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Methods

Definition of (hidden) variable-order Markov chains

In the following, we first introduce high-order Markov chains. Then, variable-order Markov

chains and hidden Markov models based on first-order and variable-order Markov chains, which

are the stochastic models used in this study, are defined. In the case of an rth-order Markov

chain {St; t = 0, 1, . . .}, the conditional distribution of St given S0, . . . , St−1 depends only on the

values of St−r, . . . , St−1 but not further on S0, . . . , St−r−1,

P (St = st|St−1 = st−1, . . . , S0 = s0) = P (St = st|St−1 = st−1, . . . , St−r = st−r)

In our context, the random variable represents theoretical divergence angles and can take

the five possible values α, 2α, −α, 3α and −2α (or the seven possible values α, 2α, −α, 3α,

−2α, 4α and 5α). These possible values correspond to the Markov chain states. A J-state rth-

order Markov chain has Jr (J − 1) independent transition probabilities. Therefore, the number

of free parameters of a Markov chain increases exponentially with the order. Let the transition

probabilities of a second-order Markov chain be given by

phij = P (St = j|St−1 = i, St−2 = h) with
∑
j

phij = 1.

These transition probabilities can be arranged as a J2×J matrix where the row (phi0, . . . , phiJ−1)

corresponds to the transition distribution attached to the [state h, state i] memory. If for a

given state i and for all pairs of states
(
h, h

′

)
with h �= h

′

, phij = ph′
ij, i.e. once St−1 is known,

St−2 conveys no further information about , the J memories of length 2 [state h, state i] with

h = 0, . . . , J−1 can be grouped together and replaced by the single [state i] memory of length 1

with associated transition distribution (pi0, . . . , piJ−1). This illustrates the principle for building

a variable-order Markov chain. In a variable-order Markov chain, the order (or memory length)

is variable and depends on the “context” within the sequence.

The memories of a Markov chain can be arranged as a memory tree such that each vertex

(i.e. element of a tree graph) is either a terminal vertex or has exactly J “offspring” vertices. In

practice, the memories corresponding to unobserved contexts are not included in the memory

tree (this is the case for the memory 3α2α that was not observed). The memories associated

with the J vertices (memories of length r+1) deriving from a given vertex (memory of length r)

are obtained by prefixing the parent memory with each possible state. For instance, in Figure

x, the four second-order memories α2α, 2α2α, −α2α and −2α2α derive from the first-order

memory 2α. A transition distribution is associated with each terminal vertex of this memory

tree.

Because of the noisy character of the measurements, we built a noisy or hidden Markov

model (Ephraim and Merhav, 2002; Zucchini and MacDonald, 2009) based on a variable-order

Markov chain. In this hidden Markov model, the non-observable variable-order Markov chain

represents the succession of theoretical divergence angles along the axes while the von Mises

observation distributions represent measurement uncertainty. A hidden variable-order Markov
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chain can be viewed as a two-level stochastic process, i.e. a pair of stochastic processes {St,Xt}

where the “output” process {Xt} is related to the “state” process {St} , which is a finite-state

variable-order Markov chain, by the observation distributions. The probability density function

of the von Mises observation distribution (in degrees) for state j is given by

gj
(
xt;µj, κ

)
=

1

360I0 (κ)
exp

{
κ cos

(
xt − µj

) π

180

}
.

where I0 (κ) is the modified zero order Bessel function of the first kind, µj the location para-

meter (analogous to the mean) and κ the concentration parameter (precision or inverse vari-

ance) common to the states in the above definition (Mardia and Jupp, 2000). The von Mises

distribution, also known as the circular Gaussian distribution, is a univariate Gaussian-like

periodic distribution for a variable x ∈ [0, 360◦). The distribution has period 360◦ so that

gj
(
xt + 360;µj, κ

)
= gj

(
xt;µj, κ

)
. The definition of the observation distributions expresses the

assumption that the output process at time t depends only on the non-observable Markov chain

at time t.

Selection of the memories of a variable-order Markov chain

The order of a Markov chain can be estimated using the Bayesian information criterion

(BIC). For each possible order r, the following quantity is computed

BIC (r) = 2 logLr − Jr (J − 1) logn.

where Lr is the likelihood of the observed sequences for the rth-order estimated Markov chain,

Jr (J − 1) is the number of independent transition probabilities of a J-state rth-order Markov

chain and n is the cumulated length of the observed sequences. The principle of this penalized

likelihood criterion consists in making a trade-off between an adequate fitting of the model to the

data (given by the first term in (A1)) and a reasonable number of parameters to be estimated

(control by the second term, the penalty term). In practice, it is infeasible to compute a BIC

value for each possible variable-order Markov chain of maximum order r ≤ R since the number of

hypothetical memory trees is very large. An initial maximal memory tree is thus built combining

criteria relative to the maximum order and to the minimum count of memory occurrences in the

observed sequences. This memory tree is then pruned, using a two-pass algorithm which is an

adaptation of the Context-tree maximizing algorithm (Csiszár and Talata, 2006): a first dynamic

programming pass, starting from the terminal vertices and progressing towards the root vertex

for computing the maximum BIC value attached to each sub-tree rooted in a given vertex, is

followed by a second tracking pass starting from the root vertex and progressing towards the

terminal vertices for building the memory tree.

Estimation method and algorithms for hidden variable-order Markov chains

The maximum likelihood estimation of the parameters of a hidden variable-order Markov

chain requires an iterative optimization technique, which is an application of the Expectation-

Maximization (EM) algorithm (Ephraim and Merhav, 2002; Zucchini and MacDonald, 2009).
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Once a hidden variable-order Markov chain has been estimated, the most probable state sequence

can be computed for each observed sequence using the so-called Viterbi algorithm. This restored

state sequence can be interpreted as the optimal labeling of the observed sequence.

The algorithms for hidden first-order Markov chains directly apply to hidden variable-order

Markov chains by the following standard device. A variable-order Markov chain can be viewed

as a first-order Markov chain defined on an extended state space corresponding to the possible

memories. In the case of a stationary variable-order Markov chain, the implicit initial distrib-

ution δ which is the stationary distribution is defined on the possible memories and is directly

deduced from the transition probability matrix. The direct application of the EM algorithm to

hidden Markov models such that the underlying Markov chain is stationary leads to an M-step

which requires a numerical solution for the M-step (Zucchini and MacDonald, 2009) because of

the inclusion of a term depending on δ in the function to be maximized for reestimating the

transition probabilities. We chose instead to apply a variant of the EM algorithm which is an

Expectation Conditional Maximization algorithm (McLachlan and Krishnan, 2008). The tran-

sition probabilities are reestimated using standard closed-form solution (i.e. without taking into

account δ(k+1) but instead δ(k)). Then, δ(k+1) is deduced from the transition probability matrix

P (k).

Properties of permuted sequences

Sequences take the form of a concatenation of baseline and permuted segments. A permuted

segment is defined as a sub-sequence of divergence angles corresponding to the chaining of 2- or

3-permutations. A permuted segment is either a palindrome or is reversible, that is the reverse

of the segment is also a permuted segment (a direct consequence of the fact that a permutation

is a reversible operation). The set of permuted segments is prefix free that is a permuted

segment cannot be a proper prefix of another one. Because of the reversibility property, the

set of permuted segments is also suffix free that is a permuted segment cannot be a proper

suffix of another one. A permuted segment is delimited by two splitting points. At a splitting

point, the sequence can be split and this does not affect the identification of permutations. The

organ rank at a splitting point coincides with the sequence index. The notion of splitting point

can be viewed as a deterministic analogue of a regeneration point for a stochastic process. A

regeneration point is a time instant at which the future of the process depends only of its state at

that instant and is thus independent of its past before that instant. The process is thus reborn

at a regeneration point. Within a permuted segment, the organ rank fluctuates around the

sequence index, the maximum absolute deviation being n− 1 where n is the maximum number

of permuted organs. The organ rank starts by being above the sequence index (just after the

splitting point) and ends by being below the sequence index (just before the splitting point). The

language induced by the permutations is a regular language. This is illustrated by the building

of the finite automaton corresponding to the language induced by 2-permutations in Figure x.

The occurrence of permuted segments of varying length corresponding to the chaining of 2-

or 3-permutations justifies the use of hidden Markov models based on variable-order Markov

chains. Variable-order Markov chains represent dependencies of varying length induced by the
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most frequent permuted segments.

Definition of combinatorial mixture models and sketch of the algorithm for labeling se-

quences using these models

A combinatorial mixture model can be viewed as a latent structure model where the non-

observable component is a deterministic combinatorial model that relies on the assumption that

any permutation of organs can occur, provided the permuted organs can be arranged in disjoint

bounded blocks of successive organs. In practice, a bound of at most 3 permuted successive

organs was adequate for the analysis of the divergence angle sequences, but the model and

algorithms were designed in more general terms. Given a positive integer n, we have termed n-

admissible the sequences of divergence angles leading to a sequence of organs that are permuted

in blocks of length at most n. For a canonical angle α, the angles possibly occurring in an

n-admissible sequence were shown to belong to the set Dn = {iα | 1 − n � i � 2n − 1, i �= 0}

(e.g. D3 = {α, 2α,−α, 3α,−2α, 4α, 5α}). The set of n-admissible sequences can then be viewed

as a regular language on the alphabet Dn, that can be recognized by a finite-state automaton

similar to the variable-order Markov chain shown in Figure 3c.

A combinatorial mixture model can be viewed as the coupling of a combinatorial model

relying on a permutation assumption with an independent mixture model (McLachlan and Peel,

2000). The probability density function of a mixture of von Mises distributions (in degrees) with

common concentration parameter κ (J components corresponding to the possible theoretical

angles) is given by

f (xt; θ) =
∑
j

ηjgj
(
xt;µj, κ

)
=

∑
j

ηj
1

360I0 (κ)
exp

{
κ cos

(
xt − µj

) π

180

}
.

where the parameters are the J weights ηj = P (St = j) such that
∑

j ηj = 1, the J location

parameters µj and the concentration parameter κ. We assumed that the weights were all equal

i.e. ηj = 1/J (this uniform distribution assumption is the most neutral assumption). The

J location parameters µj were the theoretical angles corresponding to the seven states α, 2α,

−α, 3α, −2α, 4α, 5α while the concentration parameter κ common to the seven von Mises

observation distributions was the concentration parameter estimated within the hidden variable-

order Markov chain.

Von Mises distributions were used (i) to limit the number of potential labelings of an ob-

served sequence using a quantile or a posterior probability criterion, (ii) to compare alternative

labelings of an observed sequence. Von Mises observation distributions were used to define

ranges of possible measurements for a given theoretical angle using two alternative criteria, (a)

a quantile criterion (e.g. between the 0.005th and the 0.995th quantiles corresponding to a devi-

ation between the location parameter µj and a limit of 48.5◦ with the estimated concentration

parameter κ̂) that do not take into account the overlap between distributions, (b) a posterior

probability criterion that takes into account this overlap between distributions. In this latter

case, the range of possible values for state j is such that
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P (St = j|Xt = xt; θ) =
gj

(
xt;µj, κ

)
∑

i gi (xt;µi, κ)
≥ λ,

where λ is a predefined threshold (typical value 0.05) on the posterior probabilities. This pruning

step is very useful for limiting the search space of the combinatorial algorithm (see below) since

the support of each von Mises observation distribution is [0, 360◦). It should be noted that there

were important overlaps between ranges of possible measurements for adjacent angles (e.g.,

between 2α and −α; see Figure 5) and thus a measured angle could be assigned to different

theoretical angles (generally 2, rarely 3) leading to a large set of candidate sequences on the

alphabet Dn for a given observed sequence.

We designed a branch-and-bound algorithm (Refahi et al., 2011) that, given an observed

sequence, returns the set of the n-admissible sequences of theoretical angles. When this set is

empty, the algorithm returns a list of n-admissible sub-sequences ending at a splitting points. To

perform this construction, the algorithm scans a measured sequence x = (x0, . . . , xT−1) from left

to right, building all n-admissible theoretical angle sequences. A measured angle xt is labeled

as "non-explained" when the algorithm fails at finding an n-admissible sub-sequence of length

t + 1. A backtracking procedure is then applied to invalidate all the preceding angles up to a

splitting point. Finally, thanks to the reversibility property, the exact same series of operations

is applied to the reversed sequence x′ = (xT−1, . . . , x0), leading to another set of n-admissible

sub-sequences, non-explained and invalidated angles following the latter. This enables to reject

only the angle that has been not explained or invalidated in both directions, and to propose an

n-admissible labeling for all other sub-sequences. Alternative labelings of an observed sequence

(or of parts of the sequence when some segments cannot be explained) were finally compared on

the basis of log-likelihoods

logP (S0 = s0, . . . , ST−1 = sT−1,X0 = x0, . . . ,XT−1 = xT−1; θ)

=
∑
t

logP (St = st,Xt = xt; θ)

∝
∑
t

log g
(
xt;µst

, κ
)
.
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Appendix. Estimation of a hidden Markov chains with von Mises observa-
tion distributions with common concentration parameter κ

At each iteration k, The M-step of the EM algorithm consist of maximizing the different compo-

nents of the conditional expectation of the complete-data log-likelihood, each term depending on

a given subset of θ. For an observed sequence xT−1
0 , the component of the conditional expecta-

tion of the complete-data log-likelihood corresponding to the von Mises observation distributions

is given by

∑
j

∑
t

P
(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)
log gj

(
y;µj, κ

)

= −T log 360 + κ
∑
j

∑
t

P
(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)
cos

{(
xt − µj

) π

180

}
− T log I0 (κ)

= −T log 360 + κ
∑
j

{∑
t

P
(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)}
Rj cos

{(
xj − µj

) π

180

}
− T log I0 (κ) .

The mean direction xj is solution of the equation

Rj = Cj cos
(
xj

π

180

)
, Rj = Sj sin

(
xj

π

180

)
,

where the mean resultant length is given by

Rj =

√
C

2
j + S

2
j ,

with

Cj =

∑
t P

(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)
cos (xtπ/180)

∑
t P

(
St = j|XT−1

0 = xT−1
0 ; θ(k)

) ,

Sj =

∑
t P

(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)
sin (xtπ/180)

∑
t P

(
St = j|XT−1

0 = xT−1
0 ; θ(k)

) .

Since cosx has its maximum at x = 0, the reestimated location parameter is µ
(k+1)
j = xj.

µ
(k+1)
j =





π
180 arctan(Sj/Cj) if Cj ≥ 0, Sj ≥ 0,
π
180 arctan(Sj/Cj) + 180 if Cj < 0,
π
180 arctan(Sj/Cj) + 360 if Cj ≥ 0, Sj < 0.

Differentiating with respect to κ and using I
′

0 (κ) = I1 (κ) ,

T

[
∑
j

{∑
t

P
(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)}
Rj cos

{(
xj − µj

) π

180

}
−A (κ)

]
.

Hence,
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κ(k+1) = A−1

(
∑
j

{∑
t

P
(
St = j|XT−1

0 = xT−1
0 ; θ(k)

)}
Rj cos

{(
xj − µj

) π

180

})
,

where A (κ) = I0 (κ) /I1 (κ).
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