
s♣✐♥ ❣❧❛ss❡s ❬✼✶❪✳ ❆ r❡❝❡♥t ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ♦♥ t❤❡ ❦♥♦✇♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ t❤❡ ♣❤❡♥♦♠❡♥♦✲
❧♦❣✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✼✷❪✳

❆s ❛ s✐❞❡ r❡♠❛r❦✱ ✇❡ ♥♦t❡ t❤❛t ✐❢ γ0 ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❡q✉❛t✐♦♥ χ(γ0) = γ0χ
′(γ0) ✐s

✈❡r✐✜❡❞✱ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ ❞r❛st✐❝❛❧❧② s✐♠♣❧✐✜❡s✳ ❆❝t✉❛❧❧②✱ t❤✐s ❝❤♦✐❝❡ ❤❛s ❛ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✱ ❛s
✇❡ ✇✐❧❧ ❞✐s❝♦✈❡r ✐♥ ❈❤❛♣✳ ✹ ✇❤❡♥ ✇❡ tr② ❛♥❞ s♦❧✈❡ t❤❡ ❇❑ ❡q✉❛t✐♦♥✳

❇❡②♦♥❞ t❤❡ ❡①❛❝t ♠❛♣♣✐♥❣ ✭✷✳✷✸✮ ❜❡t✇❡❡♥ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❢♦r♠ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡
❋❑PP ❡q✉❛t✐♦♥✱ t❤❡ ❢✉❧❧ ❇❑ ❡q✉❛t✐♦♥ ✐s s❛✐❞ t♦ ❜❡ ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✳
❆❧❧ ❡q✉❛t✐♦♥s ✐♥ t❤✐s ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss s❤❛r❡ s♦♠❡ ❝♦♠♠♦♥ ♣r♦♣❡rt✐❡s✱ ❛s ✇✐❧❧ ❜❡ ✉♥❞❡rst♦♦❞ ❜❡❧♦✇✳
❚❤❡ ❡①❛❝t ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ✉♥❡ss❡♥t✐❛❧✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ r❡❝❡♥t❧②✱ ✐t ❤❛s ❜❡❡♥ ❝❤❡❝❦❡❞
❡①♣❧✐❝✐t❧② t❤❛t t❤❡ ❇❋❑▲ ❡q✉❛t✐♦♥ ✇✐t❤ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r ❡✈♦❧✉t✐♦♥
❦❡r♥❡❧ ✭❜✉t ❦❡❡♣✐♥❣ t❤❡ ◗❈❉ ❝♦✉♣❧✐♥❣ ✜①❡❞✮ ✐s ❛❧s♦ ✐♥ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❆ ♠❛♣♣✐♥❣ t♦ ❛
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✇❤✐❝❤ ✐♥✈♦❧✈❡s ❤✐❣❤❡r✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ r❛♣✐❞✐t② ✈❛r✐❛❜❧❡✮ ✇❛s
❡①❤✐❜✐t❡❞ ❬✼✸❪✳ ❲❤❛t ❞❡✜♥❡s ♣❤②s✐❝❛❧❧② t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✐s ❛ ❜r❛♥❝❤✐♥❣
❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ s♦♠❡ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ❞❡t❛✐❧s s❡❡♠ ✉♥✐♠♣♦rt❛♥t✳

❲❡ ♠✉st ❤♦✇❡✈❡r ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡r❡ ✐s ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣ ♥♦ t❤❡♦r❡♠ t❤❛t ✇♦✉❧❞ ❝❧❡❛r❧②
st❛t❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ♠♦❞❡❧ t♦ ❜❡❧♦♥❣ ✭♦r ♥♦t✮ t♦ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss
♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✿ ❖✉r st❛t❡♠❡♥ts ❛r❡ ♥♦t❤✐♥❣ ❜✉t ❝♦♥❥❡❝t✉r❡s✱ s✉♣♣♦rt❡❞ ❜② ❛r❣✉♠❡♥ts ❛♥❞
❝❤❡❝❦❡❞ ❛❣❛✐♥st ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❣✐✈❡ ❛ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss✿ ❲❡ ✇✐❧❧
s❡❡ ❤♦✇ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ❛♣♣❡❛rs ❛s ❛ ✢✉❝t✉❛t✐♦♥❧❡ss ✭♦r ✏♠❡❛♥✲✜❡❧❞✑✮ ❧✐♠✐t ♦❢ s♦♠❡ st♦❝❤❛st✐❝
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ■♥ ❘❡❢✳ ❬✸✾❪✱ ✐t ❤❛❞ ♥♦t ❜❡❡♥ r❡❛❧✐③❡❞ t❤❛t t❤❡ ❛♥❛❧♦❣② ♦❢ ◗❈❉ ✇✐t❤
s✉❝❤ ♣r♦❝❡ss❡s ✐s ✐♥ ❢❛❝t ♠✉❝❤ ❞❡❡♣❡r t❤❛♥ t❤❡ ❢♦r♠❛❧ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡
❋❑PP ❡q✉❛t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❥✉st ♦✉t❧✐♥❡❞✳ ❇✉t t❤✐s ✐s ❛❝t✉❛❧❧② t❤❡ ❝❛s❡✱ ❛s ✇❡ s❤❛❧❧ s❤♦rt❧② ❛r❣✉❡✳

✷✳✷✳✷ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✿ ❛♥ ❡①❛♠♣❧❡

❲❡ ❝♦♥s✐❞❡r t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❘❡❢✳ ❬✼✹❪✳ ■t ❝♦♥s✐sts ✐♥ ❛ s❡t
♦❢ ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡ ❡✈♦❧✈✐♥❣ ✐♥ ❞✐s❝r❡t❡ t✐♠❡ ♦♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s
❞❡✜♥❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✿ ❆t ❡❛❝❤ t✐♠❡st❡♣✱ ❛ ♣❛rt✐❝❧❡ ♠❛② ❥✉♠♣ t♦ t❤❡ ♥❡❛r❡st ♣♦s✐t✐♦♥
♦♥ t❤❡ ❧❡❢t ♦r ♦♥ t❤❡ r✐❣❤t ✇✐t❤ r❡s♣❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s pl ❛♥❞ pr✱ ❛♥❞ ♠❛② s♣❧✐t ✐♥t♦ t✇♦ ♣❛rt✐❝❧❡s
✇✐t❤ ♣r♦❜❛❜✐❧✐t② λ✳ ❲❡ ❛❧s♦ ❛❧❧♦✇ ❡❛❝❤ ♦❢ t❤❡ n(t, x) ♣❛rt✐❝❧❡s ♦♥ s✐t❡ x ❛t t✐♠❡ t t♦ ❞✐❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② λn(t, x)/N ✳

❲❡ ❝❛♥ ❣✉❡ss ✇❤❛t ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ❡✈♦❧✉t✐♦♥ ♠❛② ❧♦♦❦ ❧✐❦❡ ❛t ❧❛r❣❡ t✐♠❡s✳ ❚❤❡ ♣❛rt✐❝❧❡s
❜r❛♥❝❤ ❛♥❞ ❞✐✛✉s❡ ✭t❤❡② ✉♥❞❡r❣♦ ❛♥ ❡✈♦❧✉t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐♥❡❛r ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
❡q✉❛t✐♦♥✮ ✉♥t✐❧ t❤❡✐r ♥✉♠❜❡r n ❜❡❝♦♠❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ N ✱ ❛t ✇❤✐❝❤ ♣♦✐♥t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
t❤❡② ✏❞✐❡✑ st❛rts t♦ ❜❡ s✐③❛❜❧❡✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡✐r ♥✉♠❜❡r ♥❡✈❡r ❡①❝❡❡❞s N ❜② ❛ ❧❛r❣❡
❛♠♦✉♥t✱ ♦♥ ❛♥② s✐t❡✳ ■❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s s♣r❡❛❞ ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧❛tt✐❝❡ s✐t❡s✱ t❤❡ ❧✐♥❡❛r
❜r❛♥❝❤✐♥❣✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss ♠❛② ❛❧✇❛②s ♣r♦❝❡❡❞ t♦✇❛r❞s ❧❛r❣❡r ✈❛❧✉❡s ♦❢ |x|✱ ✇❤❡r❡ t❤❡r❡ ✇❡r❡ ♥♦
♣❛rt✐❝❧❡s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✳ ❍❡♥❝❡ ❛❢t❡r s♦♠❡ ❧❛♣s❡ ♦❢ t✐♠❡ ✭t②♣✐❝❛❧❧② ❧❛r❣❡r t❤❛♥
lnN✮ ❛ r❡❛❧✐③❛t✐♦♥ ✇✐❧❧ ❧♦♦❦ ❧✐❦❡ ❛ ❞♦✉❜❧❡ ❢r♦♥t ❝♦♥♥❡❝t✐♥❣ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ ❧❛tt✐❝❡ s✐t❡s ✇❤❡r❡ ❛
q✉❛s✐✲st❛t✐♦♥❛r② st❛t❡ ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s N ✭✉♣ t♦ ✢✉❝t✉❛t✐♦♥s✮ ❤❛s ❜❡❡♥ r❡❛❝❤❡❞✱
t♦ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ ❡♠♣t② s✐t❡s✳ ❖♥❡ ❢r♦♥t ✇✐❧❧ ♠♦✈❡ t♦✇❛r❞s x → +∞✱ t❤❡ ♦t❤❡r ♦♥❡ t♦✇❛r❞s
x → −∞ ❛s t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ♣r♦❝❡❡❞s✳ ▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❢r♦♥t tr❛✈❡❧✐♥❣ t♦ t❤❡
r✐❣❤t✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t X(t) ♠❛② ❜❡ ❞❡✜♥❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❧❡❛❞✐♥❣ ❛s②♠♣t♦t✐❝❛❧❧② t♦
❡q✉✐✈❛❧❡♥t ❞❡t❡r♠✐♥❛t✐♦♥s✱ ✉♣ t♦ ❛ ❝♦♥st❛♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♠❛② ❞❡✜♥❡ X(t) ❛s t❤❡ r✐❣❤t♠♦st
❜✐♥ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ N/2 ♣❛rt✐❝❧❡s✱ ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ ❛s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s

✷✷
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❋✐❣✉r❡ ✷✳✶✵✿ P✐❝t✉r❡ ♦❢ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ♣❛rt✐❝❧❡s ❛t t✇♦ s✉❝❝❡ss✐✈❡ t✐♠❡s✳ ■♥ t❤❡
❜✐♥s ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ♦❢ ♦r❞❡r N ✱ s♦♠❡ ♣❛rt✐❝❧❡s ❞✐s❛♣♣❡❛r✱ ♦t❤❡rs ❛r❡ ❝r❡❛t❡❞
❜② s♣❧✐tt✐♥❣s✱ ❜✉t ♦✈❡r❛❧❧ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❝♦♥s❡r✈❡❞ ✉♣ t♦ ✢✉❝t✉❛t✐♦♥s ♦❢ ♦r❞❡r

√
N ✳ ■♥

t❤❡ ❜✐♥s ✐♥ ✇❤✐❝❤ n ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ N ✱ t❤❡ ❞②♥❛♠✐❝s ✐s ❞r✐✈❡♥ ❜② ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥✳ ❆s ❛
r❡s✉❧t✱ n(t, x) ❧♦♦❦s ❧✐❦❡ ❛ ♥♦✐s② ✇❛✈❡ ❢r♦♥t ♠♦✈✐♥❣ t♦ t❤❡ r✐❣❤t✳

✐♥ t❤❡ r❡❛❧✐③❛t✐♦♥ ✇❤♦s❡ ♣♦s✐t✐♦♥s ❛r❡ ❣r❡❛t❡r t❤❛♥ ✵✱ s❝❛❧❡❞ ❜② 1/N ✳ ❆ r❡❛❧✐③❛t✐♦♥ ❛♥❞ ✐ts t✐♠❡
❡✈♦❧✉t✐♦♥ ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✷✳✶✵✳

❇❡t✇❡❡♥ t✐♠❡s t ❛♥❞ t + ∆t✱ nl(t, x) ♣❛rt✐❝❧❡s ♦✉t ♦❢ n(t, x) ♠♦✈❡ t♦ t❤❡ ❧❡❢t ❛♥❞ nr(t, x) ♦❢
t❤❡♠ ♠♦✈❡ t♦ t❤❡ r✐❣❤t✳ ❋✉rt❤❡r♠♦r❡✱ n+(t, x) ♣❛rt✐❝❧❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡✐r t✇♦ ♦✛s♣r✐♥❣ ❛t x✱
❛♥❞ n−(t, x) ♣❛rt✐❝❧❡s ❞✐s❛♣♣❡❛r✳ ❍❡♥❝❡ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♦♥ s✐t❡ x
r❡❛❞s

n(t+∆t, x)− n(t, x) = −nl(t, x)− nr(t, x)− n−(t, x)

+ n+(t, x) + nl(t, x+∆x) + nr(t, x−∆x). ✭✷✳✷✹❛✮

❚❤❡ ♥✉♠❜❡rs ❞❡s❝r✐❜✐♥❣ ❛ t✐♠❡st❡♣ ❛t ♣♦s✐t✐♦♥ x ❤❛✈❡ ❛ ♠✉❧t✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥✿

P ({nl, nr, n+, n−}) =
n!

nl!nr!n+!n−!∆n!
pnl

l p
nr
r λn+(λn/N)n−(1−pl−pr−λ−λn/N)∆n, ✭✷✳✷✹❜✮

✇❤❡r❡ ∆n = n− nl − nr − n+ − n−✱ ❛♥❞ ❛❧❧ q✉❛♥t✐t✐❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛r❡ ✉♥❞❡rst♦♦❞ ❛t
s✐t❡ x ❛♥❞ t✐♠❡ t✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ u ≡ n/N ✐s ♦❜✈✐♦✉s❧② st♦❝❤❛st✐❝✳ ❖♥❡ ❝♦✉❧❞ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥✿

u(t+∆t, x) = 〈u(t+∆t, x)〉+
√

〈u2(t+∆t, x)〉 − 〈u(t+∆t, x)〉2 ν(t+∆t, x) ✭✷✳✷✺✮

✇❤❡r❡ t❤❡ ❛✈❡r❛❣❡s ❛r❡ ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡ t✐♠❡ st❡♣ t❤❛t t❛❦❡s t❤❡ s②st❡♠ ❢r♦♠ t t♦ t+∆t✳ ❚❤❡②
❛r❡ ❝♦♥❞✐t✐♦♥❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ u ❛t t✐♠❡ t✳ ν ✐s ❛ ♥♦✐s❡✱ ✐✳❡✳ ❛ r❛♥❞♦♠ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❡q✉❛t✐♦♥ ✇❛s
✇r✐tt❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❤❛s ③❡r♦ ♠❡❛♥ ❛♥❞ ✉♥✐t ✈❛r✐❛♥❝❡✳ ◆♦t❡ t❤❛t t❤❡ ♥♦✐s❡ ✐s ✉♣❞❛t❡❞ ❛t
t✐♠❡ t+∆t ✐♥ t❤✐s ❡q✉❛t✐♦♥✳

❖♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❡✈♦❧✉t✐♦♥ ♦❢ u ≡ n/N ✐♥ ♦♥❡ st❡♣ ♦❢ t✐♠❡ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✷✳✷✺✮ ❢r♦♠ ❊q✳ ✭✷✳✷✹✮✳ ■t r❡❛❞s

〈u(t+∆t, x)|{u(t, x)}〉=u(t, x)+pl[u(t, x+∆x)−u(t, x)]
+pr[u(t, x−∆x)−u(t, x)]+λu(t, x)[1−u(t, x)]. ✭✷✳✷✻✮

❚❤❡ ♠❡❛♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ u t❤❛t ❛♣♣❡❛rs ✐♥ ❊q✳ ✭✷✳✷✺✮ ♠❛② ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡
♣r❡❝✐s❡ ❢♦r♠ ♦❢ t❤❡ r❡s✉❧t ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❜✉t r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ u ❛❢t❡r
❡✈♦❧✉t✐♦♥ ♦✈❡r ❛ ✉♥✐t ♦❢ t✐♠❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ u/N ❢♦r s♠❛❧❧ u ∼ 1/N ✳ ❚❤✐s ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t

✷✸
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t❤❛t t❤❡ ♥♦✐s❡ ❤❛s ❛ st❛t✐st✐❝❛❧ ♦r✐❣✐♥✿ ❍❛✈✐♥❣ n ♣❛rt✐❝❧❡s ♦♥ t❤❡ ❛✈❡r❛❣❡ ✐♥ ❛ s②st❡♠ ♠❡❛♥s t❤❛t
❡❛❝❤ r❡❛❧✐③❛t✐♦♥ t②♣✐❝❛❧❧② ❝♦♥s✐sts ✐♥ n±√

n ♣❛rt✐❝❧❡s✳
❲❤❡♥ N ✐s ✐♥✜♥✐t❡❧② ❧❛r❣❡✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ u✬s ✐♥ ❊q✳ ✭✷✳✷✻✮ ❜② t❤❡✐r ❛✈❡r❛❣❡s✿ ❚❤✐s ✇♦✉❧❞

❜❡ ❛ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ♥♦✐s❡ t❡r♠ ❞r♦♣s ♦✉t✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s
❞❡t❡r♠✐♥✐st✐❝✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ ❛♣♣r♦♣r✐❛t❡❧② t❛❦❡ t❤❡ ❧✐♠✐ts ∆x→ 0 ❛♥❞ ∆t→ 0✱ s❡tt✐♥❣

λ = ∆t, pR = pL =
∆t

(∆x)2
, ✭✷✳✷✼✮

t❤❡ ♦❜t❛✐♥❡❞ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✭✷✳✷✸✮✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s ♦❢ t❤✐s ♠♦❞❡❧ t❤❛t ✇❡ ✇✐❧❧ ♣❡r❢♦r♠ ✐♥ ❙❡❝✳ ✹✱ ✇❡ ✇✐❧❧ ❦❡❡♣ ∆t ❛♥❞ ∆x ✜①❡❞✱ ✇❤✐❝❤ ✐s
♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r ❝♦♠♣✉t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❚❤✉s ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✐s ❣♦✈❡r♥❡❞ ❜② ❛ st♦❝❤❛st✐❝
❡q✉❛t✐♦♥ ✭✷✳✷✺✮ ✇❤♦s❡ ❝♦♥t✐♥✉♦✉s ❧✐♠✐t ✭∆t → 0, ∆x → 0✮ ❛♥❞ ♠❡❛♥✲✜❡❧❞ ❧✐♠✐t ✭N ≫ 1✮ ✐s ❛
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ♦❢ ✭❡①❛❝t❧② ❛❝t✉❛❧❧②✱ ✐♥ ♦✉r s✐♠♣❧❡ ❝❛s❡ st✉❞②✮ t❤❡ ❋❑PP
❡q✉❛t✐♦♥✳ ❲❡ s❤❛❧❧ ♥♦✇ ❛r❣✉❡ t❤❛t ♣❛rt♦♥s ✐♥ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ❢♦r♠ ❛ s✐♠✐❧❛r s②st❡♠✳

✷✳✷✳✸ ❯♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉

▲❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ◗❈❉ ❞✐♣♦❧❡ ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✷✳✶✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❡✈♦❧✉t✐♦♥
♣r♦❝❡❡❞s t❤r♦✉❣❤ ❛ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ♦❢ ❞✐♣♦❧❡s✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② T (y, r) t❤❡ s❝❛tt❡r✐♥❣
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ♣r♦❜❡ ❞✐♣♦❧❡ ♦✛ ♦♥❡ ♣❛rt✐❝✉❧❛r r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ❛t r❛♣✐❞✐t② y ❛♥❞ ❛t ❛ ❣✐✈❡♥
✜①❡❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ✐♠❛❣✐♥❡ ❢♦r ❛ ✇❤✐❧❡ t❤❛t ✇❡ ♠❛② ❢r❡❡③❡ t❤❡ t❛r❣❡t
✐♥ ♦♥❡ ♣❛rt✐❝✉❧❛r r❡❛❧✐③❛t✐♦♥ ❛❢t❡r t❤❡ r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥ y✱ ❛♥❞ ♣r♦❜❡ t❤❡ ❧❛tt❡r ✇✐t❤ ♣r♦❥❡❝t✐❧❡s
♦❢ ❛❧❧ ♣♦ss✐❜❧❡ s✐③❡s✳ ❖❢ ❝♦✉rs❡✱ t❤✐s ✐s ♥♦t ❞♦❛❜❧❡ ✐♥ ❛♥ ❛❝t✉❛❧ ❡①♣❡r✐♠❡♥t✱ ♥♦t ❡✈❡♥ ✐♥ ♣r✐♥❝✐♣❧❡✳
❇✉t ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t ❢♦r t❤❡ st❛t✐st✐❝❛❧ ♣✐❝t✉r❡ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♣❤②s✐❝❛❧ ♦❜s❡r✈❛❜❧❡s ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ s✉❝❤ ❛ ✏❣❡❞❛♥❦❡♥ ♦❜s❡r✈❛❜❧❡✑✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ A✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠❡❛s✉r❛❜❧❡ t♦t❛❧
❝r♦ss✲s❡❝t✐♦♥✱ ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ❛✈❡r❛❣❡ ♦❢ T ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢
t❤❡ t❛r❣❡t✱ ♥❛♠❡❧②

A(y, r) = 〈T (y, r)〉. ✭✷✳✷✽✮

❚❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❡s ❡ss❡♥t✐❛❧❧② ♦❝❝✉rs ✐♥ t❤❡ ln(1/r2) ✈❛r✐❛❜❧❡✳ ❚❤❡ s❝❛tt❡r✐♥❣
❛♠♣❧✐t✉❞❡ ✐s r♦✉❣❤❧② ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥ ❛ ❣✐✈❡♥ ❜✐♥ ♦❢ ✭❧♦❣❛r✐t❤♠✐❝✮ ❞✐♣♦❧❡ s✐③❡✱
♠✉❧t✐♣❧✐❡❞ ❜② α2

s✳ ❋r♦♠ ✉♥✐t❛r✐t② ❛r❣✉♠❡♥ts ❛♥❞ ❝♦♥s✐st❡♥❝② ✇✐t❤ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡✱ ✇❡ ❤❛✈❡ s❡❡♥
t❤❛t t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss s❤♦✉❧❞ ✭❛t ❧❡❛st✮ s❧♦✇ ❞♦✇♥ ✐♥ ❛ ❣✐✈❡♥ ❜✐♥ ❛s s♦♦♥ ❛s t❤❡
♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts ✐♥ t❤❛t ✈❡r② ❜✐♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ N = 1/α2

s✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡✛❡❝t✐✈❡❧②✱ t❤❡
♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥ ❡❛❝❤ ❜✐♥ ✐s ❧✐♠✐t❡❞ t♦ N ✳ ❆ t②♣✐❝❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ T ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✷✳✶✶✳
❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✐t ♥❡❝❡ss❛r✐❧② ❧♦♦❦s ❧✐❦❡ ❛
❢r♦♥t✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✱ ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✈❛❧✉❡ rs ♦❢ r ❢♦r ✇❤✐❝❤ T ✐s ❡q✉❛❧ t♦ s♦♠❡ ✜①❡❞
♥✉♠❜❡r✱ s❛② 1

2 ✱ ✐s r❡❧❛t❡❞ t♦ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✿ rs = 1/Qs(y)✳
❲❡ ♥♦✇ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ✈❡r② ❝❧♦s❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ✇❤❛t ✇❡ ❛r❡ ❞❡s❝r✐❜✐♥❣ ❢♦r ◗❈❉ ❤❡r❡

❛♥❞ t❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ✇❡r❡ ✐♥tr♦❞✉❝✐♥❣ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❙♦ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ♠✐❣❤t ❜❡
❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ◗❈❉ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥
❡q✉❛t✐♦♥ ❢♦r t❤❡ ✏❣❡❞❛♥❦❡♥✑ ❛♠♣❧✐t✉❞❡ T ✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❡ ❡q✉❛t✐♦♥ t❤❛t ♦♥❡ s❤♦✉❧❞ ❣❡t ✐♥
t❤❡ ♠❡❛♥✲✜❡❧❞ ❧✐♠✐t ✐♥ ✇❤✐❝❤ N ✐s ✈❡r② ❧❛r❣❡✿ ■t ✐s t❤❡ ❇❑ ❡q✉❛t✐♦♥✱ ❛s ✇❛s r✐❣♦r♦✉s❧② ♣r♦✈❡♥
❛❜♦✈❡✳ ❚❤✉s ✇❡ ❦♥♦✇ t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ t❡r♠ 〈u(t + ∆t, x)〉 ✐♥ ❊q✳ ✭✷✳✷✺✮✳ ❚❤❡ ♥♦✐s❡ t❡r♠ ✐s
♥♦t ❦♥♦✇♥✱ ❜✉t s✐♥❝❡ ✐t ✐s ♦❢ st❛t✐st✐❝❛❧ ♦r✐❣✐♥✱ ✐t ♠✉st ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ♥♦r♠❛❧✐③❡❞ t♦ N ✱ t❤❛t ✐s t♦ s❛②✱ ♦❢ ♦r❞❡r

√

T/N ✳ ❲❡ ♠❛② ✇r✐t❡ ❛♥ ❡q✉❛t✐♦♥ ♦❢
t❤❡ ❢♦r♠

∂ᾱyT (y, k) = χ(−∂ln k2)T (y, k)− T 2(y, k) + αs

√

2T (y, k) ν(y, k), ✭✷✳✷✾✮

✇❤❡r❡ ν ✐s ❛ ♥♦✐s❡✱ ✉♥❝♦rr❡❧❛t❡❞ ✐♥ r❛♣✐❞✐t② ❛♥❞ tr❛♥s✈❡rs❡ ♠♦♠❡♥t✉♠✱ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ✉♥✐t
✈❛r✐❛♥❝❡✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s t♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

∂tu(t, x) = ∂2xu(t, x) + u(t, x)− u2(t, x) +

√

2u(t, x)

N
ν(t, x), ✭✷✳✸✵✮

✷✹
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❋✐❣✉r❡ ✷✳✶✶✿ ❙❦❡t❝❤ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ T ♦❢ ❛ ❞✐♣♦❧❡ ♦❢ s✐③❡ r ♦✛ ❛ ❢r♦③❡♥ ♣❛rt♦♥✐❝
❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ s♠❛❧❧ ❧✐♥❡s ♦♥ t❤❡ ❛①✐s ❞❡♥♦t❡ t❤❡ ❞✐♣♦❧❡s ♦r❞❡r❡❞ ❜② t❤❡✐r ❧♦❣❛r✐t❤♠✐❝ s✐③❡s✳
❯♣ t♦ ✢✉❝t✉❛t✐♦♥s✱ T ❧♦♦❦s ❧✐❦❡ ❛ ✇❛✈❡ ❢r♦♥t✳

✇❤✐❝❤ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ✏❘❡❣❣❡♦♥ ✜❡❧❞ t❤❡♦r②✑ ❡q✉❛t✐♦♥ ✇❤❡♥ t❤❡ ♥♦✐s❡ ν ✐s ❡①❛❝t❧② ❛ ♥♦r♠❛❧ ●❛✉ss✐❛♥
✇❤✐t❡ ♥♦✐s❡✱ t❤❛t ✐s t♦ s❛②✱ ✇❤♦s❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝✉♠✉❧❛♥ts r❡❛❞

〈ν(t, x)〉 = 0

〈ν(t, x)ν(t′, x′)〉 = δ(t− t′)δ(x− x′).
✭✷✳✸✶✮

■t ✐s ❛ st♦❝❤❛st✐❝ ❡①t❡♥s✐♦♥ ♦❢ ❊q✳ ✭✷✳✷✸✮✳ ■❢ t❤❡ ♥♦✐s❡ t❡r♠ ✇❡r❡ ♦❢ t❤❡ ❢♦r♠
√

2u(t, x)(1− u(t, x))

N
ν(t, x) ✭✷✳✸✷✮

✐♥st❡❛❞✱ t❤❡♥ t❤✐s ❡q✉❛t✐♦♥ ✇♦✉❧❞ ❜❡ ✇❤❛t ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ st♦❝❤❛st✐❝ ❋✐s❤❡r✲❑♦❧♠♦❣♦r♦✈✲
P❡tr♦✈s❦②✲P✐s❝♦✉♥♦✈ ❡q✉❛t✐♦♥✳ ❚❤❡ s❋❑PP ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ♣❤②s✐❝s t❤❛t ✐t r❡♣r❡s❡♥ts ✐s r❡✈✐❡✇❡❞
✐♥ ❘❡❢✳ ❬✼✺❪✳

❚❛❦✐♥❣ ❛✈❡r❛❣❡s ♦✈❡r ❡✈❡♥ts ❝♦♥✈❡rts t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ❤✐❡r❛r❝❤② ♦❢ ❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤
❤❛s ❛ ❧♦t ✐♥ ❝♦♠♠♦♥ ✐♥ ✐ts str✉❝t✉r❡ ✇✐t❤ t❤❡ ✭♠♦❞✐✜❡❞✮ ❇❛❧✐ts❦② ❤✐❡r❛r❝❤② ✭✷✳✾✱✷✳✶✷✮✳ ❆ ❞❡t❛✐❧❡❞
st✉❞② ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✼✻❪✳ ❲❡ ✇✐❧❧ ♣❡r❢♦r♠ ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t❤✐s s♣✐r✐t ✇✐t❤✐♥ s✐♠♣❧❡r
♠♦❞❡❧s ✐♥ ❈❤❛♣✳ ✸ ❜❡❧♦✇✳

❇❛s❡❞ ♦♥ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❡ ♠❛② ❡st❛❜❧✐s❤ ❛ ❞✐❝t✐♦♥❛r② ❜❡t✇❡❡♥ ◗❈❉ ❛♥❞ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜✳ ✷✳✶✳

❚❤❡ ♠❡❝❤❛♥✐s♠ ❢♦r s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♣❛rt♦♥ ❞❡♥s✐t✐❡s ✭✐✳❡✳ ♦❢ t❤❡ ❞✐♣♦❧❡ ♥✉♠❜❡r✮ ✐s ♥♦t ❦♥♦✇♥
❢♦r s✉r❡ ✐♥ ◗❈❉✳ ❚❤❡r❡ ✐s ❡✈❡♥ s♦♠❡ ❡✈✐❞❡♥❝❡ t❤❛t ❞✐♣♦❧❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ ♥♦ ❧♦♥❣❡r s✉✣❝✐❡♥t
t♦ ❞❡s❝r✐❜❡ s❝❛tt❡r✐♥❣ ❜❡②♦♥❞ s♦♠❡ r❛♣✐❞✐t②✱ ❛s ✐s ✉♥❞❡rst♦♦❞ ❢r♦♠ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s❡①t✉♣♦❧❡s ✐♥
t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❇❛❧✐ts❦② ❤✐❡r❛r❝❤②✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛♥❞ ◗❈❉ t❤❛t ❧✐❡ ✐♥ t❤❡ ✏❝♦✉♥t✐♥❣ r✉❧❡✑ ♦❢ t❤❡ ♣❛rt✐❝❧❡s
✭♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦r♠ ♦❢ T ❡❧ ✐♥ t❤❡ ◗❈❉ ❝❛s❡✮✳ ❇✉t ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ ❛♥❛❧②s✐s ♦❢ ♣r♦❝❡ss❡s ❞❡s❝r✐❜❡❞
❜② ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ st♦❝❤❛st✐❝ ❋❑PP ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡✈♦❧✉t✐♦♥
♠❡❝❤❛♥✐s♠s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✹✱ ✇❡ ✇✐❧❧ ✉♥❞❡rst❛♥❞ t❤❛t ♠♦st ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡s ❤❛✈❡ ✉♥✐✈❡rs❛❧
♣r♦♣❡rt✐❡s ✐♥ ❛♣♣r♦♣r✐❛t❡ ❧✐♠✐ts✱ ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠ ❛t ✇♦r❦✳
❲❡ ❞r❛✇ t❤❡ r❡❛❞❡r✬s ❛tt❡♥t✐♦♥ t♦ ❘❡❢s✳ ❬✼✼✱✼✽❪✱ ✇❤❡r❡ ❛ ♣r❡❝✐s❡ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ✇❛s s❡❛r❝❤❡❞
❢♦r ✐♥ ◗❈❉✳ ❙♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s ♦♥❡ ♠❛② ❢❛❝❡ ✇✐t❤ t❤❡ ✉s❡ ❛♥❞ t❤❡ ✈❡r② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✉❝❤
❡q✉❛t✐♦♥s ✇❡r❡ st✉❞✐❡❞ ✐♥ ❘❡❢✳ ❬✼✾❪✳

❚❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ✇❡ ✈✐❡✇ ❤✐❣❤ ❡♥❡r❣② ◗❈❉ ✐♥ t❤✐s r❡✈✐❡✇ ✐s ❛❝t✉❛❧❧② ♥♦t ♣❛rt✐❝✉❧❛r❧② ♦r✐❣✐♥❛❧✿
■t ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ◗❈❉ ❞✐♣♦❧❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ▼♦♥t❡

✷✺
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❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ◗❈❉
❖❝❝✉♣❛t✐♦♥ ❢r❛❝t✐♦♥ u(t, x) ❙❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ ♣r♦❜❡ ♦✛ ❛ ❢r♦③❡♥

r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t T (y, k)

❆✈❡r❛❣❡ ♦❝❝✉♣❛t✐♦♥ ❢r❛❝t✐♦♥ 〈u(t, x)〉 P❤②s✐❝❛❧ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ A = 〈T 〉

❙♣❛❝❡ ✈❛r✐❛❜❧❡ x ln(k2/Λ2) ♦r ln(1/x2Λ2)

❚✐♠❡ ✈❛r✐❛❜❧❡ t ᾱy

❆✈❡r❛❣❡ ♠❛①✐♠✉♠ ❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s N 1/α2
s

P♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t X(t) ❙❛t✉r❛t✐♦♥ s❝❛❧❡ ln(Q2
s(y)/Λ

2)

❇r❛♥❝❤✐♥❣✲❞✐✛✉s✐♦♥ ❦❡r♥❡❧ ω(−∂x)
✭ω(−∂x) = ∂2x + 1 ✐♥ t❤❡ ❋❑PP ❝❛s❡✮

❇❋❑▲ ❦❡r♥❡❧ χ(−∂ln k2)
♦r ✐ts ❡q✉✐✈❛❧❡♥t ✐♥ ❝♦♦r❞✐♥❛t❡ s♣❛❝❡

❚❛❜❧❡ ✷✳✶✿ ❉✐❝t✐♦♥❛r② ❜❡t✇❡❡♥ ◗❈❉ ❛♥❞ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧ ❢♦r t❤❡ ♠❛✐♥ ♣❤②s✐❝❛❧ q✉❛♥✲
t✐t✐❡s✳ Λ ✐s ❛ t②♣✐❝❛❧ ❤❛❞r♦♥✐❝ s❝❛❧❡✳

❈❛r❧♦ ❡✈❡♥t ❣❡♥❡r❛t♦r ❜② ❙❛❧❛♠ ❬✽✵✕✽✷❪ ✭s❡❡ ❛❧s♦ ❬✺✹❪ ❢♦r ❛♥♦t❤❡r ♠♦r❡ r❡❝❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✮✳ ❍❡
❛❧s♦ ❞❡✈✐s❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❛ ❛❞ ❤♦❝ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❬✺✸❪ t❤❛t ✇❡♥t ❜❡②♦♥❞ t❤❡ ♦r✐❣✐♥❛❧
❞✐♣♦❧❡ ♠♦❞❡❧ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✷✳✻❛✱ ❜✉t ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r②✱ ❛s ✇❡ ❛r❣✉❡❞ ❜❡❢♦r❡✳

❇❡❢♦r❡ ❞✐s❝✉ss✐♥❣ ♠♦r❡ ❞❡❡♣❧② t❤❡ ♣❤②s✐❝❛❧ ❝♦♥t❡♥t ♦❢ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ♦❢ ❊q✳ ✭✷✳✷✾✮✱ ✇❡
s❤❛❧❧ ✜rst st✉❞② ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ❛r❡ ❧❡❢t ♦✉t✱ t❤❛t ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡
✐♥ ❞✐✛❡r❡♥t ✇❛②s✳

✷✻



❈❤❛♣t❡r ✸

❚❤❡ s✐♠♣❧❡st s❛t✉r❛t✐♦♥ ♠♦❞❡❧

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✉♥❞❡rst♦♦❞ t❤❛t s❝❛tt❡r✐♥❣ ❛t ❤✐❣❤ ❡♥❡r❣② ✐♥ ◗❈❉ ♠❛② ❜❡ ✈✐❡✇❡❞
❛s ❛ ❜r❛♥❝❤✐♥❣✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss s✉♣♣❧❡♠❡♥t❡❞ ❜② ❛ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❲❡ ❤❛✈❡ ❡①❤✐❜✐t❡❞ ❛
s✐♠♣❧❡ t♦② ♠♦❞❡❧ ✇✐t❤ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡
t②♣❡ ✭✷✳✸✵✮✳

❯♥❢♦rt✉♥❛t❡❧②✱ ❡✈❡♥ t❤❛t t♦② ♠♦❞❡❧ ✐s t♦♦ ❞✐✣❝✉❧t t♦ s♦❧✈❡ ❛♥❛❧②t✐❝❛❧❧②✳ ❲❡ s❤❛❧❧ st✉❞② ❛ st✐❧❧
s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ❞✐✛✉s✐♦♥ ♠❡❝❤❛♥✐s♠✿ ❘❡❛❧✐③❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② s♣❡❝✐✜❡❞
❜② t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❤❛t t❤❡ s②st❡♠ ❝♦♥t❛✐♥s ❛t ❛ ❣✐✈❡♥ t✐♠❡✳ ❖❢ ❝♦✉rs❡✱ ✐♥ t❤✐s ❝❛s❡✱ ❛
s❛t✉r❛t✐♦♥ s❝❛❧❡ ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞✱ ✇❤✐❝❤ ❧✐♠✐ts t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤✐s ♠♦❞❡❧ ❢♦r ◗❈❉✳ ❍♦✇❡✈❡r✱ ✇❡
✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡ t❤✐s ♠♦❞❡❧ ✐♥ ♠❛♥② ❞✐✛❡r❡♥t ✇❛②s✱ ❛♥❞ t♦ ❞r❛✇ ♣❛r❛❧❧❡❧s ✇✐t❤ ◗❈❉✳

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ♠♦❞❡❧✳ ❚❤❡♥✱ t✇♦ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡
♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✜rst s❡t ♦❢ ♠❡t❤♦❞s r❡❧✐❡s ♦♥ ✜❡❧❞ t❤❡♦r②
✭❙❡❝✳ ✸✳✷✮✳ ❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ r❡❧✐❡s ♦♥ ❛ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤ ✭❙❡❝✳ ✸✳✸✮ ❛♥❞ ✇✐❧❧ ❜❡ ❡①t❡♥❞❡❞ ✐♥
❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ✇❛② t♦ ♠♦❞❡❧s ✇✐t❤ ❛ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✐♥ ❈❤❛♣✳ ✹✳ ❲❡ s❤❛❧❧ t❤❡♥ ❞r❛✇ t❤❡
r❡❧❛t✐♦♥ t♦ ❛ s❝❛tt❡r✐♥❣✲❧✐❦❡ ❢♦r♠✉❧❛t✐♦♥ ✭❙❡❝✳ ✸✳✹✮✳ ❋✐♥❛❧❧② ✭❙❡❝✳ ✸✳✺✮✱ s♦♠❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❜❛s✐❝
♠♦❞❡❧ ❛r❡ r❡✈✐❡✇❡❞✳

❈♦♥t❡♥ts

✸✳✶ ❉❡✜♥✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ✏❋✐❡❧❞ t❤❡♦r②✑ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷✳✶ P❛rt✐❝❧❡ ❋♦❝❦ st❛t❡s ❛♥❞ t❤❡✐r ✇❡✐❣❤ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷✳✷ ✏P♦♠❡r♦♥✑ ✜❡❧❞ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✷✳✸ ❙t♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✸ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✹ ❘❡❧❛t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣② s❝❛tt❡r✐♥❣ ❛♥❞ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧ ❛♣♣r♦❛❝❤ ✸✽

✸✳✺ ❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧s ✐♥ ③❡r♦ ❞✐♠❡♥s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✺✳✶ ❆❧❧♦✇✐♥❣ ❢♦r ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♣❛rt✐❝❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✺✳✷ ❘❡❣❣❡♦♥ ✜❡❧❞ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✶ ❉❡✜♥✐t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t✱ t❤❡ s②st❡♠ ✐s ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜②
t❤❡ ♥✉♠❜❡r nt ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ r✉❧❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❇❡t✇❡❡♥ t✐♠❡s t ❛♥❞ t + dt✱
❡❛❝❤ ♣❛rt✐❝❧❡ ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② dt t♦ s♣❧✐t ✐♥ t✇♦ ♣❛rt✐❝❧❡s✳ ❋♦r ❡❛❝❤ ♣❛✐r ♦❢ ♣❛rt✐❝❧❡s✱ t❤❡r❡ ✐s ❛
♣r♦❜❛❜✐❧✐t② dt/N t❤❛t t❤❡② ♠❡r❣❡ ✐♥t♦ ♦♥❡✳ ❲❡ ♠❛② s✉♠♠❛r✐③❡ t❤❡s❡ r✉❧❡s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢

✷✼
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❡q✉❛t✐♦♥s✿

nt+dt =























nt+1 ♣r♦❜❛ ntdt

nt−1 ♣r♦❜❛
nt(nt−1)dt

N

nt ♣r♦❜❛ 1−ntdt−
nt(nt−1)dt

N
.

✭✸✳✶✮

❋r♦♠ t❤✐s✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❞❡r✐✈❡ ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② P (n, t) ♦❢
♦❜s❡r✈✐♥❣ n ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❛t t✐♠❡ t✿

∂P

∂t
(n, t) = (n− 1)P (n− 1, t) +

n(n+ 1)

N
P (n+ 1, t)−

(

n+
n(n− 1)

N

)

P (n, t). ✭✸✳✷✮

❚❤✐s ✐s t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡ ▼❛r❦♦✈✐❛♥ ♣r♦❝❡ss ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤❡ t✇♦ ✜rst t❡r♠s
✇✐t❤ ❛ ♣♦s✐t✐✈❡ s✐❣♥ r❡♣r❡s❡♥t t❤❡ ♣r♦❝❡ss ♦❢ ❣♦✐♥❣ ❢r♦♠ ♦♥❡ st❛t❡ ❝♦♥t❛✐♥✐♥❣ n ♣❛rt✐❝❧❡s t♦ ❛♥
❛❞❥❛❝❡♥t ♦♥❡ ❝♦♥t❛✐♥✐♥❣ n + 1 ♦r n − 1 ♣❛rt✐❝❧❡s r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ t❤❡ ❧❛st t❡r♠ s✐♠♣❧② ❝♦rr❡❝ts
t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❦❡❡♣ ✐t ✉♥✐t❛r②✳

❇② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❜② n ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r n✱ ✇❡ ❣❡t ❛♥ ❡✈♦❧✉t✐♦♥
❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s 〈nt〉✿

d〈nt〉
dt

= 〈nt〉 −
1

N
〈nt(nt − 1)〉. ✭✸✳✸✮

❖❜✈✐♦✉s❧②✱ t❤✐s ❡q✉❛t✐♦♥ ✐s ♥♦t ❝❧♦s❡❞✱ ❛♥❞ ♦♥❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ ❛♥ ❡q✉❛t✐♦♥ ❢♦r 〈nt(nt−1)〉✱
✇❤✐❝❤ ✇♦✉❧❞ ✐♥✈♦❧✈❡ ✸✲♣♦✐♥t ❝♦rr❡❧❛t♦rs ♦❢ nt✱ ❛♥❞ s♦ ♦♥✱ ❡♥❞✐♥❣ ✉♣ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢
❡q✉❛t✐♦♥s✱ ❡①❛❝t❧② ❧✐❦❡ ✐♥ ❈❤❛♣✳ ✷ ❢♦r ◗❈❉ ✭s❡❡ ❊qs✳ ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✷✮✮✳

❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ❞✐✣❝✉❧t✐❡s ♦♥❡ ❤❛s t♦ ❢❛❝❡ ❜❡❢♦r❡ ♦♥❡ ❝❛♥ ❣❡t ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r
〈nt〉✱ ❡✈❡♥ ✐♥ s✉❝❤ ❛ s✐♠♣❧❡ ♠♦❞❡❧✳

✸✳✷ ✏❋✐❡❧❞ t❤❡♦r②✑ ❛♣♣r♦❛❝❤

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❞✐✛❡r❡♥t r♦✉t❡s t♦ ❣❡t ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ♠♦♠❡♥ts
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t✳ ❚❤❡ ✜rst ♦♥❡ ✇✐❧❧ ❜❡ s✐♠✐❧❛r t♦ t❤❡
s✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡ ♦❢ ◗❈❉ ✭s❡❡ ❙❡❝✳ ✷✮✱ s✐♥❝❡ ✐t ✇✐❧❧ ❝♦♥s✐st ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ t✐♠❡ ✭❡q✉✐✈❛❧❡♥t t♦
t❤❡ r❛♣✐❞✐t② ✐♥ ◗❈❉✮ ❡✈♦❧✉t✐♦♥ ♦❢ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✇✐❧❧ ❜❡ ❝❧♦s❡r t♦ t❤❡
t✲❝❤❛♥♥❡❧ ♣✐❝t✉r❡ ♦❢ ◗❈❉✳ ❲❡ ✇✐❧❧ s❡❡ ❤♦✇ ✏P♦♠❡r♦♥s✑ ♠❛② ❛♣♣❡❛r ✐♥ t❤❡s❡ s✐♠♣❧❡ s②st❡♠s✳ ❲❡
✇✐❧❧ t❤❡♥ ❡①❛♠✐♥❡ ❛ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱
✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ s❋❑PP ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✭x✮ ❤❛s ❜❡❡♥ ❞✐s❝❛r❞❡❞✳

✸✳✷✳✶ P❛rt✐❝❧❡ ❋♦❝❦ st❛t❡s ❛♥❞ t❤❡✐r ✇❡✐❣❤ts

❙t❛t✐st✐❝❛❧ ♣r♦❜❧❡♠s ✇❡r❡ ✜rst ❢♦r♠✉❧❛t❡❞ ❛s ✜❡❧❞ t❤❡♦r✐❡s ❜② ❉♦✐ ❬✽✸❪ ❛♥❞ P❡❧✐t✐ ❬✽✹❪✳ ❉✐✛❡r❡♥t
❛✉t❤♦rs ❤❛✈❡ ✉s❡❞ t❤❡s❡ ♠❡t❤♦❞s ✭s❡❡ ❘❡❢✳ ❬✽✺❪ ❢♦r ❛ r❡✈✐❡✇✮✳ ❲❡ s❤❛❧❧ st❛rt ❜② ❢♦❧❧♦✇✐♥❣ t❤❡
♣r❡s❡♥t❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❘❡❢✳ ❬✽✻❪✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐♥t❡r♣r❡t t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮ ❛s ❛ q✉❛s✐✲❍❛♠✐❧t♦♥✐❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥
♦❢ t❤❡ t②♣❡ ♦❢ t❤❡ ♦♥❡s t❤❛t ❛♣♣❡❛r ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡
❜❛s✐s ♦❢ st❛t❡s |n〉 ♦❢ ✜①❡❞ ♥✉♠❜❡r n ♦❢ ♣❛rt✐❝❧❡s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❧❛❞❞❡r ♦♣❡r❛t♦rs a ❛♥❞ a† ❜② t❤❡✐r
❛❝t✐♦♥ ♦♥ t❤❡s❡ st❛t❡s✿

a|n〉 = n|n− 1〉, a†|n〉 = |n+ 1〉 ✭✸✳✹✮

❛♥❞ ✇❤✐❝❤ ♦❜❡② t❤❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥

[a, a†] = 1. ✭✸✳✺✮

❚❤❡ n✲♣❛rt✐❝❧❡ st❛t❡ ♠❛② ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ✈❛❝✉✉♠ ✭③❡r♦✲♣❛rt✐❝❧❡✮ st❛t❡ ❜② r❡♣❡❛t❡❞ ❛♣♣❧✐✲
❝❛t✐♦♥ ♦❢ t❤❡ ❧❛❞❞❡r ♦♣❡r❛t♦r✿

|n〉 =
(

a†
)n |0〉. ✭✸✳✻✮

✷✽
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❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✐s ♥♦t st❛♥❞❛r❞ ✇✐t❤ r❡s♣❡❝t t♦ ✇❤❛t ✐s ✉s✉❛❧❧② t❛❦❡♥ ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s |n〉 ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t 〈m|n〉 = n!δm,n✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t t❤❡ ❝♦♠♣❧❡t❡♥❡ss r❡❧❛t✐♦♥ r❡❛❞s

∑

n

1

n!
|n〉〈n| = 1. ✭✸✳✼✮

❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ st❛t❡ ✈❡❝t♦r ♦❢ t❤❡ s②st❡♠ ❛t ❛ t✐♠❡ t ❛s ❛ s✉♠ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❋♦❝❦ st❛t❡s
✇❡✐❣❤t❡❞ ❜② t❤❡✐r ♣r♦❜❛❜✐❧✐t✐❡s✿

|φ(t)〉 =
∑

n

P (n, t)|n〉. ✭✸✳✽✮

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✐s t❤❡♥ ♠❛♣♣❡❞ t♦ t❤❡ ❙❝❤rö❞✐♥❣❡r✲t②♣❡
❡q✉❛t✐♦♥

∂

∂t
|φ(t)〉 = −H|φ(t)〉, ✭✸✳✾✮

✇❤❡r❡ H ✐s t❤❡ ✏❍❛♠✐❧t♦♥✐❛♥✑ ♦♣❡r❛t♦r

H = (1− a†)a†a− 1

N
(1− a†)a†a2. ✭✸✳✶✵✮

❚❤❡ ✜rst t❡r♠ r❡♣r❡s❡♥ts t❤❡ s♣❧✐tt✐♥❣ ♦❢ ♣❛rt✐❝❧❡s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ♣r♦♣♦rt✐♦♥❛❧ t♦ 1/N ✱
r❡♣r❡s❡♥ts t❤❡ r❡❝♦♠❜✐♥❛t✐♦♥✳ ❲❡ ♠❛② r❡✇r✐t❡ H ❛s

H = H0 +H1, ✭✸✳✶✶✮

✇❤❡r❡
H0 = a†a ✭✸✳✶✷✮

✐s t❤❡ ✏❢r❡❡✑ ❍❛♠✐❧t♦♥✐❛♥ ✇❤♦s❡ ❡✐❣❡♥st❛t❡s ❛r❡ t❤❡ ❋♦❝❦ st❛t❡s✳ ❲❡ ♥♦✇ ❣♦ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥
♣✐❝t✉r❡ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥

HI(t) = eH0tH1e
−H0t ✭✸✳✶✸✮

❛♥❞ t❤❡ st❛t❡s |φ〉I = eH0t|φ〉✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ r❡❛❞s

|φ〉I = T exp

(

−
∫ t

0

dt′HI(t
′)

)

|φ0〉I

= |φ0〉I −
∫ t

0

dt′HI(t
′)|φ0〉I +

∫ t

0

dt′
∫ t′

0

dt′′HI(t
′)HI(t

′′)|φ0〉I + · · ·
✭✸✳✶✹✮

❲❡ ♠❛② t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ s✉❝❝❡ss✐✈❡ ❋♦❝❦ st❛t❡s ❜② ❛♣♣❧②✐♥❣ t❤✐s ❢♦r♠✉❧❛✳ ▲❡t ✉s
s❤♦✇ ❤♦✇ ✐t ✇♦r❦s ✐♥ ❞❡t❛✐❧ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ st❛t❡ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❡✈♦❧✈❡❞ ❢r♦♠ t✐♠❡ ✵ t♦ t✐♠❡
t✱ ✐♥ t❤❡ ❧✐♠✐t N = ∞ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ r❡❝♦♠❜✐♥❛t✐♦♥s✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ✉s✉❛❧ ♠❡t❤♦❞ t♦ ❞❡❛❧
✇✐t❤ s✉❝❤ ♣r♦❜❧❡♠s ✐♥ ✜❡❧❞ t❤❡♦r②✳ ❲❡ r❡♣❡❛t❡❞❧② ✐♥s❡rt ❝♦♠♣❧❡t❡ ❜❛s❡s ♦❢ ❡✐❣❡♥st❛t❡s ♦❢ H0 ✐♥t♦
❊q✳ ✭✸✳✶✹✮✱ ♥❛♠❡❧②

|φ〉I = |1〉 −
∫ t

0

dt′
∑

n1

1

n1!
|n1〉〈n1|HI(t

′)|1〉+ · · · ✭✸✳✶✺✮

✭❲❡ ❤❛✈❡ ❦❡♣t t❤❡ ✜rst t✇♦ t❡r♠s ✐♥ ❊q✳ ✭✸✳✶✹✮ ❡①♣❧✐❝✐t❡❧②✮✳ ❯s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r HI(t) ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ H0 ❛♥❞ H1✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ t❤❛t t❤❡ ❋♦❝❦ st❛t❡s ❛r❡ ❡✐❣❡♥st❛t❡s ♦❢ H0✱
✇❡ ❣❡t

|φ〉 = e−t|1〉 −
∑

n1

e−n1t

∫ t

0

dt′en1t
′−t′ 1

n1!
|n1〉〈n1|H1|1〉+ · · · ✭✸✳✶✻✮

■♥s❡rt✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r H1✱ ♦♥❡ s❡❡s t❤❛t ✐♥ t❤❡ ✐♥✜♥✐t❡✲N ❧✐♠✐t✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡
❡❧❡♠❡♥t❛r② tr❛♥s✐t✐♦♥✱ ♥❛♠❡❧② t❤❡ s♣❧✐tt✐♥❣✳ P❡r❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t′ ❛♥❞ ❝♦♠♣✉t✐♥❣ ✐♥
t❤❡ s❛♠❡ ♠❛♥♥❡r t❤❡ ❤✐❣❤❡r ♦r❞❡rs✱ ♦♥❡ ✜♥❛❧❧② ❣❡ts t❤❡ ❡①♣❛♥s✐♦♥

|φ〉 = e−t|1〉+ e−t(1− e−t)|2〉+ · · ·+ e−t(1− e−t)n−1|n〉+ · · · ✭✸✳✶✼✮

✷✾
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❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ r❡❛❞ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ s✉❝❝❡ss✐✈❡ ❋♦❝❦ st❛t❡s✳ ❚❤✐s ❡①♣❛♥s✐♦♥ ✐s s✐♠✐❧❛r
t♦ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ❞✐♣♦❧❡ ❋♦❝❦ st❛t❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✿ ❚❤❡ n✲♣❛rt✐❝❧❡ st❛t❡s ❝♦rr❡s♣♦♥❞ t♦
n✲❞✐♣♦❧❡ st❛t❡s ✐♥ ◗❈❉✱ ❛♥❞ t❤❡✐r ✇❡✐❣❤ts ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❛♣♣❧②✐♥❣ s✉❝❝❡ss✐✈❡ s♣❧✐tt✐♥❣s t♦ t❤❡
s②st❡♠✱ ✇❤♦s❡ r❛t❡s ❛r❡ ❣✐✈❡♥ ❜② ❊q✳ ✭✷✳✶✮✳ ✭❚❤❡② ❛r❡ ❥✉st ✉♥✐t② ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧✳✮

❲❡ s❡❡ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ✇❡❧❧✲s✉✐t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❧♦✇❡st✲❧②✐♥❣ ❋♦❝❦✲
st❛t❡s✱ ❛♥❞ t❤❡✐r s✉❝❝❡ss✐✈❡ ❝♦rr❡❝t✐♦♥s ❛t ✜♥✐t❡ N ✳ ❇✉t ✐♥ ❣❡♥❡r❛❧ ✇❡ ❛r❡ r❛t❤❡r ✐♥t❡r❡st❡❞ ✐♥
❛✈❡r❛❣❡s s✉❝❤ ❛s 〈nk〉✱ ❢♦r ✇❤✐❝❤ t❤❡ ✇❡✐❣❤ts ♦❢ ❛❧❧ ❋♦❝❦ st❛t❡s ❛r❡ ♥❡❡❞❡❞✳ ❲❡ ✇✐❧❧ ❞❡✈❡❧♦♣ ❛
s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✭❜✉t ❡q✉✐✈❛❧❡♥t✮ ❢♦r♠❛❧✐s♠ ❜❡❧♦✇✱ t❤❛t ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ❣❡t t❤❡s❡ ❛✈❡r❛❣❡s ✐♥ ❛
♠✉❝❤ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②✳

✸✳✷✳✷ ✏P♦♠❡r♦♥✑ ✜❡❧❞ t❤❡♦r②

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s

Z(z, t) =
∑

n

(1 + z)nP (n, t). ✭✸✳✶✽✮

❚❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦❜❡②❡❞ ❜② Z ❝❛♥ ❡❛s✐❧② ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮✿

∂Z

∂t
= z(1 + z)

(

∂Z

∂z
− 1

N

∂2Z

∂z2

)

. ✭✸✳✶✾✮

❲❡ ♠❛② r❡♣r❡s❡♥t t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❛ s❡❝♦♥❞✲q✉❛♥t✐③❡❞ ❢♦r♠❛❧✐s♠ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♦♣❡r❛t♦rs

b† = z, b =
∂

∂z
= z̄ ✭✸✳✷✵✮

❛❝t✐♥❣ ♦♥ t❤❡ s❡t ♦❢ st❛t❡s |Z〉 ❝♦♥s✐st✐♥❣ ✐♥ t❤❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦❢ z✳ ❚❤❡♥ ✇❡ ♠❛② ✇r✐t❡

∂Z

∂t
= −HPZ, ✭✸✳✷✶✮

✇❤❡r❡
HP = HP

0 +HP

1 , ✇✐t❤ HP

0 = −b†b, HP

1 = −b†b†b+ 1

N
b†(1 + b†)b2. ✭✸✳✷✷✮

❆ ❜❛s✐s ❢♦r t❤❡ st❛t❡s ✐s
|k〉 = zk, 〈k| = z̄k ✭✸✳✷✸✮

✇❤✐❝❤ ✐s ♦rt❤♦❣♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

〈Z1|Z2〉 =
∫

dzdz̄

2iπ
e−|z|2Z̄1(z, z̄)Z2(z, z̄), ✭✸✳✷✹✮

❛♥❞ ♦❜❡②s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ 〈k|l〉 = k!δk,l✳ ❲❡ s❤❛❧❧ ❝❛❧❧ t❤❡s❡ st❛t❡s ✏k✲P♦♠❡r♦♥✑ st❛t❡s✱
❜② ❛♥❛❧♦❣② ✇✐t❤ ❤✐❣❤✲❡♥❡r❣② ◗❈❉✳ ❲❡ ♠❛② ❛♣♣❧② ❡①❛❝t❧② t❤❡ s❛♠❡ ❢♦r♠❛❧✐s♠ ❛s ❜❡❢♦r❡✱ s✐♥❝❡ t❤❡
♦♣❡r❛t♦rs b✱ b† ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ a✱ a†✳

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ k✲t❤ ❢❛❝t♦r✐❛❧
♠♦♠❡♥t ♦❢ n ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛ ♠❡r❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡ st❛t❡ ✈❡❝t♦r |Z〉✱ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡✈♦❧✉t✐♦♥✱ ✇✐t❤ ❛ k✲P♦♠❡r♦♥ st❛t❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❤♦❧❞s✿

〈k|Z〉 =
〈

n!

(n− k)!

〉

, ✭✸✳✷✺✮

✇❤❡r❡ t❤❡ ❛✈❡r❛❣❡ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❣♦❡s ♦✈❡r t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❆s ❢♦r t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ st❛rt✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ✇✐t❤ ♦♥❡ ♣❛rt✐❝❧❡ ♠❡❛♥s t❛❦✐♥❣ ❛s ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ t❤❡
s✉♣❡r♣♦s✐t✐♦♥ |0〉+ |1〉 ♦❢ ③❡r♦✲ ❛♥❞ ♦♥❡✲P♦♠❡r♦♥ st❛t❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ③❡r♦✲P♦♠❡r♦♥ st❛t❡ ❞♦❡s
♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡✈♦❧✉t✐♦♥✱ ❤❡♥❝❡ ❡✛❡❝t✐✈❡❧② ❛ ♦♥❡✲P♦♠❡r♦♥ st❛t❡ ✐s ❧✐❦❡ ❛ ♦♥❡✲♣❛rt✐❝❧❡ st❛t❡✳

✸✵
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0

t

(a) (b) (c) (d)

❋✐❣✉r❡ ✸✳✶✿ Pr♦♣❛❣❛t♦r ❛♥❞ ✈❡rt✐❝❡s ❢♦r t❤❡ P♦♠❡r♦♥ ✜❡❧❞ t❤❡♦r②✳ ❚✐♠❡ ✢♦✇s ❢r♦♠ t❤❡ t♦♣ t♦ t❤❡
❜♦tt♦♠✳

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦♠❡♥ts✱ ✇❡ ♠❛② ✉s❡ ❛ ❞✐❛❣r❛♠♠❛t✐❝
♠❡t❤♦❞ ❛♥❞ ❡st❛❜❧✐s❤ ❋❡②♥♠❛♥ r✉❧❡s✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ✇r✐t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤s ✇✐t❤
l✲✈❡rt✐❝❡s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❡r♠ ♦❢ ♦r❞❡r l ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❊q✳ ✭✸✳✶✹✮✮✱ st❛rt✐♥❣ ✇✐t❤ ❛
♦♥❡✲P♦♠❡r♦♥ st❛t❡✿

〈k|Z〉 ⊃ (−1)l
∫ t

0

dt1

∫ t1

0

dt2 · · ·
∫ tl−1

0

dtl
∑

n1,··· ,nl

〈k|nl〉
1

nl!
〈nl|HP

I |nl−1〉 · · ·
1

n1!
〈n1|HP

I |1〉. ✭✸✳✷✻✮

❊❛❝❤ ♠❛tr✐① ❡❧❡♠❡♥t t❤❛t ❛♣♣❡❛rs ✐♥ t❤✐s ❡q✉❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ✈❡rt❡①✱ ❛♥❞ ♣r♦♣❛❣❛t♦rs
❝♦♥♥❡❝t t❤❡s❡ ✈❡rt✐❝❡s✳ ❲❡ r❡❛❞ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✳✷✷✮ t❤❛t t❤❡r❡ ✐s ♦♥❡
♣r♦♣❛❣❛t♦r ❛♥❞ t❤r❡❡ ✈❡rt✐❝❡s ✐♥ t❤❡ t❤❡♦r②✿ ♦♥❡ s♣❧✐tt✐♥❣ ✈❡rt❡① ✭1 → 2✮✱ ♦♥❡ r❡❝♦♠❜✐♥❛t✐♦♥
✭2 → 1✮ ❛♥❞ ❛ 2 → 2 ❡❧❛st✐❝ ❞✐✛✉s✐♦♥ ✈❡rt❡①✳

❚❤❡ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✶ t♦ k P♦♠❡r♦♥ tr❛♥s✐t✐♦♥ ❛♠♣❧✐t✉❞❡ ✐s st❛♥❞❛r❞✳ ❋✐rst✱ ♦♥❡ ❞r❛✇s
❛❧❧ ♣♦ss✐❜❧❡ ❞✐❛❣r❛♠s ❢♦r t❤✐s tr❛♥s✐t✐♦♥ t❤❛t ❝♦♥t❛✐♥ l ✈❡rt✐❝❡s✱ ✐♥❝❧✉❞✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ♣❡r♠✉t❛t✐♦♥s✳
✭◆♦t❡ t❤❛t ❛ s♣❧✐tt✐♥❣ ♠❛② ♦❝❝✉r ✐♥ k ❞✐✛❡r❡♥t ✇❛②s✱ ✐❢ k ✐s t❤❡ ♥✉♠❜❡r ♦❢ P♦♠❡r♦♥s ❜❡❢♦r❡ t❤❡
s♣❧✐tt✐♥❣❀ ❆ r❡❝♦♠❜✐♥❛t✐♦♥ ✐♥st❡❛❞ ♠❛② ♦❝❝✉r ✐♥ k(k−1)/2 ✇❛②s✮✳ ❚❤❡♥✱ t❤❡ ♣r♦♣❛❣❛t♦rs ✭❋✐❣✳ ✸✳✶❛✮
❛r❡ r❡♣❧❛❝❡❞ ❜②

〈1|e−tHP

0 |1〉 = et, ✭✸✳✷✼✮

✭✇❤❡r❡ t ✐s t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ t❤❡② s♣❛♥✮✳ ❚❤❡ n✲P♦♠❡r♦♥ st❛t❡ ♣r♦♣❛❣❛t❡s ❛s 〈n|e−tHP

0 |n〉 = ent✳
■♥t❡r♠❡❞✐❛t❡ t✐♠❡s ❛r❡ ❡✈❡♥t✉❛❧❧② ✐♥t❡❣r❛t❡❞ ♦✈❡r✳ ❆s ❢♦r t❤❡ ✈❡rt✐❝❡s ✭❋✐❣s✳ ✸✳✶❜✲❞✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❢❛❝t♦rs ❤❛✈❡ t♦ ❜❡ ❛♣♣❧✐❡❞✿

(1 → 2) : −1; (2 → 1) :
2

N
; (2 → 2) :

2

N
. ✭✸✳✷✽✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s ❛ (−1)#✈❡rt✐❝❡s ❢❛❝t♦r✳ ❋✐♥❛❧❧②✱ ❛♥ ♦✈❡r❛❧❧ k! ❢❛❝t♦r ❧❡❛❞s t♦ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r
t❤❡ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥t 〈n(n− 1) · · · (n− k + 1)〉✳

❚❤❡ ❧♦✇❡st✲♦r❞❡r ❞✐❛❣r❛♠ ❢♦r t❤❡ ❛✈❡r❛❣❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r✱ ❝♦♥s✐st✐♥❣ ✐♥ ❛ s✐♠♣❧❡ ♣r♦♣❛❣❛t♦r✱
r❡❛❞s 〈n〉 = et✳ ❲❡ ♥♦✇ ✉♥❞❡rst❛♥❞ t❤❛t t❤✐s ♠❡t❤♦❞ ❧❡❛❞s t♦ ❛ ♠♦r❡ str❛✐❣❤t❢♦✇❛r❞ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❤❛♥ t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛✲
❜✐❧✐t✐❡s ♦❢ s✉❝❝❡ss✐✈❡ ❋♦❝❦ st❛t❡s✱ ❢♦r ❛ s✐♥❣❧❡ P♦♠❡r♦♥ ❛❧r❡❛❞② r❡s✉♠s ❛♥ ✐♥✜♥✐t② ♦❢ ♣❛rt✐❝❧❡ ❋♦❝❦
st❛t❡s✳ ❚❤❡ P♦♠❡r♦♥ ✐♥ t❤✐s ❝❛s❡ ✐s ❡①❛❝t❧② ❧✐❦❡ t❤❡ ❇❋❑▲ P♦♠❡r♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✱ ✇❤✐❝❤
❧❡❛❞s t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ✇✐t❤ t❤❡ r❛♣✐❞✐t② ✭❊q✳ ✭✸✳✷✼✮✮✳

❲❡ ♥♦✇ ♠♦✈❡ ♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❞✐❛❣r❛♠s ✐♥ ✇❤✐❝❤ r❡❝♦♠❜✐♥❛t✐♦♥s ❛r❡
❛❜s❡♥t✳ ❋✐rst✱ ❧❡t ✉s r❡❝♦✈❡r s✐♠♣❧❡ r❡s✉❧ts ❜② t❛❦✐♥❣ t❤❡ ✐♥✜♥✐t❡✲N ❧✐♠✐t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠s
✐♥ ❋✐❣✳ ✸✳✷✱ ✇❤✐❝❤ ❛r❡ t❤❡ ♦♥❧② ♦♥❡s t❤❛t s✉r✈✐✈❡ ❛t ✐♥✜♥✐t❡ N ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t
〈n(n− 1) · · · (n− k + 1)〉✳ ❯s✐♥❣ t❤❡ ❋❡②♥♠❛♥ r✉❧❡s✱ ✇❡ ❣❡t ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❞✐❛❣r❛♠

(−1)k × (−1)k × ekt
∫ t

0

dt1e
−t1

∫ t

t1

dt2e
−t2 · · ·

∫ t

tk−1

dtke
−tk =

1

k!
ekt
(

1− e−t
)k−1

. ✭✸✳✷✾✮

✸✶
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...

0

t

(k! such diagrams)

t

t

t

1

2

3

❋✐❣✉r❡ ✸✳✷✿ ❉✐❛❣r❛♠s ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ♦♥❡ P♦♠❡r♦♥ → k✲P♦♠❡r♦♥ tr❛♥s✐t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡
♠♦♠❡♥ts 〈n(n− 1) · · · (n− k + 1)〉 ❛t ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ ❛ 1/N ❡①♣❛♥s✐♦♥✳

t

0

(a) (b) (c) (d) (e)

❋✐❣✉r❡ ✸✳✸✿ ❉✐❛❣r❛♠s ✉♣ t♦ ♦r❞❡r 1/N2 ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥
t❤❡ s②st❡♠ ❛❢t❡r ❛♥ ❡✈♦❧✉t✐♦♥ ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ t✳

❚❤❡r❡ ❛r❡ k! s✉❝❤ ❞✐❛❣r❛♠s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❧❧ ♣♦ss✐❜❧❡ ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡ P♦♠❡r♦♥s✮✱ ❛♥❞
t❤❡r❡ ✐s ❛♥ ❡①tr❛ ♦✈❡r❛❧❧ k! ❢❛❝t♦r t♦ ❜❡ ❛❞❞❡❞ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ r❡❧❡✈❛♥t ❢❛❝t♦r✐❛❧ ♠♦♠❡♥t✿

〈n(n− 1) · · · (n− k + 1)〉 = k!ekt
(

1− e−t
)k−1

. ✭✸✳✸✵✮

◆❡①t✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♥❡✲P♦♠❡r♦♥→ ♦♥❡✲P♦♠❡r♦♥ tr❛♥s✐t✐♦♥
✭✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ✈❛❧✉❡ ♦❢ 〈n〉✮ ✇✐t❤✐♥ t❤❡ ❢✉❧❧ t❤❡♦r②✱ ✐♥❝❧✉❞✐♥❣ t❤❡ r❡❝♦♠❜✐♥❛t✐♦♥s✳ ❙♦♠❡ ♦❢
t❤❡ ❧♦✇❡st✲♦r❞❡r ❞✐❛❣r❛♠s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✸✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❋❡②♥♠❛♥
r✉❧❡s ❡❞✐❝t❡❞ ❛❜♦✈❡ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ❣r❛♣❤s t❤❛t ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✸✿

〈n〉|tr❡❡✱ ❋✐❣✳ ✸✳✸❛ = et

〈n〉|✶ ❧♦♦♣✱ ❋✐❣✳ ✸✳✸❜ = −2!
e2t

N

(

1− e−t(1 + t)
)

〈n〉|✷ ❧♦♦♣s✱ ❋✐❣✳ ✸✳✸❝ = 3!
e3t

N2

(

1 + 4e−t(1− t)− e−2t(2t+ 5)
)

〈n〉|✷ ❧♦♦♣s✱ ❋✐❣✳ ✸✳✸❞ = 4
e2t

N2

(

t− 3 + e−t ( t2

2 + 2t+ 3)
)

〈n〉|✷ ❧♦♦♣s✱ ❋✐❣✳ ✸✳✸❡ = 4
e2t

N2

(

t− 2 + e−t (t+ 2)
)

✭✸✳✸✶✮

❲❡ ♠❛② ❝❧❛ss✐❢② t❤❡s❡ ❞✐✛❡r❡♥t ❝♦♥tr✐❜✉t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♦r❞❡r ✐♥ et/N ✿ ❲❡ s❡❡ ♦♥ t❤❡
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s t❤❛t t❤❡ ❧❡❛❞✐♥❣ t❡r♠s ❢♦r ❧❛r❣❡ t ❛♥❞ et/N ∼ 1 ❛r❡ ❛❧✇❛②s ♦❢ t❤❡ ❢♦r♠
N(et/N)1+#❧♦♦♣s✳ ■t t✉r♥s ♦✉t t❤❛t ✇❡ ♠❛② ❝♦♠♣✉t❡ ❡❛s✐❧② t❤❡s❡ ❞♦♠✐♥❛♥t t❡r♠s ❛t ❛♥② ♥✉♠❜❡r

✸✷
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♦❢ ❧♦♦♣s✳ ❚❤❡② st❡♠ ❢r♦♠ t❤❡ ❣r❛♣❤s ✐♥ ✇❤✐❝❤ ❛❧❧ s♣❧✐tt✐♥❣s ♦❝❝✉r ❜❡❢♦r❡ ❛❧❧ r❡❝♦♠❜✐♥❛t✐♦♥s ✭s✉❝❤
❛s ✸✳✸❜ ❛♥❞ ✸✳✸❝✮✳ ❚❤❡s❡ t❡r♠s ❜✉✐❧❞ ✉♣ ❛ s❡r✐❡s t❤❛t r❡❛❞s

〈n〉 =
∞
∑

k=1

(−1)k−1k!
ekt

Nk−1
. ✭✸✳✸✷✮

❚❤✐s s❡r✐❡s ✐s ❢❛❝t♦r✐❛❧❧② ❞✐✈❡r❣❡♥t✱ ❜✉t ✐s ❡❛s② t♦ r❡s✉♠ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❇♦r❡❧ tr❛♥s❢♦r♠❛t✐♦♥✳
■♥❞❡❡❞✱ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t②

k! =

∫ +∞

0

db bke−b, ✭✸✳✸✸✮

r❡♣❧❛❝✐♥❣ ✐t ✐♥ ❊q✳ ✭✸✳✸✷✮✱ t❤❡♥ ❡①❝❤❛♥❣✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r b ❛♥❞ t❤❡ s✉♠ ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢
P♦♠❡r♦♥s k✱ ♦♥❡ ❣❡ts

〈n〉 = N2e−t

∫ +∞

0

db
1

1 + 1
b

e−Ne−tb = N
(

1−NeNe−t

Γ(0, Ne−t)
)

, ✭✸✳✸✹✮

✇❤❡r❡ Γ ✐s t❤❡ ✐♥❝♦♠♣❧❡t❡ ●❛♠♠❛ ❢✉♥❝t✐♦♥✳
❚❤✐s r❡s✉❧t ✇❛s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✉s✐♥❣ ❛ ❞✐❛❣r❛♠♠❛t✐❝ ♠❡t❤♦❞ ✐♥ ❘❡❢✳ ❬✽✼❪✳ ❚❤❡

❛✉t❤♦rs ♦❢ t❤❡ ❧❛tt❡r ♣❛♣❡r ❛❧s♦ ❝♦♠♣✉t❡❞ t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r✱ t❤❛t ✐s t♦ s❛②✱ t❤❡ t❡r♠s ♦❢
r❡❧❛t✐✈❡ ♦r❞❡r 1/N ❛❢t❡r t❤❡ r❡s✉♠♠❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❞✐✛r❛❝t✐✈❡
♣r♦❝❡ss❡s ❦♥♦✇♥ ✐♥ ◗❈❉ ✇❡r❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ ❜② t❤❡s❡ ✈❡r② ❛✉t❤♦rs ✐♥ ❘❡❢✳ ❬✽✽❪✳ ▼♦r❡ r❡s✉❧ts
✇❡r❡ ♦❜t❛✐♥❡❞ ♦♥ t❤❛t ❦✐♥❞ ♦❢ ♠♦❞❡❧s ❜② ❛♥♦t❤❡r ❣r♦✉♣ ✐♥ ❘❡❢✳ ❬✽✾✱✾✵❪✱ ✉s✐♥❣ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✱
✇❤✐❝❤ ❣♦ ❜❡②♦♥❞ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❛♣♣r♦❛❝❤✳ ❘❡♠❛r❦❛❜❧②✱ t❤❡ ❧❛tt❡r ❝❛❧❝✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
t♦ s♦♠❡ ❡①t❡♥t t♦ ◗❈❉ ❬✾✶✱✾✷❪✳

✸✳✷✳✸ ❙t♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s

❚❤❡ ♠♦❞❡❧ ♠❛② ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s nt ✐t ❝♦♥t❛✐♥s ❛t ❡❛❝❤ t✐♠❡ t✳ ❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ✇❛② ♦❢ ❞♦✐♥❣ t❤✐s ✇♦✉❧❞ ❜❡ t♦
✜rst ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ nt+dt ❣✐✈❡♥ nt✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮✳
❚❤✐s ✇♦✉❧❞ ❡♥❛❜❧❡ ♦♥❡ t♦ ✇r✐t❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ nt ✐♥ t❡r♠s ♦❢ ❛ ❞r✐❢t ❛♥❞ ♦❢ ❛ ♥♦✐s❡ ♦❢ ③❡r♦
♠❡❛♥ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ✈❛r✐❛♥❝❡✱ ♥❛♠❡❧②✿

dnt
dt

= nt −
nt(nt − 1)

N
+

√

nt +
nt(nt − 1)

N
νt+dt, ✭✸✳✸✺✮

✇❤❡r❡ ν ✐s s✉❝❤ t❤❛t 〈νt〉 = 0 ❛♥❞ 〈νtνt′〉 = δ(t − t′)✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ ❊qs✳ ✭✷✳✷✾✮
❛♥❞ ✭✷✳✸✵✮✱ ❡①❝❡♣t ❢♦r ✐t ❞♦❡s ♥♦t ❤❛✈❡ ❛ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✇❤❡r❡ s♦♠❡ ❞✐✛✉s✐♦♥ ❝♦✉❧❞ t❛❦❡ ♣❧❛❝❡✳
❚❤❡ ♥♦✐s❡ t❡r♠ ✐s ♦❢ ♦r❞❡r

√
n✱ ❛s ✐t s❤♦✉❧❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ♦❢ ❈❤❛♣✳ ✷✳ ◆♦t❡ t❤❛t

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ν ❞❡♣❡♥❞s ♦♥ nt ❛♥❞ ✐s ♥♦t ❛ ●❛✉ss✐❛♥✳ ❚❤✐s ❧❛st ♣♦✐♥t ✐s ❡❛s② t♦ ✉♥❞❡rst❛♥❞✿
❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ νt ✐s ✐♥tr✐♥s✐❝❛❧❧② ❞✐s❝♦♥t✐♥✉♦✉s✱ s✐♥❝❡ ✐t st❡♠s ❢r♦♠ ❛ r❡s❝❛❧✐♥❣ ♦❢ nt✱ ✇❤✐❝❤ ✐s
❛♥ ✐♥t❡❣❡r ❛t ❛❧❧ t✐♠❡s✳ ❆ ❇r♦✇♥✐❛♥ ❡✈♦❧✉t✐♦♥ ✭✐✳❡✳ ✇✐t❤ ❛ ●❛✉ss✐❛♥ ♥♦✐s❡✮ ✇♦✉❧❞ ♥❡❝❡ss❛r✐❧② ❜❡
❝♦♥t✐♥✉♦✉s✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ✇r✐t❡ t❤❡ st❛t✐st✐❝s ♦❢ νt+dt✱ ✇❤✐❝❤ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ n✿

νt+dt =











1
σ dt − ∆

σ ♣r♦❜❛ nt dt

− ∆
σ ♣r♦❜❛ 1− nt dt− nt(nt−1)

N dt

− 1
σ dt − ∆

σ ♣r♦❜❛ nt(nt−1)
N dt,

✭✸✳✸✻✮

✇❤❡r❡ ∆ = nt − nt(nt−1)
N ❛♥❞ σ =

√

nt +
nt(nt−1)

N ✳ ❚❤❡r❡ ❛r❡ ❥✉♠♣s✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❧❛r❣❡
t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ 1/dt✳

❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦t ♦❢ ❣r❡❛t ✐♥t❡r❡st✱ ♥❡✐t❤❡r ❢♦r ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♥♦r ❢♦r ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s✱ s✐♥❝❡ ✐t ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❥✉st ✐♠♣❧❡♠❡♥t t❤❡ r✉❧❡s t❤❛t ❞❡✜♥❡ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ ✜rst
♣❧❛❝❡ ✭❊q✳ ✭✸✳✶✮✮ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ▼♦♥t❡ ❈❛r❧♦ ❡✈❡♥t ❣❡♥❡r❛t♦r✳

✸✸
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❚❤❡r❡ ✐s ❛ ❜❡tt❡r ✇❛② t♦ ❛rr✐✈❡ ❛t ❛ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ ✐t
✐s ❛ ❜✐t ♠♦r❡ ❛❜str❛❝t✳ ✭■t ✐s ❛❝t✉❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ P♦♠❡r♦♥ ✜❡❧❞ t❤❡♦r② ❢♦r♠✉❧❛t❡❞ ❜❡❢♦r❡✳✮
■♥st❡❛❞ ♦❢ ❢♦❧❧♦✇✐♥❣ st❛t❡s ✇✐t❤ ❛ ❞❡✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❧✐❦❡ ❛❜♦✈❡✱ ✇❡ ♠❛② ✐♥tr♦❞✉❝❡ ❝♦❤❡r❡♥t
st❛t❡s

|z〉 = e−z+za† |0〉, ✭✸✳✸✼✮

✇❤❡r❡ z ✐s ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r✳ ❋♦r r❡❛❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ z✱ t❤❡ st❛t❡ |z〉 ✐s ♥♦t❤✐♥❣ ❜✉t ❛ P♦✐ss♦✲
♥✐❛♥ st❛t❡✱ ✇❤✐❝❤ ✐s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ |k〉✲♣❛rt✐❝❧❡ st❛t❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ♦❢ ❡❛❝❤ t❡r♠ ❢♦❧❧♦✇s
t❤❡ P♦✐ss♦♥ ❧❛✇ ♦❢ ♣❛r❛♠❡t❡r z✳ ❋♦r t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❛r❣✉♠❡♥t✱ ❧❡t ✉s r❡str✐❝t ♦✉rs❡❧✈❡s t♦
P♦✐ss♦♥✐❛♥ st❛t❡s✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✭❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✸✳✶✵✮✮ t♦ ❛ P♦✐ss♦♥✐❛♥ st❛t❡
|zt〉✱ ♦♥❡ ❣❡ts ❛ ♥❡✇ st❛t❡ |φt+dt〉✿

|φt+dt〉 = |zt〉 − dtH|zt〉. ✭✸✳✸✽✮

❖❢ ❝♦✉rs❡✱ t❤❛t ♥❡✇ st❛t❡ ✐s ♥♦t ✐ts❡❧❢ ❛ P♦✐ss♦♥✐❛♥ st❛t❡ ✐♥ ❣❡♥❡r❛❧✱ ❜✉t ♠❛② ❜❡ ✇r✐tt❡♥ ❛s ❛
s✉♣❡r♣♦s✐t✐♦♥ ♦❢ s✉❝❤ st❛t❡s✳ ❖♥❡ ✇r✐t❡s

|φt+dt〉 =
∫

dz f(z)|z〉 =
∫

dz f(z)
∑

n

e−z z
n

n!
|n〉. ✭✸✳✸✾✮

❚❤❡ ✐❞❡❛ ✐s t♦ ✐♥t❡r♣r❡t t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ f(z) ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ♦❜s❡r✈❡ ❛ ❣✐✈❡♥ P♦✐ss♦♥✐❛♥
st❛t❡ |z〉✳ ❍❡♥❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ✈✐❡✇❡❞ ❛s ❛ st♦❝❤❛st✐❝ ♣❛t❤

· · · → zt−dt → zt → zt+dt → zt+2dt → · · · ✭✸✳✹✵✮

✇✐t❤ ✇❡❧❧✲❞❡✜♥❡❞ tr❛♥s✐t✐♦♥ r❛t❡s ❢r♦♠ ♦♥❡ P♦✐ss♦♥✐❛♥ st❛t❡ t♦ t❤❡ ♥❡①t ♦♥❡✳ ■♥s❡rt✐♥❣ t❤❡ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✳✶✵✮ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✸✾✮ ✐♥ ❊q✳ ✭✸✳✸✽✮✱ ♦♥❡ ❣❡ts ❢♦r ❡❛❝❤
❋♦❝❦ st❛t❡ |n〉
∫

dz e−zf(z)
zn

n!
= e−zt

znt
n!

− dt e−zt

[

znt
(n− 1)!

− zn−1
t

(n− 2)!
− 1

N

(

zn+1
t

(n− 1)!
− znt

(n− 2)!

)]

. ✭✸✳✹✶✮

❋✐♥❛❧❧②✱ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ ❢♦r f(z) ❜② ❛ ✇❡✐❣❤t❡❞ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r n✱
∫

dn
2iπ z

−n−1
t+dt ✱ ❛❧♦♥❣

❛♥ ❛♣♣r♦♣r✐❛t❡ ❝♦♥t♦✉r ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❆❢t❡r s♦♠❡ str❛✐❣❤t❢♦r✇❛r❞ ❛❧❣❡❜r❛✱ ✇❡ ❣❡t

f(zt+dt) = δ(zt+dt − zt) + dt

(

zt −
z2t
N

)

δ′(zt+dt − zt) +
1

2

[

2dt

(

zt −
z2t
N

)

δ′′(zt+dt − zt)

]

. ✭✸✳✹✷✮

❚❤✐s ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ●❛✉ss✐❛♥ ❧❛✇ ❝❡♥t❡r❡❞ ❛t zt + dt(zt − z2
t

N ) ♦❢ ✈❛r✐❛♥❝❡ 2dt(zt − z2
t

N )✳
■♥tr♦❞✉❝✐♥❣ ❛ ♥♦r♠❛❧ ●❛✉ss✐❛♥ ♥♦✐s❡ νt ✇❤✐❝❤ s❛t✐s✜❡s

〈νt〉 = 0 ❛♥❞ 〈νtνt′〉 = δ(t− t′), ✭✸✳✹✸✮

✇❡ ♠❛② ✇r✐t❡

dzt
dt

= zt −
z2t
N

+

√

2

(

zt −
z2t
N

)

νt+dt ✭✸✳✹✹✮

✇❤❡r❡ ♦♥❡ ♠✉st ❜❡ ❝❛r❡❢✉❧ t♦ t❛❦❡ t❤❡ ♥♦✐s❡ ❛t t✐♠❡ t + dt✱ ❛♥❞ ❤❡♥❝❡✱ t❤✐s ❡q✉❛t✐♦♥ ✐s t♦ ❜❡
✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ ■t♦ s❡♥s❡✳ ■❢ zt=0 ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ N ✱ t❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ❦❡❡♣s ✐t
✐♥ t❤✐s r❛♥❣❡✳ ❇✉t ♦❢ ❝♦✉rs❡ t❤❡ ❡q✉❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝♦❤❡r❡♥t st❛t❡s✱ ✇✐t❤ ❝♦♠♣❧❡①
zt✳

❚❤✐s ❡q✉❛t✐♦♥ ✐s s✉✐t❛❜❧❡ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✿ ❖♥❡ ♠❛② ❞✐s❝r❡t✐③❡ t❤❡ t✐♠❡ ✐♥ s♠❛❧❧ st❡♣s
∆t≪ 1 ✐♥ ✇❤✐❝❤ ❝❛s❡ νt ✐s ❞✐str✐❜✉t❡❞ ❛s

p(νt) =
1√
2π∆t

exp

(

− ν2t
2∆t

)

. ✭✸✳✹✺✮

✸✹
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✭■♥ ♠❛♥② ❝❛s❡s✱ ♦♥❡ ❤❛s t♦ ✉s❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞s✱ s❡❡ ❡✳❣✳ ❘❡❢✳ ❬✾✸❪❀ ❆ ♠♦r❡ r✐❣♦r♦✉s ❛♥❞
❣❡♥❡r❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤✐s st♦❝❤❛st✐❝ ❢♦r♠✉❧❛t✐♦♥ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ♣❛t❤ ✐♥t❡❣r❛❧ ❢♦r♠❛❧✐s♠
st❛rt✐♥❣ ❢r♦♠ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✳✶✵✮✱ s❡❡ ❘❡❢✳ ❬✽✺❪✮✳ ❆♥❛❧②t✐❝❛❧ ♠❛♥✐♣✉❧❛t✐♦♥s ♦❢ t❤✐s ❡q✉❛t✐♦♥
✉s✐♥❣ ■t♦✬s ❝❛❧❝✉❧✉s ❛r❡ ❛❧s♦ q✉✐t❡ ❡❛s②✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❝❛❧❝✉❧❛t✐♦♥
❜❡❧♦✇✱ ❛✈♦✐❞✐♥❣ ✉♥♥❡❝❡ss❛r② ❢♦r♠❛❧✐s♠✳ ✭❲❡ r❡❢❡r ❛❣❛✐♥ t❤❡ r❡❛❞❡r t♦ ❬✾✸❪ ❢♦r ❛ t❡①t❜♦♦❦ ♦♥ ❛
♠♦r❡ ♠❛t❤❡♠❛t✐❝❛❧ ❤❛♥❞❧✐♥❣ ♦❢ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥s✮✳

❲❡ ♠❛② tr❛♥s❢♦r♠ t❤❡ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ✭✸✳✹✹✮ t♦ ❛ ❤✐❡r❛r❝❤② ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢❛❝t♦r✐❛❧
♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥

〈zkt 〉 = 〈n(n− 1) · · · (n− k + 1)〉 ≡ n(k). ✭✸✳✹✻✮

❋✐rst✱ ❧❡t ✉s ✇r✐t❡ ❊q✳ ✭✸✳✹✹✮ ✐♥ ❛ ❞✐s❝r❡t✐③❡❞ ❢♦r♠✿

zt+dt = zt + dt

(

zt −
z2t
N

)

+ dt

√

2

(

zt −
z2t
N

)

νt+dt. ✭✸✳✹✼✮

❲❡ t❤❡♥ t❛❦❡ t❤❡ k✲t❤ ♣♦✇❡r ♦❢ t❤❡ ❧❡❢t ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ❛♥❞ ✇❡ ❛✈❡r❛❣❡ t❤❡ r❡s✉❧t ♦✈❡r
r❡❛❧✐③❛t✐♦♥s✳ ❊①♣❛♥❞✐♥❣ ✐♥ ♣♦✇❡rs ♦❢ dt ❢♦r s♠❛❧❧ dt✱ ✇❡ ❣❡t

〈

zkt+dt

〉

= 〈zkt 〉+ dt k

〈

zkt − zk+1
t

N

〉

+ dt k

〈

zk−1
t

√

2

(

zt −
z2t
N

)

〉

〈νt+dt〉

+ dt2
k(k − 1)

2

〈

2

(

zk−1
t − zkt

N

)〉

〈ν2t+dt〉+ · · · ✭✸✳✹✽✮

❲❡ ❤❛✈❡ ❢❛❝t♦r✐③❡❞ t❤❡ ❛✈❡r❛❣❡s ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧s [t, t + dt] ❛♥❞ [0, t]✱ s✐♥❝❡ t❤❡ ♥♦✐s❡ ν ✐s
✉♥❝♦rr❡❧❛t❡❞ ✐♥ t✐♠❡✳ ❚❤❡ t❡r♠ ♣r♦♣♦rt✐♦♥❛❧ t♦ dt ✈❛♥✐s❤❡s t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t νt+dt ❛✈❡r❛❣❡s
t♦ ③❡r♦✳ ❖♥❡ ♠❛② t❤✐♥❦ t❤❛t t❤❡ ♥❡①t t❡r♠ ❝♦✉❧❞ ❜❡ ♥❡❣❧❡❝t❡❞ ❢♦r ✐t ✐s ❛♣♣❛r❡♥t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦
dt2✳ ❆❝t✉❛❧❧②✱ ✐t ❣✐✈❡s ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦r❞❡r dt✱ ❜❡❝❛✉s❡ ❢♦r ❞✐s❝r❡t✐③❡❞ t✱ 〈ν2t+dt〉 = 1/dt✳ ❚❤❡
❞♦ts st❛♥❞ ❢♦r t❡r♠s ♦❢ ♦r❞❡r dt2 ❛t ❧❡❛st✳ ❯s✐♥❣ ❊q✳ ✭✸✳✹✻✮ t♦ ✐❞❡♥t✐❢② t❤❡ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ♦❢ n✱
✇❡ ❡✈❡♥t✉❛❧❧② ❣❡t

dn(k)

dt
= k

(

n(k) − n(k+1)

N

)

+ k(k − 1)

(

n(k−1) − n(k)

N

)

✭✸✳✹✾✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ✭♠♦❞✐✜❡❞✮ ❇❛❧✐ts❦② ❤✐❡r❛r❝❤② ✐♥ ❤✐❣❤✲❡♥❡r❣② ◗❈❉✳ ■♥❞❡❡❞✱ ❧❡t ✉s
✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✜rst t✇♦ ♠♦♠❡♥ts✿

d〈n〉
dt

= 〈n〉 − 1

N
〈n(n− 1)〉,

d〈n(n− 1)〉
dt

= 2

(

1− 1

N

)

〈n(n− 1)〉 − 2

N
〈n(n− 1)(n− 2)〉+ 2〈n〉.

✭✸✳✺✵✮

❲❡ ♥♦t❡ t❤❡ s✐♠✐❧❛r✐t② ✐♥ str✉❝t✉r❡ ✇✐t❤ ❊qs✳ ✭✷✳✾✮✱ ✭✷✳✶✷✮✱ ❡①❝❡♣t ❢♦r t❤❡ t❡r♠ 2〈n〉 ✐♥ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✳ ❚❤✐s t❡r♠ st❡♠s ♣r❡❝✐s❡❧② ❢r♦♠ t❤❡ ♣❛rt✐❝❧❡ r❡❝♦♠❜✐♥❛t✐♦♥s✱ ❛♥❞
✇❛s ❛❜s❡♥t ✐♥ t❤❡ ❇✲❏■▼❲▲❑✴❇❑ ❢♦r♠❛❧✐s♠✳

✸✳✸ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s

❚❤❡ ✜❡❧❞ t❤❡♦r② ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ♣r♦✈✐❞❡ ❛ s②st❡♠❛t✐❝s t♦ s♦❧✈❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
s②st❡♠ t♦ ❛r❜✐tr❛r② ♦r❞❡rs ✐♥ 1/N ✱ ❛t ❧❡❛st t❤❡♦r❡t✐❝❛❧❧②✳ ✭■♥ ♣r❛❝t✐❝❡✱ ✐❞❡♥t✐❢②✐♥❣ ❛♥❞ r❡s✉♠♠✐♥❣
t❤❡ r❡❧❡✈❛♥t ❞✐❛❣r❛♠s ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ❞✐✣❝✉❧t✮✳ ❍♦✇❡✈❡r✱ ✐t ✇♦✉❧❞ ❧♦♦❦ q✉✐t❡ ✉♥r❡❛s♦♥❛❜❧❡
t♦ ❣❡t ✐♥t♦ s✉❝❤ ❛♥ ✐♥✈♦❧✈❡❞ ❢♦r♠❛❧✐s♠ ✐❢ ♦♥❡ ✇❡r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❧♦✇❡st ♦r❞❡r ✐♥
❛ ❧❛r❣❡✲N ❡①♣❛♥s✐♦♥✳ ■♥❞❡❡❞✱ ❛s ✇❡ s❤❛❧❧ ❞❡♠♦♥str❛t❡ ✐t ❜❡❧♦✇✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤✐s s✐♠♣❧❡ ♠♦❞❡❧✱
❛♥ ✐♥t✉✐t✐✈❡ ❛♥❞ ❡❝♦♥♦♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ r✐❣❤t ❛♥s✇❡r ❬✾✹❪✳ ❲❡ ✇♦r❦ ✐t ♦✉t ❤❡r❡ ❜❡❝❛✉s❡

✸✺
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t
n

20151050

500040003000200010000 .
❋✐❣✉r❡ ✸✳✹✿ ❬❋r♦♠ ❘❡❢✳ ❬✾✹❪❪ ❚❡♥ ❞✐✛❡r❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ③❡r♦✲
❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✭❞♦tt❡❞ ❧✐♥❡s❀ N = 5 × 103✮✳ ❆❧❧ r❡❛❧✐③❛t✐♦♥s ❧♦♦❦ t❤❡ s❛♠❡✱ ✉♣ t♦ ❛ s❤✐❢t
✐♥ t✐♠❡✳ ❚❤❡② ❛r❡ ❛❧❧ ♣❛r❛❧❧❡❧ t♦ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ✭✸✳✺✷✮ ✭❞❛s❤❡❞ ❧✐♥❡✮✳
◆♦t❡ t❤❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❛tt❡r ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ♦✈❡r t❤❡
r❡❛❧✐③❛t✐♦♥s ✭❢✉❧❧ ❧✐♥❡✮✳

t❤✐s ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣ ✐s ❛t t❤❡ ❜❛s✐s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧s✱ ❝❧♦s❡r t♦ ◗❈❉✱
t❤❛t ✇❡ s❤❛❧❧ ❛❞❞r❡ss ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ✭❈❤❛♣✳ ✹✮✳

❆s ❜❡❢♦r❡✱ ✇❡ ❞❡♥♦t❡ ❜② nt t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❛ ❣✐✈❡♥ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡
s②st❡♠✳ ❲❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡ pn̄(t̄) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✐♠❡s ❛t ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
✐♥ t❤❡ s②st❡♠ r❡❛❝❤❡s s♦♠❡ ❣✐✈❡♥ ✈❛❧✉❡ n̄ ❢♦r t❤❡ ✜rst t✐♠❡✱ ❛♥❞ 〈nt|nt̄〉 t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛t t✐♠❡ t ❣✐✈❡♥ t❤❛t t❤❡r❡ ✇❡r❡ nt̄ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❛t t✐♠❡ t̄✳ ❖♥❡ ♠❛②
✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r♠✉❧❛✿

〈nt〉 =
∫ ∞

0

dt̄pn̄(t̄)〈nt|nt̄〉. ✭✸✳✺✶✮

❚❤✐s ❢♦r♠✉❧❛ ❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ n̄✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ N ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ♦♥❡ ♠❛② ❝❤♦♦s❡
n̄ s✉❝❤ t❤❛t 1 ≪ n̄≪ N ✳

❖❜s❡r✈✐♥❣ ❛t ❛ ❢❡✇ r❡❛❧✐③❛t✐♦♥s ❣❡♥❡r❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ✭❋✐❣✳ ✸✳✹✮✱ ♦♥❡ s❡❡s t❤❛t t❤❡ ❝✉r✈❡s t❤❛t
r❡♣r❡s❡♥t nt ❧♦♦❦ ❧✐❦❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ♥❡❣❧❡❝t✐♥❣ t❤❡ ♥♦✐s❡
t❡r♠ ✐♥ ❊q✳ ✭✸✳✸✺✮✱ ✉♣ t♦ ❛ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥ ♦❢ t✐♠❡s ❜② s♦♠❡ r❛♥❞♦♠ t0✳ ✭❚❤❡ ❝✉r✈❡s ❧♦♦❦
❛❧s♦ s❧✐❣❤t❧② ♥♦✐s② ❛r♦✉♥❞ t❤❡ ❛✈❡r❛❣❡ tr❡♥❞✱ ❜✉t t❤❡ ♥♦✐s❡ ✇♦✉❧❞ st✐❧❧ ❜❡ ♠✉❝❤ ✇❡❛❦❡r ❢♦r ❧❛r❣❡r
✈❛❧✉❡s ♦❢ N ✳✮ ❚❤✐s s✉❣❣❡sts t❤❛t ♦♥❝❡ t❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ✭❢♦r nt > n̄ ≫ 1✮✱
t❤❡ ❡✈♦❧✉t✐♦♥ ❜❡❝♦♠❡s ❡ss❡♥t✐❛❧❧② ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✐♥ t❤❛t st❛❣❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✱ t❤❡ ♥♦✐s❡ ❝❛♥
s❛❢❡❧② ❜❡ ❞✐s❝❛r❞❡❞✳ ❚❤✉s st♦❝❤❛st✐❝✐t② ♦♥❧② ♠❛♥✐❢❡sts ✐ts❡❧❢ ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛❣❡s ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✱
❜✉t ✐♥ ❛ ❝r✉❝✐❛❧ ✇❛②✳ ■♥❞❡❡❞✱ ❛s ♦♥❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✳ ✸✳✹✱ ❛❢t❡r ❛✈❡r❛❣✐♥❣✱ 〈nt〉 ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧②
❢r♦♠ t❤❡ ♠❡❛♥✲✜❡❧❞ r❡s✉❧t✱ ❛♥❞ t❤✐s ❞✐✛❡r❡♥❝❡ st❡♠s ❢r♦♠ r❛r❡ r❡❛❧✐③❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ♣❛rt✐❝❧❡
♥✉♠❜❡r st❛②s ❧♦✇ ❢♦r ❛ ❧♦♥❣ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ✐♥❞✐✈✐❞✉❛❧ r❡❛❧✐③❛t✐♦♥s✱ st♦❝❤❛st✐❝✐t② s❤♦✉❧❞ ❜❡
❛❝❝✉r❛t❡❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛s ❧♦♥❣ ❛s nt < n̄✳ ❋♦rt✉♥❛t❡❧②✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡
s②st❡♠ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣❛r❛♠❡t❡r N t❤❛t ✜①❡s t❤❡ t②♣✐❝❛❧ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
✐♥ ❛ r❡❛❧✐③❛t✐♦♥✱ t❤❡ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② ❣♦✈❡r♥❡❞ ❜② ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳

❚❤❛♥❦s t♦ t❤✐s ❞✐s❝✉ss✐♦♥✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ❧✐♥❡❛r ❛s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ ❧❡ss
t❤❛♥ n̄ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝ ✇❤❡♥ nt > n̄✳ ■t ✐s t❤❡♥ ❡♥♦✉❣❤ t♦ ❝♦♠♣✉t❡ pn̄(t̄)
❢♦r ❛♥ ❡✈♦❧✉t✐♦♥ ✇✐t❤♦✉t r❡❝♦♠❜✐♥❛t✐♦♥s✱ ❛♥❞ 〈nt|nt̄〉 ❢♦r ❛♥ ❡✈♦❧✉t✐♦♥ ✇✐t❤♦✉t ♥♦✐s❡✳ ❚❤❡ s❡❝♦♥❞
q✉❛♥t✐t② ✐s ♠♦st ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛✈❡r❛❣❡s ♦❢ ♣♦✇❡rs ♦❢ nt ✐♥ ❊q✳ ✭✸✳✸✮ ❜② n▼❋t

✸✻
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❛♥❞ ❞✐s❝❛r❞✐♥❣ t❤❡ t❡r♠ ♦❢ ♦r❞❡r 1/N ✳ ❖♥❡ ❣❡ts ❛ ❝❧♦s❡❞ ❡q✉❛t✐♦♥ ❢♦r n▼❋t ✐♥ t❤❡ ❢♦r♠

dn▼❋t

dt
= n▼❋t − (n▼❋t )2

N
✭✸✳✺✷✮

✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜②

n▼❋t−t̄|n̄ =
N

1 + N
n̄ e

−(t−t̄)
✭✸✳✺✸✮

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t n0 = n̄✳
❆s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ pn̄(t̄) ❢♦r t❤❡ ✇❛✐t✐♥❣ t✐♠❡s t̄ t♦ ♦❜s❡r✈❡ n̄ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠✱ ✐ts

❞❡r✐✈❛t✐♦♥ ✐s ❛ ❜✐t ♠♦r❡ s✉❜t❧❡✳
▲❡t ✉s ✐♥tr♦❞✉❝❡ R(n, t) t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜rst ♣❛ss❛❣❡ t✐♠❡ ❛t t❤❡ ❣✐✈❡♥

♣♦♣✉❧❛t✐♦♥ s✐③❡ n̄✱ st❛rt✐♥❣ ✇✐t❤ n ✐♥❞✐✈✐❞✉❛❧s ❛t t✐♠❡ ✵✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② pn̄(t̄) ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r
✐s ♥♦t❤✐♥❣ ❜✉t R(1, t̄)✳

❲❡ ♥♦✇ ❡st❛❜❧✐s❤ ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r R✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r P ✇❛s
♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❜❡t✇❡❡♥ t✐♠❡s t
❛♥❞ t + dt✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥✱ ❜❡t✇❡❡♥ t✐♠❡s 0 ❛♥❞ dt✳ ❚❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ s②st❡♠ ❤❛s n̄ ♣❛rt✐❝❧❡s ❢♦r t❤❡ ✜rst t✐♠❡ ❛t t+ dt st❛rt✐♥❣ ✇✐t❤ n ♣❛rt✐❝❧❡s ❛t
t✐♠❡ ✵✱ R(n, t+ dt)✱ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ndt t❤❛t t❤❡ s②st❡♠ ❣❛✐♥s ❛ ♣❛rt✐❝❧❡ ❜❡t✇❡❡♥ t✐♠❡s 0 ❛♥❞ dt
♠✉❧t✐♣❧✐❡❞ ❜② R(n + 1, t)✱ ♠✐♥✉s ❛ ✉♥✐t❛r✐t②✲♣r❡s❡r✈✐♥❣ t❡r♠✳ ■♥ t❤✐s ✇❛②✱ ❛❢t❡r ❤❛✈✐♥❣ t❛❦❡♥ t❤❡
❧✐♠✐t dt→ 0✱ ✇❡ ❣❡t

∂R(n, t)

∂t
= n (R(n+ 1, t)−R(n, t)) , ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ R(n̄, t) = δ(t). ✭✸✳✺✹✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s ✈❛❧✐❞ ✇❤❡♥ ✇❡ ♥❡❣❧❡❝t r❡❝♦♠❜✐♥❛t✐♦♥ ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ✐s t❤❡ r❡❧❡✈❛♥t ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❤❡r❡ s✐♥❝❡ ✇❡ st✐❝❦ t♦ t❤❡ ❞✐❧✉t❡ r❡❣✐♠❡✳ ■♥ ♦r❞❡r t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♠♦♠❡♥ts ♦❢ n✿

G(u, t) =
∞
∑

n=0

unR(n, t) ✭✸✳✺✺✮

❛♥❞ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠

G̃(u, s) =

∫ +∞

0

dt e−stG(u, t). ✭✸✳✺✻✮

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ R ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r G̃✿

(1− u)
dG̃

du
=

(

s+
1

u

)

G̃. ✭✸✳✺✼✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♥t❡❣r❛t❡✳ ■ts s♦❧✉t✐♦♥ r❡❛❞s

G̃(u, s) = Cu(1− u)−1−s. ✭✸✳✺✽✮

❚❤❡ ❝♦♥st❛♥t C ♠✉st ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ♥❛♠❡❧② ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ R(n̄, t) =
δ(t)✱ ✇❤✐❝❤ ❛❢t❡r ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ r❡❛❞s R̃(n̄, s) = 1✳ ❚❤❡ ❧❛tt❡r ♠❡❛♥s t❤❛t t❤❡ n̄✲t❤ ♦r❞❡r ✐♥
t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ G̃ ✐♥ ♣♦✇❡rs ♦❢ u s❤♦✉❧❞ ❜❡ s❡t t♦ ♦♥❡✱ ✇❤✐❝❤ ✇r✐t❡s

C
Γ(s+ n̄)

Γ(s+ 1)Γ(n̄)
= 1. ✭✸✳✺✾✮

❋♦r ❧❛r❣❡ n̄✱ t❤❡ ❙t✐r❧✐♥❣ ❢♦r♠✉❧❛ ❡♥❛❜❧❡s ♦♥❡ t♦ ❝❛st t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ s✐♠♣❧✐✜❡❞ ❢♦r♠ C =
Γ(s + 1)n̄−s✳ ❲❡ t❤❡♥ s❡❡ t❤❛t R̃(1, s) = Γ(1 + s)n̄−s✳ ❚❤❡ ✐♥✈❡rs❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤✐s
❢✉♥❝t✐♦♥ ✐s ❥✉st t❤❡ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥✿

R(1, t̄) = pn̄(t̄) = n̄e−t̄−n̄e−t̄

. ✭✸✳✻✵✮

✸✼
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P❧✉❣❣✐♥❣ ❊qs✳ ✭✸✳✻✵✮ ❛♥❞ ✭✸✳✺✸✮ ✐♥t♦ ❊q✳ ✭✸✳✺✶✮✱ ✇❡ ❣❡t ❢♦r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛❢t❡r
t t✐♠❡ ✉♥✐ts ♦❢ ❡✈♦❧✉t✐♦♥✿

〈nt〉 = N

∫ ∞

0

dt̄
n̄e−t̄−n̄e−t̄

1 + N
n̄ e

−(t−t̄)
. ✭✸✳✻✶✮

❇❡❝❛✉s❡ t❤❡ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ ✐s str♦♥❣❧② ❞❛♠♣❡❞ ❢♦r t̄ < 0✱ t❤❡ ❧♦✇❡r ✐♥t❡❣r❛t✐♦♥ ❜♦✉♥❞❛r②
♠❛② s❛❢❡❧② ❜❡ ❡①t❡♥❞❡❞ t♦ −∞✳ ■♥❞❡❡❞✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛ ❝♦♥s❡r✈❛t✐✈❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡
❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ]−∞, 0] t♦ t❤❡ ✐♥t❡❣r❛❧ ✐s e−n̄✱ ✇❤✐❝❤ ✐s ✈❡r② s♠❛❧❧ ✐♥ t❤❡ ❧✐♠✐t n̄≫ 1✳
❋✐♥❛❧❧②✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ b = n̄et−t̄/N t♦ ❛rr✐✈❡ ❛t t❤❡ ❢♦r♠

〈nt〉 = N2e−t

∫ ∞

0

db
1

1 + 1
b

e−Ne−tb. ✭✸✳✻✷✮

■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ t❤❛t ✐t ✐s ❡①❛❝t❧② t❤❡ ❢♦r♠ ❢♦✉♥❞ t❤r♦✉❣❤ t❤❡ ❞✐❛❣r❛♠♠❛t✐❝ ❛♣♣r♦❛❝❤ t♦ P♦♠❡r♦♥
✜❡❧❞ t❤❡♦r② ✭❝♦♠♣❛r❡ ❊q✳ ✭✸✳✻✷✮ t♦ ❊q✳ ✭✸✳✸✹✮✮✳

❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥ ❊q✳ ✭✸✳✺✶✮ ❛♥❞ t❤❡ ❝♦♥✈❡♥✐❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s t❤❛t ✐t s✉❜s❡q✉❡♥t❧② ❛❧❧♦✇s
❛r❡ ❛❝t✉❛❧❧② ✈❡r② ✐♠♣♦rt❛♥t✳ ■♥❞❡❡❞✱ ✇❡ r❡❛❧✐③❡❞ t❤❛t ✇❡ ♠❛② ✇r✐t❡ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
❛t t✐♠❡ t✱ ✇❤♦s❡ ❡①♣r❡ss✐♦♥ ✇♦✉❧❞ ❛ ♣r✐♦r✐ ❜❡ ❣✐✈❡♥ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❜② s♦❧✈✐♥❣ t✇♦ ♠✉❝❤ s✐♠♣❧❡r ♣r♦❜❧❡♠s✳ ❚❤❡ ❦❡② ♦❜s❡r✈❛t✐♦♥ ✇❛s t❤❡ ❢♦❧❧♦✇✐♥❣✳
❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ✐s ❧♦✇ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s N ❛❧❧♦✇❡❞ ❜② t❤❡ r❡❛❝t✐♦♥ ♣r♦❝❡ss✱ t❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐s ♥♦t ✐♠♣♦rt❛♥t✱ ❜✉t t❤❡
♥♦✐s❡ t❡r♠ ✐s ✐♥st❡❛❞ ❝r✉❝✐❛❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞
t♦ ✶✱ t❤❡♥ t❤❡ ♥♦✐s❡ ♠❛② ❜❡ ❞✐s❝❛r❞❡❞✱ ❜✉t t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ r❡❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♣❛rt✐❝❧❡s✱ ♠✉st ❜❡ tr❡❛t❡❞ ❛❝❝✉r❛t❡❧②✳ ❋r♦♠ t❤✐s ♠❡t❤♦❞✱ ♦♥❡
❣❡ts ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r 〈nt〉 ❢♦r ❛♥② t✐♠❡ ✉♣ t♦ r❡❧❛t✐✈❡ ❝♦rr❡❝t✐♦♥s ♦❢ ♦r❞❡r 1/N ✳

❲❤❡♥ ✇❡ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ✇✐t❤ ♦♥❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✱ ✇❡ ✇✐❧❧ r❡❧② ♦♥
t❤❡ ✈❡r② s❛♠❡ ♦❜s❡r✈❛t✐♦♥✳ ■t ✐s ❡ss❡♥t✐❛❧❧② t❤❡ ❧❛tt❡r ✇❤✐❝❤ ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ✜♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts
❛❧s♦ ✐♥ t❤❛t ❝❛s❡✳

✸✳✹ ❘❡❧❛t✐♦♥ t♦ ❤✐❣❤ ❡♥❡r❣② s❝❛tt❡r✐♥❣ ❛♥❞ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧

❛♣♣r♦❛❝❤

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❢♦❝✉ss❡❞ ♦♥ t❤❡ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r n ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠✳
❲❡ ❤❛✈❡ s❡❡♥ ❤♦✇ t❤❡② ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ✏P♦♠❡r♦♥✑ ❞✐❛❣r❛♠s✱ ✇❤✐❝❤ ❛r❡ q✉✐t❡ s✐♠✐❧❛r t♦
t❤❡ ❞✐❛❣r❛♠s t❤❛t ❛♣♣❡❛r ✐♥ ❡✛❡❝t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❧❛t✐♦♥ t♦
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ♦❜s❡r✈❛❜❧❡s ✐♥ ◗❈❉✱ ♠❛② ♥♦t ❜❡ ❝❧❡❛r t♦ t❤❡ r❡❛❞❡r ❛t t❤✐s
st❛❣❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ✉♥❞❡rst❛♥❞ ②❡t ✇❤❛t ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❜♦♦st ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡
◗❈❉ ❛♠♣❧✐t✉❞❡s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ tr② ❛♥❞ ❝❧❛r✐❢② t❤❡s❡ ♣♦✐♥ts✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ♣❛rt✐❝❧❡s✱ ❡✈♦❧✈❡❞ ✉♣ t♦ t✐♠❡ t✱ t❤❛t ✇❡ ♠❛② ❝❛❧❧
t❤❡ ♣r♦❥❡❝t✐❧❡✳ ❆ ❝♦♥✈❡♥✐❡♥t ❢♦r♠❛❧✐s♠ t♦ ❝♦♠♣✉t❡ t❤❡ ✇❡✐❣❤ts ♦❢ ❋♦❝❦ st❛t❡s ✇❛s ♣r❡s❡♥t❡❞ ✐♥
❙❡❝✳ ✸✳✷✳✶✳ ❆t t✐♠❡ t✱ t❤❡ s②st❡♠ ♦❢ ♣❛rt✐❝❧❡s s❝❛tt❡rs ♦✛ ❛ t❛r❣❡t ❝♦♥s✐st✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡✱
❛♥❞ ❝❛♥ ❤❛✈❡ ❛t ♠♦st ♦♥❡ ❡①❝❤❛♥❣❡ ✇✐t❤ t❤❡ t❛r❣❡t✱ ✇❤✐❝❤ ✏❝♦sts✑ ❛ ❢❛❝t♦r 1/N ✳ ❆❧❧ t❤❡ ♣❛rt✐❝❧❡s
✐♥ t❤❡ s②st❡♠ ❤❛✈❡ ❛♥ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t② t♦ s❝❛tt❡r✳ ❍❡♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ s②st❡♠ s❝❛tt❡rs
r❡❛❞s T = nt/N ✳

❚❤✐s ✇❛② ♦❢ ✈✐❡✇✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♠❛❦❡s ✐t ♦❜✈✐♦✉s❧② ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ◗❈❉
❞✐♣♦❧❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣✳ ✷✱ ♣r♦✈✐❞❡❞ ♦♥❡ ✐❞❡♥t✐✜❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t♦ t❤❡ ♥✉♠❜❡r
♦❢ ❞✐♣♦❧❡s ❛♥❞ t❤❡ t✐♠❡ t♦ t❤❡ r❛♣✐❞✐t② ✈❛r✐❛❜❧❡✳ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ T ♦✈❡r r❡❛❧✐③❛t✐♦♥s ✐s t❤❡ ❡❧❛st✐❝
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡✳

❋r♦♠ t❤✐s ❛♥❛❧♦❣②✱ t❤❡r❡ ✐s ❛ ♣r♦♣❡rt② s✐♠✐❧❛r t♦ ❜♦♦st ✐♥✈❛r✐❛♥❝❡ t❤❛t s❤♦✉❧❞ ❤♦❧❞✳ ■♥st❡❛❞ ♦❢
♣✉tt✐♥❣ ❛❧❧ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ ♣r♦❥❡❝t✐❧❡✱ ✇❡ ♠❛② s❤❛r❡ ✐t ❜❡t✇❡❡♥ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ t❤❡ t❛r❣❡t✳
▲❡t ✉s ❝❛❧❧ nt′ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✱ ❛♥❞ mt−t′

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ t❛r❣❡t✳ ❚❤❡ t♦t❛❧ ❡✈♦❧✉t✐♦♥ t✐♠❡ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✳ ❚♦ ❡st❛❜❧✐s❤
t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r T ✐♥ t❤✐s ❢r❛♠❡✱ ✐t ✐s ❡❛s✐❡r t♦ ✇♦r❦ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② S = 1 − T t❤❛t t❤❡r❡

✸✽
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t´

t−t´

❋✐❣✉r❡ ✸✳✺✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♦❢ t✇♦ s②st❡♠s ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤❡ s②st❡♠s ❡✈♦❧✈❡ ✐♥
t✐♠❡ ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ♣❛rt✐❝❧❡s✱ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❞❛s❤❡❞
❧✐♥❡s t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s②st❡♠s✳ ❊❛❝❤ ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② s❝❛tt❡r✐♥❣s ❝♦♠❡s ✇✐t❤ ❛ ♣♦✇❡r
♦❢ 1/N ✳ ◆♦t❡ t❤❡ str♦♥❣ s✐♠✐❧❛r✐t② ✇✐t❤ t❤❡ ◗❈❉ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✳ ✷✳✻❛✱ ❡①❝❡♣t t❤❛t ✐♥ t❤❡ ♣r❡s❡♥t
❝❛s❡✱ r❡❝♦♠❜✐♥❛t✐♦♥s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ s②st❡♠s✳

✐s ♥♦ ✐♥t❡r❛❝t✐♦♥✳ ■❢ ❛♥② ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♦♥s ✇❡r❡ ❛❧❧♦✇❡❞ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ♣❛rt✐❝❧❡s ❢r♦♠
t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ t❤❡ t❛r❣❡t✱ t❤❡♥ ♦♥❡ ✇♦✉❧❞ s✐♠♣❧② ✇r✐t❡ S = exp(−nt′mt−t′/N)✳ ❇✉t s✐♥❝❡ t❤❡
♥✉♠❜❡r ♦❢ s❝❛tt❡r✐♥❣s s❤♦✉❧❞ ❜❡ ❧✐♠✐t❡❞ t♦ ♦♥❡ ♣❡r ♣❛rt✐❝❧❡✱ ♦♥❡ ❤❛s t♦ ❞❡❝r❡❛s❡ n ❛♥❞ m ❢♦r ❡❛❝❤
♥❡✇ ♣♦✇❡r ♦❢ 1/N ✱ ✐✳❡✳ ❢♦r ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ r❡s❝❛tt❡r✐♥❣✿

S = 1 − 1

N
nm +

1

2!

1

N2
[n(n − 1)][m(m − 1)] − 1

3!

1

N3
[n(n − 1)(n − 2)][m(m − 1)(m − 2)] · · ·

✭✸✳✻✸✮

✇❤❡r❡ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡s ❛r❡ ✉♥❞❡rst♦♦❞✱ ✐♥ ♦r❞❡r t♦ ❤❡❧♣ t❤❡ r❡❛❞✐♥❣✳ ❚❤✐s ✐s ❧✐❦❡ ❛ ✏♥♦r♠❛❧
♦r❞❡r✐♥❣✑ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ t♦ ✇❤✐❝❤ ✇❡ ✇♦✉❧❞ ❛rr✐✈❡ ❜② ❛ss✉♠✐♥❣ ❛♥② ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡s✳ ◆♦t❡
t❤❛t S ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♣♦s✐t✐✈❡ ✐♥ ❛ ❣✐✈❡♥ ❡✈❡♥t✱ ❛♥❞ ❤❡♥❝❡ ❧♦♦s❡s ✐ts ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥
♦♥❝❡ ♦♥❡ ❤❛s ♣❡r❢♦r♠❡❞ t❤❡ ♥♦r♠❛❧ ♦r❞❡r✐♥❣✳

❚❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦✈❡r r❡❛❧✐③❛t✐♦♥s✱ ♦♥❡ ❣❡ts

〈S〉 =
∞
∑

k=0

〈

n!

(n− k)!

〉

t′

〈

m!

(m− k)!

〉

t−t′

(−1)k

k!Nk
. ✭✸✳✻✹✮

▲❡t ✉s ❛♥❛❧②③❡ t❤✐s ❡①♣r❡ss✐♦♥✳
❋✐rst✱ ✐❢ t′ = t− t′ ✭✏❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡✑✮✱ t❤❡ ✜rst t✇♦ ❢❛❝t♦rs ✐♥ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ s❡r✐❡s ❛r❡ ♦❢

❝♦✉rs❡ ✐❞❡♥t✐❝❛❧ ❛❢t❡r ❛✈❡r❛❣✐♥❣✳ ❚❤❡ s✉♠ r✉♥s ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✉❛❧ ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ t❤❡
♣r♦❜❡ ❛♥❞ t❤❡ t❛r❣❡t✳ ❆ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ❡✈❡♥t ✐♥ ◗❈❉✱
✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✺✳ ◆♦t❡ t❤❛t t❤❡ ✜❣✉r❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ ❋✐❣✳ ✷✳✻❛✱ ❡①❝❡♣t t❤❛t ♣❛rt✐❝❧❡
♠❡r❣✐♥❣s ❛r❡ ❛❧❧♦✇❡❞✱ ✇❤✐❧❡ t❤❡② ❤❛✈❡ ♥♦t ❜❡❡♥ ♣r♦♣❡r❧② ❢♦r♠✉❧❛t❡❞ ✐♥ ◗❈❉ ②❡t✳

❙❡❝♦♥❞✱ t❤✐s ❡①♣r❡ss✐♦♥ s❤♦✉❧❞ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t′✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐s
✐♥❞❡❡❞ tr✉❡ ❜② t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ 〈S〉 ✇✐t❤ r❡s♣❡❝t t♦ t′✳ ❊①♣r❡ss✐♥❣ t❤❡ ❛✈❡r❛❣❡s ♦❢ t❤❡
❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s P (n, t′)
❛♥❞ P (m, t− t′) r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ s✉♠ ♦✈❡r k ❛♥❞ m,n r❡❛❞s

d〈S〉
dt′

∣

∣

∣

∣

n,m,k ✜①❡❞

= (ṖnPm − PnṖm)
n!

(n− k)!

m!

(m− k)!

(−1)k

k!Nk
. ✭✸✳✻✺✮

❚❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛❣❛✐♥ ✐♠♣❧✐❝✐t✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t❛t✐♦♥ Pn = P (n, ·) ❛♥❞ Ṗn =
∂tP (n, ·) t♦ ❣❡t ❛ ♠♦r❡ ❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥✳ ❚❤❡ t✐♠❡ ✈❛r✐❛❜❡ t❤❛t s❤♦✉❧❞ ❜❡ ✉s❡❞ ❢♦r ❡❛❝❤ ❢❛❝t♦r

✸✾
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✐s ✉♥❛♠❜✐❣✉♦✉s s✐♥❝❡ ✐t ✐s ✐♥ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ✐♥❞❡①✳ ❲❡ ♠❛②
✉s❡ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮ t♦ ❡①♣r❡ss t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s✿

ṖnPm − PnṖm =

[

(n− 1)Pn−1 +
n(n+ 1)

N
Pn+1 −

(

n+
n(n− 1)

N

)

Pn

]

Pm − [n↔ m]. ✭✸✳✻✻✮

❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡r❡ ❛r❡ s✉♠s ♦✈❡r m✱ n ❛♥❞ k ✇❤✐❝❤ ❣♦ ❢r♦♠ ✵ t♦ ∞✱ ♦♥❡ ♠❛② s❤✐❢t ✜rst t❤❡
✐♥❞✐❝❡s m ❛♥❞ n ✐♥ ♦r❞❡r t♦ ❢❛❝t♦r✐③❡ PnPm ✐♥ ❡❛❝❤ t❡r♠✳ ❚❤❡ ❢❛❝t♦rs 1/N ♠❛② t❤❡♥ ❜❡ ❛❜s♦r❜❡❞
❜② s❤✐❢t✐♥❣ k ❢♦r t❤❡ r❡❧❡✈❛♥t t❡r♠s✳ ❚❤❡♥ ❝❛♥❝❡❧❧❛t✐♦♥s ♦❝❝✉r ❜❡t✇❡❡♥ t❤❡ t❡r♠s ♦❢ ❜♦t❤ sq✉❛r❡❞
❜r❛❝❦❡ts ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♦♥❝❡ t❤❡ s✉♠♠❛t✐♦♥s ♦✈❡r n✱ m ❛♥❞ k ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞✱ t❤❡ ❣❧♦❜❛❧
r❡s✉❧t ✐s ✵✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ 〈S〉 ✉♣♦♥ t′✱ t❤❛t ✐s✱ ✏❜♦♦st ✐♥✈❛r✐❛♥❝❡✑ ✐♥ ❛ q✉❛♥t✉♠
✜❡❧❞ t❤❡♦r② ❧❛♥❣✉❛❣❡✳

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ✇❡ ♠❛② ❢♦r♠✉❧❛t❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ✐♥ t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ t♦② ♠♦❞❡❧✱
❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ◗❈❉✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ♣❛rt✐❝✉❧❛r ❤♦✇ ❝r✉❝✐❛❧ ✐t ✐s t♦ ✐♥❝❧✉❞❡ ♣❛rt✐❝❧❡
♠❡r❣✐♥❣s ❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ st❛t❡s ♦❢ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ ♦❢
t❤❡ t❛r❣❡t ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ❜♦♦st✲✐♥✈❛r✐❛♥t ❛♠♣❧✐t✉❞❡✳

✸✳✺ ❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧s ✐♥ ③❡r♦ ❞✐♠❡♥s✐♦♥

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ s❤❛❧❧ ♥♦✇ ❝♦♥str✉❝t s♦♠❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧
✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✱ s✐♥❝❡ t❤❡ ❧❛tt❡r ✇❡r❡ ❛❧s♦ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ r❡✈✐❡✇ t✇♦ ♦❢ t❤❡ ♠♦st
♣♦♣✉❧❛r ♠♦❞❡❧s✳

✸✳✺✳✶ ❆❧❧♦✇✐♥❣ ❢♦r ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♣❛rt✐❝❧❡s

■♥st❡❛❞ ♦❢ ❛ss✉♠✐♥❣ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ s✐♥❣❧❡ ❡①❝❤❛♥❣❡ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐rs ♦❢ ♣❛rt♦♥s✱ ♦♥❡
♠❛② ❛❧❧♦✇ ❢♦r ❛♥② ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡s✳ ❚❤❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S ✐s ♠♦❞✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

〈S〉 =
〈

e−
nm
N

〉

=
∑

n,m≥1

P (n, t′)P (m, t− t′)e−
mn
N . ✭✸✳✻✼✮

❖♥❡ s❡❡s ✐♠♠❡❞✐❛t❡❧② t❤❛t ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s P s❛t✐s❢② t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮✱ t❤❡♥ t❤✐s
❡①♣r❡ss✐♦♥ ❝❛♥♥♦t ❜❡ ❜♦♦st✲✐♥✈❛r✐❛♥t ✭✐✳❡✳ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t′✮✳ ■♥❞❡❡❞✱ ✐❢ ❊q✳ ✭✸✳✷✮ ❤♦❧❞s✱ t❤❡♥

P (n, t→ ∞) = δn,N ❛♥❞ P (n, t = 0) = δn,1. ✭✸✳✻✽✮

■t ❢♦❧❧♦✇s t❤❛t ✐♥ t❤❡ ❢r❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t✐❧❡ ✐s ❛t r❡st✱

〈S〉t′=0,t→∞ = e−1 ✭✸✳✻✾✮

✇❤✐❧❡ ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss ❢r❛♠❡ ✭✐❢ t❤❡ ♣r♦❥❡❝t✐❧❡ ❛♥❞ t❤❡ t❛r❣❡t s❤❛r❡ ❛♥ ❡q✉❛❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡
❡✈♦❧✉t✐♦♥✮✱

〈S〉t′= t
2 ,t→∞ = e−N ✭✸✳✼✵✮

✇❤✐❝❤ ✐s ✈❡r② ❞✐✛❡r❡♥t✳ ❆❝t✉❛❧❧②✱ ✐♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❝❛♥♥♦t s❛t✉r❛t❡
❛t ❛ ✜①❡❞ ✈❛❧✉❡ N ✳ ■t ✇♦✉❧❞ ♥♦t ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❜♦♦st ✐♥✈❛r✐❛♥❝❡✳

■♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡✱ ♦♥❡ ❤❛s t♦ ♠♦❞✐❢② t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥✳ ❲❡ ♠❛② ✇r✐t❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t②✿

Ṗn =
∑

k 6=0

(αk
n−kPn−k − αk

nPn). ✭✸✳✼✶✮

❚❤❡ ❝♦❡✣❝✐❡♥ts αk
n ❛r❡ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❢r♦♠ ❛ (n− k)✲♣❛rt✐❝❧❡ st❛t❡ t♦ ❛ n✲♣❛rt✐❝❧❡ st❛t❡✳ ❲❡

❞❡t❡r♠✐♥❡ t❤❡ αk
n ❢r♦♠ t❤❡ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡ r❡q✉✐r❡♠❡♥t✳ ❆❝t✉❛❧❧②✱ ♦♥❧② t❤❡ ❝♦❡✣❝✐❡♥t αk=1

n ✐s
♥❡❡❞❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤✐s ♠♦❞❡❧✳

✹✵
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❯s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s t❤❡ ♦♥❡ ❡♠♣❧♦②❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❜♦♦st ✐♥✈❛r✐❛♥❝❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♠♦❞❡❧✱ ✇❡ ✇r✐t❡

d〈S〉
dt′

=
∑

n,m

(ṖnPm − PnṖm)
〈

e−
mn
N

〉

, ✭✸✳✼✷✮

❛♥❞ ❡①♣r❡ss Ṗn, Ṗm ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥✳ ❘❡q✉✐r✐♥❣ t❤❛t t❤❡ s✉♠ ♦✈❡r n ❛♥❞ m
✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥❝❡❧s ❧❡❛❞s t♦ t❤❡ r❛t❡s

α1
n = N

(

1− e−n/N
)

, ✭✸✳✼✸✮

✇❤❡r❡ t❤❡ ♦✈❡r❛❧❧ ❝♦♥st❛♥t ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ r❛t❡ ✐♥ t❤❡ ✉♥s❛t✉r❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱
✇❤✐❝❤ s❤♦✉❧❞ ❤♦❧❞ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ n ≪ N ✳ ❚❤✐s ♠♦❞❡❧ ✇❛s ✜rst ♣r♦♣♦s❡❞ ❜② ▼✉❡❧❧❡r ❛♥❞
❙❛❧❛♠ ❬✺✸❪✳

❲❡ s❡❡ t❤❛t t❤❡ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s q✉✐t❡ ❞✐✛❡r❡♥t t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✳ ■♥❞❡❡❞✱
t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❦❡❡♣s ❣r♦✇✐♥❣✱ ❜✉t ❛t ❛ r❛t❡ t❤❛t s❧♦✇s ❞♦✇♥ ❛♥❞
❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ✐ts❡❧❢✳ ❯♥✐t❛r✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❜❛❜✐❧✐t② T
✐s ❡♥s✉r❡❞ ✜rst ❜② ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s r❛t❤❡r t❤❛♥ ❜② t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t♦
❛ ❝♦♥st❛♥t ♥✉♠❜❡r N ✭✉♣ t♦ ✢✉❝t✉❛t✐♦♥s✮✳

❚❤✐s ♠♦❞❡❧ ✇❛s st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❘❡❢✳ ❬✾✺❪✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥s ❞r❛✇♥ ✐♥ t❤❡r❡ ✐s t❤❛t t❤❡
s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐♠♣❧✐❡❞ ❜② t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ✐s ❧✐❦❡❧② t♦ ❜❡ q✉✐t❡ ❝❧♦s❡ t♦ t❤❡ ♦♥❡ ❛t ✇♦r❦ ✐♥
◗❈❉✳ ❲❡ ❝♦✉❧❞ ❣❡t ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❢♦r t❤✐s ♠♦❞❡❧ ✉s✐♥❣ ♦♥❡ ♦❢ t❤❡ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝✳ ✸✳✸ ✇♦✉❧❞ ❛♣♣❧② ❛♥❞ ❧❡❛❞ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞
✇❛② t♦ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r 〈n〉✱ ✉♣ t♦ ❝♦rr❡❝t✐♦♥s ♦❢ r❡❧❛t✐✈❡ ♦r❞❡r 1/N ✳

✸✳✺✳✷ ❘❡❣❣❡♦♥ ✜❡❧❞ t❤❡♦r②

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✜❡❧❞ t❤❡♦r② ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❙❡❝✳ ✸✳✷✳✷✱ ✇❡ ♠❛② ❞✐s❝❛r❞ t❤❡ ✹✲P♦♠❡r♦♥ ✈❡rt❡①
✭t❡r♠ (b†)2b2/N ✐♥ ❊q✳ ✭✸✳✷✷✮✮✳ ❚❤❡ ♥❡✇ ❍❛♠✐❧t♦♥✐❛♥ t❤❡♥ r❡❛❞s

HRFT = −b†b− (b†)2b+
1

N
b†b2. ✭✸✳✼✹✮

❚❤❡ st♦❝❤❛st✐❝ ❢♦r♠✉❧❛t✐♦♥ r❡❛❞s

dz

dt
= z − z2

N
+

√
2z νt+dt ✭✸✳✼✺✮

✭❈♦♠♣❛r❡ t♦ ❊q✳ ✭✸✳✹✹✮✮✳ ❚❤✐s ✐s t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣
t❤❡ s♦✲❝❛❧❧❡❞ ❘❡❣❣❡♦♥ ✜❡❧❞ t❤❡♦r②✱ ✇❤✐❝❤ ✇❛s ✐♥t❡♥s❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ✼✵✬s ❛s ❛ ♣r❡✲◗❈❉ ♠♦❞❡❧
❢♦r ❤❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s✳

❚❤✐s ♠♦❞❡❧ ❤❛s ♣❡❝✉❧✐❛r ♣r♦♣❡rt✐❡s ✐❢ ♦♥❡ ✐♥s✐sts ♦♥ ✐♥t❡r♣r❡t✐♥❣ ✐t ❛s ❛ ♣❛rt✐❝❧❡ ♠♦❞❡❧✳ ■♥❞❡❡❞✱
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✳✼✹✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥ts ♦❢ t❤❡
♥✉♠❜❡r n ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t t❤❛t s❛t✐s✜❡s

∂Z(z, t)

∂t
= z(1 + z)

∂Z(z, t)

∂z
− z

N

∂2Z(z, t)

∂z2
✭✸✳✼✻✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛st❡r ❡q✉❛t✐♦♥✱ ♦❜❡②❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② P (n, t) t♦ ✜♥❞ n ♣❛rt✐❝❧❡s ✐♥
t❤❡ s②st❡♠ ❛t t✐♠❡ t✱ ✇r✐t❡s

∂P (n, t)

∂t
= −nP (n, t) + (n− 1)P (n− 1, t)

+
1

N
(n+ 1)(n+ 2)P (n+ 2, t)− 1

N
n(n+ 1)P (n+ 1, t). ✭✸✳✼✼✮

❖♥❡ ❝❛♥ r❡❛❞ ♦✛ t❤✐s ❡q✉❛t✐♦♥ t❤❡ r❛t❡s ❢♦r ♣❛rt✐❝❧❡ ❝r❡❛t✐♦♥✴❞✐s❛♣♣❡❛r❛♥❝❡✳ ❖♥❡ ❤❛s ❛ 1 → 2
s♣❧✐tt✐♥❣✱ ✇✐t❤ r❛t❡ dt❀ ❛ 2 → 0 ❛♥♥✐❤✐❧❛t✐♦♥ ✇✐t❤ r❛t❡ dt/N ❀ ❛♥❞ ❛ 2 → 1 r❡❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ r❛t❡

✹✶
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−dt/N ✳ ❚❤✐s ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ ❛♥❞ ♦❢ ❝♦✉rs❡✱ ✐t ✐s ✉♥❛❝❝❡♣t❛❜❧❡ ❢♦r ❛ ♣❤②s✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
♥♦t t♦ t❛❦❡ ✐ts ✈❛❧✉❡s ❜❡t✇❡❡♥ 0 ❛♥❞ 1✳ ❇✉t ✇❡ s❤♦✉❧❞ ♥♦t r❡❥❡❝t ❛ ♣r✐♦r✐ ♥❡❣❛t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s
❛s ❛ ❢♦r♠❛❧ ❝❛❧❝✉❧❛t✐♦♥ t♦♦❧ ❬✾✻❪✱ ❛s ❧♦♥❣ ❛s t❤❡ ♣❤②s✐❝❛❧ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✳ ❍♦✇❡✈❡r✱ ❛
▼♦♥t❡✲❈❛r❧♦ ❝♦❞❡ ❜❛s❡❞ ♦♥ t❤❡s❡ ♥❡❣❛t✐✈❡ r❛t❡s t✉r♥s ♦✉t t♦ ❜❡ ❡①tr❡♠❡❧② ✉♥st❛❜❧❡✱ ❛♥❞ t❤✉s ♦❢
♥♦ ♣r❛❝t✐❝❛❧ ✉s❡✳✶

◆♦t❡ t❤❛t t❤❡ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤ t❡❛❝❤❡s ✉s t❤❛t ✐♥ t❤❡ ❧❛r❣❡ N ≫ 1 ❧✐♠✐t✱ t❤❡ ♠♦♠❡♥ts ♦❢
t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s②st❡♠ s❤♦✉❧❞ ♥♦t ❜❡ ✈❡r② ❞✐✛❡r❡♥t t❤❛♥ ❢♦r t❤❡ ♠♦❞❡❧ ✇✐t❤ ✸ ❛♥❞
✹✲P♦♠❡r♦♥ ✈❡rt✐❝❡s✱ s✐♥❝❡ ✐t ✐s ❡ss❡♥t✐❛❧❧② t❤❡ ❢♦r♠ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❞✐❧✉t❡ r❡❣✐♠❡ ✇❤✐❝❤
❞❡t❡r♠✐♥❡s t❤❡ ♠♦♠❡♥ts ❛t ❛❧❧ t✐♠❡s✳

❆ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥✲❧✐❦❡ ♠♦❞❡❧s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✾✼❪✳

✶❲❡ t❤❛♥❦ ❆❧ ▼✉❡❧❧❡r ❛♥❞ ❇♦✲❲❡♥ ❳✐❛♦ ❢♦r ✐♥t❡r❡st✐♥❣ ❞✐s❝✉ss✐♦♥s ♦♥ t❤✐s t♦♣✐❝✱ ❛♥❞ ❑r③②s③t♦❢ ●♦❧❡❝✲❇✐❡r♥❛t
❢♦r ❤❛✈✐♥❣ ❜r♦✉❣❤t ❘❡❢✳ ❬✾✻❪ t♦ ♦✉r ❛tt❡♥t✐♦♥✳
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❈❤❛♣t❡r ✹

●❡♥❡r❛❧ r❡s✉❧ts ♦♥ st♦❝❤❛st✐❝

tr❛✈❡❧✐♥❣✲✇❛✈❡ ❡q✉❛t✐♦♥s

■♥ ❝❤❛♣t❡r ✷✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❋❑PP ❡q✉❛t✐♦♥ ❢♦r ❤✐❣❤✲❡♥❡r❣② ◗❈❉✳
❚❤❡ ❧❛tt❡r r❡♣r❡s❡♥ts ✭❝❧❛ss✐❝❛❧✮ ♣❛rt✐❝❧❡ ♠♦❞❡❧s t❤❛t ✉♥❞❡r❣♦ ❛ ❜r❛♥❝❤✐♥❣✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐♥ ♦♥❡
❞✐♠❡♥s✐♦♥✱ s✉♣♣❧❡♠❡♥t❡❞ ❜② ❛ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❈❤❛♣t❡r ✸ ✇❛s ❞❡❞✐❝❛t❡❞ t♦ ❛ ❞❡t❛✐❧❡❞ st✉❞②✱
❢r♦♠ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇✱ ♦❢ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢♦r♠❡r ♦♥❡s ❜② s✇✐t❝❤✐♥❣ ♦✛
❞✐✛✉s✐♦♥✳ ❲❡ ♥♦✇ ❣♦ ❜❛❝❦ t♦ t❤❡ st✉❞② ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✳ ❲❡ ♣r♦❝❡❡❞ ❜② st❡♣s✿ ❋✐rst✱ ✇❡
s❤❛❧❧ ❛❞❞r❡ss t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❋❑PP ❡q✉❛t✐♦♥ ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐♥ ◗❈❉✮
✭❙❡❝✳ ✹✳✶✮✳ ❙❡❝♦♥❞✱ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ✢✉❝t✉❛t✐♦♥s t♦ ❣❡t s♦❧✉t✐♦♥s ❢♦r ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss ♦❢ t❤❡ s❋❑PP ❡q✉❛t✐♦♥ ✭❙❡❝✳ ✹✳✷ ❛♥❞ ✹✳✸✮✳

❈♦♥t❡♥ts

✹✳✶ ❉❡t❡r♠✐♥✐st✐❝ ❝❛s❡✿ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✶✳✶ ●❡♥❡r❛❧ ❛♥❛❧②s✐s ❛♥❞ ✇❛✈❡ ✈❡❧♦❝✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✶✳✷ ❉✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❛s②♠♣t♦t✐❝

tr❛✈❡❧✐♥❣ ✇❛✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✶✳✸ ❉✐s❝r❡t❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✷ ❈♦♠❜✐♥✐♥❣ s❛t✉r❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸ ❇❡②♦♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥s✿ ❊✛❡❝t ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ✳ ✳ ✳ ✺✼

✹✳✸✳✶ P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸✳✷ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✶ ❉❡t❡r♠✐♥✐st✐❝ ❝❛s❡✿ t❤❡ ❋❑PP ❡q✉❛t✐♦♥

❲❡ ❛❞❞r❡ss t❤❡ s✐♠♣❧❡st r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱ ♥❛♠❡❧② t❤❡ ❋❑PP ❡q✉❛t✐♦♥

∂tu = ∂2xu+ u− u2. ✭✹✳✶✮

❚❤✐s ❡q✉❛t✐♦♥ ✇❛s ❢♦✉♥❞ t♦ ❞❡s❝r✐❜❡ s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✱ s❡❡ ❈❤❛♣✳ ✷✳
■t ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r❡♠ ❬✾✽❪ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❛❞♠✐ts tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛s s♦❧✉t✐♦♥s✱ t❤❛t

✐s t♦ s❛②✱ s♦❧✐t♦♥✐❝✲❧✐❦❡ s♦❧✉t✐♦♥s s✉❝❤ t❤❛t

u(t, x) = u(x− vt) ✭✹✳✷✮

✇❤❡r❡ v ✐s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡✳ u ✐s ❛ ❢r♦♥t t❤❛t s♠♦♦t❤❧② ❝♦♥♥❡❝ts ✶ ✭❢♦r x → −∞✮ t♦ ✵
✭❢♦r x → +∞✮✳ ❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛♥❞ t❤❡✐r s❤❛♣❡s ❢♦r ❧❛r❣❡ x ❛r❡ ❛❧s♦ ❦♥♦✇♥
♠❛t❤❡♠❛t✐❝❛❧❧②✳ ❙t❛rt✐♥❣ ✇✐t❤ s♦♠❡ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐ts❡❧❢ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ tr❛✈❡❧✐♥❣

✹✸
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✇❛✈❡ s✉❝❤ ❛s ❊q✳ ✭✹✳✷✮ ✭❜✉t ✇❤✐❝❤ s❛t✐s✜❡s s♦♠❡ ❝♦♥❞✐t✐♦♥s✱ s❡❡ ❜❡❧♦✇✮✱ t❤❡ ❋❑PP ❡q✉❛t✐♦♥
t✉r♥s ✐t ✐♥t♦ ❛ st❛t✐♦♥❛r② ✇❛✈❡ ❢r♦♥t ❛t ❧❛r❣❡ t✐♠❡s✱ ♥❛♠❡❧② ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥
t❤❡ ❢♦r♠ ✭✹✳✷✮✳ ❚❤❡ ❢r♦♥t ✈❡❧♦❝✐t② ❞✉r✐♥❣ t❤✐s ♣❤❛s❡ ♠❛② ❛❧s♦ ❜❡ ♣r❡❞✐❝t❡❞ ❛s②♠♣t♦t✐❝❛❧❧②✳ ❲❡
✐♥❢♦r♠❛❧❧② r❡✈✐❡✇ t❤❡s❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥✳

✹✳✶✳✶ ●❡♥❡r❛❧ ❛♥❛❧②s✐s ❛♥❞ ✇❛✈❡ ✈❡❧♦❝✐t②

❚❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❡♥❝♦❞❡s ❛ ❞✐✛✉s✐♦♥ ✐♥ s♣❛❝❡ ✭t❤r♦✉❣❤ t❤❡ t❡r♠ ∂2xu ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡✮✱ ❛ ❣r♦✇t❤ ✭t❡r♠ u✮✱ ❛♥❞ ❛ s❛t✉r❛t✐♦♥ ♦❢ t❤✐s ❣r♦✇t❤ ✭t❡r♠ −u2✮✳ ■t ❛❞♠✐ts t✇♦ ✜①❡❞✲♣♦✐♥ts✿
t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s u(t, x) = 0 ❛♥❞ u(t, x) = 1✳ ❆ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s s❤♦✇s t❤❛t 0 ✐s
✉♥st❛❜❧❡✱ ✇❤✐❧❡ 1 ✐s st❛❜❧❡✳ ■♥❞❡❡❞✱ t❤❛♥❦s t♦ t❤❡ ❣r♦✇t❤ t❡r♠ u ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ❛ s♠❛❧❧
♣❡rt✉r❜❛t✐♦♥ u(t, x) = ε ≪ 1 ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ♣❡rt✉r❜❛t✐♦♥
♥❡❛r ✶ ♦❢ t❤❡ ❢♦r♠ u(t, x) = 1 − ε ❣♦❡s ❜❛❝❦ t♦ t❤❡ ✜①❡❞ ♣♦✐♥t 1 t❤r♦✉❣❤ ❡✈♦❧✉t✐♦♥✳ ❍❡♥❝❡ t❤❡
❋❑PP ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛♥ ✉♥st❛❜❧❡ t♦ ❛ st❛❜❧❡ st❛t❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❡①♣❡❝t
t❤❛t t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❞r✐✈❡s t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡✱ s✐♥❝❡ t❤❡ r♦❧❡ ♦❢ t❤❡
♥♦♥❧✐♥❡❛r t❡r♠ ✐s ❥✉st t♦ st❛❜✐❧✐③❡ t❤❡ ✜①❡❞ ♣♦✐♥t u = 1✳

❲❡ s❤❛❧❧ ❝❛st t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠✿

∂tu(t, x) = ω(−∂x)u(t, x), ✭✹✳✸✮

✇❤❡r❡ ω(−∂x) ✐s ❛ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❦❡r♥❡❧✳ ■t ♠❛② ❜❡ ❛♥ ✐♥t❡❣r❛❧ ♦r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳ ❆♥
❛♣♣r♦♣r✐❛t❡ ❦❡r♥❡❧ ✐s✱ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥ ♦♣❡r❛t♦r s✉❝❤ t❤❛t t❤❡ ✏♣❤❛s❡ ✈❡❧♦❝✐t②✑ vφ(γ) = ω(γ)/γ ✭s❡❡
❜❡❧♦✇✮ ❤❛s ❛ ♠✐♥✐♠✉♠ ✐♥ ✐ts ❞♦♠❛✐♥ ♦❢ ❛♥❛❧②t✐❝✐t②✳ ❚❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
❝❤♦✐❝❡ ω(−∂x) = ∂2x + 1✳

▲❡t ✉s ❢♦❧❧♦✇ t❤❡ ✇❛✈❡ ❢r♦♥t ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❛ s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ u✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ❞❡✜♥❡ ❛
♥❡✇ ❝♦♦r❞✐♥❛t❡ x❲❋ s✉❝❤ t❤❛t

x = x❲❋ + vt. ✭✹✳✹✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ✭✹✳✸✮ ✇r✐t❡s ♠♦st ❣❡♥❡r❛❧❧②

u(t, x) =

∫

C

dγ

2iπ
u0(γ) exp [−γ(x❲❋ + vt) + ω(γ)t] , ✭✹✳✺✮

✇❤❡r❡ ω(γ) ✐s t❤❡ ▼❡❧❧✐♥ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ ω(−∂x) ✭❛♥❞ t❤✉s γ ❝♦rr❡s♣♦♥❞s t♦ −∂x✮✱
❛♥❞ ❞❡✜♥❡s t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥✳ u0(γ) ✐s t❤❡ ▼❡❧❧✐♥ tr❛♥s❢♦r♠ ♦❢
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u(t = 0, x)✳ ▲❡t ✉s ❛ss✉♠❡ ❢♦r ❞❡✜♥✐t❡♥❡ss t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❛
❢✉♥❝t✐♦♥ s♠♦♦t❤❧② ❝♦♥♥❡❝t✐♥❣ ✶ ❛t x = −∞ t♦ ✵ ❛t x = +∞✱ ✇✐t❤ ❛s②♠♣t♦t✐❝ ❞❡❝❛② ♦❢ t❤❡
❢♦r♠ u(t = 0, x) ∼ e−γ0x✳ ❚❤❡♥ u0(γ) ❤❛s s✐♥❣✉❧❛r✐t✐❡s ♦♥ t❤❡ r❡❛❧ ♥❡❣❛t✐✈❡ ❛①✐s✱ ❛♥❞ ♦♥ t❤❡
♣♦s✐t✐✈❡ ❛①✐s st❛rt✐♥❣ ❢r♦♠ γ = γ0 ❛♥❞ ❡①t❡♥❞✐♥❣ t♦✇❛r❞s +∞✳ ▲❡t ✉s t❛❦❡ ❛ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡✿ ■❢
u(0, x ≤ 0) = 1 ❛♥❞ u(0, x > 0) = e−γ0x✱ t❤❡♥ u0(γ) = 1/γ + 1/(γ0 − γ)✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ❝♦♥t♦✉r
C s❤♦✉❧❞ ❣♦ ♣❛r❛❧❧❡❧ t♦ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ✐♥ t❤❡ ❝♦♠♣❧❡① γ✲♣❧❛♥❡ ❛♥❞ ❝r♦ss t❤❡ ✐♥t❡r✈❛❧ [0, γ0]✳

❊❛❝❤ ♣❛rt✐❛❧ ✇❛✈❡ ♦❢ ✇❛✈❡ ♥✉♠❜❡r γ ❤❛s ❛ ♣❤❛s❡ ✈❡❧♦❝✐t②

vφ(γ) =
ω(γ)

γ
, ✭✹✳✻✮

✇❤♦s❡ ❡①♣r❡ss✐♦♥ ✐s ❢♦✉♥❞ ❜② ✐♠♣♦s✐♥❣ t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r ✐♥ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ ❊q✳ ✭✹✳✺✮
❜❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ✇❤❡♥ t❤❡ ✈❡❧♦❝✐t② v ♦❢ t❤❡ ❢r❛♠❡ ✐s s❡t t♦ v = vφ(γ)✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧❛r❣❡✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ u(t, x)✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ✐♥ ❊q✳ ✭✹✳✺✮ ❛❞♠✐ts ❛
s❛❞❞❧❡ ♣♦✐♥t ❛t ❛ ✈❛❧✉❡ γc ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t

ω′(γc) = v, ✭✹✳✼✮

t❤❛t ✐s t♦ s❛②✱ ✇❤❡♥ v ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t✳ ❇✉t t❤❡ ❧❛r❣❡✲t✐♠❡
s♦❧✉t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❣✐✈❡♥ ❜② t❤❡ s❛❞❞❧❡ ♣♦✐♥t✿ ❚❤✐s ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0(γ)✳

✹✹
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❋✐❣✉r❡ ✹✳✶✿ ❋r♦♥t ✈❡❧♦❝✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐ts ❛s②♠♣t♦t✐❝ ❞❡❝❛② r❛t❡ γ0 ✭❞❛s❤❡❞ ❝✉r✈❡✮✳ ■t ❤❛s ❛
♠✐♥✐♠✉♠ ❛t γ = γc✳ ❚❤❡ ❢✉❧❧ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❛❝t✉❛❧ ✈❡❧♦❝✐t② t❤❛t ✇♦✉❧❞ ❜❡ s❡❧❡❝t❡❞ st❛rt✐♥❣
✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❞❡❝❛②✐♥❣ ❛s e−γ0x ❢♦r ❧❛r❣❡ x✳ ■❢ γ0 = γ− < γc ✭✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❧❡ss
st❡❡♣ t❤❛♥ γc✮✱ t❤❡♥ t❤❡ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t② ✐s t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ ❛ ❢r♦♥t ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡
❛s②♠♣t♦t✐❝s ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❋♦r ❛♥② γ0 = γ+ > γc✱ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❢r♦♥t ✐s t❤❡
♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② vφ(γ)✳

■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ✇♦r❦ ♦✉t ✐♥ ❞❡t❛✐❧ t❤❡ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
q✉♦t❡❞ ❛❜♦✈❡✳ ❚❤❡ ✐♥t❡❣r❛❧ ❤❛s t✇♦ ❝♦♥tr✐❜✉t✐♦♥s ❢♦r ❧❛r❣❡ t✿

u(t, x) = e−γ0(x❲❋+vt)+ω(γ0)t + κe−γc(x❲❋+vt)+ω(γc)t, ✭✹✳✽✮

✉♣ t♦ ❛ r❡❧❛t✐✈❡ O(1) ❢❛❝t♦r κ✳ ❚❤❡ t✐♠❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ u(t, x) ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ✇❛✈❡ ♠❛② ♦♥❧②
❜❡ ❛❝❤✐❡✈❡❞ ❜② t✉♥✐♥❣ v t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✈❛❧✉❡s✿

(i) v0 =
ω(γ0)

γ0
, (ii) vc =

ω(γc)

γc
= ω′(γc). ✭✹✳✾✮

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ v ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ω(γ)/γ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱
vc ≤ v0✳ ❚❤❡ r❡❧❡✈❛♥t ✈❛❧✉❡ ♦❢ v ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✿

• ■❢ γ0 < γc✱ ✐✳❡✳ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❧❡ss st❡❡♣ t❤❛♥ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ✇❛✈❡ ❢r♦♠
t❤❡ s❛❞❞❧❡✲♣♦✐♥t✱ t❤❡♥ ♦♥❡ ❤❛s t♦ ♣✐❝❦ t❤❡ ✜rst ❝❤♦✐❝❡ ✭✐✮ ❢♦r t❤❡ ✈❡❧♦❝✐t②✳ ■♥❞❡❡❞✱ t❤✐s ✐s
t❤❡ ♦♥❧② ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ✜rst t❡r♠ ✐♥ ❊q✳ ✭✹✳✽✮ ✐s t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠
✈❛♥✐s❤❡s ❛t ❧❛r❣❡ t✐♠❡✳ ❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t vc < v0✱ ❝❤♦✐❝❡ ✭✐✐✮ ✇♦✉❧❞ ♠❛❦❡ t❤❡ ✜rst t❡r♠
✐♥ ❊q✳ ✭✹✳✽✮ ❜❧♦✇ ✉♣ ❡①♣♦♥❡♥t✐❛❧❧②✱ u ∼ eγ0(v0−vc)t✳

• ■❢ ✐♥st❡❛❞ γ0 > γc✱ t❤❡♥ ✐t ✐s t❤❡ s❡❝♦♥❞ ❝❤♦✐❝❡ ✭✐✐✮ t❤❛t ❤❛s t♦ ❜❡ ♠❛❞❡✳ ❚❤❡ s❛❞❞❧❡ ♣♦✐♥t
❞♦♠✐♥❛t❡s✱ ❛♥❞ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛t ❧❛r❣❡ t✐♠❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳

❋✐❣✉r❡ ✹✳✶ s✉♠♠❛r✐③❡s t❤❡s❡ t✇♦ ❝❛s❡s✳
❚❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ γ0 = γc r❡q✉✐r❡s ❛ s♣❡❝✐❛❧ tr❡❛t♠❡♥t✳ ❙✐♥❝❡ ✐t ✐s ♥♦t r❡❧❡✈❛♥t ❢♦r t❤❡ ♣❤②s✐❝s ♦❢

◗❈❉ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ✇❡ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ t❤❡ r❡✈✐❡✇ ♣❛♣❡r ♦❢ ❘❡❢✳ ❬✼✷❪ ❢♦r ❛ ❝♦♠♣❧❡t❡
tr❡❛t♠❡♥t ❛❧s♦ ♦❢ t❤❛t ❝❛s❡✳

❚❤❡r❡ ❡①✐sts ❛ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ str❛✐❣❤t ❋❑PP
❡q✉❛t✐♦♥ ❬✾✽❪✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❧❛r❣❡❧② ❝♦♥✜r♠❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❢♦r ✈❛r✐♦✉s ♦t❤❡r
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❋✐❣✉r❡ ✹✳✷✿ ❙❦❡t❝❤ ♦❢ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛r❣❡✲x ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
u(t = 0, x) ∼ e−γ0x✳ ❚♦♣✿ γ0 < γc✳ ❚❤❡ ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥s❡r✈❡❞✳
❚❤❡ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐s ❢❛st✳ ❇♦tt♦♠✿ γ0 > γc✳ ❚❤❡ ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ✐s e−γcx✱
❛♥❞ t❤❡ ✈❡❧♦❝✐t② ❢♦r t = ∞ ✐s vc = ω(γc)/γc✳ ❚❤❡ ❛s②♠♣t♦t✐❝ s❤❛♣❡ ✐s r❡❛❝❤❡❞ ♦✈❡r ❛ ❞✐st❛♥❝❡

√
t

❛❤❡❛❞ ♦❢ t❤❡ ❢r♦♥t✱ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ❛t ✜♥✐t❡ t✐♠❡ ✐s ❧❡ss t❤❛♥ t❤❡ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t② ❜② 3
2γct

✳

❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❦❡r♥❡❧s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♦♥❡s ♦❢ ✐♥t❡r❡st ❢♦r ◗❈❉ ✭s❡❡ ❡✳❣✳ ❬✼✹✱ ✾✾❪✱ ❛♥❞ ❘❡❢✳ ❬✸✹✱
✶✵✵✱✶✵✶❪ ❢♦r ❡❛r❧✐❡r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥✮✳

❆❝t✉❛❧❧②✱ ✐♥ ◗❈❉ ❛s ✇❡❧❧ ❛s ✐♥ ♠❛♥② ♣r♦❜❧❡♠s ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s
❧♦❝❛❧✐③❡❞ ♦r ❤❛s ❛ ✜♥✐t❡ s✉♣♣♦rt✱ ❛♥❞ ❤❡♥❝❡✱ ✐ts ❧❛r❣❡✲x ❞❡❝❛② ✐s ❛❧✇❛②s ✈❡r② st❡❡♣✳ ❚❤✉s ❢♦r t❤❡
♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ♦❢ ✐♥t❡r❡st ✐♥ t❤✐s r❡✈✐❡✇✱ t❤❡ ❛s②♠♣t♦t✐❝ ❢r♦♥t ✈❡❧♦❝✐t②✱ t❤❛t ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜②
V∞ ❢♦r r❡❛s♦♥s t❤❛t ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r ❧❛t❡r✱ r❡❛❞s

V∞ = vc =
ω(γc)

γc
= ω′(γc), ✭✹✳✶✵✮

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❞❡✜♥❡s γc ❛s t❤❡ ✈❛❧✉❡ ♦❢ γ ❢♦r ✇❤✐❝❤ vφ(γ) = ω(γ)/γ ✐s ♠✐♥✐♠✉♠✳ ◆♦t❡
t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❛rt✐❝❧❡ ♣❤②s✐❝s✱ t❤✐s r❡s✉❧t ✇❛s ❛❧r❡❛❞② ❦♥♦✇♥ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ●r✐❜♦✈✱
▲❡✈✐♥✱ ❘②s❦✐♥ ❬✶✹❪✱ ❛♥❞ ✇❛s r❡❞❡r✐✈❡❞ ❧❛t❡r ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❬✸✺✱✸✻✱✶✵✷❪✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ t❤❡ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❲❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s st❡❡♣ ❡♥♦✉❣❤✱ t❤❡♥ t❤❡ ❛s②♠♣t♦t✐❝
❢r♦♥t ✈❡❧♦❝✐t② t❛❦❡s ❛ ✜①❡❞ ✈❛❧✉❡ ✇❤✐❝❤ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ω(γ)/γ✳ ■♥ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡✱ t❤❡ s❤❛♣❡
♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s r❡t❛✐♥❡❞ ✭s❡❡ ❋✐❣✳ ✹✳✷✮✳ ❲❡ ✇✐s❤ t♦ ❦♥♦✇ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
✇❛✈❡ ❢r♦♥t✱ s✉❝❤ ❛s ✐ts s❤❛♣❡ ❛♥❞ t❤❡ ✇❛② ✐ts ✈❡❧♦❝✐t② ❛♣♣r♦❛❝❤❡s t❤❡ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t②✳ ❚❤❡r❡
❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s t♦ ❛rr✐✈❡ ❛t t❤✐s r❡s✉❧t ✭✇❤✐❝❤ ✐s ❦♥♦✇♥ ❢r♦♠ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝s✱ s❡❡ ❬✾✽❪✮✳
❆t t❤❡ ❧❡✈❡❧ ♦❢ ♣r✐♥❝✐♣❧❡✱ t❤❡② ❛❧❧ r❡❧② ♦♥ ❛ ♠❛t❝❤✐♥❣ ❜❡t✇❡❡♥ ❛ s♦❧✉t✐♦♥ ♥❡❛r t❤❡ ✜①❡❞ ♣♦✐♥t u = 1✱
❛♥❞ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❤♦❧❞s ✐♥ t❤❡ t❛✐❧ u≪ 1✳

✹✳✶✳✷ ❉✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❛♣♣r♦❛❝❤ t♦ t❤❡

❛s②♠♣t♦t✐❝ tr❛✈❡❧✐♥❣ ✇❛✈❡

❲❡ ♥♦✇ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❋❑PP ❡q✉❛t✐♦♥ ✭✹✳✶✮✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② −u2
❤❛s t❤❡ ❡✛❡❝t ♦❢ t❛♠✐♥❣ t❤❡ ❣r♦✇t❤ ✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐♥❡❛r t❡r♠ u✱ ✇❤❡♥ u ❣❡ts ❝❧♦s❡ t♦ ✶✳ ❇✉t
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xX(t )X(t  )
1 2

1

u(t,x)

❋✐❣✉r❡ ✹✳✸✿ ❙❤❛♣❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭✹✳✶✶✮ ✇✐t❤ ❛ ♠♦✈✐♥❣ ❝✉t♦✛✱
✇❤♦s❡ ♣♦s✐t✐♦♥ ✐s ❛❞❥✉st❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ u(t, x) ❜❡ ✶ ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡
s♦❧✉t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s t1 ❛♥❞ t2✱ s❤♦✇✐♥❣ t❤❡ s♦❧✐t♦♥✲❧✐❦❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡
s♦❧✉t✐♦♥✳

♥♦♥❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ✈❡r② ❞✐✣❝✉❧t t♦ ❛❞❞r❡ss ♠❛t❤❡♠❛t✐❝❛❧❧②✳ ■t ♠❛② ❜❡
♠✉❝❤ s✐♠♣❧❡r t♦ ❛❞❞r❡ss t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥

∂tu = ∂2xu+ u ✭✹✳✶✶✮

s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛♥ ❛❜s♦r♣t✐✈❡ ✭♠♦✈✐♥❣ ✇✐t❤ t✐♠❡✮ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ t❤❛t ❡♥s✉r❡s t❤❛t u(t, x)
❤❛s ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ 1 ❛t ❛♥② t✐♠❡✳ ❲❡ ♥❡❡❞ t♦ ✇♦r❦ ♦✉t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✹✳✶✶✮ ✇✐t❤ t❤✐s
❦✐♥❞ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❍❡r❡✱ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ◗❈❉ ❝♦♥t❡①t ❜②
▼✉❡❧❧❡r ❛♥❞ ❚r✐❛♥t❛❢②❧❧♦♣♦✉❧♦s ❬✸✻❪ ✭s❡❡ ❛❧s♦ ❘❡❢✳ ❬✶✵✸❪ ❢♦r ❛♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r
❇❋❑▲ ❦❡r♥❡❧✮✳

❆ s♦❧✉t✐♦♥ t♦ ❊q✳ ✭✹✳✶✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u(t = 0, x) = δ(x− x0) ✐s ❣✐✈❡♥✱ ❢♦r ♣♦s✐t✐✈❡
t✐♠❡s✱ ❜②

u(t, x) =
1√
4πt

exp

(

t− (x− x0)
2

4t

)

. ✭✹✳✶✷✮

❚❤✐s s♦❧✉t✐♦♥ ❤♦❧❞s ✐❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ❛t s♣❛t✐❛❧ ✐♥✜♥✐t②✳
❲❡ ♥♦t❡ t❤❛t t❤❡ ❧✐♥❡s x ♦❢ ❝♦♥st❛♥t u(t, x) = C ❛r❡ ❣✐✈❡♥ ❜②

x = x0 + 2t− 1

2
ln t− ln(C

√
4π) + t❡r♠s ✈❛♥✐s❤✐♥❣ ❢♦r t→ ∞. ✭✹✳✶✸✮

✭❲❡ ❤❛✈❡ s❡❧❡❝t❡❞ t❤❡ r✐❣❤t♠♦st ❢r♦♥t x > x0✮✳ ❚❤✐s ✇♦✉❧❞ ❜❡ t❤❡ ❝♦rr❡❝t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ❢r♦♥t ✐❢ ✐t ✇❡r❡ ❡♥♦✉❣❤ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ❋❑PP ❡q✉❛t✐♦♥✱ t♦ st❛② ❛r♦✉♥❞ s♦♠❡ ❧✐♥❡ ♦❢
❝♦♥st❛♥t ❛♠♣❧✐t✉❞❡ ❝❧♦s✐♥❣ ❛♥ ❡②❡ ♦♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ❜❡❤✐♥❞ t❤❡ ❧❛tt❡r ❧✐♥❡ ✭✇❤✐❝❤ ✇♦✉❧❞
❜❡ t❛♠❡❞ ❜② t❤❡ ♥♦♥❧✐♥❡❛r✐t②✮✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t② ✐s ✷✱ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝r✐t✐❝❛❧
✈❡❧♦❝✐t② vc ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ■t ✐s ❝♦rr❡❝t❡❞ ❜② ❛ ❧♦❣❛r✐t❤♠✐❝ t❡r♠✳ ❲❡ ✇✐❧❧
s❡❡ t❤❛t t❤❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥ ❤❛s t❤❡ s❛♠❡ ❧♦❣❛r✐t❤♠ ❡①❝❡♣t ❢♦r t❤❡ ❝♦❡✣❝✐❡♥t✳ ❲❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦
❣❡t t❤❡ s♦❧✉t✐♦♥ ❜② s❡tt✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② ✇❤✐❝❤ ✇✐❧❧ ❜❡ t✐♠❡ ❞❡♣❡♥❞❡♥t✳ ❲❡
✇✐❧❧ ♣r♦❝❡❡❞ ❜② st❡♣s✱ ✐♠♣❧❡♠❡♥t✐♥❣ ✜rst s♦♠❡ ✜①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥ ♦r❞❡r t♦ ❣❛✐♥ ✐♥t✉✐t✐♦♥
♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥✳

❙♦ ✐❢ ✐♥st❡❛❞ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t ✐♥✜♥✐t② t❤❡r❡ ✐s ❛♥ ❛❜s♦r♣t✐✈❡ ❜❛rr✐❡r ❛t s❛② x = X✱
✐✳❡✳ ✐❢ u(t, x = X) = 0 ❢♦r ❛♥② t✱ t❤❡♥ ❛ s♦❧✉t✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ t❤r♦✉❣❤ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢
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t❤❡ ❧❛tt❡r s♦❧✉t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ✐♥ s✉❝❤ ❛ ✇❛② ❛s t❤❡ s✉♠ ✈❛♥✐s❤❡s ❛t x = X✳
❚❤✐s ✐s ❦♥♦✇♥ ❛s t❤❡ ♠❡t❤♦❞ ♦❢ ✐♠❛❣❡s✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡❧❡♠❡♥t❛r② ♦❜s❡r✈❛t✐♦♥ t❤❛t ❛♥② ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❊q✳ ✭✹✳✶✷✮ ❛❧s♦ s♦❧✈❡s ❊q✳ ✭✹✳✶✶✮✳ ❋r♦♠ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ δ(x−x0)✱
✇❡ s✉❜tr❛❝t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❜✉t ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ δ(x− (2X − x0))✱ ✐♥ s✉❝❤
❛ ✇❛② t❤❛t t❤✐s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ✈❛♥✐s❤❡s ❢♦r x = X✱ ❛t ❛♥② t✐♠❡✳ ❲❡ ❣❡t

uX(t, x) =
et√
4πt

(

e−
(x−x0)2

4t − e−
(x−2X+x0)2

4t

)

. ✭✹✳✶✹✮

❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ❛❧r❡❛❞② ❝♦♠♠❡♥t t❤❛t ✇❡ ❞♦ ♥♦t ❡①♣❡❝t t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ t♦
r❡♣r❡s❡♥t ❛❝❝✉r❛t❡❧② t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢✉❧❧ ❋❑PP ❡q✉❛t✐♦♥ ♥❡❛r t❤❡ ❜♦✉♥❞❛r② x ∼ X s✐♥❝❡
✐♥ t❤❛t r❡❣✐♦♥✱ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♠✉st ♠❛tt❡r✳ ❙♦ t❤❡ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st ✇✐❧❧ ❜❡
s✐❣♥✐✜❝❛♥t❧② ❛❤❡❛❞ ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ✇❤✐❧❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t x0 ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ❛t s♦♠❡ ✜♥✐t❡
❞✐st❛♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②✿

x−X ≫ 1 ❛♥❞ x0 −X ∼ 1. ✭✹✳✶✺✮

❖♥❡ ♠❛② t❤❡♥ ❡①♣❛♥❞ t❤❡ t✇♦ ●❛✉ss✐❛♥ t❡r♠s✿

uX(t, x) =
x0 −X√

4π

x−X

t3/2
exp

(

t− (x−X)2

4t

)

. ✭✹✳✶✻✮

❇✉t ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ X ❞♦❡s ♥♦t ②❡t ❞❡♣❡♥❞ ♦♥ t✐♠❡✳ ❲❡ ❝❛♥♥♦t ✐♠♣❧❡♠❡♥t ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞
✇❛② ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r②✳ ❲❡ ♠❛② ❣❡t t♦ s✉❝❤ ❛ s♦❧✉t✐♦♥ ❜② s✉❝❝❡ss✐✈❡ ✐t❡r❛t✐♦♥s✿
❚❤❡ ♠❛✐♥ tr✐❝❦ ✐s t♦ ❣♦ t♦ ❛ ❢r❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ✇✐t❤ ❛ ❜♦✉♥❞❛r②
✐s st❛t✐♦♥❛r② ❢♦r ❧❛r❣❡ t✐♠❡s✳ ❲❡ ✇❡♥t t❤r♦✉❣❤ t❤❡ st❡♣s ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ✐♥ ❘❡❢✳ ❬✶❪✳ ❍❡r❡ ✇❡
✇✐s❤ t♦ s✐♠♣❧② ❛r❣✉❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ❡❧❡♠❡♥ts ✇❡ ❤❛✈❡ ❧❡❛r♥❡❞ s♦ ❢❛r✳

❆s ✇❡ s❡❡ ✐♥ ❊q✳ ✭✹✳✶✻✮✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❛t X r❡q✉✐r❡s u t♦ ✈❛♥✐s❤ ❧✐♥❡❛r❧②
❛t x ∼ X✳ ❲❡ ❡①♣❡❝t t❤✐s ♣r♦♣❡rt② t♦ ❜❡ ♣r❡s❡r✈❡❞ ✇❤❡♥ ✇❡ ♣r♦♠♦t❡ X t♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✳
▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ ❢r♦♠ ♦✉r ❡❛r❧✐❡r ✐♥✈❡st✐❣❛t✐♦♥s t❤❛t t❤❡ ❧❛r❣❡✲x ❛s②♠♣t♦t✐❝ s❤❛♣❡ ✐s e−(x−X(t))✳
❋r♦♠ ❊q✳ ✭✹✳✶✻✮✱ ✇❡ s❡❡ t❤❛t t❤✐s s❤❛♣❡ ✐s r❡❛❝❤❡❞ ❞✐✛✉s✐✈❡❧②❀ ❍❡♥❝❡ t❤❡r❡ ♠✉st ❜❡ ❛ ❢❛❝t♦r ♦❢ t❤❡
❢♦r♠ e−(x−X(t))2/(4t)✳

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❛r❡ ❧❡❛❞ t♦ t❤❡ ❛♥s❛t③

u(t, x) = Ce−X(x−X(t))e−(x−X(t)) exp

(

− (x−X(t))2

4t

)

, ✭✹✳✶✼✮

✇❤❡r❡ C ❛♥❞ X ❛r❡ ❝♦♥st❛♥ts✳
❲❡ ❦♥♦✇ t❤❛t t❤❡ ❢r♦♥t ✈❡❧♦❝✐t② ❛t ❧❛r❣❡ t✐♠❡ ✐s X ′(t) ∼ vc = 2 ❛♥❞ ✇❡ ❡①♣❡❝t ❛ ❧♦❣❛r✐t❤♠✐❝

❝♦rr❡❝t✐♦♥ c(t) ∼ ln t✱ s♦ ✇❡ ✇r✐t❡
X(t) = 2t− c(t). ✭✹✳✶✽✮

■♥s❡rt✐♥❣ ❊q✳ ✭✹✳✶✼✮ ❛♥❞ ✭✹✳✶✽✮ ✐♥t♦ ❊q✳ ✭✹✳✶✶✮ ❛♥❞ s❡tt✐♥❣ x = X(t)+a ✭a ✐s ❛ ❝♦♥st❛♥t✮✱ ✇❡ ❛rr✐✈❡
❛t t❤❡ ❡q✉❛t✐♦♥

c′(t)
[

2t(a− 1) + a2
]

= 3a ✭✹✳✶✾✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❧❛r❣❡ a ❛♥❞ t✱ c(t) ∼ 3
2 ln t✳ ❍❡♥❝❡

X(t) ≡ x− x2 +X = 2t− 3

2
ln t+O(1). ✭✹✳✷✵✮

❚❤❡ ❧❛tt❡r q✉❛♥t✐t② ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② ❢♦r ❧❛r❣❡ t✐♠❡s✱ ❛♥❞ t❤✉s ❛❧s♦ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✳ ❚❤❡ ❝♦♥st❛♥t X ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐♥ t❤❡ ♠♦✈✐♥❣ ❢r❛♠❡ ✭✇❤✐❧❡ X(t)
✐s ✐ts ♣♦s✐t✐♦♥ ✐♥ t❤❡ ✐♥✐t✐❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡✮✳ ❙❡tt✐♥❣ X = −1 ❛♥❞ C = 1✱ t❤❡ ♠❛①✐♠✉♠ ♦❢ u ✐s
r❡❛❝❤❡❞ ❛t x = X(t) + 1✱ ❛♥❞ ✐s ✐♥❞❡❡❞ ❡q✉❛❧ t♦ ✶✳

❋♦r ❧❛r❣❡ t ♦r ✐♥ t❤❡ r❡❣✐♦♥ x−X(t) ≤
√
t ✇❤✐❝❤ ❡①♣❛♥❞s ✇✐t❤ t✐♠❡✱ t❤❡ ●❛✉ss✐❛♥ ❢❛❝t♦r ❣♦❡s

t♦ ✶✱ ❛♥❞ ✇❡ s❡❡ t❤❛t u(t, x) ♦♥❧② ❞❡♣❡♥❞s ♦♥ ♦♥❡ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ x−X(t)✳ ❚❤✐s ✇❛s ❡①♣❡❝t❡❞✿ ■t ✐s
♣r❡❝✐s❡❧② t❤❡ ❞❡✜♥✐♥❣ ♣r♦♣❡rt② ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡s✳ ❇✉t ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡s❡ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s✱
✇❡ ❣❡t ❢r♦♠ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ t❤❡ ✜rst ✜♥✐t❡✲t ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ❢r♦♥t s❤❛♣❡ ❛♥❞ ❢r♦♥t ✈❡❧♦❝✐t②✳

✹✽
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❆❝t✉❛❧❧②✱ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❢r♦♥t ✐s ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦ ✐ts s❤❛♣❡✳ ❆t t✐♠❡ t✱ t❤❡ ❢r♦♥t ❤❛s
r❡❛❝❤❡❞ ✐ts ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦✈❡r t❤❡ ❞✐st❛♥❝❡

√
t ❢r♦♠ t❤❡ s❛t✉r❛t✐♦♥ ♣♦✐♥t✳ ❚❤✐s r❡♠❛r❦ ✇✐❧❧ ❜❡

✐♠♣♦rt❛♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❲❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♣r♦❜❧❡♠ t❤❛t ✇❛s ♥♦t ❡①❛❝t❧② t❤❡ ✐♥✐t✐❛❧ ♦♥❡✱ ❤♦✇❡✈❡r✱ ✇❡

❜❡❧✐❡✈❡ t❤❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ✐♥ ✐ts ❢♦r✇❛r❞ ♣❛rt ✭u ≪ 1✱ ♥❛♠❡❧② ❢♦r x − X(t) ≫ 1✮ ❛s
✇❡❧❧ ❛s ✐ts ✈❡❧♦❝✐t② ❛r❡ q✉✐t❡ ✉♥✐✈❡rs❛❧✳ ❍❡✉r✐st✐❝❛❧❧②✱ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡r✐✈❡❞ ❢r♦♠
t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❢r♦♥t ✐s s❛✐❞ t♦ ❜❡ ✏♣✉❧❧❡❞✑ ❜② ✐ts t❛✐❧✳ ❚❤❡
♥♦♥❧✐♥❡❛r✐t② ♦♥❧② t❛♠❡s t❤❡ ❣r♦✇t❤ ♦❢ u ♥❡❛r u ∼ 1✱ ❛♥❞ s♦ ✐ts ♣r❡❝✐s❡ ❢♦r♠ s❤♦✉❧❞ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡
❢r♦♥t ♣♦s✐t✐♦♥ ✐ts❡❧❢✱ ❛t ❧❡❛st ❛t ❧❛r❣❡ ❡♥♦✉❣❤ t✐♠❡s✳ ❚❤✉s ✇❡ ❡①♣❡❝t t❤❡s❡ s♦❧✉t✐♦♥s t♦ ❤❛✈❡ ❛ ❜r♦❛❞
✈❛❧✐❞✐t②✱ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❦❡r♥❡❧✱ ❛♥❞ s♦✱ ♠❛② ❜❡ ♦❜t❛✐♥❛❜❧❡ ❢r♦♠ ♦✉r ❝❛❧❝✉❧❛t✐♦♥
✉♣ t♦ t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs✳

❋♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❦❡r♥❡❧ ✐♥ ❊q✳ ✭✹✳✸✮✱ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❢r♦♥t ✇♦✉❧❞
r❡❛❞

dX(t)

dt
=
ω(γc)

γc
− 3

2γct
+ · · · ✭✹✳✷✶✮

✇❤❡r❡ γc s♦❧✈❡s ω(γc) = γcω
′(γc)✱ ❛s ✇❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✹✳✶✳✶✳ ❚❤❡ ❢r♦♥t s❤❛♣❡ ✐♥ ✐ts ❢♦r✇❛r❞

♣❛rt x−X(t) ≫ 1 ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥

u(t, x) ∝ (x−X(t))e−γc(x−X(t)) exp

(

− (x−X(t))2

2ω′′(γc)t

)

, ✭✹✳✷✷✮

✉♣ t♦ ❛♥ ♦✈❡r❛❧❧ ❝♦♥st❛♥t✳ ❋✐❣✳ ✹✳✸ r❡♣r❡s❡♥ts ❛ s❦❡t❝❤ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s✳ ❚❤❡
❧❛r❣❡✲t✐♠❡ s❤❛♣❡ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱

u(t, x) ∼ e−γc(x−X(t)) ✭✹✳✷✸✮

✉♣ t♦ ❛ ❧✐♥❡❛r ❣r♦✇t❤✱ ❛♥❞ ❢r♦♠ ❊q✳ ✭✹✳✷✷✮✱ t❤✐s s❤❛♣❡ ❡①t❡♥❞s ♦✈❡r ❛ r❛♥❣❡

L = x−X(t) ∼
√

2ω′′(γc)t. ✭✹✳✷✹✮

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r t❤❡ ❢r♦♥t t♦ r❡❛❝❤ ✐ts ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦✈❡r ❛ r❛♥❣❡ L r❡❛❞s

t ∼ L2

2ω′′(γc)
. ✭✹✳✷✺✮

❚❤r♦✉❣❤ ♦✉r s✐♠♣❧❡ ❛r❣✉♠❡♥ts ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❣♦t t❤❡ ❧♦✇❡st ♦r❞❡r ✐♥ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡
❢r♦♥t s❤❛♣❡ ❛♥❞ ♣♦s✐t✐♦♥ ❛t ❧❛r❣❡ t✐♠❡s✳ ❚❤❡ ♥❡①t ❝♦rr❡❝t✐♦♥s t♦ X(t) ✇♦✉❧❞ ❜❡ ♦❢ ♦r❞❡r ✶ ✭t❤✐s
❝♦♥st❛♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛② ✇❡ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✮✱ ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❛❧❣❡❜r❛✐❝ s❡r✐❡s ✐♥
t ✇❤♦s❡ t❡r♠s ❛❧❧ ✈❛♥✐s❤ ❛t ❧❛r❣❡ t✳ ❚❤❡ ✜rst ♥❡①t✲t♦✲❧❡❛❞✐♥❣ t❡r♠ ✐♥ t❤❡ s❡r✐❡s ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞
✭s❡❡ ❘❡❢✳ ❬✶✵✹❪✮✿ ■t t✉r♥s ♦✉t t♦ ❜❡ ♦❢ ♦r❞❡r 1/

√
t✳ ❲❡ ✇✐❧❧ ♥♦t r❡♣r♦❞✉❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s t❤❛t

❧❡❛❞ t♦ ✐t ❜❡❝❛✉s❡ t❤❡② ❛r❡ r❛t❤❡r t❡❝❤♥✐❝❛❧ ❛♥❞ t❤❡r❡ ✐s ❛❧r❡❛❞② ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ♣❛♣❡r
❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ t♦♣✐❝ ❬✼✷❪✳ ❇✉t ❧❡t ✉s ✇r✐t❡ t❤❡ r❡s✉❧t ❢♦r t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t
❛t t❤❛t ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝②✱ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✸✮✳ ❚♦
t❤❛t ❛❝❝✉r❛❝②✱ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥ r❡❛❞s ❬✶✵✹✱✶✵✺❪

X(t) =
ω(γc)

γc
t− 3

2γc
ln t− 3

γ2c

√

2π

ω′′(γc)

1√
t
+O(1/t). ✭✹✳✷✻✮

❋♦r t❤❡ s✐♠♣❧❡ ❋❑PP ❝❛s❡✱ ✇❡ r❡❝❛❧❧ t❤❛t ω(−∂x) = ∂2x + 1✱ t❤❡♥ γc = 1 ❛♥❞ ω(γc) = 2✳ ❚❤❡ ✜rst
t✇♦ t❡r♠s ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥s ♠❛t❝❤ t❤❡ ♦♥❡s ❢♦✉♥❞ ✐♥ ❊q✳ ✭✹✳✷✶✮✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ✐♥ ✐ts

✹✾
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❢♦r✇❛r❞ ♣❛rt ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ❬✶✵✹✱✶✵✺❪✿

u(t, x) = C1e
−γc(x−X(t)) exp

(

−z2
)

×
{

γc(x−X(t))] + C2 +

(

3− 2C2 +
γcω

(3)(γc)

ω′′(γc)

)

z2

−
(

2

3

γcω
(3)(γc)

ω′′(γc)
+

1

3
2F2

[

1, 1; 5
2 , 3; z

2
]

)

z4

+ 6
√
π
(

1− 1F1

[

− 1
2 ,

3
2 ; z

2
])

z +O(1/
√
t)

}

, ✭✹✳✷✼✮

✇❤❡r❡

z =
x−X(t)
√

2ω′′(γc)t
. ✭✹✳✷✽✮

C1 ❛♥❞ C2 ❛r❡ ❝♦♥st❛♥ts✱ ❛♥❞ 2F2✱ 1F1 ❛r❡ ❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡ t❡r♠s ✐♥
t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❧✐♥❡s ♠❛t❝❤ ✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ♦✉r ❝❛❧❝✉❧❛t✐♦♥ ✭❊q✳ ✭✹✳✷✷✮✮✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s
s❤♦✉❧❞ ❛♣♣❧② ❛❧s♦ t♦ ◗❈❉✱ ✉♣ t♦ t❤❡ r❡❧❡✈❛♥t r❡♣❧❛❝❡♠❡♥ts ❣✐✈❡♥ ✐♥ ❚❛❜✳ ✷✳✶✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❡q✉❛t✐♦♥s ♦❢ t❤❡ t②♣❡ ♦❢ ❊q✳ ✭✹✳✶✮ ❛s s❛t✉r❛t✐♦♥ ❡q✉❛t✐♦♥s✱ ✐♥ t❤❡
s❡♥s❡ t❤❛t t❤❡② ❞❡s❝r✐❜❡ t❤❡ ❞✐✛✉s✐✈❡ ❣r♦✇t❤ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u ✉♥t✐❧ ✐t ✐s t❛♠❡❞ ❢♦r u ∼ 1✳
❲❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇ t❤❛t t❤❡s❡ ❡q✉❛t✐♦♥s ♠❛② ❛❝t✉❛❧❧② ❜❡ ❣✐✈❡♥ ❛ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳

❘❡❧❡✈❛♥❝❡ ♦❢ t❤✐s ❢♦r♠❛❧✐s♠ t♦ t❤❡ ❇❑ ❡q✉❛t✐♦♥

■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦r♠❛❧✐s♠ ✉s❡❞ t♦ ❛rr✐✈❡ ❛t ❛ s♦❧✉t✐♦♥ t♦ ❋❑PP✲❧✐❦❡ ❡q✉❛t✐♦♥ ❛♣♣❧✐❡s t♦
t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐♥ ◗❈❉✱ ✇❡ ♣❡r❢♦r♠❡❞ ✐♥ ❘❡❢✳ ❬✼✹❪ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥✳
❲❡ ❝♦♠♣❛r❡❞ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✇✐t❤ ❊q✳ ✭✹✳✷✻✮✱ ✉s✐♥❣ ❡✐t❤❡r t❤❡ ❢✉❧❧
❡①♣r❡ss✐♦♥ ✇✐t❤ t❤r❡❡ t❡r♠s ♦r ❛ tr✉♥❝❛t✐♦♥ ♦❢ ✐t ❦❡❡♣✐♥❣ ♦♥❧② t❤❡ t✇♦ ❞♦♠✐♥❛♥t t❡r♠s✳ ❲❡
❞❡✜♥❡❞ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ❜② t❤❡ ❡q✉❛t✐♦♥ A(y,Qs(y)) = κ✱ ❛♥❞ ✇❡ ❝❤♦s❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ κ✳
❲❡ s❡❡ ✐♥ t❤❡ ♣❧♦t ♦❢ ❋✐❣✳ ✹✳✹ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥s
✭✉s✐♥❣ t❤❡ ❞✐❝t✐♦♥❛r② ✐♥ ❚❛❜✳ ✷✳✶✮✱ ❛❧t❤♦✉❣❤ t❤❡ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥ ✐s q✉✐t❡ s✉❜t❧❡✳ ❆❧❧ ❞❡t❛✐❧s ♦❢
t❤❡ ♥✉♠❡r✐❝s ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ❘❡❢✳ ❬✼✹❪✳

✹✳✶✳✸ ❉✐s❝r❡t❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥

❲❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✐♥ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✇❛②✱ ✇✐t❤♦✉t ❞✐s✲
❝✉ss✐♥❣ t❤❡ ♣❤②s✐❝s t❤❛t ♠❛② ❧❡❛❞ t♦ s✉❝❤ ❛♥ ❡q✉❛t✐♦♥✳ ❚❤❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② t❤❛t ✇❡ ❤❛✈❡ ♣✉t
r❡♣❧❛❝❡s t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐♥ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✱ ✇❤♦s❡ r♦❧❡ ✐s t♦ ♠❛❦❡ s✉r❡ t❤❛t u ♥❡✈❡r ❡①❝❡❡❞s
t❤❡ ❧✐♠✐t u = 1✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤♦✉❣❤t ♦❢ t❤✐s ❜♦✉♥❞❛r② ❛s ❛ ✇❛② t♦ ❡♥❢♦r❝❡ t❤❡ s❛t✉r❛t✐♦♥ ♦❢
s♦♠❡ ❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s✳ ❆❝t✉❛❧❧②✱ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✭✹✳✶✮ ♠❛② st❡♠ ❢r♦♠ ❛ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥
♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ✉♥❧✐♠✐t❡❞✱ ❛♥❞ t❤✉s✱ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ s❛t✉r❛t✐♦♥ ❛t
❛❧❧✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤✐s ✐s ✇❤❛t t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s ✐♥ ◗❈❉✿ ❆♥ ❡①♣♦♥❡♥t✐❛❧❧② ❣r♦✇✐♥❣
♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s✱ st❡♠♠✐♥❣ ❢r♦♠ t❤❡ r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❤❛❞r♦♥✐❝ ♣r♦❜❡✱ s❝❛tt❡rs ♦✛ s♦♠❡
t❛r❣❡t✳ ❚❤❡ ♦✈❡r❛❧❧ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s ✉♥✐t❛r② ❜❡❝❛✉s❡ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣s ❛r❡ ❛❧❧♦✇❡❞ ✭t❤❡
✐♥t❡r❛❝t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ n ❞✐♣♦❧❡s ✐s ❛❝t✉❛❧❧② ♦❢ t❤❡ ❢♦r♠ 1− e−α2

sn✮✱ ❜✉t ♥♦t ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛
s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❡✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r ❜❛❝❦ t♦
❋✐❣✳ ✷✳✹ ❢♦r ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss✳

❚♦ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ❛r✐s❡s ✐♥ s✉❝❤ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥✱ ❧❡t
✉s ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ♣❛rt✐❝❧❡s ♦♥ ❛ ❧✐♥❡✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡✐♥❣ ✐♥❞❡①❡❞ ❜② ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ x✳
✭❙✉❝❤ ❛ ♠♦❞❡❧ ✇❛s ❝♦♥s✐❞❡r❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❘❡❢✳ ❬✼✶❪✮✳ ❲❡ ❧❡t t❤❡ s②st❡♠ ❡✈♦❧✈❡ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✳ ❉✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ dt✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② dt t♦ s♣❧✐t ✐♥ ✷
♣❛rt✐❝❧❡s✳ ❯♥❧❡ss ✐t s♣❧✐ts✱ ✐t ♠♦✈❡s ♦❢ t❤❡ s♠❛❧❧ r❛♥❞♦♠ ❛♠♦✉♥t δx✱ ✇❤✐❝❤ ✐s ❛ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡
❞✐str✐❜✉t❡❞ ❧✐❦❡

p(δx) =
1√
4πdt

exp

(

− (δx)2

4dt

)

. ✭✹✳✷✾✮

✺✵
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❋✐❣✉r❡ ✹✳✹✿ ❱❡❧♦❝✐t② ♦❢ t❤❡ ◗❈❉ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♣✐❞✐t②✳ ❚❤❡ ❞✐✛❡r❡♥t ❝✉r✈❡s
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✱ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ❜❡✐♥❣ ❞❡✜♥❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s ✇✐t❤
t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r κ ✭s❡❡ t❤❡ t❡①t ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r✮✱ ❛♥❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧
❢♦r♠✉❧❛ ♦❢ ❊q✳ ✭✹✳✷✻✮✱ ❡✐t❤❡r tr✉♥❝❛t❡❞ ❛❢t❡r t❤❡ s❡❝♦♥❞ t❡r♠ ✭✏❆♥❛❧②t✐❝ ✷ t❡r♠s✑✮✱ ♦r ❝♦♠♣❧❡t❡
✭✏❆♥❛❧②t✐❝ ✸ t❡r♠s✑✮ ✭s❡❡ t❤❡ ❞✐❝t♦♥❛r② ✐♥ ❚❛❜✳ ✷✳✶ ❢♦r t❤❡ ♥♦t❛t✐♦♥s✮✳

x

t

❋✐❣✉r❡ ✹✳✺✿ ❊①❛♠♣❧❡ ♦❢ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ♦♥ ❛ ❧✐♥❡ ✭s❡❡ t❤❡ t❡①t ❢♦r ❛ ♠❛t❤❡♠❛t✐❝❛❧
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ r✉❧❡s✮✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✐s ❧✐♠✐t❡❞ ❜② ❛ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss
✇❤✐❝❤✱ ❛t ❡❛❝❤ ♥❡✇ ❜r❛♥❝❤✐♥❣✱ ❡❧✐♠✐♥❛t❡s t❤❡ ✐♥❞✐✈✐❞✉❛❧ s✐tt✐♥❣ ❛t t❤❡ s♠❛❧❧❡st x ❛s s♦♦♥ ❛s t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s r❡❛❝❤❡s s❛② N ✭N = 10 ✐♥ t❤✐s ✜❣✉r❡✮✱ t❤❡♥ ♦♥❧② t❤❡ ❜r❛♥❝❤❡s ❞r❛✇♥
✐♥ t❤✐❝❦ ❧✐♥❡ s✉r✈✐✈❡✳

✺✶
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▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s n(t, x) ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ❣✐✈❡♥ s✐③❡ ∆x ❝❡♥t❡r❡❞
❛r♦✉♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡ x✳ ❆t t✐♠❡ t = 0✱ t❤❡ s②st❡♠ ✐s s✉♣♣♦s❡❞ t♦ ❝♦♥s✐st ✐♥ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡
s✐tt✐♥❣ ❛t t❤❡ ♦r✐❣✐♥ x = 0✳ ❆ s❦❡t❝❤ ♦❢ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✺✳ ❋r♦♠ t❤❡
❡✈♦❧✉t✐♦♥ r✉❧❡s✱ ✇❡ ❡❛s✐❧② ❣❡t ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s 〈n〉✿

〈n(t+ dt, x)〉 = dt 2〈n〉+ (1− dt)

∫

d(δx)p(δx)〈n(t, x− δx)〉 ✭✹✳✸✵✮

✇❤✐❝❤ r❡❛❞s✱ ❛❢t❡r r❡♣❧❛❝✐♥❣ p ❜② ❊q✳ ✭✹✳✷✾✮ ❛♥❞ ❛❢t❡r t❤❡ ❧✐♠✐t dt→ 0 ❤❛s ❜❡❡♥ t❛❦❡♥✱

∂〈n〉
∂t

= 〈n〉+ ∂2〈n〉
∂x2

. ✭✹✳✸✶✮

❆❧❧ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ s✐③❡ ∆x ♦❢ t❤❡ ✏❜✐♥✑ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ■t ✐s ❝❧❡❛r t❤❛t
❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ t✐♠❡s✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✶✷✮✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡
S(t, x) = e−n(t,x)/N ✭✹✳✸✷✮

✇❤❡r❡ N ✐s s♦♠❡ ✭❧❛r❣❡✮ ❝♦♥st❛♥t✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ S✲❢✉♥❝t✐♦♥✱ r❡❧❛t❡❞ t♦ t❤❡
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡✱ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐♥ ❈❤❛♣✳ ✷✳ ❆t ❛ ✜①❡❞
t✐♠❡ ❛♥❞ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ x✱ n(t, x) ≪ N ❛♥❞ t❤✉s 1 − S(t, x) ≃ n(t, x)/N → 0✳ ❋♦r ❛♥② x✱ t❤❡
❡①♣♦♥❡♥t✐❛❧ ♠❛❦❡s s✉r❡ t❤❛t S r❛♥❣❡s ❜❡t✇❡❡♥ 0 ❛♥❞ 1✳ ❚❤✉s S ✭♦r 1 − S✮ ❤❛s t❤❡ s❤❛♣❡ ♦❢ ❛
tr❛✈❡❧✐♥❣ ✇❛✈❡✳ ■ts ♣♦s✐t✐♦♥ X(t) ✐s t❤❡ ✈❛❧✉❡ ♦❢ x ❢♦r ✇❤✐❝❤ n(t, x) ✐s s♦♠❡ ❣✐✈❡♥ ❝♦♥st❛♥t s❛② ♦❢
t❤❡ ♦r❞❡r ♦❢ N ✳ ■♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❧✐♠✐t ✐♥ ✇❤✐❝❤ n ✐s r❡♣❧❛❝❡❞ ❜② ✐ts ❛✈❡r❛❣❡ 〈n〉✱ ✐t ✐s ✈❡r② ❡❛s② t♦
❝♦♠♣✉t❡ X(t) ❢r♦♠ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✭✹✳✶✷✮✳ ❲❡ ❣❡t ✭s❡❡ ❊q✳ ✭✹✳✶✸✮✮

X(t) = 2t− 1

2
ln t ✭✹✳✸✸✮

✉♣ t♦ ❛ ❝♦♥st❛♥t✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❤♦✇❡✈❡r✱ t❤❡ ❛✈❡r❛❣❡ ♦❢ S ♦✈❡r ❡✈❡♥ts✱ ♥❛♠❡❧② A = 1−〈S〉 ♦❜❡②s t❤❡ ❋❑PP

❡q✉❛t✐♦♥✳ ■♥❞❡❡❞

〈S(t+ dt, x)〉 = dt〈S(t, x)〉2 + (1− dt)

∫

d(δx)p(δx)〈S(t, x− δx)〉. ✭✹✳✸✹✮

■♥ t❤❡ ❧✐♠✐t dt→ 0 ❛♥❞ r❡✇r✐t✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ A✱ ✇❡ ❣❡t

∂A

∂t
=
∂2A

∂x2
+A−A2. ✭✹✳✸✺✮

❍❡♥❝❡ A ✐s ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❛t ❧❛r❣❡ t✐♠❡s✱ ❛♥❞ ✐ts ♣♦s✐t✐♦♥ X(t) ✐s ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✷✵✮✳ ■t ✐s
♦❜✈✐♦✉s❧② ❜❡❤✐♥❞ ❜② ❛ t❡r♠ ln t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛❧✉❡ ♦❢ x ❢♦r ✇❤✐❝❤ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s ❤❛s ❛ ❣✐✈❡♥ ❝♦♥st❛♥t ✈❛❧✉❡ ✭❝♦♠♣❛r❡ ❊q✳ ✭✹✳✷✵✮ ❛♥❞ ❊q✳ ✭✹✳✶✸✮✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ r✐❣❤t♠♦st ♣❛rt✐❝❧❡ ✭♦r ♦❢ t❤❡ k✲t❤ r✐❣❤t♠♦st ♣❛rt✐❝❧❡
❢♦r ❛♥② ❣✐✈❡♥ k✮ ♠❛② ❛❧s♦ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✳ ✭❇r✉♥❡t ❛♥❞ ❉❡rr✐❞❛ ❤❛✈❡ r❡❝❡♥t❧②
❣✐✈❡♥ ❛♥ ❛❞✈❛♥❝❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s✱ s❡❡ ❘❡❢✳ ❬✶✵✻✱✶✵✼❪✮✳
■t t✉r♥s ♦✉t t❤❛t ✐♥ ❛♥② ❡✈❡♥t✱ t❤❡ ❛✈❡r❛❣❡ x ❢♦r ✇❤✐❝❤ n(t, x) ❤❛s ❛ ❣✐✈❡♥ ✈❛❧✉❡✱ s❛② n0✱ ♠♦✈❡s ✇✐t❤
t❤❡ ❋❑PP ✈❡❧♦❝✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛❞ ♦✛ ❢r♦♠ ❊q✳ ✭✹✳✷✵✮✳ ❚❤✐s ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ t❤❡ r❛t❡ ♦❢
❝❤❛♥❣❡ ♦❢ X(t) ✇❤❡♥ t❤❡ ❧❛tt❡r ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ 〈n(t,X(t))〉 = n0✳

❆❧❧ t❤✐s ♠❛② s❡❡♠ ❛ ❜✐t ♣❛r❛❞♦①✐❝❛❧✳ ❇✉t ❛❝t✉❛❧❧②✱ ✐t ✐s ❥✉st r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t 〈e−n/N 〉
❝❛♥♥♦t ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② e−〈n〉/N ✳ ❲❡ ♠❛② ✉♥❞❡rst❛♥❞ ✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❇② t❛❦✐♥❣ t❤❡
❛✈❡r❛❣❡ ♦❢ n✱ ✇❡ ❤❛✈❡ s♦♠❡✇❤❛t ❢♦r❣♦tt❡♥ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt② ♦❢ n✿ ✐ts ❞✐s❝r❡t❡♥❡ss✳ ■♥❞❡❡❞✱
✐t ♦♥❧② t❛❦❡s ✐♥t❡❣❡r ✈❛❧✉❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ n ✐♥ ❛ r❡❛❧✐③❛t✐♦♥ ❤❛s ❛ ✜♥✐t❡
s✉♣♣♦rt✿ ❆t ❛♥② t✐♠❡✱ t❤❡r❡ ✐s ❛ ✈❛❧✉❡ ♦❢ x t♦ t❤❡ r✐❣❤t ♦❢ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ♣❛rt✐❝❧❡s ❛t ❛❧❧✳ n
♦❜❡②s ❛ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r 〈n〉✱ ✇❤✐❝❤ ❥✉st ♦❜❡②s ❛♥ ♦r❞✐♥❛r② ❜r❛♥❝❤✐♥❣
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✳

✺✷
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t
1

t
2

x

<n>

❋✐❣✉r❡ ✹✳✻✿ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭✹✳✸✻✮ ✇✐t❤ ❛ ♠♦✈✐♥❣ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r②
t❤❛t ❢♦r❝❡s 〈n〉 t♦ ✈❛♥✐s❤ ❛t t❤❡ ♣♦✐♥t X(t) s✉❝❤ t❤❛t 〈n(t,X(t)− 1)〉 = 1✳ ❚✇♦ ❞✐✛❡r❡♥t t✐♠❡s ❛r❡
r❡♣r❡s❡♥t❡❞✳

■♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞✐s❝r❡t❡♥❡ss ♦❢ n ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ✈❡❧♦❝✐t②✱ ✇❡ ♠❛② ❛❣❛✐♥
✉s❡ t❤❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② tr✐❝❦✳ ▲❡t ✉s s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥

∂t〈n〉 = ∂2x〈n〉+ 〈n〉 ✭✹✳✸✻✮

✇✐t❤ ❛♥ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ❧❛tt❡r ✇✐❧❧ ❜❡ ♣❧❛❝❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛t ❛ ❞✐st❛♥❝❡ ♦❢ ♦r❞❡r
♦♥❡ t♦ ✐ts ❧❡❢t ✭✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ r✐❣❤t✲♠♦✈✐♥❣ ✇❛✈❡✮✱ 〈n〉 = 1 ✭s❡❡ ❋✐❣✳ ✹✳✻✮✳ ❚❤❡r❡ ✐s ♥♦
❞✐✛❡r❡♥❝❡ ✐♥ ♣r✐♥❝✐♣❧❡ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝❛❧❝✉❧❛t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❜❡❢♦r❡✱ ❡①❝❡♣t t❤❛t
t❤❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② ✐s ♥♦✇ ♣❧❛❝❡❞ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❢r♦♥t ✭✐✳❡✳ x0 < X ✐♥ t❤❡ ♥♦t❛t✐♦♥s
✉s❡❞ ❛❜♦✈❡✮✳ ❚❤✉s ✇❡ ✜♥❞ ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥ t❤❛t t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ n ♠♦✈❡✱ ♦♥ t❤❡
❛✈❡r❛❣❡✱ ✇✐t❤ t❤❡ ❋❑PP ✈❡❧♦❝✐t② ✭✹✳✷✶✮✳

✹✳✷ ❈♦♠❜✐♥✐♥❣ s❛t✉r❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t❡♥❡ss

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ♣❤②s✐❝❛❧❧②✱ t❤❡ ❋❑PP ❡q✉❛t✐♦♥ ✭♦r t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✐♥ ◗❈❉✮ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞
❡✐t❤❡r ❛s ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❣r♦✇t❤✱ ❞✐✛✉s✐♦♥ ❛♥❞ s❛t✉r❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ♦r ❛s t❤❡
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❞✐s❝r❡t❡ ✭t❤✉s st♦❝❤❛st✐❝✮ ❜r❛♥❝❤✐♥❣
❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ✇❡ ♠❛② ✜♥❞ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s
❜② ✐♠♣♦s✐♥❣ ♦♥❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r② ♦♥ t❤❡ ❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❡♥❝♦❞✐♥❣ ❜r❛♥❝❤✐♥❣
❞✐✛✉s✐♦♥✳ ■♥ ♦♥❡ ❝❛s❡✱ t❤❡ ❜♦✉♥❞❛r② ✐s ❛ ❝✉t♦✛ t❤❛t ♣r❡✈❡♥ts u t♦ ❜❡ ❧❛r❣❡r t❤❛♥ ✶✿ ■t r❡♣r❡s❡♥ts
s❛t✉r❛t✐♦♥✱ ✐✳❡✳ t❤❡ ❡①♣❧✐❝✐t ♥♦♥❧✐♥❡❛r✐t② ♣r❡s❡♥t ✐♥ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✳ ■♥ t❤❡ ♦t❤❡r ❝❛s❡✱ t❤❡
❜♦✉♥❞❛r② ❢♦r❝❡s t❤❡ ❢✉♥❝t✐♦♥ n t❤❛t r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t♦ ✈❛♥✐s❤ q✉✐❝❦❧② ✇❤❡♥ n
❜❡❝♦♠❡s ❧❡ss t❤❛♥ ✶✳ ❋♦r♠❛❧❧②✱ ✐t ❛❝t✉❛❧❧② ♠♦❞❡❧s t❤❡ st♦❝❤❛st✐❝✐t② ❞✉❡ t♦ t❤❡ ✐♥tr✐♥s✐❝ ❞✐s❝r❡t❡♥❡ss
♦❢ t❤❡ ♥✉♠❜❡r n ♦❢ ♣❛rt✐❝❧❡s✱ ❛♥❞ ❛✈♦✐❞s t♦ ❛❞❞r❡ss ❛ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ❞✐r❡❝t❧②✳

■♥ ♣❤②s✐❝❛❧ ❝❛s❡s s✉❝❤ ❛s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❢♦r ✜♥✐t❡ N ✱ ✇❡ ❞❡✜♥❡ u(t, x) ❛s t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r s✐t❡ ✭♦r ♣❡r ❜✐♥✮ ✐♥ x ♥♦r♠❛❧✐③❡❞ t♦ N ✳ ❍❡♥❝❡ ✐t t❛❦❡s ❞✐s❝r❡t❡ ✈❛❧✉❡s✿
1/N ✱ 2/N ❡t❝✳✳✳ ❲❤✐❧❡ ❢♦r ❧❛r❣❡ N ❞✐s❝r❡t❡♥❡ss ✐s ✉♥❧✐❦❡❧② t♦ ♣❧❛② ❛ r♦❧❡ ✐♥ t❤❡ r❡❣✐♦♥ u ∼ 1✱ ✐t
✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❝r✉❝✐❛❧ ✇❤❡♥ u ∼ 1/N ✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ✐♠♣♦s❡ t❤❡ t✇♦ ❜♦✉♥❞❛r✐❡s✿ ♦♥❡
r❡♣r❡s❡♥t✐♥❣ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r✱ t❤❡ ♦t❤❡r ♦♥❡ t❛❦✐♥❣ ❝❛r❡ ♦❢ t❤❡ ❞✐s❝r❡t❡♥❡ss ♦❢
t❤❡ s❛♠❡ q✉❛♥t✐t②✳ ❆ ♠♦❞❡❧ t❤❛t t❤❡s❡ t✇♦ ❝✉t♦✛s ♠❛② r❡♣r❡s❡♥t ✐s ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❜r❛♥❝❤✐♥❣
❞✐✛✉s✐♦♥ ♠♦❞❡❧ ✐♥ ❙❡❝✳ ✹✳✶✳✸✱ ❜✉t ✐♥ ✇❤✐❝❤ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❧✐♠✐t❡❞ t♦ N ❜② ❦❡❡♣✐♥❣
♦♥❧② t❤❡ N r✐❣❤t♠♦st ♦♥❡s ❛t ❡❛❝❤ ♥❡✇ ❜r❛♥❝❤✐♥❣✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢✉♥❝t✐♦♥ U(t, x) ❞❡✜♥❡❞ t♦
❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t♦ t❤❡ r✐❣❤t ♦❢ s♦♠❡ ♣♦s✐t✐♦♥ x ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r N
✐s✱ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ t✐♠❡s✱ ❛ ❢r♦♥t ❝♦♥♥❡❝t✐♥❣ ✶ ✭❢♦r x→ −∞✮ t♦ ✵ ✭❢♦r x→ +∞✮ ✭s❡❡ ❋✐❣✳ ✹✳✼✮✳
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1/N

fraction of particles to the right of x

x

t t21

❋✐❣✉r❡ ✹✳✼✿ ❇r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ♦❢ ❙❡❝✳ ✹✳✶✳✸ ✇✐t❤ s❡❧❡❝t✐♦♥ t❤❛t ❧✐♠✐ts t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s t♦ N ✳ ❚❤❡ ❢✉♥❝t✐♦♥ U(t, x)✱ ✇❤✐❝❤ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t♦ t❤❡ r✐❣❤t ♦❢ x ♥♦r♠❛❧✐③❡❞
t♦ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s N ✱ ✐s r❡♣r❡s❡♥t❡❞✳ ❖♥❡ s❡❡s t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s t♦
t❤❡ r✐❣❤t ♦❢ x ❧♦♦❦s ❧✐❦❡ ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❢r♦♥t✳

❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s ✭❞❡s❝r✐❜❡❞ ❜② ♥♦♥❧✐♥❡❛r st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮
✇❡r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❜❧❡♠s t❛❦✐♥❣ ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r✐❡s
❢♦r t❤❡ ✜rst t✐♠❡ ❜② ❇r✉♥❡t ❛♥❞ ❉❡rr✐❞❛ ✐♥ ❘❡❢✳ ❬✶✵✽❪ ❛♥❞ ❧❛t❡r✱ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ❜② ▼✉❡❧❧❡r ❛♥❞
❙❤♦s❤✐ ✐♥ t❤❡ ❝❛s❡ ♦❢ ◗❈❉ ✐♥ ❘❡❢✳ ❬✹✵❪✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ◗❈❉ ♣❛rt♦♥
♠♦❞❡❧✱ t❤❡ ♣r❡s❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝✉t♦✛s ✇❛s ♦♥❧② ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✹✶❪✳ ▼✉❡❧❧❡r ❛♥❞ ❙❤♦s❤✐
✐♥tr♦❞✉❝❡❞ t❤❡ ❜♦t❤ ❝✉t♦✛s ❢♦r r❡❛s♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❜♦♦st✲✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ◗❈❉ ❛♠♣❧✐t✉❞❡✳
✭❚❤❡ ❞✐s❝r❡t❡♥❡ss ❝✉t♦✛ ✇❛s t❤♦✉❣❤t ❛s t❤❡ s②♠♠❡tr✐❝ ♦❢ t❤❡ s❛t✉r❛t✐♦♥ ❝✉t♦✛ ✉♥❞❡r s♦♠❡ ❜♦♦st✮✳
❚❤❡ ❞✉❛❧✐t② ♦❢ t❤❡ t✇♦ ❜♦✉♥❞❛r✐❡s✱ t❤❛t ✐s t♦ s❛② ♦❢ t❤❡ ❞❡♥s❡ ❛♥❞ ❞✐❧✉t❡ r❡❣✐♠❡s ♦❢ t❤❡ tr❛✈❡❧✐♥❣
✇❛✈❡✱ ✇❛s st✉❞✐❡❞ ♠♦r❡ ❞❡❡♣❧② ✐♥ ❘❡❢s✳ ❬✶✵✾✕✶✶✸❪✳

❇❡❢♦r❡ ♠♦✈✐♥❣ ♦♥ t♦ t❤❡ t❡❝❤♥✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s❤❛♣❡ ❛♥❞ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐♥ t❤✐s ❝❛s❡✱
❧❡t ✉s ✜❣✉r❡ ♦✉t ✇❤❛t ✇❡ ❡①♣❡❝t t♦ ✜♥❞✳

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ ♦♥❡ ♦r ❛ ❢❡✇ ♣❛rt✐❝❧❡s✱ t❤❡ ❢r♦♥t
❜✉✐❧❞s ✉♣ ❛♥❞ ✐ts ✈❡❧♦❝✐t② ✐♥❝r❡❛s❡s ✇✐t❤ t ✭s❡❡ ❊q✳ ✭✹✳✷✶✮✮ ✉♥t✐❧ ✐t r❡❛❝❤❡s ✐ts ❛s②♠♣t♦t✐❝ s❤❛♣❡✱
✇❤✐❝❤ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❡①♣♦♥❡♥t✐❛❧ e−γc(x−X(t)) t❤❛t ❤♦❧❞s ❢♦r ❛❧❧ x−X(t) ≫ 1✳ ✭X(t) ✐s ❤❡r❡ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❢r♦♥t✱ s❛② ❢♦r ❡①❛♠♣❧❡ ♦❢ t❤❡ ❧❡❢t♠♦st s✉r✈✐✈✐♥❣ ♣❛rt✐❝❧❡✮✳ ❇✉t ✐❢ t❤❡
❢r♦♥t ✐s ♠❛❞❡ ♦❢ ❞✐s❝r❡t❡ ♣❛rt✐❝❧❡s✱ t❤❡♥ ✐t ❤❛s ❛ ✜♥✐t❡ s✉♣♣♦rt✱ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❤❛♣❡ ♠❛② ♥♦t
❡①t❡♥❞ t♦ ✐♥✜♥✐t② t♦ t❤❡ r✐❣❤t✱ s✐♥❝❡ u(t, x) ❤❛s t♦ ❜❡ ❡✐t❤❡r ❧❛r❣❡r t❤❛♥ 1/N ✱ ♦r ③❡r♦✳ ■t ❝❛♥♥♦t
t❛❦❡ ✈❛❧✉❡s t❤❛t ✇♦✉❧❞ ❜❡ ❛ ❢r❛❝t✐♦♥ ♦❢ 1/N ✐♥ r❡❛❧✐③❛t✐♦♥s✱ ❛♥❞ t❤✉s✱ ✇❡ ❝❛♥♥♦t ❛❝❝♦♠♠♦❞❛t❡
t❤❡ s❤❛♣❡ e−γc(x−X(t)) ❢♦r ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ x✱ s✐♥❝❡ ✐t ✇♦✉❧❞ ♠❡❛♥ ❛✉t❤♦r✐③✐♥❣ ❛r❜✐tr❛r✐❧②
s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ u(t, x)✳ ❋r♦♠ ❊q✳ ✭✹✳✷✺✮ ❛♥❞ ❢r♦♠ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❢r♦♥t ✭✹✳✷✸✮✱
t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❤❛♣❡ s❡ts ❞♦✇♥ t♦ u = 1/N ❛t t✐♠❡

tr❡❧❛① =
c

2ω′′(γc)

(

lnN

γc

)2

. ✭✹✳✸✼✮

❇❡②♦♥❞✱ t❤❡ ❢r♦♥t ❝❛♥♥♦t ❞❡✈❡❧♦♣ ❛♥② ❧♦♥❣❡r✱ ❛♥❞ t❤✉s✱ ✐ts s❤❛♣❡ ❛♥❞ ✈❡❧♦❝✐t② r❡♠❛✐♥ ✜①❡❞✳ tr❡❧❛①
✐s t❤❡ t✐♠❡ t❤❛t ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ ❢r♦♥t t♦ r❡❧❛① ❢r♦♠ ❛♥② ♣❡rt✉r❜❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✇❤② ✇❡ ❤❛✈❡ ♣✉t
t❤❡ s✉❜s❝r✐♣t ✏r❡❧❛①✑✳

❋r♦♠ ❊q✳ ✭✹✳✷✶✮ ❡✈❛❧✉❛t❡❞ ❛t t = tr❡❧❛①✱ ✇❡ ❣❡t t❤❡ ♥❡✇ ❛s②♠♣t♦t✐❝ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤ t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❡✛❡❝ts ♦❢ ❞✐s❝r❡t❡♥❡ss✱ ✐♥ t❤❡ ❢♦r♠

dX(t)

dt
=
ω(γc)

γc
− 3

c

γcω
′′(γc)

ln2N
. ✭✹✳✸✽✮

✺✹
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L=log N/ γc
x

X(t  ) X(t  ) 1 221

1

u(t,x)

X(t )+L X(t  )+L

❋✐❣✉r❡ ✹✳✽✿ ❙❦❡t❝❤ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ t✇♦ ❜♦✉♥❞❛r✐❡s✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥t c r❡q✉✐r❡s ❛ ♣r♦♣❡r ❛❝❝♦✉♥t ♦❢ t❤❡ ❡①❛❝t s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t✳ ❲❡
s❤❛❧❧ t✉r♥ t♦ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ♥♦✇✳

❆s ❛♥♥♦✉♥❝❡❞✱ ✇❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ t✇♦
❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r✐❡s✿ ♦♥❡ r❡♣r❡s❡♥t✐♥❣ s❛t✉r❛t✐♦♥✱ t❤❡ ♦t❤❡r ♦♥❡ ❞✐s❝r❡t❡♥❡ss✳ ❯s✐♥❣ t❤❡ ✐♥t✉✐t✐♦♥
❣❛✐♥❡❞ ❢r♦♠ t❤❡ st✉❞② ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❋❑PP ❡q✉❛t✐♦♥✱ ✇❡ ✇r✐t❡ t❤❡ ❛♥s❛t③

u(t, x) = e−γc(x−X(t))Lψ

(

2ω′′(γc)t

L2
,
x−X(t)

L

)

. ✭✹✳✸✾✮

L ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ✇✐❧❧ r❡♣r❡s❡♥t t❤❡ s✐③❡ ♦❢ t❤❡ ❢r♦♥t✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧❧② ❡q✉❛❧ t♦ L0 = lnN/γc
❢♦r ❧❛r❣❡ N ✳ ❲❤❡♥ ω ✐s ❡①♣❛♥❞❡❞ t♦ s❡❝♦♥❞ ♦r❞❡r ❛r♦✉♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡ γc✱ t❤❡♥ ψ ♦❜❡②s t❤❡
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

∂yψ =
1

4
∂2ρψ +

γcL
2

2ω′′(γc)
(ω′(γc)−X ′(t))ψ, ✭✹✳✹✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞

y =
2ω′′(γc)t

L2
❛♥❞ ρ =

x−X(t)

L
. ✭✹✳✹✶✮

❲❡ ❤❛✈❡ ♦♥❧② ❦❡♣t t❤❡ ❞♦♠✐♥❛♥t t❡r♠s ❢♦r ❧❛r❣❡ L✳ ❲❡ s❡❡ t❤❛t ω′(γc)−X ′(t) ❤❛s t♦ s❝❛❧❡ ❧✐❦❡ 1/L2

❢♦r ❛❧❧ t❡r♠s ♦❢ t❤✐s ❡q✉❛t✐♦♥ t♦ ❜❡ r❡❧❡✈❛♥t✱ ❛s ✇❛s ❛❧r❡❛❞② ❣✉❡ss❡❞ ❤❡✉r✐st✐❝❛❧❧②✳ ❚❤❡ ❝♦❡✣❝✐❡♥t
♦❢ 1/L2 ♠✉st ❜❡ ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐♥ t❤❡ ❧❛r❣❡✲y ❧✐♠✐t✱ t❤❡r❡ ✐s ❛ ♥♦♥tr✐✈✐❛❧ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥✳ ❲❡ ✇✐❧❧ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦rr❡❝t ❛♥s❛t③ ✐s

X ′(t) = ω′(γc)−
π2ω′′(γc)

2γcL2
+ o(1/L2) ✭✹✳✹✷✮

❊q✉❛t✐♦♥ ✭✹✳✹✵✮ t❤❡♥ ❜❡❝♦♠❡s

∂yψ =
1

4
∂2ρψ +

π2

4
ψ, ✭✹✳✹✸✮

✉♣ t♦ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s ✇❤❡♥ L ✐s ❧❛r❣❡✳
❲❡ ♥♦✇ ✐♠♣❧❡♠❡♥t t❤❡ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r✐❡s ❛t ρ = 0 ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ❛t ρ = 1 ✭✇❤✐❝❤

❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐st❛♥❝❡ L ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r✐❡s ✐♥ x✲❝♦♦r❞✐♥❛t❡s✱ ✐✳❡✳ t♦ t❤❡ ♥❛t✉r❛❧ s✐③❡ ♦❢
t❤❡ st❛t✐♦♥❛r② ❢r♦♥t✮✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r♠❛❧❧② r❡❛❞

ψ(y, ρ = 0) = 0 ❛♥❞ ψ(y, ρ = 1) = 0. ✭✹✳✹✹✮

✺✺
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❆s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❢♦r r❡❛s♦♥s t❤❛t ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r ❧❛t❡r✱ ♣✉t ❛ ❧♦❝❛❧✐③❡❞ ♠❛ss ❝❧♦s❡
t♦ t❤❡ r✐❣❤t♠♦st ❜♦✉♥❞❛r②✱ ♥❛♠❡❧② ✇❡ ✇r✐t❡

ψ(y = 0, ρ) = δ(ρ− 1 + ā)
eγcδ

L2
, ✭✹✳✹✺✮

✇❤❡r❡ ā ✐s ❛ ❝♦♥st❛♥t ♦❢ ♦r❞❡r 1/L✱ ❛♥❞ t❤❡r❡❢♦r❡ ā ≪ 1✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✇❡✐❣❤t eγcδ ❛❝t✉❛❧❧②
❝♦rr❡s♣♦♥❞s t♦ ♣✉tt✐♥❣ ♦♥❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❛t ❛ ❞✐st❛♥❝❡ δ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ r✐❣❤t♠♦st ❜♦✉♥❞❛r②✳
❆s ✇❡ ✇✐❧❧ s❡❡✱ s✉❝❤ ❛ ✇❡✐❣❤t ❝♦rr❡s♣♦♥❞s t♦ ❛ ✢✉❝t✉❛t✐♦♥ ❛❞❞❡❞ t♦ ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❇✉t ✐♥
t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ❧❛r❣❡✲t✐♠❡ ❜❡❤❛✈✐♦r✿ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ❢♦r❣♦tt❡♥
t❤r♦✉❣❤ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥✳

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✹✳✹✸✮ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✹✹✮ ❛♥❞ ✭✹✳✹✺✮ r❡❛❞s

ψδ(y, ρ) =
2eγcδ

L2

∞
∑

n=1

(−1)n+1 sinπnā sinπnρ e−
π2(n2−1)y

4 . ✭✹✳✹✻✮

❲❤✐❧❡ t❤❡ ❢✉❧❧ s♦❧✉t✐♦♥ ✇✐t❤ ❛❧❧ ❤❛r♠♦♥✐❝s ✇✐❧❧ ❜❡ ♦❢ ✐♥t❡r❡st ❧❛t❡r✱ ✇❡ s❤❛❧❧ ❞✐s❝✉ss ❤❡r❡ ♦♥❧② t❤❡
st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❲❡ s❡❡ t❤❛t ❢♦r ❧❛r❣❡ y✱ t❤❡ ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ❛r❡ s✉♣♣r❡ss❡❞ ❡①♣♦♥❡♥t✐❛❧❧②
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ n = 1✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr✐❜✉t✐♦♥✿

ψδ0(y, ρ) =
2eγcδ0

L2
sinπā sinπρ ≃

ā≪1

2πāeγcδ0

L2
sinπρ. ✭✹✳✹✼✮

❚❤❛♥❦s t♦ t❤❡ ❝❤♦✐❝❡ ✭✹✳✹✷✮ ❢♦r X ′(t)✱ t❤✐s s♦❧✉t✐♦♥ ❤❛s ♥♦ y ❞❡♣❡♥❞❡♥❝❡✱ ❛♥❞ ❧❡❛❞s t♦ ❛ st❛t✐♦♥❛r②
u ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ❢r♦♥t✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭✹✳✹✼✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❡①❝❡♣t
❢♦r t❤❡ ♦✈❡r❛❧❧ ♥♦r♠❛❧✐③❛t✐♦♥✳ ❚❤❡ ✈❛❧✉❡ ♦❢ δ0✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ✇✐❧❧ ❜❡
❛❞❥✉st❡❞ ❧❛t❡r✳ ❯♥❞♦✐♥❣ t❤❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ tr❛❞❡ u ❢♦r ψ✱ x ❢♦r ρ ❛♥❞ t ❢♦r y ✭❊q✳ ✭✹✳✸✾✮✮✱
t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ uδ0 r❡❛❞s

uδ0(t, x) = e−γc(x−X(t)) 2πāe
γcδ0

L2

[

L sin
π(x−X(t))

L

]

. ✭✹✳✹✽✮

❲❡ ❢✉rt❤❡r r❡q✉✐r❡ t❤❛t u0(t, x) ∼ 1 ❢♦r x = X(t) + aL✱ ✇❤❡r❡ aL ✐s ❛ ❝♦♥st❛♥t ♦❢ ♦r❞❡r ✶✳ ❚❤✐s
❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐❢ ✇❡ s❡t δ0 ∼ 3 lnL/γc✳ ■♥❞❡❡❞✱ ✇✐t❤ t❤✐s ❝❤♦✐❝❡✱

uδ0(t,X(t) + aL) ≃ 2π2āaL2e−γcaL. ✭✹✳✹✾✮

❙✐♥❝❡ āL ❛♥❞ aL ❛r❡ ❝♦♥st❛♥ts✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❥✉st ❛ ♥✉♠❜❡r ♦❢ ♦r❞❡r ✶✳
❆❧❧ ✐♥ ❛❧❧✱ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ r❡❛❞s

u(t, x) ∝ κ e−γc(x−X(t))L sin
π(x−X(t))

L
✭✹✳✺✵✮

✭s❡❡ ❋✐❣✳ ✹✳✽✮ ✇❤❡r❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❢r♦♥t ✐s

L =
lnN

γc
✭✹✳✺✶✮

❛♥❞ ✐ts ✈❡❧♦❝✐t② r❡❛❞s✱ ❢r♦♠ ❊q✳ ✭✹✳✹✷✮✱

v❇❉ ≡ dX(t)

dt
= V∞ − π2ω′′(γc)

2γcL2
=
ω(γc)

γc
− π2γcω

′′(γc)

2 ln2N
. ✭✹✳✺✷✮

❚❤❡ s✉❜s❝r✐♣t ❇❉ st❛♥❞s ❢♦r ✏❇r✉♥❡t✲❉❡rr✐❞❛✑ ❛❢t❡r t❤❡ ✜rst ❛✉t❤♦rs ✇❤♦ ✇r♦t❡ ❞♦✇♥ s✉❝❤ ❛♥
❡①♣r❡ss✐♦♥✳ ■♥ t❤❡ ❋❑PP ❝❛s❡✱ ♥❛♠❡❧② ❢♦r ω(γ) = γ2 + 1✱ γc = 1 ❛♥❞ ω(γc) = ω′′(γc) = 2✳

✺✻
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V
BD

x tip

u(t,x)

x

3

2   t
c

γ
οο

L δ

V     −   

❋✐❣✉r❡ ✹✳✾✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✇✐t❤ ❛ ❢♦r✇❛r❞ ✢✉❝t✉❛t✐♦♥✳ ❆t t✐♠❡ t0✱ t❤❡ ♣r✐♠❛r② ❢r♦♥t
❡①t❡♥❞s ♦✈❡r ❛ s✐③❡ L ❛♥❞ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ t✇♦ ❛♣♣r♦♣r✐❛t❡
❜♦✉♥❞❛r✐❡s✳ ❆♥ ❡①tr❛ ♣❛rt✐❝❧❡ ✐s st♦❝❤❛st✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ❛t ❛ ❞✐st❛♥❝❡ δ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♣ ♦❢
t❤❡ ♣r✐♠❛r② ❢r♦♥t✳ ❆t ❛ ❧❛t❡r t✐♠❡✱ t❤❡ ❧❛tt❡r ❣r♦✇s ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✐♥t♦ ❛ s❡❝♦♥❞❛r② ❢r♦♥t t❤❛t
✐s ❛ ❜✐t s❧♦✇❡r✱ ❛♥❞ t❤❛t ✇✐❧❧ ❛❞❞ ✉♣ t♦ t❤❡ ♣r✐♠❛r② ♦♥❡✳ ❚❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t✱ ❛❢t❡r r❡❧❛①❛t✐♦♥✱ ✐s ❛
s❤✐❢t t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❞✐st❛♥❝❡ R(δ) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐❢ ❛ ✢✉❝t✉❛t✐♦♥ ❤❛❞
♥♦t ♦❝❝✉r❡❞✳

✹✳✸ ❇❡②♦♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥s✿ ❊✛❡❝t ♦❢ t❤❡ ✢✉❝✲

t✉❛t✐♦♥s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❛❝t✉❛❧❧② s♦❧✈❡❞ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥s ❛❧t❤♦✉❣❤ ✇❡ ✇❡r❡ ❛❞❞r❡ss✐♥❣ ❛ ♠♦❞❡❧ ✇✐t❤
❛ ❞✐s❝r❡t❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ t❤❛t t❤❡r❡❢♦r❡ ❤❛❞ ♥❡❝❡ss❛r✐❧② ✢✉❝t✉❛t✐♦♥s✳ ❖✉r ♣r♦❝❡❞✉r❡ ❣❛✈❡
t❤❡ ❧❡❛❞✐♥❣ ❡✛❡❝ts✳ ❲❡ s❤❛❧❧ ♥♦✇ ✐♥❝♦r♣♦r❛t❡ ♠♦r❡ ✢✉❝t✉❛t✐♦♥ ❡✛❡❝ts✱ ✐♥ ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ✇❛②✳
✭❲❡ s❤❛❧❧ ❡ss❡♥t✐❛❧❧② r❡✈✐❡✇ ❘❡❢✳ ❬✶✶✹❪✮✳

✹✳✸✳✶ P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts

❚❤❡ t✇♦✲❜♦✉♥❞❛r② ♣r♦❝❡❞✉r❡ ❤❛s ❧❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿ ❚❤❡ ❢r♦♥t ♣r♦♣❛❣❛t❡s ❛t ❛ ✈❡❧♦❝✐t②
v❇❉ ✐♥ ❊q✳ ✭✹✳✺✷✮ ❧♦✇❡r t❤❛♥ t❤❡ ✈❡❧♦❝✐t② ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ✭✹✳✷✶✮✱ ❛♥❞ ✐ts
s❤❛♣❡ ✐s t❤❡ ❞❡❝r❡❛s✐♥❣ ❡①♣♦♥❡♥t✐❛❧ e−γc(x−X(t)) ❞♦✇♥ t♦ t❤❡ ♣♦s✐t✐♦♥

xt✐♣(t) = v❇❉t+
lnN

γc
, ✭✹✳✺✸✮

❛t ✇❤✐❝❤ ✐t ✐s s❤❛r♣❧② ❝✉t ♦✛ ❜② ❛♥ ❛❜s♦r♣t✐✈❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ❜♦✉♥❞❛r② ✇❛s ♠❡❛♥t t♦ ♠❛❦❡
t❤❡ ❢r♦♥t ✈❛♥✐s❤ t②♣✐❝❛❧❧② ♦✈❡r ♦♥❡ ✉♥✐t ✐♥ x✱ ❤❡♥❝❡ t♦ ✐♠♣❧❡♠❡♥t ❞✐s❝r❡t❡♥❡ss ♦♥ ❛ ❞❡t❡r♠✐♥✐st✐❝
❡q✉❛t✐♦♥✳

❇✉t s✐♥❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐s ♥♦t ❞❡t❡r♠✐♥✐st✐❝✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ❛ ❢❡✇ ❡①tr❛ ♣❛rt✐❝❧❡s ❛r❡ s❡♥t
st♦❝❤❛st✐❝❛❧❧② ❛❤❡❛❞ ♦❢ t❤❡ t✐♣ ♦❢ t❤❡ ❢r♦♥t ✭❙❡❡ ❋✐❣✳ ✹✳✾✮✳ ❚❤❡✐r ❡✈♦❧✉t✐♦♥ ✇♦✉❧❞ ♣✉❧❧ t❤❡ ❢r♦♥t
❢♦r✇❛r❞✳ ❚♦ ♠♦❞❡❧ t❤✐s ❡✛❡❝t✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♣❡r ✉♥✐t t✐♠❡ t❤❛t t❤❡r❡ ❜❡ ❛ ♣❛rt✐❝❧❡
s❡♥t ❛t ❛ ❞✐st❛♥❝❡ δ ❛❤❡❛❞ ♦❢ t❤❡ t✐♣ s✐♠♣❧② ❝♦♥t✐♥✉❡s t❤❡ ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t✱ t❤❛t ✐s
t♦ s❛②✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ δ ✐s

p(δ) = C1e
−γcδ, ✭✹✳✺✹✮

✇❤❡r❡ C1 ✐s ❛ ❝♦♥st❛♥t✳ ❍❡✉r✐st✐❝ ❛r❣✉♠❡♥ts t♦ s✉♣♣♦rt t❤✐s ❛ss✉♠♣t✐♦♥ ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥
❘❡❢✳ ❬✶✶✹❪✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❤❛♣❡ ✐s q✉✐t❡ ♥❛t✉r❛❧ s✐♥❝❡ ✐t ✐s t❤❡ ❝♦♥t✐♥✉❛t✐♦♥

✺✼
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❋✐❣✉r❡ ✹✳✶✵✿ ψδ0(y, ρ) + ψδ(y, ρ) ❬s❡❡ ❊qs✳ ✭✹✳✹✼✮✱ ✭✹✳✹✻✮❪ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ r❡❞✉❝❡❞ t✐♠❡
✈❛r✐❛❜❧❡ y ❛❢t❡r ❛ ✢✉❝t✉❛t✐♦♥ ♦❢ s✐③❡ δ = 5 ❤❛s ♦❝❝✉rr❡❞ ❛t y = 0✳ ■♥ t❤✐s ♣❧♦t✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❢r♦♥t
✐s L = 10✱ ❛♥❞ ā = 0.1✳ ❲❡ s❡❡ ❤♦✇ t❤❡ ✢✉❝t✉❛t✐♦♥✱ ✐♥✐t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ❛t t❤❡ t✐♣ ♦❢ t❤❡ ❢r♦♥t✱ ❣❡ts
s♠❡❛r❡❞ ✉♥✐❢♦r♠❧② ♦✈❡r t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❢r♦♥t ❛s y ❣❡ts ❧❛r❣❡✳ ❊✈❡♥t✉❛❧❧②✱ ❛ s♠❛❧❧ ❢♦r✇❛r❞ s❤✐❢t
X → X +R ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❛❜s♦r❜ ✐t ❛♥❞ r❡❝♦✈❡r t❤❡ st❛t✐♦♥❛r② ❢r♦♥t✳

♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ s♦❧✉t✐♦♥ ✭✹✳✷✷✮ ✐♥ t❤❡ ❧✐♥❡❛r r❡❣✐♠❡✱ t❤❡ ❢❛❝t t❤❛t C1 ♥❡❡❞ t♦ ❜❡ str✐❝t❧②
❝♦♥st❛♥t ✭❛♥❞ ❝❛♥♥♦t ❜❡ ❛ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ δ✮ ✐s ❛ ♣r✐♦r✐ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛r❣✉❡✳

❖♥❝❡ ❛ ♣❛rt✐❝❧❡ ❤❛s ❜❡❡♥ ♣r♦❞✉❝❡❞ ❛t ♣♦s✐t✐♦♥ xt✐♣+ δ✱ s❛② ❛t t✐♠❡ t0✱ ✐t st❛rts t♦ ♠✉❧t✐♣❧② ✭s❡❡
❋✐❣✳ ✹✳✾✮ ❛♥❞ ✐t ❡✈❡♥t✉❛❧❧② ❞❡✈❡❧♦♣s ✐ts ♦✇♥ ❢r♦♥t ✭❛❢t❡r ❛ t✐♠❡ tr❡❧❛① ♦❢ t❤❡ ♦r❞❡r ♦❢ L2✮✱ t❤❛t ✇✐❧❧
❛❞❞ ✉♣ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r✐♠❛r② ❢r♦♥t ♠❛❞❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳

◆♦t❡ t❤❛t t❤❡ ♣❤✐❧♦s♦♣❤② ♦❢ ♦✉r ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s
✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ s♣✐r✐t ♦❢ t❤❡ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤ ✐♥ ❙❡❝✳ ✸✳✸ ❞❡✈❡❧♦♣♣❡❞ ❢♦r t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧✳ ❲❤❡♥❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❧❛r❣❡r t❤❛♥ n̄ ✭n̄ = 1 ❤❡r❡✮✱ ✇❡ ❛♣♣❧② ❛ ❞❡t❡r♠✐♥✐st✐❝
♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥✳ ❋❧✉❝t✉❛t✐♦♥s ✐♥st❡❛❞ ❛r❡ ♣r♦❞✉❝❡❞ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ✇❤✐❝❤ st❡♠s ❢r♦♠ ❛
❧✐♥❡❛r ❡q✉❛t✐♦♥✳ ❚❤❡ ❞✐✣❝✉❧t② ❤❡r❡ ✐s t❤❛t ✇❡ ❛r❡ ✉♥❛❜❧❡ t♦ s♦❧✈❡ ❡✐t❤❡r ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❢♦r
❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤✉s ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ ❝♦♥❥❡❝t✉r❡s ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡✐r s♦❧✉t✐♦♥s✳

▲❡t ✉s ❡st✐♠❛t❡ t❤❡ s❤✐❢t ✐♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐♥❞✉❝❡❞ ❜② t❤❡s❡ ❡①tr❛ ❢♦r✇❛r❞ ♣❛rt✐❝❧❡s✳
❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡✲t✐♠❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥
uδ0 ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✹✽✮ ✇✐t❤ δ0 = 3 lnL/γc✱ ❛♥❞ ♦❢ t❤❡ s♦❧✉t✐♦♥ uδ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤
t❤❡ ❣❡♥❡r✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② δ ✭s❡❡ ❊q✳ ✭✹✳✹✻✮✮✱ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t
C2 ♦❢ ♦r❞❡r ✶ t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥tr♦❧ ✐♥ t❤✐s ❝❛❧❝✉❧❛t✐♦♥✱ s✐♥❝❡ ✐t ❝❡rt❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡t❛✐❧❡❞
s❤❛♣❡ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s✳ ❲❡ ✇r✐t❡

u(t, x) = uδ0(t, x) + C2uδ(t, x) = e−γc(x−X(t))L [ψδ0(y, ρ) + C2ψδ(y, ρ)] ✭✹✳✺✺✮

✉♣ t♦ t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❜② t❤❡✐r ❡①♣r❡ss✐♦♥s ✭✹✳✹✶✮✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠
❛❧t❡rs t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ✭t❤❡ ❢r♦♥t ❡✈❡♥t✉❛❧❧② r❡❧❛①❡s ❜❛❝❦ t♦ t❤❡ s✐♥❡ s❤❛♣❡ ✐♥ ❊q✳ ✭✹✳✹✽✮✮✱
s❡❡ ❋✐❣✳ ✹✳✶✵✳ ❇✉t ♦❢ ❝♦✉rs❡✱ ✇❡ ✇❛♥t t♦ ❦❡❡♣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢♦r u✱ ♥❛♠❡❧② ❢♦r
s♦♠❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ x✱ u ✐s r❡q✉✐r❡❞ t♦ ❡q✉❛t❡ ❊q✳ ✭✹✳✹✾✮ ❛t ❛❧❧ t✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜②
s❤✐❢t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ x ❛t ✇❤✐❝❤ ✇❡ ❡♥❢♦r❝❡ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢r♦♠ x = X(t)+ aL t♦ s❛②
x = X(t)+aL+R(t, δ)✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤✐❢t✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥tX(t) → X(t)+R(t, δ)✳

✺✽
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❊q✉❛t✐♦♥ ✭✹✳✺✺✮ t❤❡♥ ❧❡❛❞s t♦

u(t,X(t) + aL+R(t, δ)) = 2π2āaL2e−γcaL−γcR(t,δ)

[

1 + C2
ψδ(y, a)

2π2āa L

]

. ✭✹✳✺✻✮

❊q✉❛t✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ♦❢ ❊q✳ ✭✹✳✺✻✮ ❛♥❞ ❊q✳ ✭✹✳✹✾✮✱ ✇❡ ❣❡t

R(t, δ) =
1

γc
ln



1 + C2

ψδ

(

2ω′′(γc)t
L2 , a

)

2π2āa L



 , ✭✹✳✺✼✮

✇❤❡r❡ ♦♥❧② t❤❡ ❧♦✇❡st ♦r❞❡rs ✐♥ ā✱ a ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ψδ ♠✉st ❜❡ ❦❡♣t✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢
❊q✳ ✭✹✳✹✻✮✱ ✐t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❛rr✐✈❡ ❛t ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ R✳

■♥ t❤❡ ❧❛r❣❡ t✐♠❡ ❧✐♠✐t ✐♥ ✇❤✐❝❤ ♦♥❧② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ s✉r✈✐✈❡s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ψ✱
✇❡ ❣❡t t❤❡ s❤✐❢t

R(δ) =
1

γc
ln

(

1 + C2
eγcδ

L3

)

. ✭✹✳✺✽✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✭✹✳✺✹✮ ❛♥❞ t❤❡ ❢r♦♥t s❤✐❢t ✭✹✳✺✽✮ ❞✉❡ t♦ ❛ ❢♦r✇❛r❞ ✢✉❝t✉❛t✐♦♥ ❞❡✜♥❡
❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t X(t)✿

X(t+ dt) =

{

X(t) + v❇❉dt ♣r♦❜❛✳ 1− dt
∫∞

0
dδp(δ)

X(t) + v❇❉dt+R(δ) ♣r♦❜❛✳ p(δ)dδdt.
✭✹✳✺✾✮

❋r♦♠ t❤❡s❡ r✉❧❡s✱ ✇❡ ♠❛② ❝♦♠♣✉t❡ ❛❧❧ ❝✉♠✉❧❛♥ts ♦❢ X(t)✱ ❜② ✇r✐t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡✐r ❣❡♥❡r✲
❛t✐♥❣ ❢✉♥❝t✐♦♥✱ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ✭✹✳✺✾✮✿

∂

∂t
ln
〈

eλX(t)
〉

= λv❇❉ +

∫

dδ p(δ)
(

eλR(δ) − 1
)

. ✭✹✳✻✵✮

❚❤❡ ❧❡❢t ❤❛♥❞✲s✐❞❡ ✐s ❛ ♣♦✇❡r s❡r✐❡s ✐♥ λ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝✉♠✉❧❛♥ts
♦❢ X(t)✳ ■❞❡♥t✐❢②✐♥❣ t❤❡ ♣♦✇❡rs ♦❢ λ ✐♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t✲❤❛♥❞ s✐❞❡s✱ ✇❡ ❣❡t

V − v❇❉ =

∫

dδp(δ)R(δ) =
C1C2

γc

3 lnL

γcL3

[n✲t❤ ❝✉♠✉❧❛♥t]
t

=

∫

dδp(δ)[R(δ)]n =
C1C2

γc

n!ζ(n)

γnc L
3
.

✭✹✳✻✶✮

❲❡ s❡❡ t❤❛t t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t st✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❞✉❝t C1C2 ♦❢ t❤❡
✉♥❞❡t❡r♠✐♥❡❞ ❝♦♥st❛♥ts C1 ❛♥❞ C2✳ ❲❡ ♥❡❡❞ ❛ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥ t♦ ✜① ✐ts ✈❛❧✉❡✳

❲❡ ❣♦ ❜❛❝❦ t♦ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ♠❡❛♥✲✜❡❧❞ ❢r♦♥t ✈❡❧♦❝✐t②✱ ❣✐✈❡♥ ✐♥
❊q✳ ✭✹✳✺✷✮✳ ❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ R(δ) ✭❊q✳ ✭✹✳✺✽✮✮ ❛♥❞ ♦❢ p(δ) ✭❊q✳ ✭✹✳✺✹✮✮✱ ✇❡ s❡❡ t❤❛t t❤❡
✐♥t❡❣r❛♥❞ ❞❡✜♥✐♥❣ V − v❇❉ ✐♥ ❊q✳ ✭✹✳✻✶✮ ✐s ❛❧♠♦st ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦❢ δ ❢♦r δ < δ0 = 3 lnL/γc✱
❛♥❞ ✐s ❞❡❝❛②✐♥❣ ❡①♣♦♥❡♥t✐❛❧❧② ❢♦r δ > δ0✳ ❋✉rt❤❡r♠♦r❡✱ R(δ0) ✐s ♦❢ ♦r❞❡r ✶✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
✇❤❡♥ ❛ ✢✉❝t✉❛t✐♦♥ ✐s s❡♥t ♦✉t ❛t ❛ ❞✐st❛♥❝❡ δ ∼ δ0 ❛❤❡❛❞ ♦❢ t❤❡ t✐♣ ♦❢ t❤❡ ❢r♦♥t✱ ✐t ❡✈♦❧✈❡s ✐♥t♦
❛ ❢r♦♥t t❤❛t ♠❛t❝❤❡s ✐♥ ♣♦s✐t✐♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r✐♠❛r② ❢r♦♥t✳ ❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t ✇❤❡♥ ❛
✢✉❝t✉❛t✐♦♥ ❤❛s δ < δ0✱ ✐ts ❡✈♦❧✉t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❧✐♥❡❛r ✉♥t✐❧ ✐t ✐s ✐♥❝♦r♣♦r❛t❡❞ t♦ t❤❡ ♣r✐♠❛r②
❢r♦♥t✱ ✇❤❡r❡❛s ✢✉❝t✉❛t✐♦♥s ✇✐t❤ δ > δ0 ❡✈♦❧✈❡ ♥♦♥❧✐♥❡❛r❧② ❜✉t ❛t t❤❡ s❛♠❡ t✐♠❡ ❤❛✈❡ ❛ ✈❡r②
s✉♣♣r❡ss❡❞ ♣r♦❜❛❜✐❧✐t②✳ ❲❡ ❛r❡ t❤✉s ❧❡❞ t♦ t❤❡ ♥❛t✉r❛❧ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❛✈❡r❛❣❡ ❢r♦♥t ✈❡❧♦❝✐t②
✐s ❣✐✈❡♥ ❜② v❇❉ ✐♥ ❊q✳ ✭✹✳✺✷✮✱ ✇✐t❤ t❤❡ r❡♣❧❛❝❡♠❡♥t

L→ L❡✛ =
lnN

γc
+ δ0 =

lnN

γc
+ 3

ln lnN

γc
, ✭✹✳✻✷✮

♥❛♠❡❧②

V =
ω(γc)

γc
− π2ω′′(γc)

2γc

(

lnN
γc

+ 3 ln lnN
γc

)2 . ✭✹✳✻✸✮

✺✾
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❚❤❡ ❧❛r❣❡✲N ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♥❡✇ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ②✐❡❧❞s ❛ ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢
ln lnN/ ln3N t♦ t❤❡ ❇r✉♥❡t✲❉❡rr✐❞❛ r❡s✉❧t✱ ♠♦r❡ ♣r❡❝✐s❡❧②

V =
ω(γc)

γc
− π2γcω

′′(γc)

2 ln2N
+ π2γcω

′′(γc)
3 ln lnN

ln3N
. ✭✹✳✻✹✮

❊qs✳ ✭✹✳✻✶✮ ❛♥❞ ✭✹✳✻✹✮ ♠❛t❝❤ ❢♦r t❤❡ ❝❤♦✐❝❡

C1C2 = π2ω′′(γc). ✭✹✳✻✺✮

❋r♦♠ t❤✐s ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ C1C2✱ ✇❡ ❛❧s♦ ❣❡t t❤❡ ❢✉❧❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝✉♠✉❧❛♥ts ♦❢ t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ❢r♦♥t✿

[n✲t❤ ❝✉♠✉❧❛♥t]
t

= π2γ2cω
′′(γc)

n!ζ(n)

γnc ln3N
. ✭✹✳✻✻✮

❲❡ ♥♦t❡ t❤❛t ❛❧❧ ❝✉♠✉❧❛♥ts ❛r❡ ♦❢ ♦r❞❡r ✉♥✐t② ❢♦r t ∼ ln3N ✱ ✇❤✐❝❤ ✐s t❤❡ s✐❣♥ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ❛ tr✐✈✐❛❧ ●❛✉ss✐❛♥✳ ❚❤✐s ♠❛❦❡s ✐t ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝✉♠✉❧❛♥ts ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ κ = t/ ln3N ✱ ✇❤✐❝❤ ✐s t❤❡ s✐❣♥ t❤❛t t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ s✉♠ ♦❢ κ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❛s s✉❝❤✱
❜❡❝♦♠❡s ●❛✉ss✐❛♥ ✇❤❡♥ κ ✐s ✈❡r② ❧❛r❣❡✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥ ✇❡r❡
✐♥✈❡st✐❣❛t❡❞ ✐♥ s♦♠❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❘❡❢✳ ❬✶✶✺❪✳

❚❤❛♥❦s t♦ ♦✉r ❞✐s❝✉ss✐♦♥ ✐♥ ❈❤❛♣✳ ✷✱ ✇❡ s❡❡ t❤❛t t❤❡s❡ r❡s✉❧ts s❤♦✉❧❞ ❛♣♣❧② t♦ ◗❈❉ ✇✐t❤ t❤❡
r❡❧❡✈❛♥t s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ω ❛♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡r N ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜✳ ✷✳✶✳

✹✳✸✳✷ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ s♦ ❢❛r r❡❧② ♦♥ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥❥❡❝t✉r❡s t❤❛t ♥♦✲♦♥❡ ❤❛s ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ s♦
❢❛r✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ♦✉r r❡s✉❧ts✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✷✳ ❚❤❡
✜rst st❡♣ t♦ t❛❦❡ ❜❡❢♦r❡ ❜❡✐♥❣ ❛❜❧❡ t♦ ❛♣♣❧② ♦✉r r❡s✉❧ts t♦ t❤✐s ♣❛rt✐❝✉❧❛r ♠♦❞❡❧ ✐s t♦ ❡①tr❛❝t ❢r♦♠
t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ ❊q✳ ✭✷✳✷✻✮ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ω(γ)✱ ❛♥❞ t❤❡♥ t♦ ❝♦♠♣✉t❡ γc✳ ❙❡tt✐♥❣
∆x = ∆t = 1✱ ✇❡ ❣❡t

ω(γ) = ln
[

1 + λ+ pl(e
−γ − 1) + pr(e

γ − 1)
]

, ✭✹✳✻✼✮

❛♥❞ γc ✐s ❞❡✜♥❡❞ ❜② ω(γc) = γcω
′(γc)✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ st✉❞②✱ ✇❡ s❡t

pl = pr = 0.1 ❛♥❞ λ = 0.2 . ✭✹✳✻✽✮

❙✐♠✉❧❛t❡❞ r❡❛❧✐③❛t✐♦♥s ❢♦r t❤✐s s❡t ♦❢ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✶✳
❋r♦♠ ✭✹✳✻✼✮✱ t❤✐s ❝❤♦✐❝❡ ❧❡❛❞s t♦

γc = 1.352 · · · , ω′(γc) = 0.2553 · · · ,
ω′′(γc) = 0.2267 · · · . ✭✹✳✻✾✮

Pr❡❞✐❝t✐♦♥s ❢♦r ❛❧❧ ❝✉♠✉❧❛♥ts ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❛r❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢
t❤❡s❡ ♣❛r❛♠❡t❡rs ✐♥ ❊qs✳ ✭✹✳✻✹✮✱✭✹✳✻✻✮✳

❚❡❝❤♥✐❝❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❣♦ t♦ ✈❡r② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ N ✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ❢✉❧❧ st♦❝❤❛st✐❝
♠♦❞❡❧ ❜② ✐ts ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ u→ 〈u〉✱ ✇❤❡r❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ 〈u〉 ✐s ❣✐✈❡♥
❜② ❊q✳ ✭✷✳✷✻✮✱ ✐♥ ❛❧❧ ❜✐♥s ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❧❛r❣❡r t❤❛♥ 103 ✭t❤❛t ✐s✱ ✐♥ t❤❡ ❜✉❧❦ ♦❢
t❤❡ ❢r♦♥t✮✳ ❲❤❡♥❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s s♠❛❧❧❡r✱ ✇❡ ✉s❡ t❤❡ ❢✉❧❧ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ✭✷✳✷✹✮✳
❲❡ ❛❞❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❜✐♥s ❞❡s❝r✐❜❡❞ ❜② t❤❡
❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❜✐♥s ❞❡s❝r✐❜❡❞ ❜② t❤❡ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ s♦ t❤❛t t❤❡ ✢✉① ♦❢ ♣❛rt✐❝❧❡s
✐s ❝♦♥s❡r✈❡❞ ❬✶✶✻❪✳ ❚❤✐s ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✏♠♦❞❡❧ ■✑✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ s❤❛❧❧ ✉s❡
t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ✐♥ t❤❡ r✐❣❤t♠♦st ❜✐♥ ✭♠♦❞❡❧ ■■✮✿ ❛t ❡❛❝❤ t✐♠❡
st❡♣✱ ❛ ♥❡✇ ❜✐♥ ✐s ✜❧❧❡❞ ✐♠♠❡❞✐❛t❡❧② ♦♥ t❤❡ r✐❣❤t ♦❢ t❤❡ r✐❣❤t♠♦st ♥♦♥❡♠♣t② s✐t❡ ✇✐t❤ ❛ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s ❣✐✈❡♥ ❜② ❛ P♦✐ss♦♥ ❧❛✇ ♦❢ ❛✈❡r❛❣❡ θ = N〈u(x, t+1)|{u(x, t)}〉. ❲❡ ❝❤❡❝❦❡❞ ♥✉♠❡r✐❝❛❧❧②
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❋✐❣✉r❡ ✹✳✶✶✿ ✶✵✵✵ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✷ ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s ✭❞♦tt❡❞
❧✐♥❡s✮✱ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ u ♦✈❡r t❤❡ r❡❛❧✐③❛t✐♦♥s ✭❢✉❧❧ ❧✐♥❡✮✳ ❖♥❡ ❝❧❡❛r❧② s❡❡s t❤❛t 〈u〉 ❞♦❡s ♥♦t
❦❡❡♣ ✐ts s❤❛♣❡ ✉♣♦♥ t✐♠❡ ❡✈♦❧✉t✐♦♥✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❋❑PP
❡q✉❛t✐♦♥ ✐s ❧♦st ❞✉❡ t♦ t❤❡ st♦❝❤❛st✐❝✐t②✳ ❚❤✐s ♣♦✐♥t ✐s ❛❞❞r❡ss❡❞ ✐♥ s♦♠❡ ❞❡t❛✐❧ ✐♥ ❈❤❛♣✳ ✻✳

t❤❛t t❤✐s ❧❛st ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡s ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ r❡s✉❧ts ❢r♦♠ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ ♠♦❞❡❧ ■ ❛s
❢❛r ❛s t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐s ❝♦♥❝❡r♥❡❞✳

❲❡ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❛t t✐♠❡ t ❜②

Xt =

∞
∑

x=0

u(x, t). ✭✹✳✼✵✮

❲❡ st❛rt ❛t t✐♠❡ t = 0 ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u(x, 0) = 1 ❢♦r x ≤ 0 ❛♥❞ u(x, 0) = 0 ❢♦r x > 0✳
❲❡ ❡✈♦❧✈❡ ✐t ✉♣ t♦ t✐♠❡ t = ln2N t♦ ❣❡t r✐❞ ♦❢ s✉❜❛s②♠♣t♦t✐❝ ❡✛❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ❜✉✐❧❞✐♥❣ ♦❢
t❤❡ ❛s②♠♣t♦t✐❝ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t✱ ❛♥❞ ✇❡ ♠❡❛s✉r❡ t❤❡ ♠❡❛♥ ✈❡❧♦❝✐t② ❜❡t✇❡❡♥ t✐♠❡s ln2N ❛♥❞
16× ln2N ✳ ❋♦r ♠♦❞❡❧ ■ ✭♠❛♥② st♦❝❤❛st✐❝ ❜✐♥s✮✱ ✇❡ ❛✈❡r❛❣❡ t❤❡ r❡s✉❧ts ♦✈❡r 104 s✉❝❤ r❡❛❧✐③❛t✐♦♥s✳
❋♦r ♠♦❞❡❧ ■■ ✭♦♥❧② ♦♥❡ st♦❝❤❛st✐❝ ❜✐♥✮✱ ✇❡ ❣❡♥❡r❛t❡ 105 s✉❝❤ r❡❛❧✐③❛t✐♦♥s ❢♦r N ≤ 1050 ❛♥❞ 104

r❡❛❧✐③❛t✐♦♥s ❢♦r N > 1050✳ ■♥ ❛❧❧ ♦✉r s✐♠✉❧❛t✐♦♥s✱ ♠♦❞❡❧s ■ ❛♥❞ ■■ ❣✐✈❡ ♥✉♠❡r✐❝❛❧❧② ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡
r❡s✉❧ts ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ N ✇❤❡r❡ ❜♦t❤ ♠♦❞❡❧s ✇❡r❡ s✐♠✉❧❛t❡❞✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ♦♥ t❤❡ ✜❣✉r❡s ✭r❡s✉❧ts
❢♦r ♠♦❞❡❧ ■ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝✐r❝❧❡ ❛♥❞ ❢♦r ♠♦❞❡❧ ■■ ❜② ❛ ❝r♦ss✮✳

❖✉r ♥✉♠❡r✐❝❛❧ ❞❛t❛ ❢♦r t❤❡ ❝✉♠✉❧❛♥ts ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✷ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝✲
t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✳✻✹✮✱✭✹✳✻✻✮ ✭❞♦tt❡❞ ❧✐♥❡s ✐♥ t❤❡ ✜❣✉r❡✮✳ ❲❡ s❡❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
❣❡t ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❛t ❧❛r❣❡ N ✳ ❍♦✇❡✈❡r✱ ❤✐❣❤❡r✲♦r❞❡r ❝♦rr❡❝t✐♦♥s ❛r❡ ♣r❡✲
s✉♠❛❜❧② st✐❧❧ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❧♦✇❡st ✈❛❧✉❡s ♦❢ N ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ✜❣✉r❡✳

❲❡ tr② t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ ❝♦rr❡❝t✐♦♥s ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❢❛❝t♦r (lnN)/γc = L0 ✐♥ t❤❡ ❞❡♥♦♠✐✲
♥❛t♦r ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝✉♠✉❧❛♥ts ✐♥ ❊qs✳ ✭✹✳✻✹✮✱✭✹✳✻✻✮ ❜② t❤❡ ❛♥s❛t③

L❡✛ = L0 +
3 ln(lnN)

γc
+ c+ d

ln(lnN)

lnN
. ✭✹✳✼✶✮

❚❤❡ t✇♦ ✜rst t❡r♠s ✐♥ t❤❡ r✳❤✳s✳ ❛r❡ s✉❣❣❡st❡❞ ❜② ♦✉r ♠♦❞❡❧✳ ❲❡ ❤❛✈❡ ❛❞❞❡❞ t✇♦ s✉❜❧❡❛❞✐♥❣ t❡r♠s
✇❤✐❝❤ ❣♦ ❜❡②♦♥❞ ♦✉r t❤❡♦r②✿ ❛ ❝♦♥st❛♥t t❡r♠✱ ❛♥❞ ❛ t❡r♠ t❤❛t ✈❛♥✐s❤❡s ❛t ❧❛r❣❡ N ✳ ❚❤❡ ❧❛tt❡r
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prediction with subleading terms
asymptotic prediction (6)
model II
model I

5 th
cumulant×10−4

4 th
cumulant×10−2.5

3 rd
cumulant×10−1

2nd
cumulant

v − vcutoff

N

C
u
m
u
la
n
ts

(d
iv
id
ed

b
y
ti
m
e)

1010 1015 1020 1030 1040 1050 1060 1070
10−9

10−8

10−7

10−6

10−5

10−4

10−3

❋✐❣✉r❡ ✹✳✶✷✿ ❬❋r♦♠ ❘❡❢✳ ❬✶✶✹❪❪ ❋r♦♠ t♦♣ t♦ ❜♦tt♦♠✱ t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ✈❡❧♦❝✐t② ❣✐✈❡♥ ❜② t❤❡ ❝✉t♦✛
t❤❡♦r② ❛♥❞ t❤❡ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡rs ✷ t♦ ✺ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐♥ t❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧✳ ❚❤❡
♥✉♠❡r✐❝❛❧ ❞❛t❛ ❛r❡ ❝♦♠♣❛r❡❞ t♦ ♦✉r ♣❛r❛♠❡t❡r✲❢r❡❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ✭✹✳✻✹✮✱✭✹✳✻✻✮✱ r❡♣r❡s❡♥t❡❞
❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡✳

❛r❡ ♥❛t✉r❛❧❧② ❡①♣❡❝t❡❞ t♦ ❜❡ ❛♠♦♥❣ t❤❡ ♥❡①t t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ❧❛r❣❡ N ✳ ❲❡
✐♥❝❧✉❞❡ t❤❡♠ ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❜❡❝❛✉s❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ N ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠
♦✉r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ t❤❡② ♠❛② st✐❧❧ ❜r✐♥❣ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥✳

❲❡ ✜t ✭✹✳✼✶✮ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❛t❛ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠♦❞❡❧ ■■✱ r❡str✐❝t✐♥❣ ♦✉rs❡❧✈❡s
t♦ ✈❛❧✉❡s ♦❢ N ❧❛r❣❡r t❤❛♥ 1030✳ ■♥ t❤❡ ✜t✱ ❡❛❝❤ ❞❛t❛ ♣♦✐♥t ✐s ✇❡✐❣❤t❡❞ ❜② t❤❡ st❛t✐st✐❝❛❧ ❞✐s♣❡rs✐♦♥
♦❢ ✐ts ✈❛❧✉❡ ✐♥ ♦✉r s❛♠♣❧❡ ♦❢ ❞❛t❛✳ ❲❡ ♦❜t❛✐♥ ❛ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢r❡❡ ♣❛r❛♠❡t❡rs
c = −4.26± 0.01 ❛♥❞ d = 5.12± 0.27✱ ✇✐t❤ ❛ ❣♦♦❞ q✉❛❧✐t② ♦❢ t❤❡ ✜t ✭χ2/d.o.f ∼ 1.15✮✳

◆♦✇ ✇❡ s❡❡ t❤❛t ✇✐t❤ t❤✐s ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❢r♦♥t✱ t❤❡ r❡s✉❧ts
❢♦r t❤❡ ❝✉♠✉❧❛♥ts s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✶✷ ✭❢✉❧❧ ❧✐♥❡s✮ ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧
❞❛t❛ ♦✈❡r t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ N ✳
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❈❤❛♣t❡r ✺

❙♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s

❙♦ ❢❛r✱ ❛❧❧ ♠♦❞❡❧s ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s ❛✐♠❡❞ ❛t ❞❡s❝r✐❜✐♥❣ ◗❈❉ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❛ss✉♠❡❞ ✉♥✐✲
❢♦r♠✐t② ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡✱ ♦r✱ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ t❤❡
tr❛♥s✈❡rs❡ s♣❛❝❡✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ✇❤✐❧❡ t♦ ❢✉❧❧② ❞❡s❝r✐❜❡ t❤❡ ✐♠♣❛❝t
♣❛r❛♠❡t❡r✱ t✇♦ ❞✐♠❡♥s✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✳ ❲❡ s❤❛❧❧ ❛❞❞r❡ss ❤❡r❡ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢
t❤❡ ◗❈❉ ❡✈♦❧✉t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs✳

❈♦♥t❡♥ts

✺✳✶ ❘❡❧❡✈❛♥❝❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✺✳✶✳✶ ❆ ♠♦❞❡❧ ✐♥❝♦r♣♦r❛t✐♥❣ ❛♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✶✳✷ ◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✺✳✷✳✶ ❇❛s✐❝ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✷✳✷ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✷✳✸ ❆♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✷✳✹ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✶ ❘❡❧❡✈❛♥❝❡ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❛r❣✉❡❞ t❤❛t ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉ ❛t ✜①❡❞ ❝♦✉♣❧✐♥❣ ❛♥❞ ✜①❡❞ ✐♠♣❛❝t
♣❛r❛♠❡t❡r ✐s ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ st♦❝❤❛st✐❝ ❋❑PP ❡q✉❛t✐♦♥ ✭❈❤❛♣✳ ✷✮✱ ✇❤✐❝❤ ✐s ❛♥
❡q✉❛t✐♦♥ ✇✐t❤ ♦♥❡ ❡✈♦❧✉t✐♦♥ ✈❛r✐❛❜❧❡ ✭t✐♠❡ ♦r r❛♣✐❞✐t② ✐♥ ◗❈❉✮✱ ❛♥❞ ♦♥❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✭x
❣❡♥❡r✐❝❛❧❧②✱ ♦r ln k2 ∼ ln(1/r2) ✐♥ ◗❈❉✮✳ ❋r♦♠ t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣✱ ✇❡ ❤❛✈❡ s✐♠♣❧② ❞✐s❝❛r❞❡❞
t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❛t t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡ ❛♥❞
t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ♣❧❛② ❞✐✛❡r❡♥t r♦❧❡s✱ ❛♥❞ t❤✉s✱ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ♠❛② ❛ ♣r✐♦r✐ ♥♦t ❜❡
❛❝❝♦✉♥t❡❞ ❢♦r ❜② ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❋❑PP ❡q✉❛t✐♦♥✳

❚❤❡r❡ ❛r❡ ❣❡♥❡r❛❧ ❛r❣✉♠❡♥ts t♦ s✉♣♣♦rt t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ◗❈❉ ❡✈♦❧✉t✐♦♥ ✐s ❧♦❝❛❧ ❡♥♦✉❣❤
❢♦r t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs t♦ ❞❡❝♦✉♣❧❡ t❤r♦✉❣❤ t❤❡ r❛♣✐❞✐t② ❡✈♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❛r❡ ♥♦✇
❣♦✐♥❣ t♦ ♣r❡s❡♥t✳

▲❡t ✉s st❛rt ✇✐t❤ ❛ s✐♥❣❧❡ ❞✐♣♦❧❡ ❛t r❡st✱ ❛♥❞ ❜r✐♥❣ ✐t ❣r❛❞✉❛❧❧② t♦ ❛ ❤✐❣❤❡r r❛♣✐❞✐t②✳ ❆s ✇❛s
❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣✳ ✷✱ ❞✉r✐♥❣ t❤✐s ♣r♦❝❡ss✱ t❤✐s ❞✐♣♦❧❡ ♠❛② ❜❡ r❡♣❧❛❝❡❞ ❜② t✇♦ ♥❡✇ ❞✐♣♦❧❡s✱ ✇❤✐❝❤
t❤❡♠s❡❧✈❡s ♠❛② s♣❧✐t✱ ❛♥❞ s♦ ♦♥✱ ❡✈❡♥t✉❛❧❧② ♣r♦❞✉❝✐♥❣ ❛ ❝❤❛✐♥ ♦❢ ❞✐♣♦❧❡s✳ ❋✐❣✉r❡ ✷✳✷ ♣✐❝t✉r❡s ♦♥❡
r❡❛❧✐③❛t✐♦♥ ♦❢ s✉❝❤ ❛ ❝❤❛✐♥✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❧✐tt✐♥❣ r❛t❡ ❣✐✈❡♥ ✐♥ ❊q✳ ✭✷✳✶✮✱ s♣❧✐tt✐♥❣s t♦ s♠❛❧❧❡r✲s✐③❡ ❞✐♣♦❧❡s ❛r❡ ❢❛✈♦r❡❞✱
❛♥❞ t❤✉s✱ ♦♥❡ ❡①♣❡❝ts t❤❛t t❤❡ s✐③❡s ♦❢ t❤❡ ❞✐♣♦❧❡s ❣❡t s♠❛❧❧❡r ♦♥ t❤❡ ❛✈❡r❛❣❡✱ ❛♥❞ t❤❛t ✐♥ t✉r♥✱ t❤❡
s✉❝❝❡ss✐✈❡ s♣❧✐tt✐♥❣s ❜❡❝♦♠❡ ♠♦r❡ ❧♦❝❛❧✳ ❚❤❡ ❞✐♣♦❧❡s ❛r♦✉♥❞ r❡❣✐♦♥ ✏✶✑ ❛♥❞ t❤♦s❡ ❛r♦✉♥❞ r❡❣✐♦♥
✏✷✑ s❤♦✉❧❞ ❤❛✈❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❡✈♦❧✉t✐♦♥ ❜❡②♦♥❞ t❤❡ st❛❣❡ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✷✳✷✿ ❋✉rt❤❡r s♣❧✐tt✐♥❣s

✻✸
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✇✐❧❧ ♥♦t ♠✐① ✐♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r s♣❛❝❡✱ ❛♥❞ t❤✉s✱ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛r♦✉♥❞ t❤❡s❡ r❡❣✐♦♥s s❤♦✉❧❞
❜❡ ✉♥❝♦rr❡❧❛t❡❞✳ ❋♦r ❛ ❞✐♣♦❧❡ ✐♥ r❡❣✐♦♥ ✶ ♦❢ s✐③❡ r t♦ ♠✐❣r❛t❡ t♦ r❡❣✐♦♥ ✷✱ ✐t s❤♦✉❧❞ ✜rst s♣❧✐t
✐♥t♦ ❛ ❞✐♣♦❧❡ ✇❤♦s❡ s✐③❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❞✐st❛♥❝❡ ∆b ❜❡t✇❡❡♥ r❡❣✐♦♥s ✶ ❛♥❞ ✷✱ ✉♣ t♦ s♦♠❡
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r ♦❢ ♦r❞❡r 1✳ ✭❲❡ ❛ss✉♠❡ ✐♥ t❤✐s ❞✐s❝✉ss✐♦♥ t❤❛t t❤❡ ❞✐♣♦❧❡s ✐♥ r❡❣✐♦♥ ✷ r❡❧❡✈❛♥t
t♦ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ t❤❛t ✐s✱ t❤♦s❡ ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ✇❛✈❡
❢r♦♥t✱ ❛❧s♦ ❤❛✈❡ s✐③❡s ♦❢ ♦r❞❡r r✮✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ r❛t❡ ♦❢ s✉❝❤ s♣❧✐tt✐♥❣s ♠❛② ❜❡ ❡st✐♠❛t❡❞
❢r♦♠ t❤❡ ❞✐♣♦❧❡ s♣❧✐tt✐♥❣ ♣r♦❜❛❜✐❧✐t② ✭✷✳✶✮✿ ✐t ✐s ♦❢ ♦r❞❡r ᾱ(r2/(∆b)2)2✱ ✇❤✐❧❡ t❤❡ r❛t❡ ♦❢ s♣❧✐tt✐♥❣s
♦❢ t❤❡ s❛♠❡ ❞✐♣♦❧❡ ✐♥t♦ ❛ ❞✐♣♦❧❡ ♦❢ s✐♠✐❧❛r s✐③❡ ✐♥ r❡❣✐♦♥ ✶ ✐s ♦❢ ♦r❞❡r ᾱ✳ ❚❤✉s t❤❡ ✜rst ♣r♦❝❡ss ✐s
str♦♥❣❧② s✉♣♣r❡ss❡❞ ❛s s♦♦♥ ❛s r❡❣✐♦♥s ✶ ❛♥❞ ✷ ❛r❡ ♠♦r❡ ❞✐st❛♥t t❤❛♥ ❛ ❢❡✇ ✉♥✐ts ♦❢ r✳ ◆♦t❡ t❤❛t
❢♦r ∆b & 1/Qs✱ s❛t✉r❛t✐♦♥ ♠❛② ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ❡♠✐ss✐♦♥ ♦❢ t❤❡ ✜rst✱ ❧❛r❣❡✱ ❞✐♣♦❧❡ ❧❡❛❞✐♥❣ t♦ ❛♥
❡✈❡♥ str♦♥❣❡r s✉♣♣r❡ss✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ r❛t❡✳

❲❤❛t ❝♦✉❧❞ ❛❧s♦ ❤❛♣♣❡♥ ✐s t❤❛t s♦♠❡ ❧❛r❣❡r ❞✐♣♦❧❡ ❤❛s✱ ❜② ❝❤❛♥❝❡✱ ♦♥❡ ♦❢ ✐ts ❡♥❞♣♦✐♥ts t✉♥❡❞
t♦ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ♦♥❡ ✐s ❧♦♦❦✐♥❣ ❛t ✭❛t ❛ ❞✐st❛♥❝❡ ✇❤✐❝❤ ✐s ❛t ♠♦st |∆r| ≪ 1/Qs(y)✮✱
❛♥❞ ❡❛s✐❧② ♣r♦❞✉❝❡s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s t❤❡r❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡
❛t t❤❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r ✇♦✉❧❞ s✉❞❞❡♥❧② ❥✉♠♣✳ ■❢ s✉❝❤ ❡✈❡♥ts ✇❡r❡ ❢r❡q✉❡♥t ❡♥♦✉❣❤✱ t❤❡♥ t❤❡②
✇♦✉❧❞ ♠♦❞✐❢② t❤❡ ❛✈❡r❛❣❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛♥❞ t❤✉s t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❋❑PP ♣✐❝t✉r❡✳ ❲❡ ♠❛②
❣✐✈❡ ❛ r♦✉❣❤ ❡st✐♠❛t❡ ♦❢ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❞✐♣♦❧❡s ♦❢ s✐③❡ s♠❛❧❧❡r t❤❛♥ ∆r ❛r❡ ♣r♦❞✉❝❡❞✳ ❆ss✉♠✐♥❣
❧♦❝❛❧ ✉♥✐❢♦r♠✐t② ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ n ♦❢ t❤❡ ❡♠✐tt✐♥❣ ❞✐♣♦❧❡s✱ t❤❡ r❛t❡ ✭♣❡r ✉♥✐t ♦❢ ᾱy✮ ♦❢ s✉❝❤
❡✈❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥

∫

r0>∆r

d2r0
r20

∫

ε<∆r

d2ε n(r0)

(

ε

r0

)2
1

2π

r20
ε2(r0 − ε)2

, ✭✺✳✶✮

✇❤❡r❡ ✇❡ ✐♥t❡❣r❛t❡ ♦✈❡r ❧❛r❣❡ ❞✐♣♦❧❡s ♦❢ s✐③❡ r0 > ∆r ❡♠✐tt✐♥❣ s♠❛❧❧❡r ❞✐♣♦❧❡s ✭♦❢ s✐③❡ ε < ∆r✮ ✇✐t❤
❛ ♣r♦❜❛❜✐❧✐t② d2ε r20/(2πε

2(r0 − ε)2)✳ ❚❤❡ ❢❛❝t♦r (ε/r0)2 ❛❝❝♦✉♥ts ❢♦r t❤❡ ❢❛❝t t❤❛t ♦♥❡ ❡♥❞♣♦✐♥t ♦❢
t❤❡ ❞✐♣♦❧❡ ♦❢ s✐③❡ r0 ❤❛s t♦ ❜❡ ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥ ♦❢ s✐③❡ ε ✐♥ ♦r❞❡r t♦ ❡♠✐t t❤❡ ❞✐♣♦❧❡s ❛t t❤❡ r✐❣❤t
✐♠♣❛❝t ♣❛r❛♠❡t❡r✳ ❚♦ ❡st✐♠❛t❡ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ✜rst ✉s❡ n(r0) = T (r0)/α

2
s ❛♥❞ ❛♣♣r♦①✐♠❛t❡ T

❜②
T (r0) = θ(r0 − 1/Qs) + (r20Q

2
s)

γc θ(1/Qs − r0). ✭✺✳✷✮

❚❤❡ ❢r♦♥t ✐s r❡♣❧❛❝❡❞ ❜② ✶ ❛❜♦✈❡ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ✭❢♦r r0 > 1/Qs✮ ❛♥❞ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧❧②
❞❡❝❛②✐♥❣ t❛✐❧ ❢♦r r0 < 1/Qs✳ ❯s✐♥❣ r0−ε ≈ r0 ✐♥ t❤❡ ❡♠✐ss✐♦♥ ❦❡r♥❡❧✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s t❤❡♥ ❡❛s✐❧②
♣❡r❢♦r♠❡❞ ❛♥❞ ♦♥❡ ✜♥❞s ❛ r❛t❡ ✇❤♦s❡ ❞♦♠✐♥❛♥t t❡r♠ ✐s

π

2α2
s

((∆r)2Q2
s)

γc

1− γc
. ✭✺✳✸✮

❋♦r (∆r)2 ≪ (α2
s)

1/γc/Q2
s✱ ✐✳❡✳ ❛❤❡❛❞ ♦❢ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❢r♦♥t✱ t❤✐s t❡r♠ ✐s ♣❛r❛♠❡tr✐❝❛❧❧② ❧❡ss t❤❛♥

✶ ❛♥❞ ✐s ✐♥ ❢❛❝t ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛♥ ♦❜❥❡❝t ✐♥ t❤✐s r❡❣✐♦♥ t❤❛t ❝♦♥tr✐❜✉t❡s t♦
t❤❡ ♥♦r♠❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❬✶✶✹❪✳ ❍❡♥❝❡ t❤❡r❡ ✐s ♥♦ ❡①tr❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡r❡ ❛r❡ ♠❛♥② ❞✐♣♦❧❡s ❛r♦✉♥❞ ❛t ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs✳

❚❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ❤❡r❡ ❛r❡ ❜❛s❡❞ ♦♥ ❡st✐♠❛t❡s ♦❢ ❛✈❡r❛❣❡ ♥✉♠❜❡rs ♦❢ ❞✐♣♦❧❡s✱ ♦♥ t②♣✐❝❛❧
❝♦♥✜❣✉r❛t✐♦♥s✱ ❛♥❞ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❛❝❝♦✉♥t ❛♥❛❧②t✐❝❛❧❧② ❢♦r t❤❡ ♣♦ss✐❜❧❡ ✢✉❝t✉❛t✐♦♥s✳ ❆s ✇❡ ❤❛✈❡
s❡❡♥ t❤r♦✉❣❤ t❤✐s r❡✈✐❡✇✱ t❤❡ ❧❛tt❡r ♦❢t❡♥ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✐♥ t❤❡ ♣❤②s✐❝s
♦❢ ❞✐s♦r❞❡r❡❞ s②st❡♠s✱ r❛r❡ ❡✈❡♥ts s♦♠❡t✐♠❡s ❞♦♠✐♥❛t❡✳ ❙♦ ❜❡❢♦r❡ st✉❞②✐♥❣ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧
❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ st❛t✐st✐❝❛❧ ♣✐❝t✉r❡ ♦❢ ❤✐❣❤✲❡♥❡r❣② ◗❈❉ ❜❛s❡❞ ♦♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥✱
♦♥❡ s❤♦✉❧❞ ❝❤❡❝❦ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❧♦❝❛❧✐t② ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳

❆ ♥✉♠❡r✐❝❛❧ ❝❤❡❝❦ ✇❛s ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ t♦② ♠♦❞❡❧ t❤❛t ❤❛s ❛♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r
❞❡♣❡♥❞❡♥❝❡ ✐♥ ❘❡❢✳ ❬✶✶✼❪✳ ▲❡t ✉s ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ♠♦❞❡❧✱ ❜❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts✳

✺✳✶✳✶ ❆ ♠♦❞❡❧ ✐♥❝♦r♣♦r❛t✐♥❣ ❛♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡

■♥ ♦r❞❡r t♦ ❛rr✐✈❡ ❛t ❛ ♠♦❞❡❧ t❤❛t ✐s tr❛❝t❛❜❧❡ ♥✉♠❡r✐❝❛❧❧②✱ ✇❡ ♦♥❧② ❦❡❡♣ ♦♥❡ tr❛♥s✈❡rs❡ ❞✐♠❡♥s✐♦♥
✐♥st❡❛❞ ♦❢ t✇♦ ✐♥ ✸✰✶✲❞✐♠❡♥s✐♦♥❛❧ ◗❈❉✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r ❣❡♥✉✐♥❡ ✷✰✶✲❞✐♠❡♥s✐♦♥❛❧

✻✹
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◗❈❉ ❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ✇✐s❤ t♦ ❣✐✈❡ ✉♣ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦❧❧✐♥❡❛r s✐♥❣✉❧❛r✐t✐❡s ❛t x2 = x0 ❛♥❞
x2 = x1✳ ▼♦r❡♦✈❡r✱ ◗❈❉ ✇✐t❤ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❧❡ss ❤❛s ✈❡r② ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s ❛t ❤✐❣❤ ❡♥❡r❣✐❡s
❬✶✶✽❪✳ ❙t❛rt✐♥❣ ❢r♦♠ ❊q✳ ✭✷✳✶✮✱ ❛ s♣❧✐tt✐♥❣ r❛t❡ ✇❤✐❝❤ ❝♦♠♣❧✐❡s ✇✐t❤ ♦✉r r❡q✉✐r❡♠❡♥ts ✐s✿

dP

d(ᾱy)
=

1

4

|x01|
|x02||x12|

dx2. ✭✺✳✹✮

❲❡ ❝❛♥ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤✐s ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❜② ❦❡❡♣✐♥❣ ♦♥❧② ✐ts ❝♦❧❧✐♥❡❛r ❛♥❞ ✐♥❢r❛r❡❞
❛s②♠♣t♦t✐❝s ✭❛s ✐♥ ❘❡❢✳ ❬✶✶✾❪✮✳ ■❢ |x02| ≪ |x01| ✭♦r t❤❡ s②♠♠❡tr✐❝❛❧ ❝❛s❡ |x12| ≪ |x01|✮✱ t❤❡
♣r♦❜❛❜✐❧✐t② r❡❞✉❝❡s t♦ dx2/|x02| ✭dx2/|x12| r❡s♣✳✮✳ ❚❤❡ r❡s✉❧t ♦❢ t❤❡ s♣❧✐tt✐♥❣ ✐s ❛ s♠❛❧❧ ❞✐♣♦❧❡
(x0, x2) t♦❣❡t❤❡r ✇✐t❤ ♦♥❡ ❝❧♦s❡ ✐♥ s✐③❡ t♦ t❤❡ ♣❛r❡♥t✳ ❙♦ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ ❥✉st ❛❞❞ t❤❡ s♠❛❧❧
❞✐♣♦❧❡ t♦ t❤❡ s②st❡♠ ❛♥❞ ❧❡❛✈❡ t❤❡ ♣❛r❡♥t ✉♥❝❤❛♥❣❡❞✳ ■♥ t❤❡ ✐♥❢r❛r❡❞ r❡❣✐♦♥✱ ❛ ❞✐♣♦❧❡ ♦❢ s✐③❡
|x02| ≫ |x01| ✐s ❡♠✐tt❡❞ ✇✐t❤ ❛ r❛t❡ ❣✐✈❡♥ ❜② t❤❡ ❧❛r❣❡✲|x02| ❧✐♠✐t ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡
♣r♦❜❛❜✐❧✐t② ❧❛✇s ✭✷✳✶✮✱✭✺✳✹✮ ✐♠♣❧② t❤❛t ❛ s❡❝♦♥❞ ❞✐♣♦❧❡ ♦❢ s✐♠✐❧❛r s✐③❡ s❤♦✉❧❞ ❜❡ ♣r♦❞✉❝❡❞ ✇❤✐❧❡ t❤❡
♣❛r❡♥t ❞✐♣♦❧❡ ❞✐s❛♣♣❡❛rs✳ ❚♦ r❡t❛✐♥ ❛ ❜❡❤❛✈✐♦r ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❛t ✐♥ t❤❡ ❝♦❧❧✐♥❡❛r ❧✐♠✐t✱
✇❡ ✇✐❧❧ ✐♥st❡❛❞ ❥✉st ❣❡♥❡r❛t❡ ❛ s✐♥❣❧❡ ❧❛r❣❡ ❞✐♣♦❧❡ ❛♥❞ ❦❡❡♣ t❤❡ ♣❛r❡♥t✳ ❚♦ ❞♦ t❤✐s ❝♦♥s✐st❡♥t❧② ♦♥❡
♠✉st ✐♥❝❧✉❞❡ ❛ ❢❛❝t♦r ♦❢ t✇♦ ✐♥ t❤❡ ✐♥❢r❛r❡❞ s♣❧✐tt✐♥❣ r❛t❡✱ s♦ ❛s ♥♦t t♦ ♠♦❞✐❢② t❤❡ ❛✈❡r❛❣❡ r❛t❡ ♦❢
♣r♦❞✉❝t✐♦♥ ♦❢ ❧❛r❣❡ ❞✐♣♦❧❡s✳

▲❡t ✉s ❢♦❝✉s ✜rst ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♥❣ ❞✐♣♦❧❡s✳ ✭❚❤❡ s✐♠♣❧✐❢②✐♥❣
❛ss✉♠♣t✐♦♥s ♠❛❞❡ ❛❜♦✈❡ ❡♥❛❜❧❡ ♦♥❡ t♦ ❝❤♦♦s❡ t❤❡ s✐③❡s ❛♥❞ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐♣♦❧❡s
s✉❝❝❡ss✐✈❡❧②✮✳ ❲❡ ❝❛❧❧ r t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ❡♠✐tt❡❞ ❞✐♣♦❧❡✱ r0 t❤❡ ♠♦❞✉❧✉s ♦❢ ✐ts ♣❛r❡♥t ❛♥❞ ✇❡
❞❡✜♥❡ Y = ᾱy✳ ❚❤❡ s♣❧✐tt✐♥❣ r❛t❡ ✭✺✳✹✮ r❡❛❞s✱ ✐♥ t❤✐s s✐♠♣❧✐✜❡❞ ♠♦❞❡❧

dPr0→r

dY
= θ(r − r0)

r0dr

r2
+ θ(r0 − r)

dr

r
, ✭✺✳✺✮

❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❡♥t ❞✐♣♦❧❡ ✐s ❦❡♣t✳ ▲♦❣❛r✐t❤♠✐❝ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ r❡❧❡✈❛♥t ♦♥❡s ❤❡r❡✱ s♦ ✇❡
✐♥tr♦❞✉❝❡

ρ = log2(1/r) ♦r r = 2−ρ. ✭✺✳✻✮

❲❡ ❝❛♥ t❤✉s r❡✇r✐t❡ t❤❡ ❞✐♣♦❧❡ ❝r❡❛t✐♦♥ r❛t❡ ❛s

dPρ0→ρ

dY
= θ(ρ0 − ρ) 2ρ−ρ0 log 2 dρ+ θ(ρ− ρ0) log 2 dρ. ✭✺✳✼✮

❚♦ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤❡ ♠♦❞❡❧✱ ✇❡ ❞✐s❝r❡t✐s❡ t❤❡ ❞✐♣♦❧❡ s✐③❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ρ ✐s ♥♦✇ ❛♥ ✐♥t❡❣❡r✳
❚❤✐s ❛♠♦✉♥ts t♦ r❡str✐❝t✐♥❣ t❤❡ ❞✐♣♦❧❡ s✐③❡s t♦ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ♣♦✇❡rs ♦❢ 2✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
❛ ❞✐♣♦❧❡ ❛t ❧❛tt✐❝❡ s✐t❡ i ✭✐✳❡✳ ❛ ❞✐♣♦❧❡ ♦❢ s✐③❡ 2−i✮ ❝r❡❛t❡s ❛ ♥❡✇ ❞✐♣♦❧❡ ❛t ❧❛tt✐❝❡ s✐t❡ j ✐s

dPi→j

dY
=

∫ ρj+1

ρj

dPρi→ρ

dY
=

{

log 2 j ≥ i

2j−i j < i
. ✭✺✳✽✮

❚❤❡ r❛t❡s dPi±/dY ❢♦r ❛ ❞✐♣♦❧❡ ❛t ❧❛tt✐❝❡ s✐t❡ i t♦ s♣❧✐t t♦ ❛♥② ❧❛tt✐❝❡ s✐t❡ j ≥ i ♦r j < i r❡s♣❡❝t✐✈❡❧②
❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

dPi+

dY
=

L−1
∑

j=i

dPi→j

dY
= log 2(L− i),

dPi−

dY
=

i−1
∑

j=0

dPi→j

dY
= 1− 2−i, ✭✺✳✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ r❡str✐❝t❡❞ t❤❡ ❧❛tt✐❝❡ t♦ 0 ≤ i < L✱ ❢♦r ♦❜✈✐♦✉s r❡❛s♦♥s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥✳

◆♦✇ ✇❡ ❤❛✈❡ t♦ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❡♠✐tt❡❞ ❞✐♣♦❧❡✳ ■♥ ◗❈❉✱
t❤❡ ❝♦❧❧✐♥❡❛r ❞✐♣♦❧❡s ❛r❡ ♣r♦❞✉❝❡❞ ♥❡❛r t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ♣❛r❡♥t ❞✐♣♦❧❡s✳ ▲❡t ✉s t❛❦❡ ❛ ♣❛r❡♥t
♦❢ s✐③❡ r0 ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r b0✳ ❲❡ s❡t t❤❡ ❡♠✐tt❡❞ ❞✐♣♦❧❡ ✭s✐③❡ r✮ ❛t t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r b
s✉❝❤ t❤❛t

b = b0 ±
r0 ± r × s

2
✭✺✳✶✵✮

✻✺
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✇❤❡r❡ s ❤❛s ✉♥✐❢♦r♠ ♣r♦❜❛❜✐❧✐t② ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ■t ✐s ✐♥tr♦❞✉❝❡❞ t♦ ♦❜t❛✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐✲
❜✉t✐♦♥ ♦❢ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ r✳ ❚❤✐s ♣r❡s❝r✐♣t✐♦♥ ✐s q✉✐t❡
❛r❜✐tr❛r② ✐♥ ✐ts ❞❡t❛✐❧s✱ ❜✉t t❤❡ ❧❛tt❡r ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ s✐❣♥✐✜❝❛♥t❧② t❤❡ ♣❤②s✐❝❛❧ ♦❜s❡r✈❛❜❧❡s✳ ❊❛❝❤
♦❢ t❤❡ t✇♦ s✐❣♥s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ ❡✐t❤❡r + ♦r − ✇✐t❤ ❡q✉❛❧
✇❡✐❣❤ts✳ ❲❡ ❛♣♣❧② t❤❡ s❛♠❡ ♣r❡s❝r✐♣t✐♦♥ ✇❤❡♥ t❤❡ ❡♠✐tt❡❞ ❞✐♣♦❧❡ ✐s ❧❛r❣❡r t❤❛♥ ✐ts ♣❛r❡♥t✳

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss s✐♠✐❧❛r t♦ ◗❈❉ ❞✐♣♦❧❡ ❡✈♦❧✉t✐♦♥✱ ✇❡ ♠✉st
❞❡✜♥❡ t❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡✳ ❲❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ✭s❡❡ ❙❡❝✳ ✷✳✶✮ t❤❛t ✐♥ ◗❈❉✱ t❤❡ s❝❛tt❡r✐♥❣
❛♠♣❧✐t✉❞❡ ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ♣r♦❜❡ ❞✐♣♦❧❡ ♦❢ s✐③❡ ri = 2−i ✇✐t❤ ❛ ❞✐♣♦❧❡ ✐♥ ❛♥ ❡✈♦❧✈❡❞ ❋♦❝❦ st❛t❡
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts ✇❤✐❝❤ ❤❛✈❡ ❛ s✐③❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛♥❞
✇❤✐❝❤ s✐t ✐♥ ❛ r❡❣✐♦♥ ♦❢ s✐③❡ ♦❢ ♦r❞❡r ri ❛r♦✉♥❞ t❤❡ ✐♠♣❛❝t ♣♦✐♥t ♦❢ t❤❡ ♣r♦❜❡ ❞✐♣♦❧❡✳ ❙✐♥❝❡ ✐♥ ♦✉r
❝❛s❡✱ t❤❡ s✐③❡s ❛r❡ ❞✐s❝r❡t❡✱ t❤❡ ❛♠♣❧✐t✉❞❡ ✐s ❥✉st ❣✐✈❡♥✱ ✉♣ t♦ ❛ ❢❛❝t♦r✱ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s
t❤❛t ❛r❡ ❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ❜✐♥ ♦❢ s✐③❡ ❛s t❤❡ ♣r♦❜❡✱ ♥❛♠❡❧②

T (i, b0) = α2
s ×#{❞✐♣♦❧❡s ♦❢ s✐③❡ 2−i ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r b s❛t✐s❢②✐♥❣ |b− b0| < ri/2}. ✭✺✳✶✶✮

❋✐♥❛❧❧②✱ ✇❡ ♠✉st ❡♥❢♦r❝❡ ✉♥✐t❛r✐t②✱ t❤❛t ✐s✱ t❤❡ ❝♦♥❞✐t✐♦♥

T (i, b) ≤ 1 ✭✺✳✶✷✮

❢♦r ❛♥② i ❛♥❞ b✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡①♣❡❝t❡❞ t♦ ❤♦❧❞ ❞✉❡ t♦ ❣❧✉♦♥ s❛t✉r❛t✐♦♥ ✐♥ ◗❈❉✳ ❍♦✇❡✈❡r✱
s❛t✉r❛t✐♦♥ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❞✐♣♦❧❡ ♠♦❞❡❧✳ ❚❤❡ s✐♠♣❧❡st ❝❤♦✐❝❡ ✐s t♦ ✈❡t♦ s♣❧✐tt✐♥❣s
t❤❛t ✇♦✉❧❞ ❧♦❝❛❧❧② ❞r✐✈❡ t❤❡ ❛♠♣❧✐t✉❞❡ t♦ ✈❛❧✉❡s ❧❛r❣❡r t❤❛♥ ✶✳ ■♥ ♣r❛❝t✐❝❡✱ ❢♦r ❡❛❝❤ s♣❧✐tt✐♥❣ t❤❛t
❣✐✈❡s ❜✐rt❤ t♦ ❛ ♥❡✇ ❞✐♣♦❧❡ ♦❢ s✐③❡ i ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r b✱ ✇❡ ❝♦♠♣✉t❡ T (i, b) ❛♥❞ T (i, b± ri/2)✱
❛♥❞ t❤r♦✇ ❛✇❛② t❤❡ ♣r♦❞✉❝❡❞ ❞✐♣♦❧❡ ✇❤❡♥❡✈❡r ♦♥❡ ♦❢ t❤❡s❡ ♥✉♠❜❡rs ❣❡ts ❧❛r❣❡r t❤❛♥ ♦♥❡✳

●✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ T ✱ t❤✐s s❛t✉r❛t✐♦♥ r✉❧❡ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ♠❛①✐♠✉♠
♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts ✐♥ ❡❛❝❤ ❜✐♥ ♦❢ s✐③❡ ❛♥❞ ❛t ❡❛❝❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ Ns❛t = 1/α2

s✳

✺✳✶✳✷ ◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t♦rs

❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ♠♦❞❡❧ ♥✉♠❡r✐❝❛❧❧②✳ ▲❡t ✉s ❞✐s❝✉ss ❤♦✇ ✇❡ ♦♣❡r❛t❡❞ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥
❛♥❞ t❤❡ r❡s✉❧ts ✇❡ ♦❜t❛✐♥❡❞✳

❲❡ t❛❦❡ ❛s ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛ ♥✉♠❜❡r Ns❛t ♦❢ ❞✐♣♦❧❡s ♦❢ s✐③❡ ✶ ✭i = 0✮✱ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞
✐♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❜❡t✇❡❡♥ −r0/2 ❛♥❞ r0/2✳ ❚❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs bj t❤❛t ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛r❡
r❡s♣❡❝t✐✈❡❧② 0✱ 10−6✱ 10−4✱ 10−2 ❛♥❞ 10−1✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ❣❡♥❡r❛t❡❞ ✐s t②♣✐❝❛❧❧② 104✱✇❤✐❝❤
❛❧❧♦✇s ♦♥❡ t♦ ♠❡❛s✉r❡ t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡s t♦ ❛ s✉✣❝✐❡♥t
❛❝❝✉r❛❝②✳

❲❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t ❛t ❡❛❝❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱ ✇❡ ❣❡t tr❛✈❡❧✐♥❣ ✇❛✈❡s ✇❤♦s❡ ♣♦s✐t✐♦♥s ❣r♦✇
❧✐♥❡❛r❧② ✇✐t❤ r❛♣✐❞✐t② ❛t ❛ ✈❡❧♦❝✐t② ❧❡ss t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ♠❡❛♥✲✜❡❧❞ ✈❡❧♦❝✐t② ❢♦r t❤✐s ♠♦❞❡❧✳ Ns❛t

✇❛s ✈❛r✐❡❞ ❢r♦♠ ✶✵ t♦ ✷✵✵✳
❋✐❣✉r❡ ✺✳✶ r❡♣r❡s❡♥ts t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ❢r♦♥ts ❛t ❞✐✛❡r❡♥t

✐♠♣❛❝t ♣❛r❛♠❡t❡rs✱ ❞❡✜♥❡❞ ❛s

〈ρs(Y, b1)ρs(Y, b2)〉 − 〈ρs(Y, b1)〉〈ρs(Y, b2)〉. ✭✺✳✶✸✮

❲❡ s❡t Ns❛t t♦ ✷✺ ✐♥ t❤❛t ✜❣✉r❡✱ ❜✉t ✇❡ ❛❧s♦ r❡♣❡❛t❡❞ t❤❡ ❛♥❛❧②s✐s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Ns❛t

❜❡t✇❡❡♥ ✶✵ ❛♥❞ ✷✵✵✳
❲❡ s❡❡ ✈❡r② ❝❧❡❛r❧② t❤❡ s✉❝❝❡ss✐✈❡ ❞❡❝♦✉♣❧✐♥❣s ♦❢ t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ✐♥ ❋✐❣✳ ✺✳✶✱

❢r♦♠ t❤❡ ♠♦st ❞✐st❛♥t t♦ t❤❡ ❝❧♦s❡st ♦♥❡✱ ❛s r❛♣✐❞✐t② ✐♥❝r❡❛s❡s✳ ■♥❞❡❡❞✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
✢❛tt❡♥ ❛❢t❡r s♦♠❡ ❣✐✈❡♥ r❛♣✐❞✐t② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♣r♦❜❡❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥s ❞❡❝♦✉♣❧❡✳ ❚❤✐s ❞❡❝♦✉♣❧✐♥❣ ✐s ❡①♣❡❝t❡❞ ❛s s♦♦♥ ❛s t❤❡ tr❛✈❡❧✐♥❣
✇❛✈❡ ❢r♦♥t r❡❛❝❤❡s ❞✐♣♦❧❡ s✐③❡s ✇❤✐❝❤ ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡❞ ✐♠♣❛❝t
♣❛r❛♠❡t❡rs✱ ✐✳❡✳ ❛t Y s✉❝❤ t❤❛t |b2 − b1| ≈ 1/Qs(Y ) = 2−ρs(Y )✳ ✭❲❡ s❤❛❧❧ ❢✉rt❤❡r ❝♦♠♠❡♥t ♦♥
t❤✐s ❞❡❝♦✉♣❧✐♥❣ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❋r♦♠ t❤❡ ❞❛t❛ ❢♦r ρs(Y )✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ q✉❛♥t✐t❛t✐✈❡❧②
t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❛♣✐❞✐t✐❡s ❛t ✇❤✐❝❤ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❞❡❝♦✉♣❧❡ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t
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❋✐❣✉r❡ ✺✳✶✿ ❈♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❢r♦♥ts ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✐♠♣❛❝t
♣❛r❛♠❡t❡rs ✐♥ t❤❡ t♦② ♠♦❞❡❧ ♦❢ ❙❡❝✳ ✺✳✶✳ ❚❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✢❛tt❡♥ ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✇❛✈❡s ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❣✐♦♥s ♦❢ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳

♣❛r❛♠❡t❡rs✳ ✭■t ✐s ❡♥♦✉❣❤ t♦ ✐♥✈❡rt t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ r❡❧❡✈❛♥t ✈❛❧✉❡s ♦❢ b2 − b1✮✳ ❚❤❡s❡
r❛♣✐❞✐t✐❡s ❛r❡ ❞❡♥♦t❡❞ ❜② ❛ ❝r♦ss ✐♥ ❋✐❣✳ ✺✳✶ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❞✐✛❡r❡♥❝❡s✳ ❖✉r
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ♥✐❝❡❧② ❝♦♥s✐st❡♥t ✇✐t❤ t❤✐s ❡st✐♠❛t❡✱ s✐♥❝❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s
st❛rt t♦ s❛t✉r❛t❡ t♦ ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ♣r❡❝✐s❡❧② ♦♥ t❤❡ r✐❣❤t ♦❢ ❡❛❝❤ s✉❝❤ ❝r♦ss✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ✐♥❞❡❡❞ ❞❡❝♦✉♣❧❡✱ ❛s ✇❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❛
♥❛✐✈❡ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡✳ ❲❤❛t ✐s tr✉❡ ❢♦r ♦✉r t♦② ♠♦❞❡❧ s❤♦✉❧❞ ❣♦ ♦✈❡r t♦ ❢✉❧❧ ◗❈❉✱ s✐♥❝❡ ✇❡ ❤❛✈❡
✐♥❝❧✉❞❡❞ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ◗❈❉✳ ❲❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❞❛t❛ ♠♦r❡ ❝❛r❡❢✉❧❧② ❤♦✇❡✈❡r✱ ✐t t✉r♥s
♦✉t t❤❛t t❤❡ ♠♦❞❡❧ ✇✐t❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❞♦❡s ♥♦t r❡❞✉❝❡ ❡①❛❝t❧② t♦ ❛ s✉♣♣♦s❡❞❧② ❡q✉✐✈❛❧❡♥t
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡ s❋❑PP t②♣❡✳ ❚❤✐s ✐s ❛ ♣♦✐♥t t❤❛t ✇♦✉❧❞ ❞❡s❡r✈❡ ♠♦r❡ ✇♦r❦✳ ❲❡
r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❘❡❢✳ ❬✶✶✼❪ ❢♦r ❛❧❧ ❞❡t❛✐❧s ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s✳

❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ♦♥❡ t❛❦❡s t❤❡ st❛t✐st✐❝❛❧ ❞❡❝♦✉♣❧✐♥❣ ♦❢ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ❛s s♦♦♥ ❛s ∆b >
1/Qs(Y ) ❢♦r ❣r❛♥t❡❞✱ t❤❡r❡ ♠❛② st✐❧❧ ❜❡ s♦♠❡ ❡✛❡❝t✐✈❡ ❝♦rr❡❧❛t✐♦♥s ♣❡rs✐st✐♥❣ ❛t ❧❛r❣❡ r❛♣✐❞✐t✐❡s
s✐♥❝❡ t✇♦ ♣♦✐♥ts ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ s❤❛r❡ s♦♠❡ ❝♦♠♠♦♥ ❤✐st♦r②✳ ■♥❞❡❡❞✱ ✢✉❝t✉❛t✐♦♥s ♥❡❡❞
s♦♠❡ r❛♣✐❞✐t② t♦ ❛✛❡❝t s❛t✉r❛t✐♦♥ s❝❛❧❡s✱ ❛♥❞ ❤✐st♦r② ♠❛② ❜❡ r❡♠❡♠❜❡r❡❞ ✇❛② ❛❢t❡r t❤❡ r❛♣✐❞✐t② ❛t
✇❤✐❝❤ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❤❛♣♣❡♥❡❞✳ ❙✉❝❤ ❡✛❡❝ts ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❛t s♠❛❧❧ r❛♣✐❞✐t✐❡s✱ ❛s ✇❛s ❥✉st s❤♦✇♥
♥✉♠❡r✐❝❛❧❧②✱ ❜✉t ♠❛② ❜❡ ❝r✉❝✐❛❧ ❛t ❧❛r❣❡ r❛♣✐❞✐t✐❡s✳ ❲❡ s❤❛❧❧ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤✐s ♣♦✐♥t✳

✺✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥s

❖✉r ♠❡t❤♦❞ ✇✐❧❧ ❝♦♥s✐st ✐♥ ♣r♦♣♦s✐♥❣ ❛ s✐♠♣❧❡ t♦② ♠♦❞❡❧ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ♠❛✐♥ ♣❤②s✐❝❛❧ ❢❡❛t✉r❡s
♦❢ ◗❈❉✱ ✇❤✐❝❤ ♠❛② ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ▼♦♥t❡✲❈❛r❧♦ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛♥❞ ❢♦r ✇❤✐❝❤ ❛♥❛❧②t✐❝❛❧
❝❛❧❝✉❧❛t✐♦♥s ✇✐❧❧ ❜❡ ♣♦ss✐❜❧❡✳ ■♥ t❤❡s❡ r❡s♣❡❝ts✱ ♦✉r ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇s t❤❡ ♦♥❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❜✉t ✇❤✐❧❡ t❤❡ ❧❛tt❡r ✇♦r❦ ✇❛s ♣✉r❡❧② ♥✉♠❡r✐❝❛❧✱ ♦✉r ♠❛✐♥ r❡s✉❧ts ✇✐❧❧ ❝♦♥s✐st
✐♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts ✐♥ ✐♠♣❛❝t✲
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♣❛r❛♠❡t❡r s♣❛❝❡✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥ts ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♣✐❞✐t②✳
❚❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s s❡❝t✐♦♥ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❘❡❢✳ ❬✶✷✵✱✶✷✶❪✳

❚❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ✇✐❧❧ st✉❞② ✇✐❧❧ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❲✐t❤ r❡s♣❡❝t t♦ ◗❈❉✱
✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧✐✜❝❛t✐♦♥s✿ ✭✐✮ ❉✐♣♦❧❡s ❡✈♦❧✈❡ ❜② ❣✐✈✐♥❣ ❜✐rt❤ t♦ ♦♥❡ ❞✐♣♦❧❡ ♦❢ ❤❛❧❢
s✐③❡ ✭t❤❡ ❧❡❢t ♦r t❤❡ r✐❣❤t ❤❛❧❢ ♦❢ t❤❡ ♣❛r❡♥t ❞✐♣♦❧❡✮✱ ♦r t♦ ♦♥❡ ❞✐♣♦❧❡ ♦❢ ❞♦✉❜❧❡ s✐③❡ ✭✐♥ s✉❝❤ ❛ ✇❛②
t❤❛t t❤❡ ♣❛r❡♥t ❜❡ t❤❡ ❧❡❢t ♦r r✐❣❤t ❤❛❧❢ ♦❢ ✐ts ♦✛s♣r✐♥❣✮ ❛t s♦♠❡ ✜①❡❞ r❛t❡s✱ ✭✐✐✮ ❞✐♣♦❧❡s ❞♦ ♥♦t
❞✐s❛♣♣❡❛r ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥✱ t❤❛t ✐s t♦ s❛②✱ t❤❡ ♣❛r❡♥t ❞✐♣♦❧❡s ❛r❡ ♥♦t r❡♠♦✈❡❞✱ ✭✐✐✐✮ t❤❡ ♣♦s✐t✐♦♥s
❛♥❞ ❞✐♣♦❧❡ s✐③❡s ❛r❡ ❞✐s❝r❡t❡✱ ❛♥❞ ✭✐✈✮ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ ❞✐♣♦❧❡s ✐s ❛ ❧✐♥❡ ✐♥st❡❛❞ ♦❢ t❤❡
❢✉❧❧ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❲❡ t❤✉s ❣✐✈❡ ✉♣ t✇♦ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗❈❉ ❞✐♣♦❧❡ ♠♦❞❡❧✿ ❚❤❡
❝♦❧❧✐♥❡❛r s✐♥❣✉❧❛r✐t✐❡s✱ ✇❤✐❝❤ ❝❛✉s❡ t❤❡ ❞✐♣♦❧❡ ❡♥❞♣♦✐♥ts t♦ ❡♠✐t ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s
♦❢ ❛r❜✐tr❛r✐❧② s♠❛❧❧ s✐③❡s✱ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❞✐♣♦❧❡ s✐③❡s ❛♥❞
♣♦s✐t✐♦♥s✳ ❚❤❡ ✜rst s✐♠♣❧✐✜❝❛t✐♦♥ ✐s t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❇❋❑▲ ♣❤②s✐❝s ✭s❡❡ ❡✳❣✳ ❘❡❢✳ ❬✶✷✷❪✮✱ ❜✉t ✇❤✐❝❤ ✇❛s ♥♦t ❛ss✉♠❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✳
❚❤❡ s❡❝♦♥❞ s✐♠♣❧✐✜❝❛t✐♦♥ ✇❛s ✐♥st❡❛❞ ❛❧r❡❛❞② ❛ss✉♠❡❞ ✐♥ t❤❡r❡✳ ❚❤❡s❡ ♠♦❞❡❧ s✐♠♣❧✐✜❝❛t✐♦♥s ♠❛②
✐♥tr♦❞✉❝❡ s♦♠❡ ❛rt❡❢❛❝ts✱ ❜✉t t❤❛t ✇❡ ❜❡❧✐❡✈❡ ❛r❡ ✉♥❞❡r ❝♦♥tr♦❧✱ ❛♥❞ ♠❛♥② r❡s✉❧ts ✇❤✐❝❤ ✇❡ ✇✐❧❧
♦❜t❛✐♥ ✇✐t❤✐♥ s✉❝❤ s✐♠♣❧❡ ♠♦❞❡❧s ❛r❡ ❧✐❦❡❧② t♦ ❛♣♣❧② t♦ ◗❈❉ s✐♥❝❡ t❤❡② ✇✐❧❧ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
❞❡t❛✐❧s✳

▲❡t ✉s ♥♦✇ s♣❡❝✐❢② ❝♦♠♣❧❡t❡❧② t❤❡ ♠♦❞❡❧✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ r✉❧❡s ❣✐✈❡♥ ❛❜♦✈❡✱ st❛rt✐♥❣
❢r♦♠ ❛ ❞✐♣♦❧❡ ♦❢ s✐③❡ ✶✱ t❤❡ s✐③❡s ♦❢ ❛❧❧ ❞✐♣♦❧❡s ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ❛❢t❡r ❡✈♦❧✉t✐♦♥ ❛r❡ ♣♦✇❡rs ♦❢
✷✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ s❤❛❧❧ ♦♥❧② ❝♦♥s✐❞❡r ❢r❛❝t✐♦♥s ♦❢ ✶✱ ✐✳❡✳ t❤❡ s✐③❡s ♠❛② ❜❡ ✇r✐tt❡♥ ❛s 21−k✱ ✇❤❡r❡
k ≥ 1✳ ❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ k✱ t❤❡r❡ ❛r❡ 2k−1 ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦s✐t✐♦♥ b ♦❢ t❤❡ ❝❡♥t❡r ♦❢ t❤❡
❞✐♣♦❧❡s✿ b = − 1

2 + 2−k,− 1
2 + 3× 2−k, · · · , 12 − 3× 2−k, 12 − 2−k✳ ▲❡t ✉s ♥✉♠❜❡r t❤❡s❡ ❜✐♥s ❜② t❤❡

✐♥❞❡① 0 ≤ j ≤ 2k−1 − 1 r✉♥♥✐♥❣ ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ t♦ t❤❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐♦♥s✳ ❚❤❡ ♠♦❞❡❧ ♠❛② ❜❡
r❡♣r❡s❡♥t❡❞ ❛s ❛ ❤✐❡r❛r❝❤② ♦❢ ❜✐♥s t❤❛t ❝♦♥t❛✐♥ ❛ ❞✐s❝r❡t❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s✱ s❡❡ ❋✐❣✳ ✺✳✷✳ ◆♦t❡ t❤❛t
t♦ ❛♥② ❣✐✈❡♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r b ❜❡t✇❡❡♥ − 1

2 ❛♥❞ 1
2 ❝♦rr❡s♣♦♥❞s ♦♥❡ ✉♥✐q✉❡ ❜✐♥ ❛t ❡❛❝❤ ❧❡✈❡❧ ♦❢ s✐③❡✳

❋♦r ❡①❛♠♣❧❡✱ ❛t ♣♦s✐t✐♦♥ b = − 1
2 ✱ ♦♥❡ s❡❡s t❤❡ ❜✐♥s (k = 1, j = 0)✱ (k = 2, j = 0)✱ (k = 3, j = 0)

❡t❝✳✳✳ ❆t ♣♦s✐t✐♦♥ −0.2✱ ♦♥❡ s❡❡s t❤❡ ❜✐♥s (k = 1, j = 0)✱ (k = 2, j = 0)✱ (k = 3, j = 1) ❡t❝✳✳✳ ▼♦r❡
❣❡♥❡r❛❧❧②✱ ❛t ♣♦s✐t✐♦♥ − 1

2 +∆b✱ ♦♥❡ s❡❡s (k, [∆b× 2k−1])✱ ✇❤❡r❡ t❤❡ sq✉❛r❡ ❜r❛❝❦❡ts r❡♣r❡s❡♥t t❤❡
✐♥t❡❣❡r ♣❛rt✳

❉✉r✐♥❣ t❤❡ r❛♣✐❞✐t② ✭♦r t✐♠❡✮ ✐♥t❡r✈❛❧ dt✱ ❛ ❞✐♣♦❧❡ ✐♥ t❤❡ ❜✐♥ (k, j) ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② αdt t♦ ❣✐✈❡
❜✐rt❤ t♦ ❛ ❞✐♣♦❧❡ ✐♥ t❤❡ ❜✐♥ (k + 1, 2j)✱ αdt t♦ ❣✐✈❡ ❛ ❞✐♣♦❧❡ ✐♥ t❤❡ ❜✐♥ (k + 1, 2j + 1)✱ ❛♥❞ βdt/2
t♦ ❣✐✈❡ ❛ ❞✐♣♦❧❡ ✐♥ t❤❡ ❜✐♥ (k − 1, j/2) ✐❢ j ✐s ❡✈❡♥ ❛♥❞ (k − 1, (j − 1)/2) ✐❢ j ✐s ♦❞❞✳ ◆♦t❡ t❤❛t dt
♠❛② ❜❡ ✐♥✜♥✐t❡s✐♠❛❧ ✭✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ ❝♦♥✈❡♥✐❡♥t ❢♦r ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✮✱ ❜✉t ❛❧s♦
✜♥✐t❡ ✭✇❤✐❝❤ ✐s ❝♦♥✈❡♥✐❡♥t ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✮✳

❆s ❢♦r t❤❡ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ ✇❡ ❛ss✉♠❡ t❤❡ s✐♠♣❧❡st ♦♥❡✿ ❲❡ ✈❡t♦ s♣❧✐tt✐♥❣s t♦ ❜✐♥s ✇❤✐❝❤
❛❧r❡❛❞② ❤♦st t❤❡ ♥✉♠❜❡r N ♦❢ ❞✐♣♦❧❡s✳

❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ✏❣❧✉♦♥s✑ ♦❢ ❛ ❣✐✈❡♥ s✐③❡ s❡❡♥ ❛t ♦♥❡ ✐♠♣❛❝t ♣❛✲
r❛♠❡t❡r ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐♥ (k, j)✳ ❆s r❛♣✐❞✐t② ✐s
✐♥❝r❡❛s❡❞✱ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤❡ ❜✐♥s ✇✐t❤ ❧♦✇ ✈❛❧✉❡s ♦❢ k ❣❡ts ❤✐❣❤❡r ✉♥t✐❧ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts
t❤❡② ❝♦♥t❛✐♥ r❡❛❝❤❡s N ✳ ❚❤❡ s✉❜s❡q✉❡♥t ✜❧❧✐♥❣ ♦❢ t❤❡ ❜✐♥s ✐♥❞❡①❡❞ ❜② ❧❛r❣❡r ✈❛❧✉❡s ♦❢ k ✭s♠❛❧❧❡r
❞✐♣♦❧❡ s✐③❡s✮ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❢r♦♥ts ❛t ❡❛❝❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱
✇✐t❤ ♣♦ss✐❜❧② ❝♦♠♣❧✐❝❛t❡❞ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡ ✭❧♦❣❛r✐t❤♠ ♦❢ t❤❡✮ s❛t✉r❛t✐♦♥ s❝❛❧❡
X(b, t) ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r b ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t s❡❡♥ t❤❡r❡ ❛t t✐♠❡ t✳ ❚❤❡r❡
❛r❡ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ✇❛②s t♦ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✳ ■t ❝♦✉❧❞ ❜❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❧❛r❣❡st
✈❛❧✉❡ ♦❢ k ❢♦r ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts ❜❡❝♦♠❡s s♦♠❡ ❣✐✈❡♥ ❢r❛❝t✐♦♥ ♦❢ N ✳ ✭▲❛t❡r✱ ✇❡ ✇✐❧❧ ✉s❡
❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥✮✳

✺✳✷✳✶ ❇❛s✐❝ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧

▲❡t ✉s ❞❡♥♦t❡ ❜② n(k,j)(t) t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ♣r❡s❡♥t ✐♥ t❤❡ ❜✐♥ (k, j) ❛t t✐♠❡ t✳ ❚❤❡♥✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r✉❧❡s ❣✐✈❡♥ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✿

n(k,j)(t+ dt) = min

[

N,n(k,j)(t) + δα(k−1,[j/2])(t) + δ
β/2
(k+1,2j)(t) + δ

β/2
(k+1,2j+1)(t)

]

, ✭✺✳✶✹✮

✻✽
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(k=1,j=0)

(k=2,j=1)

(k=3,j=2) (k=3,j=3)

(k=2,j=0)

(k=3,j=0) (k=3,j=1)

−1/2 −1/4 0 1/4 1/2

1/8

1/4

1/2
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❋✐❣✉r❡ ✺✳✷✿ ❚❤❡ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✳ ❊❛❝❤ ❜♦① r❡♣r❡s❡♥ts ❛ ❜✐♥ ✇❤✐❝❤ ♠❛② ❝♦♥t❛✐♥
✉♣ t♦ N ❞✐♣♦❧❡s ♦❢ ❣✐✈❡♥ s✐③❡s ✭✈❡rt✐❝❛❧ ❛①✐s✮ ❛♥❞ ♣♦s✐t✐♦♥s ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ✭❤♦r✐③♦♥t❛❧
❛①✐s✮✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ❜✐♥s t❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✐s ❛❧s♦ s❤♦✇♥ ❢♦r k = 1, 2, 3✳

✇❤❡r❡ t❤❡ δx(k,j) ❛r❡ ❞r❛✇♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥

Pr♦❜❛
[

δx(k,j)(t) = l
]

=

(

n(k,j)(t)
l

)

(xdt)l(1− xdt)n(k,j)(t)−l. ✭✺✳✶✺✮

❚❤✐s ✐s ❛ r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇ t♦ s♦❧✈❡ ❡①❝❡♣t ♥✉♠❡r✐❝❛❧❧②✳
❚❤✐s ♠♦❞❡❧ ❞♦❡s ♥♦t ❛ ♣r✐♦r✐ ❧♦♦❦ ❧✐❦❡ ❛ st♦❝❤❛st✐❝ ❋❑PP ♠♦❞❡❧✳ ❲❡ ♠❛② ❛ss✉♠❡ ✉♥✐❢♦r♠✐t②

✐♥ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✿ ❚❤✐s ✇♦✉❧❞ ❛♠♦✉♥t t♦ ✐♠♣♦s✐♥❣ t❤❡ s❛♠❡ δα ❛♥❞ δβ/2 r❡s♣❡❝t✐✈❡❧② ❢♦r ❛❧❧ j
❛t ❛♥② ❣✐✈❡♥ k✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ ♣r♦❥❡❝t❡❞ t♦ t❤❡ ❋❑PP ❝❧❛ss✱ ❜✉t ❜② ❞❡✜♥✐t✐♦♥✱
t❤✐s ✇♦✉❧❞ ✇❛s❤ ♦✉t t❤❡ ✢✉❝t✉❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs✳ ❚❤✐s s✐♠♣❧✐✜❡❞
♠♦❞❡❧✱ t❤❛t ✇❡ ❝❛❧❧ ✏❋■P✑ ✭❢♦r ✏❋✐①❡❞ ■♠♣❛❝t P❛r❛♠❡t❡r✑✱ s✐♥❝❡ ❡✛❡❝t✐✈❡❧②✱ t❤❡ ♠♦❞❡❧ ✐s ❝♦♠♣❧❡t❡❧②
❞❡✜♥❡❞ ❜② ❛ s✐♥❣❧❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✮ ✐s ♥❡✈❡rt❤❡❧❡ss ✉s❡❢✉❧ s✐♥❝❡ ✐t ♣r♦✈✐❞❡s ❛ ❜❡♥❝❤♠❛r❦ t♦
❡✈❛❧✉❛t❡ ❤♦✇ t❤❡ ✢✉❝t✉❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ♠❛② ❛❧t❡r t❤❡ ❋❑PP ♣✐❝t✉r❡✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ r❡❧② ♦♥ ✭❛♥❞ ❝❤❡❝❦ ❛❣❛✐♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✉r ♠♦❞❡❧✮ t❤❡ ❝♦♥❝❧✉s✐♦♥ r❡❛❝❤❡❞ ✐♥
❘❡❢✳ ❬✶✶✼❪ t❤❛t t❤❛♥❦s t♦ s❛t✉r❛t✐♦♥✱ ❧♦❝❛❧❧② ❛t ❡❛❝❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐s st✐❧❧ ✇❡❧❧✲
❞❡s❝r✐❜❡❞ ❜② ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❋❑PP ❡q✉❛t✐♦♥✱ ❛♥❞ t❤❡ ✢✉❝t✉❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s
✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ❞♦ ♥♦t q✉❛❧✐t❛t✐✈❡❧② ❝❤❛♥❣❡ t❤❡ ♣✐❝t✉r❡✳

▲❡t ✉s ✜rst ❛♣♣❧② t❤❡ tr❡❛t♠❡♥t ♦❢ ❋❑PP ❡q✉❛t✐♦♥s ❡①♣♦s❡❞ ✐♥ ❈❤❛♣✳ ✹ t♦ t❤❡ ❋■P ❝❛s❡✳ ❲❡
❦♥♦✇ t❤❛t t❤❡ ❧❛r❣❡✲r❛♣✐❞✐t② r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ st♦❝❤❛st✐❝ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ✇❤♦s❡ ♠❛✐♥
❢❡❛t✉r❡s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❛ s✐♠♣❧❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✳ ■♥
t❤✐s ♠♦❞❡❧✱ ♦♥❧② t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s nk ✐♥ t❤❡ ❜✐♥s s❛② (k, 0) ✭✐✳❡✳ ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r − 1

2 ✮ ✐s
r❡❧❡✈❛♥t✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ r❡❛❞s✶

nk(t+ dt) = min

[

N,nk(t) + δαk−1(t) + δβk+1(t)

]

. ✭✺✳✶✻✮

❚❤❡ ♠❡❛♥✲✜❡❧❞ ✭♦r ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈✮ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❡q✉❛t✐♦♥

nk(t+ dt) = min

[

N,nk(t) + αdt nk−1(t) + βdt nk+1(t)

]

, ✭✺✳✶✼✮

✶❲❡ ❝♦✉❧❞ ❛❧s♦ ✇r✐t❡ 2δ
β/2
k+1

(t) ✐♥st❡❛❞ ♦❢ t❤❡ ❧❛st t❡r♠ ✐♥ ❊q✳ ✭✺✳✶✻✮✳ ✭❚❤✐s ♠❛② ❡✈❡♥ ❜❡ ❛ ♠♦r❡ ❧✐t❡r❛❧ ✐♠♣❧❡♠❡♥✲

t❛t✐♦♥ ♦❢ t❤❡ ❋■P ❛♣♣r♦①✐♠❛t✐♦♥✮✳ ❇✉t t❤✐s ✇♦✉❧❞ ♥♦t ♠❛❦❡ ❛ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡✱ ✇❤✐❝❤ ❛♥②✇❛②✱ ✇❡ ✇♦✉❧❞ ❜❡ ✉♥❛❜❧❡
t♦ ❝❛♣t✉r❡ ❛♥❛❧②t✐❝❛❧❧②✳

✻✾
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✇❤❡r❡ t❤❡ nk ❛r❡ ♥♦✇ r❡❛❧ ❢✉♥❝t✐♦♥s ♦❢ k✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ✭❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❇❋❑▲
❡q✉❛t✐♦♥✮ ✐s s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② ❞✐s❝❛r❞✐♥❣ t❤❡ ✏min✑ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✿

nk(t+ dt) = nk(t) + αdt nk−1(t) + βdt nk+1(t). ✭✺✳✶✽✮

❋r♦♠ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛s②♠♣t♦t✐❝❛❧❧② ❧❛r❣❡ t ❛♥❞ N ✱ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡
❢r♦♥t✱ t❤❛t ✐s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ X(t) ♦❢ t❤❡ ❢r♦♥t✱ ✐s ❣✐✈❡♥ ❜②

v0 =
dX

dt
= ω′(γc), ✭✺✳✶✾✮

✇❤❡r❡ ω(γ) ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✺✳✶✽✮ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ e−γk✱ ♥❛♠❡❧②

ω(γ) =
1

dt
ln
(

1 + αdt eγ + βdt e−γ
)

, ✭✺✳✷✵✮

❛♥❞ γc ♠✐♥✐♠✐③❡s ω(γ)/γ✳ ❲❡ r❡❝❛❧❧ t❤❛t dt ♠❛② ❜❡ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡s✐♠❛❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❊q✳ ✭✺✳✷✵✮
✐s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ln(1 + ·) ❛t t❤❡ ♦r✐❣✐♥✳

❖✉r ❛✐♠ ✐s t♦ st✉❞② t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❛t ♣♦s✐t✐♦♥ b = − 1
2 ✐♥ tr❛♥s✈❡rs❡ s♣❛❝❡

✭❧❡❢t ❡❞❣❡ ♦❢ t❤❡ s②st❡♠✱ s❡❡ ❋✐❣✳ ✺✳✷✮ ❛♥❞ t❤❡ ♦♥❡ ❛t ♣♦s✐t✐♦♥ b = − 1
2 +∆b ✇✐t❤ 0 ≤ ∆b < 1✳ ❲❡

❝❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ sq✉❛r❡❞ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❢r♦♥t ❜❡t✇❡❡♥ t❤❡s❡ ♣♦✐♥ts✱
✇❤✐❝❤ ✐s ❢♦r♠❛❧❧② r❡❧❛t❡❞ t♦ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ✭t❤❡ ❧♦❣❛r✐t❤♠ ♦❢✮ t❤❡ s❛t✉r❛t✐♦♥
s❝❛❧❡s✱ ❛♥❞ ✇❤✐❝❤ ✇❡ ❞❡❡♠ ❛ ❣♦♦❞ ❡st✐♠❛t♦r ♦❢ t❤❡ s♣❛t✐❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡✳
■♥ t❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧✱ ❛❧❧ ❜✐♥s ✇✐t❤ ✐♥❞❡① k ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ k∆b ≡ 1 + [− log2 ∆b] ✭t❤❡
♥♦t❛t✐♦♥ ✏ [· · · ]✑ st❛♥❞s ❢♦r t❤❡ ✐♥t❡❣❡r ♣❛rt✮ ❛♥❞ j = 0 ♦✈❡r❧❛♣ ❜♦t❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤✉s
t❤❡ ❞✐♣♦❧❡s ♦❢ s✐③❡ ❧❛r❣❡r t❤❛♥ 2−k∆b s❡❡♥ ❛t t❤❡s❡ ♣♦✐♥ts ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡✳ ❋♦r k > k∆b

✐♥st❡❛❞✱ t❤❡ ❜✐♥s s❡❡♥ ❛t t❤❡ t✇♦ ♣♦✐♥ts ❛r❡ ❞✐st✐♥❝t ❛♥❞ ♥♦♥♦✈❡r❧❛♣✐♥❣✳ ❙♦ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ♦✉r
♠♦❞❡❧ ✇✐t❤ β = 0✱ ❛s s♦♦♥ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❛t ♦♥❡ ♣♦✐♥t ♦r ❛t t❤❡ ♦t❤❡r ✐s ❧❛r❣❡r t❤❛♥
k∆b✱ t❤❛t ✐s t♦ s❛②✱ ❛s s♦♦♥ ❛s t❤❡r❡ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ N ❞✐♣♦❧❡s ✐♥ t❤❡ ❜✐♥ (k∆b, j = 0)✱ t❤❡♥ t❤❡
❡✈♦❧✉t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② ✉♥❝♦rr❡❧❛t❡❞ ❛t t❤❡ t✇♦ ♣♦✐♥ts ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐♥s✳ ✭❲❡ ❡①♣❡❝t
t❤❛t ❢♦r ✜♥✐t❡ β ♦❢ ♦r❞❡r ✶✱ t❤❡ ❞✐s❝✉ss✐♦♥ ✇♦✉❧❞ ♥♦t ❜❡ q✉❛❧✐t❛t✐✈❡❧② ❝❤❛♥❣❡❞✳✮ ❚❤✐s ♠❛t❝❤❡s t♦
t❤❡ ♣✐❝t✉r❡ t❤❛t ✇❡ ♠❛② ✐♥❢❡r ❢♦r t❤❡ ◗❈❉ ❞✐♣♦❧❡ ♠♦❞❡❧✿ ❚❤❡ ❞✐♣♦❧❡s ❛t t✇♦ ♣♦s✐t✐♦♥s ✐♥ ✐♠♣❛❝t✲
♣❛r❛♠❡t❡r s♣❛❝❡ s❡♣❛r❛t❡❞ ❜② ❛ ❞✐st❛♥❝❡ ❧❛r❣❡r t❤❛♥ t❤❡ t②♣✐❝❛❧ s❛t✉r❛t✐♦♥ s❝❛❧❡s ✐♥ t❤❛t r❡❣✐♦♥
❡✈♦❧✈❡ ✭❛❧♠♦st✮ ✐♥❞❡♣❡♥❞❡♥t❧② t♦✇❛r❞s ❧❛r❣❡r r❛♣✐❞✐t✐❡s✳ ◆♦t❡ t❤❛t ❝❤♦♦s✐♥❣ ♣❛✐rs ♦❢ ♣♦✐♥ts ❛r♦✉♥❞
✐♠♣❛❝t ♣❛r❛♠❡t❡r ✵✱ ♦♥❡ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t
♣❛r❛♠❡t❡r✱ ✇♦✉❧❞ ♥♦t s❛t✐s❢② t❤✐s ♣r♦♣❡rt②✱ ❞✉❡ t♦ t❤❡ r✐❣✐❞✐t② ♦❢ t❤❡ s✐③❡s ❛♥❞ ♣♦s✐t✐♦♥s ♦❢ t❤❡
❞✐♣♦❧❡s✳ ■♥❞❡❡❞✱ t❤❡s❡ t✇♦ ♣♦✐♥ts ✇♦✉❧❞ ❞❡❝♦rr❡❧❛t❡ ✈❡r② s♦♦♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ s✐♥❝❡ t❤❡✐r ❝♦♠♠♦♥
❛♥❝❡st♦rs ♥❡❝❡ss❛r✐❧② s✐t ✐♥ t❤❡ ❜✐♥ (k = 1, j = 0)✱ s❡❡ ❋✐❣✳ ✺✳✷✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ❢❡❛t✉r❡s ♦❢ ◗❈❉ r❡♣r♦❞✉❝❡❞ ✐♥ t❤❡ t♦② ♠♦❞❡❧✱ st✉❞②✐♥❣ t✇♦✲♣♦✐♥t
❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♣♦✐♥ts ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ❞✐st❛♥❝❡ ∆b ❛♥❞ ♦❢
t❤❡ t✐♠❡ ✭❂r❛♣✐❞✐t②✮ t ✐s ❡q✉✐✈❛❧❡♥t t♦ st✉❞②✐♥❣ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡
s❛t✉r❛t✐♦♥ s❝❛❧❡s ♦❢ t✇♦ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ✇❤♦s❡ ❡✈♦❧✉t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ ✉♥t✐❧ t❤❡ t✐♣ ♦❢ t❤❡
❢r♦♥t r❡❛❝❤❡s k∆b✳ ❖♥ t❤❡ ❛✈❡r❛❣❡✱ ✐t t❛❦❡s ❛ t✐♠❡ t∆b = (k∆b − 1)/v✱ v ❜❡✐♥❣ t❤❡ ♠❡❛♥ ✈❡❧♦❝✐t②
♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❢r♦♥ts✱ ❢♦r t❤❡ ❢r♦♥t ✇❤♦s❡ t✐♣ ✐s ❛t k∆b = 1 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥
t♦ ❤❛✈❡ ✐ts t✐♣ ❛t k∆b✳ ❚❤❡♥ t❤❡ ❜✐♥s s✉❝❤ t❤❛t k > k∆b ❡✈♦❧✈❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❜❡t✇❡❡♥ t❤❡ t✇♦
r❡❛❧✐③❛t✐♦♥s ♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧

∆t = t− t∆b, ✇✐t❤ t∆b =
[− log2 ∆b]

v
. ✭✺✳✷✶✮

◆♦t❡ t❤❛t t❤✐s ✐s ✈❡r② ❝❧♦s❡ t♦ ❛ss✉♠✐♥❣ t❤❛t t❤❡ r❡❛❧✐③❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ ❢♦r t ≤ t∆b ❛♥❞ ❝♦♠♣❧❡t❡❧②
✉♥❝♦rr❡❧❛t❡❞ ❢♦r t > t∆b✳

❋r♦♠ t❤✐s ❞✐s❝✉ss✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ❜❛s✐❝ ✐♥♣✉t ♦❢ ♦✉r ❝❛❧❝✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ t❤❡ ♠❡❝❤❛♥✐s♠ ❢♦r
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❋❑PP ❢r♦♥t ✇❤✐❝❤ ✇❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣✳ ✹✳ ❲❡ ✇✐❧❧ r❡✈✐❡✇ ✐t ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✱ t❤❡♥ ✇❡ ✇✐❧❧ ♣r♦❝❡❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s✳

✼✵
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✺✳✷✳✷ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✱ ✇❡ ✇✐s❤ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t✇♦ ❢r♦♥ts
✇❤♦s❡ ❡✈♦❧✉t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ ❢♦r t ≤ t∆b ❛♥❞ ✉♥❝♦rr❡❧❛t❡❞ ❢♦r t > t∆b✳ ◆♦t❡ t❤❛t str✐❝t❧② s♣❡❛❦✐♥❣✱
✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ ❦❡❡♣ t❤❡ ❝♦♥t❡♥t ♦❢ ❛❧❧ ❜✐♥s k ≤ k∆b ✐❞❡♥t✐❝❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❛❧✐③❛t✐♦♥s ❛t ❛❧❧
t✐♠❡s✱ ❡✈❡♥ ❛❢t❡r t✐♠❡ t∆b✳ ❇✉t t❤❡s❡ t✇♦ ❢♦r♠✉❧❛t✐♦♥s ❣✐✈❡ q✉❛♥t✐t❛t✐✈❡❧② s✐♠✐❧❛r r❡s✉❧ts✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ X(t0, t) t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❛t t✐♠❡ t ✐♥ t❤❡ ❢r❛♠❡ ✐♥ ✇❤✐❝❤ X(t0, t0) = 0✳
❲❡ ❢♦❝✉s ♦♥ ✇❤❛t ❤❛♣♣❡♥s s❧✐❣❤t❧② ❜❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t0✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢
❢r♦♥t ♣r♦♣❛❣❛t✐♦♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣✳ ✹✱ ♦♥ ♦♥❡ ❤❛♥❞✱ X(t0 − dt0, t) = X(t0, t) + v❇❉dt0 ✐❢ ♥♦
✢✉❝t✉❛t✐♦♥ ❤❛s ♦❝❝✉rr❡❞ ❜❡t✇❡❡♥ t✐♠❡s t0 − dt0 ❛♥❞ t0✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ X(t0 − dt0, t) =
X(t0, t) + v❇❉dt0 + R(t − t0, δ) ✐❢ ❛ ✢✉❝t✉❛t✐♦♥ ❤❛s ♦❝❝✉rr❡❞ ❛t ❛ ♣♦s✐t✐♦♥ δ ❛❤❡❛❞ ♦❢ t❤❡ ❢r♦♥t
✭✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p(δ)dδ dt0✮✳ v❇❉ ✇❛s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✹✳✺✷✮✱ R(t, δ) ✐♥ ❊q✳ ✭✹✳✺✼✮
❛♥❞ p(δ) ✐♥ ❊q✳ ✭✹✳✺✹✮✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✇r✐t❡ ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❝✉♠✉❧❛♥ts ♦❢ X✿

− d

dt0
ln
〈

eλX(t0,t)
〉

= λv❇❉ +

∫

dδ p(δ)
(

eλR(t−t0,δ) − 1
)

. ✭✺✳✷✷✮

❖♥❡ ♥♦✇ ❝♦♥s✐❞❡rs t✇♦ s✉❝❤ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♥ts ❛♥❞ ❛❞❞ ✉♣ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s✳ ❖♥❡ ❣❡ts

− d

dt0
ln
(〈

eλX1(t0,t)
〉〈

e−λX2(t0,t)
〉)

=

∫

dδ p(δ)
(

eλR(t−t0,δ) + e−λR(t−t0,δ) − 2
)

. ✭✺✳✷✸✮

❊①♣❛♥❞✐♥❣ ❢♦r λ ❝❧♦s❡ t♦ ✵✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s❡❝♦♥❞ ♣♦✇❡r ♦❢ λ ♦❜❡② t❤❡ ❡q✉❛t✐♦♥

d

dt

〈

(X1 −X2)
2
〉

= 2

∫

dδ p(δ)R2(t− t0, δ), ✭✺✳✷✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t X1 ❛♥❞ X2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❢♦r t > t0✱ ❛♥❞ ✇❡
❤❛✈❡ tr❛❞❡❞ t0 ❢♦r t ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❜♦t❤ X1 −X2 ❛♥❞ R ♦♥❧②
❞❡♣❡♥❞ ♦♥ t− t0✳ ■♥ ♣r❛❝t✐❝❡✱ t0 ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ t∆b✱ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ t✐♣ ♦❢ t❤❡ s✐♥❣❧❡ ❢r♦♥t
r❡❛❝❤❡s k∆b✳ ❋r♦♠ ❊q✳ ✭✺✳✷✶✮✱ t❤✐s t✐♠❡ ✐s [− log2 ∆b]/v✳

❲❡ s❡❡ t❤❛t t❤❡ ❜❛s✐❝ ✐♥❣r❡❞✐❡♥t ✐s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❤✐❢t ♦❢ t❤❡ ❢r♦♥t ❞✉❡ t♦ ❛ ❢♦r✇❛r❞
✢✉❝t✉❛t✐♦♥✳ ❚❤✐s s❤✐❢t ✇❛s ❣✐✈❡♥ ✐♥ ❊q✳ ✭✹✳✺✼✮✳ ■t ✐♥✈♦❧✈❡❞ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ψδ ✐♥ ❊q✳ ✭✹✳✹✻✮✳
■♥ ♦r❞❡r t♦ ✇r✐t❡ ❛ ❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥ ❢♦r R✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ψδ ✐s r❡❧❛t❡❞ t♦ s♦♠❡
❏❛❝♦❜✐ ϑ ❢✉♥❝t✐♦♥ ❬✶✷✸❪✳ ❙✐♥❝❡

ϑ4(z|q) = 1 + 2

∞
∑

n=1

(−1)n cos(2nz)qn
2

, ✭✺✳✷✺✮

✇❡ ♠❛② r❡✇r✐t❡ ❊q✳ ✭✹✳✹✻✮ ❛s

ψδ(y, ρ) =
eγcδ

2L2

1

q

[

ϑ4

(

π(ā+ ρ)

2

∣

∣

∣

∣

q

)

− ϑ4

(

π(ā− ρ)

2

∣

∣

∣

∣

q

)]

. ✭✺✳✷✻✮

❚❤❡ ♥♦t❛t✐♦♥
q ≡ e−

π2y
4 = e−

π2ω′′(γc)t

2L2 ✭✺✳✷✼✮

❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❯s✐♥❣ ❊q✳ ✭✹✳✺✼✮ ❛♥❞ ♣❡r❢♦r♠✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❡①♣❛♥s✐♦♥ ❢♦r s♠❛❧❧ ā ❛♥❞
a✱ ✇❡ ❛rr✐✈❡ ❛t ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r R(t, δ) ✐♥ t❡r♠s ♦❢ t❤❡ ϑ4✲❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② ❝♦♠♣❛❝t✿

R(t, δ) =
1

γc
ln

[

1− C2
eγcδ

2L3
∂qϑ4(0|q)

]

, ✭✺✳✷✽✮

✇✐t❤

−∂qϑ4(0|q) = 2

+∞
∑

n=1

(−1)n+1n2qn
2−1. ✭✺✳✷✾✮

✼✶
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■t ✐s ❛❝t✉❛❧❧② q✉✐t❡ ♥❛t✉r❛❧ t❤❛t t❤❡ ❏❛❝♦❜✐ t❤❡t❛ ❢✉♥❝t✐♦♥s ❛♣♣❡❛r✱ s✐♥❝❡ t❤❡ ❧❛tt❡r ❛r❡ ❞❡✜♥❡❞ ❛s
s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❲❡ t✉r♥ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧t✳ ❋✐rst✱ ❢♦r ❧❛r❣❡ y✱ ♦♥❧② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡
❝♦♥tr✐❜✉t❡s s✐❣♥✐✜❝❛♥t❧② t♦ ψδ✳ ▲♦♦❦✐♥❣ ❜❛❝❦ ❛t ❊q✳ ✭✹✳✹✻✮✱ ✇❡ s❡❡ t❤❛t ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ✇♦✉❧❞
❣✐✈❡ ❛ s❡r✐❡s ♦❢ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝r❡❛s✐♥❣ ❝♦rr❡❝t✐♦♥s✳ ❇✉t ❛t ❛ ✜♥✐t❡ t✐♠❡✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s
❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t②♣✐❝❛❧❧② ❛❧❧ ♠♦❞❡s s✉❝❤ t❤❛t n ≤ (L/π)

√

2/ω′′(γc)t✳ ❆ ❢❡✇ ❧♦✇✲
❧②✐♥❣ ♠♦❞❡s ❛r❡ ♥♦t ❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡ t❤❡ s♠❛❧❧✲t✐♠❡ ❜❡❤❛✈✐♦r✳ ■♥st❡❛❞✱ ✐t ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t ✭✐♥
❛♥ ❛♣♣r♦♣r✐❛t❡ ✐♥t❡❣r❛❧ r❡❢♦r♠✉❧❛t✐♦♥✮ t❤❛t ❞♦♠✐♥❛t❡s t❤❡ s✉♠ ✭✹✳✹✻✮✳ ■♥ t❤✐s r❡❣✐♠❡✱ ✐t ✇♦✉❧❞
❜❡ ✉s❡❢✉❧ t♦ ✜♥❞ ❛ ✇❛② t♦ ✇r✐t❡ t❤❡ s❡r✐❡s ♦❢ ❤❛r♠♦♥✐❝s s✉❝❤ t❤❛t ❛t ❛s②♠♣t♦t✐❝❛❧❧② ❧❛r❣❡ y✱ ♦♥❧②
t❤❡ ✜rst t❡r♠ ❝♦♥tr✐❜✉t❡s ✐♥st❡❛❞ ♦❢ t❤❡ ✇❤♦❧❡ s❡r✐❡s✳ ❚❤✐s ✐s ❛❝t✉❛❧❧② ♣♦ss✐❜❧❡ ✉s✐♥❣ t❤❡ P♦✐ss♦♥
s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛

+∞
∑

n=−∞

f(n) =

+∞
∑

k=−∞

∫

dx f(x)e−2iπkx. ✭✺✳✸✵✮

■♥ ♦r❞❡r t♦ ❣❡t R(t, δ)✱ ✇❡ ♥❡❡❞ t❤❡ ✈❛❧✉❡ ♦❢ ψδ ❛t ρ = a✳ ❍❡♥❝❡ ✇❡ ❝❤♦♦s❡

f(x) = −e
γcδ

L2
sinπxā sinπxa qx

2−1eiπx. ✭✺✳✸✶✮

❲❡ t❤❡♥ ♣❡r❢♦r♠ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r x ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭✺✳✸✵✮✳ ■♥tr♦❞✉❝✐♥❣ γ+ = ā + a ❛♥❞
γ− = ā− a✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r ψδ✿

ψδ(y, a) =
eγcδ

4L2

1

q

√

π

− ln q

+∞
∑

k=−∞

(

e
(2k−1+γ+)2π2

4 ln q + e
(2k−1−γ+)2π2

4 ln q − e
(2k−1+γ−)2π2

4 ln q − e
(2k−1−γ−)2π2

4 ln q

)

.

✭✺✳✸✷✮
❙✐♥❝❡ ✇❡ ❡✈❡♥t✉❛❧❧② ✇❛♥t t♦ ❛♣♣❧② ❊q✳ ✭✹✳✺✼✮ ✐♥ ♦r❞❡r t♦ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ s❤✐❢t ♦❢ t❤❡ ❢r♦♥t✱
✇❡ ❡①♣❛♥❞ t❤❡ ❧❛tt❡r ❢♦r♠✉❧❛ ❢♦r ā, a≪ 1✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r r❡❛❞s

ψδ(y, a) =

√
π

2

eγcδ

q(− ln q)5/2
π2āa

L2

+∞
∑

k=1

[

π2(2k − 1)2 + 2 ln q
]

e
(2k−1)2π2

4 ln q . ✭✺✳✸✸✮

❚❤❡ s❤✐❢t ♦❢ t❤❡ ❢r♦♥t ❞✉❡ t♦ ❛ ✢✉❝t✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ψδ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❊q✳ ✭✹✳✺✼✮✿

R(t, δ) =
1

γc
ln

{

1 + C2

√
2L2eγcδ

(πω′′(γc)t)5/2
e

π2ω′′(γc)t

2L2

+∞
∑

k=1

[

(2k − 1)2 − ω′′(γc)t

L2

]

e
−

(2k−1)2L2

2ω′′(γc)t

}

. ✭✺✳✸✹✮

q ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t ❣✐✈❡♥ ❜② ❊q✳ ✭✺✳✷✼✮✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s ❡①tr❡♠❡❧② ✉s❡❢✉❧✱ s✐♥❝❡ t❤❡ s❡r✐❡s ✐♥❞❡①❡❞
❜② k ❝♦♥✈❡r❣❡s ❢❛st✳ ❊✈❡♥ ❢♦r ♠♦❞❡r❛t❡❧② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t✱ ❛ ❢❡✇ t❡r♠s ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜❡ t❤❡
✇❤♦❧❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s ❛❝t✉❛❧❧② t❤❡ ❜❡st ❢♦r♠✉❧❛ ❢♦r ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s ♦❢ R✳

❲❡ s❤❛❧❧ ♥♦✇ ❡①❛♠✐♥❡ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ t ✭y ≪ 1✮✳ ❚❤❡♥ ♦♥❧② t❤❡ t❡r♠ k = 1 ❤❛s t♦ ❜❡ ❦❡♣t✳
❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r R ❜♦✐❧s ❞♦✇♥ t♦

R(t, δ) =
1

γc
ln

(

1 + C2

√
2eγcδL2

(πω′′(γc))5/2
e
− L2

2ω′′(γc)t

t5/2

)

. ✭✺✳✸✺✮

❆s ❛ ✜♥❛❧ r❡♠❛r❦✱ ❧❡t ✉s ♥♦t❡ t❤❛t t❤❡ P♦✐ss♦♥ s✉♠♠❛t✐♦♥ ✭✺✳✸✵✮ t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ t♦ r❡✇r✐t❡
t❤❡ s❡r✐❡s ♦❢ ❤❛r♠♦♥✐❝s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❏❛❝♦❜✐ ✐❞❡♥t✐t② ❢♦r t❤❡ ϑ ❢✉♥❝t✐♦♥s ❬✶✷✸❪✳ ❊q✉❛t✐♦♥ ✭✺✳✸✹✮
r❡s✉❧ts ❢r♦♠ ❊q✳ ✭✺✳✷✽✮ ✇✐t❤ t❤❡ r❡♣❧❛❝❡♠❡♥t

−∂qϑ4(0|q) =
√
π

2

1

q(− ln q)5/2

+∞
∑

k=1

(

π2(2k − 1)2 + 2 ln q
)

e
(2k−1)2π2

4 ln q . ✭✺✳✸✻✮

✼✷
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✺✳✷✳✸ ❆♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥s

❲✐t❤ t❤❡ ❡❧❡♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r σ2
12 ≡

〈(X1 −X2)
2〉✳ ■t ✐s ❡♥♦✉❣❤ t♦ ✐♥s❡rt t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✢✉❝t✉❛t✐♦♥s ✭❊q✳ ✭✹✳✺✹✮✮

❛♥❞ ❢♦r t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t s❤✐❢t ✭❊q✳ ✭✺✳✷✽✮✮ ✐♥t♦ ❊q✳ ✭✺✳✷✹✮✿

dσ2
12

dt
=

2C1

γ2c

∫ +∞

0

dδ e−γcδ ln2
[

1− C2
eγcδ

2L3
∂qϑ4(0|q)

]

, ✭✺✳✸✼✮

✇❤❡r❡ ❢♦r ∂qϑ4(0|q) ✇❡ ✉s❡ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥s ✭✺✳✷✾✮✱ ✭✺✳✸✻✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❧✐♠✐t t❤❛t ✇❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡✳ ❲❡ ♥♦✇ ❤❛✈❡ t♦ ✜① t❤❡ ✈❛❧✉❡ ♦❢ L✳ ■♥ ❘❡❢✳ ❬✶✶✹❪✱ L ✇❛s t❛❦❡♥
t♦ ❜❡ ❛ ❝♦♥st❛♥t✳ ✭❚❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ♣r❡❞✐❝t❡❞ L = L0 ≡ lnN/γc✱ ❜✉t ❡♠♣✐r✐❝❛❧❧②✱ ✇❡
s❛✇ t❤❛t ✐t ✇❛s ❜❡tt❡r t♦ ❛❞❞ ❛ s✉❜❞♦♠✐♥❛♥t ❝♦rr❡❝t✐♦♥✱ ♥❛♠❡❧② L = L0 +

3
γc

lnL0 + ❝♦♥st✳✮ ■♥
t❤✐s ❝❛s❡✱ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ♠❛❞❡ ✐♥ t❤❡ ✐♥t❡❣r❛♥❞✳ ❆❧❧ t❤❡ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ ❢❛❝t♦r❡❞
♦✉t✱ ❧❡❛✈✐♥❣ ✉s ✇✐t❤ ❛ s✐♠♣❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧ t♦ ♣❡r❢♦r♠✿

∫ +∞

0

dx

x2
ln2(1 + x) = 2ζ(2) =

π2

3
. ✭✺✳✸✽✮

❚❤✉s
dσ2

12

dt
=
π2C1C2

3γ3cL
3

[−∂qϑ4(0|q)] . ✭✺✳✸✾✮

❘❡♣❧❛❝✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❝♦♥st❛♥ts ❜② ❊q✳ ✭✹✳✻✺✮ ❛♥❞ q ❜② ❊q✳ ✭✺✳✷✼✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣
♦✈❡r t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ∆t = t − t∆b✱ ✇❡ ❛rr✐✈❡ ❛t ❛ ♣❛r❛♠❡t❡r✲❢r❡❡ ❡①♣r❡ss✐♦♥ ❢♦r
σ2
12 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆t✱ ♥❛♠❡❧②

σ2
12 =

2π2

3γ3cL

∫ 1

e
−

π2ω′′(γc)∆t

2L2

dq

q
[−∂qϑ4(0|q)] . ✭✺✳✹✵✮

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ t✇♦ ✐♥t❡r❡st✐♥❣ ❧✐♠✐ts✱ ✐✳❡✳ ∆t ≫ L2 ❛♥❞ ∆t ≪ L2✳ ❋♦r ❧❛r❣❡ ∆t✱ t❤❡
✐♥t❡❣r❛❧ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ r❡❣✐♦♥ q → 0✱ t❤✉s −∂qϑ4(0|q) ♠❛② ❜❡ r❡♣❧❛❝❡❞ ❜② ✐ts ✈❛❧✉❡ ❛t q = 0
✭−∂qϑ4(0|0) = 2✮✳ P❡r❢♦r♠✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡❣r❛t✐♦♥✱ ✇❡ ❣❡t

σ2
12 ∼

∆t≫L2

2π4ω′′(γc)

3γ3cL
3

∆t, ✭✺✳✹✶✮

✇❤✐❝❤ ✐s t✇✐❝❡ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝✉♠✉❧❛♥t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ✐♥ ❛ ✜①❡❞ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r
♠♦❞❡❧✱ s❡❡ ❊q✳ ✭✹✳✻✻✮✳ ❋♦r s♠❛❧❧ ∆t ✐♥st❡❛❞✱ s❛② L≪ ∆t≪ L2✱ ✇❡ ✉s❡ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ∂qϑ4(0|q)
❢♦r q → 1✱ ✐✳❡✳ t❤❡ ✜rst t❡r♠ ✐♥ ❊q✳ ✭✺✳✸✻✮✱ ✇❤✐❝❤ r❡❛❞s

∂qϑ4(0|q) = −
√
π

2

π2 + 2 ln q

q(− ln q)5/2
e

π2

4 ln q . ✭✺✳✹✷✮

❊q✉❛t✐♦♥ ✭✺✳✹✵✮ ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

σ2
12 ∼

∆t≪L2

4

3γ3c

√

2π3

ω′′(γc)∆t
exp

(

− L2

2ω′′(γc)∆t

)

. ✭✺✳✹✸✮

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❢r♦♥t L ❝♦♥st❛♥t✱ ♦❢ t❤❡ ♦r❞❡r ♦❢ L0✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡
♠♦❞❡❧ ❢♦r L ✇♦✉❧❞ ❜❡ t♦ ♣r♦♠♦t❡ ✐t t♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ δ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❊q✳ ✭✺✳✸✼✮✱ ♥❛♠❡❧②

L = L0 + δ + ❝♦♥st, ✭✺✳✹✹✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❡♠♣✐r✐❝❛❧❧②✳ ❚❤✐s ❝❤♦✐❝❡ t❛❦❡s ♠❛②❜❡ ✐♥t♦ ❛❝❝♦✉♥t ♠♦r❡
❛❝❝✉r❛t❡❧② t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❜② δ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ δ✲✐♥t❡❣r❛❧ ❝❛♥♥♦t
❜❡ ♣❡r❢♦r♠❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ ❊q✳ ✭✺✳✸✼✮ ❡①❝❡♣t ✐♥ s♦♠❡ ❧✐♠✐ts✱ s♦ ❛ ♣r✐♦r✐✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡r

✼✸
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❡①♣r❡ss✐♦♥ t❤❛♥ ❊q✳ ✭✺✳✸✼✮✳ ❚❤✉s ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✈❛❧✉❡s ♦❢ C1 ❛♥❞ C2 ✐♥❞✐✈✐❞✉❛❧❧②✳ ❲❡ ❝❛♥
❝♦♥s✐❞❡r t❤❛t C1 = γc ✐s t❤❡ ♥❛t✉r❛❧ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ p(δ)✳ ❚❤❡♥✱ ✇❡
♠✉st s❡t C2 = π2ω′′(γc)/γc ✐♥ ♦r❞❡r t♦ s❛t✐s❢② ❊q✳ ✭✹✳✻✺✮✳

❚❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ t✇♦ ♠♦❞❡❧s✱ ✐♥ ✇❤✐❝❤ L ✐s ❡✐t❤❡r ❝♦♥st❛♥t ♦r δ✲❞❡♣❡♥❞❡♥t✱ ❞✐✛❡r ❜②
s✉❜❧❡❛❞✐♥❣ t❡r♠s ✐♥ t❤❡ ❧❛r❣❡✲L ❧✐♠✐t✳ ❙✐♥❝❡ t❤❡ ✈❛❧✉❡s ♦❢ δ ✇❤✐❝❤ ❞♦♠✐♥❛t❡ t❤❡ δ✲✐♥t❡❣r❛❧ ✐♥
❊q✳ ✭✺✳✸✼✮ ❛r❡ ♦❢ ♦r❞❡r 3

γc
lnL0✱ ❧✐❦❡ t❤❡ ✜rst ❝♦rr❡❝t✐♦♥ t♦ L0 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t L✱ t❤❡ ♠♦❞❡❧s

❛r❡ ♥♦t ❡①♣❡❝t❡❞ t♦ ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧②✳ ❲❡ ✇✐❧❧ ❝❤❡❝❦ t❤✐s st❛t❡♠❡♥t ♥✉♠❡r✐❝❛❧❧②✳

❙❝❛❧✐♥❣

▲♦♦❦✐♥❣ ❜❛❝❦ ❛t ❊q✳ ✭✺✳✹✵✮✱ ✇❡ s❡❡ t❤❛t σ2
12 ❤❛s ❛ ♥✐❝❡ s❝❛❧✐♥❣ ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ ✇❡ ♠❛② r❡✇r✐t❡

t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥ ❛s

σ2
12 =

D

γc(v0 − v)

∫ 1

e−γc(v0−v)∆t

dq

q
[−∂qϑ4(0|q)] ✭✺✳✹✺✮

✐♥ t❡r♠s ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ s✐♥❣❧❡ ❢r♦♥t ✭✐ts ✈❡❧♦❝✐t② v ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦♥st❛♥t D ✇❤♦s❡
❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ✇❡r❡ ❣✐✈❡♥ ✐♥ ❊q✳ ✭✹✳✺✷✮ ❛♥❞ ✭✹✳✻✻✮✮✱ ✇❤❡r❡ v0 ❝❛♥ ❜❡ r❡❛❞ ✐♥ ❊q✳ ✭✺✳✶✾✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣✿

σ2
12

D∆t
= ❢✉♥❝t✐♦♥[(v0 − v)∆t]. ✭✺✳✹✻✮

❋r♦♠ ❊q✳ ✭✺✳✹✸✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❞❛♠♣❡❞ ✇❤❡♥ ✐ts
❛r❣✉♠❡♥t ✐s s♠❛❧❧❡r t❤❛♥ ✶✱ ✐✳❡✳ ♣❛r❛♠❡tr✐❝❛❧❧② ❢♦r ∆t≪ L2✳

❖♥❝❡ ♦♥❡ ❦♥♦✇s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ tr❛✈❡❧✐♥❣ ✇❛✈❡s ✐♥ t❤❡ ❋■P ♠♦❞❡❧ ✭✐✳❡✳ v ❛♥❞ D✮✱
t❤✐s s❝❛❧✐♥❣ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✐s ❛ ♣✉r❡ ♣r❡❞✐❝t✐♦♥✳ ❚❤✉s ✐t ✇✐❧❧ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❤❡❝❦ ✐t ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳

▲✐♠✐ts ♦♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s

▲❡t ✉s tr② ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ❧✐♠✐ts ♦♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡ ❧❛tt❡r ✇❡r❡ ❡ss❡♥t✐❛❧❧②
❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡ γ = γc ♦❢ t❤❡ ❦❡r♥❡❧ ω ❞♦♠✐♥❛t❡s✳ ❲❤✐❧❡ t❤✐s
st❛t❡♠❡♥t ✐s ❝❧❡❛r❧② tr✉❡ ❛t ❧❛r❣❡ t✐♠❡s✱ ✇❤❡♥ t❤❡ tr❛✈❡❧✐♥❣✲✇❛✈❡ ❢r♦♥t ✐s ✇❡❧❧ ❢♦r♠❡❞✱ ✐t ♠✉st
❜r❡❛❦ ❞♦✇♥ ❛t ❡❛r❧② t✐♠❡s r✐❣❤t ❛❢t❡r ❛ ✢✉❝t✉❛t✐♦♥ ❤❛s ♦❝❝✉rr❡❞✿ ■♥❞❡❡❞✱ ❛ ✢✉❝t✉❛t✐♦♥ ❤❛s ❛♥
✐♥✐t✐❛❧ s❤❛♣❡ t❤❛t ✐s ❢❛r ❢r♦♠ t❤❡ ♦♥❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❢r♦♥t✱ s❡❡ ❋✐❣✳ ✹✳✶✵✳

❲❡ ✇✐s❤ t♦ ❡st✐♠❛t❡ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t ❡✐❣❡♥✈❛❧✉❡s ❛❜♦✉t
γc✳ ❚♦ t❤✐s ❛✐♠✱ ♥❡❣❧❡❝t✐♥❣ ❢♦r t❤❡ ♠♦♠❡♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ♣r❡❢❛❝t♦rs✱ ✇❡ ✇r✐t❡
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❜r❛♥❝❤✐♥❣ ❞✐✛✉s✐♦♥ ❛s

u(∆t, k) ∼
∫

dγ e−γk+ω(γ)∆t. ✭✺✳✹✼✮

❚❤❡ ✐♥t❡r❡st✐♥❣ ✈❛❧✉❡s ♦❢ k ❛r❡ t❤❡ ♦♥❡s ❛r♦✉♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢r♦♥t✱ t❤❡r❡❢♦r❡ ✇❡ ✇r✐t❡
k = v0∆t + δk✱ ✇❤❡r❡ δk ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ s✐③❡ L ♦❢ t❤❡ ❢r♦♥t✳ ❊①♣❛♥❞✐♥❣ ω(γ) ❛❜♦✉t γc✱ ✇❡
✇r✐t❡

u(∆t, v0∆t+ δk) ∼ e−γc×δk

∫

d(δγ) e−δγ×δk+ 1
2ω

′′(γc)(δγ)
2∆t+···, ✭✺✳✹✽✮

✇❤❡r❡ δγ = γ − γc✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤✐s ❡q✉❛t✐♦♥ t❤❛t t❤❡ r❡❧❡✈❛♥t ✈❛❧✉❡s ♦❢ δγ ❛r❡ ♦❢ t❤❡ ♦r❞❡r
♦❢ δk/(ω′′(γc)∆t)✳ ❙✐♥❝❡ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ δk ✐s t❤❡ s✐③❡ L ♦❢ t❤❡ ❢r♦♥t✱ ✇❡ ✇♦✉❧❞ ❛ ♣r✐♦r✐
❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ γ ❛r♦✉♥❞ γc ✐s s♠❛❧❧ ❛♥❞ ❤❡♥❝❡ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ✈❛❧✐❞ ❛s s♦♦♥
❛s ∆t≫ L✳

❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❡①♣❛♥❞❡❞ ω(γ) t♦ s❡❝♦♥❞ ♦r❞❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛ ❣❡♥❡r✐❝ ❦❡r♥❡❧
ω✱ ✇❡ ❤❛✈❡ ♥❡❣❧❡❝t❡❞ t❡r♠s ♦❢ t❤❡ ❢♦r♠ 1

6ω
(3)(γc)(δγ)

3∆t ∼ L3/(∆t)2 ✭✇❤✐❝❤ ✇♦✉❧❞ ✜t ✐♥ t❤❡ ❞♦ts
✐♥ ❊q✳ ✭✺✳✹✽✮✮✳ ❚❤❡ ❡①♣❛♥s✐♦♥ ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐❢ t❤❡ ❧❛tt❡r t❡r♠ ✐s s♠❛❧❧✱ ✐✳❡✳ ✐❢

∆t≫ L3/2. ✭✺✳✹✾✮

✼✹
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❇❛❝❦ t♦ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✱ ❝♦♥s✐st✐♥❣ ✐♥ t✇♦ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❋■P
♠♦❞❡❧ ✇❤✐❝❤ ❡✈♦❧✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉♥t✐❧ t❤❡✐r ❝♦♠♠♦♥ t✐♣ r❡❛❝❤❡s k∆b✱ ❛♥❞ ✇❤✐❝❤ ❞❡❝♦rr❡❧❛t❡
❢♦r k > k∆b✳ ❚❤❡ ♦♥❧② r❡❧❡✈❛♥t ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❞❡t❡r♠✐♥❡❞ t❤❡ ❞❡❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢
t❤❡ ❢r♦♥ts ♦❢ t❤❡ r❡❛❧✐③❛t✐♦♥s ✇❛s t❤❡ t✐♠❡ ∆t = t − t∆b ❛❢t❡r t❤❡ t✐♣ ❤❛❞ r❡❛❝❤❡❞ k∆b✳ ❲❡ ♥♦✇
✇✐s❤ t♦ ❞✐s❝✉ss t❤❡ tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts t♦ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡✱ ✇❤✐❝❤ ✇❛s
♦✉r ✐♥✐t✐❛❧ ♣r♦❜❧❡♠✳

❚♦ t❤✐s ❛✐♠✱ ✇❡ ✇✐❧❧ ♦❢ ❝♦✉rs❡ ♠❛❦❡ ✉s❡ ♦❢ ❊q✳ ✭✺✳✷✶✮ t♦ ❡①♣r❡ss t∆b ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♠❡❛♥
❢r♦♥t ✈❡❧♦❝✐t② v✳ ❇✉t ✇❡ ❛❧s♦ ♥❡❡❞ ❛ ❧❡♥❣t❤ s❝❛❧❡ t♦ ✇❤✐❝❤ t❤❡ ❞✐st❛♥❝❡ ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡
∆b ♠❛② ❜❡ ❝♦♠♣❛r❡❞✳ ❚❤❡ ♥❛t✉r❛❧ ❧❡♥❣t❤ ✐s t❤❡ ❞✐♣♦❧❡ s✐③❡ ❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✱ ♥❛♠❡❧②

ls(t) = 2−X(t) = ls(t∆b)2
−v∆t. ✭✺✳✺✵✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳ ✭✺✳✷✶✮ ❛♥❞ ❞✐sr❡❣❛r❞✐♥❣ t❤❡ ✐♥t❡❣❡r ♣❛rt ♦♣❡r❛t♦r✱ − log2 ∆b =
k∆b ❛♥❞ t❤❡ t✐♣ ♦❢ t❤❡ ❢r♦♥t k∆b ✐s ❛❤❡❛❞ ♦❢ t❤❡ ❜✉❧❦ X(t∆b) ❜② L✿ k∆b = X(t∆b) + L✳ ❯s✐♥❣ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♠❛② ♥♦✇ ❡①♣r❡ss ∆t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆b ❛♥❞ ♦❢ t❤❡ ❧❡♥❣t❤ s❝❛❧❡ ls(t)✿

∆t =
1

v

[

L+ log2
∆b

ls(t)

]

. ✭✺✳✺✶✮

❚❤❡ s❝❛❧✐♥❣ ✭✺✳✹✻✮ r❡❛❞s

σ2
12 ∼

L+ log2
∆b
ls(t)

L3
× ❢✉♥❝t✐♦♥

[

L+ log2
∆b
ls(t)

L2

]

. ✭✺✳✺✷✮

❚❤✐s ❢♦r♠✉❧❛✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✭✺✳✹✸✮✮✱ s❤♦✇s t❤❛t t❤❡r❡
✐s ❧✐tt❧❡ b✲❞❡♣❡♥❞❡♥❝❡ ✉♥t✐❧ log2(∆b/ls(t)) ∼ L2✱ t❤❛t ✐s t♦ s❛②✱ ✉♥t✐❧ ∆b ∼ ls(t)e

❝♦♥st×L2

✳ ■♥ ♦t❤❡r
t❡r♠s✱ t❤❡ s✐③❡ ∆b ♦❢ t❤❡ ❞♦♠❛✐♥ ❛r♦✉♥❞ ✐♠♣❛❝t ♣❛r❛♠❡t❡r b ✐♥ ✇❤✐❝❤ t❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥ts ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✐s✱ ✐♥ ♥♦t❛t✐♦♥s ♠♦r❡ ❢❛♠✐❧✐❛r t♦ ◗❈❉ ❡①♣❡rts✱

∆b ∼ e❝♦♥st×ln2(1/α2
s)

Qs(b)
, ✭✺✳✺✸✮

✇❤❡r❡ Qs(b) ✐s t❤❡ ✉s✉❛❧ s❛t✉r❛t✐♦♥ ♠♦♠❡♥t✉♠ ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r b✳ ◆♦t❡ t❤❛t s✐♥❝❡ t❤❡ ❢r♦♥ts
❛r❡ st❛t✐st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❛s s♦♦♥ ❛s ∆b × Qs(b) > 1✱ t❤✐s r❡s✉❧t ♠❛② s❡❡♠ ❛ ❜✐t s✉r♣r✐s✐♥❣✿
■t s❛②s t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ✐s
♠✉❝❤ ❧❛r❣❡r t❤❛♥ 1/Qs(b) ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝❛❧ ❧✐♠✐t ♦❢ s♠❛❧❧ αs✳

✺✳✷✳✹ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥❢r♦♥t ♦✉r ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ t♦② ♠♦❞❡❧✳
❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉❧❧ ♠♦❞❡❧ ❛♥❞ t❡st t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✐s
❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ❛❧s♦ ❢♦r β ∼ 1✱ ✐✳❡✳ ✇❤❡♥ s♣❧✐tt✐♥❣s t♦ ❧❛r❣❡r✲s✐③❡ ❞✐♣♦❧❡s ❛r❡
❛✉t❤♦r✐③❡❞✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ✢✉❝t✉❛t✐♦♥s
❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ✐♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ✭❣✐✈❡♥ ❡ss❡♥t✐❛❧❧② ❜② ❊qs✳ ✭✺✳✸✼✮✱✭✺✳✹✵✮✮✳

❋✉❧❧ ♠♦❞❡❧

❚❤❡ ♠♦❞❡❧ ❞❡✜♥❡❞ ❜② ❊qs✳ ✭✺✳✶✹✮ ❛♥❞ ✭✺✳✶✺✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t ♥✉♠❡r✐❝❛❧❧② ✐♥ t❤❡
❢♦r♠ ♦❢ ❛ ▼♦♥t❡✲❈❛r❧♦ ❡✈❡♥t ❣❡♥❡r❛t♦r✳ ❚❤❡ s✐♠♣❧❡st ✐s t♦ st♦r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥ ❡❛❝❤
❜✐♥ ✐♥ ❛♥ ❛rr❛② ✇❤♦s❡ ✐♥❞❡① i ✐s r❡❧❛t❡❞ t♦ k ❛♥❞ j t❤r♦✉❣❤ i = 2k−1 + j✳ ❚❤❡ s♣❧✐tt✐♥❣ ❞②♥❛♠✐❝s
r❡❧❛t❡s ❜✐♥ i t♦ 2i ✭❞♦✇♥ ❧❡❢t✮✱ 2i + 1 ✭❞♦✇♥ r✐❣❤t✮ ❛♥❞ [i/2] ✭✉♣❀ t❤❡ sq✉❛r❡ ❜r❛❝❦❡ts st❛♥❞ ♦♥❝❡
❛❣❛✐♥ ❢♦r t❤❡ ✐♥t❡❣❡r ♣❛rt✮✳

❲❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ❛♥ ❛rr❛② ✇❤♦s❡ s✐③❡ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t✐♠❡✳ ■t ✐s t❤✉s ✈❡r② ❞✐✣❝✉❧t
t♦ ♣✐❝❦ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t✱ ❛♥❞ t❤✉s ❛❧s♦ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ N ✳ ■♥❞❡❡❞✱ t❤❡ r❡❧❡✈❛♥t t✐♠❡ s❝❛❧❡ ❣r♦✇s

✼✺
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❋✐❣✉r❡ ✺✳✸✿ ❖♥❡ ❡✈❡♥t ♦❢ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✇✐t❤ α = β = 1✱ N = 100 ❛♥❞ t − t∆b = 4✳ ❖♥❧② t❤❡
❜✐♥s k ≥ 5 ❛r❡ r❡♣r❡s❡♥t❡❞✳ ✭❚❤❡ ❜✐♥s ❢♦r k < 5 ❛❧❧ ❝♦♥t❛✐♥ N ❞✐♣♦❧❡s✳✮ ❚❤❡ ♥✉♠❜❡r ♦❢ ❞✐♣♦❧❡s ✐♥
❡❛❝❤ ❜✐♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❜❧❛❝❦♥❡ss ✇❤✐❝❤ ✐s ❞✐s♣❧❛②❡❞✳ ❲❡ s❡❡ t❤❛t ✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥
❝❧♦s❡ t♦ ❜❧❛❝❦♥❡ss✱ ♥❡❛r❜② ❜✐♥s ❛r❡ ♦❢t❡♥ ♦❢ s✐♠✐❧❛r ❣r❡② ❧❡✈❡❧s✱ ✇❤✐❝❤ ✐❧❧✉str❛t❡s t❤❡ st❛t❡♠❡♥t t❤❛t
t❤❡ ❞❡♥s✐t② ♦❢ ❣❧✉♦♥s ✈❛r✐❡s s✐❣♥✐✜❝❛♥t❧② ♦♥❧② ♦✈❡r s❝❛❧❡s ✇❤✐❝❤ ❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ r❡❧❡✈❛♥t ❧❡♥❣t❤
s❝❛❧❡ ls(t) ✭s❡❡ ❊q✳ ✭✺✳✺✵✮✮✳

✇✐t❤ N ❧✐❦❡ ln2N ✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡♥tr✐❡s ✐♥ t❤❡ ❛rr❛② ♦♥❡ ✇❛♥ts t♦
❝♦♥s✐❞❡r ❣r♦✇s ❧✐❦❡ eln

2 N ✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t ≤ 4 ❛♥❞ N ≤ 100✳ ❆s ❢♦r t❤❡ t✐♠❡
st❡♣ dt✱ t❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t ✐s t♦ t❛❦❡ ✐t s♠❛❧❧ ❜✉t ✜♥✐t❡✳ ❲❡ s❡t dt = 10−2✳

❲❡ st❛rt ✇✐t❤ ♦♥❡ ♣❛rt✐❝❧❡ ❛♥❞ ❡✈♦❧✈❡ ✐t ❢♦r ❛ ❢❡✇ ❤✉♥❞r❡❞ ✉♥✐ts ♦❢ t✐♠❡ ✉s✐♥❣ t❤❡ ❋■P ✈❡rs✐♦♥
♦❢ t❤❡ ♠♦❞❡❧✳ ❲❡ ♦❜t❛✐♥ ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❢r♦♥t✱ ✇❤♦s❡ t✐♣ ✇❡ ❡✈❡♥t✉❛❧❧② ❧❛❜❡❧ k = 1✳ ✭❚❤❡
❝♦♠♣❧❡t❡ ❢r♦♥t s✐ts ✐♥ t❤❡ ❜✐♥s k ≤ 1✮✳ ❋r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❜✉✐❧t ✐♥ t❤✐s ✇❛②✱ ✇❡ ❡✈♦❧✈❡ ❛❧❧
❜✐♥s ❢♦r ✇❤✐❝❤ k < 1 ✉s✐♥❣ t❤❡ ❋■P ♠♦❞❡❧✱ ❛♥❞ ❛❧❧ ❜✐♥s ❢♦r k ≥ 1 ✉s✐♥❣ t❤❡ ❢✉❧❧ ♠♦❞❡❧✳ ❖♥❡ ❡✈❡♥t
✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✸✳ ❆❧t❤♦✉❣❤ N ❛♥❞ t ❛r❡ s♠❛❧❧ ✐♥ t❤✐s ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ r❡❣✐♦♥s ✐♥
✐♠♣❛❝t✲♣❛r❛♠❡t❡r s♣❛❝❡ ✇❤✐❝❤ ❤❛✈❡ s✐♠✐❧❛r ♥✉♠❜❡rs ♦❢ ❞✐♣♦❧❡s ❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❧♦❝❛❧ ❧❡♥❣t❤
s❝❛❧❡ ls(t) ✭s❡❡ ❊q✳ ✭✺✳✺✵✮✮✳

❆❢t❡r t❤❡ ❡✈♦❧✉t✐♦♥ t✐♠❡s t = 3 ❛♥❞ t = 4 r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ♠❡❛s✉r❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❛t
✈❛r✐♦✉s ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ♦♥ ❛ ✉♥✐❢♦r♠ t✐❣❤t ❣r✐❞ r❛♥❣✐♥❣ ❢r♦♠ − 1

2 t♦ + 1
2 ✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t✿

X(∆b, t) = k0 +

+∞
∑

k=k0+1

n(k,[∆b×2k−1])(t)

N
✭✺✳✺✹✮

✇❤❡r❡ k0 ✐s t❤❡ ❧❛r❣❡st k ❢♦r ✇❤✐❝❤ n(k,[∆b×2k−1]) = N ✳ ◆♦t❡ t❤❛t ✐♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡
❝❤♦s❡♥ X(∆b, t) = k0✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐s❝r❡t❡♥❡ss ♦❢ k ✐♥ ♦✉r ♠♦❞❡❧✱ t❤✐s
❝❤♦✐❝❡ ✇♦✉❧❞ ✐♥tr♦❞✉❝❡ ❛rt❡❢❛❝ts ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t ✐♥ r❡❛❧ ◗❈❉✳

❲❡ ❝♦♠♣✉t❡ t❤❡ sq✉❛r❡❞ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs − 1
2

❛♥❞ − 1
2 +∆b✱ ❛♥❞ ❛✈❡r❛❣❡ ♦✈❡r ❡✈❡♥ts✳ ❲❡ ♣❧♦t t❤❡ r❡s✉❧t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t+ log2 ∆b/v✱ ✇❤❡r❡ v

✐s t❤❡ ❛✈❡r❛❣❡ ❢r♦♥t ✈❡❧♦❝✐t② ♠❡❛s✉r❡❞ ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r − 1
2 ✳

❲❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts t♦ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✱ ✐✳❡✳ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r
t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ ❛♥ ✐♥✐t✐❛❧ ❢r♦♥t✳ ❲❡ ❞♦ ♥♦t ❛tt❡♠♣t t♦ ❝♦♠♣❛r❡ t♦ ♦✉r ❛♥❛❧②t✐❝❛❧

✼✻



❈❍❆P❚❊❘ ✺✳ ❙P❆❚■❆▲ ❈❖❘❘❊▲❆❚■❖◆❙

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.5 1 1.5 2 2.5 3 3.5 4

σ
2 1
2
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minimal model

❋✐❣✉r❡ ✺✳✹✿ σ2
12 = 〈(X1 − X2)

2〉 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆t = t − t∆b ✐♥ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✇✐t❤ α = 1 ❛♥❞
β = 0 ✭❧✐♥❡s ✇✐t❤ st❡♣s❀ ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡✈♦❧✉t✐♦♥ t✐♠❡ t = 3✱ t❤❡ ♦t❤❡r ♦♥❡ t♦ t = 4✮ ❛♥❞
✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✳ ■♥ t❤❡ ❢✉❧❧ ♠♦❞❡❧✱ t∆b = [− log2 ∆b]/v✱ ✇❤❡r❡ v ✐s t❤❡ ♠❡❛s✉r❡❞ ✈❡❧♦❝✐t②
♦❢ t❤❡ ❢r♦♥t ❛t ✐♠♣❛❝t ♣❛r❛♠❡t❡r − 1

2 ✳ ■♥ t❤❡ ❋■P ♠♦❞❡❧✱ t∆b ✐s ❛ ✜①❡❞ t✐♠❡✱ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ t✐♣ ♦❢ t❤❡ ❢r♦♥t r❡❛❝❤❡s k∆b✱ t❤❡ ❜✐♥ ❛❢t❡r ✇❤✐❝❤ t✇♦ ✉♥❝♦rr❡❧❛t❡❞ ❡✈♦❧✉t✐♦♥s
t❛❦❡ ♣❧❛❝❡✳

❢♦r♠✉❧❛s s✐♥❝❡ t❤❡ ✈❛❧✉❡s ♦❢ N t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❛❝❤ ❛r❡ t♦♦ s♠❛❧❧ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s t❤❛t
✇❡ ❤❛❞ t♦ ❛ss✉♠❡ t♦ ❜❡ r❡❧❡✈❛♥t✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❧♦t ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✺✳✹ ❢♦r N = 100✱ α = 1✱ β = 0✱ ❛♥❞ ✐♥ ❋✐❣✳ ✺✳✺ ✇✐t❤
t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❡①❝❡♣t β = 2✳ ❋✐rst✱ ✇❡ s❡❡ t❤❛t ✐♥ t❤❡ ❢✉❧❧ ♠♦❞❡❧✱ t❤❡ ❣r❛♣❤ ♦❢ σ2

12 ❡①❤✐❜✐ts
st❡♣s✱ ✐✳❡✳ σ2

12 ✐s ❝♦♥st❛♥t ❜② ♣❛rts✳ ❚❤✐s ✐s r❡❧❛t❡❞ t♦ t❤❡ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✿ ❚❤❡
❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ b = − 1

2 ❛♥❞ ❛♥② ♦❢ t❤❡ ♣♦✐♥ts ❛t b ≥ 0 ❛r❡ ✐❞❡♥t✐❝❛❧❀ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r
−0.25 ≤ b < 0✱ −0.375 ≤ b < −0.25 ❡t❝✳✳✳ ❚❤❡ ❧♦❣❛r✐t❤♠✐❝ b✲s❝❛❧❡ ♦♥ t❤❡ t✲❛①✐s ♠❛❦❡s t❤❡ ✇✐❞t❤s
♦❢ t❤❡ st❡♣s ❛❧❧ ❡q✉❛❧✳ ◆❡①t✱ ✇❡ s❡❡ t❤❛t ❢♦r s♠❛❧❧ t − t∆b ✭✐✳❡✳ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ❝❧♦s❡ t♦ − 1

2 ✮
t❤❡r❡ ❛r❡ ✈❡r② ❧✐tt❧❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥s✳

❋✐♥❛❧❧②✱ ✇❡ s❡❡ t❤❛t ❢♦r β = 0✱ ❛s ❛♥t✐❝✐♣❛t❡❞✱ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ♦♥❡s ❝♦✐♥❝✐❞❡
❛❧♠♦st ♣❡r❢❡❝t❧② ✭❋✐❣✳ ✺✳✹✮✳ ❋♦r β = 2✱ ✐✳❡✳ ✇❤❡♥ s♣❧✐tt✐♥❣s t♦✇❛r❞s ❧❛r❣❡r ❞✐♣♦❧❡ s✐③❡s ❛r❡ s✇✐t❝❤❡❞
♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ♥❡✇ ❝♦rr❡❧❛t✐♦♥s ❛♣♣❡❛r ❜❡②♦♥❞ t❤❡ ♦♥❡s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✱
t❤❡r❡ ❛r❡ s♦♠❡ q✉❛♥t✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ❢♦r ❧❛r❣❡ t ✭❋✐❣✳ ✺✳✺✮✳ ❇✉t ✇❡ s❡❡ t❤❛t ✉s✐♥❣ t❤❡ ♠✐♥✐♠❛❧
♠♦❞❡❧ ✐♥st❡❛❞ ♦❢ t❤❡ ❢✉❧❧ ♠♦❞❡❧ t❤❛t ❦❡❡♣s ❛❧❧ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✐s
❝♦rr♦❜♦r❛t❡s t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ ✇♦r❦ ✐♥ ❘❡❢✳ ❬✶✶✼❪✳

▼✐♥✐♠❛❧ ♠♦❞❡❧

❲❡ ♥♦✇ s❡t β = 0✱ ✐♥ ✇❤✐❝❤ ❝❛s❡✱ ❛s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r ❛♥❞ ❛s ❝❤❡❝❦❡❞ ♥✉♠❡r✐❝❛❧❧②✱ t❤❡ ♠♦❞❡❧
❡①❛❝t❧② r❡❞✉❝❡s t♦ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❋❑PP✲❧✐❦❡ ♠♦❞❡❧s✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡
t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❡✈♦❧✈❡ t✇♦ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❋■P
♠♦❞❡❧ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛❧❧ ❜✐♥s ✇✐t❤ k ≤ k∆b ❜❡ ✐❞❡♥t✐❝❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❛❧✐③❛t✐♦♥s✱
❛♥❞ t❤❡ ❜✐♥s k > k∆b ❜❡ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❣❡♥❡r❛t❡ ♦♥❡
s✐♥❣❧❡ r❡❛❧✐③❛t✐♦♥ ❛♥❞ ❡✈♦❧✈❡ ✐t ❢♦r t∆b t✐♠❡ st❡♣s✱ r❡♣❧✐❝❛t❡ ✐t ❛t t✐♠❡ t∆b✱ ❛♥❞ t❤❡♥ ❡✈♦❧✈❡ t❤❡
t✇♦ r❡♣❧✐❝❛s ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♣♦ss✐❜❧❡
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minimal model

❋✐❣✉r❡ ✺✳✺✿ ❚❤❡ s❛♠❡ ❛s ✐♥ ❋✐❣✳ ✺✳✹ ❜✉t ❢♦r β = 2✳
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without correlations

analytic with L = lnN
γ0

+ 3
γ0
ln lnN − 3.5

γ0

L = lnN
γ0

+ δ − 1.4

❋✐❣✉r❡ ✺✳✻✿ σ2
12 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆t = t − t∆b ✐♥ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ✇✐t❤ β = 0 ❢♦r N = 1010✳

❲❡ ❞✐s♣❧❛② t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❧✐③❛t✐♦♥s ❞❡❝♦rr❡❧❛t❡ ✐♥ t❤❡ ❜✐♥s
k > k∆b ✭❧❛❜❡❧❧❡❞ ✏▼♦♥t❡ ❈❛r❧♦✑✮✱ ❛♥❞ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡❝♦rr❡❧❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡
❛❢t❡r t✐♠❡ t∆b ✭❧❛❜❡❧❧❡❞ ✏✇✐t❤♦✉t ❝♦rr❡❧❛t✐♦♥s✑✮✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❝✉r✈❡s ✉s❡ ❊q✳ ✭✺✳✹✵✮ ✇✐t❤ t❤❡ t✇♦
♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ ❢r♦♥t s✐③❡ L✳ ■♥s❡t✿ ❚❤❡ s❛♠❡✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 1/∆t ✐♥ ♦r❞❡r t♦ ❤✐❣❤❧✐❣❤t
t❤❡ s♠❛❧❧✲∆t r❡❣✐♦♥ ✇❤❡r❡✱ ❛s ❡①♣❡❝t❡❞✱ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ❛♣♣❡❛r ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s✳
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❋✐❣✉r❡ ✺✳✼✿ ❚❤❡ s❛♠❡ ❛s ✐♥ ❋✐❣✳ ✺✳✻✱ ❢♦r N = 1050✳ ❆❧❧ ❝✉r✈❡s ❝♦✐♥❝✐❞❡ ❛❧♠♦st ♣❡r❢❡❝t❧②✳

✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ ♦✉r ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤✉s
t❤❡ ❞✐✛❡r❡♥❝❡s t❤❛t ✇❡ s❤❛❧❧ ✜♥❞ ♥✉♠❡r✐❝❛❧❧② ✇✐❧❧ ❣✐✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t②✳ ❚❤✐s
t✐♠❡✱ ♦✉r ❛✐♠ ✐s ❡ss❡♥t✐❛❧❧② t♦ ❝❤❡❝❦ ♦✉r ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛s✱ t❤✉s ✇❡ ✇✐❧❧ ♣✐❝❦ ✈❡r② ❧❛r❣❡ ✈❛❧✉❡s
♦❢ N ✱ ❡✈❡♥ ✐❢ t❤❡② ❛♣♣❡❛r t♦ ❜❡ ✉♥♣❤②s✐❝❛❧ ✐♥ t❤❡ ◗❈❉ ❝♦♥t❡①t s✐♥❝❡ t❤❡② ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦
❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t αs✳

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊q✳ ✭✺✳✷✵✮ ✇✐t❤ α = 1✱ β = 0 ❛♥❞ dt = 10−2✿

γc = 1.0136 · · · , v0 = 2.6817 · · · , ω′′(γc) = 2.6098 · · · ✭✺✳✺✺✮

❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝❧♦s❡ t♦ 1✱ e ❛♥❞ e r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ t❤❡ ❝♦rr❡❝t ♣❛r❛♠❡t❡rs ✐❢ dt ✇❡r❡
✐♥✜♥✐t❡s✐♠❛❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ω(γ) = eγ ✭s❡❡ ❊q✳ ✭✺✳✷✵✮✮✳

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✻ ❢♦r N = 1010 ✇✐t❤ t❤❡ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧
✭✇❡ ❣❡♥❡r❛t❡❞ ❛❜♦✉t 105 r❡❛❧✐③❛t✐♦♥s✮✱ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s✳ ❲❡ t❡st t❤❡
t✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ s✐③❡ L ♦❢ t❤❡ ❢r♦♥t✿ ❊✐t❤❡r L ✐s ❛ ❝♦♥st❛♥t✱ ✇❤✐❝❤ ❢r♦♠ ♦✉r ♣r❡✈✐♦✉s
❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❋❑PP tr❛✈❡❧✐♥❣ ✇❛✈❡s ❬✶✶✹❪✱ ✇❡ s❡t t♦

L =
1

γc
lnN +

3

γc
ln lnN − 3.5

γc
✭✺✳✺✻✮

✭s❡❡ ❡✳❣✳ ❊q✳ ✭✹✳✼✶✮✮✱ ♦r ✐t ✐s δ✲❞❡♣❡♥❞❡♥t✱ ♥❛♠❡❧②

L =
1

γc
lnN + δ − 1.4. ✭✺✳✺✼✮

❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥ts✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❞❡t❡r♠✐♥❡❞ ✐♥ ♦✉r t❤❡♦r②✱ ✇❡r❡ ❝❤♦s❡♥ ❡♠♣✐r✐❝❛❧❧② s♦ t❤❛t
t❤❡② ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ ❛❧❧ ♥✉♠❡r✐❝❛❧ ❞❛t❛ ❢♦r N ≥ 1010✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❊q✳ ✭✺✳✹✵✮ ✐s ✉s❡❞✳ ■♥ t❤❡
s❡❝♦♥❞ ❝❛s❡✱ ❊q✳ ✭✺✳✸✼✮ ✐s ✐♥t❡❣r❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ♦✈❡r t ❛♥❞ δ✳ ❲❡ s❡❡ t❤❛t t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥
t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ✐s ❣♦♦❞✱ ❡①❝❡♣t ♠❛②❜❡ ❢♦r ✈❡r② s♠❛❧❧
✈❛❧✉❡s ♦❢ ∆t ✇❤❡r❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ♥♦t ❡①♣❡❝t❡❞ t♦ ❜❡ ❛❝❝✉r❛t❡✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ s❛♠❡ ✈❛❧✉❡s ♦❢
∆t✱ ✇❡ ❛❧s♦ s❡❡ ✐♥ ❋✐❣✳ ✺✳✻ ❛ s✐③❛❜❧❡ ❞✐s❝r❡❛♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧✳
❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r N = 1050 ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✼✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧
❡①♣❡❝t❛t✐♦♥s ✭❊q✳ ✭✺✳✹✵✮✮ ❝♦✐♥❝✐❞❡ ❛❧♠♦st ♣❡r❢❡❝t❧②✳

❋♦r ❧❛r❣❡r ❛♥❞ ♠♦r❡ r❡❛❧✐st✐❝ ✈❛❧✉❡s ♦❢ αs✱ t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✐s st✐❧❧ s❡❡♥ ✐♥
t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ❜✉t s♦♠❡ ♣❛r❛♠❡t❡rs s❤♦✉❧❞ ❜❡ ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s
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1/α2
s = 100

Monte Carlo
analytical with L = const + δ

❋✐❣✉r❡ ✺✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦✉r ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛✳ ❚❤❡
❝♦♥st❛♥t ✐♥ t❤❡ ♣❛r❛♠❡t❡r L ✭s❡❡ t❤❡ t❡①t✮ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ln(1/α2

s)/γ0 ❢♦r ✈❡r② s♠❛❧❧ αs✱
❤❛s ❜❡❡♥ s❤✐❢t❡❞ ❜② ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t✳ ❖♥❝❡ t❤✐s ✐s ❞♦♥❡✱ ✇❡ ❣❡t ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t
❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❛❧❝✉❧❛t✐♦♥s✳

0
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N = 1010

1030

1050

1080
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❋✐❣✉r❡ ✺✳✾✿ ◆✉♠❡r✐❝❛❧ ❝❤❡❝❦ ♦❢ t❤❡ s❝❛❧✐♥❣ ✭✺✳✹✻✮✳ ❚❤❡ ❝✉r✈❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ N ❛r❡
✈❡r② ❝❧♦s❡ t♦❣❡t❤❡r ❢♦r N ≥ 1010✱ ❜✉t t❤❡ s❝❛❧✐♥❣ s❡❡♠s t♦ ❜r❡❛❦ ❞♦✇♥ ❢♦r ❧♦✇ ✈❛❧✉❡s ♦❢ N ✭s❡❡
t❤❡ ❝✉r✈❡ ❢♦r N = 100✮✱ ❛s ❡①♣❡❝t❡❞✳
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❛♥❞ t✉♥❡❞ t♦ ❛❝❝♦✉♥t ❢♦r ♦✉r ❧❛❝❦ ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ s✉❜❧❡❛❞✐♥❣ ❝♦rr❡❝t✐♦♥s ✐♠♣♦rt❛♥t ❢♦r ✜♥✐t❡
ln(1/α2

s)✳ ❲❡ s❤♦✇ s✉❝❤ ❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r αs = 0.1 ✐♥ ❋✐❣✳ ✺✳✽✱ ❝♦♠♣❛r❡❞ t♦ ❛ ✈❛r✐❛♥t ♦❢ ❊q✳ ✭✺✳✹✵✮✳
❋✐♥❛❧❧②✱ ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ s❝❛❧✐♥❣ ✐♥ ❊q✳ ✭✺✳✹✻✮ ✐s ✇❡❧❧ r❡♣r♦❞✉❝❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ❞❛t❛✳ ❚❤❡

▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✾✱ ♣❧♦tt❡❞ ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ s❝❛❧✐♥❣ ✈❛r✐❛❜❧❡s✳ ❚❤❡
❞✐✛✉s✐♦♥ ❝♦♥st❛♥t ♦❢ ❛ s✐♥❣❧❡ ✇❛✈❡ ❢r♦♥t D ❛s ✇❡❧❧ ❛s t❤❡ ✈❡❧♦❝✐t② v ❛r❡ ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ s❛♠❡
❞❛t❛✳ ❲❡ s❡❡ t❤❛t ❛❧❧ ❝✉r✈❡s ♥✐❝❡❧② s✉♣❡r✐♠♣♦s❡ ❢♦r N ≥ 1010 ✭✇❡ s❤♦✇ ❞❛t❛ ❢♦r ✈❛❧✉❡s ♦❢ N
❛s ❧❛r❣❡ ❛s 1080✮✱ ✇❤✐❧❡ t❤❡r❡ ❛r❡ ❝❧❡❛r ❞❡✈✐❛t✐♦♥s ❢♦r s♠❛❧❧❡r N ✭s❡❡ t❤❡ ❝✉r✈❡ ❢♦r N = 100✮✱ ❛s
❡①♣❡❝t❡❞✳
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❈❤❛♣t❡r ✻

P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐❡✇ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦r✲
r❡s♣♦♥❞❡♥❝❡ ✇✐t❤ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❲❡ ❞❡r✐✈❡ ♥❡✇ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗❈❉ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s
❛♥❞ ❞✐s❝✉ss t❤❡✐r ✐♠♣❛❝t ♦♥ ♣❤❡♥♦♠❡♥♦❧♦❣②✳

❈♦♥t❡♥ts

✻✳✶ ❉✐♣♦❧❡ ♠♦❞❡❧s ❛♥❞ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✷ ❉✐✛✉s✐✈❡ s❝❛❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

❆s ✇❛s st❛t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡ ✐♥✐t✐❛❧❧② ✉♥♣❧❛♥♥❡❞ ♦♣♣♦rt✉♥✐t② t♦ ❝♦❧❧❡❝t ❞❛t❛ ✐♥ t❤❡
❤✐❣❤✲❡♥❡r❣② r❡❣✐♠❡ ♦❢ ❞❡❡♣✲✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ❛t ❍❊❘❆ tr✐❣❣❡r❡❞ ❛ r❡♥❡✇❡❞ ✐♥t❡r❡st ✐♥ s♠❛❧❧✲
x ♣❤②s✐❝s ❛♠♦♥❣ ♣❤❡♥♦♠❡♥♦❧♦❣✐sts✳ ❚❤❡ ♠❛❥♦r ❞✐s❝♦✈❡r✐❡s ✐♥ t❤✐s r❡❣✐♠❡ ✐s t❤❡ ✭✉♥❡①♣❡❝t❡❞✮
✐♠♣♦rt❛♥t ❢r❛❝t✐♦♥ ♦❢ ❞✐✛r❛❝t✐✈❡ ❡✈❡♥ts✱ ❛♥❞ ❛ ♥❡✇ s❝❛❧✐♥❣✱ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✱ ❢❡❛t✉r❡❞ ❜② t♦t❛❧
✭❛♥❞ ❡✈❡♥ s❡♠✐✲✐♥❝❧✉s✐✈❡✮ ❝r♦ss✲s❡❝t✐♦♥s ✭s❡❡ ❋✐❣✳ ✶✳✶ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✮✳

■♥ ♦r❞❡r t♦ ❞❡❛❧ t❤❡♦r❡t✐❝❛❧❧② ✇✐t❤ t❤❡ s♠❛❧❧✲x r❡❣✐♠❡✱ ♦♥❡ ♥❡❡❞s ♥❡✇ ❢❛❝t♦r✐③❛t✐♦♥ t❤❡♦r❡♠s ✐♥
♦r❞❡r t♦ s✐♥❣❧❡ ♦✉t t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s t❤❛t ❛r❡ ❝♦♠♣✉t❛❜❧❡ ✐♥ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳
❍✐❣❤✲❡♥❡r❣②✱ ❛❧s♦ ❝❛❧❧❡❞ k⊥✲❢❛❝t♦r✐③❛t✐♦♥ ❬✶✷✹✕✶✷✻❪✱ ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ t♦♦❧✳ ❆ ♣r❛❝t✐❝❛❧ ✇❛② t♦
✐♠♣❧❡♠❡♥t k⊥✲❢❛❝t♦r✐③❛t✐♦♥ ✐s t❤❡ ❝♦❧♦r ❞✐♣♦❧❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✷✳

✻✳✶ ❉✐♣♦❧❡ ♠♦❞❡❧s ❛♥❞ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣

❚❤❡ ♠❛✐♥ ♦❜s❡r✈❛❜❧❡ ♠❡❛s✉r❡❞ ❛t ❍❊❘❆ ✐s t❤❡ ♣r♦t♦♥ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ F2✳ ■t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
t❤❡ s✉♠ ♦❢ t❤❡ ✈✐rt✉❛❧ ♣❤♦t♦♥✲♣r♦t♦♥ ❝r♦ss✲s❡❝t✐♦♥ ❢♦r ❛ tr❛♥s✈❡rs❡❧② ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧❧② ♣♦❧❛r✐③❡❞
♣❤♦t♦♥ r❡s♣❡❝t✐✈❡❧②✳

❆ ❜❛r❡ ♣❤♦t♦♥ ❤❛s ♥♦ ❤❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❝❛rr② ❛♥② ❝♦❧♦r ❝❤❛r❣❡✳ ❍♦✇❡✈❡r✱
✐t ♠❛② ❡❛s✐❧② ✢✉❝t✉❛t❡ ✐♥t♦ ❛ q✉❛r❦✲❛♥t✐q✉❛r❦ ♣❛✐r✱ ♦✈❡r❛❧❧ ❝♦❧♦r✲♥❡✉tr❛❧✱ t❤✉s ❢♦r♠✐♥❣ ❛ ❝♦❧♦r
❞✐♣♦❧❡✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡s❡ ❞✐♣♦❧❡s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ t❛r❣❡t ♣r♦t♦♥✳ ❚❤✐s ♣✐❝t✉r❡ ✐s r❡♣r❡s❡♥t❡❞ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

F2(x,Q
2) =

Q2

4π2αem

(

σT + σL
)

,

σT,L(x,Q
2) =

∫

dzd2r |ΨT,L(z, r,Q
2)|2 σdipole(x, r).

✭✻✳✶✮

❍❡r❡✱ σT,L ❛r❡ t❤❡ ♣❤♦t♦♥✲♣r♦t♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❢♦r tr❛♥s✈❡rs❧② ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧❧② ♣♦❧❛r✐③❡❞ ✈✐rt✉❛❧
♣❤♦t♦♥s✳ ΨT,L ❛r❡ ❧✐❣❤t✲❝♦♥❡ ✇❛✈❡❢✉♥❝t✐♦♥s ❢♦r γ∗✱ ❝♦♠♣✉t❛❜❧❡ ✇✐t❤✐♥ ◗❊❉ ✭s❡❡✱ ❡✳❣✳✱ ❘❡❢✳ ❬✷✽❪
❢♦r ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s t♦ ❧♦✇❡st ♦r❞❡r ✐♥ αem✮✳ ❋✉rt❤❡r♠♦r❡✱ σdipole(x, r) ✐s t❤❡ ❝r♦ss✲s❡❝t✐♦♥
❢♦r ❞✐♣♦❧❡✕♣r♦t♦♥ s❝❛tt❡r✐♥❣ ✭❢♦r ❛ ❞✐♣♦❧❡ ♦❢ tr❛♥s✈❡rs❡ s✐③❡ r✮✱ ❛♥❞ ❡♥❝♦❞❡s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t ❤❛❞r♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s ✭✐♥❝❧✉❞✐♥❣ ✉♥✐t❛r✐③❛t✐♦♥ ❡✛❡❝ts✮✳ ❚❤✐s ❝r♦ss✲s❡❝t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡

✽✷
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❛♠♣❧✐t✉❞❡ A ❞✐s❝✉ss❡❞ s♦ ❢❛r ❜② ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✳ ✭❆❝t✉❛❧❧②✱ A ✇❛s t❤❡
❢♦r✇❛r❞ ❡❧❛st✐❝ ❛♠♣❧✐t✉❞❡❀ t❤❡ ♦♣t✐❝❛❧ t❤❡♦r❡♠ r❡❧❛t❡s ✐t t♦ t❤❡ t♦t❛❧ ❝r♦ss✲s❡❝t✐♦♥✮✳

■♥ ❘❡❢✳ ❬✷✽✱ ✷✾❪✱ t❤❡ ❞✐♣♦❧❡ ❝r♦ss✲s❡❝t✐♦♥ ✇❛s ♠♦❞❡❧❡❞ ❛s

σdipole(x, r) = σ0

(

1− e−r2Q2
s(x)/4

)

, ✭✻✳✷✮

✇❤❡r❡ σ0 ✐s ❛ ❤❛❞r♦♥✐❝ ❝r♦ss✲s❡❝t✐♦♥✿ ■t st❡♠s ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱
✇❤❡♥ t❤❡ ✐♠♣❛❝t ♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✉♥✐❢♦r♠ ♦✈❡r ❛ ❞✐s❦ ♦❢ r❛❞✐✉s ∼ √

σ0✳
Qs(x) ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ s❛t✉r❛t✐♦♥ ♠♦♠❡♥t✉♠✱ ♣❛r❛♠❡tr✐③❡❞ ❛s Q2

s(x) = (x0/x)
λ × 1 ●❡❱2✳

◆♦t❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤✐s ❝r♦ss✲s❡❝t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠❜✐♥❡❞ ✈❛r✐❛❜❧❡ r2Q2
s(x)

✐♥st❡❛❞ ♦❢ r ❛♥❞ x s❡♣❛r❛t❡❧②✳ ❚❤✐s ♣r♦♣❡rt② ✐s tr❛♥s♠✐tt❡❞ t♦ t❤❡ ♠❡❛s✉r❡❞ ♣❤♦t♦♥ ❝r♦ss✲s❡❝t✐♦♥s
σT,L(x,Q

2)✱ ✇❤✐❝❤ t❤❡♥ ❞❡♣❡♥❞ ♦♥ Q2/Q2
s(x) ♦♥❧② ✭t❤✐s s❝❛❧✐♥❣ ✐s s❧✐❣❤t❧② ✈✐♦❧❛t❡❞ ❜② t❤❡ ♠❛ss❡s

♦❢ t❤❡ q✉❛r❦s✮✳ ❚❤✐s ✐s ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✱ ♣r❡❞✐❝t❡❞ t♦ ❜❡ ❛ ❢❡❛t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❇❑
❡q✉❛t✐♦♥ ❛t ❧❛r❣❡ r❛♣✐❞✐t②✳

❍✐st♦r✐❝❛❧❧②✱ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✇❛s ❞✐s❝♦✈❡r❡❞ ✜rst ✐♥ t❤❡ ❞❛t❛ ✭s❡❡ ❘❡❢✳ ❬✸✵❪✮✱ ❛❢t❡r ●♦❧❡❝✲
❇✐❡r♥❛t ❛♥❞ ❲üst❤♦✛ ✭●❇❲✮ ❤❛❞ ✇r✐tt❡♥ ❞♦✇♥ t❤❡✐r ♠♦❞❡❧✿ ❚❤❡ ❧❛tt❡r ❤❛♣♣❡♥❡❞ t♦ ❢❡❛t✉r❡ t❤✐s
s❝❛❧✐♥❣ ✭✉♣ t♦ s♠❛❧❧ ✈✐♦❧❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ q✉❛r❦ ♠❛ss❡s✮✳ ❚❤❡r❡ ✇❛s ♥♦ ❛♣♣❛r❡♥t ♥❡❡❞ ❢♦r
✜♥✐t❡ r❛♣✐❞✐t② s❝❛❧✐♥❣ ✈✐♦❧❛t✐♦♥s ✐♥ t❤❡ ✜rst ❍❊❘❆ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ❧❛t❡r ❛♥❛❧②s✐s r❡✈❡❛❧❡❞ t❤❛t ❛
s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ ❡①♣❧✐❝✐t s❝❛❧✐♥❣ ✈✐♦❧❛t✐♦♥s ✐♥ t❤❡ ❞✐♣♦❧❡ ❝r♦ss✲s❡❝t✐♦♥✱ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❇❑
❡q✉❛t✐♦♥✱ ✇❡r❡ ❛❝t✉❛❧❧② r❡q✉✐r❡❞ ❜② ♠♦r❡ ❛❝❝✉r❛t❡ ❞❛t❛✳

❆ ♥♦✇ ♣♦♣✉❧❛r ♠♦❞❡❧ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❍❊❘❆ ❞❛t❛ ✐♥ ❛ ✇❛② t❤❛t t❛❦❡s ❛ ❜❡tt❡r ❛❝❝♦✉♥t ♦❢
t❤❡ s✉❜❛s②♠♣t♦t✐❝s✱ ❜❡②♦♥❞ t❤❡ ●❇❲ ♠♦❞❡❧✱ ✇❛s ❢♦r♠✉❧❛t❡❞ ✐♥ ❘❡❢✳ ❬✶✷✼❪✳ ❚❤❡ ❞✐♣♦❧❡ s❝❛tt❡r✐♥❣
❝r♦ss✲s❡❝t✐♦♥ r❡❛❞s σdipole(x, r) = 2πR2N (y, rQs)✱ ✇✐t❤

N (y, rQs) =







N0

(

r2Q2
s

4

)γc+
ln(2/rQs)

κλY

for rQs ≤ 2,

1− e−a ln2(b rQs) for rQs > 2,
✭✻✳✸✮

✇❤❡r❡ Qs ≡ Qs(x) = (x0/x)
λ/2 ●❡❱✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ❢♦r r s♠❛❧❧ ❝♦♠♣❛r❡❞

t♦ 2/Qs ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ✭❝♦♠♣❛r❡ t♦ ❊q✳ ✭✹✳✷✷✮ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢
❚❛❜✳ ✷✳✶✮✱ ✐♥ ✇❤✐❝❤ ✇❡ s✉❜st✐t✉t❡❞ ω(γc) = ω(γc) ❛♥❞ ω′′(γc) = ω′′(γc) ❜② t❤❡ ♣❛r❛♠❡t❡rs λ ❛♥❞
κ t❤❛t ✇❡ s✉❜s❡q✉❡♥t❧② ✜t t♦ t❤❡ ❞❛t❛✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❛❧s♦ ❤❛s t❤❡ ❝♦rr❡❝t
❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r r ≫ 2/Qs✱ ❛s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❬✸✸❪✳ ❚❤✐s ✐s str✐❝t❧② ✈❛❧✐❞
♦♥❧② t♦ ❧❡❛❞✐♥❣✲♦r❞❡r ❛❝❝✉r❛❝②✱ ❜✉t ❤❡r❡ ✐t ✐s ✉s❡❞ ♠❡r❡❧② ❛s ❛ ❝♦♥✈❡♥✐❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ t♦✇❛r❞s
t❤❡ ❵❜❧❛❝❦ ❞✐s❦✬ ❧✐♠✐t N = 1✳ ✭❚❤❡ ❞❡t❛✐❧s ♦❢ t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❡ ✉♥✐♠♣♦rt❛♥t ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ σγ∗p✳✮ ❚❤❡ ❝♦❡✣❝✐❡♥ts a ❛♥❞ b ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉♥✐q✉❡❧② ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t N (rQs, Y ) ❛♥❞
✐ts s❧♦♣❡ ❜❡ ❝♦♥t✐♥✉♦✉s ❛t rQs = 2✳ ❚❤❡ ♦✈❡r❛❧❧ ❢❛❝t♦r N0 ✐♥ t❤❡ ✜rst ❧✐♥❡ ♦❢ ❊q✳ ✭✻✳✸✮ ✐s ❛♠❜✐❣✉♦✉s✱
r❡✢❡❝t✐♥❣ ❛♥ ❛♠❜✐❣✉✐t② ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Qs✳ ❚❤✐s ♠♦❞❡❧ ✜ts ✇❡❧❧ ❛❧❧ ❍❊❘❆ ❞❛t❛ ❢♦r str✉❝t✉r❡
❢✉♥❝t✐♦♥s✱ ✐♥ t❤❡ r❛♥❣❡ x ≤ 10−2✳ ❆❧❧ ❞❡t❛✐❧s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳ ❬✶✷✼❪✳

❚❤❡ ♠♦❞❡❧ ❡①♣❧✐❝✐t❡❧② ❜r❡❛❦s ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✳ ❍♦✇❡✈❡r✱ ❡✛❡❝t✐✈❡❧②✱ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ r❡♠❛✐♥s
❛ ❢❛✐r❧② ❣♦♦❞ s②♠♠❡tr② ♦❢ t❤❡ ♠♦❞❡❧✱ ❛s r❡q✉✐r❡❞ ❜② t❤❡ ❞❛t❛✳ ❚❤❡ s♠❛❧❧ ✜♥✐t❡✲r❛♣✐❞✐t② s❝❛❧✐♥❣
✈✐♦❧❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ ❛❝❝✉r❛t❡❧② t❤❡ ❤✐❣❤✲♣r❡❝✐s✐♦♥ ❍❊❘❆ ❞❛t❛✳

❚❤❡ ♠♦❞❡❧ ♠❛② ❛❧s♦ ❛❝❝♦♠♦❞❛t❡ ❧❡ss ✐♥❝❧✉s✐✈❡ ♦❜s❡r✈❛❜❧❡s✱ s✉❝❤ ❛s ❞✐✛r❛❝t✐♦♥ ❬✶✷✽❪✳ ■t ❤❛s
❜❡❡♥ ✐♠♣r♦✈❡❞ r❡❝❡♥t❧② ❜② ✐♥❝❧✉❞✐♥❣ ❤❡❛✈② q✉❛r❦s ❬✶✷✾❪ ✭❚❤❡ ❝r✉❝✐❛❧ ♥❡❡❞ ❢♦r t❛❦✐♥❣ ❛❝❝♦✉♥t
♦❢ t❤❡ ❝❤❛r♠ q✉❛r❦ ✇❛s ❡♠♣❤❛s✐③❡❞ ✐♥ ❘❡❢✳ ❬✶✸✵❪✮✳ ❆♥ ✐♠♣❛❝t✲♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝❡ ✇❛s ❛❧s♦
✐♥tr♦❞✉❝❡❞ ❬✶✸✶✕✶✸✸❪ t❤❛t ✇❛s ❛❧r❡❛❞② ♠✐ss✐♥❣ ✐♥ t❤❡ ●❇❲ ♠♦❞❡❧✳

❚❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ ❞✐♣♦❧❡ ♠♦❞❡❧s ❤❛s ❜❡❡♥ r❡✲❡①❛♠✐♥❡❞ r❡❝❡♥t❧② ❬✶✸✹❪✳

✻✳✷ ❉✐✛✉s✐✈❡ s❝❛❧✐♥❣

❆t st✐❧❧ ❤✐❣❤❡r ❡♥❡r❣✐❡s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❈❤❛♣✳ ✹✱ ♦♥❡ ❡①♣❡❝ts t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡
t♦ ❛❝q✉✐r❡ ❛ ❞✐s♣❡rs✐♦♥ ❢r♦♠ ❡✈❡♥t t♦ ❡✈❡♥t t❤❛t s❝❛❧❡s ✇✐t❤ t❤❡ r❛♣✐❞✐t② ❧✐❦❡

√
ᾱy ✇❤❡♥ r❛♣✐❞✐t②

✐♥❝r❡❛s❡s✳ ❆❧t❤♦✉❣❤ t❤✐s ❞✐s♣❡rs✐♦♥ ✐s ♥♦t ❛♥ ♦❜s❡r✈❛❜❧❡ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ♠❡❛s✉r❡ t❤❡

✽✸
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s❛t✉r❛t✐♦♥ s❝❛❧❡ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❡✈❡♥t✱ ✐t ♠❛♥✐❢❡sts ✐ts❡❧❢ ✐♥ t❤❡ t♦t❛❧ ❝r♦ss✲s❡❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢
❛ ♥❡✇ s❝❛❧✐♥❣✱ ❞✐✛❡r❡♥t ❢r♦♠ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✳

❚❤❡ ♣❤②s✐❝❛❧ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ❞✐♣♦❧❡ ♦❢ s✐③❡ r ♦✛ s♦♠❡ t❛r❣❡t ✐s ❣✐✈❡♥ ❜② t❤❡
❛✈❡r❛❣❡ ♦❢ ❛❧❧ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❛t ❛ ❣✐✈❡♥ y✿

A(y, r) = 〈T (r)〉|y. ✭✻✳✹✮

❋♦r ❧❛r❣❡ ❡♥♦✉❣❤ r❛♣✐❞✐t✐❡s ❛♥❞ s♠❛❧❧ ❡♥♦✉❣❤ αs✱ t❤❡s❡ r❡❛❧✐③❛t✐♦♥s ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣
❢r♦♥ts ✐♥ t❤❡ ✈❛r✐❛❜❧❡ ρ = ln(1/r2)✱ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ st♦❝❤❛st✐❝ s❛t✉r❛t✐♦♥ s❝❛❧❡✱ ♦r r❛t❤❡r
✐ts ❧♦❣❛r✐t❤♠ ρs = lnQ2

s(y)✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♣r❡s❡♥t ❞✐s❝✉ss✐♦♥✱ ✐t ♠❛② ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✐♥
t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❊q✳ ✭✺✳✷✮✱ ♥❛♠❡❧②

T (ρ) = θ(ρs − ρ) + θ(ρ− ρs)e
−γc(ρ−ρs). ✭✻✳✺✮

❚❤❡ st❛t✐st✐❝s ♦❢ ρs ✐s ❣✐✈❡♥ ❜② ❊qs✳ ✭✹✳✻✹✮✱✭✹✳✻✻✮ ✭✉♣ t♦ t❤❡ r❡♣❧❛❝❡♠❡♥ts s✉❣❣❡st❡❞ ✐♥ ❚❛❜✳ ✷✳✶
t♦ ❣♦ ❢r♦♠ ❛ ❣❡♥❡r✐❝ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ t♦ ◗❈❉✮✳ ❆t ✉❧tr❛❤✐❣❤ ❡♥❡r❣✐❡s ✭❛♥❞ ✈❡r② s♠❛❧❧ αs✮✱ ✐t ✐s
❡ss❡♥t✐❛❧❧② ❛ ●❛✉ss✐❛♥ ❝❡♥t❡r❡❞ ❛t

〈ρs〉 =
(

ω(γc)

γc
− π2γcω

′′(γc)

2 (ln(1/α2
s) + 3 ln ln(1/α2

s))
2

)

ᾱy ✭✻✳✻✮

❛♥❞ ♦❢ ✈❛r✐❛♥❝❡

σ2 = 〈ρ2s〉 − 〈ρs〉2 =
π4ω′′(γc)

3 ln3(1/α2
s)
ᾱy. ✭✻✳✼✮

❚❤❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡ ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ s✐♠♣❧❡ ❢♦r♠✉❧❛

A(y, ρ) =
1

σ
√
2π

∫

dρs T (ρ)|y exp
(

(ρs − 〈ρs〉)2
2σ2

)

. ✭✻✳✽✮

❚❤❡ ♠♦st r❡♠❛r❦❛❜❧❡ ❢❡❛t✉r❡ ♦❢ t❤✐s ❛♠♣❧✐t✉❞❡ ✐s t❤❡ s❝❛❧✐♥❣ ❢♦r♠ ❢♦r A t❤❛t ✐t ②✐❡❧❞s✿

A(y, ρ) = A





ρ− 〈ρs(y)〉
√

ᾱy/ ln3(1/α2
s)



 . ✭✻✳✾✮

❚❤✐s ❡q✉❛t✐♦♥ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❊q✳ ✭✻✳✽✮ ❛❢t❡r t❤❡ r❡♣❧❛❝❡♠❡♥t
♦❢ T ❜② ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✺✮✳ ❚❤✐s s❝❛❧✐♥❣ ♦❜✈✐♦✉s❧② ✈✐♦❧❛t❡s ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✿ ■❢ t❤❡ ❧❛tt❡r
s❝❛❧✐♥❣ ✇❡r❡ s❛t✐s✜❡❞✱ t❤❡♥ A ✇♦✉❧❞ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ρ− 〈ρs(y)〉 ♦♥❧②✳

■♥ ❘❡❢✳ ❬✹✵❪✱ ▼✉❡❧❧❡r ❛♥❞ ❙❤♦s❤✐ ❤❛❞ ❛❧r❡❛❞② ♥♦t❡❞ t❤❛t ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ❤❛❞ t♦ ❜❡ ✈✐♦❧❛t❡❞
❜❡②♦♥❞ t❤❡ ❇❑ ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ sq✉❛r❡ r♦♦t ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❝❛❧✐♥❣ ✈❛r✐❛❜❧❡ ✐♥
❊q✳ ✭✻✳✾✮ ✇❛s ♠✐ss✐♥❣ ❜❡❝❛✉s❡ t❤❡✐r ❛♣♣r♦❛❝❤ ✇❛s r❡❧②✐♥❣ ♦♥ ♠❡❛♥ ✜❡❧❞ t❤r♦✉❣❤♦✉t✱ t❤✉s ♠✐ss✐♥❣
t❤❡ st♦❝❤❛st✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥✳

❚❤✐s ♥❡✇ s❝❛❧✐♥❣ ✐s ❛ ✜r♠ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❍♦✇❡✈❡r✱
✐t ♠❛② ♥♦t ❜❡ t❡st❡❞ ❛t ♣❛rt✐❝❧❡ ❝♦❧❧✐❞❡rs ✐♥ ❛ s✐♠♣❧❡ ✇❛②✳ ▲❡t ✉s ✇♦r❦ ♦✉t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡
♦❢ t❤❡ r❛♣✐❞✐t② ♥❡❡❞❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❡✛❡❝ts ✭s❛t✉r❛t✐♦♥✱ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣✱ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣✮ t♦
s❤♦✇ ✉♣✳ ❚❤❡ r❛♣✐❞✐t② t❤❛t ✐s ♥❡❡❞❡❞ t♦ r❡❛❝❤ s❛t✉r❛t✐♦♥ ✐s r♦✉❣❤❧②

y❇❋❑▲ ∼ ln(1/α2
s)

ᾱω( 12 )
. ✭✻✳✶✵✮

❚❤❡ ❇❑ ♣✐❝t✉r❡ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ✈❛❧✐❞ ✉♥t✐❧ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣♦♥❡♥t✐❛❧ s❤❛♣❡ ♦❢ t❤❡ ❢r♦♥t ❤❛s
❞✐✛✉s❡❞ ❞♦✇♥ t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❛♠♣❧✐t✉❞❡ ❜❡❝♦♠❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ α2

s✳ ❚❤✐s ❛❞❞✐t✐♦♥❛❧
r❛♣✐❞✐t② ♥❡❡❞❡❞ t♦ ❣❡t t♦ t❤❡ r❡❣✐♠❡ ♦❢ ❣❡♦♠❡tr✐❝ s❝❛❧✐♥❣ ✐s t❤✉s ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✸✼✮ ♦♥❝❡ t❤❡
❛♣♣r♦♣r✐❛t❡ r❡♣❧❛❝❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❞♦♥❡

y❇❑ ∼ 1

2ᾱω′′(γc)

[

ln(1/α2
s)

γc

]2

, ✭✻✳✶✶✮
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❛♥❞ ✜♥❛❧❧②✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ s❛t✉r❛t✐♦♥ s❝❛❧❡ ❣❡ts ✐♠♣♦rt❛♥t ❛t t❤❡ r❛♣✐❞✐t②

y✢✉❝t ∼
3 ln3(1/α2

s)

ᾱπ3ω′′(γc)
. ✭✻✳✶✷✮

❚❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ✐♥ ◗❈❉ ❛r❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❇❋❑▲ ❦❡r♥❡❧✳ ❚❤❡② r❡❛❞

γc = 0.627549, ω(γc) = 3.0645, ω′′(γc) = 48.5176. ✭✻✳✶✸✮

❋♦r s♦♠❡ r❡❛❧✐st✐❝ str♦♥❣ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t✱ αs ∼ 0.2✱ ✇❡ ❣❡t

y❇❋❑▲ ∼ 6.07879 , y❇❑ ∼ 1.41965 , y✢✉❝t ∼ 0.348244. ✭✻✳✶✹✮

●✐✈❡♥ t❤❛t r❛♣✐❞✐t✐❡s ✐♥ t❤❡ s♠❛❧❧✲x r❡❣✐♠❡ ❛t ❍❊❘❆ ✇❡r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ✶✵✱ ❛♥❞ ✇✐❧❧ ❜❡ ♦❢ t❤❡
♦r❞❡r ♦❢ ✶✺ ❛t t❤❡ ▲❍❈✱ t❤❡s❡ ✜❣✉r❡s ✐♥❞✐❝❛t❡ t❤❛t ✇❡ ♠❛② ♦❜s❡r✈❡ t❤❡s❡ ❡✛❡❝ts✳ ❍♦✇❡✈❡r✱ t❤❡r❡
❛r❡ ♠❛♥② ❝r✐t✐❝✐s♠ t♦ t❤❡s❡ ♥❛✐✈❡ ❡st✐♠❛t❡s✳

❋✐rst✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❛♣✐❞✐t② t❤❛t ❞❡❧✐♠✐t❛t❡ t❤❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s ❛r❡ ❧❛r❣❡❧② ✉♥❞❡r❡st✐♠❛t❡❞
❣✐✈❡♥ t❤❛t t❤❡② r❡❧② ♦♥ t❤❡ ❧❡❛❞✐♥❣✲♦r❞❡r ❇❋❑▲ ❦❡r♥❡❧✱ ✇❤✐❝❤ ♣r❡❞✐❝ts ❛ ♠✉❝❤ t♦♦ ❧❛r❣❡ ❣r♦✇t❤
♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ✇✐t❤ t❤❡ r❛♣✐❞✐t② ❛♥❞ ❛ t♦♦ ❢❛st ❞✐✛✉s✐♦♥ ✭s❡❡ t❤❡ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ ω′′(γc)✮✳
❆❧r❡❛❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ r✉♥♥✐♥❣ ❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ❛♥② ❞❡t❛✐❧❡❞
♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ st✉❞②✱ ✐s ❡①♣❡❝t❡❞ t♦ st✐❧❧ r❡❞✉❝❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ❬✶✸✺❪✳

◆❡①t✱ ♦♥❡ ❛❧s♦ ❤❛s t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❢♦r♠❡r ❡st✐♠❛t❡s s❤♦✉❧❞ ♦♥❧② ❤♦❧❞ ❢♦r ✈❡r② s♠❛❧❧
✈❛❧✉❡s ♦❢ αs✱ s✉❝❤ t❤❛t ln 1/α2

s ≫ 1 ✇❤✐❝❤ ✐s ❝❡rt❛✐♥❧② ♥♦t tr✉❡ ✐♥ r❡❛❧✲❧✐❢❡ ◗❈❉✳ ◆♦t❡ t❤❛t
❛s②♠♣t♦t✐❝❛❧❧②✱ ♦♥❡ s❤♦✉❧❞ ❤❛✈❡ y✢✉❝t ≫ y❇❑ ≫ y❇❋❑▲✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ♦r❞❡r ✐s ✐♥✈❡rt❡❞ ♠❡❛♥s
t❤❛t t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦r ❢r♦♥t ♣r♦♣❛❣❛t✐♦♥
s❤♦✉❧❞ ♥♦t ❜❡ tr✉st❡❞ ❢♦r ✈❛❧✉❡s ♦❢ αs ❛s ✏❧❛r❣❡✑ ❛s 0.2✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❡✛❡❝t ♦❢ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣ ✭✐✳❡✳ ♦❢ t❤❡ ❡✈❡♥t✲❜②✲❡✈❡♥t ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ s❛t✲
✉r❛t✐♦♥ s❝❛❧❡✮ ♦♥ ♦❜s❡r✈❛❜❧❡s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ s♦♠❡ ❞❡t❛✐❧ ❜② s❡✈❡r❛❧ ❣r♦✉♣s✳
❉✐✛r❛❝t✐✈❡ ❛♠♣❧✐t✉❞❡s ✇❡r❡ st✉❞✐❡❞ ✐♥ ❘❡❢✳ ❬✶✸✻❪✳ ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❣❧✉♦♥ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ♥✉❝❧❡✉s
t♦ t❤❡ s❛♠❡ q✉❛♥t✐t② ✐♥ ❛ ♣r♦t♦♥ ✇❛s ❝♦♠♣✉t❡❞ ✐♥ ❘❡❢✳ ❬✶✸✼❪✳
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❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♦✉t❧♦♦❦

❲❡ ❤❛✈❡ r❡✈✐❡✇❡❞ ❛ ♣❡❝✉❧✐❛r ✇❛② ♦❢ ✈✐❡✇✐♥❣ ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣ ✐♥ ◗❈❉✱ ❜❛s❡❞ ♦♥ t❤❡ ♣❤②s✐❝s
♦❢ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧✱ ❛♥❞ ✐ts str♦♥❣ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✭❈❤❛♣✳ ✷✮✳ ❚❤❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❜❡st s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❚❛❜✳ ✷✳✶✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❡q✉❛t✐♦♥s
t❤❛t ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ ✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ♦❢ t❤❡ st♦❝❤❛st✐❝ ❋❑PP
❡q✉❛t✐♦♥✱ ❛♥❞ ❛❞♠✐t tr❛✈❡❧✐♥❣✲✇❛✈❡ s♦❧✉t✐♦♥s ✇❤♦s❡ ❢❡❛t✉r❡s ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ✉♥✐✈❡rs❛❧✱ ✐♥ s✉❝❤ ❛
✇❛② t❤❛t ❛ st✉❞② ♦❢ s✐♠♣❧❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✲❧✐❦❡ ♠♦❞❡❧s ♠❛② ❧❡❛❞ t♦ ❡①❛❝t ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❛❧s♦
❢♦r ◗❈❉ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ✈❡r② ♠❡❝❤❛♥✐s♠ ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❢♦r♠❛t✐♦♥
❛♥❞ ❢r♦♥t ♣r♦♣❛❣❛t✐♦♥ ✇❛s ❝r✉❝✐❛❧ t♦ s❡❡ ❤♦✇ t❤❡ ✉♥✐✈❡rs❛❧✐t② ♠❛② ❝♦♠❡ ❛❜♦✉t ✭s❡❡ ❈❤❛♣✳ ✹✮✳

■♥ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ♠♦❞❡❧s✱ ✇❡ ❝♦✉❧❞ ♣❡r❢♦r♠ ❡①❛❝t ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ ❣❡t ❛♥❛❧②t✐❝❛❧
r❡s✉❧ts ✇✐t❤✐♥ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ✭❈❤❛♣✳ ✸✮✳ ❲❡ ✉♥❞❡rst♦♦❞ t❤❛t ❛♥❛❧②③✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢
s✐♥❣❧❡ ❡✈❡♥ts ✇❛s t❡❝❤♥✐❝❛❧❧② ♠✉❝❤ s✐♠♣❧❡r ✐❢ ♦♥❡ ✇❛♥ts t♦ ❣❡t ❧❡❛❞✐♥❣ ♦r❞❡rs ❛t ❧❛r❣❡ N ✭= 1/α2

s✮✱
s✐♥❝❡ ✐♥ ✐♥❞✐✈✐❞✉❛❧ r❡❛❧✐③❛t✐♦♥s✱ ♦♥❡ ♠❛② ❢❛❝t♦r✐③❡ t❤❡ ✢✉❝t✉❛t✐♥❣ ♣❛rt ❢r♦♠ t❤❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳
❚❤❛♥❦s t♦ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ✇❤✐❝❤ ❛❞♠✐t r❡❛❧✐③❛t✐♦♥s ✐♥ t❤❡ ❢♦r♠ ♦❢
st♦❝❤❛st✐❝ tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❣❡t ♣r❡❝✐s❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ❢♦r♠ ❛♥❞ s❤❛♣❡ ♦❢ t❤❡
tr❛✈❡❧✐♥❣ ✇❛✈❡s✱ ✇❤✐❝❤ ❛r❡ ♣r❡s✉♠❛❜❧② ❡①❛❝t ❛s②♠♣t♦t✐❝❛❧❧② ✭❈❤❛♣✳ ✹✮✳ ❯♥✐✈❡rs❛❧✐t② ❡♥❛❜❧❡s ♦♥❡ t♦
♠❛❦❡ st❛t❡♠❡♥ts ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ◗❈❉ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❛t ✈❡r② ❤✐❣❤ ❡♥❡r❣✐❡s✳ ❆♣♣r♦♣r✐❛t❡
❡①t❡♥s✐♦♥s ♦❢ t❤❡ r❡❧❡✈❛♥t st❛t✐st✐❝❛❧ ♠♦❞❡❧s ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥ ❧❡❛❞ t♦
♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡ tr❛♥s✈❡rs❡ ♣❧❛♥❡ ✭❈❤❛♣✳ ✺✮✳ ❙♦♠❡ ♦❢ t❤❡s❡ r❡s✉❧ts t✉r♥ ✐♥t♦
✜r♠ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ✭❈❤❛♣✳ ✻✮✱ ✇❤✐❝❤ ❤♦✇❡✈❡r ❞♦ ♥♦t s❡❡♠ t♦ ❜❡ t❡st❛❜❧❡ ❛t ❝♦❧❧✐❞❡rs
✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❣❡tt✐♥❣ ♥❡✇ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❢♦r ◗❈❉ ✐♥ s♦♠❡ ❧✐♠✐t ✐s ❛❧✇❛②s
❛♥ ✐♥t❡r❡st✐♥❣ ❛❝❤✐❡✈❡♠❡♥t✱ ❣✐✈❡♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❤❡♦r②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❤✐❧❡ ♦✉r ❛♥❛❧②t✐❝❛❧
r❡s✉❧ts ♦♥❧② ❛♣♣❧② ❢♦r ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧ αs ✭ln(1/α2

s) ≫ 1✮✱ t❤❡ ♣✐❝t✉r❡ ✐ts❡❧❢ s❤♦✉❧❞ ❜❡ ✈❛❧✐❞ ✐♥
t❤❡ ✇❤♦❧❡ ♣❡rt✉r❜❛t✐✈❡ r❛♥❣❡✱ ♥❛♠❡❧② ❢♦r α2

s ≪ 1✳

Pr♦s♣❡❝ts✳ ❚❤❡r❡ ❛r❡ st✐❧❧ ♠❛♥② ♦♣❡♥ q✉❡st✐♦♥s✳ ❖♥ t❤❡ st❛t✐st✐❝❛❧ ♣❤②s✐❝s s✐❞❡✱ t❤❡ st❛t✐st✐❝s
♦❢ t❤❡ ❢r♦♥t ♣♦s✐t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❤❛s ♥♦t ❜❡❡♥ ❞❡r✐✈❡❞ r✐❣♦r♦✉s❧②✱ ❜✉t r❛t❤❡r ❣✉❡ss❡❞✱ ❛♥❞
r❡❧② ♦♥ ♠❛♥② q✉✐t❡ ❛❞ ❤♦❝ ❝♦♥❥❡❝t✉r❡s✳ ❲❡ ❣♦t ❝♦♥✜❞❡♥❝❡ ♦♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❝♦♥❥❡❝t✉r❡s ♦♥
t❤❡ ❜❛s✐s ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❛❧t❤♦✉❣❤ ✇❡ ❡①♣❡❝t ✉♥✐✈❡rs❛❧✐t② ✉♣ t♦ ❝♦rr❡❝t✐♦♥s
♦❢ ♦r❞❡r 1/N ✭t❤❛t ✐s t♦ s❛② O(α2

s) ✐♥ ◗❈❉✮✱ ✇❡ ❝♦✉❧❞ ♦♥❧② ❣❡t ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s r❡❧❛t✐✈❡ t♦
t❤❡ ❝✉♠✉❧❛♥ts ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢r♦♥t ❢♦r t❤❡ ✜rst t❡r♠s ✐♥ ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ ♣♦✇❡rs ♦❢ 1/ lnN ✱
✇❤✐❝❤ ❡①tr❡♠❡❧② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ N ✭s♠❛❧❧ αs✮ t♦ ❜❡ ✈❛❧✐❞✳ ❇✉t ♦♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦♦t✐♥❣✱ t❤❡
s❋❑PP ❡q✉❛t✐♦♥ s❡❡♠s t♦ ❞❡s❝r✐❜❡ ♠❛♥② ♣❤②s✐❝❛❧✱ ❝❤❡♠✐❝❛❧ ♦r ❜✐♦❧♦❣✐❝❛❧ ♣r♦❜❧❡♠s ✭✐♥ ♣❛rt✐❝✉❧❛r
♣♦♣✉❧❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✇✐t❤ s❡❧❡❝t✐♦♥ ✐♥ ❡✈♦❧✉t✐♦♥❛r② ❜✐♦❧♦❣②✮✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❢♦✉♥❞ r❡❝❡♥t❧② ❛♥
❡①♣❧✐❝✐t ❛♥❛❧♦❣② ✇✐t❤ t❤❡ t❤❡♦r② ♦❢ s♣✐♥ ❣❧❛ss❡s ❬✶✸✽✱ ✶✸✾❪✳ ❚❤✐s ❧❛r❣❡ ✉♥✐✈❡rs❛❧✐t② ✐s ♠❛②❜❡ t❤❡
str♦♥❣❡st ✐♥❝❡♥t✐✈❡ t♦ tr② ❛♥❞ ✜♥❞ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s t♦ t❤❛t ❦✐♥❞ ♦❢ ❡q✉❛t✐♦♥s✳

❖♥ t❤❡ ◗❈❉ s✐❞❡✱ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s str♦♥❣❧② r❡❧✐❡s ♦♥ t❤❡
❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ✐s s❛t✉r❛t✐♦♥ ♦❢ s♦♠❡ ❢♦r♠ ♦❢ t❤❡ q✉❛r❦ ❛♥❞ ❣❧✉♦♥ ❞❡♥s✐t✐❡s ✐♥ t❤❡ ❤❛❞r♦♥✐❝
✇❛✈❡ ❢✉♥❝t✐♦♥s✳ ❲❤✐❧❡ t❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡ ❣✉❡ss t❤❛t ❢❡✇ ❡①♣❡rts ✇♦✉❧❞ ❝❤❛❧❧❡♥❣❡✱ ✐t ✐s ❝❧❡❛r t❤❛t
✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜❡❢♦r❡ t❤❡ s❛t✉r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛t ✇♦r❦ ✐♥ ◗❈❉
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❤❛s ❜❡❡♥ ❡①❤✐❜✐t❡❞✳ ◗❈❉ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✳ ❚♦ s❡❡ t❤❡ s✐♠✐❧❛r✐t② ✇✐t❤
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✱ ✇❡ ❜❛s✐❝❛❧❧② ♥❡❡❞❡❞ t♦ tr❛♥s❧❛t❡ ✐t ✐♥t♦ t❤❡ ♣❛rt♦♥ ♠♦❞❡❧ ✜rst✳ ■t ✇♦✉❧❞ ❜❡
❜❡tt❡r t♦ r❡❝♦✈❡r t❤❡ r❡s✉❧ts ♦❢ ❈❤❛♣✳ ✹ ✭❛♥❞ ❤♦♣❡❢✉❧❧② ❣❡t ♠♦r❡✮ ❞✐r❡❝t❧② ❢r♦♠ ✜❡❧❞ t❤❡♦r② ❬✺✾❪✱ ❛s
♦♥❡ ❝♦✉❧❞ ❞♦ ✐t ✐♥ t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣✳ ✸✳ ❚❤✐s r❡q✉✐r❡s t♦ ✉♥❞❡rst❛♥❞
t❤❡ str♦♥❣ ✜❡❧❞ r❡❣✐♠❡ ♦❢ ✜❡❧❞ t❤❡♦r②✳ ❚❤✐s ✐s ❛♥ ❡①❝✐t✐♥❣ ❝❤❛❧❧❡♥❣❡ ❢♦r ❜♦t❤ ♣❛rt✐❝❧❡ ♣❤②s✐❝✐sts
❛♥❞ st❛t✐st✐❝❛❧ ♣❤②s✐❝✐sts✳

▲❡t ✉s ✜♥❛❧❧② st❛t❡ ♦✉r ♣❡rs♦♥❛❧ ♣r♦s♣❡❝ts ✐♥ t❤❡ ✜❡❧❞✳ ❋✐rst✱ ✇❡ ✇✐s❤ t♦ ❣♦ ❜❛❝❦ t♦ t❤❡
s✐♠♣❧❡ ❇❛❧✐ts❦②✲❑♦✈❝❤❡❣♦✈ ❡q✉❛t✐♦♥ ❛♥❞ st✉❞② ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✐ts s♦❧✉t✐♦♥s✳ ■t
✐s ✐♠♣♦rt❛♥t ❢♦r ♣❤❡♥♦♠❡♥♦❧♦❣②✱ s✐♥❝❡ ✐t s❡❡♠s t❤❛t ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❡♥❡r❣② t❤❛t ♠❛② ❜❡ r❡❛❝❤❡❞
❛t ❡①♣❡r✐♠❡♥ts✱ ❡✛❡❝ts ❞❡s❝r✐❜❡❞ ❜② ♠♦r❡ ❛❞✈❛♥❝❡❞ ❡q✉❛t✐♦♥s ✭✐♥❝♦r♣♦r❛t✐♥❣ ❣❡♥✉✐♥❡ s❛t✉r❛t✐♦♥
❡✛❡❝ts✱ ❛s ❞✐s❝✉ss❡❞ ❛t ❧❡♥❣t❤ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✮ ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳ ■♥t❡r❡st✐♥❣❧②✱ s✐♥❝❡
t❤❡ ❇❑ ❡q✉❛t✐♦♥ ❛❧s♦ r❡♣r❡s❡♥ts t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✐♣ ♦❢ ❛ r❛♥❞♦♠ ✇❛❧❦ ✭s❡❡ ❈❤❛♣✳ ✹
❛♥❞ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✶✵✼❪✮✱ s♦♠❡ ✜♥❡ ♣r♦♣❡rt✐❡s ♦❢ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ♠❛② ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠
t❤❡ st✉❞② ♦❢ t❤❡ ❧❛tt❡r✳ ❲♦r❦ ✐s ✐♥ ♣r♦❣r❡ss ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❆❧ ▼✉❡❧❧❡r✳

❖♥ t❤❡ ♣✉r❡ st❛t✐st✐❝❛❧ ♣❤②s✐❝s s✐❞❡✱ ✇❡ ✇✐s❤ t♦ ♣✉rs✉❡ t❤❡ st✉❞② ♦❢ s✐♠♣❧❡ ♠♦❞❡❧s ❧✐❦❡ t❤❡ ♦♥❡s
♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✸✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♦❢ s♦♠❡ ✐♥t❡r❡st ✐♥ t❤❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ✜❡❧❞ ♦❢ ♣♦♣✉❧❛t✐♦♥
❡✈♦❧✉t✐♦♥ st✉❞✐❡s✳

▲❛st✱ ✐❢ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ♦♥ ✇❤✐❝❤ r❡❧✐❡s ♠♦st ♦✉r ✇♦r❦ ✐♥ ◗❈❉ s❡❡♠s ✇❡❧❧✲
s✉✐t❡❞ ❢♦r ❡❧❡❝tr♦♥✲♣r♦t♦♥ ♦r ♥✉❝❧❡✉s ❤✐❣❤✲❡♥❡r❣② s❝❛tt❡r✐♥❣✱ ♠♦st ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❤✐❝❤
✇✐❧❧ ❜❡❝♦♠❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♥❡①t ❞❡❝❛❞❡ ❛r❡ ❛❜♦✉t ♣r♦t♦♥ ❛♥❞ ♥✉❝❧❡✉s ✐♥t❡r❛❝t✐♦♥s ❛t t❤❡ ▲❛r❣❡
❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭▲❍❈✮✳ ❚❤❡ ♥❡✇ ❝❤❛❧❧❡♥❣❡ t♦ ♣❤❡♥♦♠❡♥♦❧♦❣✐sts ✐s t♦ ❢♦r♠✉❧❛t❡ ❛♥❞ ❝♦♠♣✉t❡
♦❜s❡r✈❛❜❧❡s ✐♥ t❤✐s ❝♦♥t❡①t✳ ■t s❡❡♠s t❤❛t q✉❛❞r✉♣♦❧❡s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❢♦r ❛❧❧ ✐♥t❡r❡st✐♥❣
♦❜s❡r✈❛❜❧❡s✱ s❡❡ ❡✳❣✳ ❘❡❢✳ ❬✶✹✵❪✳ ❘❡❝❡♥t❧②✱ ✇❡ ♠❛❞❡ ❛ ✜rst st❡♣ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ s✉❝❤ ♦❜❥❡❝ts ✇✐t❤ t❤❡ ❡♥❡r❣② ❬✶✹✶❪ ❛♥❞ ✇❡ ✇✐❧❧ ♣✉rs✉❡ ✐♥ t❤✐s ♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥✳
❆♥ ✐♥t❡r❡st✐♥❣ t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥ ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ♦✉r ✇♦r❦ ✇♦✉❧❞ ❜❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡
❝♦rr❡❧❛t✐♦♥s ❝♦♠♣✉t❡❞ ✐♥ ❈❤❛♣✳ ✺ ✇♦✉❧❞ s❤♦✇ ✉♣ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡s❡ q✉❛❞r✉♣♦❧❡s ❛♥❞ ❤❡♥❝❡
✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦❜s❡r✈❛❜❧❡s ♠❡❛s✉r❡❞ ❛t t❤❡ ▲❍❈✳
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