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Avant-Propos

Cette thése traite de l'utilisation de modéles de dépendance dans la théorie du risque. Elle
est constituée de 4 chapitres dont l'introduction générale. Le travail présenté s’articule autour
de trois articles abordant I’emploi de modéles de dépendance dans la théorie du risque.

Le Chapitre 1 est constitué d’un article co-écrit avec Héléne Cossette et Etienne Marceau,
s’'intitulant T'VaR based allocation with copula et publié dans la revue Insurance : Mathematics
€ Economics, Barges et al. (2009). Il expose un probléme d’allocation de capital basée sur la
mesure de risque TVaR lorsque les risques sont dépendants au travers d’une copule. Des formules
exactes pour le capital a allouer a I’ensemble du portefeuille ainsi qu’a chacun des risques sont
obtenues pour certaines paramétrisations du modéle. Dans le cas général, des méthodes d’ap-
proximation sont proposées.

Le Chapitre 2 repose sur un article, Bargeés et al. (2010a), actuellement soumis pour publica-
tion. Co-écrit avec Héléne Cossette, Stéphane Loisel et Etienne Marceau, il aboutit a I’expression
des moments de la valeur présente du montant total des sinistres lorsque les variables aléatoires
représentant les montants de sinistre et les temps inter-sinistre sont liées par une copule de Farlie-
Gumbel-Morgenstern. Ces deux premiers chapitres traitent de 'utilisation des copules.

Le troisieme Chapitre considére 'emploi d’un environnement markovien pour refléter une
influence externe au modéle étudié. Ce chapitre aborde le sujet de la théorie de la ruine en temps
continu et fournit une approximation de la probabilité de ruine en temps fini dans un contexte
de réassurance. Certains parameétres du modéle de risque peuvent étre assujettis & des variations
cycliques. Ce dernier travail est basé sur un article également soumis pour publication et réalisé
en collaboration avec Stéphane Loisel et Xavier Venel, Barges et al. (2010b).
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Introduction générale

Cette introduction générale se compose de deux sections. Aprés une description du contexte
actuel de I'assurance et des enjeux liés & la réforme réglementaire européenne Solvabilité 11, nous
présentons les différents aspects de la théorie du risque abordés dans la thése. Les modéles de
dépendance employés dans les chapitres suivants sont exposés dans un second temps.

1 La théorie du risque

La théorie du risque a pour objectif de fournir différents outils mathématiques d’évaluation
et de quantification des risques souscrits par les compagnies d’assurance et de réassurance. L’as-
surance consiste en une opération de transfert de risque d’un assuré vers un assureur qui, en
contrepartie d’'une prime, s’engage a supporter les coiits financiers de sinistres éventuels. Afin
de garantir le respect de leurs engagements auprés des assurés, les assureurs et réassureurs ont
recours a une modélisation actuarielle des risques. Des modéles mathématiques sont sans cesse
développés pour répondre a une meilleure compréhension des risques et de leur évolution. Des
ouvrages de référence dans le domaine de la théorie du risque sont Marceau (2009), Klugman
et al. (2008), Kaas et al. (2001), McNeil et al. (2005), Mikosch (2009), Denuit et Charpentier
(2004) et Denuit et Charpentier (2005).

1.1 Le contexte actuel lié a Solvabilité 11

Le monde de 'assurance est actuellement en pleine mutation en raison du projet de réforme
européenne Solvabilité II sur les réglementations des compagnies d’assurance et de réassurance
qui entrera en vigueur & partir d’octobre 2012. Ce projet viendra modifier les réglementations
précédentes de Solvabilité I mises en place en 2002 et basées sur des directives datant des an-
nées 70, 1973 pour 'assurance non-vie et 1979 pour I'assurance vie. Ces directives avaient pour
but de prévoir une dotation additionnelle et prudentielle en capital par une approche forfaitaire.
Une marge de solvabilité fonction proportionnelle des primes et des sinistres de ’assureur ou
réassureur avait ainsi été établie afin de répondre a 'arrivée d’événements exceptionnels. Ces
réglementations n’étant plus adaptées a I’évolution des risques actuels (tempétes européennes,
ouragan aux Etats-Unis, risque terroriste, crises financiéres), 'Union Européenne a initié au dé-
but des années 2000 le projet de réforme réglementaire Solvabilité II.

Ce projet de réforme Solvabilité II s’appuie principalement sur la prise en compte de I'expo-
sition aux risques. Elle incitera ainsi les assureurs et réassureurs a une meilleure connaissance et
gestion des risques et a accroitre la transparence des informations liées a leurs activités. Solvabilité
IT intégrera dans ses directives la gestion des structures de groupe et établira une harmonisation
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de ses réglementations au niveau européen. Un processus de développement de la réforme dit
Lamfalussy a été mis en place et se décline en 3 niveaux. Le premier niveau consiste en la défini-
tion des principes de base adoptés par le Conseil et le Parlement Européen. La détermination de
mesures de mise en ceuvre et leur validation par la Commission Européenne constitue le niveau
2. Le CEIOPS (Committee of European Insurance and Occupational Pensions Supervisors ou
Comité Européen des Controleurs des Assurances et des Pensions Professionnelles) rendra au ni-
veau 3 des avis et recommandations sur les mesures adoptées au niveau 2. Le CEIOPS participe
également aux points techniques des niveaux 1 et 2. A ce jour, nous sommes & la phase 2 de ce
processus.

A Tlinstar de la directive bancaire de Bale II, Solvabilité II est basée sur 3 piliers qui consti-
tuent les objectifs principaux de la réforme (voir Figure 1). Le premier pilier concerne les exi-

Pillar | Pillar 1l Pillar Il
Gluantitative Glualitative Disclosure
Capital Requirem ents Supervisory Review Requirements
Technical provisions Internal control Supervisory reporting
and risk management
Minimum Capital Feporting to
Reguirement (MCR) Superyisory review stakeholders
Arocess -
Solvency Canpital Market discipline
Requirement (SCR)
Internal models

FIGURE 1 — Les trois piliers

gences quantitatives requises pour les provisions techniques et les fonds propres des compagnies,
notamment par I’établissement de deux seuils d’intervention prudentielle que sont le Capital de
Solvabilité Requis ou Solvability Capital Requirement (SCR) et le Minimum de Capital Requis
ou Minimum Capital Requirement (MCR). Le deuxiéme pilier fixe les exigences qualitatives dans
la gestion des risques en interne par la mise en place d’un systéme de gouvernance adéquat et
dans la supervision faite par les autorités de contréle. Enfin, des conditions de communications
publiques sur les activités financiéres, de gestion des risques et de solvabilité entrainant une dis-
cipline de marché établissent le troisiéme pilier.

Nous nous intéressons ici plus particuliérement au Pilier I qui traite des obligations tech-
niques que les assureurs et réassureurs seront tenus de suivre. Ces exigences sont axées autour
d’une vision market consistent du bilan économique équilibré ou les actifs couvrent adéquate-
ment les passifs d’'une compagnie telle que l'illustre la Figure 2. Les provisions techniques sont
évaluées différemment selon la nature couvrable (hedgeable) du risque, c’est-a-dire un engage-
ment pouvant faire ’objet d’un portefeuille répliquant sur le marché financier, ou non-couvrable
(non-hedgeable). Les risques couvrables font ainsi 'objet d’une valorisation market consistent et
ne requiérent aucune marge de prudence supplémentaire a 1’évaluation de leurs provisions tech-
niques. En revanche, une telle marge de prudence est demandée pour les risques non-couvrables
qui représentent la majorité des risques des assurances (mortalité, risques non-vie,...). Les pro-

2
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> Solvency capital requirement

= Minimum capital requirement

Assets covering |
technical provisions,
the MCR and the SCR

Risk margin

...Tor non -hedgeable
risks

— Best estimate

>. Technical provisions

| Market -consistent valuation for
hedgeable nisks

i ~

FIGURE 2 — Bilan économique (Source : CEIOPS’ Advice to the European Commission in the
Framework of the Solvency II project on Pillar I issues - further advice, graphic page 9 [©
CEIOPS 2007])

visions techniques pour ce type de risques sont composées du Best Estimate (BE), déterminé
comme la valeur actuelle probable des flux futurs, et de la Marge de Risque ou Risk Margin
(RM). Celle-ci est évaluée soit par une approche Percentile (Quantile Approach), soit par une
approche Cott du Capital (Cost of Capital approach) (voir le QIS4, CEIOPS (2008)). Le seuil
MCR, dont I’évaluation standard n’est pas encore définitive, représente le niveau minimum de
fonds propres en dessous duquel les autorités de controle pourront demander & la compagnie de
se retirer. Enfin, le SCR, qui sera le principal indicateur de solvabilité, correspond au montant
nécessaire pour absorber les pertes infligées par des sinistres exceptionnels. Il pourra étre dé-
terminé soit par une formule standard soit par un modéle interne qui demandera la validation
des autorités de controle. Méme si les compagnies devront fournir le SCR standard, elles seront
encouragées a développer un modéle interne favorisant une meilleure connaissance et gestion de
leurs risques.

La formule standard d’évaluation du SCR se construit autour d’une approche modulaire ot
chaque module représente un type de risque encouru par les assureurs et réassureurs comme
le montre la Figure 3. Le SCR global se compose ainsi du BSCR (Basic Solvability Capital
Requirement), de la charge de capital allouée au risque opérationnel, notée SCRp, et d'un capital
d’ajustement, noté Adj, correspondant aux taxes différées. En général, le BSCR constituera
la plus grande part du SCR global. Le BSCR comprend, selon les risques souscrits par une
compagnie, les SCR pour les modules de risque non-vie, de marché, santé, de défaut et vie qui
sont eux-mémes décomposés en sous-modules. L’évaluation du SCR par module se fait & ’aide la
mesure de risque Value-at-Risk (VaR) pour un niveau de confiance de 99.5 % sur la distribution
des pertes du risque sur un horizon de temps de 1 an (voir le QIS4, CEIOPS (2008)). Le BSCR

3
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| | — |

NL,, — MKT,, ° |— Health, | Life_ ., —

B I Accident & - J = B, |
NL_.: — MKT,.p [ Henither Lifeypee Lifeygng —
——  MKT,, N L Healthye —  Life_, N Life,,
MKT ohe —7— MKTH' 2 e Lifeexp —

J “._| = adjustment for the risk absorbing

—— MKT_ “ properties of future profit sharing

FIGURE 3 — Architecture modulaire du SCR (Source : CEIOPS’ Report on its fourth Quantitative
Impact Study (QIS4) for Solvency II, graphic page 31 [(© CEIOPS 2008])
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s’obtient ensuite par I'agrégation des différents capitaux liés & chacun des risques tel que

BSCR = \/ZZpijSC’RiSCRj, (1)
i

ol les termes p;; sont des parametres définis dans le QIS4 reflétant une certaine corrélation entre
les différents types de risque. De cette maniére, le BSCR sera toujours plus petit que la somme
des SCR par risque et traduira ainsi un effet de diversification. Le SCR global est ensuite calculé
par

SCR = BSCR + Adj + SCR,,. (2)

Ainsi, I’évaluation de cette marge de prudence du capital par la formule standard de Solvabilité I1
permet déja une certaine prise en compte de la dépendance qui peut intervenir entre les différents
éléments en jeu dans la modélisation actuarielle. Cette nouvelle réforme incitera les compagnies
d’assurance et de réassurance, par le biais notamment du recours possible & un modéle interne
pour le SCR, & mieux connaitre et évaluer leurs risques. Cela passe par l'utilisation de modéles
évolués de dépendance telle qu’il est proposé dans cette thése.

1.2 Les mesures de risque

Les mesures de risques sont des outils de quantification de risque. Elles permettent d’évaluer
un niveau de dangerosité d’un risque mais également de comparer différents risques entre eux et
de les classer selon le niveau de dangerosité. Quantification et comparaison des risques peuvent
ensuite étre utilisées & plusieurs fins telles que I'évaluation de prime, l'allocation de capital, la
détermination de marges pour les transactions financiéres ou encore la sélection des risques d’un
portefeuille d’assurance ou de réassurance. Une mesure de risque peut étre définie comme suit.

Définition 0.1 Une mesure de risque p(X) est une fonctionnelle p qui attribue une valeur réelle
a la variable aléatoire X des pertes associées a un risque telle que

p: X >R (3)

Dans le contexte actuariel, on peut restreindre p en une fonctionnelle associant une valeur stricte-
ment positive & une variable aléatoire strictement positive. De nombreuses mesures de risque ont
été proposées ces derniéres années. Nous présentons ici celles qui sont principalement étudiées
dans la littérature mais également utilisées en pratique.

L’une de plus populaires mesures de risque est la Value-at-Risk (VaR), appelée également
"Valeur a Risque". Elle est associée & un niveau de confiance x, 0 < k < 1. On définit la VaR
par VaR,(X) = Fy'(k) ott Fiy'! est la fonction de répartition inverse de X telle que

Fyl(x) = inf{z € R, Fx(z) > }. (4)

Ainsi la VaR représente le £°™¢ quantile de la distribution de la variable aléatoire (v.a.) des cofits
X. On peut également écrire
k= Pr(X <VaR.(X)).

Toutefois, le contexte actuariel nécessite ’étude de la queue des distributions. En effet, par na-
ture, un risque qui a une probabilité significative de causer de forts sinistres est dangereux et les



Introduction générale

compagnies d’assurance et de réassurance ont besoin d’évaluer ce niveau de dangerosité. L’épais-
seur de la queue de la distribution des sinistres est donc un élément fondamental dans I’évaluation
du niveau de danger d’un risque. Or, la VaR ne donne qu’une information ponctuelle au quantile
k de la distribution du sinistre et aucune information au dela de ce point. De plus, comme nous
le verrons plus tard, la VaR ne satisfait pas en général toutes les propriétés requises & une mesure
de risque dite cohérente selon Artzner et al. (1999). C’est pourquoi d’autres mesures de risque
ont été proposées.

La Conditional-Tail- Ezpectation (CTE), appelée aussi la Tail-Conditional- Ezpectation, est
une mesure de risque définie comme 'espérance de la v.a. X au dela de la VaR. Pour un niveau
de confiance k, 0 < k < 1, elle représente la moyenne des (1 — x)100% sinistres les plus élevés.
Elle s’écrit de la maniére suivante :

CTE.(X) = E[X|X > VaR,(X)]. (5)

Cette mesure de risque, contrairement & la VaR, donne des informations sur la distribution de
X au dela de la VaR et donc sur I’épaisseur de la queue de distribution.

Une autre mesure de risque qui est de plus en plus considérée dans la littérature est la Tail-
Value-at-Risk (TVaR). Celle-ci est également souvent référencée comme 1’ Expected-Shortfall. La
TVaR est définie pour un niveau de confiance k, 0 < kK < 1, comme

1
11—k

TVaR.(X) = / 1 VaR,(X)du. (6)

Elle correspond & la moyenne arithmétique des valeurs de la VaR pour les niveaux de confiance
au dela de k. Elle peut également s’écrire comme suit :

E[X1{xovar.] + VaR,.;(X)(Pr (X < VaR,(X)) — m)

1—&

TVaR.(X) = (7)
Elle prend évidemment en compte les valeurs de la distribution au dela de la VaR au niveau de
confiance k et nous informe donc sur I’épaisseur de la queue de distribution. La définition de la
TVaR a ’Equation (7) met en exergue sa relation avec la mesure CTE. En effet, si 'on considére
une v.a. des cotits de sinistre X continue, alors Pr (X < VaR.(X)) = k. L’Equation (7) devient
ainsi TVaR,(X) = F[X|X > VaR,(X)] qui est exactement la définition de la CTE. Pour une
v.a. X non continue, la probabilité Pr (X < VaR,(X)) n’est en général pas égal a k et la TVaR
n’est pas égale a la CTE. De plus, dans ce méme contexte de non-continuité, la CTE ne respecte
pas toutes les propriétés d’une mesure de risque cohérente alors que la TVaR sera cohérente aussi
bien pour des v.a. continues que non continues.

Pour répondre a la nécessité de principes théoriques et pratiques, Artzner et al. (1999) ont
introduit la notion de mesure de risque cohérente dont nous donnons la définition ci-dessous.

Définition 0.2 Une mesure de risque p est dite cohérente si, pour deuzx v.a. X etY, elle satisfait
les propriétés suivantes :

i. monotonie : si Pr(X <Y) =1, alors p(X) < p(Y),
ii. sous-additivité : p(X +Y) < p(X) + p(Y),
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iii. homogénéité positive : p(aX) = ap(X), pour tout a > 0,
iv. invariance par translation : p(X +b) = p(X) + b, pour tout b > 0.

La monotonie permet de s’assurer que si le risque dtt a Y est presque stirement plus grand que
celui dit & X alors Y est plus dangereux au sens de la mesure de risque que X. La sous-additivité
traduit le fait que considérer deux risques simultanément est moins risqué que traiter les risques
séparément. Cela intégre donc I'idée de diversification. .’ homogénéité positive signifie que le fait
de mesurer une proportion d’un risque revient & considérer la proportion de la mesure du risque
seul. De méme, ajouter un montant certain au risque implique 'ajout de ce méme montant &
la mesure du risque. Ces deux derniéres propriétés entrainent le fait qu’'une mesure de risque
cohérente apprécie la nature aléatoire du risque.

Comme avancé précédemment, la Value-at-Risk ne respecte en général pas la propriété de
sous de sous-additivité. Pour des v.a. non continues, la Conditional-Tail- Expectation n’est égale-
ment en général pas sous-additive. Ainsi, ni la VaR ni la CTE ne sont pas des mesures de risque
cohérentes. En revanche, la Tail- Value-at-Risk satisfait toujours les quatre axiomes et est donc
une mesure de risque cohérente.

D’autres propriétés pourraient également étre souhaitées pour une mesure de risque. Mar-
ceau (2009) suggere les propriétés suivantes : 1) si X < @a0, alors p(X) < 2,4, ce qui signifie
que la mesure d’un risque ne peut dépasser le montant maximal d’un sinistre di a ce risque ; 2)
p(X) > E[X] ce qui signifie que la mesure d’un risque doit étre plus grande que son espérance;
3) p(c) = ¢, pour c scalaire, ce qui signifie que la mesure d’'un montant certain est ce montant
lui méme.

Les mesures de risque peuvent notamment étre employées dans le cadre de 'allocation de
capital d’'une compagnie d’assurance ou de réassurance pour I’ensemble de son portefeuille mais
également pour chacune de ses branches de risque.

1.3 L’allocation de capital

Les compagnies d’assurance et de réassurance ont la nécessité de déterminer le montant de
capital a allouer & I'ensemble de leurs risques mais surtout quelle part de ce montant total doit
étre allouée & chacun des risques. Il existe plusieurs raisons a ce recours au partage du capital
économique global dans les différentes branches d’une compagnie. Cette allocation de capital
peut tout d’abord aider une compagnie a déterminer quelles sont ses branches les plus ou les
moins profitables. Le capital d’'une compagnie étant défini par une mesure de risque qui tient
compte des queues de distribution des différents risques, I’allocation de capital permet un partage
équitable en fonction du niveau de risque de chaque branche. Cette nécessité d'une allocation de
capital cohérente s’explique également comme une réponse aux exigences des organisations de
controle comme nous 'avons vu dans le cadre de la réforme réglementaire européenne Solvabilité

IT.

Il existe dans la littérature actuarielle deux principales approches d’allocation de capital.
La premiére peut étre vue comme une approche basée sur les sinistres. Elle consiste, a 1’aide
d’une mesure de risque, a déterminer le capital total d'une compagnie et ensuite de le partager
dans ses différentes branches. Cette distribution de capital peut étre déduite de la mesure de
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risque utilisée comme dans Tasche (1999), Panjer (2002), Wang (2002), Dhaene et al. (2008), ou
elle peut étre déterminée indépendamment de la mesure de risque, voir Hesselager et Andersson
(2002), Valdez et Chernih (2003) ou Goovaerts et al. (2005). La seconde approche consiste a
considérer l'allocation de capital tel un probléme de détermination de prix d’options de défaut
de la compagnie ou de ses branches comme dans Myers et Read Jr (2001), Sherris et Australia
(2006) et Kim et Hardy (2009). Une approche générale est avancée dans Dhaene et al. (2009)
dans lequel I’allocation de capital est vue comme un probléme d’optimisation visant & minimiser
la somme pondérée des déviations entre les pertes et le capital alloué pour chaque risque. Ainsi,
il est possible de déduire des allocations aussi bien basées sur les mesures de risque que des
allocations prenant en compte I'option de défaut de ’assureur.

Dans cette thése, nous utilisons la premiére approche basée sur les sinistres. Cette approche
dite top-down consiste donc a déterminer tout d’abord le capital global puis a définir les parts
a attribuer a chacun des risques en fonction de leur dangerosité. Nous avons vu auparavant que
Solvabilité II préconise une évaluation du SCR par une approche que 'on qualifie de bottom-up
dans laquelle on détermine dans un premier temps les SCR par risque. Ces montants sont ensuite
agrégés pour former le SCR global. Les modéles d’allocation de capital que ’on décrit ci-dessous
peuvent donc constituer des solutions de remplacement a la formule standard de Solvabilité 11
pour le calcul du SCR et pourraient ainsi faire office de propositions pour un modéle interne.

Considérons une période fixe de temps ot le portefeuille d'une compagnie est composé de n
risques. La v.a. X; représente les colits associés au risque 4, i = 1, ..., n. Différents risques pouvant
étre liés les uns aux autres, il existe entre les X; une structure de dépendance que ’on supposera
indéfinie dans cette introduction. On note S le montant total des cotits du portefeuille tel que

=1

On détermine le capital économique pour ’ensemble du portefeuille noté EC,(S) a partir d’'une
mesure de risque p, pour un niveau de confiance x, 0 < k < 1. Ce capital économique est défini
comme l’excés du montant évalué par la mesure de risque au dela de la valeur espérée des cofits
totaux du portefeuille et s’exprime par

EC.(S) = px(5) — E[S]. (8)

Dans la littérature, on parle principalement en termes de mesure de risque pour désigner le
montant de capital & allouer. La mesure p,(S) correspond au montant de capital requis pour
couvrir I’ensemble du portefeuille. Ce montant total évalué, on en détermine la part a allouer a
chacune des branches de risque telle que la condition d’allocation totale suivante soit respectée :

n
pr(8) =) _AC(X5;9), (9)
i=1
ou AC(X;; S) est la part du montant total de capital attribuée au risque i. Différents principes
d’allocation ont été proposés, souvent basés sur une mesure de risque et pouvant étre différentes
de celle utilisée pour I’allocation sur I’ensemble du portefeuille. Un premier principe d’allocation
populaire dans la pratique s’appelle le principe d’allocation relative ot le capital alloué & la
branche i est proportionnel a la mesure de risque p(X;) évaluée sur ce méme risque :

p(Xi)
(X1) + -+ p(Xn)

AC(X::8)" = p(8) (10)
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On peut également utilser le principe de covariance qui définit la contribution de la branche i au
capital global par

cov(X;, S)

AC(Xss8)" = p(8) =

(11)
Un principe basé sur la VaR peut étre vu dans Albrecht (2004) qui propose d’avoir
AC(X;;8)V R = E[X;]S = VaR.(9)]. (12)

L’une des méthodes d’allocation les plus utilisée dans la littérature introduite par Tasche (1999)
est basée sur la CTE. La contribution de la branche ¢ en est donnée par

AC(X;;8)TE = E[X4]S > VaR.(S)]. (13)

Enfin, le principe d’allocation basée sur la TVaR que l'on peut retrouver dans Schmock et
Straumann (1999), Kalkbrener (2005) ou encore Schmock (2006) s’écrit de la maniére suivante :

E [Xi X 1gsvar.(s)t] + BsE [Xi X Lis—var,(s)})

AC(X;; §)TVakt = T ; (14)
avec
5o = | PR S Pr(S = VaRy(8)) > 0, 5
0, sinon.

Lorsque l'on travaille avec des variables aléatoires continues, Sg vaut 0 et on obtient

1
EE [Xz- X 1{S>VaR~(5)}]
=E[X; | S > VaR.(9)]

= AC(X;; 85)°TF,

AC (X 9)TV el =

Comme pour la cohérence des mesures de risque, le sujet d’une allocation dite juste a été
discuté et est encore discuté aujourd’hui. Différents axiomes ont été avancés mais & ce jour il
n’y a pas de consensus autour de la définition d’une allocation de capital juste. C’est pourquoi
nous préférons ne pas développer ce sujet. Pour plus d’informations, nous proposons au lecteur
de se référer aux articles suivants : Denault (1999), Hesselager et Andersson (2002), Valdez et
Chernih (2003), Kim (2007), Kalkbrener (2005) ou encore Kim et Hardy (2009). Au Chapitre 1,
nous proposons d’utiliser le principe d’allocation de capital basé sur la TVaR.

1.4 La valeur présente du montant total des sinistres

Le deuxiéme aspect de la théorie du risque que nous abordons dans cette thése est I’étude
de I’évolution du montant total des cofits des sinistres d’'un portefeuille d’assurance en fonction
du temps. On note par S(t) le processus stochastique représentant ce montant total & 'instant
t > 0. Dans la modélisation classique, le taux d’intérét net instantané n’est pas pris en compte,
et S(t) se définit par

e, N >o,
S(t) _{ 0, 1 Nj(t) =0. 16)
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Ici, la v.a. positive ou nulle X; représente le montant du 4™ sinistre du portefeuille. Le processus
N(t) indiquant le nombre de sinistres au temps ¢ est un processus de dénombrement, dont on
donne la définition ci-dessous.

Définition 0.3 On appelle N = {N (t),t > 0} un processus de dénombrement & valeurs dans
l’espace des entiers naturels s’il respecte les propriétés suivantes :

i. N(0)=0,
ii. N(t) >0,
iti. Sit>s, alors N(t) > N(s),

iv. Sit>s, alors N(t)—N(s) correspond au nombre de sinistres sur l'intervalle de temps (s,t].

Le nombre N(t) de sinistres apparus a l'instant ¢ s’exprime par N(t) = sup{k > 0: T}, < t}
ol la v.a. positive T} représente le temps d’arrivée du 4°™M€ sinistre. On définit également les v.a.

positives Wy, k =1,2,..., comme les temps écoulés entre chaque sinistre tel que

Wy =1,
Wy =T, —Tr_1, pour k=23,...

On les appelle également les temps inter-sinistre. Le temps d’arrivée du j°™€ sinistre peut ainsi
s’écrire comme

T, =Wi+---+W;,
soit la somme des temps inter-sinistre écoulés jusqu’au j¢™€ sinistre. Les hypothéses classiques
pour le modele de risque en temps continu sont les suivantes : les v.a. X, 7 = 1,2,..., sont in-
dépendantes et identiquement distribuées (i.i.d.), indépendantes du processus de dénombrement
de sinistres N et donc également indépendantes des v.a. T, j = 1,2,..., et Wy, bk =1,2,...

Nous introduisons ici le concept de valeur présente des coftits totaux associés & un portefeuille
d’assurance ou de réassurance & l'aide d’un taux d’intérét instantané constant. Le taux d’intérét
instantané 0 > 0 peut étre vu comme le cas limite d'un taux d’intérét composé un nombre infini
de fois et est associée a la fonction d’actualisation e~%, pour ¢ > 0. Ainsi, on peut définir le
capital

C=cxe %
a investir aujourd’hui (¢ = 0) afin d’obtenir le capital accumulé ¢ & I'instant futur ¢ > 0. On dit
également que C est la valeur présente du capital valant ¢ au moment ¢ > 0.

Afin de prendre en compte l'effet de 'inflation, nous définissons également le taux d’intérét
net réel instantané qui est la différence entre le taux d’intérét instantané 6 et le taux d’inflation
~ telle que

§=06—1.

On observe généralement dans la réalité financiére un taux d’intérét plus fort que le taux d’infla-
tion. Il arrive malgré tout, dans des situations de crise d’inflation, que le taux d’inflation devienne
plus élevé que le taux d’intérét et ainsi que le taux réel d’intérét prenne des valeurs négatives.
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Considérant la présence de I'intérét et de l'inflation, nous pouvons définir la valeur présente
du montant total des sinistres du portefeuille d’assurance ou de réassurance en intégrant le taux
d’intérét net réel ¢ a la définition du montant total des sinistres du portefeuille (16) tel que

N(t) —oT; v .
Z(t) = > =1 € X, N(t)>0 (17)
0, N (t) =0,
ot les v.a. T}, j = 1,2,..., sont les temps d’arrivée des sinistres.

De nombreux auteurs ont utilisé ce modéle de risque pour 'étude de la probabilité de ruine et
d’autres mesures de risque qui lui sont associées telles que Gerber (1971), Taylor (1979), Waters
(1983), Delbaen et Haezendonck (1987) ou encore Willmot (1989). Plus récemment, Sundt et
Teugels (1995) ont obtenu des bornes inférieure et supérieure pour la probabilité de ruine en
temps infini pour le modéle Poisson composé en utilisant un taux d’intérét constante. La distri-
bution du surplus immédiatement aprés la ruine pour le méme modéle a été approchée par Yang
et Zhang (2001). Kalashnikov et Konstantinides (2000) ont donné des résultats asymptotiques
pour la méme probabilité de ruine en temps fini mais en présence de montants de sinistre a queue
lourde. En prenant en compte le taux d’intérét, Tang (2005), Tang (2007) et Wang (2008) ont
obtenu, pour les modeéles classiques Poisson composé et de renouvellement, des approximations
asymptotiques de la probabilité de ruine en temps fini pour des montants de sinistre & queue
lourde. Dans Asimit et Badescu (2009) une structure de dépendance entre les temps inter-sinistre
et les montants de sinistre comprenant différentes copules est introduite. Ils obtiennent ainsi des
résultats asymptotiques pour des mesures de risque de Z(t) ainsi que pour la probabilité de ruine
en temps fini.

Il n’existe qu’assez peu de recherche consacrée a ’étude de la distribution méme de Z(t). Il
est pourtant possible d’en obtenir, selon le modéle considéré, les moments ou encore la transfor-
mée de Laplace. En effet, Léveillé et Garrido (2001a) ont obtenu dans le cadre d’un modéle de
renouvellement les deux premiers moments de la valeur présente du montant total des sinistres.
Ce travail a été étendu a tous les moments dans Léveillé et Garrido (2001b). Dans le context d'un
processus d’arrivée de sinistres Poisson, les deux premiers moments de Z(¢) ainsi que la transfor-
meée de Laplace de sa distribution ont été étudiés dans Jang (2004) et Jang (2007). Kim et Kim
(2007) ont obtenu les deux premiers moments de Z(t) lorsque les sinistres apparaissent selon un
processus de Poisson et en supposant, a I’aide d’un environnement markovien, de la dépendance
possible entre les montants de sinistre, entre les temps d’arrivée de sinistre et également entre
les montants et les temps d’arrivée de sinistre. Les mémes éléments ont été trouvés dans Ren
(2008) lorsque les sinistres suivent un processus d’arrivée de Markov. La fonction génératrice des
moments de Z(t) a été étudiée dans Léveillé et al. (2009) pour le modeéle de renouvellement.
Asimit et Badescu (2009) donnent également des résultats asymptotiques sur les probabilités de
queue de Z(t) pour des distributions de montants de sinistre & queues lourdes et ce en supposant
une structure de dépendance par copule entre les temps inter-sinistre et les montants de sinistre.
En supposant une méme dépendance entre les temps inter-sinistre et les montants de sinistre dé-
finie par une copule Farlie-Gumbel-Morgenstern, nous montrons au Chapitre 2 comment obtenir
n’importe quel moment de la valeur présente du montant total des sinistres Z(t).
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1.5 La théorie de la ruine

Solvabilité II propose d’évaluer le SCR et donc d’examiner I'exposition aux risques des assu-
reurs et réassureurs sur un horizon de temps de 1 an. Or une partie du passif des compagnies
d’assurance et de réassurance est constitué de risques de long terme. La théorie de la ruine sug-
gére d’étudier I’évolution du surplus de capital d’'une compagnie dans le temps, ce qui permet
d’avoir une appréhension des risques sur un horizon de temps plus large. Nous introduisons ici
la probabilité de ruine qui est étudiée au Chapitre 3.

La probabilité de ruine permet d’évaluer le risque pour une compagnie d’étre en état de ruine
4 au moins un instant sur une certaine période de temps future. Le terme ruine ne désigne pas
seulement la ruine réelle d’insolvabilité d’une compagnie d’assurance ou de réassurance. Il est
défini ici comme le passage du surplus de la compagnie en dessous d’un certain seuil permettant
d’alerter la compagnie sur son état financier déficient. De maniére générale, ce seuil est fixé a 0
et la ruine intervient donc dés lors que le surplus de la compagnie est négatif. Le processus de
surplus R = {R;,t > 0} d’une compagnie d’assurance ou de réassurance se définit au temps ¢
par

R(t) = u+ct — S(1), (18)

ou u > 0 représente le capital initial que détient la compagnie au temps ¢t = 0 et ¢ > 0 est le
taux de prime qui correspond au volume des cotisations par unité de temps. Le processus S(t)
est le processus du montant total des sinistres de la compagnie comme défini & ’Equation (16)
et dont on rappelle 'expression pour ¢ > 0 :

eV, N>
S@) _{ 0,] 1 N(t) =0, 19)

ou N(t) est le processus de dénombrement des sinistres indépendant des montants de sinistre X,
j=1,2,..., qui sont positifs ou nuls et i.i.d.. La Figure 4 donne une illustration d’une trajectoire
potentielle pour le surplus R(t) en fonction du temps.

Le processus de dénombrement N (¢) peut étre de différentes natures. Nous donnons ci-dessous
la définition du processus de Poisson homogéne, puis celle d’'un processus de renouvellement.

Définition 0.4 Le processus de dénombrement N = {N (t),t > 0} est un processus de Poisson
homogeéne d’intensité X > 0 si, pour 0 < t < oo, il vérifie les conditions suivantes :

i. N(0) =0,
ii. les accroissements de {N (t),t > 0} sont indépendants et stationnaires,
iii. N(t) ~ Pois(\t).

Lorsque N(t) est un processus de Poisson homogéne de paramétre A > 0, alors les temps inter-
sinistre Wy, k = 1,2,..., sont des v.a. i.i.d suivant une loi exponentielle de parameétre \. De
plus, il en découle que les temps d’arrivée de sinistre sont distribués selon une loi Erlang tels que
Tj ~ Erlang(j,\) pour j =1,2,...

Définition 0.5 Soit {Wy, k = 1,2,...} une suite de v.a. i.i.d. a valeurs dans RY . On définit
également les v.a.

To=0etTj=Wy+---+W;, pourj=1,2,...
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FIGURE 4 — Trajectoire du processus de surplus en fonction du temps

Alors, on appelle N = {N (t),t > 0} un processus de renouvellement le processus de dénombre-
ment défini, pourt > 0, par

+oo
=1

Ainsi, le processus de Poisson est un cas particulier du processus plus général de renouvellement.
Lorsque N (t) est un processus de Poisson, alors le modéle considéré pour le processus de surplus
R(t) est appelé modéle de Cramér-Lundberg. Lorsque ’on utilise un processus de renouvellement
pour N (t), alors le modeéle est dit de Sparre-Andersen.

On définit le temps de ruine 7, v.a. correspondant au premier instant ¢ > 0 auquel le surplus
devient négatif, par

7=1inf{t > 0: R(t) <0} (20)
avec comme convention que 7 = oo si R(t) > 0 pour tout ¢ > 0. On peut ensuite également

définir la probabilité de ruine en horizon de temps infini (ou en temps infini) avec comme capital
initial u > 0 comme

Y(u) = Pr (3t > 0,R(t) < 0|R(0) = u) (21)
= Pr <t1§£{R(t)} < 0|R(0) = u) (22)
= Pr (1 < oo|R(0) = u). (23)

En restreignant I'observation de la probabilité de ruine & un horizon de temps fini et borné a
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Iinstant 1" > 0, on définit la probabilité de ruine en temps fini par

Y(u, T) = Pr(3t €[0,T],R(t) < O0|R(0) = u) (24)
= Pr <0§ht1§fT{R(t)} < 0|R(0) = u) (25)
= Pr(r <T|R(0) =u). (26)

La relation entre ces deux probabilités de ruine peut s’écrire par

W(u) = lim (u, T). (27)
T—00

Pour s’assurer que la compagnie ne se dirige pas vers une ruine certaine, le taux de prime doit

comporter un chargement relatif de sécurité positif afin que ¢t > E[S(t)] et donc que ¢ > E[S(1)].

On a donc

c=(1+0)E[S(1)], (28)
ou 0 > 0 désigne le chargement relatif de sécurité.

La probabilité de ruine, qui est un sujet grandement abordé dans la littérature, a initialement
été étudiée dans le cadre du modéle de Cramér-Lundberg notamment par Dufresne et Gerber
(1988). De nombreuses extensions & ce travail ont été proposées pour calculer de maniére exacte
ou approchée la probabilité de ruine en temps infini ou en temps fini. Nous donnons ici quelques
exemples non exhaustifs d’extension du modéle classique de risque. On peut ainsi rencontrer
des modéles utilisant des taux de prime variables (Taylor (1980), Michaud (1996), Jasiulewicz
(2001)), intégrant des composantes d’investissement telles que le taux d’intérét (Tang (2005),
Wang (2008), Sundt et Teugels (1995)), le paiement de taxes (Albrecher et Hipp (2007) Al-
brecher et al. (2008)), des investissements sur le marché financier (Hipp et Plum (2000), Gaier
et al. (2003)), le paiement de dividendes aux actionnaires (Gerber (1981), Albrecher et Kainhofer
(2002), Gerber et al. (2008)) ou encore le recours a la réassurance (Dickson et Waters (1996),
Schmidli (2002)). Il existe également des modéles permettant de prendre en compte les liens qui
peuvent intervenir entre les différents éléments en jeu dans le processus de risque que sont les
montants de sinistres, les temps inter-sinistre et les taux de prime. On peut observer par exemple
'utilisation de chocs communs (Frostig (2003)), de dépassements de seuils (Albrecher et Boxma
(2004), Boudreault et al. (2006), Biard et al. (2009)), d’un environnement markovien (Reinhard
(1984), Asmussen (1989), Lu et Li (2005)), ou encore de copules (Albrecher et Teugels (2006),
Cossette et al. (2008), Biard et al. (2009)). De maniére plus générale, de nombreux ouvrages
peuvent servir de référence dans le domaine de la théorie de la ruine, notamment Gerber (1979),
Grandell (1991), Rolski et al. (1999), Asmussen (2000), Kaas et al. (2001) ou encore Dickson
(2005). Au Chapitre 3, nous étudions la probabilité de ruine en temps fini et continu d’une com-
pagnie de réassurance.

2 L’introduction de dépendance dans les modéles de risque

Initialement, la théorie du risque a été développée autour de I’hypothése d’indépendance
entre les différentes variables aléatoires intervenant dans la modélisation. L’évolution continuelle
des risques et des produits d’assurance méne & des réflexions visant a relacher cette hypothése.
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Bien que dans la théorie 'hypothése d’indépendance permette une plus grande facilité de modé-
lisation, I'indépendance ne représente, en pratique, qu’'un cas d’exception. Si I'indépendance ne
s’exprime que d’une seule fagon, il existe de nombreuses possibilités de définir la dépendance.

Dans la modélisation des risques d’assurance et de réassurance, on peut relever différentes
natures de dépendance. Il existe notamment des dépendances intervenant entre les contrats d’un
méme portefeuille de risque, se traduisant par une corrélation entre les montants de sinistres.
Par exemple, si I'on considére un portefeuille de risques d’incendie de biens immobiliers pour
des immeubles d’'une méme rue, il existe un risque de propagation d’un incendie frappant I'un
des batiments vers les autres batiments. On peut également mettre en avant un lien de dépen-
dance, non plus entre les sinistres pour un méme type de risque, mais entre les branches de
risques comme on peut le constater notamment entre les risques de 'assurance vie et I’assurance
santé. Les montants de sinistre et les temps inter-sinistre peuvent également présenter un lien
de dépendance. Les risques, par exemple, de type tremblement de terre justifient effectivement
cette hypothése. En effet, le temps écoulé depuis le dernier grand séisme peut influer sur larrivée
d’un autre fort séisme entrainant des sinistres & cotits élevés. Enfin, nous notons la possibilité de
prendre en compte une influence d’un environnement extérieur décrivant par exemple les condi-
tions économiques ou climatiques sur les différentes variables du modéle de risque.

Parmi les nombreux outils mathématiques possibles pour prendre en compte de telles dépen-
dances, nous proposons dans cette thése 'utilisation des copules pour les dépendances directes
entre variables aléatoires et le recours a un environnement markovien pour une dépendance liée
au context environnemental.

2.1 La théorie des copules

Les copules permettent 'introduction et la caractérisation d’une forme trés flexible de dé-
pendance entre différentes variables aléatoires. Elles servent a établir une fonction de répartition
multivariée a partir des fonctions de répartition marginales. Il existe un grand nombre de fa-
milles de copules qui conduisent a des structures de dépendance positive ou négative trés variées.
Certaines permettent, par exemple, de la dépendance dans les queues de distributions ce qui est
particuliérement intéressant dans les domaines de ’assurance et de la finance. Des ouvrages de
référence sur la théorie des copules sont Joe (1997) et Nelsen (2006). Des applications en actua-
riat et gestion des risques sont proposées dans les livres de Denuit et al. (2005), McNeil et al.
(2005) ou Marceau (2009). Nous introduisons ici la théorie des copules dans un cadre bivarié.
Cette théorie s’étend évidemment & des modéles multivariés comme nous le voyons au chapitre 1.

Une copule bivariée se définit tout d’abord de la maniére suivante.

Définition 0.6 Une copule bivariée C(ui,u2) est une application non décroissante et continue
a droite de [0,1)% dans [0,1] satisfaisant les propriétés suivantes :

i. limy, 0 C(u1,u2) = 0 pour i = 1,2,
ii. limy,, 1 C'(u1,u2) = ug—; pour i =1,2,

1. pour tout up < vy et ug < vy, C vérifie

C(v1,v2) — C(v1,u2) — C(ug,v2) + C(ug,ug) >0 (29)
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Le théoréme de Sklar (1959) définit le role de la copule entre une fonction de répartition
bivariée et ses marginales.

Théoréme 0.1 (Théoréme de Sklar) Soit F' une fonction de répartition conjointe avec F et
Fy comme marginales. Alors il existe une copule C : [0,1]? — [0,1] telle que, pour tous x1 et xo
dans R = [—o0, +00],

F(ml,l‘g) :C(Fl(l’l),Fg(ﬂfg)). (30)

Si F et Fy sont continues alors C' est unique. Sinon C est déterminée sur RanFy X RankFs.
Inversement, si C' est une copule et Iy et Fy sont des fonctions de répartition univariées, alors la
fonction F définie en (30) est une fonction de répartition bivariée avec Fy et Fy comme fonctions
de répartition marginales.

Si la copule est différentiable et les marginales sont continues, on peut déduire de (30) la
fonction de densité conjointe de (X7, X2) telle que

Ixi,x: (w1, 02) = fxy (21) fxy (w2)e(Fx, (71), Fxy(72)), 71,72 € R, (31)
ou ¢ est la densité de la copule définie, pour uj et ug dans [0, 1], par

82
C(U17U2) = mc(ulﬂm)- (32)

Le recours aux copules pour la modélisation de la dépendance en théorie du risque commence
essentiellement a partir de la fin des années 1990. L’article de Frees et Valdez (1998), visant a
introduire le concept des copules en actuariat, en présente quelques applications en analyse de
survie. Wang (1998) a ensuite utilisé différentes copules afin d’étudier la distribution de la somme
de risques corrélés. Une relation de dépendance entre les temps inter-sinistre et les montants de
sinistres a l’aide d’une copule arbitraire a été introduite dans Albrecher et Teugels (2006) pour
I’étude de la probabilité de ruine en temps fini et infini dans le cadre d’un modéle de renou-
vellement. En théorie de la ruine également, Cossette et al. (2009) et Cossette et al. (2008) ont
obtenu l'expression de la transformée de Laplace de la fonction de pénalité de Gerber-Shiu avec
une dépendance entre les temps inter-sinistre et les montants de sinistres structurée par une
copule de Farlie-Gumbel-Morgenstern et une copule de Farlie-Gumbel-Morgenstern généralisée.
On peut également noter 'utilisation de différentes copules dans un travail récent de Biard et al.
(2009). Ceux-ci obtiennent une approximation asymptotique de la probabilité de ruine en temps
fini prenant en compte de possibles crises de corrélation. Lors de ces crises, les montants de
sinistre peuvent étre dépendants & travers I'utilisation de certaines copules.

Dans les deux premiers articles de cette thése, nous utilisons les copules afin de modéliser
deux types de relation de dépendance. La premiére relation de dépendance est celle intervenant
entre les différents types de risque comme nous le voyons au Chapitre 1 dans la cadre d’un
probléme d’allocation de capital. Au Chapitre 2, nous les utilisons pour décrire la dépendance
entre les montants de sinistre et les temps inter-sinistre pour le modéle de la valeur présente du
montant total des sinistres.
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2.2 L’environnement markovien

Il peut non seulement exister de la dépendance directe entre les différentes variables aléatoires
intervenant dans la modélisation actuarielle pouvant étre prise en compte par l'utilisation des
copules mais les paramétres d’'un modéle d’assurance peuvent également étre influencés par
un environnement extérieur. Cet environnement peut représenter, par exemple, des conditions
économiques, financiéres ou encore climatiques pouvant modifier simultanément le comportement
de plusieurs variables impliquées dans le modéle de risque. Par exemple, les états du climat (sec,
brumeux, pluvieux, neigeux,...) peuvent influencer le nombre de sinistres automobiles ainsi que
leurs montants. Pour prendre en compte cette dépendance & un environnement extérieur, un
processus de Markov, défini comme suit, est employé :

Définition 0.7 Un processus aléatoire {J(t),t > 0} est dit processus de Markov si pour tout
ensemble de n + 1 instants t1 < -+ < tpy1, et pour tout ensemble d’états {x1, -+ ,Tn+1}, on a

Pr(J(tnsr) = Tnsa|J(81) = 21, - oo J(tn) = 20) = Pr(J(tns1) = Tnsr]J () = zn).  (33)

Cette définition est aussi désignée comme la propriété de Markov. Elle signifie que la probabilité
de I'état futur d’un processus ne dépend du passé qu’a travers I’état présent de ce méme proces-
sus. Cela se traduit également comme une absence de mémoire du processus.

Lorsque qu’un processus de Markov posséde un nombre d’états discret, c’est-a-dire fini ou
dénombrable, on l'appelle chaine de Markov. Un chaine de Markov a temps discret (Discrete-
Time Markov Chain) est une chaine de Markov dont le support de temps est discret. On appelle
chaine de Markov & temps continu (Continuous-Time Markov Chain) une chaine de Markov
ayant des temps d’attente exponentiels entre les changements d’état du processus. Ce caractére
exponentiel garantit I’absence de mémoire du processus dans le sens ou le futur dépend de I'état
présent seulement. Lorsque le temps d’attente des changements d’état posséde une distribution
continue quelconque dépendante de I’état présent, alors le processus est dit semi-markovien et
le futur dépend de I'état présent mais également du temps passé dans cet état. On parlera ici
d’environnement markovien, qu’il s’agisse de processus de Markov ou semi-markovien.

Un processus de Markov ou semi-markovien de nombre d’états fini peut étre utilisé pour dé-
crire les conditions d’environnement d’un autre processus stochastique en fonction de ’état dans
lequel il se trouve. Ainsi, différents paramétres du second processus stochastique étudié peuvent
dépendre de I’état du processus d’environnement. Le processus bivarié associé au processus sto-
chastique et au processus d’environnement markovien forme ce que 1’on appelle un processus de
Markov additif (Markovian Additive Process) tel que défini dans Asmussen (2000) :

Définition 0.8 Un processus de Markov additif est un processus bivarié {J(t),S(t);t > 0} ou
{J(t)} est un processus de Markov (ou semi-markovien) et les accroissements de {S(t)} sont
gouvernés par {J(t)} de telle sorte que pour toutes fonctions f et g et pour toust >0 et s > 0,
on a

Ef(Stvs = S0)g(Jers)|Fi] = E[f(S5)g(Js)[ i, Se = 0], (34)
ou {F} est la filtration naturelle associée a {J(t), S(t);t > 0}.

Dans le cadre de ’étude du processus de risque, un environnement markovien peut influer
sur les parameétres des distributions des montants de sinistre, des temps inter-sinistre mais peut
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aussi moduler les taux de prime, d’intérét, d’inflation, etc. Cette influence d’un environnement
markovien a été considérée dans bon nombre d’articles. Notamment, Janssen et Reinhard (1985)
ont étudié un modéle de risque ou les montants et temps inter-sinistre sont dépendants d’un
environnement markovien. Ils ont ainsi obtenu une expression formelle des probabilités de sur-
vie en termes de séries infinies de convolutions de matrices. Ce travail a été généralisé dans
Albrecher et al. (2005) par l'analyse de la fonction de pénalité de Gerber-Shiu pour un mo-
deéle de risque semi-markovien en temps continu comprenant les modéles Poisson composé et de
Sparre-Andersen avec des temps inter-sinistres phase-types. Différents résultats pour la probabi-
lité de ruine lorsque les temps de sinistre sont décrits par un processus de Cox dont le processus
d’intensité est markovien sont obtenus dans Asmussen (1989). Kim et Kim (2007) obtiennent
I’expression des deux premiers moments de la valeur présente du montant total des sinistres
pour des distributions de la fréquence et des montants de sinistre fluctuant selon une chaine de
Markov en temps continu. La distribution du surplus avant la ruine et la sévérité de la ruine
dans un modéle de ruine discret markovien ot les montants de sinistres dépendent d’une chaine
de Markov ont été étudiées par Reinhard et Snoussi (2001, 2002). Jasiulewicz (2001) obtient la
probabilité de ruine en temps infini et continu avec un taux de prime variant en fonction de la
réserve et ot seuls les temps d’occurrence de sinistre sont influencés par un processus de Markov.
La probabilité de ruine en temps fini et en temps infini dans un modéle de risque discret ou les
taux d’intérét suivent une chaine de Markov a été examinée dans Cai et Dickson (2004). Li et
Dickson (2006) s’intéressent quant a eux aux paiements de dividende avant la ruine dans un mo-
déle de risque en temps continu oul les temps inter-sinistre, les montants de sinistre et les primes
sont modulés par un processus de Markov. On notera aussi le travail de Lu et Tsai (2007) qui ont
obtenu une expression de la fonction de pénalité de Gerber-Shiu pour un processus de risque en
temps continu perturbé par une diffusion dans lequel les temps-inter-sinistre, les montants de si-
nistre mais également les variances du processus de Wiener sont influencés par un environnement
markovien. Nous citerons enfin Ren (2008), qui parvient a une forme explicite de la transformée
de Laplace pour la distribution de la valeur présente du montant total des sinistres lorsque les
temps inter-sinistres sont influencés par un processus de Markov.

Plusieurs auteurs ont également étudié le processus de risque en le transposant en un modéle
fluide markovien ou les états du processus de fluide dépendent d’un environnement markovien.
Il est également possible de permettre & ce méme processus de Markov d’influencer les temps
inter-sinistre, les montants de sinistre ou les taux de prime. Ce sujet, que nous développons
au Chapitre 1, a notamment été traité par Asmussen et al. (2002), Stanford et al. (2005a),
Ramaswami (2006), Ramaswami et al. (2008), Badescu et al. (2007) et Badescu et al. (2005),

entre autres.
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

Résumé

Dans ce chapitre, nous abordons le probléme de 'allocation de capital en utilisant la mesure
de risque TVaR pour déterminer le capital & allouer & ’ensemble du portefeuille d’'une compagnie
d’assurance et la contribution de chacun des risques basée sur cette méme mesure. Comme nous
I’avons vu dans 'introduction générale, cette mesure de risque est cohérente selon Artzner et al.
(1999) pour toute variable aléatoire continue ou non. Les mesures VaR et CTE ne satisfont pas
en général la condition de sous-additivité requise & une mesure de risque pour étre cohérente.
(C’est pourquoi nous choisissons de travailler avec la mesure TVaR.

Nous considérons donc le portefeuille d'une compagnie d’assurance composé de plusieurs
branches de risque sur une période de temps fixe. Nous introduisons une structure de dépen-
dance entre les différents risques a ’aide d’une copule.

Nous employons dans un premier temps la copule Farlie-Gumbel-Morgenstern et des mon-
tants de risque distribués selon une loi exponentielle. Nous obtenons ainsi une expression explicite
de la mesure de risque pour ’ensemble du portefeuille mais également pour les contributions ba-
sées sur la T'VaR pour chaque risque dans un modéle bivarié puis multivarié. Nous déterminons
ensuite les mémes mesures pour un modéle bivarié lorsque les variables aléatoires des montants
de risque sont distribuées selon un mélange de distributions exponentielles.

Dans un second temps, nous supposons que les risques présentent une distribution continue
quelconque et qu’ils sont dépendants au travers d’une copule arbitraire. Nous proposons pour ce
modéle une méthode d’approximation de la fonction de répartition du montant total agrégé. Pour
cela, nous discrétisons chaque variable aléatoire de risque a ’aide d’une des méthodes communes
de discrétisation upper, lower ou mean preserving. Nous sommes ensuite en mesure d’approcher
la mesure TVaR sur ce montant aggrégé ainsi que les contributions de chaque branche de risque.

22



1.1. Introduction

1.1 Introduction

In recent years, a lot of research has focused on insurance capital allocation. Indeed the Eu-
ropean Solvency II project and the recent events encourage insurance companies to consolidate
their financial reserves and investments. Risk measures are well-known tools to determine the
capital amount that has to be allocated to a risk portfolio. Artzner et al. (1999) proposed an
axiomal definition of a coherent risk measure that can be used for allocation issues. This co-
herence property has also been discussed in Wang (2002). Using their definition, Artzner et al.
(1999) proposed the tail value at risk (TVaR), also called expected shortfall (ES), as a coherent
alternative to the non-coherent risk measure value at risk (VaR). Applied to continuous random
variables, the TVaR can identically be defined as the conditional tail expectation (CTE). But
these two risk measures differ in discrete contexts where the CTE is no longer coherent. The
differences between these definitions and properties have been highlighted in Acerbi et al. (2001)
and Acerbi and Tasche (2002).

In the literature on capital allocation, continuous situations are widely studied in contrast
with discrete cases. That is why most of the references speak in terms of CTE. The capital
allocation principle has first been introduced by Tasche (1999) where the capital allocated to
each risk is expressed in terms of the CTE of the aggregate risk. This top down allocation me-
thod has then been used to provide several closed formulae and approximations of the CTE and
the CTE-based allocations for different types of multivariate continuous distributions. The first
multivariate top down model was considered by Panjer (2002) where the risks have a multiva-
riate normal distribution. This work has been extended to a multivariate elliptical distribution
in Landsman and Valdez (2003) and in Dhaene et al. (2008). A multivariate gamma distribution
for risks has been studied in Furman and Landsman (2005) as well as a multivariate Tweedie
distribution in Furman and Landsman (2007). In these papers, explicit expressions for the CTE
and the CTE-based allocation are derived. Other closed form expressions for the CTE of the sum
of multivariate phase-type distributed risks and the contribution of one risk to the portfolio have
been given in Cai and Li (2005). More recently, Chiragiev and Landsman (2007) found a CTE
and CTE-based allocation for multivariate Pareto risks. Further information on the CTE-based
allocation of risk capital can be found in Kim (2007).

In most papers mentioned above, the dependence between the different lines of business of
the insurance company is due to the construction of a multivariate distribution. In the present
paper, we propose introducing dependence with a copula. Copulas are currently seen as effective
and flexible tools to represent dependence between random variables. Furthermore, in order to
have the risk measure coherence property in every continuous and discrete situation, we propose
using the TVaR as defined in Acerbi et al. (2001) and Acerbi and Tasche (2002) to develop a
top down approach of the capital allocation. Indeed, the Committee of European Insurance and
Occupational Pensions Supervisors (CEIOPS) advises in the Solvency II context the use of the
TVaR for the evaluation of the Solvency Capital Requirement (SCR); see CEIOPS (2006) and
CEIOPS (2007).

First, closed form expressions for the TVaR and then the TVaR-based contribution of one
risk over the aggregation of all risks are obtained when the Farlie-Gumbel-Morgenstern copula
describes the dependence between the risk marginals. With most copulas introducing dependence
between different risks however, we are not able to reach closed form expressions. Consequently,
we also present approximation methods to evaluate the TVaR and the T'VaR-based allocation by
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the use of different discretization methods of continuous random variables which are applicable
with any copula and any marginals.

In the first section, we give the general definitions for the tail value at risk of the aggregate
risk and the contribution of one of the risks. The second section deals with the application of the
TVaR-based allocation rule using the FGM copula and exponential distributed risks. We first
consider two lines of business and then pursue to a multivariate context. We widen our results to
risks that are distributed as mixture of exponentials in section 3. For these two last sections, we
are able to have closed form expressions for both the TVaR and the individual risk contribution
based on it. Then, we expose approximation methods for the TVaR and TVaR-based allocation
when the dependence structure is defined by any copula. The results are illustrated with nume-
rical applications.

1.2 Definition of the TVaR and the TVaR-based allocation
In this section, we define the tail value at risk (TVaR) for the aggregate risk and the TVaR-
based allocation rule. We consider the aggregate claim amount (or loss) S of a portfolio of n

risks. The claim amount (or loss) for risk ¢ is denoted by X;. Thus we have S = X; +--- + X,
where all X;’s are non-negative random variables.

The value at risk at level k, 0 < k < 1, of S is defined by
VaR,(S) =inf(x € R, Fs(x) > k).
It is well known that the VaR is a risk measure that is not coherent. Thus we choose to work with

the tail value at risk of S as introduced in Acerbi and Tasche (2002), Schmock and Straumann
(1999) and Schmock (2006) at level k, for k € (0,1). Its definition is

1 1

E [S1(sovan,. (] + VaRa(S) (Pr (S < VaR.(S)) — ,{>

1—&

)

which is a coherent risk measure. When S is continuous, Pr(S < VaR,(S)) =  which implies
that the TVaR is exactly the conditional tail expectation (CTE) meaning TVaR,(S) = E[S|S >
VaR,(S)] = CTE(S). In financial risk management, the TVaR is called the expected shortfall.

The additivity of the expectation allows the decomposition of the TVaR (CTE) into the sum
of TVaR contributions as follows

TVaR.(S) = > TVaR.(Xs;5),
=1

where the TVaR contribution of the ¢th risk to the total risk represents the part of the capital
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that is allocated to risk i. For k € (0,1), it can be expressed as

E [Xi X Lissvar,s)t] + BsE [Xi X Lis—var,(s)})
11—~k

TVaR.(X;; 8) =

)

with

Pr(S=VaRx(9))

PriSsVaRe(S) =k = it pr(S = VaR.(S)) > 0,
/8 =
0, otherwise.

For continuous distributions, we have

1
TVaR,(X;; S) = 1—E [Xz x 1{s>vaRN(S)}}

= B[X; | S > VaR.(9)]
— OTE,(X,]8).

That means that the TVaR-based contribution of one risk is equal to the CTE-based contribu-
tion of the same risk when all the marginals are continuous.

Note that
EX;|S=s]=EX;| X1+ -+ X, =53]

= /0 rfx,s(x| S =s)dr

_ [ Ixus(@s)
0 fs(s)
Then, the CTE-based contribution can be expressed as
CTEL(X/|S) = / ELX; | S = sl fsjssvan,(s)(s)ds
VaR,.(S)

1 o0
E[X;|S=
r(S > VaR,( /VaRH(S) Bl | slfs(s)ds

/ / zfx, s(z,s)dxds. (1.1)
T 1= 6 Jvans

1.3 TVaR and the TVaR-based allocation with exponential mar-
ginals and the FGM copula

In this section, we derive the expression for the TVaR and the TVaR-based allocation for

two exponentially distributed risks joined by a FGM copula. We also extend the results obtained

with this bivariate model to a multivariate model. The exponential distribution is a classical
distribution for the risk random variables. Its convenient and practical mathematic properties
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permit to develop explicit results. We are aware that the FGM copula introduces only light de-
pendence. However, it admits positive as well as negative dependence between a set of random
variables. As said in Yeo and Valdez (2006) where the FGM copula is used to link claim variables
in a credibility model, even if it can model only weak dependence, the FGM copula permits to
assign a unique dependence parameter for each pair or group of risks and allows a more complex
dependence structure than most of the copulas which use only one or few parameters. Further-
more, its handy form allows explicit calculus and thus exact results. This copula was also used to
describe different correlation relations on the financial markets in Gatfaoui (2005) and Gatfaoui
(2007).

1.3.1 The bivariate case

Let X; and X9 be two exponentially distributed random variables representing the claim
amounts of two insurance risks. Their cumulative distribution functions (cdf) and probability
density functions (pdf) are given by

FXi (xz) =1- e_Aimia
in (ZL‘Z) = )\ie_/\ixi, for i = 1, 2.
In order to simplify our presentation, we restrain our study to the constraints Ay # s, A\| #

2X2, A2 # 2)1. It is possible to find adjusted results without these constraints by applying a
similar method as the one exposed below.

A dependence structure for (X7, X2) based on the bivariate FGM copula is introduced. The

FGM copula is defined by
Cé:GM(Ul’uﬂ E R eu]_'LLQ(]. — ul)(l — u2)

for u; € [0,1], i = 1,2, and dependence parameter 6 € [—1,1].

The density of the bivariate FGM copula is

02C£GM(U1, UQ)
aU18UQ

=14+0(1—2up)(1l —2uy)

=1+4+60(2u; — 1)(2up — 1),

g M (uy, ug) =

where u; =1 —wu;, 1 =1,2.

The TVaR of the aggregate risk S = X7 + Xs is given in the following proposition.

Proposition 1.1 Let X1 and Xo be two exponentially distributed random variables with joint
cdf defined by a bivariate FGM copula as follows

FX1,X2 (:El’ 1‘2) = é:GM(FXl (:Ul)v FX2 (:Eg)),

with 0 € [—1,1]. Then, the TVaR of the aggregate risk S = X1 + Xo at level k, 0 < k < 1, is

TVaR.(S) = 1 !

— K

(14+0)C(VaR(S); Ad1; A2) — 0C(VaR(S); 2A15 A2)

—0C(VaR,(S); A1;2X2) + 0C(VaR.(S); 2A1;2X2) |, (1.2)
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

where ((z371,72) = 72,77 (m + %) + e <:v + 712)

Proof. The joint pdf of (X7, X3) is given by

Fx1.x0 (1, 02) = cf M (Fx, (21), Fx, (22)) fx, (21) fx, (22)
= fx, (1) fx, (22) + 0 fx, (21) fx5 (02) (1 — 2Fx, (21))(1 — 2Fx, (22))
=1+ 9))\167A111A2€7)‘2x2 — 02X\ e 2T Ny 22
— OApeMTI2\ge2A2T2 L g2 e TINTIY N\ g T PN2T2

Let h(x, A1, A2) be the distribution function of a generalized Erlang random variable X

MA2 e, AMA2
)\2 — )\1 )\1 - >\2

e M2t

h(l.a )\la AQ) -

Then, the pdf of S can be expressed as a combination of generalized Erlang pdf’s

1 + H)h(s AL )\2) Hh(s 2A1; )\2) — 9h($ A1; 2)\2) + 9h(8 2A1; 2)\2) (1.3)

where the first component of fg(s) is

/ (1+ 9)/\167)‘1x)\267’\2(s*m)dx =(1+ 9))\1)\26)‘25/ er(M2=A1) g,
0 0

AtA2 ) A1A2
= (14 6) 212 ~his (g 4 g) D02
(+))\2_/\1€ +(+)>\1_)\2

= (1 4+ 0)h(s; A1; \2).

e—)\gs

The three other components can be found similarly.
Thus, the TVaR of S takes the form

TVaR.(S)=FE[S|S > VaR.(S9)]

:/oo . fs(s) s
var, Pr(S>VaR.(S5))

1 o0
~ 1= Fs(VaR,(S)) /m(a 3fs(s)ds

1 o
= / s [(1 + 0)h(s; A\1;\2) — Oh(s; 215 A2)
1 =K Jvar,(s)

— 0h(s; A\1;2X2) + 0h(s; 21 2)\2)} ds. (1.4)
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

Define

/ sh(s; A1; A2)ds = / s < 1Az e NS 4 )\1)\26_)\28) ds
VaR,(S) VaRe(S) \A2—A1 AL — Ao
—A1s 0 oo —A1s
_ )\1/\2 [_Se ] + / e ds
A2 = A1 M ares)  Jvaras) M

A1 A2 [ e/\QS] > /OO e 28
+ -5 + ds
A1 — A2 A2 Jvar.s)  Jvaras) A2

>\1>\2 6—>\1VaR,€(5’) e—)anR,ﬁ(S)

=N <VaR,Q(S) N + v )
Ao o~ X2VaRe(S)  o—A2VaRx(S)

+ Ny <VaR,€(S) " + N )

= ﬂe_)‘lv‘m"(s) (VaRn(S) + 1> (1.5)
)\2 — )\1 )\1
)\1 e—)\QVaRH(S) (V(J,R (S) + 1)

AL — A2 " A2

= C(VaRu(S); M, Ma). (1.6)

Inserting (1.6) in (1.4), we obtain

TVaR.(S) = % (1+0)C(VaR.(S); Ad1; A2) — 0C(VaR,(S); 2A15 A2)

—0C(VaR,.(S); Ad1;2X2) + 0C(VaR.(S); 2\1; 2/\2)] ,

with

1 1
Clziv1,72) = 2 e (1: + ) b e <:c + > .
72— Ba! 71— 72 2

A closed form expression for the TVaR-based capital attributed to risk 4, ¢ = 1,2, is given in
the next proposition.

Proposition 1.2 Let X1 and Xo be two exponentially distributed random variables with joint
cdf defined by a bivariate FGM copula. Then, the TVaR-based contribution of risk i, i = 1,2, to
the aggregate risk S = X1+ X2 at level k, 0 < k < 1, is

TVaRu(X5S) = 1# (14 0)€ (VaRn(S): A \y) — 06 (VaRa(S): 20; )

—0¢ (VaR,{(S); i 2/\j) + 0¢ (VGR,{(S); 2\;; 2)\]') s (17)

e 1
vje 711($+7i) e ity 9T
Vi (v =7i)?

where & (x;v:;7;) = and i # j.
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

Proof. Let ¢ = 1 and j = 2. Recall that for continuous random variables the TVaR-based
allocation is equal to the CTE-based allocation. From (1.1), we have

TVaR.(X1;S) = E[X1 | S > VaRu(

= )dxd

where

/ -%'thS(x,S)dx = / foLX2 <x73 - x)dl’
0 0
= / £U<(1 + 9))\16—)\1$>\26—>\2(S—Z) o 92)\16—>\1(L’)\26—)\2(5—x)
0

— OAje MTQ NG M2(577) 92/\16_/\1x2/\2€_/\2(8_x)>dx

Sef)qs —A18 —X2s

A2 — A1 (A2 —Ap)? >

56—2/\15 6—2/\15 _ e—)\gs

A2 =20 (Ao —2X)2 >
se—M1s o~ M5 _ p—2Xas

22— A (2 — Ap)2 >

—2\1s 2N _ 6—2>\25)

= (1 4+ 0)AAs (

— 02212 <

—0X12)2 <

se
02712 -
TUsRA <2/\2 —2Mh (2A2—20)2

The first component on the right-hand side of the last equality is given by

/a:(l—i—&))\le)‘lx/\ge)‘Q(sx)d = (1+0)A e /xe
0
s x(Aa—A1)
_ / e
<[ >\2—)\1] 0 A2— A
— es(A2=A1) er(ha=A1) 17
1 e -
= (14 60)A1 e S n Do = )2 0
A

o

=(1+40 )\1)\26

= (1+0)A e 25 (s

s)\ge EXN s)\2€*5)\1 -1
A=A (da—A)? >

18 7)\18 7)\25
1+60)M A\ .
(+)12<)\2—)\1 (A2 — A1)? )
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

Denoting V' = VaR,(S), we have

1 o) —A1s —A18 _ ,—A2s
TVaR.(X1;5) / {(1+0)m2<86 e . )

T 1-Fs(V) Jy A=A (ha—A)2
S€—2>\15 6—2)\15 o 6—)\25
Ao —20 (Mo —2X1)2 )
se—Ais e _ p—2Xas
2 — A1 (2ha— Ap)2 )

86—2)\15 6—2)\18 o 6—2)\25
02712 - d
TUsARA <2)\2 TN (20— 20)2 > y

— 02X\ A2 (

— 02X (

- 1 (1+9) Aoe MV (V + 15) e MV = he MV
1-Fs(V) A2 — A (A2 — A1)?
; )\26_2>\1V(V 4 ﬁ) )\26—2)\1‘/ o 2)\16—)\2‘/
N )\2 — 2)\1 B ()\2 - 2>\1)2
0 2)\2€7>‘1V(V + 711) 2)\26—>\1V _ )\16—2)\2V
B 22X — A\ B (200 — A1)2
. e MV(V 4 51)  9xge 2NV o) eV
+ 222 — 2\ B (2Xg — 2)1)2 ’

We finally obtain

TVaR(Xy;8) = ﬁ {(1 +0)§ (VaR.(S); A1; A2) — 0§ (VaR,(5); 2A1; A2)

— 0 (VaRk(S); A\1:2X2) + 0 (VaR,(S); 2A1;2)2) }7
where
Yoe M (x + ,711) e hE — qpe e

Y2 — M (v2—m)?
The TVaR-based allocation for the second risk is symmetrically given by

E(xivs7) =

TVaR(X2;85) = % (14+0)E (VaR.(S); Aa; A1) — 05 (VaR(S);2A2; A1)

— 08 (VaRy(S); A2 2A1) + 06 (VaR«(5): 22 2M1) |,
where

E(zyya3m1) = ne e+ ’712) e Pt — e
1= 72 (71 —72)?

Remark 1.1 It can be verified that the TVaR of S is the sum of the risk contributions

2
TVaR.(S) = TVaR.(X;;5).
i=1

Explicit expressions for the TVaR and the one risk TVaR-based contribution cannot only be
obtained in the bivariate case but even for an undefined number of risks.
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

1.3.2 The multivariate case

Suppose now that there are n different exponential risks joined by a multivariate FGM copula
characterized by

n
C(u1,u2, ..., up) = uug -~ uy | 1+ E , E : O o iy Uy Ujp *** Uy |
k=2 1<j1<-<jp<n

where %) = 1 —u() (see Nelsen (2006) p.108). We have here 2" —n — 1 copula parameters to
describe the dependence between each pair or group of risks.
Its density can be written as

n
cluug, . yun) =14 Y Oy, (20 — 1)(20, — 1) - (20, — 1),
k=2 1<j1 < <ji<n

As in the bivariate case, we suppose that the parameters of the n exponential risks satisfy the
conditions below

)\i 7é )\j and )\i 7é 2)\j for 4 7& j (1.8)
Then, the following proposition holds.

Proposition 1.3 Let S, = X; + Xo + -+ - + X, be the sum of n dependent exponential random
variables with joint cdf defined by a multivariate FGM copula as follows

Fx,..x, (1, .., 20) = C§ M (Fx, (z1), ..., Fx, (zn))

with 6 € [—1,1]. Then, the TVaR of S, at level k, 0 < k < 1, is

1 n
TVCLRK(SR) = == X [1+ Z Z Hjljz...jk X
k=21<j1<--<jp<n
k . .
> (=1 ¢ (VaRu(Sn); 2 M1y, 2% N, M ys -5 M) | |2 (1.9)

=0 (a1,...,ar)€A; 1

where (571, ... ,M) = D i (Hj=1,j;£i ﬁ) e~ ViT (x + %), Tkl ---,1n are the missing in-

dexes of ji,...,ji to complete 1,...,n and Ay are the sets of k-tuples composed of I zeros and
(k—1) ones, forl=0,1,....k and k=2,...,n.

In fact, the A; ;, are defined by Ag j, = {(1,1,...,1)1X,€},A17k = {(1,1,...,O)lxk,...,(0,1,...,1)lxk},
Ao ={(1,1,...,0,0); s, -5 (0,0, ... 1) g by ooy A = {(0,0,...,0); .} -

Proof. The joint pdf of (X1, Xs,...,X,,) is

Ix1.%0,. %, (T1, T2y - Tn) = (B, (21), Fxy (22), -+, Fx, (70)) fx, (21) fxo (22) - - fx,, ()

1+ Z Z 051 jo---

k=21<j1<--<jr<n

= fxi(21) [x,(@2) -+ fx, (@) ¥

X (1= Fx; (2,))(1 = Fx, (25,)) - - (1 = Fx, (l‘jk))] :
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

As the n risk random variables are exponentially distributed with parameters \;, ¢ = 1,...,n
with constraint (1.8), we have

-z —Aox —AnT
fX1,X2,...,Xn(x1)x27 e 7xn) = )\16 ! 1>\26 2. )\ne e

n
LD D Oy (267070 = 1)(2e 022 — 1) -+ (2 MnTin — 1)]

k=21<j1<--<jp<n

n k
:1/(:171,ZL‘2,...,l‘n;)\l,)\z,...,An)—I—Z Z 9j1j2'“jk X [Z (_1)l

k=21<j1<<jp<n 1=0 (a1,...,ar) €Ak

Tk

. . . . . .9a1y az 'y . ag \ . . .
><1/(a:jl,sz,...,xjk,x,Hl,...,mln,Q Aj1r 292 Ny, 290N )\Zk+17"'7)\'5n)17 (1.10)

where ip41,...,%, and A;} are defined as in the proposition and
V(T15 - Ty V1,5 ) = Y167 T X ypeT T X X e T
Given that

s S—x1 S—T1——Tp—1
fSn(S) —/ / / le,Xg,...,Xn,l,Xn(th362,---,xn—hs—ﬁvl — 2 —"'—xn—l)
0 Jo 0

X d.%‘ldl'g s dl‘n_l

s ps—x1 S—T1——Tp_2
= / / / JX1, X0 X2, X1+ X0 (X1, X2, o, T2, 8 = T] — X — -+ — Tp_2)
o Jo 0

X da:ldxg s dajn_g

S
:/ Ix1, X0t 1 X, (21,8 — x1)dTy
0

and that

s s—x1 S—X]——Tp—1
/ / / I/(.Il,xg,...,:Bn;’)/l,’}/g,...,’yn)dl‘ldwg-“dxn_l
0 0 0
n

n
Vi

Vi~ i

,-Yz.e_'YiS

%

1 \j=1,#i

= h(s;’yl?f)/% e 7'771)7

one can write

fSn (S) :h(SS)\la"w)\n)+Z Z 9j1j2"'jk

k=21<j1<--<jp<n

X > (D R (27X 2 N 2% A Ay Ay )

k
1=0 (ay,...,ar) €Ak
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

Then, the TVaR of S, forn > 2 and 0 < k < 1 is

TVaR(Sy) = E[Sn | Sn > VaR(Sn)]

Y f5,(8)
- /VGRN “Pr(S, > VaRK(Sn))dS

1 /OO
= sfs, (s)ds
1 =K JvaR. (s, (s)

)

= 1i/{ x |1+ Z 9j1.j2"‘jkx
k=21<j1 <-<jp<n
k
> (=1 ¢ (VaR(Sn); 2 My -+, 2% A, A gs -+ -5 Aiv) ]
=0 (a1,...,ax)EA; i

where

Clzsm, ) = H owll Kl <x+ ,y,) :

As in the bivariate case, the capital allocation for risk ¢ can also be explicitly given. In order
to find that expression, we first need to introduce the nth order divided difference of a function
f as in Chiragiev and Landsman (2007). Consider 1, z2, ..., Ty, Tn41 arbitrary points such that
x; # x; for i # j. The nth order divided difference of f on x1,22,..., 2y, Tp41 is defined by

n+1

f( 1,42, ybny n+1 H]#Z T — )

The following proposition gives the expression of the TVaR-based allocation.

Proposition 1.4 Let X1,..., X, be n exponentially distributed random variables with joint cdf
defined by a multivariate FGM copula. Then, the TVaR-based contribution of riski, i =1,...,n
to the sum S, = X1+ -+ X, at level k, 0 < kK < 1, is

)

_l)nflA

TVaR.(X;;Sp) = ( H;(VaR.(Sp); A\i; . .; +Z > 0y

k=21<j1<-<jr<n(i€{j1,-»Jr}

X (Z > {(—1)l+12’f—1—lHi(vaRK(sn);zauﬁ;.. P 2% N Aigaa -5 N

=0 (al ..... ak)—ieAl,k—l

11—k

+ (1) 2" G (VAR (Sn); 2 Ay - -3 2% N js Mgy - -5 )\,n)}>

n—1
+ > 01

k=21<j1<--<gp<ni¢{j1,-,Jk }

k
(Z > (DR TH(VaR(S,); 2" Ay 5 2% AM,A%H;...;A%)>], (1.11)

0 (al,....ax)EA; &
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

where Hi(2591, -« Yie1s Yidds - - Vo) and Gi(T391, - - -y Yie1, Yit1s - - -, Yn) are the (n—2)-th order

divided differences of respectively H;(z;7) = 7”1”(6%%7) + 'Y?e("yj:v) + 76;;;8:115);% and Gi(x;7) =

Gh AT e ) Ay oy
2 (2%(2% = T @z T e ) A=)y XX Ay is the product of the parameters

of exponential distributions, ijy1,...,i, are the missing indexes of j1,...,Jx to complete 1,... . n
and Ay, are the sets of k-tuples composed of | zeros and (k — 1) ones, for | = 0,1,...,k and

k=2,....n

Proof. The capital attributed to the continuous distributed risk 7 can be expressed as
TVaR,(X;; Sy) = CTE, (X’|S )

= T; z;, S)dxds. 1.12
e b e [ witxisitans) (112)

A recursive formula for fx, s, (zi,s) = fx,.s,-x,(zi, s — ;) is needed to evaluate this expression.
Given that the risk random variables here are not independent, we cannot directly separate
Ix:.8,—x;(zi, s — x;) into the product of fx,(x;) and fg, (s — ;).

First, we have

Ixi0.80—x,(Tiy 8 — Ti) = X0 X4 Xot 4 Xi 1+ Xi g1+ X0 (Tiy § — Ti)
/s T; /s T;—T /s T;—T1—T2 /s T1——Tp_1
0
X X1, X X1, Xn (X182, oy Tp—1,8 — T1 — -+ — Tp_1)dz1dx - - dxi1dTiqy - - - dy—q
with fx, x,,.. x,(21,22,...,2,) defined as in (1.10) and which can be extended to

X1 Xo X0 (@1, 22, .., 2n) = fx, (25) (V—i(m;l’z; TR AL A2 AR)

+2 > Oju o (1 = 2Fx, (i) [Z > (—1)!

k=21<j1<--<jp<n(Ni€{j1,-.jx} =0 (a1,..;ar)—i €A1 k-1
e e e L9G1Y . . 9G2) . . ay
X V_i(Tjy3 s v Tgp Tig s -+ 5 Ta s 27 A5 292 Ny s 27 N s Ny s s )\Zn)}
n
l
+2 > Oz X [Z >
k=21<j1 < <jp<n(Ni¢{j1,...Jk} =0 (a1,....ar)—i €A k-1
. . . . . . 9a . 9a . Qg
X V,i(fl,'jl,l’jy...,l’jk,fEik+l,...,xin,2 1)\]'1,2 2>‘j2a" 22 )‘Jk’Alk+l7"")"in)}’
where i1, ..., %, are the missing indexes of ji, ..., ji tocomplete 1,...,n, Ay = {(1 1,...,1 lxk},

A = {(1,1,..,0) g5 (0,1, 1)}, Ao = {(1,1,...,0,0) 45+, (0,0, )lxk},
s Ak,k = {(0,0,. . '70)1><k} and

voi(T13 @5 T Y1325 - -5 Yn) = Y1€T T X ype T 22

. X '}’ifle_%_lxi_l X ,Yi+1e—%'+1ﬂ%+1 X oo X ,-Yne_'Ynl’n‘
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

As in the proof of the Proposition 4, we use the fact that

s—x; S—T;—T1 S—T;—T1—x2 S—T1— " —Tp_1
/ / / / Vi (T15 223 - - S TR VY25 - -5 Yn)
0 0 0 0

X dl‘ldwg s daﬁi_ldl'i_H s da:n_l

n

n
I I
j=1 \ k=1,k#j Tk s

JFi k#i
- h—i(s — T V1,250 - - a’yn)v

and we obtain

Ixisn—x,(Tiss — x3) = fx,(24) [h—i(S — T3 A s N1 Nl - Ap)

+ Z Z 9j1j2"‘jk(1 — 2Fx,(z))

k=21<51 < <jr<nNi€{j1,-..Jn}
k
X ( Z (—1)lh_i(8—IL’Z';Qal)\jl,...,2ak)\jk,)\z‘k+1,...,)\in)
1=0 (a1,...,a)—i €A -1
n

+ Z 9jlj2"'jk

k=21<j1<--<gp<n(i¢{j1,--Jr}

X Z Z (—1)lh,i(8—xi;Qal)\jl,...,Qak)\jk,)\ik+l,...,)\in) . (113)

1=0 (a1,....,ax) €Ak
Using the divided difference as in Chiragiev and Landsman (2007), notice that

B (T390 oy Vi1, Yitdy 5 n) = (1) 2 X 41 X oo X Y1 X Yig1 X oo X Yn
X F(T5915 3 Yim 13 %415 -+ -5 7))

where F(x;791;. .. ;%1 Yit1; - - - ; Yn) is the (n — 2)-th order divided difference of F(z;v) = e 7.
Then, we have
S
/ zifx, (i) h_i(s — iz Aty Nim1 Nig1, -+ An)d
0

= / i fx, () ()" PALF (i Ars - Nisn A -5 An)dg (1.14)
0
S G ) L V2 ACTD VESURED VIRED VIR TIRED W9 ) (1.15)
WhereA,i:)\l X--'X)\i,1 X)\iJrl X -"X)\n,A:>\1 X)\Q X X)\n and
Hi(s;\) = —/ zie NEF (s — x5 M) day.
0

Let also s
Gi(s;\) = —/ 2w PN (s — x4 N)d;.
0
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Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

Given that the risks here are exponentially distributed, H; and G; take the form

H;(s;\) = —/ zie NUF (s — 245 N)day
0

S
= —e_’\s/ xie_()‘i_/\)mids
0

se e*)\is ef)\s

D YIS W SV VR G Wy

—\;s

and

Gi(s;0) = —/ 2w PN (s — x4 N)da
0

S
= —26/\8/ xRN g
0

s 208 —2)\;s 6—)\5
=2 + — .
(2)\i D WL O) VI YR ) W /\)2)

Using (1.15), we can express [ @i fx,.s, (i, s)dx; as

Hi(s; M55\ —1—2 Z Hjl"'jk

k=21<j1<-<jp<n(i€{j1,--»Jr}

/Osxthsn(:n,s)da: (=)~ A H,

k—1
X {Z > <(—1)l+12k—1—lHi(s;2“1Aj1;.. PADVRD VTN
1=0 (al,...,ar)—i€A k-1
+ (=12 G (552" N gy 2N i )\ln))}
n—1
+Z Z Hjl“'jk
k=2 1<j1 <--<jr<n i€ {j1,--jr }
{Z > (DR H(s 2 N 2% N A )\M)}].
0 (al,...,ap) €Ak
(1.16)

To calculate the risk contribution as in (1.12), the H;(s) and G;(s) terms in (1.16) must be
integrated on s as follows

(Vi) / H;(s;\)d
—)\,s 6—)\1-5 e—)\s
= — ds
/v i — X (A=A (A= A)?
Ve—AiV e—AiV )\e—AiV _ A,G—AV
= + 33 + : 2
N =N TR =N A=)
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1.3. TVaR and the TVaR-based allocation with exponential marginals and the FGM copula

and

Gi(V; )\):/ Gi(s; N)ds
%

86_2>‘i5 6_2>\i8 e—)\s
= / 2 < + 5 — 2) ds
S ) VS SN T VG | PR ) W

. < Ve—2)\¢V 6—2/\1-\/ )\e—QAiV _ 2Ai6_)\v>

W SV VI Oy W0 WV S U WO Wy

Finally, expression (1.12) for TV aR,(X;; Sy) is obtained

gy DA S 3 o
TVaRy(Xi; Sp) =~ [Hi(VaRs(Sp); Mi - An) +)° > 0y
k=21<j1 < <jp<n N i€{j1,-Jx }
k—1
X ( > {(—1)”12’“1lHi(VaR,§(Sn);2a1/\jl;.. DA DVED CNEINNED Vi)

=0 (al,...,ak)fiEAl,k,l
+ (=) 2" G (VaR(Sn); 27 Ny 2% N g Nig - - o5 AM)})

n—1
+y > 051

E=21<j1<-<jp<ni¢{j1,»Jk }

(Z S (U2 H(VaRe(Sn)i 2 Ay 2% )\]k,)\,kﬂ,...)\zn))].

0 (al,...,ar)EA 4

Remark 1.2 To obtain the TVaR-based contribution (1.7) in the bivariate case from (1.11), we
just have to use the equalities

Hy(z;02) = —All/\2£(:v;>\1; A2),
(x;2X2) —)\12)\25(17;/\1;2/\2),

Gi(z;X2) = —22)\1/\25(95; 2215 \2),

G (2: 229) = —2%1%5(:5; 21 200).

1.3.3 Numerical application

We illustrate here our results with a numerical example for the bivariate exponential case.
Suppose that the parameters of the distributions of X; and Xs are respectively A\ = 1/2 and
A2 = 1/3. Let us calculate the VaR, TVaR and TVaR-based allocations for X; and X3 for different
risk levels x and different FGM copula parameters . We write bellow the cumulative distribution

function of S which can be expressed in the current case as a combination of generalized Erlang
cdf’s

Fs(s) = (14 0)H(s;A\1;\2) — OH (s5;2X1; \2) — OH (55 A15202) + 0H (55 2M1; 2)\2),
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A1

where H(s; A1;M\2) = )\2)‘_2)\1 (1 — e*)‘ls) + 575 (1 — e*)‘25) is the cdf of a 2-generalized Erlang
distribution with parameters (A1, A2). The numerical results for the VaR, TVaR and TVaR-based
allocations are displayed in Tables 1.1, 1.2 and 1.3.

0=-1 k=05 k=07 k=095 k=0.99 | k=0.995
VaR(S) 4.3188 | 6.5053 11.0436 | 15.5235 17.4860
TVaR,(S) 7.3270 | 9.3394 13.8369 | 18.3810 | 20.3716
TVaR,(X1;S) | 2.7244 | 3.1489 3.5085 3.2649 3.0613
TVaR,(X9;S) | 4.6026 | 6.1905 10.3283 | 15.1161 17.3103

TABLE 1.1 — Bivariate exponential example with § = —1.

=0 k=05 k=07 | k=095|k=0.99 | k=0.995
VaR,(S) 4.1589 | 6.7187 | 11.9994 | 16.9914 19.1073
TVaR,(S) 7.6589 | 9.9967 | 15.0984 | 20.0310 | 22.1324
TVaR,(X1;S) | 2.9206 | 3.5756 4.6115 5.2234 5.4002
TVaR,(X2;S) | 4.7383 | 6.4211 10.4869 | 14.8075 16.7323

TABLE 1.2 — Bivariate exponential example with 6 = 0.

=1 k=05 |Kk=07 | k=095 | k=099 | kK =0.995
VaR,(S) 3.9328 6.9975 12.8673 | 18.0635 20.2236
TVaR,(S) 7.9817 | 10.6369 | 16.0906 | 21.1529 23.2818
TVaR,(X1;S) | 3.1066 3.9947 5.4022 6.2662 6.5272
TVaR.(X2;S) | 4.8750 6.6422 10.6883 | 14.8867 16.7546

TABLE 1.3 — Bivariate exponential example with 6 = 1.

1.4 TVaR and the TVaR-based allocation with mixtures of ex-
ponential marginals and the FGM copula

Let us consider now that we have two risks X; and X5 which are distributed as a mixture of
exponentials. Their cdf’s and pdf’s can be written as

Fx,(z) = a1 (1 — e M%) 4 (1 — e~ 112%)
Fy, (%) = ag (1 — e 1%) 4 agp(1 — e 7227)
fx (@) = a1 diie M + appdige 12T
Fxa (%) = a2 da1e 9T + agpdope” 227,

where we restrict our model to A1; # Aaj, Aii # 2X25, A1 + A2 # Agj, A1 + A2 # 2Ag; and
A1l + A2 # Aa1 + Aog. As for the exponential distribution case, the calculations can be done
without these constraints but the results are not presented here. Mixtures of exponential distri-
butions, also called hyper-exponential distributions, belong to the phase-type distribution family,
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see Neuts (1981) and Asmussen (2000). They can be used to approximate light- or heavy-tailed
distributions with completely monotone pdf’s and decreasing failure rates as shown in Feldmann
and Whitt (1998), Keatinge (1999) and Khayari et al. (2003). The practical form of the mixture
of exponential distributions also permits explicit results.

The following two propositions can be proven similarly as Proposition 1.1 and Proposition 1.2
in the previous section given that a mixture of exponentials is just an extension of the exponential
distribution.

Proposition 1.5 Let X1 and Xo be two random variables with mizture of exponential distribu-
tions and a joint cdf defined by a bivariate FGM copula as follows

Fx, x, (1, 22) = Cf M (Fx, (1), Fx,(22))

with 0 € [—=1,1]. Then, the TVaR of the aggregate risk S = X1 + Xo at level k, 0 < k < 1, is

TVaR(8) = (I +J + K) x - L

— KR
where
2 2
I = Z Z { [Ozliagj + 9(a1ia2j — 204%1-0[2]' — 2(1110&120[2j — 2a1ia%j — 20&1@'01210422
i=1 j=1
+ 404%2-04%]- + 40&%0&210&22 + 4@1104120(%]- + 40[11@120&210422)} C(VGRH(S); /\11'; /\Qj) },
2
J=40 Z Z { [a%iagj — 2@%1-0(%]- — 204%1-04210422] C(VGRH(S); 2/\11'; /\Qj)
=1 j=1
2 At
+ [20n10012005 — danionz0; — dariarag ] ———5—C(VaR.(S); A1 + Ai2; Aoj)
A1l + A1z
and

2 2
K= HZZ{ ahagj Qa%ia% 2a11a12a2j]C(VaR (S); As; 2A25)
1

7

17
+ at;03,¢(VaR,.(S); 2A143 2X2;)

A
+ [2a1,001000 — daf;001 000 — Ao 12001022 T ((VaR(S): Aji Aot + Aaz)
21 + A2
Nos
+ 2030910092 (VaR,(S); 2115 Aot + Azz)
A21 + A2z
>\12

U ; ; 7
+ 204110412042] o /\12C(VGR 1 (9); A1 + A1 +2X95)

A1iA2;
(A1 + A12) (A2 + A22)

+dajag0i o C(VaR.(S); A1 + Ai2; Ao + >\22)}-
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Proposition 1.6 Let X and Xo be two mizture of exponentials distributed random variables
with joint cdf defined by a bivariate FGM copula. Then, the TVaR-based contribution of risk 1,
1=1,2, to the aggregate risk S = X1 + Xo at level k, 0 < Kk < 1, is

1
TVaRy(Xi;S) = (L+ M+ N) x -,
—K
where
2 2
L = Z { [ah‘agj + Q(Ozh‘agj — 204%1-0423' — 204110[12042]‘ — 20411'04% — 2041#)4210422
i=1 j=1
+ 4ai;05; + 4af; 001009 + danianeag; + 4a1104120é210422)} E(VaR(5); A\ /\2j)}7
2
M=20 Z { [a%iagj - 204%1-0[% - 2a%ia21a22] f(VaR,.;(S), 2/\1i§ )\2]‘)
i=1 j=1
2 Ali ) )
+ [2011001205 — danonzag; — dapionaagags] —————E&(VaR(S); M1 + Aiz; A2j) ¢
A1+ A2

)\2]'

—————E(VaR:(S); Ai; A A
)\21+)\22§( aR(S); AMi; A2t + Aa2)

2
+ [2a1001 000 — d0f;001 0090 — dan 1o 92

A21 + A2

A1i
+ 201101905 —
2T X1 + A1

+ 203001002 €(552X155 A21 + Aa2)

E(VaR(S); A1 + Ai2; +2X25)

Alid2j
(A11 + A12)(A21 + Aa2)

+ 4daio201 092 E(VaR.(S); A1 + Ai2; Ao + )\22)}-

1.5 Approximation methods for TVaR-based allocation

We have seen in the previous sections that it is possible to have an exact expression for
the TVaR of a sum of several dependent random variables and the contribution of each ran-
dom variable to the aggregate TVaR for some specific situations, in particular when using the
FGM copula. For most copulas, it is more complicated to directly calculate this risk mea-
sure. Embrechts and Puccetti (2007) proposed an algorithm to compute numerically the cdf
of the sum of two random variables joined by a copula. They used an approximation of the
set {(w1,22) € [0,+00)? : 11 + x5 < s} by a countable union of disjoint rectangles to obtain an
evaluation of Fg(s) with S = X+ Xs. In the present paper, we expose a simple alternative to ap-
proximate this cumulative distribution function with the use of common discretization methods
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1.5. Approximation methods for TVaR-based allocation

that can be found in Klugman et al. (2008). Then we evaluate the TVaR and its contributions
when the random variables are linked by any copula. The method is here exposed for two random
variables but can be expanded to more random variables as shown in the numerical applications.

1.5.1 Discretization methods

We use three discretization methods in our study that are defined just below. For these three
methods, we suppose that X is a continuous random variable with cdf Fx and that A is the
discretization span.

Definition 1.1 (Lower met,hod) The lower method provides a probability mass function of the
discretized random variable X given by

<(0) =
{fx( ih) = Fx(jh) — Fx((j — 1)h), forj=1,2,...

Definition 1.2 (Upper metho~d) The upper method provides a probability mass function of
the discretized random variable X given by

{ 2(0) = Fx(h)
[z(Gh) = Fx((j + 1)h) — Fx(jh), forj=1,2,...

Definition 1.3 (Mean preserving method) The mean preserving method provides a proba-
bility mass function of the discretized random variable X given by

{fj(( ) E[)}(L/\h]

2B[XAjh]—E[XA(j—1)h]—E[XA(j+1)h
fo(jh) = [XAjh]—E (Jh)] (XA )]’

forj=1,2,...

This method ensures that the mean of the discretized distribution is the same as the original
distribution.

Remark 1.3 [t is shown e.g. in Miiller and Stoyan (2002) and Denuit et al. (2005) that X <. X
under the lower method, X <,q X under the upper method, and X <i.p X under the mean pre-
serving method, where <gq and <;. designate the stochastic dominance order and the increasing
convex order respectively (see the same references for the definitions).

1.5.2 The bivariate case

Suppose that we have two continuous distributed risks X; and Xs. The joint cdf Fyx, x,
is defined by a fixed copula C' which introduces a dependence structure between the risks. We
discretize X1 and X9 with one of the three methods described before. We denote by Xl, Xg
the discretized random variables obtained and keep the same dependence relation between these
two new random variables with the copula C. Then, we define S = X1 + X2 that we use two
approximate S = X7 + Xo.

For a constant discretization span h, the cdf of (X1, Xo) for k>0 and [ > 0 is

Fyg, ¢, (kh,1n) = 3" " Pr(Xy = ih, Xa = jh).

41
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The cdf of S for j > 0 is given by
j ~
Fg(jh) =Y _Pr(S =ih),
i=0
where the probability mass function (pmf) of S is
Pr(S=0) = Pr(X; =0; Xy =0), and

J
Pr(S=jh) =Y Pr(X;=ih; Xy = (j —i)h), for j = 1,2,...
=0

The joint pmf of (X1, X5) is obtained with the copula as follows

Pr(X;=0,X,=0) = C<F)~( (0), Fg, (0)>,

Pr(X, = ih, Xo = 0) = C<F~1(ih),F)~(2(0) - C<F~1((i . 1)h),F)~(2(0)),

Pr(Xy = ih, Xz = jh) = C(Fx, (ih), Fx, (b)) = C(Fg, (G = Dh), Fg, (i)

Then, the TVaR of S can be approximated by the TVaR of S which is given by

EIS % Ligoyun. 5] + VaBa(8) (Pr(S < VaRy(3)) — )
11—k
B[S X 150 pop) + kol (Pr(3 < koh) — r)

- )

1—&

TVaR,(S) =

where VaR,(S) = koh.

The TVaR-based allocation of risk X; over the global risk S can be approximated by the
TVaR-based allocation of risk X; over the global discretized risk S where

b [Xi X 1{S>VGRH(S)}} + B5E [Xi X 1{5:\/(13&(5*)}]

TVaR.(X;;S) =

11—k
11—k ’

Pr(S<koh)—r | (~ _ )
Where Bg = PT(S:kOh) i lf P'I" S ]foh > O’
0, otherwise.

Remark 1.4 In corollary 4.6 of Miiller and Scarsini (2001), it is shown that if (X1, X2) and
)?1,)?2 are random vectors with a common conditionally increasing copula and if X; <c, )~(Z

fori=1,2, then for all non-negative scalars a1 and as we have

a1 X1 + a3 Xa <ew a1 X1 + ag Xo.
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This result also holds for the increasing convex order since it is implied by the convex order. From
Bdiuerle and Miiller (2006), it follows that

TVaR, (a1 X1 + asXo) < TVaR, (alfﬁ + a2)~<2)

for k€ (0,1).

1.5.3 Numerical applications
Bivariate case

Suppose that X; and Xo are exponentially distributed with parameters A\; = 1/2 and
A2 = 1/3 respectively. The dependence between these two risks is defined by the bivariate FGM
copula with parameter 0F¢M = 0.8. This value of #7“M leads to a correlation of 0.2 between X
and Xs. Figure 1.1 in the appendix illustrates the accuracy of the approximations of the cdf of
So when using the three discretization methods. Indeed, the decrease of the discretization span
h implicates a convergence of the discretized cdf to the real one.

The discretization methods allow an approximation of the cdf of Sy with any copula. We
illustrate the use of the FGM, the Clayton, the Frank and the Gumbel copula. The copulas’
parameters are chosen such that we have the same coefficient of correlation between X7 and Xs.
Figure 1.2 in the appendix shows the impact of the copulas on the cdf of Sy which is discreti-
zed with the mean preserving method when the correlation coefficient is fixed at 0.2. The first
graph displays the drawing of the approximated cdf’s of S3. We then do the difference between
a dependent cdf and the independent cdf and trace this difference for the FGM, the Frank, the
Clayton and the Gumbel copula in the second graph of Figure 1.2. These two graphs highlight
the fact that the Clayton copula introduces dependence in lower values and that the Gumbel
copula permits dependence in the upper queue.

In Figure 1.3 in the appendix, we trace the differences between the TVaR of Sy using de-
pendent risks with one of the copulas discussed before and the TVaR of S5 using the independent
copula against the risk level . This is done for three increasing values of correlation between X3
and Xo. Given that the FGM copula only allows weak dependence it just appears on the first
graph. The graphs confirm the fact that the Gumbel copula introduces dependence in high values.

Tables 1.4 and 1.5 expose the numerical results for the TVaR and the T'VaR-based allocation
for X1 and X5 with the four copulas discussed above and confidence levels equal to 0.99 and 0.995.
The calculations are done with the mean preserving discretization method with span A = 0.05
for the four copulas and also with the exact expression for the FGM copula. The tables attest the
good precision of the approximation method and confirm the high dependence values inserted
by the Gumbel copula.

Trivariate case

We illustrate here the difference between the exact and the approximated methods with three
risk variables dependent through a trivariate FGM copula. Suppose that X;, Xo and X3 are ex-
ponentially distributed with parameters \; = 1/2, Ay = 1/3 and A3 = 1/5 respectively. The
copula parameters GzFGM, GZ-I;GM and Hf;kGM, fori=1,2,3,7=1,23k=1,23,j#i, k#i
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Copula TV(zRo,gg(Sg) TVaRo,gg(Xl; SQ) % of TVaR(),gg(SQ) TVaRo,gg(Xg; SQ) % of TVaRo,gg(Sg)

FGM exact 20.9561 6.0998 29.1% 14.8563 70.9%

FGM M.P. 20.9574 6.1003 29.1% 14.8571 70.9%

Clayton M.P. 20.7918 5.9419 28.6% 14.8499 71.4%

Frank M.P. 21.0612 6.2158 29.5% 14.8454 70.5%

Gumbel M.P. 22.9669 7.7988 34.0% 15.1682 66%

TABLE 1.4 — TVaR and TVaR-based allocation for S with x = 0.99.

Copula TV aRp.995(S2) TVaRy.995(X71; 52) % of TVaRo,ggs(Sz) TVaRy.995(X2;.52) % of TV(LR(),995(SQ)
FGM exact 23.0839 6.3523 27.5% 16.7316 72.5%
FGM M.P. 23.0859 6.3530 27.5% 16.7329 72.5%
Clayton M.P. 22.9135 6.1776 27.0% 16.7359 73.0%
Frank M.P. 23.2014 6.4953 28.0% 16.7061 72.0%
Gumbel M.P. 26.0088 8.9850 34.5% 17.0237 65.5%

TABLE 1.5 — TVaR and TVaR-based allocation for Sy with x = 0.995.

and k # j are all fixed to 1. As for the bivariate case, we show in Figure 1.4 of the appendix
the convergence to the real cdf of S5 of the discretized cdf’s when using the three discretization
methods.

Tables 1.6 and 1.7 compare the numerical results for the TVaR and the TVaR-based allocation
for the three risks with confidence levels equal to 0.99 and 0.995 between exact expressions and
approximated results using the mean preserving discretization method with span A = 0.3. As for

the bivariate case, they show a satisfying accuracy of the approximation method.

Method TVCLR()_99<S3) TVaRo_gg (Xl; Sg) TVaRo‘gg (XQ; Sg) TvaRo.gg(Xy); S3>
Exact 37.5988 4.1726 8.4033 25.0230
Mean P. 37.6062 4.1760 8.4060 25.0243

TABLE 1.6 — TVaR and TVaR-based allocation for S35 with x = 0.99.

1.6 Conclusion

This paper introduces the use of copulas in TVaR-based capital allocation. We obtain explicit
expressions for the TVaR and TVaR-based allocation for risks that have exponential and mixture
of exponentials distributions linked by a FGM copula. The handy form of this copula permits
a direct calculation of the coherent risk measure and its decomposition when we suppose only
two different risks. In the multivariate situation, we use divided differences as in Chiragiev and
Landsman (2007). For other copulas, we present approximations for the TVaR and the TVaR-
based allocation using three discretization methods for continuous distributions.
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Method | TV aRy.995(53) | TV aRo.995(X1;3) | TV aRo.g95(X2;S3) | TV aRo.095(X3;.53)

Exact 41.1177 4.2044 8.6536 28.2597
Mean P. 41.1262 4.2080 8.6567 28.2616

TABLE 1.7 — TVaR and TVaR-based allocation for S35 with x = 0.995.
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APPENDIX
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FIGURE 1.1 — Discretized cdf’s vs exact cdf for 2 risks

46



1.7, Acknowledgements

Cdf of 3 with disc. mean p. and corf¥! X2)=0.2
lambdat=1/2, lambda2=1/3

——-FGM
P o Frank
Clayton
——— Gurmbel

Fis-Find(s)

006 -

nosr

0o4r

003

=1
=
=

Difference of cdf of 5 with independent copula
corfil #2F0.2, lambdal=172, lambda2=1/3, h=0.08

——-FGM
- Frank
Clayton

——— Gurnbel

FIGURE 1.2 — Comparison of copulas with Corr(X1, X2) = 0.2

47



Chapitre 1. Allocation de capital basée sur la mesure TVaR avec copules

Difference of TVaR of 3 with independent copula Difference of TaR of 5 with independent copula
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Chapitre 2. Moments de la somme des valeurs présentes des sinistres avec dépendance introduite par la copule FGM

Résumé

Nous nous intéressons maintenant a la distribution de la somme des valeurs présentes des
sinistres et plus particuliérement & ses moments. Nous considérons le modéle dynamique décrit
dans l'introduction générale avec un processus de dénombrement de sinistres Poisson homogéne.
Le taux d’intérét net instantané que nous utilisons peut prendre des valeurs positives comme
négatives.

Nous introduisons, de plus, une relation de dépendance entre les montants de sinistre et les

temps inter-sinistre. Ainsi, le montant du j®™® sinistre est dépendant du temps entre les (j —1)%™¢
et 7™ sinistres par une copule Farlie-Gumbel-Morgenstern, cette copule permettant aussi bien

une dépendance positive que négative.

A Taide de la transformée de Laplace, nous sommes capables d’obtenir n’importe quel mo-
ment de la somme des valeurs présentes des sinistres sous certaines conditions pour les valeurs
du taux d’'intérét net instantané. Ce résultat est démontré tout d’abord pour le premier moment,
puis le second et enfin pour le moment d’ordre m quelconque.

Des applications sont ensuite proposées pour 'utilisation de ces résultats. Nous voyons en
effet comment utiliser notamment les deux premiers moments pour évaluer la prime pure d’un
portefeuille d’assurance. Nous proposons ensuite I’emploi d’'une méthode d’approximation de la
distribution de la somme des valeurs présentes des sinistres basée sur les trois premiers moments.
Enfin, nous suggérons un modeéle d’évaluation du Best Estimate et du Solvency Capital Require-
ment alternatif a celui proposé par la réforme Solvabilité II. Notre modeéle peut en effet prendre
en compte 'impact de 'inflation sur ces deux mesures.
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2.1. Introduction

2.1 Introduction

We consider a continuous-time compound renewal risk model for an insurance portfolio and
we define the compound process of the discounted claims e 97 X;, i = 1,2, ... occurring at time
T,,i=1,2,...by Z={Z(t),t > 0} with

Z(t) = { SV e tTix;,  N(@#)>0

0, N (t) =0,
where N = {N (¢),t > 0} is an homogeneous Poisson counting process and 9 is the instantaneous
rate of net interest. In actuarial risk theory, it has been assumed that the claim amounts X,
i=1,2,... are independent and identically distributed (i.i.d.) random variables (r.v.’s) and the
interclaim times Wqp = 17 and W; = T; —T;_1, j = 2,3,... are also ii.d. r.v.’s. The r.v.’s Xj
and W;, i = 1,2,... are classically supposed independent. This last assumption also implies that
X;,i=1,2,... are independent from N. This risk process has been used in ruin theory by many
authors such as Taylor (1979), Waters (1983), Delbaen and Haezendonck (1987), Willmot (1989),
Sundt and Teugels (1995) and more recently Kalashnikov and Konstantinides (2000), Yang and
Zhang (2001) and Tang (2005). They mainly focused on the ruin probability and related ruin
measures.

Only a few recent works deal with the distribution of the aggregate discounted claims Z(t).
Léveillé and Garrido (2001a) provide the first two moments of this process. These first two mo-
ments were also obtained in Jang (2004) using martingale theory. This result has since been
generalized by relaxing some of the classical assumptions presented above. Léveillé and Garrido
(2001b) and Léveillé et al. (2009) derived recursive formulas for all the moments of the aggregate
discounted claims considering a compound renewal process where N is not necessarily a Poisson
process. In Jang (2007), the Laplace transform of the distribution of a jump diffusion process
and its integrated process is derived and used to obtain the moments of the compound Poisson
process Z(t). Kim and Kim (2007) and Ren (2008) studied the discounted aggregate claims in
a Markovian environment which modulates the distributions of the interclaim times and claim
sizes for the former and the distribution of the interclaim times for the latter. They both provi-
ded the Laplace transform of the distribution of the discounted aggregate claims and then gave
expressions for its first two moments.

The aggregation of discounted random variables is also used in many other fields of applica-
tion. For example, it can be used in warranty cost modeling, see Duchesne and Marri (2009), or
in reliability in civil engineering, see van Noortwijk and Frangopol (2004) or Porter et al. (2004).

In this paper, we want to introduce some dependence between the interclaim times and the
subsequent claim amounts. There exists different ways to take this dependence assumption into
account as using copulas or a Markovian environment. In risk theory, this dependence between
interclaim times and claim amounts has already been explored as in Albrecher and Boxma (2004)
where it is supposed that if a claim amount exceeds a certain threshold, then the parameters of
the distribution of the next interclaim time is modified. In Albrecher and Teugels (2006) the de-
pendence is introduced with the use of an arbitrary copula. Conversely to Albrecher and Boxma
(2004), Boudreault et al. (2006) assumed that if an interclaim time is greater than a certain thre-
shold then the parameters of the distribution of the next claim amount is modified. In a similar
dependence model, but with more freedom in the choice of the copula between each interclaim
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time and the subsequent claim amount, Asimit and Badescu (2009) consider a constant force of
interest and heavy-tailed claim amounts. Dependence concepts used in Boudreault et al. (2006)
were then extended in Biard et al. (2009) where they suppose that the distribution of a claim
amount has its parameters modified when several preceding interclaim times are all greater or all
lower than a certain threshold. All these papers were interested in finding exact expressions or
approximations for some ruin measures such as the ruin probability or the Gerber-Shiu function.

In our study, the assumption of independence between the claim amount X; and the inter-
claim time W is relaxed to allow {(X;, W;),j € N*} to form a sequence of i.i.d. random vectors
distributed as the canonical random vector (X, W) in which the components may be dependent.
We follow the idea of Albrecher and Teugels (2006) supposing that dependence between an in-
terclaim time and its subsequent claim amount is modelized by a copula. More specifically, we
use the Farlie-Gumbel-Morgenstern (FGM) copula which is defined by

CFEM (y,v) = uv + Guv (1 — u) (1 —v), (2.1)

for (u,v) € [0,1] x [0,1] and where the dependence parameter 6 takes value in [—1,1]. While
there are a large number of copula families, we choose the FGM copula because it offers the
advantage of being mathematically tractable as illustrated in Cossette et al. (2009). Even if the
FGM copula introduces only light dependence, it admits positive as well as negative dependence
between a set of random variables and includes the independence copula when 6 = 0. It is also
known that the FGM copula is a Taylor approximation of order one of the Frank copula (see Nel-
sen (2006), page 133), Ali-Milkhail-Haq copula and Plackett copula (see Nelsen (2006), page 100).

The paper is structured as follows. In the second section, we present the model of the conti-
nuous time compound Poisson risk process that we use and give some notations. The first mo-
ment, the second moment and then a generalization to the mth moment are derived in Section
3. Applications to premium calculation, moment matching methods and Solvency II are given in
the fourth section. In particular, we show how our method may be used to determine Solvency
Capital Requirements and to perform part of Own Risk and Solvency Assessment (ORSA) ana-
lysis in Solvency II for some cat risks and inflation risk.

2.2 The model

Assuming that E[X]"] < oo for i = 1,2,... and m € N, we introduce a specific structure of
dependence based on the Farlie-Gumbel-Morgenstern copula between the ¢th claim amount and
the ¢th interclaim time. Using (2.1), the joint cumulative distribution function (c.d.f.) for the
canonical random vector (X, W) is

FX,W (.%',t) = C(FX (:C)’FW (t))
= Fx (z) Fw (t) + 0Fx (z) Fw () (1 — Fx (2)) (1 — Fw (1)),

for (t,x) € R% x Ry and where Fx and Fy are the marginals of respectively X and W. This
dependence relation implies that X1, X9, X3,... are no more independent of N. Recalling the
density of the FGM copula

FOM (u,0) =14 60(1 - 2u) (1 - 2v),
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2.3. Moments of the aggregate discounted claims

for (u,v) € [0,1] x [0, 1], the joint probability density function (p.d.f.) of (X, W) is

Fxw (z,t) = ¢ M (Fx (x), Fw (1)) fx (2) fw (2)
= Ix (@) fw (t) + 0fx (x) fw (8) (1 = 2Fx (x)) (1 = 2Fw (1)) ,

where fx and fy are the p.d.f.’s of respectively X and W.

The mth moment of Z (t) is denoted by u(Zm) (t)=FE|[Z (m) (t)] and its Laplace transform by

M(Zm) (r). We see in the next section how to derive explicit formulas for these moments.

2.3 Moments of the aggregate discounted claims

2.3.1 First moment

To derive the expression for the first moment py (t) of Z(t), we assume that E[X]| < oo, that
W ~ Ezp(f) and that § > — 3. Conditioning on the arrival of the first claim gives

pz (t) = E[Z(1)]
=F [E [6_6SX1 +e % Z(t—s)|Wy = 8”

= [ e B = sldst [ (o) Pz ¢ ) ds
where
EX|W =s] = /Ooo 2 xiwes (z) d
= [ a6 - 2Pk (@) (1 26 ()} fx () do
= BX]+6 [ "2 (2= 2Px @) (1 - 2w () fx (o) do
_9/ (1—2Fw (s)) fx () da
_EX](1—0(1—2Fw () +0(1 — 2Fw (s)) /OOO (1— Fy (@)2de.  (2.2)
Let X’ be the random variable having (1 — Fx(z))? as survival function such that
E[X’]:/Ooo(l—FX dx</0001—FX )dr = E[X].
Then (2.2) becomes
EX]+ (E[X'] —E[X])0(1—2Fy (s)). (2.3)
From (2.3), we can derive the following remarks. If # > 0 (§ < 0) and s < Fy;' (0.5)

(s > Fﬁ,l (0.5), respectively), then E[X|W =s] < E[X]. Conversely, if 6 > 0 (6 < 0) and
s > i (0.5) (s < Fyyt (0.5), respectively), then E [X|W = s] > F[X].
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Considering that W has an exponential distribution with mean %, we have

h(t8) = fw (t) = Be ™, (2.4)
Fy () =1—¢e P, (2.5)

B9 = B[] = o

where the notation h (¢; 3) is introduced for simplification purposes in order to derive the mo-
ments of Z(t).

We obtain the following expression for 1 (f)
/fW e E[X]ds+ 0 (E[X'] —E[X])/Otfw (s)e™% (1 — 2Fy (s)) ds
+ / fw (s)e Pz (t— ) ds
/Be Pe B [X]ds + 6 (B [X'] — E[X])/Otﬁe_ﬁse_55 (2e—ﬂt1) ds
/ BeP ey (1 — 5) ds
= [ S ssr o Bixas

B+0
+9(E[X’]—E[X])/O 2;i5h(s;2ﬁ+5)ds
—H(E[X']—E[X])/O Biéh(s;ﬂ—ké)ds
+/0 ﬁf_éh(s;ﬁ—i-é),u,z(t—s)ds. (2.6)

We take the Laplace transform on both sides of (2.6) and after some rearrangements, we
obtain

h(r;ﬁ-ﬁ-&iE[X] +0(E [X’] —E[X]) (2235 h(r;f-ﬁ-é) _ %h(r;é’ﬁs))

iy (r) = , 2.7
iz (r) - Bt o) (2.7)

~ B4 Bor

~ o BEX] | BEXT - EX])
fiz (r) = r(d+r) 0 r(28 40 +7) (29)
Inverting (2.9), we obtain
1—e % 1 — e (26+9)
iz () = BRI — +03 (BLX - BIX) - (2.10)
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2.3. Moments of the aggregate discounted claims

Notice that when the r.v.’s X and W are independent which corresponds to # = 0, the
expected value of the compound process of the discounted claims, denoted Z;;,4(t), becomes

1— e—5t

HZina (t) = BE[X] S

2.3.2 Second moment

We suppose now that F[X?] < oo, for i = 1,2, that § > —/3/2 and that § # 23. The following
method can be used to find the second moment of Z(¢) when § = 23 but we focus here on the
more general case where ¢ # 23. As for the first moment of the discounted total claim amount,
we condition on the arrival of the first claim to obtain the second moment of Z(t)

WD) =E [E [(6—55)(1 e O Z(t— )Wy = SH
= /t fw (s)e 2 [XQ\W =s|ds+ Q/Ot fw (8) e 2B [ X|W = s] ug (t — s)ds

/ fw (s) e 250 (t — 5) ds.

Similarly as in (2.2), we have
E (X)W =5 =E[X?|(1-0(1—-2Fy(s)) +0(1L—2Fy(s)) /OOO 2z (1 — Fx (z))*dx
—EB[X?+ (E [(X)Q] —E [X2]> 0(1—2Fw (s)),

where -

E[(X’)z} :/000233(1—FX (x))de</ 2z (1— Fx (x))do = E [X?].

0

We find the following expression for ,u(ZQ) (t)
w2 ( / fw (s) e 2B [X?] ds+9( [( X2 / fw (s) €725 (1 — 2Fy (s)) ds
+ 2/ fw (8)e 2B [X] py (t — s) dsds
0
+20 (B [(X)] —E[X])/O fw (s)e 25 (1 = 2Fy (s)) uy (t — s) ds
/ fW —268 (2 (t—S) ds
:/0 ﬁ+25h(s;ﬁ+25)E[X2]ds
+0(E[(X')2} —E[XQ])/O (2;52611(8;2,“25)—Bf%h(s;ﬁma)) ds
+2/0 Bf%h(s;ﬁ—i-%)E[X]uz(t—s)ds
+260 (E [(X)] —E[X])/O <262f%h(8;25+25)—Bf2éh(s;5+25)> pz (t—s)ds

/B o5 (516 +20) @ (1 — 5)ds. (2.11)
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We take the Laplace transform on both sides of (2.11) and after some rearrangements, we
obtain

1
1- +25 h(r; B + 26)

+0 (E[(X”] - B[X?)) (2 ;f UL : f% Arif 25>>

h(r;B+26) B

~(2) _
iz (r) = r B+ 26

E[X?]

g

I %ﬁ(r; B4 26)jiz(r)

+20 (E[X'] — E[X]) <252f}26ﬁ(r; 28 + 26) — ﬁfzéﬁ(r; 8+ 25)) ﬁz(r)] ,

+ 2E[X]

which becomes

@), _ BE[X? B(E[(X"?] - E[X?) _BEIX]. B(E[X'] - E[X]) .
“ZZ(T)_T(%H) 7 J S By S LD R YWy Sl )
S R et Y BT SRy
Cr(20 +7) r(28+ 20 + 1) 26 +7 \r(6+7) r(28+4d+r)
B(E[X'] - E[X]) ( BE[X] B(E[X'] - E[X])
MY ey (r(5—|—7“)+0 2B+ 0+ 1) )
_ BB B(E[X?)-BIXY) ,  @EIXP BEX](BIX) - BX)
(20 + 1) r(26 426 +r) r(6+7)(26 + 1) r(28+0+7)(20 + 1)
B*E[X] (E[X'] — E[X]) 32 (E[X'] - E[X])?
QR S Y7 By S A Y. Ui 1Y S S (2.12)

This last Laplace transform is a combination of terms of the form

~ 1
fr) = r(ar +r)(as+7) - (an +71)’

with f a function defined for all non-negative real numbers. As described in the proof of Theorem
1.1 in Baeumer (2003), each of these terms can be expressed as a combination of partial fractions
such as

f(r):7071“+71a11+r+72a21+r+m+%an1+7" (2.13)
where vg = aan and , fori=1,...,n,
n
’Yiz—oi 1 .ajlai- (2.14)
J=Lij#i
Since the inverse Laplace transform of al_lJrT is e~ it is easy to inverse f and obtain
F(B) =0 +me” ™ +y2e7 4o e (2.15)
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Using (2.15) in (2.12), it follows that

020t 1— e—(2/3+25)t>

n®(t) = BE[X7] (1_25) +05 (B [(X7] - B[X?)) ( T

—ot —24t

+282E[X )2 <222 - 6252)

1 e~ (28+0)t e~ 20t
+208°E[X] (B[X'] - E[X]) (25(% 5 2B+ (—28+0) 2s(—28+ 5))

1 o0t e~ (28+20)t
+208°E[X] (E[X'] — E[X]) (5(25 125)  5(28+9)  (28+20)28+ 5))

2 92 / 2 1 e~ 2B+t =(26+29)

+26°6° (E[X'] — E[X]) <(25 10)(26+28) (28 +0) + 5(28 + 25)) ' (2.16)

2.3.3 mth moment

We now generalize the previous results to the mth moment of the discounted total claim
amount. We suppose that E[X'] < oo for i = 1,...,m, that § > —3/m and that § # 23/n
forn =1,...,m — 1. As for the second moment, we deal with the more general situation but
the following method can be applied when considering some equalities in the last assumptions.
Conditioning on the arrival of the first claim leads to

t
uy (t) = /0 fw (s)e ™S E[XTW = s]ds
m—1 t j
+ <m> / fu (5) B [XIW = 5] u"™) (1 = 5) ds
= J 0

t
+ / fw (s) e_m‘ss,u(zm) (t — s)ds.
0

With E [(X’)j] = [y g (1 - Fx ())? d where for applications we need to have

lin%)jxj_l (1 — Fx (z))* < oo and (2.17)
T—>
lim jri 7 (1 = Fy (2))? < o0, (2.18)
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the Laplace transform of ,u(Zm) (t) is given by

o) () = 1 (r;B+md) p .
fiz ()= E (s 6+m5)[ . T BT
nm m 7L T mo ’}VL r ms
+0(E[(X)"] - E[X™) (%iﬂma ( 2€+ )_ﬁfm(; ( B: )>
= m—1
m 7 5 ~(m—j) m N }
= <j>E[X]ﬁ+m5 (rs 5+ mé) iz M+02 (j.)(E[(X)}—E[X])
) <2/31ﬂm5ﬁ(r;26+mé)_ﬁ+ﬁm5 (rﬁ+m5)> fig W]’ (2.19)

which can also be expressed as follows

) = (1) P () AT P mii ()2

r(md +r) m (26 4+ md +r)

E[(XY] = E[X]) _(m—)
+02() Wrmor  Hz )

Noting fori =1,...,m, j=1,...,mand k=0,1

i\ B (BT (BIXY) - Blx7)"
C(Z’]’k)<j>0k kX 28 +i0+r

(2.20)

)

we can rewrite fiz(r) and ,u( )( ) as

ﬂZ(T) = % |:C(17 170) + C(lv L, 1) >

[ C(2,2,0) 4 ¢(2,2,1) + [¢(2,1,0) + ¢(2,1, 1)] [¢(1,1,0) + ¢(1,1,1)]

ﬁ\}—t ﬁ\»—\

{ 2,2,0 —I—C 2 2, 1)+C(2,1,0)C(1,1,0)—I—C(?,I,O)C(l,l,l)+C(2,1,1)C(1,1,0)
e, ><<1,1,1>}

The term ,&(Zm) (r) can also be expressed using (2.20)

ﬂ(Zm)(T) = }Z Z (i1, j1, k1) X -+ X Clin, Jns kin), (221>

r
n=1 ((il,jl,k‘l) ::::: (’in,jn,kn))EAmn

Where Amn - {(ihjlakl)a”’7(in7jn7kn); il =m, il > e > Z.n7 jn - in; jl + - +]n =m,
0<j <n, k_e{0,1}}.
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2.4. Applications

To invert (2.21), let I(((i1;715k1);--.;C(in;dn; kn)) be the inverse Laplace transform of
L¢(irsjiskr) x -+ X ((ins jn; kn), for n=1,...,m. Using (2.13) and (2.15), we have
T(CGivsgiska)s -5 Clins Jns kn)) = Ain; Jis k1) X - X Alins jins kn)
X (’yo + etk 4y %e‘o‘(in;k")t)
where A(i;j; k) = (1)0%3 (B[X7))' ™" (B[(X'Y) — E[X/))" and a(i; k) = k x 28 + 0 with, refer-

_ 1 1 u 1 _
ring to (2.14), % = garmyatmmy 204 % = ~ammy o=t somy—atumy ¥ = 1o m

It finally follows that

m

= > I(C(ins jrs k) -5 Clins dni kn)) - (2.22)

n=1 ((il,jl,kl),-n,(in,jn,k)n))EAmn

Remark 2.1 We give in the appendiz the expression of the third moment of Z(t) that is useful
for the following application section.
2.4 Applications

As we have already discussed in the introduction, several scientific domains have recourse to
discounted aggregations. We present here some applications of our results in actuarial sciences
where the claim distributions are assumed to be positive and continuous.

2.4.1 Premium calculation

Now that we are able to compute the moments of Z(t), it is possible to compute the premium
related to the risk of an insurance portfolio represented by Z(t). We propose here to study
several premium calculation principles. The loaded premium II(¢) consists in the sum of the pure
premium P(t), which is the expected value of the costs related to the portfolio, and a loading
for the risk L(t) as

II(t) = P(t) + L(t) = E[Z(t)] + L(t).
The loading for the risk differs according to the premium calculation principles.

Denote by k > 0 the safety loading. The expected value principle defines the loaded premium
as

II(t) = E[Z(t)] + ~E[Z(1)],
where L(t) = kE[Z(t)].

The variance principle gives
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where L(t) = kVar(Z(t)).

And finally, one can use the standard deviation principle which is determined by

II(t) = E[Z(t)] + kv Var(Z(t)),

where L(t) = ky/Var(Z(t)).

As we only need the first two moments for these examples, we can use the equations (2.10)
and (2.16) to determine the loading for the risk and then the loaded premium (see e.g. Rolski
et al. (1999) for details on premium principles).

2.4.2 First three moments based approximation for the distribution of Z(t)

Here, we suggest to use a moment matching method in order to approximate the distribution
of Z(t). Several moment matching methods exist and can be used according to the queue of
the distribution that one want to approximate as the translated-gamma, the translated F', the
inverse gamma or the generalized Pareto approximations as referred in McNeil et al. (2005). For
this illustration, we choose to work with exponentially distributed claims and then we propose
to approximate the distribution of Z(¢) with a moment matching method based on a mixture of
two Erlang distributions with a common shape parameter. This method that is due to Johnson
and Taaffe (1989) is well adapted for light tailed distributions. Furthermore, as said in Tijms
(1994), the class of mixture of Erlang distributions is dense in the space of positive continuous
distributions. The distribution function of a mixture of two Erlang distributions with respective
rate parameters A\; and Ay and common shape parameter n is given by

Fy (y) = p1Fi(y) + p2Fa(y),

where I} and F5 are two Erlang c.d.f.’s and p; and po their respective weight in the mixture.
The p.d.f. Y is

Iy (y) = p1fi(y) + p2f2(v),

where f; and fs are two Erlang p.d.f.’s. The m-th moment of the mixture of two Erlang distri-
butions is

u™ = BlY™ = pid™ + paps”,

where ,u(lm) and ugm) are the respective m-th moment of two Erlang distributions. Under the
conditions x > 0 and y > 0 which are fulfilled in the following numerical example where x and
y are defined just below, Theorem 3 of Johnson and Taaffe (1989) gives the parameters of the
mixture of two Erlang distributions with the same shape parameter n in terms of its first three
moments as follows

A= (—B +(~1)iVB2 - 4Ac) /(24), i=1,2,

and
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where A = n(n + 2)uVy, B = — <n$ + 71(:7;32)212 + (n + 2)(,“(1))23/), ¢

(251 (O and & = O — (222) (@2

For the numerical illustration, suppose that X ~ Exp(A = 1/100), the inter-claim time
distribution parameters 8 = 1,5 and 10, the interest rate 6 = 4%. We use three different values
for the copula parameter § = —1,0,1 and fix the time ¢ = 5. The m-th moment of X is

E[X™] = Aimm! (2.23)
As E[(X")™] = [¢¥ ma™ (1 — Fx(x))*dz, we have that
E[(X")" = (2A1)mm! (2.24)

The first three moments of Z(¢) and the matched parameters for the mixture of Erlang distribu-
tions are presented in Tables 2.1, 2.2 and 2.3.

0 | pz5) | 43 05) pP6G) [n| o x N | | p

-1 | 477.682 | 3.346 x 10° | 2.967 x 10% | 3 | 0.0442 | 0.00563 | 0.119 | 0.881
453.173 | 2.878 x 10° | 2.277 x 108 | 4 | 0.0263 | 0.00747 | 0.215 | 0.785

1 | 428.664 | 2.434 x 10° | 1.679 x 108 | 4 | 0.0430 | 0.00867 | 0.088 | 0.911

TABLE 2.1 — Moments of Z(5) and parameters of the mixture of Erlang distributions for g = 1.

0| wz5) | k) ny' () || N Ao p | m

-1 ] 2290.766 | 5.766 x 10% | 1.576 x 1010 [ 11 | 0.0146 | 0.00475 | 0.0159 | 0.984
0 | 2265.866 | 5.546 x 10% | 1.455 x 10'° | 13 | 0.135 | 0.00572 | 0.00337 | 0.997
1 | 2240.965 | 5.329 x 10°% | 1.338 x 1010 | 17 | 0.0454 | 0.00757 | 0.00308 | 0.997

TABLE 2.2 — Moments of Z(5) and parameters of the mixture of Erlang distributions for g = 5.

0 uz5) | P 0) iP6) [l om | |

-1 | 4556.681 | 2.180 x 107 | 1.091 x 10 | 21 | 0.0118 | 0.00459 | 0.00557 | 0.994
0 | 4531.731 | 2.136 x 107 | 1.045 x 10! | 26 | 0.0118 | 0.00572 | 0.00605 | 0.994
1 | 4506.781 | 2.093 x 107 | 9.999 x 109 | 34 | 0.0157 | 0.00753 | 0.00326 | 0.998

TABLE 2.3 — Moments of Z(5) and parameters of the mixture of Erlang distributions for 5 = 10.

For this last case, Figures 2.1, 2.2 and 2.3 in the appendix show the drawings of the simula-
ted p.d.f. of Z(5) versus the approximated p.d.f. of Z(5) with a mixture of Erlang distributions
moment matching. We see on our illustration that the fit of the approximations is satisfying.

In Tables 2.4, we compare the Value at Risk (VaR) obtained from Monte Carlo simulations
of Z(5) against the VaR for the mixture of Erlang distributions approximation for a confidence
level @ = 99.5%. Once again, the approximated VaR’s are satisfying.
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O IMCB=1|MMB=1|MCAB=5|MMB=5|MCB=10] MM 3= 10
1| 1606.311 | 1620.153 | 4451.252 | 4498.420 | 7486.069 | 7545.406
0 | 1434.566 | 1426.921 | 4168.524 | 4220.984 | 7121.053 | 7166.169
1| 1244.871 | 1251.674 | 3859.026 | 3895.557 | 6718.142 | 6755.696

TABLE 2.4 — VaR calculated from the Monte Carlo (MC) simulations and the moment matching

Remark 2.2 Let S(t) = Z(t) when the instantaneous rate of interest § = 0. As, in general
for 6 > 0, we have E[p(Z(t))] < Elp(S(t))] for every non-decreasing function ¢, we have that
Z(t) <sq S(t) where <yq designate the stochastic dominance order. Furthermore, this implies
that VaRo(Z(t)) < VaR(S(t)) for every a € [0, 1].

2.4.3 Solvency II internal model

The European Solvency II project is going to lay down some new regulatory requirements
that every insurance company inside the European Union will have to fulfill. In addition, several
other countries outside the European Union (e.g. Canada, Columbia or Mexico) are likely to
use similar principles. The directive has been adopted in April 2009 and the implementation
measures are in progress in order to have the new system in force on October 31st, 2012. Deter-
mination of Solvency Capital Requirement (SCR) is one of the main points of the quantitative
pillar of this reform. Indeed, in addition to the best estimate (which is defined as the expected
present value of all potential future cash flows that would be incurred in meeting policyholders’
liabilities) of liabilities and a risk margin, insurance companies and reinsurers will have to own
an extra capital to cope with unfavorable events. The computation of the Solvency II standard
formula for SCR is based on the 1-year 99.5%-Value-at-risk (VaR). Most often in the standard
formula, it is assumed that the heaviness of the tail of the distribution of random loss X is
quite moderate, and so the SCR, defined as the difference VaRgg 5 (X) — E(X), is replaced by
a proxy qox, where ox denotes the standard error coefficient of X and ¢ is a quantile factor
which should be set at ¢ = 3. Seldom, if appropriate, factor ¢ = 3 may be replaced by a larger
value, close to 5 for example, to take into account potential heavier tails. This is the case in
particular in the current version of the Counterparty Risk module (see Consultation Paper 51
of CEIOPS). Although quantile factors may vary from one line of business to the other, it has
become classical to compute the SCR in the standard formula as a multiple of the standard error
coefficient of the random loss, or with stress scenarios. Even if internal models or partial internal
models are being encouraged, companies will anyway have to provide the SCR computations
with the standard formula as complement. Some of those partial internal models are based on
a different time horizon, up to 5 or 10 years for some reinsurers. Besides, all insurers have to
provide an Own Risk and Solvency Assessment (ORSA) which aims to study risks that may
affect the long-term solvency of the company. Either for ORSA or for SCR computations, it
may be useful to determine the first two moments of the discounted aggregate claim amount,
both with constant interest rate and inflation, and in a stress scenario where inflation increases.
Inflation is very low currently and, in an ORSA analysis, it would be interesting to study the
impact of inflation on Best Estimate (BE) and on the SCR if inflation increases after the current
crisis. This is what we investigate in Tables 2.6 and 2.7. Solvency II standard formula often uses
the independence between claim amounts and the claim arrival process. In practice, for risks like
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earthquake risk or flood and drought risks, the next claim amount is not independent from the
time elapsed before the previous claim, and this must be taken into account in partial internal
models. The advantage of our method is that it remains valid for negative values of § (as long as
they are not too negative), which can be seen as the difference between the interest rate and the
inflation rate. If inflation becomes larger than the interest rate, then § becomes negative, and
our method still applies for small enough values of |§|. Some other approaches are possible as cat
risk is sometimes addressed directly by the means of extreme scenarios.

Here we compute the SCR in the standard formula approach and in the internal model
approach for a 5-year horizon for exponentially distributed inter-claim times and Exponential
and Pareto claim amount distributions. For the internal model approach, we use Equations
(2.23) and (2.24) from the previous example to compute the mth moment of Z(¢) when the
claim amounts are exponentially distributed. If the claim amount r.v. X is Pareto with c.d.f.

K
Fy(z)=1- (ﬂrx) 1> 0,

and mth moment

m y"m!
E[X™] = -9 (2.25)

for v > 0 and £ > m then E[(X’)™] according to (2.18) becomes

y™m!

B = 1 ar )

(2.26)
for k > m/2.

Thus the mth moment of Z(t) can be explicitly expressed using (2.10) and (2.16) for the first
and second moments, or using (2.22) for greater moments. The SCR for the internal model is
obtained from the first moment of Z(¢) and a simulated VaR with Monte Carlo method.

Let the FGM dependence parameter be —1, 0 or 1, and § = 3%. The parameter for the
inter-claim time distribution is 5 = 2. Assume that the claim amount r.v. X ~ Exp(A = 1/10)
for the Exponential case and that X ~ Pareto(k = 2.5,y = 15) for the Pareto case with the
same expected value 10 but with variances respectively equal to 100 and 500. As discussed above,
we set the quantile factor ¢ for the standard formula approach at 3 for the Exponential case and
at 5 for the Pareto case. The SCR’s for the standard formula and the internal model approaches
are presented in Table 2.5. Using the internal model approach, we also compute the SCR (and
the Best Estimate (BE)) with inflation crises (6 = 1.5%, 0.5% or —5%) in comparison to 6 = 3%
for the Pareto case. The results are shown in Table 2.6.

We also provide some results for the same values for § when the time horizon is equal to 10
years and the copula parameter § = 1 in Table 2.7.

Finally, we also provide in Table 2.8 a few results with § = 1 and 5 = 0.5 to see the influence
of parameter 8 and to illustrate the case where large claims occur in average every k years, with
k> 1.

First, we see that both SCR and BE are decreasing as the copula parameter 6 increases from
-1 to 1. This is logical as positive dependence between inter-claim times and claim amounts is
a form of diversification effect. SCR are larger for Pareto claim amounts than for Exponential
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Exponential case Pareto case
Copula parameter | Standard formula, ¢ = 3 | Internal model | Standard formula, ¢ =5 | Internal model
0=-1 140.508 151.075 385.760 314.362
0=0 124.703 132.149 359.987 295.574
=1 107.091 111.254 332.933 276.368

TABLE 2.5 — Comparison between the standard formula and the internal model approaches for
the SCR, 5-year time horizon.

Copula parameter | 6 =3% | 0 =15% | § =0.5% | 6 = —5%
0=-1
BE 95.963 99.455 101.881 116.775
SCR 314.362 | 325.107 331.891 383.146
=0
BE 92.861 96.342 98.760 113.610
SCR 295.574 | 306.034 313.842 362.760
=1
BE 89.760 93.229 95.639 110.446
SCR 276.368 | 287.600 295.391 342.066

TABLE 2.6 — Effect of inflation crisis for Pareto claim amounts, 5-year time horizon.

0=3% |0=15%|6=05%|6=—-5%

BE 169.686 | 182.609 191.961 256.324
SCR | 356.386 | 383.095 402.398 543.695

TABLE 2.7 — Effect of inflation crisis for Pareto claim amounts, 10-year time horizon.

0=3% |0=15%|6=05%|6=—-5%

BE 40.163 43.352 45.661 61.583
SCR | 182.448 | 197.233 | 207.688 | 284.735

TABLE 2.8 — Effect of inflation crisis for Pareto claim amounts, 10-year time horizon, g = 0.5.
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claim amounts, as usual. Nevertheless, Table 2.5 shows that the so-called internal model approach
leads to higher values of SCR than the ones obtained by the standard formula for Exponentially
distributed claim amounts, while it is the opposite for Pareto distributed claim amounts. Finally,
regardless of #, both SCR and BE increase as d decreases. The impact of inflation cannot be
neglected : in Table 2.8, the case where 6 = —5% (which corresponds to scenarios where the
inflation rate becomes 5% larger than the interest rate) leads to more than a 50%-increase in
Best Estimate and SCR, in the most favorable case where 6 = 1.
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APPENDIX

The first two moments of the distribution of Z(¢) which are given by (2.10) and (2.16)
respectively. The third moment is
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Approximated WS simulated pdf of Z(5)
x 107" with beta=10 and theta=—1

I " C simulations
MixErlang MM

9] 2000 4000 5000 8000 10000 12000

F1GURE 2.1 — Comparison between the simulated pdf and the approximated pdf with § = —1

Approximated VS simulated pdf of Z(5)
x 10~ with beta=10 and theta=0

B " C simulations
MixErlang MM

ols .
Q 1000 2000 3000 4000 5000 G000 F000 8000 2000 10000
z

FIGURE 2.2 — Comparison between the simulated pdf and the approximated pdf with 6 =0
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Approximated WS simulated pdf of Z(5)
x 10> with beta=10 and theta=1

I '\ C simulations
MixErlang MM

ol .
(4] 1000 2000 3000 4000 5000 G000 FOoo 8000 2000 10000
z

F1GURE 2.3 — Comparison between the simulated pdf and the approximated pdf with § =1
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Chapitre 3. Théorie de la ruine avec cycles de réassurance influencés par les larges sinistres

Résumé

Nous considérons dans ce chapitre un modéle de risque de Sparre-Andersen dans lequel le pro-
cessus de surplus d’une compagnie de réassurance, défini en introduction générale par I’Equation
(18), est influencé par un environnement extérieur. Cet environnement spécifique au marché de
la réassurance se traduit par un comportement cyclique des primes de réassurance. En effet, en
fonction d’événements de sinistres, économiques, ou autres, les sociétés de réassurance ajustent
les montants de primes demandés aux assureurs & la hausse ou & la baisse. On parle ainsi de
cycles de réassurance ou de cycles de souscription.

Nous proposons dans ce contexte d’utiliser la méthode d’Erlangisation proposée par Asmussen
et al. (2002). Le processus de surplus est transposé en un processus de fluide. Un état décroissant
du processus fluide correspond & une phase sans sinistre et donc d’accumulation de primes dans
le processus de surplus. Un état croissant du processus de fluide représente un état de sinistre et
donc un saut vers le bas pour le processus de surplus. Les états du processus de fluide sont dirigés
par un environnement markovien ou semi-markovien. De plus, le temps d’horizon déterministe T'
auquel on souhaite évaluer le probabilité de ruine est remplacé par une variable aléatoire Erlang
de moyenne 7. Au dela de ce temps aléatoire, le processus fluide reste dans un état constant ab-
sorbant. Asmussen et al. (2002) ont constaté que la probabilité de ruine avant le temps aléatoire
Erlang coincide avec la probabilité de ruine en temps infini pour le processus de fluide. On peut
ainsi approcher la probabilité de ruine du processus de surplus avant un temps déterministe. La
relation de concordance entre les deux processus est illustrée dans la Figure 3.1.

Dans ce travail, nous supposons que les cycles de réassurance sont constitués de deux phases,
I'une durant laquelle les primes de réassurance sont élevées (phase hard) et 'autre pendant la-
quelle les primes sont faibles (phase soft). Pour prendre en compte l'effet de ces phases de cycle
sur les taux de prime, nous étendons I’environnement markovien du processus fluide. Nous cher-
chons & évaluer la probabilité de ruine en temps fini du processus de surplus pour un horizon de
temps fini lorsque les temps inter-sinistres et les montants de sinistres sont distribuées selon des
lois Phase-Type.

Nous proposons tout d’abord un modéle simple ot le temps déterministe de passage d’une
phase a l'autre est approché par une variable aléatoire Erlang. Dans le second modéle exposé,
nous supposons que le passage de la phase soft a la phase hard du cycle peut étre dii & arrivée
d’un important sinistre dont les cofits excédent un certain seuil. Ces deux modeéles sont déve-
loppés de telle sorte que 'environnement cyclique de réassurance peut influencer non seulement
les primes mais aussi les distributions des temps inter-sinistre et des montants de sinistre. Nous
proposons ensuite une application numérique dans laquelle seuls les taux de primes varient en
fonction des phases du cycle. Les résultats obtenus sont comparés a ceux issus de simulations.
Nous étudions également I'impact de la dépendance entre les montants de sinistre et les change-
ments de phase.
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Chapitre 3. Théorie de la ruine avec cycles de réassurance influencés par les larges sinistres

3.1 Introduction

The classical Sparre-Anderson risk model describes the surplus process { R;}:>o for an insu-
rance or a reinsurance company as Rg = u and

Rt:U+Ct—St,

where u represents the non-negative initial capital and ¢ > 0 is the premium income rate. The
compound renewal process {S;}+>0 designates the cumulated claim amount up to time ¢ and is
expressed as

0, if N, =0,
St = N. .
> iy X; otherwise,

where the claim amounts X;, ¢ > 1, are non-negative and i.i.d. random variables. The number
of claims up to time ¢ is modeled by the renewal process {N;};>¢ with i.i.d. inter-arrival times
noted by Wy, k > 1. The X;’s, i > 1 are independent from the process (IV¢);>0. In this paper,
we are interested in the evaluation of the finite-time ruin probability

Y(u, T)=P[Fte[0,T], ut+ct—5S <0, u>07T2>0.

Different methods to compute this finite-time (non-)ruin have been proposed in the literature.
Picard and Lefévre (1997) derived an explicit formula for the finite-time non-ruin probability in
a compound Poisson model where the claim amounts are integer-valued. This idea was then
widely used and extended to more general modelizations as in De Vylder and Goovaerts (1999),
Ignatov and Kaishev (2004), Rulliére and Loisel (2004) or Lefévre and Loisel (2009), among
others. Asymptotic methods have also been used to evaluate the finite-time ruin probability as
in Biard et al. (2009) where the claim sizes are heavy-tailed and stationarity and independence
assumptions are relaxed in possible correlation crises. Previous general asymptotic results have
been provided for sums of random variables as in Wiithrich (2003), Albrecher et al. (2006) or
Kortschak and Albrecher (2009).

The method we focus on is called Erlangization. It was first introduced in Avram and Usabel
(2003) but principally developed by Asmussen et al. (2002). The Erlangization method consists
in replacing the deterministic time horizon 7' by an Erlang-distributed random variable H with
mean 7' and independent from the claim process. Asmussen et al. (2002) have shown that the
ruin probability before the independent Erlang time H coincides with the ruin probability in a
certain Markovian fluid model with a matrix-exponential form. They considered the compound
Poisson risk model with phase-type claim amounts. Stanford et al. (2005a) proposed an extension
to the general Sparre-Anderson risk model. In Yu et al. (2007), the risk process with phase-type
distributed inter-claim times and claim amounts is perturbed by a standard Brownian motion.
Ramaswami et al. (2008) also extended the Erlangization method to Markovian modulated fluid
flow models. Erlangization has also been used in some other domains as in Stanford et al. (2005b)
where the forestry problem of the evolution of uncontrolled fire perimeter over time is treated.
For a complete review on fluid flow matrix analytic methods applied in ruin theory, see Badescu
and Landriault (2009).

We propose here to consider the reinsurance market. In the reinsurance business, the pre-
sence of underwriting cycles cannot be ignored. As said in Cummins et al. (2008), reinsurance
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cycles are composed of soft phases, during which reinsurance supply is extensive and reinsurance
premium income rates are quite low and decreasing and hard phases where the supply is too
low and the premium income rate becomes higher and higher. Phase transitions are hard to
explain, and seem to happen due to both endogenous and exogenous events. In Weiss (2007),
it is mentioned that these changes can come from institutional features as well as the effects of
real phenomena. These phenomena can be asymmetric information in capital markets, capital
surpluses and shortages in insurance or interest and/or loss shocks.

A simple generalization of the above-mentioned Erlangization model could be obtained with
a Markovian environment process which would modulate the premium income rate, following
the idea of Asmussen (1989) and of many others. Nevertheless, this first generalization leads to
a model in which the cumulated claim amount process has no feedback control on the phases of
the Markovian environment process. This is not the case in real world, as changes in cycle phases
may be triggered by a large claim. In this paper, we propose a generalization of the above risk
model that takes into account this possible trigger.

We consider a simplification of a multi-phases cycle as it is exposed in Subsection 3.3.1 into
a 2-phases reinsurance cycle consisting of a soft phase with low premium rate and a hard phase
with high premium rate. In financial insurance, it is usual to suppose only two environment states
as in the model introduced by Hardy (2001) where the volatility of a stock is either high or low
according to the state environment. Considering two environment phases permits of course not
only model simplifications but also avoids many estimation problems which appear when more
phases are assumed.

In the Solvency II framework, the capital required to cover risk is determined in such a way
that a 1-year Value-at-Risk is controlled. Nevertheless, for reinsurance risk, and in particular for
catastrophe risk, 1-year occurrence probabilities of extreme events are small, and risk must be
controlled within a larger time period, 5 to 10 years, to determine not only solvency requirements
but also long term economic capital in internal risk models. The average length of reinsurance
cycles typically ranges from 4 to 10 years, see Venezian (1985), Cummins and Outreville (1987)
and Weiss (2007). It is thus necessary to use a risk model that incorporates this cyclic behavior.

Even if the numerical application provided is Section 3.6 is detailed when only the premium
income rates changes according to the cycle phases, our model is developed for the inter-claim
time and claim amount distributions to be dependent from the environment cycle process. The
feedback of the claim amounts on the environment process thus involves some dependence bet-
ween inter-claim times and claim amounts. Other types of dependence have already been explored
in the study of infinite- or finite-time ruin probability. Boudreault et al. (2006) and Albrecher
and Boxma (2004) assumed that each claim amount depends on the previous inter-claim time
or inversely that each inter-claim time depend on the previous claim amount. This has been
extended to claim amounts depending on several preceding inter-claim times as can be seen in
Biard et al. (2009). In Albrecher and Teugels (2006) the dependence between the inter-claim
times and claim amounts is introduced by an arbitrary copula.

One of the contributions of the paper is to propose a more suitable model for long term eco-
nomic capital management for reinsurance companies. Within this framework, the dependence
of the premium income rate, the claim amount distribution and the inter-claim time distribution
with the cycle environment is taken into account. The model also permits a feedback control from
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the claim amounts on the cycle phases. We extend the Erlangization method to this context in
order to approximate the finite-time ruin probability. We use intensive calculation techniques
to this aim and compare our results to Monte Carlo simulations. We evaluate the model error
in several examples and quantify the impact of the claim amounts feedback over a 5-year time
horizon. We show that for some reasonable values, the finite-time ruin probability decreases by
6% when this correlation is not considered.

This paper begins with a recall on the Erlangization method and related results. In Sec-
tion 3.3 reinsurance cycles are discussed. General notations are given and a first naive model is
proposed where we show how the Erlangization method can be adapted to deterministic phase
changes. The main model incorporating the impact of the claim amounts on the change in cycle
phases is presented in Section 3.4. Section 3.5 is dedicated to the control of the precisions of the
proposed main model. Finally, an extended and practical illustration is provided in Section 3.6
where fitting methods and finite-time ruin probability approximations are given.

3.2 FErlangization method

We recall in this section the principle of the Erlangization method and the central theorems
from Asmussen et al. (2002) which lead to an approximation for the finite-time ruin probability.
We follow the presentation of Asmussen et al. (2002) and Ramaswami et al. (2008) and slightly
adapt the notation for it to be consistent with our purpose. First, the surplus process Ry is
embedded in an initial continuous Markovian additive fluid process {(Jt, Vi)} where V; is a fluid
flow and Jt a Markovian environment process. The state space E of J; consists of two subspaces
E_ and E, such that when .J; is in state i € E_, V; is in a decreasing inter-claim time state (no
jump) with fluid rate r; = —¢; and when Jt is in state ¢ € E’+, f/t is in an increasing claim state
(jump) with fluid rate r; = 1. The transition intensity matrix of J; is noted as

A A
A= ),
A Mgy
where A;;, correspond to the transition from a state of subspace Ej, to a state of subspace Ej,
with iy and iy € {—, +}.

The aim of the Erlangization method is to evaluate the finite-time ruin probability before
an Erlang horizon H ~ Erlang(a,L). The finite-time ruin probability can thus be seen as the
probability that the fluid flow reaches the initial reserve u in an increasing state (claim state)
conditioned on starting in a decreasing state (inter-claim time state) before the expiry of the
Erlang horizon H. For this purpose, we construct an expanded absorbing Markovian fluid pro-
cess {(J;, Vi) }. The state space E of the Markovian environment process J; is now composed of
three subsets Ey, F— and E; where Ej is the one state absorbing space, E_ is the decreasing
inter-claim time state space and F is the increasing claim state space.

The transition intensity matrix for the Markovian environment process J; is

0 0 0 0 0 0
O=|h. HoA _ oA, |=|h 6. _ 6., |, (3.1)
0 In®@Ai_ Ip®@AL4 0 O4- O,y
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where H is the phase generator of the Erlang horizon H and h_ is the vector of absorbtion
probabilities for the fluid process in a decreasing state. Operators ® and @ respectively denote
the Kronecker product and the Kronecker sum.

The incorporation of the premium income rates which correspond to the fluid rates for the
fluid process V; is done by time scaling. These fluid rates are r; = 0 for i € Ey, r; = —¢; for
1 € F_and r; =1 for i € E.. The matrix © which takes the premium income rates into account
associated with © is

0 0 0
O=| @R ) 'xh. (IL®R.)*x6__ (I;®@R.)'x6_,
0 04— 04+
0 0 0
= (Co)txho (Co)ytxO__ (Co)txe_,
0 04— O4+
0 0 0
— | e e, |,
0 Oy 044

where R_ is a diagonal matrix formed with the decreasing fluid rates.

Denote by 7;; the probability that when Jo = ¢ € E_, then the first upcrossing of level 0
of {V;} occurs at time t with J; = j € E;. The matrix n corresponds to the matrix of the
upcrossing phase probabilities at the completion of a downwards excursion for {V;}, conditioned
on starting in a decreasing state. We now cite some results which were first derived in Asmussen
et al. (2002) for a Poisson counting process and then generalized in Ramaswami et al. (2008) on
the evaluation of the probability ¢(u, ) of reaching u conditioned on starting in a decreasing
state before the expiry of the Erlang horizon. Denoting by e the unit column vector, we first
recall a general result on the upcrossing probabilities of fluid models.

Theorem 3.1 Let {(J;, Vi)} be a Markovian fluid process and A the transition intensity matriz
of the Markovian environment process {jt} Let also n denote the upcrossing phase probabilities
at the completion of a downwards excursion for {V}}, conditioned on starting in a decreasing
state i € E_. Note by 1(u) the vector of the infinite horizon phase-distribution at u (the initial
surplus, starting at 0),conditioned on starting in a decreasing state. Then, the matriz n satisfies
the Riccati equation :

77A++ + 7’]A+_77 + A__n + A_+ =0 (32)
and
Y(u) = nexp(Uu)e
where

U=Ar+A1m.

The proof of this theorem is based on fluid flow matrix analytic methods and can be found in
the Asmussen et al. (2002) and Ramaswami et al. (2008). Focusing on the semi-Markovian fluid
process {(J;, V;)} before the expiry of the Erlang horizon time H with initial probability vector
v, we have the following corollary.
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Corollary 3.1 Including the Erlang time H with the initial probability vector ~y, it follows that

O+ n+60__n+60_, =0 (3.3)
and

Y(u, H) = ynexp(Vue, (3.4)
where V =044 + 0 _1.
Finally, Asmussen et al. (2002) obtained the following convergence result.
Theorem 3.2 For T > 0, H the Erlang distribution with L stages and mean T, then
Y(u,H) = p(u,T) as L — oo, at rate O(L™1).

Matrix 7 in Equations (3.2) and (3.3) can be evaluated by a fixed-point method or using
a quadratic algorithm as proposed in Ahn and Ramaswami (2003). Matrix inversions that are
involved in the fixed point method proposed by Asmussen et al. (2002) are explained in the
appendix.

3.3 A few words on reinsurance cycles modeling

3.3.1 Reinsurance cycles

In order to give an idea of a possible generalization of the model we propose in this paper,
we first expose here a cycle modeling with several phases. Then we recall the reasons of our
simplification choice to a 2-phase cycle.

Reinsurance cycles can be composed of several phases with soft phases where the premium
rates are low and hard phases with high premium rates. Intermediate phases have premium rates
varying according to their proximity with the soft or the hard phases. We suppose that a reinsu-
rance cycle has, for example, 10 phases where ¢ = 1 corresponds to the softest phase and i = 10
to the hardest phase. We note ¢;, i =1, ..., 10, the premium income rate for the 10 phases with
c1 <o <--- <10 and assume that when the cycle is in phase 7, it could only go to phase ¢ — 1,
i1+ 1, i + 2 or stay at ¢ depending on the claim amount. When a large claim occurs, the cycle
has high probability to go to phase ¢+ 1 and if the claim is very large, the cycle can also directly
jump to phase 7 4+ 2. Figure 3.2 shows a possible cycle phase path using these ideas.

We could also double the phase states such as 1+, 1T, 2+, 2T 3+ 3T ... (or 1, 2t ot 3¢ 3T,
..., 10) in order to keep the general trend of the cycle. For example, we could set probabilities
at state 3 according to the cycle trend as in Table 3.1.

But, in this paper, we focus our study on a reinsurance cycle that is composed of only a
soft phase with low premium rate and a hard phase with high premium rate. Indeed, dealing
with models with more than two phases in a cycle would require very large transition matrices
and would highly increase computational issues. Moreover, it is conventional in finance insurance
to consider environment processes with 2 states, as in Hardy (2001), which furthermore avoids
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FIGURE 3.2 — Example of a cycle path with 10 phases

Phase 3% to | Probability || Phase 3T to | Probability
Phase 2 0.001 Phase 2 0.09
Phase 3 0.9 Phase 3 0.9
Phase 4 0.09 Phase 4 0.009
Phase 5 0.009 Phase 5 0.001

TABLE 3.1 — Example of phase change probabilities at phase 3.

many estimation problems.

We assume that large claims have high probabilities to cause a change from the soft phase
to the hard phase. This impact of the claim amounts on the environment process represents
quite well the general reinsurance loss market as most of insurance and reinsurance companies
hold high expositions in the most risky regions (Western Europe, Japan, Eastern United-States,
South-East Asia, China,...). In consequence, a big event (catastrophe,...) impacts all the actors
with a very large claim.

3.3.2 General notation

We fix now some notation for all the following sections. We suppose that in each cycle phase
the claim amounts are i.i.d. and phase-type distributed such as X; ~ PH(G;, «;) where G;
is the phase generator matrix and «; the initial row vector in cycle phase i. The inter-claim
times are also i.i.d. and phase-type distributed. The inter-claim time random variable for cycle
phase i is noted as W; ~ PH(K;, ;) with K; the phase generator matrix and [; the initial
row vector. We write by ¢g; = —Gje and k; = —Kje the rates of absorption for X; and W;,
respectively, where e is the unit column vector. Denote by T the fixed time horizon. The phase-
type parametrization of the Erlang horizon time H with L stages, mean T" and rate a = L/T is
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H ~ PH(H,v=(1,0,...,0)) where

—a a 0 0
H = 0 0
0 0 —a a
0 0 0 -—a

3.3.3 Deterministic phase changes

We first give a naive model which assumes that only one change of phase happens and
that this time of phase change is known in advance. We present here the case where the cycle
environment process begins in the soft phase and switches to the hard phase at a deterministic
time 77 and stops at the horizon T'. But this model could be adapted with the cycle beginning
in the hard phase and going to the soft phase. The times spent in the soft phase and in the hard
phase are Ty and To, = T — T respectively. Here, the Erlang horizon time H with mean T and
L stages is the sum of two intermediate Erlang horizon times H; and Hs with means 77 and 75,
Ly and L stages respectively and a common rate parameter a. We can then write the transition
intensity matrix O as

0 0 0
O=(h 6 6.,
0 6, 644
0 0 0 0 0
0 Hi & Ky Mo IdL1®k‘10[1 0
= | ha ®ep, 0 Hy ® Ky 0 Idp, ® kaas |,
0 IdL1®9151 0 IdL1®G1 0
0 0 Idr, ® g252 0 Idr, ® Ga
where Mia = ((h1 X 72) X ek, ) X (B2 is the bloc matrix of transitions between the two phases and
h; = —H,e the absorption rate vector for the phase-type parametrization of the Erlang horizon
Hi.

Remark 3.1 The way to determine the numbers of stages L1 and Lo for Hy and Ha respectively
1s shown in the appendiz.

Example 3.1 Consider that Hy ~ Erlang(1,a) and Hs ~ Erlang(2,a), then we have

0 0 0 0 0 0 0
0 Kl — aldnl (CL X 6n1) X ﬁg 0 1{31041 0 0
R 0 0 K2 — a[an aldnz 0 k’gaz 0
O = A€Cp, 0 0 K2 — aIdn2 0 0 k20é2 N
0 9181 0 0 Gy 0 0
0 0 9232 0 0 G 0
0 0 0 9232 0 0 Gs

where ny is the number of stages of W1 and ny the number of stages of Ws.

Using the same idea, it is also possible to construct an intensity matrix O for the situation
where the environment process begins in the hard phase and goes to the soft phase at a deter-
ministic time. But in fact, cycle phase changes are random and may be influenced by large claims.
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3.4 Phase change instants dependent from claim amounts

We now focus on the main model of the article where we let the cycle switch from the soft
phase to the hard phase when a claim amount is greater than a threshold xy > 0. In what
follows, we suppose that the cycle begins in the soft phase but using the idea of the previous
simple model, one can add an initial hard phase with a deterministic length. As noted in the
Introduction, the going back to the soft phase should also depend from the claim amount, for
example according to the severity of the claim that caused the passing to the hard phase. But
for simplicity, we suppose here that it happens after a deterministic time ty > 0. As the time
spent in the previous soft phase is not known, we cannot proceed as in the deterministic phase
change model developed above.

We require here that the claim amounts are distributed as mixtures of Erlang distributions.
Mixtures of Erlang distributions include the exponential distribution, the Erlang distribution
and mixtures of Exponential distributions. The canonical random variable for the claim amounts
in cycle phase 7, i = 1, 2, is then written as

n;
Xi = g @i;Yij,
j=1

where Yj; are n; independent and Erlang distributed random variables, Y;; ~ Erlang(mj, Aij)
with shape parameters m;; > 0 and rate parameters \;; > 0. The scalars o;; > 0 are the mixture
proportions and must satisfy a1 + -+ + @, = 1. We assume that E[Yi1] = mi /A > -+ >
E[le] = mini/Aini'

This section consists of 2 subsections. The first one introduces the transition from the soft
phase to the hard phase which depends on the claim amounts. The second subsection exposes
the way the go back to the soft phase.

3.4.1 From the soft phase to the hard phase

We first introduce the transition from the soft phase to the hard phase which is dependent
from the claim amounts. To model the fact that the environment process goes to the hard phase
when a claim amount is greater than the threshold xg, we use the probabilities

p1j = P(Ylj > :L'()) =1- FYlj (xo) (3.5)
where Y1; ~ Erlang(mij, Aij), for j = 1,...,n1. As the random variables Yi; are ordered by
decreasing mean, we have p;; > --- > pip,. Then we integrate these probabilities into the

transition matrix A of the initial Markov process {.J;} as follows. Construct line vectors p; =
(0,...,0,p15) of length m; and concatenate them in p1 = (pi1,...,Pin, ). Then, set

Pl - (p,I b2y ek‘l))

the matrix containing the probabilities for the claim amounts to be greater than xy when the
environment process is in the soft phase as needed to incorporate them into A. The latter becomes

Kl 0 k:lal 0
A= 0 KQ 0 ]{32042
| Progb ProgB Gy 0o |’
0 9232 0 Go
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where

P = ((en, —p1) ® ey,

and the operator ® is the Hadamard product (entrywise product). Thus the transition intensity
matrix © of {J;} can be obtained as exposed in Section 3.2. The concept of dependent changes
is here probabilistically respected to approximate the ruin probability.

3.4.2 From the hard phase to the soft phase

We now include the fact that the cycle process can go back to the soft phase from the hard
phase. As said previously, we do not suppose that this transition is dependent from the claim
amount but that the expected time spent in the hard phase is fixed at time 4. This transition can
happen at any state of the Erlang time H when the process is in the hard phase. The possibility
to go from the hard phase to the soft phase is introduced by a transition probability ¢ in the
block ©__ of the Markovian process {J;}. It corresponds to the probability of changing from the
hard phase to the soft phase at any state of the Erlang time H and is given as follows.

Note by Z the number of Bernoulli trials with success probability ¢ needed to get one change
from the hard phase to the soft phase. The random variable Z is indeed geometrically distributed
with mean 1/q. We set the expected value of Z equal to the number of stages of the Erlang time
‘H at which we want the cycle to jump to the soft phase. We write this as

E[Z]:axtg

which ensures that the time spent in the hard phase is 3 on average. The rate parameter a of
the Erlang time H corresponds to the number of states needed to have a time of length of one
year. We thus deduce the probability ¢ as

1T
a X to - Lx to

q:

For a better overview, suppose that H ~ Erlang(L,a) with L = 2 and that the inter-claim
times W7 and Wy are identically distributed. Their canonical random variable W is distributed
as a mixture of exponential distributions with intensity matrix K such as

ST
f=(0 )

The block ©__ becomes

-1 —a 0 0 0 a 0 0 0
0 X —a 0 0 0 a 0 0
0 0 -A1—a 0 aq 0 a(l —q) 0

5 B 0 0 0 X —a 0 aq 0 a(l —q)
o 0 0 0 0 -\ —a 0 0 0
0 0 0 0 0 X —a 0 0
0 0 0 0 0 0 -1 —a 0

0 0 0 0 0 0 0 - —a

B A__ —al M*
o 0 A__—al )
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The environment process can go from the hard phase to the soft phase without affecting the run
of the Erlang time H. This can of course be extended for L > 2 leading to a block matrix

A__ —al M* o o0 -- 0 0
0 A_—al M* 0 - 0 0
O__— . 7
0 0 0 0 A__—al M
0 0 0 0 0 A_ —al

where the block M* contains the transition probabilities from the hard phase to the soft phase.

3.4.3 Computational aspects

Ramaswami et al. (2008) proposed a recursion procedure to solve Equation (3.3) in 7 using its
particular structure which permits to reduce the dimension of the matrices involved in Theorem
3.1 and gain significative computational time. Indeed, the upcrossing phase probability matrix 7
has the following upper triangular block Toeplitz structure

Mo Mm N2 -+ NL-1

0O mo m - N2
n= 0 0 mo -+ nr-—3

0 0 0 - no

Denote that in our model, the block O__ of the intensity matrix O can be expressed as

A__ —al M~ 0 0o - 0 0
0 A_—al M* 0 - 0 0
CREE :
0 0 0 0 A__—al M*
0 0 0 0 0 A__ —al

where the block M* contains the transition probabilities between the two phases as explained
above. Following the idea of Ramaswami et al. (2008), writing out Equation (3.3) leads to the
recursion equations for the blocks of n

moAi—no+ RZL (A —al)no+mohiy + RZLA 4 =0 (3.6)
¢
neAyy + anAJF_ng,j +RZE(A__ —al)ne+ RZEM* e =0; ¢=1,...,L—1. (3.7)
=0

Define for a matrix A the vector vec(A) as the vector obtained by concatenating successive
columns of A from a single matrix. From Graham (1981), we can write for a matrix product
AXDB that

vec(AXB) = (B" @ A)vec(X),
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where BT is the transpose of the matrix B. As in Ramaswami et al. (2008), we use this notation
and Equations (3.7) to derive a recursive expression for 7y, £ = 1,..., L — 1 and obtain

~1
vec(ng) = {[A++ +A ) @T+T® [R:l_ (A__ —al)+ 7]0A+_]}

-1

xvec | — |RZEM*np_q + anA+_774_j : (3.8)
j=1

Then, we only need to solve the nonlinear equation (3.6) using a fixed point calculation or the
quadratic algorithm form Ahn and Ramaswami (2003) to approximate 7y and use the recursive
expression (3.8) for 7y, £ =1,..., L — 1 in order to derive an approximation of 7.

3.5 Control of precisions

The control of precisions of our approximation method is based on the number L of stages
of the Erlang horizon H, the cycle change probabilities and the fitting algorithms that we use to
obtain claim amounts distributed as mixtures of Erlang distributions.

3.5.1 Model errors

As shown is Theorem 6 of Asmussen et al. (2002), the following convergence result for the
finite-time ruin probability stands:

@ (u,T)
L2!

where 7' > 0 and Hj, denote the Erlang distribution for H with L stages and mean 7. The model
error can be estimated using the numerical computation for the second derivative of 1 (u,T") as

Y(u, Hy) = (u, T) + +O(L™?),

Y(u, T+ h)+2¢(u,T) — p(u, T — h)

¥, T) = 2

+ O(h?).

The same authors also suggest to use the Richardson extrapolation leading to the improved
estimate

(u, T) ~ (L + 1)(u, Hp 1) — Lp(u, Hy) (3.9)

with a refined convergence rate L =2,

Using probabilities pi; = Pr(Y1; > z¢), j = 1,...,n1, as probabilistic modeling for the cycle
environment to change from the soft phase to the hard phase can provide some errors. Indeed,
the closer to 0 or to 1 all the py;’s, the more efficient the approximation. So, the threshold zg
must be appropriately fixed. Giving such phase change probabilities leads to consider the Yi; as
if they are separate random variables.

The change of the environment process from the hard phase to the soft phase as explained

in Subsection 3.4.2 introduces a possible change of phase even when the process enters in the
hard phase in the ¢y last years of the horizon time T'. There, the process should not be able to
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change the phase but setting different probabilities for the phase change breaks the repeating
block structure of 7 and then the recursion equation (3.8) could not be used anymore. We suggest
then to use the possibility for the environment process to go back to the soft phase only for a
large horizon time 7" and a large ratio T/t.

Another part of the potential error comes from the fitting algorithm which is explained in the
next Section. To ensure a good fit, several statistical tools such as Chi-squared test, Kolmogorov-
Smirnov test, QQ- and PP-plots can be used.

3.5.2 Numerical errors

Some numerical issues can also include some deviation as matrix inversions required to de-
rive matrix 7. These matrix inversions are done using the matrix right division operator "/" in
Matlab R2007a software. Furthermore, we use the software package Erpokit from R. B. Sidje
(see Sidje (1998)) which uses Krylov subspace projection methods in order two compute the
matrix exponential of Equation (3.4). The resort to this numerical tool can also include a slight
deviation but allows to save substantial computation time.

3.6 Numerical applications

We illustrate in this section the use of our model when it is considered that the phase change
instants depend on the claim amounts. As discussed in the Introduction, the European Solvency
IT regulation project will impose the insurance and reinsurance companies to have a 1-year ho-
rizon time ruin probability less than a certain threshold which is fixed at 0.5%. For reinsurance
companies dealing with large claims and catastrophic events, it seems more realistic to consider
a 5- or 10-year horizon time with a ruin probability respectively around 2.5% or 5%. We propose
for this application to deal with a 5-year period with a ruin probability around 2.5%. We also
suppose that the environment process begins in the soft phase and does not go back to it. This
last hypothesis of not going back to the soft phase could be seen as restrictive but is in fact quite
realistic. Indeed, our studying time horizon is smaller than the average underwriting cycle length
of 6 years as explained in Weiss (2007), Cummins and Outreville (1987) or Venezian (1985). The
phases differ here only by their premium income rates, a low one for the soft phase and a high
one for the hard phase.

3.6.1 Data simulation

We first simulate 5000 realizations from a Generalized Pareto Distribution (GPD) with cu-
mulative distribution function (c.d.f.), for x > 0,

—1/¢
Fepp(x)=1— <1 + §$> ,

g

where o > 0 is the scale parameter and & > 0 the shape parameter. This last parameter is also
referred as the extreme value parameter in extreme value theory, where o = 1/¢ is called the
index of the regular variation of the distribution. This distribution is heavy-tailed and allows to
model large claims and catastrophic events as fire losses, wind storm, earthquake, etc. The smaller
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the index « and, consequently, the greater the shape parameter £, the heavier the right tail of
the distribution. For this illustration, we set a = 2.5 (£ = 1/2.5) and ¢ = 1. A histogram for
the simulated data is given in Figure 3.3. The empirical mean and variance are here respectively
1.63130 and 11.06983.

Simulated claim amounts
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FIGURE 3.3 — Simulation of claim amounts from a GPD

3.6.2 Phase-type fitting

Our model requires the claim amounts to be phase-type distributed. There are different pro-
positions that have been made in the literature to fit phase-type distributions to heavy-tailed
distribution or data sets. One could object that this does not allow for heavy tails. However, as we
are interested in ruin probabilities of order 2.5% or 5% (for time horizon 5 years or 10 years), we
are not necessarily in the domain of asymptotic approximation and it is possible to have an ap-
propriate fit of the claim size distribution up to the required level in our case. If we want to study
ruin probabilities of magnitude 10™4, this method would of course be inappropriate. For example,
Feldmann and Whitt (1998) proposed a heuristic-based approach to fit heavy-tailed distribution
functions. But this requires to first fit a heavy-tailed distribution to the data set which introduces
additional errors. The popular expectation-maximization (EM) algorithm allows to fit directly
data sets. Several variants of fitting methods using the EM algorithm to obtain a general or a
particular phase-type distribution have been explored as in Asmussen and Bladt (1996), Khayari
et al. (2003) or Riska et al. (2004). For this application, we use the EM algorithm developed in
Lee and Lin (2009) to fit mixtures of Erlang distributions with common scale parameter to heavy-
tailed data sets. As mentioned in this reference, this class of mixtures of Erlang distributions with
common scale parameter is dense in the space of positive continuous distributions and then can
approximate any positive absolutely continuous distribution to any accuracy. Moreover, this class
is closed in mixing, convolution, compounding and aggregation of data which offers a good trac-
tability for actuarial purposes. Wang et al. (2006) built an EM fitting algorithm for mixtures of
Erlang distributions with common shape parameter and Thummler et al. (2006) with no required
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common parameter. But these two classes does not fulfill the closure properties mentioned above.

The density of a mixture of k Erlang distributions with common scale parameter 6 > 0 is

7“]-—16’“3/9

k
J@) = j;aje”(rj — 1)V

where 7; > 0 and «; > 0 are respectively the shape parameter and the weight of the jth Erlang
distribution. The distribution weights must observe the following constraint Z§:1 aj = 1.

Applying the Lee & Lin algorithm to our simulated data set, it results that a density using a
mixture of 14 Erlangs fits the empirical density very satisfactorily. The common scale parameter
is evaluated at 6 = 0.81585 and the shape parameters and weights for every Erlang distributions
of the mixture are presented in Table 3.2. This table also displays the expected value associated
for each Erlang r.v. Y; of the distribution mixture.

ri | EY;l | J|rm| a ElY;j]

75 | 0.00063 | 61.18865 | 8 | 22 | 0.00122 | 17.94867
59 | 0.00021 | 48.13507 || 9 | 16 | 0.00469 | 13.05358
48 | 0.00012 | 47.31922 || 10 | 15 | 0.00283 | 12.23773
40 | 0.00199 | 32.63395 || 11 | 14 | 0.00166 | 11.42188
39 | 0.00024 | 31.81810 || 12 | 8 | 0.03157 | 6.52679
25 | 0.00078 | 20.39622 || 13 | 4 | 0.14131 | 3.26339
24 [ 0.00122 | 19.58037 | 14 | 1 | 0.81155 | 0.81585

| O U | W N — .

TABLE 3.2 — Parameters of the fitted mixture of Erlang distributions.

To attest to the goodness of fit, a graphical comparison between a relative histogram for the
simulated data and the fitted distribution can be seen in Figure 3.4, a PP-plot and a QQ-plot are
drawn in Figure 3.5. All these graphical tools already show that the fit is very satisfying even in
the right tail. A Kolmogorov-Smirnov test is used to confirm the high quality of the fit. Indeed,
with a test statistic of 0.00578 and a cutoff value of 0.01917, the p-value is evaluated at 0.99612
and the hypothesis that the data sample comes from the fitted distribution is not rejected.

3.6.3 Ruin probability approximation

We now use our model to evaluate the ruin probability for a horizon T" = 5 years where the
claim amounts are distributed according to the fitted mixture of Erlang distributions. Let the
inter-claim time random variable W be exponentially distributed with parameter A = 2. So that,
the average time between two claim arrivals is 0.5 year and two claims per year are expected.
As for the claim amounts, we suppose that the inter-claim time r.v.’s are identically distributed
in the two phases of the cycle. Only the premium income rates differs between the two phases.
Indeed, we define the premium rate ¢;, with ¢ = 1 for the soft phase and i = 2 for the hard phase,
such as ~ R

ci = (14 pi) x E[S1] = (1 + p;) x E[W]E[X1],

where p; is the security loading corresponding to the phase i, §t is the surplus process where
the claim amount random variables X}, are i.i.d. with the empirical simulated distribution. Froot
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FIGURE 3.4 — Comparison between a relative histogram for the simulated data and the fitted
density
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FI1GURE 3.5 — PP-plot and QQ-plot for the simulated data versus the fitted distribution
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(2001) shows that in the market of large claims and catastrophic events the reinsurance pre-
miums can be more than seven times the expected loss during a period. Following this idea, we
set p1 = 30% and pa = 300%. We fix the initial surplus at © = 30 and the claim amount threshold
xg > 0 that provokes the passage from the soft phase to the hard phase at xy = 25. This last
value represents the 99.663% quantile of the empirical cumulative distribution. Over the 5 years
horizon with 2 claims per year, this does not seem to have an impact the ruin probability. In
Table 3.3 is displayed the probability p1; of causing a change from the soft cycle to the hard cycle
for the jth Erlang distribution of the mixture, j = 1,..., 14, as they are defined in Equation (3.5).

P1j J Py
~1 8 | 0.04326
~1 9 | 0.00138

0.99999 || 10 | 0.00064
0.94060 || 11 | 0.00028
0.91826 | 12 ~ 0
0.13159 || 13 ~ 0
0.09433 || 14 ~ 0

| O U | W N =,

TABLE 3.3 — Phase change probabilities of the Erlang distributions of the fitted mixture

We can now construct the required matrices A, R__ and M* for our dependent model and use
Equations (3.6), (3.8) and Theorem 3.1 to approximate the finite-time ruin probability ¢ (u, T).
For comparison issues, Monte Carlo (MC) simulations for ¢ (u,T’) are performed using both
empirical and fitted distributions for the claim amounts. The results for the three approximations
are given in Table 3.4 where we used for our method a number of Erlang stages L = 50.

Method Approximation for ¢(u,T)
Dependent model 2.37199%
MC sim. with fitted distr. 2.35448%
MC sim. with empirical distr. 2.34998%

TABLE 3.4 — Approximated finite time ruin probabilities

We see on this table that our approximation is quite accuracy with a relative error of 0.73%
from the Monte Carlo simulation with the fitted distribution and 0.92% from the Monte Carlo
simulation with the empirical distribution. The error inserted from the distribution fitting is
0.19%. The computational time required for our model is here around 100 times less than than
the one needed for the two simulation methods.

The previous example is the reference parametrization that is used in the next subsection.
But, we also give now some results in Table 3.5 when modifying one parameter. We see that our
approximations are sill very closed to the Monte Carlo simulations with the empirical distribution
for the claim amounts.
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Parameter modified | MC simulation | Dependent model | Relative error
xo = 30 2.42243% 2.42480% 0.098%
p2 = 200% 2.38310% 2.40007% 0.707%

TABLE 3.5 — Approximated finite time ruin probabilities with a modified parameter

3.6.4 Comparison between our dependent model and independent changes
of cycle phase

We illustrate now the impact of the dependence of the change of phase from claim amounts.
We compare our model to a so-called independent model in which the change of phase can oc-
cur without any dependence from the claim amounts. For this independent model, we construct
an intensity matrix © for the environment Markov process J; in which the change from the
soft phase to the hard phase can appear at any state of the Erlang horizon time H with pro-
bability py € [0,1]. This is done by modifying the bloc matrix O__ such that at any state 17,
1=1,...,L —1, of the Erlang time in the soft cycle phase, the process can go to state ¢ + 1 of
the Erlang time in the hard cycle phase with probability pg. Therefore, the change of phase is
independent from the claim amount.

For exponentially distributed inter-claim times with parameter A and for an Erlang time
horizon H ~ Erlang(2,a), the bloc ©__ becomes

-A—a 0 a(l—po)  apo
~ 0 -A—a 0 a
0= 0 0 -A—a 0
0 0 0 -A—a
and can also be written as
~ A__ —al M*
o = < 0 A__ —al > ’

where, as in Subsection 3.4.2, M* contains the direct transitions between the phases. This can,
of course, also be extended to a number of Erlang stages L > 2.

In order to compare this independent model to our dependent model, we assign to these two
models the same probability to change at least one time from the soft phase to the hard phase.
For the independent model, this probability is Py = 1 — (1 — pg)”. In our dependent model, the
probability to go to the hard phase after each claim is

n
E Oéjplj.
Jj=1

Then the probability to have no change from the soft phase to the hard phase during [0, 7] is
n
E[(1=) ajpi)N]
j=1
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where N ~ Poisson(T\). Finally, the probability to change from the soft phase to the hard
phase at least one time during [0, 7] is

P=1-E[(1-> aip)"] =P
=1

and we obtain

po=1—E[(1=> ap)™"".
i=1

We also construct an intermediate model such that the probability to change from the soft
phase to the hard phase at least one time is still the same where the cycle can change either
independently from claim amounts or because of a large claim. This intermediate model permits
to observe the slide between the dependent and independent models and to see the impact of
the claim amount dependence on the finite-time ruin probability. The probability to change from
the soft phase to the hard phase at least one time during [0, 7] for this intermediate model is

(1 — Zeaipi)N]> = Po,
i=1

where 6 € [0, 1] and p(f) represents the part of the phase change probability that is independent
from the claim amounts. Then we obtain

P(0) =1~ ((1-p(9))") (E

n —1/L
1-> eaipi)N] ) :
i=1

The bounds p(0) = pp and p(1) = 0 correspond respectively to the independent model and the
dependent model.

p(0) =1—(1—po) x (E

For our application, as we use the Richardson extrapolation recalled in Equation (3.9) for
a number of Erlang stages L = 50, two probabilities py are evaluated. For L = 50, we obtain
po = 6.63365 x 107* and for L = 51, pg = 6.50362 x 10~*. Thus, the ruin probability is
approximated at 2.50960% with the independent model versus an evaluation at 2.37199% for our
dependent model. We recall that the MC simulation with the empirical distribution provides a
finite-time ruin probability at 2.34998%. The error from the independent model on our dependent
model can be evaluated at 5.48% and the one on the MC-simulation at 6.36%. We can imagine
that this difference would be much larger when looking at a greater time horizon but also when
including more phases in a cycle. On Figure 3.6 are drawn the slide of the ruin probability with
the intermediate model and the slide of the underlying error made comparing to our dependent
model.

3.7 Conclusion

This paper provides an extension for the Erlangization method taking into account the rein-
surance cycles in order to evaluate the finite-time ruin probability in the Sparre-Andersen model
with phase-type distributed claim amounts and inter-claim times. We assume the presence of two
phases in a reinsurance cycle, a soft phase and a hard phase. We first propose a naive model with
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FI1GURE 3.6 — Comparaison between the dependent model and the independent model

deterministic changes between the two phases. Then, a more realistic model is developed where
the change from the soft phase to the hard phase depends on the severity of the claim amounts.
We illustrate our model by a consistent application and compare our results to Monte Carlo
simulations and to the case where the claim amounts have no impact on the phase changes. We
show thet this feedback control may change the ruin probability by 6% in our numerical example.
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APPENDIX

A Matrix inversion

The Erlangization method used to evaluate the ruin probability or equivalently the probability
for the fluid model to reach u before the horizon H requires the inversion of several matrices. The
matrix of interest 7 in Corollary 3.1 can be approximated by the iteration scheme 1 = lim,, o 7™
where 7(®) = 0 and

Nt = (61 + 0 )™ +0_)(61 — (044 + 0, 7))~ (3.10)

— A « <B(”)>_1, (3.11)

for a convergence improving parameter § > 0, satisfying § > max(—(©__);;) for all state ¢ of H.

Thus, to determine 77(”“), we need to inverse the matrice B . The Erlangization method,
according to the specific structure of the intensity matrix of the Erlang horizon H, provides
that the block matrices ©__, ©_,, ©4_ and O44 have all an upper triangular block Toeplitz
structure and that the matrix B takes this form

™ B B™ ... BM
o B™ M .. B
W= o o B™ ... B,
o o o .. B™

Indeed, this structure is stable for addition, multiplication and inversion and (B(”))il, A
and 1™ also have the form.

Let M be a mn x mn matrix such as

[ My M>
=3 o)

where the m x m block matrix M; and the n x n block matrix M, are invertible. Then, we have

= < (My — My Mt M3)~! — M My (My — MM My)~! >
— M M3(My — MMy M3) ™ (My — M3M; ' My)~! ‘

To inverse the matrix B described before, we can split it into four blocks as follows :

B < My Ma >

Ms M,
where
B™ B%"; BEL";l B((L’;)
M- (,) B%" 3 BJ_2 M= BL-"A ’
0 0 B B
Ms=(0 0 0) and My = ( B )
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Thus we have . . .
(B(n))—l _ M, —M; M%M4 )
0 M,

The remaining difficulty lies in the inversion of the block matrix Mj. To this end, we proceed
algorithmically using the same procedure as for B,

B Initialization for the deterministic phase change instants model

For the computation of the approximation of the ruin probability in the case of deterministic
phase change instants, we have some technical but not stopping constraints on the numbers of
states Ly for Hq and Lo for H>. Indeed, we have

Hyi ~ Erlang(Ly,a),
Ha ~ Erlang(La, a).

The final horizon time T can be decomposed as T' = T + 15 such as

L
T, = E[H,] = =%,

Ty = E[Ho] = 2.

Both T} and T are fixed and then we have to find appropriate values for a € R, L; € N and
Lo € N such that

Ly = aTy,
Lo = aTs,
L=11+ Lo :a(T1+T2) =al.

These equalities can be fulfilled by choosing reasonable values for L, Ly and Lo knowing that
improving this values leads to better approximations.

100



BIBLIOGRAPHIE

Bibliographie

Ahn, S. and Ramaswami, V. (2003). Fluid flow models and queues—a connection by stochastic
coupling. Stoch. Models, 19(3) :325-348.

Albrecher, H., Asmussen, S., and Kortschak, D. (2006). Tail asymptotics for the sum of two
heavy-tailed dependent risks. Extremes, 9(2) :107-130.

Albrecher, H. and Boxma, O. J. (2004). A ruin model with dependence between claim sizes and
claim intervals. Insurance Math. Econom., 35(2) :245-254.

Albrecher, H. and Teugels, J. L. (2006). Exponential behavior in the presence of dependence in
risk theory. J. Appl. Probab., 43(1) :257-273.

Asmussen, S., Avram, F., and Usabel, M. (2002). Erlangian approximations for finite-horizon
ruin probabilities. Astin Bull., 32(2) :267-281.

Asmussen, S. and Bladt, M. (1996). Phase-type distributions and risk processes with state-
dependent premiums. Scand. Actuar. J., (1) :19-36.

Avram, F. and Usabel, M. (2003). Finite time ruin probabilities with one Laplace inversion.
Insurance Math. Econom., 32(3) :371-377.

Badescu, A. and Landriault, D. (2009). Applications of fluid flow matrix analytic methods in
ruin theory, a review. Revista de la Real Academia de Ciencias Fzxactas, Fisicas y Naturales.

Serie A : Matemdaticas (RACSAM), 103(2) :353-372.

Biard, R., Lefévre, C., Loisel, S., and Nagaraja, H. (2009). Asymptotic finite-time ruin probabi-
lities for a class of path-dependent claim amounts using Poisson spacings. Talk at 2b) or not
2b) Conference, Lausanne, Switzerland.

Boudreault, M., Cossette, H., Landriault, D., and Marceau, E. (2006). On a risk model with
dependence between interclaim arrivals and claim sizes. Scand. Actuar. J., (5) :265-285.

Cummins, J. and Outreville, J. (1987). An international analysis of underwriting cycles in
property-liability insurance. Journal of Risk and Insurance, pages 246—262.

Cummins, J. D., Dionne, G., Gagné, R., and Nouira, A. (2008). The costs and benefits of
reinsurance. Cahiers de recherche 08-04, HEC Montréal, Institut d’économie appliquée.

De Vylder, F. E. and Goovaerts, M. J. (1999). Explicit finite-time and infinite-time ruin proba-
bilities in the continuous case. Insurance Math. Econom., 24(3) :155-172.

Feldmann, A. and Whitt, W. (1998). Fitting mixtures of exponentials to long-tail distributions
to analyze network performance models. Performance Evaluation, 31(3-4) :245-279.

Froot, K. (2001). The market for catastrophe risk : a clinical examination. Journal of Financial
Economics, 60(2-3) :529-571.

Graham, A. (1981). Kronecker products and matriz calculus : with applications. Ellis Horwood
Ltd., Chichester. Ellis Horwood Series in Mathematics and its Applications.

Hardy, M. R. (2001). A regime-switching model of long-term stock returns. N. Am. Actuar. J.,
5(2) :41-53.

101



Chapitre 3. Théorie de la ruine avec cycles de réassurance influencés par les larges sinistres

Ignatov, Z. G. and Kaishev, V. K. (2004). A finite-time ruin probability formula for continuous
claim severities. J. Appl. Probab., 41(2) :570-578.

Khayari, R. E. A., Sadre, R., and Haverkort, B. R. (2003). Fitting world-wide web request traces
with the EM-algorithm. Performance Evaluation, 52(2-3) :175 — 191. Internet Performance
and Control of Network Systems.

Kortschak, D. and Albrecher, H. (2009). Asymptotic results for the sum of dependent non-
identically distributed random variables. Methodol. Comput. Appl. Probab., 11(3) :279-306.

Lee, S. and Lin, S. (2009). Modelling insurance losses and calculating risk measures via a mixture
of Erlangs. Working paper, University of Toronto.

Lefevre, C. and Loisel, S. (2009). Finite-time ruin probabilities for discrete, possibly dependent,
claim severities. Methodol. Comput. Appl. Probab., 11(3) :425-441.

Picard, P. and Lefévre, C. (1997). The probability of ruin in finite time with discrete claim size
distribution. Scand. Actuar. J., (1) :58-69.

Ramaswami, V., Woolford, D. G., and Stanford, D. A. (2008). The Erlangization method for
Markovian fluid flows. Ann. Oper. Res., 160 :215-225.

Riska, A., Diev, V., and Smirni, E. (2004). An EM-based technique for approximating long-tailed
data sets with PH distributions. Performance Evaluation, 55(1-2) :147-164.

Rulliére, D. and Loisel, S. (2004). Another look at the Picard-Lefévre formula for finite-time
ruin probabilities. Insurance Math. Econom., 35(2) :187-203.

Sidje, R. B. (1998). EXPOKIT. A software package for computing matrix exponentials. ACM
Trans. Math. Softw., 24(1) :130-156.

Stanford, D. A., Avram, F., Badescu, A. L., Breuer, L., da Silva Soares, A., and Latouche, G.
(2005a). Phase-type approximations to finite-time ruin probabilities in the Sparre-Andersen
and stationary renewal risk models. Astin Bull., 35(1) :131-144.

Stanford, D. A., Latouche, G., Woolford, D. G., Boychuk, D., and Hunchak, A. (2005b). Erlan-
gized fluid queues with application to uncontrolled fire perimeter. Stoch. Models, 21(2-3) :631—
642.

Thummler, A., Buchholz, P., and Telek, M. (2006). A novel approach for phase-type fitting with
the EM algorithm. IEEE Transactions on Dependable and Secure Computing, 3(3) :245.

Venezian, E. (1985). Ratemaking methods and profit cycles in property and liability insurance.
Journal of Risk and Insurance, pages 477-500.

Wang, J., Zhou, H., Zhou, M., and Li, L. (2006). A general model for long-tailed network traffic
approximation. J. Supercomput., 38(2) :155-172.

Weiss, M. A. (2007). Underwriting cycles : a synthesis and further directions. Astin Bull.,
(30(1)) :31-45.

Wiithrich, M. V. (2003). Asymptotic value-at-risk estimates for sums of dependent random
variables. Astin Bull., 33(1) :75-92.

102



BIBLIOGRAPHIE

Yu, K., Stanford, D. A., and Ren, J. (2007). Erlangian approximation to finite time ruin pro-
babilities in perturbed risk models. In Bini, D., Meini, B., Ramaswami, V., Remiche, M.-A.,
and Taylor, P. G., editors, Numerical Methods for Structured Markov Chains, volume 07461
of Dagstuhl Seminar Proceedings. Internationales Begegnungs- und Forschungszentrum fuer
Informatik (IBFI), Schloss Dagstuhl, Germany.

103



Chapitre 3. Théorie de la ruine avec cycles de réassurance influencés par les larges sinistres

104



Conclusion

Nous avons présenté différents aspects de la théorie du risque dans lesquels nous introduisons
des modéles de dépendance. Dans un premier temps, nous avons vu comment utiliser les copules
pour lier les différents risques du portefeuille d’assurance afin d’obtenir des expressions exactes
avec la copule FGM puis des approximations avec n’importe quelle copule pour 'allocation de
capital basée sur la TVaR. Dans ce cadre, le recours a la copule FGM généralisée pour I'obtention
d’expressions exactes pourrait étre étudié, ce qui permettrait d’étendre le rang de dépendance
entre les variables aléatoires par rapport a celui que propose la copule FGM.

Ensuite, nous avons considéré le processus aléatoire de la somme des valeurs présentes des
sinistres dans lequel nous avons introduits une dépendance entre les temps inter-sinistres et les
montants de sinistre. Pour ce faire, nous avons également considéré une copule FGM. Nous
avons ainsi obtenu l’expression exacte du premier, du deuxiéme puis du moment d’ordre m du
processus lorsque les temps inter-sinistre sont distribués selon une loi exponentielle. Comme pré-
cédemment, la généralisation a I’aide de la copule FGM généralisée pourrait étre envisagée, de
méme que ’étude de la transformée de Laplace de la distribution de la somme des valeurs pré-
sentes des sinistres.

Enfin, nous avons abordé la théorie de la ruine en temps fini pour un portefeuille de compagnie
de réassurance. Les différents éléments du modéle de surplus employé peuvent étre influencés par
les cycles de souscription. Nous avons ainsi proposé 'utilisation de la méthode d’erlangisation
pour fournir une approximation de la probabilité de ruine sous cette influence des cycles, ceux-ci
dépendant eux-méme des montants de sinistre. Il serait également intéressant d’analyser sous ces
hypothéses la fonction de pénalité de Gerber-Shiu permettant des mesures de l'instant de ruine,
de la sévérité de la ruine et du niveau de surplus juste avant la ruine.
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Modéles de dépendance en théorie du risque

Résumé

Initialement, la théorie du risque supposait I'indépendance entre les différentes variables aléa-
toires et autres paramétres intervenant dans la modélisation actuarielle. De nos jours, cette hy-
pothése d’indépendance est souvent relachée afin de tenir compte de possibles interactions entre
les différents éléments des modeéles. Dans cette thése, nous proposons d’introduire des modéles
de dépendance pour différents aspects de la théorie du risque. Dans un premier temps, nous
suggérons l’emploi des copules comme structure de dépendance. Nous abordons tout d’abord
un probléme d’allocation de capital basée sur la Tail- Value-at-Risk pour lequel nous supposons
un lien introduit par une copule entre les différents risques. Nous obtenons des formules expli-
cites pour le capital & allouer a I’ensemble du portefeuille ainsi que la contribution de chacun des
risques lorsque nous utilisons la copule Farlie-Gumbel-Morgenstern. Pour les autres copules, nous
fournissons une méthode d’approximation. Au deuxiéme chapitre, nous considérons le processus
aléatoire de la somme des valeurs présentes des sinistres pour lequel les variables aléatoires du
montant d’un sinistre et de temps écoulé depuis le sinistre précédent sont liées par une copule
Farlie-Gumbel-Morgenstern. Nous montrons comment obtenir des formes explicites pour les deux
premiers moments puis le moment d’ordre m de ce processus. Le troisiéme chapitre suppose un
autre type de dépendance causée par un environnement extérieur. Dans le contexte de ’étude
de la probabilité de ruine d’une compagnie de réassurance, nous utilisons un environnement
markovien pour modéliser les cycles de souscription. Nous supposons en premier lieu des temps
de changement de phases de cycle déterministes puis nous les considérons ensuite influencés en
retour par les montants des sinistres. Nous obtenons, a l’aide de la méthode d’erlangisation, une
approximation de la probabilité de ruine en temps fini.

Mots-clés: théorie du risque, dépendance, copules, environnement markovien, allocation de
capital, somme de valeurs présentes, théorie de la ruine
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Dependence models in risk theory

Abstract

Initially, it was supposed in risk theory that the random variables and other parameters
of actuarial models were independent. Nowadays, this hypothesis is often relaxed to take into
account possible interactions. In this thesis, we propose to introduce some dependence models
for different aspects of risk theory. In a first part, we use copulas as dependence structure. We
first tackle a problem of capital allocation based on the Tail-Value-at-Risk where the risks are
supposed to be dependent according to a copula. We obtain explicit formulas for the capital to
be allocated to the overall portfolio but also for the contribution of each risk when we use a
Farlie-Gumbel-Morenstern copula. For the other copulas, we give an approximation method. In
the second chapter, we consider the stochastic process of the discounted aggregate claims where
the random variables for the claim amount and the time since the last claim are linked by a
Farlie-Gumbel-Morgenstern copula. We show how to obtain exact expressions for the first two
moments and for the moment of order m of the process. The third chapter assumes another
type of dependence that is caused by an external environment. In the context of the study of
the ruin probability for a reinsurance company, we use a Markovian environment to model the
underwriting cycles. We suppose first deterministic cycle phase changes and then that these
changes can also be influenced by the claim amounts. We use the erlangization method to obtain
an approximation for the finite time ruin probability.

Keywords: risk theory, dependence, copulas, Markovian environment, capital allocation, dis-
counted aggregate claims, ruin theory
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