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QOutline

@ Estimation (111, IV, IX, XI)
o Breaks of stationarity
@ Continuously invertible models

© Prediction (VIII, XIII, XIV)
@ Weak transport inequalities
@ Exact oracle inequalities

© Extremes (VII, X, XV)
@ The cluster index
@ Limit theorems for functions of Markov chains
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Motivation: model the dependence structure

Observations exhibit some temporal structure of dependence:

iid case non realistic => need to model the dependence structure.

Extremes (VII, X, XV)
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Example: log returns of a financial index

Footsee log-returns
i

500 1000 1500
Time
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General affine models

Definition (Doukhan & W., 2008)
T is an intervall of Z. The process X = (X;)ie7 follows M (o, fy) iff

Xe = 09« (Xe—i)iz1) Ze + for (Xe—i)iz1) forall t€ T,

with (Z;) iid such that EZy = 0 and EZ2 = 1, X; being independent of
(Zis1, Zi1o, - ..). The functions oy, fy are parametrized by € © C R7.

Example

@ Volatility models: fy = 0 = no correlations = financial index analysis.

@ Autoregressive models: gg = 1 = prediction.
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Breaks of stationarity

The GARCH(1,1) model with breaks

Footsee log-returns
:

0 500 1000 1500
Time

Let T, 1 <j < K* be successive intervals covering {1,...,n}. Let

Xe = 0¢Zs, U? = ag(j) + a*l‘(j)Xil + 5T(j)‘7?71 vt e TJ*
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Breaks of stationarity

Approximation of the volatility process

= (a3 (), 25 ()), Br () € R3, Tf ={rn+1,...,7/n} and K* are

unknown.
Definition

Let 6; = (a0 ()), 1 (j), f1(j)) € © and T;j = {7jn+1,...,7j41n}. Define
recursively

5:(0)) = ao()) + aa (X2 + Bu()8E(6;)  Vte T,

from arbitrary initial 2 ,(6;).
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Breaks of stationarity

The penalized Quasi Likelihood procedure

The QL over the period T; > uj, is

2

- 5 s X, R
2L,(T;,0;) := > 0e(0;) with 7:(6)) := Wtﬁ) + log (62(6;)).
teT; J

We penalize the QL criterion j,,(K,I,Q) = ZJKZI Z,,(Tj,ﬂk), T=(7T1,...,7k),
0 =(01,...,0k), by the number K of periods:

jﬂ(szvﬁ) = jn(K7I, Q) + kn K.
Consider Kpax > 0 fixed and define

(R 7 é)e Argmin Argminjn(K,LQ)-

nyLny*2n
1<K <Kiax 7.0
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Breaks of stationarity

The penalized Quasi Likelihood procedure

Theorem (Bardet & W., 2009, Bardet et al., 2012)

Under uniform moments and weak dependence assumptions, if (rk,) is
well-chosen then the procedure is consistent and for 8 asymptotically normal.

In practice, calibrate x, from an adaptation of the slope heuristic:

Plateau of models

-8700
I
o

-8750
I

QL criterion

-8800
I

/—/ co0o0o0o0o0o0 o

T T T T T T T T T T
5 10 15 20 25 B 10 15 20 25

K number of largest penalties considered
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Breaks of stationarity

Breaks detection on the Footsee index

The statistical procedure detects three breaks:

Footsee log-returns
:

J
500 1000 1500
Time

@ First break: announce of the subprime crisis,
@ Second break: the Lehman Brothers bankrupt,
@ Third break: announce of the G-20 measures to face the crisis.
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Continuously invertible models

The EGARCH(1,1) model

Definition (Nelson, 1991)

Extremes (VII, X, XV)
00000000000 000C

Volatility model with log(c2,,) = a* + 3* log(c?) + (v*Z; + 0*|Z:|), Vt € Z.

The inverted model is not necessarily stable wrt the initial value log(53)

l0g(62,1) = a* + B 10g(67) + (7" X: + 6% X;]) exp(—log(67)/2), vt > 0.

Stability of the SRE (Good Parameter)

Instablilty of SRE

&

MAD between real

MAD between real log-volatity and the SREs(in Logarthm)

T T T T T T
100 -s0 o s0 100 -100

Initial values of the SRE
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Continuously invertible models

Invertibility of the EGARCH(1,1) model

Definition (Straumann and Mikosch, 2006)

The model is called invertible when the inverted model is stable.

Example (EGARCH(1,1))
Invertibility conditions §* > |y*| and

Ellog(max(8*, 27} (v X, + 8" [Xe|) exp(—27"a" /(1 — 5*)) — 57))] < 0.

Frontier of Beta
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Continuously invertible models

Continuous invertibility of the EGARCH(1,1) model

QL: Yo7, X2/62(0) + log(62(0)) where, starting from log(53(6)),
log(3¢,1()) = a + Blog(87(6)) + (vXc + 8| Xc|) exp(— log(67(6))/2), vt > 0.

Definition (Wintenberger and Cai, 2011)

The model is called continuously invertible on © when the inverted model is
stable for every § € © and when the asymptotic law is continuous on ©.

Theorem (Wintenberger and Cai, 2011)

Under continuous invertibility, the QMLE is strongly consistent and, for
EGARCH(1,1), asymptotically normal under second moments of the score.

Example (EGARCH(1,1))
Continuous invertibility on © if all («, 8,7, ) € © satisfies 0 > || and

Eflog(max(8, 2~} (vX: + 6|X]) exp(=2"ar/(1 = B)) — B))] < 0.
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Continuously invertible models

Conclusion and perspectives on the estimation

Prediction (VIII, XIII, XIV)

Extremes (VII, X, XV)
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e Conclusion
© Use the QMLE for general affine models or on a continuously invertible
domain,
© Use the penalized QL for detecting breaks.

@ Perspectives

© Asymptotic Normality of EGARCH(1,1) with no uniform moment condition

= use similar arguments for proving AN in other models (AR-GARCH,
BEKK-GARCH).

@ Proof of the calibration of x, based on the slope heuristic
= non asymptotic criterion.
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Motivation: statistical learning for prediction

Observe (Xi,...,X,) and predict X,+1 € R with )A(,?Jrl for & well chosen.
Let £ be a loss function and R() = E[¢(X? 1, X,+1)] be the prediction risk.

Definition (Oracle inequalities)
The predictor 6 satisfies an oracle inequality if
R(0) < R(0) + An(e) w.p. l—¢

where 0 is the oracle R(6) < infe R(0) + cn~! and (A,) is the rate of
convergence (A, o< n~! fast, A, oc n=/2 slow).

Use ry(6) = %ZLPH 0(X?, X;) and the concentration of r, around R = E[r,].

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Parametric and non parametric settings

Example (Models of predictors)
o linear predictors )A(,(fle = Zf:o 0;Xo—j, 0=(0;) € © C RPHL,

o functional predictors X%, ; = >™1_, 0 ¢i(Xn, - .., X,_p) for functions

i

pi: RP =R, HEGZUj'll@J' with @jCRj.

No model assumption on the observations.

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Weak transport inequalities

Transport inequalities (n = 1)

Definition (Talagrand, 1995, Villani, 2010, Gozlan and Leonard, 2010)
Let 1 < p < 2. The law P on R satisfies T, 4(C) if for any law @

W,.4(P, Q) =: inf E,[dP(X, Y)]V/P < \/2CK(Q|P),

where 7 is a coupling (the law of (X, Y) with margins (P, @)) and
K(QIP) = Eql[log(dQ/dP)].

Standard gaussian laws with different means: W, |,|(P, Q) = /2K(Q|P)

Gussindesies

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Weak transport inequalities

Weak transport inequalities (n = 1)

Definition (Marton, 1996, W., 2012)
Let 1 < p < 2. The law P € R satisfies ?p,d(C) if for any law Q

Eo[E-[d(X, Y)|YIP]'/P < /2CK(QIP).

Remark

Any measure P’ on R satisfies ?pvl(C) where 1 denotes the Hamming distance
d(x,y) =1lez, forany 1 < p < 2.

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Weak transport inequalities

Extension to [-weakly dependent laws

Now P is the law of (X:)1<e<n on R”. It satisfies Tp,d(C) if for all @
" 1/p
Eq| Y E.[d(X. V))|YIP] " < v/2CK(QIP).
j=1

Let Xo = Yo = x0 = yo € R and denote PP}, the law of (Xis1, -+, Xn)
conditionally on (X;,...,Xo) = x() := (x;,...,x0).

Definition (I-weak dependence)

Let di < Md, for M > 0. P is g, 4,(p)-weakly dependent if for all 1 <7 < n,
(x1),y;) € E*2, a trajectory coupling i of (P, Py, xi-v) satisfying

Er, (df (Xi, Yi)) P < Yei(p) da(xi, i), forall i+1<k<n.

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Weak transport inequalities

Weak transport of [-weakly dependent laws

M 0 0 S 0
72.1(p) M 0 c 0

r(p) = | i) w2k M
. : B M 0
Yn,1(P)  An2(P) - A a—1(P) M

Theorem (W., 2012)

IfP is T g q,(p)-weakly dependent and if P, |41 satisfies Tfp,dZ(C) for all
1 <j < n then PP satisfies Tp,dl(CHF(p)||f)n2/”’l).

Example
rdl-,dz(p) dl(va): |X*y| dl(Xay): 1X¢y
d2(X7y):1X;£y d2(X7y):|X_y| d2(X7)/):1X;éy
p=1 Rio, 2000 Djellout et al., 2004 Rio, 2000
p=2 W., 2012 W., 2012 Samson, 2000
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Exact oracle inequalities

Conditional weak transport inequalities for P € T, 4 (C)

Let fy = ra(0) — rpy(6) and L; : R" x © — R, 1 <j < nsuch that

foly) = fo(x) <Y Li(y,0)ch(x,y)  Vx,y €R™.
j=1

Let 12 be a measure on © depending on § (then on (X;)1<t<n). Choose v
independent of (X:)1<i<n and Qg such that vQy = Qu. Then for all A > 0

CYi Eq [L(6)]

Eq [Ep[fs] — fo] < 3

+A [K(Q [P

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Conditional weak transport inequalities for P € T, 4 (C)

Let fy = ra(0) — rpy(6) and L; : R" x © — R, 1 <j < nsuch that

foly) = fo(x) <Y Li(y,0)ch(x,y)  Vx,y €R™.
j=1

Let 12 be a measure on © depending on § (then on (X;)1<t<n). Choose v
independent of (X:)1<i<n and Qg such that vQy = Qu. Then for all A > 0

CYl EolLi(9)7

EQ() [E[P[f’g] - fg] < \

+A [K(Qo[P)]-

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Conditional weak transport inequalities for P € T, 4 (C)

Let fy = ra(0) — rpy(6) and L; : R" x © — R, 1 <j < nsuch that

fQ(y)ffe(X)gZLJ()@H)dl(XJ/yJ) VX,yERn.
j=1

Let 12 be a measure on © depending on § (then on (X;)1<t<n). Choose v
independent of (X:)1<i<n and Qg such that vQy = Qu. Then for all A > 0

CY 1 EVEq, [L(0)7]
A
From E,Eq, = EQE,, E,[K(Qs|P)] = Eq[K(1|v)] + K(Q|P) and Q@ =Pa

EVEQ() [Ep[f’g] - fg] <

+ AE, [K(Qg|P)].

wp.l—ec  E,[R(6)] < R(®) + \log(c1)

C Z;:1 EPAEII[Lj(e)z]

+Ep, [E,[fo] + MC(p|v)] + h

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Oracle inequalities for the ERM predictor

The model of predictors © of dimension d(©) is fixed.
Let 4(x,y) = (x — y)2, Ogrm = mine r,(0) such that fope, < 0 and
X0 1]lo0 < KE[(X?,1)?] a.s. forall € © and K > 0,

Theorem (W., 2012)
If P is Ty 1(2)-weakly dependent, w.p. 1 —e forall T >0

(©) + log(e™1) — log P(r,(#) > T)

A — d
R(0erm) < R(0) + C

n

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Oracle inequalities for the Gibbs predictor

Now © = U7, ©; for models of predictors ©; of dimension d(©;) and § € ©;.

Let £(x,y) = (x — y)?, the a priori measure v o< Y7, 2~ ¥©)7; (m; uniform)
and A the Gibbs predictor 8y = E,,, [0] where

exp(—A"1r,(0))

E, fexp(—A r(0))] "

dpy = argminE,[f] + AC(plv) =

Theorem (Alquier et al., 2012)

Let P be Ty 1(2)-weakly dependent and fy be L-Lipschitz continuous. Under
boundedness and w.p. 1 — e , we have for n > 0 well chosen

R, ) < R(E) + ¢ CDIOE/(O)) + logte™)

n

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Prediction of the 7—quantile, 7 € (0,1)

Definition (Koenker, 2005)

The quantile loss functions are given by

0(x,y) = T(x=y), if x—y >0,
e —(1—-7)(x—y), otherwise.

Theorem (Alquier et al., 2012)

Let P be I'}| 1(1)-weakly dependent and fy be L-Lipschitz continuous. Under
boundedness and w.p. 1 — e, we have for A\* > 0 well chosen

R(Oerm)< R(0) + C(\/d(©) log®?(n) + log(s 1)) /v/n,
R(0x-)< R(0) + C(,/d(©5)log>?(n) + log(c 1)) /v/n.

Habilitation, November 23, 2012 Olivier Wintenberger, CEREMADE and CREST-LFA
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Exact oracle inequalities

Application: confident intervals of prediction

Example (Forecast of the French GDP, Cornec, 2010)

Out-of-sample forecasts

= =
E =4
g =
o
=
@
<
—— GDP growth
-~~~ 5%-quanlile lorecasl
. 95%-quanlile lorecast

- T T T T T T
2000 2002 2004 2006 2008 2010
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Exact oracle inequalities

Application: VaR forecast (Bale Il and Solvancy II)

Example (Forecast of the VaR of a financial index, Giot and Laurent, 2004)

Evolution of Weights in Data Sample Short VaR 1%

= ARCH AR

- —— ARFIMA 2

---- ARFIMA 1

—— ARFIMA

---- ARFIMA 2 AR
ARFIMA 1 AR
ARFIMA AR

Weights

05
|

00
|

Number of Observations
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Exact oracle inequalities

Conclusion and perspectives on the prediction

@ Conclusion
@ Use the ERM predictor when the model of predictors is satisfactory,
@ Use the Gibbs predictor for aggregating different models of predictors,
penalizing a priori by the dimensions.

@ Perspectives
@ Extension of dimension free inequalities (Tsirelson’s ones) for convex
functions of I} 1(2)-weakly dependent processes
—> new exponential inequalities for bounded dynamical systems.
@ Nonexact oracle inequalities for the ERM predictor in '} 1(2)-weakly
dependent processes
—> investigate subgradient descent predictors to obtain exact oracle

inequalities.
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Motivation: description of the clusters of extremes

An extreme event can be directly followed by another extreme event due to the
dependence of the process and then form a cluster.

Example: squares of the log returns in the last period

30 -

Squared log-returns

0 250 500 750 1000
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The cluster index

Regenerative Markov chains

Assume that X; = f(®;) for a Markov chain (®,).
Definition (Doeblin 1939)

(®;) is a Markov chain of kernel P on RY and A € B(RY).
@ Ais an atom if 3 a measure v on B(RY) st P(x, B) = v(B) for all x € A.
o Als accessible, i.e. >, PX(x,A) > 0 for all x € RY,

Regeneration cycles

Let 7a(1) = min{k > 0: &, € A} and 7a(j + 1) = min{k > 7a(j) : Pk € A}.

The excursions (®., (141, - - - » Prye41)) and thus (Xo,e)41s - -, Xry(e41)) are iid.

9
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The cluster index

Splitting Markov chains

Excursions of the squares of the log returns

Squared log-retums

500 750 1000
Time

(DCp)  E([f(P1)IP | o =y) < BIf(¥)IP + bla(y), B€(0,1). J
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The cluster index

Regularly varying processes

Definition (Basrak & Segers, 2009)

The stationary process (X;) is regularly varying of index a > 0 if the spectral
tail process (©;) satisfies, for k > 0,

IEI)(‘)<0| > Uux, |X0|_1(X0,' o '7Xk) € ) W —a
(Rva) P(|X0| >X) —u P((@o,...,@k) € )
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The regular

=095)

alpha (Cl, p
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variation index «

Fat-tailed queues ~ x~*L(x) with o & 2

11.90 813 6.59 543 4.54 3.84 3.38 3.01 265 2.33 2.11

40

15 27 39 51 63 75 87 99 112 127 142 157 172 187

Order Statistics
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Peaks over thresholds

Process of exceedances

Exceedances
N
T

0 250 500 750 1000
Time
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The cluster index

Realizations of the spectral tail process

By definition ©g =1

_ I
13w 1R

Spectral tail processes

Time
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The cluster index

Theorem (Mikosch and Wintenberger, 2012)
Under (RV,) and (DC,) with p > (e — 1)+ then the cluster index exists
by =E[( 20 00)% — (2621 ©4)8]-

In this case, the extremal index exists 6, = E[(sup,~¢©)} — (sup;>1 ©¢)%]-

Average cluster

Cluster index

Extremal indexA{-1}
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The cluster index

Examples with ©p =1

Example (Asymptotic independence)
©;=0forall t >0 then by =0, =1.

Example (AR(1): X; = pXi—1 + &, Vt € Z)
©; =ptforallt >0then 6, =1—p* and by =0, /(1 — p)*.

Example (GARCH(1,1)%: X2 = 0272, 02 = af + aj X2 | + Bio2_;, Vt € Z)
O: = (Z:/20)* T1;—,(af Z? | + ;) for all t > 0 then by and 6. are explicit.
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The cluster index

Representation of the clusters using the extremal and
cluster indices

Average clusters

mz
— 1.00
-25
. 1.50
[ EEC
B

Clusters

2.00

175
1.50
125
1.00

2c

As. ind., observations, AR(1) GARCH(1,1)?
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Limit theorems for functions of Markov chains

Classical limit theorems

Let (X/) be an iid process with the same margins than (X;).

Theorem (Meyn and Tweedie, 1993)

Assume that (DC,) holds for p =1, E|Xo|?> < oo and EXo = 0. Then
© The central limit theorem holds n=1/2S, % N(0,02)
@ The full iid cycles S(t) = S AU f(®ru(e)1i) satisfies

Ea(S(1)) =0 and Ea[S(1)%] = o2.

Let (¢,) satisfying lim,—o0 nP(|Xo] > ¢,) = 0.
Theorem (Leadbetter, 1983)

Under (RV,) and (DC,), o, p > 0, the extremal index 0 satisfies for all u > 0

IP’( max X,->c,,) ~0+}P’( max X,~’>c,,), n— 0o.
lsi<in I<ci<n
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Limit theorems for functions of Markov chains

a-stable central limit theorems

Let (a,) satisfying lim,_oo nP(|Xo| > an) = 1. Let E Xy = 0 if Xj is integrable
and b = E[(32:Z,©1)% — (322, ©4)2].

Theorem (Bartkiewicz et al., 2011)

Assume (RV,) with 0 < o < 2, @ # 1 and (DC,) with p > (oo — 1) then
ay"Sh 5 Lo

is satisfied for a centered a-stable r.v. &, with cf 1, (x) = exp(—|x|*Xa), where

M2 -—a)

Xa= T2 ((by + b-) cos(mar/2) — isign(x)(bsy — b_) sin(mw a/2)).
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Limit theorems for functions of Markov chains

Regular variation of the iid cycles

Theorem (Mikosch and W., 2012)

Under the assumptions of the previous Theorem, if b, # 0 then

PA(S(1) > x) ~ by Ea(7a) P(|Xo| > x) ~ by P (Z\X|>x) X — 00,

Extended to a > 2 under by # 0 and (DC,) for all p < cv.
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Limit theorems for functions of Markov chains

Precise large deviations

Let b, = n®*t1/@"/2 for any § >0 and S, =>7 | X!.

Theorem (Mikosch and W., 2012)
Assume (RV,) with ©g = 1.
e If0 < a< 1 and(DC,) with p > 0 then

P(S, > x)
P(S/ > x)

lim sup
n— o0 X}bn

_b+ :Oa

o If1<a<2and(DC,) withp>a—1ora>2and(DC,) for all p < «

P(S, > x)
P(S), > x)

lim sup
n—roo b, <x<cy

=0

— b,

with P(7a > n) = o(P(S] > cn)).
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Limit theorems for functions of Markov chains

Conclusion and perspectives on the extremes

@ Conclusion

@ The extremal and cluster indices describe the clusters of extreme values,
@ a-stable central limit theorems and large deviations provides theoretical
justifications of the introduction of a new index.

@ Perspectives

@ We need to consider Markovian processes and their regenerative structures
—> use also regenerative structures to validate the estimation procedure in
theory.

@ Model the extremal dependence in view of the observed clusters represented
with the extremal and cluster indices
—> introduce new models with extremal behaviors similar than the observed
ones.
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Limit theorems for functions of Markov chains

Thank you for your attention!
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