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Avant-propos

Nous nous intéressons dans cette thése au développement et a ’analyse de schémas
numériques de type volumes finis pour des équations de convection-diffusion, qui appa-
raissent notamment dans des modeéles issus de la physique ou de la biologie. Ce manuscrit
s’articule en trois parties :

— Dans la premiére partie, nous considérons la discrétisation du systéeme de dérive-
diffusion linéaire pour les semi-conducteurs par le schéma de Scharfetter-Gummel
implicite. Nous nous intéressons a la préservation par ce schéma de deux types
d’asymptotiques (’asymptotique en temps long et la limite quasi-neutre) en prouvant
des estimations d’énergie—dissipation d’énergie discretes.

— Dans la seconde partie, nous nous intéressons a des schémas volumes finis préservant
I’asymptotique en temps long dans un cadre plus général. Plus précisément, nous
considerons des équations de type convection-diffusion non linéaires, qui apparaissent
dans plusieurs contextes physiques : équation des milieux poreux, systeme de dérive-
diffusion pour les semi-conducteurs... Nous proposons deux discrétisations en espace
permettant de préserver le comportement en temps long des solutions approchées.

— Dans la troisieme partie, nous étudions un schéma numérique pour un modele de
chimiotactisme avec diffusion croisée. L’étude de la convergence du schéma repose
sur une estimation d’entropie qui fait intervenir des inégalités fonctionnelles discretes
de type Poincaré-Sobolev et Gagliardo-Nirenberg-Sobolev, et dont la démonstration
fait 'objet d’un chapitre indépendant.

Les différents chapitres sont composés des travaux suivants :

— Les chapitres [Il et 2] regroupent un travail publié dans les proceedings du congres
FVCA VI, 6th International Symposium on Finite Volume for Complex Applications,
sous le titre Asymptotic Behavior of the Scharfetter—Gummel Scheme for the Drift-
Diffusion Model [55], et des résultats récents obtenus en collaboration avec Claire
Chainais-Hillairet et Marie-Hélene Vignal, Convergence of a fully implicit scheme
for the drift-diffusion system. Stability at the quasineutral limit [18].

— Le chapitre [3 est un article accepté pour publication dans Numerische Mathematik,
A finite volume scheme for convection-diffusion equations with nonlinear diffusion
derived from the Scharfetter-Gummel scheme [16].

— Le chapitre M est un travail réalisé en collaboration avec Francis Filbet, A finite
volume scheme for nonlinear degenerate parabolic equations [19], accepté pour pub-
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lication dans STAM Journal on Scientific Computing,.

— Le chapitre Bl est un article réalisé en collaboration avec Claire Chainais-Hillairet et
Francis Filbet, On discrete functional inequalities for some finite volume schemes
[17], soumis pour publication.

— Le chapitre [l est le résultat d’une collaboration avec Ansgar Jiingel, suite a un
séjour de trois mois a I'Université technique de Vienne. L’article en résultant, A fi-
nite volume scheme for a Keller-Segel model with additional cross-diffusion [20], est
actuellement en préparation.
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Cette introduction est divisée en trois sections qui correspondent aux trois parties du
manuscrit. Pour chacune de ces parties, nous commencons par introduire le cadre général
et établir un bref état de ’art non exhaustif, avant de présenter les motivations des travaux
effectués et les résultats obtenus.

1 Etude d’un schéma préservant des asymptotiques : le
schéma de Scharfetter-Gummel tout implicite

La partie [l de cette thése concerne 1’étude de la préservation d’asymptotiques par le
schéma de Scharfetter-Gummel implicite pour le systéme de dérive-diffusion.
Nous commencgons par introduire le modele de dérive-diffusion en le resituant dans la
hiérarchie de modeles existants pour la description des semi-conducteurs. Nous rappelons
ensuite les résultats concernant le comportement en temps long de ce modele ainsi que
la limite quasi-neutre (limite lorsque la longueur de Debye tend vers zéro). Nous ex-
pliquons notamment le principe des preuves développées dans le contexte continu, qui
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reposent sur des estimations d’énergie avec controle de la dissipation, puisque le point
central de la partie [I] est 'adaptation de ces méthodes au niveau discret. Nous présen-
tons ensuite un état de 'art synthétique concernant les discrétisations proposées pour le
modele de dérive-diffusion, incluant le schéma de Scharfetter-Gummel. Dans un troisieme
temps, nous résumons la motivation des travaux effectués dans cette partie en expliquant
le principe général des schémas préservant des asymptotiques. Enfin, nous résumons les
résultats obtenus dans cette partie[ll, & savoir : la convergence en temps long des solutions
numériques obtenues par le schéma de Scharfetter-Gummel implicite vers une approxima-
tion de I’équilibre thermique (chapitre [I]) et la convergence indépendamment de la valeur
de la longueur de Debye des solutions approchées obtenues avec ce schéma vers une solu-
tion faible du systéme de dérive-diffusion quand le parametre de discrétisation tend vers
zéro (chapitre [2).

1.1 Le modele de dérive-diffusion pour les semi-conducteurs
Hiérarchie de modéles

Il existe deux grandes catégories de modeéles classiques pour les semi-conducteurs :

— les modeles cinétiques, qui se placent a I’échelle des électrons (par exemple, I’équation
de Boltzmann pour les semi-conducteurs),

— les modeles fluides, qui assimilent ’ensemble des porteurs de charges & un fluide.
Ces modeles décrivent directement des quantités macroscopiques telles que les den-
sités de charge, la température, etc.

Si les modeles cinétiques sont plus précis pour prendre en compte des caractéristiques
physiques, ils requiérent un cofit élevé pour effectuer des simulations numériques. Ainsi, des
modeles plus simples offrant un bon compromis entre précision physique et cotit de calcul
sont souvent considérés. Parmi ces modeéles macroscopiques, une hiérarchie peut de nou-
veau étre opérée, depuis les systemes hydrodynamiques de type Euler-Poisson jusqu’aux
systemes de dérive-diffusion, en passant par les modeles de transport d’énergie. De nom-
breuses études ont de fait été menées sur les systémes de type Euler-Poisson pour les plas-
mas ou les semi-conducteurs. Cependant, ces systemes présentent plusieurs difficultés, en
particulier du point de vue numérique. Dans certaines situations, ils peuvent étre approchés
par des équations plus simples, obtenues en faisant tendre vers zéro un petit parametre ap-
paraissant dans le systeme de départ. Ce petit parametre peut par exemple étre le temps de
relaxation (zero-relaxation-time limit) ou la masse d’électron (zero-electron-mass limit).
Une hiérarchie plus précise de ces différents modeles est notamment présentée dans les
livres de P. Markowich, C. Ringhofer et C. Schmeiser [137] et de A. Jingel [120].

Nous nous intéressons ici au modele de dérive-diffusion standard ou isotherme, initiale-
ment proposé par W. Van Roosbroeck en 1950 [162]. 1l s’agit d’'un modéle simple dans
lequel la température des électrons n’est plus une inconnue du probléme.

Nous notons Q@ C R? (d = 1, 2 ou 3) le domaine borné occupé par le semi-conducteur.
La préconcentration en électrons et en trous est appelée dopage et notée C. Le systéme
de dérive-diffusion est constitué de deux équations de continuité sur la densité d’électrons,
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notée N, et sur la densité de trous, notée P, et d’une équation de Poisson sur le potentiel
électrique, noté V. Il s’écrit de la maniere suivante :

8N — div(VN — NVI) = 0
(1.1) P —div(VP + PVVU) =0 dans Q x (0,7).
NAYV=N-P-C

Ce systeme comprend un seul parametre : la longueur de Debye adimensionnée A, rapport
de la longueur de Debye (qui mesure I’échelle typique des interactions électriques dans le
semi-conducteur) par la longueur caractéristique du semi-conducteur.

Les conditions aux limites sont de deux types : Dirichlet pour les contacts ohmiques et
Neumann homogenes pour les parties isolées. Ainsi, la frontiere I' de € est décomposée
en deux parties disjointes, I'? et 'V, et en notant v la normale & T' extérieure & €, les
conditions aux limites s’écrivent :

{N:ND, P=PP w=0P surTP? x(0,7),

(12) VN.-v=VP-v=V¥.v=0, surI'Vx(0,7).

Enfin, le systeme est complété par des conditions initiales sur les densités N et P :
(1.3) N(z,0) = No(x), P(z,0) = Py(z), x€Q.

A titre d’exemple, un résultat d’existence et d’unicité de solutions faibles du systéme
de dérive-diffusion standard a été obtenu par H. Gajewski [91] et par P. A. Markowich,
C. A. Ringhofer et C. Schmeiser [137].

L’objet du chapitre[l étant I’étude du comportement en temps long d’un schéma numérique
pour ce modele, nous commencons par rappeler ici les résultats obtenus dans le contexte
continu.

Comportement en temps long

Le comportement en temps long du systéme de dérive-diffusion isotherme (LI)—(L3))
a été étudié dans larticle de H. Gajewski et K. Géartner [92] a l'aide d’une méthode
d’entropie-dissipation. La fonctionnelle d’énergie considérée dans cet article avait déja été
utilisée par M. Mock [140] pour étudier 'asymptotique en temps long du systéme dans un
cas particulier.
Nous commengons par expliquer les grandes lignes de la méthode d’entropie—dissipation
employée, celle-ci apparaissant a plusieurs reprises dans ce manuscrit. A cette fin, nous
nous référons a larticle de synthese sur les méthodes d’entropie de A. Arnold et coll. [10].
Etant donnée une équation aux dérivées partielles d’inconnue wu, la stratégie générale est
la suivante :
— on commence par identifier I'état d’équilibre uq, et la fonctionnelle d’entropie £ (ou
plus généralement une fonction de Lyapunov associée a I’équation).
— la fonctionnelle E atteint son minimum & 1’équilibre us,. L’écart entre une fonction
u et ’équilibre uo, est mesuré par ’entropie relative

Eluluse] == E(u) — E(uoo)-
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On montre d’abord la convergence en entropie de la solution, c¢’est-a-dire
Elu(t)|uso] — 0 quand t — +o0,

puis on peut espérer en déduire des résultats de convergence dans des espaces LP,
en utilisant des inégalités fonctionnelles de type Csiszar-Kullback.

— on étudie pour cela la fonctionnelle de dissipation d’entropie I, qui est la dérivée par
rapport au temps de ’entropie :

d

(1.4) I(u(t)):= —aE(u(t))

On arrive alors parfois a prouver une inégalité d’entropie—production d’entropie de
la forme

(1.5) I(u) = O (Elulus]) ,

ou O : s — O(s) est continue et strictement positive pour s > 0. Grace a ce controle
de lentropie relative par la dissipation d’entropie (LLH), on obtient finalement, en
utilisant la définition de la dissipation (I4]), une inégalité du type

(16) — & Blufus] > © (Elufuec])

qui permet de montrer la convergence de E[u|us] vers 0. De plus, si on connait assez

bien ©, on peut calculer un taux de convergence explicite.
Historiquement, cette méthode a d’abord été employée dans le domaine des équations
cinétiques (équations de Boltzmann ou de Landau par exemple), mais elle a ensuite été
appliquée a une grande variété de problemes : équations de type Fokker-Planck linéaires
ou non linéaires (par exemple ’équation des milieux poreux), équations paraboliques non
linéaires d’ordre 4 (par exemple 1’équation des couches minces),... Pour un panorama plus
complet de cette méthode et de ses domaines d’applications, on pourra se reporter a [10]
et aux références citées dans cet article.

Revenons maintenant au systéme de dérive-diffusion ((ILI)—(L3). Dans [92], H. Gajewski
et K. Gartner prouvent que la solution de ce systeme converge vers l'état d’équilibre
thermique quand t — 00, si les conditions au bord de Dirichlet sont & 1’équilibre. L’équilibre
thermique est un état stationnaire particulier pour lequel les courants d’électrons (VN —
NVVY) et de trous (VP + PVV) s’annulent. L’existence de cet équilibre est étudiée par
P. Markowich, C. Ringhofer et C. Schmeiser dans [137), 136]. Si les conditions de Dirichlet
sont & Iéquilibre, c’est-a-dire si NP, PP > 0 et si

(1.7) log(NP) — 0P = ay, log(PP)+¥P =ap surI'?,
alors ’équilibre thermique est défini par

(1.8) Ne(z) = NPV - pe(g) = eor= @) g e Q,
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ou ¥ est la solution du probléme elliptique non linéaire suivant :

NATCY = eaNTV _pap=W _ O qur Q)
(1.9)
Vel = UL sur TP, VU.p =0 sur I'V.

La preuve de la convergence vers ’équilibre thermique est basée sur une estimation d’é-
nergie avec le controle de la dissipation d’énergie. Plus précisément, nous introduisons la
fonctionnelle d’énergie relative £, qui est la déviation de ’énergie totale (somme des éner-
gies internes des densités d’électrons et de trous et de ’énergie due au potentiel électrique)
par rapport & I’équilibre thermique :

(1.10) £(t) = [ (HV(t) — H(N!) — log(NT) (N (t) = N°0)) dz
+ [ HPE) = HP) = log(P)(P(6) — P)) da

)\2
+ 5 [ 19w - v o,
2 Ja

N

ott H(s) = [{log(7)dr, et la dissipation d’énergie :
(111) I = /Q (N (@) |V (log(N () = W(#)I* + P(1) |V (log(P(1)) + ¥(1))[*) da.

Il est alors prouvé dans [92] que & est une fonction de Lyapunov vérifiant 'inégalité
suivante :

(1.12) 0<E(t)+ /Otz(f) dr < £(0).

Partant de cette inégalité, les auteurs prouvent, a l'aide d’un contréle de I’énergie relative
par la dissipation de la forme (IZG]), la décroissance exponentielle vers 0 de £ ainsi que
la convergence en temps long & un taux exponentiel de la solution de (LI)—(L3]) vers

I'équilibre thermique (L8)—(T3).

Limite quasi-neutre

Rappelons & présent les résultats relatifs au passage a la limite quasi-neutre dans le
modele de dérive-diffusion, c’est-a-dire la limite quand la longueur de Debye adimension-
née A tend vers 0 dans le systeme (LI))—(L3]). Physiquement, cela revient a considérer des
structures de grande échelle par rapport a la longueur de Debye. Pour de telles structures,
les mouvements des électrons ne sont plus distingués des mouvements des trous.

La limite quasi-neutre est un probleme trés étudié pour le modéle hydrodynamique et
pour le modele cinétique de Vlasov-Poisson. Citons par exemple I'article de S. Cordier et
E. Grenier [59] portant sur la limite quasi-neutre dans le systéme d’Euler-Poisson en une
dimension d’espace. Concernant le modele de Vlasov-Poisson, des résultats partiels ont été
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obtenus par Y. Brenier et E. Grenier dans [2§].

Le modele de dérive-diffusion étant un modeéle hydrodynamique simplifié, il est naturel
de s’intéresser au passage a la limite quasi-neutre dans ce systeme. De premiers résultats
formels pour le modéle standard ont été obtenus par C. Ringhofer [I54], avant d’étre jus-
tifiés rigoureusement par I. Gasser, D. Levermore, P. Markowich et C. Schmeiser [95] dans
le cas de conditions aux limites de Neumann homogenes. Par ailleurs, des résultats concer-
nant le modele de dérive-diffusion isentropique ont également été obtenus par I. Gasser [94]
pour des conditions de Neumann homogenes ainsi que par A. Jiingel et Y. J. Peng [121]
dans le cas de conditions aux limites mixtes et d’'un dopage nul.

Dans ces articles, les preuves reposent sur une méthode d’entropie. Formellement, a la
limite A — 0, le systéme de dérive-diffusion standard (P*) donné par (ILI)-(L3) devient,
dans le cas d’un dopage nul C =0 :

N =P,
(P%) N — AN =0,
—div(NVV) = 0.

Pour prouver rigoureusement la convergence de la solution du systéme (P*) vers la solution
du systeme (@) quand A — 0, le point-clé est I’estimation d’entropie-dissipation suivante :

(1.13) 0 < E(t) + /Otn(f) dr < E(0),

ou la dissipation est toujours définie par (I.I1]), mais ou cette fois-ci I’entropie relative est
définie par rapport aux conditions de Dirichlet NP, PP WP relevées sur tout le domaine :

(1.14) E(t) :/Q (H(N(t)) — H(NP) —1og(NP)(N(t) — ND)) dz
4 / (H(P(®) — H(PP) ~ log(PP)(P(t) - P)) da
Q
2
+ %/Q]volf(t) - \IJD)fdm.

En supposant que E(0) est bornée indépendamment de A, cette inégalité (I3 fournit
des bornes uniformes en A sur (N*, P ¥*) solution du systéme (P?), qui permettent
d’obtenir de la compacité d’une famille de solutions approchées et de passer a la limite
A — 0 dans le systeme.

1.2 Discrétisation du modéle de dérive-diffusion

La premieére discrétisation du modele de Van Roosbroeck (ILI)—(L3]) a été proposée en
1964 par H. Gummel [I00] et améliorée quelques années plus tard par D. Scharfetter et
H. Gummel [I58]. Mentionnons également les travaux de A. M. II'in [I14] ou le méme type
de flux que dans [I58] a été introduit pour des schémas différences finies en une dimension
d’espace. Le schéma de Scharfetter-Gummel a ensuite été interprété comme une méthode
d’éléments finis mixtes et étendu au cas multidimensionnel par F. Brezzi, L. D. Marini et
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P. Pietra [33], [34]. Plusieurs autres extensions au cas multidimensionnel ont par la suite
été proposées; pour plus de détails, on pourra se référer a l'article de revue de F. Brezzi
et coll. [32].

La méthode d’éléments finis mixtes proposée pour le modele de Van Roosbroeck a aussi
été adaptée au cas d’une diffusion non linéaire par F. Arimburgo, C. Baiocchi, L. Marini
dans [9] et par A. Jingel dans [I18] pour le probléme unidimensionnel, et par A. Jiingel
et P. Pietra dans [122] pour le modéle en dimension 2.

Plus récemment, des méthodes de volumes finis ont été proposées : ainsi, C. Chainais-
Hillairet et Y. J. Peng étudient dans [53] un schéma volumes finis pour le systéeme de
dérive-diffusion en 1-D, qu’ils étendent au cas multidimensionnel dans [52},[54]. Citons enfin
le schéma préservant ’asymptotique en temps long introduit par C. Chainais-Hillairet et
F. Filbet dans [51].

Dans la partie [, nous considérons une discrétisation en temps de type Euler implicite
et une discrétisation en espace de type volumes finis, qui utilise les flux de Scharfetter-
Gummel. L’objectif de cette partie est de montrer que cette discrétisation particuliere
du systéme de dérive-diffusion standard en préserve les deux asymptotiques décrites ci-
dessus : 'asymptotique en temps long et la limite quasi-neutre. Avant de présenter plus
précisément les résultats obtenus, nous commencons par introduire le travail effectué en
rappelant le principe des schémas préservant des asymptotiques.

1.3 Schémas préservant des asymptotiques

On considére un probleme (P¢) dépendant d’un parametre ¢ > 0. On suppose que le

régime asymptotique ¢ — 0 dans (P°) est connu et conduit & un probléme limite (P?).
On désigne par (Pj) une discrétisation du probleme (P), ou § représente le parametre de
discrétisation.
On dit que le schéma numérique (Pj§) préserve l'asymptotique ¢ — 0 s’il fournit une
discrétisation stable du probléme (P¢) pour toute valeur de € > 0 et si lorsque £ — 0, & §
fixé, il conduit & un schéma (PJ) consistant avec le probléme limite (P°). Schématiquement,
il s’agit de faire commuter le diagramme suivant :

pe e—=0 PO

0 —0 60— 0
Ps PY
J e—0 J

La notion de schéma « préservant ’asymptotique » (ou asymptotic preserving, abrégé par
AP) a été introduite par S. Jin dans [I17], dans le contexte des limites diffusives dans les
systémes cinétiques. L’idée est de construire des schémas numériques valides aussi bien
dans le régime cinétique que dans le régime fluide, indépendamment du parametre de dis-
crétisation choisi.
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Dans la partie [, nous nous intéressons a une discrétisation du systéme de dérive-
diffusion isotherme pour les semi-conducteurs qui d’une part préserve ’asymptotique en
temps long, ce qui revient & prendre ¢ = 1/t, et d’autre part préserve la limite quasi-
neutre, ce qui revient a prendre € = A, la longueur de Debye adimensionnée. Un certain
nombre de schémas AP pour la limite quasi-neutre ont été développés pour le systéme
d’Euler-Poisson [65] et pour le systéeme de Vlasov-Poisson [67) [68]. Concernant la préser-
vation de 'asymptotique en temps long, H. Gajewski et K. Gartner prouvent une inégalité
d’énergie analogue a (LI2) pour une semi-discrétisation temporelle implicite, et montrent
une propriété de dissipativité du schéma de Scharfetter-Gummel de type éléments finis
[92]. Pour le systeme de dérive-diffusion non linéaire, C. Chainais-Hillairet et F. Filbet
proposent une nouvelle discrétisation de type volumes finis en espace et semi-implicite en
temps [51], et prouvent que le schéma dans le cas évolutif converge, quand le nombre de
pas de temps tend vers l'infini, vers un schéma pour le modele stationnaire.

1.4 Présentation des résultats

Dans la partie [ nous considérons donc une discrétisation du systéme de dérive-
diffusion standard (II)-(L3) par un schéma de type volumes finis implicite en temps avec
une approximation de Scharfetter-Gummel des flux de convection-diffusion. Le schéma
étant implicite en temps, il s’écrit comme un systéme d’équations non linéaires a résoudre
a chaque pas de temps. Nous nous assurons donc de I'existence de solutions a ce systeme;
c’est Pobjet du théoréeme [L21] (chapitre [Il). La preuve s’appuie sur 1’étude d’une version
semi-implicite en temps du schéma et sur une application du théoréme de Brouwer. No-
tons que l'utilisation de ce théoréme de point fixe ne permet pas de prouver 'unicité de
la solution, qui reste a ce jour une question ouverte.

Comportement en temps long

Le but de la partie[llest de prouver que le schéma de Scharfetter-Gummel tout implicite
préserve des asymptotiques. Nous nous intéressons dans le chapitre [l & 'asymptotique en
temps long. Nous adaptons pour cela au niveau discret la méthode d’énergie—dissipation
utilisée au niveau continu [92], en suivant la méme démarche que dans [5I]. Le point-
clé de 1’étude du comportement en temps long des solutions numériques est le résultat
suivant, correspondant & la proposition [[LZ.1] du chapitre Il C’est un analogue discret de

I'inégalité (LI2) :

Proposition 1. En supposant que les conditions au bord de Dirichlet NP, PP et WP
sont a Uéquilibre thermique (c’est-a-dire satisfont la condition de compatibilité (7)), on
a pour tout n >0 :

(1.15) 0 <& AtV <&,

ou E™ et I™ sont respectivement des approximations de l’énergie relative £ définie par
(LIQ) et de sa dissipation T définie par (LII)) au temps t™ = n At.
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La preuve de cette proposition utilise fortement des propriétés techniques propres a
la discrétisation de Scharfetter-Gummel des flux. Elle est également fondée sur le carac-
tere totalement implicite en temps du schéma. Cependant, en utilisant une discrétisation
semi-implicite analogue a celle considérée dans [51], nous pourrions encore obtenir une
estimation d’énergie—dissipation, mais avec une contrainte sur le pas de temps At liée a la
longueur de Debye adimensionnée .

En utilisant l'inégalité (L.I5), nous pouvons alors prouver le théoréme suivant (Theo-
rem [[LT.T] résultat principal du chapitre [Il), en suivant la méme démonstration que dans
[51, Theorem 2.2] :

Théoréme 2. Sous les hypothéses suivantes :
1. il existe m, M > 0 tels que 0 < m < Ny, Py, NP, PP < M,
2. les conditions de Dirichlet satisfont (ILT),
3. le dopage C' est nul sur §2,

la solution approchée (N, Ps,W¥s) obtenue par le schéma de Scharfetter-Gummel tout im-
plicite converge en temps long vers Uapprozimation (N3?, Ps?, WS?) de Iéquilibre thermique
obtenue avec le schéma pour le modéle stationnaire proposé dans [51)].

Nous remarquons que ’hypothése Bl de dopage nul n’est pas nécessaire pour prouver
I'inégalité d’énergie—dissipation discrete (II5]). Elle est cependant cruciale pour déduire
de ’hypothese [Il une borne inférieure uniforme sur N et P pour tout temps, qui est indis-
pensable dans notre preuve. A la fin du chapitre [[, nous présentons quelques simulations
numériques qui montrent bien la convergence des solutions approchées vers une approxi-
mation de I’équilibre thermique, et ce méme si le dopage C' est non nul. Nous comparons les
résultats avec ceux obtenus en utilisant une autre discrétisation en espace, qui ne préserve
pas I’équilibre thermique et apparait beaucoup moins efficace pour refléter correctement
le comportement en temps long des solutions.

Limite quasi-neutre

Dans le chapitre 2] nous nous intéressons a la stabilité a la limite quasi-neutre du
schéma de Scharfetter-Gummel implicite. Le but est de prouver que ce schéma converge
vers une solution du systeme (LI)—(L3]) pour toute valeur de la longueur de Debye adi-
mensionnée. Le résultat principal est donné par le théoréme suivant (théoreme 212 du
chapitre [2) :

Théoréme 3. On suppose que :

1. No, Py € L®(Q), NP, PP € L>*(Q)n HY(Q), ¥P € H'(Q),

2. il existe m, M > 0 tels que 0 < m < Ny, Py, NP, PP < M,

3. le dopage C est nul sur €,

4. les conditions au bord vérifient la quasi-neutralité : NP = PP,

5

. les conditions initiales vérifient la quasi-neutralité : Ny = Fy.
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Alors pour toute valeur de X > 0, il existe des fonctions N, P € L*(0,T; H'(Q)) et ¥ €
(L%(0,T; H! (Q)))d tels que la solution (Ng, Ps, ¥s) obtenue avec le schéma de Scharfetter-
Gummel implicite satisfasse quand 0 — 0, a Pextraction de sous-suites pres,

Ns — N, Ps— P dans L*(0,T; H (Q)) fortement,
d
s — U dans (L2(Q X (O,T))) faiblement,
d
dN; =~ VN, dP; —~VP, dUs—VV dans (L2(Q x (o,T))) faiblement,

ot dNg, dPs et dV;s sont des approrimations des gradients de N, P et U obtenues avec le
schéma.
De plus, la limite (N, P, V) est une solution faible du systéme (LI)—(L3]).

Pour prouver ce résultat, nous suivons une démarche similaire a celle adoptée par
C. Chainais-Hillairet, J. G. Liu et Y. J. Peng dans [52,[54] : nous commengons par montrer
un certain nombre d’estimations a priori discrétes — estimations L*°(Q2 x (0,7)), BV
faible, L2(0,T; H'(Q)) sur les densités Ns et Ps, et estimation L2(0,7;H'(Q)) sur le
potentiel W5 — qui permettent d’obtenir la compacité d’une suite de solutions approchées
en utilisant des arguments classiques. Toutefois, les schémas étudiés dans [52] 54] sont
uniquement considérés dans le cas particulier ou A = 1. Puisque nous souhaitons ici obtenir
la convergence pour toutes valeurs de A > 0 et analyser la limite quasi-neutre A — 0, il est
crucial que toutes les estimations a priori discretes soient indépendantes de A. Nous nous
contentons ici d’étudier la convergence pour tout A > 0, I’étude complete du passage a la
limite quasi-neutre au niveau discret sera l’objet d’un travail futur.
Nous ne pouvons pas appliquer directement les mémes stratégies que dans [52, [54]. La
clé pour obtenir ces estimations a priori uniformes en A est d’adapter au cadre discret la
méthode d’entropie utilisée dans le contexte continu [94], [95] 121]. La proposition suivante
(proposition 22271, chapitre 2) nous fournit un analogue discret de 'estimation (LI3) :

Proposition 4. On suppose que la solution du schéma numérique vérifie l’estimation L>°
sutvante :

(1.16) 0<m< Ny, Ps < M.

Alors il existe une constante Cr dépendant uniquement des données Q, T, NP, PP ¥P,
Ny, Py, et des bornes m et M, telle que pour tout A > 0,

n+1l _ mn
i AtE +%H"+1§C’E,

ou E™ et 1™ sont des versions discrétes respectivement de ’entropie relative E définie par

(CI4)) et de sa dissipation définie par (LIT).

Si de plus les conditions initiales vérifient la quasi-neutralité (Ny = Py), alors

Np—1
> AT < Cp(1+22).

n=0
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La preuve de ce résultat s’appuie a nouveau fortement sur les propriétés particulieres

des flux de Scharfetter-Gummel. De plus, le choix d’une discrétisation totalement implicite
en temps est cette fois-ci cruciale pour obtenir des estimations indépendantes de A. En ef-
fet, si nous choisissons une discrétisation semi-implicite en temps comme c’est le cas dans
[511, 52, 54], cela induit une condition de stabilité de la forme At < C' A2, et nous ne pou-
vons donc pas utiliser une telle discrétisation pour des petites valeurs de A\. Remarquons
enfin que nous ne supposons pas le dopage nul dans cette proposition [4 Cependant, pour
montrer I'inégalité d’entropie, nous avons besoin de 'estimation L* (LI6]) qui est garantie
dans le cas d’un dopage C nul.
Une fois la convergence de (Ng, Py, Us) vers (N, P, ¥) établie, il reste & passer a la limite
dans le schéma pour vérifier que la limite (N, P, ¥) obtenue est bien solution faible du
systéme (LI)—(L3]). Dans ce cadre, la principale difficulté provient du fait que les parties
convective et diffusive sont discrétisées ensemble dans le flux de Scharfetter-Gummel. 11
faut donc réussir a récupérer a la limite chacune de ces deux parties séparément.

Le résultat principal du chapitre 2] constitue la premiere étape pour montrer que le
schéma de Scharfetter-Gummel préserve I’asymptotique quasi-neutre : dans le diagramme
présenté page [7, nous avons montré la convergence 77? — P quand § — 0, pour toute
valeur de A > 0. L’étude du caractéere AP du schéma reste & compléter, comme ex-
pliqué dans la sous-section suivante; nous nous contentons de donner quelques résultats
numériques a la fin du chapitre [2] qui semblent bien mettre en lumiere la convergence du
schéma indépendamment de A.

2 Schémas préservant ’asymptotique en temps long pour
des équations paraboliques non linéaires

Dans cette section, nous introduisons les travaux présentés dans la partie Lors
de notre étude du schéma de Scharfetter-Gummel pour le systéme de dérive-diffusion,
nous avons constaté en comparant les résultats numériques obtenus avec d’autres schémas
volumes finis que ce schéma était tres efficace, tant du point de vue de la préservation
de I'asymptotique en temps long que de la précision. Cependant, le flux de Scharfetter-
Gummel n’est défini que dans le cas d’une diffusion linéaire. Dans la partie I'idée est
donc de proposer une extension de la définition du schéma de Scharfetter-Gummel, et plus
généralement un schéma préservant le comportement en temps long, pour une équation
de convection-diffusion non linéaire générale de la forme

(2.1) Ou = div(f(u) VV(z) + Vr(u)), ze€QcRY >0,

ol u: RT x © — RT est I'inconnue, V est un potentiel donné, r et f sont des fonctions
régulieres données. Notons que des généralisations du schéma de Scharfetter-Gummel au
cas non linéaire ont déja été introduites par R. Eymard, J. Fuhrmann et K. Gértner [83],
ainsi que par A. Jingel et P. Pietra [I18], 122], mais ces travaux ne concernent pas la
préservation de ’asymptotique en temps long.
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Dans cette section, nous précisons d’abord le cadre général considéré, en rappelant notam-
ment les résultats et les méthodes utilisées au niveau continu pour étudier le comportement
en temps long d’équations de convection-diffusion non linéaires de la forme (2.1I). Nous
donnons également des exemples de problémes physiques décrits par de telles équations.
Dans un deuxiéme temps, nous proposons un état de I'art non exhaustif des nombreuses
méthodes numériques proposées pour approcher des équations de ce type et nous mo-
tivons nos travaux dans ce contexte. Enfin, nous présentons les résultats obtenus : dans
le chapitre Bl nous proposons une extension du schéma de Scharfetter-Gummel pour une
équation de convection-diffusion avec diffusion non linéaire et convection linéaire, et nous
étudions sa convergence dans le cas non dégénéré. Constatant une dégradation des résul-
tats numériques obtenus lorsque la diffusion dégénere, nous proposons dans le chapitre [
une nouvelle discrétisation de I’équation (21), incluant également le cas d’une convection
non linéaire.

2.1 Présentation du cadre général

Dans la partie [, nous nous intéressons a des schémas volumes finis préservant le
comportement en temps long. Nous nous plagons pour cette étude dans le cadre général
d’un probléme parabolique non linéaire, éventuellement dégénéré :

Ou = div(f(u)VV(z) + Vr(u)), xz€Q, t>0,
(2.2)

ot @ C R? est un domaine ouvert borné ou espace R? tout entier. Si Q est un domaine
borné, nous imposons de plus des conditions aux limites qui dépendent du probleme parti-
culier considéré (nous consideérerons essentiellement des conditions de Neumann homogénes
ou de Dirichlet). Dans le probleme (Z2)), u > 0 est une densité, f est une fonction donnée
et r € CL(R™) est telle que r'(u) > 0 et r'(u) peut s’annuler pour certaines valeurs de u
(le probleme (2:2)) est alors dit dégénéré). De plus, nous supposons que 7 et f sont telles
que f(u) > 0 et qu’il existe une fonction h telle que

(2.3) r'(s) = K (s) f(s).

Cette hypothese signifie que le probleme considéré a une structure correspondant a une
énergie ou une entropie, ou plus généralement a une fonctionnelle de Lyapunov. En effet,
I'équation (Z2)) peut se réécrire sous la forme

(2.4) Oyu = div (f(u)V (V(z) + h(u)))

et en multipliant cette équation par (V + h(u)) et en intégrant sur 2, on obtient si on
considere des conditions aux limites de Neumann homogenes :

dE(1)

(2.5) =T <0,
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ou la fonctionnelle E est donnée par
E(t) = /Q (Vut H(u)) da,
H étant une primitive de h, et la dissipation Z par
(t) = /Qf(u) V(V + h(u) | da.

Cette structure particuliére permet d’étudier le comportement en temps long du probléeme
(22), en utilisant des méthodes d’entropie—dissipation d’entropie dont le principe général
a été expliqué dans la section précédente. Nous commencons par repréciser les principaux
points de cette étude au niveau continu, dans le cas d’une convection linéaire (f(u) = u).
Nous verrons ensuite les résultats obtenus dans le cas d'une diffusion linéaire (r(u) = u)
et d’une convection non linéaire.

Cas d’une convection linéaire

Nous commencons par rappeler ici des résultats démontrés par J. A. Carrillo, A. Jiingel,
P. A. Markowich, G. Toscani et A. Unterreiter dans [45]. Cet article concerne le comporte-
ment en temps long du probléme de convection-diffusion général suivant, qui correspond
a (Z:2) dans le cas d’une convection linéaire :

(2.6) Ou = div(uVV(z) + Vr(u)), z€Q, t>0,

avec pour condition initiale ug € L1 (Q) := {u € L'(Q); u > 0} de masse M = [, up(z) dz.
Cette équation est complétée par une condition de décroissance quand |z| — oo si  est
'espace R? tout entier ou par une condition de flux nul sur la frontiere 9 si Q est borné.
La fonction 7 : Ry — R appartient & C2(R.), est croissante et vérifie r(0) = 0. Dans ce
cas, la fonction h est définie de la maniére suivante :

T

spl(r
(2.7) h(s) :/ ( )dT, s €]0, oo,
1
et est supposée appartenir a L}, ([0,400)), de telle sorte que la fonction H donnée par
S
(2.8) H(s) = / h(r)dr, s € [0,+o0]
0
est bien définie et vérifie H'(s) = h(s) pour tout s > 0.
Comme expliqué précédemment, la premiere étape consiste a étudier les solutions station-
naires de (2:6). Elles vérifient :
u“VV(x) +Vrw) =0 et / u(z)dx = M,
Q
ce qui peut se réécrire en utilisant la définition (27) de h :

u“V (V(z)+ h(u®) =0 et /Queq(x) dx = M.
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Si u®? > 0 sur €2, alors on obtient
V(z)+ h(u®(x)) =C VxeQ,

ou C € R est telle que [, u®(x)dx = M.
De maniere plus rigoureuse, en considérant la fonctionnelle d’entropie suivante :

B) = [ (V@)u+ Hw) da,

une fonction u®¢™ € L1(Q) est une solution & 1’équilibre de (Z8)) si et seulement si c’est
un minimiseur de F dans

C:{UELI(Q),/QU(:E)dx:M}.

Sous des hypotheses de régularité sur le potentiel V', 'existence et 'unicité de ’équilibre
sont prouvées dans [45].

Ensuite, en utilisant la méthode d’entropie—dissipation décrite précédemment, la décrois-
sance exponentielle de I’entropie relative

E(t) = E(u(t)) — E(u)
est prouvée, en utilisant la décroissance exponentielle de la dissipation d’entropie

70 = - = [ ) 19 (V@) + A, )P do
Finalement, grace a une inégalité de Csiszar-Kullback généralisée, la convergence en norme
L' de la solution u(t,r) de (Z06) vers I'équilibre u¢®™ (z) & un taux exponentiel quand
t — oo est démontrée.
Nous présentons a présent deux exemples d’équations issues de la physique qui s’inscrivent
dans ce cadre général et auxquels nous nous intéressons dans la partie [l

Exemple (Equation des milieux poreux). L’écoulement d’un gaz parfait dans un milieu
poreux homogene peut étre décrit par le modele de Darcy-Leibenzon-Muskat suivant :

_ m d
(2.9) { O = Av sur R* x (0,7),

v(x,0) = vo(z) sur RY,

ou la fonction v représente la densité de gaz dans le milieu poreux et m > 1 est une
constante physique.

En faisant un changement de variables dépendant du temps, le probléme peut se réécrire
sous la forme de ’équation de Fokker-Planck non linéaire suivante :

(2.10) Opu = div(zu + Vu™)  sur RY x (0,7),
’ u(x,0) = up(z) sur R%.
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Plus précisément, si v est solution de (2.9), alors
u(z,t) = etv (k ek —1), etx) ,

ot k = (d(m — 1) + 2)7!, est solution de (ZI0), et réciproquement si u est solution de

(2:10)), alors
v(z,t) = (1 + £>_dku <k: log (1 + é) , (1 + £>_k>

est solution de (2.9).

J. A. Carrillo et G. Toscani étudient dans [48] le comportement en temps long de I’équa-
tion des milieux poreux en utilisant la reformulation (2I0), qui correspond a la forme
générale ([Z.8) avec V(z) = |z|?/2 et r(u) = u™. Ils prouvent que I'unique solution station-
naire de (2I0) est la distribution de Barenblatt-Pattle suivante :

o\ Yme1
wi) = (0= B 2ef)
_l’_

ou C est une constante telle que u® ait la méme masse que la donnée initiale ug. En
utilisant la méthode d’entropie—dissipation décrite ci-dessus, la convergence de u(z,t) vers
u®(z) a vitesse exponentielle quand ¢ — oo est démontrée dans [48)].

Exemple (Systéme de dérive-diffusion pour les semi-conducteurs). Nous avons déja pré-
senté dans la section [ le modeéle de dérive-diffusion linéaire pour les semi-conducteurs
(CI). 11 est supposé dans ce modele que les porteurs de charges se comportent comme
un gaz parfait : la pression de trous et d’électrons est donnée par r(s) = sT'(s), ou
T est la température, supposée la méme pour les électrons et pour les trous. Dans le
modele standard (L)), la température est supposée constante (modeéle isotherme) et donc
r(s) = s. Si maintenant la dépendance de T en les densités de porteurs de charge est prise
en compte, nous pouvons considérer que la pression est donnée par r(s) = s, avec m > 1
(m = 5/3 correspond par exemple au modele isentropique). On obtient alors le systéme
de dérive-diffusion non linéaire suivant :

N — div(Vr(N) — NV¥) =0
(2.11) P —div(Vr(P)+ PVV) =0 dans Q x (0,7),
NAUV=N-P-C

ou les notations considérées sont les mémes que dans la section [II Ce systéme est com-
plété par des conditions initiales Ny(x) et Py(x) (L3]) et par des conditions aux limites
mixtes (L2) : conditions de Dirichlet N, PP, ¥ au niveau des contacts ohmiques I'”
et conditions de Neumann homogenes sur les parties isolées TV, Les deux équations de
continuité sur les densités N et P correspondent a la forme générale (2.6) avec r(s) = s™
la fonction de pression.
Le systéme stationnaire est étudié dans [I38]. Il admet une solution (N€¢?, P¢? W¢?) qui
est unique si de plus :
(2.12)

h(N®7) — q/eq{ ay st N® >0,

= aP SiPG[]>07
> ay sSiN®Y=0

eq eq
et h(P ) + ¥ { ap si P? = ()

AVANI
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et si les conditions de Dirichlet satisfont (ZI2)) et la condition de compatibilité (si NP,
PP >0):
h(NP) 4+ h(PP) = ay + ap.

Dans ce cas, ’équilibre thermique est défini par :

(2.13)

2 eq eq\ _ — Peq) —
{AMJ = glan + %) —glap — ) —C o

Nel = g(an + W), P =glap— V)
ou g est I'inverse généralisé de h :

h=l(s) si h(0y) < s < +oo,
9(s) = { 0 si s §+h(0+).

Le comportement en temps long de ce systéme est étudié par A. Jingel dans [I19] en
utilisant la fonctionnelle d’énergie relative

&) = [ (HOV(®) ~ HOV) ~ bV (N ()~ N°0)
+ H(P(t)) — H(P) — h(P“)(P(t) — P*)
+ %2 V(¥ (t) - \Ifeq)|2> d
et la dissipation d’énergie
I(t) = [ (N [FRN©) ~ ¥0) + PO [VRPE©) + ¥(O)) dr,

ou les fonctions h et H sont définies par ([2.7) et (2.8) respectivement.
Dans ce cas non linéaire, le taux de convergence vers 1’équilibre n’est pas calculé, con-
trairement au cas isotherme.

Cas d’une convection non linéaire

Nous nous intéressons maintenant au cas ou le terme de convection est non linéaire.
A notre connaissance, il n’existe pas d’étude générale de tels modeles. Nous présentons
donc des résultats obtenus dans le cas particulier d’un modele proposé par G. Kaniadakis
et P. Quarati [124], [125] pour décrire des gaz de bosons ou de fermions. Dans ce modeéle, une
correction est apportée au terme de convection de I’équation de Fokker-Planck classique
pour décrire des particules interagissant avec un principe d’exclusion, comme c’est le cas
pour les fermions ou les bosons. Cette équation correspond a (Z2) avec une diffusion
linéaire (r(u) = u) et une convection non linéaire (f(u) = u(1 + ku), V(z) = |z|?/2) :

(2.14) o = div(zu(l + ku) + Vu), zeR? >0,

avec k = 1 dans le cas des bosons et k = —1 dans le cas des fermions. Le comportement
en temps long de ce modele a été étudié dans les deux cas en 1D [47], dans toutes les
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dimensions pour les fermions [46] et dans le cas 3D pour les bosons [160]. La solution
stationnaire de (2.I4)) est donnée par les distributions de Fermi-Dirac (k = —1) et Bose-
Einstein (k =1) :

1
eq( ) —
U (.Z') - /Be‘w‘Q/z _ k7
ol 8 > 0 est telle que u®? a la méme masse que ug. La fonctionnelle d’entropie est définie
par
2
E(u) = /d (% u+ ulog(u) — k(1 + ku)log(1 + ku)) dx,
R

et la dissipation d’entropie correspondante est donnée par

V<2 +log 1+ ku

En une dimension d’espace pour les bosons et en toute dimension pour les fermions, la
convergence a un taux exponentiel de u(x,t) vers u®(x) quand ¢ — oo est démontrée
par J. A. Carrillo, P. Laurencot, J. Rosado, F. Salvarani [47, [46] en utilisant la méthode
d’entropie—dissipation.

2

I(t):/Rdu(l—Fk‘u)

Concernant le modeéle 3D pour les bosons, G. Toscani [160] met en évidence ’existence
d’une masse critique M* dans ce cas. Pour des densités initiales dont la masse M < M*
est sous-critique, la norme L? de la solution reste bornée uniformément en temps, alors que
pour des masses sur-critiques M > M™, la solution se concentre et explose en temps fini
(formation d’un condensat de Bose-Einstein). Ces résultats sont fondés sur des inégalités
de type Nash pour controler I’évolution de la norme L? de la solution.

Plus récemment, N. Ben Abdallah, I. Gamba et G. Toscani [I5] ont étudié une classe
d’équations de type Fokker-Planck plus générales :

(2.15) Oy = div(z f(u) + Vu)  sur R? x (0,7),
ou la fonction f est strictement croissante, et vérifie f(0) =0, et

“+oo
/ £§K<oo, limwzl,
1 f(s) s—0t 8

par exemple f(s) = s (1 +sV), N > 0. La fonction h vérifiant (23] est alors définie par

h(s) = —/:OO%.

Les états stationnaires de (2.I5]) sont donnés par

(2.16) utM(z) = p~1 (—g — A) ,
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ol A > 0 est telle que [pq u®M (z) dz = M. Dans [15], les auteurs s’intéressent au probléme
de minimisation de la fonctionnelle d’entropie

2
E(u):/Rd <%u—|—H(u)> dx

Car = {u e M3 (RY); /Rdu(a:) de = M} .

Ils prouvent 'existence d’une masse critique M* telle que si la masse initiale M est plus
petite que M*, alors I'unique minimiseur de E dans Cps est u¢®™ défini par (ZI6), mais
si par contre M > M™*, alors 'unique minimiseur de £ dans Cj; a une partie singuliere
localisée en 0.

dans ’ensemble

2.2 Discrétisation du probléeme : état de I’art et motivations

Il existe une littérature significative concernant les schémas numériques pour approcher
les solutions d’équations de convection-diffusion non linéaires. En effet, ces problemes in-
terviennent dans de nombreux processus en science et technologie : simulation de réservoirs
de pétrole, hydrogéologie, protection environnementale (simulation de la propagation de
polluants),... Dés lors, nous commengons par dresser un bref panorama des méthodes
existantes. Il existe d’abord de nombreux travaux relatifs aux méthodes d’éléments fi-
nis, appliquées notamment a des problémes issus de I'ingénierie pétroliere : éléments finis
linéaires par morceaux [13| [77), [IT5], 145], 146], éléments finis mixtes [7, 66]. Les schémas
volumes finis aussi s’averent efficaces dans le cas d’équations paraboliques dégénérées,
qu’il s’agisse de méthodes cell-centered [85, [87] ou wvertex-centered [147], qui permettent
d’obtenir une bonne approximation des gradients. Des méthodes de Galerkin discontinues
[58, [166] ainsi que des schémas combinés volumes finis—éléments finis ont également été
analysés [6] [88]. Nous mentionnons par ailleurs des discrétisations de type différences finies
proposées dans [81], [82]. Plus récemment, des schémas cinétiques reposant sur une analogie
avec des modeles de BGK (Bhatnagar, Gross et Krook) discrets ont été introduits [8, 26],
ainsi que des discrétisations fondées sur la méthode des caractéristiques [56, [123]. D’autres
approches se fondent sur des méthodes de splitting permettant un traitement séparé des
parties convectives et diffusives [39, 80] et sur I'utilisation du principe du maximum, en
considérant une perturbation locale des données pour que le probléeme traité ne soit plus
dégénéré [152]. Enfin, des méthodes d’ordre élevé ont été proposées : schémas MUSCL [130]
ou ENO-WENO [49, [135].

Dans la partie LIl de ce manuscrit, notre but est de construire des schémas volumes
finis qui préservent les états stationnaires, afin d’obtenir un comportement en temps long
satisfaisant pour les solutions approchées. En effet, il apparait que des schémas numériques
fondés sur la préservation des états stationnaires fournissent un comportement tres précis
de la solution approchée en temps long. A notre connaissance, assez peu de travaux sont
consacrés a I’étude de 'asymptotique en temps long des solutions numériques pour ce type
de probléme. Dans l'article [11] datant de 2003, A. Arnold et A. Unterreiter s’intéressent
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a une semi-discrétisation en temps entiérement implicite pour des équations de Fokker-
Planck linéaires et prouvent la décroissance exponentielle de I’entropie relative vers 0, ce
qui leur permet de conclure a la convergence des solutions numériques vers I'unique état
stationnaire. Pour leurs simulations numériques, ils utilisent une discrétisation en espace
de type différences finies et mettent en évidence un phénomene de saturation de ’entropie
relative au bout d’un certain temps, imputé a cette discrétisation spatiale. L. Gosse et
G. Toscani [99] proposent un schéma explicite pour des équations de filtration 1D (équa-
tion des milieux poreux et équation de diffusion rapide) fondé sur une formulation alter-
native du probléme utilisant le pseudo-inverse de la fonction de répartition de la densité.
Leurs résultats numériques illustrent la capacité de cette méthode a restituer la conver-
gence en temps long vers les solutions autosimilaires. C. Chainais-Hillairet et F. Filbet [51]
s’intéressent quant & eux a une discrétisation volumes finis en espace, semi-implicite en
temps, pour le systéme de dérive-diffusion non linéaire multidimensionnel (2.I1]). Ils prou-
vent la convergence de la solution numérique obtenue vers une approximation de I’équilibre
thermique ([2Z.I3) quand ¢ — +o00, en adaptant au niveau discret la méthode d’énergie—
dissipation. Dans [43], J. A. Carrillo, M. Di Francesco et M. Gualdani prouvent la décrois-
sance de I'entropie pour une semi-discrétisation implicite en temps d’équations de la forme
(Z8). Enfin, M. Burger, J. A. Carrillo et M.-T. Wolfram [36] étudient une discrétisation en
temps pour une classe d’équations de diffusion non linéaires fondée sur une reformulation
du probleme de diffusion comme un probléme de transport optimal, et sur sa linéarisa-
tion. Ils prouvent que leur schéma semi-implicite préserve la décroissance exponentielle de
la fonctionnelle d’énergie relative dans le cas d’équations de Fokker-Planck non linéaires
avec potentiel uniformément convexe et appliquent leur méthode a I’équation des milieux
poreux, a 1’équation de diffusion rapide et au systeme de Patlak-Keller-Segel.

Dans la plupart de ces travaux, les résultats relatifs au comportement en temps long sont
démontrés rigoureusement uniquement pour des semi-discrétisations temporelles [11], (36,
43]. De plus comme mentionné plus haut, lors de la discrétisation en espace du probléme,
un phénomene de saturation de ’entropie peut apparaitre. Ce dernier élément souligne
I'importance de considérer des discrétisations spatiales préservant les états stationnaires
et la dissipation de l’entropie. Ce point de vue a été adopté dans [51]. Néanmoins, il ap-
parait que le schéma proposé perd en efficacité lorsque I’équation dégénere. Ainsi dans la
partie [I, nous proposons deux nouvelles discrétisations en espace de type volumes finis,
construites de maniére a préserver les états stationnaires et la dissipation de ’entropie.
En outre, nous essayons également de construire une méthode qui reste précise méme
dans le cas dégénéré, afin de conserver les bonnes propriétés en temps long des solutions
numériques y compris dans ce régime-la.

2.3 Présentation des résultats

Généralisation du schéma de Scharfetter-Gummel

En comparant les résultats numériques obtenus avec différents schémas volumes finis,
il semble crucial que le flux numérique préserve les états d’équilibre pour obtenir un com-
portement en temps long de la solution approchée cohérent. Nous avons en particulier



20 INTRODUCTION GENERALE ET PRESENTATION DES TRAVAUX

constaté dans le chapitre Il que le schéma de Scharfetter-Gummel est tres efficace, aussi
bien du point de vue de la préservation de I'asymptotique en temps long que de la précision
(il est d’ordre deux en espace [I32]). Cependant, il n’est défini que dans le cas d’une diffu-
sion linéaire (r(u) = u dans (26])). Par conséquent, 'idée du chapitre B] est de construire
un schéma généralisant le schéma de Scharfetter-Gummel dans le cas d’une diffusion non
linéaire, qui peut éventuellement dégénérer, en s’attachant a conserver les états station-
naires afin de préserver 'asymptotique en temps long des solutions. Plusieurs extensions
du schéma de Scharfetter-Gummel ont déja été proposées. Ainsi, R. Eymard, J. Fuhrmann
et K. Géartner introduisent dans [83] un schéma valable dans le cas ou la convection et
la diffusion sont non linéaires, mais leur méthode conduit & résoudre un probléeme ellip-
tique non linéaire & chaque interface, ce qui s’avere cotliteux numériquement. A. Jiingel
et P. Pietra ont aussi proposé un schéma pour le modéle de dérive-diffusion ([ZI1]) dans
[T18, [122]. Leur définition est trés proche de celle que nous proposons mais elle ne permet
par contre pas de préserver les équilibres.

On considere dans le chapitre Bl le probléme suivant :

(2.17) { u =div(Vr(u) —qu),  (z,t) € Qx (0,T),

’LL(QZ‘,O) = u0($)7 T €,

complété avec des conditions au bord de Dirichlet : © = @ sur 92 x (0,7). Notons que
cette équation correspond & (2.6]) avec ¢ = VV. Dans un premier temps, nous construisons
une extension du flux de Scharfetter-Gummel pour cette équation. Dans le cas linéaire
r(u) = u, le flux de Scharfetter-Gummel classique permet d’approcher le flux

—/U(Vu—qu)-ng

a linterface o entre deux cellules du maillage du domaine €2 considéré (n, désigne la
normale a 'interface o). Dans un premier temps, nous définissons une extension de ce flux
numérique dans le cas d’une diffusion linéaire avec un coefficient de viscosité € > 0 :

—/0(5Vu— qu) - ng.

Finalement, nous construisons ’extension du schéma de Scharfetter-Gummel pour 1’équa-
tion (2I7) en réécrivant Vr(u) comme r'(u)Vu et en considérant r/(u) comme un coef-
ficient de viscosité. La derniére étape consiste & définir une approximation de r'(u) &
I'interface o, et c’est avec cette définition que nous assurons la préservation des états sta-
tionnaires par le flux. Le schéma que nous proposons reste valable dans le cas ou le terme
de diffusion s’annule, et dégéneére en un schéma upwind classique (qui est donc d’ordre
un en espace). Concernant la discrétisation en temps, nous considérons un schéma semi-
implicite. Un tel choix nous permet d’obtenir un schéma inconditionnellement L*° stable
(Proposition B:3.1]) et facile & mettre en oeuvre, puisqu’il conduit seulement a résoudre un
systeme linéaire d’équations a chaque pas de temps.

Le résultat principal du chapitre [3] est résumé dans le théoréeme ci-apres (qui correspond
aux résultats de la proposition B4l et du théoreme B.4.1]) :
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Théoréme 5. On suppose que :
1.we H(Q x (0,T)) N L*®(Q x (0,7T)), ug € L=(£),
2. il existe m, M > 0 tels que 0 < m < ug, u < M,

3. r € C}R) est strictement croissante sur (0,+o00), r(0) = '(0) = 0, et r'(s) >
cos™ T, m>1,
4. q € CH(Q,RY) vérifie div(q) = 0.
Alors il existe u € L>(0,T; H(Q)) tel que l'unique solution us obtenue avec l’extension

du schéma de Scharfetter-Gummel proposée satisfasse quand & — 0, d extraction de
sous-suites pres,

us — u dans L*(Q x (0,T)) fortement,

PN 2 d ..
Veus — Vu dans (L (Q x (O,T))) faiblement,

ot Vous est une approzimation du gradient de u obtenue par le schéma numérique.
De plus, la limite u est solution faible de I’équation (2.17)).

Pour démontrer ce résultat, nous établissons d’abord D’existence, 'unicité et la sta-

bilité L> de la solution du schéma numérique dans la proposition [3.3.1l Pour démontrer
ce résultat, nous faisons en particulier I’hypothese div(q) = 0, qui n’est pas vérifiée si
lon s’intéresse par exemple au systéme de dérive-diffusion (2.I1]), puisque dans ce cas
div(q) = AV # 0. Cependant, si I'on suppose le dopage C nul sur €2, nous pouvons prou-
ver la proposition B3] pour le systéeme (2.1I1]). Le résultat clé pour prouver la convergence
du schéma est I'estimation L2(0,7; H') donnée dans la proposition 332 C’est ici que
I’hypothese [ intervient de maniére cruciale car notre preuve nécessite d’avoir une borne
uniforme inférieure strictement positive pour us. Cette hypotheése implique en particulier
que le probléme ne dégénere pas. La compacité forte de ugs est ensuite démontrée classique-
ment (proposition B:41]) en utilisant la continuité des translatées en temps et en espace de
us et Vestimation L2(0,T; H'), par application du théoréme de Riesz-Fréchet-Kolmogorov.
La dernieére étape consiste a passer a la limite dans le schéma (théoreme B.AT]). Comme
dans le cas linéaire, la difficulté est de récupérer séparément a la limite les parties convec-
tive et diffusive, puisqu’elle sont discrétisées dans un méme terme avec notre extension du
flux de Scharfetter-Gummel.
Dans la derniére section du chapitre Bl nous appliquons le schéma au systéme de dérive-
diffusion non linéaire ([ZI1) ainsi qu’a ’équation des milieux poreux (ZI0). Nous consta-
tons la décroissance exponentielle de ’entropie relative et de la dissipation d’entropie dans
ces deux cas, sans le phénomene de saturation qui apparait avec les schémas ne préservant
pas les équilibres.

Construction d’un schéma d’ordre élevé

Dans les tests numériques du chapitre B, nous ne considérons pas des situations trop
fortement dégénérées. Si I'on considere des simulations avec des fonctions r dont la non-
linéarité est plus importante ou des conditions de Dirichlet qui font dégénérer le probleme
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au bord, on constate une dégradation des résultats numériques obtenus avec notre exten-
sion du schéma de Scharfetter-Gummel. De plus, ce schéma ne permet pas de traiter le
cas général ou la convection est non linéaire (2.2)).

Partant de ces constatations, nous proposons dans le chapitre 4l une nouvelle discrétisa-
tion en espace de I'équation ([Z.2)). L’idée est toujours de proposer un flux numérique qui
préserve les équilibres, mais qui reste de plus d’ordre élevé méme dans le régime dégénéré.
A cette fin, nous prenons en compte ensemble les termes de convection et de diffusion,
en utilisant la formulation (24]), qui permet de réécrire le flux sous la forme d’un flux
d’advection :

flw)VV +Vr(u) = f(u) V(V 4+ h(u)),

puisque la fonction h est telle que r/(s) = h'(s) f(s). Le terme V (V + h(u)) est alors
considéré comme une « vitesse », dans laquelle contribuent a la fois la convection et la
diffusion. On applique alors une méthode de discrétisation standard pour les équations
de transport : le schéma de Lax-Friedrichs local, ou plus simplement le schéma décentré
amont dans le cas linéaire f(u) = u. Ainsi, le flux numérique est défini de telle sorte que
les états d’équilibres soient préservés et qu’un analogue discret de l'inégalité d’entropie—
dissipation (2.5) puisse étre automatiquement obtenu. Le schéma ainsi construit est alors
seulement d’ordre un en espace. Il suffit ensuite d’appliquer une méthode de limiteurs de
pente pour obtenir un schéma qui reste précis a I'ordre deux en espace, méme dans le cas
dégénéré.

Dans le chapitre Ml nous construisons en détail le schéma dans le cas unidimensionnel.
La généralisation au cas multidimensionnel pour des maillages cartésiens de €2 est alors
directe, puisqu’il faut simplement utiliser la construction unidimensionnelle dans chacune
des directions cartésiennes. Par contre, la construction sur des maillages non structurés
s’avere plus délicate. Plus précisément, il est immédiat d’obtenir le schéma d’ordre un pour
de tels maillages en suivant la méme démarche qu’en une dimension d’espace ; la difficulté
est d’obtenir une méthode d’ordre deux. Pour cela, on peut par exemple se référer aux
travaux de L. J. Durlofsky, B. Engquist, S. Osher [70] et E. Godlewski, P.-A. Raviart [98].
L’étude d’un schéma d’ordre élevé est assez complexe ; on prouve dans notre cas la positi-
vité de la solution numérique obtenue, ainsi qu’une estimation d’entropie semi-discrete en
espace lorsque la convection est linéaire (propositions [3.1] et 1.3.2]). La discrétisation en
temps considérée est un schéma d’Euler explicite, puisque nous nous focalisons ici sur la
discrétisation spatiale du probleme. Notons qu’en considérant un schéma d’Euler implicite,
nous obtenons tres facilement une estimation d’entropie—dissipation entierement discrete.
Une grande partie du chapitre d est ensuite consacrée a la mise en ceuvre de notre nouveau
schéma numérique et a sa comparaison avec d’autres schémas volumes finis. Ainsi, nous
vérifions tout d’abord numériquement que notre schéma est d’ordre deux en espace, méme
dans le cas dégénéré. Nous constatons par la suite son efficacité pour préserver I’asymp-
totique en temps long en 'appliquant aux modeles présentés précédemment : systéme de
dérive-diffusion non linéaire pour les semi-conducteurs (2.11]), équation des milieux poreux
([2:10)), équation de type Fokker-Planck non linéaire pour les fermions et les bosons (2.15)).
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3 Un schéma pour un modele de chimiotactisme

Dans la partie de ce manuscrit, nous analysons un schéma volumes finis pour le
modele de Keller-Segel en dimension deux avec diffusion croisée proposé par S. Hittmeir
et A. Jingel dans [I11]. Cette analyse, présentée dans le chapitre [6] est fondée sur des
estimations a priori déduites d’une inégalité d’entropie discrete dont 'obtention nécessite
I'utilisation de versions discretes d’inégalités fonctionnelles de type Gagliardo-Nirenberg-
Sobolev et Poincaré-Sobolev. Dans le chapitre [, nous commencons donc par établir ces
inégalités, en nous placant pour cela dans un contexte assez général, incluant notamment
le cas de conditions aux limites mixtes et une généralisation au cadre des schémas volumes
finis en dualité discrete (ou discrete duality finite volume, abrégé par DDFV).

3.1 Présentation du modeéle de chimiotactisme considéré

Dans le chapitre [0, nous nous intéressons donc a un schéma volumes finis pour un mo-
dele de chimiotactisme en deux dimensions avec un terme de diffusion croisée additionnel
dans I’équation sur la concentration en substance chimique. Commencons par rappeler ici
quelques résultats concernant le modele classique de Patlak-Keller-Segel, avant d’intro-
duire le modele modifié que nous considérons.

Le modeéle de Patlak-Keller-Segel

Le chimiotactisme est le phénomene biologique par lequel des cellules, des bactéries
ou d’autres organismes uni- ou pluricellulaires dirigent leurs mouvements en fonction
de la concentration de certaines especes chimiques présentes dans leur environnement.
Ce phénomeéne joue un role important dans plusieurs domaines de la biologie, tels que
I’embryogenese, I'immunologie, la croissance tumorale ou encore la cicatrisation. Pour une
description plus précise de ces modeles issus de la biologie, on pourra se reporter aux
travaux de T. Hillen, K. Painter [I10] et de B. Perthame [151].

Au niveau mascroscopique, les modeles de chimiotactisme prennent en compte deux
entités : la densité de cellules n(x, t) et la concentration en chimioattractant S(x,t). Un mo-
dele classique pour décrire I’évolution de ces deux variables est le systeme de Patlak-Keller-
Segel, introduit par C. Patlak en 1953 [I49] et par E. Keller et L. Segel en 1970 [127] :

on = div(Vn—nVS)
1 ’ Q, t>
(3:1) {aats — AS+un—s, T 120

ott © C R? d > 1, est un domaine borné ou I'espace R? tout entier. Le parameétre p > 0
est le taux de sécrétion auquel la substance chimique est émise par les cellules. Le terme
non linéaire n VS modélise le mouvement des cellules vers les zones ou la concentration
en substance chimique est la plus importante. Ce systéme est complété par des conditions
aux limites de Neumann homogenes si ) est un domaine borné et par des conditions ini-
tiales no(x) et So(z) . La condition initiale sur S est nécessaire uniquement si o # 0.
Le parametre a € {0,1} mesure le rapport entre les échelles de temps de 1’évolution en
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concentration de chimioattractant et du mouvement des cellules. Quand a = 1, le systéme
BI) est de type parabolique-parabolique, et quand « = 0 de type parabolique-elliptique.
Le choix a = 0 correspond & faire I’hypothése que la concentration en chimioattractant
évolue selon une échelle de temps beaucoup plus petite que la densité de cellules.

Ce modele met en évidence un phénomene d’agrégation des cellules : plus les cellules

sont regroupées, plus la concentration en substance chimique produite est importante.
Ce phénomene est contrebalancé par la diffusion des cellules mais si la densité de ces
dernieres est suffisamment importante, les interactions chimiques dominent la diffusion et
on observe alors une explosion de la densité de cellules. Pour le modele en dimension 1,
il n’y a pas de phénomene de seuil critique : I'existence de solutions globales en temps et
bornées est prouvée (voir par exemple I'article de K. Osaki et A. Yagi [148]). En dimension
2, dans le cas parabolique-elliptique (o = 0), T. Nagai [142] prouve que le seuil critique
pour I'explosion est donné par M = [, no(x) dz = 47 si © est un domaine borné connexe
de frontiere C2. Dans le cas de données initiales ayant une symétrie radiale, T. Nagai,
T. Senba et K. Yoshida [143] obtiennent un seuil de M = 8w, qui est aussi le seuil cri-
tique dans le cas ou 2 = R? est I’espace tout entier, ainsi que I'ont démontré A. Blanchet,
E. Carlen et J. A. Carrillo [22]. L’existence et I'unicité de solutions globales régulieéres dans
le cas sous-critique est prouvée par W. Jéger et S. Luckhaus pour les domaines bornés [116]
et par A. Blanchet, J. Dolbeault et B. Perthame pour I'espace entier R? [24]. Dans le cas
critique M = 87 pour = R2, A. Blanchet, J. A. Carrillo et N. Masmoudi [23] démon-
trent ’existence d’une solution qui devient non bornée quand t — oco. De plus, M. Herrero
et J. Veldzquez [109] prouvent l'existence d’une donnée initiale a symétrie radiale pour
laquelle, dans le cas sur-critique, la solution forme une d—singularité en temps fini. En-
fin, concernant le modele parabolique-parabolique, les résultats obtenus par V. Calvez et
L. Corrias [41] suggérent dans le cas € = R? une masse critique de 87, méme si la preuve
de I'explosion des solutions dans le cas sur-critique reste une question ouverte.
Des résultats ont également été obtenus pour le modele en dimension d > 3. M. A. Her-
rero, E. Medina et J. L. L. Veldzquez prouvent ainsi I'existence de solutions radiales qui
explosent en temps fini pour le modele parabolique-elliptique tridimensionnel [I0§], et
M. Brenner, P. Constantin, L. P. Kadanoff, A. Schenkel et S. C. Venkataramani décrivent
le comportement de solutions radiales du systeéme parabolique-elliptique, qui dépend forte-
ment de la dimension d de l'espace [29]. Concernant le systéme parabolique-parabolique,
L. Corrias et B. Perthame [60] mettent en évidence le fait que le seuil critique pour I'ex-
plosion en dimension d > 3 est donné en terme de norme L%2%¢ ¢ > 0, pour la densité
n et L pour la concentration S dans le cas ot Q = R?, et M. Winkler [I65] s’intéresse &
cette question dans le cas d’'un domaine borné. Pour une revue plus précise de résultats,
nous renvoyons par exemple aux articles de D. Horstmann [112], 113].

Le modéle avec diffusion croisée

Un certain nombre de modifications du modele de Keller-Segel (81)) permettant d’évi-
ter I'explosion en temps fini de la densité de cellules a été proposé ces dernieres années,
pour répondre a la fois a des probléemes de modélisation et & des difficultés numériques.
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Une premiére idée consiste a modifier la sensibilité chimiotactique. Dans ce cas, l’exis-
tence globale de solutions peut étre prouvée (voir par exemple larticle de M. Burger,
M. Di Francesco et Y. Dolak-Struss [37] dans le cas parabolique-elliptique et 1’article de
M. Di Francesco et J. Rosado [71] pour le modele parabolique-parabolique). V. Calvez
et J. A. Carrillo [40] ainsi que R. Kowalczyk [12§] considérent quant a eux des termes
de diffusion non linéaires, qui tiennent compte du fait que les cellules ont un certain vo-
lume. Une troisieme méthode, adoptée par exemple par M. Winkler [164] revient a ajouter
un terme de réaction dans I’équation sur la densité de cellules permettant de prendre en
compte les naissances et les morts dans la population cellulaire.

Récemment, J. A. Carrillo, S. Hittmeir et A. Jiingel [44] [111] ont proposé une autre idée,
qui consiste a introduire un terme additionnel de diffusion cellulaire dans I’équation sur la
concentration en substance chimique. Ce modéle, duquel nous étudions une discrétisation
dans le chapitre 6] s’écrit :

(3.2) zeQ, t>0,

a oS AS+0An+ un — S,

{ on = div(Vn—nVS),

ou 0 > 0 est la constante de diffusion additionnelle. S. Hittmeir et A. Jiingel [111] prouvent
que ce terme de diffusion empéche ’explosion et conduit a I'existence de solutions faibles
globales, méme pour des constantes de diffusion arbitrairement petites. Une autre motiva-
tion pour introduire ce terme de diffusion croisée est d’essayer d’obtenir numériquement
des estimations sur les temps d’explosion pour le modeéle classique.

A premiére vue, I’ajout du terme de diffusion croisée § An semble compliquer I'analyse
mathématique. En effet, la matrice de diffusion du nouveau systéme (B.2]) n’est plus
symétrique ni définie positive, ce qui empéche d’appliquer le principe du maximum a
I’équation sur la concentration en chimioattractant. Cependant, il est prouvé dans [111]
que ces difficultés peuvent étre contournées grace au fait que le systéme modifié ([B.2))
possede une fonctionnelle d’entropie :

(3.3) B(t) = /Q <n (log(n) — 1) + 2%52) da,

qui satisfait I’équation de dissipation d’entropie suivante :

(3.4) | (4\v\/ﬁ\2+11v5\2+152> dx:ﬁ/nsczx.

dt Q ) ) 6 Ja

L’application d’inégalités fonctionnelles de type Gagliardo-Nirenberg-Sobolev et Poincaré-
Sobolev au membre de droite de cette équation permet d’obtenir des estimations du gra-
dient de \/n et de S, qui sont le point de départ pour analyser I'existence et le comporte-
ment en temps long des solutions. Plus précisément, en utilisant I'inégalité de Holder et

I'injection de Sobolev H(Q) < L(2) en dimension 2 ou 3, on a :

p [ nSde < uClinllgsrs I o) < 1O IV rars(ay 1S e
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L’inégalité de Gagliardo-Nirenberg-Sobolev appliquée au terme en /n avec 6 = d/12 (voir
p. 125 dans [144]) et l'inégalité de Young impliquent finalement :

2(1-6
p [ nSde <pC IV e VAl 11 )
-0
< uC V[ F 15 18 e
1
<268 v |72 + s i) +C (57 | 10 HLl(Q)) -

Les deux premiers termes peuvent alors étre pris en compte dans le membre de gauche de
I'inégalité (8.4)), tandis que le troisieme terme est une constante dépendant uniquement de
la dimension d, du parametre d et de la masse || ng [|11() qui est une quantité conservée
au cours du temps.

Dans le chapitre [6] notre but est d’analyser un schéma volumes finis pour le modele de
Keller-Segel modifié ([3:2). Pour cela, nous adaptons au contexte discret les techniques
utilisées dans le cadre continu, ce qui nécessite en particulier des versions discretes des
inégalités de Gagliardo-Nirenberg-Sobolev et de Poincaré-Sobolev employées ci-dessus.

3.2 Quelques inégalités fonctionnelles discretes

Dans le chapitre B nous établissons donc quelques inégalités fonctionnelles discretes
qui sont souvent utiles pour analyser la convergence de schémas volumes finis.

Etat de l’art

Au niveau continu, les inégalités de Gagliardo-Nirenberg-Sobolev et de Poincaré-Sobo-
lev constituent un outil fondamental pour I'analyse des équations aux dérivées partielles.
Nous commencons par rappeler ces inégalités. Soit £ un domaine ouvert borné de RY, avec
d>2.

— INEGALITE DE GAGLIARDO-NIRENBERG-SOBOLEV [90), [144]. Pour tous 1 < p, ¢ <

00, il existe une constante C' > 0 telle que pour tout u € WHP(Q) N LI(€),

(3.5) lullem@y < Clullin lulliat:
avec

0<0<1l e —=—-+—-———.

— INEGALITE DE POINCARE-SOBOLEV [I, BI]. Pour tout 1 < p < oo, il existe une
constante C' > 0 telle que pour tout u € W1P(Q),

(3.6) lullza) < Cllullwie@),
pour
1§q§ﬂ si 1 <p<d,
d—p
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Ces inégalités sont un outil standard pour I’étude de l'existence et de la régularité de
solutions d’équations aux dérivées partielles elliptiques ou paraboliques. Le cadre L? est
généralement utilisé pour les problemes elliptiques linéaires, afin de montrer la coercivité
de formes bilinéaires sur H} et ainsi de pouvoir appliquer le théoréme de Lax-Milgram
pour prouver 'existence de solutions faibles. Le cadre LP est quant a lui fondamental pour
I’étude d’équations elliptiques ou paraboliques non linéaires, afin d’obtenir des estimations
d’énergie permettant de montrer I'existence de solutions faibles, comme nous venons par
exemple de le voir dans la sous-section précédente B.11

L’analyse de la convergence et les estimations d’erreurs des méthodes numériques né-
cessitent tres souvent ’emploi d’inégalités fonctionnelles discretes. Plusieurs inégalités de
type Poincaré-Sobolev ont été démontrées, aussi bien dans le cadre des schémas volumes
finis que dans celui des discrétisations par éléments finis.

Concernant le contexte général des volumes finis, la premiere idée employée, pour prouver
ces inégalités, a été d’utiliser des propriétés géométriques du maillage. Plus précisément,
étant donnée une direction orientée D, chaque centre de cellule du maillage est relié au
centre d’une aréte amont (par rapport & D) du bord du domaine par une droite de direction
D. Cette droite coupe un certain nombre de cellules et leurs interfaces ; cet argument per-
met de relier la norme de la fonction continue par morceaux considérée a une norme d’une
version discréte de son gradient. Pour des conditions au bord de Dirichlet, les premiers
résultats ont été obtenus par Y. Coudiére, J.-P. Vila et P. Villedieu [63], puis généralisés
dans le livre de R. Eymard, T. Gallouét et R. Herbin [85] ainsi que dans les articles de
Y. Coudiére, J. Droniou, T. Gallouét et R. Herbin [62],[75]. Concernant le cas de conditions
de Neumann, une inégalité de Poincaré-Wirtinger discrete a été établie par R. Eymard,
T. Gallouét, R. Herbin et M.-H. Vignal [85] 93], toujours par la méme méthode. Des iné-
galités de Sobolev plus générales pour des conditions de Neumann homogenes ont aussi
été prouvées par C. Chainais-Hillairet et J. Droniou [50].

Plus récemment, une autre idée a été utilisée pour montrer ce type d’inégalités discretes :
I’injection continue de espace des fonctions & variations bornées BV (€2) dans L% (4=1)(Q),
pour un domaine lipschitzien Q. Cet argument a d’abord été employé par F. Filbet [89]
pour prouver une inégalité de Poincaré-Sobolev discréte en dimension d = 2 dans le cas
de conditions de Neumann homogenes. R. Eymard, T. Gallouét et R. Herbin [86] utilisent
également cette méthode pour prouver des inégalités de Poincaré-Sobolev en toute di-
mension d > 1, dans le cas particulier de conditions de Dirichlet homogenes. Ce résultat
est adapté au cas de conditions de Neumann et au cas de conditions aux limites mixtes
par B. Andreianov, M. Bendahmane et R. Ruiz Baier [4]. Nous mentionnons par ailleurs
I'article de F. Bouchut, R. Eymard et A. Prignet [25] ol I'injection continue de BV (R%)
dans L%/ (d_l)(}Rd) est utilisée pour obtenir une sorte d’inégalité de Gagliardo-Nirenberg-
Sobolev dans I’espace entier R%, pour d > 1.

Finalement pour p = 2, A. Glitzky et J. A. Griepentrog [97] obtiennent des inégalités
de Poincaré-Sobolev discretes pour des approximations volumes finis sur des maillages de
Voronoi, dans le cas de conditions aux limites quelconques. Leur preuve est une adaptation
au cadre discret de celle proposée par Sobolev, qui est fondée sur une formule de représen-
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tation intégrale, et qui utilise aussi fortement les propriétés de Voronoi du maillage.
Concernant a présent les discrétisations de type éléments finis, des variante de l'inégalité
de Poincaré dans des espaces de Sobolev « brisés »ont été proposées par D. N. Arnold [12],
S. C. Brenner [30] et M. Vohralik [163]. Un résultat généralisé a également été démontré
par A. Lasis et E. Siili [I31], en utilisant des résultats de régularité elliptique et des opéra-
teurs d’interpolation pour des éléments finis non conformes. Finalement, D. A. Di Pietro
et A. Ern [72] obtiennent un résultat dans le cadre non hilbertien, en s’inspirant de la
technique utilisée par F. Filbet [89] et R. Eymard, T. Gallouét, R. Herbin [86], & savoir
I'injection continue de BV (Q) dans L% (@=1(qQ).

Dans le chapitre [, notre but est de donner une preuve simple de versions discretes

d’inégalités de type Gagliardo-Nirenberg-Sobolev ([8.H) et Poincaré-Sobolev (B.6) pour des
fonctions issues de discrétisations volumes finis, avec des conditions au bord arbitraires.
Comme nous venons de le présenter, de nombreuses inégalités de Poincaré-Sobolev ont
déja été prouvées, mais nous tentons ici de donner des résultats unifiés, incluant en parti-
culier le cas de conditions aux limites mixtes. Concernant les inégalités de type Gagliardo-
Nirenberg-Sobolev, le seul résultat disponible a notre connaissance est celui de F. Bouchut,
R. Eymard et A. Prignet [25], et il concerne l'espace tout entier R et non un domaine
borné.
Comme dans [25], [72], [86], [89], notre point de départ est I'injection continue de BV (£2) dans
LY (d_l)(Q). La principale difficulté apparait lors de la prise en compte des conditions aux
limites. Dans les travaux mentionnés précédemment [72, 86, [89], les conditions considérées
sont les mémes sur toute la frontiere 9€), de type Dirichlet ou Neumann homogeénes. Dans
[25], le probléme étant considéré dans R? tout entier, il n’y a pas de conditions aux limites.
Dans le cas ou la fonction satisfait des conditions de Dirichlet homogenes seulement sur
une partie ' C 99 de la frontiére, nous ne pouvons pas appliquer la méme stratégie que
R. Eymard, T. Gallouét et R. Herbin [86], qui consiste a prolonger par zéro la fonction
considérée a R?. Notre idée est alors d’épaissir la frontiere de Q pour prendre en compte
les conditions aux limites mixtes dans ce cas.

Enfin, nous proposons une extension de ces résultats au cas d’approximations obtenues
par des méthodes DDFV. Avant de présenter plus en détail nos résultats, dressons un bref
historique concernant ces méthodes, qui ont été développées depuis une dizaine d’années
pour approcher des problemes elliptiques anisotropes sur des maillages généraux en 2D
et 3D. Elles sont fondées sur des versions discretes des opérateurs divergence et gradient,
qui satisfont une formule de Green discréte. Ces approximations DDFV ont d’abord été
proposées pour discrétiser des problemes de diffusion anisotropes ou non linéaires, sur
des maillages tres généraux. Nous renvoyons ici aux travaux précurseurs de F. Hermeline
[103, 104, [T05] qui propose une nouvelle approche fondée sur 'utilisation de deux maillages,
un maillage primal et un maillage dual, ainsi qu’a I'article de Y. Coudiere, J.-P. Vila et
P. Villedieu [63] qui présentent une méthode de reconstruction des gradients discrets.
Ensuite, S. Delcourte, K. Domelevo et P. Omnes [69, [73] ont étudié une approche DDFV
pour l'opérateur de Laplace. B. Andreianov, F. Boyer et F. Hubert [5] ont également
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donné un cadre général pour les méthodes DDFV appliquées a des problémes anisotropes
et non linéaires. La plupart de ces travaux concernent des problemes de diffusion linéaire
2D, anisotropes et hétérogenes. F. Boyer et F. Hubert [27] se sont alors intéressés au
cas d’opérateurs de diffusion discontinus. Nous citons enfin les articles de F. Hermeline
[106], T07] qui traitent de problémes analogues en 3D, de S. Krell [129] concernant le
probléme de Stokes en dimensions 2 et 3, ainsi que de Y. Coudiére et G. Manzini [61] qui
s’intéressent a des équations stationnaires linéaires de convection-diffusion.

Présentation des résultats du chapitre

Etant donné un maillage admissible Mt de ©Q, nous notons X (90) I'ensemble des fonc-
tions u € L1(2) constantes par mailles de 91, et nous définissons des normes LP et WP
discretes sur cet ensemble. Pour prouver les inégalités discrétes qui nous intéressent, nous
utilisons des résultats concernant ’espace BV (€2), muni de la norme

| ullBv () = 1wl ) + TVa(w),

ou TVq(u) est la variation totale de u, semi-norme sur BV (§2) définie par :

TVoo(u) = sup {/Qu(x) div(6(z) dz, 6 €CQ), |o(x) <1, Voe Q} .

On pourra se référer aux livres de L. Ambrosio, N. Fusco, D. Pallara [3] et W. P. Ziemer
[167] pour plus de détails sur I’espace BV (£2).

Notre point de départ est synthétisé dans le théoréeme suivant (Theorem [B.2.T] et Theo-
rem [5.2.8 du chapitre [ :

Théoréme 6. Soit Q un ouvert borné lipschitzien de RY, d > 2.

1. I existe une constante c(€2) > 0 telle que
(3.7) lullpara-—v@) < c)llullpy@ Yue BV(Q).

Si l’on suppose de plus que louvert §2 est connexe, la semi-norme TVq devient une norme
sur l'espace des fonctions de BV () de moyenne nulle et sur ’espace des fonctions de
BV (Q) s’annulant sur une partie de la frontiére 02, et on a alors les résultats plus précis
sutvants.

2. 1l existe une constante c(2) > 0 telle que
(3.8) [u =Tl pas@-1)(q) < (@) TVo(u) Vue BV(Q),
ot
u= L/ u(x) dx

3. Soit TO c 0Q, m(I'%) > 0. I existe une constante c(Q) > 0 dépendant uniquement
de Q) telle que pour tout u € BV (Q) satisfaisant u = 0 sur I'?,

(3.9) | wllpar@-—1() < (@) TVo(u).
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En utilisant ce théoréme et I'inclusion de X (901) dans L*(Q) N BV (), avec le controle
de la norme BV () de u € X (9M) par la norme W ! discréte, nous obtenons un lien entre
la norme L%(@=1) et la norme W, qui est le point de départ pour prouver les résultats
du chapitre Bl

Dans I’ensemble du chapitre [, nous supposons que 2 est un domaine ouvert borné
polyédrique de R%, d > 2. Dans la section [5.3] nous ne prenons pas en compte les con-
ditions au bord et nous prouvons des analogues discrets des inégalités de Gagliardo-
Nirenberg-Sobolev (Theorem [5.31]) et Poincaré-Sobolev (Theorem [5:3.2), en utilisant 'es-
timation (B.7). Ces inégalités sont utiles par exemple dans I’analyse de convergence de
schémas volumes finis pour des problémes avec des conditions aux limites de Neumann
homogenes. Nous déduisons également des versions discretes de I'inégalité de Nash :

1+2/d 2/d
lullties < CllulPig lullme Yue L' Q) NHY (),
et de I'inégalité de Poincaré-Wirtinger :
lu—Tw@) < CllVullwe YueWP(Q).

Pour montrer I'analogue discret de cette derniére inégalité, nous utilisons (B.8)) au lieu
de (B7).

Dans la section [5.4] nous nous intéressons au cas plus délicat d’une approximation
provenant d’un schéma volumes finis ou des conditions au bord de Dirichlet homogénes sont
prescrites sur une partie de mesure strictement positive de la frontiere 'Y C 9. Dans cette
situation-la, nous prouvons des inégalités discretes de type Gagliardo-Nirenberg-Sobolev
(Theorem [5.4.1)) et Poincaré-Sobolev (Theorem B5.4.2)) ou la norme WP apparaissant dans
les résultats de la section est remplacée par une semi-norme WP discréte qui prend
en compte les sauts & la frontieére et qui est en fait une norme sur I'espace des fonctions
de X (9) s’annulant sur une partie de la frontiére. Le point de départ est toujours 'injec-
tion continue de BV (Q) dans L% (4= (Q) donnée par (B3J) dans le cas de conditions de
Dirichlet homogeénes sur une partie de la frontiére. Cependant, cette inégalité ne peut pas
s’appliquer directement. En effet, si u € X (91) est une fonction constante par mailles, elle
appartient & BV (§2) et sa trace sur la frontiere est donc bien définie, mais elle ne s’annule
pas forcément sur I'?. On doit donc adapter () pour en obtenir un analogue discret, ceci
étant ’objet du lemme 54Tl Le principe est d’épaissir le domaine 2 en €. et de définir un
prolongement u. de la fonction considérée u & . tel que u. soit une fonction de BV (€,)
et que la trace de u. s’annule sur une partie non vide de la frontiere 0€2.. Ceci permet
d’appliquer ([39)) a u. et finalement d’obtenir 'analogue discret de ([3.9]) pour u en passant
a la limite ¢ — 0. Notons que pour prouver ce lemme, nous supposons que 'ouvert €2 est
convexe.

Enfin dans la section du chapitre B, nous étendons les résultats des sections et
6.4 & des approximations obtenues par des méthodes DDFV (Theorems .51 5.5.2] £.5.3]

et 5.5.4).
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3.3 Discrétisations du modele de Keller-Segel

Avant de décrire les résultats obtenus dans le chapitre [6] présentons un rapide état
de 'art des méthodes numériques proposées pour discrétiser le systeme de Keller-Segel
classique (B1]).

Concernant le modele parabolique-elliptique, des discrétisations par différences finies ont
été proposées par N. Saito, T. Suzuki [I57] et par R. Tyson, L. Stern, R. LeVeque [161].
A. Marrocco [I39], N. Saito [155] ainsi que R. Strehl, A. Sokolov, D. Kuzmin et S. Tu-
rek [I59] ont quant a eux utilisé des méthodes d’éléments finis. Citons également une
méthode de maillages mobiles adaptatifs proposée par C. Budd, R. Carretero-Gonzalez
et R. Russell [35], a savoir un algorithme de la plus forte pente (steepest descent ap-
prozimation) fondé sur le transport optimal introduit par A. Blanchet, V. Calvez et
J. A. Carrillo [21], ainsi qu'une méthode particulaire stochastique étudiée par J. Haskovec
et C. Schmeiser [101], [102].

Concernant les schémas numériques pour le modele parabolique-parabolique, mention-
nons la méthode volumes finis d’ordre deux d’A. Chertock et A. Kurganov [57], 'approche
Galerkin discontinue proposée par Y. Epshteyn, A. Izmirlioglu et A. Kurganov [78],[79] et le
schéma éléments finis introduit par N. Saito [I56]. Citons également 'article de M. Burger,
J. A. Carrillo et M.-T. Wolfram [36] pour une approximation par éléments finis mixtes
d’un systeme de Keller-Segel avec diffusion non linéaire.

A notre connaissance, il existe peu de travaux dans lesquels I’analyse des schémas proposés
est menée. F. Filbet [89] prouve l'existence et la convergence de solutions d’un schéma
volumes finis pour le modele parabolique-elliptique. Des estimations d’erreurs pour une
approximation par éléments finis sont prouvées par N. Saito [I55, [156]. Y. Epshteyn et
A. Izmirlioglu prouvent quant & eux des estimations d’erreur pour une méthode de Galerkin
discontinue [78]. Des preuves de convergence pour d’autres schémas numériques ont aussi
été formulées par A. Blanchet, V. Calvez et J. A. Carrillo [2I] ainsi que par J. Haskovec
et C. Schmeiser [102].

3.4 Présentation des résultats du chapitre

Dans le chapitre [6, nous analysons un schéma volumes finis pour le modeéle de Keller-
Segel en dimension deux avec diffusion croisée ([B.2]), dans le cas parabolique-elliptique
(=0):

(3.10) { On = div(Vn—=nVS5), rEQ, t>0.

0 = AS+5An+pun—>S,

Nous imposons des conditions au bord de Neumann homogenes et une condition initiale
pour n :

(3.11) Vn-v=VS-v=0 surodf), t>0,
(3.12) n(xz,0) = no(x), z €.

Nous considérons une discrétisation volumes finis en espace et une méthode d’Euler im-
plicite en temps. Le schéma numérique est ici le méme que celui proposé par F. Fil-
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bet [89], mais avec un terme de diffusion croisée additionnel dans 1’équation elliptique. Le
schéma, considéré étant implicite, nous commencgons par établir ’existence d’une solution
numérique. Nous prouvons également la préservation de la positivité et la conservation
de la masse par le schéma ; c’est 'objet du Theorem La preuve de ce théoréme est
réalisée de maniére classique, en appliquant le théoréme de Brouwer. L’opérateur de point
fixe est défini a partir d’une linéarisation du schéma.

Nous étudions ensuite la convergence du schéma numérique vers la solution faible du sys-
teme (BI0)—(BI12). Cette analyse est fondée sur des estimations a priori obtenues grace a
une inégalité d’entropie (Proposition [6.4.1]) qui est 'analogue discret de 1’équation (3.4 :

Proposition 7. Il existe une constante C > 0 dépendant uniquement de Q, p, d et ng
telle que pour tout k >0 :

(3.13) EM _EF L At TR < O A,

ot EF est une approzimation de lentropie [33) au temps t* = k At, et TF est une ap-
proximation de la dissipation

I(t) = /Q (4 \vv/nl + % IVS|? + %S2> dz.

Cette inégalité d’entropie ([B.I3]) est obtenue en utilisant des versions discretes d’iné-
galités de Sobolev prouvées dans le chapitre Bl
En notant (n,, S;) la solution obtenue par le schéma pour une discrétisation espace-temps
de taille 7, nous obtenons, grace a 'estimation d’entropie (B.13)), les bornes suivantes,
uniformes en 7 :

(n,), (n, log(n,)) sont bornées dans L (0, T; L'(9)),
(dn,) est bornée dans L*(Q x (0,T)),
(ny), (S,) sont bornées dans L*(0,T; H' (1)),

ou dn,, est une approximation du gradient de n obtenue avec le schéma. Nous obtenons
alors la compacité d’une famille de solutions approchées et nous pouvons passer a la limite
dans le schéma (Theorem [(6.2.2]) :

Théoréme 8. Il existe n, S € L*(0,T; H'(Q)) tels que la solution (n,,S,) obtenue avec
le schéma numérique satisfasse, quand n — 0, d l’extraction de sous-suites preés,

n, —n  dans L*(Q x (0,T)) fortement,
dn, —Vn, S,—S8, dS,—VS dans L*(Q x (0,T)) faiblement.

De plus, la limite (n,S) est solution faible du systéme (B.10)-B.12).

Nous nous intéressons également au comportement en temps long des solutions numé-
riques. Au niveau continu, S. Hittmeir et A. Jiingel [I11] prouvent que si le taux de sécré-
tion p > 0 est suffisamment petit ou si le parametre de diffusion § > 0 est suffisamment
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grand, alors la solution (n,S) de (B10)-(BI2) converge vers I’état stationnaire homogene
(n*,8*), ou
. lInollzye
- m(Q)
En introduisant une version discréte de ’entropie relative définie par rapport a 1’état
stationnaire homogene

et S*=npun".

(3.14) En(t)|n*] = /Qn log <%> dz,

et en montrant une estimation d’entropie—dissipation discrete, nous obtenons la conver-
gence des solutions numériques vers ’état stationnaire homogene quand ¢ — oo si p est
suffisamment petit ou ¢ est suffisamment grand (Theorem [(6.2.3)).

Enfin, nous concluons le chapitre [6] en présentant quelques simulations numériques qui
semblent indiquer I'existence de solutions stationnaires non homogenes pour des valeurs
intermédiaires du parametre de diffusion 6.
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Dans cette premiere partie, nous nous intéressons a la discrétisation du systeme de
dérive-diffusion isotherme pour les semi-conducteurs :

N — div(VN — NV¥) = 0,
(0.3.15) &P — div(VP + PVU) = 0,
~N AU =P-N-C,

ou N(z,t) désigne la densité d’électrons, P(z,t) la densité de trous et W(x,t) le potentiel
électrostatique qui sont les inconnues du probléme. Le profil de dopage C(z) est donné.
Le parametre A, appelé longueur de Debye, provient de I'adimensionnement du modele
physique.

Nous considérons une discrétisation de ce probléeme par une méthode d’Euler implicite
en temps et un schéma de type volumes finis en espace, ou les flux numériques choisis
sont ceux de Scharfetter-Gummel [114), [I58]. Notre but dans cette partie est d’étudier la
préservation de deux asymptotiques par ce schéma : d’une part I'asymptotique en temps
long (t — +00), et d’autre part la limite quasi-neutre (A — 0). Au niveau continu, la
convergence en temps long a un taux exponentiel vers ’équilibre thermique a été étudiée
dans larticle de H. Gajewski et K. Gértner [92]. Concernant la limite quasi-neutre, elle a
été analysée par A. Jiingel et Y.-J. Peng dans le cas de conditions aux limites mixtes [121]
et par I. Gasser, C. D. Levermore, P. Markowich et C. Schmeiser dans le cas de conditions
de Neumann homogenes [94] [05]. Pour I’étude de ces deux asymptotiques, le point clé des
preuves est une estimation d’énergie avec controle de la dissipation d’énergie. L’idée est
d’adapter ces techniques de preuves au niveau discret.

Dans le chapitre [l nous étudions d’abord le comportement en temps long du schéma
de Scharfetter-Gummel. Plus précisément, nous prouvons la convergence en temps long de
la solution approchée du systeme ((0.3.15]) obtenue avec le schéma de Scharfetter-Gummel
implicite vers une approximation de 1’équilibre thermique calculée avec le schéma proposé
dans [51]. Le point clé de la preuve est une estimation d’énergie discréte qui permet de
controler la dissipation d’énergie. De plus, les simulations numériques effectuées montrent
que la vitesse de convergence vers 1’équilibre thermique est bien exponentielle.

Dans le chapitre 2] nous nous intéressons a la préservation au niveau discret de la
limite quasi-neutre dans le systéme de dérive-diffusion ([.315]), toujours par le schéma de
Scharfetter-Gummel implicite. En partant a nouveau d’une estimation d’énergie discrete
proche de celle prouvée dans le chapitre [l nous obtenons des estimations a priori indépen-
dantes de la longueur de Debye, qui permettent de prouver la convergence du schéma vers
une solution faible de (315 pour tout A > 0.
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CHAPITRE 1

Comportement en temps long du schéma
de Scharfetter-Gummel pour le modele
de dérive-diffusion

Dans ce chapitre, nous étudions le comportement en temps long du schéma de Scharfet-
ter-Gummel implicite pour le modéle de dérive-diffusion linéaire pour les semi-conducteurs.
Nous prouvons la convergence des solutions numériques vers une approximation de 1’équi-
libre thermique en établissant une inégalité d’entropie—dissipation d’entropie discrete.
Nous présentons également des simulations numériques qui soulignent la préservation du
comportement en temps long des solutions approchées obtenues.

x. Ce chapitre reprend les résultats présentés dans Asymptotic Behavior of the Scharfetter-Gummel
Scheme for the Drift-Diffusion Model [55], publié dans les proceedings du congrés FVCA VI, 6th Inter-
national Symposium on Finite Volume for Complex Applications. Nous mentionnons 'ajout de la preuve
d’existence de solutions au schéma tout implicite (Theorem [[.2.T]).
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1.1 Introduction

1.1.1 Presentation of the problem

In the modeling of semiconductor devices, there is a hierarchy of models ranging from

the kinetic transport equations to the drift-diffusion equations. In this hierarchy, the
drift-diffusion system is widely used as it simplifies computations while giving an accurate
description of the device physics.
Let Q ¢ R? (d > 1) be an open and bounded domain describing the geometry of the
semiconductor device. The isothermal drift-diffusion system consists of two continuity
equations for the electron density N(xz,t) and the hole density P(z,t), and a Poisson
equation for the electrostatic potential ¥(x,t):

OGN —div(VN - NV¥) =0 on Qx (0,7),
(1.1.1) P —div(VP+PVVU)=0 on Qx(0,7),
NAV=N-P-C on x(0,7),

where C(x) is the doping profile, which is assumed to be a given datum, and \ is the
rescaled Debye length arising from the scaling of the physical model. We supplement
these equations with initial conditions Ny and FPjy:

(1.1.2) N(z,0) = No(x), P(z,0) = Fy(x), =€,

and physically motivated boundary conditions: Dirichlet boundary conditions on ohmic
contacts T'P:

(1.1.3) N(v,t) = NP(y,1), P(y,t) = PP(7,1), U(7,t) = ¥P(7,1), (7,t) € TP x 0,77,
and homogeneous Neumann boundary conditions on insulating boundary segments I'V:

(1.1.4) VN-v=VP-v=V¥.v=0 onI" x0,T]



1.1 Introduction 41

There is an extensive literature on numerical schemes for the drift-diffusion equations:
finite difference methods, finite elements methods, mixed exponential fitting finite elements
methods, finite volume methods (see [32]). The Scharfetter—-Gummel scheme is widely used
to approximate the drift-diffusion equations in the linear case. It has been proposed and
studied in [114] and [I58]. It preserves steady-state, and is second order accurate in space
(see [132]).

The purpose of this chapter is to study the large time behavior of the numerical solution
given by the implicit Scharfetter-Gummel scheme for the transient linear drift-diffusion
model (CII). Indeed, it has been proved by H. Gajewski and K. Gértner in [92] that
the solution to the transient system (ILII]) converges to the thermal equilibrium state as
t — oo if the boundary conditions are in thermal equilibrium. A. Jiingel extends this
result to a degenerate model with nonlinear diffusivities in [119].

More precisely, the thermal equilibrium is a particular steady-state for which electron and
hole currents, namely VN — NVV and VP + PVV, vanish. If the Dirichlet boundary
conditions satisfy N, PP > 0 and

(1.1.5) log(NP) — wP = ay and log(PP) + ¥ = ap on I'P,
the thermal equilibrium is defined by

(1.1.6) { ANAV = exp (ay + U) —exp (ap — ¥) —C  on ,

N¢ = exp (ay + V), P =exp(ap — V) on €,

with the boundary conditions (LT.3)—(L14).
Long-time behavior of solutions to discretized drift-diffusion systems have been studied in

[92], [51] and [96]. The proof of convergence to the thermal equilibrium is based on the
following energy estimate:

(1.1.7) 0<E(t) + /Otz(f) dr < £(0),
where € is the relative energy defined by
E(t) = /Q (H (N(t)) — H(N) —log (N!) (N (t) — N°)
+ H (P(t)) — H (P) —log (P*9) (P(t) — P)
(1.1.8) + %2 IV (T(t) — weq)P) dz,
with H(s) = [{ log(7)dr, and the energy dissipation Z is given by
(1.1.9) I(t) = —/Q (N@IY (N () = W) + P(1) [V (P(#) + U (1)) de

Our aim is to prove that the solution of the Scharfetter—Gummel scheme converges to an
approximation of the thermal equilibrium as ¢t — +o00, and to this end we prove a discrete
version of the energy estimate (LI.T).

In the sequel, we will suppose that the following hypotheses are fulfilled:
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(H1) NP, PP and ¥P are traces on I'P x (0,T) of functions, also denoted N, PP and
UD such that NP, PP € HY(Q x (0,T)) N L>®(Q x (0,T)), ¥P € L= (0,T; H'())
and NP, PP >0 a.e.,

(H2) Ny, Py € LOO(Q) and Ny, Py > 0 a.e.,

(H3) there exist 0 < m < M such that: m < NP Ny, PP, Py < M,

(H4) NP PP and WP satisfy the compatibility condition (ILH).

1.1.2 Numerical schemes and main result

In this subsection, we first present the finite volume schemes for the time evolution
drift-diffusion system (LII)) and for the thermal equilibrium (LI).
An admissible mesh of Q is given by a family 7 of control volumes (open and convex
polygons in 2-D, polyhedra in 3-D), a family £ of edges in 2-D (faces in 3-D) and a family
of points (xx)xer which satisfy Definition 5.1 in [85]. It implies that the straight line
between two neighboring centers of cells (zx,xr) is orthogonal to the edge o = K|L.
In the set of edges &£, we distinguish the interior edges o € &;,; and the boundary edges
0 € Eeopr. We split Egpy into Eepy = Egct U Sé\;t where Egct is the set of Dirichlet boundary
edges and £V, is the set of Neumann boundary edges. For a control volume K € T, we
denote by £k the set of its edges, which is also split into €k = Ex int U Eg’emt U S%em.
We denote by d the distance in R? and m the measure in R? or R4~!. We also need some
regularity assumption on the mesh:

(1.1.10) 36> 0s. t. d(zk,0) > Ed(zk, ) for K € T, for 0 = K|L € Eint k-

For all 0 € &, we define the transmissibility coefficient 7, = m(o)/d,, where d, =
d(zg,xp) for 0 = K|L € &y and dy = d(x,0) for o € Eepy.

Let (T,&, (vx)keT) be an admissible discretization of €2 and let us define the time step
At, Ny = E(T/At) and the increasing sequence (t")o<n<n,, where t" = nAt, in order to
get a space-time discretization D of  x (0,7).

First of all, the initial conditions and the doping profile are approximated by taking
the mean values of Ny, Py and C on each cell K: for U = {N°, PY, C},

1
UKZM/KU(:E)dx, KeT.

The numerical boundary conditions (Nj*+t, Pr+t @ty o
mean values of (NP PP WD) on o x [t",t"F1[: for U = {N, P, ¥}

¢p are also given by the
ext

tn+1

1
1.1.11 "+1=7/ / Py, t)dydt b > 0.
( ) UU Atm(a) on - U (’Y? ) 7 Y o€ gext7 n = 0
For any discrete quantity ((U K)ier s (Us)pe 5Dt)’ we also introduce the following notation:
for all K € T and 0 € Exint U ER et

U _ UL if o= K|L S gKﬂ'mg,
Fe= U, if o€&Ro
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Then for a given function f, for all K € T and ¢ € £k, we define

f(UK,o) - f(UK) it o€ gK,int U g]?,emt’
DfU)k,o =
0 it o€ 5%%1&

and
Do f(U) = |Df(U)k 0l

The scheme for the thermal equilibrium

We compute an approximation (N7, P!, U) ke of the thermal equilibrium (N¢9,
P W) defined by (LI6) with the finite volume scheme proposed by C. Chainais-

Hillairet and F. Filbet in [51]:

(1.1.12)
A2 7DV = m(K) (exp(an + UY) —explap — UY) - Cx) VK €T,
oefk
N =exp(an +¥%), Pl =explap—¥Y) VK eT.

Assuming that the boundary conditions satisfy hypotheses (H1)—(H4), the scheme ([.1.12))

admits a unique solution (see [51], Proposition 3.1]).

The scheme for the transient model

The Scharfetter-Gummel scheme for the system (LI is defined by:

Nl Nn
m(K)%—F > Fril=o, VK € T,Yn >0,
oefk
prtl_ pn
(1113) m(K)KTt[(‘i‘ Z g?{t}:(), VKGT,V'I’LZO,
o oeli
AN 7,DV , =m(K) (N — P —Ckg), VK eT,Vn>0,
oeli
with for all o € €k
(1.1.14)
a_ [ 7o (B(=DUE) N - B(DURF N i o € S UER o
Koo 0 if oe&l .
(1.1.15)

1 1 1 1 :
g |7 (B(Dwi}) Pptt = B (DU ) Pt if 0 € Excom UER o,
o 0 it o€ .
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where B is the Bernoulli function defined by:

(1.1.16) B(z) = exx_ - for e £0, B(0)=1.

These numerical fluxes have been introduced by A. M. II'in in [114] and D. L. Scharfet-
ter and H. K. Gummel in [I58] for the numerical approximation of convection-diffusion
terms with linear diffusion. It has been established by R. D. Lazarov, I. D. Mishev and
P. S. Vassilevsky in [I32] that they are second-order accurate in space. Moreover, they
preserve steady-states.

We consider a fully implicit discretization in time to avoid the restrictive stability con-
dition At < A\2/M. In Section [2, we will establish the existence of a solution to this
scheme, and L estimates on the approximate densities.

We may now state our main result, which is proved in Section .4

Theorem 1.1.1. Let us assume (H1)-(H4) and C' = 0. Then solution (Ns, Ps,Vs) given
by the scheme (LLI3) -(LII4) -(LII5) satisfies for each K € T

(Ng, Pg, O) — (N, PR, U5 as n — 400,

where (N, P2, \Ilig)KeT is an approximation to the solution of the steady-state equation

(I1.8) given by (I1.12).

The proof is based, as in the continuous case (see [92] and [119]), on an energy es-
timate and a control of its dissipation, given in Proposition [L4.1] which is valid even if
C # 0. Nevertheless to prove rigorously the convergence to equilibrium, we need the uni-
form lower bound (L.2.1) on N and P which holds under the restrictive assumption C' = 0.

The plan of the chapter is as follows. In the next section, we prove the existence and
the L° stability of the approximate solutions of the scheme. In Section [[3] we establish
some technical properties of the Scharfetter-Gummel fluxes, which will be crucial in the
proof of energy estimates in this chapter and in Chapter 2l Section [[4l is devoted to the
proof of Theorem [L.T.1] based on a discrete version of the energy estimate (ILI7). Finally
we perform some numerical experiments in the last section and observe the convergence
to the equilibrium even when the doping profile C' does not vanish.

1.2 Existence of a solution to the numerical scheme

In this section, we prove the existence of a solution to the numerical scheme. Indeed, as
the scheme is fully implicit in time, we must prove that the nonlinear system of equations
(CI13)-(CII4)—(LII5) admits a solution at each time step. Therefore, we will use a
fixed-point theorem. Then, we also get L estimates on the approximate densities, which
will be crucial to prove the convergence to the approximate thermal equilibrium.
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Theorem 1.2.1. Let us assume (H1)-(H2)-(H3) and that the doping profile vanishes on
the whole domain: C' = 0.

Then there exists a solution {(Nj, Pi, W), K € T, 0 <n < Nr} to the scheme (LLI3)—
(CII4) (TII5), and the densities satisfy the following L™ estimate:

(1.2.1) 0<m<NE PE<M, YVKeT, Y0<n<Nr.

Proof. The proof is based on the Brouwer fixed-point theorem and uses some ideas deve-
loped by A. Prohl and M. Schmuck in [I53] to get the unconditionnal L stability of the
scheme.

We prove the result by induction on n > 0. First, the result is clear for n = 0 by hypothesis
(H3). We suppose now that for some n > 0, (N", P™, ¥U™) exists and satisfies (L2ZI]). Then
we will prove the existence of a solution (N?+1, Prtl wntly o (CITI3)-(CII4)-(LILI5)
such that

0<m< NP Pt <M VK eT.

Let a > 0 be a real number, which will be chosen later. We construct an application

Tr: RPxR? — ROxRY
(N, P) — (N,P)

based on a linearization of the scheme (LII3)-(LLI4)-(LII5), where 6 is the number
of control volumes K € T.
For (N, P) € R? x R?, we solve the following linearized problem.

— We construct ¥ € R? using the following linear scheme: for all K € T,

(1.2.2) N Y 7DV, =m(K)(Ng — Pr),

o€k

and ¥, = W7+ defined by (LTII) for o € £2,. The existence and uniqueness of ¥
satistying this system are obvious.
— Then we construct (N, P) using the following linear scheme: for all K € T,

At A2
O'ESK
_m(K) o, mK) a
(1.2.3) =~z Ng + At )\2NK,
m(K a\ = 5 2
B (14 ) e 5 (08 D )
o€EK
_ m(K) ,, mE) o
(1.2.4) = Py + Al EPK,

and N, = N**1, P, = Pl for o0 € ED..
The scheme (L23]) can be written as Ay N = Sy, where:
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— Ap is the sparse matrix defined by

m(K) a
A7 <1 + ﬁ) + > 7eB(-DVg,) VKEeT,

oeli

(AN)KL:—TJB(D\I’KJ) VL € T such thato:K]LESK,

(AN)Kk.k =

— S is the vector defined by

m(K)
At

(SN)K: <N[?+%NK) —l—(TbN)KVKET

where

0 if K € T is such that m(0K N oQ) = 0,

(Tbx)x = > 7,B(DVk,) N, if K €T is such that m(0K N Q) # 0.

D
UEgK,ezt

We can write in the same way the scheme (2] as ApP = Sp. Since Ay and Ap
have positive diagonal terms, nonpositive offdiagonal terms and are strictly diagonally
dominant with respect to their columns, they are M-matrices. Then there exists a unique

(N, P) € R x R? such that (LZ3) and (L2.4) are fulfilled, which gives that T is well-
defined. Moreover, if N, P > 0, then N, P > 0.
Now we will prove that T preserves the set

(1.2.5) C={(N,P)eR’ xR’ m<NgPx<M, VKeT}.

To this end, we first compute Ax(N — M), where M = (M, ..., M)T € R’. Using the
following property of the Bernoulli function

(1.2.6) B(—z)— B(z) =x VzeR,

we get that for all K € T,

- m(K), . m o
(AN(V =DD)) = = (N = M) + 5 15 (Nk = M)
+ Y 7 (B(DUk,) Ny*' = B(=Dx ) M)
Ueg}?,ezt
- M Y 1,DVg,
0€EK int

Thus since B is a nonnegative function and using the hypothesis (H3) we have

B(DUy,) N*™ — B(~DVg,) M = B(DUg,) (N — M) — DUy, M
< — DUk, M Vo€
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it yields using the assumption of induction Nz < M that

<m(K)g

(Av(N =D))<= 1

(Nk = M) =M > 7, DV,

oefi

Finally using (L2.2), we get

(127 (An(N-M)) < mg() (% - M) (N — M) + M mg() (Px — M).
We can prove exactly in the same way that
(1.2.8) (Av(E —m)) > @ <% —m> (NK—m)+m$(PK—m).

Since o > 0 is an arbitrary constant, we can choose it such that m At < M At < «, and
then if m < Ng, Px < M, we obtain from (L27) that (Ax(N — M))x < 0 and from
(L28) that (Ay(N —m))g > 0, and then m < Ng < M for all K € T since Ay is a
M-matrix. We can prove in the same way that m < Px < M for all K € T, and then
T7(C) C C, where C is defined by (L.Z3).

To conclude, T is a continuous application which stabilizes the set C, then by the Brouwer
fixed-point theorem, 7" has a fixed point (N"*!, P"*1) in C. Moreover, this fixed point

with the corresponding ¥ is a solution to the scheme (LII3)—(CII4)—(LLI5). This
shows the existence of a solution to the scheme and the L estimate ([2.1)).
O

1.3 Properties of the numerical fluxes

In this section, we prove some useful properties of the Scharfetter-Gummel fluxes,
which will be useful in all this part. We recall that the numerical flux .7:;?’;1 is a numerical

approximation of [ (~VN-+NVV)-ng , on the interval [¢",¢"T1). But, on the continuous
level, we may rewrite —VN + NVV¥ = —NV(log N — ¥). Such an equality cannot be kept
at the discrete level. However, we can give a lower and an upper bound of .7-"?’;1 by terms

of the form —N"*'D(log N — \IJ)?Q'(}, as shown in the following proposition:

Proposition 1.3.1. For all K € T and all 0 € Ek it U 5}{)76“, the flux .77}?;1 defined by

(CLII4) satisfy the following inequalities:
- If D(log N — ¥) " >0, then

(1.3.1) —TgmaX(N}éH,N}é;l)D(logN—‘Ij)?{t} < ]:}grl
< -7, min(N}éH,N}y;l)D(logN - \I/)r[?—c}
~ If D(log N — W)L <0, then

(1.3.2)  —7omin(Ng™, Nt D(log N — W)itl < Fptl
< —7omax(Np, NPl D(log N — W)t
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For all K € T and all 0 € Ek int U Eflgmt, the flux Q?(Jrol defined by (LIID) satisfy the
following inequalities:
~ If D(log N + )"} >0, then

— 7, max(PtY, PRl D(log N + 07t < gpt!
< —7ymin(PEH, PRl D(log N + W5
— If D(log N + \I')}‘{Jr; <0, then
— 7o min(Pptt PRt D(log N + 0)5 < gptt
< —7, max(Pptt, P}Z;l) D(log N + \I’)?(Jrol
Proof. We focus on the flux .7-}’1(4’;1 defined by (LII4). Replacing ¥ by —¥ and N by P

gives the result for g;@f} Let K € T and 0 € £k it UE I[g’emt. Since the Bernoulli function
satisfies (LZG]), the flux .7-}’?7;1 defined by (LI.I4) can be either rewritten

(1.3.3) Fitl =1, <D\IJ”KT,} Nt - B (DWit!) DN féﬁf),
or

(1.3.4) Fpl =, (D\IJ"KTJ Nt - B (-Dwit)) DN}??)-
It implies

Fii = | DU N - B (D(og N DN

I

+ <B (D(og NY3}) = B (Dwit) ) DN

and
Ftl =g, [D\y;@; Nt - B (~D(log N3 ) DN

+ (B (~D(og NYi2}) - B (-Dwit)) )DN}?? :

But the definition of the Bernoulli function (LII6) ensures that

1 —1
B(logy — logz) = w$, Va,y > 0.
Yy—x

Therefore, we get

Fitt =1, [~D(log N = 0)3d ) Nitt o+ (B (D(og N))) — B (D)) ) DN
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and

Fitt =1, [=D(og N = )i Nptl 4 (B (~D(og N)3)) = B (-DWRA))) DNE!

Nea
We may now use the fact that B is a nonincreasing function on R. Assuming that the
sign of D(log N — \I’)}L{Tal is known, the sign of (B (D(log N)}L{Tal) - B (D\I’?{Tgl)) and
(B (—D(log N )7};;1) - B (—D\I”};ral)) are also known (and opposite). Distinguishing the
cases DN;Z;I >0 (Npt < N[”(j;l) and DN;Z;I <O (Nptt > N[”(j;l) yields the inequalities
(I3J) and (L.3.2).

O

We now give a straightforward consequence of Proposition [[.3.1] as a corollary.
Corollary 1.3.1. For all K € T and all 0 € E it U 5[’:()76% the fluzes .7-'}?;1 and Q?{Jral
defined respectively by (LII14) and (LIIB) verify :

2
(135)  Ft! Dlog N — W)t} < — 7o min(N!, Nttt (D, (log N — w)"*1)7
2
(136) it} D(log P+ )it} < = min(Pirt!, PiEtl) (Do (log P+ @)™+ )"

Moreover, if min(N}?’l, N[’?;l) >0 and min(P}éH, P}}ffl) > 0, we also have

(1.3.7) Pt < o max(Np N D, (log N — w)*H,
(1.3.8) Gt < o max (PR, PR Dy (log P+ )™

1.4 Long-time behavior of the Scharfetter-Gummel scheme

In this section we prove our main result, which is based on a discrete energy estimate
with the control of the dissipation given in Proposition [[4.1]

1.4.1 Notations and definitions

For U = (Uk)keT, (UU)Jegpt), we define the H'-seminorm as follows:

’UE,Q = Z To (DJU)2-

o€Ent UED,

Since the study of the large time behavior of the scheme (LII3)-(LII4)-(LLI5) is
based on an energy estimate with the control of its dissipation, let us introduce the discrete
version of the deviation of the total energy from the thermal equilibrium defined by (LLS):

g = 3 m(K) (H(NE) — H(N) —log(Ng) (Nt — Ni&))
KeT
+ 3 m(K) (H(PR) — H(PY) — log(P) (PR — PgY))
KeT

2
5w
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Since s — H(s) = / log(7)dr is defined and convex on Ry, we have £" > 0 for all n > 0.
1

We also introduce the discrete version of the energy dissipation defined by (LI.9):

= Y min (NE NE ) [Ds (log N — )"

O’Ggint Ugert

+ Y o omin (PR, PR, ) [Ds(log P+ 9)"°.

oE€E N UED,

1.4.2 Energy estimate

The following proposition gives the control of energy and dissipation. This result is
the keypoint to prove Theorem [[.T.11

Proposition 1.4.1. Under hypotheses (H1)-(H4), we have for all n > 0:

(1.4.1) 0< e LAtV < g,

Proof. Firstly, using the convexity of H and (LLIZ), we get

ert—gn < 3 m(K) (log (Vi) —aw — i) (N - Ng)

KeT

+ > m(K) (log (Pit) — ap + w50 (PRt — PR)
KeT
)‘2 n+1 e 2 )‘2 n eq|2

o et | =S,

and then, by adding \IJ}L(H — \I/f{;rl in the two first sums, we have

EMTl _En < T + Ty + T3,

where
o= Y m(K) (log (Ni) — an — Wit ) (Np#t = Ng)
T, = KXE:T m(K) (1og (P;;“) —ap+ \If’}{“) (P};“ - P}g) ,
T = iz: m(K) (W3 — wid) (N = Ni - PRt PR)
=

A2 2 A2
+5 ]qf"“ S L AR S
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The scheme (LITI3) on ¥ and a discrete integration by parts (using that W2+l = ¥4 for
all o € L)) yield:

==X Y o D(UH - w) DUt

UEgintUgert Ko
A2 2
o E (0w - o w)
UEgintUgert

2
<0.
1,0

2
_ % ’\Pn-i-l _ped

Then we use the scheme on N and a discrete integration by parts (using that log(N?+1) —
any — VL =0 for all 0 € 2, by hypothesis (H4)) to obtain:

ext

Ti=At > 7,D(logN —W)Rf0 Frtl.

O’Ggint U(C/‘ert

Thus using (L30]), we get

Ti<—At Y min (NN (D (log N — 0y )

0€EUED

and we obtain in the same way a similar estimate for 75 by using (L3.0):

Ty<-At Y rmin (PR P (Dy log Py 0y )

o€EntUED,

To sum up, we have
EMtl g < T+ Ty < —AtT",

which completes the proof. O

1.4.3 Proof of Theorem [1.1.7]

Now we are ready to achieve the proof of Theorem [LT.Il We follow the same ideas as
n [5I]. We first obtain by summing (LZI]) over k = 0,...,n that for all n > 0,

n
k=0

Then the series ZIk+1 is bounded, and since ZF+! > 0 for all k, thus
k

(1.4.2) TF = 0 as k — +oo.
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Applying Young and Cauchy-Schwarz inequalities, we get for any n > 0:

e 2 1 n n 2
gKZ m(K) (N = NjZ) + o > m(K) (log(Njr) — an — wi)
eT KeT
> 3" m(K) (Nt = NjE) (log(NjEH) — o — W)
KeT
= > m(K) (N = Ngf) (log (V) — log (Vi) + Wil — wi)
KeT

by using hypothesis (H4). Moreover, since there exists ¢ > 0 such that for all z, y € [m, M],

(z —y) (log(z) —log(y)) > c(z —y)*,

we get

gng(K) (N]ré-i-l _ N[e(g)2 + % Ing(K) (]og(Ngj-l) —ay — \IJ?('H)z >
¢y m(K) (N}er _ N}e{q)2 + 3 m(K) (Nlré-i-l _ N}@{q) (\I{i? ~ \IJ;L{“) |
KeT e

and in the same way

3% () (Pt = PE) 5= Y () (loa(P) — e+ 951) >
KeT KeT

¢ > m(K) (Pt - Pfﬁ)z = > m(k) (Pt - PR (w5 - vt
KeT KeT

Thus, adding the two latter inequalities, using the schemes (LTI3) on ¥"*! and (LI.I2)
on V¢4 and a discrete integration by parts, we obtain for n < 2¢:

2
<

(=2} 32 mea) [ (Nt = wgt) "+ (i = g2) ] 2 ot —wef) <
KeT

1

1,0

2 2
m(K) [(log(N}éH) —ay — U+ (log(PRtY) — ap + W37

2771(67’

Now since log(N"*1) — ay — U7 = 0 and log(P?*!) — ap + U2 = 0 for all o0 C TP
by hypothesis (H4) and since the mesh satisfies the regularity constraint (LT.I0), we can
apply a discrete Poincaré inequality (see Theorem in Chapter () and obtain that
there exists a constant C' > 0 only depending on 2 and £ such that

(c - 9) S m(K) [(N;g“ ~Ng) (Pt Pfé’)z} TR LA

2 KeT

% (‘log(N"H) - sz"“]iQ + [log(P™+1) + \II”HEQ) .
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Finally using the uniform lower bound (LZT]) we get

(-2) g o2 - )]
s iz”“.

+)\2 ‘\I’n+1 _ \I,eq
L2 T 2nm

Therefore, passing to the limit n — oo and using (L4.2]), we finally get the result:

N — N2, P — Pl Ui — 0 asn— oo

1.5 Numerical experiments

In this section, we give numerical results in one and two space dimensions, obtained
on the one hand with the Scharfetter-Gummel scheme (CIT13)-(CII4)—(LII5) and on
the other hand with the scheme studied by C. Chainais-Hillairet, J.-G. Liu and Y.-J. Peng
in [52], where the diffusion terms are discretized classically with two-points fluxes and
the convection terms are discretized with upwind fluxes. Moreover, we compute an ap-
proximation of the thermal equilibrium ([.I.6) with the scheme proposed and studied in
[51].

Test case 1. We first present a test case for a geometry corresponding to a PN-junction
in 1D. The domain is = (0,1). The doping profile C' is given by

C(:C):{ —1 ifzel0,1/2),

+1 elsewhere.

The rescaled Debye length A is taken equal to 10~2. Moreover, Dirichlet boundary condi-
tions are prescribed

NP©0)=PP@1)=001, PP(0)=nNP1)=1,
and the potential ¥ at the boundary is such that the compatibility condition (IIF) is

fulfilled: b b
\I,D(,Y):log(N (’Y));log(P ™) Y= {0.1}.

We run computations with a time step At = 1073 on a mesh made of 100 cells. In
Figure [[LT] we compare the relative energy £ and its dissipation Z" obtained with the
the Scharfetter-Gummel scheme (LII3)-(CI1.I4)-(TII5) and with the scheme studied
in [52]. With the Scharfetter-Gummel scheme, we observe that £" and Z"™ converge to zero
when n — 0o, which is in keeping with Theorem [[L.T1] even if the doping profile C' is not
zero. Moreover, from the numerical results, it seems that the convergence is exponential
in time, as proved at the continuous level by H. Gajewski and K. Gértner in [92]. On the
contrary, the upwind scheme, which does not preserve thermal equilibrium, is not very
satisfying to reflect the long time behavior of the solution.




54 Long-time behavior of the SG scheme
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Figure 1.1: Test case 1: evolution of the relative energy £™ and its dissipation Z" in
log-scale.
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Figure 1.2: Test case 2: evolution of the relative energy £" and its dissipation Z" in
log-scale.

Test case 2. We now consider a 2D test case picked in the paper of C. Chainais-Hillairet
and F. Filbet [51]. The domain € is the square (0,1)2. The doping profile is piecewise
constant, equal to +1 in the N-region and -1 in the P-region. The rescaled Debye length
is taken equal to A = 1. The Dirichlet boundary conditions are

ND =0.1 PD - 09 \IJD _ log(ND) _ log(PD)

on {y=1,0 <z <0.25},

2
log(NP) —log(PP
NP =09, PP =01, wP = 8 5 BP0 oy =0y,

Elsewhere we put homogeneous Neumann boundary conditions. We compute the nume-
rical approximations of the thermal equilibrium and of the transient drift-diffusion system
on a mesh made of 896 triangles, with time step At = 1072. Figure represents the
evolution of the relative energy and its dissipation obtained with the Scharfetter-Gummel
scheme and the scheme proposed in [52] in log scale. On the one hand, it highlights an
exponential behavior with respect to the time for the Scharfetter-Gummel scheme. On
the other hand, we still observe a phenomenon of saturation with the other scheme.



CHAPITRE 2

Stabilité du schéma de
Scharfetter-Gummel a la limite
quasi-neutre

Dans ce chapitre, nous considérons toujours le schéma de Scharfetter-Gummel implicite
pour le modele de dérive-diffusion linéaire pour les semi-conducteurs. Cependant, nous
nous intéressons cette fois-ci a la préservation d’une autre asymptotique : la limite quasi-
neutre A — 0. Nous prouvons des estimations a priori indépendantes de la longueur de
Debye A, ce qui permet de montrer la convergence du schéma pour tout A > 0. Le point
clé est a nouveau une estimation d’entropie—dissipation d’entropie discréte. Ce travail
constitue la premiére étape pour montrer que le schéma de Scharfetter-Gummel préserve
I’asymptotique quasi-neutre.

x. Ce chapitre est un travail effectué en collaboration avec C. Chainais-Hillairet et M.-H. Vignal. L’ar-
ticle correspondant, Convergence of a fully implicit scheme for the drift-diffusion system. Stability at the
quasineutral limit [18], est actuellement en cours d’écriture.

95
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Contents

2.1 Introduction

2.1.1 Aim of the chapter

In the modeling of plasmas or semiconductor devices, there is a hierarchy of different
models: kinetic models and quasi hydrodynamic models, ranging from Euler-Poisson sys-
tem to drift-diffusion systems [120], 137]. In each of these models scaled parameters are
involved, like the mass of electrons, the relaxation time or the Debye length. An active
field of research consists in designing numerical schemes for these physical models which
are valid for all range of scaled parameters, and especially when these parameters may
tend to 0.

In this chapter, we will focus on the linear drift-diffusion system. It is a coupled system
of parabolic and elliptic equations involving only one dimensionless parameter: A, the
rescaled Debye length which is given by the ratio of the Debye length to the size of the
domain. The Debye length measures the typical scale of electric interactions in the semi-
conductor. We are interested in the so-called quasi-neutral regime. This regime occurs
when the parameter A\ tends to zero. We will establish that the fully implicit in time
Scharfetter-Gummel finite volume scheme for the drift-diffusion system converges for all
A> 0.

Many different numerical methods have been already developed for the approximation of
the drift-diffusion system; see for instance the mixed exponential fitting schemes proposed
in [34] and extended in [I18, [122] to the case of nonlinear diffusion. The convergence
of some finite volume schemes has been proved by C. Chainais-Hillairet, J.-G. Liu and
Y.-J. Peng in [52], 54]. But, up to our knowledge, all the schemes are studied in the case
A =1 and the behavior when A tends to 0 has not yet been studied.

In this work, we are interested in proving that the implicit Scharfetter-Gummel scheme
converges for any values of A > 0. To this end, we want to follow the different steps of



2.1 Introduction 57

the proof in [54]: as it is classical in the finite volume framework (see [85]), we first need
a priori estimates on the approximate solutions (L> and discrete L%(0,T, H') estimates)
which yields compactness of the sequence of approximate solutions and then we may pass
to the limit in the scheme. However, the crucial point in our work is to establish that all
the a priori estimates do not depend of A and therefore the strategy used in [54] to get
them does not directly apply. In order to get estimates which are independent of X, we
will adapt the entropy method proposed in [121], [94, 95] at the discrete level. The choice
of the Scharfetter-Gummel fluxes for the discretization of the convection-diffusion fluxes
will be essential at this step.

2.1.2 The continuous problem

We recall here the continuous framework. Let © € R? (d > 1) be an open bounded
domain describing the geometry of a semiconductor device and T' > 0. The unknowns of
the linear drift-diffusion system are the density of electrons and holes, N and P, and the
electrostatic potential W. It writes for all (z,t) € Q x [0,T:

N + div(—VN + NV¥) = 0,
(2.1.1) 0P + div(—VP — PV¥) = 0,

~AMAV =P - N +C,

where A > 0 is given and where C is the doping profile characterizing the device and
depending only on z. We consider mixed boundary conditions as in [I12I]: Dirichlet
boundary conditions on the ohmic contacts and homogeneous boundary conditions on
the insulated boundary segments. It means that the boundary 0 is splitted into 92 =
I'Pury with I’ NIV = () and that the boundary conditions write:

(212)  N(y.t) =N"(y), P(y,t) = PP(7),¥(7,1) = ¥P(v), (v,1) € T7 x [0, ],
(2.1.3) VN-v=VP-v=VU¥.-v=00nT" x0,7T].

The system (2.1.1)) is also supplemented with initial conditions Ny, Pp:

(2.1.4) N(z,0) = No(x), P(z,0) = Py(z), x€Q.

In the sequel, we need the following assumptions on the data:

Hypotheses H.1. We assume that the boundary conditions NP, PP and UP are the
traces of some functions defined on the whole domain §, still denoted by NP, PP and
VP, We also assume that

No, Py € L™(%2),
NP PP e > nHY(Q), ¥ € H(Q),
C e L™(Q),
Im > 0, M > 0 such that m < Ny, Py, NP, PP < M a.e.



58 Stability at the quasineutral limit

We define the notion of weak solution to the drift-diffusion system (Z.I.I)—(2.1.4).

Definition 2.1. Under assumptions[H1l the triplet (IV, P, ¥) is a solution to the problem
@II)-@ZI3) if it satisfies: N, P € L®(Q x (0,T)), N - NP, P - PP v - ¥l ¢
L?(0,T;V), with

V:{veHl(Q); szonFD},

and, for all test functions ¢ € D(Q2 x [0,7)) and n € D(Q x (0,7T)),
T
(2.1.9) / / (N0 — VN -V + NV - V) da di + / No(@) ¢(x,0) dz = 0,
0o Jo Q
T
(2.1.10) / / (P06 —VP-Vé— PV V) drdt +/ Po(x) $(x,0) dz = 0,
0o Jo Q

T T
(2.1.11) )\2/ /w.vnda;dt:/ /(P—N+C)ndxdt.
0 Q 0 Q

In [121], A. Jiingel and Y.-J. Peng perform rigorously the quasi-neutral limit for the
drift-diffusion system with a zero doping profile and mixed Dirichlet and homogeneous
Neumann boundary conditions. The same kind of result is established for the drift-
diffusion system with homogeneous Neumann boundary conditions by I. Gasser in [94]
for a zero doping profile and by I. Gasser, C. D. Levermore, P. Markowich, C. Schmeiser
in [95] for a regular doping profile. In all these papers, the rigorous proof of the quasi-
neutral limit is based on an entropy method.

In this case, the entropy functional is defined (see [121]) by

E()= | (H(N) ~ H(NP) ~log(N")(N — NP)
+ H(P) — H(PP) —log(PP)(P — PP)

)\2
+ 5|V - V\I'D|2> dz,

with H(x) = / log(z) dz = xlogx — x + 1, and the entropy production is defined by
1

I(t) = / (IV(0g N — ) + [V (log P + ¥)[) da dt.
Q
The entropy inequality proved in [121]
t
(2.1.12) E(t) — E(0) + / I(s) ds < 0
0

is crucial for the study of the quasi-neutral limit because it provides a priori estimates
which are essential when performing rigorously the limit.
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2.1.3 Presentation of the scheme

We will consider the same notations as in Chapter [[l A mesh of Q is given by 7, a
family of open control volumes, &£, a family of edges and P = () xe7 a family of points.
As it is classical in the finite volume discretization of elliptic equations with a two-points
flux approximation, we assume that the mesh is admissible in the sense of [85, Defini-
tion 9.1]. It implies that the straight line between two neighboring centers of cell (zx,zr)
is orthogonal to the edge 0 = K|L. The set of edges will be split into & = E;py U Eeqr and
for the exterior edges, we distinguish the edges included in I'” from the edges included
in TV: oy = EL, UEN,. For a given control volume K € T, we define £ the set of
its edges, which is also split into &k = Ex int U 5[[()7@% U 5}}7’%# For all edge o € &, we
define d, = d(zk,zr) if 0 = K|L € &t and dy = d(zk,0) if 0 € Exexr. Then, the
transmissibility coefficient is defined by 7, = m(o)/d,, for all 0 € £. Let At > 0 be the
time step. We set Ny = E(T/At) and t" = nAt for all 0 < n < Np. We define the size

of the time-space discretization by 6 = max(At, size(7T)), where size(7T) = max [diam (K)].

For almost all ¢ € (0,7), the continuous solution (N, P, ¥) is in H*(Q) and its trace
is known on I'”. Then, for each time step we approximate X = N, P or ¥ by a constant
function given on each control volume K € 7 and each boundary edge o € EP, c T'P by:

ext
X = (X D kers (Xg ™) geen,)-

For n = 0, we discretize the initial conditions:

1 1
2.1.13 NO:—/Na:dx, PO:—/dew, VK €T.
Similarly, the boundary conditions give:
(2.1.14) Nt = NP prtl — pDo gt — gD o e gD wn >0,

where for X = N, P, or U,

(2.1.15) xP = v)dy, Voe&l,

Moreover we assume Hypotheses [, then the boundary conditions N”, PP, ¥P are
extended on the whole domain €2, and we define for X = N, P, or ¥,

= ﬁ/KXD(a;)dx, VK € T.

We consider the same scheme as in Chapter [It

Nn+1 — N©
m(K)KTKJr S =, VK € T,Yn >0,
L oefk
(2.1.16) m(K)—£E—& 4+ " gitl =0, VK € T,Vn >0,
oeli
AN 1,DV , =m(K) (N — P —Cg), VK €eT,vn>0,
cefk
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where for any discrete quantity X = (Xg)xeT, (X(,D)Jegpt), for all K € T and all
o€ &k int U Sg’emt, we set

XKO':

)

X, ifo=K|L €&k int
X,, ifoe (‘:[%ext,

and
— XK,O’ _XK, if o€ gK,intUgI?,exb
0, it o€ 5%,@%’

Finally we also define for o € Ek:
D, X = |DXk |-

The quantities f}?z_l and g}‘;} are numerical approximations of [ (-=VN + NVVU) - ng
and [ (—~VP—PV¥)-ng,, on the interval [t",¢"T!). The diffusive part and the convective
part of the fluxes are discretized simultaneously by using the Scharfetter-Gummel fluxes
defined by:

(2.1.17)
il { 7o (B (~DUR)) Nt = B(DUR) NI i 0 € Excont UER oy
Ko 1 0 if o€ Sﬁ’emt,
(2.1.18)
Gt _ { 7o (B (D)) PRt = B(=DUR) PRE)) if 0 € Excont UER o,
Ko o if o€ Sﬁ’emt,

where B is the Bernoulli function defined by

(2.1.19) B(0) =1 and B(z) = o Va 0.

exp(z) —
The scheme (Z1.13)—(2.1.19)) is fully implicit in time: the numerical solution at each time
step is defined as a solution of the nonlinear system of equations (ZI.16)-(2I.18). When
choosing DV} instead of D\IJ?;:} in the definition of the fluxes (ZI.I7)-ZI1IF), we
would get a decoupled scheme whose solution is obtained by solving successively three lin-
ear systems of equations for N, P and V. However, this other choice of time discretization
used in [52] 54] induces a stability condition of the form At < CA? (see [14]) and therefore
cannot be used in practice for small values of .

We recall here the result of existence and L stability obtained in Theorem [[L2.T] Chap-
ter [}

Theorem 2.1.1. Let us assume (Z10) -(21.6) (2ZI18) and that the doping profile C' va-
nishes on the whole domain. Then there exists a solution {(Np,Pp, V%), K € T,0 <
n < Nr} to the scheme [ZI1I3) (ZII9), satisfying the following L™ estimate:

(2.1.20) O<m<NpE PL<M, VKeT, VYn>0.
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Then an approximate solution (Ns, Ps, ¥s) to the problem (ZILI)—(2I1.4) associated
to the discretization D of size § is defined as a piecewise constant function by:

Ns(z,t) = Npett, o Py(a,t) = PRttt Ws(a,t) = Wi, W(z,t) € K x [t", "],

where {(N}, P, V%), K € T,0 <n < Nr} is a solution to the scheme (ZLI3)—(21.19).
We also define an approximation of the gradients of the densities N and P, and of the
electric potential ¥ as in [52]. Therefore, we define a dual mesh; for K € 7 and o € &k,
we define Tk , as follows:

— if 0 = K|L € &k int, then Tk , is the cell whose vertices are zx, z, and those of

o=K]|L,

— if 0 € K eqt, then Tk 5 is the cell whose vertices are i and those of o.
Then (Tk,o),ce,  ke7 defines a partition of 2. For X = (X[ )xeT n>o0, (X(,D)oegzt), the
approximation dXj is a piecewise constant function defined in Q x (0,7) by:

m(o)

dXs(x,t) = m

DXl if (x,t) € Tre o x [t", "],

2.1.4 Main result and outline of the chapter

We now briefly outline the contents of this chapter. In the next section we will prove
some discrete a priori estimates independent of the rescaled Debye length A > 0, based on
a discrete entropy estimate. Then Section 23] is devoted to the proof of the convergence
of the scheme (ZLI3)-(2ZI.19) for all A > 0, which is our main result, summarized in the
following theorem:

Theorem 2.1.2. Let us assume (ZL1.5)-(2.1.6) -@218), and the doping profile vanishes
on the whole domain: C' = 0. We further assume that the boundary and initial conditions
satisfy the quasi-neutrality assumption

(2.1.21) NP = PP inQ,
(2.1.22) N°=P% in Q.

Then there exists N, P € L?(0,T; H'(Q)) and ¥ € (L*(0,T; Hl(Q)))d such that the
solution (Ns, Ps,Vs) given by the scheme (ZL1I3)-2I119) satisfies, up to subsequences,

Ns — N and Ps — P in L*(Q x (0,T)) strongly, as § — 0,
d
Us — U in (L2(Q X (O,T))) weakly, asd — 0,
d
dN; = VN, dP; = VP, d¥;— VU in (L*(Qx(0,T)))" weakly, asd— 0.

Moreover, (N, P,W¥) is a weak solution to the drift-diffusion system (ZI1I)-E2I4) in the
sense of the Definition [21.

Finally in Section [2:4] we conclude with numerical simulations focusing on the behavior
when the rescaled Debye length A tends to 0.
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2.2 A priori estimates

In order to prove the convergence of the scheme (ZIT.I3)—(2.1.19), we first need to prove
a priori estimates on the approximate solution: L?(0,T, H') estimate on ¥, L?(0,T, H')
estimates on NV and P and weak-BV inequalities on IV and P. These estimates will provide
compactness of the sequence of approximate solutions and permit to pass to the limit in the
scheme. Such estimates have already been established for the implicit decoupled scheme
proposed in [52],[54] by combining classical techniques developed for finite volume schemes
for elliptic and parabolic equations (see [85]). However, as we are interested in this chapter
in the quasi-neutral limit, we need a priori estimates which are independent of the rescaled
Debye length A and therefore, the techniques used in [52], [54] cannot directly apply. Like
in the continuous context, the a priori estimates will be obtained as a consequence of an
entropy estimate, with the control of the entropy production, similar to (ZI.12)).

2.2.1 Discrete entropy estimate

Let us first introduce the discrete counterpart of the entropy functional and of the
entropy dissipation introduced in [121] for instance and recalled at the end of Subsec-
tion [2.1.2

The discrete entropy functional is defined by:

E" = 3" m(K) (H(NR) - H(NR) —log(NR) (N = NR))
KeT

+ > m(K) (H(P) - H(PR) —log(PR) (Pit — PR))

KeT
A2 2
+—‘\IJ"—WD‘ . VneN,
2 1,Q
where the discrete H'-seminorm is defined by

|X|%,Q = Z To (DUX)27 VX = ((XK)KETa (Xg)oeggct)'

o€E It UED,

The discrete version of the entropy dissipation is

"= > romin(Ng,NE,) (Dy (log N — ©)")?
Uegintugeth
+ > remin (PR, PR, ) (Dy (log P+ W)")?, Vn €N,
Uegintugeth

Proposition 2.2.1 (Control of entropy and entropy dissipation). Let us assume (ZI1.5),
(ZI6) and that the solution to the numerical scheme [2I13)-2II9) verifies the L*°-
estimates (2.120). Then, there exists a constant C'g depending only on the data 2, T', m,
M, NP, PP WP NO PO such that for all X > 0,

Ertl —E" 1

+ = "M < Op.

(2.2.1) X 5
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Furthermore, if N° and P° satisfy the quasi-neutrality assumption [Z1.22), we have

Np—1
(2.2.2) > AT < Cp(14 M),
n=0

Remark 1. Let us note that the estimate (Z22) depends on A. However, this is not a
problem to study the quasineutral limit A — 0 (we can assume for example that A < 1,
and then obtain an estimate independent of \).

Proof. We adapt here the proof of Proposition [[.4.1] done in Chapter [ for the study of the
long-time behavior of the scheme (in this case, the entropy functional is defined relatively
to the thermal equilibrium).

As H is a convex function, we have E® > 0 and E*"*! — E® < T 4+ Ty + T3, with

T =Y m(K) (log (Ni™) —log (NR)) (Np! = Ng)

KeT

1= Y m(K) (log (Pp*) —log (PR)) (Pit! - PRt),

KeT

W L

But, multiplying the scheme on N by At (log (N"+1) — log (N[[())), summing over K € T
and remarking that log(N?*!) = log(NP?) for all o € EL

ext’
T, = —At Z Z ]—";?;1 (log (N}?rl) — log (NI?))
KeT o€l
(2.2.3) =At Y F((Dlog NYRH — (Dlog N)R,, ) -

g€Eint Ugez

we get :

Multiplying similarly the scheme on P by At (log (P}}"’l) — log (P[[() )) and summing over
K € T, we also get :

(2.2.4) Ty=At Y gt ((D log P)it; — (Dlog P)%a) :

O'Egint Ugez

Now, in order to estimate T3, we make the difference between the scheme on ¥ written at
two consecutive time steps. It implies

N Y DR 4N Y DV, = m(K) (PR - PR) - (N3 = V).
oeli o€k
Thanks to the schemes on N and P, it can be rewritten

—\2 Z T D(\I/n+1 . \I/D)K,a 4+ 22 Z 7, D(T" \I’D — At Z (gn+l ]:17&1) .

ocli oefk o€l
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Multiplying this equality by \I!}‘(H — \Ilﬁ7 summing over K € T, integrating by parts and

using the boundary conditions, we obtain:

Y TU(DU(\I'"+1—\IJD))2—)\2 Y D —UP) g, DU 0P,

0€E i UED, 0€E i UED

ext

= At Z (g"+1 ]_-?(4:71> D (\I/n-l-l _ \I/D)

K,o
o€EinUED, ’

But, for all K € 7 and all 0 € Ex jnt U Eflgmt, we have

2

2 1
—D(\I’" _ \PD)K,O' D(\I’n+1 _ \PD)K,O' > _ (DU(\I/n _ \I’D)) _ 5 (DU(\I,H-H _ \IJD)) ’

DO | =

and therefore for all A > 0

(2.2.5) Ty <At Y (Gy — FtH(DYE, — DR ).

g€Eint Uf:ez

From [223), (22Z4) and (Z2Z3]), we get

En—i—l _E» < At Z ]:}l{:;l ( (]OgN \Ij)n+1 (logN — \If)%g)
O'EgintUggt

+At > gt (Dlog P+ W)t — D(log P+ )R, ).

g€Eint Ugez

Thanks to the inequalities (I.3.5]) and (3.6 proved in Section [[.3] of Chapter [I, we have

> f"+1D(1ogN W+ Y GEtID(og P+ W)t <
O'EglmgUg O'Egintuge
2
- > mmin(NgH, N (Do (log N — )Y
0€E i UED,
2
~ Y memin(PEt P (D (log P w)mH)
UEgintUgert
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Using now (L37), (L38), Cauchy-Schwarz and Young’s inequalities, we get

+ D). G D(ogP+ )R,

oE€E N UED,

> Fit'D(ogN - )R, <

o€E i UED

2
> remin(Np N (Dy(log N — @)

oE€E N UED,

1 2
+5 > memin(PEt PREY (Dy(log Pt )

oE€E N UED,

N =

max (N, N}éj;_l 2

)
+ = o
2 Z K min(NpH N}}f;l)

oE€E N UED,

(Do (10g N - \I/)Df

1 max(Pgt, PRt D\?
+ = To— ’ Da(log P+ \I/) :
2 cre&%i&gct mln(P}éH, P}Zz_l) ( )

Finally, using the L*-estimates (ZI1.20),we obtain

En—i—l —_Em

< _
At -

> romin(VEL N (Delog N - )y

0€EUED,

N =

> romin(P PR (Dy(log Py 0y

oE€E It UED,

M? 2
t5- Y To(DallogN - 0)?)
Uegmtuggct
M? 2
+ e Z Ty (Dg(logP + \I/)D) ,

O’Ggint Ugert

N =

which rewrites

Ertl —Er 1
N
M? 2 2
e D D (Dollog N = 0)P)"+ 3" 7 (D (log P+ w)P)
m o€E i UED o€Eint UED,

But, as the boundary data NP, PP and ¥? belong to H'(Q) (hypothesis (ZL6)), the
right hand side is bounded by a constant K depending only on Q, m, M, N?, PP and
UL which yields (ZZ]).

Summing over n € {0,... Np — 1}, we get

Npr—1 Npr—1
oAttt < BN 4 Y AT < TK 4+ E°.
n=0

n=0
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It remains now to bound E°. As the function H satisfies the following inequality:

Vo,y >0, H(y)— H(z)—log(z)(y —x) < min(lx,y) . 2 ) ,
we get using (ZL8):
5 (1) (D) - HOVE) ~ ogNR)V -~ ND)) < mig) L=
KeT
> m(K) (H(PR) ~ H(PR) ~og(PD)(Ph - PP)) < m() P10
KeT

Then multiplying the scheme on ¥ at n = 0 by ¥9. — \Ilg and summing over K € T, we
get

N3 7, DU, (DG, — DR ) = 3 m(K)(PR — Ng) (¥ — ¥R) =0
el KeT
if the initial conditions satisfy the quasi-neutrality assumption (2.1.22]).
Then, as a(a —b) > (a — b)?/2 — b2?/2 for all a, b € R, we obtain
)\2

Ao gD)? D?
- _ <
2 ’\Il v ‘1,9_ 2 ’\IJ ’179'
Finally using (Z.1.6) we have

E? < K (14 \?),

where KC depends only on N°, P, NP PP WP and not on A > 0, which gives 22.2). O

Remark 2. Let us just note that we do not assume in Proposition 2.2.1] that the doping
profile vanishes. Indeed, the terms due to the doping profile vanishes when we estimate
T53. However, in order to define the discrete entropy and the discrete dissipation and then
to prove (22.1) and ([2:2:2)), we need that the approximate densities are strictly positive
and satisfy (2.1.20). When the doping profile vanishes, it is guaranteed by Theorem [ZT1]

2.2.2 Weak BV-inequalities on N and P

We will now establish weak-BV inequalities on N and P.

Proposition 2.2.2. Let us assume (2I.0), (Z1.0), ZI8) and C = 0. We further assume
that the boundary and initial conditions satisfy the quasi-neutrality assumption (ZI.2T])—
@I22). Then, there exists a constant Cpy depending only on Q, T, m, M, NP, PP,
WP NO PO such that, for all X > 0, a solution to the scheme defined by (ZLI3) -(2.1.19)
verifies

226) Y At Y g, (DUP”+1)2 D, vt
n=0 cre&musgct
Np—1 )
+ 3 At Y (DeN"H) DUt < Cpy.
n=0

0E€Eint Ugert
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Proof. Let us set

Tpr=Y At Y 7, (DUP"H)2 D, w"

n=0 o€E it UEL,

+yY A Y o (D(,N“H)2 DU,

n=0 O'EgintUgert

We follow the ideas of [54]. We multiply the scheme on N by At(NE™ — N2) and the
scheme on P by At(Ppt! — PR) and we sum over K € T and n. It yields

(22]0 4E1+—Eb—+l%—+lﬂ—%fﬁ—+lﬁ::0,
with
Np—1
Er= Y Y m(E)(NgT - Np)(NEtt - NR),
n=0 KeT
Np—1
= Y m(K)(P - PR)(PRT - PR),
n=0 KeT
Np—1 Np—1

Ey=— > At > f‘;;f;DN;g}, F=-Y At Y g;g}pp;};l,
n=0 n=0

Uegintugert Uegintugert

Np—1 Np—1
_ +1 D _ +1 D
Bi= Y ALY RUDNE, B Y A Y Giop,
TLZO Uegintugert TL:O Uegintugert

As it is classical, we have

1 1
Ei>—= > m(K)(Ng — Ng)* and Fy > —= > m(K)(P} — PR)%.
2K 2
eT KeT

Hence,

(2.2.8) E, > —%m(Q) (M —m)? and Fy > —%m(Q) (M —m)2.

We may also bound the terms E3 and F3. Indeed, using successively the property of the
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flux ]—“}ét,l (L37), the L estimates (ZI1.20) and Cauchy-Schwarz inequality, we get

Nr—1
FEs| < At 7o max(NZL NPT D (log N — ®)"+ D, NP
K K,o
n=0 O'EgintUgeth
1/2
M Npr—1 9
< o= oAt Y rmin(NEH Nt (Do (log N — ) )
n=0 0€Ent UED
Np—1 1/2
x [ > At > 7, (DyNP)?
n=0 0€Ent UED

But the right-hand side is bounded thanks to the control of the entropy dissipation (2Z.2.2))
and the hypothesis (2.1.6]). Following similar computations for Fj, we get

(2.2.9) ‘Eg‘ § IC and ‘Fg’ S ]C

with IC depending only on Cg, M, m, NP and PP and independent of A > 0.
We focus now on the main terms Ey and Fy. Using the definition (2.1.19) of the Bernoulli
function, the numerical fluxes .7-"?’;1 and Q?(J;}, defined by ([2I.17) and (2.I1.I]), rewrite:

D n+1
Fptl = %" [D\y?{f;(N;“ + Nt + DU coth (7;‘” ) (Nt — N;g;l)] ,

D n+1
gicly = %" l—D\I/’}(t}(P}}H + Picth) + DV coth <%> (PRt — P}}f;l)] :
As z coth(z) > |z| for all z € R, we obtain
1 Nr-1
Bazog 3 A Y n DURHINE ) - (VR
TLZO O’Ggintugert
1 Nr-1 )
+1 +1
t3 X A Y mD (DoN™1)7,
TL—O O’Ggintugert
1 Nr—1
B> LY A Y n DURN(PR - (PE)
n=0 O’Ggintugfgt

1 NT_lA D q,n-i-l D Pn+l 2
+§ 7;) t Z To Vg ( o ) .

oE€E N UED,

Summing these two inequalities, we can then integrate by parts due to the quasi-neutrality
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of the boundary conditions (ZI2I]) and get

NT 1
1
By + F 2 . Z ALY Y 7 DU (N = (PR 45 Tav
KeT oelk
Np—1 1
> w 2 At) m K)(NE = B (N2 = (PR +5 T,
KeT

thanks to the scheme on W. As the function x — 22 is nondecreasing on R*, it yields
1
(2.2.10) Ey+ Fr, > 5 Tgy.

Finally, we deduce the weak-BV inequality (Z2.6]) from (Z27), (223), (229) and (ZZ10).
O

2.2.3 Discrete L*(0,T, H'(2)) estimate on ¥

Let us now turn on the discrete L2(0,T, H!(Q)) estimate on ¥. Once more, we will
use Proposition 2.2.1]in the proof.

Proposition 2.2.3. Let us assume (Z1.0), Z16), (ZI.8), C = 0 and the quasi-neutrality
assumptions (2121 -(2Z.1.22)). Then, there exists Cy depending only on 2, T, m, M, NP,
PP WP NO PO such that, for all X > 0,

Nr—1 9
(2.2.11) oAt Y o (D) <G
n=0 o€Ent UED,

Proof. We follow here ideas developed by I. Gasser in [94] at the continuous level in the
case of homogeneous boundary conditions. Let us set

Nr—1 (NTL—‘,-I o Pn+1)2
K K
(2212) J = Z At )" m(K) 1z
KeT
NT—l 2
+ 3 At Y (min(VE N + min(PRt, PREY)) (Dewn )
n=0 o€EntUED,

Multipliying the scheme on ¥ by At (Pt — N2 /A% and summing over K € T and
n€{0,...,Np — 1}, we get

Nr—1 Nn+1 Pn—i—l) Nr—1
I I e DL P VL L ARy
n=0 KeT KeT oelk

Np—1

= Z At Z T, D\Iﬂ;g;(DP;g}—DN,’}jj),
UEgintUgert
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due to the quasi-neutrality of the boundary conditions (Z..2T]). Therefore, J rewrites :

T=3 At Y DU (min(VETL NEED DR - DN
n=0 oE€E N UED,
Np—1
+ 3 At Y DU (min(PR, PRED) DR 4+ DPRE
n=0 o€E I UED,

It may be splitted into J = J1 + Jo with

Np—1
Ji= > At > 7, DV I min(PEt, PR D(log P+ W)
’fL:O O’Ggintugert
Np—1

- Y At Y DU min(NET, NEE) D(log N - W)L
n=0 o€E M UED,

Np—1
=Y At > DU (DPE - min(PRt, PRtY) D(log PYi))
n=0 O’Ggintugert
Nr—1
- > At Y DU (DN — min(NEH PRt D(log N
n=0

O’Ggint U(C/‘gvt

Applying successively Cauchy-Schwarz and Young inequality on J;, we get

(2.2.13)
1 Nr—1 )
Al<; Y At ¥ o (Do) (min(Npt!, Nl + min(PRt, PRtt))
n=0 Uegmtuggct
Np—1

+ % oAt Y 7 min(PEHL PR (Dg(logP + xp)"H)Q
n=0 o€EintUED,
1 Np—1 9
3 2 A 3w min(NE NEED (Do (log N — w)"+1)
n=0 o€EintUED,
1 Np—1 9 1
<z A Y . (Do) (min(Np, NEEh + min(PE, PREY) + 5 Cp-
n=0

oE€E N UED,

Let us now estimate the term J5 which does not appear at the continuous level because
VN = NVlogN. For all z,y > 0 we have

2

logy — log x — y— 2 }< (z—y)

min(x,y)| ~ 2min(z,y)?’
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It yields
DUPn—I—l 2
DR — min(Ppt, Pt D(log PYi | < (Do PT)° - L
D Nn+1 2
DN — min(NiH, N D(log N3 | < %
and
(2.2.14)
1 (! 1 1\2 1\2 1
< — At > DU (D, P DyN™" ] <——C
| T2l < 5 nz::o > o7 ( )+( ) < 5, Csv,

O’Ggint U(C/‘ert

thanks to the weak-BV inequality (Z2.0]). From [22.12), 2213) and (Z214), we get :

Nr—1 n+1 n+142
N - P
2
n=0 KeT
1 Nr-1 2
. 1 gl . +1 pn+l 1
XA Y (min(Nptt, NpEY) + min(PRt, PREY) (Dewn )
n=0 O'EgintUgert
< mCg+ Cpy
- 2m '
As N and P are lower bounded by m (2I.20)), it yields (ZZI]) and concludes the proof
of Proposition 223 O

2.2.4 Discrete L*(0,T, H'(Q2)) estimates on the densities

Proposition 2.2.4. Let us assume (Z1.0), (Z16), (ZI.8), C = 0 and the quasi-neutrality
assumptions (2121 -([2Z.1.22). Then, there exists Cp depending only on Q, T, m, M, NP,
PP WP NO PO such that, for all X > 0,

Np—1 ,  Np-1 )
2215 Y At Y 4, (DUN"“) + > A Y g (DUP"“) < Cp.
n=0 o€EnVED, n=0 o€EnUED,

Proof. We start as in the proof of Proposition 2222 with (ZZ7). But we treat in a
different manner the terms Fy and F5. Indeed, for all K € 7 and all 0 € ki UE }%em,

the Scharfetter-Gummel fluxes f}é‘tfl and g}‘;} defined by ([2I17) and (2I1.I8)) rewrite

Fitt =1, (=DNE 4 B(-DWE YN — B(DWFHNRE) = 7, DNpEY 4 Frtl,

Gt = 7o (~DPRE + B(DWIEH PRt — B(-DWHh PRtl) = —7, DPEt + Gkl
with B defined by B(z) = B(z) — 1 for all z € R. Therefore
(2.2.16)
NT—l 2 A]VT_1 2 ~ ~
BtF= Y At > (DN 4 Y A S (Do P Bt B,
n=0

0E€Eint U(C/‘ert n=0 o€Eint U(C/‘ert
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with
Np—1 Np—1
Ey=— > At > FRDNptland F=— Y At Y GElDPRtl
n:(] O’Ggintugert TL:O Uegintugert

As for the fluxes Fi-t!) we can rewrite the fluxes .7?1”?;1 either under the form (L3.3) or

70-7

(L34) with B instead of B. Then, as z(z — y) = $(x —y)? + 3(2? — y?), we get either

1
D\IJ"KJ’FU
2
1
D\IJ’I‘{TU
2

(2.217) — FEI DN =7, ( (VR — NEth)?

~ 2
+ ((VEF)? = (NRED?) + BIDWRHD) (Do N7 ) )
or

n+1
D\I/KJ

(2.218) — Fpt DNl =7, <— (Nt = Ngi)?

n+1
D\I’KJ

St 2 ((N}}f;lf _ (N2+1)2>+ B(-DUpH) (DUN"+1)2> .

But B(z) > 0 for all z < 0 and B(—z) > 0 for all # > 0. Then, using (2.2.17) when
D\IJ?;:} <0 and (ZZI8) when D\IJ?;:} > 0, we obtain that in both cases

To

~Ficl DNl > 5 (AIDURIDNGE) + DU (Vi) = (VD) )

Similarly, we have

~ ’7—0_
Gl DP > 5 (DR (DPR)? = DU (PR = (PRED?))
It yields after a discrete integration by parts

Np—1

~ ~ 1 1
Ey+ By> —sTpy+5 > At Y. > m DU (N - (PR)?)
n=0 KETO'ESK
and
.- 1
(2219) E2 + F2 Z _5 TBV

thanks to the scheme on ¥. Then, we deduce the discrete L2(0, T, H') estimate (Z2Z.I5) on
N and P from 2Z2.7), 228), (Z29), 22.16), (2.2.19) and the BV estimate (Z26). O
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2.3 Convergence of the scheme

In this section, we prove Theorem 2.1.2] which gives the convergence of the approxi-
mate solution (Ng, Ps, Us) toward a weak solution (N, P, ¥) of the drift-diffusion system
ZII)-ZI4) for all A > 0. We begin classically with compactness results, deduced
from the a priori estimates proved in the previous section, and then we pass to the limit
in the scheme. The compactness results can be detailed as in Subsection B.4.1] of Chapter[3l

Using the discrete L?(0,T; H(2)) estimates on N and P, we can write a result similar
to Lemma B.4.T] of Chapter Bl which gives space and time translate estimates of Ngs and
Ps. Then the following result is proved in [52]:

Lemma 2.3.1 (Compactness). Let us assume (2ZL5), [ZI6), (ZI8), C = 0 and the
quasi-neutrality assumptions ZL121)-21.22). Then there exists N, P € L*(0,T; H'(Q))
and ¥ € (L*(0,T; Hl(Q)))d such that, up to subsequences,

Ns — N and Ps — P in L?>(2 x (0,T)) strongly, as 6 — 0,
Vs — U in (L?(Q x (O,T)))d weakly, as 6 — 0,

dN; — VN, dPs — VP and d¥s — V¥ in (L2(Q x (0,T)))" weakly, as & — 0.

Now it remains to prove that the functions N, P, ¥ defined in Lemma 23] satisfy
Definition 2] of the weak solution. The result is given in Theorem 2.3l Passing to
the limit in the Poisson equation can be done exactly as in [52, Theorem 5.1]. The main
difficulty in proving Theorem 23] comes from the fact that the diffusive and convective
terms are put together in the Scharfetter-Gummel flux. The detailed proof will be achieved
in Theorem B.4.1] of Chapter [ for the generalization of the Scharfetter-Gummel fluxes in
the case of a nonlinear diffusion. We only give here the main steps of the proof.

Theorem 2.3.1. Assume (2.1.0), [2.1.6), 2I8), C = 0 and the quasi-neutrality assump-
tions (ZI121) ~(ZI122) hold. Then (N, P, W) defined in Lemma[Z.31 is a weak solution to
the problem (ZII)—(2I14) in the sense of Definition [21.

Proof. As explained above, we apply the proof of Theorem [3.4.T]in Chapter Bwith r(s) = s
(linear diffusion) and with ¢k, = D¥g,/d,. The only difference is that a discrete
L>*(Q x (0,T)) estimate of q is used in Chapter Bl and we do not have such an estimate
for d¥s. We only focus on (Z.I.9) since the proof of ([Z.1.10) is almost the same. Concerning
the proof of the boundary conditions N — NP P — PP ¢ [2(0,T;V), it is done in [52].

Let ¢ € D(2x[0,7T)) and § > 0 be small enough such that supp ¢ C [0, (Np —1)At) x {x €
Q : d(z,09) > 0}. We use the same notations as in the proof of Theorem B.4.1] in
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Chapter B} we define
T
Bu®) =~ [ [ Nsdwdudt— [ Ny(w,0)6(z.0)dr,
Q
Bao(6) = / / dN;s - Ve dz dt,

By () = —/0 /QNgd\I'(;-qudﬂcdt,

and
6(5) = — [310(5) + Bay(0) + 330(5)] .

Let ¢% = ¢(t", k) for all K € T and n = 0, ..., N7. Multiplying the scheme on N by
At ¢ and summing for K and n, we obtain

B1(6) + B2(6) + Bs(4) =0,

where

Np—1

= > 3 m(E) (Mg - NR) ok,

n=0 KeT

Np—1 n+1 n+1
i ALY S o, DY coth <7D\I;K"’> (Ng“ —N,@“)gb’;{,
KeT o€€int
o=K|L
Np—1 n+1
Z At >N To

KET Ueé'mt
o=K|L

(N"“ Nzﬂ) o

From the strong convergence of (Nj)sso in L?(£2 x (0,T)) and the weak convergence of
(dN5)s=0 and (dV¥s)s=o in (L2(Q x (O,T)))d, it is easy to see that

T
5)%/ /(Natqs—VN-v¢+Nv\y-v¢)dxdt+/No(;p)qs(;p,o)d;n as 6 0.
0 Q Q

Therefore it suffices to prove that () — 0 as 6 — 0 and to this end we prove that
B;(8) — Bjo(0) = 0as d — 0, j =1, 2, 3. The term By(6) — Bio(d) is treated in [52]
Theorem 5.2]. Then we treat the term By(d) — Bag () like in Theorem B.41] of Chapter Bl
We write 32(5) = 321(5) + 322(5), with

Np—1
Bu(6) = > At > 7, (NPT - N (07 — o),
n=0 o€€int
oc=K|L
Np—1 Dyl pyntl
Byp(6)= > At Y 7, <72K’“ coth < 2K’“> — 1) (Ng+1 — N;;“) (&7 — %)
n=0 0€€int

o=K|L



2.3 Convergence of the scheme 75

Using the definition of dNs, we rewrite Bgy(d) as

NT 1 tn+1

320(5) = Bglo Z Z (Nn+1 Nn+1 / V¢($, t) . IIKJ dx dt.
n=0 €& L Tk,o
o= K\L

Using the same computations as in Theorem B.41] we deduce from the L?(0,T; H(Q2))
estimate (2210 on N that

321(5) — 3210(5) —0asd— 0.

Concerning Bgg (), since  +— x coth(z) is a 1-Lipschitz continuous function and is equal
to 1 in 0, we have

Nr—1
|B22 |< Z At Z 7D \I’n+1D Nn+1 |¢n ¢7[L{|
n=0 g€Eint

o=K|L

Then using the regularity of ¢, the Cauchy-Schwarz inequality and the L2(0,7; H') esti-
mates (Z.2.11) and (Z2I5) on ¥ and N respectively, there exists C' > 0 only depending
on 2 and T such that

‘322(5)‘ < oC ”Qb”cl \V Cq; CD —0asd— 0.

Concerning Bs(d) — Bsp(d), we proceed like in the proof of Theorem B4l We rewrite
33(5) as B31(5) + 332(5) with

Nr—1 . Nn+l . Nn+1
Bu) == > At 3w DV, —— = (9]~ o).
O'Egznt
o=K|L
Np—1
Byp(d) =— > At Y 7, DURTINE (6} — o).
n=0 0€Eint
o=K|L

Using the definition of d¥s and Ns, we write Bsg(d) = Bs10(d) + Bs20(d) where

NT 1 ¢n+1
Bsio(6) == Y. > m(o) DNpt DUt ———— / / V¢ ng o dudt,
n=0 o€&nt TK o) JET T .oNL
oc=K|L
NT 1 tn+1
Bao(6) =— > > m(o) NgH DU ———— / V¢ - ng o dedt.
n=0 o€ TK o) e T,
o=K|L

Using the regularity of ¢, there exists C' > 0 which does not depend on § such that

Npr—1
‘332(5) - 3320(5)‘ < 6C Z At Z m(a) DU\I/n+1 N}?_l,
n=0 Uegint

oc=K|L
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which finally yields using the discrete L estimate (ZI1.20) on N, the Cauchy-Schwarz
inequality and the discrete L?(0,T; H*(2)) estimate (Z2.11) on ¥:

|ng(5) —3320(5)| < 5CM\/TH1(Q) \/C\p —0asd— 0.

Moreover, we have

5 Np—1
|B1(9)] < 5|l > At Y 7 DU DN

n=0 o€Eint
o=K|L

llollct vVCy Cp — 0 as § — 0.

<

N

We obtain in the same way that Bs19(d) — 0 as 6 — 0, which concludes the proof. O

2.4 Numerical experiments

In this section we give some preliminary numerical results concerning the spatial ac-
curacy of hte Scharfetter-Gummel scheme for different values of \. We consider a one-
dimensional test case: €2 is the interval (0,1). The initial and Dirichlet boundary conditions
satisfy the quasi-neutrality assumption:

P-N+C=0

in order to avoid any initial or boundary layers. We run computations with the fully
implicit Scharfetter-Gummel scheme (ZL.I3)-(2I1.19) for different doping profiles, with a
time step At = 1072. An estimation of the relative error for the electron density N in LP
norm at time T is given by:

e2az = [INaz(T) = No2ac(T) 1o (q) -

where Np, represents the approximation computed from a mesh of size Ax.

Test case 1. We first consider the case of a zero doping profile, since this situation
corresponds to the one studied in this chapter. The Dirichlet boundary conditions are
given by

NP(0)=PP(0)=1
NP(1)=PP(1)=0, WP1)=1,

and the initial conditions are
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Test case 2. Then we consider a continuous doping profile: C(z) = —1 for 0 < z < 0.4,
C(xz) = +1 for 0.6 < z < 1 and C(x) is affine on [0.4;0.6]. The initial and boundary
conditions are the following:

1 v
NP@1)y=1, PP1)=0, WP(1)=
No(z) = max(C(z),0), Py(r) =—min(C(z),0), =€

{_NDm)zo, PP(0) =

Test case 3. We finally change the doping profile for a discontinuous one, which corres-
ponds to the physically relevant hypothesis:

-1 for x<0.5,
Cle) = { +1 for x> 0.5.

The initial and boundary conditions are the same as in Test 3.

In Figures 21 and 2}, we plot the L' and L? errors obtained for these three test cases
at time T = 0.1 for different values of the rescaled Debye length. We first underline the
fact that the scheme is unconditionally stable: it is still running even for At = 10? and
A2 = 10719 Then, we observe that for a zero or a continuous doping profile, the order
of accuracy of the Scharfetter-Gummel scheme (ZITI3)—(ZI.19) is not deteriorated, even
for small values of the parameter A2. Concerning the test 3, there is a loss of accuracy for
values of A\? smaller than 1076, probably due to the discontinuity of the doping profile.

2.5 Conclusion

In this chapter, we prove the convergence of the fully implicit Scharfetter-Gummel
scheme for all positive values of the rescaled Debye length. This proof is based on a priori
estimates which are independent of A. We also present some preliminary numerical ex-
periments which demonstrate the strong influence of the doping profile regularity. Indeed,
the results obtained for a zero or a continuous doping profile are almost the same: the
order of accuracy does not depend on the value of A. On the contrary, we observe a loss
of accuracy for small values of A in the case of a discontinuous doping profile. A future
work would be to perform more numerical experiments, including multidimensional and
more physically relevant test cases, and to study precisely the assumptions needed on the
doping profile to prove the convergence of the scheme independently of A. Moreover it
remains to study the quasi-neutral limit A — 0 in the scheme.
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Figure 2.1:

(b) Test 2 (C' continuous)

(c) Test 3 (C' discontinuous)

L' error in log scale at time 7' = 0.1 for different values of A\%.
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Figure 2.2: L? error in log scale at time 7' = 0.1 for different values of A\2.
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Dans cette seconde partie, notre objectif est de proposer des schémas volumes finis pour
des équations paraboliques non linéaires, éventuellement dégénérées, de la forme suivante :

(2.5.1) Ou =div(uVV(x) + Vr(u)), ze€Q, t>0,

ol u : RT x Q — RT est Iinconnue, V est un potentiel donné et r est une fonction
réguliere donnée. Au niveau continu, le comportement en temps long de cette équation
a été étudié par J. A. Carrillo et al. dans [45]. Plus précisément, les auteurs prouvent
dans cet article que sous des hypotheses de régularité suffisante sur le potentiel V et la
fonction 7, la solution converge a une vitesse exponentielle vers un unique état d’équilibre
quand ¢t — +oo. Cette étude repose notamment sur une estimation de ’entropie relative
avec controle de la dissipation d’entropie. Le but est de proposer et d’étudier des schémas
volumes finis permettant d’obtenir un comportement en temps long satisfaisant, avec en
particulier un analogue discret de ’estimation d’entropie—dissipation.

En comparant les résultats numériques obtenus avec différents schémas volumes finis,
il apparait fondamental que le flux numérique préserve les états d’équilibre pour obtenir
un comportement en temps long cohérent de la solution approchée. Nous constatons no-
tamment que le schéma de Scharfetter-Gummel est tres efficace, tant du point de vue de
la préservation de 'asymptotique en temps long (voir le chapitre [I) que de la précision (il
est d’ordre deux en espace [132]). Néanmoins, il n’est défini que dans le cas d’une diffusion
linéaire (r(u) = w dans (Z5.1)). Notre premiére idée est donc de construire un schéma qui
généralise celui de Scharfetter-Gummel pour des équations de convection-diffusion avec une
diffusion non linéaire de la forme (Z.5.0]), en s’attachant a conserver les états stationnaires
afin de préserver 'asymptotique en temps long des solutions.
Dans le chapitre B nous introduisons et nous étudions une généralisation du schéma
de Scharfetter-Gummel, en se placant dans le cas non dégénéré (c’est-a-dire r/'(u) # 0).
Nous considérons une discrétisation semi-implicite en temps, ce qui permet d’avoir un
schéma relativement facile & implémenter, puisqu’il conduit seulement & résoudre un sys-
teme linéaire a chaque pas de temps. Nous prouvons la compacité d’une famille de solutions
approchées par des arguments classiques fondés sur des estimations a priori obtenues a
partir du schéma et des estimations des translatées en temps et en espace de la solution
approchée. Nous montrons que la limite obtenue est bien solution faible de I'équation
251), ce qui représente la principale difficulté car les termes de convection et de dif-
fusion sont discrétisés ensembles dans le flux de Scharfetter-Gummel. Nous appliquons
finalement ce schéma & deux modeles issus de la physique, I’équation des milieux poreux
et le systeme de dérive-diffusion pour les semi-conducteurs. Nous constatons ainsi que les
résultats numériques obtenus sont tres satisfaisants si la diffusion ne dégénere pas, aussi
bien du point de vue de I'asymptotique en temps long que de 'ordre de convergence en
espace, ce qui n’est plus toujours vrai dans le cas dégénéré.

En nous fondant sur cette observation, nous proposons dans le chapitre 4 une nou-
velle discrétisation en espace de I’équation (Z5.J]). L’idée est toujours de proposer un flux
numérique préservant les équilibres, mais qui reste de plus d’ordre élevé méme dans le
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régime dégénéré. A cette fin, nous prenons en compte ensemble les termes de convection
et de diffusion de (Z5.0]), en réécrivant le flux sous la forme d’un flux d’advection :

uVV +Vr(u) = uV (V + h(u)),

ou la fonction h est telle que 7/(s) = sh’(s). Le terme V (V + h(u)) est alors considéré
comme une « vitesse », dans laquelle contribuent a la fois la convection et la diffusion.
Nous appliquons ensuite une méthode de discrétisation standard pour les équations de
transport : le schéma décentré amont. Ainsi, le flux numérique est défini de telle sorte
que les états d’équilibre sont préservés et qu’un analogue discret de I'inégalité d’entropie—
dissipation puisse étre automatiquement obtenu. Le schéma obtenu est dans ce cas seule-
ment d’ordre 1 en espace. Il suffit ensuite d’appliquer une méthode de limiteurs de pente
pour obtenir un schéma qui reste précis a ’ordre 2 en espace, méme dans le cas dégénéré.

Ce raisonnement peut se généraliser a d’autres équations admettant une fonctionnelle
d’entropie. C’est le cas par exemple pour I’équation suivante, de type Fokker-Planck non
linéaire, modélisant les gaz de bosons (k = 1) ou de fermions (k = —1) :

Oy = div (zu(1 4 ku) + Vu) .

Pour définir le schéma numérique pour cette équation, nous réécrivons le flux de la maniere
suivante :

|| u
zu(l + ku) + Vu = u(l 4+ ku)V <7 + log (1 n ku))
et nous appliquons un schéma de Lax-Friedrichs local pour définir une approximation de
ce flux a l'interface ; nous pouvons alors utiliser une méthode de limiteurs de pente pour
obtenir un schéma d’ordre élevé.

L’étude d’un schéma d’ordre élevé est relativement délicate. Nous pouvons prouver
dans notre cas la positivité de la solution numérique obtenue, ainsi qu’une estimation
d’entropie semi-discrete en espace. Nous vérifions numériquement que le schéma reste
précis a 'ordre 2 en espace méme dans le cas dégénéré, et nous constatons son efficacité
pour préserver 'asymptotique en temps long en 'appliquant a différents modeles issus de
la physique : équation des milieux poreux, équation de Fokker-Planck non linéaire pour
les bosons et les fermions, systéme de dérive-diffusion pour les semi-conducteurs, équation
de Buckley-Leverett.



CHAPITRE 3

Un schéma volumes finis pour des
équations de convection-diffusion avec
diffusion non linéaire dérivé du schéma

de Scharfetter-Gummel

Dans ce chapitre, nous proposons et étudions un schéma volumes finis pour des équa-

tions de convection-diffusion dont le terme de diffusion est non linéaire. De telles équations
apparaissent dans de nombreux contextes physiques. En particulier, nous nous concen-
trons sur le systéme de dérive-diffusion pour les semi-conducteurs et sur I’équation des
milieux poreux. Dans ces deux cas, il a été démontré que la solution du probléeme évolutif
converge vers une solution stationnaire quand ¢ tend vers 'infini.
Le schéma proposé est une généralisation du schéma de Scharfetter-Gummel pour une
diffusion non linéaire. Il reste valable méme quand I’équation dégénere, et il préserve les
états stationnaires. Nous prouvons la convergence de ce schéma dans le cas non dégénéré.
Finalement, nous présentons des simulations numériques appliquées aux deux modeles
physiques introduits, et nous soulignons 'efficacité du schéma pour préserver le comporte-
ment en temps long des solutions.

x. Ce chapitre est un article accepté pour publication dans Numerische Mathematik, A finite volume
scheme for convection-diffusion equations with nonlinear diffusion derived from the Scharfetter-Gummel
scheme [16].
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3.1 Introduction

In this chapter, our aim is to elaborate a finite volume scheme for convection-diffusion
equations with nonlinear diffusion. The main objective of building such a scheme is to
preserve steady-states in order to be able to apply it to physical models in which it has
been proved that the solution converges to equilibrium in long time. In particular, this
convergence can be observed in the drift-diffusion system for semiconductors as well as in
the porous media equation.

In this context, we will first present these two physical models — drift-diffusion system for
semiconductors and porous media equation. Then, we will precise the general framework
of our study in this chapter.

3.1.1 The drift-diffusion model for semiconductors

The drift-diffusion system consists of two continuity equations for the electron density
N(xz,t) and the hole density P(z,t), as well as a Poisson equation for the electrostatic
potential V'(z,t), for t € RT and 2 € R%

Let © C R% (d > 1) be an open and bounded domain. The drift-diffusion system reads

N —div(Vr(N) = NVV)=0 on Qx(0,7),
(3.1.1) P —div(Vr(P)+ PVV)=0 on Qx(0,7),
AV=N-P-C on Qx(0,7),
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where C' € L*°(Q2) is the prescribed doping profile.
The pressure has the form of a power law,

r(s)=s7, ~v>1.

We supplement these equations with initial conditions No(x) and Py(z) and physically
motivated boundary conditions: the boundary I' = 92 is split into two parts I' = TP UTV
and the boundary conditions are Dirichlet boundary conditions N, P and V on ohmic
contacts I'? and homogeneous Neumann boundary conditions on r(N), 7(P) and V on
insulating boundary segments I'V.

The large time behavior of the solutions to the nonlinear drift-diffusion model (B.I1]) has
been studied by A. Jiingel in [I19]. It is proved that the solution to the transient system
converges to a solution of the thermal equilibrium state as ¢ — oo if the Dirichlet boundary
conditions are in thermal equilibrium. The thermal equilibrium is a particular steady-state
for which electron and hole currents, namely Vr(N) — NVV and Vr(P) + PVV, vanish.
The existence of a thermal equilibrium has been studied in the case of a linear pressure
by P. Markowich, C. Ringhofer and C. Schmeiser in [136, 137], and in the nonlinear case
by P. Markowich and A. Unterreiter in [138].

We introduce the enthalpy function h defined by

(3.1.2) h(s) = /15 ") 4

T

and the generalized inverse g of h defined by

h=Y(s) if h(0T) < s < oo,
9(s) = { 0 if s<h(07).

If the boundary conditions satisfy N, P > 0 and
h(N) -V =ay and h(P)+V = ap on T'P,

the thermal equilibrium is defined by
(3.1.3) N (z) =g (any + V¥ (x)), P zx)=g(ap—V(z)), x€l,
while V¢ satisfies the following elliptic problem

AV = g(any + V) —g(ap — V) —C in Q,
(3.1.4)

Vei(z) =V(r) on TP, VV.n=0onTIV.

The proof of the convergence to thermal equilibrium is based on an energy estimate with
the control of the energy dissipation. More precisely, if we define

(3.1.5) H(s) = /15 h(r)dr, s>0,
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then we can introduce the deviation of the total energy (sum of the internal energies for
the electron and hole densities and the energy due to the electrostatic potential) from the
thermal equilibrium (see [119])

Et) = /Q<H(N(t))—H(Neq)—h(Neq)(N(t)—Neq)+H(P(t))—H(Peq)

(3.1.6) —h(P) (P(t) = P*) + % IV (V(t) - v@‘f)ﬁ) da,

and the energy dissipation
(3.1.7) I(t)= /Q (N(t) IV(L(N(t)) — V())]* + P(t) [V(R(P(t) + V(t))|2) da.
Then the keypoint of the proof is the following estimate:

(3.1.8) 0< &)+ /Ot I(r) dr < £(0).

3.1.2 The porous media equation

The flow of a gas in a d-dimensional porous medium is classically described by the
Leibenzon-Muskat model,

— AvY d
(3.1.9) {&gv Av on R% x (0,7),

v(z,0) = vo(x) on RY,

where the function v represents the density of the gas in the porous medium and v > 1 is
a physical constant.

With a time-dependent scaling (see [48]), we transform (B.1.9) into the nonlinear Fokker-
Planck equation

= di 2 d
(3.1.10) {Z?tu div(zu + Vu?)  on R? x (0,7),

u(x,0) = up(z) on RY.

It is proved in [48] that the unique stationary solution of (B.I.10) is given by the Barenblatt-
Pattle type formula
1/(y—1

(3.1.11) u(z) = (Cl - 7—_1]33\2) o ),

2y +
where C1 is a constant such that u? has the same mass as the initial data wg.
Moreover, J. A. Carrillo and G. Toscani have proved in [48] the convergence of the solution
u(z,t) of (B19) to the Barenblatt-Pattle solution u®(z) as t — co. As in the case of the
drift-diffusion model, the proof of the convergence to the Barenblatt-Pattle solution is
based on an entropy estimate with the control of the entropy dissipation given by (.18,
where the relative entropy is defined by

2

- (ut) —u%) dz,

(3.1.12) E(t) = /Rd <H(u(t)) ~ H(u) +
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where H is defined by [B.I.5) and the entropy dissipation is given by

=l
V| h(u(t)) + 5

2

(3.1.13) I(t) = —%5@) _ /R () dz.

3.1.3 Motivation

Many numerical schemes have been proposed to approximate the solutions of nonlinear
convection-diffusion equations. In particular, finite volume methods have been proved to
be efficient in the case of degenerate parabolic equations (see [85] [87]). We also mention
the combined finite volume-finite element approach for nonlinear degenerate parabolic
convection-diffusion-reaction equations analysed in [88]. The definition of the so-called lo-
cal Péclet upstream weighting numerical flux guarantees the stability of the scheme while
reducing the excessive numerical diffusion added by the classical upwinding.

On the other hand, there exists a wide literature on numerical schemes for the drift-
diffusion equations. It started with 1-D finite difference methods and the Scharfetter-
Gummel scheme ([I58]). In the linear pressure case (r(s) = s), a mixed exponential fitting
finite element scheme has been successfully developed by F. Brezzi, L. Marini and P. Pietra
in [33], 34]. The adaptation of the mixed exponential fitting method to the nonlinear case
has been developed by F. Arimburgo, C. Baiocchi, L. Marini in [9] and by A. Jingel in
[T18] for the one-dimensional problem, and by A. Jiingel and P. Pietra in [122] for the
two-dimensional problem. Moreover, C. Chainais-Hillairet and Y. J. Peng proposed a fi-
nite volume scheme for the drift-diffusion equations in 1-D in [53], which was extended in
[52, 54] in the multidimensional case. C. Chainais-Hillairet and F. Filbet also introduced
in [51] a finite-volume scheme preserving the large time behavior of the solutions of the
nonlinear drift-diffusion model.

Now to explain our approach, let us first recall some previous numerical results concerning
the drift-diffusion system for semiconductors. The precise definitions of schemes consi-
dered will be presented in Section 3.2l We compare results obtained with three existing
finite volume schemes: the classical upwind scheme proposed by C. Chainais-Hillairet and
Y. J. Peng in [53], the Scharfetter-Gummel scheme introduced in [I58] and the nonlinear
upwind scheme studied in [51].

In Figure B.1], we present some results obtained in the case of a linear diffusion (r(s) = s).
We represent the relative energy £ and the dissipation of energy Z obtained with the
upwind flux and the Scharfetter-Gummel flux for a test case in one space dimension. We
can observe a phenomenon of saturation of £ and Z for the upwind flux. In addition, we
clearly observe that the energy and its dissipation obtained with the Scharfetter-Gummel
flux converge to zero when time goes to infinity, which means that densities N (¢) and P(t)
converge to the thermal equilibrium. It appears that the Scharfetter-Gummel flux is very
efficient, but is only valid for linear diffusion. Moreover, we can emphasize that contrary
to the upwind flux, the Scharfetter-Gummel flux preserves the thermal equilibrium.

In Figure B.2] we present numerical results obtained in the case of a nonlinear diffusion
r(s) = s2. We represent the relative energy € and the dissipation Z obtained with the
classical upwind flux and with the nonlinear upwind flux for a test case in one dimension
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Figure 3.1: Linear case: relative energy £" and dissipation Z™ for different schemes in log
scale, with time step At = 1072 and space step Az = 1072,
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Figure 3.2: Nonlinear case: relative energy £" and dissipation Z™ for different schemes in
log scale, with time step At = 5.10~% and space step Az = 1072.

of space. We still observe a phenomenon of saturation of £ and Z for the classical upwind
flux. For the nonlinear flux, we clearly notice that the energy and its dissipation converge
to zero when time goes to infinity.

Looking at these results, it seems crucial that the numerical flux preserves the thermal
equilibrium to obtain the consistency of the approximate solution in the long time asymp-
totic limit.

Our aim is to propose a finite volume scheme for convection-diffusion equations with
nonlinear diffusion. We will focus on preserving steady-states in order to obtain a satisfying
long-time behavior of the approximate solution. The scheme proposed in [51] satisfies this
property but because of the nonlinear discretization of the diffusive terms, it leads to
solve a nonlinear system at each time step, even in the case of a linear diffusion. The
idea is to extend the Scharfetter-Gummel scheme, which is only valid in the case of a
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linear diffusion, for convection-diffusion equations with nonlinear diffusion, even in the
degenerate case. Some extensions of this scheme have already been proposed. Indeed,
R. Eymard, J. Fuhrmann and K. Gértner studied a scheme valid in the case where the
convection and diffusion terms are nonlinear (see [83]), but their method leads to solve a
nonlinear elliptic problem at each interface. A. Jiingel and P. Pietra proposed a scheme
for the drift-diffusion model (see [118| 122]), but it is not very satisfying to reflect the
large-time behavior of the solutions.

3.1.4 General framework

We will now consider the following problem:

(3.1.14) Oyu — div(Vr(u) — qu) = 0 for (z,t) € Q x (0,7,
with an initial condition
(3.1.15) u(z,0) = ug(x) for z € Q.

Moreover, we will consider Dirichlet-Neumann boundary conditions. The boundary 902 =
I" is split into two parts I' = I'P UTY and, if we denote by n the outward normal to T,
the boundary conditions are Dirichlet boundary conditions on I'”

(3.1.16) u(z,t) = u(x,t) for (z,t) € TP x (0,7),
and homogeneous Neumann boundary conditions on T'V:
(3.1.17) Vr(u)-n=0on TV x (0,T).

Remark 1. We will construct the scheme and perform some numerical experiments in the
case of Dirichlet-Neumann boundary conditions. However, for the analysis of the scheme,
we will only consider the case of Dirichlet boundary conditions (9Q = T'? =T).

We suppose that the following hypotheses are fulfilled:
(H1) Q is an open bounded connected subset of RY, with d = 1,2 or 3,
(H2) 0Q =TP =T, @ is the trace on I' x (0,7 of a function, also denoted @, which is
assumed to satisfy © € HY(Q x (0,7)) N L>®(Q x (0,T)) and @ > 0 a.e.,
(H3) up € L*(Q) and ug > 0 a.e.,
(H4) r € C%(R) is strictly increasing on ]0, +oo[, 7(0) = /(0) = 0, with r'(s) > cos? 1,
(H5) q € CY(Q,RY).
H. Alt, S. Luckhaus and A. Visintin, as well as J. Carrillo, studied the existence and
uniqueness of a weak solution to the problem BI.14)-BI1I7) in [2] and [42] respectively.
Definition 3.1. We say that u is a solution to the problem @IT4)-BII5)-(EI1I06)-
BII7) if it verifies:
u€ L®(Q % (0,T)), u—1 € L*0,T; H} (Q))
and for all ¢ € D(Q2 x [0,T),

(3.1.18) /OT/Q(uﬁﬂp—V(r(u))-V?[)+uq-v¢) d:vdt—l—/gu(:n,O)?/)(:E,O) dx = 0.
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The outline of the chapter is the following. In Section B2 we construct the finite
volume scheme. In Section [3.3] we prove the existence and uniqueness of the solution of
the scheme and give some estimates on this solution. Then, thanks to these estimates,
we prove in Section [B.4] the compactness of a family of approximate solutions. It yields
the convergence (up to a subsequence) of the solution u;s of the scheme to a solution of
BI14)-BII7) when 6 goes to 0. In the last section, we present some numerical results
that show the efficiency of the scheme.

3.2 Presentation of the numerical scheme

In this section, we present our new finite volume scheme for equation (B.ILI4) and
other existing schemes. We will then compare these schemes to our new one.

3.2.1 Definition of the finite volume scheme

We first define the space discretization of 2. A regular and admissible mesh of  is

given by a family 7 of control volumes (open and convex polygons in 2-D, polyhedra in
3-D), a family £ of edges in 2-D (faces in 3-D) and a family of points (zx)xe7 which
satisfy Definition 5.1 in [85]. It implies that the straight line between two neighboring
centers of cells (xx,xy) is orthogonal to the edge o = K|L.
In the set of edges &£, we distinguish the interior edges o € &;,; and the boundary edges
0 € Eext- Because of the Dirichlet-Neumann boundary conditions, we split ..+ into
Eext = EL, U EN, where L, is the set of Dirichlet boundary edges and &£, is the set of
Neumann boundary edges. For a control volume K € T, we denote by £k the set of its
edges, Ent, i the set of its interior edges, égct’ i the set of edges of K included in I'P and
EN 5 the set of edges of K included in 'y,

ext,

The size of the mesh is defined by

Ax = ?gf);(dlam(K)).

In the sequel, we denote by d the distance in R? and m the measure in R? or R4~1,
We note for all o € £

4 — d(zg,xp), for o€ Epny, o=K|L,
7 d(zk,0), for o € Eeqt i

For all o € &, we define the transmissibility coefficient 7, = m(o)/d,. For o € €k, ng ; is
the unit vector normal to o outward to K.
We may now define the finite volume approximation of the equation (B1.14)-B.II7).
Let (T,&, (vx)rxeT) be an admissible discretization of © and let us define the time step
At, Ny = E(T/At) and the increasing sequence (t")o<n<n,, Where t” = nAt, in order to
get a space-time discretization D of Q x (0,7"). The size of the space-time discretization
D is defined by:

d = max(Az, At).
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First of all, the initial condition is discretized by:

1
3.2.1 Uoz—/u x)dr, KeT.
(3:2.1) k= [ 0@
In order to introduce the finite volume scheme, we also need to define the numerical
boundary conditions:

1 tn+1
(3.2.2) gl = m/ /ﬂ(s,t) dsdt, oe&P, n>o0.
tn o
We set
1
(3.2.3) o = ooy / a(@) -ngods(z), VKeT, Voec&x.

The finite volume scheme is obtained by integrating the equation (3.1.14)) on each control
volume and by using the divergence theorem. We choose a backward Euler discretization
in time (in order to avoid a restriction on the time step of the form At = O(Az?)). Then
the scheme on u is given by the following set of equations:

n+1 n
U™ — Uk

(3.2.4) m(K) <

+ Y Fil=o,

oefk

where the numerical flux f}?z_l is an approximation of — / (Vr(u) —qu) - ng , which
g
remains to be defined.

3.2.2 Definition of the numerical flux
Existing schemes

We presented in introduction some numerical results obtained with different choices of
numerical fluxes for the drift-diffusion system. We are now going to define precisely these
fluxes.

The classical upwind flux. This flux was studied in [85] for a scalar convection-diffusion
equation. It is valid both in the case of a linear diffusion and in the case of a nonlinear
diffusion. The diffusion term is discretized classically by using a two-points flux and the
convection term is discretized with the upwind flux, whose origin can be traced back to
the work of R. Courant, E. Isaacson and M. Rees [64]. This flux was then used for the
drift-diffusion system for semiconductors in [53] and [52,[54] in 1-D and in 2-D respectively.
The definition of this flux is

(3.2.5)
o (7 (U7 =1 (034, (4o VR" — e UH)). Vo = KL
Fico =\ 7o (7 (URHY) = r (U2 + do (af LU = g ,UsHY)), Vo € €D, 4,
0, Vo € Se]\;uK,
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where s = max(s,0) and s~ = max(—s,0) are the positive and negative parts of a real
number s.

The upwind flux with nonlinear discretization of the diffusion term. This flux
was introduced in [51] in the context of the drift-diffusion system for semiconductors.

The idea is to write the flux — /(Vr(u) —qu) Nk, as — / (uVh(u) — qu) - ng , where

ag (e}
h is the enthalpy function defined by (BI.2)). The flux is then defined with a standard
upwinding for the convective term and a nonlinear approximation for the diffusive term:

Fity =
—ro(min (U, U DR (U™ ) + dy (4 URT = a5 ,UEY)), Yo = KL,

—ro(min (U, UZH) DR (U)o + dy (g JURT = a3 ,US*)), Vo € €D, i,

0, Vo € €£t’ K
where for a given function f, Df(U)k o is defined by

f(UL) — f(Uk), if o = K|L € &k int
Df(U)K,J: f(UU)_f(UK)v ifo’egfl(),ext’
0’ if o€ g%,ext‘

This flux preserves the thermal equilibrium and it is proved that the numerical solution
converges to this equilibrium when time goes to infinity.

The Scharfetter-Gummel flux. This flux is widely used in the semiconductors frame-
work in the case of a linear diffusion, namely r(s) = s. It has been proposed by D. L. Schar-
fetter and H. K. Gummel in [I58] for the numerical approximation of the one-dimensional
drift-diffusion model. We also refer to the work of A. M. Il'in [I14], where the same kind
of flux was introduced for one-dimensional finite-difference schemes. The Scharfetter-

Gummel flux preserves steady-state, and is second order accurate in space (see [132]). It
is defined by:

To (B(_dUQK,o)U[?—H - B(dUQK,o)UZ—H) 3 Vo = K|L € gK,inta

‘77[’?};1 = To (B(_dUQK,o)U[ré—H - B(quK,U)U;H_l) ) Vo € g]?,emt’

0, Yo € Sﬁ’emt,

where B is the Bernoulli function defined by

B(z) = ewx—l forz #0, B(0)=1.
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Extension of the Scharfetter-Gummel flux

Now we will extend the Scharfetter-Gummel flux to the case of a nonlinear diffusion.
Firstly, if we consider the linear case with a viscosity coefficient € > 0, namely

Ou — div(eVu — qu) = 0 for (z,t) € Q x (0,7,

then the Scharfetter-Gummel flux is defined by:
_da o n dU o n
(3.2.6) Fptl=r,e (B <%> Untl — B <%> UL+1) Vo = K|L € Ent.x-

Using the following properties of the Bernoulli function:

B B ~ =

(s) fond 0 and B(s) ~s

it is clear that if ¢ tends to zero, this flux degenerates into the classical upwind flux for
the transport equation dyu — div(qu) = 0:

(32.7) Freih =m(o) (af ,UR™ = ag ,Up™) Vo = K|L € Emt i

Now considering a nonlinear diffusion, we can write Vr(u) as 7’(u)Vu. We denote by
drg - an approximation of r'(u) at the interface o € €k, which will be defined later.
We consider this term as a viscosity coefficient and then, using (3.2.06), we extend the
Scharfetter-Gummel flux by defining:

(3.2.8)
_dO'QKcr 1 dO'qKU 1
drgs | B| ——2 | U — B | =2 | UM Vo = K|L
o < ( dr o ) " drxe )8 ) £,
]:IT?—I = _dcr(JK o 1 dchK o 1
o Todrg s | B| 25 | Ut — B[ 2252 ) g+t ) | Vo € €D, 4,
7 drK,o d?"K’o )
0, VJGEEJ\JmK.

In the degenerate case, drx , can vanish and then this flux degenerates into the upwind
flux (B2Z7). Now it remains to define drg ..

Definition of drg . A first possibility is to take the value of 7" at the average of Ux and

U,:

r (@) . Vo=K|L € Emx,
(3.2.9) drg e =

r (@) . Vo el .

This choice is quite close to the one of A. Jiingel and P. Pietra (see [I18] [122]). However,
considering the numerical results presented in the introduction, it seems important that
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the numerical flux preserves the equilibrium. Therefore, we define the function dr as
follows: for a, b € Ry,

h(b) — h(a) )
N f
Tog(b) —Tog(a) if ab > 0 and a # b,
(3.2.10) dr(a,b) =
r (a ;_ b) elsewhere,

and we set for all K € T

| ar(Uk,Up), for 0 = K|L € Ek int,
(3.2.11) drco = { dr(Uk,Us,), for o € ER -
Remark 2. Let K € T and 0 € k. We assume that drg , is defined by (B.2ZI1)) in

(B28) and that Ux > 0 and U, > 0. If dyqx o = DR(U)k 5, then Fi , = 0.

Indeed,
Dh o Dh Y
.FK,O’ = TJdT’Kvg (B <—%> UK - B (%) U0>

K,O’ K,O’
D g

exp (%) Uk — U,

= To'Dh(U)K’U Dh&U)
exp (WKU) .

But using the definition ([B.2.10) of dr, we obtain
o Dh(U)k & U,
xp | ————— | = —
P drg .o Uk’
and then Fg , = 0. Thus the scheme preserves this type of steady-state.

Time discretization. We choose an explicit expression of drg ,:

n ) dr(UE,Up), for 0 = K|L € Ek int,
(3212) dTK,O' - { d?”‘(U[Té', l’]g_l)7 fOI' o E 5}%%#

Thus we obtain a scheme which leads only to solve a linear system of equations at each

time step.
To sum up, our extension of the Scharfetter-Gummel flux is defined by
(3.2.13)
doK o doqK o
redry | B[ SZEe ) grt - p (S0 ) gt ) v = KL,
' drKJ dr}‘{ﬂ
Fptl = —d d
Ko redry | B[ S ) gt _ p (0K ) gt ) e e gD
' drK’o drK’o '
0, Vo € E%wt,

where dri , is defined by ([.2.12). This flux preserves the equilibrium.



3.3 Properties of the scheme 97

3.2.3 Consistency of the numerical flux

Lemma 3.2.1. Let a, b € R, a,b > 0. Then there exists n € [min(a,b), max(a,b)] such
that

dr(a,b) =1'(n).

Proof. The result is clear if ab = 0 or a = b. Let us suppose that ab > 0 and a < b
(the proof is the same if @ > b). If we consider the change of variables x = log(a) and
y = log(b), we obtain
h(exp(y)) — h(exp(x))

y—z

and using Taylor’s formula, there exists 6 € [z, y] such that

dr(a,b) =

dr(a,b) = exp(0)h/(exp(0)) = 7'(exp(0)) (using the definition of k).
Finally, there exists n = exp(f) € [a, b] such that

dr(a,b) =1'(n).

Remark 3. The flux (B:213) can also be written as

U + Uzt o Aok o
(3214) ]_-’[ré-j;-l — m(o.)qu_ K + o . m(O')QK, coth K,

n+l _ rrn+l
2 2dr?{70>(U‘7 Uk™)-

The first term is a centred discretization of the convective part. The second term is

1
consistent with the diffusive part of equation (B4, since coth(x) v
T

3.3 Properties of the scheme

3.3.1 Well-posedness of the scheme

The following proposition gives the existence and uniqueness result of the solution to
the scheme defined by (3.2.1))-(3.2.2)- (5.2.4)- (3.2.13)) and an L*°-estimate on this solution.

Proposition 3.3.1. Let us assume hypotheses (H1)-(H5). Let D be an admissible dis-
cretization of 2 x (0,T"). Then there exists a unique solution {Up, K € T,0 <n < Nr} to

the scheme ([3.21)-(32.2)-(3.24)-(3.213), with Uz >0 for all K € T and 0 <n < Ny.

Moreover, if we suppose that the two following assumptions are fulfilled:
(H6) div(q) =0,
(H7) there exist two constants m >0 and M > 0 such that m < a,uy < M,
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then we have

(3.3.1) O<m<Ur <M, VKeT, ¥n>0.

Proof. At each time step, the scheme B.2.1)-(B22)-B.2Z4)-B213) leads to a system of
card(T) linear equations on U™*! = (UL™) k7 which can be written:

AnUn+1 — Sn’

where :
e A" is the matrix defined by

K —Ug o
An =B S 7.drf B ko) yg T,
' At oy ' dr%a

d
A [ =— 1odrf ,B ( ;ﬁf’ﬁ VL € T such that o = K[L € Eint,k;
K,o

o 5" — (m(K)U"> + TV, with
KeT

At K
0 if K € T such that m(0K NT") =0,
no— dO' g .
Thk = Z Todrg B < qunK’ ) UM if K € T such that m(0K NT) # 0.
oegl Ko

ext, K

The diagonal terms of A™ are positive and the offdiagonal terms are nonnegative (since
B(z) > 0 for all z € R and drig , > 0 for all K € T, for all 0 € k). Moreover, since
dr%a = drﬂo_ and gx o = —qr for all 0 = K|L € &y, we have for all L € T

’AZ,L’ - gT‘A?{,L‘ = % > 0,
K#L

and then A™ is strictly diagonally dominant with respect to the columns. A" is then an
M-matrix so A™ is invertible, which gives existence and uniqueness of the solution of the
scheme. Moreover, (A™")~! > 0 and since UY% > 0 for all K € T (using (H3)) and U2 >0
for all n > 0, for all o € £2, (using (H2)), it is easy to prove by induction that U > 0
for all K € T, for all n > 0.

Now, we suppose that (H6) and (H7) are fulfilled. We prove that Uy < M for all K € T,
for all n > 0 by induction. Thanks to hypothesis (H7), we have clearly U?{ < M for all
KeT.

Let us suppose that Uz < M VK € 7. We want to prove U}?Fl <M VKEeT.

Let us define M = (M, ..., M)T € R (7). Since A" is an M-matrix, we have (4")~* >0
and then it suffices to prove that A" (U™ — M) < 0.

We first compute A"M. Using the following property of the Bernoulli function:

(3.3.2) B(z) — B(—x) = —x Vz €R,
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we obtain that for all K € T,

m(K d
(AnM)K =M + Z QKU + Z ngT‘KU <_ (;qu’U>
0€Eint, K Jeé'gct K "K.o

Then we compute A" (U™ —M): for all K € T

(e 8), = TR0 e 3 s (Gl o
OCCent, K

M Z o)qK.e — M Z Todrf o B <—quK’o>.

Uegznt K O'Egert K

By induction hypothesis, the first term is nonpositive. Moreover, using hypothesis (HT7)
and the property ([B.3.2]), we obtain

(an (Ut =M)) < =M Y m@)ake—M Y. m(o)ax,
Ueglnt K O'Egezt K
< -M Z QKU
o€€K

However, using hypothesis (H6) and the definition of ¢x , B23), we get

Z (]KU—Z/(] andS—/dIV

o€€K o€k
and then (A™ (U™t — M)), <Oforal K eT.
So we have A™ (U1 — M) < 0, therefore we deduce that U™ — M < 0, hence U}?Fl <
M VK and we can show by the same way that U[”{Jrl >m VK. O

Remark 4. In the case of the drift-diffusion system for semiconductors, the hypothesis
(H6) is not fulfilled (AV # 0). Nevertheless, if we assume that

— the doping profile C' is equal to 0,

— there exist two constants m > 0 and M > 0 such that m < N, Ny, P, Py < M,

~ MAt <1,
then we have, using the same kind of proof as in [52],
0<m< N <M, VK eT, VYn>0,
0<m< Pg <M, VK €T, VYn>0.

Definition 3.2. Let D be an admissible discretization of 2 x (0,7"). The approximate

solution to the problem B.LI4)-B.LIH)-(BII6)-(B.II7) associated to the discretization

D is defined as piecewise constant function by:
(3.3.3) us(z,t) = Uptt, V(x,t) € K x [t", "1,

where {Up, K € 7,0 < n < Nr} is the unique solution to the scheme (B.2.1))-(B.2.2)-
B24)-B2I13).
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3.3.2 Discrete L?(0,7; H') estimate on u;

In this section, we prove a discrete L? (0,T;H 1) estimate on ugs in the nondegenerate
case, which leads to compactness and convergence results.
For a piecewise constant function vs defined by vs(w,t) = vt for (z,t) € K x [t", t"F]
and vs(y,t) = vt for (v,t) € o x [t",t" ], we define

Nt 2 2
loslip =Y At Y = ‘Uz-i-l n+1’ +3Y % ol U?(ﬂ’
n=0 UG%TE KETgeggct X
o=

Proposition 3.3.2. Let assume (H1)-(H7) are satisfied. Let us be defined by the scheme
(3.21)-(3.22)- (3-23)- (3.213) and (3:33).
There exists D1 > 0 only depending on r, q, ug, u, 2 and T such that

(3.3.4) |us|} p < Di.

Proof. We follow the proof of Lemma 4.2 in [83]. Throughout this proof, D; denotes
constants which depend only on r, q, ug, w, 2 and T'. We set

1
T = /
K Atm tmn
—n+1

Wit = Ut —UW VK €T, ¥neN.

We multiply the scheme (3.:24) by Atw' and we sum over n and K. We obtain A+B = 0,
where:

tn+1

/H(az,t)dajdt, VK €T, VneN,
K

and

A = ZZ (U"“ Un) n+1’

n= OKET

B - Zmz S Fptlupt,

= KeT o€l
Estimate of A. This term is treated in [83]. We get:

1
(3.3.5) A> —§HU0 —U(-,O)Hiz(g) = 2(10¢@| L1 (x (0,7))| M — m| = —Da.

Estimate of B. A discrete integration by parts yields (using that w?*! = 0 for all
o€ &L, and for all n > 0):

B= ZAt Z ]_-n+1( n+l _ n+l)+ZAt Z Z ]:n-l-l( n+l _ Z+1)7

O'Eglnt : KET o'egD
o=K|L HKE
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which delivers B = B’ — B, with:

B = Z At Z ]:rz-l-l (Ulré-l-l Un-l—l) + ZAt Z Z ]:rz-l-l (Ulré-l-l o UgL—I—l)’

ge:}?yﬁ = KeT oég(gt K
- 1 1 1 1
B - ZAt > F (T _Uz+)+zmz Z ;mﬂ( T T,
o€€int n=0 KeT geel
o=K|L

Estimate of B. Using the expression (3.2.14) of .7-'?5;1, we have B = By + By with

El = Z At Z % (Un-i-l + Un+1) (U}L(—i-l _ UZ_H)

Ueglnt
o=K|L
YAy s MO (o) (037 -T2,
n=0 KeTgeggtK
oD QK o dO'qK,O' n n n+1 =n+1
BQ = Z At Ue;“n th <M> (U +1 U +1) (UK - UL )
oc=K|L
QK o dUQK o —n+1 —=n+1
+Y At th ) (Uptt —urtY) (U T ) .
2_: IgTaegzD “ <2dr§70>( )( " )

The term B is treated like in [83], which leads to
1B1] < M||dllco|[@s][1,pdm() = Ds.
We apply Young’s inequality for Bo: for any a > 0, we have
- a n \2 [ doQK.o doqK .o ? il na1)2
B| < Enz:%m > 7o (k) <2dr?{p coth <W>> (Up —uptt)

o€Eint
o=K|L

2
2 dO'qK,O' dJQK,U n+1 n+1 2
i —Zmz S (k) <2dr?{’gcoth<2dr?{’g>> (v - )

n=0 KeT gegD

PN
2% Us||1,p-

By the hypothesis (H4), we have inf }T‘,(S) > 0. Then, using Lemma B.2.1], the L™

s€[m,

estimate on us (3.3.1)) and the hypothesis (H5), we have

dotics _ Jlallsediam(®)

2drig , ~ sE%rI)}LfM} r'(s)

,Vne N, VK € T, Vo € €.
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Moreover, since x — x coth(x) is continuous on R, we obtain

2

dU o dU o

G09Ka otn L2959 ) ) < p, Vn e N, VK € T, Vo € Ex.
2dr?(70 2dr?(70

Thus we can bound B:

2
— o 1
(3.3.6) B| < D3+§D4< sup r'<s>> lusllt.p + 5 sl p-
s€[m,M] «

Estimate of B’. First, using the expression (B.2Z14)) of the flux and Lemma B.2T] we
have for all n > 0, for all K € 7 and for all 0 = K|L € &y i

Fl (U"+1 UELH) _ m(U;‘Hﬂo ((U"H) _(UZ+1)2)

doqr doqx 2
1/ n o 0 a 0 n+l _ rrn+l
+7o7 (nK’U)Qr/(n}‘(U) coth (27"/(77?(0) (UK Uy ) .

Then, since x coth(z) > 1 for all z € R, we get:

Frl (U”+1 Uf“) > m(U;QKvo <(U}§+1)2_ (UEL+1)2> 7, [,ii,“&] P (s) (U[n(ﬂ B U£+1)2-

We obtain the same type of inequality for .7-'?;1 (U}?l — Ug+1). Thus we get

B' > inf o/ ’u5”1’D+ZAt > = QKU ((Un+1) (UnH)z)

s€[m,M)

o€€int
o=K|L
+ZAt >y MO () - (op)’).

n=0 KeT egD

Through integrating by parts and using the hypothesis (H6), we get

Star 5 MO () (up)’)

o€€int
o=K|L

s YAy Mo () (o))

n=0 KeTgegD

:_Zmz > 5 [ @) niadso) (V) = -Ds,

n=0 KeTgegD
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and then

(3.3.7) B'> inf v'(s)|usllip — Ds.
s€[m,M]

Conclusion. Using A+ B = 0 and estimates (3.3.5), (3:3.6) and ([337), we finally
get for any o > 0:

2
« 1
inf 7/(s)— =D ! 2 < Do+ D+ Ds + — |[us||?
<se;z,Mﬁ<s> 1m0 )““5”“3— 2+ Dyt Dyt Tl

2 inf 7/(s)
thus for a < o€fm,M]

5, We obtain ||u(;||%D < D;. O

Dy sup 7'(s)
s€[m,M]

3.4 Convergence

In this section, we prove the convergence of the approximate solution us to a weak
solution u of the problem @.ILI4)-@B.IIH)-B.II6)-B.I1I7). Our first goal is to prove
the strong compactness of (ug)so in L% (2x]0,7T[). It comes from the criterion of strong
compactness of a sequence by using estimates (3.3.1) and (3.3.4). Then, we will prove the
weak compactness in L2(Q2x]0,T[) of an approximate gradient. Finally, we will show the
convergence of the scheme.

3.4.1 Compactness of the approximate solution

The following lemma is a classical consequence of Proposition and estimates of
time translation for us obtained from the scheme (3.2.1))- ([3.2.2)- (3:2.4)- (3:2.13). The proof
is similar to those of Lemma 4.3 and Lemma 4.7 in [85].

Lemma 3.4.1 (Space and time translate estimates). We suppose (H1)-(H7). Let D be
an admissible discretization of Q x (0,T). Let us be defined by the scheme (321))-[(3.2.2)-

(323)-(3213) and by (3.3.3).

Let @ be defined by i = us a.e. on Q x (0,T) and @5 =0 a.e. on R\ Q x (0,7).
Then we get the existence of Ma > 0, only depending on 2, T, r, q, ug, @ and not on D
such that

T
(3.4.1) / /Q (a5(z + 0, t) — dg(z, 1)? drdt < Maln|(jn] +46), ¥ € RY,
0

and

T
(3.4.2) / / (d5(2,t +7) — tig(x, 1)) dudt < Ma|r|, VreR.
0 Q
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Now, we define an approximation Vou; of the gradient of u. Therefore, we will define
a dual mesh. For K € T and o € £k, we define Tk , as follows:
—if 0 = K|L € &t i, then Tk, is the cell whose vertices are zx, zy, and those of
o=K]|L,
— if 0 € &gt i, then Tk, is the cell whose vertices are xx and those of o.
See [54] for an example of construction of Tk ,. Then ((T K.0) e 5K>KeT defines a partition

of Q. The approximation Vous is a piecewise function defined in € x (0,7) by:

m(c) 1 1 .
Urtt — U ) ng, if (x,t) € Tk x [t", "], 0 = K|L,
N (Ut i) nx, (z,1) € Tko X [ [ |
Vous(z,t) =
) (i | -
m(TK,a) (UU+1 B K+1) NK.o if (x’t) € TKJ X [t ot +1[7 (OIS gext,K'

Proposition 3.4.1. We suppose (H1)-(H7).
There exist subsequences of (ug)s=o and (Vous)s=o, still denoted (us)s=o and (Vous)s=o,
and a function u € L°°(0,T; HY(Q2)) such that

Us = u in L2(2x]0,T]) strongly, as 0 — 0,
Vous — Vu in (L*(Q2x]0,T[)? weakly, asé — 0.

Proof. Using estimates (B.4.1))-([34.2) and applying the Riesz-Fréchet-Kolmogorov crite-
rion of strong compactness [31], we obtain the first part of this proposition. The result
concerning Vu; is proved in [52]. O

3.4.2 Convergence of the scheme

Now it remains to prove that the function w defined in Proposition B4.1] satisfies
Definition B.1] of a weak solution. The main difficulty in proving this comes from the fact
that the diffusive and convective terms are put together in the Scharfetter-Gummel flux.

Theorem 3.4.1. Assume (H1)-(H7) hold. Then the function u defined in Proposition

[54.1] satisfies the equation (F1.13)-(3113)-(3110)-(3117) in the sense of (Z118) and
the boundary condition uw —u € L>(0,T; H}(S2)).

Proof. Let ¢ € D(Q x [0,T]) be a test function and ¢} = ¢ (zk,t") for all K € T and
n > 0. We suppose that 6 > 0 is small enough such that Supp(v) C {z € Q; d(z,T) >
0} x [0, (Np — 1)At[. Let us define an approximate gradient of 1) by

5 % Wr —vi)nke i (@,1) € Theo x [t "7, o= K|L,
\4 ¢(l‘,t) =

m(o)

m(TK,o) (1)[)0' ¢K) ng, 1 (IIJ‘, )G K, X[ , [, o E ext, K
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We get from [84] that (V%1))s-o weakly converges to V4 in (L?(Q x (0,7)))? as § goes to
Z€ro.
Let us introduce the following notations:

Bip(d) = — (/OT/Qu(s(a:,t) Op(x,t) dxdt—k/ﬂu(;(x,O)l/J(m,O) dx),
T
Bu(5) — / / P (ug (2, t — A)) Viug(z,t) - Vib(, £) da dt,

Bso(6) = / /u5 (z,t) q(z) - VOu(x,t) de dt,

and
6(5) = —310(5) — 320(5) — B30(5).

Multiplying the scheme ([3.2.4)) by At} and summing through K and n, we obtain
B1(0) + Ba(9) + B3(d) =0,

where

Nt
Bi(6) = Y Y m(K) (U;z“ — UR) ik

n= OKET
g dO' g
By(5) = —ZAtZ i qK coth <2d%> (U — U)ok,
n=0 KeT o€k Ko
Un+1_|_Un+1
By(5) = ZAtZ 3 mo)aico KT Ty
n=0 KeT oelk

From the strong convergence of the sequence (ug)sg to u in L2(2x]0, T[), it is clear using
the time translate estimate ([B.42) that there exists a subsequence of (us)s=o, still denoted
by (us)s=0, such that

us(-, - — At) — w in L*(Q2x]0,T]) strongly as § — 0,

where u € L>®(0,T; H'(Q)) is defined in Proposition3.Z.1l Moreover, thanks to hypothesis
(H4), we have r' € C*(R), and using the L>®-estimate (3.3.1]) we obtain that

(us(-, - — At)) — ' (u) in L2(Q2x]0, T[) strongly as 6 — 0.

Finally using this strong convergence and the weak convergence of the sequences (V5U5)5>0
to Vu and (V%%)so to V4 in (L2(2x]0,T[))%, it is easy to see that

T
£(5) —» /0 /Q (u(,t) Bp — v (u(z, 1)) Vulz,t) - Vi + u(z, t) a(z) - Vo) dedt

+/Qu(x,0)¢(x,0) dx, as 6 — 0.
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Therefore, it suffices to prove that £(6) — 0 as 6 — 0 and to this end we are going to
prove that () + B1(9) + B2(d) + B3(0) — 0 as § — 0.

Estimate of B;(d) — B1p(d). This term is discussed for example in [52, Theorem 5.2]
and it is proved that:

[B1(6) — B1o(d)] < {(TJF 1)m(Q)MH1/1HCZ(Qx(o,T))] 6 —>0asd—0.

Estimate of By(d) — B2o(d). Using a discrete integration by parts, we write

zm 5 mls oy, (dJQK’(’)(U”H UR) W~ )

n
Ueglnt 2dTK70
oc=K|L

Then we rewrite B(d) = Bg1(0) + Baa(0) + Bas(d), with

Box (6 zAt > 7 (UR) (UET = UR™) W — k),

Ueglnt
o=K|L
N
By (6) = XT: At Z Ty dodr.o coth dodro | _ 1) drg (U”+1 - U”+1) (Y} —Yk)
— 2dr7, 2dr7, AL K ’
0 oS "’ 7

Bas(0) = > At 3 7 (drge, —r'(UR)) (UP = U (07 - o).
n=0 0€€int
o=K|L

Using the definition of @5 and Vouy, we rewrite By (8) as B210(0) + Bago(0) with:

( ) n+1 n+1 g
B210(6 uym— -0 / Vi(2,t) - ng o de dt,
"ZOU%Lt TKvU)( L K ) tn Tk, s
o=K|L
m(o " .
Ban@) =Y. X (00~ (0R) (c; )>(UL+1—UK+1)
n= anglnt K,o‘
o=K|L
tn+l

<.

Now we prove that B21(d) — Bo1p(d) — 0 as § — 0 and B23(0), Bas(0), Ba(d) — 0 as
60— 0.

/ Vip(z,t) - ng o dedt.
TKJQL
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Estimate of Bs;(d) — Ba1p(d). We have

Bs1(0) — Ba1o(0 Z > m

n=0c€E;nt

AU wn _ wn 1
L~ YK _ '
’ Ut < T ) Jr, ) e dw) dt] .

Since the straight line Zxzp, is orthogonal to the edge K|L, we have 2, — 2 = d,n o
and then from the regularity of v,

VL — Yk
do

= ViY(zg,t") ngq, + O(Ax)
= Vi(@,t) ngq +00), V(w,t) € Tiep x (¢7,£71).

Then by taking the mean value over Tk ., there exists Dg > 0 depending only on ¢ such

that o
tm n __ ,,n
/ VE— Wk 1 Vo g, do | dt
t dU (

n m(Tk 5) JTx ,

< DgSAL,

and then

Nr
|B21(6) — B210(d)| < 6Dg S[UPM] ()Y At > m(o) ‘UELH — U,
selm, n=0  o€&nt

Since the straight line Zxzy, is orthogonal to the edge o = KL for all o € &,k and the
mesh is regular, there is a constant D7 > 0 depending only on the dimension of the domain
and the geometry of 7 such that m(o)d, < Dym(Tk ) for all K € T , all 0 € Ecpr i
and then using the Cauchy-Schwarz inequality and the L2(0,T; H') estimate (3.3.4)), we
obtain

’321(5) — Bglo(é)‘ < (5D6 sup T,(S) DlTD7m(Q) —0asd—0.
s€[m,M]

Estimate of Bgy(d). Since x — x coth(x) is a 1-Lipschitz continuous function and is
equal to 1 in 0, we have

|Bas(8)] < ZAt > 2)

Ueg@nt

25HquoZAt >

n=0 o€€int

Ut — UR g — vk

70|

IA

- U;;H\ Y7 — |, since dy < 20.

Then using the Cauchy-Schwarz inequality, the regularity of 1 and the L?(0,7; H') esti-
mate ([3.3.4)), there exists Dg > 0 only depending on 7" and 2 such that:

|B22(0)| < éllalocDs||¢lcr v/ D1 — 0 as 6 — 0.
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Estimate of By3(d). Using Lemma B.2.1] and hypothesis (H4), we have

g = WR)| < s IV = UR, Yo € B, 7 = KL
se|m,

Using the regularity of 1 and the Cauchy-Schwarz inequality, we obtain

Nr
[Bas(0)| <8 sup | (s)l[ller S At ST 7 U - URl|Uptt - Uit

SE[TTL,M} n=0 c€€int

and then using the L?(0,T; H') estimate (3.3.4), we get

|Bas(6)| <6 sup |1 (s)ll|v)ller Dy — 0 as 6 — 0.

se|m,
Estimate of Bagy(d). We obtain the same type of estimate as for Ba3(d):

|B2oo(0)] <25 sup |7 (s)|||¢|lcx D1 — 0 as § — 0.

se|m,
Estimate of B3(d) — Bsp(d). Using a discrete integration by parts, we obtain
Un+l Un+l

ZAtZ (7)arcr L (U] — R),

o€Eint
and then we rewrite Bs(d) as Bs1(0) 4+ Bs2(0), with

Un+1 Un+1

Bsi(0) = —ZAt Z qKO'#(wL Vi)
c€€int

332(5) = - Z At Z QKJ n+1 (wL 1/1?{) :
c€€int

Using the definition of V%, we get

Pu) =3 % o e e O R a) s

n= 00'68 7

tn+1

which gives, using the definition of ugs, B3g(d) = Bs10(d) + Bs20(d), where

1
B At m(o) (Up — Uptt / z) - ng g de,
310(0 Z ae;mt ( K )WL VE) = m(Tro) TK,anLq( ) ng,
1
B VU (4 / ‘N de.
320(0 Z Z —VK) —m— m(Tr) J1c, q(z) - ng,qdz

n=0c€E;nt
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Now we prove that Bsg(d) — Bsgg(d) — 0 as 6 — 0 and Bsy(d), Bs19(6) — 0 as § — 0.
Using the regularity of q, there exists Dg > 0 which does not depend on § such that

1

< Daqgd.
‘m(a) < Dgo

1
/Uq(:n) ‘g ds(z) — m /TK q(z) ngqde

,O

Then we can estimate Bsz(0) — Bsag(0):

Nr
|Bsa(8) — B3o(0)] < 6DgM Y At > m(o) [v} — V|
n=0

Uegint

IN

(5D8D9MH1/J”51 D7II1(Q) —0asd— 0.

Moreover, we have

Nr
1B31(6)] < dllallec Y AL > 74 ’UZ” _ U[’;H‘ o — |
n=0 o€€int
< dlalleo||®]lcr DsvV D1 — 0 as 6 — 0.

We obtain in the same way that Bsjp(d) — 0 as § — 0.
Hence u satisfies

/0 ! /Q (u(,t) Db (, 1) + ' (u(z, 1)) Vulz,t) - Vib(a,t) + ulz, ) a(z) - Vi(a, ) da dt
+/Qu(a:,0)w(a:,0) dx =0,

and then

T
| [ ey i, ) + Vi (ute, ) - T, ) + ue. ) ala) - Voo, 1) dodi
0
+/ u(z,0) ¥, 0) dx = 0,
Q
It remains to show that u —w € L>(0,T; H}(Q2)). This proof is based on the L?(0,T; H')

estimate ([3:34) and is similar to the one of Theorem 5.1 in [52].
U

3.5 Numerical simulations

3.5.1 Order of convergence

We consider the following one dimensional test case, picked in the paper of R. Eymard,
J. Fuhrmann and K. Gértner [83]. We look at the case where, in (B.1.14]) we take 2 = (0, 1),
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T = 0.004, 7 : s + 52, ¢ = 100, in (BLI5) we take ug = 0 and in (BII6) we take, for
v = 200,

g
—
=

~+
S~—

Il

(v —q)vt/2

B B 0 for t < 1/v,
u(l,t) = { (v —q)(vt —1)/2 otherwise.

The unique weak solution of this problem is then given by

) (w=q)(vt —x)/2 if z < vt,
u(z,t) = { 0 if x > vt.

The time step is taken equal to At = 10~® to study the order of convergence with respect
to the spatial step size Az. In Tables B.1] and [3:2] we compare the order of convergence
in L> and L? norms of the scheme (BZ1)-(322)-(324) defined on one hand with the
classical upwind flux (B:Z5]) and on the other hand with the Scharfetter-Gummel extended
flux BZI3]). We obtain the same order of convergence as in [83]. Moreover, it appears
that even if we are in a degenerate case, the Scharfetter-Gummel extended scheme is more
accurate than the classical upwind scheme.

J | Az(j) llu — ugl|pee | Order | ||u— ug||p | Order
Upwind SG extended
0] 251072 1.110 2.137.107 1
111251072 | 7.237.107' | 0.62 1.107.1071 0.95
216.3.107% | 4.485.10' | 0.69 | 5.631.1072 0.98
31311073 | 2.685.10°! | 0.74 2.84.1072 0.99
411.6.107% | 1.568.10~! | 0.78 1.426.1072 1
5181074 9.1072 0.80 7.15.1073 1

Table 3.1: Experimental order of convergence in L> norm for spatial step sizes Az(j) =

0.1

w of the classical upwind scheme and of the Scharfetter-Gummel extended scheme.

3.5.2 Large time behavior
The drift-diffusion system for semiconductors
We may define the finite volume approximation of the drift-diffusion system (B.1.1]).

Initial and boundary conditions are approximated by (32I) and (322)). The doping
profile is approximated by (Ck)xe7 by taking the mean value of C' on each volume K.
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J | Ax(j) llu — usl|z2 | Order | [Ju— us|z2 | Order
Upwind SG extended

0251072 | 3.336.107 " 4.806.1072

1]1.251072 | 1.852.10~! | 0.85 1.642.1072 1.55
216.3.107% | 9.911.1072 | 0.9 5.695.10~3 1.53
31311073 | 5.182.1072 | 0.94 2.1073 1.51
411.6.1073 | 2.669.1072 | 0.96 7.142.107% 1.49
51| 8.107% 1.361.1072 | 0.97 | 2.695.10~% 1.41

Table 3.2: Experimental order of convergence in L? norm for spatial step sizes Ax(j) =
0.1

2z of the classical upwind scheme and of the Scharfetter-Gummel extended scheme.

The scheme for the system (B.ILI)) is given by:

Npt — Np +1
m(K)T—i- > Fitl=o, VK € T,Vn >0,
oefk
PTL+1 n n+1
m(K)i > G = VK € T,Vn >0,
o€€K
> 7DV, =m(K)(Ni — Pi —Ck), VKeT,¥n>0,
o€€K

where

—DV¢ DV
‘F[rg’;’l = To-d'I“ (NI%7N<17/'L) <B (7[(7(7)]\[%—’_1 —B <d’r7](0)>Nn+l> 5 \V/O' S gK,

dr (N, N3) (Ni» N3
and
DV ~DVp
ol = dr (PR, P2) | B s | PR = B[ ——onte | PRFY) Vo € £k
g i T( e U)< <d (PK7Pn) d(PK,P”) TreeK

We compute an approximation (N7, Pid, Vi?)ger of the thermal equilibrium defined
by BL3)-B.I4) with the finite volume scheme proposed by C. Chainais-Hillairet and
F. Filbet in [51].

Then we introduce the discrete version of the deviation of the total energy from the thermal
equilibrium (B.L6): for n >0,

£ = 3 m(K)(H(NJ) — H(N) — h(N§?) (Nt — N§9))
KeT
+ 3 m(K) (H(PE) — H(P) — h(P) (PR — PyY))
KeT
+ > |y, —pvis |+ Z Z ~pve [

O'Eglnt KGTUE D
o=K|L
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and the discrete version of the energy dissipation (B.IT): for n > 0,

" = Y memin (NEFLNET) D (R (NT) - V) ]2
Uegint ’
oc=K|L

p(n(nvy vy, |

D (h(P™1) + V")KJ] i

+Z Z Tgmin(N;éH,N:H)

KGTUEgext)K

+ Z To Min (P}?l, PZH)
Uegint
oc=K|L

+Z Z Tgmin(P}éH,P;‘H)

KGTUEgext)K

D (h(P") + V")KJF .

We present a test case for a geometry corresponding to a PN-junction in 2D picked in the
paper of C. Chainais-Hillairet and F. Filbet [51]. The doping profile is piecewise constant,
equal to +1 in the N-region and —1 in the P-region.

The Dirichlet boundary conditions are

N=01 P= h(N) — h(P)

[an)}

9

<l
I

on {y=1, 0<x<0.25},

09, P=01, V= M on {y = 0}.

2|
I

Elsewhere, we put homogeneous Neumann boundary conditions.
The pressure is nonlinear: r(s) = s” with v = 5/3, which corresponds to the isentropic
model.
We compute the numerical approximation of the thermal equilibrium and of the transient
drift-diffusion system on a mesh made of 896 triangles, with time step At = 0.01.
We then compare the large time behavior of approximate solutions obtained with the three
following fluxes:

— the upwind flux defined by (325) (Upwind),

— the Scharfetter-Gummel extended flux (B2213) with the first choice [B:2Z3) of drg .,

close to that of Jiingel and Pietra (SG-JP),
— the Scharfetter-Gummel extended flux (B2Z13]) with the new definition (B2ZI1]) of
drg - (SG-ext).

In Figure B3] we compare the discrete relative energy £™ and its dissipation Z™ obtained
with the Upwind flux, the SG-JP flux and the SG-ext flux. With the third scheme, we
observe that £" and Z" converge to zero when time goes to infinity, without a saturation
phenomenon. This scheme is the only one of the three which preserves thermal equilibrium,
so it appears that this property is crucial to have a good asymptotic behavior.
In Figure 3.4l we compare the relative energy £™ and its dissipation Z™ obtained with the
SG-ext flux for three different time steps At = 5.1073, 1073, 10~%. It appears that the
decay rate does not depend on the time step.
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Figure 3.3: Evolution of the relative energy £" and its dissipation Z" in log-scale for
different schemes.
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Figure 3.4: The relative energy £™ and its dissipation Z" in log-scale for different time
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The porous media equation

We recall that the unique stationary solution u? of the porous media equation ([.II0)
is given by the Barenblatt-Pattle type formula (B.I.11]), where C; is such that u®? as the
same mass as the initial data ug. We define an approximation (Ug?) et of u“l by

. -1 1/(v—=1)
et — (cl _7 \xK\2> L KeT,
2y +

where C is such that the discrete mass of (UK) ke is equal to that of (U?()KET7 namely

Z m(K)U = Z m(K)UY.. We use a fixed point algorithm to compute this constant
KeT KeT

Ch.

We introduce the discrete version of the relative entropy (B.1.12])

T 2
&=y m(K) (H(U;g) — H(UZ) + | g' (U — Uf?)) ;
KeT

and the discrete version of the entropy dissipation (3.1.13)

" = Z T, min (Ug, U})

Uegint
o=K|L

o s+ )
K,o

+Y Y 7min (U, UP)

KGTUGEem,K

D <h(U”) + ﬁ)
2 K,o

We consider the following two dimensional test case: r(s) = s3, with initial condition

UO(xay) = exp (—W) if (.Z' + 2)2 + (y - 2)2 < 6,
0 otherwise,

and periodic boundary conditions.

Then we compute the approximate solution on Q x (0,10) with Q = (-10, 10) x (—10, 10).
We consider a uniform cartesian grid with 100 x 100 points and the time step is fixed to
At =5.10""1

In Figure B.5, we plot the evolution of the numerical solution u computed with the SG-
ext flux at three different times ¢t = 0, ¢t = 0.4 and ¢ = 4 and the approximation of
the Barenblatt-Pattle solution. In Figure we compare the relative entropy £" and its
dissipation Z" computed with the scheme ([3.24]) and different fluxes: the Upwind flux,
the SG-JP flux and the SG-ext flux. We made the same findings as in the case of the
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drift-diffusion system for semiconductors: the third scheme is the only one of the three for
which there is no saturation phenomenon, which confirms the importance of preserving
the equilibrium to obtain a consistent asymptotic behavior of the approximate solution.
Moreover it appears that the entropy decays exponentially fast, which has been proved in
[48].

In Figure BT, we represent the discrete L' norm of U — U® (obtained with the SG-ext
flux) in log scale. According to the paper of J. A. Carrillo and G. Toscani, there exists a
constant C' > 0 such that, in this case,

u(t,x) — u(x)|| 1) < Cexp —§t , t>0.
(R) 5

We observe that the experimental decay of u towards the steady state u®? is exponential,
at a rate better than 3/5.
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Figure 3.5: Evolution of the density of the gas v and stationary solution u®?.

3.6 Conclusion

In this chapter, we presented how to build a new finite volume scheme for nonlinear
convection-diffusion equations. To this end, we have to adapt the Scharfetter-Gummel
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Figure 3.6: Evolution of the relative entropy £ and its dissipation Z" in log-scale for
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scheme, in such way that ensures that a particular type of steady-state is preserved. More-
over, this new scheme is easier to implement than existing schemes preserving steady-state.
In addition, we have shown that there is convergence of our scheme in the nondegenerate
case. The proof of this convergence is essentially based on a discrete L? (0,7;H 1) estimate
B34). A first step to then prove the convergence in the degenerate case would be to show
this estimate without using the uniform lower bound of wug.

Finally, we have observed that this scheme appears to be more accurate than the upwind
one, even in the degenerate case. Indeed, we have applied it to the drift-diffusion model
for semiconductors as well as to the porous media equation. In these two specific cases, we
clearly underlined the efficiency of our scheme in order to preserve long-time behavior of
the solutions. At this point, it still remains to prove rigorously this asymptotic behavior,
by showing a similar estimate to the one of the continuous framework ([B.L5) for discrete
energy and discrete dissipation.



CHAPITRE 4

Un schéma volumes finis d’ordre deux
pour des équations paraboliues non
linéaires dégénérées

Dans ce chapitre, nous construisons un schéma volumes finis d’ordre deux en espace,
pour des équations paraboliques non linéaires dégénérées qui admettent une fonctionnelle
d’entropie. Pour nombre de modeles décrits par de telles équations (équation des milieux
poreux, systeme de dérive-diffusion pour les semi-conducteurs,...), la solution du probléme
évolutif converge en temps long vers un état stationnaire. Le schéma présenté dans ce
chapitre préserve les états stationnaires et fournit un comportement en temps long sa-
tisfaisant. De plus, il reste valide et précis a 'ordre deux en espace méme dans le cas
dégénéré. Apres avoir décrit la construction de ce schéma numérique, nous présentons un
certain nombre de résultats numériques qui d’'une part mettent en évidence ’ordre élevé,
a la fois dans les régimes non dégénérés et dégénérés, et d’autre part soulignent l'efficacité
du schéma pour préserver 'asymptotique en temps long.

*. Ce chapitre est un article écrit en collaboration avec F. Filbet, A finite volume scheme for nonlinear
degenerate parabolic equations [19], accepté pour publication dans SIAM Journal on Scientific Computing.
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4.1 Introduction

In this chapter we propose a second order accurate finite volume scheme for solving the
following nonlinear, possibly degenerate parabolic equation: for u : RT x Q — R™ solution
to

Ou =div (f(uw)VV(x) + Vr(u)), ze€Q, t>0,
(4.1.1)
u(t = 0,z) = up(z),

where Q C R? is an open bounded domain or the whole space R, u > 0 is a time-
dependent density, f is a given function and r € C*(R4) is such that 7/(u) > 0 and 7/(u)
can vanish for certain values of u. Moreover, we assume that r and f are such that there
exists a function h such that r/(s) = h/(s) f(s), and that f(u) > 0. This assumption means
that the problem we consider has a structure corresponding to an energy or entropy, or
more generally a Lyapunov functional. Or aim is to design a scheme which preserves this
physical property. Indeed, the equation (AI1]) can be now written as

(4.1.2) Ou =div (f(u) V (V(z) + h(u))),

and this equation admits an entropy functional: if we multiply (ZI.2)) by (V + h(u)) and

integrate over €2, it yields

dE(t)
= =T <0,

where the entropy F is defined by
B(t) = / (Vu+ H(u) de
Q
with H an antiderivative of the function h, and the entropy dissipation Z is given by

(1) = /Q F@) |V (V + ()| da.
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A large variety of numerical methods have been proposed for the discretization of non-

linear degenerate parabolic equations: piecewise linear finite elements [13, [77), [1T5], 145,
146], cell-centered finite volume schemes [85, [87], vertex-centered finite volume schemes
[147], finite difference methods [126], mixed finite element methods [7], local disconti-
nuous Galerkin finite element methods [166], combined finite volume-finite element ap-
proach [88]. Schemes based on discrete BGK models have been proposed in [§], as well
as characteristics-based methods considered in [50, 123]. Other approaches are either
based on a suitable splitting technique [80], or based on the maximum principle and on
perturbation and regularization [I52]. Also high order schemes have been developed in
[49, [135], 130], which is a crucial step getting an accurate approximation of the transient
solution.
In this chapter our aim is to construct a second-order finite volume scheme preserving
steady-states in order to obtain a satisfying long-time behavior for numerical solutions.
Indeed, it has been observed in Chapter B that numerical schemes based on the preser-
vation of steady states for degenerate parabolic problems offer a very accurate behavior
of the approximate solution as time goes to infinity. To our knowledge, only few papers
investigate this large-time asymptotic of numerical solutions. L. Gosse and G. Toscani
proposed in [99] a scheme based on a formulation using the pseudo-inverse of the density’s
repartition function for porous media equation and fast-diffusion equation, and analysed
the long-time behavior of approximate solutions. C. Chainais-Hillairet and F. Filbet stu-
died in [51] a finite volume discretization for nonlinear drift-diffusion system and proved
that the numerical solution converges to a steady-state when time goes to infinity. In [3§],
M. Burger, J. A. Carrillo and M. T. Wolfram proposed a mixed finite element method for
nonlinear diffusion equations and proved convergence towards the steady-state in case of
a nonlinear Fokker-Planck equation with uniformly convex potential. Here we propose a
general way for designing a high-order scheme for nonlinear degenerate parabolic equa-
tions (£I11) admitting an entropy functional. This scheme preserves steady-states and
entropy decay like those proposed in [16] 51, [99]. Moreover, it appears that a loss of accu-
racy can happen when the problem degenerates, causing a deterioration of the long-time
behavior of the approximate solution. Our new scheme tackles this issue since it remains
second-order accurate in space both in degenerate and non-degenerate regimes.

Before describing our numerical scheme, let us emphasize that for some models described
by equation (AI.T]), the large-time asymptotic has been studied using entropy/entropy-
dissipation arguments, which will be the starting point of our approach. On the one hand
equation (AIJ]) with linear convection, namely f(u) = u, has been analysed by J. A. Car-
rillo, A. Jingel, P. A. Markowich, G. Toscani and A. Unterreiter in [45]. On the other
hand for equation (£II]) with nonlinear convection and linear diffusion a particular case
has been studied in [47), 46, [160] by J. A. Carrillo, P. Laurengot, J. Rosado, F. Salvarani
and G. Toscani. We will now remind some of the useful results contained in these papers.
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Case of a linear convection. The paper [45] focuses on the long time asymptotic with
exponential decay rate for

(4.1.3) Ou =div (uVV(z) + Vr(u)), ze€Q, t>0,
with initial condition u(t = 0,z) = ug(z) > 0, ug € L*(Q) and
/ ug(z) de =: M.
Q
Equation (@1.3) is supplemented either by a decay condition when |z| — oo if Q = R?

or by a zero out-flux condition on 9 if €2 is bounded. In the following, we assume that
r: Ry — R belongs to C?(R.), is increasing and verifies r(0) = 0. We define

(4.1.4) h(s) = /1 T g e (0,00,

T

and assume that h € L}, . ([0,00)). Then

loc
H(s) := /Os h(r)dr, s€]0,00),

is well-defined, and H'(s) = h(s) for all s > 0.
To analyze the large-time behavior to (AI3)), stationary solutions u? of (AI3]) in 2 are
first studied:

u“VV(x) + Vr(u) =0, /Queq(x) dx = M.

By using the definition (AI4]) of h, this can be written as
u (VV () + VA(u)) = 0, /Q w (@) dz = M,
and if u®? > 0 in €2, then one obtains
V(z)+ h((u(z))=C Vzel,

for some C' € R. By considering the entropy functional
E(u) = /Q (V@) u(z) + H(u(x))) dz,

a function u¢®™ ¢ L'(Q) is an equilibrium solution of (@I13) if and only if it is a minimizer
of E in

C = {uGLl(Q), /Qu(x)d:L":M}

Under some regularity assumptions on V, existence and uniqueness of an equilibrium
solution is proved. Therefore, the long time behavior is investigated and the exponential
decay of the relative entropy

(4.1.5) £ (t) = E (u(t)) — BE(uc@M)
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is shown, using the exponential decay of the entropy dissipation

Z(t) := —%ﬁt) = /Qu(t,:n) IV (V(z) + h(u(t,z)))]? da.
Finally using a generalized Csiszar-Kullback inequality, it is proved that the solution (¢, x)
of (EIL3) with r(s) = log(s) or 7(s) = s™, m > 0, converges to the equilibrium u¢®M (z)
as t — oo at an exponential rate.
Equation (413 includes many well-known equations governing physical phenomena
as porous media or drift-diffusion models for semiconductors.

Example (the porous media equation). In the case V(z) = |z/|?/2 and r(u) = u™, with
m > 1, equation ([AI3]) is the porous media equation, which describes the flow of a gas
through a porous interface. J. A. Carrillo and G. Toscani have proved in [48] that the
unique stationary solution of the porous media equation is given by Barenblatt-Pattle type
formula

1\ -1
o la)

(4.1.6) u(z) = (01 ~

9

_l’_

where (] is a constant such that 4°? has the same mass as the initial data ug. Moreover, the
convergence of the solution u(¢,z) of the porous media equation to the Barenblatt-Pattle
solution u®4(x) as t — oo has been proved in [48], using the entropy method.

Ezample (the drift-diffusion model for semiconductors). The drift-diffusion model can also
be interpreted in the formalism of (£1.3). It is written as

N —V - (Vr(N) — NVV) =0,
(4.1.7) P —V - (Vr(P)+ PVV) =0,

AV=N-P-C,

where the unknowns are N the electron density, P the hole density and V the electrostatic
potential, and C' is the prescribed doping profile. The two continuity equations on the
densities NV and P correspond to ([AI3) with 7(s) = s” the pressure function. These equa-
tions are supplemented with initial conditions Ny(z) and Py(x) and physically motivated
boundary conditions: Dirichlet boundary conditions N, P and V on ohmic contacts I'?
and homogeneous Neumann boundary conditions on insulating boundary segments I'V.
The stationary drift-diffusion system admits a solution (N, P°?, V°?) (see [138]), which
is unique if in addition:

=ay if N®>0
>ay if N®=0

=ap if P9>0

€q\ _ /€49
(4.1.8) h(N®) —V { > ar # Pa_p

: MW%+VW{

holds, and if the Dirichlet boundary conditions satisfy (ZI1.8]) and the compatibility con-
dition (if N P > 0)

(4.1.9) h(N) + h(P) = ay + ap.
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In this case the thermal equilibrium (N¢4, P¢?, V' ?) is defined by

AV =g(an + V) —g(ap -V -C  onf,
(4.1.10)
Nl =g(any + V), Pv=g(ap—-V) onQ,

where ¢ is the generalized inverse of h, namely

_f RTYs) i R(04) < s < oo,
9(s) = { 0 if s §+h(0+).

In the linear case 7(u) = u, it has been proved by H. Gajewski and K. Gértner in [92] that
the solution to the transient system (ELI.7) converges to the thermal equilibrium state as
t — oo if the boundary conditions are in thermal equilibrium. A. Jiingel extends this
result to a degenerate model with nonlinear diffusion in [I19]. In both cases the key-point
of the proof is an energy estimate with the control of the energy dissipation.

Case of a nonlinear convection. In [47, 46, 160], a nonlinear Fokker-Planck type
equation modelling the relaxation of fermion and boson gases is studied. This equation
corresponds to ([LIT]) with linear diffusion and nonlinear convection:

4.1.11 Owu = div (zu(l + ku) + Vu reRY +>0
( ) ) ) b

with k£ = 1 in the boson case and k = —1 in the fermion case. The long-time asymptotic of
this model has been studied in 1D for both cases [47], in any dimension for fermions [46]
and in 3D for bosons [160]. The stationary solution of (ZI.IT]) is given by the Fermi-Dirac
(k= —1) and Bose-Einstein (k = 1) distributions:

(4.1.12) u(x) =

where 8 > 0 is such that u®? has the same mass as the initial data ug. The entropy
functional is given by

P
E(u) := /Rd (%u + ulog(u) — k(1 + ku)log(1 + k:u)) dz,

and the entropy dissipation is defined by

2f? v VY[
Z(t ::——:/ uw(l+ku)|V|{— +1o
(*) dt Rd (L+ fu) (2 * g(l—kku))‘
Then decay rates towards equilibrium are given in [47,/46] for fermion case in any dimension
and for 1D boson case by relating the entropy and its dissipation. As in the case of a
linear diffusion, the key-point of the proof is an entropy estimate with the control of its
dissipation.
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Concerning 3D boson case, it is proved in [I60] that for sufficiently large initial mass, the
solution blows up in finite time.

Let us also mention that a more general class of Fokker-Planck type equations for bosons
with linear diffusion and super-linear drift is studied in [15]:

(4.1.13) dyu = div(zu(l +u™) + Vu),

where N > 0 is a given constant. For N > 2, there is a phenomenon of critical mass in
dimension 1. It is proved by minimizing an entropy functional that starting from an initial
distribution with a super-critical mass, the solution develops a singular part localized in
the origin.

As explained above, it has been proved by entropy/entropy dissipation techniques that
the solution to (A1) converges to a steady-state as time goes to infinity often with an
exponential time decay rate. Our aim is to propose a numerical scheme considering these
problems and for which we can obtain a discrete entropy estimate as in the continuous
case. In [I1], [43] B8] temporal semi-discretizations have been proposed and semi-discrete
entropy estimates have been proved. However, when the problem is spatially discretized a
saturation of the entropy and its dissipation may appear, due to the spatial discretization
error. This emphasizes the importance of considering spatial discretization techniques
which preserve the steady-states and the entropy dissipation. This point of view has
been already adopted in [16], 51] but both schemes do not provide really satisfying results
when the equation degenerates. Indeed both schemes degenerate in the upwind flux if
the diffusion vanishes and then are only first order accurate in space. Thus we propose in
this chapter a finite volume scheme for nonlinear parabolic equations, possibly degenerate,
possessing an entropy functional. We focus on the spatial discretization, with a twofold
objective. On the one hand we require preserving steady-states in order to obtain a
satisfying long-time behavior of the approximate solution. On the other hand the scheme
proposed remains valid and second order accurate in space even in the degenerate case.
The main idea of our new scheme is to discretize together the convective and diffusive
parts of the equation (LI.1]) to obtain a flux which preserves equilibrium and to use a
slope-limiter method to get second-order accuracy even in the degenerate case.

The plan of the chapter is as follows. In Section B2, we construct the finite volume
scheme. We first focus on the case of a linear diffusion (AI13)). Then we extend this
construction to the general case ([LI.1]). In Section 3] we give some basic properties of
the scheme and a semidiscrete entropy estimate for the case of a linear diffusion (L.1.3]). We
end in Section [£.4] by presenting some numerical results. We first verify experimentally the
second order accuracy in space of our scheme, even in the degenerate case. Then we focus
on the long-time behavior. The scheme is applied to the physical models introduced above
and the numerical results confirm its efficiency to preserve the large-time asymptotics.
Finally we propose a test case with both nonlinear convection and diffusion.
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4.2 Presentation of the numerical scheme

In this section we present our new finite volume scheme for (ZI11]). For simplicity
purposes, we consider the problem in one space dimension. It will be straightforward to
generalize this construction for Cartesian meshes in multidimensional case.

In a one-dimensional setting, € = (a,b) is an interval of R. We consider a mesh for
the domain (a,b), which is not necessarily uniform i.e. a family of N, control volumes

(Ki)i=1,. N, such that K; = }xi_%,xﬂr% { with z; = (a:_% + xi+%)/2 and

(2

a:x%<x1<x%<...<xi_%<xi<mi+%<...<a:Nx<a;Nx+%:b.
Let us set

— X

Awi:xl-ﬁ-% i-%’ fOrlSZSNxa

Ami+%:xi+1—xi, for1<i< N, —1.

Let At be the time step. We set t" = nAt. A time discretization of (0,7") is then given
by the integer value Ny = E(T/At) and by the increasing sequence of (t")o<n<ng -
First of all, the initial condition is discretized on each cell K; by:

U = Alxi /Kz uo(x)de, i=1,...L.

The finite volume scheme is obtained by integrating the equation ({II]) over each control
volume K; and over each time step. Concerning the time discretization, we can choose any
explicit method (forward Euler, Runge-Kutta,...). Since in this chapter we are interested
in the spatial discretization, we will only consider a forward Euler method afterwards. Let
us now focus on the spatial discretization.

We denote by U;(t) an approximation of the mean value of u over the cell K; at time ¢.
By integrating the equation (£I1l) on K;, we obtain the semi-discrete numerical scheme:

2 solpir  r

dt ity ~ i =0,

where F; 1 is an approximation of the flux —[f(u)0;V + 0,7(u)] at the interface ;1
2 2
which remains to be defined.

Case of a linear convection (f(u) =u). To explain our approach we first define the
numerical flux for equation (Z13]). The main idea is to discretize together the convective
and the diffusive parts. To this end, we write [u0,V + 0,7 (u)] as u [0 (V + h(u))], where
h is defined by ([AI4). Then we will consider —0, (V + h(u)) as a velocity and denote by
Al 1 an approximation of this velocity at the interface z, 1

Ai+% - _dVi—i-% - dh(U)H%’
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where dV; 1 and dh(U),, 1 are centered approximations of 9,V and J,h(u) respectively,
2 2
namely

h(Uiy1) — h(U)
Ami-l—% '

dV.
i+ A‘TH-%

i+

=
=

Now we apply the standard upwind method and then define our new numerical flux, called
fully upwind flux, as

(4.2.2) Fipr = FUUip1) = A;:_%Ui — A1 Ui,
where zt = max(0,z) and 2= = max(0, —x). This method is only first-order accurate.
To obtain second-order accuracy, we replace in (£2.2)) U; and U;11 by U, | 1 and U, 1

respectively, which are reconstructions of u at the interface defined by:

Uppr - = Ui+ 50 (0:) (Uipr — Uy),

)

(4.2.3)
U1y = Uis1 = 56 (0in1) (Uirz — Uipa)
with
0. — Ui — U1
U U

and ¢ is a slope-limiter function (setting ¢ = 0 gives the classical upwind flux). From
now on we will consider the second-order fully upwind scheme defined with the Van Leer
limiter:

0410

1+

¢(0)

General case. We now consider the general case where both diffusion and convection
are nonlinear in ([LIT). We assume that f(u) > 0 and that we can define h(u) such
that h/(u)f(u) = r'(u). Then the equation (£I.1]) admits an entropy, as explained in the
introduction. Following the same idea as above, we use the following expression of the
flux

(4.2.4) f(w)0,V + 0yr(u) = 9, (V+ h(w)) f(u),

and define the numerical flux as a local Lax-Friedrichs:

Aiia ‘Ai+l @yl
(4.2.5) Firr = —5= (fU) + f(Uir1)) = = (U1 = Ui),
where
Ai+% - _dvi-i-% - dh(U)H%’
and

;1 = max (| f'(u)]) over all u between U; and Us41.
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As above, we replace U; and U;41 in (2.5) by reconstructions U, - and U, 1 defined
by (£Z3)) to obtain a second-order scheme.

We can now summarize our new numerical flux by:

(4.2.6)

A 1
= 2 (fUL ) + U1 0)

At = —dVi 1 — dh(U)

- ’Az’+%2 iyl (U- LU

i+30
;1 = max (| f'(w)]) over all u between U; and U4,

=U; + %QS (0:) (Uir1 — Usy),

1
Uip1 4 = U1 = §¢(9i+1) (Uit2 = Uit1)

1
2

where either a first-order scheme
(4.2.7) ¢(0) =0,

or a second order scheme

_0+10]

(4.2.8) 40) = T r

Remark 1 (Generalization to multidimensional case). It is straightforward to define the
scheme for Cartesian meshes in multidimensional case: the 1D formula can be used as
it is in any of the Cartesian directions. However, the construction of the scheme on
unstructured meshes is more complicated. More precisely, it is easy to define the first
order scheme on such grids, but the difficulty is to obtain high-order accuracy. As in the
one dimensional case, the idea is to replace the first-order flux F(U;,U;), where U;, U;
are the constant values on each side of an edge I';; = K; N K, by F(Uj;,Uji), where U,
Uj; are second-order approximations of the solution on each side of the edge I';;. More
precisely, we need to obtain piecewise linear functions on each triangle instead of piecewise
constant functions. For more details concerning these questions, see for example [76, 98]
and the references therein.

4.3 Properties of the scheme

In this section, we present some important properties of the scheme. We would like to
emphasize here the preservation of the equilibrium and the entropy estimate, which are
two crucial properties to study the scheme. Concerning a more advanced analysis of the
scheme, we can apply the same techniques as in Chapter Bl but this is not our purpose
here.
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4.3.1 The semi-discrete scheme

In this subsection, we study the semi-discrete scheme (2.1])-(@2.0)-(@2.]) and con-
sider the equation (£I13) on a bounded domain with homogeneous Neumann boundary
conditions. We assume that r € C'(R, ) is strictly increasing and h is defined by (@1.4).
Then we consider a primitive H of h, which is strictly convex since r is strictly increasing.
We denote by (U;9) i=1.....N, an approximation of the equilibrium solution u“. This ap-
proximation verifies

(431) dh (Ueq)i_,’_% + d‘/,l_'_% = O VZ =V, 7Nx7
and
Ny
ZA$Z U= AzU) =M
i=1

A semi discrete version of the relative entropy & defined by (I3 is given by

Nz
(4.3.2) Enlt) = Z Axi(H (Ui (t)) — H (UL — h (U9 (Ui(t) — US9)).

7

We also introduce the semi discrete version of the entropy dissipation

Nz
= Z Axi+% A
i=0

2 .
min (UH%’_(t), Ui+%’+(t)) .

.1
z+2

Proposition 4.3.1. Assume that the initial data U;(0) is nonnegative. Then, the finite
volume scheme ({.2-1)-({4-2-0)-(4-2-8) for equation ({.1.3) satisfies

(i) the preservation of the nonnegativity of U;(t),

(ii) the preservation of the equilibrium,

(7ii) the entropy estimate: for 0 < t; < ts < 00,

t2
0 < Enlte) + Ia(t)dt < Ea(ty).

t1
Proof. To prove the preservation of nonnegativity, we need to check that
(4.3.3) F(Ui+%,—7Uz’+%,+)_F(Uz’—%,—vUi—%,ﬁ—) <0
whenever U; = 0.

When U; = 0, we have U; < U; 41 and U; < U;_1, and then 6; < 0, which gives ¢(6;) =
and finally

Uipi - =Up_1 , =U;i=0
Then we get
+
F(Ui—l-%,—’Ui—i-%,—i-) F(Uz—;,—7Ui—%,+) A Uz—i— + Ai_%Ui—%,—‘
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Moreover, Ui—%»— is given by

U_i_ = (1 — ‘W;‘l)) Ui-1,

=3

which is nonnegative since ¢(0) < 2 for all 6.

On the other hand, we deal with UZ+ + and get that either 6;,; < 0, then Ui+%7+ =
U;+1 > 0, or we have 6;,1 > 0, that is U,+2 > U1 and since ¢(0) < 26 for all 6 > 0, we
get

Uir1 4 2 Uit1 = bip1 Uiz = Uit1) = Uits = (Uita = Us) = 0.

We conclude that (£3.3]) always holds when U; = 0, which gives (i).
The part (ii) is clear by construction: at the equilibrium, we have dh(U),
which is exactly A, 1= = 0 and then F, 1= =0.

By definition (IIS:Z]) of Ea(t) and since H’( ) = h(s) for all s > 0, we have

du;
— (1

0= 3% A (00 - 07 G0

(2

Using the numerical scheme (Z.21]), we get

déa _ N eq

== L (W) — h(U) (Firy = Fics)

and then a discrete integration by parts yields (using the homogeneous Neumann boundary
conditions)

ch’ A

ZA

Since by ([43.1]) we have dh (Ueq) 1= —dVH_1, we obtain

2

(An(U(#); 1 — dR(UT), 1) Foys.

1
2

l\)lr—‘

déa oL N
W(t) = —§A%+%Ai+§ (AH%UH%, (t) - A2+2U7,+2,+( ))
Ny 5
< =Y Az A min (Ui+%7_(t),Ui+%7+(t)).
i=0
Finally we get (iii) by integrating between ¢; and to. O

4.3.2 The fully-discrete scheme

In this subsection we consider the fully-discrete scheme obtained by using the forward
Euler method. We denote by U* an approximation of the mean value of u over the cell
K; at time t" = nAt. The fully-discrete scheme is given by:

UTH—I Un

where the numerical flux F; 1 is defined by m—m
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Proposition 4.3.2. For n > 0, assume that U > 0 for alli =1,...,N,. Then under the
CFL condition

1
(4.3.5) At max |V (zi11) — V(x;) — h(U) + WU])] < 3 min Az,

the fully-discrete first-order scheme ({.2-0)-({4-2-7) and (4-37) for equation {{-1.3) pre-

serves the nonnegativity of U;, which means that UZ-"Jrl >0 foralli=1,..., N, and the
steady-states solution.

Proof. Using the definition ([43.4)-([@2.6)-(4£21) of the fully-discrete first-order scheme,
we get for all i = 1,..., N,

At + -
o = (1 s ((Ai'?%) +(ar) )) v

At (0 \ oo At (o N\
+ Az, (AH-%) i+l T Az (Ai—%) i1

A * -
Thus we deduce that U > 0 as soon as At ((A?Jrl) + (A?_l) ) <1, which is
ZT; 2 2

necessarily the case from (£3.3]), using the definition of Al L O
2

Remark 2. This result is not surprising since the stability condition for an explicit dis-
cretization of a parabolic equation requires the time step to be limited by a power two of
the space step.

4.4 Numerical simulations

In this section, we present several numerical results performed by using our new fully-
upwind flux. In all the numerical experiments performed, since our purpose is to focus on
the spatial discretization, we choose a forward Euler method for the time discretization.
As explained above, this choice of an explicit time discretization implies that the time
step has to be limited by the square of the space step. Since we want to study the spatial
accuracy of our scheme, we voluntarily choose a small time step in the first part of this
section. Furthermore, since the CFL condition (433) becomes far less restrictive when
the problem degenerates or when the solution tends to the equilibrium, we can use an
adaptative time step. Nevertheless, a fully implicit scheme would be also suitable for the
long time behavior of the numerical solution since in that case the numerical solution sa-
tisfies an entropy inequality, which is not the case with the explicit discretization we choose.

We first study the spatial order of convergence of the scheme for linear convection in
both non degenerate and degenerate cases. Then we will apply it to the physical models
presented in the introduction: the porous media equation, the drift-diffusion system for
semiconductors and the nonlinear Fokker-Planck equation for bosons and fermions. The
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results underline the efficiency of the scheme to preserve long-time behavior of the solu-
tions. Finally we apply the scheme to a fully nonlinear problem: the Buckley-Leverett
equation.
Below we make comparison between the finite volume schemes (£.3.4]) defined with the
following numerical fluxes:

— The first-order fully upwind flux, given by

Al ‘Az’—i-l @yl
(FU1) Firr = —= (fU) + f(Uis1)) = 22 2 (Uiy1 — Ui) s
with Ai+§’ a1 defined in (Z20).
— The second-order fully upwind flux, given by
A 1 ‘A 1| Q1
i+5 i+5 i+3
(FU2) ]:i+% 9 : (f(Ui-l-%,—) + f(Ui+%,+)) - 22 : (Ui+%,+ - Ui+%,—) :

— The classical upwind flux, introduced and studied in [85]. It is valid for linear
convection and for both linear and nonlinear diffusion. The diffusion term is dis-
cretized classically by using a two-points flux and the convection term is discretized
with the upwind flux. This flux has then been used for the drift-diffusion system for
semiconductors [52], 53], [54]. Tt is defined for equation (LI.3]) by

7 (Uiy1) — 1 (Us)
Az '

(3

n _
©CO) Ty =) Uim (Vi) U= =
— The Scharfetter-Gummel flux and its extension for nonlinear diffusion.
This scheme is widely used in the semiconductors framework in the case of a linear
diffusion. It has been proposed in [114, [158] for the numerical approximation of
the 1D drift-diffusion model. This scheme preserves equilibrium and is second-order
accurate [132]. The definition of the Scharfetter-Gummel flux has been extended
to the case of a nonlinear diffusion in Chapter Bl For equation (LI13]) this flux is

written
dr;. 1 Az, 1dV, 1 Az, 1dV, 1
(SGext) Fp1=-—2 |p[—S2 S5 )y, _pl-—22 "5y,
2 Az dri; dryy1
2 2 2
where .
B(z) = e for x #0, B(0) =1,

dri-{-% =dr (UZ7 Ui+1) )
with for a, b € Ry,
h(b) — h(a)
log(b) — log(a)

! (a + b) elsewhere.

if ab > 0 and a # b,
dr(a,b) =

2
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4.4.1 Order of convergence

In this subsection, we test the spatial accuracy of the scheme for linear convection
(f(s) = s). We first consider a test case in 1D on (0,7") x (—1,1) with 9,V = —1. The
time step is taken equal to At = 107% to study the order of convergence with respect to
the spatial step size. The boundary conditions are periodic. Since we don’t know an exact
solution of the problem, we compute relative errors. More precisely, an estimation of the
relative error in L! norm at time 7 is given by

eans = |luaz(T) — uanz(T) L1 (@),

where ua, represents the approximation computed from a mesh of size Axz. The numerical
scheme is said to be k-th order if egn, < CAzF, for all 0 < Az < 1.

Example 1 (Non degenerate case). We first take r(s) = s2, thus r/(0) = 0 and
r’'(s) > 0 for all s > 0. The initial data is

ug(x) = 0.5+ 0.5sin(wz), =z € (—1,1)
and the final time T' = 0.1. In Figure [£1], we represent the evolution of the approximate

solution computed on a fine mesh made of 3200 cells, with the scheme (FU2). Since
the solution becomes strictly positive for all ¢ > 0, this problem is not degenerate. In

u(x)

-1 -0.5 0 0.5 1
X

Figure 4.1: Example 1 - Evolution of the approximate solution computed on a fine mesh.

Table A1 we compare the order of convergence in L' norm of the Scharfetter-Gummel
extended scheme (SGext]) and of our first and second order fully upwind fluxes (EUL)-
(FU2). It appears that the Scharfetter-Gummel scheme is second order accurate, as
expected since the diffusion is not degenerate. Moreover, we verify experimentally that
our scheme ([FU2) is second-order accurate and we notice that the L' error obtained with
it is smaller than that obtained with the Scharfetter-Gummel extended scheme.
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N, L' error | Order | L' error | Order | L' error | Order
SGext FU1 FU2
100 | 1.451.107* 2.667.107% | 0.87 | 8.237.107° | 1.87
200 | 3.619.107° 1.398.1073 | 0.93 | 2.208.107° | 1.9
400 | 9.027.1076 7.156.107* | 0.97 | 5.778.107% | 1.93
800 | 2.251.1076 3.621.107* | 0.98 | 1.485.107% | 1.96
1600 | 5.614.10~7 1.822.107% | 0.99 | 3.772.1077 | 1.98

NN DN DN DN

Table 4.1: Example 1 - Experimental spatial order of convergence in L' norm.

Example 2 (Degenerate case). We still consider the same test case, but now with

s—1)% ifs
T(S)_{( 1 ifs>1,

10 elsewhere,

then r’(s) = 0 for all s € (0,1). The initial data is
uo(x) =1+ 0.5sin(rz) = € (—1,1),

and the final time is 7" = 0.01. The diffusion vanishes in {z € (—1,1) : u(z) < 1},
which is not empty, then this test case is degenerate. In Figure 2] we represent the
evolution of the deviation from the initial data of the approximate solution computed on
a fine mesh made of 3200 cells with the scheme (FU2). We observe a loss of regularity
during the evolution. In Table we compare the order of convergence in L' norm

0.031

0.02+

ux.)-ty(x)

-0.01y

-0.02

-0.03t . . f B
-1 -0.5 0 0.5 1
X

Figure 4.2: Example 2 - Evolution of the deviation from the initial data u(t) — ug.

of the Scharfetter-Gummel extended scheme ([SGextl) and of our first and second order
fully upwind fluxes (EUL)-(EU2). In this case where r’ vanishes on a whole interval, it
appears that the second-order scheme (EU2]) is more accurate than the two others schemes.
The Scharfetter-Gummel extended scheme is only one order accurate while second-order
accuracy is almost preserved with our new scheme, in spite of the loss of regularity of the
solution observed in Figure 4.2
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N, L' error | Order | L' error | Order | L' error | Order
SGext FU1 FU2
100 | 3.074.107* | 0.96 | 2.697.10~* | 0.55 | 1.053.10~* | 1.83
200 | 1.554.107* | 0.98 | 1.531.107* | 0.82 | 2.830.107° | 1.90
400 | 7.834.107° | 0.99 | 8.096.10=° | 0.92 | 8.040.107% | 1.82
800 | 3.928.107° 1 4.163.107° | 0.96 | 2.288.1076 | 1.81
1600 | 1.966.10~° 1 2.111.1075 | 0.98 | 6.576.10°7 | 1.80

Table 4.2: Example 2 - Experimental spatial order of convergence in L' norm.

Example 3 (Degenerate case). Finally we consider the equation (4I1.3]) on (0,7") x
Q=(0,1/2)x(0,1) with r(s) = max(u—1,0) and 9,V = —1. The initial data is up(xz) =0
and we consider the following Dirichlet boundary conditions:

_ €2t
{Zg(l); ~ o, - te@D).

The exact solution is then given by

) exp(2t —z) if x <2t
u(t, @) = { 0 it x> ot
We compute the solution up to t = 0.3 with At = 10~ and N, = 40 uniform cells. The
results are shown in Figure [4.3l This example works well and it illustrates the advantage
of using a high-order method even in the case of a discontinuous solution, since the shock
is less diffused with our scheme than with the three others.

4.4.2 The drift-diffusion system for semiconductors

We now consider the drift-diffusion system for semiconductors ([@LIT). In the two
following examples, the Dirichlet boundary conditions satisfy (Z1.8)-(ZIL9), so the ther-
mal equilibrium is uniquely defined by (ZLI0). We compute (N7, P V)21 N, an
approximation of this equilibrium with the finite volume scheme proposed by C. Chainais-

Hillairet and F. Filbet in [51].

Example 4. Firstly we consider a 1D test case on = (0,1). We take r(s) = s2. Initial
data are

0 for x2<0.5 _J 1 for <05
No(x)_{l for x>05" Po(x)_{o for x>05"

and we consider the following Dirichlet boundary conditions

N(0,£) =0,  P(0,) =
t) =1, ¢

L,
P(L,t)=0, V(L,t)=1.
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Classical upwind

o Numerical
— Exact

Scharfetter—Gummel

o Numerical
— Exact

. . 194, . . 194,
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

an

1% order fully upwind

o Numerical
—— Exact

order fully upwind

o Numerical
—— Exact

0.8 1 0.8 1

Figure 4.3: Example 3 - Numerical and exact solution computed at ¢t = 0.3 with different
schemes.

The doping profile is

-1 for x<0.5,
Cle) = { +1 for x> 0.5.

The time step is At = 5.107° and the final time 7" = 10. The domain (0, 1) is divided into
N, = 64 uniform cells.

In Figure [£.4] we compare the discrete relative energy Ea(t") and its dissipation Za (")
obtained with the Scharfetter-Gummel extended scheme (SGextl), the classical upwind
scheme (CU]) and our first and second order schemes (EUT)-(FUZ2]). The classical upwind
flux (CU]J) does not preserve the thermal equilibrium, which explains the phenomenon of
saturation observed with it. The Scharfetter-Gummel extended flux (SGext)) preserves
the equilibrium at the points where the densities N and P do not vanish, but due to
the zero boundary conditions on the left for NV and on the right for P, there is also
a phenomenon of saturation with it. Contrary to these two schemes, our new schemes
(FU1)-(FU2) which preserve the equilibrium everywhere, provide a satisfying long-time
behavior. Moreover, we computed the relative energy and its dissipation with our schemes
for different numbers N, of cells and notice that the decay rate does not depend on the
spatial step size. We obtained satisfying results even for few number of cells.
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Relative energy Energy dissipation
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Figure 4.4: Example 4 - Evolution of the relative energy Ea (") and its dissipation Za (")
in log-scale for different schemes (N, = 64).

Example 5. Let us consider now a 2D test case picked on the paper of C. Chainais-
Hillairet, J. G. Liu and Y. J. Peng [52]. As in the previous example, the Dirichlet boundary
conditions vanish on some part of the boundary. The time step is At = 107%, the final
time is T" = 10 and we compute an approximate solution on a 32 x 32 Cartesian grid.

In Figure 15, we compare the discrete relative energy Ea(t") and its dissipation Za (")
obtained with the Scharfetter-Gummel extended scheme (SGextl), the classical upwind
scheme (CU]) and the fully upwind schemes (FUL)-(EU2). We make the same observa-
tions as in Example 4: there is a phenomenon of saturation with the Scharfetter-Gummel
extended and the classical upwind schemes, and not with our new scheme. Moreover, the
decay rate does not depend on the number of grid cells chosen.

Relative energy Energy dissipation
d 10° a
.........0.....0............0...
0,5 ® ............'.....'.............
1 i
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e Cu B0 e Cu “oge
oro nuoo
+  SGex #8520, +  SGex "520,
106°° P80e 1 15 -1
o FUl "-‘.-_,oo 10 7 o FUl “ugo
a
o FU2 "80000 o FU2 ugﬁg
uBB BB
f
0 2 4 6 8 10 0 2 4 6 8 10

Figure 4.5: Example 5 - Evolution of the relative energy Ea (") and its dissipation Za (")
in log-scale for different schemes.
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4.4.3 The porous media equation

In this subsection we approximate solutions to the porous media equation

Ou =V - (zu+ Vu™).

We define an approximation (U?),_, w, of the unique stationary solution u“? (ZI1.6) by

o= ()

2m

where C is such that the discrete mass of (U;?),_, ~, 1s equal to that of (o)

namely

Z Az, U = Z AmiUZ-O . We use a fixed point algorithm to compute this constant C.
- .

(2

1=1,...,Ng’

Example 6. We consider the following one dimensional test case: m = 5, with initial
condition

wo(z) = { 1 if 2 € (=3.7,-0.7) U (0.7,3.7),
0 otherwise.
Then we compute the approximate solution on (—5.5,5.5), which is divided into N, = 160
uniform cells. The time step is fixed to At = 10™* and the final time is 7 = 10.
In Figure we compare the discrete relative entropy Ea(t") and its dissipation Za (")
obtained with the Scharfetter-Gummel extended scheme, the classical upwind scheme and
the first and second order fully upwind schemes. We obtain almost the same behavior for
the Scharfetter-Gummel scheme and the fully upwind schemes. We only notice that the
dissipation Za (t") obtained with the Scharfetter-Gummel scheme saturates before those
obtained with the fully upwind schemes. This phenomenon of saturation is still greater
for the classical upwind scheme. Moreover, we observe an exponential decay of Ea(t")
and Za(t"), at a rate -12. In their paper [48], J. A. Carrillo and G. Toscani obtain the
following equation for the entropy dissipation:

d
ST = —27(1) ~ R(1),

where R(t) > 0 depends on the power m. Then they conclude with the exponential decay
of the relative entropy £ to zero at a rate -2. In our test where the initial condition is
symmetric, we obtain a better rate, which seems to depend on m, taken equal to 5 here,
thus it underlines the contribution of the term R in this case.

However, if we now consider a nonsymmetric initial data uo(z) = 1j23)(7) and compute
the relative entropy Ea (") obtained with our scheme (FU2) for different values of m, we
observe in Figure .7 an exponential decay with rate -2, independently of the value of m.
Thus in this case the estimate of decay of the relative entropy seems sharp.
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Figure 4.6: Example 6 - Evolution of the relative entropy Ea (") and its dissipation Za (")
in log-scale for different schemes.

Relative entropy

oo + e
3333
[ U1l
U'I‘kal\)

10 r®

E®)

107+

10] L L L o

10

Figure 4.7: Evolution of the relative entropy Ea(t") in log-scale for different values of m
in the case of a nonsymmetric initial data.

Example 7. We still consider the porous media equation, but now in two space dimen-
sion on Q2 = (—10,10) x (—10,10). We take m = 4 and the initial condition is

0 otherwise.

We compute the approximate solution on a 200 x 200 Cartesian grid, with At = 10~* and
T = 10.

In Figure .8 we compare the discrete relative entropy Ea(t") and its dissipation Za (")
obtained with the Scharfetter-Gummel scheme, the classical upwind scheme and the fully
upwind schemes, and obtain an exponential decay at a rate -4 with our new scheme ([FU2]).
Figure presents the evolution of the density of gas u computed with our second-order
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scheme at four different times ¢t = 0, £ = 0.5, t = 1 and ¢ = 10 and the approximation of
the stationary solution u? corresponding to this initial data.
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Entropy dissipation
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Figure 4.8: Example 7 - Evolution of the relative entropy Ea (") and its dissipation Za (")
in log-scale for different schemes.

4.4.4 Nonlinear Fokker-Planck equations for fermions and bosons

Example 8. We first consider the nonlinear Fokker-Planck equation (4.I.IT]) for fermions
(k= —1). As in the porous media equation case, we define an approximation (UZ6 7 i—1...N,
of the unique stationary solution v®¢ ({112 by

€eq __
U'=—F%—

v — =4l
e 2 +1

where § > 0 is such that the discrete mass of (U;?),_, s equal to that of (U}),_,; N,
We use a fixed point algorithm to compute this constant f.
We consider a 3D test case. The initial condition is chosen as the sum of four Gaussian

distributions:

up(x) = 2\/1%

where 21 = (2,2,2), 29 = (—2,-2,-2), 23 = (2,-2,2) and x4 = (—2,2,-2).

We consider a 40 x 40 x 40 Cartesian grid of Q = (—8,8)3, At =10~* and T = 10.
Evolution of the discrete relative entropy Ea ("), its dissipation Za (") and [|[U™ — U®?|| 1
obtained with the scheme (FUZ2]) is presented in Figure[.I0. We observe exponential decay
rate of these quantities, which is in agreement with the result proved by J. A. Carrillo,
P. Laurencot and J. Rosado in [46]. In Figure LI1] we report the evolution of the level
set of the distribution function u(t, x,y, z) = 0.1 at different times and the level set of the
corresponding equilibrium solution u®(z,y, z) = 0.1.

1 2 1 2 1 2 1 2
—5|r—x1 —5|r—x2 —5|lr—x3 —5|x—x4
(e Sle—or? | o—gle—w2l? | o—Fle—as® | 3l \)7
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Figure 4.9: Example 7 - Evolution of the density of gas u and corresponding stationary
solution u9.

Example 9. We now consider the more general Fokker-Planck equation ([LI.I3]) with
N =3 in 1D:
O = Op(zu(l + u®) + Opu).

The initial condition is given by the sum of two Gaussian distributions:

x — 2| T 2
up(x) = 2% (exp <_%> + exp <_%>> 7
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Figure 4.10: Example 8 - Evolution of the relative entropy Ea ("), the dissipation Za (")
and the L' norm ||[U"™ — U®Y||;.

where M > 0 is the mass of ug. We compute an approximate solution with the scheme
(EU2)) for two different values of M. The computational domain (—10,10) is divided into
N, = 500 uniform cells.

According to the paper of N. Ben Abdallah, I. Gamba and G. Toscani [15], there is a
phenomenon of critical mass in this case. In Figure 412, we represent the evolution of
the density w until time T' = 10 for an initial sub-critical mass M = 1. We observe the
convergence of the solution to the unique minimizer u®? of the entropy functional, given
by

1
ueq(x) _ (,8 63:(:2/2 . 1) 3 :

according to [I5], where f3 is such that [u®(z)dx = M. Moreover, we observe in this case
an exponential decay rate of the dissipation and the L' distance between the solution and
the equilibrium.

In Figure [£13], we represent the evolution of the density u for an initial super-critical mass
M = 10 until time T"= 0.9. We observe in this case the convergence of the solution to an
equilibrium which has a singular part localized in the origin, which is in agreement with
the result proved in [15].

4.4.5 The Buckley-Leverett equation

Finally we consider the Buckley-Leverett equation, with both nonlinear convection and
diffusion:

(4.4.1) O = Oy (—f(u) + Opr(u)) .

The Buckley-Leverett equation is a simple model for displacement of oil by water in oil
reservoirs. The function u(t,z) € [0,1] represents the fraction of fluid corresponding to
oil. We consider a fractional flow function f with a s-shaped form

2

100 =
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Figure 4.11: Example 8 - Evolution of the level set u(¢,z,y,2) = 0.1 and level set of the
corresponding stationary solution u®?(x,y, z) = 0.1.

This choice corresponds to a model which does not include the gravitational effects. The
function r is such that 7'(u) = e v(u), where the capillary diffusion coefficient is given by

v(u) = 4u(l — u).
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Figure 4.12: Example 9 - Evolution of the density u of sub-critical mass M =1 (left) and
of the corresponding dissipation Za (") and L' norm ||[U™ — Ud||; (right).
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Figure 4.13: Example 9 - Evolution of the density u of super-critical mass M = 10.

The scaling parameter € > 0 in front of the capillary diffusion is usually small.
In this particular case, the Buckley-Leverett equation (£Z.1]) possesses a functional which

dissipates a quantity. Indeed, rewriting the flux under the form ([@24) by taking V = —x
and

3
multiplying the equation ([AL4.1]) by (—z + h(u)) and integrating over 2, we get

%/Q(_x +h(u) udz = — /Q Fu)|0x (—z + h(w)|* dz <0,

since f(u) > 0 for all u € [0,1].

h(u) =4 <log(u) — 3u + 2u® — gu?’) ,
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Example 10. We consider the following test case [130} [135]: the domain €2 is (0, 1), the

initial condition

and the boundary condition «(0,t) = 1. The domain is divided into N, = 100 cells and the
time step is At = 10~*. The numerical solution computed at different times for different
values of € is shown in Figure 14l The results compare well with those in [130} [135].
Moreover, our scheme remains valid for all values of ¢, even € = 0. In this case the fully
upwind flux degenerates into the well-known local Lax-Friedrichs flux.

u(x)
u(x)

u(x)
u(x)

0 0.2 0.4

0.6 0.8
X

(d)e=0

Figure 4.14: Example 10 - Evolution of the numerical solution for different values of €.
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4.5 Conclusion

In this chapter we have presented how to build a new finite volume scheme for non-
linear degenerate parabolic equations which admit an entropy functional. To this end, we
rewrite the equation in the form of a convection equation, by taking the convective and
diffusive parts into account together. Then we apply either the upwind method in the
linear case or the local Lax-Friedrichs method in the nonlinear case.

On the one hand, this construction ensures that a particular type of steady-state is pre-
served. We obtain directly a semi-discrete entropy estimate, which is the first step to
prove the large-time behavior of the numerical solution. On the other hand, we use a
slope-limiter method to get second-order accuracy even in the degenerate case.
Numerical examples demonstrate high-order accuracy of the scheme. Moreover we have
applied it to some of the physical models for which the long-time behavior has been studied:
the porous media equation, the drift-diffusion system for semiconductors, the nonlinear
Fokker-Planck equation for bosons and fermions. We obtain the convergence of the ap-
proximate solution to an approximation of the equilibrium state at an exponential rate. A
future work would be to prove this exponential rate by using a discrete entropy/entropy
dissipation estimate as in the continuous case compared with previous approaches.
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Dans cette derniere partie, nous analysons un schéma volumes finis pour un modele de
Keller-Segel en dimension 2 avec diffusion croisée étudié dans [I111] :

on = div(Vn—nVS),
(4.5.1)
adlS = AS+IAn+pun—S,

ou n(z,t) désigne la densité de cellules et S(z,t) la concentration en chimioattractant.
L’ajout dans I’équation sur S du terme de diffusion croisée dAn, 6 > 0, empéche I'explosion
des solutions en temps fini qui peut avoir lieu pour le systeme de Keller-Segel classique (voir
par exemple [112, 116]). Il est prouvé dans [I11] en utilisant une fonctionnelle d’entropie
que le systeme avec diffusion croisée (L5.0) admet une solution faible globale pour des
valeurs de § > 0 arbitrairement petites. De plus dans le cas parabolique-elliptique (o = 0),
si p est suffisamment grand ou si 0 est suffisamment petit, la convergence en temps long
a vitesse exponentielle vers I’état stationnaire homogene est démontrée.

Nous proposons ici un schéma volumes finis pour le systéme (5.1 dans le cas o = 0
(parabolique-elliptique) dont l’analyse repose sur une adaptation au cadre discret des
techniques utilisées dans le contexte continu. L’étude du schéma numérique s’appuie no-
tamment sur une estimation d’entropie discrete, dont 1’établissement nécessite 1'utilisation
de versions discrétes d’inégalités fonctionnelles telles que

— DI'inégalité de Gagliardo-Nirenberg-Sobolev : © étant un domaine borné de RN, N >
2, pour 1 < p,q < o0, il existe une constante C > 0 telle que pour tout u €

Whr(Q) N L1(Q),
lullzm@) < Cllullfyipg llv HlLZfQ),
o 1 1-6 6 0
p —
0<<——<1 et —=——+———,
p+aqlp—1) m q p N

— l’inégalité de Sobolev-Poincaré :
lullrag) < Cllullwisg) YueWhP(Q),
pour

pN

1<¢g<

si 1<p<N,

ou 1<¢g<+o0 si p>N.

Ces inégalités sont un outil standard pour I’étude de l’existence et de la régularité de
solutions d’équations aux dérivées partielles elliptiques et paraboliques. Le cadre L? est
généralement utilisé pour les problemes elliptiques linéaires, tandis que le cadre LP est
crucial pour I’étude d’équations elliptiques ou paraboliques non linéaires, pour obtenir des
estimations d’énergie permettant de montrer ’existence de solutions faibles. Dans le cadre
discret, on a souvent besoin d’analogues de ces inégalités pour analyser la convergence des
méthodes numériques et obtenir des estimations d’erreur.
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Des versions discrétes de ces inégalités, classiques dans le cadre continu, sont démon-
trées dans plusieurs travaux, mais dans des contextes particuliers ou avec des preuves
assez techniques (voir par exemple [85, [97]). En se fondant sur une idée présentée dans
[89], & savoir I'injection continue de BV () dans LN/(N=1(Q) pour un domaine Lipschitz
Q ¢ RY, nous proposons dans le chapitre [l une étude dans un cadre plus général de ces
inégalités, incluant notamment le cas de conditions aux limites mixtes. Nous présentons
également une extension de ces résultats au contexte des schémas DDFV (“Discrete Duality
Finite Volume”), bien adaptés pour I"approximation de problemes elliptiques anisotropes
sur des maillages généraux en 2D et 3D (voir par exemple [5], 70, [73]).

Dans le chapitre [6], nous nous intéressons a 1’étude proprement dite du schéma volumes
finis pour le modeéle (L5.I]), dans le cas @ = 0. Le schéma numérique proposé est le
méme que dans [89], avec un terme de diffusion croisée additionnel. Nous étudions la
convergence du schéma vers la solution faible du systéme. Cette analyse est fondée sur des
estimations a priori obtenues grace a 'inégalité d’entropie discrete, qui permettent d’établir
la compacité d’une famille de solutions approchées. De plus, dans le cas d’un parametre de
diffusion croisée ¢ suffisamment grand, nous prouvons la convergence en temps long de la
solution approchée vers I’état stationnaire homogene. Enfin, des simulations numériques
pour des valeurs intermédiaires du parametre ¢ semblent indiquer ’existence de solutions
stationnaires non homogenes.



CHAPITRE 5

Quelques inégalités fonctionnelles
discretes pour des schémas volumes ﬁnis

Nous prouvons des inégalités de type Gagliardo-Nirenberg-Sobolev et Poincaré-Sobolev
pour des approximations obtenues sur des maillages de type volumes finis, avec des
conditions au bord arbitraires. Le point-clé de la démonstration de ces inégalités est
I'utilisation de l'injection continue de l'espace des fonctions a variation bornée BV ()
dans LN/(N_l)(Q), pour  un domaine Lipschitzien de R, ot N > 2. Finalement, nous
appliquons également ces techniques dans le contexte des schémas DDFV (“Discrete Du-
ality Finite Volume”), qui sont utilisés pour 'approximation de problémes elliptiques et
paraboliques non linéaires et anisotropes.

*. Ce chapitre est un travail réalisé en collaboration avec C. Chainais-Hillairet et F. Filbet, On discrete
functional inequalities for some finite volume schemes [17], soumis pour publication.
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5.1 Introduction

In this chapter, we establish some discrete functional inequalities which are sometimes
useful for the convergence analysis of finite volume schemes. In the continuous framework,
the Gagliardo-Nirenberg-Sobolev and Sobolev-Poincaré inequalities are fundamental for
the analysis of partial differential equations. They are a standard tool in existence and
regularity theories for solutions. The L? framework is generally used for linear elliptic
problems, more precisely it is a classical way to prove the coercivity of bilinear forms
in H&, which then allows to apply the Lax-Milgram theorem to prove existence of weak
solutions. More generally, the LP framework is crucial for the study of nonlinear elliptic or
parabolic equations, to obtain some energy estimates which are useful to prove existence
of weak solutions. Poincaré-type inequalities are also one of the step in the study of
convergence to equilibrium for kinetic equations.

5.1.1 Gagliardo-Nirenberg-Sobolev and Sobolev-Poincaré inequalities

In the continuous situation, the Gagliardo-Nirenberg-Sobolev inequality writes as fol-
lows. Let assume N > 2 and Q be an open bounded domain of RY. Then for 1 < p, ¢ < o0,
there exists a constant C' > 0 such that for all u € WP(Q) N LY(Q),

(5.1.1) lullzmey < C lallhyr.oqey Il oty
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where

0<6<1 d —=—-+-—-——.
S0 > an m q —|-p N

We refer to [90], [144] for a proof of this result. We also remind the well-known Sobolev-
Poincaré inequality [1I, B1]:

(5.1.2) Jullzao) < Cllullwing Yu€ WHP(Q),

for

if 1<p<N,

or 1<¢g<+40 if p>N.

The mathematical analysis of convergence and error estimates for numerical methods
are performed using functional analysis tools, such as discrete Sobolev inequalities. Se-
veral Poincaré-Sobolev inequalities have been established for the finite volume schemes
as well as for the finite element methods. Concerning the finite volume framework, the
first estimates were obtained in the particular case N = 2, p = ¢ = 2 (which is the
standard Poincaré inequality) for Dirichlet boundary conditions by Y. Coudiere, J.-P. Vila
and P. Villedieu [63]. The idea of the proof in these papers is to use some geometrical
properties of the mesh. More precisely, given an oriented direction D, any cell center
of the mesh is connected to an upstream (with respect to D) center of an edge of the
boundary 02 by a straight line of direction D. This connection crosses a certain number
of cells and their interfaces, and this argument allows to link a norm of the piecewise
constant function considered with a norm of a discrete version of its gradient. This result
was later generalized to the case of dimension N = 3 by R. Eymard, T. Gallouét and
R. Herbin [85]. Also the same method has been applied to get more general Sobolev-
Poincaré inequalities (5.1.2]) for 1 < p = ¢ < 2 by J. Droniou, T. Gallouét and R. Herbin
[75], and for p =2, 1 < g< o0 if N=2,1<¢ <6 if N=3by Y. Coudiere, T. Gallouét
and R. Herbin [62], still in the case of Dirichlet boundary conditions. Concerning the case
of Neumann boundary conditions, a discrete Poincaré-Wirtinger inequality (p = q = 2)
was established in [85 93] for N = 2 or 3 by using the same method, as well as more
general Sobolev inequalities (p =2, 1 <g¢g<o0cif N=2,1<¢<6if N =3) in [50].

More recently, another idea was used to prove this type of discrete inequalities: the
continuous embedding of BV (Q) into LN/V=1(Q) for a Lipschitz domain Q. This argu-
ment was first exploited in [89] to prove a discrete Sobolev-Poincaré inequality (5.1.2)) in
dimension N = 2 with ¢ = 2 and p = 1, in the case of Neumann boundary conditions.
Then this method was used in [86] to prove general Sobolev-Poincaré inequalities (5.1.2)
in any dimension N > 1 in the particular case of homogeneous Dirichlet boundary condi-
tions. This result was then adapted to the case of Neumann or mixed boundary conditions
by B. Andreianov, M. Bendahmane and R. Ruiz Baier in [4]. We also mention [25] where
the continuous embedding of BV (RY) into LN/(N=1(RN) is used to establish an improved
discrete Gagliardo-Nirenberg-Sobolev inequality in the whole space RN, N > 1.

Finally for p = 2, general discrete Sobolev-Poincaré inequalities are obtained in [97]
for Voronoi finite volume approximations in the case of arbitrary boundary conditions by
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using an adaptation of Sobolev’s integral representation and the Voronoi property of the
mesh. Concerning the finite element framework, a variant of a Poincaré-type inequality
(p = q = 2) for functions in broken Sobolev spaces was derived in [I2] for N = 2 and
in [30, 163] for N = 2, 3. Then a generalised result was proposed in [131], providing
bounds on the LY norms in terms of a broken H' norm (p =2, 1 < ¢ < oo if N = 2
and 1 < ¢ < 2N/(N —2) if N > 3). The proof is based on elliptic regularity results
and nonconforming finite element interpolants. Finally, a result in non-Hilbertian setting
(p # 2) was obtained in [72], taking inspiration from the technique used by F. Filbet [89]
and also R. Eymard, T. Gallouét and R. Herbin [86], namely the continuous embedding
of BV(Q) into LN/(N=-1(Q).

5.1.2 Aim of the chapter and outline

In this chapter our aim is to provide a simple proof to discrete versions of Gagliardo-
Nirenberg-Sobolev (5.I.1) and Sobolev-Poincaré (5.1.2)) inequalities for functions coming
from finite volume schemes with arbitrary boundary values. Several Sobolev-Poincaré
inequalities are already proved as mentioned above but here we propose a unified result.
It includes in particular the case of mixed boundary conditions. Concerning Gagliardo-
Nirenberg-Sobolev inequalities, the result of F. Bouchut, R. Eymard and A. Prignet [25]
is to our knowledge the only available, and it deals with the case of the whole space R¥.

Our starting point to prove these discrete estimates is the continuous embedding of
BV (Q) into LY/ (N=1)(Q), as in [89, 86} [72,25]. The main difficulty appears when boundary
conditions must be taken into account. In the papers mentioned previously [89} 86} [72], the
boundary conditions are either homogeneous Dirichlet or Neumann on the whole boun-
dary. In [25], the problem is considered in the whole space RY. In the case where the
function satisfies homogeneous Dirichlet boundary conditions only on a part I'° & 9Q of
the boundary, we cannot use the same strategy as in [86], which consists of extending the
function considered to RY by zero. Our idea is to thicken the boundary of Q to take the
mixed boundary conditions into account in this case.

The outline of the chapter is as follows. In Section 5.2 we first define the functional
spaces: the space of finite volume approximations and the space BV (€2). We will see that
BV (Q) is a natural space to study piecewise constant functions as finite volume approxi-
mations. In Section .3, we do not take into account any boundary conditions and prove
the discrete Gagliardo-Nirenberg-Sobolev inequalities (Theorem [(.31)) and the discrete
Sobolev-Poincaré inequalities (Theorem [5.3.2) in this case. These results are the discrete
counterpart of (L) and (512). They may be used for instance in the convergence
analysis of finite volume schemes in the case with Neumann boundary conditions. Then,
in Section [5.4] we consider the case where the discrete function is given by a finite volume
scheme with homogeneous boundary conditions on a part of the boundary. In this case, the
discrete space (for the finite volume approximations) is unchanged. However, the discrete
WP seminorm will take into account some jumps on the boundary. We prove discrete
Gagliardo-Nirenberg-Sobolev inequalities (Theorem [.4.1)) and discrete Sobolev-Poincaré
inequalities (Theorem [5.4.2), similar to (5.1.1) and (5.1.2) but with the W!P-seminorm
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instead of the full W1P-norm. Finally, in Section (.5, we show how to extend the results
from Sections [£.3] and [£.4] to finite volume approximations coming from discrete duality
finite volume (DDFV) schemes. This family of schemes is mainly applied to elliptic and
parabolic problems. This method can be applied to a wide class of 2D meshes (but also 3D
[61]) and inherits the main qualitative properties of the continuous problem: monotonicity,
coercivity, variational formulation, etc...

5.2 Functional spaces

5.2.1 The space of finite volume approximations

We now introduce the discrete settings, including notations and assumptions on the
meshes and definitions of the discrete norms. Let €2 be an open bounded polyhedral susbset
(Lipschitz domain) of RV, N > 2, and I' := 92 its boundary. An admissible mesh of € is
given by a family 9t of control volumes, a family & of relatively open parts of hyperplans
in RY (which represent the faces of the control volumes) and a family of points (2 )xecom
which satisfy the following properties:

~9=- U R

Kem

— for all K € 9, there exists £ C & such that 0K = U a,

oefk

— for all (K, L) € M? with K # L, either m(K N'L) =0, or KNL =& for some o € &,
which will be denoted by K|L,
the family of points (zx)ge7 is such that for all K € M, xx € K and if 0 = K|L,
it is assumed that zx # xf.

In the set of faces £, we distinguish the interior faces o € &;,; and the boundary faces
0 € Eeyt- For a control volume K € 9, we denote by Ex the set of its faces, &y i the set
of its interior faces and &g i the set of faces of K included in the boundary I'.

In the sequel we denote by d the distance in RY, m the Lebesgue measure in RV or RN 71,
For all o € £, we define

0 — d(zg,zp) for o=K|L € &y,
7 ) dlzk,o0) for o€ Eept k-

We assume that the family of meshes considered satisfies the following regularity cons-
traint: there exists & > 0 such that

(5.2.1) d(zg,0) > €dy, for K€M, foro e k.
The size of the mesh is defined by

(5.2.2) h = max (diam(K)) .

In general, finite volume methods lead to the computation of one discrete unknown by
control volume. The corresponding finite volume approximation is a piecewise constant
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function. Therefore, we define the set X (91) of the finite volume approximation:

X(M) = {u € L'(Q) / 3(uk)gem such that u = Z uKlK} .
Kem

Let us now define some discrete norms and seminorms on X (901).

Definition 5.1. Let  be a bounded polyhedral subset of RY, 9t an admissible mesh of
Q.

1. For p € [1,400), the discrete LP norm is defined by

B =

Kem

lullopom = (Z m(K)IUK!p) , Vue X(M).

2. In the general case, for p € [1,+00), the discrete WP-seminorm is defined by:
P
m(o) p
|ulipom = Z —— |ur —uk , Yue X(IM)

p—
Uegint dU
o=K|L

and the discrete W1 P-norm is defined by
(5.2.3) [ullipom = lullopm + [ulipom, Vue X ().

3. In the case where homogeneous Dirichlet boundary conditions are underlying (be-
cause the piecewise constant function comes from a finite volume scheme), we need
to take into account jumps on the boundary in the discrete W'P-seminorm. Let
I' C T be a part of the boundary. In the set of exterior faces E.,, we distinguish
£V, the set of boundary faces included in I'°. For p € [1, +00), we define the discrete
WhP-seminorm (which depends on I'°) by

P
(5.2.4) |l proom = (Z I;lp(_al) (Dau)p> , 1<p< oo,
oel o
where
|ug —up| if o=K|LE Epn,
D,yu =71 |ug| if o0e&,NE&k,
0 if o€ &t \ 52“.

We then define the discrete WP norm by

(5.2.5) lulipon = Nullopm + lulyprom, Yue X ().
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5.2.2 The space BV (Q)

Let us first recall some results concerning functions of bounded variation (we refer to
[3, 167] for a thorough presentation BV (£2)). Let  be an open set of RY and u € L'(Q).
The total variation of u in €, denoted by T'Vq(u), is defined by

TV (u) = sup {/Qu(x) div(6(z) dz, 6 €CLQ), |o(x) <1, Vae Q}

and the function u € L'(2) belongs to BV (Q) if and only if TVq(u) < +oo. The space
BV () is endowed with the norm
| ullBv) = Il + TValu).

The space BV (2) is a natural space to study finite volume approximations. Indeed, as it
is proved for instance in [89], for u € X (9N), we have

TVo(u) < > m(o) Jur — ug| = |uli1m < +oc.
o€Eint
o=K|L

The discrete space X (90) is included in L' N BV (2). Moreover, ||ul|py ) < [[ull1,1,m-
Our starting point for the discrete functional inequalities is the continuous embedding
of BV (Q) into LN/(N=1(Q) for a Lipschitz domain €, recalled in Theorem 5.2.11

Theorem 5.2.1. Let Q be a Lipschitz bounded domain of RN, N > 2. Then there exists
a constant ¢(Q2) only depending on Q such that:

N1
(5.2.6) ([lurras) ™ < @ Julvio. Yue BV@.

There are also more precise results involving only the seminorm T'Vq(u) instead of
the norm | u | gy (o). Indeed, the seminorm 7'V becomes a norm on the space of BV
functions vanishing on a part of the boundary and also on the space of BV functions with
a zero mean value. In these cases, the continuous embedding of BV (Q) into LY V=1 (Q)
rewrites as in Theorem

Theorem 5.2.2. Let Q be a Lipschitz bounded connected domain of RN, N > 2.
1. There exists a constant ¢(2) > 0 only depending on Q2 such that, for all u € BV (Q),

(5.2.7) </Q lu— 7|7 dm) e Q) TV (u),

where u is the mean value of u:

u = ﬁ /Qu(:n)dx
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2. Let TO C 99, m(T°%) > 0. There exists a constant c(Q) > 0 only depending on
such that, for all uw € BV (Q) satisfying u =0 on I'°,

N—-1

(5.2.8) (/Q\u]% d:c)T < ¢(Q) TV (u).

Actually, the constant ¢(Q2) involved in Theorems [5.2.1] and 5.2.2] depends only on 6
and 7 such that the domain  has the cone property for these parameters (see [I, Lemma
4-24], [134), Theorem 8-8]).

5.3 Discrete functional inequalities in the general case

We first consider the general case u € X (9) with the discrete WP-norm defined by
(5:23). The discrete functional inequalities we will prove may be useful in the convergence
analysis of finite volume methods for problems with homogeneous Neumann boundary
conditions.

5.3.1 General discrete Gagliardo-Nirenberg-Sobolev inequality

We start with the discrete Gagliardo-Nirenberg-Sobolev inequalities which are the
discrete counterpart of (B.I.T]).

Theorem 5.3.1 (General discrete Gagliardo-Nirenberg-Sobolev inequality). Let Q be an
open, bounded polyhedral domain of RN, N > 2. Let 9 be an admissible mesh satisfying
GZ)-GZ3).

Then for p > 1 and q > 1, there exists a constant C' > 0 only depending on p, q, 0, N and
Q such that

(5.3.1) | lomm < €@ 100/p ||U‘|(f,p,mt‘|u||(1):fma Vu € X(M),
where
p
5.3.2 0<I< —— <1
(5.32) p+aqlp—1)
and
1 1-6 6 0

Proof. Throughout this proof, C' denotes constants which depend only on €2, N, p, ¢ and
6. As seen in Section B.2.2, we have [[v| gy (o) < ||v]l1,1,m for all v € X (91). Therefore,
applying Theorem (5.2.T], we get

(5.3.4) v llon/v—1)m < (@) (|v]im + [[vlo1m) Vo€ X ().
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Let s > 1. For u € X(9M), we now define v € X(IM) by vk = |ux|® for all K € M. We
note that

KeMm

N—1
N
sN. s
v llo,n/(N=1),m = ( ) m(K)\UK\Nl) = [l wllg sn/(v=1).05

lvlloaom =Y m(E)ukl* = [[uwlom:

Kem
and
Wl = > m(o)|luxl -
o€int
o=K|L

But, for all 0 = K|L, we have

url® = s | s (el + sl ke .

Applying a discrete integration by parts and Holder’s inequality, we get, for any p > 1
and s > 1:

(o) [l = Jul*|< s >0 > m(o) furel* ™ ux — ur

aegm KeMo=K]|L

o=K|L
p (s— 1)p B
Z Z dp \uL—uK] Z Z 0)dy |ug| P71 .
KeMo=K|L KeMoelk

But, the regularity constraint (5.2.1]) on the mesh ensures that for all K € It

Z m(o)d, < % m(o)d(zg,0) = Em(K),
o€€K o€l

=

and then, for any p > 1, s > 1, we get:

< Cs
Z m(o )“uK] lur|® ‘ = 757’ /p |u ’1,pzm | ”O(s Dp/(p—1),mm
o€int
o=K|L

Therefore, from (5:3.4), we obtain that for all w € X (M), p > 1 and s > 1:

S 1 S
lw g sn/(v—1)m < C (g(p D/p ‘Uhpzm”UHo (s—1)p/(p—1),m T HUHO,S,EIR>'

Let ¢ > 1. If p = 1 we choose s = 1, and if p > 1 we choose s := 1+ (p—1)g/p > 1, which
yields that ¢ = (s — 1)p/(p — 1). We obtain by interpolation between L" spaces that since
1 1/s (s—1)/s

e LS
S p q
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”s 1)/s

1
(5.3.5) lulloson <l llg)son el

which yields

1 -1
HUH(S),SN/(N—l),m <C (W |U|17p79ﬁ\|u||(s),q,mt + ||u\|0,pfm||u\|o,qm>

and finally
< C s—1)/s 1/s Vp > Vg >
(5.3.6) | llosn/v-1ym < €D/ (KT ||oq9n lullypom: VP=1, Vg=>1,
with s =1+ (p — 1)q/p.
Let 0 < a <1. We take m > 1 such that
1 «a 11—«
+

m_ sN/(N—-1) ¢

By interpolation, we have:

1—
lwllomom < 1w llg v/ v—1)m [l llogom

C 1-
< ol 1/(ps) | u Hiéf,zm ”UHo,q%f, VO<a<l1, Vpx>1, Vg=1,
with ( D ) )
p—1)q a —«
s + » an m - sN/(N=1) + p
Setting 6 = «/s, we get the expected inequality (5.3.1]) under the conditions (5.3.2)) and
E33). O

5.3.2 General discrete Sobolev-Poincaré inequality
We now give the discrete counterpart of the Sobolev-Poincaré inequalities (5.1.2).

Theorem 5.3.2 (General discrete Sobolev-Poincaré inequality). Let Q2 be an open bounded
polyhedral domain of RN, N > 2. Let 9 be an admissible mesh satisfying (3.2.1)-(2.2.2).
Then there exists a constant C > 0 only depending on p, q, N and ) such that:

N

—if 1<p<N, foralll1 <q<p":=

N-—p’
C
(5.3.7) lullogqm < Py [ullpom,  Yu € X(M),
—ifp>N, forall1 < g < +00,

C
| wllo,gom < EC= |wllipom, Vue X(MN).

Proof. Throughout this proof, C' denotes constants which depend only on €2, N, p and gq.
The proof is divided into four steps corresponding to different values of p: the case p =1,
the case 1 < p < N, the critical case p = N and finally the case p > N.
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Case p=1. If¢g=p" = N/(N —1), it corresponds to estimate (5.3.4]). Then we obtain
(5370) for p = 1 and for all 1 < ¢ < p* by using the fact that LP"(Q) C L9(Q) since Q is
bounded.

Case 1 <p < N. We get from (5.3.6]) that

C 1) 1
(5.3.8) [ llo,snv/(v—1)m < €D/ | w ||osqgm/s | w ||1,/ps,zm’ Vp>1, Vg=1,
with )
s=14 (p—1)g >1
p
Then we choose g > 1 such that
sN pN
q= , thatis ¢= >1 forp< N.
N-—-1 N—p

Therefore, we get
C
[ w ”O,pN/(N—p),im < m | w Hl,pim V1<p<N,
and since LPN/(N=P)(Q) ¢ L(Q) for all 1 < ¢ < pN/(N — p), it yields
C pN
lelogm < oy Il Vo€ |1, 32|

and the proof is complete for 1 < p < N.

Case p = N. As in the proof of Theorem [(.31], for all ¢ > 1 we choose s =1+ (N —
1)g/N > 1, which yields that ¢ = (s — 1)N/(N — 1) > 1. Using the Young’s inequality in
(5.3.6), we obtain

1
(5.3.9) o, sn/(v—1)m < Cx <m lwlly,nom + ||U||o,(s—1)N/(N—1),9ﬁ),

with C} independant of s. Then we proceed by induction on s € N, s > N — 1 to prove
that there exists a constant C depending on s such that

Cs
(5.3.10) Il wllosn/(v—1)m < m”u”l N

For s = N — 1, the result is already given by (5.3.8). Then let s € N, s > N such that

(53.10) is true for s — 1. Using (5.3.9) and (5.3.10), we get

Il wllo,sn/ (v )m_%HUHlNW
&(

Then (5.310) is true for all integer s > N —1, and since L*(Q2) C L4(2) for all real number
q < s, it finally yields that

C
(5.3.11) g < gtz Nl Vg € L -+ool

which is the result for p = N. We emphasize that C; — +00 as ¢ — +00.
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Case p > N. We obtain the result using the fact that

C
(5.3.12) w15 m < NI |wll1pom Vo> N.
Gathering (5.311)) and (5:3.12) we get

C C
[ ullogm < -1V [ ull1,nm < o 1/p lull1pm Vg€ [L,+o0],

which completes the proof of Theorem [5.3.2

5.3.3 Other discrete functional inequalities
From Theorems [(.3.1] and [5.32] we can deduce a discrete Nash inequality:

Corollary 5.3.1 (Discrete Nash inequality). Let Q be an open bounded polyhedral domain
of RN. Let M be an admissible mesh satisfying (5.21)-(5.23). Then there erists a
constant C > 0 only depending on Q2 and N such that
2 C 2
luloafe < 2 etz lulfm: Yo e XON).

Proof. For N = 2, the result is directly given by the application of Theorem B.31] with
p=2,q=1,0=1/N =1/2and m = 2. For N > 3, let us first apply Holder’s inequality:
(5.3.13)

4/(N+2) 2N/(N+2)
Hu”%zzm = Z m(K)’UKW(NH) luk ‘2N/(N+2 < u ”0/1931 | u H02]/V/(N 2),m"
Kem
Then we apply Theorem 5.3.2l with 1 <p=2 < N and ¢ = p* = 2N/(N — 2):
C
(5.3.14) | ullo2ny(v—2)m < —=[lull12m
) /( )7 \/E

Gathering (5.3.13) and (5.314), it yields the result.
U

In the proofs of Theorem [5.3.1] and Theorem £.3.2] we have used the continuous em-
bedding of BV (Q) into LY/(N=1(Q) as it is written in Theorem [5.2.1. But, starting with
(5.27) instead of (5.2.6]) leads to the following discrete Poincaré-Wirtinger inequality.

Theorem 5.3.3 (Discrete Poincaré-Wirtinger inequality). Let £ be an open bounded con-
nected polyhedral domain of RY. Let M be an admissible mesh satisfying (.21)-(5.2.2).
Then for 1 < p < 400 there exists a constant C' > 0 only depending on 2, N and p such
that:

(5.3.15) || w uly o Vu € X(OM).

—Tllgpom < €o-D7r |

We recall that u = ﬁ /Q u(z)dr = o) Kggm m(K)ug for u e X ().
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Proof. Throughout this proof, C' denotes constants which depend only on 2, NV and p.
Using the Holder’s inequality and (B.2.7)), we have for all uw € X (9):

lu = llopon < Cllu =@ llon/wv-nm < Clulm VI<p< o

Then applying again the Holder’s inequality, we also have
C
|u |1,1,sm < W |u |l,p,9ﬁ'

Gathering the two latter inequalities, it gives the result (5.3.15) for 1 <p < N/(N —1):

(5.3.16) [u—"llo [Lpm VI<p<

L|
7Pm—£(pl N—-1

Now let us take s > 1 and for u € X (9), we define v € X (M) by vg = |uxg —u|® for all
K € 9. On the one hand, we have

v = lon/v—1y,0m = v llo,n/(v—1),m = 17 llo,n/(v—1),m

(5.3.17) > (lu—17| e TlE s
O Z U= UllgsN/(N-1),m m(Q)l/N

On the other hand, using the same technique as in the proof of Theorem [(.3.1], we have:

(5.3.18) |v 1,19 ll,pmHu—uHO (s— 1)p/(p po VP>1 Vs>l

__cC
< oo v

Therefore, gathering (5.3.17) and (5.3.I8), we get from (5.27) that for u € X (M), p > 1
and s > 1:

— s Cs —(s=1) ||U—ﬂ”8,s,mt
[w =5 sn/v—1),m < = lwlipom v =Tl (s1yp/p—1).m Tm@QUN

Moreover, by interpolation between L" spaces, for ¢ > 1, p > 1, s > 1 such that

1_%_1_(3—1)/3

S p q

we have that y -y
= losom < |w—allgpom | =g qm -
Choosing ¢ = sN/(N —1) > 1 and s = (N — 1)p/(N — p) for 1 < p < N, it yields
1
(5319)  Ju—Tlogm<C (5@71 oo+ [ —T Ho,pgm> V1<p<N,
where
pN
q=q(p) =
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Applying (5.3.16) and using the fact that since p < ¢, the Holder’s inequality provides:

C
(5.3.20) | ul1pom < cUN | ]1,q.m

we can estimate the right hand side of (5319) for 1 < p < N/(N — 1), which yields:

_ C
u—"lloqm < caD/a |ufigm VI<g< N_29
Using exactly the same technique, we proceed by induction to prove the result for 1 < p <
N/(N — k), up to k = N — 1, which finally yields the result for all 1 <p < N.
To conclude, we apply (5.3.19). Indeed, using the result for 1 < p < N and the inequality
((320), since g = q(p) = pN/(N —p) € [1;400) if p € [1; N), we obtain the general result:

_ C
lu =7 loqm < @Dl [uligm V1<g< oo

O

5.4 Discrete functional inequalities in the case of Dirichlet
boundary conditions

In this section, we consider the case where the finite volume approximation u € X (90)
is coming from a finite volume scheme where homogeneous boundary conditions are pres-
cribed on a part of the boundary. This part of the boundary is denoted by I'° c T,
m(I'%) > 0. In this case, the natural discrete counterparts of the W!P-seminorm and
WhPnorm are defined by (5.24) and (5.ZH). Moreover, the W1P-seminorm becomes
a norm on the space of WP functions vanishing on a part of the boundary and the
Gagliardo-Nirenberg-Sobolev inequalities and the Sobolev-Poincaré inequalities may be
rewritten with the W P-seminorm instead of the W1 -norm. Our aim in this section is to
prove the discrete counterpart of such inequalities (see Theorem [B.4.1] and Theorem [5.4.2)).

As in the general case, the starting point will be the continuous embedding from
BV(Q) into LN/ V=1(Q), which rewrites as (5.28) with homogeneous Dirichlet boundary
conditions on the part of the boundary. However, (5.2.8) can not be directly applied to
u € X(M). Indeed, u € X (M) belongs to BV (2) and therefore its trace on the boundary
is well defined; but it does not necessarily vanish on I'°. Some adaptations must be done
in order to apply (5.2.8) and get its discrete counterpart. It will be done in Section .41
and yield the discrete functional inequalities presented in Section and Section B.4.3]

In this section, we assume the open set € is also convex. This will be particularly
crucial in Lemma [5.4.11

5.4.1 Preliminary lemma

We begin with a lemma which gives the discrete counterpart of (5.2.8). This lemma
is crucial to prove Theorems [5.4.1] and [5.4.2]
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Lemma 5.4.1. Let Q be an open convex bounded polyhedral domain of RN and T° be a
part of the boundary T such that m(T°) > 0. Let 9 be an admissible mesh satisfying
(2.21)-(3.22). Then there exists a constant c(2) only depending on Q@ such that

lwllo,n/v—1)m < () |uly oo, VYue X(M).

Proof. Let us consider u € X (9M); since u is piecewise constant, u belongs to BV (Q).
Then we can define the trace Tu of u by: for almost every x € I,

1
lim / u—Tu(z)| dy = 0.
r—0 m (B(z,r) N Q) JB@rna | @) dy

Thus in general Tujro # 0 and in this framework we cannot take into account the pres-
cribed homogeneous Dirichlet boundary conditions u, = 0 for o € £Y,,. Therefore the idea
is to thicken the domain 2 into a larger domain €2, with Q C Q. and define an extension
ue of u to Q. such that u. € BV () and Tu. = 0 on a part of positive measure of the
boundary 02, which allows to apply Theorem t0 Ueg.

Let o € &4+ be a face included in the boundary I'. Then o is a part of an hyperplane H
in RY. We denote by n, the unit vector normal to H outward to . For every z € RV,

there exists a unique (y,y’) € H x R such that * = y + ¢/ n,. For € > 0, we define (see

Figure [5.1])

Kg::{x:y+y'nU€RN:yEaand0<y'<6}.

Since  is convex, K5 N KZ, is empty for all o, 0’ € £z with o # ¢o’. Now we can define
(see Figure [(5.1))

Q€::QU( U Kf,)

Uegext

The subset (). is polyhedral, then it is a Lipschitz domain. We point out that for all
x € Q:\Q, d(z, Q) < e and then if we consider a face between two new cells K and K?,,
we have:

m(KgnK;) <0Vt

Then we define

o if oeé&,
UKs = ug  if 0 € et \ EO

ext’

o€ €k,

and the function w, in the following way:

Kem 0€Eeut

We have obviously

||UHO,N/(N—1),9JZ < ||u€||LN/(N*1)(QE)-
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Figure 5.1: Construction of the cell K2 (left) and of the domain €2, (right).

Moreover, since the function u. is piecewise constant and has a finite number of jumps
(which corresponds to the number of faces o € £ added to the number of faces between
the new cells K%) we get that u. belongs to BV (), and

TVQE(ua) < Z m(a)]Dgu] + Z C Nt ‘qu — U’Ki/ .
= KenKE,#0

Furthermore, since u. = 0 on a part of positive measure of the boundary 0., we can
apply the result (5.2.8]) of Theorem (.22 to u.. We obtain that there exists a constant
¢(€e) such that

lullon/v-nm < c(Qe) [uliirom+CeN "t > ‘UKg — uke,
KNKE,#0

Now since the open set €2 is polyhedral, it is a Lipschitz domain then it satisfies the
cone condition [I, Definition 4-6] for some cone C and by construction the open set 2.
also satisfies the cone condition with the same cone. Therefore, applying Lemma 4-24 in
[1], the constant ¢(€2:) only depends on the dimension of this cone, and not on ¢ > 0.
Then passing to the limit ¢ — 0 we finally get that

llwllo,n/(v—1)m < () |w]1,1,m-

O

Now using this lemma we can prove the discrete Gagliardo-Nirenberg-Sobolev and
Sobolev-Poincaré inequalities in the case with some homogeneous Dirichlet boundary con-
ditions.
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5.4.2 Discrete Gagliardo-Nirenberg-Sobolev inequality

Theorem 5.4.1 (Discrete Gagliardo-Nirenberg-Sobolev inequality). Let © be an open
convez bounded polyhedral domain of RN and T be a part of the boundary such that
m(I'%) > 0. Let M be an admissible mesh satisfying (5.21)-(5.23). Then for any p > 1
and q > 1, there exists a constant C > 0 only depending on p, q, N, 0 and  such that

Ch
lullomom < 10/ ’Uh,p,FOmTHU”()qpnv Vu € X(M),
where 0 and m satisfy (5.3.2) and (G.33).

Proof. The proof is similar to the proof of Theorem 531l Let p > 1 and s > 1. For
u € X(M), we apply Lemma 54T to v € X (M) defined by vg = uj for all K € M. It
yields
(s—1)
11§ sy (v —1)m < R [ wlyproom 14 lo o 1)/ 1) o
with p > 1 and s > 1.
For ¢ > 1, choosing s =1+ (p — 1)¢/p > 1, we obtain

C 1 1)
(5.4.1) Il wllosn/(v—1)m < €=/ |u|17/;7f‘07§m||u‘|((]8q9ﬁ/8‘

Then, using an interpolation inequality as in the proof of Theorem (.31 we get

C
leloman < lulayv-nolluligin < gz lelrom Iulogst s

Taking 6 = a/s concludes the proof.

5.4.3 Discrete Sobolev-Poincaré and Nash inequalities

In the case with some homogeneous Dirichlet boundary conditions, the discrete Sobo-
lev-Poincaré inequalities rewrite as follows.

Theorem 5.4.2 (Discrete Sobolev-Poincaré inequality). Let 2 be an open convex bounded
polyhedral domain of RN. Let M be an admissible mesh satisfying (5.2.1)-(523). Let
% c T, with m(I'%) > 0.

Then there exists a constant C > 0 which only depends on p, q, N and 0 such that:

N
fif1§p<N,f0rall1§q§p*;:Af_p

HUHO,qim > m ‘U’Lp,pogn Yu € X(gﬁ)

—ifp>N, forall1 < g < +00,

C
| wllo,gom < o Dlr |l prom Yu€ X(IMN).
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Proof. The proof is similar to the proof of Theorem (3.2 starting from (5.4.1]) instead of
(330). O

Now using Theorems (.41l and 5.4.2] we easily get a discrete version of Nash inequality:

Corollary 5.4.1 (Discrete Nash inequality). Let Q be an open convex bounded polyhedral
domain of RN. Let M be an admissible mesh satisfying (5.2.1)-(5.2.2). Let T° C T, with
m(T%) > 0.

Then there exists a constant C > 0 only depending on Q and N such that

1+2 C 2
m < 7= luligromlullghon Ve X(M).

02Mm = T7F

Il

5.5 Application to finite volume approximations coming
from DDFYV schemes

The discrete duality finite volume methods have been developed for ten years for the
approximation of anisotropic elliptic problems on almost general meshes in 2D and 3D.
They are based on some discrete operators (divergence and gradient), satisfying a discrete
Green formula (the “discrete duality”). The DDFV approximations were first proposed
for the discretization of anisotropic and/or nonlinear diffusion problems on rather general
meshes. We refer to the pioneer work of F. Hermeline [103} 104, 105, 106, 107] who pro-
posed a new approach dealing with primal and dual meshes and Y. Coudieére, J.-P. Vila
anf P. Villedieu [63] who proposed a method of reconstruction for the discrete gradients.
Next, K. Domelevo and P. Omnes [73], S. Delcourte, K. Domelevo and P. Omnes [69]
presented the discrete duality finite volume approach (DDFV) for the Laplace operator.
Then, B. Andreianov, F. Boyer and F. Hubert [5] gave a general background of DDFV
methods for anisotropic and nonlinear elliptic problems. Most of these works treat 2D
linear anisotropic, heterogeneous diffusion problems, while the case of discontinuous dif-
fusion operators have been treated later by F. Boyer and F. Hubert in [27]. F. Hermeline
[106, 107] treats the analogous 3D problems, S. Krell [129] treats the Stokes problem in
2D and in 3D whereas Y. Coudiére and G. Manzini [61] treat linear elliptic convection-
diffusion equations.

The construction of DDFV schemes needs the definition of three meshes: a primal
mesh, a dual mesh and a diamond mesh. Then, the approximate solutions are defined
both on the primal and the dual meshes, while the approximate gradients are defined on
the diamond mesh. Therefore, we need to adapt the definition of the spaces of approximate
solutions and the definition of the discrete norms. It will be done in Section[5.5.1l Then, we
will be able to establish some discrete Gagliardo-Nirenberg-Sobolev and Sobolev-Poincaré
inequalities, in the general case (Section [£.5.2]) as in the case with Dirichlet boundary

conditions (Section (.5.3) .
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5.5.1 Meshes and functional spaces

Meshes. Let Q be an open bounded polygonal domain of R%2. The mesh construction
starts with the partition of  with disjoint open polygonal control volumes. This partition,
denoted by N, is called the interior primal mesh. We then denote by 997t the set of
boundary edges, which are considered as degenerate control volumes. Then, the primal
mesh is defined by MM = M U 9M. To each primal cell £ € M, we associate a point
xi € K, called the center of the primal cell. Notice that for a degenerate control volume
IC, the point xx is necessarily the midpoint of C. This family of centers is denoted by
X ={zx,K € ﬁ}

‘| " \ \'\_;"’ \R ’/"
L < N ~ h ‘\ | ' \‘o/ -’
~ S . ’ N - )\ . | I
\ s',* N 1’ :,\'\|_._‘ . .
\‘ ’ \|' / /0 ‘\ \ .' /‘\
1~~~ v : . NS * M /'
’ B \ ° PASEEINY
’ ' 1 . \/ . = .
’ T 1 z B ANES /
L \ N Yo, .7/, {
N AR ’ Y y y Y | .
\\ : - ~o .,/ i I I . \
- i ' x R .
1 1 v . ~ e ~.
L 1 ” SN\ N
Interior and exterior Interior and exterior Diamond mesh
primal meshes dual meshes

Figure 5.2: Presentation of the meshes

Let X* denote the set of the vertices of the primal control volumes in 9. Distinguishing
the interior vertices from the vertices lying on the boundary, we split X'* into X™* =

*

Xr i UXS,. To any point zx+ € &) ,, we associate the polygon K* obtained by joining

(3
the centers of the primal cells whose xx+ is a vertex. The set of such polygons defines the

interior dual mesh denoted by 9t*. To any point zxc« € X, we then associate the polygon
K*, whose vertices are {zy+} U {zx € X /i € K, K € M}. Tt defines the boundary dual
mesh O9* and the dual mesh is defined by 9% = 9* U O9M*.

In the sequel, we will assume that each primal cell I € 9 is star-shaped with respect
to xx and each dual cell I* € M* is star-shaped with respect to zjc-.

For all neighboring primal cells L and £, we assume that 9K N 0L is a segment,
corresponding to an edge of the mesh 9, denoted by o = K|L. Let £ be the set of such
edges. We similarly define the edges £* of the dual mesh 9*: o* = K*|£*. For each
couple (0,0%) € € x £ such that 0 = K|L = (xk=+,2c+) and 0" = K*|L* = (zx, xr), we
define the quadrilateral diamond cell D, ,+ whose diagonals are o and ¢*. If 0 € £ N 0Q,
we note that the diamond degenerates into a triangle. The set of the diamond cells defines
a partition of €2, which is called the diamond mesh and is denoted by ©. Let us note that
© can be splitted into ® = Dy U Deyy where Dy is the set of interior (non degenerate)
diamond cells and ®.,; is the set of degenerate diamond cells.

Finally, the DDFV mesh is made of the triple 7 = (91, M*, D). See Figure for an
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example of DDFV mesh.

l‘g* ZE’-C*
R RN R4
R ¢
’ \‘ /'
R4 nJK\:‘ /s dlC*,ﬁ
Rd — ya
, *
TR~ Tr*,cr N, TG~
" -~ Y S, m  Vertices of the primal mesh « BRI O¥
- \ . ’
N, T’C:ﬂ/c;p ~~~~~~ ‘bwz: 0  Centers of the primal mesh \\
\ n * po* g . hg
o JRig —— o0 = K|L, edge of the primal meshs desr
- *
. -,
S, ,* ---- 0" =K*|L*, edge of the dual mesh \\
N .e*
w = Diamond D, = ]
€T+ ’ €T o

Figure 5.3: Definition of the diamonds D, 5+

Let us now introduce some notations associated to the mesh 7. For each primal cell
or dual cell V in 9 or M*, we define my, the measure of the cell V, &, the set of
edges of V, Dy = {Dy o+ € D, 0 € &y}, dy, the diameter of V. For a diamond D, =,
whose vertices are (zx, i+, xc,xr+), we define : m, and m,- the lengths of the primal
edge o and the dual edge ¢*, mp, the measure of D, dp its diameter and ap the angle
between (zx,xr) and (zjc+,x,+). As shown on Figure 5.3, we will also use two direct basis
(Tx*,cx s Nox) and (Ng+xcx, Tx,z), Where ngy . is the unit normal to o, outward K, ng«,+ is
the unit normal to o*, outward K*, Ty .+ is the unit tangent vector to o, oriented from
K* to L*, Ty, is the unit tangent vector to o*, oriented from K to £. For a boundary
edge 0 = [xx=,xc+] € OM, we define di+ o the length of the segment [xx+, x| and dg- ¢
the length of the segment [z, x/].

In all the sequel, we will assume that the diamonds cannot be flat. It means :

(5.5.1) Ja €]0, g] such that |sin(ap)| > sin(ar) VD € D.

As for all D, ,+ € D, we have 2mp = m,m,- sin(ap), the hypothesis (5.5.1]) implies

2mp

MmeMgs <

sin(ar)
We also assume some regularity of the mesh, as in [5], which implies

>0, Y mgmo*g% VK € m,

IDO',O'*EQK:
mlc* J—
Z mymgs < T VIC* € M.
IDO',O'*EQK:*

(5.5.2)
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Definition of the approximate solution. A discrete duality finite volume scheme
leads to the computation of discrete unknowns on the primal and the dual meshes :
(ur)ear and (ugs) . g~ From these discrete unknowns, we can reconstruct two dif-
ferent approximate solutions :

Uy = Z uli and ugp = Z wpex Lyex.
Kem K em*

But, in order to use simultaneously the discrete unknowns computed on the primal and
the dual meshes, we prefer to define the approximate solution as

1
u= §(ugm + Ug)-

Therefore, the space of approximate solutions Z(7) is defined by:

2(T) = ue LMQ) / Fur = ((we) e () )

1
h h _ = ]_ *]_ *
such that u 5 E uclc + E_UIC K
Kem JC* EM*

For a given function u € Z(T), we define the discrete LP-norm by

1/p
P

1 1
lullopr =[5 D mrluclP+= Y mg-
2 2 ~
Kem KCxem*

UK

Discrete gradient. A key point in the construction of the DDFV schemes is the de-
finition of the discrete operators (divergence and gradient). We just focus here on the
definition of the discrete gradient, which will be useful for the definition of the discrete
W1P_seminorms.

Let u € Z(T). The discrete gradient of u, V% is defined as a piecewise constant
function on each diamond cell :

Viéu = Z VPulp,

De®
where, for D € ©,
1 UL — UK Upx — UpC*
VPu = — Nox + ————Ng*xx | -
sin(ap) Mg+ my

This discrete gradient has been introduced in [63]. It verifies:

ULx — UK Uuc —ux
——" and VPu - Ty = ——.

D
VZou- Tic*,c*x =
my m
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Using this discrete gradient, we may now define the discrete W P-seminorm and norm of
a given function u € Z(T):

De®

1/p
lulip 7 = (Z m’D\VDu\p) )
lullip,r = lullop7 + lulipT

5.5.2 Discrete functional inequalities in the general case

Our aim is now to extend the results of Section 5.3 to the case of finite volume appro-
ximations coming from some DDFV schemes: u € Z (7). We will use that such functions
are defined as u = & (ugm + ugre) with ug € X (M) and ug € X (IF). Nevertheless, we
may take care because the primal and the dual meshes 9t and 9t* does not satisfy the
admissibility condition required in Theorems [5.3.1] and

Theorem 5.5.1 (General discrete Gagliardo-Nirenberg-Sobolev inequality in the DDFV
framework). Let © be an open bounded polygonal domain of R?. Let T = (901, 90*, D) be
a DDFV mesh satisfying (5.0) and (B.5.2)).

Then for p > 1 and q > 1, there exists a constant C' > 0 only depending on p, q, 8 and §2
such that

C
(5.5.3) | wllom7 < (Sin(ay )PP o@D/ HuHLpTHuHOq?T, Yu e Z(T),
where »
<< — =~
T T ptaqlp-1) ~
and

1 1-6 0
= 4=
m q p

o
-

Proof. We start as in the proof of TheoremB5.3.1l Let s > 1. For u € Z(T), as ugn € X (M)
and ug € X (9M*), we may write:

(5.5.4) o[, 25,

(5.5.5) [ ugie g 26 37

IN

e(€2) (Jfuml*[ . g+ llwml3 o.0m)

() (lugl?

But, following the same computations as in the proof of Theorem B£.3.1] we get

Huml‘sll,lgm = Z

IN

’1,1,%"‘”“WH3,5,W)

DU,U*EQint
uK —uc — _
S s D, meme (el + e
DU,U*EQint
E
ux — ug |P (s—1p 1)p
<[ X mem e Z S o,
Da,a*egint KemD, o-*efDIC
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Using the regularity hypotheses on the mesh, we get

ug — ug [P
1M 5=

s C ’ s—1
a1 < (sin(aT))l/pap—l)/p( > mp ) 1§, (5 1) (p1)

Dy o+ E€Dint

UK —ug
My

uK —u
But, by definition, = VPu - 7y and therefore S < |VPul. Tt yields :

o*

s C s—1
Hufm| ‘Llﬂmé (Sin(aT))l/pC(p_l)/p |u|1,p,T ||um‘|0,(s—1)p/(p—1),m .

Let ¢ > 1. We choose s =14 (p — 1)q/p > 1. Injecting the last inequality in (5.5.4)), and
using the interpolation inequality (5.3.0), we get:

C
S
<
uliaem < rrrayrew=ns o liam (uhor + el o

C
(sin(ay))V/P¢P—1)/ HUWHOquH ||1,pT

because [|um|lg, o < 2[|ull; , 7 by definition, with p > 1, ¢ > 1 and s = 1 + (p — 1)q/p.
Then, let 0 < a <1 and m > 1 such that

1 11—« «

m q 2s

Using the interpolation inequality as in the proof of Theorem [(.3.1] we obtain:
1-a/s

C a/s
”Uﬁﬁuo,m,m < (SiH(OéT))a/(SP)Ca(p_l)/(sm Huul,p,T ”uHO7q7’T , Vp=1, Vq=>1,

with ) ) )
s=1pP=be 1 _1-a o
P m q 2s

With similar computations on the dual mesh, from (5.5.0), we get

ol < ° A e
M 10,m, M — (Sin(()é ))a/ sp) Coa p—1)/(sp) 17177- 0,q,T *
Finally, setting 6 = a/s, it yields the expected inequality (5.5.3). O

As in the classical finite volume framework, we can now prove discrete Sobolev-Poincaré
inequalities. The proof is similar to the proof of Theorem (.32} it will not be detailed
here.

Theorem 5.5.2 (General discrete Sobolev-Poincaré inequality in the DDFV framework).
Let Q be an open bounded polygonal domain of R%. Let T = (O, M*, D) be a DDFV mesh

satisfying (5.5.0) and (.5.2).

Then there exists a constant C > 0 only depending on p, q and Q such that:
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2
- if1§p<2,f0ralllgq§—p,
2—-p
C
H U ”07‘17T S (Sin(aT))l/pC(p_l)/(p) H U ”Lp,T? VU c Z(T)7
—ifp>2, foralll <q< 4oo,
C
H U ”07‘17T S (Sin(aT))l/pC(p_l)/(p) H U ”Lp,T? VU c Z(T)

Let us now focus on the Poincaré-Wirtinger inequality in the DDFV case. This result
has been proved recently in [I33]. We will give here a proof using the embedding of BV ()
into L2(Q) (5.2.7) recalled in Theorem [5.2.2]

Theorem 5.5.3 (Discrete Poincaré-Wirtinger inequality in the DDFV framework). Let
be an open bounded connected polygonal domain of R?. Let T = (9, 90*, D) be a DDFV

mesh satisfying (5.5.1).
There exists a constant C > 0 depending only on 2, such that for all uw € Z(T) satisfying

Kem Kem
we have
< — .
||u||072,7' — Sin(aT) |u|1,27’7’

Proof. Let u € Z(T). Applying (BZ7) to ugy € X(9M) and ugm € X (IM*), we get, under
the hypothesis (5.5.6]),

”Uﬁﬁuoz,sm < cdQ)TVo(um) < () ’U‘m’l,l,sm
[ ugme oo = (Q)TValugs) < c(Q) | U 1,1,007
But,
UK — Ug
|u9)’(|17179:n S Z mo—mo.* g
D0,0*€©i7lt Mo+
2 _
< mp 1€~ uel
sin(ar) = M-
2
< m(2)"? July 5.7

sin(ar)

thanks to Cauchy-Schwarz inequality. By the same way, we get the same bound for
m(Q)12e(Q) [ul, 5 7- =

| U 115 and it finally yields [ullg27 < Snar)
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5.5.3 Discrete functional inequalities in the case with Dirichlet bound-
ary conditions

In this section, we want to extend the discrete Gagliardo-Nirenberg-Sobolev inequalities
of Section to finite volume approximations obtained from a DDFV scheme. We first
recall how Dirichlet boundary conditions are taken into account in DDFV methods. Let
I'g be a non empty part of the boundary. At the discrete level, homogeneous Dirichlet
boundary conditions on I'g will be written:

(5.5.7) uxe =0, VK € oM, K ¢ I'% and u- = 0, VK* € 9M*, KN T0 £ 0.

Therefore,we consider the corresponding set of finite volume approximations, Zpo(7) de-
fined by:

Zro(T) = {u € Z(T) satisfying (5.5.17)} .

Let us note that the definition of the discrete W1P-seminorm is the same on Zpo(7) as on
Z(T). Indeed, the fact that the approximate solution vanishes at the boundary is taken
into account in the definition of the discrete gradient VPu for D € ®,,, and therefore in
|u|17p77"

Finally, combining the techniques of proof of Theorem (.41l (using Lemma [B.4.1]) and
Theorem (511 we establish the following theorem.

Theorem 5.5.4 (Discrete Gagliardo-Nirenberg-Sobolev inequality in the DDFV frame-
work). Let Q be an open convex bounded polygonal domain of R? and 'Y be a part of the
boundary. Let T = (I, 9*, D) be a DDFV mesh satisfying (5.5.1)) and (5.5.2)).

Then for p > 1 and q > 1, there exists a constant C > 0 only depending on p, q and §2
such that

c 0 1-6
lllomr < (sin(ay))?/r =D/ @) [ ulip 7 llullog Yu € Zpo(T),
where »
n<ep<< ——— <1

- T ptalp-1) "~
and

1 1-0 6 0

= 4 - —

m q p 2






CHAPITRE 6

Un schéma volumes finis pour un modele
de Patlak-Keller-Segel avec diffusion
croisée

Nous analysons dans ce chapitre un schéma volumes finis pour un modele de Keller-
Segel parabolique-elliptique en dimension deux avec un terme de diffusion croisée addi-
tionnel dans I’équation elliptique sur le chimioattractant. L’ajout de ce terme de diffusion
croisée empéche I'explosion des solutions en temps fini, qui peut avoir lieu pour le systéme
de Keller-Segel classique. Le schéma proposé préserve la positivité, conserve la masse, et
—sous des hypotheses additionnelles— dissipe I'entropie. Apres avoir prouvé l’existence
d’une solution au schéma par un argument de point fixe, nous obtenons une inégalité
d’entropie—dissipation en utilisant des versions discretes d’inégalités de Sobolev démon-
trées dans le chapitre Bl et nous pouvons finalement en déduire des estimations a priori
qui permettent d’obtenir la compacité d’une famille de solutions approchées et de passer
a la limite dans le schéma. Si de plus le parameétre de diffusion croisée est suffisamment
important, nous prouvons la convergence en temps long de la solution approchée vers
I’état stationnaire homogene en utilisant 'inégalité d’entropie. Enfin, nous présentons des
simulations numériques qui semblent indiquer I'existence de solutions stationnaires non
homogenes pour des valeurs intermédiaires du terme de diffusion croisée.

x. Ce chapitre reprend des résultats obtenus en collaboration avec A. Jiingel. L’article correspondant,
A finite volume scheme for a Keller-Segel model with additional cross-diffusion [20], est actuellement en
cours de rédaction.
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6.1 Introduction

Chemotaxis, the directed movement of cells in response to chemical gradients, plays
an important role in many biological fields, such as embryogenesis, immunology, cancer
growth, and wound healing [110], [I5I]. At the macroscopic level, chemotaxis models can
be formulated in terms of the cell density n(z,¢) and the concentration of the chemical
signal S(x,t). A classical model to describe the time evolution of these two variables is
the (Patlak-) Keller-Segel system, suggested by C. S. Patlak in 1953 [I149] and E. F. Keller
and L. A. Segel in 1970 [127]. Assuming that the time scale of the chemical signal is
much larger than that of the cell movement, the classical parabolic-elliptic Keller-Segel
equations read as follows:

on =div(Vn—nVS), 0=AS+pun—S inQ,

where Q C R? is a bounded domain or = R?. The parameter p > 0 is the secretion rate
at which the chemical substance is emitted by the cells. The nonlinear term nV.S models
the cell movement towards higher concentrations of the chemical signal.

This model exhibits the phenomenon of cell aggregation. The more cells are aggre-
gated, the more the attracting chemical signal is produced by the cells. This process is
counterbalanced by cell diffusion, but if the cell density is sufficiently large, the nonlocal
chemical interaction dominates diffusion and results in a blow-up of the cell density. In
two space dimensions, the critical threshold for blow-up is given by M = [, no(z) dz = 4n
if ) is a bounded connected domain with C? boundary [142] and M = 87 in the radial
and whole-space case [22] [143]. The existence and uniqueness of smooth global-in-time
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solutions in the subcritical case is proved for bounded domains in [I16] and in the whole
space in [24]. In the critical case M = 8m, a global whole-space solution exists, which
becomes unbounded as t — oo [23]. Furthermore, there exist radially symmetric initial
data such that, in the supercritical case, the solution forms a d-singularity in finite time
[109].

Motivated by numerical and modeling issues, the question how blow up can be avoided
has been investigated intensively the last years. It has been suggested to modify the
chemotactic sensitivity (modeling, e.g., volume-filling effects), to allow for degenerate cell
diffusion, or to include suitable growth-death terms. We refer to [I11] for references.
Another idea is to introduce additional cell diffusion in the equation for the chemical
concentration [44, [I11]. This diffusion term avoids, even for arbitrarily small diffusion
constants, the blow-up and leads to the global-in-time existence of weak solutions [I11].
The model, which is investigated in this chapter, reads as follows:

(6.1.1) on =div(Vn —nVS), 0=AS+d5An+un—S, z€Q,t>0,

where 0 > 0 is the additional diffusion constant. As usual, we impose homogeneous
Neumann boundary and initial conditions

(6.1.2) Vn-v=VS-v=0 ondQ, t>0, n(-,0)=ng inQ.

The advantage of the additional diffusion term is that blow-up of solutions is translated
to large gradients which may help to determine the blow-up time numerically. Another
advantage is that the enlarged system (G.I.1]) exhibits an interesting entropy structure (see
below).

At first sight, the additional term dAn seems to complicate the mathematical analysis.
Indeed, the resulting diffusion matrix of the system is neither symmetric nor positive
definite, and we cannot apply the maximum principle to the equation for the chemical
signal anymore. It was shown in [ITI] that all these difficulties can be resolved by the
observation that the above system possesses a logarithmic entropy,

E(t) = /Q (n(logn —1) +1) dz,

which is dissipated according to

(6.1.3) a (4 IVvn|? + ! VS| + ! 52> dr = H/ n S dz.
dt Q 1) 0 0 Ja
Suitable Gagliardo-Nirenberg inequalities applied to the right-hand side lead to gradient
estimates for \/n and S, which are the starting point for the existence and long-time
analysis.

In this chapter, we aim at developing a finite volume scheme which preserves the
entropy structure on the discrete level by generalizing the scheme proposed in [89]. In
contrast to [89], we are able to prove the existence of discrete solutions and their numerical

convergence to the continuous solution for all values of the initial mass. Moreover, we show
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that the discrete solution converges for large times to the homogeneous steady state if u
or 1/§ are sufficiently small.

In the literature, there exist several approaches to solve the classical Keller-Segel system
numerically. The parabolic-elliptic model was approximated by using finite difference
[157, 161] or finite element methods [139, 155 [159]. Also a dynamic moving-mesh method
[35], a variational steepest descent approximation scheme [21], and a stochastic particle
approximation [I01],[102] were developed. Concerning numerical schemes for the parabolic-
parabolic model (in which 9,5 is added to the second equation in (G.1.1])), we mention the
second-order central-upwind finite volume method of [57], the discontinuous finite element
approach of [7§], and the conservative finite element scheme of [I56]. We also cite the
paper [36] for a mixed finite element discretization of a Keller-Segel model with nonlinear
diffusion.

There are only a few works in which a numerical analysis of the scheme was performed.
F. Filbet proved the existence and numerical convergence of finite volume solutions [89].
Error estimates for a conservative finite element approximation were shown by N. Saito
[155, 156]. Y. Epshteyn and A. Izmirlioglu proved error estimates for a fully discrete
discontinuous finite element method [78]. Convergence proofs for other schemes can be
found in, e.g., [21], [102].

This chapter contains the first numerical analysis for the Keller-Segel model (6.1
with additional cross-diffusion. The originality comes from the fact that we “translate” all
the analytical properties of [I11] on a discrete level, namely positivity preservation, mass
conservation, entropy stability, and entropy dissipation (under additional hypotheses).

The chapter is organized as follows. Section is devoted to the description of the
finite volume scheme and the formulation of the main results. The existence of a discrete
solution is shown in Section [63l A discrete version of the entropy-dissipation relation
(63) and corresponding gradient estimates are proved in Section [6:4l These estimates
allow us to obtain in Section the convergence of the discrete solution to the continuous
one when the approximation parameters tend to zero. The long-time behavior of the dis-
crete solution is investigated in Section 6.6l Finally, we present some numerical examples
in Section [6.7] and compare the discrete solutions to our model (G.I.T]) with those computed
from the classical Keller-Segel system.

6.2 Numerical scheme and main results

In this section, we introduce the finite volume scheme and present our main results.

6.2.1 Notations and assumptions

Let Q C R? be an open, bounded, polygonal subset. An admissible mesh of € is given
by a family 7 of control volumes (open and convex polygons), a family £ of edges, and
a family of points (zx)xe7 which satisfy Definition 9.1 in [85]. This definition implies
that the straight line between two neighboring centers of cells (zx,zr) is orthogonal to
the edge 0 = K|L. For instance, Voronoi meshes are admissible meshes [85, Example
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9.2]. Triangular meshes satisfy the admissibility condition if all angles of the triangles are
smaller than /2 [85, Example 9.1].

We distinguish the interior edges o € &t and the boundary edges o € Eqxt. The set
of edges £ equals the union &y U eyt For a control volume K € T, we denote by Ei the
set of its edges, by Eine, i the set of its interior edges, and by e, x the set of edges of K
included in 0f2.

Furthermore, we denote by d the distance in R? and by m the Lebesgue measure in R?
or R. We assume that the family of meshes satisfies the following regularity requirement:
there exists £ > 0 such that for all K € T and all 0 € &y x with o = K|L, it holds

(6.2.1) d(zg,0) > Ed(xk, zL).

This hypothesis is needed to apply discrete Sobolev-type inequalities proved in Chapter bl
Introducing for o € £ the notation

d. = d(mK,azL) if o e ginta g = K’L,
7] d(zg,0) if 0 € Eext K

we define the transmissibility coefficient

The size of the mesh is denoted by

Az = max diam(K).
KeT

Let T > 0 be some final time and Mr the number of time steps. Then the time step size
and the time points are given by, respectively,

At=—, t*=FkAt, 0<k< Myp.

We denote by D an admissible space-time discretization of Qp = Q x (0,7) composed
of an admissible mesh T of Q and the values At and Mp. The size of this space-time
discretization D is defined by n = max{Ax, At}.

Let X(7) be the linear space of functions 2 — R which are constant on each cell
K € T. We define on X (7)) the discrete L? norm, discrete W1? seminorm, and discrete
WP norm by, respectively,

1/p
[ wllop,7 = <Z m(K) |u|p> :

KeT

() 1/p
m(o
‘ull,p,T: ( Z dp_l ’DUU’p) )

0€E&int

| u Hl,p,T =|lu ”07va +|u ll,p,Tv
where u € X(T), 1 <p < oo, and Dyu = |lug —up| for 0 = K|L € Eps.
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6.2.2 Finite volume scheme and main results

We are now in the position to define the finite volume discretization of (G.1.1])-(G.1.2)).
Let D be a finite volume discretization of 7. The initial datum ng is approximated by
its L? projection on control volumes:

1
6.2.2 n = n% 15, where nl = —/ no(x) dz
( ) D EE;VAK ) K HK}() K ( ) )

and 1y is the characteristic function on K. Denoting by n’}{ and Sf{ approximations of
the mean value of n(-,t*) and S(-,t*) on K, respectively, the numerical scheme reads as
follows:

(6.2.3)
k
m(K) KK ”K+1_”K Z . Dnftl 4 Z - ( k+1)+nk+1 (D Sk+1)— k+1) 0
a K,o a K,o K ’
O’E(C/'K O'Egmt,
o=K|L
(6.2.4)
— Z Te D SkH 0 Z TgDn';{+; =m(K) (,unl;{*'l S?’l),
o€€K o€k

forall K € T and 0 < k < My — 1. Here, v = max{0,v}, v~ = max{0, —v}, and

k k
v ) UF—Ur for 0 = K|L € &t K,
(6.2.5) DU, = { 0 for 0 € Eue 1.

The approximation 59{ is computed from (6:2.4)) with £ = —1. This scheme is based on
a fully implicit Euler discretization in time and a finite volume approach for the volume
variable. The implicit scheme allows us to establish discrete entropy-dissipation estimates
which would not be possible with an explicit scheme. This approximation is similar to
that in [89] except the additional cross-diffusion term in the second equation.

The numerical approximations np and Sp of n and S are defined by

np(z,t) Z 1 (z), Splz,t) = Z Sk 1y (x), where z € Q, t € (t*,t5F1),
KeT KeT

and k =0,..., Mp — 1. Furthermore, we define approximations VPnp and VPSp of the
gradients of n and S, respectively. To this end, we introduce a dual mesh: for K € 7 and
o € &k, let Tk » be defined by:
~ If 0 = K|L € &k, Tk, is the cell (“diamond”) whose vertices are given by z,
xr, and the end points of the edge o = K|L.
~ If 0 € Ext,i, Tk, is the cell (“triangle”) whose vertices are given by xx and the
end points of the edge 0 = K|L.
An example of construction of Tk , can be found in [52]. Clearly, Tk , defines a partition
of . The approximate gradient VPnp is a piecewise constant function, defined in Qp =
Q% (0,T) by

m(o)

D _
VZnp(z,t) = 7H1(TK,U)

D?”LI;{+01 VKo, XE TKJ, t e (tk,tk+1),
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where Dn];;r; is given as in (6.2.0) and vk is the unit vector normal to o and outward

to K. The approximate gradient VP Sp is defined in a similar way.
Our first result is the existence of solutions to the finite volume scheme.

Theorem 6.2.1 (Existence of finite volume solutions). Let Q C R? be an open, bounded,
polygonal subset and let D be an admissible discretization of Q x (0,T). The initial datum
satisfies ng € L%(Q), ng > 0 in Q. Then there exists a solution {(nk, S%), K € T,0 <

k < Mr} to (©2Z2)-624) satisfying

(6.2.6) nk >0, foralKeT, k>0,
(6.2.7) Z m(K)nk = Z m(K)nY = Inollz1(q), for all k> 0.
KeT KeT

Properties ([6.2.6) and ([6.2.7) show that the scheme is positivity preserving and mass
conserving. It is also entropy stable; see ([6.4.1]) below.

Let (D)0 be a sequence of admissible space-time discretizations indexed by the size
n = max{Ax, At} of the discretization. We denote by (7,),>0 the corresponding meshes
of Q. We suppose that these discretizations satisfy (6.2.1]) uniformly in 7, i.e., £ > 0 does
not depend on 7. Let (n,,Sy) := (np,,Sp,) be a finite volume solution, constructed in
Theorem [6.2.1], on the discretization D,,. We set V" := VPn. Our second result concerns
the convergence of (n,,Sy) to a weak solution (n,S) to (G.LI)-(E.I1.2).

Theorem 6.2.2 (Convergence of the finite volume solutions). Let the assumptions of
Theorem [6.21 hold. Furthermore, let (Dy)p>0 be a sequence of admissible discretizations
satisfying (€210) uniformly in n, and let (n,,Sy) be a sequence of finite volume solutions
to (6.22)-©.24). Then there exists (n,S) such that, up to a subsequence,

n, —n  strongly in L*(Qr),
V'n, — Vn weakly in L*(Qr),
Sy — 8, V'S, =~ VS weakly in L*(Qr),

and (n,S) € L*(0,T; H*(Q))? is a weak solution to (6.L1)-(6.12) in the sense of

T
(6.2.8) /0 /Q(nat¢—vn-v¢+nvs-v¢) dm—i—/ﬂno (-, 0)dz = 0,
(6.2.9) /T/Q(—VS-Vqﬁ—5Vn~V<z$+,un¢—S¢)dx:O
0

for all test functions ¢ € C§°(2 x [0,T7).

It is shown in [ITII, Theorem 1.3] that, if the secretion rate p > 0 is sufficiently
small or the diffusion parameter § > 0 is sufficiently large, the solution (n,S) to (G.LI)-
(6:I2) converges exponentially fast to the homogeneous steady state (n*, S*), where n* =
0l 21 () /m(2) and S* = pun*. We prove a related result for the finite volume solutions,
but without convergence rate. We have not been able to show exponential convergence
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since the proof in [I11] is based on the logarithmic Sobolev inequality and we do not
dispose of a discrete version. We introduce the discrete relative entropy

k
E[n*n*] = E m(K) nk- log (n_[*(> >0, k>0.
KeT "

Theorem 6.2.3 (Long-time behavior of finite volume solutions). Let the assumptions of

Theorem [6.21 hold and let (np, Sp) be a solution to (6.2.2)-([6.24). Then there exists a
constant C(2) > 0 only depending on ) such that for all k > 0,

Bt o) + At (1 0°) [VaF#1[| % Caac

< E[nk]n*],
1,2, 7

1,2, 7 —

where C* = 2 1> C(Q)? 70l 21 () /(6 &) and & is the parameter in (B2.1)). In particular, if
C* < 1, the discrete relative entropy is nonincreasing and for each K € T,

(nk., S%) = (n*,8*) as k — oc.

In the above theorem, C(€2) > 0 is the constant in the following discrete Poincaré-
Sobolev inequality (Theorem [(.3.2]

e

< C(Q) [nht

02,7 — 1,1,7

In [I11], the long-time behavior of solutions is shown under the condition 2 ||ng| L@)/d <
C1(Q2) for a constant C1(2) > 0 appearing in some Poincaré-Sobolev inequality. We
observe that our condition depends additionally on the regularity of the finite volume
mesh.

6.3 Existence of finite volume solutions

In this section, we prove Theorem [6.2.1l The proof is based on the Brouwer fixed-point
theorem. Let k € {1,..., M7 — 1} and let (n*, S¥) be a solution to (623) and ([G.2.4),
with k + 1 replaced by k, satisfying (6.2.6)-([6.2.7). We introduce the set

Z={ueX(T):u>0mQ [ulpg < [nolsm)

The finite-dimensional space Z is convex and compact. In the following, we define the
fixed-point operator by solving a linearized problem. First, we construct S € X (7) using
the following scheme:

(6.3.1) ~ Y 7% DSk +m(K)Sk =38 Y 7, Dnf, +pm(K)nk, KeT.

ocli cefk
Second, we compute 1 € X (7) using the scheme:

m(K) _ ~ = ~ = .
(6.3.2) % (nK—n]f{)— Z To DTIKJ—F Z To ((DSK7J)+nK - (DSKJ) nL) = 0.
c€EK UGEiT,
o=K|L
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Step 1: Ezistence and uniqueness for (6.3.1) and ([©3.2]). The linear system (G.3.T)
can be written as AS = b, where A is the matrix with elements

AKJ(: Z TU—I—HI(K), AK7L:—T0 for K,LETWith0:K|LE&m’K,
oeli

and b is the vector with elements

b =0 Z Ty Dn]}{,a + pm(K)nk.

o€€K

Since for all L € T,
ALl — Y |Ak.L| =m(L) >0,
K#L
the matrix A is strictly diagonally dominant with respect to the columns and hence, A is
invertible. This shows the unique solvability of (6.3.1]).
Similarly, (6.3:2]) can be written as Bn = ¢, where B is the matrix with elements
m(K ~
BK,K:%"F Z To (1+(DSK7J)+), KeT,
o€€K

Bri=—7s (1 T (DSK,U)—) . for KeT, LeT witho=K|L € Enx,

and c is the vector with elements cx = m(K)nk /At, K € 7. The diagonal elements
of B are positive, and the off-diagonal elements are nonpositive. Moreover, B is strictly
diagonal dominant with respect to the columns since for all 0 = K|L € &y i, we have
D§L,o = —D§K7U which yields (DgLJ)Jr = (D§K7U)_ and hence,

m(L
‘BL,L‘ — Z ‘B}QL‘ = % > 0.
K#L

We infer that B is an M-matrix and invertible, which gives the existence and uniqueness
of a solution 7 to (6.32)).

The M-matrix property of B implies that B! is positive. As a consequence, since
n* and ¢ are nonnegative componentwise, by the induction hypothesis, 7 = B~ lc is
nonnegative componentwise. This means that n satisfies (6.2.6). Summing (63.2) over
K €T, we compute

Y m(K)fg = Y m(K)nf = [nol11q)-
Ker Ker

Step 2: Continuity of the fized-point operator. The solution to ([G.31) and (6.3.2)
defines the fixed-point operator F' : Z — Z, F(n) = n. We have to show that F is
continuous. For this, let (n?) ey C Z be a sequence converging to n in X(7) as v — oo.
Setting 7 = F(n?) and nn = F(n), we have to prove that n7 — n in X (7). Using the

scheme (6.3I]), we construct first S7 (respectively, S) from n? (respectively, n). Then,
using the scheme ([6.3.2]), we obtain n” (respectively, n).
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We claim that S7 — S — 0 in X(T) as v — oo. Indeed, since the map n S, where S
is constructed from (6.3.]), is linear on the finite dimensional space X (7), it is obviously
continuous.

Moreover, using the scheme ([6.3.2)) and performing the same computations as in the
proof of Theorem 2.1 in [89], it follows that

1/2 1/2
> m(K) [} — x| < 24 (Z |ﬁK|2> (Z > 7 [DS7 = S)ke 2) :
KeT o€k

KeT KeT

The right-hand side converges to zero as S7 — S in X (7)), which proves that 717 — 7 in
X(7T).

Step 3: Application of the fized-point theorem. The assumptions of the Brouwer fixed-
point theorem are satisfied, implying the existence of a fixed point of F', i.e. of a solution
nFt1 to (6.23) satisfying (6.2.6). We have shown in Step 1 that (6.2.7) holds for n**1,
Finally, we construct S¥*! using scheme (6.2.4).

6.4 A priori estimates

The proof of Theorem [6.2.2] is based on suitable a priori estimates which are shown in
this section. We introduce a discrete version of the entropy functional used in [IT1]:

EF = Z m(K)H(nlf(), where H(s) = s(logs —1) + 1.
KeT

Proposition 6.4.1 (Entropy stability). There exists a constant C' > 0 only depending on
Q, 1, 0, [|nollLr(q), and & (see G2])) such that for all k > 0,

2
B gt 50 S o (var) [ B S e [s
2 et Koo 0 jor
(6.4.1) + % o Dsfg(}f < CAt.
0€E&int

Proof. By the convexity of H, we find that
EF _ BF = Z m(K) (H (n];;rl) - H (nl}()) < Z m(K)log (n];;rl) (n];;rl — n'f() .
KeT KeT

Inserting the scheme (6.23]), we can write

EFY R < At Z T (nlz—i-l _nI;(-i-l) log nfH!

Uegint,
o=K|L
E+1\ T k41 41\ " k41 k+1
(6.4.2) — At Z Ty ((DSKJ) % —(DSKJ) ny )lognK =11 + Is.
Uegint,

o=K|L
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Now, we argue similarly as in the proof of Lemma 3.1 in [89]. We employ the symmetry
of 7, and a Taylor expansion of log around n 1 to infer that

I = —-At Z Ty ( kil n]frl) (logn lognkH)

o€fint,
o=K|L
2
k+1
Dn
_ Bl _ okt r Ko
= —At Z Ty (nK ny ) T At Z To Nl
Uegint, g Ueginty \/ No
o=K|L o=K|L

where ﬁk+ = t, n’l‘H'1 + (1 —t,) nlzﬂ for some t, € (0,1). We perform a summation by
parts in I, using again the symmetry of 7,:

I, = —At Z To ((DS}C{T;)+71’;{+1 _( Sk+1) n’z+1> (lognk‘Irl lognkﬂ).
Uegint,
o=K|L

Reordering the sum and using the expression for 757! in the Taylor expansion of log, it is
shown in [89, p. 468] that

I, < —At Z Ty T k“DSkJrl (logn’l‘chl lognkH)

Uegmtv
o=K|L
The Taylor expansion shows that nk‘Irl (logn — log nk"'l) = nl;{"rl — n'fj‘l which gives
k+1 k+1 k+1 k 1 k+1
L<-At Y 7 DSEL (it —nft) = At Y 7, DSK Dnfd).
O'eginh Jegint )
o=K|L o=K|L

Summarizing the estimates for Iy and Iy, (6.4.2]) leads to
2

an—i—l
(6.4.3) EFI_EF < At Z T Ko ) LAt Z T, D5k+1 1;{4.;

0€E&int, \/ ﬁ§+l o0€&int,

o=K|L oc=K|L

The first term can be estimated for o = K|L as follows:

(6.4.4) D n%' anzﬂ an;{+1 ‘D Vnk+) ,U\E\D(\/n'ﬁl)xva\.

In order to bound the second term, we multiply the scheme ([E.2Z4) by (At/d) S5 and
sum over K € T

Z Z DSk+1 Sk‘—l—l + At Z Z ,7_0 k+1 Sk‘—l—l

KeT oelk KeT ek
AL At 2
+ 5 Y mE) ! SE - = Y m(K) B

KeT KeT
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By summation by parts, we find that

At 2 At
At Y 7 Dy DS = = ghri® 4 B — > m(K)nj" Si
Ueginh Ueginh KeT
o=K|L o=K|L
At
(6.4.5) -= ‘Sk“‘ .
KeT
Inserting (6:4.0) into (64.3]) and employing ([6.4.4)), it follows that
At 2
k+1 _ ik ] At k+1
BB At Y D (Vn )KJ + 5 Y m(K) |si|
o€Ent, KeT
o=K|L
At k+1 pA k+1 k+1
(6.4.6) 5 2 T |DSK| <5 'S m :
o€fint, KeT
o=K|L

It remains to estimate the right-hand side. We follow the proof of Proposition 3.1 in [111].
The Holder inequality yields

(6.4.7) " Z m(K k+1 Sk—l—l < u H k+1H
KeT

s

0,6/5,T 06,7

The discrete L% norm of $*t1 can be bounded by the discrete H' norm using the discrete
Sobolev inequality (Theorem [5.3.2)):

[ o <€ 1]

OGT_ 1,27’

k+1

where C' > 0 depends only on Q and £. For the discrete L5/® norm of n*t1, we employ

the discrete Gagliardo-Nirenberg inequality (Theorem [B.31]) with 6 = 1/6:

S T e T

'] o],

0.6/5,T H 0,12/5,7 = 02,7 127’

where C' > 0 depends only on Q and {. Mass conservation ([6.2.7) implies that

1-0
an+1H < C |Inoll (o (”nOHLl(Q ‘W’12T>

With these estimates, (6.4.7) becomes

k—l—l k+1 k+1 1—6 1 ’ k+1’
uKZeij( syt <conls H1’277_||n0||L1(Q) (HnollLl \/”—127

<20u s,

-0 + v
HnoHil(g) (H"O”Ll(ﬁ ‘ nkH‘lz’r)
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Then, by Young’s inequality with p; = 2, po = 2/(1 — 20), p3 = 1/6,

—0)/(1-20
MKZE:Tm( k+1 Sk—l—l <3 HSkHH +C(6, p) ||”0Hi(11(9))/(1 20)

+é <||n0HL1 ‘\/k—Jr‘L?’T)
31l WS 1 N W

Together with (6.4.6)), this finishes the proof. O

Sk“H C (6, i, [[noll L1 ())-

Summing (641 over k = 0,..., My — 1 and using the mass conservation (6.2.7), we
conclude immediately the following n-uniform bounds for the family of solutions (n,, Sy)

to (6.2.2)-(6.24) with discretizations D,:
(ny), (n,logn,) are bounded in L>(0,T; L' (),
(V'n,) is bounded in L?(Qr),
(6.4.8) (S,) is bounded in L*(0, T; H(Q)).
Then we can also deduce the following n-uniform bound for (n,)):
Proposition 6.4.2. The family (n,),>o is bounded in L?(0,T; H(2)).
Proof. First, we claim that (n,) is bounded in L?(0,7; W ()). To simplify the notation,

we write nﬁ“ = ny(-, ththy e X (7y)- Applying the Cauchy-Schwarz inequality, we obtain

k+1’ _ } E+1 k+1’
n = m(o) n
} n 1,1,T, Z g
0€E&nt,
o=K|L
< Z Z /7 \D nk-i—l } \/m k+1
KEZ}O’EF/‘K

IN

1/2
‘\/nlﬁﬂ Z m(o)d, | nht .
1,2,T; Keﬁ, oEEK

Observe that in two space dimensions,

Z m(o)d(zg,0) =2m(K),

o€€K

since the straight line between zx and xy, is orthogonal to the edge o = K|L. Using this
property, the mesh regularity assumption (6.2.I]), and the mass conservation ([G.2.7), it

follows that
1/2
k1 ( > } [ k1 m(K) nk+!
n n
} ! ’1’17777 Tl (KET i
2 1/2 1/2
(0:49) = (3) Vo] Imalif

§

727 n
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In view of the entropy stability estimate (G.Z.1]), we infer that (n,) is bounded in L?(0,T
WH(Q)). Because of the discrete Sobolev inequality (Theorem [5.3.2)
k+1
Hn" Ho,z,"r,7 -

the family (n,) is bounded in L?*(Qr).

In order to estimate the approximate gradient of n,, we employ (G.43)). The last term
in ([B43) is treated as follows. We multiply (@2.4) by At n%F!, sum over K € T, and sum
by parts:

o ol
T,

2
At Z TUDS?';anH——(SAt Z anH
Ueglnh Uegintv
o=K|L o=K|L
N Z ’nk—l—l‘ _ At Z m(K )Sk+1 k+1
KeTy KeTy
2
<aar Y n ol e (s, s, ).
Ueglnt 0 2 77] 0277;]
o=K|L

Inserting this estimate into (6.4.3]), we infer that

At 2

g gty B S D (ViR ] coat Y 7, | Dt
O'Egintv 7 O'Egmh
o=K|L o=K|L

< (s + 15575
0,2, 0,2,

Summing this inequality over k = 0,..., My — 1 and observing that the right-hand side
is uniformly bounded, we conclude that (Vn,) is bounded in L?(Q7), which finishes the
proof. O

6.5 Convergence of the finite volume scheme

We prove Theorem [6.221 Consider the family (n,, Sy)n>0 of approximate solutions to
(6.22)-(6:2.4). In order to apply compactness results, we need to control the difference
ny(-,t + 1) — ny(-, ). To this end, let ¢ € L>(0,T; H*T¢(Q)), where ¢ > 0. We denote

by ¢ the average of ¢ in the control volume K. Using scheme (6.2.3)) and the notation
nlf;H = "n('vtkﬂ),

Z m(K) (n];;rl ) OK < — Z Z Ty (’anﬂ

k+l ‘Dsk-i-l’) Do

KeTy K€7770€6K
< At ’n’”l} an+1” Sk—i—l’
N e I T
< O At ‘nk—i-l‘ an+1H k+1‘ )
> ( n 172’7’77 n 072’7;7 n 172’7-77 H¢”H2+ (Q)
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where C' > 0 only depends on 2. Summing over k =0, ..., My —1 and employing Holder’s
inequality, the uniform bound on n, from Proposition [6.4.2] and on S, from (6.4.8) imply
the existence of a constant C' > 0, independent of 7, such that

Mr—1
(6.5.1) S0> m(K) (i = nk) ok < C ALl oo e ) -
k=0 KeT,

Now, similarly as in the proof of Lemma 10.6 in [85], for all 0 < 7 < At,

T—1
/o /Q(n”(x’t—FT) —ny(z,1t)) ¢(x,t) dr dt

Mz—1 T—7
<X </ Xk(t,t+7) dt) > m(K) (n]?l —n];?) PK,
k=0 0 KeT,

where
1 ifkAte(tt+T],
Xk(tat‘i'T)_{ 0 ifkAtd (tt+T1]

Inserting (65.0]) into the above inequality and observing that

T—1
/ Xk(t,t—i—T)dtSTSAt,
0

we infer that

T—1
L [ et 1) = mof@ ) 6l ) dedt < C[0llieo riarere(on)

This gives a uniform estimate for the time translations of n, in L(0, T; (H*¢(92))"). Since
the embedding H'(Q) — LP(Q) is compact for all 1 < p < oo in two space dimensions,
we conclude from the discrete Aubin lemma [74] that there exists a subsequence of (n,),
not relabeled, such that, as n — 0,

n, —n strongly in L*(0,T; LP(f)), p < oc.
Furthermore, since (V'n,) is bounded in L?*(Q7), there exists y € L?(Qr) such that
V'n, =y weakly in L*(Qr).

It is shown in the proof of Lemma 4.4 in [52] that y = Vn in the sense of distributions.
The bound of (S,) in L?(0,T; H'(2)) implies the existence of a subsequence, which is not
relabeled, such that

S, — 8, VS, =z weakly in L*(Qr).

Again, it follows that z = V.S in the sense of distributions.

The limit  — 0 in the scheme (6.2:2)-(6.2.4) is performed exactly as in the proofs
of Propositions 4.2 and 4.3 in [89], using the above convergence results and the fact that
(n,V"S,) converges weakly to nV.S in L'(Qr). Compared to [89], we have to pass to the
limit also in the additional cross-diffusion term which does not give any difficulty since this
term is linear in n,. This shows that (n,S) solves the weak formulation (G.28)-(©.2.9),
finishing the proof.
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6.6 Long-time behavior

In this section, we prove Theorem [6.2.3l Similarly as in the proof of Proposition [6.4.1]
(see (6.4.3) and (6.4.4)), we have

En* ] - EnFn*] = Y m(K) (H (n’;gl) - H (n’f())

KeT
2
o6 <8t 3w |P(VRI), | A B e DSK Dl
0€&nt, ’ o€&int,
o=K|L o=K|L

In view of the identity S* = pun*, we can formulate the scheme ([6.2.4) for all K € T as
0= Z Te D (S]‘H'l — S*)KU—HS Z Ty Dn];;r;—i—m(K) (,u (n];;rl - n*) — (Sf;rl — S*)) .
ocli ’ oefk

Multiplying this equation by (Sf;rl — 8*)/6 and summing over K € T gives

1 2

0=—3 > 7 D(S"—s") | = X 7 DSE Dnfl)
Uegint7 ’ Ueginh
o=K|L o=K|L
+% 3" m(K) (nl;{—l—l _n*) (5?1 —S*) _% S m(K) (S§{+1 —S*)2.
KeT KeT

Replacing the last term in (G.6.I) by the above equation and using the Cauchy-Schwarz
and Young inequalities, it follows that

E[n* 1 n*] — E[n*|n*] + At ’\/nkH’mT—l- — |+t~ s Ly

o IUAt k+1 * k+1 *

_TKZ m(K) (nK —n ) (SK —S)

€T

2

pEAL g

<S5 |
The second term on the right-hand side can be absorbed by the corresponding expression
on the left-hand side. For the first term, we employ the continuous embedding of BV ()
into L2(Q) in dimension 2 (inequality (5.2.7) in Theorem [(£.2.2) and the definition of the

seminorm | - |1 17

2

At ght1 _ g2
027 26 ‘S -

02,7

an+1 ot

oz S OO [

Then, using inequality (6.4.9]), we can estimate:

1,7

2
1,2,7

P2
(6.6.2) [t = < £ C? Imollagay [VFFT]

Setting C* = 2 p? C(Q2)? Ing|| L1 () /(0 ), this yields

2
1,2, 7

2
<0.

Bt n*] - Bln¥n*] + At (1 - C%) [Vnkt1| Ly S

20 st s
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To proceed, we assume that C* < 1. With the notation

M= (1 C7) |Vt

2

1,2,7’+2_15H5k+1_5*2 k=20,

1,27’ -

we have E[nfT!n*] 4+ At I**! < E[n*|n*]. Since H is convex, the entropy E[n*|n*] is
nonnegative. Therefore, for all £ € N, summing over k =0,...,Z,

l
0 < E[n*n*] + At Z It < EmOn.
k=0

This means that the sequence 3y I¥*! is finite and, since I**! is nonnegative, (7¥*1)
converges to zero as k — oo. By definition of I**1, this shows that

‘ kTl ‘

—0 ask —

0, |sht-s*
1,2,T7

1,2,7

and, taking into account (6.6.2)),

n —0 ask— oo,

an+1 .
0,2, 7

which concludes the proof.

6.7 Numerical experiments

In this section, we investigate the numerical convergence rates and give some examples
illuminating the long-time behavior of the finite volume solutions to nonhomogeneous
steady states.

6.7.1 Numerical convergence rates

We compute first the spatial convergence rate of the numerical scheme. We consider
the system (6.1.1) on the square Q = (—%, %)2 The time step is chosen to be At = 1078,
and the final time is ¢t = 10~4. The initial data is the Gaussian

(z —20)* 4 (y — y0)2>
20 ’

M
no(x,y) = ﬁexp -

where § = 1072, M = |Ingl11 (@) = 67, and =y = yo = 0.1. The model parameters are
d =10"3 and p = 1. We compute the numerical solution on a sequence of square meshes.
The coarsest mesh is composed of 4 x 4 squares. The sequence of meshes is obtained by
dividing successively the size of the squares by 4. Then, the finest grid is made of 256 x 256
squares. The relative LP error at time ¢ is given by

on — [maz(5t) = nex( )| e ()
; [Mex () | (@)

9
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where na, represents the approximation of the cell density computed from a mesh of size
Ax and ney is the “exact” solution computed from a mesh with 256 x 256 squares and
with time step size At = 1078, The numerical scheme is said to be of order m if for all
sufficiently small Az > 0, it holds that ea, < C(Az)™ for some constant C' > 0. Figure
shows that the convergence rates in the L', L? and L* norms are around one. As
expected, the scheme is of first order.
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Figure 6.1: Spatial convergence orders in the L', L? and L norms.

6.7.2 Decay rates

According to Theorem [6.2.3], the solution to the Keller-Segel system converges to the
homogeneous steady state if p or 1/§ are sufficiently small. We will verify this property

experimentally. To this end, let Q = (—%, %)2 and
M 22+ g2
nO(xay) = % exXp | — 20 )

where § = 1072 and M = 57. We compute the approximate solution on a 32 x 32
Cartesian grid, and we choose At = 2-107%. In Figure 6.2, we depict the temporal
evolution of the relative entropy E*(t¥) = E[n*|n*] in semi-logarithmic scale. In all cases
shown, the convergence seems to be of exponential rate. The rate becomes larger for
larger values of § or smaller values of p. This is in agreement with the theoretical result:
indeed, it is shown in [ITI, Theorem 1.3] that the exponential decay rate is proportional
to 1 —C(Q) p? [[noll 11 () /9, and hence, this rate becomes larger for smaller z or 1/6.

As a numerical check, we computed the evolution of the relative entropies for different
grid sizes N and different time step sizes At. Figure shows that the decay rate does
not depend on the time step or the mesh considered.
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Figure 6.2: Relative entropy E[n*|n*] versus time t* in semi-logarithmic scale for various
values of § and pu.

6.7.3 Nonsymmetric initial data on a square

In this subsection, we explore the behavior of the solutions to (G.I.1]) for different values

of §. We choose Q = (—%, %)2 with a 64 x 64 Cartesian grid, u = 1, and At = 21075,

We consider two nonsymmetric initial functions with mass 67:

6 x —x0)% 4 (y — yp)?
(6.7.1) n01(2, ) = e exp (_( 0) : (¥ — vo) ) ’
(6.7.2)
A7 x —x0)? 4 (y — yo)? ™ x—x1)%+ (y —yp)?
n072(az,y) = ﬁ exp <_( 0) 20 (y yO) ) + ﬁ exp (—( 1) 50 (y yl) 7

where # = 1072, 29 = o = 0.1, and 21 = y; = —0.2 (see Figure [6.4]).

We consider first the case § = 0, which corresponds to the classical parabolic-elliptic
Keller-Segel system. In this case, our finite volume scheme coincides with that of [89].
We recall that solutions to the classical parabolic-elliptic model blow up in finite time if
the initial mass satisfies M > 47 [142] (in the non-radial case). The numerical results
at a time just before the numerical blow-up are presented in Figure We observe the
blow-up of the cell density in finite time, and the blow-up occurs at the boundary, as
expected. More precisely, it occurs at that corner which is closest to the global maximum
of the initial datum.

Next, we choose ¢ = 1072 and § = 1072, According to Theorem [B.2.1], the numerical
solution exists for all time. This behavior is confirmed in Figure [6.6] where we show the
cell density at time ¢ = 5. At this time, the solution is very close to the steady state which
is nonhomogeneous. We observe a smoothing effect of the cross-diffusion parameter §; the
cell density maximum decreases with increasing values of §.
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Figure 6.3: Relative entropy E[n*|n*] versus time t* in semi-logarithmic scale for various
mesh and time step sizes.

6.7.4 Symmetric initial data on a square

We consider, as in the previous subsection, the domain Q = (—%, %)2 with a 64 x 64

Cartesian grid, 4 = 1, and At = 107°. Here, we consider the radially symmetric initial
datum

M 22 + 92
(6.7.3) noa(e.y) = o e (_ -

with M = 207 and § = 1072. Since M > 87 and the initial datum is radially symmetric,
we expect that the solution to the classical Keller-Segel model (§ = 0) blows up in finite
time [I41] 150]. Figure [6.7] shows that this is indeed the case, and blow-up occurs in the
center of the domain.

In contrast to the classical Keller-Segel system, when taking § = 1073, the cell density
peak moves to a corner of the domain and converges to a nonhomogeneous steady state
(see Figure [6.8). The time evolution of the L® norm of the cell density shows an inte-
resting behavior (see Figure [6.9). We observe two distinct levels. The first one is reached
almost instantaneously. The L® norm stays almost constant and the cell density seems
to stabilize at an intermediate symmetric state (Figure . After some time, the L>°
norm increases sharply and the cell density peak moves to the boundary (Figure |6.8(b)).
Then the solution stabilizes again (Figure . We note that we obtain the same steady
state when using a Gaussian centered at (—1073, —1073).

6.7.5 Nonsymmetric initial data on a rectangle

We consider the domain Q = (—1,1) x(—3, ) and compute the approximate solutions
on a 128 x 64 Cartesian grid with At = 5-107°. The secretion rate is again p = 1, and
we choose the initial data ng; and ng 2, defined in (6.7.1)-(6.7.2)) with mass M = 6. If



6.8 Conclusion 195

2.5
1.5
Z2.00
o
[V
1.5 x1.07
=
[V
0.5

—0.2- S, 04
. 0.2 :
_ 0.0
0.4 04 —0.2
(a) Initial datum no,;. (b) Initial datum no,2.

Figure 6.4: Initial cell densities.

6 = 0, the solution blows up in finite time and the blow up occurs in a corner as in the
square domain (see Figure[6.I0). If § = 1073, the approximate solutions converge to a non-
homogeneous steady state (Figure [6.11]). Interestingly, before moving to the corner, the
solution corresponding to the nonsymmetric initial datum ng 2 shows some intermediate
behavior; see Figure [6.11(b)]

6.7.6 Symmetric initial data on a rectangle

The domain is still the rectangle Q = (—1,1) x (—1,1), we take a 128 x 64 Cartesian
grid, u = 1, and At = 107°. We choose the initial datum ng 3, defined in (6.7.3), with
M = 20mw. Clearly, the approximate solution to the classical Keller-Segel model § = 0
blows up in finite time in the center (0,0) of the rectangle. When § = 1073, the behavior
is different and similar to that in a square domain. However, in contrast to the square
domain, the cell density peak first moves straight to the closest boundary point before
moving to a corner of the domain (Figure [612)). This behavior is reflected in the time
evolution of the L norm; see Figure there exist two intermediate states, one up to
time ¢ &~ 0.9 and another in the interval (0.9,2.3), and one final state for long times. We
note that the same qualitative behavior is obtained using § = 1072,

6.8 Conclusion

In this chapter, we analyse a finite volume scheme for a parabolic-elliptic Keller-Segel
model with cross-diffusion. We prove the convergence of the discrete solution to the
continuous one when the discretization parameters tend to zero, and we investigate the
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(a) Cell density computed from no,1, t = 1. (b) Cell density computed from no,2, t = 0.6.

Figure 6.5: Cell density computed from nonsymmetric initial data with M = 67 and § = 0.

long-time behavior of the approximate solution. The proof of both results is based on a
discrete version of an entropy—dissipation relation.

We also present some numerical results illuminating the long-time behavior of the so-
lutions. On the one hand, for sufficiently large values of the diffusion parameter 9§, we
observe an exponential decay to the homogeneous steady-state. A future work would be
to prove this exponential decay rate, and to this end we need to establish a discrete loga-
rithmic Sobolev inequality. On the other hand, the numerical solutions seem to converge
to nonhomogeneous steady-states for intermediate values of §.
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Figure 6.6: Cell density computed at ¢ = 5 from nonsymmetric initial data with M = 67
for different values of 4.



Figure 6.7: Cell density at time ¢ = 0.05 computed from the radially symmetric initial
datum ng 3 with M = 207 and 6 = 0.

(b) t = 0.73.

Figure 6.8: Cell density computed from the radially symmetric initial datum ng3 with
M =20 and § = 1073.



Figure 6.9: Time evolution of ||n*|; e
datum ng 3 with M = 20r and 6 = 107°.

(a) Cell density computed from no,1, t = 0.5.

Figure 6.10: Cell density computed from nonsymmetric initial data with M = 67 and
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(b) Cell density computed from no,2, t = 1.7.



(a) Cell density computed from no,1, t = 1. (b) Cell density computed from ng 2, t = 1.
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(c) Cell density computed from no1, t = 5. (d) Cell density computed from ng 2, t = 5.

Figure 6.11: Cell density computed from nonsymmetric initial data with M = 67 and
§=1073.
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Figure 6.12: Cell density computed from the symmetric initial datum ng 3 with M = 207
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Figure 6.13: Time evolution of ||n*|| ree(q) computed from the radially symmetric initial
datum ngp 3 with M = 207 and 0 = 1073.






Conclusion et perspectives

Dans ce dernier chapitre, nous montrons comment les travaux effectués dans cette
thése peuvent étre approfondis en dégageant quelques pistes de recherches possibles.

1 Partiell

Dans cette partie, nous avons étudié un schéma completement implicite en temps, de
type volumes finis en espace et défini avec le flux de Scharfetter-Gummel. Ce schéma est
appliqué au systéme de dérive-diffusion linéaire pour les semi-conducteurs. D’une part,
nous avons obtenu une preuve compléte de la convergence en temps long des solutions
numériques vers une approximation de I’équilibre thermique. D’autre part, nous avons
considéré un autre type d’asymptotique, la limite quasi-neutre, et nous avons démontré la
convergence du schéma pour toute valeur du parameétre A > 0. Dans ces deux études, le
point clé est une estimation d’énergie—dissipation discreéte, obtenue grace aux propriétés
particulieres du flux de Scharfetter-Gummel et au caractere implicite en temps du schéma.
Plusieurs questions restent cependant ouvertes concernant 1’étude de ces deux asympto-
tiques.

1.1 Hypothéses moins restrictives sur le dopage

Les résultats obtenus dans la partie [Il le sont sous I’hypothese restrictive d’un profil
de dopage nul, peu réaliste d’'un point de vue physique. De plus, nous présentons un
certain nombre de résultats numériques qui semblent indiquer que cette hypothese n’est
pas nécessaire. Au niveau continu, '’hypotheése d’un dopage nul est également formulée
par I. Gasser [94] et A. Jiingel et Y. J. Peng [12I] dans leur étude du passage a la limite
quasi-neutre. Par contre, I. Gasser, C. D. Levermore, P. Markowich et C. Schmeiser [95]
étudient cette limite en supposant uniquement que C € L ()N H(Q), et que le signe de
C est constant sur 2. Cependant, ils considérent seulement le cas de conditions au bord
de Neumann homogenes, ce qui simplifie I’étude. Concernant I’étude de ’asymptotique en
temps long au niveau continu, H. Gajewski et K. Gértner [92] supposent que C € L>(),
et c’est aussi 'hypothese formulée par A. Jiingel [119] pour 'étude du systéme de dérive-
diffusion non linéaire. Il faudrait donc essayer d’étendre les résultats du chapitre [Il au cas
d’un dopage C' € L et tenter également d’obtenir ceux du chapitre 2 en faisant par
exemple dans un premier temps I’hypothese d’un dopage constant.

203
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1.2 Démonstration compléete du caractere AP du schéma

Dans le chapitre 2l nous avons démontré la convergence du schéma de Scharfetter-
Gummel implicite pour toute valeur de A strictement positive. Cette étude constitue la
premiere étape pour montrer que le schéma préserve 'asymptotique pour la limite quasi-
neutre. Il faut a présent étudier la limite A — 0 lorsque le parametre de discrétisation
0 est fixé dans le schéma (ce qui correspond a la fleche 775‘ — 772 quand A — 0 dans
le diagramme de la page [7) et vérifier que le schéma limite obtenu P fournit bien une
approximation du probleme limite continu (@) (ce qui correspond a la fleche 772 — P
quand 0 — 0). Ce travail, en collaboration avec C. Chainais-Hillairet et M.-H. Vignal, est
actuellement en cours.

2 Partie [T

Dans la partie [I, nous avons proposé deux nouveaux schémas volumes finis pour
des problémes de convection-diffusion non linéaires, avec pour objectif la préservation du
comportement en temps long au niveau discret. Dans le chapitre B, nous avons généralisé
le schéma de Scharfetter-Gummel au cas d’une diffusion non linéaire, et nous en avons
étudié la convergence dans le cas non dégénéré. Nous avons appliqué ce nouveau schéma a
I’équation des milieux poreux et au systéme de dérive-diffusion non linéaire, et obtenu des
résultats satisfaisants concernant I’asymptotique en temps long. Dans le chapitre [, nous
avons proposé une nouvelle discrétisation spatiale, valable pour des problémes paraboliques
non linéaires assez généraux. Ce nouveau schéma préserve non seulement I'asymptotique
en temps long, mais reste d’ordre deux en espace méme dans le cas dégénéré. Plusieurs
points pourraient encore étre approfondis concernant 1’étude de ces deux schémas.

Les résultats du chapitre [Bsont démontrés sous des hypotheses assez fortes. Il faudrait
d’abord regarder si la convergence du schéma peut étre prouvée dans le cas ou I'équa-
tion dégéneére en certains points. Dans cet objectif, la premiere étape serait de démontrer
'estimation L?(0,7; H') (Proposition B:3.2) sans utiliser la borne inférieure uniforme sur
ugs. Toujours concernant le chapitre B I'hypothese div(q) = 0 est, elle aussi, tres forte.
Elle nous permet de faire une étude générale du schéma, mais il serait intéressant de re-
garder plus précisément ce qui arrive quand on applique le schéma & 1’équation des milieux
poreux (Z.I0), qui correspond au cas q = z, et au systeme de dérive-diffusion (2.I1), qui
correspond & q = VV. Par rapport a ce systéme, il semble que les résultats peuvent étre
obtenus en faisant ’hypotheése d’un dopage nul sur 2. Enfin, nous pourrions établir une
estimation d’entropie—dissipation discréte pour ce schéma, en utilisant des techniques si-
milaires & celles présentées dans le chapitre [Il Toutefois, il semble pour cela nécessaire de
considérer une discrétisation entierement implicite en temps.

Nous avons prouvé dans le chapitre[dune estimation d’entropie—dissipation uniquement
pour le cas d'une équation avec convection linéaire (2.6]). Nous pourrions nous intéresser
au cas d’une convection non linéaire, en considérant I’exemple de I’équation (ZI5) pour
les bosons et les fermions. Pouvons-nous alors obtenir une analogue discret de 1'inégalité
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d’entropie—dissipation ([Z.3]) 7 Il faut également étudier plus précisément le comportement
du schéma dans les cas ou la solution explose en temps fini (par exemple le cas tridimen-
sionnel pour les bosons).

Enfin, dans une perspective plus générale, nous pourrions tenter d’obtenir des résultats
concernant la vitesse de convergence vers I’équilibre des solutions approchées. Nous obser-
vons numériquement pour ’équation (2.6) un taux de convergence exponentiel conforme
au résultat démontré dans [45]. La preuve de ce fait au niveau continu est fondée sur
une dérivation par rapport au temps de la dissipation d’énergie, dont il faudrait essayer
d’obtenir un analogue au niveau discret.

3 Partie II1

Dans la partie [[ITl enfin, nous avons analysé un schéma volumes finis pour un modele
de Keller-Segel avec diffusion croisée, dans le cas parabolique-elliptique. D’une part, nous
avons prouvé la convergence de la solution approchée vers la solution faible du probléme
continu quand les parametres de discrétisation tendent vers zéro. D’autre part, nous avons
étudié la convergence en temps long de la solution numérique vers I’état stationnaire ho-
mogene, dans le cas particulier ou le parametre de diffusion ¢ est suffisamment grand ou
le taux de sécrétion p est suffisamment petit. Ces deux études sont fondées sur ’obten-
tion d’estimations a priori obtenues grace a l'utilisation de versions discrétes d’inégalités
fonctionnelles, que nous avons établies dans un contexte assez général.

Etude du schéma pour le systéme parabolique-parabolique

Au niveau continu, S. Hittmeir et A. Jiingel étudient le systéme de Keller-Segel avec
diffusion croisée (B.I0)—(BI2) aussi bien dans le cas parabolique-elliptique que dans le cas
parabolique-parabolique. Nous pouvons considérer une discrétisation volumes finis imp-
licite pour le modeéle parabolique-parabolique analogue a celle présentée dans le chapitre
pour le modele parabolique-elliptique. En utilisant les mémes techniques, nous obtenons
alors l'existence de solutions numériques, ainsi qu’une estimation d’entropie discrete.
Cependant, dans ce cas-la nous n’obtenons quune borne uniforme dans L2(0, 7; W1(12))
pour n et non dans L?(0,7; H*()). Au niveau continu, cette borne uniforme est suf-
fisante pour mener I’étude du systeme parabolique-parabolique mais dans notre version
discrétisée, un terme en Vn - V.S apparait pour 'instant dans le passage a la limite et ne
peut plus étre traité comme dans le cas parabolique-elliptique du fait de ce défaut d’esti-
mation a priori. Il faudrait essayer de trouver une autre maniere de passer a la limite dans
le schéma pour éviter cet écueil et obtenir ainsi ’étude compléte du schéma dans le cas
parabolique-parabolique.

Taux de convergence vers 1’état stationnaire homogéne

Concernant la convergence en temps long des solutions vers I’état stationnaire ho-
mogene dans le cas ol p est suffisamment petit ou § est suffisamment grand, S. Hittmeir
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et A. Jiingel obtiennent au niveau continu un résultat plus précis, a savoir que la vitesse de
convergence est exponentielle [I11), Theorem 1.3]. Nos résultats numériques sont en accord
avec ce résultat, cependant, nous ne démontrons pas pour l'instant ce taux de convergence
exponentiel au niveau discret. En effet, la preuve au niveau continu nécessite 1'utilisation
de I'inégalité de Sobolev logarithmique suivante :

(3.1) /inog(n) dr < C/Q]V\/ﬁ‘2dx,

qui permet d’obtenir un controle de la dérivée temporelle de 'entropie relative E[n(t)|n*|
BI4) par E[n(t)|n*] et d’en déduire la décroissance exponentielle de cette quantité par
application du lemme de Gronwall. Nous ne disposons pas pour l'instant de version dis-
crete de I'inégalité de Sobolev logarithmique (3.I]). Ce travail pourrait s’inscrire dans la
continuité de celui entamé au chapitre [l ou des analogues discrets d’inégalités fonction-
nelles classiques dans le contexte continu sont démontrés.
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Résumé

Cette these est dédiée au développement et a l’analyse de schémas numériques de
type volumes finis pour des équations de convection-diffusion, qui apparaissent notam-
ment dans des modeles issus de la physique ou de la biologie. Nous nous intéressons plus
particulierement & la préservation de comportements asymptotiques au niveau discret. Ce
travail s’articule en trois parties, composées chacune de deux chapitres.

Dans la premiere partie, nous considérons la discrétisation du systeme de dérive-
diffusion linéaire pour les semi-conducteurs par le schéma de Scharfetter-Gummel implicite
en temps. Nous nous intéressons a la préservation par ce schéma de deux types d’asymp-
totiques : I'asymptotique en temps long et la limite quasi-neutre. Nous démontrons des
estimations d’énergie—dissipation d’énergie discrétes qui permettent de prouver d’une part
la convergence en temps long de la solution approchée vers une approximation de 1’équili-
bre thermique, d’autre part la stabilité a la limite quasi-neutre du schéma.

Dans la deuxiéme partie, nous nous intéressons a des schémas volumes finis préser-
vant 'asymptotique en temps long dans un cadre plus général. Plus précisément, nous
considérons des équations de type convection-diffusion non linéaires qui apparaissent dans
plusieurs contextes physiques : équations des milieux poreux, systeéme de dérive-diffusion
pour les semi-conducteurs... Nous proposons deux discrétisations en espace permettant
de préserver le comportement en temps long des solutions approchées. Dans un premier
temps, nous étendons la définition du flux de Scharfetter-Gummel pour une diffusion non
linéaire. Ce schéma fournit des résultats numériques satisfaisants si la diffusion ne dégénere
pas. Dans un second temps, nous proposons une discrétisation dans laquelle nous prenons
en compte ensemble les termes de convection et de diffusion, en réécrivant le flux sous
la forme d’un flux d’advection. Le flux numérique est défini de telle sorte que les états
d’équilibre soient préservés, et nous utilisons une méthode de limiteurs de pente pour
obtenir un schéma précis a l'ordre deux en espace, méme dans le cas dégénéré.

Enfin, la troisieme et derniére partie est consacrée a 1’étude d’un schéma numérique
pour un modele de chimiotactisme avec diffusion croisée pour lequel les solutions n’ex-
plosent pas en temps fini, quelles que soient les données initiales. L’étude de la convergence
du schéma repose sur une estimation d’entropie discrete nécessitant 'utilisation de ver-
sions discretes d’inégalités fonctionnelles telles que les inégalités de Poincaré-Sobolev et de
Gagliardo-Nirenberg-Sobolev. La démonstration de ces inégalités fait ’objet d’un chapitre
indépendant dans lequel nous proposons leur étude dans un contexte assez général, inclu-
ant notamment le cas de conditions aux limites mixtes et une généralisation au cadre des

schémas DDFV.



Abstract

This dissertation is dedicated to the development and analysis of finite volume numeri-
cal schemes for convection-diffusion equations, which notably occur in models arising from
physics and biology. We are more particularly interested in preserving asymptotic behavior
at the discrete level. This dissertation is composed of three parts, each one including two
chapters.

In the first part, we consider the discretization of the linear drift-diffusion system for
semiconductors with the implicit Scharfetter-Gummel scheme. We focus on preserving
two kinds of asymptotics with this scheme : the long-time asymptotic and the quasineu-
tral limit. We show discrete energy—energy dissipation estimates which constitute the main
point to prove first the large time convergence of the approximate solution to an approxi-
mation of the thermal equilibrium, and then the stability at the quasineutral limit.

In the second part, we are interested in designing finite volume schemes which preserve
the long time behavior in a more general framework. More precisely, we consider nonlinear
convection-diffusion equations arising in various physical models : porous media equation,
drift-diffusion system for semiconductors... We propose two spatial discretizations which
preserve the long time behavior of the approximate solutions. We first generalize the
Scharfetter-Gummel flux for a nonlinear diffusion. This scheme provides satisfying numer-
ical results if the diffusion term does not degenerate. Then we propose a discretization
which takes into account together the convection and diffusion terms by rewriting the flux
as an advective flux. The numerical flux is then defined in such a way that equilibrium
states are preserved, and we use a slope limiters method so as to obtain second order space
accuracy, even in the degenerate case.

Finally, the third part is devoted to the study of a numerical scheme for a chemotaxis
model with cross diffusion, for which the solutions do not blow up in finite time, even for
large initial data. The proof of convergence is based on a discrete entropy estimate which
requires the use of discrete functional inequalities such as Poincaré-Sobolev and Gagliardo-
Nirenberg-Sobolev inequalities. The demonstration of these inequalities is the subject of an
independent chapter in which we propose a study in quite a general framework, including
mixed boundary conditions and generalization to DDFV schemes.
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