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≤ i ≤ n0 ! % 1$ '*#2* 3$% !% ci /1 ≤ i ≤ n − 10 ! %  *,% 1$ '*$$!'%!1)  4546  *,% 1$
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 &$'()*$! !% mn 1$ #!  3"! 2)*>1,% 23) Cn< ?:*) @ it(mn) = it(oriS(mn))<

=-..- 0'!0'(%.% -#. %)($-*.- 0"(#;"2,"&"* 1-##,6- *2-#. 0-'$" 4 /2(*.%'(-"' $2"* #-65
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 !"# $%$& '()&$ *+,-!$&*$ $ *$.)# '()&$ ") !$/ 0"&1 .$ 121 3%$4 *,"5)$ *+&&$* $)! c $1 

!$6!-1$& - 6"! )&$ 7"!#"8.$ vc/ 9$ '+%"#&$ '$ *$1 7"!#"8.$1 $1 {0, 1}/ 9" 7".$)! : 1#;&#<$

5)$ .$ *+&&$* $)! $1 12&*,!+&$ $ ." 7".$)! = 5)$ .$ *+&&$* $)! $1 )&$ >+&* #+&/ 031 .+!14

#. 1)? '(#%6+1$! 5)$  +)1 .$1 *,$%#&1 6+11#8.$1 '"&1 .$ 1+)1@;!"6,$ "#$& ." %A%$ 1+%%$

'$ 7"!#"8.$1 6+)! 5)$ .$1 *,$%#&1 B!3!$1 "#$& .$ %A%$ &+%8!$ '$ >+&* #+&1/ C"!*$ 5)$ '$1

*,$%#&1 B!3!$1 6$)7$& "7+#! '$1 6+! #+&1 *+%%)&$14 *$  $ -;".#1" #+& 1$ B"# $& !$  +)1 .$1

*,$%#&1 ') 1+)1@;!"6,$ $ 6"1 1$).$%$& $& !$ *$)D '$ φκ/ E$." " 6+)! $F$ '$ .(+6-!$! '$

6"! $ '(") !$ '$ *,"5)$ 1$;%$& *+%%)&/

 !"#$% G/G H I+ #B ;-&-!". 6+)! ." *+,-!$&*$ 1 !#* $/

J+!%$..$%$& 4 .($&1$%8.$ '$1 -5)" #+&1 ') 121 3%$ .#&-"#!$ $1 EqGκ =
⋃

κ∈KGκ
Eqκ  $.

5)$ Eqκ = {
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vci = . . . =
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 !"#$%& '( )"*'("+ ,-./ '(& 0122(0)(+$& #$3034"2) +2 015#1&"2) $30(#)(+$ 62)($"0)67 2(

#(+8(2) 9)$( :+( 4( );#( 2*<$((4;- =+)$(5(2)/ 0( 015#1&"2) $6&:+( 4!9)$( $"'(2)6 #"$ +2

015#1&"2) 35())(+$ #'+& '(2) 1+ 9)$( &")+$3 #"$ +2 35())(+$ #'+& $"#64(- >(& 8"$6"*'(&

4( 0(& 0122(0)(+$& &12)/ (2 012&3:+(20(/ ?@3(& A '" 8"'(+$ . 4"2& '( &;&)%5(- >!(2&(5*'(

4( 0(& 3:+")612& &+##'35(2)"6$(& (&) 21)3 FixGκ =
⋃

c∈L′
Gκ
{vc = 1} "8(0 L′

Gκ '!(2&(5*'(

4(& 0122(0)(+$& 4( Gκ ";"2) 0155( $30(#)(+$& +2 015#1&"2) 62)($"0)67- B2 1+)$(/ &+$ 4(

C$"24& &;&)%5(&/ '" $3&1'+)612 4( 0( #$1*'%5( 4122( &1+8(2) #'+&6(+$& &1'+)612& :+6 2(

&( 8"'(2) #"& 4+ #162) 4( 8+( 4( '" #($71$5"20(- D!(&) #1+$ 0('" :+( 21+& #$686'3C612&

0(''( :+6 5"@656&( '" #($71$5"20( 4( '!"##'60")612 () 0(/ (2 #$3&($8"2) '( #'+& 4( E120)612&

4+ C$"#F( 626)6"'- D())( 012)$"62)( &+##'35(2)"6$( (&) (@#$653( #"$ '" 7120)612 1*E(0)67

MaxGκ = Maximize(Σc∈JG
(2gc × (vc)) 1G JGκ (&) '!(2&(5*'( 4(& E120)612& 626)6"'(5(2)

#$3&(2)(& 4"2& Gκ- gc +2 *11'3(2 #$(2"2) '" 8"'(+$ . &6 c (&) "8(0 #($)(- D())( #1243$")612

4(& 0122(0)(+$& "8(0 #($)( " #1+$ *+)/ '1$&:+( '( 0F16@ &( #$3&(2)(/ 4( '(& #$3&($8($ "+

43)$65(2) 4(& 2*H+I($ "?2 4( $34+6$( '(& $6&:+(& 4( &")+$")612- =+ ?2"'/ '( &;&)%5( '623"6$(

A $3&1+4$( (&) EqGκ ∪ FixGκ ∪MaxGκ -

 !"#$% ,-J K B@(5#'( 4( &(C5(2)")612-

>" ?C+$( ,-J* 512)$( '( $3&+')") 4( '" &(C5(2)")612 &+$ +2 (@(5#'( L?C+$( ,-J"M 1G '(&

0F(562& 7$%$(& 12) +2( #1$)612 0155+2(-  "2& 0() (@(5#'( N EqGκ = {vc2 + vc4 + vc6 +
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 !"! #$%&$'()($* +,-# #$*).+(*)-' /- #$01.-*#-

vc7 + vc8 = vc1 + vc3 + vc5 + vc6 + vc9} FixGκ = {} !" MaxGκ = Maximize(2× (vc1 + vc3 +
vc4 + vc5 + vc6 + vc7 + vc8) + vc9)# $! %&'()"*" !'" + vc1 = 0, vc2 = 1, vc3 = 1, vc4 = 1, vc5 =
1, vc6 = 1, vc7 = 0, vc8 = 1 !" vc9 = 1# ,-! ./-0"1/- * 2/-0 &"& 0%&&! 3c24 !" 2!(5 *("%!'

'(66%17&!' 3c1 !" c74#

 !"#$%&'!(&$% )*' +,!(*!-.

$* '8-09%/-1'*"1/- 2! 2!(5 09!71-' %!6/'! '(% )* -/"1/- 2!  !"#$"%#

/01%&(&$% 23 45,!(*!-6 &'($)# G %) *+" ,$ -."  !(/"#(')0 κ = A.oi→C.i1 ◦α×B.oj→C.i2
+ δ %)$ /')#+"()#$ -$ /',1+$)/$ -")2 KG $# P1 $# P2 -$%3 /,$4()2 5+6+$2 -")2 φκ7 P1

$# P2 2')# 8%2 /'44$ -$2 2%//$22(')2 -$ 2$*4$)#2 29)/,+')$2 $# -$ :')/#(')2 #$!2 ;%$
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1
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1
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1
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2
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2
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2
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2
)0 S1

1
<+$2 $/#(8$4$)# S1

2
= -1>%#$

 "+ A.oi <+$2 $/#(8$4$)# B.oj= $# 2$ #$+4()$  "+ C.i1 <+$2 $/#(8$4$)# C.i2=7 ?'%+ k ≤ n−1
$# k ≤ m − 10 ') -(# ;%$ !$2 :')/#(')2 jk

1
$# jk

2
2')# -$ 4@4$ )(8$"% $# ') )'#$ jk

1
↔ jk

2
7

A" /!B#%+$ #+")2(#(8$ +1C$3(8$ -$ ↔ $2# )'#1$ ↔∗
7 D) 6)*"!*( $2# !.$)2$4>!$ -$2 :')/#(')2

-.%)$ /!"22$ -.1;%(8"!$)/$ -$ ↔∗
7

:/"/-' ;(! 2*-' (- '/('<=%*69! 0/77(- > 6)('1!(%' 0/9&%!-0!' '1 2!' 6)*"!*(5 /-"

*( 7/1-' (-! ./-0"1/- 0/77(-! 1)' '/-" ?('1/--&' !- (- '!()#
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09*0(- (- 6)*"!*(# ,- 6)*"!*( !'" )! 6/1-" 2C!-"%&! 2C(- !-'!7D)! 2! '!=7!-"' '8-09%/-!'
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PQ# $!' 6)*"!*(5 *66*%"!-*-" > 21H&%!-"!' 0/-"%*1-"!' !" *8*-" *( 7/1-' (-! ./-0"1/-

0/77(-! '/-" =%/(6&' !- (- '!() 6)*"!*( "!) ;(! )! 6%&01'! )* 7E7! 2&A-1"1/-# @1 2!'

./-0"1/-' *66*%"!-*-" > (- 7E7! 6)*"!*( '/-" 2! 21H&%!-"' "86!' )! '8'"I7! )!(% *""%1D(!

(- 7E7! "86! '!)/- )!' %I=)!' '(1K*-"!' +
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0/76/'*-" &7!""!(% 1-"!%*0"1? )C!76E09! 2! 09/1'1% )! "86! DR(H!%#
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 !"#$%&&'(')! *' $" +,-./')+' &!/%+!'

9(% :'*+ .%+ ,."#%"!3 )'(+#*#!-+ %# 0"$1'(*+-+; .%+ 1'#*:+ 2% +7()0$'(*+"#*'( <*+*5.%+ +!$

." =4!$% >8> ,%!<%(# ?#$% "!#'1"#* !%1%(# 1*+ %( ,.")% %(#$% )0" !% )'!,.% 2% )0%1*(+

:$@$%+ 2"(+ Gκ8 A%+ 1'#*:+ +'(# 2% 2%!3 #7,%+ B

C D" +7()0$'(*+"#*'( %( %(#$-% 2% +%41%(#+ E

C D" +7()0$'(*+"#*'( %( +'$#*% 2% +%41%(#+8

D" +7()0$'(*+"#*'( %( %(#$-% 2% +%41%(#+ F'! GHGI %+# !( 1'#*: 2% )'1,'+*#*'( ,%$J

1%##"(# 2/"++!$%$ ." )'0-$%()% %( $-)%,#*'( 2% 2'((-%+ 2% 2%!3 +%41%(#+ +7()0$'(%+8

0.1)%!%,) 23 456)+-/,)%&"!%,) ') ')!/.' *' &'7(')!&8  !"# $" %&!'() *+!'',-.!/

0-1" G2 $") #3".(&1"-#!0-1" )" )"0&4) *) #)%5)"0# )#0 $" 510-6 *) .15'1#-0-1" .15'&)"!"0 7
8 *)$9 #)%5)"0# #3".(&1")# S1 )0 S2 *) &)#').0-:)5)"0 k )0 l .15'1#!"0# )0 #) 0)&5-/

"!"0 '!&2 &)#').0-:)5)"02 ,)# .15'1#!"0# Ck
1
)0 C l

2
2

8 $" ',!0)!$ .1"#0-0$4 *)$9 ;1".0-1"# j1 )0 j2 *) 5<5) 03') )0 '&4.4*!"02 &)#').0-:)/

5)"02 S1 )0 S22

8 $" *4.,)".()5)"0 .&1-#4 .1"#0-0$4 *)# ,-)"# (C1
1
.e, j2.s) )0 (C

1
2
.e, j1.s)=

>) 510-6 )#0 "104 J ∗ (S1, S2)=

D" GHG "++!$%  !% .%+ &'()#*'(+ j1; j2 +-.%)#*'((%(# .%!$+ 1%++"4%+ "! 1?1% 1'1%(#

%#  !/"!)!( ('!<%"! 1%++"4% (/%+# "))%,#- ,"$ .%+ ,$%1*%$+ )'1,'+"(#+ 2%+ +%41%(#+

+7()0$'(%+ "<"(#  !% #'!+ 2%!3 (% +'*%(# ,$?#+ ,'!$ !(% ('!<%..% *#-$"#*'(8 A% 1-)"(*+1%

+/",,!*% +!$ ./"++'1,#*'( +%.'( ." !%..% .% #%1,+ 2% #$"(+:%$# 2/!( 1%++"4% '! 2/!( +*4(".

2"(+ !( .*%( %+# (!.8 G* j1 %# j2 +'(# ('( 5.' !"(#+ %# (% )'(#*%((%(# ,"+ 2% 1%++"4%+ "!

1'1%(# 'K *.+ +'(# 2-).%()0-+; C1 %# C2 $%L'*<%(# )0")!( !( 1%++"4% <*2%8 M% 1"(*@$%

4-(-$".%; *. %+# (-)%++"*$%  !% .%+ 2%!3 &'()#*'(+ "*%(# .% 1?1% )'1,'$#%1%(# <*+JNJ<*+ 2%

.%!$+ +%41%(#+ $%+,%)#*:+ %#  !/%..%+ +'*%(# 2'() 2% 1?1% #7,%8

O5+%$<'(+  !% )%##% +7()0$'(*+"#*'( %(#$% .%+ 2%!3 +%41%(#+ S1 %# S2 $%+#% <"."5.% +*

j1 %# j2 +'(#; %( ,.!+; 2-).%()0-+ ,"$ !( 1?1% %(+%15.% 2/"!#$%+ )'1,'+"(#+8

D" +7()0$'(*+"#*'( %( +'$#*% 2% +%41%(#+ F'! GGGI %+#; %..%; !( 1'#*: 2% )'1,'+*#*'(

,%$1%##"(# 2/"++!$%$ ." )'0-$%()% %( -1*++*'( 2% 2'((-%+ 2% 2%!3 +%41%(#+ +7()0$'(%+8

0.1)%!%,) 29 456)+-/,)%&"!%,) ') &,/!%' *' &'7(')!&8  !"# $" %&!'() *+!'',-.!/
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 !"#$%&$'!% ( )*+,-&./,)' '*1&)*' H.#% &$ 1(*'34 7$%  $"8 056"7.*$"0% %(#*  '%*'#&*%,

-$ %$&(#  ('* E 7. 3('% 1.'#*$#'0 7!56.7'*5 $#*0$ 7$% '*50.*'(#%  $% 1$%%.6$% /0(>$#.#*  "

/0$1'$0 C.J#  $ 1.'#*$#'0 7. &(<50$#&$ A"!'7 . 5*.;7'C $* '1/(%$0 7$% 0267$%  $ J7*0.6$  $ %.

/0(/0$ &(<50$#&$, -. J6"0$ K,L '77"%*0$ &$**$ %'*".*'(# E *0.>$0% 7$ 056"7.*$"0 R1 5*.;7'%%.#*

7. &(<50$#&$ κ1 $* 7$ 056"7.*$"0 R2  (#* 7$ 0:7$ $%* E 7. 3('%  !5*.;7'0 7. &(<50$#&$ κ3 $*

 $ /05%$0>$0 7. &(<50$#&$ κ1, H.#% &$ &.%4 (#  '* A"$ 7$ 056"7.*$"0 R2 $%* 7$  !"#$%&'# 

( )*+)(%$  $ κ3 $* A"!'7 $%* "#  !"#$%&'# ,'+-*.%) ' /("0 κ1, -E $#&(0$4 "#$ &(#*0. '&*'(#

 .#% 7$% 0267$% &(#*$#"$%  .#% R2 /$"* $#*0.N#$0 "# ;7(&.6$  $ &$  $0#'$0,

2/+"/%.&.$!% 3/' 04/"$%' /. 4&)"!%$'&.$!% 3/' 1-&./&,5

-. %$61$#*.*'(#  $% &<$1'#%  !"# %("%C60./<$ %("1'% E "#$ &(<50$#&$ #(# %*0'&*$

56.7'%$ 7$ #(1;0$  $% 9(#&*'(#% $#*0$ 7!$#%$1;7$  $% &<$1'#%  " %("%C60./<$ *("* $# $%%.?.#*

 $ /05%$0>$0 ." 1.8'1"1 &$77$% '#'*'.7$1$#* /05%$#*$%,

-$% $8'6$#&$% %"0 7$ %("%C60./<$ %(#* "# /$" /7"% #(1;0$"%$% A"$ %"0 "# %("% 60./<$

#!.?.#* A"$  $% &(#*0.'#*$% %*0'&*$%, +# $F$*4 #("% %.>(#% A"!"#$ &(<50$#&$ #(# %*0'&*$

#5&$%%'*$ 7!$1/7('  !"# 056"7.*$"0, O04 &$7"'C&' 5*.#* .>$& /$0*$4 '7 %$0. /7.&54 %"0 &<.A"$

&<$1'#4 $# 7'$" $* /7.&$  !"#$ &(##$8'(# ."*(0'%.#* 7. /$0*$, H2% 7(0%4 %' 7!"#  $% &<$1'#%

 !"#$ &(<50$#&$ #(# %*0'&*$ κ #$ &(#*'$#* /.%  $ &(##$&*$"0 .>$& /$0*$4 '7 #$ /("00. /.%

PQ



 !"! #$%&$'()($* +,-# #$*).+(*)-' /- #$01.-*#-

 !"#$%  !" # $%&'() *+&'',-.&/-01 &2). *)3 .01/%&-1/)3 *) .0(4%)1.) 50-1/)3!

6/%) %)1*7 .0(4%)1/ &2). ,)3 &7/%)3 4,48)1/3 *) φκ! 9:3 ,0%3; 1073 '072013 *4*7-%) <7) ,&

.01/%&-1/) )3/ -12&,-*) '7-3<7+),,) 1) '07%%& '&3 3+&'',-<7)% = /073 ,)3 .()8-13 *) φκ /),,)

<7) ,+)>-?) ,& *4@1-/-01 "!

9) 37%.%0A/; 71 %4?7,&/)7% 4/&B,-33&1/ 71) .0(4%)1.) )1/%) *)7> .()8-13 C%:%)3 *0-/

6/%) ',&.4; .088) ,) 801/%) ,& @?7%)  !"; &2&1/ /07/) -1/)%3)./-01 )1/%) .)3 *)7> .()8-13!

D7/%)8)1/; ,)7%3 E0/3 *) *0114)3 *)2-)11)1/ .01C01*73 )/ &7.71) .08'&%&-301 1) ')7/

6/%) 0'4%4)! F, )3/ 4?&,)8)1/ 14.)33&-%) <7) '07% <7+71 .()8-1 30-/ /%&-/4; -, .01/-)11) 71

.011)./)7% &2). ')%/) &2&1/ /07/ 3)?8)1/ .08871 &2). ,+71 *) 3)3 .()8-13 C%:%)3! G '&%/-%

*) .)3 .01*-/-013; 1073 '072013 C0%87,)% ,& 2&,-*-/4 *+71) .01/%&-1/) *) .0(4%)1.) H

 !"#$%$&# '( )*+,$-$%! -./#0 1&#%2+$#%0 -0 1&3!20#10 #&# 4%2$1%05  ! "#$%&!'$%(

)( "#*+&($"( $#$ ,%&'"%( κ (,% "#$,')+&+( -!.')( ,,' ∀P, P ′ ∈ φκ, ∃c ∈ P /$ "#$$("%(/& !-("

0(&%( %(. 1/( ∄C ∈ P ∩ P ′
/$ "#20#,!$% %(. 1/( rankP (C) < rankP (c)3

I& '%)8-:%) 501./-01 &2). ')%/) *+71 .()8-1 -8',-<74 *&13 71) .01/%&-1/) *) .0(4%)1.)

)3/; )137-/); 8-3) )1 42-*)1.)!

JK



 !"#$%&' ()  *+#*,$%$*- ./0-' "##1$ "%$*-

 !"#$%$&# '' (γ )*+# ,-./$# ). )&##!.01  !"#$% &$# '!$%()"$%# *# '!+,(#$'# κ #%

P ∈ φκ- .!&/ $!%!$/ γP 0# '!$$#'%#&( )1#' 2#(%# *)$/ P %#0 3&# ∄c ∈ P &$ '!$$#'%#&(

)1#' 2#(%# %#0 3&# rank(c) < rank(γP )-

 ! "#"$%&! '()*+(,! -,./! +010!' !"$ ,*"2'0! '+ "!-&!)$+$(2) !"$ "!&3'+3'! 4 /!'0( 0$('("*

520, '+ "!-&!)$+$(2) 670) "20"8-,+59! 6! /29*,!)/! "$,(/$! : EqGκ ∪ FixGκ ∪ MaxGκ ;

<20$!=2("> (' !"$ (/( /,0/(+' 67+)$(/(5!, '! 5'+/!&!)$ 6!" ,*-0'+$!0," !$> !) 5+,$(/0'(!,> '! =+($

107(' 62(?!)$ @$,! 5,*/*6*" 670) "!-&!)$ "#)/9,2)! S "0, /9+10! /9!&(); A0$,!&!)$> )20"

+0,(2)" it(m) 6= it(oriS(m)) 520, 0) &!""+-! m +$$!(-)+)$ '! ,*-0'+$!0, !$ (' )! "!,+($ 5'0"

52""(3'! 67!B5,(&!, 6! /2)$,+()$!" "0, it(oriS(m)) 6+)" /! ,*-0'+$!0,; C) /2)"*10!)/!> (' )!
=+0$ 5+" 107(' # +($ 67+0$,!" D2)/$(2)" +0 6!""0" 6! γP 6+)" 0) /9!&() P (&5'(10* 6+)" 0)!

/29*,!)/! )2) "$,(/$!; E%" '2,"> 520, $20$ /9!&() P > '!" ?+,(+3'!" 6! $20" '!" /2))!/$!0," c

6! ,+)- ()=*,(!0, 4 γP "2)$ FB*!" 4 vc = 0 6+)" '! "#"$%&! '()*+(,!; G2,&!''!&!)$> '7!)"!&3'!
6!" *10+$(2)" "055'*&!)$+(,!" 6!?(!)$ 62)/ FixGκ =

⋃
c∈L′

Gκ ,c
′∈L′′

Gκ
{vc = 1, v′c = 0} +?!/

L′
Gκ ⊂ LGκ '7!)"!&3'! 6!" /2))!/$!0," c 6! Gκ +#+)$> /2&&! ,*/!5$!0,"> 0) /2&52"+)$

()$!,+/$(= !$ L′′
Gκ '7!)"!&3'! 6!" /2))!/$!0," c′ 6! Gκ $!'" 10! rank(c′) < rank(γP ) +?!/

c′ ∈ P, P ∈ φκ !$ κ 0)! /2)$,+()$! 6! /29*,!)/! )2) "$,(/$!;

 + =2)/$(2) 23D!/$(= ,!"$! (6!)$(10! 4 /!''! 6! '+ /29*,!)/! "$,(/$! : MaxG = Maximize

(Σc∈JG
(2gc × vc)) 2H JG !"$ '7!)"!&3'! 6!" D2)/$(2)" ()($(+'!&!)$ 5,*"!)$!" 6+)" G !$ gc 0)

322'*!) 5,!)+)$ '+ ?+'!0, I "( c !"$ +?!/ 5!,$!; J2)$,+(,!&!)$ +0B /2)$,+()$!" )2) "$,(/$!">

'!" /2))!/$!0," +?!/ 5!,$! )! "2)$ 5+" )*/!""+(,!" 4 '7*$+3'(""!&!)$ 670)! /29*,!)/! "$,(/$!;

K /+0"! 6! /!'+> '+ 5,*"!)/! 6! /2)$,+()$!" "$,(/$!" 6+)" '! &@&! "20" -,+59! 10! 6!"

/2)$,+()$!" )2) "$,(/$!" 5!0$ )*-+$(?!&!)$ ()L0!)/!, '+ $,+)"=2,&+$(2) 6!" /9!&()" 6! /!"

6!,)(%,!";  ! 5,23'%&! !"$ (''0"$,* 5+, '7!B!&5'! 6! '+ F-0,! M;IN; O' ,!5,*"!)$! 0) "20"8

-,+59! /2&5,!)+)$ '+ /2&3()+("2) 670)! /2)$,+()$! )2) "$,(/$! κ1 +?!/ 0)! /2)$,+()$!

"$,(/$! κ2 +?+)$ PF-0,! M;IN+Q !$ +5,%" PF-0,! M;IN3Q "!-&!)$+$(2) !$ 9+,&2)("+$(2); R0,

/!$ !B!&5'!> "2(!)$ γP1
= c4 !$ γP2

= c5 +?!/ φκ1
= {P1, P2}; K /+0"! 6! FixGκ1

> )20"

+0,2)"> "0($! 4 '+ "!-&!)$+$(2)> vc1 = 0 !$ vc2 = 0; C) /2)"*10!)/!> +F) 6723$!)(, '7*-+'($*
60 )2&3,! 6! D2)/$(2)" "0, /9+10! /9!&()> c3 "!,+($ $,+)"=2,&* !) /2))!/$!0, "#)/9,2)! "(

'+ "!-&!)$+$(2) )! 5,(?('*-(+($ 5+" '!" S,!!6(!"; J!'+ +0,+($ 520, ,*5!,/0""(2) '+ =2,&+$(2)

670) 5'+$!+0 {c4, c5, c6} 62)$ '! $#5! "!,+($> +5,%" 9+,&2)("+$(2)> )3T0U!, =2,V+)$> +()"(> κ1
4 @$,! "$,(/$! : MaxG = Maximize(vc1 +vc2 +vc3 +vc4 +vc5 +vc6 +vc10) = 4 = vc4 +vc5 +
vc6 + vc10;  + 52)6*,+$(2) 6!" /2))!/$!0," +?!/ 5!,$! 6+)" '+ =2)/$(2) 23D!/$(= *?($! /!$$!

"($0+$(2) !) =+?2,("+)$ '+ =2,&+$(2) 670) 5'+$!+0 +?!/ 5!,$! : MaxG = Maximize(vc1 +
vc2 + 2× vc3 + 2× vc4 + 2× vc5 + vc6 + vc10) = 7 = 2× vc3 + 2× vc4 + 2× vc5 + vc10;

 + F-0,! M;IN3 &2)$,!> !)"0($!> '! "20"8-,+59! =2,&* 5+, '+ "!-&!)$+$(2) 50(" 9+,&28

)("+$(2) 60 "20"8-,+59! 6! '+ F-0,! M;IN+;  + 59+"! 679+,&2)("+$(2) "! 6*,20'! "!'2) '+

'2-(10! 6*/,($! 4 '+ "!/$(2) M;W;W;

234,./.#% )+ 5!6+34%.+5

A5,%" 9+,&2)("+$(2) 6!" 5'+$!+0B> '7*$+5! "0(?+)$! /2)"("$! 4 ,!&5'+/!, '!" D2)/$(2)"

6! /9+10! 5'+$!+0 ,*-0'+$!0, 5+, 0) ,*-0'+$!0,; X) 5'+$!+0 ,*-0'+$!0, !"$ 0) 5'+$!+0

/2)$!)+)$ '!" 5,!&(%,!" D2)/$(2)" +?!/ 5!,$! 670)! /2)$,+()$! 6! /29*,!)/! )2) "$,(/$!;

 !"#$%$&# '7 (234%.4+ 5!6+34%.+51 4$ 20)%#)& π #/% &$ 20)%#)& (,5&0)%#&( *)$/ &$

5()2+# *6)220"')%"!$ G //" ∃κ ∈ KG %#00# 3&# ∀P ∈ φκ, γP ∈ π- π #/% )0!(/ )22#0, 20)%#)&

2("$'"2)0 *# κ #% $!%, πκ-

 ! ,Y'! 6!" ,*-0'+$!0," !"$ 67+55'(10!, '!" /2)$,+()$!" 6! /29*,!)/! "0, '!" /9!&()"

10( '!" $,+?!,"!)$; E7+5,%" '+ 6*F)($(2) Z> /!" /2)$,+()$!" "2)$ =2,&0'*!" "0, '!" "20,/!" 6!"

[\



 !"! #$%&$'()($* +,-# #$*).+(*)-' /- #$01.-*#-

 !"#$%  !"# $ %&'()*+),&* -./*0 1&*23+)*20 *&* ,23)120 02 -./*0 1&*23+)*20 ,23)120!
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 !"#$%&' ()  *+#*,$%$*- ./0-' "##1$ "%$*-

 !"#$%& $#'($)*+& ,-%& (-  .!+/"% " 0-%,$& )*" ("& /12("&  .%0"%*"& ,-%& (" /+2*(-0"*/ &3-'4

'($)*"%0 5 &"& './0& ,3"%0/+"6 7%" 0/-%&8./#-0$.% +(+#"%0-$/" '"/#"0 ," ,+,*$/" ("& /12("&

,"  !-)*" /+2*(-0"*/ 5 '-/0$/ ,"&  .%0/-$%0"& ,"  .!+/"% " ,-%& ("&)*"(("& $( $%0"/9$"%06

:" /"#'(- "#"%0 ,3*% '(-0"-* '-/ *% /+2*(-0"*/ &" 8-$0 2/; " 5 (3.'+/-0$.% ," &*<4

&0$0*0$.% )*$ 9-  .%&$&0"/ 5 %*#+/.0"/ ("&  .%%" 0"*/& ,* '(-0"-* ," 1 5 n "0 5 /"'(- "/

 !-)*" ($"% -((-%0 9"/& (" './0 ,3"%0/+" ,*  .%%" 0"*/ %*#+/. i '-/ *% ($"% -((-%0 &*/ ("

'./0 ,3"%0/+" %*#+/. i ,* /+2*(-0"*/ "0 &=#+0/$)*"#"%0 '.*/ ("& './0& ," &./0$"6

 !"#$%$&# '( )*+,-%$%+%$&# ./ 012%/2+3  !"#$% G &$ '()*+# ,-)**."/)%"!$ /!$%#$)$%

.# *.)%#)& π /!0*!12 ,#1 /!$$#/%#&(1 j1, . . . , jn3 r &$ (2'&.)%#&( 4 n *!(%1 ,# ,!$$2#1

i1, . . . , in #% .) 5"6#/%"!$ σr 7 {j1, . . . , jn} → {r.i1, . . . , r.in} %#..# 8&# σr(jk) = r.ik ∀k ∈
[1, n]9 :) 1&51%"%&%"!$ σr(π) ,& *.)%#)& π ,)$1 .# '()*+# G *)( .# (2'&.)%#&( r ;)"% 8&# .#

(2'&.)%#&( r (#0*.)/# .#1 /!$$#/%#&(1 j1, . . . jn ,# .) 0)$"<(# 1&"=)$%# >X.x #% Y.y 1!$%

(#1*#/%"=#0#$% ,#1 *!(%1 ,# 1!(%"# #% ,-#$%(2# ,# /!0*!1)$%1 X #% Y 8&#./!$8&#1? 7

@ /+)8&# ."#$ (X.x, jk.i) ,# G >k ∈ [1, n]? ) 2%2 (#0*.)/2 *)( .# ."#$ (X.x, r.ik) %#. 8&#
r.ik = σr(jk) A

@ /+)8&# ."#$ (jk.o, Y.y) ,# G >k ∈ [1, n]? ) 2%2 (#0*.)/2 *)( .# ."#$ (r.ok, Y.y) %#. 8&#
r.ok #1% .# *!(% ,# 1!(%"# )11!/"2 )& *!(% ,-#$%(2# r.ik9

:- >2*/" ?6@A $((*&0/" (- &*<&0$0*0$.% ,* '/"#$"/ '(-0"-* ," (- >2*/" ?6@A<6

:"& /12("& ,* /+2*(-0"*/ '"*9"%0 "%&*$0" B0/" ,+>%$"& "% 8.% 0$.% ," &"& './0& ,3"%0/+" C

 !"#$%$&# '4 )5671/- .8+# 9!7+12%/+9 09$#:$0213  !"#$% πκ .# *.)%#)& *("$/"*).

,-&$# /!$%()"$%# ,# /!+2(#$/# κ ,)$1 .# '()*+# ,-)**."/)%"!$ G #% σr(πκ) .) 1&51%"%&%"!$ ,#

/# *.)%#)& *)( .# (2'&.)%#&( r9 :#1 (<'.#1 *.)/2#1 ,)$1 /# (2'&.)%#&( *!&( κ #1% .-#$1#05.#

,#1 (<'.#1 7

f : σr(γP1
) ◦κ ακ × σr(γP2

) + δκ

%#..#1 8&# ∃P1, P2 ∈ φκ, P2 ∈ φκ(P1) #% γP1
, γP2

∈ πκ9

D.##" "E'($)*+ '/+ +,"##"%0F ("& /+2*(-0"*/& )*$ &.%0 '/$% $'-*E '.*/  "/0-$%"&

 .%0/-$%0"& ,"  .!+/"% "& '"*9"%0 +2-("#"%0 G.*"/ *% /H(" &" .%,-$/" ," #-$%0$"% '.*/

,3-*0/"&6 :5 "% ./"F (- ,+,* 0$.% ,"& /12("& ," >(0/-2" -&&*/-%0  " #-$%0$"% "&0 ,$/" 0"6

 !"#$%$&# '; )5671/- .8+# 9!7+12%/+9 -/:&#.2$9/3  !"#$% π &$ *.)%#)& 8&" $-#1% *)1

*("$/"*). *!&( .) /!$%()"$%# ,# /!+2(#$/# κ ,)$1 .# '()*+# ,-)**."/)%"!$ G #% σr(π) .)

1&51%"%&%"!$ ,# /# *.)%#)& *)( .# (2'&.)%#&( r9 :#1 (<'.#1 *.)/2#1 ,)$1 /# (2'&.)%#&( *!&( κ

#1% .-#$1#05.# ,#1 (<'.#1 7

f : σr(j1) = σr(j2)

%#..#1 8&# j1, j2 ∈ π 1!$% ,#&B 6!$/%"!$19

:" /+2*(-0"*/ R2 ," (- >2*/" ?6I ,.%%" *% "E"#'(" ,"  "& ,"*E 0='"& ," /12("&6

:"& /12("& ," >(0/-2" +0-%0 ," &$#'("& +)*-0$.%& ($%+-$/"&F *%" 9+/$> -0$.% &+#-%0$)*"

'"*0 B0/" .'+/+" &*/ (3"%&"#<(" F ,"  !-)*" /+2*(-0"*/ r ->% ," ,+0" 0"/ ("&  .%0/-,$ 0$.%&

'.*9-%0  -*&"/ (" <(. -2" ,* /+2*(-0"*/6 7%"  .#<$%-$&.% ,"  .%0/-$%0"& ,-%& ("&)*"(("&

$%0"/9$"%0 r '"*0 B0/" $%9-($,+" &$  "00" -%-(=&" /+91(" *%" 0"(("  .%0/-,$ 0$.%6

<9!-/9=2%$&# ./ 12 :&>!9/#:/

7%" 8.$& (" /+2*(-0"*/ '(- +F (3.<G" 0$8 "&0 ," #-$%0"%$/F G*&)*3-*  .#'.&-%0 ,"&0$%-0$.%F

(-  .!+/"% " +0-<($"6 D"(- "&0 /+-($&+F  .##" (" #.%0/" (- >2*/" ?6@@F 2/; " -* #.0$8 ,"

JJ



 !"! #$%&$'()($* +,-# #$*).+(*)-' /- #$01.-*#-

 !"#$%&"' ()'&" (  *%(") *"+ #&$,%+"#+ -&%)+. /&* ,)+"0&" '#' 1( 0,2"')'&" 34 0+ 1( 565

7(% *"+ 8(%'(")+ 0(" 1(9*+11+ 1+ 71()+(* +) "&" 71* #&" )')*, 0+ 0+*: ;&"#)'&" <(' 0=*"

%,>*1()+*% r. ?+ 1'+" 0+ 0,#1+"#$+<+") #%&' , 0+8'+""+") (1&% (C1
1
.e, r.s) +) (C1

2
.e, r.s).

?+ -(') 9*+ 1+ %,>*1()+*% 0&'8+ @)%+ 0,#1+"#$, 7(% 1+ 0+*: #&<7& (") 9*='1 0+  +%) ('" ' 9*+

1+ -(') 9*='1 ,<+))+ )&*;&*% *" <+  (>+ 8'( #$(#*" 0+  + 7&%) A #$(9*+ -&' >(%(")'  +")

1(  !"#$%&"'#'), 0+ B&) 0+ <+  (>+ ())+'>"(") C1 +) C2 CAk +) Bl 0(" 1( 2>*%+ D.33E.

 !"#$% D.33 F G&)'- >,",%(1 7&*% 1( #&$,%+"#+ "&"  )%'#)+.

6" <('")+"(") 1(  !"#$%&"' ()'&" 0+ B&) 0+ 0&"",+ ,<' 7(% 1+ %,>*1()+*%H "&* 

<('")+"&" ,>(1+<+") 1( #&$,%+"#+ 9*='1 ( '" )(*%,.

IJ



 !"#$%&' ()  *+#*,$%$*- ./0-' "##1$ "%$*-

 !"#$%  !"# $ %&&'()*+(,- .(/&'0 *10) ),2340-)0 -,- .+4()+0 3+*5'(0!

 !"#$%&' (  !"#$% P1 #% P2 &#'( )*#+"$, -./.#, .#01%"2#+#$% 3 01 )!$%.1"$%# &# )!*45

.#$)# κ = A.oi→C.i1
◦ α × B.oj→C.i2

+ δ6  " m1 #% m2 ,!$% &#'( +#,,17#, 0', 81. C 3

01 +9+# "%4.1%"!$ ,'.: .#,8#)%"2#+#$%: 0#, 8!.%, C.i1 #% C.i2 10!., m1 #% m2 24.";#$% <'#

it(oriP1
(m1)) ◦ α× it(oriP2

(m2)) + δ6

)$'*+' (  !"#$% (P1, P2) = (S0
1
, S0

2
) ∗ r ∗ (S′

1
, S′

2
) ∗ bB ∗ (P ′

1
, P ′

2
) ∗ (S′′

1
, S′′

2
) &#'( )*#+"$,

-./.#, .#01%"2#+#$% 3 '$# )!$%.1"$%# &# )!*4.#$)# κ = A.o1→C.i1 ◦ α × B.o2→C.i2 + δ %#0,

<'# =

> r #,% '$ .47'01%#'. ?

> (P ′
1
, P ′

2
) = [J ∗ (S1, S2) ∗ bB]n ?

> S′′
1
, S′′

2
&#'( ,#7+#$%, ,@$)*.!$#, 1A!'%",,1$%: .#,8#)%"2#+#$%: 3 C.i1 #% C.i26

BC1A!.&: 0#, ,#7+#$%, ,@$)*.!$#, S0
1
= (A1 . . . Ai) #% S0

2
= (B1 . . . Bj) 71.1$%",,#$%:

&C18./, 01 8.!8."4%4 D: <'# 8!'. %!'% +#,,17# mAi
4+", 81. Ai: it(mAi

) = it(oriS0

1

(mAi
))

#% <'# 8!'. %!'% +#,,17# mBj
4+", 81. Bj: it(mBj

) = it(oriS0

2
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