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Résumé

Cette these présente une approximation fine de la densité de longues sous-suites d’une
marche aléatoire conditionnée par la valeur de son extrémité, ou par une moyenne d’une
fonction de ses incréments, lorsque sa taille tend vers l'infini. Dans le domaine d’un condi-
tionnement de type grande déviation, ce résultat généralise le principe conditionnel de
Gibbs au sens ou il décrit les sous suites de la marche aléatoire, et non son comporte-
ment marginal. Une approximation est aussi obtenue lorsque I’événement conditionnant
énonce que la valeur terminale de la marche aléatoire appartient a un ensemble mince,
ou gros, d’intérieur non vide. Les approximations proposées ont lieu soit en probabilité
sous la loi conditionnelle, soit en distance de la variation totale. Deux applications sont
développées; la premiere porte sur 'estimation de probabilités de certains événements
rares par une nouvelle technique d’échantillonnage d’importance ; ce cas correspond a un
conditionnement de type grande déviation. Une seconde application explore des méthodes
constructives d’amélioration d’estimateurs dans l’esprit du théoréme de Rao-Blackwell,
et d’inférence conditionnelle sous parametre de nuisance ; I’événement conditionnant est
alors dans la gamme du théoreme de la limite centrale. On traite en détail du choix effectif
de la longueur maximale de la sous suite pour laquelle une erreur relative maximale fixée
est atteinte par 'approximation ; des algorithmes explicites permettent la mise en oeuvre
effective de cette approximation et de ses conséquences.

Mots-clefs

Principe de Gibbs; marche aléatoire conditionnée ; grande déviation ; moyenne dévia-
tion ; Importance sampling ; inférence conditionnelle ; Théoreme de Rao-Blackwell ; familles
exponentielles ; parametre de nuisance.



Abstract

This thesis presents a sharp approximation of the density of long runs of a random
walk conditioned on its end value or by an average of a functions of its summands as their
number tends to infinity. In the large deviation range of the conditioning event it extends
the Gibbs conditional principle in the sense that it provides a description of the distribution
of the random walk on long subsequences. An extension for the approximation of the
conditional density in the multivariate case is provided. Approximation of the density of
the runs is also obtained when the conditioning event states that the end value of the
random walk belongs to a thin or a thick set with non void interior. The approximations
hold either in probability under the conditional distribution of the random walk, or in
total variation norm between measures. Application of the approximation scheme to the
evaluation of rare event probabilities through Importance Sampling is provided. When
the conditioning event is in the zone of the central limit theorem it provides a tool for
statistical inference in the sense that it produces an effective way to implement the Rao-
Blackwell theorem for the improvement of estimators; it also leads to conditional inference
procedures in models with nuisance parameters. An algorithm for the simulation of such
long runs is presented, together with an algorithm determining the maximal length for
which the approximation is valid up to a prescribed accuracy.

Keywords

Gibbs principle; conditioned random walk; large deviation; moderate deviation; simu-
lation; Importance sampling; conditional inference; Rao-Blackwell Theorem; exponential
families; nuisance parameter.
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Introduction

Cette these présente un résultat de nature probabiliste, en lien avec le principe condi-
tionnel de Gibbs, et deux applications. La premiere est liée a 1’évaluation numérique de
probabilités d’événements rares. La seconde est de nature directement statistique et ex-
plore des méthodes constructives d’amélioration d’estimateurs dans 'esprit du théoreme
de Rao-Blackwell, et d’inférence conditionnelle sous parametre de nuisance, dans la lignée
des travaux de 1’école danoise.

Approximations de lois conditionnelles

Notons X7 = (X4, ..., X,,), n copies i.i.d. d’une variable aléatoire X de densité p et de
loi P sur R et Sy, leur somme, Sq,, := X1 +...+X,,. On considére une contrainte sur Sy ,,
de la forme (S;, = nay) ou la suite a, est supposée convergente. Pour k = k,, < n, on
s'intéresse a la densité du vecteur X¥ = (X, ..., X},) sous la contrainte locale (S1,, = nay,)
pour divers choix de la suite a,, et de la taille k,, du vecteur X’f Ensuite nous considérons
des contraintes globales de la forme (S;, € nA) oi A est un ensemble borélien de R
d’intérieur non vide. Les contraintes sont ensuite remplacées par des conditions de la
forme (U, = nay) et (Ui, € nA) oit Uy, = u (Xy) + ... +u(X,) et u est une fonction
a valeurs réelles telle que u (X;) admette une densité. Enfin, on considére le cas ou les X;
sont des vecteurs aléatoires de R? et on s’intéresse & la densité du vecteur X¥ sous une
contrainte locale.

Cette classe de problémes conditionnels limites porte le nom de principes conditionnels
de Gibbs et trouve sa source dans I’étude de systémes thermodynamiques développée a
la fin du 19eéme siecle et au début du 20eme siecle par Boltzmann, puis par Gibbs, sous
le nom de lois microcanoniques lorsque k£ = 1. Des approches directement probabilistes
ont été développées dans les années 1970 en lien avec la théorie des grandes déviations, et
développées, entre autres, dans le cadre du théoréme de Sanov par [26], et par de nombreux
auteurs.

Le contexte de notre étude est caractérisé par le fait que la longueur k& du vecteur X%
peut étre tres grande, puisque nous imposons les conditions

0 <lim sup k/n <1 (K1)
n—oo
et
lim n —k = oo. (K2)
n—oo

La suite a,, est supposée converger soit vers EXj (resp. vers Fu (X)) ou vers une valeur
différente. Ce second cas est définit une contrainte locale de type "grande déviation'; le
premier cas peut correspondre a plusieurs situations distinctes : moyenne déviation si
Vvn(a, — Eu(X1)) — oo , ou relevant du domaine du théoréme de la limite centrale si

Vi (an — Eu (X1)) = 0(1).
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Contexte bibliographique succint

Quand k est indépendant de n (typiquement k& = 1), les résultats que nous présentons
sont des généralisations du Principe Conditionnel de Gibbs qui a été étudiée pour a, fixé,
différent de EX;, sous une condition de grande déviation. Diaconis et Freedman [33] ont
considéré ce probléme dans un cas un peu plus général, k/n — 6 pour 0 < 6 < 1, en lien
avec le théoréme de de Finetti pour des suites finies échangeables (voir [88] pour détails).
Leur intérét est lié & 'approximation de la densité de X% par le produit des densités des
variables aléatoires X;, c’est a dire a la permanence de I'indépendance asymptotique sous
le conditionnement local de la somme des variables.

Leur résultat, dans l'esprit de [93], est & mettre en paralléle avec le travail de [26]
sur 'indépendance conditionnelle asymptotique lorsque 1’événement conditionnant est
(S1,, > na) ot a > EX. Dembo et Zeitouni [29] considerent des problemes semblables.

En physique statistique, de nombreux articles se rapportant aux propriétés structurelles
des polymeres traitent de ’approximation de la densité conditionnelle; voir [30] et [31].
Dans le cas des moyennes déviations, Ermakov [44] considére aussi un probléme similaire
pour k = 1.

Le cas d’un conditionnement de type central limite (lorsque v/n (a, — Eu (X1)) = 0(1))
a requ peu d’attention dans la bibliographie liée a I’approximation des lois conditionnelles,
puisque asymptotiquement la loi conditionnelle de Sy est de I'ordre de celle sans condi-
tionnement (voir par exemple [94]), lorsque k ne dépend pas de n. Cependant cette question
s’avere d’une grande importance pour 'inférence statistique. Nous indiquons briévement
quelques approches dans ce domaine ; le chapitre 3 présente une bibliographie plus étoffée.
Pedersen [76] approxime la densité conditionnelle, non pas, du vecteur X’f mais direc-
tement la densité de la statistique de test conditionnellement & une contrainte locale.
L’intégration cette approximation lui permet d’obtenir des valeurs critiques (voir [9] ou
[75]). D’autres approches ont été récemment proposées (voir [71], [42], [67] et [68]). Leur
but n’est pas d’obtenir une approximation de la densité conditionnelle, mais de développer
des algorithmes permettant directement la simulation d’échantillon sous la densité condi-
tionnelle. Ces méthodes algorithmiques sont valides sous certains modeles, et non valides
sous d’autres. Elles ne permettent pas d’obtenir une méthode unifiée pour les distribu-
tions continues les plus courantes. Pour chaque loi étudiée, une nouvelle méthode doit étre
fabriquée.

Méthodes

Dans son livre "Saddlepoint approximation", Jensen [59] commence son chapitre 1 par
la comparaison des trois méthodes les plus classiques pour approximer la densité d’une
somme de variables aléatoires indépendantes de méme loi :

1. 'approximation résultant de l'utilisation de la densité normale de méme espérance
et variance que la densité de départ

2. l'utilisation de ’approximation d’Edgeworth améliorant la méthode précédente

3. lapproximation de point selle, qui utilise une famille de lois conjuguées remplacant
I'approximation normale directe, liée ensuite a 'utilisation de développements d’Ed-
geworth.

En comparant sur un exemple ces trois méthodes, il remarque que ’approximation
d’Edgeworth améliore la premiere méthode au mode de la densité seulement, mais pas
aux endroits ou la densité est faible, alors que ’approximation point selle est bonne par-
tout. L’approximation point selle est basée sur la relation entre la densité de départ et
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la densité conjuguée (ou tiltée) qui est obtenue en multipliant la densité de départ par
exp (tz), pour un t appartenant au support de P, et en la renormalisant. Ce que Jen-
sen nomme "classical saddlepoint approximation" dans son chapitre 2, est une méthode
d’approximation effectuée en deux étapes. Il relie, tout d’abord, la densité de départ a
sa densité conjuguée, puis il utilise un lemme fondamental, qui énonce la commutativité
de la conjugaison et de la convolution; 'approximation d’Edgeworth est appliquée a la
convolution des conjuguées, ce qui fournit finalement ’approximation de la densité de la
somme normalisée des variables initiales.

Pour I'obtention de I'approximation de la densité conditionnelle proposée au Chapitre
1, nous appliquons une méthode utilisant des ingrédients semblables. En effet, la démons-
tration principale repose sur plusieurs éléments clés en plus de celui dont nous venons
d’évoquer. Pour obtenir cette approximation, sont utilisés dans la preuve : la formule de
Bayes, un lemme d’invariance sous la densité tiltée et des développements d’Edgeworth
ainsi qu'un controle précis des caractéristiques des chemins typiques. La méthode de dé-
monstration s’applique de fagon identique quel que soit le type de conditionnement. Des
différences importantes apparaitraient si 'on s’intéressait au cas ou a, — oo, hors du
contexte de cette these.

Amélioration proposée

Le Chapitre 1 présente un théoréeme d’approximation de la loi conditionnelle d’une
longue sous trajectoire. Ce théoréme est ensuite travaillé dans divers contextes, menant
a des versions diverses. En effet, un changement dans la structure de dépendance des
X; sous le conditionnement, quand (K2) et (K1) sont satisfaites, est exhibé et une so-
lution constructive pour le schéma d’approximation est fournie, a 'aide d’algorithmes et
d’exemples. La densité approximante est obtenue comme une version légerement modifiée
du tilting classique, combiné a un changement dans la variance. Les résultats améliorent
les résultats mentionnés puisque ils procurent une approximation plus fine de la densité
conditionnelle méme quand k est tres proche de n. Le résultat présenté coincide dans le
cas gaussien avec la loi conditionnelle exacte sur toute la trajectoire; en ce sens le résultat
obtenu est optimal. Dans le domaine d’un conditionnement de type grande déviation, ce
résultat généralise le principe conditionnel de Gibbs au sens ou il décrit les sous suites de
la marche aléatoire, et non son comportement marginal.

L’aspect crucial de notre résultat est le suivant. L’approximation de la densité de X’f
conditionnée & (Uy ,, = nay,) n'est pas obtenue sur R¥ tout entier, mais plutot sur une suite
de sous-ensemble de R* qui contient les trajectoires simulées sous la densité conditionnelle
(de méme, pour les trajectoires simulées sous son approximation) avec probabilité ten-
dant vers 1 quand n tend vers l'infini. Ainsi, 'approximation est obtenue sur les chemins
typiques. Les raisons, pour lesquelles nous considérons l'approximation de cette maniere
sont de deux sortes.

1. En inférence conditionnelle, 'approximation doit étre valide sur les trajectoires simu-
lées sous la densité conditionnelle, tandis que, pour des applications en Importance
Sampling, elle doit étre valide sur les trajectoires simulées sous la densité approxi-
mante.

2. Un nombre important de conditions techniques nécessaires pour obtenir une approxi-
mation sur tout ’ensemble R¥ et centrales dans les articles mentionnés ci-dessus est
ainsi évité. Ces conditions portent sur la fonction caractéristique de la densité p
de X pour obtenir une bonne approximation sur tout R¥. Puisque approximation
conditionnelle est obtenue uniquement sur les chemins typiques sous la densité condi-



14 INTRODUCTION

tionnelle de X’f et sous le conditionnement ponctuel, les régions de R¥ ainsi atteintes
sont mieux connues. Cependant, méme sous ces hypotheses plus faibles, un résultat
d’approximation sur R¥ tout entier est obtenu. En effet, la convergence de Ierreur
relative sur les grands ensembles implique que la distance en variation totale entre
la loi conditionnelle et son approximation tend vers 0 sur R¥ tout entier. Ce résultat
généralise ceux de [33] et [29], portant sur le cas ou k est petit devant n. Néanmoins,
notre résultat ne procure pas de vitesse de convergence.

Application au calcul de probabilités d’événements rares

Le résultat d’approximation présenté dans le premier chapitre permet, quand 1’évé-
nement conditionnement est de type moyenne ou grande déviation, de développer des
méthodes d’ITmportance Sampling ; voir [20] pour un apergu des techniques classiques. On
s’intéresse a 'estimation de P, = P[U;, € nA] pour n grand mais fixé.

Le cas d'un ensemble A d’intérieur non vide est traité en détail lorsqu’il est de la
forme (a,00) puisqu’il apparait naturellement dans les méthodes d’Importance Sampling
liées a I’évaluation des probabilités d’événements rares. On aborde également 1’étude de
conditionnements définis par des ensembles A de dimension locale inférieure & 1 en leur
infimum essentiel.

L’estimateur d’Importance Sampling pour P, sous la densité d’échantillonage g sur R™
est défini par

N L)
Pg(n)(A) = E lzzl mﬂnA (Ul,n(l))

ou les L échantillons Y{*(1) := (Y1(1), ..., Y,,(1)) sont i.i.d. simulés sous g. On sait que ’esti-
mateur "parfait" (& variance nulle) correspond a un choix de la densité d’échantillonnage
g coincidant précisément avec la densité de X} conditionné a I’événement (U, € nA).
Grace a l'approximation obtenue dans le chapitre 1, une densité d’échantillonnage qui
approxime cette densité optimale sur les k premiéres composantes quand k satisfait (K1)
est présentée. On présente un algorithme et une argumentation analytique pour le choix
maximal de k,,. Des simulations illustrent le gain en variance de I’estimateur de la proba-
bilité de I’événement rare. De fagon plus importante on démontre que la variance de cet
estimateur est tres fortement réduite (au moins théoriquement), par rapport aux méthodes
standard. On montre en effet que le gain relatif en termes de nombres de simulations né-
cessaires pour obtenir une erreur relative de l'ordre de a% pour P(S;, > na,) diminue
d’un facteur /n — k/y/n par rapport au schéma classique d’Importance Sampling. De
plus, on montre numériquement sur des exemples que le schéma d’approximation proposé
augmente la stabilité du facteur d’importance et que le taux de succes (proportion du
nombre de fois ou la cible est atteinte par I’échantillon simulé) est proche de 100%. Des
algorithmes précis et utilisables sont présentés.

Inférence conditionnelle

Basu [10] propose différentes méthodes d’inférence conditionnelle pour des modeles
incluant un parameétre de nuisance. Le conditionnement de la loi de I’échantillon par une
statistique exhaustive de ce parametre (si elle existe) est la méthode la plus naturelle, au
moins en théorie. Cependant, deux problémes majeurs apparaissent.

1. La densité conditionnelle est, en général, difficile (voire impossible) a obtenir.
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2. En utilisant ces méthodes, la densité approximante obtenue est toujours dépendante
du parameétre de nuisance, quoique la loi conditionnelle ne le soit pas.

On montre que lorsque la statistique observée est exhaustive pour un parametre, I’ap-
proximation de la densité conditionnelle de I’échantillon (ou plutét d’un grand sous échan-
tillon) relativement a cette statistique garde I'indépendance vis & vis du parametre. Ainsi
cette approximation permet la simulation d’échantillons semblables a ceux qui auraient été
simulés sous la densité conditionnelle. Nous développons alors deux types d’applications.

Récemment, le fameux théoreme de Rao-Blackwell a fait I'objet d’une toute nouvelle
attention (voir, par exemple, [22] ou [34]). Ce théoréme permet de réduire la variance d’un
estimateur sans biais en conditionnant par une statistique exhaustive pour un parametre.
Quand cette statistique est, de plus, complete, la réduction est optimale comme énoncé
par le théoreme de Lehmann-Scheffé. Un exemple est présenté.

Dans la méme veine, on propose des tests de type Monte Carlo pour des modeles a
parametres de nuisance ; le conditionnement est ici réalisé par une statistique exhaustive
du parametre de nuisance, dans le cadre classique des modeles exponentiels. L’intérét
pour les familles exponentielles vient du fait que parmi toutes les familles de distributions
absolument continues a support fixé, les familles exponentielles sont les seules permet-
tant de réduire la dimension du paramétrage de 1’échantillonnage par exhaustivité. Enfin
I’estimation de parametre d’intérét dans des modeéles ou la vraisemblance du parameétre
de nuisance n’est pas unimodale peut étre réalisée en utilisant cette approche condition-
nelle. La multimodalité de cette vraisemblance (voir [91] pour des exemples) peut amener
des difficultés sérieuses pour l'inférence ; la méthode que nous proposons, illustrée par un
exemple, semble répondre a ces questions.

Résumé des chapitres

Le premier chapitre présente une approximation fine de la densité de longues sous-
suites d’'une marche aléatoire conditionnée par la valeur de son extrémité, ou par une
moyenne d’une fonction de ses incréments, lorsque sa taille tend vers I'infini. Une approxi-
mation est aussi obtenue lorsque 1’événement conditionnant énonce que la valeur terminale
de la marche aléatoire appartient a un ensemble mince, ou gros, d’intérieur non vide. Les
approximations proposées ont lieu soit en probabilité sous la loi conditionnelle, soit en
distance de la variation totale. On traite en détail du choix effectif de la longueur maxi-
male de la sous suite pour laquelle une erreur relative maximale fixée est atteinte par
I’approximation ; des algorithmes explicites permettent la mise en oeuvre effective de cette
approximation et de ses conséquences.

Le deuxiéme chapitre traite des méthodes d’estimation des probabilités de certains évé-
nements rares par des techniques d’échantillonnage d’importance. Les événements consi-
dérés sont de la forme (Uy,, € nA). L’approximation de la densité de la loi conditionnelle
du vecteur (X1, ..., Xk, ) relativement & (Uy, € nA) est utilisée lorsque &, est de l'ordre
de n, comme conséquence d’un résultat du premier chapitre.

Le troisieme chapitre traite de questions de nature strictement inférentielles en lien
avec le concept d’exhaustivité. Une nouvelle approche a l'inférence conditionnelle est pro-
posée, basée sur la simulation d’échantillons conditionnellement a une statistique observée
sur les données. Ce résultat permet la Rao-Blackwellisation d’estimateurs. Des méthodes
d’inférence conditionnelle sous parametre de nuisance sont aussi étudiées. Des exemples
sont présentés.

Le dernier chapitre généralise une partie des résultats obtenus au chapitre 1 dans le
cas ot les X; sont des vecteurs aléatoires de R?: la fonction u définie ci-dessus a pour
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domaine R? et pour image R®. Aprés avoir introduit les notations utilisées pour effectuer
les développements d’Edgeworth dans R? (voir [7]), le théoréme principal est exposé. Une
généralisation de la regle permettant ’obtention d’un k£ optimal et des exemples de tra-
jectoires typiques sont finalement proposés.

Afin de faciliter la lecture, certaines démonstrations tres longues et les lemmes techniques
sont laissés a la fin de chaque chapitre. En annexe, une liste d’exemples de calculs permet-
tant I'application des méthodes exposées est proposée.

A T'exception du dernier chapitre, les résultats de cette theése ont été obtenus par un travail
en commun avec Monsieur le Professeur Michel Broniatowski, directeur de ma these.



Chapter 1

Long runs under a conditional
limit distribution.

1.1 Context and scope

This paper explores the asymptotic distribution of a random walk conditioned on its
final value as the number of summands increases. Denote X} := (Xi,..,X,,) a set of
n independent copies of a real random variable X with density px on R and Sy, :=
X1 + ...+X,,. We consider approximations of the density of the vector X¥=(Xy,.., X})
on R* when Si,» = na, and a, is a convergent sequence. The integer valued sequence
k := k,, is such that

0 <lim sup k/n <1 (K1)
n—r00
together with
lim n —k = oo. (K2)
n—oo

Therefore we may consider the asymptotic behavior of the density of the trajectory of the
random walk on long runs. For sake of applications we also address the case when Sy, is
substituted by Uy, := u (X1) + ... + u(X;) for some real valued measurable function u,
and when the conditioning event writes (Uy , = u1,,) where u; ,/n converges as n tends to
infinity. A complementary result provides an estimation for the case when the conditioning
event is a large set in the large deviation range, (U, € nA) where A is a Borel set with
non void interior with FuX <essinf A; two cases are considered, according to the local
dimension of A at its essential infimum point essinfA.

The interest in this question stems from various sources. When k is fixed (typically
k = 1) this is a version of the Gibbs Conditional Principle which has been studied
extensively for fixed a, # EX, therefore under a large deviation condition. [33] have
considered this issue also in the case k/n — 6 for 0 < 6 < 1, in connection with de
Finetti’s Theorem for exchangeable finite sequences. Their interest was related to the
approximation of the density of X% by the product density of the summands X;’s, therefore
on the permanence of the independence of the X;’s under conditioning. Their result is in
the spirit of [93] and to be paralleled with [26] asymptotic conditional independence result,
when the conditioning event is (Si, > nay) with a, fixed and larger than EX. In the
same vein and under the same large deviation condition [29] considered similar problems.
This question is also of importance in Statistical Physics. Numerous papers pertaining
to structural properties of polymers deal with this issue, and we refer to [30] and [31] for
a description of those problems and related results. In the moderate deviation case, [44]
also considered a similar problem when k = 1.
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Approximation of conditional densities is the basic ingredient for the numerical esti-
mation of integrals through improved Monte Carlo techniques. Rare event probabilities
may be evaluated through Importance sampling techniques; efficient sampling schemes
consist in the simulation of random variables under a proxy of a conditional density, often
pertaining to conditioning events of the form (U, > na,); optimizing these schemes has
been a motivation for this work; see Chapter 2.

In parametric statistical inference conditioning on the observed value of a statistics
leads to a reduction of the mean square error of some estimate of the parameter; the
celebrated Rao-Blackwell and Lehmann-Scheffé Theorems can be implemented when a
simulation technique produces samples according to the distribution of the data condi-
tioned on the value of some observed statistics. In these applications the conditioning
event is local and when the statistics is of the form Uy, then the observed value u;,,
satisfies limy, o0 u1n/n = Eu(X). Such is the case in exponential families when Uy,
is a sufficient statistics for the parameter. Other fields of applications pertain to para-
metric estimation where conditioning by the observed value of a sufficient statistics for a
nuisance parameter produces optimal inference through maximum likelihood in the condi-
tioned model; in general this conditional density is unknown; the approximation produced
in this paper provides a tool for the solution of these problems; see Chapter 3.

Both for Importance Sampling and for the improvement of estimators, the approxi-
mation of the conditional density of X¥ on long runs should be of a very special form: it
has to be a density on R¥, easy to simulate, and the approximation should be sharp. For
these applications the relative error of the approximation should be small on the simulated
paths only. Also for inference through maximum likelihood under nuisance parameter the
approximation has to be accurate on the sample itself and not on the entire space.

Our first set of results provides a very sharp approximation scheme; numerical evidence
on exponential runs with length n = 1000 provide a relative error of the approximation of
order less than 100% for the density of the first 800 terms when evaluated on the sample
paths themselves, thus on the significant part of the support of the conditional density;
this very sharp approximation rate is surprising in such a large dimensional space, and it
illustrates the fact that the conditioned measure occupies a very small part of the entire
space. Therefore the approximation of the density of X¥ is not performed on the sequence
of entire spaces R* but merely on a sequence of subsets of R¥ which bear the trajectories
of the conditioned random walk with probability going to 1 as n tends to infinity; the
approximation is performed on typical paths.

The extension of our results from typical paths to the whole space R* holds: conver-
gence of the relative error on large sets imply that the total variation distance between the
conditioned measure and its approximation goes to 0 on the entire space. So our results
provide an extension of [33] and [29] who considered the case when k is of small order
with respect to n; the conditions which are assumed in the present paper are weaker than
those assumed in the just cited works; however, in contrast with their results, we do not
provide explicit rates for the convergence to 0 of the total variation distance on R¥.

It would have been of interest to consider sharper convergence criteria than the total
variation distance; the y2-distance, which is the mean square relative error, cannot be
bounded through our approach on the entire space R¥, since it is only handled on large
sets of trajectories (whose probability goes to 1 an n increases); this is not sufficient to
bound its expected value under the conditional sampling.

This paper is organized as follows. Section 2 presents the approximation scheme for the
conditional density of X} under the point conditioning sequence (S, = na,) . In section
3, it is extended to the case when the conditioning family of events writes (Uj,, = u1 ).



1.2. RANDOM WALKS CONDITIONED ON THEIR SUM 19

The value of k for which this approximation is fair is discussed; an algorithm for the
implementation of this rule is proposed. Algorithms for the simulation of random variables
under the approximating scheme are also presented. Section 4 extends the results of
Section 3 when conditioning on large sets.

The main steps of the proofs are in the core of the paper; some of the technicalities is
left to the Appendix.

1.2 Random walks conditioned on their sum

1.2.1 Notation and hypothesis

In this section the point conditioning event writes
En = (S1n, = nay) .

We assume that X satisfies the Cramer condition, i.e. X has a finite moment generating
function ®(t) := FexptX in a non void neighborhood of 0. Denote

m(t) = %log (1)
s3(t) == %m(t)
d

The values of m(t), s> and p3(t) are the expectation, the variance and the kurtosis of the

tilted density

7 () = ‘iﬁ'gm) (L1)

where ¢ is the only solution of the equation m(t) = a when a belongs to the support of X.
Conditions on ®(¢) which ensure existence and uniqueness of ¢ are referred to as steepness
properties; we refer to [6] , p.153 and followings for all properties of moment generating
functions used in this paper. Denote I1¢ the probability measure with density 7.

Remark 1. In many cases the function ¢u(t) is not available in closed form, and conse-
quently the same holds for the functions m, s> and 3. However tail probabilities are needed
in safety surveys or in reliability studies; henceforth the real need is not on tail probabil-
ities under the true (usually unknown ) model, but merely on some prozy of it, under
which the tail probability estimate should have some conservative property. In a number
of cases this may lead to a known model with rather simple forms for these functions. In
other cases expansions of the function ¢y (t) are available, leading to some approximation
for the resulting derivatives. Inversion of m is feasible; inversion must be realized in a
small interval around a,. Hence the values of s*(t) and usz(t) for m(t) close to a, can be
calculated with good accuracy.

We also assume that the characteristic function of X is in L" for some r > 1 which is
necessary for the Edgeworth expansions to be performed.

The probability measure of the random vector X7 on R" conditioned upon &, is de-
noted P,,,. We also denote P,,, the corresponding distribution of X% conditioned upon
En; the vector X’f then has a density with respect to the Lebesgue measure on R for
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1 <k < n ,which will be denoted p,,,. For a generic r.v. Z with density p, p(Z = z) de-
notes the value of p at point z. Hence, pyq, (:r’f) =p (X’f = x’f|SLn = nan). The normal

density function on R with mean p and variance 7 at  is denoted n (u, 7, 2). When p =0
and 7 = 1, the standard notation n (z) is used.

1.2.2 A first approximation result

We first put forwards a simple result which provides an approximation of the density
Pna, of the measure P, on R¥ when k satisfies (K1) and (K2) . For i < j denote

Sij =Ty + ... + 5.

Denote a := a,, omitting the index n for clearness.

We make use of the following property which states the invariance of conditional den-
sities under the tilting: For 1 < ¢ < j < n, for all a in the range of X, for all v and
s

P(Sij =ulS1n=s)=7"(8Si; =u[S1n =5) (1.2)

where S; ; := X; + ... + X together with S1 ¢ = 510 = 0. By Bayes formula it holds

k—1
Pna (ﬂflf) = H P (Xit1 = xip1|Siz1,n = na — s13) (1.3)
=0

T (Sigon = na — S1,i41)
T (Sit1,n = na — s1)

k—1
= [ Xis1 = zit1)
i=0

— kﬁﬂ‘a(X'+1 — 33‘+1) ¢ (Sk+17n :na_sl,k). (14)
i=0 1 Z T (S1,n = na)

Denote Sj41,, and Sy, the normalized versions of Sy, and Si, under the sampling
distribution II%. By (1.4)

ka—sl,k )

B k—1 . B \f @ (m: e
o ) = @0 X = f’”“)] Yty 5o0) -

A first order Edgeworth expansion is performed in both terms of the ratio in the above
display; see Remark 6 hereunder. This yields, assuming (K1) and (K2)

Proposition 2. For all 2% in R¥

k—1 n kZ*SLk
Pna (xlf) = [H ﬂ-a(XH—l = xi+1)‘| (3(:1 2(\)/)1@) \/n ﬁ A (15)
=0

ug(ta) ka — S1.k < 1 )
1+ H : +0(—
( 6s3(t*)vn — k ° <s(t“)\/n— k Vn
where H3(x) := 23 — 3z. The value of t* is defined through m(t*) = a .

Despite its appealing aspect, (1.5) is of poor value for applications, since it does not
yield an explicit way to simulate samples under a proxy of p,, for large values of k. The
other way is to construct the approximation of p,, step by step, approximating the terms
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in (1.3) one by one and using the invariance under the tilting at each step, which introduces
a product of different tilted densities in (1.4). This method produces a valid approximation
of pna on subsets of R¥ which bear the trajectories of the condition random walk with
larger and larger probability, going to 1 as n tends to infinity.

This introduces the main focus of this paper.

1.2.3 A recursive approximation scheme

We introduce a positive sequence €, which satisfies

lim e,vVn —k =00 (E1)
n—oo
. 2
Jim e, (logn)® = 0. (E2)
It will be shown that €, (log n)2 is the rate of accuracy of the approximating scheme.
We denote a the generic term of the convergent sequence (ay),~; . For clearness the
dependence in n of all quantities involved in the coming development is omitted in the
notation.

Approximation of the density of the runs

Define a density gn,(y¥) on R¥ as follows. Set

go(y1lyo) == 7" (y1)

with go arbitrary, and for 1 < i < k — 1 define g(y;11|y}) recursively.
Set t; the unique solution of the equation

mi = m(t) = " (o= ) (1.6)

n—1 n

where s1; := y1 +... +y;. The tilted adaptive family of densities 7" is the basic ingredient
of the derivation of approximating scheme. Let

2
52

i = (log Exm; exptX) (0)

and .
. i .
Wy = pred (log Exm; exptX) (0), j = 3,4

which are the second, third and fourth cumulants of 7. Let

9(ir1| yt) = Cipx (yip1)n (@B + a, B, yi+1) (L.7)
be a density where A
13
=t +-—F" 1.8
@ Z+25‘2-1(71—1'—1) (18)
B=st(n—i—1) (1.9)
and C} is a normalizing constant.
Define
k—1 )
gna(Wt) = go(yilwo)- [T 9(wizal vt)- (1.10)
i=1

We then have
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Theorem 3. Assume (K1) and (K2) together with (E1) and (E2). Let Y]* be a sample
with density pnq. Then

pra (V) o= p(XE = Y[ 1, = n0) = gua(VF)(1 + 05, (en (logm)?). (111

Proof. The proof uses Bayes formula to write p(X} = Yf’ Si1, = na) as a product of k

conditional densities of individual terms of the trajectory evaluated at Y{*. Each term of
this product is approximated through an Edgeworth expansion which together with the
properties of Ylk under P,, concludes the proof. This proof is rather long and we have
differed its technical steps to the Appendix.

Denote S1p =0 and S ; := Si;—1 + Y;. It holds

p(Xk = Ylk‘ Sin =na) = p(X; =Y1|S1,, = na) (1.12)
k:_l . .
[T p(Xit1 = Yisa | X§ = Y7, 81, = na)
i=1
k-1
= H P (Xit1 = Yip1|Siy1,n = na — S1;)
i=0

by independence of the r.v’s X/s.

Define ¢; through
Sy
m(t;) = - <a— M)
n—i n

a function of the past r.v’s Y{ and set m; := m(t;) and s? := s%(¢;). By (1.2)

P (Xit1 = Yip1|Siy1,n = na — S1)
= 7" (Xiy1 = Yip1|Sit1,n = na — 1)

_ ™ (S;1 0, =na — S14141
:'ﬂ'ml (X1+1:YTL+1) (l+ o ,Z+)

7 (Siy1,n = na — S1)

where we used the independence of the X;’s under 7™i. A precise evaluation of the dom-
inating terms in this latest expression is needed in order to handle the product (1.12).

Under the sequence of densities 7 the i.i.d. r.v's X;i1,...,X,, define a triangular
array which satisfies a local central limit theorem, and an Edgeworth expansion. Under
7" X,;41 has expectation m; and variance s?. Center and normalize both the numerator
and denominator in the fraction which appears in the last display. Denote 7, —;_1 the den-
sity of the normalized sum (S;y2, — (n —i — 1)m;) / (si\/n —i— 1) when the summands
are i.i.d. with common density 7. Accordingly 7,,—; is the density of the normalized
sum (Sjt1,n — (R —i)my) / (six/n - z) under i.i.d. 7™ sampling. Hence, evaluating both
Tn—i—1 and its normal approximation at point Y1,

P (Xiy1 = Yiy1|Siy1n = na — S1;) (1.13)
Vn—i it ((my = Yi) /si/n—i— 1)

= ———7" (Xj1 = Y;
\/m ( i+1 ZJrl)
vn—1 , N;
= 7" (X1 = Yig1) —.
vn—1—1 D;
The sequence of densities T,_;—1 converges pointwise to the standard normal density
under (E1) which implies that n — i tends to infinity for all 1 < ¢ < k, and an Edgeworth

Tn—i(0)
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expansion to the order 5 is performed for the numerator and the denominator. The main
arguments used in order to obtain the order of magnitude of the involved quantities are
(i) a maximal inequality which controls the magnitude of m; for all i between 0 and k — 1
(Lemma 24), (ii) the order of the maximum of the Y/s (Lemma 25). As proved in the
Appendix,

Ni=n(=Yiy1/ss/n—i-1).AB+Op, <1> (1.14)

(n—i-— 1)3/2
where
aYiy1 a? op,, (e, logn)
A=1(1 — e 1.15
< +s?(n—z’—1) 2312(71—1'—1)—1— n—i—1 (1.15)
and .
e
B 1= st (@ = Yira) (1.16)
T\ sl 1564 Orna((osn)?) -
8s¥(n—i—1)  72s0(n—i—1) (n—i—1)2
The Op,, <(n_z_11)3/2> term in (1.14) is uniform upon (m; — Yiy1) /sivn—i— 1. Turn

back to (1.13) and perform the same Edgeworth expansion in the denominator, which

writes ' A -
pi—st 15 |
D; = 1-— — — - — . 1.1
n(0) ( 8st(n —1i) 72s%(n —1i) +Or., (n — i)3/2 (L17)

The terms in g(Y;11]|Yy) follow from an expansion in the ratio of the two expressions
(1.14) and (1.17) above. The gaussian contribution is explicit in (1.14) while the term

K3

exp %Yﬁl is the dominant term in B. Turning to (1.13) and comparing with

(1.11) it appears that the normalizing factor C; in g(Yji1]Yy) compensates the term

(D(t_)v&‘;_ii_l exp (282(_naf§_1)> , where the term ®(¢;) comes from 7" (X;11 = Yj4+1). Fur-

ther the product of the remaining terms in the above approximations in (1.14) and (1.17)

turn to build the 1+op,, (en (log n)2) approximation rate, as claimed. Details are differed
to the Appendix. This yields

k—1
p(X} = Y81, = na) = (1+op,, (en (l0gn)*) ) g0(V1|Y) T] 9(Yira| ¥7)
i=1
which completes the proof of the Theorem. O

That the variation distance between P,,, and G, tends to 0 as n — oo is stated in
Section 3.

Remark 4. When the X;’s are i.i.d. with a standard normal density, then the result in the
above approzimation Theorem holds with k = n — 1 stating that p(X} ' = 27718y, =

na) = gna (x?_1> for all 7" in R*™'. This extends to the case when they have an
infinitely divisible distribution. However formula (1.11) holds true without the error term
only in the gaussian case. Similar exact formulas can be obtained for infinitely divisible
distributions using (1.12) making no use of tilting. Such formula is used to produce Figures
1.1, 1.2, 1.3 and 1.4 in order to assess the wvalidity of the selection rule for k in the
exponential case.
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Remark 5. The density in (1.7) is a slight modification of ©™i. The modification from
7 (yiy1) to g (yi+1\y§) s a small shift in the location parameter depending both on a and
on the skewness of p, and a change in the variance : large values of X;11 have smaller
weight for large i, so that the distribution of X;11 tends to concentrate around m; as i
approaches k.

Remark 6. In Theorem 3, as in Proposition 2, as in Theorem 9 or as in Lemma 25, we
use an FEdgeworth erpansion for the density of the normalized sum of the n — ith row of
some triangular array of row-wise independent r.v’s with common density. Consider the
i.i.d. r.v’s Xq,..., X, with common density m®(x) where a may depend on n but remains
bounded. The Edgeworth expansion pertaining to the normalized density of S1, under m®
can be derived following closely the proof given for example in [46], p.532 and followings
substituting the cumulants of p by those of m®. Denote pq(z) the characteristic function
of m*(x). Clearly for any § > 0 there exists g5 < 1 such that |@q(2)| < qa,s and since a is
bounded, sup,, .5 < 1. Therefore the inequality (2.5) in [46] p.533 holds. With v, defined
as in [46], (2.6) holds with ¢ replaced by ¢, and o by s(t*); (2.9) holds, which completes
the proof of the Edgeworth expansion in the simple case. The proof goes in the same way
for higher order expansions.

Sampling under the approximation

Applications of Theorem 3 in Importance Sampling procedures and in Statistics require
a reverse result. So assume that Y} is a random vector generated under G,,, with density

gna- Can we state that g, (Ylk) is a good approximation for p,, (Y1k>‘7 This holds true.

We state a simple Lemma in this direction.
Let R, and &,, denote two p.m’s on R" with respective densities t, and s,.

Lemma 7. Suppose that for some sequence €, which tends to 0 as n tends to infinity
tn (Y1) = 80 (Y]") (1 + om,, (€n)) (1.18)

as n tends to co. Then
sp (Y1) = (Y1) (1 + 0s,, (€n)) - (1.19)

Proof. Denote
Ape, =yl (L —en)sn (y7) < v (U7) <50 (97) (L +e0)} -

It holds for all positive §
lim R, (Anse,) = 1.

n—0o0
Write ( )
vy (Y7
Ry (Apse, :/1An T —sn(y1')dyy
( E) ,én(l)sn(yl) (1) 1
Since

Rn (An,éen) < (1 + 6511)611 (An,ésn)

it follows that
nh—>Igo S, (Anﬁan) =1,

which proves the claim. O

As a direct by-product of Theorem 3 and Lemma 7 we obtain
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Theorem 8. Assume (K1) and (K2) together with (E1) and (E2). Let YF be a sample
with density gnq. It holds

Paa (V) = 92a(0F) (1 + 06, (en (10g1)%)).

1.3 Random walks conditioned by a function of their sum-
mands

This section extends the above results to the case when the conditioning event writes
Ul,n = Uln (1.20)

with
Ul,n = (Xl) +...t+u (Xn)

where the function u is real valued and the sequence u; ,/n converges. The characteristic
function of the random variable u (X) is assumed to belong to L" for some r > 1. Let py
denote the density of U = u (X).
Assume
¢u(t) == EexptU < oo (1.21)

for ¢ in a non void neighborhood of 0. Define the functions m(t), s*(t) and us(t) as the
first, second and third derivatives of log ¢y (¢).
Denote

expt
m(u) = S

T dult)

with m(t) = o and « belongs to the support of Py, the distribution of U.
We also introduce the family of densities

pu (u) (1.22)

Ty () == pr (z). (1.23)

1.3.1 Approximation of the density of the runs

Assume that the sequence €, satisfies (E1) and (E2).
Define a density gul‘n(ylf) on R* as follows. Set

mo = u1p/n

and
go(y1]yo) == 7, (y1) (1.24)

with yo arbitrary and, for 1 < i < k — 1, define g(y;11]y}) recursively. Denote u;; :=

w(yr) + .. +uly;) -
Set t; the unique solution of the equation

_ Uin T UL (1.25)

and, let
) _ @&
Si = o (log Ewgi exp tU) (0)



26 CHAPTER 1. LONG RUNS UNDER A CONDITIONAL LIMIT DISTRIBUTION.

and )
. d’
. my ] -
M= o (log B mi exp tU) (0), j =34

which are the second, third and fourth cumulants of 7{3'. A density g(yi+1]y}) is defined
through

9(yir1ly) = Cipx (yir1)n (@B + mo, B, u (yit1)) - (1.26)
Here A
a—tip (1.27)
25t (n—i—1)
B=st(n—i—1) (1.28)
and the C; is a normalizing constant.
Set
k—1 ‘
Gurn (F) = g90(w1190) TT 9wl ). (1.29)
i=1

Theorem 9. Assume (K1) and (K2) together with (E1) and (E2). Then

1. Let Y} be a sample with density Duy -
k) . k _ vk _ _ k 2
Pus (V) = (XE =Y Ui = w10 ) = gur, (V) (1 + 0, (e (logn)?))
2. Let Y be a sample with density Guy -
Puss (Y1) = un,s V) (1 + 06, (€0 (log n)°)).

Proof. We only sketch the initial step of the proof of (i), which rapidly follows the same
track as that in Theorem 3 .
As in the proof of Theorem 3 evaluate

P (Xit1 =Yip1| Uipin = 1,0 — Ury)
PU (Uiton = u1n — Urit1)
pU (Uigin = uin — Uty)
PU (Uigon = u1,n — Urit1)
pu (Ui = u (Yig ’ ’ ’ .
(Uit (Yirr)) PU (Uigi,n = u1,n — Ury)

=px (Xit1 = Yiq1)

__px (Xi+1 =Yit1)
pu (Uip1 = u (Yit1))

Use the invariance of the conditional density with respect to the change of sampling
defined by 7{j* to obtain

P (Xit1 = Yit1| Uig1n = w10 — Ur)

px (Xiv1 =Yip1) G (Uigen = uin — Utit1)
e T U =u Y . ) s 5
pu (Uit =u(Yi)) V (Gin (Yirr)) G (Uigin = 1, — Uty)
eliet) 7 (Uiggn = urn — Unin1)
du(ti) 7y (Uigin = uin — Uiy)

= px (Xiy1 = Yip1)

and proceed through the Edgeworth expansions in the above expression, following verbatim
the proof of Theorem 3. We omit details. The proof of (ii) follows from Lemma 7 O
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We turn to a consequence of Theorem 9
For all 6 > 0, let

Puy (ylf) — Guy <ylf)

Eys = {ylf e RF:

4

gul,n (y{f)
which by Theorem 9 satisfies
nh_)rrolo Pul,n (Ekﬁ) = nh_)rlolo Gm,n (Eky(;) =1. (1.30)
It holds
sup ‘Pul’n (CNErs) = Guy, (cn Ek,5)|
CeB(RF)
<45 sup / Gura (uF) dyt < 6.
CeB(RF) / CNEg.s
By (1.30)
sup  |Pu,,, (CNEggs) — Py, (C)| <y
CeB(RF)
and

Sup ’Gul,n (C m Ek,é) - Gul,n (C)| < T]n
CeB(RF)

for some sequence 7, — 0 ; hence

sup |Pu1,n (C) = Guy,, (C)] <6+ 2n,
CeB(RF)

for all positive §. Applying Scheffé’s Lemma, we have proved

Theorem 10. Under the hypotheses of Theorem 9 the total variation distance between
Py, ,, and Gy, ,, goes to 0 as n tends to infinity, and

n—oo

tim [ |pus,. (4F) = gur (8F)] dyf =0,

Remark 11. This result is to be paralleled with Theorem 1.6 in [33] and Theorem 2.15
in [29] which provides a rate for this convergence for small k’s under some additional
conditions on the moment generating function of U.

Approximation under other sampling schemes

In statistical applications the r.v.’s Y;’s in Theorems 3 and 9 may at time be sampled
under some other distribution than P, or G,,.

Consider the following situation.

The model consists in an exponential family P := {Fy,, (§,n) € N'} defined on R with
canonical parametrization (6,7n) and sufficient statistics (¢,u) defined on R through the
densities

pogfa) = T _ g 08(@) + pu(e) — K(0.m)] h(a). (1.31)
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We assume that both 6 and 1 belong to R. The natural parameter space A is a convex
set in R? defined as the domain of

k(0,7) == exp [K(6,7)] = / exp [0¢(z) + qu(z)] h(x)de.

For the statistician, € is the parameter of interest whereas n is a nuisance one. The
unknown parameter of the i.i.d. sample X} := (X4, ..., X;,) observed as X" := (X1, ..., X,)
is (QT,T]T).

Conditioning on a sufficient statistics for the nuisance parameter produces a new ex-
ponential family which is free of . For any 6 denote 7y the MLE of nr in model (1.31)
parametrized in 7, when 6 is fixed. A classical solution for the estimation of 7 consists
in maximizing the likelihood

L(0|XT) Hpgm, i)

upon 6. This approach produces satisfactory results when 7y is a consistent estimator of 7
. However for curved exponential families, it may happens that for some 6 the likelihood

77’X1 Hpen

is multimodal with respect to 1 which may produce misestimation in 7y, leading in turn
unconsistency in the resulting estimates of 67, see [91].

Consider g, , (6., defined through (1.29) for fixed (6,7), with w1, = u(X1) + ... +
u(Xy). Since uyy, is sufficient for 7 , Pui. (0, i independent upon 7 for all k. Assume
at present that the demsity g, , 9, on R* approximates Pui (6,7 OB the sample X7

generated under (67, n7); it follows then that inserting any value g in (1.29) does not
change the value of the resulting likelihood

Lipg (9\ Xf) = Gun o, (0,10) (Xi)-

Optimizing Ly, (9| X {“) upon # produces a consistent estimator of 7. We refer to Chapter
3 for examples and discussion.

Let Y7 be i.i.d. copies of Z with distribution ) and density ¢; assume that @) satisfies
the Cramer condition [ (exptz)q(xz)dr < oo for ¢ in a non void neighborhood of 0. Let
Vip=u(Y1)+..+u(Y,) and define

Qui n (yf) =4q (Y1 = ‘ Vip=u n)
with distribution @y, ,,. It then holds
Theorem 12. Assume (K1) and (K2) together with (E1) and (E2). Then, with the same
hypotheses and notation as in Theorem 9,
p (X =YF[Upn = ui0) = gun V) (1 + 0, (n (l0g7)?)).
Also the total variation distance between Qy, ,, and Py, ,, goes to 0 asn tends to infinity.

Proof. 1t is enough to check that Lemmas 23, 24 and 25 hold when Y satisfies the Cramer
condition. O

Remark 13. In the previous discussion Q = Py, and X7 are independent copies of X
with distribution Py, .
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1.3.2 How far is the approximation valid?

This section provides a rule leading to an effective choice of the crucial parameter k
in order to achieve a given accuracy bound for the relative error in Theorem 9 (ii). The
accuracy of the approximation is measured through

Puy (Yik) ~ Guin (Ylk)
pm,n (Ylk)

ERE(k) = Eg,, , 1p, (Y{) (1.32)

and

pul,n <Y1k) - gm,n (Ylk)
pm,n (Ylk)

respectively the expectation and the variance of the relative error of the approximating
scheme when evaluated on

VRE(k) = Varg,,  1p, (YI) (1.33)

Dy, := {ylf € R* such that ‘gulyn(yf)/pulyn (y’f) - 1‘ < 5n}

with ¢, (logn)® /8, — 0 and &, — 0; therefore Gu,., (Di) — 1. The r.v's Y{* are sampled
under gy, . Note that the density py, ,, is usually unknown. The argument is somehow
heuristic and informal; nevertheless the rule is simple to implement and provides good
results. We assume that the set Dj, can be substituted by R in the above formulas,
therefore assuming that the relative error has bounded variance, which would require
quite a lot of work to be proved under appropriate conditions, but which seems to hold, at
least in all cases considered by the authors. We keep the above notation omitting therefore
any reference to Dy.

Consider a two-sigma confidence bound for the relative accuracy for a given k, defining

CI(k) = [ERE(k:) —2\/VRE(K), ERE(k) + 2, /VRE(k:)] |

Let 6 denote an acceptance level for the relative accuracy. Accept k until § belongs to
CI(k). For such k the relative accuracy is certified up to the level 5% roughly.
The calculation of VRE(k) and ERE(k) should be done as follows.

Write
3 k
Gy (Y
VRE(k)? = Ep, Lkgl) :
Puy,, (Y1) px (YF)

2
. g, (V)
x Puy (Ylk> bx (Ylk)

= A- B2
By Bayes formula
Ui/ (n — k) = m(ty))
oy = - np (Upq, _ 1.34
pl,n( 1) pX( 1) (n—k)p(Uin/n=ui,/n) ( )

The following Lemma holds; see [59] and [79].
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Lemma 14. Let Uy, ..., U, be i.i.d. random variables with common density py on R and
satisfying the Cramer conditions with m.g.f. ¢uy. Then with m(t) = u

_ V/neg(t) exp —ntu

Ui n/n=u) = 14 0(1
p(Usn =) = EAEER I 14 o)
when |u| is bounded.
Introduce m n
D = |:7TU0 (m()):|
pu(mo)
and i
N = [ng (mk):|(n )
pu (mx)
with my, defined in (1.25) and my = w1, /n. Define t by m(t) = mg. By (1.34) and Lemma
14 it holds D s(t)
B\ n k b s(t
P <Y1 ) “ Vg (Yl ) N s(ty) (1 + Opulqn(1)> '

The approximation of A is obtained through Monte Carlo simulation. Define

i n—=k [ Juin (Ylk) ’ N\ 2 s2(t)
A (¥ = () (1.35)

n px (YF) D) s2(t)

and simulate L i.i.d. samples Ylk (1) , each one made of k i.i.d. replications under px. Set

A2 XL: A(YEW).
L =1

We use the same approximation for B. Define

n—k guln(Ylk) i NY s(tr)
B(Ylk) = ( : )(D> i (1.36)

3

and

with the same Y{*(1)’s as above.
Set )
VRE(k) = A - (B) (1.37)

which is a fair approximation of VRE(k).
The curve k — ERE(k) is a proxy for (1.32) and is obtained through

~

ERE(k):=1- B.

A proxy of CI(k) can now be defined through

CT(k) == |FRE(k) - 2\/VRE(k), ERE (k) + 2\/VRE(I<:)] | (1.38)
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We now check the validity of the just above approximation, comparing CT(k) with
CI(k) on a toy case.

Consider u(x) = . The case when px is a centered exponential distribution with
variance 1 allows for an explicity evaluation of CI(k) making no use of Lemma 14. The
conditional density p,, is calculated analytically, the density Jna_is obtalned through
(1.10), hence providing a benchmark for our proposal. The terms A and B are obtained
by Monte Carlo simulation following the algorithm presented hereunder. Figures 1.1, 1.2
and 1.3, 1.4 show the increase in § w.r.t. k in the large deviation range, with a such that
P (S1, > na) ~ 1078, We have considered two cases, when n = 100 and when n = 1000.
These figures show that the approximation scheme is quite accurate, since the relative
error is fairly small. Also they show that ERE et CI provide good tools for the assessing
the value of k.
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20 40 60 80

Figure 1.1: ERFE(k)(solid line) along with upper and lower bound of CI(k)(dotted line)
as a function of k with n = 100 and a such that P, ~ 1078.

20 40 60 80

Figure 1.2: ERE(k)(solid line) along with upper and lower bound of CI(k)(dotted line)
as a function of k with n = 100 and a such that P, ~ 1078.
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200 400 600 800 1000

Figure 1.3: ERE(k)(solid line) along with upper and lower bound of CT(k)(dotted line)
as a function of k& with n = 1000 and a such that P, ~ 1078,

200 400 600 800

Figure 1.4: ERFE(k)(solid line) along with upper and lower bound of CI(k)(dotted line)
as a function of k with n = 1000 and a such that P, ~ 1078.
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Algorithms 1 and 2 produce the curve k — CT (k). The resulting k = ks is the longest
size of the runs which makes gy, ,, a good proxy for py,

Input’ : ylfv X, 1, Uln
Output : Gupn (y{“)
Initialization:

to < m~t (mo);
90(y1|yo) < (1.24);
Procedure
fori< 1to k—1do
mi + (1.25);
ti — m~H(my) *;
a +(1.27);
B+ (1.28);
Calculate Cj;
9(yiv1|y1) «(1.26);
end
Compute gy, ,, (y{“) «—(1.29);
Return D Guy (y{“)

Algorithm 1: Evaluation of g, , (y})

The calculation of g, , (y’f) above requires the value of

C; = (/px(aj)n (aB + mo, B, u(x)) dx>_1

This can be done through Monte Carlo simulation.

Remark 15. Solving t; = m™'(m;) might be difficult. It may happen that the reciprocal
function of m is at hand, but even when px is the Weibull density and u(x) = x, such is
not the case. We can replace step x by

t: =t m
i+1 -— U (n—z’)52 (tz)

Indeed since ]
mtiv1) —m(ti) = ——— (m(ti) + ui)

use a first order approximation to derive that t;+1 can be substituted by ;11 defined through

Tiyl =t — m (m(t;) + ;) -

When limy, 0 t1n/n = Eu (X), the values of the function s(.) are close to Var[u (X)]
and the above approximation is fair. For the large deviation case, the same argument
applies, since s2(t;) keeps close to s*(t%).
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Input © px, 0, N, Uy, L
Output ks

Initialization: k£ =1
Procedure
while § ¢ CI(k) do
for [+ 1 to L do
Simulate Y{¥(1) i.i.d. with density px;

A (Ylk(l)) :=(1.35) using Algorithm 1 ;
B (Ylk(l)) :=(1.36) using Algorithm 1 ;
end
Calculate CT(k) +(1.38);
k=k+1;
end
Return c ks =k
Algorithm 2: Calculation of k;

1.3.3 Simulation of typical paths of a random walk under a point con-
ditioning

By Theorem 9 (ii), gu,, and the density of p,,, get closer and closer on a family
of subsets of R* which bear the typical paths of the random walk under the conditional
density with probability going to 1 as n increases. By Lemma 7 large sets under P, , are
also large sets under Gy, ,. It follows that longs runs of typical paths under p,,, can be
simulated as typical paths under g,, , defined in (1.29) at least for large n.

The simulation of a sample X {“ with gy, ,, can be fast as easy when limy, o0 u1p /n =
Fu (X). Indeed the r.v. X;;; with density g (z;+1|2}) is obtained through a standard
acceptance -rejection algorithm. The values of the parameters which appear in the gaussian
component of g (z;+1]z}) in (1.7) are easily calculated, and the dominating density can
be chosen for all 7 as px. The constant in the acceptance rejection algorithm is then
1/y/27B. This is in contrast with the case when the conditioning value is in the range of
a large deviation event, i.e. lim, o u1,n/n # Eu(X), which appears in a natural way in
Importance sampling estimation for rare event probabilities; then MCMC techniques can
be used.

Denote N the c.d.f. of a normal variate with parameter (p, 02) and M~ its inverse.

Remark 16. Simulation of Y1 can be performed through the method suggested in [2].

Figures 1.5, 1.6, 1.7 and 1.8 present a number of simulations of random walks con-
ditioned on their sum with n = 1000 when w(z) = x. In the gaussian case, when the
approximating scheme is known to be optimal up to k = n—1, the simulation is performed
with k£ = 999 and two cases are considered: the moderate deviation case is supposed to
be modeled when P(Si, > na) = 1072 (Figure 1.5); that this range of probability is
in the "moderate deviation" range is a commonly assessed statement among statisticians;
the large deviation case pertains to P(S;, > na) = 107° (Figure 1.6). The centered
exponential case with n = 1000 and k£ = 800 is presented in Figures 1.7 and 1.8, under
the same events.



36 CHAPTER 1. LONG RUNS UNDER A CONDITIONAL LIMIT DISTRIBUTION.

Input L,y 02
Output 'Y
Initialization:

Select a density f on [0,1] and a positive constant K

such that p (971 (z)) < K f(z) for all z in [0, 1]
Procedure : while Z > p (M (X)) do

Simulate X with density f;

Simulate U uniform on [0, 1] independent of X;

Compute Z := KU f(X);
end
Return (Y =nH(X)

2

Algorithm 3: Simulation of Y with density proportional to p(z)n (1, 0%, z)

Input 1 px, 0, N, Uiy
Output YE
Initialization:

Set k + ks with Algorithm 2;
to <==m~!(my);
Procedure
Simulate Y7 with density (1.24);
upy + u(Y1);
fori<1tok—1do
m; %(1.25);
ti < m~(my);
a —(1.27);
B «+(1.28);
Simulate Y;,1 with density g(y;11]%%) using Algorithm 3;
w1 < utg + u(Yign);
end
Return YF

Algorithm 4: Simulation of a sample Y}* with density g, ,,
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Figure 1.5: Trajectories in the normal Figure 1.6: Trajectories in the normal
case for P, = 1072 case for P, = 1078
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Figure 1.7: Trajectories in the expo- Figure 1.8: Trajectories in the expo-
nential case for P, = 1072 nential case for P, = 1078

In order to check the accuracy of the approximation, Figures 1.9, 1.10 (normal case,
n=1000, k=999) and Figures 1.11, 1.12 (centered exponential case, n=1000, k=800)
present the histograms of the simulated Xls together with the tilted densities at point
a which are known to be the limit density of X; conditioned on &, in the large deviation
case, and to be equivalent to the same density in the moderate deviation case, as can be
deduced from [44]. The tilted density in the gaussian case is the normal with mean a and
variance 1; in the centered exponential case the tilted density is an exponential density on
(—1, 00) with parameter 1/(1+ a).
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Figure 1.9: Histogram of the X!s in the normal case with n = 1000 and k = 999 for
P, =102, The curve represents the associated tilted density.
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Figure 1.10: Histogram of the X!s in the normal case with n = 1000 and k = 999 for
P, = 1078, The curve represents the associated tilted density.
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Figure 1.11: Histogram of the X/s in the exponential case with n = 1000 and k = 800 for
P, =102, The curve represents the associated tilted density.
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Figure 1.12: Histogram of the X/s in the exponential case with n = 1000 and k& = 800 for
P, = 1078, The curve represents the associated tilted density.
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Consider now the case when u(z) = 2. Figure 1.13 presents the case when X is N (0, 1),
n = 1000,k = 800, P (U1, = uin) 10~2. We present the histograms of the X;’s together
with the graph of the corresponding tilted density; when X is N(0,1) then X2 is x2. It is
well known that when ;g ,,/n is fixed larger than 1 then the limit distribution of X; condi-
tioned on (Uy ,, = u1,y) tends to N (0, @) which is the Kullback-Leibler projection of N (0, 1)
on the set of all probability measures @ on R with [ 22dQ(z) = a := lim,,—,cc u1 /0. This
distribution is precisely go(y1|y0) defined hereabove. Also consider (1.26); expansion using
the definitions (1.27) and (1.28) prove that as n — oo the dominating term in g;( ;11| y?)
is precisely N (0,mg), and the terms including yfﬂ in the exponential stemming from
n(af + mo, B,u(yir1)) are of order O (1/ (n — i)); the terms depending on y¢ are of smaller
order. The fit which is observed in Figure 1.13 is in accordance with the above statement
in the LDP range (when lim,_,o u1,/n # 1), and with the MDP approximation when
limy, 00 w1,/ =1 and liminf,, o (u1,, —n) //n # 0, following [44] .
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Figure 1.13: Histogram of the X/s in the normal case with n = 1000, £ = 800 and
u(z) = 22 for P, = 1072. The curve represents the associated tilted density.

1.4 Conditioning on large sets

Approximation of the density
pa, (X =vl) i=p (X} = V| U1, € 4,)

of the runs X’f under large sets (U, € A,,) for Borel sets A,, with non void interior fol-
lows from the above results through integration. Here, in the same vein as previously, Y7*
is generated under P4, . Applications of this result for the evaluation of rare event prob-
abilities through Importance Sampling are presented in Chapter 2. The present section
pertains to the large deviation case.

We focus on cases when (U, € A,,) writes (Uy,,/n € A) where A is a fixed Borel set
(independent on n) with essential infimum « larger than E'U and which can be described
as a "thin" or "thick" Borel set according to its local density at point a.

The starting point is the approximation of p,, on R¥ for large values of k under the
point condition

Uin/n=v
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when v belongs to A. Denote gy, the corresponding approximation defined in (1.29). It
holds

pnA(a:]f) = /Apm, (X’f = ac’f) p(Uip/n=v|U, € nd)dv. (1.39)

In contrast with the classical Importance Sampling approach for this problem we do not
consider the dominating point approach but merely realize a sharp approximation of the
integrand at any point of the domain A and consider the dominating contribution of all
those distributions in the evaluation of the conditional density p,4. A similar point of view
has been considered in [4] for sharp approximations of Laplace type integrals in R?.
Turning to (1.39) it appears that what is needed is a sharp approximation for

p(Uipn/n=v)la(v)
P(Ul,n € nA)

with some uniformity for v in A. We will assume that A is bounded above in order to
avoid further regularity assumptions on the distribution of U.

p(Uipn/n=0v|Uy, € nd) = (1.40)

1.4.1 Conditioning on a large set defined through the density of its
dominating point

Recall that the essential infimum essinfA = « of the set A with respect to the
Lebesgue measure is defined through

a:=inf{z:forall e > 0,|[z,z +¢] N A| > 0}

with inf @ := —o0.

We assume that o > —oo, which amounts to say that we do not consider very thin
sets (for example not Cantor-type sets).

The density of the point a in A will not be measured in the ordinary way, through

d(a) = lim |[AN[a—e,a+ ¢l

e—0 £

but merely through the more appropriate quantity
M(t) := t/ e Wdy, t>0.
A—«

For any set A, 0 < M(t) < 1. If there exists an interval [o,  + €] C A then lim;_,, M (t) =
1. As an example, for a self similar set A := A, defined through A, := | p"I, where
neZ

p > 2and I, := [(p—1) /p,1] it holds 0 =essinfA, and pA, = A,. Consequently for any
t >0, M(tp) = M(t) and M(tp) = M(t) for all ¢ > 0; it follows that

inf M(u)=1lim inf M(t) <lim sup M(t) = sup M (u).
1<u<p t—o0 t—00 1<u<p

Define
M, (t) := M(nt)/t = / e Wdy

A—a
and
U, (t) :=nlog ou(t) + log M, (t) — nat

for all t > 0 such that ¢y (t) is finite. We borrow from [3] the following results.

Define p,(t) := (1/n)log M, (t) which is for all n > 1 a decreasing function of ¢ on
(0,00), and which is negative for large n. Also u,(t) = p)(nt) and p} is non decreasing
on (0,00).

Let fi := limy_so0 p (t) and p := limy_o 444 (t) . Then [3] it holds
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Lemma 17. Under the above notation and hypotheses, the equation W) (t) = 0 has a
unique solution t, in (0,ty) for a in (EU+M, 00) where to := sup{t : ¢u(t) < co}. Fur-
thermore if o > EU + p then there exists a compact set K C (0,tg) such that t, € K for
all n.

Assume that o > EU+p. Define ¢, (t) := ¥/ (t) and suppose that for any A > 0

on (t+ 205
lim sup Unltn)) 4 (1.41)

00 <A Un (tn>

where ¢, solves W/ (t) = 0 in the range (0,%p). It can be proved that (1.41) holds, for
example, when ¢ — log M (t)/t is a regularly varying function at infinity with index p €
(0,1) ,i.e. log M(t)/t € R, (00); see [3], Lemma 2.2.

We also assume

lim sup ¢ (log M (t))” < oo (1.42)
t—00

which holds for example when log (M (t)/t) € R, (c0), for 0 < p < 1.

Theorem 2.1 in [3] provides a general result to be inserted in (1.40); we take the
occasion to correct a misprint in this result.

Theorem 18. Assume (1.41) and (1.42) together with the aforementioned conditions on
the r.v. U. Then for a > EU+p

P(Uy, €enA) = G (tn) Ma(tn)e " (14+o0(1)) asn — oo, (1.43)

VU (tn)V2m
with t,, satisfying ¥, (t) = 0 provided that the function v — P(Uy, € nA+ x) is nonin-
creasing for n large enough. In particular, this last condition holds if
(i) (Petrov) : A = (a,00) or A = [, 00); in this case My (t) = 1/t; note that in this
case the classical result is slightly different, since

P(U1, > na) = M (I+0(1)) asn — o0

tes(t®)/2m
with m(t*) = a and a > EU; this is readily seen to be equivalent to (1.43) when A =
(a,00).
(7)U has a symmetric unimodal distribution
(i4i)U has a strongly unimodal distribution.

The shape of A near « is reflected in the behavior of the function M (t) for large values
of t. As such, the larger n, the more relevant is the shape of A near a.

Note further that M, (t)e ™ = [, e ""dy from which we see that a plays no role
in (1.43). Hence a can be replaced by any number « such that [ Ary e Wdy converges.
Further ¢,, is independent on «. The so-called dominating point o of A can therefore be
defined through

a = lim log/ e~ Wdy.
t—00 A
In order to examine further the role played in (1.43) by the regularity of A near its essential
infimum « introduce the pointwise Holder dimension of A at « as

log G(¢)

oa) = —loge



1.4. CONDITIONING ON LARGE SETS 43

where
G(e) = |AN[a,a+c¢]| for positive e.

We refer to Proposition 2.1 in [3] for a set of Abel-Tauber type results which link the
properties of M (t) at infinity with those of G at 0. For example it follows that G(g) ~ £%(®)
(as & — 0) iff M(t) ~ ct= 9@ (1 +6(a)) (as t — 00). Consequently if M, (t) — 1 as
t — oo then M(t) ~tast— oo and G(g) ~ ¢ as € — 0.

Asymptotic formulas for the numerator in (1.40) are well known and have a long
history, going back to [79]. It holds

Ve gy (tY)

P(Urn/n=v) = 27s(tv)

(I+0(1)) asn— o (1.44)

with ¢V defined through m(t¥) = v.
Plug-in (1.44) and (1.43) in (1.39) provides an expression for the density of the runs.
For applications the only relevant case is developed in the following paragraph.

1.4.2 Conditioning on a thick set

In the case when A = (a,00) or with a > Fu(X) or, more generally, when A is
a thick set in a neighborhood of its essential infimum (i.e. when limy_,o, M(t) = 1) a
simple asymptotic evaluation for (1.40) when A is unbounded can be obtained. Indeed a
development in the ratio yields

p(Uipn/n=0v|Uy, > na) = (ntexp —nt(v —a)) La(v)(1 + o(1)) (1.45)

with m(t) = a, indicating that U;,/n is roughly exponentially distributed on A with
expectation a + 1/nt. This result is used in Chapter 3 in order to derive estimators of
some rare event probabilities through Importance sampling.

In order to get a sharp approximation for p, 4 (X’f = Ylk) it is necessary to introduce
an interval (a,a + ¢,) which bears the principal part of the integral (1.39).

Let ¢, denote a positive sequence such that the following condition (C) holds

lim,, 00 neym ™ (a) = 0o

ney,
sup

n>1 (n—k)

and denote ¢ the current term c,.
Denote (A) the following set of conditions

< o0

lim (n — k) (mfl (a)>2 = ©

n—oo
-1
lim m__(a) = o0
n—o0 €n
which trivially holds when nILIgO an, > E[UJ.
Define on R* the density
na(yt) (1.46)

nm =t (a) [77° gno(y¥) (exp —nm ™! (a) (v — a)) dv
1—exp—nm~1!(a)c ’

The density
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nm”" (a) (exp —nm ™! (a) (v — a)) L(ga40)(v)
1—exp—nm~t(a)c

(1.47)

which appears in (1.46) approximates p(Uj ,/n =v|a < Uy yn/n < a+c), as follows from
standard limit results; see [59], Corollary 6.4.1 and [79] in the LD range, and in [53] in the
MD range.

The variance function V of the distribution of U is defined on the span of U through

v — V() :=s*(m1(v))

Denote (V) the condition

sup (\/ﬁml(a) /aoo V'(v) (exp (—nmfl(a) (v— a))) dv> < 00. (V)

n>1

Theorem 19. Assume (E1),(E2), (C), (V) and (A). Then for any positive 6 < 1
()

Pua (X] = Y{) = g0a () (1 + 0p,.,(60)) (1.48)
and (ii)
Pna (le - Ylk) = gna(Y)(1+ 06, ,(0n)) (1.49)
where
On, 1= max <€n (logn)?, (GXP (ncm_l(a))>6) : (1.50)
Proof. See Appendix. -

Remark 20. Most distributions used in statistics satisfy (V); numerous papers have fo-
cused on the properties of variance functions and classification of distributions; see e.g.[66]
and references therein.

Remark 21. When a is fized then (A) holds. In the case when a, converges to E[U], the
CLT zone is not in the range of applicability of the present approach; the classical normal
approximation should obviously be used in this range. In the MD or LD range, defining
k and €, according to (A), (C), (E1) and (E2) is always possible. In the MD range, the
slowest a,, converges to E[U], the largest k can be chosen.

Corollary 22. Under the hypotheses of Theorem 19 the total variation distance between
Poa and G goes to 0 as n tends to infinity, i.e.

i / P (vF) = gna (ut) | dyt = 0.

1.4.3 How far is the approximation valid?

In Section 1.3.2, a similar question is addressed and a proxy of the curve § — ks is
provided in order to define the maximal k leading to a given relative accuracy under the
point condition (U;, = na), namely when p,4 is replaced by ppq and gna by gna-

Consider the ratio g, (Y{)/pna (Ylk) and use Cauchy’s mean value theorem to obtain

gna (V) /pa (V)
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_ fa+c gnv(X]f = Ylk) (exp (_nm_l (a) (v — a))) dv

a

L e (XE = YF) (exp (—nm~ () (v - a))) ds
(1+o0g,, (1))

_ gna(X]f = Ylk)
Pna (X§ = YF)

(1+0c,, (1))

for some a between a and a + c¢. Since ¢ is small (see condition (C)), it is reasonable
to substitute a by a in order to evaluate the accuracy of the approximation. We thus
inherit of the relative efficiency curve in Section 1.3.2, to which we refer for definition and
derivation.

1.5 Appendix

For clearness the current term a,, is denoted a in all proofs.

1.5.1 Three Lemmas pertaining to the partial sum under its final value

We state three lemmas which describe some functions of the random vector X7 con-
ditioned on &,. The r.v. X is assumed to have expectation 0 and variance 1.

Lemma 23. It holds Ep,, (X1) = a, Ep,, (XiXs) = a?+0(1), Ep,, (X}) = s2(t) +a?+
0 (%) where m(t) = a.

Proof. Using

ps?,n (na - x) le (x) W%Zn (na - x) 71-()1(1 ($)
pna(X]_ — CC) — = a
ps.., (na) 78, (na)

normalizing both 7§ (na — x) and 7§, ~(na) and making use of a first order Edgeworth

expansion in those expressions yields Ep,, (X}) = s(t)+a?+0 (%) . A similar development
for the joint density pnq(X1 = z, X2 = y), with the same tilted distribution 7% produces
the limit expression of Ep . (X1X3). O

na

Lemma 24. Assume (E1). Then (i) maxi<;<k |mi| = a+op,, (€) . Also (%) maxi<;< 7,
maxi<i<k M5 and maxi<;<i py tend in Py, probability to the variance, skewness and kur-
tosis of ¢ where a 1= limy, o0 Gy

Proof. (i) Define

Vigr =m(t;) —a

_ Sitin
n—1
We state that
max |Vigs| =op,, (en) (1.51)

0<i<k—1

namely for all positive §

lim P, ( max |Viyq] > 56n> =0
n=y00 0<i<h—1
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which we obtain following the proof of Kolmogorov maximal inequality. Define
Ai = ((|Vig1] = 0e,) and (|Vj| < dep, for all j <i+1)).
from which

k—1
Viet] > den ) = | J Au.
<0§I§12]§(_1| 1,+1| > €n> lEJO i

It holds
Ep V32 = Vi2dP,, + Vi2dP,,
UA; (UAZ')C
> [ (VR0 VOV dPuk [ (VEH200 - V) Vi) dPg
UA; (UAZ')C
> V2dP,,
UA;

k-1
> 6% Y Pral4;)
§=0

= 52631Pm (Ogr?gg_l |Vig1] >56n) .
The third line above follows from EV; (Vi — V;) = 0 which is proved hereunder. Hence
) S Vanna(Vk) 1

= (1+0(1))

P, ( max |Vig1] >0e, 5262 = ()

0<i<k—1
where we used Lemma 23; therefore (1.51) holds under (E1). Direct calculation yields

Ep,, (Vi(Vi; —Vi)) = 0, which achieves the proof of (i).

(ii) follows from (i) since lim,, oo maxj<;< m(t;) = a. O

We also need the order of magnitude of max (|Xi], ..., |Xx|) under P,, which is stated
in the following result.

Lemma 25. It holds max (|Xy],...,|Xy|) = Op,, (logn).

Proof. Set |X1] := X; +X; with X; := —min (0, X;), X;" := max (0, X;); it is enough to
prove that max; X; = Op,, (logn) and max; X;” = Op,, (logn) . Since FexptX is finite
in a non void neighborhood of 0 so are FexptX~ and FexptX™. We hence prove the
Lemma for positive r.v’s X; ’s only.

Denote a the current term of the sequence a. For all ¢ it holds

P (max (Xq,...,X,) > t) < nPp, (X, > t)

— n/ 7 (X, = u) (St =mna—u) du.
t

@ (S1,, = na)

Let 7 be such that m(7) = a. Denote s := s(7). Center and normalize both S;,, and
Si n—1with respect to the density 7¢ in the last line above, denoting 72 the density of

S1n = (S1, — na) /sy/n when X has density 7 with mean a and variance s?, we get

Pr (max (X1, ..., Xp) > 1) < n\/% /too 7 (X, = u)

T (Sl,n—l =(na—u—(n—1)a)/(svn— 1)) ;
SIe

U.
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Under the sequence of densities 7@ the triangular array (X, ...,X,,) obeys a first order
Edgeworth expansion

P, (max (X1, ...,X,) >1t) <n vn / 7 (X, = u)
t

n—1
n((a—u)/svn—1)P (u,i,n)+ 0(1)du
n(0) 4+ o(1)

< nCst/ (X, = u) du.
¢
for some constant C'st independent of n and 7 and
P (u,i,n):=1+ P; ((a —u)/svn— 1)

where P3(z) = £ (¢® — 3z) is the third Hermite polynomial; s* and 3 are the second
and third centered moments of 7%. We have used the fact that the sequence a converges
to bound all moments of the tilted densities 7*. We used uniformity upon u in the re-
maining term of the Edgeworth expansions. Making use of Chernoff Inequality to bound
(X, >t),
Ot + A
Ppo (max (X, ..., X,) > 1) < nC’stMB_M
D(t)
for any A such that ¢(¢t 4+ A) is finite. For ¢ such that
t/logn — oo

it holds
P, (max (X, ..., X,) <t) =1,

which proves the lemma. ]

1.5.2 Proof of the approximations resulting from Edgeworth expansions
in Theorem 1

We complete the calculation leading to (1.15) and (1.16).
Set Zi+1 = (m, — Y;—I—l) /sivn —1— 1.
It then holds

I+ ﬁps(zwl) + ——Pi(Zi+1)

+WPS(ZZ'+1)

P5(Ziy1)
(n—i— 1)3/2> .

Tn—i—1 (Zi+1) = W(Zi+1) (1.52)

+Op,, (

We perform an expansion in n(Z;11) up to the order 3, with a first order term

n (—Yi_,_l/ (SZM)) , namely
n(Zip1) =n (—Ym/ (si\/n - 1)) (1.53)

L+ 32(;—12‘—1) + 252 (n—i—1) (32(n—+¢1—1) - 1)

2 2

v*

3
md nl %ﬁ)

7

653 (n—i—1)%? n(~Yit1/(sivn—i-1))
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where Y* = wﬁ(—lfm + Om;) with |0] < 1.
Lemmas 24 and 25 provide the orders of magnitude of the random terms in the above
displays when sampling under FP,,,.
Use those lemmas to obtain
Y; ; Y;
= L (a+op,, (6n)) (1.54)

s2n—i—1) n—i—1

and )
m; _ 1 9
Z(n—i—1) = a1 @t ora (@)

S

Also when (A) holds then the dominant terms in the bracket in (1.53) are precisely those
in the two displays just above. This yields

aYit1

2
Y. 14 - — 9
n(Z: =n i+1 ) 57 (n—i—1) 257 (n—i—1) )
(Zi1) (si\/n—i— 1 +w

n—i—1

We now need a precise evaluation of the terms in the Hermite polynomials in (1.52).
This is achieved using Lemmas 24 and 25 which provide uniformity upon ¢ between 1 and
k =k, in all terms depending on the sample path Y*. The Hermite polynomials depend
upon the moments of the underlying density 7. Since 7]"* has expectation 0 and variance

1 the terms corresponding to P, and P» vanish. Up to the order 4 the polynomials write
() i\2 (i,n)_3 Z_4 .

Ps(z) = 6?;i)3H3(x), Py(z) = 7(2‘22)6}[6(2:) + %Hzl(ﬂj) with Hs(z) := 2% — 3z,

Hy(x) := 2* + 62% — 3 and Hg(z) := 2% — 152* + 4522 — 15.

Using Lemma 24 it appears that the terms in 27, j > 3 in Py and P; will play no role
in the asymptotic behavior in (1.52) with respect to the constant term in P, and the term
in = from P3 . Indeed substituting = by Z; 11 and dividing by n — i — 1, the term in 22
in Py writes Op,, (logn)? /(n — )% where we used Lemma 24. These terms are of smaller
order than the term —3z in P which writes _25;1(:7%1‘—1) (a —Yi41) = ——Op,, (logn).

It holds

Ps(Zi) _ 1
vn—i—1 2st(n—i—1)
1 (m; — Yig)®
6(5:)% (n—i—1)2

(m; — Yig1)

+

which yields

Ps(Ziy1) 114 : 1 3
vn—i—1  2st(n—i—1) (@=Yir) + (n—1i— 1)20PM (logn)”. (1.55)

For the term of order 4 it holds

Py(Z, 1 5)? 4 — 3s}
4( Z+1) _ ((:UJ?)) HG(Zi—i-l)"‘ Ly S H4(Zi+l)>

n—i—1 mn—i—1\72s 24s?

which yields

Py(Ziy1) _ py—3si  15(u)? Op,, ((logn)*)
n—i—1  8sf(n—i—1) T72¢n—-i—1) (n—i—1)* "

(1.56)
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The fifth term in the expansion plays no role in the asymptotic.
To sum up and comparing the remainder terms in (1.55) and (1.56), we get

Tt (Ziet) = 0 (<Yins/ (s —i=1)) .A.B+Op,, (M)

where A and B are given in (1.15) and (1.16).

1.5.3 Final step of the proof of Theorem 1

We make use of the following version of the law of large numbers for triangular arrays
(see [86] Theorem 3.1.3).

Theorem 26. Let X;, ,1 < i < k denote an array of row-wise real exchangeable r.v’s
and lim,, o k = 00. Let p, := EXy ,Xo,. Assume that for some finite ", EXin <TI.If
for some doubly indexed sequence (a;p) such that lim,_ . Zf;l a%n =0 4t holds

k 2

. 2 _

A, o (Z ) -
1=

then
k

lim E i nXin =0
n—00 4 1 ’ ’
1=

in probability.

Denote ) ) 4 o
i M i My —s; | 15(uy)
R1 ‘= 1 s Ro 1= ] -+ 6
2s; 8s 72s
H1 = Ky 312 y Mo = Ry 2312'

By (1.13), (1.14) and (1.17)
p(Xiv1 = Yiq1|Sit1n = na — S14) =

—rit1

vn—i Msivn—i-1) 4
= wm%xm:ml)(&l)A(z)

vn—i—1 n(0)
with .
piYier  mha Ky | opy,(enlogn)
_ 1+ n—i—1 n—i—1 n—i—1 + n—i—1

A(i) =

1- % +Op,, (W)

We perform a second order expansion in both the numerator and the denominator of the
above expression, which yields

| Y : arl  op (ealogn))
A(i) = - - AG). (1
(%) eXp(n—i—l 22m—i—1) n—i-1  n—i-1 (- (157)

The term exp (“’{Yi“ + 57 “ ) in (1.57) is captured in g(Yii1| Yy).

n—i—1 57 (n—i—1)
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The term A’(7) in (1.57) writes

A'(i) = Q1.Q%

with
Q= _ K (2?1 (WYers | apg g\
1= exXp i)y T 2= T2\ noiT — 7ol noid
and
i eXp Bl
2 exXp B2
where
0P, (65 (logn)?) 11Yiv1
B, = 1
: (n—i—1)2 T =i 120 (nlogn)
* 2 2
pza 0P, (€: (logn)) 2
i 0P Enlogn) + =R 4 oful)
K 1 1
Bri= 20 () + O (=77
2T =i e (= 0)32 + P (n—1)3 *
~ 2
1 KY 1
O —_— 2 (@) —_— .
Pna <(n_2)3/2>+0<<nz+ Pna <(n_2)3/2>> )
with ‘
_ uiYen e Ky . op,(enlogn)
Uy = ; — : — ; + - .
n—t1—1 n—1—1 n-—i—1 n—i—1

We first prove that

k-1
[T 4'G) =1+ op,,(en (logn)?) (1.58)
i=0
as n tends to infinity.
Since
k-1 k-l k—1
p(X3 = YIS}y = na) = go (Yi]Y0) [ g (Yira Y) TT 4') T] L
i=0 i=0 i=0
where

ot Vn—i ak!
L; = - exp| ————
O (ti)vVn—i—1 n—i—1

the completion of the proof will follow from

k-1
II Li =1+ op,. (e (logn)?). (1.59)
=0

The proof of (1.58) is achieved in two steps.

Claim 27. [[*-) Qi =1+ op,, (e, (logn)?).
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By Lemma 24 the random terms ,ué» deriving from 7" satisfy

MaTi<i<k ’M MJ’ OPna(]‘)

as n tends to oo, where p; is the j-th cumulants of 7% where a:= lim, , a is finite.

Therefore we may substitute ,u§ by p; in order to check the convergence of all subsequent
series.

Developing Q1 define, for any positive 51, B2, 83 and S4

1 kol K
1. 2
An = {en (logn)” ; (n—i—Dn—3)| " 61} ’
1 k—1 (Hi)2
2 . 2
An _{e (logn)® =5 | (n —i—1)2 <62}7
1 & ()
3. 2
An = {fn (Iogn) ; (n i 1)2 < 53}
and
e |
" en (logn)” =5 (n—i—1) e

Let for any positive 35

AS = L kil < Bs
" en (log ”)2 i=0 .

If limy, 00 Pra (A3) = 1, then limy, o0 Png (A7), j = 6,7 where
AS = 3 <
! { (log n)* Zo 56}
-1
AT = < .
" { (logn) Z 57}

i=0
Apply Theorem 26 with X;, = Y;11 and a;, = En(logn)21(n—i—1)2' By Lemma 23

1
Ep,Y{=s*0)+a+O (n) :

KiR5Yir
(n—1—1)2

1“2 z+1

M1M2aYz+l

Hence Ep, [V < T for some finite I'. Further p, = a? + O (%) Both conditions in
Theorem 26 are fullfilled. Indeed

1
lim a, ;= lim =0
n—00 ; n—00 6% (log n)4 (n _ k)?)

which holds under (E1), as holds

k 2 aQ
nhﬁnolopn (Z am) = lim =0.

i=1 n=2 2 (logn)* (n — k)2
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Therefore, for i = 5,6,7
lim P, (Al )
n—oo

Define for any positive (s

8 SRR

A = ‘ .

n { lOg n ; ’I’L i 1 < 58}
Apply Theorem 26 with X, = Y;ﬁ_l and a;, = en(logn)Ql(n—i—l)T

It holds

when (E1) holds.
By Lemma 23,

1
EPnaY14 = Eﬂ'aY14 + O ()
n

which entails that such that EY;! <T < oo for some I'. Also

Br., (278) = (+0) +a) (+0) +a) + 0 (1)

and

1 k-l 1
lim p, - =0
noo (6n (logn)? ; (n—i-— 1)2>

Jim P (45) = 1.

under (E1). Hence

It follows that, noting A, the intersection of the events A% | j =1,...,8
lim P, (A,) =1.
n—oo

To sum up, we have proved that, under (E1),

Ql=1+op, <€n (log n)2) .

Claim 28. [[* ) Q4 =1+ op,, (en (logn) ) .

This amounts to prove that the sum of the terms in Bl (resp in B2) is of order

OPna (ETL (log n)z) :
The four terms in the the sum of the terms in B1 are respectively of order op,, (€2 (logn)?*) /(n—

), 0p,, (callogn)?) /(n—k)., o, (aca(logn)?) /(n—F) and op,, (ea(logn)?) /(n—k) using

Lemma 24. The sum of the terms o (u?) is of order less than those ones. Assuming (E1)

all those terms are op,, (en (log n)?
For the sum of terms B2, by uniformity of the Edgeworth expansion with respect to

Y} it holds S35, B2 = Op,, (( ~k)"%) = op,, (e (logn)?) by (E1).

We now turn to the proof of (1.59)
Define .

12 (z —a)?
2st(n—i—1) 282 (n—i—1)

U= —
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Use the classical bounds

2 3 2

u u

1-— — — ——<ev<1= —
u+2 6_6 < u+2

to obtain on both sides of the above inequalities the second order approximation of C; !
through integration with respect to p. The upper bound yields

Kl 1
L ®'(t;) + —

n—i—1 si(n—i—1)

(97(t:) — 209’ (t:) + a?)

from which

N : 1+
L< Yl oo <_a'f11> IO = L
Vn—i—1 e T aRmain T OP.. ((n—i—l)2>

where the approximation term is uniform on the Y.

Substituting 2= and exp (— nf'?11_1> by their expansion 1+ 2(n_1i_1) +0 ( 1 )

n—i—1 2 (n—i—1)2

7 7)2
and 1 — —=1 117 (ary) s+ O ( a? ) in the upper bound of L; above yields

n—i— n—i—1) (n—i—1)2

1 aK (aki)? 1
Li< |1 — L L ( )
= ( i) n—i—1 2m—i-12 " \m—iz1p?
/iilm,- s2 +m? — 2am; + a® ( 1 )
1 _ T Op, [——— ).
<+n—i—1 22m—i—1) e\ ois1)p

Using Lemma 24, mf —2am; + a® = op

na

(aey) and therefore

- S N | S
b= <1+2(”_i_1) n—i—1+(n—i—1)2+ ((n—i—1)2>>

Kia 1 op,,(aey)
1 — e .
<+n—i—1 2(n—i—1)+n—i—1

Write
k k
ITL:<J[Q+ M)
i=1 i=1

with
(a’,{’,i)z OPna (afn)

M; = :
T n—-i-12 n—-i-1

Under (E1), S¥1 M; is op,, (en (log n)2) . This closes the proof of the Theorem.
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1.5.4 Proof of Theorem 19

The following lemma provide asymptotic formula for the tail probability of Uy ;, under
the hypothesis and notations of section 3. Define

Iy(z) == azm™ (z) — log u (m_l (x))

Lemma 29. (see [59], Corollary 6.4.1) Under the same hypotheses and notations as

section 3,
(%) - ) (11 )

where ¥(a) := m~(a)s(m™(a)).

Two Lemmas pertaining to the partial sum under its final value

Lemma 30. Suppose that (V) holds. Then (i)Ep, , Uy = a + o(1), (i) Ep, ,U% = a® +
s%(m~Y(a)) + o(1) and (iii) Ep, ,U1Us = a® 4 o(1).

Proof. We make use of Lemma 23, meaning Fp, [U;] = v. It holds

EPnAUl = / (Emel)p(ULn/n = U‘ Ul,n > na) dv.

a

Integration by parts yields,
Ep, Ui =a+ /OO P(U;,/n>v|Upy > na)do.
Using Lemma 29 and Chernoff inequality,
/aoo P(Upn/n > 0| Upy > na)do < mqp(a)\/ﬁ/aoo expln (Tu(a) — Tu ()]

where ¢(a) is defined in Lemma 29.
Finally, using Iy(v) > Iy(a)v + Iy(a) — aly(a), and integrating

V2ms(m”~(a))

oo
/a P(U;,/n>v|Upy >na)dv < NG

Hence, EPnAUl =a-+ 0(1)
Insert Epm)U% =2 4+ g2 (mfl(a)) +0 <%> in

o
EpnAU% = / Eme%p(Uljn/n =v|Uy,y > na) dv.
a
Firstly, by integration by parts, Lemma 29 and Chernoff inequality,
o0
/ v?p (Uypn/n = v| Uy, > na)dv = a® + o(1)
a

Indeed, since (C) implies nm~!(a) — oo when n tends to oo, it holds

/ vp (Uyp/n > 0| Ui, > na)do <
a
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Secondly,
/ V(v)p(Uppn/n=v|Up, >na)dv = SQ(m_l(a))+2/ V' (V)P (U pn/n > v| U, > na)dv.
a a

Using Lemma 29, Chernoff inequality and Iy (v) > Iyy(a)v+ Iy (a) —aly(a), it holds under
condition (V),

/ V' (0)P (Uy,/n > v| Uy, > na) dv

< s(m™(a)) <\/ﬁm_1(a) /aoo V' (v) exp <fnm_1(a)(v - a)) dv>

and
/a V(©)p(Upn/n =v| U, > na)dv = s*(m ™ (a)) + o(1).

The third term is handled similarly due to the fact that the O(1/n) consists in a sum
of powers of v.
For Ep, ,U1Us = a® + o(1), the proof is similar. O

Lemma 30 yields the maximal inequality stated in Lemma 24 under the condition
(Ui, > na). We also need the order of magnitude of the maximum of (|U4|,...,|Uy|)
under P, 4 which is stated in the following result.

Lemma 31. It holds for all k between 1 and n
max (|Uq], ..., |Ug|) = Op, , (logn).

Proof. Using the same argument as in Lemma 25, we consider the case when the r.v’s U;
take non negative values. We prove that

Jim Poa (max (Uy,...,Ug) > t,) =0
when

. tn
lim
n—oo logn

= 00.
It holds
Poa (max (Uy, ..., Ug) > t,) = /a+ch (max (Uy,...,Ug) > t,| Uy /n =0)
pa(Ul,n/n =v|Uy, > na)dv

o0
+ Py (max (U, ..., Ug) > t,| Ui, /n =)
a+c
p(Uipn/n=vUi, > na)dv
= I+

Now, using the same arguments as before,
T < P(Uy,/n>a+c) < m~(a)s(m~(a))
~ P(Uip/n>a) ~— mYa+ce)s(ma+ec
Since c is fixed and m~!(a) is bounded , IT — 0 under (C).

Furthermore by Lemma 25, lim,,_,oo P (max (Uy,...,Uy) > t,| Uy n/n =v) =: limy, 00 1 =
0 when v € (a,a + ¢) . Hence

0 exp (—ncm_l(a))

I <ro(1+40(1)) = 0.

This proves the Lemma. O
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We now prove Theorem 19(i).
Step 1.We first prove that the integral (1.39) can be reduced to its principal part,
namely that

Pra(Y{) = (1 +op,, (1))
a+c
| ot =Y Ura/n = v)p(Un/n = 0l Usy > na)do (1.60)

holds for any fixed ¢ > 0.
Apply Bayes formula to obtain

npx (Y1k>
PalMl) = =235
frop (S = (1 ) )
P (U, > na)
where Uy j, 1= %
Denote U
B P (U’““’” >m )
n—k k
with

my = a——=|.
n—=k n

Then (1.60) holds whenever I — 0 (under P, 4).
Under P, 4 it holds

1

nm~1(a)

A similar result as Lemma 24 holds under condition (U, > na), using Lemma 30; namely
it holds

max
0<i<k—1

Using both results, it holds

Ui+1,n‘ =a+o0p,, (€n)-

mg = a -+ OPnA (Un) (1.61)
with v, = max (en, m) which tends to 0 under (C).

We now prove that I — 0. Using once more Lemma 29 yields

(i) s(m ™! (1))
i + 255 (m = me) + )

n—

exp (—(n — k) (IU (mk + nn_ck> — Iy (mk)>> .

Now by convexity of the function [y, and (1.61),

I<

e

exp— () (T (e + ") = T (mi)

1
V(a+00p_ (vn)) OP.a (“”)}

< exp—nem”H(my) = exp —nc {m_l(a) +
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for some € in (0,1). which tends to 0 under P,4 when (A) and (C) hold. By mono-
tonicity of ¢ — m(¢) and condition (C) the ratio in I is bounded.
We have proved that

I=0p,, (exp —ncmfl(a)) .

Step 2. Theorem (19)(i) holds uniformly in v in (a,a 4 ¢) where Y7 is generated under
P, 4. This result follows from a similar argument as used in Theorem 3 where (1.48) is
proved under the local sampling P,,. A close look at the proof shows that (1.48) holds
whenever Lemmas 24 and 25 stated for the variables U,’s instead of X;’s hold under P, 4.
Those lemmas are substituted by Lemmas 30 and 31 here above.

Inserting (1.48) in (1.60) yields

a+c
pnA(Ylk) = (/ gnv(Ylk)p(Ul,n/n = U| Ul,n > na)dv>

(1 + 0p,4 <max (E" (logn)” . (exp (_ncm_l(a)))5>)>

for any positive § < 1.
The conditional density of Uy ,/n given (Uy, > na) is given in (2.7) which holds uni-
formly in v on (a,a + ).

Summing up we have proved
pnA(Ylk) =

(nm_1 (a) /:HJ Gno(YF) (exp —nm ™! (a) (v — a)) dv)

oot (o))

as n — oo for any positive 9.
In order to get the approximation of p,4 by the density g, it is enough to observe
that

nm~! (a) /anrC Ino(YF) (exp —nm ™t (a) (v — a)) dv

=140, (exp —ncmfl(a))

as n — oo which completes the proof of (1.48). The proof of (1.49) follows from (1.48)
and Lemma 7 cited hereunder.






Chapter 2

Towards zero variance estimators
for rare events probabilities

2.1 Introduction

Importance Sampling procedures aim at reducing the calculation time which is neces-
sary in order to evaluate integrals, often in large dimension. We consider the case when
the integral to be numerically computed is the probability of an event defined by a large
number of random components; this case has received quite a lot of attention, above all
when the event is of small probability. The present paper proposes estimators for both
large and moderate deviation probabilities.

The classical IS scheme for rare event estimation rests on two basic ingredients: the
sampling distribution is fitted to the so-called dominating point of the set to be measured;
independent and identically distributed replications under this sampling distribution are
performed. Our concern is related to the performance of these methods for an ill-behaved
set, when this set is non connected, and bears some asymmetry with respect to the under-
lying probability model. This case leads to overwhelming loss in relative accuracy for the
probability to be estimated. Our proposal hints on two choices: first do not make use of
the notion of dominating point and explore all the target set instead; secondly, do not use
i.i.d. replications, but merely sample long runs of variables under a proxy of the optimal
sampling scheme. It will be seen in the example in Section 2.6 that a net improvement
in the relative error stems from those two factors. This has been the main motivation
for this paper; note also that accurate evaluation for moderate deviation probabilities is
important in statistics, when handling power functions; see Chapter 3 where the present
technique has been used in the context of Monte Carlo tests.

The situation which is considered is the following.

The r.v’s X, X}s are i.i.d. with known common density px on R, and u is a real valued
measurable function defined on R. Define U := u(X) with density py and

n
Ul,n = Z Uz
i=1
We intend to estimate
P, =P (Ul,n S TLA)

for large but fixed n where
A = (ap,00) (2.1)
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and a,, is a convergent sequence. The limit of this sequence either equals F [U] or is as-
sumed to be larger than E [U]. In the first case it will be assumed that a,, converges slowly
in such a way that P (U, € nA) is not obtainable through the central limit theorem; we
may call this case a moderate deviation case. The second situation is classically referred
to as a large deviation case.

The case when A is a union of intervals can be deduced from the present one; see the
example in Section 2.6.

The basic estimate of P, is defined as follows: generate L i.i.d. samples X7'(I) :=
(X1(1), .., X, (1)) with underlying density px and define

L
1
P(A) = 72 Tle, (XT()
=1
where
En i ={(x1,...,xn) ER" : (u(z1) + ... +u(xy)) € NA} (2.2)
with u; := u (x;) . The Importance Sampling estimator of P, with sampling density g on

R™ is

L
PI(A) = 1 S Pa(D)le, (Y1) (23)
=1

where P, (1) is called "importance factor" and can be written

T px (1)
N T0)

and where the L samples Y{*(1) := (Y1(l), ..., Y (1)) are i.i.d. with common density g; the
coordinates of Y7*(I) however need not be i.i.d.

(2.4)

The classical IS scheme consists in the simulation of n i.i.d. replications Yl(l), - ,,Sl)

with density 7% on R and therefore g(y1, ..., yn) = 7 (y1)...7*"(y ). The density 7" is the
so-called tilted (or twisted) density at point a,, which, in case when a,, = a is fixed, is called
the dominating point of the set (a,00); see [20]. In spite of the fact that this terminology
is usually used in the large deviation case, we adopt it also in the moderate deviation one,
for reasons to be stated later on. This approach produces efficient IS schemes since it can
be proved that in the large deviation range the variance of the classical IS is proportional
to P2y/n. Adaptive IS schemes have been considered in various contexts; for first passage
times, see [37]; splitting techniques have also been considered in this field; see [16] and
[28], where connections between IS and particle splitting is considered; similar problems as
developped in this paper for heavy tailed distribution are presented in [36]. An overview
on various topics in IS is presented in [83].

The numerator in the expression (2.4) is the product of the px,(Y;)’s while the de-
nominator need not be a density of i.i.d. copies evaluated on the Y;s. Indeed the optimal
choice for g is the density of X' := (X4, ...,X,,) conditioned upon (X} € &,), leading to
a zero variance estimator. We will propose an IS sampling density which approximates
this conditional density very sharply on its first components y1, ..., yr where k = k,, is very
large, namely k/n — 1. This motivates the title of this paper; however, but in the gaussian
case, k should satisfy lim,,_ ..o n — k = oo by the very construction of the approximation.

Let us introduce a toy case in order to define the main step of the procedure, namely
the simulation of a sample under a proxy of the conditional density. Assume X7 is a
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vector of n ii.d. standard normal real valued random variables and P, := P (Sy, > na)
with Sq,, := X1 + ...+ X, and a > 0.

1- For any v > a the joint density pp, of X, ..., X,,—1 conditionally upon (S, = nv)
is known analytically and simulation under py, is easy for any v. A general form of this
statement is Theorem 9 of Chapter 1.

2-The optimal sampling density g is similar to pp, with conditioning event (S, > na).
The density g is obtained by integrating p,, with respect to the the conditional distribution
of Sy ,,/n under (S, > na) which is well approximated by an exponential distribution on
(a,00) with expectation a + (1/na); this follows from standard asymptotics for large and
moderate deviations. The corresponding general statement is Theorem 19 of Chapter 1.
Therefore samples under a proxy of g are obtained through Monte Carlo simulation as
follows: draw Y{* with density p,v where V follows the just cited exponential density.

Insert these terms in (2.4) repeatedly to get Pg(n).

In the general case the joint distribution p,, cannot be approximated sharply on the
very long run 1,...,n — 1, but merely on 1, ..., k, with k,, close to n. The approximation
provided in Theorem 9 and, as a consequence in Theorem 19, is valid on the first k,
coordinates; the IS density on R”™ is obtained multiplying this proxy by a product of
n — ky identical densities 7®. It will be shown in Section 2.3 that the relative accuracy
drops by a factor v/n — k//n with respect to the classical IS scheme. A precise tuning of
ky, is provided in Section 1.4.3, extending the rule of Section 1.3.2 of Chapter 1. Algorithms
are in Section 2.4. Section 2.5 contains a simulation study in two simple cases. Since v
is simulated on the whole set (a,+00), no search is done in order to identify dominating
points and no part of the target set (a,+00) is neglected in the simulation of runs; the
example in section 2.6, where the classical IS scheme is compared to the present one, is
illuminating in this respect. It also contains graphs pertaining to the hit rate. Other
performance indices have been considered, which focus on the stability of the estimate;
see [13].

It may seem that we could have reduced this paper to the case when u is the identity
function, hence simulating runs U¥ := (u (X1), ..., u (Xy)) under (Uy,, > na) . However it
often occurs that the conditioning event is defined through a joint set of conditions, say

u(Xy) + ... +u(X,) > na (2.5)

and
h(XY) € By, (2.6)

for some function h and some measurable set B,,. Clearly in most cases the approximation
of the density of X% under both constraints is intractable and the approximation of the
density of X¥ conditioned upon (X7 € &,) and extended on R™ as indicated above, provides
a good IS sampling scheme for the estimation of

P(u(X1)+...+u(X,) >nanh(X}) € By).

We rely on Chapter 1 where the basic approximation can be found. A first draft in
the direction of the present work is in [18].

2.2 Adaptive IS Estimator for rare event probability

The IS scheme produces samples Y := (Y1,...,Y)) distributed under g,a, which is
a continuous mixture of densities g,,, with exponential mixing measure with parameter
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nm~! (a) on (a, o)

]l(a’oo)(v)nm_1 (a) exp (—nm_1 (a) (v— a)) (2.7)

Since all IS schemes produce unbiased estimators, and since the truncation parame-
ter ¢ in (1.46) is immaterial, we consider untruncated versions of g, defined in (1.46)
integrating on (a,c0) instead of (a,a + ¢). This avoids a number of computational and
programming questions, a difficult choice of an extra parameter ¢, and does not change
the numerical results; this point has been checked carefully by the authors. We keep the
notation g, for the untruncated density.

The density gna is extended from R* onto R™ completing the n — k remaining coordi-
nates with i.i.d. copies of r.v’s Y11, ..., Y, with common tilted density

n
gua (wialyt) == TT = (w) (2.8)
i=k41
with my := m(t*) = -2 (v — “2%) and
k
ULk = Zu(yi)
i=1

The last n — k r.v’s Y;’s are therefore drawn according to the classical i.i.d. scheme in
phase with [87] or [45] schemes in the large or moderate deviation setting.

We now define our IS estimator of P, := P (U, > na).

Let Y{*(I) := Y1(l), ..., Y, (1) be generated under g, 4. Let

B i=o Px (Yi(1))

Pl i= =P e, (V/0) (29)
and define
_ 1 Lo -
Pyi==Y"Py(l). (2.10)
L3

2.3 Compared efficiencies of IS estimators

The situation which we face with our proposal lacks the possibility to provide an order
of magnitude of the variance our our IS estimate, since the properties necessary to define
it have been obtained only on typical paths under the sampling density g, 4 and not on the
whole space R” . This leads to a quasi-MSE measure for the performance of the proposed
estimator, which quantifies the variability evaluated on classes of subsets of R™ whose
probability goes to 1 under the sampling g,4. Not surprisingly the loss of performance
with respect to the optimal sampling density is due to the n — k last i.i.d. simulations,
leading a quasi- MSE of the estimate proportional to vn — k.

2.3.1 The efficiency of the classical IS scheme

We first recall the definition of the classical IS sampling scheme and its asymptotic
performance. The r.v’s Y;’s in (2.4) are i.i.d. and have density ¢ = 7l , hence with
m(t) = a. See [87] in the LDP case and [45] in the MDP case. The reason for this



2.3. COMPARED EFFICIENCIES OF IS ESTIMATORS 63

sampling scheme is the fact that in the large deviation case, a is the "dominating point"
of the set (a,00) i.e. a is such that the proxy of the conditional distribution of X; given
(Ui, > na) is IIY; this is the basic form of the Gibbs conditioning principle.

Although developed for the large deviation case, the classical IS applies for the mod-
erate deviation case since for a — E[u (X)] and (a — E[u (X)]) v/n — oo it holds

P(X; € B|Uy, >na) = (1+0(1))1I5(B) (2.11)

for any Borel set B as n — oo. This follows as a consequence of Sanov Theorem for
moderate deviations (see [45] and [27]) and justifies the classical IS scheme in this range.

The classical IS is defined simulating L times a random sample of n i.i.d. r.v’s Y{*(I),
1 <[ < L, with tilted density 7&. The standard IS estimate is defined through

[Tie, px (Yi(D))
i=1 g (Ya(l))
where the X;(() are i.i.d. with density 7% and 1¢,(Y{*(1)) is as in (2.2). Set

P(l) = n )y Hiz1 Px (Yi(1)
Pn(l) = ]lgn(}/l (Z)) ?:1 Wg(Y;(l)) :

I
P, = T > e, (Y1)
=1

The variance of P, is given by
- _ 1 B (1\2 2
VarP, = - (EHZ [Pn(l) } - Pn) .
The relative accuracy of the estimate P, is defined through

. =N Era | Po(1)?
RE(Pn) = VCLTPn = l S —— { ( } —-11.
P? L P?

The following result holds.

Proposition 32. The relative accuracy of the estimate P, is given by

RE(P,) = \/i\/ﬁa(l +0(1))

as n tends to infinity.

We will prove that no reduction of the variance of the estimator can be achieved on
subsets By, of R™ such that 11%(B,,) — 1.

The easy case when Uy, ..., U, are i.i.d. with standard normal distribution and u(z) =
x is sufficient for our need.

The variance of the IS estimate of P (U;, > na) is proportional to

Ul,n pu (U?) 2
V = EPU lﬂ(a7w) ( n > W% (U?) _Pn

na2
— Ep, [n(a7m) (U;L’"> (exp <2>> (exp (—aUl,n))] - P}

A set B, resulting as reducing the MSE should penalize large values of — (Up + ... + Uy,)
while bearing nearly all the realizations of U; + ... + U,, under the i.i.d. sampling scheme
7 as n tends to infinity. It should therefore be of the form (b, co) for some b = by, so that
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Ui, \ ru(U7)
11 5
(a,00)N(b,00) n xo (un

lim sup ( ) 6(Y1)

n—00 V

Epy

|

which means that the IS sampling density 7{; can lead a MSE defined by

<1

U
MSE(By,) := Ep, []l(m,oo)m(nb,oo)m

1
T (U
with a clear gain over the variance indicator. However when b < a, (b) does not hold and,
when b > a, (a) does not hold.

So no reduction of this variance can be obtained by taking into account the properties
of the typical paths generated under the sampling density: a reduction of the variance is
possible only by conditioning on "small" subsets of the sample paths space. On no classes
of subsets of R™ with probability going to 1 under the sampling is it possible to reduce the
variability of the estimate, whose rate is definitely proportional to y/n, imposing a burden
of order Ly/na in order to achieve a relative efficiency of a% with respect to P,.

_ p?

n

2.3.2 Efficiency of the adaptive twisted scheme

The gain in efficiency of the present proposal can be evaluated when some regularity
condition holds pertaining to the density function of the r.v. U. For such density the
approximation of the density of Uy, in the moderate and large deviation range, as well as
the tail approximation of its distribution function is uniform. See [59], Chapter 6. These
conditions are satisfied for most densities used in statistical modelling.

Regularity assumptions

1. Log-concave and almost Log-concave densities: py can be written as
pu(z) = c(z)exp (—h(z)), x< oo

with h a convex function, and where for some xy > 0 and constants 0 < ¢; < ¢o < 00,
we have
1 < c(x) < eg for zp < & < 00.

Examples of densities which satisfy the above conditions include the Normal, the
hyperbolic density, etc. An other example is when U := (X—1)? and X has log-
normal distribution, X = exp(Z) with Z ~A\ (p, 7%) and ¢ = EX = p+47. Then

eXp(ng)

pu(z) = W
{1 - exp (_m)}eXp{@ }

2 27

which is log-concave.
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2. Gamma-like densities: the density of the r.v. U satisfies

pu() = c(x) exp (—h(z))

for all z with 0 < ¢; < ¢(x) < c2 < co when z is larger than some z¢ > 0 and h(x)
is a convex function which satisfies h(z) = 7 + h;(x) with, for z; < x2,

ai log@ —b < hl(.fvz) — hl(l'l) < as log@ — by
T X1

where a1, az,b; and be are positive constants with ag < 1.

A wide class of densities for which our results apply is when there exist constants
x9 >0, a >0, 7 >0 and A such that

pu(z) = Az® () exp (—72) = > 20

where [(x) is slowly varying at infinity.

3. Densities defined through conditions on their characteristic function. We refer to
see [59] Chapter 6 for an exhaustive set of such conditions which imply uniformity
in the local and tail approximations of the distribution of the sample mean in the
large (and, indeed, moderate) deviation case.

We denote by (R) any of the above condition pertaining to the regularity of the density
pul(x).

Gain of the IS procedure

We first put forwards a Lemma which assesses that large sets under the sampling
distribution g, 4 bear all what is needed to achieve a dramatic improvement of the relative
efficiency of the IS procedure.

Lemma 33. Assume k/n — 1. It then holds,

1. There exist sets C,, in R™ such that
= limy, 00 Ga (Cn) =1
= for any yt in Cy, |224 (yf) — 1| < 6y, with 6y, as in (1.50).
— when a — E[U] (moderate deviation),
ths(th) = a (1 4+ o(1)) (2.12)

— when lim,, o a,, is larger than E[U] (large deviation) , t*s(t*) remains bounded
away from 0 and infinity.

Proof. Assume k/n — 1. Let C,, in R"™ such that for all y}" in Cy,

k
pnA(yi ) 4| - 5,
gna (U7)
with d,, as in (24) and
ik
‘m( ) -1 < ay
a

where t* is defined through
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with uy = Z?:l u(y;) and «, satisfies

lim o, =0 (2.13)
n—oo
together with
lim apavn —k = oc. (2.14)
n—oo

We prove that
lim G4 (Cn) =1.

n—oo
Let

Ape, = AP x RPF
with i

A];n = x]f: pnA($}€) -1 <dn .
gna (z7)

By the above definition

7}1_)1130 Poa(Ape,) =1 (2.15)

Note also that
Gt (Ane,) = [ La, (@)gna (af) do
— [ 1y, @hgna (at) dot

1
> o [ Lag, @hpnateh)dat
1

= 5 (1 +o(1)

which goes to 1 as n tends to co. We have just proved that the sequence of sets A, .,
contains roughly all the sample paths X7" under the importance sampling density gn4.
We use the fact that t* defined through

n (o
m(tk):n_k(a— ;L )

is close to a under py, uniformly upon v in (a,a+ c) and integrate out with respect to the
distribution of Uy ,,/n conditionally on Uy ,/n € (a,a+c).
Let §,, tend to 0 and lim,,_,o acy,v/1n — k = oo and

tk
Bn;:{x’f:‘m(a ) 4 <an}.

ths(t*) = a (1 + o(1)) (2.16)

We prove that on B,

holds.
By Lemma 24 in Chapter 1 and integrating w.r.t. pp, on (a,a+ ¢) it holds, under
(2.13) and (2.14)
Jim P g (By) =1. (2.17)

There exists d, such that for any z7 in B,

tk ,
—- 1| < 6. (2.18)




2.3. COMPARED EFFICIENCIES OF IS ESTIMATORS 67

Indeed
¢k th (1
’771( ) _ 1’ I G U T P
a a
and lim,,_yoo v = 0. Therefore
¢ ¢ ¢
1—Uk——an<—<1—vk—+an.
a a a
Since %tk) is bounded so is % and therefore % — 0 as n — oo which implies (2.18).

Further (2.18) implies that there exists d,,” such that

ths(tk)
a

-1

<oy

Indeed

ths(th)
a

t* (1 4 uy)
a

_1‘:

_1‘
<0, + (1+0,) up = 6,7

where lim,,_,o ug = 0. Therefore (2.16) holds.
Define
Cn:=B,NA,.,

Since

n n 1 n n
/ﬂcn(931)gnA (ﬁ) dxy > +5n/]1071297114(951)4951

and by (2.15) and (2.17)
g, Fra (Gn) =1

we obtain
nll_{glo GnA (Cn) = 1.
which concludes the proof of (i) and (ii). O

We now evaluate the relative accuracy of the adaptive twisted IS estimator on this
family of sets. Let

L P2

PE (1’3;) _ 1 (EG’nA [110,11%(1)2} ) 1) |

We prove that

Proposition 34. When (R) holds together with the conditions in Theorem 19, the relative
accuracy of the estimate P, is given by

RE(E) _ \/ﬂan—k— 1

a(l+o(1))

as n tends to infinity.
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Proof. Using the definition of C), we get
~ N2
pX(Y1k)pX(Ykrﬁr1)
9nA (Y1k>gnA( Ykrﬁﬂ ‘ Y1k>
px ()  px(Yiy)
k
p(YF[En) gnA(Yk”jrl‘ Y
1 px (Vi)
k
(EnlYE) gua (Vi | Y1)
=P*(1+6,)V2rvVn —k — 1
Ep, ,[Lc, (Y7)t"s(t")](1 + o(1)
= P?aV2nvn — k — 1(1 4 o(1)).
The third line is Bayes formula. The fourth line is Corollary 6.4.1 in [59]. The fifth line
uses (2.12) and uniformity in the just above cited Corrollary, whose conditions are easily
checked since, in its notation, J(f) = R , condition (i) holds for 6 in a neighborhood

of 0 (©¢ indeed is restricted to such a set in our case), (ii) clearly holds and (iii) is a
consequence of the assumption on the characteristic function of u (Xy). O]

= P, Ep,,[1c,(Y]")

]

]

= Py(1+0,)Ep,,[lc, (Y1")p

2.4 Algorithms

The next two algorithms 5 and 6 (associated with the algorithms presented in Chapter
1) provide the estimate of P,.

Input : y?a px, n, ka a, M
Output : gna (Y1)
Procedure

for m + 1 to M do
Simulate vy, with density (2.7);

Calculate gy, (yf) with Algorithm 1 of Chapter 1;
Calculate gy, (yﬁ+1|yf) +— (2.8);

Caleulate gnu,, (57) < Gnom (5) Gom (U14110F)
end

Compute gna (U7) < 5 M1 gno, (Y1)
Return : gna (Y1)

Algorithm 5: Evaluation of g4 (y7)

Remark 35. ©{} is defined as in (2.8)

ar n v Uik
| = 1 —
n—k n

k

Ul = Z u(Yi(1)).

=1

and
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Input : px, 0, n,a, M, L
Output : }3;
Initialization:
Set k — ks with Algorithm 2;
Procedure
for | + 1to L do
Simulate v; with density (2.7);
Simulate Y{*(I) with density g, with Algorithm 1 of Chapter 1;
Simulate Y ; (1) i.i.d. with density 73;
Calculate gna (Y7*(1)) with Algorithm 5;
Calculate P, (1) + (2.9);
end
Compute P, « (2.10);
Return : ]/3;
Algorithm 6: Calculation of P,

2.5 Simulation results

2.5.1 The gaussian case

The random variables X{ s are i.i.d. with normal distribution with mean 0 and variance

1. The case treated here is P,, = P (S;L—" > a) = 0.009972 with n = 100, and a = 0.232.

We build the curve of the estimate of P, (solid lines) and the two sigma confidence interval
(dot lines) with respect to k. The value of L is L = 2000.

0.012
I

0.011
I

0.010
I

0.009
I

0.008
I

Figure 2.1: Curve of ]/3; (solid line) in the normal case along with the two sigma confidence
interval (dotted lines) as function of k with n = 100 for L = 2000.

2.5.2 The exponential case

The random variables X/s are i.i.d. with exponential distribution with parameter 1
on (—1,00). The case treated here is P, = P S;—" > a) = 0.013887 with n = 100, and
a = 0.232. The solid lines is the estimate of P,, the dot lines are the two sigma confidence
interval. Abscissa is k.

Figure 2.3 shows the ratio of the empirical value of the MSE of the adaptive estimate
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Figure 2.2: Curve of P, (solid line) in the exponential case along with the two sigma
confidence interval (dotted lines) as function of k& with n = 100 for L = 2000.

w.r.t. the empirical MSE of the i.i.d. twisted one, in the exponential case with P, = 1072
and n = 100. The value of k is growing from k = 1 (i.i.d. twisted sample) to k = 70
(according to the rule of section 1.4.3). This ratio stabilizes to v/n — k/y/n for L = 2000.
The abscissa is k and the solid line is k — v/n — k//n.

Figure 2.3: Ratio of the empirical value of the MSE of the adaptive estimate w.r.t. the
empirical MSE of the i.i.d. twisted one (dotted line) along with the true value of this ratio
(solid line) as a function of k.

2.6 A comparison study

2.6.1 With the classical twisted IS scheme

This section compares the performance of the present approach with respect to the
standard tilted one as described in Section 2.1. The bilateral target set A considered here
leads to similar sampling schemes as developped hereabove, substituting p(U1 ,,/n = v| Uy, >
na) by p(Uy,/n=v|U;y, € nA). Simulation of samples Uy ,/n under this density can
be performed through Metropolis-Hastings algorithm, since

p(Uip/n=v|Ui, € nd)

no._
r(v,v) : p(Uipn/n=2|U;, € nA)

turns out to be independent upon P (U, € nA). The proposal distribution of the algo-
rithm should be supported by A.
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Consider a random sample X7, ..., X199 where X has a normal distribution N (0.05,1)
and let

|£El T $100|
E100 := {x}"o : o0 > 0.28

for which
P100 =P ((Xl, . XIOO) S 5100) = 0.01120.

Our interest is to show that in this simple dissymmetrical case a direct extension of our
proposal provides a good estimate, while the standard IS scheme ignores a part of the
event £19o. The standard i.i.d. IS scheme introduces the dominating point ¢ = 0.28 and
the family of i.i.d. tilted r.v’s with common N(a, 1) distribution. The resulting estimator
of Pygo is 0,01074 (with L = 1000), indicating that the event Si 100/100 < —0.28 is ignored
in the evaluation of Pjgg, inducing a bias in the estimation. Since the simulated r.v’s are
independent under the tilted distribution the Importance factor oscillates wildly. Also the
hit rate is of order 50%. It can also be seen that S1%°/100 < —0.28 is never visited through
the procedure.

This example is not as artificial as it may seem; indeed it leads to a two dominating
points situation which is quite often met in real life. Exploring at random the set of
interest under the distribution of (z1 + ... + x100) /100 under E1pp avoids any search for
dominating points. Drawing L i.i.d. points vy, ...,v; according to the distribution of
S1,100/100 conditionally upon [S7,100| /100 > 0.28 we evaluate Pjo9 with £ = 99; note
that in the gaussian case Theorem 9 of Chapter 1 provides an exact description of the
conditional density of X¥ for all k between 1 and n, and therefore the same nearly holds
in Theorem 19. The resulting value of the estimate is 0.01125 which is fairly close to Pigp.

As expected the Importance factor is very close to Pjgg for all sample paths X7 simu-
lated under G, 4; this is in accordance with Theorem 9. Also the hit rate is very close to
100%. This example is in the same vein as the one developped in [38]. Under the present
proposal the distribution of the Importance Factor concentrates around Pjgg; hence so-
called "rogue path phenomenon' (see [38]) does not occur.

It is interesting to draw the hit rate as a function of k. When k = 1 then this rate is
close to 50%, since the present algorithms coincides with the classical i.i.d. IS scheme. As
k increases, the hit rate approaches 100%; the value of L is 1000.

800
I
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I

Figure 2.4: Curve of the hit Rate as a function of k with n = 100 for L = 1000.

In the present case the Importance factors have a slightly smaller variability around
Pigo under the present approach compared to that under the classical IS scheme; this is
due to the fact that the contribution of the set €1y, is roughly 1072 times that of E1gp.
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The relative errors (RE) are to be compared when arguing in terms of run time; the
RE for the classical IS is 4% while it drops to .4% with the present proposal. Obviously
letting L get larger in the classical IS than in the present approach results in an improved
accuracy, without escaping the rogue path phenomenon. Although not discussed here
Proposition 4.3 also holds in the present case.

We now explore the gain in relative accuracy when the dimension of the measured
set increases. Let thereforeB := (5100)d which is the d-cartesian product of £1gg . The
100 r.v’s X; ’s are i.i.d. random vectors in R? with common i.i.d.N(0.05, 1) distribution.
The dominating point has all coordinates equal 0.28. Rogue path curse produces an
overwhelming loss in accuracy, imposing a very large increase in runtime to get reasonable
results. The following figure shows the gain in relative accuracy w.r.t. the classical IS
scheme according to the growth of d.
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0.4

0.2

0.0

Figure 2.5: Relative Accuracy of the adaptive estimate (dotted line) w.r.t. i.i.d. twisted
one (solid line) as a function of the dimension d for L = 1000.

2.6.2 With the Cross-Entropy method.
Quick overview of the Cross-Entropy method in our context.

The Cross-Entropy method, originally proposed by [84], is a type of importance-
sampling technique in which the new distributions are successively calculated by mini-
mizing the cross-entropy with respect to the ideal (but unattainable) zero-variance distri-
bution, denoted ¢g*, defined in the Introduction of this chapter by

. po(x
g (z) = 01(3 )]15(30)@1

where P = P[S(X) € A] is the quantity to be estimated. The CE method proposes
an IS sampling density within a parametric family that is in some sense the closest to
g*. Let briefly state the main step of the method (see [14] for a tutorial). Let py the
underlying density of X, where we make explicit the dependence of the parameter vector
0. Consider the family of probability densities p, indexed by the parameter vector v within
which to obtain the optimal importance density. Define the Kullback-Leibler divergence,
or cross-entropy distance, between a density f and an another density g by

D(f,9) = [ f(x)log (ﬁg) da
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We want to locate the density p,+« such that D(g*,p,+) is minimal. Now the functional
minimization problem of finding an optimal importance density g reduces to a parametric
minimization problem of finding the optimal parameter vector v* such as

v* = argminD(g*, p,) = arg max/g*(x) log (p,(2)) dz.
Inserting the true value of g*, we obtain

po()

v = argmax / Ls(ayea log (py (2)) da.

The unknown value to be estimated P is independent of v, it holds
V¥ = arg mlz}x/pg(x)]ls(m)eA log (pu(z)) dx.

This deterministic problem does not always admit an analytic solution. Instead, v* can
be estimated by finding

. (S
7" = argmax = 3 Ts(xealog (ov (X(1))).- (2.19)
=1

where X (1) is a i.i.d. sample from py the nominal density. When (S(z) € A) is a rare
event, the equation (2.19) can be rewritten, using importance sampling, as

. 1<
0 = argmax - > TscxyeaW (X(1):6,0)log (b, (X(1)). (2.20)
=1

where X ([) is a i.i.d. sample from p,, for an arbitrary w and where

po (X(1))
pw (X (1))
The solution of (2.20) can often be calculated analytically. In particular, this happens

if the distribution of the random variables belong to a natural exponential family (see next
section for example).

W (X(1);0,v) :=

Input Vo, pg, L
Output %

Initialization:
t=1;
Procedure
repeat
Generate an i.i.d. sample X (1), ..., X (L) from p,, ,;
Solve for v, equation (2.20);
t=t+1;
until Stopping Criterion;
Return D U*
Algorithm 7: Evaluation of v*

This simple version of the CE method was improved in two main ways.
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1. If the probability to be estimated is very small (typically P, < 107°), a multi-level
version of Algorithm 7 can be used to overcome this difficulty (see [14]).

2. In high dimensional settings, the multi-level CE algorithm can go wrong, and an
improved version has been developped (see [24] and [54]).

In the example below, we focus only on the comparison of our proposed method with
the generic CE algorithm since we study real event for which the probablity to be estimated
in order 1072,

Example

We pursue the study of the dissymmetrical case presented in 2.6.

The sampling distribution is chosen as a normal one with variance 1, as adapted to this
situation; the mean is estimated recursively through Algorithm 7. At step t, the update
version of v®) writes

S s, @enaW (X1(0);0,007D) S, (1)
Yicr sy, enaW (X](0);0,v071)

In this dissymmetrical case, the convergence is very fast. However, the method depends
strongly of the choice of ¥(9). In fact, when v is close to 0.28 then the performance is
similar to the classical IS scheme, since the successive means keep close to 0.28 (see Figure
2.6); at the contrary when (9 is defined close to —0.28 the sequence of sampling distribu-
tions tend to concentrate around N(—0.28,1) (see Figure 2.7) and the resulting estimate
produces a relative error of order 100%. Indeed it is roughly |(4.8 x 107 —1072) /1072|
since Pe— ~ 4.8 x 10~* where &y = {2170 : 1Eb0100 < (.28}

S0 —

(2.21)

0.05 0.10 0.15 0.20 0.25 0.30

Figure 2.6: Convergence of the sequence v(*) for n = 100 in the case where (%) = 0.05.
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Figure 2.7: Convergence of the sequence v(*) for n = 100 in the case where v(©) = —0.05.

Hence, CE method may be at odds even in simple but non standard cases.






Chapter 3

Conditional inference in
parametric models.

3.1 Introduction and context

This paper explores conditional inference in parametric models. A comprehensive
overview on this area is the illuminating review paper by Reid (1995) [78]. Our starting
point is as follows: given a model P defined as a collection of continuous distributions P
on R¢ | with density py where the parameter 6 belongs to some subset © in R® and given a
sample of independent copies of a random variable with distribution P, for some unknown
value O of the parameter, we intend to provide some inference about 67 conditioning on
some observed statistics of the data. The situations which we have in mind are of two
different kinds.

The first one is the Rao-Blackwellisation of estimators, which amounts to reduce the
variance of an unbiased estimator by conditioning on any sufficient statistics; when the
conditioning statistics is complete and sufficient for the parameter then this procedure
provides optimal reduction, as stated by Lehmann-Scheffé Theorem. These facts yield the
following questions.

1. is it possible to provide good approximations for the density of a sample conditioned
on a given statistics, and, when applied for a model where some sufficient statistics
for the parameter is known, does sufficiency w.r.t. the parameter still holds for the
approximating density?

2. in the case when the first question has positive answer, is it possible to simulate sam-
ples according to the approximating density, and to propose some Rao-Blackwellised
version for a given preliminary estimator? Also we would hope that the proposed
method would be feasible, that the programming burden would be light, that the
run time for this method be short, and that the involved techniques would keep in
the range of globally known ones by the community of statisticians.

The second application of conditional inference pertains to the role of conditioning
in models with nuisance parameters. There is a huge bibliography on this topic, some
of which will be considered in details in the sequel. The usual frame for this field of
problems is the exponential families one, for reasons related both with the importance of
these models in applications and on the role of the concept of sufficiency when dealing
with the notion of nuisance parameter. Conditioning on a sufficient statistics for the
nuisance parameter produces a new exponential family, which gets free of this parameter,
and allows for simple inference on the parameter of interest, at least in simple cases.
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This will also be discussed, since the reality, as known, is not that simple, and since so
many complementary approaches have been developped over decades in this area. Using
the approximation of the conditional density in this context and performing simulations
yields Monte Carlo tests for the parameter of interest, free from the nuisance parameter.
Also conditional maximum likelihood estimators will be produced. Comparison with the
parametric bootstrap will also be discussed.

This paper is organized as follows. Section 2 describes a general approximation scheme
for the conditional density of long runs of subsamples conditioned on a statistics, with
explicit formulas. The proof of the main result of this section is presented in Chapter
1. Discussion about implementation is provided. Section 3 presents two aspects of the
approximating conditional scheme: we first show on examples that sufficiency is kept under
the approximating scheme and, second, that this yields to an easy Rao-Blackwellisation
procedure. An illustration of Lehmann-Scheffé Theorem is presented. Section 4 deals with
models with nuisance parameters in the context of exponential families. We have found
it useful to spend a few paragraphs on bibliographical issues. We address Monte Carlo
tests based on the simulation scheme; in simple cases its performance is similar to that
of parametric bootstrap; however conditional simulation based tests improve clearly over
parametric bootstrap procedure when the test pertains to models for which the likelihood
is multimodal with respect to the nuisance parameter; an example is provided. Finally we
consider conditioned maximum likelihood based on the approximation of the conditional
density; in simple cases its performance is similar to that of estimators defined through
global likelihood optimization; however when the preliminary estimator of the nuisance
is difficult to obtain, for example when it depends strongly on some initial point for a
Newton-Raphson routine (this is indeed a very common situation), then, by the very
nature of sufficiency, conditional inference based on the proxy of the conditional likelihood
performs better; this is illustrated with examples.

3.2 The approximate conditional density of the sample

Most attempts which have been proposed for the approximation of conditional densities
stem from arguments developped in [64] for inference on the parameter of interest in
models with nuisance parameter; however the proposals in this direction hinge at the
approximation of the distribution of the sufficient statistics for the parameter of interest
given the observed value of the sufficient statistics of the nuisance parameter. We will
present some of these proposals in the section devoted to exponential families. To our
knowledge, no attempt has been made to approximate the conditional distribution of a
sample (or of a long subsample) given some observed statistics.

However, generating samples from the conditional distribution itself (such samples are
often called co-sufficient samples, following [71]) has been considered by many authors;
see for example [42], [67] and references therein, and [68].

In [42], simulating exponential or normal samples under the given value of the empirical
mean is proposed. For example under the exponential distribution Ezp(f), the minimal
sufficient statistics for 6 is the sum of the observations, say t,; a co-sufficient sample x* can
be created by generating an 2 -sample from Ezp(1) and taking x} = x;tn /z’. However, this
approach may be at odd in simple cases, as for the Gamma density in the non exponential
case.

Lockhart et al. [71] proposed a different framework based on the Gibbs sampler, simu-
lating the conditioned sample one at a time through a sequential procedure. The example
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which is presented is for the Gamma distribution under the empirical mean; in these exam-
ples it seems to perform well for location parameter, when the true parameter is in some
range, therefore not uniformly on the model. Their paper contains a comparative study
with the parametric bootstrap procedure (introduced in [41]) for similar problems. In a
simple case, they argue favorably for both methods. We will turn back to global likelihood
maximization in relation with conditional likelihood estimators, in the last section of this
paper.

Other techniques have been developped in specific cases: for the inverse gaussian
distribution see [74] or [25]; for the Weibull distribution see [69]. No unified technique
exists in the literature which would work under general models.

3.2.1 Approximation of conditional densities
Notation and hypotheses

For sake of clearness we consider the case when the model P is a family of distributions
on R. Extension to R% d > 1 can be achieved in the same way, using similar results
developed in future work.

Denote X7 := (X1,..,X,,) a set of n independent copies of a real random variable X
with density px g, on R. Let X} := (x1,...,X,) denote the observed values of the data,
each x; resulting from the sampling of X;. Define the r.v. U := «(X) and Uy, := u (Xy)+
... + u(X,,) where u is a real-valued measurable function on R, and, accordingly, u; , =
u(x1) + ... + u(xy,) . Denote py g, the density of the r.v. U. We consider approximations
of the density of the vector X} = (Xy,..,X},) on R when Uy, = uy,. It will be assumed
that the observed value wu, is "typical", in the sense that it satisfies the law of large
numbers. Since the approximation scheme for the conditional density is validated through
limit arguments, it will be assumed that the sequence u1 , satisfies

lim " = By (X). (3.1)

n—oo N,

We state a similar version to the Theorem 9 of Chapter 1 in order to make the ap-
pearance of the parameter 7 clear. We propose an approximation for

Puy 07 (l'}f) = Por (xlﬂUl,n = Ul,n)

where X% := (X4, .., X;) and k := k, is an integer sequence such that

0 <lim sup k/n <1 (K1)
n—oo
together with
lim n— k=00 (K2)
n—oo

which is to say that we may approximate py, , o, (a:'f) on long runs. The rule which

defines the value of k for a given accuracy of the approximation is stated in section 3.2 of
Chapter 1.
The hypotheses pertaining to the function v and the r.v. U = u (X) are as follows.

1. w is real valued and the characteristic function of the random variable U is assumed
to belong to L" for some r > 1.
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2. The r.v. U is supposed to fulfill the Cramer condition: its moment generating
function satisfies
¢u(t) := EexptU < oo

for ¢ in a non void neighborhood of 0.

Define the functions m(t), s%(t) and u3(t) as the first, second and third derivatives of

log ¢ (t). Denote
Xpt
r () i= 2 ()

with m(t) = a and « belongs to the support of Px g, the distribution of X. The density
Ty op. 18 the tilted density with parameter a.. Also it is assumed that this latest definition
of t makes sense for all v in the support of X. Conditions on ¢y () which ensure this fact
are referred to as steepness properties, and are exposed in [6], p153 and followings.

We introduce a positive sequence €, which satisfies

lim e,vVn —k =00 (E1)
n—oo

. 2
Jim e (logn)® = 0. (E2)

3.2.2 The proxy of the conditional density of the sample

The density gul’mgT(x’f) on R¥, which approximates Dus p O (:c’f) sharply with relative

error smaller than e, (logn)? is defined recusively as follows.
Set
mo = ul,n / n

and
go( 1| wo) 1= m,°(21)

with xg arbitrary, and for 1 <i < k — 1 define the density g(x;41|z}) recursively.
Set t; the unique solution of the equation

’UJL — UL'
where uy; := u(x1) + ... +u(x;). The tilted adaptive family of densities %  is the basic
ingredient of the derivation of approximating scheme. Let

2
52 = % <log E”Z?JT exp tu (X)) (0)

and ,
e P (g B
Ho = g \ (28 7l

which are the second, third and fourth cumulants of 7T1T§T. Let

exptu (X)) (0), = 3.4
T

9(wip1]2}) = Cipx 0, (zig1)n (B + mo, B, u (Ti41)) (3.3)
where n (u, 7,2) is the normal density with mean p and variance 7 at x. Here

B=s?(n—i—1) (3.4)
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a=t+ ph (3.5)
2st(n—i—1)
and the C; is a normalizing constant.
Define
k—1 4
ur 07 (1) = go(1] o) [ 9(wisa| 29). (3.6)
i=1
It holds

Theorem 36. Assume (K1,K2) together with (E1,E2). Then
1. Let Y{ be a sample with density Puy -

k k 2
Pui pn,01 (xl) = Guq .07 (xl)(l + OPul’n,eT (En (log n) ))
2. Let Ylk be a sample with density gy, ,,-

k k 2
Pus o 07 (1) = Gua .00 (27) (1 + 0c,, 4, (€n (logn)7)).

3. The total variation distance between Py, , or and Gy, , o, goes to 0 as n tends to
infinity.

For the proof, see Chapter 1.

Statement (i) means that the conditional likelihood of any long sample path X% given
Ui, = u1, can be approximated by Gy, , or (X’f) with a small relative error on typical
realizations of X7.

The second statement states that simulating X’f under gy, ,, g produces runs which
could have been sampled under the conditional density py, , ¢, since gy, , and py,
coincide sharply on larger and larger subsets of R* as n increases.

Or

Remark 37. Theorem 36 states that the densily gy, ,, 6, on R* approzimates Duy p 6 ON
the sample X7 generated under O7. However, in some cases, the r.v.’s X;’s in Theorem
36 may at time be generated under some other parameters, say 6y. Indeed, for direct ap-
plications developped in this paper, Theorem 36 have to hold when the sample is generated
under an other sampling scheme. Theorem 12 in Chapter 1 states that the approximation
scheme holds true in this case. Indeed let Y7 be i.i.d. copies with distribution Py, . Define

Duy p g, (y]f) = Doy (Ylf = ylf‘ Ul,n = Ul,n)

with distribution P, . It then holds

ul,n,@o

Theorem 38. Then, with the same hypotheses and notation as in Theorem 30,
por (X§ = V¥ [ULn = u10) = guy,00, (A + 08, (en (logm))).

3.2.3 Comments on implementation

The simulation of a sample X} with density Gui. 07 18 fast as easy. Indeed ther.v. X4
with density g (:vzﬂ\le) is obtained through a standard acceptance -rejection algorithm.
When 607 is unknown, a preliminary estimator may be used. When Uy, is sufficient for
Duy 0 it is nearly sufficient for its proxy gu, ,,, (see next section); indeed changing the
value of this preliminary estimator does not alter the value of the likelihood of the sample;
as shown in the simulations developped here after, any value of # can be used; call 8* the
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value of 6 chosen as initial value , using henceforth px g« instead of px g, in (3.3). In
exponential families the values of the parameters which appear in the gaussian component
of g (zi41]2}) in (3.3) are easily calculated; note also that due to (3.1) the parameters in
n(af, B, u(xit1)) are such that the dominating density can be chosen for all i as px g«.
The constant in the acceptance rejection algorithm is then 1/v/27wa. This is in contrast
with the case when the conditioning value is in the range of a large deviation with respect
to px ¢,; in this case, which appears in a natural way in Importance sampling estimation
for rare event probabilities, the simulation algorithm is more complex ; see Chapter 2.

3.3 Sufficient statistics and approximated conditional den-
sity

3.3.1 Keeping sufficiency under the proxy density

The density gy, ,, o1 (yF) is used in order to handle Rao -Blackellisation of estimators or
statistical inference for models with nuisance parameters. The basic property is sufficiency
with respect to the nuisance parameter. We show on some examples that the family of
densities gy, , o(y}) defined in (3.6), when indexed by 6, inherits of the invariance with
respect to the parameter # when conditioning on a sufficient statistics.

Consider the Gamma density

g—(r+1)

fro(z) = ot 1)

x"exp—x/0 for x > 0. (3.7)
As r varies in (—1,00) and 6 is positive, the density runs in an exponential family with
parameters r and 6, and sufficient statistics ¢(z) := logx and u(x) := x respectively for
r and 6. Given an iid. sample X7' := (Xy,...,X,,) with density f,, 4, the resulting
sufficient statistics are respectively 11 ,, :=log X1 + ... +log X, and Uy, := X1 + ... + X,.
We consider two parametic models (f,,. 9,0 > 0) and (fy 9, ,7 > 0) respectively assuming
r7 or Op known.

We first consider sufficiency of Uy, in the first model. The density 9u1,n,(rT,0T)(yf)
should be free of the current value of the true parameter 61 of the parameter under which
the data are drawn. However as appears in (3.6) the unknown value 67 should be used in
its very definition. We show by simulation that whatever the value of € inserted in place
of 07 in (3.6) the value of the likelihood of X¥ under Guy  (rr,0) does not depend upon 6.
We thus observe that Uy, is "sufficient" for § in the conditional density approximating
Pui ., (rr0) » @ should hold as a consequence of Theorem 36 . Say that Ui, is quasi
sufficient for 6 in g,, , (ry¢) if this loose invariance holds.

Similarly the same fact occurs in the model (fy,,7 > 0).

In both cases whatever the value of the parameter § (Figure 3.1) or r (Figure 3.2), the
likelihood of X¥ remains constant.
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Figure 3.1: Proxy of the conditional likelihood of X} under gr, , as a function of ¢ for
n = 100 and k£ = 80 in the gamma case.

Figure 3.2: Proxy of the conditional likelihood of X§ under gu,,, as a function of r for
n = 100 and k = 80 in the gamma case.

We also consider the Inverse Gaussian distribution with density

A

(@) = [] v exp —M

e forx >0

2T

with both parameters A and p be positive. Given an i.i.d. sample X7 := (X1,..., X},)
with density f, 1, the resulting sufficient statistics are respectively T4, := X1 + ... + X,
and Uy, := X; ' + ...+ X, . Similarly as for the Gamma case we draw the likelihood
of a subsample X¥ under Guy () With 11, == X1 + ... + X, ,which is a sufficient
statistics for p (Figure 3.3), and upon Uy, := X; ' 4 ... + X! which is sufficient for
A (Figure 3.4). In either cases the other coefficient is kept fixed at the true value of the
parameter generating the sample. As for the Gamma case these curves show the invariance
of the proxy of the conditional density with respect to the parameter for which the chosen
statistics is sufficient.
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Figure 3.3: Conditional likelihood of X¥ under g1, as a function of p for n = 100 and
k = 80 in the Inverse Gaussian case.
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Figure 3.4: Conditional likelihood of X¥ under gu, ., as a function of A for n = 100 and
k = 80 in the Inverse Gaussian case.
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3.3.2 Rao-Blackwellisation

Rao-Blackwell Theorem holds regardless of whether biased or unbiased estimators
are used, since conditioning reduces the MSE (see Remark 39). Although its state-
ment is rather weak, in practice the improvement is often enormous. New interest in
Rao-Blackwellisation procedures have risen in the recent years, conditioning on ancil-
lary variables (see [49] for a survey on ancillaries in conditional inference); specific Rao-
Blackwellisation schemes have been proposed in [22], [23], [77], [81] and [56], whose purpose
is to improve the variance of a given statistics (for example a tail probability) under a
known distribution, through a simulation scheme under this distribution; the ancillary
variables used in the simulation process itself are used as conditioning ones for the Rao-
Blackwellisation of the statistics. The present approach is more classical in this respect,
since we do not assume that the parent distribution is known; conditioning on a sufficient
statistics Uy, with respect to the parameter 6 and simulating samples according to the
approximating density gy, , ¢ Will produce the improved estimator.

Since Uy, is sufficient for the parameter 6 in g, , ¢ it can be used in order to ob-
tain improved estimators of 67 through Rao Blackwellization. We shortly illustrate the
procedure and its results on some toy cases. Consider again the Gamma family defined
here-above with canonical parameters r and 6.

First the parameter to be estimated is O7. A first unbiaised estimator is chosen as
~ X1+ Xy

05 :
2 2TT

Given an i.i.d. sample X7 with density f,, ¢, the Rao-Blackwellised estimator of 9A2 is
defined through

OrB2 = E (52‘ Ul,n)

whose variance is less than VarHAg.

Consider kK = 2 in gm,n,(rT,@T)(ylf) and let (Y7, Y2) be distributed according to 9u1,n,(rT,9T)(y%)3
note that any value 6 can be used in practice instead of the unknown value 67, by quasi
sufficiency of Uy ,. Replications of (Y7,Y2) induce an estimator of Orp o for fixed g p.
Iterating on the simulation of the runs X' produces, for n = 100 an i.i.d. sample of
Orp2’s and the Varfgrp o is estimated. The resulting variance shows a net improvement
with respect to the estimated variance of 52. It is of some interest to confront this gain in
variance as the number of terms involved in 5k increases together with k. As k approaches
n the variance of ék approaches the Cramer-Rao bound. The graph below shows the decay
in variance of @k We note that whatever the value of k the estimated value of the variance
of Orp i is constant. This is indeed an illustration of Lehmann-Scheffé’s theorem.

Remark 39. It is often assumed that Rao-Blackwell holds for unbiased estimators only.
However, the improvment of estimators through conditionning also holds for biased esti-
mators.

Let 61 be an estimator of 0 and T any sufficient statistic. Define 0o := E[01|T]. By the
law of total variation, it holds

Var(01) = ElVar(61|T)] + Var(62) > Var(62) (3.8)
Now, E[f] = E[01], hence 01 and 6 have same bias. From 3.8, it results

MSE(6) := Var(8y) + (E[fs] — 0)* < Var(6y) + (E[61] — 6)* := MSE(6;).
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Figure 3.5: Variance of §k7 the initial estimator (dotted line), along with the variance of
OrB K, the Rao-Blackwellised estimator (solid line) with n = 100 as a function ok k.

Remark 40. Lockhart and O’Reilly ([70]) establish, under certain conditions and for fized
k, the asymptotic equivalence of the plug-in estimate for the distribution Fy,,, (X’f € B)

and the Rao-Blackwell estimate P (X’f € B’ ULn) where Opr1, s the maximum likelihood

estimator of O based on the whole sample X (this result is known as Moore’s conjecture
(see [13])). They also provide rates for this convergence.

3.4 Exponential models with nuisance parameters

3.4.1 Conditional inference in exponential families

We consider the case when the parameter consists in two distinct subparameters, one of
interest denoted 6 and a nuisance component denoted 7. As is well known, conditioning on
a sufficient statistics for the nuisance parameter produces a new exponential family which
is free of it. Assuming the observed dataset x}' := (Xi,...,Xy) resulting from sampling
of a vector X7 := (Xy,...,X,,) of i.i.d. random variables with distribution in the initial
exponential model, and denoting U1, a sufficient statistics for 7, simulation of samples
under the conditional distribution of X7 given Uy, = u;, and 8 = 60y for some 6y
produces the basic ingredient for Monte Carlo tests with Hy : 87 = 6y where 6 stands for
the true value of the parameter of interest. Changing 6y for other values of the parameter
of interest produces power curves as functions of the level of the test. This is the well
known principle of Monte Carlo tests (see [11] or [12]), which are considered hereunder.
We consider a steep but not necessarily regular exponential family exponential family
P :={Px g,n), (0,n) € N'} defined on R with canonical parametrization (¢, 7) and minimal
sufficient statistics (¢,u) defined on R through the density

P () = RO o lpr(@) (o) - K@ R, (39

For notational conveniency and without loss of generality both § and 7 belong to R.
Also the model can be defined on R?, d > 1, at the cost of similar but more envolved tools.
The natural parameter space is N (which is a convex set in R?) defined as the effective
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domain of

k(0,n) :==exp [K(0,n)] = /exp [0t(z) + nu(z)] h(z)dz. (3.10)

As above denote x}':= (x1,...,X,,) be the observed values of n i.i.d. replications of a
general random variable X with density (3.9). Denote

n n
Ty, = Zt(xi) and Ui, = Zu(xz) (3.11)
i=1 i=1

Basu [10] discusses ten different ways for eliminating the nuisance parameters, among
which conditioning on sufficient statistics and consider UMPU tests pertaining to the
parameter of interest. In most cases, the density of T ,, given Uy ,, = u1,, is unknown. Two
main ways have been developped to deal with this issue: approximating this conditional
density of a statistics or simulating samples from the conditional density. These two
approaches are combined hereunder.

The classical technique is to approximate this conditional density using some expan-
sion. Then integration produces critical values. For example, Pedersen [76] defines the
mixed Edgeworth-saddlepoint approximation, or the single saddlepoint approximation.
However, the main issue of this technique is that the approximated density still depends
on the nuisance parameter. In order to obtain the expansion, some suitable values for the
parameter of interest and for the nuisance parameter have to be chosen. In the method
developped here, as seen before, the conditional approximated density inherits of the in-
variance with respect to the nuisance parameter when conditioning on a sufficient statistics
pertaining to this parameter.

Rephrasing the notation of Section 2 in the present setting the MLE (01, nasz) sat-
isfies

oK (0,n)
n

=Uin/N

Orr,mmL

-1
and therefore u; ,,/n converges to (%f’")) (nr) -

For notational clearness denote u the expectation of u (X;) and o? its variance under
(0T777T) ) hence

W= Bog ) = OK (O,0m) /00 0 =0l 0y = OPK (07, 1r) /O’
Assume at present 0 and nr known. It holds

o(r) = Er ) explru (X)] = exp [K (07, nr + r) — K(07,n7)]

and
m(r) = Hormr+r)
32(r) - U(QGT,T]T-H‘)
ps(r) = 83K(0T, nr + 7")/87'3 )
Further
Wnn (0) = Z2 D i 007 (8) = P 0 ) (@) (312

for any given « in the range of Px (9, ). In the above formula (3.12) the parameter r
denotes the only solution of the equation

m(r) = a.
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For large k depending on n, using Monte Carlo tests based on runs of length £ instead of
n does not affect the accuracy of the results.

3.4.2 Application of conditional sampling to MC tests

Consider a test defined through HO : 7 = 6y versus H1 : 07 # 6p. Monte Carlo (MC)
tests aim at obtaining p—values through simulation when the distribution of the desired
test statistics under HO is either unknown or very cumbersome to obtain; a comprehensive
reference is [61].

Recall the principle of thoses tests: denote t the observed value of the studied statistic
based on the dataset and let to,..,t; the values of the resulting test statistics obtained
through the simulation of L — 1 samples X} under HO. If ¢ is the Mth largest value of
the sample (t,to,...,t1), Hy will be rejected at the o = M /L signifiance level, since the
rank of ¢ is uniformly distributed on the integer 2, ..., L when HO holds. The present MC
procedure uses simulated samples under the proxy of Pus p,(80,m0)- UsIng quasi-sufficiency
of Uy, we may use any value in place of n7; we have compared this simple choice with
the common use, inserting the MLE fjg, in place of ny in gy, ,, (g,5,)- This estimate 7y,
is the MLE of 7 in the one parameter family px (g, ) defined through (3.9); this choice
follows the commonly used one, as advocated for instance in [76] and [75]. Innumerous
simulation studies support this choice in various contexts; we found no difference in the
resulting procedures.

Consider the problem of testing the null hypothesis HO : 67 = 0y against the alternative
H1: 67 > 6y in model (3.9) where 7 is the nuisance parameter.

When py, .. (69,nr) I8 known, the classical conditional test HO : O = 0y versus H1 :
01 > 6y with level o is UMPU.

Substituting py, ,, 9mr) (XT = 27 [Urn = u1.0) BY Guy ., (00.07) (x]f) defined in (3.6),

i.e. substituting the test statistics 77 by TF and py, (X’f =2k |Uy, = ul,n) DY Guy 1 (00.17) (:E]f)

Oo,nT

i.e. changing the model for a proxy while keeping the same parameter of interest 6 yields
the conditional test with level «

1 if lek > ta
Ya(@h) =3 v if Ty =ta
0 if lek < ta
and
k\] _
EG“l,n’(aoﬂlT) W’a(X1 )] =«

ie a:= f]ltl,k>toz-gu1,n,(90,77T) (:U’f) dxq...dxy. Its power under a simple hypothesis 67 = 6
is defined through
/Bll)a (mun) = EGM,n’(@oﬁ) [@/Ja(X]f)]

By quasi-sufficiency of Uy, with respect to n any value can be inserted in gy, , (
in place of nr.

Recall that the parametric bootstrap produces samples from a parametric model which
is fitted to the data, often through maximum likelihood. In the present setting, the
parameter 0 is set to fp and the nuisance parameter 7 is replaced by its estimator 7jg,
which is the MLE of nr when the parameter 0 is fixed at the value 6y defining HO.
Comparing their exact conditional MC tests with parametric bootstrap ones for Gamma
distributions, Lockhart et al [70] conclude that no significant difference can be noticed in

0o,17)
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terms of level or in terms of power. We proceed in the same vein, comparing conditional
sampling MC tests with the parametric bootstrap ones, obtaining again similar results
when the nuisance parameter is estimated accurately. However the results are somehow
different when the nuisance parameter cannot be estimated accurately, which may occur
in various cases.

3.4.3 Unimodal Likelihood: testing the coefficients of a Gamma distri-
bution

Let X7 be an ii.d. sample of random variables with Gamma distribution f,, g, .
As r and 6 vary this distribution is a two parameter exponential family. The statistics
Ty p = log Xy + ... +log X,, is sufficient for r and Uy, := X1 + ... + X,, is sufficient for
the parameter 6.

MC conditional test with Hy : 77 = ro Denote ui,, = > ;" X; and §r0 the MLE of
Or. Calculate for [ € {2, L}

k
tr = log (Yi(l)).
i=0

where the Y/ are a sample from ~ .
v P gul,n,(roﬂro)

Consider the corresponding parametric bootstrap procedure for the same test, namely
simulate Z;(1), 2 <1 < L and 0 <14 < k with distribution frO 5 denote
sUrg

k
s 1= Zlog (Zi(1)) .
=0

In this example simulation shows that for any « the Mth largest value of the sample
(t,t9,...,tr) is very close to the corresponding empirical M/L-quantile of s;’s. Hence Monte
Carlo tests through parametric bootstrap and conditional compete equally. Also in terms
of power, irrespectively in terms of o and in terms of alternatives (close to H0), the two
methods seem to be equivalent.

MC conditional test with Hy: 7 =6y Denote t;,, = > ;" log (X;) and 7y, the MLE
of rp. Calculate for [ € {2, L}

k
tr:=>_ Yi(l)
i=0

where the Y] are a sample from Jus ., (Foy 00) and, as above define accordingly
sMy 0’

k
s = Z log (Z;(1))
i=0

where the Z;(l)’s are simulated under Py 0o
As above, parametric bootstrap and conditional sampling yield equivalent Monte Carlo
tests in terms of power function under alternatives close to HO.
In the two cases studied above the value of k£ has been obtained through the rule

exposed in section 3.2 of Chapter 1.
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3.4.4 Bimodal likelihood: testing the mean of a normal distribution in
dimension 2

In contrast with the above mentionned examples, the following case study shows that
estimation through the unconditional likelihood may fail to provide consistent estimators
when the likelihood surface has multiple critical points.

Sundberg [91] proposes four examples that allow likelihood multimodality. Two of them
can also be found in [39] and [40], and in [8], Ch 2. We consider the "Normal parabola'
model which is a curved (2, 1) family (see Example 2.35 in [8], Ch 2 and [90], Section
15.10). Two independent Gaussian variates have unknown means and known variances;
their means are related by a parabolic relationship.

Let X and Y be two independent gaussian r.v.s with same variance a% with expectation
Y and w%. In the present example a% =1 and Yr = 2.

Let (xi,y:) , 1 <i <n be ii.d. realizations of (X;,Y;).

The parameter of interest is o2 whislt the nuisance parameters is 7). Derivation of the
likelihood function of the observed sample with respect to ¢ yields the following equation

(0 = ) + 26 (v1,0 = ¥?) = 0

with uy, == x1 +... + %, and vy, 1= y1 + ... + yn. Define accordingly Uy, and V1 ,.The
following table shows that the likelihood function is bimodal in .

Figure 3.6: Bimodal likelihood in .

Estimation of the nuisance parameter ¢ is performed through the standard Newton
Raphson method. The Newton-Raphson optimizer of the likelihood function converges
to the true value when the initial value is larger than 1 and fails to converge to ¥ = 2
otherwise. Hencefore the parametric bootstrap estimation of the likelihood function of the
sample based on this preliminary estimate of the nuisance parameter may lead to erroneous
estimates of the parameter of interest. Indeed according to the initial value we obtained
estimators of ¥r close to 2 or to —2. When the estimator of the nuisance parameter is close
to its true value 2 then parametric bootstrap yields Monte Carlo tests with power close to
1 for any a and any alternative close to H0. At the contrary when this estimate is close to
the second maximizer of the likelihood (i.e. close to —2) then the resulting Monte Carlo
test based on parametric bootstrap has power close to 0 irrespectively of the value of «
and of the alternative, when close to H0. In contrast with these results, Monte Carlo tests
based on conditional sampling provide powers close to 1 for any «; we have considered
alternatives close to H0 . This result is of course a consequence of quasi sufficiency of the
statistics (U1, V1,n) for the parameter 1 of the distribution of the sample (x;,y;)
see next paragraph for a discussion of this point.

i=1,...,n?
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3.4.5 Estimation through conditional likelihood

Considering model (3.9) we intend to perform an estimation of fp irrespectively upon
the value of nr. Denote 7y the MLE of nr when 6 holds; the model py (0 %)(m) is a one

parameter model which is fitted to the data for any peculiar choice of 6.The optimizer
in 6 of the resulting likelihood function is the global MLE. Properties of the resulting
estimators strongly rely on the constistency properties of 7y at any given 6.

Consider the consequence of Theorem 38. Condition on the value of the sufficient
statistics Uy 5, and consider the conditional likelihood of the observed subsample x'f under
parameter (6, 7jy); recall that x¥ is generated under (67, nr) . By Theorem 38 this likelihood

is approximated by g ) (x’f) with a small relative error. Conditioned likelihood

u1,n, (0,00
estimation is performed optimizing us o (6.79) (x’f) upon 0. Any value of the nuisance
parameter 7 can be used, as seen in Section 3.1.
In most cases, as the normal, gamma or inverse-gaussian, estimations through the
unconditional likelihood or through conditional likelihood give a consistent estimator.
We consider the example of the Bimodal likelihood from the above subsection, inher-
iting of the notation and explore the behaviour of the proxy of the conditional likelihood

of the sample (x;,y;) , 1 <7 <n when conditioning on u , and vy, , as a function of o2.
The likelihood writes

L (0—2‘ Ul n, 'Ul,n)
= Puppo? (X1) Doy 02 (Y1)

where we have used the independence of the r.v’s X;’s and Y;’s.
Applying Theorem 1 to the above expression it appears that 1 cancels in the result-
ing density g,, _, and g, _ ,. This proves that the proxy of the conditional likelihood

provides consistent estimation of 0% as shown on Figures 3.7 and 3.8 (see the solid lines).
On Figure 3.7, the dot line is the likelihood function

L (02> = ZIngx,(g%Z ) (xi)
i=1 7

where 1202 is a consistent estimator of the nuisance parameter; the resulting maximizer in
the variable o is close to 07 = 1. At the opposite in Figure 3.8 an inconsistent preliminary
estimator of ¥ obtained through a bad tuning of the initial point in the Newton-Raphson
procedure leads to unconsistency in the estimation of U%, the resulting likelihood function
being unbounded.



92 CHAPTER 3. CONDITIONAL INFERENCE IN PARAMETRIC MODELS.

0.6 0.8 1.0 12 1.4

Figure 3.7: Proxy of the conditional likelihood (solid line) along with the classical like-
lihood (dotted line) as function of o2 for n = 100 and k = 99 in the case where a good
initial point in Newton-Raphson procedure is chosen.

Figure 3.8: Proxy of the conditional likelihood (solid line) along with the classical likeli-
hood (dotted line) as function of o2 for n = 100 and k = 99 in the case where a bad initial
point in Newton-Raphson procedure is chosen.



Chapitre 4

Extension au cas d-dimensionnel

4.1 Introduction

L’objectif de ce chapitre est de généraliser les résultats obtenus au chapitre 1 dans le
cas ou X := (X4, ..., X,,) est une suite de vecteurs aléatoires i.i.d. de R? d’espérance ju et
de matrice de variance-covariance 3, copies d’un vecteur aléatoire X :=? (X(l), -~ X(d))
de densité p et de loi P. On munit R% de son produit scalaire canonique et de sa norme

k
associée. Nous voulons obtenir une approximation de la densité du vecteur X¥ sur (Rd) ,
quand I’événement conditionnant s’écrit

(Si1p =X +... + X, =nay) (4.1)
avec a,, ‘=" (a,(ll), - a&d)) une suite convergente et k := k,, tel que
k
lim — =1 (K1)
n—oo n
nhﬁngo(n —k) =400 (K2)

La section 4.2 expose les notations et les hypotheses générales. La section 4.3 expose le
théoréme principal dans le cas ou le conditionnement s’écrit (4.1) et les éléments principals
de sa démonstration. La section 4.4 généralise le résultat précédent dans le cas ou le
conditionnement s’écrit (Uy p, := u(X1) + ... + u(X,,) = u1,,) pour une fonction mesurable
u de R? dans R® avec d et s des entiers plus grand ou égaux que 1. La section 4.5 propose
une méthode effective pour déterminer la valeur adéquate de k pour une erreur donnée.
La section 4.6 illustre le théoréme principal avec des exemples de trajectoires typiques. La
section 4.7 est une ébauche portant sur la relation entre les familles exponentielles courbes
et les approximations dévéloppées dans cette thése .Les lemmes techniques utilisés dans
la démonstration ainsi que les détails de celle-ci sont laissés dans ’annexe.

4.2 Hypotheses et Notations

4.2.1 Notations générales

Dans cette section, le conditionnement s’écrit

(Sip=X1+ ...+ X, =nay).
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On suppose que la fonction caractéristique de X a la puissance r pour r > 1 est
intégrable sur R?. Cette hypothese sur la loi de X nous permettra d’effectuer les dévelop-
pements d’Edgeworth nécéssaires a I'obtention de 'approximation voulue.

On suppose, de plus, que X satisfait la condition de Cramer, c.a.d. X a une fonction
génératrice des moments finie dans un voisinage d’intérieur non-vide de 0

®(t) := Elexp < t,X > <00, teV(0) CR? (4.2)
ot V(0) est un voisinage de 0, le vecteur de R? dont toutes les coordonnées sont nulles.
On note :
m(t) == Vlog(®(t)), teV(0)cR? (4.3)
et
k(t) == tVVm(t), teV(0) cR? (4.4)

Notons 9t := {t € R? : ®&(t) < oo} et H I'enveloppe convexe du support de P. On
suppose dans la suite que

m  est un homeomorphisme de int 9% dans int H (4.5)

Dans le cas des familles exponentielles essentiellement régulieres (Chapitre 3), cette
condition est valide. Les valeurs m(ty) := ‘Viog®(ty) et k(ty) = 'VVlog ®(t,) sont
respectivement ’espérance et la matrice de variance-covariance de la densité tiltée définie
par :

exp <t,x >

m(x) == 300

p(z) (4.6)

ou t est 'unique solution de m(t) = o quand « appartient a H.

k
La densité conditionnelle de X¥ sur (]Rd) conditionné par (S, = na,) sera noté pyg,, -

Pour un vecteur aléatoire générique Z avec densité p, on note p (Z = z) la valeur de p au
point z. Ainsi, on notera

Pra, (YL) = p(X§ = Y{[S1n = nan) (4.7)

La densité normale d-dimensionnelle ayant pour espérance p et pour matrice de variance-
covariance k au point z sera noté ng(z; u, k) et ng(x; 0, Iy) sera noté ng(x).

4.2.2 Cumulants

Les cumulants sont un ensemble de quantités qui apportent une alternative aux tradi-
tionnels moments. Les cumulants déterminent les moments, et réciproquement (cf. section
4.2.3 pour des notations spécifiques). Pour déterminer les moments de X dans le cas réel,
on écrit le développement en série entiere de (4.2)

() =1+ Zouzz—,
1=



4.2. HYPOTHESES ET NOTATIONS 95

ol p; est le i-iéme moment de X. Pour obtenir les cumulants, on écrit la fonction génératrice
des cumulants comme le logarithme de la fonction génératrice des moments, et de la méme
facon, on effectue un développement en série entiere de cette fonction

h(t) := Z Risy
1=0 ’

ou k; est le i-iéme cumulant de X. On obtient alors :

n

" 1 SN
T
2\ ¥ 5\ t°
=t + (uz - m) 5t (N3 — 3o + 2#1) ETIR

Par analogie, on récupére ainsi la forme de tous les cumulants de X. A titre d’exemple, le
b b
premier cumulant est ’espérance, le second et le troisieme cumulant sont respectivement le
deuxiéme et le troisiéme moment centré. Pour finir, dans le cas réel, une formule simple est
b b
proposé pour déterminer le n-ieme cumulants en fonction des moments et des cumulants
précédents :

n—1

_ Jj—1 .
Kn = fn — Z Ch_1Kjln—j-
Jj=1

Les moments u,, ne doivent pas étre confondus avec les moments centrés. Pour obtenir les
moments centrés en fonction des cumulants, il suffit d’ignorer tous les termes dans lesquels
on trouve le facteur ;.

Pour d > 1, en effectuant un travail identique, on obtient alors la formule suivante
pour le cumulant joint de (X(il)...X(i”)) :

1]
KX X0 =37 (=1)2 (@ = DI k{tkle
a=1 I/«
Les sommes internes sont prises sur toutes les partitions Iy, ..., I, de I = {ij...i,} en «

blocs. On peut ainsi calculer les cumulants joints en fonction des moments correspondants.
Par exemple, en prenant d = 3, on a :

K(x(i1)X(i2)X(i3)) - E(x(i1)X(i2)X(i3)) _ E(X(il)X(m)E(X(ii”)) _ E(X(il)X(i:”))E(X(iQ))
— B(X@X ) p(X) 4 2B(X ) p(X ) B(X ).

4.2.3 Notations spécifiques

Dans cette partie, les notations introduites par Barndorff-Nielsen et Cox (1990) [7]
(p-130 et suivantes) seront principalement utilisées. Cependant, certaines notations ont
été adaptées et peuvent légérement différer.

Les indices j, k, [, ... avec ou sans suffixes sont des entiers compris entre 1 et d. De plus,
nous adopterons la convention de sommation d’Einstein. En d’autres termes, quand un
indice apparait en haut et en bas dans une méme expression, alors la sommation s’effectue
sur tout l’ensemble des valeurs prises par cet indice. Par exemple, a’ bj = Z;-lzl a’ b; ou

jl _ d il
encore a’""bj, = ijl a’"™bjy.
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Moments et cumulants

Notons k7 le terme générique de la matrice de variance-covariance. Le terme générique
de la matrice inverse sera noté x;;. De maniere générale, le moment joint et le cumulant
joint de (X (). X)) seront notés, respectivement

it — K[ XG0 (4.9

Dans le cas des variables centrées, kit = k¥t et g1 = I

ne se généralisent pas aux moments supérieurs. Ainsi,

™. Néanmoins, ces égalités

Hj,l,m,r — R]lmr _ /gj’l,t{m’r

En général, [n] aprés un symbole indiquera une somme de n termes déterminée par
une permutation adéquate des indices. Par exemple,

K2 m(3] = e, + KM 4

Pour finir, en utilisant la convention de sommation, notons r;, .. ;, la quantité définie
par :

. o e J1yeeesdv
K’Zlvmﬂu _,{ll’]l K’LDJVK; Y (410)

ou kj; est le terme générique de la matrice inverse.

Index notation

On donne un exemple particulierement intéressant de 'utilisation de la notation index
(p-136). La convention de sommation explicitée plus haut permet d’écrire la formule de
Taylor pour une fonction f de d variables de maniére compacte :

o0

fwm—ziw 40 f (@)

110

ouzr = (x(l), e x(d)), t= (t(l), e t(d)) et fi,..q, est la v-ieme dérivée de f par rapport a
2 z() et, par la convention de sommation, la somme est possible sur tous les choix
possibles de (iy,...,7,). Grace aux notations index, on peut proposer une version encore
plus compacte :

flz+1) Z m'tff/l (4.11)
]

oit I est un ensemble index {i1, ...,4,} and |I| = v quand ¢/ = (t(il)...t(i“))
De la méme fagon, on peut réécrire les moments joints sous une forme plus compacte,
pour un ensemble I = {iy,...,i,}

Kl = gl (4.12)
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Les relations exlog

Pour simplifier encore les notations qui peuvent étre tres lourdes, on propose aussi
d’écrire :

ki = s = B0 X 0] (4.13)
Ko o= rp = KX X 0] (4.14)

Cette notation nous permet alors de proposer dans le cas particulier des notations exlog
(p.140), des formules pour déterminer les moments en termes de cumulants et inversement.
La formule qui exprime les moments en termes de cumulants et celle qui exprime les
cumulants en terme de moments sont, respectivement,

]

1 I I
K1 = Z Z“Ol---’fo ,

a=1]1/a

et
1 d 1 I 1,
Ky = Z(—l)a_ (a—1)! Zlill...lila.

a=1 I/

Les sommes internes sont prises sur toutes les partitions I3, ..., I, de I = {i;...i,} en «
blocs.

Polynémes tensoriels d’Hermite

Dans la démonstration principale, un développement asymptotique d’Edgeworth qui
utilise les polynémes d’Hermite sera utilisé. La formule qui permet de déterminer I’expres-
sion des polynémes standards (p.18) d’Hermite Hj, associé la densité normale standard
est la suivante :

dk
ny (z)Hy(z) = (—1)kﬁn1(x) (4.15)
Dans R%, de maniére équivalente, une formule pour déterminer les polynémes tensoriels
d’Hermite h;, 4, (p.150) associés a la densité normale standard d-dimensionnelle peut-étre
obtenue :

nd(x)hlllk(:v) = (—1)k81'1...87;111d(.%') (4.16)

ou 0;, = % et (M) 1a 4;-iéme coordonnée de z.
Notons a présent : x; = mj,lx(l).
Ainsi les polynomes h utilisés dans le développement d’Edgeworth multidimensionnel

sont :
Njim (%) = TjT12m — Kj1Tm[3] (4.17)

Rjimg(2) = T21TmTq — Kj1TmTe[6] + Kj1km, q[3] (4.18)
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Rjimgrs (%) 1= T2 1TmTq@rTs — Kj1TmTq@rTs[15]
+Ej 1Km,qTrTs[45]) — KjiKm,gkr,s[15] (4.19)

Ils sont clairement 1’extension naturelle des polyndémes standard d’Hermite :
H3(z) = 2° — 3z

Hy(z) = 2* — 622 + 3
Hg(z) = 2% — 152* 4 4522 — 15

Développements d’Egeworth

Le développement d’Edgeworth dans R? pour les sommes aléatoires i.i.d. repose sur
(4.16) pour déterminer les polynémes d’Hermite et sur le développement de Taylor de la
fonction génératrice des moments. On obtient en utilisant la convention de sommation
d’Einstein :

) J,lm L ﬁj,l,m,qh Hj,l,mﬁq,r,s L 19
p%(ff) = ng(x)(1+ W jtm () + “odn jimq () + o jimars (7)) (4.20)
+0(57)
ot S1, =X Y2 (81, —np).
Notons
Kj,l,m
Qs(x) = Thjlm(:v) (4.21)
et
K:j,l,m,q ﬁj,l,mﬁq,r,s
Qu(z) == Thﬂmq(ﬂv) + 79 Rjimgrs(2).- (4.22)
Ainsi, (4.20) devient
o (2) = 1a(@)(1 + —=Qs(x) + ~Qu(2)) + O(—175) (4.23
p%x.—nd:v +\/ﬁ3x+n 4(z)) + ) .23)

4.3 Marche aléatoire d-dimensionnelle conditionnée par sa
somme.

Nous introduisons une suite ¢, strictement positive telle que

. 2 _
Jim ex(n—Fk)=o0 (E1)
Jim en(logn)? =0 (E2)

2 . SR , . .
Nous montrerons que €, (logn)” est le niveau de précision du schéma d’approximation
obtenue pour la densité condtionnelle étudiée.

k
Soit a := a, une suite convergente de R?. On définit une densité g, (y5) sur (Rd) de
la facon suivante. Notons :

9o(y1lyo) :== 7*(y1) (4.24)
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avec yo arbitraire et 7% définit par (4.6). Pour 1 < i <k —1, on définit g(y;11]yt) de
maniére récursive. Soit t; € R% 'unique solution de I’équation :

mi = mt) = —" <a _ 51) (4.25)

T on—1 n

ou §1; = Y1 + ... + Yi-

Soit
gl d?
et
Jlm d3
Alors
9(ir1|y1) = Cina(yis1; B + a, B)p(yit1) (4.28)
et

K2 v
o ) (i,n)
o= (tz -+ 72@ - 1) (4.29)

B = Kp(n —i—1) (4.30)
et v définie par
d ..
=0 /‘ﬂff;f)))lgpgd- (4.31)
j=1

et le facteur de normalisation C; doit assurer & g(y;11]y}) d’étre une densité.
On définit finalement

k-1

gna(¥F) = go(w1lyo) ] 9(wislyt) (4.32)
=1

Théoréme 1. On suppose (E1) et (E2). Soit Y{¥ un échantillon de loi Pp,. Alors
p(XT = Y{'[S1,0 = na) = gna(YL) (1 + 0p,, (1 + en(logn)?)) (4.33)

Démonstration. La démonstration utilise les mémes arguments que ceux utilisés pour
démontrer le Théoreme 3 du chapitre 1 : la formule de Bayes pour écrire p(Xk = Ylk 1S1n =
na) comme un produit de k vraisemblances conditionnelles de termes individuelles de
la trajectoire Y, et la formule d’invariance exposée dans le Lemme 48. Chaque terme
du produit est approximé par un développement d’Edgeworth qui, a ’aide des Lemmes
50, 51 et 52 concluent la démonstration. Ces lemmes techniques permettant de controler
les termes de reste dans les développements d’Edgeworth portent sur les propriétés des
coordonnées du vecteur (Yl(J ), ...,kaj )> pour tout j entre 1 et d. Par analogie avec le cas
réel ol les deux lemmes techniques permettent le contréle du maximum des m; et des Y;4

pour tout ¢ entre 0 et £ — 1, dans le cas d-dimensionnel, nous contrdélons, pour tout j entre
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1 et d, le maximum des mz(»j ) et des Yfﬂ pour tout i entre 0 et £ — 1. Les démonstrations
sont ainsi identiques a celles considérées dans le Chapitre 1.

Notons : 51,0 =0, Sl,l =Y et Sl,i = Sl,i—l +Y;. Alors

p(X§ = Y{|S10 = na) =

k-1
p(X1 = Y1[S1 = na) [[ p(Xip1 = Yiga1|Xi = Y{,S1,n = na)
i=1
k-1
= [ p(Xis1 = Yis1[Siz1n = na — S1,).
i=0

Par le Lemme 48,
P(Xit1 = Yiq1[Si 1 = na — Siy)
= ﬂmi(Xi+1 = Y:i+1‘s’i+1,n = na — Sl,’i)

7" (Sit2n = na — S1i+1)
T (Sit1,n =na — S1,)

=" (Xit1 = Yit1)

ou la formule de Bayes et I'indépendance des X; sous 7™ sont utilisées. Une évaluation
précise du (ou des) termes dominants est nécéssaire pour étudier le produit.

Sous la suite des densités 7", les vecteurs aléatoires i.i.d. X;11, ..., X,, définissent un
tableau triangulaire qui satisfait un théoréme central limite et un développement d’Ed-
geworth. Sous 7", X;;1 a pour espérance m; et pour matrice de variance-covariance
K(in)-

En centrant et normalisant S; 11, et S;12, et en effectuant un développement d’Ed-
geworth de leurs densités respectives, on obtient, comme prouvé, dans I’annexe sous (E1)
et (E2),

vn—1

, N;
p(Xi-i-l = Yi-&-l‘si-i-l,n =na — Sl,i) = \/ﬁﬂ'ml (Xi—i-l = }/i—&-l) H (4-34)

ou N; et D; sont définies par

E(Yip1 —a) kL (Yipr —a)
: (im) \TiH1 1
N; = — A; 4.
1 exp{ 2(71—2—1) } Z+Opna((n—l—1)3/2) ( 35)
avec
F(Yis —a) koY s@n) op,,(en(logn))
A;=1 (i) Pnan1 08 4.
+ 2(n—i—1) +n—i—l+ n—i—1 (4.36)
et
§@n) 1
D;:=1+ — + Opm(( - i)3/2) (4.37)

ott I'expression de §(#™ dépendant des cumulants se trouve dans I’Annexe.
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Le terme Op,,, ( )3/2) dans (4.35) est uniforme en Y.

1
(n—i—1
Les termes dans I'expression de la densité approximante viennent d’'un développement
du ratio entre les deux expressions ci-dessus. La composante gaussienne est explicite dans
Yitrri,)y

ST est le terme dominant dans A;. Le facteur de normali-

(4.35) tandis que le terme

. i Vn—i tak 2 vy N .
sation C; dans ¢g(Yi4+1|Y{) compense le terme @(ti);niifl exp (Q(ni’ﬁl)> ou ®(t;) provient

du terme 7™ (X;41 = Yj+1) . Le produit des termes restants permettent d’obtenir la vi-
tesse d’approximation 1+ op,, (1 + €,(logn)?). Les détails sont différés dans I’annexe.
[

Remark 41. Quand les X; sont i.i.d. de densité normale standard, le résultat (comme
dans le cas réel) de 'approximation dans le théoréme précédent est vrai pour k = n — 1.

-1
En effet, on a p(X]}! = x’f_l‘ Sin=na) =g, (m’f_l) pour tout ! dans (Rd)n .

Remark 42. La densité (4.28) est une légére modification de ©"™i. La modification qui
permet de passer de ©™i a g est

1. un léger décalage dans le parametre de location de la densité normale dépendant a
la fois de a d travers m;, mais aussi de la forme de la densité de X d travers sa
matrice de variance-covariance et ses cumulants joints.

2. un changement dans la variance qui permet aux grandes valeurs de X;11 d’avoir
un poids plus petit pour les grands i, afin que la distribution de X411 tendent a se
concentrer autour de m; quand i s’approche de k.

Remark 43. Les dévéloppements d’Edgeworth effectués dans la démonstration du théo-
réme /.33 sont valides sous les conditions énoncées dans le théoréme suivant (Théoréme
6.4, p.205, Barndorff-Nielsen et Cox (1990) [7]) pour a fizé et dans la remarque 6 du
Chapitre 1 pour a = a, bornée.

Theorem 44. Soit X7 i.i.d. de densité p avec esperance p et matrice de variance-
covariance Y. Si tous les moments de X d’ordre v + 2 existent, pour un entier r > 0,
alors, en notant Sy, = »-1/2 (S1,n — np),

(z) + o(n~""?) (4.38)

p(x) = fsl,n
Jn

uniformement en x. Dans le cas ou les moments d’ordre r + 3 existent, l’expression de
Verreur dans (4.38) se réécrit O(n~"+D/2) (pour la démonstration, cf. Bhattacharya et
Rao (1986) [17], section 19).

Si on veut appliquer le Théoreme 1 afin d’étendre la mise en place des procédures
d’Importance Sampling (Chapitre 2) ou d’estimation (Chapitre 3), on doit obtenir un
résultat inverse. En effet, en supposant que 'on a un a notre disposition un échantillon
de vecteurs aléatoires Y{¥ simulé sous g4, pouvons-nous dire que gnq (Yf) est une bonne

approximation pour py, (Ylk) ? Pour répondre a cette question, le lemme suivant, énoncé
de fagon identique dans le chapitre 1, permet de répondre de maniére favorable a cette
question.

Soit R, et &,, deux mesures de probabilités (]Rd>n avec densité, respectivement, t, et
Sp.
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Lemma 45. On suppose qu’il existe une suite &, qui tends vers 0 quand n tends vers
Vinfini. Alors si on a
o (Y1) = 8 (Y]") (1 + o, (en))

quand n tends vers co. Alors
sp (V1") = v (Y1) (1 + 06, (en)) -

Démonstration. Voir la démonstration du Lemme 7, p. 24. =
En utilisant le Théoreme 1 et le Lemme 45, on obtient le théoréme suivant :

Théoréme 2. On suppose (E1) et (E2). Soit Y un échantillon de loi Gpy. Alors

p(Xi = Y[ |81 = na) = gna(YT)(1 + 06, (1 + en(logn)?)) (4.39)

4.4 Extension a un cas plus général de conditionnement

Dans le chapitre précédent, la densité conditionnelle a été approximée quand I'événe-
ment conditionnant s’écrivait (S;, = na,) . Pour pouvoir utiliser ce résultat dans un cadre
pratique, ce résultat doit étre étendu a des formes plus générales de conditionnement. Ici,

= (Xy,...,X,) est une suite de vecteurs aléatoires i.i.d., copies d’un vecteur aléatoire
X dans R%, de densité noté px et u est une fonction mesurable définie de R¢ dans R?, avec
d,s>1.

Notons
n

U17n = Z u (Xl) .

i=1
On suppose que U := u (X) a une densité py (de loi Py) par rapport & la mesure de
Lebesgue sur R®. On s’intéresse a présent a des événements conditionnants qui s’écrivent

(Ul,n = ul,n) (440)

avec u1,/n une suite convergente. On suppose que la fonction u est telle que la fonction
caractéristique de U = u (X) appartient & L" pour r > 1.

4.4.1 Approximation de la densité

L’objectif de cette section est d’obtenir une approximation pour la densité des suites
de vecteurs aléatoires (Xi, ..., Xj) conditionnées par I’événement

(Ul,n = ul,n) (441)

et uj ,/n est une suite convergente de R®.
On suppose que U satisfait la condition de Cramer,

Qy(t) :== Elexp < t,U >] < o0, te V(0) C R
On note :
m(t) :='Viog(®y(t)), t<€V(0) CR® (4.42)
et

k(t) :='VVlog(®y(t)), te V(0) C RS (4.43)
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Les valeurs m(t) et k(t) sont respectivement ’esperance et la matrice de variance-
covariance de la densité tiltée définie par :

T (u) == Wpu(u) (4.44)

ou t est 'unique solution de m(t) = a et o appartient au support de Py.
On suppose, de plus, I'existence de t, définie ci-dessus, pour tout « dans le support
convexe de U. Les conditions sur ®y(¢) qui l'assurent sont énoncées dans [6], p132.
Nous introduisons une autre famille de densité

exp < t,u(x) >
u(t)
Par extension avec le cas centré réduit, notons py, , la densité conditionnelle étudiée

et gy, , son approximation définie de la fagon suivante.
Notons mg = uyn/n et

px(z) (4.45)

9o(y1lyo) :== 7, (y1) (4.46)

avec yo arbitraire et 7' défini par (4.45).
Pour 1 < i <k —1, on définit g(y;+1]yt) de maniére récursive. On définit alors t;
comme 'unique solution de

Ul p — UL

t) = my = S T Ui 4.4
m(t) = m; o= 12 (1.47)
ot u; = u(yr) + ... + u(ys).
Soit
il d”
et
7,lm d3
pour j,1 et m dans {1,..., s}
Notons
9(Yit1|y}) = Cing (u(yis1); Ba + mo, B) px (Yit1) (4.50)
ou
2
KoY
(&,n)
= [ty 451
“ ( * 2(n—1— 1)) (4:51)
Bi=kKinn—i—1) (4.52)

et v définie par

S
v = ( H{;J;S) (4.53)
J=1 1<p<s

et C; est un facteur de normalisation.
Ainsi
k—1

Gur . W) = g0(u1lvo) [T 9(wisaly?) (4.54)
=1



104 CHAPITRE 4. EXTENSION AU CAS D-DIMENSIONNEL

Théoréme 3. On suppose (E1) et (E2).
~ Soit Y un échantillon de loi Py, ,,. Alors

p (X =YE|UL, =) = guy (V) (14 0p,, | (14 en(logn)?)  (4.55)
~ Soit Y un échantillon de loi Gu, - Alors

p (X5 = YFIUL, = m0) = g, (V) (1 + 06, (1 + enllogn)?))  (4.56)

Démonstration. On présente uniquement la premiere partie de la démonstration de 4.55
qui suit rapidement le méme chemin que la démonstration du théoreme principal de la
section précédente.

Notons : U; j := u(Y;) + ... + u(Yj).

Evaluons :

P (Xit1 =Yip1| Uipin = w10 — Uty)
P (Uison =urn — Utit1)
P (Uitin =u1n — Ury)

= px (Xi+1 =Yit1)

En multipliant et divisant par py (Uij+1 = u(Yi+1)) , on peut utiliser 'invariance par
tilting sous 7g;’. Ainsi,

P (Xit1 =Yit1| Uig1n = w10 — Ur )

px (Xip1 =Yir1) o, (Uis = u(Yier) w[”};i(UHQ,n = U1y — Uit1)

" pu (Uip1 = u(Yi1)) ¥ G (Uigin = 10 — Ury)

On procede ensuite a un développement d’Edgeworth en suivant exactement les étapes
de la démonstration du Théoreme 1. La démonstration de (4.56) suit directement en
utilisant le Lemme 45.

|

4.5 Comment choisir k ?

Dans le chapitre 1, nous avons proposé une regle effective du calcul du parametre k
pour un niveau de précision donné. La fabrication d’une régle dans le cas d-dimensionnelle
est assez facile. En effet, la régle du Chapitre 1 repose sur un développement asymptotique
explicité dans le Lemme 14, Chapitre 1, p.30 (voir [59], Chap.6, p.144, Formule (6.1.2)).
Le Lemme ci-dessous en est sa version d-dimensionnelle. Ainsi, la régle obtenue dans cette
section est une simple extension du cas réel. Les quantités utilisées dans cette section ont
été définies dans la section 29 du chapitre 1 (ainsi que la discussion sur ces définitions).

On rappelle uniquement la définition des trois quantités mesurant la précision de I’ap-

Puipn (Ylk> ~ Guin (Ylk)

proximation :

ERE(k) := Eg,,  1p, (ylk) G (4.57)
Ul,n
VRE(E) := VC”'GuLn 1p, <Y1k) Puyp (Ylk) ~ Guin (Ylk) (4.58)

pul,n (Ylk)



4.5. COMMENT CHOISIR K 7 105

et
CI(k) = [ERE(k) 2 /VRE(k), ERE(k) + 2\/VRE(1-3)] | (4.59)

On écrit

Par la formule de Bayes,

s (1) = (1) T DT =) (150

avec my, = m(ty) défini dans (4.25) et mg = m(t) = uy n/n.

Lemma 46. (/59/, Chap.6, p.144, Formule (6.1.2)) Soit Uy,...,U, un échantillon de
variables aléatoires i.i.d. de densité py surR? telle que la fonction génératrice des moments
de U existe. Alors avec V (log ®y) (t) = u et X(t) :=! VV (log Pu) (¢),

nd2®Y (t) exp —n < t,u >
IS ()[1/2 (2m) %/

(1+0(1))

Pur/n (u) =

quand |u| est borné.

On introduit
.D = |:7Tg0 (mo) :| "
pu(mo)
et
m n—k
v [ <mk>y )
pu (my)

Par (4.60) et le Lemme 46, on obtient

s () = (") T e (1) R UL (1,0,

On définit

A
Aot = () e () () =0
VAN x (1) | \D) =)
et on simule L échantillons Y{¥() i.i.d., chacun étant un échantillon i.i.d. de taille k sous
px. L’approximation de A est obtenue par la méthode de simulation de Monte Carlo,

A XL:A (VEW).
L =1 !
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En utilisant la méme approximation pour B, on définit

2

B(r) = (2 ) gusn (V1) (X) )]V2

n—k px (Y1) S ()12

et ;
o1
B:= l; B(Yt0)

pour les mémes Y{¥(I) que précedemment.
Ainsi
a2
VRE(k) = A - (B)
ERE(k):=1-B

CI(k) = |ERE(k) - 22/VRE(k), ERE(K) + 2\/1/1%(/@] |

Remark 47. Les algorithmes présentés dans le Chapitre 1 afin de déterminer k restent
inchangées. Cependant, un probléme majeur apparait dans le cas d-dimensionnelle. En
effet, résoudre t; = m~'(m;) peut poser des difficultés non négligeables, méme en utilisant
des techniques de résolutions numériques. Il arrive, dans certain cas, que la fonction ré-
ciproque de m soit calculable, mais méme dans des situations assez courantes, comme la
loi de Weibull, ce n’est pas le cas. En pratique, l'utilisation d’une méthode Quasi-Newton
(plus généralement, la méthode de Broyden-Fletcher-Goldfarb-Shanno (BFGS)) est prati-
quement obligatoire si la dimension de la matrice jacobienne de m (ici, k(; n)) est grande.
Cependant, ici, la matrice K p) (et son inverse) est supposée connue, car elle apparait
explicitement dans la forme de g(yi+1|y}). Ainsi, une méthode de Newton parait dans ce
cas la méthode la plus pertinente méme si, la convergence peut-étre tres lente si la valeur
initiale est loin du vrai zéro. On peut commencer par localiser une région favorable par une
méthode grossiére ou par un préconditionnement de la matrice, puis appliquer la méthode
de Newton pour peaufiner la précision (voir [1] pour des explications complétes).

4.6 Exemples de Trajectoires dans un cas simple

Par le Théoréme 1 (i), gu,,, €t pu,, sont de plus en proche sur une famille d’ensemble
qui contient les chemins typiques sous le conditionnement (U, = uy,) avec probablité
1 quand n croit. Par le Lemme 45, les ensembles grands sous Py, ,, sont aussi grand sous
Gy, ,,- On peut en conclure que simuler des "longs" chemins typiques sous py, , revient a
simuler ces chemins typiques sous gy, ,, au moins pour n assez grand.

Etant donné la forme de la densité approximante, il peut-étre particulierement difficile
d’obtenir un échantillon X% simulé sous cette densité approximante. En effet, g( ;41| 2})
est le produit normalisé d’une densité normale et de la densité d’origine. Les parameétres
de cette densité normale (qui dépendent de u; 5, et des cumulants de u (X)) peuvent rendre
extrémement compliqué la simulation d’un Y;;1. Deux cas naturels se présentent, et pour
chacun d’entre eux, un algorithme de simulation bien différent doit étre mis en oeuvre :

— Quand uy , est telle que lim, o u1,n/n = Efu(X)], simuler un échantillon est as-

sez rapide. En effet, X;,1 de densité g(x;.1]|2}) est obtenue avec un algorithme
d’acceptation-rejet avec densité dominante px. La constante dans ’algorithme d’acceptation-

rejet est alors 1//27f.
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— Quand wuq 5, est telle que limy, o u1,n/n # Efu (X)], simuler un échantillon est assez
difficile. La méthode précédente ne fonctionne pas correctement et le seul algorithme
qui permet de résoudre ce probleme est 'algorithme de Metropolis-Hastings.

On propose de tracer des trajectoires typiques, pour n = 100 et différentes valeurs de

a uniquement dans le cas gaussien et quand le conditionnement s’écrit (S; ,, = nay). Dans
ce cas (voir Remarque 41), approximation est optimal avec k = n—1 et la régle explicitée
dans la section 4.5 n’est pas utile. Différentes figures sont présentées, représentant chacune
une trajectoire typique ((Slm)(l) /m en abscisse et (Slm)(g) /m en ordonnée), ainsi que le
boxplot de X7 1.
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FIGURE 4.1 — Trajectoire typique pour S, = (S§1 SF ) pour a = (0,0) et n = 100.

FIGURE 4.2 — Boxplot de X?"~! simulés sous g,,, pour a = (0,0) et n = 100.
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FIGURE 4.4 — Boxplot de X"~ simulés sous g,,, pour a = (1,1) et n = 100.



110 CHAPITRE 4. EXTENSION AU CAS D-DIMENSIONNEL

2.0
|

15

1.0

0.5

0.0
|

0.0 0.5 1.0 15 2.0

—~
=
=

8 °
°
Al ‘ < - —_
' j
' '
'
™ ™ -
N o
T T
, '
. '
' |
— ' — .
' '
' !
— !
° .
o —
o o

FIGURE 4.6 — Boxplot de X! simulés sous g,, pour a = (2.3,2.3) et n = 100.

4.7 Familles exponentielles courbes et conditionnement.

4.7.1 Généralités

Nous commengons par des définitions sur les familles exponentielles pleines et les fa-
milles exponentielles courbes (voir [6], [65]). Une famille de lois {Fy} est une famille ex-
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ponentielle s-dimensionnelle si

%(w) =po(x) :==exp | > _ni(0)T3(x) — C(0)| h(x) (4.61)
i=1

ol A\ est la mesure de Lebesgue.

Les fonctions 7; sont des fonctions indéfiniment dérivables, non-linéaires, de matrice
jacobienne de plein rang. n = (11, ...,ms) est le parametre canonique associé a la statis-
tique exhaustive minimale canonique 7'(z) = (T1(z),...,Ts(z)) et C(#) une constante de
normalisation. La famille est pleine si dim(f) = s et courbe si dim(f) < s. On notera une
famille courbe, une famille (s, r) avec s = dim(7T') et r = dim(0).

La vraisemblance associée & un échantillon i.i.d. X{* d’une famille exponentielle pleine
est une fonction concave dans la paramétrisation (4.61), donc elle posséde un unique
maximum (s’il existe). Dans le cas ou X]' est un échantillon i.i.d. d’une famille exponentielle
courbe, la vraisemblance n’est plus concave et de multiples maximas peuvent apparaitre.
Récemment, plusieurs auteurs ont étudiés les familles courbes dans ce cadre. Sundberg
[92] présente trois exemples de familles courbes, reprenant certains exemples présentés
dans [39] et [8]. Dans le cas des modeles SUR (Seemingly Unrelated Regressions), Drton
et Richardson [35] prouve que, dans le cas de petits échantillons, la vraisemblance peut
aussi étre multimodale (voir [35], Table 3, p.18) . Nous traiterons, en détails les trois
exemples décrits par Sundberg [92], laissant I’exemple du modele SUR pour de futures
investigations.

Considérons un modele courbe (s,7) avec s > r. Nous nous intéressons a transformer
une famille courbe en famille pleine par conditionnement. En conditionnant par une par-
tie de la statistique exhaustive minimale de dimension (s — ) bien choisie (correspondant
d’une certaine fagon aux parametres absents), le modele devient plein (et la vraisem-
blance unimodale) permettant 'estimation de tous les parameétres du modele. Afin de
bien comprendre la facon dont I'approximation proposée dans les Chapitre 3 et 4, permet
de résoudre ce probleme, nous proposons une série d’exemples.

4.7.2 Parabole normale (3,2)

Soit (X7, Y{") un échantillon i.i.d. de loi indicée par 6 = (¢, 0?)

()= ((2)(5 )

Cette famille de lois est une famille courbe (3,2) de la famille pleine indicée par

(11, 2, 0%)
()0 )

caractérisée par la statistique exhaustive minimale canonique de dimension 3
X24v?
2
T(X,Y)= X
Y

et par le parametre canonique de dimension 3

|~

N

’r,:

[EUES

Q
|
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Cette exemple a déja étudié dans le Chapitre 3, section 3.4.3, dans un cadre différent.
En effet, le but était d’estimer o2 considéré comme le parameétre d’intérét en présence du
parametre de nuisance . On a montré que la dérivée par rapport a ¢ de la vraisemblance
permet 'obtention de ’équation suivante

(w1, — ¥) + 29 (v1n — ) =0

avec U1, = X1+...+X, et v1, = Y1 +...+Y,,. Pour certaines valeurs de 1, cette équation
admet deux solutions et, alors, la vraisemblance est bimodale.

Afin d’estimer o2 indépendamment du parameétre de nuisance 1, nous avons condi-
tionné par la statistique exhaustive de dimension 2 pour ¢, (Uyp, V1) transformant la
famille courbe en famille pleine (1, 1). Ici, nous proposons une alternative a cette méthode
permettant de transformer la famille courbe en famille pleine (2, 2). Par indépendance des
X, et des Y;, on peut écrire

Poor (X7 YT Vi = vin) = pyor (XT71) 2o (V77 Vi = v1)

Ainsi
n—2 )
Dap o2 (X{L_la VPV, = Ul,n> = [ rv.o2 (Xis1) poe (}/1+1’Y117V1,n = Ul,n>
i=0

Utilisant le Théoréme 1 du Chapitre 3, le parametre ¢ n’apparait plus dans la seconde
densité qui s’écrit, pour tout i € {0, ...,k — 1},

; n—t—1 ,n—1t—1
Pt (YZ'HYf’VLnZULn):“<mi n—i 7 n—i ’Yi“)'

otl la dépendance par rapport a Y;' est définie par

Ulm/_'vﬁi

m; = —
n—1i

La loi de (XZ'H,Y;H\X%,Yf,VLn = vlyn) appartient a une famille exponentielle de
parametre canonique

et de statistique canonique

T(X;+1,Y; — » N2
(Xit1,Yis1) % (Xi2+1 R I <Y;+1 —m; A1> )
Elle s’écrit

Py,o? (Xz'+1, Vi X{YY, Vi, = U1,n) = exp (< 0, T(Xiy1, Yig1) > —C(@Z},O’Q)) h(ziv1, yit1)

avec

hxiz1,yi41) =1
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1 — i 2
exp (~C()) = 5 s exp (—5@)

Dans ce premier cas, 'approximation est exacte (voir Remarque 4 du Chapitre 1) et
la famille de lois obtenue par conditionnement est une famille exponentielle pleine. De
plus, les statistiques canoniques associées au parametre canonique de la famille courbe ont
été modifiées par le conditionnement. La statistique canonique associé a (¢/ 02) est resté
inchangée tandis que la statistique canonique associé a (—1/ 02) dans le modele plein

et

Xit1+Yin
2

est devenue

1 oo n—i n—i—1)2
2 (X”l—l—n—i—l (Yo =i 25 )

prenant compte du conditionnement par (Vi, = vi,).

4.7.3 Modele de Behrens-Fisher (4,3)

Ce modele est un des trois étudiés par Sundberg [92] permettant I'obtention d’une
vraisemblance mutimodale. Soit X7', ¥7" un échantillon i.i.d. de loi

()= (C) (5 )

C’est une famille courbe (4,3) (dim (T'(X,Y)) = 4 et dim (f) = 3) indicée par § =
(p,02,03) de la famille pleine

) () (7 %)

de statistique canonique de dimension 4

et de paramétre canonique indicé par (1, po, 0%, 03)

1
2({%
T 202
77(9) = o
20%
M22
205

En conditionnant par (Si, => i, X; =u1,), la loi conditionnelle de (X;;1,Yit1)
appartient a une famille exponentielle pleine de statistique canonique
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T(Xit1,Yiq1) = oy

et de parametre canonique associé
n() = | ~z22
Ainsi, on peut écrire cette densité sous la forme

exp (< n(0), T(Xit1, Yig1) > —C(0)) M(wis1, yit)

avec h(z) =1 et

1 1 w2
n—1i

Nous avons transformé par conditionnement la famille courbe en famille pleine.

4.7.4 Loi Gamma

Nous avons montré numériquement dans la section 3.3.1 du Chapitre 2 que, dans le
cas d’une densité gamma conditionnée par une statistique exhaustive pour un des deux
parametres, la loi conditionnelle résultante est indépendante de ce parametre. Nous allons
vérifier explicitement que cette indépendance est effective. Soit X7 un échantillon i.i.d. de
densité fy, définie par

0

fon(x) = %x(’_l exp (—zn) , x > 0.
Soit i € {0,...,k — 1}. La densité de (X;11|X?,S1,n = ay) est approximée par
1
C;exp <_2ﬁ (Xit1 — af)?Yexp{—nXiy1 + 0log(Xit1) — log(XiH)) (4.62)

ou les valeurs « et § sont explicitées en 'annexe. C; est une constante assurant a (4.62)
d’étre une densité. En développant ce calcul, on obtient

0

0
C. — X2 X1 — — X, - -
1exP ( 2m? (n—i—1) i1 A m; it mi(n—i—1)

Ainsi, pour tout i € {0,...k — 1}, la loi conditionnelle est indépendante du parameétre 7.
De plus, pour tout ¢ € {0, ...k — 1}, la loi appartient a une famille exponentielle pleine qui
s’écrit

exp (07 (Xi+1) — C(0)) h(Xit1)
avec comme parametre canonique , comme statistque canonique

X? X1
T(Xip1) = i+l — 2 4 log(X;
( ’L+1) QmZQ (TL i 1) m; g( Z+1)
et avec h(X;11) = X;41 et exp (—=C(0)) = C;.
Une nouvelle fois, le conditionnement par la statistique canonique associée a n a modifié
la statistique canonique associée & 6.

—nXit1 +0log(Xiy1) — 10g(Xi+1)>
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4.7.5 Coefficient de corrélation (2,1)

Soit (X7, Y]") un échantillon i.i.d. de loi indicée par § = (p)

()-(6)-6 1)

Cette famille de lois est une famille courbe (2, 1) de la famille pleine indicée par (o2, p)

b))

caractérisée par la statistique exhaustive minimal canonique de dimension 2

X2+y?
T(X,Y)= XQY

et par le parametre canonique de dimension 2

1
n(p) = (“/’”“"’)

(1-p?)o?"
Dans le modéle plein, la dimension du parametre a estimer est deux tandis que, dans le mo-
dele courbe, un seul parametre est & estimer pour une statistique canonique de dimension
deux. Sundberg [92] remarque qu’il existe des cas ot la vraisemblance associée au modele
courbe peut admettre jusqu’a trois maximas. Afin d’éviter de tels cas, méme rares, nous
nous intéressons a transformer le modeéle courbe en un modeéle plein par conditionnement.
A Paide de 'approximation dévéloppée dans le Chapitre 4, nous pouvons déterminer la loi
du vecteur (XT,Y/) conditionnée par 1'événement

<U1,n = Z U(Xu sz) = ul,n)

i=1

ou u1,, est la valeur observée de la statistique et u est la fonction de R2 dans R définie
par u(x,y) = xy. o

Soit 7 € {0,...,k — 1}. La densité de (Xit1, Yit1| X7, Y, U, = u1p) est approximée,
a une constante pres indépendante de (X;41, Yi+1), par

1
exp <—%u2(Xi+1, Yir1) +au(Xit1, Yig1) +n2(p)u(Xiy1, Yier) +m(p)v(Xipa, Yi+1))

Utilisant la Remarque 4 et les expressions de « et 8 définies dans le Chapitre 4, Section
4.3, le terme ma(p)u(Xiy1, Yit1) s’annule avec celui venant de t;u(X;y1, Yi+1). Ainsi

w3 (t:)
ti)(n—i—1)m(p)

Notons T}, (X1, Yit1) la statistique telle que la quantitée précédente s’écrit exp (n2(p) T, (Xit1, Yit1)) -
I1 nous faut montrer que 7),(X;41,Yi+1) ne dépend pas de 72 (p) . Cependant, le pa-

rametre p apparait explicitement en calculant 3, us3, s et v a l'aide de la remarque 4.

Nous allons montrer que T,(X;t1, Yi41) est presque indépendante de p et donc la densité

exp (771 (p) <_2771(1P)BUQ(Xi+1’ Yiq1) + (7 + 251( ) u(Xit1, Yig1) + U(Xi-l-th—i-l)))
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approximante de (X;i1, Yiy1|X%, Y{, Uy, = u1,,) appartient presque a une famille expo-
nentielle.
Pour cela, on définit pour tout 7 € {0, ...,k — 1} la fonction E (i) suivante

Ea(i) = max Tp(Tit1, Yit1) — Iggll Tp(Tiv1, Yit1)
ol A est un ensemble strictement inclus dans [—1,1].

On simule un échantillon (X7, Y]") pour n = 100 et p = 0.1 et on trace ci-dessous la
fonction E(i) en fonction de ¢ pour différents intervalles A. En étudiant ces courbes, on
peut observer que le modele décrit ci-dessus forme presque une famille exponentielle pleine
pour un voisinage assez grand autour de la vrai valeur de p.

0.06 0.08
| |

0.04
|

0.02
|

0.00
|

FIGURE 4.7 — E(i) en fonction de ¢ pour n = 100, k = 60 et A = [—0.5,0.5].

Pour de futurs développements, il serait intéressant d’étudier la relation théorique entre
les approximations dévéloppées dans cette these et la transformation des familles courbes
en familles pleines.

Remarque 4. Nous donnons les quantités permettant d’obtenir les paramétres de [’ap-
proximation.

Notons :

v est solution de
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0.5

0.1

FIGURE 4.8 — E(i) en fonction de ¢ pour n = 100, k = 60 et A =[—0.9,0.9].

et les solutions qui doivent appartenir a [—1;1]

1+ /14 4m2ni(p)

T 2m;m1(p)
1 2
s3(t) = mezry
v
1+ 2+2
ps(t) = 6md— "

72
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4.8 Démonstration du Théoréme 1 du Chapitre 4.
4.8.1 Lemmes permettant la démonstration principale.

Lemma 48 (Lemme d’Invariance).

V1 <i<j<n,Vace€ supp(P),Vu,s
p(si,j = u]SLn = S) =7° (Si,j = u]SLn = 8) (4.63)

Démonstration. Utilisons la formule de Bayes pour obtenir :

p (Slm, = 5)

p(Sij=ulSin=s)= (4.64)

De méme,

e (S@j = u) ¢ (Sl,i—l -+ Sj+1,n =8 — 'LL)
e (Sl,n = 8)

7Ta (Si,j = u]SLn = S) =

En utilisant la définition (4.6) de 7%, expression précédente devient,

exp < tg, U > exp < tg, S —u >
T (Sij=ulSip=5)=|——F—p(Sij=u p(S1ic1+Sjrin=5—u
( ,] | N ) < (I)Sid'(ta) ( 2,] )) (éslﬂ‘l“rst’»lyn(ta) ( ) 7+1,n )

¢Sl,n (ta) 1
exp < tg,s >p(S1n=29)

En utilisant (4.64) et la bilinéarité du produit scalaire,

7 (Sij = ul[S1n =5) =p(Sij =u[S1n =)
(I)Sz‘,j (ta)q)sl,i71+sj+1,n (ta)
ésl,n (ta)

Il reste a étudier le produit des fonctions génératrices des moments et s’assurer qu’il
est égal a 1. Par définition, les (X;)1<i<y, sont i.i.d.. Ainsi

®s, . (ta) = Elexp < tq,S1n >]
®s, , (ta) = Elexp < tq,S1i-1+ Sij +Sjt1n >]
®s, . (ta) = Elexp < 14,811+ Sjr1,0 > exp < tq, S >]
®s, ,(ta) = Elexp < tq,S1,i-1+ Sjs1n >]Elexp < 14,8 >]
Ainsi,
p(Sij=ulS1,=35)=7"(S;; =ulS1, =3)
[ ]

Lemma 49 (Moments sous pnq,). Pour tout j,p,q dans {1,...,d, on a Ep,, (ng)) = ql),

B, (XPXI) = a9 +0(2) ot B, (XPXIO) = iyt + 90 0(3) i

Kpq(t) = (*VV log @(t))pq et t tel que m(t) = a avec a une suite convergente.
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Démonstration. Notons z = ¢ (O, ., 0,2®0,....0,29,0,..., O) . En utilisant la formule
de Bayes, on obtient :

p(Sen=na—z)p(Xy1=2) 7 (S2,=na—2z)7" (X =2)
p(S1n = na) a @ (S1,, = na)

pna(Xl = 55) =

En normalisant a la fois S ,, et Sy, et en effectuant un développement d’Edgeworth dans
les expressions ci-dessus, on obtient Fp,, (Xgp )Xg(I)) = Fpq(t) +a®al® +0 (%) . Une

approche similaire pour la densité jointe ppq(X; = z, Xy = y), utilisant la méme densité
tilté 7%, permet d’obtenir le résultat. m

Lemma 50 (Convergence de m;). Soient a une suite convergente. Alors sous (E1), pour
tout j entre 1 et d, on a :

G| _ ()
112?;{k’m2 ‘ ay)’ +op,, (€n) . (4.65)

y y j,’f‘ j,T‘,S
Nous avons aussi que, pour tout j,r,s dans {1, ...,d}, max;<i<g ’m(i’n)’ et maxj<;<k ‘”(i,n)
tendant en Pyq-probabilité respectivement, vers (o), le terme générique de la matrice de

variance-covariance de X sous Px, et vers (k7"%) le cumulant joint de X sous Px.

Démonstration. Soit j € {1,...d}. On définit :

V(j% = mt )(J) a?)

S(J) ]
_ Yitln a(])‘
n—1
Nous allons montrer que
oLnax | VIl = op,, (), (4.66)
en d’autres termes, pour tout ¢ positif,
lim P, < max. | | > 56n> =0
n—oo

ce que nous allons prouver en suivant une démonstration semblable a celle de 'inégalité
maximal de Kolmogorov.

On définit
A; = (V)] = de) and ([V)] < be, for all j <i+1)) .

d’ou

.
(osl?gﬁ( Vi &l >5€"> - L_J A
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Ep,, (V)2 = /

UA;
E/UAi (V2 2 (v~ VOV VD) ap,,

o (V2 +2 (V9 — V) 1) app,

(V(J)) dPna+/ j))zdpna
A)C

> / (VI)2dPpq
UAZ
> 5267212 Pra(A;)
=0
= 0%62 P ( max \ ] >5en> .

La troisieme ligne vient du fait que EVi(j ) (Vk(j ) _yU )) = 0, ce qu’on peut prouver de

1
maniere directe. Ainsi,

Varp,, (W) _ 1
Fra <0<m<ak):( ‘ ’ >56n> 62e2 ©02¢2 (n—k) (1+0(1))

ou on utilise le Lemme 49. Ainsi (4.66) est vrai sous (E1). =
Lemma 51 (Etude du maximum des ng ))
jentrel etd, on a :

. Soit a une suite convergente. Alors, pour tout

max ([X{, .., X}"|) = Op,, (log n) (4.67)
Démonstration. Soit j € {1,...d}.
Soit ‘Xl(])‘ = Xl(j)’_ +XZ(-9)’+ avec XEJ)’_ ‘= —min (O,XEJ)), Xl(j)’—i_ ‘= max (O XEJ)) ;
il est suffisant de prouver que max; Xl(»j = Op,, (logn) et max; X( D+ = Op,, (log n)

Puisque Fexp < t,X > est finie dans un voisinage non vide de 0, Eexp tX ()~

()

E exp tX -t le sont. Il suffit donc de prouver le Lemme pour des X positifs seulement.

Pour tout £, on a

Poa (max (ng), X,‘j’)) > t(j)) < kP, (X;ﬁ > t(j))

— () — () (4)
k " Pna (Xn T ) dx

o d
[ (ot 1T a)a

q=1,9#j

o0 7(S1p—1 =na — x) d :
_ “(X, = ; (a) ()
k " (/Rdl 7 ( x) 7 Sy = na) H dx dx

q=1,9#j

En centrant et normalisant a la fois Sy, et S;,_1 par rapport a la densité 7 dans les

trois lignes ci-dessus et en notant 7% la densité de Sy, := n(_§/2 (S1,, —na) //n quand X

est de densité 7 d’espérance a et de matrice variance-covariance £ (), on obtient

P, (max (X, X)) > 1)) < k\/%
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— (e ~1/2
@ (Sin_1= — vn—1 d
/Oo / (X, = ) (51 = (17 7) /(Vn=T) 1 ] dat.
t\ TR Lt (Sl,n = 0) qg=1,q#j

Sous la suite des densités 7, un développement au premier degré d’Edgeworth peut-
étre effectué,

Pra (maX (ng), ...,X’(gj)> > t(j)) < ki

o n—1
0 ) n (kg (a—o)/(Vi=T1))Puwin)+o1) 4\
/t(” </R‘“ ™= n(0) + o(1) qgﬁx( )

=y : |
< kC “(X, = @ | g2
< " Rd—lﬂ- ( w) H T T

n—1 )
q=1,g#]

pour C une constante indépendante de n et de tU). Ainsi

P (u,i,n):=1+ P; (K@§/2 (a—x)/ (\/n - 1))

. Nj;lk’l ikl
ou P3(x) = —6(\/% hjr(z) avec hjp(r) = xjoRe — fig.?k)xlB] et x; = /ﬁgi)x(r); f@%&)’ est
le troisieme cumulant joint sous 7%. En utilisant 'uniformité sous u dans le terme res-
tant du développement d’Edgeworth et en utilisant I'inégalité de Chernoff pour borner

e (Xﬁ{) > t) ,

. , _ V)Y ;
@ () @) O +A) _nw)
Pra (max (X7, ., X)) > 40)) < kC'st o0

pour tout A tel que ®(tU) + \) est finie. Pour ¢ tel que
t) /log k — oo,

on a

Pra (max (X0, ., X0) < 100) 51,
ce qui prouve le Lemme. m

()

Lemma 52 (Etude du maximum des V). Soit a,, une suite convergente. En notant

Vi = n&ln/f(XH_l — myy) pour tout i entre 0 et k—1, on a

¥j € {1,...d} max ([V{],....|V{’|) = Op,, (logn) (4.68)
Démonstration. Soit j € {1,...,d}.
VI = [l (K1 = min)] )

0 |

,Mm

IN

0]
sup |ayy| sup |X;7, —m
1<I<d 1<I<d

N

l l
< sup Jaj|(sup X[+ sup [m{))
1<i<d 1<i<d 1<i<d

IN

sup |a;1(Op,, (logn) + a9 + op,, ()
1<i<d

< COp,,(logn)
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1/2

en utilisant les Lemme 50 et 51 et en notant n& = (01)1<i<d-
Ainsi
©) 0]
max |V, /| < sup |ajy|( max su + max sup |m,
1<i<k— 1| | <1< . g, |(1< <h—11< oy | H‘ 1<i<k—1 1<,Ed‘ inl)

et, finalement,

<
1§I£1§84]3{1|V ] COp,,(logn)

|
Le théoreme suivant (Taylor (1985) [86], Théoréme 3.1.3) permet de controler les termes
de restes dans les développements d’Edgeworth.

Théoréme 5 (Théoreme de Taylor). Soit X;, ,1 < i < k une matrice de variables
aléatoires réelles échangeables ligne par ligne et lim, oo k = oo. Soit p, = EX1,Xo,.

On suppose qu’il existe une constante finie I' telle que Ean <T'. Si pour une suite (a; )

2

telle que lim,, o0 Zle ai, =0, ona

k 2
2 —
g, fn (Z ) =0
Alors

lim E ainXin =0
n—oo

en probabilité.
4.8.2 Démonstration de ’approximation utilisant le développement d’Ed-
geworth dans le théoreme principal.

Remark 53. En utilisant les notations index et les notations exlog (section 4.2.3 et 4.2.3),
nous pouvons simplifier certaines des motations suivantes, en particulier les cumulants
joints des quantités consididérées. Nous préciserons, quand ce sera le cas, I’ensemble index
considéré. Ainsi, en notant I = {i1,...,i,}, on a

rp = K [X00. X0)]
L’indice O sera omis dans la suite.
Notons
Vit = kg (Xigt = mip) (4.69)
Sous 7™, V;41 a pour espérance 0 et pour matrice de variance-covariance I;.

Notons VZ'+2 n = Z’; ira V;

Notons 7rn " la densité des sommes partielles normalisées Vit2,/(v/n —i — 1) quand
les vecteurs aléatoires sommés sont i.i.d. avec une densité commune 7. De plus, nous
évaluons 7", | et son approximation normale au point U;;1

p(Xit1 = Yi1[Sit1,n = na — S1;)
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__Vn—i 7 (X1 fy,_i_l)ﬂzl—ii—l(_Ui-f-l/Vn_i_ 1)
= 7 = Iy — .
m, " (0)

vn—1—1 e

ou Uiy1 = /f(zln/)z(yi-i—l —m;).

La suite de densités 7", converge localement vers la densité normale standard d-
dimensionnelle sous les hypotheéses sus-mentionnées, quand (n — i) tends vers l'infini, i.e.
quand (n — k) tends vers l'infini, et un développement d’Edgeworth & l'ordre 4 peut étre
effectué pour le dénominateur et le numérateur.

Notons Zi+1 = i+1/\/’I’L —1—1.

Développement d’Edgeworth

Nous allons d’abord étudier le développement du numérateur :

Q4(Ziy1) )
(n—i—1)3/2

My n

T (Zi1) = na(Zig1)| 1+ 755Q3(Zig1) + 71 Qa(Zi1) 1+ Op,, (
uniformément en Z; ;1 avec Q3 et Q4 définies (section 4.2.3) par

1 .
*H]’l’mhﬂm(w)

Qg(.%’) = 6

Q4(z) :=

1 . 1 .
ﬂ,{J,lm,thhm](aj) + iﬂj,l,m,{q,r,shﬂmqrs(x)'

Notre but est d’obtenir un développement polynomial en termes de puissances de (n —
i). Les moments qui constituent les polynémes tensoriels d’Hermite sont ici les moments
de U. En effet, la densité des sommes partielles de U est étudiée. Quand nous changerons
de variables a la fin de cette partie, les moments devront aussi étre modifiés.

Etude de Q3

1 dam U ,
Q3(Ziy1) = 5 Z > ’f?%l,;@) ( (n+i i 1)3/2 + \/m[?’])

Donc ,

l m (,m) 1 r(m)
Q3(Zit1) _ }zdzz Zd: /{j,lm(Uz(—s-)le(—i-)lUi(—i—l) n wil Uikt 3))
Vn—i—1 6* @Gy (n—i—1)2 " n—i—1

En utilisant le Lemme 51 :

[
ULUAUSY)  Op,.(logn)?)

(n—i—1)2 (n—i—1)2
et
DlZin) 1555 i EZ”)Ufi? 3] 4 Orua((loEn)?)
Vn—i—1 6552 P n-i- (n—i—1)2

Notons :
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Nous allons a présent étudier A en détail.
D’apres les notations présentées dans la section 4.2.3, nous avons :

i,n m i,n m i,n l in j
K;l )Ui(+1)[3] gl )Ui(+1) ( )Uz(+)1 l(m)Ui(i)l

d

d d d d d d d
A= 6(n — 1 (ZZ Z K],l,m zn)UlJrl ZZ Z i;l;zn glnrlt 1+1 + ZZ Z Kz;lgn ln)Ul(er)l)

j=11l=1m=1 1i=1m=1 j=1l=1m=1

Ici,la matrice de variance-covariance est la matrice identitée,

d d d d
_ Jsmpr(m) L Q] mmyy
A= G(H_Z 7 (Z > AU + 3SR U + 30 D s z+1>
j=1m=1 j=1l=1 j=1m=1
Ainsi,

Q3(Ziy1) 1 K Op,,((logn)?)
= : Uity + ————5~

Vn—i—1 2(n—-i-1) (n—i—1)

en utilisant 'invariance des cumulants par permutation des indices, et en notant,

= (Z H{;{g)lgmgd- (4.70)
j=1

Etude de (4 L’étude de @4 s’effectue en deux parties. Notons :

Ay = %;’n)’ph]lmp( Zit1)

7l7 b
Ag = Hz T:;LHZ() o )h]lmpqr(Zi—l-l)
Avec ces notations, ()4 devient

Qa(z) Ay As

n—i-1 2An—i-1) 2n-i-1) (4.71)

Etude de A;. En utilisant les notations introduites dans la section 4.2.3,

hjimp () = 20 (1) (M) 1.(p) _ /ij,l:c(m)x(p) (6] 4 j1km.p[3]

G 7@ rrm)grp) (m)77(p)
Ritmn(Zis1) = Uz—Ji-le-i-lUi-i-l Ui—fl G )w + (i,n) (m)[g]
jlmp\#i+1 (n i 1)2 il S in By

l m wn) (i,n
Al i U1(+)1 UZ(+) 1 Uz(Jr 1) Uz(i)l (3,m) Uz(Jr 1) Uz(i)l [ ] K’g’ l ) Kk 'gn P) [3]

d d
24(n —i—1) 242222&1”) (n—i—1)3 —Hj (n—z—1)+ 7’1—1—1

j=11=1 m=1p=1
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avec I = {j,1,m,p}.
En utilisant le Lemme 51,

j l m
U U ufNUR  Op,, ((logn)h)

(n—i—13  (n—i—1)3
et
 UIUDIE _ Op,, ((ogn)?)
M —i—12  (n—i—1)2
Notons :
) _ LSnNn jm
6 = 3 - Z Kin) (4.72)
j=1m=1
Finalement,
Ao O, ((logn)?)

24n—i—1) n—i—-1 (n—i—1)2

Etude de A;. En utilisant les notations introduites dans la section 4.2.3,

Ui@l Ui(i)l Ui(ﬁ) U, z'(ﬂ U, z(ﬂ Ui(i)l B KS5IU, z‘(fl) U z'(i)l U i(i)l U i(i)1[15]

_ il
hﬂmpqr(ZiH) = (n i 1)3 (n — 7 — 1)2
(¢,n) (4n)rr(q) 77(r)
K Ky U U [45] , , ,
gl L (i,n) 1,1 7,Mm
+ n—i—1 B val K“gn,p)ﬁ‘(lvr )[15]
Ainsi, pour As :
Ay 1 4. d d d d d .
e ]7 7m p7q7r
e S0 D) D D 9D W) WY Hit 1
j=1ll=1m=1p=lg=1r=1

Ui(i)l U, i(-li-)l U, i(—Tl) Ui(-ﬁp—)l U, i(—(i]-)l U, fi)l . ’ig'flm Ui(fl) Ui(}:)l Ui(i)l Ui(;)l[l‘r’]

( (n—i—1)* (n—i—1)3

R REDUD U ) R R Rl

(n—i—1)2 n—i—1

En appliquant une nouvelle fois le Lemme 51, on obtient :

j l m r
U U U U U U _ Op,,((logn)°)
(n—i—1)* (n—i—1)%"

WU U U U5 Op,, (logn)!)
(n—i—2)> (n—i—1)3"

et
R UL 145] Op,, ((logn)?2)
(n—i—1)2 T (h—i—12
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Notons :
i,n) 15 d d 7,m m q q
:5§§:§:§:my (4.73)
j=1m=1g=1
Donc :
A 58 Op. ((logn)?
: 4" Opu(ogn)?)

2—i—1) n—i—1 ' (n—i—1)2

Conclusion sur le développement d’Edgeworth

Finalement, le développement de 7", ; s’écrit :

U.
| (n—i—1)?

o1 0™ — 58 Op, ((logn)?)
2(n—i—1)

Tt 1(Ziv1) = wa(Zig1) (1 +

1
+0p, (————
Pna((n _ Z _ 1)3/2)
sous (E1) et (E2).
Une forme équivalente est obtenu pour le dénominateur :

L 55@,71) . é@,n) 1
mi(0) = O(1+ ——F— O — 4.74
O = na(0) 1+ D= | +Or (=) (4.74)
Ainsi,
i 1+ gy U 8| O ((ogn)®)
Tt 1(Ziv1)  na(Zig) 1+ s Z+W+ e ot
n—i 14+ 21— + OPna((n 7,)3/2)

Apres cette premiére étude, un changement de variable doit étre effectué. -, (5?’71) et

65“0 dépendent implicitement du vecteur aléatoire U;4 1, il faut aussi changer de variable

(i

dans ces trois quantités. Dans 5£i’n) et 521’71), le changement de variable s’effectue sans faire
d’autres commentaires (car ces termes ne feront pas partie des termes principaux).
Etudions le terme ‘U; ;1. En utilisant les formules (4.69) et (4.70),

~1/2
ipry =" (HW{) (Yig1 —min))y
On rappelle les deux lemmes classiques (voir par exemple [52]).

Lemma 54. Une matrice réelle définie positive de dimension d X d admet 2" racines
carrées, toutes symétriques réelles, dont une unique est définie positive.

Lemma 55. Toute matrice définie positive est inversible, et son inverse est elle aussi
définie positive. De plus, st cette matrice est symétrique, alors son inverse l’est aussi.

Ici, iy est symétrique définie positive réelle de dimension d x d comme matrice de
variance-covariance. Ainsi, en utilisant le Lemme 55, /i&ln) est symétrique définie positive
b

et, en utilisant le Lemme 54, n&ln/f est symétrique. On choisit I'unique définie positive.
tU; 117 devient alors :
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—1/2
Uigry =" (Yiq1 — mi)ﬁ(i,n/) ¥

3/2
et v = n(m{) Yy -

Donc

Uigry =" (Yiq1 — mi)/@@?nﬂY

Uiy = Yz’+1lﬁ@2nﬂy —t mm(i?n)’yy

-2 —2
tUi—i—l’Y _ tY;JrlK/(i’n)rYY - tmiﬁ(im)’)’Y

2n—i—1) 2n—i—1) 2n—i—1)

En utilisant les Lemmes 50 et 51, on obtient

_9 -
tUi_‘_le _ tY71+1H(i,n)7Y B tali(i’n)/YY n OoP,., (6n) (4 76)
2n—i—1) 2n—i—1) 2mn—i—1) n—i-1 |

Ainsi,

Tt ((Zix1)  na(Zis1)

— = (4.77)
T (0) n4(0)
i1kl vy tank 2y (i) _(i,n) 3
(3,m) (i,n) o na(ﬁ’”) 4 é o na((lOgn) )
L+ 2(n—i—1) ~ 2(n—i—1) + r}zfifl + 1n7i721 + P(nfifl)Q

(3,m) _ s(im)
51171 _6217L

1+ n—i + Op,( (n,;)3/2 )

o Ma(Zign)
Notons C := nd(()+)

Développement de Taylor de C

Effectuons un développement de Taylor dans R¢, de nalZi) Oy rappelle les notations

n4(0)
Zi—i-l = —\/% et Ui+1 = ’{&},{)Q(Yi-i-l — ml) AiI].Si,
—1/2 —1/2
K Yt | figgy ™

Zig1 = —

vn—i1—1 n—i—1
Lemma 56. Soient f une fonction de R dans R et o € R,
1
(@) = f() + VI(e)@ = a) + 5 (z — a)Hp(a)(@ — a) + o||z — o) (4.78)
ot Hy est la matrice Hessienne de f et Vf son gradient.

Ici, f(z) = exp(—3 < z,z>).
Soit j € {1,...,d}. Ainsi,

Vf(z) ="z f(x)
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et
Hy(z) = (—1g + a'z) f(2)
Finalement,
1
f(z) = fla)(1 —"a(z —a) + ;(l‘ —a)Hp(e)(z — ) + o]z — af?)
Donc,
1 1
f(@) = fla)(1 ="a(z —a) - j(iﬂ —a)ly(z —a) + gt(ﬂf — a)a'a(z — a)) + o[« — al[1.79)
Dans notre cas, x = Z;41 et o := f@&%QYQH. Etudions les termes principaux de (4.79).

En utilisant les Lemmes 50 et 51 :

~1/2 —1/2
k. Y; K. s my
byt (im) T (i)
alw—o) =~ == G =7
_ th’HKQ}n)WM
n—t—1

_ Vi1 on, (enllogn))

n—1—1 n—1—1

Pour le deuxiéme terme, en utilisant les Lemmes 50 et 51,

!z —a)lg(z —a) = "z —a)(z - a)
—1/2 —-1/2

S Flin) M Fin) M
Vn—i—1"vVn—i—1
S S S
n—i—1 "Gn)"
I 0p,,((en)?)
I TN L e

Finalement, le dernier terme s’écrit, en utilisant les Lemmes 50 et 51,

‘o - a)alalz - a) = ('a(z — a))(‘alx - a))
~ (‘a(z - ))?

¢ 1
Yir1hg ™,

n—i—1
o OPna ((671 log n)2)
 (n—i—1)2
On obtient sous (E1) et (E2) :
—-1/2 t -1 t o .—1
K Yitl Yivik ) a Ak )@ 0 en(logn
f(ZZ+1) :f(_ (7 ) 1+ (7 ) _ (7 ) Pna( ( g ))) (480)

vVn—i—1 n—i—1 2(n—i—1) n—i—1
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Résultat Final

Les deux résultats principaux obtenus ((4.77) et (4.80)) sont alors réunis

. (Ziv1) th‘Hf”v(*l Yip

n—i—1 i\n)
— =exp{l———— "
Tt i(0) 2(n—i—1) }
ty. -2 tar 2 i i ty. -1 toe L
(14 Dt orn | S Opg(ogm®)yq | TG ® T ® L oy (enllogn))
2(n—i—1) 2(n—i—1) n—i—1 (n—i—1)2 n—i—1 2(n—i—1) n—i—1

1 " 5%@”)_65@")

n—i

+ OPM(W)

Pour simplifier les notations, on note §-? = 5§i’n) - 5§i’n)

(E2), on obtient

et vy = . Sous (E1) et

— -1
Tpio1(Zig1) ox _ty”m(i,n)yi“}
Wivinghyy |ty gm | Yensghye | fRgla op, (eatlogn)
L+ 2(n—i—1) = 2(n—i—1) oot n—i—1 ~ 2(n—i—1) + = n—i—1
(i)
]. —|— 6n—i + OPna(m)
Notons :
up = tYHlHJ&?ﬂ)V _ taﬁ&?n)’y §in) tY;+1;-;&71n)a _ tcm&,ln) OPna(en(logn){)/l 81)
"To2n—i—1) 2m-i-1) n—i-1' n—i—1 2Mn-—-i—1) n—i—1 "

et

o ! 4.82

up = Pna(m)~ (4.82)

Un développement du deuxiéme ordre au numérateur et au dénominateur est effectué,

ce qui permet d’obtenir

p(Xit1 = Yis1[Sit1,n = na — S1,) = LiC;

-2 ¢ ~1
K \Y (Yvi_i_l — a)H ; (}/;H-l - G) € (10 TL)
t . . % _ (an) i .
exp{( Vi 6+ g 2 exp{ g o, (LR AG)
avec
2 . .
, exp{4L + o(u? §@m) 5(im)
A = {f (132} P ra e R
exp{Op,, (=) + F T o(uz)}
n—i_C; Kam)Y
s = T el )
Ainsi
k—1 k-1 k—1
p(X} = Y{|S1, = na) = go(V1[Y0) [T 9(Yira[¥?) [T AG) [T L) (4.83)

Il reste a prouver deux choses :
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1. TIZg A(i) = 1 + op,, (en(log n)?)
2. TIE5) L(i) = 1+ op,, (en(logn)?)

0

Etude de L(7)

On rappelle 'expression de Ci_1 :

Lot + K2\ ) Haz —a)kt (z —a)
ol = / T em - (i) d 4.84
Notons ) .
B et L et
T 2(n—i—1) 2(n—i—1)
On utilise alors les bornes classiques suivantes pour uy, :
w2 ud _ u?
l—u—l—?x—ﬁge U Sl—ux—i—?m

pour obtenir des deux cotés de 'inégalités précédentes une approximation d’ordre 2 de

C; 1 en intégrant selon p. La borne supérieure donne alors :

Ci—l _ /d exp{< z,t; >} exp{—u,}p(z)dz
R
’LL2
< / exp{< z,t; >}(1 —u, + ==)p(z)dz
R4 2

2
< P(t;) — /]Rd ug exp{< z,t; >}p(x)dr + /]Rd u—; exp{< z,t; >}p(z)dzx

ter 2 ox T, t; .
< ®(t;)(1+ /]Rd 2(n _(znil) pi< (I)’(;;}p( )dx
_/ Hla — a)/i@ln)(x —a) exp{< z,t; >}p(z)
Rd 2(n—1i—1) B (t;)

oil I'approximation est uniforme en Y/*.
On étudie les termes principaux de ce développement.

Remark 57. Soit v :='(uV),...,u®) et M = (b; ;)1<i j<a. Alors
oMo = Z Z v(j)v(k)bj’k
j=1k=1

Etudions le premier terme.
On a par définition, pour tout j et k entre 1 et d :

G0 _ 1 / ) .
m; ) i exp{< z,t; >}p(z)dx
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et
e 1 / (3) (k) ,
Kiim) @) Ja VW exp{< x,t; >}p(x)dx

—2

Si, de plus, on note (momentanément) o :=t(a(V), ..., a(?) = Kim) Y

Ainsi
/ ‘TR exp{< @, t; >}p(x)
- dx
rd 2(n —i—1) D(t;)

o 29 exp{< x,t; >}p(x)
- g /Rd 2(n—i—1) o(t “

aDm

i)
d
2n—z—1 t

“‘Q

iRy
S 2(n—i—1)

En effectuant un calcul identique dans le second terme, on obtient :

_/ t(l' — CL) (,Lln)( — CL) e.’l?p{< Jﬁ,tz‘ >}p($)
R4 2(n—1i—1) B(t;)
1

= g (Lt O — gy (mi — a)

Nous obtenons finalement pour la borne supérieure :

tmmﬁn)’y 1 tim,; — a)n&ln) (m; —a)

) 7 | 1
Cilgq)(ti)(l—’_Z(ni1)_2(ni1)_ 2(n—i—1) +OP’”‘<(ni1)2>)

En utilisant le lemme 50, I’égalité précédente devient :

t

ak;> ¥
crl < o(t;) (1 S ) R L P () (4.85)

2n—1—1) 2n—i—1) n—i-—1
Cette égalité nous permet d’obtenir :

- -2 —2
Vv —i Y n ‘Y B 1 0P, (€n)

Lis ==l =it oo “am—icn Taoict

) (4.86)

. tar 2
En remplacant \/ni”—l:l et exp <—m> par leurs développements de Taylor respec-

tifs 1+ 2(n_1i_1) +0 ((n—i1—1)2) and 1 — 5 (’Z")f) +0 ((nH ”21)2) dans la borne supérieure

de L; ci-dessus, nous avons alors :

t —2
1 1 aﬁ(i7n)7 HaHQ
b= @+zm_i_n+0<mf¢_nﬂ>(*—un_p4)+0<m_i_nﬁ)

al{&?”)ry _ ]' OPna (677/))
2n—i—1) 2n—i—1) n—i—1
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Ecrivons
k k
Tz <[+ M)
i=1 i=1
avec
(‘ari3))” opu(en)

M; = — .
! dn—i—1)2 n—i-1

Sous (E1) and (E2), S¥) M; est op,, (en (log n)2> .

Etude de A(7)

On rappelle les notations définies précedemment :

uy = tYHlﬁ&?n)fy _ tcm&?”)fy glin) + tY;+1K671n)a _ taﬂ&,ln)a + op,, (en(logn))
2n—i—1) 2n—-i—-1) n—-i-—1 n—i—1 2(n—i—1) n—i—1
et
§(im) 1
U2_n—/[:+ Pna((n_l)3/2)'
avec
2 . .
, exp{& + o(u? §(@n) 5(im)
A(Z) — { 2 ( 1)} exp{ }

- u2 7 o _
exp{Op,, (i) + F +o(wd)y il mei

On veut prouver [[*=4 A(i) = 1 4 op,, (e, (log n)?).
Pour tout nombre positif 5; pour j € {1,...,17}, on note :

n 2
én (logn) i=0

" €n (log n)2 o

§(@n)
n—i—1)(n—1)

<51}

——

Ab = ! kz_: 2 <pB
" ) e (logn)? = | (n—i— 1) 6

< Br

——
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A8 = ! kzjl < B
. (log n)2 =0 s

k—11|(tv. —2 2
9. 1 3 (Yir1k ) < B
en (logn)? | (n—i—1)2

(anfim ) (Cari )
(n—i—1)2

k-1 (ty: -1 )2
1 (sz—i-l'k@in CL)

n = {en(logn)2 ; (n—i—1)2
4 1 k—1
A, = Z <P

(tYiJrl"f&iLﬂ)(ta’f&?nﬂ)

en (log n)2 i=0 (n—i-— 1)2
A2 . ! kz_:l S Y1) <B
n . (log 7’L)2 g (TL — = 1)2 12

e 1R ennghymangryo)| 5
" e (log n)2 —o (n—i—1)2 v

a1 S argategi)
" e (log n)2 = (n—i—1)2 14

D) (th‘HH@}n)a)
(n—1i—1)2

< 515}

A = ! kz_:l < Pie
" en (logn)? =0

A17 . 1 kz_:l < B
" €n (logn)2 i=0 v

On peut séparer I'étude de ces dix-sept ensembles en trois groupes. Pour chacun de ces
groupes, nous allons étudier un exemple. Les autres se traitant de maniere équivalente.
Pour tout j € {1,...,8}, on a immédiatement que,

A15 I 1 kil
n €n(

log n)2 i=0

(Yir1hma)(‘ari @)

(n—i—1)2

(tYH-l’i&,ln)a) (tYi—i-l"ﬂé?n)’V)
(n—i—1)>2

lim P, (Aj) —1

n—o0 n

Le deuxiéme groupe d’ensembles (de A2 a Al%) dépendent de Y;, ;. Etudions AS. Pour
démontrer que limy, 00 Pra (AL) = 1, le Théoréme 5 doit étre utilisé. Réécrivons la somme
définie dans ALS.

|(t}/i+1’{&,1n)a>(taﬁ&,ln)a)| - ‘ < Yit1, K&}n)a < I{&}”)a - ’
< [Yiallllngmal llallllw ol
< X1l fal?
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ou Ap est la plus grande valeur singuliere de /@&ln).
Ainsi, on peut appliquer le théoréeme 5 dans le cas ot X;, := ||Yiy1]| et a;pn =
|la]|?

en(logn)?(n—i—1)2"
Vérifions les hypothéses de ce théoréeme.

d d
E(X?,] = E(|Ini|*] = B[ V1 = Y B[

Jj=1 Jj=1
En utilisant le Lemme 49, on obtient :
d

E(IVil1) = Y (k55 + [aD1) = tr (ki) + [lal*
j=1

Ainsi il existe T tel que E[X7?,] <T.

2
pn = B[X1 0 X0,] < \[EIXT,IEIXT,] =/ B[V 2 E[||Ya| ]
Ainsi
d d )
PR ARDARERA ORGP R
j=1 j=1
or, comme démontré ci-dessus,
E(|Vi[1?) = tr(kam) + llall.
Donc,

pn < tr(Kgi ) + |lal?

3 Nous pouvons a présent vérifier les deux dernieres hypotheéses portant sur a; .

k—1 6
. [lall

li =1 =0 4.87
I e TTLCETE (487)

sous (E1). De méme, sous (E1), la deuxiéme condition s’écrit :
I kzl 2 < i pullal® 0 (4.88)

im a; im = .
woe P\ 2 B | e B logm)i(n — k)2

Ainsi, le théoréme 5 permet de conclure que limy, o Pna (AL%) = 1.
Etudions pour finir AL en suivant les mémes étapes que précédemment.

< 517}

H—lﬁ(zn a)( Y:i—i-l"@&?nﬂ)

ALT =
" {en lognzz (n—i—1)>2

=0

On rééerit la somme définie dans ALY

|("Yis1hp @) (Yirah o) < A Yiga | Pllall

ou A1 est la plus grande valeur singuliere de /{&ln).

Ainsi, nous voulons appliquer le théoréme 5 dans le cas ot X;,, := ||Yig1]|? et a;p =
[lall
en(logn)?(n—i—1)2"
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1 Par le Lemme 49, Il est clair qu’il existe une constante strictement positive I" telle que
E[X?,] <T.

d

l
pn = E[X1,2X2,] = E[||V1||| V][] Z v+ Z 3 BV 1214.89)
J=1 J=11#j

En utilisant des arguments équivalents au Lemme 49, on peut montrer qu’il existe une
constante I telle que

B PW P =<1

3 Sous (E1),
lim ]§a2 = lim ol =0 (4.90)
w3 2 Gin = e 2 log n)i(n — k)P
et
N pullal
e (Spoe) < i i =0 o

Ainsi, le théoréme 5 permet de conclure que limy, o0 Pna (AL°) = 1.
En notant A4,, := U}L AJ | nous avons lim,, o Py (4) = 1.
Ainsi, [TF=3 A(i) = 1 + op,, (ex(logn)?).






Annexe A

Exemples de simulation

Nous proposons dans cette annexe une liste d’exemples permettant d’utiliser les algo-
rithmes énoncés dans la partie principale de la thése. Nous donnons la forme de la densité
tiltée associée et les parametres « et 8 de la densité approximante g,.

On rappelle briévement la forme de g,, dans la cas réel puis dans le cas d-dimensionnel
quand I’événement conditionnant s’écrit (Uy , = na) . Sous les hypotheses et notations du
chapitre 1,

k—1
na(yt) = go(yilyo) I T 9(vir1lvi)

i=1

avec
9(Wir1lyi) = Cin(aB + a, B,u (yiy1))px (vit1)

et

1

=1t
R Y Y
B=(n—i-1)s}
Sous les hypotheses et notations du chapitre 4,
k—1 '
na(yt) = go(yilyo) IT 9(vir1lyi)

i=1

avec
9(Wir1lyi) = Cina(eB + a, B, u (yit1))px (Yis1)
et
-2
K.\
(3,n) ' (4,n)
=1+
=t i)

B=(n—i-1)kin)

A.1 Loi Normale.

Soit X7 de loi N (,02).
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Conditionnement par (S, =na). La densité tiltée my" est

N(mi,UQ).

Les parameétres de g(y;+1|y}) sont

o= m; — [
o2
et
B=(mn—i-1)0>
On peut aussi dans ce cas précis définir g(y;11]y}) comme la densité
N(M*? 03)
avec
n—i—1
[ = ——————m;
n—1i
et

n—it—1
2 _NTUT 2
n—1

Conditionnement par (Uj, = na) avec u(z) = #? La densité tiltée 77 est

2

1% g
N(l - 2ti027 1-— 2ti0'2

)

Pour déterminer t;, on résoud en t I’équation suivante
2
o2 (1 - 2t02) T —my (1 - 2t02> - 0.

Les parameétres de g(y;+1|y}) sont

Hh
= [t
“ <Z+283(n—i—1)>

et
B=sin—i—1)
avec
i 8a° 24012
M3 = 1 " 21,028 T (1 — 2t;02)8
et

204 40?1?
52 = + :
(1—2t;0%2)2 (1 -—2t;02)3
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Conditionnement par (U;, = na) avec u(z) :=' (z,2%). La densité tiltée 7 est

N (m(l) m? — [ml(-l)]2) )

)

Les parameétres de g(y;+1|y}) sont

K(in)V(@n)
2(n—i—1)
B=n—i-1)Kin

=1 +
avec

K(in) =

et

8m® (m® <m§1)>2>
V) = | (m§2) B (mgl))2) <4 (m§2) _ <m§1)>2> (mf»?) —9 <m§1)>2> + 1)

et t; :=! (tgl),t§2)> solution de

W utoity
- 2020
2
2 _ a 1)?
i = 1— 202t(2) + (mz )

i

A.2 Loi Gamma

Soit X7 de loi T'(6,n).
On définit les fonctions digamma, trigamma et polygamma d’ordre m pour m > 2
par :

digamma(x) = (z) = %ln I'(x)

trigamma(zx) := diw(:z)
T
dm

psigamma(x, m) = gy (x)

Conditionnement par (S;, =na). La densité tiltée my" est

(0, i)

m;
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Les parametres de g(y;+1|y}) sont

2
B:%(n—i—l).
et
0 1
a=n——-+

m;  mi(n—1—1)
Conditionnement par (U;, = na) avec u(x) = log(z). La densité tiltée 7" est
L0+ ti,n)
Pour déterminer ¢;, on résoud en t I’équation suivante
digamma(t + 0) — log(n) — m; = 0.
Les parameétres de g(y;+1|y}) sont

B =(n—1i—1)xtrigamma(t; + 6)
psigamma(t; + 6,2)
2(n — i — 1)(trigamma(t; + 6))?

a=t;+

Conditionnement par (U} = na) avec u(z) =! (z,log(x)). La densité tiltée 7™ est
T+t n— ).
(

Pour déterminer t; :=¢ (til), th)), on résoud en t les équations suivantes

v _ o+t

m; 1
n—t"

digamma(0 + tZ(Q)) — log(n — tz(‘l)) -m,

Les parameétres de g(y;+1|y}) sont
-2
Ko V(i
(3,n) 1 (4,n)
=t + —
R
B=(n—1i—1)kin)

avec

0+t§2) 1
= —1
(1) —t}

K(in) = ("_ti ) " ,
% trigamma(6 + tg ))
=t

et
o+t
2 L 3
(-4
Y(n) =

L + psigamma(6 + tZ@), 2).

(r-4")
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A.3 Loi Weibull
Soit X7 de loi W (b, c).

Conditionnement par (U;, = na) avec u(x) :=log(z). La densité tiltée 7" est

() = 1“(1;14_1) (Z <i>ti+c+1 exp{— (;Z)c}>

On détermine ¢; en résolvant ’équation suivante en ¢ :
log(b) + %digamma(z +1)—m; =0

Les parameétres de g(y;41|y}) sont

psigamma(4 +1,2)

a=1t+c 5
2(n—i—1) (trigamma(% + 1))

. . t'L
(n —i — L)trigamma(E + 1)
2

8=

c
A.4 Loi de Gumbel
Soit X7 de loi V(0,7).

Conditionnement par (S, =na). La densité tiltée mx" est

n
v (9’ 1 —ntz‘)

On détermine t; en résolvant ’équation suivante en ¢t :

0 — ndigamma(l —nt) —m; =0
Les parameétres de g(y;41|y}) sont

psigamma(l — nt;, 2)

o on(n —i— 1) (trigamma(1 — nt;))?
B = (n —i— 1)n*trigamma(l — nt;)

A.5 Loi Inverse-Gaussienne

Soit X7 de loi IG(p, A).

Conditionnement par (S;, = na). La densité tiltée my" est
2
1G5
my

Les parametres de g(y;+1|y}) sont

N 1 N 3m?
a=A-——
2u2 2m?  2ud(n—i—1)

(2
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Conditionnement par (U} = na) avec u(x) =1/x. La densité tiltée 7" est

2t; 2t;
I 1- 2012
G121 2

On détermine ¢; par

1 42
R a

27 (2va+ v amg)

Les parameétres de g(y;+1|y}) sont

.

o=t +

2st(n—i—1

)
B=(n—i—-1)s}

avec
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