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-!&4<=<%$3! 5! "#$%& %! '())$*+ %! 5!.3 &#))! 2$4 = 2$4 )#%.5# > ? d (x,y) =

w (x+ y)6 7(3 !8!)"5!, d (011, 101) = w (110) = 26

 !"#$%$&# '(*  ( %$&4(*! )$*$)(5!, dmin, %-.* !*&!)25! %! )#4& %! #%! C =

{c1, c2, . . . , cM} !&4 5( "5.& "!4$4! %$&4(*! %! '())$*+ !*43! 4#.4!& 5!& "($3!& %!

)#4& %! #%! %$&4$*4&6

dmin = min
(ci,cj)∈C2

ci 6=cj

d (ci, cj)  !"#$

7#.3 5! #%! C4 %! 5-!8!)"5! >6@, 5( %$&4(*! )$*$)(5! !&4 dmin = 26

%& '()*&+- .(+(.&/- '01+ 2'- -+ 3/2 '4*-5.(+- )& &6&(*4 '- '4*-*(2+ -*

'- 255-*(2+ '0-55-15)" 7+ 2'- -+ 3/2 '- '()*&+- .(+(.&/- dmin 62155& '4*-*-5

dmin − 1 -55-15) -* 255(8-5
⌊
dmin−1

2

⌋
-55-15) '&+) 1+ .2* '- 2'-" 9&5 2+)4:1-+*;

1+ 2'- -+ 3/2 &))2(4 < /0&/6=&3-* AM 6-1* >*5- 5-654)-+*4 6&5 C(n,M, dmin); 2?

n -)* /& /2+81-15 '- 3/2; dmin -)* /& '()*&+- .(+(.&/- '1 2'-; -* M -)* /- +2.35-

'- .2*) '- 2'-"

 !"#$%$&# '(+ A#$4 k .* *#)23! !*4$!3 "#&$4$B6 C* %$4 0.! 5! #%! !* 25# C =

{c1, c2, . . . , cM} (D! M = 2k, !&4 5$*/($3! &$ 0.!5 0.! &#$4 (ci, cj) ∈ C2 !4 0.!5 0.!

&#$4 (λ1, λ2) ∈ {0, 1}
2, #* ( ? λ1 · ci + λ2 · cj ∈ C6 E(*& ! (&, 5! #%! "!.4 943!

%/&$+*/ "(3 C(n, k, dmin)6  ! #%! C4 %! 5-!8!)"5! >6@ !&4 5$*/($3!, (5#3& 0.! 5! #%!

C
′

4 = {111, 011, 101, 110} *-!&4 "(& 5$*/($3! (3 111 + 011 = 100 /∈ C
′

46

@( /- 2'- C = {c1, c2, . . . , cM} -)* /(+4&(5-; &/25) /& '()*&+- .(+(.&/- '1 2'-

-)* /- 6/1) 6-*(* 62(') '- A&..(+8 '&+) C '(B45-+* '- 0"

dmin = min
ci∈C

w (ci) 6=0

w (ci),  !"!#

$% &'( )$(*$+$(% $&% *,-(. /0) Rc =
log2 M

n
= k

n
"

123&.$3)& 4')($& &3) 20 *.&%0($ +.(.+02 *3 '*$ C(n,M, d) &'(% *.&/'(.42$& *0(&

20 2.%%,)0%3)$" 6'3& )0//$22$)'(& 73$273$&83($& *$ $& 4')($& *0(& 2$ 90/.%)$ :"

;!



 !"! #$%&' $)*$+,-./'

 ! !"# !$%!&'()* "##$ %&'())℄ +,- ./!/0/ 120 3! 0+.(,-0+ 4 5/2'2.+ '(!/2(0+ 4

/-2-78!(,9 &! ./!/02': '+ 0+.(,-0+ +,- ;<1;,/ 5+ L /-2.+, 5+ k =(-, +- 5+ n >;!-(;!,

'(!/2(0+,9 ?+, 5;!!/+, "=(!2(0+, 1;30 !;3,$ 4 '@+!-0/+ 53 ;5+30 ,;!- 5/2'/+, 52!, +-

-;3- 23 ';!. 53 0+.(,-0+ 4 5/2'2.+ 120 =';, 5+ k =(-,9 ?+ !;<=0+ 5+ =(-, 5+ ,;0-(+

1;30 A2B3+ ,/B3+!+, 5+ k =(-, +! +!-0/+ +,- 5+ n =(-,9 C20 ;!,/B3+!-: ;<<+

1;30 '+ ;5+ +! ='; 5+ k =(-, '(!/2(0+: '+ 0+!5+<+!- Rc 53 ;5+ ;!D;'3-(> +,- 5/8!(

120 Rc =
k
n
9

+

+

1

2

Input Output

CE>02. 0+1'2+<+!-,

 !"#$% F9G H #;5+30 ;!D;'3-(> k = 1: L = 3 +- n = 29

L +- m = L − 1 ,;!- !;<</, 0+,1+-(D+<+!- '2 &!$+'#', "# !$(,-)$(# +- '2

./.!),# 53 ;5+ ;!D;'3-(>9

 !"#$%" &'& 0- 1+',# 234 .!$(,# '$ #5#.6&# "# !"#', !$%!&'()* "-$7 &# 8'#&

k = 19 L = 39 #( n = 23

I '2 5(J/0+!+ >;!52<+!-2'+ 5+, ;5+, +! =';: '2 ,;0-(+ 5@3! ;5+30 ;!D;'3-(>

;00+,1;!52!-+ 4 3! ,K<=;'+ ;302!- 5/1+!5 !;! ,+3'+<+!- 5+ + ,K<=;'+: <2(,

23,,( 5+, m ,K<=;'+, 10//5+<<+!- ;5/, ",-;L/, 52!, '+ 0+.(,-0+$9

M2!, '+ 2, 5@3! ;5+ ;!D;'3-(> ,/',7)*: +! 1'3, 5+ 5/1+!50+ 5+, ,K<=;'+, ;37

02!- +- 10//5+<<+!- ;5/,: '2 ,;0-(+ ;302!-+ 5/1+!5 23,,( 5+, ,;0-(+, 10//5+!-+,9

C20 ,;3( 5+ ,(<1'((-/: !;3, ;!,(5/0;!, (( '+, ;5+, ;!D;'3-(>, $!$:,/',7)*7 1;30

(''3,-0+0 !;, +N+<1'+,9

&'('&'( )"$*+,"-./.01-, 2*/$3045", 65 16" 1-81%5.09

O' +N(,-+ 1'3,(+30, 0+10/,+!-2-(;!, .021A(B3+, 5@3! ;5+30 ;!D;'3-(>9 ?2 10+<(P0+

+,- '+ ")-+,-..# "' !"#', <;!-0/+ 120 '2 8.30+ F9G9
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 !"#$%  ! " #$%&''&( )% '*%+%,-'%  ! 

./% )%0+&1,% $%-$2(%/343&5/ /5,,2%  !"#$$#% )0 5)% 5/75'03&8 ,5/3$% '*2759

'03&5/ 3%,-5$%''% )0 5)%0$ %3 %(3 4)4-32% -50$ '% )25)4:% %3 '*274'043&5/ )%(

-%$85$,4/%( )% 5$$%3&5/ )*%$$%0$(! ;4 <:0$%  ! $%-$2(%/3% '% 3$%&''&( 4((5&2 40

5)%0$ )% '*%+%,-'%  ! ! =0$ %33% <:0$%> '%( 2343( si> ?i = 0, · · · , 4@> $%-$2(%/3%/3

'%( )&A2$%/3%( 5,B&/4&(5/( -5((&B'%( )%( m× k = 2 )%$/&%$( B&3( )4/( '% $%:&(3$% C

)24'4:%> '%( -5&/3&''2( 5$$%(-5/)%/3 C 0/% %/3$2% 1 %3 '%( 3$4&3( -'%&/( 5$$%(-5/)%/3

C 0/% %/3$2% 0! ;%( 23&D0%33%( (0$ '%( 3$4/(&3&5/( 5$$%(-5/)%/3 40+ (E,B5'%( )% 5)%

:2/2$2(!

 !"#$%$&# '() &' ())"$$" ,53 )% 5)% 5/75'03&8  *+ " %,-+"'" /,',!," )(! $"

 !"#$$#% 0+ *0" *'1*$+ #2 " -+# )(! 0" $3, ( #'# #($ s0 " 4'# 0('% $" 565" , ( s07

8"  " 0,4'# #*' %*+%9"' "'0 -+" $"% 5* % 0" *0" )"+1"' 6 !" 0" $*'/+"+! 4'#"% *+

:%"5#9;#'4'#"%7

 !"#$%$&# '(* <" 5)% 5/75'03&8 C "% $3"'%"5=$" 0"% 5* % 0" *0" 4'#% *+ %"5#9

4'#% /,',!,% )(! $" *0"+! *'1*$+ #27

+!,-./0! '(1 >!?" @ $3*),!( #*' 0" *'1*$+ #*'A $" *0" *'1*$+ #2 C ( +'" % !+9

 +!" $#',(#!"A 3"% 9@90#!" -+"$ -+" %*# (c1, c2) ∈ C2 0" 565" $*'/+"+! n :4'#" *+

%"5#9#'4'#"; " -+"$ -+" %*# (λ1, λ2) ∈ {0, 1}
2A $( *5=#'(#%*' $#',(#!" λ1c1 + λ2c2

"% +' 5* 0" *0" 0" $*'/+"+! n ())(! "'(' @ C7

F/ 5/(343% D0% '% 3$%&''&( 4((5&2 40 5)% 5/75'03&8 -$2(%/3% 0/% (3$030$% 359

34'%,%/3 $2-23&3&7%! G%33% (3$030$% $2-23&3&7% (0::1$% D0*5/ -%03 %/5$% $2)0&$% '%
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 !"#$% ./0 1 23$%#$**& 456,$,- 4& (5&7&*'(& ./.

,#&3((3- '89# 8:,&+3# (&  !"#$"%%&  '()")*/ ;$ <%9#& ./0 *8+,#& (& 43$%#$**& 456,$,

8:,&+9 = '$#,3# 49 ,#&3((3- 4& ($ <%9#& ././ >&,,& #&'#6-&+,$,38+ &-, ($ '(9- 8*'$,&

49 84& 8+?8(9,3" &, &-, '$#,39(3@#&*&+, $4$',6& '89# (56?$(9$,38+ 4& -&- '#8'#36A

,6- 4& 43-,$+&/ >&,,& #&'#6-&+,$,38+ +& "$3, '$- $''$#$3,#& (56?8(9,38+ ,&*'8#&((&B &,

8+,3&+, 2k·m 6,$,- &, 2k ,#$+-3,38+- = '$#,3# 4& C$D9& 6,$,/ >5&-, 9+ %#$'C& 8#3&+,6

$?& 9+ +8*:#& 456,$,- &, 4& ,#$+-3,38+- <+3-B 5&-,A=A43#& 9+& *$C3+& = 6,$,- <+3-/

 !"! ! #$%&$'()(* +, +'*)-., +,* %+,* %.0%12)'3*

 (9-3&9#- ,&C+3D9&- 4& 4684$%&- '&9?&+, E,#& &+?3-$%6&- '89# 9+ 84& 8+?8A

(9,3"/  $#*3 &- ,&C+3D9&-B 8+ '&9, 3,&# (& 4684$%& '$# *+, $-%& &, (& 4684$%&

'$# (& %".!%/%  & 0$"!*&%12",& FGHI/ >& 4&#+3&# &-, (& '(9- 9,3(3-6 &, '(9-3&9#-

$(%8#3,C*&- ,#@- '&#"8#*$+,- 8+, 6,6 46?&(8''6- F4684$%& 4& H3,&#:3 '$# &7&*'(&I/

!83, x 9+ *8, 4& 84& $''$#,&+$+, = C F8J C &-, (& 84& 8+?8(9,3"I 4& (8+%9&9#

η "89#+3 '$# (& 84&9# 8+?8(9,3" &, ,#$+-*3- = 9+ #6&',&9#B &, -83, y ($ -6D9&+&

#&K9&/ ;$ 46,&,38+ $9 -&+- 49 GH 4$+- (& 48*$3+& 84& 49 4684&9# 8+?8(9,3"

8+-3-,& = C83-3# 4$+- (& ,#&3((3- '$#*3 ,89,&- (&- -6D9&+&- 4& (8+%9&9# η D93 '$#,&+,

4& (56,$, 3+3,3$( s0 &, D93 <+3--&+, 4$+- (& *E*& 6,$, s0 ($ -6D9&+& x̂ D93 $ ($ '(9-

0L



 !"#$% &!"'(%)*+"#% -%(./0/$'!% 1

x̂ = argmax
xd∈C

p(y|xd). 23456

789! "((9!%! +" .%!)'#"'(8# $"#( s0: .89.% (;<9%#% $% (=)*8+%( 8$;% >"! +%

8$%9! 8#&8+9.'? $8'. @.!% >!8+8# ;% >"! k ·m A;!8(4 B' dH(x, x̂) = 0: '+ #-= " >"(

$-%!!%9!( 8))'(%( +8!( $9 $;8$" %4 B'#8#: '+ =-" %9 %!!%9!( $% $;8$" %4

C"#( +% "( $-9# !"!# $%"!%&' ()*+,&%-.' 2DEB6: -%(./0/$'!% 9# "#"+ <9' "&%

9#% %!."'#% >!8*"*'+'.; $8##;% '#&%!(% 9# *'. b ∈ {0, 1} %# b̄ ∈ {0, 1} 2.%+ <9%

b⊕ b̄ = 16: +% FG !%&'%#. 0 H8'('! +" (;<9%#% x̂ <9' %(. 0 +" >+9( >%.'.% $'(."#% $%

I"))'# $% +" (;<9%#% y !%J9%4 C"#( % "(: >89! 8))%..!% +% )8'#( $-%!!%9!(

$% $;8$" %: '+ %(. ')>8!."#. <9% +%( $'(."#%( $% I"))'# %#.!% +%( )8.( $% 8$%

$% )@)% +8# 9%9! η 21 6 η <∞6 <9' >"!.%#. $% +-;.". s0 %. <9' K#'((%#. $"#( +-;.".

s0 (8'%#. +%( >+9(  !"#$%( >8(('*+%(4 L" >+9( >%.'.% $% %( $'(."#%( $% I"))'# 

%(. +" /%(,!"' *%"%*!#' #%$&' 89 /%(,!"' #%$&' 2dlibre6 $9 8$% 8#&8+9.'?4 D%..%

$'(."#% +'*!% %(. $8# 9# >"!")M.!% .!M( ')>8!."#. <9' >%!)%. $% "!".;!'(%! +%(

>%!?8!)"#%( $% $;.%.'8# %. 8!!%.'8# $-%!!%9!( $9 8$% 8#&8+9.'?4

L% 8$% 8#&8+9.'? ;."#. +'#;"'!%: '+ 8#.'%#$!" .89N89!( +% )8. $% .89( A;!8( %.

$8# +" $'(."#% +'*!% $9 8$% 8!!%(>8#$ "9 >+9( >%.'. >8'$( $% I"))'# #8# #9+

$%( (;<9%#%( $"#( +% $8)"'#% 8$% <9' $'&%! %#. $% +-;.". s0 %. <9' !%/8#&%! %#.

$"#( +% )@)% ;.".: -%(./0/$'!% "9 >+9( >%.'. >8'$( $% I"))'# #8# #9+ $"#( +-%#/

(%)*+% $%( )8.( $% 8$%4 789! .!89&%! dlibre: OG'.PQ℄ >!8>8(% $-;#9);!%! +% #8)*!%

$% )8.( $% 8$% "&% 9# %!."'# >8'$( $% I"))'# d "&% 9#% 01",%1" 2+"+&!,&%'

G(D) 1

G(D) =

∞∑

d=1

AdD
d, 234S6

8T Ad %(. +% #8)*!% $% )8.( $% 8$% $% >8'$( $% I"))'# d %. D %(. 9#% &"!'"*+%

(=)*8+'<9% >%!)%.."#. $-'#$'<9%! +%( >8'$( $% I"))'# 4 L" >+9( >%.'.% &"+%9! $%

d >89! +% <9%++% Ad $'UM!% $% 0 8!!%(>8#$ 0 +" $'(."#% +'*!% $9 8$%4

789! %..% K#: OG'.PQ℄ >!8>8(% $% !%$%(('#%! +% $'" !"))% $-;.". $9 8$% 8#&8/

+9.'? %# 2&!34' /' 5.'"' "&% 9# (' #"+ $-%#.!;% sin = s0 %. 9# (' #"+ $% (8!.'%

sout = s04 B9! % #89&%"9  !">H% +%( ;.'<9%..%( (9! +%( .!"#('.'8#( !%>!;(%#.%#. +%(

>8'$( $% I"))'# $%( .!"#('.'8#(4 L" K 9!% 34S )8#.!% +%  !">H% $% V9%#% 8*.%#9

>89! +-%W%)>+% 3434
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 !"#$%  !" # $%&'() *) +,)-) *) /0)1)2'/)  ! 3456,)43 &7) /)8 '95*8 *) :&225-;

<& =9-459- ;3-3%&4%5) G(D) )84 9>4)-,) )- &/,/&-4 /& =9-459- *) 4%&-8=)%4

)-4%) sin )4 sout

G(D) =
sout
sin

. ? !@A

B- &''/56,&-4 /)8 %C;/)8 *037&/,&459- '9,% /)8 ;%&'()8 *) +,)-) 8,% /& D;,%)  !" 9-

9>45)-4

s1 = Ds2 +Ds3

s2 = D2sin + s1

s3 = Ds2 +Ds3

sout = D2s1,

) 6,5 9-*,54 E

G(D) =
sout
sin

=
D5

1− 2D
= D5 + 2D6 + 4D7 + · · · .

G(D) =

∞∑

d=5

2d−5Dd. ? !FA

G- 9-84&4) 6,) /) '%)25)% 9)H5)-4 *5I3%)-4 *) 0 )84 A5J *9- /&  !"#$%'

(!)*' *, 9*) *) /0)1)2'/)  ! )84 dlibre = 5! K&-8 ,- 8)-8 '/,8 /&%;)J /& =9-459-

G(D) %)'%38)-4) /) 8')4%) *) *584&-) *, 9*)J 0)84LEL*5%) /) -92>%) *) ()25-

E ,-) *584&-) d *0,- ()25- *9--3 *&-8 /) 4%)5//58! G(D) ')%2)4 ,-) 37&/,&459-

'/,8 D-) *)8 ')%=9%2&-)8 *) 9%%)459- *0)%%),% 6,) /& 9--&588&-) *) /& 8),/)

*584&-) /5>%)! B- )I)4 /) 8')4%) *) *584&-) ')%2)4 *) &/,/)% /& )+*%'  ' (,-%!+%

 '" ./0%'1'%#"  ,'**'-*" 6,5 >9%-) /& '%9>&>5/543 Pe 6,0,- 294 *) 9*) 8954 *39*3

*) 2&-5C%) )%%9-3)! G- & M

Pe 6

∞∑

d=dlibre

AdPd, ? !NA

ON
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DE>FG

9H&(FI℄ .(,),&# .'# 4*",*'(# 1# )/*)7 ",(J0# 1# K,LM&("* &." )# 7"*$J# 1# N.#'#

1# )* O7."# E>P $ ." *).)#" 1,"#(#0#'( )* 1,&(*'# ),+"# &*'& 7%'%"#" )# &$#("#

1# 1,&(*'#> Q' #R#(B #' %(,-.#(*'( J*-.# ("*'&,(, ' 1. 7"*$J# $*" & ' $ ,1& 1#

6*00,'7B  '  '&(*(# -.# (" .4#" )* 1,&(*'# ),+"# "#4,#'( 5 (" .4#" )# J#0,' #'("#

s ! #( s"#$ *4# )# $).& $#(,( $ ,1& .0.)%> ?.,&-.# ( .(#& )#& ("*'&,(, '& & '( 1# $ ,1&

$ &,(,3  . '.)B # $" +)S0# $#.( T("# "%& ). $*" )/*)7 ",(J0# 1# K,LM&("* 9UVFP℄>

W' #"(*,' ' 0+"# 1# + "'#& &." )* 1,&(*'# ),+"# 1#&  1#&  '4 ).(,3& #@,&(#'(

1*'& )* ),((%"*(."#> X .& #' "*$$#))#" '& -.#)-.#&Y.'#& 1*'& )# J*$,("# Z>

 ! "#$%& #()#*(+& ,(#(-.*(/0*1%&2

W'  1#." 1# & ."# 7%'S"# 1#& &%-.#'#& 1# ) '7.#." 4*",*+)# $ ."  +(#',"

1# )*  0$"#&&, '> W'  1# 5 ) '7.#." 4*",*+)# D[\:G 1# (A$# 6.R0*' 7%'S"#

)#  1# &A0+ )# $*" &A0+ )# D#' &.+&(,(.*'( J*-.# &A0+ )# $*" .'# &%-.#'#

5 ) '7.#." 4*",*+)#G> W'  1# *",(J0%(,-.# 7%'S"# )# 0 ( 1#  1# #' ),7'# D4 ,"

$*"*7"*$J# E>E>EG> [#& 1#.@ (A$#& 1#  1# $#.4#'( ,')."# 1# )* "#1 '1*'# #( 1 '

1#4#'," 1#&  1#&  'L ,'(&> K*'& # *&B )# 1% 1*7# &#"* )., *.&&, D3 "#0#'(G

 'L ,'(> H "#0*"-.#" -./.' 1% 1*7#  'L ,'( #&( $ &&,+)# D0*,& $*& '%#&&*,"#G

*.&&, $ ." .' &A&(S0# (*'1#0

 ! !" #$%& ' ($)*+&+,- ./,0/1(&-2 -/)- &3 /.& ,&%$)%/)&

[ '&,1%" '& .'# & ."# X *4# )/*)$J*+#( A = {a1, a2, . . . , aM} #( )#& $" +*Y

+,),(%& *&& ,%#& p = (p1, p2, . . . , pM)> \#&  !"#$ % &!'()#)*$ +,*-,./#$ D[\:&G (#)

]F



 !" #"$ &'"$ '()!*+,- .)!/01℄ ,$$&3"-4 5 6, !" $7+8&#" ai !- +&4 '" &'"

ci ∈ {0, 1}
ℓi ',-$ !- "-$"+8#" '" +&4$ '" &'" C = {c1, c2, . . . , cM}9 :, #&-;!"!< "-

834$ '" ci "$4 ℓi= i = 1, . . . ,M 9 :("-$"+8#" '"$ +&4$ '" &'" C "$4 ,>>"#? ,!$$3  !#

$!%&&'!()9 :" j !"# 834 '" ci "$4 -&++? cji 9 :("-$"+8#" '"$ #&-;!"!<$ ℓi : 1 6 i 6 M

"$4 '?<34 >,< #" *)$)+(  ) ,%&-+)+(. ℓ = (ℓ1, ℓ2, . . . , ℓM)9

 !"#$%" &'( /%!$ ,' .%+() X4 0 *',)+(.  '&. A4 = {a, b, c, d} '*) p4 =
{

1
2
, 1
4
, 1
8
, 1
8

}
1

2). % ). C04 = {1, 01, 000, 001} 3ℓ04 = (1, 2, 3, 3)45 C14 = {1, 00, 000, 001} 3ℓ14 =

(1, 2, 3, 3)4 )$ C24 = {1, 01, 11, 001} 3ℓ24 = (1, 2, 2, 3)4 .%&$  !67()&$.  !$!%&&'!().

8+9%& :)+$ '..%!)( 0 X41

)"*+,-,.+ &'/ ;&  !$ 8+) ,)  !$!%&&'!() CM ).$ ><?@A" .! '++&  ) .). <%$.  )

% ) &9).$ ,) :(7=>)  9+& '+$() <%$  ) % )1 ?%+( 8+9+& % ) .%!$ :(7=>)5 !, @'+$ 8+)

,). ,%&-+)+(.  ). <%$.  ) % ) ℓ = (ℓ1, ℓ2, . . . , ℓM) .'$!.@'..)&$ ,9!&7-',!$7  ) A('@$

BCDEF5 ?(%EG℄ I
M∑

i=1

2−ℓi 6 1. B19CD

J&*)(.)<)&$5 :%+( $%+$ K)+  ) ,%&-+)+(. ℓ 8+! .'$!.@'!$ ,9!&7-',!$7  ) A('@$5 !, )>!.$)

+& % ) :(7=>) '*) ). ,%&-+)+(.1

E&!< !- F"4"!< '" #&-;!"!<$ ℓ '&--?= &- '?@-34 G

Kraft(ℓ) =
M∑

i=1

2−ℓi. B19HID

E&!< #("A"+>#" 19J= &- ,

K C04 "$4 ><?@A" "4 Kraft(ℓ04) = 1=

K C14 -("$4 >,$ ><?@A" ,< c2 "$4 ><?@A" '" c3 "4 '" c4= Kraft(ℓ
1
4) = 1=

K C24 -("$4 >,$ ><?@A" ,< c1 "$4 ><?@A" '" c3 "4 Kraft(ℓ
2
4) = 1, 125 > 19

L&<?-,F,-4= &- &-$3'M<"  !" B19CD "$4 $,43$/,34" "4 &- -&++" ℓ !- L)$)+(  ) A('@$9

)"*+,-,.+ &'0 29)&$(%:!) H(X)  9+&) .%+() X ():(7.)&$) ,' 8+'&$!$7 <%M)&&)

 9!&@%(<'$!%& '..%!7) 0 N'8+) .M<O%,) -7&7(7 :'( ,' .%+() B/N'PQ℄1 R,,) ).$  7=&!)

%<<) I

H = −
M∑

i=1

pi log2(pi) bits/symbole. B19HHD

JC



 !"# $% &!"#( X4 )( $*(+(,-$( ./01 $*(23#!-4(

H4 =
1

2
log2(2) +

1

4
log2(4) +

1

8
log2(8) +

1

8
log2(8) = 1, 75 bits/symbole 5./6.7

 !"#$%$&# '()*  ! $!28"("# ,!9(22( )" !)( "ℓmoy# $%& '$ ()*+,$ *)-$( .$ +/&%

0&/'/%1% 2)0, ,$2,1%$(&$, 4!50$ %-*+)'$ .$ '! %)0,$ 6

ℓmoy =
M∑

i=1

piℓi bits/symbole. 5./607

+,-&./0! '(' 741),8*$ .$ 94!(()( 2)0, '$ ).!:$ .$ %)0,$ ;94!<=℄

9)/& 0($ %)0,$ X .?$(&,)2/$ H@ A0$' 50$ %)/& ǫ > 0B /' $C/%&$ 0( ).$ .$ ')(:0$0,

*)-$(($ H 6 ℓmoy < H + ǫ 50/ 2$,*$& .$ ).$, '! %)0,$ X .$ D!E)( ,1F$,%/+'$

"%!(% 2$,&$%#@

 !"#$%$&# '()) 9)/& X 0($ %)0,$ .?$(&,)2/$ HB $& C 0( G H !%%)/1 I X .$

')(:0$0, *)-$(($ ℓmoy@  ! #()!2)%2( #:&4)"($$(B ρcB .1J(/$ .!(% ;G7KL℄B $%& '!

./M1,$($ $(&,$ '! ')(:0$0, *)-$(($ ℓmoy $& '?$(&,)2/$ H@

ρc = ℓmoy −H bits/symbole 5./6;7

<% #()!2)%2( -(#,(3 )( ,(&"#(# $*(=%43: (2 3(#,(& )( !,-#(&&4!2/ >4 ρc = 01

%$!#& $( !)( (&3 &%2& #()!2)%2( (3 5./?7 )!43 @3#( "2( :8%$43:/ >4 ρc > 01 $( A<B %

423#!)"43 )( $% #()!2)%2(1 ( C"4 -("3 $"4 !2D:#(# "2( (#3%42( !2!/&1 .$ .1&$&/)(

$& .$ ),,$&/)( .?$,,$0,%/

 !"# $*(+(,-$( ./01 &4 !2 %&&!4( $( !)( E

F C04 = {1, 01, 000, 001}1 !2 % ℓmoy = 1, 75 G43&H&9,G!$( (3 H4 = 1, 75 G43&H&9,I

G!$(1 )!2 ρc = 0 G43&H&9,G!$(&1 -%# !2&:C"(23 -%& )( #()!2)%2(1

F C44 = {1, 000, 011, 001}1 !2 % ℓmoy = 2 G43&H&9,G!$(& (3H4 = 1, 75 G43&H&9,G!$(1

)!2 ρc = 0, 25 G43&H&9,G!$(&1 -%# !2&:C"(23 $( !)( 423#!)"43 )( $% #()!2I

)%2(/

<( .1).!:$ %)0,$N!(!' )(O)/(& (+-$!43( $% #()!2)%2( 423#!)"43( -%# $( !)("#

)( &!"#( -!"# !##48(# )*:J(23"($$(& (##("#& )( 3#%2&,4&&4!2/

<*4):( )" G H )(O)/(& (&3 )*423#!)"4#( )( $% #()!2)%2( -!"# !2&3#"4#( )(&

)434!22%4#(& #!G"&3(& K $*:8%#) )*(##("#& )( 3#%2&,4&&4!2/ <( A<B !2L!423 &*"34$4&(

"24C"(,(23 %J( "2 ):!)("# !2L!423/ A!,,( -!"# $(& !)(& )( %2%$ $42:%4#(&1 $(&

;M



 !"#$"%&'!) *! $""!+,$') *-!""!.") *!) /01 $'2$,'+) )$'+ &"&+3",)3!) *-&4$"*

 &" 5&  !"#$%' (!)*' 6.'! &"&+3",)&+,$'  5.) 7'! !)+  $)),45! 8 +"&9!") 5! "+'#*'  '

 !"#$%' :1,+;<= 1>;?℄AB 0!) /01) $'2$,'+) 3+&'+ '$' 5,'3&,"!)= *$' 5& &"&+3",C

)&+,$' *! !)  &"&%D+"!) 6*,)+&'! 5,4"! !+ ) !+"! *! *,)+&'!A !)+  !.  5.) *,E,5!B

F$.) 9!""$') *&') 5!  &"&G"& H! IBIBJ $%%!'+ *37'," !)  &"&%D+"!)  $." 5!) /01

$'2$,'+)B

 ! ! "#$% &'()*+,)(-.%/ 0&10 %) &2% '%$#1$&1%

 ! ! !" #$%&'( &)*+,-.+*/0( %( 1&2(

K$,+ X .'! )$."! 8 9&5!.") *&') A = {a1, a2, . . . , aM} &9! 5!)  "$4&4,5,+3)

*-$.""!'! p = {p1, p2, . . . , pM}B 0-,*3! *! 4&)! *. ,- $.' /*!#012#!34' 6/LA !)+

*-&)),G'!" 8 H&M.! )3M.!'! *! )N%4$5!) )$."!= sN ∈ AN : 1 6 N < ∞ .' )$.)C

,'+!"9&55! .',M.! Is  ! "#$%&!'()""! *%$&+ [0, 1) ,-&!%* !%  +,*/)%& $&+')&$(!0!%&

"#$%&!'()""! *%$&+ [0, 1)1 2,*& %,0-'! ')&$,%%!" cs ∈ Is 3!') *% 0,&  ! , ! /,*()%&

 +'$'! sN 3)%3 )0-$4*5&+ 3$ N !3& ,%%*1

6,$& [l, h) "#$%&!'()""!  ! , ! 7 ") 8%  #*%! !'&)$%! $&+')&$,%  * , )4!9 !&

w = h − l ") ")'4!*'  ! "#$%&!'()""!1 :*  +-*& ;7 ") /'!0$<'! $&+')&$,%= l = 0 !&

h = 11 >! , !*' )'$&?0+&$@*! /)'&$&$,%%! [l, h) !% M 3,*3A$%&!'()""!3 [F 0
i−1, F

0
i )  !

")'4!*' w0
i = w×pi /,*' 1 6 i 6 M 1 F 0

0 = l !& F 0
M = h !& "! 3,*3A$%&!'()""! [F 0

i−1, F
0
i )

!3& )33,$+ )* 3B0-,"! ai1 6$ "! /'!0$!' 3B0-,"!  ! ") 3+@*!%! sN 7 , !' !3& aν 9

)",'3 ,% ?,$3$& [l, h) = [F 0
ν−1, F

0
ν ) @*#,% /)'&$&$,%%! 7 3,% &,*' !% M 3,*3A$%&!'()""!3

[F 1
i−1, F

1
i )  ! ")'4!*' w1

i = w × pi /,*' 1 6 i 6 M 1 6$ "!  !*C$<0! 3B0-,"!  ! ")

3+@*!%! sN !3& aλ9 )",'39 "! 3,*3A$%&!'()""! [F 1
λ−1, F

1
λ) !3& ?,$3$ !& )$%3$  ! 3*$&!1 6$

aµ !3& "!  !'%$!' 3B0-,"! 7 , !'9 ,% ?,$3$& "#$%&!'()""! [l, h) = [FN−1
µ−1 , FN−1

µ ) ,00!

$%&!'()""! 8%)"  ! , )4!  ! sN 1

 !"#$%" &'(  !"# $% &!'(* X + ,%$*'(& -%.& $/%$01%2*# A = {a1, a2, a3} %,* p =

(0.7, 0.1, 0.2)3  !"# $% &45'*.* s4 = (a1a3a1a2) + !-*(3 6."#"%$*7*.# [l, h) = [0, 1)3 8

$% 0(*7"9(* "#4(%#"!.: $*& &!'&;".#*(,%$$*& %&&!"4& + 1%5'* &<72!$* &!.# [F 0
0 , F

0
1 ) =

[0, 0.7): [F 0
1 , F

0
2 ) = [0.7, 0.8) *# [F 0

2 , F
0
3 ) = [0.8, 1) ,!"( =>'(* ?3@ A%B3 C* 0(*7"*(

&<72!$* -* s4 *&# a1 -!. $* &!'&;".#*(,%$$* [l, h) = [0, 0.7) *&# 1!"&" 0'"& &'2-","&43

8 $% -*'D"97* "#4(%#"!.: !. !2#"*.# $*& &!'&;".#*(,%$$*& &'",%.#& E [F 1
0 , F

1
1 ) = [0, 0.49):

[F 1
1 , F

1
2 ) = [0.49, 0.56) *# [F 1

2 , F
1
3 ) = [0.56, 0.7) A=>'(* ?3@ A2BB3 C* -*'D"97* &<72!$*

DE



 ! s4 !"# a3  $% '! "$(")*%#!+,-''! [l, h) = [0.56, 0.7) !"# .$*"*/ 0 '- #+$*"*12!

*#3+-#*$% '!" "$(")*%#!+,-''!" "$%# [F 2
0 , F

2
1 ) = [0.56, 0.658)4 [F 2

1 , F
2
2 ) = [0.658, 0.672)

!# [F 2
2 , F

2
3 ) = [0.672, 0.7) 56(+! 7/8 9::/ ;! #+$*"*12! "<2=$'! > $ !+ !"# a14 '! "$(")

*%#!+,-''! [l, h) = [0.56, 0.658) !"# .$*"*/ ?%"(*#!4 $% $=#*!%# '!" "$(")*%#!+,-''!"

[F 3
0 , F

3
1 ) = [0.56, 0.62864 [F 3

1 , F
3
2 ) = [0.6286, 0.6384) !# [F 2

2 , F
2
3 ) = [0.6384, 0.658)

956(+! 7/8 9 ::/ '!  !+%*!+ "<2=$'! > $ !+ !"# a2  $% '@*%#!+,-''! 5%-'  ! $ -6!

!"# [l, h) = [0.6286, 0.6384)/

0

1

a1

a2

a3

0.7

0.8

0.56

0.658

a1

a2

a3

0.6286

0.6384

0.7

0

a1

a2

a3

0.49

0.56

0.56

0.7

a1

a2

a3

0.658

0.672

(a) (b) (c) (d)

 !"#$%  !" # $%&'() &) *' +,-.)/) s4 &) *1)2)34*)  !5

6'7 %/+87.89%/: *' *'7().7 &) *19/8)7;'**) </'* &) %&'() w = h − l %77)+=

4%/& > *' 47%?'?9*98, &1%.77)/) &) *' +,-.)/) sN : Ps: %?8)/.) 4'7 *) 47%&.98

&)+ 47%?'?9*98,+ &)+ &9@,7)/8+ +A3?%*)+ -.9 *' %34%+)/8! 6%.7 *' +,-.)/) sN &)

*1)2)34*)  !5:

Ps = p1 × p3 × p1 × p2 = 0.7× 0.2× 0.7× 0.1 = 0.0098

w = h− l = 0.6384− 0.6286 = 0.0098.

B/) C%9+ *19/8)7;'**) </'* &) %&'() 87%.;,: %/ D%9+98 ./ /%3?7) Ts &'/+ )8 9/=

8)7;'**) )8 +' 7)47,+)/8'89%/ ?9/'97) )+8 '++%9,) > *' +,-.)/) sN ! 6%.7 *1)2)34*)  !5:

%/ 4).8 D%9+97

Ts =
l + h

2
=
0.6286 + 0.6384

2
= 0.6335, E !F"G

5 



 !"# $% &'(&)*'"#%#+!" ,+"%+&' '*# Ts = 0.10100010 . . .

-" !"*#%#' /0' '##' &'(&)*'"#%#+!" ,+"%+&' ('0# 1#&'  ' $!"20'0& +"3"+'4 5' /0+

"6'*# (%* + )%$ (!0& 0"' %(($+%#+!" (&%#+/0'4 7!" +$ '*# ")'**%+&'  ' #&!"/0'& '##'

&'(&)*'"#%#+!" ,+"%+&' *0& 0"' $!"20'0& ℓs 3"+' (!0& !,#'"+& 0" "!8,&' T̄s '" (&'"%"#

*!+"* /0' '  '&"+'& "!8,&' &'*#' #!09!0&*  %"* $6+"#'&:%$$' 3"%$  ' ! %2' [l, h)4

5'##' !" +#+!" ('0# 1#&' %**0&)' '" ;!+*+**%"# Ts !88' $' 8+$+'0  ' $6+"#'&:%$$'

3"%$  ' ! %2' '# '" #&!"/0%"# *% &'(&)*'"#%#+!" ,+"%+&' < ℓs ,+#* %:' =

ℓs =

⌈

log2

(
1

Ps

)⌉

+ 1, >?4@AB

 !"#$"% C$ *0D#  ' 8!"#&'& /0' Ts − T̄s 6
Ps

2
4 E!+#

(0.b1b2 · · · bℓsbℓs+1 · · · )2 = bi ∈ {0, 1}F $% &'(&)*'"#%#+!" ,+"%+&'  ' Ts4 7%"* ' %* T̄s

%0&% (!0& &'(&)*'"#%#+!" ,+"%+&' (0.b1b2 · · · bℓs)24

Ts − T̄s 6 (0.0 · · ·0bℓs+1bℓs+2 · · · )2 6 2−ℓs >?4@GB

H" &'8($%I%"#  %"* >?4@GB ℓs (%& *% :%$'0& J!0&"+' (%& >?4@AB !" !,#+'"#

Ts − T̄s 6 2−(⌈log2(
1
Ps
)⌉+1) 6 2−(log2(

1
Ps
)+1), >?4@KB

/0+ !" 0+# < Ts − T̄s 6
Ps

2
4

L!0& $6'M'8($' ?4NF !" % ℓs = 8F /0+ !" 0+# < 0"' &'(&)*'"#%#+!" ,+"%+&'  ' T̄s

 ' (0.10100010) '# T̄s = 0.6328125 ∈ [0.6286, 0.6384)4

&'&'&'&  "!()!*+,". /# )/+0" +!123*4215#"

5!88' (!0& $'* 5OP* $'* ('&J!&8%"'*  ' !8(&'**+!"  0 ! '0& %&+#;8)#+/0'

*!"# ):%$0)'* %:' $% &' !" %"' &)*+ 0'$$' ρc = ℓmoy − H  )3"+' (%& >?4@NB < $%

(%2' NQ4 R%(('$!"* /0' $' ! %2' %&+#;8)#+/0'  ' ,%*' ! ' $'* *S8,!$'* (%& *)T

/0'"'  ' *S8,!$'* sN ∈ AN
M : 1 6 N < ∞4 7!" (!0& !8(%&'& ℓmoy < H F "!0*

%$$!"*  6%,!& '*#+8'& $6'"#&!(+' HN '# $% $!"20'0& 8!S'""' ℓNmoy (!0& $'* *)/0'"'*

 ' $!"20'0& N (0+* '"  ) 0+&' H '# ℓmoy4

HN =
∑

sN

Ps log2

(
1

Ps

)

>?4@UB

ℓNmoy =
∑

sN

Psℓs >?4?QB

NV



 ! "#$%&'('!) *'!+ ,-.-/0 ℓs %'" +' 1'&#2" *3!!4# %'" ,-.560 3! 37)8#!)

ℓNmoy =
∑

sN

Ps ×

(⌈

log2

(
1

Ps

)⌉

+ 1

)

,-.-50

∑

sN

Ps × log2

(
1

Ps

)

6 ℓNmoy <
∑

sN

Ps ×

(

log2

(
1

Ps

)

+ 2

)

,-.--0

HN
6 ℓNmoy < HN + 2. ,-.-90

:"; 3! ' %32" 2!# +32"# +'!+ $4$38"#

H =
HN

N
, ,-.-=0

ℓmoy =
ℓNmoy

N
, ,-.->0

#) %'" 3!+4?2#!) #! *818+'!) ,-.-90 %'" N ; 3! 37)8#!) @

H 6 ℓmoy < H +
2

N
. ,-.-60

A32" *#+ &3!B2#2"+ *# +4?2#!#+ N )"C+ B"'!*#+; &' &3!B2#2" $3D#!!# )#!* 1#"+

&E#!)"3%8# *# &' +32"#.

F2 !81#'2 *2 3*#2"; 3! 3!+)')# ?2# &# )"'8! 78!'8"# !E#+) )"'!+$8+ ?2# &3"+?2#

)32)# &' +4?2#!# *# *3!!4#+ #+) 3*4#. G8 &' +4?2#!# *# *3!!4#+ #+) )"C+ &3!B2#; #&'

%3+# *#+ %"37&C$#+ %32" &#+ '%%&8')83!+ ?28 3!) *#+ 3!)"'8!)#+ *# *4&'8+ *E'H#I

$8!#$#!) #) *# *43*'B#. J# %&2+ &' )'8&&# *# &E8!)#"1'&&# K!'& *# 3*'B# )#!* 1#"+

L4"3; # ?28 %32""'8) "'$#!#" M 2)8&8+#" 2! )"C+ B"'!* !3$7"# *# 78) %32" "#%"4+#!)#"

&E8!)#"1'&&# K!'& ,$N$# '%"C+ &' )"3!')2"# 138" ,-.5600. A32" "4+32*"# # %"37&C$#;

&# 3*#2" '"8)H$4)8?2# ' 4)4 '*'%)4 *# $'!8C"# M %32138" )"'1'8&&#" #! %"48+83! K!8#.

 ! ! !" #$%&'$()*+*,-) %.+*,/0( 10 23

O# 3*'B# '"8)H$4)8?2# *# 7'+# 3!+8+)# M '))"872#" M )32)# +4?2#!# *# *3!I

!4#+ 2! 2!8?2# 8!)#"1'&&# 3$%"8+ #!)"# [0, 1); #!+28)# H38+8" 2! !3$7"# *'!+ #)

8!)#"1'&&# *3!) &' "#%"4+#!)')83! 78!'8"# +#"' '++384# M &' +4?2#!# 3*4# ,138" &#

%'"'B"'%H# -.-.-.50.

O3"+?2# &# 3*'B# *# &' +4?2#!# *# *3!!4#+ 3$$#!#; +8 &# 3*'B# *E2! #")'8!

!3$7"# *# +D$73&#+ 3!*28) M 2! 8!)#"1'&&# ?28 +# )"321# #!)8C"#$#!) *'!+ &# *#$8

8!)#"1'&&# [0, 1
2
); &E8!)#"1'&&# K!'& *# 3*'B# +#"' &28 '2++8 #!)8C"#$#!) +8)24 *'!+ &#

==



 !"# #$%!&'())! [0, 1
2
)* +& ,-!) ,-! ./#% )! $/"0&! &1!) (22(&%!$($% 3 )4#$%!&'())!

[0, 1
2
)5 ./$ 0#%  ! 2/# . 6/&% !.% )! 0#% 7* 8/$ )( &!2&1.!$%(%#/$ 0#$(#&! :$()! (-&(

2/-& 0#%  ! 2/# . 6/&% )! 0#% 0* 8! ";"!5 .# )! / (<!  4-$ !&%(#$ $/"0&!  !

.="0/)!. /$ -#%  ($. )!  !"# #$%!&'())! [1
2
, 1)5 ()/&. )4#$%!&'())! :$()  ! / (<! .!&(

)-# (-..# !$%#>&!"!$% /$:$1  ($. )4#$%!&'())! [1
2
, 1) !% 2/-& )!. ";"!. &(#./$.5 )(

&!2&1.!$%(%#/$ 0#$(#&! :$()! (-&( 2/-& 0#%  ! 2/# . 6/&% )! 0#% 1* 8/$  ($. -$ (.

/-  ($. )4(-%&!5 )! 0#%  ! 2/# . 6/&% 2!-% ;%&! !$'/=1 .($. (%%!$ &! )( :$  - / (<!

/"2)!%  ! )( .1,-!$!*

?$ %&($."!%%($% )! 0#%  ! 2/# . 6/&%5 )! &!.%!  ! )( .1,-!$! 0#$(#&! !.%  1()1

'!&. )( <(-@!5 ! ,-# &!'#!$% 3 1)(&<#& )4#$%!&'())! /-&($% !$ "-)%#2)#($% l !% h 2(&

 !-A* B(& /$.1,-!$%5 )( )(&<!-&  ! )4#$%!&'())! &!.%! %/-C/-&. .-21&#!-&! 3 1
4
5 ! ,-#

2!&"!%  41'#%!&  !. 2&/0)>"!.  ! 2&1#.#/$.  ! ()-)*

8($. )! (. /D )4#$%!&'())! !.% #$)-.  ($. )4#$%!&'())! [1
2
, 1)5 1 !.% ./-.%&(#%  !.

'()!-&. /0%!$-!. (2&>. !A%!$.#/$ 2/-& $! 2(. ,-4!))!.  12(..!$% 1*

B(& /$%&!5 .# )! / (<!  - .="0/)! /$ -#% 3 -$ #$%!&'())! [l, h) ,-# .! %&/-'!

 ($. )4#$%!&'())! [1
4
, 3
4
)5 ()/&. )4#$%!&'())! @!'(-@! )( '()!-& 1

2
5 4!.%E3E #&! ,-! )(

'()!-&  - $/"0&! ,-# &!2&1.!$%! )4#$%!&'())! 2!-% ;%&! .-21&#!-&! /- #$61&#!-&! 3 1
2
*

F(#. 3 ! .%( !5 !%%! '()!-& !.% #$/$$-!* 8($. )! (. /D )( '()!-& !.% #$61&#!-&!

3 1
2
5 !))! !.% /"2&#.! !$%&! [1

4
, 1
2
)5  /$ .( &!2&1.!$%(%#/$ 0#$(#&! !.% ./-. 6/&"!  !

0, 01xxxx · · · * 8($. )! (. /D !))! !.% .-21&#!-&! 3 1
2
5 !))! !.% /"2&#.! !$%&! [1

2
, 1
4
)

!.% .( &!2&1.!$%(%#/$ 0#$(#&! !.% ./-. 6/&"!  ! 0, 10xxx · · · * G) !.% 3 /$.%(%!& ,-!

)! 2&!"#!& 0#% !% )!  !-A#>"! 0#% ./$% /22/.1.5 "(#. 3 ! .%( !5 1%($%  /$$1 ,-!

)( '()!-& $4!.% 2(. /$$-!5 (--$ 0#% $4!.% 1"#.* B(& /$%&!5 )( %&(!  -  !-A#>"!

0#% !.% <(& 1! !$ "1"/#&! !$ #$&1"!$%($% -$! '(&#(0)!  !""!# HfI* J$! "#.! 3 C/-&

 ! )4#$%!&'())! !.% !K!%-1! !% 1
2
!.% ./-.%&(#% (-A '()!-&.  ! l !% h 2/-& 1'#%!& ,-!

!))!. # $!  12(..!$% 1* J$! 6/#. ,-4/$ &!'#!$%  ($. )4-$  !.  !"# #$%!&'())!. [0, 1
2
)

/- [1
2
, 1)5 )! 0#%  ! 2/# . 6/&% /&&!.2/$ ($% !.% 1"#. .-#'#  ! 6/))/L 0#% /22/.1.*

+$ &12>%! )! 2&/!..-. 2/-& %/-. )!. .="0/)!. .-#'($%.5 (#$.#5 )! %&(#$ 0#$(#&! !.%

<1$1&1 (- 6-& !% 3 "!.-&!  - / (<!  ! )( .1,-!$!*

+$ /$.%(%! ,-! )( '()!-&  ! 6/))/L 2!-% (-<"!$%!& 3 )4#$:$#5  /$ !$ 2&(%#,-!5

!%%! '()!-& !.% )#"#%1! 3 fmax* G#5 $/-. -%#)#./$. )4(22&/@!  ! MNOPQ7R℄5 4!.%E3E

 #&!5 .# f = fmax !% )! .="0/)! /-&($% 3 / !& !.% %!) ,-! )( '()!-&  ! f 2!-% !$/&!

;%&! #$&1"!$%1!5 )!. 2&/0(0#)#%1.  4/-&&!$!  !. .="0/)!. ./$% %!"2/&(#&!"!$%

TU



!"#$%&' ()*+ ),-.$&+ *#& /+"#'0.''.)# 1& ,./' 23&'/4541.+& /&- 6*& "**# ')*'4

.#/&+7"--& 1& [l, h) )++&'()#1"#/ 5 *# '80,)-& #& !&7"*!& 1
2
9 :

;3"-$)+./!0& &'/ 1%+./ 1"#' -& /",-&"* <:= 2>?@ABC℄9 "7& -&' 1%E#./.)#' '*.4

7"#/&' F FIRSTGQTR = 1
4
H HALF = 1

2
&/ THIRDGQTR = 3

4
:

 !"#$%" &'(  ! "#$"#!% &'#(#)$&# *+, -. &/ 0123#!# 5 -%#" #06 sN = (a1a3a1a2)+

7-86 b &/ 0123#!# 98!/8"# 5 :1!1"#"+

; I/"(& =< 8!868/&80/68-! = [l, h) = [0, 1)< f = 0 #6 b = (0.)<

; I/"(& << -%/:# %3 $"#)8#" 0>)9-&# a1

w = 1− 0 = 1,

l = l + w × p0 = 0,

h = h+ w × p1 = 0.7,

; I/"(& J< :1!1"/68-! %# 986 #6 !-")/&80/68-! =  ! -!06/6# 23# &'8!6#"?/&&# -3@

"/!6

[0, 0.7) /∈ [0,HALF)<[0, 0.7) /∈ [HALF, 1) #6 [0, 0.7) /∈

[FIRSTAQTR,THIRDAQTR)+ B-! -! "#?8#!6 5 &'16/$# *<

; -%/:# %3 %#3(8C)# 0>)9-&# a3 -!%386 5 [l, h) = [0.56, 0.7)+ D &'16/$# E< -!

-!06/6# 23# [0.56, 0.7) ∈ [HALF, 1)+ B-! -! 1)#6 3! 986 1 Ff = 0) #6 b =

(0.1)+ G!0386# -! !-")/&80#< -! -968#!6

l = 2× l − 1 = 0.12 #6 h = 2× h− 1 = 0.4 #6 f = 0,

[0.12, 0.24) ∈ [0,HALF) -! 1)#6 3! 986 0< b = (0.10)< /$"C0 !-")/&80/68-! -!

-968#!6 [l, h) = [0.24, 0.8)

; -%/:# %3 6"-808C)# 0>)9-&# a1 -!%386 5 [l, h) = [0.24, 0.632)+ H/0 %'1)8008-!

%# 986 #6 $/0 %# !-")/&80/68-!<

; -%/:# %3 %#"!8#" 0>)9-&# a2< -! -968#!6 [l, h) = [0.5144, 0.5536)+ I)8008-!

%'3! 986 1 Ff = 0J< b = (0.101)+  ! !-")/&80# < [l, h) = [0.0288, 0.1072)< 1)80@

08-! %'3! 986 0< b = (0.1010)< -! !-")/&80#< [l, h) = [0.0576, 0.2144)< 1)8008-!

%'3! 986 0< b = (0.10100)+  ! !-")/&80# [l, h) = [0.1152, 0.4144)< 1)8008-!

%'3! 0< b = (0.101000)< 238 -!%386 5 [l, h) = [0.2304, 0.8288)+ G!0386# -! ?/

5 &'16/$# * 238 -!%386 5 &'16/$# ,+

; I/"(& K< l = 0.2304 < FIRSTAQTR< %-! 1)8008-! %'3! 0 038?86 %# f+1 = 1

9860 5 K+ 238 -!%386 5 b = (0.10100001)+

KL



 !"#$  !" # $%&'()*+,- .- '.0&- 0()*+,1*)23-
$%&'()*+,- .- %4),5%1,-6*0*)'6 5(0*)23- .3 '.-3( 0()*+,1*)23-

" 76)*)0%)80*)'6 .- %4)6*-(90%%- '3(06* [l, h) -* .436- 90()0:%-  !""!# ;f<

[l, h) = [0, 1) -* f = 0

 ='.0&- .3 8>,:'%- '3(06*

? @) ak -8* %- 8>,:'%- '3(06* A '.-(B 0%3%-( %4)6*-(90%%- '3(06*

w = h− l B l = l + w ×
∑k−1

i=1 pi B h = l + w × pk 09- p0 = 0

k = k + 1

? @4)% 6 >40 5%38 .- 8>,:'%- A '.-(B 5088-( A %41*05- C

D E,)88)'6 .- :)*8 -* ,)8- A F'3(

? @) %4)6*-(90%%- '3(06* [l, h) ⊆ [0,HALF)

$%&''&!( )*+( ,&- . '+&/& )0  ,&-' 1

l = 2× l B h = 2× h B f = 0

20320()20 "4 32!$)+20 4+ )$,+- )0 "*$-430 6

? @) %4)6*-(90%%- '3(06* [l, h) ⊆ [HALF, 1)

$%&''&!( )*+( ,&- 1 '+&/& )0  ,&-' .

l = 2× l − 1 B h = 2× h− 1 B f = 0

20320()20 "4 32!$)+20 4+ )$,+- )0 "*$-430 6

? @) %4)6*-(90%%- '3(06* [l, h) ⊆ [FIRSTGQTR,THIRDGQTR)

4++( ,&- (*0'- $%&'

l = 2× l − 1
2

B h = 2× h− 1
2

B f = f + 1

20320()20 "4 32!$)+20 4+ )$,+- )0 "*$-430 6

? @)6'6

4++( ,&- (*0'- $%&'

4""02 7 "*$-430 8

C 7% 64>40 5%38 .- 8>,:'%- A '.-(

? 8) l 6 FIRSTGQTR

$%&''&!( )*+( ,&- . '+&/& )0  91 ,&-' 1

? 8)6'6

$%&''&!( )*+( ,&- 1 '+&/& )0  91 ,&-' .

CH



 ! "!#$%& '()$*%$ +!& #! ,-.%$*$ (0*!0&$ b $,) 1$ T̄ 1
A = 0.62890625 ∈ [0.6286, 0.6384)

 !"#$% &'((*#++#$",

 ! ! !" #$%&' ()*+,-.+*/0&' $23$*2+'

 !"# $" &'( !)*+,-.+*/$(0 *1 2 ! +)3# 4($ '( )('&"'!"( (+ 1! #("#*5*1*+. 6

17.8!)' '7())($)# '( +)!"#-*##*&" !9(+!"+ 1( +)!*" 5*"!*)( 8.".). (#+ 8)!"'(: ;"(

-&'*<!+*&" '$ #,.-! '( &'!8( 4!) *"+)&'$+*&" '( )('&"'!"( 4()-(+ '7&5+("*)

$" &'( !)*+,-.+*/$( =>?@ &"A&*"+ 4&+("+*(11(-("+ 41$# )&5$#+( 6 17.8!)' '7())($)#

'( +)!"#-*##*&":

BC>D+EF℄ -&"+)( /$7&" 4($+ !$8-("+() 1(# 4()H&)-!"(# '( '.+(+*&"# '7())($)#

'(# >?# &"A&*"+# (" 2 *"+)&'$*#!"+ I&1&"+!*)(-("+ 41$# '( )('&"'!"( 4!) 17*"+()J

-.'*!*)( '7$" -.+! /# 0$"#'*0" =KD@: >( KD "&+. ε "7(#+ A!-!*# .-*# 4!) 1! #&$)(

-!*# $"( 4)&5!5*1*+. "&" "$11( pε 1$* (#+ !11&$.( 1&)# '( 1! #$5'*I*#*&" '( 17*"+()I!11(

&$)!"+ [l, h) '$)!"+ 1( 4)&(##$# '( &'!8(: L!) &"#./$("+0 1(# 4)&5!5*1*+.# '7&J

$))("(# '(# #2-5&1(# 1&)# '$ 4)&(##$# '( &'!8( '(I*(""("+ pci = (1 − pε)× pi :

i = 1, · · · ,M :

M! <8$)( N:O =!@ -&"+)( 1( &'!8( !)*+,-.+*/$( '( 1! #./$("( s4 '( 17(P(-41( N:Q

#!"# *"+)&'$*)( '( KD0 !1&)# /$( 1! <8$)( N:O =5@ -&"+)( 1( &'!8( '( 1! -R-( #./$("(

!I( $" KD '( 4)&5!5*1*+. pε = 0.25: K!"# 17*"+)&'$+*&" '$ KD0 1( &'!8( &"'$*+

6 $" *"+()I!11( <"!1 [l, h) = [0.6286, 0.63) !I( $"( 1&"8$($) '( 1! #./$("( 5*"!*)(

8.".).( ℓs = 80 I&*) 17(P(-41( N:Q =4!)!8)!4,( N:N:N:S0 4!8( QN@: ?I( 17*"+)&'$+*&"

'$ KD0 17*"+()I!11( <"!1 '( &'!8( '(I*("+ [lSI , hSI) = [0.336705467, 0.339806248)

&"'$*#!"+ 6 wSI = 0.003100781 (+ $"( 1&"8$($) '( 1! #./$("( 5*"!*)( 6 8.".)()

'( ℓSI
s
= 10 5*+# =I&*) =N:SO@ 4!8( QT 4&$) 1( !1$1( '( ℓs@: U" &"#+!+( /$( 17*"+)&J

'$+*&" '$ #2-5&1( *"+()'*+ ! !A&$+. '( 1! )('&"'!"( #$441.-("+!*)( ρSI '!"# 1!

#./$("( 5*"!*)( 8.".).(0 (+ (++( )('&"'!"( ! .+. .I!1$.( 4!) B>VWW℄ 6

ρSI = − log2

(
1

(1− pε)

)

5*+#X#2-5&1(. =N:NF@

L&$) ("&)( !-.1*&)() 1(# 4()H&)-!"(# '( &))(+*&"# '7())($)# #!"# *"+)&'$*)(

41$# '( )('&"'!"(0 BK!2EE℄ *"+)&'$*+ 1(# KD +%/"0&/#- =KDY@0 7(#+J6J'*)( *"+)&'$*)(

A$#/$76 M + 1 KD#0 {ε1, ε2, · · · , εM , εM+1}0 (" !##&*!"+ 6 ,!/$( εi : 1 6 i 6 M + 1

QZ



0

1

a1

a2

a3

0.7

0.8

0.56

0.658

a1

a2

a3

0.6286

0.6384

0.7

0

a1

a2

a3

0.49

0.56

0.56

0.7

a1

a2

a3

0.658

0.672

0

1

a1

a2

0.525

0.75

a3

0.6

a1

a2

a3

0

0.525

0.39375

0.275625

0.315

a1

a2

a3

0.39375

a1

a2

a3

0.315

0.3740625

0.35634375

0.36225

0.35634375

0.315

0.34600781

0.336705467

0.339806248

(a) Codage de la séquence sans SI (b) Codage de la séquence avec SI

 !"#$% #&'($&*&+,-
εεεε

 !"#$% ./0 1 2$3 456$%& $#7,8*9,7:;& 6& ($ -9:;&+& s4 6& (<&=&*'(& ./> -$+-? &,

2@3 $A& ;+ !B 6& '#5@$@7(7,9 pε = 0.25/

;+& '#5@$@7(7,9 pεi ,&( :;& C
M+1∑

i=1

pεi = pε. 2./.D3

EA& (& !B *;(,7'(&? ($ -;@67A7-75+ 6& (<7+,&#A$((& 5;#$+, 6& 56$%& [l, h) 6$+- (&

$- (& '(;- %9+9#$( &-, '#9-&+,9& -;# ($ F%;#& ./G/

a1 a2 aM-1 aM

 !"#$% #&'($&*&+,-

ε1 ε2 εM εM+1

l h

 !"#$% ./G 1 H95;'$%& 6& (<7+,&#A$((& 6& 56$%& 6$+- (& $- (& '(;- %9+9#$( 6; 4E

$A& !B *;(,7'(&-/

I<$(%5#7,8*& 6& 56$%& $#7,8*9,7:;& 69#7, 6$+- (& '$#$%#$'8& ./././J &-, (&

*K*& '5;# (&- 4E- $A& !B &, !B *;(,7'(&? *$7- $A& ;+& -5;#& 65+, (<$('8$@&,

&-, 9,&+6; Ae = A ∪ {ε1, ε2, · · · εM , εM+1}/  $# 5+,#& -&;(- (&- 9(9*&+,- 6& A -5+,

%9+9#9- '$# ($ -5;#& X /

 5;# (& 56$%& $#7,8*9,7:;& 6& @$-& 2&+  !"$%$&' $'('$)3? 7( &-, ,#L- 67M7(& '5;#

;+ $(;($,&;# N  !"$%$&' ('$) 6& #&'#9-&+,&# &=$,&*&+, ,5;- (&- +5*@#&- #9&(-

2@5#+&- &, ($#%&;#- 6&- -5;-O7+,&#A$((&- '$# &=&*'(&3/ 4& '#5@(L*& &-, ,#$7,9 $A& (&

4E &+ '#97-75+ F+7& P $-G0? Q7-G0℄ 5; &*) +,-%$.-!$/01"/$+,) 24SE3 PTUV.℄/

>V



 ! ! !" #$%&'( &)*+,-.+*/0( (1 2).*4*$1 51*(

 ! "# !$ %&')*)+$ ,$)! -./*012 34562 7)*01℄ *9!:!;<! =! >/ ?@?! ?/$)A&!

B<! >9)?%>'?!$;/;)+$ %&/;)B<! =< +=/C! /&);D?';)B<! =! E/*! ='&);! =/$* >! %/&/F

C&/%D! 6G6G6GH2 ?/)* >9)$;!&I/>>! )$);)/> =! +=/C! [0, 1) !*; &!?%>/' %/& <$ )$;!&I/>>!

!$;)!& [0, T ) +J T = 2q !; q !*; >/ %&')*)+$ E)$/)&! =< =)*%+*);)K =! +=/C!G ./&

+$*'B<!$; FIRSTLQTR = T
4
2 HALF = T

2
!; THIRDLQTR = 3T

4
MI+)& ;/E>!/< 6GN2

%/C! O0 %+<& >!* =';/)>* =! +=/C!PG Q)2 >+&* =< %&+!**<* =! +=/C!2 >!* I/>!<&* l !; h

*+$; /&&+$=)!* /<R !$;)!&* >!* %><* %&+D!*G #&&+$=)& >!* I/>!<&* =! l !; h / %+<& !:!;*

=9)$;&+=<)&! %><* =! &!=+$=/$! !; !* &!=+$=/$!* *+$; =9/<;/$; %><* )?%+&;/$;!*

B<! >/ %&')*)+$ q <;)>)*'! !*; K/)E>!G  9)$;&+=<;)+$ =!* SQ !; SQ ?<>;)%>!* ='&);! /<

%/&/C&/%D! 6G6G6GO *9/%%>)B<! 'C/>!?!$; /< "# !$ %&')*)+$ ,$)!G

 ! !" #$%&$'()(* +, +'*)-., +,* %+,* %.0%'.)*

T/$* ! %/&/C&/%D!2 $+<* />>+$* &/%%!>!& >/ =',$);)+$ =!*  !" !#$%$& '( '#&%)*(

M>/ dlibre !; >! *%!;&! =! =)*;/$!P =!* " 4* +$U+)$;* !; "#* +$U+)$;*G .+<& =',$)&

!* %/&/?A;&!*2 <$! !( !$&(*%)%#"* ,!) -#./( =! !* +=!<&* !*; %><* /=/%;'!G V$

!:!;2 >!* " 4* !; "#* +$U+)$;* %!<I!$; @;&! C'$'&'* %/& =!* 0"'(/!& 1 $%)%& 2*#&0

M"VW*P X 3"*,/(/! 4)!#)53( M"VWF 4*P B<) C'$A&!$; =!* "'(& 1 $%)%& 2*#& X >+$C<!<&

I/&)/E>! I+)& -YZN[℄G

 ! !6!7 #$%(0) 8 .+&+4 51*4 8 9$1'0(0) :&)*&;9(

\$ +=!<& X ';/;* ,$)* X  4 %!<; ='&); %/& <$ C&/%D! +&)!$;' Γ(S, T )2 +J S

='*)C$! >9!$*!?E>! =!* ';/;* M/%%!>' /<**) *+??!;* +< $+!<=*P !; T >9!$*!?E>! =!*

;&/$*);)+$* M/&* +&)!$;'*PG "D/B<! ;&/$*);)+$ u ∈ T !*; ';)B<!;'! /I! <$! *'B<!$!

=! *]?E+>!* =9!$;&'! I(u) !; <$! *'B<!$! =! E);* =! *+&;)! O(u) B<) %!<I!$; @;&!

=! >+$C<!<&* I/&)/E>!*G S+)!$; σ(u) !; τ(u) >!* ';/;* =! ='%/&; !; =9/&&)I'! =! >/

;&/$*);)+$ uG P (u)2 u ∈ T !*; >/ %&+E/E)>);' B<! >/ *'B<!$! I(u) *+); '?)*! %/& >/

*+<&!G

\$ D!?)$ u = (u1 ◦ u2 ◦ · · · ◦ uk) ∈ T
k =/$* >! C&/%D! Γ !*; <$! +$/;'$/;)+$

=! ;&/$*);)+$* B<) */;)*K+$; σ(ui+1) = τ(ui)2 %+<& 1 6 i 6 k − 1 M!) +&&!*%+$=

X <$ %/&+<&* =! >+$C<!<& k =/$* >! C&/%D! =< +=!<&PG ./& !R;!$*)+$2 +$ =',$);

σ(u) = σ(u1) !; τ(u) = τ(uk)G T! %><* I(u) !; O(u) *+$; >!* +$/;'$/;)+$* =!*

^[



 !"#$%!!%& '(%)!* % %! '% &+*!"% *%&,%!".%& '% u/ 01 ,*+212"3"! '$ 4%5") ,+$* $)%

&+$*% &1)& 5 5+"*% %&! P (u) =
∏k

i=1 P (ui)/ 6")13%5%)!7 ℓ(x) %&! 31 3+)8$%$* 9%)

&:52+3%& +$ %) 2"!&; '% 31 & #$%)% x/

<) +)&"'=*% #$% 3% 8*1,4% '$ +'%$* >  !1!& ?)"& > 3+)8$%$* .1*"123% %&!  !"

!#$%' ()*7 (%&!@>@'"*% #$% !+$!  !1! ,%$! A!*% 1!!%")! > ,1*!"* '($) 1$!*%  !1! 1.%

$) )+52*% ?)" '% !*1)&"!"+)&/ <) &$,,+&% 1$&&" #$% 3% 8*1,4% %&! +,#! -$ .%*7 (%&!@

>@'"*% #$% 3%& !%5,& '% * $**%)% '%&  !1!& 5%&$* & %) )+52*% '% 2"!& '% &+*!"%

)% &+)! ,1& 5$3!",3%& '($) )+52*% %)!"%* m > 1/ B%& 4:,+!4=&%& "5,3"#$%)! #$% 3%

+'%$* >  !1!& ?)"& > 3+)8$%$* .1*"123% %! 31 &+$*% > +'%*7 C+*5%)! $)% 41")% '%

D1*E+. 1.% $)% '"&!*"2$!"+) &!1!"+))1"*% '( !1! $)"#$%/ F+"! P ∗(s)7 s ∈ S 31 ,*+21@

2"3"! &!1!"+))1"*% '% 3( !1! s7 (%&!@>@'"*% 31 ,*+212"3"! ,+$* 31 514")% >  !1!& ?)"&

'(A!*% '1)& 3( !1! s %) * 8"5% ,%*51)%)!/ B%!!% ,*+212"3"! %&! 13$3 % %) ,*%)1)!

%) +5,!% 3%& 3+)8$%$*& '%&  !"#$%!!%& '% &+*!"% +55% ,* &%)! '1)& GHIJK℄/

 ! !"! #$$%&()&*+ (, *-. / %*+0,.,1 2(1&(3%. *+4*&+)

M1)& 3% 1& 3% ,3$& &"5,3% '($) B0N +)O+")! 1&&+" > $) 13,412%! AM %! $)

'"!"+))1"*% CM 7 S )% +)!"%)! #$($) &%$3  !1! s0 #$" %&! 3( !1! '% ' ,1*! %! '(1**". '%

!+$!%& 3%& !*1)&"!"+)&7 %! M !*1)&"!"+)& 1&&+" %& 1$P  3 5%)!& '% AM / 01 !*1)&"!"+)

ui : 1 6 i 6 M 1 ,+$*  !"#$%!!% '(%)!* % I(ui) = ai7 ,+$*  !"#$%!!% '% &+*!"%

O(ui) = ci %! $)% ,*+212"3"! 1&&+" % P (ui) = pi/

56.7$%.  !8 /+ 01%!* 234 5-6'!* %6 *7*5,)* $89:;"/< +==- # > )+ =-%!* X3 >

?+)*%!= $+6= $8+),@+(*' A3 = {a, b, c} -$#* *6 +?* )* $ ' -66+ !* C3 = {0, 10, 111}3

s0

a/0

b/10

c/111

 !"#$% Q/R S TP%5,3% '($) +'%$* >  !1!& ?)"& > 3+)8$%$* .1*"123% 1&&+" > A3 =

{a, b, c} %! C3 = {0, 10, 111}
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 ! !"!" #$$%&()&*+ (, *-. (/&)012)&3,. *+4*&+)

 ! "# !$ %&')*)+$ ,$)! -./$0 1 2.) %!.0 30&! 4',$) %/& 2!*  !"!#$%"&' () +(&)"

{T, fmax,p, pǫ}5 # %/&0)& 4! !* %/&/670&!*8 2! %&+!**.* 4! +4/9! %!.0 30&! /&/:

0'&)*' %/& [l, h) ;-.) /%%/&0)!$0 1 .$ !$*!6<2! ,$)=8 f !0 2!* %&+</<)2)0'* 4! 2/ *+.&!5

>/& +$*'-.!$08 2?'0/0 4! 2?/.0+6/0! -.) &!%&'*!$0! 2! +4!.& %!.0 30&! /&/0'&)*'

+66! (l, h, f)5 @) 2/ A/2!.& 4! f !*0 <+&$'!8 )2 !*0 %+**)<2! 4! 9'$'&!& 0+.* 2!* '0/0*

%+**)<2!* !0 2!* 0&/$*)0)+$* !$0&! 2!* '0/0*8 ! -.) +$4.)0 1 .$ +4!.& 1 '0/0* ,$)*5

B$ 9'$'&/28 2/ A/2!.& 4! f %!.0 &+C0&! 1 2?)$,$)8 6/)* %!.0 D/)2!6!$0 30&! 2)6)0'!

1 f 6 fmax8 +66! 4/$* EFG@HI℄8 4?+K 2! +4! -./*) /&)0L6'0)-.! ;"M#=5 "!00!

0L7*! +$*)47&! 2?/%%&+L! 4! EFNOPHQ℄ R 1 L/-.! D+)* -.! f = fmax !0 -.! 2?)$0!&:

A/22! +.&/$0 4! +4/9! !*0 0!2 -.! f %!.0 !$+&! 30&! )$&'6!$0'!8 2!* %&+</<)2)0'*

4!* *S6<+2!* *+$0 0!6%+&/)&!6!$0 6+4),'!* %+.& D+&!& .$! *+&0)! 4! <)0 /%&7* 2!

+4/9! 4. *S6<+2! +.&/$05

0/000

1/0 S1

(2,8,0)

S0

(0,8,0)

0/000

1/0 S1

(2,8,0)

S0

(0,8,0)

S2

(0,8,2)

0/011

1/-

0/000

1/0 S1

(2,8,0)

S0

(0,8,0)

S2

(0,8,2)

0/011

1/-

1/011

0/01100
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a1 a2

0 841

e

[
a1 a2

0 832

e
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[ [
a1 a2

0 841

e

S0

(0,8,0)

S1

(2,8,0)

S2

(0,8,2)

[ [

[ [

[ [ [ [

(a)

(b)

(c)

 !"#$% T5U V BW!6%2! 4! 9'$'&/0)+$ 4?.$ +4!.& 1 '0/0* ,$)* 1 2+$9.!.& A/&)/<2!

/**+)' 1 .$! *+.&! 1 4!.W *S6<+2!* +4'! /A! .$ "# !$ %&')*)+$ ,$)! 4+$0 2!*

%/&/670&!* *+$0 T = 88 fmax = 28 p0 = 1/48 pǫ = 1/2

56.1$%.  !7 ,+-'.(/"+-' 01!0 2!3&% A2 = {a1 = 0, a2 = 1} 4 &-+(&" &- )%.0.'!-%

0& ,5 &-  "/.'.+- 6-.& (+-% 0&'  !"!#$%"&' '+-% T = 87 fmax = 27 p0 = 1/47

pǫ = 1/28 9! 6:)"& ;8< #+-%"& 0&' /%! &' (& 0! +-'%")%.+- (1)- +(&)" 4 /%!%' 6-.'

4 9= !''+./ 4 0! '+)"& X2 4  !"%." (& 01/%!% .-.%.!0 s0 = (l = 0, h = 8, f = 0)8

XT



 ! "#$%&'#$ ()!"$ +##$,"+-.!-)$ / 0! 123#$ 456 7!8 %+-)#$ 3-$ ,39.&:&,&+- "+,;

,&90$ .$ 0<&-)$#:!00$ !,,+&( / 0<()!) &-&)&!0 .!-, 0!=3$00$ +- !,,&2-$ !3 ,>%9+0$ ‘0‘ 0$

,+3,;&-)$#:!00$ [0, 1) =3& +-.3&) !3 %?%$ ()!) &-&)&!0 !:$ 0! )#!-,&)&+- u1 = 0/000 @

$) +- !,,&2-$ !3 ,>%9+0$ ‘1‘ 0$ ,+3,;&-)$#:!00$ [1, 4) =3& +-.3&) / 3- -+3:$0 ()!)

s1 = (2, 8, 0) !:$ 0! )#!-,&)&+- u2 = 1/05  ! 123#$ 456 798 %+-)#$ 3-$ ,39.&:&;

,&+- "+,,&90$ .$ 0<&-)$#:!00$ +##$,"+-.!-) / 0<()!) s1 = (2, 8, 0)5  $ ,+3,;&-)$#:!00$

[2, 3) $,) !,,+&( !3 ,>%9+0$ ‘0‘ $) 0$ ,+3,;&-)$#:!00$ [3, 5) $,) !,,+&( !3 ,>%9+0$ ‘1‘

+-.3&,!-) #$,"$)&:$%$-) / 0<()!) s0 !:$ 0! )#!-,&)&+- u3 = 0/011 $) / 3- -+3:$0

()!) s2 = (0, 8, 1) !:$ 0! )#!-,&)&+- u4 = 1/−5  ! ,39.&:&,&+- .$ 0<&-)$#:!00$ +##$,;

"+-.!-) / $ -+3:$0 ()!) $,) "#(,$-)($ / 0! 123#$ 456 78 =3& -$ +-.3&) =3</ .$,

()!), .(A/ +--3, !:$ 0$, )#!-,&)&+-, u5 = 0/01100 $) u6 = 1/011 @ .+- +- +9)&$-)

0<!3)+%!)$ +%"0$) =3& .(#&) 0$ +.$3# =3!,&;!#&)B%()&=3$5

 ! !" #$%&$'()(* +,* %+,* %./%'.)*

 !"# $%&'()*℄, -./0# -123# 43 /436. 7 8-!-# 9"0# 48.0:!"- ;3 2./3##6# 43

/4!<3 /"- 8-8 2./2/#8#=

>= ?3 +.$3# / ()!), 1-&, ,>-B#+-&,( ,>%9+0$ !4!2-8 2/6. ;3 /4!<3, /@ ;A8-0B

C63--3 4A3"-.83 43 D!C63 -.!"#0-0/" /..3#2/"4 3E!-3F3"- 7 6" #36; #1FG/;3=

H= ?3 +.$3# / ()!), 1-&, #(.3&) !:3 43# -.!"#0-0/"# 7 8-0C63--3# 4A3"-.83 3- 43

#/.-03 7 ;/"<636.# :!.0!G;3# 3- "/" :043#, /"460#!"- 7 6" -.30;;0# /F2!-

!4!2-8 2/6. ;3 48/4!<3 3- ;A8:!;6!-0/" 43# 23.I/.F!"3# 43 /F2.3##0/"= J;

3#- /G-3"6 7 2!.-0. 46 /436. 7 8-!-# 9"0# #1"D./"0#8 #1FG/;3 4!"# ;3 C63;

-/6-3# ;3# -.!"#0-0/"# C60 /"- 43# 8-0C63--3# 43 #/.-03 :043# #/"- 8-3"463# K6#C6A7

!:/0. !6 F/0"# 6" G0-= L3;! 0F2;0C63 C63 43# -.!"#0-0/"# 4!"# ;3 /436. 7 8-!-#

9"0# .8460- !6./"- 43# 8-0C63--3# 4A3"-.83# /F2/#83# 43 2;6# 4A6" #1FG/;3=

 /.8"!:!"- "/6# 48#0<"/"# -/6- #0F2;3F3"- 2!. /436. 7 8-!-# 9"0# .8460- 2!.

/436. 7 8-!-# 9"0#=  !"# ;! #60-3 S 3- T .32.8#3"-3"- ;A3"#3FG;3 43# 8-!-# 3-

43# -.!"#0-0/"# 4!"# ;3 /436. 7 8-!-# 9"0#=

M= ?3 +.$3# / ()!), 1-&, ,>-B#+-&,( 9&) !4!2-8 2/6. ;A8:!;6!-0/" 46 #23-.3

43 40#-!"3, /@ ;A8-0C63--3 43 #/.-03 43 D!C63 -.!"#0-0/" /"-03"- 6" #36; G0-=

J; 3#- /G-3"6 7 2!.-0. 46 /436. 7 8-!-# 9"0# 4!"# ;3C63;, 6"3 -.!"#0-0/" ui

4/"- ;A8-0C63--3 43 #/.-03 /"-03"- n G0-# 3#- 40:0#83 3" n -.!"#0-0/"# uj
i 2/6.
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1 6 j 6 n !" #$"%&'#'(% u1
i )*$'#+ ,+ I(ui) (..+ *#'/0+##+ ,1+%#$*+ +# ,0

2$+.'+$ 3'# ,+ O(ui) (..+ *#'/0+##+ ,+ &($#'+4 +# )"/0+ #$"%&'#'(% uj
i 2(0$

2 6 j 6 n " 0%+ *#'/0+##+ ,1+%#$*+ 5',+ +# " 2(0$ *#'/0+##+ ,+ &($#'+ 6+ j !"#

3'# ,+ O(ui) 7+6" " 2(0$ (%&*/0+%+ ,1'%#$(,0'$+ n − 1 *#"#& &8.3(6'/0+&

&0226*.+%#"'$+& 9(0$ 6" &0'#+4 Sb +# Tb ,*&':%+%# 61+%&+.36+ ,+& *#"#& +# ,+

#$"%&'#'(%& ,"%& 6+ (,+0$ ; *#"#& <%'& &8%)$(%'&* 3'# 

!" <:0$+ = >? @"A $+2$*&+%#+ 6+ (,+0$ ; *#"#& <%'& &8%)$(%'&* &8.3(6+ +# 6+

(,+0$ ; *#"#& <%'& ,0 (,+ ; 6(%:0+0$ 5"$'"36+ (%B('%# ,+ 61+C+.26+ = D @; 6"

2":+ E>A +# 6" <:0$+ = >? @3A $+2$*&+%#+ 6+ (,+0$ ; *#"#& <%'& &8%)$(%'&* 3'# "&&('* 

s0

a/0

b/10

c/111

s0

a/0

b/1

c/1

s1

s2

s3
-/0

-/1

-/1

(a) (b)

 !"#$% = >? F @"A 7(,+0$ ; *#"#& <%'& +# 7(,+0$ ; *#"#& <%'& &8%)$(%'&* &8.3(6+

,+ 61+C+.26+ = D +# @3A 6+ 7(,+0$ ; *#"#& <%'& &8%)$(%'&* 3'# "&&('* 

!" <:0$+ = >> @"A ($$+&2(%, "0 (,+0$ ; *#"#& <%'& &8%)$(%'&* &8.3(6+ ,+

61+C+.26+ = G +# 6" <:0$+ = >> @3A $+2$*&+%#+ 6+ (,+0$ ; *#"#& <%'& "&&('* 

0/000
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S0
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S2

(0,8,2)

0/011

1/-

1/011
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10/01100
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 !"#$% = >> F @"A 7(,+0$ ; *#"#& <%'& &8%)$(%'&* &8.3(6+ ,+ 61+C+.26+ = G +# @3A

6+ (,+0$ ; *#"#& <%'& "&&('* 

H 2"$#'$ ,+ 61*#"# '%'#'"6 s0 ∈ S4 6" &0+&&'(% ,+& *#"#& ,+ 6+ (,+0$ ; *#"#&

<%'& ; 6(%:0+0$ 5"$'"36+ 2(0$ #(0#+& 6+& &*/0+%+& ,1+%#$*+ 2(&&'36+& ,+ 6(%:0+0$

@&+.'IA'%<%'+ 2+0# J#$+ $+2$*&+%#*+ ,"%& 0% #$+'66'& /0' ,*$'# 61*5(60#'(% #+.2($+66+

,+ 61*#"# ,0 (,+0$ ; *#"#& <%'& ; !K !+& *#'/0+##+& ,+ &($#'+ ,+ #(0& 6+& )+.'%&
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 !"#$%"& '% !"%(''(& )*"+%,! '% *.%  /!#!& 0,(&  12 .*,! '%& 3%")*"+#,%& &*,!

#"#!/"(&/%& 3#" &*,  !"# $% '$!(% Rc %! 3#" &# !)!* + $% ',,% *'- $.%,,%",/4

5*++% 3*6" '%& *.%& .% #,#' '(,/#("%&7 '# 3%")*"+#,% .% *""%!(*, .8%""%6"&

%&! #"#!/"(&/ .8#9*". 3#" '# $*/ !-% 0*1,% dlibre7 6,% #"#!/"(&#!(*, 3'6& 0,% %&!

3*&&(9'%  !"#$%"& '% /)% ,% $% $*/ !-% :2;<=℄

 !"#$%$&# '()' 2%  !"# $% '$!(% Rc %- /341'0%/ )!, 1* %/ 0% ,!))', %- ,% 0!

0'-("%", 4'3%--% $%/ + *5"%  %/ $.%- ,+% % 0! 0'-("%", 4'3%--% $%/ + *5"%  %/ $%

/', *% $%/  ,!-/* *'-/ $!-/ T 6

Rc =

∑

u∈T P ∗(σ(u))P (u)ℓ(I(u))
∑

u∈T P ∗(σ(u))P (u)ℓ(O(u))
, ?@4@=A

 !"#$%$&# '()* 7'* Uk
s0

0.%-/%410% $%/ 8%4*-/ !9% k  ,!-/* *'-/ 5"* )!, %- $%

0.+ ! s0: 2% '$% ; + ! / <-*/ ; 2= C(Γ, s0)6 %/ 0.%-/%410% $%  '" %/ 0%/ /+5"%-%/

$% /', *% $% 0'-("%", *-<-*% (+-+,+%/ )!, 0% '$%", ; + ! / <-*/ ; 2= ; )!, *, $%

0.+ ! *-* *!0 s06 C (Γ, s0) = {O(u) : u ∈ U∞s0 }:

5*,&(./"*,& .%6B C%+(,& (u1,u2) ∈ T
k1 × T k2 !%' D6% ℓ(O(u1)) = ℓ(O(u2))7

#'*"& *, ,*!%"# d (u1,u2) = d (O(u1), O(u2))4

 !"#$%$&# '()+ 2! $*/ !-% 0*1,%6 dlibre6 $" '$% C(Γ, s0) %/ 0! $*/ !-% 4*-*4!0%

$% >!44*-( %- ,%  '" %/ 0%/ )!*,%/ $% /+5"%-%/ /", $*?+,%- / 8%4*-/: 7'* U

0.%-/%410% $%/ )!*,%/ $% 8%4*-/ $!-/
(
T k1 × T k2

)

1≤k1,k2<∞
5"* $*9%,(%- $."- + ! 

% 5"* '-9%,(%- )'", 0! ),%4*@,% A'*/ $!-/ 0% 4B4% '" $!-/ "- !" ,% + ! !9% 0%

4B4% -'41,% $% 1* / /", 0%", + *5"%  %/ $% /', *%: C0',/6 dlibre %/ !"//* 0! $*/ !-%

4*-*4!0% $% >!44*-( $!-/ U

dlibre = min
(u1,u2)∈U

u1 6=u2

dH (u1,u2) . ?@4EFA

 !"#$%$&# '(), 2% /)% ,% $% $*/ !-% D=* EF℄ $!-/ 0% $'4!*-% '$% )%" B ,% ,%H

),+/%- + )!, 0! A'- *'- (+-+,! ,*%6

G (D) =

∞∑

d=dlibre

AdD
d, ?@4EGA

'I Ad %/ 0% -'41,% 4'3%- $% 8%4*-/ ; $*/ !-% $% >!44*-( d $."- 8%4*- $'--+:

J!-/ 0% !/ 0% )0"/ (+-+,!06 Ad )%" B ,% $+<-* '44% DKLMNOP6 MNFO℄6

Ad =
∑

(u1,u2)∈U
d
 

(u1,u2)=d

P ∗(σ(u1))P (u1) ?@4E@A

HH



 !" $"% &'(')*+("% ,-./0% 01,"%%2%3 4/ 4/%+'+" 52" $" 4," C(Γ, s0) "+ %' ,0%1

+'/" $06(" %4/+ 0/,-&"/,'/+% ," $' %42(" 78 4/,0+04/ 52" +42% $"% %9)64$" ," $'

%42("% 4/+ 2/" &(46'60$0+- /4/ /2$$":3 '$4(% 52" $" '('+*(" %42("1'/'$ 4/;40/+

%" )4/+(" ,'/% $" <'0+ 52" $" +'2= ," 4,'>" "+ $"% 4"?0"/+% ,2 %&"+(" ,-&"/,"/+

,"% %+'+0%+052"% ," $' %42("@

 !" #$%'()*$%

A'/% " B'&0+("3 /42% '!4/% ('&&"$- $"% &(4&(0-+-% ," ,0%+'/" ,"% 4,"% ,"

'/'$ $0/-'0("% "+ /42% '!4/% ,-./0 $"% &(4&(0-+-% ," ,0%+'/" ,"% 4,"% 4/;40/+%

/4/1$0/-'0("%@ C" B'&0+(" D %"(' 4/%'(- 8 $E-!'$2'+04/ ,"% &(4&(0-+-% ," ,0%+'/"

," "% 4,"% 4/;40/+% /4/1$0/-'0("%@

FG



 !"#$%&' (

)*"+,"%$-. /'0 #&-#&$1%10 /' /$0%".'

/' -/'0 .-.3+$.1"$&'0

 ! #$%&'(! !)' !))!*'&!++!,!*' -*)$(. / +0.1$+2$'&-* 3!) %(-%(&.'.) 3! 3&)'$*!

3!) -3!) -*4-&*') *-*5+&*.$&(!) 3.(&') %$( 3!) -3!2() / .'$') 6*) / +-*72!2(

1$(&$8+! 9 :;5<=>? <$ ,.'#-3! 3.1!+-%%.! 3$*) !''! '#@)! !)' 3.(&'! 3$*) +!

%$($7($%#! A?B? C$*) +! %$($7($%#! A?DE *-2) -,%$(-*) +$ -,%+!F&'. 3! !''!

,.'#-3! $1! !++!) 3! G2!+G2!) ,.'#-3!) 3&)%-*&8+!) 3$*) +$ +&''.($'2(!?

 !" #$%&'%()*+ ,-. /0*/0)1(1. ,- ,).(%+-

 !"#$%# &'%%) *+,- -+ .&+,# / 0$"$* 12%* *324#.2%*0 5%$ *+#" .2*%&0#06 7.,#

08"-,+# -" &%*$"2+ -%5#+ +$ -+ *!+$#+ &+ &%*$"2+ &',2 .&+ / 0$"$* 12%* &0#%$ !"#

,2 .&+,# / 0$"$* 12%* *324#.2%*0 5%$ Γb(Sb, Tb)) &+* $+42%9,+* %2*!%#0+* &+ :;%<=>℄

*.2$ "!!-%9,0+* !.,# *,%8#+ -+* &%*$"2+* &+ @"AA%2< +2$#+ -+* !"%#+* &+ 4+A%2*

&"2* -+ .&+,# / 0$"$* 12%* *324#.2%*0 5%$6

7.,# +-") .2 .2*%&B#+ -+ <#"!4+ !#.&,%$ Γ2
b = Γb×Γb 0$%9,+$0 "8+ -+* &%*$"2+*

&+ @"AA%2< &+* !"%#+* &+ $#"2*%$%.2* &"2* T 2
b C+ 9,% .2&,%$ ", $#+%--%* !#.&,%$

.2*%&0#0 &"2* :;%<=>℄D6 E" &%F0#+2+ !#%2%!"-+ "8+ :;%<=>℄ +*$ 9,+ !.,# -+ GHIJ

EK) -+* 0$"$* !+,8+2$ "8.%# ,2 2.A5#+ &+ $#"2*%$%.2* 8"#%"5-+6 H2*,%$+) .2 A.2$#+

.AA+2$ + <#"!4+ !#.&,%$ !+,$ L$#+ *%A!-%106

MN



 !"!" #$%$&'()*% +, -&'./0 .&*+,)(

 "# $%&' ()*"+%$' ,- .)$)*-/"%$ (& .*-012 0*%(&"/ -''%") -& %(2&* 3 )/-/'

4$"' '5$1*%$"') 6"/ 2/ '- '"70,"4-/"%$ 0%&* -,&,2* 28-272$/ ,- ("'/-$2 ,"6*2

(& %(2 3 )/-/' 4$"' -''%")9

:%$'"()*%$' ,;2$'276,2 (2' )/-/' Sb = {si : 0 6 i < |Sb|} <%= |A| 2'/ ,2 -*("$-,

(2 ,;2$'276,2 A> 2/ ,;2$'276,2 (2' /*-$'"/"%$' Tb (& .*-012 %*"2$/) Γb(Sb, Tb) *20*)?

'2$/-$/ &$ %(2&* 3 )/-/' 4$"' '5$1*%$"') 6"/9 @2 .*-012 0*%(&"/ -''%") 3 Γb(Sb, Tb)

2'/ ,2 .*-012 %*"2$/) Γ2
b(Sb × Sb, Tb × Tb) -+2 |Sb|2 )/-/' si,j ()4$"' %772

si,j = (si, sj), 0 6 i, j < |Sb|. <A9B>

C%&* /%&/2 0-"*2 (2 /*-$'"/"%$' (u, v) (-$' ,2 .*-012 %*"."$-,# Γ2
b %$/"2$/ &$ -*

%*"2$/)

e = (u, v) : σ(e) = sσ(u),σ(v) 2/ τ(e) = sτ(u),τ(v). <A9D>

@2 0%"(' (2 E-77"$. (2 ,;-* e# w (e) 2'/ ,- ("'/-$2 (2 E-77"$. 2$/*2 ,- '%*/"2

(2' (2&F /*-$'"/"%$' u 2/ v# ;2'/?3?("*2 G

w (e) = d (O(u), O(v)) . <A9A>

H$ 127"$ %*"2$/) e (-$' Γ2
b # I&" 0-*/ (2 ,;)/-/ 'i,j 2/ -**"+2 3 ,;)/-/ 'm,n# 2'/ &$2

'&2''"%$ (;-*' e = (e1 ◦ e2 ◦ · · · ◦ eN) /2, I&2 σ(eµ+1) = τ(eµ) 0%&* 1 6 µ < N 9

@2 0%"(' (2 2 127"$ %*"2$/)# wH(e) 2'/ ()4$" %772 G

wH(e) =

N∑

µ=1

wH(eµ). <A9J>

:%772 Γb 2'/ '5$1*%$"') 6"/# ;2'/?3?("*2 I&2 ,;)/"I&2//2 (2 '%*/"2 (2 1-I&2 /*-$?

'"/"%$ %$/"2$/ 2F-/272$/ &$ '2&, 6"/# %$ - w (e) 6 N 9 K"$'"# ,2 0%"(' (& 127"$

%*"2$/) (-$' Γ2
b (2 ,;)/-/ 'i,j 3 &$ )/-/ 'm,n# 2'/ ,- ("'/-$2 (2 E-77"$. 2$/*2 ,2'

6"/' (2 '%*/"2 (2' (2&F 127"$' G (u1,u2) ∈ T
k
b × T

k
b 9

C-* %$')I&2$/# ,%*'I&;%$ 0-*%&*/ ,2 .*-012 0*%(&"/ 3 0-*/"* (2 ,;)/-/ "$"/"-, s0,0#

,2' 0%"(' (2' 127"$' %*"2$/)' %6/2$&' *20*)'2$/2$/ /%&/2' ,2' ("'/-$2' (2 E-77"$.

(2 /%&/2' ,2' 0-"*2' (2 ')I&2$2' 0%''"6,2' (-$' C (Γb, s0) × C (Γb, s0)# 5 %70*"' ,-

("'/-$2 ,"6*2 '2,%$ ,- ()4$"/"%$ D9BJ <+%"* 0-*-.*-012 D9D9A 3 ,- 0-.2 LL>9

@- 4.&*2 A9B 7%$/*2 ,;2F270,2 (;&$ %(2&* 3 )/-/' 4$"' '5$1*%$"') 6"/' M s0 2/

s2 '%$/ ,2' )/-/' (;%= (2' 0-"*2' (2 127"$' 02&+2$/ ("+2*.2*9

LN



 !"#$% #&'($&*&+,-

s0 s1 s2

s3

u0 = 0/0

u1 = 1/1 u2 = −/1

u3 = 0/1

u4 = 1/0u5 = −/0
.$/

.0/

 !"#$%  !" # $%&'()& *+,- /*&,0 1 23435 6-75 58-90/-752 :735

;4 6<,0&  != '/-30& )& <04(9& (0/*,73 455/72 4, /*&,0 *& )4 6<,0&  !"! ;&5

405 *4-5 )4 6<,0&  != 5/-3 237>,&325 4?& )&,0 (/7*5 *& @4''7-<! A40 &%&'()&B 5,0

)& <04(9& (0/*,73 )+40 e0 >,7 (43 *& )+2343 s0,0 &3 >,7 4007?& *4-5 )& 'C'& 2343 s0,0

/00&5(/-* 1 )4 (470& *& 304-5737/-5 (u0, u0) *4-5 T 2
b B */- /- 4 D

wH(e0) = dH(u0, u0) = 0, E !FG

34-*75 >,& )+40 e1 >,7 (403 *& )+2343 s0,0 &3 >,7 4007?& *4-5 )+2343 s0,1 /00&5(/-* 1

)4 (470& (u0, u1) >,7 /-*,73 1 D

wH(e1) = dH(u0, u1) = dH(0, 1) = 1. E !HG

I4-5 )& <04(9& (0/*,73B )& 9&'7- e0 &- (/7-37))25 <045 *26-7 (40 )4 5,&557/-

*+23435 (s0,0, s1,0, s2,1, s2,2)B /00&5(/-* *4-5 )& <04(9& /07<7-4) *& )4 6<,0&  !" 1 )4

(470& *& 9&'7-5 (u1,u2) *26-75 /''& D u1 = (u1 ◦ u2 ◦ u3) &3 u2 = (u0 ◦ u1 ◦ u2)!

A40 /-52>,&-3

wH(e0) = dH(u1,u2) = dH(111, 011) = 1. E !JG

 !"!# $%&'() '%*+,-. /*+-01

I+4(0K5 )4 *26-737/- =!"L E?/70 )4 (4<& FFGB )+2?4),437/- *& )4 *7534-& )7:0& EdlibreG

-+7'()7>,& >,& )&5 9&'7-5 *4-5 Γ2
b >,7 4((4037&--&-3 1 U E+&53M1M*70& )+&-5&':)& *&5

(470&5 *& 9&'7-5 *4-5
(
T k
b × T

k
b

)

1≤k<∞
>,7 *7?&0<&-3 *+,- 2343 &3 >,7 /-?&0<&-3

(/,0 )4 (0&'7K0& N/75 *4-5 )& 'C'& /, *4-5 ,- 4,30& 2343 4?& )& 'C'& -/':0& *&

:735 5,0 )&,0 237>,&33&5 *& 5/037&G! I/- /- (&,3 *2*,70& *& Γ2
b ,-  !"#$% #!&'()*

+&'),- >,7 -& 0&(025&-3& >,& &5 9&'7-5!

FO



 !"#$% #&'($&*&+,-
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/

/
/

/

/

/

/

/

/

/
/

/

/

/

/

/

/

/
-0,0 -0,1 -0,2 -0,3

-1,0 -1,1 -1,2 -1,3

-2,0

-2,1

-2,2 -2,3

-3,0 -3,1 -3,2

-3,3

 !"#$% 012 3 4#$'5& '#6789, 7:#9;: 78 67&8# 7& ($ <%8#& 01/

!69&+, (&- 7&8= &+-&*>(&- 7?:,$,- Sdiv ⊂ S
2
b &, Sconv ⊂ S

2
b ,&(- @8&

Sdiv =
{
si,i ∈ S

2
b : ∃ (u, v) ∈ T 2

b , u 6= v, ,&( @8& σ(u) = σ (v) = si
}
, A01BC

Sconv =
{
si,i ∈ S

2
b : ∃ (u, v) ∈ T 2

b , u 6= v, ,&( @8& τ(u) = τ(v) = si
}
. A01DC

Sdiv &-, (?&+-&*>(& 7&- :,$,- 7& Γ2
b 76+, (&- $#- -6#,$+,- -6+, 6*'6-:- 7& '$9#&- 7&

,#$+-9,96+- 79-,9+,&- 7$+- T 2
b &, @89 79;&#%&+, 7?8+ *E*& :,$, 7$+- Sb1 F+ #&%#68'&

(&- :,$,- 7& Sdiv 7$+- 8+ -&8( :,$, sin $;& -&8(&*&+, 7&- $#- -6#,$+,-1 Sconv &-,

(?&+-&*>(& 7&- :,$,- 7$+- Γ2
b 7$+- (&@8&( (&- $#- &+,#$+,- -6+, 6*'6-:- 7& '$9#&-

7& ,#$+-9,96+- 79-,9+,&- 7$+- T 2
b &, @89 6+;&#%&+, 7$+- (& *E*& :,$, 7?$##9;:& 7$+-

Sb1 F+ #&%#68'& (&- :,$,- 7& Sconv 7$+- 8+ -&8( :,$, sout $;& -&8(&*&+, 7&- $#-

&+,#$+,-1 G$+- ($ <%8#& 012H Sdiv = {s0,0, s2,2} &, Sconv = {s0,0, s2,2}1

I?&+-&*>(& 7&- $#- {e = (u, u) : u ∈ Tb} 7$+- Γ2
b 6##&-'6+7 J 7&- '$9#&- 7&

5&*9+- @89 +?6+, K$*$9- 79;&#%:H '$# 6+-:@8&+, -&(6+ ($ 7:<+9,96+ 21/LH &, &+M

N.



 !"#$! %!  !&' (' )*+$! (,)& *&,)-!& dlibre. /+ ,% &!"($'! 1'% Γ2
b $! 2*'* Sdiv !*

Sconv ('& sin !* sout &! (!*+-!"!%*3 !* ,% !%$4-! $5!% !"#$! {e = (u, u) : u ∈ Tb}3

,% ,#*+!%* )%  !"#$% #!&'()* +&'),-3 1'% $!6)!$ sin ! * $52*'* +%+*+'$ !* sout ! * $52*'*

7%'$3 !* 6)+ ,%*+!%* *,) $! 8!"+% %2!  '+&! 9 $52-'$)'*+,% 1! dlibre. :! ;&'(8!

(&,1)+* ",1+72 ,#*!%) 9 ('&*+& 1) ;&'(8! (&,1)+* 1! $' 7;)&! <.= ! * (&2 !%*2 1'% 

$' 7;)&! <.<. :,& 6)5,% ('&,)&* $! ;&'(8! (&,1)+* ",1+72 1! $52*'* +%+*+'$ 9 $52*'*

>/?&'; &!($'!"!%* 

@

@

@
@

@@

@

@

@@

@

@

@

A

A

A A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

 in  0,1  0,2  0,3

 1,0  1,2  1,3

 

 2,0  2,1  2,3

 3,0  3,1  3,2  out

 !"#$% <.< B C&'(8! (&,1)+* ",1+72 121)+* 1) ;&'(8! (&,1)+* 1! $' 7;)&! <.=

7%'$3 $! (,+1 1! 8!"+% 1,%%!%* $! 1+ *'%! 1! D'""+%; 1'% U . E+% +3 *&,)-!&

dlibre &!-+!%* 9 12*!&"+%!& )% 8!"+% ,&+!%*2 !%*&! $52*'* +%+*+'$ 9 $52*'* 7%'$ '-! $!

($) (!*+* (,+1 1! D'""+%;.

FA



 !"! #$%&'( )(* )+*,%-(* (-,$( &%+$(*

 !" !#$$%&"'( )!*' $% +"!,-% ,".)&#/ 0.)#12( '# e1 %'/ &* -%0#* )#"%/ %*/"% sin

%/ si,j ( i 6= j( #$ %4#'/% !&''# &* -%0#* )#"%/ e2 %*/"% sin 5 sj,i /%$ 6&%

ℓ(e1) = ℓ(e2) et wH(e1) = wH(e2). 789:;<

=%# %'/ )& !& >!#/ 6&% d %'/ '?02/"#6&% ,!" "!,,."/ 5 '%' !"+&0%*/'9 @%' -%0#*' e1

%/ e2 )!*' $% +"!,-% ,".)&#/ 0.)#12 '.*/ 26&#A!$%*/' %* /%"0% )% ,.#)' )% B!00#*+9

 !" %4%0,$% '&" $% +"!,-% ,".)&#/ 0.)#12 )% $! 1+&"% 898( $% -%0#* e1 %*  !"# $

%*/"% $C2/!/ sin %/ $C2/!/ s1,2 D %/ $% -%0#* e2 %* %&!' !(()$ %*/"% $%' 2/!/' sin %/ s2,1 '.*/

/.&' $%' )%&4 )% $.*+&%&" 2 %/ )% ,.#)' wH(e1) = wH(e2) = 1 %/ '.*/ 26&#A!$%*/'9

E#*'#( $! .0,$%4#/2 )% "%-%"-% )& ,$&' .&"/ -%0#* ,%&/ F/"% "2)&#/% %* )21G

*#''!*/ $% *"+%,# -#$ -!$ +'#$ #' "# %+!"#$ 7HI < 6&# .*/#%*/ &* '%&$ -%0#* ,.&"

/.&/% ,!#"% )% -%0#*' 26&#A!$%*/' )!*' $% +"!,-% ,".)&#/ 0.)#129  .&" .*'/"&#"%

% +"!,-%( $%' )%&4 2/!/' si,j %/ sj,i )!*' $% +"!,-% ,".)&#/ 0.)#12 '.*/ >&'#.**2'

%/ "%0,$!2' ,!" &* '%&$ 2/!/ sν,γ 7ν = min(i, j), γ = max(i, j)< )!*' $% +"!,-% )%'

)#'/!*%' %*/"% ,!#"%'( %/ $%' )%&4 !"' ."#%*/2' (u, v) %/ (v, u) 7!A% u ∈ Tb %/ v ∈ Tb<

)!*' $% +"!,-% ,".)&#/ 0.)#12 '.*/ "%0,$!2' ,!" &* '%&$ !" )!*' $% +"!,-% )%'

)#'/!*%' %*/"% ,!#"%'9

 !" .*'26&%*/( /".&A%" dlibre !A% % HI "%A#%*/ 5 /".&A%" &* -%0#* ."#%*/2

%*/"% sin %/ sout !A% $% ,$&' ,%/#/ ,.#)' )% B!00#*+9 J* /-2."#% )%' +"!,-%'( %# %'/

.**& '.&' $% *.0 )% %"&/(01# -2 %(2$ &2" ,#1!' %/ ,%&/ F/"% "2'.$& %K!%0%*/

!A% $C!$+."#/-0% )% I#LM'/"! NHOPQ℄( ,&#'6&% /.&' $%' ,.#)' '.*/ *.* *2+!/#>'9

@! 1+&"% 89Q "%,"2'%*/% $% HI !''.#2 !& +"!,-% ,".)&#/ 0.)#12 )% $! 1+&"% 8989

@% *.0S"% )C2/!/' |SGDP| %/ $% *.0S"% )C!"' |TGDP| )!*' $% +"!,-% )%' )#'/!*%'

%*/"% ,!#"%' 7HI <( '.*/

|SGDP| =
|Sb| × (|Sb| − 1)

2
+ 2, 789::<

|TGDP| =
|Tb| × (|Tb| − 1)

2
, 789:T<

|SGDP| %/ |SGDP| '.*/ $%' *.0S"%' 0!4#0&0 )C2/!/' %/ )C!"' !//%#*/' $."'6&% $C!$+.G

"#/-0% )% I#LM'/"! %'/ !,,$#6&2 '&" $% +"!,-% )%' )#'/!*%' %*/"% ,!#"% ,.&" !$&$%"

$! )#'/!*% $#S"%9

UT



sin

s1,2

s1,3 souts0,2

s0,3s2,3

s0,1

1

1

0

1

0

1

0

1

1

0

1

1

0

0

1

 !"#$%  !" # $% &'()*% +%, +-,.(/%, %/.'% )(-'%, +% *%1-/,

 !"!# $%&()& *&+ *,+(-.&+

2-3 /45, (664/, +7'-'% 8'-9:%1%/. 411%/. 6% &'()*% )'4+5-. 14+-;7 )45''(-.

<.'% 7.-=5%.7 +% .%66% ,4'.% =5% 6% ,)%.'% +% +-,.(/% +(/, 6% +41(-/% 4+% ,4-.

48.%/5 > )('.-' +?5/% @4/.-4/ &7/7'(.'-%! A%..% +%'/-9'% )45''(-. <.'% 7:(657% %/

5.-6-,(/. 5/% @4/.-4/ +% .'(/,@%'. ,B1846-=5%3 )(' %C%1)6%3 %/ 5.-6-,(/. 6( @4'156%

+5 &(-/ +% D(,4/ ED(,FG℄!

I45' %6(3 4/ (,,4-% > *(=5% (' e = (u, v) 5/ &(-/ g(e) +7;/- 411%

g(e) =







P ∗(σ(u))P (u)Dw (e) ,- σ(u) = σ(v),

P (u)Dw (e) ,- σ(u) 6= σ(v),
J !K L

4M D %,. 5/% :('-(86% ,B1846-=5% 5.-6-,7 )45' -/+-=5%' 6% )4-+, +% N(11-/& +5

*%1-/! O/,5-.%3 4/ ())6-=5% 6( @4'156% +5 &(-/ +% D(,4/ %/.'% sin %. sout +(/,

6% &'()*% )'4+5-. 14+-;7 )%'1%..(/. +?48.%/-' 6( @4/.-4/ +% .'(/,@%'. G(D)3 =5-

'%)'7,%/.% 6% ,)%.'% +% +-,.(/% +7;/- +(/, JP! PL!

 !" #$%&'(')*$+ ,- $%&/-0)12

A411% /45, 6?(:4/, +7Q> )'7-,73 5/% 17.*4+% (6.%'/(.-:% )45' (656%' 6( +-,R

.(/% 6-8'% %,. )'7,%/.7% +(/, ESTUVWX℄! A%..% 17.*4+% ( 7.7 +7:%64))7% )45' 6%,

4+%, ('-.*17.-=5%, 4/Q4-/.,3 1(-, %66% )%5. ,?())6-=5%' > .45, 6%, 4+%, > 7.(., ;/-,

> 64/&5%5' :('-(86% Y 6%, 4+%, > 7.(., ;/-, > 64/&5%5' ;C%, ,4/. +%, (, )('.-56-%',

G 



 !" $ !" % &'('" )*+" % ,$*-.!./ 0(/+(1,!2

3$./ ! (,.,  ! ,(  +"'(*! ,+1/!4 56789:;℄ .'+,+"! .*! =('/+! '/+> +=!*"+$*>

*!,,!  &)*+! $==!∆n = (dk,i,j)4 $? dk,i,j !"' ,(  +"'(*! =+*+=(,!  ! @(==+*- !*'/!

'$.'!" ,!" A(+/!"  ! B!=+*"  ! ,$*-.!./ n  (*" ,! $ !./ % &'('" )*+" "C*B/$*+"&

1+'" D.+ A(/'!*'  ! ,E&'(' sk !' )*+""!*' /!"A!'+0!=!*'  (*" ,!" &'('" si !' sj "(*"

(0$+/  &F% $*0!/-& G !' n !"' ,( ,$*-.!./  !" B!=+*"2 H!''! =&'B$ ! !"' +'&/('+0!

"./ ,( ,$*-.!./ n  . B!=+*2 I,,! $=A(/! ,!" B!=+*" A$./  !" ,$*-.!./" (,,(*'

F."D.E% nlibre4 D.+ !"' ,( ,$*-.!./ % A(/'+/  ! ,(D.!,,! '$.'!" ,!" A(+/!"  ! B!=+*"

D.+ *E$*' A(" !*$/! $*0!/-&  (*" .* =J=! &'(' "$*' % .*!  +"'(*!  ! @(==+*-

".A&/+!./! $. &-(,! % ,(  +"'(*! ,+1/!2

I* A/('+D.!4 ,E+=A,&=!*'('+$*  ! ,E(,-$/+'B=!  ! 56789:;℄ *&!""+'!  ! )K!/

.*! 1$/*! ".A&/+!./! nmax "./ n A$./ ,E!K&.'!/  (*" .* '!=A" )*+2 L+ nmax !"' '/$A

A!'+'4 +, *E!"' A(" -(/(*'+  ! '/$.0!/ ,( 0/(+! 0(,!./  ! dlibre2 H! D.+ A!.' (//+0!/ (0!

,!" $ !" ('("'/$AB+D.!"4 A.+"D.! !" $ !" $*'+!**!*'  !" A(+/!"  ! B!=+*" % .*!

 +"'(*!"  ! @(==+*- )*+! !' D.+ *! $*0!/-!*' F(=(+" !*'/! !.K2 M( $=A,!K+'&  !

!''! =&'B$ ! !"'  ! O(nmax × |Tb|
2 × |Sr|)2

M( A+/! $=A,!K+'& !* (AA,+D.(*' ,E(,-$/+'B=!  ! N+FO"'/( "./ ,! -/(AB!  !"  +">

'(*!" !*'/! A(+/!" PQN3R !"' |SGDP|
22 S0! .*! +=A,&=!*'('+$* =!+,,!./! .'+,+>

"(*' ,!" '("  ! T+1$*(+4 ,( $=A,!K+'& A!.' J'/! /& .+'! % O(|TGDP| + |SGDP| ×

log(|SGDP|))2

ME!K+"'!*!  E.*! A(+/!  ! B!=+*" ('("'/$AB+D.! +=A,+D.! .* +/.+'  ! A$+ "

*.,  (*" ,! -/(AB! A/$ .+' !' 0+!>0!/"(2 3(/ !K!=A,!4  (*" ,( )-./! U2V P(R ,!"

"&D.!*!" $1'!*.!" A(/ (s0, s1, s3, · · · , s3) !' (s0, s2, s4, · · · , s4) "$*' % .*!  +"'(*!

 ! @(==+*-  ! .*2 ME(,-$/+'B=!  ! N+FO"'/( *E( A("  ! A/$1,W=!  ! '!/=+*(+"$*

(0! !" $ !" (/ A!* (*' ,! A/$!""."4 B(D.! (/ *E!"' !KA,$/& D.E.*! "!.,! X$+"

(. =(K+=.=2

Y*! (.'/! =&'B$ ! D.+ (,.,!  +/!'!=!*' ,! "A!'/!  !  +"'(*! P (*" ,!  $>

=(+*! $ !R  !" $ !" % &'('" )*+" % ,$*-.!./ 0(/+(1,! !* .'+,+"(*'  !" =('/+!"

% ,( A,(!  E.*! X$*'+$*  ! '/(*"X!/' "./ .* -/(AB!  ! Z.!*! !"' A/$A$"&!  (*"

589[:℄2 N(*" !''! =&'B$ !4 ,!" $!\+!*'" Ad  ! ,( "&/+! X$/=!,,! G(D)4 PA$./

0 6 d < ∞ 0$+/ P]2U[R !' P]2U]R % ,( A(-! VVR "$*' (,.,&" .* % .*2 ME+* +!  .

A/!=+!/ $!\+!*' *$* *.,  $**! ,(  +"'(*! ,+1/!2 M( =&'B$ !  (*" 589[:℄ .'+,+"!

.*! +*0!/"+$*  ! =('/+! (0!  !" =('/+!"  ! '(+,,! |Sb|2 × |Sb|2 A$./ (,.,!/ ,!"

^_



!"#$"%&'( )% *&$+$',%& -,. "/"0-+" +12+$0$%,&$!% 3" 4,*''5 "&&" 02&6!3" 7 *%

!0-+"/$&2 3" |Sb|4×3(

8"&&" 02&6!3" "'& &.9' "#," -*$':*1"++" -".0"& 31!;&"%$. +"' <.,$"' <,+"*.'

3"' !"#$"%&'5 3!% +, <.,$" <,+"*. 3" dlibre5 0,$' "++" ."'&" &.9' !0-+"/" -!*.

"="&*". *%" ."6".6" 3" !3"( 8,. -!*. "&&" ."6".6"5 !% , "% -."0$". +$"*

;"'!$% 3" ,+*+". ,''"> .,-$3"0"%& dlibre ? !% , ;"'!$% %$ 3" Adlibre %$ 3* ."'&" 3*

'-"&."( @.5 +, 02&6!3" 32A%$" 3,%' BCDEF℄ .$':*" 3" ,+*+". *% ".&,$% %!0;."'

3" &".0"' Ad H1 6 d < dlibreI ,<,%& 3" &.!*<". Adlibre5 3!% "++" ."'&" !0-+"/"(

JKL.,M ."-+,"0"%&'

F
F

E'0 '1

'2

'3

'4

FNF

 ! 

"!#

"!#

##! 

  ! 'in '1,2 '3,4

H,I H;I

 !"#$% O(P Q R2;*& 31*% !3"*. 7 2&,&' A%$' 'S%6.!%$'2 ;$& ,''!$2 7 *% !3"

,&,'&.!-6$:*" H,I "& 32;*& 3* M.,-6" 3"' 3$'&,%"' "%&." -,$."' !.."'-!%3,%& H;I

 ! "#$&'()#$

R,%' " 6,-$&." %!*' ,<!%' -.2'"%&2 !00"%& +"' 02&6!3"' 3" L!%&$!% &.,%'L".&

2&,;+$"' '*. M.,-6" -!*. +"' !3"' 7 +!%M*"*. A/" -"*<"%& T&." M2%2.,+$'2"' -!*.

,+*+". +, 3$'&,%" +$;." 3"' !3"' 7 2&,&' A%$' 7 UV( U, 02&6!3" .2'*+&,%&" "'&

&.9' "#," !0-,.2" ,*/ 02&6!3"' -.223"%&"' H+" 6,-$&." W -.2'"%&" +"' .2'*+&,&'

"/-2.$0"%&,*/I "& %1, ,**% -.!;+90" -!*. &.,$&". +"' !3"' ,&,'&.!-6$:*"'(

WP



  



 !"#$%&' (

)*&+', ,-& .', /$,%"+', .$1&', /',

*/', *+2*$+%,

 ! "#$%&'( '( )(%()%( '( &'(+ ,)#+(-$#( !. %!,/$)( 0 )(,&+( +.) 1(+ -&$/&-+

'( !"# $!$%&#'#($ )("*$#+')(*2 '( !"# ,%+$)#&&#'#($ "*$#+')(*3&. !"# )(!',&#$4

($ '( !"# $!$%&#'#($ "*$#+')(* 3&. !"# !',&#$4 5 !/-+/ 6.( +.) '(+ 7&)-(+ +.) 1(+

'/+$!-(+ 1/7)(+ '( (+ &'(+ ,!)$/(11("(-$ &. $&$!1("(-$ '#$()"/-#+8

 ( ,!)!9)!,%( :8; /-$)&'./$ (+ -&$/&-+ '( &'(+ ,!)$/(11("(-$ &. $&$!1("(-$

'#$()"/-#+8 <-+./$( -&.+ =!/+&-+ .- 7)(= )!,,(1 +.) 6.(16.( 7&)-(+ +.) 1! '/+$!-(
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 !"#$%&'!  ! "#$ %& cji  #'" #''$ )

 !"#$%$&# '() *' +,- #'.#!'" /01"!&%%&2&'" #$ "#"0%&2&'" 34"&12!'4 C1 & "  !(

 )&" 35$' 0$"1& +,- #'.#!'" /01"!&%%&2&'" 34"&12!'4 C0 6'#"4 C0 ≺ C17  5!% & "

#8"&'$ &'  /4!90'" :$&%:$& #$ "#$ %& 8!" !'34"&12!'4 3& 2#" 3& #3& 3& C0)

*+!,-.! '(/ ;#!" %0  #$1& X3 < =0%&$1 30' %50%/>08&" A3 0$:$&% #' 0  #!& %&

=&"&$1 3& ?10@" ℓ3 = (1, 2, 3)) +#' !341#' %& 3!"!#''0!1& C03 = {c
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2, c

1
3c
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2
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3c
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1
3c

2
3c

3
3} &" C33 = {1, 01, 001}) C03 & " $' 3!"!#'B

'0!1& "#"0%&2&'" !'34"&12!'4A C13 &" C23  #'" /01"!&%%&2&'" 34"&12!'4 &" C33 & " %$!

"#"0%&2&'" 34"&12!'4) C01 0!%%&$1 A #' 0 C03 ≺ C
1
3 /$! :$&A C13 /&$" D"1& #8"&'$ &'  /4B

!90'" %& /1&2!&1 2#" 3& #3& 3& C03 ) ,& 3!"!#''0!1& C23 /&$" D"1& #8"&'$ &'  /4!90'"

%& /1&2!&1 2#" 3& #3& &" %& /1&2!&1 8!" 3$ 3&$E!F2& 2#" 3& #3& 3$ 3!"!#''0!1&

C03 A 3#' C03 ≺ C
2
3 ) G& 2D2&A %& 3!"!#''0!1& C33 /&$" D"1& #8"&'$ &'  /4!90'" "#$ 

%& 8!" 3& C03 A 3#' C03 ≺ C
3
3 ) H' 0 0$  ! C13 ≺ C

2
3 01 C23 & " #8"&'$ &'  /4!90'" %&

/1&2!&1 8!" 3$ 3&$E!F2& 2#" 3& #3& 3& C13 ) I0! C13 ⊀ C33 &" C23 ⊀ C33 01 %& /1&2!&1

2#" 3& #3& 3& C33 & " 3!J41&'" 3$ /1&2!&1 2#" 3& #3& 3& C13 &" 3& C23 )

 !"!# $%&' ()*+,-.+*/0' %23%*2+ 4()+*'55'-'2+ %0 +%+(5'-'2+

&.+')-*2.

 !"#$%$&# '(0 *' #3& 01!">24"!:$& 6+K7 #'.#!'" "*"+,#%#'"  !"#$%&'! & " $'

#3& 3#'" %& #3&$1 < 4"0" 9'! 6+LM7 :$! 341!"  #' /1#&  $ 3& #30N& & " $'

+)"*%+"# *%.,#"A 5& "B<B3!1& $' 0$"#20"& 0/08%& 35&'#3&1 "#$"&  4:$&'& 3& %0

 #$1&) *' +K #'.#!'" .+$"&#,,#%#'"  !"#$%&'! & " 341!" /01 $' +)"*%+"# &'*%(

.,#" :$! & " $' 0$"#20"& 0O0'" $' #$ /%$ !&$1 4"0" "&12!'0$E  0' "10' !"!#' 

 #1"0'"& A 30' %& :$&% %& #30N&  5011D"&)
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,;!"+" s1 #9" )' !"+" "#$%&'+, < ,+ 01)$# 234 5=6 $#.$!9#'"# )' +)"*%+"# &'*%.,#"

 +'9 ,#:)#, ,;!"+" s2 #9" )' !"+" "#$%&'+, #" ,+ 01)$# 234 56 $#.$!9#'"# )' +)"*%+"#

*%.,#"3

>#9 !"+"9 "#$%&'+)? 9*'" '*%%!9  +'9 ,+ 9)&"# 4"0" '#' &E/%#143 @' +)"*%+"#
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 !"# $!% %&'(!"!% $! *$! + ,*"-(!(. /"0"/!1 2(33*%*"% '(! ,! !"# $%&'(#))#*#+'

",'#&*(+, C0 = C(Γ0, s0) *"#/!""! !% %&'(!"!% 40"/!% *( /"0"/!%51

 !"#$%$&# '(' -% "(.'%+# )(/&# %..!(,# 0 1+ 234 (+!*$)#' #.' )% "(.'%+# *(5

+(*%)# "# 6%**(+7 #+'&# '!1'#. )#. $%(&#. "# .,81#+# "# .!&'(# "(.'(+'#.9 81(

.!+' .!(' "# )!+71#1& (+:+(#9 .!(' "# )!+71#1& ,7%)# #' %..!(,# 0 "#. ;#*(+. 81(

!+<#&7#+' "%+. )# *=*# ,'%' >'!1. )#. ;#*(+. $%&'#+' "# )?,'%' s0@A B?() +?#C(.'#

$%. "# $%(&#. "# ;#*(+. >"# )!+71#1& :+(#@ !+<#&7#%+' "%+. 1+ *=*# ,'%' !1 >"#

)!+71#1& (+:+(#@ 81( !+<#&7#+' 0 1+ (+.'%+' "!++, "%+. 1+ *=*# ,'%'9 )% "(.'%+#

)(/&# #.' (+:+(#A

 !"#$%$&# '() D+ %1'!*%'# (+!*$)#' !1 !*$)#' Γ1 #.' $&$(/# "?1+ %1'!*%'#

(+!*$)#' .?() #.' !/'#+1 #+ #C$)!&%+' >#+ %E!1'%+' )#. ,'%'. .1#..#1&.@ 1+ !1 $)15

.(#1&. ,'%'. '#&*(+%1C "# Γ0 >$%& !+.,81#+'9 )# 7&%$;# Γ0 #.' 1+ .!1.57&%$;# "#

Γ1@ FGHIJ℄A B!(' C0 #' C1 )#. "#1C !"#. 7,+,&,. &#.$#'(<#*#+' $%& Γ0 #' Γ19 %)!&.9

C0 ≺ C1A

-% :71&# JAL >%@ &#$&,.#+'# 1+ %1'!*%'# (+!*$)#' "%+. )#81#) )?,'%' s2 #.' 1+

,'%' '#&*(+%) #' )% :71&# JAL >/@ &#$&,.#+'# 1+ %1'!*%'# !*$)#' ","1(' "# )?%1'!*%'#

"# )% :71&# JAL >%@A

(a) (b)
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<:;
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;:9<:9

 !"#$% =1; > ?@! 3,! $A(" 8(#* 8#! /"* 3,!# 485 !# (" 8(#* 8#! * 3,!# 4B5

$&$(/# $! ,A8(#* 8#! 485

C! 78/# '(! C0 ≺ C1D / 3,/'(! '(! #*(% ,!% &,& !"#% $8"% C0 %*"# 3.&0@!% $A&,& !"#%

$8"% C11 2*/!"# d
(0)
libre !# d

(1)
libre ,!% $/%#8"!% ,/B.!% .!%3!#/E!% $! C0 !# C11 2/ C0 ≺

C1D ("! 3.*3./&#& / 3*.#8"#! '(/ %(/# $/.!#! !"# $!% $&0"/#/*"% F1;= !# =1= 4E*/.

38-!% GG !# HI .!%3!#/E! !"#5 !%# '(! d(0)libre !%# ("! B*."! %(3&./!(.! $! d
(1)
libre1

*!++! '(, B!(#+' C0 #' C1 "#1C !"#. >(+!*$)#'.@ "# '#) .!&'# 81# C0 ≺ C1A M)!&.

dlibre(C0) > dlibre(C1). 4=1;5
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 !" $%&'()*%+, -$"& .) /"$*&&)& .* .'.)+0$% .* $.*, -! .0&+!%* -01"* %* /*)+

()* .'"$0+"* $) "*&+*" -! 232*4

 !" #$%&'$%( )*+,%( %-.(/0,/%(

5*& 1$"%*& &$%+ 0&&)*& .*& $.*& .* !%!- *% 1-$ $) $%6$-)+07&4

 !"!# $%&'( )( *+%,-.'

5$%&0.'"$%& )% $.* *% 1-$ 8%$%9-0%'!0"* C(n,M, d), $: n *&+ -! -$%;)*)" .*

1-$, M *&+ -* %$21"* .* 2$+& .* $.*, *+ d *&+ -! .0&+!%* .* <!220%; 20%02!-*

.) $.*4  $)" M > 1, -! 1$"%* &)/'"0*)"* .*  -$+=0% > -$?@, A!-?B℄ /"$.)0+

d 6 d̄ (n,M) =

⌊
nM

2(M − 1)

⌋

, 8D4E9

$: ⌊x⌋ *&+ -* /-)& ;"!%. *%+0*" 0%7'"0*)" $) ';!- F x4  $)" M ∈ {0, 1}, $% .'G%0+

d̄ (n,M) =∞4

8D4E9 2$%+"* ()* -! 1$"%* .*  -$+=0% %* %'*&&0+* /!& .* $%%!0+"* -*& 10+& .*&

2$+& .* $.*, 0- &)H+ I)&+* .* $%%!0+"* -* %$21"* .* 2$+& .* $.* *+ .* -*)"

-$%;)*)"4

 !"!" $%&'( )( /(++(&

<*--*" ! )+0-0&' -! 1$"%* .*  -$+=0% /$)" 7$)"%0" )%* 1$"%* &)/'"0*)"* .* -!

.0&+!%* -01"* .*& $.*& $%6$-)+07& >JKLL, 5M!/4 N4O℄, *% $2/+!%+ -* %$21"* .*

&'()*%*& ()0 /!"+*%+ .* -P'+!+ Q'"$ *+ 2R%*%+ .!%& -* 232* '+!+4 S! 1$"%* .*

<*--*" &P'+*%. F .*& $.*& +"*0--0& %$% -0%'!0"*& ()0 6!"0*%+ .!%& -* +*2/& *+ ()0

;'%R"*%+ )% %$21"* GT* .* 10+& /!" +"!%&0+0$%&, 2!0& %* &P'+*%. /!& 022'.0!+*2*%+

!)T $.*& F '+!+& G%0& F -$%;)*)" 6!"0!1-*, ()0 0%-)*%+ -*& 5SU $%I$0%+& *+ -*& 5V

$%I$0%+&4 5*0 &*"! 7!0+ !) /!"!;"!/M* D4N4E4

 !"!0 $%&'(1 )( $2,,.3.(3 4%2& +(1 5671

 $)" )% $.* F -$%;)*)" 6!"0!1-* C = {c1, c2, . . . , cM} +$+!-*2*%+ .'+*"20%',
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 ! "#  !"#$%' (!%!($)' *)+,$)' -$. ,)+ db $%&'() *#+

db = min
{
dH(ci, cj) : (ci, cj) ∈ C

2
M , i 6= j  ! ℓi = ℓj

}
. "#$%&

'$ ()  !"#$%' (!%!($)'  !*'+,'%#' dd *+,-. /)0

dd = min
{
Dd(ci, cj) : (ci, cj) ∈ C

2
M , ℓj < ℓi

}
, "#$#&

2 3!454*.0 6) 7)6 80 9.-.9)6 * !:8! 3 6 3 *.3!)- 3 *.7 0; -! 3  -!0 !:8! 3

6 3 /).0 3 /:33.<6 3 * 9:!3 * :* * 6:-;8 803 *.=+0 -! 3$ >:80 * 8? 9:!3 * 

:* ci  ! cj ! 6 @8 lj < liA 6)  !"#$%'  !*'+,'%#'  3! *+,-. :99 Dd(ci, cj) =

dH(c
1
i · · · c

ℓj
i , c

1
j · · · c

ℓj
j )$

%$ ()  !"#$%' (!%!($)' -%*'+,'%#'A dc *+,-. /)0 B

dc = min
{
Dc(ci, cj) : (ci, cj) ∈ C

2
M , ℓj < ℓi

}
, "#$C&

@8.  3! 6) 7)6 80 9.-.9)6 * !:8! 3 6 3 *.3!)- 3 :-7 0; -! 3  -!0 !:8! 3 6 3

/).0 3 /:33.<6 3 * 9:!3 * :* * 6:-;8 803 *.=+0 -! 3$ ()  !"#$%' -%*'+.

,'%#'  -!0 * 8? 9:!3 * :* (ci, cj) ∈ C2M ! 6 @8 lj < li  3! *+,-. :99 B

Dc(ci, cj) = dH(c
ℓi−ℓj+1
i · · · cℓii , c

1
j · · · c

ℓj
j )$

D 6) 68. / 09 ! *2:<! -.0 62 -)*0 9 -! 38.7)-!

min(db, dd + dc) 6 dlibre 6 db. "#$E&

F. min(db, dd + dc) = dbA )6:03 :- ) 6) *.3!)- 6.<0  ?)! $ >:80 6 3 :* 3 :G

!:83 6 3 <.!3 - 3:-! /)3 3/+.,+3A  !! <:0- -2 3! /)3 *.0 ! 9 -! )//6.)<6 $

 !" #$%&'( ()% *+ ,-(.+&' *-0%' ,'( $,'( $&1$-&.(

D /)0);0)/H /0+3 -! @8 6@8 3 <:0- 3 380 6) *.3!)- 6.<0 * 3 :* 3 :-I:.-!3$
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 ! !"#$%"$$#' "#$ %&'$ "# &"# "#  &)*+#+, r- .#$'/0/"1,#  # )&%2,# ".3 3%#)'$ "!)$

ℓ 3*!+4 0 r5 6) !77 18+# 9:5;< !+4 &"#$ #) 2 & Cr(r,Mr, dr)- 91 6 r 6 L<- # 8+1

7#,%#' ".&2'#)1, +)# 2&,)# 7&+, =!8+#  &)*+#+, "# %&' "# &"#5 >)# #4'#)$1&)

"#  ! 2&,)# "# ? &'@1) #$' ! &,$

d̄ !"#$%! (ℓ) = min
16r6L

d̄ (r,Mr) , 9:5A<

#' &) !

dlibre 6 d̄ !"#$%! (ℓ) . 9:5B<

 !"#$%" &'( ()$# "* +*#*!, -* .,/0# ℓ = (2, 3, 5, 5)1 23 / M0 = M1 = M4 = 04

M2 = M3 = 14 *# M5 = 21 56/%%"$/#$)3 -* "6*7#*38$)3 -* "/ 9),3* -* :")#;$3 <

ℓ )3-!$# < d̄ ! (ℓ) = 54 /"),8 =!6)3 %*!#  )3#,*, =!* "/ -$8#/3* "$9,*  /7$ /"*

,'/"$8/9"* /+* ℓ *8# dlibre = 21

C1#) 8+# #''# %3'=&"# 7#,%#' ".!D&1, +)# 2&,)# $+73,1#+,# "#  ! "1$'!)#  12,#

#) ).+'1 1$!)' 8+#  # D#'#+, "# E,!F'-  ! 2&,)# #$' )&) ',1D1! # 8+# $.1 #41$'# 7 +$1#+,$

%&'$ "# &"# "#  &)*+#+, 3*! #- #' #  # $#,! #) *3)3,! F!12 # 7+1$8+.#  # )# 7,#)"

7!$ #) &%7'#  #$ $38+#)#$ "# %&'$ "# &"# "#  &)*+#+, $+73,1#+,# 0 L- .#$'/0/"1,#

"#$ $38+#)#$ &2'#)+#$ 7!, &)!'3)!'1&) "# %&'$ "# &"#5

 !"!# $%&'()*+( ,' -. /+0(' ,' 1'--'0

G! 2&,)# $+73,1#+,# "# H#  #, $+,  ! "1$'!)#  12,# "#$ &"#$ &)D& +'1F$ ,#7&$#

$+,  # "3&%7'# "#$ $38+#)#$ "# &"# "#  &)*+#+, n5 I# )&%2,# #$' #)$+1'# 1)$3,3

"!)$  ! 2&,)# "# ? &'@1) JKLMM- I=!75 N5O℄5 I# 7!,!*,!7=# 3'#)"  .!77,&=# "# H#  #,

!+4 &"#$ 0 3'!'$ Q)1$ 0 GR$ 8+1 1) +#)'  #$ IGR &)S&1)'$ #' IT &)S&1)'5

U&1' Γ(S, T )  # &"#+, 0 3'!'$ Q)1$ 0  &)*+#+, D!,1!2 # !$$&13 !+ &"#$ 0  &)*+#+,

D!,1!2 # !D# S 3'!'$5 6) 7&$# S = {0, . . . , S − 1} $!)$ 7#,'# "# *3)3,! 1'35 U#+ #  !

 &)*+#+, #) 21'$ "# $&,'1# "# =!8+# ',!)$1'1&) ! 2#$&1) ".V',# &))+# 7&+, &%7'#,

 # )&%2,# "# $38+#)#$ "# &"# "#  &)*+#+, n5 U&1' L  !  &)*+#+, %!41%! # #) 21'$

"# $&,'1# "#$ ',!)$1'1&)$ "!)$ T W

L = max
u∈T

ℓ(O(u)). 9:5M<

?&+,  #$ IGR$ &)S&1)'$ S = 1 #' L = max(ℓ1, ℓ2, . . . , ℓM)5
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 !"#$%&'!"# ()# *+,'$)# . /+()0'# )",$1')# Ar ∈ NS×S 2 1 6 r 6 L 30$ !*4,)",

() "!*5') %) ,'+"#$,$!"# %) (!"60)0' r2

(Ar)i,j = |{u : ℓ(O(u)) = r ), σ(u) = i ), τ(u) = j}| . 789:;<

=>&(&*)", (Ar)i,j !*4,) () "!*5') %) ,'+"#$,$!"# )",') (>&,+, i ), (>&,+, j +/) 0")

(!"60)0' )" 5$,# %) #!',$) &6+() . r9 ?!0' 0"  =@ !"A!$",2 Ar #) '&%0$, . 0" #+(+$')

30$ ')4'&#)",) () "!*5') %) *!,# %) !%) %) (!"60)0' r9

=) /),)0' ($6")mn ∈ NS !",$)", ()# )",'&)# mn,s 30$ ')4'&#)",)", () "!*5') %)

#&30)")# %) (!"60)0' n 30$ !", !**) &,+, %>+''$/&) s2 s = 0, . . . , S−19 ?!0' n > 12

()  !#!$% &! '()#*+! mn 4)0, B,') )C4'$*& !**) 0") D!",$!" %)# /),)0'# %)

!*4,+6) 4'&&%)",#2 mn =
∑L

r=1mn−rAr2 ) 30$ 4)0, B,') &'$, !**)

mn = [mn−L, . . . ,mn−1]
[
AT

L . . . A
T

1

]T
. 789::<

=+ '&0'#$!" )#, $"$,$+($#& +/) () /),)0' [m−L+1, . . . ,m0] = [0, . . . , 0, ei]2 +/)

m0,i = 1 4!0' (>&,+, $"$,$+( i ), ,!0,)# ()# +0,')# )",'&)# &6+()# . E&'!9 F+$",)G

"+",2 789::< 4)0, B,') &,)"%0 4!0' +(0()' 0" ,-' %) L /),)0'# %) !*4,+6)

[mn, . . . ,mn+L−1] )" #) #)'/+", %0 4'&&%)", 5(! %) L /),)0'# %) !*4,+6)2 4)'G

*),,+", +$"#$ %) #0$/') () !*4!',)*)", #0' LG5(!9 H" !5,$)",

[mn, . . . ,mn+L−1] = [mn−L, . . . ,mn−1] · A, 789:I<

!J A )#, 0") *+,'$) %) ,+$(() LS × LS !*4!#&) %) LS × S 5(!# A(k)2

A =
[
A(0), . . . , A(L−1)

]
, 789:K<

!J

A(k) =

k∑

j=0

A→(k−j)Bj .

 ),,) %)'"$1') )C4')##$!" )#, +(0(&) . 4+',$' %0 5(! LS×S %) %&4+',2 [AT

L, . . . , A
T

1 ]
T2

%&+(& %) iS 4!#$,$!"# /)'# () 5+#2

A→(i) = [0, . . . , 0
︸ ︷︷ ︸

i  !"#

, AT

L, . . . , A
T

1+i]
T,

!J 0 ')4'&#)",) 0" 5(! %) S × S E&'!#9 L(() $*4($30) &6+()*)", (+ #!**) %) ,!0#

()# 4'!%0$,# %) Ar2 !**) (+ #!**) %)# $"%$)# %) j = 1, . . . , L− 12 %!""&) 4+'

Bj =
∑

(r1,...,ri):

r1+...+ri=j

Ar1 · . . . · Ari. 789:8<

MK



 ! "#$$% &'()'* %"+ ",- +#,+%" .%" /!-+0+0#1"  !" ##$%& 2% j %1 i %1+0%-" 1#13145!+06"

r1, . . . , ri &1#+%- 7,% Ark = 0 "80. 18%90"+% /!" 2% $#+" 2% #2% 2% .#15,%,- rk*(

 8#-2-% %"+ 0$/#-+!1+; /,0"7,% .! $,.+0/.0!+0#1 $!+-00%..% 18%"+ /!" #$$,+!+0<%

%1 5414-!.( =!- 24>10+0#1; B0 = IS; .! $!+-0% 02%1+0+4 2% +!0..% S × S(

?1 ,+0.0"!1+ &'()@*; #1 /%,+ !.,.%- +#," .%" 24#$/+%" A /!-+0- 28,1 4+!+ 2%

24/!-+ i 2% $!10B-% 0+4-!+0<% #$$% C

[
m(k−1)L+1(i), . . . ,mkL(i)

]
= [0, . . . , 0, ei]A

k, k = 1, 2, . . . &'()D*

 % 1#$E-% 2% "47,%1%" 2% .#15,%,- n 7,0 /!-+%1+ 2% .84+!+ i A .84+!+ j /%,+ F+-%

%9+-!0+ 20-%+%$%1+ 2% .! $!+-0% Ak #$$%

mn,j(i) =
(
Ak

)

(L−1)S+i, rS+j
, &'()G*

#H r = (n−1) mod L %+ k = (n−1− r)/L+1( =#,- .%" I J" #1K#01+"; %0 2%<0%1+

mn =
(
Ak

)

L−1, r
&.%" 0120%" #$$%1%1+ A L*(

 % 24#$/+% #E+%1, /%,+ F+-% 01"4-4 2!1" .! E#-1% 2% =.#+M01 /#,- /-#2,0-% ,1%

E#-1% ",/4-0%,-% ",- .! 20"+!1% .0E-%(

 !"#"$%&%"' ()* '#% %()%#&* # "% +, - !#% &./$!*%.!% "% 0%++%! &.! +, "*&),#%

+*-!% "%&  "%& 2 $),)& 3#*& 2 45& %&)

d̄helibre (ℓ) = min
0<n6nmax

min
i,j∈S

d̄p (n,mn,j(i)) , &'()N*

 6 nmax > L %&) 7 *&* %# 8 #)* # "%&  #)!,*#)%& )%9/& "% ,+.+:

 !+,-+.  8%1"%$E.% 2%" O%$01" 2% .#15,%,- n %1+-% ,1 %-+!01 4+!+ 2% 24/!-+ i

%+ ,1 %-+!01 4+!+ 28!--0<4% j 6#-$% ,1 #2% %1 E.# &1#13.014!0-%*; !01"0 .! E#-1%

2% =.#+M01 /%,+ F+-% !//.07,4%( P. -%"+% A $#1+-%- 7,% &'()D* #$/+% #--%+%$%1+

.% 1#$E-% 2% O%$01" mn,j(i); 8%"+3A320-% 7,8!,,1 O%$01 18%"+ #$/+4 2%,9 6#0"(

I8%"+ %Q%+0<%$%1+ .% !" 2!1" &'()@*; /,0"7,% .! 24>10+0#1 2% A→(i) !"",-% 7,% .!

+-!1"0+0#1 #12,0+ 2, E.#
[
m(k−2)L+1(i), . . . ,m(k−1)L(i)

]
!, E.#

[
m(k−1)L+1(i), . . . ,mkL(i)

]
; !.#-" 7,% Bj /-%12 %1 #$/+% .%" +-!1"0+0#1" !, "%01 2,

2%-10%- E.#(

I%++% +%O107,% /%,+ F+-% ,+0.0"4% /#,- #E+%10- 2%" E#-1%" ",- .! 20"+!1% $0103

$!.% 2% "O4$!" /-!+07,%" +-!1"$%++!1+ 2%" E.#" 2% .#15,%,- >10%; .#-"7,% .84+!+

N'



 ! " #$ %" $# $&!'(%() n *&!" &!!(* ,#) $% -.&-%()/ 01 $ !1%2 *"% #((! 3.#4

! *3% -% "%)3 !# *&!5 $% -.&-%() !% &!!# " ,#* $1."#"* 6!#$5 # !* $# 7&)!% -%4

8 %!" minj∈S d̄ (n,mn,j(i))/ 0 $%* 7$&* *&!" "%)3 !.* -#!* $1."#" j5 $# 7&)!% -%8 %!"

d̄ (n,mn,j(i))/ 9% 3&!")% $1 3,&)"#!% -1(! 3.#! *3% -% "%)3 !# *&! #,,)&,) .

#6! -1%3,:;%) $# - *"#!% 3 ! 3#$% -% 7$& -1:")%  !<.) %()% = $# - *"#!% $ 7)%

 !"#$%" &'(  !"# $% &'( !*+!"*# ,-% $% -%#%./ 0% 1/,2# 0% $3%4%56$% 789 :ℓ =

(2, 3, 5, 5); %# nmax = 58

<#,*# 0!**= >.% $% ?/,6@% 0. &'( 0,*A $% ,A $% 6$.A A"56$% *% !*#"%*# >.3.*

A%.$ =#,#B 6!./ #/!.-%/ $% *!5C/% 0% A=>.%*%A 0% 5D5% $!*?.%./ n >." 6,/#%*# 0.

5D5% =#,# %# >." ,//"-%*# 0,*A $% 5D5% =#,#B "$ A.E# 0% !56#%/ $% *!5C/% 0%

A=>.%*%A 0% 5!#A 0% !0% 0% $!*?.%./ n8

F!./ $% -%#%./ 0% 1/,2# 0!**=B $% *!5C/% 0% A=>.%*% 0% 5!#A 0% !0% 0% $!*G

?.%./ 1 >." 6,/#%*# 0% $3=#,# "*"#",$ %A# m1 = 0B %*A."#% !* , m2 = m3 = 18

'% *!5C/% 0% A=>.%*%A 0% 5!#A 0% !0% 0% $!*?.%./ 4 %A# m4 = 18 &%##% A=>.%*%

%A# !C#%*.% 6,/ $% 6/%5"%/ 5!# 0% !0% >." A% !*,#H*% I $."G5D5% :c1c1;8

'% *!5C/% 0% A=>.%*% 0% 5!#A 0% !0% >." 6,/#%*# 0% $3=#,# "*"#",$ %# 0% $!*?.%./

5 %A# m5 = 48 &% *!5C/% m5 !//%A6!*0 ,.4 0%.4 0%/*"%/A 5!#A 0% !0% 0% $!*?.%./

5B I $, A=>.%*% !C#%*.% %* !*,#=*,*# $% 6/%5"%/ 5!# 0% !0% %# $% 0%.4"H5% 5!#

0% !0% :c1c2; %# $, A=>.%*% c2c18

J* ,66$">.,*# $, C!/*% 0% F$!#K"* I m1B m2B m3B m4 %# m5B !* !C#"%*# d̄helibre = 3

:6!./ n = 5;B % >." %A# 6$.A 6/!@% 0% $3!6#"5.5 /=,$"A,C$% dlibre = 2 >.% $, C!/*%

0% $3%4%56$% 7898

>1%2"%!* &! -% $# 7&)!% -% ?%$$%) @A/BCD ,)%!- %! &3,"% -%* *.E(%!%* -% 3&"*

-% &-% %" ,%(" -&! #3.$ &)%) $# 7&)!% -% F$&"G ! @A/CD/ 9%,%!-#!"5 %$$% !% ,)%!-

,#* %! &3,"% $# &!- " &! -% ,).62%  3,&*.%   / >%* 7&)!%* -% F$&"G ! %" -% ?%$$%)

*&!" -&! &!*%)8#" 8%*/

 !"!" #$%&%'($%)* +, -.(/01 +1' +%'$(*1'

F&() (! 8%"%() -% H)#<" -&!!.5 &! ,%(" &!*")( )% (! - " &!!# )% "&"#$%3%!"

 !-."%)3 !. C0 -#!* $%E(%$ "&(* $%* 7 "* &!" -%* ." E(%""%* *I37&$ E(%* cji @8& )

,#)#')#,;% J/J/BD/ >%* #)* &) %!".* -( ')#,;% -%* - *"#!%* %!")% ,# )%* @KLFD

CM



 !"#$%& ' ()*"+* ,# C0 &#* $" -"+.%#"-& )/# 1) & 22# 2 ,%1 3 ,4-"+.%#""#& &52! 6

1+.%#&7 8# 9:; ,4%$ ,+"+ $$)+*# ()*"+#11#2#$" ,-"#*2+$- C1 ,-,%+" ,# C0 4#&"6'6,+*#

<C0 ≺ C1= )%*) 1) 2>2# &"*%"%*# .%# 1# 9:; ,# C0? )/# 1) ,+@-*#$# .%# #*")+$#&

< % " %"#&= -"+.%#""#& cji & $" ,-"#*2+$-#& ' >"*# 0  % 17

 !"#$%" &'& C1 = {0, 10, 111}  !" #$ %&"&($$)&* "(")+ , $" %-" *,&$- %($" + 

./0  !" * 1*-! $"- 1)* +) 23#* 4565

s2,3

s0,1

soutsin
s0,2

s0,3s1,2

s1,3

;AB*)C *#(1)#2#$"&

D

D

E

D

ED E

E

D

D

E E

D

E

D

 !"#$% F73 G 9:; ,# C0 = {0, 10, 111} , $" 1#  ,#%* ' -")"& H$+& &5$I* $+&- !+"&

#&" *#(*-&#$"- &%* 1) HC%*# 37DE <!= ' 1) ()C# JF

C0 = {c11, c
1
2c

2
2, c

1
3c

2
3c

3
3}  !" #$ %&"&($$)&* "(")+ , $" &$%-" *,&$- %($" + (% #*

7 -")"! 2$&! !8$9*($&!- !8,:(+  !" * 1*-! $"- 1)* +) 23#* 45; <)=5 >($ (% #*

7 -")"! 2$&! !8$9*($&!- :&"  !" * 1*-! $"- 1)* +) 23#* 45; <:=  " !($ ./0  !"

* 1*-! $"- 1)* +) 23#* 45; <= <?(&* 1)*)3*)19 ;5@ 1)3 AB 1(#* + ! %-")&+! % +)

($!"*#"&($ % ./0 7 1)*"&* %# (% #* 7 -")"! 2$&! !8$9*($&!- :&"=5

KL



s2,3

s0,1

soutsin
s0,2

s0,3s1,2

s1,3

s0

s0 s1

s2

s3

(a)

(b)

(c)

 !"#$% #&'($&*&+,-

a/c11

b/c12c
2
2

b/c13c
2
3c

3
3

a/c11

b/c12

−/c22
c/c13

−/c23

−/c33

c11 ⊕ c12

c11 ⊕ c13

c12 ⊕ c13

c12 ⊕ c22

c11 ⊕ c22c22 ⊕ c13 c12 ⊕ c23

c13 ⊕ c23

c11 ⊕ c23

c22 ⊕ c23

c13 ⊕ c33
c12 ⊕ c33

c11 ⊕ c13

c23 ⊕ c33

c22 ⊕ c33

 !"#$%  !" # $%&'() * +,-,. /01. .204)%01.+ .256%7' 8-9: %&'() * +,-,. /01.

.204)%01.+ 61, 869 ', ;<= &( %&' C0 = {c11, c
1
2c

2
2, c

1
3c

2
3c

3
3}

>>



 ! "#$% &'! %(') *!) +$%$(--#$.!) &'$ +/.$0!-% +! C0 1#.%#2!-% *# 343! )%.'5

%'.! +' 678 1!.3!% +9(:%!-$. '-! ;$/.#.;$! $3:.$&'/! +! :(.-!) )'1/.$!'.!) !%

$-"/.$!'.!) )'. *# +$)%#-! *$:.!<

 !"#$%&' ()*  ! "#$%& %' )!*$+ %! ",'& "!-$- "#$%& %! ./**$+0 #1-!+' /"23&

/4#$2 2!*",/5 ,65-$7'!--! %! )/7'! /2 $+%5-!2*$+5 %/+& ,! 89: %6'+ %$-$#+;

+/$2! "/2-$!,,!*!+- %5-!2*$+5 C0 "/2 0 <2!&"!-$4!*!+- 1= !&- '+! 1#2+! $+>52$!'2!

d !"libre (C
0) <2!&"!-$4!*!+- '+! 1#2+! &'"52$!'2! d

 !"

libre (C
0)= &'2 ,!& %$&-/+!& ,$12!&

%! -#'& ,!& ? @ #+A#$+-& %5%'$-& %! C0B ?! )!*$+ "!'- C-2! -2#'45 !+ '-$,$&/+-

,6/,0#2$-)*! %! 9$AD&-2/B

+$',-'.  # 1.!'0! !)% 1('. *# :(.-! $-"/.$!'.!= !**! +! *# :(.-! )'1/.$!'.! )'$%

*!) 343!) *$2-!)< >($% emin '- ;!3$- +! 1($+) 3$-$3#* +! *9/%#% s ! ? s"#$ +#-) *!

678 +! C0= *(.)&'! *!) /%$&'!%%!) $-+/%!.3$-/!) )(-% .!31*#/!) 1#. 0< >($% dmin
libre =

w%(emin)< @(-)$+/.(-) '- +$%$(--#$.! +/+'$% C1 ≻ C0= 1('. *!&'!* 1*') +9/%$&'!%%!)

+!) #.) )'. *! 678 )(-% )1/$A/!) (31#./ #' 678 +! C0< 8'$)&'! *!) /%$&'!%%!)

+!) #.) )(-% -(-5-/2#%$0!)= *! 1($+) +' ;!3$- emin -! 1!'% &'! .!)%!. *! 343! ('

#'23!-%!.< 8#. (-)/&'!-%= dmin
libre !)% '-! :(.-! $-"/.$!'.! )'. *# +$)%#-! *$:.! +! C

1<

B-! (-)/&'!-! +$.!%! +' %;/(.C3! D<E !)% &'! *!) :(.-!) )'. *# +$)%#-! *$:.!

+' +$%$(--#$.! +/+'$% C1 )!.(-% #' 3($-) #'))$ )!../!) &'! !**!) +' +$%$(--#$.!

(.$2$-#* C0 ≺ C1<

/#$#0012$' ()( E$ %!'F %$-$#++/$2!& C0 !- C1 &/-$&>#+- C0 ≺ C1G /,#2&

[

d !"libre (C
1), d

 !"

libre (C
1)
]

⊆
[

d !"libre (C
0), d

 !"

libre (C
0)
]

. FD<GHI

8*') $* #'.# +! :$%) )1/$A/) +#-) *! +$%$(--#$.! 1#.%$!**!3!-% +/%!.3$-/= 1*') *!)

:(.-!) "('.-$!) 1#. *! (.(**#$.! D<D )!.(-% 1.(;!) *!) '-!) +!) #'%.!)<

34'&50' ()6 E#$- ,! #%! -#-/,!*!+- $+%5-!2*$+5 C0 = {c11, c
1
2c

2
2, c

1
3c

2
3c

3
3} %#+- ,!

89: !&- 2!"25&!+-5! %/+& ,/ H0'2! IBJB K+ 2!*",/L/+- -#'& ,!& /2& $+%5-!2*$+5&

%! ,/ H0'2! IBJ "/2 0G #+ #1-$!+- d !"libre (C
0) = 0 "'$&7'! -#'& ,!& )!*$+& !+-2! s#$ !-

s%&' &#+- %! "#$%& +',B K+ 2!*",/L/+- -#'& ,!& /2& $+%5-!2*$+5& %! ,/ H0'2! IBJ "/2

1G ,! )!*$+ (s#$, s0,1, s%&') %#++! d
 !"

libre (C
0) = 2B

JH



 !"# $!" %&'( C1 $!' )*+'," )" C0- #./00#'/('&2 )! (3*&+45" 678 9 C0 &2)!'( 9

[

d !"libre (C
1), d

 !"

libre (C
1)
]

= [0, 2].  !"#$%

:'2%'- #/ )'%(/2" #';+" )" 2.'50&+(" $!"# &)" )*)!'( )" C0 /!+/ !2" ;&+2" %!0*+'"!+"

*</#" 9 2 /! 5/='5!57

 !"! #$%&'( ()% *+ ,-(.+&' *-0%' ,'( 123 $&4$-&.( 5%678'(

&'( )*+,-.'( .*01+'( 12.'((3( 4-30 -5+'610 .'( 5-06'( (30 78 .1(+86' 7150'

6' +1'66'6+ 48( '6 -)4+' .3 981+ :3;8336 )-+ .' -.' 6' 4'3+ <+0' 40*=>' .;36

83+0'" ?-3+ .1+1-66810' .;36 @&A -6B-16+ 40*=>' 4'3+ <+0' 0'40*('6+* 480 36 8050'

516810' *+1:3'+* .-6+ 7'( 9'3177'( -00'(4-6.'6+ 83> M (C)5-7'( (-30'(D .' +'7 (-0+'

:3' 7' )-+ .' -.' .;36 (C)5-7' 4'3+ <+0' 73 -))' 78 -68+*68+1-6 .'( *+1:3'++'(

516810'( .' 78 0816' E 78 9'3177' -00'(4-6.86+'D F-10 G@?$#℄"

@-6(1.*0-6( 7;'6(')57' Θ(ℓ) .'( 8050'( 516810'( 6-6 *+1:3'+*( :31 4'3F'6+ <+0'

8((-1*( E .'( .1+1-66810'( .'( @&A -6B-16+( 40*=>'( 8F' 7' F'+'30 .' I089+

ℓD ;'(+2E2.10' 7;'6(')57' .'( 8050'( 516810'( 8F' M 9'3177'( E .'( 40-9-6.'30(

ℓ1, ℓ2, . . . , ℓM " @'1 -00'(4-6. E 7;'6(')57' .'( 8050'( .1+( 86-61:3'( :31 ('0-6+

-6(+031+( .86( 7' 4808J084,' K"L"#"L" &8 (+03+30' .' 7;8050' T ∈ Θ(ℓ) .*+'0)16'

:3'7( )-+( .' -.' -6+ .'( 40*=>'( -))36( 816(1 :3' 78 7-6J3'30 .' '( 40*=>'("

&8 .1(+86' 7150' .' 6;1)4-0+' :3'7 .1+1-66810' .;36 @&A -6B-16+ 4-((*.86+

7;8050' T -))' 0'40*('6+8+1-6 4'3+ <+0' 5-06*' .10'+')'6+ E 480+10 .' 78 (+03+30'

.' 7;8050'D (86( (4*1='0 8336 51+ .' -.'" M-30 '1D -6 -))'6' 480 63)*0-2

+'0 7'( 6-'3.( 16+'0)*.1810'( .' 7;8050'D C -)401( 78 0816'" N6(31+'D 4-30 ,8:3'

6-'3. 16+'0)*.1810' iD -6 *+1:3'++' 36' 5086,' :31++86+ 7' 6-'3. 480 bi '+ 7;83+0'

5086,'  (1 '77' '>1(+'% 480 b̄i" @'+ *+1:3'+8J' 0'OP+' 78 -6.1+1-6 .' 40*=>' .' +-3+

.1+1-66810' C .;36 @&A :31 4'3+ <+0' -5+'63 '6 *+1:3'+86+ 7;8050' T " Q816+'686+D

7-0( .' 78 -6(+03+1-6 .3 RSM 4-30 5-06'0 78 .1(+86' 7150' .' CD 78 -6681((86'

.' dH(bi, b̄i) = bi ⊕ b̄i = 1 '+ dH(bi, bi) = 0 4'3+ <+0' 84471:3*' 83> 80( .3 RSM

*+1:3'+*( bi ⊕ b̄iD +86.1( :3' +-3+'( 7'( 83+0'( *+1:3'++'( (-6+ 0')478*'( 480 0 -3 1D

'6 9-6+1-6 .3 +C4' .' 5-06' :31 '(+ 8737*'  F-10 4808J084,' !"L"L%" &'( 5-06'( .'

78 .1(+86' 7150' :31 '6 0*(37+'6+ ('0-6+ .*(1J6*'( 480 d libre(T ) '+ d
 
libre(T )"

T$



 !"#$%" &'(  !"#$%&'!"# (") *!$# %) +,(# ,) !%) $"%&.)'/$"&

C0 = {c11, c
1
2c

2
2, c

1
3c

2
3c

3
3}0 1!" 234 ')+'&#)".& %5"# ,5 67(') 809 ") '):;.) +5# ,5 !"%$<

.$!" %) +'&6=)0 >" +')"5". )" !/+.) ,5 !"%$.$!"? !" !@.$)"%'5$.? +5' )=)/+,)?

C1 = {c11, c̄
1
1c

2
2, c̄

1
1c̄

1
2c

3
3}0 A) 234 '&#(,.5". )#. ')+'&#)".&) %5"# ,5 67(') 8080 >" 5+<

+,$B(5". ,) .C&!';/) 809 D C1 !" !@.$)". [d libre(C
1), d

 

libre(C
1)] = [1, 2]  !" #$% &#"''#!(#

 !# '#$ )*(+#$ ,*!(+"#$ -.( d!"#libre /

s2,3

s0,1

soutsin
s0,2

s0,3s1,2

s1,3

 !"#$% #&'($&*&+,-

c11 ⊕ c̄11

c11 ⊕ c̄11

c̄11 ⊕ c̄11

c̄11 ⊕ c22

c11 ⊕ c22c22 ⊕ c̄11 c̄11 ⊕ c̄22

c̄11 ⊕ c̄22

c11 ⊕ c̄22

c22 ⊕ c̄22

c̄41 ⊕ c33
c12 ⊕ c33

c11 ⊕ c̄11

c̄22 ⊕ c33

c22 ⊕ c33

 !"#$%  ! " #$% &'&()* &( ,&-(. / '*0*1 23)1 1435.,3)1' 6)*1 &- C1 =

{c11, c̄
1
1c

2
2, c̄

1
1c̄

1
2c

3
3}7 -3 8.-303* -3 ,98*- :0 ,3&)*),3 &- 8.'2;-

 ! "#$&'()#$

$031 - 508)*.-7 3,(1 0<,31 .088-:' =(-:=(-1 6,.3-1 -;)1*03*-1 1(. :0 &)1*03-

9)3)90:- &-1 ,&-1 -3 6:, >6,.3- &- %:,*?)3@ -* 1(. :0 &)1*03-1 :)6.- &-1 ,&-1

,3<,:(*)A1 >6,.3- &- B-::-.@!

C,(1 0<,31 '*-3&( :0 6,.3- &- %:,*?)3 8,(. 8.,8,1-. (3- 6,.3- 1(8'.)-(.- 1(.

:0 &)1*03- :)6.- &-1 ,&-1 / :,3D(-(. <0.)06:- ,3E,)3*1 >FGH ,3E,)3*1@! I31()*-7

3,(1 0<,31 '*-3&( :0 6,.3- &- B-::-. / :J-31-96:- &-1 ,&-1 / '*0*1 23)1 / :,3D(-(.

<0.)06:- >:-1 ,&-1 / '*0*1 23)1 / :,3D(-(. 2;- 1,3* (3 01 80.*)(:)-. &-1 ,&-1 /

'*0*1 23)1 / :,3D(-(. <0.)06:-@!
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 !" #$%&!" '&()%'!*%!" !+ "*,)%'!*%" -! ./ -'"+/&! .'#%! -!" 123 $&4$'&+" $&+

)+) ,%$,$")!" 5 ,/%+'% -* 6%/,7! -!" -'"+/&!" !&+%! ,/'%!" !+ -! ./ "+%*+*%! !&

/%#%! -! !" $-!" 123 $&4$'&+"8

9$*" *+'.'"!%$&" .:!&"!;#.! -! !" #$%&!" -/&" .! 7/,'+%! < ,$*% -! ./ $&"+%*=

+'$& -!" $-!" "$*%!=/&/. $&4$'&+" %$#*"+!"8

>?
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 !"#$%&' (

)%&*%*&'& '% ',#-.&'& -/'0#"' 1'0

.1'0

 !"# % &!'()*%+ ",-# !..,"# '*/#%")%* .%# 0(1/*%")%# 2/)&,0%# '*,',#/%# ',-*

.! *%&%*&% 0% 3,"# ,0%# ,"4,(")#5  6!3,*0 .% '!*!7*!'&% 859 '*/#%")% ",)*% !':

'*,&% 7/"/*!.% 0% ,"#)*-)(,"5 ;"#-()%+ .% '!*!7*!'&% 85< 0/*() .6!''.(!)(," 0%

%))% !''*,&% !-= >?@# ,"4,(")# %) !-= ,0%# !*()&2/)(A-%# ,"4,(")#5

 !" #$%&( )($ *)($ *+,*-+.$

>% '!*!7*!'&% 0/*() .! 2/)&,0% A-% ",-# '*,',#,"# ',-* &%*&%* 0%# ,0%#

,"4,(")# ,**%)%-*# 06%**%-*# !B% -"% 0(#)!"% .(3*% 2!=(2!.%5 C,)*% !''*,&%

,"#(#)% D %='.,*%* 0%-= #,-#:%"#%23.%# 0% .6%"#%23.% F 0% ),-# .%# >;E#5 F ,")(%")

.6%"#%23.% F !"# $% 0% ),-# .%# >;E# ,**%#',"0!") !-= >?@# ,"4,(")# %) F !"# &

0% ),-# .%# >;E# ,**%#',"0!") !-= >F# ,"4,(")# GB,(* H7-*% 859I5  ,*/"!B!")

F '  G!B% >J>> ',-* ,0% #,-*%:!"!. ,"4,(")I *%'*/#%")% #,() F !"# $% #,()

F !"# &5

F '  A-!") D .-( ,")(%") .6%"#%23.% F( '  0% ),-# .%# >;E# *%'*/#%")!") -"

>?@K>F #-(B(# 06-" ,0% ,**%)%-* 06%**%-*# 6%#):D:0(*% .! #/'!*!)(," .!##(A-% 0-

,0!7% )!"0%2I5 L. ,")(%") !-##( .6%"#%23.% F) '  0% ),-# .%# >?@K>F ,"4,(")#

 !" #$#%&'(+ 6%#):D:0(*% .%# ,0%# D /)!)# H"(# ,"4,(")# 0,") .% ,2',*)%2%")

0/'%"0 #%-.%2%") 0% .6/)!) ,-*!") 0- ,0%-*5  !"# .% ,0%-* !*()&2/)(A-%+ .% ,2:

',*)%2%") 0- ,0%-* '%-) 0/'%"0*% 0%# #M23,.%# '*//0%22%") ,0/# ,- 0%# 3()#
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Tous les CEFS

Le codes décodable
de manière unique

CA + Codes
convolutifs

CEF-CA

CEF-CA sans
mémoire

CEF-CLV

CEF-CLV
sans mémoire

CLV + Codes
convolutifs

 !"#$%  !" # $%&'()%*+,+-.* /%) %*)%012%) /%) 345)

/% ).'+-% &'((/%00%*+ 7(*('() )%82%0%*+ -*/-'%+%0%*+ 9 +',:%') 2;(+,+ /8 ./%8'!

<%) 3=>)?3@) )8-:-) /% ./% %* 12. ,&&,'+-%**%*+ 9 2;%*)%012% F !"!!A 0,-) &28)

7(*(',2%0%*+A 2%) )B(0,) +,*/%0 .0&.)( /% 3=>?3@ )8-:- /% ./%) .*:.28+-C)

*% C.*+ &,) &,'+- /% 2;%*)%012% F !"!!! D.8' /%) ',-).*) /% )-0&2--+(A .* '%)+'%-*+

*.+'% %E&2.',+-.* 9 2;%*)%012% F !"!!!

3.00% 2;%*)%012% F !"!! '%)+% +.8F.8') ,))%G 7',*/A -2 )%',-+ -*+('%)),*+ /% 2%

)+'8+8'%' /% +%22% ).'+% H8;-2 &8-))% I+'% %E&2.'( %J,%0%*+ &.8' +'.8:%' 2% ./% /%

&28) 7',*/% /-)+,*% 2-1'%! 3%- &%8+ I+'% C,-+ 9 +',:%') 8*  !"!# $# &$#'!( ) *+ +(

,-.( /,*) 2%H8%2 2%) C%8-22%) .''%)&.*/%*+ ,8E 3=>) +.+,2%0%*+ /(+%'0-*() K.8

,8E ,8+.0,+%) .0&2%+) &.8' 2%) 3@)L %+ 2%) *.%8/) -*+%'0(/-,-'%) .''%)&.*/%*+

,8E 3=>) &,'+-%22%0%*+ /(+%'0-*() K.8 ,8E ,8+.0,+%) -*.0&2%+) &.8' 2%) 3@)L! @

&,'+-' /% 2, ',-*% H8- %)+ 2% 3=> +.+,2%0%*+ -*/(+%'0-*( K.8 2;,8+.0,+% -*.0&2%+

-*-+-,2 /(+%'0-*( &,' 2%) &,',0M+'%) -*-+-,8E /8 ./%8' &.8' 2%) 3@)L 2;,'1'% %)+

7(*('( %* %E&2.',*+ )8%))-:%0%*+ 2%) 3=>) &,'+-%22%0%*+ /(+%'0-*() -*+%'0(/-,-'%)

K.8 2%) ,8+.0,+%) -*.0&2%+) -*+%'0(/-,-'%) &.8' 2%) 3@)L .00% /('-+ /,*) 2%)

&,',7',&B%)  !N!" %+  !N!O!

4* 8+-2-),*+ KP!"QL /8 .'.22,-'% P!P &.8' 2%) 3=>) K.8 2% 2%00% P!" &.8' 2%)

3@)L /,*) 8* ,27.'-+B0% /% "! -/0 -$01!'-#A .* '(/8-+ )81)+,*+-%22%0%*+ 2, +,-22%

/% 2;%)&,% /% '%B%'B% *(%)),-'% &.8' +'.8:%' 2% 0%-22%8' ./% .*F.-*+ .*%'*,*+
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 ! "#$%!&(  #)*(+

 !" #$%&'()*+, %-.-'(/0, 1, ',*,'*, 1, 3&.4

&1,4

,-#".( "(  -! /0*#%12(  !"#%&"#'&(!)#* ($% "-. #2#&(* $3($$#4(2(&% "( /*!&"($

5!*%#($ "(  -!*)*( "( 0"(3*$ 6 .%!%$ 7&#$ 83# &( 5(34(&% 5!$ 0&"3#*( 6  ! "#$%!&(

 #)*( 05%#2! (+ 9(# ($% :!#% (& 2(%%!&% 6 ;03* #%.*!%#4(2(&% 3&( )0*&( #&:.*#(3*(

dlibre< "(  ! 5 3$ /*!&"( "#$%!&(  #)*( 83# 5(3% =%*( 0)%(&3(+ ,0*$83-0& (>5 0*(

 -!*)*(< 503* %03% 0"( #&025 (%<  ! )0*&( $35.*#(3*( "( $! "#$%!&(  #)*( ($% 02?

5!*.( 6 dlibre+ @# (  ( ($% 5 3$ /*!&"(<  ( 0"( #&025 (% ($% .%(&"3< $#&0&<  ( 0"(

&-($% 5 3$ (>5 0*. 53#$83( $( 0& AB+CDE A503*  ($ 9,F$E (%  (22( B+C A503*  ($ 9G$E<

%03% 0"( 025 (% 03 #&025 (% 83# ".*#4( "(  3# !3*! 3&( "#$%!&(  #)*( #&:.*#(3*(

03 ./! ( 6 dlibre+ @# 3& 0"( 025 (% ($% !%%(#&% (% $! "#$%!&(  #)*( ($% $35.*#(3*( 6

dlibre< ! 0*$ dlibre ($% 2#$ 6 ;03*+

H*0#$ 2.%10"($ "-(>5 0*!%#0& "(  -!*)*( $0&% 0&$#".*.($ I *+(,-!"./-# *# (!-0-#&

'*)!< *+(,-!"./-# *# ,"!1*)!< (%  ! 23.%-'* ("! .!/ 83# .%(&"  -!3%02!%( #&025 (%

!4(  ! 5 3$ /*!&"( )0*&( $35.*#(3*( "(  ! "#$%!&(  #)*(+ ,(3* (J!#%. *($5(%#4($

$0&% 025!*.($ !3 1!5#%*( K+

,-! /0*#%12( :03*&# "!&$  ( %!) (!3 L+C *.! #$( 3&( (>5 0*!%#0& "(  -!*)*( "($

0"(3*$ 6 .%!%$ 7&#$ !4( 3& ! /0*#%12( "( %M5(  !"#%&"#'&(!)#* /.&.*#83( 503*

0)%(&#* 3& 0"( C !" !4( "($ 5*05*#.%.$ "( "#$%!&( 05%#2! ($ (& 022(&N!&% 5!*

3& 0"( #&025 (% C0+

G  -.%!5( C<  !  #$%( "( %*!4!# L ($% #&#%#! #$.( !4( C0<  !  #$%( "($ $0 3%#0&$

%(250*!#*($ S ($% 4#"(<  ! "#$%!&(  #)*( "( *.:.*(&( d#$%&' ($% 2#$( 6 O.*0 (%  !

)0*&( $35.*#(3*( 03*!&%( "(  ! 2(#  (3*( "#$%!&(  #)*( ($% 0)%(&3( ! 5!*%#* "( C0

(& 3%# #$!&% 3&( "($ 2.%10"($ ".*#%($ "!&$  ( 5!*!/*!51( B+P 503*  ( 9,F 03  !

".7&#%#0& B+B A6  ! 5!/( KQE 503*  ( 9G+

G3> .%!5($ P (% B< 3& 0"( !&"#"!% C ($% (>%*!#% "( L (& :0&%#0& "(  ! 2.%10"(

"-(>5 0*!%#0& "(  -!*)*(+ @# d#$%&' (C) > d#$%&' ! 0*$ 0& 5!$$( 6  -.%!5($ L $#  ( 0"(

($% 025 (%< $#&0& 0& 5!$$( 6  -.%!5( R+ G3> .%!5($ L (% K<  ($ 0"($ 025 (%$ $0&%

#&$.*.$ "!&$  !  #$%( "($ $0 3%#0&$ %(250*!#*($ S+ G  -.%!5( D< 5 3$#(3*$ 0"($ "."3#%$
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 !"#$  !" # $%&'()*+,- &./.()01- 23'4*),)56*)'/ 2- '2-

C !" =84*),)5-(9C0:

" L = {C0} ; S = ∅; d#$%&' = 0;

; <6)(-

= 4(-/2(- C 26/5 L;

> 5) d#$%&' (C) > d#$%&' 6%'(5

 5) C -5* ',4%-*? 6%'(5

@ S = S ∪ C;

A 5)/'/

B
{
C(1), . . . , C(k)

}
=C.21)(-(C) ;

D )/5.(-( C(1), . . . , C(k) 26/5 L;

"E d#$%&' = maxC∈S dlibre (C) ;

"" .%),)/-( *'1* C ∈ L *-% 01- d#$%&' (C) < d#$%&';

"; *6/5 01- L 6= ∅

"= C !" = argmaxC∈S d#$%&' (C) ;F/!

2- C 5'/* '/5*(1)*5 -* 5*'G.5 26/5 L H %3.*64- D! $ %3.*64- "E? d#$%&' -5* ,)5 H

I'1( -/ +')5)556/* 26/5 %6 %)5*- 2-5 5'%1*)'/5 *-,4'(6)(-5 %6 ,-)%%-1( 2)5*6/- %)J(-!

K3.*64- "" .%6&1- *'15 %-5 '2-5 46(*)-%%-,-/* 2.*-(,)/.5 -/ 4(-/6/* -/ ',4*-

%-5 (.51%*6*5 21 '('%%6)(- >!> 4'1( %-5 LKM5 '/I')/*5 -* %- %-,,- >!" 4'1( %-5

L$5 '/I')/*5! K6 %. 231/ .%6&6&- -N6- -5* %6 2)54'/)J)%)*. 231/- J'//- J'(/-

514.()-1(- 2- %6 2)5*6/- %)J(- 2-5 '2-5 )/',4%-*5 01) -5* /'/ (')556/*- %'(5013'/

46('1(* %36(J(- 2- %6 (6)/- 61O <-1)%%-5!

$ %6 F/ 2- %3.*64- "" %6 %)5*- L -5* '(2'//.- -/ <'/*)'/ 2- %6 ,.*+'2- 23-O4%'P

(6*)'/ +')5)- 9-/ 4('<'/2-1(? -/ %6(&-1(? '1 %6 ,.*+'2- 46( *():!

• C6/5 %- 65 2- %3-O4%'(6*)'/ -/ 4('<'/2-1(? %-5 '2-5 46(*)-%%-,-/* 2.*-(,)/.5

6446(*-/6/* H %6 J(6/+- %6 4%15 H &61+- 2- %36(J(- 2-5 '2-1(5 H .*6*5 F/)5

5'/* -O4%'(.5 236J'(2!

• $Q- %3-O4%'(6*)'/ -/ %6(&-1(? %-5 '2-5 )/2.*-(,)/.5 6446(*-/6/* 61 ,R,-

/)Q-61 +'()S'/*6% 2- %36(J(- 2-5 '2-1(5 H .*6*5 F/)5 5'/* -O4%'(.5 -/ 4(-,)-(5!

• $Q- %3-O4%'(6*)'/ 6Q- %6 ,.*+'2- 46( *() %- '2- 6Q- %6 4%15 &(6/2- J'(/-

514.()-1(- 2- %6 2)5*6/- %)J(- -5* -O4%'(. -/ 4(-,)-(? 41)5013)% 6 %- 4'*-/*)-%

2- <'1(/)( %6 4%15 &(6/2- 2)5*6/- %)J(-!
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 !"# $% !# '%# ()*# +",+-".#/ $0%1!-.2 '% $! 32.4+'% 5!6 .6- 5%7. %"+6%

8.6% !32$-+62% %" 7.-$-#!". $! 9+6"% -":26-%76% '% $! '-#.!"% $-96% +33% 7" 6-.;6%

'% .6- #%+"'!-6%/ 0%#.<=<'-6% 5+76 $! 383% 9+6"% #7526-%76% '% $! '-#.!"% $-96%/ $%

'-.-+""!-6% !>% $! 5$7# ?6!"'% 9+6"% -":26-%76% '% $! '-#.!"% $-96% #%6! +"#-'262

%" 56%3-%6 @$% 6-.;6% '% .6- "% '+-. 5!# 8.6% -">%6#2/ 57-#A7% $! 9+6"% #7526-%76%

#0!>;6% 9%!7+75 5$7# '-#6-3-"!".% 5+76 $%# '-.-+""!-6%# -"+35$%.#BC

)0+9,%.-: '% $0!$?+6-.43% D5.-3-#%6 '7 .!9$%!7 ECF %#. '% :+76"-6 7" 9+" +'%

+",+-". #!"# %G5$+6%6 %" %".-%6 $0!696% '% 6%4%64% %" 2$!?7!". $%# "+%7'# +66%#<

5+"'!". = '%# +'%# !>% '%# 3!7>!-#%# 56+56-2.2# '% '-#.!"%C

H!-".%"!". A7% "+7# !>+"# '26-. +33%". 7" !696% '% +'%76# = 2.!.# I"-#

#.67.762 5%7. 8.6% 5!6+767 %1!%3%". 5+76 .6+7>%6 7" +'% !>% $! 3%-$$%76 '-#<

.!"% $-96%/ "+7# !$$+"# '26-6% $! +"#.67.-+" '% %. !696% '%# +'%76# = 2.!.# I"-#C

 !"# $% !# '%# ()*# +",+-".#/ -$ %G-#.% 5$7#-%76# 3!"-;6% '% '2'7-6% 7" '-.-+"<

"!-6% '07" '-.-+""!-6% '+""2 @2.!5% JBC )! 6;?$% '% '2'7.-+" +"'7-. = 5$7#-%76#

+6?!"-#!.-+" '% $! 6%4%64% %" !696%/ +33% '2.!-$$2 '!"# $% 5!6!?6!54% ECKCFC  !"#

$% !# '%# (L# +",+-".#/ "+7# !>+"# 2?!$%3%". '2I"- 7"% 3!"-;6% '% '2'7-6% 7"

!7.+3!.% '07" !7.+3!.% -"+35$%. '+""2/ >+-6 5!6!?6!54% ECKCMC

 !" #$%&'&)$* +* ,+*- $.,/01*2-

 !"!# $%&%'( )' +)'( , -+./0'0% 12%32&-'(

)0!556+4% 56+5+#2% %#. '0+6?!"-#%6 .+7# $%# ()*# +",+-".# 5+76 7" >%.%76 '%

N6!:. '+""2 ℓ = (ℓ1, ℓ2, . . . , ℓM) '!"# 7"% #.67.76% %" !696%/ '% .%$$% #+6.% A7%

4!A7% :%7-$$% +66%#5+"' = 7" '-.-+""!-6% ()* +",+-". '+""2/ %. $%# "+%7'# 5!<

6%".# @-".%632'-!-6%#B +66%#5+"'%". = '%# '-.-+""!-6%# 5!6.-%$$%3%". '2.%63-"2#/

= 5!6.-6 '%#A7%$# $%# "+%7'# I$# @'-.-+""!-6%#B 5%7>%". 8.6% +9.%"7# 5!6 '%# 6;?$%#

#52-IA7%# @= '26-6%BC (%..% #.67.76% '0!696% '% '+""2%# "% '+-. 5!# 8.6% +":+"'7%

!>% $! 6%562#%".!.-+" %" !696% '%# +'%# 562IG%# ()*#C

 !"# $! #7-.% '% % 6!55+6./ +" #755+#% @#!"# 5%6.% '% ?2"26!$-.2B A7% $% >%.%76

'% N6!:. ℓ %#. .6-2 %" +6'6% 6+-##!". O ℓ1 6 ℓ2 6 · · · 6 ℓM C

)% 4+-G '7 >%.%76 '% N6!:. +"'7-#!". = 7" +'% !>% $% 3-"-373 '% 6%'+"<

'!"% 5+76 7"% dlibre '+""2% +7 A7- 3!G-3-#% $! dlibre 5+76 7"% 6%'+"'!"% '+""2%
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 !"#$ %&# ( #)*+,+ *& # "$$" $-.#"/ 0"# 1"$"2,# *" 3,&4$ #&$)#4&)#& $ ",$&) "#

( *)$)( # %"21" $ 5$," 6+ +,+# " 2$)7)#& $ 7"# 8(, "# 4(2, )"# &2 -&%)$," 9 "$ 7"

( "%$ *"  !#!$%& '! ()*+$!$% '),-*.*#! %,+#" $+ *& # :;&1<=℄/

?(2, 2 1"$"2, *" 3,&4$ *(  +@ )7 "A)#$" 2
∑M

i=1 ℓi *)$)(  &),"# %(##)87"#@ " ) B

72& $ "2A C2)  " #( $ %&# *+(*&87"# *" D& ).," 2 )C2"/ E)@  (2# &77( # ( #)*+,",

#"27"D" $ 7"# (*"# %,+FA"# G!"#$BHB*)," 7"# (*"# *& # 7"#C2"7# &22 D($ *" (*"

 !"#$ %,+FA" *!2 &2$," D($ *" (*"I/ J"# (*"# #( $ *+(*&87"# *" D& ).," ) #$& B

$& +"/

K"  (D8," *" (*"# %,+FA"#@ Npr@ %(2, 2 1"$"2, *" 3,&4$ *(  +

ℓ = (ℓ1, ℓ2, . . . , ℓM) %"2$ 5$," (8$" 2" *" 7& D& ).," #2)1& $"/ ;()$ Npr
i G%(2, 1 <

i 6 MI 7"  (D8," *" -()A *2 D($ *" (*" *" 7( 62"2, ℓi 7(,#C2" 7"# D($# *" (*"#

*" 7( 62"2, ℓj %(2, 1 6 j 6 i− 1 #( $ *+LH FA+# M

Npr
i = 2ℓi −

i−1∑

j=1

2ℓi−ℓj &1" Npr
1 = 2ℓ1. GN/OI

P7(,#@

Npr =
M∏

i=1

Npr
i . GN/QI

K& 4(,D27" *(  +" %&, GN/OI #" L2#$)F" *" 7& D& ).," #2)1& $"/ E7 "A)#$" 2ℓi -()A

%(##)87"# %(2, 7" D($ *" (*" *" 7( 62"2, ℓi #& # %," *," " (D%$" 7"# D($# *"

(*" *" 7( 62"2, ℓj , j < i/ K(,#C2" 7" D($ *" 7( 62"2, ℓj@ j < i@ "#$ FA+@ %(2, C2"

7" *)$)(  &)," ,"#$" %,+FA"@ $(2$"# 7"# #+C2" "# *" 8)$# *" 7( 62"2, ℓi "$ C2) ( $

%(2, %,+FA" 7"# ℓj %,"D)",# 8)$# 7" j !"# D($ *" (*"@ *()1" $ 5$," "A72"# *2 -()A

*" i !"# D($ *" (*"/ J"  (D8," *" #+C2" "# "#$ *" 2ℓi−ℓj /

 !"#$%" &'( /)*&-'0%)*& (!  !#!$% '! 1%.2# ℓ5 = (4, 4, 5, 5, 6)3 4! *),5%! '!

'-#-)**.-%! 6)&&-5(!& !* -*($.*# !$7 8$- *! &)*# 6.% 6%097!& !&# '!

NT = 2
∑5

i=1 ℓi = 224 = 16, 777, 216 '-#-)**.-%!& 6)&&-5(!&. GN/RI

SS



 ! #!$%&'()!* +,- .-$ &%*%#!!)%(- /('01-$2 #! ) 3

Npr
1 = 2ℓ1 = 16,

Npr
2 = 2ℓ2 − 2ℓ2−ℓ1 = 16− 1 = 15,

Npr
3 = 2ℓ3 − 2ℓ3−ℓ2 − 2ℓ3−ℓ1 = 32− 2− 2 = 28,

Npr
4 = 2ℓ4 − 2ℓ4−ℓ3 − 2ℓ4−ℓ2 − 2ℓ4−ℓ1 = 32− 1− 2− 2 = 27,

Npr
5 = 2ℓ5 − 2ℓ5−ℓ4 − 2ℓ5−ℓ3 − 2ℓ5−ℓ2 − 2ℓ6−ℓ1 = 64− 2− 2− 4− 4 = 52,

Npr = 16× 15× 28× 27× 52 = 9, 434, 880 &%*%#!!)%(-$ /('01-$.

4,#% +,5%. -! $#%*2 .5-$/)- &- (-6-(6- (-$*- %77-!$- /#,( &-$ *)%..-$ &- 8-*-,($

&- 9():* ()%$#!!);.-$<

 !"# $! #%&'() "*%# +,-#("'*"# ',*&# .-'/*0(# +*%, #',%'%,(, $(# !,2,(# 0(# 345#

*"6*&"'#) 7(#'8980&,( +*%, ,-(, 0(# /&-,!,/&(# +*%, $(# 0&'&*""!&,(# +!,'&($$(.("'

0-'(,.&"-#:  ( +$%#) (,'!&"(# +,*+,&-'-# 0( #;.-',&( #(,*"' %'&$&#-(# +*%, "( +!#

,(+,-#("'(, 0!"# $7!,2,( $(# 0&'&*""!&,(# *""%# +*%, !<*&, $(# .=.(# +,*+,&-'-# 0(

0&#'!"(# >%( (,'!&"# 0&'&*""!&,(# 0-69 *"#&0-,-#:

 !"!#!# $%&'()*(,%& -.) /%( 01 %01

?"( +,(.&@,( .-'/*0( +*%, #',%'%,(, $7!,2,( 0(# 0&'&*""!&,(# &"',*0%&' 0!"#

$( +!,!A,!+/( B:C (#' 0( #+-&D(, '*%# $(# 2&'# 07%" .*' 0( *0( 9 /!>%( &'-,!'&*":

E" *..("( 9 $! ,!&"( 0( $7!,2,( !<( %" 0&'&*""!&,( '*'!$(.("' &"0-'(,.&"-:

4(# "*(%0# D$#) ,(+,-#("'!"' $(# 0&'&*""!&,(# 0-0%&'# 9 $7-'!+( F 0( E+'&.&#(, G<*&,

'!2$(!% B:CH) /-,&'("' 0% 0&'&*""!&,( +!,'&($$(.("' 0-'(,.&"- C !##*&- 9 $(%, "*(%0

+@,( (' *"' %" .*' 0( *0( 0-'(,.&"- (" +$%#: 47!,2,( 0( ,(/(,/( *"'&("' 0*"

M "&<(!%I:

4! J*"'&*"  -0%&,( 9 $7-'!+( F 0% '!2$(!% B:C 0*&' =',( '($$( >%( #(%$# $(# 0&8

'&*""!&,(# 0-0%&'# >%& #!'&#J*"' $! *"0&'&*" 0( +,-DI( #*"' *"#(,<-#: K*%, ($!) #*&'

Bℓ(x)) $! ,(+,-#("'!'&*" 2&"!&,( 0( x ∈ N %'&$&#!"' ℓ ≥ ⌈log2(x+ 1)⌉ 2&'#) *L ⌈y⌉

,(+,-#("'( $( +$%# +('&' ("'&(, #%+-,&(%, *% -A!$ 9 y: E" ! +!, (I(.+$() B3(1) = 001:

3*"#&0-,*"# %" 0&'&*""!&,( +!,'&($$(.("' 0-'(,.&"- C G0!"# ( +!,!A,!+/() #& $(

2&' cji (#' &"0-'(,.&"- 0!"# $( .*' 0( *0( ci) !$*,# '*%# $(# 2&'# 0!"# ci #*"' &"8

0-'(,.&"-#H) (' #%++*#*"# >%( C ⊂ C *"'&("' $(# .*'# 0( *0(# 0-'(,.&"-# 0( C:

FM



 !"#$%#!#$

pref(C, ℓ, x) =

{

1 &" C ∪ {Bℓ(x)} %&$ '()*+%,

0 &"#-#.
/0.12

 !"#$%" &'(  !"#$%&'!"# C = {1, 01, c13c
2
3c

3
3, c

1
4c

2
4c

3
4}( )$ x = 1* +, ℓ = 3* C ∪

{Bℓ(x)} = {1, 01, 001}* -.!'# pref(C, 3, 1) = 1( )$ x = 3 +, ℓ = 3* -.!'# C ∪{Bℓ(x)} =

{1, 01, 011} "/+#, 0-# 0'&12+ +, pref(C, 3, 3) = 0(

3! 4-#$"-# /0.12 '%(6%$ 7% -#&$(8"(% 8#% "#&$!#% 7% 9! 4-#$"-# :)78"(% -66%

7)$!"99) 7!#& 9% $!;9%!8 0.<. :!#& %$$% 4-#$"-#, 9% 6-$ 7% -7% "#7)$%(6"#) 9% '98&

-8($ 7!#& C %&$ $-8=-8(& &')"*) 7>!;-(7 /?-"( )$!'% @2. A# #-8?%!8 7"$"-##!"(% %&$

-;$%#8 %# (%6'9!B!#$ c!, 9% '98& -8($ 6-$ 7% -7% "#7)$%(6"#), '!( Bℓ(x) &%89%6%#$

&" 9% 7"$"-##!"(% ()&89$!#$ %&$ '-$%#$"%99%6%#$ '()*+% /?-"( 9%& )$!'%& C D E2.

 !"#$ 0.< F :)78$"-# 7>8# 7"$"-##!"(% ?"! 9! 7)$%(6"#!$"-# 78 '98& -8($ 6-$ 7%

-7% "#7)$%(6"#)
{
C(1), . . . , C(k)

}
=:)78$"-#G'!(G6-$ 7% -7%/C2

H I" C %&$ %#$"J(%6%#$ 7)$%(6"#), (%#?-K%( {C}.

< -#&$(8"(% C -#$%#!#$ $-8& 9%& 6-$& 7% -7%& &')"*)& 7% C L

@ ℓ = min
c∈C\C ℓ (c) L c! = argmin

c∈C\C ℓ (c) L

1 k = 0;

0 '-8( x = 0 D 2ℓ − 1

C &" pref(C, ℓ, x) = 1

M k = k + 1;

E C(k) = (C\ {c!}) ∪ Bℓ(x);

*# &"

*# '-8(

N (%#?-K%(
{
C(1), . . . , C(k)

}
.

 !"#$%" &') 3- 145'+ 6(7 8!",'+ 5" -'9'+ %+ '+;+';+ !''+#0!"%-", -5 <+,+5'

%+ ='->, ℓ = {1, 2, 3} .!'#?5+ .- %&%5,$!" %&'$,+ %-"# .+ ,-9.+-5 6(7 +#, 5,$.$#&+( 3+#

9$,# $"%&,+'8$"&# #!", '+0'&#+",&# 0-' +( @5$#?5+ ℓ1 = 1 +#, .- 0.5# 0+,$,+ .!"45+5'*

.+# 1.# %+ .- '-$"+ A!",+"-", 5" %$,$!""-$'+ +",$B'+8+", $"%&,+'8$"&C !''+#D

0!"%+", E 2ℓ1 %$,$!""-$'+# !",+"-", ;-5" 5" #+5. 8!, %+ !%+ %&,+'8$"& Bℓ1(x)

NO



 0 6 x < 2ℓ1! "# ℓ1 $%&'( )#' +"#' ,-'./&01&' '+1& 1+22-' C(1) 3 C(2
ℓ1)( 41'.%&#

5+., 607.# "%&%+110%,# C(k)8 1 6 k 6 2ℓ18 /# 2+& "# +"# "# /+19.#., ℓ2 = 2 #'&

'5-%:-( )#' "%&%+110%,#' ,-'./&01&' '+1& 3 /#., &+., -&#1".' 0;# /# 2+& "# +"# "#

/+19.#., ℓ3 = 3( <0, +1'-7.#1& &+.' /#' =)>' +1?+%1&' +,,#'5+1"01& 0. ;#&#.,

"# @,0A& ℓ = {1, 2, 3} '+1& ,#5,-'#1&-' 50, /#' A#.%//#' "# /B0,$,# "# ,#6#,6#(

0
X
X

X
X X

1
X
X

X
X X

0
1 0
X X X

0
1 1
X X X

1
0 0
X X X

1
0 1
X X X

0
1 0
1 1 0

0
1 0
1 1 1

0
1 1
1 0 0

0
1 1
1 0 1

1
0 0
0 1 0

1
0 0
0 1 1

1
0 1
0 0 0

1
0 1
0 0 1

X
X
X

X
X X

 !"#$%  !" # $%&'()& *+,- ./0/& *& /&2&/2& *& 3456 7-879-:6 (7,/ )& ;&:&,/

</.=: ℓ = (1, 2, 3)  !"#$%&  &# '(*(!++,("&# #!+* !+#*"%(*# -," .!* '& !'&

/+0&"#&" *!%#  &# 1(*# '2%+ '(*(!++,("& +& 3,+4& -,# #&# -"!-"(5*5# '& '(#*,+&6

7!%" 50(*&" '& *",(*&" %+ '(*(!++,("& '!+*  &# 1(*# #!+* (+0&"#5# -," ",--!"* 8 %+

-"&.(&" '(*(!++,("& '598 !+#('5"5: !+ -&%* "5, (#&"  , -"&.(;"& '5'%*(!+ 8 -,"*("

'% +!&%' ",(+& < !"#$%& C ',+#  & *,1 &,% =6> &#* *!*, &.&+* (+'5*&".(+5? ,0&

x ,  ,+* '& 0 8 2ℓ1−1 8  25*,-& @ '& A-*(.(#&"6 B&**& -"!-"(5*5 '(0(#& -," '&%C  ,

*,(  & '&  2&#-,& '& "&3&"3& -!%" *"!%0&"  & .&(  &%" BDE !+9!(+* #,+# ,F&*&"

 &# -"!-"(5*5# '& '(#*,+&6

G(  &#  !+4%&%"# ℓi &* ℓi+1 '& '&%C .!*# '& !'&# #!+* 54, &#: , !"#: 53,+4&"

 &# .!*# '& !'& i &* i + 1: +& 3,+4&", -,#  , '(#*,+&  (1"& '% '(*(!++,("& !"H

"&#-!+',+*6 7," !+#5$%&+*: !+ -&%* (.-!#&" %+ !"'"&  &C(!4",-3($%&  !"# '&  ,

I>



!"#$%&$'!" ()# ('$'!""*'%)#+ ,)' %-(&'$ () .*"'/%) #'0"'1*$'2) 3* $*'33) () 34)#5

6*) () %)7)%7) 6!&% $%!&2)% 3) .)'33)&% ,89 !":!'"$+

 !"!#!$ %&'()*+)-&' ./* .0/' 12 3-)(

,)$$) .-$7!() () !"#$%&$'!" #6-'1) $!&# 3)# ;'$# (4&" .<.) 63*" () ;'$# =

3) 6%).')% ;'$ () $!&# 3)# .!$# () !() )#$ #6-'1-> )"#&'$) 3) #)!"( ;'$ ?@&*"(

'3 )#$ 6%-#)"$A> )$ *'"#' () #&'$)+ B" C*'#*"$ )'> !" (!'$ #4*##&%)% @&) 3)# #&DE)#

()# .!$# () !()# @&' !"$ 3) .<.) 6%-1E) #*$'#C!"$ 34'"-0*3'$- () F%*C$ ?G+H I 3*

6*0) JHA 6!&% 0*%*"$'% @&) 3) ('$'!""*'%) 03!;*3 %)#$) 6%-1E)+ K!'$ L )#$ 3* 3!"0&)&%

.*E'.*3) (*"# 3) 2)$)&% () F%*C$ ℓ> *3!%# 34*%;%) () %)7)%7) !"$')"$ L "'2)*&E+

,!"#'(-%!"# &" ('$'!""*'%) 6*%$')33).)"$ (-$)%.'"- C+ K!'$ k 34'"()E (& 6%).')%

63*" () ;'$# '"(-$)%.'"- )$ i ∈ [1,M ]> 34'"()E) (& .!$ () !() 3) 63&# !&%$ @&'

!"$')"$ )"!%) ()# ;'$# '"(-$)%.'"-# ?3)# !()# #!"$ 3*##-# 6*% !%(%) %!'##*"$ ()#

3!"0&)&%#A+ L3 )E'#$) 2(M−i+1) ('M-%)"$)# .*"'/%)# () #6-'1)% 3)# ;'$# '"(-$)%.'"-# (&

k !"# 63*" () ;'$# C+ N!$!"# C(j)> j = 1, . . . , 2(M−i+1) 3)# ('$'!""*'%)# ?'"A(-$)%.'"-#

(-(&'$# () C+ ,!"#'(-%!"# &" C(j)> )$ (-#'0"!"# 6*% C(j)m,k 3) m !"# #!&#5)"#).;3) ()

C(j) (!"$ 3)# .!$# () !() !"$ 3) .<.) 6%-1E) #&% 3)# k−1 6%).')%# ;'$#> *3!%# 6!&%

@&) 3) !() C %)#$) 6!$)"$')33).)"$ 6%-1E)> C(j)m,k (!'$ #*$'#C*'%)

∑

c∈C
(j)
m,k

2−(ℓ(c)−k+1)
6 1, 6!&% m = 1, . . . , νj, ?O+OA

!P νj )#$ 3) "!.;%) () #!&#5)"#).;3)#+ ,)$$) !"('$'!" 6)&$ %-(&'%) 3) "!.;%) ()

('$'!""*'%) (-(&'$# @&' 6)&2)"$ <$%) )"!%) 6%'# )" !"#'(-%*$'!"+

4526.02  !7  !"#$%&'!"# () *),)-' %) .'/0, ℓ6 = (2, 3, 3, 4, 4, 4)1 C(1) ), C(2) ')2

3'&#)",&# $2%)##!-# #!", %)-4 )4)53()# %) %$,$!""/$')# 3/',$)(()5)", %&,)'5$"&#6

7-8!" 3!-''/$, /##!$)' /- *),)-' %) .'/0, ℓ61 9-' )# %$,$!""/$')#6 E ')3'&#)",) ()#

:$,# "!" %&,)'5$"&#1 ;)# %)-4 3')5$)'# 3(/"# %) :$,# %)# %$,$!""/$')# #!", %&<= #3&2

$>&# ), () 3(/" %) :$, #-$*/", = %&,)'5$")' )#, k = 31 ;) 5!, () 3(-# !-', !",)"/",

)"!') %)# :$,# $"%&,)'5$"&# )#, c21 ?" !"#$%&'/", () %$,$!""/$') C(1)6 !" !"#,/,)

7-) ()# 5!,# %) !%) c2 ), c4 !", () 5@5) 3'&>4) “10” AC
(1)
1,3 = {c2, c4}B6 /(!'# 7-)

()# 5!,# %) !%) c36 c5 ), c6 !", () 5@5) 3'&>4) “01” A%!" C
(1)
2,3 = {c3, c5, c6}B1 C"

HG



0 0
1 0 x
0 1 x
1 0 x x
0 1 x x
0 1 x x

0 0
1 0 x
1 0 x
0 1 x x
1 0 x x
1 1 x x

 !"#$% #&'($&*&+,-
C(1) = C(2) =

 !
∑

c∈C
(1)
1,3

2−(ℓ(c)−3+1) = 2−(ℓ2−3+1) + 2−(ℓ4−3+1) = 0.75

∑

c∈C
(1)
2,3

2−(ℓ(c)−3+1) = 2−(ℓ3−3+1) + 2−(ℓ5−3+1) + 2−(ℓ6−3+1) = 1.

"#$ &' ()*)#$$ )+' C(1) , *),- )* ./0/12 )& ,'+ )* 3#,,)4&' (' (5(6)+' (' C(1) 6$ ()7

*)#$$ )+' *#* &'8'$* (5*'+8)$5 '* 3+59:'0 ; + #$*+' '$ #$,)(5+ $* &' ()*)#$$ )+'

C(2)2 #$  C(1)2,3 = {c2, c3, c5} '* !
∑

c∈C
(2)
1,3

2−(ℓ(c)−3+1) = 2−(ℓ3−3+1) + 2−(ℓ4−3+1) + 2−(ℓ5−3+1) = 1, 25.

&' ()*)#$$ )+' C(2) $' , *),- )* 3 , ./0/12 (#$ #$ $' 3'6* 3 , '$ (5(6)+' 6$ ()*)#$7

$ )+' 3 +- )*'8'$* (5*'+8)$5 <6) ,#)* 3+59:'2 3 + #$,5<6'$* C(2) 3'6* =*+' 5&)8)$50

./$(%0#1,2*& 34561#& 0##&-'0+5$+, &-, 54,$1((4 5$+- (& ,$7(&$6 89:9 ; (/4,$'& <=

(& k !"# 71, 56 λ !"# *0, 5& 05& 5& C &-, $--1%+4 $6 (λ− i) !"# 71, 5& j9  $# 0+-4>

?6&+,= 2(M−i+1) 51,10++$1#&- 54561,- $+515$,- -0+, 07,&+6- &, -&6(&*&+, &6@ '06#

(&-?6&(- A898B &-, -$,1-"$1, '06# ,06- (&- -06->51,10++$1#&- $C& (& *D*& '#4E@& -0+,

0+-&#C4-9

.$ E%6#& 89: *0+,#& 6+ &@&*'(& 5/$#7#& 5& #&2&#2& ?6$+5 ($ 5456,10+ 5&-

51,10++$1#& &-, "$1,& '$# '($+ 5& 71,-9 ; '$#,1# 5& ($ #$1+& ?61 0+,1&+, (& 51,10++$1#&

&+,1F#&*&+, 1+54,&#*1+4= (&- +0&65- E(- -0+, %4+4#4-= 0##&-'0+5$+, G ,06,&- (&-

0*71+$1-0+- '0--17(&- 5& 2$?6& 71, 5& 2$?6& *0, 5& 05&= &+ +& %$#5$+, ?6& (&-

51,10++$1#&- 1+0*'(&,- '0,&+,1&((&*&+, '#4E@&-9

H0**& 5$+- (& $- 5& ($ 5456,10+ '$# *0, 5& 05& 54#1,& 5$+- (& '$#$>

%#$'2& 89:9I9I= ($ ,$1((& 5& (/&-'$& 5& #&2&#2& '&6, D,#& #4561,& &+ &@'(01,$+,=

(& "$1, ?6/1+C&#-&# ,06- (&- 71,- 5/6+ 51,10++$1#&- +& 2$+%& '$- -&- '#0'#14,4- 5&

51-,$+&= &, &+ 0+-154#$+, $6--1 (/0#5#& (&@10%#$'21?6& 5&- *0,- 5& 05& 5& *D*&

(0+%6&6#9

J:



 !"#$  !" # $%&')*+, &- &*)*+,,.*/- -, 01%*2.,) )+'0 3-0 4*)0 &5', 13., &- 4*)0
{
C(1), . . . , C(n)

}
=&%&')*+,61./613.,6&-64*)07C8

9 0* C -0) )+).3-:-,) &%)-/:*,%; S = {C}; /-,<+=-/ S!

> $%)-/:*,-/ k; 35*,&-?- &' 1/-:*-/ 13., &- 4*) *,&%)-/:*,% &.,0 C @

" $%)-/:*,-/ i; 35*,&-?- &' 13'0 +'/) :+) &- +&- ,+, &%)-/:*,% @

A S = {} @

 1+'/ j = 0 B 2M−i

C C(j) = C @

D 1+'/ λ = i B M

E c
(j)
λ,k = (j& (1≪ (λ− i)))≫ (λ− i) @

2, 1+'/

F G./)*)*+,,-/ C(j) -, 0+'0H&*)*+,,.*/-0

-, I+,)*+, &- 3-'/ 1/%2?- C(j)1,k ∪ · · · ∪ C
(j)
νj ,k

@

9J K* )+'0 3-0 C(j)m,k 0.)*0I+,) 7 ! 8; S = S ∪
{
C(j)

}
@

2, K*

2, 1+'/

99 /-,<+=-/ S.

 !"!#!" $%&'()*(,%& -& *(,.,'/&( .-' /)0)-' 1-' %1-' /&%&,2*-'

L+::- ,+'0 35.<+,0 /.11-3% &.,0 3- 1./.M/.1N- A!"!A; )+') LOP 1/%2?- +,Q+*,)

1-') R)/- /-1/%0-,)% 1./ ', ./4/- 4*,.*/- %)*S'-)%! L-1-,&.,); 3. 0)/')'/- &- 35./4/-

&- +&- ,+, %)*S'-)% &+,,- &%QB &-0 *,I+/:.)*+,0 +,-/,.,) 3- +&-! T33- 1-/:-)

-, 1./)*'3*-/ &- &%&'*/- &-0 4+/,-0 0'/ 3. &*0).,- 3*4/- &-0 +&-0 .00+*%0 B -)

./4/-!

G+'/ -?13+*)-/ -U.-:-,) - I.*); 3-0 ./4/-0 &- +&- 0+,) /-M/+'1%0 &.,0 &-0

3.00-0 &5%S'*<.3-,-! V,- 3.00- &5%S'*<.3-,- +,)*-,) &-0 ./4/-0 S'* ,- &*W%/-,)

S'- 1./ 3-'/ %)*S'-).M-! L-* -0) ', 1/+43X:- 3.00*S'- &5*0+:+/1N*0:- &5./4/-0

YZ[VDA; \'0FD℄! O-0 3.00-0 0+,) /-1/%0-,)%-0 1./ &-0  !"!#$  &'&()*#$ -) 1-'<-,)

R)/- .//.,M%-0 &.,0 ',  !"!# +, !"!#$  &'&()*#$ 7B ,- 1.0 +,I+,&/- .<- 35./4/-

&- +&-8! LN.S'- 3.00- 1-') .*,0* R)/- -?13+/%- -, ')*3*0.,) ',- <./*.,)- &-0 &-'?

:%)N+&-0 -?1+0%-0 &.,0 3-0 1./.M/.1N-0  !"!9!9 -)  !"!9!>!

O5%S'*<.3-,- -,)/- ./4/-0 &- +&- -0) &%2,*- &- :.,*X/- *,&')*<-! $-'? ./4/-0

S -) T 0+,) %S'*<.3-,)0 7S ≡ T 8 05*30 0+,) +:1+0%0 &5', 0-'3 ,+-'&; +' 05*30 +,) 3-0

FA



0
1
1

X
X X

1
0
0

X
X X

0
1 0
1 1 X

0
1 1
1 0 X

1
0 0
0 1 X

1
0 1
0 0 X

0
1 0
1 1 0

0
1 0
1 1 1

0
1 1
1 0 0

0
1 1
1 0 1

1
0 0
0 1 0

1
0 0
0 1 1

1
0 1
0 0 0

1
0 1
0 0 1

X
X
X

X
X X

 !"#$%  !" # $%&'()& *+,- ./0/& *& /&2&/2& *& 3456 7-879-:6 (7,/ )& ;&:&,/

*& </.=: ℓ = (1, 2, 3) )7/6>,& ). *?*,:97- &6: =.9:& (./ ().- *& 09:6

'@'&6 67,6A./0/&6 9''?*9.:6 S1, S2, . . . , Sm B&-/.9-? *.-6 )&6 C)6 *9/&: *& SD &:

T1, T2, . . . , TmE >,9 (&,: @:/& 7/*7--? *& :&) 67/:& >,& Si ≡ Ti (7,/ :7,: 1 ≤ i ≤ m

B*?C-9:97- .*.(:?& *& FG,6HI℄D! $- *+.,:/&6 :&/'&6E *&,% ./0/&6 *& 7*& 09-.9/&6 67-:

?>,9;.)&-: 6+9) &%96:& ,- 967'7/(296'& >,9 :/.-6=7/'& ,- *.-6 )+.,:/& &- :/.-6(76.-:

)&6 C)6 *9/&:6 *&6 -7&,*6 9-:&/'?*9.9/&6 K 7'(/96 ). /.9-&! $- 6,((76.-: >,&

)+./0/& &6: 7-6:/,9: *& 2.,: &- 0.6 L (./:9/ *& ). /.9-&E :7,6 )&6 -7&,*6 /&6:&-: L

)&,/ -9;&.,%E 6&,)&6 )&,/ (769:97- 27/9M7-:.)& 2.-N&!

(a) (b)

T

T4T5 T3

T2

T6

T1

T7

S

S1 S2

S3 S4
S5

S6 S7

 !"#$%  !O # $%&'()&6 *+./0/&6 ?>,9;.)&-:6

H 



(a)(b)

T1

T

T2

T3 T4

T5 T6

S1

S3 S4

S6

S2

S

S5

 !"#$%  ! " #$%&'(%) *+,-.-%) /0/ 12345,(%/6)

7%) 893-%)  !: ;,< %6  !: ;.< &0/6-%/6 *%3$ ,-.-%) T %6 S 234 )0/6 12345,(%/6)!

7%) 893-%)  ! ;,< %6  ! ;.< &0/6-%/6 *%3$ ,-.-%) S %6 T /0/ 12345,(%/6) ,- 0/ ,

S2 6≡ T2!

>03- 3/ 5%6%3- *% ?-,@6 *0//1 ℓA '(3)4%3-) ,-.-%) .4/,4-%) 0--%)'0/*,/6 B *%)

0*%) '-18$%) '%35%/6 C6-% 0/)6-346)! >,- %$%&'(%A (, 893-%  !D @03-/46 E346 -%'-1F

)%/6,640/) '03- ℓ = (2, 3, 3)! 7%) ,-.-%) ;,< %6 ;.< )0/6 12345,(%/6)A 6,/*4) 23% ;,<

%6 ;< /% )0/6 ',) 12345,(%/6)! 7%) ,-.-%) ;< %6 ;*< )0/6 ,3))4 12345,(%/6)A (%) ,-.-%)

;%< %6 ;@< )0/6 12345,(%/6)A %6 8/,(%&%/6 (%) ,-.-%) ;9< %6 ;E< )0/6 12345,(%/6)! 7%)

*4640//,4-%) 0--%)'0/*,/6) ,3$ &C&%) ,-.-%) 12345,(%/6) 0/6 (, &C&% )6-363-%

'-18$%! >,- %$%&'(%A (%) *4640//,4-%) ,))041) B (, -%'-1)%/6,640/ ;,< *% (, 893-%  !D

)0/6 *% (, @0-&% C(a) = {c11c
2
1, c

1
1c̄

2
1c

3
2, c

1
1c̄

2
1c̄

3
2} ,(0-) 23% %3$ *% (, -%'-1)%/6,640/ ;%<

)0/6 *% (, @0-&% C(e) = {c11c
2
1, c̄

1
1c

2
2c

3
2, c̄

1
1c̄

2
2c

3
3}!

G0&&% )'1481 4F*%))3)A (%) ,-.-%) *% 0*% 12345,(%/6) )0/6 9-03'1) *,/) 3/%

(,))% *+12345,(%/%A %6 %66% *%-/4H-% '%36 C6-% -%'-1)%/61% ',- 3/  !"!#  %&%'()#!

7% '-0.(H&% '-4/4',(% -%54%/6 B 1/3&1-%- (%) -%'-1)%/6,640/) *% 603) (%) ,-.-%)

,/0/423%) ,))041) B 3/ 5%6%3- *% ?-,@6 *0//1 ℓ! I /06-% 0//,4)),/%A ,33/

,(90-46E&% /+%)6 *4-%6%&%/6 ;%6 %J,%&%/6< ,''(4,.(% *,/) (% ,) 0K 3/ 5%6%3-

*% ?-,@6 %)6 *0//1!

L046 T 3/ ,-.-% .4/,4-%A left(T ) )0/ )03)F,-.-% 4&&1*4,6 9,3E% %6 right(T )

)0/ )03)F,-.-% 4&&1*4,6 *-046 ;'03- (, 0&',461 *%) /06,640/)A 0/ 364(4)% T '03-

/0&&%- 3/ ,-.-% %6 ), -,4/%<! L046 (, @0/640/ ℓ∗(T ) 234 *0//% (% 5%6%3- *% ?-,@6

,))041 B (+,-.-% T *,/) 3/ 0-*-% *1-04)),/6 ;(% )M&.0(% ∗ )%-, 364(4)1 6036 ,3 (0/9

*% % ',-,9-,'E% '03- *%)49/%- 3/ 5%6%3- *0/6 (%) 0&'0),/6) )0/6 -,/91) *,/)

3/ 0-*-% *1-04)),/6<! >,- %$%&'(%A ℓ∗(T ) = (3, 3, 2, 1)A T -%'-1)%/6% 23,6-% &06) *%

ND



(a) (b) (c) (d)

(e) (f) (h)(g)

 !"#$%  !" # $%&' ()*(+,)-'.'&/-, 01.(2() .,,/&+, .% 4)')%( 0) 5(.6' ℓ = (2, 3, 3)

/0) 0) 7/-8%)%( 1, 2, 3 )' 3! 9. ,/::) 0) 5(.6' ),' 0+;-&) /::)

Kraft(ℓ∗(T )) =
M∑

i=1

2−ℓ
∗
i . < !"=

>.( )?):*7)@ Kraft((2, 1)) = 0.75@ Kraft((0)) = 1@ /A (0) ()*(+,)-') %- .(2() /:B

*/,+ ,)%7):)-' 0% -/)%0 (.&-)! C+;-&,,/-, 71/(0() � )-'() .(2(), /::) D

T1 � T2 ,& )' ,)%7):)-' ,& ℓ∗(T1)≺ !" ℓ
∗(T2), < !E=

/A≺ !" ),' 71/(0() 7)?&/8(.*F&G%) ,%( 0), 4)')%(, 01)-'&)(,! >.( )?):*7)@ (1)≺ !"(1)@

(3)≺ !"(3, 2, 2)@ (0)≺ !"(1)@ )' ()≺ !"(0)@ /A () ,&8-&;) *., 01.(2()@ 1),'BHB0&() %-

.(2() 4&0) G%& ),' *7%, *)'&' G%) -1&:*/(') G%)7 .(2()!

 !"#$%$&# '()  ! "#$#% $&!"&#% %'( .-/-&G%) ')&* '"(&'+"&( left(Ti) � right(Ti) ,

(-.' '%' !-%./' &!(%#01/&"&#%'2

I)'') 0+;-&'&/- &-0%'&4) 8.(.-'&' G%) 71.(2() ,/&' 71%-&G%) .(2() .-/-&G%) 0.-,

7. 7.,,) 01+G%&4.7)-)@ 0+,&8-+ *.( 71.(2() :&-&:.7 ,)7/- 7. ()7.'&/- 01/(0() �! J-

.(2() .-/-&G%) *)%' K'() ()*(+,)-'+ H 71.&0) 01%-) 7&,') )- 7) *.(/%(.-' 0.-, -1&:B

*/(') G%)7 /(0() 2&)- 0+;-& G%& 4&,&') F.G%) -/)%0 &-')(:+0&.&() Ti %-) 6/&, )' )-

+-%:+(.-' (ℓ∗(left(Ti)), ℓ
∗(right(Ti)))! J-) ()*(+,)-'.'&/- H 71.&0) 01%-) F.&-) 0)

LE



!"!#$"%& '()!#% *% +,!"-"% T .#/+/&!0# +%& &1(-'+%& 2(,,20,,2), %# 2,, %&# '-#%0.% %0

"%()+!3!0# "4."&/5%(%0# ℓ∗(T ) )!" (ℓ∗(left(T )), ℓ∗(right(T )))6

7'.& )"')'&'0& +! (4#8'*% &./5!0#% )'." 40.(4"%" #'.& +%& !"-"%& !0'0/9.%&

)'." .0 5%#%." *% :"!;# ℓ∗6 <,40.(4"!#/'0 )"%0*"! +! ;'"(% *,.0  !"!# $# !#%!&'

(#)* *+,)(  ),)+./#( Σ *% 8!.#%."

L = max
i
{ℓ∗i } = ℓ∗1, =>6?@

*'0# +%& ;%./++%& '""%&)'0*%0# !.A !"-"%& !0'0/9.%&6 B!0& ΣC +% )!&&!D% *,.0 0'%.*

)$"% 5%"& &%& 0'%.*& E+& /0+.& .0 %0&%(-+% '0#%0!0# +%& &.-*/5/&/'0& *%& 5%#%."&

*% :"!;#& %0 *%.A )!"#/%& =+%& &'.&F!"-"%&@ '"*'004%& )!" �6 G0 '((%03!0# !5%

+% 5%#%." *% :"!;# ℓ∗ H +! "!/0% *% ΣC '0 &.-*/5/&% ℓ∗ − 1 =&'.&#"!/"% I H #'.#%&

+%& +'0D.%."& )'." *%&%0*"% *,.0 0/5%!. *!0& +,!"-"%@ %0 *%.A )!"#/%& ℓ∗1 %# ℓ∗2C *%

#%++% &'"#% 9.% ℓ∗1≺ !" ℓ
∗
2 %# K(ℓ∗i ) 6 1 =i = 1, 2@6 J#!0# *'004 9.% ℓ∗1 )%.# K#"% 5/*%

='""%&)'0*!0# H .0% ;%./++% !-&%0#%C ,%&#FHF*/"% .0% %0#"4% −1 *!0& ℓ∗ − 1@C '0 !

-%&'/0 *% *4E0/" K(()) = 16 <% )"%(/%" 0/5%!. %0 *%&&'.& *% Σ '0#/%0# #'.#%& +%&

&.-*/5/&/'0& *% ℓ∗C +% &%'0* 0/5%!. '0#/%0# *%& )!/"%& *% &.-*/5/&/'0& *% (ℓ∗1, ℓ
∗
2)C

%# !/0&/ *% &./#% L +% )"'%&&.& *% &.-*/5/&/'0& "4."&/5%& &,!""K#% !5% +%& ;%./++%& 2(0),

%# +%& 0'%.*& 5/*%& 2(),6

(3,3,2)

( )(),(2,2,1) ( )(1),(2,2) ( )(2),(2,1)

( )(),((0),(1,1))

( )(),((0),((0),(0)))

( )((),(0)),((),(1,1))

( )((),(0)),((),((0),(0))) ( )((),(0)),(((),(0)),((),(0)))

( )((),(0)),((1),(1)) ( )((),(1)),((0),(1))

( )((),((),(0))),((0),((),(0)))

(i) (ii) (iii) (iv)

 !"#$% >6M N O"-"% *%& "%)"4&%0#!#/'0& !0'0/9.%& *% ℓ∗ = (3, 3, 2)

P?



 !"#$%" &'&  !"# ℓ = (2, 3, 3) $% &'#'$) *' +),-#. /, 01$)' 2.3 4!%#)' 56,)7)'

*'8 )'9):8'%#,#"!%8 ,%!%";$'8 9!$) ℓ∗ = (3, 3, 2). <% 9,)#,%# *$ %!'$* ),"%' ℓ∗=

!% , ℓ∗ − 1 = (2, 2, 1). >5 ? , #)!"8 @!"A 9!$) (ℓ∗1, ℓ∗2) ,$ 9)'4"') %"&',$ B Cℓ∗1 =

(), ℓ∗2 = (2, 2, 1)D= (ℓ∗1 = (1), ℓ∗2 = (2, 2)) '# (ℓ∗1 = (2), ℓ∗2 = (2, 1)). E@,;$' @!"A

!%*$"# F $% !$ 95$8"'$)8 ,)7)'8 ,%!%";$'8. G$ 8'!%* %"&',$= "5 ? , 9,) 'A'495'=

*'$A 4,%"H)' *' *"&"8') 5, 9,")' ((1), (2, 2)). E' 9)!'88$8 '8# ):9:#: 9!$) #!$8 5'8

%!'$*8 "%#')4:*",")'8. E' ;$" !%*$"# F 5, 9)'4"H)' 7),%@' F 1,$@' %!#:' C"D 8$)

5, 01$)' 2.3 ;$" '8# 5, )'9):8'%#,#"!% *' 56,)7)' ,%!%";$' *' 5, 01$)' 2.I C,D. /'8

7),%@'8 C""D= C"""D '# C"&D *' 5, 01$)'8 2.3 !))'89!%*'%# ,$A )'9):8'%#,#"!%8 *'8

,)7)'8 ,%!%";$'8 )'89'#"-8 *'8 ,)7)'8 7"%,")'8 *'8 01$)'8 2.I CD= C'D '# C1. D

 !""# $%%&'()* +,) %, -.&)# /012 %#' 3!#&4' $3(#)"*4$,$)#' 4# %5,)6)# 4#' )#+)*7

'#3(,($!3' ,3!3$9&#' !))#'+!34#3( : 4#' )'9):8'%#,#"!%8 ,%!%";$'8 9,)#"'55'4'%#

*:#')4"%:'80 ;,) #<#"+%#2 %, )#+)*'#3(,($!3 ((1), (2, 2)) 4,3' %, 6),3=# 4& "$%$#&

4# %, -.&)# /01 $34$9&# 9&# %# 4#&<$>"# #( %# ()!$'$>"# "!( 4# !4# !3( &3 +)*-<#

!""&32 !34&$',3( : 4#' 4$($!33,$)#' 4# %, ?!)"# C1 = {c11c
2
1, c̄

1
1c

2
2c

3
2, c̄

1
1c

2
3c

3
3}2 ,%!)'

9&# %, )#+)*'#3(,($!3 (((), (0)), ((), ((0), (0)))) !34&$( : 4#' 4$($!33,$)#' 4# %, ?!)"#

C2 = {c11c
2
1, c̄

1
1c

2
2c

3
2, c̄

1
1c

2
2c̄

3
2}0

@3 *(#34,3( %, 3!($!3 4# 4*4&($!3 4# 4$($!33,$)# A4*-3$($!3 B0C : %, +,.# DEF

: 4#' *($9&#((#' 'G"6!%$9&#'2 !3 !3'(,(# 9&# C1 ≺ C20 H!3 %#' 6!)3#' 4# %, 4$'7

(,3# %$6)# ,%&%*#' +!&) C1 )#'(#)!3( I,%$4#' ,&''$ +!&) C2 #( +!&) (!&' %#' !4#'

9&$ #3 4*)$I#3(0 @3 #J#( $% G , &3# !))#'+!34,3# #3()# %, )#+)*'#3(,($!3 ,3!7

3$9&# +,)($#%%#"#3( 4*(#)"$3*# T i #( %# 4$($!33,$)# ,''!$* Ci ,I# 4#' *($9&#((#'

'G"6!%$9&#'0

K$3'$2 '$ %5,)6)# T 1 #'( %# -%' 4# %5,)6)# T 0 4,3' Σ2 ,%!)' 45,+)>' %# !)!%%,$)# B0B

A+,.# 1EF %#' 6!)3#' '&) %, 4$'(,3# %$6)# 4*-3$#' 4,3' %# +,),.),+=# B0L0B ',($'?!3(

[d libre(T
1), d

 
libre(T

1)] ⊆ [d libre(T
0), d

 
libre(T

0)]. A/0MF

;!&) &3 I#(#&) 4# N),?( 4!33* ℓ2 3!&' +,)!&)!3' %5,)6)# 4#' )#+)*'#3(,($!3'

,3!3$9&#' A-.&)# /01F ,I# %5,%.!)$(="# 4& 7),%@J,%*J9)$%'0 O!)'9&# &3 ,)6)#

,3!3$9&# #3($>)#"#3( 4*(#)"$3* A&3# ?#&$%%#F #'( ,((#$3(2 (!&(#' %#' *($9&#((#' +!'7

'$6%#' 4# #( ,)6)# ,3!3$9&# '!3( #<+%!)*#' 4,3' &3 "!4# 7),%@J,%*J9)$%' #3

&($%$',3( &3# 4#' "*(=!4#' 4*)$(#' 4,3' %#' +,),.),+=#' /0L0P0P #( /0L0P0C0

MM



 !"!# $%&%' (' *('+ ,%-./01.-23'+

 ! "#$%&''( )%&!$(!%!$ '% *$+,$,+%$&.! (! %+/+( "(* %,$.)%$(* &)0'#)(!$%!$ "(*

."(,+* %+&$1)#$&2,(*3 4%+ *.,&* "( '%+$#5 '% )#$1."( "( *6!$17*( (*$ "#+&$( 0.,+

"(* *.,+(* /&!%&+(* 8M = 293 :% ;#!#+%'&*%$&.! < 0',*&(,+* *6)/.'(* (*$ 0.**&/'(3

=.!*&"#+.!* ,!( *.,+( X %>( '?%'01%/($ A = {a0, a1} %,2,(' .! %**.&( '?(!@

*()/'( "( 0+./%/&'&$#* P = {p0, p1}3  ! % 4+(X = a0) = p0 ($ 4+(X = a1) = p13

A.&$ (l, h, f) '?#$%$ .,+%!$ ", ."(,+ ($ w = h− l '% '%+;(,+ "( '?&!$(+>%''( "( ."%;(

.,+%!$ '.+* ", 0+.(**,* "( =B (! 0+#&*&.! C!&( 8>.&+ '(* 0%+%;+%01(* D3D3D3E ($

D3D3D3F93 G,+%!$ '( ."%;(5 [li, hi) (*$ '( *.,*@&!$(+>%''( "( '%+;(,+ wi = hi− li %**&;!#

%, *6)/.'( ai 0.,+ i ∈ {0, 1}3

H! =B .!I.&!$ 0(,$ J$+( ./$(!, < 0%+$&+ "?,! ."(,+ %+&$1)#$&2,( (! 0+#&*&.!

C!&( (! .!*&"#+%!$ ,! *6)/.'( &!$(+"&$ 8AK95 >.&+ '(* 0%+%;+%01(* D3D3D3L ($ D3D3D3F3

G%!* '( %* "?,! *(,' AK5 *.&$ pε '% M0+./%/&'&$#N "( ( AK ($ wε '% '%+;(,+ ", *.,*@

&!$(+>%''( 2,& ',& (*$ %**&;!#3 4.,+ ,!( >%'(,+ ".!!#( "( pε ($ p05 '(* '%+;(,+* "(*

*.,*@&!$(+>%''(* "( '?&!$(+>%''( "( ."%;( [l, h) *.!$ %','#(* "( '% )%!&7+( *,&>%!$(

wε = 〈pε × w〉 , 8F3OP9

w0 = 〈p0 × (h− l − wε)〉 , 8F3OO9

w1 = h− l − w0 − wε, 8F3OD9

.Q 〈·〉 *&;!&C( %++.!"&+ >(+* '?(!$&(+ '( 0',* 0+.1(3

4.,+ %,;)(!$(+ '(* 0(+R.+)%!(* "( .++($&.! "?(++(,+* "?,! =B .!I.&!$ (!

0+#&*&.! C!&( *%!* %,;)(!$(+ '% 0+./%/&'&$# %''.,#( %, AK5 '% 0+./%/&'&$# ", AK 0(,$

J$+( "&*$+&/,#( < M + 1 = 3 AK*5 {ε0, ε1, ε2}5 %>( '(* 0+./%/&'&$#* .++(*0.!"%!$(*

{pε0, pε1, pε2} "( $(''( *.+$( 2,( pε0 + pε1 + pε2 = pε3

4AR+%; +(0'%()(!$*

l
l0 h0 l1 h1

h

ε0 a0 ε1 a1 ε2

 !"#$% F3S T A,/"&>&*&.! "( '?&!$(+>%''( .,+%!$ "( ."%;( "%!* '( %* '( 0',* ;#!#+%'

", =B .!I.&!$ (! 0+#&*&.! C!&( < (!$+#( /&!%&+( ($ $+.&* *6)/.'(* &!$(+"&$*3

OPP



 ! "#$%& '() *+,-%& +**&,- /01,-&%2!//& 3& +3!#& 4&$- 5-%& 6$7312168& 3$%!,-

/& 4%+&66$6 3& +3!#& 3!,6 /& !6 30$, 9: +,;+1,- !2& -%+16 6<*7+/&6 1,-&%31-6(

 ! *!,1=%& 3& 316-%17$&% pε &,-%& {ε0, ε1, ε2}  !"# $#%! &'() !'(*'#! (! +,)#*# ("

.(!"%/ ,!0#121(&%! &'() !'(*'#! (!0 3*+!"%0 (! l/ h !# f / ."  !"# *3.&% "'!  !"#$%

 &$# ()*%+%()*  # ,-!.&.4 5*'0 ! (!%'&!% *0/ +,.%(%! (!0 0."01&'#!%3*++!0 *00&6')0 *"7

089:.+!0 0."%!  !"# ;*'6!% (,"' )#*# 2 "' *"#%!4 <* () !'(*'! 3&01213&0 (! +,)#*#

(*'0 +,*00&6'*#&.' (! +*  %.:*:&+&#) (" 089:.+! &'#!%(&# =."%'&# !'.%!  +"0 (! (!6%)0

(! +&:!%#)  ."% .'0#%"&%! (!0 .(!0  .#!'#&!++!9!'# 9!&++!"%0 >"! !"7 .:#!'"0 *3!

"'! &'() !'(*'! 3&01213&0 (! +,)#*# >"& 0.'# ()?2 .'0&()%)0 (*'0 @ABCDEF℄4

H '.#%! .''*&00*'!/ *""' ."#&+ *'*+8#&>"! ',!0# (&0 .'&:+!  ."% #%."3!% +*

9!&++!"%! *00&6'*#&.' (!  %.:*:&+&#) !'#%! {ε0, ε1, ε2} 0& +,.' .'0&(I%! >"! !##! *01

0&6'*#&.'  !"# $#%! "'! =.'#&.' (! +,)#*#4

J' .99!'K*'#  *% +,*"#.9*#! &'.9 +!# *3! +,)#*# (0, T, 0)/ +,!'0!9:+! (! #."0

+!0 .(!"%0  !"# $#%! .:#!'" !' !7 +.%*'# &#)%*#&3!9!'# +!0 0"!00!"%0 (! #."0 +!0

)#*#0 #!%9&'*"74

 !"!#!$ %&'()*+,-). /01. 2,+, ,3*4-.+(

L;*>"! )#*# #!%9&'*+ 0!%* !7 +.%) *3! #."#!0 +!0 .'M6"%*#&.'0  .00&:+!0 (!0

0."01&'#!%3*++!0 [l0, h0) N*00.&) a0O !# [l1, h1) N*00.&) 2 a1O (! [l, h) #!+ >"! [l0, h0) !#

[l1, h1) '! 0! ;!3*";!'#  *0 N(! 9*'&I%! 2 6*%(!% +!0 LH0 ().(*:+!0 (! 9*'&I%!

&'0#*'#*')!O4 L!&  !"# $#%! =*&# !'  !%9!##*'# 2 l0 !# l1 (! 3*%&!% (! l 2 h− 1  *%

 *0 (! P !# !' '! 6*%(*'# >"! +!0 .'M6"%*#&.'0  ."% +!0>"!++!0 [l0, h0) !# [l1, h1) '!

0! ;!3*";!'#  *0/ ,!0#121(&%!/ !++!0 >"& 0*#&0=.'# "'! (!0 .'(&#&.'0 0"&3*'#!0/

l 6 l0 < (h0 = l0 + w0) 6 l1 < (h1 = l1 + w1) 6 h, NQ4PRO

l 6 l1 < (h1 = l1 + w1) 6 l0 < (h0 = l0 + w0) 6 h. NQ4PSO

%&34'(3  !5 /0). ,# 0 # C0 1!$!2! "&2 3$ 45 #$ "2!)*)0$ 6$)#  0$. ,#* "&%

2&78.2#*  3 0 #32 *0$. ,#* *3)(&$.* 9
{
T = 8, p0 =

1
4
, p1 =

3
4
, pε =

1
2
, fmax = 2

}
: ;&

6132# <:= 70$.2# >3#,>3#* *3? )()*)0$* "0**)?,#* "032 ,-!.&. )$).)&,  # 0 &1# (0, T, 0)

7#$&$. +  #* &3.07&.#* )$07",#.* .0.&,#7#$.  )@!2#$.*:

PEP
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0/000

1/0 S1

(2,8,0)

S0

(0,8,0)

[
a0 a1

0 841

e
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S0

(0,8,0)

[
a0 a1

0 851

e
2

a0a1

0 841

e
2

2

e
1

0/000

1/- S1

(0,6,1)

S0

(0,8,0)

0/101

1/0 S1

(2,8,0)

S0

(0,8,0)

e
1

e
0
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(a) (b) (c)

 !"#$%  !" # $%&'(%&) )%*+,-,)./) 0.)),*'&) +& '1,/2&3-4''& ,/,2,4' +& .+46& 0.%3

'& 78 ./9.,/2 &/ 03:,),./ ;/,& +./2 '&) 0434<=23&) +% .+&%3 )./2 T = 8> p0 = 1
4
>

p1 =
3
4
> pε = 1

2
&2 fmax = 2

◦  !"# $! %&'()*&' #+,-).)#)/" 0!1 2 3!+5'6 $' #/+#7)"8'&.!$$' [l0, h0) = [0, 1) !

989 !##)3"9 !+ #:(,/$' a0 '8 $' #/+#7)"8'&.!$$' [l1, h1) = [1, 4) ! 989 !##)3"9 !+

#:(,/$' a16 ;'#8727-)&' pε0 = 06 pε1 = 0 '8 pε2 = pε<

◦  !"# $! #+,-).)#)/" -+ ()$)'+ 0,16 [l0, h0) = [0, 1) '8 [l1, h1) = [2, 5)<

◦  !"# $! 8&/)#)*(' #+,-).)#)/" [l0, h0) = [5, 6) '8 [l1, h1) = [1, 4)<

='# $!&3'+&# -'# #/+#7)"8'&.!$$'# [l0, h0) '8 [l1, h1) &'#8'"8 )"5!"39'# -!"# 8/+8'# $'#

/">3+&!8)/"#6 #'+$'#6 $'+&# ,/&"'# 5!"3'"8<

 !"!#!# $%&'()*(,%& -. /01)2). -.' 1*(%31(.'

8 ?4(%& @.,) (%& A !BCD .% A !BED )./2 )42,)@4,2&)> %/ /.%-&' 4%2.<42& .<0'&2

.% ,/.<0'&2 &)2 .*2&/% F 0432,3 +& '14%2.<42& ,/.<0'&2 03::+4/2 &/ '& .<0':24/2

+& +&%G :242) A.*2&/%) F 0432,3 +& [l0, h0) &2 [l1, h1) 403=) '&) /.3<4',)42,./) 4003.H

03,:&)D )1,') /1&G,)2&/2 04) +:9F! I&) 4%2.<42&) ,/.<0'&2) 3:)%'24/2) )./2 &G0'.3:) F

'&%3 2.%3! 8 0432,3 +& '14%2.<42& ,/.<0'&2 ,/,2,4' 4-& '1:242 (l = 0, h = T, f = 0)>

'1&G04/),./ +&) 4%2.<42&) ,/.<0'&2) +.//& %/ 43*3& +14%2.<42&) +4/) '&(%&' '&)

/.&%+) ,/2&3<:+,4,3&) .33&)0./+&/2 F +&) 4%2.<42&) ,/.<0'&2) &2 '&) @&%,''&) .3H

3&)0./+&/2 F +&) 4%2.<42&) .<0'&2) &2 ?4(%& *34/?& .33&)0./+ F %/& &G0'.34H

2,./ 0.)),*'& +1%/ :242 2&3<,/4'!

I4 ;6%3&  !BJ <./23& .<<&/2 2.%) '&) 4%2.<42&) 0.%3 +&) -4'&%3) +&) 04H

BJK



 !"#$ %& ! !$( )&$)*+%& ,-(%& !.% +/% 0(1%/0!/% .)&232.)& 0% 45($!$ 0+ 60%+ 

1%+.%/$ 7$ % 0( )$& 1! +/ ! 8 %9 :5!+$6"!$% )/6"14%$ )/)$)!4 6"16&( 0% 45($!$ /6/

%-146 ( (0, T, 0) %&$ ;( )$( 1! $6+& 4%& !+$6"!$%&9 <;!*+% /6%+0 0!/& 4! 1 %")# %

6+;% 0%& /6%+0& )/$% "(0)!) %&  %1 (&%/$% +/ !+$6"!$% )/6"14%$ 16+ 4%*+%4 +/%

6/,=+ !$)6/ 06//(% 0%& &6+&2)/$% .!44%& 0% 45)/$% .!44% 0% 60% )/)$)!4 ! ($( 6/&)0(2

 (%9 :! ,=+ % >9?? "6/$ % +/ %-%"14% 05+/ ! 8 % 05!+$6"!$%& 0% 45%-%"14% >9@9 :%&

 !"#$% #&'($&*&+,-

./0

0,$, 1+1,1$( +2+ &3'(2#4

((l10, h
1
0), (l

1
1, h

1
1)) ((lN0 , hN

0 ), (lN1 , hN
1 ))

./1 ./2 ./3 ./N

./1,1 ./1,ν ./2,1 ./2,γ

.50

6 $7,2*$,&- 1+2*'(&,- 8./9

6 4,$, 2+ &3'(2#4 :;7+ ./ 6 -7<:1=1-12+ :;7+ 4,$, +2+ &3'(2#4

6 $7,2*$,&- 2*'(&,- 8.59

 !"#$% >9?A B C)( ! ;)&!$)6/ 0% $6+& 4%& <DE& 0!/& +/ ! 8 % 16+ 0%& .!4%+ & 0%&

1! !"#$ %& ! !$( )&$)*+%& ,-(%&
>

% 4%& ($)*+%$(& s0, s1, . . .  %1 (&%/$%/$ 4%& ($!$& 0%& !+$6"!$%& F)/G6"14%$&9 H4& &6/$

646 (& %/ = )& 16+ 4%& ($!$& /6/ %-146 (&9 :5!+$6"!$% )/6"14%$ )/)$)!4 /% 6/$)%/$

*+% 45($!$ )/)$)!4 s0 = (0, 8, 0)9

I/% 16&&)8)4)$( 05($%/0 % 45($!$ )/)$)!4 %&$ 05!&&)=/% 3 a0 45)/$% .!44% [0, 1) %$ 3 a1

45)/$% .!44% [1, 4) F.6) ,=+ % >9J F!GG 6/0+)&!/$ !+ &%6/0 !+$6"!$% )/6"14%$ KH19

:! 0% /)# % %-$%/&)6/ 16&&)84% 0% 45($!$ )/)$)!4 !&&6)% 3 a0 45)/$% .!44% [7, 8) %$ 3 a1

45)/$% .!44% [4, 7) 1 60+)&!/$ 45!+$6"!$% )/6"14%$ KHN 9 D/  (1($!/$ %$$% !11 6;%

0% "!/)# % )$( !$).%L 6/ 1%+$ $ 6+.% 4%& !+$6"!$%& 6"14%$& 6""% %4+) %/ = )&

0!/& 4! 1! $)% )/M( )%+ % =!+;% 0% 45! 8 %9

?AN
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 !0

 !1
./N

 !1,1

 !1,ν

"!0
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s1

s1

s1

s1s1

s1

s1
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/412103

/412103

/012143
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 !"#$% 0122 3 4+& '$#,5& 6& (7$#8#& 6&- $9,:*$,&- ':9# (7&;&*'(& 01< = (&- :+>&+?

,5:+- 6& ($ @%9#& 012A -:+, 9,5(5-B&-C (&- B,5D9&,,&- -9# (&- EFG&- &+ ':5+,5((B- #&'#B?

-&+,&+, (&- 5+,&#>$((&- $((:9B- ((l0, h0), (l1, h1)) $9; -H*8:(&- a0 &, a11

2AI



 !"!#!" $%&'()*+( ,-% ./) +(1+*(&) 2 '(&34' (+( 5*(,*3'

 !"# $%& &!"#%& ()% M > 2* +,%-.#% $( &"/.0)0&0!- .% $10-,%#)($$% 2#+&%-,+%

(" 2(#(3#(24% 56768* %903%#(0, .% !-&0.+#%# M + 1 &:;/!$%& 0-,%#.0,&6 <",!#0&%#

"-% .+2%-.(-% )0&=>=)0& .% $1+,(, 2!"# $1(&&03-(,0!- .%& 2#!/(/0$0,+& .%& &:;/!$%&

0-,%#.0,&* 2%", !-."0#% > "- ,#?& 3#(-. -!;/#% .1(",!;(,%& 2!"# .%& )($%"#& .%&

2(#(;?,#%& (#(,+#0&,0@"%& .!--+%&6 A%2%-.(-,* .(-& $( 2#(,0@"%* $( 2$"2(#, B)!0#%

,!"&C .%& !.%"#& .% &!"#%& &,(-.(#.0&+& 0-$"(-, "- !.(3% (#0,4;+,0@"%* 0-,#!=

."0&%-, "-% +,(2% .% /0-(#0&(,0!- &"# $%& &:;/!$%& -!- /0-(0#%& > !.%# ()(-, "-

!.(3% (#0,4;+,0@"% > %-,#+%& /0-(0#%& DE0F7℄6 A%0 2%#;%, $1",0$0&(,0!- .1"- !=

.%"# @"(&0=(#0,4;+,0@"% ()% "-% 2#+0&0!- #+."0,%6 < $( 2$(% .1"- &%"$ ;!.?$% .%

2#!/(/0$0,+ .% $( &!"#%* 2$"&0%"#& ;!.?$%& (.(2,(,0H& .% 2#!/(/0$0,+& &!-, !-&0.+=

#+& %, 4!0&0& %- H!-,0!- .1"- !"#$%#$* !##%&2!-.(-, 00 > $10-.%9 ." /0, > !.%#

.(-& $( .1"- &:;/!$% /0-(#0&+6 I%& ;+,4!.%& .+#0,%& .(-& $% 2(#(3#(24% 56768 &!-,

(0-&0 +,%-."%& 2!"# .%& &!"#%& /0-(#0&+%& ()% M > 2 &:;/!$%& %- 0-,#!."0&(-, "-

!-,%9,% &0;2$%* &(-& (.(2,(,0)0,+ .%& ;!.?$%& .% 2#!/(/0$0,+&6

J!0, X "-% &!"#% &(-& ;+;!0#% > )($%"#& .(-& AM = {a1, a2, . . . , aM} %, P a =

(pa1 , . . . , paM ) $1%-&%;/$% .%& 2#!/(/0$0,+& .%& &:;/!$%& !##%&2!-.(-,6 J(-& 2%#,%

.% 3+-+#($0,+* &"22!&!-& @"% pai ≥ pai+1
* i = 1, . . . ,M 6

K-% /0-(#0&(,0!- .% $( &!"#% AM 2%", L,#% H(0,% .% $( ;(-0?#% &"0)(-,%6 A!-&0=

.+#!-& BL(x) B)!0# $% 2(#(3#(24% 5676M6M > $( 2(3% NOC @"0 %&, $( #%2#+&%-,(,0!-

/0-(0#% .% $1%-,0%# x ∈ N &"# L /0,&* ()% L ∈ N∗ ,%$ @"% L ≥ ⌈log2(x)⌉6  (# %9%;2$%

B3(1) = 0016 P(0-,%-(-,* !-&0.+#!-& LM ∈ N∗ ,%$ @"% LM ≥ ⌈log2(M)⌉6  !"#

4(@"% &:;/!$% ai ∈ AM * BLM
(i− 1) %&, "-% #%2#+&%-,(,0!- /0-(0#% 2!&&0/$%6

$%'678'  !9 &!"'()*+!"' ,$' -. '/01!,$' )$ ,23,4531$# 3"6,3(' A267 8,!+' M = 26

$# LM = 5 1(#'7 9$ #31,$3: ;7< 0!"#+$ ,$' 4+!131(,(#*' )2!:++$"$ $# ,23''(6"3#(!"

1("3(+$ )$ 53=:$ '/01!,$ )3"' A267 92$"#+!4($ )2:"$ '!:+$ X '3"' 0*0!(+$ 6*"*>

+3"# ,$' '/01!,$' $" ?!"#(!" )$' 4+!131(,(#*' )3"' ,$ #31,$3: ;7< $'# H(X) = 4.175

1(#'@'/01!,$7

J!0, aji * i = 1, . . . ,M %, j = 1, . . . , LM $% j !"# /0, .% $( #%2#+&%-,(,0!- /0-(0#% ."

&:;/!$% ai6  !"# +)0,%# $( !-H"&0!- ()% $%& &!#,0%& /0-(0#%& .% !.%"# (#0,4;+,0@"%*

$%& aji &!-, (22%$+& '/01!,$'6

J!0, pjb 2!"# b ∈ {0, 1} %, j = 1, . . . , LM $( 2#!/(/0$0,+ @"% aji = b6 Q- ( pjb =

MF5



 !"#$  !" # $%&'(')*)+, -.&0%%121 -1 3(401 567'&*1 -1 *.(*83('1+ 8%)51 -(25

9:0+; ℄ 1+ 02 1=178*1 -1 ')2(%)5(+)&2
>67'&*15 $%&'(')*)+,5 ?55)@2(+)&2 -1 ')+5

a1 = E pa1 = 0.1270 A A A A A

a2 = T pa2 = 0.0906 A A A A B

a3 = A pa3 = 0.0817 A A A B A

a4 = O pa4 = 0.0751 A A A B B

a5 = I pa5 = 0.0697 A A B A A

a6 = N pa6 = 0.0674 A A B A B

a7 = S pa7 = 0.0633 A A B B A

a8 = H pa8 = 0.0609 A A B B B

a9 = R pa9 = 0.0599 A B A A A

a10 = D pa10 = 0.0425 A B A A B

a11 = L pa11 = 0.0403 A B A B A

a12 = C pa12 = 0.0278 A B A B B

a13 = U pa13 = 0.0276 A B B A A

a14 =M pa14 = 0.0241 A B B A B

a15 = W pa15 = 0.0236 A B B B A

a16 = F pa16 = 0.0223 A B B B B

a17 = G pa17 = 0.0202 B A A A A

a18 = Y pa18 = 0.0197 B A A A B

a19 = P pa19 = 0.0193 B A A B A

a20 = B pa20 = 0.0149 B A A B B

a21 = V pa21 = 0.0098 B A B A A

a22 = K pa22 = 0.0077 B A B A B

a23 = J pa23 = 0.0015 B A B B A

a24 = X pa24 = 0.0015 B A B B B

a25 = Q pa25 = 0.001 B B A A A

a26 = Z pa26 = 0.0007 B B A A B

BAC



∑M
i=1 paiδ(a

j
i − b) !" δ(x) #$% &'# (!'%*!' *'+*,%-*# .δ(x) = 1 $* x = 0 #% δ(x) = 0

$*'!'/0 1' , 2*#' $3- pj0 + pj1 = 10

45#'%-!6*# +5&'# $!&-# 2*',*-# $,'$ 787!*-# Xj
2 98'8-,'% :# j !"# 2*% +5&' $;7<

2!:# 2*',-*$8 ,=# :# 7!+>:# +# 6-!2,2*:*%8$
{
pj0, p

j
1

}
6#&% ?%-# (,*:#7#'% 8=,:&8#

6,- @

H(Xj
2) = −p

j
0 log2(p

j
0)− pj1 log2(p

j
1). .A0BA/

45#'%-!6*# +# :, $!&-# ,6->$ 2*',-*$,%*!' #$% ,*'$* +#
∑L(M)

j=1 H(Xj
2)0

 !"#$%" &'(  !"# A26$ p10 = 0.0963; p20 = 0.269; p30 = 0.379; p40 = 0.432; p50 =

0.455 %&
∑5

1H(Xj
2) = 4.237 '(&)*)+,'!-% .!. '(./#()0$ 1"( %)& )"20#(%"#% 3 H(X)4

5&(-()%# ". !7%"# /#(&8,0&(1"% (.-"/.& (.1 ,!79-%) 7% 2#!'/'(-(&0 (.702%.7/.&)

2!"# 7%) )!"#%) )/.) ,0,!(#% !.7"(& /(.)( 3 ".% 2%#&% 7:%;/(&0 7% !,2#%))(!.

!,2/#0% 3 %--% 7:". !7%"# /#(&8,0&(1"% /22-(1"0 7(#%&%,%.& /"< M )+,'!-%) 7%

-/ )!"#%4

C=# &' !'%#D%# E&* !--#$6!'+ F :5*'+#D# +& 2*% F !+#- +,'$ :# $;72!:# $!&-#

2*',-*$8 :# $;72!:# aji #$% !+8 ,=# :# 7!+>:# +# 6-!2,2*:*%8
{
pj0, p

j
1

}
0 G!&- :# !+#&-

F 8%,%$ H'*$ #:, #D*9# +# 9,-+#- #' 787!*-# :# !'%#D%# 6,- #D#76:# #' :5,I!&%,'%

F :58%,% {l, h, f} 6!&- !2%#'*- :# '!&=#: 8%,% {l, h, f, j} ,=# j = 1, . . . , LM 0 J#:, ,

6!&- !'$8E&#'# &'# 7&:%*6:*,%*!' 6,- LM +& '!72-# +58%,%$ +,'$ :5,&%!7,%#0

4!-$E&5!' !'$%-&*% &' JC !'I!*'% !' #$$,;# +5,%%#*'+-# &' #-%,*' %,&D +#

!+,9# $!&-#<,',: Rc0 G!&- #%%# -,*$!' &'# 6-!2,2*:*%8

pjǫ = 1− 2−(Rc−H(Xj
2)) .A0BK/

#$% ,$$*9'8# F L,E&# !'%#D%# j0 4#$ 6,-,7>%-#$ ,-,%8-*$%*E&#$ +5&' JC !'I!*'%

$!'% ,:!-$ T  fmax p #% Rc0 J!77# +,'$ :# ,$ +5&'# $!&-# 2*',*-# :5#'$#72:#

+# %!&$ :#$ !+#&-$ E&* 6#&=#'% ?%-# !2%#'&$ 6,- &'# ,$$*9',%*!' +#$ 6-!2,2*:*%8$

+#$ $;72!:#$ *'%#-+*%$ ,=# &'# +86#'+,'# +58%,% 6#&=#'% ?%-# 98'8-8$ #' #D6:!-,'%

*%8-,%*=#7#'% :#$ $&#$$#&-$ +# %!&$ :#$ 8%,%$ '!' #D6:!-8$ +#$ ,&%!7,%#$ *'!76:#%$ 

#' !77#'M,'% 6,- :5,&%!7,%# *'!76:#% *'*%*,: ,;,'% :# $#&: 8%,% (l = 0, h = T, f =

0, j = 1) 6!&- %!&%#$ :#$ !'H9&-,%*!'$ ,+7*$$*2:#$ +#$ $!&$<*'%#-=,::#$ +5&' 8%,%

'!' #D6:!-80

BNO



 !" #$%'()*$%

 !"# % &!'()*%+ ",-# !.,"# /0*() '1-#(%-*# )%&"(2-%# /3,')(4(#!)(," /%# ,/%#

,"5,(")#6 ",)*% !''*,&% ,"#(#)% 7 ,*/,""%* 13%"#%481%# /%# ,/%-*# 7 0)!)# 9"(#

/!"# -"% #)*-)-*% /3!*8*% 7 ,/%-*# 7 0)!)# 9"(# ',-* : !''1(2-%* -" !1;,*()&4%

/% ):'%  !"#%&"#'&(!)#*6 <*,(# 40)&,/%# /% '!*,-*# /% 13!*8*% 7 ,/%-*# 7 0)!)#

9"(# #,") '*,',#0# = %>'1,*!)(," %" '*,?,"/%-*+ %>'1,*!)(," %" 1!*;%-* %) %>'1,*!)(,"

!.% 1! 40)&,/% '!* )*(6

@,-* 1%# ABC# ,"5,(")#+ ",-# !.,"# /0*() )*,(# 40)&,/%# '%*4%))!") /% 1%#

#)*-)-*%* #-* -" !*8*% = 1! +#,-!)-.+# ("! /+- '* +'*+ 1! +#,-!)-.+# ("! (0"#

 .-, %) 1! +#,-!)-.+# ("! "! !* "#+#.1)*6

@,-* 1%# AD# ,"5,(")#+ ",-# !.,"# '*0#%")0 -"% 40)&,/% 2-( ,"#(#)% 7 -)(1(#%* 1!

",)(," /% #:48,1% (")%*/() 4-1)('1%# %) -"% /0'%"/!"% .(#E7E.(# /% 130)!) /- ,/%-*

',-* #)*-)-*%* 13!*8*% /%# !-),4!)%# 7 %>'1,*%*6

B%# '%*?,*4!"%# /%# 40)&,/%# '*,',#0%# #%*,") 0.!1-0%# /!"# 1% &!'()*% #-(E

.!")6

FGH



 !"#$%&' (

)*+,-%"%+ '.#*&$/'0%",.

 ! #$%&'(! %()*!+'! ,!* !+*!-./!* ,0!1%)(&!+!* 23& %!(-!''!+' ,0)4$/3!( 5 /$

67&* /!* %!(67(-$+!* ,! /$ -)'#7,! ,0)4$/3$'&7+ ,! ,&*'$+! %()*!+')! $3 #$%&'(! 8

!' /!* '!#+&23!* ,07%'&-&*$'&7+ ,! 7,!* 7+97&+'* ,)(&'!* $3 #$%&'(! :;

 !" #$%&' ()*+,-.+*/0&'

<!31 !+*!-./!* ,0!1%)(&-!+'$'&7+* 7+' )') -!+)*; <0$.7(,= ,!* *73(!* .&+$&(!*

*&-%/!* *7+' 7+*&,)()!*= %!(-!''$+' 3+! )4$/3$'&7+ *&-%/! ,! /0$/>7(&'#-!  !"#%&

"#'&(!)#* 7-%$() 5 3+! (!#!(#! !1#$3*'&4! ,3 -!&//!3( 7,! $(&'#-)'&23! ? @A

7+97&+'; B0)4$/3$'&7+ ,! /$ ,&*'$+! /&.(! !1%/7&'$+' /0$/>7(&'#-! ,! <&9C*'($ ?%$($D

>($%#! 8;E= %$>! :FA !*' 7-%$() 5 /$ -)'#7,! ,)(&'! ,$+* GHIJKLM℄; B!* ,&O)D

(!+'!* -)'#7,!* ,! %$(73(* ,0$(.(! *7+' 7-%$()!*; P+*3&'!= 3+  @ 7+97&+' %73(

/0$/%#$.!' $+>/$&* .&+$(&*) !*' 673(+&;

 !"!" #$ &'(&)'* +&,- ./0 0&,-/0 1)'2)-/0

Q+ %(!-&!(  @ 7+97&+' $4! /!* %$($-R'(!* $($')(&*'&23!* T = 8= fmax = 1=

p0 = 0.1= !' 3+ Rc = 0.62 .&'*S*T-.7/! ?pε = 0.1A !*' ,0$.7(, 7+*&,)(); B! '!-%*

+)!**$&(! %73( >)+)(!( '73* /!* $3'7-$'!* $4! 3+! ,)%!+,$+! 4&*D5D4&* ,! /0)'$'

/7(* ,!* $**&>+$'&7+* ,!* %(7.$.&/&')* ,!* *T-.7/!* &+'!(,&'*= $/3/!( /!3(* ,&*'$+!*

/&.(!* !' #7&*&( /! -!&//!3( !*' ,! U8LL *; P+ 3'&/&*$+' /0$/>7(&'#-!  !"#%&"#'&(!)#*

$4! /0!1%/7($'&7+ !+ /$(>!3(= /! '!-%* +)!**$&(! %73( '(734!( /$ %/3* >($+,! ,&*'$+!

/&.(! !*' *!3/!-!+' ,! V: *= /! '!-%* ,! $/3/ !*' ,&4&*) %$( V:V; <$+* /!* ,!31 $*= /$

ELW



 !"#$  !" # $%&'()(*+%, -,.)- /-+ .)%*+ &0.1%2-+ 23-4'/%)(.*%, 2- /3()5)- '%6)

T = 167 80 = 0.17 Pε = 0.26
90.1%2-+ -4'/%)(.*%, -, ')%:%,2-6) -4'/%)(.*%, -, /();-6) -4'/%)(.*%, +-/%, /( &0.1%2- '() .)*

|Sr|  ! "

|Tr| ! # $!

dfree " " "

Rc %&#" %&#! %&#!

'()*+ ,-( /0123% ℄ 56$!77 + "$"" + $!5"$ +

'()*+ ,-( 89: ;"5 + !$# + 56 +

<=+>,?( @=AB( , C>C C-,@DC( ,-( @E,@FGB=>H)( <CB=>( <,?+ /0123% ℄&I(>>( *B()=JB(

(K*CB=(?( , C>C L,=>( ,-( D? M?>(@ IGB( ! 9DG N !&77 8HO ,-( $ 8P <( )C)G=B(&

Q? +(G?< IR G?SG=?> N (?>BC(+ A=?,=B(+ ,-( @(+ *,B,)J>B(+ ,B,>CB=+>=TD(+

T = 16U fmax = 1U p0 = 0.1U (> D? >,DK <( G<,F( <C+=BC Rc = 0.91 A=>+V+W)AG@(+

Xpε = 0.27Y (+> ),=?>(?,?> G?+=<CBC& Q? B(H(BH( (KH,D+>=-( *GDB D? >(@ IR

G?SG=?> *B(?< D? >()*+ >BJ+ =)*GB>,?>&

Z( >,A@(,D 7&$ )G?>B( @( >()*+ ?C(++,=B( *GDB D?( (K*@GB,>=G? (? *BGLG?<(DBU (?

@,BF(DB (> @, )C>HG<( *,B >B=U <CB=>(+ <,?+ @( *,B,FB,*H( 6&$ *GDB >BGD-(B @( )(=@@(DB

,D>G),>(& Z, )C>HG<( <EC-,@D,>=G? <( @, <=+>,?( @=AB( *BC+(?>C( <,?+ /0123% ℄

(+> G)*,BC( N (@@( *BC+(?>C( <,?+ @( *,B,FB,*H( "&$&

|Sr| (> |Tr| <C+=F?(?> @( ?G)AB( <EC>,>+ (> <( >B,?+=>=G?+ <,?+ @( G<(DB N C>,>+

[?=+ BC<D=>& I(+ ?G)AB(+ <C*(?<(?> <( @, )C>HG<( <E(K*@GB,>=G?U *D=+TD( *@D+=(DB+

G<(+ N C>,>+ [?=+ *(D-(?> ,-G=B @, )\)( <=+>,?( @=AB(U +,?+ ?C(++,=B()(?> ,-G=B

@( )\)( ?G)AB( <EC>,> (> @( )\)( ?G)AB( <( >B,?+=>=G?+&

Z( >,DK <( G<,F( (+> (K*B=)C (? A=>+V+W)AG@(& Z, )C>HG<( *,B >B= (+> @,

)(=@@(DB( (? ( TD= G?(B?( @( >()*+ <E(KCD>=G?& I(= (+> *B=?=*,@()(?> <D ,D
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,&++3- .( 1.4.S4.1B- M!"!M D1.S- M!"!MEJ T-8)6U6,*4-J '-8 .4H4-8 ,.+8 '-8Q(-'8 '-8

0&)8 ,- &,- ,- 0R0- '&+S(-(4 &+) (+ 143V2- &00(+ '- 1'(8 &(4) 1&88*H'-!

A+- B-(4*8)*Q(- 4.*8&++.H'- 1&(4 .88(4-4 -'.J '&48 ,- '. 8(H,*%*8*&+ ,-8 %-)-(48 ,-

74.5) 1-+,.+) '. &+8)4()*&+ ,-8 .4H4-8 .+&+*Q(-8J -8) ,- S.4.+)*4 Q(- '-8 ,-(2

+&(%-.(2 %-)-(48 &+) '- 0R0- +&0H4- ,- 0&)8 ,- &,- ,- '&+S(-(48 3S.'-8 D&( Q(-

- +&0H4- +- ,*WX4- Q(- ,T(+E! ?- B&*2 1-() R)4- Y(8)*V3 .%- '. H&4+- ,- Z'&)[*+

DM!KE D1.S- N=E Q(* 0&+)4- Q(- '. H&4+- 8(134*-(4- ,- '. ,*8).+- '*H4- ,34&*) .%-

'- +&0H4- ,- 0&)8 ,- &,- ,- 0R0- '&+S(-(4!

P. 14-0*X4- -2134*-+- ,.+8 '- ).H'-.(  !M &+8*,X4- '-8 K 8\0H&'-8 '-8 1'(8

14&H.H'-8 ,- 'T.'1B.H-) .+S'.*8 ] X26J .%- '- %-)-(4 ,- 74.5)

ℓ = (2@5, 2@6, 4@7, 8@8, 6@9)J &^ mi@ℓi 8*S+*V- &00- ,.+8 9_()OI℄J mi 0&)8 ,-

&,- ,- '&+S(-(4 ℓi! ?6?@ )4&(%- (+- ,*8).+- '*H4- 0.2*0.'- ,- 4 -) '. '&+S(-(4

0&\-++- ,-8 0&)8 ,- &,- -8) ℓJmoy = 7.3375 H*)8`8\0H&'-! Z&(4 X26J 'T-+)4&1*- -8)

H(X(26)) = 4.1752 H*)8`8\0H&'-! P- 8B30. ).+,-0 3Q(*%.'-+) ()*'*8.+) (+ ?Pa ,-

)\1- b(W0.+ DQ(* &,- (+ 8\0H&'- U '. 5&*8E 8(*%*) ,T(+ &,- &+%&'()*5 ,- ).(2

<`K .%- (+- '&+S(-(4 ,- &+)4.*+)- K &+,(*) U (+- '&+S(-(4 0&\-++- ,- &,.S-

ℓTmoy = 8.4090 H*)8`8\0H&'- .%- (+- ,*8).+- '*H4- ,- 4! P- &,- ,- b(W0.+ . (+-

'&+S(-(4 0&\-++- ,- &,.S- ,- 4.2045 H*)8`8\0H&'-8! :*+8* 1&(4 '. 0R0- .1.*)3

,- &44-)*&+ ,T-44-(48J '- &,- &+Y&*+)8 1-40-) (+ S.*+ ,( ).(2 ,- &,.S- ,- 'T&4,4-

,- ℓTmoy − ℓJmoy = 1.0715 H*)8`8\0H&'- &01.43 .( 8B30. ).+,-0 &+8*,343!

P. 8-&+,- -2134*-+- ,.+8 '- ).H'-.(  !M . 3)3 -W-)(3- 1&(4 '-8 < 8\0H&'-8

'-8 1'(8 14&H.H'- ,- 'T.'1B.H-) .+S'.*8J X16! P- %-)-(4 ,- 74.5) ()*'*83 -8) ℓ =

<< 



(2@6, 2@7, 4@8, 4@9, 4@10) !"#$%&'"( ) dfree = 5 *( ) ℓJmoy = 7.750 +%(&,&-.+!/*0

12*"(3!4%* H(X(16)) = 3.821 +%(&,&-.+!/*0 1* &56.' ('"#*. 67$%8'/*"( $(%/%&'"(

$" 91: #* (-4* ;$<.'" =7$% !#* $" &-.+!/* ) /' >!%&? &$%8% #2$" !#* !"8!/$(%>

#* 3'44!3( @,A *( $"* /!"B$*$3 #* !"(3'%"(* #* 3 !"#$%( ) $"* #%&('"* /%+3* #*

5 *( $"* /!"B$*$3 .!-*""* B/!+'/* #* ℓTmoy = 2 × H(X16) = 7.705 +%(&,&-.+!/*0

C!$3 /' .D.* #%&('"* /%+3* /' 4*3(* #$ ('$E #* !#'B* *&( #* ℓJmoy − ℓTmoy =

0.113 +%(&,&-.+!/*0

F'"& (!$& /*& '& /' +!3"* d̄ !"#$%! !G"%#* '8* /' #%&('"* /%+3* 36*//* #$ !#*

!+(*"$H .!"(3'"( '%"&% &!" *I'%(6 4!$3 /*& '/45'+*(& ) B3'"#* ('%//*0

J/ &*.+/* 7$* /' !.4/*E%(6 #* /' 3*5*35* *&( #!.%"6* 4'3 /* "!.+3* #268'/$'K

(%!"& #* dlibre =/*& +!3"*&? *" $(%/%&'"( /2'/B!3%(5.* #* F%LM&(3'H #!"( /' !.4/*E%(6

'8* /2%.4/6.*"('(%!" !$3'"(* *&( #* O(|Sb|4)0 1* (*.4& #2*E6$(%!" 4!$3 X(26) *&(

4/$& 4*(%( 7$* 4!$3 X(16) #$ '$ >'%( 7$* 4!$3 X(26)H $" &*$/ '3+3* ' 6(6 *E4/!36

4!$3 !+(*"%3 /* !#* #!"( /' #%&('"* /%+3* !G"%#* '8* /' /2*E(*"&%!" #* /' +!3"*

&$463%*$3* #* ;*//*3H '/!3& 7$*H 7$'(3* '3+3*& !"( 6(6 *E4/!36& 4!$3 X(16)H "6*&&%('"(

+*'$!$4 4/$& #268'/$'(%!" #* #%&('"*&0

C!$3 $" 91: !"L!%"( '8* /* 8*(*$3 #* N3'>( ℓJ =
(
ℓJ1 , . . . , ℓ

J
M

)
H /' !.4/*E%(6

4!$3 /* #6!#'B* 4*$( D(3* 68'/$6* !..* /* "!.+3* #26('(& #'"& /* !#*$3 ) 6('(&

O"%& &-"53!"%&6 +%( '$ "%8*'$ #$ #6!#*$3H SJ
b =

∑M

i=1 ℓ
J
i −M + 10

C!$3 /* &56.' ('"#*. 67$%8'/*"( !.4!&6 #2$" 91: #* (-4* ;$<.'" '8* ℓT =
(
ℓT1 , . . . , ℓ

T
M

)
&$%8% #2$" !#* !"8!/$(%> #* ('$E 1/n '8* /' /!"B$*$3 #* !"(3'%"(*

LcH /' !.4/*E%(6 #$ #6!#*$3 !"L!%"( #'"& /* B3'45* 43!#$%( Γ&'(b ×Γ((b 4*$( D(3*

!"&%#636*H '8* ST
b = S('&

b ·S(( 6('(&H !P S('&
b =

∑M
i=1 ℓ

T
i −M +1 *( S(( = 2Lc−1 Q

C!$3 /2*E*.4/* #* /' &!$3* X(26) !"&%#636* %K#*&&$&H SJ
b = 197 *( ST

b = 468

'/!3& 7$* 4!$3 /' &!$3* X(16)H SJ
b = 119 *( ST

b = 1040

R/(*3"'(%8*.*"(H !" 4*$( !"&%#63*3 #*& #6!#*$3& &64'36& *( .*((3* (!$(* /'

!.4/*E%(6 #'"& /* 990 1*& 4*3>!3.'"*& #$ #6!#*$3 #$ !#* !"8!/$(%> &*3!"(

43!+'+/*.*"( '.6/%!36&H *4*"#'"(H /' 43!4'B'(%!" #2*33*$3 #* #6!#'B* '43S& /*

91: #* (-4* ;$<.'" &*3' 4/$& !$(*$&* 7$* 4!$3 /* &56.' !"L!%"(0

@@T



 !"#$  !" # $%&'()*(,%& -. $/0' %&1%,&(' 2%*) 34532657.( 5&835,'. .& *(,3,'5&(

$9$: .( 346.*),'(,;*. 2)%2%'<. = 3.' 2)%757,3,(<' *(,3,'<.' '%&( .33.' -. >?*(@A℄
CDE7%3.' F)%757,3,(<' ℓ G,(,%&&5,). ℓ G,(,%&&5,).

a1 = E pa1 = 0.1270 5 HHHHH  HIHIIH

a2 = T pa2 = 0.0906 5 IIIIH  IHIHHI

a3 = A pa3 = 0.0817 7 HIIHHHH J HIIHIHI

a4 = O pa4 = 0.0751 7 HHIIIHI J IHHIHIH

a5 = I pa5 = 0.0697 7 IHHIHHH K HHHHIIHH

a6 = N pa6 = 0.0674 7 IIHHIIH K HIIHHIII

a7 = S pa7 = 0.0633 8 HIHIHIHI K IIIIHHHH

a8 = H pa8 = 0.0609 8 HIIIHHIH K IHHIIHII

a9 = R pa9 = 0.0599 8    !!   "   !!!! !!

a10 = D pa10 = 0.0425 8   ! !!! "  !!! !!  

a11 = L pa11 = 0.0403 8 ! !  ! ! " !!    !!!

a12 = C pa12 = 0.0278 8 !     ! " !   !    

a13 = U pa13 = 0.0276 8 !!! !   !   !       

a14 = M pa14 = 0.0241 8 !! !! !! !  !!!!!  !!

a15 =W pa15 = 0.0236 10  !  ! !!  ! !! !!!!!  

a16 = F pa16 = 0.0223 10  ! !!!  !! ! !     ! !!

a17 = G pa17 = 0.0202 10  !! !! ! !

a18 = Y pa18 = 0.0197 10  !!!!!!   

a19 = P pa19 = 0.0193 10     ! ! !!

a20 = B pa20 = 0.0149 10    !  !! !

a21 = V pa21 = 0.0098 10   !! ! !  

a22 = K pa22 = 0.0077 10   !  !  !!

a23 = J pa23 = 0.0015 10 ! !!!!  ! 

a24 = X pa24 = 0.0015 10 ! ! ! !! !

a25 = Q pa25 = 0.0010 10 !  !!! ! !

a26 = Z pa26 = 0.0007 10 !   !!!   

ℓ !" = 7.3375 dlibre = 4 ℓmoy = 7.750 dlibre = 5

#$%&'( ()% dlibre d
#$
%&'($ = 4 d̄#$%&'($ = 5

*'+,( -.'/0)23$& 4! 5 667 5

8%9%'( :0&0%0( 4;!4 74;!<=

8%9%'( '/,>$%0( ! 7

dlibre 0?@>)@23$&( 4A7;44B 4;!=!;!6 

!!A



 !" #$%'()*$%)

 !"# % &!'()*%+ ",-# !.,"# /%"0 -" %"#%/12% 34%5'0*(%"%# ',-* 0.!2-%* 2%#

'%*6,*/!"%# 3%# /0)&,3%# '*,',#0%# 3!"# %))% )&7#%8

∗ 9" '*%/(%* %"#%/12% 34%5'0*(%"%# /,")*% :-% ',-* 2! *%&%*&% 3% ,3%#

,";,(")#+ 2! /0)&,3% <30*()% !- &!'()*% => -)(2(#!") 24!2?,*()&/% 3%  (;@#)*!

#-* 2% ?*!'&% 3%# 3(#)!"%# %")*% '!(*%# %#) )*7# %A!% ,/'!*0% !-5 /0)&,3%#

30*()%# 3!"# 2! 2())0*!)-*% <%" '!*)(-2(%* %22% 3!"# BCDEFGH℄>8

∗ 9" #%,"3 %"#%/12% 34%5'0*(%"%# /,")*% :-% ',-* )*,-.%* 2% ,3% ,";,(")

!.% 2! '2-# ?*!"3% 3(#)!"% 2(1*%+ 24!2?,*()&/% 3% )J'%  !"#%&"#'&(!)#* <.,(*

2% '!*!?*!'&% K8L> %#) "%))%/%") '2-# %A!% :-4-"% *%&%*&% %5&!-#)(.%8

M,-* 2% '!*,-*# 3% 24!*1*% 3%# ,3%-*# N 0)!)# O"(#+ 2%# *0#-2)!)# /,")*%")

!-##( :-% 2! /0)&,3% 3- )*( %#) /%(22%-* '!* *!'',*) N 24%5'2,*!)(," %" 2!*?%-*

%) 24%5'2,*!)(," %" '*,6,"3%-*8

∗  %# %5'0*(%"%# ,") 34!1,*3 0)0 /%"0%# ',-* ,"#)*-(*% 3%# ,3%# !*()&/0P

)(:-%# ,";,(")# ',-* -"% #,-*% N %")*0# 1("!(*%# <M = 2>+ '-(# ',-* 3%#

#,-*%# "," 1("!(*%#+ %" '!*)(-2(%* ',-* 2%# 26 #J/1,2%# 2%# '2-# '*,1!12%#

3% 24!2'&!1%) !"?2!(# <Q26>8 R,/'!*0 !- #&0/! )!"3%/ 0:-(.!2%") <RS #-(.(

34-" ,3% ,".,2-)(6>+ ',-* 2% /T/% )!-5 3% ,3!?%+ 2% #&0/! ,";,(") ,1P

)%"- *%#)% #,-#P,')(/!2%+ 3- N -" /!":-% 3% /0/,(*% '!* *!'',*) !- ,3%

,".,2-)(68

∗ 9" 3%*"(%* %"#%/12% 34%5'0*(%"%# ! '%*/(# 3% ,"#)*-(*% 3%# ,3%# N 2,"?-%-*

.!*(!12% ,";,(")# ',-* 3%# !2'&!1%)# ,-*)# </,("# 3% 10 #J/1,2%#> %) ',-*

3%# !2'&!1%)# 2,"?#+ '2-# '*0(#0/%") ',-* 2%# 16 %) 2%# 26 '*%/(%*# #J/1,2%# 3%

24!2'&!1%) !"?2!(# <Q16 %) Q26 *%#'%)(.%/%")>8 R,/'!*0 !-5 #&0/!# )!"3%/

0:-(.!2%")+ 4%#)PNP3(*% <,3% 34U-V/!" #-(.( 34-" ,3% ,".,2-)(6> !.% 2!

/T/% 3(#)!"% 2(1*%+ 2% ,3% ,";,(") ',-* Q16 (")*,3-() -"% '%*)% %" )!-5

3% ,3!?% %) 2% ,3% ,";,(") ',-* Q26 '%*/%) -" ?!(" %" )!-5 3% ,3!?%8

W%# %5'0*(%"%# /,")*%") !-##( :-% 2%# 1,*"%# #-* 2! 3(#)!"% 2(1*% '*,',#0%#+

#,") )*7# %A!%# ',-* 2%# ,3%# N 2,"?-%-* .!*(!12% ,";,(")# !.% 3%# ?*!"3#

!2'&!1%)#8

W4%"#%/12% 3%# %5'0*(%"%# /,")*%") :-% 2! ,"#)*-)(,"# 3% ,3%# ,";,(")#

!.% 3%# !2'&!1%)# 3% ?*!"3%# )!(22%# %#) ',##(12% !.% 24!''*,&% :-% ",-# '*,',#,"#

LLX



 !"# %&&% &'(#%) *+!",-."#/ 0%# - %# -1&%"2# #-"& 3+"+4!0%,%"& #-2# -5&.,!26 5!4

4!55-4& !26 - %# &!" %,# +72.8!0%"&#) 9%&&% #-2#:-5&.,!0.&+ %#&  2% !2 ;!.& 72% 0%#

#'+,! -"<-."&# 72% "-2# 54-5-#-"# .. ,!"72%"&  % ,+,-.4% 5!4 4!55-4& !2 - %

-"8-02&.; 5-24 !1-2&.4 =  %#  .#&!"%# 0.14%# +72.8!0%"&%#) >!.# 0! -,50%6.&+ !2

".8%!2  2  +- %24  %# - %# -"<-."&# 4%#&% %" 3+"+4!0 .";+4.%24% = 0! -,50%6.&+

 2  +- !3% -"<-."&  2 #'+,! &!" %,)

?@A



 !"#$%&' (

 )*,-.$)*. '% #'&.#'%$/'.

 !" #$%'()*$%)

 !""! "#$%! &'&(" )!*+ ,-.!"(0% 12(3(1&*+4 5! 12!6(!2 ,3%(%"! 7 12,1,%!2 )!%

,*"(8% &3&89"(:*!% 1,*2 &2&";2(%!2 8!% 1!20,26&3!% )! ,22!"(,3 )<!22!*2% =8& )(%>

"&3! 8(-2! !" 8! %1!"2! )! )(%"&3!%? )! ,)!% %,*2!>&3&8 ,3.,(3"% = @  %? "!8%

:*! 8!% ,)!% &2("#6;"(:*!% = A%? ,3.,(3"% !" 8!% ,)!% 7 8,3B*!*2 '&2(&-8! = 5C%?

,3.,(3"%4 5! %!,3) ,3%(%"! 7 !+18,("!2 !% ,*"(8% 1,*2 12,1,%!2 )! 3,*'!88!% 6;>

"#,)!% )! ,3%"2*"(,3 )!  @  % &D3 )<,1"(6(%!2 8!*2% 1!20,26&3!% !3 "!26! )!

,22!"(,3 )<!22!*2%4 E2,(% 12(3(1&8!% ,3"2(-*"(,3% ,3" ;"; &11,2";!% )&3% !""!

"#$%!4

 !"!" #$%&'%()*+ ,- &% ,).(%+- &)01- ,2'+ *,- *+3*)+(

F&3% !""! "#$%!G .<&( ;"!3)* )!% 6;"#,)!% )! 0,3"(,3 )! "2&3%0!2" %*2 B2&1#!

;"&-8(!% 1,*2 8!% ,)!% )! &3&8 7 "&*+ D+!G 1,*2 &8*8!2 8& )(%"&3! 8(-2! !" 8!

%1!"2! )! )(%"&3!% )!% ,)!% 7 8,3B*!*2 '&2(&-8!% );2("% 1&2 )!% 6&#(3!% 7 ;"&"%

D3(% =',(2 8! #&1("2! H?4 5& 6;"#,)! 2;%*8"&3"! 1,*2 8! &8*8 )! 8& )(%"&3! 8(-2!

*"(8(%! 8<&8B,2("#6! )! F(.I%"2& %*2 8! B2&1#! )!% )(%"&3!% !3"2! 1&(2!% )! %*("!% )!

6,"% )! ,)!4

 !""! 6;"#,)! !%" -!&*,*1 18*% !J&! :*! 8& "!#3(:*! 2;&8(%&3" *3! ;3*6;>

2&"(,3 )! %*("! )! 6,"% )! ,)! !" 12;%!3";! )&3% KLMNOPQ℄ 1,*2 8!%  A% ,3.,(3"%4

S88! 3<& !3 1&2"(*8(!2 1&% )! %,*( 1,*2 "2&("!2 8!% ,)!% &"&%"2,1#(:*!%4

TUT



 !"!# $%&'() )*& +, -.)/,'( +.1&(

 !"# $%"&'(')* #)*+,-.#* ". 0"1#*+' 2 1&.3#'.+3 ),.4'&&'3 5,+)'3 3.+ &" -#3*")'

&#5+' -'3 ,-'3 ,)6,#)*37 8'3 5,+)'3 3,)* *+93 .*#&'3 1,.+ &" ,)3*+.*#,) -' ,-'3

,)6,#)*37 :'3 5,+)'3 #)&.')* .)' %$)$+"&#3"*#,) -' &" 5,+)' -' ;&,*<#) ".= 8:>3

,)6,#)*3 '* .)' '=*')3#,) -' &" 5,+)' -' ?'&&'+ ".= 8:>3@8A3 ,)6,#)*37 :'3 '=1$B

+#')'3 'C'*.$'3 (,)*+')* D.' 1,.+ &'3 8:>3 ,)6,#)*3 "4' -'3 %+")-3 "&10"5'*3E

&'3 '=*')3#,)3 -'3 5,+)'3 -' ;&,*<#) '* -' ?'&&'+ 3,)* *+93 'F"'37

;,.+ &'3 8:>3 ,)6,#)*3E 1&.3#'.+3 5,+)'3 3,)* ".33# ,5*').'3 ') .*#&#3")* &'

%+"10' -'3 -#3*")'3 ')*+' 1"#+'3 -' 3.#*'3 -' (,*3 -' ,-'E ') ,)3#-$+")* D.'

*,.3 &'3 5#*3 )' 3,)* 1"3 31$#G$3 -")3 &' ,-' ,)3#-$+$7 ;,.+ '3 -'+)#9+'3 5,+)'3E

&" ,))"#33")' -' &" 3*+.*.+' -' &!"+5+' -' ,-' "33,#$ ". -#*#,))"#+' 1'+('*

-!,5*')#+ -'3 5,+)'3 (,#)3 ,)3'+4"*#4'37

 !"!2 34/.5.),/.%' -( +, -.)/,'( +.1&(

:" *+,#3#9(' ,)*+#5.*#,) -")3 '**' *093' " $*$ -' 1+,1,3'+ -' ),.4'&&'3 ($B

*0,-'3 .*#&#3")* .) "&%,+#*0(' -' *H1'  !"#%&"#'&(!)#* 1,.+ &!,1*#(#3"*#,) -' &"

-#3*")' &#5+' -'3 ,-'3 ,)6,#)*37 :' ,-' D.# ') +$3.&*' ("=#(#3' &" -#3*")' &#5+'E

'* ),) 3" 5,+)' #)I$+#'.+' ,((' -")3 &" 1&.1"+* -'3 ".*+'3 *'0)#D.'3 -!,1*#(#3"B

*#,) -' ,-'37

:!"11+,0' 1+,1,3$' ,)3#3*' J ,+%")#3'+ &'3 ,-'3 ,)6,#)*3 -")3 .)' 3*+.*.+'

-!"+5+' J ,-'3 '* 1"+,.+#+ '* "+5+' "4' .) "&%,+#*0(' -' *H1'  !"#%&"#'&(!)#*

1,.+ *+,.4'+ &' ,-' ,)6,#)* "4' &" 1&.3 %+")-' 4"&'.+ -' &" -#3*")' &#5+'7 :'3

+$3.&*"*3 -'3 '=1$+#')'3 (,)*+')* D.' &!"&%,+#*0(' -' *H1'  !"#%&"#'&(!)#* '3*

5'".,.1 1&.3 'F"' D.!.)' +'0'+0' '=0".3*#4'7

K+,#3 ($*0,-'3 -!'=1&,+"*#,)3 -' &!"+5+' ,)* $*$ $*.-#$'3 L &!'=1&,+"*#,) ') 1+,B

I,)-'.+E &!'=1&,+"*#,) ') &"+%'.+ '* &!'=1&,+"*#,) %&,.*,)7 M& ') +$3.&*' D.' &!"&%,B

+#*0(' %&,.*,) '3* &' 1&.3 +"1#-' 1,.+ &" +'0'+0' -' ,-'3 "4' &" 1&.3 %+")-'

-#3*")' &#5+'7

-")3 &' "3 -'3 8:>3 ,)6,#)*3E 1,.+ .) 4'*'.+ -' N+"I* ℓ G=$E '**' *093' -$+#*

*+,#3 ($*0,-'3 1,.+ 3*+.*.+'+ &'3 8:>3 ,)6,#)*3 -")3 .)' 3*+.*.+' -!"+5+' L &"

,)3*+.*#,) 1"+ (,*3 -' ,-'E &" ,)3*+.*#,) 1"+ 1&") -' 5#*3 '* &" ,)3*+.*#,)

1"+ "+5+'3 "),)#D.'37 8'**' -'+)#9+' "4' .)' '=1&,+"*#,) -'3 "+5+'3 -' ,-'3 1"+

OPP



 !" #$ !#$ $&" '( )'*& $+($ )!*, '( ,$-$,-$ #$ !#$.

/(0& '$ (& #$& !#$& (,1"- 2"13*$& !04!10"&5 )!*, #$& 6('$*,& #$ )(,( 7",$& (8

,("2,1&"13*$& 9),21&1!0 #* !#$*,5 fmax5 ),!:(:1'1"2& #$ '( &!*,$ $" '( ,$#!0#(0$;
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