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✺✳✶ ❙❝❤.♠❛ ),4✉❝,✉4❡❧ ❞❡ ❧❛ ❜❛)❡ ❞❡ ❞♦♥♥.❡) ❙❡♥)♦❇❛)❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✺✳✷ ❙❝❤.♠❛ ),4✉❝,✉4❡❧ ❞❡ ❧❛ ❜❛)❡ ❞❡ ❞♦♥♥.❡) U4❡❢❇❛)❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹
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❋❛❝❡ $ ❧❛ ❞②♥❛♠✐+✉❡ ❞✉ ♠❛-❝❤/ ❞❡0 ❜✐❡♥0 ❞❡ ❣-❛♥❞❡ ❝♦♥0♦♠♠❛4✐♦♥ ❡4 ❞♦♥❝ ❛✉① ❝♦♥4-❛✐♥4❡0

❞❡ ❧❛ ❝♦♥❝✉--❡♥❝❡✱ ❧❡0 ❡①✐❣❡♥❝❡0 ❞✉ ❝♦♥0♦♠♠❛4❡✉- ♦♥4 ♣-✐0 ✉♥❡ ♣❧❛❝❡ ✐♠♣♦-4❛♥4❡ ❞❛♥0 ❧❡ ❝❤♦✐①

❡4 ❧✬/❧❛❜♦-❛4✐♦♥ ❞❡0 04-❛4/❣✐❡0 ❞✬❡♥4-❡♣-✐0❡✳ ▲❛ 0❛4✐0❢❛❝4✐♦♥ ❞❡0 ❝♦♥0♦♠♠❛4❡✉-0 ❣❛-❛♥4✐4 ❧❡ -/✲

❛❝❤❛4✱ ❡4 ❞♦♥❝ ❧❡ ♣-♦✜4 ♣♦✉- ❧❡0 ❡♥4-❡♣-✐0❡0 ❛❣-♦❛❧✐♠❡♥4❛✐-❡0✳ ❉❛♥0 ❝❡4 ♦❜❥❡❝4✐❢✱ ❡❧❧❡0 ❞/♣❡♥0❡♥4

✉♥❡ ♣❛-4✐❡ ❞❡ ❧❡✉- ❜✉❞❣❡4 ♣♦✉- /✈❛❧✉❡- ❧✬♦♣✐♥✐♦♥ ❞❡0 ❝♦♥0♦♠♠❛4❡✉-0 0✉- ❧❡✉-0 ♣-♦❞✉✐40✳ ❈❡44❡

04-❛4/❣✐❡ ❛①/❡ 0✉- ❧❛ 0❛4✐0❢❛❝4✐♦♥ ❞❡0 ❝❧✐❡♥40 ❛ ✉♥ ❝♦B4 ♠❛✐0 ❞❡♠❡✉-❡ ❝❡♣❡♥❞❛♥4 ✐♥❞✐0♣❡♥0❛❜❧❡✳

C❛-♠✐ ❧❡0 ♠/4❤♦❞❡0 ✉4✐❧✐0/❡0 ♣♦✉- /✈❛❧✉❡- ❧✬❛♣♣-/❝✐❛4✐♦♥ ❞❡0 ♣-♦❞✉✐40 ♣❛- ❧❡0 ❝♦♥0♦♠♠❛4❡✉-0

✜❣✉-❡ ❧✬❛♥❛❧②0❡ 0❡♥0♦-✐❡❧❧❡✳

▲✬❛♥❛❧②0❡ 0❡♥0♦-✐❡❧❧❡ ❡04 ✉♥❡ ❛♣♣-♦❝❤❡ +✉✐ ❝♦♥0✐04❡ $ /4✉❞✐❡- ❧❡0 ❝❛-❛❝4/-✐04✐+✉❡0 0❡♥0♦-✐❡❧❧❡0

❞❡0 ♣-♦❞✉✐40 ❡♥ ❢❛✐0❛♥4 ✐♥4❡-✈❡♥✐- ❧✬❤♦♠♠❡ ❝♦♠♠❡ ✐♥04-✉♠❡♥4 ❞❡ ♠❡0✉-❡ $ 4-❛✈❡-0 0❡0 ❝✐♥+ 0❡♥0 ✿

❧✬♦❞♦-❛4✱ ❧❡ ❣♦B4✱ ❧❛ ✈✉❡✱ ❧✬♦✉E❡ ❡4 ❧❡ 4♦✉❝❤❡-✳ ❊❧❧❡ ♣❡-♠❡4 ❞✬/4✉❞✐❡- ♦✉ ❞❡ -/♣♦♥❞-❡ $ ❞✐✈❡-0❡0

+✉❡04✐♦♥0 ❛✉4♦✉- ❞✉ ❞/✈❡❧♦♣♣❡♠❡♥4 ❞❡0 ♣-♦❞✉✐40✳ ❊❧❧❡ ❡04 ❡00❡♥4✐❡❧❧❡ ❧♦-0 ❞❡ ❧❛ ♠✐0❡ ❛✉ ♣♦✐♥4 ❞❡

♥♦✉✈❡❛✉① ♣-♦❞✉✐40✱ ♣♦✉- ❞/✜♥✐- ❧❛ ❢♦-♠✉❧❛4✐♦♥ ✐❞/❛❧❡✱ ❝❤♦✐0✐- ❧❡0 ♠♦❞❡0 ❞❡ ❢❛❜-✐❝❛4✐♦♥ ♦♣4✐♠❛✉①✱

❝♦♠♣❛-❡- ❧❡0 ❝❛-❛❝4/-✐04✐+✉❡0 ♦❜4❡♥✉❡0 $ ❝❡❧❧❡0 ❞❡0 ♣-♦❞✉✐40 ❝♦♥❝✉--❡♥40✳ ❖-✐❣✐♥❡❧❧❡♠❡♥4 ❞/❞✐/❡

❛✉① ✐♥❞✉04-✐❡0 ❛❣-♦❛❧✐♠❡♥4❛✐-❡0✱ ❝❡44❡ ❞✐0❝✐♣❧✐♥❡ ❛ 4-H0 ✈✐4❡ /4/ ❛❞♦♣4/❡ ♣❛- ❧✬✐♥❞✉04-✐❡ ❝♦0♠/4✐+✉❡

❡4 ♣❧✉0 -/❝❡♠♠❡♥4 ♣❛- ❧✬✐♥❞✉04-✐❡ ❛✉4♦♠♦❜✐❧❡✳

▲✬❛♥❛❧②0❡ 0❡♥0♦-✐❡❧❧❡ 0❡ 0✉❜❞✐✈✐0❡ ❡♥ ❞❡✉① /♣-❡✉✈❡0 ♣-✐♥❝✐♣❛❧❡0 ✿ ❧❡0 4❡040 ❤/❞♦♥✐+✉❡0 +✉✐ ♠❡✲

0✉-❡♥4 ❧❡0 ♣-/❢/-❡♥❝❡0 ❞❡0 ❝♦♥0♦♠♠❛4❡✉-0 ❞✬✉♥❡ ♣❛-4✱ ❡4 ❧✬❛♥❛❧②0❡ ❞❡0❝-✐♣4✐✈❡ ❞❡0 ❞✐✛/-❡♥❝❡0 ❞❡

♣❡-❝❡♣4✐♦♥ 0❡♥0♦-✐❡❧❧❡ ❡♥4-❡ ❧❡0 ♣-♦❞✉✐40 ❞✬❛✉4-❡ ♣❛-4✳

■❧ ❡04 ✐♠♣♦-4❛♥4 ❞❡ ❜✐❡♥ ❞✐00♦❝✐❡- ❝❡0 ❞❡✉① ❛♣♣-♦❝❤❡0 ❝❛- ❧❡0 ❜✉40 ❡4 ❧❡0 ♠/4❤♦❞❡0 0♦♥4 ❞✐✛/-❡♥40✳

▲❡0 0✉❥❡40 +✉✐ 0♦♥4 ✐♠♣❧✐+✉/0 ♥❡ 0♦♥4 ♣❛0 ❧❡0 ♠K♠❡0 ✿ ❧❡0 /♣-❡✉✈❡0 ❞❡0❝-✐♣4✐✈❡0 ❢♦♥4 ❛♣♣❡❧ $ ❞❡0

0✉❥❡40 ❡♥4-❛L♥/0 $ ❧✬/✈❛❧✉❛4✐♦♥ ❞❡0 ♣-♦❞✉✐40 ❛❧♦-0 +✉❡ ❧❡0 /♣-❡✉✈❡0 ❤/❞♦♥✐+✉❡0 ❡①✐❣❡♥4 ❞❡0 0✉❥❡40

♥♦✈✐❝❡0✱ ❞✐40 ♥❛E❢0✳

▲❡ ♥♦♠❜-❡ ❞❡ 0✉❥❡40 ❡♥ ❛♥❛❧②0❡ 0❡♥0♦-✐❡❧❧❡ ❞/4❡-♠✐♥❡ ❡♥ ♣❛-4✐❡ ❧❛ ♣✉✐00❛♥❝❡ 04❛4✐04✐+✉❡ ❞❡ ❧❛

❝♦♠♣❛-❛✐0♦♥ ❞❡ ♣-♦❞✉✐40 ❡4 ❛✐♥0✐ ❧❛ ❝❛♣❛❝✐4/ ❞✉ 4❡04 ❞✬❛♥❛❧②0❡ 0❡♥0♦-✐❡❧❧❡ ❞✬/4❛❜❧✐- ❧✬❡①✐04❡♥❝❡ ❞❡

✶
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❞✐✛#$❡♥❝❡( ♣❡$❝❡♣*✐❜❧❡( ❡♥*$❡ ❧❡( ♣$♦❞✉✐*(✳ ■❧ ❡(* *❤#♦$✐2✉❡♠❡♥* ♣♦((✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡$ ❧❡ ♥♦♠❜$❡ ❞❡

(✉❥❡*(✱ ♣♦✉$✈✉ 2✉❡ ❧✬♦♥ ❝♦♥♥❛✐((❡ ❧❛ ✈❛$✐❛❜✐❧✐*# ❞❡ ❧❛ ♠❡(✉$❡ ♠❛✐( ❛✉((✐ ❧❛ *❛✐❧❧❡ ❞❡ ❧❛ ❞✐✛#$❡♥❝❡

2✉❡ ❧✬♦♥ ❞#(✐$❡ ♠❡**$❡ ❡♥ #✈✐❞❡♥❝❡✳ ❈❡♣❡♥❞❛♥*✱ (❡❧♦♥ ❧❡ *②♣❡ ❞❡ ❧✬#*✉❞❡ (❡♥(♦$✐❡❧❧❡✱ ❝❡( ❞❡✉①

♣❛$❛♠<*$❡( ❞❡♠❡✉$❡♥* ♣❛$❢♦✐( ♠#❝♦♥♥✉( ♦✉ ❝♦♠♣❧❡①❡( > ❞#✜♥✐$✳

@❛$ ❛✐❧❧❡✉$(✱ ❧❡ ♥♦♠❜$❡ ❞❡ (✉❥❡*( ❛ ✉♥ ✐♠♣❛❝* (✉$ ❧❡ ❝♦A* ❞❡ ❧✬❡①♣#$✐♠❡♥*❛*✐♦♥✳ ❈✬❡(* ♣♦✉$2✉♦✐

✐❧ (❡$❛✐* ✐♥*#$❡((❛♥* ❞❡ ♣$#❝✐(❡$ ❧❡ ♥♦♠❜$❡ ♠✐♥✐♠✉♠ ❞❡ (✉❥❡*( ❛((✉$❛♥* ✉♥ ❝♦A* ❛❝❝❡♣*❛❜❧❡ ❞❡(

*❡(*( (❡♥(♦$✐❡❧( *♦✉* ❡♥ ♣$#(❡$✈❛♥* ❧❛ ♣$#❝✐(✐♦♥ ❞❡( $#(✉❧*❛*( ❞❡ ❝♦♠♣❛$❛✐(♦♥ ❞❡( ♣$♦❞✉✐*(✳ ❈❡**❡

2✉❡(*✐♦♥ ❡(* ❞✬❛✉*❛♥* ♣❧✉( ✐♠♣♦$*❛♥*❡ ♣♦✉$ ❧❡( *❡(*( ❤#❞♦♥✐2✉❡( 2✉✐ ❡①✐❣❡♥* ✉♥❡ ❝❡♥*❛✐♥❡ ❞❡

(✉❥❡*(✱ ✈♦✐$❡ ♣❧✉(✱ (❡❧♦♥ ❧❡( ♦❜❥❡❝*✐❢( ❞❡ ❧✬❡①♣#$✐♠❡♥*❛*✐♦♥✳

▲❡( $❡❝♦♠♠❛♥❞❛*✐♦♥( (✉$ ❧❡ ♥♦♠❜$❡ ❞❡ (✉❥❡*( > ❡♥$D❧❡$ ❞❛♥( ✉♥ ♣❛♥❡❧ ❞✬❛♥❛❧②(❡ (❡♥(♦$✐❡❧❧❡

✈❛$✐❡♥* ❜❡❛✉❝♦✉♣ ❞❛♥( ❧❛ ❧✐**#$❛*✉$❡ ❡* (♦♥* (♦✉✈❡♥* ♣❡✉ ♦❜❥❡❝*✐✈❡(✳ @❛$ ❛✐❧❧❡✉$(✱ ❧❡( ♥♦$♠❡(

❡①✐(*❛♥*❡( ❞❛♥( ❧❡ ❞♦♠❛✐♥❡ ❞❡♠❡✉$❡♥* ❛♠❜✐❣✉E(✳ ❙♦✉✈❡♥*✱ ❧❡ ♥♦♠❜$❡ ❞❡ (✉❥❡*( ♥✬❡(* ❛❜♦$❞# 2✉❡

(♦✉( ❧✬❛♥❣❧❡ ❞❡ ❝♦♠♣❛$❛✐(♦♥ ❞❡ ♣❛♥❡❧( ❞❡ *❛✐❧❧❡( ❞✐✛#$❡♥*❡( ✉*✐❧✐(❛♥* ❞❡( *❡❝❤♥✐2✉❡( ❞✐✛#$❡♥*❡(✳

❖♥ *$♦✉✈❡ ❛✉((✐ ❞❡( $❡❝♦♠♠❛♥❞❛*✐♦♥( ✈❛❧❛❜❧❡( ♣♦✉$ ✉♥ ❝♦♥*❡①*❡ ❞♦♥♥#✱ ✈♦✐$❡ ❜❛(#❡( (✉$ ✉♥❡

(❡✉❧❡ ❡①♣#$✐♠❡♥*❛*✐♦♥✳ ◆♦✉( ♥✬❛✈♦♥( *$♦✉✈# 2✉✬✉♥❡ (❡✉❧❡ *❡♥*❛*✐✈❡ ❡♥ *❡(*( ❤#❞♦♥✐2✉❡( ❜❛(#❡ (✉$

✉♥❡ ❝❡♥*❛✐♥❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥#❡( ✭❍♦✉❣❤ ❡* ❛❧✳✱ ✷✵✵✻✮✳ ❊♥ ❡✛❡*✱ ❝❡**❡ #*✉❞❡ ♦✛$❡ ♣♦✉$ ❧❛ ♣$❡♠✐<$❡

❢♦✐( ❞❡( $❡❝♦♠♠❛♥❞❛*✐♦♥( (✉$ ❧❡ ♥♦♠❜$❡ ❞❡ (✉❥❡*( > ❡♥$D❧❡$ ❡♥ *❡(*( ❤#❞♦♥✐2✉❡( ✉*✐❧✐(❛♥* ✉♥❡

❡(*✐♠❛*✐♦♥ > ❧❛ ❢♦✐( ❞❡ ❧❛ ✈❛$✐❛❜✐❧✐*# ❞❡( ❞♦♥♥#❡( ♠❛✐( ❛✉((✐ ❞❡ ❧❛ *❛✐❧❧❡ ❞❡ ❧❛ ❞✐✛#$❡♥❝❡ > ♠❡**$❡

❡♥ #✈✐❞❡♥❝❡✳ ▲❡( $#(✉❧*❛*( ❛✈❛♥❝#( ♥♦✉( (❡♠❜❧❡♥* *$<( ✐♥*#$❡((❛♥*( ❡* ♠#$✐*❡♥* ❞✬P*$❡ ❝♦♥(♦❧✐❞#(

♣❛$ ❞✬❛✉*$❡( ❛♣♣$♦❝❤❡( (✉$ ✉♥ ♣❧✉( ❣$❛♥❞ ♥♦♠❜$❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥#❡(✳

▲❡ ❜❡(♦✐♥ ❞❡ ❞♦❝✉♠❡♥*❡$ ❧❡( ♣$❛*✐2✉❡( ❞❡ ❧✬❛♥❛❧②(❡ (❡♥(♦$✐❡❧❧❡ ❛ ❝♦♥❞✉✐* > ❧❛ ♠✐(❡ ❡♥ ♣❧❛❝❡

❞✬✉♥❡ ♣$❡♠✐<$❡ ❜❛(❡ ❞❡ ❞♦♥♥#❡( ✭❙❡♥(♦❇❛(❡✮ ❛✉ (❡✐♥ ❞✉ ❈❡♥*$❡ ❞❡( ❙❝✐❡♥❝❡( ❞✉ ●♦A* ❡* ❞❡

❧✬❆❧✐♠❡♥*❛*✐♦♥ ✭❈❙●❆✮✳ ❈❡ ♣$♦❥❡* ❛ ♣❡$♠✐( ❞❡ ❝♦♥(*$✉✐$❡ ✉♥ ♦✉*✐❧ ❞❡ (✉✐✈✐ ❞❡ ❧✬#✈♦❧✉*✐♦♥ ❞❡ ❧❛

♣❡$❢♦$♠❛♥❝❡ ❞✬✉♥ ♣❛♥❡❧ ❛✉ ❝♦✉$( ❞✉ *❡♠♣(✳ ▲❛ ❞✐♠❡♥(✐♦♥ ❡* ❧✬❡♥✈❡$❣✉$❡ ❞❡ ❙❡♥(♦❇❛(❡ ❛ ♣❡$♠✐(

❞✬#*✉❞✐❡$ ❧❡( ❢❛❝*❡✉$( ❞❡ ❧❛ 2✉❛❧✐*# ❞❡ ❧❛ ♠❡(✉$❡ (❡♥(♦$✐❡❧❧❡ ❡* ❞❡ ❝♦♠♣❛$❡$ > ❣$❛♥❞❡ #❝❤❡❧❧❡ ❧❡(

♣❡$❢♦$♠❛♥❝❡( ❞❡( (✉❥❡*(✳ ❈❡( *$❛✈❛✉① ♦♥* #*# $#❛❧✐(#( ❞❛♥( ❧❡ ❝❛❞$❡ ❞❡ ❧❛ *❤<(❡ ❞❡ @✐♥❡❛✉ ✭✷✵✵✻✮✳

▲✬#*✉❞❡ ❞❡ ❧❛ ♣$♦❜❧#♠❛*✐2✉❡ ❞✉ ♥♦♠❜$❡ ❞❡ ❞#❣✉(*❛*❡✉$( ❞✬✉♥ ♣❛♥❡❧ ❞✬❛♥❛❧②(❡ (❡♥(♦$✐❡❧❧❡ ✜❣✉$❡

♣❛$♠✐ ❧❡( ♣❡$(♣❡❝*✐✈❡( ❞❡ ❝❡ *$❛✈❛✐❧✳ ❊♥ ❡✛❡*✱ ❝❡ (✉❥❡* ✐♥*#$❡((❡ ❢♦$*❡♠❡♥* ❧❡( ♣$♦❢❡((✐♦♥♥❡❧( ❞❡ ❝❡

❞♦♠❛✐♥❡✳

▲❡( ❝❡♥*$❡( ❆❈❚■❆ ✭❆((♦❝✐❛*✐♦♥ ❞❡( ❈❡♥*$❡( ❚❡❝❤♥✐2✉❡( ❞❡( ■♥❞✉(*$✐❡( ❆❣$♦❛❧✐♠❡♥*❛✐$❡(✮ ❛✐♥(✐

2✉❡ ❧❛ $#❣✐♦♥ ❇♦✉$❣♦❣♥❡✱ ♣❛$*✐❡( ✐♥*#❣$❛♥*❡( ❞✉ ♣$♦❥❡* ❙❡♥(♦❇❛(❡✱ ♦♥* $❡♥♦✉✈❡❧# ❧❡✉$ ❡♥❣❛❣❡♠❡♥*

❛✉♣$<( ❞✉ ❈❙●❆ ♣♦✉$ ❧❛ ♠✐(❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ♥♦✉✈❡❛✉ ♣$♦❥❡* ❛✉*♦✉$ ❞❡( #*✉❞❡( ❤#❞♦♥✐2✉❡(✳ ❊♥

❡✛❡*✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ❜❛(❡ ❞❡ ❞♦♥♥#❡( ♥♦♠♠#❡ @$❡❢❇❛(❡ ✭❱✐(❛❧❧✐ ❡* ❛❧✳✱ ✷✵✵✽✮ ❛ #*# ♠✐(❡ ❡♥ ♣❧❛❝❡ ❡*

❛ ♣♦✉$ ♦❜❥❡❝*✐❢ ❞❡ $#✉♥✐$ ❧❡( ❥❡✉① ❞❡ ❞♦♥♥#❡( ❞❡ ♣$#❢#$❡♥❝❡✳

❉❛♥( ❝❡ ❝♦♥*❡①*❡✱ ❧✬♦❜❥❡❝*✐❢ ♣$✐♥❝✐♣❛❧ ❞❡ ❝❡**❡ *❤<(❡ ❡(* ❞❡ 2✉❛♥*✐✜❡$ ❧❡( ♣❛$❛♠<*$❡( 2✉✐

❝♦♥❞✐*✐♦♥♥❡♥* ❧❡ ♥♦♠❜$❡ ❞❡ (✉❥❡*(✱ *❡❧( 2✉❡ ❧❛ *❛✐❧❧❡ ❞❡ ❧✬❡✛❡* ❡* ❧❛ ✈❛$✐❛❜✐❧✐*# ❞❡ ❧❛ ♠❡(✉$❡

✷



■♥"#♦❞✉❝"✐♦♥ ●*♥*#❛❧❡

 ❡♥ ♦$✐❡❧❧❡✳ ❙♦♥ ♦$✐❣✐♥❛❧✐+, $, ✐❞❡ ❛❧♦$ ❞❛♥ ❧✬❡①♣❧♦✐+❛+✐♦♥ ❞❡ ❝❡♥+❛✐♥❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥,❡ ✐  ✉ 

❞❡ ❙❡♥ ♦❇❛ ❡ ❡+ 5$❡❢❇❛ ❡✳ ▲❡ ❜✉+ ❡ + ❞❡ ♣♦✉✈♦✐$ ❛❞$❡  ❡$ ❞❡ $❡❝♦♠♠❛♥❞❛+✐♦♥ ;✉❛♥+ ❛✉ ♥♦♠❜$❡

❞❡  ✉❥❡+ < ❡♥$=❧❡$ ♣♦✉$ ❧❡ ,♣$❡✉✈❡ ❤,❞♦♥✐;✉❡ ♠❛✐ ❛✉  ✐ ♣♦✉$ ❧❡ ,+✉❞❡ ❞❡ ♣$♦✜❧  ❡♥ ♦$✐❡❧✳

❈❡ ♠❛♥✉ ❝$✐+ ❡ + ♦$❣❛♥✐ , ❡♥ ❝✐♥; ❝❤❛♣✐+$❡ ✳

▲❡ ♣$❡♠✐❡$ ❝❤❛♣✐+$❡ ❡ + ❝♦♥ ❛❝$, < ❧✬,+❛+ ❞❡ ❧✐❡✉① ❞❡ ❝♦♥♥❛✐  ❛♥❝❡ ❡♥ ♠❛+✐A$❡ ❞❡ +❛✐❧❧❡ ❞❡ ♣❛♥❡❧

 ✉$ ❧❡ ,♣$❡✉✈❡ ❤,❞♦♥✐;✉❡ ❡+ ❞❡ ❝$✐♣+✐✈❡ ❡♥ ❛♥❛❧② ❡  ❡♥ ♦$✐❡❧❧❡✳ ■❧ ❝♦♠♣$❡♥❞ ✉♥❡  ②♥+❤A ❡ ❜✐✲

❜❧✐♦❣$❛♣❤✐;✉❡  ✉$ ❧❡ ♥♦♠❜$❡ ❞❡  ✉❥❡+ ❞❛♥ ❧❡ ❞❡✉① +②♣❡ ❞✬,♣$❡✉✈❡ ✳ ❊♥✜♥✱ ✐❧ ♣$, ❡♥+❡ ✉♥ $❛♣♣❡❧

 ✉$ ❧❡ ♣$✐♥❝✐♣❡ ❞❡ +❡ +  +❛+✐ +✐;✉❡ ✱ ❞❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥ +❡ +✱ ❞✉ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜$❡ ❞❡  ✉❥❡+ 

♥,❝❡  ❛✐$❡ ❡+ ❞❡ ♣$,❝✐ ✐♦♥ ❞❡ ❧❛ ♥♦+✐♦♥ ❞❡ ❧❛ +❛✐❧❧❡ ❞❡ ❧✬❡✛❡+✳ ❉❡ ❝❡++❡ $❡✈✉❡ ❜✐❜❧✐♦❣$❛♣❤✐;✉❡

❞,❝♦✉❧❡$♦♥+ ❧❡ ;✉❡ +✐♦♥ ❞❡ $❡❝❤❡$❝❤❡ ❡+ ❧❛ ♣$♦❜❧,♠❛+✐;✉❡ ❞❡ ❝❡ +$❛✈❛✐❧ ❞❡ +❤A ❡✱ ♣$, ❡♥+,❡ ❞❛♥ 

❧❡ ❞❡✉①✐A♠❡ ❝❤❛♣✐+$❡✳

▲❡ ❝❤❛♣✐+$❡ ✸ ❡+ ✹  ♦♥+ ❝♦♥ ❛❝$, $❡ ♣❡❝+✐✈❡♠❡♥+ < ❧✬❛♣♣$♦❝❤❡ ❜❛ ❡ ❞❡ ❞♦♥♥,❡ ❡♥ +❡ + ❤,✲

❞♦♥✐;✉❡ ❡+ ❡♥ ♣$♦✜❧  ❡♥ ♦$✐❡❧ ✳ ❈❤❛;✉❡ ❝❤❛♣✐+$❡ ♦✛$❡ ✉♥❡ ❞❡ ❝$✐♣+✐♦♥ ❞,+❛✐❧❧,❡ ❞❡ ♠,+❤♦❞❡ 

$❡+❡♥✉❡ ✱ ✉♥❡ ❥✉ +✐✜❝❛+✐♦♥ ❞❡ ❝❤♦✐① ❡✛❡❝+✉, ♣♦✉$ ❛♣♣♦$+❡$ ❞❡ $,♣♦♥ ❡ < ♥♦ ;✉❡ +✐♦♥ ❞❡ $❡✲

❝❤❡$❝❤❡✳

▲❡ ❞❡$♥✐❡$ ❝❤❛♣✐+$❡ ❡ + ❝♦♥ ❛❝$, < ❧❛ ❞✐ ❝✉  ✐♦♥ ❣,♥,$❛❧❡ ❞❡ $, ✉❧+❛+ ❡+ < ❧✬❛♣♣♦$+ ❞❡ ❜❛ ❡ ❞❡

❞♦♥♥,❡ ❞❛♥ ❧❛ ;✉❛♥+✐✜❝❛+✐♦♥ ❞❡ ♣❛$❛♠A+$❡ ;✉✐ ❞,+❡$♠✐♥❡♥+ ❧❡ ♥♦♠❜$❡ ❞❡  ✉❥❡+ ✳
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Chapitre1

❘❡✈✉❡ ❜✐❜❧✐♦❣)❛♣❤✐-✉❡

✶ ▼❡#✉%❡ ❞❡ ❧❛ ♣❡%❝❡♣+✐♦♥ #❡♥#♦%✐❡❧❧❡

▲❡" ♦$❣❛♥❡" ❞❡" "❡♥" $)❛❣✐""❡♥+ , ❞❡" ♠♦❞✐✜❝❛+✐♦♥" ♣❤②"✐3✉❡" ♦✉ ❝❤✐♠✐3✉❡" ❞✉ ♠✐❧✐❡✉ ❡♥✈✐✲

$♦♥♥❛♥+✳ ❈❡" ✈❛$✐❛+✐♦♥" ❝♦♥"+✐+✉❡♥+ ❧❡" "+✐♠✉❧✐✳

▲❡" "+✐♠✉❧✐ 3✉✐ ❞)❝❧❡♥❝❤❡♥+ ❧✬❡①❝✐+❛+✐♦♥ ❞❡" $)❝❡♣+❡✉$" "❡♥"♦$✐❡❧" ♣❡✉✈❡♥+ <+$❡ ❞✬♦$✐❣✐♥❡ ✿ ♣❤②"✐3✉❡✱

❝❤✐♠✐3✉❡ ♦✉ ❜✐❡♥ ♣"②❝❤♦"❡♥"♦$✐❡❧❧❡ ✭♦$✐❣✐♥❡ ❛✛❡❝+✐✈❡✮✳

▲✬❛♣♣❧✐❝❛+✐♦♥ ❞✬✉♥❡ "+✐♠✉❧❛+✐♦♥ ♣$♦✈♦3✉❡ ❧✬❛❝+✐✈❛+✐♦♥ ❞❡ ♠♦❧)❝✉❧❡" "♣)❝✐✜3✉❡" "✐+✉)❡" ❞❛♥" ❧❛

♠❡♠❜$❛♥❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡ $)❝❡♣+$✐❝❡✳ ▲✬✐♥❢♦$♠❛+✐♦♥ ❡"+ ❡♥"✉✐+❡ ❛♠♣❧✐✜)❡ ❡+ +$❛♥"♠✐"❡ "♦✉" ❢♦$♠❡

❞❡ "✐❣♥❛✉① )❧❡❝+$✐3✉❡ ❥✉"3✉✬❛✉ "②"+E♠❡ ♥❡$✈❡✉① ❝❡♥+$❛❧ ✭▼❛❝ ▲❡♦❞ ❛♥❞ ❙❛✉✈❛❣❡♦+✱ ✶✾✽✻✮✳ ➚ ❧❡✉$

❛$$✐✈)❡ ❛✉ ♥✐✈❡❛✉ ❞✉ "②"+E♠❡ ♥❡$✈❡✉① ❝❡♥+$❛❧✱ ❝❡" ✐♥❢♦$♠❛+✐♦♥" ❢♦$♠❡♥+ ✉♥❡ ✐♠❛❣❡ "❡♥"♦$✐❡❧❧❡

3✉✐ ❡"+ ❝♦♥❢$♦♥+)❡ "✐♠✉❧+❛♥)♠❡♥+ , ❧❛ ♠)♠♦✐$❡ ✭✐❞❡♥+✐✜❝❛+✐♦♥ ❞❡ ❧❛ "+✐♠✉❧❛+✐♦♥✮✱ ❛✉ ❝❡♥+$❡ ❞✉

♣❧❛✐"✐$✱ ❡+ , ❧❛ ❝♦♥"❝✐❡♥❝❡ ✭◆❛$N♦♥✱ ✷✵✵✶✮✳

▲❡ ♣❧❛✐"✐$✱ ❢♦♥❝+✐♦♥ ♣❤②"✐♦❧♦❣✐3✉❡ ♣$♦❝✉$)❡ ♣❛$ ❧✬❛❝+✐✈✐+) ❞✬✉♥ ♥♦②❛✉ "✐+✉) ❞❛♥" ❧✬❤②♣♦+❤❛❧❛♠✉"✱

♥✬❡"+ ❛""♦❝✐) , ❛✉❝✉♥❡ ♠♦❞❛❧✐+) "❡♥"♦$✐❡❧❧❡ ♣❛$+✐❝✉❧✐E$❡ ✭▼❛❝ ▲❡♦❞✱ ✶✾✾✷✮✳ ■❧ ❡"+ ❝❡♣❡♥❞❛♥+ ❧✐) , ❧❛

$❡♣$)"❡♥+❛+✐♦♥ 3✉❡ ❧✬✐♥❞✐✈✐❞✉ "❡ ❢❛✐+ ❞❡ "♦♥ ❡♥✈✐$♦♥♥❡♠❡♥+ ✭❝$♦②❛♥❝❡"✱ ✈❛❧❡✉$"✮ ❡+ ❛✉① "+✐♠✉❧❛+✐♦♥"

3✉✐ "❡♠❜❧❡♥+ ❧✬❛✈♦✐$ ♣$♦❝✉$) ✭◆❛$N♦♥✱ ✷✵✵✶✮✳
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❝❤♦✐① ❞✉ ❧✐❡✉ ❞✉ #❡"#✳ ❊♥ ❝♦♠♣❧'♠❡♥# ❞❡" #❡"#" ❡♥ ❧❛❜♦&❛#♦✐&❡ ❞✬'✈❛❧✉❛#✐♦♥ "❡♥"♦&✐❡❧❧❡✱ ♦♥ &❡#&♦✉✈❡

❧❡" #❡"#" ❡♥ "❛❧❧❡ ✭❞❛♥" ✉♥ ❧✐❡✉ ♣✉❜❧✐❝✮ ♦✉ ❜✐❡♥ ❧❡" #❡"#" ❞✐#" 9 ❞♦♠✐❝✐❧❡ ✭❞♦♠✐❝✐❧❡ ❞✉ "✉❥❡#✮✳ ▲❛

♣&♦❝'❞✉&❡ ❞✉ &❡❝✉❡✐❧ ❞❡" &'♣♦♥"❡" ♣❡✉# ;#&❡ '❣❛❧❡♠❡♥# ❞❡ ❞✐✛'&❡♥#❡ ♥❛#✉&❡ ❡# ❞❡♠❛♥❞❡& ✉♥❡

'✈❛❧✉❛#✐♦♥ 9 ❧✬❛✐❞❡ ❞✬✉♥ :✉❡"#✐♦♥♥❛✐&❡ ❛✉#♦❛❞♠✐♥✐"#&' ♦✉ ❡♥ ❢❛❝❡✲9✲❢❛❝❡ ♣❛& ✉♥ ❡♥:✉;#❡✉&✳

✽



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

✶✳✷✳✸ ❆♣♣&♦❝❤❡ ❛♥❛❧②%✐1✉❡

▲✬❛♣♣$♦❝❤❡ ❛♥❛❧②,✐.✉❡ ❝♦♥0✐0,❡ 1 ❞3❝$✐$❡ ✉♥ ♣$♦❞✉✐, ❛❧✐♠❡♥,❛✐$❡ ❡♥ ♣$♦♣$✐3,30 0❡♥0♦$✐❡❧❧❡0

,❛♥❣✐❜❧❡0✱ ♦❜❥❡❝,✐✈❡0 ❡, ❜✐❡♥ ❞3✜♥✐❡0 ❡, ❡♥ ❞3,❡$♠✐♥❛♥, ❧✬✐♥,❡♥0✐,3 ❞❡0 ❝❡0 ♣$♦♣$✐3,30 ✭❙❙❍❆ ❛♥❞

❉❡♣❧❡❞,✱ ✶✾✾✽❀ ❯$❞❛♣✐❧❧❡,❛ ❡, ❛❧✳✱ ✷✵✵✶✮✳ ❈❡,,❡ ♠❡0✉$❡ 0❡♥0♦$✐❡❧❧❡ $❡✈✐❡♥, 1 ❡①♣❧♦$❡$ ❞❡ ♠❛♥✐K$❡

♦❜❥❡❝,✐✈❡ ✉♥❡ 0❡♥0❛,✐♦♥ ♣♦✉$ ❧❛ ✈❡$❜❛❧✐0❡$ ❡♥ ♠♦,0 ♦✉ ❡♥ ❝❤✐✛$❡0 ✭■00❛♥❝❤♦✉ ❛♥❞ ❍♦00❡♥❧♦♣♣✱

✶✾✾✷✮✳ ▲❡0 ♣$♦♣$✐3,30 0❡♥0♦$✐❡❧❧❡0 0♦♥, ❝❛$❛❝,3$✐03❡0 .✉❛❧✐,❛,✐✈❡♠❡♥, ❡, .✉❛♥,✐,❛,✐✈❡♠❡♥,✳

❉❛♥0 ❝❡ ,②♣❡ ❞✬3♣$❡✉✈❡0✱ ♦♥ ❢❛✐, ❛♣♣❡❧ 1 ❞❡0 0✉❥❡,0 ❡♥,$❛O♥30✳ ❈❡0 ❞❡$♥✐❡$0 0♦♥, ❢♦$♠30 0✉$ ❧❛

♠3,❤♦❞♦❧♦❣✐❡✱ 1 ❧❛ $❡❝♦♥♥❛✐00❛♥❝❡ ❞❡0 0❡♥0❛,✐♦♥0 ♣❡$P✉❡0✱ 1 ❧✬❛♣♣$♦♣$✐❛,✐♦♥ ❞✬✉♥ ✈♦❝❛❜✉❧❛✐$❡

❝♦♠♠✉♥ ❡, 1 ❧❛ .✉❛♥,✐✜❝❛,✐♦♥ ❞❡ ❝❡0 0❡♥0❛,✐♦♥0✳ ❈❡ ,②♣❡ ❞✬3♣$❡✉✈❡0 ❡0, ,♦✉❥♦✉$0 ♠❡♥3 ❡♥ ❧❛❜♦✲

$❛,♦✐$❡ ❞✬❛♥❛❧②0❡ 0❡♥0♦$✐❡❧❧❡✳

▲✬❛♣♣$♦❝❤❡ ❛♥❛❧②,✐.✉❡ 0❡ 0❝✐♥❞❡ ❡♥ ❞❡✉① ❝❛,3❣♦$✐❡0 ❞❡ ,❡0,0 ✿ ❧❡0 ,❡0,0 ❞✐0❝$✐♠✐♥❛,✐❢0 ❡, ❧❡0

,❡0,0 ❞❡0❝$✐♣,✐❢0✳

✶✳✷✳✸✳✶ ❚❡9%9 ❞✐9❝&✐♠✐♥❛%✐❢9

❈❡0 ,❡0,0 0♦♥, ✉,✐❧✐030 ❧♦$0.✉✬♦♥ ❞30✐$❡ ❞3,❡❝,❡$ ❧❛ ♣$30❡♥❝❡ ♦✉ ❧✬❛❜0❡♥❝❡ ❞❡ ❞✐✛3$❡♥❝❡0 0❡♥✲

0♦$✐❡❧❧❡0 ❡♥,$❡ ❞❡✉① ♣$♦❞✉✐,0✳ ▲✬♦❜❥❡❝,✐❢ ❡0, ❞❡ 0❛✈♦✐$✱ ♣❛$ ❡①❡♠♣❧❡✱ 0✐ ✉♥ ❝❤❛♥❣❡♠❡♥, ❞❛♥0 ❧❡

♠♦❞❡ ❞❡ ♣$♦❞✉❝,✐♦♥ ✭❝❤❛♥❣❡♠❡♥, ❞✬✐♥❣$3❞✐❡♥,0✱ ❞❡ ♠❛,3$✐❡❧ ❞❡ ♣$♦❞✉❝,✐♦♥✱ ❞❡ ♣$♦❝❡00✉0 ✳ ✳ ✳ ✮ ❛

✉♥❡ ❝♦♥03.✉❡♥❝❡ 0✉$ ❧❛ ♣❡$❝❡♣,✐♦♥ ✜♥❛❧❡ ❞✉ ♣$♦❞✉✐, ♣❛$ ❧❡ ❝♦♥0♦♠♠❛,❡✉$✳ ■❧0 0♦♥, $❡❝♦♠♠❛♥✲

❞30 ♣♦✉$ ❝♦♠♣❛$❡$ ❞❡0 ♣$♦❞✉✐,0 ❡♥,$❡ ❧❡0.✉❡❧0 ❧❡0 ❞✐✛3$❡♥❝❡0 0♦♥, ❢❛✐❜❧❡0 ❡, ✐♥❝♦♥♥✉❡0✳ ❖♥ ♣❡✉,

❞♦♥❝ ,❡0,❡$ ❞❡0 ♣$♦❞✉✐,0 ❝♦♥❝✉$$❡♥,0✱ ❞❡0 ❢♦$♠✉❧❡0 ❞✐✛3$❡♥,❡0 ❞✉ ♠T♠❡ ♣$♦❞✉✐,✱ ❧❡ ♠T♠❡ ♣$♦❞✉✐,

1 ❞✐✛3$❡♥,0 0,❛❞❡0 ❞❡ ♠❛,✉$❛,✐♦♥✱ ❛②❛♥, ❜3♥3✜❝✐3 ❞❡ ♠3,❤♦❞❡0 ❞❡ 0,♦❝❦❛❣❡ ♦✉ ❞❡ ❝♦♥0❡$✈❛,✐♦♥

❞✐✛3$❡♥❝✐3❡ ♦✉ ♣$♦✈❡♥❛♥, ❞❡ ❞✐✛3$❡♥,0 ❧♦,0✱ ❡,❝✳ ❖♥ ❢❛✐, ❛♣♣❡❧ 1 ✉♥ ❣$♦✉♣❡ ❞❡ 0✉❥❡,0 ✐♥✐,✐30 ❡,

❞❛♥0 ❝❡$,❛✐♥0 ❝❛0✱ ❧❡0 ,❡0,0 ❞✐0❝$✐♠✐♥❛,✐❢0 ♣❡✉✈❡♥, T,$❡ $3❛❧✐030 ❛✈❡❝ ❞❡0 0✉❥❡,0 ♥❛V❢0 ✭♥♦♥ ❡♥,$❛O♥30

❛✉① ♠3,❤♦❞❡0 ❞❡ ❧✬❛♥❛❧②0❡ 0❡♥0♦$✐❡❧❧❡✮✳ ❉✐✛3$❡♥,❡0 3♣$❡✉✈❡0 ❞✐0❝$✐♠✐♥❛,✐✈❡0 0♦♥, 1 ❞✐0♣♦0✐,✐♦♥ ❞❡0

❡①♣3$✐♠❡♥,❛,❡✉$0 ✿ ,❡0,0 ,$✐❛♥❣✉❧❛✐$❡0✱ ❝♦♠♣❛$❛✐0♦♥ ♣❛$ ♣❛✐$❡✱ ❞✉♦ ,$✐♦✱ ✷✲❆❋❈✱ ✸✲❆❋❈✱ ❡,❝✳ ▲❡0

,❡0,0 ❞✐0❝$✐♠✐♥❛,✐❢0 ♣❡✉✈❡♥, ❛✉00✐ T,$❡ ♠❡♥30 ❛✈❛♥, ✉♥❡ 3✈❛❧✉❛,✐♦♥ ❞❡0❝$✐♣,✐✈❡ ♦✉ ❤3❞♦♥✐.✉❡✳

▲❡0 ,❡0,0 ❞✐0❝$✐♠✐♥❛,✐❢0 0❡$✈❡♥, ❡00❡♥,✐❡❧❧❡♠❡♥, 1 ❞3,❡$♠✐♥❡$ 0✬✐❧ ❡①✐0,❡ ❞❡0 ❞✐✛3$❡♥❝❡0 0❡♥0♦$✐❡❧❧❡0

❡♥,$❡ ❞❡0 ♣$♦❞✉✐,0✳ ❙✐ ♦♥ ✈❡✉, ❛❧❧❡$ ♣❧✉0 ❧♦✐♥ ❡, .✉❛❧✐✜❡$ ❝❡0 ❞✐✛3$❡♥❝❡0 3✈❡♥,✉❡❧❧❡0✱ ✐❧ ❝♦♥✈✐❡♥,

❞✬❛✈♦✐$ $❡❝♦✉$0 ❛✉① ,❡0,0 ❞❡0❝$✐♣,✐❢0✳

✶✳✷✳✸✳✷ ❚❡9%9 ❞❡9❝&✐♣%✐❢9

▲✬♦❜❥❡❝,✐❢ ❡0, ❞✬3✈❛❧✉❡$ ❧✬✐♥,❡♥0✐,3 ❞✬✉♥❡ ❣$❛♥❞❡✉$ 0❡♥0♦$✐❡❧❧❡ 0✐♠♣❧❡ ♦✉ ❝♦♠♣❧❡①❡ ❡, ❞✬❛❜♦✉,✐$

1 ✉♥❡ ❞❡0❝$✐♣,✐♦♥ ❡✣❝❛❝❡ ❞❡0 ♣$♦❞✉✐,0 ❛♥❛❧②030✳ ▲❡0 ♣$♦❞✉✐,0 ❝♦♠♣❛$30 ❛♣♣❛$,✐❡♥♥❡♥, ❛✉ ♠T♠❡

0❡❣♠❡♥, ❞❡ ♠❛$❝❤3 ❡, 0♦♥, ❛✐♥0✐ ❝❛$❛❝,3$✐030 1 ♣❛$,✐$ ❞❡ ❞❡0❝$✐♣,❡✉$0 ❝♦♠♠✉♥0✳ ❈❡0 ❞❡0❝$✐♣,❡✉$0

✾



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

♣❡✉✈❡♥% &%'❡ ❞❡) ❞❡)❝'✐♣%❡✉') ✈✐)✉❡❧)✱ ❞✬❛'0♠❡✱ ❞✬♦❞❡✉'✱ ❞❡ )❛✈❡✉' ♦✉ ❞❡ %❡①%✉'❡✳ ➚ ❝❤❛7✉❡ ❞❡)✲

❝'✐♣%❡✉' ❡)% ❛))♦❝✐9 ✉♥❡ ✐♥%❡♥)✐%9 7✉✐ ❝♦''❡)♣♦♥❞ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ )❡♥)❛%✐♦♥ ♣❡':✉❡✳ ❈❡) ♠9%❤♦❞❡)

❢♦♥% ❛♣♣❡❧ = ✉♥ ♣❡%✐% ❣'♦✉♣❡ ❞❡ )✉❥❡%) )9❧❡❝%✐♦♥♥9) ♣♦✉' ❧❡✉') ❛♣%✐%✉❞❡) )❡♥)♦'✐❡❧❧❡) ❡% ❡♥%'❛@♥9)

❛✉① %A❝❤❡) 7✉✬✐❧) ❛✉'♦♥% = ❡✛❡❝%✉❡'✳

❖♥ ❞✐)%✐♥❣✉❡ ❞✐✛9'❡♥%) %②♣❡) ❞❡ %❡)%) ❞❡)❝'✐♣%✐❢) ✿ ❧❡ ♣'♦✜❧ ❝♦♥✈❡♥%✐♦♥♥❡❧✱ ❧❡ ♣'♦✜❧ ❞❡ ❧❛ ✢❛✈❡✉'

✭❆❋◆❖❘✱ ✶✾✽✸❀ ▲✐%%❧❡✱ ✶✾✺✵✮✱ ❧❛ ♠9%❤♦❞❡ ◗❉❆

❝©
◗✉❛♥%✐%❛%✐✈❡ ❉❡)❝'✐♣%✐✈❡ ❆♥❛❧②)✐) ✭❙%♦♥❡ ❡% ❛❧✳✱

✶✾✼✹✮✱ ❧❡ ♣'♦✜❧ ❧✐❜'❡ ❝❤♦✐① ✭❲✐❧❧✐❛♠) ❛♥❞ ▲❛♥❣'♦♥✱ ✶✾✽✹✮✱ ❧❡ ♣'♦✜❧ ✢❛)❤ ✭❉❡❧❛'✉❡ ❛♥❞ ❙✐❡✛❡'♠❛♥♥✱

✷✵✵✵✮✱ ❧❛ ♠9%❤♦❞❡ ❉♦♠✐♥❛♥❝❡ ❚❡♠♣♦'❡❧❧❡ ❞❡) ❙❡♥)❛%✐♦♥) ❉❚❙ ✭▲❛❜❜❡ ❡% ❛❧✳✱ ✷✵✵✾❀ _✐♥❡❛✉ ❡% ❛❧✳✱

✷✵✵✾✮✱ ❧❛ ♠9%❤♦❞❡ ❙♣❡❝%'✉♠ ✭▼✉a♦③ ❛♥❞ ❈✐✈✐❧❧❡✱ ✶✾✾✷✮ ✳ ✳ ✳ ❡%❝✳

▲❡) ♠❡)✉'❡) ❞❡)❝'✐♣%✐✈❡) )♦♥% ❝♦✉'❛♠♠❡♥% ✉%✐❧✐)9❡) ♣❛' ❧❡) ✐♥❞✉)%'✐❡❧) ❞❡ ❧✬❛❣'♦✲❛❧✐♠❡♥%❛✐'❡ ❛✜♥
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&✉❥❡,& ♣❡✉✈❡♥, E,-❡ -❡,✐-.❡& ❞❡ ❧✬❡--❡✉- ❡①♣.-✐♠❡♥,❛❧❡ ❡, ✐&♦❧.❡& ❝♦♠♠❡ ❡✛❡, ❞❡& &✉❥❡,&✳ ▲❡ ,❡-♠❡

❞✬❡--❡✉- &❡-✈❛♥, 3 ❞.,❡-♠✐♥❡- &✬✐❧ ② ❛ ❞❡& ❞✐✛.-❡♥❝❡& &✐❣♥✐✜❝❛,✐✈❡& ❡♥,-❡ ❧❡& ♣-♦❞✉✐,& ✐♥❞✐+✉❡-❛

❛❧♦-& ❞❛✈❛♥,❛❣❡ ❧✬❡--❡✉- ♣✉-❡✳ G♦✉- ❝❡❧❛ ♦♥ ❢❛✐, ❡♥ &♦-,❡ +✉❡ ❧❡& ❞✐✛.-❡♥,& ♥✐✈❡❛✉① ❞❡& ❛✉,-❡&

❢❛❝,❡✉-& &♦✐❡♥, ❛✉&&✐ ❜✐❡♥ -❡♣-.&❡♥,.& ❞❛♥& ❝❤❛❝✉♥ ❞❡& ❜❧♦❝& ✭❧❡& ♠♦❞❛❧✐,.& ❞✉ ❢❛❝,❡✉- ❜❧♦❝✮✳

❖♥ ♣❛-❧❡ &♦✉✈❡♥, ❞❡ ,-♦✐& ✈❛-✐❛♥,❡& ❞❡ ♣❧❛♥ ❡♥ ❜❧♦❝& ✿ ♣❧❛♥ ❝♦♠♣❧❡,✱ ♣❧❛♥ ✐♥❝♦♠♣❧❡, ❡, ♣❧❛♥

.+✉✐❧✐❜-.✳ ❯♥ ♣❧❛♥ ❡♥ ❜❧♦❝& ❝♦♠♣❧❡,& ❡&, ✉♥ ♣❧❛♥ ❞❛♥& ❧❡+✉❡❧ ,♦✉& ❧❡& ♥✐✈❡❛✉① ❞❡& ❢❛❝,❡✉-& .,✉❞✐.&

&♦♥, ♣-.&❡♥,& ✉♥❡ ❢♦✐& 3 ❧✬✐♥,.-✐❡✉- ❞❡ ❝❤❛+✉❡ ❜❧♦❝✳ ❈❡❧❛ ❝♦--❡&♣♦♥❞✱ ♣♦✉- ✉♥ ♣❧❛♥ &❡♥&♦-✐❡❧✱ ❛✉

❝❛& ♦O ,♦✉& ❧❡& ♣-♦❞✉✐,& &♦♥, ✈✉& ✉♥❡ ❢♦✐& ♣❛- ❧✬❡♥&❡♠❜❧❡ ❞❡& ❥✉❣❡&✳ ❯♥ ♣❧❛♥ ❡♥ ❜❧♦❝& ✐♥❝♦♠♣❧❡,&

❡&, ✉♥ ♣❧❛♥ ❞❛♥& ❧❡+✉❡❧ ,♦✉& ❧❡& ♥✐✈❡❛✉① ❞❡& ❢❛❝,❡✉-& .,✉❞✐.& ♥❡ &♦♥, ♣❛& ♣-.&❡♥,& ❞❛♥& ❝❤❛+✉❡

❜❧♦❝✳ ■❧ ❡&, .+✉✐❧✐❜-. &✐ ❝❤❛+✉❡ ♥✐✈❡❛✉ ❞❡ ❝❤❛+✉❡ ❢❛❝,❡✉- .,✉❞✐. ❡&, ♣-.&❡♥, ✉♥ ♠E♠❡ ♥♦♠❜-❡  ❞❡

❢♦✐& ❡, &✐ ❝❤❛+✉❡ ❝♦✉♣❧❡ ❞❡ ♥✐✈❡❛✉① ❞❡ ❝❤❛+✉❡ ❢❛❝,❡✉- .,✉❞✐. ❡&, ♣-.&❡♥, ✉♥ ♠E♠❡ ♥♦♠❜-❡ ❞❡ ❢♦✐&

❞❛♥& ✉♥ ♠E♠❡ ❜❧♦❝✳

✶✶



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

✶✳✷✳✹✳✷ ▲❡5 &6♣6%✐%✐♦♥5

▲❡" #$♣$&✐&✐♦♥" ❞✬✉♥❡ ❡①♣$#✐❡♥❝❡ "✉♣♣♦"❡ ❞❡ ♣♦✉✈♦✐# #$♣$&❡# &♦✉&❡ ❧✬❡①♣$#✐❡♥❝❡ ❞❛♥" ❞❡" ❝♦♥❞✐✲

&✐♦♥" ✐❞❡♥&✐3✉❡"✳ ▲❡ ♥♦♠❜#❡ ❞❡ #$♣$&✐&✐♦♥" ❞✬✉♥❡ ❡①♣$#✐❡♥❝❡ ✈❛#✐❡ ❡& ❡"& "♦✉✈❡♥& ❢♦♥❝&✐♦♥ ❞❡"

❝♦♥&#❛✐♥&❡" ❞❡ &❡♠♣"✱ ❞✬❛#❣❡♥& ❡& ❞✬$❝❤❛♥&✐❧❧♦♥✳ ▲❡" #$♣$&✐&✐♦♥" "♦♥& ✐♥❞✐"♣❡♥"❛❜❧❡" ❧♦#"3✉✬♦♥

$&✉❞✐❡ ❧❡" ♣❡#❢♦#♠❛♥❝❡" ; ❧❛ ❢♦✐" ❞❡" "✉❥❡&" ❡& ❞✉ ♣❛♥❡❧ ❞❛♥" ❧❡" &❡"&" ❞✉ ♣#♦✜❧ "❡♥"♦#✐❡❧✳ ❊♥ #❡✲

✈❛♥❝❤❡✱ ❡❧❧❡" "♦♥& ✐♥❛❞$3✉❛&❡" ❞❛♥" ❧❡ ❝❛" ❞❡" &❡"&" ❤$❞♦♥✐3✉❡" ✭❑A"&❡# ❡& ❛❧✳✱ ✷✵✵✸✮✳ ■❧ ❛ "♦✉✈❡♥&

$&$ ❛❞♠✐" 3✉❡ ❧❡" #$♣$&✐&✐♦♥" ❛♠$❧✐♦#❛✐❡♥& ❧❛ ✜❛❜✐❧✐&$ ❡& ❧❛ ✈❛❧✐❞✐&$ ❞❡" #$"✉❧&❛&" ❞❡" &❡"&" ❞❡ ♣#♦✜❧

"❡♥"♦#✐❡❧✳ ❯♥❡ ❞✐"❝✉""✐♦♥ ♣❧✉" ❛♣♣#♦❢♦♥❞✐❡ ❡& ❞$&❛✐❧❧$❡ "✉# ❧❛ ♥$❝❡""✐&$ ❞❡" #$♣$&✐&✐♦♥" ❡♥ ♣❤❛"❡

❞❡ ♠❡"✉#❡ ❡♥ ♣#♦✜❧ "❡♥"♦#✐❡❧ ❢❛✐& ❧✬♦❜❥❡& ❞❡ ❧❛ ♣✉❜❧✐❝❛&✐♦♥ ♥

◦
✷ ❞❛♥" ❝❡ ♠❛♥✉"❝#✐&✳

✶✳✷✳✹✳✸ ▲❛ &❛♥❞♦♠✐5❛%✐♦♥

▲❛ #❛♥❞♦♠✐"❛&✐♦♥ ❡"& ✉♥❡ ❝♦♥❞✐&✐♦♥ ♥$❝❡""❛✐#❡ ❞❛♥" &♦✉&❡ #$❛❧✐"❛&✐♦♥ ❞✬✉♥ ♣❧❛♥ ❞✬❡①♣$#✐❡♥❝❡✳

❊♥ ❡✛❡&✱ &♦✉&❡ ✐♥✢✉❡♥❝❡ ❞❡ ❧✬♦#❞#❡ ❞❛♥" ❧❡3✉❡❧ ❧❡ "✉❥❡& ❞$❣✉"&❡ ❧❡" ♣#♦❞✉✐&" "✉# "❡" #$♣♦♥"❡" ❡"&

$✈✐&$❡ ❡♥ ❝❤❛♥❣❡❛♥& ❝❡& ♦#❞#❡ ❞✬✉♥ "✉❥❡& ; ✉♥ ❛✉&#❡ ♦✉ ❞✬✉♥❡ #$♣$&✐&✐♦♥ ; ❧✬❛✉&#❡ ♣♦✉# ✉♥ ♠J♠❡

"✉❥❡&✳

▲✬✉"❛❣❡ ❞❡" ❝❛##$" ❧❛&✐♥" ❞❡ ❲✐❧❧✐❛♠" ✭✶✾✹✾✮ ❛ $&$ #❡❝♦♠♠❛♥❞$ ❡♥ ❛♥❛❧②"❡ "❡♥"♦#✐❡❧❧❡✳ ■❧" ♦♥& $&$

✐♥✐&✐$" ♣❛# ▼❛❝❋✐❡ ❡& ❛❧✳ ✭✶✾✽✾✮ ❡& ❙❝❤❧✐❝❤ ✭✶✾✾✸✮✳ ❈❡" ♣❧❛♥" ❣❛#❛♥&✐""❡♥& ; ❧❛ ❢♦✐" ❧✬$3✉✐❧✐❜#❡ ❞❡"

❡✛❡&" ❞❡ #❛♥❣ ❡& ❞❡" ❡✛❡&" ❞❡ #❡♣♦#& ❞❡ ♣#❡♠✐❡# ♦#❞#❡✳ ▲❡" ❝❛##$" ❧❛&✐♥" ♠✉&✉❡❧❧❡♠❡♥& ♦#&❤♦❣♦♥❛✉①

▼❖▲❙ ✭▼✉&✉❛❧❧② ❖#&❤♦❣♦♥❛❧ ▲❛&✐♥ ❙3✉❛#❡✮ ✭❈❛❧❧✐❡# ❛♥❞ ❙❝❤❧✐❝❤✱ ✶✾✾✼❀ ❲❛❦❡❧✐♥❣ ❛♥❞ ▼❛❝❋✐❡✱

✶✾✾✺✮ ♣❡#♠❡&&❡♥& ❞❡ ❝♦♥"&#✉✐#❡ ❧❡" ♣❧❛♥" ❞❡ ♣#$"❡♥&❛&✐♦♥ ♦Z ❧✬$3✉✐❧✐❜#❡ ❞❡" ❡✛❡&" ❞❡ #❡♣♦#& ❡"&

♠❛①✐♠❛❧✳ ❈❤❛3✉❡ ♣#♦❞✉✐& $&❛♥& ♣#$"❡♥&$ ❧❡ ♠J♠❡ ♥♦♠❜#❡ ❞❡ ❢♦✐" ❡♥ ♣#❡♠✐[#❡✱ ❡♥ "❡❝♦♥❞❡✱ ✳ ✳ ✳ ❡&

❡♥ ❞❡#♥✐[#❡ ♣♦"✐&✐♦♥✳ ❊& ✐❧" ♣❡#♠❡&&❡♥& ❛✉""✐ ❧❛ ♠❛\&#✐"❡ ❞❡" ❛##✐[#❡"✲❡✛❡&"✱ ❛✉""✐ ❛♣♣❡❧$" ❡✛❡& ❞❡

#❡♣♦#&✱ ❡✛❡& ❞✬♦#❞#❡ ✶✱ ❞✬♦#❞#❡ ✷✱ ✳ ✳ ✳ ✳ ❉❡ &❡❧" ♣❧❛♥" ✐♠♣♦"❡♥& ✉♥ ♥♦♠❜#❡ ❞❡ "✉❥❡&" 3✉✐ "♦✐& ✉♥

♠✉❧&✐♣❧❡ ❞✉ ♥♦♠❜#❡ ❞❡ ♣#♦❞✉✐&" &❡"&$" ✭❝❛" ♣❛✐#✮ ♦✉ ❞❡ "♦♥ ❞♦✉❜❧❡ ✭❝❛" ✐♠♣❛✐#✮✳

◆♦✉" ❛❧❧♦♥" ❞$✜♥✐# ❞❛♥" ❧❡" "❡❝&✐♦♥" "✉✐✈❛♥&❡" ❧❛ ♠✐"❡ ❡♥ ♣❧❛❝❡ ❞❡" &❡"&" ❤$❞♦♥✐3✉❡" ♠❛✐" ❛✉""✐

❞✉ ♣#♦✜❧ "❡♥"♦#✐❡❧ ❝♦♥✈❡♥&✐♦♥♥❡❧ ❞✬✉♥❡ ♠❛♥✐[#❡ ♣❧✉" ❛♣♣#♦❢♦♥❞✐❡✳

✶✳✷✳✺ ▲❡5 %❡5%5 ❤6❞♦♥✐1✉❡5

✶✳✷✳✺✳✶ <&✐♥❝✐♣❡ ❡% ♠6%❤♦❞♦❧♦❣✐❡

▲✬♦❜❥❡❝&✐❢ ❞❡" &❡"&" ❤$❞♦♥✐3✉❡" ❡"& ❞✬♦❜&❡♥✐# ❧✬♦♣✐♥✐♦♥ ❞❡" ❝♦♥"♦♠♠❛&❡✉#" ❝♦♥❝❡#♥❛♥& ❧✬❛♣♣#$✲

❝✐❛&✐♦♥ ❣❧♦❜❛❧❡ ❞❡" ♣#♦❞✉✐&" &❡"&$"✳ ❖♥ ♠❡"✉#❡ ❧❡ "&❛&✉& ❤$❞♦♥✐3✉❡ ❞✬✉♥ ♣#♦❞✉✐& ❡♥ ❞❡♠❛♥❞❛♥&

❛✉① "✉❥❡&" ❞❡ ❧❡ ♥♦&❡# ❛♣#[" ❞$❣✉"&❛&✐♦♥✳ ❈❡" ❞♦♥♥$❡" #$❝♦❧&$❡" ❞❛♥" ❧✬❛❜"♦❧✉ "❡#✈❡♥& ♣❛# ❡①❡♠♣❧❡✱

; ❝♦♥♥❛\&#❡ ❧❛ ♣♦"✐&✐♦♥ ❞✬✉♥ ♣#♦❞✉✐& ❝✐❜❧❡ ❡♥ &❡#♠❡" ❞✬❛♣♣#$❝✐❛&✐♦♥ ❞❛♥" "♦♥ ✉♥✐✈❡#" ♣#♦❞✉✐&✳

✶✷



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

✶✳✷✳✺✳✶✳✶ ▲❡5 5✉❥❡%5

▲♦"#$✉✬♦♥ #✬✐♥)*"❡##❡ ❛✉① ❛#♣❡❝)# ❤*❞♦♥✐$✉❡# ❞✬✉♥ ♣"♦❞✉✐)✱ ✐❧ ❡#) ✐♠♣♦")❛♥) ❞❡ "❡❝✉❡✐❧❧✐" ❧❡#

"*♣♦♥#❡# ❞❡ #✉❥❡)# ❝❤♦✐#✐# ❡♥ ❢♦♥❝)✐♦♥ ❞✉ )②♣❡ ❞✉ ♣"♦❜❧9♠❡ *)✉❞✐*✳

■❧ ♣❡✉) #❡ ❢❛✐"❡ $✉✬✉♥ *❝❤❛♥)✐❧❧♦♥ ❞❡ ❝♦♥#♦♠♠❛)❡✉"# "❡♣"*#❡♥)❛)✐❢ ♦✉ $✉❛#✐✲"❡♣"*#❡♥)❛)✐❢ ❞❡ ❧❛

♣♦♣✉❧❛)✐♦♥ ❝♦♥✈✐❡♥♥❡✱ ♠❛✐# ✐❧ ❢❛✉❞"❛ #♦✉✈❡♥) "❡❝"✉)❡" ❞❡# ❣"♦✉♣❡# #♣*❝✐✜$✉❡# ❞❡ ❝♦♥#♦♠♠❛)❡✉"#

❞✉ ♣"♦❞✉✐) ♦✉ ❣"♦✉♣❡# ❝✐❜❧❡#✳
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/(✉❞✐/ ❛✐♥3✐ <✉❡ ❧❡ ♥♦♠❜&❡ ♣♦(❡♥(✐❡❧ ❞❡ 3❡❣♠❡♥(3 ❞❡ ♣&/❢/&❡♥❝❡3 ❛((❡♥❞✉❡3 ✭3✐ ♦♥ ❞/3✐&❡ ❧❡ ♠❡((&❡ ❡♥

/✈✐❞❡♥❝❡✮✳ ❉✬❛✉(&❡ ♣❛&(✱ ❈♦&♥❡❧❧ ✭✶✾✾✼✮ ♣♦✐♥(❡ ❧❡ ♠❛♥<✉❡ ❞❡ &♦❜✉3(❡33❡ ❞❡3 &/3✉❧(❛(3 3(❛(✐3(✐<✉❡3

❝♦♥❝❡&♥❛♥( ❧❛ ✧3(❛❜✐❧✐(/ ❞❡ ❧❛ ♠♦②❡♥♥❡✧✳

■❧ ❡3( ❞✬✉3❛❣❡ ❞❡ ❢❛✐&❡ ❛♣♣❡❧ 7 ❞❡3 ❡✛❡❝(✐❢3 ❞❡ ✺✵ 7 ✼✺ 3✉❥❡(3 ♣♦✉& ❧❡3 (❡3(3 ❤/❞♦♥✐<✉❡3 ❡♥ ❧❛❜♦✲

&❛(♦✐&❡✳ ❈❡3 ❝❤✐✛&❡3 3♦♥( ❧♦✐♥ ❞❡3 (❛✐❧❧❡3 ❞❡ ♣❛♥❡❧ ✉(✐❧✐3/❡3 ❡♥ ♠❛&❦❡(✐♥❣ ✭❡♥✈✐&♦♥ ✺✵✵ 3✉❥❡(3✮✳ L♦✉&

❞❡3 ❝❛3 ♣❧✉3 3♣/❝✐✜<✉❡3✱ ♥♦(❛♠♠❡♥( ❧❡ ❧❛♥❝❡♠❡♥( ❞✬✉♥ ♥♦✉✈❡❛✉ ♣&♦❞✉✐(✱ ❧❡3 3❡&✈✐❝❡3 ♠❛&❦❡(✐♥❣

♣❡✉✈❡♥( ❛✈♦✐& ❜❡3♦✐♥ ❞✬✐❞❡♥(✐✜❡& ♣❧✉3 ♣&/❝✐3/♠❡♥( ❧❡✉& ❝✐❜❧❡ ❞❡ ❝♦♥3♦♠♠❛(❡✉&3✳

▲❡3 ❡♥❥❡✉① ❡♥ ❛♥❛❧②3❡ 3❡♥3♦&✐❡❧❧❡✱ ♣❧✉3 ♣&/❝✐3/♠❡♥( ❡♥ (❡3(3 ❤/❞♦♥✐<✉❡3✱ 3♦♥( ♠♦✐♥3 ✐♠♣♦&(❛♥(3

♣✉✐3<✉❡ ❧❡✉& ♦❜❥❡❝(✐❢ ❡3( &❡3(&❡✐♥( 7 (❡3(❡& ❧✬❛❝❝❡♣(❛❜✐❧✐(/ ❞✬✉♥ ❣&♦✉♣❡ ❞❡ ♣&♦❞✉✐(3 ❡( ♥♦♥ ♣❛3 7

F(&❡ ✉(✐❧✐3/ ❝♦♠♠❡ ✉♥❡ /(✉❞❡ ❞❡ ♠❛&❝❤/✳ ▲♦&3<✉✬♦♥ ✈❡✉( ✐❞❡♥(✐✜❡& ❞❡3 3❡❣♠❡♥(3 ❞❡ ♣&/❢/&❡♥❝❡3✱ ✐❧

❡3( ❞❡♠❛♥❞/ ❞✬✐♥(❡&&♦❣❡& ❛✉ ♠♦✐♥3 ✶✷✵ 3✉❥❡(3✳ ▲❡3 ❝♦♠♠❛♥❞✐(❛✐&❡3 ❞❡ ❝❡ (②♣❡ ❞✬/(✉❞❡3 ❛❝❝♦&❞❡♥(

❞❡ ❧❛ ❝♦♥✜❛♥❝❡ ❛✉① &/3✉❧(❛(3 ♦❜(❡♥✉3 7 ♣❛&(✐& ❞❡ ❧❛&❣❡3 ❡✛❡❝(✐❢3 ♣❡&♠❡((❛♥( ❞✬❛✈♦✐& ✉♥❡ ♠❡✐❧❧❡✉&❡

&❡♣&/3❡♥(❛(✐✈✐(/ ❞❡ ❧❛ ♣♦♣✉❧❛(✐♦♥✳ ❯♥ ❛✉(&❡ ♣♦✐♥( ✐♠♣♦&(❛♥( ❡3( ❧❛ ✈❛&✐❛❜✐❧✐(/ ❞❡3 ♣&♦❞✉✐(3 (❡3(/3✳

▲♦&3<✉❡ ❧❡3 ♣&♦❞✉✐(3 (❡3(/3 3♦♥( ❛33❡③ ❞✐✛/&❡♥(3 3❡♥3♦&✐❡❧❧❡♠❡♥(✱ ❧❡3 ♣&/❢/&❡♥❝❡3 ✐♥❞✉✐(❡3 3♦♥( ❣/✲

♥/&❛❧❡♠❡♥( /✈✐❞❡♥(❡3✳ ❉❛♥3 ❝❡ ❝❛3 ❞❡ ✜❣✉&❡✱ ❧✬❡♠♣❧♦✐ ❞❡ ❧❛&❣❡3 ❣&♦✉♣❡3 ❞❡ 3✉❥❡(3 ♥✬❛♣♣♦&(❡&❛✐(

✶✻



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

♣❛" ♣❧✉" ❞✬✐♥❢♦+♠❛-✐♦♥ "✉+ ❧❡" ♣+/❢/+❡♥❝❡" ✭❙✐❞❡❧ ❡- ❛❧✳✱ ✶✾✾✹✮✳

■❧ ❡"- ✐♠♣♦+-❛♥- ❞❡ +❡♣♦"✐-✐♦♥♥❡+ ❧✬♦❜❥❡❝-✐❢ ❞❡" -❡"-" ❤/❞♦♥✐=✉❡"✳ ❈❡" ❞❡+♥✐❡+" "♦♥- ♠✐" ❡♥ ♣❧❛❝❡

✉♥✐=✉❡♠❡♥- ♣♦✉+ -❡"-❡+ ❧✬❛❝❝❡♣-❛❜✐❧✐-/ ❞❡" ♣+♦❞✉✐-"✳ ■❧" ♥❡ "♦♥- ❡♥ ❛✉❝✉♥ ❝❛" ✉-✐❧✐"/" ♣♦✉+ ❡"-✐♠❡+

✉♥❡ ✐♥-❡♥-✐♦♥ ❞✬❛❝❤❛-✱ ♥✐ ♣♦✉+ ❞/-❡❝-❡+ ❞❡" "❡❣♠❡♥-" ❞❡ ♣+/❢/+❡♥❝❡"✳ ❯♥ -❡"- ❤/❞♦♥✐=✉❡ ❡"- ✉♥

❜♦♥ ✐♥❞✐❝❛-❡✉+ ♣♦✉+ ❧❛ ❝♦♥"-+✉❝-✐♦♥ ❡- ❧❛ ♠✐"❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥❡ /-✉❞❡ ♠❛+❦❡-✐♥❣ B ♣❧✉" ❣+❛♥❞❡

/❝❤❡❧❧❡✳

▲❛ ♣✉✐""❛♥❝❡ "-❛-✐"-✐=✉❡ ❞❡" -❡"-" ❤/❞♦♥✐=✉❡" ❡- ❧❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜+❡ ❞❡ "✉❥❡-" ♦♥- /-/ ❛❜♦+❞/"

❞❛♥" ❞✐✛/+❡♥-" ♠❛♥✉❡❧" ❞✬❛♥❛❧②"❡ "❡♥"♦+✐❡❧❧❡ ✭●❛❝✉❧❛✱ ✶✾✾✸❀ ●❛❝✉❧❛ ❛♥❞ ❙✐♥❣❤✱ ✶✾✽✹❀ ▲❛✇❧❡""

❛♥❞ ❍❡②♠❛♥♥✱ ✶✾✾✽✮✳ ▲❡" ❛✉-❡✉+" ❞♦♥♥❡♥- ❧❛ ❞/♠❛+❝❤❡ ♣♦✉+ ❝❛❧❝✉❧❡+ ❧❡ ♥♦♠❜+❡ ♥/❝❡""❛✐+❡ ❞❡

"✉❥❡-" ❞❛♥" ❧❡ ❝❛" ❞❡ ❝♦♠♣❛+❛✐"♦♥ ❞❡ ❞❡✉① ♣+♦❞✉✐-"✳ ❆✐♥"✐✱ ✭●❛❝✉❧❛✱ ✶✾✾✸✮ ❡"-✐♠❡ ❝❡ ♥♦♠❜+❡ B ✺✷

"✉❥❡-" ❧♦+"=✉✬♦♥ ✈❡✉- ♠❡--+❡ ❡♥ /✈✐❞❡♥❝❡ ✉♥❡ ❞✐✛/+❡♥❝❡ ❞✬❛♣♣+/❝✐❛-✐♦♥ ❞❡ ✵✳✺ ❡♥-+❡ ❞❡✉① ♣+♦❞✉✐-"

"✉+ ✉♥❡ /❝❤❡❧❧❡ ❤/❞♦♥✐=✉❡ B ✾ ♣♦✐♥-"✳ ▲❛✇❧❡"" ❛♥❞ ❍❡②♠❛♥♥ ✭✶✾✾✽✮ +❛♣♣♦+-❡♥- ❧❡" +/"✉❧-❛-" ❞❡

●❛❝✉❧❛ ✭✶✾✾✸✮ ❡- ♠❡--❡♥- ❧✬❛❝❝❡♥- "✉+ ❧❛ ♥/❝❡""✐-/ ❞✬❛✈♦✐+ ✉♥❡ ❡"-✐♠❛-✐♦♥ ❛ ♣+✐♦+✐ ❞❡ ❧❛ ❣+❛♥❞❡✉+

❞❡ ❧❛ ❞✐✛/+❡♥❝❡ B ♠❡--+❡ ❡♥ /✈✐❞❡♥❝❡✳ ❈❡♣❡♥❞❛♥-✱ ❧❡" ❛✉-❡✉+" ♥✬♦♥- ♣❛" ❞✐"❝✉-/ ❧❛ ❞/-❡+♠✐♥❛-✐♦♥

❞✉ ♥♦♠❜+❡ ❞❡ "✉❥❡-" ❞❛♥" ❧❡ ❝❛" ❞❡ ❝♦♠♣❛+❛✐"♦♥ ❞❡ ♣❧✉"✐❡✉+" ♣+♦❞✉✐-" ❡- =✉✐ ❢♦♥- "♦✉✈❡♥- ❧✬♦❜❥❡-

❞❡" -❡"-" ❤/❞♦♥✐=✉❡"✳

❙♦✉✈❡♥-✱ ❧❡" +❡❝♦♠♠❛♥❞❛-✐♦♥" "✉+ ❧❡ ♥♦♠❜+❡ ❞❡ "✉❥❡-" "♦♥- ♦❜-❡♥✉❡" B ♣❛+-✐+ ❞✬✉♥❡ /-✉❞❡ "✉+

✉♥❡ ❞✐③❛✐♥❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥/❡"✳ ◆♦✉" ♥✬❛✈♦♥" -+♦✉✈/ =✉✬✉♥❡ "❡✉❧❡ -❡♥-❛-✐✈❡ ❞❡ +❡❝♦♠♠❛♥❞❛-✐♦♥"

✭❍♦✉❣❤ ❡- ❛❧✳✱ ✷✵✵✻✮ ❜❛"/❡ "✉+ ✉♥❡ ❝❡♥-❛✐♥❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥/❡"✳ ❈❡--❡ ♣+♦♣♦"✐-✐♦♥ ♣❡+♠❡- ❞❡

❝❛❧❝✉❧❡+ ❧✬❡✛❡❝-✐❢ ❞❡ "✉❥❡-" ♥/❝❡""❛✐+❡ ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧❛ ♣❧✉" ♣❡-✐-❡ ❞✐✛/+❡♥❝❡ =✉❡ ❧✬♦♥ "♦✉❤❛✐-❡

❞/-❡❝-❡+✱ ❞❡ ❧❛ ✈❛+✐❛❜✐❧✐-/ ❡"-✐♠/❡ ❞❡" ❞♦♥♥/❡" ❡- ❞❡" +✐"=✉❡" ❞✬❡++❡✉+" ❝❤♦✐"✐" ✭❧✬❡++❡✉+ ❞❡ -②♣❡

■ ❡- ❞❡ ❧✬❡++❡✉+ ❞❡ -②♣❡ ■■✮✳ ❉❡ ♣❧✉"✱ ❧✬❡"-✐♠❛-✐♦♥ ❞❡ ❝❡ ♥♦♠❜+❡ ♥/❝❡""❛✐+❡ ❡"- +/❛❧✐"/ "✉+ ❞❡"

/-✉❞❡" ❤/❞♦♥✐=✉❡" ❝♦♠♣❛+❛♥- ♣❧✉"✐❡✉+" ♣+♦❞✉✐-"✳ ▲❛ ✈❛+✐❛❜✐❧✐-/ ✐♥-❡+✲✐♥❞✐✈✐❞✉❡❧❧❡ σ ❡"- ❡"-✐♠/❡

♣❛+ ❧❛ +❛❝✐♥❡ ❝❛++/❡ ❞✉ ❝❛++/ ♠♦②❡♥ ❞❡ ❧✬❡++❡✉+ ❞❛♥" ❧❡ ♠♦❞W❧❡ ❛❞❞✐-✐❢ ❞✬❆◆❖❱❆ ✭Z+♦❞✉✐- ✰

❙✉❥❡-✮ ❛♣♣❧✐=✉/ B ✶✵✽ /-✉❞❡" ♣+♦✈❡♥❛♥- ❞❡ ✺ ♣❛②"✳ ❈♦♠♠❡ ❞✐✛/+❡♥-❡" /❝❤❡❧❧❡" ❞❡ ♠❡"✉+❡" ♦♥- /-/

✉-✐❧✐"/❡"✱ ✉♥❡ -+❛♥"❢♦+♠❛-✐♦♥ ❞❡" ❞♦♥♥/❡" ❢✉- ❛♣♣❧✐=✉/❡ ♣♦✉+ +❛♠❡♥❡+ ❧❡" ♥♦-❡" ❞❡ ❝❤❛=✉❡ /-✉❞❡

❡♥-+❡ ✵ ❡- ✶✳ ▲❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ✈❛+✐❛❜✐❧✐-/ ❞❡" ✶✵✽ /-✉❞❡" /-❛✐- ❞❡ ✵✳✷✸✳ Z♦✉+ ❝❡--❡ ✈❛❧❡✉+ ❞❡ σ✱

✉♥❡ ❡++❡✉+ ❞❡ -②♣❡ ■ ❞❡ 5%✱ ✉♥❡ ❡++❡✉+ ❞❡ -②♣❡ ■■ ❞❡ 10% ❡- ✉♥❡ ❞✐✛/+❡♥❝❡ ❡♥-+❡ ❧❡" ♠♦②❡♥♥❡" ❞❡"

♥♦-❡" ♣❛+ ♣+♦❞✉✐- ❛--❡♥❞✉❡ ❞❡ 10% "✉+ ✉♥❡ /❝❤❡❧❧❡ ✵✲✶✱ ❧❡ ♥♦♠❜+❡ ❞❡ "✉❥❡-" B ❡♥+\❧❡+ ♦❜-❡♥✉ ❡"- ❞❡

✶✶✷ "✉❥❡-"✳ ▲❡" ❛✉-❡✉+" ♣+/❝✐"❡♥- =✉❡ ❝❡ ♥♦♠❜+❡ ❡"- B ✉-✐❧✐"❡+ "❡✉❧❡♠❡♥- ♣♦✉+ ♠❡--+❡ ❡♥ /✈✐❞❡♥❝❡

✉♥❡ ❞✐✛/+❡♥❝❡ ❞✬❛♣♣+/❝✐❛-✐♦♥ ❡♥-+❡ ❧❡" ♣+♦❞✉✐-" -❡"-/"✳ ❙✐ ♣❛+ ❡①❡♠♣❧❡✱ ❧✬♦❜❥❡❝-✐❢ ❞❡ ❧✬/-✉❞❡ ❡"- ❞❡

♠❡"✉+❡+ ❧✬❛❝❝❡♣-❛❜✐❧✐-/ ❞❡" ♣+♦❞✉✐-" ❞❛♥" ❞❡✉① +/❣✐♦♥" ❞✐✛/+❡♥-❡" ❛✉ "❡✐♥ ❞✬✉♥ ♣❛②"✱ ❧❡ ♥♦♠❜+❡

❞❡ "✉❥❡-" ❞❡✈+❛✐- ]-+❡ ✶✶✷ "✉❥❡-" ♣♦✉+ ❝❤❛=✉❡ +/❣✐♦♥✱ "♦✐- ✉♥ -♦-❛❧ ❞❡ ✷✷✹ "✉❥❡-"✳

Z❛+ ❛✐❧❧❡✉+"✱ ❧❡" ❛✉-❡✉+" ♣+/❝✐"❡♥- =✉❡ ❧❛ ✈❛+✐❛-✐♦♥ ❞❡ ❝❡+-❛✐♥" ♣❛+❛♠W-+❡" ♣❡+♠❡--❛♥- ❞❡ ❝❛❧❝✉❧❡+

❧❡ ♥♦♠❜+❡ ❞❡ "✉❥❡-" ❛ ✉♥ ✐♠♣❛❝- ✐♠♣♦+-❛♥- "✉+ ❧❡" +❡❝♦♠♠❛♥❞❛-✐♦♥"✳ ❆✐♥"✐✱ ✉♥❡ ❛✉❣♠❡♥-❛-✐♦♥

❞❡ ❧❛ -❛✐❧❧❡ ❞❡ ❞✐✛/+❡♥❝❡ B ♠❡--+❡ ❡♥ /✈✐❞❡♥❝❡ ❞❡ 10% B 20% "✉+ ❧✬/❝❤❡❧❧❡✱ ❞✐♠✐♥✉❡ ❞✬✉♥❡ ❢❛^♦♥

✶✼



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❞!❛#$✐&✉❡ ❧❛ !❡❝♦♠♠❛♥❞❛$✐♦♥ #✉! ❧❡ ♥♦♠❜!❡ ❞❡ #✉❥❡$#✱ #♦✐$ ❞❡ 70%✳ ❈❡♣❡♥❞❛♥$✱ ✉♥❡ ❛✉❣♠❡♥$❛$✐♦♥

❞❡ ❧✬❡!!❡✉! ❞❡ $②♣❡ ■ ❞❡ 5% 8 10% ♥❡ !9❞✉✐$ &✉❡ ❞❡ 20% ❧❡ ♥♦♠❜!❡ ❞❡ #✉❥❡$#✳

❯♥❡ ❛♣♣!♦❝❤❡ ♣❛! #✐♠✉❧❛$✐♦♥ ♣♦✉! ❧❛ ❞9$❡!♠✐♥❛$✐♦♥ ❞✉ ♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡ ❡♥ $❡#$#

❤9❞♦♥✐&✉❡# ❛ 9$9 ♠❡♥9❡ ♣❛! ●❛❝✉❧❛ ❛♥❞ ❘✉$❡♥❜❡❝❦ ✭✷✵✵✻✮✳ ❈❡$$❡ ❛♣♣!♦❝❤❡ !❡♣!❡♥❞ ❧❡# ❝♦♥❝❡♣$#

❞❡ ❜❛#❡ ✐♥$!♦❞✉✐$# ♣❛! ❍♦✉❣❤ ❡$ ❛❧✳ ✭✷✵✵✻✮✳ ❚♦✉$ ❞✬❛❜♦!❞✱ ❧❛ ✈❛!✐❛❜✐❧✐$9 ❞❡# ❞♦♥♥9❡# ❡#$ ❡#$✐♠9❡

♠❛✐# #❡✉❧❡♠❡♥$ 8 ♣❛!$✐! ❞❡ ✹ ❥❡✉① ❞❡ ❞♦♥♥9❡#✳ ❊♥#✉✐$❡✱ ❞✐✛9!❡♥$❡# ✈❛❧❡✉!# ❞❡ ❞✐✛9!❡♥❝❡# ❞✬❛♣♣!9✲

❝✐❛$✐♦♥ &✉❡ ❧✬♦♥ ♣♦✉!!❛✐$ ♦❜#❡!✈❡! #✉! ✉♥❡ 9❝❤❡❧❧❡ ❡♥ ✾ ♣♦✐♥$# ♦♥$ 9$9 #✐♠✉❧9❡# ❣!M❝❡ 8 ✉♥❡ 9&✉❛$✐♦♥

❞❡ #✐♠✉❧❛$✐♦♥ &✉✐ ❡#$ ❢♦♥❝$✐♦♥ ❞❡ ❧❛ ✈❛!✐❛❜✐❧✐$9✳ ❊♥✜♥✱ ♣❛!$❛♥$ ❞❡# ❡#$✐♠❛$✐♦♥# ❞❡ ❝❡# ❞❡✉① ♣❛!❛✲

♠P$!❡#✱ ●❛❝✉❧❛ ❛♥❞ ❘✉$❡♥❜❡❝❦ ✭✷✵✵✻✮ ❝♦♥❝❧✉❡♥$ &✉✬❛✉ ♠✐♥✐♠✉♠ ✹✵ #✉❥❡$# #♦♥$ ♥9❝❡##❛✐!❡# ♣♦✉!

❞9$❡❝$❡! ✉♥❡ ❞✐✛9!❡♥❝❡ #✐❣♥✐✜❝❛$✐✈❡ ❞❡ 0.6 #✉! ✉♥❡ 9❝❤❡❧❧❡ ❡♥ ✾✲♣♦✐♥$#✳ Q❧✉# ❧❛ ❞✐✛9!❡♥❝❡ 8 ♠❡$$!❡

❡♥ 9✈✐❞❡♥❝❡ ❡#$ ♣❡$✐$❡✱ ♣❧✉# ❧❡ ♥♦♠❜!❡ ❞❡ #✉❥❡$# #❡!❛ ❣!❛♥❞ ✭♣♦✉! ✉♥❡ ❞✐✛9!❡♥❝❡ d = 0.4 ❧❡

♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡ ❡#$ ❛✉ ♠✐♥✐♠✉♠ ✶✵✵ #✉❥❡$#✮✳ ▲✬❛✉$❡✉! ✐♥#✐#$❡ #✉! ❧❛ ♥9❝❡##✐$9 ❞✬❛✈♦✐!

✉♥❡ ✐❞9❡ #✉! ❧❛ ♠❛❣♥✐$✉❞❡ ❞❡# ❞✐✛9!❡♥❝❡# ❞✬❛♣♣!9❝✐❛$✐♦♥ &✉❡ ❧✬♦♥ #♦✉❤❛✐$❡!❛✐$ ♠❡$$!❡ ❡♥ 9✈✐❞❡♥❝❡

❡♥$!❡ ❧❡# ♣!♦❞✉✐$# 8 ❝♦♠♣❛!❡!✳

❉❛♥# ❧❛ ♣!❛$✐&✉❡✱ ❧❡# ❧❛❜♦!❛$♦✐!❡# ❞✬❛♥❛❧②#❡ #❡♥#♦!✐❡❧❧❡ ✐♥$❡!!♦❣❡♥$ ✉♥❡ ♣♦♣✉❧❛$✐♦♥ !❡♣!9#❡♥✲

$❛♥$ ❞✐✛9!❡♥$❡# ❝❧❛##❡# ❞✬M❣❡#✱ #❡①❡# ❡$ ❈❙Q ❝♦♠♣♦#9❡ ❞✬❛✉ ♠♦✐♥# ✻✵ #✉❥❡$# ✭❆❋◆❖❘✱ ✷✵✵✵✮✳ ❉❡

♣❧✉#✱ ❧❡# ❡♥$!❡♣!✐#❡# ❛❣!♦✲❛❧✐♠❡♥$❛✐!❡# ♦♥$ ❣9♥9!❛❧❡♠❡♥$ !❡❝♦✉!# 8 ❞❡# !❡❝♦♠♠❛♥❞❛$✐♦♥# #✉! ❧❡

♥♦♠❜!❡ ❞❡ #✉❥❡$# ♣♦✉! ❧❡# $❡#$# ❤9❞♦♥✐&✉❡# 9♠✐#❡# ♣❛! ❧❡# ♥♦!♠❡# ♦✉ ❜✐❡♥ ❡♥ #❡ ❜❛#❛♥$ #✉! ❧❛

♣!❛$✐&✉❡ ✐♥$❡!♥❡✳ ❊♥ ❝❡ &✉✐ ❝♦♥❝❡!♥❡ ❝❡ ❝❤♦✐① ❞❡ ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡❝$✐❢✱ ❧❡# ✉$✐❧✐#❛$❡✉!# ❞❡ $❡#$#

❝♦♥#♦♠♠❛$❡✉!# ❝❤❡③ ❉❛♥♦♥❡ #❡ #♦♥$ ❛!![$9# #✉! ✉♥ ❝♦♠♣!♦♠✐# #❝✐❡♥$✐✜&✉❡ ❡$ 9❝♦♥♦♠✐&✉❡ ❞❡ ✶✷✵

#✉❥❡$# ♣❛! ❝✐❜❧❡ ❞❡ ❝♦♥#♦♠♠❛$❡✉!# ❛✈❡❝ ✉♥❡ $♦❧9!❛♥❝❡ ❥✉#&✉✬8 ✽✵ #✉❥❡$# ✭❇♦✉$!♦❧❧❡✱ ✷✵✵✼✮✳

▲❛ ♥♦!♠❡ ✭❆❋◆❖❘✱ ✷✵✵✵✮ !❡❝♦♠♠❛♥❞❛✐$ ❛✉ ♠✐♥✐♠✉♠ ✻✵ #✉❥❡$# 8 ❡♥!_❧❡! ♣♦✉! !9❛❧✐#❡! ✉♥

$❡#$ ❤9❞♦♥✐&✉❡✳ ❘9❝❡♠♠❡♥$✱ ❝❡$$❡ ❧✐♠✐$❡ ❞❡ ✻✵ ❡#$ ♣❛##9❡ 8 ✶✵✵ #✉❥❡$# ✭❆❋◆❖❘✱ ✷✵✵✾✮✳ ❈❡$$❡

♥♦✉✈❡❧❧❡ ✈❡!#✐♦♥ ❞❡ ❧❛ ♥♦!♠❡ ♣!9❝✐#❡ &✉❡ ❧♦!#&✉✬♦♥ ✈❡✉$ ❞9$❡!♠✐♥❡! ❧❡ ♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡✱

✐❧ ❢❛✉❞!❛✐$ ❡#$✐♠❡! ❧❛ ❞✐✛9!❡♥❝❡ &✉❡ ❧✬♦♥ #♦✉❤❛✐$❡ ♠❡$$!❡ ❡♥ 9✈✐❞❡♥❝❡ ❡$ ❛✈♦✐! ✉♥❡ &✉❛♥$✐✜❝❛$✐♦♥

❞❡ ❧✬❡!!❡✉!✱ ❝✬❡#$✲8✲❞✐!❡ ❧❛ ✈❛!✐❛❜✐❧✐$9 ❞❡# ❞♦♥♥9❡#✳ ❉❛♥# ❧❡ ❝❛# ♦` ❧❡ ❧❛❜♦!❛$♦✐!❡ ♥❡ ♣♦##P❞❡ ♣❛# ❝❡#

❞❡✉① ❡#$✐♠❛$✐♦♥# ♣♦✉! ❝❛❧❝✉❧❡! ❧❡ ♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡✱ ✐❧ ❢❛✉❞!❛✐$ ❛❧♦!# ♣!❡♥❞!❡ 8 ❞9❢❛✉$

✶✵✵ #✉❥❡$#✳ ❉✬✉♥ ♣♦✐♥$ ❞❡ ✈✉❡ #$❛$✐#$✐&✉❡✱ ✉♥❡ ❛✉❣♠❡♥$❛$✐♦♥ ❞✉ ♥♦♠❜!❡ ❞❡ !9♣♦♥#❡# ✐♥✢✉❡♥❝❡ ❧❛

♣✉✐##❛♥❝❡ ❞✉ $❡#$✱ ❝✬❡#$✲8✲❞✐!❡ #❛ ❝❛♣❛❝✐$9 8 ❞9$❡❝$❡! ✉♥❡ ❞✐✛9!❡♥❝❡ #✐ ❡❧❧❡ ❡①✐#$❡✳ ■❧ ❡#$ 9✈✐❞❡♥$

&✉✬✉♥❡ $❡❧❧❡ ❞9♠❛!❝❤❡ ❛ ✉♥ ✐♠♣❛❝$ 8 ❧❛ ❢♦✐# #✉! ❧❡ ❝♦b$ ❡$ ❧❡# ♠♦②❡♥# ♠❛$9!✐❡❧#✳

✶✳✷✳✺✳✸ ❙②♥%❤89❡

▲✬❡①❛♠❡♥ ❞❡ ❧❛ ❧✐$$9!❛$✉!❡ ♥♦✉# ❛ ♣❡!♠✐# ❞✬✐❞❡♥$✐✜❡! ❞❡✉① ❛♣♣!♦❝❤❡# ♣♦✉! ❧❛ ❞9$❡!♠✐♥❛$✐♦♥

❞✉ ♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡ ❡♥ $❡#$# ❤9❞♦♥✐&✉❡#✳

❚♦✉$ ❞✬❛❜♦!❞✱ ❧❛ ❞9$❡!♠✐♥❛$✐♦♥ ❞✉ ♥♦♠❜!❡ ❞❡ #✉❥❡$# ♥9❝❡##❛✐!❡ ♣❛! ❛♣♣!♦❝❤❡ $❤9♦!✐&✉❡ ❝❧❛##✐&✉❡✳

❈❡$$❡ ❛♣♣!♦❝❤❡ ❡#$ #♦✉✈❡♥$ ✉$✐❧✐#9❡ ❞❛♥# ❧❡ ❝❛# ❞❡ ❝♦♠♣❛!❛✐#♦♥ ❞❡ ❞❡✉① ♣!♦❞✉✐$#✳ ■❧ ❡①✐#$❡ ✉♥❡

✶✽



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

 ❡✉❧❡ $%✉❞❡ ❍♦✉❣❤ ❡% ❛❧✳ ✭✷✵✵✻✮ 2✉✐ ❛ ❞♦♥♥$ ❞❡ 5❡❝♦♠♠❛♥❞❛%✐♦♥ ❜❛ $❡  ✉5 ❧❛ ❝♦♠♣❛5❛✐ ♦♥ ❞❡

♣❧✉ ✐❡✉5 ♣5♦❞✉✐% ❡% ❞♦♥% ❧❡ 5$ ✉❧%❛% ♠$5✐%❡♥% ❞✬;%5❡ ✈❛❧✐❞$ ✳ ▲❛ ♠$%❤♦❞❡ ❡①✐❣❡ ❧❛ 2✉❛♥%✐✜❝❛%✐♦♥

❞❡ ❧❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡% 2✉✬♦♥ ✈❡✉% ♠❡%%5❡ ❡♥ $✈✐❞❡♥❝❡ ♠❛✐ ❛✉  ✐ ✉♥❡ ❡ %✐♠❛%✐♦♥ ❞❡ ❧❛ ✈❛5✐❛❜✐❧✐%$ ❞❡ 

❞♦♥♥$❡ ✳ ▲❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡% 2✉❡ ❧✬♦♥ ❞$ ✐5❡ ♠❡%%5❡ ❡♥ $✈✐❞❡♥❝❡ ❡ % ❞$✜♥✐❡ ❝♦♠♠❡ ❧❛ ♣❧✉ ♣❡%✐%❡
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❝✉,,✐♦♥ ♠❡♥.❡ ❛✈❡❝ ❧❡, ♣❛♥.❧✐,'❡, ❛✉'♦✉) ❞❡, ❞✐✛.)❡♥'❡, ❝❛)❛❝'.)✐,'✐ ✉❡, ,❡♥,♦)✐❡❧❧❡, ❞❡, ♣)♦❞✉✐',

.'✉❞✐.,✳ ▲❛ ♥♦'❛'✐♦♥ ,✬❡✛❡❝'✉❡ ,✉) ❞❡, .❝❤❡❧❧❡, ❞♦♥' ❧❡, ❝❛)❛❝'.)✐,'✐ ✉❡, ♣❡✉✈❡♥' ✈❛)✐❡) ✭❝♦♥'✐♥✉❡,

♦✉ ❞✐,❝)9'❡,✱ ❞❡ ❧♦♥❣✉❡✉) ❞✐✛.)❡♥'❡✱ ❡♥ ♣).,❡♥❝❡ ❞❡ ❧✐❜❡❧❧., ♣❧✉, ♦✉ ♠♦✐♥, ❞.'❛✐❧❧.,✮✳

▲❡, ♣)♦'♦❝♦❧❡, ,'❛♥❞❛)❞, ❞✬❡♥')❛?♥❡♠❡♥' ✭❆❋◆❖❘✱ ✶✾✾✸✮ ♣).❝♦♥✐,❡♥' ♣❧✉,✐❡✉), .♣)❡✉✈❡, ❛✜♥  ✉❡

❧❡, ♣❛♥.❧✐,'❡, ❛♣♣)❡♥♥❡♥' 6 ✉'✐❧✐,❡) ❝♦))❡❝'❡♠❡♥' ❧❡, .❝❤❡❧❧❡, ❞❡ ♥♦'❛'✐♦♥✱ 6 ,❡ ❢❛♠✐❧✐❛)✐,❡) ❛✈❡❝

❧❡, '❡)♠❡, ❞❡,❝)✐♣'✐❢, ❡' 6 ❡♥ ❞♦♥♥❡) ✉♥❡ ✐♥'❡)♣).'❛'✐♦♥ ,❡♥,♦)✐❡❧❧❡ ❡♥ ❛❝❝♦)❞ ❛✈❡❝ ❧❡, ❛✉')❡,

♣❛♥.❧✐,'❡,✳ ▲✬❛♥✐♠❛'❡✉) ❞❡ ♣❛♥❡❧ ✈❡✐❧❧❡ ❛✉ ❝♦♥')P❧❡ ❞❡, ♣❡)❢♦)♠❛♥❝❡, 6 ❧❛ ❢♦✐, ❞✉ ♣❛♥❡❧ ❡' ❞❡,

♣❛♥.❧✐,'❡, ❡♥ ♠❡,✉)❛♥' ❧❡, ✐♥❞✐❝❡, ❞❡ ♣❡)❢♦)♠❛♥❝❡, ,✉✐✈❛♥' ✿ ❧❛ ❞✐,❝)✐♠✐♥❛'✐♦♥✱ ❧✬❛❝❝♦)❞ ❞❡, ,✉❥❡',

❡' ❧❡✉) ).♣.'❛❜✐❧✐'.✳

✕ ▲❡,,❝❤❛❡✈❡ ✭✶✾✾✼✮ ❞.✜♥✐' ❧❡ ♣♦✉✈♦✐) ❞✐,❝)✐♠✐♥❛♥' ❝♦♠♠❡ ❧❛ ❝❛♣❛❝✐'. 6 ❞.'❡❝'❡) ✉♥❡ ❞✐✛.✲

)❡♥❝❡ ❞✬✐♥'❡♥,✐'. ❡♥')❡ ❞❡✉① ♦✉ ♣❧✉, ❞❡ ❞❡✉① .❝❤❛♥'✐❧❧♦♥, ♣♦✉) ✉♥ ❞❡,❝)✐♣'❡✉) ❞♦♥♥.✳ ❈❡''❡
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❝❛"❛❝#$"✐&#✐'✉❡ ❡&# #"*& ✐♠♣♦"#❛♥#❡ ♣✉✐&'✉✬❡❧❧❡ ✐♥❞✐'✉❡ &✐ ❧❡& ♣❛♥$❧✐&#❡& ♦♥# $#$ ❝❛♣❛❜❧❡& ❞❡

❞$#❡❝#❡" ❧❡& ❞✐✛$"❡♥❝❡& &❡♥&♦"✐❡❧❧❡& ❡♥#"❡ ❧❡& ♣"♦❞✉✐#& ❞❡ ❧✬$#✉❞❡ ♦✉ ♥♦♥✳

✕ ▲✬❛❝❝♦"❞ ❡♥#"❡ ❧❡& ♣❛♥$❧✐&#❡& ♠❡&✉"❡ ❧✬❤♦♠♦❣$♥$✐#$ ❞❡& "$♣♦♥&❡& ♦❜#❡♥✉❡& ♣♦✉" ❧❡ ♠9♠❡

&#✐♠✉❧✉& ♣❛" ❧❡& ❞✐✛$"❡♥#& ❞$❣✉&#❛#❡✉"&✳

✕ ▲❛ "$♣$#❛❜✐❧✐#$ #"❛❞✉✐# ❧❛ ❝❛♣❛❝✐#$ : ❞♦♥♥❡" ❞❡& "$&✉❧#❛#& #"*& ♣"♦❝❤❡& ❡♥ "$♣♦♥&❡ : ✉♥ ♠9♠❡

&#✐♠✉❧✉&✳ ❈❡❧❧❡✲❝✐ ❡&# ❛♣♣❡❧$❡ "❡♣"♦❞✉❝#✐❜✐❧✐#$ ❧♦"&'✉❡ ❧❡ ♠9♠❡ &#✐♠✉❧✉& ❡&# ♣"$&❡♥#$ ❞❛♥&

❞❡& ❝♦♥❞✐#✐♦♥& ❞✐✛$"❡♥#❡& ✭❝❤❛♥❣❡♠❡♥# ❞✉ ❧✐❡✉ ♦✉ ❞✉ ♠♦♠❡♥# ❞❡ ❧✬❡①♣$"✐♠❡♥#❛#✐♦♥✱ ♣❛"

❡①❡♠♣❧❡✮✳ ▲❡ ❝♦♥#"A❧❡ ❞✉ ♥✐✈❡❛✉ ❞❡ "$♣$#❛❜✐❧✐#$ ❞✉ ♣❛♥❡❧ ❡# ❞❡& ♣❛♥$❧✐&#❡& ❡&# ✐♥❞✐&♣❡♥&❛❜❧❡

❛✜♥ ❞❡ ♠❛D#"✐&❡" ❧❛ '✉❛❧✐#$ ❞❡& "$&✉❧#❛#& ♦❜#❡♥✉&✳

▲❡ ❝♦♥#"A❧❡ ❞❡& ♣❡"❢♦"♠❛♥❝❡& ❛ $#$ $#✉❞✐$ ❞❛♥& ❧❛ ❧✐##$"❛#✉"❡ ✭❇✐✱ ✷✵✵✸❀ ❈❤❛♠❜❡"& ❡# ❛❧✳✱ ✷✵✵✹❀

❈♦✉"♦♥♥❡✱ ✶✾✾✼❀ ▼❝❊✇❛♥ ❡# ❛❧✳✱ ✷✵✵✷❀ R✐♥❡❛✉ ❡# ❛❧✳✱ ✷✵✵✼❀ ❙❝❤❧✐❝❤✱ ✶✾✾✹✮

▲♦"& ❞❡ ❧❛ ♣❤❛&❡ ❞❡ ♠❡&✉"❡✱ ❧❡& &✉❥❡#& ❞♦✐✈❡♥# ♥♦#❡" ❧✬✐♥#❡♥&✐#$ ❞✬✉♥ ❡♥&❡♠❜❧❡ ❞❡ ❞❡&❝"✐♣#❡✉"&

♣♦✉" ♣❧✉&✐❡✉"& ♣"♦❞✉✐#& ❞✬✉♥❡ ♠9♠❡ ❝❛#$❣♦"✐❡✳ ▲❡& ❞♦♥♥$❡& "❡❝✉❡✐❧❧✐❡& ♣❡"♠❡##❡♥# ❞✬♦❜#❡♥✐" ✉♥

♣"♦✜❧ ❞❡&❝"✐♣#✐❢ ❞❡ ❝❤❛'✉❡ ♣"♦❞✉✐# ❞❡ ❧✬$#✉❞❡✳ ▲❡& &✉❥❡#& ♥❡ ❞♦✐✈❡♥# ♣❛& &✐♠♣❧❡♠❡♥# ❞♦♥♥❡"

✉♥ ❥✉❣❡♠❡♥# ❡♥ ❢♦♥❝#✐♦♥ ❞❡ ❧❡✉"& ♣"$❢$"❡♥❝❡&✱ ✐❧& ❞♦✐✈❡♥# ❞$❝"✐"❡ ❡# ❞✐✛$"❡♥❝✐❡" ❧❡& ♣"♦❞✉✐#& ❡♥

❢♦♥❝#✐♦♥ ❞❡ ❧❡✉" ♣❡"❝❡♣#✐♦♥ &❡♥&♦"✐❡❧❧❡✱ : ❧❛ ♠❛♥✐*"❡ ❞✬✉♥ ✐♥&#"✉♠❡♥# ❞❡ ♠❡&✉"❡✳ ▲❡& $❝❤❡❧❧❡&

❧✐♥$❛✐"❡& &♦♥# ❧❡& ♣❧✉& &♦✉✈❡♥# ✉#✐❧✐&$❡& ♣♦✉" ❝❡ #②♣❡ ❞❡ ♠❡&✉"❡✳

✶✳✷✳✻✳✷ ▲❡ ♥♦♠❜&❡ ❞❡ 8✉❥❡%8

■❧ ❡①✐&#❡ ❛✉&&✐ ♣❡✉ ❞❡ ❞♦♥♥$❡& ♦❜❥❡❝#✐✈❡& ❞❛♥& ❧❛ ❧✐##$"❛#✉"❡ '✉❛♥# ❛✉ ♥♦♠❜"❡ ♦♣#✐♠❛❧ ❞❡

&✉❥❡#& ❞✬✉♥ ♣❛♥❡❧ ❞❡ ♣"♦✜❧ &❡♥&♦"✐❡❧✳

▲❛ ♣❧✉♣❛"# ❞✉ #❡♠♣&✱ ♦♥ #"♦✉✈❡ ❞❡& "❡❝♦♠♠❛♥❞❛#✐♦♥& ✈❛❧❛❜❧❡& ♣♦✉" ✉♥ ❝♦♥#❡①#❡ ❞♦♥♥$ ✈♦✐"❡

❜❛&$❡& &✉" ✉♥❡ &❡✉❧❡ ❡①♣$"✐♠❡♥#❛#✐♦♥ ❡# ❧❡& ♥♦"♠❡& ♥❡ &♦♥# ♣❛& ❝❧❛✐"❡& &✉" ❝❡##❡ '✉❡&#✐♦♥✳ ❊♥

&♦♠♠❡✱ ❧❡ ♥♦♠❜"❡ ❞❡ &✉❥❡#& ✈❛"✐❡ ❞❡ ✺ : ✷✵ &✉❥❡#&✳

❉❡& #"❛✈❛✉① &✉" ❧❡ ♣"♦✜❧ &❡♥&♦"✐❡❧ "❛♣♣♦"#❡♥# ❧✬✉#✐❧✐&❛#✐♦♥ ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞❡ &✉❥❡#& ❡♥#"❛D♥$&✳

▲✉♥❞❣"❡♥ ❡# ❛❧✳ ✭✶✾✾✶✮ ♦♥# ❢❛✐# ❛♣♣❡❧ : ❞❡& ♣❛♥❡❧& ❞❡ ✽ : ✶✶ &✉❥❡#& ♣♦✉" ❧❡✉"& $#✉❞❡& ❧♦"&'✉❡ ✻

: ✶✵ &✉❥❡#& ♦♥# $#$ &♦❧❧✐❝✐#$& ♣❛" ▼♦❧♥❛" ✭✶✾✽✾✮✱ ❘✐&✈✐❦ ❡# ❛❧✳ ✭✶✾✾✼✮✳ ❈♦♦❦ ❛♥❞ ❍♦♠❡" ✭✶✾✾✻✮

✐♥❞✐'✉❡♥# '✉❡ ♣❧✉& ❧❡ ♥♦♠❜"❡ ❞❡ &✉❥❡#& : ❡♥"A❧❡" ❞❛♥& ✉♥ ♣❛♥❡❧ ❞❡&❝"✐♣#✐❢ ❡&# ❣"❛♥❞✱ ♣❧✉& ❣"❛♥❞❡

❡&# ❧❛ ♣"♦❜❛❜✐❧✐#$ ❞❡ ❞$#❡❝#❡" ❞❡& ❞✐✛❡"❡♥❝❡& ❡♥#"❡ ♣"♦❞✉✐#&✳

▲❛ ♥♦"♠❡ ❆❋◆❖❘ ✭✶✾✾✸✮ "❡❝♦♠♠❛♥❞❡ ❧✬✉#✐❧✐&❛#✐♦♥ ❞❡ ✽ : ✶✷ &✉❥❡#& ❡♥ ♣"♦✜❧ &❡♥&♦"✐❡❧ ❝♦♥✈❡♥✲

#✐♦♥♥❡❧ ❡# ❞❡ ✺ : ✽ &✉❥❡#& ♣♦✉" $#❛❜❧✐" ✉♥ ♣"♦✜❧ ❞✬❛"A♠❡✳ R❛" ❛✐❧❧❡✉"&✱ ❧❛ ♥♦"♠❡ ❜"✐#❛♥♥✐'✉❡ ❇❙

✭✶✾✽✻✮ ♥❡ ❞♦♥♥❡ ♣❛& ❞❡ "❡❝♦♠♠❛♥❞❛#✐♦♥& '✉❛♥# ❛✉ ♥♦♠❜"❡ ❞❡ &✉❥❡#& : ❡♥"A❧❡" ♠❛✐& &✉❣❣*"❡ ❛✉

♠✐♥✐♠✉♠ ✺ ♣❛♥$❧✐&#❡&✳

❉✬❛✉#"❡ ♣❛"#✱ ❝❡"#❛✐♥❡& "❡❝♦♠♠❛♥❞❛#✐♦♥& &♦♥# &♣$❝✐✜'✉❡& : ✉♥ ❝♦♥#❡①#❡ ❞♦♥♥$✳ ❆✐♥&✐✱ ❞❡

❧❛"❣❡& ♣❛♥❡❧& ❞✬❡♥✈✐"♦♥ ✶✺✵ &✉❥❡#& ♦♥# $#$ ✉#✐❧✐&$& ❞❛♥& ❝❡"#❛✐♥❡& $#✉❞❡& ❞❡ ♣"♦✜❧& ❝❤✐♠✐'✉❡&
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? ✶✷ '✉❥❡&' ♣♦✉# ❧❡✉# ♠A&❤♦❞❡ ◗❉❆

❝©
✭◗✉❛♥&✐&❛&✐✈❡ ❉❡'❝#✐♣&✐✈❡ ❆♥❛❧②'✐'✮✳

❯♥ ❞❡' ♦❜❥❡❝&✐❢' ❞✬✉♥❡ A&✉❞❡ ❞❡ ♣#♦✜❧ '❡♥'♦#✐❡❧ ❡'& ❞✬❛❜♦✉&✐# ? ✉♥❡ 'A♣❛#❛&✐♦♥ ❝♦♥'✐'&❛♥&❡ ❡&
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❞✉ ♣❛♥❡❧ ❡& ❛✐♥'✐ ❛✉❣♠❡♥&❡# ❧❡' ❝❤❛♥❝❡' ❞❡ ❞A&❡❝&❡# ❞❡' ❞✐✛A#❡♥❝❡' ❡♥&#❡ ❧❡' ♣#♦❞✉✐& ❝♦♠♣❛#A'✳

▲✬❡♥&#❛K♥❡♠❡♥& ❞❡' '✉❥❡&' ❝♦♥&#✐❜✉❡ ? #A❞✉✐#❡ ❧✬✐♥&❡#❛❝&✐♦♥ ♣❛♥A❧✐'&❡'✲♣#♦❞✉✐&'✳ ▲✬❡♥&#❛K♥❡♠❡♥& ❡'&

❝❡#&❡' ❝♦N&❡✉① ♠❛✐' ♥A❛♥♠♦✐♥' ✐♥❞✐'♣❡♥'❛❜❧❡✳ ■❧ ❡'& ♣♦''✐❜❧❡ ❞❡ #A❞✉✐#❡ ❝❡ ❝♦N& ❞❡ ❧✬❡♥&#❛K♥❡♠❡♥&

❡♥ &#❛✈❛✐❧❧❛♥& ❛✈❡❝ ❞❡ ♣❡&✐&' ❣#♦✉♣❡' ❞❡ '✉❥❡&'✳ ❈❤❛♠❜❡#' ❡& ❛❧✳ ✭✶✾✽✶✮ ♦♥& ❞A♠♦♥&#A R✉✬✉♥ ♣❛♥❡❧

❞❡ '❡✉❧❡♠❡♥& ✸ ♣❛♥A❧✐'&❡' ❡♥&#❛K♥A' ❛✈❛✐& ❞A&❡❝&A ❧❡' ♠T♠❡' ❞✐✛A#❡♥❝❡' '✐❣♥✐✜❝❛&✐✈❡' R✉✬✉♥ ♣❛♥❡❧

❞❡ ✽ ? ✾ ♣❛♥A❧✐'&❡' '❡♠✐✲❡♥&#❛K♥A'✳

❙♦✉✈❡♥&✱ ❧❡ ♥♦♠❜#❡ ❞❡ '✉❥❡&' ❡♥ ♣#♦✜❧ '❡♥'♦#✐❡❧ ♥✬❡'& ❛❜♦#❞A R✉❡ '♦✉' ❧✬❛♥❣❧❡ ❞❡ ❧❛ ❝♦♠♣❛#❛✐'♦♥

❞❡ ♣❛♥❡❧' ❞❡ &❛✐❧❧❡' ❞✐✛A#❡♥&❡' ✉&✐❧✐'❛♥& ❞❡' &❡❝❤♥✐R✉❡' ❞✐✛A#❡♥&❡' ✭❈❤❛♠❜❡#' ❡& ❛❧✳✱ ✶✾✽✶❀ ❏❡❧&❡♠❛

❛♥❞ ❙♦✉&❤✇✐❝❦✱ ✶✾✽✻❀ ❑✐♥❣ ❡& ❛❧✳✱ ✶✾✾✺❀ ▼✉✐# ❛♥❞ ❇❛♥❦'✱ ✶✾✾✸✮✳ ▲✬✐❞A❡ ❞❡ #A❞✉✐#❡ ❧❛ &❛✐❧❧❡ ❞✬✉♥

♣❛♥❡❧ ❡①✐'&❛♥& ♣♦✉# A&✉❞✐❡# ❧❛ '&❛❜✐❧✐&A ❞❡' #A'✉❧&❛&' ♥✬❡'& ♣❛' '♦✉✈❡♥& ❡①♣❧♦✐&A❡ ❡& ❧♦#'R✉✬❡❧❧❡

❧✬❡'&✱ ❝✬❡'& ? ❝❤❛R✉❡ ❢♦✐' ❛✈❡❝ ✉♥ ♦✉ ❞❡✉① ❥❡✉① ❞❡ ❞♦♥♥A❡' '❡✉❧❡♠❡♥&✳

❏❡❧&❡♠❛ ❛♥❞ ❙♦✉&❤✇✐❝❦ ✭✶✾✽✻✮ ❝♦♥❝❧✉❡♥& '✉# ❧❛ ❜❛'❡ ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥A❡'✱ R✉✬✉♥ ♣❛♥❡❧ ❞❡ ✷✵ ❥✉❣❡'

A&❛✐& ❝❛♣❛❜❧❡ ❞❡ ❝❛#❛❝&A#✐'❡# ❞❡' ❞✐✛A#❡♥❝❡' ❡♥&#❡ ✸✺ ♦❞♦#❛♥&' ♣✉#'✳ ▲❡' ❛✉&❡✉#' ♦♥& ❝♦♠♣❛#A ❧❡'

#A'✉❧&❛&' '&❛&✐'&✐R✉❡' ♦❜&❡♥✉' ? ♣❛#&✐# ❞❡ '♦✉'✲♣❛♥❡❧' ❞❡ &❛✐❧❧❡ ✶✵✱ ✷✵ ❡& ✸✵ ♦❜&❡♥✉' ♣❛# &✐#❛❣❡

❛❧A❛&♦✐#❡ ? ❝❡✉① ♦❜&❡♥✉' ? ♣❛#&✐# ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡&✳ ▲❡' #A'✉❧&❛&' '&❛&✐'&✐R✉❡' '♦♥& ❜❛'A' '✉# ❧❡

❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦##A❧❛&✐♦♥ ❡♥&#❡ ❧❡ ✈❡❝&❡✉# ❞❡' '❝♦#❡' ♦❜&❡♥✉ ♣♦✉# ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡& ❡& ❧❡ ✈❡❝&❡✉# ❞❡'

'❝♦#❡' ♣♦✉# ❧❡' '♦✉'✲♣❛♥❡❧'✳

▼✉✐# ❛♥❞ ❇❛♥❦' ✭✶✾✾✸✮ #❛♣♣♦#&❡♥& ✉♥❡ ❧A❣<#❡ ♣❡#&❡ ❞✬✐♥❢♦#♠❛&✐♦♥ ❧♦#'R✉✬♦♥ #A❞✉✐& ✉♥ ♣❛♥❡❧ ❞❡

✷✹ ? ✶✷ '✉❥❡&'✳ ❈❡♣❡♥❞❛♥&✱ #❡'&#❡✐♥❞#❡ ❧❡ ♣❛♥❡❧ ? ✻ '✉❥❡&' ❛❧&<#❡ '✐❣♥✐✜❝❛&✐✈❡♠❡♥& ❧❡' #A'✉❧&❛&' '✉#

❧❛ ❞✐'❝#✐♠✐♥❛&✐♦♥ ❞❡' ♣#♦❞✉✐&'✳

❑✐♥❣ ❡& ❛❧✳ ✭✶✾✾✺✮ ♦♥& ♠❡'✉#A ❧✬✐♠♣❛❝& ❞❡ ❧❛ #A❞✉❝&✐♦♥ ❞❡ ❧❛ &❛✐❧❧❡ ❞❡ ♣❛♥❡❧ '✉# ❧❛ '&❛❜✐❧✐&A ❞❡'

#A'✉❧&❛&' '&❛&✐'&✐R✉❡' ❞✬✉♥❡ A&✉❞❡ ❞❡ ♣#♦✜❧ '❡♥'♦#✐❡❧ '✉# ❞❡' ❣❧❛❝❡' #A❛❧✐'A ♣❛# ✉♥ ♣❛♥❡❧ ❜✐❡♥

❡♥&#❛K♥A✳ ▲❡' ❛✉&❡✉#' ♦♥& ♠❡'✉#A ❧❡ ♥♦♠❜#❡ ❞❡ ❞❡'❝#✐♣&❡✉#' R✉✐ ❞❡✈❡♥❛✐❡♥& ♥♦♥ '✐❣♥✐✜❝❛&✐❢' ❛✉

❢✉# ❡& ? ♠❡'✉#❡ R✉❡ ❧✬♦♥ #A❞✉✐'❛✐& ❧❡ ♣❛♥❡❧✳ ■❧' ♦♥& ❝♦♠♣❛#A ❧❡' #A'✉❧&❛&' ❞✉ ♣#♦✜❧ ♦❜&❡♥✉ ❛✈❡❝

❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡& ❞❡ ✷✵ '✉❥❡&' ❛✉① #A'✉❧&❛&' ❞✉ ♣#♦✜❧ ♦❜&❡♥✉ ❛✈❡❝ ❧❡ ♣❛♥❡❧ #A❞✉✐& ? ✶✵ ❡& ✺

'✉❥❡&'✳ ▲❡' #A'✉❧&❛&' ♠♦♥&#❡♥& R✉❡ ❧♦#'R✉❡ ❧❡ ♣❛♥❡❧ ❡'& #A❞✉✐& ❞❡ ♠♦✐&✐A✱ 67% ❞❡' ❞❡'❝#✐♣&❡✉#'

❞❡♠❡✉#❛✐❡♥& '✐❣♥✐✜❝❛&✐❢' ❡& '❡✉❧❡♠❡♥& 34% ❧♦#'R✉❡ ❧✬♦♥ #A❞✉✐'❛✐& ❧❡ ♣❛♥❡❧ ❞❡ &#♦✐' R✉❛#&'✳ ▲❡'

❛✉&❡✉#' ❛✈❛♥❝❡♥& R✉✬✐❧ ❡'& ♣#♦❜❛❜❧❡♠❡♥& ✐♠♣♦''✐❜❧❡ ❞❡ ❞A✜♥✐# ✉♥❡ &❛✐❧❧❡ ❞❡ ♣❛♥❡❧ ♦♣&✐♠❛❧❡ ♣♦✉#

✉♥❡ A&✉❞❡ ❞❡'❝#✐♣&✐✈❡✳ ▲❡✉# A&✉❞❡ ❧❡✉# ❛ ♣❡#♠✐' ❞❡ ✈♦✐# R✉✬✉♥ ♣❛♥❡❧ ❞❡ ✺ '✉❥❡&' #❡♣#♦❞✉✐'❛✐&

#❡❧❛&✐✈❡♠❡♥& ❧❛ ♠T♠❡ ❝❛#&❡ ♣#♦❞✉✐& R✉❡ ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡& ♠❛✐' ❝❡ #A'✉❧&❛& ♥❡ ♣❡✉& T&#❡ ❣A♥A#❛❧✐'A✳

●❛❝✉❧❛ ❛♥❞ ❘✉&❡♥❜❡❝❦ ✭✷✵✵✻✮ ♦♥& ❛✉''✐ ❛♣♣❧✐R✉A ✉♥❡ ❛♣♣#♦❝❤❡ ❜❛'A❡ '✉# ❧❛ '✐♠✉❧❛&✐♦♥ ♣♦✉#

❞A&❡#♠✐♥❡# ❧❡ ♥♦♠❜#❡ ❞❡ '✉❥❡&' ❡♥ ♣#♦✜❧ '❡♥'♦#✐❡❧✳ _♦✉# ✉♥❡ ✈❛#✐❛❜✐❧✐&A ❞❡ ✵✳✹✾ ❡& ♣♦✉# ❞✐✛A#❡♥&❡'

✷✷



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

 ✐♠✉❧❛&✐♦♥ ❞❡ ❞✐✛,-❡♥❝❡ ❞❡ ♥♦&❡ ❞✬✐♥&❡♥ ✐&, 0✉❡ ❧✬♦♥ ♣♦✉--❛✐& ♦❜ ❡-✈❡-  ✉- ✉♥❡ ,❝❤❡❧❧❡ ✵✲✶✺

♣♦✐♥& ✱ ❧❡ ❛✉&❡✉- ❝♦♥❝❧✉❡♥& 0✉❡ ✺ : ✶✹  ✉❥❡&  ♦♥& ♥,❝❡  ❛✐-❡ ♣♦✉- ❞,&❡❝&❡- ✉♥❡ ❞✐✛,-❡♥❝❡

 ✐❣♥✐✜❝❛&✐✈❡ ❞❡ 0.6✳

▲❡ 0✉❛&-❡ ,&✉❞❡ ❝✐&,❡ ❝✐✲❞❡  ✉  ♦♥& &♦✉&❡ ❜❛ ,❡  ✉- ❧✬❛♥❛❧② ❡ ❞✬✉♥  ❡✉❧ ❥❡✉ ❞❡ ❞♦♥♥,❡ ✳ ❈❡ 

-, ✉❧&❛& ♠❛♥0✉❡♥& ❞❡ -♦❜✉ &❡  ❡ ♣♦✉- 0✉✬✐❧  ♦✐❡♥& ❣,♥,-❛❧✐ , ✳

▲❡ ♥♦&✐♦♥ ❞❡ ❧❛ &❛✐❧❧❡ ❞❡ ❧✬❡✛❡& ❡& ❞❡ ❧❛ ✈❛-✐❛❜✐❧✐&, ❞❡ ❞♦♥♥,❡  ♦♥& ♠❛❧ ❞,✜♥✐❡ ❛✉ ♥✐✈❡❛✉

♠✉❧&✐❞✐♠❡♥&✐♦♥♥❡❧✱ ♦- ❧❡ ♣-♦✜❧  ❡♥ ♦-✐❡❧ ❡ & ❛✈❛♥& &♦✉& ✉♥ ♦❜❥❡& ♠✉❧&✐❞✐♠❡♥&✐♦♥♥❡❧✳ ❊♥ ❡✛❡&✱ ❧❡

♣-♦✜❧  ❡♥ ♦-✐❡❧ ❡ & ❧✬,&✉❞❡ ❞❡ ❞✐✛,-❡♥& &②♣❡ ❞❡ ❞❡ ❝-✐♣&❡✉- ✳ ▲❡ &②♣❡ ❞❡ ❞❡ ❝-✐♣&❡✉- ❛ ✉♥ ✐♠♣❛❝&

 ✉- ❧❡ ♣♦✉✈♦✐- ❞✐ ❝-✐♠✐♥❛♥&✳ D✐♥❡❛✉ ✭✷✵✵✻✮ ❛ ♠♦♥&-, 0✉❡ ❧❡ ❞❡ ❝-✐♣&❡✉- ❞✬❛♣♣❛-❡♥❝❡ ❡& ❞❡ &❡①&✉-❡

 ♦♥& ❣,♥,-❛❧❡♠❡♥& ♣❧✉ ❞✐ ❝-✐♠✐♥❛♥& 0✉❡ ❧❡ ❞❡ ❝-✐♣&❡✉- ❞❡  ❛✈❡✉-✱ ❞✬❛-J♠❡ ♦✉ ❞✬♦❞❡✉-✳ ❈❡&&❡

❞✐✛,-❡♥❝❡ ♣♦✉--❛✐& K&-❡ ❛&&-✐❜✉,❡ : ❧❛ ❞✐✣❝✉❧&, ❞✬❛  ✐♠✐❧❛&✐♦♥ ❡& : ❧❛ ❝♦♠♣❧❡①✐&, ❞❡ ❧❛ ♣❡-❝❡♣&✐♦♥

❞❡ ❝❡ &②♣❡ ❞❡ ❞❡ ❝-✐♣&❡✉- ✳ ■❧  ❡♠❜❧❡-❛✐& ❛✐♥ ✐ ❞✐✣❝✐❧❡ ❞❡ ❞♦♥♥❡- ✉♥ ♥♦♠❜-❡ ♦♣&✐♠❛❧ ❞❡  ✉❥❡& 

✈❛❧❛❜❧❡ 0✉❡❧0✉❡  ♦✐& &②♣❡ ❞❡ ❞❡ ❝-✐♣&❡✉-✳

✶✳✷✳✻✳✸ ❙②♥%❤89❡

■❧ ❡①✐ &❡ ❞✐✛,-❡♥&❡ -❡❝♦♠♠❛♥❞❛&✐♦♥  ✉- ❧❡ ♥♦♠❜-❡ ❞❡  ✉❥❡& : ❡♥-J❧❡- ❞❛♥ ✉♥ ♣❛♥❡❧ ❞❡

♣-♦✜❧  ❡♥ ♦-✐❡❧✳ ❈❡ ♥♦♠❜-❡ ✈❛-✐❡ ❞❡ ✺ : ✸✵  ✉❥❡& ✳ ❈❡♣❡♥❞❛♥&✱ ❧❛ ♣❧✉♣❛-& ❞❡ -❡❝♦♠♠❛♥❞❛&✐♦♥ 

❝♦♥✈❡-❣❡♥& ✈❡- ✉♥ ♣❛♥❡❧ ❞❡ ✶✵ : ✶✷  ✉❥❡& ✳

❙&♦♥❡ ❛♥❞ ❙✐❞❡❧ ✭✷✵✵✹✮ ♠❡♥&✐♦♥♥❡♥& 0✉❡  ✐ ❧❛ &❛✐❧❧❡ ❞❡ ❧❛ ❞✐✛,-❡♥❝❡ : ♠❡&&-❡ ❡♥ ,✈✐❞❡♥❝❡ ❡ &

 ✉♣♣♦ ,❡ &-P ♣❡&✐&❡✱ ❧❡ ♣❛♥❡❧ ❧❡❛❞❡- ♣♦✉--❛✐& ❡♥-J❧❡- ✉♥ ♣❧✉ ❣-❛♥❞ ♥♦♠❜-❡ ❞❡  ✉❥❡& ♦✉ ❜✐❡♥

❢❛✐-❡ ♣❧✉ ❞❡ -,♣,&✐&✐♦♥ ✳ D❛- ❛✐❧❧❡✉- ✱ ❡♥-J❧❡- ♣❧✉ ❞❡ ✷✵  ✉❥❡& ♣♦✉--❛✐& ❡♥❣❡♥❞-❡- ✉♥ ♣-♦❜❧P♠❡

❞✬♦-❣❛♥✐ ❛&✐♦♥✳ D❛- ❡①❡♠♣❧❡✱ ❧✬♦-❣❛♥✐ ❛&✐♦♥ ❞❡  ,❛♥❝❡ ❞✬❡♥&-❛R♥❡♠❡♥& ❡♥  ,♣❛-❛♥& ❧❡ ♣❛♥❡❧ ❡♥

❞❡✉① ❣-♦✉♣❡ ✳ ❉❛♥ ❝❡ ❝❛ ♣-,❝✐ ✱ ❧❡ ♣❛♥❡❧ ❧❡❛❞❡- ❞♦✐&  ✬❛  ✉-❡- 0✉❡ ❧❡ ❞❡✉① ❣-♦✉♣❡ ♦♥& ❛  ✐♠✐❧,

❧❡ ♠K♠❡ ♥♦&✐♦♥ ✳ ▲❡ ♣❛♥❡❧ ❧❡❛❞❡- ❞♦✐&  ❡  ❡-✈✐- ❞✬,&✉❞❡ ❛♥&,-✐❡✉-❡ ♣♦✉- ❡ &✐♠❡- ❧❡ ♥♦♠❜-❡ ❞❡

 ✉❥❡& ❛❞,0✉❛& : ❡♥-J❧❡-✳

▲❛ ♥♦&✐♦♥ ❞✉ ♥♦♠❜-❡ ❞❡  ✉❥❡& : ❡♥-J❧❡- ❞❡♠❡✉-❡ ❞♦♥❝ &-P  ✉❜❥❡❝&✐✈❡✳ ▲❡ ❞✐✛,-❡♥&❡ ,&✉❞❡ 

❝✐&,❡  ♦♥&  ♣,❝✐✜0✉❡ : ❧✬,&✉❞❡ ❞✬✉♥ ❝❡-&❛✐♥ &②♣❡ ❞❡ ❞❡ ❝-✐♣&❡✉- ✭❛-J♠❡✱ ♦❞❡✉-✱ ✳ ✳ ✳ ✮✳

◆♦✉ ♥✬❛✈♦♥ ♣❛ &-♦✉✈, ❞❡ -,❢,-❡♥❝❡ 0✉✐ ❝❛❧❝✉❧❡ : ♣-✐♦-✐ ❧❡ ♥♦♠❜-❡ ❞❡  ✉❥❡& : ❡♥-J❧❡- ♣♦✉- ✉♥

♣❛♥❡❧ ❞❡ ♣-♦✜❧  ❡♥ ♦-✐❡❧✳ ❊♥ ♦✉&-❡✱ ❧❛ ♠❡ ✉-❡ ❞❡ ❧❛ &❛✐❧❧❡ ❞❡ ❧✬❡✛❡& ❡♥ ♣-♦✜❧  ❡♥ ♦-✐❡❧ ♥✬❛ ♣❛ ,&,

❝❧❛✐-❡♠❡♥& ❞,✜♥✐❡ ♦✉ 0✉❛♥&✐✜,❡✳

▲❛ ✜❣✉-❡ ✭✶✳✸✮ -, ✉♠❡ ❧❡ -❡❝♦♠♠❛♥❞❛&✐♦♥ ,&❛❜❧✐❡ ♣❛- ❧❛ ♥♦-♠❡ ❆❋◆❖❘ ✭✷✵✵✸✮  ✉- ❧❡

♥♦♠❜-❡ ❞❡  ✉❥❡& : ❡♥-J❧❡- ❞❛♥ ❧❡ ❞✐✛,-❡♥& &②♣❡ ❞✬,&✉❞❡  ❡♥ ♦-✐❡❧❧❡ ✱ ♥♦&❛♠♠❡♥& ❡♥ ♣-♦✜❧

 ❡♥ ♦-✐❡❧ ❡& ❡♥ &❡ & ❤,❞♦♥✐0✉❡ ✳
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❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❋✐❣✳ ✶✳✸ ✕ ▲❡ ♥♦♠❜&❡ ❞❡ (✉❥❡+( ❞❛♥( ❧❡( ❞✐✛0&❡♥+( +②♣❡( ❞✬0♣&❡✉✈❡( (❡♥(♦&✐❡❧❧❡( ❆❋◆❖❘ ✭✷✵✵✸✮

✷ ❈♦♥❝❡♣'( ('❛'✐('✐+✉❡( ✿ .✉✐((❛♥❝❡ ❡' ♥♦♠❜1❡ ❞❡ (✉❥❡'( ♥4❝❡(✲

(❛✐1❡(

✷✳✶ #$✐♥❝✐♣❡ ❞✬✉♥ -❡.- .-❛-✐.-✐0✉❡

❯♥ &❡(& (&❛&✐(&✐+✉❡ ♣❡.♠❡& ❞❡ ❞1❝✐❞❡. ❛✉ ✈✉ ❞✬✉♥ 1❝❤❛♥&✐❧❧♦♥✱ ❧❡ ❝❤♦✐① ❡♥&.❡ ❞❡✉① ❤②♣♦&❤;(❡(

♦♣♣♦(1❡( ✿ ✉♥❡ ❤②♣♦&❤;(❡ ♥✉❧❧❡ H0 ❝♦♥&.❡ ✉♥❡ ❤②♣♦&❤;(❡ ❛❧&❡.♥❛&✐✈❡ H1✳

●1♥1.❛❧❡♠❡♥&✱ ❧✬❤②♣♦&❤;(❡ ♥✉❧❧❡ ❞1✜♥✐& ❧✬❛❜(❡♥❝❡ ❞❡ ❞✐✛1.❡♥❝❡ ❡♥&.❡ ❧❡( ♠♦②❡♥♥❡( ❞❡ ❞❡✉①

❣.♦✉♣❡(✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ (&❛&✐(&✐+✉❡ ❞✉ &❡(& ❡& ❧❛ ❞1✜♥✐&✐♦♥ ❞❡ ❧❛ .1❣✐♦♥ ❞❡ .❡❥❡& ❞❡ ❧✬❤②♣♦✲

&❤;(❡ ♥✉❧❧❡ ♣❡.♠❡&&❡♥& ❞❡ ❝♦♥❝❧✉.❡ (✉. ❧✬❡①✐(&❡♥❝❡ ♦✉ ♥♦♥ ❞❡ ❝❡&&❡ ❞✐✛1.❡♥❝❡✳ ▲❡ .1(✉❧&❛& ❡(& ❞✐&

(&❛&✐(&✐+✉❡♠❡♥& (✐❣♥✐✜❝❛&✐❢ (✐ ♦♥ ❝♦♥❝❧✉& F ❧✬❡①✐(&❡♥❝❡ ❞❡ ❝❡&&❡ ❞✐✛1.❡♥❝❡✳

▲❛ ❞1❝✐(✐♦♥ ❞✬❛❝❝❡♣&❡. ♦✉ ❞❡ .❡❥❡&❡. ❧✬❤②♣♦&❤;(❡ ♥✉❧❧❡ ❡(& ❧✐1❡ F ❧❛ (&.✉❝&✉.❡ ❛❧1❛&♦✐.❡ ❞❡

❧✬1❝❤❛♥&✐❧❧♦♥✳ ❊♥ ❣1♥1.❛❧✱ ❧❛ ♣.♦❜❛❜✐❧✐&1 ❞❡ ♣.❡♥❞.❡ ✉♥❡ ❞1❝✐(✐♦♥ ❡..♦♥1❡ ♥✬❡(& ♣❛( ♥✉❧❧❡✳ ■❧ ❡①✐(&❡

❞❡✉① &②♣❡( ❞✬❡..❡✉.( ❞❛♥( ❧❛ ♣.✐(❡ ❞❡ ❞1❝✐(✐♦♥ ✿ ❧✬❡..❡✉. ❞❡ &②♣❡ ■ ✭α✮ ❡& ❧✬❡..❡✉. ❞❡ &②♣❡ ■■ ✭β✮✳

▲❡ &❛❜❧❡❛✉ ✭✶✳✶✮ ✐❧❧✉(&.❡ ❝❡( ❞❡✉① (✐&✉❛&✐♦♥( ✿
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❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❚❛❜✳ ✶✳✶ ✕ ❚❛❜❧❡ ❞❡ ❞&❝✐)✐♦♥

❉$❝✐'✐♦♥ ❙✐ H0 ❡', ✿

❱/❛✐❡ ❋❛✉''❡

❆❝❝❡♣,❡/ H0 5❛' ❞✬❡//❡✉/ ✭1− α✮ ❊//❡✉/ ❞❡ ,②♣❡ ■■ ✿ β

❘❡❥❡,❡/ H0 ❊//❡✉/ ❞❡ ,②♣❡ ■ ✿ α 5❛' ❞✬❡//❡✉/ ✭1− β✮

α ✿ !"♦❜❛❜✐❧✐() ❞❡ "❡❥❡(❡" H0 ❧♦"#$✉✬❡❧❧❡ ❡#( ✈"❛✐❡

β ✿ -"♦❜❛❜✐❧✐(/ ❞❡ ♥❡ ♣❛# "❡❥❡(❡" H0 ❧♦"#$✉✬❡❧❧❡ ❡#( ❢❛✉##❡

✷✳✷ ▲❛ ♣✉✐''❛♥❝❡ '+❛+✐'+✐,✉❡

▲❛ ♣✉✐%%❛♥❝❡ ❞✬✉♥❡ ❡①♣,-✐♠❡♥/❛/✐♦♥ ❡%/ ❧✬❛♣/✐/✉❞❡ ❞✬♦❜/❡♥✐- ✉♥ -,%✉❧/❛/ %/❛/✐%/✐3✉❡♠❡♥/ %✐✲

❣♥✐✜❝❛/✐❢ %✐ ✉♥❡ -,❡❧❧❡ ❞✐✛,-❡♥❝❡ ❡♥/-❡ ❞❡% ❣-♦✉♣❡% ❝♦♠♣❛-,% ❡①✐%/❡✳ ❈✬❡%/ ❧❛ ♣-♦❜❛❜✐❧✐/, ❞❡ -❡❥❡/❡-

❧✬❤②♣♦/❤>%❡ ♥✉❧❧❡ ? -❛✐%♦♥✱ ❝✬❡%/✲?✲❞✐-❡✱ ❧♦-%3✉✬♦♥ ❡%/ ❡♥ ✈,-✐/, ❞❛♥% ❧❡ ❝❛❞-❡ ❞❡ ❧✬❤②♣♦/❤>%❡ ❛❧/❡-✲

♥❛/✐✈❡✳ ▲❛ ♣✉✐%%❛♥❝❡ ❞✉ /❡%/ ❡%/ ❞♦♥❝ ❧❡ ❝♦♠♣❧,♠❡♥/ ❞❡ ❧✬❡--❡✉- ❞❡ /②♣❡ ■■✱ ❛♣♣❡❧,❡ ❛✉%%✐ ❡--❡✉-

❞❡ ❞❡✉①✐>♠❡ ❡%♣>❝❡ β✳ ❖♥ ❧❛ ♥♦/❡ 1− β ✭/❛❜❧❡❛✉ ✭✶✳✶✮✮✳

▲❛ ♣✉✐%%❛♥❝❡ ❞,♣❡♥❞ ❞❡ ♣❧✉%✐❡✉-% ♣❛-❛♠>/-❡%✳ ❊❧❧❡ ❡%/ ❢♦♥❝/✐♦♥ ❞❡ ❧✬❡--❡✉- ❞❡ /②♣❡ ■ ✭α✮✱ ✜①,❡

❛✉ ♣-,❛❧❛❜❧❡✱ ❞❡ ❧❛ /❛✐❧❧❡ ❞❡ ❧✬❡✛❡/ 3✉❡ ❧✬♦♥ ❞,%✐-❡ ♠❡//-❡ ❡♥ ,✈✐❞❡♥❝❡✱ ❞❡ ❧❛ ✈❛-✐❛❜✐❧✐/, ❞❡ ❧❛

♣♦♣✉❧❛/✐♦♥ ,/✉❞✐,❡ ❡/ ❞❡ ❧❛ /❛✐❧❧❡ ❞❡ ❧✬,❝❤❛♥/✐❧❧♦♥ ✭♥♦♠❜-❡ ❞✬♦❜%❡-✈❛/✐♦♥%✮✳

■♥/✉✐/✐✈❡♠❡♥/✱ ❧❛ ♣✉✐%%❛♥❝❡ ❡%/ %✐♠✐❧❛✐-❡ ❛✉ ♣♦✉✈♦✐- ❣-♦%%✐%%❛♥/ ❞✬✉♥ ♠✐❝-♦%❝♦♣❡✳ ❯♥ ❣-♦%%✐%%❡✲

♠❡♥/ %✉✣%❛♥/ ❡%/ ♥,❝❡%%❛✐-❡ ♣♦✉- ♠♦♥/-❡- 3✉❡ ❞❡✉① ♣♦✐♥/% /->% ♣-♦❝❤❡% ❧✬✉♥ ❞❡ ❧✬❛✉/-❡✱ ♠❛✐%

❝❡♣❡♥❞❛♥/ %,♣❛-,%✱ %♦♥/ ❞✐%/✐♥❝/%✳ ❆✈❡❝ ✉♥ ❣-♦%%✐%%❡♠❡♥/ ✐♥%✉✣%❛♥/✱ ❝❡% ❞❡✉① ♣♦✐♥/% ♣❛-❛✐%%❡♥/

♥❡ ❢❛✐-❡ 3✉✬✉♥✳ K❧✉% ❧❛ ❞✐%/❛♥❝❡ ❡♥/-❡ ❧❡% ❞❡✉① ♣♦✐♥/% ❡%/ ♣❡/✐/❡✱ ♣❧✉% ❧❡ ♣♦✉✈♦✐- ❣-♦%%✐%%❛♥/ ❞❡✈-❛

L/-❡ ,❧❡✈, ♣♦✉- ✈✐%✉❛❧✐%❡- ❞❡✉① ♣♦✐♥/% ❞✐%/✐♥❝/%✳ ■❧ ❡♥ ❡%/ ❞❡ ♠L♠❡ ❛✈❡❝ ❧❛ -❡❝❤❡-❝❤❡ ❞✬✉♥❡ ❞✐❢✲

❢,-❡♥❝❡ ❡♥/-❡ ❞❡✉① ❣-♦✉♣❡%✳ ▲❛ ♠❛❣♥✐/✉❞❡ ❞❡ ❝❡//❡ ❞✐✛,-❡♥❝❡ ❡%/ ❧❛ /❛✐❧❧❡ ❞❡ ❧✬❡✛❡/ ? ♠❡//-❡ ❡♥

,✈✐❞❡♥❝❡✳ ❯♥❡ ♣✉✐%%❛♥❝❡ %/❛/✐%/✐3✉❡ %✉✣%❛♥/❡ ❡%/ ♥,❝❡%%❛✐-❡ ♣♦✉- ♠♦♥/-❡- 3✉✬✐❧ ❡①✐%/❡ ❡✛❡❝/✐✈❡✲

♠❡♥/ ✉♥❡ ❞✐✛,-❡♥❝❡ ❡♥/-❡ ❧❡% ❞❡✉① ❣-♦✉♣❡%✳ K❧✉% ❧❛ ❞✐✛,-❡♥❝❡ ❡♥/-❡ ❧❡% ❞❡✉① ❣-♦✉♣❡% ❡%/ ♣❡/✐/❡✱

♣❧✉% ✐❧ ❢❛✉❞-❛ ❞❡ ♣✉✐%%❛♥❝❡ %/❛/✐%/✐3✉❡ ♣♦✉- ♠♦♥/-❡- 3✉❡ ❧❡% ❞❡✉① ❣-♦✉♣❡% %♦♥/ ❞✐✛,-❡♥/%✳

▲❛ 3✉❡%/✐♦♥ ❞❡ ♣✉✐%%❛♥❝❡ ❝♦♥%/✐/✉❡ ✉♥ ♣✐✈♦/ ♣♦✉- /♦✉/❡ ❡①♣❡-✐♠❡♥/❛/✐♦♥✳ ❊♥ ❡✛❡/✱ ❧✬❡①♣,-✐♠❡♥✲

/❛/❡✉- %❡ ✈♦✐/ %♦✉✈❡♥/ ❝♦♥❢-♦♥/, ❛✉ ❜❡%♦✐♥ ❞✬,✈❛❧✉❡- ❧❛ ♣✉✐%%❛♥❝❡ %/❛/✐%/✐3✉❡ ❛%%♦❝✐,❡ ? %♦♥ ,/✉❞❡

♦✉ ❡♥ ❞✬❛✉/-❡% /❡-♠❡% ❞❡ ❞,/❡-♠✐♥❡- ❧❡ ♥♦♠❜-❡ ❞✬♦❜%❡-✈❛/✐♦♥% ♥,❝❡%%❛✐-❡% ♣♦✉- ❛//❡✐♥❞-❡ ✉♥❡

♣✉✐%%❛♥❝❡ %✉✣%❛♥/❡✳

▲❡ ♥♦♠❜-❡ ❞✬♦❜%❡-✈❛/✐♦♥% ❡%/ ❧❡ ♣❛-❛♠>/-❡ %✉- ❧❡3✉❡❧ ❧✬❡①♣,-✐♠❡♥/❛/❡✉- ♣❡✉/ ❧❡ ♣❧✉% ❞✐-❡❝/❡♠❡♥/

❛❣✐- ♣♦✉- ❝♦♥/-M❧❡- ❧❛ ♣✉✐%%❛♥❝❡ ❞❡ %♦♥ ,/✉❞❡✳ ❊♥ ♣❛-/✐❝✉❧✐❡- ❧♦-%3✉❡ ❧✬❡✛❡/ -❡❝❤❡-❝❤, ❡%/ ♣❡/✐/✱

✐❧ ❡%/ ♥,❝❡%%❛✐-❡ ❞✬✐♥❝❧✉-❡ ✉♥ ❣-❛♥❞ ♥♦♠❜-❡ ❞❡ %✉❥❡/%✳ ❊♥ -❡✈❛♥❝❤❡✱ ✉♥ ❡✛❡❝/✐❢ ♣❧✉% ❢❛✐❜❧❡ ❡%/

%✉✣%❛♥/ ♣♦✉- ♠❡//-❡ ❡♥ ,✈✐❞❡♥❝❡ ❞❡% ❡✛❡/% ❝♦♥%,3✉❡♥/%✳

✷✺



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❯♥ "❡$" $"❛"✐$"✐'✉❡ ❡♥ ❛♥❛❧②$❡ $❡♥$♦,✐❡❧❧❡ ❝♦♥$✐$"❡ ❧❡ ♣❧✉$ $♦✉✈❡♥" 0 ✿

✕ ✈3,✐✜❡, ❧✬❡①✐$"❡♥❝❡ ❞✬✉♥ ❡✛❡" ♣,♦❞✉✐"❀

✕ ✈3,✐✜❡, $✐ ❧❡$ ❞✐✛3,❡♥❝❡$ ❡♥ "❡,♠❡$ ❞✬✐♥"❡♥$✐"3 ♦✉ ❞✬❛♣♣,3❝✐❛"✐♦♥ $♦♥" ✐♠♣♦,"❛♥"❡$ ❡♥",❡ ❧❡$

♣,♦❞✉✐"$❀

✕ ❝♦♥",;❧❡, ❧✬✉♥✐❢♦,♠✐"3 ❞❡$ ,3♣♦♥$❡$ ❢♦✉,♥✐❡$ ♣❛, ❧❡$ $✉❥❡"$✳ ❊♥ ♣,♦✜❧ $❡♥$♦,✐❡❧✱ ♦♥ ✈3,✐✜❡

$✐ ❧❡$ ,3♣♦♥$❡$ ❞❡$ $✉❥❡"$ $♦♥" ❤♦♠♦❣C♥❡$ 0 ❧❛ ❢♦✐$ ♣❡♥❞❛♥" ❧✬❡♥",❛D♥❡♠❡♥" ❡" ♣❡♥❞❛♥" ❧❛

♣❤❛$❡ ❞❡ ♠❡$✉,❡✳ ❊♥ "❡$" ❤3❞♦♥✐'✉❡✱ ❝❡ ❝♦♥",;❧❡ ♣❡,♠❡" ❞❡ ❞3"❡❝"❡, ❧✬❡①✐$"❡♥❝❡ ♦✉ ♥♦♥

❞✬✉♥❡ ❤3"3,♦❣3♥3✐"3 ❞❡$ ♣,3❢3,❡♥❝❡$✳

▲❡$ "❡$"$ ♣❛,❛♠3",✐'✉❡$ ❧❡$ ♣❧✉$ ❝♦✉,❛♠♠❡♥" ✉"✐❧✐$3$ ♣♦✉, ❧✬❛♥❛❧②$❡ ❞❡$ ❞♦♥♥3❡$ ❤3❞♦♥✐'✉❡$

❡" ❞❡ ♣,♦✜❧$ $❡♥$♦,✐❡❧$ $♦♥" ✿ ❧❡ "❡$" ❞❡ ❝♦♠♣❛,❛✐$♦♥ ❞❡ ❞❡✉① ♠♦②❡♥♥❡$ ✭"❡$" " ❞❡ ❙"✉❞❡♥"✮ ❡" ❧❡

"❡$" ❞❡ ❧✬❛♥❛❧②$❡ ❞❡ ❧❛ ✈❛,✐❛♥❝❡ ✭❆◆❖❱❆✮✳

▲❡$ $❡❝"✐♦♥$ $✉✐✈❛♥"❡$ ♣,3$❡♥"❡♥" ❧❡ ♣,✐♥❝✐♣❡ ❞❡ ❝❡$ "❡$"$ ❡" ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞❛♥$

❝❤❛❝✉♥ ❞❡ ❝❡$ ❝❛$✳

✷✳✷✳✶ ❈♦♠♣❛&❛✐4♦♥ ❞❡ ❞❡✉① ♠♦②❡♥♥❡4

❖♥ ❝♦♥$✐❞C,❡ ❧❡ "❡$" ❞❡ ❝♦♠♣❛,❛✐$♦♥ ❞❡ ♠♦②❡♥♥❡$ ❞❡ ❞❡✉① ❣,♦✉♣❡$✱ ❛✈❡❝ ♥ ♦❜$❡,✈❛"✐♦♥$ ♣❛,

❣,♦✉♣❡✳ ❖♥ "❡$"❡ ❛❧♦,$ ✿

H0 : ”µ1 = µ2” ❝♦♥",❡ H1 : ”µ1 6= µ2”✱ ♦✉ ❡♥❝♦,❡ H0 : ”µ1 − µ2 = 0” ❝♦♥",❡ H1 : ”µ1 − µ2 =

d”,d > 0

❖♥ $❡ ♣❧❛❝❡ ❞❛♥$ ❧❛ $✐"✉❛"✐♦♥ ❧❛ ♣❧✉$ ❢,3'✉❡♥"❡ ♦N ❧❛ ✈❛,✐❛♥❝❡ ❞❡$ ❞❡✉① ❣,♦✉♣❡$ ❡$" $✉♣♣♦$3❡

❝♦♥♥✉❡✱ 3❣❛❧❡ 0 σ2
✱ ❡" ❡❧❧❡ ❡$" ❝♦♠♠✉♥❡ ❛✉① ❞❡✉① ❣,♦✉♣❡$✳

❖♥ ,❡❥❡""❡ H0 ❛✉ ,✐$'✉❡ α $✐ ❧❛ '✉❛♥"✐"3

| Z |= | x1 − x2 |
√

2σ2

n

✭✶✳✶✮

❡$" $✉♣3,✐❡✉,❡ ♦✉ 3❣❛❧❡ 0 zα
2

❀ ❛✈❡❝ zα
2

'✉❛♥"✐❧❡ ❞✬♦,❞,❡

α
2 ❞❡ ❧❛ ❧♦✐ ♥♦,♠❛❧❡ ❝❡♥",3❡ ,3❞✉✐"❡✳

▲❛ ✜❣✉,❡ ✭✶✳✹✮ ✐❧❧✉$",❡ ❧❛ ❞✐$",✐❜✉"✐♦♥ ❞❡ ❩ $❡❧♦♥ '✉❡ ❧✬♦♥ $♦✐" $♦✉$ H0 ♦✉ $♦✉$ H1

✷✻



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❋✐❣✳ ✶✳✹ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞❡ ❩ "♦✉" H0 ❡# "♦✉" H1

▲❡& '✐&)✉❡& α ❡+ β &✬❡①♣'✐♠❡♥+ ❞❡ ❧❛ ❢❛5♦♥ &✉✐✈❛♥+❡ ✿

✕ α ❡&+ ❧❛ ♣'♦❜❛❜✐❧✐+: ❞❡ '❡❥❡+❡' H0 ❧♦'&)✉✬❡❧❧❡ ✈'❛✐❡❀ ❝✬❡&+✲?✲❞✐'❡ ✿

α = P (| Z |≥ zα
2

|H0) ✭✶✳✷✮

✕ β ❡&+ ❧❛ ♣'♦❜❛❜✐❧✐+: ❞❡ ♥❡ ♣❛& '❡❥❡+❡' H0 ❧♦'&)✉✬❡❧❧❡ ❡&+ ❢❛✉&&❡ ✭H1 ✈'❛✐❡✮❀ ❝✬❡&+✲?✲❞✐'❡ ✿

β = P (| Z |< zα
2

|H1) ✭✶✳✸✮

▲❛ ♣✉✐&&❛♥❝❡ ❞✉ +❡&+ ❡&+ ❛❧♦'& ✿

Puissance = 1− β = Prob(| Z |≥ zα
2

|H1) ✭✶✳✹✮

▲❡ ♥♦♠❜'❡ ❞❡ &✉❥❡+& ♥:❝❡&&❛✐'❡ ♣❛' ❣'♦✉♣❡ ♣♦✉' ❞:+❡❝+❡' ✉♥❡ ❞✐✛:'❡♥❝❡ d ✭d = µ1−µ2✮ ❡&+ ❞♦♥♥:

♣❛' ❧❛ ❢♦'♠✉❧❡ ✭✶✳✺✮

n =
2σ2(zα

2

+ zβ)2

d2
✭✶✳✺✮

✷✳✷✳✷ ❆♥❛❧②6❡ ❞❡ ❧❛ ✈❛&✐❛♥❝❡ 9 ✉♥ ❢❛❝%❡✉&

❖♥ ❝♦♥&✐❞H'❡ ❧❡ +❡&+ ❋ ❞❡ ❝♦♠♣❛'❛✐&♦♥ ❞❡ ♠♦②❡♥♥❡& ❞❡ ❦ ❣'♦✉♣❡&✱ ❛✈❡❝ ♥ ♦❜&❡'✈❛+✐♦♥& ♣❛'

❣'♦✉♣❡✳ ❖♥ +❡&+❡ ✿

H0 : ”µ1 = µ2 = . . . = µk” ❝♦♥+'❡ H1✿ ✧■❧ ❡①✐&+❡ ❛✉ ♠♦✐♥& µi✱ µj (j 6= i)”✱ +❡❧ )✉❡ µi 6= µj

▲❡ ♠♦❞H❧❡ &♦✉&✲❥❛❝❡♥+ &✬:❝'✐+ ✿

xij = µ + αi + εij , εij ∼ N (0,σ2) i.i.d, µi = µ + αi ✭✶✳✻✮

✷✼



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❚❛❜✳ ✶✳✷ ✕ ❚❛❜❧❡❛✉ ❞✬❆◆❖❱❆ , ✉♥ ❢❛❝0❡✉1

❙♦✉'❝❡ ❞❡ ❞❞❧ ❙♦♠♠❡ ❞❡- ❈❛''0- ♠♦②❡♥- ❙3❛3✐-3✐5✉❡ ❞❡

✈❛'✐❛3✐♦♥ ❝❛''é- ❋✐-❤❡'

❋❛❝3❡✉' k − 1 n

k
∑

i=1

(xi. − x..)
2 CMF =

SCF

k − 1
F =

CMF

CME

❊''❡✉' k(n− 1)
k

∑

i=1

n
∑

j=1

(xij − x..)
2 CME =

SCE

k(n− 1)

n ❡✛❡❝#✐❢ ❞❡ ❝❤❛)✉❡ ♥✐✈❡❛✉ ✐

xi ♠♦②❡♥♥❡ ♦❜1❡2✈3❡ ♣♦✉2 ❧❡ ♥✐✈❡❛✉ ✐

❖♥ '❡❥❡33❡ H0 ❛✉ '✐-5✉❡ α -✐ ❧❛ -3❛3✐-3✐5✉❡

F =
SCF/(k − 1)

SCE/(k(n− 1))
=

CMF

CME
✭✶✳✼✮

❡-3 -✉♣0'✐❡✉'❡ ❛✉ ❢'❛❝3✐❧❡ F1−α(k − 1,k(n− 1))✳

❙♦✉- ❧✬❤②♣♦3❤B-❡ H1✱ ❧❛ -3❛3✐-3✐5✉❡ ❞❡ ❋ -✉✐3 ✉♥❡ ❧♦✐ ❞❡ ❋✐-❤❡'✲❙♥❡❞❡❝♦' ♥♦♥ ❝❡♥3'0❡ E ❦ ✲ ✶ ❡3

❦✭♥ ✲ ✶✮ ❞❡❣'0- ❞❡ ❧✐❜❡'30 ❡3 ❞❡ ♣❛'❛♠B3'❡ ❞❡ ♥♦♥✲❝❡♥3'❛❧✐30 λ ❞0✜♥✐ ♣❛' ✿

λ = n

k
∑

i=1

(αi

σ

)2
= n

k
∑

i=1

(

(µi − µ)

σ

)2

= nk
σ2

m

σ2
= nkf2

✭✶✳✽✮

❖L✱

σm =

√

√

√

√

1

k

k
∑

i=1

(µi − µ)2, µ =
1

k

k
∑

i=1

µi ✭✶✳✾✮

❆✐♥-✐ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐--❛♥❝❡ ❞✉ 3❡-3 ❋ ❡♥ ❢♦♥❝3✐♦♥ ❞❡ λ ♣♦✉' ✉♥ '✐-5✉❡ α ✿

Puissance = 1− β = Prob(F (k − 1,k(n− 1),λ) ≥ F1−α(k − 1,k(n− 1)) ✭✶✳✶✵✮

▲❡ ♣❛'❛♠B3'❡ ❞❡ ♥♦♥✲❝❡♥3'❛❧✐30 ❡-3 ✉♥❡ ❢♦♥❝3✐♦♥ ❞❡ ❧❛ 3❛✐❧❧❡ ❞❡ ❧✬❡✛❡3 -3❛♥❞❛'❞✐-0❡ ❢ ✭-3❛♥❞❛'❞✐③❡❞

❡✛❡❝3 -✐③❡ ❈♦❤❡♥ ✭✶✾✽✽✮✮ 5✉✐ ❝♦''❡-♣♦♥❞ ❛✉ '❛♣♣♦'3 f =
σm

σ
✳

▲❛ ✈❛'✐❛♥❝❡ ❞❡ ❧❛ ♣♦♣✉❧❛3✐♦♥ σ2
❡-3 ❡-3✐♠0❡ ♣❛' ❧❡ ❝❛''0 ♠♦②❡♥ ❞❡ ❧✬❡''❡✉' ❈▼❊ ✭▼❙❊ ▼❡❛♥

-5✉❛'❡ ♦❢ ❊''♦'✮✳

▲❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜'❡ ❞❡ -✉❥❡3- ❡-3 ✉♥ ♣'♦❝❡--✉- ✐30'❛3✐❢✳ ❖♥ ❛33'✐❜✉❡ ✉♥❡ ✈❛❧❡✉' ✐♥✐3✐❛❧❡ E ♥✱ ❡♥-✉✐3❡

♦♥ ❛✉❣♠❡♥3❡ ❝❡ ♥♦♠❜'❡ ♥✱ ❥✉-5✉✬E ❛33❡✐♥❞'❡ ❧❛ ♣✉✐--❛♥❝❡ -3❛3✐-3✐5✉❡ ❞0-✐'0❡✳

✷✽



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

✷✳✷✳✸ ❆♥❛❧②7❡ ❞❡ ❧❛ ✈❛&✐❛♥❝❡ : ❞❡✉① ❢❛❝%❡✉&7

▲❡ ♠♦❞%❧❡ ❞✬❆◆❖❱❆ , ❞❡✉① ❢❛❝2❡✉34 53♦❞✉✐2 ❡2 ❙✉❥❡2 ❡42 ❧❡ ♠♦❞%❧❡ ❧❡ ♣❧✉4 4♦✉✈❡♥2 ✉2✐❧✐4< ❡♥

❛♥❛❧②4❡ 4❡♥4♦3✐❡❧❧❡✳ ▲♦34?✉❡ ❧❡4 ❞♦♥♥<❡4 ♥❡ ❝♦♠♣♦32❡♥2 ♣❛4 ❞❡ 3<♣<2✐2✐♦♥4✱ ❧❡ ♠♦❞%❧❡ ❞✬❆◆❖❱❆

❛✉ ♥✐✈❡❛✉ ❞✉ ❣3♦✉♣❡ ❡42 ❧❡ 4✉✐✈❛♥2 ✿

xij = µ + αi + βj + εij, βj ∼ N (0,σ2
β), εij ∼ N (0,σ2), i.i.d ✭✶✳✶✶✮

❖C µ 3❡♣3<4❡♥2❡ ❧✬❡✛❡2 ♠♦②❡♥ ❣❧♦❜❛❧✱ αi ❝♦33❡4♣♦♥❞ , ❧✬❡✛❡2 ✜①❡ ♣3♦❞✉✐2✱ βj , ❧✬❡✛❡2 ❛❧<❛2♦✐3❡

4✉❥❡2 ❡2 εij , ❧✬❡33❡✉3 3<4✐❞✉❡❧❧❡ ✭❛❧<❛2♦✐3❡✮ ❞✉ ♠♦❞%❧❡✳ ▲❡4 ✈❛3✐❛❜❧❡4 ❛❧<❛2♦✐3❡4 4♦♥2 4✉♣♣♦4<❡4

I23❡ ✐♥❞<♣❡♥❞❛♥2❡4 ❞❡✉① , ❞❡✉① ❡2 ❞✐423✐❜✉<❡4 4❡❧♦♥ ✉♥❡ ❧♦✐ ◆♦3♠❛❧❡✱ ❝❤❛❝✉♥❡ ❛✈❡❝ 4❛ ✈❛3✐❛♥❝❡

4♣<❝✐✜?✉❡✳ ▲❡4 ❝❛❧❝✉❧4 ❞❡4 ❞❡❣3<4 ❞❡ ❧✐❜❡32<✱ ❞❡4 4♦♠♠❡4 ❞❡4 ❝❛33<4 ❛✐♥4✐ ?✉❡ ❧❡4 42❛2✐42✐?✉❡4 ❞❡

❋✐4❤❡3 4♦♥2 ❞♦♥♥<4 ❞❛♥4 ❧❡ 2❛❜❧❡❛✉ ✶✳✸ ✿

❚❛❜✳ ✶✳✸ ✕ ❚❛❜❧❡❛✉ ❞✬❆◆❖❱❆ , ❞❡✉① ❋❛❝0❡✉12 31♦❞✉✐0 ❡0 ❙✉❥❡0

❙♦✉#❝❡ ❞❡ ❞❞❧ ❙♦♠♠❡ ❞❡) ❈❛##é) ♠♦②❡♥) ❙.❛.✐).✐0✉❡ ❞❡

✈❛#✐❛.✐♦♥ ❝❛##é) ❋✐)❤❡#

4#♦❞✉✐. ❦ ✲ ✶ SCP = n

k∑

i=1

(xi. − x..)2 CMP =
SCP

k − 1
FP =

CMP

CME

❙✉❥❡. ♥ ✲ ✶ SCS = k

n∑

j=1

(x.j − x..)2 CMS =
SCS

n− 1
FS =

CMS

CME

❊##❡✉# ✭❦ ✲ ✶✮ ✭♥ ✲ ✶✮ SCE =

k∑

i=1

n∑

j=1

(xij − xi. − x.j + x..)2 CME =
SCE

(k − 1)(n− 1)

▲❡ ♣3✐♥❝✐♣❡ ❞✉ ❝❛❧❝✉❧ ❞❡ ♣✉✐44❛♥❝❡ ❡42 ❧❡ ♠I♠❡ ?✉❡ ❞❛♥4 ❧❡ ❝❛4 ❞❡ ❧✬❆◆❖❱❆ , ✉♥ ❢❛❝2❡✉3

❛✈❡❝ ♣♦✉3 ❞✐✛<3❡♥❝❡✱ ❧❡ ♥♦♠❜3❡ ❞❡ ❞❡❣3<4 ❞❡ ❧✐❜❡32<4 ♣♦✉3 ❧❡ 2❡3♠❡ ❞✬❡33❡✉3✳

❙♦✉4 ❧✬❤②♣♦2❤%4❡ ♥✉❧❧❡ H0✱ ❧❛ 42❛2✐42✐?✉❡ ❞❡ ❧✬❡✛❡2 ♣3♦❞✉✐2 Fp 4✉✐2 ✉♥❡ ❧♦✐ ❞❡ ❋✐4❤❡3 ❝❡♥23<❡ ,

✭❦ ✲ ✶✱✭❦ ✲ ✶✮✭♥ ✲ ✶✮✮ ❞❡❣3<4 ❞❡ ❧✐❜❡32<✳ ❙♦✉4 ❧✬❤②♣♦2❤%4❡ H1✱ ❧❛ 42❛2✐42✐?✉❡ ❞❡ ❧✬❡✛❡2 ♣3♦❞✉✐2 4✉✐2

✉♥❡ ❧♦✐ ❞❡ ❋✐4❤❡3 ♥♦♥ ❝❡♥23<❡ , ✭❦✲✶✮ ❡2 ✭❦ ✲ ✶✮✭♥ ✲ ✶✮ ❞❡❣3<4 ❞❡ ❧✐❜❡32<✱ ❞❡ ♣❛3❛♠%23❡ ❞❡ ♥♦♥

❝❡♥23❛❧✐2< λ = n k f2
✱ ♦C ❢ ❡42 ❧❛ 2❛✐❧❧❡ ❞❡ ❧✬❡✛❡2✳

❆✐♥4✐ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐44❛♥❝❡ ❞✉ 2❡42 ❋ ❡♥ ❢♦♥❝2✐♦♥ ❞❡ λ ♣♦✉3 ✉♥ 3✐4?✉❡ α ✿

Puissance = 1− β = Prob(F (k − 1,(k − 1)(n− 1),λ) ≥ F1−α(k − 1,(k − 1)(n− 1))) ✭✶✳✶✷✮

✷✾



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

✷✳✸ ❚❛✐❧❧❡ ❞❡ ❧✬❡✛❡+ ✿ ▼❡.✉0❡ ❡+ ✈❛0✐❛+✐♦♥

●!♥!#❛❧❡♠❡♥( ♥♦✉+ ❝♦♥+✐❞!#♦♥+ /✉✬✉♥❡ ♣✉✐++❛♥❝❡ ❞❡ 0.8 ❡+( +❛(✐+❢❛✐+❛♥(❡❀ ❞❛♥+ ❝❡#(❛✐♥+ ❝❛+

♥♦✉+ ✈✐+♦♥+ ♠5♠❡ ✉♥❡ ♣✉✐++❛♥❝❡ ❞❡ 0.9✳ ◆♦✉+ ♣♦✉✈♦♥+ ✉(✐❧✐+❡# ❧❛ ❢♦#♠✉❧❡ ✭✶✳✶✷✮ ♣♦✉# ❞!(❡#♠✐♥❡#

❧❡ ♥♦♠❜#❡ ❞✬♦❜+❡#✈❛(✐♦♥+ ♥!❝❡++❛✐#❡+ ♣♦✉# ✉♥❡ ♣✉✐++❛♥❝❡ ✜①!❡✳

■❧ ❢❛✉( ♥!❛♥♠♦✐♥+ ❛✈♦✐# ✉♥❡ ✐❞!❡ ❞❡ ❧❛ ✈❛❧❡✉# ♠✐♥✐♠❛❧❡ /✉❡ ♣❡✉( ♣#❡♥❞#❡ ❧❛ +♦♠♠❡

∑k
i=1 α2

i

❡( ❧❛ ✈❛❧❡✉# /✉❡ ♣❡✉( ❛✈♦✐# σ2
✳ ❈❡+ ✈❛❧❡✉#+ ❞♦✐✈❡♥( 5(#❡ ❞!(❡#♠✐♥!❡+ ♣❛# ✉♥ ❡①♣❡#( ❞✉ ❞♦♠❛✐♥❡

❝♦♥+✐❞!#! ✭♣❛# ❡①❡♠♣❧❡ ❧❡ ♣❛♥❡❧ ❧❡❛❞❡#✮✳

❉❛♥+ ❝❡ (②♣❡ ❞✬!(✉❞❡ ♣#♦+♣❡❝(✐✈❡✱ ❧❛ +✐(✉❛(✐♦♥ ❡+( ❝♦♠♣❧❡①❡ ♣❛# ❧❡ ❢❛✐( /✉✬✐❧ ❡+( ❞✐✣❝✐❧❡ ❞✬!✈❛❧✉❡#

❧❡ (❡#♠❡

∑k
i=1 α2

i ✳

❙❡❧♦♥ ❈♦❤❡♥ ✭✶✾✽✽✮✱ ♦♥ ♣❡✉( ♦❜+❡#✈❡# (#♦✐+ (②♣❡+ ❞❡ ❞✐+♣❡#+✐♦♥ ❞❡+ ❦ ♠♦②❡♥♥❡+ µi +✉# ❧✬✐♥(❡#✈❛❧❧❡

❞!✜♥✐ ♣❛# ❬µmin✱ µmax❪ ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧✬✐♥(❡#✈❛❧❧❡ ❞❡+ ♠♦②❡♥♥❡+ +(❛♥❞❛#❞✐+!❡+ δ✱ (❡❧ /✉❡ δ =
µmax − µmin

σ
=

d

σ
✿

• ❞✐+♣❡#+✐♦♥ ♠✐♥✐♠❛❧❡ ✭♠✐♥✐♠✉♠ ✈❛#✐❛❜✐❧✐(②✮ ✿ ❞❡✉① ♠♦②❡♥♥❡+ ❡①(#5♠❡+ ❡( ❧❡+ ❛✉(#❡+

♠♦②❡♥♥❡+ +♦♥( +✐(✉!❡+ ❛✉ ♠✐❧✐❡✉ ❞❡ ❧✬✐♥(❡#✈❛❧❧❡ ❞!✜♥✐ ♣❛# ❧❡+ ❞❡✉① ♠♦②❡♥♥❡+ ❡①(#5♠❡+

• ❞✐+♣❡#+✐♦♥ ♠♦②❡♥♥❡ ✭♠❡❞✐✉♠ ✈❛#✐❛❜✐❧✐(②✮ ✿ ❧❡+ ♠♦②❡♥♥❡+ +♦♥( !/✉✐#!♣❛#(✐❡+ +✉# ❧✬✐♥(❡#✈❛❧❧❡

❞!✜♥✐ ♣❛# ❧❡+ ❞❡✉① ♠♦②❡♥♥❡+ ❡①(#5♠❡+

• ❞✐+♣❡#+✐♦♥ ♠❛①✐♠❛❧❡ ✭♠❛①✐♠✉♠ ✈❛#✐❛❜✐❧✐(②✮ ✿ (♦✉(❡+ ❧❡+ ♠♦②❡♥♥❡+ +♦♥( +✐(✉!❡+ +✉# ❧❡+ ❡①✲

(#5♠❡+ ❞❡ ❧✬✐♥(❡#✈❛❧❧❡ N ♣#♦♣♦#(✐♦♥+ !❣❛❧❡+✳

❆✐♥+✐✱ ❞❛♥+ ❧❡ ❝❛+ ❞❡ ❧❛ ♣#❡♠✐Q#❡ ❝♦♥✜❣✉#❛(✐♦♥✱ ♥♦✉+ ❛✈♦♥+ ❞❡✉① ♠♦②❡♥♥❡+ µi ❡( µj ✭i 6= j✮ /✉✐

+♦♥( !❧♦✐❣♥!+ ❞❡ d ❡( ❧❡+ ❛✉(#❡+ ♠♦②❡♥♥❡+ +♦♥( !❣❛❧❡+ N ❧❛ ♠♦②❡♥♥❡ µ ❞❡+ ❞❡✉① µi ❡( µj ✳ ❚♦✉+ ❧❡+

❡✛❡(+ +♦♥( ❞♦♥❝ ♥✉❧+ +❛✉❢ ❞❡✉①✱ αi ❡( αj ✱ ♣♦✉# ❧❡+/✉❡❧+ ✐❧ ❡①✐+(❡ ✉♥ !❝❛#( ❡♥ ✈❛❧❡✉# ❛❜+♦❧✉❡ !❣❛❧

N d✳ ❆✐♥+✐✱ ♥♦✉+ ❛✈♦♥+ |αi| = |αj | =
d

2
✳

◆♦✉+ ♦❜(❡♥♦♥+ ❛❧♦#+ ✿

f =
σm

σ
= δ

√

1

2k
✭✶✳✶✸✮

❆✐♥+✐ ✿

λ = n
k

∑

i=1

(αi

σ

)2
= nkf2 = nk

σ2
m

σ2
= n

δ2

2
✭✶✳✶✹✮

❉❛♥+ ❧❛ +❡❝♦♥❞❡ ❝♦♥✜❣✉#❛(✐♦♥ ♦V ❧❡+ ♠♦②❡♥♥❡+ +♦♥( #!♣❛#(✐❡+ ✉♥✐❢♦#♠!♠❡♥( +✉# ❧✬✐♥(❡#✈❛❧❧❡ ❞!✜♥✐

♣❛# δ✱ ❧❛ (❛✐❧❧❡ ❞❡ ❧✬❡✛❡( ❡+( ❞!✜♥✐❡ ♣❛#✿

f =
σm

σ
=

δ

2

√

k + 1

3(k − 1)
✭✶✳✶✺✮

✸✵



❈❤❛♣✐%&❡ ✶✳ ❘❡✈✉❡ ❜✐❜❧✐♦❣&❛♣❤✐1✉❡

❆✐♥#✐✱ ❧❡ ♣❛)❛♠+,)❡ ❞❡ ♥♦♥✲❝❡♥,)❛❧✐,1 ❡#, 12✉✐✈❛✉, 5 ✿

λ = n
k

∑

i=1

(αi

σ

)2
= nkf2 = nk

σ2
m

σ2
= n

(

k(k + 1)

12(k − 1)

)

δ2
✭✶✳✶✻✮

▲❛ ,)♦✐#✐+♠❡ ❝♦♥✜❣✉)❛,✐♦♥ ❝♦))❡#♣♦♥❞ 5 ❝❡❧❧❡ ♦? ,♦✉,❡# ❧❡# ♠♦②❡♥♥❡# #♦♥, )1♣❛),✐❡# ❛✉① ❡①,)B♠❡#

❞❡ ❧✬✐♥,❡)✈❛❧❧❡ ❞1✜♥✐ ♣❛) δ✳ ❈♦❤❡♥ ✭✶✾✽✽✮ ❞1✜♥✐ ❞❡✉① ♠❡#✉)❡# ❞❡ ❧❛ ,❛✐❧❧❡ ❞❡ ❧✬❡✛❡, ❡♥ ❢♦♥❝,✐♦♥ ❞❡

❧❛ ♥❛,✉)❡ ❞❡ ❦✳

✕ ❙✐ ❦ ❡#, ♣❛✐) ✿ ♦♥ ❛✉)❛

k

2
♠♦②❡♥♥❡# )1♣❛),✐❡# #✉) ❝❤❛❝✉♥❡ ❞❡# ❜♦)♥❡# ❞❡ ❧✬✐♥,❡)✈❛❧❧❡ ❞1✜♥✐

♣❛) δ

✕ ❙✐ ❦ ❡#, ✐♠♣❛✐) ✿ ♦♥ ❛✉)❛

k + 1

2
#✐,✉1❡# 5 ✉♥❡ ❜♦)♥❡ ❞❡ ❧✬✐♥,❡)✈❛❧❧❡ ❞1✜♥✐ ♣❛) δ ❡,

k − 1

2
♠♦②❡♥♥❡# #✐,✉1❡ 5 ❧✬❛✉,)❡ ❜♦)♥❡ ❞❡ ❧✬✐♥,❡)✈❛❧❧❡✳

❆✐♥#✐✱ #✐ ❦ ❡#, ♣❛✐)✱ ❧❛ ,❛✐❧❧❡ ❞❡ ❧✬❡✛❡, ❡#, ❞1✜♥✐❡ ♣❛) ✿

f =
σm

σ
=

δ

2
✭✶✳✶✼✮

▲❡ ♣❛)❛♠+,)❡ ❞❡ ♥♦♥✲❝❡♥,)❛❧✐,1 ❡#, ❛❧♦)# ✿

λ = n
k

∑

i=1

(αi

σ

)2
= nkf2 = nk

σ2
m

σ2
= nk

δ2

4
✭✶✳✶✽✮

❙✐ ❦ ❡)* ✐♠♣❛✐.✱ ❧❛ *❛✐❧❧❡ ❞❡ ❧✬❡✛❡* ❡)* 45✉✐✈❛✉* 8 ✿

f =
σm

σ
= δ

√
k2 − 1

2k
✭✶✳✶✾✮

❆✐♥)✐✱ ❧❡ ♣❛.❛♠=*.❡ ❞❡ ♥♦♥✲❝❡♥*.❛❧✐*4 ❡)* 45✉✐✈❛✉* 8 ✿

λ = n
k

∑

i=1

(αi

σ

)2
= nkf2 = nk

σ2
m

σ2
= n

k2 − 1

4k
δ2

✭✶✳✷✵✮

❆♣.=) ❝❡**❡ )②♥*❤=)❡ ❜✐❜❧✐♦❣.❛♣❤✐5✉❡ )✉. ❧❡) *❡)*) )*❛*✐)*✐5✉❡)✱ ❧❛ ♥♦*✐♦♥ ❡* ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ *❛✐❧❧❡

❞❡ ❧✬❡✛❡*✱ ♥♦✉) ❛❜♦.❞♦♥) ❧❛ 5✉❡)*✐♦♥ ❞✉ ♥♦♠❜.❡ ❞❡ )✉❥❡*) ❞❛♥) ✉♥ ❞♦♠❛✐♥❡ ♣.♦❝❤❡ ❞❡ ❧✬❛♥❛❧②)❡

)❡♥)♦.✐❡❧❧❡ 8 )❛✈♦✐.✱ ❧❡) ❡))❛✐) ❝❧✐♥✐5✉❡)✳
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✷✳✹ #✉✐&&❛♥❝❡ ❡+ ♥♦♠❜/❡ ❞❡ &✉❥❡+& ❞❛♥& ❧❡& ❡&&❛✐& ❝❧✐♥✐3✉❡&

▲❡" ❡""❛✐" ❝❧✐♥✐(✉❡" ❝♦♥"+✐+✉❡♥+ ✉♥ ♣-.❛❧❛❜❧❡ ✐♥❞✐"♣❡♥"❛❜❧❡ ❡+ ♦❜❧✐❣❛+♦✐-❡ ❛✈❛♥+ ❧❛ ♠✐"❡ "✉-

❧❡ ♠❛-❝❤. ❞✬✉♥ ♠.❞✐❝❛♠❡♥+✳ ■❧" "❡ ❞.-♦✉❧❡♥+ ❡♥ ✹ ♣❤❛"❡"✳ ▲❛ ♣❤❛"❡ ■ ❡+ ■■ ♦♥+ ♣♦✉- ♦❜❥❡❝+✐❢

❧✬✐❞❡♥+✐✜❝❛+✐♦♥ ❞✉ ♣-♦✜❧ ❞❡ +♦❧.-❛♥❝❡ ❝❤❡③ ❞❡" "✉❥❡+" ✈♦❧♦♥+❛✐-❡" "❛✐♥" ❡+ ❧❡" ♣-✐♥❝✐♣❛✉① .❧.♠❡♥+"

❞❡ +♦❧.-❛♥❝❡ ❞❛♥" ❧❛ ♣♦♣✉❧❛+✐♦♥ ❝✐❜❧❡ ❞❡ ♣❛+✐❡♥+"✳ ❊♥"✉✐+❡✱ ▲❛ ♣❤❛"❡ ■■■ ❝♦♥"+✐+✉❡ ❧❛ ♣❤❛"❡ ❧❛ ♣❧✉"

✐♠♣♦-+❛♥+❡✱ ❡❧❧❡ ❝♦--❡"♣♦♥❞ @ ❧✬❡""❛✐ +❤.-❛♣❡✉+✐(✉❡ ♣-♦♣-❡♠❡♥+ ❞✐+✳ ❊❧❧❡ ❛ ♣♦✉- ♦❜❥❡❝+✐❢ ❧✬✐❞❡♥✲

+✐✜❝❛+✐♦♥ ❛""❡③ ✜♥❡ ❞❡ ❧❛ +♦❧.-❛♥❝❡ ❞❛♥" ❧❛ ♣♦♣✉❧❛+✐♦♥ ❝✐❜❧❡ ❞❡ ♠❛❧❛❞❡"✱ ❡+ ❧❛ ❝♦♠♣❛-❛✐"♦♥ ♣❛-

-❛♣♣♦-+ ❛✉① +-❛✐+❡♠❡♥+" ❞❡ -.❢.-❡♥❝❡✳ ❊♥✜♥✱ ❧❛ ♣❤❛"❡ ■❱ ♦✉ ♣❤❛"❡ ❞❡ ♣❤❛-♠❛❝♦✲✈✐❣✐❧❛♥❝❡ (✉✐

✐♥+❡-✈✐❡♥+ ♣♦✉- ✐❞❡♥+✐✜❡- ❧❡" ❡✛❡+" ✐♥❞."✐-❛❜❧❡" ❡+ -❛-❡" ♥♦♥ ❞.+❡❝+." ♣❛-♠✐ ❧❡" ♣❛+✐❡♥+" ❞❡ ❧✬❡""❛✐✳

▲❛ ❞.+❡-♠✐♥❛+✐♦♥ ❞✉ ♥♦♠❜-❡ ❞❡ "✉❥❡+" ♥.❝❡""❛✐-❡ ♣♦✉- ♠❡++-❡ ❡♥ .✈✐❞❡♥❝❡ ❧✬❡✣❝❛❝✐+. ❞✬✉♥ +-❛✐✲

+❡♠❡♥+ ✐♥+❡-✈✐❡♥+ ❧♦-" ❞❡ ❧❛ ♣❤❛"❡ ■■■✳ ▲❛ ♣✉✐""❛♥❝❡ ❞.♣❡♥❞ ❞✉ ♥♦♠❜-❡ ❞❡ "✉❥❡+" ✐♥❝❧✉" ❞❛♥"

❧✬.+✉❞❡✳ ❯♥ ❡""❛✐ ♣❡✉ ♣✉✐""❛♥+ ♥✬❛ ❣.♥.-❛❧❡♠❡♥+ ♣❛" ❞✬✐♥+.-F+ ❝❛- ✐❧ ❛ ♣❡✉ ❞❡ ❝❤❛♥❝❡ ❞❡ ♠❡++-❡ ❡♥

.✈✐❞❡♥❝❡ ❧✬❡✛❡+ ❞✉ +-❛✐+❡♠❡♥+✳ ■❧ -❡♣-."❡♥+❡ ❞♦♥❝ ✉♥ ✐♥✈❡"+✐""❡♠❡♥+ ♥♦♥ -❡♥+❛❜❧❡✳ ❆✜♥ ❞❡ ♥❡ ♣❛"

-.❛❧✐"❡- ❞❡" ❡""❛✐" "❛♥" ✐♥+.-F+✱ ✐❧ ❝♦♥✈✐❡♥+ ❞❡ ❧❡✉- ❛""✉-❡- ✉♥❡ ♣✉✐""❛♥❝❡ "+❛+✐"+✐(✉❡ "✉✣"❛♥+❡✳

❖♥ -❡+-♦✉✈❡ ❧❡" ♠F♠❡" ❝♦♥"✐❞.-❛+✐♦♥" ♣♦✉- ❧❛ ❞.+❡-♠✐♥❛+✐♦♥ ❞✉ ♥♦♠❜-❡ ❞❡ "✉❥❡+" (✉✬❡♥ ❛♥❛❧②"❡

"❡♥"♦-✐❡❧❧❡✳ ▲❡ ♥♦♠❜-❡ ❞❡ "✉❥❡+" ❞.♣❡♥❞ ❞❡ ❧✬♦❜❥❡❝+✐❢ ♣-✐♥❝✐♣❛❧ ❞❡ ❧✬.+✉❞❡✱ ❞✉ +❡"+ "+❛+✐"+✐(✉❡ ✉+✐✲

❧✐".✱ ❞❡ ❧❛ +❛✐❧❧❡ ❞❡ ❧✬❡✛❡+ @ ♠❡++-❡ ❡♥ .✈✐❞❡♥❝❡✱ ❞❡ ❧✬❡--❡✉- ❞❡ +②♣❡ ■ ❡+ ❞❡ ❧✬❡--❡✉- ❞❡ +②♣❡ ■■✳

▲❛ +❛✐❧❧❡ ❞❡ ❧✬❡✛❡+ ❞✉ +-❛✐+❡♠❡♥+ ❡"+ "♦✉✈❡♥+ ❞✐✣❝✐❧❡ @ ❞.+❡-♠✐♥❡-✳ ❈❡++❡ ❣-❛♥❞❡✉- ❡"+ ❣.♥.-❛❧❡✲

♠❡♥+ ❡"+✐♠.❡ @ ♣❛-+✐- ❞✬✉♥❡ ♠.+❛✲❛♥❛❧②"❡ ❞❡" ❞♦♥♥.❡" ❞❡ +-❛✐+❡♠❡♥+" "✐♠✐❧❛✐-❡" @ ❝❡❧✉✐ (✉✐ ❢❛✐+

❧✬♦❜❥❡+ ❞❡ ❧✬❡""❛✐✳ K❧✉" ❧❛ ♠❛❣♥✐+✉❞❡ ❞❡ ❧✬❡✛❡+ @ ❞.+❡❝+❡- ❡"+ ❢❛✐❜❧❡✱ ♣❧✉" ❧❡ ♥♦♠❜-❡ ❞❡ "✉❥❡+" @

✐♥❝❧✉-❡ "❡-❛ ✐♠♣♦-+❛♥+✳ ▲❛ ♥♦-♠❡ ■❈❍ ✭▲❡✇✐"✱ ✶✾✾✾✮ ❡①✐❣❡ ❧❛ ❞.+❡-♠✐♥❛+✐♦♥ ❞✉ ♥♦♠❜-❡ ❞❡ "✉❥❡+"

@ ♣-✐♦-✐✳ ❈❡ ♥♦♠❜-❡ ❞♦✐+ ✜❣✉-❡- ❞❛♥" ❧❡ ♣-♦+♦❝♦❧❡ ❞❡ ❧✬.+✉❞❡ ❡♥ ♠F♠❡ +❡♠♣" (✉❡ ❧❡" ❡"+✐♠❛+✐♦♥"

❞❡" ❞✐✛.-❡♥+" ♣❛-❛♠R+-❡" ✉+✐❧✐"." ♣♦✉- "♦♥ ❝❛❧❝✉❧✳

■❧ ❡①✐"+❡ +-♦✐" +②♣❡" ❞✬❡""❛✐" ❝❧✐♥✐(✉❡" ✿ ❧❡" +❡"+" ❞❡ "✉♣.-✐♦-✐+.✱ ❧❡" +❡"+" ❞✬.(✉✐✈❛❧❡♥❝❡ ❡+ ❧❡"

+❡"+" ❞❡ ♥♦♥✲✐♥❢.-✐♦-✐+.✳ ❈❡" +-♦✐" +②♣❡" ❞❡ +❡"+" "♦♥+ -❡❣-♦✉♣." "♦✉" ❧❡ ♥♦♠ ❣.♥.-❛❧ ❞❡ +❡"+"

❞✬.(✉✐✈❛❧❡♥❝❡✳

❉❛♥" ❧❛ ♣-❡♠✐R-❡ ❝❛+.❣♦-✐❡✱ ♦♥ ❝❤❡-❝❤❡ @ ♠❡++-❡ ❡♥ .✈✐❞❡♥❝❡ ✉♥ ❡✛❡+ +-❛✐+❡♠❡♥+" ♣❛- -❛♣♣♦-+ @

✉♥ ♣❧❛❝❡❜♦✳ ▲✬❡""❛✐ ❞❡ "✉♣.-✐♦-✐+. ❡①✐❣❡ ❧❛ ❞.✜♥✐+✐♦♥ ❞✬✉♥❡ ❞✐✛.-❡♥❝❡ ♠✐♥✐♠❛❧❡ ❞✬❡✣❝❛❝✐+. ✧❞✧

(✉❡ ❧✬♦♥ ✈❡✉+ ♠❡++-❡ ❡♥ .✈✐❞❡♥❝❡ ❛✈❡❝ ✉♥❡ ♣✉✐""❛♥❝❡ "✉✣"❛♥+❡✳

❉❛♥" ❧❛ "❡❝♦♥❞❡ ❝❛+.❣♦-✐❡✱ ♦♥ ❝❤❡-❝❤❡ @ ♠♦♥+-❡- "✐ ❞❡✉① +-❛✐+❡♠❡♥+ "♦♥+ +❤.-❛♣❡✉+✐(✉❡♠❡♥+

.(✉✐✈❛❧❡♥+"✳ ❈❡" ❡""❛✐" ❞✬.(✉✐✈❛❧❡♥❝❡ ❡①✐❣❡♥+ ❧❛ ❞.✜♥✐+✐♦♥ ❞✬✉♥❡ ♠❛-❣❡ ❞✬.(✉✐✈❛❧❡♥❝❡ @ ♣❛-+✐-

❞✬✉♥❡ ❣-❛♥❞❡✉- ✧❞✧ (✉✐ ❝♦--❡"♣♦♥❞ @ ❧❛ ♣❧✉" ❣-❛♥❞❡ ♣❡-+❡ ❞✬❡✣❝❛❝✐+. (✉❡ ❧✬♦♥ ♣❡✉+ +♦❧.-❡- ♣♦✉-

❝♦♥❝❧✉-❡ (✉❡ ❧✬✉♥ ❞❡" +-❛✐+❡♠❡♥+" ♥✬❡"+ ♣❛" ✐♥❢.-✐❡✉- @ ❧✬❛✉+-❡✳

❉❛♥" ❧❛ +-♦✐"✐R♠❡ ❝❛+.❣♦-✐❡✱ ♦♥ ❝❤❡-❝❤❡ @ ♠♦♥+-❡- (✉✬✉♥ +-❛✐+❡♠❡♥+ ♥✬❡"+ ♣❛" ♣❧✉" ♠❛✉✈❛✐" (✉✬✉♥

❛✉+-❡ +-❛✐+❡♠❡♥+ ❞❡ ❧❛ ♠F♠❡ ❢❛♠✐❧❧❡✳ ❖♥ ✈❡✉+ ♠♦♥+-❡- ❞❛♥" ❝❡" ❡""❛✐" ❞❡ ♥♦♥✲✐♥❢.-✐♦-✐+. (✉❡
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❧❡" ❞❡✉① &'❛✐&❡♠❡♥&" "♦♥& ❝♦♠♣❛'❛❜❧❡"✱ ♠❛✐" ♦♥ ❛❝❝❡♣&❡ 1✉❡ ❧❡ &'❛✐&❡♠❡♥& "♦✐& ✉♥ ♣❡✉ ♠♦✐♥"

✧❡✣❝❛❝❡✧ 1✉❡ ❧❛ '4❢4'❡♥❝❡✳

▲❡" &❡"&" ❞❡ ♥♦♥ ✐♥❢4'✐♦'✐&4 ❡& ❞✬41✉✐✈❛❧❡♥❝❡ "♦♥& ♠✐" ❡♥ ♣❧❛❝❡ ❧♦'"1✉✬✐❧ ❡①✐"&❡ ❞4❥; ✉♥ &'❛✐&❡♠❡♥&

❝♦♠♣❛'❛&❡✉' ❛②❛♥& ❢❛✐& ❧❛ ♣'❡✉✈❡ ❞❡ "♦♥ ❡✣❝❛❝✐&4 ❝♦♥&'❡ ✉♥ ♣❧❛❝❡❜♦ ♦✉ ❜✐❡♥ ❧♦'"1✉❡ ❧✬✐♥♥♦✈❛&✐♦♥

♥✬❡"& ♣❛" "✉♣4'✐❡✉'❡ ❡♥ ❡✣❝❛❝✐&4✱ ♠❛✐" ❛♣♣♦'&❡ ❞✬❛✉&'❡" ❛✈❛♥&❛❣❡" ❡♥ &❡'♠❡" ❞❡ &♦❧4'❛♥❝❡ ❛✉

♠4❞✐❝❛♠❡♥&✱ ❞❡ ❝♦>& ♦✉ ❞❡ ❢❛❝✐❧✐&4 ❞✬✉&✐❧✐"❛&✐♦♥✳

▲❡" &'♦✐" &②♣❡" ❞✬❡""❛✐" "❡ ❜❛"❡♥& "✉' ❧❡ &❡"& "&❛&✐"&✐1✉❡ ❞❡ ❙&✉❞❡♥& ❞❡ ❝♦♠♣❛'❛✐"♦♥ ❞❡ ❞❡✉①

♠♦②❡♥♥❡"✳ ▲❡ &❡"& ♣❡✉& @&'❡ ❜✐❧❛&4'❛❧ ♦✉ ✉♥✐❧❛&4'❛❧ "❡❧♦♥ ❧❡" &'♦✐" ❞✐✛4'❡♥&" &②♣❡" ❞✬❡""❛✐"✳ ❊♥

♦✉&'❡✱ ♣♦✉' ❝❤❛1✉❡ &❡"&✱ ❧❛ &❛✐❧❧❡ ❞❡ ❧❛ ❞✐✛4'❡♥❝❡ 1✉❡ ❧✬♦♥ ❞4"✐'❡ ♠❡&&'❡ ❡♥ 4✈✐❞❡♥❝❡ ❞♦✐& @&'❡

❞4✜♥✐❡ ♣❛' ❧❡" ❝❧✐♥✐❝✐❡♥" ✭❇♦✉✈❡♥♦& ❛♥❞ ❱✐❧❧❛♥✐✱ ✷✵✵✵✮✳

✷✳✺ ❙②♥&❤()❡

▲❡" ❡""❛✐" ❝❧✐♥✐1✉❡" "♦♥& "♦✉✈❡♥& '4❛❧✐"4" ❞❛♥" ❧❡ ❜✉& ❞❡ ❝♦♠♣❛'❡' ❞❡✉① ❣'♦✉♣❡" ❞❡ "✉❥❡&" ✿

✉♥ ❣'♦✉♣❡ &'❛✐&❡♠❡♥& ❡& ✉♥ ❣'♦✉♣❡ ❝♦♥&'L❧❡✳ ▲❛ ♥♦&✐♦♥ ❞❡ ❧❛ &❛✐❧❧❡ ❞❡ ❧✬❡✛❡& &'❛✐&❡♠❡♥& ❡"& ♣❧✉"

❢❛❝✐❧❡ ; "❛✐"✐' ❝❛' ❡❧❧❡ ❞4✜♥✐& ✉♥❡ ❞✐✛4'❡♥❝❡ ❡♥&'❡ ❧❡" ♠♦②❡♥♥❡" ❞❡ ❞❡✉① ❣'♦✉♣❡"✳ ❈❡&&❡ &❛✐❧❧❡ ❞❡

❧✬❡✛❡& ❡"& ❡"&✐♠4❡ ; ♣❛'&✐' ❞❡ ❧✬❤✐"&♦'✐1✉❡ ❞❡" ❞✐✛4'❡♥&" ❡""❛✐" '4❛❧✐"4" "✉' ❝❡ ♠@♠❡ &'❛✐&❡♠❡♥& ♦✉

❜✐❡♥ ❞❡ ❧✬❤✐"&♦'✐1✉❡ ❞❡" ❡""❛✐" "✉' ❞❡" &'❛✐&❡♠❡♥&" "✐♠✐❧❛✐'❡"✳

▲❡" &❡"&" ❞✬41✉✐✈❛❧❡♥❝❡ "♦♥& "♦✉✈❡♥& ❛♣♣❡❧4" ✧&❡"&" ❞❡ "✐♠✐❧✐&✉❞❡✧ ✭❆❋◆❖❘✱ ✷✵✵✾✮ ❡♥ ❛♥❛❧②"❡

"❡♥"♦'✐❡❧❧❡✳ ■❧" ♦♥& ♣♦✉' ♦❜❥❡❝&✐❢ ❞❡ ❞4♠♦♥&'❡' "✐ ❞❡✉① ♣'♦❞✉✐&" "♦♥& "✉✣"❛♠♠❡♥& ♣'♦❝❤❡" ❧✬✉♥

❞❡ ❧✬❛✉&'❡ ♣♦✉' @&'❡ "✉❜"&✐&✉❛❜❧❡ ❧✬✉♥ ; ❧✬❛✉&'❡✳

U❛' ❛✐❧❧❡✉'"✱ ♣♦✉' ❞4❝❧❛'❡' 1✉❡ ❞❡✉① ♣'♦❞✉✐&" "♦♥& 41✉✐✈❛❧❡♥&"✱ ✉♥❡ ♠❛'❣❡ ❞✬41✉✐✈❛❧❡♥❝❡ ✧❞✧ ❡"&

; ❞4✜♥✐' ; ♣'✐♦'✐ ♣❛' ❧❡" ❝♦♠♠❛♥❞✐&❛✐'❡" ❞❡ ❧✬4&✉❞❡✳ ▲❡ ♥♦♠❜'❡ ❞❡ "✉❥❡&" ❡"& ❝❛❧❝✉❧4 ❡♥ "❡ ❜❛"❛♥&

"✉' ❧❡ &❡"& ❞❡ ❝♦♠♣❛'❛✐"♦♥ ❞❡ ❞❡✉① ♠♦②❡♥♥❡" ❛✈❡❝ ❧❡" ❤②♣♦&❤V"❡" ❛♣♣'♦♣'✐4❡"✳

❈❡&&❡ "②♥&❤V"❡ ❜✐❜❧✐♦❣'❛♣❤✐1✉❡ "✉' ❧❡" ❡""❛✐" ❝❧✐♥✐1✉❡"✱ ♥♦✉" ❛ ♣❡'♠✐" ❞❡ ✈♦✐' ❝❡ 1✉✐ "❡ ❢❛✐&

❛✉&♦✉' ❞✉ ♥♦♠❜'❡ ❞❡ "✉❥❡&" ❡& ❞❡" &❡"&" ❞❡ ❝♦♠♣❛'❛✐"♦♥ ❞❡ ♠♦②❡♥♥❡"✳ ■❧ ❡①✐"&❡ ❞❡ ♥♦♠❜'❡✉"❡"

'4❢4'❡♥❝❡" ❛✉&♦✉' ❞❡" ❡""❛✐" ❞✬41✉✐✈❛❧❡♥❝❡ 1✉✐ ♣♦✉''❛✐❡♥& @&'❡ ❡①♣❧♦✐&4❡" ♣♦✉' ❧❡" &❡"&" ❞❡ "✐♠✐✲

❧✐&✉❞❡ ❡♥ ❛♥❛❧②"❡ "❡♥"♦'✐❡❧❧❡✳ ❈❡♣❡♥❞❛♥&✱ ♥♦✉" ♥✬❛✈♦♥" ♣❛" &'♦✉✈4 ❞❡" '4❢4'❡♥❝❡" ❝♦♥❝❡'♥❛♥& ❧❛

❝♦♠♣❛'❛✐"♦♥ ❞❡ ♣❧✉"✐❡✉'" ❣'♦✉♣❡" ❞❡ ♠♦②❡♥♥❡" 1✉✐ ❢♦♥& "♦✉✈❡♥& ❧✬♦❜❥❡& ❞❡" 4&✉❞❡" ❤4❞♦♥✐1✉❡" ❡&

❞❡" 4&✉❞❡" ❞❡"❝'✐♣&✐✈❡"✳ ❊♥ ❡✛❡&✱ ❝❡" &❡"&" ❝♦♥"✐"&❡♥& ❣4♥4'❛❧❡♠❡♥& ; ❝♦♠♣❛'❡' ♣❧✉"✐❡✉'" ♣'♦❞✉✐&"

✭❦ ≥ ✷✮✳ ▲❛ ❣'❛♥❞❡✉' ❞❡ ❧✬❡✛❡& ❡"& ❞♦♥❝ ❝♦♠♣❧❡①❡ ; ❞4✜♥✐' ♣♦✉' ❝❡" ❞❡✉① &②♣❡" ❞✬4&✉❞❡"✳ ▲❡"

❛♥❛❧②"&❡" "❡♥"♦'✐❡❧" ♥❡ ♣❡✉✈❡♥& ❞♦♥❝ ♣❛" &♦✉❥♦✉'" ♣'4❞✐'❡ ❧❛ ♣♦"✐&✐♦♥ ❞✉ ♣'♦❞✉✐& ❝✐❜❧❡ ♣❛' '❛♣♣♦'&

❛✉① ❛✉&'❡" ♣'♦❞✉✐&" ❝♦♠♣❛'4"✳ ❉❡" "✉❣❣❡"&✐♦♥" "❡'♦♥& ♣'♦♣♦"4❡" ♣♦✉' '4♣♦♥❞'❡ ; ❝❡&&❡ 1✉❡"&✐♦♥

❞❛♥" ❧❡" ❝❤❛♣✐&'❡" "✉✐✈❛♥&"✳
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Chapitre2

◗✉❡#$✐♦♥# ❞❡ )❡❝❤❡)❝❤❡ ❡$ ♣)-#❡♥$❛$✐♦♥ ❞❡ ❧❛

❞-♠❛)❝❤❡

✶ ■❞❡♥%✐✜❝❛%✐♦♥ ❞❡+ ❛①❡+ ❡% -✉❡+%✐♦♥+ ❞❡ /❡❝❤❡/❝❤❡

▲❛ "♣$❝✐✜❝✐($ ❞❡ ❧✬❛♥❛❧②"❡ "❡♥"♦0✐❡❧❧❡ 0$"✐❞❡ ❞❛♥" ❧❡ ❢❛✐( 2✉❡ ❧✬✐♥"(0✉♠❡♥( ❞❡ ♠❡"✉0❡ ✉(✐❧✐"$ ❡"(

❧✬❤♦♠♠❡ ❞♦♥( ❧❡" ❛♣♣0$❝✐❛(✐♦♥" "♦♥( "✉❜❥❡❝(✐✈❡"✳ ❉❡ ♣❧✉"✱ ♥♦✉" "❛✈♦♥" 2✉❡ ♥♦✉" ♥❡ ♣❡0❝❡✈♦♥" ♣❛"

❧❡" "(✐♠✉❧✐ "❡♥"♦0✐❡❧" ❞❡ ❧❛ ♠<♠❡ ♠❛♥✐=0❡ ❡( ❛✈❡❝ ❧❛ ♠<♠❡ ✐♥(❡♥"✐($✳ ▲♦0"2✉✬♦♥ ✈❡✉( ❝♦♠♣❛0❡0

♣❧✉"✐❡✉0" ♣0♦❞✉✐("✱ ✐❧ ❢❛✉❞0❛✐( "♦❧❧✐❝✐(❡0 ✉♥ ♥♦♠❜0❡ "✉✣"❛♥( ❞❡ "✉❥❡("✱ ♣♦✉0 ♣♦✉✈♦✐0 ❡♥"✉✐(❡✱ ❛✉(❛♥(

2✉❡ ♣♦""✐❜❧❡✱ ❡①(0❛♣♦❧❡0 ❧❡" 0$"✉❧(❛(" @ ❧❛ ♣♦♣✉❧❛(✐♦♥ ❞❡" ✐♥❞✐✈✐❞✉" ❝♦♥❝❡0♥$"✳ ▲❛ ❞$(❡0♠✐♥❛(✐♦♥

❞✉ ♥♦♠❜0❡ ❞❡ "✉❥❡(" ♥$❝❡""❛✐0❡ ♣♦✉0 ❝♦♠♣❛0❡0 ♣❧✉"✐❡✉0" ♣0♦❞✉✐(" ❡"( ❞♦♥❝ ✉♥❡ $(❛♣❡ ✐♠♣♦0(❛♥(❡

❞❛♥" ❧❛ ♠✐"❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ (❡"( ❞✬❛♥❛❧②"❡ "❡♥"♦0✐❡❧❧❡✳

❉❛♥" ✉♥❡ $♣0❡✉✈❡ ❞✬❛♥❛❧②"❡ "❡♥"♦0✐❡❧❧❡✱ ❧❡ (❡"( ❝♦♥"✐"(❡ ❧❡ ♣❧✉" "♦✉✈❡♥( @ $(❛❜❧✐0 ❧✬❡①✐"(❡♥❝❡

♦✉ ♥♦♥ ❞❡ ❞✐✛$0❡♥❝❡" ❡♥(0❡ ♣❧✉"✐❡✉0" ♣0♦❞✉✐("✳ ❊♥ ♣0♦✜❧ "❡♥"♦0✐❡❧✱ ❝❡((❡ 2✉❡"(✐♦♥ "❡ (0❛❞✉✐( ♣❛0

❧✬❡①✐"(❡♥❝❡ ❞✬✉♥❡ ❞✐✛$0❡♥❝❡ ❡♥ (❡0♠❡" ❞✬✐♥(❡♥"✐($ ♣❡0C✉❡ ♣♦✉0 (♦✉( ♦✉ ✉♥❡ ♣❛0(✐❡ ❞❡" ❞❡"❝0✐♣(❡✉0"

❝♦♥"(✐(✉❛♥( ❧❡ ♣0♦✜❧✳ ❊♥ (❡"(" ❤$❞♦♥✐2✉❡" ♦✉ ❞✬❛❝❝❡♣(❛❜✐❧✐($✱ ♦♥ ❝❤❡0❝❤❡ @ $(❛❜❧✐0 ❧✬❡①✐"(❡♥❝❡ ❞✬✉♥❡

❞✐✛$0❡♥❝❡ ❡♥ (❡0♠❡" ❞✬❛♣♣0$❝✐❛(✐♦♥ ❞❡" ♣0♦❞✉✐(" (❡"($"✳

❆✐♥"✐✱ ✉♥ (❡"( "❡♥"♦0✐❡❧ ❡"( ❞✐( "✉✣"❛♠♠❡♥( ♣✉✐""❛♥( "✐ ❧❛ ♣0♦❜❛❜✐❧✐($ ❞✬$(❛❜❧✐0 ❧✬❡①✐"(❡♥❝❡ ❞✬✉♥❡

❞✐✛$0❡♥❝❡ ❡♥(0❡ ❧❡" ♣0♦❞✉✐(" ❡"( ❢♦0(❡ ✭❞✐✛$0❡♥❝❡ ❡♥ (❡0♠❡" ❞✬✐♥(❡♥"✐($ ♦✉ ❞✬❛♣♣0$❝✐❛(✐♦♥✮✳ ▲❛

♣✉✐""❛♥❝❡ ❡"( ❞♦♥❝ ❧❛ ♣0♦❜❛❜✐❧✐($ ❞❡ ♠❡((0❡ ❡♥ $✈✐❞❡♥❝❡ ❝❡((❡ ❞✐✛$0❡♥❝❡✱ "✐ ❡❧❧❡ ❡①✐"(❡✱ ❡♥(0❡ ❧❡"

♣0♦❞✉✐("✳

▲❛ ❧✐(($0❛(✉0❡ ✐♥❞✐2✉❡ ♣❧✉"✐❡✉0" 0❡❝♦♠♠❛♥❞❛(✐♦♥" 2✉❛♥( ❛✉ ♥♦♠❜0❡ ❞❡ "✉❥❡(" @ ❡♥0G❧❡0 ❞❛♥"

✉♥ ♣❛♥❡❧ ❤$❞♦♥✐2✉❡ ♦✉ ❞❡"❝0✐♣(✐❢ ❛""✉0❛♥( ✉♥❡ ♣✉✐""❛♥❝❡ ❞♦♥♥$❡✳ ❈❡" 0❡❝♦♠♠❛♥❞❛(✐♦♥" ❞✐✛=0❡♥(

❡( 0$"✉❧(❡♥( ♣❛0❢♦✐" ❞✬✉♥❡ "✐♠♣❧❡ ✐♥(✉✐(✐♦♥✳
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❈❤❛♣✐%&❡ ✷✳ ◗✉❡,%✐♦♥, ❞❡ &❡❝❤❡&❝❤❡ ❡% ♣&1,❡♥%❛%✐♦♥ ❞❡ ❧❛ ❞1♠❛&❝❤❡

▲❡" ❞❡✉① ❞&♠❛)❝❤❡" ✐♥❞✐.✉&❡" ♣♦✉) ❞&1❡)♠✐♥❡) ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1" "♦♥1 ✿ ✉♥❡ ❞&♠❛)❝❤❡ 1❤&♦)✐.✉❡

❝❧❛""✐.✉❡ ❡1 ✉♥❡ ❞&♠❛)❝❤❡ ♣❛) )&&❝❤❛♥1✐❧❧♦♥♥❛❣❡✳

▲❛ ❞&♠❛)❝❤❡ ❝❧❛""✐.✉❡ ❡"1 ✉♥❡ ❞&♠❛)❝❤❡ ♣)♦"♣❡❝1✐✈❡ .✉✐ ♣)♦♣♦"❡ ❞❡ ❝❛❧❝✉❧❡) ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1" 9

♣❛)1✐) ❞❡" ✈❛❧❡✉)" ✜①&❡" ❞❡ ❧✬❡))❡✉) ❞❡ 1②♣❡ ■ ✭α✮ ❡1 ❞❡ ❧✬❡))❡✉) ❞❡ 1②♣❡ ■■ ✭β✮✱ ❞✬✉♥❡ .✉❛♥1✐✜❝❛1✐♦♥

❞❡ ❧❛ ❞✐✛&)❡♥❝❡ 9 ♠❡11)❡ ❡♥ &✈✐❞❡♥❝❡ d ❡1 ❞✬✉♥❡ ❡"1✐♠❛1✐♦♥ ❞❡ ❧❛ ✈❛)✐❛❜✐❧✐1& σ✳

◆♦✉" ❛✈♦♥" ❛✐♥"✐ 1)♦✉✈& ❞❡" )&❢&)❡♥❝❡" ❞♦♥♥❛♥1 ✉♥❡ ❡"1✐♠❛1✐♦♥ ❞❡ ❧❛ ✈❛)✐❛❜✐❧✐1& ♣♦✉) ❧❡" 1❡"1"

❤&❞♦♥✐.✉❡" ✭●❛❝✉❧❛✱ ✶✾✾✸❀ ❍♦✉❣❤ ❡1 ❛❧✳✱ ✷✵✵✻❀ ▲❛✇❧❡"" ❛♥❞ ❍❡②♠❛♥♥✱ ✶✾✾✽✮✳ ▲❡" ❛✉1❡✉)" ❡"1✐♠❡♥1

❧❛ ✈❛)✐❛❜✐❧✐1& σ 9 0.23− 0.25 "✉) ✉♥❡ &❝❤❡❧❧❡ ✵✲✶✳ P♦✉) ❝❛❧❝✉❧❡) ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1"✱ ❍♦✉❣❤ ❡1 ❛❧✳

✭✷✵✵✻✮ ♦♥1 "✉♣♣♦"& ✉♥❡ ❞✐✛&)❡♥❝❡ 9 ♠❡11)❡ ❡♥ &✈✐❞❡♥❝❡ ❞❡ ❧✬♦)❞)❡ ❞❡ ✵✳✽ "✉) ✉♥❡ &❝❤❡❧❧❡ ❤&❞♦♥✐.✉❡

❡♥ ✾ ♣♦✐♥1"✳ ❈❡♣❡♥❞❛♥1✱ ❧❡" ❛✉1❡✉)" ♥✬♦♥1 ♣❛" ❞♦♥♥& ❞❡" ♣)&❝✐"✐♦♥" .✉❛♥1 9 ❧❛ ❢♦)♠✉❧❡ ✉1✐❧✐"&❡

♣♦✉) ❡✛❡❝1✉❡) ❝❡" ❝❛❧❝✉❧"✳ ◆♦✉" ♥❡ "❛✈♦♥" ♣❛" "✐ ❧❛ ❢♦)♠✉❧❡ ❡"1 ❜❛"&❡ "✉) ✉♥ 1❡"1 ❞❡ ❝♦♠♣❛)❛✐"♦♥

❞❡ ❞❡✉① ♠♦②❡♥♥❡" ✭1❡"1 ❞❡ ❙1✉❞❡♥1✮ ♦✉ ❜✐❡♥ "✉) ✉♥ 1❡"1 ❞❡ ❝♦♠♣❛)❛✐"♦♥ ❞❡ ♣❧✉"✐❡✉)" ♠♦②❡♥♥❡"

✭❆◆❖❱❆✮✳

●❛❝✉❧❛ ✭✶✾✾✸✮ ❡1 ▲❛✇❧❡"" ❛♥❞ ❍❡②♠❛♥♥ ✭✶✾✾✽✮ ❞&1❡)♠✐♥❡♥1 ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1" ❡♥ ❝♦♥"✐❞&)❛♥1

✉♥ 1❡"1 ❞❡ ❝♦♠♣❛)❛✐"♦♥ ❞❡ ❞❡✉① ♠♦②❡♥♥❡" ✭❡♥1)❡ ❞❡✉① ♣)♦❞✉✐1"✮✳ ❖)✱ ❞❛♥" ❧❛ ♣)❛1✐.✉❡ ♦♥ ❝♦♠♣❛)❡

"♦✉✈❡♥1 ♣❧✉" .✉❡ ❞❡✉① ♣)♦❞✉✐1"✳

◆♦✉" ❛❧❧♦♥" ❞♦♥❝ ❡""❛②❡) ❞❡ )&♣♦♥❞)❡ 9 ❝❡11❡ .✉❡"1✐♦♥ ❡1 ❛♣♣♦)1❡) ✉♥❡ "♦❧✉1✐♦♥ 9 ❧❛ .✉❛♥1✐✜❝❛1✐♦♥

❞❡ d ❞❛♥" ❧❡ ❝❛" ❞❡ ❝♦♠♣❛)❛✐"♦♥ ❞❡ ♣❧✉" ❞❡ ✷ ♣)♦❞✉✐1"✳

❉✬❛✉1)❡ ♣❛)1✱ ❧❛ ❞&♠❛)❝❤❡ ♣❛) )&&❝❤❛♥1✐❧❧♦♥♥❛❣❡ ❝♦♥"✐"1❡ 9 ❞&❞✉✐)❡ ❧❛ ♣❧✉" ♣❡1✐1❡ 1❛✐❧❧❡ ❞❡ "♦✉"✲

♣❛♥❡❧ .✉✐ ❡♥)❡❣✐"1)❡ ✉♥❡ ♣❡)1❡ ❞✬✐♥❢♦)♠❛1✐♦♥ ❛❝❝❡♣1❛❜❧❡ ♣❛) )❛♣♣♦)1 9 ❧❛ ❝♦♠♣❛)❛✐"♦♥ ❞❡" ♣)♦❞✉✐1"

♦❜1❡♥✉❡ 9 ♣❛)1✐) ❞✬✉♥ ♣❛♥❡❧ ❝♦♠♣❧❡1✳ ❯♥❡ 1❡❧❧❡ ❞&♠❛)❝❤❡ ♥&❝❡""✐1❡ ✉♥❡ ❛♣♣❧✐❝❛1✐♦♥ "✉) ✉♥ ❣)❛♥❞

♥♦♠❜)❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥&❡" ♣♦✉) ❝♦✉✈)✐) ❧❡" ❞✐✛&)❡♥1❡" "✐1✉❛1✐♦♥" ❡♥ 1❡"1" "❡♥"♦)✐❡❧"✳ ❖)✱ ❧❛ ♣❧✉♣❛)1

❞❡" &1✉❞❡" ❝✐1&❡" ✉1✐❧✐"❛♥1 ❝❡11❡ ❞&♠❛)❝❤❡ "♦♥1 ❜❛"&❡" "✉) ✉♥ ❢❛✐❜❧❡ ♥♦♠❜)❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥&❡"✳

❈❡11❡ ❞&♠❛)❝❤❡ ❛✐♥"✐ ❛♣♣❧✐.✉&❡ ♠❛♥.✉❡ ❞❡ )♦❜✉"1❡""❡ .✉❛♥1 ❛✉① )❡❝♦♠♠❛♥❞❛1✐♦♥" ♦❜1❡♥✉❡"✳

✷ !"#$❡♥'❛'✐♦♥ ❞❡ ❧❛ ❞#♠❛"❝❤❡

▲✬❡""❡♥❝❡ ❡1 ❧✬♦)✐❣✐♥❛❧✐1& ❞❡ ❝❡ 1)❛✈❛✐❧ )&"✐❞❡ ❧✬✉1✐❧✐"❛1✐♦♥ ❞❡" ❜❛"❡" ❞❡ ❞♦♥♥&❡" P)❡❢❇❛"❡ ❡1

❙❡♥"♦❇❛"❡ ♣♦✉) ❞♦♥♥❡) ❞❡" )❡❝♦♠♠❛♥❞❛1✐♦♥" "✉) ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1" 9 ❡♥)Y❧❡) ❞❛♥" ✉♥❡ &1✉❞❡

"❡♥"♦)✐❡❧❧❡ ✭❤&❞♦♥✐.✉❡ ♦✉ ❞❡"❝)✐♣1✐✈❡✮✳ ▲✬&1✉❞❡ ❞❡ ❝❡♥1❛✐♥❡" ❞❡ ❥❡✉① ❞❡ ❞♦♥♥&❡" ❝✉♠✉❧&" ❝♦♥"1✐✲

1✉❡)❛ ✉♥ ✧)❡1♦✉) ❞✬❡①♣&)✐❡♥❝❡"✧ ♣♦✉) ❡"1✐♠❡) ❧❡" ♣❛)❛♠[1)❡" .✉✐ ❞&1❡)♠✐♥❡♥1 ❧❡ ♥♦♠❜)❡ ❞❡ "✉❥❡1"

♥&❝❡""❛✐)❡✱ &1✉❞✐❡) ❧❡✉)" ✈❛)✐❛1✐♦♥" ❡1 ❧✬✐♠♣❛❝1 ❞❡ ❝❡" ✈❛)✐❛1✐♦♥" "✉) ❧❡" )❡❝♦♠♠❛♥❞❛1✐♦♥"✳
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❈❤❛♣✐%&❡ ✷✳ ◗✉❡,%✐♦♥, ❞❡ &❡❝❤❡&❝❤❡ ❡% ♣&1,❡♥%❛%✐♦♥ ❞❡ ❧❛ ❞1♠❛&❝❤❡

✷✳✶ ❉$♠❛'❝❤❡ +❤$♦'✐.✉❡ ♣'♦1♣❡❝+✐✈❡

▲✬♦❜❥❡❝'✐❢ ❡*' ❞❡ ♣-♦♣♦*❡- ❞❡* ❛❜❛/✉❡* ❞✉ ♥♦♠❜-❡ ❞❡ *✉❥❡'* 3 ❡♥-4❧❡- ✉'✐❧❡* ♣♦✉- ❧❡* ❛♥❛❧②*'❡*

*❡♥*♦-✐❡❧*✳ ❈❡''❡ ❞9♠❛-❝❤❡ ❝♦♥*✐*'❡ 3 ❝❛❧❝✉❧❡- ❧❡ ♥♦♠❜-❡ ❞❡ *✉❥❡'* 3 ♣❛-'✐- ❞❡ ❧❛ /✉❛♥'✐✜❝❛'✐♦♥ ❞❡

❧❛ '❛✐❧❧❡ ❞❡ ❧❛ ❞✐✛9-❡♥❝❡ d /✉❡ ❧✬♦♥ *♦✉❤❛✐'❡ ♠❡''-❡ ❡♥ 9✈✐❞❡♥❝❡✱ ❞❡ ❧❛ ✈❛-✐❛❜✐❧✐'9 σ ❞❡ ❧❛ ♠❡*✉-❡

*❡♥*♦-✐❡❧❧❡ 9'✉❞✐9❡✱ ❞✉ -✐*/✉❡ ❞❡ ♣-❡♠✐?-❡ ❡*♣?❝❡ α ❡' ❞✉ -✐*/✉❡ ❞❡ ❞❡✉①✐?♠❡ ❡*♣?❝❡ β✳

▲❛ ✈❛-✐❛❜✐❧✐'9 σ ❡*' ❡*'✐♠9❡ ♣❛- ❧✬9❝❛-'✲'②♣❡ ❞❡ ❧✬❡--❡✉- ✭❘▼❙❊✮ ❞❛♥* ❧❡ ♠♦❞?❧❡ ❞❡ ❧✬❛♥❛❧②*❡ ❞❡

❧❛ ✈❛-✐❛♥❝❡ 3 ❞❡✉① ❢❛❝'❡✉-* ❙✉❥❡' ✰ I-♦❞✉✐' ✳

❊♥*✉✐'❡✱ ❧❛ /✉❡*'✐♦♥ ❡*' ❞❡ /✉❛♥'✐✜❡- d ❧❛ ❞✐✛9-❡♥❝❡ 3 ♠❡''-❡ ❡♥ 9✈✐❞❡♥❝❡ ❧♦-*/✉✬♦♥ ❝♦♠♣❛-❡ k

♣-♦❞✉✐'* ✭k > 2✮✳ ▲❛ ♥♦-♠❡ ❆❋◆❖❘ ✭✷✵✵✾✮ ♣♦✉- ❧❡* '❡*'* ❤9❞♦♥✐/✉❡* ❝♦♥*✐❞?-❡ d ❝♦♠♠❡ 9'❛♥' ❧❛

❞✐*'❛♥❝❡ ❡♥ '❡-♠❡* ❞✬❛♣♣-9❝✐❛'✐♦♥ /✉✐ *9♣❛-❡ ❧❡* ♠♦②❡♥♥❡* ❞❡* ❞❡✉① ♣-♦❞✉✐'* ❡①'-Q♠❡*✳ ❉❛♥* ❝❡

❝❛*✱ ✐❧ ❢❛✉❞-❛✐' ❛✉**✐ ❢❛✐-❡ ❞❡* ❤②♣♦'❤?*❡* *✉- ❧❛ -9♣❛-'✐'✐♦♥ ❞❡* ♠♦②❡♥♥❡* ❞❡* ❛✉'-❡* ♣-♦❞✉✐'* ❡♥'-❡

❝❡* ❞❡✉① ❡①'-Q♠❡* ✭*❡❧♦♥ ❧❡* ❤②♣♦'❤?*❡ ❞❡ ❈♦❤❡♥ ✭✶✾✽✽✮✮✳ ❈❡♣❡♥❞❛♥'✱ ❧❡* ❛♥❛❧②*'❡* *❡♥*♦-✐❡❧* ♥❡

♣❡✉✈❡♥' ♣❛* ❝♦♥♥❛U'-❡ ❛ ♣-✐♦-✐ ❧❛ ♣♦*✐'✐♦♥ /✉✬❛✉-❛✐❡♥' ❧❡* ♣-♦❞✉✐'* 3 ❝♦♠♣❛-❡-✳ ❉❡ ♣❧✉*✱ *✐ ❧❡

♣-♦❞✉✐' ❝✐❜❧❡ /✉✐ ✐♥'9-❡**❡ ❧❡ ❝♦♠♠❛♥❞✐'❛✐-❡ ❞❡ ❧✬9'✉❞❡ ♥❡ *❡ *✐'✉❡ ♣❛* 3 ❧✬✉♥ ❞❡* ❞❡✉① ❡①'-Q♠❡*✱

❧❛ ❞✐*'❛♥❝❡ -❡❝❤❡-❝❤9❡ ♥❡ ❝♦♥❝❡-♥❡-❛ ♣❛* ❝❡ ❞❡-♥✐❡-✳

◆♦✉* ♣-♦♣♦*♦♥* ❞❡ ♣-❡♥❞-❡ ♣♦✉- d ❧❛ -❛❝✐♥❡ ❝❛--9❡ ❞❡ ❧❛ ✈❛-✐❛♥❝❡ ❞❡* ♠♦②❡♥♥❡* ❞❡* ♣-♦❞✉✐'*

✐**✉❡ ❞✉ ♠♦❞?❧❡ ❆◆❖❱❆ 3 ❞❡✉① ❢❛❝'❡✉-* ❙✉❥❡' ✰ I-♦❞✉✐'✳ ❈❡''❡ ❞✐*'❛♥❝❡ ❛✐♥*✐ ❞9✜♥✐❡ ❝♦♥❝❡-♥❡

♣♦'❡♥'✐❡❧❧❡♠❡♥' '♦✉* ❧❡* ♣-♦❞✉✐'* ✭/✉✬✐❧* *♦✐❡♥' ❡①'-Q♠❡* ♦✉ ♣❛*✮ ❡' ♥❡ ♥9❝❡**✐'❡ ♣❛* ❞✬❤②♣♦'❤?*❡

*✉- ❧❛ -9♣❛-'✐'✐♦♥ ❞❡* ♠♦②❡♥♥❡* ❞❡* ♣-♦❞✉✐'*✳

▲❛ /✉❛♥'✐✜❝❛'✐♦♥ ❞❡ d ❡' ❞❡ σ *❡-❛ ♦❜'❡♥✉❡ ♣♦✉- ❝❤❛/✉❡ ❥❡✉ ❞❡ ❞♦♥♥9❡*✳ ◆♦✉* ❛❧❧♦♥* ❡♥*✉✐'❡

9'✉❞✐❡- ❧❡✉- ✈❛-✐❛❜✐❧✐'9 *✉- ❧✬❡♥*❡♠❜❧❡ ❞❡* ❥❡✉① ❞❡ ❞♦♥♥9❡* ❛✈❛♥' ❞❡ ♣-♦♣♦*❡- ❞❡* -❡❝♦♠♠❛♥❞❛'✐♦♥*

*✉- ❧❡ ♥♦♠❜-❡ ❞❡ *✉❥❡'*✳

▲❛ ✜❣✉-❡ ✭✷✳✶✮ ✐❧❧✉*'-❡ ❧❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜-❡ ❞❡ *✉❥❡'* ❡♥ ❢♦♥❝'✐♦♥ ❞❡* ❞✐✛9-❡♥'* ♣❛-❛♠?'-❡*✳
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❈❤❛♣✐%&❡ ✷✳ ◗✉❡,%✐♦♥, ❞❡ &❡❝❤❡&❝❤❡ ❡% ♣&1,❡♥%❛%✐♦♥ ❞❡ ❧❛ ❞1♠❛&❝❤❡

❋✐❣✳ ✷✳✶ ✕ ❉!♠❛$❝❤❡ (❤!♦$✐+✉❡ ♣$♦.♣❡❝(✐✈❡

✷✳✷ ❉#♠❛&❝❤❡ ♣❛& &##❝❤❛♥,✐❧❧♦♥♥❛❣❡

$♦✉' ❝❤❛+✉❡ ❥❡✉ ❞❡ ❞♦♥♥0❡1✱ ✐❧ ❡15 5♦✉❥♦✉'1 ♣♦11✐❜❧❡ ❞❡ 1✐♠✉❧❡' ✉♥ ✧1♦✉1✲♣❛♥❡❧✧ ♦❜5❡♥✉ ♣❛'

5✐'❛❣❡ ❛✉ 1♦'5 ❞❡ N − k 1✉❥❡51 ♣❛'♠✐ ❧❡1 N 1✉❥❡51 ❝♦♠♣♦1❛♥5 ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡5✳ ■❧ 1✉✣5 ❡♥1✉✐5❡

❞❡ ❝♦♠♣❛'❡' ❧❡1 '01✉❧5❛51 ♦❜5❡♥✉1 1✉' ❧❛ ❜❛1❡ ❞✉ 1♦✉1✲♣❛♥❡❧ ❛✈❡❝ ❝❡✉① ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡5 ♣♦✉'

05❛❜❧✐' ❞❛♥1 +✉❡❧❧❡ ♠❡1✉'❡ ❧❛ '0❞✉❝5✐♦♥ ❞❡ ❧❛ 5❛✐❧❧❡ ❞✉ ♣❛♥❡❧ @ N − k 1✉❥❡51 ❛ ❛❧50'0 ♦✉ ♥♦♥ ❧❡1

'01✉❧5❛51 ❞❡ ❧✬05✉❞❡✳

▲❡1 ❝'✐5C'❡1 ❞❡ ❝♦♠♣❛'❛✐1♦♥ ❞❡1 '01✉❧5❛51 1♦♥5 ❞0✜♥✐1 ❡♥ ❢♦♥❝5✐♦♥ ❞❡1 ❛♥❛❧②1❡1 15❛5✐15✐+✉❡1

❛♣♣❧✐+✉0❡1 ✭✉♥✐❞✐♠❡♥1✐♦♥♥❡❧❧❡1 ❡5 ♠✉❧5✐❞✐♠❡♥1✐♦♥♥❡❧❧❡1✮ ❡5 ♣'❡♥♥❡♥5 ❝♦♠♣5❡ ❞✉ 5②♣❡ ❞❡ ❧✬05✉❞❡✳

❈❡55❡ ♣'♦❝0❞✉'❡ ❡15 '0❛❧✐10❡ 1✉' ✉♥ ❣'❛♥❞ ♥♦♠❜'❡ ❞❡ 5✐'❛❣❡1 ❞❡ 1♦✉1✲♣❛♥❡❧1 ❞❡ 5❛✐❧❧❡ N − k✳

❋✐♥❛❧❡♠❡♥5✱ ❡♥ ❝♦♠♠❡♥K❛♥5 ❛✈❡❝ k = 0 ❡5 ❡♥ ❛✉❣♠❡♥5❛♥5 k 5❛♥5 +✉❡ ❧❡1 '01✉❧5❛51 ♦❜5❡♥✉1 ❛✈❡❝

❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡5 ♥❡ 1♦♥5 ♣❛1 ❛❧50'01✱ ♦♥ ♣❡✉5 ❡1♣0'❡' ❞0❝♦✉✈'✐' ❧❡ ♥♦♠❜'❡ ❞❡ 1✉❥❡51 ♠✐♥✐♠❛❧ +✉✐

❛✉'❛✐5 ❞♦♥♥0 ❧❡1 ♠L♠❡1 ❝♦♥❝❧✉1✐♦♥1 +✉✬❛✈❡❝ ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡5 ♣♦✉' ❝❡ ❥❡✉ ❞❡ ❞♦♥♥0❡1 ♣❛'5✐❝✉❧✐❡'✳
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❈❤❛♣✐%&❡ ✷✳ ◗✉❡,%✐♦♥, ❞❡ &❡❝❤❡&❝❤❡ ❡% ♣&1,❡♥%❛%✐♦♥ ❞❡ ❧❛ ❞1♠❛&❝❤❡

▲❛ ✜❣✉%❡ ✭✷✳✷✮ ✐❧❧✉-.%❡ ❧❡ ♣%♦❝2❞2 ❞❡ ❧❛ ❞2♠❛%❝❤❡ ♣❛% %22❝❤❛♥.✐❧❧♦♥♥❛❣❡ ✿

❋✐❣✳ ✷✳✷ ✕ ❉!♠❛$❝❤❡ ♣❛$ $!!❝❤❛♥*✐❧❧♦♥♥❛❣❡

❈❡..❡ ❛♣♣%♦❝❤❡ ♥✬❛✉%❛✐. ❛✉❝✉♥❡ ✈❛❧❡✉%✱ -✐ ❡❧❧❡ ♥✬2.❛✐. ♠❡♥2❡ =✉❡ -✉% ✉♥ -❡✉❧ ❥❡✉ ❞❡ ❞♦♥♥2❡-✳

❊❧❧❡ -❡%❛ ✐❝✐ ♠✐-❡ ❡♥ ✉✈%❡ -✉% ✉♥ ❣%❛♥❞ ♥♦♠❜%❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥2❡- ❝♦✉✈%❛♥. ❧❛ ✈❛%✐2.2 ❞❡-

-✐.✉❛.✐♦♥- ❞✬❛♥❛❧②-❡ -❡♥-♦%✐❡❧❧❡ ❡♥ ❡①♣❧♦✐.❛♥. ❧❡- ❞❡✉① ❜❛-❡- ❞❡ ❞♦♥♥2❡- C%❡❢❇❛-❡ ❡. ❙❡♥-♦❇❛-❡✳

✷✳✸ ▲❡ ♥♦♠❜)❡ ❞❡ )+♣+-✐-✐♦♥/ ❡♥ ♣)♦✜❧ /❡♥/♦)✐❡❧

❉❛♥- ❧❡ ❝❛❞%❡ ❞❡- 2.✉❞❡- ❞❡ ♣%♦✜❧- -❡♥-♦%✐❡❧-✱ ✐❧ ❛ -♦✉✈❡♥. 2.2 ❛❞♠✐- =✉❡ ❧❡- %2♣2.✐.✐♦♥- ❛♠2✲

❧✐♦%❛✐❡♥. ❧❛ ✜❛❜✐❧✐.2 ❡. ❧❛ ✈❛❧✐❞✐.2 ❞❡- %2-✉❧.❛.- ❞❡- .❡-.-✳ ▲❡- %2♣2.✐.✐♦♥- -♦♥. ❜✐❡♥ -I% ♥2❝❡--❛✐%❡-

❡♥ ♣❤❛-❡ ❞✬❡♥.%❛J♥❡♠❡♥. ♣♦✉% 2✈❛❧✉❡% ❧❡- ♣❡%❢♦%♠❛♥❝❡- K ❧❛ ❢♦✐- ❞❡ ❝❤❛=✉❡ -✉❥❡. ❡. ❞✉ ♣❛♥❡❧ ❡♥✲

.✐❡%✳ ❈❡♣❡♥❞❛♥.✱ ✉♥❡ ❢♦✐- ❧❡- -✉❥❡.- ❡♥.%❛J♥2-✱ ♥♦✉- ♥❡ -❛✈♦♥- ♣❛- -✐ ❝❡- %2♣2.✐.✐♦♥- ❛♠2❧✐♦%❡%❛✐❡♥.

%2❡❧❧❡♠❡♥. ❧❛ ❞✐-❝%✐♠✐♥❛.✐♦♥ ❡♥.%❡ ❧❡- ♣%♦❞✉✐.- ❧♦%- ❞❡ ❧❛ ♣❤❛-❡ ❞❡ ♠❡-✉%❡✳ ◆♦✉- ❛❧❧♦♥- ❡--❛②❡% ❞❡

%2♣♦♥❞%❡ K ❝❡..❡ =✉❡-.✐♦♥ ❡♥ ♣%❡♥❛♥. ❞❡- ❥❡✉① ❞❡ ❞♦♥♥2❡- ❞❡ ❙❡♥-♦❇❛-❡ ❛②❛♥. ✉♥ ♣❧❛♥ ❛✈❡❝ ✷ ♦✉

✸ %2♣2.✐.✐♦♥- ♣♦✉% ❡①❛♠✐♥❡% ❧❛ ♥2❝❡--✐.2 ❞❡ ❝❡- %2♣2.✐.✐♦♥-✳

C❛% ❛✐❧❧❡✉%-✱ ❧❡ ♥♦♠❜%❡ ❞❡ %2♣2.✐.✐♦♥- ❡-. ❧✐2 K ❧❛ .❤2♠❛.✐=✉❡ ❞✉ ♥♦♠❜%❡ ❞❡ -✉❥❡.-✳ ❙.❛.✐-✲

.✐=✉❡♠❡♥.✱ .♦✉.❡ ❛✉❣♠❡♥.❛.✐♦♥ ❞✉ ♥♦♠❜%❡ ❞❡ -✉❥❡.- ♦✉ ❞✉ ♥♦♠❜%❡ ❞❡ %2♣2.✐.✐♦♥- ❛✉❣♠❡♥.❡ ❧❛

♣✉✐--❛♥❝❡ ❞✉ .❡-. K ♠❡..%❡ ❡♥ 2✈✐❞❡♥❝❡ ❞❡- ❞✐✛2%❡♥❝❡- ❡♥.%❡ ♣%♦❞✉✐.-✳ ❈❡ ❧✐❡♥ ♥♦✉- ❛♠O♥❡ K

-✬✐♥.❡%%♦❣❡% -✉% =✉❡❧ ♣❧❛♥ -✬❛♣♣✉②❡% ♣♦✉% %2❛❧✐-❡% ✉♥❡ 2.✉❞❡ ❞❡ ♣%♦✜❧ -❡♥-♦%✐❡❧ ♣✉✐--❛♥.❡ ❛✈❡❝ ✉♥

❝♦I. %❛✐-♦♥♥❛❜❧❡✳ ❯♥❡ ❞✐-❝✉--✐♦♥ ❞❡- %2-✉❧.❛.- -✉% ❧❛ ♥2❝❡--✐.2 ❞❡- %2♣2.✐.✐♦♥- ❡. ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡

♥♦♠❜%❡ ❞❡ -✉❥❡.- ❡♥ ♣%♦✜❧ -❡♥-♦%✐❡❧ -❡%❛ ❛❜♦%❞2❡✳ ❈❡..❡ ❞✐-❝✉--✐♦♥ ♣♦%.❡%❛ -✉% ❧❡ ❝❤♦✐① K ❛❞♦♣.❡%✱
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 ✉✐ ❝♦♥&✐&'❡)❛✐' &♦✐' + ♣)❡♥❞)❡ ❞❛✈❛♥'❛❣❡ ❞❡ &✉❥❡'&✱ &♦✐' + ♣)✐✈✐❧3❣✐❡) ❞❡& ♣❡'✐'& ❣)♦✉♣❡& ❛✈❡❝ ✉♥

♥♦♠❜)❡ ❞❡ )3♣3'✐'✐♦♥& ❞♦♥♥3✳
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Chapitre3

▲❡ ♥♦♠❜&❡ ❞❡ (✉❥❡+( ❡♥ +❡(+( ❤-❞♦♥✐/✉❡(

✶ ❉❡#❝%✐♣(✐♦♥ ❞❡ ❧❛ ❜❛#❡ ❞❡ ❞♦♥♥/❡# 0%❡❢❇❛#❡

▲❡ ♣#♦❥❡& '#❡❢❇❛+❡ ❛ ,&, ❧❛♥❝, ❛✉ ❞,❜✉& ❞❡ ❝❡&&❡ &❤4+❡✱ ❡♥ ❖❝&♦❜#❡ ✷✵✵✽✳ ▲✬♦❜❥❡❝&✐❢ ,&❛✐& ❞❡

#,✉♥✐# ✉♥ ♥♦♠❜#❡ ♠❛①✐♠✉♠ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥,❡+ ❡& ❞❡ ❧❡+ ❛♥❛❧②+❡# ♣♦✉# ♣♦✉✈♦✐# #,♣♦♥❞#❡ A ❧❛

♣#♦❜❧,♠❛&✐B✉❡ ❞✉ ♥♦♠❜#❡ ❞❡ +✉❥❡&+ ❡♥ &❡+&+ ❤,❞♦♥✐B✉❡+✳ ❊♥ ♦✉&#❡✱ ❧❡+ ❝❡♥&#❡+ ❆❈❚■❆ ♣❛#&❡♥❛✐#❡+

❞✉ ♣#♦❥❡& +♦✉❤❛✐&❛✐❡♥& ♣♦✉✈♦✐# ✉&✐❧✐+❡# ❝❡&&❡ ❜❛+❡ ♣♦✉# ❞,✜♥✐# ❞❡+ ❧✐♠✐&❡+ ❞✬❛❝❝❡♣&❛❜✐❧✐&, ❞❡+

♣#♦❞✉✐&+✳ ■❧ +✬❛❣✐& ❞❡ ❝♦♠♣❛#❡# ❧❡ ♥✐✈❡❛✉ ❞❡+ ♥♦&❡+ ❤,❞♦♥✐B✉❡+ ❞✬✉♥❡ ❣❛♠♠❡ ❞❡ ♣#♦❞✉✐&+ A ❝❡❧✉✐

♦❜&❡♥✉ ♣❛# ❞❡+ ♣#♦❞✉✐&+ ❞✉ ♠J♠❡ &②♣❡ ❡♥#❡❣✐+&#,+ ❞❛♥+ ❧❛ ❜❛+❡ ❞❡ ❞♦♥♥,❡+✳ ❈❡❝✐ ♣❡#♠❡& ❞✬,♠❡&&#❡

✉♥❡ ❡+&✐♠❛&✐♦♥ +✉# ❧❡ ♥✐✈❡❛✉ ❞✬❛♣♣"#❝✐❛&✐♦♥ ❛❜*♦❧✉❡ ❞❡ ❝❤❛B✉❡ ♣#♦❞✉✐& ❞✬✉♥ ♥♦✉✈❡❛✉ ❥❡✉ ❞❡
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Abstract

The recommended number of consumers to be enrolled in a hedonic test comparing

several products usually ranges from 50 to 100, at least if no liking segmentation is sought.

This paper seeks to examine whether such a panel size range is adequate, by means of 7

trials with different levels of product space complexity. Five types of products were tested:

two varied in fattiness and sweetness and were tested under the same conditions in two

separate laboratories (4 trials); the remaining three, varying in taste and texture, were each

tested in a different laboratory (3 trials). Each of the seven trials was run by a different

laboratory. Each of the seven laboratories enrolled in its trial 150 consumers who gave

liking scores on a set of 5 or 6 products. The method used to derive adequate panel size

consists in removing k subjects from the 150 in the original panel and then measuring the

loss of information in product comparisons. Four criteria to be maximized were used: the

correlation between the two vectors of product mean scores, the RV coefficient between the

two product spaces, the Fisher discrimination ratio among products and the concordance

rate in product pair comparisons. For each k, k=0, ..., 130 by 10, one thousand incomplete

panels were simulated by resampling with replacement. Results showed that adequate panel

size varied from 20 to 150. Since the level of heterogeneity in consumer preferences was

rather similar across trials, panel size should depend on product sensory differences. The

variation in panel size recommendation was thus mostly due to the level of complexity of

the product space.

Keywords : Hedonic test, panel size, product sensory complexity, discrimination, resampling,

correlation, ANOVA, RV.

1 Introduction

The costs associated with sensory evaluation increase with the number of panelists to be

enrolled. Panel size calculation would be possible if estimations of minimal product difference
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and experimental error were available (Basker, 1977). Cohen (1988); Kraemer and Thiemann

(1987) have published methods for calculating sample size to achieve a desired power but there

are few applications of these methods in sensory analysis.

Recommendations in literature about the number of consumers in hedonic tests range from

50 to 100, at least if no liking segmentation is sought. Stone and Sidel (2004) suggested the use

of 25 to 50 subjects per product in laboratory tests, with about twice this number for central

location tests and home-use tests. They argued that this increase in the number of consumers

is necessary to offset the expected increase in variability due to consumer inexperience and

limitations in the test environment. Meilgaard et al. (1999) suggested from 50 to 300 responses

for a central location test while Chambers and Wolf (1996) generally recommended 100 as

an adequate panel size for most of the problems handled in small consumer tests, with the

exact number depending on the experimental design. Moskowitz (1997) argued that 40 to 50

panelists would be sufficient to stabilise average acceptability, but this conclusion resulted from

the analysis of only two data sets. Two authors have pointed out flaws in Moskowitz’approach.

First, McEwan (1997) criticizes the simplistic view of the problem that does not take into

account real considerations in product testing such as: experimental design considerations,

product type and the potential number of preference segments. Second, Cornell (1997)

mentions errors regarding the inferences drawn from the mean. Furthermore, statements about

the stability of the mean were not supported by measurements of uncertainty of the average

estimator.

Lawless and Heymann (1998) indicated the number of subjects to be enrolled in a sensory

test to compare two products, but do not indicate a methodology to compare several products.

Hough et al. (2006) were the first to provide the basic concepts necessary to estimate the number

of subjects for sensory acceptability studies. Estimations were computed using variability esti-

mates from previous consumer studies. The standard experimental error, reported as the root

mean square of error from the two-way Anova model (panelist + product), was similar in 108

studies conducted in five countries over a wide range of food products. Considering the average

standard error of 0.23 on a 0-1 scale, an alpha value of 5%, a beta value of 10% and a difference

between sample means of 10% on the sensory scale, gave an N value of 112 consumers for this

particular set of parameters. Gacula and Rutenbeck (2006) dealt with sample size estimation by

computer simulation using the variability data from 4 sensory tests. Sample sizes ranging from

20 to 200 were used to detect a difference ranging from 0.0 to 1.0 on a 9-point hedonic scale.

Results support the commonly cited sample size of 40 to 100. The paper also underlined the role
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of the size of differences between products to be compared in determining an adequate panel size.

When there is a lack of information about the parameters involved in panel size calculation,

sensory scientists used recommendations from standards. In such a case, the new French

standard AFNOR (2009) recently recommended using at least 100 panelists for hedonic tests

whereas the recommendation was only 60 in the previous standard AFNOR (2000). Increasing

the panel size obviously increases experimental costs.

In this context, the ACTIA1 sensory laboratories carried out 7 experiments with different

types of products to examine whether this panel size range is adequate. Each experiment enrolled

150 panelists, i.e. more than the 100 recommended. The method used to derive adequate panel

size consists in removing k (k=0, ..., 130 by 10) panelists from the 150 in the original panel and

in measuring the loss of information in product comparisons.

2 Materials and methods

2.1 Procedure

Seven laboratories each enrolled a separate panel of 150 consumers to test a set of products.

Five types of products were tested. The seven laboratories are located in France and have almost

similar level of expertise in product testing. Trials took place from July to September 2009.

2.1.1 Panelists

Gender-balanced groups composed of 150 consumers aged 18-65 were selected for the trials.

The panelists were regular consumers of the product tested.

2.1.2 Products

Five sets of products were tested in this study. A set of five cakes, varying in fattiness,

was tested under the same conditions in two different laboratories. A set of five stewed apples,

varying in sweetness, was tested under the same conditions in two different laboratories. Sets

of six crisps, or smoked herring, or sausage, varying in taste and texture, were each tested in a

different laboratory. Table 1 presents the product characteristics :

1ACTIA Association de Coordination Technique pour l’Industrie Agro-alimentaire
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Table 1: Trial description

Product
Number of

Product description Sensory laboratory
products tested

Cake 5 fat variation
lab1

lab2

Stewed apples 5 sugar variation
lab3

lab4

Crisps 6
fat variation

lab5
salt variation

Smoked herring 6

texture variation

lab6salt variation

other (with and without bones)

Sausage 6
casing variation∗

lab7
taste variation

(∗) 3 with natural casing and 3 others with artificial casing

2.1.3 Hedonic tests

Trials meet the French standard requirement. To balance presentation order, product sam-

ples were presented according to Williams Latin Square for sets of 5 products or to Mutually

Orthogonal Latin Square MOLS (Wakeling and MacFie, 1995) for sets of 6 products. Con-

sumers were required to give a liking score on a 9-point hedonic scale (Peryam and Pilgrim,

1957) varying from dislike extremely (1) to like extremely (9).

2.2 Data analysis

Although the trials used the same 9-point hedonic scale, the raw data were transformed into

a 0− 1 scale in order to allow further comparison with other studies.

2.2.1 Products and population heterogeneity

A two-way analysis of variance ANOVA model with product as fixed effect and panelist as

random effect was carried out on liking scores for each data set. Panelist and error sources of

variation are normally distributed independent random variables with zero mean and variance

σ2
Panelist and σ2 respectively.

As the data described here had no replication, the two-way interaction is a part of the error

term. This error term measures variability in consumer preferences. It is reported as the root
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mean square of error
√

MSErr.

2.2.2 Simulation

The method used to compare different panel sizes consisted in measuring the loss of in-

formation when removing k subjects from the 150 of the original panel. To measure the loss

of information, one thousand incomplete panels were simulated for each k by resampling with

replacement, k = 0, . . . , 130 by 10. The case k=0 corresponds to sample 150 panelists from

the 150 of the whole panel. Since this sampling is done with replacement, the 1000 samples

with k=0 are different and actually their variability reflects the level of heterogeneity of the full

panel. Furthermore, the comparison between any k and k=0 will thus be done by comparing

two distributions or statistics obtained from two samples of the same size.

2.2.3 Loss of information criteria

Four criteria were defined to measure the loss of information in product comparison due to

panel size reduction. Comparisons are based on correlation between product scores and the level

of product discrimination.

1- Univariate correlation criterion

The Pearson correlation coefficient was calculated between the vector of product mean

scores over the whole panel and the vector of product mean scores in the reduced panel.

2- Multivariate correlation criterion

The RV coefficient (Escoufier, 1973) was computed to measure the similarity between

the product configuration obtained from the whole panel and the product configuration

obtained from the reduced panel. It provides a simple way of measuring the relationship

between two product spaces generated by two different sets of variables (panelists). The

RV coefficient takes values between 0 and 1, where 1 represents perfect similarity. The

RV coefficient takes into account the multidimensional specificity of the data whereas

the Pearson correlation defined above measures the correlation between average product

scores.

Let X be a p×N matrix (of N panelists) and Y be a p×(N−k) matrix (of (N-k) panelists)

corresponding to two sets of variables defined on the same observations (p products). Both

X and Y are column centered , the RV coefficient is defined by :

RV (X, Y ) =
tr(XX ′Y Y ′)

√

tr((XX ′)2)tr((Y Y ′)2)
(1)
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If X and Y are p× 1 matrices, the RV coefficient is equal to R2, the square of the simple

correlation coefficient.

3- Discrimination criterion

The discrimination criterion can be viewed as a version of the intraclass correlation co-

efficient ICC, introduced first by Fisher (1950) in genetics. Typically, it is a ratio of the

variance of interest over the sum of the variance of interest and of error. Bi (2003) used

this coefficient to measure the discrimination ability of a panel. Herein, an estimator of

the discrimination coefficient based on the two-way ANOVA model (product + panelist):

ρ =
MSPro

MSPro +MSErr

(2)

where, MSPro is the product mean square.

Since ρ is between 0 and 1, it can be interpreted as the proportion of variance due to

product effect. In special cases where MSErr = 0, the F-statistic cannot be computed,

while ρ reaches the maximal value of 1. This criterion has also been used to compare panel

performances in descriptive sensory studies (Pineau, 2006)).

4- Concordance rate in product pair comparison

Multiple mean comparisons were performed with a Least Significant Difference test (LSD)

at p < 0.05. Concordance rate is the ratio of the number of concordant pairs over the total

number of pairs (p ( p − 1)
2 pairs, p products) . For each pair of products, concordance is

declared when the same conclusion is obtained from both panels (the whole and the reduced

one). For significant pairs, concordance requires also the same product rank order. Hence,

if a pair is significant in both the whole panel and the reduced one but with a change in

product rank order then this change will account for a discordance.

2.2.4 Decision rules on k

For each k, one thousand values per criterion were obtained, corresponding to the one thou-

sand simulations. A decision rule was defined to derive an adequate panel size. For each criterion,

we look for the highest k for which :

 No more than 10% of R correlation coefficients with a value lower than 0.9. A correlation

of 0.9 is considered as a fairly good correlation.

 No more than 10% of RV coefficients with a value lower than 0.81.
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 No more than 10% of simulations with a 10% loss of discrimination (no more than 10% of

simulations having ρ(N−k) < 0.9 ∗ ρ(N)).

 No more than 10% of simulations having q or more among p ( p − 1)
2 discordant pairs

of products (3 among 10 for 5 products and 4 among 15 for 6 products). These limits

correspond to nearly 70% of the concordance. This requires that the extreme means

will still be different while being less demanding for the means between them. A higher

concordance for samples goes with higher mean differences.

A loss of discrimination is defined as a decrease of ρ in the sub-panel compared to ρ in the

whole panel. For the other criteria, decision is made comparing to a common absolute value

such as 0.9/0.81 for R and RV, and 70% for concordance rate. Recommendations will be based

on the maximum value to satisfy the requirements of all the criteria.

All statistical analyses and computations used SAS software release 9.1 (SAS institute Inc.,

Cary, NC).

3 Results and discussion

3.1 Anova results on liking scores

Results of the two-way Anova on the liking scores led to a significant product effect at

p < 0.05 for all trials. Table 2 shows the main parameter values.
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Table 2: Two-way Anova results of the whole panel

Data set
√

MSPro

√
MSErr FPro MISD

Cake (lab1) 0.799 0.171 20.43 0.164

Cake (lab2) 0.925 0.173 28.47 0.171

Stewed apples (lab3) 1.002 0.177 32.00 0.182

Stewed apples (lab4) 0.737 0.161 20.85 0.159

Crisps (lab5) 0.737 0.188 15.21 0.185

Smoked herring (lab6) 0.575 0.198 8.38 0.190

Sausage (lab7) 2.031 0.190 113.94 0.243

√

MSPro : Root product mean square
√

MSErr: Root mean square of error RMSE

FPro: Fisher value of product effect

MISD: Mean of individual standard deviations

The level of heterogeneity of consumer preference reported as the root mean square of

error (RMSE) was similar for all trials, whereas the root product mean square measuring the

magnitude of differences between product liking varied strongly, from 0.575 for herring to 2.031

for sausage.

The MSPro for stewed apples was slightly different in the two panels. Since the RMSE was

almost equal, this slight difference must be due to a broader use of the scale by the panelists

from lab3 than by the panelists from lab4 as shown by the mean individual standard deviation

(MISD).

3.1.1 Product mean scores

Tables 3 and 4 give the mean liking scores for ”Cake” and ”Stewed apples” respectively, each

tested under the same conditions in two different laboratories:
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Table 3: Product mean scores : Cake

Cake (lab1) Cake (lab2)

Product designation Mean Product designation Mean

A 0.702 a∗ A 0.745 a

B 0.670 ab C 0.707 a

C 0.660 bc B 0.668 b

D 0.623 c D 0.647 b

E 0.537 d E 0.546 c

(∗) Two means with the same letter are not significantly different (LSD, p=0.05)

Both panels preferred the same product with a small change in rank between the second and

third products. Indeed, the correlation coefficient between these two vectors of product means

is 0.988 (p=0.0015).

Table 4: Product mean scores : Stewed apples

Stewed apples (lab3) Stewed apples (lab4)

Product designation Mean Product designation Mean

A 0.784 a∗ A 0.768 a

B 0.717 b C 0.713 b

C 0.699 bc B 0.706 b

D 0.669 c D 0.639 c

E 0.561 d E 0.619 c

(∗) Two means with the same letter are not significantly different (LSD, p=0.05)

Similarly, both panels preferred the same stewed apples (table 4) with a small change in

rank between the second and third products. The lab3 panel made greater use of the scale to

discriminate between products. The correlation coefficient between these two vectors of product

means is 0.931 (p=0.02).

Table 5 gives the liking mean scores for both ”smoked herring” and ”sausage”. These two
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products presented the most extreme differences in product mean square (MSPro) in the ANOVA

model.

Table 5: Product mean scores : Smoked herring - Sausage

Smoked herring Sausage

Product designation Mean Product designation Mean

A 0.687 a∗ X 0.711 a

B 0.664 a Y 0.704 a

C 0.612 b Z 0.681 a

D 0.607 b R 0.427 b

E 0.605 b S 0.395 bc

F 0.555 c T 0.373 c

(∗) Two means with the same letter are not significantly different (LSD, p=0.05)

The differences between product mean scores were greater in the ”sausage” study. Two

groups of sausage were easily identified. Sausages with natural casing (X,Y,Z) had better scores

than sausages with artificial casing (R,S,T). The casing characteristic was dominant and thus

blurred the other differences in taste. This allowed panelists to distinguish only two main groups.

In ”smoked herring”, the difference in mean score between the most preferred product and

the least preferred one was about 0.132, while it was on average 0.218 for the other sets of prod-

ucts. This could be accounted for either product complexity or preference segmentation.The

latter might explain the slightly higher value of RMSE.

3.2 Panel size derivation using decision rules on k

For k=0, the average values over cakes, stewed apples and crisps of the different criteria R, RV,

ρ and concordance rate were: 0.98, 0.97, 0.96 and 89% respectively. These values were quite

higher for sausages: 0.99, 0.99, 0.99 and 92% respectively and quite lower for smoked herring:

0.95, 0.91, 0.90 and 83% respectively. These observations comply with the Anova results about

the existence of heterogeneity in smoked herring.
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Table 6 gives panel size derivation according to the four criteria defined to measure the loss

of information in product comparison.

Table 6: Panel size recommendation
❳

❳
❳

❳
❳

❳
❳

❳
❳

❳
❳

❳❳

Data set

Criterion
R RV ρ Concordance rate Recommendation∗

Cake (lab1) 60 60 70 80 80

Cake (lab2) 40 40 50 70 70

Stewed apples (lab3) 40 40 50 60 60

Stewed apples (lab4) 60 60 60 70 70

Crisps 80 80 80 90 90

Smoked herring 140 140 100 150 150

Sausage 20 20 20 20 20

(∗)
Maximum panel size over the 4 criteria

Recommendations varied from 20 to 150. The results showed that the correlation and dis-

crimination criteria seemed to be congruent. The concordance rate criterion was obviously the

stringent one because it is based on pair concordance.

- In 6 out of 7 studies, the panel size was below the 100 level recommended by the new

French standard.

- In 1 out of 7 studies, the panel size was below to 60 as required by the previous French

standard.

The new French standard which recommends 100 panelists in most cases, seems to overesti-

mate the number of consumers required for a hedonic test. The main information on product

comparison obtained with 150 panelists was captured with fewer than 100 in six of the trials.

Table 7 summarizes the trials description and the derived recommendations:
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Table 7: Product complexity and panel size relationship

Product Product variation
√

MSPro

√

MSE

Panel size

recommendation

Cake (lab1) fat variation 0.799 0.171 80

Cake (lab2) fat variation 0.925 0.173 70

Stewed apples (lab3) sugar variation 1.002 0.177 60

Stewed apples (lab4) sugar variation 0.737 0.161 70

Crisps (lab5)
fat variation

0.737 0.188 90
salt variation

Smoked herring (lab6)

texture variation

0.575 0.198 150salt variation

other

Sausage (lab7)
casing variation

2.031 0.190 20
taste variation

As reported in this table, panel size recommendation mainly depends on the size of the

liking differences between products to be compared. We expect that this difference is directly

affected by the sensory complexity of the products. In this study, smoked herring was the most

complex set of products from a sensory point of view and thus required much more than 100

panelists. On the contrary, the sausage set was very easy to discriminate because the type

of casing was a dominant characteristic. Consumers distinguished between two main groups,

with a difference in mean score of 0.398 between the most preferred product and the least

preferred one and thus this resulted in a higher product mean score MSPro. The sensory

attributes driving consumers liking are interlocked to the variation among the set of products

to be compared. Hence, sugar content was the driver of liking for the stewed apples, whereas

fat content was the driver of liking for cakes. Sausage liking was mostly directed by one obvious

product characteristic (natural versus artificial casing). Given this high level of differences, a

panel of only 20 panelists gave the same conclusions as the entire panel. Here, we found two

examples of studies that did not match the panel size range (50 to 100) recommended by the

standards.

Besides, the level of heterogeneity in consumer preferences measured by the RMSE was

almost similar over the trials. This result comply with those obtained by Hough et al. (2006).

Authors stated that the RMSE was similar across several countries over a wide range of products.
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We believe that the product sensory variations are the determinant factor in the size of differ-

ences in acceptance to be sought. When the products differ in more than one sensory dimension,

like for smoked herring, differences in product acceptability are induced by the differences in

taste and texture due to salt contents. Hence, this variation might produce closest acceptability

scores due to a difficulty to perceive differences or might generate preference segments that affect

the mean liking scores by reducing the product mean square.

4 Conclusion

In this study, seven trials were conducted in seven sensory laboratories to test by experiment the

impact of panel size on product comparisons. The results led to two main conclusions. First, the

level of heterogeneity in consumer preferences was almost similar over the trials (in agreement

with Hough et al. (2006)). Second, the number of panelists for a hedonic test depends mainly

on the level of complexity of the product space and the magnitude of liking differences between

products to be compared. It is not possible to define a global number of consumers valid for

every study, as it was suggested in the literature and by the standards.

We demonstrated by resampling in a large (n=150) panel that the appropriate number of con-

sumers could have been as low as 20 or as high as 150 depending on the studies. This suggests

that the standard power computation is too simplistic. This is due to the fact that it simply

looks for how many subjects are necessary to get a significant statistical test if the true difference

is equal to a given size. When we have several products to compare, the differences may be very

different over the pair of products. Furthermore, these differences may generate a multidimen-

sional space meaning that we do have segmentation of consumer preferences. We argue that the

origin of this segmentation is to be searched in the level of sensory complexity of the product

space. The more the sensory complexity you can expect to differentiate the products, the more

likely preference segmentation holds.

The sensory analyst should have an idea of the size of differences between the products to be

compared. The recommendation would be initially to estimate the number of sensory dimen-

sions discriminating the products, for instance by means of a quick sensory descriptive task.

Future research should investigate with much more than seven studies in order to establish what

should be the adequate number of consumers depending on the number of sensory dimensions

and the level of products difference in liking.
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)5✉❛+❡ ♦❢ ❡++♦+✮ ❞✉ ♠♦❞,❧❡ ❆◆❖❱❆

✕ ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ d ♣❛+ ❧❛ +❛❝✐♥❡ ❝❛++#❡ ❞❡ ❧❛ ✈❛+✐❛♥❝❡ ❞❡) ♠♦②❡♥♥❡) ❞❡) ♣+♦❞✉✐$) ♥♦$#❡

σprod✱ σprod =

√

√

√

√

1

k − 1

k
∑

i=1

(xi. − x..)2

❯♥❡ ❢♦✐) ❝❡) ♣❛+❛♠,$+❡) 5✉❛♥$✐✜#)✱ ♥♦✉) ❛✈♦♥) #$❛❜❧✐ ❞❡) +❡❝♦♠♠❛♥❞❛$✐♦♥) )✉+ ❧❡ ♥♦♠❜+❡

❞❡ )✉❥❡$) ❡♥ ❢♦♥❝$✐♦♥ ❞❡ $+♦✐) ✈❛❧❡✉+) ❞❡ ❘▼❙❊ ❡$ σprod ♦❜$❡♥✉❡) N ♣❛+$✐+ ❞❡ ❧❡✉+ ❞✐)$+✐❜✉$✐♦♥

+❡)♣❡❝$✐✈❡ )✉+ ❧✬❡♥)❡♠❜❧❡ ❞❡) ✶✽✹ ❥❡✉① ❞❡ ❞♦♥♥#❡) ❞❡ @+❡❢❇❛)❡✳ ❈❡) ✈❛❧❡✉+) ❝♦++❡)♣♦♥❞❛♥$ ❛✉①

♣+❡♠✐❡+ 5✉❛+$✐❧❡✱ N ❧❛ ♠#❞✐❛♥❡ ❡$ ❛✉ $+♦✐)✐,♠❡ 5✉❛+$✐❧❡ ❞❡ ❝❡) ❣+❛♥❞❡✉+)✳ @♦✉+ ❝❤❛5✉❡ ❝♦♠❜✐♥❛✐)♦♥

❞❡ ❘▼❙❊ ❡$ σprod✱ ❧❡ ♥♦♠❜+❡ ❞❡ )✉❥❡$) ❡)$ ❝❛❧❝✉❧# ♣♦✉+ ❧❡) ✈❛❧❡✉+) 5%✱ 10% ❡$ 20% ❞❡) +✐)5✉❡)

α ❡$ β✳

◆♦✉) ❛✈♦♥) ♣+✐) ♣♦✉+ ♣❛+❛♠,$+❡ ❞❡ ♥♦♥ ❝❡♥$+❛❧✐$# ❧❛ ♠❡)✉+❡ λ = n k
d2

σ2
✱ $❡❧) 5✉❡ d ❡! σ "♦♥!

%✉❛♥!✐✜*" ♣❛, σprod ❡! ❘▼❙❊ ,❡"♣❡❝!✐✈❡♠❡♥!✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜,❡ ❞❡ "✉❥❡!" ❡"! ❛✐♥"✐ ♦❜!❡♥✉ ♣❛,

♣,♦❝❡""✉" ✐!*,❛!✐❢✳ ❖♥ ♣❛,! ❞✬✉♥❡ ✈❛❧❡✉, ✐♥✐!✐❛❧❡ ❞❡ n✱ ♣✉✐" ♦♥ ✐♥❝,*♠❡♥!❡ n ❥✉"%✉✬> ❛!!❡✐♥❞,❡ ❧❛
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♣✉✐##❛♥❝❡ #♦✉❤❛✐*+❡✳ ▲❛ .❡❝♦♠♠❛♥❞❛*✐♦♥ ❝♦..❡#♣♦♥❞ 1 ❧❛ ✈❛❧❡✉. n 4✉✐ ♣❡.♠❡* ❞✬❛**❡✐♥❞.❡ ❝❡**❡

♣✉✐##❛♥❝❡✳

✸✳✷ ❘$%✉❧(❛(% ❡( ❞✐%❝✉%%✐♦♥

✸✳✷✳✶ ❉✐0%&✐❜✉%✐♦♥ ❞❡0 ♥♦%❡0 ❞✬❛♣♣&3❝✐❛%✐♦♥

◆♦✉# ❛✈♦♥# ♦❜#❡.✈+ ❧❡# ♠♦②❡♥♥❡# ❞❡# ♥♦*❡# ❞✬❛♣♣.+❝✐❛*✐♦♥ ♣♦✉. ❧❡# ❞✐✛+.❡♥*# ♣.♦❞✉✐*# ❞❡

❧✬❡♥#❡♠❜❧❡ ❞❡# ❥❡✉① ❞❡# ❞♦♥♥+❡# ✭✜❣✉.❡ ✸✳✺✮✳ ❈❡# ♠♦②❡♥♥❡# ❞❡# ♥♦*❡# ❞✬❛♣♣.+❝✐❛*✐♦♥ ✈❛.✐❡♥* ❞❡

✵✳✶ 1 ✵✳✽ #✉. ✉♥❡ +❝❤❡❧❧❡ ✵✲✶✳ ▲❛ ♠♦②❡♥♥❡ ❣❧♦❜❛❧❡ ❞❡# ♥♦*❡# ❞❡ ♣.+❢+.❡♥❝❡# *♦✉# ♣.♦❞✉✐*# ❝♦♥❢♦♥❞✉#

❡#* ❞❡ 0.57✱ #♦✐* ✺✳✼ #✉. ✉♥❡ +❝❤❡❧❧❡ ✵✲✶✵✳

❋✐❣✳ ✸✳✺ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞❡" ♥♦#❡" ❞✬❛♣♣$.❝✐❛#✐♦♥

❈❡# ♥♦*❡# ❞❡ ♣.+❢+.❡♥❝❡# ♣❡✉✈❡♥* ❛✉##✐ K*.❡ +*✉❞✐+❡# ❡♥ ❢♦♥❝*✐♦♥ ❞❡# ❣.❛♥❞❡# ❢❛♠✐❧❧❡# ❞❡

♣.♦❞✉✐*#✳ ❈❡♣❡♥❞❛♥*✱ ❧❡ ♥♦♠❜.❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥+❡# ❡#* *.♦♣ ❢❛✐❜❧❡ ♣♦✉. ❝♦♠♣❛.❡. ❝❡# ♠♦②❡♥♥❡#

❞❡# ♥♦*❡# ❞✬❛♣♣.+❝✐❛*✐♦♥ ❛✉ #❡✐♥ ❡*✴♦✉ ❡♥*.❡ ❧❡# ❢❛♠✐❧❧❡# ❞❡ ♣.♦❞✉✐*#✳ ❈♦♠♠❡ ♦♥ ♣❡✉* ❧❡ ❝♦♥#*❛*❡.

❞❛♥# ❧❛ ✜❣✉.❡ ✭✸✳✻✮✱ ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♣.♦❞✉✐*# ✧O♦✐##♦♥#✧ ♦❜*✐❡♥* ❧❛ ♣❧✉# ❤❛✉*❡ ♠♦②❡♥♥❡ ❞❡# ♥♦*❡#

❞✬❛♣♣.+❝✐❛*✐♦♥✳ ❖.✱ ♦♥ ♥❡ ♣❡✉* ❝♦♥❝❧✉.❡ 4✉❡ ❧❡# ♣♦✐##♦♥# #♦♥* ❧❡# ♣.♦❞✉✐*# ❧❡# ♣❧✉# ♣.+❢+.+# ❝❛.

❝❡**❡ ♦❜#❡.✈❛*✐♦♥ ♥✬❡#* ❢❛✐*❡ 4✉❡ #✉. ✉♥ #❡✉❧ ❥❡✉ ❞❡ ❞♦♥♥+❡# ❝♦♠♣❛.❛♥* ❞❡✉① ♣.♦❞✉✐*# ❞❡ ❝❡**❡

❢❛♠✐❧❧❡✳ ❈✬❡#* ♣♦✉.4✉♦✐✱ ✐❧ ❢❛✉❞.❛✐* ❛❧✐♠❡♥*❡. ❧❛ ❜❛#❡ ❞❡ ❞♦♥♥+❡# ❞❛✈❛♥*❛❣❡ ♣❡.♠❡**❛♥* ❞✬❛✈♦✐.

❛##❡③ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥+❡# ♣❛. ❢❛♠✐❧❧❡# ❞❡ ♣.♦❞✉✐*# ❡* ❛✐♥#✐ ❝♦♠♣❛.❡. .❛*✐♦♥♥❡❧❧❡♠❡♥* ❧❡# ♣.+❢+.❡♥❝❡#

❡♥*.❡ ❝❡# ❢❛♠✐❧❧❡#✳
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❋✐❣✳ ✸✳✻ ✕ ❇♦"#❡ % ♠♦✉(#❛❝❤❡( ❞❡( ♥♦#❡( ❞✬❛♣♣01❝✐❛#✐♦♥ ♣❛0 ❢❛♠✐❧❧❡ ❞❡ ♣0♦❞✉✐#(

✸✳✷✳✷ ▲❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡%

❚♦✉' ❞✬❛❜♦,❞✱ ♥♦✉/ ❛✈♦♥/ ♦❜/❡,✈2 ❧✬2'❡♥❞✉❡ ❞❡/ ❞✐✛2,❡♥❝❡/ ✭❉✮ ❞❡/ ♥♦'❡/ ❞✬❛♣♣,2❝✐❛'✐♦♥ ❡♥',❡

❧❡ ♣,♦❞✉✐' ❧❡ ♣❧✉/ ♣,2❢2,2 ❡' ❧❡ ♣,♦❞✉✐' ❧❡ ♠♦✐♥/ ♣,2❢2,2 ♣♦✉, ❧✬❡♥/❡♠❜❧❡ ❞❡/ ❥❡✉① ❞❡ ❞♦♥♥2❡/ ✭✜❣✉,❡

✸✳✼✮✳ ◆♦✉/ ♣♦✉✈♦♥/ ,❡♠❛,C✉2 C✉❡ ❝❡/ ❞✐✛2,❡♥❝❡/ ✈❛,✐❡♥' ❞❡ ✵✳✵✸ E ✵✳✺✹ /✉, ❧✬2❝❤❡❧❧❡ ✵✲✶✳ K♦✉, ✉♥

❥❡✉ ❞♦♥♥2❡/✱ ✐❧ ❡①✐/'❡ ❡♥ ♠♦②❡♥♥❡ ✉♥ 2❝❛,' ❞✬❛♣♣,2❝✐❛'✐♦♥ ❞❡ ✵✳✶✺ ❡♥',❡ ❧❡/ ♣,♦❞✉✐'/ ❡①',M♠❡/✳
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❋✐❣✳ ✸✳✼ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞❡" ❞✐✛,$❡♥❝❡" ❡♥#$❡ ❧❡" ♥♦#❡" ❞✬❛♣♣$,❝✐❛#✐♦♥ ❞✉ ♣$♦❞✉✐# ❧❡ ♣❧✉" ♣$,❢,$, ❡#

❧❡ ♣$♦❞✉✐# ❧❡ ♠♦✐♥" ♣$,❢,$,

❊♥&✉✐)❡✱ ♥♦✉& ❛✈♦♥& /)✉❞✐/ ♣♦✉2 ❝❤❛5✉❡ ❥❡✉ ❞❡ ❞♦♥♥/❡&✱ ❧✬/❝❛2) ♠♦②❡♥ ❞❡& ♥♦)❡& ❞✬❛♣♣2/❝✐❛✲

)✐♦♥ ♣❛2 2❛♣♣♦2) < ❧❛ ♠♦②❡♥♥❡ ❣❧♦❜❛❧❡ ✭σprod✮✳ ❈✬❡&) ❝❡))❡ ♠❡&✉2❡ 5✉✐ ❡&)✐♠❡ ❧❛ )❛✐❧❧❡ ❞❡ ❧✬❡✛❡)

✧D2♦❞✉✐)✧ ✉)✐❧✐&/ ♣♦✉2 ❧❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜2❡ ❞❡ &✉❥❡)&✳ ▲❛ ✜❣✉2❡ ✭✸✳✽✮ ♠♦♥)2❡ ❧❛ ❞✐&)2✐❜✉)✐♦♥ ❞❡&

σprod &✉2 ❧✬❡♥&❡♠❜❧❡ ❞❡& ❥❡✉① ❞❡ ❞♦♥♥/❡&✳

❋✐❣✳ ✸✳✽ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞❡ ❧❛ #❛✐❧❧❡ ❞❡ ❧✬❡✛❡# ❡♥ #❡"# ❤,❞♦♥✐5✉❡

◆♦✉& ♦❜&❡2✈♦♥& ❡♥ ♠♦②❡♥♥❡ ✉♥ /❝❛2) σprod /❣❛❧ < 0.069 &✉2 ✉♥❡ /❝❤❡❧❧❡ ✵✲✶ ❡♥)2❡ ❧❡& ♣2♦❞✉✐)&✳

❈❡))❡ ✈❛❧❡✉2 ❝♦22❡&♣♦♥❞ < ✉♥ /❝❛2) ♠♦②❡♥ ❞❡ ✵✳✻✾ &✉2 ✉♥❡ /❝❤❡❧❧❡ ✵✲✶✵✳

D❛2 ❛✐❧❧❡✉2&✱ 25% ❞❡& /)✉❞❡& ♦♥) ✉♥ /❝❛2) σprod ✐♥❢/2✐❡✉2 < 0.032✱ ❧♦2&5✉❡ 75% ♦♥) ✉♥ /❝❛2) σprod

✐♥❢/2✐❡✉2 < 0.105✳ ❈❡& ✈❛❧❡✉2& ❞✉ ♣2❡♠✐❡2 ❡) ❞✉ )2♦✐&✐O♠❡ 5✉❛2)✐❧❡ &♦♥) ✉)✐❧✐&/❡& ❝♦♠♠❡ ❜♦2♥❡
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✐♥❢#$✐❡✉$❡ ❡' ❜♦$♥❡ *✉♣#$✐❡✉$❡ ❞❡* ❡*'✐♠❛'✐♦♥* ❞❡ ❧❛ '❛✐❧❧❡ ❞❡ ❧✬❡✛❡' ♣♦✉$ #'❛❜❧✐$ ❧❡* ❛❜❛2✉❡* ❞✉

♥♦♠❜$❡ ❞❡ *✉❥❡'* 4 ❡♥$5❧❡$ ❡♥ '❡*'* ❤#❞♦♥✐2✉❡*✳

◆♦'♦♥* 2✉❡ ❧❡* ❥❡✉① ❞❡ ❞♦♥♥#❡* 2✉✐ ♦♥' ✉♥❡ ✈❛❧❡✉$ ❞✉ σprod ✐♥❢#$✐❡✉$ 4 0.032✱ *♦✐' ✉♥ σprod ♠♦②❡♥

❞❡ ✵✳✵✷✺✱ *♦♥' ❧❡* ❥❡✉① ❞❡ ❞♦♥♥#❡* ♣♦✉$ ❧❡*2✉❡❧* ❧✬❡✛❡' ✧A$♦❞✉✐'✧ #'❛✐' ♥♦♥ *✐❣♥✐✜❝❛'✐❢ 4 p = 0.05

✭*♦✐' ♣♦✉$ ✻✻ #'✉❞❡* ♣❛$♠✐ ❧❡* ✶✽✹ ❥❡✉① ❞❡ ❞♦♥♥#❡*✮✳ A❛$ ❛✐❧❧❡✉$*✱ ♥♦✉* ❛✈♦♥* ♦❜*❡$✈# ♣♦✉$ ❝❡*

♠K♠❡ ❥❡✉① ❞❡ ❞♦♥♥#❡*✱ ✉♥ #❝❛$' ❞✬❛♣♣$#❝✐❛'✐♦♥ ❡♥ ♠♦②❡♥♥❡ ❡♥'$❡ ❧❡* ♣$♦❞✉✐'* ❡①'$K♠❡* ❞❡ 0.045✳

❈❡* $#*✉❧'❛'* *✉❣❣M$❡ 2✉❡ ❧♦$*2✉❡ ❧✬♦♥ ❝♦♠♣❛$❡ ✉♥❡ ❣❛♠♠❡ ❞❡ ♣$♦❞✉✐'* ❛✈❡❝ ✉♥ #❝❛$' ♠♦②❡♥

σprod ❛''❡♥❞✉ ✐♥❢#$✐❡✉$ 4 0.03✱ ♦✉ ✉♥❡ ❞✐✛#$❡♥❝❡ ❡♥'$❡ ❧❡* ♠♦②❡♥♥❡* ❞❡* ♥♦'❡* ♣$♦❞✉✐'* ❡①'$K♠❡*

❛''❡♥❞✉❡ ❞❡ 0.04✱ ❧✬❡✛❡' ♣$♦❞✉✐' *❡$❛✐' ♥♦♥ *✐❣♥✐✜❝❛'✐❢✳

❘❛♣♣❡❧♦♥* 2✉❡ ❝❡* #'✉❞❡* ♣♦✉$ ❧❡*2✉❡❧❧❡* ❧✬❡✛❡' ♣$♦❞✉✐' #'❛✐' ♥♦♥ *✐❣♥✐✜❝❛'✐❢ ♣❡✉✈❡♥' ❝♦$$❡*✲

♣♦♥❞$❡ 4 ❧❛ $#❛❧✐'#✱ ❝✬❡*'✲4✲❞✐$❡✱ ✐❧ ♥✬② ❛ ♣❛* ❞❡ ❞✐✛#$❡♥❝❡ ❞✬❛♣♣$#❝✐❛'✐♦♥ ❡♥'$❡ ❧❡* ♣$♦❞✉✐'* '❡*'#*

*✐♥♦♥ ❝❡* '❡*'* ❤#❞♦♥✐2✉❡* ♦♥' ♣❡✉' K'$❡ ♠❛♥2✉# ❞❡ ♣✉✐**❛♥❝❡✳

❊♥✜♥✱ ♥♦✉* ❛✈♦♥* ❝❛❧❝✉❧# ❧❡* '❛✐❧❧❡* ❞✬❡✛❡' *'❛♥❞❛$❞✐*#❡* *❡❧♦♥ ❧❡* *✉❣❣❡*'✐♦♥* ❞❡ ❈♦❤❡♥ ✭✶✾✽✽✮✳

◆♦✉* ❛✈♦♥* ❝❛❧❝✉❧# ❧❛ ♠❡*✉$❡ f =
σm

σ
✱ ❡♥ $❡♠♣❧❛R❛♥' σm ❡' σ ♣❛$ ❧❡* ♠❡*✉$❡* σprod ❡' ❘▼❙❊

$❡*♣❡❝'✐✈❡♠❡♥'✳ ▲❛ ✜❣✉$❡ ✭✸✳✾✮ ♠♦♥'$❡ ❧❛ ❞✐*'$✐❜✉'✐♦♥ ❞❡* '❛✐❧❧❡* ❞✬❡✛❡' *'❛♥❞❛$❞✐*# ♦❜*❡$✈#❡* *✉$

❧✬❡♥*❡♠❜❧❡ ❞❡* ❥❡✉① ❞❡ ❞♦♥♥#❡* ❞❡ A$❡❢❇❛*❡✳

❋✐❣✳ ✸✳✾ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞❡" #❛✐❧❧❡" ❞✬❡✛❡# "#❛♥❞❛$❞✐"/ ❡♥ #❡"# ❤/❞♦♥✐1✉❡

❊♥ ♣$❡♥❛♥' ❧❡* '$♦✐* ♠❡*✉$❡* ❞✉ ♣$❡♠✐❡$ 2✉❛$'✐❧❡✱ ❞❡ ❧❛ ♠#❞✐❛♥❡ ❡' ❞✉ '$♦✐*✐M♠❡ 2✉❛$'✐❧❡✱ ♥♦✉*

❛✈♦♥* ❞#✜♥✐ '$♦✐* ❝❛'#❣♦$✐❡* ❞❡ '❛✐❧❧❡* ❞✬❡✛❡' ✿ ❢❛✐❜❧❡✱ ♠♦②❡♥✱ ❢♦$'✳ ❈❡* ♠❡*✉$❡* ♦♥' #'# ❝♦♠♣❛$#❡*

❛✉① ❛✉'$❡* ♠❡*✉$❡* ❝♦♥✈❡♥'✐♦♥♥❡❧❧❡* ❞❡ '❛✐❧❧❡* ❞✬❡✛❡' #'❛❜❧✐❡* ❡♥ *❝✐❡♥❝❡* ❞✉ ❝♦♠♣♦$'❡♠❡♥' ♣❛$

❈♦❤❡♥ ✭✶✾✽✽✮✳ ▼K♠❡ *✐ ❧❡* ✈❛$✐❛❜❧❡* ♠❡*✉$#❡* ❞❛♥* ❧❡* ❞❡✉① ❞♦♠❛✐♥❡* *♦♥' ❞✐✛#$❡♥'❡*✱ ❝❡''❡

❝♦♠♣❛$❛✐*♦♥ ♣❡$♠❡' ❞❡ *✐'✉❡$ ❧❡* ❡✛❡'* ♦❜*❡$✈#* ❡♥ ❛♥❛❧②*❡ *❡♥*♦$✐❡❧❧❡ ♣❛$ $❛♣♣♦$' 4 ❞✬❛✉'$❡*

❞♦♠❛✐♥❡*✳ ❈❡* ♠❡*✉$❡* *♦♥' $❛♣♣♦$'#❡* ❞❛♥* ❧❡ '❛❜❧❡❛✉ ✭✸✳✸✮✳
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❚❛❜✳ ✸✳✸ ✕ ❚❛✐❧❧❡% ❞✬❡✛❡) %)❛♥❞❛+❞✐%,

❙♦✉&❝❡ ❚❛✐❧❧❡- ❞✬❡✛❡1 -1❛♥❞❛&❞✐-3

❢❛✐❜❧❡ ♠♦②❡♥ ❢♦&1

❙❝✐❡♥❝❡ ❞✉ ❝♦♠♣♦&1❡♠❡♥1 ✵✳✶✵ ✵✳✷✺ ✵✳✹✵

▼31❛✲❛♥❛❧②-❡ @&❡❢❇❛-❡ ✵✳✶✻ ✵✳✸✵ ✵✳✹✼

❈♦♠♠❡ ♦♥ ♣❡✉1 ❧❡ ❝♦♥-1❛1❡& ❧❡- 1❛✐❧❧❡- ❞✬❡✛❡1 ❝❛❧❝✉❧3❡- E ♣❛&1✐& ❞❡ @&❡❢❇❛-❡ -♦♥1 ❧3❣G&❡♠❡♥1

-✉♣3&✐❡✉&❡- ❛✉① ✈❛❧❡✉&- ❝♦♥✈❡♥1✐♦♥♥❡❧❧❡- 31❛❜❧✐❡- ♣❛& ❈♦❤❡♥ ❡♥ -❝✐❡♥❝❡- ❞✉ ❝♦♠♣♦&1❡♠❡♥1✳ @♦✉&

✉♥❡ ♥♦✉✈❡❧❧❡ 31✉❞❡ ❤3❞♦♥✐K✉❡✱ ❝❡- ✈❛❧❡✉&- ♣❡&♠❡11&♦♥1 ❞✬❛✈♦✐& ✉♥❡ ✐❞3❡ -✉& ❧✬❡✛❡1 &❡❝❤❡&❝❤3 ❡1

❞♦♥❝ ❞✉ ♥♦♠❜&❡ ❞❡ -✉❥❡1- E ❡♥&N❧❡&✳ ❆✐♥-✐✱ ✉♥❡ 1❛✐❧❧❡ ❞✬❡✛❡1 ❛✉1♦✉& ❞❡ 0.16 ♣❡✉1 P1&❡ ❝♦♥-✐❞3&3❡

❝♦♠♠❡ ✉♥ ❡✛❡1 &3❡❧ ♠❛✐- ❞✐✣❝✐❧❡ E ♣❡&❝❡✈♦✐&✳ ❯♥ ❡✛❡1 ♠♦②❡♥ ❞❡ 0.30 ❡-1 ❝♦♥-✐❞3&3 ❝♦♠♠❡ ✉♥

❡✛❡1 ✈✐-✐❜❧❡✳ ❯♥ ❣&❛♥❞ ❡✛❡1 ❞❡ 0.47 -❡&❛✐1 ✉♥ ❡✛❡1 ❢❛❝✐❧❡ E ♠❡11&❡ ❡♥ 3✈✐❞❡♥❝❡✳

✸✳✷✳✸ ▲✬❤3%3&♦❣3♥3✐%3 ❞❡0 ♣&3❢3&❡♥❝❡0

▲✬❛✉1&❡ ♣❛&❛♠G1&❡ K✉✐ ❝♦♥❞✐1✐♦♥♥❡ ❧❡ ♥♦♠❜&❡ ❞❡ -✉❥❡1- ❡-1 ❧✬❤313&♦❣3♥3✐13 ❞❡- ♣&3❢3&❡♥❝❡-

K✉✐ ❡①♣&✐♠❡ ❧❡ ❞3-❛❝❝♦&❞ ❡♥1&❡ ❧❡- -✉❥❡1-✳ ▲❛ ✜❣✉&❡ ✭✸✳✶✵✮ ♠♦♥1&❡ ❧❛ ❞✐-1&✐❜✉1✐♦♥ ❞❡- ❘▼❙❊✱

❡-1✐♠❛1❡✉& ❞❡ ❝❡11❡ ✈❛&✐❛❜✐❧✐13 ✐♥❞✐✈✐❞✉❡❧❧❡ ✐--✉❡ ❞✉ ♠♦❞G❧❡ ❆◆❖❱❆ ❛♣♣❧✐K✉3 E ❝❤❛❝✉♥ ❞❡- ✶✽✹

❥❡✉① ❞❡ ❞♦♥♥3❡-✳

❋✐❣✳ ✸✳✶✵ ✕ ❉✐%)+✐❜✉)✐♦♥ ❞❡ ❧✬❤,),+♦❣,♥,✐), ❞❡% ♣+,❢,+❡♥❝❡% ❘▼❙❊

◆♦✉- ♣♦✉✈♦♥- ❝♦♥-1❛1❡& K✉❡ ❧✬❤313&♦❣3♥3✐13 ❞❡- ♣&3❢3&❡♥❝❡- ❡-1 ❡♥ ♠♦②❡♥♥❡ ❞❡ 0.205 -✉&

✉♥❡ 3❝❤❡❧❧❡ ❞❡ ✵✲✶✳ ❈❡11❡ ✈❛❧❡✉& ❝♦&&❡-♣♦♥❞ E ❧✬❡-1✐♠❛1✐♦♥ ♦❜1❡♥✉❡ ♣❛& ❍♦✉❣❤ ❡1 ❛❧✳ ✭✷✵✵✻✮

✭σerreur = 0.23 -✉& ✶✵✽ 31✉❞❡-✮✳ ▲❡ ♣&❡♠✐❡& K✉❛&1✐❧❡ ❡-1 3❣❛❧ E 0.179 ❡1 ❧❡ 1&♦✐-✐G♠❡ K✉❛&1✐❧❡ ❡-1
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 ❣❛❧ $ 0.233✳ ◆♦✉) ❛✈♦♥) ✉,✐❧✐) ❝❡) ,0♦✐) ✈❛❧❡✉0) ♣♦✉0 ❡),✐♠❡0 ❧❡ ♥♦♠❜0❡ ❞❡ )✉❥❡,)✳

6❛0 ❛✐❧❧❡✉0)✱ ♥♦✉) ❛✈♦♥) 0❡♠❛08✉ 8✉❡ ❧❡) ✈❛0✐❛,✐♦♥) ❞✉ ❘▼❙❊ )♦♥, ✐❞❡♥,✐8✉❡) ♣♦✉0 ❧❡) ❥❡✉① ❞❡

❞♦♥♥ ❡) ❞❛♥) ❧❡)8✉❡❧) ❧✬❡✛❡, ♣0♦❞✉✐,  ,❛✐, )✐❣♥✐✜❝❛,✐❢ ♦✉ ♥♦♥ ✳

✸✳✷✳✹ ❘❡❝♦♠♠❛♥❞❛%✐♦♥0 0✉& ❧❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ %❡0%0 ❤3❞♦♥✐4✉❡0

6♦✉0  ,❛❜❧✐0 ❧❡) 0❡❝♦♠♠❛♥❞❛,✐♦♥) )✉0 ❧❡ ♥♦♠❜0❡ ❞❡ )✉❥❡,) ♥♦✉) ❛✈♦♥) ✉,✐❧✐) ❧❡) ❡),✐♠❛,✐♦♥)

❞❡ d ❡, σ ♦❜,❡♥✉❡) ♣0 ❝ ❞❡♠♠❡♥,✳ ❈❡ ❝❛❧❝✉❧ ❛  , ❢❛✐, ❡♥ ❝♦♥)✐❞ 0❛♥, ✉♥❡  ,✉❞❡ ❞❡ ❦ ✹ ♣0♦❞✉✐,)

8✉✐ ❝♦00❡)♣♦♥❞ ❛✉ ♥♦♠❜0❡ ♠♦②❡♥ ❞❡ ♣0♦❞✉✐,) ,❡), ) ❞❛♥) ✉♥❡  ,✉❞❡ ❤ ❞♦♥✐8✉❡ ✭✈❛❧❡✉0 ♦❜,❡♥✉❡

❞❡ ❧❛ ♠ ,❛✲❛♥❛❧②)❡✮✳ ▲❡ ,❛❜❧❡❛✉ ✭✸✳✹✮ 0 )✉♠❡ ❧❡) ❞✐✛ 0❡♥,❡) 0❡❝♦♠♠❛♥❞❛,✐♦♥) )✉0 ❧❡ ♥♦♠❜0❡ ❞❡

)✉❥❡,) ♦❜,❡♥✉❡) ♣♦✉0 ❧❡) ❞✐✛ 0❡♥,❡) ✈❛❧❡✉0) ❞❡ α✱ β✱ d ❡, σ✳
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❚❛❜✳ ✸✳✹ ✕ ❆❜❛#✉❡& ❞✉ ♥♦♠❜+❡ ❞❡ &✉❥❡-& . ❡♥+/❧❡+ ❡♥ -❡&-& ❤2❞♦♥✐#✉❡& ♣♦✉+ ❦ ✹ ♣+♦❞✉✐-&

σ d α β

20% 10% 5%

✵✳✶✼ ✵✳✵✸ 20% ✺✹ ✼✺ ✾✺

10% ✼✷ ✾✻ ✶✶✾

5% ✽✾ ✶✶✻ ✶✹✵

✵✳✵✻ 20% ✶✹ ✷✵ ✷✺

10% ✶✾ ✷✺ ✸✶

5% ✷✹ ✸✵ ✸✻

✵✳✶✵ 20% ✻ ✽ ✶✵

10% ✽ ✶✵ ✶✷

5% ✶✵ ✶✷ ✶✹

✵✳✷✵ ✵✳✵✸ 20% ✼✹ ✶✵✹ ✶✸✷

10% ✾✾ ✶✸✸ ✶✻✸

5% ✶✷✸ ✶✺✾ ✶✾✸

✵✳✵✻ 20% ✶✾ ✷✼ ✸✹

10% ✷✻ ✸✹ ✹✷

5% ✸✷ ✹✶ ✺✵

✵✳✶✵ 20% ✽ ✶✶ ✶✸

10% ✶✵ ✶✸ ✶✻

5% ✶✸ ✶✻ ✶✾

✵✳✷✸ ✵✳✵✸ 20% ✾✼ ✶✸✼ ✶✼✹

10% ✶✸✶ ✶✼✺ ✷✶✻

5% ✶✻✷ ✷✶✵ ✷✺✹

✵✳✵✻ 20% ✷✺ ✸✺ ✹✹

10% ✸✹ ✹✺ ✺✺

5% ✹✷ ✺✹ ✻✺

✵✳✶✵ 20% ✶✵ ✶✸ ✶✼

10% ✶✸ ✶✼ ✷✶

5% ✶✻ ✷✶ ✷✺

❈♦♠♠❡ ♦♥ ♣❡✉3 ❧❡ ❝♦♥63❛3❡8✱ ❧❡ ♣❛8❛♠:38❡ ;✉✐ 6❡♠❜❧❡ ❧❡ ♣❧✉6 ✐♥✢✉❡8 ❧❡ ♥♦♠❜8❡ ♠✐♥✐♠✉♠

❞❡ 6✉❥❡36 A ❡♥8B❧❡8 ❞❛♥6 ✉♥ ♣❛♥❡❧ ❞❡ 3❡636 ❤D❞♦♥✐;✉❡6 ❡63 ❧❛ 3❛✐❧❧❡ ❞❡6 ❞✐✛D8❡♥❝❡6 A ♠❡338❡ ❡♥

D✈✐❞❡♥❝❡✳ G❛8 ❡①❡♠♣❧❡✱ ♣♦✉8 ✉♥❡ ✈❛8✐❛❜✐❧✐3D σ = 0.20✱ ✉♥ 8✐6;✉❡ α = 5% ❡3 ✉♥ 8✐6;✉❡ β = 10%✱

❧❡ ♥♦♠❜8❡ ❞❡ 6✉❥❡36 ❞✐♠✐♥✉❡ ❞❡ 74% ❧♦86;✉✬♦♥ ♣❛66❡ ❞✬✉♥ D❝❛83 ♠♦②❡♥ ❞✬❛♣♣8D❝✐❛3✐♦♥ d A ♠❡338❡

❡♥ D✈✐❞❡♥❝❡ ❞❡ ✵✳✵✸ A ✵✳✵✻ 6✉8 ✉♥❡ D❝❤❡❧❧❡ ✵✲✶✳

✼✻



❈❤❛♣✐%&❡ ✸✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ %❡0%0 ❤3❞♦♥✐4✉❡0

 ❛" ❛✐❧❧❡✉"'✱ ♣♦✉" ✉♥ ,❝❛". ♠♦②❡♥ ❞✬❛♣♣",❝✐❛.✐♦♥ d = 0.06✱ ✉♥ "✐'3✉❡ α = 5% ❡. ✉♥ "✐'3✉❡

β = 10%✱ ❧❡ ♥♦♠❜"❡ ❞❡ '✉❥❡.' ❞✐♠✐♥✉❡ ❞❡ 24% '❡✉❧❡♠❡♥. ❧♦"'3✉✬♦♥ ❝♦♥'✐❞6"❡ ✉♥❡ ✈❛"✐❛❜✐❧✐., σ

❞❡ 0.20 ❛✉ ❧✐❡✉ ❞❡ 0.23✳

❙✐ ♦♥ ❝♦♥'✐❞6"❡ ✉♥❡ ❤,.,"♦❣,♥,✐., ♠♦②❡♥♥❡ ❞❡ 0.20✱ ✉♥ "✐'3✉❡ α = 5%✱ ✉♥❡ ♣✉✐''❛♥❝❡ ❞❡ .❡'.

< 90%✱ ✐❧ ❢❛✉❞"❛✐. ✶✺✾ '✉❥❡.' ♣♦✉" ♠❡.."❡ ❡♥ ,✈✐❞❡♥❝❡ ✉♥ ♣❡.✐. ❡✛❡.✱ ✹✶ '✉❥❡.' ♣♦✉" ♠❡.."❡ ❡♥

,✈✐❞❡♥❝❡ ✉♥ ❡✛❡. ♠♦②❡♥ ❡. ✶✻ '✉❥❡.' '❡✉❧❡♠❡♥. ♣♦✉" ♠❡.."❡ ❡♥ ,✈✐❞❡♥❝❡ ✉♥ ❣"❛♥❞ ❡✛❡. ✦

▲❛ ✜❣✉"❡ ✭✸✳✶✶✮ ♠♦♥."❡ ❧❡' ✈❛"✐❛.✐♦♥' ❞❡ ❧❛ ♣✉✐''❛♥❝❡ ❡♥ ❢♦♥❝.✐♦♥ ❞✉ ♥♦♠❜"❡ ❞❡ '✉❥❡.' ♣♦✉"

❧❡' ❞✐✛,"❡♥.❡' ✈❛❧❡✉"' ❞❡ d✱ σ ❡. ❞❡✉① ✈❛❧❡✉"' ❞✉ "✐'3✉❡ α ✭5% ❡. 10%✮✳

▲❡ ♥♦♠❜"❡ ❞❡ '✉❥❡.' ❡'. ♣❧✉' ✐♠♣♦".❛♥. ❧♦"'3✉❡ ❧❛ ✈❛"✐❛❜✐❧✐., ❡'. ♠❛①✐♠❛❧❡ ✭σ = 0.23✮ ❡.

❧✬,❝❛". ♠♦②❡♥ ❞❡' ♠♦②❡♥♥❡' ❞❡' ♣"♦❞✉✐.' ❡'. ♠✐♥✐♠❛❧ ✭d = 0.03✮✳

✼✼



❈❤❛♣✐%&❡ ✸✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ %❡0%0 ❤3❞♦♥✐4✉❡0

❋✐❣✳ ✸✳✶✶ ✕  ✉✐##❛♥❝❡ ❡♥ ❢♦♥❝*✐♦♥ ❞✉ ♥♦♠❜.❡ ❞❡ #✉❥❡*# ♣♦✉. ❦ ✹ ♣.♦❞✉✐*#

✼✽



❈❤❛♣✐%&❡ ✸✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ %❡0%0 ❤3❞♦♥✐4✉❡0

✹ ❉✐#❝✉##✐♦♥ ✿ ▲✐❡♥ ❡♥+,❡ ❧❡# ,.#✉❧+❛+# ❞❡ ❧✬❛♣♣,♦❝❤❡ ♣❛, ,..❝❤❛♥✲

+✐❧❧♦♥♥❛❣❡ ❡+ ❞❡ ❧✬❛♣♣,♦❝❤❡ ♣❛, ♠.+❛✲❛♥❛❧②#❡

▲❡" #$"✉❧'❛'" ❞❡" ❞❡✉① ❞$♠❛#❝❤❡" ♥♦✉" ♦♥' ♣❡#♠✐" ❞❡ ♠❡''#❡ ❡♥ ❡①❡#❣✉❡ ❧✬✐♠♣❛❝' ❞❡ ❧❛ '❛✐❧❧❡ ❞❡"

❞✐✛$#❡♥❝❡" 5 ♠❡''#❡ ❡♥ $✈✐❞❡♥❝❡ ❞❛♥" ❧❛ ❞$'❡#♠✐♥❛'✐♦♥ ❞✉ ♥♦♠❜#❡ ♠✐♥✐♠✉♠ ❞❡ "✉❥❡'"✳ ❊♥ ❡✛❡'✱

❧❡" #❡❝♦♠♠❛♥❞❛'✐♦♥" ♦❜'❡♥✉❡" ♣❛# ❧✬❛♣♣#♦❝❤❡ #$$❝❤❛♥'✐❧❧♦♥♥❛❣❡ ♣♦✉# ❧❡" "❡♣' $'✉❞❡" ♠❡♥$❡" ❞❛♥"

❧❡ ❝❛❞#❡ ❞❡ ❧✬❡①♣$#✐♠❡♥'❛'✐♦♥ ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ♥♦#♠❡ ✭❆❋◆❖❘✱ ✷✵✵✾✮✱ ✈❛#✐❛✐❡♥' ❞❡ ✷✵ 5 ✶✺✵ "✉❥❡'"✳

▲❡ ♣❛#❛♠H'#❡ I✉✐ "❡♠❜❧❡ ❧❡ ♣❧✉" ❝♦♥❞✐'✐♦♥♥❡# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡'" $'❛✐' ❧❛ '❛✐❧❧❡ ❞❡" ❞✐✛$#❡♥❝❡" ❡♥

'❡#♠❡" ❞✬❛♣♣#$❝✐❛'✐♦♥ ❡♥'#❡ ❧❡" ♣#♦❞✉✐'" ❝♦♠♣❛#$"✳ ▲✬❤$'$#♦❣$♥$✐'$ ❞❡" ♣#$❢$#❡♥❝❡" $'❛✐' ♣#❡"I✉❡

"✐♠✐❧❛✐#❡ ♣♦✉# ❧❡" "❡♣' $'✉❞❡"✳

K❛# ❛✐❧❧❡✉#"✱ ❧✬❛♣♣#♦❝❤❡ ♣❛# ♠$'❛✲❛♥❛❧②"❡ ❝♦♥"✐"'❛♥' 5 ❝❛❧❝✉❧❡# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡'" ❡♥ ❢♦♥❝'✐♦♥ ❞❡"

❡"'✐♠❛'✐♦♥" ❞❡ ❧✬❤$'$#♦❣$♥$✐'$ ❞❡" ♣#$❢$#❡♥❝❡" ❡' ❞❡" '❛✐❧❧❡" ❞❡ ❞✐✛$#❡♥❝❡" ❞✬❛♣♣#$❝✐❛'✐♦♥ ♦❜"❡#✈$❡"

"✉# K#❡❢❇❛"❡ ♠♦♥'#❡ ❧✬✐♠♣❛❝' ❞❡ ❝❡" ❞❡#♥✐H#❡" "✉# ❧❡" #❡❝♦♠♠❛♥❞❛'✐♦♥" "✉# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡'"✳

K♦✉# ❧❡" "❡♣' $'✉❞❡" ❆❈❚■❆✱ ♥♦✉" ❛✈♦♥" ❝♦♥"'❛'$ ✉♥❡ ❝♦♥❝♦#❞❛♥❝❡ ❞❡" #❡❝♦♠♠❛♥❞❛'✐♦♥" "✉# ❧❡

♥♦♠❜#❡ ❞❡ "✉❥❡'" ♦❜'❡♥✉❡" ♣❛# ❧✬❛♣♣#♦❝❤❡ #$$❝❤❛♥'✐❧❧♦♥♥❛❣❡ ❛✈❡❝ ❧❡" #❡❝♦♠♠❛♥❞❛'✐♦♥" $'❛❜❧✐❡"

❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ '❛✐❧❧❡ ❞❡ ❧✬❡✛❡' ♣❛# ❧✬❛♣♣#♦❝❤❡ ♠$'❛✲❛♥❛❧②"❡ ❞❡ K#❡❢❇❛"❡✳ ❊♥ ❡✛❡'✱ ❧❡" '❛❜❧❡❛✉①

✭✸✳✻✮ ❡' ✭✸✳✺✮ ✐❧❧✉"'#❡♥' ❝❡''❡ #❡♠❛#I✉❡✳ ▲❡" $'✉❞❡" "♦♥' ❝❧❛""$❡" "❡❧♦♥ ❧❡" '#♦✐" ❝❛'$❣♦#✐❡" ❞❡ ❧❛

❣#❛♥❞❡✉# ❞❡ ❧✬❡✛❡' ❢❛✐❜❧❡✱ ♠♦②❡♥ ❡' ❢♦#' ✿

❚❛❜✳ ✸✳✺ ✕ ❚❛✐❧❧❡% ❞✬❡✛❡) σm

❙♦✉#❝❡ ❚❛✐❧❧❡* ❞✬❡✛❡. σm

❢❛✐❜❧❡ ♠♦②❡♥ ❢♦#.

▼5.❛✲❛♥❛❧②*❡ 7#❡❢❇❛*❡ ✵✳✵✸ ✵✳✵✻ ✵✳✶✵

➱.✉❞❡* ❆❈❚■❆ ❍❛#❡♥❣ ✿ ✵✳✵✹ ❈❛❦❡✱ ❈♦♠♣♦.❡✱ ❈❤✐♣* ✿ ✵✳✵✼ ❑♥❛❝❦ ✵✳✶✻

❚❛❜✳ ✸✳✻ ✕ ❚❛✐❧❧❡% ❞✬❡✛❡) %)❛♥❞❛+❞✐%,

❙♦✉#❝❡ ❚❛✐❧❧❡* ❞✬❡✛❡. *.❛♥❞❛#❞✐*5

❢❛✐❜❧❡ ♠♦②❡♥ ❢♦#.

▼5.❛✲❛♥❛❧②*❡ 7#❡❢❇❛*❡ ✵✳✶✻ ✵✳✸✵ ✵✳✹✼

➱.✉❞❡* ❆❈❚■❆ ❍❛#❡♥❣ ✿ ✵✳✷✸ ❈❛❦❡✱ ❈♦♠♣♦.❡✱ ❈❤✐♣* ✿ ✵✳✸✾ ❑♥❛❝❦ ✵✳✽✼

▲✬❡✛❡' ♦❜"❡#✈$ "✉# ❧❛ ❣❛♠♠❡ ✧❤❛#❡♥❣✧ ❡"' ❝♦♥"✐❞$#$ ❝♦♠♠❡ ✉♥ ♣❡'✐' ❡✛❡'✳ ▲❡" ❡✛❡'" ♦❜"❡#✈$"

♣♦✉# ❧❡" ❣❛♠♠❡" ✧❝❛❦❡✧✱ ✧❝♦♠♣♦'❡✧ ❡' ✧❝❤✐♣"✧ "♦♥' ❝♦♥"✐❞$#$" ❝♦♠♠❡ ❞❡" ❡✛❡'" ♠♦②❡♥"✳ ❊♥✜♥✱

❧✬❡✛❡' ♦❜"❡#✈$ "✉# ❧❛ ❣❛♠♠❡ ✧❦♥❛❝❦✧ ❡"' ❝♦♥"✐❞$#$ ❝♦♠♠❡ ✉♥ ❣#❛♥❞ ❡✛❡' ❡' ❛✐♥"✐ ♣❧✉" ❢❛❝✐❧❡ 5

♠❡''#❡ ❡♥ $✈✐❞❡♥❝❡ ❛✈❡❝ ✉♥ ♣❡'✐' ❣#♦✉♣❡ ❞❡ "✉❥❡'" ✭✷✵ "✉❥❡'"✮✳

✼✾
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Chapitre4

▲❡ ♥♦♠❜&❡ ❞❡ (✉❥❡+( ❡♥ ♣&♦✜❧ (❡♥(♦&✐❡❧

✶ ❉❡#❝%✐♣(✐♦♥ ❞❡ ❧❛ ❜❛#❡ ❞❡ ❞♦♥♥/❡# ❙❡♥#♦❇❛#❡

▲❡ "②"$%♠❡ ❙❡♥"♦❇❛"❡ ✭✇✇✇✳"❡♥"♦❜❛"❡✳❢1✮ ♣❡1♠❡$ ❛✉① ❢♦✉1♥✐""❡✉1" ❞❡ ❞♦♥♥8❡" ✭❧❛❜♦1❛$♦✐1❡"

❞✬❛♥❛❧②"❡ "❡♥"♦1✐❡❧❧❡✮ ❞❡ "✬✐♥"❝1✐1❡ < ❝❡ ♣1♦❣1❛♠♠❡ ❞✬8❝❤❛♥❣❡✱ ❞✬❡♥✈♦②❡1 ❧❡✉1" 8$✉❞❡" ❞❡ ♣1♦✜❧

"❡♥"♦1✐❡❧ ❡$ ❞❡ 1❡❝❡✈♦✐1 ❡♥ 1❡$♦✉1 ❞❡" ❛♥❛❧②"❡" "$❛$✐"$✐B✉❡" ♦1✐❣✐♥❛❧❡" ♣♦✉1 ❧❡ ❝♦♥$1C❧❡ ❞❡" ♣❡1❢♦1✲
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.#✉❞❡"

❋✐❣✳ ✹✳✷ ✕ ❉✐"#$✐❜✉#✐♦♥ ❞✉ ♥♦♠❜$❡ ❞❡ ❞❡"❝$✐♣#❡✉$" ❛✐♥"✐ 0✉❡ ❞✉ #②♣❡ ❞❡" ❞❡"❝$✐♣#❡✉$"

▲❡& ❞❡&❝+✐♣-❡✉+& &♦♥- ❝❧❛&&9& ❡♥ ❝✐♥: ❝❛-9❣♦+✐❡&✿ ❛♣♣❛+❡♥❝❡✱ -❡①-✉+❡✱ &❛✈❡✉+✱ ♦❞❡✉+ ❡- ❛+J♠❡

✭❧♦+&:✉❡ ❧❡ ♣+♦❞✉✐- ❡&- ♠✐& ❡♥ ❜♦✉❝❤❡✮✳ ▲❡& ❞❡&❝+✐♣-❡✉+& ✈✐&✉❡❧& &♦♥- ♠♦✐♥& +❡♣+9&❡♥-9& :✉❡ ❧❡&

❛✉-+❡&✳ ❉❡ ♣❧✉&✱ ✐❧ ❡&- ✉-✐❧❡ ❞❡ ♣+9❝✐&❡+ :✉❡ ❝❤❛:✉❡ ❝❛-9❣♦+✐❡ ♥✬❡&- ♣❛& +❡♣+9&❡♥-9❡ ❞❛♥& ❝❤❛:✉❡

9-✉❞❡✳ ❈❡+-❛✐♥& ♣+♦✜❧& ♣❡✉✈❡♥- ❛✈♦✐+ 9-9 +9❛❧✐&9& ❛✈❡❝ ❞❡✉① ❝❛-9❣♦+✐❡& ❞❡ ❞❡&❝+✐♣-❡✉+&✱ ✈♦✐+❡

✉♥❡ &❡✉❧❡♠❡♥-✳ ❈❡- ❛&♣❡❝- ♣♦✉++❛✐- ❛✈♦✐+ ✉♥❡ ✐♥✢✉❡♥❝❡ ❧♦+& ❞❡ ❧❛ ❝♦♠♣❛+❛✐&♦♥ ♣❛+ -②♣❡& ❞❡

✽✸



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

❞❡"❝$✐♣'❡✉$"✳

❆✉ ✈✉ ❞❡ ❝❡" ❝❛$❛❝'-$✐"'✐.✉❡" ✭✹✳✶✮ ❡' ✭✹✳✷✮✱ ✉♥ ❥❡✉ ❞❡ ❞♦♥♥-❡" ♠-❞✐❛♥ ❞❛♥" ❙❡♥"♦❇❛"❡✱ ❝♦$$❡"✲

♣♦♥❞ < ❧✬-'✉❞❡ ❞✬✉♥ ❣$♦✉♣❡ ❞❡ ✻ ♣$♦❞✉✐'"✱ ♣❛$ ✉♥ ♣❛♥❡❧ ❞❡ ✶✷ "✉❥❡'" ❡♥ ✉'✐❧✐"❛♥' ✷✸ ❞❡"❝$✐♣'❡✉$"✳

❈❡ ❝❤❛♣✐'$❡ ❝♦♠♣♦$'❡ ❞❡✉① ♣❛$'✐❡"✳ ❚♦✉' ❞✬❛❜♦$❞✱ ♥♦✉" ♣$-"❡♥'♦♥" ❧❡" $-"✉❧'❛'" ❞❡ ❧✬❛♣♣$♦❝❤❡

♣❛$ $--❝❤❛♥'✐❧❧♦♥♥❛❣❡ ❛♣♣❧✐.✉-❡ "✉$ ❧✬❡♥"❡♠❜❧❡ ❞❡" ✹✵✺ ❥❡✉① ❞❡ ❞♦♥♥-❡" "-❧❡❝'✐♦♥♥-"✳ ◆♦✉" ❞✐"❝✉✲

'❡$♦♥" ❧❡" $-"✉❧'❛'" ♦❜'❡♥✉"✳ ❊♥"✉✐'❡✱ ♥♦✉" -'✉❞✐❡$♦♥" ❞❡" ♣❛$❛♠K'$❡" .✉✐ ❞-'❡$♠✐♥❡♥' ❧❡ ♥♦♠❜$❡

❞❡ "✉❥❡'" ♥-❝❡""❛✐$❡ < "❛✈♦✐$✱ ❧❛ '❛✐❧❧❡ ❞❡ ❧✬❡✛❡' ❡' ❧❡ ❞-"❛❝❝♦$❞ ❡♥'$❡ ❧❡" "✉❥❡'"✳

❉❛♥" ❧❛ ❞❡✉①✐K♠❡ ♣❛$'✐❡✱ ♥♦✉" ♣$-"❡♥'♦♥" ❧❡" $-"✉❧'❛'" "✉$ ❧✬-'✉❞❡ ❞❡" $-♣-'✐'✐♦♥" ❡♥ ♣$♦✜❧" "❡♥✲

"♦$✐❡❧"✳ ❈❡" $-"✉❧'❛'" "♦♥' ✈❛❧♦$✐"-" ❞❛♥" ✉♥ ❛$'✐❝❧❡✳

✷ ❆♣♣#♦❝❤❡ ♣❛# #))❝❤❛♥+✐❧❧♦♥♥❛❣❡

◆♦✉" ❛✈♦♥" ❛♣♣❧✐.✉- ❧❛ ❞-♠❛$❝❤❡ ♣❛$ $--❝❤❛♥'✐❧❧♦♥♥❛❣❡ "✉$ ❧❡" ✹✵✺ ❥❡✉① ❞❡ ❞♦♥♥-❡" ❞❡ ♣$♦✜❧"

"❡♥"♦$✐❡❧"✳ ▲✬♦❜❥❡❝'✐❢ -'❛✐' ❞❡ '❡"'❡$ ❞❛♥" .✉❡❧❧❡ ♠❡"✉$❡ ✉♥ "♦✉"✲♣❛♥❡❧ ❞❡ ◆✲❦ "✉❥❡'" ❝♦♥❞✉✐$❛✐' <

❞❡" $-"✉❧'❛'" ❞✐✛-$❡♥'" ♦✉ ♥♦♥ ❞✬✉♥ ♣❛♥❡❧ ❝♦♠♣❧❡' < ◆ "✉❥❡'"✳

✷✳✶ ▼♦❞&❧❡ ❞✬❛♥❛❧②-❡

❈♦♠♠❡ ❧❡ ♥♦♠❜$❡ ❞❡ $-♣-'✐'✐♦♥" ✈❛$✐❡ ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥-❡" < ✉♥ ❛✉'$❡✱ ❧❡" ♥♦'❡" ❞✬✐♥'❡♥"✐'-

❞♦♥♥-❡" ♣❛$ ❧❡" "✉❥❡'" ♣♦✉$ ❧✬❡♥"❡♠❜❧❡ ❞❡" ♣$♦❞✉✐'" ♦♥' -'- ♠♦②❡♥♥-❡" "✉$ ❧❡" $-♣-'✐'✐♦♥" ❛✜♥

❞✬❤♦♠♦❣-♥-✐"❡$ ❧❡" ❞♦♥♥-❡"✳

S❛$ ❛✐❧❧❡✉$"✱ ❝♦♠♠❡ ❞✐✛-$❡♥'❡" -❝❤❡❧❧❡" ❞❡ ♥♦'❛'✐♦♥ ♦♥' -'- ✉'✐❧✐"-❡" ❡' ♣♦✉$ $❡♥❞$❡ ❧❡" ❣$❛♥❞❡✉$"

❞❡ ❧✬❡✛❡' ♣$♦❞✉✐' ❡' ❞✉ ❞-"❛❝❝♦$❞ ❡♥'$❡ ❧❡" "✉❥❡'" ❝♦♠♣❛$❛❜❧❡" ❡♥'$❡ ❧❡" ❞✐✛-$❡♥'" ❥❡✉① ❞❡

❞♦♥♥-❡"✱ ❧❡" "❝♦$❡" ❞✬✐♥'❡♥"✐'- ♣♦✉$ ❝❤❛.✉❡ ❞❡"❝$✐♣'❡✉$ "♦♥' $❛♠❡♥-" < ❧✬-❝❤❡❧❧❡ ✵✲✶ ❡♥ ❛♣♣❧✐.✉❛♥'

✉♥❡ '$❛♥"❢♦$♠❛'✐♦♥ ❛✣♥❡✳ ◆♦✉" ❛✈♦♥" ❞♦♥❝ ❛♣♣❧✐.✉- ❧❡ ♠♦❞K❧❡ ❞❡ ❧✬❛♥❛❧②"❡ ❞❡ ❧❛ ✈❛$✐❛♥❝❡ ❛❞❞✐'✐❢

< ❞❡✉① ❢❛❝'❡✉$" ❙✉❥❡' ✰ S$♦❞✉✐'✳

✷✳✷ ❙✐♠✉❧❛2✐♦♥ ❡2 ❞3✜♥✐2✐♦♥ ❞❡- ❝6✐2&6❡- ❞✬❛♥❛❧②-❡

S♦✉$ ❝❤❛.✉❡ ❥❡✉ ❞♦♥♥-❡"✱ ✶✵✵ "♦✉"✲♣❛♥❡❧" ❞❡ '❛✐❧❧❡ N − k✱ k = 0,...,◆✲✷ ♦♥' -'- ♦❜'❡♥✉"

♣❛$ '✐$❛❣❡ ❛❧-❛'♦✐$❡ ❛✈❡❝ $❡♠✐"❡ < ♣❛$'✐$ ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡'✳ ◆♦✉" ❛✈♦♥" ❝♦♥"✐❞-$- ❧❡ ❝❛" k = 0✱

♣♦✉$ '❡"'❡$ ❧❛ "'❛❜✐❧✐'- ❞❡" $-"✉❧'❛'" "'❛'✐"'✐.✉❡" "✐ ♦♥ ❛✈❛✐' ♣$✐" ✶✵✵ ♣❛♥❡❧" ❞❡ '❛✐❧❧❡ ◆ ❛②❛♥' ❞❡"

❝❛$❛❝'-$✐"'✐.✉❡" ♣$❡".✉❡ "✐♠✐❧❛✐$❡"✳
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❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

 ♦✉# ✈%#✐✜❡# ❧❛ +,❛❜✐❧✐,% ❞❡ ❧❛ ❝♦♥❝❧✉+✐♦♥ +,❛,✐+,✐1✉❡ +✉# ❧❡+ ♣#♦❞✉✐,+✱ ♥♦✉+ ❛✈♦♥+ ❞%✜♥✐ ❞❡+

❝#✐,4#❡+ ✉♥✐❞✐♠❡♥+✐♦♥♥❡❧+ ❡, ♠✉❧,✐❞✐♠❡♥,✐♦♥♥❡❧+✳

 ♦✉# ❧✬❛♥❛❧②+❡ ✉♥✐❞✐♠❡♥+✐♦♥♥❡❧❧❡✱ ♥♦✉+ ❛✈♦♥+ ❝❛❧❝✉❧% ✿

✕ ❧❡ ❝♦❡✣❝✐❡♥, ❞❡ ❝♦##%❧❛,✐♦♥ ❡♥,#❡ ❧❡ ✈❡❝,❡✉# ❞❡+ ♠♦②❡♥♥❡+ ❞❡+ ♥♦,❡+ ♣❛# ♣#♦❞✉✐, ♦❜,❡♥✉ <

♣❛#,✐# ❞✉ +♦✉+✲♣❛♥❡❧ < N − k +✉❥❡,+ ❡, ❝❡ ♠?♠❡ ✈❡❝,❡✉# ♦❜,❡♥✉ ❛✈❡❝ ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡, < N

+✉❥❡,+✳

✕ ❧❡ ❝♦❡✣❝✐❡♥, ❞❡ ❞✐+❝#✐♠✐♥❛,✐♦♥ ρ ✭❝♦❡✣❝✐❡♥, ❞❡ ❋✐+❤❡#✮ ❞%✜♥✐ < ♣❛#,✐# ❞✉ ♠♦❞4❧❡ ❆◆❖❱❆

< ❞❡✉① ❢❛❝,❡✉# ❙✉❥❡, ✰  #♦❞✉✐, ,❡❧ 1✉❡ ✿

ρ =
CMPro

CMPro + CMErr

✭✹✳✶✮

CMPro ❡, CMErr +♦♥, #❡+♣❡❝,✐✈❡♠❡♥, ❧❡+ ❝❛##%+ ♠♦②❡♥+ ❞❡ ❧✬❡✛❡, ♣#♦❞✉✐, ❡, ❞❡ ❧✬❡##❡✉#✳

❈❡ ❝♦❡✣❝✐❡♥, ♠❡+✉#❡ ❧✬✐♠♣♦#,❛♥❝❡ ❞❡ ❧✬❡✛❡, ♣#♦❞✉✐,✳ ➱,❛♥, ❝♦♠♣#✐+ ❡♥,#❡ ✵ ❡, ✶✱ ✐❧ ❡+,

♣❧✉+ ❢❛❝✐❧❡ ❞✬✉,✐❧✐+❛,✐♦♥ 1✉❡ ❧❛ +,❛,✐+,✐1✉❡ ❋ ❞❡ ❋✐+❤❡# ❧♦#+1✉✬✐❧ +✬❛❣✐, ❞❡ ❝♦♠♣❛#❡# ♣❧✉+✐❡✉#+

%,✉❞❡+✳ ❊♥ ♦✉,#❡✱ ❝❡ ❝♦❡✣❝✐❡♥, ♥✬❡+, ♣❛+ +❡♥+✐❜❧❡ ❛✉① ,#4+ ❢❛✐❜❧❡+ ✈❛❧❡✉#+ ❞✉ ❝❛##% ♠♦②❡♥

❞❡ ❧✬❡##❡✉#✳

❆✉ ♥✐✈❡❛✉ ♠✉❧,✐❞✐♠❡♥,✐♦♥♥❡❧✱ ♥♦✉+ ❛✈♦♥+ ❝❛❧❝✉❧% ❧❡ ❝♦❡✣❝✐❡♥, ❘❱ ✭❊+❝♦✉✜❡#✱ ✶✾✼✸✮ 1✉✐ ❝♦#✲

#❡+♣♦♥❞ < ✉♥❡ ❝♦##%❧❛,✐♦♥ ❡♥,#❡ ❞❡✉① ❝♦♥✜❣✉#❛,✐♦♥+ ❞❡ ♣#♦❞✉✐,+ ♦❜,❡♥✉❡+ #❡+♣❡❝,✐✈❡♠❡♥, ❡♥

❝♦♥+✐❞%#❛♥, ❧❡+ ♥♦,❡+ ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡, ❡, ❧❡+ ♥♦,❡+ ❞✉ ♣❛♥❡❧ #%❞✉✐, < N − k +✉❥❡,+✳ ❆✐♥+✐✱ +✐

❳ ❡, ❨ +♦♥, ❧❡+ ❞❡✉① ♠❛,#✐❝❡+ l × p ✭❧ ♣#♦❞✉✐,+✱ ♣ ❞❡+❝#✐♣,❡✉#+✮ ❝❡♥,#%❡+ ♣❛# ❝♦❧♦♥♥❡+✱ ✐++✉❡+

#❡+♣❡❝,✐✈❡♠❡♥, ❞❡+ +❝♦#❡+ ❞✬✐♥,❡♥+✐,% ❞♦♥♥%+ ♣❛# ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡, ✭◆ +✉❥❡,+✮ ❡, ♣❛# ❧❡ ♣❛♥❡❧ #%❞✉✐,

✭◆✲❦ +✉❥❡,+✮✱ ❧❡ ❝♦❡✣❝✐❡♥, ❘❱ ❡+, ❧❛ 1✉❛♥,✐,% ✿

RV (X,Y ) =
tr(XX ′Y Y ′)

√

tr((XX ′)2)tr((Y Y ′)2)
✭✹✳✷✮

❯♥ ❝♦❡✣❝✐❡♥, ❘❱ ♣#♦❝❤❡ ❞❡ ✶ +✐❣♥✐✜❡ 1✉❡ ❧❡+ ❞❡✉① ❝♦♥✜❣✉#❛,✐♦♥+ ❳ ❡, ❨ +♦♥, ✐❞❡♥,✐1✉❡+

❡, ❞❡ ✵ +✐ ❡❧❧❡+ +♦♥, ,♦,❛❧❡♠❡♥, ❞✐✛%#❡♥,❡+✳ ❈❡ ❝#✐,4#❡ ♥♦✉+ #❡♥+❡✐❣♥❡ +✉# ❧❡+ ❞✐+,❛♥❝❡+ ❡♥,#❡ ❧❡+

♣#♦❞✉✐,+ ❛✉ ♥✐✈❡❛✉ ♠✉❧,✐❞✐♠❡♥,✐♦♥♥❡❧✳

✷✳✸ ❘$❣❧❡( ❞❡ ❞*❝✐(✐♦♥( ❡/ ❝♦♥(/✐/✉/✐♦♥ ❞❡ 1❡❝♦♠♠❛♥❞❛/✐♦♥( ♣♦✉1 ♥

❈♦♥,#❛✐#❡♠❡♥, ❛✉① %,✉❞❡+ ❞❡ ♣#%❢%#❡♥❝❡+ 1✉✐ ❝♦♥+✐+,❡♥, < %,✉❞✐❡# ✉♥❡ +❡✉❧❡ ✈❛#✐❛❜❧❡ ❞❡ ♠❡+✉#❡

✭❧❛ ♠❡+✉#❡ ❤%❞♦♥✐1✉❡✮✱ ✉♥❡ %,✉❞❡ ❞❡ ♣#♦✜❧ +❡♥+♦#✐❡❧ ❡+, ✉♥ ♦❜❥❡, ♠✉❧,✐❞✐♠❡♥,✐♦♥♥❡❧ 1✉✐ ❝♦♥+,✐,✉❡

❧✬%,✉❞❡ ❞❡ ♣❧✉+✐❡✉#+ ✈❛#✐❛❜❧❡+ ✭❞❡+❝#✐♣,❡✉#+✮ < ❧❛ ❢♦✐+✳ ▲❡+ ❞✐✛%#❡♥,❡+ %,✉❞❡+ ❞❡ ♣#♦✜❧+ ❛♥❛❧②+%❡+

♣#%+❡♥,❡♥, ❞❡+ ❝❛#❛❝,%#✐+,✐1✉❡+ ✈❛#✐%❡+ ❡♥ ,❡#♠❡ ❞✉ ♥♦♠❜#❡ ❞❡ +✉❥❡,+ ❡♥#^❧%+✱ ❞✉ ♥♦♠❜#❡ ❡, ❞✉

,②♣❡ ❞❡ ❞❡+❝#✐♣,❡✉#+ ✉,✐❧✐+%+ ❡, ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♣#♦❞✉✐,+ ,❡+,%+✳ ❈❡,,❡ ✈❛#✐❛❜✐❧✐,% #❡♥❞ ❞✐✣❝✐❧❡

❧❡ ❝❤♦✐① ❡, ❧❛ ✈❛❧✐❞❛,✐♦♥ ❞❡+ ❝#✐,4#❡+ ❞❡ ❞%❝✐+✐♦♥✳ ◆%❛♥♠♦✐♥+✱ ♥♦✉+ ❛✈♦♥+ ❢❛✐, ❞❡+ ❝❤♦✐① ❡, %,❛❜❧✐

✽✺



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

❞❡" ❝$✐&'$❡" ❞❡ ❞(❝✐"✐♦♥ +✉✐ ♣$❡♥♥❡♥& ❡♥ ❝♦♥"✐❞($❛&✐♦♥ ❝❡&&❡ ❝♦♠♣❧❡①✐&( ❞✉ ♣$♦✜❧ "❡♥"♦$✐❡❧ ❡& +✉✐

"❡$♦♥& ❞✐"❝✉&("✳

4✉✐"+✉❡ ❧✬♦❜❥❡❝&✐❢ ❞❡ ❧✬❛♣♣$♦❝❤❡ ❡"& ❞❡ ❞♦♥♥❡$ ✉♥❡ $❡❝♦♠♠❛♥❞❛&✐♦♥ "✉$ ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡&"✱

❧✬✉♥✐&( ❡①♣($✐♠❡♥&❛❧❡ $❡&❡♥✉❡ ❡"& ❧❡ ❥❡✉ ❞❡ ❞♦♥♥(❡"✳ ➚ ❝❤❛+✉❡ ❥❡✉ ❞❡ ❞♦♥♥(❡" ❝♦$$❡"♣♦♥❞ ✉♥❡

$❡❝♦♠♠❛♥❞❛&✐♦♥ "✉$ ❧❡ ♥♦♠❜$❡ ♠✐♥✐♠❛❧ ❞❡ "✉❥❡&"✳

❆✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥"✐♦♥♥❡❧✱ ❝❤❛+✉❡ ❝$✐&'$❡ ❞❡ ❞(❝✐"✐♦♥ ❞♦✐& $❡"♣❡❝&❡$ ❧❡" ♣♦✐♥&" "✉✐✈❛♥&" ♣♦✉$ ❧❡"

❞✐✛($❡♥&" ✐♥❞✐❝❡" ❝❛❧❝✉❧(" ✿

✕ ♣✉✐"+✉❡ ❧❛ ❝♦♥❝❧✉"✐♦♥ "&❛&✐"&✐+✉❡ ❝♦♥"✐"&❡ ❡♥ ❧❛ ♠✐"❡ ❡♥ (✈✐❞❡♥❝❡ ❞✬✉♥ ❡✛❡& ♣$♦❞✉✐&✱ ♦♥ ♥❡

"✬✐♥&($❡""❡$❛ ❛❧♦$" +✉✬❛✉① ❞❡"❝$✐♣&❡✉$" "✐❣♥✐✜❝❛&✐❢" ✭p = 0.05✮✳ 4❛$ ❛✐❧❧❡✉$"✱ ♣♦✉$ ❛✈♦✐$ ✉♥❡

❡"&✐♠❛&✐♦♥ ❞❡ ❧❛ ♣❡$&❡ ❞✬✐♥❢♦$♠❛&✐♦♥ ❡♥ &❡$♠❡ ❞❡ ♣❡$&❡ ❞❡ "✐❣♥✐✜❝❛&✐✈✐&(✱ ♥♦✉" ❛✈♦♥" ❝❛❧❝✉❧(

❧❡ ♣♦✉$❝❡♥&❛❣❡ ❞❡ ❞❡"❝$✐♣&❡✉$" +✉✐ ❝❡""❛✐❡♥& ❞✬D&$❡ "✐❣♥✐✜❝❛&✐❢" ❛✉ ❢✉$ ❡& E ♠❡"✉$❡ +✉❡ ❧✬♦♥

$(❞✉✐"❛✐& ❧❛ &❛✐❧❧❡ ❞✉ ♣❛♥❡❧✳

✕ ❧✬(&✉❞❡ ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥(❡" ❡"& ❞(❝♦♠♣♦"(❡ ♣❛$ &②♣❡" ❞❡ ❞❡"❝$✐♣&❡✉$" ✿ "❛✈❡✉$✱ ❛$G♠❡✱ ♦❞❡✉$✱

&❡①&✉$❡ ❡& ❛♣♣❛$❡♥❝❡✳ ▲❛ $❡❝♦♠♠❛♥❞❛&✐♦♥ "✉$ ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡&" "❡$❛ ❧❡ ♠❛①✐♠✉♠ ❞❡"

$❡❝♦♠♠❛♥❞❛&✐♦♥" ♣❛$ &②♣❡ ❞❡ ❞❡"❝$✐♣&❡✉$✳

■❧ "✬❡♥ "✉✐& +✉❡ ♣♦✉$ ✉♥ ❥❡✉ ❞❡ ❞♦♥♥(❡" ❧❡" ❝$✐&'$❡" ❞❡ ❞(❝✐"✐♦♥ ♣❛$ ❞❡"❝$✐♣&❡✉$ "♦♥& ✿

✕ ♣♦✉$ ❝❤❛+✉❡ ❦✱ ♣❛" ♣❧✉" ❞❡ 10% ❞❡" ✶✵✵ "♦✉"✲♣❛♥❡❧" ❛②❛♥& ✉♥ ❝♦❡✣❝✐❡♥& ❞❡ ❝♦$$(❧❛&✐♦♥ ❘

✐♥❢($✐❡✉$ E 0.9✳ ◆♦✉" ❝♦♥"✐❞($♦♥" +✉✬✉♥ ❝♦❡✣❝✐❡♥& ❞❡ ❝♦$$(❧❛&✐♦♥ E 0.9 ❡"& ✉♥ ❜♦♥ ❝♦❡✣❝✐❡♥&✳

✕ ▲❡ ❝♦❡✣❝✐❡♥& ❞❡ ❞✐"❝$✐♠✐♥❛&✐♦♥ ❞❡ ❋✐"❤❡$ ρ ❡"& ❝❛❧❝✉❧( ♣♦✉$ ❝❤❛+✉❡ "♦✉"✲♣❛♥❡❧ ✭❈▼4 ❡&

❈▼❊ "♣(❝✐✜+✉❡" ♣♦✉$ ❝❤❛+✉❡ &❛✐❧❧❡ ❞❡ ♣❛♥❡❧✮✳ ❈✬❡"& ♣♦✉$+✉♦✐✱ ♥♦✉" ❛✈♦♥" ❞(✜♥✐ ✉♥ "❡✉✐❧

❞❡ ♣❡$&❡ ❡♥ ❞✐"❝$✐♠✐♥❛&✐♦♥ ❞❡ 10% ♣❛$ $❛♣♣♦$& E ❧❛ ❞✐"❝$✐♠✐♥❛&✐♦♥ &♦&❛❧❡ ❝❛❧❝✉❧(❡ E ♣❛$&✐$

❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡& ✭ρ(N) − ρ(N−k) = 10%✮ ♣♦✉$ %&❛❜❧✐$ ✉♥❡ $❡❝♦♠♠❛♥❞❛&✐♦♥✳ ❊♥ ❞✬❛✉&$❡3

&❡$♠❡3✱ ♣♦✉$ k ❧❡ ♥♦♠❜$❡ ❞❡ 3✉❥❡&3 $❡&✐$%3✱ ♣❛3 ♣❧✉3 ❞❡ 10% ❞❡3 3♦✉3✲♣❛♥❡❧3 7✉✐ ❝♦♥❞✉✐3❡♥&

8 ✉♥ ρ(N−k) < 0.9 ∗ ρ(N)✳ ▲❛ $❡❝♦♠♠❛♥❞❛&✐♦♥ 3✉$ ❧❡ ♥♦♠❜$❡ ❞❡ 3✉❥❡&3 n✱ n = N − k

❝♦$$❡3♣♦♥❞ ❛✉ ♣❧✉3 ♣❡&✐& n 7✉✐ ✈%$✐✜❡ ❝❡&&❡ ❝♦♥❞✐&✐♦♥✳

▲❛ $❡❝♦♠♠❛♥❞❛&✐♦♥ ♣♦✉$ ✉♥ ❥❡✉ ❞❡ ❞♦♥♥%❡3 ❡3& ✐33✉❡ ♣❛$ ♥✐✈❡❛✉✳ ❆✐♥3✐✱ 8 ❝❤❛7✉❡ &②♣❡ ❞❡

❞❡3❝$✐♣&❡✉$ ❝♦$$❡3♣♦♥❞ ✉♥❡ $❡❝♦♠♠❛♥❞❛&✐♦♥ 7✉✐ ❡3& ❧❡ ♠❛①✐♠✉♠ ❞❡3 $❡❝♦♠♠❛♥❞❛&✐♦♥3 ♦❜&❡♥✉❡3

♣♦✉$ ❧❡3 ❞❡3❝$✐♣&❡✉$3 ❞✉ ♠@♠❡ &②♣❡✳ ▲❡ ♠❛①✐♠✉♠ ❞❡3 $❡❝♦♠♠❛♥❞❛&✐♦♥3 ♣❛$ &②♣❡ ❞❡ ❞❡3❝$✐♣&❡✉$3

❝♦$$❡3♣♦♥❞ ❛❧♦$3 8 ❧❛ $❡❝♦♠♠❛♥❞❛&✐♦♥ ♣♦✉$ ❧❡ ❥❡✉ ❞❡ ❞♦♥♥%❡3✳

❈❡ ❝❤♦✐① 7✉❡ ♥♦✉3 ❛✈♦♥3 ❢❛✐& ♥♦✉3 ♣❡$♠❡& ❞✬♦❜&❡♥✐$ ✉♥❡ $❡❝♦♠♠❛♥❞❛&✐♦♥ 7✉✐ ❣❛$❛♥&✐& ✉♥❡ ♣❡$&❡

❞✬✐♥❢♦$♠❛&✐♦♥ ♠✐♥✐♠❛❧❡ ♣♦✉$ ❧✬❡♥3❡♠❜❧❡ ❞❡3 ❞❡3❝$✐♣&❡✉$3 ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥%❡3✳

❆✉ ♥✐✈❡❛✉ ♠✉❧&✐❞✐♠❡♥&✐♦♥♥❡❧✱ ❧❡ ❝♦❡✣❝✐❡♥& ❘❱ ❡3& ❝❛❧❝✉❧% ♣♦✉$ ❧✬❡♥3❡♠❜❧❡ ❞❡3 ❞❡3❝$✐♣&❡✉$3 8

❧❛ ❢♦✐3 3✐❣♥✐✜❝❛&✐❢3 ❡& ♥♦♥ 3✐❣♥✐✜❝❛&✐❢3✳ ❆✐♥3✐ ❧❛ $G❣❧❡ ❞❡ ❞%❝✐3✐♦♥ ❡3& ✿
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❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

✕ ♣♦✉$ ❝❤❛(✉❡ ❦✱ ♣❛, ♣❧✉, ❞❡ 10% ❞❡, ✶✵✵ ,♦✉,✲♣❛♥❡❧, ❛②❛♥4 ✉♥ ❝♦❡✣❝✐❡♥4 ❘❱ ✐♥❢:$✐❡✉$ ;

0.9✳ ◆♦✉, ❝♦♥,✐❞:$♦♥, (✉✬✉♥ ❝♦❡✣❝✐❡♥4 ❘❱ ❞❡ 0.9 4$❛❞✉✐4 ✉♥❡ ❜♦♥♥❡ ,✐♠✐❧❛$✐4: ❡♥4$❡ ❧❡,

❝♦♥✜❣✉$❛4✐♦♥, ♣$♦❞✉✐4 ❞✉ ,♦✉,✲♣❛♥❡❧ ❡4 ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡4✳

✷✳✹ ❘$%✉❧(❛(% ❡( ❞✐%❝✉%%✐♦♥

▲✬❛♥❛❧②,❡ ❞❡ ❧❛ ✈❛$✐❛♥❝❡ ❛♣♣❧✐(✉:❡ ,✉$ ❧✬❡♥,❡♠❜❧❡ ❞❡, ❞❡,❝$✐♣4❡✉$, ❞❡, ✹✵✺ ❥❡✉① ❞❡ ❞♦♥♥:❡,

♠♦♥4$❡♥4 (✉❡ ,❡✉❧❡♠❡♥4 62% ❞❡, ❞❡,❝$✐♣4❡✉$, :4✉❞✐:, :4❛✐❡♥4 ,✐❣♥✐✜❝❛4✐❢, ✭p = 0.05✮✱ ,♦✐4 ♣❧✉,

❞✬✉♥ 4✐❡$, ❞❡, ❞❡,❝$✐♣4❡✉$, (✉✐ ,♦♥4 ♥♦♥ ,✐❣♥✐✜❝❛4✐❢,✳ ❈❡ $:,✉❧4❛4 ♣♦✉$$❛✐4 L4$❡ ✐♠♣✉4: ; ✉♥❡ ✉4✐✲

❧✐,❛4✐♦♥ ✐♥❛❞:(✉❛4❡ ❞✬✉♥❡ ♣❛$4✐❡ ❞❡ ❝❡, ❞❡,❝$✐♣4❡✉$,✳ ❊♥ ❡✛❡4✱ ❝❡$4❛✐♥, ❞❡,❝$✐♣4❡✉$, ❞:✈❡❧♦♣♣:,

♣♦✉$ ✉♥❡ :4✉❞❡ ❞❡,❝$✐♣4✐✈❡ ❞♦♥♥:❡ ♣❡✉✈❡♥4 L4$❡ $:✉4✐❧✐,:, ❞❛♥, ❞✬❛✉4$❡, :4✉❞❡, ❞❡ ❧❛ ♠L♠❡ ❢❛✲

♠✐❧❧❡ ❞❡ ♣$♦❞✉✐4,✳ ❙✐ ❝❡, ❞❡,❝$✐♣4❡✉$, ,♦♥4 ♠♦✐♥, ♣❡$P✉,✱ ✐❧, $✐,(✉❡♥4 ❞✬✐♥❞✉✐$❡ ; ✉♥ $:,✉❧4❛4 ♥♦♥

,✐❣♥✐✜❝❛4✐❢✳ ❈❡44❡ ♣$❛4✐(✉❡ ❡,4 ♣❛$❢♦✐, ✉4✐❧✐,:❡ ♣❛$ ❝❡$4❛✐♥, ❧❛❜♦$❛4♦✐$❡, ❧♦$,(✉❡ ❧❡, ♣❛♥❡❧, ,♦♥4

❞:❥; ❡♥4$❛Q♥:, ♣♦✉$ ✉♥❡ ❝❡$4❛✐♥❡ ❝❛4:❣♦$✐❡ ❞❡ ♣$♦❞✉✐4,✳

R❛$ ❛✐❧❧❡✉$,✱ ❧❡ ❝❛❧❝✉❧ ❞✉ ♣♦✉$❝❡♥4❛❣❡ ❞❡ ❞❡,❝$✐♣4❡✉$, (✉✐ ❞❡✈❡♥❛✐❡♥4 ♥♦♥ ,✐❣♥✐✜❝❛4✐❢, ❛✉ ❢✉$

❡4 ; ♠❡,✉$❡ (✉❡ ❧✬♦♥ $:❞✉✐,❛✐4 ❧❡ ♥♦♠❜$❡ ❞❡ ,✉❥❡4, ✐♥❞✐(✉❡ (✉✬❡♥ ♠♦②❡♥♥❡ ✿

✕ 83% ❞❡, ❞❡,❝$✐♣4❡✉$, $❡,4❛✐❡♥4 ,✐❣♥✐✜❝❛4✐❢, ❧♦$,(✉✬♦♥ $:❞✉✐4 ; 4$♦✐, (✉❛$4, ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡4

✕ 68% ❞❡, ❞❡,❝$✐♣4❡✉$, ❞❡♠❡✉$❛✐❡♥4 ,✐❣♥✐✜❝❛4✐❢, ❧♦$,(✉✬♦♥ $:❞✉✐4 ❞❡ ♠♦✐4✐: ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡4

✕ ❡4 ,❡✉❧❡♠❡♥4 47% ❞❡, ❞❡,❝$✐♣4❡✉$, ❞❡♠❡✉$❛✐❡♥4 ,✐❣♥✐✜❝❛4✐❢, ❧♦$,(✉✬♦♥ $:❞✉✐4 ; ✉♥ (✉❛$4 ❧❡

♣❛♥❡❧ ❝♦♠♣❧❡4✳

❈❡, $:,✉❧4❛4, ♠♦♥4$❡♥4 ✉♥❡ ❞✐♠✐♥✉4✐♦♥ ,❡♥,✐❜❧❡ ❞✉ ♥♦♠❜$❡ ❞❡ ❞❡,❝$✐♣4❡✉$, ,✐❣♥✐✜❝❛4✐❢, ❧♦$,(✉❡

❧❡ ♣❛♥❡❧ ❡,4 $:❞✉✐4 ❞❡ ♠♦✐4✐:✳ R❛$ ❝♦♥,:(✉❡♥4 ❧❛ ❝♦♥❝❧✉,✐♦♥ ,4❛4✐,4✐(✉❡ ♦❜4❡♥✉❡ ; ♣❛$4✐$ ❞✉ ♣❛♥❡❧

❝♦♠♣❧❡4 ,❡$❛✐4 ❛❧4:$:❡✳

❑✐♥❣ ❡4 ❛❧✳ ✭✶✾✾✺✮ ❛ ♠♦♥4$: ❞❡, $:,✉❧4❛4, ,✐♠✐❧❛✐$❡, ❡♥ ❛♥❛❧②,❛♥4 ❞❡✉① :4✉❞❡, ❞❡ ♣$♦✜❧ ✢❛✈❡✉$ ❡4

4❡①4✉$❡✳ ❊♥ ❡✛❡4✱ ❧❛ ♣❡$4❡ ❞✬✐♥❢♦$♠❛4✐♦♥ ❡♥ 4❡$♠❡, ❞❡ ,✐❣♥✐✜❝❛4✐✈✐4: ❞❡, ❞❡,❝$✐♣4❡✉$, ✐♠♣✉4:❡ ;

❧❛ $:❞✉❝4✐♦♥ ❞✉ ♣❛♥❡❧ ❡,4 ♣❧✉, ✐♠♣♦$4❛♥4❡ ❞❛♥, ❧✬:4✉❞❡ ❞❡ ♣$♦✜❧ ✢❛✈❡✉$ (✉❡ (✉❡ ❞❛♥, ❧✬:4✉❞❡ ❞❡

♣$♦✜❧ 4❡①4✉$❡✳ ▲❡ ♥♦♠❜$❡ ❞❡ ,✉❥❡4, ❞❛♥, ❧❡, ❞❡✉① :4✉❞❡, :4❛✐4 ❞❡ ✶✾ ❡4 ✷✵ ,✉❥❡4, $❡,♣❡❝4✐✈❡♠❡♥4✳

❉❡ ♣❧✉,✱ ❧✬✐♠♣❛❝4 ❞❡ $:❞✉❝4✐♦♥ ❞✉ ♣❛♥❡❧ ❛✛❡❝4❡ ,❡♥,✐❜❧❡♠❡♥4 ❧❛ ,✐❣♥✐✜❝❛4✐✈✐4: ❞❡, ❞❡,❝$✐♣4❡✉$, ❞❡

4②♣❡ ❛$Y♠❡✱ ♦❞❡✉$ ❡4 ,❛✈❡✉$✳ ▲❡ 4❛❜❧❡❛✉ ✭✹✳✶✮ ♠♦♥4$❡ ❧❡ ♣♦✉$❝❡♥4❛❣❡ ❞❡, ❞❡,❝$✐♣4❡✉$, ,✐❣♥✐✜❝❛4✐❢,

❡♥ ❢♦♥❝4✐♦♥ ❞✉ ♣♦✉$❝❡♥4❛❣❡ ❞❡ $:❞✉❝4✐♦♥ ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡4 ♣❛$ 4②♣❡ ❞❡ ❞❡,❝$✐♣4❡✉$, ✿

✽✼



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

❚❛❜✳ ✹✳✶ ✕  ♦✉#❝❡♥'❛❣❡ ❞❡ ♣❡#'❡ ❞❡ ,✐❣♥✐✜❝❛'✐✈✐'0 ❡♥ ❢♦♥❝'✐♦♥ ❞✉ '②♣❡ ❞❡ ❞❡,❝#✐♣'❡✉#

❚②♣❡ ❞✬❛''(✐❜✉', ◆♦♠❜(❡ ❞❡ ◆♦♠❜(❡ ❞✬❛''(✐❜✉', 0❛♥❡❧ (3❞✉✐' ❞❡ ✿

❥❡✉ ❞❡ ❞♦♥♥3❡, 25% 50% 75%

❆(7♠❡ ✷✽✹ ✶✾✸✸ ✼✼✳✾✹ ✻✶✳✾✾ ✸✾✳✽✽

❖❞❡✉( ✶✻✷ ✶✹✽✶ ✼✾✳✵✺ ✻✺✳✹✼ ✹✵✳✵✷

❙❛✈❡✉( ✷✽✻ ✷✵✽✷ ✼✾✳✸✹ ✻✸✳✵✽ ✹✶✳✸✸

❚❡①'✉(❡ ✷✹✶ ✶✷✸✹ ✽✼✳✵✹ ✼✸✳✺✽ ✺✻✳✹✼

❱✐,✉❡❧ ✶✼✼ ✼✵✽ ✾✷✳✶✺ ✼✾✳✾✺ ✻✼✳✾✷

▲❡& ❞❡✉① &❡❝+✐♦♥& &✉✐✈❛♥+❡& ♣23&❡♥+❡♥+ ❧❡& 23&✉❧+❛+& ❞❡& 2❡❝♦♠♠❛♥❞❛+✐♦♥& &✉2 ❧❡ ♥♦♠❜2❡ ❞❡

&✉❥❡+& ♣♦✉2 ❧❡& ✹✵✺ 3+✉❞❡& ♦❜+❡♥✉❡& ❡♥ ✉+✐❧✐&❛♥+ ❧❡& ❝2✐+:2❡& ❞❡ ❞3❝✐&✐♦♥ ❞3✜♥✐& ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐✲

♠❡♥&✐♦♥♥❡❧ ❡+ ♠✉❧+✐❞✐♠❡♥+✐♦♥♥❡❧✳

✷✳✹✳✶ ❘❡❝♦♠♠❛♥❞❛%✐♦♥0 0✉& ❧❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥0✐♦♥♥❡❧

▲❡& 2❡❝♦♠♠❛♥❞❛+✐♦♥& &✉2 ❧❡ ♥♦♠❜2❡ ❞❡ &✉❥❡+& n✱ ♦❜+❡♥✉❡& ❡♥ ❢♦♥❝+✐♦♥ ❞❡& ❞❡✉① ❝2✐+:2❡ ❞❡

❝♦223❧❛+✐♦♥ R ❡+ ❞❡ ❞✐&❝2✐♠✐♥❛+✐♦♥ ρ ✈❛2✐❡♥+ ❞❡ ✷ @ ◆✳ ❈❡& ❞❡✉① ❝2✐+:2❡& ❞♦♥♥❡♥+ ❣3♥32❛❧❡♠❡♥+ ❧❛

♠D♠❡ 2❡❝♦♠♠❛♥❞❛+✐♦♥ ♣♦✉2 ✉♥ ❥❡✉ ❞♦♥♥3❡& ✭❞❛♥& 82% ❞❡& ❝❛&✮✳

❊♥ ♦✉+2❡✱ ❝❡& ❞❡✉① ❝2✐+:2❡& ❞♦♥♥❡♥+ ❡♥ ♠♦②❡♥♥❡ ❞❡& 2❡❝♦♠♠❛♥❞❛+✐♦♥& I✉✐ +♦❧:2❡♥+ ✉♥❡ 23✲

❞✉❝+✐♦♥ ❞❡ ✷ @ ✸ &✉❥❡+& ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡+ &❛♥& ❛❧+32❡2 ❧❛ ❝♦♥❝❧✉&✐♦♥ &+❛+✐&+✐I✉❡ ❞❡& ❞♦♥♥3❡&✳

❈♦♠♠❡ ❧❛ ♠♦②❡♥♥❡ ❞❡& +❛✐❧❧❡& ❞❡ ♣❛♥❡❧ ✉+✐❧✐&3& ❞❛♥& ❧❡& ❞✐✛32❡♥+& ❥❡✉① ❞❡ ❞♦♥♥3❡& ❛♥❛❧②&3& ❡&+

❞❡ ✶✷ &✉❥❡+&✱ ❧❛ ♠♦②❡♥♥❡ ❞❡& 2❡❝♦♠♠❛♥❞❛+✐♦♥& ♦❜+❡♥✉❡& ♣❛2 ❧❡& ❞❡✉① ❝2✐+:2❡& ❞❡ ❝♦223❧❛+✐♦♥ ❡+

❞❡ ❞✐&❝2✐♠✐♥❛+✐♦♥ ❡&+ ❞❡ ✶✵ ❡+ ✾ &✉❥❡+& 2❡&♣❡❝+✐✈❡♠❡♥+✳

M♦✉2 ❡♥✈✐2♦♥ 25% ❞❡& ❥❡✉① ❞❡ ❞♦♥♥3❡&✱ ❧❛ 2❡❝♦♠♠❛♥❞❛+✐♦♥ n ❡&+ &✐♠♣❧❡♠❡♥+ 3❣❛❧❡ @ ❧❛ +❛✐❧❧❡ ❞✉

♣❛♥❡❧ ❝♦♠♣❧❡+✳ ◆♦✉& ❛✈♦♥& ❝♦♥&+❛+3 ♣♦✉2 ❝❡& ❥❡✉① ❞❡ ❞♦♥♥3❡& ✉♥ ❢❛✐❜❧❡ ✐♥❞✐❝❡ ❞❡ ❞✐&❝2✐♠✐♥❛+✐♦♥

ρ I✉✐ +2❛❞✉✐+ ❞❡ ❢❛✐❜❧❡& ❞✐✛32❡♥❝❡& ❡♥+2❡ ❧❡& ♠♦②❡♥♥❡& ❞❡& ♣2♦❞✉✐+&✳

M❛2 ❛✐❧❧❡✉2&✱ ❧✬❛♥❛❧②&❡ ❞❡ ❝❡& 2❡❝♦♠♠❛♥❞❛+✐♦♥& ♣❛2 +②♣❡ ❞❡ ❞❡&❝2✐♣+❡✉2& ♥♦✉& ✐♥❢♦2♠❡ I✉❡

❧❡& ❞❡&❝2✐♣+❡✉2& ❞❡ +②♣❡ ❛♣♣❛2❡♥❝❡ ❡+ +❡①+✉2❡ ♥3❝❡&&✐+❡♥+ ❣3♥32❛❧❡♠❡♥+ ♠♦✐♥& ❞❡ &✉❥❡+& I✉❡ ❧❡&

❞❡&❝2✐♣+❡✉2& ❞❡ +②♣❡ ❛2O♠❡✱ ♦❞❡✉2 ❡+ &❛✈❡✉2 ✭+❛❜❧❡ ✹✳✷✮✳ M✐♥❡❛✉ ✭✷✵✵✻✮✱ ♠♦♥+2❡ I✉❡ ❧✬✐♥❞✐❝❡ ❞❡

❞✐&❝2✐♠✐♥❛+✐♦♥ ❡&+ ♣❧✉& 3❧❡✈3 ♣♦✉2 ❧❡& ❞❡&❝2✐♣+❡✉2& ✈✐&✉❡❧& ❧♦2&I✉❡ ❧❡ ♥✐✈❡❛✉ ❞✬❛❝❝♦2❞ ❡&+ ♣❧✉&

3❧❡✈3 ♣♦✉2 ❧❡& ❞❡&❝2✐♣+❡✉2& ✈✐&✉❡❧&✱ ♣✉✐& ♣♦✉2 ❧❡& ❞❡&❝2✐♣+❡✉2& ❞❡ +❡①+✉2❡✳ ❈❡& 23&✉❧+❛+& &❡♠❜❧❡♥+

❡♥ ❛❝❝♦2❞ ❛✈❡❝ ♥♦& 23&✉❧+❛+& ♣♦✉2 ❧❡& ❞✐✛32❡♥+& +②♣❡& ❞❡ ❞❡&❝2✐♣+❡✉2&✳ ▲✬❛❝❝♦2❞ ❞❡& &✉❥❡+& ♣♦✉2

❧❡& ❞❡&❝2✐♣+❡✉2& ❞❡ +②♣❡ ✈✐&✉❡❧ ❡+ +❡①+✉2❡ ♣2♦✈✐❡♥+ ♣2♦❜❛❜❧❡♠❡♥+ ❞✬✉♥❡ ♠❡✐❧❧❡✉2❡ ❝♦♠♣23❤❡♥&✐♦♥

❞❡ ❝❡& ❞❡&❝2✐♣+❡✉2& ♣❛2 ❧❡& ♣❛♥3❧✐&+❡& ❡+ ♣❛2 ✉♥❡ ♣❧✉& ❣2❛♥❞❡ ❢❛❝✐❧✐+3 @ ❞✐&❝2✐♠✐♥❡2 ❧❡& ♣2♦❞✉✐+&

&✉2 ❝❡& ❝2✐+:2❡&✱ ❝♦♥+2❛✐2❡♠❡♥+ ❛✉① ❞❡&❝2✐♣+❡✉2& ❞❡ +②♣❡ ❛2O♠❡✱ ♦❞❡✉2 ❡+ &❛✈❡✉2✱ ♣❧✉& ❞✐✣❝✐❧❡ @

❛♣♣23❤❡♥❞❡2✳ ❈❡ 23&✉❧+❛+ &✐❣♥✐✜❡ I✉❡ ❧✬♦♥ ♣❡✉+ &❡ ❝♦♥+❡♥+❡2 ❞❡ ♣❧✉& ♣❡+✐+& ♣❛♥❡❧& ♣♦✉2 ❧✬3+✉❞❡ ❞❡&

❞❡&❝2✐♣+❡✉2& ❞❡ +②♣❡ ✈✐&✉❡❧ ❡+✴♦✉ +❡①+✉2❡ ✭♣2♦✜❧ +❡①+✉2❡✮✳

✽✽



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

❚❛❜✳ ✹✳✷ ✕ ❘❡❝♦♠♠❛♥❞❛(✐♦♥* ♣❛, (②♣❡ ❞❡ ❞❡*❝,✐♣(❡✉,

❚②♣❡ ◆♦♠❜(❡ ◆♦♠❜(❡ ❞❡ ◆♦♠❜(❡ ❞❡ *✉❥❡-* ✭◆ ✮ ❘❡❝♦♠♠❛♥❞❛-✐♦♥ ✭♥✮

❞✬❛--(✐❜✉-* ❞✬❛--(✐❜✉-* ❥❡✉① ❞❡ ❞♦♥♥7❡*

➱-❡♥❞✉❡ ▼♦②❡♥♥❡✲ ■❈

∗

➱-❡♥❞✉❡ ▼♦②❡♥♥❡✲ ■❈

∗

❆(>♠❡ ✶✾✸✸ ✷✽✹ ✻✲✸✷ ✶✷✳✼✶ ❬✶✷✳✸✶❀ ✶✸✳✶✵❪ ✷✲✷✽ ✾✳✻✶ ❬✾✳✷✶❀ ✶✵✳✵✶❪

❖❞❡✉( ✶✹✽✶ ✶✻✷ ✹✲✷✹ ✶✷ ❬✶✶✳✹✽❀ ✶✷✳✺✷ ❪ ✷✲✶✾ ✽✳✸✼ ❬✼✳✽✶❀ ✽✳✾✷❪

❙❛✈❡✉( ✷✵✽✷ ✷✽✻ ✹✲✷✼ ✶✷✳✹✵ ❬✶✷✳✵✵❀ ✶✷✳✽✵❪ ✷✲✷✻ ✽✳✸✾ ❬✼✳✾✼❀ ✽✳✽✵❪

❚❡①-✉(❡ ✶✷✸✹ ✷✹✶ ✻✲✷✻ ✶✷✳✻✾ ❬✶✷✳✷✽❀ ✶✸✳✶✵❪ ✷✲✷✶ ✼✳✼✺ ❬✼✳✸✵❀ ✽✳✷✵❪

❱✐*✉❡❧ ✼✵✽ ✶✼✼ ✻✲✷✻ ✶✷✳✼✼ ❬✶✷✳✷✺❀ ✶✸✳✸✵❪ ✷✲✷✺ ✻✳✸✻ ❬✺✳✽✷❀ ✻✳✾✶❪

(∗)
■♥"❡$✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ , ✾✺✪

▲❛ &❛❜❧❡ ✭✹✳✸✮ ❞♦♥♥❡ ❧❡0 1❡❝♦♠♠❛♥❞❛&✐♦♥0 ♣♦✉1 ❧❡0 ❣1❛♥❞❡0 ❢❛♠✐❧❧❡0 ❞❡ ♣1♦❞✉✐&0 ✭❛✉ ♠✐♥✐♠✉♠

✶✵ ;&✉❞❡0 ♣❛1 ❝❛&;❣♦1✐❡ ❞❡ ♣1♦❞✉✐&0✮✳

❚❛❜✳ ✹✳✸ ✕ ❘❡❝♦♠♠❛♥❞❛(✐♦♥* ♣❛, ❢❛♠✐❧❧❡ ❞❡ ♣,♦❞✉✐(*

❋❛♠✐❧❧❡ ❞❡ ◆♦♠❜(❡ ❞❡ ❚❛✐❧❧❡ ❞❡ ♣❛♥❡❧ ✭◆ ✮ (❡❝♦♠♠❛♥❞❛-✐♦♥ ✭♥✮

♣(♦❞✉✐-* ❥❡✉① ❞❡ ❞♦♥♥7❡*

➱-❡♥❞✉❡ ▼♦②❡♥♥❡ ✲ ■❈

∗

➱-❡♥❞✉❡ ▼♦②❡♥♥❡ ✲ ■❈

∗

❋(♦♠❛❣❡* ✼✾ ✽✲✷✹ ✶✷✳✸✺ ❬✶✶✳✻✺ ❀ ✶✸✳✵✺❪ ✺✲✷✸ ✶✵✳✺✶ ❬✾✳✼✾ ❀ ✶✶✳✷✸❪

❇♦✐**♦♥* ❛❧❝♦♦❧✐*7❡* ✹✶ ✹✲✶✹ ✾✳✹✻ ❬✽✳✺✻ ❀ ✶✵✳✸✻❪ ✸✲✶✹ ✽ ❬✼✳✵✾ ❀ ✽✳✾✵❪

❈♦♥❞✐♠❡♥-* ✫ *❛✉❝❡* ✸✸ ✻✲✶✻ ✶✶✳✸✻ ❬✶✵✳✺✵ ❀ ✶✷✳✷✷❪ ✷✲✶✺ ✾✳✸✻ ❬✽✳✹✵ ❀ ✶✵✳✸✷❪

❨❛♦✉(-* ✷✺ ✶✵✲✶✷ ✶✶✳✷✹❬✶✵✳✾✹ ❀ ✶✶✳✺✸❪ ✼✲✶✶ ✾✳✺✻ ❬✾✳✶✶ ❀ ✶✵❪

❱✐♥* ✫ ❈❤❛♠♣❛❣♥❡ ✷✸ ✶✵✲✸✷ ✶✻✳✽✻❬✶✹✳✽✶ ❀ ✶✽✳✾✷❪ ✻✲✷✽ ✶✹ ❬✶✶✳✻✽ ❀ ✶✻✳✸✶❪

❈❤❛(❝✉-❡(✐❡ ✷✶ ✶✶✲✷✻ ✶✻✳✽✵❬✶✺✳✵✼ ❀ ✶✽✳✺✹❪ ✾✲✷✺ ✶✹✳✸✽ ❬✶✷✳✺✼ ❀ ✶✻✳✶✽❪

X❧❛-* ♣(7♣❛(7* ✷✵ ✶✵✲✶✸ ✶✶✳✺❬✶✶✳✵✸ ❀ ✶✶✳✾✻❪ ✽✲✶✷ ✾✳✾✵ ❬✾✳✷✾ ❀ ✶✵✳✺✵❪

X(♦❞✉✐-* ❧❛✐-✐❡(* ✶✺ ✺✲✶✹ ✶✵✳✷ ❬✽✳✼✶ ❀ ✶✶✳✻✽❪ ✹✲✶✹ ✽✳✵✻ ❬✻✳✻✵ ❀ ✾✳✺✷❪

❈♦♥✜*❡(✐❡* ✫ ❝❤♦❝♦❧❛-* ✶✸ ✻✲✶✷ ✶✵❬✽✳✾✺ ❀ ✶✶✳✵✹❪ ✸✲✶✶ ✼✳✽✹ ❬✻✳✻✶ ❀ ✾✳✵✼❪

❋(✉✐-* ✶✷ ✶✶✲✶✽ ✶✹✳✶✻❬✶✷✳✺✻ ❀ ✶✺✳✼✻❪ ✼✲✶✻ ✶✶✳✼✺ ❬✾✳✻✶ ❀ ✶✸✳✽✽❪

X❛✐♥* ✫ ❜✐*❝♦--❡* ✶✶ ✶✷✲✶✽ ✶✹✳✹✺❬✶✸✳✹✹ ❀ ✶✺✳✹✻❪ ✶✶✲✶✹ ✶✷✳✼✷ ❬✶✷✳✶✶ ❀ ✶✸✳✸✸❪

(∗)
■♥"❡$✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ , ✾✺✪

✽✾



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

▲❡" #❡❝♦♠♠❛♥❞❛*✐♦♥" ♣❛# ❢❛♠✐❧❧❡ ❞❡ ♣#♦❞✉✐*" ❝♦##❡"♣♦♥❞❡♥* 0 ✷ 0 ✸ "✉❥❡*" ❡♥ ♠♦✐♥" 4✉❡ ❧❛ *❛✐❧❧❡

❞❡ ♣❛♥❡❧ ❞❡ ❞5♣❛#*✳ ■❧ ❛♣♣❛#❛8* 4✉❡ ♣♦✉# ❧❛ ❝❛*5❣♦#✐❡ ✧✈✐♥" ✫ ❝❤❛♠♣❛❣♥❡✧ ❡* ❧❛ ❝❛*5❣♦#✐❡ ✧❝❤❛#✲

❝✉*❡#✐❡✧ ♥5❝❡""✐*❡#❛✐❡♥* ♣❧✉" ❞❡ "✉❥❡*"✱ "♦✐* ❡♥ ♠♦②❡♥♥❡ ✶✹ "✉❥❡*" ❝♦♠♣❛#5 ❛✉① ❛✉*#❡" ❝❛*5❣♦#✐❡

❞❡ ♣#♦❞✉✐*" ❛②❛♥* ❡♥❣❧♦❜5 ❧❡ ♠E♠❡ ♥♦♠❜#❡ ❞❡ "✉❥❡*" ❛✉ ❞5♣❛#*✳

✷✳✹✳✷ ❘❡❝♦♠♠❛♥❞❛%✐♦♥0 0✉& ❧❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❛✉ ♥✐✈❡❛✉ ♠✉❧%✐❞✐♠❡♥%✐♦♥♥❡❧

▲❡" #❡❝♦♠♠❛♥❞❛*✐♦♥" "✉# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡*" ♦❜*❡♥✉❡" ❡♥ ❢♦♥❝*✐♦♥ ❞✉ ❝#✐*F#❡ ❞❡ ❝♦##5❧❛*✐♦♥

♠✉❧*✐❞✐♠❡♥"✐♦♥♥❡❧❧❡ RV ✱ ❝♦✐♥❝✐❞❡♥* ❛✈❡❝ ❝❡❧❧❡" ♦❜*❡♥✉❡" ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥"✐♦♥♥❡❧✳ ❈❡" #❡❝♦♠✲

♠❛♥❞❛*✐♦♥" ❝♦♥"*✐*✉❡♥* ❡♥ ❣5♥5#❛❧ ✉♥❡ #5❞✉❝*✐♦♥ ❞❡ ✷ 0 ✸ "✉❥❡*" ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡*✳ ❆✐♥"✐✱ ❧❛

♠♦②❡♥♥❡ ❞❡" #❡❝♦♠♠❛♥❞❛*✐♦♥" ♣♦✉# ❧✬❡♥"❡♠❜❧❡ ❞❡" ❥❡✉① ❞❡ ❞♦♥♥5❡" ❡"* ❞❡ ✶✵ "✉❥❡*"✳

K♦✉# 27% ❞❡" ❥❡✉① ❞❡ ❞♦♥♥5❡"✱ ❧❛ #❡❝♦♠♠❛♥❞❛*✐♦♥ n ❡"* 5❣❛❧❡ 0 ❧❛ *❛✐❧❧❡ ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡*✳

K♦✉# ✉♥❡ ♠❡✐❧❧❡✉#❡ ✐♥*❡#♣#5*❛*✐♦♥ ❞❡ ❧❛ ♣❡#*❡ ❞✬✐♥❢♦#♠❛*✐♦♥ ❛✉ ♥✐✈❡❛✉ ♠✉❧*✐❞✐♠❡♥*✐♦♥♥❡❧✱ ♥♦✉"

❛✈♦♥" ♠❡"✉#5 ❧✬❡✛❡* ♣#♦❞✉✐* ♣❛# ❧❛ "*❛*✐"*✐4✉❡ ❋ ✐""✉❡ ❞✉ ♠♦❞F❧❡ ❞❡ ❧✬❛♥❛❧②"❡ ❞❡ ❧❛ ✈❛#✐❛♥❝❡

♠✉❧*✐✈❛#✐5❡ ▼❆◆❖❱❆ 0 ❞❡✉① ❢❛❝*❡✉#" ❙✉❥❡* ✰ K#♦❞✉✐*✳ ■❧ ❡"* ✐♥*5#❡""❛♥* ❞❡ ♥♦*❡# 4✉❡ ❧❡" #❡✲

❝♦♠♠❛♥❞❛*✐♦♥" ♣♦✉# ❧❡ ❝♦❡✣❝✐❡♥* ❘❱ ❝♦✐♥❝✐❞❡♥* ❛✈❡❝ ❧❡ ♣♦✉✈♦✐# ❞✐"❝#✐♠✐♥❛♥* ❛✉ ♥✐✈❡❛✉ ♠✉❧*✐✲

❞✐♠❡♥*✐♦♥♥❡❧✳ ❊♥ ❡✛❡*✱ ♣❧✉" ❧✬5*✉❞❡ ❞❡ ♣#♦✜❧ 5*❛✐* ❞✐"❝#✐♠✐♥❛♥*❡ ❝❛#❛❝*5#✐"5❡ ♣❛# ✉♥❡ ❢♦#*❡ ✈❛❧❡✉#

❞❡ ❧❛ "*❛*✐"*✐4✉❡ ❋ ❞❡ ▼❆◆❖❱❆✱ ♣❧✉" ❧❛ #❡❝♦♠♠❛♥❞❛*✐♦♥ "✉# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡*" ♦❜*❡♥✉❡ ♣❛#

❧❡ ❝#✐*F#❡ ❞✉ ❝♦❡✣❝✐❡♥* ❘❱ ❞✐♠✐♥✉❛✐*✳ ▲❛ #❡❝♦♠♠❛♥❞❛*✐♦♥ "✉# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡*" ♣♦✉✈❛✐* ❞❡"✲

❝❡♥❞#❡ ❥✉"4✉✬0 ✷ "✉❥❡*"✦

▲❡ ♣♦✉✈♦✐# ❞✐"❝#✐♠✐♥❛♥* ❛✉ ♥✐✈❡❛✉ ♠✉❧*✐❞✐♠❡♥*✐♦♥♥❡❧ *#❛❞✉✐* ❣5♥5#❛❧❡♠❡♥* ❧❡ ♣♦✉✈♦✐# ❞✐"❝#✐♠✐✲

♥❛♥* ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥"✐♦♥♥❡❧✳ K❧✉" ❧❡" ❞❡"❝#✐♣*❡✉#" "♦♥* ❞✐"❝#✐♠✐♥❛♥*" ❝❛#❛❝*5#✐"5" ♣❛# ✉♥❡

"*❛*✐"*✐4✉❡ ❋ ❡* ✉♥ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐"❝#✐♠✐♥❛*✐♦♥ ρ ✐♠♣♦#*❛♥*"✱ ♣❧✉" ♦♥ ❛ ❞❡ ❝❤❛♥❝❡ ❞✬♦❜*❡♥✐# ✉♥❡

❢♦#*❡ ✈❛❧❡✉# ❞❡ ❧❛ "*❛*✐"*✐4✉❡ ❋ ❞❡ ▼❆◆❖❱❆ ❡* ❛✐♥"✐ ✉♥❡ ♠❡✐❧❧❡✉#❡ ❞✐"❝#✐♠✐♥❛*✐♦♥ ♠✉❧*✐❞✐♠❡♥✲

"✐♦♥♥❡❧❧❡✳

✷✳✺ ❈♦♥❝❧✉)✐♦♥

▲❡" #❡❝♦♠♠❛♥❞❛*✐♦♥" "✉# ❧❡ ♥♦♠❜#❡ ❞❡ "✉❥❡*" n✱ ♦❜*❡♥✉❡" ❡♥ ❢♦♥❝*✐♦♥ ❞❡" ❝#✐*F#❡" ❞❡ ❝♦##5✲

❧❛*✐♦♥ R✱ RV ❡* ❞❡ ❞✐"❝#✐♠✐♥❛*✐♦♥ ρ ✈❛#✐❡♥* ❞❡ ✷ 0 ◆✳ ❊♥ ❣5♥5#❛❧✱ ❧❡" ♣❛♥❡❧" ♥❡ ♣❡✉✈❡♥* E*#❡

#5❞✉✐*" ❞❡ ♣❧✉" ❞❡ ✸ "✉❥❡*"✳ ❈♦♠♠❡ ❧❛ *❛✐❧❧❡ ❞❡" ♣❛♥❡❧" ❞❡ ❞5♣❛#* ✈❛#✐❛✐* ❞❡ ✺ 0 ✸✷ "✉❥❡*"✱ ❧❛

#❡❝♦♠♠❛♥❞❛*✐♦♥ ♠♦②❡♥♥❡ ♦❜*❡♥✉❡ "✉# ❧✬❡♥"❡♠❜❧❡ ❞❡" ❥❡✉① ❞❡ ❞♦♥♥5❡" 5*❛✐* ❞❡ ✶✵ "✉❥❡*"✳

▲❛ ♥❛*✉#❡ ♠✉❧*✐❞✐♠❡♥"✐♦♥♥❡❧❧❡ ❡* ❝♦♠♣❧❡①❡ ❞✉ ♣#♦✜❧ "❡♥"♦#✐❡❧ ❛ ♠♦♥*#5 ❧❡" ❧✐♠✐*❡" ❞❡ ❧✬❛♣✲

♣#♦❝❤❡ ♣❛# #55❝❤❛♥*✐❧❧♦♥♥❛❣❡ 0 ❞♦♥♥❡# ✉♥❡ #❡❝♦♠♠❛♥❞❛*✐♦♥ ❣5♥5#❛❧❡ 4✉❛♥* ❛✉ ♥♦♠❜#❡ ❞❡ "✉❥❡*"

0 ❡♥#Z❧❡# ❞❛♥" ✉♥ ♣❛♥❡❧ ❞❡ ♣#♦✜❧ "❡♥"♦#✐❡❧✳ ◆5❛♥♠♦✐♥"✱ ❝❡**❡ ❛♣♣#♦❝❤❡ ❛ ♠♦♥*#5 4✉❡ ❧❡ ♥♦♠❜#❡

❞❡ "✉❥❡*" ❞5♣❡♥❞#❛✐* ❞✉ *②♣❡ ❞❡ ❞❡"❝#✐♣*❡✉#" ❡* ❞❡ ❧❡✉# ♥✐✈❡❛✉ ❞❡ "✐❣♥✐✜❝❛*✐✈✐*5✳ K♦✉# ❧❡" ❞❡"❝#✐♣✲

*❡✉#" ❞❡ *②♣❡ ❛♣♣❛#❡♥❝❡ ❡* *❡①*✉#❡✱ ♦♥ ❛##✐✈❛✐* 0 #❡❝♦♥"*✐*✉❡# ❧✬✐♥❢♦#♠❛*✐♦♥ "✉# ❧❛ ❞✐"❝#✐♠✐♥❛*✐♦♥
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❞❡" ♣$♦❞✉✐(" ❛✈❡❝ ❞❡" "♦✉"✲♣❛♥❡❧" ❞❡ ♣❡(✐(❡" (❛✐❧❧❡"✳ ❊♥ $❡✈❛♥❝❤❡✱ ♣♦✉$ ❧❡" ❞❡"❝$✐♣(❡✉$" ❞❡ (②♣❡

❛$4♠❡✱ ♦❞❡✉$ ❡( "❛✈❡✉$✱ ❧❡" ❝♦♥❝❧✉"✐♦♥" "✉$ ❧❛ ❞✐"❝$✐♠✐♥❛(✐♦♥ ❞❡" ♣$♦❞✉✐(" "♦♥( ($6" ✈✐(❡ ❛❧(7$7❡"

❧♦$"8✉✬♦♥ $7❞✉✐( ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡("✳ ❈❡ $7"✉❧(❛( ♣♦✉$$❛✐( =($❡ ❡①♣❧✐8✉7 ♣❛$ ❧❛ ❢❛❝✐❧✐(7 ♣♦✉$ ❧❡"

"✉❥❡(" @ ❞✐"❝$✐♠✐♥❡$ ❧❡" ♣$♦❞✉✐(" ❛✈❡❝ ❧❡" ❞❡"❝$✐♣(❡✉$" ❞❡ (②♣❡ ❛♣♣❛$❡♥❝❡ ❡( (❡①(✉$❡✱ ❝♦♥($❛✐$❡♠❡♥(

❛✉① ❞❡"❝$✐♣(❡✉$" ❞❡ (②♣❡ ❛$4♠❡✱ ♦❞❡✉$ ❡( "❛✈❡✉$✱ ♣❧✉" ❞✐✣❝✐❧❡ @ ❛♣♣$7❤❡♥❞❡$✳

✸ ❆♣♣#♦❝❤❡ (❤)♦#✐+✉❡ #)(#♦-♣❡❝(✐✈❡ ✿ ▼)(❛✲❛♥❛❧②-❡ ❞❡ ❙❡♥-♦❇❛-❡

➚ ❧✬✐♠❛❣❡ ❞❡ ❝❡ 8✉✐ ❛ 7(7 ❢❛✐( ❞❛♥" ❧❡ ❝❛❞$❡ ❞❡" 7(✉❞❡" ❤7❞♦♥✐8✉❡"✱ ♥♦✉" ❛✈♦♥" ♠❡♥7 ✉♥❡ ♠7(❛✲

❛♥❛❧②"❡ "✉$ ❧✬❡♥"❡♠❜❧❡ ❞❡" ✹✵✺ 7(✉❞❡" ❞❡ ♣$♦✜❧ "❡♥"♦$✐❡❧✳ ▲✬♦❜❥❡❝(✐❢ 7(❛✐( ❞✬❡"(✐♠❡$ ❧❡" ♣❛$❛♠6($❡"

8✉✐ ❝♦♥❞✐(✐♦♥♥❡♥( ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡(" ❡♥ ♣$♦✜❧ "❡♥"♦$✐❡❧✱ ❞❡ ❞7✜♥✐$ ❧❡✉$" ❞♦♠❛✐♥❡" ❞❡ ✈❛$✐❛(✐♦♥

❡( ❞❡ ♣♦✉✈♦✐$ ❛❞$❡""❡$ ❞❡" $❡❝♦♠♠❛♥❞❛(✐♦♥" "✉$ ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡(" @ ❡♥$4❧❡$ ♣♦✉$ ❝❡ (②♣❡

❞✬7♣$❡✉✈❡"✳

✸✳✶ ▲❡ ♠♦❞(❧❡ ❞✬❛♥❛❧②.❡ ❡/ ❡./✐♠❛/✐♦♥ ❞❡. ♣❛2❛♠(/2❡.

◆♦✉" ❛✈♦♥" 7(✉❞✐7 ❧❛ ✈❛$✐❛(✐♦♥ ❞❡" ❣$❛♥❞❡✉$" ❞❡ ❧✬❡✛❡( ❡( ❞✉ ❞7"❛❝❝♦$❞ ❡♥($❡ ❧❡" "✉❥❡(" ♣❛$

❞❡"❝$✐♣(❡✉$ ❡( ♣❛$ (②♣❡ ❞❡ ❞❡"❝$✐♣(❡✉$"✳ ▲✬♦❜❥❡❝(✐❢ ❡"( ❞❡ ♣♦✉✈♦✐$ ❞♦♥♥❡$ ❛✉ ✜♥❛❧✱ ✉♥❡ ♣$♦♣♦"✐(✐♦♥

"✉$ ❧❡ ♥♦♠❜$❡ ❞❡ "✉❥❡(" @ ❡♥$4❧❡$ ♣♦✉$ ✉♥❡ 7(✉❞❡ ❞❡ ♣$♦✜❧ "❡♥"♦$✐❡❧✳

❘❛♣♣❡❧♦♥" 8✉❡ ❧❡ ♠♦❞6❧❡ ❞✬❛♥❛❧②"❡ $❡(❡♥✉ ♣♦✉$ ❡"(✐♠❡$ ❧❛ ❣$❛♥❞❡✉$ ❞❡ ❧✬❡✛❡( ❡( ❧❡ ❞7"❛❝❝♦$❞

❡♥($❡ ❧❡" "✉❥❡(" ❡"( ❧❡ ♠♦❞6❧❡ ❞❡ ❧✬❛♥❛❧②"❡ ❞❡ ❧❛ ✈❛$✐❛♥❝❡ @ ❞❡✉① ❢❛❝(❡✉$" ❙✉❥❡( ✰ N$♦❞✉✐( ❛♣♣❧✐8✉7

❛✉① "❝♦$❡" ❞✬✐♥(❡♥"✐(7✳ ❈❡" "❝♦$❡" ❞✬✐♥(❡♥"✐(7 "♦♥( $❛♠❡♥7" @ ❧✬7❝❤❡❧❧❡ ✵✲✶ ❡♥ ❛♣♣❧✐8✉❛♥( ✉♥❡

($❛♥"❢♦$♠❛(✐♦♥ ❛✣♥❡ ❝♦♠♠❡ ❞❛♥" ❧❛ ❞7♠❛$❝❤❡ ♣❛$ $77❝❤❛♥(✐❧❧♦♥♥❛❣❡✳ N♦✉$ ❝❤❛8✉❡ ❞❡"❝$✐♣(❡✉$✱

♥♦✉" ❛✈♦♥" ❡"(✐♠7 ✿

✕ ❧❛ ✈❛$✐❛❜✐❧✐(7 σ ♣❛$ ❧❡ $❛❝✐♥❡ ❝❛$$7❡ ❞✉ ❝❛$$7 ♠♦②❡♥ ❞❡ ❧✬❡$$❡✉$ ♥♦(7❡ ❘▼❙❊ ✭❘♦♦( ▼❡❛♥

"8✉❛$❡ ♦❢ ❡$$♦$✮ ❞✉ ♠♦❞6❧❡ ❆◆❖❱❆

✕ ❧❛ (❛✐❧❧❡ ❞❡ ❧✬❡✛❡( d ♣❛$ ❧❛ $❛❝✐♥❡ ❝❛$$7❡ ❞❡ ❧❛ ✈❛$✐❛♥❝❡ ❞❡" ♠♦②❡♥♥❡" ❞❡" ♣$♦❞✉✐(" ♥♦(7❡

σprod✱ σprod =

√

√

√

√

1

k − 1

k
∑

i=1

(xi. − x..)2

✸✳✷ ❘5.✉❧/❛/. ❡/ ❞✐.❝✉..✐♦♥

✸✳✷✳✶ ▲❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡%

◆♦✉" ❛✈♦♥" 7(✉❞✐7 ♣♦✉$ ❝❤❛8✉❡ ❞❡"❝$✐♣(❡✉$✱ ❧✬7❝❛$( ♠♦②❡♥ ❞❡" "❝♦$❡" ❞✬✐♥(❡♥"✐(7 ♣❛$ $❛♣♣♦$(

@ ❧❛ ♠♦②❡♥♥❡ ❣❧♦❜❛❧❡ ✭σprod✮✳ ▲❛ ✜❣✉$❡ ✭✹✳✸✮ ♠♦♥($❡ ❧❛ ❞✐"($✐❜✉(✐♦♥ ❞❡ σprod "✉$ ❧✬❡♥"❡♠❜❧❡ ❞❡"

❥❡✉① ❞❡ ❞♦♥♥7❡"✳
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❈❡00❡ ✈❛❧❡✉* ❡'0 ❧5❣B*❡♠❡♥0 ✐♥❢5*✐❡✉*❡ : ❧❛ ♠5❞✐❛♥❡ ❞❡' 5❝❛*0' ❞❡' ♥♦0❡' ❞❡ ♣*5❢5*❡♥❝❡' ♦❜'❡*✈5❡'

❞❛♥' ❧❡ ❝❛' ❞❡' 0❡'0' ❤5❞♦♥✐-✉❡'✳ ❈❡❝✐ ♣♦✉**❛✐0 E0*❡ ❡①♣❧✐-✉5 ♣❛* ❧❡ ❢❛✐0 -✉❡ ❧❡ ♣*♦✜❧ '❡♥'♦*✐❡❧ '♦✐0

✉0✐❧✐'5 ♣♦✉* ❝❛*❛❝05*✐'❡* ❞❡ ♣❡0✐0❡' ❞✐✛5*❡♥❝❡'✱ ✐❧ ❡♥ *5'✉❧0❡ ❛✐♥'✐ ✉♥❡ ✈❛*✐❛♥❝❡ ❞❡' ♠♦②❡♥♥❡' ❞❡'

♣*♦❞✉✐0' ♣❧✉' ♣❡0✐0❡✳

■❧ ❡'0 ✐♥05*❡''❛♥0 ❞❡ ♥♦0❡* -✉❡ ❧❛ 0❛✐❧❧❡ ❞❡ ❧✬❡✛❡0 ✈❛*✐❡ ❡♥ ❢♦♥❝0✐♦♥ ❞✉ 0②♣❡ ❞❡ ❞❡'❝*✐♣0❡✉*✳ ❊♥

❡✛❡0✱ ♦♥ ♦❜'❡*✈❡ ❞❡' 0❛✐❧❧❡' ❞✬❡✛❡0 ♣❧✉' ✐♠♣♦*0❛♥0❡' ♣♦✉* ❧❡' ❞❡'❝*✐♣0❡✉*' ❞❡ 0②♣❡ ❛♣♣❛*❡♥❝❡ ❡0
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'✉❥❡0' : ❞✐'❝*✐♠✐♥❡* ❧❡' ♣*♦❞✉✐0' ❛✈❡❝ ❧❡' ❞❡'❝*✐♣0❡✉*' ❞✬❛♣♣❛*❡♥❝❡ ❡0 ❞❡ 0❡①0✉*❡✱ ❝♦♥0*❛✐*❡♠❡♥0
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Abstract

Replications are necessary to evaluate individual repeatability in sensory profiling. How-

ever, once panels are trained, most panel leaders continue to run sensory profiling studies

with replicates. Are such replicates actually necessary? Does the full data set really provide

more information than the data subset composed of the first replicate? Statistical analysis

of 224 studies (181 with 2 replicates and 43 with 3 replicates) shows that when using the

first replicate alone:

• 6% (2 replicates) and 11% (3 replicates) of the attributes were no longer significantly

(p = 0.05) discriminative among products,

• 88% (2 or 3 replicates) of the discriminative attributes had a similar vector of product

mean scores, i.e. a correlation coefficient higher than 0.9,

• 90% (2 or 3 replicates) of all studies had a similar product configuration, i.e. an RV

coefficient higher than 0.9,

• distribution of the number of significant dimensions of the product space and distri-

bution of the product F-ratio in the two-way MANOVA model were non-significantly

different.

These data suggest that replication is unnecessary once the panel is trained.

Keywords : Sensory profiling, replication, correlation, ANOVA, MANOVA, RV.

1 Introduction

Sensory profiling has been widely used in sensory analysis. The aim of the method is to

describe the sensory characteristics of food products using a list of defined attributes. Panelists
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involved in a sensory profiling task are required to rate the perceived intensities of a number of

attributes such as: sweetness, saltiness, crunchiness etc.

A classical sensory descriptive profile method consists of two main phases: the training phase

and the testing phase (also known as the measurement phase).

There are several sessions in the training process. Training begins with the development of a

common sensory vocabulary. The panel leader works with a group of six to twenty assessors to

define a list of sensory attributes, describing the sensations of appearance, texture, aroma, odour

and taste relevant to the products in the study. This descriptive vocabulary should be precisely

defined, containing enough terms to represent all the sensations to be measured. Assessors are

provided with examples of sensory references, then given the opportunity to evaluate the selected

attributes in various products, using sensory scales.

The duration of the training phase depends on the complexity of the product and also on the

level of experience of the product type that the assessors have. The panel leader checks the

performance of the group over time by measuring both repeatability and discriminating ability

for the whole panel and for each panelist. Measurement of performance for descriptive sensory

panels has been discussed in many papers (Bi, 2003; Chambers et al., 2004; Couronne, 1997;

McEwan et al., 2002; Pineau et al., 2007; Schlich, 1994).

The testing phase can begin when assessors seem able to score the attributes accurately and

consistently. The trained panel tests the set of products of interest using the determined list of

attributes by giving an intensity score on the sensory scales. During this phase, the panelists

often evaluate the set of products more than once; therefore multiple replications of testing are

completed for each product. Replications are regarded as independent repetitions of the exper-

iment under identical experimental conditions.

Implementation of replication involves some practical considerations, including product avail-

ability, preparation requirements and the number of samples to be tested by assessors without

causing sensory fatigue.

In practice, several replication structures can be found. Replicates can be randomised within

the full experiment, which means that no replication or session effect can be tested. It is also

possible to serve the same products in separate tasting sessions, possibly with several days in

between. In this case, if product stability is not guaranteed, replication may not be realistic.

Another type of replication structure introduces product units in a structured way; for example,

samples could come from different batches. In the latter two structures, care should be taken

with the analysis of data. Replication should be treated as a random effect in the ANOVA

model.

The final data collected during the testing phase have a three-way data structure: Assessors
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× Products × Attributes. If there are replicates, they could be added as additional rows. These

data are analysed statistically using univariate and multivariate analyses. Multivariate analysis

provides a sensory map of the product space.

Although replication is necessary when studying panel performance, it may not be essential

during the measurement phase. However, most — if not all — panel leaders still design their

sensory profiling studies with replicates. This study seeks to examine whether such a practice

is indispensable.

Most papers dealing with sensory profile studies mention the use of two or three replicates.

Stone and Sidel (2004) suggest that, empirically, within-subject variability decreases somewhat

from the first to the second replicate, levelling at the third one, and that subsequent replications

exhibit no further decrease in variability. The authors presume that two to three replicates are

adequate for a descriptive sensory profile.

In some food products, such as meat, replications are not always easy to organize (Hunter,

1996). For instance, differences in storage or small variations in serving temperature can have

a major effect on sensory characteristics. Therefore care must be taken when designing experi-

ments with replication in order to ensure that appropriate comparisons can be made.

The need to replicate descriptive evaluations has also been discussed in Moskowitz et al.

(2008). The authors stated that the appropriateness of replications depends on the objective.

Replications allow panel performance to be assessed, for example. Moskowitz (2008) and Muñoz

(2008) argued that if a panel is well trained, there will be very little difference between replicates.

Hence, for sensory profile studies, replications may be desirable but they are never essential. If

replications cannot be accommodated, the data remain valid. In the same discussion paper,

Gacula (2008) argues that we get the maximum amount of information from the first judgment

of each person. Hence, each additional judgment adds proportionally less information.

Learning from actual data is essential in order to improve sensory methodologies and to

investigate different points of view, such as the usefulness of replication in sensory profiling.

In this paper, we will examine whether or not replications are required at the testing phase,

using several sensory profile studies from the database SensoBase (www.sensobase.fr). The

key question in our research is: do two replicates, or even three replicates, enhance product

discrimination?

For each study, univariate and multivariate statistical analyses were carried out in order to

achieve comparisons between the full data set, including all the replicate scores, and a data subset

with only the first replicate scores. Comparisons were based on power discrimination, involving

the F-statistic of the product effect, the percentage of significant sensory attributes and the

correlation between vectors of product mean scores. At the multivariate level, comparisons were
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based on the RV-coefficient, the MANOVA F-statistic and the number of sensory dimensions of

the derived sensory spaces.

2 Materials and methods

2.1 Procedure

SensoBase is a database of descriptive sensory studies, currently containing about 900 data

sets from 56 sensory laboratories located in 11 countries. Each data set contains the scores

of a set of products of a given type (39 different types are represented in SensoBase) profiled

by a trained panel of assessors. The database was created in order to describe sensory analysis

practices, to compare several statistical methods of analysis and to benchmark panel and panelist

performances.

Stratified sampling by sensory laboratory was used to select 405 sensory profile data sets from

SensoBase. To assess replicate utility, 224 data sets (all fully balanced, with no missing values)

were taken from this previously selected sample: 181 data sets with two replicates, and 43 with

three replicates. The remaining data sets were excluded from the study for the following reasons:

23 data sets had a single replicate, 4 data sets had 4 replicates and 1 data set had 6 replicates.

A further 153 data sets either had missing values or an unbalanced design.

For data sets with two replicates, comparison was between the analysis of the truncated data

set (the first replicate data subset) and the analysis of the full data set. For data sets with three

replicates, comparison was between the analysis of the truncated data set (the first replicate

data subset) and the analysis of the full data set.

2.2 Univariate analysis

2.2.1 Analysis of variance

For each attribute, a two-way analysis of variance (ANOVA) model with Product and Assessor

as factors was carried out on the intensity scores.

Assessor factor is a normally distributed independent random variable with zero mean as is the

error. Variance for assessor factor is σ2A and for error is σ
2.

The intensity scores of the full data set were averaged over replicates in order to fit the same

two-way additive model as when a single replicate is considered, with the same number of degrees

of freedom.
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2.2.2 Univariate correlation

For each attribute, Pearson correlation coefficient was calculated between the vector of prod-

uct mean scores for the full data set and the vector of product mean scores for the truncated

data set.

2.3 Multivariate analysis

For each study, the aim is to analyse all the attributes simultaneously in order to examine

whether or not the same product space is derived from the full data set and from the truncated

data set.

2.3.1 Multivariate correlation: RV-coefficient

After averaging over assessors, the RV coefficient (Escoufier, 1973) is computed to measure

the similarity between the product configurations obtained from the truncated averaged data

set and from the full averaged data set. The RV coefficient provides a simple way of measuring

the relationship between two product spaces generated by two different sets of variables (sensory

attributes), with values between 0 and 1, where 1 represents perfect similarity.

2.3.2 Multivariate analysis of variance

A multivariate analysis of variance (MANOVA) measures product discrimination when all

sensory attributes are considered simultaneously. The MANOVA provides 4 multivariate tests

for each effect in the model. These statistics pool the variance from all the dimensions to create

the statistic test. The four multivariate measurements used to derive the MANOVA F-test

are: Pillai’s trace, Wilk’s Lambda, Hotelling-Lawley’s Trace and Roy’s Largest Root. The four

measurements are calculated using eigenvalues of the matrix A, A = BW−1 where B is the

hypothesis sums of squares and cross product matrix and W is the error sums of squares and

cross product matrix.

For each data set, the two-way additive MANOVA model was applied on the intensity scores

of all attributes. We used the F-test based on the Hotelling-Lawley trace, which is the simple

sum of all the eigenvalues of the matrix A. This measurement characterizes the ratio of product

effect variance to error variance. A significant MANOVA F-test indicates that the products

differ significantly in the space generated by the attributes.
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2.3.3 Canonical variate analysis

Canonical variate analysis (CVA) is the mean separation technique at the multi-dimensional

level. It is used to compute the axes which best discriminate the products. They are defined by

the eigenvectors of A. All the CVA axes maximize the distances between product means while

minimizing dispersion for individual assessments of each product. A likelihood ratio test is used

to assess the number of significant sensory dimensions reflecting the main differences between

products.

The use of MANOVA and CVA for sensory profile data has been described in Lawless and

Heymann (2010); Monrozier and Danzart (2001); Porcherot and Schlich (2000); Schlich (2004).

All statistical analyses and computations used SAS software release 9.2 (SAS institute Inc.,

Cary, NC).

3 Results and discussion

3.1 Univariate results

3.1.1 ANOVA results by attribute

For data sets with two replicates, results of the two-way ANOVA model on intensity scores

for the first replicate led to a significant product effect (p = 0.05) for 58% of the attributes. On

aggregating the second replicate, the percentage was 64%, an increase of 6%.

Similar results were obtained for data sets with three replicates. The two-way ANOVA model

results on intensity scores for the first replicate led to a significant product effect (p = 0.05) for

60% of the attributes. The percentage was 68% after aggregating the second replicate and 71%

after aggregating the third replicate, and thus an increase of 11%.

Since the median number of attributes in a data set is 23, including replicates would therefore

add on average one or at most two significant attributes.

After aggregating the second replicate, the average p-value of these additional significant at-

tributes decreases from 0.18 to 0.02. Analysing the second replicate separately revealed that:

• 2/3 of these additional attributes had a significant product effect in the second replicate.

The second replicate was more discriminant than the first, with a higher product mean

square. Two hypotheses could explain this situation. Either the first replicate could have

served as a final training session, or there might have been some product variation between
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the first and second replicates. Therefore some attributes might have been more perceptible

in the second replicate. Although these additional attributes had p-values slightly lower

than 0.05, they might provide additional information about possible variability between

batches. In that case, these additional attributes could be useful for sensory analysts when

monitoring a set of products over time, where variability in batches is of interest.

• for the remaining 1/3 of attributes, aggregating the two replicates slightly reduced random

noise (RMSE), leading to a significant product effect. Both replicates were therefore

necessary in order to reach panel homogeneity. This result might also be a statistical

”smoothing effect”.

Additionally, about 2% of significantly discriminative attributes, with a p-value slightly lower

than 0.05 (average p-values of 0.03) at the first replicate, became non-significant after aggregating

the second replicate. For these attributes, the second replicate was not significant and therefore

affected significance after aggregation.

In overall, we believe that replication could bring some small additional information at

univariate level only in some very rare and specific occasions.

3.1.2 Correlation

The distribution of the correlation coefficients (Figure 1) shows that 88% of the significantly

(p = 0.05) discriminative attributes had a correlation coefficient higher than 0.9, denoting very

good agreement between vectors of product mean scores, based on one or two replicates. The

mean correlation coefficient was 0.954.
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Figure 1: Distribution of Pearson correlation coefficients between vectors of product mean scores

for discriminative attributes of the full (2 reps) and truncated (1 rep) data sets

The distribution of the correlation coefficients (Figure2) shows that 37.4% of the non-

discriminative attributes had a correlation coefficient higher than 0.9, 88.65% had a correlation

coefficient higher than 0.45 and 11.34% had a correlation coefficient lower than 0.45.

Since these attributes were non-discriminative, product mean scores would be closer with changes

in ranks leading to correlation coefficients lower than those obtained for discriminative attributes.

However the mean and median of these correlation coefficients were still correct, i.e 0.749 and

0.849.

Figure 2: Distribution of Pearson correlation coefficients between vectors of product mean scores

for non-discriminative attributes of the full (2 reps) and truncated (1 rep) data sets
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The same results for correlation were obtained for data with 3 replicates.

According to ANOVA and correlation results by attributes we expect no significant impact

on the full multivariate analysis of these data. This expectation will be studied in the following

section.

3.2 Multivariate results

3.2.1 RV coefficient

The RV coefficient was higher than 0.9 for 90% of the data sets (2 or 3 replicates). Thus, the

product configurations of the truncated and full data sets were almost the same.

3.2.2 MANOVA and CVA results

The gain in discrimination at the multivariate level was almost never enhanced after ag-

gregating the second replicate. Table (1) gives the mean and median values of the MANOVA

F-statistic for the 181 data sets with two replicates.

Table 1: Mean and Median values of MANOVA F

Source One replicate Two replicates (averaged)

Mean 6.44 8.97

Median 2.95 3.97

The mean value of the MANOVA F-statistic calculated on the truncated data sets was 6.44.

This mean value increased slightly to 8.97 for the full data sets. The median value was 2.95 for

the truncated data sets and 3.97 for the full data sets.

The mean values are higher than the median values because of a few excessively high values for

the MANOVA F-statistic in some data sets.

We consider that an increase of about 2.53 to an F-statistic at 6.44 should not modify inter-

pretation. This is better investigated in figure (3) showing similar levels of significance for the

MANOVA F-statistic in both the truncated data sets and the full data sets. This result suggests

that discrimination power is not enhanced at the multivariate level.
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Figure 3: Distribution of P-values for the MANOVA F-statistic

For 86% of the studies, an equal number of significant sensory dimensions (p = 0.10) of the

product space was derived from the truncated data set and from the full data set (Fig.4). There

was on average a difference in the cumulative proportion of variance explained of 1.25% between

the truncated and the full data sets.

For the remaining 14% of studies, the additional significant sensory dimension after aggregating

the second replicate did not bring further information on product discrimination, due to a low

percentage of additional variance explained. There was on average a difference in the cumulative

proportion of variance explained of 4.9% between the truncated and the full data sets.
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Figure 4: Distribution of the number of significant sensory dimensions

For data sets with three replicates, the results obtained were of the same order. No further

enhancement was observed for the MANOVA F-statistic after aggregating the third replicate.

Table 2 gives the mean values of the MANOVA F-statistic for the 43 data sets. For 93% of

the studies, an equal number of significant sensory dimensions (p=0.10) of the product space

was derived from the truncated data sets (first replicate) and from the full data sets (three

replicates).

Table 2: Mean values of MANOVA F

Source One replicate Two replicates (averaged) Three replicates (averaged)

Mean 3.86 4.75 4.86

Finally, multivariate analysis of the full and the truncated data sets brought the same results.

Thus the slight differences observed in univariate analysis did not impact the multivariate prod-

uct configurations allowing to draw similar product maps whether replicates are used or not.
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4 Conclusion

Both univariate and multivariate analyses confirmed that replication did not generally en-

hance product discrimination and is therefore superfluous in most cases. However, if products

are to be monitored over time or if variability in batches is of interest, then replication becomes

necessary.

Sensory laboratories often replicate their measurements during the testing phase at their clients’

request. Such companies may take for granted that replication is a good way to obtain reliable

results. If panelists are trained to perform sensory evaluation consistently, then why do we need

to replicate their measurements? Since they have been trained to perform reliably, their scores

will therefore tend to be closer from one replicate to another, generating data with considerably

lower variability.

The data suggest that replicates are no longer useful during the testing phase. Replicates are

time and budget consuming. Furthermore, panelist availability is an issue that panel leaders

often encounter. Replication is necessary in order to check panelist performance during the

training phase but serves no further purpose during the testing phase.
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Muñoz, A. (2008). Replication in sensory and consumer testing. In Viewpoints and Controversies

in Sensory Science and Consumer Product Testing, pages 302 – 306. Food & Nutrition Press,

Inc.

Pineau, N., Chabanet, C., and Schlich, P. (2007). Modeling the evolution of the performance

of a sensory panel: A mixed-model and control chart approach. Journal of Sensory Studies,

22(2):212–241.

Porcherot, C. and Schlich, P. (2000). Flash table and canonical mapping of potato varieties.

Food Quality and Preference, 11(1-2):163–165.

Schlich, P. (1994). Grapes: a method and a sas r© program for graphical representations of

assessor performances. Journal of Sensory Studies, 9(2):157–169.

Schlich, P. (2004). L’analyse en variables canoniques de données de profils sensoriels. Rennes,

France. 8eme journees Europeennes Agro-industrie et Methodes Statistiques.

Stone, H. and Sidel, J. L. (2004). Test strategy and the design of experiments. In technology,

F. s. a., editor, Sensory Evaluation Practices, pages 116–117. Elsevier Academic Press, USA,

third edition.

109



❈❤❛♣✐%&❡ ✹✳ ▲❡ ♥♦♠❜&❡ ❞❡ 0✉❥❡%0 ❡♥ ♣&♦✜❧ 0❡♥0♦&✐❡❧

✺ ❙②♥$❤&'❡

▲❡" ♠$%❤♦❞❡" ♣❛+ +$$❝❤❛♥%✐❧❧♦♥♥❛❣❡ ❡% ♣❛+ ♠$%❛✲❛♥❛❧②"❡ ♥♦✉" ♦♥% ♣❡+♠✐" ❞❡ ♠❡%%+❡ ❡♥ ❡①❡+❣✉❡

❧❡ ❞♦♠❛✐♥❡ ❞❡ ✈❛+✐❛%✐♦♥ ❞❡ ❧❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡% ❡% ❞✉ ❞$"❛❝❝♦+❞ ❡♥%+❡ ❧❡" "✉❥❡%" ❡♥ ♣+♦✜❧ "❡♥"♦+✐❡❧✳ ;❛+

❛✐❧❧❡✉+"✱ ♥♦✉" "❛✈♦♥" =✉❡ "❡❧♦♥ ❧❡ %②♣❡ ❞❡" ❞❡"❝+✐♣%❡✉+"✱ ❝❡" ❞❡✉① ♠❡"✉+❡" ✈❛+✐❡♥% ❞✬✉♥❡ ♠❛♥✐>+❡

"✐❣♥✐✜❝❛%✐✈❡✳

▲✬❛❜❛=✉❡ "✉+ ❧❡ ♥♦♠❜+❡ ❞❡ "✉❥❡%" ♣+$❝♦♥✐"❡ ♣♦✉+ ✉♥ ❞$"❛❝❝♦+❞ ♠♦②❡♥ ❡♥%+❡ ❧❡" "✉❥❡%" σ $❣❛❧

@ 0.096✱ ✉♥ +✐"=✉❡ α ❞❡ 5%✱ ✉♥ +✐"=✉❡ β @ 10%✱ ✸✷ "✉❥❡%" ♣♦✉+ ❞$%❡❝%❡+ ✉♥ ♣❡%✐% ❡✛❡% ❣❧♦❜❛❧ ❡♥

♣+♦✜❧ "❡♥"♦+✐❡❧✱ ✶✷ "✉❥❡%" ♣♦✉+ ❞$%❡❝%❡+ ✉♥ ❡✛❡% ❣❧♦❜❛❧ ♠♦②❡♥ ❡% ✺ "✉❥❡%" ♣♦✉+ ❞$%❡❝%❡+ ✉♥ ❣+❛♥❞

❡✛❡% ❣❧♦❜❛❧✳

▲❡ ❝❤♦✐① ❞✉ ♥♦♠❜+❡ ❞❡ "✉❥❡%" ♣♦✉++❛✐% E%+❡ $%❛❜❧✐ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ♥❛%✉+❡ ❞✉ ♣+♦✜❧ "❡♥"♦+✐❡❧

♠❡♥$✳ ❙✐ ❧✬$%✉❞❡ ❝♦♥"✐"%❡ $%✉❞✐❡+ ❞❡" ❞❡"❝+✐♣%❡✉+" ❞❡ %②♣❡ %❡①%✉+❡✱ ♦♥ ♣♦✉++❛✐% ❛❞♠❡%%+❡ =✉❡ ❧❛

%❛✐❧❧❡ ❞❡ ❧✬❡✛❡% ❛%%❡♥❞✉❡ "❡+❛✐% ♠♦②❡♥♥❡✳ ;❛+ ❝♦♥%+❡✱ "✐ ❧✬$%✉❞❡ ❝♦♥"✐"%❡ @ $%✉❞✐❡+ ❞❡" ❞❡"❝+✐♣%❡✉+"

❞❡ %②♣❡ ❛+H♠❡ ♦✉ ♦❞❡✉+✱ ♦♥ ♣♦✉++❛✐% ❛❞♠❡%%+❡ =✉❡ ❧❛ %❛✐❧❧❡ ❞❡ ❧✬❡✛❡% ❛%%❡♥❞✉❡ "❡+❛✐% ♣❡%✐%❡✳

❙%❛%✐"%✐=✉❡♠❡♥%✱ %♦✉%❡ ❛✉❣♠❡♥%❛%✐♦♥ ❞✉ ♥♦♠❜+❡ ❞❡ "✉❥❡%" ♦✉ ❞✉ ♥♦♠❜+❡ ❞❡ +$♣$%✐%✐♦♥" ❛✉❣✲

♠❡♥%❡+❛✐% ❧❛ ♣✉✐""❛♥❝❡ ❞✉ %❡"% @ ♠❡%%+❡ ❡♥ $✈✐❞❡♥❝❡ ❞❡" ❞✐✛$+❡♥❝❡" ❡♥%+❡ ♣+♦❞✉✐%"✳ ❈❡♣❡♥❞❛♥%✱

▲❡" +$"✉❧%❛%" ❞❡ ❧✬$%✉❞❡ ❞❡ ❧❛ ♥$❝❡""✐%$ ❞❡" +$♣$%✐%✐♦♥" ❡♥ ♣+♦✜❧ "❡♥"♦+✐❡❧ ✭"❡❝%✐♦♥ ✹✮ ♠♦♥%+❡♥%

=✉❡ ❧♦+"=✉❡ ❧❡" "✉❥❡%" "♦♥% ❡♥%+❛M♥$"✱ ✉♥❡ "❡✉❧❡ +$♣$%✐%✐♦♥ ❡♥ ♣❤❛"❡ ❞❡ ♠❡"✉+❡ ❡"% "✉✣"❛♥%❡ ♣♦✉+

$%❛❜❧✐+ ❞❡" ❞✐✛$+❡♥❝❡" ❡♥%+❡ ♣+♦❞✉✐%"✳

;❛+ ❛✐❧❧❡✉+"✱ ❧✬❡♥%+❛M♥❡♠❡♥% ❞❡" ♣❛♥❡❧" ❡"% ❝♦O%❡✉① ❡♥ %❡+♠❡" ❞❡ %❡♠♣" ❡% ❞✬❛+❣❡♥%✳ ❆✐♥"✐✱

❡♥+H❧❡+ ✉♥ ❣+❛♥❞ ♥♦♠❜+❡ ❞❡ "✉❥❡%" ❡♥ ♣+♦✜❧ "❡♥"♦+✐❡❧ ❞❛♥" ❧❡ ❜✉% ❞✬❛✈♦✐+ ♣❧✉" ❞✬✐♥❢♦+♠❛%✐♦♥ ♥✬❡"%

♣❡✉% E%+❡ ♣❛" %♦✉❥♦✉+" ❧❡ ♠❡✐❧❧❡✉+ ❝❤♦✐① @ ❢❛✐+❡✳ ❯♥ ❛✉%+❡ ❛"♣❡❝% ♥♦♥ ♥$❣❧✐❣❡❛❜❧❡ ❡"% ❧❡ ♣❧❛♥

❞✬❡①♣$+✐❡♥❝❡✳ ■❧ ❡"% $✈✐❞❡♥% =✉❡ ❞❛♥" ❧❡ ❝❛" ❞❡ ♣❡%✐%" ♣❛♥❡❧"✱ ✐❧ ♣♦✉++❛✐% ② ❛✈♦✐+ ✉♥ ♣+♦❜❧>♠❡

=✉❛♥% @ ❛""✉+❡+ ✉♥ $=✉✐❧✐❜+❡ ❞❡" ❡✛❡%" ❞✬♦+❞+❡ ❡% ❞❡ +❡♣♦+%✳

▲❡ ❧✐❡♥ ❡♥%+❡ ❧❡" +$♣$%✐%✐♦♥" ❡% ❧❡ ♥♦♠❜+❡ ❞❡ "✉❥❡%" ♥♦✉" ❛♠>♥❡ @ ♥♦✉" ✐♥%❡++♦❣❡+ "✉+ =✉❡❧ ♣❧❛♥

"✬❛♣♣✉②❡+ ♣♦✉+ +$❛❧✐"❡+ ✉♥❡ $%✉❞❡ ❞❡ ♣+♦✜❧ "❡♥"♦+✐❡❧ ♣✉✐""❛♥%❡ ❛✈❡❝ ✉♥ ❝♦O% +❛✐"♦♥♥❛❜❧❡ ✭❝♦O% ❞❡"

+$♣$%✐%✐♦♥" ✈❡+"✉" ❝♦O% ❞❡ ❧✬❡♥%+❛M♥❡♠❡♥%✮✳ ❯♥❡ $%✉❞❡ "✉+ ❞❡" ❝❛" ❝♦♥❝+❡%" "❡+❛✐% ✐♥%$+❡""❛♥%❡ @

♠❡♥❡+ ♣♦✉+ ♠❡"✉+❡+ ❧❡ ❝♦O% ❞❡ ❞❡✉① "%+❛%$❣✐❡"✳ ;❛+ ❡①❡♠♣❧❡✱ ♦♥ ♣♦✉++❛✐% ❝♦♠♣❛+❡+ ❧❡" +$"✉❧%❛%"

❞❡ ❞❡✉① $%✉❞❡" ✿ ✉♥❡ $%✉❞❡ ❛✈❡❝ ✉♥ ♣❛♥❡❧ ❞❡ ✶✵ "✉❥❡%" ❡✛❡❝%✉❛♥% ❞❡✉① +$♣$%✐%✐♦♥" ❡% ✉♥❡ $%✉❞❡

❛✈❡❝ ✉♥ ♣❛♥❡❧ ❞❡ ✷✵ "✉❥❡%" ❡✛❡❝%✉❛♥% ✉♥❡ "❡✉❧❡ +$♣$%✐%✐♦♥✳

;♦✉+ ❧❡ %+❛✐%❡♠❡♥% ❞❡ ❧✬❡♥"❡♠❜❧❡ ❞❡" ❞♦♥♥$❡"✱ ❞❡" ♠❛❝+♦" ♦♥% $%$ ❞$✈❡❧♦♣♣$❡" ❡♥ ✉%✐❧✐"❛♥% ❧❡

❧♦❣✐❝✐❡❧ ❙❆❙

❝©
✳ ▲✬❡①%+❛❝%✐♦♥ ❞❡" ❞♦♥♥$❡" ❛ $%$ ❡✛❡❝%✉$ ❛✈❡❝ ❧❡ ❧❛♥❣❛❣❡ ❞✬✐♥%❡++♦❣❛%✐♦♥ ❞❡ ❞♦♥♥$❡"

❙◗▲✳ ▲✬❡♥"❡♠❜❧❡ ❞❡" ❝❛❧❝✉❧" ✐♥%❡♥"✐❢" ♦♥% $%$ +$❛❧✐"$" ❣+V❝❡ ❛✉① ❝❧✉"%❡+" ♠✐" @ ❞✐"♣♦"✐%✐♦♥ ♣❛+ ❧❡

❈❡♥%+❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧✬❯♥✐✈❡+"✐%$ ❞❡ ❇♦✉+❣♦❣♥❡✳

✶✶✵



Chapitre5

❉✐"❝✉""✐♦♥ ❣(♥()❛❧❡ ✫ ❈♦♥❝❧✉"✐♦♥

✶ ❙②♥$❤&'❡ ❡$ ❞✐'❝✉''✐♦♥ ❞❡' ./'✉❧$❛$' ✐''✉' ❞❡ ❝❡ $.❛✈❛✐❧

❈❡ "#❛✈❛✐❧ ❞❡ "❤*+❡ ♥♦✉+ ❛ ♣❡#♠✐+ ❞❡ ♠❡""#❡ ❡♥ ❡①❡#❣✉❡ ❧❡+ ♣❛#❛♠*"#❡+ 3✉✐ ❝♦♥❞✐"✐♦♥♥❡♥"

❧❡ ♥♦♠❜#❡ ❞❡ +✉❥❡"+ ❞❛♥+ ❧❡+ "❡+"+ ❤7❞♦♥✐3✉❡+ ❡" ❡♥ ♣#♦✜❧+ +❡♥+♦#✐❡❧+✳ ▲✬♦❜❥❡❝"✐❢ ♣#✐♥❝✐♣❛❧ 7"❛✐"

❞❡ 3✉❛♥"✐✜❡# ❝❡+ ♣❛#❛♠*"#❡+✱ ❞❡ ♣#7❝✐+❡# ❧❡✉# ❞♦♠❛✐♥❡ ❞❡ ✈❛#✐❛"✐♦♥ ❡" ❞✬✐❞❡♥"✐✜❡# ❧❡+ ✈❛#✐❛❜❧❡+

❞♦♥" ✐❧+ ♣♦✉##❛✐❡♥" ❞7♣❡♥❞#❡✳ ▲❡ ❜✉" ❡+" ❡♥+✉✐"❡ ❞❡ ♣♦✉✈♦✐# ❛❞#❡++❡# ❞❡+ #❡❝♦♠♠❛♥❞❛"✐♦♥+ +✉# ❧❡

♥♦♠❜#❡ ❞❡ +✉❥❡"+ > ❡♥#?❧❡# ♣♦✉# ❧❡+ ❞❡✉① "②♣❡+ ❞✬7"✉❞❡+✳

▲✬♦#✐❣✐♥❛❧✐"7 ❞❡ ❝❡ "#❛✈❛✐❧ #7+✐❞❡ ❞❛♥+ ❧✬❛♣♣♦#" ❞❡+ ❜❛+❡+ ❞❡ ❞♦♥♥7❡+ ♣♦✉# ❧✬7"✉❞❡ ❡" ❧✬❡+"✐♠❛"✐♦♥

❞❡ ❝❡+ ♣❛#❛♠*"#❡+✳ ▲❛ ❧✐""7#❛"✉#❡ ❛ +♦✉✈❡♥" #❡❧❡✈7 ❧❡ ♠❛♥3✉❡ ❞❡ ♣✉✐++❛♥❝❡ 3✉❛♥" ❛✉① #7+✉❧"❛"+

❛♣♣♦#"7+ ♣❛# ❝❡#"❛✐♥❡+ 7"✉❞❡+ #7❛❧✐+7❡+ +✉# ✉♥❡ ❞✐③❛✐♥❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥7❡+✳ ▲❡+ ❞♦♥♥7❡+ #❡❝✉❡✐❧❧✐❡+

♣❛# ❧❡+ ❜❛+❡+ ❞❡ ❞♦♥♥7❡+ B#❡❢❇❛+❡ ❡" ❙❡♥+♦❇❛+❡ ❝♦♥+"✐"✉❡♥" ✉♥ ✧#❡"♦✉# ❞✬❡①♣7#✐❡♥❝❡+✧ ❡" ❝♦♥❢*#❡♥"

✉♥❡ ♠❡✐❧❧❡✉#❡ ♣#7❝✐+✐♦♥ ❛✉① ❝❛❧❝✉❧+ ❡" ❛✉① #7+✉❧"❛"+ ♦❜"❡♥✉+ ❞❛♥+ ❝❡""❡ "❤*+❡✳

✶✳✶ ▲❡ ♥♦♠❜(❡ ❞❡ *✉❥❡-* ❡♥ -❡*-* ❤/❞♦♥✐1✉❡*

▲✬❛♣♣#♦❝❤❡ ♣❛# #77❝❤❛♥"✐❧❧♦♥♥❛❣❡ +✉# ❧❡+ ✼ 7"✉❞❡+ ❤7❞♦♥✐3✉❡+ #7❛❧✐+7❡+ ♣♦✉# ❧✬❡①♣7#✐♠❡♥"❛"✐♦♥

❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ♥♦#♠❡ ❆❋◆❖❘ ✭✷✵✵✾✮ ❛ ♠✐+ ❡♥ ❡①❡#❣✉❡ ✉♥❡ ❤②♣♦"❤*+❡ ♣#✐♥❝✐♣❛❧❡✳ ▲❡ ❢❛❝"❡✉# 3✉✐

+❡♠❜❧❡ ❧❡ ♣❧✉+ ❝♦♥❞✐"✐♦♥♥❡# ❧❛ "❛✐❧❧❡ ❞❡ ♣❛♥❡❧ ♥✬❡+" ♣❛+ ❧✬❤7"7#♦❣7♥7✐"7 ❞❡+ ♣#7❢7#❡♥❝❡+ 3✉✐ ❡①♣#✐♠❡

❧❡ ❞7+❛❝❝♦#❞ ❡♥"#❡ ❧❡+ +✉❥❡"+✱ ♠❛✐+ ♣#✐♥❝✐♣❛❧❡♠❡♥" ❧❛ "❛✐❧❧❡ ❞❡+ ❞✐✛7#❡♥❝❡+ ❞✬❛♣♣#7❝✐❛"✐♦♥ ❡♥"#❡

♣#♦❞✉✐"+✳ ❈❡+ ❞✐✛7#❡♥❝❡+ +♦♥" ❧✐7❡+ > ❧❛ ❝♦♠♣❧❡①✐"7 +❡♥+♦#✐❡❧❧❡ ❞✉ ♣#♦❞✉✐"✳

B❛# ❛✐❧❧❡✉#+✱ ❧❛ ♠7"❛✲❛♥❛❧②+❡ ❞❡ B#❡❢❇❛+❡ ❛ ❝♦♥❢♦#"7 ❝❡ #7+✉❧"❛"✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ♥♦♠❜#❡ ❞❡

+✉❥❡"+ ❛ 7"7 #7❛❧✐+7 ♣❛# ❧✬❛♣♣#♦❝❤❡ ❛♥❛❧②"✐3✉❡ ❡♥ ❢♦♥❝"✐♦♥ ❞❡+ ❡+"✐♠❛"✐♦♥+ ❞❡ ❧❛ "❛✐❧❧❡ ❞❡ ❧✬❡✛❡" ❡"

❞❡ ❧✬❤7"7#♦❣7♥7✐"7 ❞❡+ ♣#7❢7#❡♥❝❡+ +✉# ❧✬❡♥+❡♠❜❧❡ ❞❡+ 7"✉❞❡+✳

✶✶✶



❉✐"❝✉""✐♦♥ ❣(♥()❛❧❡

▲✬❤#$#%♦❣#♥#✐$# ❞❡, ♣%#❢#%❡♥❝❡, ❡,$ ❡,$✐♠#❡ ♣❛% ❧❛ %❛❝✐♥❡ ❝❛%%#❡ ❞✉ ❝❛%%# ♠♦②❡♥ ❞❡ ❧✬❡%%❡✉%

✭❘▼❙❊✮ ✐,,✉ ❞✉ ♠♦❞;❧❡ ❆◆❖❱❆ @ ❞❡✉① ❢❛❝$❡✉%, ❙✉❥❡$ ✰ D%♦❞✉✐$✳ ▲❛ ✈❛❧❡✉% ♠♦②❡♥♥❡ ❡,$ ❞❡ ✵✳✷✵

,✉% ✉♥❡ #❝❤❡❧❧❡ ✵✲✶✱ ,♦✐$ ✉♥ #❝❛%$ ❞❡ ✷ ♣♦✐♥$, ,✉% ❧❡ #❝❤❡❧❧❡ ❞❡ ✵ @ ✶✵✳ ❈❡$$❡ ✈❛❧❡✉% ❝♦%%❡,♣♦♥❞ @

❧❛ ✈❛❧❡✉% ♠♦②❡♥♥❡ ♦❜$❡♥✉❡ ♣❛% ❍♦✉❣❤ ❡$ ❛❧✳ ✭✷✵✵✻✮ @ ♣❛%$✐% ❞❡ ❧✬#$✉❞❡ ❞❡ ✶✵✽ ❥❡✉① ❞❡ ❞♦♥♥#❡,✳

▲❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ❡,$ ❡①♣%✐♠#❡ ♣❛% ❧✬#❝❛%$ ♠♦②❡♥ ❞❡, ♠♦②❡♥♥❡, ❞❡, ♥♦$❡, ❞✬❛♣♣%#❝✐❛$✐♦♥ ❞❡,

♣%♦❞✉✐$, ♣❛% %❛♣♣♦%$ @ ❧❛ ♠♦②❡♥♥❡ ❣❧♦❜❛❧❡ ❞✬❛♣♣%#❝✐❛$✐♦♥ ♦❜$❡♥✉❡ ♣♦✉% ❝❡, ♣%♦❞✉✐$,✳

❈❡$$❡ ♣%♦♣♦,✐$✐♦♥ ❛ #$# ❛❞♦♣$#❡ ♣♦✉% ♣❡%♠❡$$%❡ ❛✉① ❛♥❛❧②,$❡, ,❡♥,♦%✐❡❧, ❞❡ ,✐$✉❡% ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$

❛$$❡♥❞✉❡ ♣♦✉% ❧❡✉%, ♣%♦❞✉✐$, ❧♦%,R✉✬✐❧, ♥❡ ♣❡✉✈❡♥$ ♣❛, ❝♦♥♥❛S$%❡ @ ♣%✐♦%✐ ❧❛ ♣♦,✐$✐♦♥ R✉✬❛✉%❛✐❡♥$

❝❡, ❞❡%♥✐❡%,✱ $❡❧ R✉❡ ❧❡ ♣%#❝♦♥✐,❡ ❧❛ ♥♦%♠❡ ❆❋◆❖❘ ✭✷✵✵✾✮✳

D♦✉% ❧❛ ✈❛❧❡✉% ♠#❞✐❛♥❡ ❞❡ ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ❞❡ ✵✳✵✻ ✭♦❜,❡%✈#❡ ,✉% ✉♥❡ #❝❤❡❧❧❡ ✵✲✶✮✱ ✉♥❡

❤#$#%♦❣#♥#✐$# ❞❡, ♣%#❢#%❡♥❝❡, ❞❡ ✵✳✷✵✱ ✉♥ %✐,R✉❡ α ❞❡ 5% ❡$ ✉♥ %✐,R✉❡ β ❞❡ 10%✱ ❧❡ ❝❛❧❝✉❧ ❛♥❛❧②$✐R✉❡

❞♦♥♥❡ ✉♥❡ %❡❝♦♠♠❛♥❞❛$✐♦♥ ❞❡ ✹✶ ,✉❥❡$,✳ ■❧ ❢❛✉❞%❛✐$ ❛✉ ♠✐♥✐♠✉♠ ✹✶ ,✉❥❡$, ♣♦✉% ❞#$❡❝$❡% ✉♥ #❝❛%$

♠♦②❡♥ ❞✬❛♣♣%#❝✐❛$✐♦♥ ❞❡ ✵✳✻ ,✉% ✉♥❡ #❝❤❡❧❧❡ ✵ @ ✶✵✳

▲❛ $❛✐❧❧❡ ❞❡, ❞✐✛#%❡♥❝❡, @ ♠❡$$%❡ ❡♥ #✈✐❞❡♥❝❡ ✐♥✢✉❡ ❜❡❛✉❝♦✉♣ ,✉% ❧❡ ♥♦♠❜%❡ ♠✐♥✐♠✉♠ ❞❡

,✉❥❡$,✳ D❛% ❡①❡♠♣❧❡✱ ♣♦✉% ✉♥❡ ✈❛%✐❛❜✐❧✐$# %#,✐❞✉❡❧❧❡ ✭♦✉ ❡①♣#%✐♠❡♥$❛❧❡✮ σ = 0.20✱ ✉♥ %✐,R✉❡ α = 5%

❡$ ✉♥ %✐,R✉❡ β = 10%✱ ❧❡ ♥♦♠❜%❡ ❞❡ ,✉❥❡$, ❞✐♠✐♥✉❡ ❞❡ 74% ❧♦%,R✉✬♦♥ ♣❛,,❡ ❞✬✉♥ #❝❛%$ ♠♦②❡♥

❞✬❛♣♣%#❝✐❛$✐♦♥ d @ ♠❡$$%❡ ❡♥ #✈✐❞❡♥❝❡ ❞❡ ✵✳✵✸ @ ✵✳✵✻ ,✉% ✉♥❡ #❝❤❡❧❧❡ ✵✲✶✳

❉✬❛✉$%❡ ♣❛%$✱ ♥♦✉, ❛✈♦♥, ❝♦♥,$❛$# R✉❡ ❧❛ $❛✐❧❧❡ ❞❡, ❞✐✛#%❡♥❝❡, ❞✬❛♣♣%#❝✐❛$✐♦♥ ♣❡✉$ [$%❡ ✐♥❞✉✐$❡

♣❛% ✉♥❡ ❝♦♠♣❧❡①✐$# ,❡♥,♦%✐❡❧❧❡ ❞❡, ♣%♦❞✉✐$, $❡,$#,✳ ❊♥ ❡✛❡$✱ ♦♥ ,✉♣♣♦,❡ R✉❡ ❧❛ %❡❝♦♠♠❛♥❞❛$✐♦♥

♦❜$❡♥✉❡ ,✉% ❧❡ ♥♦♠❜%❡ ❞❡ ,✉❥❡$, ♣❛% ❧✬❛♣♣%♦❝❤❡ %##❝❤❛♥$✐❧❧♦♥♥❛❣❡ ♣♦✉% ❧✬#$✉❞❡ ✧❍❛%❡♥❣✧ ,❡%❛✐$

❡♥ ♣❛%$✐❡ ❞]❡ @ ❧❛ ❝♦♠♣❧❡①✐$# ,❡♥,♦%✐❡❧❧❡ ❞✉ ♣%♦❞✉✐$✳ ❯♥❡ ❝♦♠♣❧❡①✐$# ,❡♥,♦%✐❡❧❧❡ R✉✐ ,❡ ♠❛♥✐❢❡,$❡

♣❛% ✉♥❡ ✈❛%✐❛$✐♦♥ ❞❡ ❧❛ ❣❛♠♠❡ ,✉% $%♦✐, ❞✐♠❡♥,✐♦♥, ✭❧❡ ❣♦]$ ,❛❧#✱ ❧❛ ♥❛$✉%❡ ❞✉ ❢✉♠❛❣❡✱ ♣%♦❞✉✐$

❛✈❡❝ ♦✉ ,❛♥, ❛%[$❡,✮✳

▲❛ ❝♦♠♣❧❡①✐$# ,❡♥,♦%✐❡❧❧❡ ❡,$ ✉♥ ❢❛❝$❡✉% ❞❡ ,❡❣♠❡♥$❛$✐♦♥ ❞❡, ♣%#❢#%❡♥❝❡, R✉✐ ,❡ $%❛❞✉✐$ ♣❛% ✉♥❡

$%;, ♣❡$✐$❡ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ♣%♦❞✉✐$✳ ◆♦✉, ♣♦✉✈♦♥, ❛❞♠❡$$%❡ R✉✬✉♥ ♣%♦❞✉✐$ ,✐♠♣❧❡ ,❡♥,♦%✐❡❧❧❡♠❡♥$

♣❡✉$ ❡♥❣❡♥❞%❡% ❞❡, ❣%♦✉♣❡, ❞❡ ♣%#❢#%❡♥❝❡,✳ ❈❡♣❡♥❞❛♥$✱ ✉♥ ♣%♦❞✉✐$ ❝♦♠♣❧❡①❡ ❡♥❣❡♥❞%❡%❛✐$ ❛ ♣%✐♦%✐

❡♥❝♦%❡ ♣❧✉, ❞❡ ,❡❣♠❡♥$, ❞❡ ♣%#❢#%❡♥❝❡,✳ ▲✬#$❡♥❞✉❡ ❞❡, ❞✐✛#%❡♥❝❡, ❞✬❛❝❝❡♣$❛❜✐❧✐$# ,❡%❛✐$ ❞♦♥❝ ❧✐#❡

@ ❧❛ ❝♦♠♣❧❡①✐$# ❞✉ ♣%♦❞✉✐$✳

❈❡$$❡ ✐♥❢♦%♠❛$✐♦♥ ❛ ♣%✐♦%✐ ♣♦✉%%❛✐$ ❛✐❞❡% @ ,✐$✉❡% ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ❛$$❡♥❞✉❡ ❡$ ❛✐♥,✐ ❧❡ ♥♦♠❜%❡ ❞❡

,✉❥❡$, @ ❡♥%_❧❡%✳ D❧✉, ❧❡ ♥♦♠❜%❡ ❞❡ ❞✐♠❡♥,✐♦♥, ,✉% ❧❡,R✉❡❧❧❡, %❡♣♦,❡♥$ ❧❡, ❞✐✛#%❡♥❝❡, ♦%❣❛♥♦❧❡♣✲

$✐R✉❡, ❡♥$%❡ ♣%♦❞✉✐$, ❡,$ ✐♠♣♦%$❛♥$ ❡$ ♣❧✉, ♦♥ ,✬❛$$❡♥❞ @ ❝❡ R✉❡ ❧❡ ♥♦♠❜%❡ ❞❡ ,✉❥❡$, @ ✐♥$❡%%♦❣❡%

,♦✐$ ❣%❛♥❞✳

❆✜♥ ❞❡ ♣♦✉✈♦✐% ❛❞%❡,,❡% ❞❡, %❡❝♦♠♠❛♥❞❛$✐♦♥, ,✉% ❧❡ ♥♦♠❜%❡ ❞❡ ,✉❥❡$,✱ ♥♦✉, ❛✈♦♥, ❝❤♦✐,✐

$%♦✐, ✈❛❧❡✉%, ❞❡ ❧✬❡✛❡$ ❡$ ❞❡ ❧❛ ✈❛%✐❛❜✐❧✐$#✳ ❈❡, ✈❛❧❡✉%, ❝♦%%❡,♣♦♥❞❡♥$ ❛✉① ♠❡,✉%❡, ❞❡ ♣♦,✐$✐♦♥ ❞❡,

❞✐,$%✐❜✉$✐♦♥, ❞❡ ❧✬❡✛❡$ ❡$ ❞❡ ❧❛ ✈❛%✐❛❜✐❧✐$# ♦❜,❡%✈# ,✉% D%❡❢❇❛,❡✳ ❈❡$ ❛❜❛R✉❡ ♣❡%♠❡$$%❛✐$ ❛✐♥,✐ ❞❡

✶✶✷



❉✐"❝✉""✐♦♥ ❣(♥()❛❧❡

 ✐"✉❡% ❧❡ ♥♦♠❜%❡ ❞❡  ✉❥❡" - ✐♥"❡%%♦❣❡%  ❡❧♦♥ "%♦✐ ❝❛"1❣♦%✐❡ ❞✬❡✛❡" ❢❛✐❜❧❡✱ ♠♦②❡♥ ♦✉ ❢♦%"✳

✶✳✷ ▲❡ ♥♦♠❜)❡ ❞❡ +✉❥❡.+ ❡♥ ♣)♦✜❧ +❡♥+♦)✐❡❧

▲❛ ❞1"❡%♠✐♥❛"✐♦♥ ❞✉ ♥♦♠❜%❡ ❞❡  ✉❥❡" ❡♥ ♣%♦✜❧  ❡♥ ♦%✐❡❧ ❛ 1"1 ✉♥ ♣❡✉ ♣❧✉ ❝♦♠♣❧❡①❡ -

"%❛✐"❡% ❞❡ ♣❛%" ❧❛ ❝♦♠♣❧❡①✐"1 ❞❡ ❧❛ ♠1"❤♦❞♦❧♦❣✐❡ ❡❧❧❡ ♠=♠❡✳

▲✬❛♣♣%♦❝❤❡ ♣❛% %11❝❤❛♥"✐❧❧♦♥♥❛❣❡ ♠♦♥"%❡ >✉✬❡♥ ♠♦②❡♥♥❡ ✶✵  ✉❥❡"  ♦♥" ♥1❝❡  ❛✐%❡ ♣♦✉% ✉♥❡

1"✉❞❡ ❞❡ ♣%♦✜❧✳ ❈❡♣❡♥❞❛♥"✱ ❝❡""❡ %❡❝♦♠♠❛♥❞❛"✐♦♥ ❝♦♥❞✉✐"✱ ❞❛♥ ❧✬❡♥ ❡♠❜❧❡✱ - ✉♥❡ %1❞✉❝"✐♦♥ ❡♥

♠♦②❡♥♥❡ ❞❡ ✷ - ✸  ✉❥❡" ❞✉ ♣❛♥❡❧ ❝♦♠♣❧❡" ❞❡ ❝❤❛>✉❡ 1"✉❞❡✳

D❛% ❛✐❧❧❡✉% ✱ ♥♦✉ ❛✈♦♥ ❝♦♥ "❛"1 >✉❡ ❧❡ "②♣❡ ❞❡ ❞❡ ❝%✐♣"❡✉% ✐♥✢✉❡  ✉% ❧❡ ♥♦♠❜%❡ ❞❡  ✉❥❡" ✳

❊♥ ❡✛❡"✱ ❧❡ ❞❡ ❝%✐♣"❡✉% ❞❡ "②♣❡ ❛♣♣❛%❡♥❝❡ ❡" "❡①"✉%❡  ♦♥" ❧❡ ♠♦✐♥ ❡①✐❣❡❛♥" ✳ ❈❡ %1 ✉❧"❛"

♣♦✉%%❛✐" ="%❡ ❞H - ❧❛ ❢❛❝✐❧✐"1 >✉❡ ❧❡  ✉❥❡" ♦♥" - ❞✐ ❝%✐♠✐♥❡% ❧❡ ♣%♦❞✉✐" ❛✈❡❝ ❧❡ ❞❡ ❝%✐♣"❡✉% 

❞✬❛♣♣❛%❡♥❝❡ ❡" ❞❡ "❡①"✉%❡✳ ❊♥ %❡✈❛♥❝❤❡✱ ❧❡ ❞❡ ❝%✐♣"❡✉% ❞❡ "②♣❡ ❛%I♠❡✱ ♦❞❡✉% ❡"  ❛✈❡✉%✱  ♦♥"

❞✐✣❝✐❧❡ - ❛♣♣%1❤❡♥❞❡%✳ ❈❡ >✉✐ ♣♦✉%%❛✐" ❡①♣❧✐>✉❡% ❧❡ %❡❝♦♠♠❛♥❞❛"✐♦♥  ✉% ❧❡ ♥♦♠❜%❡ ❞❡  ✉❥❡" 

♣❧✉ 1❧❡✈1❡ ♣♦✉% ❝❡ "②♣❡ ❞❡ ❞❡ ❝%✐♣"❡✉% ✳

❆✉ ♥✐✈❡❛✉ ♠✉❧"✐❞✐♠❡♥"✐♦♥♥❡❧✱ ❧❛ %❡❝♦♠♠❛♥❞❛"✐♦♥  ✉% ❧❡ ♥♦♠❜%❡ ❞❡  ✉❥❡" ❡ " ❡♥ ♠♦②❡♥♥❡ ❞❡

✶✵  ✉❥❡" ✳ ❈❡♣❡♥❞❛♥" ❧♦% >✉❡ ❧❡ ♣♦✉✈♦✐% ❞✐ ❝%✐♠✐♥❛♥" ♠✉❧"✐❞✐♠❡♥"✐♦♥♥❡❧ ✭❋▼❆◆❖❱❆✮ ❡ " 1❧❡✈1✱

❧❛ %❡❝♦♠♠❛♥❞❛"✐♦♥ ♣❡✉" ❛❧♦% ❞❡ ❝❡♥❞%❡ ❥✉ >✉✬- ✷  ✉❥❡" ✳ ❉❡ ♣❧✉ ✱ ❧❡ ♣♦✉✈♦✐% ❞✐ ❝%✐♠✐♥❛♥" ❛✉

♥✐✈❡❛✉ ♠✉❧"✐❞✐♠❡♥"✐♦♥♥❡❧ "%❛❞✉✐"  ♦✉✈❡♥" ✉♥ ♣♦✉✈♦✐% ❞✐ ❝%✐♠✐♥❛♥" ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥ ✐♦♥♥❡❧✳

D❧✉ ❧❡ ❞❡ ❝%✐♣"❡✉%  ♦♥" ❞✐ ❝%✐♠✐♥❛♥" ✱ ❝❛%❛❝"1%✐ 1 ♣❛% ✉♥❡  "❛"✐ "✐>✉❡ ❋ ❡" ✉♥ ❝♦❡✣❝✐❡♥" ❞❡

❞✐ ❝%✐♠✐♥❛"✐♦♥ ρ ✐♠♣♦%"❛♥" ✱ ♣❧✉ ♦♥ ❛ ❞❡ ❝❤❛♥❝❡ ❞✬♦❜"❡♥✐% ✉♥❡ ❢♦%"❡ ✈❛❧❡✉% ❞❡ ❧❛  "❛"✐ "✐>✉❡ ❋

❞❡ ▼❆◆❖❱❆ ❡" ❛✐♥ ✐ ✉♥❡ ♠❡✐❧❧❡✉%❡ ❞✐ ❝%✐♠✐♥❛"✐♦♥ ♠✉❧"✐❞✐♠❡♥ ✐♦♥♥❡❧❧❡✳

▲✬❛♣♣%♦❝❤❡ ♣❛% ♠1"❛✲❛♥❛❧② ❡ ❝♦♥ ♦❧✐❞❡ ❧❡ %1 ✉❧"❛" ❞❡ ❧✬❛♣♣%♦❝❤❡ ♣❛% %11❝❤❛♥"✐❧❧♦♥♥❛❣❡✳ ▲❡

"②♣❡ ❞❡ ❞❡ ❝%✐♣"❡✉% ✐♥✢✉❡  ✉% ❧❡ ✈❛❧❡✉% ❞✉ ❞1 ❛❝❝♦%❞ ❡♥"%❡ ❧❡  ✉❥❡" ❡①♣%✐♠1 ♣❛% ❧❡ ❘▼❙❊

♠❛✐ ❛✉  ✐  ✉% ❧❡ "❛✐❧❧❡ ❞❡ ❧✬❡✛❡" ♣%♦❞✉✐" ❡①♣%✐♠1❡ ♣❛% σprod✳

▲❡ ❞1 ❛❝❝♦%❞ ❡♥"%❡ ❧❡  ✉❥❡" ❡ " ❡♥ ♠♦②❡♥♥❡ ❞❡ ✵✳✶✵  ✉% ✉♥❡ 1❝❤❡❧❧❡ ✵✲✶✱  ♦✐" ✉♥ ❞1 ❛❝❝♦%❞

❞❡ ✶ ♣♦✐♥"  ✉% ✉♥❡ 1❝❤❡❧❧❡ ❞❡ ✵ - ✶✵✳ ❈❡""❡ ✈❛❧❡✉% ❡ " ❜✐❡♥ ✐♥❢1%✐❡✉%❡ - ❝❡❧❧❡ ♦❜ ❡%✈1❡ ❡♥ "❡ " 

❤1❞♦♥✐>✉❡ ✳ ❈❡""❡ ❜❛✐  ❡ ❡ " ❝♦♥❢1%1❡ ❛✉①  1❛♥❝❡ ❞✬❡♥"%❛W♥❡♠❡♥" ♣%1❝♦♥✐ 1❡ ♣❛% ❧❛ ♠1"❤♦❞❡✳

❉❡ ♣❧✉ ✱ ❧❡ ❞❡ ❝%✐♣"❡✉% ♥♦♥  ✐❣♥✐✜❝❛"✐❢  ♦♥"  ♦✉✈❡♥" ❝❛%❛❝"1%✐ 1 ♣❛% ✉♥❡ ✈❛❧❡✉% ❞✉ ❞1 ❛❝❝♦%❞

 ✉♣1%✐❡✉%❡ - ❧❛ ♠♦②❡♥♥❡✱ ❞❡ ❧✬♦%❞%❡ ❞❡ ✵✳✶✹✳ ■❧  ♦♥" ♣♦✉% ❧❛ ♣❧✉♣❛%" ❞❡ "②♣❡ ♦❞❡✉% ❡" ❛%I♠❡✳

D❧✉ ♣❛%"✐❝✉❧✐Z%❡♠❡♥"✱ ❝❡ ❝♦♥ "❛" ❛ 1"1 ❢❛✐"  ✉% ❞❡ ♣%♦✜❧ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ✧❜♦✐  ♦♥ ❛❧❝♦♦❧✐ 1❡ ✧✳

❈❡ %1 ✉❧"❛" ♣♦✉%%❛✐" ="%❡ ❛""%✐❜✉1 - ✉♥❡ ❞✐✛1%❡♥❝❡ ❞❡ ♣❡%❝❡♣"✐♦♥ ❞❡ ❧✬❛❧❝♦♦❧ ✭1"❤❛♥♦❧✮ ❡" - ❧❛

>✉❛❧✐✜❝❛"✐♦♥ ❞❡  ♦♥ ❣♦H" >✉✐ ♥✬❡ "  ♦✉✈❡♥" ♣❛ ❝❧❛✐%❡♠❡♥" ✐❞❡♥"✐✜1❡✳

❉✬❛✉"%❡ ♣❛%"✱ ❧❛ "❛✐❧❧❡ ❞❡ ❧✬❡✛❡" ♣%♦❞✉✐" ♦❜ ❡%✈1 ❡ " ❡♥ ♠♦②❡♥♥❡ ❞❡ ✵✳✵✼  ✉% ✉♥❡ 1❝❤❡❧❧❡ ✵✲✶✳

❈❡""❡ "❛✐❧❧❡ ❞❡ ❧✬❡✛❡" ♣%♦❞✉✐" σprod ❡ " ♣%❡ >✉❡  ✐♠✐❧❛✐%❡ - ❝❡❧✉✐ ♦❜ ❡%✈1 ❡♥ "❡ " ❤1❞♦♥✐>✉❡ ❡"

"%❛❞✉✐" ✉♥❡ ❞✐ ♣❡% ✐♦♥ ♠♦②❡♥♥❡ ❞❡  ❝♦%❡ ♣♦✉% ❧❡ ❞❡✉① "②♣❡ ❞✬1"✉❞❡  ❡♥ ♦%✐❡❧❧❡ ✳
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❊♥ ♦✉$%❡✱ ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ✈❛%✐❡ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ $②♣❡ ❞❡ ❞❡3❝%✐♣$❡✉%3✳ ▲❡3 ❞❡3❝%✐♣$❡✉%3 ❞❡ $②♣❡

❛♣♣❛%❡♥❝❡ ❡$ $❡①$✉%❡✱ ♣❧✉3 ❞✐3❝%✐♠✐♥❛♥$3✱ ❞♦♥♥❡♥$ ❧✐❡✉ 8 ✉♥❡ $❛✐❧❧❡ ❞✬❡✛❡$ ♣❧✉3 ✐♠♣♦%$❛♥$❡✳

▲❡ ❝❛❧❝✉❧ ❛♥❛❧②$✐9✉❡ 3✉❣❣;%❡ ♣♦✉% ❧❛ ✈❛❧❡✉% ♠<❞✐❛♥❡ ❞❡ ❧❛ $❛✐❧❧❡ ❞❡ ❧✬❡✛❡$ ❞❡ ✵✳✵✺✹ 3✉% ✉♥❡

<❝❤❡❧❧❡ ✵✲✶✱ ✉♥❡ ✈❛❧❡✉% ♠<❞✐❛♥❡ ❞✉ ❞<3❛❝❝♦%❞ ❡♥$%❡ ❧❡3 3✉❥❡$3 ❞❡ ✵✳✵✾✻✱ ✉♥ %✐39✉❡ α ❞❡ 5% ❡$ ✉♥

%✐39✉❡ β ❞❡ 10%✱ ✉♥ ♥♦♠❜%❡ ♠✐♥✐♠✉♠ ❞❡ ✶✷ 3✉❥❡$3 ✦

❊♥✜♥✱ ❞❛♥3 ❧❛ ♠J♠❡ $❤<♠❛$✐9✉❡✱ ♥♦✉3 ❛✈♦♥3 ❡①❛♠✐♥< ❧❛ ♥<❝❡33✐$< ❞❡3 %<♣<$✐$✐♦♥3 ❡♥ ♣%♦✜❧

3❡♥3♦%✐❡❧ ❡♥ ♣❤❛3❡ ❞❡ ♠❡3✉%❡✳ ▲❡3 %<3✉❧$❛$3 3✉❣❣;%❡♥$ 9✉✬✉♥❡ ❢♦✐3 ❧❡3 3✉❥❡$3 3✉✣3❛♠♠❡♥$ ❡♥$%❛L♥<3✱

❧❡3 %<♣<$✐$✐♦♥3 ♥❡ 3♦♥$ ♣❧✉3 ♥<❝❡33❛✐%❡3✳ ▲✬❛♣♣♦%$ ❡♥ $❡%♠❡ ❞❡ ❞✐3❝%✐♠✐♥❛$✐♦♥ ❞❡3 ♣%♦❞✉✐$3 ❡3$ ❥✉❣<

❢❛✐❜❧❡ ❛✉33✐ ❜✐❡♥ ❛✉ ♥✐✈❡❛✉ ✉♥✐❞✐♠❡♥3✐♦♥♥❡❧ 9✉✬❛✉ ♥✐✈❡❛✉ ♠✉❧$✐❞✐♠❡♥$✐♦♥♥❡❧✳

✷ ■♠♣❧✐❝❛(✐♦♥+✱ ❧✐♠✐(❡+ ✫ ♣❡/+♣❡❝(✐✈❡+

M❛% ❧✬❛♣♣%♦❝❤❡ ❜❛3❡3 ❞❡ ❞♦♥♥<❡3✱ ❝❡ $%❛✈❛✐❧ ❞❡ $❤;3❡ ❛ ♣❡%♠✐3 ❞✬❛❜♦%❞❡% ❧❛ 9✉❡3$✐♦♥ ❞✉ ♥♦♠❜%❡

❞❡ 3✉❥❡$3 ❞❛♥3 ❧❡3 ♣❛♥❡❧3 ❞✬❛♥❛❧②3❡ 3❡♥3♦%✐❡❧❧❡✳ ▲❛ ♣✉✐33❛♥❝❡ ❞❡3 $❡3$3 3❡♥3♦%✐❡❧3 8 ♠❡$$%❡ ❡♥

<✈✐❞❡♥❝❡ ❞❡3 ❞✐✛<%❡♥❝❡3 ❡♥$%❡ ♣%♦❞✉✐$3 ❞<♣❡♥❞ ❞✉ ♥♦♠❜%❡ ❞❡ 3✉❥❡$3 ✐♥$❡%%♦❣<3 ❡$ ❞<$❡%♠✐♥❡ ❡♥

♣❛%$✐❡ ❧❡ ❝♦N$ ❞❡3 ❡①♣<%✐♠❡♥$❛$✐♦♥3✳ ◆♦3 $%❛✈❛✉① ♦♥$ ♣❡%♠✐3 ❞✬❛♣♣♦%$❡% ❞❡3 <❧<♠❡♥$3 ❞❡ %<♣♦♥3❡3

3✉% ❧❡3 ♣❛%❛♠;$%❡3 9✉✐ ❞<$❡%♠✐♥❡♥$ ❝❡ ♥♦♠❜%❡ ❞❡ 3✉❥❡$3 ♥<❝❡33❛✐%❡✳ ■❧3 ♦♥$ <❣❛❧❡♠❡♥$ ♣❡%♠✐3 ❞❡

9✉❛♥$✐✜❡% ❧❡3 $❛✐❧❧❡3 ❞❡ ❧✬❡✛❡$ ❡$ ❛✉33✐ ❧❡ ❞<3❛❝❝♦%❞ ❡♥$%❡ ❧❡3 3✉❥❡$3 ♣♦✉% ❧❡3 $❡3$3 ❤<❞♦♥✐9✉❡3 ❡$

❧❡3 $❡3$3 ❞❡ ♣%♦✜❧3 3❡♥3♦%✐❡❧3✳ ❖♥ ♥❡ ♣❡✉$ ❛❞%❡33❡% ✉♥❡ 3❡✉❧❡ %❡❝♦♠♠❛♥❞❛$✐♦♥ ✈❛❧❛❜❧❡ ♣♦✉% $♦✉3

❧❡3 $❡3$3 $❡❧ 9✉✬✐❧ ❡3$ ♣%<❝♦♥✐3< ♣❛% ❧❡3 ♥♦%♠❡3✳ ▲❡ ♥♦♠❜%❡ ❞❡ 3✉❥❡$3 ♣♦✉% ✉♥ $❡3$ 3❡♥3♦%✐❡❧ ❞<♣❡♥❞

❞❡ 3❡3 ❝❛%❛❝$<%✐3$✐9✉❡3 ❡$ ❞❡ 3♦♥ ♦❜❥❡❝$✐❢✳

❊♥ ♣❡%3♣❡❝$✐✈❡ ♣♦✉% ❧❡3 $❡3$3 ❤<❞♦♥✐9✉❡3✱ ❞❡3 <$✉❞❡3 3✉♣♣❧<♠❡♥$❛✐%❡3 ♣♦✉%%❛✐❡♥$ J$%❡ ❡✛❡❝✲

$✉<❡3 ♣♦✉% <$✉❞✐❡% ♣❧✉3 ♣❡%$✐♥❡♠♠❡♥$ ❧❡ ❧✐❡♥ ❡♥$%❡ ❧❛ ❝♦♠♣❧❡①✐$< 3❡♥3♦%✐❡❧❧❡ ❡$ ❧✬❤<$<%♦❣<♥<✐$< ❞❡3

♣%<❢<%❡♥❝❡3✳ ▲✬♦❜❥❡❝$✐❢ 3❡%❛✐$ ❞❡ ✈<%✐✜❡% ❡♥ ❢♦♥❝$✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐$<✱ ❧✬❡✛❡$ ❞❡ ❧❛ $❛✐❧❧❡ ❞❡ ♣❛♥❡❧

3✉% ❧❡3 %<3✉❧$❛$3 ❞❡ ♣%<❢<%❡♥❝❡ ✈✐3✲❛✲✈✐3 ❞❡3 ♣%♦❞✉✐$3✳ ▲✬<$✉❞❡ ♣♦✉%%❛✐$ ❝♦♥3✐3$❡% 8 ❝♦♥❝❡✈♦✐% ❞❡✉①

3②3$;♠❡3 3❡♥3♦%✐❡❧3 ✿ 3✐♠♣❧❡ ✈❡%3✉3 ❝♦♠♣❧❡①❡✳ ❯♥ 3②3$;♠❡ ♦T ✉♥❡ ❣❛♠♠❡ ❞❡ ♣%♦❞✉✐$3 ✈❛%✐❡%❛✐$ 3✉%

❞❡✉① ❞✐♠❡♥3✐♦♥3 3❡♥3♦%✐❡❧❧❡3 ✭♣❛% ❡①❡♠♣❧❡ ✿ ❛%V♠❡✱ 3❛✈❡✉%✮ ❡$ ✉♥ ❛✉$%❡ 3②3$;♠❡ ♦T ❝❡$$❡ ❣❛♠♠❡

✈❛%✐❡%❛✐$ 3✉% $%♦✐3 ❞✐♠❡♥3✐♦♥3 ✭❛%V♠❡✱ 3❛✈❡✉% ❡$ $❡①$✉%❡✮✳ ■❧ 3✬❛❣✐%❛ ❡♥3✉✐$❡ ❞✬<$✉❞✐❡% ❧✬✐♠♣❛❝$

❞✬✉♥❡ $❡❧❧❡ ✈❛%✐❛$✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐$< 3✉% ❧❡3 ♣%<❢<%❡♥❝❡3 ❞❡3 3✉❥❡$3✳

◆♦✉3 ❛✈♦♥3 ❛❜♦%❞< ❥✉39✉✬8 ♣%<3❡♥$ ❧❡3 $❡3$3 ❤<❞♦♥✐9✉❡3 ❞❛♥3 ✉♥ ❝♦♥$❡①$❡ ♦T ❧❛ 3❡❣♠❡♥$❛$✐♦♥

❞❡3 ♣%<❢<%❡♥❝❡3 ♥✬❡3$ ♣❛3 %❡❝❤❡%❝❤<❡✳ ■❧ 3❡%❛✐$ ✐♥$<%❡33❛♥$ ❞✬❡①❛♠✐♥❡% ♣❛% ❧✬❛♣♣%♦❝❤❡ ♣❛% %<<❝❤❛♥✲

$✐❧❧♦♥♥❛❣❡ ❧❛ 9✉❡3$✐♦♥ ❞❡ ❞<$❡❝$✐♦♥ ❞❡ ❝❡ ♥♦♠❜%❡ ❞❡ 3❡❣♠❡♥$3 ❞❡ ♣%<❢<%❡♥❝❡✳ ❆✉ ❜❡3♦✐♥✱ ✐❧ ❢❛✉❞%❛✐$

♣❡✉$ J$%❡ ♣%<❝♦♥✐3❡% ✉♥❡ <$✉❞❡ ♣%<❧✐♠✐♥❛✐%❡ ❡$ ♣%♦3♣❡❝$✐✈❡✳ ❯♥ $%❛✐$❡♠❡♥$ ❞❡3 ❞♦♥♥<❡3 ♣❛% ✉♥

❛❧❣♦%✐$❤♠❡ ❞❡ ♠<❧❛♥❣❡ ♣♦✉%%❛✐$ J$%❡ ❡♥✈✐3❛❣<✳

❊♥ ♣%♦✜❧ 3❡♥3♦%✐❡❧✱ ❧❡ ❝♦N$ ❞❡ ❧✬❡①♣<%✐♠❡♥$❛$✐♦♥ ❡3$ ❞✐%❡❝$❡♠❡♥$ ❧✐< ❛✉① ♥♦♠❜%❡3 ❞✬♦❜3❡%✈❛✲
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 ✐♦♥$ % &❡❝✉❡✐❧❧✐& ♣♦✉& ❣❛&❛♥ ✐& ✉♥❡ ♣✉✐$$❛♥❝❡ ❞✉  ❡$ % ♠❡  &❡ ❡♥ 0✈✐❞❡♥❝❡ ❞❡$ ❞✐✛0&❡♥❝❡$ ❡♥ &❡

♣&♦❞✉✐ $✳ ▲❡ ❝❤♦✐① % ❛❞♦♣ ❡& 7✉❛♥ % ❡♥&8❧❡& ♣❧✉$ ❞❡ $✉❥❡ $ ♦✉ ❜✐❡♥ ♠✉❧ ✐♣❧✐❡& ❧❡$ &0♣♦♥$❡$ ♣❛&

$✉❥❡ ❡$ ✉♥❡ 7✉❡$ ✐♦♥ 7✉✐ ♠0&✐ ❡&❛✐ ❞✬< &❡ 0 ✉❞✐0❡✳

▲❡$ &0$✉❧ ❛ $ $✉& ❧✬0 ✉❞❡ ❞❡ ❧❛ ♥0❝❡$$✐ 0 ❞❡$ &0♣0 ✐ ✐♦♥$ ♠♦♥ &❡♥ 7✉❡ ❧❡$ &0♣0 ✐ ✐♦♥$ ♥❡ $♦♥ ♣❛$

♥0❝❡$$❛✐&❡$ ❡♥ ♣❤❛$❡ ❞❡ ♠❡$✉&❡✳

❆✜♥ ❞❡ &❡❧✐❡& ❧❡$ &0$✉❧ ❛ $ ❞❡ ❧✬0 ✉❞❡ $✉& ❧❡$ &0♣0 ✐ ✐♦♥$ % ❝❡✉① ❞❡ ❧✬❛♣♣&♦❝❤❡ ♣❛& &00❝❤❛♥ ✐❧❧♦♥✲

♥❛❣❡✱ ❞❡$ 0 ✉❞❡$ $✉& ❞✐✛0&❡♥ ❡$ ❣❛♠♠❡$ ❞❡ ♣&♦❞✉✐ $ ♣❡✉✈❡♥ < &❡ ❡♥✈✐$❛❣0❡$✳ ❈❡$ 0 ✉❞❡$ ❛✉&♦♥ 

♣♦✉& ♦❜❥❡❝ ✐❢ ❞❡ ❥✉$ ✐✜❡& ♦✉ ♥♦♥ ❧✬❛✉❣♠❡♥ ❛ ✐♦♥ ❞✉ ♥♦♠❜&❡ ❞❡ &0♣0 ✐ ✐♦♥$ ♦✉ ❜✐❡♥ ❧✬❛✉❣♠❡♥ ❛ ✐♦♥

❞✉ ♥♦♠❜&❡ ❞❡ $✉❥❡ $✳ ■❧ ❢❛✉❞&❛ ❜✐❡♥ $D& 0 ❛❜❧✐& ♣♦✉& ❝❡$ 0 ✉❞❡$ ❞❡$ ♣❧❛♥$ ❞✬❡①♣0&✐❡♥❝❡ ❛❞❛♣ 0$✳

❉❡$ ❛♥❛❧②$❡$ ♣♦✉&&♦♥ ❡♥$✉✐ ❡ < &❡ &0❛❧✐$0❡$ $✉& ❧❡$ ❞♦♥♥0❡$ &❡❝✉❡✐❧❧✐❡$✳ ❯♥❡ ❝♦♠♣❛&❛✐$♦♥ ♣♦✉&✲

&❛✐ < &❡ ❢❛✐ ❡ ❡♥ &❡ ❧❡$ &0$✉❧ ❛ $ ♦❜ ❡♥✉$ ❡♥ ❝♦♥$✐❞0&❛♥ ❧❡ ♣❛♥❡❧ ❝♦♠♣❧❡ ❛✈❡❝ ❧❡$ $❝♦&❡$ ❞✬✉♥❡

$❡✉❧❡ &0♣0 ✐ ✐♦♥ ❡ ❧❡$ &0$✉❧ ❛ $ ♦❜ ❡♥✉$ ❡♥ ❝♦♥$✐❞0&❛♥ ✉♥ ♣❛♥❡❧ &0❞✉✐ ❛✈❡❝ ❧❡$ $❝♦&❡$ ❞❡ ❞❡✉①

&0♣0 ✐ ✐♦♥$✳
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❆❋◆❖❘ ✭✶✾✽✸✮✳ ▼!"❤♦❞❡' ❞✬!"❛❜❧✐''❡♠❡♥" ❞✉ ♣1♦✜❧ ❞❡ ❧❛ ✢❛✈❡✉1✱ ✈♦❧✉♠❡ ◆❋ ❱ ✵✾✲✵✶✻✳ ❆❋◆❖❘✱
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❋❛♥4✐♥♦✱ ▼✳ ✭✶✾✾✷✮✳ ❊4❛4 ♥✉4%✐4✐♦♥♥❡❧ ❡4 ♣❡%❝❡♣4✐♦♥ ❛✛❡❝4✐✈❡ ❞❡ ❧✬❛❧✐♠❡♥4✳ ■♥ ●✐❛❝❤❡44✐✱ ■✳✱ ❡❞✐4♦%✱

8❧❛✐%✐. ✫ ♣.4❢4.❡♥❝❡% ❛❧✐♠❡♥*❛✐.❡%✱ ❈♦♠♠✐88✐♦♥ ✧❝♦♠♣♦%4❡♠❡♥4 ❛❧✐♠❡♥4❛✐%❡ ❡4 ❛❝❝❡♣4❛❜✐❧✐49

❞❡8 ❛❧✐♠❡♥48✧✱ ♣❛❣❡8 ✸✶✕✹✽✳ '♦❧②4❡❝❤♥✐❝❛✱ '❛%✐8✳

❋❛✉%✐♦♥✱ ❆✳ ✭✶✾✾✷✮✳ ▲❛ ♣❤②8✐♦❧♦❣✐❡ ❞❡ ❧❛ 8❡♥8❛4✐♦♥ 8✉❝%9❡✳

●❛❝✉❧❛✱ ▼✳ ✭✶✾✽✽✮✳ ❊①♣❡%✐♠❡♥4❛❧ ❞❡8✐❣♥ ❛♥❞ ❛♥❛❧②8✐8✳ ■♥ ▼♦8❦♦✇✐4③✱ ❍✳✱ ❡❞✐4♦%✱ ❆♣♣❧✐❡❞ %❡♥%♦.②

❛♥❛❧②%✐% ♦❢ ❢♦♦❞%✱ ✈♦❧✉♠❡ ■■✱ ♣❛❣❡8 ✽✸✕✶✹✵✳ ❈❘❈ ♣%❡88✱ ❇♦❝❛ ❘❛4♦♥✳

●❛❝✉❧❛✱ ▼✳ ✭✶✾✾✸✮✳ ❉❡%✐❣♥ ❛♥❞ ❛♥❛❧②%✐% ♦❢ %❡♥%♦.② ♦♣*✐♠✐③❛*✐♦♥✳ ❋♦♦❞ ❛♥❞ ◆✉4%✐4✐♦♥ '%❡88✳

✶✶✽



❘!❢!#❡♥❝❡' ❜✐❜❧✐♦❣#❛♣❤✐0✉❡'

●❛❝✉❧❛✱ ▼✳ ❛♥❞ ❘✉+❡♥❜❡❝❦✱ ❙✳ ✭✷✵✵✻✮✳ ❙❛♠♣❧❡ 7✐③❡ ✐♥ ❝♦♥7✉♠❡; +❡7+ ❛♥❞ ❞❡7❝;✐♣+✐✈❡ ❛♥❛❧②7✐7✳

❏♦✉#♥❛❧ ♦❢ ❙❡♥*♦#② ❙,✉❞✐❡*✱ ✷✶✭✷✮✿✶✷✾✕✶✹✺✳

●❛❝✉❧❛✱ ▼✳ ❛♥❞ ❙✐♥❣❤✱ ❏✳ ✭✶✾✽✹✮✳ ❙,❛,✐*,✐❝❛❧ ♠❡,❤♦❞* ✐♥ ❢♦♦❞ ❛♥❞ ❝♦♥*✉♠❡# #❡*❡❛#❝❤✳ ❋♦♦❞ ❙❝✐❡♥❝❡

❛♥❞ +❡❝❤♥♦❧♦❣②✳ ❆❝❛❞❡♠✐❝ J;❡77✱ ❖;❧❛♥❞♦✱ ❋❧♦;✐❞❛✳

●❧❛77✱ ●✳ ❱✳ ✭✶✾✼✻✮✳ J;✐♠❛;②✱ 7❡❝♦♥❞❛;②✱ ❛♥❞ ♠❡+❛✲❛♥❛❧②7✐7 ♦❢ ;❡7❡❛;❝❤✳ ❊❞✉❝❛,✐♦♥❛❧ ❘❡*❡❛#❝❤❡#✱

✺✭✶✵✮✿✸✕✽✳

●♦;❞♦♥✱ ◆✳ ▼✳ ❛♥❞ ◆♦;❜❛❝❦✱ ❏✳ J✳ ✭✶✾✽✺✮✳ ❈❤♦♦7✐♥❣ ♦❜❥❡❝+✐✈❡ ♠❡❛7✉;❡7 ✇❤❡♥ ✉7✐♥❣ 7❡♥7♦;②

♠❡+❤♦❞7 ❢♦; ♦♣+✐♠✐③❛+✐♦♥ ❛♥❞ ♣;♦❞✉❝+ ♣♦7✐+✐♦♥✐♥❣✳ ❋♦♦❞ ❚❡❝❤♥♦❧♦❣②✱ ✸✾✭✶✶✮✿✾✻✕✶✵✶✳

❍❡❞❣❡7✱ ▲✳ ❱✳ ✭✶✾✽✻✮✳ ■77✉❡7 ✐♥ ♠❡+❛✲❛♥❛❧②7✐7✳ ❘❡✈✐❡✇ ♦❢ ❘❡*❡❛#❝❤ ✐♥ ❊❞✉❝❛,✐♦♥✱ ✶✸✿✸✺✸✕✸✾✽✳

❍❡❞❣❡7✱ ▲✳ ❱✳✱ ❈♦♦♣❡;✱ ❍✳✱ ❛♥❞ ❇✉7❤♠❛♥✱ ❇✳ ❏✳ ✭✶✾✾✷✮✳ ❚❡7+✐♥❣ +❤❡ ♥✉❧❧ ❤②♣♦+❤❡7✐7 ✐♥ ♠❡+❛❛♥❛❧②7✐7

✲ ❛ ❝♦♠♣❛;✐7♦♥ ♦❢ ❝♦♠❜✐♥❡❞ ♣;♦❜❛❜✐❧✐+② ❛♥❞ ❝♦♥✜❞❡♥❝❡✲✐♥+❡;✈❛❧ ♣;♦❝❡❞✉;❡7✳ 9*②❝❤♦❧♦❣✐❝❛❧

❇✉❧❧❡,✐♥✱ ✶✶✶✭✶✮✿✶✽✽✕✶✾✹✳

❍♦✉❣❤✱ ●✳✱ ❲❛❦❡❧✐♥❣✱ ■✳✱ ▼✉❝❝✐✱ ❆✳✱ ❈❤❛♠❜❡;7✱ ❊✳✱ ●❛❧❧❛;❞♦✱ ■✳ ▼✳✱ ❛♥❞ ❆❧✈❡7✱ ▲✳ ❘✳ ✭✷✵✵✻✮✳

◆✉♠❜❡; ♦❢ ❝♦♥7✉♠❡;7 ♥❡❝❡77❛;② ❢♦; 7❡♥7♦;② ❛❝❝❡♣+❛❜✐❧✐+② +❡7+7✳ ❋♦♦❞ ◗✉❛❧✐,② ❛♥❞ 9#❡❢❡#❡♥❝❡✱

✶✼✭✻✮✿✺✷✷✕✺✷✻✳

❍✉♥+❡;✱ ❊✳ ❆✳ ✭✶✾✾✻✮✳ ❊①♣❡;✐♠❡♥+❛❧ ❞❡7✐❣♥✳ ■♥ ❚♦;♠♦❞✱ ◆✳ ❛♥❞ ❊✐♥❛;✱ ❘✳✱ ❡❞✐+♦;7✱ ❉❛,❛ ❍❛♥❞❧✐♥❣

✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ✈♦❧✉♠❡ ❱♦❧✉♠❡ ✶✻✱ ♣❛❣❡7 ✸✼✕✻✾✳ ❊❧7❡✈✐❡;✳

■77❛♥❝❤♦✉✱ ❙✳ ❛♥❞ ❍♦77❡♥❧♦♣♣✱ ❏✳ ✭✶✾✾✷✮✳ ▲❡7 ♠❡7✉;❡7 ❤^❞♦♥✐_✉❡7 ✿ ♣♦;+^❡7 ❡+ ❧✐♠✐+❡7✳ ■♥ 9❧❛✐*✐#

❡, ♣#?❢?#❡♥❝❡* ❛❧♠❡♥,❛✐#❡*✱ ♣❛❣❡7 ✹✾✕✼✻✳

❏❡❧+❡♠❛✱ ▼✳ ❆✳ ❛♥❞ ❙♦✉+❤✇✐❝❦✱ ❊✳ ❲✳ ✭✶✾✽✻✮✳ ❊✈❛❧✉❛+✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛+✐♦♥7 ♦❢ ♦❞♦; ♣;♦✜❧✐♥❣✳

❏♦✉#♥❛❧ ♦❢ ❙❡♥*♦#② ❙,✉❞✐❡*✱ ✶✭✷✮✿✶✷✸✕✶✸✻✳

❏♦♥❡7✱ ▲✳✱ J❡;②❛♠✱ ❉✳✱ ❛♥❞ ❚❤✉;7+♦♥❡✱ ▲✳ ✭✶✾✺✺✮✳ ❉❡✈❡❧♦♣♠❡♥+ ♦❢ ❛ 7❝❛❧❡ ❢♦; ♠❡❛7✉;✐♥❣ 7♦❧❞✐❡;7✬

❢♦♦❞ ♣;❡❢❡;❡♥❝❡7✳ ❋♦♦❞ ❘❡*❡❛#❝❤✱ ✷✵✿✺✶✷✕✺✷✵✳

❑✐♥❣✱ ❇✳ ▼✳✱ ❆;❡♥+7✱ J✳✱ ❛♥❞ ▼♦;❡❛✉✱ ◆✳ ✭✶✾✾✺✮✳ ❈♦7+ ❡✣❝✐❡♥❝② ❡✈❛❧✉❛+✐♦♥ ♦❢ ❞❡7❝;✐♣+✐✈❡ ❛♥❛❧②7✐7

♣❛♥❡❧7✳ ♣❛♥❡❧ 7✐③❡✳ ❋♦♦❞ ◗✉❛❧✐,② ❛♥❞ 9#❡❢❡#❡♥❝❡✱ ✻✭✹✮✿✷✹✺✕✷✻✶✳

❑d7+❡;✱ ❊✳ ✭✶✾✾✽✮✳ ▲❡7 ^♣;❡✉✈❡7 ❤^❞♦♥✐_✉❡7✳ ■♥ ❙❙❍❆ ❛♥❞ ❉❡♣❧❡❞+✱ ❋✳✱ ❡❞✐+♦;7✱ ❊✈❛❧✉❛,✐♦♥

*❡♥*♦#✐❡❧❧❡✿ ▼❛♥✉❡❧ ♠?,❤♦❞♦❧♦❣✐B✉❡✱ ♣❛❣❡7 ✶✽✷✕✷✵✻✳ ▲❛✈♦✐7✐❡;✱ J❛;✐7✱ ✷♥❞❡ ❡❞✐+✐♦♥✳

❑d7+❡;✱ ❊✳ J✳✱ ❈♦✉;♦♥♥❡✱ ❚✳✱ ▲❡♦♥✱ ❋✳✱ ▲❡✈②✱ ❈✳✱ ❛♥❞ ▼❛;❝❡❧✐♥♦✱ ❆✳ ❙✳ ✭✷✵✵✸✮✳ ❘❡♣❡❛+❛❜✐❧✐+②

✐♥ ❤❡❞♦♥✐❝ 7❡♥7♦;② ♠❡❛7✉;❡♠❡♥+✿ ❛ ❝♦♥❝❡♣+✉❛❧ ❡①♣❧♦;❛+✐♦♥✳ ❋♦♦❞ ◗✉❛❧✐,② ❛♥❞ 9#❡❢❡#❡♥❝❡✱

✶✹✭✷✮✿✶✻✺✕✶✼✻✳

▲❛❜❜❡✱ ❉✳✱ ❙❝❤❧✐❝❤✱ J✳✱ J✐♥❡❛✉✱ ◆✳✱ ●✐❧❜❡;+✱ ❋✳✱ ❛♥❞ ▼❛;+✐♥✱ ◆✳ ✭✷✵✵✾✮✳ ❚❡♠♣♦;❛❧ ❞♦♠✐♥❛♥❝❡ ♦❢

7❡♥7❛+✐♦♥7 ❛♥❞ 7❡♥7♦;② ♣;♦✜❧✐♥❣✿ ❆ ❝♦♠♣❛;❛+✐✈❡ 7+✉❞②✳ ❋♦♦❞ ◗✉❛❧✐,② ❛♥❞ 9#❡❢❡#❡♥❝❡✱ ✷✵✭✸✮✿✷✶✻✕

✷✷✶✳

▲❛✇❧❡77✱ ❍✳ ❚✳ ❛♥❞ ❍❡②♠❛♥♥✱ ❍✳ ✭✶✾✾✽✮✳ ■♥ ❙❡♥*♦#② ❡✈❛❧✉❛,✐♦♥ ♦❢ ❢♦♦❞✳ 9#✐♥❝✐♣❧❡* ❛♥❞ ♣#❛❝,✐❝❡*✱

♣❛❣❡7 ✼✺✹✕✼✽✷✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✱ ◆❡✇ ❨♦;❦✳

✶✶✾



❘!❢!#❡♥❝❡' ❜✐❜❧✐♦❣#❛♣❤✐0✉❡'

▲❡""❝❤❛❡✈❡✱ ■✳ ✭✶✾✾✼✮✳ ❊!✉❞❡ ❞❡% ♣❡'❢♦'♠❛♥❝❡% ❞❡ %✉❥❡!% ❡✛❡❝!✉❛♥! ❧✬❛♥❛❧②%❡ ❞❡%❝'✐♣!✐✈❡ 5✉❛♥!✐✲

!❛!✐✈❡ ❞❡ ❧✬♦❞❡✉' ♦✉ ❞❡ ❧✬❛'7♠❡ ❞❡ ♣'♦❞✉✐!% ❛❧✐♠❡♥!❛✐'❡%✳ ❘❡❝❤❡'❝❤❡ ❞❡ ❧✐❡♥% ❡♥!'❡ ;♣'❡✉✈❡% ❞❡

%;❧❡❝!✐♦♥ ❡! ;♣'❡✉✈❡% ❞❡ ♣'♦✜❧✳ ❚❤0"❡ ❞❡ ❞♦❝3♦4❛3✳

▲❡✇✐"✱ ❏✳ ❆✳ ✭✶✾✾✾✮✳ ❙3❛3✐"3✐❝❛❧ ♣4✐♥❝✐♣❧❡" ❢♦4 ❝❧✐♥✐❝❛❧ 34✐❛❧" ✭✐❝❤ ❡✾✮ ❛♥ ✐♥34♦❞✉❝3♦4② ♥♦3❡ ♦♥ ❛♥

✐♥3❡4♥❛3✐♦♥❛❧ ❣✉✐❞❡❧✐♥❡✳ ❙!❛!✐%!✐❝% ✐♥ ▼❡❞✐❝✐♥❡✱ ✶✽✭✶✺✮✿✶✾✵✸✕✶✾✵✹✳

▲✐33❧❡✱ ❆✳ ❉✳ ✭✶✾✺✵✮✳ ❋❧❛✈♦4 ♣4♦✜❧❡ ♠❡3❤♦❞✳ ❚❡❝❤♥✐❝❛❧ 4❡♣♦43✱ ❆43❤✉4 ❉✳ ▲✐33❧❡✱ ■♥❝✳ ❣❡♥✹✼✳

▲✉♥❞❣4❡♥✱ ❇✳✱ ❑❛4❧"34♦♠✱ ❇✳✱ ❚♦44❛♥❣✲▲✐♥❞❜♦♠✱ ●✳✱ ❆♥❞❡4""♦♥✱ ❨✳✱ ❛♥❞ ❈❧❛♣♣❡43♦♥✱ ❏✳ ✭✶✾✾✶✮✳
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