N

N

Réseaux coopératifs avec incertitude du canal
Arash Behboodi

» To cite this version:

Arash Behboodi. Réseaux coopératifs avec incertitude du canal. Autre. Supélec, 2012. Francais.
NNT: 2012SUPL0008 . tel-00765429

HAL Id: tel-00765429
https://theses.hal.science/tel-00765429

Submitted on 14 Dec 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00765429
https://hal.archives-ouvertes.fr

e STilZ

Supélec
N° d’ordre : 2012-08-TH
THESE DE DOCTORAT

DOMAINE : STIC
SPECIALITE : Télécommunications

Ecole Doctorale « Sciences et Technologies de I'Information des
Télécommunications et des Systemes »

Présentée par :

Arash BEHBOODI

Sujet :
Réseaux Coopératifs avec Incertitude du Canal

Cooperative Networks with Channel Uncertainty

Soutenue le le 13 Juin 2012 devant les membres du jury :

Prof. Giuseppe CAIRE University of Southern California Rapporteur
Prof. Michael C. GASTPAR  Ecole Polytechnique Fédérale de Lausanne Rapporteur

Prof. Jean Claude BELFIORE Institut Télécom/Télécom ParisTech/CNRS LTC| Examinateur

Prof. Bartek BLASZCZYSZYN INRIA- TREC/ ENS de Paris Examinateur
Prof. Pierre DUHAMEL L2S CNRS/SUPELEC/Univ. Paris-Sud 11 Examinateur
Prof. Dirk SLOCK EURECOM Examinateur
Dr. Pablo PIANTANIDA SUPELEC Encadrant

Dr. Antoine BERTHET SUPELEC Invité (Directeur de thése)



To those waiting before the Law



ii



Abstract

In this thesis, we focus on cooperative networks where the transmitter is uncertain

about the channel in operation. The main contributions are organized in three chapters.

In the first chapter, cooperative strategies are developed for simultaneous relay chan-
nels (SRC) which consist of a set of two single relay channels out of which the channel in
operation is chosen. Provided that the channel uncertainty involves a limited number of
possibilities, this problem is recognized as being equivalent to that of sending common and
private information to several destinations in presence of helper relays where each channel
outcome becomes a branch of the broadcast relay channel (BRC). For instance, the source
can design a code with three messages (Wp, W1, Wa) such that (Wy, W) are decoded when
the relay uses DF scheme and (Wy, W) when CF scheme is used. Inner bounds on the
capacity region of the general BRC with two helper relays are derived for the cases where
two relays use different variations of coding strategies. First, both relays use partially
Decode-and-Forward (DF) scheme ~DF-DF region—, secondly both relays use Compress-
and-Forward (CF) scheme ~CF-CF region— and finally one uses DF scheme while the other
one CF scheme —DF-CF region—. An outer bound on the capacity region of the general
BRC is also derived. Capacity results are obtained for specific cases of semi-degraded and

degraded Gaussian simultaneous relay channels.

In the second chapter, the composite relay channel is considered where the channel
is randomly drawn from a set (non necessarily finite) of conditional distributions with
index # € ©, which represents the vector of channel parameters with a distribution Py
characterizing the probability that each channel is in operation. The specific draw 6 is
assumed to be unknown at the source, fully known at the destination and only partly
known at the relay. In this setting, the transmission rate is fixed regardless of the current
channel index and the asymptotic error probability is characterized. A novel selective
coding strategy (SCS) is introduced which enables the relay to select —based on its channel
measurement— the best coding scheme between CF and DF. Indeed, provided that the
channel source-to-relay is good enough for decoding the message, the relay decides on DF
and otherwise it may switch to CF. We derive bounds on the asymptotic average error
probability of the memoryless relay channel. This result is later extended to the case
of unicast composite networks with multiple relays. Generalized Noisy Network Coding
theorems are shown for the case of unicast general networks where the relays are divided

between those using DF scheme and the others using CF scheme. It is also shown that the



DF relays can exploit the help of CF relays using offset coding. An application example
to the case of fading Gaussian relay channel is also investigated where it is demonstrated
that SCS clearly outperforms well-known DF and CF schemes.

In the third chapter, the asymptotic behavior of error probability is studied for compos-
ite multiterminal networks. Here instead of finding the maximum achievable rate subject
to a small error probability (EP), we look at the behavior of error probability (not neces-
sarily zero) for a given rate. It can be seen that, as in case of composite binary symmetric
averaged channel, the common notion of outage probability is not enough precise to char-
acterize the error probability. Instead, various notions are introduced as a measure of
performance among which the asymptotic spectrum of error probability is introduced as
a novel performance measure for composite networks. It is shown that the behavior of
EP for composite networks is directly related to their e-capacity. Indeed, the notion of
asymptotic spectrum of EP yields a more general measure for the performance of com-
posite networks. The asymptotic spectrum of EP is upper bounded by using available
achievable rate regions and lower bounded by a new region referred to as full error region.
It is shown that every code with a rate belonging to this region, which is outer bounded by
the cutset bound, yields EP equal to one. In this sense, for the networks satisfying strong

converse condition, the asymptotic spectrum of EP coincides with the outage probability.
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Chapitre 1

Introduction

Les réseaux sans fil occupent une place incontestable dans 'industrie de télécommu-
nication et il est important d’analyser leurs facettes différentes. Ils possedent quelques
spécificités propre a eux. Tout d’abord, ils sont composé de beaucoup de récepteurs et de
émetteurs et dans ce sens ils sont un cas particulier de réseaux multiterminaux. Ils sont
composé de beaucoup de noeuds qui peuvent étre récepteur, émetteur ou tous les deux
en méme temps et il y a 'ensemble des messages destinés pour quelques noeuds venant
d’autres noeuds. Deuxiemement, les noeuds peuvent s’aider, par ex. en envoyant le message
aux autres utilisateurs a travers du réseau. Cela signifie que chaque noeud peut choisir le
code transmis comme fonction de son propre message et ’observation précédente du ca-
nal. Cela ouvre la possibilité de coopération dans un réseau. Finalement, le canal dans les
réseaux sans fil est soumis aux changements en raison de I’évanouissement ' et la mobilité
d’utilisateurs, qui nécessite pour considérer 'incertitude inhérente dans la structure de ces
réseaux. C’est autour de ces trois axes, c’est-a-dire réseaux multiterminaux, coopération
et incertitude que cette these est organisée. Une quantité considérable de recherche a été
consacré a la théorie d’information de réseau, les réseaux coopératifs et la communication
avec l'incertitude de canal. L’essence de coopération est 'opération de relayer. Comme on
peut noter dans la figure 1.1, le canal a relais se compose de l'entrée de canal X € 2 et
I'entrée de relais X; € 27, la sortie de canal Y7 € %] et la sortie de relais Z; € 2. Le

canal est caractérisé par W(yq, 21|z, z1) et il est supposé d’étre sans mémoire :

n

Wy, 21|z, 21) = [ [ Wy, 20ilzi, 210)
=1

1. Fading



4 INTRODUCTION

(RELAY ENCODER |
A

Zy | Xu

X v %
1 o—>{ ENCODER —>{ p(y1, z1|, 1) —>{ DECODER

FIGURE 1.1 — Le canal a relais sans mémoire

pour z = (x1,%3..., Tp), Ol x; signifie entrée de canal au temps i. L’entrée de relais X
au temps ¢ est une fonction des sorties précédentes de relais 71, a savoir X; = fi(Z{;l).
La difficulté centrale dans ce probleme réside dans la découverte de la bonne fonction de
relais.

La contribution originale pour ce canal est due de Cover et El Gamal [1]. Ils ont
développé les stratégies coopératives principales pour les canaux de relais, a savoir Décoder-
et-Transmettre 2 (DF) et Comprimer-et-Transmettre® (CF). Dans le codage de DF, comme
présenté par Cover et El Gamal, les messages de source sont distribués dans les boites*
indexées. Le relais décode le message de source et transmet ensuite son index de boite. Le

débit atteignable® pour le schéma DF est donné par

Rpr = max min {I(X;Z;|X1),[(XX1;Y1)}.
p(@,1)

Le débit précédent est effectivement la combinaison de deux conditions. Le relais doit dé-
coder le message dans ce schéma et la premiere condition correspond a la condition de
décodage réussi au relais a savoir R < I(X; Z1|X1). La condition suivante est la condition
du décodage réussi a la destination R < I(X X7;Y7). C'est intéressant de voir qu’intuitive-
ment la destination observe un canal d’accés multiple avec deux entrées X, X; et ce débit
corresponde & ce canal. D’autre part, quand CF est utilisé, le relais trouve une version
comprimée de son observation de sa sortie, & savoir Z; et en utilisant la technique de
binning, la version comprimée est alors transmise. Le débit atteignable pou CF est comme
suit :

Rop = max I[(X; Y121 X))
p(x)p(z1)p(21]21,21)

2. Decode-and-Forward
3. Compress-and-Forward
4. Bins

5. Achievable rate



a condition de

[(X1;Y1) > 1(Zy; Z1) X1, V).

En fait, les schéma DF et CF sont les stratégies coopératives fondamentales développées
pour le canal a relais. Une autre région de débit atteignable a été obtenue par Cover-El
Gamal en combinant des schéma de DF et CF, ou le relais utilise tant DF que CF. Dans
un cas spécial de ce résultat, le relais utilise DF pour décoder et envoyer qu'une partie du
message de source et le reste du message est directement transmis a la destination. Cela
est appelé le décodage partiel DF schéma de DF. En fait, les régions de DF et CF peuvent
étre obtenus a travers des méthodes différentes. Par exemple la région de DF peut étre
obtenue, en utilisant des méthodes développées par Willems et Carleial dans [2,3], ou au
lieu d’utiliser technique de binning, la source et le relais utilise les livres de code ¢ avec la
méme grandeur, ce qui est appelé 'encodage régulier 7. Willems a développé le décodage en
arriere® et Carleial a utilisé le décodage avec la fenétre-glissante ? pour décoder le message
a la destination. El Gamal-Mohseni-Zahedi dans [4] ont développé un schéma alternatif
pour CF ou le débit atteignable se révele étre équivalent au débit de CF de Cover-El
Gamal.

Bien qu’en général les bornes précédentes ne soient pas serrées, il a été montré que le
schéma DF accomplit la capacité des canaux a relais physiquement dégradé et contraire-
ment dégradé'® . Le canal a relais dégradé est défini avec la chaine de Markov suivante
X e (X1,71) e Yy. Y] étant dégradé par rapport Z; implique intuitivement que Z; est
en général mieux que Y;. La notion apparalt aussi dans autres canaux, .e.g. canaux de
diffusion. Particulierement, quand il y a un feedback sans bruit de la destination au relais,
le canal a relais peut étre considéré comme physiquement dégradé et la capacité est accom-
plie en utilisant le schéma de DF. D’autre part, le schéma DF partiel résulte la capacité
de canaux a relais semi-déterministes !, comme il a été montré par Aref-El Gamal [5].

Un autre élément important de réseaux est le canal de diffusion 12(BC), ot un ensemble
de messages communs et privés est destiné a plusieurs destinations. Particulierement BC

sans mémoire & deux utilisateurs, caractérisé par W(yi, y2|x), a été profondément étudié.

. livre de codes

. Regular Encoding

. Backward decoding

. Sliding Window decoding

10. physically degraded and reversely degraded relay channels
11. semideterministic

12. Broadcast Channel
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6 INTRODUCTION

La région de capacité de BC dégradé a été trouvée par Bergmans, Gallager et Ahlswede et
Korner [6-9]. Korner et Marton ont établi la capacité du BC avec I'ensemble de message
dégradés '3 [10]. Tls ont présenté les notions de BC moins-bruyant et plus-capable '+ [11]
et ils ont démontré la capacité de BC moins-bruyant. El Gamal a prouvé la capacité de
BCs plus capable dans [4]. La borne intérieur le plus connu pour BC général est attribué
a Marton [12]. C’est fondé sur l'idée de binning o une démonstration alternative a été
aussi annoncée par El Gamal et Van der Meulen dans [13]. La région suivante est appelé

la région de Marton.

Fnc = co{(Rl,Rg) . Ri, Ry > 0,
Ry < I(UgUy; Y1)
Ry < I(UgUs; Ya)
Ry + Ry < min{I(Uy; Y1),I1(Up; Y1)}
+ 1(Uy; Y1|Uo) + I(Uz; Y2|Up) — 1(Uz; U1 |Up) pour tous Pyyu,u,x € 7’},

ou P est l'ensemble de toutes les distributions de probabilité (PDs) Py, v, v,x -

Une recherche vaste a été faite pendant des années pour étudier la région de capacité
de réseaux plus général en combinant des canaux a relais simples, des canaux de diffusion
et des canaux d’acces multiple. Par exemple, les canaux de diffusion a relais et les canaux
d’acces multiple a relais , avec les réseaux généraux [14] ont été étudiés. Les régions de débit
atteignables ont été dérivées en combinant des techniques de codage comme : schémas de
(partiel) DF et CF, codage de Marton, superposition, bloc-Markov, etc. Pourtant comme
la région de capacité n’est pas connue pour la plupart des réseaux fondamentaux comme
le canal a relais et le canal de diffusion, les débit atteignables obtenus ne sont pas serrés
en général.

La recherche sur les réseaux généraux a passionné les chercheurs a partir du début
de la théorie d’information. Elias-Feinstein-Shannon aux alentours de 1956 ont exposé
une borne supérieure sur la capacité de réseaux multi-terminaux [15]. Théoréeme (Elias-
Feinstein-Shannon ’56) : le flot maximum possible de gauche a droit a travers un réseau est
égal a la valeur minimale parmi tous les coupes simples. La preuve de ce théoreme a été

aussi donnée par Ford-Fulkerson dans [16] et Dantzig-Fulkerson [17]. De plus les auteurs

13. Degraded Message Set
14. Less noisy and more capable channel



ont clairement déclaré que ce n’est d’aucune facon “évident” si cette région pour les réseaux
généraux peut étre accomplie. Supposons maintenant un réseau avec N utilisateurs de paire
(X;,Y;), pour i € N = {1,2..., N} et le canal W(y1,y2...,yn |71, Z2...,zx). Alors la borne

correspondant a ce coupe est comme suit (R(S) = >, cq Ry) :

Fep = co | {(R(S) > 0): R(S) < I(X(S): Y (S)|X(S%)) pour tous S C N}.
PeP
En fait, la région mentionné auparavant n’est pas en général atteignable. En outre, il est
difficile de généraliser le codage pour les canaux de diffusion et les canaux a relais aux
réseaux arbitraires. Pourtant, dans le travail récent [18] par Lim-Kim-El Gamal-Chung,
le codage de réseau bruyant !°(NNC) a été présentée pour les réseaux généraux. Cela est
fondé sur le schéma CF généralisé. Ce schéma est capable d’atteindre la borne de flot-

16

max/coupe-min '° & une distance constante prés.

Theorem 1 (Lim-Kim-El Gamal-Chung, 2011) Une borne intérieure sur la région de
capacité des réseaur sans mémoire avec N utilisateurs et ensemble de destinations D est

donnée par

Anne =co | {(R(S) >0):
Pe2

R(S) < _min T(X(8):V/(59), Yal X (5%, Q) — (Y (8): Y (8) X", ¥(5°), Y0, @) }
pour tous les coupes S C N avec SCN'D = ().

NNC est fondé sur la transmission du méme message dans tous les blocs - 1’encodage
répétitif- et le décodage non-unique d’index de compression ou la compression ne profite
pas de technique binning. Le schéma NNC accomplit la capacité de quelques réseaux, par
exemple les réseaux déterministes linéaires finis de terrain 7 [19].

Le probleme de la communication avec l'incertitude de canal a été étudiée via les mo-
deles différents pourtant ’hypothése principale est que le canal est inconnu aux terminaux.
Soit le canal change arbitrairement pendant chaque rond de transmission, soit il reste fixe
pendant le cours de transmission. Dans le premier cas nous sommes en face des canaux

avec les états 1® pendant que dans le deuxieme cas, nous arrivons au probleme du canal

15. Noisy Network Coding

16. Max Flow Min Cut

17. Finite field deterministic networks
18. Channels with state



8 INTRODUCTION

compound. Ces modeles correspondent grossierement aux cas des canaux de communi-
cations sans fil avec I’évanouissement vite et lent. Dans le cadre d’évanouissement vite,
la longueur de code est considérablement plus grande que le temps de cohérence du ca-
nal ' et on peut considérer la capacité ergodique. Pour le cas d’évanouissement lent, la
longueur de code est dans I'ordre du temps de cohérence. Bien que il y a des stratégies
différentes développées pour ces scénarios, on se concentre sur la capacité compound. Le

canal compound se compose a un ensemble de canaux indexé par 0 :
We = {Wy(ylz) : X — V}geo -

Il est important de noter qu’il n’y a aucune distribution supposée sur ©. De plus pour
avoir un débit atteignable pour le canal compound, le code devrait avoir la probabilité
d’erreur petite pour chaque . La capacité du canal compound est donnée par [20-22]

= inf I(X:;Y,
CCC I;I(%(Glg@ ( ) 9)9

o Yy est la sortie du canal avec la distribution Wy (y|x). Pourtant en cas d’un canal AWGN
d’évanouissement lent, on ne peut pas garantir de petite probabilité d’erreur pour tous les
canaux possibles parce que finalement on ne peut garantir que le débit zéro. Supposons
maintenant qu’au lieu d’'un ensemble simple des messages, on permet a ’encodeur de
transmettre plusieurs ensemble des messages - le codage du canal de débit variable [23]
- et ensuite la destination, selon I'index 0, décode autant que possible des messages. La
connexion existante entre la diffusion et les canaux compound a été d’abord remarquée par
Cover dans [24, la Section IX], ou il a suggéré que le probléme de canaux compound peut
étre étudié de ce point de vue de la diffusion. Cette idée a été completement développée
par Shamai dans [25] et appelée Papproche de la diffusion.

Considérons le canal AWGN d’évanouissement lent défini comme
Y =hX + N,

ot N est le bruit AWGN et h est le coefficient d’évanouissement. Le canal est un canal
d’évanouissement lent, qui signifie que h est choisi aléatoirement au préalable et reste
constant pendant la communication. Ici 'incertitude vient du coefficient d’évanouissement
h et pour chaque triage de h, il y a un canal qui peut étre en opération. L’ensemble de

tous les canaux possibles peut étre considéré comme étant indexé par h, c’est-a-dire 6 = h.

19. Coherence Time



Maintenant 1’émetteur considere le canal d’évanouissement comme un canal de diffusion
Gaussien dégradé avec un continuum de récepteurs chacun avec un différent rapport signal
sur bruit spécifié par uSNR ou u est 'index continu. Shamai a construit une codage a
plusieurs-couches, une couche pour chaque triage de h, tel que pour chaque tirage de h,
toutes les couches avec u = |I/|> < v = |h|? peuvent étre décodées et le reste de couches
apparaissent comme l'interférence. L’allocation de pouvoir pour v est SNR(v)dv > 0. Le

débit pour ce canal est une fonction de v et suit comme

R(v) = /0” —udy(u)

14 uy(u)’

ot y(u) = [° SNR(v)dv. L’idée principale derriere la stratégie de la diffusion est d’envoyer
de différents messages pour que la destination puisse choisir combien entre eux peuvent
étre décodés selon le canal en opération. Dans la stratégie de la diffusion, le code transmis
garantie des débit variables pour chacun des canaux possibles dans ’ensemble.

Il y a d’autres approches afin de s’occuper de l'incertitude dans les réseaux. Dans
les cadres compound, il n’y a aucune distribution de probabilité présentée sur 6. Pour

20 g été proposée

tenir compte de la distribution de #, la notion de capacité de panne
dans [26] pour les canaux d’évanouissement. Pour la probabilité de panne 2L désirées p,
la capacité de panne est définie comme le débit maximum qui peut étre transmis avec la
probabilité 1 — p. Au contraire, la capacité ergodique est le débit maximum d’information
pour lequel la probabilité d’erreur diminue exponentiellement avec la longueur de code.
A la différence de la stratégie de la diffusion, le code transmis envoie un débit fixe pour
tous les canaux possibles dans ’ensemble. Effros-Goldsmith-Liang ont présenté le canal
composite [27]. “Un canal composite se compose d'une collection de différents canaux avec
une distribution caractérisant la probabilité que chaque canal est en opération.” Donc le
canal composite est défini comme ’ensemble des canaux Wg comme auparavant, mais
avec PD associé Py sur I'index 6 de canal. Les modeles composites a la différence des
modeles compound, tiennent compte de I'incertitude de canal en présentant un PD Py sur
I’ensemble. Les auteurs dans [27] élargissent la définition de capacité pour permettre de
panne en partie. Effectivement, la notion de la capacité de panne est définie comme le plus
haut débit asymptotiquement atteignable avec une probabilité données de panne connue

a décodeur.

20. Outage Capacity
21. Outage probability



10 INTRODUCTION

FIGURE 1.2 — Canal a relais AWGN d’évanouissement lent

L’incertitude dans les réseaux généraux peut étre tant en raison de la mobilité d’uti-
lisateur que l’évanouissement. Supposons maintenant que le relais peut étre également
présent ou absent et la source est inconscient de ce fait. De plus la topologie de réseau et
du canal lui-méme reste fixe pendant le cours de communication. Alors la source devrait
étre en mesure de concevoir un code pour préserver la performance malgré ’absence du
relais. Katz-Shamai ont étudié ce probleme a [28] avec un relais proche occasionnel, comme
montré dans Fig. 1.2. Par le relais proche, on veut indiquer que le schéma de DF exécute
mieux que CF. IlIs ont utilisé la notion de débit espéré?? pour mesurer la performance.
Il a été montré que la superposition et le décodage en arriere de codage permettent a la
destination de décoder le message sans perte de performance, méme si le relais n’est pas
présent. Autrement dit, si le relais n’est pas présent le débit espéré reste le méme.

t23 pour faire allusion aux

Les auteurs ont présenté la notion de la coopération ignoran
protocoles coopératifs qui améliorent la performance quand le relais est présent et ne la
dégradent pas quand le relais est absent, méme si la source est non-informée de la topologie

réelle.

1.1 Motivation

Il est bien reconnu comment les réseaux sans fil sont soumis aux changements statis-
tiques, surtout en raison de la mobilité d’utilisateur et 1’évanouissement. Dans quelques
scénarios, la longueur de code est de facon significative plus petite que l'intervalle de

temps de cohérence et donc le canal reste fixe pendant la communication. Considérons par

22. Expected rate
23. Oblivious cooperation



MOTIVATION 11

exemple un canal a relais simple ou les canaux source-relais et relais-destination peuvent
changer aléatoirement. Si le canal source-relais est assez bonne alors le relais serait en
mesure de décoder le message de source et ’envoyer a la destination. Il semble mieux
d’exécuter le schéma DF dans ce cas-la. Pourtant, si le canal source-relais est trié aléatoi-
rement, la qualité de canal peut étre de facon significative détériorée pour quelques cas et
il n’est pas garanti que le relais peut décoder le message avec succeés. Dans ces cas, une
erreur est déclarée et le décodage ne peut pas étre réalisé avec succes. De plus la source
ne peut rien faire parce qu’il n’est pas conscient de la réalisation de canal. Dans le cas
des canaux d’AWGN d’évanouissement lent, la qualité de canal source-relais, qui est fixe
pendant la transmission, peut étre pauvre pendant le cours entier de la communication et
cela produit le décodage erroné a la destination. Une situation semblable peut étre consi-
dérée si la source emploie CF. Quand le canal relais-destination est pauvre, I'utilisation de
CF n’est pas adéquate et ainsi le décodage peut étre erroné de nouveau. En effet, méme si
le canal de source-relais est assez bon pour permettre au relais de décoder le massage, il
ne peut pas completement exploiter le schéma DF parce que le code de source est congu
pour CF et alors indépendant du code de relais. Remarquons que dans ces exemples le
relais peut avoir acces, au moins partiellement, aux informations d’état de canal (CSI) 2
parce qu’il a un récepteur et donc il peut avoir une estimation du canal. Mais parce que
la source doit fixer le codage a priori, une stratégie coopérative est imposée au relais et
donc ce n’est pas capable de profiter de CSI disponible.

Les susdits problemes mentionnés sont centraux dans les réseaux multiterminaux avec
I'incertitude de canal. Le probléeme principal est que le codage nécessaire (par ex. la stra-
tégie coopérative) dépend de la qualité de canal source-relais et relais-destination. Donc
il est désirable d’explorer comment le codage opportuniste et-ou adaptable pour la co-
opération est possible, méme si la source est ignorante des états de canal. Autrement
dit, comment les utilisateurs qui sont partiellement ou completement conscients de CSI
peuvent exploiter leurs informations disponibles pour fournir une meilleure performance
de coopération. Nous ferons allusion & ces stratégies comme les stratégies ignorants, qui
signifie que la source est inconscient de la stratégie du code déployée dans les autres termi-
nus. Un exemple d’une stratégie ignorant a été donné auparavant quand la source ne sait
pas si le relais est présent ou pas, mais sait que si le relais est présent alors il est proche
d’elle. Il a été discuté que si le codage de superposition est permis a la source, donc la

destination peut décoder le sujet de message a la contrainte de la capacité de canal direct

24. Channel State Information
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a utilisateur simple, méme si le relais n’est pas présent. Donc on peut le dire que le codage
de superposition est un code ignorant en ce qui concerne la présence du relais.

Dans cette thése, nous enquétons sur les stratégies coopératives avec l'incertitude de
canal. En particulier, nous nous intéressons a deux cas. D’abord, le cas de canaux a relais
simultanés qui se compose d’un ensemble de canaux a relais et deuxiemement, le cas de
modeles composites o le canal en opération est choisi parmi I’ensemble des canaux indexés
avec 6 suivant d'un PD Py. Dans ce cadre, la source (ou les sources) est ignorante du
canal en opération indexée par 6. Les autres terminus sont partiellement ou completement
conscients du canal en opération. Comme nous avons mentionné, l'incertitude de canal
peut étre étudiée basée sur les modeles compound et via 'approche de la diffusion, ou
sur la notion de la capacité de panne. Dans la méme direction, nous verrons comment
ces approches peuvent nous aider a comprendre mieux des bornes fondamentales et des

schémas de codage originaux pour les réseaux coopératifs avec l'incertitude de canal.

1.2 Résumé des Contributions

La contribution de cette theése est organisée dans trois chapitres :

— Les stratégies de coopération pour les canaux a relais simultané et les canaux de

diffusion & relais,

— La stratégie de codage sélective pour les réseaux unicasts composites,

— Sur le Spectre Asymptotique?® de la probabilité d’erreur de réseaux composites.
Dans le premier chapitre, les stratégies coopératives sont développées pour le canal a relais
simultané (SRC), qui se compose d’un ensemble de canaux a relais simples parmi lesquels
le canal en opération est choisi. L’approche de la diffusion est adoptée pour ce canal ou
la source veut transmettre des informations communes et privées a chacun de canaux
possibles. Cela ouvre la possibilité d’utiliser ’approche de la diffusion afin d’envoyer des
messages a chaque canal. Par exemple, supposons que le relais utilise DF ou CF mais il est
toujours présent. Maintenant bien que la source puisse étre ignorante de la stratégie du
code au relais, il sait que cette stratégie est soit DF soit CF qui produit deux possibilités.
Alors la source peut concevoir un code avec trois messages (Wo, Wi, Wa) tel que (Wy, Wy)
est décodé quand le relais utilise DF et (Wj, Wa) quand CF est permis. Donc, ce probleme
est reconnu comme étant équivalent au probleme d’envoyer des informations communes

et privées a plusieurs destinations en présence de relais ou chaque canal possible devient

25. Asymptotic Spectrum
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une branche du canal de diffusion a relais (BRC). Les schémas coopératifs et la région de
capacité pour un ensemble de deux canaux a relais sont enquétés. Les stratégies de codage
proposées doivent étre capables de transmettre des informations simultanément a toutes
les destinations dans un tel ensemble. Les bornes intérieures sur la région de capacité de
général BRC sont dérivées pour trois cas d’intérét particulier :

— Les canaux source-relais des deux destinations sont supposés plus forts que les autres
et alors la coopération est fondé sur la stratégie DF pour les deux utilisateurs (la
région DF-DF),

— Les canaux relais-destination des deux destinations sont supposés plus forts que les
autres et alors la coopération est fondé sur la stratégie CF pour les deux utilisateurs
(la région CF-CF),

— Le canal source-relais d’une destination est supposé plus fort que les autres pendant
que pour l'autre est le canal relais-destination et alors la coopération est fondé sur
la stratégie DF pour une destination et CF pour une autre (la région DF-CF).

Les techniques utilisé pour obtenir les bornes intérieures comptent sur la recombinaison
de bits de messages et les stratégies de codage efficaces différentes pour le relais et les
canaux de diffusion. Ces résultats peuvent étre vus comme une généralisation et alors
I'unification de travail précédent dans ce theme. Une borne extérieure sur la région de
capacité de général BRC est aussi dérivé. Les résultats de capacité sont obtenus pour les
cas spécifiques des canaux a relais simultanés semi-dégradé et Gaussien dégradé. Les débits
sont calculées pour les modeles AWGN.

Dans le deuxieme chapitre, le canal a relais composite est considéré ou le canal est tiré
aléatoirement d’'un ensemble de distributions conditionnelles avec I'index 6 € @, qui repré-
sente le vecteur de parametres de canal avec PD Py caractérisant la probabilité que chaque
canal est en opération. Le tirage spécifique 6 est supposée inconnue a la source, complete-
ment connue a la destination et seulement partiellement connue au relais. Dans ce cadre,
le débit de transmission est fixe sans tenir compte de I'index de canal actuel. Alors I'en-
codeur ne peut pas nécessairement garantir de probabilité d’erreur arbitrairement petite
pour tous les canaux. la probabilité d’erreur asymptotique sont utilisées comme métriques
pour caractériser la performance. Dans ce cadre, la stratégie du code est communément
choisie sans tenir compte de la mesure de canal au relais. Nous présentons une nouvel
codage qui permet au relais de choisir - basé sur sa mesure de canal - le meilleur schéma
de codage entre les schémas CF et DF. Effectivement, & condition que le canal source-

relais est assez bonne pour décoder le message, le relais se décide pour DF et autrement
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il peut changer & CF. La stratégie de codage sélective proposée (SCS) est fondée sur le
codage de superposition, DF et CF, le décodage en arriere et collectif a la destination.
Nous dérivons des bornes sur la probabilité d’erreur asymptotique du canal a relais sans
mémoire. Ce résultat est plus tard prolongé au cas de réseaux composites unicast avec les
multiple relais. Comme conséquence de cela, nous généralisons le théoreme NNC pour le
cas de réseaux unicast ou les relais sont divisés entre ceux qui utilisent le schéma DF et
ceux qui utilisent CF. Il est aussi montré que les relais en utilisant le schéma de DF et
codage en offset peut exploiter ’aide des relais qui utilisent CF. Un exemple d’application
au cas du canal d’évanouissement a relais Gaussien est aussi enquété ou il est démontré
que SCS remporte clairement les schémas célebre DF et CF.

Le troisieme chapitre est consacré a quelques considérations théoriques des réseaux
multiterminaux composites. Comme nous avons déja mentionné auparavant, une proba-
bilité d’erreur arbitrairement petites ne peuvent pas étre garanties pour tous les canaux
dans ’ensemble. Ici au lieu de trouver le débit atteignable maximum subit aux petites
probabilités d’erreur (EP), nous regardons la conduite de probabilités d’erreur (pas néces-
sairement zéro) pour un débit donné. La notion commune comme la mesure de performance
de réseau composite est la notion de probabilité de panne. Mais il est vu en cas du canal
symétrique binaire en moyenne composite 26, pour lequel e-capacité est connue, la proba-
bilité de panne n’est pas assez précise comme la mesure de performance. Au lieu de cela
les notions différentes de performance sont discutées parmi lequel le spectre asymptotique
de probabilités d’erreur est présenté comme une mesure de performance originale pour les
réseaux composites. On montre que la conduite d’EP est directement liée a leur e-capacité.
Par exemple, la notion de spectre asymptotique d’EP est la mesure plus générale pour la
performance de ces réseaux. Le spectre asymptotique d’EP peut étre borné en utilisant
des régions de débit atteignables disponibles et une nouvelle région appelé la région d’er-
reur complete. Chaque code avec un débit appartenant a cette région produit EP égal a
un. Dans ce sens, pour les réseaux satisfaisant la condition de converse forte 27, le spectre
asymptotique d’EP coincide avec la probabilité de panne. A ce but il est montré que la

borne flot-max coupe-min fournit une borne supérieure a la région d’erreur complete.

26. Composite binary symmetric averaged channel
27. Strong Converse Condition



Chapitre 2

Stratégies de Coopération pour les

Canaux a Relais Simultané

Le canal & relais simultané (SRC) est défini par un ensemble de canaux a relais, ou la
source veut communiquer des informations communes et privées a chacune des destinations
dans I’ensemble. Pour envoyer des informations communes sans tenir compte du canal en
opération, la source doit simultanément considérer tous les canaux comme décrit dans Fig.
2.1(a). Le scénario décrit offre une perspective d’applications pratiques, quant a 'exemple,
la liaison descendante! en communication des réseaux cellulaires ot la station de base (la
source) peut étre aidée par les relais, ou dans les réseaux ad hoc ou la source peut ne pas
prendre conscience de la présence d’un relais proche (par ex. coopération opportuniste).

Le probleme du canal & relais simultané est équivalent a ce du canal de diffusion a relais
(BRC), avec les chaines de Markov supplémentaires. La source envoie des informations
communes et privées a plusieurs destinations qui sont aidées par leurs propres relais. Donc
le probleme de SRC peut étre étudié en utilisant le probleme de BRC.

Dans cette section, nous étudions différentes stratégies de codage et région de capacité
pour le cas de BRC général avec deux relais et destinations, aussi montrées dans Fig.
2.1(b), en tant que modele équivalent pour SRC avec deux canaux a relais sans mémoire.
Notons que chaque modele présenté pour BRC peut étre considéré comme un modele
équivalent pour le SRC en ajoutant des chaines de Markov nécessaires pourtant pour le
reste nous n’affirmons pas explicitement les chaines de Markov. Dans la section suivante,

nous formalisons d’abord le probleme du canal a relais simultané et ensuite nous présentons

1. Downlink
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16 STRATEGIES DE COOPERATION POUR LES CANAUX A RELAIS SIMULTANE
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FIGURE 2.1 — Canaux de diffusion a relais et a relais simultané
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FIGURE 2.2 — Canal de diffusion a relais (BRC)

des régions de débit atteignables pour de différents cas de stratégie DF-DF | CF-CF et
DF-CF. Des variables aléatoires sont présentées par les lettres majuscules X, Y. Les lettres
gras X,Y présentent la suite de n variables aléatoires, c’est-a-dire X", Y"™. D’autre part
la chaine de Markov entre trois variables aléatoires A, B et C' est présenté en utilisant la
notation suivante :

Ae Be(C.

2.1 Formulation de probleme

Le canal a relais simultané [29] avec les entrées de la source discrete et du relais z € 27,
xzp € 27, les sorties de relais et canal discrete yr € %, zpr € 27, est caractérisé par un

ensemble de canaux a relais, chacun d’entre eux défini par une distribution de probabilités
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conditionnelle (PD)
@SRC = {PYTZT\XXT X x '%/—T — Q/T X g’f},

ou 1T dénote l'index de canal. Le SRC modele la situation dans laquelle seulement un
canal simple est présent immédiatement et il ne change pas pendant la communication.
Pourtant I’émetteur (la source) n’est pas instruit de la réalisation de T qui gouverne la
communication. Dans ce cadre, T' est supposé pour étre connu a la destination et au relais.
La transition PD de 'extension n-iéme sans mémoire avec les entrées (x,x7) et les sorties

(yr,zr) est donnée par

n
n
Py gpixx, (Y10 20[%, X7) = H Wr(yr, zr,ilwi, v1,i).
i=1
Ici nous nous concentrons sur le cas ou T € {1,2}, autrement dit il y a deux canaux a

relais dans ’ensemble.

Definition 1 (Code) Un code pour SRC se compose de

— Une fonction d’encodeur {p : Wy x Wi x Wo — 2},

— Deux fonctions de décodeur {1 : Z' — Wy x Wr},

~ Un ensemble des fonctions de relais { fr.;}1 telle que {fr;: 25— ZPYP,,
pour T = {1,2} et pour quelques ensembles finis des entiers Wp = {1, . ’MT}T:{0,1,2}'
Les débits de tel code sont n~ log My et la probabilité d’erreur mazimum correspondantes
sont définies comme

T={1,2}: PJ = max  Pr{¢(Yr) # (wo,wr)}.

(wo,wp)EW X Wy

Notons que le canal a relais compound a effectivement la méme définition que le canal
a relais simultané pourtant nous gardons les deux termes pour indiquer la différence dans
les codes pour chacun. D’une part un code garantie un débit commun pour tous les canaux,
c’est-a-dire tous T et le débit privé pour chaque canal, c’est-a-dire chacun de 7', comme
le code défini ci-dessus. Nous appelons ce cas comme le canal & relais simultané. D’autre
part un autre code garantie seulement un débit commun et envoie le message commun wy
a tous les canaux, c’est-a-dire tous 7. En utilisant le canal a relais compound nous voulons

référer a ce cas.

Definition 2 (Capacité et débit atteignable) Pour chaque 0 < e,y < 1, un triplet

des nombres non-négatifs (Ro, Ri, Ra) est atteignable pour SRC si pour tous n suffisam-
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ment large, il y a un code de longueur n dont la probabilité d’erreur satisfait :
P (e, 0, {fratin) < e
pour chaque T = {1,2} et les débits
1
_logMT > RT -7
n

pour T ={0,1,2}. On appelle I’ensemble de tous les débit atteignables €prc la région
de capacité du SRC. Nous insistons qu’aucune distribution préalable sur T n’est supposée
et ainsi l’encodeur doit construire un code qui produit de petites probabilités d’erreur pour
chaque T = {1, 2}.

Une définition semblable peut étre offerte pour SRC & message commun avec un en-
semble de message simple Wy, n~log My et le débit Ry. SRC & message commun est
équivalent au canal a relais compound et ainsi le débit atteignable pour le canal a relais

compound est défini de la méme facon.

Remark 1 Remarquons que, puisque le relais et le récepteur sont supposés instruits de
la réalisation de T, le probléeme du codage de SRC peut étre transformé au probléme du
canal de diffusion a relais (BRC) [29]. Parce que la source est incertaine du canal réel, il
doit compter sur la présence de chaque canal et donc supposer la présence de tous les deux
canauz simultanément. Cela résulte a un modéle équivalent de diffusion qui se compose de
deuz branches a relais, ot chacun correspond & un canal a relais avec T'= {1,2}, comme
illustré dans Fig. 2.1(b) et 2.2. L’encodeur envoie les messages commun et privé (Wq, W)
a la destination T au débit (Ro, Rr). BRC général est défini par le PD

PBre = { Py, 2,v3 25| x X1 X5 © X X 21X Xo— DN X 21 x Wy x 25},

avec entrées de relais et de canal (X, X1, X3) et les sorties de relais et de canal (Y1, Z1,Ya, Zs).
Les notions de débit atteignable pour (Ro, R1, R2) et la capacité restent la méme que BCs
conventionnel (voir [24], [14] et [30]). Semblable au cas de canaux de diffusion, la ré-
gion de capacité du BRC dans Fig. 2.1(b) dépend seulement du PDs marginal suivant

1Py |1 x X1 X021 705 Pya | X X1 X271 20> P70 20| X X1 X -

Remark 2 Nous insistons que la définition de canaux de diffusion a relais n’écarte pas
la possibilité de dépendance de la premiére (également deuxiéme) destination Y1 sur le

deuziéme (également le premier) relais Xo et donc c’est plus général que les canauz a
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relais simultanés. Autrement dit, la définition actuelle de BRC correspond a SRC' avec
les contraintes supplémentaires pour garantir que (Y1, Zr) conditionné par (X, Xt) pour
T ={1,2} est indépendant d’autres variables aléatoires. En dépit du fait que cette condi-
tion n’est pas nécessaire jusqu’aux preuves converses, la région atteignable développée ci-
dessous est plus adaptée au canal a relais simultané. Pourtant les régions de débit at-
teignables n'ont pas besoin d’hypothése supplémentaire et sont alors wvalides pour BRC

général.

2.2 Région Atteignable pour la Stratégie DF-DF

Considérons la situation ou les canaux source-relais sont plus forts que les autres
canaux. Dans ce cas-la, la stratégie de codage la plus efficace pour les deux relais se
révele d’étre Décode-et-Transmettre (DF). La source doit transmettre les informations
aux destinations basées sur un code de diffusion combiné avec le schéma DF. La codage
derriere cette idée est comme suit. Les informations communes sont aidées par la partie
commune des deux relais pendant que les informations privées sont envoyées en utilisant
la division de débit dans deux parties, une partie par I'aide du relais correspondant et une
autre partie par la transmission directe de la source a la destination correspondante. Le

théoreme suivant présente la région de débit atteignable générale.

Theorem 2 (région DF-DF) Une borne intérieur sur la région de capacité Zpp.pr C

CBre de canal de diffusion a relais est donnée par

%DF—DF: (&0] U {(Ro Z O,Rl Z O,RQ Z 0) H
Pe2

Ro+ Ri < I — I(Uo, Ur; X2| X1, Vo),
Ry + Ry < Iz — I(Uy, Uz; X1| X2, Vo),
Ro+ R1+ Ry < It + Jo — I(Up, Uy; Xo| X1, Vo) — I(Ur, X1; Uz | X2, Up, Vo) — I
Ro+ R1+ Ry < Ji + I — I(Up, Uz; X1| X2, Vo) — I(U1; Uz, X2| X1, Up, Vo) — I
2Ry + R1+ Ry < Iy + I — I(Uo, Uy; Xa| X1, Vo) — I(Up, Uz; X1|X2, Vp)
~ 103 Ual X1, X, U, Vo) = Tt
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Voo X

FI1GURE 2.3 — Diagramme de variables aléatoires auxiliaires

ou (I;, Ji, Inr) avec i = {1,2} est comme suit

1; = min {I(Uy, Us; Zi|Vo, Xi) + I(Usyo; Yi|Uo, Vo, Xy, Us), I(Uo, Vo, Uy, Uiya, Xi;Yi) },
Ji = min {I(Ula Zi|U0a %7Xi) + I(Uz+2a Yi‘U()a ‘/Eina Ui)al(Ui-‘rQa Uivxi;}/:i|UO> Vb)}>
Iy = I(Us; Ug| Uy, Uz, X1, Xa, U, Vo),

co{-} signifie l'enveloppe conveze et la union est sur toutes PDs Py, vyu,U,UsU,X, XoX € 2

telle que

2= {PUOV0U1U2U3U4X1X2X = PU3U4X|U1U2 PU1U2|U0X1X2 PUO‘XIXQVO PX2|V0 PXﬂVo PVO
satisfaisant <U0> ‘/Oa U17 UQa U37 U4) < (X1)X27X) < (}/13 ZhYZa ZQ)}

Proof Ici nous présentons un apercu de la preuve. D’abord, les messages originaux sont
réorganisés via le fendage de débit? dans nouveaux messages, comme montré dans Fig.
2.4, ol nous ajoutons une partie des messages privés ensemble avec le message commun
dans nouveaux messages (de la méme facon a [14]). L’idée de codage générale de la preuve
est représentée dans Fig.2.3. Le VA Vj représente la partie commune pour (X, X2) (les
informations envoyées par les relais), qui est destiné pour aider les informations communes
encodées dans Uy. Les informations privées sont envoyé en deux étapes, en utilisant d’abord
'aide des relais par (U, Uz) et basées sur la stratégie DF. Alors le lien direct entre la source
et les destinations est utilisé pour décoder(Us, Uy). Le codage de Marton est utilisée pour
permettre la corrélation entre le VAs dénoté par les fleches dans Fig. 2.3. Faire une variable
aléatoire était simultanément en corrélation avec VAs multiple, nous avons utilisé le codage

de Marton a plusieurs niveaux. Pour ce but, nous commencons avec un ensemble donné de

2. Rate splitting
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AY

AY
\\ SOl
AY
AY
Wy
a
7
/I SOQ
1’
7
So, 84

FIGURE 2.4 — Ré-configuration des message

VAs produit dans une fagon i.i.d. et ensuite dans chaque étape nous avons choisi un sous-
ensemble tel que tous leurs membres sont conjointement typiques 3 avec fixe VA. Alors dans

chaque étape nous cherchons un tel sous-ensemble a 'intérieur du précédent. La table 2.1

TABLE 2.1 — Stratégie DF avec b = {1, 2}

vo(to(i-1)) vo(to(iy)

ug(foi-1), toi) U (o, togit1))

2y (to(i-1)» to(i-1)) 2y (tois tei)

up(to(i—1)s toir to(i—1)» toi) wy(toir to(it1)s this to(i+1))

Upr2(to(i—1)» tois to(i—1)s tois t(b42)i) | Yotz (B0is Logit1)s tbis to(it1)s E(b+2)(i+1))
Qbi gb(i—i—l)

montre des détails pour la transmission dans le temps. Les deux relais connaissant v, z;,
décodent wu,,v;, dans le méme bloc. Alors chaque destination en utilisant le décodage
en arriere décode tout le livre de codes dans le dernier bloc. La région finale est une
combinaison de toutes les contraintes de Marton, le codage et le décodage qui simplifiera

a la région en utilisant 1’élimination de Fourier-Motzkin.

Remark 3 On fait les remarques suivantes :
— Les deux débit dans Théoréeme 2 coincident avec le débit conventionnel basé sur
partiel DF [1],
— Il est facile de vérifier que, en mettant (X1, X2, Vo) =0, Us =U1, Uy =Uy Z1 =Y

et Zo = Ya, la région de débit dans Théoréeme 2 est équivalente a la région de

3. Jointly Typical
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Marton [12],

— la région précédente améliore celui tiré pour le BRC dans [29] et pour le BRC avec
le relais commun comme représenté dans Fig. 2.1(c). En choisissant X1 = X9 =V}
et Uy = Uy = Uy, la région de débit dans Théoréme 2 peut étre montrée pour étre
équivalente a la borne intérieure de Kramer et al. dans [14]. Pourtant le corollaire
suivant montre que la région de débit dans Théoréme 2 est strictement mieur que

celle de Kramer et al..

Le corollaire suivant fournit une borne intérieure plus pointu sur la région de capacité
du BRC avec le relais commun (BRC-CR). Dans la région suivante, le relais aide aussi les
informations privées pour la premiere destination en divisant 'aide de relais en deux parties
Vo et X1 pourtant le relais dans la région de Kramer et al. aide seulement des informations
communes. Par exemple quand Y5 = ) et la premiere destination est la version dégradée du
relais, intuitivement quand le canal de deuxieéme destination est tellement faible que nous
pouvons l'ignorer, alors la région de Kramer et al. ne peut pas accomplir la capacité du
premier canal a relais parce que le relais peut seulement aider les informations communes.

Pourtant ce n’est pas le cas dans la région suivante.

Corollary 1 (BRC a relais commun) Une borne intérieure sur la région de capacité

de BRC-CR Zprc-cr € €Bro-cr est donnée par

HABRC-CR = €O U {(Ro >0,R >0,Ry >0):

Pyt Ut X, X €2
Ro+ Ry < min{ly + Lp, I3 + I3, } + I(Us; Y1|U1, Uy, X1, Vo),
Ro + Ry < I(Uo, Vo, Us; Ya2) — 1(Uo; X1[ Vo),
Ro+ Ry + Ry < min{ly, I3} + I3, + 1(Us; Y1|Ur, Uy, X1, Vo)
+ I(Us; Y2|Uo, Vo) — I(Uo; X1|Vo) — I,
Ro+ Ry + Ry < min{ly, I3} + L1, + I(Us; Y1|U1, Uy, X1, V)
+ I(Us; Y2|Uo, Vo) — I(Uo; X1|Vo) — I,
2Ry + Ry + Ry < I(Us; Y1|Uy, Ug, X1, Vo) + 1(Uy; Y2|Uo, Vo) + I
+min{Iy + Iy, Is + Isy} — I(Up; X1|Vo) — IM}
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avec

Iy = I(Uo, Vo; Y1),

Iy = I(Uo, Vo; Y2),

Is = I(Uy; Z11 X1, Vo),

Iy, = I(U1 X1; Y1|Uy, Vo),

I3, = 1(Uv; Z1|Uo, Vo, X1),
Iny = 1(Us; Uy| X1, Ur, Uo, Vo),

co{-} signifie l’enveloppe conveze et 2 est ’ensemble de toutes PDs Py,u,uv,usU,x,x Sa-

tisfaisant

(Vo, U, U1, U3, Uy) & (X1,X) & (Y1, Z1,Y5).

L’idée centrale est que le relais doit ici aider des informations privées et communes pour
un utilisateur au moins. Il sera montré dans la section suivante qu’un cas spécial de ce

corollaire atteint la capacité de BRC-CR, Gaussien dégradé et BRC-CR semi-dégradé.

2.3 Région Atteignable pour la Stratégie CF-DF

Considérons maintenant un canal de diffusion & relais ou le canal source-relais est plus
fort que le canal relais-destination pour une branche et plus faible pour 'autre branche.
La stratégie coopérative est mieux d’étre fondé sur DF pour une branche et CF pour
I’autre. La source doit transmettre les informations aux destinations basées sur un code de
diffusion combiné avec les schémas CF et DF. Ce scénario peut survenir quand ’encodeur
ne sait pas (par ex. en raison de la mobilité d’utilisateur et évanouissement) si le canal
source-relais est mieux ou pas que le canal relais-destination. Le théoreme suivant présente
la région de débit atteignable générale pour le cas ol le premier relais emploie DF et le

deuxieme relais emploie CF pour aider des informations communes et privées.

Theorem 3 (Région CF-DF) Une borne intérieur sur la région de capacité de BRC
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Zpr-cr C €pro avec des stratégies coopératives hétérogeénes est donnée par

K CF-pF = €O U {(Ro >0,R >0,Ry >0):
Pe2

Ro+ Ry < I,

Ry + Ry < Iy — I(Ug; X1 |Up, Vo),
Ro+ Ry + Ry < I + Jy — I(Uy, X1; Us|Up, Vo),
Ro + Ry + Ry < J1 + I — I(Uy, X1; Us|Uo, Vo),
2Ry + Ry + Ry Sfl-f-[z—I(Ul,Xl;U2|U07VO)}7

ou la quantité (I;, J;, Ag) avec i = {1,2} est comme suit

Iy = min {I(Uy, Uy; Z1| X1, Vo), I(Ur, Uo, X1, Vs Y1) },
Iy = I(Us, Uy, Vo; Za, Yo| X2),
Ji = min {I(Uy; Z1|X1,Us, Vo), 1 (U1, X1; Y1|Uo, Vo) },
Jy = 1(Uz; Zs, Y2| X2, U, Vo),

co{-} signifie lenveloppe conveze et l’ensemble de toutes admissibles PDs 2 est défini

comme

Q = {PV0U0U1U2X1X2XY1Y2Z1Z222 = PVOPX?PXI|V0PU0‘V0PU2U1‘XlUOPXIUQUl x

PY1Y2Z122|XX1X2PZQ|X2ZQ7 satisfaisant
I(X9:Ys) > 1(Zy; Z5| X5Ys), and
(Vo, Up, U1, Uz) & (X1, X5, X) & (Y1, Z1,Y5, Z2)}~

C’est possible pour les canaux de diffusion a relais généraux de changer la stratégie du
code dans le premier et deuxieme relais, de DF a CF et vice versa et obtenir une autre
région. Finalement une plus grande région peut étre obtenue en prenant I'union de deux
régions. Pour transmettre les informations communes et en méme temps exploiter I'aide
du relais pour la destination DF, le codage réguliere est utilisée avec le codage de bloc-
Markov. En fait, V| est la partie de X; pour aider la transmission de Uy. Mais la deuxieme

destination utilise CF ou I'entré de relais et I’entré de canal sont surtout indépendantes.
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Bien qu’il semble, au premier coup d’ceil, que ce codage de bloc-Markov avec le codage
de superposition ne sont pas compatible avec CF. La source utilise I'encodage régulier et
surimpose? le code du bloc actuel sur le code du bloc précédent. Quand le relais utilise
DF, il transmet le code du bloc précédent et alors la destination peut exploiter cette aide
pour décoder tous les codes. Mais quand le relais utilise CF, la destination semble étre
en face de deux codes surimposés qui doivent étre décodé. Parce que le code de centre
porte un message factice® dans le premier bloc, la destination peut décoder le nuage en
sachant le centre. Alors dans le bloc suivant en utilisant la méme idée, elle continue a
décoder en enlevant le code de centre. Mais cela cause la perte de performance parce
qu’une partie du code transmis est effectivement négligée. Donc il semble que le codage
de superposition n’est pas propre pour CF. Pourtant il peut étre montré que ce n’est pas
le cas. En utilisant le décodage en arriere, le code peut étre aussi exploité pour CF aussi,
sans perte de performance. Effectivement en CF, la destination prend Vj pas comme le
code a relais, mais comme le code de source sur lequel Uy est superposé. Alors au dernier
bloc Uy porte le message factice, mais superposé sur Vy qui porte le message du dernier
bloc. Alors la destination peut conjointement décoder (Uy, Vp) et exploiter ainsi les deux
codes sans perte de performance en ce qui concerne ordinaire CF.

Considérons maintenant le canal & relais compound ou le canal en opération est choisi
d’un ensemble de canaux a relais. Pour la simplicité supposons que I’ensemble inclut seule-
ment deux canaux tel que la stratégie DF en comparaison de CF résulte & un meilleur débit
pour le premier canal et a un plus mauvais débit pour le deuxieme. Le but est d’émettre
un débit avec arbitrairement petite erreur pour les deux canaux. Ensuite en utilisant I’en-
codage régulier, on peut voir que la meilleure stratégie coopérative peut étre choisie pour
chaque canal parce que le relais emploie DF dans le premier canal et CF dans le deuxieme

canal sans aucun probleme. Le corollaire suivant s’ensuit directement de cette observation.

Corollary 2 (information-commun) Une borne intérieure sur la capacité de canal a

relais compound (ou BRC' a message commun) est donnée par

R0§ max min{I(X;Z1|X1),I(X,X1;Y1),I(X;22,Y2|X2)}.

Px,x,x€2

4. Superpose
5. Dummy message
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Corollaire 2 suit de Théoreme 3 avec le choix Uy = Uy = Uy = X, V) = X;1. tandis que le

corollaire suivant suit en mettant Uy = V = 0.

Corollary 3 (information privée) Une borne intérieure sur la région de capacité de
BRC' avec les stratégies coopératives hétérogenes est donnée par l’'enveloppe convexe de
lensemble de débits (Ry, Ry) satisfaisant

Ry < min {I(Uy; Z1|X1), (U1, X1; Y1)}, (2.1)
Ry < I(Uy; Za, Ya| X2) — I(Us; X1), (2.2)
R1 + RQ S min {I(Ul, Zl|X1),I(U1,X1;}/i)} + I(UQ; ZAQ,}/Q’XQ) — I(Ul,Xl; UQ), (23)

pour toutes PDs P, € 9.

VU X1 X0 XY1YaZ1 Z0 2o

Remark 4 La région dans Théoréme 3 est équivalente a la région de Marton [12] avec
(X1,X2, Vo) =0, Zy =Y et Zo =Y,. Remarquons que le débit conformément au schéma
DF qui apparait dans Théoréme 3 coincide avec le débit DF conventionnel, alors que le
débit CF apparait avec une petite différence. En fait, X est décomposé a (U, Xy) qui le

remplacent dans le débit conformément a CF.

2.4 Région Atteignable pour la Stratégie CF-CF

Nous considérons maintenant un autre scénario ou les canaux relais-destination sont
plus forts que les autres et alors la stratégie de codage efficace tourne pour étre CF pour
les deux utilisateurs. La borne intérieure basé sur cette stratégie est donné par le théoreme

suivant.

Theorem 4 (région CF-CF) Une borne intérieure sur la région de capacité de BRC

Rcor.cr C Ero est donnée par

%CF—CF: CcO U {(Ro 2 O,Rl Z O,RQ 2 O) :
pPe2

Ro+ Ry < I(Up, Ur; Y1, Z1| X1),
Ro + Ry < I(Uy, Us; Ya, Zo| Xo),
Ro+ Ri 4 Ry < Iy + I(Uy; Y1, Z1| X1, Up) + I(UQ;Y2722\X27 Up) — I(Uy; Ua|Uy),
2Ry + Ry + Ry < I(Uo, Ur; Y1, Z1|X1) + I(Un, Uz; Ya, Zo| Xo) — I(Us; U2’Uo)}7
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ou Iy est défini par
Iy = min {I(Up; Y1, Z1|1X1), I(Uy; Y2, Z2| X2) },

cof{-} signifie l’enveloppe conveze et l'ensemble de toute PDs admissibles 2 est défini

comme

2 = { Py s x: Xaxvivaz za20 70 = PXa P2 PUo Py Uy Px| 00, %
Pyivazizo1xx:0%2 P, 1 x, 2, P2 X0 2
[(X2;Ys) > 1(Z2; 25| X3, Ya),
I(X1;Y1) > I(Zy; Z1| X1, V),
(Uo, Uy, Us) o (X1,X9,X) o (Y1,21,Y2,25)}.

Notons que cette région est équivalente & la région de Marton [12] en mettant (X7, Xo) = 0,
Z1 = Y1 et ZQ = YQ.

Remark 5 Une région de débit atteignable générale suit en utilisant le partage de temps©

entre toutes les régions précédentes exposées dans les Théoremes 2, 3 et 4.

2.5 Bornes extérieures sur la région de capacité de BRC

général

Les théoremes suivants fournissent des bornes extérieures générales sur les régions de
capacité du BRC et du BRC-CR ou X; = Xy et Z; = Z5, respectivement.

Theorem 5 (borne extérieur de BRC) La région de capacité €prc de BRC (voir

6. Time-sharing
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Fig. 2.2) est inclue dans l'ensemble €34 de tous les débits (R, R1, Rs) satisfaisant

“o=co ) {R=0.R>0.R>0):

Puvi,vax, x €2
Ry <min {I(V;Y2),1(V;Y1)},
R+ Ry <min {I(V;Y1),1(V;Y2)} + I(U; Y1|V),
Ro+ Ry <min {I(V;Y1),I(V;Y2)} + I(Us; Ya|V),
Ro 4+ Ry <min {I(V,V1;Y1, Z1]X1), 1(V,V3;Ya, Zo) }
+ I(Uy; Y1, 21|V, V1, Xq),
Ry + Ry <min {I(V,Vi; Y1, Z1|X1), I(V, V13 Y2, Z) }
+ 1(Uz; Yo, Z2|V, V1, X1),
Ro+ Ri + Ry <I(V;Y1) + I(U; Ya|V) + I(Uy; Y1|U2, V),
Ry + Ry + Re <I(V;Y2) + I(U; Y1|V) + I(Ua; Y2 |Up, V),
Ro+ R1 + Ry <I(V,V1; Y1, Z1]X1) + 1(Uz; Ya, Zo|V, Vi, X1)
+ 1(U1; Y1, Z1| X1, Uz, V, V1),
Ro+ Ry + Ry <I(V,V1;Ya, Z5) + 1(Uy; Y1, Z1|V, V1, X1)
+1(Uss Y2, 22| X1, U1, V. ) },

ou co{-} signifie l’enveloppe convexe et 2 est l'ensemble de toutes PDs Pyv, U, X, Xo X
satisfaisant X1 o Vi o (V,U,Us, X). La cardinalité de VAs auziliaires sont conditionné
par [V < 271220l 220l 200l 22l + 25, [174l) < (27 2allll Zallll Zalll] 22l + 17 and
|2, |2]) < 1271l 27|l 22 1 20l 22 + 8.

Remark 6 On peut voir de la preuve que Vi est une variable aléatoire composant des
parties causales et non-causales du relais. Ainsi Vi peut étre intuitivement considéré comme
laide de relais pour V. Il peut aussi étre déduit de la forme de la borne supérieures que V'

et Uy, Uy représentent respectivement les informations communes et privées.

Remark 7 On fais les observations suivantes
— La borne extérieur est valide pour général BRC, c’est-a-dire pour des canauz de dif-
fusion de 2 relais de 2 récepteurs. Pourtant dans notre cas, la paire de Y,Y; dépend
seulement de X, Xy, pour b = 1,2. L’utilisation de ces relations de Markov,I(Up; Yy, Zp| Xy, T')
et I(Uy; Y,|T) peut étre borné par I(X; Yy, Zp| Xy, T) et I(X, Xp; Y3|T') pour la variable
aléatoire T € {V,V1,Uy,Us}. Cela simplifiera la région précédente.
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— De plus nous pouvons voir que la région dans Théoréme 5 n’est pas complétement
symétrique. Donc une autre borne supérieure peut étre obtenu en remplacant 'indices
1 et 2, c’est-a-dire en présentant Vo et Xo au lieu Vi et Xq. La borne finale sera
l'intersection de ces deux régions.

— Si les relais ne sont pas présents, c’est-a-dire, Z1 = Zy = X1 = Xo = Vi = 0, il
n’est pas difficile de voir que la précédente borne réduit a la borne extérieur pour les
canaux de diffusion généraux fait allusion a comme UV W -extérieur a borne [31]. En
outre, il a été récemment montré qu’un tel relié est au moins aussi bon que toutes

les bornes extérieures actuellement développées pour la région de capacité de canaux

de diffusion [32].

Le théoreme suivant présente une borne supérieure sur la capacité du message commun
BRC. La borne supérieure est utile pour I’évaluation de la capacité dans le canal a relais

compound.

Theorem 6 (borne extérieure a information commune) Une borne supérieure sur

la capacité de BRC a message commun est donnée par

Ry < max min{I(X;Z1Y1|X1), (X, X1;Y1), [(X; Zo, Y2| X2), (X, X2; Y2) }.

T Px;x,x€2

Le théoréme suivant présente une borne extérieure sur la région de capacité du BRC
avec le relais commun. Dans ce cas-la, en raison du fait que Z; = Z5 et X7 = X, nous
pouvons choisir V; = V5 a cause de la définition de V4. Donc la borne extérieure du
Théoreme 5 avec la borne extérieure symétrique mentionné au-dessus, qui profite Xo, V5,

résulte a la borne suivante.

Theorem 7 (borne extérieure BRC-CR) la région de capacité €prc-cr de BRC-CR
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est inclue dans [’ensemble ‘KBRC or de tous débits (Ro, Ry, Ra) satisfaisant

%E%C—CR = co U {(RO ZO7R1 Z 07R2 Z 0) :

Pyviuusx, x€2
Ry Smin{I(V Ys), (V;Yl)},
Ro+ Ry <min {I(V;Y1),I(V;Y2)} + I(Uy; Y1|V),
Ry + Ry <min {I(V; Y1), 1(V;Y2) } + 1(Us; Ya|V),
Ro+ Ry <min {I(V,V1;Y1, Z1|X1),1(V,V1;Ya, Z1| X1) }
+ I(Uy; Y1, 21|V, V1, X4),
Ro + Ry <min {I(V,V1; Y1, Z1|X1),1(V,V1;Ya, Z1| X1) }
+ I(Uz; Yo, Z1|V, V1, X1),
Ro + Ry + R <I(V;Y1) + I(U; Ya|V) + I(Ur; Y1|Us, V),
Ro+ R+ Ry <I(V;Y2) + I(Ur; YA|V) + 1(U2; Y2|Un, V),
Ro + Ry + Ry <I(V,Vi; Y1, 21| X1) + I(Uz; Y2, Z1|V, V1, X1)
+ 1(Ur; Y1, Z1| X1, Us, V, V1),
Ro + Ry + Ra <I(V,V1; Y2, Z1|X1) + I(Ur; Y1, 21|V, V1, Xq)
+1(Uss Y2, 21| X1, U1, V. ) },

ot co{-} signifie l’enveloppe conveze et 2 est l'ensemble de toutes PDs Pyv,u,u,x,x Vé-
rifiant (X1) e Vi o (V,U1,Us, X) ou la cardinalité de VAs auziliaires satisfait || V] <
1272l 22l + 19, 174l < 270123230 + 11 et |2, [|22] < |27 220l 230 + 8.

2.6 BRC a relais commun dégradé et semi-dégradé

Nous présentons maintenant des bornes intérieures et extérieures et des résultats de
capacité pour une classe spéciale de BRC-CR. On définit d’abord deux classes de BRC-
CRs.

Definition 3 (BRC-CR dégradé) On dit qu'un canal de diffusion a relais avec le relais
commun (BRC-CR) (montré dans Fig. 2.3), qui signifie Z1 = Zs et X1 = Xo, est dégradé
(respectivement semi-dégradé) si PD {PY1Z1Y2|XX1 XX B — W X A X Z’/g} satisfait

les chaines de Markov pour un des cas suivants :

I Xe (Xl,Zl)e (Yl,Yg) et (X,Xl) 9Y1 GYQ,
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11 Xe(Xl,Zl) 'G'YQ €tX6(Y1,X1) 6Z1,

ot la condition (1) est considérée comme BRC-CR dégradé la condition (II) est considérée
comme BRC-CR semi-dégradé .

Remarquons que BRC-CR dégradé peut étre vu comme la combinaison d’un canal a relais
dégradé avec un canal de diffusion dégradé. D’autre part, le cas semi-dégradé peut étre vu
comme la combinaison d’un canal de diffusion dégradé avec un canal a relais contrairement
dégradé. La région de capacité de BRC-CR semi-dégradé est exposée dans le théoreme

suivant.

Theorem 8 (semi-degraded BRC-CR) la région de capacité de BRC-CR semi-dégradé

est donnée par la région suivante :

Cpro-cn= | J {(R1 >0,Ry >0):
Pyx,x€2
Ry <min{I(U, X1;Y2), [(U; Z1|X1)},
Ry + Ry < min{I(U, X1; Ya), I(U; Z1|X0)} + (X3 1| X1, U)
ot 2 est l'ensemble de toutes PDs Pyx,x satisfaisant U & (X1,X) o (Y1,21,Y2) ou la
cardinalité de VA auziliaire U satisfait | % | < || Z°||[| 21| + 2.

Les théoremes suivants fournissent des bornes extérieures et intérieures sur la région
de capacité de BRC-CR dégradé.

Theorem 9 (BRC-CR dégradé) la région de capacité €prc.cr de BRC-CR dégradé

est inclue dans l'ensemble de débits (Ro, Ry) satisfaisant
Chic.on= U {(Ro >0,R >0):
Pyx,x€2
Ry <I(U;Y2),
Ry <min {I(X; Z1|X1,U), 1(X, X1; Y1|U) },
Ry + Ry <min {I(X; Z1]X1),I(X, X1§Yl>}}v

ot 2 est l'ensemble de toutes PDs Pyx,x satisfaisant U & (X1, X) © (Y1,721,Y2) ou la
cardinalité VA auziliaire U satisfait | || < || Z°||[| 21| + 2.

Il n’est pas difficile de voir que, en appliquant la condition dégradée, la borne supérieure

de Théoreme 9 est inclus dans celle de Théoreme 7.
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Theorem 10 (BRC-CR dégradé) La borne intérieure sur la région de capacité Zprc.cr C
¢Bro-cr de BRC-CR est donnée par 'ensemble de débits (Ro, R1) satisfaisant

HBRC-CR = €O U {(Ro >0,R >0):

Pyyx,x€2
Ry <I(U,V;Ys) — I(U; X1|V),
Ro + Ry <min {I(X; Z1|X1,V), I(X, X1; Y1)},
Ro+ Ry <min {I(X; Z1|X1,U,V), (X, X1;: Y1|U, V) }
+I(U,V:Y) = I(U; X1 |V) |

ot co{-} signifie l’enveloppe conveze pour toutes PDs dans 2 vérifiant

Puvx,x = Pxjux, Px,ujvPv

avec (U, V) © (Xl,X) © (Yl,Zl,Yg).

Remark 8 Dans la borne précédente V' peut étre intuitivement pris comme [aide de relais
pour Ro. La partie délicate est comment partager I’aide de relais entre les informations
communes et privées. D’une part, le choiz de V = 0 enléverait l’aide de relais pour les
informations communes et alors pour le cas de Y1 = Yo il impliquerait que l'aide de relais
n’est pas exploitée et ainsi la région sera sous-optimale. Alors que le choiz de V = X3
causera un probléeme semblable quand Yo = (0. Le code pour les informations communes ne
peut pas €tre superposé sur le code de relais entier parce qu’il limite l’aide de relais pour
les informations privées. Une solution est de super-imposer le code commun d’information
a une variable aléatoire supplémentaire V' qui joue le role de l'aide de relais pour les
informations communes. Pourtant cela provoque un autre probléme. Maintenant que U
n’est pas superposé sur Xy, ces variables n'ont plus de dépendance compléte et alors la
borne extérieure ne tient pas pour le canal. Pour résumer, le codage de Marton enléve le
probleme de la corrélation avec le prixz de déviation de la borne extérieur, c’est-a-dire les
termes négatifs dans les bornes intérieures. C’est la raison principale pourquoi les bornes

ne sont pas serrées pour BRC dégradé avec le relais commun.

2.7 BRC Gaussien dégradé avec relais commun

D’une facon intéressante, les bornes intérieures et extérieures données par Théoremes

10 et 9 arrivent & coincider pour le cas de Gaussien dégradé BRC-CR, Fig. 2.5(a). La
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DECODER 1

Y5
l ?qmmm
A A b

(a) DG-BRC avec relais commun (b) DG-BRC avec coopération partielle

FIGURE 2.5 — BRC Gaussien Dégradé (DG-BRC)

capacité de ce canal a été d’abord dérivée via une différente approche dans [33]. On définit

BRC-CR Gaussien dégradé par les sorties de canal suivantes :

Y1 = X+ X1 + A4,
Yo =X + X5 + 2Ag,
Zi =X+ %

ou la source et le relais ont des contraintes de pouvoir P, P; et A, Ao, 9;[1 sont des bruits
Gaussien indépendants avec les variances Nl,NQ,Nl, respectivement, tel que les bruits
Ai, Ao, ﬂh satisfont les conditions de Markov nécessaires dans la définition 3. Notons qu’il
est suffisant de supposer les récepteurs comme versions physiquement dégradé” du re-
lais et prendre un récepteur comme seulement une version dégradé stochastique® d’autre

récepteur. Cela signifie qu'il y a AL, AU tel que :

M:jﬁ+9\£7
Ao = A + N

et aussi N1 < Ny. Le théoreme suivant tient comme un cas spécial des Théoremes 9 et 10.

Theorem 11 (BRC-CR Gaussien dégradé) La région de capacité de BRC-CR Gaus-

7. Physically degraded
8. Stochastically degraded
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sien dégradé est donnée par

Cpro-on=|J {(Ro >0,R1 > 0):
0<B,a<1

(P + Py +2/BPP) )
a(P+ P, +2y/BPP)+ Ny )’
B <o (a(P + P+ 2\/BPP1))

ou C(x) =1/2log(1l + z).

« et  peuvent étre respectivement interprété comme l’'allocation de pouvoir a la source

pour deux destinations et le coefficient de corrélation entre le code a relais et la source.

2.8 BRC Gaussien Dégradé avec Coopération Partielle

Nous présentons maintenant une autre région de capacité pour BRC dégradé Gaus-
sien avec coopération partielle (BRC-PC), Fig. 2.5(b), ou il n’y a aucune coopération de
destination-relais pour la deuxieme destination et la premiere destination est la version
dégradée de 'observation a relais. De plus la premiere destination est la version dégradée

stochastique de I'observation de relais.

Les relations des entrées et sorties sont comme suit :

Yi=X+ X1 +425,
Yo = X + 2g,
71 =X + 4.

La source et le relais ont des contraintes de pouvoir P, P; et Aj, Ao, 9§[1 sont des bruits
Gaussien indépendants avec les variances Ny, No, Nl et il y a Al tel que A§ = fiﬁ + AL qui
signifie que Y] est physiquement dégradé par rapport Z;. Nous supposons aussi No < N,

entre Y5 et Z1. Pour ce canal le théoréme suivant tient.

Theorem 12 (BRC-PC Gaussien Dégradé) la région de capacité de BRC-PC Gaus-
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sten dégradé est donnée par :

Cproro= | J {(Rl >0,Ry > 0):
0<8,a<1

Ry < max min
B€[0,1]

R2§C<%> };

ot C(x) =1/2log(1 + x).

{C( aBP >,C’ aP + Py + 21/ BaPP },

ap+ﬁl aP + Ny

a et 8 sont comme auparavant. Effectivement la source désigne le pouvoir a.P afin de porter
le message de Y7 et @P pour Y5. Le théoreme est en effet semblable au Théoreme 8 sur la
capacité de BRC semi-dégradé. Ys est le meilleur récepteur donc il peut décoder le message
destiné pour Y7 méme apres étre aidé par le relais. Cela signifie que la premiere destination
et le relais apparaissent tous ensemble comme dégradé a la deuxieme destination. Donc
la deuxieme destination peut correctement décoder 'interférence d’autres utilisateurs et
exploiter completement le pouvoir alloué a cela @P comme on peut voir dans la derniere
condition de Théoreme 12. Notons pourtant que Z; n’est pas nécessairement physiquement

dégradé par rapport Yo qui fait un plus fort résultat que celui de Théoreme 8.

2.9 Résultats Numériques

2.9.1 Source est ignorante de la stratégie coopérative adopté par le relais
2.9.1.1 RC Compound

Considérons d’abord des bornes intérieures et supérieures sur le débit commun pour la

B8P
région DF-CF. La définition des canaux reste le méme. Nous mettons X = U + %Xl
1

et évaluons Corollaire 2. Le but est d’envoyer des informations communes au débit Ry. Il

est facile de vérifier que les deux débit DF sont :

P P, BPP,
a5 + 0 +2 45 d°
/BP ) C Y1 21Y1 Y1 'Z1Y1 }
d5 Nl ) )
zZ1

Rpr <min {C ( (2.4)
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Rpr est le débit atteignable pour la destination Y;. Pour la destination Y5, le débit de CF
I(X; Y, Zs| X5) suit comme

P P
Rep <C . (2.5)
(diQNz ds, (No + N2)>

La borne supérieure du Théoreme 6 se transforme en débit suivant

P Py B PPy

1 1 S TaE TNE @

C = max min{(] 51 P ———+ — .C Y1 21y1 y1 %211 7
0<31,B82<1 d;, N1 dy1 Ny N
P Py Ezppz
1 1 PR TR | et
C|BP — + C b2 2242 Y2 "z2y2 }
d22N2 dZ2N2 ’ N2

(2.6)

Remarquons que le débit (2.5) est exactement le méme comme le débit CF Gaussien [14].
Cela signifie que 'encodage régulier DF peut aussi étre décodé avec la stratégie CF, aussi
pour le cas avec le relais proche du récepteur (semblable & [34]). En utilisant le codage
proposée c’est possible d’envoyer des informations communes au débit minimal entre les
schémas CF et DF Ry = min{Rpr, Rcr} (c’est-a-dire les expressions (2.4) a (2.5)). Pour le
cas d’informations privées, tous paires de débit (Rpr < R}, Rcr < R}) sont admissibles,
ol

R} = o Jnax min {Ri7, Ry Y. (2.7)

RO aP N aP
2 d), Nz + BaP 48 (Ny+ Np) + faP )

Alors (Rpr, Ror) peuvent étre simultanément transmis.

(2.8)

Fig. 2.6 montre I’évaluation numérique de Ry pour le cas de débit commun. Tous les
bruits de canal sont mis au variance d’unité et P = P; = P, = 10. La distance entre
X et (Y1,Y3) est 1, pendant que d,;, = di, d.,y, = 1 —dy, dzy = da, dapy, = 1 —da. le
relais 1 bouge avec d; € [—1,1] et Fig. 2.6 présente des débit en fonction de d;. Mais la
position du relais 2 est supposée fixe a do = 0.7 ainsi Rop qui ne dépend pas de dy, est une
fonction constante de d;. D’autre part Rpr dépend de d;. le débit CF pour Y7 est aussi

tracé qui correspond au cas ol le premier relais utilise CF. Ce cadre sert pour comparer
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FIGURE 2.6 — Débit commun de BRC Gaussien avec stratégies DF-CF

les performances de nos schémas de codage quant a la position du relais. On peut voir que
I’on peut accomplir le minimum entre les deux débits possibles CF et DF. Ces débit sont
aussi comparés a une stratégie de partage de temps naive qui se compose a l'utilisation du
schéma de DF 7% du temps et le schéma CF (1 — 7)% du temps®. Le partage de temps
produit le débit atteignable

Rrg = 021 min{7Rpr, (1 —7)Ror}.

Remarquons qu’avec le schéma de codage proposé les augmentations significatives peuvent
étre accomplies quand le relais est pres de la source (c’est-a-dire. Le schéma de DF est

plus convenable), comparé au plus mauvais cas.

2.9.1.2 RC Composite

Considérons maintenant un modele composite ou le relais est proche de la source avec
la probabilité p (appelez-le comme le premier canal) et proche de la destination avec la
probabilité 1 — p (le deuxieme canal). Donc le schéma de DF est la stratégie convenable

pour le premier canal pendant que le schéma CF joue mieux sur le deuxieme. Pour chacun

9. Il ne faudrait pas confondre le partage de temps dans les cadres compound avec le partage de temps

conventionnel qui produit la combinaison convexe de débit.
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triplet du débit (Rg, R1, R2) nous définissons le débit espéré comme
Ray = RO +pR1 + (1 _p)RZ-

Le débit espéré basé sur la stratégie de codage proposée est comparé aux stratégies conven-
tionnelles. Les schémas de codage alternatifs pour ce scénario sont possibles ou ’encodeur
peut simplement investir sur un schéma de codage DF ou CF., qui est utile quand proba-
bilités sont hautes. Il y a de différentes facons de procéder :

— En envoyant des informations via le schéma DF au meilleur débit possible entre les
deux canaux. Alors le plus mauvais canal ne peut pas décoder et ainsi le débit espéré
devient pHF REF, ou RE% est le débit DF accompli sur le meilleur canal et ppF
est sa probabilité.

— En envoyant des informations via le schéma DF au débit du plus mauvais (deuxieme)
canal et alors les deux utilisateurs peuvent décoder les informations au débit RBi.
Finalement le débit espéré suivant est atteignable en investissant sur seulement un
schéma du code

REF = max {pl3 R, Rz},

— En investissant sur le schéma CF avec les mémes arguments qu’avant le débit espéré

écrit comme

CF __ max pmax min
R, = max {pgFREF, REF |

avec les définitions de (Rg’}?, O, pEE) semblable a auparavant.

Fig.2.7 montre I’évaluation numérique du débit moyen. Tous les bruits de canal sont
mis au variance d’unité et P = P, = P, = 10. La distance entre X et (Y1,Y3) est (3,1),
pendant que d, =1, d.,y, =2, d., = 0.9, d,,, = 0.1. Comme on peut voir, la stratégie de
débit commune fournit un débit tout le temps qui est toujours mieux que le plus mauvais
cas. Pourtant dans un coin les investissements complets sur un débit est mieux puisque la
haute probabilité d’un canal réduit 'effet de 'autre. Basé sur le schéma de codage proposé,
c’est-a-dire 'utilisation du codage privé et du codage commun en méme temps, on peut
couvrir les points de coin et toujours faire mieux que les deux stratégies d’investissements
completes. Il vaut pour noter que dans cette région de coin, seulement les informations

privées d'un canal sont nécessaires.
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Chapitre 3

Stratégie de Codage Sélectif pour

les Réseaux Unicasts Composites

Comme mentionné auparavant, la nature variable avec temps de canaux sans fil, par ex.
en raison d’évanouissement et mobilité d’utilisateur, ne permet pas aux terminus d’avoir
une connaissance complete de tous les parametres de canal impliqués dans la communica-
tion. Particulierement sans feedback les informations d’état de canal (CSI) ne peuvent pas
étre disponible pour les encodeurs. Pendant des années, un ensemble de travaux a été fait
en adressant des aspects tant théoriques que pratiques de problemes de communication en
présence de l'incertitude de canal. Peut-étre, de point de vue de la théorie d’information, le
canal compound d’abord présenté par Wolfowitz [21] est le modele le plus important pour
s’occuper de I'incertitude de canal, qui continue a attirer une grande partie d’attention
des chercheurs (voir [35] et les références 1a). Les modeles composites sont plus adaptés
pour s’occuper des scénarios sans fil car ils adressent 'incertitude de canal en présentant
un PD Py sur les canaux. Ces modeles se composent d’un ensemble de PDs conditionnel
avec I'index 6 de canal actuel - le vecteur de parameétres - tiré selon Py et fixe pendant
la communication. La capacité pour cette classe de canaux a été largement étudiée au
préalable (voir [27] et les références 1a), pour les scénarios sans fil via la notion célebre de
capacité de panne (voir [36] et des références 1) et la coopération ignorant des canaux de

Gaussien évanouissement dans [28,37, 38].

Ici nous enquétons sur le canal a relais composite ol 'index 0 € @ de canal est tiré
au hasard selon Py. Le tirage de canal 0 = (6,,0,) reste fixe pendant la communication,

pourtant il est inconnu a la source, completement connu a la destination et partiellement

41
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connu 6, au relais. Bien qu’une approche compound puisse garantir une probabilité d’er-
reur asymptotiquement zéro sans tenir compte de 6, il serait pas un choix adéquat pour
la plupart de scénarios sans fil ou I'index du canal le plus mauvais possible résulte a un
débit non-positifs. Une différente approche a ce probleme qui est surtout préféré quand
on s’occupe des modeles sans fil consiste au choix du débit de code r sans tenir compte
de I'index de canal actuel. Alors I’encodeur ne peut pas nécessairement garantir - peu im-
porte la valeur de r - une probabilité d’erreur arbitrairement petite. En fait, la probabilité
d’erreur asymptotique deviennent la mesure caractérisant la fonction de fiabilité [39]. De
plus, il se trouve que selon le tirage de parametres de canal, il peut ne pas y avoir une
fonction a relais unique - entre les stratégies coopératives les plus connues - qui minimise la
probabilité d’erreur. Pourtant, puisque CSI n’est pas disponible a tous les noeuds la fonc-
tion de relais devrait étre faite indépendamment de sa mesure de canal et cela deviendra
la limite dans la performance de code. Nous présentons une stratégie de codage originale
ou le relais peut choisir, basé sur sa mesure de canal 6., la stratégie de codage adéquate.

A ce but, les débits atteignables sont d’abord tirés pour le réseau a deux relais avec la
stratégie de codage mélangée. Cette région améliore la région atteignable pour les réseaux
a deux relais avec les stratégies mélangées dans [14]. En fait, il est montré que le méme code
pour ce réseau a deux relais marche aussi pour le canal a relais composite ou on permet
que le relais choisisse DF ou CF. Ici la source envoie 'information sans tenir compte de
la fonction a relais. Plus spécialement, nous montrons que le récent schéma CF de [40]
peut simultanément étre utilisé avec le schéma DF. En outre, seulement CSI du canal de
source-a-relais est nécessaire pour décider - a relais - de la fonction de relais adéquate.
Donc le relais n’a pas besoin de savoir CSI complete pour décider de la stratégie efficace.
Cette idée peut étre prolongée aux réseaux composites généraux avec les multiple relais.
A ce but, un codage semblable devrait étre développée tel qu’il peut étre choisi si un relais
dans le réseau utilise DF ou CF. La région atteignable est présentée laquelle généralise
NNC au cas de stratégie de codage mélangée, c’est-a-dire tant DF que CF. Il est aussi
montré que les relais DF peuvent exploiter I’aide des relais CF en utilisant codage de offset

dans les relais.

3.1 Définition de Probléme

N . . N . [e.¢]
Le canal a relais composite se compose d'un ensemble de canaux a relais { Pyn zn | xnx7, }n_l
T T -

indexé par les vecteurs de parametres 6 = (04,0,) avec (04,0,) € @, ou 0, € 6, dénote
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tous les parametres affectant la sortie de relais et 6; € @4 sont les restes des parametres
impliqués dans la communication. Prenons Py une mesure de probabilités collective sur
6 = B4 x O, et définissons chaque canal par PD conditionnelle {PY1 0710, 1 XX, @ XXX —
Vi X Zl}. Nous supposons un canal a relais sans mémoire qui implique la décomposition

suivante
n

Pyp g, 1xnxy, Uy zilz,2) = T Priozio, 1x X100, (w1s 21 ]2, 1),
i=1

ou l'entré de canal est dénotée par z = (x1,...,2,) € X", lentré de relais par z; =
(x1,1,-..,%1,n) € AT, les observations de relais par z; = (z1.1,...,21,n) € 27 et les sorties
de canal par y, = (Y1,1,---,Y1n) € Vi. Les parametres de canal affectant le relais et
les sorties de destination 6 = (60,,0,) sont tirées selon la PD collective Py et restent
fixent pendant la communication. Pourtant, le tirage spécifique de 6 est supposée inconnue
a la source, completement connue a la destination et partiellement connu 6, au relais.
Remarquons que 6, est suffisant pour savoir PZ%T' XnX7, et alors le relais connait ! tous

les parametres a son propre canal.

Definition 4 (code et débit atteignable) Un code-C(n, M,,r) pour le canal a relais
composite se compose de :
— Une fonction d’encodeur {p : My, — X"},
— Une fonction de décodeur {¢g : Y — My},
— Un ensemble des fonctions de relais {f@gr : Z{;l — Xl}?zl, pour un ensemble de
messages uniformément distribués W € M, = {1, e ,Mn}, Notons que seulement
CSI partielle au relais est supposé (désigné par 6,.) laquelle est en principe basé sur
le lien source-relais.
La probabilité d’erreur 0 < ¢ < 1 est r-atteignable, s’il y a un code-C(n, M,,r) avec un

débit satisfaisant

1
liminf —log M,, > r (3.1)
n—oo N
et la probabilité d’erreur moyenne
limsup Eg [Pr{¢o(Y]§) # W|0}] <e. (3.2)

n—oo

Linfimume de toutes la probabilité d’erreur r-atteignable €(r) est définis comme

é(r) =inf{0 < e <1 : € is r-achievable} . (3.3)

1. Nous insistons qu’il n’y a aucune perte de généralité en le supposant parce que l'index 6 est fixe
pendant la communication et ainsi chaque destination peut tout & fait savoir ses propres parametres de

canal.
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Nous insistons que pour les canaux satisfaisant la propriété de converse forte la quantité
(3.3) coincide avec la définition ordinaire des probabilité de panne, qui tournent pour étre

(asymptotique) une probabilité d’erreur moyennes.

3.2 Bornes sur la probabilité d’erreur moyenne

Dans le cadre présent, nous supposons que la source n’est pas consciente du tirage
spécifique 0 ~ Py et alors, le débit du code r et la stratégie du code - par ex. DF ou
CF - doivent étre choisis indépendamment du tirage de canal. En outre, tous les deux
restent fixes pendant la communication sans tenir compte de la mesure de canal au relais.
Nous voulons caractériser la probabilité d’erreur moyenne la plus petite possible définie
par (3.2), en tant que fonction du débit du code r. Dans le travail récent [38], il a été

montré que la probabilités d’erreur moyenne €(r) peut étre borné comme suit
Py(r € Sp) < é(r) < igf]P’e(E ¢ Ro(P)), (34)
ou Sy est la borne flot-max coupe-min
So = min {1(X; Z19, Y10[X10,), /(X X10,; Y10}

et Ry est un débit atteignable pour le canal a relais pour 6 donné et ¢ est I’ensemble de

toutes les fonctions d’encodage .

3.2.1 Décoder-et-Transmettre (DF) et Comprimer-et-Transmettre (CF)

Supposons d’abord que le schéma DF est choisi et ainsi la probabilité de panne de-
viennent une borne supérieure en la probabilité d’erreur moyenne, qui sont données par
PY(r) = {nin)]P’e [r > min{I(X; Zip, | X1), (X X1;Yi0)}]. (3.5)
plz,z1
Remarquons que puisque la source ignore 6 = (0,.,0,4), et p(z,x1) doit étre connu tant au
relais qu’a la source, alors p(x1) ne peut pas étre de facon indépendante optimisé sur 6,
au relais pour minimiser la probabilité de panne.
Considérons maintenant le cas de CF, pour lequel la source n’a pas besoin de savoir
p(z1). Donc le relais peut choisir p(z1) pour minimiser la probabilité de panne conditionnée

par chaque 6,.. Ce processus se poursuit en deux étapes d’optimisation , et en utilisant le
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codage de réseau bruyant [18], la probabilité de panne de schéma CF s’écrit comme

P (r) = min Eo, min Poje, [ > min{/(X; Z1 Yie| X14,Q),
p(z,q) p(z1lg)p(21]21,21,9)

I(X X10,5101Q) — I(Z10,5 21X X10, Yie@)}0/] |
(3.6)

Alors il est facile de voir que la stratégie minimisante la probabilité de panne fournira la
borne supérieure la plus serrée sur la probabilité d’erreur moyenne. De (3.4), il tient pour

tout le débit r que
é(r) < min { P2 (1), PCF(T)} . (3.7)

out out

La question centrale qui survient ici est de voir si la probabilité d’erreur (3.7) peut étre
améliorée selon quelque stratégie de codage élégante. Spécialement, le relais choisirait la
meilleure stratégie instantanément selon sa mesure de canal 6,. A ce but, le code de source
devrait étre capable d’étre utilisé simultanément avec DF et CF. Dans la section suivante,
nous prouvons d’abord un débit atteignable pour le réseau a deux relais ot un noeud de
relais emploie le codage de DF tandis que l'autre utilise CF et ensuite en comptant sur

cette codage nous présentons la Stratégie de Codage Sélectif (SCS).

3.2.2 Stratégie de Codage Sélectif (SCS)

Considérons le canal a deux relais comme montré dans Fig. 3.1. Ce canal est caractérisé
par PD conditionnel {PY1Z1Z2|XX1X2 A XX X Xy — Y X 21 X Zz} pour toute entré
de source x € X, 'entré de relais x1 € A} et xo € Xy, la sortie de canal y; € ), les sorties
de relais z; € 2 et z9 € Z,. Le débit atteignable est défini comme d’habitude pour ce
canal. Le théoreme suivant fournit une borne intérieure sur la capacité de ce canal o1 une

fonction & relais utilise le schéma DF tandis que 'autre exécute CF.

Theorem 13 (réseau a deux relais) Une borne intérieure a la capacité de réseau a

deuz relais est donnée par tous les débits satisfaisant

R < maxmin {I(X; 71 X1Q), max {I(XXl; Yil0Q),
€

min [I(XXl; ZoY1|X20), [(X X1 Xo: Y1|Q) — I(Zo; 22|Y1XX1X2Q)} }}

(3.8)
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Z Q X, Zy O X5
JDF >~ _ TCF,
’ S~ D
/ . ~<
/ P ~ -~
/ Se
/ Se
/ Sa
X (source) Y1 (destination)

FIGURE 3.1 — Réseau a deux relais
et l’ensemble de toutes PDs admissible P est défini comme

7) = {PQX2X1XY1Z12222 = PQPX2|QPXX1|QPY1Z1Z2|XX1X2QP22|X2Z2Q}'

La preuve de Théoreme 13 est fondée sur le codage de superposition, les schémas DF
et CF, le décodage collectif et en arriere a la destination.

Le deuxiétme maximum dans (3.8) détermine si le deuxiéme relais, qui utilise CF,
augmente vraiment le débit ou il est mieux de l'ignorer. On peut voir dans la preuve que

le relais 2 augmente le débit si la condition suivante tient :
I(X5;Y1|XX1Q) > I(Zs; Z5|V1 X X1 X5Q) (3.9)

Notons que la région dans Théoreme 13 améliore la région dans [14] en n’utilisant pas CF
au relais quand son lien est trop bruyant et en utilisant le codage de réseau bruyant qui

améliore la contrainte de CF & (3.9).

Remark 9 Le code de source X est superposé sur le code X1 de relais DF. Observons les
deux derniers termes dans (3.8). Ces expressions sont la condition de décodage réussi a la
destination tandis que le premier terme est la condition de décodage réussi de X1 pour le
premier relais. Si on compare les deux derniers termes avec le débit ordinaire de CF, on
peut voir qu’ils ont la forme semblable avec la différence mineure que le code de source X

a été remplacé par le paire (X, X1).

Considérons ensuite un scénario pour lequel le premier relais X; n’est pas présent mais la
source utilise toujours le codage de superposition. Dans ce cas-la, nous nous occupons d’un
canal a relais simple, le schéma CF & relais et la superposition du code a la source. Suivant

presque les mémes lignes que la preuve de Théoreme 13, les débit atteignables peuvent étre
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développés pour ce cas, mais il n’y a aucun besoin pour la condition de décodage réussi
de X7 au relais 1 parce qu’'un tel relais n’est pas présent. Alors nous recevrions seulement
les deux derniers termes dans (3.8) comme le débit final. Cette observation signifie que la
superposition du code via (X, X1) accomplit le méme débit d’habitude de CF avec le paire
(X, X1) au lieu X. Apres Papplication des chaines de Markov nécessaires, il se trouve que
la région finale reste intacte. Autrement dit, le code de DF peut simultanément étre utilisé
avec le schéma CF sans n’importe quelle perte de performance. Basé sur cette remarque,
le résultat suivant pour le canal & relais composite peut étre tiré (voir la définition 4).
Nous ferons allusion & cela comme la Stratégie de Codage Sélectif (SCS) et nous verrons

qu’il peut davantage améliorer la borne supérieure sur la probabilité d’erreur moyenne.

Corollary 4 (SCS avec CSI partielle a relais) La probabilité d’erreur moyenne de ré-

seau & relais composite avec CSI partield, a relais peut étre borné par

e(r) < i inf Eg <P > Ipr, 0, € Dpp|0
G(T)_p(gﬁqw;&@r er{ o0, [ > Ipr, 0, € Dpp|6,]

min  Poo,[r > Ior, 6, ¢ Dpr|6,]} (3.10)

p(x2|q)p(22|r2,21,9)

ou (X1, X3) référe a l'entrée correspondante de relais choisit comme suit

X 0, € D
X9, = ! o PE denote
X2 S 97‘ ¢ DDF
et Ipp, o sont définis par
Ipp = min {I(X; Z19,|X1Q), (X X1;Y10|Q) }, (3.11)
Iop = max {min [1(X; Z2Y10]X2Q), I(X X3 Vi) — I(Z10,; Zo|Yi0 X X2Q)], I(X; Yw)} .
(3.12)
De plus, la région de décision optimale dans (3.10) est donnée par ’ensemble
br=1{0, €6, : I(X;Z19,|X1Q) > r}. (3.13)

La preuve de Corollaire 4 est une conséquence directe de la preuve de débit atteignable
dans Théoreme 13 et quelques subtilités. Tout d’abord, nous insistons que le méme code
proposé dans Théoreme 13 peut étre utilisé pour le cadre de canal a relais composite.
Fondamentalement, le relais a deux ensemble de livre de codes X et X3 et il envoie X9, =

Xj quand la condition 6, € Dpp tient et autrement il envoie X1y, = Xa. Evidemment, X3
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correspond a DF pendant que X» correspond CF. Donc, puisque la probabilité d’erreur
peut étre rendues arbitrairement petites pour chaque fonction a relais, comme montré dans
Fig. 3.1, alors la source n’a pas besoin de savoir la fonction a relais spécifique exécutée.
Avec cette technique, le relais peut choisir la stratégie du code selon sa mesure de canal

0., qui doit améliorer la probabilité d’erreur générale.

Deuxiemement, remarquons que pour le cas de CF il peut y avoir la condition sup-
plémentaire (3.9) pour le décodage. Pourtant, puisque la destination est savant de 6 et
par conséquent de la stratégie du code, il peut prendre conscience si la condition (3.9) est
satisfaite ou non. Dans le cas ou il échoue, la destination traitera la contribution de relais
comme le bruit - sans exécuter son décodage - et ensuite la condition pour le décodage

erroné simple devient {r > I(X;Yyp)}.

Nous remarquons que SCS est au moins aussi bon que les schémas DF ou CF tout
seul. D’autre part, il peut étre montré qu’en général le meilleur choix pour Dpp est la
région pour laquelle le relais peut décoder le message de source. Parce que I(X Xs; Y1)
est la borne de flot-max coupe-min et c’est plus grand que I¢op, ainsi si r est plus grand
que I(X Xo;Y1g) alors ce sera plus grand que Iop aussi. Donc quand le décodage au relais
est réussi, le schéma CF ne peut pas faire mieux que DF et, alors le choix optimal est
le schéma DF. En fait, CSI complete au relais n’est pas nécessaire de se décider pour le
meilleur schéma coopératif et CSI sur le lien de source-a-relais est suffisante a ce but. CSI
complete quand méme améliore davantage la description de codage de source que le relais
envoie a la destination. Cela produit le résultat suivant qui est une extension de Corollaire

5.

Corollary 5 (SCS avec CSI complete a relais) La probabilité d’erreur moyenne de

réseau a relais composite avec CSI compléte 6 = (0,.,0,) au relais peut étre borné par

E(T‘) < min inf {Pe [T > IDF7 0, € ’DDF} + Py [7‘ > [CF; 0, §§ DDF]} (3.14)
p(z,21,9) PorCOr

ot (X1, X2) réfere a entrée correspondant de relais choisit comme suit

X1 st 0, € Dpp
X6, = .
X5 si 0, ¢ Dpr
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et Ipp, o sont définis comme

Ipp =min {I(X; Z19,|X1Q), (X X1;Y10|Q)}, (3.15)
Iop = max min {1(X; ZoY10|X2Q), I(X Xo; Y10|Q) — I(Z1g,; Zo| Y10 X X2Q) }.
p(x2lq)p(22]w2,21,q)
(3.16)
De plus, la région de décision optimale dans (3.14) est donnée par ’ensemble
br=1{0, €0, : I(X; Z19,|X1Q) > r}. (3.17)

La preuve de Corollaire 5 découle facilement des mémes lignes que Corollaire 4. Quand
méme, il vaudrait pour dire en passant ici que puisque CSI compleéte est disponible au
relais, 'entré de relais peut étre optimisée sur 6 = (0,.,6,) et ensuite Icp ne peut jamais

étre moins que la capacité du lien direct de source-a-destination.

3.3 Réseaux a Multiple Relais Composite

Dans cette section, d’abord une région atteignable est présentée pour les réseaux a
multiple relais avec une destination et une source simples o1 une partie des relais utilise
DF et les restes utilisent CF. Le résultat est utilisé pour prouver la stratégie de codage
sélective pour les canaux de multiple relais composites.

Le canal a multiple relais composite se compose d’'un ensemble de canaux a multiple

relais dénoté comme suit :

o0

Wy = P .
{W; Y0210, 230,480, 1 X" XT 0, X350, X0, }n:1

Semblable au cas de canaux a relais simples, ils sont indexés par les vecteurs de parametres
0 =(04,0,) avec 04,0, € @, ou 0, dénote tous les parametres affectant la sortie des relais
et 6, sont les autres parametres impliqués dans la communication. Supposons Pg d’étre

une mesure de probabilité sur © et définissons chaque canal par PD conditionnel
{PYLeZl,GT-~ZN,GT|XX1,GT--~XN,GT . Xl X ... X XN — y1 X Zl X ... X ZN}

Nous supposons de nouveau un canal a multiple relais sans mémoire.
Les parametres de canal affectant le relais et les sorties de destination 6 = (0,,04)

sont tirés selon la PD collectif Py et restent fixe pendant la communication. Pourtant, le



50 STRATEGIE DE CODAGE SELECTIF POUR LES RESEAUX UNICASTS COMPOSITES

tirage spécifique de 0 est supposée pour étre inconnue a la source, complétement connue

a la destination et partiellement connu (6,) au relais.

Definition 5 (code et débit atteignable) Un code-C(n, M,,r) pour les réseaux a mul-
tiple relais composite se compose de :

— Une fonction d’encodeur {p : My, — X"},

— Une fonction de décodeur {¢g : Y — My},

— Un ensemble de fonctions de relais {fi’;i : Z,i_l — Xk}n for k € N. Seulement
CSI partielle dans le relais sont supposé (désigné par 6,.) llcz:qluelle est basé sur le lien
source-relais.

La probabilité d’erreur 0 < e < 1 est dite r-atteignable, si il y a un code-C(n, M,,r) avec

un débit satisfaisant

1
liminf — log M,, > r (3.18)
n—oo n
et la probabilité d’erreur moyenne
limsup Eg [Pr{¢o(Y]3) # W|0}] <e. (3.19)

n—oo

Linfimum de toutes probabilités d’erreur r-atteignable €(r) est défini comme
€(r) =inf {0 < e <1 : € is r-achievable} . (3.20)

Nous insistons que pour les canauz satisfaisant la propriété de converse forte? (3.20)
coincide avec la définition des probabilité de panne, qui sont (asymptotiquement) une pro-

babilité d’erreur moyenne.

Supposons que N = {1,..., N} et pour chaque S C N, Xs = {X;,7 € S}. Dans une

maniere similaire, €(r) peut étre borné par :
Py(r € Sp) < €(r) < inge(E ¢ Ro(d)), (3.21)

oll Ry est un débit atteignable pour le réseau unicast pour 6 donné, et Sp est 'infimume
de tous les débits tel que chaque code avec tel débit produit la probabilité d’erreur tendant
vers un, et ¢ est 'ensemble de toutes les fonctions d’encodage ¢. On peut montrer que Sy

peut étre remplacé par la borne flot-max coupe-min.

2. Strong Converse Property
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3.3.1 Réseaux a Multiple Relais

Avant borner I'erreur espérée pour le modele composite, nous regardons le canal & mul-
tiple relais caractérisé par {Pyln ZnZp. 2| XnXPXD . X}b}zozr Ce canal n’est pas composite
et donc connu a chaque utilisateur. Le théoreme suivant présente une borne intérieure sur
la capacité de canaux a multiple relais qui généralise la borne précédente de NNC sur les

réseaux a multiple relais.

Theorem 14 (Codage de Réseaux Bruyant Mixé) Pour le réseauz o multiple re-

lais, le débit suivant est atteignable :

= '{'R S), min I(X; Zi| Xye } 3.22
= PEP veareroy L ser 7(S), min I( [ XveQ) (3.22)

ot

R7(S) = I(XXyeXs; Zs:Y1|X5eQ) — I(Zs; Zs| X Xy ZsY1Q),
pour TCV CN et V=N -V, 8 =T —S8. Comme convention prenons miny = +00.
En plus T (V) est défini comme :

T(V)={T CV: pour tousS C T,Q71(S) > 0}, (3.23)
ot Qr(S) est défini comme :
Q7(8) = I(Xs; ZseV1|X XseupeQ) — 1(Zs; Zs| X X1uye ZseY1Q).
L’ensemble de toutes les distributions admissibles P est défini comme :

P = {PQXXNZNZNY1 = PoPxxyel@PrizyxxpQ H PXj\QPZj\XijQ}'
JEV

Remark 10 Il peut étre montré en utilisant la méme technique que [41] que 'optimisation
dans (3.22) peut étre refaite sur T CV au lieu T € T (V). Ainsi (3.22) peut étre réécrit

comme suit :

fi= in { min R7(S). min I(X; Z[X:Q) }. 3.24
< max max minq min Br(S), min I(X; Z;| XyQ) (3.24)

Pour démontrer cela, Il est suffisant de prouver que (3.24) est inclus dans (3.22). Au-

c

trement dit il est suffisant de montrer que chaque T C V dans T (V) n'affecte pas le



52 STRATEGIE DE CODAGE SELECTIF POUR LES RESEAUX UNICASTS COMPOSITES

maximum dans (3.24). D’abord ’égalité suivante peut étre vérifiée, en utilisant la méme
idée que [41], pour ACS C T :

R7(S) = Rrnae(S N A%) + Q1 (A). (3.25)

Maintenant pour chaque T CV et T € T(V), selon la définition, il y a A C T tel que
Q7(A) <0 . De (3.25), on peut voir que pour chaque S C TA¢, RT(SUA) < Rraac(S),
qui signifie qu’en remplacant T avec T NAC on augmente le débit final. Autrement dit pour
chaque T CV et T e T(V), ilyaT CT CV, pas nécessairement en T (V)¢ tel que la
région en ce qui concerne T’ est augmentée; ce qui finit la preuve.

La conséquence de cette observation est que pour chaque T et A C T, tel que Q1 (A) <
0 il est suffisant d’ignorer ces relais dans A et ne pas utiliser leur compression. La région

(3.24) est plus facile d’étre traitée particulierement dans le cadre composite.

Dans le théoréme précédent en choisissant V = N, le théoréme réduit & la région SNNC
comme dans [41,42] qui est équivalent a la région NNC [18]. Donc le théoreme 14 généralise
et inclut le schéma NNC précédent et il fournit une région potentiellement plus grande.
Par exemple pour le canal a relais dégradé simple il accomplit la capacité qui n’est pas le
cas pour NNC. En fait les relais sont divisés en deux groupes. Les premiers groupes dans
V¢ utilisent DF et ceux dans V utilise CF. Pourtant un ensemble 7 de relais dans V¢ peut
étre utile et augmenter le débit seulement s'ils satisfont conjointement (3.23). Sinon il est
mieux de les considérer comme bruit.

La preuve est en général inspirée par la preuve du théoreme 13 dans le sens qu’au lieu
X1, X9, nous avons Xye, Xy.

Dans le théoreme précédent, il n’y a aucune coopération entre les relais de DF et
CF. Plus particulierement les relais qui utilisent DF, ceux dans V¢ décodent le message
de source seul et sans n’importe quelle aide d’autres relais comme on peut voir dans la
région. Pourtant il est possible que les relais dans V¢ utilisent I’aide d’entre ceux dans V en
décodant les indices de la compression transmise. Cela signifie que chaque relais dans V¢
agit comme une destination potentielle et utilise un schéma NNC semblable pour décoder

le message de source. Le théoreme suivant prouve ce résultat pour ce réseau.

Theorem 15 (Codage de Réseau Bruyant Mélangé Coopérative) Pour les réseaux

a multiple relais , le débit suivant est atteignable :

R < max max min < max min R7(S), min max min Rg]f) (S)) : (3.26)
PeP VCN Ter(V)SCT keEVE TeT (V) SCT k
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R (8S) = (X XyeXs; ZseY1|X5eQ) — I(Zs; Zs| X X1y 25 Y1Q),
avec (S¢=T —S), et
R(k) (S) = I(X; Z7, Z1| Xve X1,Q) + [(Xs; Z1| XveuseQ) — [(Zs; Zs| XveuT, Zse Zi Q)

avec (8¢ =T — S), pour T, T, CV C N et V¢ =N = V. En plus T(V) et Ti(V) sont

définis comme suit :

TV)={T CV: pour tous S C T,Q7(S) > 0},
1.(V) ={T CV: pour tousS C T, Q(k) (S) > 0} (3.27)

ot Q7(S) et Q%’f)(S) sont définis comme suit :

Q7(S) = I(Xs; ZseY1|X XseyeQ) — I1(Zs; Zs| X XruyeZseY1Q),
Q(Tk) (S) = I(Xs; Zi| XveuseQ) — I(Zs; Zs| X Xveur Zse ZikQ).

L’ensemble de toutes les distributions admissibles P sont définis comme auparavant.

La seule différence en ce qui concerne le théoreme 14 est que les relais DF utilisent le
codage de réseau bruyant pour décoder le message de source. A ce but les relais de CF
n’utilisent pas la technique de binning et les relais de DF utilise le décodage simultané de
message et index de compression en utilisant le décodage en avant?. Pour le reste, nous
faisons quelques observations sur le théoreme précédent.

Notons que R%? (S) est strictement moins que la situation o NNC est utilisé dans
le relais en utilisant le décodage en arriere. La raison comme discuté dans [42] est que
l'augmentation dans NNC est accomplie en retardant le décodage. Dans les relais qui
utilisent DF, retardement du décodage n’est pas possible et c’est la raison derriére la perte
dans le débit.

De plus apres 'argument semblable dans la remarque 10, 'optimisation dans (3.26)

peut étre faite sur les sous-ensembles de V au lieu 7°(V). Cela donnera la région suivante :

R < max max min (max min R7(S), min _max min R(T)(S)> (3.28)
PEP VN TCV SCT kEVE TLeT, (V) SCT, 'k

3. Forward Decoding
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Prenons finalement un réseau ou tous les relais utilisent CF. Pourtant la destination utilise
le décodage en avant au lieu du décodage en arriere qui est la méme méthode de décodage
que la méthode de décodage des relais DF dans le théoreme 15. Comme conséquence du
théoreme 15, nous pouvons obtenir une région atteignable avec le décodage en avant pour

ce réseau qui est le corollaire suivant.

Corollary 6 La région suivante présente une borne intérieure sur la capacité des réseaux

a multiple relais :

R <max max min RFP(S), (3.29)
PEP TCT(N) SCT

ot
REP(S) = I(X; Z1i| X7Q) + [(Xs; V1| Xs5:Q) — I(Zs; Zs| X725:Y1Q) (S=T —S).
En plus T(N) est défini comme suit :
TN) = {TCN: pour tousS C T,Q7(S) > 01, (3.30)
0t Qr(S) est défini comme :
Q7(8) = I(Xs;V1|X5:Q) — I(Zs; Zs| X X7 Zs:V1Q).

La région précédente n’est pas aussi bonne que la Codage de Réseau Bruyante, & cause du
décodage en avant mais pourtant c’est potentiellement mieux que l'utilisation de binning et
d’autres techniques de décodage en avant [42]. Particulierement la condition qui détermine

la région d’optimisation dans [42], c’est-a-dire Q5(S) > 0 est définie comme suit :
Q5 (8) = I(Xs; V1| X5:Q) — I(Zs; Zs| X7 Z5:V1Q).

Cela créera une plus petite région d’optimisation que 7°(N) parce que :
1(Zs; Zs|X1ZsY1Q) > 1(Zs; Zs| X X725 Y1Q).

Donc le décodage en avant et simultané sans binning agit potentiellement mieux que le

décodage en avant simultané avec binning.

3.4 Reéseaux a Multiples Relais Composite

Apres trouver les débit atteignables pour les réseaux a multiple relais, nous bougeons
aux réseaux composites. Supposons que les parametres de canal affectant des relais et des

sorties de destination sont 6 = (8,,04). Les relais sont indexés par N' = {1,..., N}.
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1 2 .
(x02.%2) 0, e 23]

(x0.x) 0. ¢ Dy |

2
X2

FIGURE 3.2 — Réseau Composite & Multiple Relais

3.4.1 Stratégies de Codage Non-Sélective

L’option commune est que chaque relais fixe sa stratégie de codage (Décoder-et-Transmettre
ou Comprimer-et-Transmettre) sans tenir compte de 0. Autrement dit V est choisi au préa-
lable. Cela aboutit a la borne suivante sur la probabilité d’erreur espérée pour les canaux

a multiple relais composites avec CSI partielf, aux relais :

€(r) < inf min E min P r> 1 V)0 3.31
( )_VQNP(%WC,Q) er{Hjevp(xj|Q)P(2j|ijjQ) o | onne(V) T]} (3:31)

et Ininne (V) est définis comme suit (0 = (0,,04)) :

L . . (k)
Iemnne (V) = min (g@gg glglngr(S, 6), min S min RE(S, 9)) : (3.32)

avec

R7(8,0) = I(XXyeXs; ZseY10| X5cQ) — I(Zse.: Zs| X Xrupe ZseY1eQ) (8¢ =T —8),
R%? (Sv e) = I(X, ZATk Zk:ST|XVCX'TkQ) + I(XS; Zk9T|XVCUSCQ)
_I(ZS§ZSGT|XVCU7}CZSCZI€9TQ) (SC = 776—8)

pour 7,7 CV C N et V¢ =N — V. Similairement 7%()) est définis comme suit :

7:(V)={T CV: pour tous SC T, Q%’f) (S,0,) >0} (3.33)
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(k)

ot Q+'(S,0,) est définis comme suit :

QW(8,8,) = I(Xs; Zio, | Xveus: Q) — I(Zs; Zso.| X Xveur Zse Zro, Q).

On peut voir que seulement les relais de CF peuvent adapter la distribution de proba-
bilité de la version comprimée de la sortie du canal et les autres relais doivent fixer tant
leur codage que sa distribution sans tenir compte de CSI disponible pour eux. Comme
nous avons vu en cas de canaux a deux relais un codage peut étre développée qui rend

possible pour les relais de choisir leur codage selon CSI disponible.

3.4.2 Stratégie de Codage Sélectif

Semblable au cas de canaux a deux relais, chaque relais a beaucoup de livre de codes,
un pour le cas qu’il utilise Décoder-et-Transmettre et les autres pour le cas de Comprimer-
et-Transmettre. Chaque relais selon son CSI (6,) échange entre son code pour DF et CF.
Nous supposons que 6, est connu a tous les relais. Chaque relais k a une région de décision
Dl()kF) tel que pour tous 0, € D](DkF), le relais k utilise Décoder-et-Transmettre et autrement il

utilise Comprimer-et-Transmettre. Maintenant pour chaque ¥V C N définissons Dy comme

o= (N2t (o)

keye key

suit :

Si 6, € Dy, donc 0, ¢ Dg?ﬂ pour tous k € V et 0, € D]gkl; pour tous k ¢ V. Ainsi le relais

k, pour chaque k& € V utilise CF et le relais &’ pour ¥ € V¢ utilise DF. L’ensemble de
région de la décision de relais fournira ainsi les régions Dy qui sont mutuellement disjoints
et forment une partition sur I’ensemble ©,.. Maintenant si 6, € Dy, nous avons un réseau
a multiple relais ot les relais dans V utilisent CF. Le débit atteignable conforme a ce cas
est connu du théoreme 14.

Regardons Fig. 3.2. Chaque relais a deux livre de codes principaux, X ((,1; et X ((13)) . Le
premier code (X ((;;) est transmis quand 6, € D](Dkbz. Ce code est fondé sur la stratégie DF
donc le relais k£ décode le message de source et le transmet a la destination. Pourtant la
source, ne sachant pas si le relais k£ envoie X ((;)) ou pas, utilise le codage de superposition et
super-impose son code sur X ((,3 . Si le relais k envoie X ((,1)) alors cela deviendra la stratégie
de DF. Pourtant dans ce cas-1a la source doit choisir la distribution mutuelle entre le relais
k et lui-méme a priori sans savoir #,.. Donc la corrélation optimale entre la source et le

relais ne peut pas étre trouvée dans une facon dynamique basé sur 6,.
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D’autre part si 6, ¢ Dgﬂ%, la stratégie de CF est utilisée. Notons qu’a la différence
de DF, le code qui est utilisé pour CF, X ((53, est indépendant du code source et donc sa
distribution de probabilités peut étre choisie dans une facon dynamique basée sur 6,.. Le
choix optimal pour Dy, donnera potentiellement la meilleure probabilité de panne que le
cas ou chaque relais utilise une codage fixe pour tous 6,.. Cette idée résulte au théoreme

suivant.

Theorem 16 (SCS avec CSI partielle) La probabilité d’erreur moyenne de réseaur a

multiple relais composite avec CSI partielf, dans les relais peut étre borné par

é(r) < min in
p(w,w_(,\lf),q) {Dv,VEN}GH(@T,N)

Z Eer Qmin ) Pewr [7’ > IMNNC(V); 0, € 'Dy|er]}
VN [Tiev p(1’§ >|q)p(2j\r§- )2;q)
(3.34)

II (©,, N) est l’ensemble de toute partition de ©, d au maximum 2N ensembles disjonctifs.

Iynne(V) est défini comme © = (0,,04) -
Iynne(V) = max min { gnglgRT(S, 0), min I(X; Zio, | X Q)} (3.35)
avec
R7(8,0) = I(XX\) X$: ZseYiol X5 Q) — 1(Zso,: Zs| X XD X () Z5-Y10Q).

ot (X,gl),XISQ)) référe a l’entrée correspondante de relais choisit comme suit

(1) . k
Xk@ _ Xk: Zf 67“ S DDF (Dk _ U DV)
Xk Zf GT ¢ DDF VCN, kgV

Autrement dit pour 0, € Dy, la chaine de Markov suivante tient :
XPxE o xxWXP 6 vigZy,.

On peut voir que 'utilisation du code de superposition ne change pas Ry (S,0), mais a la
différence du cas de canal a relais simple, la condition de décodage correct aux relais DF
est changée de I(X; ZieT|X)(,1¢)Q) a I(X; Zi9r|X/(\})Q).

Le corollaire suivant présente le cas CSI complete.
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Corollary 7 (SCS avec CSI complete) de La probabilité d’erreur moyenne de réseauz

a multiple relais composite avec CSI compléte dans les relais peut étre borné par

é(r) < min
(1)
p(ac,a:N

Z Py [7“ > IMNN(;(V), 0, € Dy] (3.36)

inf
,q) {Dv.VEN}EII(Or,N) VoA

I (O,,N) est 'ensemble de tous les partitions sur O, a au mazimum 2~ ensembles dis-
jonctifs. Inynno(V) est définies comme suit © = (0,,04) :
Innne(V) = max max min { min R7(S,0), min I(X; Zjp, |XJ(\})Q)}
T ieye

ey 2@ 9)p(z]e'? z1q) TEY S¢

(3.37)

et
R7(S,0) = (XX X Zs:V10| X2 Q) — 1(Zso,; Zs| X XP X P Zs:Y10Q),

ou (X,gl),X;?)) référe a l’entrée correspondante de relais choisit comme suit

(1) ' k
v () ; k DF
X if 0r & Dpr VCN kgV

La preuve du corollaire reste le méme comme le théoreme 16 avec cette différence que
les relais qui utilisent CF, peuvent choisir la distribution de probabilités optimale pour la
compression en sachant tant 6, que 6.

Le théoreme 16 et le corollaire 7 peuvent étre changé au cas qu’au lieu du schéma
atteignable du théoreme 14, le codage de réseau bruyante mélangé coopératif du théoreme
15 est utilisé. Nous exposons le théoreme suivant sans preuve qui sera utilisée dans la

section suivante.

Theorem 17 (SCS avec CSI partielle-Relais Coopératifs) La probabilité d’erreur moyenne

de réseaux a multiple relais composites avec CSI partielp, dans les relais peut étre borné
par

€(r) < min

inf
p(aaD q) {Dv,VENIEI(O:,N)

(3.38)
Z Eer Qmin ) Pewr [7" > ICMNNC(V)7 0, € 'Dvler]}
VoA ey 2z 0)p(2512'? 2q)

(3.39)
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II (©,,N) est l'ensemble de toutes les partitions sur O, a au mazimum 2V ensembles
disjonctifs. Ingnne(V) est défini comme suit © = (0,,04) -
I — . . . (k) ) 4
cmnne(V) = min <r7%>§ gﬂgl,l}RT(S, 0), min S min Ry (5,9)> (3.40)

avec

R7(S,0) = I(X Xve Xs3 Zs-Yie| X5eQ) — I(Zso,; Zs| X XriveZs:Y10Q)  (S°=T —8),
R%’—Z)(S, 0) = I(X; Z7, Zro, | Xve X7,Q) + 1(Xs; Zro, | XveuseQ)
— I(Zs: Zso, | Xveuri 25 Zk0, Q) (S =Ti—S).

pour T, Te CV CN et V¢ =N —V. En plus 1i(V) est défini comme suit :
(V) = {T CV: pour tous S C T,Q¥(S,8,) > 0} (3.41)
ot QE,]-“) (S,0,) est défini comme suit :
Q(TIC)(S, 0,) = I(Xs; Zo, | XveuseQ) — 1(Zs; Zse, | X Xveur Zse Zio, Q).

(X;gl),XIEQ)) référe auzr entrées correspondantes de relais choisit similaire au théoréme 16.

3.5 Canaux a deux relais Gaussiens avec évanouissement

Nous bougeons a un autre exemple qui est le canal a deux relais Gaussien avec éva-

nouissement, Fig. 3.3 défini par les relations suivantes :

Z1 = ho X + ho1 Xo + Nl, (3.42)
Zs = hgeX + h12X4 -I-NQ, (343)
Y1 = ho3 X + h13 X1 + hos Xo +N3, (344)

De la méme fagon N;’s sont les bruits additifs, VAs i.i.d. complexe circulairement sy-
métrique Gaussien avec moyen-zéro. h;;’s sont VAs complexe moyen circulairement symé-
trique zéro indépendant Gaussien qui font la matrice évanouissement H. Le pouvoir moyen
de source X, X7 et X9 ne doit pas excéder des pouvoirs P, P; et P, respectivement. Il
est supposé que la source n’est pas consciente des coefficients évanouissement et des relais
savent tous les coefficients évanouissement sauf h;3’s et la destination est completement
consciente de tous les coefficients évanouissement. Il y a les possibilités suivantes pour

choisir la stratégie coopérative nécessaire
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Z1 : X1 (h12,h21) Zg : X2

X Y
hos

FIGURE 3.3 — Canal a deux relais Gaussien avec évanouissement

1. Codage de DF (DF) : les deux relais utilisent Décoder-et-Transmettre pour trans-

mettre les informations.

2. Codage CF (CF) : les deux relais utilisent Comprimer-et-Transmettre pour trans-
mettre les informations. Pourtant ici la destination peut considérer un ou deux relais

comme le bruit pour prévenir la dégradation de performance.

3. Codage Mélangée : Un relais utilise DF et les autres utilisent CF. Pourtant il y a

deux possibilités ici :

(a) Codage Mélangée Non-coopératif (MC) : le relais de DF décode le message de

source de facon indépendante et sans ’aide d’autres relais.

(b) Codage Mélangée Coopératif (CMC) : le relais de DF exploite la version com-

primée de la sortie de relais CF pour décoder le message de source.

Nous présentons d’abord les débit atteignables pour chacun de ces cas pour un triage donné
de coefficients d’évanouissement en utilisant la formule générale présentée dans la section
précédente. Pour le premier cas nous avons le débit suivant comme la borne intérieure de

la capacité (Py = P) :

|h03|2P + ‘h13|2p1 + ‘hgg‘QPQ + Z Q,Oij\/PinRe{hi;gh;g}
0<i<y<2
N3

1
Ipr(H) =min {5 log | 1+

1 hot|?(1 —B)P\ 1 hoa|?(1 — B)P
§log<1—|——| ol (Nl B) ),Elog(1+—| ] (N2 B) )}, (3.45)
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ou 3 est défini comme suit :

P31t Pha — 2p01p02p12
B = 5 .
1 —piy

En ce qui concerne le second cas, ou tous les relais utilisent le codage de CF, le débit

suivant peut étre atteignable :

1 how |2 hoz)? ho|?
ICF(H):min{—log<1+P( lhor|” | _Vhoal”  Jhos] )>
2 N1+ Ny Ny + Ny N3

1 |hos|*P + |hi3|* P + |h23|2P2> 1 ( N1> 1 ( NZ)
—log |1+ ——log|1+— | —=log |1+ ——],
2 g< N3 2 %8 N, 9 8 Ny

1 hos|?P + |his|? Py |ho2|*P + |h12|? Py PPi|hoghiz — hoshiz|?
§log<1+|03| |h3] 1+|02| |h1a] L ' |hozhis — hoshisl

N3 N2+N2 NS(N2+N2)

1 Nl)
~Clog (1421,
2 g( Ny

1 hos|2P + |has|2Ps |hot|2P + |ho1 2Py PPslhorhas — hoshar|?
—log<1+|03| + |has| 2+|01| + |hai] 2 s |hothas — hosho |

2 N3 N+ N N3(Ny + Ny)
1 Ng)}
2 g( Ny (3.46)

Notons que dans le débit précédent, la destination décode toute les indices de compression.
Dénotons par IéE (H) le débit quand seulement la version comprimée du relais i est utilisée.
Dans ce cas-la I'autre entré de relais apparait comme le bruit pour la destination et aussi
pour 'autre relais pourtant ce soi-disant bruit total au relais et a la destination est corrélé
en raison de la présence de la contribution de ’autre relais. Pour ce cas le débit est comme

suit :

<|ho3|2(N1 +Ny) + |h01|2N3) P + PPy|hoihas — hoghar |*

1
IgF)(H) = min {— log [ 1+ - -
2 N3(N1+ Ny) + P> <N3|h21|2+(N1+N1)|h23|2)

1 hoz|>P + |hy3|? P, 1 N Ns|ho1 |2 P
—log (1+ [hos| 2+| 13| 1) —=log [ 1+ Tl + = 3lha " Py } (3.47)
2 |h23| P, 4+ N3 2 Ny N1(|h23|2P2+N3)
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Quant a I’étape suivante, nous bougeons au cas de codage mélangée non-coopératif. Le

débit suivant est atteignable quand X utilise DF :
|ho|*(1 — P(2)1)P>

1
Iye(H) = min{— log <1 +

2 N1 + Pylhoy|?

1 ’p ’p 3|2 Py + 2po1 /PP, x 1 N.
L log | 4 [hosPP 4 [hs PPy + [hos[* Py + 2001/ PPy Re{hoshis} g (1422
2 N3 2 Ny
1 ‘h03‘2P+‘h13‘2P1+2p01\/PP1R6{h03h’1(3}
—log |1+
2 N3

n |h02‘2P + |h12‘2P1 + 2/)0}\/ PPlRe{hOQh’{Q}

Ny + No
PP (1 — p2)|hoahis — hoshia|> 2 PP,
I 1( p01)| 02 1:3 03 12! 4 Po1 {“)}7 (3.48)
N3(Na + Na) N3(Na + N)

ou o est :
o = (1 — Re{hishiz}) (|ho2|* P + |hi2|*Pr) + (1 — Re{h1ahfiy}) (|hos|* P + |has| > Py).

Finalement pour le codage mélangée coopératif seulement le premier terme change (par

(a)” nous voulons dire la partie négative de a) :

_o o [ 1hol* | lhoo|?
Ieyc(H) = min §log 1+ P(1—p51) + +

Ny N2+N2
1 hoy |2 P 1 N Nilhoo|2(1 — p2,)P -
—log(1+ | 212’ 2 _ )——log 14224 1 ho2|*( 2/’01) :
2 N1+ o1 [P (1 = pgy)P ) 2 No  Na(lhot|*(1 — pgy) P + N1)
2 2 2 .
llog 14+ |hos|*P + |has|“Pr + [hos|* 2 + 2po1 vV PPiIRe{hoshis}\ llog 14 ]Yz 7
2 N3 2 2
1 |hos|* P + |has|* P1 + 2po1v/PPiRe{hoshis}
—log |1+
2 N3
n |ho2|* P + |h1a|* Pt + 2po1 /PP Re{hoah}y}
Ny + Ny
PPi(1 — p?))|ho2hiz — hosh12]? 2 PP
n il P61)|ho2 1:} 03hi2] n po1 {O()}. (3.49)
N3(N2 + No) N3(N2 + No)

(3.45) a (3.49) peuvent étre utilisé pour calculer les limites sur l'erreur espéré. Comme un
exemple considérons le réseau a deux relais Gaussien d’évanouissement, représenté dans

Fig. 3.3, qui est définie par les relations suivantes :

h
7 = %X + hor Xo + N7, (3.50)
Zo = hgeX + h12X3 —|—N2, (351)

Y1 = hos X + h13 X1 + hog Xo + Ng. (352)
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Définissons N;’s des bruits additifs, VAs i.i.d. complexe circulairement symétrique Gaussien
avec moyen-zéro et la variance d’unité; prenons h;;’s VAs complexe moyen-zéro circulai-
rement symétrique indépendant Gaussien de nouveau avec la variance d’unité. Mettons H
la matrice d’évanouissement. d est 'affaiblissement de propagation* aléatoire. Le pouvoir
moyen de la source et des entrées de relais X, X; et X5 ne doit pas excéder des pouvoirs
P, P, et P,, respectivement. La compression est obtenue en ajoutant un bruit additif
Zl = Zﬂ\7 1 ZQ = ZQNQ. I1 est supposé que la source n’est pas consciente des coefficients
d’évanouissement, les relais savent tous les coefficients d’évanouissement sauf h;3’s et la
destination est completement consciente de tout. Les pouvoirs de source et relais sont
respectivement 1 et 10.

Les possibilités de choisir la stratégie coopérative propre sont comme suit. Premiére-
ment les deux relais utilisent DF pour transmettre les informations, a savoir le cas de
DF total. Deuxiemement les deux relais utilisent CF pour transmettre les informations,
appelez-le CF total. Ici la destination peut considérer un ou deux relais comme le bruit
pour prévenir la dégradation de performance. Alors un autre cas est quand un relais utilise
DF et les autres utilisent CF, a savoir Codage Mélangée. Finalement les relais peuvent
choisir leur stratégie de codage basée sur les parametres de canal, a savoir Codage Sélectif.

La figure 3.4 présente ’analyse numérique de ces stratégies. d est choisi avec la distri-
bution uniforme entre 0 et 0.1 qui signifie que le premier relais est toujours autour de la
source. Etant donné cette hypothese, nous supposons que le premier relais utilise DF en
cas du codage mélangée et c’est 'autre relais qui utilise CF. On peut voir qu’aucune des
stratégies non-sélectives comme DF total, CF total et Codage Mélangée n’est en général
le meilleur sans tenir compte des coefficients d’évanouissement. Pourtant si on permet au
relais de choisir leur stratégie selon les coefficients d’évanouissement, ce codage sélectif
causera ’amélioration significative comparée au borne flot max et coup min relatif aux

autres stratégies.

4. Path Loss
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FIGURE 3.4 — La probabilités d’erreur asymptotique €(r) vs. débit de codage r.



Chapitre 4

Spectre Asymptotique de EP pour

les réseaux composites

La plupart du temps, une probabilités d’erreur (EP) arbitrairement petite en pratique
ne peuvent pas étre garanties pour tous les canaux dans ’ensemble. Alors la contrainte
de EP arbitrairement petite peut produire un débit atteignable nul pour quelques canaux
composites. Dans ces cas la formulation conventionnelle de capacité n’est pas adéquate

d’évaluer la performance du canal.

Ici au lieu de trouver les débit atteignables avec EP arbitrairement petite, nous fixons
le débit r et regardons les caractéristiques d’EP pour le débit fixe r dans les réseaux com-
posites. Le débit est fixe et ensuite nous regardons EP pour chaque tirage de canal. Dans
ce cas-la EP est considéré comme une variable aléatoire qui est la fonction du parametre de
canal. La notion de probabilité de panne, en signifiant la probabilité qu'un code de débit
r ne peut pas étre correctement décodé, a été abondamment utilisée comme une mesure
de performance pour les scénarios d’évanouissement [34]. Par exemple, il est fréquent que
I’encodeur sans informations publiques envoient leurs messages en utilisant des codes de
débit fixe et ensuite la probabilité de panne est utilisée pour mesurer la performance. La
relation de capacité et de probabilité de panne a été discutée par Effros et al. pour les
canaux généraux [27]. Pourtant on peut voir que la notion de probabilité de panne n’ est
pas assez précise pour caractériser 'EP pour les canaux ne satisfaisant pas converse forte.
Les notions différentes sont présentées pour étudier EP. La notion de spectre asymptotique
d’EP pour (r,€) est défini comme la probabilité asymptotique que 'EP tombe au dessus e.

On montre que cette notion implique que d’autres notions disponibles utilisé pour mesurer

65
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la performance de réseaux composites.

Pourtant la e-capacité n’est pas connue en général pour les réseaux généraux. On
montre que le spectre asymptotique d’EP peut étre borné en utilisant des régions de débit
atteignables disponibles. Particulierement le concept de la région d’erreur compléte! est
définie pour les réseaux généraux ou chaque code avec les débit de transmission dans cette
région produit EP égal a un. Pour les réseaux composites cette région est aussi une région
aléatoire. Le spectre asymptotique d’EP au débit r est borné par la probabilité que la région
d’erreur compléte inclut les débit de transmission. Pour réseaux point & point 2 général, la
région d’erreur complete est réduite a une valeur appelé la capacité d’erreur compléte. En
outre, il se trouve que pour les canaux satisfaisant la propriété de converse forte [43] 'EP
coincide avec la probabilité de panne. Dans ce sens la performance de réseaux composites
peut étre étudiée en utilisant des régions de débit atteignables disponibles et des régions
d’erreur completes. Spécialement les canaux satisfaisants converse fort sont de 1’énorme
intérét parce que le spectre asymptotique d’EP peut coincider avec la probabilité de panne

pour eux.

Ici nous prouvons que la borne de flot-max coupe-min pour les réseaux sans mémoire
discrete réside dans la région d’erreur complete. Autrement dit pour chaque code avec les
débit de transmission pas satisfaisant la borne flot-max coupe-min, la probabilité d’erreur
tend vers un. Cela fournira une borne sur le spectre asymptotique d’EP pour les réseaux
sans mémoire discrete composite. Par conséquent les réseaux multi-terminaux qui ont la
borne flot-max coupe-min comme la capacité sont satisfaisants la converse fort et ainsi le
spectre asymptotique d’EP peut coincider avec la probabilité de panne si la distribution
de probabilité accomplissant la capacité pour chaque indice est la méme. Pour prouver ce

résultat la méthode de spectre d’information est utilisée.

1. Full error region
2. Point to point network
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4.1 Notation et Arriere-Plan

La densité d’information® est défini par [44]4

Z(Mn,X) £ log M

]PYn (X) ’
pour une suite arbitraire & n-dimension des sorties Y = (Y7,...,Y,,) € ™ et M,, une VA
uniforme sur I'ensemble des index M,, = {1,..., M, }. On utilise lim supen probabilité des

suites aléatoires Z,,, lequel est défini comme
p-limsup Z,, £ inf {,8 : lim Pr{Z, > 8} = O} ,
n—oo n—oo

et également liminfen probabilité de la suite aléatoire Z,,, définie comme

p-liminf Z, £ sup {a : lim Pr{Z, <a} = 0} .

4.2 Définition de Réseau Multi-terminaux Composite (CMN)

Nous commengons par la description du Réseau Multi-terminal Composite (CMN) avec
m-noeuds, qui est caractérisé par un ensemble de distributions de probabilités condition-
nelles (PDs) :

o0
Wy = {Pylg.._yﬂmxflg_.xh CAT KX s B x @n’;}nzl
indexé avec n’'importe quel vecteur de parametres 6 € © et ou chaque noeud i = {1,...,m}
est équipé avec un émetteur X,y € 2" et un récepteur Y,y € %,", comme décrit dans Fig.
4.1. Les entrées du matrices Py{é Y| X7 X SeTont souvent écrites comme Wpy. En plus,

on dit que le réseau soit sans mémoire non-stationnaire si le PD collectif du canal multi-

terminal se décompose comme

n
PY1%~~-Y720|X{L9--~X;L6 (Y1, YmlX1s 3 X) = Hwe,t (Y1e,  Yme|@1es -+ Tme)
t=1
avec 'entré source x;, = (Tp1,...,Tkn) € 2" et les sorties de canal yi, = (Yk1,.--,YUkn) €
%", pour tout k = {1,...,m}, ou {W97t}z1 est une suite de canaux multi-terminaux a

3. Information Density

Pyn v, (Y| Mn)
Pyn (dY)

probabilités sur %™ avec les valeurs sur un ensemble singulier supposé conventionnellement pour étre +oo.

AIOI"S PY"‘Mn (dX|Mn)

T Pyn(dY)

4. Laissons Pynv, = dénote le dérivé de Radon-Nikodym entre deux mesures de

est défini pour étre Pyn |y, , qui est évidemment une variable aléatoire (VA).
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FIGURE 4.1 — Réseau Multi-terminaux Composite (CMN)

lettre simple . De méme on dit que le canal soit stationnaire et sans mémoire si Wy =Wy
pour tous t = {1,2,...,n}.

Laissons Py dénoter n’importe quel PD arbitraire sur I’ensemble des parametres de
réseau (ou indices du canal) ©. Avant que la communication commence, I'index 6 € © de

canal est supposé d’étre tiré de Py et reste fixe pendant la transmission entiere.

L’ensemble M%M) = {1,... ,Mflki)} représente I’ensemble des messages possibles a en-
voyer (dans n utilisations de canal) de la source k & la destination i aveci € {1,...,m}\{k}.

S’il n’y a aucun message destiné au noeud i du noeud k nous mettrons ./\/l7(1 D 0.

Definition 6 (code et probabilité d’erreur) (n,Mkaj), (en,g)geg)-code pour CMN se
compose de :
— Un ensemble de fonction d’encodage pourt = {1,...,n} a chaque neeud k € {1,...,m},
AR MBI eyttt 2
i={1,..mP\{k}

ot M%ki) est ’ensemble de message de la source k destiné a la destination i, pour

chaquei = {1,...,m}\{k}. Des symboles transmis xy; = gpi? (w,yi 1) sont fonctions

de symboles recus passé y,i_l et tous les messages a envoyer de neud k

w e ® /\/lg”).
i={1,...m}\{k}

5. Single Letter
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— Une fonction de décodeur dans chaque noeud k € {1,...,m},

G e Q) M MU
ie{l,..,m}\{k}

pour tout le noeud de source j # k € {1,...,m}. Cette fonction de décodage est
par rapport le message destiné pour le noeud de destination k du noeud de source j.
L’ensemble de décodage conformément a chaque fonction de décodage est défini par
Dl%k) = ¢>(Jk) (1) pour tous les messages | € M(Jk), qui correspond auz ensembles
de décodage pour les messages | destiné au noeud k du noeud j.
[’événement d’erreur 5(] (1) 2 {Yk”e ¢ D(J )} pour toutes les paires j # k €
{1...;,lem} et chaque | € M(jk) est défini comme l'événement que le message | du
noeud j me peut pas étre correctement décodé a la destination k. Alors la probabilité

d’erreur correspondante, basée sur chaque ensemble de décodage, sont définies par
o5 (1) 2 Pr (viy ¢ DEIIMGD =1), (4.1)

ot Mg ) dénote le VA correspondant au message transmis. En supposant un PD
uniforme sur les ensembles de message, la probabilité d’erreur moyennes (EP) sont

définies comme

M(7k>
(Gk) o (jk
ey & —— ) e/ (4.2)
M(]) =t
et 'EP mazximum comme
UM o2 max P () > 9P, (4.3)

lemi®
Donc ’événement d’erreur pour le réseau est ['union de tous les événements d’erreur
89(] ) sur toutes les sources 7 et les destinations k avec les messages correspondants

l. L’EP du réseau s’écrit comme

ao2Pr| U U {veens) M =i} (4.4)
j;ﬁke{l,...,m} lEMngk)

ou c’est facile de voire

ik
€np < Z 653’9)

j#ke{l,...,m}

ik
< ¥ €fflai,n,a- (4.5)
JARE{L,..om}
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A travers ce chapitre EP moyenne sera utilisé. Remarquons que dans cadre de CMN, les
probabilités d’erreur eg:;n’e, eq(f; ];) et €, sont VAs, effectivement elles sont des fonctions
de l'index aléatoire 0 de canal. Par exemple, pour chaque fixe 8 = 6 le CMN est réduit a
un réseau multi-terminal conventionnel. Pour le reste, nous utilisons aussi la notion de C
pour désigner un code.

Une chose est importante de noter ici. En général il est raisonnable de supposer si

%ki) # () pour tout k,i, autrement dit si chaque noeud envoie quelque chose et chaque
noeud recoit quelque chose alors chaque noeud peut étre instruit de 0 parce que ’encodeur
et les fonctions de décodeur peuvent maintenant étre choisis basés sur 6, c’est-a-dire CSIT
et CSIR sont tous les deux disponibles. Dans ce cas-la, si chacun sait le canal qui est en
opération, alors le probleme est réduit au réseau multi-terminal ordinaire et il n’y a aucun
besoin pour I’étude de plus du sujet au-dela des méthodes ordinaires.

Pourtant dans les réseaux réels, pas chaque noeud transmet et regoit dans le méme
temps et de plus pas chaque noeud est la source et la destination. Si le noeud k est
seulement I’émetteur qui signifie que ), = (), donc il n’y a aucune voie pour cela pour avoir
des informations du canal en opération et donc il est effectivement ignorant. D’autre part
si le noeud k est seulement le récepteur qui signifie que Xj, = 0, alors il n’y a aucune voie
pour cela pour envoyer les informations de son observation du canal aux autres utilisateurs
et cela signifie que les autres utilisateurs sont nécessairement inconscient de CSI de cet
utilisateur. D’autre part il y a des utilisateurs qui servent des relais qui signifie que MS k) =
0 et M%’”) = () pour tous i # k. Ces utilisateurs peuvent seulement partiellement savoir
CSI et ils ne sont pas naturellement instruits de CSI des utilisateurs sans entré de canal.

Le modele qui semble étre plus adapté au scénario pratique se compose de trois types
de noeuds comme dans Fig. 4.2. Ces noeuds avec I'index appartenant & ’ensemble 7 sont
seulement des émetteurs et des sources. Le noeud i ou i € T émet X, indépendant de 0
parce qu’il ne peut pas y avoir acces. Ces noeuds avec l'index dans D sont seulement des
destinations. Ces noeuds ne peuvent pas transmettre leur propre observation aux autres
noeuds pourtant ils peuvent avoir acces a CSI de tous les émetteurs. Finalement ces noeuds
avec 'index dans R transmettent simultanément et recoivent des informations. Les relais
font partie essentiellement de ces noeuds. Ils ne peuvent pas avoir 'acces a CSI complete a
cause de la présence de noeuds dans D et peuvent seulement étre partiellement conscients
de CSI. Nous pouvons supposer que 0 est effectivement composé des deux parties 04

et 0, ou les noeuds dans R peuvent seulement étre instruits de 0,.. Pour le reste il est

toujours présupposé que nous nous occupons de la sorte de réseau oti CSI compléte n’est
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FIGURE 4.2 — Réseau Multi-terminal Composite (CMN) avec 6 = (6,,0,)

pas disponible & chaque noeud. Nous définissons ensuite la notion de débit atteignable et

la région de capacité pour le CMN.

Definition 7 (capacité et débit atteignable) Une probabilité d’erreur 0 < e < 1 et
un vecteur des débits r = (Tjk)jyéke{l,...,m} sont dit atteignable pour les réseauxr multi-
terminaux composite, s’il y a un (n, M,(ij),(envg)geg)-code tel que pour tous les paires

j#Fke{l,...,m}

o1 ;
lzrrﬁl\l(%f - log Mr(ﬂk) > Tk (4.6)
et
limsup sup e, g < e. (4.7)
n—oo  fcO

Alors la région de e-capacité C. est définie par la région comprenant tous les débit attei-
gnables satisfaisant (4.7). De méme (€, €,) dans la définition (4.7) peut étre remplacée
par (e(jk), egg)) qui correspond a l’erreur tolérée du noeud source j au noeud de destination

k. Alors la notion de région de ¢-capacité

C £ limC,.
e—0 ~
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Remarquons que la fonction de fiabilité (4.7) a été choisie dans le sens le plus fort. En
général, les définitions précédentes peuvent causer des débit atteignables nuls parce que
chaque noeud doit fixer le débit tel que €, o est moins que € et I'index ¢ € © le plus mauvais
possible peut avoir la e-capacité zéro, pour n’importe quels 0 < € < 1 . En outre, dans
les réseaux sans fil il est rare d’avoir le débit non-zéro pour les plus mauvaises tirages de
canal mais il est désirable d’envoyer les informations et la performance de mesure d’une
maniere ou d'une autre. Comme on voit dans la section suivante, en comptant sur le PD

Py, plusieurs différentes notions pour la fiabilité peuvent étre suggérées.

4.3 Fonction de Fiabilité pour Réseaux Composites

k)

Une approche alternative est ’étude de la conduite de probabilités d’erreur efie , €n0
comme n tend vers 'infinité pour les débit fixes. Pour le reste, nous nous concentrerons sur
I'étude de la probabilité d’erreur. Nous supposons que €, g converge a €g presque partout
pour faciliter du travail avec les bornes. Pourtant les résultats restent valides si nous le
remplacons avec la beaucoup plus faible hypothese que €,, g converge dans la distribution
a €g. Parce que €, 9 est uniformément intégrable, et alors le travail avec la Limite reste

intact. 6

Definition 8 (fonctions de fiabilité) On dit que la valeur 0 < € < 1 soit atteignable
pour un tuple de débit r = (rjk)jyéke{l,...,m} basé sur les fonctions de fiabilité suivantes, s’il
y a un code de (n, Méjk), (Gnﬂ)@e@) tel que pour toutes les paires j # k € {1,...,m}, les
débit satisfaisants

1 .
liminf — log Mfljk) > Tk,
n—oo N

alors €y, 9 satisfait certaine condition de fiabilité, listé comme la dessous.
— Si nous regardons la limite de €, quand n — oo en utilisant la notion de Conver-
gence presque partout (p.p), alors e est dit étre atteignable si la limite est moins ou
€gale a € presque partout. Cela signifie que :

Pe( lim €n,0 < 6) = 1. (48)

n—oo

1l garantie que pour tous les sous-ensembles dans © ayant une mesure non-zéro

EP asymptotique sera pas plus grand que €. Alors basé sur la convergence p.p.,

6. Il est toujours possible d’utiliser lim sup pour assurer la convergence pourtant les égalités ne sont pas

tous valides et se transforment en inégalités pour quelques cas.
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le désavantage provoqué par les événements de mesure zéro peut étre enlevée et la

fonction de fiabilité détendue. Pourtant on peut voir que :
Po( lim €,9 >¢€) =E(1] lim €, > €])
n—oo n—oo

= E(nlgrgo 1[en 0 > €])

W tim E(1feno > €])

n—oo

= lim Pe(eme > 6)

n—oo
ot (a) vient du théoréme de convergence dominé de Lebesgue. Cela signifie que la
notion de convergence presque partout est équivalente a la notion d’habitude plus
lache de Convergence dans la probabilité pour ce cas. Cela signifie aussi que € est dit
étre atteignable si :

lim ]P’e(eme > E) =0

n—oo

EP atteignable peut aussi étre caractérisé par

€p(r,C) = p-limsup e, g (4.9)
n—oo
0l MOUS AVONS
p-limsup e, g = inf {a : lim Pg(ene > a) = O} . (4.10)
n—,oo

n—oo
Cela signifie que € est atteignable s’il y a un code C tel que I’EP est plus grand que
ou égal a e_p(r,C) qui signifie qu’avec la probabilité non-zéro, €, g peut excéder e.
Pourtant, le probléme avec ces notions est que pour chaque ¢ < 1 il ne peut étre
aucun code satisfaisant Po( lim €, ¢ > €) = 0 ou lim Pg(e, o > €) = 0. Autrement

n—oo n—oo

dit, pour chaque 0 < € < 1 et chaque code, il y a une probabilité non-zéro que
Uerreur y excéde (par ex. réseaux sans fil). Pourtant la condition dans (4.10) peut

étre détendue a

e5(r,C) = d-limsup €, ¢ (4.11)
n—o0
ot
0-limsup €, 9 = inf {a : lim Pg(eno > ) < 5} , (4.12)
n—o0 n—00

pour chaque constant 0 < § < 1. Nous appelons cette notion EP d—atteignable. Cela
signifie que € est d—atteignable s’il y a un code C tel que € 5(r,C) est moins que € qui

signifie qu’il y a un code tel que €, est moins que € avec au moins la probabilités

1-46.
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— Aux mémes lignes, la probabilité d’erreur moyenne peut étre caractérisée pour le code
C comme suit

€(r,€) = lim Eolenl. (4.13)

Cette définition peut aboutir a la définition selon laquelle € est dit atteignable s’il y
a un code C tel que € est plus grand que l’erreur moyenne qui implique [’existence
de codes avec EP moins que € dans L', mais pas partout, en signifiant que pour
certains 0 € © lasymptotique EP peut tomber au dessus €. Cela montre que l’erreur
moyenne n’est pas assez précise pour caractériser la probabilité d’erreur, comme il
sera montré plus tard. Il devrait étre dit en passant ici qu’EP espéré est équivalent
a la définition d’EP pour le canal moyenné™ dans [45].
— Le débit EP® est défini pour un code C par
er(r,C) = sup lim aPg(e,g > ). (4.14)
0<a<1 V70

Le débit EP tient compte de la probabilité d’erreur désirée € et de la probabilité que
Uerreur y excéde. Ainsi si la probabilité d’erreur excédent sur un grand € avec de
petite probabilité, le débit EP le prend en compte. € est dit atteignable en ce qui

concerne cette mesure s’il y a un code C tel que € est plus grand que ep(r,C).
Il est particulierement intéressant de définir le plus petit EP atteignable, caractérisé par
ep(r) =infep(r,C) = infp-limsup e, g (4.15)
C C n—00

ot I'infimum est pris sur tous les codes. Cela signifie que pour € plus petit que e,(r), il y

a un code tel que nous avons :

lim Pg(eng >€) > 0.

n—oo
Le plus petit EP atteignable est un bon indicateur des canaux composites. Remarquons
que le sens du plus petit EP atteignable € est que les informations peuvent étre envoyées
au débit r avec une probabilité diminuant que I’EP tombe au dessus de e¢.

Pourtant, le méme probleme avec cette notion est que pour quelques cas cette valeur
n’est pas non-banale. Alors la méme idée peut étre utilisée ici pour détendre la condition
précédente et définir le 0 plus petit EP atteignable :

es(r) = irclf es(r,C) = iréf 0-limsup €, ¢ (4.16)

n—oo

7. Averaged Channel
8. The throughput error probability
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ou infimum est pris de nouveau sur tous les codes. Cela signifie que pour € plus grand que
e5(r), il y a un code tel que €, ¢ est moins que € avec au moins probabilité de 1 — 6.
Donc, d’une part 'EP espéré (4.13) peut ne pas toujours étre la fonction de fiabilité
adéquate pour le CMN, mais d’autre part (4.9) peut produire des débit tres pessimistes.
En outre, selon I'application prévue il peut y avoir de différentes fonctions de fiabilité
d’intérét pour les modeles composites. Alors la question est s’il y a une mesure universelle
de fiabilité dont les autres peuvent en étre tirés. La section suivante présente une telle

quantité fondamentale, appelée le le spectre asymptotique de probabilités d’erreur (ASEP).

4.4 Spectre Asymptotique de Probabilité d’erreur

Dans la section précédente, nous avons discuté de différentes notions d’étre atteignable
pour une erreur. La plus petite erreur atteignable a été définie pour un fixe r en utilisant
de différents criteres. Maintenant nous enquétons sur PD cumulatif asymptotique d’EP

pour le vecteur fixe de débit de transmission 1 = (k) j2kef1,...,m}, qui est donné par
lim ]P’e(eme S 6),
n—oo

pour chaque 0 < e < 1.

Definition 9 (spectre asymptotique de EP) Pour chaque 0 < e < 1 et les débit de
transmission 1 = (k) jtke{1,...m}, le spectre asymptotique d’EP pour le code donné C,

E(r,e,C) est défini comme
E(r,e,C) = lim Pg(eno > €). (4.17)
n—oo
Le spectre asymptotique d’EP pour CMN est défini comme :
E(r,e) = inf lim Py(€enp > €) (4.18)
C n—oo ’
ot l'infimum est pris sur tous les codes (n, M}ljk), (Enﬁ)@e@) avec les débits satisfaisant
1 4
liminf — log MU®) > Tk,
n—oo n

for all pairs j # k € {1,...,m}.

La notion de £(r, €) indique intuitivement ce qui est la plus petite probabilité que Ierreur
tombe au dessus de e. Il sera montré que cette notion est la mesure la plus générale pour

la performance de réseaux composites et implique toutes les autres notions.
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Il est aussi intéressant de voir en particulier que pour un débit de transmission donné
r, quel sont les possibles probabilités d’erreur; autrement dit, pour trouver si la valeur
d’asymptotique de €, ¢ est moins qu'une valeur désirée ou non. Cette idée sous-tend I'idée
d’erreur atteignable pour les réseaux multiterminaux composites.

Le théoreme suivant fournit une relation entre le spectre asymptotique d’EP et les

autres notions présentées auparavant.

Theorem 18 Pour les réseaux composites avec le débit r, le spectre asymptotique d’EP
implique d’autres fonctions de fiabilité présentées auparavant. Le plus petit EP atteignable

et & plus petit EP atteignable peuvent étre obtenus comme suit :

ep(r)=inf{0 <e<1:&(r,e) =0}
es(r)=mnf{0<e<1:&(r,e) <d}.

Le débit EP pour le code C est obtenu comme suit

er(r,C) = Os<ug1 e€(r,e,C).

Finalement EP espéré pour le code C est obtenu comme suit :

e([,C):/O E(r, e, C)de.

Proof La preuve de trois premieres égalités suit directement de la définition. Pour la

derniere inégalité, en utilisant le fait que €, g est positif et borné, nous avons :

€(r,C) = lim Eley ]

n—o0

(a)

= E[ lim €n,9]
n—00
+00
= / Py ( lim €n,0 > t)dt
0 n—oo
1
—/ Pg( lim €n,0 > t)dt
0 n—00
1
_ / lim Py(en g > £)dt
0 n—oo

ou (a) vient du théoreme de convergence dominé de Lebesgue. Et cela conclura la preuve.
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Le théoréeme précédent déclare que 'EP espéré n’est pas nécessairement atteignable
dans le sens strict pour un débit donné r. Donc, c’est possible en général que I'EP excede
sur EP espéré. Cette observation montre que I'erreur espérée, bien qu’indicatif, ne serait
pas toujours une mesure nécessaire pour EP.

Nous nous intéressons a la conduite une probabilité d’erreur €,, g qui est une variable
aléatoire. En particulier la caractérisation du spectre asymptotique d’EP est du grand inté-
rét pour les réseaux au hasard. Cela nous donnera des meilleurs criteres sur la probabilité
d’erreur qui peuvent étre accomplies dans un canal comparé aux probabilité de panne.
Spécialement, ce sera utile pour les cas ou I’émetteur fixe un débit r sans tenir compte
du canal en opération. C’est d’habitude le cas en pratique ou le débit est déterminé par
les médias en utilisation. Pourtant il est intéressant de voir la relation entre la probabilité
de panne et le spectre asymptotique d’EP. Dans la section suivante nous estimons com-
ment caractériser le spectre asymptotique d’EP et la notion est mise en corrélation avec

la probabilité de panne.

4.5 Résultats Principaux

Considérons un canal composite général. On peut remarquer que la distribution de
probabilité de €, 9 comme n — oo est directement liée aux probabilités que le vecteur
de débit r tombe dans la région de e-capacité C. g, ot C. g est une région aléatoire avec
0 comme le parametre aléatoire. Supposons que la transmission est faite au débit r sur
un canal non-composite. Alors si le code accomplit la probabilité d’erreur e alors son
débit devrait nécessairement appartenir a la région de e-capacité. D’autre part si le débit
appartient a la région de e-capacité, donc il y a un code tel qu’il accomplit la probabilité
d’erreur e.

Pourtant en cas des réseaux composites, ’émetteur, en ignorant 6, a un code simple
pour tous 6. Alors si le débit n’appartient pas & Ccg pour un 6, donc €, g9 excédera e
strement. Mais si le débit appartient a C. g pour un ¢, donc il n’est pas garanti que €, ¢
n’excédera pas €. Parce que bien qu’il y ait un code tel que ’'EP est moins que ¢, mais cela

peut ne pas étre le code utilisé par I’émetteur. Cela causera le théoreme suivant.

Theorem 19 Pour le réseau multiterminal composite avec le paramétre aléatoire 0 nous

avons :

Po(limsup €, 9 > €) > Py(r ¢ Cep), (4.19)

n—oo
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ot Ce g est e-capacité du réseau Wy pour 0 donné et 0 < e < 0.

Proof Selon la définition, pour chaque 6, r est & I'intérieur de Cc ¢ si limsup €, 9 < €. Cela
n—o0
nous donne la preuve pour le théoreme.

Dans le théoréme 19 € peut étre remplacé avec €(i) et respectivement €npo (—:SQ. Ce
changement de la définition change aussi la définition de e-capacité a la e-capacité et ainsi
le théoreme reste valide sous le changement.

Supposons que les émetteurs qui ignorent le canal, fixent leur fonction encodage basée
sur gpgk) et définissent ¢ comme ’ensemble de ces fonctions. Pour chacun 0 et ¢, définissons
Rep(d) comme la région e-atteignable tel que si le débit y appartient, alors I'EP est moins

ou égal que € pour le choix de ¢. Maintenant nous avons :

5([, €, C) = P@(f ¢ Rfﬂ(q)))'

Cela présente une borne supérieure sur le spectre asymptotique d’EP. De plus, en prenant

la limite & l'extérieur P( lim €, g < €), nous recevons le corollaire suivant.
n—oo

Corollary 8 Pour la probabilité d’erreur €, ¢ et la e-capacité définie comme auparavant,
le spectre asymptotique d’EP est comme suit :

i{‘l)fIP’e(E ¢ Reo(P)) > E(r,e) = lim Py(enp > €) > Py(r ¢ Cep). (4.20)

n—oo

Il y a des canaux composites comme les canaux symétriques binaires composites (CBSC)
ou un code unique, le code uniformément distribué pour CBSC, produit le meilleur code

pour chaque canal. Dans ce cas-la, nous avons 1’égalité suivante :
E(r,e) =Py(r ¢ Cep). (4.21)

Effectivement ’exemple suivant est un cas de ces canaux composites avec le meilleur
code unique. Nous jetons un coup d’oeil plus proche a ces notions et a leur relation avec
e—capacité.

I’Exemple (Canal Symétrique Binaire Moyenné Composite) [46] : un canal symétrique
binaire moyenné avec trois parametres est défini comme la moyenne de trois canaux sy-
métriques binaires (B, By, Bs) avec les parametres suivants :

1
P1 <p2<p3§§
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Les coefficients du fait en moyenne sont a1, aq, as tel que :
10903 = 1.

Le canal moyenné est alors défini comme B = 1B + asBs + a3Bs3. La capacité de canal

symétrique binaire avec le parametre p est connue comme :

C(p)=1-H(p).

Kieffer a calculé la capacité de canal symétrique binaire moyenné et a montré que le canal
n’est pas satisfaisant la converse forte. De plus e—capacité de ce canal est caractérisé

comme suit :

C(ps3) 0<e<ag
C(A(p2,p3)) €=a3
Ce= C(p2) a3 <e<ag+as (4.22)
C(A(p1,p2)) €= a3+ a2
Cp1) ast+ag<e<l
ot \(p1,p2) est défini comme :
log (1_—p)

Ammlg()ﬂ%u

Supposons maintenant qu’il y a un élément aléatoire associé a ce canal. Supposons par
exemple que p3 prend sa valeur aléatoirement entre py et % avec la mesure Pp,. Autrement
dit, le parametre de canal 0 est pg. Alors le spectre asymptotique de probabilités d’erreur

est comme suit :

(7“>C(p3)) 0<e<as
Ppa(’“>0)\p2,P3 ) €= as
E(r,e) = 1[r > C(p2)] as <e<asz+ s (4.23)
1[r > C(A(p1,p2))] €=a3+ as
1[r >C(p1)] as+ar<e<l

Pour obtenir le plus petit EP atteignable, nous devons jeter un coup d’ceil a la plus petite
valeur de € tel que la probabilité d’erreur asymptotique ne ’excede pas. Dans cet exemple,
le seul élément aléatoire du canal est gouverné par ps et la source prend conscience du
fait que s’il transmet un code avec le débit r > C(p2), alors le code ne sera pas décodé

correctement. Ainsi pour le reste supposons que la source transmet un code avec r < C(pa2).
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Maintenant les trois derniers termes dans le spectre asymptotique d’EP sont automati-

quement zéro et nous avons :

de(r>Cp3) O<e<asg
E(r,e) = Pp,(r>C(A\(p2,p3))) e=as3 (4.24)
0 ag<e<l1

Pour ce cas on peut voir que le plus petit EP atteignable est comme suit :
ep-(r) =inf{0 <e<1:&(r,e) =0} <as.

Dans d’autre mot pour ce canal, la probabilité d’erreur est au dessous ag avec la probabilité

1 pour r < C(p2). D’autre part l'erreur espérée peut étre calculée comme suit :

1 as
= / g(ﬁ, e)de = / Ppg (’f’ > C(pg))dé = a3 X Ppg (7’ > C(p3))
0 0

Il peut étre directement vu que 'erreur espérée néglige l'information de l’erreur pour la
probabilité d’erreur au point € = «3. Cela montre de nouveau que I'erreur espérée n’est
pas assez général pour fournir des informations completes sur 'erreur. Finalement le débit
EP est calculé comme suit :

ér(r) = 0s<u£)1 €€(r,e) = az x Pp, (7“ > C(/\(pg,pg))).

Ici les informations sur 'erreur pour € moins que a3 se sentent perdues dans la notion.
Cet exemple montre clairement la relation entre toutes ces notions et comment le spectre
asymptotique d’EP est la notion qui implique toutes les autres notions et inclut toutes les
informations par rapport aux probabilités d’erreur dans les canaux composites.

Pourtant le probleme principal est que la capacité n’est pas connue en général pour la
plupart des réseaux multiterminaux et par conséquent non plus la e-capacité. Donc nous
devons chercher des fagons de caractériser le spectre asymptotique d’EP d’autres facons.

Une option consiste a analyser la relation entre la notion de probabilité de panne et du
spectre asymptotique d’EP. La probabilité de panne P,,; est définie comme la probabilité
qu’un code avec le débit r, ne peut pas étre correctement décodé qui signifie qu’il a ’erreur

non-zéro. Les probabilité de panne sont alors égales & :

Pout = Pe(f ¢ CO)

Supposons maintenant que chaque canal pour chaque 6 satisfait la condition de converse

forte. Cela signifie que pour chaque canal, chaque code avec le vecteur de débit a I'extérieur
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FIGURE 4.3 — Réseaux Multiterminaux satisfaisant la converse forte

de la région de capacité produit asymptotique la probabilité d’erreur 1. Cela signifie aussi
Co=Cqp 0<e< 1.

Ainsi pour chacun 6, la probabilité d’erreur asymptotique, c’est-a-dire limsup €, g prend
comme la valeur zéro ou un. De plus s’il y a le meilleur code unique pour len(;;%oal composite
alors de (4.21), il en suit que la probabilité d’erreur asymptotique peuvent étre considérées
comme un événement Bernoulli avec le parametre P,,; ou P,,; est la probabilité de panne
(Fig. 4.3). Donc ces canaux satisfaisant la condition de converse forte sont de Iintérét
particulier parce que la notion de probabilité de panne dans ces cas coincide avec la notion
du spectre asymptotique d’EP.

Une autre option consiste a essayer de borner le spectre asymptotique d’EP. 1l y a
des bornes intérieures différentes et des bornes supérieures, des débit atteignables et des
converses pour les réseaux multi-terminaux. Considérons un réseau multi-terminal com-
posite avec le parametre 6 ol une région atteignable est connue pour chaque 6 et ¢, défini
comme auparavant, Ry(¢d). Maintenant si le débit r est a U'intérieur de la région alors la
probabilité d’erreur tend vers zéro et sera moins que € pour 0 < € < 1. Pour le débit r,
le nombre de ces canaux avec la probabilité d’erreur plus grande que € est moins ou égal
au nombre de canaux avec la probabilité d’erreur non-zéro qui impliquent que le spectre
asymptotique d’EP est essentiellement moins ou égal que la probabilité que le débit r n’est
pas a l'intérieur de la région atteignable.

De la méme fagon pour le débit r, le nombre de ces canaux avec la probabilité d’erreur
plus grande que € est moins ou égal au nombre de canaux avec la probabilité d’erreur

égale & un. Pour un canal donné, il est intéressant de voir pour lesquelles valeurs de r,
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la probabilité d’erreur tend vers un. Apparemment pour les canaux satisfaisants converse
fort, les débit plus grands que la capacité produisent la probabilité d’erreur égale a 1. Cela

aboutit a la définition suivante qui sera utile pour la caractérisation de 'asymptotique EP.

Definition 10 Considérons un canal multiterminal W™ avec m sources et destinations.
Le région d’erreur compléte est une région S C RT(mfl) telle que pour tous les codes
g 1 g
(n, M,(LZ]), en), st le vecteur de débit r = (lim inf — log M,(L”)) est a lintérieur de la région
n—oo M
S alors la probabilité d’erreur tend vers un :

lim ¢, = 1.
n—oo
La définition précédente est simplement la définition que la probabilité d’erreur sera
égale a 1 pour tous les noeuds si le débit des codes appartient a cette région. Dans cette
définition, la notion de région d’erreur complete a été définie pour le réseau entier. Il peut
étre aussi défini particulierement pour une communication de point-a-point. Dans ce cas-la
la région est déterminée par une valeur simple appelée la capacité d’erreur compléte S qui
est défini comme l'infimume de tous les débit pour lesquels chaque code avec un tel débit
produira une probabilité d’erreur asymptotique 1.
En utilisant cette définition, le théoreme suivant fournit les bornes sur la distribution

de probabilités de 'erreur.

Theorem 20 Pour le réseau multiterminal composite avec le parametre aléatoire 0, nous

Po(r € Sp) < E(r,e) < igf Po(r & Ro(P)), (4.25)

ol Ry est la région atteignable de réseau Wy pour 6, et Sy est la région d’erreur compléte

pour ce canal pour 6.

Proof Pour prouver le théoréeme nous commencons de la définition du spectre asympto-

tique d’EP et en utilisant la convergence d’EP :
E(r,e) =Pg( lim €,9 > ¢)
n—oo
=Pg( lim €,9>€eetre Sy +Pg(lim €,9>e€etr ¢ Sp)
n—00 n—00
=Po(l > eetr e Sy)+Po(lim e, >eetr ¢Sy
n—oo

> Po(r € Sp)
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La preuve de la partie suivante est aussi conclue du corollaire 8 en utilisant le fait que Cy

est inclus dans Cc g.

D’une fagon intéressante Py(r ¢ Ro(P)) est la probabilité de panne. De nouveau on
peut voir si le canal satisfait la condition de converse forte, c’est-a-dire Sp = Cy et il a un
unique meilleur code alors la probabilité d’erreur asymptotique sera égale a la probabilité
de panne, qui soutiennent le sens opérationnel de cette notion.

Il y a des régions atteignables différentes disponibles pour les réseaux multitermi-
naux [18], mais il n’y a pas beaucoup de la région d’erreur compléte. Nous essayons
de fournir quelques résultats dans cette direction pour le cas de canaux multiterminaux
sans mémoire discrete avec Wy = PY9(1>-~~7Y0<m)| X, X Les débit atteignables différents
peuvent étre trouvés pour ces canaux qui fournissent la borne intérieure sur la distribution
de probabilités selon le corollaire 8.

D’autre part la borne supérieure bien connu pour le réseau multiterminal est la borne
de flot-max coupe-min [15,47]. Cela déclare que n’importe quel débit & l’extérieur de la
région formée par borne flot-max coupe-min aura EP non-zéro. Dans le théoréeme suivant,
nous prouvons que l'erreur est nécessairement un pour n’importe quel débit a 'intérieur

de cette région. Ce résultat fournit une borne supérieure sur la région d’erreur complete.

Maintenant nous nous concentrons sans perte de généralité sur le cas qu'un groupe de
noeuds source S C {1,2...,m} envoyant des informations aux noeuds de destination S°
avec le vecteur de débit r = (r"/);cs jese. La définition de débit atteignable sera limitée

aucasoui € Setje S

Theorem 21 Considérons un canal multiterminal sans mémoire discréte avec m les noeuds.
) 1 iy
Pour tous les codes (n, leMy(L”),en), Supposons que les débit du code, r = | liminf — log MTS”) ,
n—oo N
tombent a lextérieur de la fermeture suivante pour tous S C {1,2...,m}

Fop=co | J {(R(S) >0): R(S) < I(Xg; YSC|XSC)}
PcP

R(S)= Y Ry

i€S,jE€S°

Autrement dit, supposons que r ¢ Scp. alors lim €, = 1.
n—oo

Ce théoreme implique que la borne de flot-max coupe-min fournit aussi une borne sur

la région d’erreur complete. Effectivement toutes ces bornes dans la théorie d’information
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de réseau qui sont obtenues en utilisant la borne flot-max coupe-min, dans le méme temps
fournissent une borne sur a la région d’erreur complete.

En utilisant la borne de flot-max coupe-min et les régions atteignables disponibles
comme ceux qui sont développées dans [18], on peut obtenir des bornes sur le spectre
asymptotique de probabilités d’erreur. Pourtant nous ne supposons pas que tous les uti-
lisateurs sont dans les mémes temps les récepteurs et les émetteurs. Le canal est supposé
composé des sources, relais et destinations comme dans Fig. 4.2. Supposons que chaque
source i € T envoie le message aux destinations dans I’ensemble D et tous les autres utili-
sateurs dans R sont des relais. La source i envoie le message avec le débit R; a toutes les
destinations. la borne flot-max coupe-min pour ce canal est caractérisé par :

Fip=co | {(R(S) >0) : R(S) < min min min I(XsXs: ZS/ch|XScXS/c)}
PeP
on S¢=T7T-8,58=R-95".

D’autre part un borne intérieure a été développé pour ce canal en utilisant Comprimer-

et-Transmettre comme la stratégie coopérative dans [18]. Le théoreéme suivant est la réaf-

firmation du théoréeme de Codage de Réseau Bruyant pour ce canal.

Theorem 22 (Lim-Kim-El Gamal-Chung [18]) Une borne intérieure sur la région
de capacité de réseau de DM avec les sources dans T, les relais dans R et les destinations

dans D est donné par

Rip = co | ) Znno (4.26)
PeP

ot
Rrne = {(R(S) > 0) : B(S) < min min min/(XsXss; Zse Yol Xs: XoeQ)
— 1(Z(8') Z($|X (R)X(T)Z(5)YaQ) |

oU 5 =T =8, =R—5 et R(S) =Y pes R

Prenons maintenant le réseau multiterminal composite avec le parametre 6. Et suppo-
sons que les sources utilisent le schéma du Codage de Réseau Bruyant précédent pour la
communication. Pourtant, a la différence des cas non-composites, les sources ne peuvent
pas choisir la distribution de probabilités du canal P de P pour maximiser la région parce
qu’ils ne sont pas conscients de 8. Donc la distribution de probabilités devrait étre ramassée

au préalable pour ne pas minimiser la probabilité de panne.
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Maintenant les régions Znnc, /(g peut étre paramétrisé en utilisant 6 comme %Znnc,o
et .7(p o- Ces régions peuvent étre exploitées pour fournir la borne suivante sur le spectre

asymptotique d’EP en utilisant le théoreme 20.

Corollary 9 Le spectre asymptotique d’EP pour le débit r et chaque € satisfait les limites

sutvantes :

Po(r € Sipe) < E(r,€) < glei%]P’g(f ¢ ZNNCo). (4.27)

Notons que la distribution de probabilité est choisie tel qu’il minimise la probabilité de
panne. Le codage de réseau bruyant est une borne serrée pour le groupe de canaux. Pour le
cas de réseau déterministe sans interférence [48] ou le cas de réseaux déterministes linéaires
de tribu finis? Y, = Y, gix X [19], si nous choisissons Zy = Zy, pour k € {1...m}
alors on peut voir que les bornes de codage de réseau bruyante sont serrées et coincident
avec la borne flot-max coupe-min. Pourtant c’est seulement pour le réseau déterministe
linéaire de tribu fini que la valeur optimale est obtenue par la distribution de probabilités
indépendante et uniforme .

Considérons maintenant un réseau déterministe linéaire de tribu fini composite ou le
canal en opération est choisi de I'ensemble des réseaux déterministes linéaires finis de
terrain, indexés par 8 ~ Pg. Chaque canal satisfait la converse fort et il y a une unique
meilleur fonction d’encodage, c’est-a-dire une distribution de probabilité optimale unique
pour tous les canaux. Alors la probabilité de panne sont le spectre asymptotique d’EP

dans ce réseau et le corollaire suivant peut étre obtenu.

Corollary 10 Pour le réseau déterministe linéaire de tribu fini composite, le spectre

asymptotique d’EP pour le débit r et chacun € est comme suit :

E(r,e) =Py(r ¢ €pne)- (4.28)
ot €pn,g pour O est défini :

Cpne = {(R(S) > 0) : R(S) < min min H(ZsceYde\Xersce)},

ot la distribution d’entrée est choisie a chaque source comme indépendante et uniformé-

ment distribué.

Il est intéressant de voir que le coté droit de (10) est indépendant de e qui signifie que la

probabilité de panne est une mesure suffisante pour la performance de ce réseau.

9. Finite field linear deterministic networks
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Chapter 5

Introduction

Consider two distant points such that at one point, say the source there is an in-
formation, a set of messages, desired at the other end, the destination. The goal of
communication is to guarantee this information at the destination with specific reliabil-
ity criteria. The two ends can communicate via a channel. The channel “is the medium
used to transmit the signal from transmitter to receiver [49].” The channel is in general a
conditional probability distribution W(y|z) determining the probability that the channel
output is y, from the alphabets ), if the channel input is chosen as x from the alphabets X.
The communication is attained via a code. A code consists of an encoding function that
maps the messages to the channel input and a decoding function that maps the channel
output to the set of messages. The channel is particularly known to the transmitter so
it can choose the probability distribution of the channel input in the encoding process in
order to increase the rate. Shannon formulated the problems of channel coding and de-
rived main conditions for the transmission of a discrete memoryless source over a channel.
Shannon in his canonical paper showed that “it is possible to send information at the rate
C' —the capacity— through the channel with as small a frequency of errors or equivocation
desired by proper encoding. This statement is not true for any rate greater than C' [49].”
This rather unexpected result at that period confirmed the possibility of point-to-point
transmission of information through a noisy channel with non-zero rate. The model con-
sidered in the seminal work by Shannon consists of a source-encoder, a channel and a

destination-decoder.

Later the research within the discipline of information theory was pursued in various

directions where in particular we can spot two out of them. First direction was taken by

89
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Shannon himself who generalized the original setting to the multiuser case where there are
many receivers and transmitters in the network. He introduced two-way communication
networks in [50] where the communication is carried out in both direction between two
nodes. Shannon in the very same paper stipulated about the cases with more than two

terminals. He declared that:

In another paper we will discuss the case of a channel with two or more termi-
nals having inputs only and one terminal with an output only, a case for which

a complete and simple solution of the capacity region has been found [50].

This promised the capacity of multiple access channels. Unfortunately, Shannon did not
publish anything afterward and “the simple solution” took almost a decade to be ready.
Ahlswede [51] and Liao [52] around 1971 found the capacity of multiple access channels.
The various models like broadcast channels [24] and relay channels were later introduced
but it turned out that finding the capacity of general multiterminal networks is a laborious
and difficult task. Cover in 1975 [53] conjectured that “it seems very likely that the capacity
region of broadcast channel will be information theoretic and pretty”. The task appeared
to be much more challenging than once seemed to and Ahlswede in 1987 [54] qualified it
as “one of the very challenging problems”. The problem of capacity region of broadcast
channel is still open.

In particular, there is a special multiterminal model which is very attracting because its
practical application. Consider a three terminal network where one terminal has neither
a message to transmit nor a message to receive. All this terminal can do is to find a
best way to facilitate the communication between the other terminals. This channel was
firstly introduced by Van der Meulen around 1971 in [55]. A special case of three terminal
networks is the relay channel. If we add another node to the basic Shannon model for
communication which is capable of transmitting and receiving the information we obtain
the relay channel, see Fig. 5.1. This model can be considered as a basic model for
cooperative communication, however the capacity region of this channel is still unknown
in general. The various achievable rates and upper bounds have been developed which
yields the capacity region for some special cases [1-3,5,14]. The cooperation between
terminals opens up the possibility to increase the rate and reliability in multiterminal
networks.

On the other hand, a second direction taken by researcher was to consider the uncer-

tainty in the communication model. This aims to address scenarios where the terminals are
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Figure 5.1: The memoryless relay channel

not aware of the exact probability distribution of the channel. Arbitrary varying channels
(AVCs), time-varying channels with states and compound channels are the main models
introduced to deal with uncertainty. The compound channel, also referred to as the si-
multaneous channel, is a model where the probability distribution (PD) of the channel in
operation is chosen from a set of probability distributions © and remains fixed throughout
the transmission. Both transmitter and receiver are assumed ignorant of the PD govern-
ing the transmission but they know the set of possible channel indices ©. The compound

channel and its capacity was derived in [20-22] in 1959.

What makes these two directions particularly interesting is the rise of wireless networks.
Wireless networks occupy nowadays an undeniable place in the telecommunication industry
and it is important to analyze their various facets. They possess some specificities. First
of all, they are composed of many receivers and transmitters and in this sense they are a
particular case of multiterminal networks. They are composed of many nodes which can
be receivers, transmitters or both and there are set of messages destined for some nodes
coming from other nodes. Secondly, the nodes can help each other, e.g. by forwarding
the message of other users through the network. It means that each node can choose
the transmitted code as a function of its own message and the previous observation of
the channel. This opens up the possibility of cooperation within a network. Finally, the
channel in wireless networks is subject to changes due to fading and mobility of users,

which necessitates to consider the uncertainty inherent in the structure of these networks.

It is around these three axes, i.e. multiterminal networks, cooperation and uncertainty

that this thesis is organized.
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5.1 Related Works

A considerable amount of research was carried out on network information theory,
cooperative networks and communication with channel uncertainty. We now review basic

results and related work.

5.1.1 Cooperation and Multiterminal Networks

The essence of cooperation is relaying operation. As it can be seen from Fig. 5.1, the
relay channel consists of the channel input X € 2 and the relay input X; € 27, the
channel output Y; € %4 and the relay output Z; € 2. The channel is characterized by

W(y1, z1|z,21) and it is assumed to be memoryless:

n
Wi(y,,z1lz,21) = HW(yu, 2144, 14)
i=1
for x = (21,9, ...,xy,), where z; means the channel input at the time i. The relay input
X1 at the time 7 is a function of previous relay outputs Z7, namely X;; = fi(Zf_l). The
central difficulty in this problem is to find a proper relay function.

The original contribution for this channel is due to Cover and El Gamal [1]. They
developed the main cooperative strategies for relay channels, namely Decode-and-Forward
(DF) scheme and Compress-and-Forward (CF) scheme. In DF coding, as first introduced
by Cover-El Gamal, the source messages are distributed into indexed bins. The relay
decodes the source message and then transmit its bin index. The achievable rate for DF

scheme is given by

Rpr = max min {I(X;Z;|X1),[(XX1;Y1)}.
p(a,x1)

The previous rate is indeed the combination of two conditions. The relay has to decode the
message in DF and the first condition corresponds to the condition of successful decoding
at the relay R < I(X; Z1]|X7). The next condition is the condition of successful decoding
at the destination R < I(XX7;Y7). It is interesting to see that intuitively the destination
sees a multiple access channel with two inputs X, X, jointly delivering a same message
and not necessarily independent, and the rate is related to this setting.

On the other hand, when CF scheme is allowed, the relay finds a compressed version

of its output observation, namely Zl, and using binning the compressed version is then
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transmitted. The achievable rate for CF is as follows

= omax  I(X3Y1Zi|X))
p(@)p(z1)p(£121,21)

subject to the condition

[(X1;Y1) > 1(Zy; 21 X1, V).

In fact, DF and CF schemes are the fundamental cooperative strategies developed for
the relay channel. Another achievable rate region was obtained by Cover-El Gamal by
combining DF-CF schemes, where the relay uses both DF and CF. As a special case, the
relay use DF to decode and forward only part of the source message and the rest of the
message is directly transmitted to the destination. It is referred to as partial decoding DF
scheme. As a matter of fact, DF and CF regions can be obtained by different methods.
For instance DF region can be obtained, using methods developed by Willems and Carleial
in [2, 3], where instead of using binning, the source and the relay uses the codebooks with
the same size. This is called regular encoding. Willems developed backward decoding
and Carleial used sliding window to decode the message at the destination. El Gamal-
Mohseni-Zahedi in [4] developed an alternative scheme for CF where the achievable rate
turns out to be equivalent to final CF rate (for detailed survey on the results look at the
introduction of the next chapter).

Although in general the previous bounds are not tight, it was shown that DF scheme
achieves the capacity of physically degraded and reversely degraded relay channels. The
degraded relay channel is defined with the following Markov chain X e (X1, Z1) e Y;. The
notion of degradedness of Y; with respect to Z; implies intuitively that Z; is in general
better than Y;. The notion appears also in other channels, .e.g. broadcast channels.
Particularly, when there is noiseless feedback from the destination to the relay, the relay
channel can be considered as physically degraded and the capacity is achieved using DF
scheme. On the other hand, partial DF scheme yields the capacity of semi-deterministic
relay channels, as it was shown by Aref-El Gamal [5].

Another important piece of networks is the broadcast channel (BC), where a set of
common and private messages are intended to several destinations. In particular, the
2-user memoryless BC, characterized by W(y;,y2|x), has been extensively studied. The
capacity region of the degraded BC was found by Bergmans, Gallager, and Ahlswede and
Korner [6-9]. Korner and Marton established the capacity of the BC with degraded mes-
sage sets [10]. They introduced the notions of less-noisy and more capable BCs [11] and
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showed the capacity of less-noisy BCs. El Gamal proved the capacity of more capable
BCs in [4]. The best known inner bound for the general BC is due to Marton [12]. This
is based on the idea of binning where an alternative proof was also reported by El Gamal

and van der Meulen in [13]. The next region is referred to as the Marton region.

Rpc = co{(Rl,Rg) : Ry, Ry > 0,
Ry < I(UgUy; Y1)
Ry < I(UgUs; Y2)
Ri + Ry < min{I(Up: Y1), [(Up; Y1)}
+ I(U1; Y1|Uo) + I(Ua; Y2|Uy) — I(Ua; Ui |Uy) for all Py,u,u,x € 77},

where P is the set of all PDs Py, x -

Extensive research has been done during years in order to study the capacity region
of more general networks by combining single relay channels, broadcast channels and
multiple access channels. For instance, broadcast relay channels and multiple access relay
channels, along with general networks [14] were studied. Achievable rate regions have been
derived by combining coding techniques like: (partial) DF and CF schemes, Marton and
superposition coding, block-Markov coding, etc. However as the capacity region is not
known for most of the basic networks like the relay channel and the broadcast channel,
the obtained achievable rates are not tight in general.

The research on general networks fascinated the researchers from the beginning. Elias-
Feinstein-Shannon around 1956 stated a general upper bound on the capacity of multiter-

minal networks [15].

Theorem (Elias-Feinstein-Shannon’56): The maximum possible flow from left
to right through a network is equal to the minimum value among all simple

cut-sets.
The proof of this theorem was also given by Ford-Fulkerson in [16] and Dantzig-Fulkerson
[17]. Moreover the authors clearly stated that it is "by no means obvious” if this region for
general networks can be achieved. Assume now a network with N pair users (X;,Y;), for
ie N =1{1,2,..,N} and channel W(y1, 2, ..., yn|21, T2, ..., x5 ). Then the cut-set bound
is as follows (R(S) = > 1cq Br):

e = co | {(R(S) > 0): R(S) < I(X(S):; Y (S)|X(S)) for all § C N}.
PeP
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As a matter of fact, the region as mentioned before is in general not achievable. Fur-
thermore, it is difficult to generalize coding for broadcast and relay channels to arbitrary
networks. However, in recent work [18] by Lim-Kim-El Gamal-Chung, noisy network cod-
ing (NNC) strategy was introduced for general networks. This is based on CF scheme,

achieving a constant gap from the cut-set bound.

Theorem 23 (Lim-Kim-El Gamal-Chung, 2011) An inner bound on the capacity region
of DM network with N user and the set of destinations D is given by

e =co | J {(R(S) >0):
Pe2

R(S) < min I(X(5); Y (5), Yal X (59, Q) — I(Y(S);?(5)|XN7?(SC)7Yd,Q)}
esSenD
for all cutsets S C N with S°ND = .

NNC is based on sending the same message in all blocks —repetitive encoding— and non-
unique compression index decoding where compression does not rely on binning. The
NNC scheme achieves the capacity of some networks, as for example finite field linear

deterministic networks [19].

5.1.2 Compound and Composite Channels

The problem of communication with channel uncertainty has been studied via various
models however the main assumption is that the channel is unknown to the terminals.
Either the channel changes arbitrarily during each round of transmission or the channel
remains fixed during the course of transmission. In the former case we face with channels
with states while in the later with the compound channel. These models roughly cor-
respond to the cases of fast fading and slow fading in wireless communications. In fast
fading setting, the code-length is significantly larger than the coherence time interval of
the channel and hence the channel can be assumed to be ergodic. This yields the Shannon
capacity in this case is called ergodic capacity. For slow fading case, the code length is
in the order of the coherence time for the corresponding interval. Although there exist
various strategies developed for these scenarios, our focus is to look at the compound
capacity.

The compound channel consists in a set of channels indexed by 6:

Wo = {Ws(y|z) : X = V}yco -
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It is important to note that there is no probability distribution assumed on @. Moreover
in order to have an achievable rate for the compound channel, the code should yield
small error probability for every 6. The capacity of the compound channel (CC) is given
by [20-22]

Coc = inf I(X:;Y,
CC r;l(zx%(@lg@ ( ) 9))

where Yj is the output of the channel with distribution Wy(y|x). However in the case of a
slow-fading AWGN channel, one cannot guarantee small error probability for all possible
channel gains because ultimately one gets zero rate. Assume now that instead of a single
set of messages, the encoder is allowed to send several set of messages —variable-rate
channel coding [23]- and then the destination, depending on the index 6, decodes as much
as possible messages. The existent connection between broadcast and compound channels
was first noticed by Cover in [24, Section IX], where he suggested “that the compound
channels problem can be reinvestigated from this broadcasting point of view.” This idea
was fully developed by Shamai in [25] and later referred to as the broadcasting approach.
Consider the Gaussian fading AWGN channel defined as

Y =hX + N,

where N is AWGN noise and h is fading coefficient. The channel is assumed to be slowly
fading, which means that A is chosen randomly beforehand and remains constant during
the communication. Here the uncertainty comes from the fading coefficient h, and for each
draw of h, there is a channel which can be possibly in operation. The set of all possible
channels can be considered as being indexed by h, i.e. § = h. Now “the transmitter
views the fading channel as a degraded Gaussian broadcast channel with a continuum
of receivers each experiencing a different signal-to-noise ratio specified by uSNR where u
is the continuous index”. Shamai constructed a multi-layered coding, one layer for each
fading draw h, such that for each fading draw h, all the layers with u = |h’|?> < v = |h|?
can be decoded and the rest of layers appear as interference. The power allocation for v
is SNR(v)dv > 0. The rate for this channel is a function of v and follows as
R = [,
o 1+uy(u)
where y(u) = [ ¥ SNR(v)dv. The main idea behind broadcasting strategy is to send
different messages so that the destination can choose how many of them can be decoded
depending on the channel in operation. In the broadcasting strategy, the transmitted code

guarantees variable rates for each of the possible channels in the set.
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There are other approaches to deal with uncertainty in networks. In compound set-
tings, there is no probability distribution introduced over 6. To take into account the
probability distribution of 6, the notion of outage capacity was proposed in [26] for fad-
ing channels. For a desired outage probability p, the outage capacity is defined as the
maximum rate that can be transmitted with probability 1 — p. In contrast, ergodic ca-
pacity is the maximum information rate for which error probability decays exponentially
with the code length. Unlike broadcasting strategy, the transmitted code sends a fixed
rate for all possible channels in the set. Effros-Goldsmith-Liang introduced the compos-
ite channel [27]. “A composite channel consists of a collection of different channels with
a distribution characterizing the probability that each channel is in operation.” So the
composite channel is defined as the set of channels Wg as before, but with an associated
PD Py on the channel index 6. Composite models unlike compound, take into account
the channel uncertainty by introducing a PD Py on the set. The authors in [27] broaden
the definition of capacity to allow for some outage. Indeed, the notion of capacity versus
outage is defined as "the highest rate asymptotically achievable with a given probability

of decoder-recognized outage”.

5.1.3 Cooperative Networks with Channel Uncertainty

The uncertainty in general networks can be both due to fading and user mobility.
Now suppose that the relay can be present or absent and the source is oblivious to this
fact. Moreover the topology of network and the channel itself remains fixed during the
course of communication. Then the source should be able to design a code to sustain the
performance in spite of the absence of the relay. Katz-Shamai studied this problem in [28]
with an occasional nearby relay, as shown in Fig. 5.2. By nearby relay it is meant that DF
scheme performs better than CF scheme. They used the notion of expected throughput
to gauge the performance. It was shown that the superposition coding-backward decoding
allows the destination to decode the message without performance loss, even if the relay is
not present. In other words, if the relay is not present the expected throughput remains the
same. The authors introduced the notion of oblivious cooperation to refer to cooperative
protocols which improve performance when the relay is present while not degrading it

when the relay is absent, even if the source is uninformed of the actual topology.
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Figure 5.2: A slow-fading AWGN relay channel

5.2 Motivation

It is well recognized how wireless networks are subject to statistical changes, mainly
due to fading and user mobility. In some scenarios, the code-length is significantly smaller
than the coherence time interval so that the channel remains fixed during the commu-
nication. Let us consider for instance a single relay channel where the source-relay and
relay-destination channel gains can randomly change. If the source-relay channel gain is
good enough then the relay would be able to decode the source message and forward it to
the destination. It may appear to be better to implement DF scheme in this case. How-
ever, if the channel is randomly drawn, the source-relay channel quality can be significantly
deteriorated for some cases and it is not guaranteed that the relay can decode the message
successfully. In these cases, an error is declared and decoding cannot be successfully car-
ried out. Moreover the source cannot do anything because it is not aware of the channel
realization. In slowly fading AWGN channels, the source-relay channel quality, which is fix
during the transmission, can be poor through the whole course of the communication and
this yields unsuccessful decoding at the destination. A similar situation can be considered
if the source employs CF code. When the relay-destination channel is poor, the use of
CF scheme is not adequate and thus decoding may be unsuccessful again. As a matter of
fact, even if the source-relay channel is good enough for allowing decoding of the massage
at the relay, it cannot fully exploit DF scheme because of the source code is designed for
CF coding, and so independent of the relay code. Notice that in these examples the relay
can have access, at least partly, to the channel state information (CSI) because it has a
receiver and so it can have an estimation of the channel. But because the source has to

fix the coding a priori, a cooperative strategy is imposed at relay and therefore it is not
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capable of benefiting from the available CSI.

The above mentioned problems are central in multiterminal networks with channel
uncertainty. The main problem is that the proper coding (e.g. cooperative strategy)
depends on the source-relay and the relay-destination channel quality. So it is desirable to
explore how opportunistic and/or adaptive coding for cooperation is possible, even if the
source is ignorant of the channel states. In other words, how the users that are partly or
fully aware of CSI can exploit their available information to provide a better cooperation
performance. We shall refer to these strategies to as oblivious strategies, which means
that the source is oblivious to the coding strategy deployed in the other terminals. An
example of an oblivious strategy was given before when the source does not know whether
the relay is present or not but knows that if the relay is present then it is collocated. It
was discussed that if superposition coding is allowed at the source, then the destination
can decode the message subject to constraint of the single user channel capacity, even if
the relay is not present. So it can be said that superposition coding is an oblivious code
with respect to the presence of the relay.

In this thesis, we investigate cooperative strategies with channel uncertainty. In par-
ticular, we are interested in two cases. First, the case of simultaneous relay channels which
consists of a set of relay channels and secondly, the case of composite models where the
channel in operation is selected from the set of channels indexed with 6 by following a PD
Py. In this setting, the source (or sources) is ignorant of the channel in operation indexed
by 6. The other terminals are partly or fully aware of the channel in operation. As we
mentioned, channel uncertainty can be studied based on compound models and via the
broadcasting approach, or by relaying on the notion of the outage capacity. In the same
direction, we will see how these approaches can help us to understand better fundamental

limits and novel coding schemes for cooperative networks with channel uncertainty.

5.3 Summary of Contributions

The contribution of this thesis is organized in three chapters:

— Cooperative Strategies for Simultaneous and Broadcast Relay Channels,

— Selective Coding Strategy for Composite Unicast Networks,

— On the Asymptotic Spectrum of the Error Probability of Composite Networks.

In the first chapter, cooperative strategies are developed for simultaneous relay channel

(SRC), which consists of a set of single relay channels out of which the channel in operation
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is chosen. The broadcasting approach is adopted for this channel where the source wishes
to transmit common and private information to each of possible channels. This opens up
the possibility of using the broadcasting approach to send messages to each channel. For
example, suppose that the relay uses either DF or CF scheme but it is always present.
Now although the source may be ignorant of the coding strategy at the relay, it knows that
it is either DF or CF scheme which yields two possibilities. Then the source can design
a code with three messages (W, Wi, Wa) such that (Wy, W7) is decoded when the relay
uses DF and (W, W5) when CF is allowed. Therefore, this problem is recognized as being
equivalent to that of sending common and private information to several destinations in
presence of helper relays where each channel outcome becomes a branch of the broadcast
relay channel (BRC). Cooperative schemes and capacity region for a set of two relay
channels are investigated. The proposed coding strategies must be capable of transmitting
information simultaneously to all destinations in such set. Inner bounds on the capacity
region of the general BRC are derived for three cases of particular interest:

— The channels from source-to-relays of both destinations are assumed to be stronger !
than the others and hence cooperation is based on DF strategy for both users (re-
ferred to as DF-DF region),

— The channels from relay-to-destination of both destinations are assumed to be stronger
than the others and hence cooperation is based on CF strategy for both users (re-
ferred to as CF-CF region),

— The channel from source-to-relay of one destination is assumed to be stronger than
the others while for the other one is the channel from relay-to-destination and hence
cooperation is based on DF strategy for one destination and CF for the other one
(referred to as DF-CF region).

The techniques used to derive the inner bounds rely on recombination of message bits and
various effective coding strategies for relay and broadcast channels. These results can be
seen as a generalization and hence unification of previous work in this topic. An outer
bound on the capacity region of the general BRC is also derived. Capacity results are
obtained for specific cases of semi-degraded and degraded Gaussian simultaneous relay
channels. Rate regions are computed for AWGN models.

In the second chapter, the composite relay channel is considered where the channel is

randomly drawn from a set of conditional distributions with index # € ©, which represents

1. As it will be mentioned later, the formal definition of the notion of stronger channel is not necessary

until converse proofs.
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the vector of channel parameters with PD Py characterizing the probability that each
channel is in operation. The specific draw 0 is assumed to be unknown at the source,
fully known at the destination and only partly known at the relay. In this setting, the
transmission rate is fixed regardless of the current channel index. Hence the encoder cannot
necessarily guarantee arbitrary small error probability for all channels. The asymptotic
error probability is used as metric to characterize the reliability function. In this setting,
the coding strategy is commonly chosen regardless of the channel measurement at the
relay end. We introduce a novel coding which enables the relay to select —based on its
channel measurement— the best coding scheme between CF and DF schemes. Indeed,
provided that the channel source-to-relay is good enough for decoding the message, the
relay decides on DF and otherwise it may switch to CF. The proposed selective coding
strategy (SCS) is based on superposition coding, DF and CF coding schemes, backward
and joint decoding at the destination. We derive bounds on the asymptotic average error
probability of the memoryless relay channel. This result is later extended to the case of
unicast composite networks with multiple relays. As a consequence of this, we generalize
the NNC theorem for the case of unicast networks where the relays are divided between
those who use DF scheme and those based on CF scheme. It is also shown that from offset
coding the relays using DF scheme can exploit the help of those using CF scheme. Offset
coding is the name for kind of Decode-and-Forward scheme where the relays in the block
1 of transmission are not necessarily transmitting the source message from the previous
block and each can defer its retransmission. For instance the relay in block 4, sends the
message of the block i — 2. An application example to the case of fading Gaussian relay
channel is also investigated where it is demonstrated that SCS clearly outperforms the

well-known DF and CF schemes.

The third chapter is dedicated to some theoretical considerations about the composite
multiterminal networks. As we already mentioned before, arbitrary small error probability
cannot be guaranteed for all channels in the set. Here instead of finding the maximum
achievable rate subject to a small error probability (EP), we look at the behavior of error
probability (not necessarily zero) for a given rate. The common notion as performance
measure of composite network is the notion of outage probability. But it is seen in case of
composite binary symmetric averaged channel, for which e-capacity is known, the outage
probability is not enough precise as performance measure. Instead, various notions of
performance are discussed among which the asymptotic spectrum of error probability is

introduced as a novel performance measure for composite networks. It is shown that the
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behavior of EP is directly related to their e-capacity. For instance, the notion of asymptotic
spectrum of EP yields a more general measure for the performance of these networks. The
asymptotic spectrum of EP is bounded by using available achievable rate regions and a
new region called full error region. Every code with a rate belonging to this region yields
EP equal to one. In this sense, for the networks satisfying the strong converse condition,
asymptotic spectrum of EP coincides with the outage probability. To this purpose it is

shown that the cutset bound provides an upper bound for the full error region.



Chapter 6

Cooperative Strategies for

Simultaneous Relay Channels

6.1 Introduction

The simultaneous relay channel (SRC) is defined by a set of relay channels, where the
source wishes to communicate common and private information to each of the destinations
in the set. In order to send common information regardless of the actual channel, the
source must simultaneously consider all the channels as described in Fig. 6.1(a). The
described scenario offers a perspective of practical applications, as for example, downlink
communication on cellular networks where the base station (source) may be aided by
relays, or on ad-hoc networks where the source may not be aware of the presence of a
nearby relay (e.g. opportunistic cooperation).

Cooperative networks have been of huge interest during recent years between re-
searchers as a possible candidate for future wireless networks [56-58]. Using the multiplic-
ity of information in nodes, provided by the appropriate coding strategy, these networks
can increase capacity and reliability. Diversity in cooperative networks has been assessed
in [59-61] where multiple relays were introduced as an antenna array using distributed
space-time coding. The advantage of cooperative MIMO over point-to-point multiple-
antenna systems was analyzed in [62]. Also coded cooperation has been assessed in [63].

The simplest of cooperative networks is the relay channel. First introduced in [55],
it consists of a sender-receiver pair whose communication is aided by a relay node. In

other words, it consists of a channel input X, a relay input X, a channel output Y] and a
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relay output 77, where the relay input depends only on the past relay observations. The
significant contribution was made by Cover and El Gamal [1], where the main strategies
of Decode-and-Forward (DF) and Compress-and-Forward (CF), and a max-flow min-cut
upper bound were developed for this channel. Moreover the capacity of the degraded and
the reversely degraded relay channel were established by the authors. A general theorem
that combines DF and CF in a single coding scheme was also presented. In general, the
performance of DF and CF schemes are directly related to the noise condition between the
relay and the destination. More precisely, it is well-known that DF scheme performs much
better than CF when the source-to-relay channel is of high quality. Whereas, in contrast,
CF is more suitable when the relay-to-destination channel is better. Furthermore, these
schemes provide rates that are very close to the cut-set bound for Gaussian relay channels
when the quality of one of these channels are good.

DF and CF inner bounds can be obtained using different coding and decoding tech-
niques. Coding techniques can be classified [14] into regular and irregular coding. Irregular
coding exploits the codebooks, which are involved between relay and source, with different
sizes while regular coding requires the same size. Decoding techniques also can roughly be
classified into successive and simultaneous decoding. Successive decoding method decodes
the transmitted codebooks in a consecutive manner. In each block, it starts with a group
of codebooks (e.g. relay codebook) and then afterward, it moves to the next group (e.g.
source codebook). However the simultaneous decoding decodes all the codebooks in a
given block at the same time.

Generally speaking, the latter provides the better results than the former. Cover and El
Gamal [1] have proposed irregular coding with successive decoding. Regular coding with
simultaneous decoding was first developed in [64]. It can be exploited for decoding the
channel outputs of a single or various blocks. For instance, the author in [2] has exploited
this issue by decoding with the channel outputs of two consecutive blocks which is called
sliding window decoding. The notion of backward decoding, which was introduced in [3],
consists of a decoder who waits until the last block and then starts to decode from the
last to the first message. Backward coding is shown to provide better performances than
other schemes based on simultaneous decoding [65,66] such as sliding window. Backward
decoding can use a single block like in [3] or multiple blocks as in [28] to decode the
information. The best lower bound known for the relay channel was derived in [67] by
using a generalized backward decoding strategy.

Based on these strategies, further work has been recently done on cooperative networks
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from different aspects. The capacity of semi-deterministic relay channels and the capacity
of cascaded relay channels were found in [5,68]. A converse for the relay channel has been
developed in [69]. Recently Compute-and-Forward strategy was proposed in [70] where
Lattice coding is used to perform coding. It appears that the use of structured codes
outperforms Decode-and-Forward strategy in some settings.

Multiple relay networks have been studied in [71] and practical scenarios have been also
considered, like Gaussian relay channel [40,72,73], Gaussian parallel relay network [74-78],
wireless relay channel and resource allocation [79-82]. The capacity of orthogonal relay
channels was found in [83] while the relay channel with private messages was discussed
in [84]. The capacity of a class of modulo-Sum relay channels was also found in [85].
The combination of relay channel with other networks has been studied in various papers,
like multiple access relay, broadcast relay and multiple relays, fading relay channels. The
multiple access relay channel (MARC) was analyzed in [86-88]. Offset decoding for MARC
has been proposed in [89] to improve the sliding window rate while avoiding the problem
of delay in the backward decoding. The relay-broadcast channel (RBC) where a user,
which can be either the receiver or an distinct node, serves as a relay for transmitting the
information to the receivers was also studied. An achievable rate region for the dedicated
RBC was obtained in [14]. Preliminary works on the cooperative RBC were done in [90-92]
and the capacity region of physically degraded cooperative RBC was found in [93]. Rate
regions and upper bound for the cooperative RBC were developed further in [30, 94, 95].
The capacity of Gaussian dedicated RBC with degraded relay channel was presented in
[33]. The simultaneous relay channel was also investigated through broadcast channels
in [29,96,97].

An interesting relation between compound and broadcast channels was first mentioned
in [24]. Indeed, the concept of broadcasting has been used as method for mitigating the
channel uncertainty effect in numerous papers [25,28,98-100]. This strategy facilitates to
adapt the rate to the actual channel in operation without having any feedback link to the
transmitter. Extensive research has been done on compound channels [21,101], including
Zero-Error [102], side information [103], interference channels [104], MIMO [105], finite-
states [106], multiple-access channel [107], feedback capacity [108], binary codes [109] and
degraded MIMO broadcast channel [110]. The broadcast channel (BC) was introduced
in [24] along with the capacity of binary symmetric, product, push-to- talk and orthogonal
BCs. The capacity of the degraded BC was established in [6-9]. It was shown that feedback
does not increase capacity of degraded BCs [111,112] but it does for Gaussian BCs [113].
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The capacity of the BC with degraded message sets was found in [10] while that of more
capable and less-noisy were established in [4]. The best known inner bound for general BCs
is due to Marton [12] and an alternative proof was given in [13] (see [114] and reference
therein). Such bound is tight for channels with one deterministic component [115] and
deterministic channels [116,117]. Lately, another strategy called indirect decoding was
introduced in [118,119], which achieves the capacity of 3-receiver BC with two degraded
message sets. A converse for the general BC was established in [12] and improved later
in [31,120].

The problem of the simultaneous relay channel is equivalent to that of the broadcast
relay channel (BRC), with additional Markov chains. The source sends common and
private information to several destinations which are aided by their own relays. So the
problem of SRC can be studied using the problem of BRC.

In this chapter, we study different coding strategies and capacity region for the case of
a general BRC with two relays and destinations, as shown in Fig. 6.1(b), as an equivalent
model for SRC with two simultaneous memoryless relay channels. Note that each model
introduced for BRC can be considered as an equivalent model for the SRC by adding
proper Markov chains however we do not explicitly assert the Markov chains for the rest.
The rest of the chapter is organized as follows. Section II presents main definitions and
the problem statement. Inner bounds on the capacity region are derived for three cases of
particular interest:

— The channels from source-to-relays are stronger ' than the others and hence cooper-
ation is based on DF strategy for both users (refer to as DF-DF region). This case
corresponds to the SRC where DF is employed in both relay channels,

— The channels from relay-to-destination are stronger than the others and hence co-
operation is based on CF strategy for both users (refer to as CF-CF region). This
case corresponds to the SRC where CF is employed in both relay channels,

— The channel from source-to-relay of one destination is stronger than the others while
for the other one is the channel from relay-to-destination and hence cooperation is
based on DF strategy for one destination and CF for the other (refer to as DF-CF
region). This case corresponds to the SRC where different coding, CF and DF, is

1. We shall not provide any formal definition to the notion of stronger channel since this is not necessary
until converse proofs. However the operational meaning of this notion is that if channel A is assumed to
stronger than channel B then the coding scheme will assume that decoder A can fully decode the information

intended to decoder B.
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Figure 6.1: Simultaneous and broadcast relay channels

employed in each relay channel.

Section III examines general outer bounds and capacity results for several classes of BRCs.
In particular, the case of the broadcast relay channel with common relay (BRC-CR) is
investigated, as shown in Fig. 6.1(c). We show that the DF-DF region improves existent
results on BRC with common relay, previously found in [14]. Capacity results are obtained
for the specific cases of semi-degraded and degraded Gaussian simultaneous relay channels.
In Section IV, rates are computed for the case of distant based additive white Gaussian
noise (AWGN) relay channels. Achievability and converse proofs are relegated to the

appendices. Finally, summarize and discussions are given in Section V.

6.2 Main Definitions and Achievable Regions

In this section, we first formalize the problem of the simultaneous relay channel and
then the next three subsections present achievable rate regions for the cases of DF-DF
strategy (DF-DF region), CF-CF strategy (CF-CF region) and DF-CF strategy (DF-CF
region). We denote random variables by upper case letters X,Y and by bold letters X,Y
the sequence of n random variables, i.e. X" Y". On the other hand the Markov chain

between three random variables A, B and C' is presented using the following notation:

Ao Be(C.
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Figure 6.2: Broadcast relay channel (BRC)

6.2.1 Problem Statement

The simultaneous relay channel [29] with discrete source and relay inputs z € 2,
xp € Z7, discrete channel and relay outputs yr € %, zp € 27, is characterized by a set

of relay channels, each of them defined by a conditional probability distribution (PD)
@SRC = {PYTZT|XXT 2 x %T — @T X .QpT},

where 1" denotes the channel index. The SRC models the situation in which only one single
channel is present at once, and it does not change during the communication. However the
transmitter (source) is not cognizant of the realization of T governing the communication.
In this setting, T is assumed to be known at the destination and the relay ends. The
transition PD of the n-memoryless extension with inputs (x,xr) and outputs (yr,zr) is
given by

n

Py goixxp (YT, 20[%, X7) = [ Wryri zrilei, 2r0).

i=1

Here we focus on the case where T € {1,2}, in other words there are two relay channels

in the set.

Definition 11 (Code) A code for the SRC consists of
— An encoder mapping {© : Wo X Wy X Wy — 2"},
— Two decoder mappings {1 : ZJ' — Wy x Wr},
— Two sets of relay functions { fr;}1~, such that {fr; %2_1 — 27,

forT = {1,2} and some finite sets of integers Wy = {1,..., My} and Wy = {1, . ,MT}T:{1 2y

The rates of such code are n~'log My and the corresponding maximum error probabilities
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are defined as
T={1,2}: PO = o Pr{(Yr) # (w0, wr)}

Note that the compound relay channel has indeed the very same definition as the
simultaneous relay channel however we keep both terms to indicate the difference in codes
for each one. One code guarantees a common rate for all channels, i.e. all T" and private
rate for each channel, i.e. each T', as the code defined above. We refer to this case as the
simultaneous relay channel. Another code guarantees only a common rate for, and sends
a common message wy to all channels, i.e. all T. By using the compound relay channel

we mean this case.

Definition 12 (Achievable rates and capacity) For every 0 < e,y < 1, a triple of
non-negative numbers (Ro, Ry1, Ra) is achievable for the SRC if for every sufficiently large

n there exists a n-length block code whose error probability satisfies
P (0,0, {frafiny) < e
for each T = {1,2} and the rates
%bgMT > Ry —7,

for T'=140,1,2}. The set of all achievable rates €pre is called the capacity region of the
SRC. We emphasize that no prior distribution on T is assumed and thus the encoder must
exhibit a code that yields small error probability for every T = {1,2}.

A similar definition can be offered for the common-message SRC with a single message
set Wy, n~'log My and rate Ry. The common-message SRC is equivalent to the compound

relay channel and so the achievable rate for the compound relay channel is defined similarly.

Remark 11 Notice that, since the relay and the receiver are assumed cognizant of the
realization of T, the problem of coding for the SRC can be turned into that of the broadcast
relay channel (BRC) [29]. Because the source is uncertain about the actual channel, it has
to count on the presence of each one of them and therefore to assume the presence of both
simultaneously. This leads to the equivalent broadcast model which consists of two relay
branches, where each one corresponds to a relay channel with T = {1,2}, as illustrated
in Fig. 6.1(b) and 6.2. The encoder sends common and private messages (Wo, Wr) to
destination T at rates (Ro, Rr). The general BRC' is defined by the PD

PBre = {Prizivazo) X X1 %0 X X 21 X Xy — W X 4 X B x 25},
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with channel and relay inputs (X, X1, X2) and channel and relay outputs (Y1, Z1,Ya, Zs).
Notions of achievability for (Rg, R1, R2) and capacity remain the same as for conven-
tional BCs (see [24], [14] and [30]). Similar to the case of broadcast channels, the ca-
pacity region of the BRC in Fig. 6.1(b) depends only on the following marginal PDs

1Py 1 x X1 X021 705 Pya | X X1 X071 20> 7 20| X X1 X0 ) -

Remark 12 We emphasize that the definition of broadcast relay channels does not dismiss
the possibility of dependence of the first (respectively the second) destination Y, on the
second (respectively the first) relay Xo and hence it is more general than the simultaneous
relay channels. In other words, the current definition of BRC corresponds to that of SRC
with the additional constraints to guarantee that (Y, Zr) given (X, Xp) for T = {1,2}
are independent of other random wariables. Despite the fact that this condition is not
necessary until converse proofs the achievable region developed below are more adapted to
the simultaneous relay channel. However all the achievable rate regions do not need any

additional assumption and hence are valid for the general BRC.

The next subsections provide achievable rate regions for three different coding strate-

gies.

6.2.2 Achievable region based on DF-DF strategy

Consider the situation where the channels from source-to-relay are stronger than the
other channels. In this case, the best known coding strategy for both relays turns out to be
Decode-and-Forward (DF). The source must broadcast the information to the destinations
based on a broadcast code combined with DF scheme. The coding behind this idea is as
follows. The common information is being helped by the common part of both relays while
private information is sent by using rate-splitting in two parts, one part by the help of
the corresponding relay and the other part by direct transmission from the source to the

corresponding destination. The next theorem presents the general achievable rate region.

Theorem 24 (DF-DF region) An inner bound on the capacity region Zpr-pr C €prc of
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the broadcast relay channel is given by

RpF.pr = O U {(Ro >0,R1 >0,Ry >0):
Pe2

Ro+ Ry < It — I(Uo, Uy; X2| X1, Vo),
Ry + Ry < Iz — I(Uy, Uz; X1| X2, Vo),
Ro+ R1+ Ry < It + Jo — I(Up, Uy; Xo| X1, Vo) — I(Ur, X1; Uz | X2, Up, Vo) — I
Ro+ R1+ Ry < Ji + I — I(Up, Uz; X1| X2, Vo) — I(U1; Uz, X2| X1, Up, Vo) — I
2Ry + R1+ Ry < Iy + I — I(Uo, Uy; Xa| X1, Vo) — I(Up, Uz; X1|X2, Vp)
~ 1T U] X1, X2, Uy, Vo) = s

where (1;, J;, Inr) with i = {1,2} are as follows

I; = min {I(Uy, Us; Z; |V, Xi) + 1(Usya; Yi|Uo, Vo, X4, U;), 1 (U, Vo, Ui, Uiy, Xi3 Y5) },
J; = min {I(U;; Z;|Uo, Vo, Xi) + I (Uir2; Yi|Uo, Vo, Xi, Us), I(Uiya, U, X35 Y;|Uo, Vo) }
IM = I(U3;U4|U15U25X17X27U07Vb)7

co{-} denotes the convex hull and the union is over all joint PDs Py, vyu,U,UsU, X, XoX € 2
such that

2 = { PuyvotnaUsUa X1 X2 X = Pusva x|000s Punva|ve x: X Puo|x1 X2 Pxalve Pxave P
Satlsfylng (UO7 ‘/07 Ula U27 U37 U4) < (X17 X27 X) © (Yia Zl7 Y27 ZQ)}

Proof The complete proof of this theorem is relegated to Appendix A.1. Instead, here we
provide an overview of it. First, the original messages are reorganized via rate-splitting
into new messages, as shown in Fig. 6.4, where we add part of the private messages
together with the common message into new messages (similarly to [14]). The general
coding idea of the proof is depicted in Fig. 6.3. The RV Vj represents the common
part for the RVs (X7, X5) (the information sent by the relays), which is intended to help
the common information encoded in Uy. Private information is sent in two steps, first
using the relay help through (U;,Us) and based on DF strategy. Then the direct link
between source and destinations is used to decode (Us,Uy). Marton coding is used to
allow correlation between the RVs denoted by arrows in Fig. 6.3. To make a random
variable simultaneously correlated with multiple RVs, we used multi-level Marton coding.

For this purpose, we start with a given set of i.i.d. generated RVs and then in each step
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Figure 6.3: Diagram of auxiliary random variables
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Figure 6.4: The message reconfiguration

we chose a subset such that all their members are jointly typical with a fix RV. Then in
each step we look for such a subset inside the previous one. Full details for this process
are explained in Appendix A.1.

Table 6.1 shows details for the transmission in time. Both relays knowing v, x; decode
U, Uy in the same block. Then each destination by using backward decoding decodes all
the codebooks in the last block. The final region is a combination of all constraints from
Marton coding and decoding which will simplify to the region by using Fourier-Motzkin

elimination.

Remark 13 We have the following observations:
— Both rates in Theorem 24 coincide with the conventional rate based on partially
DF 1],
— It is easy to verify that, by setting (X1, X2, Vo) =0, U3 =Uy,Uy = Us Zy =Yy and

Zy =Y, the rate region in Theorem 24 is equivalent to Marton’s region [12],
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Table 6.1: DF strategy with b = {1,2}

vo(to@-1)) vo(tow))

ug (togi—1)» toi) ug (toi» togit1))
Zp(to@i—1), toi—1)) 2y (tois te:)

Up(to(i—1), tois to(i—1) toi) wp(toir to(i+1)» this to(i+1))

Upr2(to@i—1)» tois to(i—1)s toir t(b42)i) | Uot2(Fois Logit1)s toir to(it1)s E(b+2)(i+1))

i ot

— The previous region improves one derived for the BRC in [29] and for the BRC
with common relay as depicted in Fig. 6.1(c). By choosing X1 = Xo = Vo and
Uy = Us = Uy, the rate region in Theorem 24 can be shown to be equivalent to the
inner bound by Kramer et al. in [14]. However the following corollary shows that

the rate region in Theorem 2/ is strictly better than that of Kramer et al..

The following corollary provides a sharper inner bound on the capacity region of the BRC
with common relay (BRC-CR). In the following region, the relay helps also the private
information for the first destination by dividing relay help into two parts Vg and X;
however the relay in Kramer et al.’s region helps only common information. For instance
when Y5 = () and the first destination is the degraded version of the relay, intuitively when
the second destination channel is so weak that we can ignore it, then the region of Kramer
et al. cannot achieve the capacity of the first relay channel because the relay can only help

the common information. However this is not the case in the following region.

Corollary 11 (BRC with common relay) An inner bound on the capacity region of
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the BRC-CR Zprc-cr € €Bro-cr 1S given by

RBRC-CR = CO U {(Ro >0,R1 >0,Ry >0):

Pyyugt; a0y, X €2
Ro+ Ry < min{ly + Ly, I3 + I3} + 1(Us; Y1|U1, Uy, X1, V),
Ro + Ry < I(Uo, Vo, Us; Ya) — I(Uo; X1|Vo),
Ry + Ry + Ry < min{ls, I3} + I3, + I(Us; Y1|U1, Uy, X1, V)
+ I(Us; Ya|Uo, Vo) — I(Uo; X1 Vo) — Iur,
Ry + Ri + Ry < min{Iy, I3} + I, + I(Us; Y1|U1, Uy, X1, Vo)
+ I(Us; Y2|Uo, Vo) — I(Uo; X1|Vo) — L,
2Ro + Ry + Ry < I(Us; Y1|Uy, Uo, X1, Vo) + 1(Uy; Y2|Up, Vo) + 2
+min{ly + Iy, Is + Isp} — I(Up; X1 |Vo) — IM}

with
I = I(Uo, Vo; Y1),
Iy = I(Uy, Vo; Ya),
I3 = I(Uo; 21| X1, Vo),
I, = I(U1 X1; Y1|Uo, Vo),
I3, = I(Uy; Z1|Ug, Vo, X1),
Ing = I(Us; Us| X1, Ur, Uy, Vo),

co{-} denotes the convex hull and 2 is the set of all joint PDs Py u,v,usu,x,x Satisfying

(Vo, U, Uy, U3, Uy) & (X1,X) © (Y1, Z1,Y5).

The central idea is that here the relay must help common information and private
information for one user at least. It will be shown in the next section that a special case of
this corollary reaches the capacity of the degraded Gaussian BRC-CR and semi-degraded
BRC-CR.

6.2.3 Achievable region based on CF-DF strategy

Consider now a broadcast relay channel where the source-to-relay channel is stronger

that the relay-to-destination channel for one branch and weaker for the other branch.
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Hence cooperative strategy is better to be based on DF for one branch and CF for the
other. The source must broadcast the information to the destinations based on a broadcast
code combined with CF and DF schemes. This scenario may arise when the encoder does
not know (e.g. due to user mobility and fading) whether the channel from source-to-relay
is better or not than the channel from relay-to-destination. The next theorem presents
the general achievable rate region for the case where the first relay employs DF and the

second relay employs CF to help common and private information.

Theorem 25 (CF-DF region) An inner bound on the capacity region of the BRC Zpr.cr C

EBro with heterogeneous cooperative strategies is given by

R CF-pF = €O U {(Ro >0,R1 >0,Ry>0):
Pec2

Ry + Ry < I,
Ry + Ry < Iy — I(Us; X1|Ug, Vo),
Ro+ Ry + Ry < Iy + Jo — I(Uy, X1; Us|Uy, Vo),
Ro+ Ry + Ry < Jy + Iy — I(Uy, X1; Us|Uy, W),
2Ro+ By + Ry < I + I — 1(U1, X1 UalUo, Vo) }.
where the quantities (I;, J;) with i = {1,2} are given by
Iy = min {I(Uy, Uy; Z1X1, Vo), I(Ur, Uo, X1, Vo; Y1) },
I = I(U, Uy, Vo; Z2, Ya| X2),

Ji = min {I(Uy; Z1| X1, Uo, Vo), 1(Ur, X1; Y1|Uo, Vo) },
Jo = 1(Us; Za, Ya| Xa, Uy, Vo),

co{-} denotes the convex hull and the set of all admissible PDs 2 is defined as

2= {PV0U0U1U2X1X2XY1Y2Z1ZQZQ = PVOPX2PX1\VOPU0|V0PU2U1\XlUOPX|U2U1 X
Pyivaz, 251X X1 X2 P2, x, 2, » Satisfying
1[(X2;Ya) > I(Zy; Zo| X2Y2), and
(Vo,Uo, Ur,Uz) & (X1, X2, X) © (Y17Z17Y27Z2)}-
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The proof is presented in Appendix A.2.

It is possible for general broadcast relay channels to change the coding strategy in
first and second relay, from DF to CF and vice versa to obtain another region. Finally a
bigger region can be obtained by taking the union of two regions. In order to transmit
the common information and at the same time to exploit the help of the relay for the DF
destination, the regular coding is used with block-Markov coding scheme. In fact, Vj is
the part of X; to help the transmission of Uy. But the second destination uses CF where
the relay input and the channel input are mainly independent. Although it seems, at
the first look, that block-Markov coding with superposition coding is not compatible with
CF scheme. The source uses regular encoding and superimpose the code from the current
block over the code from the previous block. When the relay uses DF, it transmits the code
from the previous block and hence the destination can exploit this help to decode all codes.
But when the relay uses CF, the destination seems to be faced with two superimposed
codes which has to be decoded. Because the center codeword carries the dummy message
in the first block, the destination can decode the cloud knowing the center. Then in the
next block using the same idea, continues to decode by removing the center code. But this
leads to performance loss because one part of the transmitted code is indeed thrown away.
So it seems that the superposition coding is not proper for CF. However it can be shown
that this is not the case. By using backward decoding, the code can be also exploited for
CF scheme as well, without loss of performance. Indeed the CF destination takes Vj not
as the relay code but as the source code over which Up is superimposed. Then at the last
block Uy carries the dummy message but superimposed on Vy which carries the message
from the last block. Hence the destination can jointly decode (Up, V) and thus exploiting
both codes without performance loss with respect to usual CF.

Now consider the compound relay channel where the channel in operation is chosen
from a set of relay channels. For simplicity suppose that the set includes only two channels
such that DF strategy compared to CF yields a better rate for the first channel and a worse
rate for the second one. The goal is to transmit with a rate with arbitrary small error for
both channels. Then using the regular encoding, it can be seen that the best cooperative
strategy can be picked up for each channel because the relay employs DF in the first
channel and CF in the second channel without any problem. The next corollary results

directly from this observation.

Corollary 12 (common-information) A lower bound on the capacity of the compound
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(or common-message BRC) relay channel is given by

ROS max mln{I(X,Zl|X1),I(X,X1,Yﬁ,[(X,Z},YﬂXg)}

Px, x,x€2

Corollary 12 follows from Theorem 25 by choosing Uy = Us = Uy = X, Vj = X;. Whereas
the following corollary follows by setting Uy = V = 0.

Corollary 13 (private information) An inner bound on the capacity region of the BRC

with heterogeneous cooperative strategies is given by the convexr hull of the set of rates
(Ry, R2) satisfying

R1 Smln{I(Ul,Z1|X1),I(U1,X1,Y1)}, (61)

Ry < I(Us; Zo, Y| Xo) — I(Us; X1), (6.2)

Ry + Ry < min {I(Uy; 21| X1), I(Uy, X1; 1) } + I(Un; Z5, V2| Xo) — I(U1, X13Us),  (6.3)

for all joint PDs Py, 1« x. xyvivoz, 202, € 2-

Remark 14 The region in Theorem 25 is equivalent to Marton’s region [12] with (X1, X2, Vo) =
0, Zy =Y, and Zy = Y3. Observe that the rate corresponding to DF scheme that appears
in Theorem 25 coincides with the conventional DF rate, whereas the CF rate appears with
a little difference. In fact, X is decomposed into (U, X1) which replace it in the rate

corresponding to CF scheme.

6.2.4 Achievable region based on CF-CF strategy

We consider now another scenario where the channels from relay-to-destination are
stronger than the others and hence the efficient coding strategy turns to be CF for both

users. The inner bound based on this strategy is given by the following theorem.

Theorem 26 (CF-CF region) An inner bound on the capacity region of the BRC % cp.cr C

EBre 18 given by

%CF-CF = CO U {(RO 2 0, R1 Z 0, RQ Z 0) :
Pc2

Ro+ Ry < I(Uy, Uy; Y1, Z1| X1),
Ro + Ry < I(Uy, Us; Ya, Zo| Xo),
Ro+ Ry + Ry < Iy + I(U1; Y1, 21| X1, Up) + I(Us; Ya, Zo| Xa, Up) — I(Uy; Us|Uy),
2R+ Ry + Ry < 1(Uy, Us 1, 21| X1) + 1(Us, Us; Ya, 22| X2) — I(Us; Ua|Uh) },
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where the quantity Iy is defined by
Iy = min {I(Uo; Y1, Z1X1), 1(Ug; Ya, 2| X2) },
co{-} denotes the convex hull and the set of all admissible PDs 2 is defined as

2 = { Py v,0,5: X2 xvi Va7 22770 = X Px1 PUo Py, U Px |00, %
Pyivazi 201X x:0%0 P2, x, 2, P2 X0 2
I(X2;Ys) > 1(Z2; 25| X5, Ya),
I(X1;Y1) > 1(Zy; 20| X1, Y2,
(Uo, U1, Us) & (X1, X2, X) © (Y1,21,Y2,22) }.

Proof The proof is presented in Appendix A.3.

Notice that this region is equivalent to Marton’s region [12] by setting (X3, X2) = 0,
Zl = Yl and ZQ = YQ.

Remark 15 A general achievable rate region follows by using time-sharing between all

previous regions stated in Theorems 24, 25 and 26.

6.3 Outer Bounds and Capacity Results

In this section, we first provide an outer bound on the capacity region of the general
BRC. Then some capacity results for the cases of semi-degraded BRC with common relay
(BRC-CR) and degraded Gaussian BRC-CR are stated.

6.3.1 Outer bounds on the capacity region of general BRC

The next theorems provide general outer bounds on the capacity regions of the BRC
and the BRC-CR where X; = Xy and Z; = Zs, respectively.

Theorem 27 (outer bound BRC) The capacity region €prc of the BRC (see Fig. 6.2)
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is included in the set €34 of all rates (Ro, R1, R2) satisfying

thic—=co | {(Ro20.RiZ0.R>0):

Pyviu usx, x€2
Ry <min {I(V;Ya),I(V;Y1)},
Ro + Ry <min {I(V; Y1), I(V;Y2)} + I(U; Y1|V),
Ry + Ry <min {I(V;Y1), I(V;Y2) } + I(Un; Y2|V),
Ro+ Ry <min {I(V,V1; Y1, Z1|X1), I(V, V13 Y2, Z2) }
+ 1(Uy; Y1, Z1|V, Vi, X1),
Ry + Ry <min {I(V,V1;Y1, Z1|X1), I(V, V1; Y2, Z3) }
+ I(Uz; Yo, Z2|V, V1, X1),
Ry + R+ Ry <I(V; Y1) + I(Us; Y2|V) + I(Ur; Ya[Us, V),
Ry + R+ Ry <I(V;Y2) + I(Un; Ya|V) + 1(Uz; Ya|Un, V),
Ro + Ry + Re <I(V,V1; Y1, Z1|X1) + 1(Uz; Y2, Zo|V, Vi, X1)
+ I(Uy; Y1, 21| X1, Us, V, V1),
Ro+ Ri + Ry <I(V,V31;Ya, Zo) + I(Uy; Y1, 21|V, Vi, X1)
+ 1(Us; Yo, 22| X1, U, V. ) |,

where co{-} denotes the convex hull and 2 is the set of all joint PDs Pyv,u,U,X, XoX
satisfying X1 o Vi o (V,U1,Us, X). The cardinality of auxiliary RVs can be subject to
satisfy |V < 272l 22l 2l 22l + 25, (171l < 127 20l 220 210l 22l + 17
and |||, | 22| < |21l Za [l 22l 23 ([l 22]| + 8.

Proof The proof is presented in Appendix A.4.

Remark 16 It can be seen from the proof that Vi is a random variable composed of causal
and non-causal parts of the relay. So Vi can be intuitively considered as the help of relays
for V.. It can also be inferred from the form of upper bound that V and Uy,Us represent

respectively the common and private information.

Remark 17 We have the following observations:
— The outer bound is valid for the general BRC, i.e. for a 2-receiver 2-relay broadcast
channels. However in our case, the pair of Y,Y} depends only on X, X, forb=1,2.
Using these Markov relations, 1(Uy; Yy, Zp| Xy, T) and 1(Uyp; Yp|T) can be bounded by
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I(X;Yy, Zp| Xy, T) and I(X, Xp; Yu|T) for the random variable T € {V,V1,U;,Us}.
This will simplify the previous region.

— Moreover we can see that the region in the Theorem 27 is not totally symmetric.
So another upper bound can be obtained by replacing the indices 1 and 2, i.e. by
introducing Vo and Xo instead of Vi and X1. The final bound will be the intersection
of these two regions.

— If relays are not present, i.e., Z1 = Zy = X1 = Xo = V1 =0, it is not difficult to
see that the previous bound reduces to the outer bound for general broadcast channels
refers to as UVW -outer bound [31]. Furthermore, it was recently shown that such
bound is at least as good as all the currently developed outer bounds for the capacity

region of broadcast channels [32].

The next theorem presents an upper bound on capacity of the common-message BRC.

The upper bound is useful for evaluation of the capacity in the compound relay channel.

Theorem 28 (upper bound on common-information) An upper bound on the ca-

pacity of the common-message BRC' is given by

RO < max min{I(X;Zlyl‘Xl),I(X,Xl;H),I(X;ZQ,Y2|X2),I(X,X2;Y2)}.

PXIszeQ

Proof The proof follows the conventional method. The common information Wy is sup-
posed to be decoded by all the users. The upper bound on the rate of each destination
is obtained by using this fact and the same proof as [1]. Indeed the upper bound is the

combination of the cut-set bound on each relay channel.

The next theorem presents an outer bound on the capacity region of the BRC with
common relay. In this case, due to the fact that Z; = Z5 and X; = X9, we can choose
Vi = Va because of the definition of V;, (cf. Appendix A.4). Therefore the outer bound of
Theorem 27 with the aforementioned symmetric outer bound, which makes use of X5, V5,

yield the following bound.

Theorem 29 (outer bound BRC-CR) The capacity region €pro.cr of the BRC-CR
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is included in the set €34 cp of all rate pairs (R, R1, Ra) satisfying

Chic-cr = co U {(Ro >0,k > 0,Ry > 0):

Pyvy v, Ugx; X €2
Ry <min {I(V;Y2),I(V;Y1)},
Ro+ Ry <min {I(V; Y1), I(V;Y2)} + I(Uy; Y1|V),
Rp 4+ R <min {I(V;Yl),I(V;YQ)} + I(Uy; Y|V,
Ro+ Ry <min {I(V,V1;Y1, Z1|X1),1(V, V1; Ya, Z1| X1) }
+ I(Uy; Y1, Z1|V, V1, X1),
Ro+ Ry <min {I(V,V1; Y1, Z1|X1), 1(V, V15 Yz, Z1| X1) }
+ I(Us; Ya, Z1|V, V1, X1),
Ro+ Ry + Ry <I(V; Y1) + I(Us; Ya|V) + I(Uy; Y1 U2, V),
Ro+ Ry + Ry <I(V;Ya) + I(Up; Y1|V) + I(Uz; Ya|Up, V),
Ro + Ry + R <I(V,Vi;Y1, Z1| X1) + I(Uz; Ya, 21|V, V1, X4)
+ I(Uy; Y1, 21| X1, U2, V, V1),
Ro + Ri + Re <I(V,V1; Y2, Z1X1) + I(Us Y1, Z1 |V, Vi, Xq)
+1(Ux Y2, 21X, U1, V. A) |,

where co{-} denotes the convex hull and 2 is the set of all joint PDs Pyv,u,u,x,x ver-
ifying (X1) © Vi © (V,U1,Usz, X) where the cardinality of auziliary RVs can be subject
to satisfy ||| < |22l 21l + 19, [l < (27122232 + 11 and [|24]], [| 22| <
22l 2l + 8.

Proof It is enough to replace Zy with Z; in Theorem 27. Then the proof follows by
taking the union with the symmetric region and using the fact that I(V,Vq;Ys, Z1|X1) is
less than I(V,Vi;Ya, Z1) due to Markov relationship between V; and X;.

6.3.2 Degraded and semi-degraded BRC with common relay

We now present inner and outer bounds, and capacity results for a special class of
BRC-CR. Let us first define two classes of BRC-CRs.

Definition 13 (degraded BRC-CR) A broadcast relay channel with common relay (BRC-
CR) (as is shown in Fig. 6.3), which means Zy = Zy and X1 = Xo, is said to be de-
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graded (respectively semi-degraded) if the stochastic mapping {PlelYg\Xxl XX 27—
B x A X %} satisfies the Markov chains for one of the following cases:

(I) X e (Xl,Zl) < (Yl,}/g) and (X,Xl) Gyl GYQ,
(II) X e (Xl,Zl) GYQ and X & (}/I,Xl) GZl,

where the condition (I) is referred to as degraded BRC-CR, and the condition (II) is
referred to as semi-degraded BRC-CR.

Notice that the degraded BRC-CR can be seen as the combination of a degraded relay
channel with a degraded broadcast channel. On the other hand, the semi-degraded case
can be seen as the combination of a degraded broadcast channel with a reversely degraded
relay channel. The capacity region of semi-degraded BRC-CR is stated in the following

theorem.

Theorem 30 (semi-degraded BRC-CR) The capacity region of the semi-degraded BRC-
CR is given by the following rate region

CBRC-CR = U {(Rl >0,Ry >0) :
Pyx,x€2

R2 S mm{I(U, Xl;Yg),I(U; Zl|X1)},
R+ Ry < mln{I(U, Xl;YQ>,I(U; Zl|X1>} + I(X,Y1|X1,U)},

where 2 is the set of all joint PDs Pyx, x satisfying U o (X1, X) e (Y1, Z1,Ys) where the
alphabet of the auziliary RV U can be subject to satisfy | % || < || Z ||| 21| + 2.

Proof It easy to show that the rate region stated in Theorem 30 directly follows from that
of Theorem 24 by setting X1 = Xo =Vy, 21 = Z5, Uy =Us =Us = U, and Uy = Uz = X.

Whereas the converse proof is presented in Appendix A.5.

The next theorems provide outer and inner bounds on the capacity region of the
degraded BRC-CR.

Theorem 31 (degraded BRC-CR) The capacity region €prc-cr of the degraded BRC-
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CR is included in the set of pair rates (Rg, Ry) satisfying
Chicon= | {(Ro >0,k >0):
Pyx,x€2
Ry <I(U;Y3),
Ry <min {I1(X; Z,| X1, U), [(X, X1; V|U)},
Ro 4+ Ry <min {I(X; Z1|X1), I(X, X; Yl)}}7

where 2 is the set of all joint PDs Pyx,x satisfying U o (X1, X) & (Y1, Z1,Y2) where the
alphabet of the auxiliary RV U can be subject to satisfy |% || < || Z°||| 21| + 2.

Proof The proof is presented in Appendix A.6.

It is not difficult to see that, by applying the degraded condition, the upper bound of
Theorem 31 is included in that of Theorem 29.

Theorem 32 (degraded BRC-CR) An inner bound on the capacity region Zprc-cr C
¢Bro-cr of the BRC-CR is given by the set of rates (R, R1) satisfying

HBRC-CR = €O U {(Ro >0,R; >0):

Pyyvx,x€2
Ry <I(U,V;Ys) — I(U; X1|V),
Ry + Ry <min {I(X; Z1|X1,V), (X, X1;11)},
Ro+ Ry §min{](X;Z1|X1,U, V), I[(X,X1; 11U, V)}
+ (U, V3 Y) = LU X0 V) },

where co{-} denotes the convex hull for all PDs in 2 verifying
Pyvx,x = Pxjux, Px,uv Pv
with (U, V) © (Xl,X) © (Yl, Zl,Yz),

Proof The proof of this theorem easily follows by choosing Uy = Us = Uy = U, Vo =V,
U, = Us = X in Corollary 11.

Remark 18 In the previous bound V can be intuitively taken as the help of relay for Ry.
The tricky part is how to share the help of relay between common and private information.

On the one hand, the choice of V. = () would remove the help of relay for the common
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information and hence for the case of Y1 = Yo it would imply that the help of relay is
not exploited and thus the region will be suboptimal. Whereas the choice of V = X3
will lead to a similar problem when Yo = 0. The code for common information cannot be
superimposed on the whole relay code because it limits the relay help for private information.
The solution is to superimpose the common information code on an additional random
variable V' which plays the role of the relay help for common information. However this
causes another problem. Now that U is not superimposed over Xy, these variables do not
have full dependence anymore and hence the converse does not hold for the channel. To
summarize, Marton coding remove the problem of correlation with the price of deviation
from the outer bound, i.e. the negative terms in the inner bounds. This is the main reason

why the bounds are not tight for the degraded BRC with common relay.

6.3.3 Degraded Gaussian BRC with common relay

Y5
l
I ”

(a) DG-BRC with common relay (b) DG-BRC with partial cooperation

Figure 6.5: Degraded Gaussian BRC

Interestingly, the inner and the outer bounds given by Theorems 32 and 31 happen
to coincide for the case of the degraded Gaussian BRC-CR, Fig. 6.5(a). The capacity of
this channel was first derived via a different approach in [33]. Let us define the degraded
Gaussian BRC-CR by the following channel outputs:

Y =X+ X1 +425,
Yo =X + X + 25,
Zi =X+

where the source and the relay have power constraints P, P, and 9\@,9\[2,9;@ are inde-
pendent Gaussian noises with variances Nl,Ng,Nl, respectively, such that the noises

A, Ao, NG satisfy the necessary Markov conditions in definition 13. Note that it is enough
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to suppose the physical degradedness of receivers respect to the relay and the stochastic

degradedness of one receiver respect to another. It means that there exist A/, A’ such that:

M:fiﬁ_"%v
2 =2 + A

and also N1 < N,. The following theorem holds as special case of Theorems 31 and 32.

Theorem 33 (degraded Gaussian BRC-CR) The capacity region of the degraded Gaus-
sian BRC-CR is given by

CBRO-CR = U {(Ro >0,R; >0):
0<B,a<1

o < C < a(P + P, +2/BPP) )
~ \aP+ P +2/BPP)+ Ny )’
B < <a(P L P+ 2\/BPP1)>

Ny

where C(z) = 1/2log(1 + ).
Proof The proof is presented in the appendix A.7.

a and 8 can be respectively interpreted as the power allocation at the source for two

destinations and the correlation coefficient between the source and relay code.

6.3.4 Degraded Gaussian BRC with partial cooperation

We now present another capacity region for the Gaussian degraded BRC with partial
cooperation (BRC-PC), Fig. 6.5(b), where there is no relay-destination cooperation for
the second the destination and the first destination is the degraded version of the relay
observation. Moreover the first destination is (stochastically) degraded version of the relay
observation.

The input and output relations are as follows:

Vi =X+ X1 + 24,
Y2:X+%a
Zy =X + 44.
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The source and the relay have power constraints P, P, and Aj, Ao, M are independent
Gaussian noises with variances Nl,Ng,Nl and there exists A’ such that A§ = .‘7‘[1 + N
which means that Y7 is physically degraded respect to Z;. We also assume Ny < Ny
between Y, and Z;. For this channel the following theorem holds.

Theorem 34 (Gaussian degraded BRC-PC) The capacity region of the Gaussian de-
graded BRC-PC'is given by:

CBRO-PC = U {(R1 >0,Ry >0):
0<8,a<1

aBP aP + P, +2\/BaPP,

R < 1 C — = ,C )
1_6%[%§]m1n{ <5P+N1> aP + Ny }

wee(2))

where C(z) = 1/2log(1 + x).

Proof The proof is presented in the appendix A.8.

« and f are same as before. Indeed the source assigns the power aP to carry the message
of Y1 and @P for Y5. The theorem is indeed similar to Theorem 30 on the capacity of
semi-degraded BRC. Y5 is the best receiver so it can decode the message destined for Y;
even after being helped by the relay. It means that the first destination and the relay
appear all together as degraded to the second destination. So the second destination can
correctly decode the interference of other users and exploit fully the power assigned to it
aP as it can be seen in the last condition of Theorem 34. However note that Z; is not
necessarily physically degraded respect to Yo which fact makes it a stronger result than

that of Theorem 30.

6.4 Gaussian Simultaneous and Broadcast Relay Channels

In this section, based on the achievable rate regions presented in Section 6.2, we com-

pute achievable rate regions for the Gaussian BRC. The Gaussian BRC is modeled as

follows: x x x
Yii= ———=+ U 4G, and Zy = ——— + A,
dgl \( dglyl \( dgl 6 4
Xi Xoi Xi ~ (6.4)
YVQz = + + %h and ZQZ - + 9\&1
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Figure 6.6: Gaussian BRC

The channel inputs {X;} and the relay inputs {Xi;} and {X»;} must satisfy the power
constraints
n n
> XP<nP, and Y XP <nP, k={1,2}. (6.5)
i=1 i=1
The channel noises Mi, 9;[% Nii, No; are independent zero-mean i.i.d. Gaussian RVs of vari-
ances N 1 NQ, N1, Ns independent of the channel and relay inputs. The distances (dy, , dy,)
between source and destinations 1 and 2, respectively, are assumed to be fixed during
the communication. Similarly for the distances between the relays and their destinations
(dz,y1,dzy,). Notice that, since (6.4) models the simultaneous Gaussian relay channel
where a single pair relay-destination is present at once, no interference is allowed from the
relay b to the destination b = {1,2} \ {b} for b = {1,2}. In the remainder of this section,
we evaluate DF-DF, DF-CF, CF-CF regions and outer bounds for the channel model (6.4).
As for the classical broadcast channel, by using superposition coding, we decompose X
as a sum of two independent RVs such that E {Xi} = aP and E {X%} = aP, where
@ = 1 — a. The codewords (X4, Xp) contain the information for user Y; and user Y5,

respectively.

6.4.1 DF-DF region for Gaussian BRC

We aim to evaluate the rate region in Theorem 24 for the presented Gaussian BRC.
To this end, we rely on well-known coding schemes for broadcast and relay channels. A
Dirty-Paper Coding (DPC) scheme is needed for destination Y5 to cancel the interference

coming from the relay code X;. Similarly, a DPC scheme is needed for destination Y; to
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cancel the signal noise Xp coming from the code for the other user. The auxiliary RVs

(Uy,Uy) are chosen as follow

U =Xa+ )\ Xp with X4 =X4+

(6.6)

Uy=Xp+~X, with Xg=Xp+

for some parameters (1, B2, a,v, A € [0, 1], where the encoder sends X = X4 + Xp. Now
choose Vo = Uy = 0, Uy = Uz and Uy = Us in the theorem 24 in this evaluation. It can be
seen that this choice leads to Ip; = 0 and I; = J; for ¢ = 1,2. Then if we choose Ry = 0

and based on the chosen RVs, the following rates are achievable:

Ry < min {I(Uy; Z1|X1), I(Uy, X1; Y1)} — I(Uy; X2, Us| X1), (6.7)
Ry < min {I(Us; Z5|X5), I(Us, X9; Y2) } — I(X1; Us| X2). (6.8)

We try to evaluate these rates.

For destination 1, the achievable rate is the minimum of two mutual informations,
where the first term is given by Ry1 < I(Uy; Z1|X1) — I(Uy; X2,U2|X1). The current
problem appears as the conventional DPC with X4 as the main message, Xp as the

interference and Nj as the noise. Hence the derived rate

11 apiP(apy P +aP + d3 Ny)

R(Bly/\) — _ .
1 2 3 Ni(af P+ \2aP) + (1 — \)2aPap; P

(6.9)

The second term is Ryo = I(Uy, X1;Y1)—1(Uy; X2, Us| X1), where the first mutual informa-
tion can be decomposed into two terms I(X7;Y7) and I(Uy;Y1|X1). Notice that regardless
of the former, the rest of the terms in the expression of the rate Rj5 are similar to Ri;.
The main codeword is X 4, while X, 4§ are the random state and the noise. After adding
the term I(X7;Y7) we have

P P BiaPP,
afi P | — + +2 + N
yl dgl dgl Y1 dgl dgl Y1

d), N1(af1 P + \’@P) + (1 — \)*aPaf, P

1
RO _ - log (6.10)
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Based on expressions (6.10) and (6.9), the maximum achievable rate follows as
— M (6 7>‘) (IB 7)‘)
R} = o Jpax | min {RH1 RS} } .
For the second destination, the argument is similar to the one above with the difference
that for the current DPC, where only X can be canceled, the rest of X 4 appears as noise
for the destinations. So it becomes the conventional DPC with Xp as the main message,

X as the interference and the jﬁ and X 4 as noises. The rate writes as

_ B _ 5 < -
R _ L ] A P(@HP +aP +d3, Ny) _ (6.11)
21 27| (d2,Ny + ap1 P)(@BaP +7%B1aP) + (1 — 7)?a@fyPafy P |
and for the other one
- P P ByaPP, ]
aﬁdei2 (dT + T +2 R + Nz)
1 Y2 22Y2 Y2 “22Y2
R&gl’ﬁ%ﬂy) —— lOg 5 — = - — (612)
2 (d), N2 + aB1 P)(@B2P +v2B1aP) + (1 — v)?afa Pap P

And finally the maximum achievable rate follows as

R — : {R(5175277)7R(517527’Y)} _
27 01 T 22

6.4.2 DF-CF region for Gaussian BRC

As for the conventional broadcast channel, by using superposition coding, we decom-
pose X = X4 + Xp as a sum of two independent RVs such that E {Xfl} = aP and
E{X%} = aP, where @ = 1 — a. The codewords (X4, Xp) contain the information in-
tended to receivers Y; and Y. First, we identify two different cases for which DPC schemes
are derived. This is due two asymmetry between two channels. In the first case the code is
such that the CF decoder can remove the interference caused by DF code. In the second
case, the code is such that the DF decoder cancels the interference of CF code. Case I:
A DPC scheme is applied to Xp for cancelling the interference X 4, while for the relay

branch of the channel this is similar to [1]. Hence, the auxiliary RVs (Uy, Us) are set to

Uy=X4=X,4+ 1 —=Xi, (6.13)

Uy = Xp + X4, (6.14)
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where 3 is the correlation coefficient between the relay and source, and X4 and X, are
independent. Notice that in this case, instead of only Y5, we have also ZQ present in the
rate, which is chosen to as ZQ =7+ .‘7§[2 Thus DPC should be also able to cancel the
interference in both, received and compressed signals which have different noise levels.
Calculation should be done again with (Ya, 22) which are the main message Xp and the
interference X 4. We can show that the optimum ~ has a similar form to the classical DPC
with the noise term replaced by an equivalent noise which is like the harmonic mean of

the noise in (Y3, Z3). The optimum ~* is given by

. aP
7T ap + Ny’
- ~ —1
Ny = |(d2,(Ny + No)) ™' + (d, (N2)) | . (6.15)

As we can see the equivalent noise is twice of the harmonic mean of the other noise terms.
From Corollary 13, we can see that the optimal v* and the current definitions yield

the rates

RT =min {I(Ul, Zl‘X1>, I(U17X1;Y1)}

P P, BaPPy
a——+ —— + 24| ———
. . { afP dil dglyl dgldglyl
= max min C ﬁ C _P s (616)
P> Oép+dle1 Q N
D + Ny
Y1

R =I(Us; Ya, Zo|Xo) — I(Uy, X1; Us)

ar ap
O —, (6.17)
dy2N2 de(N2+N2)

where C(z) = 1og(1+z). Note that since (X4, Xp) are chosen independent, destination

-2
1 sees Xp as an additional channel noise. The compression noise is chosen as follows
~ 1 1 P
No=|P|——++—=—|+1 . 6.18
? ( (deNz d§2N2> >/d§32N2 8

Case 2: We use a DPC scheme for Y5 to cancel the interference X7, and next we use a

DPC scheme for Y7 to cancel Xp. For this case, the auxiliary RVs (Uy,Us) are chosen as

- . s /BaP
Ul—XA-f‘)\XB with XA—XA+ P1 X1, (619)
U, = Xp+vX;.
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From Corollary 13, the rates with the current definitions are

Rl = min {I(Ul, Z1|X1), I(Ul,Xl; }/1)} - I(Ul; U2|X1), (620)
Ry = I(Uy; Ya, Zo| X3) — I(X1; Us). (6.21)
The argument for destination 2 is similar than before but it differs in the DPC. Here only

X; can be canceled and then X 4 remains as additional noise. The optimum ~* similar

to [29] is given by

N |BaP  @P
=\ = 6.22
i P, @P + Ny ’ ( )

Nip = ((dS, (N2 + Na) + BaP)~! + (dS, (N2) + BaP)™ 1), (6.23)
and
aP aP
Ry =C +— . (6.24)
’ (deN2+BaP dﬁZ(N2+N2)+ﬁaP>

For destination 1, the achievable rate is the minimum of two terms, where the first one is

given by

Rﬁ’)\) = I(Uy; Z1|X1) — I(Uy; Uz Xy)
1

aBP(aBP +aP +dJ Ny)
— 10 = .
2 %8 d3, Ni(aBP + N?aP) + (1 — N\)?aPafP

(6.25)

The second term is R1o = (U1 X1;Y1) — [(Uy; Uz X1), where the first mutual information
can be decomposed into two terms I(X7;Y7) and I(Uy;Y1]|X7). Notice that regardless of
the former, the rest of the terms in the expression of rate Rio are similar to R11. The main
codeword is X 4, while X5 and A represent the random state and the noise, respectively.
After adding the term I(X;;Y7), we obtain

P P BaPP
aBPd’, <d7 o 2 (if‘dé ! N1>
RBAN _ llog Y1 Z1y1 y1%z1y1 (6.26)
12 2 Ny dy, (e8P + X*aP) + (1 — A\)?aPafP '
Based on expressions (6.26) and (6.25), the maximum achievable rate follows as
R} = max min{Rgff’)‘),Rgg’/\)}. (6.27)

0<B,A<1

It should be noted that the constraints for Ny is still the same as (6.18).
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6.4.3 CF-CF region for Gaussian BRC

We now investigate the Gaussian BRC for the CF-CF region, where the relays are

collocated with the destinations. In this setting, we set

7y = Zy + NG,
ZQ =Zy+ A%, (628)

where £7§[1,£7§[2 are zero-mean Gaussian noises of variances Ny, No. As for the classical
broadcast channel, by using superposition coding, we decompose X = X4 + Xp as a sum
of two independent RVs such that E {Xi} = aP and E {X?B} =aP, where @ =1 — a.
The codewords (X 4, Xp) contain the information intended to receivers Y; and Y>. A DPC
scheme is applied to Xp for canceling the interference X 4, while for the relay branch of

the channel is similar to [1]. Hence, the auxiliary RVs (U, Uz) are set to
Uy=Xa, Uy=Xp+~vXa4. (6.29)

Notice that in this case, instead of only Y5, we have also Zs present in the rate. Thus
DPC should be also able to cancel the interference in both, received and compressed signals
which have different noise levels. Calculation should be done again with (Y2, 22) which
are the main message Xp and the interference X 4. We can show that the optimum ~ has
a similar form to the classical DPC with the noise term replaced by an equivalent noise

which is like the harmonic mean of the noise in (Y2, Zg) The optimum

. aP
T T aP+ Ny
Ni = |1/(d2,(Ny + No)) + 1/(d3, No)| . (6.30)

As we can see, the equivalent noise is twice of the harmonic mean of the other noise terms.

For calculating the rates, we use the Theorem 26 with Uy = ¢, which yields the rates

R; = I(U; Y1, Z1| X))

aP aP
=C — : (6.31)
<dg‘,1N1 +aP @ (N + Ny) +aP>

Ry = I(Uy; Ya, Z5| X3) — I(U1 X1; Uy)

aP aP
=0l vt 5o | (6.32)
Y2 2 dZQ(N2+N2)
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Note that since (X4, Xp) are chosen independent, destination 1 sees Xp as an additional

channel noise. The compression noise is chosen as follows

. - 1 1 Py

N1 :Nl P —_— = +1 /—a
(dglNl dngl) dg1y1N1

N - 1 1 Py

No=Nog|P| ——++—= | +1|/—+. (6.33)
(dgzNQ d22N2> dgzyzNQ

Common-rate: Define X = Uy and evaluate the Theorem 26 for Uy = Us = ¢. The
goal is to send common-information at rate Ry. It is easy to verify the following results

based on the theorem 26:

Ry < min {C A . ] - b 639
dy N1 dd (Ny + Nq) dy, N2 df (N + No)

The constraint for the compression noise remains unchanged, exactly like the previous

section.

6.4.4 Source is oblivious to the cooperative strategy adopted by the

relay
6.4.4.1 Compound RC

Consider first lower and upper bounds on the common-rate for the DF-CF region.

P
The definition of the channels remain the same. We set X = U + %X 1 and evaluate
1

Corollary 12. The goal is to send common-information at rate Ry. It is easy to verify that
the two DF rates result in

P P BPP
S S BPP

. /BP dgl d21y1 dgl dglyl
< — .
Ror _mm{c (dilNl ,C ¥ } (6.35)

Rppr is the achievable rate for the destination Y;. For the destination Y5, the CF rate
I(X;Ys, Z5| X>) follows as

P P
Rep <C + —|. (6.36)
d), N2 dS (Ny+ No)
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The upper bound from Theorem 28 turns into the next rate

P Py B, PPy

1 1 & i dguﬂ i dg1 dgun
C = max min{C BiP | ==+ — Nou =—t ,

0<p1,6251 d2, N1 dy, Ny Ny
P Py B PP
1 1 dT + d5 + 2 d5 dé
C ﬂQP _ C Y2 22Y2 Y2 Vz2Y2 }
A3 Ny dj,No| )’ Ny

(6.37)

Observe that the rate (6.36) is exactly the same as the Gaussian CF [14]. This means
that DF regular encoding can also be decoded with the CF strategy, as well for the
case with collocated relay and receiver (similar to [34]). By using the proposed coding
it is possible to send common information at the minimum rate between CF and DF
schemes Ry = min{Rpr, Rcr} (i.e. expressions (6.35) to (6.36)). For the case of private
information, we have shown that any pair of rates (Rpr < R}, Rcr < R3) given by (6.24)

and (6.27) are admissible and thus (Rpr, Ror) can be simultaneously sent.

=T TRy
\
\

1.6 4

14r N2 Ry (d,=0.7) 1

1.2r 4

Figure 6.7: Common-rate of the Gaussian BRC with DF-CF strategies
Fig. 6.7 shows numerical evaluation of Ry for the common-rate case. All channel noises

are set to the unit variance and P = P; = P, = 10. The distance between X and (Y7,Y3)
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is 1, while d,, = dy, d.,y, = 1 —d1, d,, = da, d,y, = 1 — da. The relay 1 moves with
dy € [-1,1] and Fig. 6.7 presents rates as a function of d;. But the position of the relay
2 is assumed to be fixed to do = 0.7 so Ror which does not depend on dy, is a constant
function of d;. On the other hand Rpp is dependent on d;. CF rate for Y7 is also plotted
which corresponds to the case where the first relay uses CF. This setting serves to compare
the performances of our coding schemes regarding the position of the relay. It can be seen
that one can achieve the minimum between the two possible CF and DF rates. These rates
are also compared with a naive time-sharing strategy which consists in using DF scheme
7% of the time and CF scheme (1 —7)% of the time 2. Time-sharing yields the achievable

rate

RTS = Imax min{TRDF, (1 - T)RCF}.
0<7<1

Notice that with the proposed coding scheme significant gains can be achieved when the

relay is close to the source (i.e. DF scheme is more suitable), compared to the worst case.

6.4.4.2 Composite RC

Consider now a composite model where the relay is collocated with the source with
probability p (refer to it as the first channel) and with the destination with probability
1 — p (refer to it as the second channel). Therefore DF scheme is the suitable strategy for
the first channel while CF scheme performs better on the second one. For any triple of

rates (Ro, R1, Ry) we define the expected rate as
R(w = RO +pR1 + (1 _p)RQ-

Expected rate based on the proposed coding strategy is compared to conventional strate-
gies. Alternative coding schemes for this scenario are possible where the encoder can
simply invest on one coding scheme DF or CF, which is useful when one probability is
high. There are different ways to proceed:
— Send information via DF scheme at the best possible rate between both chan-
nels. Then the worst channel cannot decode and thus the expected rate becomes
max pmax

P RpF, where RE% is the DF rate achieved on the best channel and p% is its

probability.

2. One should not confuse time-sharing in compound settings with conventional time-sharing which

yields convex combination of rates.
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— Send information via the DF scheme at the rate of the worst (second) channel and
hence both users can decode the information at rate RnDliI?. Finally the next expected

rate is achievable by investing on only one coding scheme
DF __ max pmax min
Ry, = max {pDF DF s 'pF g-

— By investing on CF scheme with the same arguments as before the expected rate
writes as

CF max pmax min
Ry, = max {pgF REF, REF },

with definitions of (BB, REX, phax) similar to before.
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Figure 6.8: Expected rate of the composite Gaussian relay channel

Fig. 6.8 shows numerical evaluation of the average rate. All channel noises are set to
the unit variance and P = P, = P, = 10. The distance between X and (Y1,Y2) is (3,1),
while d., =1, d.,y, =2, d., = 0.9, d.,,, = 0.1. As one can see, the common rate strategy
provides a fixed rate all time which is always better than the worst case. However in one
corner the full investments on one rate performs better since the high probability of one
channel reduces the effect of the other one. Based on the proposed coding scheme, i.e.
using the private coding and common coding at the same time, one can cover the corner
points and always doing better than both full investments strategies. It is worth to note

that in this corner area, only private information of one channel is needed.
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6.4.5 Source is oblivious to the presence of relay

We now focus on a scenario where the source user is unaware of the relay’s presence.
This scenario arises, for example, when the informed relay decides by itself to help the
destination whenever cooperative relaying is efficient, e.g. the channel conditions are good
enough. In this case, the BRC would have a single relay node. It is assumed here that
there is no common information, then we set Xo = {} and Z; = Y5. The Gaussian BRC
is defined here by

i = X+X1+4,
Yé - X+%7
7 = X+ (6.38)

The definitions are exactly same as before. As for the classical broadcast channel, by
using superposition coding, we decompose X as a sum of two independent RVs such that
E{X3} =aPand E{X%} = aP, where @ = 1—a. The codewords (X4, Xp) contain the
information for user Y; and user Ys, respectively. We use a DPC scheme applied to Xp
for canceling the interference X 4, while the relay branch of the channel is similar to [1].

Hence, the auxiliary RVs (Uy, Uz) are set to

—X,=X X
Ul A A+ P1 1 (639)

Us = Xp +vXy,

where 3 is the correlation coefficient between the relay and source, and X4 and X, are
independent.

The distance between the relay and the source is denoted by d;, between the relay and
destination 1 by 1 —d; and between destination 2 and the source by ds. The new Gaussian
BRC writes as: 7y = X/dy + M, Y1 = X + X1/(1 —d1) + 2 and Vs = X/dy + 2. From

the previous section, the achievable rates are

P 2\/faPP;
P

e . { afBP R R i Ty }

1= max min{C | ———— | ,C — )

Bel0,1] aP + diN, aP + N,
aP

P = O ). 6.40

Ry ( d%M) (6.40)
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—e— Upper Bound (R1,R2)
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Figure 6.9: Inner bound on the capacity of the Gaussian BRC.

Note that since (X4, Xp) are chosen independent the destination 1 sees Xp as channel

noise. The following outer bound is also presented for this channel

P 2/ faPP,
aP + +
. CYBP Oé,BP (1 — d1)2 ’1 - dl‘

Ri < C _ ,C ,

i { (ap T &N, aPt N1> aP+ N j

ap

Ry < C . 6.41

= 3 ) (6.41)

Note that if the relay channel is degraded the bound in (6.41) reduces to the region of
(6.40) and thus we have the capacity of this channel according to the theorem 34. Fig.
6.9 shows a numerical evaluation of these rates. All channel noises are set to the unit
variance and P = P; = 10. We assume that destination 2, which does not possess a
relay, is the closest to the source do = 0.4, while the distance between the relay and the
source is set to d; = 1.4. The broadcast strategy provides significant gains compare to the
simple time-sharing scheme, which consists in sharing over time the information for both

destinations.



Chapter 7

Selective Coding Strategy for

Composite Unicast Networks

7.1 Introduction

Multiterminal networks are the essential part of modern telecommunication systems.
Wireless Mobile systems, Computer networks, Sensor and Ad hoc networks are some
examples of multiterminal networks. They are usually a combination of common basic
networks as broadcast channels, interference channels, multiple access channels and relay
channels. The vast development of practical networks during recent years revitalized the
interest in network information theory. Particularly multicast networks were studied from
various aspects. The cutset bound for the general multicast networks was established in
[15,16]. Network coding theorem for graphical multicast network was studied in [121] where
the max-flow min-cut theorem for network information flow was presented for the point-
to-point communication network. Capacity of networks that have deterministic channels
with no interference at the receivers was discussed in [48]. Capacity of wireless erasure
multicast networks was determined in [122]. A deterministic approximation of general
networks was proposed by Avestimehr et al. [19]. Lower bound for general deterministic
multicast networks was presented and it was shown that their scheme achieves the cut-set
upper bound to within a constant gap. Recently Lim et al. discussed Noisy Network
Coding (NNC) scheme for the general multicast networks which includes all the previous
bounds [18]. Kramer et al. developed an inner bound for a point-to-point general network

using Decode-and-Forward which achieves the capacity of the degraded networks [14].

139
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The relay channel is the essential part of multiterminal networks. Cover and El
Gamal [1] provided the main contribution by developing Decode-and-Forward (DF) and
Compress-and-Forward (CF) schemes, as the central cooperative strategies for relay net-
works. Particularly CF strategy was developed using Wyner-Ziv coding at the relay and
sequential decoding at the destination. Lately El Gamal-Mohseni-Zahedi [40] developed
an alternative scheme for CF, whose achievable rate turns out to be equivalent to the orig-
inal CF rate. The idea was fully exploited to develop the Noisy Network Coding (NNC)
scheme [18] for general relay networks. NNC is based on sending the same message in
all blocks —repetitive encoding— and non-unique compression index decoding where com-
pression does not rely on binning. Authors in [42] showed that the same region can be
achieved using backward decoding and joint decoding of both compression indexes and
messages. In their scheme the communication takes place over B + L blocks, the first
B-blocks are used to transmit the message while the last L-blocks serve to decode the
compression index. The region is achieved by letting both (B, L) tend to infinity.

The common assumption made for the above scenarios is that the probability distri-
bution (PD) of the network remains fixed during the communication and it is available to
all nodes beforehand. Nevertheless, the time-varying nature of wireless channels, e.g. due
to fading and user mobility, does not allow terminals to have full knowledge of all channel
parameters involved in the communication. In particular, without feedback channel state
information (CSI) cannot be available to the encoder ends. During years, an ensemble of
works has been carried out addressing both theoretical and practical aspects of communica-
tion problems in presence of channel uncertainty. Perhaps, from an information-theoretic
view point the compound channel first introduced by Wolfowitz [21] is one of the most
important model to deal with channel uncertainty, which continues to attract much of
attention from researchers (see [35] and references therein). Composite models are more
adapted to deal with wireless scenarios since unlike compound they address channel uncer-
tainty by introducing a PD Pg on the channels. These models consist of a set of conditional
PDs from which the current channel index 6 —vector of parameters— is drawn according to
Pg and remains fixed during the communication. Capacity for this class of channels has
been widely studied beforehand (see [27] and references therein), for wireless scenarios via
the well-known notion of outage capacity (see [36] and references therein) and oblivious
cooperation over fading Gaussian channels in [28,37,38].

In this work, we investigate the composite relay channel where the channel index 6§ € ©

is randomly drawn according to Py. The channel draw 6 = (6,,0,) remains fixed during
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the communication, however it is assumed to be unknown at the source, fully known at
the destination and partly known 6, at the relay end. Although a compound approach can
guarantee asymptotically vanishing error probability regardless of 6, it would be not an
adequate choice for most of wireless scenarios where the worst possible channel index yields
non-positive rates. A different approach to this problem which is mostly preferred when
dealing with wireless models consists in selecting the coding rate r regardless of the current
channel index. Hence the encoder cannot necessarily guarantee —no matter the value of r—
arbitrary small error probability. Actually, the asymptotic error probability becomes the
measure of interest characterizing the reliability function [39]. Moreover, it turns out that
depending on the draw of channel parameters, there may not be a unique relay function —
between best known cooperative strategies— that minimizes the error probability. However,
since CSI is not available at all nodes the relay function should be made independently
of its channel measurement and this will become the bottleneck in the code performance.
We present a novel coding strategy from which the relay can select, based on its channel
measurement 6., the adequate coding strategy.

To this purpose, achievable rates are first derived for the two-relay network with mixed
coding strategy. This region improves the achievable region for two relay networks with
mixed strategies in [14]. As a matter of fact, it is shown that the same code for this
two-relay network works as well for the composite relay channel where the relay is allowed
to select either DF or CF scheme. Here the source sends the information regardless
of the relay function. More specifically, we show that the recent CF scheme [40] can
simultaneously work with DF scheme. Furthermore, only CSI from the source-to-relay
channel is needed to decide —at the relay end— about the adequate relay function to be
implemented. So the relay does not need to know full CSI to decide about the strategy.
This idea can be extended to the general composite networks with multiple relays. To this
purpose, a similar coding should be developed such that it can be selected whether a relay
in the network uses DF or CF. The achievable region is presented which generalizes NNC
to the case of mixed coding strategy, i.e. both DF and CF. It is also shown that DF relays
can exploit the help of CF relays using offset coding.

This chapter is organized as follows. Section 7.2 presents definitions while Section 7.3
presents main results for the case of single relay network. Section 7.4 presents the result
for the case of multiple relay networks and the sketch of the proofs are relegated to the
appendix. Section 7.5 provides the application examples and numerical evaluation for the

slow-fading Gaussian relay channels and concluding remarks.
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7.2 Problem Definition

The composite relay channel consists of a set of relay channels {Pyl% 2y, |X" X, }20:1
indexed by vectors of parameters 0 = (6,4, 0,) with (64,0,) € ©, where 0, € ©,. denotes all
parameters affecting the relay output and 6; € @4 are the remainder parameters involved
in the communication. Let Py be a joint probability measure on @ = @4 x O, and define
each channel by a conditional PD {wa Zro, |XX; 1 X X X Vi X Zl}. We assume a

memoryless relay channel that implies the next decomposition

n
Pyn zn |Xn X7, (QPQ\L xy) = H PYngwT\XXlgr (y1, 21|957 951);

16416,
i=1

where channel inputs are denoted by z = (z1,...,2,) € &™, relay inputs by z; =

(x11,...,210) € &', relay observations by z; = (z1.1,...,21,,) € 21 and channel outputs

by y, = (Y1,15---,¥1,n) € VI The channel parameters affecting relay and destination
outputs 0 = (0,,0,) are drawn according to the joint PD Py and remain fix during the
communication. However, the specific draw of 6 is assumed to be unknown at the source,
fully known at the destination and partly known 6, at the relay end. Notice that 0, is
enough to know PZ{L(,T X X7, and hence the relay knows ! all parameters related to its own

channel.

Definition 14 (code and achievability) A code-C(n, M, 1) for the composite relay chan-
nel consists of:

— An encoder mapping {¢ : M, — X"},

— A decoder mapping {¢g : V' — My},

— A set of relay functions {fiﬂr : Zf_l — Xl}?:p for some set of uniformly dis-
tributed messages W € M,, = {1, . ,Mn}. Note that only partial CSI at the relay
is assumed (denoted by 0, ) which is mainly related to the source-relay link.

An error probability 0 < € < 1 is said to be r-achievable, if there exists a code-C(n, M, 1)

with rate satisfying

1
liminf — log M,, > r (7.1)
n—oo N
and average error probability
limsup Eg [Pr {¢o(Y]5) # W|0}] <e. (7.2)

n—oo

1. We emphasize that there is no loss of generality by assuming this because the index 6 is fix during

the communication and thus every destination can perfectly know its own channel parameters.
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The infimum of all r-achievable error probabilities €(r) is defined as
€(r) =inf {0 <e <1 : € is r-achievable} . (7.3)

We emphasize that for channels satisfying the strong converse property the quantity (7.3)
coincides with the usual definition of the outage probability, which turns to be the (asymp-

totic) average error probability.

7.3 Bounds on the Average Error Probability

In the present setting, we assume that the source is not aware of the specific draw
0 ~ Py and hence, the coding rate r and the coding strategy —e.g. DF or CF scheme—
must be chosen independently of the channel draw. Furthermore, both remain fixed during
the communication regardless of the channel measurement at the relay end. We want to
characterize the smallest possible average error probability as defined by (7.2), as a function
of the coding rate r. In the next chapter [38], it is shown that the average error probability

€(r) can be bounded as follows
Py(r € Sp) < é(r) < igfﬂ”e(t ¢ Ro(d)), (7.4)
where Sy is the max-flow min-cut bound
So = min {I(X; Z1p, Y10| X10,.), [ (X X10,; Y10}

and Ry is an achievable rate of the relay channel for a given 6 and ¢ as the set of all

encoding functions .

7.3.1 Decode-and-Forward (DF) and Compress-and-Forward (CF) Schemes

Let us first assume that DF scheme is selected and thus the outage probability becomes
an upper bound on the average error probability, which is given by

PRY(r) = min Po[r > min{I(X; Zie,|X1), [(XX1;Y10)}]. (7.5)

out o)
Notice that since the source is unaware of 6 = (0., 6,) and p(z, ;) must be known at both
the relay and source end, then p(x1) cannot be independently optimized on 6, to minimize
the outage probability.

Consider now the case of CF, for which the source does not need to know p(z1). So the

relay can choose p(x;) to minimize the outage probability conditioned on each 6,. This
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process leads to two steps optimization and by using noisy network coding scheme [18],
the outage probability of CF scheme is written as

PSYF(r) = min Eg, min Pojo, [r > min{I(X; Z1Y10|X10,Q),
p(z,q) p(z1]q)p(21|z1,21,9)

I(X X10,5101Q) — I(Z10,5 21X X10, Y10@)} 0] |
(7.6)

Then it is easy to see that the strategy minimizing the outage probability will provide the
tightest upper bound on the average error probability. From (7.4), it holds for all rate r
that

€(r) < min {PDF(T), PCF('r)} . (7.7)

out out

The central question that arises here is whether the error probability (7.7) can be
improved by some kind of smart coding strategy. Specially, the relay would select the
better strategy instantaneously according to its channel measurement 6,.. To this purpose,
the source code should be capable of being used simultaneously with DF and CF schemes.
In the next section, we first prove an achievable rate for the two-relay network where one
relay node employs DF coding while the other one uses CF coding, and then by relying
on this coding we introduce the Selective Coding Strategy (SCS).

7.3.2 Selective Coding Strategy (SCS)

Consider the two-relay channel as shown in Fig. 7.1. This channel is characterized by
conditional PD {Plelzg\XXng X XA X Xy — Y X 21 X ZQ} for any source input
r € X, relay inputs x1 € A} and xy € AXs, channel output y; € ), relay observations
z1 € Z1 and z9 € Z9. The achievable rate is defined as usual for this channel. The next
theorem provides a lower bound on the capacity of this channel where one relay function

uses DF scheme while the other one implements CF scheme.

Theorem 35 (two-relay network) An inner bound on the capacity of the two-relay net-

work is given by all rates satisfying
R < maxmin {I(X; Z,1X1Q), max {I(XXl; Y1l0),
€

min [I(XXl; ZoY1|X2Q), [(X X1 Xo: Y1|Q) — I(Zs; Z}|Y1XX1X2Q)} }}

(7.8)
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Figure 7.1: Two-relay network.
and the set of all admissible PDs P is defined as

P = {PQX2X1XY1212222 = PQPX2\QPXX1IQPYlZlZleXleQPZZ|X222Q}'

The proof of Theorem 35, presented in appendix B.1, is based on superposition coding,
DF and CF coding schemes, backward and joint decoding at the destination.

The second maximum in (7.8) determines whether the second relay, which uses CF, is
really increasing the rate or it is better to ignore it. It can be seen from the proof that

the relay 2 increases the rate, if the following condition holds:
I(X9; V1| X X1Q) > I(Za; Zo|Y1 X X1 X2Q) (7.9)

Note that the region in Theorem 35 improves the region in [14] by not using the CF
relay when its link is too noisy, and by using noisy network coding which improves the CF

constraint to (7.9).

Remark 19 The source code X is superimposed on DF relay code Xi. Observe the last
two terms in (7.8). These expressions are the condition of successful decoding at the
destination while the first term is the condition of successful decoding of X1 for the first
relay. If one compares the last two terms with usual CF rate, it can be seen that they
present similar form with the minor difference that the source code X1 has been replaced
by the pair (X, X1).

Consider next a scenario for which the first relay X; is not present but the source
is still using superposition coding. In this case, we deal with a single relay channel, CF
scheme and superposition coding at the source. Along almost the same lines as the proof

for Theorem 35, achievable rates can be developed for this case, but there is no need for
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the condition of successful decoding of X at the relay 1 because such relay is not present.
Then we would get only the last two terms in (7.8) as the final rate. This observation
means that superposition coding via (X, X;) achieves the same rate as usual CF with the
pair (X, X1) instead of X. After applying the proper Markov chains, it turns out that the
final region remains intact. In other words, DF code can simultaneously be used with CF
scheme without any loss of performance. Based on this remark, the following result for
the composite relay channel can be derived (see definition 14). We shall refer to this as to
the Selective Coding Strategy (SCS) and we will see that it can further improve the upper

bound on the average error probability.

Theorem 36 (SCS with partial CSI at relay) The average error probability of the
composite relay channel with partial CSI 0, at the relay can be upper bounded by

€(r) < min inf [E {lP’ r > Ipr,0, € Dpr|0,
()_P(w,zl,q)DDFQQT o e‘er[ DF DF} ]

min PB\GT [7‘ > Ior, 0, ¢ DDF|6’I‘J} (7.10)
p(z2|q)p(22]22,21,9)

where (X1, X2) denote the corresponding relay inputs selected as follows

X1 Zf@T € Dpr
Xig, = .
X2 Zf@r ¢ DDF

and the quantities Ipp, [cp are defined by

IDF:IHiIl{I(X;219T|X1Q),I(XX1;Y19‘Q)}, (711)
Iop = max {min [1(X; Z2Y10| X2Q), I(X Xo; Yig) — I(Z1,; Za|Yie X X2Q)], I(X; Yw)} .
(7.12)

Furthermore, the optimal decision region in (7.10) is given by the set
pr=10r € 6y I(X;Z19,|X1Q) > 7} (7.13)

The proof of Theorem 36 is given in appendix B.1.2, but it is a direct consequence of the
achievability proof in Theorem 35 and some subtleties. First of all, we emphasize that the
same code proposed in Theorem 35 can be used for the composite relay setting. Basically,
the relay has two set of codebooks X; and Xg, and it sends X9, = X; when condition
0, € Dpr holds and otherwise it sends X149, = Xo. Obviously, X; corresponds to DF while

Xy corresponds CF scheme. Therefore, since the error probability can be made arbitrary
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small for each relay function, as shown in Fig. 7.1, then the source does not need to know
the specific relay function implemented. With this technique, the relay can select the
coding strategy according to its channel measurement 6,., which must improve the overall
error probability.

Secondly, observe that for the case of CF there may be the additional condition (7.9)
for decoding. However, since the destination is assumed to know 6 and consequently the
coding strategy, it can be aware if condition (7.9) is or not satisfied. In the case where
it fails, destination will treat the relay input as noise —without perform its decoding— and
then the condition for unsuccessful decoding simple becomes {r > I(X; Y1)}

We remark that SCS is at least as good as only DF or CF schemes. On the other
hand, it can be shown that in general the best choice for Dpy is the region for which the
relay can decode the source message. Because I(X X5;Y7g) is the max-flow min-cut bound
and it is bigger than Icp, so if r is bigger than I(X Xs;Y79) then it will be bigger than
Icor too. So when the decoding at the relay is successful, CF cannot do better than DF
and, then the optimal choice is DF scheme. As a matter of fact, full CSI at the relay is
not necessary to decide on the best cooperative scheme and CSI on the source-to-relay
link is enough to this purpose. Nevertheless full CSI further improves the source-coding
description that the relay sends to the destination. This yields the following result which

is an extension of Theorem 36.

Corollary 14 (SCS with full CSI at relay) The average error probability of the com-
posite relay channel with full CSI 0 = (6,,04) at the relay can be upper bounded by

ér)< min _inf {Po[r > Ipp,0, € Dpp| +Po[r > Icp,0, ¢ Dpr|} (7.14)
p(z,x1,q9) DprCOr

where (X1, X9) denote the corresponding relay inputs selected as follows

X1 zf@T € Dpr
X0, = .
X5 if 0, ¢ Dpr

and the quantities Ipp, Icr are defined by

Ipr = min {1(X; Z16,1X1Q), [(X X1;Y16|Q) }, (7.15)

oF = max  min {I(X; Z,Y10| X2Q), [(X X2 Y10|Q) — I(Z19,; Z2[Y10 X X2Q) }.
p(@2|q)p(22]@2,21,q)

(7.16)
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Furthermore, the optimal decision region in (7.14) is given by the set

br=1{0r € 6r: 1(X;210,1X1Q) > 1} (7.17)

The proof of Corollary 14 easily follows from the same lines than that of Theorem 36.
Nevertheless, it would be worth to mention here that since full CSI is available at the
relay, the relay input can be optimized over § = (6,,604) and then Icp can never be less

than the capacity of the link source-to-destination.

7.4 Composite Multiple Relay Networks

In this section, first an achievable region is presented for single source single destination
multi-relay networks where part of relays are using DF and the rest are using CF. The
result is used to prove the selective coding strategy for the composite multi-relay channels.

The composite multiple relay channel consists of a set of multiple relay channels de-

noted as follows:

n __ [ee]
{Wh = Py 230,28 0,23 0,1 X" X7, X0, X0, e
Similar to the case of single relay channels, they are indexed by vectors of parameters
0 = (64,6,) with 04,0, € O, where 0, denotes all parameters affecting the relays’ output
and 0, are the remaining parameters involved in the communication. Let Pg be a joint

probability measure on © and define each channel by a conditional PD
{PYLGZl,e,----ZN,G,»‘XXLGTWXN,ST P D Xl X ... X XN — yl X Zl X ..o X ZN}.

We assume again a memoryless multiple relay channel. The channel parameters affecting
relay and destination outputs © = (0,.,04) are drawn according to the joint PD Py and
remain fixed during the communication. However, the specific draw of 0 is assumed to be
unknown at the source, fully known at the destination and partly known (6,) at the relays

end.

Definition 15 (code and achievability) A code-C(n, M,,,r) for the composite multiple
relay channels consists of:

— An encoder mapping {¢ : M, — X"},

— A decoder mapping {¢g : Y — My},
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— A set of relay functions {fi(lg) : Z,’:l — Xk}n ) for k € N'. Only partial CSI at the
W 'L:
relay is assumed (denoted by 0,) which is mainly related to the source-relay link.
An error probability 0 < € < 1 is said to be r-achievable, if there exists a code-C(n, My, r)

with rate satisfying

N
hnrr_1>10réf - log M, > r (7.18)
and average error probability
limsup Eg [Pr{¢e(Y]§) # W|0}] <e. (7.19)
n—oo

The infimum of all r-achievable error probabilities €(r) is defined as
é(r) =1inf{0 <e <1 : € is r-achievable} . (7.20)

We emphasize that for channels satisfying the strong converse property, (7.20) coincides
with the definition of the outage probability, which is the (asymptotic) average error prob-
ability.

Suppose that N'={1,..., N} and for any S C N, Xs = {X;,i € S}. In a similar manner,

€(r) can be bounded as follows:
Po(r € Sp) < &(r) < nfPy(r ¢ Ro(d)), (7.21)

where Rg is an achievable rate of the unicast network for a given 6, and Sy is the
infimum of all rates such that every code with such rate yields error probability tending to
one, and ¢ as the set of all encoding functions ¢. It can be shown that Sg can be replaced

with max-flow min-cut bound.

7.4.1 The Multiple Relay Networks

Before bounding the expected error for the composite model, we look to the multiple
relay channel characterized by {Pyln 22y 2R XN XPXY .. X}\l,}zozl- This channel is not com-
posite and so known to every user. The following theorem presents an inner bound on
the capacity of multiple relay channels which generalizes the previous NNC bound on the

multiple relay networks.

Theorem 37 (Mixed Noisy Network Coding) For the multiple relay channel, the fol-

lowing rate is achievable:

R < max popa | min { SI}E,I}RT(S), min [(X; Z;| Xy Q)} (7.22)
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where

R7(8) = I(X XyeXs; ZsY1|Xs5:Q) — I(Zs: Zs| X Xrupe Zse Y1Q),

Jor TCVCN and V=N -V, 8¢ =T —S8. As convention take miny = +o00. Moreover
Y(V) is defined as follows:

TV)={T CV: foralSCT,Qr(S)> 0}, (7.23)
where Q7(S) is defined as follows:
Q7(S) = I(Xs; ZseV1|X XseuveQ) — 1(Zs; Zs| X Xuve Zs:Y1Q).
The set of all admissible distributions P is defined as follows:

P = {PQXXNZNZNyl = PPxx,c10Pvi 21X X0 Q H PXj|QPZj|XijQ}'
jev

Remark 20 It can be shown using the same technique as [41] that the optimization in
(7.22) can be done over T C 'V instead of T € Y (V). So (7.22) can be rewritten as follows:

R < max max min { win Ry (S), min (X Z;| Xy Q)} (7.24)

To prove this, it is enough to prove that (7.24) is included in (7.22). In other words it is
enough to show that each T CV in T (V) does not affect the mazimum in (7.24). First
the following equality can be verified, using the same idea as [41], for ACS C T:

R7(S) = Rrnac(S N A°) + Q1 (A). (7.25)

Now for each T CV and T € T(V), according to the definition, there is A C T such that
Q7(A) <0. From (7.25), it can be seen that for each S C TA®, R (SUA) < Rraac(S),
which means that replacing T with T NA¢ increases the final rate. In other words for each
TCVand T € Y (V)" there is T' C T CV, not necessarily in T(V)° such that the region
with respect to T’ is increased which finishes the proof.

The consequence of this observation is that for each T and A C T, such that Q1(A) <0
it is enough to ignore these relays in A and not to use their compression. The region (7.24)

18 easier to be dealt with particularly in composite setting.
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In the previous theorem by choosing V = A the theorem reduces to SNNC region
as in [41,42] which is equivalent to NNC region [18]. So the theorem 37 generalizes and
includes the previous NNC scheme and it provides a potentially larger region. For instance
for the single degraded relay channel it achieves the capacity which is not the case for NNC.
In fact the relays are divided into two groups. First groups in V¢ are using DF and those
in V are using CF. However a set T of relays in V¢ can be helpful and increase the rate
only if they jointly satisfy (7.23). Otherwise it is better to consider them as noise.

The proof is in general inspired by the proof of the theorem 35 in the sense that instead
of X1, X5, we have Xy, Xy. The proof is presented in the appendix B.2.

In the previous theorem, there is no cooperation between the relays of DF and CF.
More particularly the relays that are using DF, those in V¢ decode the source message
alone and without any help of other relays as it can be seen in the region. However it
is possible that the relays in V¢ use the help of those in V by decoding the transmitted
compression indices. This means that each relay in V¢ acts as a potential destination and
uses a similar NNC scheme to decode the source message. The next theorem proves the

result for this network.

Theorem 38 (Cooperative Mixed Noisy Network Coding) For the multiple relay

channel, the following rate is achievable:

R < max max min < max min R7(S), min max min R%’f) (8)) . (7.26)
PeP VN Ter(V) SCT kEVE TLeT, (V) SCT T+
where
Ry(S) = I(X XyeXs; ZsYV1|X5:Q) — I(Zs; Zs|X X7upeZs-Y1Q),
with (8¢ =T —§), and
k ~ A A
R(T,C) (S) = I(X; Z7, Z| Xve X7,Q) + (X5 Z| Xveuse Q) — I(Zs; Zs| XveuT, Zse Zx Q)

with (8¢ =T, — S), for T, T €V CN and V¢ =N — V. Moreover Y'(V) and 13(V) are
defined as follows:

TYW)={T CV: foralSCT,Qr(S) >0},
KOV) ={T CV: forallSCT,Q¥(S) >0} (7.27)
where Qr(S) and QF(S) are defined as follows:
Q7(S) = I(Xs; ZseY1|X XseuveQ) — I1(Zs; Zs| X Xuye ZsY1Q),
Q(Jf) (S) = I(Xs; Zi| XveuseQ) — I(Zs; Zs| X Xveur Zse ZxQ).
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The set of all admissible distributions P is defined as before.

The proof is presented in the appendix B.3. The only difference with regard to the theorem
37 is that the DF relays are using the noisy network coding scheme to decode the source
message. To this purpose the CF relays do not use binning and the DF relays use joint
message and compression index decoding using forward decoding. For the rest, we make
some observation about the previous theorem.

Note that R%]—Z) (S) is strictly less than when NNC is used in the relay using backward
decoding. The reason as discussed in [42] is that the gain in NNC is achieved by delaying
the decoding. In the relays that are using DF, delaying the decoding is not possible and
that’s the reason behind the loss in the rate.

Moreover following the similar argument in remark 20, the optimization in (7.26) can
be done over the subsets of V instead of 7°(V). This will give the following region:

R < max max min (max min R7(S), min _max min R(7]f) (S)> : (7.28)
PEP VCN TCV SCT kEVE Thely(V) SCTw

Finally take a network where all the relays are using CF. However the destination uses
forward decoding instead of backward decoding which is the same decoding method as
the DF relays’ decoding method in the theorem 38. As a consequence of the theorem 38,
we can obtain an achievable region with forward decoding for this network which is the

following corollary.

Corollary 15 The following region presents an inner bound on the capacity of multiple

relay channels:

R <max max min RFP(S), (7.29)
PEP TCY(N)SCT

where
REP(S) = I(X; Zri|X7Q) + I(Xs; V1| X5eQ) — I(Zs; Zs| X725 Y1Q) (S°=T = S).
Moreover T(N) is defined as follows:

YWN) = {TCN: forallS CT,Qr(S) >0}, (7.30)
where Qr(S) is defined as follows:

Qr(S) = I(Xs;Y1|X5:Q) — I(Zs; Zs| X X7Z5:Y1Q).
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Figure 7.2: Composite Multiple Relay Network

The previous region is not as good as Noisy Network Coding, due to forward decoding
but however it is potentially better than using binning and other forward decoding tech-
niques [42]. Particularly the condition which determines the optimization region in [42],

ie. Q7(S) > 0 is defined as follows:
Qr(S) = I(Xs:Y1|X5:Q) — I(Zs; Zs| X725 Y1Q).
This will create a smaller optimization region that 7’(N) because:
I(Zs; Zs|X7Zs:Y1Q) > 1(Zs; Zs| X X7 ZsY1Q).

So the joint-forward decoding without binning performs potentially better that the joint-

forward decoding with binning.

7.4.2 The Composite Multiple Relay Networks

After finding the achievable rates for the multiple relay networks, we move to the
composite networks. Suppose that the channel parameters affecting relays and destination
outputs are 0 = (0,,,04). The relays are indexed by N' = {1,..., N}.
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7.4.3 Non-Selective Coding Strategy

The common option is that each relay fixes its coding strategy (Decode-and-Forward or
Compress-and-Forward) regardless of 0. In other words V is chosen beforehand. This will
lead to the following bound on the expected error probability for the composite multiple

relay channels with partial CSI 6, at the relays:

€(r) < inf min Eg, min Pojo, |7 > Iovmnnc(V) |0, 7.31
()< jpf, min Eo{ o min o Pl v} s

And Iynne (V) is defined as follows (0 = (0,.,04)):

. . : . (k)
Icmnne(V) = min (glgg min R7(S,0), min S min RT(S, 9)) : (7.32)
with

R7(8,0) = I(X XyeXs; ZseY10|X5¢Q) — I(Zso,; Zs| X X7uye Zs:Y10Q)  (S°=T —S),
RY)(S,0) = [(X; 27, Zho, | Xve X7,Q) + I(Xs; Zro, | Xveuse Q)
— I(ZS; ZSGT‘XVCUEZASCZkGTQ) (SC =T — S)

for 7,7, CV C N and V¢ =N — V. Similarly 7%(V) is defined as follows:
(V) ={T CV: forall S € T,Q¥(S,8,) > 0} (7.33)
where Q%’f) (S,0,) is defined as follows:

k A A~
Q(T)(S, 0,) = I(Xs; Zye, | XveuseQ) — I(Zs; Zse, | X XyeuT Zse Zko, Q).

It can be seen that only CF relays can adapt the probability distribution of the com-
pressed version of their output to the channel and the other relays have to fix both their
coding and its distribution regardless of CSI available to them. As we saw in the case
of two relay channels a coding can be developed which makes possible for the relays to

choose their coding based on the available CSI.

7.4.4 Selective Coding Strategy

Similar to the case of two relay channels, each relay has many codebooks, one for
the case that it uses Decode-and-Forward and the others for the case of Compress-and-
Forward. Each relay according to its CSI (6,) switch between its code for DF and CF.

We assume that 6, is known to all the relays. Each relay k has a decision region D](Dk%
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such that for all 6, € D](Dk%, the relay k uses Decode-and-Forward and otherwise it uses

Compress-and-Forward. Now for each V C N define Dy, as follows:

-(p5)n()
keye key

If 6, € Dy, then 6, ¢ D) for all k € V and 6, € DX) for all k ¢ V. So the relay k, for
each k € V uses CF and the relay ¥’ for ¥’ € V¢ uses DF. The ensemble of decision regions
of relays will thus provide the regions Dy, which are mutually disjoint and together form a
partitioning over the set ©,. Now if 0, € Dy, we have a multiple relay network where the
relays in V' are using CF. The achievable rate corresponding to this case is known from
the theorem 37.

Look at the Figure 7.2. Each relay has two main codebooks, X((;; and X®. The

(k)

first code (X ((;))) is transmitted when 6, € D](Dk%. This code is based on DF strategy so

the relay k decodes the source message and transmits it to the destination. However the
source, not knowing whether the relay k is sending X ((,3 or not, uses superposition coding
and superimpose its code over X ((,3 If the relay k& sends X ((,3 then this will become DF
relaying. However in this case the source has to choose the joint distribution between the
relay k and itself a priori without knowing 6,. So the optimum correlation between the
source and the relay cannot be adaptively found based on 6,..

On the other hand if 0, ¢ Dgﬁ;, CF strategy is used. Note that unlike DF, the
code which is used for CF, X ((13, is independent of the source code and so its probability
distribution can be chosen adaptively based on 6,.. The optimum choice for Dy will
potentially give a better outage probability than the case that each relay is using a fixed

coding for all #,.. This idea will lead to the following theorem.

Theorem 39 (SCS with partial CSI) The average error probability of the composite
multiple relay channels with partial CSI 0, at the relays can be upper bounded by

é(r) < min in
p(z.al g) {DVVENENT(6:,N)

Z Eer 2Hlin . P9|9r [’I“ > IMNNC(V); 0, € 'Dy|er]}
VN [Tev p(1’§ )Iq)p(éj\rg- )25q)

(7.34)

I (©,,N) is the set of all partitioning over O, into at most 2V disjoint sets. Iynnc(V)
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is defined as follows © = (0,,04):
o . . . a (1)
Tunnc(V) = max min { min Rr(S,6), min 1(X; Zio, | X Q)} (7.35)
with
R7(8,0) = (XX X$: 25 V10| X$) Q) — I(Zse,: Zs|X X X3 Z5-Y10Q),
where (X,gl),X,gz)) denote the corresponding relay inputs selected as follows
xW e, e Dk
ngr = { ]EQ) ‘ r gF (D%F = U DV)
X if 0r ¢ Dpp VCN kgV

In other words for 8, € Dy, the following Markov chain holds:
xPx o xxW XY o Vi Zy0,.

It can be seen that using superposition code does not change R7(S,0) but unlike the
case of single relay channel, the condition of correct decoding at DF relays is changed
from I(X; Zjp, |X1(,IC)Q) to I(X; Zsg, |XJ(V1—)Q). The proof for this theorem is presented in the
appendix B.4.

The next corollary presents the full CSI case.

Corollary 16 (SCS with Full CSI) The average error probability of the composite mul-
tiple relay channels with full CSI at the relays can be upper bounded by

ér) < i inf Pol|r > 1 V),0, € D 7.36
G(T) B p(II,I;;\;,q) {Dv,VC./\I/I}}EH(QT,N)VCZN' ° [r MNNO( ) V] ( )

II (©,,N) is the set of all partitioning over O, into at most 2N disjoint sets. Inynve(V)
is defined as follows © = (0,,04):

Inynne(V) = max max min { min R7(S,0), min I(X; Zj, |X(1)Q)}
Hjevp(x§2)‘q)p(2j|z§'2)zjq) TSV SCT IS% ‘ N

(7.37)
with
Rr(S,0) = IXXP XD, 2510 X2Q) — [(Zso,; Zs| X XP XD Zs:V10Q),

where (X,gl),X,?)) denote the corresponding relay inputs selected as follows

1) ; k
Xyo, = A v 0 Por Ppr=J Dv)
: @ p  (DPbr
X, if 0, ¢ Dpr VN oV
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The proof of the corollary remains the same as the theorem 39 with the difference
that the relays that are using CF can choose the optimum probability distribution for the
compression knowing both 6, and 6.

The theorem 39 and the corollary 16 can be changed to the case that instead of
achievability scheme of the theorem 37, the cooperative mixed noisy network coding of
the theorem 38 is used. We state the following theorem without proof which will be used

in the next section.

Theorem 40 (SCS with partial CSI-Cooperative relays) The average error proba-
bility of the composite multiple relay channels with partial CSI 0, at the relays can be upper
bounded by

€(r) < min inf
2,28V q) {PvVENIEIT(6:,N)

(7.38)
Z Eer{ nin (2 Poje, [ > Icunne(V), 6, € Dv|9r]}
VCN [T;ev p(w§ a1 25q)

(7.39)

I (©,,N) is the set of all partitioning over O, into at most 2V disjoint sets. Iynnc(V)
is defined as follows 6 = (0,,04):
. . . (k)
Iemnne(V) = min (g@gg min R7(S,0), min S min R7(S, 9)) : (7.40)

with

R7(S,0) = (X XyeXs: ZsYio| Xs5:Q) — [(Zso,; Zs|X XTuveZs-Y10Q)  (S°=T =),
R%)(S’ 0) = I(X; Z7, Zno, | Xve X1,Q) + 1(Xs; Zro, | XveuseQ)
— I(ZS; Z39T|Xycu7kZAScZkerQ) (SC =Tr — S)

for T, T CV CN and V¢ =N — V. Moreover 1;(V) is defined as follows:
(V) ={T CV: forall S CT,Q%¥(S,0,) >0} (7.41)
where Q¥(S,0,) is defined as follows:
QP(8.8,) = I(Xs; Zro, | XveuseQ) — I(Zs; Ziso,| X Xveur Zise Ziro, Q)-

(X,gl),Xl?)) denote the corresponding relay inputs selected similar to the theorem 39.
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ho(ar)

Figure 7.3: Gaussian Multiple Relay Channels

7.5 Application Example and Discussions

7.5.1 Gaussian Fading Multiple Relay Channels

In this part, we evaluate the achievable regions for fading Gaussian multiple relay
channels for a given draw of fading coefficients. These bounds will be the main part of the
procedure of bounding the expected error. Consider a fading Gaussian network with M
relays, single source and destination making M + 2 nodes in general, Fig. 7.3. The relays
are indexed as usual, however we associate the source with the index 0, i.e. Xy = X and
the destination with the index M + 1. We denote by M = {1,..., M} relays index set,
T ={0,1,..., M} transmitters index set, and R = {1,..., M, M + 1} receivers index set.
By h;j we denote the fading coefficients from the node i to the node j. Suppose that for a
given fading coefficients, the relays with index in V¢ use DF, and those in V use CF. with

following input and output relation:

Y (M) = H(S, M)X(S) + N (M) (7.42)
Z(M) = Z(M) + N (M) (7.43)
where
Zy,
. le Xil Ml
Y(S) = Z(S) = | : X(S) = | NS) = | Jij € 8.
Zix Z; X, N;,
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N(S) and Z(S) are defined in a similar manner. Nj, is equal to zero for those not in V.
On the other hand H(S;,S>) is defined as [hji € Si,j € Sa] where evidently hy = 0. It
is assumed N, is the noise at the receiver k with zero mean and variance Nj. The source
transmits with the power P and the relay k with the power P,. By N(S) and N(S)
we denote the noise variance matrix. The covariance Matrix between channel inputs is
K(S81,8;) = [\/PiPjpi;| for i € 81,j € Sy. Moreover we define K(S) = K(S,S). Again
the relays in V are generated independently which makes their covariance matrix diagonal.

The region in theorem 37 and 38 can be extended to Gaussian cases. Starting with
the region in the theorem 37, we start to evaluate Ry (S) for S C 7 C V. Note that all
the relays in 7¢ =V — T are considered as noise and only those CF relays in 7 contribute
to the final rate. Using this notation the following region can be presented for the case of

non-cooperative multiple relay channels.

Corollary 17 For the fading Gaussian multiple relay channel, the following region is

inner bound on the capacity:

R < max max min{minR S), min [ k}
= PeP TCVCN SCT 7 )’kevc pir(k)

where

(H(s', D)K(S')H(S',D)T + N(D) + N(D)’

Rr(S) =+ log |
2 ’H(TC,DUS)K(TC)H(TC,DUS)T +N(DUS) +N(Du5))

1 1
— 1

5 108 m (7.44)

By D we denote S U {M + 1} which includes the index of Y1. By 8’ we denote VU TU
SU{0}. Ipr(k) is as follows:

1 |hor|* (1= B)P
fmw¢%0+ﬂww®mwmuwwwwg' (745)
With 3 defined as follows:
i=[Ve|-1 _
Z (_1)1 Pkip()ki #GT Kl(VC)
p— NN (G = K({0},V°) = [V/PPipui] i € V)
K(V)]
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R7(S) is indeed the rate where those relays in S¢ helps to Y7 to decode together the
source message. The previous rate however is for non-cooperative multiple relay channels.
To evaluate the region in (7.28), we have to focus on R%) (S). The following corollary

presents the region of the cooperative multiple relay channels.

Corollary 18 For the fading Gaussian multiple relay channel, the following region is

inner bound on the capacity:

R < maxmaxmin [ max min R7(S), min _max min R%]f) (S) ).
PEP VCN TCY SCT kEVE Thel (V) SCTe *

where

‘H(S’, D)K(S)H(S',D)T + N(D) + N(D)(

Rr(S) L log .
2 ’H(TC,DUS)K(TC)H(TC,DUS)T +N(DUS) +N(DUS)‘

1 1

— Zlog | —— (7.46)
N(S)‘

2

H(S},, Dy)K(S})H(S}, Dy)T + N(Dy) + N(Dy)  H(S, Dy)K (S, V°)
H(S;, Dy)K(S;, V)" K(V°)

k)
’H( < Dy, US)K(TE)H(TE, Dy, US)T + N(Dj, US) + N(Dj, U 3)) IK(Ve)|

1
R%—k (S) = 5 log

+ g (14— H(S, {k})K(S)H(S, {k})" e
(10wl (1 = B)P + H(Te, ARDK (T H(TE, (kDT + N ) N(S)|
(7.47)

With Dy, = 8¢ U {k} and S}, = T U {0}.

The general proof for both corollaries is presented in the appendix B.5. These bounds will

provide the basis for numerical results of the next sections.

7.5.2 Gaussian Fading Single Relay Channels

We now consider an application example to the fading Gaussian relay channel defined

by the following destination and relay outputs, respectively

Y, = Hi X + H3X, +N, (748)

H, -
7y = ﬁX + N, (7.49)
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Z1:X
'S 04 = (H1, Hs)

Y;

H,y

Figure 7.4: Fading Gaussian relay channel

where N and A are the additive noises of unit variance, i.i.d. circularly symmetric complex
Gaussian RVs with zero-mean and unit variance. In addition to this, (Hi, Hy, H3) are
independent zero mean unit variance circularly symmetric complex Gaussian RVs and
D is the random source-to-relay distance, assumed to be uniformly distributed over the
interval [0, 1]. The average power of source X and relay X; must not exceed powers P and
Py, respectively. It is assumed that the source is not aware of the channel measurements
(Hy, Ho, H3), the relay only knows (Ha, D) and the destination is fully aware of all fading
coefficients. By choosing 6, = (Hs, D) and 0, = (H;, H3), this model is special case of the
composite relay channel. We aim to evaluate the asymptotic error probability based on
the bounds derived from Theorem 36 and Corollary 14, and compare them to the usual
upper bounds from DF and CF schemes (7.7) and the absolute (CB) lower bound (7.4).
The DF rate for this channel is given by

Ipp = min {c (B|H2*QP) ,C (|H1\2P + |H3|* Py + 2\/BPP1]R6{H1H§}) }

where 0 < <1, Q = D72% and C(z) = logy(1 + z). The CF rate is given by

H\|*P
ICF = max {I&F,C (|f[|3|21ﬁ> } y

Hy|*P 1
lop = min {C <‘Hl‘2p+ 11 > ,C ([H\|*P + |Hs*Py) —C <T>}
Ny +1 N,

where the compression noise is N, for which we have Z; = Z; + N. Finally, the asymp-
totically error probability based on DF and CF schemes can be easily calculated by using
the above expressions, (7.5) and (7.6). If full CSI is available at the relay, then N can be

optimally chosen as
N = (P (|H1|* + Q|H2*) +1)
° |Hs|? Py '

(7.50)
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Figure 7.5: The asymptotic error probability €(r) vs. the coding rate r. for single relay

channel

But in general only |Hs|? is available at the relay and so it chooses some constant ]/\\72
and optimize the error probability. We saw that the relay can select the proper coding
strategy based on |Hyl, i.e., selective coding strategy SCS). In this case, if the source-to-
relay channel is not good enough for allow decoding and hence DF scheme, so switches to
use CF scheme as the relay function. Otherwise, DF scheme is utilized at the relay. It
turns out that the optimum decision region Dpr is given by the set Dpy, = {Hg cr <
C (BIH21*QP) }.

Fig. 7.5 presents numerical plots of the asymptotic error probability for P, =2, P = 1.
For the case of partially CSI at the relay, we observe that SCS clearly outperforms simple
DF and CF schemes. Moreover, notice that full CSI (Hy, Hy, Hs, D) at the relay improves
the error probability only through the choice of the best possible compression noise J\Afg.
This guarantee that CF scheme cannot perform less favorable than direct transmission.
Finally, it can be seen that the upper bound (achievable error probability) resulting from

SCS is very close to the max-flow min-cut bound (converse bound for error probability).
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71 X, (h12, ha1) Zy : Xy

X Yi
hos

Figure 7.6: Fading Gaussian two relay channel

7.5.3 Gaussian Fading Two Relay Channels

We move to another example which is Gaussian fading two relay channels, Fig 7.6

defined by the following relations:

Z1 = hon X + ha1 Xo + Nl, (751)
Zy = hgoX + h12X1 +N2, (7.52)
Y1 = hos X + h13 X7 + hos Xo +N3, (753)

Similarly N;’s are the additive noises, i.i.d. circularly symmetric complex Gaussian RVs
with zero-mean. h;;’s are independent zero mean circularly symmetric complex Gaussian
RVs which make the fading matrix H. The average power of source X, X; and X5 must
not exceed powers P, P; and P, respectively. It is assumed that the source is not aware
of fading coefficients and the relays all know all fading coefficients except h;3’s and the
destination is fully aware of all fading coefficients. There are following possibilities to

choose the proper cooperative strategy
1. DF Coding (DF): both relays use Decode-and-Forward to transmit the information.

2. CF Coding (CF): both relays use Compress-and-Forward to transmit the informa-
tion. However here the destination can consider one or both relays as noise to prevent

the performance degradation.

3. Mixed Coding: One relay uses DF and the other one uses CF. However there are

two possibilities here:
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(a) Non-Cooperative Mixed Coding (MC): DF relay decodes the source message
independently and without the help of other relays.

(b) Cooperative Mixed Coding (CMC): DF relay exploits the compressed version

of CF relay’s output to decode the source message.

We first present the achievable rates for each of these cases for a given draw of fading
coefficients using the general formula presented in the previous section. For the first case

we have the following rate as the inner bound of the capacity (Py = P):

|hos > P + |has|*Py + [has? Py + Y 2pij/PiPRe{hish}s}

Ipr(H) = min {%log 1+ NOSKj =2
3
1 |ho1]?(1 — B)P\ 1 |ho2|?(1 — B)P
“log [1+ 21— 22" ) Zog (14 0 54
20g< + N, ,20g + N, , (7.54)

where {3 is defined as follows:

PR+ Ps — 2po1 po2prz
p= 3 :
1= pis

As for the second case, where all relays use CF coding, the following rate can be achieved:

1 2 2 2
ICF(H):min{—log (1+P< |h01|A + |h02|A + ] )) ;
2 N1+ N1 No+ N N3

1 hos|2P + |hqs|? P, hos|? P 1 N 1 N-
—10g<1—|—‘03| t 1R P1 + [hos| 2>——log<1—|—]\7—1>—510g<1—|-—2),

2 NS 2 1 NQ

1 hoz|*P + |h3]? P, ho2|*P + |h12|?Py ~ PPy|hoohiz — hoghia|?

~log 1 Nhos| + [his|* Py o N2 P+ [hio" Py PPy hozhs — hos 12]
N3 Ny + No N3(Ny + No)

L (1+N1>
— — 1o — ,
5 %8 I

1 hos|?P + |has|? P, ho1|?>P + |h21|?Py  PPa|hoihas — hozhat|?
~log 1+| 03[*P + |has| 2+| 01| +|A21| 2 5| ho1 has 03 21]
N3 N+ Ny Ng(N1+N1)

2
1 Ng)}
——log(1+ = . 7.55
s (1452 (7.5)

Note that in the previous rate, the destination decodes all the compression indices. Let’s

denote by Igl);(H) the rate when only the compressed version of the relay ¢ is used. In
this case the other relay input appears as noise for the destination and also for the other

relay however this so called total noise at the relay and the destination are correlated due
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to the presence of the other relay’s input. For this case the rate is as follows:

<|h03|2(N1 + Ny + |h01|2N3) P + PPy|hoihas — hoghar |?

1
IgF)(H) = min {— log | 1+ - -
2 N3(Ni+ Ni) + P <N3|h21|2+(N1+N1)|h23|2)

1 hos|2P + |hys|2 P 1 N N3|hoy 2P
~log (1+| 03| 2+| 13| 1) —Zlog |14 =22+ — o Py } (7.56)
2 |ha3|2 Py + N3 2 N1 Ni(|ho3|2Py + N3)

As for the next step, we move to the case of non-cooperative mixed coding. The

following rate is achievable when X; uses DF:

.1 |h012(1—P(2)1)P>
Inc(H) =minq —log | 1+ ,
me(H) {2 g< N1+ Pso|hoy |?

1 hos|?P + |h13]? P has|? Py + 2po1 /PP Re{hosh} 1 N.
—log<1—|—|03| + P3| Pr + |hos|* P + 2p01 1 Re{hos 13})——log<1+ 2)7

N, 2 Ny
1 |hos|* P + |h13|*P1 + 2po1vV/PPiRe{hozh}s}
—log |1+
2 N3

L oo P+ [Py + 2001 VPP Re{ oo }

N2+N2
PPy(1— p3;)|hozh1s — hoshi2|* | 2po1/PP
N (1 — pg1)|hoz 13 — hos 12| 4 2ro {“)}’ (7.57)
Na(Nz + No) N3(N + Na)

where « is:
o = (1 = Re{hshiz}) (|ho2* P + |ha2|*Pr) + (1 — Re{hi2ho}) (|hos|* P + |has|* ).

Finally for the cooperative mixed coding only the first term changes (by (a)~ we mean
the negative part of a ):

Icvc(H) = min{llog <1 + P(1—p3y) <‘h01|2 + oo )) +
2 o1 Ny Ny + Ny

1 h 2P 1 N- Nqlh 2 1— 2 P -
~ log <1+ | 212\ 2 )—log AL 1/ho2|*(1 — pgy)
’ Nt hoP(L=ph)P) 2 No ' Na(lhor (1= g3)P + M)

2 2 2 *
Liog (14 hosPP 4 1isPPr + |hos Py 4 2p0 VPPIRe{hoshish) _ Ly () No)
2 N3 2 ;
1 ( |hos 2P + |has|2 Py + 2p01v/PPiRe{hoshis}
—log |1+
2 Ns

" |ho2* P + [haa|* Py + 2p01 v PPiRe{ho2hiy }

Ny + Ny

PP (1 - p¢))|hozh1s — hoshi2|® 2001V PP
n 1(1 — pg1)[hoahus — hoshis| 4 2P 10‘)}. (7.58)

N3(Ns + Ny) N3(N3 + Ny)
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(7.54) to (7.58) can be used to calculate the bounds on the expected error. As an
example consider the Gaussian fading two-relay network, depicted in Fig. 7.6, which is

defined by the following relations:
ho1

Zy = d—aX + ho1 Xo + N1, (7.59)
Joy = hOQX + h12 X4 +N2, (760)
Y1 = ho3X + hi3 X1 + hoz Xo + N3, (7.61)

Define N;’s to be additive noises, i.i.d. circularly symmetric complex Gaussian RVs with
zero-mean and unit variance; let h;;’s be independent zero-mean circularly symmetric
complex Gaussian RVs again with unit variance. Set the fading matrix H, and d is the
random path-loss. The average power of the source and relay inputs X, X; and X5 must
not exceed powers P, P; and P, respectively. Compression is obtained by adding an
additive noise Zl =7 —|—/\71, 22 =7y +N2. It is assumed that the source is not aware of
fading coefficients, the relays know all fading coefficients except h;3’s and the destination
is fully aware of everything. The source and relay powers are respectively 1 and 10.

The possibilities to choose the proper cooperative strategy are as follows. One is when
both relays use DF to transmit the information, namely full DF case. Next case is when
both relays use CF to transmit the information, call it full CF. Here the destination
can consider one or both relays as noise to prevent the performance degradation. Then
another case is when one relay uses DF and the other one uses CF, namely Mixed Coding.
Finally the relays can select their coding strategy based on the channel parameters, namely
Selective Coding.

The figure 7.7 presents the numerical analysis of these strategies. d is chosen with
uniform distribution between 0 and 0.1 which means that the first relay is always around
the source. Given this assumption, we suppose that the first relay uses DF in case of
mixed coding and it is the other relay which is using CF. It can be seen that none of the
non-selective strategies like full DF, full CF and Mixed Coding is not in general the best
regardless of fading coefficients. However if one lets the relay select their strategy given
the fading coefficients, this selective coding will lead to significant improvement compared

to the cutset bound and the other strategies.
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Figure 7.7: Asymptotic error probability €(r) vs. coding rate r. for two relay channels
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Chapter 8

The Asymptotic Spectrum of the
EP for Composite Networks

binary symmetric averaged channel. On the other hand, due to the unavailability of
capacity and e-capacity region in general, the asymptotic spectrum of EP can be bounded
using available achievable rate regions and new region called full error region. Every code
with a rate belonging to this region yields EP equal to one. In this sense for the networks
satisfying strong converse condition, asymptotic spectrum of EP coincides with the outage
probability. To this purpose it is shown that the cutset bounds provide an upper bound for
the full error region. Hence those networks with the cutset bound as the capacity region
satisfy strong converse and the notion of outage probability represents the asymptotic

spectrum of EP.

8.1 Introduction

Multiterminal networks are the essential part of modern telecommunication systems.
Wireless Mobile systems, Computer networks, Sensor and Ad hoc networks are some
examples of multiterminal networks. They are usually a combination of common basic
networks as broadcast channels, interference channels, multiple access channels and relay
channels. The vast development of practical networks during recent years revitalized the
interest in network information theory. Particularly multicast networks were studied from
various aspects. The cutset bound for the general multicast networks was established in

[15,16]. Network coding theorem for graphical multicast network was studied in [121] where

169
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the max-flow min-cut theorem for network information flow was presented for the point-
to-point communication network. Capacity of networks that have deterministic channels
with no interference at the receivers was discussed in [48]. Capacity of wireless erasure
multicast networks was determined in [122]. A deterministic approximation of general
networks was proposed by Avestimehr et al. [19]. Lower bound for general deterministic
multicast networks was presented and it was shown that their scheme achieves the cut-set
upper bound to within a constant gap. Recently Lim et al. discussed a Noisy Network
Coding (NNC) scheme for the general multicast networks which includes all the previous
bounds [18]. Their approach is based on using Compress-and-Forward as the cooperative
strategy [1,40]. NNC is based on sending the same message in all blocks —repetitive
encoding— and non-unique compression index decoding where compression does not rely
on binning. Authors in [42] showed that the same region can be achieved using backward
decoding and joint decoding of both compression indexes and messages. Kramer et al.
developed an inner bound for a point-to-point general network using Decode-and-Forward
which achieves the capacity of the degraded multicast networks [14].

However the focus has been on the way we can improve the achievability schemes and
increase the achievable rate regions and getting bounds on capacity region. Moreover it
has been assumed that the probability distribution governing the communication is known
to all the users. However the statistics of communication channels are not always available
to all terminals. The time-varying nature of wireless channels, e.g. due to fading and user
mobility, does not allow all terminals with full knowledge of all channel parameters involved
in the communication. Particularly for wireless scenarios the encoders do not know the
channels due to fading and user mobility. During years, an ensemble of works has been
done on channel models for uncertainty. The compound channel has been introduced
by Wolfowitz [21] and continued to attract much of attention from researchers [44, 106].
Nevertheless these models deal with the uncertainty problem in a non-probabilistic way,
yielding in general zero capacity for fading channels. Another related model is averaged
(or mixed) channels introduced by Ahlswede [45] and further studied in [43] where capacity
coincides with that of compound channels.

To deal with the uncertainty in the wireless channels, the notion of composite channels
has been introduced. Composite channels consist of a set of channels where the current
channel is draw from the set with a probability distribution (PD). This channel was recently
investigated in [27,123,124]. Channel uncertainty has been studied beforehand in case of

fading single user channels [25] and relay channel with oblivious cooperation [28,38] where
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broadcasting strategy was used to adapt the rate to the channel in function. The composite
unlike compound channel introduces a probability distribution to model the uncertainty.
Most of the time, in practice arbitrary small error probability (EP) cannot be guaranteed
for all channels in the set. Hence an arbitrary small EP constraint may yield a null
achievable rate for some composite channels. In these cases the conventional formulation
of capacity is not adequate to assess the performance of the channel.

Here instead of finding achievable rates for arbitrary small EP, we fix the rate r and
look at the characteristics of EP for the fixed rate r in the composite networks. The rate
is fixed and then we look at EP for each channel draw. In this case EP is considered
as a random variable which is function of the channel parameter. The notion of outage
probability, meaning the probability that a code of rate r cannot be reliably decoded, has
been extensively used as a measure of performance for fading scenarios [34]. For instance,
it is commonplace that encoders without state information send their messages by using
fixed-rate codes and then the outage probability is used to measure the performance. The
relation of capacity and outage probability was discussed by Effros et al. for the general
channels [27]. However it can be seen that the notion of outage probability is not precise
enough to characterize the EP for the channels not satisfying strong converse. Different
notions are introduced to study EP. The notion of asymptotic spectrum of EP for (r,€) is
defined as the asymptotic probability that EP falls over e. It is shown that this notion
implies other available notions used to measure the performance of composite networks.

However e-capacity is not known in general for the general networks. It is shown that
the asymptotic spectrum of EP can be bounded using available achievable rate regions.
Particularly the concept of full error region is defined for the general networks where every
code with transmission rates in this region yields EP equal to one. For the composite
networks this region is also a random region. The asymptotic spectrum of EP at rate r is
bounded by the probability that the full error region includes the transmission rates. For
the general point to point networks the full error region is reduced to a value called full
error capacity. Furthermore, it turns out that for channels satisfying the strong-converse
property [43] the EP coincides with the outage probability. In this sense the performance
of composite networks can be studied using available achievable rate regions and full error
regions. Specifically the channels satisfying strong converse are of huge interest because
the asymptotic spectrum of EP coincides with the outage probability for them.

Various achievable rates have been developed for the general networks however strong

converse and full error regions are yet to be studied extensively. Strong converse for the
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discrete memoryless single user channels was proved by various authors [43,125-128]. Ash
provided an example for channels that do not satisfy strong converse [129]. e-capacity
of binary symmetric averaged channels was derived by Kieffer [46]. The necessary and
sufficient condition for a channel to satisfy strong converse was provided by Han-Verdu
in [43,44] using information spectrum methods. The strong converse for multiple access

channels and broadcast channels has been also proved in [10,43,130,131].

In this chapter we prove that the closure of cutset bounds for the discrete memoryless
networks falls into the full error region. In other words for each code with transmission
rates not satisfying the cutset bound the probability of error tends to one. This will
provide a bound on the asymptotic spectrum of EP for the composite discrete memoryless
networks. As a result the multiterminal networks that have the cutset bound as capacity
satisfy strong converse and thus the asymptotic spectrum of EP coincides with the outage

probability. To prove this result the information spectrum method is used.

This chapter is organized as follows. In the next section the main definitions are
provided along with the composite relay channels. Then the notion of EP is discussed
and various measure of performance is studied using EP. The result of these measures are
compared in case of binary symmetric averaged channel. In the next section we study the
bounds on the asymptotic spectrum of EP. Particularly the bounds are discussed for the
case of the composite discrete memoryless networks and it is shown that the cut-set bound
provides an upper bound on the full error capacity. The sketch of proof is relegated to the
appendix. It is shown that for the composite deterministic networks outage probability is

a good measure.

8.2 Main Definitions and Background

8.2.1 Notation and Background

For the rest, we denote the random variables (RV) either by upper case letters Y, X ...,
bold letters M,, or by bold Greek letters €,0,.... The particular variables are denoted by
lower case letters and ordinary Greek letters. By X we denote X™ = (X7,...,X,) where
subscripts are time indices. Similarly by X, we denote the channel input of the node k,
(X1, Xp k) and Y, denotes the vector of length n indicating the channel observations

at node k . By Xg we denote (Xj);cs-
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The information density! is defined by [44]

IEDY”|M (Y’Mn)
i(M,;Y) & log ————~,
(M X) & Pya (Y)
for an arbitrary sequence of n-dimensional outputs Y = (Y3,...,Y,) € ™ and M,, an

uniform RV over the index set M,, = {1,..., M,}. We will use limsupin probability of

the random sequence Z,,, which is defined as

p-limsup Z,, £ inf {B : lim Pr{Z, > g} = O} ,
n—o0

n—oo

and equally the liminf in probability of the random sequence Z,,, which is defined as
p-liminf Z, £ sup {a : lim Pr{Z, <a} = 0} .
n—oo n—oo

8.2.2 Definition of Composite Multiterminal Network (CMN)

We begin with the description of the Composite Multiterminal Network (CMN) with

m-nodes, which is characterized by a set of conditional probability distributions (PDs):

oo
f— P P P . 7 IR n n .. n
Wg = {Pyl,é"'YﬁelX{'/e"'X#Le : %1 X X %m — @1 X X gm }n:1
indexed with any vector of parameters § € ©, and where each node i = {1,...,m} is

equipped with a transmitter X,y € 2" and a receiver Y, € #,", as described in Fig. 8.1.
The entries of the matrices Py{é YT XX will often be written as Wy. In addition,
the network is said to be non-stationary memoryless if the joint PD of the multiterminal

channel decomposes as

n
Pyn..yn i xp..xn, (Y1 YlXa X)) = Hwe,t (Wie, s Yme|Tre, -+, T )
t=1
with source inputs x;, = (Tx1,..., %K) € £ and channel outputs y;, = (Yr1,.-.,Ykn) €
&, for all k= {1,...,m}, where {Wg’t}:il is a sequence of single-letter multiterminal

channels. Similarly, the channel is said to be stationary and memoryless if Wy ; = Wy for
all t ={1,2,...,n}.

Pynim, (dY|M;,)

denote the Radon-Nikodym derivative between two probability
Pyn(dY)

Py, (dY[Mn)
Py (dY)

1. Let Pynjn, =

measures on %™ with values on a singular set assumed conventionally to be +oo. Then,

is defined to be Pyn|n,, which is obviously a random variable (RV).
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Figure 8.1: Composite Multiterminal Network (CMN)

Let Py denote any arbitrary PD on the set of network parameters (or channel indices)
©. Before the communication starts a channel index 6 € © is assumed to be drawn from
Py and remains fixed during the entire transmission.

The set ./\/lq(fi) 211,... ,M,(Lki)} represents the set of possible messages to be sent (in
n channel uses) from source k to the i-th destination with i € {1,...,m} \ {k}. If there

are no messages intended to node ¢ from node k£ we will set Mgﬂ) = 0.

Definition 16 (code and error probability) An (n,MT(ij), (En’g)gee)-COde for the CMN
consists of:
— A sequence of encoding mappings for t = {1,...,n} at each node k € {1,...,m},
W ® Mees
i={1,..omW\{k}
where M%ki) is the message set from source node k intended to destination node i,
for every i ={1,...,m}\{k}. Transmitted symbols xp; = gogfg) (w, yzfl) are function
of past received symbols y,i_l and all messages to be sent from node k
we ® M.
i={1,...mP\{k}
— A decoder mapping at each node k € {1,...,m},
Mws @
i€{1,...m}\{k}
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for all source node j # k € {1,...,m}. This decoding mapping is related to the
message destined for destination node k from source node j. Decoding sets corre-
sponding to each decoding mapping are defined by Dl(fék) £ ¢£ﬁg)_1(1) for all messages
le M(]k), which corresponds to the decoding sets for messages | intended to node k
from node j.

— The error event E(Jk) ()2 {vy ¢ D(]k)} for all pairs j # k € {1,...,m} and every
le ./\/l(] ) is defined as the event that the message l from node j cannot be correctly
decoded at destination k. Hence the corresponding probability of error, based on each

decoding set, is defined by
k
el (1) 2 Pr (v & DI IMGY — 1), (8.1)

where Mgk) denotes the RV corresponding to the transmitted message. Assuming a

uniform PD over the message sets, the average error probability (EP) is defined as

(Jk)
(Jk) Z (jk) (
€n 8.2)
k
M(]) =
and the mazimum EP as
(Jk) IS (3k) (Jk)

Therefore the error event for the network is the union of all error events Se(jk)(l)
over all sources j and destinations k with corresponding messages I. The EP of the

network writes as

€ 2 Pr U U {Y,gg ¢ DY) MGH = z} (8.4)
Jj#ke{l,...m} lEMngk)

where it is easy to check that

k
€np < Z fzj 9)

j#ke{l,...,m}
ik
< Y (8.5)

Through this chapter average EP will be used. Notice that in the CMN setting the
(7k) k)

max.n.0> €n.0 and €, g are RVs, indeed they are functions of the random

error probabilities €



176 THE ASYMPTOTIC SPECTRUM OF THE EP FOR COMPOSITE NETWORKS

channel index 0. For instance, for any fix 8 = 6 the CMN is reduced to a conventional

multiterminal network. For the rest, we also use the notion of C to designate a code.

One thing is important to note here. In general it is reasonable to assume if Mﬁf“ #0
for all k,i, in other words if each node is sending something and each node is receiving
something then each node can be cognizant of 8 because the encoder and the decoder
functions can now be chosen based on #, i.e. CSIT and CSIR are both available. In this
case, if everybody knows which channel is in operation, then the problem is reduced to
usual multiterminal network and there is no need for further study of the subject beyond

usual methods.

However in the real networks, not each node transmits and receives in the same time
and moreover not each node is source and destination. If the node k is only transmitter
which means that )}, = (), then there is no way for it to have information of the channel
in operation and so it is indeed oblivious. On the other hand if the node k is only receiver
which means that X), = (), then there is no way for it to send the information regarding its
observation of the channel to other users, and it means that the other users are necessarily
oblivious to CSI of this user. On the other hand there are users which serve as relays
which means that Mﬁf’“) = () and Mﬁf") = () for all i # k. These users can only partly

know CSI and they are not naturally cognizant of CSI of the users without channel inputs.

The model which seems to be more adapted to the practical scenario consists of three
types of nodes as in Fig. 8.2. Those nodes with index belonging to the set 7 are only
transmitters and sources. Node ¢ where 7 € 7 transmits X, independent of 0 because it
cannot have access to it. Those nodes with index in D are only destinations. These nodes
cannot transmit their own observation to other nodes however they can have access to CSI
of all the transmitters. Finally those nodes with index in R simultaneously transmit and
receive information. Relays are essentially part of these nodes. They cannot have access
to full CSI because of the presence of nodes in D and can only be partly aware of CSI. We
can suppose that 0 is indeed composed of two parts 84 and 0, where the nodes in R can
only be cognizant of 0,.. For the rest it is always presupposed that we are dealing with the
kind of network where full CSI is not available at each node. We next define the notion

of achievability and capacity region for the CMN.

Definition 17 (achievability and capacity) An error probability 0 < ¢ < 1 and a

vector of rates v = (Tjk)jtke(1,...my are said achievable for the multiterminal network, if
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Figure 8.2: Composite Multiterminal Network (CMN) with 6 = (6,,0,)

there exists an (n, Méjk), (en79)9€@)-code such that for all pairs j # k € {1,...,m}

o1 »
hnrr_1>1£f - log MR > Tk (8.6)
and
limsup sup €,,9 < €. (8.7)

n—oo  0eO
Then the e-capacity region C. is defined by the region composed of all achievable rates
satisfying (8.7). Similarly, (¢, €np) in definition (8.7) can be replaced by (eU), egg)) which
corresponds to the tolerated error from the source node j to the destination node k. Hence
the notion of e-capacity region C. can be defined in a similar way, by setting the vector
€= (e(jk))jike{lw.,m}. Finally, the notion of capacity region is defined as

C £ limC,.

e—0 ~

Notice that the reliability function (8.7) has been chosen in the strongest sense. In
general, the preceding definitions may lead to null achievable rates because every node
have to fix the rate such that €, ¢ is less than € and the worst possible index § € © can

have zero e-capacity, for any 0 < € < 1. Furthermore, in wireless networks it is rare to have
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non-zero rate for the worst channel draws but yet it is desirable to send the information
and measure performance somehow. As we will see in next section, by relying on the PD

Py, several different notions for reliability can be suggested.

8.2.3 Reliability Function for Composite Networks
(k)

An alternative approach is the study of the behavior of error probability €05 €no
as n goes to infinity for fixed rates. For the rest, we will focus on the study of the
error probability. We assume that €, ¢ converges to €g almost everywhere to facilitate of
working with limits. However the results remain valid if we replace this with the much
weaker assumption that €, ¢ converges in distribution to €g. Because €, ¢ is uniformly

integrable, the working with limits stays intact. 2

Definition 18 (reliability functions) The value 0 < € < 1 is said to be achievable for
a tuple of rates r = (Tji) jzkeq1,...m} based on following reliability functions, if there evists
an (n,M,(ij), (enyg)geg)-code such that for all pairs j # k € {1,...,m} the rates satisfy
linrgi@gf % log Méjk) > Tk,
and €, ¢ satisfies certain reliability condition, listed in below.
— If we look at the limit of €,9 as n — oo using the notion of Convergence almost
everywhere (a.e), then € is said to be achievable if the limit is less than or equal to

€ almost everywhere. This means that:
Pe( 11_}111 €n.0 < 6) =1 (88)

It guarantees that for all subsets in @ having non-zero measure the asymptotic EP
will be not larger than €. Hence based on a.e. convergence, the drawback caused by
zero measure events can be removed and the reliability function relaxed. However it

can be seen that:

Po( lim e, >¢€) =E(1]lim €,q > €)

n—oo n—o0

= E(lim 1[e,o > €])

n—oo

Y Yim E(1fene > €)

n—oo

= lim ]P’e(eme > 6)
n—00

2. It is always possible to use lim sup to assure the convergence however the equalities are not all valid

and turn into inequalities for some cases.
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where (a) comes from Lebesque dominated convergence theorem. This means that
the notion convergence in probability is equivalent to usually looser notion of Con-
vergence in probability for this case. This also means that € is said to be achievable
if:

lim Pg(en0 >¢€) =0

n—oo

The achievable EP can also be characterized by

€.p(r,C) = p-limsup e, ¢ (8.9)
n—oo
where we have
p-limsup e, g = inf {a : lim Pg(ene > ) = O} . (8.10)
n—oo n—oo

This means that € is achievable if there is a code C such that € is bigger than or equal

to €_p(r, C) which means that with probability 1, €, 9 cannot exceed e.

Howewver, the problem with these notions is that for each ¢ < 1 there may be no code

satisfying Po( lim €, 9 > €) =0 or lim Pg(e,0 > €) = 0. In other words, for each
n—oo n—oo

0 < e <1 and each code, there is non-zero probability that the error falls over it (e.g.

wireless networks). However the condition in (8.10) can be relazed to

e5(r,C) = d-limsup e, 0 (8.11)
n—oo
where
0-limsup €, ¢ = inf {a : lim Pg(eno > ) < 5} , (8.12)
n—00 n—0o0

for any constant 0 < § < 1. We call this notion §—achievable EP. This means that

€ is 0—achievable if there is a code C such that €_s(r,C) is less than € which means

that there is a code such that €, ¢ is less than € with at least the probability 1 — 0.
— In the same lines, the average error probability can be characterized for a code C as

follows
€(r,C) = lim Eqlen,gl. (8.13)

This definition may lead to the definition according to which € is said to be achievable
if there is a code C such that € is bigger than the average error which implies the
existence of codes with EP less than € in L' but not everywhere, meaning that for
some 60 € @ the asymptotic EP may fall over €. This shows that the average error is
not precise enough to characterize the error probability, as it will be shown later. It
should be mentioned here that the expected EP is equivalent to the definition of EP
for the averaged channel in [45].
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— The throughput error probability is defined for a code C by

er(r,C) = sup lim aPg(e,g > ). (8.14)

0<a<] >
The throughput EP takes into account the desired error probability € and the proba-
bility the error falls over it. So if the error probability falls over a big € with small
probability, the throughput EP takes it into the account. € is said achievable with

respect to this measure if there is code C such that € is bigger than ep(r,C).

It is particularly interesting to define the smallest achievable EP, characterized by

ep(r) =infe,(r,C) = inf p-limsup e, g (8.15)
C C n—00
where the infimum is taken over all codes. This means that for e smaller than e (r), for

all codes, we have:

lim Pg(eng >€) > 0.
n—o0

The smallest achievable EP is a good indicator of the composite channels. Notice that
the meaning of the smallest achievable EP ¢ is that information can be sent at rate r with
diminishing probability that EP falls over e.

However, the same problem with this notion is that for some cases this value is not
non-trivial. Then the same idea can be used here to relax the previous condition and to

define §—smallest achievable EP:

e5(r) =infes(r,C) = infd-limsup e, g (8.16)
C C 00
where infimum is taken again over all codes. This means that for e¢ bigger than e_s(r),
there is a code such that €, ¢ is less than e with at least the probability 1 — 4.

Therefore, on one hand the expected EP (8.13) may not always be the adequate re-
liability function for the CMN, but on the other hand (8.9) may yield very pessimistic
rates. Furthermore, depending on the target application there may be different reliability
functions of interest for composite models. Hence the question whether there exists an
universal measure of reliability from which the others can be derived arises. The next
section introduces such fundamental quantity, referred to as the asymptotic spectrum of
error probability (ASEP).
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8.2.4 Asymptotic Spectrum of Error Probability

In the previous section, we discussed different notions of achievability for an error.
The smallest achievable error was defined for a fixed r using different criteria. Now we
investigate the asymptotic cumulative PD of EP for the fixed vector of transmission rates
r = ("jk)j#ke{1,....m}> Which is given by

lim Pg(enp <€),

n—oo

for every 0 < e < 1.

Definition 19 (asymptotic spectrum of EP) For every 0 < € < 1 and transmission
rates 1 = (Tjk)j4re{1,..,m}, the asymptotic spectrum of EP for a given code C, E(r,¢€,C) is
defined as

E(r,e,C) = nl;ngo Po(eng > €). (8.17)

The asymptotic spectrum of EP for CMN 1is defined as:

E(r,e) =inf lim Pg(enp > €) (8.18)
C n—oo
where the infimum is taken over all (n, M,(ljk), (enﬂ)ge@)—codes with rates satisfying

1 .
lim inf — log M,(L]k) > Tk

n—oo n

for all pairs j #k € {1,...,m}.

The notion of £(r,¢) indicates intuitively what is the smallest probability that the
error falls over e. It will be shown that this notion is the most general measure for the
performance of composite networks and implies all other notions.

It is also interesting to see in particular that for a given transmission rate r, what the
possible probability of errors are; in other words, to find if the asymptotic value of €, g is
less than a desired value or not. This idea underlies the idea of achievable error for the
composite multiterminal networks.

The next theorem provides a relation between the asymptotic spectrum of EP and the

other notions introduced before.

Theorem 41 For the composite networks with rate r, the asymptotic spectrum of EP

implies other reliability functions introduced before. The smallest achievable EP and
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d—smallest achievable EP can be obtained as follows:

ep(r) =inf{0 <e<1:&(r,e) =0}
es(r)=inf{0<e<1:&(r,e) <4}.

The throughput EP for a code Cis obtained as follows

GT(Ea C) = Ssup 6€(£7 €, C)

0<e<1

Finally the expected EP for a code C is obtained as follows:

1
E(f,C):/O E(r,e, C)de.

Proof The proof of first three equalities follows directly from the definition. For the last
inequality, using the fact that €, ¢ is positive and bounded we have:

€(r,C) = lim Ele, ]

n—o0

W B[ lim e,,0]
n— o0

“+o00
= / Py ( lim €n,0 > t)dt
0 n—00
1
:/ Po( lim €0 > t)dt
0 n—00

1
_ / lim Plens > t)dt
0

n—oo

where (a) comes from Lebesgue dominated convergence theorem. And this will conclude

the proof.

The previous theorem states that the expected EP is not necessarily achievable in the
strict sense for a given rate r. Therefore, it is possible in general that EP falls over the
expected EP. This observation shows that the expected error, though indicative, would
not always be a proper measure for EP.

We are interested in behavior of the error probability €, ¢ which is itself a random
variable. In particular the characterization of the asymptotic spectrum of EP is of great
interest for the random networks. This will give us a better criteria over the error proba-

bility that can be achieved in a channel compared to the outage probability. Specifically,
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this will be useful for the cases where the transmitter fixes a rate r regardless of the chan-
nel in operation. This is usually the case in practice where the rate is determined by the
media in use. However it is interesting to see the relation between outage probability and
the asymptotic spectrum of EP. In the next section we consider how to characterize the

asymptotic spectrum of EP and the notion is interrelated with the outage probability.

8.3 Main Results

Consider a general composite channel. It can be observed that the probability distribu-
tion of €, 9 as n — oo is directly related to the probability that the rate vector r falls into
e-capacity region C. g, where C. ¢ is a random set with ¢ as random parameter. Suppose
that the transmission is made at the rate of r over a non-composite channel. Then if the
code achieves the error probability e then its rate should necessarily belong to e-capacity
region. On the other hand if the rate belongs to e-capacity region, then there is a code
such that it achieves the error probability e.

However in the case of composite networks, the transmitter, unaware of 6, has a single
code for all 6. Then if the rate does not belongs to Cc ¢ for a 0, then €, ¢ will exceed e for
sure. But if the rate belongs to Cc g for a 0, then it is not guaranteed that €,, g will not
exceed €. Because although there is code such that the EP is less than € but this may not

be the code used by the transmitter. This will lead to the following theorem.
Theorem 42 For composite multiterminal network with the random parameter 6 we have:

[P’e(hm Sup €9 > 6) > PG(E ¢ Ceﬁ)) (819)

n—oo

where C. g is the e-capacity of the network Wy for a given 0, and 0 < e < 0.

Proof According to the definition, for each 6, r is inside C, g if limsup €, 9 < €. This gives
n—oo
us the proof for the theorem.

In the theorem 42 € can be replaced with (i) and respectively €, ¢ to esje). This change

of the definition also changes the definition of e-capacity to e-capacity and thereby the
theorem remains valid under the change.
Suppose that the transmitters that are unaware of the channel, fix their encoding
(k)

function based on ¢, and define ¢ as the ensemble of these functions. For each 6 and ¢,
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define R, g(¢) as e-achievable region such as if the rate belongs to it, then the EP is less

or equal than € for the choice of ¢. Now we have:

E(r,6,C) = Po(r ¢ Reo(d)).

This presents an upper bound on the asymptotic spectrum of EP. Moreover, by taking the

limit outside of P( liﬁm €n0 < €), we get the following corollary.
n oo

Corollary 19 For the error probability €,¢ and e-capacity defined as before, the asymp-

totic spectrum of EP is as follows:

inf Po(r ¢ Rep(d)) > £(r.€) = lim Po(eno > ) > Po(r ¢ Cep). (8.20)

There are composite channels like composite binary symmetric channels (CBSC) where
a unique codeword, uniformly distributed code for CBSC, yields the best code for each

channel. In this case, we have the following equality:
E(r,e) =Py(r ¢ Ce) (8.21)

Indeed the next example is one instance of these composite channels with unique best
code. We take a closer look at these notions and their relation with e—capacity.

Ezample (Composite Binary Symmetric Averaged Channel) [46]: A binary symmetric
averaged channel with three parameters is defined as the set of three binary symmetric

channels (By, Bo, B3) with the following parameters:

1
P1 <p2<p3§§

The coefficients of the averaged are aq, ao, a3 such that:
al +ag+ a3z =1.

The averaged channel is then defined as B = a1B; + By + asBs. The capacity of binary

symmetric channel with the parameter p is known as:

C(p)=1-H(p).
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Kieffer calculated the capacity of averaged binary symmetric channel and showed that
the channel does not satisfy strong converse. Moreover e—capacity of this channel is

characterized as follows:

C(pg) O<e<as
C(A(p2;p3)) €= Qa3
Ce= C(pz) agz <e< g+ (8.22)
C(A(p1,p2)) €= a3+ a2
Clp1) ast+as<e<l1
where \(p1,p2) is defined as:
log (l_—p)

Alp.a) = log( ) + log( )

Now suppose that there is randomness associated with this channel. For instance suppose
that ps3 takes its value randomly between ps and % with the measure Pp,. In other words,

the channel parameter 0 is p3. Then the asymptotic spectrum of error probability is as

follows:
Pp, (r > C(p3)) 0<e<as
Pp3(7“>C)\p27P3 ) €= az
E(r,e) = 1[r > C(p2)] as <e<as+ (8.23)

)]
1[r > C(A(p1,p2))] €=ag+ ag
1r >C(p1)] as+az<e<l1
To obtain the smallest achievable EP, we have to take a look at the smallest value of €
such that the asymptotic error probability will not exceed it. In this example, the only
randomness is due to p3 and the source is aware of the fact that if it transmits a code
with the rate r > C(p2), then the code will not be decoded correctly. So for the rest
suppose that the source transmits a code with » < C(p2). Now the last three terms in the

asymptotic spectrum of EP are automatically zero and we have:

IP’p3(7">Cp3) 0<e<as
g(fa 6) = Pp, (7’ > C()\ p2,p3) ) €= Q3 (824)
0 az<e<1

For this case it can be seen that the smallest achievable EP is as follows:

ep-(r) =inf{0 <e<1:&(r,e) =0} <as.
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In other word for this channel, the probability of error will be under a3 with probability

1 for r < C(p2). On the other hand the expected error can be calculated as follows:

e(r) = /0 E(r,e)de = /0a3 Pp, (7’ > C(pg))de = ag X Pp, (r > C(pg)).

It can be directly seen that the expected error dismisses the information about the error
for the error probability at the point ¢ = «3. This shows once again that the expected
error is not enough general to provide full information. Finally the throughput EP is
calculated as follows:
ér(r) = sup €€(r,e) = ag x Pp, (7" > C()\(pg,pg))).
0<e<1

Here the information about the error for € less than a3 is lost in the notion. This example
clearly shows the relation between all these notions and how the asymptotic spectrum of
EP is the notion that implies all other notions and includes all the information related to
the probability of error in the composite channels.

However the main problem is that the capacity is not known in general for most of
the multiterminal networks and consequently neither is e-capacity. So we have to look for
ways to characterize the asymptotic spectrum of EP in other ways.

One option is to analyze the relation between the notion of outage probability and
the asymptotic spectrum of EP. The outage probability P,,; is defined as the probability
that a code with the rate r, cannot be correctly decoded which means that it has non-zero

error. The outage probability is then equal to:
Pout = ]P)Q(f ¢ C@)

Now suppose that, each channel for each 6 satisfies the strong converse condition. It means
that for each channel, every code with the rate vector outside the capacity region yields

asymptotically the error probability 1. This also means that
C@ZCGG 0<e< 1.

So for each 0, the asymptotic error probability, i.e. limsup €, ¢ takes as value either zero
or one. Moreover if there is unique best code for the Z:rgoposite channel then from (8.21),
it follows that the asymptotic error probability can be considered as a Bernoulli trial
with parameter P,,; where P,,; is the outage probability (figure 8.3). So those channels
satisfying strong converse condition are of particular interest because the notion of outage

probability in these cases coincide with the notion of asymptotic spectrum of EP.
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Figure 8.3: Multiterminal Network with Strong Capacity

Another option is to bound the asymptotic spectrum of EP. There are various inner
bounds and upper bounds, achievable rates and converse proofs for multiterminal networks.
Consider a composite multiterminal network with the parameter § where an achievable
region is known for each 6 and ¢ as before, Ry(¢d). Now if the rate r is inside the region
then the error probability tends to zero and will be less than e for 0 < € < 1. For the rate
r, number of those channels with the error probability bigger than e is less or equal to
the number of channels with non-zero error probability which implies that the asymptotic
spectrum of EP is essentially less or equal than the probability that the rate r is not inside
the achievable region.

Similarly for the rate r, number of those channels with the error probability bigger
than € is less or equal to the number of channels with error probability equal to one. For
a given channel, it is interesting to see for which values of r, the error probability will
tend to one. Apparently for the channels satisfying strong converse, the rates bigger than
capacity yield the error probability 1. This leads to the following definition which will be

useful for the characterization of the asymptotic EP.

Definition 20 Consider a multiterminal channel W™ with m sources and destinations.

The full error region is the qegion S cC RT(mfl) such that for all codes (n,Mffj),en), if

the rate vector r = (lim inf — log M,(fj)) is inside the region S then the error probability
n—oo n

tends to one:

lim ¢, = 1.
n—00

The previous definition is simply the definition that we get the error probability 1 for

all the nodes if the rate of the codes belong to this region. In this definition, the notion of
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full error region was defined for the whole network. It can be also defined particularly for
a point-to-point communication. In this case the region is determined by a single value
called the full error capacity S which is defined as the infimum of all rates for which every
code with such rate will yield asymptotically error probability 1.

Using this definition, the following theorem provides the limits over the probability

distribution of the error.

Theorem 43 For composite multiterminal network with the random parameter 6 we have:
Py(r € Sp) < E(r,¢) < inf Po(r ¢ Ro(d)), (8.25)

where Ry is the achievable region of the network Wy for a given 0, and Sy is the full error

region of this channel for a given 6.

Proof To prove the theorem we start from the definition of the asymptotic spectrum of

EP and using the convergence of EP:
E(r,e) =Pg( lim €, 9 > €)
n—oo
=Pg( lim e,9 >€eandr e Sp)+Po(lim €,9 > € andr ¢ Sp)
n—oo n—oo
=Py(1 >eand r € Sp) +Po(lim €,9>€candr ¢ Sp)
n—,oo

> Po(r € Sp)

The proof of the next part is also concluded from the corollary 19 by using the fact that
Cp is included in C. g.

Interestingly Py(r ¢ Rg(d)) is the outage probability. Once again one can see if the
channel satisfies the strong converse condition, i.e. Sy = Cyp and it has a unique best
encoding code then the asymptotic error probability will be equal to outage probability,
which supports the operational meaning of this notion.

There are various achievable regions available for multiterminal networks [18] but there
is not much about the full error region. We try to provide some results in this direction for
the case of discrete memoryless multiterminal channels with Wy = PYQ”,...,Y(}W XX
Various achievable rates can be found for these channels which provide the inner bound
over the probability distribution according to the corollary 19.

On the other hand the well known upper bound known for multiterminal network is

the cut-set bound [15,47]. This states that any rate outside the region formed by cutset
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bound will have non-zero EP. In the next theorem, we prove that the error is necessarily
one for any rate inside this region. This result provides an upper bound on the full error
region.

Now we focus without loss of generality on the case that a group of source nodes S C
{1,2,...,m} send information to destination nodes S¢ with the rate vector r = (r"/);cg jege.

The definition of achievability will be limited to the case where ¢ € S and j € S°.

Theorem 44 Consider a discrete memoryless multiterminal channel with m nodes. For

ij Nt ’
all codes (n,Myg]),en), Suppose that the rates of the code, r = (hm inf — log Mff”), falls

n—oo n

outside the following closure for all S C {1,2,...,m}
Fop=co | {(R(S) >0): R(S) < I(Xg; YSC\XSC)}
pep
where
R(S)= Y Ry
i€S5,j€S¢

In other words suppose that r ¢ Scp. Then 1i_>m €n = 1.
n o0
Proof Proof is presented at the appendix C.1.

This theorem implies that the cut-set bound also provides a bound on the full error region.
Indeed all those bounds in network information theory that are obtained using the cutset
bound, in the same time provide the bound for the full error region.

Using the cutset bound and the available achievable regions like those developed in [18],
one can obtain bounds on the asymptotic spectrum of error probability. However we do
not assume that all users are in the same time receivers and transmitters. The channel is
assumed to be composed of sources, relays and destinations as in Figure 8.2. Suppose that
each source ¢ € T sends the message to the destinations in the set D and all other users
in R are relays. The source ¢ sends the message with the rate R; to all the destinations.
The cutset bound for this channel is characterized by:

S =co | {(R(S) > 0) : R(S) < min min min I(XsXs: Zs,cyd|XSCXS,C)}
PeP
where S¢ =T -5, 8“=R - 5.

On the other hand an inner bound was developed for this channel using Compress-and-

Forward as cooperative strategy in [18]. The following theorem is re-statement of Noisy

Network Coding theorem for this channel.
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Theorem 45 (Lim-Kim-El Gamal-Chung [18]) An inner bound on the capacity re-

gion of DM network with sources in T, the relays in R and the destinations in D is given
by
Rip = co | | Znno (8.26)
Pep
where
= > : i i i /s 7 Ic c Ic
ZNNC {(R(S) >0) : R(S) < %g?&%g&%f(}(s){s i ZgreYa| Xge Xgre@Q)
~ 1(Z(8"); Z(S)| X (R)X(T) 2(5°)YaQ) }

where S¢ =T — 8, 8" =R — 5" and R(S) =3 _jcq Rk

Now take the composite multiterminal network with the parameter #. And suppose
that the sources use the previous Noisy Network Coding scheme for the communication.
However, unlike non-composite cases, the sources cannot choose the probability distribu-
tion of the channel P from P to maximize the region because they are not aware of 6. So
the probability distribution should be picked up beforehand not to minimize the outage
probability.

Now the regions Znnc, /(g can be parametrized using 6 as Znnc e and yéB,e' These
regions can be exploited to provide the following bound over the asymptotic spectrum of
EP using the theorem 43.

Corollary 20 Asymptotic spectrum of EP for the rate r and each € satisfies the following
bounds:

Po(r € Sipe) < E(r,€) < Pmei%Pg(f ¢ ZNNCo)- (8.27)

Note that the probability distribution is chosen such that it minimizes the outage
probability.

The noisy network coding theorem is a tight bound for group of channels. For the
case of deterministic network without interference [48] or the case of finite field linear
deterministic networks Y = 37| g X; [19], if we choose Zy = Zj for k € {1,...,m} then
it can be seen that the bounds of noisy network coding is tight and coincides with the
cutset bound. However it is only for the finite field linear deterministic network that the

optimum value is obtained by independent and uniform distribution of probabilities.



MAIN RESULTS 191

Now consider a composite finite field linear deterministic network where the channel
in operation is chosen from the set of the finite field linear deterministic networks, indexed
by 8 ~ Pg. Each channel satisfies the strong converse and moreover there is unique best
encoding function, i.e. a unique optimum probability distribution for all channels. Then
the outage probability is the asymptotic spectrum of EP in this network and the following

corollary can be obtained.

Corollary 21 For the composite finite field linear deterministic network, the asymptotic

spectrum of EP for the rate r and each € is as follows:
E(r,e) =Py(r ¢ €pnye)- (8.28)
where €png for a given 8 is defined:

Gpne = {(R(S) >0): R(S) < minmin H(ZsceYd9|XTXSc9)},

where the input distribution is chosen at each source as independent and uniformly dis-

tributed.

It is interesting to see that the right hand side of (21) is independent of € which means

that the outage probability is a sufficient measure for the performance of this network.
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Chapter 9

Conclusion and Future Work

In this chapter we conclude the thesis and highlight some future directions.

9.1 Summary and Conclusion

In this thesis we developed cooperative strategies for multiterminal networks with
channel uncertainty. By uncertainty here, it was meant that the channel in operation is
chosen from a set of channels and the source is not aware of the choice.

First we studied the single relay channel with the channel uncertainty, which consists
of a set of single relay channels out of which the channel in operation is chosen. This
model was called simultaneous relay channel. The idea was to use the broadcasting ap-
proach which means the transmission of a non-zero rate, not necessarily equal, for each
channel in the set. The simultaneous relay channel was studied with a set composed of
two relay channels. The broadcasting approach turns the problem to the analysis of the
broadcast relay channel with two relays. Hence we investigated cooperative strategies for
the broadcast relay channel. Several novel schemes have been considered, for which inner
and outer bounds on the capacity region were derived.

Depending on the nature of the channels involved, it is well-known that the best way
to cover the information from relays to destinations will not be the same. Based on the
best known cooperative strategies, namely, Decode-and-Forward (DF) and Compress-and-
Forward (CF), achievable regions for three scenarios of interest have been analyzed. These
may be summarized as follows: (i) both relay nodes use DF schemes, (ii) one relay node
uses CF scheme while the other one uses CF scheme and (iii) both relay nodes use CF

scheme. In particular, for the region (ii) it is shown that block-Markov coding works with
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CF scheme without incurring performance losses. These inner bounds are shown to be
tight for some cases, yielding capacity results for the semi-degraded BRC with common
relay (BRC-CR) and two Gaussian degraded BRC-CRs. Whereas our bounds seem to be
not tight for the case of degraded BRC-CR. An outer bound on the capacity region of the
general BRC was also derived. One should emphasize that when the relays are not present,
this bound reduces to the best known outer bound for general broadcast channels (referred
to as UV W-outer bound). Similarly, when only one relay channel is present at once, this
bound reduces to the cut-set bound for the general relay channel. Finally, application
examples for Gaussian channels have been studied and the corresponding achievable rates
were computed for all inner bounds.

It should be worth to mention that the inner and outer bounds obtained for broadcast
relay channels with two relays are rather complicated. For instance, the DF-DF achievable
region involves 16 bounds, and yet the model corresponds to the simultaneous relay channel
with only two possibilities. This reveals the complexity of using broadcasting approaches
for cooperative networks with numerous channels in the set. In these cases, there is
another approach which consists in fixing the rate and studying the behavior of the network
with respect to a performance criteria. Although a compound approach can guarantee
asymptotically zero-error probability for all channel indices, the worst possible index may
yield in general non-positive rates for most of wireless scenarios. In this direction, the
composite relay channel was discussed in the next chapter where the channel index 8 € ©
is randomly drawn according to Pg. The channel draw 6 = (6,.,604) remains fix during the
communication, however it is assumed to be unknown at the source, fully known at the
destination and partly known 6,. at the relay end. The coding rate r is fixed regardless
of the current channel index. The asymptotic error probability is chosen as the measure
of characterizing the performance. It was shown that instead of choosing a unique relay
function for all possible channels, a novel coding strategy can be adopted where the relay
can select —based on its channel measurement #,— the adequate coding strategy.

To this purpose, achievable rates were first derived for the two-relay network with
mixed coding strategy. This region improves the achievable region for two relay networks
with mixed strategies in [14]. As a matter of fact, it is shown that the same code for this
two-relay network works as well for the composite relay channel where the relay is allowed
to select either DF or CF scheme. Whereas the source sends the information regardless
of the relay function. More specifically, we showed that the recent CF scheme [40] can

simultaneously work with DF scheme. Furthermore, only CSI from the source-to-relay
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channel is needed to decide —at the relay end— about the adequate relay function to be
implemented. So the relay does not need full CSI to decide about the strategy. This idea
was further extended to general composite networks with multiple relays and single source
and destination. A similar coding was developed to allow the selection to the relays in the
network whether to use DF or CF schemes. The achievable region presented generalizes
NNC to the case of mixed coding strategy. It was also shown that the relay using DF
scheme can exploit via offset coding the help of those using CF scheme. An application
example to the case of fading Gaussian relay channel was also considered, where SCS
clearly outperforms the well-known DF and CF schemes.

Finally, the asymptotic behavior of error probability is studied independently for com-
posite multiterminal networks. We showed that the notion of outage probability in general
is not enough precise to characterize the error probability. Instead the notion of asymptotic
spectrum of error probability is introduced as a novel performance measure for composite
networks. The notion of asymptotic spectrum of EP for (r,€) is defined as the asymptotic
probability that error probability falls over € for a fixed rate r. It is shown that this notion
implies other available notions used to measure the performance of composite networks.
As a matter of fact, the behavior of EP is directly related to the e-capacity of the network.

We showed that the asymptotic spectrum of EP can be bounded using available achiev-
able rate regions and a new region called full error region. For networks satisfying strong
converse condition, the asymptotic spectrum of EP coincides with the conventional notion
of the outage probability. Finally, it was shown that the cutset bound provides an outer
bound on the full error region of multiterminal networks. In other words, each code with

transmission rates not satisfying the cutset bound the probability of error tends to one.

9.2 Future Work

We first discuss the broadcast relay channel where we observed that the relay must
help both destinations and the tricky part is how to share this help between common and
private information. Particularly, in the case of the physically degraded broadcast relay
channel with common relay, as shown in Fig. 9.1, the relay has to help both destinations.
This implies decoding of both messages and forward them to the destinations. Theorem 32
gives one way to share the relay help between common and private information. Essentially,
the relay uses V' to help common information and X; to help private information. In this

case, the choice of V distinct from X appears to be necessary, because V = () would
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Y1

X 71 X1

Y,

Figure 9.1: Broadcast relay channel with common relay

remove the help of relay for the common information and then the region will become
clearly suboptimal. Note that for the case of Y7 = Y5, it would imply that the help of
the relay is not exploited. Similarly, setting V' = X; will lead to a similar problem when

Yo = emptyset.

This problem can be more clearly explained from another perspective. We remark
that for a single relay and destination channel, the source uses superposition coding to
superimpose the source codeword over the relay codeword. Now in the case of broadcast
relay channels, the source has to provide two separate codes for each destination. Here
there are two source codes destined for each destination, and the relay help for each of
those messages. None of source codes can be superimposed on the whole relay code since
it limits the relay help for the other user. For instance, suppose that the source code Uy
for the first destination is superimposed on V; and V5, the relay helps for Y; and Y5. Then
it can be seen that the rate of V5 becomes limited by the condition of correctly decoding
Uy, which is clearly not good enough. Another way would be to superimpose U; only on
the code V;. However this causes another problem. Now that U; is not superimposed
over Vo these variables do not have full dependence anymore. In these cases, it seems
not possible to show the converse. Finally, Marton coding can remove this problem of
correlation but at the price of appearing the negative terms in the inner bounds, which
again renders difficult the task of proving converse. One perspective for future work is to
explore a proper code for the problem of superimposing one DF code code on the top of
another DF code.

Regarding composite multiterminal networks, only unicast settings were considered
in this thesis. However, it would be worth to investigate similar coding for multicast
composite networks. The task is not a straightforward generalization of the current results.

It should be emphasized that the use of conventional noisy network coding in multi-sources
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problems does not significantly differ from the unicast setting. Whereas in presence of
selective coding, we are interested in using part of relays with DF scheme, which poses
the problem of dynamical selection at relays of the sources they tend to help. Notice that
the source which has the best channel quality with respect to a relay, can dynamically
change in a composite setting. Is it possible to develop a selective coding for these cases
such that the relay can dynamically choose the source with which it wants to cooperate?
On the other hand, similar problem rises for the case of multicast networks with multiple
destinations. It is possible that a relay is better to use CF for one destination and at the
same time to help via DF scheme for another one. It is interesting to see whether there is
a possibility of developing a code capable of using DF for some destinations while using

CF for other ones.
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Appendix A

Appendix chapter 2

A.1  Proof of Theorem 24

Before starting the proof, we remind the notion of typical sequences that are used for

the proofs.

Definition 21 (Typical Sequences) The set of A, of e-typical n-sequences (x(1, x®) ..., x(*)),
called also e-strong typical, is defined by

A(XD, X, X0) = {0 2@, x)

INGE® 2@, o0 @ ®)y D) 5@ L )

n
<ella® 2@ « ...« %(k)H,for @D, 2@, 20y e 70 x 7@ ... ’ng(k)}’
where N(s;s) is the number of indices in's, i = {1,2,...,n} such that s; = s.

The following lemma is the fundamental AEP results for typical sequences [47].

Lemma 1 For any e > 0, there exists an integer n such that A.(S) satisfies
(i) P{AG(S)} >1—e foralSC {X<1>,X<2>, ...,X<k>},
(i) s € Ac(S) = |—Llogp(s) — H(S)| <,
(iii) (1 —e)2nHE)=0) < || A (S)| < 2nUH(S)+e),
To prove the theorem, first split the private information Wj into non-negative indices

(Sobs Spy Spro) with b = {1,2}. Then, merge the common information Wy with a part of

private information (S, So2) into a single message. Hence we obtain that Ry = Spyo +
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Sp + Sogp where this operation can be seen in Fig. 6.4. For the sake of notation, it is

defined that u = u} for each r.v. u. Let consider the main steps for codebook generation,

encoding and decoding procedures.

Code Generation:

(i)

(iii)

(iv)

Generate 2"70 i.i.d. sequences v, each with PD
n
Py, (vo) = [ [ o (voy),
=1

and index them as vy(ro) with rg = [1:2"70],

For each v,(rg), generate 2770 i.i.d. sequences u, each with PD

Pyovi (uolvg(ro)) = HPUOWO (uo4]vo;(r0)),
j=1

and index them as uq(ro, to) with to = [1 : 2"T°].

For b € {1,2} and each v, (rg), generate 2”7 i.i.d. sequences x;, each with PD

n

Px, v, (@plug(r0)) = prb\vo (zpjlvoj(ro)),
j=1

and index them as z;(ro,rp) with r, = [1:2772].

Partition the set {1,...,2"70} into 2n(Fo+S014502) cells (similarly to [12]) and label
them as Sy so1.502- In each cell there are 27(T0—Fo=501=502) elements.

For each b = {1, 2} and every pair (go(ro, to), zp(ro, rb)) chosen in the bin (wy, o1, $02),
generate 277t i.i.d. sequences u, each with PD

Py, 106 x, v (o (ro, to)zy (10, 73), v (10))
n

= HPUb\UOXbVO (upjluoj(ro,to), Ty (10, 1), v0j (10)),
j=1

and index them as w,(ro, to, 73, tp) with ¢, = [1: 2770].

For b = {1,2}, partition the set {1, . ,Q”Tb} into 2"% cells and label them as S, .
In each cell there are 2(7Tv=5) elements.

For each b = {1,2} and every pair of sequences (gl(ro,to,rl,tl), QQ(ro,to,rg,tg))

chosen in the bin (s1,s2), generate 2"7b+2 i.i.d. sequences u, 1o each with PD
n

Py, o v, Wy o |ty (ros to, 7, ) = H DU, 1o|U, (W(b42)5 Ui (T0, to, b, 1))
i=1

Index them as . o(ro, to, 76, ty, ty42) with 1o € [1,2770+2].
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(viii) For b = {1,2}, partition the set {1,...,2"7+2} into 2"50+2 cells and label them as
S

sp.2- 10 each cell there are 2UTo+2=5+2) elements.
(ix) Finally, use a deterministic function for generating x as f (us,u,) indexed by
z(ro, to, 1,72, t1, t2, 13, ta).
Encoding Part: The transmission is done in B + 1 block. The encoding in block ¢ is as
follows:
(i) First, reorganize the current message (wo;, w1, wa;) into (Wo;, S01i, S02is S1iy S2iy S3i, Sdi)-
(ii) Then for each b = {1,2}, relay b already knows about the index (fo(;—1),tpi—1)), SO
it sends x; (tO(i—l) , tb(i—l))-

(iii) For each vy(to(i—1)), the encoder searches for an index #o; at the cell Sy, such

0i,5014,5024
that u (to(i—1), to:) is jointly typical with (z; (to(i—1), t1(i-1))> Z2(to(i-1) t2(i-1))» Lo(toi—1))) -
The success of this step requires that [12]

To—Ro—S(n—S()Q ZI(UQ;Xl,XQ‘VO). (Al)

(iv) For each b = {1,2} and every cell S;,., define the set %, to be the set of all sequences
Uy, (to(i,l),tm, tb(i,l),tbi) for ty; € Ss,, which are jointly typical with

(z5(to(—1)s t5a_1))> Lo (togi—1)) o (Fogi—1) t0i)s 2y (toi—1)s tagi-1)))

where b = {1,2} \ {b}. In order to create .%,, we look for the w,-index inside
the cell S;,, and find u;, such that it belongs to the set of e-typical n-sequences
AT (VoUp X1 XoUy).
(v) Then search for a pair (u; € ZA,uy € %) such that (21(750(1'71)7t0i7t1(z’71)7t1i)
sy (to(i—1), toi tagi—1), t2s) ) are jointly typical given the RVs (vg(to(—1)), Z2(toi—1)- t23i—1))
Z1(to@i=1), t1(i=1)) ,Qo(to(i—n,tm))- The success of coding steps (iv) and (v) requires
Ty — Sy > 1(Uy; X3| X3, U, Vo),
Ty + Ty — S1 — Sz > I(Uy; Xa| X1, Ug, Vo) + I(Usz; X1/ X2, U, Vo)
+ I(Uz; Ur| X1, X2, Uy, Vo). (A.2)

Notice that the first inequality in the above expression, for b = {1,2}, guarantees
the existence of non-empty sets (£1,.%,), and the last one is for the step (iv).
(vi) The encoder searches for index t3; € Ss,, and t4; € Ss,,, such that ug (tO(i—l) s tois t(i—1), L tgi)

and uy (to(i,l),tgi, ta(i—1)s t2is t4i) are jointly typical given each chosen typical pair of
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(vii)

uy (to(i—1)» tois tri—1), t1i) and uy(to(i—1)s toi, tagi—1)» t2i). The success of this encoding
step requires

T3+ Ty — Sz — Sy > I(Us; Us|Uy, Uz, X1, X2, Up, Vo). (A.3)

Once the encoder found (to;,t14,t2;, t3i,t4;) (based on the code generation) corre-
sponding to (wo;,

8014, 8025 S1i» S2is S3i5 $4i), 1t transmits z(ro(_1),t0i T1(i—1), T2(i—1)» t1i» t2is 130> tai)- toi
carries the common message after bit recombination and Marton coding. ty;,t3; and
to;, t4; are respectively private information for Y; and Ys. t3; and t4; correspond to

partial coding and are transmitted directly to the destination.

Decoding Part: To decode the messages at block ¢, the relays assume that all the messages

up to block 7 —1 have been correctly decoded and decode the current messages in the same

block. The destinations use backward decoding assuming correctly decoded messages until
block i + 1.

(i)

First for b = {1, 2}, the relay b after receiving z; tries to decode (to;,tp;). The relay
is aware of (Vp, X3) because it is supposed to know about (g1, tyi—1))- The relay
b declares that the pair (to;, ty;) is sent if the following conditions are simultaneously

satisfied:

(a) ug(to(i—1),tos) is jointly typical with (zyi, vo(toi—1))s Zp(toi—1)s toi-1)))-

(b) wy(to(i—1), tois to(i-1)» tvi) is jointly typical with (25, vg(togi—1)), 23 (fogi-1)s th(i-1)))-
Notice that uy has been generated independent of z; and hence z; does not appear in

the given part of mutual information. This is an important issue that may increase

the region. Constraints for reliable decoding are:

Ty, < I(Uy; Zp|Uo, Vo, Xs), (A.4)
Ty + To < I(Uy; Zp|Uo, Vo, Xp) + I(Uo; Zp, Xp| Vo). (A.5)

Remark 21 The intuition behind expressions (A.4) and (A.5) is as follows. Since
the relay knows xy;_,) we are indeed decreasing the cardinality of the set of possible
g, which without additional knowledge is 2770 The new set of possible (ug, ZLx,) can
be defined as all g jointly typical with y;_qy. It can be shown [15] that E[[|Zx,[]] =
2n[To—I(UosXe VOl which proves our claim on the reduction of cardinality. One can
see that after simplification (A.5) using (A.1), I(Uy; Zy, Xp|Vo) is removed and the

final bound reduces to I(Uy, Up; Zp| Vo, Xp).
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(i)

(iii)

A.2

For each b € {1,2} destination b, after receiving yy(;41), tries to decode the relay-
forwarded information (to;,t;), knowing (Z(i11),tpi+1)). It also tries to decode the
direct information (;19)(;11)- Backward decoding is used to decode index (to;, tp;)-
The decoder declares that (to;, thi, t(p42)(i+1)) is sent if the following constraints are

simultaneously satisfied:

(a) (2o(toi), uo(foi, togi+1)) Ys(i+1)) are jointly typical,

(b) (23 (os)s tegi)» Lo (o), o (toi, togi+1))) and yp(i41y are jointly typical,

(c) (up(tois togit1)s this to(i+1))s Lyra (ois to(is1) s tbis to(ie1)s toiis1))) and (pgis1), 2o (toi)

s Uo(toir to(i+1))s Zp (tO(i)7 tb(i))) are jointly typical.

Notice that in the decoding step (iib) the destination knows about #y(; 1), which has
been chosen such that (ug,x;) are jointly typical and this information contributes to
decrease the cardinality of all possible z; (similarly to what happened in decoding
at the relay). Hence Uy in step (iib) does not appear in the given part of mutual

information. From this we have that the main constraints for successful decoding are

as follows:

Tyro < I(Upto; Y3 |Uo, Vo, Xp, Uy), (A.6)
Typyo + Ty < I(Upyo, Up, Xp; Y| Uo, Vo), (A7)

Too +Tpy + To < 1(Vo, Uo; Yo) + 1(Xp; Yo, Uo|[Vo) + L (Up+2, Up; Yo|Uo, Vo, Xp). (A.8)

Observe that Uj increases the bound in (A.7). Similarly using (A.1l), and after
removing the common term I(Up; Xp|Vp), one can simplify the bound in (A.8) to
I(Up+2, Uy, Xp, Vo, Un; Yp).

Theorem 24 follows by applying Fourier-Motzkin elimination to (A.1)-(A.8) and using

the non-negativity of the rates. This concludes the proof.

Proof of Theorem 25

Reorganize first private messages w;, i = {1,2} into (s},s;) with non-negative rates

(SZ,S;) where R; = S/+S;. Merge (s}, s, wp) to one message so with rate Sy = Ro+S5]+55.

For the sake of notation, it is assumed that v = uf. Let consider the main steps for

codebook generation, encoding and decoding procedures.

Code Generation:
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(i) Generate 2™ i.i.d. sequences v, with PD
n
Py, (vg) = [ ] pvi (voy)
j=1

and index them as vy (rg) with rg = [1 : 2”80].
(ii) For each vy(rg), generate 2™ i.i.d. sequences u, with PD
n
Py (wolvg(ro)) = T [ poive (wojlvos (ro)),
7=1
and index them as uq(ro, Sp) with sp = [1 : 2”50].
(iii) For each v,(rg), generate 2771 i.i.d. sequences z; with PD
n
PX1|V0 (z1]vo(ro)) = Hle\Vo (5'31J|UOJ(7”0)),
j=1
and index them as z; (ro,r) with ry = [1:2"71].
(iv) Generate 2"=2 i.i.d. sequences z, with PD
n
Px,(zo) = [ [ px. (22))
j=1
as xy(r2), where rg = [1: 2M2].

(v) For each x4(r9) generate onR2 §j.d. sequences 2o with PD

n

Py, 1x, (Balza(r2)) = [ [ P2y x, (225125 (r2)),

j=1
and index them as Z4(rg, §), where § = [1 : Q"RQ].
(vi) Partition the set {1, e ,Z"RQ} into 2772 cells and label them as S,,. In each cell
there are 2"(f2=R2) glements.
(vii) For each pair (QO(T(), so),gl(ro,rl)), generate 2"71 ii.d. sequences u; with PD

Py, o x1vo (W [ug (o, s0),21 (1o, 71), 09(70))
n

= [ ponwovox, (uasluo; (ro, s0), 15 (ro, 71), v0;(ro)),
Jj=1

and index them as u, (1o, so,r1,t1), where t; = [1 : Q"TI].
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(viii) For each uy(ro, so), generate 2”72 i.i.d. sequences u, with PD

n

PUQ\UOVO(szﬂo(rm50)720(7"0)) = HpU2|UoVo (ugj]uo;(ro, s0),vo;(r0))s
j=1

and index them as u,(ro, so, t2), where tp = [1: 2"72].

(ix) For b = {1,2}, partition the set {1:...,2"7} into 2"% subsets and label them as

S, In each subset, there are 2"(76=%) elements.
(x) Finally, use a deterministic function for generating x as f (uq,uy) indexed by
z(ro, 80,71, t1,t2).
Encoding Part: In block i, the source wants to send (wg;, w14, wsz;) by reorganizing them

into (soi, 14, S2i). Encoding steps are as follows:
(i) DF relay knows (sg(—1),t1(i—1)) so it sends zy (so(i_l),tl(i_l)).
(ii) CF relay knows from the previous block that $;—1 € S,,, and it sends z4(72;).
(iii) Then for each subset Ss,,, create the set .2 consisting of those index t9; such that t9; €
Ssys, and uy (SO(i—1)7 5045 tzi) is jointly typical with x; (50(1—1), tl(i_l)) , U (SO(i—l)) , Ug (so(i_l), 301) .
(iv) Then look for t1; € Sy,, and ty; € £ such that (21(50(1‘71)7 S0is t1(i—1)> 11i),U2(S0(i—1)> 045 tgi))
are jointly typical given the RVs vy (so(i—1)), 21 (So(i—1)» t1(i—1))» and with ug(soii—1), s0i)-

The constraints for the successful coding steps (iii) and (iv) are:

15 — Sz > 1(Us; X1 |Uo, Vo), (A.9)
T +T5— 51— 59 ZI(UQ;Ul,XﬂUo,VE)). (A.lO)

The first inequality guarantees the existence of non-empty sets .Z.

(v) From (so;, 514, 52i), the source finds (1;,t2;) and sends x(sg(—1) S0i t1(i—1) t1i5 t2i)-
Decoding Part: After the transmission of the block i + 1, the DF relay starts to decode
the messages of block i + 1 with the assumption that all messages up to block i have been
correctly decoded. Destination 1 waits until the last block and uses backward decoding
(similarly to [14]). The second destination first decodes Z and then uses it with Y5 to

decode the messages while the second relay tries to find Zs of the current block.

(i) DF relay tries to decode (sg(it1),t1(i4+1))- The conditions for reliable decoding are:

T1 4+ Sy < I(Uo, Ui Zl|X1V0), (A.ll)
T < I(Ul;leUo,Vb,Xl). (A.12)
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(ii) Destination 1 tries to decode (so;,t1;) subject to

T+ Sy < 1(X1, Vo, Up, Ur; Y1), (A.13)
Ty <I(U1,X1;Y1|U0,Vb). (A.14)

(iii) CF relay searches for $; after receiving z5(7) such that @2(7'%),52(2'),22(&, 7”2,')) are
jointly typical subject to
Ry > I(Zy; Zo| X2). (A.15)

(iv) Destination 2 searches for 75(;;1) such that (QQ(i + 1), Z5(r9(i41))) is jointly typical.
Then in finds §; such that 8; € S, ., ,, and (22(&-, rgi),gz (1), gz(rgi)) is jointly typical.

Conditions for reliable decoding are:

R,, < I(XQ;YQ), (A16)
Rg < er_, + I(ZQ;Y2|X2). (A17)

(v) Decoding of CF user in block i is done with the assumption of correct decoding
of (sq,to) for I < ¢ — 1. The pair (sg;,te;) are decoded as the message such that
(@(50(1‘—1))» @(So(ifl)v 80i)s ﬂ(so(ifl)

s 8005 12i)s Yy (1): 29(8i 5 72i), Zo(12i)) and (vo(s0i), Y, (i+1), 2o(Si1, T2(i4 1)) Za(T2(i41)))

are all jointly typical. This leads to the next constraints

So + Ty < I(VoUgUs; Yo Zo| Xs), (A.18)
Ty < 1(Uy; YaZo|VoUp X3). (A.19)

It is interesting to remark that regular coding allows us to use the same code for DF
and CF scenarios, while keeping the same final CF rate.
After decoding of (sg;, s1i,$2;) at destinations, the original messages (wo;, w1, wo;) can
be extracted. One can see that the rate region of Theorem 25 follows form equations
(A.9)-(A.19), the equalities between the original rates and reorganized rates, the fact that
all the rates are positive and by using Fourier-Motzkin elimination. Similarly to [1], the
necessary condition I(Xy;Ya) > I(Zy; Za| X, Ys) follows from (A.15) and (A.17).

A.3 Proof of Theorem 26

Reorganize first private messages w;, i = {1,2} into (s}, s;) with non-negative rates

(S%,S;) where R; = S!+S;. Merge (s, sh, wp) to one message so with rate Sop = Ro+57+55.
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For the sake of notation, it is assumed that u = uf.

Code Generation:

(1)

(i)

(iii)

(vi)

(vii)

Generate 2"% i.i.d. sequences u, with PD
n
PUD(HO) = Hon(uoj)’
j=1
and index them as ug(sp) with sg = [1 : 2"50}.

Generate 2%+ i.i.d. sequences z; with PD
n
Px, () = [ [ px, ()
j=1

as x;(rp), where 1, = [1: 2= ] for b= {1,2}.

For each x;(rp) generate 278 §id. sequences 2, each with PD

Py x, Gl () = Tz, x, Goglani (re)),

Jj=1

and index them as Z,(7p, §p), where §, = [1 : Q"Rb] for b = {1,2}.
Partition the set {1,... ,2”Rb} into 2" cells and label them as S,,. In each cell

there are 2”(1%”*1%%) elements.

For each pair u(so), generate 2"7% i.i.d. sequences w, with PD

n

Py, v (wplug (50)) = [ pos oy (v 1o (s0)),
j=1

and index them as uy(so, tp), where t, = [1 : 2”Tb] for b = {1,2}.

For b = {1,2}, partition the set {1, . ,Q”Tb} into 2% subsets and label them as

Ss,- In each subset, there are 2"(76=%) elements for b = {1,2}.

Finally, use a deterministic function for generating z as f (u;, u,) indexed by z (s, t1, t2).

Encoding Part: In block i, the source wants to send (wg;, w14, wsz;) by reorganizing them

into (soi, $14, S2i). Encoding steps are as follows:

(1)

Relay b knows from the previous block that 8,;_1y € Sy, and it sends x;,(ry;) for
b={1,2}.
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(ii) Look for t1; € Ss,, and t9; € S,,, such that (gl(sm, tli),QQ(SOi,tQi)) are jointly typical
given the RV wg(so;). The constraints for guaranteeing the success of this step is

given by
Ty +T5 — S — Sy > I(UQ; Ul‘Uo). (A.QO)

At the end, choose one pair (t;(;_1),ta(;—1)) satisfying these conditions.
(iii) From (so;, S1i, $2;), the source finds (t14,t2;) and sends x(so;, t14, t2;)-
Decoding Part: In each block the relays start to find §; for that block. After the trans-
mission of the block ¢ + 1, the destinations decode §p; and then use it to find Zb which
along with Y}, is used to decode the messages.
(i) Relay b searches for 8y; after receiving z;(i) such that (z;(r5:), 2(%), Z4(8pi, 76:)) are
jointly typical subject to
Ry > I(Zy; Zp) Xs)- (A.21)
(ii) Destination b searches for 7(;;1) such that (gb(i + 1),§b(rb(i+1))) is jointly typical.
Then in finds §; such that §,; € Smwn and (gb(§bi,rbi),gb(i),gb(rbi)) are jointly

typical. Conditions for reliable decoding are:
Ry, < I(Xp;Yy), Ry < Ry + 1(Zy; 3| Xp). (A.22)

(ili) Decoding in block i is done such that (uo(s0i), ub(S0istei)s Yy (1), 24 (8bis Tbi)s 4y (70i))

are all jointly typical. This leads to the next constraints

So+1p < I(Uo,Ub;YbZAHXb), (A23)
Ty, < I(Uy; Yy, Z|Ug, Xp). (A.24)

After decoding of (sg;, s1i, S2;) at destinations, the original messages (wo;, w14, wy;) can be
extracted. One can see that the rate region of Theorem 26 follows form equations (A.20)-
(A.24), the equalities between the original rates and reorganized rates, the fact that all the
rates are positive and by using Fourier-Motzkin elimination technique. Similarly to [1],
the necessary condition I(Xp;Ys) > I(Zy: Zo| X5, Ys) follows from (A.21) and (A.22) for
b={1,2}.

A.4 Proof of Theorem 27

Before proceeding the proof we state the following lemmas which is the generalization

of a similar equality in [10] and it can be proved in a similar way.
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Lemma 2 For the random variable W, and the ensemble of n random wvariables S; =
(Sj1,5j

v Sin) forj € {1,2, ..., M} and Ty, = (Tj1, Tha, ..., Tkn) fork € {1,2,..., N}, the following
equality holds:

n

D Ty Tganys oo Ty s St Saiy ooy Saral W, 5171, 8571, S ) =
i=1

n
D IS SE o Siy s Ty Toi oo T W T 1) Tl 1y o0 Thin))-
i=1
(A.25)

The proof can be done using the same procedure as [10]. Also the following equation will

be used during the proofs.
I(A;B|D) — I(A;C|D) = I(A; B|C,D) — I(A; C|B, D). (A.26)

For any code (n, W(),W17W2,Pe(n)) (i.e. with rates (Ro, R1, R2)), Fano’s inequality will
lead to:

H(Wo|Y2) < P™nRy+1 2 nep,
H(Wl‘Yl) < H(WO,W1|Y1)
< PMn(Ry + Ry) + 1 2 ney,

H(WQ‘YQ) < H(WO,WQ|Y2)
< PM™n(Ry+ Ry) + 1 2 ney,

We start with the following inequality:

n(Ro+ Ri1+ R2) —n(eo +e1 +e2) <IT(Wo; Y1)+ I(W1; Y1) + 1(Wa;Y2)

IWo; Y1) + I(Wi; Y1, Wo, Wa) + 1(Wa; Yo, Wo)

< I(Wo, Wi, Wo; Y1) — I(Wa; Y1 |Wy) + 1T(Wa; Yo |[Wo).
(A.27)

IN
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We can bound the first term of (A.27) on the right hand side as follows:

n
I(Wo, Wi, Wa; Y1) = > T(Wo, Wi, Was; Yig V™)
=1

= Z (Y |Y{ ) — H(Yy Y7, Wo, Wi, Wa))]

—
S)
=

M3 )

[H (Yii) = H(Y Y™ Wo, Wi, Wa, Yt )]
1

«.
I

IS
M:

[H (Y1;) — H(Y15|V;, Uri, Usi)|
1

<.
I

I
M§

I(V;, Urs, Uai; Y14)
1

.
I

where (a) is due to the fact that conditioning decreases the entropy and (b) is based on the

definitions of V; = (Wo, Y1, Y3t 1)Uy = (Wi, Y71, Yy ) and Uy = (W, Y71 Vi ).

Now we continue with the proof as follows
T(Wa3 Yo W) — T(Wa; Ya[Wo) = Y _ [T(Wa; Yail W, Yifs)) — T(Wai Vil Wo, Y{ 1))
=1

_Z W27Y17 Y21|W07 2(14_1)) (YZ* Y21|W27W07 2(1+1))
— I(Wa, Q(ZH),YMWO,Y’ )+ I(Yal 0y Yae| Wa, Wo, Y1)

© _
Z W27 }/22|W07 2(Z+1)) <W27 2(Z+1)aYh|WO> 1)]

- Z [1(Wa; Yai | Wo, Yi™H Yifiq)) + 1Y Yail Wo, Vi)
i=1
= L(Wa; Yual Wo, Y1, 2lit1)) — L(Y5(i11y3 Yis[ W, Y]
d) o L
< Z [1(Was Yau|[Wo, {71 Yoty ) — T (W Y Wo, Yi 1, Yol )],

=1

where (c) and (d) are due to Lemma 2 by choosing M = N =1 and T; = Y,S; = Yo,
and respectively W = (Wy, W3) and W = W,. Now the right hand side of (A.27) can be
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simplified as

n
n(Ro + Ry + Ra) —n(eg + €1 +€2) < Z [I1(Vi, Uy, Usi; Y1i) + I(Usg; Yoi Vi) — I(Usi; Y14l V)]
=1

= Z [1(Vi; Y1i) + 1 (Uai; Yl Vi) + T(Uss, Uz Y15 |Vi) — (Ui Y13 | Vi)

1=

n
= Z [I(Vi; Y1) + 1(Uai; Yoi Vi) + I(Uri; Y1 Usi, Vi) (A.28)
yielding the first inequality. Now we move to the next inequality

H(Ro + Ry + RQ) — n(eo + €1 + 62) < I(Wo, Wl, Wz;Yl) — I(WQ;Y1|W0) -+ I(WQ;Y2|W0)
< I(Wo, W1, Wa; Y1, Z1) — I(Wa; Y1, Z1[Wo) + I(Wa; Yo, Zo|Wo).
(A.29)

By using a similar method we obtain

n
I(Wo, Wy, Was Y1, 20) = Y I(Wo, Wy, Wa; Yai, Zuil Yy, Z{1)
i=1

I

~
Il
—

[H(Yag, ZulY{Y, Z7Y) — H(Y, Zu| Yy Y Z0 Y, Wo, Wh, Wa)]

=
-

@
I
—

[H(Yai, Z1| Y, 27, X)) — H(Y1, ZulYy ™ 2 Xy, Wo, Wi, Wa)]

—~
~
—

NE

[H(Yii, Zui| Xui) — H(Yii, ZuaY{ ™ Z7 Wo, Wi, Wa, Xui, Yoty Zhiay)]
1

.
I

I(Vi, Vi, Uri, Usis Yai, Z1i| X14),

I

=1

where (e) follows because X7i; is a function of the past relay output, (f) is the result of
decreasing entropy by its conditioning and Vy; is denoted by (fol, Zg(i +1))' In a similar
way to above we can obtain

I(Wo; Yo, Zo|Wo) — I(Wo; Y1, Zi|Wh)

I

[L(Wa3 Yai, Zoi|Wo, Yaiy i1y Zoiny) — T(Wai Yai, Zu|Wo, Y1, Z17H)]

=1

—
Q
2

Il

-

[I(W2§ YQi; Z2i|W07 X1i7 Y1i_1v Zi_la Y2?i+1)7 Zg(¢+1))

=1

— I(Wa; Y1 Wo, X10, YY1 20, Yoty Zny)]
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where the step (g) can be proven by using the same procedure as the steps (¢) and (d).
Then

H(Ro + R+ Rz) — (60 + €1+ 62)

< [TV, Vi, Uniy Uni; Yii, Zual X10) + T (Uni; Yai, Z2:| Vi, Vai, X14)
i1
— I(Uzi; Y1, Z1i| Vi, Vais X1i)

[I(Vi, Vi Yii, Zvil X1i) + 1(Uais Yai, Z2i|Vi, Vi, X14)
1

n
1=

+ I(Usi; Y, Z1i| X14, Uai, Vi, Vi) - (A.30)

Now take the following inequality

’n(Ro + Ry + Rg) — n(eo + €1+ 62) < I(WO;YQ) + I(W1;Y1) -+ I(WQ;YQ)
< I(Wo, W1, Wa; Ya) — I(W1; Yo |Wo) + I(W1; Y1 [Wo).
(A.31)

We again bound the first term on the right hand side as follows similar to previous one

n

I(Wo, Wy, Wa; Ya) = > I(Wo, Wy, Wa; Yail Yoy 1))

&
I
—

Il

-
I
—

[H(Y2i|YQTZi+1)) - H(Y2i|Y27Ei+1)’ Wo, Wi, W2)]

[H (Yai) — H(Yai|Yy(; 1), Wo, Wi, Wa, Y1)

-

-
Il
M

Il

-
Il
—_

[H (Yai) — H(YailYa(; 1), Wo, Wi, Wa, Y1)

I(V;, Urg, Uai; Yo).

Il

s
Il
R
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Now for the next terms we obtain

n
T(Wis Y1 [Wo) = T(Wh; Yo Wo) = > [T(W; Yis[Wo, Y{ 1) = T(Wh; Yai Wo, Yty 1))
=1
= [TV, Vgt 0y Vil Wo, Vi) = T(Ygly 44y Yai Wi, Wo, Y7
=1
— LW, Y{ ™1 Yo | Wo, Yais ) + LYY Yas W, Wo, Yoty )]

)

&
-

~
I
—

[L(W1, Ya(sy3 Yial Wo, Y1) = T(W, Vi1 Yoy [Wo, Yty q)])

3

[E(W; Yaa [ Wo, Y1 Yol 1)) 4+ 1Yy Yl Wo, Y1)
1

— I(Wi; Yai | Wo, Y1, Yol qy) — 1Y Yas|[Wo, Yo )]

0 D W Y Wo, Vi1 Yot 0) — TOW; Yas W, Y71 Yt 0],

=1

where (h) and (i) are due to Lemma 2 by choosing M = N =1 and T; = Y,S; = Yo,
and respectively W = (Wy, W;) and W = Wy. Now we simplify the right hand side of
(A.31) to

n(Ro+ R1+ R2) —n(eo + €1+ €2) < Z [1(Vi, Uri, Uais Yai) + I(Ui; Y1ilVi) — I(Uni; Yai Vi)
=1

= Z [I(Vi; Ya;) + I(Uvi; Yl Vi) + I(Usg; Yai| Ui, Vi) | (A.32)
=1

We can see the symmetry between (A.28) and (A.32). Another inequality, symmetric to
(A.30) and (A.29) can be proved in a same way

n(Ro + R1 4+ Ra) — n(eg + €1 + €2) < I(Wo, W1, Wa; Yo) — I(W1; Yo [Wo) + I(W1; Y 1| W)
< I(Wo, Wi, Wo; Yo, Zo) + I(W1; Y1, Z1|Wo) — I(Wi; Yo, Zo|Wy).
(A.33)
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Now by following similar steps we can also show

I(Wo, Wi, Wa; Yo, Zo) = Y I(Wo, Wi, Wa; Yai, Zail Yali 1), Z3i41))
i=1

Z [H(Y2i7 ZQi|YQT(LZ'+1)a Z;L(H_l)) - H(YZia ZQi|1/27zi+1)> Zg(i+1)a WO> Wh WZ)]
=1

o
Il

—
.
—

NE

[H (Yai, Z2i) — H(Ya, Z3i|Y5(i 11y Zaig1ys Vi 27 W, W, Wa)
1

~.
Il

11

I(Vi, Vi, Uni, Ui Yai, Zi)]

—
=
N

[1(Vi, Vii; Yai, Zoi) 4 T(Uss, Uais Yai, Zai| Vi, Vi, X14)]
1

.
Il

where (k) is because X7; is a function of the past relay output (V3;) and (j) is the result

of decreasing entropy by its conditioning. In a similar way to before we can show
I(Wh; Y1, Zy [Wo) — I(W1; Yo, Zo| W)
n
= Z [I(Wa; Yai, Z1s|Wo, Y™, 2171
i=1
— I(Wh; Yai, Z9i| W, Y2?i+1)7 ZS(M))]
) & . A
S Z [I<W1§ Yl’i‘W(b X1i7 Y1%17 Ziila YQ?i_t,-l)a Zg(zq_l))
i=1

— L(W; Yai, Zoil Wo, X1i, Y71 2, Yoty Zany))

where step (1) can be proved using the same procedure as for steps (e) and (f). Finally,

we found
n(R() + R + Rg) — n(eo +e€ + 62)

< Z [1(Vi, Vai; Yai, Zoi) + (Ui, Usi; Yai, Zoi| Vi, Vis, X14)

i=1
+ I(Uss; Y1i, Z1i| Vi, Vi, X1) = 1(Uss; Yai, ZoilVi, Vi, X13))
n
= Z [1(Vi, Vi Yai, Zoi) + 1(Uss; Yai, Z2i|Vi, Vi, Ui, X14)
i=1

+ I(Uvs; Y, Z1i| X1i, Vi, Vi) (A.34)
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The inequalities (A.28), (A.30), (A.32) and (A.34) are related to the sum of Ry, Ry, Rs.

For the rest of the proof we focus on the following inequalities:

A

nRy < 1(Wo; Ya) + neo,
(R0+R1) I(WQ;Y2)+I(W1;Y1|WQ)+n(60+61),
(R0+R2) I(WQ;Y1)+I(W2;Y2|WQ) —|—n(60+62).

Starting from the last inequality, we have

n(Ro+ Ri) —n(eo +€1) < I(Wo; Yo) + I(W1; Y1 |Wo)

= Z [1(Wos Yail Vi) + T(Whs Yi[ Y1, Wo)

Z (Wo, V{5 Yail Yoty g)) = 1Y ™15 Yai Wo, Yy ) + T(Wa; Ya Y1, o)
=1

(a’) i n _
= Z [I(WO’YI 1§Y2i| 2(i+1)) I( 2(z+1)»Y12|W0a 1)+I<W17Y11|Y WO)]
i=1

®)
Z WO’ Y2l| (7,+1)) + I(le Y712| 2(i+1)° YZ ! W[))
— I(Yyl41; 'Y1i|W1,W0,Yf_1)]

<Z (Wo, Yoty 1y Vi1 Yai) 4+ T(Was Yig Y7 Yot ), Wo)

<Z (Vi Yai) + I(Ui; Y13 V3)], (A.35)

where (a’) comes from the Lemma 2 with choosing M = N =1, 51 = Y1, T} = Yo, W = W,
(0') comes from the (A.26). With a similar procedure it can be proved that

n(Ro + Rg) — n(eo + 62) < I(Wo; Yl) + I(WQ;Y2|W0)

< Z Vza}/lz) +I(U21,Y2z‘v)} (A'36)
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Now we move to the next inequality

n(Ro + Rl) — Tl(EO + 61) < I(Wo;Yg) + I(Wl;Y1|W0)
I(Wo; Y9, Zo) + I(W1; Y1, Z1 | W)

IN

[I(W()a }/QM Z21|Y2(Z+1)a ;l(i+1)> + I(WIS Ylia Z1i|Yf_1, Zi_l, Wo)]

I

1=1

I

[1(Wo, Z7 1 Y™ Z0i, Yail a1y, Z3341))

1=1

_I(YZ 1 ZZ L. YQz,Z2z|WOa z+1) Z;L(H»l))
+ I(Wys Y, ZulY{ ™, Z7 1 W)

( ) 71— i— n
= Z WO; Z ! Y L ZQ’L; Y2Z|Y 2(i+1)° ZQ(i+1))
i=1

I(Y;Ei—o—l)? Zg(i-i-l) i Y1i, Z1:|Wo, leel’ Zi;l)
+ I(Wh; Yag, Zu|Yy ™, 207 W)
@) « i—1 i
- Z [I(Wo, 2y~ Y{ ™Y Zai, Yail V(i1 Z3(i11))
i=1
+ LW Y, Zul Y 20 Yoty Zhy, Wo)
I(Y2TEi+1)v Z;(i—i-l) Y, Zh ‘Wlﬂ Wo, Yli_lw Zi_l)]

n
< [TWo, 21 YT Zoi, Yail Yoty 1y Zoa )

=1
+ I(Wy; Yag, Zy Y8 207 Q?i—e—l)’Z;L(i-i-l)?Wo)]
() I
< D W0, VI 2070 2540y, Yatayi Zois Vi)
i1

(W Vi, ZulYY ™Y Z0 Y Yy Doy, Wo, Xui) -

Now by using the previous definitions, we obtain

n
n(Ro+ R1) —n(eo +e1) = Y [I(Vi, Vii; Zai, Yai) + T(Uris Yii, Z1| Vi, Vi, X1i)],
=1

(A.37)
where (¢/) comes from the Lemma 2 by choosing M = N = 2, T} = Y5,51 = V1,15 =
Zo,S2 = Z1,W =Wy, (d') comes from (A.26), (¢') is due to the fact that X;; is a function
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of Zf‘l. And finally the proof of the final sum rate is as follows

n(Ro + Rg) n

<J

—

€0+ €2) < I(Wo; Y1) + I(Wa; Yo|Wh)
Wo: Y1, Zy) + 1(Wa; Yo, Zo|Wp)

—

[1(Wo; Yai, ZulY{ ™ 2071 + T(Wa; Yai, Zail Yali 1y, Zoia 0y, Wo))

M+ 11

[L(Wo, Yatii 1) Zai 0y Z1i Yul YT 2071

=1

— 1Y 1ys Zoiignys Yai ZualWo, Yi L Z171)
+ (W271/2Z7Z22|Y 2(i+1)» (z+1) WO)]

[I(WO> }/2?1'4_1)’ Zg(i.l,_l); Zl’ia Y1i|}/1i_17 Zi_l)

=
.
I M:
I,

— (Y 20 Yag, Zoi|Wo, Yaliinys Zhay)
I(W2§ Yo, Z2i|}/2(¢+1)7 Z2(i+1)7 WO)]
n
¢") n n i i
= Z [1(Wh, Yalis)r Zagiyys Zis Y1l YT Lz
i=1
I(W2§ YZiv ZQi|Y1i_17 Zi_17 27&41)7 Zg(i+1)a WO)
- I(Yf‘*l, Zi;l; Yo, ZQi|W2a Wo, ng(Li_;_l)a Zg(i+1))]

n n i—1 i—1
< Z [I(WOa Y2(i+1)’ ZQ(i+1)§ ATE Y1i|Y11 ) Z{ )
i=1

+[(W2;Y21»,Z22-|Yf_1,Z§_1,Y2’2i+1) 2(i+1)> ,Wo)]

")

H’M:
I,

[I(Wo, Y1) Zois1yi Zis YV 2 X))
+ I(W2§ YZiv ZQi|Y1i_17 Zi_lv 27%141)7 Zg(i+1)a W(b Xlz)]

n
<> [IWo, it 2, 2(i+1)0 Za(it1)} uis Y1il X14)
i=1

I(Wa; Yai, Zoi| Y11 Z07 1 Y30y, Doy, Wo, Xui) -

Again using previous definitions we obtain
n(Ro + Ra) —n(eo + €2) < Z I(Vi, Vii; Z1i, Y1il Xui) + 1(Usi; Yai, Zi| Vi, Vaiy X14),

i=1

(A.38)
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where (f’) comes from the Lemma 2 with the choice M = N =2, S =Y1,T1 =Y5,5, =
Z1, Ty = Zy, W =Wy, (¢') comes from (A.26), (k') is due to the fact that X1, is a function

of Zf_l.

Finally, we prove the first two inequalities

n(Ro + R1) — n(eg + 1) < I(Wo, Wi; Y1)

I(Wo, Wy; Y [YiH)

M: ||M:

<> I W, Wi Yag)
=1
n

<Y T(Yali ), Vi Wo, Wi Yay)
i=1

= Z I(Vi, Ui Y1i), (A.39)
i=1

and similarly we derive
n
’n(Rg + Rz) — TL(GQ -+ 62 Z ‘/Z, Us;; YQZ (A40)

The next step is to prove another bound on the sum rate Ry + R;

n(Ro+ Ri) —n(ep +€1) <

|

s
I
_

IN

IN

I(Wo, W1;Y1,2Zy)

I(Wo, Wr; Yai, Z |Vt 2071

-

s
Il
_

I(Wo, Wi; Yas, Z1i|Yf—1, Zf_l, X1:)

I(Y] ™, Zi Y W, W Yai, Z1i| X14)

- 10

s
I
MR

1Yyl 1y Zoanny, Y15 20 Wo, Wa; Yai, Zil Xi)

I

s
I
—_

I(Vi, Vi, Uris Yai, 213 Xa4)- (A.41)
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Similarly for the sum rate Ry + Ra

n(Ro + RQ) — n(eo + 62) < I(Wo, Wa; Yo, Z2>
n

T(Wo, W3 Yai, Z2i|Y5(;1)> Z(i41))

~
Il
—

-

-
I
e

(Y5l 41), Zig1ys Wo, Was Yai, Za;)

-

i
I
—

I(Y3(i41)» g(i+1)7Y71i71aZ1iilaWOaW2§)/2iaZZi)

|
M:

I(Vi, Vi, Usi; Yai, Z;)

&.
3
—

[1(V;, Vai; Yai, Zoi) + 1(Uai; Yai, Z2i| Vi, Vai)|

o I

i
O Z [1(V;, Vais Yai, Zoi) + 1(Uai; Yai, Z2i|Vi, Vi, X13)], (A42)
=1

where (i) is due to the fact that Xi; is function of Zf_l and so function of Vi;.

And at last we bound the rate Ry

nRy —neg < I(Wy; Y1)

> I(We Yl )
i=1

(Y Wos i)

-

s
I
—

-

s
I
—

I(Y2T(Li+1) JY{ T Wi V)

I

s
I
—

I(Vi; Yag). (A.43)

Similarly for Y5
nRo —ney < I(Wo; Y2)
<3 1(Vis Vi), (A.44)
i=1

The rest of the proof is as usual with resort to an independent time-sharing RV ) and
applying it to (A.28)-(A.44) which yields the final region.



220 APPENDIX CHAPTER 2

A.5 Proof of Theorem 30

Note that the upper bound can be proved to be a special case of the outer bound
presented in Theorem 29 in semi-degraded BRC. But we prove the converse indpendently
here. For proving the upper bound in the Theorem 30, we start with the fact that the
user 1 is decoding all the information. For any code (n, Wy, Wa, Pe(n)) (i.e. (Ry,R2)), we

start from Fano’s inequality:

H(Wa|Ys) < P™nRy +1 2 ne,
H(WA|Y1) < PRy +1 2 nep,
and
T?,RQ S I(WQ;YQ + nep,
I(Wl,Yl)

+
+I(W1; Y1, Wa)
+ I(Wl;Y1|W2).

)
n(Ry + Rg) — neg —nep < I1(Wa;Y2)
< I(Wa;Y2)
< I(Wa2;Y2)

Before starting the proof, we state the following lemma.

Lemma 3 For the BRC-CR with the condition X & (Y1, X1) e Z1, the following relation
holds
H(Y Vi We) = H(Yu|Y{, Zh X, W),

Proof

H(Yy|Y{ ™1 Wa) = H(Y1i|Y11, Yiz, .., Yigio1), Wa)

© H(Yq|Y11, X11, Yaz, -, Yi(io1), Wa)

b
o H(Y1i|Y11, X11, Z11, Y12, -y Yi(i-1), W2)

9 H(Y1i|Y11, X11, Z11, Xa2, Y12, - Yi(io1), W)

= H(Y1;|Y11, X11, Z11, Y12, X12, Z12-+, Y1) Xigi—1)» Z1¢i—1)> X140, W2)
= H(Yli‘Yli_lv Zi_lv X{? W2)7
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where (a) follows since Xi; = fu(Z{A_l), for 7+ = 1, X711 is chosen as constant because
the argument of the function is empty, so it can be added for free, (b) is due to the
Markovity assumption of the lemma where given Xi,Y71, Z11 can be added for free.
Now X2 = f12(Z11) and it can be added for free and this justifies (¢). With the same
argument, we can continue to add first Zy(;_1) given Yy(;_1), Xq(;_1) and then Xj; given

Zy(j—1) until j =i and this will conclude the proof.

By setting U; = (Y;_l, Zf_l,Xf_l,Wg), it can be shown that

T(Wy; Yo Y W)

NE

I(Wl;Y1|W2) =
i=1

-
I

I

-
Il
R

[H (Y |Y{ ™ Wa) — H(Yy, Y] W, W)

INE

-
I
R

[H(Y|Y{ ™Y Z7 X Wa) — H(Y1| X, Xaa, Y78, Wa, Wh)]

=
INgE

N
Il
—

[H(Y Yy LY, 2 XL Wa) — H(Yi | X, X, Y, Wa, W)

(H(y Y7 L Yy Yz X, We) — H (Y| X, X))

Iz
-

s
I
MA

—~
S8
=

I

s
I
—

(H(Y|Yy 27 X7 W, X)) — H(Yi| X, X4, Yy, 207 X W)

I(X;; Y1i|Y2Z;17 ZTl?Xi*l, Wa, X14)

I
NE

1

~.
I

[
M=

I(X;, X145 Y1:|Ui, X14),
1

<.
Il

where (a) results from the Lemma 3, (b) results from the Markov chain Y; e (Z1;, X1;) e X;
while (¢) and (d) is because Y3; depends only on (X;, X1;).
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For the next bound we have

I(Wa;Y2) < I(Wa;Y9,Zy)
n

Z I(Wos Y, ZulY? 201
i—1

[HW, Y1, 2171 — HWaL|YY, Z1)]

I

s
I
—

—~
8]
~

-

~
Il
—_

[H(W2|Z{717Xi) - H(W2|Xi7 Zi)]

(H(Zy|Z{7 XY X)) — H(Zu| X, X 2 Wa)

|

@
s L

—~
—

= (H(Zy|Z7 ' X7 X)) — H(Zu | X, 20 L XY Wa))

—_

IN
M- -

(H(Zv|Xvu) — H(Zu| X1, 27 X7 Yy W)

I
M= L

Iz X Yy W Zy| Xi)
1

~.
Il

I(Uy; Z13) X14)-

|

=1

Based on the definition Xj; is available given Zi~'. But Z/~! also includes Z{ for all the
j <1 —1, therefore given Zf_l, X11, X12, ..; Xy(i—1) and thus X% are also available. This
justifies (¢). Then with Zi~! XI=! and using Markovity between (Z;, X;) and (Y3), one
can say that E’Qi_l is also available given Z{_l. Step (f) results from this fact.

For the last inequality, we have

n
I(Wys Yo) =Y T(Wa; You|V5 1)

=1

<> IV, W Yai)
i=1

<Y I(ZTL XL YT W Ya) = ) T(U;; Yay).
i=1 i=1

Finally, the bound can be proved using an independent time sharing RV Q.
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A.6 Proof of Theorem 31

We now prove the outer bound in Theorem 31. First, notice that the second bound is
the capacity of a degraded relay channel, shown in [1]. Regarding the fact that destination
1 is decoding all the information, the bound can be reached by using the same method.
Therefore the focus is on the other bounds. For any code (n, Wy, Wi, Pe(n)) (i.e. (Ro,R1)),
we want to show that if the error probability goes to zero then the rates satisfy the

conditions in Theorem 31. From Fano’s inequality we have that

H(Wo[Y2) < P™nRy+1 2 ne,
H(WA|Y1) < H(Wo, Wi[Y1) < P™n(Ry + Ry) +1 2 ney,

and

nRy < I1(Wo; Y2) + neo,
n(Ro+ Ry) —neg —ney < I(Wo; Yo) +1(Wi; Y1) < T(Wo Yo) + 1(Wr; Y1, Wh),
< I(Wo; Y2) + I(W; Y1 [Wo).
By setting U; = (YQi_l, Wh), it can be shown that
n

I(W; Y1 |W) = [T(Wh; Y Y7 Wh)]
1

<.
Il

I

-
I
_

[H (Y| Y] Wo) — H(Yy Y Wo, Wh)]

—~
Q
=

-

s
Il
—

[H (Y1 |Yy ™' Wo) — H(Yi| Xi, X, YY1, Wo, Wh)]

IS
=

s
I
_

[H(Y1|Ys ™!, Wo) — H(YulXi, X14)]

—~
O
~

M=

[1(X;, X155 Y| Ye 1, Wo)
1

.
I

I
MS

I(Xi, X143 Y| Us) |,
1

<.
Il

where (a) results from the degradedness between Y; and Y, where (b) and (c¢) require

Markov chain Y7; and (X;, Xy;). Similarly, we have that
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I(W1; Y1 [Wo) < I(Wh; Y1, Z|[Wh)

[I(W1; Y, Z0s Y, 271 W)

[
NE

1

<.
Il

[HW Y™ 217 W) — HWAYY, Z1, Wo)]

|

—
2
=
~
Il
—

-

s
Il
—_

[H(W1|Z{, X, Wo) — H(Wh| X1, Z1, Wo)]

[H(Z1,|Z{7, X0, Wo) — H(Zvi| Xvi, Z77, Wo, Wh)]

I

s
I
A

(H(Z1| 27, X0, Wo) — H(Z0| X, X, Z3 Y, Wo, Wh)]

-

&
Il
—_

—
(B
~

-

N
Il
—

[H(Z4|Yyt, X1i, Wo) — H(Z14| X3, X14)]

=
=

[H(Zy|Ys ™' X1, Wo) — H(Z1:| X3, X14, Yo~ ' Wo)]
1

<.
Il

n
I(Xi; 204l X0, Yo 1 Wo) = > 1(Xa; Z0sl X i, Un).
1 i—1

I

Based on the definition X7j; can be obtained via Z{fl, So given fol one can have
Xf_l, and then with Zi_l,Xi_l and using Markovity between (Z1, X1) and (Y7,Y3), one
can say that (Y{~!,¥J™!) is also available given Z; '. Step (d) and (e) result from this
fact. Markovity of Z1; and (X, X1;) has been used for (e) and (f). For the first inequality,

we have

I(Wo; Ya) = > T(Wo; Yail V371

-

s
I
MR

<> I(Ui; Yo).

-

@
I
—

Finally, the bound can be proved using an independent time sharing RV Q.

A.7 Proof of Theorem 33

The proof of Theorem 33 in [33] is established directly for Gaussian models. Inner

bound and outer bound provided there are of different forms. Their equivalence is estab-
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lished later using tuning technique which consists in tuning the inner bound to match the
outer bound. In our case, these bounds can be obtained using Theorem 32 and 31. The
outer bound is the same as [33] and the inner bound includes the inner bound of [33]. The

equivalence of these bounds can be established then using the same argument as [33].

The inner bound is obtained using Theorem 33. Choose U and X; conditionally
independent given V. This means that the source divides its power to P and 6P for the
first and the second user and the relay does the same with dividing its power into 6, P;
and 6, P;. Then v and p represents correlation coefficient respectively between (U,V) and
between (X1,X). The inner bound is then calculated in the same way as [33] and involves

less equation as presented there. The region is as follows:

OP + 0, P, + 2\/~00, PP,
Ry<C

Ny +0P +6,.P, —|—2\/p99TPP1

Ry < min{C’ (QﬁN£> .C <9P+HTP1 ]+V2 p09rPP1>}
L 1

N
Ry+ R <C ((0p+ 97)7)
N

The region includes the region in [33].

We now focus on the upper bound which is calculated using Theorem 31. Let h(:)

denotes the differential entropy where

I(U;Y2) = h(Y2) — h(Y2|U).

n
We start by bounding Z h(Y3;). This can be bounded by
i=1

n
> h(Yy) < g log [QWe(NQ +P+P +2 BPPl)} ,
=1

where

1 — —
- § EE*(X;|X1;) = BP.
n

=1
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On the other hand, it can be shown that

and as a result

i
g
I

M:
5
&
s
=

3

n
5 log [2meNs] < ; h(Y2|U;)

< —lo [27re(N2+P+P1+2 BPPl)],

MIS

so there exists a € [0, 1] such that

Zh(YQl|Ul) = glog |:27T€(N2 + Oé(P+P1 + 2 BPPl))] .
i=1

Using the entropy power inequality we have

and hence

exp [ 20002101 < exp | 200taltn)] - o0 | 2006~ 20)|

Zh(mU g {Zm«a(]\ﬁ+a(P+P1+2\/BPP1))}.

On the other hand we have

h(Y1]X, X1,U) = h(24).

Using the constraints introduced before, the bounds are easily obtained by direct calcula-

tion. Finally, the calculation of Z I(X;, Z1;]X1) is done like [1] by bounding

i=1

Z le‘Xlz
i=1

log [271‘6(]\72 + ﬁP)}

l\DIS

with the similar definition of 3 as before. Then we obtain

I(X;leU,Xl) == h(leU,Xl) - h(Zl|X, Xl),
h(26) < WZ|U, X1) < h(Z1|X1),
h(Z1|X, X1) = h(7G).
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Using the bound of h(Z1|X7), it can be said that there is  such that

n

n ~
> h(Z1i|Us, Xui) = 5 log(2me(Ny + ByP)).
=1

Using this we can bound I(X; Z1|U, X1) as presented in the theorem. But it can be seen
that v appears only here and hence one can choose v = 1 to maximize the region.
This concludes the proof since, as the author has proven in [33], the inner bound meets

the upper bound.

A.8 Proof of Theorem 34

The direct part can be easily proved by using (6.40) and removing d; and dy from the

definition of the channel. For the converse we start with the following lemma.

Lemma 4 Any pair of rates (R, Ry) in the capacity region €pro-pc of the degraded
BRC-PC satisfy the following inequalities

nRy <Y I(Us, Xui; Yii) + ney,
i=1

n
nRy + nRy < ZI(Ui§ Z13) X1i) + I(X5; Yo, Ui, X13) + nea.

i=1

Proof This lemma can be obtained by taking U; = (W7, Yffl, Z{fl, Y2?i+1)) and similar

steps as in Appendix A.4. For this reason, we will not repeat the proof here. Note that

only the degradedness between the relay and the first destination is necessary for the proof.

Now for the Gaussian degraded BRC-PC defined as before, we calculate the preceding
bounds. The calculation follows the same steps as in Appendix A.6. We start by bounding
h(Z1;|U;, X1;) where it can be seen that

h(A6i) = h(Z1|Us, X, X13)
< (21| Ui, X14)
< h(Z1)
= h(X; + Nii).
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Using this fact it can be said that

INgE
=
gz

@
Il
—

% log |:27T€N1] =

W Z1i|Us, X13)

'Mz

N
Il
—

h(X; + Ais)

IN
L uMﬁ

[2776(N1 + P)}

The previous condition implies that there is « € [0, 1] such that
n n _
Z h(Zli|Ui, Xli) = 5 log |:27r€(N1 + aP)] .
i=1
Note that the previous condition means that
1 n
=Y EE*(Xi|Us, X1;) = oP.
i
Now take the following inequalities
0< = ZEE (Xi|X1;) < Z]EEQ (Xi|Ui, X15) = oP.
i=1 i=1

This is the result of EE?(X|Y) < EE?(X|Y, Z) which can be proved using Jensen inequal-
ity. Similarly the previous condition implies that there exists 8 € [0, 1] such that

1 < _
— Y EE*(Xi|X1;) = BaP.
n

1=1

From this equality, we get the following inequalities by following the same technique as [1]

Z h(Z1| X 1) < % og [szu\h raP+ aﬁP)] .

Also using this fact h(Y?;) can be bounded by

Zh(Yh <glo [277@(N1 +P+ P+ 2\/aBPP1)].

3
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From the degradedness of Y; respect to Z; and Y5, and using entropy power inequality we
obtain

n
3" h(Yiil Ui, X1:) zg log [2me(Ny + @P)],
i=1

n

3 h(Yail Ui, X11) gg log [2me(Ny + aP)],
=1

and these bounds prove the upper bound and conclude the proof.
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Appendix B

Appendix chapter 3

B.1  Proof of Theorem 35 and Corollary 36

B.1.1 Proof of Theorem 35

Assume a set M,, of size 2% of message indices W to be transmitted. Transmission
is done in B + L blocks, each of them of length n, and decoding at the destination is done
backwardly. At the last L — 1 blocks, the last compression index is first decoded and then
all compression indices and transmitted messages are jointly decoded. Table B.1 shows
the messages and codewords over different blocks.

Code generation:

(i) Randomly and independently generate 2"% sequences x; drawn i.i.d. from

Px, (zy) HPXl T1j).

Index them as z(r1) with index r1 € [1, 2"R].

(ii) Randomly and independently generate onfi sequences z, drawn i.i.d. from

P, (z2) HPX2 T2;).

Index them as z4(r2), where 9 € [1, 2”3} for R = 1(Z,; ZQ|X2) + €.

(iii) For each z4(r2), randomly and conditionally independently generate onkt sequences

%5 each with probability

n
ngp( 22|562 7"2 H ZQ|X2(22]|552](7"2))
j=1

231
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Table B.1: Coding for the two-relay channel

b=1 b=2 ..|b=18B b=B+1 b=B+2|..|b=B+1L
zy(1) xy(wr) &(U}(Bq)) zy(wp) z,(1) e |z (1)
z(Lwn) | z(wi,w2) | ... | z(wp-1),wB) | z(ws,1) z(1,1) | 2(1,1)
75(1) 25(h) o | Zo(l(B-1)) Z5(lB) Zo(ls+1)) | - | Z2l(B41))
2o, 01) | Zo(l1sl2) | oo | ZoU—1):1B) | 22(lBy 1 (B11))

2(1) | z1(2) - | 21(B) zl(B +1) z2(B+2) | .. | a(B+1L)
25(1) 2(2) | 22(B) 29(B +1) 29(B+2) | oo | 22(B+ L)
y,(1) y,(2) .. | y,(B) y,(B+1) y,(B+2) | .|y (B+1L)

Index them as Z,(r2, §), where § € [1, 2”1%]

2nR

(iv) For each z,(r1), randomly and conditionally independently generate sequences

x drawn i.i.d. from

n
P x, (@lzy(r1)) = H Pxx, (%j|z15)-
j=1

Index them as x(r1,w), where w € [1, Z"R].

(v) Provide the corresponding codebooks to the relays, the encoder and the decoder ends.

Encoding part:

(i) In every block ¢ = [1 : B], the source sends w; based on z (w(i_l),wi). Moreover, for
blocks i = [B + 1 : B + L], the source sends the dummy message w; = 1 known to

all users.

ii) For every block ¢ = [1 : B + L], the relay 1 knows w;_1y since by assumption and
(i—=1)
wo = 1, so it sends x; (w(i_l)).
(i) For each i = [1 : B + 1] and after receiving z,(7), relay 2 searches for at least one

index [; with lj = 1 such that
(zo(li—1))» 22(3), 2oLy, i) € A[X2Z2Z0].

The probability of finding such I; goes to one as n goes to infinity.

(iv) Fori = [1: B+1], relay 2 knows from the previous block /(;_yy and it sends x5(l(;_1))-
Moreover, relay 2 repeats lpy1 for i = [B+2: B+ L].
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Decoding part:

(i)

(i)

(iii)

After the transmission of the block i = [1 : B], the first relay starts to decode the
messages of block ¢ with the assumption that all messages up to block i — 1 have

been correctly decoded. Relay 1 searches for the unique index w; € M,, such that:
(E(w(iq)’wi);& (w(z‘fl)),&(’i))) € AV X X12].

By following similar argument than [1], the probability of error goes to zero as n goes

to infinity provided that:
R < I(X; Z1]|X1). (B.1)
If the condition (7.9) fails, i.e. if
[(Zy; 221 X X1X2) > I(X23 Y1 | X X1)

then the destination finds the unique w(;_;) with the assumption that w; has been

decoded successfully using backward decoding such that
(l(w(iq),wi),& (w(z’q)),gl(i))) € A/ [X X 1Y)
The probability of error for this decoding goes to zero if

R<I(XX1:Y1). (B.2)

If the condition (7.9) holds, then the destination waits until the last block and uses
backward decoding [42]. It searches for the unique index Ig+1 such that for all
be[B+2: B+ L], we have

(z2(IB11), 2(1,1), 21 (1), y, (b)) € AV[X X2 X1 Y1),
Define the following events:

& = {(EZ(ZBH),&(L 1)@1@)7%@)) ¢ A?[XX2X1Y1]} ;

&2 Z{(iz(i),z(l, 1),2,(1),y,(b) € A [X X2 X,Y1]

for some ZB-H #lpyrand allbe [B+2: B—i—L]}.
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The probability of error is bounded as follows

Pr (iB+1 =+ lB+1) < Pr(é'l) + Pl“(gg).

The first probability on the right side goes to zero as n — 0o. The second probability

also goes to zero as n goes to infinity provided that

Pre)< 3 Pl () {(@@a,1),2,0).5,0) € AX XX 1]}

iAlp11 b=[B+2:B+L]

< <2nR _ 1) |:27n(I(X2;XX1Y1)761):|L_1’
which leads to the following condition for Pr(&) going to zero:
1(Z9; Zo| X2) + € < (L — 1)I(X2; X X1 7). (B.3)

After finding /g1 and since w(p, 1) = 1, the destination decodes jointly (wy,l;) for
each b = [1 : B] where decoding is performed backwardly with the assumption that
(Wpt1,lp+1) have been correctly decoded. It finds the unique pair of indices (wy, Zb)
such that

(2, wips1)), 1 (), y, (b + 1), 25(0), 25 (I, Lpr1))) € AZ[X X1 X2 Z5Y7).

Consider the following error events associated with this step:

&3 = {(E(wb,w(b+1))7£1(wb)7g1 (b+1),25(l), 29I, l(b+1))) ¢ A?[XX1X222Y1]} )
& :{ (@(wy, Wt 1)) 2y (wy), g, (b + 1), 25(0), 251, Lp41)))
€ A?[XXngZgiﬁ] for some [ # lb},
85 :{ (E(UA)? ’lU(b+1)), Ly (12)), Ql(b + 1)7 Lo (lb)) 22(1177 l(b+1)))
€ A?[XXlXQZQ)ﬁ] for some w # wb},
& :{ (E(d% w(b-i—l))’ HA| (@D)’gl(b + 1)>£2 (Z)’§2 (Z’ l(b-i—l)))
€ A?[XXngzgiﬁ] for some [ # l,, b # wb}.

The probability of error of this step can be bounded by

Pr ((wb, ) # (wp, zb)) < Pr(&3) + Pr(&y) + Pr(&5) + Pr(&).
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First probability on the right side goes to zero as n — oo. Second and third proba-

bilities on the right side also go to zero as n — oo provided that

I(Zo; Z9| Xo) + €3 < I(X2Z9; X X1Y1), (B.4)
R < I(XX1;Y1 25| X5). (B.5)

The last probability is bounded as follows:
Pr(&) <

> Pr [(g(w>w(b+1))v£1(ﬁ’)agl(b +1),25(0), 25(1, lp11))) € AP[X X1 X251
11, #wy,
< <2n(R+R) _ 1) <2n(H(XX1X2Y1Zg)—H(XX1)—H(ZQXZ)—H(Y1)+E4)) .

Now given the following inequality the last probability also tends to zero as n — oo
R+ I(Zy; Zo|Xo) + €5 < (X X1X9; Y1) + I(Zo; X X1 V1| X). (B.6)
Particularly (B.6) can be simplified as

R+es < I(XX 1 X0: V1) 4+ I(XX1Y1; 25| X)) — I(Zo; Zo| Xo)
= I(XXlXQ; Yl) - I(ZQ; ZQ|Y1XX1X2). (B7)

Then from the inequality (B.4) we obtain
[(Za; Zo|Y1 X X1 X2) < I(X5; V1| X X)), (B.8)

where we used the fact that I(ZQ;Z2|X2) = I(ZQ;ZQXXlYl'XQ). The inequality
(B.4) holds because the condition (7.9) holds. By choosing L large enough, not
necessarily infinite, the condition (B.3) holds too. By letting (B,n) tend to infinity

such that % goes to zero too, we get the following conditions if (7.9) holds:
R < min{I(XX1 Xy Y1) — I(Z2; Zo|V1 X X1 X5), [(X X1; Z2Y1| X2)}. (B.9)
And the following if (7.9) fails:
R<I(XX;:Y). (B.10)
However we have I(XX;Y)) < I[(XXj; ZQY1|X2) and also we have

I(X X\ Xo;: Y1) — I(Zy; Zo|V1 X X1 Xo) =
(XX Y1) + | I(Xos V| X X1) = I(Z0; 2o Vi X X1 Xo) |-
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This means that if the condition (7.9) holds, (B.9) leads to a bigger region than
(B.10), i.e.:

I(XX1;Y1) < min{I(XX1X2; Y1) — I(Zo; Zo|Y1X X1 X2), (X X1; Z2Y1|Xo)},

which means that decoding the compression index and using CF leads to a better

rate. And if (7.9) fails it can be seen that (B.9) is worse that (B.10), i,e:
I(XX1;: Y1) > min{ (XX, X0: Y1) — 1(Zy; Zo|Y1 X X1 Xs), [(X X1: ZoY1| Xo) Y,

which means that it is better not to use CF at all. In other words the region obtained

as such coincides with the following region:

R < max {I(XXl; Y1), min{I(X X1 Xo; Y1) — I(Za; Zo|Vi X X1 Xa), [(X X1 Z”zyl\Xg)}}
(B.11)

This region with (B.1) will prove the theorem. At the end the time sharing random
variable ) can be added using usual manipulations. Note that unlike [42] it is not

necessary that L — oo.

B.1.2 Proof of Corollary 36

Consider now the composite relay channel with parameters 6 = (64,6,.). Transmission
is done over B 4+ L blocks as well as for Theorem 35. Assume the same code generation
than for Theorem 35 with transmission rate fixed to r.

Encoding part:

(i) In every block i = [1 : B], the source sends w; € [1,2""] based on z(w;_1),w;).
Moreover, for blocks i = [B + 1 : B + L], the source sends the dummy message
w; = 1 known to all users.

(ii) The relay knows 6,. If 6, € Dpp, it sends a codeword z;5 = z; from the first

codebook and uses it for the rest of communication. In other words, the relay function
for this choice is DF scheme. In block i, the relay uses its decoder output wg_y)
(wg = 1) and it sends z; (w(i,l)).
Otherwise, if 6, ¢ Dpr, then the relay picks the codebook of codewords zy =
9. The relay function in this case is CF scheme. In this case, after receiving the
corresponding output that we denote z; 4 (i), the relay searches for at least one index
l; where [y = 1, such that

(zo(lii-1)), 210, (1), 29(l(i—1), 1)) € AZ[X2Z1 0, Z5).
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The probability of finding such [; goes to one as n goes to infinity. Note that the
typical set used for such coding is known to the relay because it knows 6,. For
i = [1: B+ 1], the relay knows from the previous block /(;_;) and it sends z9(l(;—1))-
Moreover, the relay repeats g1 for i = [B+2: B+ L.

Decoding part:

1. For every block i = [1 : B + L], the relay decodes w; exactly similar to the Theorem
35. For a fixed r and given 6,., the condition (B.1) should be satisfied to have correct

decoding. The error is declared and relay declares a random output w if:
r > 1(X; Z19,.|X1). (B.12)

2. The decoder knows 6 and hence 6,. If 6, € Dpp then if the inequality (B.12) is
satisfied, the error is declared. Otherwise it uses the DF decoder to decode the

message and if the following inequality holds true, then an error is declared
r>I(X,X1;Y). (B.13)
Therefore if 6, € Dpg, an error is declared if » > Ipp with
Inp = min {I(X; Z19,|X1), (X, X1; Yi9) }. (B.14)

Consider now the step when 6, ¢ Dpp. Note that in this case the relay input is

X1,9, = X2 and we have the following Markov chain:
X1 e X o (Y9, Z19,, X2). (B.15)

Moreover the decoder knows whether the following inequality is satisfied subject to
the Markov chain (B.15)

I(X2;Y19| X X1) > 1(Z16,; Z2|Yie X X1 Xo).

Now the decoder applies the exact same decoding procedure as in Theorem 35. It
can be seen that the decoding conditions at destination do not change even if X3
is not really transmitted only I(XX1;Y19) = I(X;Y1p). The only change is in the
Markov chains. It can be seen that the previous inequality corresponds to (7.9) for
the composite channels. The destination declares an error for 6, ¢ Dpy if r > Icp

where
Tor = max { min (1(XX1: Yig 2ol X2) I (X X1 Xa: Yig) — 1(Z2; Zug, [Vig X X1 X))

I(X;Yw)}. (B.16)
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Using (B.14) and (B.16), the error event denoted by the indicator function 1 is as

follows
1p = 1[97» € Dpr and r > IDF] + 1[9r §7_f Dpr and r > ICF}- (B.17)

|q Taking the expected value from two sides give the expected probability of error.
The expected value is taken in two steps. For each 0,., the expected error is calculated
using Pgjg,. The relay chooses the distribution of X3y, and ZMT to minimize this

error:

Pgjg, {r > Ipr|0,} 0, € Dpr

Eogjo,[15] = Poje, {r > Icr|6,} 6, ¢ Dpp.

min
p(x2)p(22]x2 »Zler)

At the next step, the expected value is taken over 6, and is minimized over Dpr and

p($,$1)~

€(r)= min inf FEg <P > Ipr, 0, € Dpr|0
)= i1 o B (0 Do 0, < Do

min ]P’g‘eT (7‘ > Ior, 0, ¢ DDF|97~)}- (B.18)

p(z2)p(22]e2,210,)
At the end time sharing RV @Q can be added to the region, however the optimization

should be done outside the expectation.

Optimizing over Dpr region. Suppose that the relay is not able to decode the message.
Then, use DF scheme shall lead to an error event while CF scheme can perform much
better. So if the condition r > I(X; Z1p,|X1) is satisfied, the best guess of the relay would
be CF scheme. Now the question is what the proper guess would be if the relay can decode
the message. In other words, the relevant question is whether CF scheme may turn to
perform better than DF scheme when the relay is able to decode. Obviously, this is not
the case. As a matter of fact, if the relay decodes and uses DF scheme, an error may occur
for r > I(XX7;Y19). Nevertheless, since X5 is independent of X, but X is in general

correlated with X7, we have that
I(XX1;Y19) > I(X, X2;Y19).

As a consequence of this, if an error occurs with DF scheme while the relay can decode
the message, then the error will happen anyway with CF scheme. So it is still better to
use DF scheme, meaning that for any r < I(X; Z1p,|X1), it is clearly optimal to select DF
scheme. Indeed, to have the knowledge of 0, at the relay is enough to decide about the

coding strategy.
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B.2 Proof of Theorem 37

Fix P, V,T such that they maximize the right hand side of (7.22). Then similarly
assume a set M,, of size 2™ of message indices W to be transmitted. Transmission is
done in B + L blocks, each of them of length n, and decoding at the destination is done
backwardly. At the last L — 1 blocks, the last compression index is first decoded and then

all compression indices and transmitted messages are jointly decoded. By zs we denote

(z;) €S-
Code generation:

(i) Randomly and independently generate 2% sequences Zye drawn ii.d. from
PXV( J}vc HPXVC xvc])

Index them as zy.(r) with index r € [1,2"]. This step will provide [V°| different
codebooks (z(r),r € [1,2"7]) for each k € V°, each with 2"% codes. However the
codes in each codebook corresponding to an index are jointly generated based on

Py and are not in general independent.

(ii) For each zy.(r), randomly and conditionally independently generate 2" sequences

x drawn i.i.d. from
PR xpe (@]zye(r)) = H Py xye (j|T1e)).
j=1
Index them as z(r,w), where w € [1, Q”R].

iii) For each k € T, randomly and independently generate onfi sequences z; drawn i.i.d.
y ye k

from

Py, (z) H Px, (xg;)-

Index them as zj(rg), where 1, € [1, 2”Rk] for Ry, = I(Zy; 2k|Xk) + €.

(iv) For each k € T and each z;(ry), randomly and conditionally independently generate

onfi sequences Z;, each with probability
n
sz‘x (Zglz () H Zi| X0, (Zkjln;(Tr)-

Index them as Z,(rk, Sk), where § € [1’271}?,@}
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(v) Provide the corresponding codebooks to the relays, the encoder and the decoder ends.

Encoding part:

(i) In every block i = [1 : B], the source sends w; based on g(w(i_l),wi). Moreover, for
blocks i = [B + 1 : B + L], the source sends the dummy message w; = 1 known to
all users.

(ii) For every block i = [1 : B + L], and each k € V¢, the relay k knows w(;_1) by
assumption and wg = 1, so it sends z;, (w(i_l)).

(iii) For each i = [1: B+ 1], each k € T, the relay k after receiving z; (), searches for at

least one index [; with [o = 1 such that

(2 (U(i1y)s 25(0)s 26 (gion) i) € AL Xk Z1Zy).

The probability of finding such {;; goes to one as n goes to infinity due to the choice
of Rk

(iv) For i = [1: B+ 1] and k € T, relay k knows from the previous block lr@i—1) and it
sends 2, (lj(;—1)). Moreover, relay k repeats lp;1) fori = [B+2: B+ L].

Decoding part:

(i) After the transmission of the block i = [1 : B] and for each k € V¢, the relay k

decodes the message of block 7 with the assumption that all messages up to block
i — 1 have been correctly decoded. Since the relay k knows the message w(;_1) and
SO T (w(i_l)), it also knows all the other z;, (w(i_l)) for k' € V¢ given the code

generation. Relay k searches for the unique index w; € M, such that:
(@ (w(i—1ys Wi)s ye (wi-1)), 25,(1)) € AL[X XyeZy].

By following similar argument in [1], the probability of error goes to zero as n goes

to infinity provided that:
R < I(X; Zk| Xye). (B.19)

(ii) The decoding in the destination is done backwardly. It first decodes the last com-
pression indices sent by the relays in 7. The destination waits until the last block
and then it jointly searches for the unique indices (Zk( B H))keT such that for all
b e [B+2: B+ L] the following condition holds:

((ﬁk(ik(BH)))keT,z(L1)a£vc(1),g1(b)> € AM[X X7 XYy
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(iii)

Define the following events that can cause error in the previous decoding step.

&0 ={ ((@xlsin)) e 21 1), 2ye (1), 3, (0)) ¢ AX X7 Xpevi]},
Es :{ (@k(i’ﬂ(BH)))kesv (2 (Uk(B+1))) peser (L, 1),£yc(1),g1(b)) € AMX XrupeYi]

for some Zk(3+1) # ly(p41), and allb € [B+2: B + L]}

The last event is the event that there be a jointly typical sequences with correct
indices for the relays in §¢ = 7 — S and wrong indices for the relays in S. The

probability of error is bounded as follows

Pr ([B-H =+ lB+1) < Pl“(go) + S;'Pr(gs).

The first probability on the right side goes to zero as n — co. Pr(€g) can be bounded

as follows:
Pr(&s) < Z Pr [ ﬂ ( <£k(ik(B+1)>>kE$’ (%(lk(BH)))kesc ;
b=[B+2:B+I)
2(1,1),2e(1), , (b)) € AXX X7 XpeYi]|

< H (an%k B 1) [2—71(1()(5;XXSCuvcyl)—El)} L_l_
keS

le(+1)#le(B41).kES

Now this probability goes to zero as n goes to infinity provided that for all S C T

> I(Zy; Zk| Xp) + €2 < (L — DI(Xs; X XgeupeV1). (B.20)
keS

After finding correctly Iy pyq) for all k € T and since w(pyq) = 1, the destination
decodes jointly the message and all the compression indices (wy, 1) for each b = [1 :
B] where 7y, = (Iyp) e~ The decoding is performed backwardly with the assumption
that (wyi1,l7(p+1)) have been correctly decoded. The destination finds the unique

pair of indices (wp, ZTb) such that

(i, Wips1) ) Tye (6), 4, (b + 1), (24 (ko) 24 (ks Lo € AMX X7uyeZrYa).
keT
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Consider the following error events associated with this step (S C 7,8=T — S):

&o :{ (&(wb, W) Zye (wp), Y, (0 + 1), (21,(Iks), 21, Ik lk(b+1)))ke7->
¢ A" [XXTUVCZTyl]},

Es :{ (&(wb, W(pt1))s Tye(wp), y, (b + 1), <Zk(zkb)7§k([kba lk(b+1))>k68 ;

(@ (ko) 21Tk lev1))) e )
S A?[XXTUVcZTyl] for some lAkb # Uy, and k € S},

Eu,s :{ (&(ﬁ)b, W(py1)),s Tye(Wp),y, (b + 1), <§k([kb),§k([kba lk(b+1))>kes ;

(5 Ik 2 (ks leo1))) s )

S A?[XXTUVCZTyl] for some w # wy, lAkb # lpp, and k € S}

In fact £ is the event that there is jointly typical codes with correct message index
but wrong compression indicies for the relays in §. On the other hand &, s is
the event that there is jointly typical codes with wrong message index and wrong
compression indicies for the relays in §. The probability of error of this step is thus
bounded by

Pr ((wb, Irs) # (wp, sz)) < Pr(&) + SEC:T(Pr(ES) +Pr(€u.s)).

First probability on the right side goes to zero as n — oo. Pr(€s) goes to zero as

n — oo provided that

> I(Zk; ZilXi) + €3 < Y H(Zy| Xg) + H(X Xyeuse ZseY1) — H(X Xyeuse Z1Y11Xs),
keS keS

which can be written as:

€3 < Y H(Zp|ZeXp) + H(X Xyeuse ZseY1) — H(X Xyeuse Z7Y1| Xs).
keS

The preceding inequality can be simplified using the fact that Zk is independent of
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other random variables given (Xj, Z):

> H(Zy| 2 Xy) + H(X Xyeuse ZseY1) — H(X Xyeuse Z7Y1|Xs)
keS

= H(Zy|ZsXs) + H(X Xyeuse ZseY1) — H(X Xyeuse Z1Y1|Xs)
keS
s ) )
= H(Zy;)|ZsXs) + H(X Xyeuse Zse Y1) — H(X Xyeuse Z7Y1| Xs)
j=1
s A A A
=" H(Zo(j| Zo1) - Zo(j-1) Z5 X5) + H(X Xyeuse Zse Y1) — H(X Xyeuse Z7Y1|Xs)
j=1

=H(Zs|ZsXs) + H(X Xyeuse Zse Y1) — H(X Xyeuse Z7Y1|Xs),

where o : [1,|S|] — S is an arbitrary ordering over S. This manipulation gives us

the following:
es < (X XyeuseZseY1; Xs) — I(Zs; Zs| X Xyeur Zse Y1)
= I(ZseY1; X5|X Xyeuse) — 1(Zs; Zs| X Xyeur ZseYh). (B.21)

Given the fact that 7 € 7°(V), the last inequality holds for each S C 7.
As the next step, we bound the probability Pr(€, s) as follows:

Pr(gw 3)

Z Pr [(E(wm W(py1)), Tye(Wp),y, (b+1), (lk(ikb),ék(ikb, lk(b-}-l)))kes ;
Ty Py W wy

IN

(@ (W), 25 (ks Lev41))) e ) € A?[XXTUVCZTH]]
< (- 1) [T (2% - 1) x
kes
n(H (X XveuseY127|Xs) — H(X Xye) = H(Y1Zse Xse) = H(Z|X) + €1)
2 keS

Now given the following inequality the last probability also tends to zero as n — oo

R+ 1(Zy; Zi| Xp)) + €5 < —H (X XyeuseY127|Xs) + H(X Xye)
keS
+ H(Y1ZseXse) + > H(Zy|Xy,).
keS
(B.22)
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The inequality (B.22) is then simplified as follows

R+ e5 < —H(XXyeuseY127|Xs) + H(X Xye) + H(Y1 Zse Xse) + Y H(Zi| 2 Xy)
keS

< —H(X XyeuseY127|Xs) + H(X Xye) + H(Y1Zse Xse) + H(Zs|ZsXs)
< I(XXypeXs;Y1Zse| Xse) — H(Zs| X XyeurY1Zse) + H(Zs| ZsXs)
< I(XXypeXs:Y1Zse|Xse) — 1(Zs: Zs| X Xyeu7Y1 Zse) (B.23)

By choosing finite L but large enough, inequalities (B.19) and (B.23) prove Theorem
37, where the rate is achieved by letting (B,n) tend to infinity. At the end time

sharing random variable @ can be added.

B.3 Proof of Theorem 38

The coding for the Cooperative Mixed Noisy Network Coding (CMNNC) is done with
a difference regarding the previous theorems. To see the difference look at the table B.2.
In this table, we present the coding scheme for CMNNC- two relay networks. The relay 1
uses DF to help the source so it has to decode the source messages successively and not
backwardly. But on the other hand the relay 1 wants to exploit the help of the relay 2 to
decode the source message. So it does not start decoding until it retrieves the compression
index. To this purpose the relay 1 uses offset decoding which means that it waits two
blocks instead of one to decode the source message and the compression index. In block
b = 2, the relay 1 decodes [} and wy. Equally the source code at the block b+2 is correlated
with the relay 1 code from the block b and not the block b+ 1. The price we pay here is
one block delay. The source has to wait until b = B 4 2 to start Backward decoding. The
compression index g2 is repeated until the block B + L.

The proof for the multiple relay networks follows the same idea. Fix P, V,T and T’s
such that they maximize the right hand side of (7.26). Note that 7,7z C V. Then again
assume a set M, of size 2% of message indices W to be transmitted, again in B + L
blocks, each of them of length n. At the last L — 2 blocks, the last compression index
is first decoded and then all compression indices and transmitted messages are jointly
decoded. The relays in V¢ starts to decode after the block 2.

Code generation:

(i) The code generation for the sources and the relays in V¢ remains the same as the

appendix B.2. Generate them as before like (zyc(r), z(r, w)) and provide them to all
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Table B.2: Coding for CMNNC

b=1 b=2 b=3 .| b=B+2 b=B+3|..|b=B+1L
z (1) | 2,(1) zy(w1) | | z1(wB) z(1) w2 (1)
z(liwy) | z(1,wa) | z(wy,ws) | ... | z(wp, 1) z(1,1) e | 2(1,1)
z5(1) zy(l1) z49(l2) QQ(Z(BH)) £2(Z(B+2)) £2(l(3+2))
2oL lh) | Zo(lasl2) | 2o(l2,03) | o | Z2(l(B41)s U(B42)) | -

z1(1) | z(2) z1(3) - | z1(B+2) z2(B+3) | .. | z1(B+L)
25(1) 25(2) 25(3) o | 22(B +2) 29(B+3) | .. | 22(B+1L)
gl(l) g1(2) gl(?)) gl(B +2) gl(B +3) | ... Ql(B + L)

users.
ii) For each k € T U (UgeyeTr), randomly and independently generate 9Bk sequences
(i) eveTk), y p Vg q

x;, drawn i.i.d. from

Index them as z;(rg), where 1, € [1, 2"Rk] for Ry, = I(Zy; Zk|Xk) + €.

(iii) For each k € T U (UgepeTx) and each z;(ry), randomly and conditionally indepen-

dently generate onfi sequences Z;, each with probability

n

PZk‘X (Zk‘xk Tk H lek Zk]lxk](rk))

Index them as 2, (rx, Sk), where § € [1,2”Rk]

(iv) Provide the corresponding codebooks to the relays, the encoder and the decoder
ends.

Encoding part:

(i) In every block i = [1 : B], the source sends w; using z(w(_s), w;) (wo = w_1 = 1).
Moreover, for blocks i = [B+1 : B+ L], the source sends the dummy message w; = 1
known to all users.

(ii) For every block i = [1 : B + L], and each k € V¢, the relay k knows w(;_z) by
assumption and wyg = w_; =1, so it sends z;, (w(i_Q)).

(ili) For each i = [1 : B+ 2|, each k € T U (UgeyeTy), the relay k after receiving z; (1),

searches for at least one index [j; with [y = 1 such that

(zp (k=) 22 (0), 26 (i), Ini)) € AL (X0 ZiZi).
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The probability of finding such I; goes to one as n goes to infinity due to the choice
of Rk

(iv) Fori=[1: B+2]and k € TU(Ukey<T), relay k knows from the previous block ;1)
and it sends z(lx(;—1)). Moreover, relay k repeats lj(p;o) for i = [B+3: B + L,

which means for L — 2 blocks.
Decoding part:

(i) After the transmission of the block i = [1 : B + 1] and for each k € V¢, the relay k
decodes the message w; and the compression index l7;; with the assumption that all
messages and compression indices up to block i—1 have been correctly decoded. Since
the relay k knows the message w(; o), w(;_1) and so z;, (w(i_g)) and z;, (w(i_l)), it also
knows all the other z}, (w(i,m) and x/ (w(i,l)) for k' € V¢ given the code generation.
Relay k searches for the unique index (y, l7;4) by looking at two consecutive blocks

b and b + 1 such that:

(&(w(b—z), Wy), Tye (W(b—2)), 21 (D), (Ek(lk(b—l))a 2 (lep-1)> Zkb)) keﬁ)

€ A'[X X7,y 27, Z)] and (@W(w(bl))vék(b +1), (Ek(ikb))keT

k

) S A?[Xnuvczk].
Define the following events (S C 7,8 = Tr — S):

&0 = { (2(wi-2), 1), 2ye(wi2), 26 0): (2 1) 2ellio1), o) ey )

A X X7,0ve 273, Zi) or (&vc(w(b—n),ék(b +1), (@k(lkb))keTk) ¢ A?[XT;CUVCZk}‘}a
Es = {(&(W(H)vwb)&w(w(bfz)),ék(b)? (lk(lk(bfl))ygk(lk(bfl)vZkb))kes7
(ik(lk(b—l))y ék(lk(b—l),lkb))kesc ) € A?[XXTkuchATka] and

(2velwp1), 2+ 1), (2illie)) o (@illio)es: ) € AXXrveZid
for some ikb # lpp, and k € S},

Ews = {(E(w(be)vwb)aEVC(w(be))aék(bL (Ek(lk(bfl)%ik(lk(bfl)vZkb))
(ik(lk(b—l))vék(lk(b—l),lkb))kegc) € A (X X7,0ve 27, Z] and
(2velwp), 2+ 1), (2illin)) o (@illio)es: ) € AXXrveZid

for some w # wb,ikb # lp, and k € S}.

kes’
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Then the probability of error is bounded as follows:
Pr ((wbleka) # (wb,lnb)) <Pr(&) + Y (Pr(€s) + Pr(Eus)) -
SCT

Pr(&p) goes to zero as n goes to infinity due to the code generation and the encoding

process. Pr(€s) goes to zero as n — oo provided that

ZI(Zk; Zk|Xk) +e3 < ZH(Zklxk) + ZH(Xk) + H(XXVCUEZSCZIC)
keS keS kesS

+ H(Xyeuse Zi) — H(X XyeuT, 27 Z1) — H(Xveur, Zi).-
This can be written as:

es < > H(Zy| 21 Xp) + 1(Xs; Xyeuse Zi) — H(Zs|X Xyeur, Zse 1)
kes

The preceding inequality can be simplified using the fact that Zk is independent of

other random variables given (Xj, Z):

> " H(Zi| 2y Xy) + 1(Xs; XyeuseZi) — H(Zs| X Xyeur, Zse Z)
keS

=H(Zs|ZsXs) + 1(Xs; Xveuse Zy) — H(Zs| X Xveur, Zse Zi),
which gives us the following;:
e3 < I(Zy; Xs| Xyeuse) — I(Zs; Zs| X XyeuT, Zse Z). (B.24)

Given the fact that 7 € 7 (V), the last inequality holds for each S C 7.

Finally Pr(Es) goes to zero as n — oo provided that

R+ I(Zy; ZilXp) + €5 < Y H(Zk|Xp) + > H(Xg) + H(X Xye)
keS keS keS

+ H(XT, Zse Z| Xye) + H(Xyeuse Zy,)
— H(X Xvyeur, 27, Zk) — H(XyeuT, Z1).

This will give the following condition:

R+ e5 < I(X; Zse Zp| Xye X1,) 4 [(Xs; Z1| Xye Xse) — [(Zs; Zs| X Xyeur, Zse Z,)
= [(X; Z7 23| Xve XT.) + [(Xs; Z1| Xye X5¢) — [(Zs; Zs| Xyeur, Zse Zy,).
(B.25)
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(ii

(iii

) The decoding in the destination remains in general same than before. It jointly
searches for the unique indices (fk( B+2)> . such that for all b € [B+3: B+ L] the

ke
following condition holds:

((znliezs1)), 21D, 2ye ()., () € AXXXTXpeYi].
The probability of error goes to zero as n goes to infinity provided that for all S C T
> I Zi; Zk| Xi) + €2 < (L — 2)I(Xs; X XgeupeY1). (B.26)
keS

) After finding correctly lj,py9) for all k € T and since w(p, 1) = 1, the destination
decodes jointly the message and all the compression indices (ws,l7(41)) for each
b = [1: B] where 73, = (Igp)per- The decoding is performed backwardly with the
assumption that (wpy2,l7(p42)) have been correctly decoded. The destination finds

the unique pair of indices (wy, i7(b+1)) such that

(2w 2ye(n), y, (0 +2), (2l 2ullrwiny o)) )

€ AN X X70yeZ7Y1).
Following the same procedure as the proof in the appendix B.2, the probability of
error goes to zero as n goes to infinity given the following conditions:
e3 < 1(ZseY1; Xs|X Xyevse) — I(Zs: Zs| X Xyeur ZseYr), (B.27)
R+ e5 < I(XXyeXs; Y1 25| Xse) — I(Zs: Zs| X Xyeur ZseY1). (B.28)
By choosing finite L but large enough, inequalities (B.25) and (B.28) prove Theorem

38, where the rate is achieved by letting (B,n) tend to infinity. At the end time

sharing random variable @ can be added.

B.4 Proof of the theorem 39

The proof is in general similar to the corollary 36.

Consider the composite multiple relay channel with parameters 6 = (04,0,). Trans-

mission is done over B + L blocks like the theorem 37. Suppose that every relay knows

Dy

i.e. decision of other relays for each .. Suppose that the channel in function is with

index 0 = (0,,0,).

Code generation:
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O 22).

(i) The relay knows 6, and for each 6,, relay k generates two main codes <:r:k , Ty,

2nR 1)

(a) Randomly and independently generate sequences z,, drawn ii.d. from

Pn(l) H x (35

Index them as z} )( ) with index r € [1,2"%]. This code is also known to the
source, so it cannot depend on 6,..
(b) Randomly and independently generate on iy sequences g,(f) drawn i.i.d. from

n

n (2)
X(Q) H ( ) x’f]

Index them as gl(f) (rg), where ry € [1, Q”Rk} for Ry, = I(Zye,; Zk|X]§2)) + €.
(c) For each g,(f) (rr), randomly and conditionally independently generate om0
quences 2z, each with probability

n

5 1.,.(2)
nglxz(f) (Zglzy” (1)) H X® Zk]|xk] (r))-

Index them as 2, (7, Sk ), where §, € [1, Q”Ek} . This code generation can depend

on 0,

(ii) For each 3:( ) (), randomly and conditionally independently generate 2"% sequences

x drawn i.i.d. from
X‘X(l) (‘T|x./\/' r)) - H X(l) x]|x,/\/])

Index them as z(r,w), where w € [1, Q”R].
Encoding part:

(i) In every block i = [1 : B], the source sends w; based on z(w(;_1),w;). Moreover, for
blocks ¢ = [B + 1 : B + L], the source sends the dummy message w; = 1 known to

all users.

(ii) The relay k knows 6,.. If 6, € DgCF), for every block i = [1 : B+ L], the relay k knows

w(;—1) by assumption and wp = 1, so it sends g,(:) (w(i,l)).
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If 0, ¢ Dg?ﬂ, the relay k after receiving 29 (i), searches for at least one index [y
with [po = 1 such that

(E;(f) (k(i—1))» 2o, (0)s 25 (Ui—1)s Uei)) € A”[ X5 Zio, Z)-

The probability of finding such I; goes to one as n goes to infinity. The relay k
knows from the previous block [;;_1) and it sends gl(f)(lk(i_l)). Moreover, relay k

repeats lypy1) fori = [B+2: B+ L].

Decoding part:

1. After the transmission of the block ¢ = [1 : B], if 0, € D](Dk% the relay k decodes the

message of block 7 with the assumption that all messages up to block i — 1 have been

correctly decoded. The relay k searches for the unique index w; € M,, such that:
(2 (we-ry ), 2 (w1))- 220, (1)) € ALX XnZs ]
The outage event is occurred provided that:
r > 1(X; Zo, | X\P). (B.29)

We emphasize that not all Xj(\}) are in function, but only X](}lc) for 0, € Dy.

The decoding in the destination is done backwardly. It knows 0, Dy, and therefore
V, i.e. it knows each relay is using Decode-and-Forward or Compress-and-Forward.
Moreover it chooses 7 to maximize (7.35). It first decodes the last compression
indices sent by the relays in 7. It jointly searches for the unique indices (Zk( B+1))
such that for all b € [B 42 : B 4 L] the following condition holds:

keT

((znllezs1) 211,200 (1).,4(0) ) € ALX X7 XpeYiol

After finding correctly [y py1) for all k € T and since w(py1) = 1, the destination
decodes jointly the message and all the compression indices (wy, l73) for each b = [1 :
B] where Iy, = (Ikp) - The decoding is performed backwardly with the assumption
that (wyi1,l7(+1)) have been correctly decoded. The destination finds the unique
pair of indices (wyp, ZTb) such that

(E(l@b, w(b+1))a£vc(wb)a gw(b +1), <£k(ikb)a§k(ikbv lk(b+1)))ke7,)
€ AN (X X7uveZ7Y0)].
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It can be seen from the theorem 37 that the error is occurred if:
> min R7(S,0), B.30
r > min Ry (S, 0) (B.30)
for
Rr(S,0) = I(XXC) XS Zs:Yi0| X)) — 1(Zso,; Zs|X XD X\ ZseYia),

Note that 7 is chosen in such a way that the right hand side is in its maximum
value. From the discussion around (7.24) we know that this set belongs to 7'(V) and
s0 Q7(A) >0 for each A C T.

3. Using (B.29) and (B.30), the error event denoted by the indicator function 1 is as

follows

g =Y 1[0, € Dy and r > Iuxnc(V)], (B.31)
VCN

where

B . . : o v
hunne(V) = max min { glglI}RT(Sa 0), min I(X; Zig, | X )}-

As before, the expected value is taken in two steps. For each 6,., the expected error
is calculated with Pgjg,. The relays chooses the distribution [[,,, p(xgg))p(éﬂxf)zj)
to minimize the conditional expectation for each 6, and for each Dy,. This will lead

to the following:

Egpo, [16] = ) min ~ Pop, [r > hisne(V), 0, € Dy|o,]
ven ey P(l"§~ ))P(ﬁjlw§ )2;)

At the next step, the expected value is taken over 6, and is minimized over decision

regions Dy and p(z, :L'J(\lf)) which will lead to the following:

€(r) < min inf
p(a,zV) {Pv,VENIEMT(O:r,N)

> e, min  Pejo, [r > hunnc(V), 0, € Dv|er}}
VCN [Liey p@; >)P(2j|£r§- )zj)

At the end time sharing RV @ can be added to the region, however the optimization

should be done outside the expectation.
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B.5 Proof of the Corollaries 17 and 18

Proof of the corollary 17: We start with Ry (S). We know:

R7(S) =I(X XyeXs; ZseY1|Xse) — I(Zs; Zs| X Xrupe Zse Y1)
=h(ZseY1|Xse) + W(Zs| Zs Xs) — W(Z7Y1|X X70ve)

Now suppose that D = SCU{M + 1} and &' = VU T US U{0}. We start with finding

differential entropies:
WMZY1| X Xpe X7) = h(H(T¢,SUD)X(T) + N(SUD) + N(SUD)) =

% log ((2ne)ls+3"+1l ‘H(TC, SUD)K(TOH(TS,SUD)T + N(SUD) + N(SU D)D

W ZseY1|Xse) =h(H(S', D)X(S') + N (D) + N (D)) =

% log ((zm)\sc\ﬂ ‘H(S’, DIK(SH(S', D) + N(D) + N(p)‘)

h(Zs\ZsXs) = 5 log ((2m) S [N(S)

The previous differential entropies will lead to the rate for Ry (S).
On the other hand Ipp(k) = I(X; Zi| Xype) can be bounded in a similar way. First Zj

can be re-written as follows:
Zk = hop X + H(M, {k})X(M) + Nj.

To obtain the rate, first we calculate h(Zg|Xye). Then it is obvious that h(Z;|X Xye) is
the entropy of the noise seen at the DF relay caused by its own Gaussian noise and the

interference of all CF relays and can be written as follows:
1
h(Z| X Xye) = 5 log ((2me) (H(V, {FHKV)H (V. {k})" + N))

To calculate h(Z|Xye), it can be seen that

1 c

h(Xye) = = log ((27re)|v ‘\K(VC)\) .

2

So it is enough to calculate h(Zy, Xyc), which leads to the following (G = [\/PPipOi] 1€

Ve):

1 c
W Zg, Xye) = 3 log ((27re)|v +1

lhow* P+ HWV, {kHKW)H(V, {k})T + Ni  hoiG
hg.G" KO0V |)
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The determinant of the covariance matrix in previous rate can be written as:

o P+ HWV, {kHKW)H(V, {k})T + Ni  hoyG
hng K(VC)

(Ihokl? P+ HV, (DKW HY, (DT + Ni) x [K(0)| — [horl* Px

i=[ve|-1
( Z (—=1)"\/ Pr; por; #GT K;(V°) ‘)

1=0,k; €V°¢

K;(V°) is the covariance matrix K(V°) with the column ¢ removed. Now we can see that:
1 2 T
W(Zy|Xve) = 5 log { (2me) ( lhow|” (1 = B)P + HV, {kHKV)H (V. {k})" + Ny ).

And f is defined as follows:

i=[ve|-1
( Z (_1)Z PkiPOki #GT KZ(VC) ‘)

1=0,k;€V°

p=

KV

Based on this Ipp(k) can be calculated as follows:

(B.32)

2
Top(k) :%bg <”H |hoxl* (1 = B)P )

VARHKWH W, {E}T + Nk
Ipr(k) and Ry (S) will provide the region according to the theorem 37.

R < max max min{minR S), min Ipp(k }
= PeP TCVCN SCT 7 )’kew pr(k)

Proof of the corollary 17: To prove this corollary it is enough to bound RSI-Z)(S). We use
(B.25) to evaluate it.

RYN(S) = I(X; Zse Zu| Xve X73) + I(Xs: Zi| Xve Xse) — I(Zs; Zs|X Xyeim Zse Z)

= W(Zse Z| Xve X7.) + M Zs|Zs Xs) — W(Z7. Zp| X Xyeur,,) + 1(Xs; Zi| Xye Xse)
Now suppose that Dy, = S U{k} and S; = V°UT,,USU{0}. We re-state the following

differential entropy:

W Z7. Zi| X Xype X7.) = h(H(T;$, S UDR)X(TE) + N(SUDy) + N(SUDy)) =

% log ((2we)\5\+|50\+1 H(TE, Dy US)K(TOH(TE, Dy US)T + N(Dp US) + N(D US) D '
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To find h(Zse Zy| Xve X7,) we write it as:
W Zse Zy| Xye X1.) = h(Zse Z Xye| XT,) — h(Xye).

Again we have h(Xye) = $log ((2me)V“I|K(V°)|) and then the following manipulation is
straightforward:

WM Zse Zy Xye| X7.) =

1 c c
5 log ((QWG)V [+]S¢|+1

H (S}, Dy)K(S,)H(S], Dy)" + N(Dy) + N(Dy)  H(S;, Dy)K(S;, V)
H(S}, Do)K (S, V)" K(V9) '

Then we move to the case of I(Xgs; Zi|XyeXse). Similar to the evaluation of Ipp(k), we

can write down:
WMZp Xye| XT,,) =

llog ((2W€)VC|+1 |h0k|2P + H( kC’ {,lg})K('EC)H( kcv {k})T TNy oG D
2 .

ho G K(V°)
h(Zk Xye| Xs,) =

Liog [ (2me)vi |hok|* P+ H(TEUS {FDK(TEUS) H(TEUS, {kDT + N horG
’ hx G K(V°)

The preceding differential entropies are simplified to:

W(Zi| XveX7;) = élog (2re) (Ihoxl” (1 = B)P + H(TE (RDK(TOH(TE, k1T + Ny ) ).
h(Z| Xpe Xge) =

;bg ((2re) (1howl? (1 = B)P + H(T U S, {RDK (T US)H(TE U S, {kDT + Ny ) ) -

And so:

[(Xs; Zy| Xpe Xse) = %log (1 + H(S, (k)RS)H(S, {k}) ) :

(Iforl* (1 = B)P + H(Tye, kK (T H (T (kDT + Ny )
Finally we have:

h(Zs|Zs Xs) = %bg (2re)SI|Ns)])



PROOF OF THE COROLLARIES 17 AND 18 255

Using all this, can be written as follows:

(9) (o) _
RP(S) =
H(S,, Dy)K(S,)H (S, Di)" + N(Dy) + N(Dy)  H(S,, Dy)K(S;, V)
H (S}, DK (S), V)" K (V)
H(T¢, Dy U SK(TOH(TE, Dy US)T + N(DUS) + N(D U S)| [K(V°)]

1
3 log

H(S, (k) K(S)H(S, {k})" ) llog( 1 )
. .

* %log I+ 201 _ c c c T 2 \
(Ihorl? (1 = BYP + H(Te, (DK (T HTE, (DT + Ny N(S)|
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Appendix C

Appendix chapter 4

C.1 Proof of Theorem

We start by some definitions. Let the random variable ng ) denote the sent message
chosen with uniform distribution over ng ). m denotes the number of nodes. For two sets
51,89 C {1,...,m} with cardinalities |S1],|S2|, let M192) be an |S1||S2|-tuple as follows:

Mglslsz) — (ng))ie& JES

Hence M%SlSZ) denotes a random variable uniformly distributed over the following set:

MES) = Q) M)

1€51,j€S2

where @) is the Cartesian product of sets. This variable represents the random vector
corresponding the messages transmitted from the nodes in S to the nodes in Sy and its
particular value is denoted by the vector 15152) = (1)) € M2 With each 1(5152) =

3 e
(149)) is associated the set Dl(fgll’ssj))c = U Dl((lf]% which is equivalent to the error
1€51,j€S52

events for some i € S,j € S¢ if 1091%2) is transmitted.
Mésls?) = IT M,gfj ) represents the cardinality of M%SISQ), or in other words
1€51,j€S2

the sum rate transmitted from the nodes in S; to the nodes in Ss. We are particularly
interested in the case S7 = S and Sy = 5S¢ which is a cut from the network. It is also of
interest to consider S; = Sy = {1, ..., m} where we are concerned with the whole network.
The respective variables in this case are denoted by M,,, M, 1, M,, and Df. Similarly
define Y = (Y}") for j € S where Y{' takes its values over the set #g' = &),c5 %"

257
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The following theorem is Verdu-Han’s lemma [44] adapted for the multiterminal net-

works.

Theorem 46 For all codes (n, Mr(lij),en), i # 7 €{l,...,m} the error probability satisfy:
L nr(sse). vyny o 1 (55°)
€n > Pr EZ(M" 1Y) < Elog M2 — | — exp(—yn). (C.1)

For every v > 0 and every S C {1,...,m}, where

Px,y»(Y"|X,)

i(X™Y™) = log Py (V)

(C.2)
Consequently the following inequality holds:

1 e 1 c
€n > Pr | for some S; ﬁi(M%SS );YSUC) < - log M,(lSS ) — 'y] — (2™ = 1)exp(—yn). (C.3)

Proof The inequality above is equal to the following:

1 c 1 y
€n > Pr Ei(M%SS ) YR < Z —log M) — | — exp(—yn). (C4)
1€S,j€S°

The proof follows the same line as Verdu-Han. Consider a (n, M#’j), en), i#je{l,...,m}

code. By the definition (8.4) and those introduced above, we have:
1
=30 > Pr(DfM, =1)
IGM’".

We first prove the following inequality:
B+ ey > Pr [P(M;SSCHYS%) < ﬁ} . (C.5)

Then by choosing 8 = exp(—yn), the theorem follows.

The starting point is similar to [44] with small additional step. For each 10559 =

(l(ij)) € M%SSC) define the sets Bjsse) and £ as follows:
Bysse) ={yf € #5M . pASFI |y, < B}
£= U B](SSC)-

10559 EM(55)

Then we have another lemma:
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Lemma 5 For a cut in the network dividing nodes into S, S¢, define the error probability
of the cut e(SS ) a

c 1 SS¢ c
= —mm D Pr(DE) )
M7 ey e

Then 67(1556) satisfies the following inequality:
E%SSC) <e,

Proof By using the assumption of uniform distribution over the input message, it is easy

to verify the following steps:
c ]. c c c
55¢) _ (SS€)einr(SS°) _ 1(SS
A e w3 DM < (659
I(SSC)EMngS%

SS9 e c c SS%)e
=Y PRI =159 4 3 P

1859 e M55 leM,,
< Z Dl 7 = €n
le My,

We will use this lemma for the proof. Now note that:
Pr [P(M%SSCMY&) < 5} = Pr(g).
Using this, the proof is as follows:

Pr(g)= > Pr(I®%) Bysse)
1559 e pm (759
c Ss¢ c 5S5¢

= Z Pr(l(SS )7 BI(SSC) ﬂ Dl((SSCEC) + Z Pr(l(SS ), BI(SSC> ﬁ Dl((Sscg)

1(550)6/\4%550) I(SSC)GM%SSC)

1 SSC SS(

= —559 > Pr(Bysso N Dl<ssc> “NE55)

Mi™ 7 sser e pnts59

c Sse Sse
+ Z Pr(l(ss )|B1(SSC) m,Dl((ssc)))P(BI(SSC) ﬁ’Dl((ssc)))
1559 (55

(@ 1 (55)e y(S5) (SS
= 210559 > Pr(Dl(Sszc“( N+ Y BxPr(Bysson Dnsscg)
1559 e pm(55) 1559 e m(559)

(b)
SentB Y. Pr(Bysse NDfe)

1(55%) e pm (559
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(a)comes from the definition of Bysse) and (b) comes from the lemma. On the other hand

we have:

(85¢) (585¢)
Z Pr(Bysse) N D](SSC)) < Z Pr(Dl(SSC))
1559 e p(F5° 1559 cp(55)

= > e(( U 2))

1859 e (559 i€5,jESe

- > e(( N ?2Y)

1859 e pm (559 i€S,jeSe

e U (N o)

1<SSC)€M£LSSC) i€8,jES°

Hence we have:

Pr(£) <e, +p.

which results in the first inequality.

The second inequality is followed using the same manipulation, similar to the inequality

developed in [43] for multiple access channels.

After stating the proof for this theorem, we are ready to start the proof. The general idea
behind the proof is to prove that for all S, the discrete memoryless channel and the rate

outside the closure of cut-set bound the following holds for all v > 0.

1 c 1 .
Pr | for some S; —z'(MngS );Yélc) < Z — log M,(f]) —v| — 1. (C.6)
n
i€S,jES°

In other words, the information spectrum of %i(Mg{gSC); Y{Z.) is placed on the left-hand side
of cut-set bound values. Then based on the theorem 46 the probability of error goes ¢, to
one. The proof follows two general steps. First it is shown that the information density is
less than another random variable called U7(LS) in probability as n — oo. In the next step
it is shown that the random variable Ufls) is less than the cut set bound in probability. So
if %log M,(fj ) v is bigger than the cut set bound as n — oo then it is easy to see that

the probability in (C.6) will tend to 1 as n — oo.
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C.1.1 First Step

For a general (not necessarily i.i.d.) inputs and outputs define

Zl W;(Yse;| Xgej, Xgj)

PYSC Xge; (Vsej| Xsej)
where W; is the channel in 4*" use. By assumption that the channel is discrete memoryless,
W is the same, namely W for all j. However we keep the index until the end.

Note that Y," is not i.i.d. in general. However if X;'’s are i.i.d. for each k € {1,...,m}
then Uﬁs) turns into the sum of i.i.d. random variables and tends to its expected value
a.e. by the law of large number which is I(Xg;Ygsc|Xge). However no restriction is put
over the input distribution. For simplicity, we drop the subscripts in probability when

implicitly clear. For U( ) defined as such we prove the following lemma:

Lemma 6 For U7(l ) defined as above we have:

lim P(for all S;U) > = (MgSSC%YS%)) ~ 1. (C.7)

n—oo

Proof By the independence of M55 from M55 we have:.
(M) vge) = i vEMETD) — (M) Mgy (C8)
We continue to simplify the first term on the right hand side:
Py MES, M)
P(Vg M)
v M, M)
<Yst|Yf M)

i(M5); vE MS5)Y) = log

S5°) S55¢)¢
@ ilog P(Vsej Vg !, Xsej, M) MIE)
P(Yscjws;l,Xscj,MﬁfSSC)c))

n

_ Zl P(YS‘j|XS(jaXS])
YSC]|XSC )

P(Yse |YS: XSCJ,M(SS") M)
P(Yoe;| Xsj, Vi, Xoej, MES) M5

+Zl

7j=1

n ilog P(Ysej| Xse))
, P(Vees [V Xao: M55
( Scj| Sec <25, n )
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where (a) is due to the fact that Xge; is a function of ch_l, M) Now using (C.8),

the definition of Ur(ls) and the notion of information density we get:

TLU7(LS)_2<M£LSSC), YST]«C) — Z(M%SSC)7 M%(SSC)C)|Y§)+
Z Z(Yscjv XS]‘ch_l, XSCj7 M%SSC)7 M;(SSC)C)) +
Jj=1 iz

i(Ves; MUSS)) v X ge)
1
(C.9)

Now consider the following inequality for two sequences of random variables {X,,}°° ; and
{Ynlnz, [43]:
p-liminf(X, +Y;,) > p-liminf X,, + p-liminf Y},.

n—oo n—oo n—oo
Now if we take liminf in probability from both sides and dividing by %, we have the
following inequality:

1 c 1 c c\c

p-lim inf (U —=i(M{F9); Y2L)) > p-liminf —i(ME5); M) vz
n n—oo M

n—oo
n

. . 1 . —1 c c\c
+p-liminf =% i(Voes; Xoj|Vie, Xoej, MF), M)

7=1
1 n
P . S.5¢)e i—1
—|—p—hnnl>1£fgzlz(Y5cj;M£L( 1) Vi X ges) (C.10)
j:

According to the positivity of inf-mutual information rate [43,44], three terms on the right
hand side of the inequality are positive and so it can be said that liminf in probability of
U — Ly i) will be positive. Then by definition of liminf in probability, the
probability of %i(Mg{gS ); Yi.) < UTSS) goes to one as n — co which means:
1 c 1 c

lim Pr (U — ~i(MF);vg) > 0) = 1im Pr (U8 > ~iME);v4)) = 1. (C.11)

n—00 n n—o0 n
Now because this holds for all .S and the probability goes to one, then the next equation

follows immediately:

lim Pr (for all S;U) > %i(M;SSC%YS’z)) =1 (C.12)

n—o0
C.1.2 Second Step
The second step is based on the following lemma.

Lemma 7 For Ués) defined as above, there is a probability distribution Pxgx4. for each

x'r such that:
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lim E{Pr (U(S> < I(Xs; YSCXSC))|XN] 1,

n—oo

Proof For each z% € 2, 2% € 2., define:

U(S)(a: 20 an: log W; (Ysejlwses, ©s5)
" 5 S n = Yscj|xscj)

Note that given z%,2%., the probability distribution W™ (Y§.|z%, 2%.) and using the fact

Wj (YSC]‘IZESC]‘ »L S

that the channel is memoryless, it can be seen that log P(Yse Joae) ) for all j are inde-
J J

pendent.

Here, we have to use the assumption of discreteness of the channel and their finite

cardinality which guarantees the finite variance of each log %J%EC?@) in the previous

sum. Using Chebyshev’s inequality it can be seen that:

2

n o ..n n ,..n n o ..n g
PI‘ (U;LS)(J)S,LUSc) > E[Ués)(.’ﬁs,l'sc)] + 5‘$S,xsc> < W

In other words:

o2

Pr (U (a2, 28) < B[US (2, 280)] + o, e ) > 1 - 2o

And for a network with m nodes it can be seen that:

2m 52

Pr (for all ;UL (a8, 28%) < E[US (o, 80)) + 8[ak) > 1- =2,

where N/ = SUS° = {1,...,m}. Now assume that Xg, Xge follow the PD Px x4 which

is the empirical distribution of (2%, 2%.). Then we can say that:
E[US") (2%, #%5e)] = 1(Xs3 V3| Xse).

Note that here we have to assume that the channel W; is the same for all j. So we get:

2m0.2

Pr (for all $; U (a8, #%.) < I(Xs; Vsl Xoe) + 5\%) >1-=2,
n

Now for each '}, the previous probability goes to 1 as n — oo which proves the theorem.



264 APPENDIX CHAPTER 4

C.1.3 Final Step

We are ready to prove the theorem. First consider the following inequalities
1 ¢ 1 y
P L (55°). nY) < - (ij) >
r[for some S,nz(Mn 1Y) < | Z nlogMn vl >
i€5,jese
1 (&
ZPX}zv(xﬁ[) Pr (for all $;U(%) > ﬁi(MgSS ). Y&, U < I(XS;YSC\XSC)M%)
T
1 c 1 .
x Pr [for some S; —i(M59). yr) < Z —log M) — ~
" i€5,je8¢
1 e
[for all [(Xs;Yee|Xse) > UL > —i(MES); ch),xx/]
n

1 c
> Pxp(zR) Pr (for all $;U%) > ﬁz’(M;SS ). YE), U < I(XS;YSC|XSC)1:E7V)

z%
x 1[ <1 log M};'ﬂ)
n

In the last step, (l log Mr(fj)> ¢ .7cB, means that, if the rate (l log Mr(zij)>
. LIEN i K iJEN i

is outside the closure of cut set bound then for each Px,x., there are some S such that:

¢ CB] .
i, jEN i)

1 g
> —log M{D) > I(Xg; Yse| Xse).
ieS,jese
and so we have:
1 g 1 c
> log M > —i(MFi V),
i€S,jESC
which justifies the last step.

Using the last inequality with the lemmas we have:
L A r(559). v 1 (i) m
€n > Pr | —i(M;>” /);YS:) < Z —log M) —~| — (2™ — 1) exp(—~yn)
" i€5,jeSe

1 c
> " Pxp(z) Pr <for all S;U) > Ei(Mgfs ). vE), U < I(Xg; YSC\XSC)W/)

T
1 y
x 1 [ (— log Mé”))
n i,JEN ]

From the first and second step we know that the probability on the right-hand side of

(C.13) converges to 1 as n — oo. By taking the limit on both sides of (C.13), we obtain
for all ~

¢ LVCB} — (2™ — 1) exp(—n). (C.13)

lim e, > lim 1{ <llogM7gij>> ¢ Son). (C.14)
n—00 n—oo n i EN i
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Then it is easy to see that the rates not satisfying the cutset bounds for each S, i.e. falling

outside the closure of cutset bounds, lead to the error proability 1.
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