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%'9%')

I) [."/'3 E :-5%$,$3"%'5& 305!"$%' &'<!'&<!'& 51' $."/' 3'.6,"6,' @ 51' $."/'

&'45A%') :-5%$,$3"%$01 +-51' $."/' <0..' '9'.#,' '3% #'5%=A%&' ,' .0X'1

,' #,53 &'#&;3'1%"%$8 +' ,-$1%'&&0/"%$01 +-51 3X3%S.'  \[G ] !"#$"#%&'($)

*+',$ -$#./$0'1 ^ '1 ,-"63'1<' +' +011;'3 _"6,'3 +' %X#' .;%"+011;'3) H>'<

,-$1+'9"%$01 #"& 3$/1"%5&'3 >$35',,'32 ," &'<!'&<!' +-$."/'3 '3% &;",$3;' #"& ,'

.0+S,' +' ," &'<!'&<!' #"& ,' <01%'15)

`) M345$33' E ?'3 +'33$13 @ ," ."$1 05 +'3 $."/'3 /;1;&;'3 #"& 0&+$1"%'5& 05

+'3 /&"#!$45'3 #'5>'1% A%&' #&;3'1%;3 '1 %"1% 45' &'45A%')  0..' ," &'45A%'



 !"! #$%&$'%&$ ()*+,-$.  !

/,' *+,-$.0 %$ 12/$ ($ '$3451$ ($+,6($ 7)*6($8,1*96 :*.4$77$ $1 7$ +9(;7$ ($

'$%&$'%&$ /,' 7$ %961$64!

<! =9+/9.> ? =$ .961 ($. +>1&9($. 34* %9+@*6$61 7)41*7*.,1*96 ()46$ 94 /74A

.*$4'. +9(,7*1>. ($ '$3451$! B77$. %94:'$61 >-,7$+$61 7)*61$''9-,1*96 *61$'A

,%1*:$ 1$77$ 34$ (,6. 7$. .2.1;+$. ($ '$194' ($ /$'1*6$6%$! C94' 41*7*.$' 7,

'$3451$ %9+/9.>$0 *7 D,41 ->6>',7$+$61 /'9%>($' E 7)*6($8,1*96 .4' 7, @,.$

()46$ $8/79*1,1*96 %9+@*6>$ ($. .*-6,14'$. 1$814$77$. $1 ($. .*-6,14'$. :*A

.4$77$.! F$ /74.0 7$. ($48 +9(;7$. ($ '$%&$'%&$ /,' 7$ 1$81$ $1 /,' 7$ %961$64

(9*:$61 51'$ %9+@*6>.0 94 .*696 7$.  .*-6,14'$. :*.4$77$. $1 1$814$77$. (9*:$61

51'$ %9+@*6>$.0 /,' %96%,1>6,1*96 94 $6%9'$ /,' .>7$%1*96!

 !"! #$%&'( %( )(*+()*+( ,-) '( .(/.(

"#$#"# %&'()* +*,-&./*)

G$ +9(;7$ ()$./,%$ :$%19'*$7 , >1> /'9/9.> /,' H,7196 $1 ,7! $6 IJK< LH,7196 IJK<M!

=&,34$ (9%4+$61 (,6. 46$ @,.$ ($ (966>$. F0 ,*6.* 34$ 7, '$3451$ N ON $.1 ,4..*

@*$6 46 (9%4+$61 94 46 $6.$+@7$ ($ (9%4+$61.P0 $.1 '$/'>.$61> %9++$ 46 :$%1$4'

/96(>'> ($ 1$'+$. ?

di = (wi,1, wi,2 . . . wi,t) (2)

C94' %,7%47$' 7, .*+*7,'*1> $61'$ 7, '$3451$ N $1 7$ (9%4+$61 F0 96 41*7*.$ 7$ /'9(4*1

.%,7,*'$ $61'$ 7$. :$%1$4'. %9''$./96(,61. ?

S(di, q) =
∑

j

wi,j × wq,jS(di, q) =
∑

j

wi,j × wq,j (3)

F*Q>'$61$. +>1&9($. ()$.1*+,1*96 ($ wi,j $1 wq,j 961 /$'+*. 7, %'>,1*96 ($ /74A

.*$4'. D96%1*96. ($ %7,..$+$61 /94' 7$ +9(;7$ ()$./,%$ :$%19'*$7! C,'+* %$77$.A%*0 7$

+9(;7$ ($ /96(>',1*96 %7,..*34$ RSATFS $1 7)>1,1 ($ 7),'1 ($ 7, /96(>',1*96 $1 ($

7, 69'+,7*.,1*96 /,' /*:91 34* .961 (>%'*1. %*A($..94.!

G$ +9(;7$ :$%19'*$7 %7,..*34$ /'9/9.> (,6. LH,7196 IJK<M %,7%47$ 7$ /9*(. ()46

1$'+$ (,6. 46 (9%4+$61 %9++$ 46 /'9(4*1 ($ 7, D'>34$6%$ (4 1$'+$ ORSP $1 ($

7, D'>34$6%$ *6:$'.$ ($ (9%4+$61 OTFSP!

tfi,j =
ni,j

∑

k nk,j

idfi = log
N

|{d : ti ∈ d}|

9U ni,j $.1 7$ 69+@'$ ()9%%4''$6%$. (4 1$'+$ %96.*(>'> OtiP (,6. 7$ (9%4+$61 dj
$1 7$ (>69+*6,1$4' $.1 7, .9++$ (4 69+@'$ ()9%%4''$6%$. ($ 194. 7$. 1$'+$. (4



 !  !"#$%&' () *%"% +' ,-"&%

+./01'2% dj N !"# $! %&'()! #&#*$ +! +&,-'!%#" +*%" $! ,&).-"/ |{d : ti ∈ d}| !"#

$! %&'()! +! +&,-'!%#" &0 $! #!)'! ti *..*)*1# 23-4 * ni,j = 05 

6&-" &(#!%&%" $* 7&%,#4&% +! ,$*""!'!%# .&-) ,!##! '8#9&+! :

S(di, q) =

∑

j Di ×Dq

|Di| |Dq|
S(di, q) =

∑

j Di ×Dq

|Di| |Dq|
(4)

*;!, Dk = tfk.idfk !# |Di| |Dq| $! +8%&'4%*#!-) .&-) $* %&)'*$4"*#4&% 

<8,!''!%#/ ,!##! 7&%,#4&% +! ,$*""!'!%# * 8#8 -#4$4"8! .&-) $* )!,9!),9! +=4'*>!"

?@4;4, ABBCD/ ?E*%> ABBFD/ ?G4)4$$H ABBCD/ ?I*)#94J ABBKD 

L* +!-M4N'! '8#9&+! !"# .)&.&"8! +*%" ?@4%>9*$ ABBOD/ ?P*%> ABBQD R=!"# -%!

'8#9&+! .&-) $* %&)'*$4"*#4&% +! $* $&%>-!-) +- +&,-'!%# :

S(dj, q) =
n
∑

t=1

1 + log (1 + log (tft,D))

(1− s) + s dl
avdl

tft,Q log
N + 1

ni

(5)

*;!, dl 8#*%# $* $&%>-!-) +- +&,-'!%#/ avdl 8#*%# $* $&%>-!-) '&H!%%! +!" +&,-S

'!%#"/ 6 8#*%# $! %&'()! +! +&,-'!%#" +- ,&).-"/ ni 8#*%# $! %&'()! +! +&,-'!%#"

3-4 ,&%#4!%%!%# $! #!)'!/ !# s 8#*%# -%! ,&%"#*%#!/ >8%8)*$!'!%# B/AB 

 !"! ! #$%&'( )*$+,+-'-./(

T*%" $! '&+N$! .)&(*(4$4"#!/ &% !"#4'! $* .)&(*(4$4#8 .&-) 3-=-% +&,-'!%#

dj "&4# .!)#4%!%# .&-) -%! )!3-U#! q ".8,4V3-! ?W&%!" ABBBD/ ?P-9) OXXAD/ %&#8!

P (R|q, dj) :

P (R|q, dj) =
P (djrelevant− to− q)

P ((djnon− relevant− to− q))
(6)

L=!%"!'($! +!" #!)'!" -#4$4"8" +*%" -% +&,-'!%# dj .!-# U#)! )!.)8"!%#8 ,&''!

-% ;!,#!-) (4%*4)! x = (x1, x2...xn) *;!, xi = 1/ "4 $! #!)'! i !"# .)8"!%# +*%" dj !#

xi = 0 "4%&% Y%"-4#!/ $!" +&,-'!%#" "&%# ,$*""8" .*) &)+)! +8,)&4""*%# !% 7&%,#4&%

+! $=!M.)!""4&% "-4;*%#! :

S(dj, q) =
n
∑

i=1

log
P (xi|R)

(

1− P
(

xi|R
))

(1− P (xi|R))P
(

xi|R
) (7)

&0 R !"# $=!%"!'($! +!" !M!'.$!" .!)#4%!%#" 2!M!'.$!" .&"4#47"5 !# R !"# $=!%S

"!'($! +!" !M!'.$!" %&% .!)#4%!%#" 2!M!'.$!" %8>*#47"5 P (x|R) !# P
(

x|R
)

"&%#

$!" .)&(*(4$4#8" +=-% 8$8'!%# .!)#4%!%# &- %&% .!)#4%!%# ,&%+4#4&%%!$$!'!%# Z $*

)!.)8"!%#*#4&% ;!,#&)4!$$! x 

L* 7&%,#4&% +! ,$*""!'!%# +! $=8#*# +! $=*)# .&-) $! '&+N$! .)&(*(4$4"#! !"# $*



 !"! #$%&$'%&$ ()*+,-$.  !

/01%2*01 34,5* 67 8 5,' 95,'%4 :01$. $2 ,;! <:01$.  ===> ?

S(dj, q) =
∑

t∈Q

Wt

(k1 + 1)tft,D

k1((1− b) + b.dl
avdl

) + tft,D

(k3 + 1)tft,Q
k3 + tft,Q

(8)

,@$% k1 A$12'$ BC= $2  C=DC b A.0E@$12 F-,; G =CH8D $2 k3 .0E@$12 IJF G H 0E B===

A*1I1* (,1. ;, 5',2*KE$D F2,12 ($. %01.2,12$.! L)$1.$+M;$ ($. 5,',+N2'$. Ak1 = 1, 2C

b = 0, 75C k3 = 1000D $.2 E2*;*.F .0E@$12 (,1. ;$. $J5F'*+$12,2*01.! Wt $.2 ;$ 50*(.

($ #0M$'2.01 O 9PQ#RS :01$. (E 2$'+$ t (,1. ;, '$KET2$ 2$; KE$ ?

Wt = log
(rt + 0.5)(N −R− nt + rt + 0.5)

(nt − rt + 0.5)(R− rt + 0.5)
(9)

0U N $.2 ;, 2,*;;$ (E %0'5E.C R $.2 ;, 2,*;;$ ($ ;)$1.$+M;$ 5$'2*1$12C nt $.2 ;$

10+M'$ ($ (0%E+$12. (,1. N %012$1,12 ;$ 2$'+$ tC rt $.2 ;$ 10+M'$ ($ (0%E+$12.

(,1. R %012$1,12 ;$ 2$'+$ t! R$ 50*(. $.2 E2*;*.F 50E' ;$ '$20E' ($ 5$'2*1$1%$! L,

'$%&$'%&$ *1*2*,;$ E2*;*.$ ;, /0'+E;$ ($ 'F(E%2*01 (E 50*(. ($ #0M$'2.01 O 9PQ#RS

:01$. A,@$% R = 0C rt = 0D ?

Wt = log
N − nt + 0.5

nt + 0.5
(10)

 !"!" #$%&'( %( )(*+()*+( ,-) '( *$./(.0

V,1. ;),55'0%&$ R6W#C ;, '$%&$'%&$ ()*+,-$. $.2 M,.F$ .E' ;$. %,',%2F'*.2*KE$.

$J2',*2$. ,E20+,2*KE$+$12 (E %012$1E @*.E$;! L),55'0%&$ R6W# .),55E*$ .E' E1$

'$KET2$ 5,' ;)*+,-$ 0U ;)*+,-$ '$KET2$ $.2 (011F$ 5,' ;)E2*;*.,2$E' $2 ;$ .X.2N+$

+$.E'$ ;, .*+*;,'*2F $12'$ ;$. %,',%2F'*.2*KE$. ($ ;)*+,-$ '$KET2$ $2 %$;;$. ($. *+,-$.

(,1. ;, M,.$ ($ (011F$.! Y1 .X.2N+$ R6W# 5$E2 E2*;*.$' (*ZF'$12. $1.$+M;$. ($

%,',%2F'*.2*KE$.C 1F%$..*2,12 ($ /,*'$ ;$ %&0*J ()E1$ +$.E'$ ($ .*+*;,'*2F ,55'05'*F$

50E' %&,KE$ $1.$+M;$ ($ %,',%2F'*.2*KE$. ($ ;)*+,-$! L, %0+M*1,*.01 052*+,;$ ($.

.*+*;,'*2F. %,;%E;F$. G 5,'2*' ()E1 $1.$+M;$ ($ %,',%2F'*.2*KE$. (*ZF'$12$. ($ ;)*+,-$

$.2 ($@$1E$ E1 $1[$E *+50'2,12! L$ +0(N;$ ($ '$%&$'%&$ R6W# $.2 (F5$1(,12 ($

;, /01%2*01 ($ .*+*;,'*2F $2 ($. .*-1,2E'$. @*.E$;;$. E2*;*.F$. KE* 5$E@$12 T2'$ ($.

@$%2$E'. ($ %,',%2F'*.2*KE$.C ($. .*-1,2E'$. M,.F$. .E' ;$. 'F-*01. 0E ($. %,',%2F'*.\

2*KE$. ;0%,;$. 'F.E+F$.! L$ +0(N;$ ()$.5,%$ @$%20'*$; $2 ;$ +0(N;$ 5'0M,M*;*.2$ ($

;, '$%&$'%&$ 5,' ;$ 2$J2$ .012 ,(,52F. 50E' ;),55'0%&$ R6W#! V),E2'$. 2$%&1*KE$.

.5F%*,;$. 012 F2F (F@$;055F$. 50E' '$%&$'%&$' ($. *+,-$. $1 E2*;*.,12 (*ZF'$12$.

'$5'F.$12,2*01. ($. %,',%2F'*.2*KE$.! L$. +$.E'$. ($ .*+*;,'*2F 50E' ;, '$%&$'%&$

()*+,-$. 5,' ;$ %012$1E .012 'F.E+F$. (,1. <L*E  ==]>!



 !  !"#$%&' () *%"% +' ,-"&%

"#$#$# %&'()* +*,-&./*)

." #,/#"&% +'0 010%23'0  456 078% 9780%&/$%0 0/& /8 37+2,' +-'0#"9' :'9%7;

&$',) .'0 97&#/0 +-$3"<'0 '% +' &'=/>%'0 078% &'#&?0'8%?0 9733' +'0 :'9%'/&0 +'

9"&"9%?&$0%$=/'0 +"80 /8 '0#"9' :'9%7&$', @ 8 +$3'80$780) ." A789%$78 +' 9,"00'3'8%

'0% +?#'8+"8%' +'0 9"&"9%?&$0%$=/'0 /%$,$0?'0) B"& 'C'3#,'D ," 0$3$,"&$%? +'0 9"&"9;

%?&$0%$=/'0 +' %'C%/&' '0% 07/:'8% 3'0/&?' '8 /%$,$0"8% ," +$0%"89' +' E$8F7G0F$

7/ ," +$0%"89' +' E"!","87H$0 I=/$ 9780$+2&' ," 97&&?,"%$78 +'0 9"&"9%?&$0%$=/'0

+$J?&'8%'0K) .-$8%'&0'9%$78 +-!$0%7<&"33'0 '0% ?<",'3'8% #7#/,"$&' #7/& 3'0/&'&

," 0$3$,"&$%? +'0 97/,'/&0 '8 0' H"0"8% 0/& ,'0 !$0%7<&"33'0 97/,'/&0)

 780$+?&780 +'/C $3"<'0D $8+'C?'0 #"& ,'/&0 :'9%'/&0 &'0#'9%$A0 I = (I1, . . . , In)

'% J = (J1, . . . , Jn)) .' 9",9/, +' 0$3$,"&$%? '8%&' ( $3"<'0 &':$'8% @ 9",9/,'& ," 0$3$;

,"&$%? '8%&' I '% J ) .'0 3?%&$=/'0 +' E$8F7G0F$ I7/ 87&3'0 LpK 078% ,'0 +$0%"89'0

<?73?%&$=/'0 ,'0 #,/0 97/&"8%'0) .'/& A7&3' <?8?&",' '0% ," 0/$:"8%' L

Lp =
p

√

√

√

√

n
∑

i=1

(Ii − Ji)p)

." +$0%"89' +' E"!","87H$0 #&'8+ '8 973#%' ," 97&&?,"%$78 '8%&' :'9%'/&0 '% ,"

+$0%&$H/%$78 +'0 +788?'0 "/ ,$'/ +'0 +$0%"89'0 +"80 ,' 9"0 =/"+&"%$=/') ." 3"%&$9' C

'0% ," 3"%&$9' +' 97:"&$"89' +' ," +$0%&$H/%$78 +' I '% J L d =

√

(~I − ~J)TC−1(~I − ~J)

)

 780$+?&780 +-"H7&+ /8' 0$<8"%/&' +-$3"<' 07/0 ," A7&3' +-/8 '80'3H,' +'

:'9%'/&0 +' 9"&"9%?&$0%$=/'0 IIz1, p1KD Iz2, p2KD ) ) )D Izn, pnKK 7M ,'0 zi 078% ,'0 :'9%'/&0

+' 9"&"9%?&$0%$=/'0 '% ,'0 pi 078% ,'0 #7$+0 97&&'0#78+"8%0 =/$ ,'/& 078% "00$<8?0)

N/##70780 +'/C 0$<8"%/&'0 Im = ((zm1 , pm1 ), (z
m
2 , pm2 ), ..., (z

m
n , pmn ))D m = 1, 2) O8'

"##&79!' 8"%/&',,' @ ," +?P8$%$78 +-/8' 3'0/&' +' 0$3$,"&$%? '0% +' 3'0/&'& ,"

0$3$,"&$%? '8%&' z1i '% z
2
i D #/$0 +' 973H$8'& ,'0 +$0%"89'0 '8%&' 9'0 :'9%'/&0 '8 /8'

+$0%"89' '8%&' +'0 '80'3H,'0 +' :'9%'/&0)

O8' "##&79!' #7/& ," 3'0/&' QR"8< (SSST '0% +-"%%&$H/'& /8 #7$+0 @ 9!"=/'

#"$&' z1i '% z
2
i ":'9 1 ≤ i ≤ n '% 1 ≤ j ≤ nD %', =/' ,' #7$+0 si,j $8+$=/' ,-$3#7&%"89'

+-"0079$'& z1i '% z
2
i ) .'0 #7$+0 078% 07/3$0 @ +'0 978%&"$8%'0D ,'0 #,/0 9733/8'0 ?%"8%

∑

i Si,j = p2j '%
∑

j Si,j = p1i ) O8' A7$0 =/' ,'0 #7$+0 078% +?%'&3$8?0D ," +$0%"89'

'8%&' I1 '% I2 '0% "<&?<?' @ #"&%$& +'0 +$0%"89'0 '8%&' ,'0 #"$&'0 +' :'9%'/&0 +$J?&'8%0)

B,/0 #&?9$0?3'8% L

D (I1, I2) =

n1
∑

i=1

n2
∑

j=1

si,jd
(

z
(1)
i , z

(2)
j

)



 !"! #$%&$'%&$ ()*+,-$.  !

/, (*.0,1%$ (234 56 789:,10 ;0'$ (<=1*$ ($ (*:$'.$. +,1*>'$.! ?),90'$. +<0&8($.

90*/*.$10 /, (*.0,1%$ ($ @,9.(8'A4 8B %&,C9$ z1i $.0 ,(,70<$ D .81 7/9. 7'8%&$

:$%0$9' (,1. I24 %)$.0EDE(*'$ z2i 4 $0 /, (*.0,1%$ $10'$ I1 $0 I2 $.0 /$ +,3*+9+ 7,'+*

089. /$. d (z1i , z
2
i )!

"#$#$#" %&'()*+ ,-&./.0)0+1*+

F$. +8(>/$. 7'8G,G*/*.0$. 810 <0< ,(,70<. D /),77'8%&$ HIJ# KL,.%81%$/8.  MMNO4

KP&,1-  MMQO4 KR$.0$':$/(  MM"O! H&,C9$ *+,-$ $.0 %81.*(<'<$ %8++$ 91 +8(>/$

7'8G,G*/*.0$ -<1<',0*S C9* (<=1*0 91$ (*.0'*G90*81 ($ 7'8G,G*/*0< .9' /$. %,',%0<E

'*.0*C9$. :*.9$//$.! T89' /, '$%&$'%&$ ()*+,-$.4 91$ *+,-$ $.0 0',*0<$ %8++$ 91$

8G.$':,0*81 ($ /)91 ($. +8(>/$. $0 /$. +8(>/$. .810 %/,..<. 7,' /)8'('$ (<%'8*..,10

($ 7'8G,G*/*0< $1 -<1<',10 %$00$ 8G.$':,0*81! H$/, .9778.$ C9)*/ $3*.0$ 91 .89.E

$1.$+G/$ ()*+,-$. R 7$'0*1$10$. C9$ /)90*/*.,0$9' :$90 '$0'89:$' 7,'+* %$//$. (*.E

781*G/$.4 /$. ,90'$. *+,-$. R̄ <0,10 %81.*(<'<$. %8++$ 181 7$'0*1$10$.! U* P (R| ~Q)

$.0 /, 7'8G,G*/*0< C9$ /)*+,-$ I .8*0 7$'0*1$10$ 789' /, '$C9;0$ Q $0 .* P (R̄| ~Q)

$.0 /, 7'8G,G*/*0< C9$ /)*+,-$ I 1$ .8*0 7,. 7$'0*1$10$ 789' /, '$C9;0$ Q4 ,/8'. /,

.*+*/,'*0< $10'$ /)*+,-$ I $0 /, '$C9;0$ Q $.0 $37'*+<$ 7,' V sim(I,Q) = P (R| ~Q)

P (R̄| ~Q)
!

F)*(<$ ($ KL,.%81%$/8.  MMMO $.0 ()*10<-'$' /, .</$%0*81 ($ :,'*,G/$.4 /, '$7'<.$1E

0,0*81 S81%0*811$//$ $0 ($. +$.9'$. ($ .*+*/,'*0< (,1. 91$ S8'+9/,0*81 G,5<.*$11$4

,:$% /)8GW$%0*S ($ +*1*+*.$' /, 7'8G,G*/*0< ()$''$9'! X1 7'8G/>+$ %8119 ($ %$00$

,77'8%&$ $.0 /, %8+7/$3*0< ($. %,/%9/. *+7/*C9<. (,1. /)$.0*+,0*81 ($. +$.9'$. ($

.*+*/,'*0< 7'8G,G*/*.0$! F, %8+7/$3*0< $.0 '<(9*0$ (,1. KL,.%81%$/8.  MMNO $1 90*E

/*.,10 /, C9,10*=%,0*81 :$%08'*$//$ 789' +8(</*.$' ($. (*.0'*G90*81. ($ 7'8G,G*/*0<

($. %,',%0<'*.0*C9$. ()*+,-$.!

"#$#$#$ 231-*+ 4&'()*+

T89' /$. %,',%0<'*.0*C9$. C9* 1$ .810 7,. '$7'<.$10,G/$. .89. /, S8'+$ ()91

:$%0$9' ($ %,',%0<'*.0*C9$.4 0$//$. C9$ /$. ($.%'*70$9'. ($ /, (*.78.*0*81 .7,0*,/$4

/, +$.9'$ ($ .*+*/,'*0< $.0 7/9. %8+7/$3$! F$. 0$%&1*C9$. +*.$. $1 8$9:'$ .810

.89:$10 /*<$. D /)8GW$0 D '$%811,Y0'$ $0 S810 ,77$/ D ($. +<0&8($. *..9$. ($ /, :*E

.*81 7,' 8'(*1,0$9'4 $1 7,'0*%9/*$' ,93 +<0&8($. .0'9%09'$//$.! L$/0Z,+7 $0 @,-$E
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-& %&,%:5$&9&'(! U'*5)(& <&* :$=%+(&5%* -& 012 -+'* ':(%& 9:-F<& .+/* -& 012

*:'( $%=*&'(=*! 3&* +<,:%)(D9&* -?+$$%&'()**+,& $:5% <&* -&5; */='+%):* *:'( $%=@

*&'(=* I <+ 4'!

"#$# # %&'()*+,- .( '/ 0&*1,.( .( 2(32,45(0(-*

V:5* +J:'* -=HI -)*/5(= 5'& $%&9)F%& R:)* -& /D:); -& 9=(D:-&* -& %&,%:5$&@

9&'( -+'* <& /D+$)(%& " -+'* <& /+-%& -& ':(%& *(%+(=,)& -& %&(:5% -& $&%()'&'/&! W/)K

-+'* ':(%& 9=(D:-& $:5% <?+$$%&'()**+,& -&* .+/* -& 012K 5'& =(+$& )9$:%(+'(&

&*( &'/:%& <& %&,%:5$&9&'(! 3+ 9=(D:-& -& %&,%:5$&9&'( &*( 5()<)*=& $:5% %&,%:5@

$&% -&* )9+,&* $&%()'&'(&* O ':' $&%()'&'(&* &' -&* ,%:5$&* -)*()'/(*! B&* ,%:5$&*

-)*()'/(* *:'( 5()<)*=* $:5% /:'*(%5)%& -&* %&$%=*&'(+():'* J)*5&<<&* 012 $:5% -&*

/:'/&$(* (&;(5&<* -)*()'/(*! 3+ G5+<)(= -5 %=*5<(+( -5 %&,%:5$&9&'( /:'-)():''& <+

G5+<)(= -& <+ %&$%=*&'(+():'! P+'* ':(%& *E*(F9&K /:99& =J:G5= $%=/=-&99&'(K <&

':9T%& -& ,%:5$&* &*( )'/:''5! V:5* ':5* *:99&* -:'/ )'(=%&**=* +5; 9=(D:-&*

-& %&,%:5$&9&'( /+$+T<&* -& -=(&%9)'&% <& ':9T%& -& ,%:5$&* -& R+X:' +5(:':9&!

Y:5% /& R+)%&K ':5* +J:'* 5()<)*= > 9=(D:-&* -& %&,%:5$&9&'( -+'* ':(%& &;$=@

%)9&'(+():' Z <+ 9=(D:-& -&* [@9:E&''&* +-+$(+()R $%=*&'(=& $+% \0:(D+%) 6]]]^

&( <+ 9=(D:-& -?+,,<:9=%+():' /:9$=()()J& _ !"#$%&%&'$ ())*!"$+,%&!- ` $%=*&'(=&

$+% \C%),5) 6]]7^! B&* -&5; 9=(D:-&* :'( =(= /D:)*)&* &' %+)*:' -& <&5% /+$+/)(= I

-=(&%9)'&% +5(:9+()G5&9&'( <& ':9T%& -& ,%:5$&*! U<<&* *:'( $%=*&'(=&* &' %&(&@

'+'( <&* 9=(D:-&* -& %&,%:5$&9&'( <&* $<5* $:$5<+)%&* Z <&* 9=(D:-&* D)=%+%/D)G5&*

&( <&* 9=(D:-&* -& $+%()():'! 1:)% <+ *&/():' "!"!> $:5% $<5* -& -=(+)<* &( -?=(+( -&

<?+%( *5% <&* 9=(D:-&* -& %&,%:5$&9&'(!
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#$%$ $" &'()*+,-). /, 012

9' :+,-.' /"01 ,' 234 '1% +#%$:". 1$ ,'1 0+70'#%1 %';%5'.1 1+7% <$'7 &'#&=>

1'7%=1 #"& ,'1 /"01 ,' 234) 9'1 :=%!+,'1 ,' &'8&+5#':'7% 1+7% 5%$.$1='1 ,"71

.6"##&'7%$11"8' ,'1 /"01 ,' 234 ,'1 0+70'#%1) ?="7:+$71@ $. &'1%' #+11$<.' ,' &'7>

0+7%&'& ,'1 =.=:'7%1 ,' <&5$% ,"71 .' 0".05. ,'1 /"01 ,' 2341 1$ .' &'8&+5#':'7% 7'

,+77' #"1 ,'1 8&+5#'1 ,6$:"8'1 A5$ "115&'7% .657$:+,".$%= BC+$& #"&%$' D)E)D #+5&

." ,=F7$%$+7 ,' 0' 0+70'#%G) H+5& <$'7 $,'7%$F'& ,'1 /"01 ,' 234 ,' 0+70'#%1 %';>

%5'.1 '% =.$:$7'& .' #.51 #+11$<.' ,' <&5$%@ 7+51 ,=F7$11+71 .'1 ( +#=&"%'5&1 15$C"7%1

#+5& .'1 234 I JKK@ LMNJ9@ *L4OL '% /H9PQ)  '1 +#=&"%'5&1 1+7% 5%$.$1=1

,"71 .6"##&'7%$11"8' ,'1 /"01 ,' 234 ,'1 0+70'#%1)

344 96+#=&"%'5& JKK '1% 5%$.$1= #+5& "R+5%'& 57 234 ,"71 57 /"0 ,' 234

"C'0 0+::' 0+7,$%$+7 A56$. 1+$% ,$S=&'7% ,' %+51 .'1 234 ,=RT ';$1%"7%1 ,"71 .'

/"0 ,' 234)  '%%' 0+7,$%$+7 '1% C'&$F=' #"& .6+#=&"%'5& LMNJ9 A5$ 15$%)

56738 96+#=&"%'5& LMNJ9 '1% 5%$.$1= #+5& ,=%'&:$7'& 1$ ,'5; 234 1+7%

0+71$,=&=1 0+::' 15U1"::'7% #&+0!'1 #+5& V%&' 0+:<$7=1) ?+51 #&+#+1+71 ,65%$>

.$1'& 57 0&$%-&' =A5$C".'7% "5 0&$%-&' ,' W"&, I .6"58:'7%"%$+7 ,' ." C"&$"70')  ' 0&$>

%-&' ,' XW"&, YZ[D\ '1% .657 ,'1 7+:<&'5; 0&$%-&'1 ."&8':'7% 5%$.$1=1 #+5& ." 0."11$F>

0"%$+7 "10'7,"7%' !$=&"&0!$A5' '% $. '1% ]&=A5'::'7% :'7%$+77= A5' 0'%%' :=%!+,'

" 15&#"11= .'1 "5%&'1 :=%!+,'1 ,"71 #.51$'5&1 =%5,'1 0+:#"&"%$C'1 X^"$7 YZ__\)

EQUAL(KV R1, KV R2) = 1 1$ I

V ariance(KV R1, KV R2) <= αV ariance(KV R1) + βV ariance(KV R2) (9)

+` α '% β 1+7% .'1 #+$,1 &'."%$]1 ,'1 ,'5; 234 Bα + β = 1G) α #'5% V%&' 0".05.=

'7 <"1"7% 15& .' 7+:<&' ,6$:"8'1 ,"71 0!"A5' 234) H+5& .6$71%"7%@ ,"71 7+%&'

';#=&$:'7%"%$+7@ ." ]+&:5.' 1$:#.' 15$C"7%' '1% 5%$.$1=' #+5& 0".05.'& 0'1 #+$,1 I

α = 1@ 1$ V ariance(KV R1) > V ariance(KV R2) 1$7+7 α = 0

952:5 96+#=&"%'5& *L4OL '1% 5%$.$1= #+5& ]51$+77'& E 234 1$:$."$&'1 '7 Y

234) 9" ]51$+7 ,' E 234 '1% <"1=' 15& .' 7+:<&' ,6=.=:'7%1 ,"71 0!"A5' 234@

0&$%-&' A5$ ,=F7$% .'5& $:#+&%"70') ?+51 #+5C+71 %&+5C'& A5' .' 234 &'#&=1'7%=

#"& .' #.51 8&"7, 7+:<&' ,6$:"8'1 '1% #.51 $:#+&%"7% A5' .' 234 &'#&=1'7%= #"&

.' :+$71 ,6$:"8'1 I

KV R3 = MERGE(KV R1, KV R2)
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−−−−→
KV R3 =

(

N1 ∗
−−−−→
KV R1 +N2 ∗

−−−−→
KV R2

)

N1 +N2
(10)

34 Ni &*( 5& '367%& -8)6+,&* -9 KV Ri!

#$%&' :83$;%+(&9% .<:=> &*( 9()5)*; $39% */)'-&% ? 012 &' @ +9(%&* 012 39

$39% %&A/+5/95&% 9' .+/ -& 012! B' $&9( C+)%& 5+ -)D)*)3' -89' 012 39 -89'

.+/ -& 012 *8)5 E + 63-)F/+()3' -+'* /&9GA/)! <39% 58)'*(+'( '39* C+)*3'* -&*

&G$;%)6&'(+()3'* $39% 5+ -)D)*)3' -89' 012 *&95&6&'(! :& $%)'/)$& -& 5+ -)D)*)3'

&*( *)6)5+)%& H /&59) -&* 6;(I3-&* -& %&,%39$&6&'(! J' 012 -+'* 5& 63-K5& .+/

-& 012 /3%%&*$3'- H 9' /59*(&% -+'* 5&* 6;(I3-&* -& %&,%39$&6&'(! :+ -)D)*)3'

-89' 012 &' @ +9(%&* 012 &*( &L&/(9;& +$%K* 5+ C9*)3' -&* @ 012 M3$;%+(&9%

NO2POQ *) 5& 012 C9*)3''; &*( (%3$ -)D&%*) F;R5+%,& *&53' 9' /%)(K%& -3'';!

S366& 5&* .+/* -& 012 *3'( /3'*(%9)(* -& C+T3' )'/%;6&'(+5& 34 (39* 5&* 012

&G)*(+'(* *3'( -;UH D;%) F;* $39% *+D3)% *8)5 &*( $3**)75& -& 5&* */)'-&%V 5+ -)D)*)3'

&*( C+)(& *&95&6&'( +$%K* 9' /I+',&6&'( -9 012! O' 9()5)*+'( 5& 6W6& /%)(K%& X9&

5+ C9*)3'V 5+ /3'-)()3' -& -)D)*)3' &*( 7+*;& *9% 5+ D+%)+'/& -&* 012!

S3'-)()3' $39% -)D)*&% 012" Y

V ariance(KV R3) > (αV ariance(KV R1) + (1− α)V ariance(KV R2))), (10)

+D&/ α = N1/(N1 +N2)!

:& 012" &*( -)D)*; &' @ +9(%&* 012 &' 9()5)*+'( 9'& 6;(I3-& -& %&,%39$&6&'(

MZA63E&''&* +-+$(+()CV +,,536;%+()3' /36$;()()D&Q! [+'* '3(%& &G$;%)6&'(+()3'V

*9% '3* U&9G -& -3'';&*V 5+ 6;(I3-& -8+,,536;%+()3' /36$;()()D& -3''& 9'& $&%A

C3%6+'/& X9) &*( 5;,K%&6&'( 6&)55&9%& X9& 5+ 6;(I3-& -&* ZA63E&''&* +-+$(+()C!

N+)* /&$&'-+'(V '39* +D3'* 37*&%D; X9& 5+ 6;(I3-& -& %&,%39$&6&'( '8)'\9&'/&

$+* 7&+9/39$ 5+ $&%C3%6+'/&! :+ %+)*3' &*( $%37+75&6&'( 5);& +9 (%K* $&()( '367%&

-8&G&6$5&*!

SPLIT (KV R3) = CompetiveAgglomeration(KV R3) = 2]autres]KV R

:&*  3$;%+(&9%* *3'( 9()5)*;* $+% -&* +5,3%)(I6&* $39% 58+$$%&'()**+,& )'/%;A

6&'(+5R$+% %&'C3%/&6&'(! :&* 3$&%+(&9%* #[[V NO2PO &( .<:=> *3'( 9()5)*;*

$39% 5+ %;D)*)3' -9 63-K5&V (+'-)* X9& 583$&%+(&9% O^J#: &*( 9()5)*; $39% 58+'+A

5E*& -9 63-K5&! _39* -;/%)D3'* &' -;(+)5* 5&* +5,3%)(I6&* $%3$3*;* &( 589()5)*+()3'

-&* 3$;%+(&9%* -+'* 5+ $+%()& *9)D+'(&!
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57 &'%+5& ,' #'&%$7'70' ; .+78 %'&<' "@'0 57' 1%&"%=8$' ,6"##&'7%$11"8' #&+8&'1A

1$B '1% =8".'<'7% #&+#+1= ":7 ,' <'%%&' ; C+5& .'1 /"01 ,' 234 ,' <+%1 %'DA

%5'.1 E:85&' ()FG? =%"#' (H) I"71 .' &'%+5& ,' #'&%$7'70' ; 0+5&% %'&<'? "#&-1 ."

&'0!'&0!' $7%'&"0%$@' #+5& %&+5@'& ,'1 $<"8'1 $7%=&'11"7%'1? .'1 0+77"$11"70'1 7'

1+7% #"1 <=<+&$1='1) J'1 0+77"$11"70'1 1+7% ,'1 "77+%"%$+71 <"75'..'1 '% ,'1 &'A

K5L%'1 $,=".'1 ; #+$7%1 <5.%$#.'1 #+5& 0!"K5' 0+70'#% E@+$& 0!"#$%&' >H) I"71 7+%&'

&'%+5& ,' #'&%$7'70' ; .+78 %'&<' E"##&'7%$11"8' ,' 0+77"$11"70'1H #&+#+1=? 0'1

0+77"$11"70'1 1+7% 5%$.$1='1 #+5& 0+71%&5$&' .' <+,-.' /"01 ,' 234)  ' <+,-.'

/"01 ,' 234 '1% &="0%5".$1= ; 0!"K5' B+$1 K5657' 7+5@'..' 'D#=&$'70' 1$87$:0"%$@'

E+5 57' 1'11$+7 ,6$7%'&"0%$+7H ,'@$'7% ,$1#+7$M.') J' <+,-.' '1% ".+&1 <$1 ; C+5&

'7 B+70%$+7 ,5 %'<#1 E'7 0+7%$75H 0+<<' .'1 'D#=&$'70'1 "&&$@'7% '7 1=K5'70'1)

 '%%' 0"&"0%=&$1%$K5' <+7%&' .' 0"&"0%-&' N$70&=<'7%".N ,' .6"##&'7%$11"8') I5 B"$%

K5' .6"##&'7%$11"8' 5%$.$1' ,'1 $7B+&<"%$+71 ,' &'7B+&0'<'7% #"& .6$7%'&"0%$+7 ,'

.65%$.$1"%'5& E0'..'1A0$ 1+7% ,'1 $<"8'1 #'&%$7'7%'1O7+7 #'&%$7'7%'1 ,5 &'%+5& ,'

.65%$.$1"%'5&H? 7+51 0+71$,=&+71 K5' 0'% "##&'7%$11"8' '1% 57 %P#' ,6"##&'7%$11"8'

#"& &'7B+&0'<'7%)

Q+51 "@+71 $,'7%$:= ,'5D 10=7"&$+1 #+11$M.'1 ,65%$.$1"%$+7 ,' 7+%&' 1P1%-<')

I"71 0'%%' #"&%$'? 7+51 #&+#+1+71 ,'5D ".8+&$%!<'1 #+5& .6"##&'7%$11"8' ,'1 /"01

,' 234 ,'1 0+70'#%1 %'D%5'.1? 0+&&'1#+7,"7% "5D ,'5D 10=7"&$+1 K5' 7+51 "@+71

#&=1'7%=1 0$A,'1151) I"71 .' #&'<$'& 10=7"&$+? ,'1 #&'<$'&1 234 1+7% 0+71%&5$%1

'7 1' M"1"7% 15& ,'1 $7B+&<"%$+71 B+5&7$'1 #"& .65%$.$1"%'5& K5$ 1+7% ,'1 $<"8'1

=%$K5'%='1 "@'0 57 <+%) I"71 .' ,'5D$-<' 10=7"&$+? .'1 $7B+&<"%$+71 B+5&7$'1 1+7%

,'1 $<"8'1 #'&%$7'7%'1O7+7 #'&%$7'7%'1 '% ,'1 &'K5L%'1 $,=".'1 E0".05.='1 #"& .'

&'%+5& ,' #'&%$7'70' ; 0+5&% %'&<'? @+$& 0!"#$%&' >H #+5& &="0%5".$1'& .'1 234) R

0!"K5' 'D#=&$'70'? 57 ".8+&$%!<' ,6"##&'7%$11"8' 'S'0%5' F %T0!'1 U .6"7".P1' ,'

<+,-.' '% ." &=@$1$+7 ,' <+,-.' '7 5%$.$1"7% .'1 +#=&"%'5&1 #&=1'7%=1 ,"71 ." #"&%$'

0$A,'1151) J" %T0!' ,6"7".P1' '1% ,' @=&$:'& ,'1 0+7,$%$+71 #+5& .'1 +#=&"%'5&1 '%

." %T0!' ,' &=@$1$+7 '1% ,6'D=05%'& .'1 +#=&"%'5&1 15& .' <+,-.' /"01 ,' 234)  '1

".8+&$%!<'1 1+7% ,=0&$%1 <"$7%'7"7%)

%&'()*+,-.  /5$@"7% .6!P#+%!-1' K56$. 76P " #"1 ,' 0+77"$11"70'1 ,"71 .' 1P1A

%-<' "5 ,=M5% ,' 1" @$'? .' 1P1%-<' 7' #'5% &$'7 B"$&' ,6"5%&' K5' ,6'S'0%5'& ."

&'0!'&0!' ,6$<"8'1 #"& .' 0+7%'75) V7 'D#.+&"7% .'1 $<"8'1? .'1 5%$.$1"%'5&1 #'5@'7%

%&+5@'& ,'1 $7B+&<"%$+71 $7%=&'11"7%'1 '% $.1 1+5!"$%'7% =%$K5'%'& ,'1 $<"8'1 "@'0

,'1 <+%1 %'D%5'.1 &=5%$.$1"M.'1 #"& '5DA<L<'1 +5 #"& ,6"5%&'1 5%$.$1"%'5&1 E@+$&

10=7"&$+ WH) I"71 0' 10=7"&$+? .'1 #&'<$'&1 234 1+7% 0+71%&5$%1 0+<<' 15$%)

X+5% ,6"M+&,? .'1 $<"8'1 =%$K5'%='1 "@'0 .' <+% M 1+7% &'8&+5#='1 '7 K 8&+5#'1
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&' 3()4)*+'( 3'& 56(78-& -& %&,%83$&5&'(! 9+ %&:3;(& )-6+4& < $8)'(* 534()$4&*

&*( /8'*(%3)(& $+% 4+ (&/7'):3& -& %&(83% -& $&%()'&'/& < /83%( (&%5& =3*:3>+3

/8'(&'(&5&'( -& 4>3()4)*+(&3%! ?' /8'*)-@%& /7+:3& $8)'( -& 4+ %&:3;(& )-6+4& -3

58( M /855& 3' '83A&+3 /+'-)-+( 012 BNouveau −KV RC! D& '83A&+3 /+'E

-)-+( 012 &*( +48%* /85$+%6 +A&/ (83* 4&* +3(%&* 012 -3 58( (&F(3&4 M ! .)

Nouveau−KV R '>&*( $+* *),')G/+()A&5&'( -)H6%&'( ->3' +3(%& 012I +48%* 4&* J

012 *8'( K3*)8''6* $83% K8%5&% 3' *&34 012 &( )'A&%*&5&'( *) Nouveau−KV R

&*( (%@* *),')G/+()A&5&'( -)H6%&'( -& (83* 4&* 012I +48%* 3' '83A&+3 012 $83%

4& 58( (&F(3&4 M &*( +=83(6!

#$%&'()*+,  

L'(%6& M N'& %&:3;(& A)*3&44& Q

.8%()& M .+/* -& 012 5)* < =83%

-./0)

L(+$& O! 2&/7&%/7& ->)5+,&* $+% 4& /8'(&'3

L(+$& J! 2&(83% -& $&%()'&'/& < /83%( (&%5&

9>3()4)*+(&3% 6():3&((& N )5+,&* +A&/ 4& 58( (&F(3&4 M

2&,%83$&% N )5+,&* &' k ,%83$&*

D+4/34&% 4&* $8)'(* -& 4+ %&:3;(& )-6+4& -3 58( M 8P

/7+:3& $8)'( &*( /8'*)-6%6 /855& 3' '83A&+3 012

L(+$& "! Q&((%& < =83% B+'+4R*& &( %&A)*)8'C

S83% /7+:3& '83A&+3 012 M KV RTnouveau

S83% (83* 4&* 012 -3 58( (&F(3&4 M M KV RTexistant

.) EQUAL(KV RTnouveau,KV RTexistant) = 1

KV RTmerge = MERGE(KV RTnouveau,KV RTexistant)

.) KV RTmerge &*( -)A)*)U4&

SPLIT (KV RTmerge)

.)'8'

ADD(KV RTnouveau)

L(+$&  ! 2&(83% < 4>6(+$& O

1(2

#$%&'()*+, 3 #$%@* :3& 4&* .+/* -& 012 -&* /8'/&$(* (&F(3&4* *8)&'( +$$%)*I 4&

*R*(@5& $&3( &H&/(3&% 4+ %&/7&%/7& ->)5+,&* &' 3()4)*+'( /&* /8'/&$(*! 9>+4,8%)(75&

*3)A+'( &*( 3()4)*6 $83% 4+ %&/7&%/7& 5)F(& (&F(&V)5+,& 83 4+ %&/7&%/7& $+% 58(*

BA8)% */6'+%)8 JC! S+% 4& %&(83% -& $&%()'&'/& < /83%( (&%5& $83% 4+ %&/7&%/7& 5)F(&

(&F(&V)5+,& $%6*&'(6& -+'* 4+ *&/()8' "! !JI +$%@* /7+:3& &F$6%)&'/& '83* +A8'*

B=3*:3><C  *83*E%&:3;(&* -& 4+ %&:3;(& QI /7+:3& *83*E%&:3;(& %&$%6*&'(+'( 4& $8)'(

)-6+4 ->3' 58(! 9+ 4)5)(& &*( <  *83*E%&:3;(&* $+%/& :3& '83* '83* *855&* U+*6

*3% 4+ A)*3+4)*+()8' &' /88%-8''6&* $84+)%&* $%6*&'(6& -+'* 4& /7+$)(%& "! W /&((&

6(+$&I '83* *3$$8*8'* :3>3' 58( k -& 4+ %&:3;(& Q + -6=< N 012! 9&* .+/* -&
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