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Abstract

The extra-dimensional extensions of the Standard Model of particles are now in a very active
epoch of development. The motivations of introducing extra dimensions are based on one hand
on string theories that require the existence of new dimensions to be consistent. On the other
hand such theories can potentially explain the hierarchy problem, number of fermion generations,
proton stability and other enigmas of the Standard Model. The common feature of these models
is that they provide a new neutral weakly interacting particle - perfect candidate to the Dark
Matter. It’s stability is preserved by the so-called KK parity which prohibits the decays of the
LKP into SM particles. The geometry of the underlying space determines the particle spectrum
of the model, thus the mass and the spin of the DM candidate, which in turn plays the key role
in the phenomenological studies

We present a model with two universal extra dimensions compactified on a real projective
plane. This particular geometry is chosen because chiral fermions can be defined on such orb-
ifold and the stability of the neutral dark matter candidate arise naturally from the intrinsic
geometrical properties of the space without adding any new symmetries ad hoc.

We present the particle spectrum at loop order up to the second level in Kaluza-Klein
expansion. The particularity of the spectrum is that the mass splittings within each KK level
are highly degenerated providing a very interesting potential signatures in the LHC. We study
the dark matter phenomenology in our model and constrain the parameter space by comparing
our results with WMAP data and direct detection experiments. Using the obtained bounds we
focus on the collider phenomenology of our model.
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Introduction

My adventure with particle physics begun rather early, when I was in college, with a famous
book of Leon M. Lederman "The God Particle“. I red when ill lying in the bed. Since then the
world of elementary particles, and especially the ”god particle“ motivated and guided all my
scientific career. Now I am really pleased that I can contribute in the community of physicists
and put a small brick into a great construction that is particle physics.

The history of particle physics is rather recent. It begins about 1890s when new discoveries
have caused significant paradigm shifts that pushed scientists to review the basic concepts that
were considered as a very solid background of all the scientific theories. The General Relativity
of Einstein (1916) revealed some questions about the nature of space and time and the geometry
of our Universe. Even more dangerous consequences had the discovery of quantum mechanics.
This theory raised in the minds of physicists confronted to the problems such as the Black Body
radiation explained by Planck in 1900 or photoelectric effect described by Einstein in 1905.
These discoveries were only a prelude before the great epoch of particle physics when efforts of
thousands of theorists and experimentalists from “both sides of the scale” were put together with
the common goal - to explain the nature of the Universe. “Both sides of the scale” refers to the
micro and macro physics because, that is remarkable, some explanations of the very microscopic
world can come from the observations and theories at the cosmological scale.

Now our best understanding of how the basic constituents of the Universe behave, is encap-
sulated in the Standard Model of Particles. Formulated in the early 1970s it has successfully
explained a host of experimental results and precisely predicted a wide variety of phenomena.
Over time and through many experiments by many physicists, the Standard Model has become
established as a well-tested physics theory. Its power has been confirmed once more with the
observation a peek that can be interpreted as a Higgs boson - the key to the origin of particle
mass. Although the discovery of Higgs does not write the final ending to the story. Even though
the Standard Model is currently the best description we have of the subatomic world, it does not
explain the complete picture. The theory incorporates only three out of the four fundamental
forces, omitting gravity. There are also important questions it cannot answer, such as what is
dark matter, what happened to the missing antimatter, and more.

In order to study the limits of this theory, new experiments in high energy physics and in
observational cosmology have been developed in the last decade. The results from Large Hadron
Collider (LHC), a proton-proton collider located at CERN, are now the most expected to reveal
what is hidden above the Standard Model domain of predictability. For sure the experimental
data using the high energies reached by the LHC can push knowledge forward, challenging
those who seek confirmation of established knowledge, and those who dare to dream beyond the
paradigm.
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INTRODUCTION

As high energies are required, the Universe itself can accelerate our investigation as it is home
to numerous exotic and beautiful phenomena, some of which can generate almost inconceivable
amounts of energy. Supermassive black holes, merging neutron stars, streams of hot gas moving
close to the speed of light are only few examples of phenomena that generate gamma-ray radi-
ation, the most energetic form of radiation. What is the origin of such high energies? Studying
these energetic objects add to our understanding of the nature of the Universe and how it be-
haves. These are the goals of FERMI telescope. At the cosmological scale WMAP mission was
proposed to NASA in 1995. It was launched in 2001 and is still collecting data from the cosmic
microwave background radiation - the radiant heat left over from the Big Bang. The properties
of the radiation contain a wealth of information about physical conditions in the early universe
and a great deal of effort has gone into measuring those properties since its discovery.

The role of theorists in all this world of experiments is to guide them. To analyze data in
the LHC one has to know where to search a weak signal hidden in a huge QCD background.
Therefore a huge effort is made by theorists to make predictions as precise as possible and to
suggest what could be the nature of new physics potentially visible at LHC. A part of this thesis
will aim to give some new directions that could be explored in the collider. On the other hand
we use the cosmological parameters derived from WMAP observations to put some bounds on
our model.

I started the three-year period of doctorate with one principal goal - to understand the
microscopic nature of the Universe, to investigate the problems that arise within the newest
theories and the motivations that push thousands of physicists to not stop searching. I had an
opportunity to familiarize myself with the supersymmetry formalism during my Master studies. I
must say that the mathematical construction of superfields and superspace seems very attractive
to me and particularly beautiful in its simplicity. Then I started studying extra-dimensional
models that propose a completely different mathematical formulation of the new physics and
thus the nature of new predicted constituents would be somehow distinct from those predicted
by supersymmetry.

In the first year of my PhD I joined a group that was already working on a model based on
a six-dimensional space-time with two flat extra dimensions compactified on a real projective
plane. The main attractive feature of this model that motivates our work is that the geometrical
properties of the underlying space provide a stable dark matter candidate in a natural way. The
existence of extra dimensions will manifest itself in our four-dimensional space as a tower of
Kaluza-Klein states propagating as “ordinary” particles. It is however not sufficient to stop
here. The main goal of our team was to study the phenomenology of the model in both, the
LHC collider environment and in the dark matter sector. To this aim we need to proceed through
some steps that are summarized in this thesis.

The document divided in three parts:

– Part I describes the basic models of physics that are currently used and that are a frame-
work of our study. In this part there are three chapters.
– In the fist chapter we introduce some notions about the mathematical language used in

physics and its motivations.
– In Chapter 2 we present the Standard Models of Particles and of Cosmology that put
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bounds on our models on one hand and on the other had have some problems that our
model tries to solve.

– In Chapter 3 is dedicated to Dark Matter phenomenology. Here we summarize the cur-
rent experimental searches of Dark Matter particle and we present the relic abundance
calculation method that we used in our study.

– Part II introduces tools for working with extra-dimensional models. We present the con-
struction of the simplest orbifolds and quantum fields propagating in extra dimensions.
We introduce the notion of Kaluza Klein states also. Then we present the methods used
in loop calculation in extra dimensions. The main classes of extra-dimensional models
known in the literature are presented at the end of this part.

– Part III presents the model and our results. This part is divided in three chapters.
– Chapter 5 is completely dedicated to the description of the model. We present the

construction of the orbifold first. Then we define the quantum fields and give the tree
level spectrum of particles present in the scenario.

– Chapter 6 presents the calculation of the radiative corrections to the (2,0)-(0,2) Kaluza-
Klein states. Using the techniques presented in the Part II we have calculated the
spectrum of the model at one loop level for two different geometries of the orbifold
R4 � R5 and R4 = R5. The main feature of the spectrum of the model is underlined - a
very small mass splittings within each KK level. This will have interesting consequences
in the phenomenological signatures of our model. We introduce also the free parameter
mloc - a localized mass of Higgs bosons that will allow in the later study to change
considerably the bounds of the compactification scale.

– Chapter 7 focuses on the Dark Matter phenomenology. We study the bounds on the
compactification scale coming from the relic abundance WMAP data. First we show in
analytical manner the impact of co-annihilations on the relic abundance bounds. They
are expected to be strong as the mass splittings negligible at least for KK leptons. In
the next step we perform a full numerical study of the model using MicrOMEGAs.
We include all the loop induced couplings and use loop-level spectrum of the model to
predict the precise bounds on the compactification scale in both geometries R4 � R5

and R4 = R5. Then we try to vary parameters of the model to investigate their impact
on the relic abundance. Finally we present the bounds coming from the direct detection
experiments.

– Chapter 8 is dedicated to the LHC phenomenology. We identify the main interesting
channels that are studied in the LHC experiments and that could potentially give sig-
natures of our model in collider searches. We infer bounds on the compactification scale
from those processes in two considered geometries R4 � R5 and R4 = R5. To finish
this chapter we summarize all the numerical bounds on the compactification scale we
have obtained in our analysis.

– In the Appendices we give our notation conventions and summarize the analytical results
of the annihilation cross sections used in the main chapters.
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Chapter 1

Mathematics, Geometry, and
Space-Time

1.1 Mathematics

By convention there is color,
By convention sweetness,
By convention bitterness,
But in reality there are atoms and space"
-Democritus (circa 400 BCE)

Mathematics is a natural science that describes the most general forms of processes in na-
ture as assumes Galileo. Mathematics deals with reality, postulating axioms believed to be
true and confirmed pragmatically by the empirical truth of the theorems derived from them.
It distinguishes itself from other natural sciences only in that it obtains very few concepts and
relations directly from experience, and infers from them the laws of more complex phenomena
by purely deductive means. The idea of securing knowledge by logical deduction from unques-
tionable principles was explicitly proposed by Aristotle, and successfully applied by Euclid in
his Elements and later on by Galileo, Newton and their successors. From its inception in ancient
Greece, and again in modern times, science adopted a mathematical interpretation of nature.
This problem of mathematical interpretation is much deeper than could be seen at first sight
and many philosophers, mathematicians and physicists, now also neuropsychologists join the
team that discuss whether the Universe has an intrinsic mathematical nature or it can only be
accurately described by mathematical formulas used as a language.

Einstein wondered how it was possible that mathematics, a product of human thought,
so admirably described reality. Mathematical science is “unreasonably effective” in describing
physical reality and it predicts with an extreme accuracy the natural processes.

In his 1933 Oxford lecture, Einstein highlighted the physical, empirical nature of mathemat-
ics by inviting us to consider Euclidean geometry as the science of the possible mutual relations
between practically rigid bodies in space – in other words, to treat geometry as a physical sci-
ence, without abstracting from its original empirical content. Without considering geometry
as a natural science he could have never formulated the theory of relativity. Supporting the
view of mathematics as a natural science that describes the logic of nature, mathematics often
pre-discovers physical reality. For example Dirac’s equation predicted the positron. Moreover,
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the fact that natural forms can be described by abstract mathematical concepts suggested to
Pythagoras and Heraclitus, and later to Galileo and modern scientists, that mathematics de-
scribes the "logic" of the universe.

1.2 Geometry

"La géométrie euclidienne s’accorde assez bien
avec les propriétés des solides naturels,
ces corps dont se rapprochent nos membres et notre œil
et avec lesquels nous faisons nos instruments de mesure."
H.Poincaré “La valeur de la science”

I think that it was the discovery of non-Euclidean geometries in mathematics that has led
to the theory that space is not Euclidean or Galilean. The Euclidean axiom of parallels, which
was the basis of the axiom system of Euclid, was causing serious concern to mathematicians.
This axiom states that for any plane on which there is a line L and a point P that does not lies
on the line, there is in the same plane a unique line L′ which passes through P and is parallel
to L which means that two lines in a plain can have at most one common point. In the XIX-th
century the mathematicians tried to derive this statement from other axioms of the Euclidean
system. It turned out that the statement about two lines on a plane was independent from
others axioms and as such it could not be derived as a theorem but must be admitted as another
axiom. It was then straight forward to postulate another axioms and derive other geometrical
systems. We can cite as examples:

1. Riemannian geometry: for any plane on which there is a line L and a point P that does
not lie on the line there is no line L′ parallel to L that passes through P .

2. Lobachevsky geometry: for any plane on which there is a line L and a point P that does
not lie on the line there are more than one line L′ parallel to L that pass through P (and
then it can be demonstrated that if there is more than one L′ parallel to L then there
must be an infinite number of lines parallel to L passing through P .)

This was this purely axiomatic view of geometries (that even has a name of “pure geometry“)
that was objected by Einstein in his conference "Geometry and experience” where he postulated
that we should abandon the difference between the “pure geometry” and ”applied geometry“ as
the main reason for which we started to study geometry was the need or desire to describe the
physical phenomena.

On cosmic scales, the only force expected to be relevant is gravity. The first theory of
gravitatys, derived by Newton, was embedded later by Einstein into the General Relativity
(GR). However, GR is relevant only for describing gravitational forces between bodies which
have relative motions comparable to the speed of light. In most other cases, Newton’s gravity
gives a sufficiently accurate description. The speed of neighboring galaxies is always much
smaller than the speed of light. So, a priori, Newtonian gravity should be able to explain the
Hubble flow. One could even think that historically, Newton’s law led to the prediction of the
Universe expansion, or at least, to its first interpretation. Amazingly, and for reasons which
are more mathematical than physical, it happened not to be the case: the first attempts to
describe the global dynamics of the Universe came with GR, in the 1910’s. Newton himself
did the first step in the argumentation. He noticed that if the Universe was of finite size, and
governed by the law of gravity, then all massive bodies would unavoidably concentrate into a
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single point, just because of gravitational attraction. If instead it was infinite, and with an
approximately homogeneous distribution at initial time, it could concentrate into several points,
like planets and stars, because there would be no center to fall in. In that case, the motion of
each massive body would be driven by the sum of an infinite number of gravitational forces.
Since the mathematics of that time did not allow to deal with this situation, Newton did not
proceed with his argument (97).

When Einstein tried to build a theory of gravitation compatible with the invariance of the
speed of light, he found that the minimal price to pay was to abandon the idea of a gravitational
potential, related to the distribution of matter, and whose gradient gives the gravitational field
in any point, to assume that our four-dimensional space-time is curved by the presence of matter,
to impose that free-falling objects describe geodesics in this space-time (97).

1.3 Space and Time

"L’experience nous a appris
qu’il est plus commode d’attribuer
trois dimensions à l’espace."
H.Poincaré “La valeur de la science”

The problem of the number of dimensions of our space-time is not new. We can cite some
of the great philosophers and scientists in the history who tried to answer this question:

1. Johannes Kepler (1571 – 1630, German mathematician, astronomer and astrologer)
In "Mysterium Cosmographicum" (1595): As he indicated in the title, Kepler thought he
had revealed God’s geometrical plan for the universe. Much of Kepler’s enthusiasm for
the Copernican system stemmed from his theological convictions about the connection be-
tween the physical and the spiritual; the universe itself was an image of God, with the Sun
corresponding to the Father, the stellar sphere to the Son, and the intervening space be-
tween to the Holy Spirit. His first manuscript of Mysterium contained an extensive chapter
reconciling heliocentrism with biblical passages that seemed to support geocentrism.

2. Gottfried Leibniz (1646 – 1716, German philosopher-mathematician)
Rather than being an entity that independently exists over and above other matter, Leibniz
held that space is no more than the collection of spatial relations between objects in the
world: "space is that which results from places taken together". Unoccupied regions are
those that could have objects in them, and thus spatial relations with other places. For
Leibniz, then, space was an idealized abstraction from the relations between individual
entities or their possible locations and therefore could not be continuous but must be
discrete. Space could be thought of in a similar way to the relations between family
members. Although people in the family are related to one another, the relations do not
exist independently of the people

3. Sir Isaac Newton (1642 – 1727 English physicist, mathematician, astronomer, natural
philosopher, alchemist, and theologian)
For Newton space and time are absolute.

4. Immanuel Kant (1724 – 1804, German philosopher)
In the eighteenth century the German philosopher Immanuel Kant developed a theory
where he refuses to see the space and time as objective features of the world but as a
framework that helps us to organize our experiences: "Space and time are the framework
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within which the mind is constrained to construct its experience of reality." ("Critique of
Pure Reason -chpt. Transcendental Aesthetic").

The idea that our space-time could have more than three dimensions dates back to the 1920s.
Then Theodor Kaluza (1919) and Oscar Klein (1926) published their works on the unification
of gravity and electromagnetism in five dimensions - the only two forces known at that time.
The discovery of new forces and particles during the following years revealed the Kaluza-Klein
theory not sufficient and the theory was forgotten for a while. The revival of extra-dimensional
theories was due to the birth of (super)string theories in the 1970s and 1980s. However the extra
dimensions introduced on the grounds of superstring theory are expected to be very small, they
have a scale of about M−1

P ∼ 10−35 m, and thus there was no hope for probing such small scales
in existing and upcoming experiments.
The new ideas begun to emerge in the 1990s. In 1990 Antoniadis explains the supersymmetry
breaking by introducing a large extra dimension at a scale of TeV−1 m. In the late 1990s the
ADD scenario, the warped space model and some inventions in the string theory (D-branes) and
M-theory propose the existence of new dimensions at the scales accessible in current searches at
colliders.

In this thesis we will adopt the modest point of view and assume that mathematics is a pow-
erful language which can describe the natural phenomena. We will present the mathematical
construction of the fundamental models of the Universe that aim to embed in simple mathe-
matical formulas the processes that we observe in micro and macro scale. Then, we will be
less conservative, from the "classical physics" point of view, and we will assume the existence
of two additional dimensions. The mathematical language will allow to describe this assump-
tion in terms of physical observables - a Kaluza Klein states. We will then study what are the
implications of such assumption.
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Chapter 2

Standard Models in
(micro and macro) Physics

2.1 The Standard Model of Particle Physics

The Standard Model of particle physics (SM) describes the interactions of quarks and leptons
that are the constituents of all matter we know about. The strong interactions are described
by quantum chromodynamics (QCD) while the electromagnetic and the weak interactions are
described by the electroweak theory. This theory has proven to be very successful in describing
a tremendous variety of experimental data ranging over many decades of energy. The discovery
of neutral currents in the 1970s followed by the direct observation of the W and Z bosons at
the CERN Spp̄S collider in the early 1980s confirmed the ideas underlying the electroweak
framework. Since then, precision measurements of the properties of the W and Z bosons at
both e+e− and hadron colliders have allowed a test of electroweak theory at the 10−3 level.
QCD has been tested in the perturbative regime in hard collision processes that result in the
breakup of the colliding hadrons. The main and most mysterious feature of the SM is that
particles are associated to the mathematical beings, a state vectors Ψ with given transformation
properties under the Lorentz group. This tight relation between a physical particle as it is
observed indirectly in the accelerator detectors and the intrinsic properties of a mathematical
operator associated to the particle is very profound. The group structure of the SM is even
more exciting, as for a long time physicists looked suspiciously on the particle ZOO that was
discovered in the first accelerator searches.

2.1.1 Gauge Invariance Principle - Gauge Theories

The dynamic arises from a symmetry principle. If we require the lagrangian to be invariant
under local gauge transformations we are forced to introduce a set of gauge fields with couplings
to elementary scalar and fermion matter that are completely determined by symmetry proper-
ties (up to global symmetry transformations). Below we describe the construction of a general
Young-Mills theory which is the basis of the construction of the Standard Model.

Consider the lagrangian density L [φ, ∂μφ] which is invariant under a D-dimensional contin-
uous group of transformations Γ:
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φ′ = U(θA)φ with A = 1, 2, . . . , D (2.1)

For θA infinitesimal, U(θA) � 1 + ig
∑

A θ
ATA, where TA are the generators of Γ in the

representation of the fields φ. We restrict ourselves to the case of internal symmetries, so
that the matrices TA are independent of the space-time coordinates. The generators TA are
normalized in such a way that for the lowest dimensional non-trivial representation {tA} of Γ
we have

tr[tAtB] =
1

2
δAB (2.2)

The generators satisfy the commutation relations:

[
TA, TB

]
= iCABCT

C (2.3)

where CABC are the structure constants. If the transformation parameters θA depend on
the space-time coordinates, θA = θA(xμ), then the lagrangian density L [φ, ∂μφ] is, in general,

no longer invariant under the gauge transformations U
[
θA(xμ)

]
and should be replaced by

L [φ,Dμφ] where the ordinary derivative is replaced by a covariant derivative Dμ

Dμ = ∂μ + igVμ (2.4)

where we define Vμ =
∑

A T
AV A

μ for a set of D gauge fields {V A
μ } (in a one-to-one corre-

spondence with the group generators) with the transformation law

V ′
μ = UVμU

−1 +

(
i

g

)
(∂μU)U−1 (2.5)

for constant θA, V reduces to a tensor of the adjoint representation of Γ

V ′
μ = UVμU

−1 � Vμ + ig[θ, Vμ] (2.6)

which implies that

V A′

μ = V A
μ − gCABCθ

BV C
μ (2.7)

Equations 2.4 and 2.5 ensure that φ and Dμφ have the same transformation properties

(Dμφ)′ = U(Dμφ) (2.8)

The gauge-invariant kinetic term for the gauge fields Vμ is constructed in terms of the field
strength
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FA
μν = ∂μV

A
ν − ∂νV

A
μ − gCABCV

B
μ V C

ν (2.9)

that transforms as a tensor of the adjoint representation

F ′
μν = UFμνU

−1 (2.10)

The complete Yang-Mills lagrangian invariant under gauge transformations can be written
in the form:

LY M =
1

4

∑
A

FA
μνF

A μν + L[φ,Dμφ] (2.11)

For an abelian theory the gauge transformation reduces to U [θ(xμ)] = exp[ieQθ(xμ)], where Q
is the charge generator. The associated gauge field, according to equation 2.5, transforms as

V ′
μ = Vμ − ∂μθ(x) (2.12)

In this case the field strength Fμν is linear in Vμ, so that in the absence of matter the theory
is free. On the other hand, in the non-abelian case, the FA

μν tensor contains both linear and

quadratic terms in V A
μ , so the theory is non-trivial even in the absence of matter.

2.1.2 SM lagrangian

The SM is a non-abelian gauge theory based on the gauge group SU(3)C× SU(2)L× U(1)Y .
The SU(3)C is the Quantum Chromodynamics (QCD) gauge group, which governs the strong
interactions. SU(2)L× U(1)Y is the gauge group that unifies the weak and electromagnetic forces
and is spontaneously broken to U(1)em by the higgs mechanism. The SU(3)C is assumed to be
unbroken.

The matter fields of the Standard Model are the three generations of quarks {(u, d), (c, s), (t, b)}
and leptons {(e,νe),(μ,νμ),(τ ,ντ )} as well as three kinds of gauge bosons {Bμ,W

a
μ , G

A
μ } that me-

diate the three interactions described by the Standard Model. There is also a scalar particle, the
higgs boson Φ, that is responsible for the electroweak symmetry breaking. In order to allow for
a chiral structure for the weak interactions, the left- and right-handed components of quark and
lepton fields are assigned to different representations of the electroweak gauge group SU(2)L×
U(1)Y . Thus, the mass terms for fermions, of the form ψ̄LψR +h.c. are forbidden in the symmet-
ric limit (here ψL and ψR refer to a doublet and singlet of SU(2)L respectively, that belong to the
same generation). The SU(3)C gauge bosons are the gluons and the resulting gauge theory is the
Quantum Chromodynamics (QCD). Quarks are assigned to the fundamental 3 representation.
Thus antiquarks are assigned to the conjugate 3̄ representation. All other particles are SU(3)C

singlets, and do not directly couple to gluons.

The SU(3)C× SU(2)L× U(1)Y assignments for the matter fields of the first generation of
quarks and leptons are shown in the table 2.1. Other generations are copies of this in that they
have the same quantum numbers.
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Field SU(3)C SU(2)L U(1)Y U(1)em

L =

(
νL

eL

)
1 2 -1

(
0

−1

)

eR 1 1 -2 +1

Q =

(
uL

dL

)
3 2 1

3

(
2
3

− 1
3

)

uR 3 1 4
3

2
3

dR 3 1 − 2
3

- 1
3

Φ 1 2 1 0

Bμ 1 1 0 0

W a
μ 1 3 0 0, ±1

GA
μ 8 1 0 0

Table 2.1: Dimensions of representations and charges of fermions of the first generation. Fermions of the second
and the third generations have the same quantum numbers.

The lagrangian of the Standard Model is given by:

LSM = Lgauge + Lmatter + Lhiggs + LY ukawa (2.13)

Gauge sector

The kinetic terms of the gauge fields have the compact form

Lgauge = −1

4
BμνB

μν − 1

4

3∑
a=1

W a
μνW

a μν − 1

4

8∑
A=1

GA
μνG

A μν (2.14)

where Bμν W
a
μν and GA

μν are the field strengths associated to the U(1)Y , SU(2)L and SU(3)C

respectively

Bμν = ∂μBν − ∂νBμ

W a
μν = ∂μW

a
ν − ∂νW

a
μ − g2ε

abcW b
μW

c
ν

GA
μν = ∂μG

a
ν − ∂νG

a
μ − gsf

ABCGB
μG

C
ν

(2.15)

The g2 and g3 are the coupling constants of SU(2)L and SU(3)C gauge groups respectively.
The SU(2)L structure constants εabc form the totally antisymmetric Levi-Civita tensor with
ε123 = +1. The fabc are the SU(3)C structure constants.
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Matter sector
The matter lagrangian is given by

Lmatter =
∑

generations

[
iL†σ̄μD

μL+ ie†
RσμD

μeR + iQ†σ̄μD
μQ+ iu†

RσμD
μuR + id†

RσμD
μdR

]

(2.16)

where the covariant derivatives have the form

Dμ = ∂μ − ig1
y

2
Bμ − ig2

3∑
a=1

taL/RW
a
μ − ig3θ3

8∑
A=1

λA

2

A

GA
μ (2.17)

where YL/R/2 and tAL/R are the SU(2)L and U(1)Y generators, respectively, in the reducible

representations ψL/R. λA are the generators of the SU(3)C algebra, which in the fundamental
representation correspond to the Gell-Mann matrices. θ3 = +1, 0 for triplets and singlets of
SU(3)C respectively.

Higgs sector and electroweak symmetry breaking
The electroweak symmetry breaking sector of the SM is particularly simple, and consists

of a single complex SU(2)L doublet Φ of spin zero fields with gauge quantum numbers shown
in the table 2.1. Φ must be a doublet in order to write down the gauge invariant mass terms
for fermions in the Yukawa sector. The field Φ acquires a VEV (Vacuum Expectation Value)
signaling the spontaneous breakdown of the electroweak symmetry. This VEV is left invariant
by one combination of SU(2)L and U(1)Y generators which generates a different U(1) group
which is identified as U(1)em. The corresponding linear combination of gauge fields remains
massless and is identified with the photon Aμ. The dynamics of the higgs field Φ is governed by
the lagrangian

Lhiggs = |DμΦ|2 − V (Φ) (2.18)

where the covariant derivative of the higgs field has the form

Dμ = ∂μ − ig1
y

2
Bμ − ig2

3∑
a=1

taLW
a
μ (2.19)

The potential V (Φ) is the most general renormalizable, gauge invariant polynomial of degree 4
with two parameters μ2, λ > 0

V (Φ) = −μ2Φ†Φ + λ(Φ†Φ)2 (2.20)

The Φ fields receives the vacuum expectation value at the minimum of the potential V (Φ) at

|Φ|2 = μ2

2λ = v2. One then expands the higgs field around the minimal value

Φ =

(
φ+

1√
2
(v + h+ iφ0)

)
(2.21)
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Introducing the above expansion of Φ into the lagrangian LSM one finds the physical states,
Aμ, a pair of charged massive spin 1 bosons W± and a massive spin 1 neutral boson Z0. Their
masses that can be written in terms of the initial gauge fields as

Aμ = sin θWW 3
μ + cos θWBμ

Zμ = − cos θWW 3
μ + sin θWBμ

W±
μ = 1√

2

(
W 1

μ ∓ iW 2
μ

) (2.22)

with sin θW = g2/
√
g2

1 + g2
2 and cos θW = g1/

√
g2

1 + g2
2. The masses then are given by the

formulas

mA = 0 mZ =
1

2

√
g2

1 + g2
2v mW =

1

2
g2v (2.23)

The neutral scalar higgs boson h, which is left over as the relic of spontaneously broken symmetry,
receives a mass m2

h = 2λv2.

Yukawa sector and the CKM matrix
The fermion masses are generated in the Yukawa sector by interactions of fermionic fields

with the higgs boson Φ.

LY ukawa = −
∑

generations

Y uQ†(iσ2Φ∗)uR −
∑

generations

Y dQ†ΦdR −
∑

generations

Y eL†ΦeR + h.c.(2.24)

where Y u,d,e are the three 3×3 complex Yukawa matrices. In order to find the mass eigenstates,
as for the gauge fields, one introduces the higgs field expansion defined in the equation 2.21 into
the above formula. Then to diagonalize LY ukawa it is necessary to introduce unitary matrices
related to the Yukawa matrices by a unitary transformation

Y u
diag = V u

L Y
uV u†

R Y d
diag = V d

LY
dV d†

R Y e
diag = V e

LY
eV e†

R (2.25)

The physical states are then given by

u′
L = V u†

L uL d′
L = V d†

L dL

u′
R = V u†

R uR d′
R = V d†

R dR

e′
L = V e†

L eL ν ′
L = V e†

L νL

e′
R = V e†

R eR

(2.26)

and their diagonal mass matrices are Mu,d,e = v√
2
Y u,d,e

diag .

What results from this diagonalization are the mixings between different generations of
quarks. Looking at the quark part of Lmatter one can easily see that the charged currents are
now modified as

Lmatter ⊃ − g2√
2
u†

Lσ̄
μW+

μ dL + h.c = − g2√
2
u

′†
LV

u
L V

d†
L σ̄μW+

μ d
′
L + h.c (2.27)
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2.1. THE STANDARD MODEL OF PARTICLE PHYSICS

where the Cabibbo-Kobayashi-Maskawa matrix VCKM = V u
L V

d†
L is a unitary matrix that mixes

the three quark generations. The CKM matrix definition contains only one physical phase which
is the source of CP-violation in the quark sector of the Standard Model.

2.1.3 Precision tests of the Standard Model predictions and parameters

The success of the Standard Model lies in the extreme accuracy of its predictions of physical
phenomena form the atomic scales down to scales of about 10−18 m. The predictions of the SM
have been probed by Tevatron and LEP up the the scales of order of few hundred GeV. The
impressive predictability of the SM is a consequence of the renormalizabitliy of its parameters.

There are 19 parameters within the SM that remain unexplained and that are chosen to fit
the data. In the electroweak gauge sector they include the three gauge coupling constants g1, g2

and g3 for the three gauge groups U(1)Y , SU(2)L and SU(3)C respectively (equivalently three

other parameters can be used: αs =
g2

3
4π , αew = e2

4π with e = g2 sin θW and sin2 θW =
g2

1

g2
1+g2

2
).

In the matter sector there are nine parameters associated with the masses of charged fermions
and four mixing angles in the CKM matrix. Moreover there are two parameters associated with
higgs boson: the higgs VEV v and the quartic coupling λ. The remaining one is the θQCD

parameter. Moreover, we should also care about the parameters in the neutrino sector, as the
data from neutrino oscillation experiments provide convincing evidence for neutrino masses.
With 3 light Majorana neutrinos there are at least 9 additional parameters in the neutrino
sector: 3 masses and 6 mixing angles and phases.

Those parameters have to be constrained with an outstanding precision by various experi-
ments that probe the SM observables and the influence of new physics should be investigated
in order to constrain the possible extensions of the SM as we shall see later. As the SM is a
model that has been constructed in not so far past and its mathematical construction seems
very efficient and relatively simple, many experiments have been dedicated to investigate the
predictions of this exciting theory.

The main progress in the domain was made in LEP e+e− collider in the 1990’s and has
already given first bounds on the top and the higgs masses. The observations of the top quark
was later confirmed by Tevatron data in 1995. Recently new results from ATLAS and CMS
collaborations released new data providing an indication of a higgs boson with the mass of
about 125 GeV as illustrated in the figure 2.1.

At LEP 1 and SLC, there were high-precision measurements of various Z pole observables
(8), (55). These include the Z mass and total width ΓZ and partial widths into fermions Γff̄ . In
the table 2.2 the referenced values are given also for the partial width into hadrons Γhad, charged
leptons Γl+l− and the width for invisible decays Γinv. The latter can be used to determine the
number of neutrino flavors much lighter than the mZ

2 to be Nν = Γinv/Γ
th(νν̄) = 2.984 ± 0.009

for (mt,mH) = (173.4, 117). The other observables refer to σhad ≡ 12πΓe+e−Γhad/m
2
ZΓ2

Z and
the branching ratios Rf ≡ Γff̄/Γhad for hadrons and analogous expressions for Rl related to
leptons. The Rl parameters are especially useful to constrain the αs value.

The measurements of the left-right asymmetry

ALR ≡ σL − σR

σL + σR
(2.28)

has been measures by SLD and SLC (55) collaborations and can heavily constrain the sin θW

parameter. The observables that were measured indirectly include the Af parameters, where
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)2 (GeV/ctopm
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0
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CDF March’07  2.7±     12.4  2.2)± 1.5 ±(

Tevatron combination *  1.1±     173.3  0.9)± 0.6 ±(
  syst)± stat±(

CDF-II track  6.9±     175.3  3.0)± 6.2 ±(

CDF-II alljets  2.5±     174.8  1.9)± 1.7 ±(

CDF-I alljets 11.5±     186.0  5.7)±10.0±(

DØ-II lepton+jets *  1.8±     173.7  1.6)± 0.8 ±(

CDF-II lepton+jets *  1.2±     173.0  1.1)± 0.7 ±(

DØ-I lepton+jets  5.3±     180.1  3.6)± 3.9 ±(

CDF-I lepton+jets  7.4±     176.1  5.3)± 5.1 ±(

DØ-II dilepton *  3.8±     174.7  2.4)± 2.9 ±(

CDF-II dilepton *  3.8±     170.6  3.1)± 2.2 ±(

DØ-I dilepton 12.8±     168.4  3.6)±12.3±(

CDF-I dilepton 11.4±     167.4  4.9)±10.3±(

Mass of the Top Quark
(* preliminary)July 2010

/dof = 6.1/10 (81%)2χ

Figure 2.1: Left panel. Combined results D0 and CFD on the top quark mass. Extracted from (78). Right
panel:The observed (full line) and expected (dashed line) 95% CL combined upper limits on the SM higgs boson
production cross section divided by the Standard Model expectation as a function of mh in the low mass range
of this analysis. The dashed curves show the median expected limit in the absence of a signal and the green and
yellow bands indicate the corresponding 68% and 95%. Extracted from (5).

f = e, μ, τ, b, c, s defined as

Af ≡ 2ḡf
V ḡ

f
A

ḡf2
V + ḡf2

A

(2.29)

and the forward-backward asymmetries A
(0,f)
F B = 3

4AeAf .

The ḡf
V and ḡf

A parameters in the above formulas refer to vector and axial-vector couplings
in the SM lagrangian after the electroweak symmetry braking and are defined as

gf
V ≡ tf3L − 2qf sin2 θW (2.30)

gf
A ≡ tf3L (2.31)

and here tf3L is the weak isospin of a given fermion and qf is its charge in units of e. In the

bar quantities ḡf
V and ḡf

A correspond to the effective values where the electroweak radiative has
been taken into account.

Finally the s̄2
l parameter were extracted from the measurements of forward-backward asym-

metries AF B for e+e− final states in pp̄ collisions in D0 and CDF (80) experiments.

The global fit results to the experimental data are summarized in the table 2.2 for the main
Z-pole observables.

The magnitude of the CKM matrix elements has been measured with an extreme precision in
the experiments such as BELLE (study of meson mixings) (129) or BABAR (study of B-mesons)
(96). Using the set of Wolfenstein parameters (λ,A, ρ, η) the CKM matrix can be written as
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Figure 2.2: The principal Z-pole observables and their SM predictions.The column denoted Pull gives the
standard deviations for the principal fit with mH free, while the column denoted Dev. (Deviation) is for mH =
124.5 GeV fixed. Extracted from (72)

VCKM =

⎛
⎜⎝ 1 − λ2/2 λ Aλ3(ρ− iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ− iη) −Aλ2 1

⎞
⎟⎠ (2.32)

The λ = sin θCabibbo parameter is a critical ingredient in determinations of the other parameters
and in tests of CKM unitarity. Current experiments of kaon and hyperon decays suggest a value
λ ≈ 0.220 and λ ≈ 0.225 and this discrepancy is discussed in therm of violation of the unitarity
condition

|V 2
11| + |V 2

12| + |V 2
13| = 1 (2.33)

For a more complete review of experiments and constraints on the SM observables one can refer
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to (72).

2.1.4 Standard Model is not a final story

The standard electroweak model is a mathematically-consistent renormalizable field theory
which predicts many of the experimental facts. It successfully predicted the existence and
form of the weak neutral current, the existence and masses of the W and Z bosons, and the
charm quark, as necessitated by the GIM mechanism. The charged current weak interactions,
as described by the generalized Fermi theory, were successfully incorporated, as was quantum
electrodynamics. The consistency between theory and experiment indirectly tested the radiative
corrections and ideas of renormalization and allowed the successful prediction of the top quark
mass. When combined with quantum chromodynamics for the strong interactions, the Standard
Model is almost certainly the approximately correct description of the elementary particles and
their interactions down to at least 10−16 cm. When combined with general relativity for classical
gravity the SM accounts for most of the observed features of nature. However, the theory has
far too much arbitrariness to be the final theory.

The new physics models can be tested by the ρ0 parameter

ρ0 =
m2

W

m2
Z cos2 θWρ

(2.34)

which describes the new sources of electroweak symmetry breaking that cannot arise within the
SM. Here ρ = m2

Z/m
2
W cos θ2

W is the “ default” parameter assuming validity of the SM. Another
set of parameters, S, T and U can be used to constrain the many new physics models as well 1.
The T parameter is proportional to the difference between the W and Z self-energies at q2 = 0
(measures the electroweak symmetry breaking), while S (S+U) is associated with the difference
between the Z (W ) self-energy at q2 = m2

Z . The data allow for a simultaneous determination
of sinθ2

W (from the Z pole asymmetries), S (from mZ), U (from mW ), T (mainly from ΓZ), αs

(from Rl, σhad, and the τ lifetime ττ ), and mt (from the hadron colliders). Assuming 115.5 GeV
< mh < 127 GeV the values are (72):

S = 0.00+0.11
−0.10 sin θ2

W = 0.23125 ± 0.00016

T = 0.02+0.11
−0.12 αs(mZ) = 0.1197 ± 0.0018

U = 0.08 ± 0.11 mt = 173.4 ± 1.0GeV

(2.35)

These values depend only weakly on the mh mass but can give quite stringent constraints on the
exotic extensions of the SM. For example the S parameter can be used to constrain the number
of fermion families, under the assumption that there are no new contributions to T or U and
therefore that any new families are degenerate. Then an extra generation of SM fermions is
excluded at the 5.7 σ level. This restriction can be relaxed by allowing T to vary as well, since
T > 0 is expected from a non-degenerate extra family. Then, a fourth family is disfavored but
not excluded by the current electroweak precision data. One important consequence of a heavy
fourth family is to increase the higgs production cross section by gluon fusion by a factor ∼ 9,
which considerably strengthens the exclusion limits from direct searches at the Tevatron (41)
and LHC (4). In contrast, heavy degenerate non-chiral fermions (also known as vector-like or

1. There is no simple parametrization to describe the effects of every type of new physics on every possible
observable. The S, T, and U formalism describes many types of heavy physics which affect only the gauge
self-energies, and it can be applied to all precision observables.
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multiplets), which are predicted in many grand unified theories (72) and other extensions of the
SM, do not contribute to S, T , and U (or to ρ0), and do not require large coupling constants.

Figure 2.3: 1 σ constraints (39.35%) on S and T parameters from various inputs combined with mZ . S and T
represent the contributions of new physics only. The contours assume 115.5 GeV < mh < 127 GeV except for the
larger (violet) one for all data which is for 600 GeV < mh < 1 TeV. Extracted from (72)

Here we briefly summarize the theoretical enigmas and possible explanations of the Standard
Model of fundamental interactions and basic constituents of our world.

Gauge group: The Standard Model is a complicated direct product of three subgroups,
SU(3)C×SU(2)L×U(1)Y , with three independent gauge couplings. There is no explanation
for why only the electroweak part is chiral (parity-violating). The charge quantization is left
unexplained as well. The complicated gauge structure suggests the existence of some underlying
unification of the interactions, such as one would expect in a superstring or GUT theories.

Fermions: We know from the every-day life that under ordinary terrestrial conditions all
matter can be constructed out of fermions of the first family (u, d, e, νe). Yet, three families
of fermions exist with no obvious role in nature. The number of families nor the huge extent
between the masses of fermions, which varies over 5 orders of magnitude between the top quark
and the electron, can not be explained within the Standard Model. Even more mysterious are
the neutrinos, which are many orders of magnitude lighter. A related difficulty is that while the
CP violation observed in the laboratory is well accounted for by the phase in the CKM matrix,
there is no SM source of CP breaking adequate to explain the baryon asymmetry of the universe.

Naturalness: Another unexplained mass hierarchy exists in the higgs sector. Quantum cor-
rections to the higgs mass give quadratically divergent contributions

δm2
h ∼ 1

32π2

[(
1

4
(3g2

2 + g2
1) + 6λ− 6y2

t

)
Λ2 + O(log Λ)

]
(2.36)

Therefore if the Standard Model were valid up to the Planck scale MP = 1.22 × 1019 GeV the
“bare“ mass in the higgs lagrangian should be fine tuned with a precision of 10−32 to cancel the
radiative corrections and get the higgs mass of order of 100 GeV.
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The strong CP problem: Another fine-tuning is known as the strong CP problem. On can
add the CP breaking term in the QCD lagrangian, a term proportional to θQCDε

μνρσGA
μνG

A
ρσ

which is consistent with gauge symmetries. This term, if present, would induce an electric dipole
moment for the neutron. The rather stringent limits on the dipole moment lead to the upper
bound θQCD < 10−11. The question is therefore why θQCD is so small? It is not sufficient to set
θQCD to zero because of the CP violation in the electroweak sector.

Gravity: Gravity is not fundamentally unified with other interactions in the Standard Model.
General relativity, which describes the gravity, is not a quantum theory and there is no obvious
way to formulate its quantum version. Possible solutions include Kaluza-Klein and supergravity
theories which connect gravity with other interactions in a more natural way but do not yield
renormalizable theories of quantum gravity.

Dark ingredients: Some new ingredients motivated by experiments and observations have
to be incorporated within the Standard Model. The cosmological observations involving the
cosmic microwave background radiation (CMB), acceleration of the universe as determined by
Type Ia supernova observations, large scale distribution of galaxies and clusters, and big bang
nucleosynthesis has allowed precise determinations of the cosmological parameters putting in
evidence that universe is close to flat, with some form of dark energy making up about 74% of
the energy density. Dark matter constitutes 21%, while ordinary matter represents only about
4-5%. The mysterious dark energy which is the most important contribution to the energy
density and leads to the acceleration of the expansion of the universe is not accounted for in
the SM. Similarly, the Standard Model has no explanation for the observed dark matter, which
contributes much more to the matter in the universe than the ingredients we are made of.

2.1.5 Possible extensions

Many possible scenarios of beyond the Standard Model physics has been proposed in the
literature. In general they predict new heavy degrees of freedom at high energies (typically at
about 1 TeV) and one hopes to see their effects in the on-going experiments (like the Large
Hadron Collider (LHC) in CERN). Moreover all the influences of the high-energy physics on the
low-energy phenomena, that are experimentally constrained with a great precision, should be
negligible.

The most known and widely studied theory extending the SM is the supersymmetry (SUSY).
In 1967, Coleman and Mandula provided a rigorous argument which proves that, given certain
assumptions, the Poincaré symmetry, internal global symmetries related to conserved quan-
tum numbers as well as discrete symmetries C, P and T are the only possible symmetries of the
S-matrix (62). In particular, the theorem assumes that the symmetry algebra of the S-matrix in-
volves only commutators. Weakening this assumption to allow anticommuting generators as well
as commuting generators leads to the possibility of supersymmetry. In 1975, Haag, Lopuszan-
ski, and Sohnius proved that supersymmetry is the only additional symmetry of the S-matrix
allowed by this weaker set of assumptions making of SUSY the only possible extension of the
known space-time symmetries of particle physics (79). There are many theoretical motivations
of the supersymmetric models such that the gauge coupling unification within a percent level of
accuracy (much more than in the SM alone), the higgs boson mass in the MSSM is lower than
135 GeV and the quadratic divergences are not present (notice that this was initially one of the
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main motivations to study the SUSY theories). They provide also a cold dark matter candidate,
which usually is the neutralino. Other theories were proposed as well. The little higgs model, a
theory proposed by Arkani-Hamed, Cohen and Georgi (31) protects the quadratic divergences
to higgs mass by a spontaneously broken global symmetry. Strongly coupled theories such as
technicolor (95) proposed in 1980’s are based on the dynamical generation of the mass scales
present in the SM. We will review more in details the extra-dimensional extensions of the SM
in the next section.
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2.2 Standard model of cosmology

2.2.1 Friedmann-Robertson-Walker model

Another standard model in physics is the standard model of cosmology. Cosmological models
are based on the observation that the universe appears isotropic and the assumption that ob-
servers in any other galaxy also see the universe isotropic. Isotropy demands that on the surface
of a sphere of a radius R, the local matter and radiation densities, the local expansion rate as
well as the redshift of light and the ticking rate of clocks must be independent of direction. If
we require that also all observers find the universe isotropic, this places strong restrictions on
the metric. In particular it requires the universe to be homogeneous. Surveys, such as Sloan
Digital Sky Survey and the 2dF Galaxy Redshift Survey have now shown that the universe is
homogeneous (to within several percent in density) on scales larger than a hundred Mpc.

The Friedmann-Lemaître-Robertson-Walker (FLRW) model is defined as the most general
solution of the laws of General Relativity, assuming that the universe is isotropic and homoge-
neous. The FLRW metric has the form

ds2 = dt2 − a(t)2

[
dr2

1 − kr2
+ r2(dθ + sin2 θdφ2)

]
(2.37)

where t is time, r is the co-moving distance, a(t) is the scale factor and k is the spatial curvature.
The k parameter can take three possible values. k = −1 corresponds to a generalization of a
hyperbolic or saddle-point geometry. The universe is open and infinite. k = 0 gives a flat
geometry, the one that makes the co-moving coordinates Euclidean in every point of space. For
k = +1 the metric is a three dimensional surface of a sphere. The universe is closed and has finite
volume. The scale factor a(t) measures the size of the universe at a time t. The normalization
convention for the scale factor is arbitrary and the most common choice is to normalize it to
unity at the present time a0 = 1. The physical distance dl between two objects will be the
product of the scale factor and the co-moving distance dr, dl = a(t)dr. The rate of change of
the proper distance is

dv =
d(dl)

dt
=
ȧ

a
dl = H(t)dl (2.38)

where the Hubble ”constant” H is the unique ”constant” in physics that changes with time! H
is one of the most important numbers in cosmology because it may be used to estimate the size
and age of the universe. In 1929, Edwin Hubble announced that almost all galaxies appeared to
be moving away from us. This phenomenon was observed as a redshift of a galaxy’s spectrum.
This redshift appeared to have a larger displacement for faint, presumably further, galaxies.
Hence, the farther a galaxy, the faster it is receding from Earth. This was the first hint that
the universe is non-static. The law of the cosmological expansion,that is the dependence of the
scale factor a on time is determined by the Einstein equations

Rμν − 1

2
gμνR = 8πGTμν (2.39)

where Rμν and R are the Ricci tensor and scalar respectively.
The solution to Einstein’s equation for the homogeneous and isotropic universe relates the

rate of the cosmological expansion H to the total energy density ρ and to the spatial curvature.
The energy density in the present universe is due to non-relativistic matter ρM (baryons, dark
matter, eventually neutrino species whose mass is considerably larger than ∼ 10−3 eV), rela-
tivistic matter ρrad (photons and light neutrinos with mass less than 10−4 eV if such neutrinos
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2.2. STANDARD MODEL OF COSMOLOGY

exist) and dark energy ρΛ. In general the universe can have a non-vanishing spatial curvature
ρcurv. All these contributions account for the Friedmann solution to Einstein’s equations giving

H2 =
8π

3
G (ρM + ρrad + ρΛ + ρcurv) (2.40)

The critical density ρc =
3H2

0
8πG can be used to determine the geometry of the universe. Its

numerical value can be found to be

ρc = 1.05h2 · 10−5 GeV

cm3
≈ 0.52 · 10−5 GeV

cm3
(2.41)

the value that corresponds approximately to only five proton masses per cubic meter! One
defines parameters Ωi ≡ ρi

ρc
which are one of the most important sets of parameters in modern

cosmology. For the flat universe we have
∑

i Ωi = 1. The experimental determination of the five
parameters {Ωi, k,H0} is sufficient to fully describe the FLRW universe and that is the reason
why precise measurement of those parameters were performed in observational cosmology for
the last 30 years.

2.2.2 Short history of the universe

Curiously, after the discovery of the Hubble expansion and of the Friedmann law, there were
no significant progress in cosmology for a few decades. Nevertheless, a few pioneers tried to think
about the origin of the universe. A first simple model, called ”Cold Big Bang” was proposed
where the basic assumption was that the expansion of the universe was always dominated by
a single component - a pressureless matter. However this scenario had to be abandoned as it
turned out to be inconsistent with the early nucleosynthesis studies. Other possibility is the
commonly approved model of a Hot Big Bang in which the radiation density dominated at early
time. Between the 1960’s and today, a lot of efforts have been made in order to study the
various stages of the Hot Big Bang scenario with increasing precision. The exciting history of
the universe can be traced by combining observations and theoretical predictions.

For the earliest stages, there are still many competing scenarios – depending, for instance, on
assumptions concerning string theory. Following the most conventional picture, gravity became
a classical theory (with well–defined time and space dimensions) at a time called the Planck time
t ∼ 10−36 s. Then there was a stage of inflation possibly related to GUT (Grand Unified Theory)
symmetry breaking at t ∼ 10−32 s. Then the reheating era came and the scalar field, responsible
for inflation, decayed into a thermal bath of SM particles. At t ∼ 10−6 s the electroweak
symmetry breaking occurred and at t ∼ 10−4 the quarks combined themselves into hadrons
during the era called QCD phase transition (97). After these stages, the universe entered into a
series of processes that are much better understood, and well constrained by observations.

Nucleosynthesis had place at t ∼ 1−100 s. This was the epoch responsible for the formation
of light nuclei like H, He and Li. By comparing the theoretical predictions with the observed
abundance of light elements in the present universe, it is possible to give a very precise estimate
of the total density of baryons in the universe: ΩBh

2 = 0.021 ± 0.005. At t ∼ 104 yr the
transition between radiation dominated towards the matter dominated universe occurred. After
that, at t ∼ 105 yr the recombination of atoms caused the decoupling of photons. After that
time, the universe became almost transparent: the photons free–streamed along geodesics. So,
by looking at the CMB, we obtain a picture of the universe at decoupling. After recombination,
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Figure 2.4: On the left: The past history of the universe on the left panel (extracted from
http://conferences.fnal.gov/lp2003/forthepublic/cosmology/index.html) and the possible future scenarios on the
right panel (image extracted from http://chandra.harvard.edu/photo/2004/darkenergy/more.html).

the small inhomogeneities of the smooth matter distribution are amplified what leads to the
formation of stars and galaxies.

The future of the universe is mostly determined by its geometry and the properties of dark
energy. If the spatial curvature is non-zero, it will sooner or later start to dominate over energy
density of non-relativistic matter and hence at the late times the competition between the
Dark energy and the curvature component will determine the fate of the universe. If the dark
energy density is time dependent and will relax to zero sufficiently rapidly then the positive
curvature would imply the expansion rate slowing down and finally the collapse of the universe
to singularity. The space with negative curvature would expand forever though its expansion
rate would slow down. All the systems that are not gravitationally bounded would disappear.
The same holds for flat space but then the expansion will be even slower. If the dark energy
density is time-independent or depends on time slowly then it will play a crucial role in the
evolution of the universe. Positive dark energy density implies exponential expansion while
negative density, a possibility that cannot be excluded, would slow down the expansion and the
universe would re-collapse to singularity.
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Chapter 3

Dark Matter - Where? What? Why?

3.1 Evidences for the dark Matter

One of the most astounding revelations of the twentieth century in terms of our understanding
of the universe is that ordinary baryonic matter, that is, matter made up of protons and neutrons,
is not the dominant form of material in the universe. Rather, some strange new form of matter,
dubbed dark matter, fills our universe, and it is roughly five times more abundant than ordinary
matter. The evidence that the dark matter is required to be present in our universe has be
building for some time. First predictions of dark matter were made almost simultaneously in
the early 1930s by Jan Hendrick Oort and Fritz Zwicky.

Oort found that the motion of stars in the Milky Way hinted at the presence of far more
galactic mass than anyone had previously predicted. By studying the Doppler shifts of stars
moving near the galactic plane, Oort was able to calculate the velocities of stars in the Milky
Way, and thus made the startling discovery that they should be moving quickly enough to escape
the gravitational pull of the luminous mass in the galaxy. Oort postulated that there must be
more mass present within the Milky Way to hold these stars in their observed orbits. However,
he noted that another possible explanation was that 85% of the light from the galactic center
was obscured by dust and intervening matter or that the velocity measurements for the stars
in question were simply in error (105). Around the same time, Swiss astronomer Franz Zwicky
found similar indications of missing mass but at larger scale. Zwicky, studying the observed
Doppler shifts in galactic spectra, found that the velocity dispersion of galaxies in the Coma
cluster, situated about 99 Mpc from Earth, was far too large to be supported by the luminous
matter.

A little bit later, in the 1970s the rotation curves of individual galaxies were measured by
Vera Rubin and collaborators confirming Zwicky’s result (49). Since then many other phenomena
were observed putting in evidence the dark matter component.

A complete understanding of dark matter requires utilizing several branches of physics and
astronomy. The creation of dark matter during the hot expansion of the universe is understood
through statistical mechanics and thermodynamics. Particle physics is necessary to propose
candidates for dark matter and explore its possible interactions with ordinary matter. General
relativity, astrophysics, and cosmology dictate how dark matter acts on large scales and how
the universe may be viewed as a laboratory to study dark matter. Here we briefly explain the
hints that dark matter exists.
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CHAPTER 3. DARK MATTER - WHERE? WHAT? WHY?

3.1.1 Galactic scale

The most convincing and direct evidence for dark matter on galactic scales comes from the
observations of the rotation curves of galaxies. The typical graph, such as shown in the figure
3.1 from (35), represents circular velocities v(r) of stars and gas as a function of their distance
from the galactic center r.

Figure 3.1: On the left: Rotation curve of NGC 6503. The dotted, dashed and dash-dotted lines are the
contributions of gas, disk and dark matter, respectively.
On the right: Bullet Cluster (1E 0657-56) image from CHANDRA X-ray telescope. The visible matter (in red
and yellow) contributes a little in the total mass of the cluster. The full mass density contours (in green) were
obtained from the the gravitational lensing measurements by VLT and Hubble telescopes.

Rotation curves are usually obtained by combining observations of the 21 cm line with
optical surface photometry. Observed rotation curves exhibit a characteristic flat behavior at
large distances far beyond the edge of the visible disks. In classical Newtonian dynamics the
circular velocity is expected to be

v(r) =

√
GM(r)

r
(3.1)

where M(r) = 4π
∫
ρ(r)r2dr is the mass enclosed within a radius r and ρ(r) is the mass density

profile. If all the galaxy mass were contained in the optical disc of radius RG then v(r) should

be falling as ∝ r− 1
2 beyond the optical disc, i.e. for r > RG. The fact that v(r) is approximately

constant implies the existence of an halo with M(r) ∝ r and ρ ∝ r−2.
Among the most interesting objects, from the point of view of the observation of rotation

curves, are the so–called Low Surface Brightness (LSB) galaxies, which are probably everywhere
dark matter-dominated, with the observed stellar populations making only a small contribution
to rotation curves - an important feature to facilitate the disentanglement of the dark and visible
contributions to the rotation curves.

A great variety of observational data provides other arguments for dark matter existence,
both on sub-galactic and inter–galactic scales. Without being exhausting we can cite some of
them:

1. Weak modulation of strong lensing around individual massive elliptical galaxies. This
provides evidence for substructure on scales of ∼ 106M
 (101) (103).

2. The so–called Oort discrepancy in the disk of the Milky Way (84). The argument is
based on the inconsistency between the amount of stars, or other tracers in the solar

28



3.1. EVIDENCES FOR THE DARK MATTER

neighborhood, and the gravitational potential implied by their distribution which allow to
infer the existence of some unobserved matter.

3. Weak gravitational lensing of distant galaxies by foreground structure (82).

4. The velocity dispersions of dwarf spheroidal galaxies which imply mass–to–light ratios
larger than those observed in our “local” neighborhood. While the profiles of individual
dwarfs show scatter, there is no doubt about the overall dark matter content (102).

5. The velocity dispersions of spiral galaxy satellites which suggest the existence of dark halos
around spiral galaxies, similar to our own, extending at the radii � 200 kpc, that is well
behind the optical disc. This applies in particular to the Milky Way, where both dwarf
galaxy satellites and globular clusters probe the outer rotation curve (33).

3.1.2 Galaxy clusters scale

Today the most direct and spectacular evidence for dark matter comes form the Bullet
cluster, the result of a sub cluster colliding with the larger galaxy cluster 1E 0657-56 (125).
During the collision, the galaxies within the two clusters passed by each other without interacting
(a typical distance between galaxies is approximately 1 Mpc). However, the majority of a
cluster’s baryonic mass exists in the extremely hot gas between galaxies, and the cluster collision
(at roughly six million miles per hour) compressed and shock heated this gas; as a result, a huge
amount of X-ray radiation was emitted which has been observed by NASA’s Chandra X-ray
Observatory. Combination of optical and X-ray images with the weak lensing map shows an
interesting discrepancy; the areas of strong X-ray emission and the largest concentrations of mass
seen through gravitational lensing are not the same. The majority of the mass in the clusters
is non-baryonic and gravity points back to this missing mass. The right panel of the figure 3.1
shows the collision of the two clusters. The hot barionic matter (in red and yellow) is detected
via the X-ray emissions while the total mass density contours (in green) are obtained from weak
gravitational lensing. We clearly see that the total mass distribution seems to be quite isotropic
and not much affected by the collision. This effect can be understood if we assume a presence
of massive and weakly interacting component of matter. Another recent example of colliding
clusters of galaxies was observed in MACS J0025.4-1222 system in mid-2008 (46).

In general the mass of a cluster can be determined via several methods, including application
of the virial theorem to the observed distribution of radial velocities, by weak gravitational
lensing, and by studying the profile of X–ray emission that traces the distribution of hot emitting
gas in rich clusters.

Considering the hydrostatic equilibrium of a spherically symmetric system

1

ρ

dP

dr
= −a(r) (3.2)

where P , ρ and a are respectively the pressure, density and gravitational acceleration of the gas
at radius r, one can infer the relation of the temperature as a function of the radius r:

kT ≈ (1.3 − 1.8)keV

(
Mr

1014M�

)(
1Mpc

r

)
(3.3)

where Mr is the mass enclosed within the radius r. If we assume that the total mass Mr is
the observed mass, the discrepancy between the temperature obtained using the above equation
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and the observed temperature T ≈ 10keV suggests the existence of a substantial amount of dark
matter in clusters.

These conclusions can be checked against estimates from gravitational lensing data shown in
the figure 3.2. Following Einstein’s theory of general relativity, light propagates along geodesics
which deviate from straight lines when passing near intense gravitational fields. The distortion
of the images of background objects due to the gravitational mass of a cluster can be used to
infer the shape of the potential well and thus the mass of the cluster (see (124) for a spectacular
demonstration of gravitational lensing in clusters).

Figure 3.2: Chandra X-ray (left) and Hubble Space Telescope Wide Field Planetary Camera 2 optical (right)
images of Abell 2390 (z = 0.230) and MS2137.3-2353 (z =0.313). Note the clear gravitational arcs in the Hubble
images.

3.1.3 Cosmological scale

The astrophysical scale data allow us to infer the existence of the dark matter component of
the universe and its distributions at various scales, from solar scale up to galaxy cluster scales.
The overall amount of the dark matter in the universe can be extracted from the analysis of
the Cosmic Microwave Background (CMB) discovered by Penzias and Wilson in 1964 (107).
COBE (Cosmic Background Explorer) launched in 1989, verified two fundamental properties of
the CMB: the CMB is remarkably uniform (2.73 K across the sky) and the CMB, and thus the
early universe, is a nearly perfect blackbody. Next, COBE’s Differential Microwave Radiometer
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Figure 3.3: On the top: The all-sky image produced by the COBE Satellite. It is a low resolution image of
the sky (7 degree resolution), but obvious cold and hot regions are apparent in the image. The large red band is
the microwave emissions from our own galaxy. This image shows a temperature range of ±100μK.
On the bottom: The detailed, all-sky picture of the infant universe created from seven years of WMAP data.
The image reveals 13.7 billion year old temperature fluctuations (shown as color differences) that correspond to the
seeds that grew to become the galaxies. The signal from the our Galaxy was subtracted using the multi-frequency
data. This image shows a temperature range of ±200μK. Extracted from http://map.gsfc.nasa.gov/

(DMR) discovered in its first year fundamental fluctuations within the CMB of an extremely
small magnitude of 30 ± 5 μK as shown in the figure 3.3. These fluctuations were too small to
have solely accounted for the seeds of structure formation, given the size of the CMB fluctuations,
the structure of the universe we see today would not have had time to form. The COBE results
showed a need for an electrically neutral form of matter that could jump start the structure
formation process well before recombination (121).

WMAP (Wilkinson Microwave Anisotropy Probe) was launched in 2001 with the mission to
more precisely measure the anisotropies in the CMB. Located at the Earth-Sun L2 point (about
a million miles from Earth), the satellite has taken data continuously and is able to detect
temperature variations as small as one millionth of a degree. Due to the increased angular
resolution of WMAP we now know the total and baryonic matter densities (83)

Ωmh
2 = 0.1334+0.0056

−0.0055 Ωbh
2 = 0.02260 ± 0.00053 (3.4)

where Ωmh
2 is the total matter density, and Ωbh

2 is the baryonic matter density. This implies
that the dark matter density Ωdmh

2 = 0.1123 ± 0.0035 makes about 83% of the total mass
density. Locally this corresponds to an average density of dark matter ρdm ≈ 0.3GeV/cm3 ≈
5 × 10−28kg/m3 at the Sun’s location.

The CMB data show that the temperature of the universe at the time of photon decou-
pling was isotropic and homogeneous up to perturbations smaller than 10−5. The small scale
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fluctuations shown in the figure 3.3 in the primordial plasma allow us to infer the cosmological
parameters. The angular spectrum of the CMB is excellently fitted by the ΛCDM model, assum-
ing a gaussian, adiabatic and nearly scale invariant power spectrum of primordial fluctuations.
The structure of acoustic peaks requires the presence of a cold dark matter and the best fit of
7-years WMAP data gives Ωbh

2 = 0.02267 ± 0.00058
The big bang nucleosynthesis provides another estimation of the matter content in the uni-

verse. In fact, BBN is the largest source of deuterium in the universe as any deuterium found or
produced in stars is almost immediately destroyed by fusing it into He4. Thus the present abun-
dance of deuterium in the universe can be considered a lower limit on the amount of deuterium
created by the big bang. It turns out that the deuterium to hydrogen ratio is heavily dependent
on the overall density of baryons in the universe. R. H. Cyburt calculated two possible values
for Ωbh

2 depending on what deuterium observation is taken (64):

Ωbh
2 = 0.0229 ± 0.0013 or Ωbh

2 = 0.0216+0.0020
−0.0021 (3.5)

Finally analyses of the large scale structure of the universe also yield evidence for dark matter
and help break degeneracies present in the CMB data analysis. By calculating the distance to
galaxies using their redshifts, cosmologists have been able to map out the approximate locations
of more than 1.5 million galaxies. For example, the Sloan Digital Sky Survey (SDSS) has created
3-D maps of more than 900,000 galaxies, 120,000 quasars, and 400,000 stars during 7 its eight
years of operation (11).

By measuring large scale structure one can experimentally determine the power spectrum
P (k) of density perturbations. By obtaining the matter power spectrum from galaxy surveys,
the amount of total matter and baryonic matter can be found: the peak of P(k) is sensitive to
the value of m, and the amount of baryons has effects on the shape of P (k) through baryonic
acoustic oscillations, i.e. excesses in galaxies separated at certain distances due to sound waves
in the prerecombination plasma. Using these techniques, a final study based on data from SDSS
yielded

Ωbh
2 = 0.02258+0.00057

−0.00056 Ωdmh
2 = 0.1109 ± 0.0056 (3.6)

Note that these results agree with both CMB and BBN predictions. In the figure 3.4 we show
the combined results for the Ωm − ΩΛ values from different observations where the privileged
parameter region is showed.

The astrophysical and cosmological evidence for dark matter is both impressive and com-
pelling. What is perhaps the most striking are the multiple lines of evidence which point to the
need for dark matter. Elemental abundances from big bang nucleosynthesis and fundamental
anisotropies in the cosmic microwave background radiation both predict very similar baryon
abundances, yet each describes a completely separate era in the history of the universe in which
very different physical processes are occurring. Dark matter is necessary to both describe galax-
ies and clusters of galaxies, and is a necessary ingredient in the formation of large scale structure.
Dark matter seems to be a fundamental and necessary component of our universe pushing us
to find possible particle candidates for dark matter, and therefore theories beyond the Standard
Model are necessary to solve the puzzle. The new dark matter model must fit those relic density
bounds. Moreover, the stability of the dark matter particle impose its lifetime to be at least the
age of the universe. Taking into account the estimates of the Hubble Space Telescope Key Project
(75) and in agreement with the result derived by WMAP, H0 = 72±3(stat)±7(sys)kms−1Mpc−1

we require the lifetime τ � 4.3 × 1017s.
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Figure 3.4: On the left: best fit 68.3%, 95.4% and 99.7% confidence level contours in the Ωm − ΩΛ plane
for the CMB, BAO and the union SN set as well as their combination (assuming w = −1 for the dark Energy).
Extracted from (92).

3.2 Dark matter candidates

In the previous section we have reviewed the most relevant astrophysical and cosmological
evidences for non-baryonic dark matter. We have also stressed that any model with particle
dark matter whose abundance is roughly 6 times higher than that of the baryonic matter, has
necessarily to invoke physics beyond the Standard Model of particle physics.

This connection between the dark matter problem and particle physics has prompted the
proliferation of dark matter candidates that are currently being searched in the accelerators,
direct and indirect detection experiments. Remarkably, some of them are predicted in theories
originally proposed for different intents (e.g. supersymmetry or Peccei-Quinn model) and which
could also have important implications in other cosmological contexts, strengthening therefore
the link between particle physics and cosmology. As our understanding of particle physics
improves, we accumulate information about the properties of dark matter which progressively
reduces the allowed regions in the parameter space of those theories. In this section we present
the main properties that a particle has to have in order to be considerate as a "good" dark
matter candidate. We will therefore review the fundamental properties of the dark matter and
review some of the best motivated candidates far from being exhausting as a proliferation of
dark matter candidates in the literature still makes the overall summary quasi-impossible!

Supersymmetric candidates

Among the supersymmetric particles there are several dark matter candidates. By far the
most widely studied are neutralinos whose stability is protected by the R-parity. Sneutrinos has
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been also long considered as dark matter candidates. It has been shown that sneutrinos will
have a cosmologically interesting relic density if their mass is in the range of 550 to 2300 GeV.
However the expected scattering cross section of a sneutrino with nucleons is much larger than
the limits found by direct detection experiments (74).

In some supersymmetric models, gravitinos, superpartners of gravitons, can be the lightest
supersymmetric stable particles. With only gravitational interactions they are however very
difficult to observe. Moreover it has been known for some time that long lived gravitinos can pose
problems for cosmology. In particular their presence can destroy the abundances of primordial
light elements. Gravitinos may also be overproduced in the early universe it the temperature of
reheating is not sufficiently low.

Kaluza Klein candidates

Models with extra spatial dimensions can provide an alternative candidate for dark matter.
In particular, in models in which all of the Standard Models fields are free to propagate in the
bulk, called universal extra dimensions (UED), the lightest Kaluza-Klein particle (LKP) may
be stable and a potentially viable dark matter candidate. Extra dimensions compacted on an
orbifold often have some geometric symmetry which is a subgroup of the higher dimensional
Poincaré group. As a result, momentum (which for compactified dimensions is quantized and
takes the name of “KK-number“) conservation in extra dimensions is broken down to some
discrete symmetry KK-parity, which can play the role of the ”dark matter symmetry” preventing
the decay of the lightest KK particle. The lightest Kaluza-Klein excitation charged under the
KK-parity can be the dark matter particle if it is electrically neutral. In the simplest (UED)
scenario (where there is only one extra dimension compactified on an interval) the potential
candidates are KK gauge boson, KK neutrino, KK scalar or KK graviton depending on the
parameters (40). Additionally, a dark matter candidate has been proposed in the framework
of ”warped” universal extra-dimensions: an exotic particle with gauge quantum numbers of a
right-handed neutrino, but carrying fractional baryon number (19).

Neutrinos

Standard Model neutrinos have been considered, until recently, excellent dark matter candi-
dates. However their total relic density is predicted to be

Ωνh
2 =

3∑
i−1

mi

93eV
(3.7)

A good laboratory constraint on neutrino masses comes from tritium β-decay experiments at
Troitsk and Mainz (126), pointing to the upper limit on the neutrino mass to be mν < 2.05 eV
(95% C.L.) This implies an upper bound on the total neutrino relic density of Ωνh

2 < 0.07 which
means that neutrinos are simply not abundant enough to be the dominant component of dark
matter. Another argument against neutrinos as a viable dark matter candidate is that being
relativistic collisionless particles, neutrinos erase fluctuations below a scale ∼ 40 Mpc. This
would imply a top-down formation history of structure in the universe, where big structures
form first which is in contradiction with current cosmological observations (45).

Sterile neutrinos, hypothetical particles similar to Standard Model neutrinos, but without
Standard Model weak interactions, were proposed as dark matter candidates in 1993 by Dodelson
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and Widrow (67). Stringent cosmological and astrophysical constraints on sterile neutrinos come
from the analysis of their cosmological abundance and the study of their decay products (10).
The WMAP measurements of the reionization optical depth suggests that the the dark matter
structures were in place to form massive stars prior to redshift z > 20, which is is simply not
possible if the dark matter particle mass is smaller than ∼ 10 keV (130).

Axions

Introduced in an attempt to solve the problem of CP violation in particle physics, axions have
also often been discussed as a dark matter candidate. Laboratory searches, stellar cooling and
the dynamics of supernova 1987A constrain axions to be very light (<0.01 eV). Furthermore,
they are expected to be extremely weakly interacting with ordinary particles, which implies
that they were not in thermal equilibrium in the early universe. Although the calculation of
the axion relic density depends on the assumptions made regarding the production mechanism,
it is possible to find an acceptable range where axions satisfy all present-day constraints and
represent a possible dark matter candidate (114).

Superheavy candidates

Dark matter particles are usually assumed to be relatively ”light”, meaning lighter than a
few hundred TeV. This upper ”limit” mas was derived by Griest and Kamionkowski under the
assumption that the dark matter particle is a thermal relic of the early universe. The super-
heavy candidates, named commonly “wimpzillas” were thus proposed with masses > 1010 GeV.
They could not be in thermal equilibrium during freeze-out and therefore their relic abundance
does not depend on their annihilation cross section, but rather is a function of the wimpzilla’s
production cross section. There are many ways to produce wimpzillas in the early universe.
Among the most studied is gravitational production at the end of inflation, resulting from the
expansion of the background spacetime (90). A common motivation for superheavy dark matter
comes from the observation of cosmic rays at ultra-high energies. The universe is opaque to
ultra-high energy protons over cosmological distances > 50 Mpc. Since no astrophysical sources
of ultra-high energy protons are known within this range, more exotic scenarios have been devel-
oped to account for these observed events. Such scenarios include ultra-high energy cosmic-ray
production via the decay or annihilation of superheavy dark matter particles (115), (131).
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3.3 Detection Schemes

Finally here we summarize all the informations about the dark matter that we are able to
infer from the experimental data

3.3.1 Direct searches

In this section all the theoretically calculated values as well as the experimental limits are
given using the standard astrophysical assumptions of an isothermal WIMP halo with the mean
velocity v0 = 220 km/s, the local density of 0.3 GeV/c2 and escape velocity 544 km/s (73) unless
we mention different values.

The signature of DM elastic scattering off nuclei are nuclear recoils, characterized by an
exponential recoil spectrum with typical energies O(10)keV or less, for WIMP masses between
1 and 100 GeV (see (85) for more details).

Simple estimation of the recoil energy Er

We can simply estimate an approximate value of the recoil energy expected in a direct
detection experiment (76) considering an elastic scattering WIMP-nucleon where all the kinetic
energy is transmitted to the nucleon. Assuming the standard astrophysical value for the mean
velocity of the WIMP v0 = 220 km/s and WIMP of mass mW IMP = 100 GeV the WIMP kinetic
energy is

T =
1

2
mW IMP v

2
0 =

1

2
(1.783 × 10−25 kg) · (220 000 m/s)2 ≈ 4.314 × 10−15 J ≈ 26.9 keV (3.8)

This is the upper limit for a 100 GeV WIMP traveling at 220 km/s could deposit in the detector,
but the actual amount would certainly be smaller. Natural radioactivity generally emits MeV
energies, making a keV increase in energy due to nuclear scattering nearly impossible to find.
For this reason, direct detection devices must be radioactively clean.

As extremely low event rates are expected, the direct search detectors must have very large
mass, long exposure times (and therefore good stability over time), low energy thresholds and
very good background shielding. Such detectors are insensitive to very strongly interacting dark
matter, which would be stopped in the atmosphere or earth and would be undetectable under-
ground. However, such dark matter would be seen by rocket and other space-borne experiments
or would settle to the core of the Earth, leading to other fascinating and weird implications.
In the case of inelastic scattering off nuclei or orbital electrons, the recoil is followed by a decay
photon from the excited state (71), (122). However, the natural radioactivity background makes
the detection of this signal very problematic.

Although heavy nuclei are used in current direct detection experiments, the results are often
given in terms of scattering cross section off protons in order to allow easy comparison between
different experimental settings, involving different target materials. Current experiments exploit
a variety detection techniques focusing on signals such as scintillation, phonons, ionization or
a combination of some of them. Also different targets are used (NaI, Ge, Si, Xe). Below we
summarize the principal experiments of direct detection that are used to compare our theoretical
limits.
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Figure 3.5: The upper limits for spin-independent WIMP-nucleon cross section. From top to bottom at 1000
GeV mass: ZEPELIN-III (cyan) , EDELWEISS-II (pink), CDMS-II (black) , CDMS+EDELWEISS combined
results (red) XENON1000 (blue) . The plot is made in DM Tools http://dmtools.brown.edu

.

CDMS II Soudan The Cryogenic Dark Matter Search (CDMS II) (20) experiment, located
at the Underground Laboratory, uses 19 Ge (∼ 230 g) and 11 Si (∼ 100 g) particle detectors
operated at cryogenic temperatures (< 50 mK). The data were taken during four periods of
stable operation between July 2007 and September 2008. The result is a minimum cross section
of 7.0 × 10−44 cm2 (3.8 × 10−44 cm2 when combined with the previous results) for a WIMP of
mass 70 GeV/c2.

EDELWEISS II

The EDELWEISS experiment (32) is located in the Laboratoire Souterrain de Modane
(LSM). Like CDMS collaboration, the EDELWEISS experiment uses a heat-ionization germa-
nium bolometer. The latest data were collected over a period of fourteen months from April
2009 to May 2010. The experiential derive the 90%CL upper limits on the WIMP-nucleon spin-
independent cross section with the minimum cross-section of 4.4 × 10−8 pb for a WIMP mass
of 85 GeV.

XENON10 and XENON100

The XENON10 experiment (25) at the Gran Sasso National Laboratory operates a 15 kg
xenon dual phase (liquid and gas) time projection chamber (XeTPC) to search for dark matter
WIMPs in liquid xenon (LXe). Liquid xenon is an attractive target for a sensitive WIMP search.
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Its high density (∼ 3 g/cm3) and high atomic number (Z = 54, A = 131) allow for a compact
detector geometry. The high mass of the Xe nucleus is favorable for WIMP scalar interactions
provided a low recoil energy threshold.

Since natural xenon contains 129Xe (26.4%) and 131Xe (21.2%) isotopes, each of which has
an unpaired neutron, the XENON10 results substantially constrain the spin dependent (SD)
WIMP-nucleon cross section as well.

The data was taken with the XENON10 detector at Gran Sasso during the period between
October 2006 and February 2007. The upper limits at 90% C.L. for the WIMP-nucleon spin
independent (SI) cross-section exclude the region above 8.8 × 10−44 cm2 (4.5 × 10−44 cm2) for a
WIMP of mass of 100 GeV/c2 (30 GeV/c2).

The next phase, XENON100 (30), operate a total of 170 kg of xenon (� 70 kg fiducial) in
a dual phase TPC in an improved XENON10 shild at the Gran Sasso Laboratory. While the
fiducial mass is increased by more than a factor of 10, the background is lowered by about a factor
of 100 (through careful selection of ultra-low background materials, the placing of cryogenic
devices and high voltage feed-troughs outside of the shield and by using 100 kg of active LXe
shield). Featuring a large target mass and an extremely low background, XENON100 is the
most sensitive dark matter direct detection experiment in operation today. The ultimate design
goal of XENON100 is to achieve a spin-independent WIMP-nucleon scattering cross section
sensitivity of σ = 2 × 10−45 cm2 for a 100 GeV/c2 WIMP. A first dark matter analysis has been
carried out, using 11.17 live days of background data, taken from October to November 2009.
The initial results based on only 11.17 live days of data give the 90% confidence upper limit,
with a minimum at a cross section of 3.4 × 10−44cm2 for a WIMP mass of 55 GeV/c2.

ZEPLIN III
The ZEPLIN-III experiment (23) operated at the Boulby laboratory (UK) under a rock

overburden of 2 850 m water equivalent. This two-phase xenon emission detector measures both
scintillation and ionization responses from particle interactions in its 12-kg LXe target. In the
second science run (SSR), WIMP-search data were acquired over 319 days between Jun 2010 and
May 2011. The yielded data allow for exclusion of the scalar cross-section above 4.8×10−44 cm2

near 50 GeV/c2 WIMP mass with 90% confidence. When combined with data from the first
run, this result improves to 3.9 × 10−44 cm2. The results for the experiments mentioned above
are shown in the figure 3.5 and summarized in the table 3.1.

Experiment Ref. Data Taking Period Target 10−8σSI [pb] mW IMP [GeV]

CDMS II (20) 2009 Ge/Si 3.8 70
EDELWEISS II (32) 2009 - 2010 Ge 4.4 85

CDMS+EDELWEISS (21) 2009-2010 Ge/Si 3.3 90
XENON10 (25) 2006 - 2007 LXe 4.5 30
XENON100 (30) 2009 LXe 3.4 55

ZEPELIN III (23) 2010 - 2011 LXe 4.8 50

Table 3.1: Direct Detection Experiments and the corresponding upper bounds on spin-dependent (SI) WIMP-
nucleon cross section.

DAMA
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In order to discriminate the DM signal against the natural background some experiments
have been searching for an annual modulation of the measured event rate (69). In fact, the
Earth rotation around the Sun is expected to produce a modulation of the relative velocity of
DM particles given by

vE = 220 km/s · {1.05 + 0.07 cos[2π(t− tm)]/1 year} (3.9)

where tm is approximatively the begin of June. The variation of the WIMP flux is actually
small ≈ 7%, so that a large number of events has to be collected and therefore a large detector
is needed.

In 1998, the DAMA collaboration obtained evidence for a modulation of the event rate, that
was later confirmed with the confidence level of 6.3σ (44).

If interpreted in terms of a SI scattering of a WIMP off NaI, and further assuming an isother-
mal spherical DM halo, with a characteristic velocity of the Maxwell-Boltzmann distribution of
v0 = 270 km/s, with a local DM density of ρ = 0.3 GeV cm3, and with a slope ρ ∼ r−2, the
DAMA result is compatible with the detection of a WIMP with a mass of around 50 GeV and
a WIMP-nucleon scattering cross section of order of 10−41 ÷ 10−42 cm2.

Other experiments, such as CDMS or EDELWEISS, have explored the region of parameter
space allowed by the DAMA modulation signal, finding null results (42), (22). The comparison
between the DAMA annual modulation and other experiments is however model-dependent.
Taking into account astrophysical uncertainties, the DAMA allowed region is sensibly increased,
with masses extending up to 250 GeV and SI cross section down to 10−43 cm2.

3.3.2 Indirect searches

Another way to search for the dark matter is through the detection of its annihilation prod-
ucts. Because the annihilation rate of the dark matter particles is proportional to the square
of its density, natural places to look for dark matter annihilations are those expected to have
high DM densities, such as the sun, earth, and galactic center. Annihilation products include
gamma-rays, neutrinos, and antimatter.

Gamma Rays: Gamma-rays from WIMP annihilation are believed to occur most frequently
in the galactic center. One way this process can take place is through a WIMP annihilation
yielding a quark and anti-quark, which then produce a particle jet from which a spectrum
of gamma-rays is released. A second form of gamma-ray production is the decay of WIMPs
directly to gamma-rays, χχ → γγ/γZ which produces gamma-ray lines proportional to the
mass of the WIMPs involved. Since typical WIMP masses can be on the order of 100s of GeV,
these are extremely high energy gamma rays. Although the flux is small and quite difficult to
detect, observing such a gamma-ray line would be an smoking gun indication for dark matter
annihilation and the WIMP mass (66). The EGRET Collaboration reported an excess of gamma-
rays in 1998, pointing toward already accepted characteristics of dark matter: a 50-70 GeV
WIMP mass and a ring of concentrated dark matter at a radius of 14 kpc from the galactic
center. This discovery is initially encouraging, but as Bergström et al. have shown, observed
antiproton fluxes would have to be much larger if these excess gamma rays are being produced
by neutralino or generic WIMP self annihilation (43). For this reason and others, EGRET’s
results remain controversial.
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Neutrinos: Neutrinos can be another important products of WIMP annihilation. As WIMPs
travel through the universe and through matter, they lose small amounts of energy due to scat-
tering off of nuclei. Therefore, WIMPs can gather at the centers of large gravitating bodies,
increasing their density until their annihilation rate equals half the capture rate. Because neutri-
nos are so weakly interacting, neutrino telescopes must be massive to detect a significant signal.
AMANDA-II is a neutrino detector at 1500 to 2000 meters underground within the ice of the
South Pole where Cherenkov radiation can travel and be seen easily by optical modules. This
experiment has not detected statistically significant results from the direction of the sun, but
has placed firm limits on the muon flux (14). The IceCube experiment integrates AMANDA
into a much larger detection experiment, with 7200 optical modules and a detector volume of a
cubic kilometer (88). Super-Kamiokande is another indirect detection experiment, located un-
derground in the Kamioka-Mozumi mine in Japan. The detector consists of 50 000 tons of water
and detects Cherenkov radiation from incoming muons as well. Super-K looks in the direction
of the sun, earth, and galactic center, and, like AMANDA, has not detected any excess of muon
rates above the expected background (128).

Antimatter: Antimatter can be a excellent signal of WIMP annihilation precisely because
antimatter is relatively rare, and many of the astrophysical processes which create antimatter
are well understood. For example, the annihilation of WIMPs can also produce antiprotons via
χχ → qq̄ through hadronization (where the dominate annihilation process yields b quarks and
antiquarks), and positrons through secondary products of the annihilation such as WW+W−

where W → ēνe. Unlike gamma-rays and neutrinos, these products are charged and thus affected
by magnetic fields within space and also lose energy due to inverse Compton and synchrotron
processes, so we cannot make any conclusions about where the annihilations occurred. In 1994,
the HEAT Collaboration detected an excess of cosmic ray positrons of energies around 10 GeV
possibly caused by neutralino self-annihilation, and confirmed this signal again in 2000 (34).
A boost factor however, must be applied to the WIMP annihilation rate of a smooth halo in
order to match the HEAT data; this is perhaps an indication that we exist within an extremely
clumpy halo, or that there are other unknown sources of antimatter.

Quite recently, the results from the PAMELA (a Payload for Antimatter Matter Exploration
and Light-nuclei Astrophysics) satellite-borne experiment’s flight from July 2006-February 2008
were released. The collaboration found that the positron fraction increases sharply over much
of the range of 1.5-100 GeV and thus concluded that a primary source, either an astrophysical
object or dark matter annihilation, must be present to account for the abundance of cosmic-ray
positrons (16). The data from PAMELA also require heavy WIMP candidates or large boost
factors associated with non-uniform clumps in the dark matter distribution, thus constraining
the nature of the possible dark matter. Further data is necessary to determine if excess gamma
ray and antimatter fluxes are indeed signals of dark matter annihilation or signatures of local
astrophysical objects and backgrounds.
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3.4 Relic abundance of dark matter

In the early universe, very energetic and massive particles were created and existed in ther-
mal equilibrium. As the universe expanded and cooled, however, two things occurred: lighter
particles no longer had sufficient energy to produce heavier particles through interactions and
the universe’s expansion diluted the number of particles such that interactions did not occur as
frequently or at all. At some point, the density of a particular particle species became too low
to support frequent interactions and conditions for thermal equilibrium were violated and their
comoving number density remains constant. The exact moment or temperature of freeze-out
can be calculated by equating the reaction rate with the Hubble expansion rate.

Figure 3.6: The numerical simulation for the evolution of the co-moving relic density extracted from (76). Here
Y ∝ nT −3 includes the dilution effect coming from the expansion of the universe. The solid line represents the
equilibrium density and the dashed lines the current density.

3.4.1 The standard case of relic abundance - only annihilations

We first summarize the standard calculation for the relic abundance of a particle species
χ which was in thermal equilibrium in the early universe and decoupled when it became non
relativistic. One usually has to assume that the particles χ in thermal equilibrium with cosmic

41



CHAPTER 3. DARK MATTER - WHERE? WHAT? WHY?

plasma at sufficiently high temperatures and that its interactions with the rest of the plasma
are strong enough that it remains in equilibrium a temperatures somehow below mχ. Moreover
one has to assume that there is no asymmetry between the particles χ and their antiparticles
χ̄. Another possibility, inherent in supersymmetric and extra-dimensional extensions of the
Standard Model is that χ is its own antiparticle. In the treatment of relic abundance calculation
presented here we follow the authors of (120). The relic abundance is found by solving the
Boltzmann equation for the evolution of the χ number density

dn

dt
= −3Hn− 〈σvrel〉

(
n2 − n2

eq

)
(3.10)

where H is the Hubble parameter, vrel is the relative velocity between two χ’s, 〈σvrel〉 is the
thermally averaged total cross section times relative velocity, neq is the equilibrium thermal
density.

neq ∼ T 3 for T � mχ

neq = g

(
mχT

2π

) 2
3

e− mχ
T for T � mχ

(3.11)

g is the number of internal degrees of freedom. At high temperature there are roughly as many
χ particles as photons and particles are abundant and rapidly convert into lighter particles and
vice versa. At low temperatures the neq is Boltzmann-suppressed. Shortly after the temperature
drops below mχ the number density neq decreases exponentially and the annihilation rate Γ =
〈σvrel〉n drops below the expansion rate H. At this point, χs stop annihilating and escape out
of the equilibrium and become thermal relics.

The thermally averaged total cross section can be approximated by the non-relativistic ex-
pansion

〈σvrel〉 = a+ b〈v2
rel〉 + O

(
〈v2

rel〉
)

≈ a+
6b

x
+ O

(
1

x2

)
(3.12)

where x =
mχ

T .

By solving Boltzmann equation analytically with appropriate approximations the abundance
of χ’s is given by

Ωχh
2 =

1.04 × 109

MP

xF√
g	(xF )

1

a+ 3b/xF
(3.13)

where MP = 1.22 × 1019 GeV and g	 is the number of effectively massless degrees of freedom

g	 (T ) =
∑

i=bosons

gi +
7

8

∑
i=fermions

gi (3.14)

The coefficient 7
8 accounts for the difference in Fermi and Bose statistics. Notice that g	 is

a function of T as the thermal bath quickly gets depleted of the heavy species (with masses
m < T ).
The freeze-out temperature is found iteratively from equation

xF = ln

(
c(c+ 2)

√
45

8

g

2π3

mχMP (a+ 6b/xF )√
g	(xF )xF

)
(3.15)
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The c constant is found empirically by comparing to numerical solutions of the Boltzmann
equation and usually is taken c = 1

2 .

3.4.2 Case with co-annihilations

When the particle χ is nearly degenerated with other particles, one has to take into account
the co-annihilation cross-sections. The previous calculation can be generalized to this “coanni-
hilations” case straight forward. We assume that the particles χi are labeled according to their
masses, so that mi < mj if i < j. The number densities of each specie i obey the Boltzmann
equation. It can be shown that the relic density n of the lightest species χ1 (after all the heavier
particles have decayed into χ1) obeys the following simple Boltzmann equation

dn

dt
= −3Hn− 〈σeffvrel〉

(
n2 − n2

eq

)
(3.16)

where

σeff (x) =
N∑
ij

σij
gigj

g2
eff

(1 + Δi)
3
2 (1 + Δj)

3
2 e−x(Δi+Δj) (3.17)

geff (x) =
N∑

i=1

gi (1 + Δi)
3
2 e−xΔi (3.18)

Δi =
mi

m1
− 1 (3.19)

where σij ≡ σ (χiχj → SM), gi is the number of internal degrees of freedom of particle χi and
n =

∑N
i=1 ni is the density of χ1 we want to calculate. This Boltzmann equation can be solved

in a similar way as in no-coannihilation case, resulting in

Ωχh
2 =

1.04 × 109

MP

xF√
g	(xF )

1

Ia + 3Ib/xF
(3.20)

with

Ia = xF

∫ ∞

xF

aeff (x)x−2dx (3.21)

Ib = 2x2
F

∫ ∞

xF

beff (x)x−3dx (3.22)

The corresponding formula for xF becomes

xF = ln

(
c(c+ 2)

√
45

8

geff (xF )

2π3

mχMP (aeff (xF ) + 6beff (xF )/xF )√
g	(xF )xF

)
(3.23)

The aeff and beff are the first two terms in the velocity expansion of σeff

σeffvrel = aeff + beffv
2
rel + O

(
v4

rel

)
(3.24)

43



CHAPTER 3. DARK MATTER - WHERE? WHAT? WHY?

Comparing the equations 3.17 and 3.24 one gets

aeff (x) =
N∑
ij

aij
gigj

g2
eff

(1 + Δi)
3
2 (1 + Δj)

3
2 e−x(Δi+Δj) (3.25)

beff (x) =
N∑
ij

bij
gigj

g2
eff

(1 + Δi)
3
2 (1 + Δj)

3
2 e−x(Δi+Δj) (3.26)

The last detail one has to take into account are the relativistic corrections to the above treat-
ment which result with an additional subleading term which can be accounted for by a simple
substitution

b → b− a

4
(3.27)

in the above formulas (127), (94).
There is compelling evidence for the existence of dark matter. Although our understanding

of its nature and distribution is still incomplete, many independent observations suggest that
about 30% of the total energy density of the universe is made of some sort of non-baryonic dark
matter. We will then present in the next sections how another natural dark matter candidate can
be introduced to the literature in the context of extra-dimensional extensions of the Standard
Model. First, we need to introduce the basic theoretical tools commonly used in the extra-
dimensional community.
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Chapter 4

Compactified space general
description of the extra dimensional
models

4.1 Orbifolds

Most of the fundamental theories such as supergravity or superstrings require spacetime
to have more dimensions than four we know about today. Such extra dimensions must be
microscopic or curled up in some non-trivial way. These ideas are so interesting that they have
inspired much experimental work during last few years (15).

It seems that the first reference to dimensional reduction appears in the work of Gunnar
Nordström who in 1914 formulated a vector-scalar theory in four dimensions, unifying electro-
magnetism and a scalar theory of gravitation, starting from Maxwell theory in a five-dimensional
flat spacetime (112). Even if this theoretical proposal did not turn out to be physically correct
and was, after a couple of years, replaced by Einstein’s tensor theory, it was a milestone in the
investigation of gravitational phenomena. It provided for the first time the idea that we could
aim at explain the unknown physics in our known spacetime by known physics in a spacetime
with extra, compactified dimensions.

Much more known is the work of Theodor Kaluza, published in 1921, who showed that
gravity in five dimensions could yield a theory unifying the Einstein’s gravity and the Maxwell’s
equations. It was Oscar Klein who came with the idea of compactifying the fifth dimension on
a circle. The Fourier expansion in modes, today known as the Kaluza-Klein tower, allowed him
to compute the radius of compactification by identifying the charge of the first massive mode
with the electric charge. With a single stroke, the quantization of electric charge was given an
explanation, and the size of the compact dimension, which turned to be of the order of the Plank
length, explained why we only see effectively four dimensions. The other side of the story is the
very wrong result for a mass of such a mode, which was of the order of the Plank mass (70).

The compactification on a 2-sphere from six dimensions was considered by Wolfgang Pauli in
1953, where the Yang-Mills field strength made its appearance as a consequence of a non-Abelian
reduction (106). Since this epoch many physicists investigated the consistency of dimensional
reduction in context of General Relativity (81), (93), (119),(24).

The idea of extra dimensions is closely related to the string theory. A nonsupersymmetric
string theory, to be consistent, has to be defined in 26 dimensions. The number of dimensions
required by the superstring theories is ten. In 1975 Joel Scherk and John H. Schwarz proposed
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to consider superstrings in a product space M4 × M, where M is a compact manifold whose
size is about M−1

P l (118). In 1985 it was realized that to obtain N = 1 supersymmetry as a low
energy limit of a superstring theory, the six small extra dimensions need to be compactified on a
Calabi-Yau manifold. As the typical sizes of compact dimensions on Calabi-Yau manifolds are of
the order of M−1

P l ≈ 1033 cm, there is no way to observe them in human-designed experiments.

The celebrated paper of Candelas et al.(53), which opened the first string revolution of 1985,
demonstrates that if the extra six compact dimensions form a Calabi-Yau manifold, then in the
low energy theory limit one recovers the E(8) ×E(8) gauge theory which includes SM with tree
generations of fermions as observed in nature.

In the late 1990s it was realized that extra spatial dimensions are not necessarily linked to the
Planck scale and could potentially be relevant for TeV scale physics (26), (100), (28). Since then,
extra dimensional models have enjoyed great popularity among physicists. A general feature of
these models is that the extra dimensions are compactified on the so-called orbifolds.

Let us point out the two different philosophies that underlie the issue of dimensional reduc-
tion. On one side there is the compactification approach, whose paramount example today is
string theory, where one expects that dimensional reduction from ten dimensions, or eleven in M-
theory, will eventually deliver a four dimensional space-time together with an internal compact
manifold, or a more general structure like an orbifold, that carries physical information within.
In this approach the fundamental theory is the higher dimensional one, and the compactification
procedure should eventually be understood as a physical process driven by some physical prin-
ciples. The physical consequences that have their origin in the compactified structure and the
process of compactification itself, are an essential part of the whole physical picture. Perhaps
some of these effects, take for instance the presence of massive Kaluza-Klein modes, may become
irrelevant when the theory is examined in the low energy regime, due to the small size of the
compactified structure, but the effects are there anyway. This was in fact Klein’s elaboration
(expanding in Fourier modes) on the original Kaluza’s idea, which corresponds to the second
approach which we address now.

On the other side one can conceive the dimensional reduction as a mathematical means to
formulate a theory in a given space-time dimension having started with a higher dimensional
theory as an auxiliary artifact, the extra dimensions never physically existing. In this case we
speak of a consistent truncation from the higher dimensional theory to the lower one. One can
start with a higher dimensional theory whose formulation is perhaps simpler and eventually
end up with a more complicated theory at a lower dimension with the remarkable advantage of
keeping full control of its symmetries (including supersymmetry when appropriate) or even with
the right internal symmetries one was willing to implement. In Klein’s interpretation of Kaluza’s
work, this means that a truncation is made on the tower of Fourier modes to keep only the singlet
ones. In this sense, this second approach can be understood as a method of model building,
having used the higher dimensional theory as an intermediate device that helps to formulate a
fundamental theory at a lower dimension. This has proven to be a useful method in supergravity:
in this way, different dimensional reductions of the eleven dimensional supergravity theory have
yielded a fairly good recollection of supergravity theories with extended supersymmetry at lower
dimensions (108).
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4.1.1 Basic definitions

In this section we follow the definitions of (104) and (117). An orbifold, a generalization of
the concept of manifold, is a topological space with some additional structure. Recall that a
manifold is a space locally modeled in R .

Definition 1 We define an orbifold 1 as a quotient space Rn/Γ of a n-dimensional space Rn

modulo a discrete symmetry group Γ.

In mathematics one generally makes a difference between an orbifold and a manifold in the
following way:

– If Γ has no fixed points then Rn/Γ is called a manifold.
– If Γ has fixed points then Rn/Γ is called an orbifold.

We will however use the name “orbifold“ for all the spaces of the form Rn/Γ. In our case we
are not free to choose any arbitrary discrete group, but are restricted to so-called space groups.

Definition 2 An n-dimensional (nD) space group is defined as a co-compact 2 discrete group
of isometries of Rn (123). One can define a space group as a discrete symmetry group of a
n-dimensional space.

Discrete symmetry groups come in three types:

1. Finite point groups, which include only rotations, reflections, inversion and rotoinversion.
They are in fact just the finite subgroups of O(n).

2. Infinite lattice groups which include only translations.

3. Infinite space groups, which combines elements of both previous types, and may also
include extra transformations like screw axis and glide reflection.

There are also continuous symmetry groups, which contain rotations of arbitrarily small
angles or translations of arbitrarily small distances. The group of all symmetries of a sphere
O(3) is an example of this and in general such continuous symmetry groups are studied as Lie
groups. With a categorization of subgroups of the Euclidean group corresponds a categorization
of symmetry groups. In 3-dimensions there are 219 unique types (or 230 if chiral copies are
considered unique) of space groups, also known as crystallographic groups. In 2-dimensions the
17 space groups are called also wallpaper groups. The general classification of discrete space
groups is known for dimensions n ≤ 6.

4.1.2 One dimensional orbifolds and manifolds

There are only two discrete isometries of a 1-dimensional space: reflections r and translations
t. The structure of a group is uniquely defined by the set of generators of the group and relations
among them. Therefore we can define the space groups in a purely algebraic way:

1. A formal definition of an orbifold in terms of topological spaces can be found in the paper of Thurston
(123). The terminology orbifold was first used in one of his lecture courses in 1976. The concept itself occurs first
in 1956 as V-manifold in (1) and (116)

2. In mathematics, an action of a group G on a topological space X is co-compact if the quotient space X/G
is a compact space.
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Figure 4.1: Example of diagram for pgg group. The pattern comes from a bronze vessel in Nimroud, Assyria.
The diamonds corresponds to the centers of rotation over π. The arrows to fundamental translations.

Z = 〈 t 〉
Z2 = 〈 r | r2 = I 〉
D∞ = 〈 t, r | r2 = I, (tr)2 = I 〉

(4.1)

It is important to notice that the choice of generator is not unique. For example, the space
group D∞ can be equivalently defined in terms of two π-rotations 3:

D∞ � Z2 ∗ Z2 = 〈 r1 | r2
1 = I 〉 ∗ 〈 r2 | r2

2 = I 〉 with r2 ≡ tr1 (4.2)

This representation-independent notation has many advantages for discussing the possible par-
ities of the fields on the orbifolds. More intuitive way of defining the groups is by identifying
the isometries of Rn that act as generators of the group.

One dimensional orbifolds are the quotient spaces R/Γ where Γ is one of the one-dimensional
space groups Z or D∞. The result of the action of these groups on the infinite line R is a circle
for Z or an interval in the case of D∞.

Γ R/Γ notation geometry

Z R/Z S1 circle
D∞ R/D∞ S1/Z2 interval

Table 4.1: Classification of 1-dimensional orbifolds.

4.1.3 Two dimensional orbifolds and manifolds

The possible discrete isometries of a plane R2 are translations t, reflections r, 2π/n-rotations 4

f with n = 2, 3, 4, 6 and so-called glide-reflections g, which are translations with a simultaneous
mirror reflection. There is 17 distinct space-groups Γ and hence 17 possible orbifolds R2/Γ. In
the table 4.2 and equations (4.3) we give the definitions of four two-dimensional orbifolds which
are mentioned later in the text.

3. The two rotations r1 and r2 do not commute, [r1, r2] � 0. Hence the free product * and not the cross product
× is used.

4. The restriction to only 2,3,4, and 6-folded rotations is often named the crystallographic restriction theorem.
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Γ R
2/Γ notation geometry free parameters

p1 R
2/Z2 T 2 Torus r, θ

pg R
2/pg - Klein bottle r

pgg R
2/pgg RP 2 Real projective plane r

p4 R
p4 T 2/Z4 Chiral square -

Table 4.2: Classification of some 2-dimensional orbifolds.

p1 = 〈 t1 〉 × 〈 t2 〉
pg = 〈 t, g | [g2, t] = 0, t2gtg

−1 = I 〉 ⊇ Z2

pgg = 〈 r, g | r2 = (g2r)2 = I 〉 ⊇ Z2,Z2

p4 = 〈 t1, t2, | r4 = (t1r
3)4 = I, rt1 = t2r, [t1, t2] = 0 〉 ⊇ Z2,Z4,Z2

(4.3)

The fundamental domains of those orbifolds with the symmetry generators and fixed points are
shown in the figures 4.1 and 4.2 - 4.3

0 Π R 2 Π R y4

Π R

2 Π R

y5

0 Π R 2 Π R y4

Π R

2 Π R

y5

Figure 4.2:
On the left: Fundamental domain of torus T 2. Red arrows correspond to the translation generators t1 and t2.
On the right: Fundamental domain of the Klein bottle R2/pg (within black dashed lines). In blue - torus
fundamental domain. Red arrow - translation generator t. Red dashed arrow - glide generator g. The green and
orange arrows indicate the identification of the edges.

Now we are ready to consider the quantum fields propagation on the spaces constructed from
the Minkowsky space and the orbifolds.
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0 Π R 2 Π R y4

Π R
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Figure 4.3:
On the left: Fundamental domain of the real projective plane R2/pgg (within black dashed lines). Red dot -
π-rotation generator. Red dashed arrow - glide generator g. The green and orange arrows indicate the identifica-
tion of the edges.
On the right: Fundamental domain of the chiral square R2/p4 (within black dashed lines). Red arrows cor-
respond to the translation generators t1 and t2. Red dot - π/2-rotation generator. Fixed points are marked as
black dots. The green and orange arrows indicate the identification of the edges.

4.2 Quantum fields in the extra dimensions

4.2.1 Basics of Kaluza Klein decomposition

Here we will consider the Kaluza Klein decomposition of a scalar, spinor and gauge fields
propagating in a five dimensional space M4 ×S1. This is the simplest case of compactification of
extra dimensions but not free of problems. As we will see, the chiral fermions cannot be defined
on such space. We will therefore use this simple space only to emphasize the most important
properties of the KK decomposition. Then we will present the KK decomposition of quantum
fields on a six dimensional space M ×RP 2 which is much more involved mathematically due to
the presence of two extra dimensions and more complicated defining symmetries of the orbifold.

Scalar field on M4 × S1

Consider the following 5D action for a real scalar field of the mass M :

S =

∫
dx
∫
dy
[
∂M Φ∂M Φ −M2ΦΦ

]
(4.4)

As we already have told in the section 4.1, the extra dimension must be compactified. Here we
compactify the extra space on a circle S1 of a radius R. That means that the y variable domain
is −∞ < y < ∞ but we impose the identifications

y ∼ y + 2πR with − ∞ < y < ∞ (4.5)

Equally one can restrict the domain to 0 < y < 2πR but with a condition that (y = 0) ≡ (y =
2πR). Now we require that the higher dimensional lagrangian L5D, rather than individual fields
Φ, has to be invariant under transformations 4.5. In the majority of cases, the lagrangian will
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include bilinear terms, such as kinetic terms or mass terms. Therefore in the case of the real
scalar the invariance of L5D requires that

L5D[Φ(y)] ≡ L5D[Φ(y + 2πR)] (4.6)

what in terms of fields Φ reads as the periodicity conditions

Φ(y) = Φ(y + 2πR) (4.7)

Then, as we have a compact space S1 and a periodic function defined on it, we can expand the
5D scalar fields in the Fourier modes as follows:

Φ(xμ, y) =
∞∑

n=−∞
φ(n)(xμ)fn(y) (4.8)

Substituting this expansion into S5D we require that after integrating over extra dimensions we
get:

S4D =

∫
x4
∑

n

[
∂μφ

(n)∂μφ(n) −
(
M2 +

n2

R2

)
φ(n)φ(n)

]
(4.9)

so that we can interpret the φ(n)s as particle KK modes form the 4D point of view. This
requirement gives us the following conditions:

1. Orthonormality condition ∫
dyf∗

m(y)fn(y) = 1 (4.10)

2. Differential equations

∂2
yfn(y) −M2f2

n(y) = −m2
nf

2
n(y) (4.11)

Thus the KK decomposition reduces to an eigenvalue problem whose solutions will give us the
KK masses mn and the KK profiles fn(y). For the simple case of a 5D scalar with a bulk mass
M , we get the following solutions to the differential equation

fn = e±iny/R with m2
n = M2 +

n2

R2
(4.12)

This implies that from the 4D point of view the 5D scalar field appears as an infinite tower of 4D
fields which are called the Kaluza-Klein (KK) modes φ(n) with masses squared, m2

n = M2 + n2

R2

as is illustrated in the figure 4.4. We can easily generalize to the case of d− 4 extra dimensions,
each of which is compactified on a circle of the radius Rα to obtain the tree level spectrum

m2
n = M2 +

∑d
α=4

n2
α

R2
α

. Thus, we see that the signature of an extra dimension from the 4D point

of view is the appearance of infinite tower of KK modes: to repeat, the lightest (zero)-modes
is identified with the SM particle and the heavier ones (KK modes) appear as new particles
beyond the SM .

4.2.2 Orbifold or Interval?

Now I would like to emphasize the difference between the orbifold vision of the extra space
and the "finite space" vision.

53



CHAPTER 4. COMPACTIFIED SPACE GENERAL DESCRIPTION OF THE EXTRA
DIMENSIONAL MODELS

S1 S1�Z2
MKK

1�R

2�R

cos�ny�R� sin�ny�R�

Figure 4.4: Spectrum of the scalar field on the circle and on the interval. On an interval the scalar field can
have a parity p = +1 represented by red states ∼ cos(ny/R) or a negative parity p = −1 corresponding to the
green states ∼ sin(ny/R).

Interval

We consider a real scalar field defined on an interval [0, πR]. The bulk action has the standard
form

S =

∫
d4x

∫ πR

0

(
1

2
∂M Φ∂M Φ − V (Φ)

)
(4.13)

in this action we do not have any boundary terms (operator localized on the branes = bound-
aries).

In order to find the solutions one needs to solve equations of motion obtained form the
variational principle δS = 0. The fields Φ are assumed to vanish at infinity xμ → ∞, but
one cannot assume the same for the compact dimensions. Therefore we are left with the bulk
equations of motion of the standard form and a set of boundary conditions (BC):

δSbulk =

∫
d4x

∫ πR

0

[
−∂M∂M Φ − ∂V

∂Φ

]
δΦ −

[∫
d4x∂yΦδΦ

]πR

0
= 0 (4.14)

We have two possibilities of the boundary conditions

∂yΦ|bound = 0 Neumann BC (4.15)

or

δΦ|bound = 0 Dirichlet BC (4.16)

The latter case would follow form the condition Φ|bound = 0. One defines the boundary conditions
as natural if they leave the boundary variation of the field δΦ|bound arbitrary. However, we would
only like to allow the natural boundary conditions in the theory since these are the ones that
will not lead to explicit (hard) symmetry breaking once more complicated fields like gauge fields
are allowed. Thus in order to still allow the Dirichlet BC one needs to reinterpret that as the
natural BC for a theory with additional terms in the lagrangian added on the boundary. The
simplest possibility is to add a mass term to modify the lagrangian as
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S = Sbulk − 1

2

∫
d4x

∫ πR

0
dy
(
M2

1 δ(y − 0) +M2
2 δ(y − πR)

)
Φ2 (4.17)

Thus the natural BCs are given by

{
∂5Φ +M2

2 Φ = 0 at y = πR

∂5Φ −M2
1 Φ = 0 at y = 0

(4.18)

It is clear that for Mi → ∞ we recover the Dirichlet BCs. This is the way we will always
understand the Dirichlet BCs: we will interpret them as the case with infinitely large boundary
induced mass terms for the fields.

Orbifold
One gets a completely equivalent image from the orbifold point of view. To show clearly

how the things work in this approach let’s focus on the simplest orbifolds - a circle S1 and an
interval S1/Z2. Mathematically speaking, a circle is a smooth manifold since it has no special
points. We can "mod out" this smooth manifold by a discrete symmetry to obtain an orbifold.
Specifically, we impose the discrete Z2 identification: y ∼ −y in addition to y ∼ y+ 2πR. Thus,
the physical or fundamental domain extends only from y = 0 to y = πR. The endpoints of the
orbifold y = 0 and y = πR do not transform under Z2 and hence are called fixed points of the
orbifold. Note also that the end points of this extra dimension are not identified with each other
either by the periodicity condition y ∼ y+ 2πR (unlike the endpoints y = 0 and y = 2πR on S1

) or by the Z2 symmetry. Let us consider how the KK decomposition is modified in going from
a circle to an orbifold. Starting from the bulk action of the form given by in the equation 4.14
and imposing the identifications y ∼ y + 2πR one in fact impose the periodic BC on the fields
as well:

Φ(0) ≡ Φ(2πR) (4.19)

up to global symmetries. The field can be then expanded in Fourier series

Φ =
1√
2πR

+
1√
πR

∞∑
n=−∞

φ(n)(xμ)einy/R (4.20)

where the coefficient in front has been chosen for proper normalization. Then while going to the
interval S1/Z2 one can decompose the field into the functions odd and even under transforma-
tions y → −y, namely:

Φ =
1√
2πR

φ(0) +
∞∑

n=1

(
φ

(n)
+ cos

(
ny

R

)
+ φ

(n)
− sin

(
ny

R

))
(4.21)

with φ
(n)
+ = 1√

2
(φ(n) +φ(−n)) and φ

(n)
− = i√

2
(φ(n) −φ(−n)). The physics must be invariant under

the symmetry transformations y → −y thus we must assign the parity of the fields

Φ(xμ,−y) = pΦ(xμ, y) (4.22)

The assignment p = +1 sets φ
(n)
− ≡ 0, while p = −1 sets φ

(n)
+ ≡ 0 and φ0 ≡ 0. Thus one can see

that the fact of orbifolding the space reduce the number of modes by the factor of two, and it
removes the zero mode in the case of parity assignment p = −1 to the field Φ as illustrated on
the figure Fig.4.4.
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Moreover by imposing the parities one recovers exactly the functions one would found by
imposing Neumann (for p = −1) and Dirichlet (for p = +1) BCs.

The main difference between orbifold and interval point of view is that while considering
the orbifold notation one starts form an infinite domain. Thus the field initially is defined on
the infinite space −∞ < y < ∞. Then during the compactification one requires the physics
invariant under symmetry transformations and not the fields themselves. It means that on the
fundamental domain of an orbifold a field can be multiply defined.

4.2.3 Fermions on the circle and on the interval - chirality problem

The smallest irreducible representation for 5-dimensional fermions is a 4-(complex) compo-
nent spinor. The simplest 5D action for such a spinor is

S5D = Ψ̄(i∂M ΓM −M)Ψ (4.23)

As for the scalar field we decompose the six-dimensional field into the KK modes:

Ψσ =
∑

n

ψ(n)
σ e(iny/R) (4.24)

and the effective 4 dimensional effective action is

S4D =
∑

n

ψ̄(n)
(
i∂μΓμ −M − in

R

)
ψ(n) (4.25)

thus, as in the scalar case we find the tower of Dirac spinors with masses m2
n = M2 + n2

R2 . The
problem now is that if the 5D fermions transforms under some 5D gauge symmetry, then the
massless chirality states L and R (zero modes for M = 0) transform identically under this gauge
symmetry. Hence, such a scenario cannot correspond to the Standard Model, where the left
handed and right handed states transform as doublets and singlets respectively under the SU(2)
gauge symmetry. We can obtain the chiral fermions by compactifying the 5D theory on an
interval instead of a circle. As the 5D action contains the terms of the form Ψ̄Γ5∂5Ψ � Ψ†

L∂ΨR,
which must be even under Z2 symmetry, then if ΨL is even under Z2 then ΨR must be odd.
The corresponding decomposition will give

ΨL ∼
∑

n

Ψ
(n)
L cos

ny

R
ΨR ∼

∑
n

Ψ
(n)
R sin

ny

R
(4.26)

Therefore we get a massless zero mode only for ΨL. Of course we would have chosen ΨR to be
even instead to obtain a right handed zero mode as is schematically shown in the figure 4.5.

4.2.4 Gauge fields on S1 and S1/Z2

Finally we consider a five dimensional gauge field. The 5-dimensional action for the 5D gauge
field AM = (Aμ, A4) has the form

S5D =

∫
d4xdy

1

4
FMNF

MN =

∫
d4xdy

1

4

(
FμνF

μν + Fμ4F
μ4
)

(4.27)
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S1�Z2

�R��� �L���

cos�ny�R� sin�ny�R� cos�ny�R� sin�ny�R�

MKK

1�R

2�R

Figure 4.5: Spectrum of the right- and left handed fermion on the interval.

As usual, the KK decomposition is given by

Aμ,4 =
∑

n

A
(n)
μ,4fμ,4 n(y) (4.28)

On the circle both, Aμ and A4 components have zero-modes. The former is a vector, whereas
the latter is a scalar. On the interval it is possible to get rid of the A4 zero mode using the
parities. Note that for the term Fμ4 to have a well defined parity we have two choices:

1. Aμ is even - it has a zero mode identified with the SM gauge boson, and A4 is therefore
odd and does not have zero mode.

2. Aμ is odd so that A4 is even and has a zero mode.

Hence we obtain the following KK decomposition for the gauge field with even Aμ component
on the S1/Z2

fμ 0 =
1

2πR
flat profile

fμ n(y) =
1√
πR

cos
ny

R
(4.29)

f4 n(y) =
1√
πR

sin
ny

R

(4.30)

Where the modes are normalized over −πR ≤ y ≤ +πR, even though the physical domain is

0 ≤ y ≤ πR. It can be shown (17) that A
(n�0)
μ “eats“ A

(n)
4 to form a massive spin-1 gauge boson

from the following mass terms:

F 2
μ4 � ∂μA4∂4A

μ ∼
∑

n

A(n)
μ ∂4A

(n)
4 ∂yfμ n(y) (4.31)
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4.2.5 Couplings of gauge modes

In this paragraph we show the very important property of the gauge couplings. Namely that
the 4D effective couplings of gauge zero modes to all the KK modes of matter fields are of the
same strength and given by g4 = g5√

2πR
. This universality of the zero-mode gauge couplings is

in fact guaranteed by 4D gauge invariance. We can show therefore explicitly that taking the
interaction lagrangian for the gauge bosons with fermions we get

∫
d4xdyΨ̄ΓM (∂M + g5AM )Ψ �

∑
n

ψ̄
(n)
L γψ

(n)
L ×

∫
dyf2

L n(y)

(
∂μ +A(0)

μ

g5√
2πR

)

=
∑

n

Ψ̄
(n)
L γμψ

(n)
L

(
∂μ +A(0)

μ

)
(4.32)

with
g4 =

g5√
2πR

(4.33)

The point is that the profile of the gauge zero-mode is flat so that the overlap integrals appearing
in the kinetic term for fermion mode and in the coupling to gauge zero-mode are identical.
However, the couplings of zero-mode fermions to gauge KK modes (coming from the overlap of
profiles) are non-universal, i.e., these couplings depend on the 5D fermion mass (17).
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4.3 Radiative corrections in extra dimensions

Radiative corrections are known to play an important role for precision measurements, but
are generally not expected to radically change the nature of high energy processes like production
and decays of new particles to be discovered. Note however that this is not true in the extra-
dimensional models as the radiative corrections are crucial for determining the decays of KK
excitations. This is because at tree level the KK masses are quantized and all momentum
preserving decays are exactly at threshold. Radiative corrections become therefore the dominant
effect in determining open decay channels.

In the previous section we have seen that the spectrum of the KK modes is degenerated,
as at each level (n) the mass of the heavy mode is set by the relation m2

n = n2

R2 . This mass
degeneracy will be lifted by the radiative corrections.

4.3.1 Methods for loop calculation

In the literature three main methods of calculating loop corrections in extra dimensions are
known: by the summation over winding modes making use of the Poisson summation formula
(65), by the summation over Kaluza Klein towers in the expansion of the 6D propagator (60)
and by using the mixed propagator method where the coordinates of the four infinite dimensions
are Fourier-transformed to momentum space while those of the compactified space are kept in
the configuration space (110). In this section we summarize briefly those main methods of
calculating radiative corrections to the masses in extra dimensions. All those techniques give
equivalent results but differ by small technical subtleties due to the choice of the regularization
scheme.

Summation over winding modes

The expansion of 5D and 6D propagators in the winding modes for all the types of fields,
scalar, vector and spinor were considered in (65). Following the author we show the main
features of this technique.

The 5D scalar propagator in euclidean infinite space is the solution of the equation

(p2 − ∂j∂j)G̃(p, y1 − y2) = δ(y1 − y2) (4.34)

where one uses mixed representation, the coordinates of the Minkowski space are in momentum
representation while the coordinate of the extra space are in the spatial representation. The
solution to this equation is of the form

G̃ =
e−p|y1−y2|

2p
(4.35)

Due to the translation invariance of the infinite line R the propagator G̃ depends only on |y1−y2|.
If one considers compactification on a circle by identifying points |y1 − y2| ∼ |y1 − y2 + 2nπR|
then the solution can be written as a sum of propagators restricted to the fundamental domain
of the orbifold y1, y2 ∈ [0, 2πR)

G̃circle(p, y1, y2) =
∞∑

n−∞
G̃(p, y1 − y2 + 2nπR) (4.36)
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It is instructive to study the separate contributions of each mode. For n � 0 the solution is
exponentially damped, therefore the integrals of momenta running in loop will be finite. For
n = 0 and y1 = y2 the function goes as p−1. Therefore one easily sees that the divergent
contributions are associated to the zero winding mode, i.e to short distances. The contributions
of other modes are finite. Therefore it is easy to separate the divergent contributions using the
formalism of winding modes.

Considering the winding mode expansion on an interval S1/Z2, due to identifications y ∼ −y
one can write the propagator as

G̃int
± =

∞∑
n=−∞

(
e−p|y1−y2+2nπR|

2p
± e−p|y1+y2+2nπR|

2p

)
(4.37)

where yi ∈ [0, πR) and ± depends on the field parity in the loop. This propagator depends on
|y1 +y2| due to the breaking of translation invariance. In the above equation we can see that the
propagator goes as p−1 for the following limits of the coordinates and windings: (yi → 0, n = 0)
and (yi → πR, n = −1). Then we expect divergences localized on the fixed points of the orbifold.
We can expect these terms because they do not break any symmetry of the theory.

For the six dimensional case the analysis is a little bit more involved but in what follows we
sketch the main steps. The solution to the equation

(p2 − ∂j∂j)G̃(p, �y1 − �y2) = δ(2)(�y1 − �y2) (4.38)

where p2 = pμp
μ is the 4D momentum and j = 1, 2 labels the extra dimensions, has the form

G̃(p, �y1 − �y2) =
1

2π
K0(p|�y1 − �y2|) (4.39)

where K0 is the K Bessel function of zeroth order. Then the propagator in the compact space,
in analogy to the 5D compactification, has the form

G̃t(p, �y1, �y2) =
∑

�w

K0(p|�y1 − �y2 + �w|)
2π

(4.40)

with |�y| the modulus of the vector measured with the flat metric of a torus and �w stands for the
defining identifications of points to obtain the compactified space.

6D Kaluza Klein expansion method

The Kaluza Klein expansion is the most widely used technique. It consists on decomposing
the 6D field into the 4D KK modes and summation over all the KK tower. The loops are
calculated using the usual 4D propagators for all the modes. The problem is that one needs
to know the effective 4D couplings of the KK excitations that run in the loop which will be an
important limitation to use this technique. The form of loop contributions on the real projective
plane will be exactly the same as for the winding modes expansion.

Mixed propagator method

The third method consists in using mixed propagators, where the coordinates of the four
infinite dimensions are Fourier-transformed to momentum space while those of the compactified
dimensions are kept in configuration space. This method is broadly used in finite temperature
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field theory calculations. One of its advantages is that one can easily separate the ultraviolet
divergent terms of the uncompactified theory from the nonlocal finite corrections arising from
windings around the compact dimensions (110). We show in details the form of the propagators
used in this method as well as the regularization procedure because all the radiative corrections
to the (2, 0) modes masses were calculated using this method.

5 dimensional propagators and regularization It was shown in (110) that the scalar
GS1

Φ , gauge GS1

αβ and fermion GS1

Ψ propagators on a S1 manifold for a field of mass m and in the
unitary gauge ξ = 1 can be written in a simple way:

GS1

Φ (χl, |y1 − y2|) = i cos χl(πR−|y1−y2|)
2χl sin(χlπR)

GS1

αβ (χl, |y1 − y2|) = (−gαβ)GS1

Φ (χl, |y1 − y2|)

GS1

Ψ (χl, |y1 − y2|) =
(
pμγ

μ + iγ5∂5 +m
)
GS1

Φ (χl, |y1 − y2|)

(4.41)

where χl =
√
k2 −m2 and k is the 4-D momentum k2 = kμkμ.

It was also noticed in (110) that writing the GS1

Φ propagator as

Ganaly
Φ (χl, |y1 − y2|) = GΦ (χl, |y1 − y2|) +Ganaly

Φ (χl, |y1 − y2|) (4.42)

where GΦ is the propagator on the uncompactified dimension and Ganaly
Φ is an analytical function

given by

GS1

Φ (χl, |y1 − y2|) =
eiχl|y1−y2| + e−iχl|y1−y2|

2χl(e−2πiχl − 1)
(4.43)

for large Euclidean momenta χE
l = i

√
k2

E + l2 � R−1 the Ganaly
Φ is exponentially damped:

e−χE
l |y1−y2| + eχE

l |y1−y2|

2χE
l (e2πχE

l − 1)

χE�R−1

−−−−−−→ 1

2χE
l e

χE
l

(2π−|y1−y2|) (4.44)

and thus the loop-integrals containing Ganaly
Φ are finite. The UV divergence occur only form the

GΦ. Moreover,

Ganaly
Φ → 0 for R → ∞ (4.45)

what is one would expect as in this limit as the heavy modes can not contribute. This is in
complete analogy to the (0, 0) mode contribution in the winding modes expansion method. The
contributions that are due to the compactification contain exponential cutoff factors that render
the corresponding integrals finite. The scale of this exponential cutoff is determined by the
compactification scale R. From the physical point of view, this is easy to understand as the
physics at distances much smaller than the radius R should not be sensible to the fact whether
the space is compactified or not.

Due to small real part of cot(χRπ) we can write the non-compactified limit R → ∞ as

cot(χlπR) = −i
(

1 +
2

e−2iπRχl − 1

)
and lim

R→∞
cot(χlπR) = −i (4.46)

The infinite part in the integrals will then come only from the 0-mode propagation. To regularize
the divergences that appear we will replace
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cot(χlπR) → −2i

e−2iπRχ − 1
= cot(χlπR) + i (4.47)
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4.4 Extra dimensional models

To finish this chapter we present the two extra-dimensional scenarios which are not in the
class of the UED models but which were the first models that incorporated the extra-dimensions
to high-energy physics in order to explain the gauge hierarchy problem.

4.4.1 Large extra dimensions

The large extra dimensions scenario of Arkani-Hamed, Dimopoulos and Dvali (ADD) (27)
was proposed as a potential solution to the hierarchy problem, i.e., the question of why the
(reduced) Planck scale, MP l � 1.22 · 1019 is so much larger than the weak scale ∼ 1 TeV.

The ADD scenario assumes a D = 4 +n dimensional spacetime, with n compactified spatial
dimensions. The weakness of gravity arises since it propagates in the higher-dimensional space.
The SM is assumed to be localized in a 4D subspace, a 3-brane, as can be found in certain
string constructions. Gravity is described by the Einstein-Hilbert action in D = 4+n spacetime
dimensions.

SD = −M2+n
D

2

∫
d4xdny

√−gR+

∫
d4x

√−gindLSM (4.48)

where x labels the ordinary four coordinates, y the n extra coordinates, g refers to the determi-
nant of the D-dimensional metric whose Ricci scalar is defined by R, and MD is the Planck scale
of the D-dimensional theory. The extra dimensions are assumed to be flat and compactified in
a volume Vn ADD propose that we (and all other SM particles!) live on an assumed to be rigid
4D hypersurface (sometimes called a wall or brane). On the other hand gravity is allowed to
propagate in a (4 + n) dimensional bulk which is,eg. an n-torus, Tn . Gauss law then tells us
that the Planck scale we measure in 4D, MP l , is related to the (4+n)-dimensional fundamental
scale M that appears in the higher dimensional general relativistic action, via the relation

M2
P l = VnM

n+2
∗ (4.49)

where Vn is the volume of the n-dimensional compactified space. M can be thought of as the
true Planck scale since it appears in the higher dimensional action which is assumed to describe
ordinary general relativity but extended to (4+n)-dimensions. The gravity law will be modified
by the extra-space. We can assume that the extra-space is a torus Tn all of whose radii are
equal to R with a volume Vn = (2πR)n. Then for r � R the extra dimensions are essentially
invisible and to all appearances the space looks to be 4D. Then we know that Fgrav ∼ 1

r2 thanks
to Newton.

In the opposite limit r � R the effects of being in a full (4 + n)-dimensional space will
become obvious; at such small distances we do not even realize that the extra dimensions are
compactified. One finds that now Fgrav ∼ 1

r2+n which implies clearly significant deviations from
conventional Newtonian gravity once r ∼ R. Therefore R cannot be very large. For n = 1 one
one obtains R ∼ 108 m, a scale of order the Earth-Moon distance over which we know Newton’s
law holds very well; thus n = 1 is excluded. n = 2 implies R ∼ 100 μm which is close to the
limit of current experimental searches for deviations from Newton’s law of gravity. If n is further
increased R becomes much too small to probe for direct deviations from the 1

r2 Newton’s law.
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Consistency of the model requires a stabilization mechanism for the radii of the extra di-
mensions. The fact that we need R � 1

MD
leads to a new hierarchy problem, the solution of

which might require imposing supersymmetry in the extra-dimensional bulk.
The searches of ADD type models have been performed in a number of experimental searches.

The visible effects are expected from the KK gravitons emissions as gravitons produced in the
final state would escape detection, giving rise to missing transverse energy. Notice that although
each KK graviton has a purely gravitational coupling, suppressed by M−1

P , one usually sums over
almost continuous spectrum of available gravitons in the inclusive processes which have much
larger cross sections. LEP results set limits MD >0.66 - 1.60 TeV (13), while hadron colliders,
where experimentally sensitive channels include the jet + MET (missing transverse energy) and
γ + MET final states, give the bounds MD > 0.94 - 1.94 TeV (CDF Tevatron) (72). The limits
from LHC (CMS) with 1 fb−1 of data give MD > 1.03 - 1.21 TeV (3).

Another limits can also be set by looking at the virtual graviton effects that can be formulated
in terms of dimension-8 operator proportional to a coefficient noted usually asMT T that is related
to MD in a model-dependent way. The bounds thus will be not generic. We can note that the
last update from ATLAS with 2 fb−1 of data set the highest lower limit MT T > 2.7 TeV (2)
(MT T > 2.8 from CMS 1 fb−1 dataset (56)).

4.4.2 Warped extra dimensions

Randall and Sundrum proposed another class of models, with only one extra dimension
compactified on an interval S1/Z2 with 0 ≤ y ≤ L (111). The main motivation for this model
was the possible solution of the hierarchy problem which was regarded as better as that provided
by the ADD scenario. The point y = 0 is referred as UV (Planck)-brane. The end-point y = L
in called IR (TeV)-brane and is the point where all the SM fields are localized in the original
model. The gravity lives in all the space. Solving the 5D Einstein’s equations (in presence of
negative vacuum energy in the bulk and fine-tuned vacuum energies on the branes) provides the
metric of the space to be

ds2 = e−2kygμνdx
μdxν − dy2 (4.50)

where k is the curvature of the space. This metric corresponds to a 5D AdS space. The factor
e−ky is called the ”warp” factor and determines how 4D scales change as a function of the position
in the extra dimension. In particular, this implies that energy scales for 4D fields localized at
the boundary at y = L are red-shifted by a factor e−kL with respect to those localized at y = 0.
A basic assumption of this model is that there are no large mass hierarchies present so that very
roughly we expect that k ∼ M	, the 5D fundamental or Planck scale. The low energy effective
Planck scale MP will be related to the fundamental gravity scale M	 by the relation

MP =
M3

	

k
(1 − 2e−2πkL) (4.51)

The warp factor e−πkL is assumed to be a very small quantity which implies that MP , M	 and
k have essentially comparable magnitudes following from the assumption that no hierarchies
exist. All dimensionfull parameters in the 5-dimensional action will have their mass scale set
by M	 ∼ MP ∼ k so that there is no fine-tuning. The warp factor however rescales them as
one moves about in the y direction so that, in particular, all masses will appear to be of order
the TeV scale on the SM brane. Note that if kL ∼ 11 (a small hierarchy) this exponential
suppression reduces a mass of order 1018 GeV to only 1 TeV. Thus the ratio of the weak scale
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mew to MP is explained through an exponential factor and no large ratios appear anywhere else
in the model.

As the gravity can propagate in the bulk, then the graviton will be decomposed in KK modes.
The zero-mode is localized on the UV-brane and its coupling to the SM particles is suppressed
by 1

M2
P

. The couplings of heavy KK gravitons with the IR-brane are however stronger and they

could be produced in collider experiments in Drell-Yann processes. LHC experiments already
constrain the mass of those modes to be at about TeV scale (57).

The simple RS model scenario has been extended in many ways to help with various model
building efforts. A few possibilities that have been considered are for example the extensions to
3 or more branes (89) or extensions to 6 or more dimensions (54).

Models in which the SM gauge bosons propagate in TeV−1 sized extra dimensions give
generically large corrections to electroweak observables. The warped models, where the 5D
gauge coupling is large, the bounds give mKK >∼ 10 TeV (77) or mKK >∼ 3 TeV if a custodial
symmetry is imposed (18).

The constraints on the RS type models are based on the searches of the decays of the lightest
RS graviton into SM states. In the original RS model, where only graviton propagates in the
bulk the current preliminary limits form LHC (2 fb−1 update of ATLAS) set the lower bound
on the graviton mass mgrav >1.95 TeV (2). For much more exhaustive list of collider bounds on
the extra-dimensional models we invite the reader to look at the PDG notes (72).
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Chapter 5

General presentation of the model

5.1 Real projective plane - orbifold construction

In this section we first present the construction of the two-dimensional orbifold RP 2 and then
we summarize the Kaluza-Klein decomposition of quantum fields defined on the six-dimensional
background M4 × RP 2. We follow the work (51) where the model was introduced for the first
time.

We will consider a quantum field theory defined on the d dimensional flat manifold which
is chosen to be the direct product of the standard 4-dimensional Minkowski spacetime M4

and the (d − 4) -dimensional orbifold. Our aim is to consider orbifolds without fixed points.
The fixed points are not dangerous by themselves, however, as in general they break the d-
dimensional Lorentz invariance down to the 4-dimensional one, the predictivity of the theory
defined on an orbifold with fixed points will be limited. This limitation arises from the fact that
the divergences appearing when calculating loop corrections require counter-terms localized on
these points. Furthermore, any symmetry associated with the geometry of the space, including
the eventual KK-parity, will be broken by generic localized terms unless one imposes some ad hoc
symmetry conditions relating the singularities. As the extra dimensional theories are appealing
mainly because they provide a stable dark matter candidate we want the symmetry preserving
the stability of the dark matter particle to be an inherent property of the space.

The other face of the coin is that the requirement of spaces having an exact KK parity is a
very effective selection rule on the number of viable compact spaces. As it was pointed out in
(51) there is a unique 2-dimensional orbifold, among the 17 non-equivalent orbifolds that can
be defined on a 2-dimensional euclidean plane, that has no fixed points and such that massless
chiral fermionic fields can be defined on it: the real projective plane.

5.1.1 Basic definitions

The real projective plane is a compact, non-orientable orbifold of Euler characteristic 1
without boundaries. Among all possible descriptions of the real projective plane that are topo-
logically equivalent spaces, we choose the case of the flat metric. The spherical projective plane
has been considered in (68), and it leads to a completely different phenomenology.

In our case the projective plane is described as a quotient space of a plane R2 modulo a
discrete symmetry group Γ 1

1. Recall that the structure of the group is entirely defined by the relations among the generators. The
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Γ = 〈r, g|r2 = (g2 ∗ r)2 = I〉 (5.1)

where r is the rotation of π around the origin of the coordinate system, and g is a glide-reflection.

r :

{
y4 ∼ r[y4] = −y4

y5 ∼ r[y5] = −y5
g :

{
y4 ∼ g[y4] = y4 + πR4

y5 ∼ g[y5] = −y5 + πR5
(5.2)

One can imagine the fundamental domain of the real projective plane, obtained by applying the
above identifications of points of R2, as a rectangle with sides of the length πR4 and πR5 and
opposite boundaries identified in opposite directions as it was shown in the figure 4.3.

The corners of the rectangle are special points corresponding to conical singularities of the
space where localized counter-terms emerge: in the fundamental space there are only two such
points as facing corners are identified by the glide and therefore are identical points as shown in
figure 5.1.

0 Π R 2 Π R y4

Π R

2 Π R

y5

�ΠR,ΠR�

�ΠR�2,ΠR�2�

Figure 5.1: Fundamental domain of the real projective plane R2/pgg (within black dashed lines). The identified
pairs of singular points are marked by red and green dots. The center of the square (black dot) is the pKK parity
center.

Other symmetries of the plane that are combinations of g and r include two translations
denoted as t4, t5 and another glide g′ = gr which is a product of a π-rotation r and the first
glide g

g′ = g ∗ r :

{
y4 ∼ gr[y4] = −y4 + πR4

y5 ∼ gr[y5] = y5 + πR5
(5.3)

The translation symmetries that arise as combinations of g and r as:

t4 = g2 :

{
y4 ∼ t4[y4] = y4 + 2πR4

y5 ∼ t4[y5] = y5
t5 = (g ∗ r)2 :

{
y4 ∼ t5[y4] = y4

y5 ∼ t5[y5] = y5 + 2πR5

(5.4)
It is easy to see that this orbifold has no fixed points nor fixed lines. The opposite corners of
the rectangle are identified by the glide: (0, 0) ∼ (πR4, πR5) and (0, πR5) ∼ (πR4, 0).

particular representation of the generators, in terms of isometries acting on the plane is not necessary but helps
in visualization.
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(0, 0)
r−→ (0, 0)

g−→ (πR4, πR5) (5.5)

(0, πR5)
[r,t4]−−−→ (0, πR5)

[g,−t4]−−−−→ (πR4, 0) (5.6)

The fundamental space is invariant under a π rotation around the center of the fundamental
domain (πR4

2 , πR5
2 ), this symmetry maps the rectangle onto itself, including singular points and

boundaries. In terms of the coordinates it can be written as

r′ :

{
y4 → r′(y4) = −y4 + πR4

y5 → r′(y5) = −y5 + πR5
. (5.7)

As this symmetry changes sign to both coordinates, the components of 6-dimensional fermions
with opposite chiralities will necessarily pick up opposite parity, therefore, this symmetry cannot
be used as a parity defined on the KK fields. However, one can define an equivalent symmetry
by combining it with the rotation in the orbifold symmetry group:

pKK = r′ ∗ r :

{
y4 ∼ y4 + πR4

y5 ∼ y5 + πR5
(5.8)

It can be easily seen that all KK modes in the tier (k, l) will pick up the same phase (−1)k+l

under the symmetry pKK . Thus this is a perfect example of KK parity: states with k + l odd
will not be able to decay into SM states and the lightest one, belonging to the (1, 0) tier will be
exactly stable.

If we assume that the lagrangians localized on the two singular points are identical then the
fundamental domain also invariant under a mirror symmetry with respect to the axis y4 = πR4

2
which transforms the coordinates as

m4 :

{
y4 → m4(y4) = −y4 + πR4

y5 → m4(y5) = y5
. (5.9)

We can then define another KK parity by combining m4 with the glide-rotation g′:

p′
KK = m4 ∗ g′ :

{
y4 ∼ y4 + πR4

y5 ∼ y5
(5.10)

This is a good parity because all states in the tier (k, l) will pick up the same phase (−1)l.
If this parity were conserved, then transitions like (0, 1) → (1, 0) or (1, 1) → (0, 0) would be
forbidden. p′

KK is also a relic of the Lorentz invariance in 6D as it is the case for pKK . This
means that processes that violates p′

KK can not be mediated by bulk loops, and only by the
localized lagrangians.The main difference between the two KK parities is that the p′

KK can be
broken by the UV completion on the boundaries. Thus we will not consider this parity as a
fundamental symmetry of the orbifolds and we will assume it to be broken (51).

5.1.2 Localized terms on the RP 2 and the KK parity

As we have seen, on the RP 2 orbifold there are two pairs of identified points that form two
conical singularities with the deficit angle π but where the metric is still finite. In general the
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localized counterterm can be added on those singular points. Nevertheless, the KK parity is still
preserved without any further assumptions. As the problem of localized operators is related to
the fact that the fixed points of an orbifold are unrelated, on the RP 2 the localized terms are
identified by pairs as

O [0, 0] ≡ O [πR4, πR5]
O [πR4, 0] ≡ O [0, πR5]

(5.11)

What is important to notice is that this symmetry is an intrinsic property of the orbifold and is
not a consequence of an ad-hoc symmetry of the UV completion of the theory as it happens in
other orbifolds, like a chiral square (47).

The KK states (k, l) of the quantum fields when transformed by the KK symmetry pKK pick
a phase (−1)k+l. Therefore the (1, 0) and (0, 1) states will be the lightest tiers of odd particles
and thus will provide a stable dark matter candidate. The next heavier tiers (1, 1) and (2, 0)
will decay into Standard Model particles via localized interactions. This fact is well known in
supersymmetry for example, where an analogue of KK parity is the R parity, and implies that
the interactions between the KK states must be invariant under pKK .

Although, if p′
KK is not broken there are several important consequences. The two states

(1, 0) and (0, 1) would have different parities and there would be two independent dark matter
candidates. The (1, 1) state would be odd and stable under this symmetry as well.
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5.2 Quantum Fields on the real projective plane

So we construct the space-time M4×RP 2 with the flat metric gMN = diag(1,−1,−1,−1,−1,−1)
with no fixed points. KK parity preserving the stability of the dark matter particle will be au-
tomatically preserved as it was shown in (51). In what follows we denote xμ the coordinates of
M4 with μ ∈ {0, 1, 2, 3} and yα the coordinates on the orbifold α ∈ {4, 5}. When needed we
note a vector �y = (y4, y5). The capital letters of the alphabet run over all the coordinates of the
six-dimensional space, M,N ∈ {0, 1, 2, 3, 4, 5}.

To simplify the notation we set R4 = R5 = 1. We introduce the fields defined in six
dimensions: a scalar field Φ(xμ, yα), a gauge field AM (xμ, yα) and a spinor Ψ(xμ, yα). For every
transformation of the space, namely the rotation r and the glide g in our case, corresponds a
transformation in the quantum field space.

X(r(yα)) = prRX(yα) and X(g(yα)) → pgGX(yα) , (5.12)

where R and G are the transformation operators in the adequate spin representation and X
stands for any quantum field X ∈ {Φ,Ψ, A}. We require the six-dimensional action to be
invariant under these transformations. As it can easily be shown (see (104) for the scalar case,
and (51) for fermions and gauge bosons), the possible parities of the fields under the rotation
and glide-reflection are (pr, pg) = (±,±) respectively. Thus every field will be characterized by
a pair (pr, pg). The general important point is that the real projective plane has no boundaries.
Therefore the variation of the action that leads to equations of motion for any quantum field
defined on this orbifold will contain only the volume integral (assuming that the variation of
fields for xμ → ∞ is zero) and we do not have any boundary conditions to impose on the fields,
which simplifies a lot following the calculations of loop corrections. We can thus decompose
each field in KK modes as on the torus, where the wave functions are combinations of sine and
cosine functions of the extra coordinates, and then impose the orbifold projection on each field.

5.2.1 Scalar field

The 6D action of the a complex scalar field Φ(xμ, yα) of mass MΦ coupled to a SU(N) gauge
boson AM in representation r is written as

S6D
Φ =

∫
d4xμ

∫ 2π

0
dy4dy5

[
DM Φ†DM Φ −M2

ΦΦ†Φ
]

(5.13)

with DM = ∂M − igAa
M tar the covariant derivative. The field is decomposed into Kaluza-Klein

states labeled by a pair of non-negative numbers 2 (k, l), k, l ≥ 0

Φ(xμ, yα) =
∑

k,l≥0

φ(k,l)(xμ)fk,l(y
α) (5.14)

Solving the equation of motion obtained by requirement δS = 0 one finds the mass spectrum of
the Kaluza-Klein tower associated to the complex scalar field Φ(xμ, yα) at tree level :

2. In general the sum over KK states should run over the full range −∞ < k, l < +∞. One can refer to (104)
to see that the transformation properties of the functions fk,l(y

α) ∼ exp (2πi(ky4 + ly5)) allows us to restrict the
labels k, l to non-negative numbers only.
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(
−∂2

4 − ∂2
5 +M2

Φ

)
fk,l(y

α) = M2
k,lfk,l(y

α) =
(
m2

k,l +M2
Φ

)
fk,l(y

α) (5.15)

with

m2
k,l = k2 + l2 (5.16)

The basis functions fkl(y
α) are labeled by a pair of non-negative numbers (k, l), k, l ≥ 0. As the

functions fk,l are found by solving the above equation and then imposing the parities (pr, pg),
thus there are four possible solutions with different parities (51):

Φ(++)(xμ, yα) = 1
2πφ

(0,0)(xμ) + 1√
2π

∑∞
k=1

[
cos(2ky4) φ(2k,0)(xμ) + cos(2ky5) φ(0,2k)(xμ)

]

+ 1
π

∑
k,l>0

[
cos(ky4) cos(ly5) φ

(k,l)
k+l=2m(xμ) + sin(ky4) sin(ly5) φ

(k,l)
k+l=2m+1(xμ)

]
(5.17)

Φ
(+,−)
μ (xμ, yα) = 1√

2π

∑∞
k=1

[
cos((2k − 1)y4)φ

(2k−1,0)
μ + cos((2k − 1)y5)φ

(0,2k−1)
μ

]

+ 1
π

∑∞
k,l=1

[
sin(ky4) sin(ly5)φ

(k,l)
μ (k+l=2m) + cos(ky4) cos(ly5)φ

(k,l)
μ (k+l=2m+1)

]
(5.18)

Φ
(−,+)
μ (xμ, yα) = 1√

2π

∑∞
k=1

[
sin(2ky4)φ

(2k,0)
μ + sin((2k − 1)y5)φ

(0,2k−1)
μ

]

+ 1
π

∑∞
k,l=1

[
sin(ky4) cos(ly5)φ

(k,l)
μ (k+l=2m) + cos(ky4) sin(ly5)φ

(k,l)
μ (k+l=2m+1)

]
(5.19)

Φ
(−,−)
μ (xμ, yα) = 1√

2π

∑∞
k=1

[
sin((2k − 1)y4)φ

(2k−1,0)
μ + sin(2ky5)φ

(0,2k)
μ

]

+ 1
π

∑∞
k,l=1

[
cos(ky4) sin(ly5)φ

(k,l)
μ (k+l=2m) + sin(ky4) cos(ly5)φ

(k,l)
μ (k+l=2m+1)

]
(5.20)

At tree level the masses of the modes φ(k,l) are given by the usual relation

m2
kl = M2

Φ + k2 + l2 (5.21)

where MΦ is identified with the Standard Model mass of the particle. The only case with a zero
mode is (+,+), therefore a model with bulk higgs must have such a parity in order to include
a higgs boson in the zero mode spectrum.

5.2.2 Gauge field

We introduce a gauge field AM (xμ, yα) = {Aμ(xμ, yα), Aα(xμ, yα)} corresponding to a non-
Abelian gauge group SU(N). The 6D action for this fields reads
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S6D
gauge =

∫
d4xμ

∫ 2π

0
dy4dy5

[
−1

4
F a

MNF
a MN − 1

2ξ
(∂μA

a μ − ξ(∂4A
a
4 + ∂5A

a
5))2

]
(5.22)

where F a
MN = ∂MAa

N − ∂NA
a
M + gfabcAb

MAb
N is a field strength and the second term under

the integral, the gauge fixing term, is introduced in order to remove the mixings between the
components Aμ and A4,5.

The equations of motion lead to the solutions for Aμ(xμ, yα) of the same form as for the
scalar case if we decompose the Aμ(xμ, yα) field as

Aμ(xμ, yα) =
∑

k,l≥0

Ã(k,l)
μ (xμ)fk,l(y

α) (5.23)

Then, the equation of motion for the vector component Aμ(xν , y4, y5) will take the following
form:

− ∂μFμν − 1

ξ
∂ν∂

μAμ + (∂2
4 + ∂2

5)Aν = 0 (5.24)

The general solution of the above equation is a linear combination of double products sines
and cosines as for the scalar case. At this point we have to impose the parities (pg, pr) on the
field Aμ(xν , y4, y5). For the four possible choices of parities of the 4D-vector component Aμ:
(pg, pr) = (+,+), (+,−), (−,+), (−,−), the solutions will have exactly the same form as for
the scalar field Φ given in equations 5.17-5.20.

Scalar components A4 and A5 Now we turn to the scalar components A4 and A5. As it
was in the 5D case, the massive vector modes will get the longitudinal polarization by eating the
tower of states constructed as a linear combination of A4 and A5. The second linear combination
will correspond to a physical scalar states (52).

The parities of the scalar components A4 and A5 are determined by the fact that they are
parts of a 6D vector field AM which has to transform under the defining parities of the real
projective plane as

AM (xμ, g[(y4, y5)]) =

⎧⎪⎨
⎪⎩

pgAμ(xμ, y4, y5)
pgA4(xμ, y4, y5)

−pgA5(xμ, y4, y5)
AM (xμ, r[(y4, y5)]) =

⎧⎪⎨
⎪⎩

prAμ(xμ, y4, y5)
−prA4(xμ, y4, y5)
−prA5(xμ, y4, y5)

(5.25)
Thus, for a gauge fields AM once we assigns parities for the vector component Aμ as (pg, pr) the
parities of A4 and A5 are determined to be (pg,−pr) and (−pg,−pr) respectively.

The equations of motion for A4 and A5 fields are non-diagonal:{
−∂2

μA4 + ξ∂4(∂4A4 + ∂5A5) + ∂5(∂5A4 − ∂4A5) = 0

−∂2
μA5 + ξ∂5(∂4A4 + ∂5A5) − ∂4(∂5A4 − ∂4A5) = 0

(5.26)

We can consider several gauge choices.
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Feynman-’t Hooft gauge ξ = 1: In the Feynman-’t Hooft gauge, with ξ = 1, the equations
of motion for A4 and A5 decouple giving

(∂2
4 + ∂2

5 − ∂2
μ)A4/5 = 0 (5.27)

Thus, the two scalar components are independent and we can proceed as in the scalar case. The
wave-functions fn(y4, y5) and masses mn will be the same as for the real scalar field given by
equations 5.17-5.20 and 5.16.

Unitary gauge ξ → ∞: In the unitary gauge ξ → ∞ we must have

∂4A4 + ∂5A5 = 0 (5.28)

The two fields are not independent and we can expand them on the same basis of 4D fields A
(k,l)
0

A4/5(xμ, yα) =
∞∑

k,l=0

f
4/5
k,l (yα)A

(k,l)
0 (xμ) with ∂4f

4
k,l + ∂5f

5
k,l = 0 (5.29)

Plugging the above relation into the equation of motion 5.26 one finds that the two functions
f4 and f5 respect the equation of motion of the scalar field

(∂2
μ − ∂2

4 − ∂2
5)f

4/5
k,l = 0 (5.30)

Therefore the spectra of f
4/5
k,l are again the same as for a scalar field but with the additional

condition eq. 5.29. In the following tables 5.1 - 5.4 we summarize the normalized wave-functions
in the unitary gauge for the components of a 6D gauge field AM (51).

(k, l) A
(+,+)
μ A

(−,+)
4 A

(−,−)
5

(0, 0) 1
2π

(0, 2l) 1√
2π2

cos 2ly5

(0, 2l − 1) 1√
2π2

sin(2l − 1)y5

(2k, 0) 1√
2π2

cos 2ky4

(2k − 1, 0) 1√
2π2

sin(2k − 1)y4

(k, l)k+l even
1
π cos ky4 cos ly5

l
π

√
k2+l2

sin ky4 cos ly5 − k
π

√
k2+l2

cos ky4 sin ly5

(k, l)k+l odd
1
π sin ky4 sin ly5

l
π

√
k2+l2

cos ky4 sin ly5 − k
π

√
k2+l2

sin ky4 cos ly5

Table 5.1: Normalized wave functions for a (+, +) gauge boson in unitary gauge
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(k, l) A
(+,−)
μ A

(−,−)
4 A

(−,+)
5

(0, 0)

(0, 2l) 1√
2π2

sin 2ly5

(0, 2l − 1) 1√
2π2

cos(2l − 1)y5

(2k, 0) 1√
2π2

sin 2ky4

(2k − 1, 0) 1√
2π2

cos(2k − 1)y4

(k, l)k+l even
1
π sin ky4 sin ly5

l
π

√
k2+l2

cos ky4 sin ly5 − k
π

√
k2+l2

sin ky4 cos ly5

(k, l)k+l odd
1
π cos ky4 cos ly5

l
π

√
k2+l2

sin ky4 cos ly5 − k
π

√
k2+l2

cos ky4 sin ly5

Table 5.2: Normalized wave functions for a (+, −) gauge boson in unitary gauge

(k, l) A
(−,+)
μ A

(+,+)
4 A

(+,−)
5

(0, 0) 1
2π

(0, 2l) 1√
2π2

cos 2ly5

(0, 2l − 1) 1√
2π2

sin(2l − 1)y5

(2k, 0) 1√
2π2

sin 2ky4

(2k − 1, 0) 1√
2π2

cos(2k − 1)y4

(k, l)k+l even
1
π sin ky4 cos ly5

l
π

√
k2+l2

cos ky4 cos ly5 − k
π

√
k2+l2

sin ky4 sin ly5

(k, l)k+l odd
1
π cos ky4 sin ly5

l
π

√
k2+l2

sin ky4 sin ly5 − k
π

√
k2+l2

cos ky4 cos ly5

Table 5.3: Normalized wave functions for a (−, +) gauge boson in unitary gauge

Generic ξ gauge: It was also shown in (52) that in order to compute the radiative corrections
to the three-point functions one needs to consider a generic ξ gauge. In this case the A4(xM )
and A5(xM ) are not the eigenstates of the bilinear term

LA4,A5 =

∫
dx4dx5 1

2
(A4, A5)

(
−∂2

μ + ξ∂2
4 + ∂2

5 (ξ − 1)∂4∂5

(ξ − 1)∂4∂5 −∂2
μ + ∂2

4 + ξ∂2
5

)
·
(
A4

A5

)
(5.31)

One has first expand the A4(xM ) and A5(xM ) fields into KK modes and then diagonalize the

kinetic part of lagrangian term by term. The eigenstates one finds in this case, A
(k,l)
π and A

(k,l)
φ ,

are related to the A4/5 fields by the following relations

A
(k,l)
4 =

l

mkl
A

(k,l)
φ +

k

mkl
A(k,l)

π (5.32)
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(k, l) A
(−,−)
μ A

(+,−)
4 A

(+,+)
5

(0, 0) 1
2π

(0, 2l) 1√
2π2

sin 2ly5

(0, 2l − 1) 1√
2π2

cos(2l − 1)y5

(2k, 0) 1√
2π2

cos 2ky4

(2k − 1, 0) 1√
2π2

sin(2k − 1)y4

(k, l)k+l even
1
π cos ky4 sin ly5

l
π

√
k2+l2

sin ky4 sin ly5 − k
π

√
k2+l2

cos ky4 cos ly5

(k, l)k+l odd
1
π sin ky4 cos ly5

l
π

√
k2+l2

cos ky4 cos ly5 − k
π

√
k2+l2

sin ky4 sin ly5

Table 5.4: Normalized wave functions for a (−, −) gauge boson in unitary gauge

A
(k,l)
5 =

k

mkl
A

(k,l)
φ +

l

mkl
A(k,l)

π (5.33)

The A
(k,l)
π field correspond to the Goldstone boson with the ξ-dependent mass mk,l

π 2 = ξm2
k,l

which will be eaten in the unitary gauge by the massive gauge boson. The A
(k,l)
φ field in turn is

the new physical degree of freedom. If we consider a (+,+) gauge boson AM then, for (k, 0) and
(0, k) modes, the physical scalar is present only for k odd and no vector state is allowed. For
k even the Goldstone and the vector fields are present. For the (0, 0) mode, only the massless
vector part is allowed.

5.2.3 Spinorial field

Clifford Algebra in 6 dimensions

In six dimensions the simplest representation of the Clifford algebra {γM , γN } = 2ηMN with
ηMN = diag(1,−1, . . . ,−1) are 8 × 8 gamma matrices ΓM . In the Weyl representation they can
be written as

Γμ = γμ ⊗ σ0, Γ4 = iγ5 ⊗ σ1, Γ5 = iγ5 ⊗ σ2 (5.34)

with γμ, γ5 the standard 4 × 4 Dirac matrices that we chose in Weyl basis, and σμ the Pauli
2 × 2 matrices. We also define the 6D chirality operators P± as

P± =
1

2
(1 + Γ6) with Γ6 = −γ5 ⊗ σ3 (5.35)

and the 4D chirality operators are given by

PR/L =
1

2
(1 ± γ5) ⊗ σ0 (5.36)
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A spinorial field is then written as Ψ6D(xμ, yα) = (χ+, η̄−, χ−, η̄+) where χ±, η̄± are two-
component Weyl spinors, left-handed and right-handed respectively. The ± indices label the
eigenstates of chirality operators in six dimensions P±:

P+Ψ6D =

⎛
⎜⎜⎜⎝
χ+

0
0
η̄+

⎞
⎟⎟⎟⎠ P−Ψ6D =

⎛
⎜⎜⎜⎝

0
η̄−
χ−
0

⎞
⎟⎟⎟⎠ (5.37)

PRΨ6D =

⎛
⎜⎜⎜⎝

0
η̄−
0
η̄+

⎞
⎟⎟⎟⎠ PLΨ6D =

⎛
⎜⎜⎜⎝
χ+

0
χ−
0

⎞
⎟⎟⎟⎠ (5.38)

6D action for fermion Ψ6D and KK decomposition
As we have seen in 4.2, the 4D chirality of the fundamental mode is not an evident problem

on the orbifolds. On the real projective plane the left- and right- handedness is ensured by the
rotation parity (51). Starting from the standard action for a free fermionic field Ψ6D as follows:

S =
∫
d4xdy4dy5 iΨ̄

6DΓα∂αΨ6D

=
∫
d4xdy4dy5iχ̄±σ̄μ∂μχ± + iη±σμ∂μη̄± + χ̄±(∂4 ∓ i∂5)η̄± − η±(∂4 ± i∂5)χ±

(5.39)

we find the equations of motion for the Weyl components

iσ̄μ∂μχ± + (∂4 ∓ ∂5)η̄± = 0

iσμ∂μη̄± − (∂4 ± ∂5)χ± = 0
(5.40)

As usual we decompose the fields into the KK towers

Ψ6D(xM ) =

⎛
⎜⎜⎜⎝
χ+

η̄−
χ−
η̄+

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

χ+ =
∑

k,l f
1
k,l(y4, y5)χ(k,l)(xμ)

η̄− =
∑

k,l f
2
k,l(y4, y5)η̄(k,l)(xμ)

χ− =
∑

k,l f
3
k,l(y4, y5)χ(k,l)(xμ)

η̄+ =
∑

k,l f
4
k,l(y4, y5)η̄(k,l)(xμ)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(5.41)

The 4D Dirac fermion at each KK level will be formed by the two components of the 6D fermion
as:

Ψ4D
(k,l) ∼

(
χ(k,l)

η̄(k,l)

)
(5.42)

Inserting this decomposition into the equation 5.40 we get

{
i σ̄μ∂μχ−mklη̄ = 0

i σμ∂μη̄ −mklχ = 0

⎧⎨
⎩

(∂4 ∓ i∂5)f
1/2
k,l = −mklf

4/3
k,l

(∂4 ± i∂5)f
4/3
k,l = mklf

1/2
k,l

(5.43)

In order to define chiral zero modes we need to have a possibility of imposing such a parities
(pg, pr) to achieve
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Ψ
4D (0,0)
L ∼

(
χ(0,0)

0

)
Ψ

4D (0,0)
R ∼

(
0

η̄(0,0)

)
(5.44)

Chiralities of zero modes
At this stage we have to impose the parities under the glide and rotation to the fields χ and

η. We can easily see that the requirement of the invariance of the 6D lagrangian 5.39 under the
glide and rotation gives the conditions on the transformations of χ and η. The glide changes
the sign of y5, therefore looking at the terms with ∂5 we deduce that the spinor Ψ6D should
transform as follows:

L6D[Ψ6D(g[xM ])] ≡ L6D[Ψ6D(xM )]
⇓

Ψ6D(g[xM ]) = ΓgΨ6D(xM )
(5.45)

where the transformation matrix Γg is given by

Γg = pgΓ5Γ6 = pg

(
0 1
1 0

)
(5.46)

The Γg simply exchanges the ± components:

ΓgΨ6D = pg

⎛
⎜⎜⎜⎝
χ−
η̄+

χ+

η̄−

⎞
⎟⎟⎟⎠ (5.47)

As the right- and left-handed components of the 6D fermion transform equivalently under the
glide transformation we can not define chiral zero modes by modding out one of the component.
The rotation transformation changes the sign of both components x4/5, therefore the invariance
of the lagrangian will require that

L6D[Ψ6D(r[xM ])] ≡ L6D[Ψ6D(xM )]
⇓

Ψ6D(r[xM ]) = prΓrΨ6D(xM )
(5.48)

where the transformation matrix Γr is given by

Γr = iΓ4Γ5Γ6 =

(
−γ5 0

0 −γ5

)
(5.49)

which in terms of Weyl component means that η̄ and χ have opposite sign under the rotation
transformation:

ΓrΨ6D =

⎛
⎜⎜⎜⎝

χ+

−η̄−
χ−

−η̄+

⎞
⎟⎟⎟⎠ (5.50)

This property allows us to define chiral modes. If we chose pr = +1 the corresponding zero
mode will be left-handed. pr = −1 corresponds to the right-handed zero mode. This intrinsic
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geometrical property makes of the real projective plane a unique 2-dimensional non-orientable
orbifold without fixed points which the chiral zero KK modes can be defined on.

Solutions of the equations of motion

The solutions of the equations of motion eq. 5.40 f1,2,3,4 are found by imposing the parities
(pg, pr). The exact form of solutions were found in (51). The general form of the solution has
the usual form of products of sines and cosines

f
(k,l)
R/L± ∼ A1 sin(ky4) sin(ly5) +A2 sin(ky4) cos(ly5)

+ A3 cos(ky4) sin(ly5) +A4 cos(ky4) cos(ly5) (5.51)

After imposing the parities (pg, pr) one finds the exact form of Ψ
(k,l)
(+pg) with the parity pr = +1,

corresponding to the left-handed zero mode and of Ψ
(k,l)
(−pg) with the parity pr = −1 corresponding

to the right-handed zero mode. Following (51) the solutions normalized in such a way that
m(k,l) =

√
k2 + l2 ∈ R are

Ψ
(0,0)
(+pg) =

⎛
⎜⎜⎜⎜⎜⎝

1√
2π
χ

(0,0)
4

0

1√
2π
χ

(0,0)
4

0

⎞
⎟⎟⎟⎟⎟⎠ Ψ

(0,0)
(−pg) =

⎛
⎜⎜⎜⎜⎜⎝

0

1√
2π
η̄

(0,0)
4

0

1√
2π
η̄

(0,0)
4

⎞
⎟⎟⎟⎟⎟⎠

Ψ
(0,l)
(+pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
2π cos(ly5) χ

(0,l)
4

pg
i(−1)l

2π sin(ly5) η̄
(0,l)
4

pg
(−1)l

2π cos(ly5) χ
(0,l)
4

−i
2π sin(ly5) η̄

(0,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

Ψ
(0,l)
(−pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

−i
2π sin(ly5) χ

(0,l)
4

pg
(−1)l

2π cos(ly5) η̄
(0,l)
4

pg
i(−1)l

2π sin(ly5) χ
(0,l)
4

1
2π cos(ly5) η̄

(0,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

Ψ
(k,0)
(+pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
2π cos(ky4) χ

(k,0)
4

−pg
i(−1)k

2π sin(ky4) η̄
(k,0)
4

pg
(−1)k

2π cos(ky4) χ
(k,0)
4

−1
2π sin(ky4) η̄

(k,0)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

Ψ
(k,0)
(−pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

−i
2π sin(ly4) χ

(0,l)
4

pg
(−1)l

2π cos(ly4) η̄
(0,l)
4

pg
i(−1)l

2π sin(ly4) χ
(0,l)
4

1
2π cos(ly4) η̄

(0,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠
(5.52)

Ψ
(k,l)
(+pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

(a+ cos(ky4) cos(ly5) + b+ sin(ky4) sin(ly5)) χ
(k,l)
4

pg(−1)k+l (c+ sin(ky4) cos(ly5) − d+ cos(ky4) sin(ly5)) η̄
(k,l)
4

pg(−1)k+l (a+ cos(ky4) cos(ly5) − b+ sin(ky4) sin(ly5)) χ
(k,l)
4

(c+ sin(ky4) cos(ly5) + d+ cos(ky4) sin(ly5)) η̄
(k,0)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

(5.53)
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Ψ
(k,l)
(−pg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

(a− sin(ky4) cos(ly5) + b− cos(ky4) sin(ly5)) χ
(k,l)
4

pg(−1)k+l (c− cos(ky4) cos(ly5) − d− sin(ky4) sin(ly5)) η̄
(k,l)
4

pg(−1)k+l (a− sin(ky4) cos(ly5) − b− cos(ky4) sin(ly5)) χ
(k,l)
4

(c− cos(ky4) cos(ly5) + d− sin(ky4) sin(ly5)) η̄
(k,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

(5.54)

where the normalization constants are defined as:

a+ = cos α√
2π

c+ = −k cos α− il sin α√
2π
√

(k2 + l2)
(5.55)

b+ = sin α√
2π

d+ =
k sin α− il cos α√

2π
√

(k2 + l2)
(5.56)

a− = k cos α+il sin α√
2π

√
(k2+l2)

c− =
cos α√

2π
(5.57)

b− = −k sin(α+il cos α√
2π

√
(k2+l2)

d− =
sin α√

2π
(5.58)

For a state with both k, l � 0 there are two degenerate solutions at each level (k, l) corresponding
to the angles α = θ et α = θ + π/2 where θ is a mixing angle between the two modes. Any
physical result should be independent on θ so one can keep it as free parameter. The explicit
form for the fields with (pr, pg) = (+, pg) while we set θ = 0

Ψ
(k,l)
a(+pg) =

1√
2π

⎛
⎜⎜⎜⎜⎜⎜⎝

(cos ky4 cos ly5) χ
(k,l)
4

pg(−)k+l
(
− k√

k2+l2
sin ky4 cos ly5 + il√

k2+l2
cos ky4 sin ly5

)
η̄

(k,l)
4

pg(−1)k+l (cos ky4 cos ly5) χ
(k,l)
4(

− k
k2+l2

sin ky4 cos ly5 − il√
k2+l2

cos ky4 sin ly5

)
η̄

(k,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠
(5.59)

Ψ
(k,l)
b(+pg) =

1√
2π

⎛
⎜⎜⎜⎜⎜⎜⎝

(sin ky4 sin ly5) χ
(k,l)
4

pg(−)k+l
(

il√
k2+l2

sin ky4 cos ly5 − k√
k2+l2

cos ky4 sin ly5

)
η̄

(k,l)
4

pg(−1)k+l+1 (sin ky4 sin ly5) χ
(k,l)
4(

il
k2+l2

sin ky4 cos ly5 + k√
k2+l2

cos ky4 sin ly5

)
η̄

(k,l)
4

⎞
⎟⎟⎟⎟⎟⎟⎠

(5.60)

Summarizing, for each fermion in the SM we need to introduce two six-dimensional spinors
Ψ6D

(+pg) and Ψ6D
(−pg) whose zero KK modes will corresponds to the left and right components of the

well known 4D-spinors. The corresponding KK towers Ψ
(k,l)
(±pg) will contain both 4D chiralities,

therefore the number of Dirac fermions on higher KK level will be doubled.
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5.2.4 Higgs boson

In the same way as in the Standard Model we introduce also the higgs doublet Φ with parities
(pg, pr) = (+,+) with the standard bulk potential

H = (DμΦ)†DμΦ −m2
φΦ†Φ +

λ6

2
(Φ†Φ)2 (5.61)

where mh is the higgs bulk mass and λ is the higgs quartic coupling 3. For the zero mode the
effective potential at tree level reads

V [φ0,0] = m2
φφ

(0,0)†φ(0,0) +
λ4

2
(φ(0,0)†φ(0,0))2 (5.62)

where λ4 = λ6
4π2 is the effective quartic coupling in 4 dimensions. The physical mass of the higgs

zero mode φ(0,0) at tree level will then be given by

m2
h = −2m2

φ = λ4v
2 (5.63)

where we have expanded the φ(0,0) in the usual way

φ(0,0) =
1√
2

(
0

v +H(xμ)

)
(5.64)

including higgs the gauge fixing term in equation 5.22 changes to

Lfix = − 1

2ξ
[∂μA

μ − ξ (∂4A4 + ∂5A5 − gvφ0)] (5.65)

For the heavy tiers the higgs VEV induces mixings as in the SM. The electroweak neutral
bosons are mixed with a large mixing angle as their masses are degenerate at tree level. The
mixing angle is different from the SM Weinberg angle sin θW = 0.23 because of the loop cor-
rections to the KK boson masses. Fermions are less affected by the higgs VEV and only top
quark KK excitations will receive considerable higgs contributions that will mix the two heavy
Dirac fermions corresponding to left-and right handed components of the Standard Model top
quark. The equations of motion for the scalar components A4/5 are now coupled with those
of φ0. One will get the two linear combinations of states, one of which will correspond to the
physical scalars described in the previous sections, the second one, consisting mainly of the higgs
component will correspond to the new physical scalar in the model (51).

For the heavy modes we decompose the higgs field as

φ(n,0) =

⎛
⎝ π+

(n,0)
H(n,0)+iπ0

(n,0)√
2

⎞
⎠ (5.66)

with tree level masses

m2
π(n,0)

= n2m2
KK , m2

H(n,0)
= m2

π(n,0)
− 2m2

φ . (5.67)

3. The scalar has dimension [Φ] = 2, therefore the dimension of the quartic coupling is [λ] = −2. This may
be problematic as if we want to have higgs heavy enough we need a higher order operator with an un-naturally
large coupling. We leave this issue aside and we consider the higgs sector in our scenario only as a toy model.
However in the optic of recent LHC confirmation of a signal at 125 GeV attributed to the higgs boson we would
need to study the properties of this sector in our model more in details if we want our study to be complete.
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The fields φ±,0 are the would-be goldstone bosons that would provide the longitudinal polariza-
tion to the massive gauge bosons if the higgs VEV were the only source of mass. However, for
the (n, 0) modes, the main contributions to the mass comes from the extra dimension, and the
role of the goldstone bosons is played by the extra polarizations of the vectors. The higgs VEV
will in general mix the π±,0 with the gauge scalars: one effect of such mixing is to introduce
a new correction to the mass of the physical states s±,0

(n,0). The tree level mass eigenstates are
therefore given by:

m2
s±

(n,0)

= m2
π(n,0)

+m2
W , m2

s0
(n,0)

= m2
π(n,0)

+m2
Z . (5.68)

Introducing loop corrections for the higgses we should worry about the additional mixing
between different KK tiers. As we shell see later the higgs VEV will affect not only the zero
modes of the fields but also the heavier excitations. This could be dangerous as the mixings
between zero modes and higher states would affect the electroweak precision observables at tree
level. This effect should be investigated in details in the further work.

5.2.5 Yukawa couplings for fermions

The Yukawa couplings are only relevant for top quarks. In term of the six dimensional spinors
ΨQ/u associated to the left and right handed SM top components the Yukawa lagrangian can
be written as

LY ukawa = Y6Ψ̄QΦΨu + h.c.

= Y6

[
ηQ

+Φχu− + ηQ
−Φχu

+ + χ̄Q
+Φη̄u

+ + χ̄Q
−Φη̄u−

]
+ h.c.

(5.69)

This term can only be written if pr(ΨQ) = −pr(Ψu). The corrections to the masses for the top
quark zero modes can then be written as

LY ukawa ⊃ pq(ΨQ) + pg(Ψu)

2

Y6v6√
2
q̄

(0,0)
L u

(0,0)
R + h.c. (5.70)

which implies that pq(ΨQ) = pg(Ψu) and the SM top mass is

mtop = pg
Y6v6√

2
(5.71)

For the (0, l) and (l, 0) modes the Yukawa terms are

LY ukawa ⊃ −(−1)lmtop(q̄LuR − q̄RuL) + h.c. (5.72)

The mass eigenstates will be obtained by diagonalization of the system

Lmass = − (q̄L ūL) ·
(

1 + δmQ −mtop

mtop 1 + δmu

)
·
(
qR

uR

)
+ h.c. (5.73)

The mass eigenvalues are then

m2
t1,2 = 1 +m2

top + δmQ

(
1 +

δmQ

2
±B

)
+ δmu

(
1 +

δmu

2
∓B

)
(5.74)

with
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B =

√(
1 +

δmQ + δmu

2

)2

+m2
top (5.75)

And the eigenstates are then given by

(
t1l,r

t2l,r

)
=

(
cosαt ± sinαt

∓ sinαt cosαt

)(
ql,r

ul,r

)
(5.76)

with

tanαt =
1

mtop

[
B −

(
1 +

δmQ + δmu

2

)]
(5.77)

5.2.6 Standard Model on the real projective plane

As we have described the field theory on the real projective plane for each kind of quantum
field, we now let propagate all the particles of the Standard Model on the space M4 ×RP 2. We
will study the SM gauge group SU(3)C ×SU(2)W ×U(1)Y with a single higgs scalar doublet and
a 6-dimensional fermion for each chiral Standard Model fermion. Therefore for each SU(2)W

doublet particle Q = {uD, cD, tD, dD, sD, bD} for quarks and L = {eD, μD, τD, nue, νμ, ντ } for

leptons we associate a 6-dimensional spinors Ψ
(+,+)
D . As well as for SU(2)W singlets uR =

{uR, cR, tR}, dR = {dR, sR, bR}, e = {eR, μR, τR} we associate a 6-dimensional spinor Ψ
(+.−)
S .

Of course the gauge bosons will now become a 6-dimensional vectors Bα for U(1)Y , W i
α with

i = 1 . . . 3 for SU(2)W and Ga
α with a = 1 . . . 8 for SU(3)C . To each SM field it corresponds a

tower of Kaluza-Klein excitations, labeled by two non-negative integers (k, l) which correspond
to the quantized momenta along the extra dimensions. The field content at each level (k, l)
depends crucially on the parities assigned to the fields. The parities are assigned in such a
way to reproduce at zero level the Standard Model content. At leading order, releasing the
assumption R− 4 = R5 = 1, the masses of the (k, l) states are given by the relation

m2
k,l = m2

SM +
k2

R2
4

+
l2

R2
5

(5.78)

We summarise the field content on the generic (k, l) level in the table 5.5. The vector gauge
bosons Aμ are absent on the levels of the form (0, 2k − 1) and (2k − 1, 0) while their scalar
partners A4/5 are present on those odd tiers but absent on (0, 2k) and (2k, 0) tiers. The scalar
higgs is present on all the levels except (0, 2k−1)−(2k−1, 0) like the gauge vectors. Fermions are
present at all the levels. On the (0, 0) we have chiral modes for each Standard Model fermion.
On the higher level (k, l) the spinors are no more chiral in the 4-dimensional sense. On the
generic (k, l) states we have two degenerate modes corresponding to (k, l) and (l, k) tiers.

Note that this is the simplest possible extension of the Standard Model on the real projec-
tive plane. Some more complicated extensions could be considered, like the non-flat metric or
gauge-higgs unification. At tree level the masses of all the particles in a tier are degenerated.
This degeneracy is lifted by loop corrections. Therefore, in order to study in details the phe-
nomenology of the model we need to calculate the radiative corrections to the masses of the KK
excitations. The corrections to the states (0, 1) − (1, 0) were calculated in (51). In this work we
concentrate on the influences of the (2, 0) − (0, 2) modes on the phenomenological features of
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(k, l) pKK mass [mKK ] A
(+,+)
μ A

(+,−)
4 A

(−,−)
5 Ψ

(+,+)
D Ψ

(+,−
S Φ(+,+)

(0,0) + 0
√

- -
√c √c √

(1,0)-(0,1) - 1 -
√(0,1) √(1,0) √ √

-

(1,1) +
√

2
√ √ √

2
√

2
√ √

(2,0)-(0,2) + 2
√

- -
√ √ √

(k,l) (−1)k+l
√
k2 + l2

√ √ √
2
√

2
√ √

Table 5.5: Standard Model content on the (k, l) levels on the real Projective Plane. We indicate the KK parity
pKK , the tree level mass in mKK = R−1 units and the presence of each kind of fields. Superscript

√c denotes
that the fermion is chiral. The 2

√
means that there are two states degenerate in mass corresponding to (k, l) and

(l, k) levels.

the model. Therefore we first calculate the loop corrections to those states and then investigate
the consequences of those modes in the LHC and dark matter processes.
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Chapter 6

Mass spectrum of the (2,0) - (0,2)
modes at loop level

In this thesis we concentrate on the effects of (2, 0) modes on the phenomenology of the
model on the real projective plane. The (2, 0) and (0, 2) tiers are even under the KK parity and
thus the particles in these levels can decay directly into a pair of SM particles without missing
energy. Potentially this could lead to very clean signatures with resonances.

Note that the (2, 0) is not the lightest even level. The (1, 1) level particles are lighter,
however they cannot decay into SM particles via loops but via interactions localized on the
singular points which violate maximally the symmetries of the bulk. Therefore the decays of
the (1, 1) tier particles cannot be predicted and depend crucially on the UV completion of the
theory. The operators responsible for the decays into SM particles are higher order operators,
suppressed by the cut off scale. One may assume that they are small compared to the one-loop
effects. Under this assumption all the states in the tier will decay into the lightest particle plus
soft SM particles. The fate of the lightest (1, 1) particle is UV dependent. It may be stable, if
protected by a symmetry in the UV theory, or long lived and seen as a missing energy in the
experiments or it may decay into a pair of SM particles. The decay of the lightest (1, 1) state
into two tops was studied in (50). It leads to a very clean signature with 4 tops in the final
state. The cross section is very large as all the particles from the (1, 1) tier contribute in the
process. Thus the bounds on mass and branching ratios into top pair would be quite severe.

The spectrum of the (2, 0) tier is quite similar to the (1, 0). The loop corrections however
are quite large compared to the higgs VEV contribution as the former are proportional the mass
of the tier while the latter to the electroweak scale.

We will discuss also the effect of the two different radii allowed by the compactification and
the structure of the symmetries of the space and present in details the spectrum as a function of
the two radii. This discussion is crucial in the understanding of the LHC and DM phenomenology
of the model.

6.1 Divergences due to compactification - general remarks

Higher dimensional field theories should be regarded as effective theories with a cutoff Λ,
above which a more fundamental UV completion is required. Therefore, when writing the
lagrangian, one has to consider all the operators consistent with the "low-energy" theory and
regard their coefficients as free parameters to be determined, if possible, by experiment. This
means in particular, that one has to include all the operators localized on the fixed points of the
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orbifold in question, which does not break the 4D Lorentz invariance. However, as the translation
symmetry in the extra space is violated by the fixed points, the KK-parity, which is a remnant
of the broken Lorentz invariance in the extra dimensions, is in general broken by the operators
localized at the fixed points. It was noticed in many papers (65), (109), (52) that the fixed
points of the compactified space are the source of divergent loop corrections in the effective 4D
field theory. Therefore, the KK-parity is no more a consequence of the compactification, but it is
imposed by hand on the general structure of the models and on its ultra-violet completion which
is the ultimate origin of the localized counter-terms. It was shown also that the counterterms
required to absorb divergences in the quantized theory are localized precisely at the fixed points
of the underlying orbifold (109), (52). In the model presented in this thesis the compactified
space has no fixed points. The conical singularities situated at the points (0, 0), (0, π), (π, 0)
and (π, π) are related by the geometry of the orbifold which is invariant under the π rotation
about the center of the fundamental square. Localized counter-terms are not avoided, however
the geometry of the space ensures that they do respect the KK-parity. The general form of the
localized counterterms Lct is therefore explicitly invariant under KK parity and can be written
using two localization operators (51)

δL =
δ0 + δπ

Λ2
Lct (6.1)

where

δ0 =
1

2
[δ(x4)δ(x5) + δ(x4 − πR)δ(x5 − πR)] (6.2)

δπ =
1

2
[δ(x4)δ(x5 − πR) + δ(x4 − πR)δ(x5)] (6.3)

The full set of counterterms in the model was considered in the recent work (52). They allow
one to deduce the mass corrections and effective couplings relevant for the phenomenology. We
will compare our results to those obtained in this work as the divergent contributions should be
the same.

We will see in the explicit calculation of loop corrections to the (2n, 0) and (0, 2n) KK states
masses that the Π̃T contribution corresponds to the fields propagation on the torus. The integral
is UV divergent and the divergence comes from the (0, 0) mode propagation. As it was noticed
in the section 4.3 this divergence is the same as for a field propagating in the non-compactified
space and can be absorbed in the wave function renormalization of the 6D field (109), (52). After
removing the (0, 0) mode part Π̃T gives a finite contribution Δ′ = 1.22. Glide symmetry do not
have any fixed points. It is therefore natural that the Π̃G contribution is finite. Contribution
due to the rotation projection of the orbifold will give a divergent part.

6.2 Winding modes on the real projective plane

First we illustrate how the winding modes method works in the 6-dimensional case. We
emphasize the main properties of loop decomposition and the partial contributions coming from
different symmetry projections of the orbifold. This method was used by G. Cacciapaglia and
J. Llodra-Perez in (51) to verify the results of the (1, 0) radiative corrections to the masses.
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Following the proposition of (110), on the two dimensional real projective plane the general
form of the scalar propagator will have the form

G6D
S (p, �y1, �y2) = 1

4

[
G6D

S (p, �y1 − �y2 + �w) + pgG
6D
S (p, �y1 − g(�y2) + �w)

+ prG
6D
S (p, �y1 − r(�y2) + �w) + prpgG

6D
S (p, �y1 − r ∗ g(�y2) + �w)

] (6.4)

where pg and pr are the glide and rotation parities of the field running in the loop respectively.
The loop correction to the two point function of a scalar field will have the following form:

iΠ = iN(2π)2
∫
d4K

∫
d�yG6D

S (k, �y1, �y2)f (n,0)(q, �y)f (n,0)(q�y) (6.5)

where f (n,0)(q, �y) = 1
2π sinnx5 is the wave function of the external field, g66 = −1 is the metric

factor and g2
6 = (2π)2g2 is the 6D gauge coupling. The normalization factor N is defined as

N = 2g2C(r2)g66

16π2 . Putting the above form of propagator eq. 6.4 into eq. 6.5 one can split the full
loop contribution into four parts proportional to the parities of the field running in the loop,
namely

Π = ΠT + pgΠG + prΠR + pgprΠGR (6.6)

The ΠT contribution comes from the torus and is finite after the kinetic term renormalization.
The explicit form of the torus contribution after Wick rotation the euclidean space is as follows:

ΠT =
N

4
4π2

∫
k4
∑

�w

1

4
H

(1)
0 (k|�w|) (6.7)

=
N

4
4π3

∫ ∞

0
dkE

∑
(n1,n2)∈Z2

k3
EK0(2πkE

√
n2

1 + n2
2) (6.8)

where K0 is the K Bessel function of zeroth order. As in the 5D case, the propagator for a
non-zero winding mode is exponentially damped at high energies p|�w| � 1

K0(p|�w|) → e−p| �w|
√

π

2p|�w| (6.9)

showing that winding contributions on a torus will always be finite. The zero winding mode
contribution (n1, n2) = (0, 0) is UV divergent. This divergence is the same as one would get from
an uncompactified space. Therefore this bulk divergence can be absorbed by the wavefunction
renormalization of the 6D filed. We remove the (0, 0) mode from the sum in eq. 6.7 and
integrating over kE we get ∫ ∞

0
dkEk

3
EK0(kea) =

4

a4
(6.10)

and

ΠT =
N

4π

∑
(n1,n2)�(0,0)

1

(n2
1 + n2

2)2
=
N

4
T6 (6.11)

with T6 ≈ 1.92. For arbitrarily small argument K0(x) → − log x and the propagator diverges at
small distances in the extra dimensions. Therefore to compute Feynman integrals with �y → 0
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we have to regulate the propagator when �w = 0. The second contribution in eq. 6.6 is of the
form

ΠG =
N

4
4π2

∫
d4k

∫
d�y
∑

�w

1

4
H

(1)
0 (k|�y − g(�y + �w)|)sin2 nx5

2π2
(6.12)

As the glide does not change the sign x5 component, the Hankel function H
(1)
0 does not depend

on x5 and the integral along x5 direction is simply given by the normalization of the wave
function. Then after Wick rotation one gets the integral

ΠG =
N

4π2

∑
(n1,n2)∈Z2

∫ 2π

0
dx6

1(
(n1 − 1

2)2 + (x6
π + n2

2 − 1
2)2
)2 =

N

4
7ζ(3) (6.13)

In an analogous way one can show that the ΠGR contribution will give a finite result

ΠGR =
N

4π2

∑
(n1,n2)∈Z2

∫ 2π

0
dx5

1 − cos 2nx5(
(x5

π + n1 − 1
2)2 + (n2 − 1

2)2
)2 =

N

4
(7ζ(3) +B1(n)) (6.14)

The rotation contribution after Wick rotation can be written in the form

ΠR =
N

4
2π

∫ ∞

0
dkE

∫ 2π

0
d�y
∑

�w

k3
EK0(k|2�y + �w|) sin2 nx5 (6.15)

It can be seen in the form of the integrand that the divergences appear for |2�y + �w| = 0.
Those points correspond to the fixed points of the rotation transformation. Note that the
divergent result depends on the KK number n of the considered mode. Therefore it cannot
be reabsorbed into the renormalization of the bulk wave functions of the 6D fields. Those
logarithmic divergences should be renormalized by counter-terms localized at the singular points.
To extract the divergent part one can cut the 4D momentum kE at a scale Λ and then integrate
numerically. Then the result is

ΠR =
N

4
n2π2 log

Λ2 + n2

n2
(6.16)

As we just have seen on the example of the winding modes expansion method, the main properties
of the radiative corrections on the real projective plane are the following

1. Torus contribution is always finite. The UV divergence corresponding to the (0, 0) mode
propagation can be reabsorbed in the wavefunction renormalization of the 6D field.

2. Glide and glide-rotation contributions are finite as those symmetries do not heavy any
fixed points.

3. Rotation contribution will give logarithmic divergences that should be removed by the
counterterms localized on the fixed points of the rotation symmetry,

This method is useful to calculate the scalar tadpole loops but for the case two propagators in
the loop the mathematical complexity will be much higher, as on should integrate the products
of Bessel functions. In what follows we use the mixed propagator method to evaluate the loop
corrections to the (2, 0) and (0, 2) tiers. We will show the results of the calculation performed
for the gauge bosons and fermions on the RP 2 and show the main features of the spectrum in
contrast to other models.
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6.3 One loop level spectrum of the (2, 0) − (0, 2) tiers using the
mixed propagator method

In the case of two extra dimensions we use propagators defined in the section 4.3 in eq. 4.41
but we have to take into account also the second dimension. We will Fourier-transform the non-
compact coordinates {xμ} into momentum space {pμ}, which contains the physical momentum
and energy measured by 4-dimensional observers, and leave the other two coordinates in position
space. It is then convenient to write the propagator in the mixed form - we keep the form eq.
4.41 in one direction while for the second direction we expand the propagator into the sum of
KK modes. For a scalar field propagating on the torus we write

G6D
Φ (k, �y1 − �y2) =

∞∑
l=−∞

GS1

Φ (χl, |y1 − y2|) f∗
l (z1)fl(z2) (6.17)

where we note the two coordinates as �y = (y, z). Now the functions χl are defined as χl =√
k2 − l2 −m2 and in what follows we neglect the SM mass m2 � l2. The functions fl are the

normalized wave functions on S1

fl(z) =
1√
2π
eilz (6.18)

The G6D
Φ propagator has to verify symmetries of the underlying manifold eq. 5.2. Therefore,

following the proposition of (65) we write the propagator as the sum of terms proportional to
the parities of the field running in the loop;

GRP P
Φ (k, �y1 − �y2) =

1

4

[
G6D

Φ (k, �y1 − �y2) + pgG
6D
Φ (k, �y1 − g[�y2]) (6.19)

+ pgprG
6D
Φ (k, �y1 − r ∗ g[�y2]) + prG

6D
Φ (k, �y1 − r[�y2])

]
Writing propagators in this way will simplify a lot the calculation of the mass corrections to the
(n, 0) and (0, n) KK modes as they do not carry momentum along one of extra dimensions z
and y respectively. Therefore we can replace the integral along one of those directions by a sum
using the orthonormality of the wave functions.

Using the above form of propagator eq. 6.19, a generic loop correction to any field can be
decomposed as

iΠ(mKK) =
i

4
[ΠT (mKK) + pg ΠG(mKKi) + pgpr ΠGR(mKK) + pr ΠR(mKK)] (6.20)

where the parities refer to any field propagating in the loop. The first term in eq. 6.20, ΠT ,
corresponds to the loop corrections of a theory defined on a torus: this contribution is generically
divergent, however, it gives a finite contribution after renormalization of the bulk kinetic terms.
Here we will follow the prescription of (110) where we remove the contribution of zero winding
modes, i.e. modes that do not wrap around the torus. The terms ΠG and ΠGR correspond to
glide symmetries and are finite. The reason behind the finiteness is that the points �y and its
image g(�y) (or g′(�y)) never coincide, i.e. the glide(s) do not admit any fixed points. The last
term, ΠR, in equation 6.20 corresponds to rotation transformation, and it is divergent because
the rotation admits fixed points: from the tadpole loop it is clear that the divergences only arise
in the points where �y∗ = r(�y∗), i.e. on the corners of the rectangle. Thus, such divergences
can be renormalized by adding counter-terms on the two singular points whose structure has
been studied in (52). The bulk loops simply require equal terms on the singular points, as loop
interaction cannot distinguish between the two.
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6.3.1 Loop corrections to the (2, 0) − (0, 2) gauge bosons

In this section we compute the quantum corrections to the two-point functions (sometimes
we will refer to these as self-energies, even though they also include mixing among KK states)
for gauge fields. We calculate the mass correction δ2

m given by

δ2
m = m2 −m2

tree (6.21)

where m is the one-loop level mass and m2
tree = m2

SM + k2+l2

R2 is the tree level mass of a (k, l)
excitation mode.

We first consider one-loop corrections arising to the masses of the (n, 0) KK excitations of
a SU(N) gauge boson. The contributing diagrams are shown in the figure 6.22. The calculation
presented here is completely general for all the bosonic states on levels (n, 0) with n even.

iΠμν(q) = i(gμνq2 − qμqν) = (6.22)

AM

(n,0) (n,0)
+

AM
+

Aμ

A4/5

f

f̄

+
gh

+
φ

φ

The couplings are deduced from FeynRules implementation of the model lagrangian given
by the equations 5.22, 5.39, 5.65 and 5.69. The 4D Lorentz invariance requires Πμν to be of the
form

Πμν = gμνΠ1 + qμqνΠ2 (6.23)

and the mass corrections are proportional to the Π1 part only:

Π1 =
1

3

(
Πμ

μ − qμqν

q2
Πμν

)
(6.24)

The structure of loops with two gauge/scalar propagators is more complicated and although
the calculation is much more involved the general scheme remain similar to the tadpole case.
Therefore here we give only the form of the integrals with some remarks. In general the two
vertices are situated on the points �y1 = (y1, z1) and �y2 = (y2, z2) in the extra space and for
the tadpole loops Π1tp those two points coincide and are noted as �y = (y, z). The tadpole
contribution takes the form

iΠ1tp =

∫
d4kd�y

PX

(2π)4
GRP P

A (k, �y − �y)A(n,0)(�y)A(n,0)(�y) (6.25)
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where G6D
X is the 6D propagator of the particle X ∈ {A4/5, Aμ, φ} running in the loop and

A(n,0)(�y) is the wave function of the external particle. The PX coefficient is simply the function
coming from the vertex after taking the trace eq. 6.24. In an analogous way we write the loops
with two propagators of the same type

iΠ1loop =

∫
d4kd2�y1d

2�y2
PX

(2π)4
GRP P

Φ (k + p, �y1 − �y2)G6D
Φ (k + p, �y1 − �y2)A(n,0)(�y1)A(n,0)(�y2)

(6.26)

The mixed loops Aμ −A4/5 have more involved form as the derivatives coming from the vertices
appear:

iΠ1μ5 = −(2π)2N

2
g55

∫
d4kd2�y1d

2�y2G
RP P
Φ (k + p, �y1 − �y2) (6.27)[

∂e
z1
∂e

z2
− ∂e

z1
∂p

z2
− ∂p

z1
∂e

z2
+ ∂p

z1
∂p

z2

]
G6D

Φ (k + p, �y1 − �y2)A(n,0)(�y1)A(n,0)(�y2)

iΠ1μ4 = −(2π)2N

2
g44

∫
d4kd2�y1d

2�y2G
RP P
Φ (k + p, �y1 − �y2) (6.28)[

∂e
y1
∂e

y2
− ∂e

y1
∂p

y2
− ∂p

y1
∂e

y2
+ ∂p

y1
∂p

y2

]
G6D

Φ (k + p, �y1 − �y2)A(n,0)(�y1)A(n,0)(�y2)

where ∂
e/p
yi means the partial derivative with respect to yi, i ∈ {1, 2} of the external leg wave

function (e) or of the propagator (p). Fermion contribution finally is of the form

iΠf = N

∫
d4kd2�y1d

2�y2A
(n,0)(�y1)A(n,0)(�y2)(k + p)β (6.29)

Tr
[
ΓμkαΓαG6D

Φ (k, �y1 − �y2)Γν(k + p)βΓβGRP P
Φ (k + p, �y1 − �y2)

]

To give an example of our calculation we consider in details the tadpoles iΠ1tp contributions to
the gauge self energy which can be easily generalized to other loops.

Expanding the 6D propagator as given in eq. 6.19 we can divide the loop correction into
four parts which will be calculated separately. For the four contributions b),e) and i) we get

iΠ1 = 2iN

⎧⎪⎨
⎪⎩

1
2

−1
3
2

⎫⎪⎬
⎪⎭
∫
d4kd�yGRP P

Φ (k, �y − θ[�y]) cos2(ny)

=
iN

2

⎧⎪⎨
⎪⎩

1
2

−1
3
2

⎫⎪⎬
⎪⎭
(
Π̃T + pgΠ̃G + pgprΠ̃GR + prΠ̃R

)
(6.30)

with N = 2g2Cs(G)
(2π)4 . For A(n,0)(�y) we have used the (n, 0) wave functions derived in the section

5.2: A(n,0)(�y) = 1√
2π2

cos(ny). The θ[�y] stands for the orbifold projections I, g, g′ and r.
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Torus contribution

Π̃T =

∫
d4kdydzG6D

A (k, 0) cos2(nz) =

∫
d4kdydz

∞∑
l=−∞

G5D
A (k, 0)f∗

l (z)fl(z) cos2(nz)

=

∫
d4k

∞∑
l=−∞

iπ
cot(χlπ)

2χl
(6.31)

then we remove the UV divergence and Wick-rotate and we obtain

Π̃T =

∫
d4k

∞∑
l=−∞

iπ
cot(χlπ) + i

2χl
(6.32)

= 2π3
∫ ∞

0
dkEk

3
E

[
coth(kEπ) − 1

kE
+ 2

∞∑
l=1

∫ ∞

0
dkEk

3
E

coth(χlEπ) − 1

χlE

]

= ζ(3) + 4π3
∞∑

l=1

∫ ∞

0
dkEk

3
E

coth(χlEπ) − 1

χlE
= Δ′

The above function can be calculated numerically and gives Δ′ = 1.22. The numerical value is
different from the one obtained in eq. 6.2 as the regularization scheme is different, note thus the
structure is still the same and gives the finite result.

Glide contribution

Glide symmetry is defined as

g :

{
y ∼ y + π
z ∼ −z + π

(6.33)

thus the wave functions will transform as

fl(g[z]) = fl(−z + π) = (−)lf−l(z) (6.34)

Glide contribution to the gauge boson self energy will then take the form

Π̃G =

∫
d4kdydzG6D

A (k, �y − g((�y)) cos2(nz)

=

∫
d4kdydz

∞∑
l=−∞

i

2χl sin(χlπ)

(−)l

2π
e−2izl cos2(nz)

=

∫
d4k

∞∑
l=−∞

i(−)l

2χl sin(χlπ)

[
π

2
δl,n +

π

2
δl,−n + πδl,0

]
(6.35)

=
iπ

2

∫
d4k

⎛
⎝ 1√

k2 − n2 sin
(√

k2 − n2π
) +

1

k2 sin
(√

k2π
)
⎞
⎠

After Wick rotation we obtain:
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Π̃G = π3
∫ ∞

0
dkEk

3
E

⎛
⎜⎝ 1√

k2
E + n2 sinh

(√
k2

E + n2π
) +

1

k2
E sinh (kEπ)

⎞
⎟⎠ (6.36)

=
1

2
(7ζ(3) + Φ1(n))

Glide-Rotation contribution

Glide-rotation transforms the coordinates as:

r ∗ g :

{
y ∼ −y + π
z ∼ z + π

(6.37)

The wave functions will transform as follows

fl(r ∗ g[z]) = fl(z + π) = (−)lfl(z) (6.38)

and the integral will take a simple form

Π̃GR =

∫
d4kdydzG6D

A (k, �y − r ∗ g[(�y)] cos2(nz) (6.39)

=

∫
d4kdydz

∞∑
l=−∞

i cos (χl(π − |y − r ∗ g[y]|)
2χl sin(χlπ)

(−)l

2π
cos2(nz)

For the integration on dy we have to remember that the variable has to be always within the
fundamental domain g ∗ r[y] ∈ (0, 2π) so the integral will split in two parts

∫ 2π

0
dy cos (χl(π − |y − r ∗ g[y]|) =

=

∫ π

0
cos (χl(π − |y − (−y + π)|) +

∫ 2π

π
cos (χl(π − |y − (−y + 3π)|) = (6.40)

= 2
sin(χlπ)

χl

then the Π̃GR simplifies to

Π̃GR =
i

2

∫
d4k

∞∑
l=−∞

(−)l

k2 − l2
W ick−−−→ π3

∫ ∞

0
dkEk

3
E

1

kE sinh kEπ
=

1

2
7ζ(3) (6.41)
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Rotation contribution

Exactly analogous calculus give the rotation contribution:

r :

{
y ∼ −y
z ∼ −z (6.42)

fl(r[z]) = fl(−z) = f∗
l (z) (6.43)

Π̃R =

∫
d4kdydzG6D

Φ (k, �y − r[(�y)] cos2(nz)

=

∫
d4kdydz

∞∑
l=−∞

i cos (χl(π − |y − r[y]|)
2χl sin(χlπ)

1

2π
e−2ilzcos2(nz) (6.44)

=
iπ

4

∫
d4k

∞∑
l=−∞

1

χ2
l

(δl,n + δl,−n + 2δl,0)

=
iπ

2

∫
d4k

(
1

χ2
n

+
1

χ2
0

)

W ick−−−→ π2
∫ ∞

0
dkEk

3
E

(
1

k2
E + n2

+
1

k2
E

)
(6.45)

To regularize the infinities coming from the rotation contribution we introduce the cutoff Λ and
we obtain

Π̃R = π2

(
Λ2 − n2

2
log

Λ2 − n2

n2

)
(6.46)

The quadratic divergences appearing after the integration will cancel after adding all the con-
tributions.

Gauge boson self energy - total contribution

In the same manner as detailed above we calculate all the loop corrections shown in eq.
6.22. Contributions we find for each loop are listed in the table 6.1 where we have introduced
the functions Φi that appear systematically in the loop calculations:

Φ1(n) = 2π3
∫ ∞

0
dk

k3

√
k2 + n2 sinh

(
π

√
k2 + n2

) (6.47)

Φ2(n) = 2π3
∫ ∞

0
dk

kn
(√

k2 + n2 − n
)

√
k2 + n2 sinh

(
π

√
k2 + n2

) (6.48)

Φ3(n) = 2π3
∫ ∞

0
dk

k3
(√

k2 + n2 − n
)

n
√
k2 + n2 sinh

(
π

√
k2 + n2

) (6.49)

Φ4(n) = 2π3
∫ ∞

0
dk

kn2

√
k2 + n2 sinh

(
π

√
k2 + n2

) (6.50)
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L = 2π2 log(ΛR) (6.51)

Vg(n) =
1

3
Φ1(n) − 14

3
Φ2(n) +

8

3
Φ3(n) (6.52)

Vs(n) =
1

2
Φ1(n) + Φ2(n) + Φ3(n) (6.53)

the numerical values we find for Φi(n) are given in the table 6.2.

δm2
(n,0) ΠT ΠG ΠGR ΠR

gauge loops 4T6 2 · 7ζ(3) 2 · 7ζ(3) + Vg(n) 7
3L

fermion loops −8T6 0 0 0
scalar loops T6 7ζ(3) 7ζ(3) + Vs(n) L

Table 6.1: Radiative corrections to the gauge (n, 0), n even, boson self energy

n = 1 n = 2 n = 3

Φ1(n) 1.43 0.109 0.0067
Φ2(n) 0.54 0.047 0.0030
Φ3(n) 1.02 0.037 0.0015
Φ4(n) 1.71 0.294 0.0286

Table 6.2: Numerical values for the loop functions Φi(n).

From the above results for the (n, 0) mode it is straight forward to obtain corrections to
(0, n) gauge boson. Torus contribution Π̃T , as it is independent on n, will give exactly the same
contribution. The same argument holds for Π̃R. Contributions coming from glides Π̃G and Π̃GR

will be simply exchanged. This simple exchange is easy to understand as we are free to expand
the propagator G6D in KK modes in z direction, as we have done it above, or in y direction
leaving the part dependent on z in a compact form ∼ cot(χlπ). Thus it is straight forward to
write the corrections to (0, n) modes listed in the table 6.3.

δm2
(0,n) ΠT ΠG ΠGR ΠR

gauge loops 4T6 2 · 7ζ(3) + Vg(n) 2 · ζ(3) 7
3L

fermion loops −8T6 0 0 0
scalar loops T6 7ζ(3) + Vs(n) 7ζ(3) L

Table 6.3: Radiative corrections to the gauge (0, n), n even, boson self energy

Once we have all the diagonal radiative corrections for the simple case SU(N) we can write
the general loop correction for a gauge boson coupled to the fermionic matter and scalars we can
sum the contributions to the loop corrections from all the particles in the model. The general
formula for the mass correction has a compact form
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δm2
(n,0) =

g2

64π4R2

⎛
⎝C(G)

(
4T6 + 2 ∗ 14ζ(3) + Vg(n) + 8n2π2L

)
−
∑

f

C(rf )8T6

+
∑

s

C(rs)

(
T6 + 14ζ(3) + Vs(n) − 1

3
n2π2L

))
(6.54)

Adding all the contributions we obtain the corrections to the B, W and G gauge bosons

δ2
B2 =

g2
1

64π2

(
−79T6 + 14ζ(3) +

5

3
Φ1(2) − 4

3
Φ2(2) − 1

3
L

)
(6.55)

δ2
W 2 =

g2
2

64π2

(
−39T6 + 70ζ(3) +

13

3
Φ1(2) − 35

3
Φ2(2) + 2Φ3(2) +

47

3
L

)
(6.56)

δ2
G2 =

g2
s

64π2

(
−36T64 + 84ζ(3) + Φ1(2) − 31

2
Φ2(2) + 6Φ3(2) + 24L

)
(6.57)

Gauge boson self energy - mixing between tiers
Unlike for the (1, 0) − (0, 1) tiers, the mixing between the levels (2, 0) and (0, 2) is possible.

We have calculated the cross-level contributions to the (2, 0) − (0, 2) gauge boson masses that
mix the tiers (2, 0) and (0, 2). In this case the only non-zero result comes from rotation and is
logarithmically divergent. The loops we need to calculate now are shown in the figure 6.1.

AM

(n,0) (0,n)
+

AM
+

Aμ

A4/5

f

f̄

+
gh

+
φ

φ

Figure 6.1: Cross-level loops for the gauge bosons.

The general structure of the loops is simple and can be written as

iΠ1tp = i(2π)2N

2

∫
d4kd�yGRP P

Φ (k, �y − �y) cos(ny) cos(nz) (6.58)

for the tadpole loops

iΠ1loop = i(2π)2N

2

∫
d4kd�y1d�y2PXG

RP P
Φ (k, �y1 − �y2)G6D

Φ (k, �y1 − �y2) cos(ny) cos(nz) (6.59)
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for the pure scalar and pure gauge loops, where again PX is a function of the momenta of
particles involved in the loop. The general structure of the mixed gauge-scalar loop (Aμ − A4)
is

iΠ = −(2π)2N

2
g44

∫
d4k

∫ 2π

0
d�y1d�y2G

RP P
Φ (k + p, �y1 − �y2)

[
∂l

y1
∂l

y2
− ∂l

y1
∂e

y2

]
G6D

Φ (k, �y1 − �y2)
1

2π
cosnz1 cosmy2 (6.60)

and an analogous expression holds for the (Aμ −A5) case

iΠ = −(2π)2N

2
g55

∫
d4k

∫ 2π

0
d�y1d�y2G

RP P
Φ (k + p, �y1 − �y2)

[
∂l

z1
∂l

z2
− ∂e

z1
∂l

z2

]
G6D

Φ (k, �y1 − �y2)
1

2π
cosnz1 cosmy2 (6.61)

The only non-zero result comes from the rotation and as for the diagonal case is logarithmically
divergent with Λ. The corrections will be given by the general formula

δcm
2 =

g2

64π2

(
8C(G) − 1

3

∑
s

C(rs)

)
L (6.62)

The explicit corrections are then

δ2
cB2 = −1

3

g2
1

64π2
L (6.63)

δ2
cW 2 =

47

3

g2
1

64π2
L (6.64)

δ2
cG2 = 24

g2
1

64π2
L (6.65)

(6.66)

The mass eigenvalues will then be modified by those off-diagonal mixings. We note the diagonal
corrections to a gauge boson as δ2 and the off-diagonal entries as δ2

c . The mass matrix will have
the form (

1 + δ2 δ2
c

δ2
c 1 + δ2

)
(6.67)

and can be easily diagonalized with new mass eigenvalues

m2 =
n2

R2

(
1 + δ2 ± δ2

c

)
=
n2

R2

(
1 + δ2

n±
)

(6.68)

The new eigenstates will then have the form

Bn± =
1√
2

(
B(n,0) ±B(0,n)

)
(6.69)

Note that if we impose the assumption R4 � R5 then there is no mixing between the two tiers
as one of those is decoupled from the theory. As the divergent part in δ and δc have the same
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coefficient, it turns out that the fields Bn−
μ are insensitive to divergences. This can also be

explained by the fact that their wave function vanishes on the singular points. For the odd
modes, no mixing takes place, therefore, at loop level, we have two exactly degenerate tiers of
odd states, and in particular two degenerate dark matter candidates.

Electroweak symmetry breaking

The last thing we need to add to have all the relevant contributions for the (2, 0)−(0, 2) gauge
bosons at one loop order is the electroweak symmetry breaking effect from the higgs expectation
value. Note that higgs corrections are diagonal, due to the flatness of the higgs VEV in the
extra dimensions and thus do not introduce mixing between the two tiers. We can then still use
the field expansion presented in the section 5.2 but with the mass eigenvalues modified by the

higgs VEV contribution. The higgs VEV will mix the B(k,l) and W
(k,l)
3 gauge bosons in each

tier separately. The mixing angle θkl will be different in each tier (k, l) because of different loop
corrections.

The mass terms for the electroweak gauge sector after introducing the diagonal loop correc-
tions and the higgs VEV will be written as

(
Wn±

3 Bn±
)

·
(
m2

W n± +m2
W − tan θWm2

W

− tan θWm2
W m2

Bn± + tan2 θWm2
W

)
·
(
Wn±

3

Bn±

)
(6.70)

We then diagonalize the system as in the simple Standard Model case

(
Zn±

An±

)
=

(
cos θn± sin θn±

− sin θn± cos θn±

)
·
(
Wn±

3

Bn±

)
(6.71)

The mass eigenvalues at each level (k, l) will be then given by

m2
An± =

n2

R2
+

1

2

(
m2

Z + δ2
Bn± + δ2

W n± −
√

(m2
Z + δ2

Bn± − δ2
W n±)2 − 4m2

W (δ2
Bn± − δ2

W n±)

)
(6.72)

m2
Zn± =

n2

R2
+

1

2

(
m2

Z + δ2
Bn± + δ2

W n± +
√

(m2
Z + δ2

Bn± − δ2
W n±)2 − 4m2

W (δ2
Bn± − δ2

W n±)

)
(6.73)

and the mixing angle is

tan θn± =
m2

Zn± −m2
An± +m2

Z − 2m2
W + δ2

Bn± − δ2
W n±

2mWmZ sin θW
(6.74)

The mixing angle for each tier depends on the compactification scale and for large masses mKK

becomes negligibly small. This is a general feature of extra-dimensional models. That is also
why often one can neglect the mixing between gauge bosons when the experimentally privileged
mass scale mKK is sufficiently large.

Note that loop corrections are proportional to the characteristic mass scale of the given tier,
mkl and the correction δ2

B2 is negative for both tiers. That is the reason why the mixing angle
is smaller for heavier states.
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Figure 6.2: Mixing angle θkl for the first two tiers: (1, 0) in blue and for (2, 0) in red dashed. The green line
corresponds to the Weinberg mixing angle sin θW = 0.48. Here we assume the degenerate radii R4 � R5.

Physical mass eigenstates After including the electroweak symmetry breaking, and all the
diagonal and non-diagonal radiative corrections the mass eigenvalues for the physical states A2

μ,
Z2

μ, W 2
μ and G2

μ, assuming non degenerate radii, are given by

m2
A2 = 4m2

KK − δ + (δB2 + δW 2)m2
KK +m2

W + s2
wm

2
Z (6.75)

m2
Z2 = 4m2

KK + δ + (δB2 + δW 2)m2
KK +m2

W + s2
wm

2
Z (6.76)

m2
W 2 = m2

KK(4 + δW 2 +m2
W ) (6.77)

m2
G2 = m2

KK(4 + δG2) (6.78)

with

δ2 = −4
(
δB2δW 2m4

KK + (m2
W δB2 + s2

Wm2
ZδW 2)m2

KK

)
+
(
(δB2 + δW 2)m2

KK +m2
W + s2

Wm2
Z

)2

(6.79)
In the figure 6.3 we show mass splittings Δm = m − 2mKK for the gauge boson sector. A(2,0)

receives the smallest corrections and is the lightest particle in the tier. Electroweak gauge bosons
Z(2,0) and W (2,0) are heavier due to the SU(2)W couplings and the heaviest particle is the gluon
G(2,0) which receives the largest corrections from SU(3)C interactions. Note also that as the mass
corrections are proportional to the tree level mass of the tier, the (2, 0) level mass splittings are
larger than their (1, 0) partners.

Those masses are calculated under the assumption that the radii are not-degenerated, that
is R4 � R5. In that simplifying case only one tier, the (2, 0)-one, will contribute to the physical
states of the theory while the (0, 2) states will be decoupled being too heavy to participate in any
phenomenologically detectable process. In the symmetric case R4 = R5, as it was mentioned,
the mass corrections to the (0, 2) physical states will be the same as for (2, 0) tier. On each
level we will have two degenerate in mass states that will mix with each other as there are
non-diagonal contributions to the kinetic terms in the lagrangian coming from the rotation
contribution. We are investigating the more general case, where we include the dependence on
the ratio ξ = R4/R5, the phenomenology of this model is left to the future work.
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Figure 6.3: Mass splittings Δm = m − mtreein the gauge sector. Thicks lines: blue - A2, red dashed - W/Z2,
green dot-dashed G2. For comparison, in the same colors and thin lines, we show also the (1, 0) gauge boson mass
splittings. On the left non-symmetric case R4 � R5. On the right symmetric case R4 = R5

6.3.2 Loop corrections to the (2, 0) − (0, 2) fermions

Diagonal corrections

The radiative corrections to a KK fermion excitation can be written as

δL = aLΨ̄γμpμPLΨ + aRΨ̄γμpμPRΨ − bΨ̄Ψ (6.80)

and the general form of the mass correction is

δmF = b− mn

2
(aL + aR) (6.81)

Radiative corrections arise from the loops shown in the figure 6.4 where we recall that the M
index labels all the six components of a 6D gauge boson field.

AM + φ

Figure 6.4: Radiative corrections to fermion masses

The calculation of loops is analogous to the gauge boson self energy case. The general loop
structure can be written in the following way:

iΠ = N

∫
d4kd2�y1d

2�y2Ψ(�y2)ΓαGRP P
Ψ (k, �y2 − �y1)ΓαΨ(�y1)GRP P

Φ (k, �y1 − �y2) (6.82)

where N = g2C2(r)
16π4 and C2(r) = N2−1

2N for the fundamental representation of SU(N) and C2(r) =

q2 for the U(1) for the gauge boson running in the loop. For the scalar contribution N =
y2

F
16π4

where yF is the effective Yukawa coupling.

As in the previous section loop correction can be split into four parts and the contributions
we find for a (n, 0) fermion with pr = +1 are listed in the table 6.4.
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δm2
(n,0) ΠT ΠG ΠGR ΠR

n2aLg 0 0 −1
2Φ2(n) 0

n2aRg 0 0 −1
2(ζ(3) − Φ1(n) + Φ2(n) 0

n2bg 0 0 −1
23nΦ2(n) 4L

n2aLs 0 0 −1
2Φ2(n) 0

n2aRs 0 0 −1
2(ζ(3) − Φ1(n) + Φ2(n) 0

2bs 0 0 −1
23nΦ2(n) 2L

Table 6.4: Radiative corrections to the fermion (n, 0) with n even, self energy.

In general the contributions for the 6D left and right fermions, i.e. with pr = ±1 are different
due to their different wave functions. The Π̃T gives always zero as the integral is linear in k. The
glide contribution Π̃G for a fermion with pr = +1 gives zero result as well, while for pr = −1 we
find in general the overall contribution proportional to ((−)n − 1) · ζ(3). Therefore for the n = 1
modes the contribution will be automatically set to zero while for n = 2 states we get a part
ζ(3). The situation is inversed for the Π̃GR contributions. Here the pr = −1 states receive a zero
contribution for every n ∈ N while the pr = +1 states gain a contribution ∼ ((−)n − 1) · ζ(3).
The part coming from the rotation Π̃R gives the same divergent result for all the fermions (2n, 0)
and (0, 2n) with pr = ±1 which is equal to π2n3L. Contributions from scalar, as and bs, are
analogous to those of gauge bosons but give different coefficients as can be seen in the table 6.4.
Besides this changes in Π̃GR and Π̃G for pr = ±1 (n, 0) fermions the overall contribution to the
loop , that is Π̃ = Π̃T + Π̃G + Π̃GR + Π̃R will be the same.

The general mass correction for a fermion in the fundamental representation of SU(2)W and
SU(3)C with the hypercharge yf can be written as

mδm =
n2

64π4R62

[(
y2

fg
2
1 +

3

4
g2

2 +
4

3
g2

3

)(
7ζ(3) − Φ1(n) − 4Φ2(n) + 4n2L

)
(6.83)

+ yf

(
1

2
7ζ(3) − 1

2
Φ1(n) +

1

2
n2L

)]
(6.84)

The first part in this equation comes from the gauge boson contribution in the loop, the second
one comes from scalar propagation and is included only for top quarks.

Mixings between tiers

As for the gauge bosons, there are also mixings between levels (2, 0) and (0, 2). The con-
tributions come from the rotation projection of the orbifold and are in general different for
fermions with right- handed and left-handed zero mode. The full analysis of the mixing terms
was performed by G. Cacciapaglia. Here we give a short summary of the results. The overall
off-diagonal contribution to the masses can be written as

δcf =
1

64π4

[
4

(
y2

F g
2
1 +

3

4
g2

2 +
4

3
g2

3

)
+

1

2
y2

F

]
n2L (6.85)
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where the term in curly brackets corresponds to the corrections to the mass term and the last
term to the corrections to the kinetic terms. One needs to diagonalize the mass terms which
have the form

n

R

(
1 + δ δcf

δcf (1 + δ)

)
(6.86)

This can be done by diagonalize of the squared mass matrix

M †M =
n2

R2

(
(1 + δ2)2 + δ2

cf 2δcf (1 + δ)

2δcf (1 + δ) (1 + δ2)2 + δ2
cf

)
(6.87)

and using unitary matrix U †U = I which mixes the states

(
Ψ2+

Ψ2−

)
=

(
cosφ − sinφ
sinφ cosφ

)
·
(

Ψ(2,0)

Ψ(0,2)

)
(6.88)

The mixing angle is the φ = π
4 and the mass eigenstates are simply given by

m2
± =

n2

R2
(1 + δ2 ± δ2

cf ) (6.89)

In general analysis with an explicit dependence of the non-degenerate radii R4 � R5 but not
R4 � R5, which is now in progress in our group, one can see that in general the corrections to
fermions with the right- and left-handed zero mode differ. Then the calculation presented above
has to be repeated twice for each type of fermion, the mixing angles φL and φR will then be
different as well as the mass eigenstates. Once the assumption R4 � R5 is imposed the results
simplify to the case presented here.

As it was mentioned in the section 5.2, we include Yukawa interactions for top quarks only.
For the top quarks in the second tier we use the expressions 5.74 - 5.77 to calculate the mixing
angle and the mass eigenstates and eigenvalues. In the figure 6.5 we show the mixing angles for
the two tiers (1, 0) and (2, 0).
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Figure 6.5: Mixing angle in the top sector. For the (1, 0) tier in blue, for the (2, 0) tier in red dashed.

Finally we give all the spectrum of fermions in our model. The smallest radiative corrections
are those of singlet leptons. The SU(2)W doublet leptons receive stronger corrections due to
electroweak interactions. KK quarks excitations, due to SU(3)C, interactions suffer the higher
mass splittings.
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Figure 6.6: Mass splittings Δm = m − mtree in the leptonic sector. In both figures thick lines corresponds to
the level (2, 0) and thin lines to the level (1, 0). Mass splittings for leptons L in blue and eR in red. On the left
non-symmetric case R4 � R5. On the right symmetric case R4 = R5
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Figure 6.7: Mass splittings Δm = m − mtree in the quark sector. In both figures thick lines corresponds to the
level (2, 0) and thin lines to the level (1, 0). QD in blue, qS in green dot-dashed, top in red dotted. On the left
non-symmetric case R4 � R5. On the right symmetric case R4 = R5

6.3.3 Heavy higgs bosons

On the second level the higgs boson excitations are also present while they were absent on
the (1, 0) level due to vanishing Φ(+,+) wave-functions. On the second level, there are four states
arising from the higgs doublet as it was decomposed in eq. 5.66 which we name H2 and S02

neutral, and charged partners S2±. Loop corrections to the masses of those scalar particles
were calculated by G. Cacciapaglia. Their structure is similar to the gauge bosons: there are
finite contributions from the torus and glides which are almost mode-independent, while the
logarithmically divergent terms are proportional to the mass of the mode. Loops also contain
quadratically divergent contributions which correspond to a localized mass. At loop level the
masses of the physical states H2 and S0 and S2± are given by

m2
H(2,0)

= m2
h + (4 + δh2)mKK +m2

loc

m2
s(2,0)

= (4 + δh2)mKK +m2
loc

(6.90)

with the mass correction given by
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δh2 = − 17

64π4
(g2

1 + 3g2
2)L (6.91)

In the R4 = R5 case the mixing between (n, 0) and (0, n) levels must be taken into account
as we have done for fermions and gauge bosons. As the quartic coupling is in the bulk, the
off-diagonal terms will be the same for the four higgs states:

δch = −n2m2
KKδh2 + 2mloc . (6.92)

In the degenerate radii case, new divergent corrections from rotation fixed points will arise with
the same value as the diagonal correction given above. The new mass eigenvalues are given by:

m2
π(2+) = m2

π,(2,0) + δch = n2m2
KK(1 − 2δh2) + 3m2

loc , (6.93)

m2
π,(2−) = m2

π,(2,0) − δch = n2m2
KK −m2

loc . (6.94)

Therefore in the symmetric case the value in eq. 6.91 must be multiplied by a factor of two.
Note that the mass correction δh2 is negative and we find it to be equal to δh2 = −0.174 for
non-degenerate radii and δh2 = −0.348 for the degenerate case. It will therefore become the
lightest particle in the second tier and together with A(2) will play an important role in the relic
abundance calculation.

The mloc parameter corresponds to the localized mass parameter to the higgs particle on
the fixed points of the orbifold. In the phenomenological analysis of the model we use the null
value mloc = 0 except for the dark matter relic abundance analysis where the resonances of
the heavy higgs particles play a crucial role in the enhancement of the effective annihilation
cross section. In the figure 6.8 we show the mass splittings of the heavy higgs particle for three
different values of mloc parameter. Note that for vanishing mloc the higgs excitations will be the
lightest particles in the second tier.
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Figure 6.8: Mass splittings Δm = m − mtree in the higgs sector. In both figures thick lines corresponds to the
level (2, 0) and thin lines to the level (1, 0). We show the splittings of H(2) for three values of mloc parameter:
mloc = 0 GeV in blue, mloc = 250 GeV in blue dashed and mloc = 500 GeV in blue dotted. On the left
non-symmetric case R4 � R5. On the right symmetric case R4 = R5. Red line corresponds to the A(2) splitting
for comparison.

It is important to have a precise limit on mloc. The simple estimate mloc < mKK is a good
starting point as we can assume that mloc can be treated as a small parameter with respect to
the heavy scales, allowing a perturbative approximation. In order to put more stringent limits
note that this parameter will affect the electroweak precision test through mixing effects. This
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can be understood as follows. An effect of mloc is to generate mass mixing of the SM higgs
with the heavy KK higgses in the form m2

loch
(0,0)H(n,m). When the SM higgs mode acquires

the VEV v, then the tadpole generated by this mixing term will generate the VEV for a heavy
higgs modes:

〈H(n,m)〉 ∼ m2
loc

m2
KK

v

n2 +m2
(6.95)

Another effect of the higgs VEV is in the electroweak gage sector. The bulk kinetic term of the
higgs contains terms ∼ H(0,0)H(n,m)W (0,0)W (n,m) which will be modified by the higgs VEV as

H(0,0)H(n,m)W (0,0)W (n,m) → m2
loc

m2
KK

v2

n2 +m2
W (0,0)W (n,m) (6.96)

The analogical expressions hold for Z bosons as well. By calculating the correction to the masses
of SM W and Z gauge bosons we can extract the allowed bounds for mloc by calculating the
corrections to the ρ parameter. Our result is
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Figure 6.9: Bound on mloc as a function of the mKK mass, obtained imposing that the effect on the ρ
parameter is not larger than the allowed measured value within 3 sigmas. In green we plot the excluded region
in the symmetric scenario R4 = R5 and in magenta in the asymmetric case R4 � R5.

δρ = −8
m4

loc

m4
KK

m2
Z −m2

W

m2
KK

f(ξ) (6.97)

where ξ = R4
R5

and f(ξ) is a number of order 1. We compare the δρ to the bounds given in PDG

ρ = 1.0004+0.0003
−0.0004 and obtain the bounds plotted in the figure 6.9 where in green we show the

excluded region in the symmetric scenario R4 = R5 and in magenta for the asymmetric case
R4 � R5.
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6.3.4 Full mass spectrum at loop level - summary

In the tables 6.5 and 6.6 we give values of masses of all the particles present in the model
for three benchmark points that will be important for the phenomenological analysis mKK =
300, 500, 800 GeV. The radiative corrections to the KK masses depend on whether we assume
R4 = R5 or R4 � R5 only in the second tier (2, 0) − (0, 2) as there are cross-level mixing terms.
We give the mass spectrum in both cases.

mKK [GeV] 300 500 800

A(1,0) 300.9 500.5 800.2

l
(1,0)
S 301.3 501.5 803.0

l
(1,0)
D 303.4 504.5 808.4

d
(1,0)
S 313.8 519.2 836.6

u
(1,0)
S 314.2 519.7 837.6

W (1,0) 317.8 515.0 822.1

Z(1,0) 319.6 515.8 822.3

q
(1,0)
D 316.8 522.9 843.9

t
(1,0)
S 361.0 550.5 859.8

t
(1,0)
D 363.6 553.6 866.1

G(1,0) 326.1 534.9 868.4

Table 6.5: Typical masses of the particles of the level (1,0) at mKK = 300 , 500 and 800 GeV. The mass splittings
are independent on the symmetric or asymmetric case as there is no cross-level mixing.

In both tiers the lightest particle is the photon excitation A(n). The reason for that is the
small mixing angle θn which makes of the U(1)Y gauge boson B(n) the main component of the
physical state A(n) and that the mass corrections to B(n) in both levels are negative.

In the first tier A(1) is neutral spin-0 particle and corresponds to the dark matter candidate
in our model. For the mKK < 200 GeV the lightest particle in the first tier is the singlet electron
which excludes the model on this range of mKK parameter as there would be no dark matter
particle. Then the next lightest particles are singlet and doublet leptons and the SU(2)W gauge
bosons which will play an important role in the dark matter phenomenology in the coannihilation
processes. SU(3)C particles are heavy but still their role cannot be neglected in the dark matter
prediction and in collider phenomenology as they have strong couplings which will enhance all
the processes where quarks are involved.

In the second tier, the lightest particle is a vector gauge boson A(2) and higgs excitations
if mloc parameter is set to zero. Due to extremely small mass corrections of A(2) it will decay
only into SM particles via localized interactions and thus will play an important role in the LHC
phenomenology enhancing the resonant productions of SM particles. The weak gauge bosons
W (2) and Z(2) will decay into other heavy particles but the resonant decays into SM fermions
will not be negligible giving rise to an interesting phenomenology in the LHC. All the level (2)
particles will also participate into resonant annihilations and coannihilations of the primordial
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mKK [GeV] 300 500 GeV 800

S(2,0) 600.0 993.4 1568.3

A(2,0) 600.9 1000.3 1599.8

H(2,0) 600.0 1001.3 1573.3

l
(2,0)
S 602.3 1001.2 1605.4

l
(2,0)
D 606.2 1003.2 1615.0

W (2,0) 619.6 1010.5 1636.8

Z(2,0) 620.0 1010.8 1636.8

d
(2,0)
S 625.0 1014.7 1665.5

u
(2,0)
S 625.7 1015.0 1667.3

q
(2,0)
D 630.4 1017.5 1678.6

t
(2,0)
S 651.9 1031.3 1682.0

G(2,0) 653.1 1031.8 1739.2

t
(2,0)
D 656.6 1033.7 1693.3

mKK [GeV] 300 500 GeV 800

S(2,0) 573.3 955.6 1528.9

A(2,0) 601.0 1000.2 1599.5

H(2,0) 586.8 963.7 1534.0

l
(2,0)
S 604.5 1007.5 1612.0

l
(2,0)
D 612.3 1020.6 1632.9

W (2,0) 633.5 1050.5 1677.9

Z(2,0) 633.8 1050.6 1677.9

d
(2,0)
S 659.9 1094.4 1744.0

u
(2,0)
S 661.4 1096.9 1748.0

q
(2,0)
D 670.7 1112.5 1772.9

t
(2,0)
S 688.4 1118.2 1768.7

G(2,0) 721.1 1191.8 1893.5

t
(2,0)
D 697.7 1133.8 1793.6

Table 6.6: Typical masses of the particles of the level (2,0) at mKK = 300 , 500 and 800 GeV. On the left
asymmetric case R4 � R5. On the right symmetric case R4 = R5.

cosmic plasma reducing significantly the relic abundance of the dark matter and thus changing
strongly the bounds of the cosmologically allowed mKK values. We will present in details those
phenomenological aspects of the model in the following chapters.
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Chapter 7

Relic Abundance of Dark Matter

Dark matter candidate

The full spectrum of our model at one loop order was presented in the chapter 6. The
essential feature of the spectrum is that the viable dark matter candidates are the spinless
photons A(1,0) and A(0,1). These particles, assuming degenerate radii R4 = R5, have the same
mass and are the lightest particles in the first level for mKK ≥ 200 GeV. For mKK < 200 GeV

the lightest KK particle is the right handed electron e
(1,0)
S and/or e

(0,1)
S . Note that there could

be some contributions from the UV scale physics to the operators localized at the corners of the
fundamental domain, that is on the points O0 and Oπ which would modify the mass spectrum.
In principle, these contributions, a priori dependent on some unknown parameters, could turn
some other (1, 0) particle into the lightest KK odd state. Hence, the (1, 0) modes of neutrinos
ν(1,0) or the neutral electroweak gauge boson Z(1,0) could all be viable dark matter candidates.
We leave the investigation of these possibilities for future work. Note that, in contrast to the
chiral square and minimal UED (5-dimensional space with the extra dimension compactified on
an interval denotes hereafter as mUED) models where the (1, 0) level higgs boson is also a viable
dark matter candidate, the higgs (1, 0) mode vanishes h(1,0) ≡ 0 on the RP 2 so we won’t have
to consider this dark matter candidate.

General assumptions

In our computation we consider a most general particle spectrum without any simplifying
assumptions. In particular we do not assume a completely degenerated particle spectrum but
we keep the non-degenerated KK masses after one-loop corrections to the (n, 0) modes. We keep
all the SM particle masses non zero, except the electron mass which will be neglected. Moreover

we do not neglect the mixing between B(1,0) and W
(1,0)
3 that originates from the electroweak

symmetry breaking and which is expected to be small for large mKK but effectively is quite
large for small values of mKK .

In our analytical and numerical calculations we make some simplifying assumptions for the
Yukawa couplings. We neglect all the Yukawa couplings, which are proportional to the corre-
sponding fermion mass, for all the light SM particles except top quarks. This assumption is
well justified as the annihilations into fermionic final states are suppressed by the corresponding
fermion mass and thus their contribution is already negligible, adding the Yukawa couplings
would not alter the final result in a significant way. The Yukawa coupling lead however to the
resonant s - channel exchange of the SM higgs and its KK excitations. While the SM higgs effect
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is negligible the resonances coming from the exchange of the (2, 0) level higgses are important
and, as we will see, they enhance the effective cross section in a small region of mKK near the
resonant value. Aside those effects, we do not expect our results to be sensitive to the masses
of light fermions.

In all the analytical calculations when examining the relic density as a function of the mass
scale mKK we neglect the weak, approximately logarithmic mass dependence of xF . Typically,
over the mass range mKK=0.2 - 1 TeV, xF varies by about 0.1 GeV/degree, or less than 15%.
This variation has little effect on the relic density. This also shows that the dark matter is
cold. In all cases considered here we obtain 22 � xF � 30 GeV, so that the particles are well
approximated as non-relativistic. This translates to the freeze-out temperatures in the range
34-45 GeV depending on the scenario.

Note that in what follows we consider two simplifying assumptions. Namely we assume
degenerate radii of extra-space R4 = R5 or a decoupling limit R4 � R5. As it was mentioned
in chapter 6 the masses and couplings depend on the relative size of the two extra dimensions
in our model. The study of this explicit dependence of the relic abundance bounds is left for
further investigation. In the two simple cases considered here the mass spectrum of the first
KK level does not depend on whether the radii are symmetric or not. The second KK level
although is affected by the mixing terms in the symmetric scenario and the mass spectrum will
be slightly shifted towards higher values. The important fact for the relic abundance calculation
is that in both cases the KK vector photon A(2) and the KK scalar higgs excitation H(2) are the
lightest particles in the second tier and will not decay into any KK excitations. This in turn
will strongly reduce the relic abundance.

Decoupling limit R4 � R5

The mass corrections are proportional to R−2. Thus when one of the radii is getting reduced
the mass corrections will tend to infinity

R5 → 0 ⇒ δm(0,n) → ∞ (7.1)

This simply means that all the particles of the (0, n) tier will decouple from the theory and
will not interact with ordinary matter nor with the (n, 0) tier states. In this case the natural
dark matter candidate will be of course the A(1,0) scalar photon which will interact with all
the particles of the (n, 0) tiers and with the SM particles. The mass spectrum in this case is
not affected by the cross level mixings, therefore the logarithmic contributions from rotation
projection do not contribute making the masses of the (2, 0) level particles slightly lighter than
in the symmetric case. For the typical masses of (2, 0) level particles in this case one has to
refer to the right panel of the table 6.6. Notice that we can equivalently take the opposite limit
R4 � R5 without changing any of the results.

Degenerate radii R4 = R5.

In the symmetric scenario R4 = R5 the masses of the two tiers (0, n) and (n, 0) are degener-
ated and the mixing terms with logarithmic contributions make the spectrum slightly heavier. In
this case we have still two dark matter particles: A(1,0) and A(0,1) with exactly the same masses
and spins as the first KK level is insensitive to the orbifold geometry R4 � R5 or R4 = R5.
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The important property is that A(1,0) and A(0,1) do not interact with each other due to the
KK conserving interactions. Namely the tiers (0, n) and (m, 0) are decoupled 1 In our scans we
will consider therefore two independent dark matter particles not interacting with each other.
Their contributions to the relic density will be therefore exactly the same and the total relic
abundance will be twice larger than in the non-symmetric case.

To simplify the notation we denote all the particles in the given tier (n, 0) or (0, n) with a
single superscript (n), for example A(1) will stand for a first KK excitation of the photon in
(1, 0) or (0, 1). For the second tier we will have to remember that the spectra change slightly
but still we will note A(2) the two mass eigenstates.

7.1 Relic abundance - analytical results

We begin the study of the relic abundance by the analytical calculation of the annihilation
and co-annihilation cross sections in our model. In the analytical approach we will restrict the
study to the case with only Standard Model particles in the final states. Note that in the nu-
merical implementations we keep all the KK masses at one-loop level. The analytical formulas
will be however shown assuming the masses at each KK level degenerate: i.e. for any first level
particle X(1) we assume mX = mKK and for the second level particles X(2) the mass will be set
to mX = 2mKK .

We will show here the calculation of annihilation cross section in details in order to fix the
notation. The dark matter candidate can annihilate into all SM particles. As we will see the
cross sections into SM gauge bosons give leading contributions. The fermionic final states will
not contribute once we develop the cross section for small velocities.

7.1.1 Annihilations into gauge bosons

A(1)A(1) → ZZ

The annihilation A(1) into Z gauge bosons is mediated only by the Standard Model higgs
exchange as shown in the figure 7.1. Interaction of the A(1) with the Standard Model higgs
boson h is given by

L4D
h = −g2

2

2

(cwsw1 − cw1sw)2

c2
w

A(1)A(1)h(h+ v) (7.2)

1. Note that a possible coupling would be introduced via (n, n) tiers, then the (1, 1) tier cannot decay into two
SM states at tree level. Therefore we do not take those contributions into account in our study. This simplification
is legitimate here because we do not include loop induced coupling with (2, 0) states. Otherwise, the result to be
completely consistent one should also care about the mixed interactions (1, 0) (0, 1) (1, 1). Note however that the
resonance condition (p1 + p2)2 ≤ m2

res is never satisfied for those modes and the decays into SM particles would
mediated only by loop level couplings therefore the contributions of the (1,1) can be safely neglected.
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where g2 is the SU(2) gauge coupling constant, sw and cw are the sine and cosine of the Standard
Model Weinberg mixing angle (s2

w = 0.23) and sw1, cw1 are the electroweak mixing angles of
the first KK tier and v ≈ 246 GeV is the electroweak scale. The annihilation cross section into
a pair of Z bosons reads

σ(A(1)A(1) → ZZ) = Y 2
A1Y 2

Z

s2 − 4sm2
Z + 12m4

z

128πsm4
Z(s−m2

h)2

√
s− 4m2

Z

s− 4m2
KK

(7.3)

Where YA1 =
g2

2v(cwsw1−cw1sw)2

2c2
w

is the higgs -A(1) coupling and YZ =
g2

2v
2c2

w
is the standard Model

higgs-Z coupling constant.

A(1)

A(1)

H

Z

Z

Figure 7.1: Annihilations of A(1)A(1) into Standard Model Z gauge bosons.

Expanding the cross section in powers of the relative speed between the A(1) photons, vrel,
gives

vrelσ(A(1)A(1) → ZZ) ≈ aZZ + bZZv
2
rel + O(v4

rel) (7.4)

and the first two terms in this non-relativistic expansion are

aZZ = Y 2
A1Y 2

Z

4m4
KK − 4m2

KKm
2
Z + 3m4

Z

√
m2

KK −m2
Z

64πm3
KKm

4
Z(m2

h − 4m2
KK)2

(7.5)

bZZ = −Y 2
A1Y 2

Z

⎡
⎣64m8

KK − 176m6
KKm

2
Z + 4m4

KK(3m2
hm

2
Z + 52m4

Z)−
512πm4

Z(4m3
KK −mKKm2

h)3
√
m2

KK −m2
Z

+
12m2

KK(2m2
hm

4
Z + 9m6

Z) + 15m2
hm

6
Z

512πm4
Z(4m3

KK −mKKm2
h)3
√
m2

KK −m2
Z

⎤
⎦ (7.6)
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A(1)A(1) → W+W−

The annihilation of A(1) into W± gauge bosons is mediated by the SM higgs exchange in the
s-channel, by the W (1) scalar partners of W in t and u-channels and finally by a direct quartic
coupling with two Standard Model W± gauge bosons as shown in the figure 7.2.

A(1)

A(1)

H

W

W

A(1)

A(1)

W (1)

W

W

A(1)

A(1)

W

W

Figure 7.2: Annihilations of A(1)A(1) into SM W gauge bosons.

For the annihilation cross section we obtain: (here to render the complicated formulas more
readable we give the results for all the SM masses neglected)

σ(A(1)A(1) → W+W−) =
g2sw1

2πs(s− 4m2
KK)

(7.7)

⎡
⎣ s3 − 16sm4

KK√
s(s− 4m2

KK)
− 4m2

KK(s− 2m2
KK) ln

s+
√
s(s− 4m2

KK)

s−
√
s(s− 4m2

KK)

⎤
⎦

and the first two coefficients of the non-relativistic expansion are

aW W =
g4

2s
4
w1

4πm2
KK

(7.8)

bW W = −5

6
aW W (7.9)

A(1)A(1) → hh

Finally for the higgs boson production (fig. 7.3), neglecting all the SM masses, we get
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H
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H

A(1)

A(1)
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H

H

Figure 7.3: Annihilations of A(1)A(1) into SM higgs bosons.

σ(A1A1 → hh) =
g4

2(cw1sw − cwsw1)4

128πc4
w

√
s(s− 4m2

KK)
(7.10)

and the non-relativistic coefficients read:

aHH =
g4

2(cw1sw − cwsw1)4

256πc4
wm

2
KK

(7.11)

bHH = = −1

2
ahh (7.12)

7.1.2 Annihilations into fermions

The annihilation of A(1) into light fermionic degrees of freedom f (quarks u,d,s,c,b and all
the charged leptons) is mediated through the exchange of level one singlet and doublet fermions

f
(1)
D/S into t and u channels. Moreover we include the Yukawa couplings of the top quark tt̄h,

thus the annihilation into two top quarks will have additional contribution form the SM higgs in
s channel. The production of neutrinos is mediated only by the exchange of doublet neutrinos

ν
(1)
D in t and u channel. In the figure 7.4 we show the diagrams contributing to the light fermions

production.

A(1)

A(1)

f
(1)
S/D

f

f̄

Figure 7.4: Annihilations of A(1)A(1) into SM fermions

The coefficients aF F and bF F are both proportional to the SM fermion mass. In the first
approximation they will give both a zero result, therefore we give their expressions without
neglecting the SM masses but assuming degenerated KK spectrum for simplicity:
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aF F = (Y 2
D + Y 2

S )2
m2

f (m2
KK −m2

f )3/2

8πm3
KK(m2

f − 2m2
KK)2

(7.13)

bF F = −aF F

(72m6
KK − 148m4

KKm
2
f + 82m2

KKm
4
f − 15m6

f )

24(m2
KK −m2

f )2
(7.14)

where mf is the outgoing fermion mas. YS/D are the couplings between f , f
(1)
S/D and A(1) defined

in the table 7.1 in terms of A = g2swcw1

cw
, B = g2cwsw1

cw
and the fermion electric charge qf . For

the top quarks one has to include the Yukawa mixings between singlet and doublet states by

multiplying the corresponding constants by the top mixing angle cosα for t
(1)
S and sinα for t

(1)
D .

f
(1)
S qfA

l
(1)
D

1
2(A+B)

ν(1) 1
2(A−B)

u
(1)
D

1
6A+ 1

2B

d
(1)
D

1
6A− 1

2B

Table 7.1: Couplings of A(1) with fermions. Here f
(1)
S stands for any SU(2)W singlet fermion, l

(1)
D for the charged

leptons, ν
(1)
D for neutrinos, u

(1)
D and d

(1)
D for up-type and down-type SU(2)W doublet quarks respectively. Here we

note A = g2swcw1
cw

, B = g2cwsw1
cw

.

Neutrino production cross section expansion will then simply vanish. Top quarks production
coefficients will have additional contributions from the s-channel higgs exchange

aT T = aF F +
g4

2(cwsw1 − cw1sw)4

4c4
w

m2
f

√
m2

KK −m2
f

8πmKK(m2
h − 4m2

KK)2
(7.15)

bT T = bF F − g4
2(cwsw1 − cw1sw)4

4c4
w

m2
f (24m4

KK − 2m2
KK(m2

h + 14m2
f ) + 3m2

hm
2
f )

64πmKK(m2
h − 4m2

KK)2
√
m2

KK −m2
f

(7.16)
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7.1.3 Relic abundance – annihilations

The goal in this section is to estimate the impact of releasing the assumption of the degenerate
masses of the KK states (1, 0) and of the higgs boson contributions. The results are shown in
the figure 7.5. We summarize also the values of mKK compatible with the WMAP data in the
table 7.2 where we give the bounds for the non-degenerate case R4 � R5 in the left and for the
symmetric, degenerate case R4 = R5 in the right column.
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0.0

0.1
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0.3

0.4
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�
h2

Figure 7.5: Analytical result of the relic abundance calculation on the Real Projective Plain. In this plot we
show the impact of several factors on the relic abundance: we start with the simplest case (blue dotted line)
where we assume fully degenerated spectrum of first KK level and no SM higgs exchange in s channel. Then
progressively we add the contributions : the (1, 0) level degeneracy (blue dotted), higgs s-channel contribution
(blue dot-dashed), relativistic correction (blue plain line). For comparison we present also the result assuming
the symmetric radii R4 = R5 with all the above corrections included (red plain line).

corrections R4 � R5 R4 = R5

deg mKK 266 - 307 221 - 262

non-deg mKK 317 - 370 263 - 313

s-channel higgs 325 - 388 267 - 321

relativistic corr. 322 - 384 264 - 318

Table 7.2: Bounds for mKK in [GeV] from the analytical relic abundance calculation. Bounds for mKK mass
scale in the first approximation where we include only annihilations of LKP. In the first line we show the bounds
obtained for the simplest case where all the SM masses are neglected and the KK spectrum is fully degenerated.
Line 2: non-degenerated spectrum of the first KK level. Line 3: including s channel SM higgs exchange. Line
4: including relativistic correction to the brel coefficient. In the left column we present the results for the non-
degenerated radii R4 � R5, in the right column - for the symmetric radii R4 = R5
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The blue dotted line in the figure 7.5 presents the relic abundance assuming all the (1, 0)
level KK states degenerated in mass and the higgs couplings are neglected as well. In this
regime only annihilations into W gauge bosons contribute considerably. Annihilations into Z
and higgs gauge bosons are turned off and the fermion production is negligible (see fig. 7.7).
Then we release the assumption of the degeneracy of the KK states (blue dashed line). The
relic abundance gets considerably reduced. If we take a representative point mKK = 350 GeV,
which lies in the range allowed by WMAP7yr data (for the most complete scenario with all
the corrections included) we have Ωh2 = 0.285 for the simplest scenario, a value far above the
experimental data, which is pushed down to Ωh2 = 0.121 for the degenerated spectrum - a value
that satisfies the experimental bounds.

This enormous reduction of about 60% is due to the considerable changes in the annihi-
lation cross section into W bosons. On the figure 7.6 we compare the first coefficient of the
non-relativistic expansion arel for the tree cases studied here. First notice that effectively the
contributions coming from annihilations into quarks and leptons are strongly suppressed by the
mf in the formula 7.13 while the annihilations into gauge bosons are two orders of magnitude
larger.

Then when we release the degenerated spectrum approximation, as the masses of W (1) scalars
exchanged in the t and u channels appear in the numerator and denominator it is difficult to
guess what will be the overall impact of the mass degeneracy. From the plot we see that the mass
degeneracy of the first KK level will reduce the value annihilation cross section σ(A(1)A(1) →
W+W−). At the example point mKK = 350 GeV we find the ratio adeg

W W /anondeg
W W = 0.376.
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Figure 7.6: First coefficients of the non relativistic expansion 〈σvrel〉 ≈ arel + v2
relbrel. On the left panel the

coefficients of the annihilations into gauge boson are showed, in blue dotted - for degenerate KK masses, in blue
dashed - not degenerated KK masses, in blue dot dashed line - we add the higgs contribution. On the right
panel - coefficients of the annihilations into all fermions summed. in red dotted - mKK masses degenerated, in
red dashed - mKK masses not-degenerated and in green we add the higgs contribution.

The behavior of fermion production is completely different. The result is shown in the right
panel of the figure 7.6. We sum annihilations into all the fermionic degrees of freedom and plot
the first coefficient of the non-relativistic expansion for the degenerate spectrum of the first KK
level in red dotted line and for the non-degenerated spectrum in the red dashed line. In this case,
in contrast to the annihilations into gauge bosons, we see that the degeneracy of the spectrum
will enhance the annihilation cross section σ(A(1)A(1) → ff̄). Analytically this is quite simple

to explain as the masses of the first level fermions f
(1)
D/S exchanged in t and u channels disappear

in the numerators while taking trace of the S-matrix element. We are then left with the mf1

in the denominators only. Schematically we can write that the annihilation cross section into
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Figure 7.7: On the left: Relative contribution of WW annihilation (blue line) and all fermions annihilations
(dashed magenta) for the degenerate spectrum. On the right: Relative contributions aXX/atot for the degenerate
spectrum and higgs channel added. In blue W W , in dotted green hh, in red dot-dashed ZZ, in magenta dashed
- ff̄ final states.

fermions is proportional to

σ ∼ 1

(m2
1 +m2

D/S −m2
f )2

≈ 1

(m2
1 +m2

D/S)2
=

1

m4
1(1 + x2)2

(7.17)

As KK quarks receive large loop corrections to the masses, for mKK = 350 GeV we have
x = mD

m1
= 1.17 for the t1D top quark then

σnondeg

σdeg
≈ 4

(1 + x2)2
= 0.71 (7.18)

Thus effectively the annihilation cross section into fermions is overestimated if one assumes
degenerate KK spectrum. Contribution coming from quarks being considerably smaller than
the gauge boson contribution, the enhancement of the bosonic cross section wins and we observe
the effective decrease of the relic abundance.

Next we add the s-channel higgs exchange. The effect is small but visible. As we add new
channels to the annihilation cross section the relic abundance is further reduced. Now the change
is of about 13% compared to the previous case where we have considered the non-degenerate
KK spectrum but without higgs contributions. Notice that now all the annihilation channels
contribute, that is the cross sections σ(A(1)A(1) → ZZ, hh) and the Yukawa contributions in
the top production are present. As can be seen from the figure 7.6 the cross sections for both,
boson and fermion production grows (blue and green dot-dashed lines on the left and right
panel respectively). The changes are more visible for the gauge bosons production as we open
many new channels. For the fermions the higgs s-channel exchange in the top production gives
only negligible contribution. The right panel in the figure 7.7 shows the relative contributions
of different final states into the total annihilation cross section. Still the W+W− gauge boson
production gives the leading contribution but we can observe growing contributions of ZZ and
hh final states with increasing mKK .

What is worth noticing is that while we do not neglect the Standard Model masses nor
electroweak symmetry breaking we effectively get new contributions to the total annihilation
cross section coming from fermionic, ZZ and hh final states which would be absent otherwise.
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From this analysis we see that these processes cannot simply be neglected as their contribution
changes of about 13% the relic abundance prediction.

7.1.4 Relic abundance – co-annihilation effects

Co-annihilations are expected to play a significant role when there are extra degrees of
freedom with masses nearly degenerate with the dark matter particle. As it was pointed out in
chapter 6, the radiative corrections to the KK spectrum in our model are quite small. Masses
of the right/left handed leptons are shifted of about 0.1/0.8% respectively thus KK leptons
can be considered as nearly degenerated with the LKP. Electroweak gauge bosons W±(1) and
Z(1) receive corrections that push their masses of about 5% while the gluons are almost 10%
heavier than A(1). The light quarks mass splittings are roughly of the same order that the weak

gauge bosons mass splittings, i.e. about 5%. Top quarks t
(1)
D/S receive the largest corrections

pushing up their masses of about 15%. In the figure 7.8 we show mass splittings of the first level
resonances as a function of mKK in the non-degenerate scenario R4 � R5.

As the gauge bosons and quarks receive corrections larger than 5% in our analytical ap-
proach we will consider only co-annihilations with right- and left-handed leptons. It should be
remembered however that due to stronger SU(2)W and SU(3)C couplings and a large number
of degrees of freedom gauge bosons and quarks can bring important contributions into the to-
tal effective cross section. We postpone the analysis of the co-annihilations effect with those
particles to the numerical part using MicrOMEGAs (36) in the section 7.2.

Co-annihilations of A(1) with one family of right-handed leptons e
(1)
S

First we include the co-annihilations with only one family of right-handed leptons e
(1)
S and
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Figure 7.8: First KK level mass splittings as a function of mKK . From bottom to the top at mKK = 1000 GeV:
right handed leptons (green), left handed leptons (green dotted), electro weak gauge bosons (blue dashed), singlet
light quarks (red), doublet light quarks (red dotted), tops (magenta dashed), gluons (black dotted). Assumed
geometry is R4 � R5
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ē
(1)
S with ge = 2. We denote the mass splitting Δ =

meS1

mA1
− 1. The formula for the effective

number of degrees of freedom becomes

geff = 1 + 4(1 + Δ)
3
2 e−xΔ (7.19)

and the effective annihilation cross section reads

g2
effσeff = σ(A(1)A(1)) + 8σ(A(1)e

(1)
S )(1 + Δ)

3
2 e−xΔ + (7.20)

+ 8
(
σ(e

(1)
S e

(1)
S ) + σ(e

(1)
S ē

(1)
S )
)

(1 + Δ)3e−2xΔ

where we have assumed that the cross sections for annihilations of A(1)e
(1)
S and A(1)ē

(1)
S as well

as e
(1)
S e

(1)
S and ē

(1)
S ē

(1)
S are equal. The cross section for annihilation σ(A(1)A(1)) is as derived

before.
Annihilations of A(1)e

(1)
S proceed into Standard Model final states Ae, Ze, W−νe and he.

Pairs of e
(1)
S e

(1)
S or ē

(1)
S ē

(1)
S annihilate into a pair of electrons or positrons through a t and u

channel exchange of A(1) and Z(1) gauge bosons. The annihilations of e
(1)
S ē

(1)
S into all the

leptonic final states ll̄ are mediated by the s channel A(1) and Z(1) exchange as well as t and
u channel exchange of A(1) and Z(1) if the same flavor in the in and out states are considered.

Moreover there are diagrams transforming e
(1)
S ē

(1)
S into a pairs of quark-antiquark and a pair of

bosons AA, ZZ, AZ, Zh and W+W−. Note that in spite of the fact that e
(1)
S does not couple

directly to the SU(2)W weak gauge bosons we have the W−νe final state through the SM electron
exchange in the s-channel. All the necessary annihilation cross section are summarized in the
appendix B.

Our result when including one family of right-handed leptons e
(1)
S almost degenerate with

A(1) is a lower LKP relic density than in the case without e
(1)
S . Indeed, the self annihilation

cross section of e
(1)
S is much higher than the one for A(1) and the co-annihilation e

(1)
S A(1) cross

section is of the same order of magnitude that A(1)A(1) annihilations as it can be seen in the
table 7.3. This effect translates into a mKK mass window slightly above the window obtained
for A(1) alone. The result is shown in the figure 7.9 and the numerical values found for the
allowed mKK scale are listed in 7.4.
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Figure 7.9: Relic abundance including the annihilations with one family of Kaluza Klein right-handed leptons in
dotted lines. For comparison we show the annihilation only case in plain lines. In red we plot the relic abundance
for the symmetric scenario R4 = R5, in blue for the asymmetric case R4 � R5.

co-annihilations 〈σv〉 [pb]

A(1)A(1) 0.48

A(1)e
(1)
S 0.15

ē1
Se

(1)
S 5.84

A(1)e
(1)
D 0.12

ē1
De

(1)
D 9.02

ē1
De

(1)
S 0.02

Table 7.3: Magnitudes of the averaged (co-)annihilations cross sections including the right-handed and left-
handed leptons. The values are taken for mKK = 500 GeV.

co-annihilations mKK [GeV] mKK [GeV]

R4 � R5 R4 = R5

A(1) 320 - 384 265 - 320

e
(1)
S 410 - 560 285 - 400

l
(1)
S 420 - 575 300 - 415

l
(1)
D 470 - 635 325 - 465

Table 7.4: Bounds on the mKK scale from the relic abundance including: only annihilations (line 1), one family

of right-handed leptons e
(1)
S (line 2), three families of left-handed leptons l

(1)
S (line 3), three families of left-handed

leptons l
(1)
D (line 4)
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Co-annihilations of A(1) with three flavors of right-handed leptons l
(1)
S

As the KK leptons are almost degenerate in mass we should include all the three leptonic
flavors in our calculation and the cross flavor annihilation channels need to be added in the
effective cross section. The formula for the number of effective degrees of freedom, neglecting
the degeneracy from the SM masses, becomes

geff = 1 + 12(1 + Δ)
3
2 e−xΔ (7.21)

and the effective annihilation cross section reads

g2
effσeff = σ(A(1)A(1)) + 24σ(A(1)l

(1)
Sa )(1 + Δ)

3
2 e−xΔ + (7.22)

+ 24
(
σ(l

(1)
Sa l

(1)
Sa ) + σ(l

(1)
Sa l̄

(1)
Sa ) + 2σ(l

(1)
Sa l̄

(1)
Sb )
)

(1 + Δ)3e−2xΔ

The result is shown in the figure 7.10 where on the left panel we display the relic abundance
for the non degenerate scenario R4 � R5 and on the right panel the symmetric case R4 = R5.
We can see that the influence of adding the co-annihilations of three families of right-handed
leptons is to reduce further the relic abundance value. It is natural as we add many new co-
annihilations channels with large cross sections while the effective number of degrees of freedom
geff is not enhanced much. The mKK bounds are shifted of about 3% towards heavier masses.
The similar effect of corresponding enhancement of the relic abundance when adding three
flavors was observed in the mUED scenario but in this model the influence of co-annihilations
with right-handed leptons is to increase the relic abundance value (91), (120). We discuss the
origin of this different behavior in the next section.
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Figure 7.10: Relic abundance including the co-annihilations with KK leptons. On the left panel: the
asymmetric scenario R4 � R5. On the right panel: the symmetric model R4 = R5. On both panel we apply
the convention: plain line corresponds to the annihilations only, dashed line: co-annihilations with one family of
right-handed leptons e

(1)
S , dotted line - co-annihilations with three flavors of right-handed leptons l

(1)
S , dot-dashed

line: co-annihilations with three flavors of right-handed and left-handed leptons l
(1)

S/D.
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Co-annihilations of A(1) with three families of right-handed leptons l
(1)
S and left-

handed leptons l
(1)
D

We are now in position to repeat the same analysis but adding new degrees of freedom - the
left-handed KK lepton excitations. gi = 2 for charged KK leptons and gi = 1 for KK neutrinos.
Note that the changes in geff are

geff = 1 + 12(1 + ΔS)
3
2 e−xΔS + 18(1 + ΔD)

3
2 e−xΔD (7.23)

where we assume all the right-handed and left-handed leptons degenerated with mass splittings

ΔS/D =
(

mS/D

mKK
− 1
)
. The effective cross section will then have additional terms coming from

co-annihilation channels of l
(1)
S/D, ν(1) and A(1) between themselves. Notice that the main con-

tribution will come from the annihilations of left-handed leptons as can be seen from the table
7.3 due to their weak interactions. The effective cross section will be once more increased and
the corresponding value of the relic abundance will be reduced as can be seen in the figures 7.10
and in the table 7.4.

Notice that in the six-dimensional RP 2 model the effect of co-annihilations is the same
as in supersymmetric scenarios where the co-annihilations of sleptons tend to reduce the relic
abundance value. The opposite effect is observed in the mUED model, where the net effect of
co-annihilations with right-handed leptons is to increase the prediction for Ωh2 while the co-
annihilations with the left-handed leptons tend to decrease the Ωh2 value (91). This difference
between mUED and supersymmetric scenario have its origin in the fact that SUSY cross section
for co-annihilations χ0

1χ
0
1 → ff̄ is helicity suppressed while the co-annihilation processes are

not. Adding co-annihilations therefore can only increase the effective cross-section and corre-
spondingly decrease the relic abundance. The same situation happened in our model.

In mUED the annihilation channel of the LKP vector boson B(1)B(1) → ff̄ is already
of normal strength. The effect of co-annihilations can be therefore guessed only if the new
co-annihilation channels are either much weaker or much stronger. The co-annihilations with
right-handed leptons in mUED are typically of the same order of magnitude that the B(1)

annihilations and therefore the net effect will be difficult to guess. The left handed KK leptons,
due to the stronger SU(2)W interactions give more important contributions to the effective cross
section while the effective number of degrees of freedom is not enhanced much. There are
many studies in the literature investigating the influence of mass splittings between the KK
excitations in mUED on the relic abundance. The observation is that the co-annihilations can
either increase or decrease the relic abundance value depending on the cut-off of the theory
which in turn controls the mass splittings. In general, if the KK mass splittings are neglected,
the relic abundance will be increased by the co-annihilations but with growing splittings the co-
annihilations will tend to reduce the relic abundance prediction in analogy to supersymmetric
case (91), (48).

In our model the situation is different than in the mUED scenario because our dark matter
candidate is a spin-0 particle and not a vector KK photon like in mUED. The magnitudes of
(co)annihilation cross sections will therefore be different due to the different spin of the LKP. As
we have seen, the annihilations of A(1) into fermions are suppressed like in SUSY case. Therefore
the effect of decrease of the relic abundance while adding co-annihilations can be easily predicted
and understood in analogy to the supersymmetric scenarios.

125



CHAPTER 7. RELIC ABUNDANCE OF DARK MATTER

Figure 7.11: On the left panel: Relic abundance including the co-annihilations with KK singlet leptons in
mUED. The lines from top to bottom correspond to the mass splittings Δ = 0, 0.3, 0.1. On the right panel:
Relic abundance including the co-annihilations with KK singlet quarks in mUED. The mass splittings are indicated
below the corresponding lines. Extracted from (91).

It is important to notice that the heavier KK states, heavy quarks and gluons, although
interact strongly, are expected to give negligible contributions to the relic abundance in models
with large mass splitting like mUED. For example in (91) authors find that for the KK quarks
with typical mass splitting of order of 10% the relic abundance is almost unaffected by the
co-annihilations while when the mass splittings get smaller, of order of 5%, the observed en-
hancement of the relic abundance is even more important than in the case when one includes the
co-annihilations with almost degenerated leptons. This is of course due to strong interactions
increasing the value of the effective cross section. The effects of variable mass splittings in the
leptonic and quark sectors can be seen in the figure 7.11 extracted from (91).

In our model all the masses are nearly degenerated, therefore all the particles are expected
to play an important role in the relic abundance calculation. The analytical study we have
performed is useful to understand the general behavior of the model with respect to the relic
abundance calculations. We see that the co-annihilations effects play a very important role and
thus a full numerical study including all effects has to be done. We have implemented the model
into the MicrOMEGAs program (36) - a powerful program that allows one to study numerically
the phenomenology of the dark matter candidate. The results we have obtained are shown in
the next sections.
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7.2 Relic abundance - numerical results

In the following we estimate the bounds on the compactification scale R of the extra dimen-
sions using the relic abundance calculation performed numerically with MicrOMEGAs (37),(38).
We have implement our model into MicrOMEGAs and validated the numerical implementation
with the analytical results of the previous sections. The WMAP 7-year run bound on the relic
density are 0.0773 < Ωh2 < 0.1473. We calculate the relic abundance using the implementation
of the model to MicrOMEGAs (version 2.4.1) and study two cases:

1. L1 where the relic abundance calculation includes only the SM final states i.e. we have
the processes (1, 0) + (1, 0) → (0, 0) + (0, 0)

2. L2 where we allow for the (2, 0) KK modes in the final state. We have thus the processes
(1, 0) + (1, 0) → (0, 0) + (0/2, 0)

In both cases the intermediate states are (0, 0) modes in s-channel or (1, 0) KK modes in
t-channel with the couplings at tree level. Moreover in the L2 model the (2, 0) resonances can
appear with tree level couplings as well. We will include also the loop level couplings in both
scenarios to examine their influence on the relic abundance.

7.2.1 L1 scenario - relic abundance at tree level

Using MicrOMEGAs we calculate the relic abundance Ωh2 as a function of the mass mKK .
Our results are presented on the plot 7.14 where we show four lines: the two dotted lines which
are self-covering most of the time correspond to the case where we include only annihilations of
A(1) with or without loop induced couplings. The dashed line shows the relic abundance with
all the co-annihilations included and finally the plain line corresponds to the co-annihilations
and the resonant processes turned on.

First we examine the influence of co-annihilations with all the (1, 0) level particles on the
relic abundance. Schematically the processes that we take into account at tree level can be
presented as in the figure 7.12.

When we include all the co-annihilations without loop induced couplings we observe a strong
enhancement of the effective annihilation cross section σeff for mKK > 425 GeV. Interestingly
the co-annihilations tend to increase the value of Ωh2 in the region mKK < 425 GeV. This
effect is unexpected as in general the co-annihilations should always decrease the value of Ωh2.
However the bounds we obtain from the analytical study of annihilations are identical to those
obtained here from numerical scan with MicrOMEGAs. Therefore the effect should have another
explanation. It can be due to the level crossing in masses. As can be seen from the figure 7.8
for low mKK masses the (1,0) weak gauge bosons mass splittings (blue dashed line) are quite

(1, 0)

(1, 0)

(0, 0)
(0, 0)

(0, 0)

Figure 7.12: L1 scenario - tree level processes. Here we show inly schematically the contribution modes,
t-channel diagrams also contribute.
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high, of order of ∼ 10% and only at mKK ≈ 375 GeV become smaller than the splittings of (1,0)
quarks. Therefore in the low mKK region the co-annihilations of electroweak gauge bosons will
be strongly suppressed by large mass splittings Δi in the effective cross section formula 3.17:

σeff (x) =
N∑
ij

σij
gigj

g2
eff

(1 + Δi)
3
2 (1 + Δj)

3
2 e−x(Δi+Δj) (7.24)

This would increase the value of Ωh2. The “low" mKK mass region should be quantified by
more detailed study. As a starting point we can estimate that this region would correspond to
the masses where mass splittings of (1,0) gauge bosons are larger than those of (1,0) quarks.
This would give a limit mKK � 375 GeV. Notice that this is only a naive explanation. The
problem should be investigated in further work. The main contribution comes of course from
annihilations into W+W− then from about mKK � 431/448 GeV the ZZ/HH processes become
of some importance (1% up to 15% at 1000 GeV).

7.2.2 L1 scenario - relic abundance at loop level

In the second step we study in both models the influence of adding the loop induced couplings.
This corresponds to the dotted and plain lines in the figure 7.14. Now we have additional
contributions from (2,0) particles exchanged in the s-channel and decaying at loop level into SM
final states as shown in the figure 7.13.

(1, 0)

(1, 0)

(0, 0)

(0, 0)

(0, 0)

(1, 0)

(1, 0)

(2, 0)

(0, 0)

(0, 0)

Figure 7.13: L1 scenario - loop level processes. Here we show only schematically the contribution modes,
t-channel diagrams also contribute. In the left diagram all the couplings are at tree level. On the left diagram
the loop level coupling is marked in red.

The formal calculation of effective couplings were performed in (52). The mass of the (2, 0)
KK particles is almost twice mass of its first KK particle partners. Thus, the resonance processes
in which the (2, 0) KK modes propagate in the s-channel are important for the calculation of
the relic abundance. These effects in the mUED model are partially investigated in (87), (86)
and (39). In the works (87), (86) the second KK particle resonances are studied for the LKP
annihilation and co-annihilations relevant to the SU(2)W singlet leptons e(1). However, it is
found that the second KK resonance processes also play an important role in co-annihilation
modes relevant to KK SU(2)W doublet leptons and KK higgs particles. In our model the possible

resonances can come from the following particles propagating into s channel: t
(2,0)
S/D , W (2,0), Z(2,0),

G(2,0), H(2,0). Other (2, 0) states do not couple directly to two SM particles and thus will not
contribute in the co-annihilation processes. In the table 7.5 we give the branching ration of the
(2, 0) states into SM particles.

For the resonant particles mentioned above the corresponding co-annihilation processes are
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t
(1)
D/S +A(1)/Z(1)

b(1) +W (1)

}
→ t

(2)
S/D → SM

A(1) +W (1)

l
(1)
L + ν(1)

}
→ W (2) → SM

l
(1)
L/R + l̄

(1)
L/R → Z(2) → SM

G(1) +G(1)

q
(1)
S/D + q̄

(1)
S/D

}
→ G(2) → SM

V (1) + V (1)

t
(1)
S/D + t̄

(1)
S/D

}
→ H(2) → SM

Note however that the processes can be suppressed by several factors:

1. If the initial particles are heavy, then the process will be Boltzmann suppressed. This

condition will be relevant for the initial G(1), W (1), Z(1), q
(1)
S/D which receive the largest

loop corrections to masses.

2. The BR of the (2, 0) to the SM is small. This condition will reduce the resonant contribu-
tions but is much less important than the Boltzmann suppression factors.

3. As the velocities of the particles near the freeze out temperature are non-relativistic, if
one is far below the resonance condition, that is the inequality (m1 + m2)2 � m2

3 holds,
then and the process will be Boltzmann suppressed as well due to large momenta of the
incoming particles required to produce the resonance.

We define mKKres the KK mass at which the resonant condition

(m1 +m2)2 = m2
3 (7.25)

is verified. Here m1 and m2 are the incoming particle masses and m3 is the mass of the state
exchanged in the s-channel. Among many of kinematically allowed resonances listed above, the
contributions of some of them will be highly reduced by the factors listed above:

1. t
(2)
S/D have low branching ratios into the SM particles and the initial states producing

this resonance are heavy, thus the processes will be both Boltzmann suppressed and loop
suppressed.

2. Z(2) and W (2) resonances have comparable BR to the SM particles. The initial states l(1,0)

however are quite light and the process will be Boltzmann suppressed as we are far below
the resonance condition.

3. The strong couplings of G(2) result in the very large BR into SM states. However the
modes producing the resonance, (1) quarks and gluons, are particles with the largest mass
splittings in the model, therefore the processes will be strongly suppressed by Boltzmann
factors.

4. H(2) particles, in spite of very weak BR are produced by all the (1, 0) coannihilating states
including A(1) Therefore the effective cross section will be enhanced mainly due to the
process A(1) +A(1) → H(2) → SM.
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Figure 7.14: Relic abundance in function of mKK . In all the plots we set the convention : dotted - annihila-
tions and annihilations + loops. dot-dashed - co-annihilations, plain line - co-annihilations + loops. For colors
conventions: In green - R4 � R5 (left), in blue L1 R4 = R5 (right)

From the plot 7.14 we can easily see the influence of loop induced couplings and inclusion of
(2, 0) modes in the final state in the calculation of the relic abundance of dark matter.

When we include only annihilations of A(1) then the unique (20) resonance comes from
the second level higgs H(2) exchange additionally to the SM higgs in the process A(1)A(1) →
H/H(2) → tt̄. The resonant condition 4m2

KK = m2
H2 is reached from below. For mKK ≤ mKKres

we can observe only a small dip created at mKKres = 267 GeV which correspond to H(2) resonant
exchange in the s-channel of the reaction A(1)A(1) → tt̄. At the same time when mKK exceeds
the resonant value, the influence of the s-channel higgs is stopped and we observe a sharp end
in the plot of Ωh2, for mKK > mKKres the Ωh2 values are the same as in the case without H(2)

resonance. The relative contribution of processes contribution to Ωh2 are plotted in the figure
7.15. The main contribution comes from A(1)A(1) → W+W− when the resonances are turned on
the A(1)A(1) → tt̄ contribution, which normally is at 1% level, is enhanced and gives a relative
contribution of about 30% into the total effective annihilation cross section.
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Figure 7.15: Relative contributions of the partial annihilation cross sections to the relic abundance in L1
and L2 scenarios (when we take only annihilations into account these two scenarios give the same result). On
the left panel we see the dominant contribution of A(1)A(1) → W +W − annihilation in red, and the sub-
leading annihilations into ZZ (blue) and HH (green). On the right panel the same colors are applied for the
contributions when we include the loop couplings. We clearly see the resonant contribution of A(1)A(1) → tt̄ in
magenta which is enhanced by the H(2) exchange.

When we include all the co-annihilations, all the resonant particles mentioned above con-
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tribute. The condition eq. 7.25 can be met for processes:

t
(1)
D/S +A(1)/Z(1) → t

(2)
D/S at mKKres ≈ 385/680 GeV,

W (1) +A(1) → W (2) at mKKres = 277 GeV,

t
(1)
S/D + t

(1)
S/D → G(2) at mKKres = 740 GeV.

For all those processes the resonant condition is achieved from above. Therefore the res-
onances will be turned on for mKK higher than the threshold values. The result of this is
the strong reduction of the relic abundance for high mKK masses. The co-annihilations into
H(2) always pass through the resonant condition from below. The minimum corresponding to
A(1)A(1) → H(2) is not visible now because of the average taken on all the co-annihilations
processes with resonant contributions which smooth the Ωh2 result. The main contribution, of
about 30% comes from the W (2) gauge boson as its decay width into SM particle is larger than
for other (2, 0) states. The (2, 0) gluons have large decay rates into two SM states but due to
the large mass splittings their influence will be strongly suppressed by the Boltzmann factor.

7.2.3 L2 scenario - relic abundance

Now we turn to the L2 scenario. The processes included in this case include SM particles
and (2, 0) KK modes in the final states. In the figure 7.16 we show schematically the processes
that are mediated by s channel particles. The additional processes when the loop level coupling
are turned on are presented in the figure 7.17 where we show the loop induced couplings as red
vertices. The t and u channel particles of level (1, 0) are also present and are all mediated by
tree level couplings.
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Figure 7.16: L2 scenario - tree level processes. Here we show only schematically the contribution modes,
t-channel diagrams also contribute.
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Figure 7.17: L2 scenario - loop level processes. Here we show only schematically the contribution modes,
t-channel diagrams also contribute. The loop level vertices are shown in red.

In general the final (2, 0) states can decay at tree level into a pair of level (1, 0) particles
or into SM+(2, 0) states. However, the A(2) and H(2) particles are not heavy enough to decay
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into (1, 0) states and thus will effectively contribute to the relic density (see tab. 7.5 for the
branching ratios). Note also that, due to their relatively small masses their production out from
the (1, 0) states will not be kinematically suppressed at high level. We name the A(2) and H(2)

particles as the SM like heavy states.

In the L2 scenario we see that the bounds do not change, compared to L1 case, if we include
only annihilations. It is reasonable as the main processes that contribute in both cases are
the annihilations A(1)A(1) → W+W−, ZZ,HH that are mediated only by tree level couplings.
For kinematical reasons, the SM like heavy states cannot be produced from two A(1)A(1) at
non-relativistic energies.

Including co-annihilations we have many new final states includingA(2) andH(2) as compared
to the L1 scenario. Therefore, as it can be seen form the figure 7.18, the relic abundance bounds
on mKK will be pushed up to mKK ≈ 850 GeV. The main contributions are shown in the figure
7.19. Notice that in the L2 scenario we do not have the problem of crossing lines for annihilations
and coannihilations as it was the case for L1 model. This could be explained by the face that
now the new contributions from (1,0) final states are so important that Ωh2 in almost insensitive
on the particular mass splitting of incoming particles.

7.2.4 Comparison of the mKK bounds in L1 and L2 scenarios

In the table 7.6 we summarize the bounds on the mKK mass scale deduced from the full
(including all the co-annihilation channels) relic abundance calculation in the two scenarios L1
and L2 using MicrOMEGAs. The results for both scenarios including all the co-annihilations
and loop couplings are shown in the figure 7.20 for both geometries: R4 � R5 and R4 = R5. We
observe that the loop induced couplings do not influence the relic abundance bounds when we
open only annihilation channels. The only resonant particle in this case is the heavy higgs H(2)

which produces a resonant minimum but for the mKK far below the expected range compatible
with the WMAP data. This behavior is evident in both scenarios L1 and L2, moreover we have
the same bounds for mKK with the expected value set quite low at 360 GeV in the asymmetric

mKK [GeV] 500 1000 1500

l
(2)
R 0 0 0

l
(2)
L 0 0 0

q
(2)
S 0 0 0

q
(2)
D 0 0 0

t
(2)
S 0.04 0.00 0.00

t
(2)
D 0.04 0.040 0.01

Z(2) 0.43 0.45 0.43

W (2) 0.43 0.45 0.43

G(2) 0.15 0.14 0.14

H(2) 1.00 1.00 1.00

A(2) 1.00 1.00 1.00

Table 7.5: Branching ratios of the (2, 0) KK modes into SM particles.
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Figure 7.18: Relic abundance in function of mKK . In all the plots we set the convention : dotted - annihila-
tions and annihilations + loops. dot-dashed - co-annihilations, plain line - co-annihilations + loops. For colors
conventions: In magenta - L2 R4 � R5, in red L2 R4 = R5 (right)
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Figure 7.19: Relative contributions of the partial annihilation cross sections to the relic abundance in L2
scenario when all the coannihilation channels are open. On the left panel we see the dominant contribution of
l
(1)

D/SA(1) → lA(2) in red . Other channel are l
(1)
D ν1 → qq̄ co-annihilation in green, l

(1)
D ν1 → AH(2) in magenta,

q(1)A(1) → qA(2) in blue and b
(1)
D W (1) → b, W (2) in black. On the right panel the same colors are applied

for the contributions when we include the loop couplings. We see the importance of the W (2) resonance in the
l
(1)
D ν(1) → qq̄ processes when the loop couplings are turned on.

scenario R4 � R5 and at 290 GeV in the symmetric case R4 = R5. In the L1 scenario when we
include all the co-annihilation channels but not loop induced couplings the relic abundance is
reduced of about 20 (14)% in the R4 � R5 (R4 = R5) case and when we add the loop couplings
the resonant contributions lower the Ωh2 value of 52% and the expected mass scale is pushed
up to mKK = 540 (260) GeV. In the L2 scenario, where the (2,0) states are allowed in the final
states the impact co-annihilations is more important, lowering the relic abundance value of 55
(26)% for R4 � R5 (R4 = R5) which traduces into mass scale of about mKK = 640 (360) GeV in
then adding loop couplings the Ωh2 value decrease further of about 36 (15)% with respect to the
co-annihilations only setting the mass range at 790 (400) GeV. The relative impact of opening
the (2,0) final states is always to decrease the relic abundance value and in our study we observe
a reduction of about 50 (45)% between the L1 and L2 scenarios when all the co-annihilation
channels and the loop induced couplings are taken into account. Notice that the numerically
obtained bounds are in prefect agreement with the analytical results summarized in 7.2 for the
annihilations.
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Figure 7.20: Relic abundance for the four scenarios taking into account all the co-annihilations and loop
couplings. Form top to bottom we have: blue dashed - L1 R4 = R5, red plain - L2 R4 = R5, green dot-dashed -
L1 R4 � R5, magenta dashed - L2 R4 � R5.

model mKK [GeV] mKK [GeV] model

L1 A 320 - 385 320 - 385 L2 A

L1 C 260 - 355 630 - 890 L2 C

L1 CL 440 - 620 700 - 990 L2 CL

Table 7.6: Bounds on the mKK form the relic abundance calculation in the models L1 and L2.

7.3 Cut-off dependence of the relic abundance

Electroweak precision observables presented in chapter 2 are very important bounds on the
compactification scale in extra-dimensional models. In the paper (29) authors derive bounds
from the electroweak data on the size of extra dimensions accessible to all the standard model
fields focusing particularly on the 5- and 6-dimensional case.

It is shown that in the case of one extra dimension one can reliably ignore the effects of KK
modes heavier than the cut-off Λ. With two extra dimensions the KK modes give corrections
to the electroweak observables that depend logarithmically on the cut-off, and in more extra
dimensions the dependence is even more sensitive.

They estimate that for a 5-dimensional scenario the bound is rather low of mKK ∼ 300 GeV.
In the case of two universal extra dimensions, the lower bound on the compactification scale
depends logarithmically on the ultra-violet cutoff of the higher dimensional theory, but can be
estimated to lie between 400 and 800 GeV.

The sensitivity of electroweak parameters S and T on the cut off in our model were studied
in (98). It was shown that they in fact depend logarithmically on the cut off scale. This
suggests that the UV contributions that can arise from localized kinetic terms or bulk higher
order operators can affect in a significant way these parameters. In the (98) the points on the
orbifold where these divergences arise were shown. As mentioned, the UV sensitivity of the
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precision observables limits the predictive power of these bounds.

Another way to set an upper limit for ΛR is by considering unitarity constraints, which in
the higher-dimensional theories typically yield Λ < 20 (61). We have checked in our model that
ΛR cannot exceed much the value of 10 as then the unitarity of the S-matrix is broken.

We will therefore use a typical scale ΛR = 10 in our model and while performing scans over
a range of parameters we will lower ΛR from 10 down to 2 in order not to exceed an already
high value ΛR = 10.

The spectrum of the model as well as the loop induced couplings are cut off dependent. In
the table 7.7 we show the mass splittings for mKK = 500 and 800 GeV for two different values
of the ΛR parameter. How the spectrum vary for a given mass scale mKK as a function of ΛR
is plotted in 7.21

mKK [GeV] ΛR l
(1)
R l

(1)
L q

(1)
S q

(1)
D t

(1)
S t

(1)
D V (1) G(1)

500 10 0.0026 0.0099 0.0458 0.0545 0.1078 0.1165 0.0373 0.0854

500 5 0.0020 0.0073 0.0336 0.0399 0.0952 0.1016 0.0288 0.0602

800 10 0.0039 0.0111 0.0471 0.0558 0.0751 0.0838 0.0298 0.0867

800 50 0.0030 0.0083 0.0346 0.0409 0.0619 0.0682 0.0223 0.0613

Table 7.7: Mass splittings Δi = mi

mKK

− 1 for two values of mKK = 500, 800 GeV and for two different values

of the cutoff ΛR = 10 and ΛR = 5. V (1) stands for weak gauge bosons W (1) and Z(1).
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Figure 7.21: First KK level mass splittings as a function of ΛR. On the left panel: splittings for mKK = 500
GeV, on the right panel: splittings for mKK = 800 GeV. On both panels we adopt the colors from bottom to
the top at ΛR = 10: leptons (green), electroweak gauge bosons (blue dashed), light quarks (red), tops (magenta
dashed), gluons (black dotted).

Due to these variations of the mass spectrum the relic abundance will change with the
cutoff as well. In the figures 7.22, for L1 scenario, and 7.23, for L2 scenario, we show how the
relic abundance changes with ΛR going form 5 to 10. The qualitative behavior in these two
models is the same therefore in the following we will concentrate in the L1 model only. The
L2 generalization will be straightforward and the only difference will be quantitative bounds of
mKK .

We see that when we include only annihilations the growing cutoff has the effect of increasing
the relic abundance. In contrast, when we include all the co-annihilations the situation is inversed
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Figure 7.22: Variations of the relic abundance for R4 � R5 in L1 scenario. Annihilations only (top left),
annihilations and loop couplings (top right), all co-annihilations (bottom left) and all co-annihilations with loop
couplings (bottom right). Magenta ΛR = 10, blue ΛR = 7, green ΛR = 5

- with growing cut off Ωh2 is getting reduced. To understand these effects we need to know first
of all which quantities are most influenced by the cutoff. Of course the principal influence will
be on the mass spectrum of the particles which is explicitly cutoff dependent. Then, while
we include loop induced processes, the effective couplings violating the KK number are also
dependent on the cutoff scale of the theory.

7.3.1 Cut-off dependence of the relic abundance – tree level

Let focus first on the two simple cases L1A (only annihilations) and L1C (all co-annihilations
included) which correspond to bottom and top left panels in the figure 7.22. In both cases we
do not have any loop induced couplings thus the cut off dependence will enter only in the mass
spectrum. With growing cut off for a given mKK the mass splittings are growing as can be seen
in the figure 7.21. As the annihilations are mediated by the (1,0) level particles in t-channels
mainly (for (1,0) quarks and A(1),Z(1)) for larger mass splittings the individual cross sections
will be suppressed with growing ΛR. We effectively see this effect while calculating the total
cross section for a given value of mKK which we take mKK = 500 as the benchmark point but
the exhibited behavior will be the same for other values of mKK . We show the variation of the
total cross section A(1)A(1) → SM for two values of ΛR = 10, 5 (we note then the cross section
for the corresponding ΛR values as σΛR) in the figure 7.24.

As in the relic abundance it is the mean value of σv that enters the formula we estimate its
value by assuming Boltzmann distribution of velocities of DM
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Figure 7.23: Variations of the relic abundance for R4 � R5 in L2 scenario. Annihilations only (top left),
annihilations and loop couplings (top right), all co-annihilations (bottom left) and all co-annihilations with loop
couplings (bottom right). Magenta ΛR = 10, blue ΛR = 7, green ΛR = 5

f(p)dp ∼ p2 exp

(
p2

2mkT

)
dp (7.26)

where T = m/xF with xF = 25 (we can safely assume that x is constant. We have checked that
during the relic abundance calculation indeed its value varies within the range of 22-26 for all
the range of mKK and for all the assumed values of ΛR).

Then we calculate simply the mean value 〈σv〉 and we obtain 3.76 [pb] for ΛR = 10 and
3.20 for ΛR = 5 so effectively the mean value 〈σv〉 is larger for larger cutoff scale and the relic
abundance will be smaller.

Now we turn from the annihilations only to the case where we take into account all the
co-annihilations. In this case the decreasing cutoff ΛR implies a decrease in the relic abundance
for a given value of mKK . This opposite effect as compared to the annihilations only can be
explained by the larger suppression coming from mass splittings. The independent decrease in
the cross sections with growing ΛR will be counter-balanced by the growing mass splittings that
enter the formula 3.17. The overall effect will be a decrease of the relic abundance value. We
observe qualitatively exactly the same behavior in the L2 case, presented in the figure 7.23, with
of course different mKK bounds as we have different final states.
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Figure 7.24: Total annihilation cross section A(1)A(1) → SM as a function of pcms for MKK = 500 GeV and
ΛR = 5, 10 in red and blue respectively.

7.3.2 Cut-off dependence of the relic abundance – loop level

Results we obtain including loop couplings are plotted on the top and bottom right panels of
the figures 7.22 for L1 and 7.23 for L2 scenarios. The qualitative behavior is analogous to the tree
level study. Note that the H(2) resonance occurs at larger values of mKK with decreasing ΛR
(top left panel in the figure 7.22). This is simply a consequence of the different loop corrections
dependence on ΛR for A(1) and H(2) masses and thus the resonance condition will give different
values of mKKres.

We summarize the numerical bounds for the different values of the ΛR parameter in the two
scenarios L1 and L2 in the tables 7.8 and 7.9. We should focus especially on these values where
all the physical processes relevant for the relic abundance calculation, i.e. the co-annihilations
and loop induced couplings are taken into account. Note that the allowed mass values vary
from about 200 GeV for the symmetric case - a value that is already excluded by the accelerator
searches, up to 1 TeV - a region that would be viable as not yet excluded by the LHC data.

ΛR 2 4 6 8 10

L1A 420 - 510 365 - 435 342 - 410 330 - 395 323 - 385

L1AL 427 - 545 370 - 435 342 - 410 330 - 395 323 - 385

L1C 215 - 300 240 - 330 250 - 345 255 - 352 260 - 357

L1CL 235 - 380 360 - 530 405 - 580 425 - 605 440 - 620

L2A 420 - 510 365 - 437 343 - 410 330 - 395 322 - 385

L2AL 427 - 545 370 - 437 343 - 410 330 - 395 322 - 385

L2C 385 - 545 505 - 735 570 - 815 607 - 865 630 - 895

L2CL 500 - 740 570 - 820 640 - 905 675 - 955 700 - 990

Table 7.8: mKK bounds (in GeV) from the relic abundance for different values of ΛR for R4 � R5.
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ΛR 2 4 6 8 10

L1 A 332-415 293-358 278-338 269-325 262-318

L1 AL 332-415 293-358 278-338 269-325 268-318

L1 C excuded < 235 < 245 < 252 < 255

L1 CL excuded < 285 < 300 < 305 < 310

L2 A 330-415 295-360 280-340 270-325 265-318

L2 AL 330-415 295-360 280-340 270-325 265-318

L2 C 225 - 345 275 - 425 305 - 450 320 - 465 325 - 475

L2 CL 240 - 365 295 - 455 330 - 480 340 - 495 350 - 505

Table 7.9: mKK bounds from the relic abundance for different values of ΛR for the symmetric case R4 = R5.

Decreasing the ΛR parameter from ΛR = 10 down to ΛR = 2 we decrease the allowed
bounds for mKK of about 30%. The upper limit on ΛR derived from the unitarity constraints
can serve as an estimate for the ΛR in more realistic studies. One has to carefully chose the
value ΛR in order to estimate the right bounds for the compactification scale. Other question
that can be addressed in this case is the influence of UV phenomena on the low-energy effective
theory, as varying the cutoff the high-energy completion may play an important role. This study
is however far beyond the scope of this thesis.

7.4 H2 localized mass parameter mloc dependence of the relic
abundance

The next step is to vary the mloc parameter which is a free parameter of the model. It
corresponds to the mass operator localized on the singular points of the orbifold. Effective
theory order of magnitude estimates suggest that reasonable values for the localized term should
be mloc < mKK . Moreover as it was mentioned in chapter 6 the bounds on the mloc parameter
should be applied from the electroweak precision observables as well. This parameter changes
the mass of mH2 thus affecting the position of the resonant cross-sections contributing to the
relic abundance calculation on one hand. On the other hand higher mass of H(2) will change
the possible decay modes of this particle. For mloc = 0, the value we have assumed in all the
previous analysis, the only possible decays of H(2) are into SM particles. Increasing mloc the
decay channels into heavier states from (1,0) tier will open. For example, taking into account
the allowed bounds of mloc/mKK from the electroweak constraints, we can put as a benchmark
point mKK = 600 GeV and then we have the branchings as shown in the table 7.10

Resonance condition

As it was mentioned in section 7.2 main processes including the resonant H(2) are from the
annihilations of A(1)A(1) states. The resonance condition 7.25 for H(2), assuming the incoming
particles at rest (which is reasonable as the DM at decoupling is highly non-relativistic) can be
written as

mKK ≤ m2
h +m2

loc

δ
with δ = 4δA − δh (7.27)
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mloc tt̄ A(1)A(1)

0 1 0

100 1 0

200 0.92 8

Table 7.10: Branching ratios of H(2) for mloc = 0 , 100, 200 GeV.

where δh and δA stands for the loop corrections calculated in chapter 6. In the table 7.11 we
give the numerical values for the resonant masses mKK satisfying the equality in eq. 7.27 and
the corresponding lower bound from the ρ calculated in chapter 6.

mloc mres
KK [GeV] mρ

KK [GeV]

0 267 0

100 353 351

200 544 558

300 769 731

400 1005 886

500 1248 1028

Table 7.11: The values of mres
KK corresponding to resonances 2mA1 = mH2 and the lower bounds for mρ

KK

obtained from the electroweak precision constraints for different values of mloc.

In the figure 7.25 we give the electroweak bounds for the mloc/mKK in green and the res-
onant value of mKKres as a function of mloc in red. We see that the stringent bounds coming
from electroweak constraints leave us with only a small possible window for varying mloc/mKK .
However it should be remembered that there are other contributions to the electroweak param-
eters in our model which are not calculable. These extra terms are higher order operators with
respect to the contributions we have calculated. Therefore they will be typically suppressed.

Finally we are ready to study the influence of the resonant H(2) diagrams to the relic abun-
dance. In the first step we do not consider the bounds from the electroweak constraints.

First let us focus on the L1 case. We have the model with only annihilations and loop
couplings.The resonant H(2) can thus only be exchanged in two processes A(1)A(1) → tt̄, HH.
The results of the scans are showed in the figure 7.26 on the two top panels.

We can observe a peculiar behavior of the relic abundance. The enhancement of the effective
cross section σeff begins rather early, far before the resonant value of mKK . The process
responsible of this effect, A(1)A(1) → tt̄ is not counter-balanced sufficiently in the region mKK ≤
mres

KK . Thus for mKK < mres
KK the process is still below the resonance and effectively enhance

the total cross section. Once the resonance condition mKK = mres
KK is satisfied, i.e. the incoming

particles are above the resonance, the wide minimum is sharply cut. The minima appear very
near the resonant value of mKK for the incoming particles at rest, namely 2mLKP = mH2 .
The values of those mres

KK masses are listed in the table 7.11. What is worth noticing is that
the minimums are getting more deep and wide with increasing mloc. For mloc ∈ (100, 250) the
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Figure 7.25: Bound on mloc as a function of the mKK mass, obtained imposing that the effect on the ρ
parameter is not larger than the allowed measured value within 3σ. The green line shows the lower bounds on
mloc/mKK , the region above the line is excluded by electroweak constraints. In red we plot the resonant value
of mKKres as a function of mloc. We see that only in the region 110 GeV < mKK < 236 GeV can be relevant
physically when we take into account the electroweak constraints. Here we assume the geometry R4 � R5.
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Figure 7.26: On the left panel: The shape of the resonances of H(2) in L1 for all the co-annihilations included.
H(2) appears in s-channel in reactions A(1)B(1) → tt̄, f (1)f̄ (1) → tt̄ where f (1) stands for any fermion of level
(1,0) and A(1), B(1) - any gauge electroweak boson from level (1,0). From the left to the right we see the minima
corresponding to mloc = 0, 100, 200, 300 GeV. On the right: Scan of the allowed mKK masses with varying mloc

in the range 0 < mloc < 500 in the model L1 with all co-annihilations. In yellow we show the range excluded by
electroweak precision tests, in green the bound allowed by the condition mres

KK < mρ
KK .
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minimum is deep enough to exclude a region of mKK that was allowed for mloc = 0 (i.e. while
not including the localized mass operators.) For mloc > 400 the minima do not reach the bound
of Ωh2 allowed by WMAP data.

In the figure 7.26 we plot the relic abundance including all co-annihilation channels in the
model L1 and we change the value ofmloc parameter. We can clearly see the s-channel resonances
of H(2) on the left panel. The main contribution to Ωh2 comes from the reaction A(1)A(1) → tt̄.
In this scenario we observe a very clear and narrow minimums appearing in a neighborhood of
mres

KK . For mloc = 50, 100 we can hardly see a small minimum in the relic abundance which do
not change the allowed values of mKK . Then for higher values of 200 < mloc < 400 we see that
the mKK values that were forbidden in the absence of resonance are now allowed. Moreover
the minimum at mloc = 150 is deep enough to exclude a small region of mKK where the relic
abundance is below the WMAP limit Ωh2 < 0.0773. As in the previous case, for mloc > 400 the
corresponding resonant masses mres

KK > 1000 GeV and the minima are not deep enough to reach
the region of Ωh2 allowed by WMAP data.

In the right panel of the figure 7.26 we show the full region of allowed mKK for mloc varying
between 0 and 500 GeV. In yellow we show the region excluded by the electroweak precision
tests. This leaves us with a restricted region for mloc but still we can consider the enhancement
of the effective cross section for large mloc and the corresponding window of mKK masses can
be open up to ≈ 900 GeV. However, if we add the condition that the mKKres value should not
exceed the bound given from the same electroweak tests for a given mloc then the only allowed
bound is highlighted in green. This bound is very stringent and leaves only a small window for
mKK which is the same as we would obtain for mloc = 0.

Now we give the bounds obtained in the L2 scenario. As it was noticed before in the section
7.2 the bounds do not change between the two possible model L1 and L2 when we include only
annihilations. Thus we include all the co-annihilation processes and read the allowed ranges of
mKK which are plotted in the figure 7.27. Note that the minima are much less deep that in the
L1 model thus the allowed regions for mKK will be much more restricted.
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Figure 7.27: On the left panel: The shape of the resonances of H(2) in L2 for mloc = 0, 100, 200, 300 GeV.
Included processes - all co-annihilations. On the right panel: Scan of the allowed mKK masses with varying
mloc in the range 0 < mloc < 500 in the model L2. In yellow we show the range excluded by electroweak precision
tests, in green the bound allowed by the condition mres

KK < mρ
KK .

The bounds imposed in green should be however studied in more details. In fact we exclude
all the region where the resonant mass mKKres for the H(2) exchange is lower than the bounds
imposed by the electroweak tests. One should although remember that there are other co-
annihilation processes in which the s-channel resonances are different particles from the (2, 0)
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level, such as mentioned before weak gauge bosons W (2) and Z(2). The masses of those particles
will be affected by mloc parameter as well - the dependence that we should add in our numerical
implementation of the model. The new bounds coming from these resonances should be then
studied together with the electroweak constraints.

7.5 Direct detection bounds

As mentioned in chapter 3 a number of experiments are currently searching for a cold dark
matter. Their sensitivity is being continuously improved and the upper limits are upgraded
regularly. The best upper limit for the WIMP-proton spin independent cross section has been
recently obtained by Xenon, σSI

pχ < 3.4 × 10−8[pb] for a 55 GeV WIMP and CDMS σSI
pχ <

3.8×10−8[pb] for a 70 GeV WIMP. For limits from other experiments see 3.1. The spin-dependent
cross section is much less restrictive.

In the extra-dimensional models the potential dark matter candidate is usually a KK gauge
boson, but it is also possible that a KK scalar, a KK graviton or a KK neutrino is the lightest KK
particle. In the minimal UED model the dark matter candidate is the U(1)Y gauge boson B(1) 2

In our six-dimensional model the dark matter candidate is the first level photon A(1) which is
a scalar particle. Thus its interaction properties will be different from the mUED model where
the first level photon is a vector particle. It is worth mentioning here that one can find other
model in the literature where the dark matter candidate is scalar particle - the inert doublet
model (IDM) (99)

The main difference is that there is no spin-dependent interaction. Therefore the direct
detection will be mediated only by spin-independent processes. The case where the direct
detection signal is mediated only by the SI interaction is much less discriminating (it is more
difficult to discriminate the model which is being detected). The only information that can be
used is the total cross section and the mass of the DM particle.

We compute the direct detection signal using MicrOMEGAs2.4. The input model is as
defined in previous section. The direct detection signal is mediated by the processes showed in
the figure 7.28.

q

A(1)

A(1)

q

q
(1)
S/D

q

A(1)

A(1)

q

q
(1)
S/D

Figure 7.28: Feynman diagrams for direct detection A(1)q → A(1)q via q2
S/D in s/t channel.

The interactions of A(1) with all the SM quark are mediated by the level one quarks q
(1)
D/S

in s and t channels. Interactions with heavy quarks b, t are mediated also by the higgs boson
in t-channel. The Yukawa couplings with light quarks can be safely neglected as they are
proportional to the mass of the quark . There are also present the loop induced coupling of
second level higgs H2 with the top quark.

2. More precisely the dark matter candidate is the level 1 photon A(1) -a linear superposition of B(1) and W
(1)
3

but the mixing angle can be safely neglected.
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Given all the model implemented in MicrOMEGAs the parameters we can vary is first of
all the cut off of the theory ΛR and the mass of the H5 via mloc as it was the case in the relic
abundance studies. Note however that the H(2) exchange in this case is in t-channel. Thus there
will be no resonant effects enhancing cross section A(1)q → A(1)q. Moreover, as the interaction
mediated by H(2) exchange have a loop induced coupling, its effect will be negligibly small. We
have checked the impact of adding this channel into the total cross section and we have seen
that the higgs contribution do not affect in any way the direct detection signal. Thus in our
scans we keep mloc = 0.

We vary ΛR parameter in the range 2 < ΛR < 10. As with growing cut-off the masses
grow the effect of varying ΛR from ΛR = 2 up to ΛR = 10 will be the decrease of the SI cross
section which is suppressed by the level one quark messes mq1 . The result we find is shown in
the figure 7.29 where we show the variation of the spin-independent cross section with mKK for
three choices of ΛR = 3, 5, 10 as well as various experimental bounds and the numerical values
for three example points ΛR = 3, 5, 10 are given in the table 7.12. We obain the same results
for both geometries of the orbifold R4 � R5 and R4 = R5 as the (2, 0) particles do not interact
in the direct detection processes.
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Figure 7.29: Direct detection bounds on mKK masses for the RP 2 for ΛR = 3, 5, 10 in blue, blue dashed and
blue dotted respectively. In blue WIMP - proton cross section in cm2. In red we give the Xenon limits, plain -
2011, dashed - 2012, dotted - 2017, dot-dashed magenta/green - Zepelin/CDMS+EDELWIESS.

For the "natural" set of parameters ΛR = 10, mloc = 0 we note that the direct detection
bounds predict the masses of CDM in the range of mKK > 410 GeV for the less constraining
ZEPELINIII data and this value is pushed up to 630 GeV for the most constraining Xenon2012
limits. These values are compatible with relic abundance bounds L1 CL and L2 C/CL for the
masses lower than 620 GeV while the last obtained bound from Xenon2012 mKK > 630GeV is
compatible with L2 C/CL predictions.

The lower mKK bound from estimates of Xenon2017 pushes the value of mKK up to more
than 1TeV which will be difficult to reconcile with the relic abundance limits.

For lower cut-off the bounds for mKK are pushed up and for example for ΛR = 3 we get
mKK > 600 GeV or mKK > 900 GeV for the less constraining ZEPLINIII and most constraining
XENON2012 bounds respectively. As lowering the cut off have the opposite effect for the relic
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Experiment Zepelin Edelweiss+CDMS Xenon2011 Xenon2012 Xenon2017 ΛR

10−44σ[cm]2 23.478 11.045 5.697 2.115 0.041 3

mKK [GeV] 600 675 760 900 1840

10−44σ[cm]2 19.154 9.721 4.861 1.762 0.036 5

mKK [GeV] 500 560 630 750 1540

10−44σ[cm]2 14.718 7.615 4.165 1.38922 0.028 10

mKK [GeV] 415 465 520 630 1315

Table 7.12: Lower bounds for the mKK mass from different direct detection experiments.

abundance calculation, i.e. with growing cut-off the allowed mass range is pushed up the overall
parameter space will be much smaller. For the ΛR = 3 we find indeed that the relic abundance
bounds restrict mKK to be lower than 675 GeV and the strongest direct detection bounds
mKK > 900 will exclude this candidate.
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Chapter 8

LHC phenomenology

Some aspects of the phenomenology of the model on the real projective plane have been
discussed in refs. (51) and (52). In particular all the loop level decay widths of the (2, 0) states
were calculated in ref. (52). A detailed study of 4-top events in the scope of the LHC signals
was presented in ref. (50). Here we will focus on the even tiers (2, 0) and (0, 2) phenomenology.
These states are important because they lead to events without missing energy, and therefore
they can give signatures very different from supersymmetric models.

Notice that the phenomenology of the model will change depending on the relation between
the radii R4 = ξR5. Here we show the results for two simple cases as we have done for the dark
matter phenomenology: R4 � R5 and R4 = R5. Loop corrections to KK masses of the (2, 0)
modes are different in both cases, and typically are twice bigger in the degenerate case R4 = R5.
We will observe the influence of this geometrical effect on the phenomenological signals of the
model in what follows.

8.1 Decays of the (2,0) KK modes - influence of the geometry
of the orbifold.

8.1.1 (2,0) gauge bosons

Gauge bosons can be pair or single produced via loop couplings in the LHC. First we calculate
widths and direct branching ratios of all the (2, 0) particles to see what are the main decay modes
at loop level. In the plots 8.1 we show the total decay widths for the KK gauge bosons. Notice
that in general they grow with increasing mKK and that for the asymmetric orbifold R4 � R5

the widths are about one order of magnitude lower than in the symmetric case.
In the tables 8.1 and 8.2 we summarize direct decay branching ratios of (2, 0) gauge bosons

for mKK = 600 GeV for the degenerate and non-degenerate case. Note that the masses of the
(2, 0) modes as well as total widths change considerably depending on the geometry. In general
the decays into heavy KK states (2, 0) or a pair (1,0) + (1,0) grows as R4 → R5. Two exceptions
are the lightest states from the (2,0) tier - the KK photon A(2) and the higgs H(2) which will
decay uniquely into SM states independently on the underlying geometry. Also the branching
ratio of the KK gluon G(2) into (2,0) quarks will decrease rather than increase due the crossing
in masses between G(2) and q(2). Typically, mass corrections to the top quarks t(2) will make the
quarks heavier than the G(2) gluon for mKK � 1 TeV in the asymmetric geometry while gluon is
already heavier than top quarks t(2) for mKK � 500 GeV in the symmetric case. KK excitations
of the higgs boson H(2) will decay into pairs of Standard Model tops but both, the production of
higgs excitations and then their decays, are strongly suppressed as compared to other KK bosons
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Figure 8.1: Total widths of the (2, 0) gauge bosons as a function of mKK . From top to bottom: green dot-
dashed - ΓG(2) , magenta, dashed - ΓW (2) ≈ ΓZ(2) , blue - ΓA(2) , red dotted - ΓH(2) . Left panel R4 � R5 and
right panel R4 = R5.

therefore we will neglect the KK higgs in the following study. Other reason for this ignorance
is our poor understanding of the higgs sector in the extra-dimensional models. From the tables
8.3 and 8.4 we clearly see that the direct production of phenomenologically interesting SM final
states will be suppressed when the geometry of our orbifold become symmetric. In what follows
we show the plots of branching ratios only for the non degenerate case R4 � R5. In the limit
R4 = R5 the behavior of the BRs is qualitatively the same with only a quantitative difference
shown in the tables where we summarize the BRs for the two different geometries.

particle mass [GeV] Γtot [GeV] decay mode BR [%]

H(2) 1180.3 0.001 tt̄ 100

A(2) 1200.1 0.05 SM 100

SM 45

Z(2) 1231.5 0.14 l(1) l̄(1) + ν(1)ν̄(1) 18+16

l(2) l̄ + νν̄(5) 10+10

SM 45

W (2) 1231.5 0.14 l(1)ν̄(1) + ν(1) l̄(1) 35

lν̄(2) + νl̄(2) 10+10

SM 23

G(2) 1318.3 4.42 q(1)q̄(1) 42

qq̄(2) 21

Table 8.1: Main decay channels and their branching ratios in % of (2, 0) gauge bosons at mKK = 600 GeV.
R4 � R5

KK photon A(2)

KK excitation A(2) due to its very small loop corrections can decay uniquely into SM particles
via loop couplings. Tree level decays into two particles of (1,0) level or into a pair (2,0) + (0,0)
are kinematically forbidden for this particle. Direct branching ratios of A(2) into different SM
states are listed in 8.3 and 8.4 for R4 � R5 and R4 = R5 respectively. The main decay is into
a pair of quarks which is at 73% level and the SM top quarks are produced very efficiently in
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particle mass [GeV] Γtot [GeV] decay mode BR [%]

H(2) 1153.5 0.002 tt̄ 100

A(2) 1200.0 0.01 SM 100

SM 29

Z(2) 1259.5 0.4 l(1) l̄(1) + ν(1)ν̄(1) 22+23

l(2) l̄ + νν̄(2) 10+11

SM 30

W (2) 1259.5 0.4 l(1)ν̄(1) ν(1) l̄(1) 46

lν̄(2) + νl̄(2) 11+10

SM 7

G(2) 1426.2 18.6 q(1)q̄(1) 54

qq̄(2) 38

Table 8.2: Main decay channels and their branching ratios in % of (2, 0) gauge bosons at mKK = 600 GeV.
R4 = R5

final state A(2) Z(2) G(2) final state W (2)

qq̄ 73.03 34.60 12.66

tt̄ 25.30 6.23 2.48 ud̄ 25.40

ll̄ 0.85 1.48 - tb̄ 11.80
νν̄ 0.78 1.37 - lν̄ 2.32
ZH 0.11 0.28 - ZW 0.26

W+W− 0.06 0.31 - HW 0.23

Table 8.3: Branching ratios in % of the loop induced decays of the (2, 0) gauge bosons into SM states at
mKK = 600 GeV for R4 � R5.

final state A(2) Z(2) G(2) final state W (2)

qq̄ 73.27 22.55 6.49

tt̄ 24.78 4.23 0.01 ud̄ 18.22

ll̄ 0.91 0.97 - tb̄ 8.85
νν̄ 0.71 0.93 - lν̄ 1.89
ZH 0.09 0.18 - ZW 0.19

W+W− 0.07 0.20 - HW 0.18

Table 8.4: Branching ratios in % of the loop induced decays of the (2, 0) gauge bosons into SM states at
mKK = 600 GeV for R4 = R5.

A(2) decays. This di-jet signal is very challenging to observe in the LHC and potentially can
lead to interesting LHC signatures and to multi-top events. A study of four-top production
was presented in (50). Leptonic final states are produced at very small level but can be easily
detected in hadronic colliders.

KK electroweak gauge boson Z(2).
KK excitations of the electroweak gauge gauge boson Z receive important loop corrections

therefore the tree level decays into heavy KK leptons from the (1, 0) and (2, 0) tiers will be
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Figure 8.2: BR of A(2) left panel and Z(2) right panel. Color conventions for final states: red jj, blue dashed
- ll̄, green dot-dashed - νν̄, magenta dotted - ZH, black W W . R4 � R5

kinematically accessible. Decays into a pair of (1, 0) leptons are at 35% level while decays into
(1, 0) quarks are still, as for A(2), kinematically inaccessible.

Within the resonant production of the SM states, with BR=45% at mKK = 600 GeV, the
main decays will be in the SM quarks followed by the leptonic decays which typically have lower
BRs for all the KK gauge bosons. SM leptons however will be produced more abundantly from
the Z(2) decays than from the A(2) photon. The SM decay products of Z(2) are the same as
those of A(2) but with different BRs as can be seen in the tables 8.3 and 8.4 for R4 � R5 and
R4 = R5 respectively.

Other 20% of decays will be into pairs (2, 0) + (0, 0). In the tree level mediated processes
most of final states will be invisible matter, namely neutrinos and only a small fraction of Z(2)

will decay into easily detectable charged leptons. The branching ratios for the Z(2) decays as a
function of mKK in the asymmetric geometry of the orbifold are summarized on the plots 8.3
for the tree level processes and 8.2 for the loop induced couplings.

At tree level there are also possible decays into a pair of gauge scalars from the first KK
level or a pair of gauge bosons (0, 0) + (2,0) but they are at at most 5% level.
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Figure 8.3: BR of Z(2) → (1, 0) + (1, 0) left panel and Z(2) → (0, 0) + (2, 0) right panel. Color conventions
for final states: blue dashed - ll̄, green dot-dashed - νν̄. R4 � R5.

KK electroweak gauge boson W (2).
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W (2) KK boson decays at 35% into pairs l(1)ν(1) and at 25% into (2, 0) + (0, 0) states. At
loop level it decays mostly into light quark pairs as can be seen in the plots 8.4 where we show
the evolution of the BRs with mKK for the non-degenerate radii R4 � R5. We can expect that
the cascade decays of (1, 0) leptons produced with a significant ratio in the W (2) decays will
provide quite a clear signal with charged SM leptons. Also the resonant direct production of
the SM charged leptons could be challenging to detect and would provide a clear signature of
the model.
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Figure 8.4: BR of W (2) → SM (left) and W (2) → (1, 0) + (1, 0) (right). Color conventions for final states:
red: ud̄, blue dashed: lν, green dot-dashed: ZW , black:HW , brown: A(1)W (1). R4 � R5.

Branching ratios for the symmetric geometry at the benchmark point mKK = 600 GeV can
be seen in the tables 8.2 for the (1,0) and (2,0) tiers decay products and in the table 8.4 for
direct SM decays.

KK colored gauge boson G(2)

Heavy gluon G(2) can decay into (1, 0) and (2, 0) quarks or into a pair of SM quarks directly.
The decay into a pair of gluon scalar partners G(1) is at 1% level. Thus we expect a significant
resonant effects from the (2,0) gauge bosons to the LHC signatures. G(2) will decay at ∼50%
rate into pairs of (1,0) quarks via tree level couplings. Decays into SM+(2,0) states are sub-
leading (∼ 40%) and finally loop induced decays into SM quarks and gluons are produced at
10% level. Note that the SM final states are quite important in comparison with the tree level
processes. This is due to the fact that loop induced mass splittings of the final (1, 0)+(1, 0) and
(2, 0) + (0, 0) states are large, which makes the processes to be almost on threshold thus they
will be kinematically suppressed making them of the same order as the loop induced decays.

Direct branching ratios of the decays into SM particles are listed in the table 8.3 for a
benchmark point mKK = 600 GeV and plotted in the left panel of the figure 8.5 for a wider
range of mKK masses for R4 � R5.

8.1.2 (2,0) leptons

Next we turn to (2,0) leptons. Their total widths are very small compared to gauge bosons
and grow when we go from the asymmetric scenario to the symmetric one. We plot the widths
for the two geometries of the orbifold in the figure 8.6.

The main decay channels and branchings are summarized in the table 8.5 for R4 � R5 and
in tab. 8.6 for R4 = R5. The SU(2)W singlet (2,0) leptons will decay into pairs lA(2) and l(1)A(1)

(both, charged and neutral). The latter channel is kinematically more suppressed due to larger
mass corrections. Also the final states with KK Z excitations are kinematically forbidden.
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dot-dashed: q(2)q̄, black: HW , brown:A(1)W (1).
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Figure 8.6: Total widths of the (2, 0) SU(2) singlet and doublets leptons. From top to bottom: magenta dashed:

Γ(l
(2)
D ), green dot-dashed: Γ(ν

(2)
D ), blue: Γ(l

(2)
S ). Left panel R4 � R5 and right panel R4 = R5.

In the figure 8.7 we see a typical behavior of the decay branching ratios into (1,0) or (2,0)
states. While for SU(2)W doublet leptons the BRs of those two final states, lA(2) and l(1)A(1),
are almost constant with mKK scale, for the SU(2)W singlet leptons the production of (1,0)
pairs will be more efficient with growing mKK . This is a direct consequence of the fact that the
SU(2)W singlet states are almost degenerate with A(1) photon what will make a direct decay
into A(1) very inefficient. With increasing mKK the A(1) mass stays almost untouched while

l
(1)
S will become heavier. The mass splitting between the l(2) and A(2) is very small thus the

produced SM leptons will be soft. The A(2) will in turn decay into a pair of SM particles as we
have seen above on the plot 8.2.

Due to larger mass corrections in the symmetric scenario the decays channels into (1, 0) pairs
will be more accessible kinematically as we can see by comparing the values of branching ratios
in the tables 8.5 and 8.6. For the asymmetric case the decays into A(2) boson were at 70% level
for both, singlet and doublet charged leptons while for the R4 = R5 case the decays into (2, 0)
state and a pair of (1,0) particles are almost at the same level of about 50%. The influence of
this geometrical effect should have an impact on the LHC signals as the heavier A(2) states will
be produced less efficiently both in the single production and as the decay products thus the
resonant contribution to the SM particles production will be somehow suppressed. We should
quantify this effect by investigating in details the dependence of LHC signals on the ratio R4

R5
in

the forthcoming work.
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particle mass [GeV] Γtot [MeV] decay mode BR [%]

l
(2)
S 1204.5 0.3

lA(2)

l
(1)
R A(1)

74
26

l
(2)
D 1212.4 0.8

lA(2)

l
(1)
D A(1)

71
29

ν
(2)
D 1224.7 0.5

νA(2)

ν(1)A(1)

84
16

Table 8.5: Main decay channels and their branching ratios in % of (2, 0) leptons at mKK = 600 GeV for the
asymmetric geometry R4 � R5

particle mass [GeV] Γtot [MeV] decay mode BR [%]

l
(2)
S 1209.0 1.7

lA(2)

l
(1)
R A(1)

59
41

l
(2)
D 1224.7 3.4

lA(2)

l
(1)
D A(1)

60
40

ν
(2)
D 1224.7 2.4

νA(2)

ν(1)A(1)

78
22

Table 8.6: Main decay channels and their branching ratios in % of (2, 0) leptons at mKK = 600 GeV for the
symmetric case R4 = R5.
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Figure 8.7: Branching ratios of (2, 0) SU(2)W singlet (left) and doublet (right) leptons. In red: l
(2,0)

S/D → lA(2,0)

blue: l
(2,0)

S/D → l
(1,0)

S/D A(1,0) for R4 � R5. This typical behavior will not change when we impose R4 = R5 scenario.

8.1.3 (2,0) quarks

Tree level decays

At tree level the singlet quarks from the (2, 0) tier can decay into a quark of the same flavor

and a neutral gauge bosons: q
(2)
S → q(1)A(2)/Z(1), q

(2)
S → qA(2)/Z(2). Gluon KK excitations

G(1)/(2) are too heavy to appear in the final state. Top quarks, as we have included the mixing

between the S and D states will decay also into a b quark and a W boson as t
(1)
S → b

(1)
D W (1),
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t
(1)
S → bW (2).

Dominant decays of q
(2)
S are into KK photon while the BR into KK excitations of the Z boson

is three orders of magnitude smaller and opens, for the light singlet quarks at mKK ≈ 450 GeV
for R4 � R5 (for R4 = R5 the channel is already opened at mKK = 200 GeV).

Note that at mKK = 600 GeV the channel t
(1)
S → t

(1)
D Z(1) is still closed. It opens at

mKK ≈ 750 GeV with BR∼ 10−8%.

The SU(2)W doublet quarks q
(2)
D will decay more likely into their doublet SM quark partner

and the W KK boson or into the same flavor quarks and a Z boson KK states. Decays into
(1, 0)-level pairs q(1)W (1) are at 5% level while the decays into the same flavor quark have the
branching ratio of about 3%. Similar thing happens for decays into qW (2) and qA/Z(2) pairs.

Note that, the b
(2)
D decay channel into tW (2) is closed up to mKK ≈750 GeV, therefore the

dominant decay mode within the (2, 0) tier will be bZ(2). Decays b
(2)
D → t

(1)
D W (1) are also closed

up to the mKK mass of order of 800 GeV. The heavy gauge bosons produced abundantly from

the q
(1)
D will then chain decay into the SM jets or into lepton pairs.

Loop induced decays

It was shown in ref. (52) that at loop level the (2, 0) quarks cannot couple to a massless gauge
boson and a massless quark due to the structure of the gauge coupling. Therefore the possible

loop induced decays will include only massive SM bosons and an SM quark t
(2)
S → t, Z/H,

t
(2)
S → bW and b

(2)
S → tW . We neglect the decays of the light quarks into two SM particles as

they are highly suppressed by the Yukawa couplings.

Decays into a SM quark plus a (2,0) gauge boson is suppressed by the mass of the gauge
boson. Heavy quarks will mainly decay into a SM fermion plus an electroweak gauge boson in
the same tier (the gluon is too heavy) or into a pair of fermion and electroweak gauge scalar in
the level (1,0). Noticeably, there is no phase space for decays into another fermion in tier (2,0)
because such decay would also contain a massive gauge boson. The total widths for the up- and
down-type light quarks and for the tops are shown in the figure 8.8. In tables 8.7 and 8.8 we
give the typical values of branching ratios for singlet up- and down-type quarks for R4 � R5

and R4 = R5 geometries.

We see from the tables 8.7 and 8.8 that the influence of the geometry of the underlying
orbifold is very important for the quark decays. This is a direct effect of the different mass ratio
mq2/mG2 which in the case R4 = R5 is smaller than one resulting in a strong enhancement of
the decay rate into a pair of quark and gluon in the (1,0) + (1,0) or SM + (2,0) tiers.

From the results shown above we can see that most of events will contain a chain decay
within level (2, 0) to the lightest state A(2) or a decay into states of tier (1, 0) that will chain
decay to the stable dark matter candidate A(1). In both cases SM particles emitted in the
chain will have very little energy due to the small splitting between the masses within each tier.
Moreover, states in level (1, 0) will give rise to missing energy. We expect however the particle
in level (2, 0) that initiate the chain to have very little transverse momentum. The consequence
is that the states in tier (1, 0) at the end of the decay chain will also have little transverse
momentum, and therefore the event will not contain significant missing energy after all. This
simple picture is affected by the fact that some events will have sufficient transverse momentum
at production and that initial state radiation may boost the whole event. To study this effect,
a detailed Monte Carlo simulation would be needed.

Heavy gauge bosons, on the other hand, can decay directly into a pair of energetic SM
fermions at any stage in the decay chain. Even though the branching ratios are rather small,
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Figure 8.8: Total widths of the (2, 0) SU(2) singlet (top panels) and doublets (bottom panels) quarks as a
function of mKK . Assymmetric geometry R4 � R5 is assumed on the left and symmetric on the right. From
bottom to the top: magenta, dashed - Γt(2) , blue - Γu(2) , green dot-dashed - Γd(2) .

the signal can be very clean and easy to be detected by the experiments. The main mode will
be into light jets and will be affected by a large QCD background, the cleanest signatures will
therefore be given by energetic leptons and tops.
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particle mass [GeV] Γtot [MeV] decay mode BR [%]

u
(2)
S 1257.4 20.1

uA(2)

u
(1)
S A(1)

86

13

dW (2) 56

u
(2)
D 1266.8 43.4 uZ(2) 27

uA(2) 5

d
(1)
D W (1) 6

u
(1)
D Z(1) 2

u
(1)
D A(1) 1

d
(2)
S 1243.6 4.8

dA(2)

d
(1)
S A(1)

86
13

uW (2) 59

d
(2)
D 1266.8 41.4 dZ(2) 30

dA(2) 2

u
(1)
D W (1) 6

d
(1)
D Z(1) 3

t
(2)
S 1274.1 324.9

bW (2)

b
(1)
D W (1)

86

12

bW (2) 70

t
(2)
D 1283.5 93.7 b

(1)
D W (1) 9

t
(1)
S A(1) 8

Table 8.7: Main decay channels and their branching rations in % of (2, 0) quarks at mKK = 600GeV. R4 � R5.

8.2 Heavy states production in the LHC

At the LHC the most important states to be produced are quarks and gluons, because they
have strong interactions and also because the proton is made of quarks. Larger cross sections
are obtained in general for the partners of the light quarks. All other cross sections are sub-
dominant. Channels with heavy quarks are larger due to the dominant contribution coming
from the production of heavy up quarks which are enhanced due to the presence of a valence
up quark in the initial state. Nevertheless, all the other channels involving down and second
generation quarks also contribute significantly and cannot be neglected.

The heavy gluon G(2) can be pair-produced or in association with a heavy quark q
(2)
S/D. Pair

production is mediated by the bulk interactions and can proceed via a gluon in the s- and t-
channel and or a t-channel quark exchange. The associated production is mediated by a quark
in s- or t-channel. Another possible production mechanism is via loop induced interactions by
annihilation of two SM quarks directly into G(2) and gives comparable results as the associated
production mechanism.

The main production cross sections as a function of the KK mass are plotted in the figure
8.9 where the inclusive production cross sections for a pair of (2,0) quarks (and antiquarks), a
single heavy quark in association with an heavy gluon and a pair of heavy gluons are shown
for two different geometries of the orbifold. From the table 8.9 where we give numerical values
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particle mass [GeV] Γtot [MeV] decay mode BR [%]

uA(2) 44.53

u
(2)
S 1314.2 147 u

(1)
S G(1) 44.91

u
(1)
S A(1) 10.41

u
(2)
D 1332.9 116.21 dW (2) 24.19

uZ(2) 10.38

uA(2) 6.42

d
(1)
D W (1) 7.31

u
(1)
D G(1) 46.13

u
(1)
D A(1) 3.74

u
(1)
D Z(1) 1.81

d
(1)
S G(1) 74.69

d
(2)
S 1311.2 76.9 dA(2) 20.25

d
(1)
S A(1) 4.86

d
(2)
D 1332.9 361.44 uW (2) 27.86

dZ(2) 14.03

dA(2) 1.14

u
(1)
D W (1) 14.49

d
(1)
D G(1) 35.04

d
(1)
D Z(1) 7.42

t
(2)
S 1334.7 2525.83 bW (2) 1.12

SM (tZ+bW+tH) 0.1

bS(2) 26.78

tH(2) 2.56

b
(1)
D W (1) 19.51

t
(1)
D+SG

(1) 33.84

t
(1)
D+SZ

(1) 7.91

t
(1)
D+SA

(1) 0.6

t
(2)
D 1353.4 2633.50 bW (2) 4.48

bS(2) 11.16

tH(2) 19.87

b
(1)
D W (1) 19.42

t
(1)
S+DG

(1) 54.52

t
(1)
S+DZ

(1) 1.5

t
(1)
S+DA

(1) 4.62
SM(tZ+bW+tH) 0.02

Table 8.8: Main decay channels and their branching rations in % of (2, 0) quarks at mKK = 600 GeV. R4 = R5.

for a benchmark point mKK = 600 GeV we notice that the production cross section in the
asymmetric case is smaller than in the symmetric scenario of about 12%. In the figure 8.10 we
show the single production cross sections of the heavy (2,0) gauge bosons where we take into
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Figure 8.9: Cross sections at the LHC at 7 TeV for the pair productions of heavy states: the red dashed line
represents the channel with a pair of heavy quarks, in magenta dotted an heavy gluon in association with an
heavy quark, in green dot-dashed a pair of heavy gluons. On the left panel: R4 � R5. On the right panel:
R4 = R5.

R4 � R5 R4 = R5

final state σ [fb] σ [pb]

u(2)u(2) 7.38 27.26

U (2)U (2) 0.27 0.26

q(2)G(2) 15.03 6.57

G(2)G(2) 0.28 0.09

total 22.96 34.18

Table 8.9: Cross sections at the LHC at 7 TeV for the pair productions of heavy states at mKK = 600 GeV.
u(2) stand for the sum of the light (2,0) quarks (u,c,d,s), U (2) for the heavy quarks b(2) and t(2), q(2) for the sum
over all the quarks in the (2,0) state.
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Figure 8.10: Single production cross section of (2,0) gauge boson in the LHC 7 TeV : the red dashed line
represents the channel A(2) production, in magenta dotted Z(2), in green dot-dashed W (2) and in black the single
G(2) production. On the left panel: R4 � R5. On the right panel: R4 = R5.

account only the s-channel cross-section into SM final states for the electroweak gauge bosons
and a q(2) + qSM final state for heavy gluon.

We note that the cross sections are quite promising. The production cross sections of colored
states are of order of 10 pb at the benchmark point mKK = 600 GeV. The single production
cross sections are smaller, of order of 1 pb, but still we have a very clean signatures in di-leptons
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or di-tops final states therefore we can expect to have a good potential to be discovered in the
LHC.
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8.3 LHC signatures

Charged and neutral massive gauge bosons, usually named W ′ and Z ′ are proposed in
many theoretical extensions of the Standard Model. Searches of those new vector particles
are performed in the colliders (Tevatron CDF, D0, LHC) and the analyzed data are interpreted
in the context of several models proposed in the literature, such as “left-right symmetric” gauge
group SU(2)L× SU(2)R× U(1) B−L, (113), model with the Standard Model fermions that couple
to the W boson transforming as doublets under SU(2)L, and the other ones transforming as
doublets under SU(2)R.

W ′ at hadron colliders can be detected through resonant production of fermions or elec-
troweak gauge bosons. Assuming ΓW ′ � mW ′ one can approximate that

σ(pp → ff̄ ′X) ≈ σ(pp → W ′X)BR(W ′ → ff̄ ′) (8.1)

where f, f̄ ′ are SM fermions with difference of charges |qf − gf ′ | = 1 and X is any final state.
The most studied decay channels are W ′ → eνe and W ′ → μνμ. The corresponding branching
ratios can in principle be very different and thus those two channels can in principle be studied
separately.

Other interesting decay channel is W ′ → tb̄ which typically will give a signature of two b
jets and a leptonically decaying W gauge boson. If mW ′ > mt then hadronic decays of W are
also possible and can modify the SM s-channel single top production. Finally collider searches
concentrate also on decays W ′ → WZ.

In our model W ′ corresponds to the KK (2,0) excitation of the W gauge boson. Its decay
modes were presented in the previous section. As we have seen, it can decay directly into SM
states or chain decay through (2,0) and (1,0) particles down to A(2) and A(1) which will decay
only into SM final states at loop level due to their very small mass corrections.

Z ′ collider searches are based on the decays in two charged SM leptons Z ′ → l+l− or into two
top quarks Z ′ → tt̄. In our model a generic Z ′ will correspond to Z(2) and A(2) KK excitations.

We will thus concentrate on the interesting LHC signatures that can arise from the (2,0)
resonant particles decaying into SM states via loop couplings. As it was seen above in our model
the only resonant decays can arise from the (2,0) gauge bosons. They can be pair or single
produced via localized counterterms. We are interested in final states with a resonant pair of
SM particles from the decay of heavy gauge bosons. Those in turn can be pair produced via bulk
interactions or single produced via localized counterterms. The single production mechanisms
are:

1. QCD production of heavy gluons which will decay into quarks

pp → G(2) → q
(2)
D/Sj

2. Drell-Yan production of heavy gauge bosons decaying then into wanted final states

pp → A(2), Z(2) → l+l−

pp → W (2)± → l±ν
pp → W (2)± → W±Z (8.2)

pp → A(2), Z(2), G(2) → tt̄ or jj

pp → W (2)± → tb

(8.3)

160



8.3. LHC SIGNATURES

These channels are very clean because the lepton and top pairs resonate with the mass of
the tier, while the 4 top channel has negligible background from the SM. Due to the way they
were calculated in ref. (52) only the production of on-shell (2,0) states is correctly taken into
account. Authors of ref. (52) used the effective counter terms to calculate the coefficients of
the loop couplings between a (2,0) and two (0,0) states in the “magic“ gauge ξ = 3. The full
implementation would require the inclusion of gauge-dependent loop corrections to all vertices,
including bulk ones, and is beyond the scope of this work. In order to impose the resonant states
on-shell we can impose a cut on the invariant mass of the final states to be around the mass of
the decaying particle.

We have prepared the detailed analysis of the LHC searches using MadGraph implementation
of the model connected with BRIDGE 1. All the decay chains down to SM particles are taken
into account and the final state is always accompanied by softer SM states from the decay chains.
Here we will shortly summarize the results and the philosophy of the experimental searches .
For more details we invite the reader to look for the paper which is under preparation when I
am writing this text.

8.3.1 W ′ → l±νl searches

The searches of decays W ′ → l±νl are based on events with high pT lepton and missing
energy coming from the neutrino. The studied variable is

mT =
√

2pl
TE

ν
T miss(1 − cos Δφlν) (8.4)

where Δφlν is the azimuthal opening angle between the charged lepton’s transverse momentumpl
T

and the direction of the observed missing energy signal Eν
T miss direction. It is assumed that

all the missing energy is due to neutrino. In our model this signal can come from the decay
W 2± → l±νl. The W 2± is produced as decay product of colored states. It is important to notice
also that in pair production of heavy gauge bosons the invisible decays of the second particle
can give an extra MET as in the decays of Z(2) → νν̄ or from decays into two (1, 0) states. In
the analysis we have done the veto is imposed on the production of heavy states in the first tier
and hard leptons from other decays.

The CMS search (59) is based on the 5 fb−1 dataset from 2011 collected in pp collisions
at a center of mass energy of 7 TeV. Events were selected using the criterion of at least one
high-transverse-momentum pT lepton. The trigger thresholds were raised with the increasing
luminosity of the LHC and the highest reached values were pT > 80 for electrons and pT > 40
for muons.

ATLAS analyzed data from 2011 (9) were taken in the 7 TeV (center of mass) pp collisions
with a total integrated luminosity of 1.04 fb−1. To select events the cuts on electron transverse
energy ET > 25 GeV and on muon transverse momentum pT > 25 GeV were imposed.

In the figure 8.11 we show the limits on the mKK from W ′ → l±νl for the two possible ge-
ometries of the orbifold. We sum over the two possible final states eνe and μνμ and approximate
the resonant mass to be mW 2 ≈ 2mKK . The total effective cross section is plotted in black.

The experimental limits are extracted from (59) for CMS (yellow) and (9) for ATLAS (green).
We can see that the for the symmetric scenario we don’t have any limit on the mass mKK . The
asymmetric case gives a bound mKK � 380 GeV.

1. Thanks to L. Panizzi for the script and to G.Cacciapaglia for doing the overall scans!!
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Figure 8.11: Bounds from the study of W → lν. Total effective cross section (black), cross section from pair
production (blue), cross section from single production (red). Experimental bounds are indicated in yellow (CMS)
(59) in green (ATLAS) (9). On the left: non degenerate geometry is assumed R4 � R5 and On the right:
degenerate radii R4 = R5. Thanks to G. Cacciapaglia.

8.3.2 W ′ → WZ searches

Here the searches look for resonances of heavy states decaying into WZ gauge bosons. The
two main strategies consist on looking for fully leptonic decays of both Z and W final states as
Z → ll and W → lν with l = e, μ or for a leptonic decay of Z and hadronic decay of W .

Experimental bounds we use are taken from the CMS last data (58). The CMS search is
performed in pp collisions at

√
s = 7 TeV for exotic particles decaying via WZ to final states

with electrons and muons. The integrated luminosity if the considered dataset is approximately
5 fb−1. To identify the considered decay mode a double-electron or double-muon signal was
required and a pT thresholds of 17 GeV and 8 GeV were imposed for the highest-pT and second-
highest-pT leptons respectively.
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Figure 8.12: Bounds from study of W ′ → W Z resonances. Total effective cross section (black), cross section
from pair production (blue), cross section from single production (red). CMS bounds (58) are indicated in yellow.
On the left: non degenerate geometry is assumed R4 � R5 and On the right: degenerate radii R4 � R5.
Thanks to G. Cacciapaglia.

The results are shown in the figure 8.12. The bounds we obtain here are quite stringent
and numerically we estimate mKK � 560 GeV for the non symmetric scenario R4 � R5 and
mKK � 340 GeV for R4 = R5 case.
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8.3.3 Z ′ → l+l− searches

In this searches the experiments look for a pair of charged leptons with high transverse
momentum pT . We use ATLAS experimental bounds (6) with the dataset taken at 7 TeV
pp collisions with total integrated luminosity of 4.9 fb−1. In the di-electron channel the two
electron candidates are required to have minimal transverse energy of ET > 25 GeV. In the
di-muon channel, two muon candidates must satisfy the condition pT > 25 GeV.

In our model the di-lepton events can arise from the A(2) and Z(2) decays. Note these two
particles are quite narrow and their masses can differ of about 30 (60) GeV at mKK = 600 GeV
for non-degenerate (degenerate) radii respectively. Thus whether the two states would be seen
as different or not depends on the experimental sensitivity. In the bounds we give here we have
summed for simplicity the contributions coming from the two resonances. We have checked that
the main contributions will come from A(2) decays. We can thus safely use the approximation
mZ′ ≈ 2mKK but a more detailed study should be done.
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Figure 8.13: Bounds from the study of Z′ → l+l−. Total effective cross section (black), cross section from pair
production (blue), cross section from single production (red). ATLAS bounds (6) are indicated in yellow. On
the left: non degenerate geometry is assumed R4 � R5 and On the right: degenerate radii R4 � R5. Thanks
to G. Cacciapaglia.

From the di-lepton decays we have the strongest bounds on the Z ′ mass. For the a-symmetric
scenario R4 � R5 we obtain a lower bound mKK � 680 GeV and mKK � 580 GeV for the
symmetric orbifold R4 = R5.

8.3.4 Di-jet resonances

At hadron colliders, the search for new phenomena in fully hadronic final states without
missing transverse energy or leptons is experimentally challenging because of the large multi-jet
background. In our model the multi-jet signal can come from every heavy gauge boson decays
A(2), Z(2),W (2) and G(2). Notice that the masses of those KK excitations are very different
6.3 from A(2) with mass of 1200.1 GeV up to G(2) with mass 1318.3 GeV at mKK = 600
GeV in the asymmetric case. In our analysis we assume that the experimental uncertainties in
the jet reconstruction is such that the four resonances (in fact three as the electroweak gauge
bosons Z(2) and W (2) have almost the same masses and will always be seen as one heavy state)
cannot be disentangled and we sum the contributions coming from them. As the invariant
mass of the heavy states we assume with a good approximation 2mKK . We have checked that
the main contribution to the expected signal comes from the A(2)A(2) desintegrations thus our
approximation in the invariant mass can be in fact considered as good.
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To have some estimate on the mKK scale we compare our results with the CMS dataset
of 2.2 fb−1 from pp collisions collected at

√
s = 7 TeV (7). The signal selection is based on

a requirement of pairs of dijets with equal mas. To suppress QCD multi-jet backgrounds the
requirement that events have at least four jets with a minimum transverse momentum of 150
GeV. is imposed. The efficiency of the detector varies from 3% up to 13% for resonant masses
of 300 GeV up to 1000 GeV respectively.
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Figure 8.14: Bounds from study of di-jet resonances. We plot the total effective cross section of 4-jet events
assuming the efficiency of 3% efficiency (black) and 13% (black dashed). CMS bounds (7) are indicated in yellow.
On the left: non degenerate geometry is assumed R4 � R5 and On the right: degenerate radii R4 � R5.
Thanks to G. Cacciapaglia.

From this study we can see that the bounds are mKK � 410(590) GeV assuming the efficiency
of 3(13)% in the asymmetric case R4 � R5. In the symmetric case we obtain mKK � 300(340)
GeV lower bounds. Other signals, listed in 8.2 don’t give any bound on the KK mass mKK .

As conclusion we can say that our model have a clear signatures that can be easily observed
at the LHC and put the bounds on the compactification scale R. We summarize the collider
bounds in the table 8.10. Limits we obtain from the LHC searches are not incompatible with
the relic abundance bounds 7.8 and 7.9. Direct searches of dark matter candidate put also the
strongest bounds in the same region as the LHC signals at about mKK � 600 GeV 7.12. The
bounds we give here are extracted for two simple scenarios of our model: in the decoupling limit
R4 � R5 where one of the tiers at each level is completely decoupled or the symmetric scenario
R4 = R5 where at each level we have two states degenerate in mass. We have seen that the
limits on the compactification scale are different on both cases but both predict a dark matter
candidate at about 1 TeV. As the LHC will collect more data the bounds will become stronger
and potentially will exclude the mKK < 1 TeV which corresponds to the limiting case of the
WMAP privileged region in the non degenerate scenario.

8.4 Summary of all the bounds on the mKK

In the two previous chapters we have studied the experimental bounds on the compactifica-
tion scale R or equivalently on the characteristic mass scale mKK ∼ R−1. We have included all
the (1,0) and (2,0) KK states together with radiative correction to their masses in order to study
in details the phenomenology of the model at one loop order. The mass degeneracy within each
KK tier, perfect at tree level while neglecting SM masses, was therefore removed by the loop
corrections but a characteristic very small mass splittings remains providing a specific signatures
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signal R4 � R5 R4 = R5

mKK [GeV] mKK [GeV]

W ′ → lν 380 none
W ′ → WZ 560 340
Z ′ → l+l− 680 580

di-jet 410 300

Table 8.10: LHC bounds on the mass scale mKK .

of the model. Here we summarize the bounds on the mKK mass that we have found from the
relic abundance calculation, direct detection searches and LHC signatures. We give the results
for a natural set of parameters of our model: ΛR = 10 and mloc = 0. The SM higgs mass was
always kept at 125 GeV in accordance with the latest discoveries at the LHC. The two simplest
geometries of the orbifold were considered: the decoupling limit R4 � R5 and symmetric limit
R4 = R5. We summarize our results in the table 8.11.

For the privileged bound of mKK from the relic abundance calculation we assume that the
most complete scenario should be taken into account - that is the L2 model where we allow

Experimental mKK [GeV] mKK [GeV]

bounds R4 � R5 R4 = R5

Ωh2 L1CL 440 - 620 < 310

Ωh2 L2CL 700 - 990 350 - 505

Direct Detection

lower bounds

Zepelin 415 415

Edelweiss + CDMS 465 465

Xenon 2011 520 520

Xenon 2012 630 630

Xenon 2017 (previsional) 1315 1315

LHC

lower bounds

W ′ → lν 380 none

W ′ → WZ 560 340

Z ′ → l+l− 680 580

di-jet 410 300

Table 8.11: Summary of all the experimental bounds on the Kaluza-Klein mass scale mKK for the asymmetric
geometry R4 � R5 in the middle column and for the symmetric orbifold R4 = R5 in the right column.
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for the (2,0) KK states to appear as the final states of the dark matter candidate annihilation
processes. The bounds are then in higher region of mKK and for the asymmetric scenario we
get the maximal allowed value of mKK = 990 GeV which is quite high in comparison with other
models where the dark matter candidates are typically at 500 GeV scale or lower. The model
R4 � R5 is not yet excluded as the direct detection and LHC bounds exclude masses up to 630
and 670 GeV respectively which leaves us with a possible window 680 < mKK < 990 GeV that
will be examined while more data will be accessible from the collider searches and with growing
sensibility of direct detection devices. As we can see , the previsional bounds for Xenon 2017
would exclude our dark matter candidate with masses lower than 1315 GeV which would be
completely incompatible with relic abundance bounds.

The relic abundance bounds for the symmetric scenario are very low, 350 < mKK < 505
GeV and the experimental bounds from both direct detection and LHC signal set the bounds in
a much higher regime.

Changing values of parameters in the model, such as ΛR or mloc would change slightly the
allowed bounds on the mKK . But, on one hand we have a strong electroweak constraints on the
values of mloc and the final effect of changing its value in the allowed regime will not impact at
all the WMAP bounds in the mKK . On the other hand, the cosmologically privileged window
is slowly going toward smaller mKK masses with decreasing cut-off ΛR (from 700 − 990 GeV
at ΛR = 10 down to 500 − 740 GeV at ΛR = 2 in the L2 scenario) which can only worse the
situation as the direct detection bounds are stronger with decreasing ΛR (mKK < 630 (900)
GeV for ΛR = 10 (3) from the strongest bounds set by Xenon 2012).
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Conclusion & perspectives

We have extensively studied the structure and phenomenology of an extension of Standard
Model with two extra dimensions compactified on a real projective plane.

This scenario can be classified within a group of models called Universal Extra Dimensions
where all the Standard Model fields are free to propagate in the extra space. The choice of
geometry is crucial. The number of extra dimensions, the symmetry group used to define
compactification and the metric influence significantly the particle spectrum of the model, the
nature of dark matter candidate (its mass and spin) and therefore have a huge impact on the
resulting phenomenology.

Real projective plane is a unique two dimensional orbifold without fixed points where chiral
fermions can be defined. The importance of chiral fermions is obvious as the objective is to
reconstruct the Standard Model content at the fundamental level of Kaluza-Klein expansion.

The absence of fixed points is required as they can lead to the breaking of the KK symmetry,
a remnant of Lorentz invariance extended to extra dimensions, exact when the extra space is
infinite and then partially broken by the compactification. Broken KK symmetry means that
the operators localized on the fixed points can introduce interactions that do not respect the
KK number in vertices and thus there are no stable particle in the Kaluza-Klein expansion.

We have therefore defined the Standard Model on the real projective plane and the first
excitation mode of the SM photon is naturally stable and, being a weakly interacting neutral
particle, can be considered as a perfect candidate for dark matter.

The first point of this thesis was to calculate one loop spectrum of the (2,0) KK level.
Particles in this tier are very important as their masses, at tree level proportional to 2R−1, are
twice the (1,0) level particle masses ∼ R−1. Therefore the resonant effects of (2,0) modes can
be expected to influence the collider and dark matter phenomenology processes.

In order to have an idea of the influence of the geometry of the orbifold on the spectrum
we have considered two possible geometries of the orbifold. The first one where the two radii
of compactified dimensions are equal R4 = R5 another one where one of the radii is much
larger R4 � R5 resulting in the decoupling of one of the tiers. We have shown that in the
non-symmetric case R4 � R5 there is only one dark matter particle, and there are no possible
mixings between two tiers (n, 0) and (0, n) with n even. In the symmetric scenario, mixings of
the even levels (n, 0) and (0, n) are possible. These mixings will generate additional divergent
contributions to the mass corrections. The (2,0) particles in this scenario will be then typically
heavier than in the non-symmetric case. General and important feature of the spectrum are
very small mass splittings within a given tier which is important in the dark matter studies and
provides interesting LHC signatures.

The second step was to investigate the influence of the (2,0) level modes to the phenomeno-
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logical observables. First bounds on the Kaluza-Klein mass scale mKK were derived from relic
abundance calculation. As the mass splittings in our model are very small the co-annihilation
effects become important. In the analytical calculation we have shown the importance of the
co-annihilations including KK leptons. We have demonstrated also that the loop corrections to
the KK masses as well as the SM masses should not be neglected as they can shift the relic
abundance result of about 15%. In order to have an exact bound on the compactification scale
we have implemented the model in MicrOMEGAs and numerically derived the bounds in both
geometries including co-annihilations with all the (1,0) particles. Using this program we have
examined several factors that can change the relic abundance predictions: the inclusion of (2,0)
modes, the cut off scale and the localized mass parameter. We have seen that we can obtain a
range of masses as high as 1 TeV for the dark matter candidate suggesting that direct searches
of other heavy particles at LHC and direct dark matter detection experiments can allow in near
future to strongly bound the model or find evidence for it.

Finally, we have studied in details the LHC phenomenology in our model. Typically the
heavy KK states produced in the proton-proton collisions will chain decay down the the stable
(1,0) photon. But, including loop induced couplings, the (2,0) modes can couple directly to two
SM states and thus enhance the resonant cross section. We have chosen clear signals that are
studied in the LHC, into di-leptons and into jets and performed a detailed calculation of the
expected signal. The 7 TeV data from LHC already put limits on the model and some region of
mKK masses privileged by WMAP bounds is ruled out.

This work provides a step to understand extra-dimensional models. The influence of higher
Kaluza-Klein modes on the low energy phenomenology was shown to be important. We have
shown also that the geometry of the underlying orbifold is crucial to find out the particle spec-
trum. Within this particular model the explicit dependence of the spectrum and thus of the
low-energy signatures on the ratio of the two radii R4/R5 should be examined more in details
in order to put some bounds on the ratio and to understand how the behavior of the model
changes in this case. Another possible modification would be to change the metric introducing
a warp factor. All these geometrical modifications should enlighten a lot the general features of
extra-dimensional models. One however should not stop here. We have shown that it is possible
to find orbifolds without fixed points and define on them an extension of the Standard Model.
This effective theory is an insight in the beyond Standard Model physics that is calculable in
a finite interval of time 2. However existence of more extra dimensions is not excluded, higher
dimensional orbifolds without fixed points should exist and if LHC data exclude the already de-
fined models we should think to go further. We have choice between mathematical complexity
or maybe a redefinition of some concepts that we have introduced with the extra-dimensional
theories.

2. The mathematical complexity when one introduces more extra dimensions grows in "exponentially". It can
be seen already when one want to classify possible orbifolds: only 2 possibilities in 1D, 17 possible orbifolds in
2D and 230 in 3D!!! What about loop calculation...
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Appendix A

Notations

In this text adopt the following notations:
– M4 - 4-dimensional Minkowski space with the metric noted ημν = diag(1,−1,−1,−1)

– RPP or RP 2 - space group defining the real projective plane orbifold with flat metric
diag(−1,−1)

– M4 ×RP 2 - the six-dimensional space with flat metric gMN = diag(1,−1,−1,−1,−1,−1)
– The letters the middle of the Greek alphabet label the xμ coordinates of four-dimensional

space M4 and take values μ, ν, · · · ∈ {0, 1, 2, 3}.
– The letters from the beginning of the Greek alphabet label yα - coordinates on the d− 4-

dimensional orbifold with α, β · · · ∈ {4, 5, . . . d}. We adopt also a vector notation �y =
(y4, y5, . . . , yd) when needed.

– The major letters of the Latin alphabet run over all the coordinates of the six-dimensional
space M4 ×RP 2 with M,N, · · · ∈ {0, 1, 2, 3, 4, 5}.

– Lower case letters form the beginning of the Latin alphabet a, b, . . . label the gauge fields
and gauge group generators of a corresponding group
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Appendix B

Annihilation Cross Sections

We give expressions for the co-annihilations of (1,0) level particles assuming degenerate mKK

noted as m and neglecting the SM masses mSM = 0 in terms of coefficients defined in B.1.

β =

√
1 − 4m2

s
(B.1)

L = ln

(
1 − β

1 + β

)
= −2 tanh−1 β (B.2)

B.1 Co-annihilations A(1) with leptons l
(1)
S/D and ν(1)

The topology of co-annihilations A(1) with leptons l
(1)
S/D into neutral gauge bosons is shown

in the figure B.1.
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A/Z
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l
(1)
S/D

l

A/Z

Figure B.1: Co-annihilations A(1)l
(1)

S/D
into neutral gauge bosons. Same topology for the ν

(1)
l co-annihilating

with A(1) into Z holds.
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Figure B.2: Co-annihilations A(1)l
(1)

S/D into W gauge bosons. Same topology for the ν
(1)
l co-annihilating with

A(1) holds.
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Figure B.3: Co-annihilations A(1)l
(1)

S/D into Higgs boson H gauge bosons. Same topology for the ν
(1)
l co-

annihilating with A(1) holds.

σ(A(1)l
(1)
S → Al) =

g4
2s

4
wc

2
w1

c2
w

−3β + 4L

32πsβ2
(B.3)

σ(A(1)l
(1)
D → Al) =

g4
2c

2
w(cwsw1 + cw1sw)2

4c2
w

−3β + 4L

32πsβ2
(B.4)

σ(A(1)l
(1)
S → Zl) =

g4
2s

6
wc

2
w1

c4
w

−3β + 4L

32πsβ2
(B.5)

σ(A(1)l
(1)
D → Zl) =

g4
2(cwsw1 + cw1sw)2

4c2
w

s2
w(2 − 3s2

w)sβ + (1 − 2s2
w)(4m2 + (1 − 2s2

w)s)L

32πs2β2
(B.6)

σ(A(1)ν(1) → Zν) =
g4

2(cwsw1 − cw1sw)2

4c2
w

(2m2 + s)L

32πs2β2
(B.7)

σ(A(1)l
(1)
S → Wl) =

g4
2s

2
w

2

1

32πsβ
(B.8)

σ(A(1)l
(1)
D → Wl) =

g4
2(cwsw1 + cw1sw)2

8c2
w

1

32πsβ
(B.9)

σ(A(1)ν(1) → Wν) =
g4

2(cwsw1 − cw1sw)2

8c2
w

1

32πsβ
(B.10)

σ(A(1)l
(1)
D → Wν) = σ(A(1)ν(1) → Wl) =

Asβ + (Bm2 + Cs)L

16πs2β2
(B.11)

(B.12)
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B.2. CO-ANNIHILATIONS OF LEPTONS L
(1)
S/D

The last cross section must be multiplied for l
(1)
D incoming
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8cw

B = −1
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+ 8s2
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)
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w(cw1sw − cwsw1)2
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and for ν(1) incoming by
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σ(A(1)l(1)S → Hl) =
g6

ws
2
ws

2
w1v

2(cw1sw − cwsw1)2(cw(cw1 + sw1) + sw(sw1 − cw1))2

4c6
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16πs2β2
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σ(A(1)ν(1) → Hν) =
g6

wv
2(cw1sw − cwsw1)2

16c6
w

L

16πs2β2
(B.15)

(B.16)

B.2 Co-annihilations of leptons l
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S/D
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(1)
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l

Figure B.4: Co-annihilations l
(1)

S/D
l
(1)

S/D
into ll]. To simplify we show only the t-channel. If the particles are of

the same flavor then, also u-channel diagrams contribute. Same topology for the ν(1) holds.

σ(l
(1)
Sa l

(1)
Sa → ll) = σ(l

(1)
Dal

(1)
Da → ll) = σ(l

(1)
Dal

(1)
Sa → ll) = (B.17)

σ(ν(1)
a ν(1)

a → ll) =
2m2 − s+ 4m2βL

128πm2sβ
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Figure B.5: Co-annihilations l
(1)
D ν(1) into lν. If different flavor, then only t-channel diagrams contribute.
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S/D into ll̄]. Same topology for the ν(1) holds. To simplify we show only the
t-channel.

The cross sections B.17, respectively to incoming particles must be multiplied by the coeffi-
cients :

AlS lS =
g4

2s
4
w

c4
w

AlDlD = Aνν =
g4

2

16c4
w

AlS lD =
g4

ws
2
w

(
2cwcw1sw1 + sw(c2

w1s
2
w1)
)2

4c4
w

σ(l
(1)
Sa l

(1)
Sb → lalb) = σ(l

(1)
Dal

(1)
Db → lalb) = σ(l

(1)
Sa l

(1)
Db → lalb) = (B.18)

σ(l
(1)
S ν(1) → lν) = σ(l

(1)
Daν

(1)
b → laνb) = σ(ν(1)

a ν
(1)
b → νaνb) =

1

64πsβ

The cross sections B.18, respectively to incoming particles must be multiplied by the coeffi-
cients :
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B.3. CO-ANNIHILATIONS OF LEPTON - ANTILEPTON L
(1)
S/DL̄

(1)
S/D

AlS lS =
g2

2s
2
w

c2
w

(B.19)

AlDlD = Aνν =
g2

2

4c2
w

(B.20)

AlS lD =
g2

2sw(sw(c2
w1 − s2

w1) + 2cwcw1sw1)

c2
w

(B.21)

AlSν =
g2

2s
2
w

2c2
w

(B.22)

AlDν =
g2

2(c2
w1 − s2

w1)

4c2
w

(B.23)

B.3 Co-annihilations of lepton - antilepton l
(1)
S/D l̄

(1)
S/D

(check)

σ(l
(1)
S l̄

(1)
S → ll̄) =

5g4
2s

4
w

96c4
w

2m2 + s

πs2β
(B.24)

σ(l
(1)
D l̄

(1)
D → ll̄) =

g4
2

192πs2β

(
16m2 + 11s

)
(B.25)

σ(l
(1)
D l̄′(1)

D → ll̄′) =
g4

2

24πs2β

(
16m2 + 2s

)
(B.26)

σ(ν(1)ν̄(1) → νν̄) =
g4

2

24πs2β

(
16m2 + 2s

)
(B.27)

σ(ν(1)ν̄ ′(1) → νν̄ ′) =
g4

2

24πs2β

(
16m2 + 2s

)
(B.28)

σ(l
(1)
S l̄

(1)
S → AA) = g4

ws
4
w

β

4πs
(B.29)

σ(l
(1)
S l̄

(1)
S → ZZ) =

g4
ws

8
w

cw4

β

4πs
(B.30)

σ(l
(1)
S l̄

(1)
S → ZZ) =

g4
ws

6
w

cw2

β

4πs
(B.31)

σ(l
(1)
S l̄

(1)
S → WW ) = g4

ws
4
w

19(s+ 2m2)

96πs2β
(B.32)

(B.33)
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