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Résumé

Cette these porte sur le probleme d’estimation a travers les échelles pour un proces-
sus stochastique. Nous étudions comment le choix du pas d’échantillonnage impacte les
procédures statistiques. Nous nous intéressons a l'estimation de processus a sauts a par-
tir de I'observation d’une trajectoire discrétisée sur [0, 7. Lorsque la longueur de I'intervalle
d’observation T va a l'infini, le pas d’échantillonnage tend soit vers 0 (échelle microscopique),
soit vers une constante positive (échelle intermédiaire) soit encore vers I'infini (échelle macro-
scopique). Dans chacun de ces régimes nous supposons que le nombre d’observations tend
vers l'infini.

Dans un premier temps le cas particulier d’'un processus de Poisson composé d’inten-
sité inconnue avec des sauts symétriques {—1, 1} est étudié. Le Chapitre 2 illustre la no-
tion d’estimation statistique dans les trois échelles définies ci-dessus. Dans ce modele, on
s'intéresse aux propriétés des expériences statistiques. On montre la propriété de Normalité
Asymptotique Locale dans les trois échelles microscopique, intermédiaire et macroscopique.
L’information de Fisher est alors connue pour chacun de ces régimes. Ensuite nous analysons
comment se comporte une procédure d’estimation de I'intensité qui est efficace (de variance
minimale) & une échelle donnée lorsqu’on 'applique & des observations venant d’une échelle
différente. On regarde I'estimateur de la variation quadratique empirique, qui est efficace dans
le régime macroscopique, et on l'utilise sur des données provenant des régimes intermédiaire
ou microscopique. Cet estimateur reste efficace dans les échelles microscopiques, mais mon-
tre une perte substantielle d’information aux échelles intermédiaires. Une procédure unifiée
d’estimation est proposée, efficace dans tous les régimes.

Les Chapitres 3 et 4 étudient l'estimation nonparamétrique de la densité de saut
d’un processus de renouvellement composé dans les régimes microscopiques, lorsque le pas
d’échantillonnage tend vers 0. Un estimateur de cette densité utilisant des méthodes d’on-
delettes est construit. Il est adaptatif et minimax pour des pas d’échantillonnage qui décroissent
en T~% pour a > 0. La procédure d’estimation repose sur 'inversion de 'opérateur de com-
position donnant la loi des incréments comme une transformation non linéaire de la loi des
sauts que 'on cherche a estimer. L’opérateur inverse est explicite dans le cas du processus
de Poisson composé (Chapitre 3), mais n’a pas d’expression analytique pour les processus
de renouvellement composés (Chapitre 4). Dans ce dernier cas, il est approchée via une
technique de point fixe.

Le Chapitre 5 étudie le probleme de perte d’identifiabilité dans les régimes macro-
scopiques. Si un processus a sauts est observé avec un pas d’échantillonnage grand, certaines
approximations limites, telles que I'approximation gaussienne, deviennent valides. Ceci peut



entrainer une perte d’identifiabilité de la loi ayant généré le processus, des lors que sa struc-
ture est plus complexe que celle étudiée dans le Chapitre 2. Dans un premier temps un
modele jouet a deux parametres est considéré. Deux régimes différents émergent de 1’étude :
un régime ou le parametre n’est plus identifiable et un ou il reste identifiable mais ot les esti-
mateurs optimaux convergent avec des vitesses plus lentes que les vitesses paramétriques
habituelles. De I’étude de cas particulier, nous dérivons des bornes inférieures montrant
qu’il n’existe pas d’estimateur convergent pour les processus de Lévy de saut pur ou pour
les processus de renouvellement composés dans les régimes macroscopiques tels que le pas
d’échantillonnage croit plus vite que racine de T'. Enfin nous identifions des régimes macro-
scopiques ou les incréments d'un processus de Poisson composé ne sont pas distinguables
de variables aléatoires gaussiennes, et des régimes ou il n’existe pas d’estimateur convergent
pour les processus de Poisson composés dépendant de trop de parametres.
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Summary

This thesis studies the problem of statistical inference across time scales for a stochastic
process. More particularly we study how the choice of the sampling parameter affects sta-
tistical procedures. We narrow down to the inference of jump processes from the discrete
observation of one trajectory over [0, 7]. As the length of the observation interval 7" tends to
infinity, the sampling rate either goes to 0 (microscopic scale) or to some positive constant
(intermediate scale) or grows to infinity (macroscopic scale). We set in a case where there
are infinitely many observations.

First we specialise in a toy model : a compound Poisson process of unknown intensity with
symmetric Bernoulli jumps. Chapter 2 highlights the concept of statistical estimation in
the three regimes defined above and the phenomena at stake. We study the properties of the
statistical experiments in each regime, we show that the Local Asymptotic Normality property
holds in every regime (microscopic, intermediate and macroscopic). We also provide the
formula of the associated Fisher information in each regime. Then we study how a statistical
procedure which is optimal (of minimal variance) at a given scale is affected when we use it on
data coming from another scale. We focus on the empirical quadratic variation estimator, it
is an optimal procedure at macroscopic scales. We apply it on data coming from intermediate
and microscopic regimes. Although the estimator remains efficient at microscopic scales, it
shows a substantial loss of information when used on data coming from an intermediate
regime. That loss can be explicitly related to the sampling rate. We provide an unified
procedure, efficient in all regimes.

Chapters 3 and 4 focus on microscopic regimes, when the sampling rate decreases to 0.
The nonparametric estimation of the jump density of a renewal reward process is studied.
We propose an adaptive wavelet threshold density estimator. It achieves minimax rates of
convergence for sampling rates that vanish polynomially with 7', namely in T for o > 0.
The estimation procedure is based on the inversion of the compounding operator in the same
spirit as Buchmann and Griibel (2003), which specialiase in the study of discrete compound
laws. The inverse operator is explicit in the case of a compound Poisson process (see Chapter
3), but has no closed form expression for renewal reward processes (see Chapter 4). In that
latter case the inverse operator is approached with a fixed point technique.

Finally Chapter 5 studies at which rate identifiability is lost in macroscopic regimes.
Indeed when a jump process is observed at an arbitrarily large sampling rate, limit approxi-
mations, like Gaussian approximations, become valid and the specificities of the jumps may
be lost, as long as the structure of the process is more complex than the one introduced
in Chapter 2. First we study a toy model depending on a 2-dimensional parameter. We
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distinguish two different regimes : fast (macroscopic) regimes where all information on the
parameter is lost and slow regimes where the parameter remains identifiable but where opti-
mal estimators converge with slower rates than the expected usual parametric ones. From this
toy model lower bounds are derived, they ensure that consistent estimation of Lévy processes
or renewal reward processes is not possible when the sampling rate grows faster than the
square root of T'. Finally we identify regimes where an experiment consisting in increments
of a compound Poisson process is asymptotically equivalent to an experiment consisting in
Gaussian random variables. We also give regimes where there is no consistent estimator for
compound Poisson processes depending on too many parameters.
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Chapitre 1

Introduction

1.1 Introduction

1.1.1 Motivation

Le probleme suivant est souvent rencontré dans la pratique : un phénomene modélisé
par un processus & temps continu X est observé sur [0,7] & un pas d’échantillonnage A,
autrement dit on obtient le vecteur d’observations

X = (Xa,...,X|7a-1)a)-

Si 'on veut inférer sur la loi de X a partir des observations X, il faut d’abord choisir le pas
d’échantillonnage A avant de pouvoir implémenter une quelconque procédure statistique. Le
schéma d’observation doit donc étre défini, soulevant ainsi le probleme du choix de A. On
considere un processus a temps continu X de la forme suivante :

Nt
Xy=Xo+)» &, t>0,
=1

ou les (g;) sont des variables aléatoires indépendantes et identiquement distribuées et N est
un processus de comptage supposé indépendant des (g;). On note ¢ I'intensité du processus
N, c’est la fréquence (moyenne) d’occurrence des sauts. Par exemple X ainsi défini peut étre
un processus de Poisson composé ou un processus de renouvellement composé (cf. Feller [37]
ou Sato [91]).

Les propriétés du vecteur des observations X peuvent varier avec la taille du pas d’échan-
tillonnage A. En effet, si 'on prend I'exemple du prix d’'un actif, si A est petit devant 1/c
(par exemple A égal a une microseconde) la plupart des changements de prix seront observés,
mais le vecteur d’observations contiendra une grande quantité d’observations redondantes (cf.
Russell et Engle [89] ou Masoliver et al. [71] et la Figure 1.1 ci-dessous). Au contraire si A
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est grand devant 1/c¢ (par exemple A égal & une heure, une journée ou une semaine) le
contexte est tres différent, certaines approximations par des diffusions peuvent s’appliquer
(cf. Masoliver et al. [71] ou Hong et Satchell [55] et la Figure 1.2 ci-dessous). Cependant,
utiliser de telles approximations peut masquer certains aspects du processus X sous-jacent.
Enfin, si A est choisi du méme ordre que 1/c¢, le processus observé présente trop de sauts
pour pouvoir localiser les sauts de X correctement, mais trop peu pour permettre d’appliquer
des approximations limites, comme illustré sur la Figure 1.3 ci-dessous.

A premieére vue, il semble intuitif de choisir A du méme ordre que 1/c : assez grand
pour limiter le nombre d’observations redondantes, mais suffisamment petit pour que les
approximations limites ne soient pas vérifiées, et ainsi préserver dans les données la structure
du processus X. Un tel choix devrait établir un équilibre entre la quantité d’information
apportées par les données sur X (e.g. au sens de l'information de Fisher) et le nombre réel
d’observations. Cependant si le choix précédent semble se justifier en prenant le point de vue
de I'information, choisir A tres grand ou tres petit présente 'avantage de simplifier le choix
des procédures statistiques. Si A est grand 'usage d’approximations gaussiennes permet
de se ramener a un probleme largement étudié et si A est petit les sauts sont localisés a
partir des observations, on peut appliquer des procédures statistiques du cadre indépendant
et identiquement distribué. Ce travail s’intéresse au choix du pas d’échantillonnage A. Nous
essayons de plus de construire des procédures d’estimations adaptées au pas d’échantillonnage
A, si dernier est imposé par les données.

1.1.2 Cadre mathématique

Construction des observations. Nous considérons un processus 1-dimensionnel X défini
par

Ny
Xy=Xo+ )Y &, t>0, (1.1)
=1

ou les (¢;) sont des variables aléatoires indépendantes et identiquement distribuées et o N
est un processus de comptage indépendant des (g;). Par exemple, N peut étre un processus
de Poisson ou un processus de renouvellement (cf. Feller [37] ou Sato [91]). On considere le
cadre suivant : le processus X est discretement observé sur [0, 7] aux temps A, pour A > 0

(X0, XA, .-, X|7a-1/a). (1.2)

Expérience statistique associée. Dans le contexte habituel d’inférence statistique, on
dispose d'une (ou d’une suite d’) expérience(s) statistique(s) :

E" = {]P’;,w € H},
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ou la mesure de probabilité P? décrit la loi des observations, n le parametre d’information,
qui correspond généralement a la taille de I’échantillon et w le parameétre d’intérét. L’espace
des parametres I est un sous espace de R? ou plus généralement d’un espace fonctionnel.

Nous introduisons une famille d’expériences statistiques indexée par le paramétre d’échelle
A, générée par 'observation de (1.2)

T _ [pTA

(SA)A>O ={P5% we H}A>O' (1.3)
Ici le parametre d’intérét w caractérise soit la distribution des sauts (g;) et/ou la distribution
du temps écoulé entre deux sauts, que 'on appellera aussi distribution des interarrivés.

Définition des différents régimes. Nous introduisons les régimes suivant, on y fera
référence de fagon récurrente dans ce travail.

— Des observations de loi P2 sont dans un régime microscopique si A = Ap — 0 lorsque
T — .
— Des observations de loi IP’QA sont dans un régime intermédiaire si A = Ar — A, >0
lorsque T" — oc.
— Des observations de loi PL* sont dans un régime macroscopique si A = Ap — oo et
T/Ar — oo lorsque T' — o0.
Intuitivement, dans un régime microscopique, lorsque A est suffisamment petit, tous les
sauts (81) devraient étre observés, mais de nombreuses données de (1.2) seraient redondantes,
comme illustré par la Figure 1.1.

FIGURE 1.1 — Un processus de Poisson composé (trait plein) et le processus observé dans un régime
microscopique (pointillé), A < intensité.
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FIGURE 1.2 — Un processus de Poisson composé (trait plein) et le processus observé dans un régime
macroscopique (pointillé), A >> intensité.

Au contraire, si X est observé dans un régime macroscopique, lorsque A = Ap — oo
sous la contrainte! T/Ar — oo quand T — oo, le processus observé se comporte comme
celui d’'un processus continu (voir la Figure 1.2). En effet, entre deux observations de X
consécutives beaucoup de sauts se sont produits rendant les approximations limites valides
(en un sens a préciser). Enfin dans un régime intermédiaire, le processus observé présente de
trop nombreux sauts pour les localiser précisément a partir des observations (1.2), mais pas
assez nombreux pour vérifier une approximation limite (voir la Figure 1.3).

FIGURE 1.3 — Un processus de Poisson composé (trait plein) et le processus observé dans un régime
intermédiaire (pointillé), A ~ intensité.

1. Cette contrainte assure qu’il y a asymptotiquement une infinité d’observations.



1.1. INTRODUCTION 5

Remarque 1. Le parameétre d’échelle, ou pas d’échantillonnage, A modifie les propriétés
de PLA : dans le régime macroscopique PLA semble étre absolument continu par rapport
a la mesure de Lebesque, contrairement aux régimes microscopique et intermédiaire. Mais
linterprétation du paramétre d’intérét w demeure le méme a toutes les échelles, il caractérise
la loi du processus X.

Remarque 2. Faisons maintenant les remarques suivantes :

— Dans la littérature, on parle de données hautes fréquences, ce terme est (le plus souvent)
utilisé pour désigner un régime ot A — 0 et T =1 (voir par exemple Genon-Catalot
et al. [40], Genon-Catalot et Jacod [41], Jacod [58] ou Sorensen [98]). Ce cadre est
différent du régime microscopique introduit et étudi¢ dans ce travail.

— De nombreux travaux s’intéressent aux régimes microscopiques et intermédiaires comme
définis ci-dessus; voir par exemple Kessler et Sorensen [65] ou Gobet et al. [46] pour
I’étude de processus de diffusion et Neumann et Reif§ [83] ou Comte et Genon-Catalot
[22, 23, 24, 25] pour l’étude de processus de Lévy (pour plus de références, voir la
Section 1.1.4).

— Le régime macroscopique, comme défini ci-dessus, est lui beaucoup moins étudié que
les régimes microscopique et intermédiaire.

Compromis entre taille de ’échantillon et taux d’information. Dans ce contexte,
la taille de ’échantillon est toujours égale & |TA™!|, mais le tauz d’information lui sem-
ble dépendre du choix de 1’échelle d’observation (microscopique, intermédiaire ou macro-
scopique). Par taux d’information, nous désignons la quantité d’information réellement trans-
mise par les observations, e.g. au sens de I'information de Fisher. L’information est contenue
dans les sauts et leur localisation ; le cadre idéal correspond au cas ou chacun des Np sauts
sont observés. Le taux maximum d’information est donc Np, qui est en général de 1'ordre
de T' (& une constante multiplicative pres), pour T grand. Le taux d’information correspond
donc au minimum entre 7' (ou de fagon équivalente N7) et la taille de ’échantillon |TA™!],
ce qui correspond a un cas ou le choix du pas d’échantillonnage ne permet pas d’identifier
tous les sauts de X. Cette discussion est résumée dans le Tableau suivant.

Régime Taille de ’échantillon | Taux d’information
Régime microscopique _
TA! T Nr=~T
A—0 L 1> g
Régime intermédiaire
TA Y ~T TA '~ T~ N.
A — Ay € (0,00) L | L | g
Régime macroscopique TA | < T I TA1
A — 00
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1.1.3 Problématique

D’apres les remarques précédentes, d’un coté il semble plus confortable de travailler dans
un régime microscopique ou macroscopique. En effet, a la limite microscopique le processus
X est continument observé, tous les sauts et leurs tailles sont exactement connus. Les outils
usuels valables dans le cadre indépendant et identiquement distribué s’appliquent. Ensuite,
dans la limite macroscopique la loi des incréments devrait étre une loi stable, déduite des
théoremes limites généraux (cf. Gnedenko et Kolmogorov [44]). L’expérience macroscopique
ne devrait alors dépendre que d’'un nombre restreint de parametres. Mais si ces parametres
sont en trop petit nombre, relativement a la taille du parametre w a estimer, il devient peut-
étre impossible de retrouver le parametre d’intérét . D’un autre coté, il semble préférable
d’échantillonner le processus X a la fréquence de ses sauts (dans un régime intermédiaire) :
pas trop petit pour limiter le nombre d’observations inutiles (incréments nuls) mais pas non
plus trop grand pour éviter I'attraction des lois limites stables.

Dans cette these, nous étudions et proposons quelques explications sur comment le choix
du parametre d’échelle A affecte les procédures statistiques. Nous tentons de répondre aux
questions suivantes.

i) Le parametre d’intérét w peut-il étre identifié & partir des observations (1.2) dans

chaque régime ; microscopique, intermédiaire ou macroscopique ?

ii) Si la réponse a la question i) est positive, est-il possible de construire une procédure

d’estimation qui soit optimale dans tous les régimes ?
iii) Est-il possible d’avoir une unique procédure statistique, qui s’adapte a 1’échelle d’ob-
servation 7

iv) Que se passe-t-il si 'on utilise une procédure d’estimation, qui est optimale dans
une échelle microscopique (ou macroscopique), sur des données venant d’une échelle
intermédiaire mais ou A est petit (ou grand) ?

1.1.4 Liens avec d’autres travaux

Etudier des processus échantillonnés de facon discrete n’est pas nouveau, nous citons ici
quelques travaux ayant un cadre statistique similaire. La liste proposée ci-dessous n’est pas
exhaustive.

Un cadre important ou la discrétisation est utilisée concerne 1’estimation de processus de
diffusion. Les processus de diffusion ont des trajectoires continues et sont donc relativement
¢éloignés des processus a sauts considérés dans ce travail. De nombreux articles se placent
dans un cadre dit haute fréquence ou la longueur de U'intervalle d’observation est fixée (7' =
1 par exemple), ce cadre est différent de celui considéré ici (voir aussi la Remarque 2).
Parmi les nombreux auteurs on peut citer les travaux de Genon-Catalot et al. [40], Genon-
Catalot et Jacod [41], Jacod [58] ou Sgrensen [98]. Plus proche du cadre de cette these,
'estimation nonparamétrique d’un processus de diffusion aux échelles intermédiaires (A > 0
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et T'— 00) est étudié dans Kessler et Sgrensen [65], Gobet et al. [46] ou Reifl [86]. Dans les
échelles microscopiques (A — 0 et T' — o) I'estimation paramétrique pour des processus de
diffusion est analysée dans Yosida [107], Kessler [64], Gobet [45], Masuda [72] or Jacod [59]
et l'estimation nonparamétrique dans Pham [85], Hoffmann [54], Comte et al. [20, 21] ou van
Es et al. [104, 105].

L’estimation d’un processus de Lévy? a partir de 'observation discréte d'une de ses
trajectoire est plus fortement liée a la problématique de ce travail. Dans un premier temps
I’estimation de la loi de saut d’'un processus de Poisson composé, comme étudiée dans le
Chapitre 3 dans les échelles microscopiques, a été considérée dans un régime intermédiaire
(A =1et T — oo) par Buchmann et Griibel [16, 17] et van Es et al. [103]. Buchmann et
Griibel se sont intéressés plus particulierement a I’estimation de lois discretes contrairement a
van Es et al. qui proposent un estimateur nonparamétrique. Plus de détails sur les différences
entre ces travaux et le Chapitre 3 sont donnés Section 1.2.2.

L’estimation nonparamétrique de processus de Lévy de saut pur dans les échelles micro-
scopiques a été étudiée de fagon approfondie par Bec et Lacour [9], Comte et Genon-Catalot
[22, 23] et Figueroa-Lopez [38]. Comte et Genon-Catalot [23] se placent dans un cadre plus
général ou les observations sont irrégulierement espacées et bruitées. Dans les échelles in-
termédiaires Comte et Genon-Catalot [24] fournissent un estimateur adaptatif et minimax
de la densité de Lévy. Les processus de Poisson composés étudiés dans le Chapitre 3 sont des
processus de Lévy de saut pur particuliers, dans la Section 1.2.2 nous donnons plus de détails
sur ces résultats. Enfin pour les processus de Lévy (ayant une partie continue et des sauts),
des estimateurs nonparamétriques du triplet caractéristique dans les régimes microscopiques
sont proposés dans Shimizu [97], Gugushvili [48] ou Comte et Genon-Catalot [25], et dans
les régimes intermédiaires dans Jongbloed et al. [61] ou Neumann et Reiff [83].

Enfin le probleme de I'estimation d’un processus de renouvellement ou d’un processus de
renouvellement composé a partir de 'observation discrete d’une de ses trajectoire n’a, a la
connaissance de l'auteur, pas été étudié. Des estimateurs pour des processus de renouvelle-
ment basés sur 'observation de trajectoires indépendantes sur un intervalle de temps fixe
sont donnés dans Vardi [102], Gill et Keiding [43] ou Guédon et Cocozza-Thivent [47].

1.2 Résultats principaux

1.2.1 Inférence statistique a travers les échelles : cas paramétrique

Le Chapitre 2 étudie les questions i) a iv) sur un modele jouet dans le but d’illustrer et
d’éclairer le concept d’inférence statistique a travers les échelles.

2. Pour les processus de Lévy présentant des sauts, I’hypothese T — oo est nécessaire pour garantir qu’il
y ait asymptotiquement une infinité de sauts observés.
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Cadre statistique. Considérons le modele jouet suivant : soit un processus de Poisson
composé X défini par

N
Xi=Xo+ ) &, t>0,

i=1
ou les (g;) sont des variables aléatoires indépendantes et identiquement distribuées selon
P(e; = 1) =P(¢; = —1) = 1/2 et ou N est un processus de Poisson indépendant des variables
(¢;) d’intensité inconnue ¥ € © = (0,00). Dans ce modele jouet le parametre d’intérét est
I'intensité inconnue ¢ du processus de Poisson : le cadre est paramétrique. Supposons que
I'on dispose d’observations discretes de X sur lintervalle [0, 7] aux instants A

X = (Xjn — Xnasi=1,...,[TAT]).
On définit la famille d’expériences suivante comme dans (1.3)

(€8) gy = (2727 P(2ITA ), {BTA 0 € 6}),

ol ]P’?A désigne la loi de X.

Comportement dans les différents régimes. Nous considérons les trois régimes in-
troduits dans la Section 1.1.2. Intuitivement, si X est observé microscopiquement, lorsque
A = Ar — 0 avec T' — oo, essentiellement tous les sauts du processus N sont localisés, ce
sont ces sauts qui véhiculent toute 'information sur le parametre . A I'inverse si X est ob-
servé macroscopiquement, c’est-a-dire si Ay — oo sous la contrainte que T'/Ar — oo quand
T — oo, on a 'approximation gaussienne suivante

Xiag — Xi—1)ar ~ \/5(WZAT — Wi-nar),

ou W est un processus de Wiener. Estimer ¢ revient a estimer la variance de variables
gaussiennes. Enfin, si X est observé dans un régime intermédiaire tel que A — A, lorsque
T — o0, le processus observé présente trop de sauts pour pouvoir les localiser a partir de
X et trop peu pour que 'approximation gaussienne précédente soit justifiée. A partir de ces
remarques, on aimerait pouvoir dire que si A est suffisamment petit alors ]P’?;’A apporte la
méme information sur ¥ que lorsque tous les sauts de X sont observés et si A est suffisamment
grand que IP’;‘,C’A véhicule la méme information que l'observation discrete d’un mouvement
Brownien de variance 9.

Résultat 1. La propriété de Normalité Asymptotique Locale® est vérifiée dans chacun des
régimes. L’expression de l'information de Fisher Ip . (V) est explicitement connue : aux
échelles intermédiaires lorsque Ar — Ay avec T — 00 on a

Irag (9) ~ Tran (9) = T (EFA [ (han (9, Xa) + (980) | Xar] = 1)),

3. Pour plus de détails sur la propriété de Normalité Asymptotique Locale voir le livre de Ibragimov et
Hasminskii [57].
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ou

Zir41(0A)
ha, (9, k) = ————-,
2R = AL

et ou pour x € R et v € N,

(I/2>2m+y
Z,(z) = _—
mzzo ml(v +m)!
est la fonction de Bessel modifiée de premiere espéce, aux €chelles microscopiques lorsque
Ar — 0 avec T — o0 on a

. T
T (9) ~ I (9) += Jimy Fra(9) =

et dans les échelles macroscopiques lorsque Ar — oo avec T — o0 on a

TA?
IT,AT(ﬁ) ~ IT,oo(ﬁ) = 2195 .

. s s . T
Ce premier résultat permet de comprendre comment les expériences (EA) Asp S€ com-

portent dans chacun des régimes. Il nous donne aussi la valeur de 'information de Fisher

qui dépend continument du parametre d’échelle A. De plus dans les échelles microscopiques
I'information de Fisher est la méme que pour une expérience Poissonienne d’intensité ¢ et
dans les régimes macroscopiques elle coincide avec 'information de Fisher d’une expérience
gaussienne de variance 9. La valeur de I'information de Fisher aux régimes intermédiaires n’a
pas d’interprétation aussi évidente. La connaissance de cette quantité permet, dans chaque
régime, de déterminer si une procédure d’estimation de ¢ est ou non optimale.

Estimation de l’intensité v. Nous étudions ici les conséquences de 'utilisation d’une
procédure statistique qui est optimale a une échelle donnée sur des données venant d’une
échelle différente. On considere plus particulierement 1’estimateur de la variation quadratique
empirique

R | A

03V = T Z (Xia, — X(i—l)AT)Q-

i=1

C’est l'estimateur du maximum de vraisemblance d’un modele ot 'on observe des variables
gaussiennes indépendantes centrées et de méme variance (régime limite macroscopique). De
plus puisque la loi composante de X est & valeur dans {—1, 1}, cet estimateur imite 1'esti-
mateur du maximum de vraisemblance du régime limite microscopique : le nombre de sauts
divisé par la longueur de I'intervalle d’observation.

Résultat 2. L’estimateur 52‘/ est asymptotiquement efficace, i.e. il est asymptotiquement
normal et sa variance asymptotique est (équivalente a) linverse de l'information de Fisher,
dans les régimes microscopique et macroscopique. Aux échelles intermédiaires il converge a
la bonne vitesse mais ne parvient pas a atteindre la variance optimale. Cette perte, allant
Jusqu’a 23%, peut étre reliée a la valeur Ay.
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Deficiency ratio

FIGURE 1.4 — Rapport de l'information de Fisher information I7 A, (9) et de Pinverse de la variance de
A

La Figure 1.4 illustre le Résultat 2, on y retrouve que l’estimateur 3?" est efficace a la fois
dans les régimes microscopique et macroscopique, mais qu’il n’attaint I'information de Fisher
dans aucuns des régimes intermédiaires. Cette procédure permet alors de donner une réponse
positive aux questions i) et ii), mais pas a la question iii). L’estimateur de la variation
quadratique empirique est consistent dans chacun des trois régimes mais n’est pas optimal
dans le régime intermédiaire. A partir de cette estimateur, il est possible de construire un
estimateur corrigé, en utilisant une méthode de correction a un pas (cf. van der Vaart [101]),
qui répond a la question iii) de fagon positive.

Résultat 3. L’estimateur corrigé a un pas, construit a partir de 1/9?‘/ est efficace dans toutes
les échelles.

Si 'on interprete le parametre ¢ comme l'intensité de trading dans les échelles micro-
scopiques et comme une volatilité dans les régimes macroscopiques, le Résultat 2 nous dit
que si le processus X est échantillonné a la méme fréquence que les changements de prix, ce
qui est habituellement le cas en pratique, alors I'estimateur 5$V n’est pas efficace. L’estima-
teur corrigé a un pas devrait lui étre préféré.

1.2.2 Estimation nonparamétrique minimax dans le régime micro-
scopique

Les Chapitres 3 et 4 s’intéressent au régime microscopique lorsque A = Ay — 0 avec T —
oo. Plus particulierement on y estime la densité f des sauts (¢;) (cf. (1.1)), ou N est soit un
processus de Poisson d’intensité X inconnue (Chapitre 3) soit un processus de renouvellement
dont la densité 7 des interarrivées (temps écoulé entre les sauts) est inconnue (Chapitre
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4). L’estimateur proposé utilise des méthodes d’estimation de la densité par ondelettes (cf.
Cohen [19], Donoho et al. [30] ou Kerkyacharian et Picard [63]).

Procédure d’estimation. Dans les échelles microscopiques de nombreuses observations
sont redondantes (voir la Figure 1.1) : seuls les incréments non nuls de X apportent de
I'information sur la densité f que I'on cherche a estimer : on ne s’intéresse qu’aux incréments
observés non nuls. Deux sortes de difficultés surviennent :
— Le nombre de données utilisé pour 'estimation est aléatoire : c’est le nombre d’incré-
ments non nuls observés.
— La densité des incréments non nuls n’est pas f mais la transformation non linéaire

PAlfl(z) =Y P(Ra =m|Na #£0)f"(z), forzeR, (1.4)

m=1

ou x est le produit de convolution et f* = f x...« f, m fois.

Remarque 3. Lorsque A est suffisamment petit, la plupart des incréments non nuls corre-
spondent effectivement a des réalisations de f. On a la décomposition suivante de [’opérateur

Palfl = f+r(4),
ot r(A) est un reste déterministe qui vérifie r(A) = O(A).

Nous allons aussi regarder l'effet d’'une approximation microscopique qui consiste a ignorer le
reste 1(A), cela revient a appliquer les estimateurs nonparamétriques habituels aux incréments
non nuls de X comme si tous étaient des réalisations de f.

Pour estimer f on inverse I'opérateur précédent, il s’agit d’un probleme inverse bien posé,
et d’utiliser

f=Pi[Palf]].

On introduit une procédure d’estimation en deux étapes.
Etape 1 L’inverse de I'opérateur P défini par (1.4) est calculée. On prend le développe-
ment de Taylor a l'ordre K de cette inverse, ou K est choisi de maniere adéquate
(cf. le Résultat 4 ci-dessous). Ce développement fait intervenir les quantités Pa[f]*™,
m=1,...,K+1.
Etape 2 On construit des estimateurs adaptatifs des densités P [f]*™, pour m allant de
1 a K+ 1, que l'on injecte dans la formule de I'inverse obtenue a I’Etape 1.
On appelle l'estimateur ainsi obtenu estimateur corrigé a l'ordre K. 1l est adaptatif. Nous
étudions sa vitesse de convergence pour la perte L,, p > 1 pour des densités f qui appar-
tiennent a une classe de régularité Besov (f est de régularité s mesurée pour la norme L.,
m>0).
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Résultat 4. On obtient la borne supérieure suivante sur la vitesse de convergence de l’esti-
mateur corrigé a l'ordre K, pour la perte L,, p > 1, uniformément sur toute boule de Besov
(a un facteur logarithmique pres)

max{T &™) AK+HY

ot s, m,p) dépend de la réqularité de la densité f.

Une borne inférieure. Le résultat précédent ne donne qu’une borne supérieure de la
vitesse de convergence de 'estimateur, cependant un borne inférieure peut étre facilement
déduite de I'expérience limite microscopique. En effet, a la limite microscopique, le processus
X est continiment observé : on dispose d’exactement Np réalisations indépendantes de f
pour 'estimation, ou Nt est le processus de Poisson ou de renouvellement au temps 7' et est
indépendant des sauts (¢;). Alors, si on conditionne par N, on obtient une borne inférieure

(s,mp) (voir par exemple Donoho et al. [30] ou Hardle et al. [49]).

pour lestimation de f en N.*
Pour finir, on utilise la propriété de concentration de Ny autour de 7' si T est suffisamment
grand (& un facteur multiplicatif pres et avec quelques hypotheses sur la loi des interarrivées).

Finalement on retrouve une borne inférieure de ’ordre de T—(s:mp)

Vitesse de converge de l'estimateur. Puisque a(s,m,p) < 1/2, a partir du Résultat
4, §’il existe K, tel que TAZTKO+2 < 1, alors l'estimateur corrigé a l'ordre Ky converge a
la vitesse T-°(™P) qui est minimax. On a donc construit un estimateur qui permet de
répondre positivement aux questions i) a iii) dans les régimes microscopiques : on a une
unique procédure qui est adaptative et minimax. Si on considere I'estimateur corrigé a l'ordre
0, ce qui revient a faire une approximation microscopique (i.e. a ignorer le reste r(A)),
I'estimateur obtenu est minimax si A converge rapidement vers 0, si TA2Z = O(1). Alors la
réponse a la question iv) est positive si A est plus rapide que 1/ VT quand T — oo.

Ilustration numérique. Ci-dessous on donne un résultat d’implémentation de ’estima-
teur corrigé a l'ordre K pour différentes valeurs de K, dans le cas de I'estimation de la loi
composante d'un processus de Poisson composé. On choisit 7" = 10000 et A = 0,1, ce qui
correspond & un cas ot TA? est grand et TA* = 1. Selon le Résultat 4 'estimateur corrigé
a l'ordre 1 devrait étre minimax. On estime la loi composante qui est un mélange entre une
loi normale N(0,1) et une loi de Laplace de parametres 1 (position) et 0,1 (échelle). Pour
évaluer la performance de notre estimateur on le compare a un oracle : 'estimateur que 'on
aurait implémenté dans la situation idéalisée ou tous les sauts du processus de Poisson sont
observés. On obtient, pour la perte Lo, les résultats reproduits dans le tableau suivant

Estimateur Oracle | K =0 | K=1|K=2|K=3
Perte Ly (x1072) 0,11 0,18 0,13 0,13 0,13
Ecart type (x107°) | 0,35 0,44 0,44 0,44 0,44
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Ces résultats sont en accord avec la théorie, lorsque K augmente, jusqu’a K = 1, la perte Lo
diminue, mais augmenter K au dela n’améliore plus la perte de 'estimateur.

Quelques remarques sur la procédure. On donne ici quelques informations supplément-
aires sur l’estimation en deux étapes détaillée ci-dessus. L’étape 1 s’inspire des méthodes dites
de decompounding introduites dans Buchmann et Griibel [16], qui étudient I'estimation de
lois de saut discretes pour des processus de Poisson composés dans un régime intermédiaire
(A =1). L’inverse de l'opérateur (1.4) admet une forme fermée dans le Chapitre 3 mais pas
dans le Chapitre 4, puisque la forme de la loi des interarrivées n’est généralement pas connue
pour un processus de renouvellement. Dans ce dernier cas, on utilise une méthode de point
fixe pour approcher U'inverse de 'opérateur (1.4) : f est 'unique point fixe d’un opérateur
contractant. Une approximation de I'inverse s’écrit de la facon suivante

ott les coefficients (I,,(A)) sont explicites et de ordre de A™ ! si T est grand. Le reste de
I’approximation de PZI donnée par la formule précédente est de ordre de AX*! si T est
grand.

La difficulté majeure de 'étape 2 de la procédure, lorsqu’on estime les densités Pa[f]*"
oum=1,..., K +1, est due au fait que l'on travaille avec un nombre aléatoire de données.
Pour résoudre cela, on utilise la concentration de ce nombre autour d’une valeur déterministe
de l'ordre de T' (a un facteur multiplicatif pres).

Remarque 4. Un processus de Poisson composé est un processus de renouvellement composé,
les résultats du Chapitre 4 englobent ceur du Chapitre 3. Dans le Chapitre 4 la construction
de l’estimateur est basée sur une méthode de point fixe alors que les formules sont explicites
dans le Chapitre 3.

Lien avec d’autres travaux. Le Chapitre 3 étudie dans les régimes microscopiques 1'es-
timation de la loi composante d'un processus de Poisson composé en utilisant une méthode
semblable & celle de Buchmann et Griibel [16, 17]. Buchmann et Griibel s’intéressent a 1'esti-
mation de lois discrétes dans un régime intermédiaire (A = 1). Dans le cas de lois a densité,
ils proposent un estimateur de la fonction de répartition, supposant 'intensité connue, mais
n’étudient pas la vitesse de convergence de cette estimateur. Toujours dans le régime in-
termédiaire A = 1 et en supposant 'intensité du processus de Poisson connue, van Es et al.
[103] estiment la densité de la loi composante, leur estimateur se base sur la formule de Lévy
Kintchine. Ils se concentrent aussi les incréments non nuls, mais ils traitent le fait que nom-
bre de données est aléatoire de facon différente : ils introduisent un temps aléatoire qui leur
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permet de savoir exactement quand n (déterministe) incréments non nuls ont été observés.
Ils ne donnent pas de vitesse de convergence de leur estimateur.

Dans le cas de l'estimation de processus de Lévy de saut pur dans les régimes mi-
croscopiques, des estimateurs de la densité de Lévy existent. Ils sont minimax si le pas
d’échantillonnage vérifie la contrainte TA2 = O(1) (cf. Bec et Lacour [9], Comte et Genon-
Catalot [22, 25] et Figueroa-Lépez [38]), cette contrainte est relachée par notre estimateur
dans le cas des processus de Poisson composés. Estimer la mesure de Lévy est bien plus
général qu’estimer la densité de saut d’un processus de Poisson composé, mais tres différent
de l'estimation de la densité de saut d’un processus de renouvellement composé.

1.2.3 Perte d’identifiabilité aux échelles macroscopiques

Dans le dernier Chapitre 5, on s’intéresse aux régimes macroscopiques tels que A = A —
oo et T/Ar — oo lorsque T — oo. Un exemple typique d’'un tel régime est Ay de 'ordre de
T7 pour v in (0, 1). On considere la classe Fy des processus de Poisson composés. On suppose
que le parametre d’intérét a au moins deux composantes pour ne pas se retrouver dans le
méme cadre que le Chapitre 2. On étudie les questions i), ii) et iv).

Dans un tel régimes, si la loi des sauts est centrée et a une variance finie, le théoreme
central limite suggere I’approximation gaussienne suivante

Xin — X(i—1)a ~ UQ(VVZA - W(Fl)A);

ou W est un mouvement Brownien standard et o dépend de l'intensité du processus de
Poisson et de la variance des sauts. Si cette approximation est vérifiée, lorsque A est grand
on ne devrait étre capable d’estimer seulement o : 'intensité du pocessus de Poisson et les
spécificités de la loi des sauts devraient étre perdues. C’est ce que 'on appelle dans la suite
perte d’identifiabilité.

Etude d’un modéle jouet. Attaquer le probleme de la perte d’identifiabilité dans les
régimes macroscopiques directement est délicat, c’est pourquoi on introduit et étudie dans
un premier temps un modele jouet. Le processus étudié dans ce modele est la somme d’un
processus de Poisson composé et d'un drift, il dépend d’un parametre de dimension 2 (il
n’appartient pas a Fy). On identifie deux types de régimes macroscopiques :
— Un régime ou le parametre ne peux pas étre estimé de fagon consistante : v appartient
a (1/2,1). L’information de Fisher associée dégénere en une matrice de rang 1. Ce
résultat apporte une réponse négative aux questions i) et ii).
— Un régime ou le parametre reste identifiable (y appartient a (0,1/2) ), apportant une
réponse positive a la question ii). Mais les estimateurs optimaux convergent a des

vitesses en 4/ TA;Q, plus lentes que les vitesses paramétriques /| T'A~! | habituellement
rencontrées.
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A la limite v = 1/2, le parametre ne peut pas étre estimé de fagon consistante, entrainant
une réponse négative a la question ii). L’information de Fisher a une valeur propre bornée.

Perte d’identifiabilité pour la classe Fj;. De I'étude du modele jouet précédent, on
déduit une borne inférieure qui méne au résultat suivant.

Résultat 5. Si A = Ag est tel que T/Ar — oo et T/AZ = o((log(T/Az))~"*) lorsque
T — oo alors il n'est pas possible de construire un estimateur convergent pour les éléments
de ~F.().

Ce résultat répond négativement a la question ii) pour les régimes tels que « appartient
a (1/2,1). Ensuite on s’intéresse a un résultat d’équivalence asymptotique (cf. Le Cam et
Yang [68] ou Nussbaum [82]). Avant de donner ce résultat, il est nécéssaire d’introduire
quelques notations. Soit K > 3, on considere un processus de Poisson composé Y d’intensité
A et dont la loi composante est centrée et a ses K premiers moments finis, que 'on note
mg = (0,ma K, ..., mg k). Le parametre d’intérét est p = (A, mg) € Yk ol L est un sous
espace compact de (0,00) x RE~1. On suppose que Y est observé sur [0,7] aux temps iA
pour A > 0,
Y = (Yia — Yi-na,i=1,...,[TA™')),

et on définit la famille d’expériences
Ve = RIFETLPRIAT) (P, p € Bi}),

ol IP’Z”A est laloi de Y. Soit @ > 0, on considere le processus de Poisson composé Z d’intensité
aX et de loi composante centrée dont les K premiers moments sont finis et donnés par
mo K MK K

Ja(mp) = (0, =%, ..., —). Le parametre d’intérét est alors hy(p) = (al, go(mxk)) € XK.
On suppose que Z est aussi observé de fagon discrete sur [0, 7] aux temps ¢A pour A > 0,

Z = (Zin — Zi—nai=1,...,|[TA™Y)),
et on définit la famille d’expériences
-1 -1 A
28 = (R pRITATY), {@Za(p),p € Xk}),

< ATA - . . , .
ou Q,’ (p) caracterise la loi de Z. On peut alors énoncer le résultat suivant :
a

Résultat 6. 1. St K = 3, mg3 = 0 et A = Ap vérifie T/Ar — oo et T/A2 =
o((log(T/A7r))~Y4) lorsque T — oo, alors Y& est asymptotiquement équivalente a une
expérience gaussienne qui consiste en |TAL| variables aléatoires gaussiennes centrées
et de variance Ama 3.

2. Soit K >3, si on a TAZN % = o((log(T/Ar))~%), alors les expériences V3T et
ZI%T sont asymptotiquement équivalentes.
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D’apres le Résultat 6.1. si v appartient a (1/2, 1) et si la loi composante a un moment d’ordre
3 nul, alors la réponse a la question iv) est positive. Les incréments du processus de Poisson
composé ne sont pas distinguables d’incréments d’un processus gaussien. Le Résultat 6.2.
assure que dans les régimes ou 7y est dans (1/2,1) mais ou la loi composante & un moment
d’ordre 3 non nul (K = 3) ou dans les régimes ou ~ est dans (0,1/2) (K > 3), I'expérience
Y2 n’est pas gaussienne & la limite, entrainant une réponse négative a la question iv). Dans
ces régimes, le Résultat 6.2. assure aussi que la réponse a la question i) est négative. En effet
d’apres ce résultat il est possible de construire deux processus de Poisson composés différents
mais que 'on ne peut pas distinguer a partir de leurs incréments. Dans ce cas on devrait
pourvoir déduire une borne inférieure assurant qu’il n’existe pas d’estimateur convergent pour
les processus de Poisson composés dépendant de trop nombreux parametres (relativement a
la vitesse de convergence de Ar).

Remarque 5. Puisque un processus de Poisson composé est a la fois un processus de renou-
vellement composé et un processus de Lévy, certains résultats du Chapitre 5 se généralisent
immeédiatement a ces familles, c’est par exemple le cas du Résultat 5.

1.3 Rapide résumé et remarques supplémentaires

Dans ce travail nous avons tenté de motiver I'intérét de I'estimation statistique a travers
les échelles, en montrant pour différents scénarios les effets du choix du pas d’échantillonnage
sur les procédures statistiques. Le Chapitre 2, dans un modele jouet paramétrique, offre une
vision assez complete des différents phénomenes a prendre en compte. Dans ce modele jouet il
apparait une continuité des expériences statistiques et de I'information associée, lorsque 1’on
passe d’un régime microscopique a un régime intermédiaire jusqu’a un régime macroscopique.
On observe aussi un phénomene un peu inattendu, 'estimateur classique de la variation
quadratique empirique, s’il est efficace aux régimes microscopique et macroscopique présente
une perte d’information aux échelles intermédiaires.

Continuité des régimes microscopiques aux régimes intermédiaires. Les Chapitres
3 et 4 s'intéressent a l’estimation de la densité des sauts pour des processus de renouvellement
composés dans les régimes microscopiques. Ils proposent une procédure adaptative et mini-
max basée sur une méthode d’inversion par méthode de point fixe. Cette procédure donne
aussi des indices sur ce que peut étre une procédure d’estimation de la densité de saut qui soit
minimax aux régimes intermédiaires. En effet la méthode d’estimation proposée reste valide
pour des régimes intermédiaires tels que le pas d’échantillonnage limite A, est suffisamment
petit. Cependant nous n’avons pas étudié les vitesses de convergence de notre estimateur
dans de tels régimes, mais devrait étre possible d’observer a nouveau une continuité lorsque
I'on passe d'un régime microscopique a un régime intermédiaire.
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Les régimes intermédiaires. Pour les processus de Lévy (qui contiennent les processus
de Poisson composés), estimer de fagon minimax et adaptative la mesure de Lévy a partir
des observations (1.2) est toujours possible aux échelles intermédiaires telles que Ay —
Ay € (0,00) quand T — o00. Une procédure d’estimation possible utilise la formule de
Lévy Kintchine (voir par exemple Neumann et Reifl [83] ou Comte et Genon-Catalot [24]).
Pour les processus de renouvellement composés, il existe un équivalent de la formule de Lévy
Kintchine : la transformée de Fourier Laplace (voir par exemple Metzler et Klafter [76, 77]
ou Vlahos et al. [106]), qui permet de caractériser et la loi des interarrivées et celle des
sauts. Cependant on ne peut pas estimer cette quantité a partir de nos observations (1.2), en
tout cas sans hypothese supplémentaire. Si la loi des interarrivées est connue, alors on peut
identifier la loi des sauts a partir de (1.2). En effet 'opérateur P défini par (1.4) et donnant
la loi des observations comme une transformation non linéaire de la loi des sauts, peut étre
inversé (appliquer le théoréme d’inversion locale pour les séries formelles a la transformée de
Fourier de P ). Cependant, cela ne permet pas d’obtenir une expression fermée de 'inverse,
adopter une procédure d’estimation analogue a celle proposée dans les Chapitres 3 et 4 semble
impossible.

Des régimes intermédiaires aux régimes macroscopiques. Si pour les processus de
Lévy l'estimation adaptative et minimax de la mesure de Lévy a partir de (1.2) est pos-
sible dans tous les régimes intermédiaires (voir ci-dessus), cela n’est plus vrai aux échelles
macroscopiques. Le dernier Chapitre se concentre sur ’étude des régimes macroscopiques et
parvient a identifier des cas ou il n’existe pas d’estimateur convergent pour des processus de
renouvellement composés ou des processus de Lévy. Mais la compréhension de la transition
d’un régime intermédiaire a un régime macroscopique n’est pas aussi claire que le passage
d’un régime microscopique a un régime intermédiaire. Déja si I’estimation d’un processus de
Lévy dans un régime intermédiaire est bien comprise, ce n’est pas le cas pour un processus de
renouvellement composé. Ensuite, méme pour le cas plus simple d'un processus de Poisson
composé, il n’est pas clair qu’il soit possible d’estimer un parametre de grande taille, méme
lorsque A va lentement a 'infini (par exemple logarithmiquement en 7). Etudier comment le
Résultat 6.2. est modifié si on laisse la taille du parametre a estimer grandir pourrait apporter
quelques éléments de réponse.

Quelques références appliquées. Dans la littérature plus appliquée, les processus de
renouvellement composés sont souvent appelés marches aléatoires a temps continu (CTRW).
Les CTRW ont été introduites par Montroll et Weiss [79], et sont trés populaires en physique.
C’est un modele microscopique assez général qui permet a la limite macroscopique d’obtenir
toutes sortes de diffusions (voir aussi Montroll et Scher [80]). Un processus de renouvellement
composé est parfois appelé CTRW découplée puisque on suppose qu’il y a indépendance entre
les sauts et le temps qui les sépare, ce n’est pas le cas pour les CTRW couplées.
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Les C'TRW aux échelle microscopiques. Les CTRW sont des processus a sauts relativement
généraux pour modéliser des phénomenes observés a des échelles petites, comme lorsque 1'on
veut modéliser la pluie en un point donné comme dans Rodriguez-Irtube et al. [88]. Ces
processus sont particulierement adaptés lorsque la modélisation par des processus de Poisson
est limité par la propriété d’oubli de mémoire de ces derniers. Ils sont utilisés en finance pour
modéliser un prix (c¢f. Gerber et Shiu [42]) ou par les compagnies d’assurance (cf. Embrechts
et al. [32] ou Scalas [94]).

Les CTRW aux échelle macroscopiques. Aux grandes échelles, les CTRW permettent
d’obtenir différents comportements diffusifs (cf. Metzler et Klafter [76, 77]). Cette propriétés
est largement utilisée en physique pour décrire le mouvement d’'une particule (voir par ex-
emple Anderson et Meerschaert [4] en hydrologie, Lawrence et al. [67] pour 'activité solaire,
Berkowitz et al. [10] en géologie ou Buroni et al. [18]), ou encore en biologie pour modéliser,
par exemple, comment se propagent certaines cellules cancéreuses ([35, 36]) ou des lipides
(Jeon et al. [60]).

Extensions possibles.

Schéma d’échantillonnage non réguliers. Dans beaucoup de domaines appliqués, comme en
biologie ou en sociologie, il peut étre difficile d’obtenir des observations régulierement espacées
en raison de la difficulté de récolter les données. Il serait donc pertinent de s’intéresser a des
schémas d’échantillonnages irréguliers ou aléatoires. L’estimation de processus de diffusions
aléatoirement observés a été étudiée par Jacod [58] ou Ait-Sahalia et Mykland [1] et par
Comte et Genon-Catalot [23] dans le cas de processus de Lévy.

Estimer la loi des interarrivées. Dans ce travail nous nous sommes surtout intéressé a
Iestimation de la loi des sauts, mais il peut étre parfois tout aussi important de connaitre
la loi du temps qui sépare deux événements. C’est par exemple le cas lorsque l'on étudie
les tremblements de terre, connaitre leur amplitude est aussi important que savoir a quel
moment ils se produisent (c¢f. Helmstetter et Sornette [52], Alvarez [3] ou Garavaglia [39]).
Ce probleme a été considéré dans le cas de processus de renouvellement dans Vardi [102],
Gill et Keiding [43] ou Guédon et Cocozza-Thivent [47]. Cependant leur cadre statistique
est différent de celui défini ici, ils disposent de trajectoires indépendantes observées sur un
intervalle de temps fixé.

Les C'TRW couplées. L’hypothese d’indépendance entre les interarrivées et les sauts peut
devenir dans certains cas tres restrictive. Il existe des phénomenes ot pour pouvoir observer un
saut conséquent, il faut avoir attendu un temps plus long que pour un petit saut : ce probleme
est abordé dans Masoliver et al. [71]. Ceci explique 'introduction de CTRW couplées en
finance et en économie (cf. Scalas [92, 94|, Scalas et al. [93], Meerschaert et Scalas [75],
Schumer et al. [95] ou Jurlewicz et al. [62]).

Les processus de Hawkes. Les processus de Hawkes sont aussi des processus a sauts, ils
ont d’abord été décrits par Hawkes [50, 51] (voir aussi Daley et Vere-Jones [28]). Ce sont des
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processus auto excités dont les intensités de chaques composantes sont liées. Ces processus
sont déja utilisés en finance dans la modélisation du carnet d’ordre (cf. Hewlett [53] et Errais
et al. [33]) ou pour modéliser le bruit de microstructure (cf. Bacry et al. [5, 6]), mais aussi pour
étudier les intéractions en biologie (c¢f. Reynaud-Bouret et Schbath [87]). Dans sa these, Al
Dayri [29] utilise des processus de Hawkes pour modéliser les arrivées aléatoires des échanges
en finance a partir de pas d’échantillonnages “fins” (échelles microscopiques) ou “grossiers”
(échelles intermédiaires), ayant aussi une approche a différentes échelles.
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Abstract

We consider a compound Poisson process with symmetric Bernoulli jumps, observed at ti-
mes iA for i = 0,1,... over [0, 7], for different sizes of A = Ar relative to T in the limit
T — oo. We quantify the smooth statistical transition from a microscopic Poissonian regime
(when A7 — 0) to a macroscopic Gaussian regime (when A — o0). The classical quadratic
variation estimator is efficient for estimating the intensity of the Poisson process in both mi-
croscopic and macroscopic scales but surprisingly, it shows a substantial loss of information
in the intermediate scale Ar — A, € (0,00). This loss can be explicitly related to A.,,. We
provide an estimator that is efficient simultaneously in microscopic, intermediate and macro-
scopic regimes. We discuss the implications of these findings beyond this idealised framework.

Keywords : Discretely observed random process, LAN property, Information loss.
Note

Chapter 2 is based on a paper published in Electronic Journal of statistics. It is a joint
work with Marc Hoffmann. We are grateful to Sylvain Delattre for helpful discussions and
comments. The suggestions of a referee helped to improve a former version of the paper.



Chapitre 2

Inference across time scales 1n a
parametric case

2.1 Introduction

2.1.1 Motivation

Consider a 1-dimensional random process (X;) defined by

Nt
Xy =Xo+ Y &, t>0, (2.1)

i=1
where the ¢; € {—1, 1} are independent, identically distributed with

1
P(gi = —1> = IP)(E,L = 1) = 5,
and independent of the standard homogeneous Poisson process (N;) with intensity ¢ € © =
(0, 00). Suppose we have discrete data over [0, 7] at times ¢A. This means that we observe

X = (Xo,Xa,..., X|7a-1]a), (2.2)

and we obtain a statistical experiment by taking Py as the law of X defined by (2.2) when
(X;) is governed by (2.1). This toy model is central to several application fields, e.g. financial
econometrics or traffic networks (see the discussion in Section 2.3 and the references therein).
Moreover, it already contains several interesting properties that enlight a tentative concept
of statistical inference across scales. This is the topic of the Chapter.

On the one hand, if we observe (X;) microscopically, that is if A = Ay — 0 as T — o0,
then asymptotically, we can — essentially — locate the jumps of (NNV;) that convey all the
relevant information about the parameter 9.

23
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In that case, X is “close” to the continuous path (Xt € [0,77).
On the other hand, if we observe (X;) macroscopically, that is if Ay — oo under the
constraint* T'//Ar — oo , we have a completely different picture : the diffusive approximation

Xing — Xi-nar = VOI(Wing — Wis1yag ), (2.3)

becomes valid, where (W) is a standard Wiener process. We elaborate in Appendix the
approximation (2.3). Inference on ¥ essentially transfers into a Gaussian variance estimation
problem ;

in that case, the state space rather becomes RIT2 741 Finally if we observe (X;) in the
intermediate scale 0 < liminf Ar < limsup A7 < oo, we observe a process presenting too
many jumps to be located accurately from the data, and too few to verify the Gaussian
approximation (2.3). Therefore, depending on the scale parameter Ar, the state space may
vary, and it has an impact on the underlying random scenarios Py, although the interpretation
of the parameter of interest ¥ remains the same at all scales. What we have is rather a family
of experiments

ETA = (P12 9 € O}, (2.4)

where Pg’A denotes the law of X given by (2.2) and these experiments £7* may exhibit
different behaviours at different scales A. Heuristically, we would like to state that in the
microscopic scale A — 0, the measure IP’?AT conveys the same information about 9 as the
law of

(Ny, t €10,T7), (2.5)

that is if the jump times of (X;) were observed. On the other side, in the macroscopic scale
Ar — oo with T/Ar — oo, the measure IP’?AT shall convey the same information about ¢
as the law of

(0, VIWar, .., VOW 1a-1|a) (2.6)

that is if the data were drawn as a Brownian diffusion with variance 9.

The following questions naturally arise :

i) How does the model formulated in (2.4) interpolate — from a statistical inference
perspective — from microscopic (when A = A7 — 0) to macroscopic scales (when
A = Ar — 00) ? In particular, how do intrinsic statistical information indices (such as
the Fisher information) evolve as A = Ap varies?

ii) Is there any nontrivial phenomenon that occurs in the intermediate regime

0 < liminf Ay <limsup Ar < o0?

1. This condition ensures that asymptotically infinitely many observations are recorded in the limit 7" —
00.
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iii) Given i) and ii), if a statistical procedure is optimal on a given scale A, how does
it perform on another scale? Is it possible to construct a single procedure that auto-
matically adapts to each scale A, in the sense that it is efficient simultaneously over
different time scales?

2.1.2 Main results

In this Chapter, we systematically explore questions i), ii) and iii) in the simplified con-
text of the experiments E72 built upon the continuous time random walks model (2.1) for
transparency. Some extensions to non-homogeneous compound Poisson processes are given,
and the generalisation to a more general compound law is also discussed. As for i), we prove
in Theorems 1, 2 and 3 that the LAN condition (Locally Asymptotic Normality %) holds for
all scales A. This means that ]P’g’A can be approximated — in appropriate sense — by the law
of a Gaussian shift. We derive in particular the Fisher information of £7** and observe that
it smoothly depends on the scale A. We shall see that the answer to ii) is positive. More
precisely, we first prove in Theorem 4 that the normalised quadratic variation estimator

| e
ﬁgv = T Z (XiAT - ‘X(ifl)AT)2
=1

is asymptotically efficient — it is asymptotically normal and its asymptotic variance is equiv-
alent to the inverse of the Fisher information — in both microscopic and macroscopic regimes.
In the microscopic regime, it stems from the fact that the approximation
~ 1 2 N
IR s Y (K- Xin) =

T
0<t<T

becomes valid, as the jumps are +1, and the efficiency is then a consequence of Nr/T being
the maximum likelihood estimator in the approximation experiment (2.5). In the macroscopic
regime, thanks to the diffusive approximation (2.3) we have

R 1 \TAL!] )
9V ~ = > (VIWia, — Wienar))
=1

which is precisely the maximum likelihood estimator in the macroscopic approximation ex-
periment (2.6). Surprisingly, 19?‘/ fails to be efficient when

AT — Aoo € (O, OO) (27)

2. Recommended references are the textbooks [57] and [101], but we recall some definitions in Section
2.2.2 for sake of completeness.
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More precisely, we show in Theorem 5 that, although rate optimal, 1/9\?‘/ misses the opti-
mal variance by a non-negligible factor, depending on A, that can reach up to 23%. This
phenomenon is due to the fact that in the intermediate regime (2.7), the process (X;) is
sampled at a rate which has the same order as the intensity of its jumps. On the one hand,
(Xing — X@-1) Ap)? gives no accurate information whereas a jump has occurred or not during
the period [(i — 1)Ar,iAg|, contrary to the case A — 0. On the other hand, there are
not enough jumps to validate the approximation of Xja, — X(;_1)a, by a Gaussian random
variable, contrary to the case Ar — oo. Finally, we construct in Theorem 6 a one-step cor-
rection of 1/9?‘/ that provides an estimator efficient in all scales, giving a positive answer to iii).

This Chapter is organised as follows. We first propose in Section 2.2.1 a canonical frame-

work for different time scales by considering the family of experiments (ETAT) The way

T>0°
the scale parameter depends on T defines the terms microscopic, intermediate and macro-

scopic scales rigorously.

Specialising to model (2.1) for transparency, the results about the structure of the cor-
responding (ST’AT)T>O are stated in Section 2.2.2. We show in Theorems 1, 2 and 3 that
the LAN (Local Asymptotic Normality) property holds simultaneously over all scales and
provides an explicit expression for the Fisher information. The proof follows the classical
route of [57] and boils down to obtaining accurate approximations of the distribution

Fan (@, k) = PUAT (X, — Xanay = k), k€Z,

in the limit Ar — 0 or co. Note that fa,. (9, k) does not depend on i since (X;) has stationary
increments. However explicit, the intricate form of fa,.(¥, k) requires asymptotic expansions
of modified Bessel functions of the first kind. In the macroscopic regime however, we were not
able to obtain such expansions. We take another route instead, proving directly the asymp-
totic equivalence in the Le Cam sense, a stronger result at the expense of requiring a rate of
convergence of Ay to oo, presumably superfluous. We show in Theorems 4 and 5 of Section
2.2.3 that the quadratic variation estimator 1/9?‘/ is rate optimal and efficient in both micro-
scopic and macroscopic regimes, but not in the intermediate scales (2.7). This negative result
is however appended with the construction of an estimator based on a one-step correction
of 5?‘/ that is efficient over all scales (Theorem 6). Moreover this estimator has the advan-
tage of being computationally implementable, contrary to the theoretical optimal maximum
likelihood estimator. Section 2.3 gives some extensions in the case of a non-homogeneous
compound Poisson process (Theorem 7) and addresses the generalisation to more general
compound laws. The comparison to related works on estimating Lévy processes from discrete
data is also discussed. Section 2.4 is devoted to the proofs.
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2.2 Statement of the results

2.2.1 Building up statistical experiments across time scales

Let T > 0 and A > 0 be such that A < T'. On a rich enough probability space (€2, F,P),
we observe the process (X;) defined in (2.1) at frequency A™! over the period [0,7]. Thus
we observe X defined in (2.2), and with no loss of generality 3, we take X, = 0. We obtain a
family of statistical experiments

ELA = (AT p@TA T (P9 € 0)),

where P1® denotes the law of X when (X;) has the form (2.1), and © C (0, 00) is a parameter
set with non empty interior. The experiment £7* is dominated by the counting measure pp
on ZA 7T,

Abusing notation slightly, we may* (and will) identify X with the canonical observation
in ET4,

under Pg’A, we obtain the following expression for the likelihood
|TA™]

dpa
——(X) = H fa(?, Xia — X(i—1)a),
=1

dpr
where we have set, for k € Z,
fa(0,k) = Py2 (Xia — Xna = k) =Py (Xa = k). (2.8)

We shall repeatedly use the terms microscopic, intermediate and macroscopic scale (or
regime). In order to define these terms precisely, we let A = Az depend on 7" with 0 <
Ar < T, and we adopt the following terminology.
Definition 1. The sub-family of experiments (E727) s is said to be

1. On a microscopic scale (or regime) if A — 0 as T — oo.

2. On an intermediate scale (or regime) if Ap — Ay as T — oo, for some Ay € (0,00).

3. On a macroscopic scale (or regime) if Ay — oo and T/Ar — 00 as T — oo.

2.2.2 The regularity of (§747)7., across time scales

Let us recall® that the family of experiments (£727)7+ satisfies the Local Asymptotic
Normality (LAN) property at point ¥ € © with normalisation Ira,(J) > 0 if, for every

3. By assuming Xy = 0, the first data point does not give information about the parameter 9. If only
asymptotic properties of the statistical model are studied, which is always the case here, it has no effect.

4. By taking for instance §) = Z\TAT'

5. See for instance the textbooks [57] or [101].
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v € R such that ¥ + vipa,.(9)Y2 € O, the following decomposition holds

I+ul 9)—1/2
S (X) = exp (v€r — 500 +7), (2.9)
dPy=" 2
where
T — n distribution under ’ as — 00 .
&r — N(0,1) in distributi der PLAT as T (2.10)
and
rr — 0 in probability under ]P’Z‘Q’AT as T — oo. (2.11)

If (2.9), (2.10) and (2.11) hold, we informally say that (€777~ is reqular with information
It A, (9). This means that locally around ¢, the law of X can be approximated by the law
of a Gaussian shift experiment, where one observes a single random variable

Y =0+ Ipa, (0) Y26,

with &7 being approximately distributed as a standard Gaussian random variable under IP’?;’AT
as T'— oo. In particular, It A, (1) is the Fisher information of the Gaussian shift experiment :
the optimal rate of convergence for recovering ¥ up to constants from X is the same as the
one obtained from Y and is given by Iy, (9)~Y2 provided Ira,.(9) — oo as T — oc.
Note also that if the convergence of the remainder term ry = rp(v) in (2.11) holds locally
uniformly in v, i.e. the supremum of ry(v), for v in any compact subset of (0,00), goes to 0
in probability, then I a, () can be replaced by any function Jra,(¢) such that

Jrap(0) ~Ipa(0) as T — oo

without affecting the LAN property. Hereafter, the symbol ~ means asymptotic equivalence
up to constants. Our first result states the LAN property for the experiment (ST’A) 70 O
every scale A € (0, 00).

Theorem 1 (The intermediate regime). Assume Apr — Ay € (0,00) as T' — oco. Then the
family (ETAT)psg is regular and we have

Ir.60(9) ~ I (9) = TA (EP2=[ (b (9, Xa) + (98) X = 1))

with 7 (0AL)
ha (0, k) = —eE o)

200 =7 s

where, for x € R and v € N,

T = 3 A

= m!(v +m)!

denotes the modified Bessel function of the first kind.
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Remark 1. By taking Ar = A, € (0,00) constant, we include the case of a fized A, therefore

the same reqularity result holds for (ST’A) An inspection of the proof of Theorem 1 reveals

T>0"
that the mapping A ~ Ip A(0) is continuous over (0,00).

Our next result shows that formally we can let A,, — 0 in the expression of Iz (V)

given by Theorem 1 in the microscopic case. Moreover we obtain a simplified expression for
the information rate.

Theorem 2 (The microscopic case). Assume Ar — 0 asT — oo. Then the family (ETAT)pwq
15 reqular and we have

: T
Irap(9) ~ Ing(9) = im Ira(¥) = 5.

The macroscopic case is a bit more involved. In that case, we cannot formally let A, — oo
in the expression of I A () given by Theorem 1. However we have the following simplifica-
tion.

Theorem 3 (The macroscopic case). Assume Ar — oo, T/Ar — o0 as T — oo and
T/AlTJrZ = 0((10g(T/AT))_%). Then the family (ETAT) g is regular and we have

TAZ!
]TvAT(ﬁ) ~ IT,oo('lg) = 219121 .

1
The condition T'/ A;r“ = o((log(T"/ AT))_%) is technical but quite stringent ; it is satisfied
for example if Ap = T? with % < B < 1 and stems from our method of proof, see Section
2.4.3. 1t is presumably superfluous, but we do not know how to relax it.

2.2.3 The distortion of information across time scales

On each scale A > 0, let us introduce the empirical quadratic variation estimator
s
Qv
T = S (N X

i=1
that mimics the behaviour of the maximum likelihood estimator in both macroscopic and

microscopic regimes (see Section 2.1). More precisely, we have the following asymptotic nor-
mality result.

Theorem 4. Let A = Ay > 0 be such that T/Ar — oo as T — oo. We have

&,

where & — N(0,1) in distribution under 5=, and Iro(¥) and Iy (9) are the information
of the microscopic and macroscopic experiments given in Theorems 2 and 3 respectively.

1/2

I =0+ (Iro(9) ™! + I (9) 7))
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On a microscopic scale Ar — 0, we have

I700(9)71
——— — 0 as T — oo.
IT70 (19)71
On a macroscopic scale Ar — oo with T/Ar — oo, we have on the contrary
Iro(9)™*

7 (19)71—>0 as 1T'— oo.
T,00

As a consequence, we readily see that 5%‘;7“ is asymptotically normal and that its asymptotic
variance is equivalent to I7o(9)~" on a microscopic scale and to Iz, (9)~! on a macroscopic
scale. At a heuristical level, this phenomenon can be explained directly by the form of the
empirical quadratic variation estimator, as we already did in Section 2.1. At intermediate
scales however, this is no longer true.

Theorem 5 (Loss of efficiency in the intermediate regime). Assume that

1
0 < liminf Ap <limsup Ap < 0 (2.12)
Then -l T ()1
lim inf 2200+ 0o (V) > 1,

T—o0 IT,AT (19)_1

where It a,. (V) is defined in Theorem 1.

Remark 2. For technical reasons, we are unable to prove that Theorem 5 remains valid
beyond the restriction limsup Ar < 1/(49). Numerical simulations suggest however that
Theorem 5 is valid whenever lim sup Ar < 0o, see Figure 2.2.3.

Let us denote by
Rr(074,.9) =By 2" [(0F%, —0)7]
the squared error loss of the quadratic variation estimator. By Theorems 1, 2 and 3, the
family (ET’AT)T>O

bound of Hajek, see for instance Theorem 12.1 in [57] : we have, for any ¥y € © and § > 0
such that [0y — d,99 4+ 0] C ©

is regular in all regimes and we may apply the classical minimax lower

liminf sup [T,AT<79)RT(7/9\%XT779> > 1. (2.13)

T—o0 ‘ﬂ_ﬁolg(s

On the one hand, Theorem 4 suggests® that the lower bound (2.13) can be achieved in
microscopic and macroscopic regimes. On the other hand, Theorem 5 shows that inequality

6. This is actually true as the uniform integrability of 1/9\$ZT under Pg’A, locally uniformly in ¥, can easily
be obtained. We leave the details to the reader.
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(2.13) is strict in the intermediate case, whenever the restriction (2.12) is satisfied, thus
revealing a loss of efficiency in this sense. Define

p(0,A) = EFA[(ha (9, Xa) + (98) [ Xa| — 1)7],

where ha (9, k) is defined in Theorem 1. An inspection of the proof of Theorem 5 shows that
©(9, A) = 1p(I9A), for some univariate function 1, and that

I70(0) ™' + I7 oo (9) !
[T,A (19)71

The maximal loss of information is obtained for

= P(IA) (2(IA)? + IA).

A*(9) ~ 9 argmax,. o (z) (22° + z)

as T — oo. Numerical simulations show that the maximum loss of efficiency is close to 23%.

Deficiency ratio

Log,,(x)

FIGURE 2.1 — Deficiency ratio through scales (z-axis x* = 9A, logarithmic scale). Ratio between the
information Ir A, () and the inverse of the variance of ﬁng The maximum is 1.2297 and is attained at
x = 0.600.

is regular for every A > 0, an asymptotically normal estimator with
—1

Since (ET’A)T>O
asymptotic variance equivalent to Iz A(¢)~" is given by the maximum likelihood estimator.
However due to the absence of a closed-form for the likelihood ratio that involves the intricate
function fa (9, k) defined in (2.8) (see also Section 2.4.1), it seems easier to start from 5?2

which is already rate-optimal by Theorem 4 and correct it by a classical one-step iteration
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based on the Newton-Rhapson method, see for instance the textbook [101] pp. 71-75. To
that end, define

[TA
9V _ Dic 519 log fA( TA>XiA — X(i-1)a)
TA :
ZL Jazlong( 2N, Xia — X(i—1)a)

Theorem 6. In all three regimes (microscopic, intermediate and macroscopic), we have

(2.14)

99 =

L2 (19TAT ) — N(0,1) in Pg’AT-distm‘bution as T — oo.

17 Ay
Démonstration. In essence the regularity of fA( T‘g, Xin — X(i—l)A) enables to apply Theo-
rem 5.45 of Van der Vaart [101]. O

Theorem 6 expresses the fact that 3%2T automatically adapts to Ir a, and is therefore

optimal across scales.

1/(20%)-

Information

Log, ()

FIGURE 2.2 — Information deficiency through scales (¥ = 1, z-axis A, logarithmic scale). In-
formation Iy A, (solid black). Inverse of the variance of 19%2W theoretical (solid grey) and empirical (star

green). The inverse of the empirical variance of 1/9\%9AT (dotted blue) is close to the optimal It A, on all scales.
The empirical variances were computed using 10* Monte-Carlo simulations from T/A = 105 data, i.e. with
the same number of data through scales.

2.3 Discussion

The compound Poisson process (X;) with Bernoulli symmetric jumps defined in (2.1) is
the simplest model of a continuous time symmetric random walk on a lattice that diffuses
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to a Brownian motion on a macroscopic scale. The intensity ¥ of the Poisson arrivals on a
microscopic scale is transferred into the variance ¢ of the Brownian motion on a macroscopic
scale :

(%XtTvt < [0, 1]) — (VOW,,t € ]0,1)) (2.15)

in distribution as 7' — oo, where (W,) is a standard Brownian motion (see Appendix). The
statistical inference program we have developed across time scales on the toy model given by
(X;) can be useful in several applied fields. For instance, in financial econometrics, (X;) may
be viewed as a toy model for a price process (last traded price, mid-price or bets bid /ask price)
observed at the level of the order book, see e.g. [8] or [71]. The parameter ¥ can be interpreted
as a trading intensity on microscopic scales that transfers into a macroscopic volatility in the
diffusion regimes. Our results convey the message that if a practitioner samples (X;) at high
frequency at the same rate as price changes, which is customary in practice, then the realised
volatility estimator 52& is not efficient, and a modified estimator like 5%%T should be used
instead. However, this framework is a bit too simple and needs to be generalised in order to
be more realistic in practice. Two directions can be explored in a relatively straightforward
manner :

i) The extension to a non-homogeneous intensity Poisson process.

ii) The extension to an arbitrary compound law on a discrete lattice.

Extension to the non-homogeneous case

Theorems 1, 2 and 3 extend to the non-homogeneous case, when one allows the intensity
of the jumps to depend on time. In this setting, the counting process (IV;) defined in (2.1) is
defined on [0, 7] and has intensity

T

t
Az (t,9) :/ A0, 2)ds, for t €[0,T]
0
where
A9 x[0,1] — (0,00)
is the nonvanishing (integrable) intensity function, so that the process
(N: — Ar(t,9),t € [0,T))

is a martingale. The homogeneous case is recovered by setting A(,t) = ¢ for every ¢ € [0, 1].
In this context, the macroscopic approximation (2.15) becomes

(%Xﬁ,t e [0, 1]) . </t\/mClWS,t c [0,1])

in distribution as T" — oo. We state — without proof — an extension of Theorems 1, 2 and 3

for the associated family of experiments (ET’AT)T>O across scales.
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Assumption 1. We have that ¥ ~ A(V,t) is continuously differentiable for almost all t €
[0,1] and moreover supyeg 1ejo.1] AV, 1) < 0.

Theorem 7. We have Theorems 1, 2 and 3 with the following generalisation

1. In the microscopic case Ar — 0,
Ing(9) =T /O (80108 A9, 5))A(0, 5)ds.
2. In the intermediate regime Ar — Ay € (0,00),
Ir(¥) = TAo /0 1 (9 log A(9, 5))°A(¥, 8)2H (9, s)ds,

with

H(,s) =Ey™ [(hasy (9.5, Xa.) + (A0, 5)Ax) ' [Xa| —1)°],
and
Liw+1(A (0, ) Ax)

has (08 K) = 3 N0, 9)An)

3. In the macroscopic case Ap — oo with T'/Ar — oo and T/AlT+Z = o((log(T/Ar))~3),

_TAG

Ir(¥) 5

/0 (99 log A(V, s))st.

The proof of Theorem 7 relies on the approximation

AT i—1
M0, 3)ds = Ard (9, 20— ) + A,
Jon 0 a7
fori=1,...,|TAZ'|, where rp — 0 as T — oo in all three regimes. Assumption 1 ensures

that the convergence of the remainder is uniform in ¢ and 9. This reduction enables us
to transfer the problem of proving Theorems 1, 2 and 3 when substituting independent
identically distributed random variables by independent non-equally distributed ones. This
is not essentially more difficult, and the regularity of A enables us to piece together the local
information given by each increment Xja, — X(_1)a, in order to obtain the formulae of
Theorem 7.

An analogous program as in Section 2.2.3 for the distortion of information could presum-
ably be carried over, with appropriate modifications. For instance, one can show that

~ LTA;lJ 9 1
ﬁ?,ZT: Z (XiAT—X(iq)AT) —>/0 AW, s)ds as T — oo

=1
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in Pg’AT—probability, in all three regimes. Then, in order to estimate ¥ efficiently, one should
rather consider a contrast estimator that maximises

o Tagl

0~ Ur.ar () = Z 9Aar ()\(57 iAr), Xing — X(i—l)AT)

=1

for a suitable function gr A, and make further assumptions on existence of a unique maximum

7AT

for the limit — whenever it exists — of Ura, under PL*T as T'— co. We do not pursue this

here.

Extension to more general compound laws

The situation is a bit more delicate when one tries to generalise Theorems 1, 2 and 3 to
an arbitrary compound law (¢(9, k), k € Z), for every ¢ € O, with

0< (W k) <1, for k€Z and » (0, k) =1,

kEZ

(and (¢, 0) = 0 for obvious identifiability conditions). We then observe a process (X;) of the
form (2.1), except that the jumps (g;) are now distributed according to

P(e; = k) =((¥, k), keZ.
In order to keep up with the preceding case, we normalise the compound law, imposing

> k¢, k) =0 and Y E*(k,0) = 1. (2.16)

kEZ kEZ

First, in the microscopic case, we approximately observe over the period [0,7] a random
number of jumps, namely Nr which is of order ¥I'. Second, conditionally on N7, the size of
the jumps form a sequence of independent and identically distributed random variables with
law (¢, k). On the other side, in the macroscopic limit, the effect of the size of the jumps
is only tracked through their second moment, which is normalised to 1 by (2.16). Therefore
it gives no additional information about 9. The situation is rather different from the case of
symmetric Bernoulli jumps : here, the extraneous information about ¢ lies in the effect of
the jumps, which are recovered in the microscopic regime and lost in the macroscopic one.
There is however one way to reconcile with our initial setting, assuming that the compound
law ((k) does not depend on ¥ and is known for simplicity. Then, for k € Z, we have

Fa(0,k) = PTA (Xia — Xpna = k) = 3 ¢ (k)

mEZ

—9A
m! (W4)
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where (*"(k) is the probability that a random walk with law ((k) started at 0 reaches k in
m steps exactly. Therefore

Fa( k) = e "G (9A), with gk@):Zg*m(/{)%. (2.17)

meZ

In the symmetric Bernoulli case, we have Gy (x) = Zjy(x), where Z,(x) is the modified Bessel
function of the first kind. Anticipating the proof of Theorems 1, 2 and 3, analogous results
could presumably be obtained for an arbitrary compound law (k) satisfying (2.16), provided
accurate asymptotic expansions of Gy (x) are available in the viscinity of 0 and co. The same
subsequent results about the distortion of information that are developed in Section 2.2.3
would presumably follow, with the same estimators 5CTQZT and 1/9\(T)7SAT, and the appropriate
changes for fa(9,k) in (2.14).

Relation to other work

Concerning the estimation of the law of the jumps, say (, we have an inverse problem.
One tries to recover ¢ from the observations of a compound Poisson process, the link between
¢ and the law of the process being given by (2.17). In the setting of positive compound laws,
Buchmann and Griibel [16, 17] succeed to invert that relation and give an estimator of ¢ in
the discrete and continuous case. That method which consists in inverting (2.17) is called
decompounding. It was generalised by Bogsted and Pitts [13] to renewal reward processes
when the law of the holding times is known, inrestriction to the case of having positive jumps
only.

The compound Poisson process is a pure jump Lévy process that can be studied accord-
ingly. Using the Lévy-Khintchine formula, it is possible to estimate nonparametrically its
Lévy measure which is given by the product ¢ x ¢ in that case. This strategy is exploited
by van Es et al. [103] for a known intensity. This estimation procedure does not restrict to
compound Poisson processes and it includes the case of pure jump Lévy processes in general.
Nonparametric estimation of the Lévy measure from high frequency data (that corresponds
to our microscopic case Ar — 0) is thoroughly studied in Comte and Genon-Catalot [22] as
well as in the intermediate regime (with Ay = A, fixed) in [24]. In that latter case, we also
have the results of Neumann and Reif [83].
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2.4 Proofs

2.4.1 Preparation
Some estimates for fa(9, k)

We have, for k € Z :
oA

fa@, k) =Py (Xa =k) = (k)

m>0

(0A)™

m!
where ¢,,(k) is the probability that a symmetric random walk in Z started from 0 has value
k after m steps exactly :

0 if |k| > m or |k| — m is odd

Om (k) = 2—m (%<mT_ ]k!)) otherwise.

Let us introduce the modified Bessel function of the first kind 7

7= Y 2

= m!l(v+m+1)’

for every x,v € R, and where
I(x) = /+OO t*letdt
denotes the Gamma function. Straightforwa(;d computations show that
fa(¥, k) = exp(—0A) Ly (VA). (2.18)

See for instance [91], p. 21 Example 4.7. We gather some technically useful properties of the
function Z,(z) that we will repeatedly use in the sequel.

Lemma 1. 1. For every x € R\ {0} and v € R, we have
0, T, (z) = T,41 () + gzm). (2.19)

2. For every p > v > —% and x > 0, we have
Z.(x) <ZL,(x). (2.20)

Démonstration. Property 1 can be found in the textbook of Watson [109] and readily follows
from the fact that = ~ Z,(x) is analytical with an infinite radius of convergence. Property 2
is less obvious and follows from Nasell [81]. O

7. The function x ~ Z,(z) can also be defined as the solution to the differential equation
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The Fisher information of £7-2

Fori=1,...,|TA7] let SiT 2 denote the experiment generated by the observation of
the incerement X;n — X(;_1)a. Since (X;) has independent stationary increments, we have,
for k € Z

Py (Xia — Xg-na = k) =Py2(Xa = k) = fa(0, k).

Using that Xy = 0, it follows that

[TA™Y

gt = &° (2.21)
i=1

as a product of independent observations given by the increments X;n — X(;_1)a, each exper-
iment SZ»T A being dominated by the counting measure on Z with density fa(¥, k) given by
(2.18) that does not depend on i. Moreover, & has (possibly infinite) Fisher information
given by ,
CHNCRD) < 400

f A(ﬁa k )

which does not depend on i. We study the regularity of €72 in the classical sense of Ibragimov
and Hasminskii (see [57] p. 65).

Ja(9) =ELAT [(0y1og fA(ﬁvXA))Q} - Z

kEZ

Definition 2. The experiment SZ»T’A is reqular (in the sense of Ibragimov and Hasminskii) if
i) The mapping ¥ ~ fa(0, k) is continuous on © for every k € 7Z.
i) The Fisher information is finite : In (V) < 400 for every ¥ € O.
iit) The mapping ¥ ~ Oy (fa(9,-)"/?) is continuous in (*(Z).

Lemma 2. The experiments &, 2 are regular.

Démonstration. For every k € Z, fa(V, k) = exp(—VA)Zj (YA), therefore i) is readily satis-
fied since ¥ € © C (0,00) and A > 0. We also have fa (), k) > 0 for every k € Z, then Ja(9)
is well defined, but possibly infinite. In order to prove ii), we write

- 99Lixa|(VA)

Dglog fa(9, Xa) = Oplog (e "2T x| (VA)) = —A 4 220 2

olog fald Xa) = Bolog (™ Lixal (94) EPRICEY

= A(ha(9, Xa) + (VA) ' XAl - 1), (2.22)
where we have set, for every k € Z,

L1 (VA)
ha(¥, k) = ———=
2l H) Tk (VA)

and used Property (2.19). It follows that

Ia(9) = A2BSA[(ha(9, Xa) + (9A) 71 Xa| — 1)7]. (2.23)
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Moreover the function | Xa| ~ Zjx,|(¥A) is decreasing (see (2.20)), thus
0<ha(¥,Xa) <1 (2.24)

and since XA has all moments under IP’?A, we obtain ii). We proceed similarly for iii). First,
for any ¥ € © and ¢ such that ¥ + ¢ € ©, we have

Oy (fa(® +e,k)2) = 05 (fa (0, k)?) = € 03 (fa(Ve, k)'/?)
for some 9. € [0, 9 + ¢]. Second, we write
09 (fa(9e, k)'%) = fa(9, k)'/*309 log fa (D, k),
and, differentiating a second time, we obtain that 03 (fa(¥., k)"/?) equals
Fa(0e 1) (300108 fa (92 1) + 205 log fa (0=, ).

Therefore, taking square and summing in k, we derive

3 (aﬁ(fA(ﬁ e, k)2) = 9y (fa (v, k)l/z))2

kEZ
2
_¢? EQA[((%% log fa (9., Xa))* + 102 log fA(ﬁE,XA)) ] (2.25)
From ii), we have
Oy log fA(ﬁ,XA) = A(hA(ﬁ,XA> + (ﬁA)_I‘XA| — 1), (226)

and this last quantity has moments of all orders under IP’?’A, locally uniformly in 9. Likewise,
using (2.26) and (2.19), it is easily seen that
Lixs1+2(VA)
I|XA\(19A)
— A?ha(9,Xa)? — 972 Xal.

8129 log fa(¥, Xa) = A? +A19_1hA(19,XA)

Thus 92 1og fa(9, Xa) has moments of all orders under IP%’AT locally uniformly in ¢, thanks
to (2.20) and (2.24). The same property carries over to the term within the expectation in
(2.25) and we thus obtain iii) by letting ¢ — 0. O

By the factorisation (2.21), we infer that £ has Fisher information

Ira(0) = (787190 = (7~ 3 210 0)

keZ

which is finite thanks to ii) of Lemma 2.
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Lemma 3. For every ¥ € ©, we have
Ira(¥) = [TATY A2 (EFA [(ha(9, Xa) + (0A) | Xa| - 1)7]), (2.27)

Moreover in the microscopic and intermediate regimes, we have
=1 as T — oc. (2.28)

Démonstration. In the course of the proof of Lemma 2, we have seen by (2.23) that
Ia(0) = A2EFA[(ha(9, Xa) + (9A) 71X — 1)7].
It follows that
Iral) = [TAT A EFS[(ha(9, Xa) + (92) ' Xa| = 1)’]
— [TA|A? (1]5,5A [(ha(¥, Xa) + (9A) Y Xa])?]
+1— 252 [ha(9, Xa) + (M)—HXAH).
Since SiT’A is regular by Lemma 2, we have Eg’A [&9 log fa (¥, XA)} = 0. Combining this with

the equality
0y log fa (9, Xa) = A(ha(9, Xa) + (0A) 7' Xa| - 1)

that we obtained in (2.22), we derive
Ey® [ha(d, Xa) + (94) X4l = 1,
and (2.27) follows. Expanding (2.27) further, we obtain the useful representation

Ira(0) = [TA7Y <A2 ET [ha (9, Xa)?]
TN

+ _qu

S A Xalha(9, Xa)] + 2 A2). (2.29)

v

Let us now assume that A = Ay — 0. We will need the following asymptotic expansion of
the function Z,(z) near 0.

Lemma 4. We have, for v € N,

Z,(x)

= 21/11/!1"’ (1 - a:rl,(x)), (2.30)

where x ~ 1,(x) is continuous and satisfies sup,~,r,(zr) — 0 when x — 0.
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Proof of Lemma 4. We have an expression of Z,(z) as a power series, thus its Taylor expan-
sion in a neighborhood of 0 is given by

v1
Z,(x) = <§> J(l + xrl,(a:)>,
where | ) . )
x V! x\2m T\ 2m 2
r(z) = — (—) <z —(—) = ze”
4m22:0(m+1)!(m+1+u)! 2 mz;om! 2
Then x ~» r,(r) is continuous and satisfies sup,~o 7, () — 0 when z — 0. O

By Lemma 4, a simple Taylor expansion shows that

_ Tixar1(WAr) 287 1
I|XAT|(7‘9AT) ¥ |XA|—|—1

hAT(ﬁ,XA) —f-ATT’&ﬂ(ﬁ,XA)

where |[r} (9, Xa)| < ¢(¥9), for some deterministic locally bounded ¢(¢}). Plugging this last
expression in (2.29), we obtain

T
Jr(9) = 5 + T A7 (9),
with 77, having the same property as ry, whence (2.28) in the microscopic case. In the
intermediate case, since A ~» E* [(ha(¥, Xa) + (A)HXA| - 1)2} is continuous on (0, 00),
we readily obtain the result using that |TAZ'|A2 is equivalent to TAg as T — oo. The
proof of Lemma 3 is complete. O]

2.4.2 Proof of Theorems 1 and 2

A technically convenient consequence of Lemma 3 in the microscopic and macroscopic
cases is that it suffices to prove Theorems 1 and 2 with Iz a,.(¢) instead of 17,4, (), provided
the convergence (2.11) is valid locally uniformly. As €747 is the product of £ > generated
by the Xa, — X(i—1)a, that form independent and identically distributed random variables
under ]P’?AT with distribution depending on 7', we are in the framework of Theorem 3.17 p.
128 in Ibragimov and Hasminskii [57]. It turns out that the LAN property is a consequence
of the following two conditions :

i) For every Jy € © and h such that ¥y + h € ©, we have

|[TA]

Sean0op P, 2Bk =0

h
Y—99|< keZ
‘ 0|_3T,AT(790)1/2

as T — oo.
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ii) For every h > 0 and ¥ € O, we have

|TAT]
jTAT (19)

as T — oo.

A 2
Ey ™" [(09108 far (¥, Xar)) L0, 108 fap (0.X0) 2h3r g 0)12)] = O

Remark 3. Actually, as stated in Theorem 3.1 (and its asymptotic parameter dependent
version Theorem 3.1 since the density fa, (0, k) of our observations depends on T') pp. 124—
128 of the book by Ibragimov and Hasminskii [57], the LAN property at Oq is implied by the

following two conditions® :

For all h such that® 9 +h € O, we have

wih % Z |05 (far (Po + uTra, (90) "2 K))

u<h JT,Ar o

1/2

— 0y (far@o, ) *P =0 (3.1)
as T — oo.

For every h > 0 and v € O, we have
[TAL']
jT,AT (19)

as T'— oo. Moreover, as explained in Remark 3.2 pp. 128 — 129 in [57], Condition (3.1) is
actually implied by the sufficient condition

7A 2
Eg T [(&9 log fAT(/I-gy XAT)) 1{\819 IngAvaXA)\Zth,AT(19)1/2}} —0 (32)

|TAT!

sup ST ST 103 (Farg(@.8) P =0 (3.1)

Tragon? = kel

1

jT,AT (790)2 [9—0|<

as T — oo for independent nonhomogeneous observations with density fa, ;(0,k). In our
case we have fa, (0, k) = fa, (9, k) for all j hence Condition (3.1") of [57] in Remark 3.2

is exactly our condition i). Condition (3.2) is exactly our condition ii) above.
In the same way as for the proof of ii) in Lemma 2, we have

O3 (far (0.1))"* = L (0, 0)2 (3 ( = Ag+ K9 + Apha, (9, k)

Liyy+2(VAT) 2y A
T0ag) ~ har(0RF) + Fha (0.6))

= 5far (9, k)Y*Ha, (0, k), say.

— k|97 + A%(

8. with the labelling of their book for the conditions but with our notation for the statistical model and
the fact that the dominating measure is the counting measure on 7Z
9. remember that © C (0, 00)
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Therefore, taking squares and summing in k, i) is proved if we show that

TA
—~L x Jz sup Ey®T [Ha, (9, Xa,)?] =0 (2.31)
Ir.a. (%)
‘197190|§3T7AT(190)1/2
as T'— oo. Using (2.20), we have
Likj42(9A7)

0 <hap(0,k) <1 and 0< <1,

Iy(WAT) —
hence Ha (9, Xa,)? is less than
c(9) (AL + Ar(1+ AZ)|Xap] + (1 +AZ)XZ, + (1 + Ar)|[Xa, | + X4,)
for a locally bounded ¢(?), which in turn is less than
(0, Ar)(Ar + AT + XX, + XA,), (2.32)

for some ¢ (¥, Ar) locally bounded on © x [0, 00). Since (X;) is a compound Poisson process
under Pg’AT with intensity ¢ and jumps in {—1, 41} with equal probability, the characteristic
function of X, is explicitly given by

EJAT [¢14X5r] = exp (— 0A7(1 — cosu)), u € R,

from which we obtain

EDAT(XA] = 9AL(1 + 30A7). (2.33)
Integrating (2.32), we derive
EAT [Har (9, Xa,)?] < (9, Ar)Ar,

where ¢ has the same property as ¢. Since Jra, (9p) is of order T as T — oo in both
microscopic and intermediate scales, we obtain (2.31) and i) follows.
It remains to prove ii). From the explicit representation

99108 far (0, k) = Ap(— 1+ ha, (9, k)) + k|0 (2.34)
and the fact that 0 < ha, (9, k) < 1, we have
|09 1og far (0, k)] < Ap + [K[97,
from which we readily obtain
Ey 2 [(0010g fa (0, Xa,))"] < (9, Ar),

/1

where ¢ has the same property as ¢. Since Iz a,.(0) — 00 as T' — oo, we obtain ii) in both

microscopic and intermediate scales. The proof of Theorems 1 and 2 is complete.
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2.4.3 Proof of Theorem 3

The strategy of the proof is quite different from that of Theorems 1 and 2, for we were
not able to obtain asymptotic expansions for Z,(x) in a viscinity of 2 = oo with appropriate
bounds on the stochastic remainders.

Consider instead the experiment QAT = {Q?AT, U € ©} generated by the observation
of [TAZ'| independent centred Gaussian random variables with variance 9Ar, for Ar — oo
satisfying the rate restriction

T/A} = of(log(T/Aq)) %) (2.35)

We plan to prove that under the restriction (2.35), the experiments €747 and QA7 are
asymptotically equivalent as T' — co. Theorem 3 then follows from the Le Cam theory, see
for instance [68]. To that end, we map each increment X;a, — X(—1)a, in ETAT with

VAT = Xing — Xg-nar + Ui

7

where the U; are independent random variables uniformly distributed on [—%, %] Let us de-
note by ETAT — {IF%AT, Y € O} the experiment generated by the YZAT. Since the increments
Xin — X(i—1)a, take values in Z, we have a one-to-one correspondence between YiAT and the
increment X;a, — X(;_1)a, and therefore the experiments £47 and ETAT are equivalent.
Moreover, ELAT and QTAT live on the same state space RITA7') and have smooth densities
with respect to the Lebesgue measure. The proof of Theorem 3 is therefore implied by the
following bound

H]ﬁ%’AT — Qg’ATHTV —0 as T — oo,

locally uniformly in ¢ and where || - ||y denotes the variational norm. This bound is implied
in turn by the bound

ILYT) = N(0.9A7) 7w = o((T/ A7) ™) (2.36)

locally uniformly in 1, since each experiment is the LTA}IJ—fold product independent and
identically distributed random variables!®. Let us further denote by po.ap and gy a, the
densities of Y;°7 and the Gaussian law N'(0, 9A7) respectively. We have

ILQYT) = N(0,9A7) v = /]R Po.ar (%) = qu.ar(2)|de

< T+ IT+111,

10. For instance, by using the bound

1B — @iy < VE(1— (1~ 4P~ Qlzv)") .
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where, applying successively the triangle inequality and Cauchy-Schwarz, for any n > 0,

I = \/%(/R (po.ar () — Qﬂ,AT(x))2dx)1/2’

II'=Py" (| Xa, + U] 2 n),

I11 :/ qo.ap(z)dx.
||=n

Set n = nr = ky/Arlog(T/Ar). We claim that for x? > 20, the terms I, I and I/
are o((T'/Ar)™") hence (2.36) and the result, for an appropriate choice of £ so that the
convergence can hold locally uniformly in 9. Since gy a,(z) is the density of the Gaussian
law N(0,9Ar), we readily obtain

2
ITT <2exp ( - ZgZT) = (T/AT)—,#/(M) _ 0((T/AT)_1)

using k? > 29. For the term I, we observe that since |U;| < 1/2, we have

Narp

PA7 (|Xag + Uh| = ) <B5T(| S e 2 — 1),
i=1

where the ¢; € {—1,1} are independent and symmetric. By Hoeffding inequality, this term
is further bounded by

BT [exp (— U3120)] < 2((exp (- UEAE) + BT (Na, > WD)

for every k' > 0. If k¥’ < k%/2, one readily checks that
_ 2 _
exp (= K2) = o((T/Ar) ™).
Moreover, if £ > 19, we have, by Chernov inequality,
plAT (Nay — 9Ar > (K —9)Ar) < exp ( — Ar(k'log(k'/9) — (K — 19)))

and this term is also o((T//Az)™"). Thus I1 and I have the right order and it remains to
bound the main term /. If we ddenote by pya, and gy a, the Fourier transforms of pya..
and gy a,, by Plancherel equality we obtain the following explicit expression :

/R (Po.ar (@) = o, (2)) de = (2m) 7 /R(@a,m (&) — Go,ar(8))dE

in &
— (277)1/ (efﬂAT(lfcosf) SlI;Q _ e%’ﬂA']f-z)zdg
R

5

; £
_ (27T)_1/ <€—19AT(1—COS( 3 )) Sln(Qg/E) _ 6_%1952)2 df
R WAL V AT

<IV4+V4+VI,
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with
IV = (271-)1/ (e aar (1-cos(—5=)) S 57AT) sﬂl(zm) e%'%Q)? de |
lEl<pvAr 2\/5 VAT
i £
o [l (i) s
€1=pvAr 2\/% VAT

_ ae2 df
VI=2m)""! / e ¢
(27) léwzp\/AT VAL

for any p > 0. By a first order expansion, we have that I'V is less than

/ <<5 o AT>+£6a<¢%>>;a(A¢T%T>+@a< AT>>2 de
el<pv/AT Ar AT Ar/ VAr

for some bounded function £ ~ «(§). Set a* = sup, |a(x)|. We thus obtain that IV is less
than a constant times

/ 58 (a )26_ (9—2pa*)€? _YS df
el<pvar OF VAT

If we pick p such that ¥ > 2pa*, the term IV is of order A;S/Q. For the term

V= / e—%mTu—coss)(Si_“@)ng
>0 :

2

noting that (sinz)? = (1 — cos(2z))/2, we bound the 2m-periodic, even and continuous
function & ~» e720A7(1=cos8) (1 — cos€) by its supremum (4eAr)~L. The integrability of £ 2
away from 0 enables to conclude that V' is of order A;l. Finally, by Gaussian approximation,
we readily obtain that V1 is of order A=1/2¢=r*9Ar,

In conclusion, we have that [, (po.aq (%) — qo.a, (x))2d:v is dominated by the term V
and is thus of order AL'. Tt follows that I is of order an/ QA;/ * and the choice nr =
K/ Arlog T/AT) implies I = o((T/Az)™") thanks to the restriction condition T/AITJri =

o((log(T/Ar))~%). The proof of Theorem 3 is complete.

2.4.4 Proof of Theorem 4

Set ,
(Xiar — Xa—nag)” — A7
(ITA; [9AL(1+ 2 9AL)) >

i =
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Under ]P’g’AT, the variables ; 7 are independent, identically distributed, and we have

[TA7!]
E} A7 [&ir] =0 and Z Var[&r] = 1
i=1

by (2.33). Moreover, for every 6 > 0,

[TA7!] ,
Z Eg’ATH&',T| 1{|§LT|26}} —0 as T — oQ,

=1

-1
therefore, by the central limit theorem Ur = ZZEIAT : &1 — N(0,1) in distribution under
Pg’AT as T'— oo in all three regimes (microscopic, intermediate and macroscopic). We thus

obtain the following representation

1/2

OGN = T AR | TAZ O + T7H (| TAFH Ard (1 + 20A7)) Uy
and the result follows from T—'Ap|TAZ'| ~ 1 and
T2 TAF  ArI(1 + 20A7) ~ Iro(9) ™" + Ireo ()
as T — oo in all three regimes.
2.4.5 Proof of Theorem 5
By (2.28) of Lemma 3, it suffices to prove
lim inf Iz A, (9) (I1,0(9) ™" 4 Ireo(¥) ™) > 1. (2.37)

T—o00

Up to taking a subsequence, we may assume that Ap — A € (0,1/(49)] as T — oo. Using
(2.29) and Theorem 4, for every ¥ € ©, we have

Ir.87(0) (Ir0(9) ™" + Ip oo (¥) )
~ (ﬁAEg’A [a (@, Xa)?] + 2E52 [| Xalha(d, Xa)] +1 - M) (20A + 1)
= M(JA) as T — oo,

where M is a univariate function since
P2 has density fa(¥,k) = e "AZ;(YA) with respect to the counting measure on Z.
Therefore, Theorem 5 is equivalent to proving that

M(z) > 1 for every z € (0,1]. (2.38)
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Using (2.19) of Lemma 1 we have

O M(VA)
=1 — 40A + (1 + 40A)ES? [ha (9, Xa)?] + 4ES2 [| X alha (9, Xa)]
+2(1+ 20A)ES2 [(|Xa| + 9ARA(D, Xa))Dghe (9, Xa)]

where

I\kHZ(ﬁA) 1 2
W + mhA(ﬁa k) — ha(V, k)

is positive (see Theorem 1 of Baricz [7]) and h(¥, k) is in [0, 1] according to (2.20) of Lemma
1. We derive

Dyha (¥, k) =

O M(x) >1—4x >0 for x € (O,ﬂ,

hence (2.38). Since M(z) — 1 as x — 0, the conclusion follows.

Appendix

Proposition 1. Suppose that ¢; are independent and identically distributed, with P(e; =
1) =Pl =1) = %, and independent of the homogeneous Poisson process (Ny) with
intensity ¥ € © = (0,00). Let

Na
XA: E Ei-
=1

Then
ATY2X — N(0,9)

i distribution, as A — 00.

Démonstration. By Skorokhod representation for weak convergence (see for instance Billings-

ley [11]) we have
LA

Na
ATV2NT —) (W,
< ; 8 bl A ( ) )
in distribution as A — oo, on D([0, 00)) X [0, 00), where D ([0, 00)) is the Skorokhod space
of cadlag functions on [0,00) and W is a standard Brownian motion. The statement is now
trivial. O
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Abstract

We study the nonparametric estimation of the jump density of a renewal reward process from
the discrete observation of one trajectory over [0, 7]. We consider the microscopic regime when
the sampling rate A = Ar — 0 as T" — oo. We propose an adaptive wavelet threshold density
estimator and study its performance for the L, loss, p > 1, over Besov spaces. We achieve
minimax rates of convergence for sampling rates Ay that vanish with 7" at polynomial rate.
The estimating procedure is based on the inversion of the compounding operator in the same
spirit as Buchmann and Griibel (2003). The inverse is explicit in the case of a compound
Poisson (see Chapter 3), but has no closed form expression for renewal reward processes
in general (see Chapter 4). In that latter case the inverse is approached with a fixed point
technique.

Keywords : Compound Poisson process, Renewal reward process, Continuous time random
walk, Discretely observed random process, Decompounding, Wavelet density estimation.

Note

Chapters 3 and 4 are based on submitted papers.



Chapitre 3

Estimation of a compound Poisson
process at microscopic scales

3.1 Introduction

3.1.1 Statistical setting

Let R be a standard homogeneous Poisson process with intensity ¢ in (0, 00), we define
the compound Poisson process X as

Ry
Xp =) & t>0
=1

where the (fz) are independent and identically distributed random variables and independent
of the Poisson process R.
Assume that we have discrete observations of the process X over [0,7] at times iA for
some A > 0
(Xa, .-, Xira-1]a). (3.1)

We focus on the microscopic regime, namely
A=Ar—0 as T — oo

and work under the following assumption.

Assumption 1. The law of the & has density f which is absolutely continuous with respect
to the Lebesgue measure.

We denote by F(R) the space of densities with respect to the Lebesgue measure supported
by R. We investigate the nonparametric estimation of the density f on a compact interval
D included in R from the observations (3.1). To that end we use wavelet threshold density

o1
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estimators and study their rate of convergence uniformly over Besov balls for the following
loss function

(E[HJ?— fHZz,p(D)})l/pv (3.2)

where fis an estimator of f, p > 1 and

fllier = ([ 17@Paz) "

We also denote by || f||z,®) the usual L, norm for p > 1

1l = ([ 17@Paz)”

We do not assume the intensity ¥ to be known : it is a nuisance parameter.

By Assumption 1, on the event {X;a — X(;_1ya = 0} no jump occurred between (i — 1)A
and ¢A and the increment X;A —X(;_1)a gives no information on f. In the microscopic regime
many increments are zero, therefore to estimate f we focus on the nonzero increments and
denote by Ny their number over [0,7]. In that statistical context different difficulties arise.
First the sample size Np is random. Second on the event { X;a — Xi—na # 0}, the increment
Xin — X(i—1)a is not necessarily a realisation of the density f. Indeed even if A is small there
is always a positive probability that more than one jump occurred between (i — 1)A and
iA. Conditional on {X;an — X(;_1)a # 0}, the law of X;n — X(;_1)a has density given by (see
Proposition 1 in Section 3.2 below)

Palfl(z) = ZIP’(RA =m|Ra #0) f*"(z), forz€R, (3.3)

m=1

where * is the convolution product and f*™ = f*...% f, m times.

Adaptive estimators of the density f in that statistical context already exist. Under the
condition TAr < 1 (or TA2 < 1 if f is smooth enough), they attain minimax rates of
convergence over Sobolev spaces for the Ly loss (see Bec and Lacour [9], Comte and Genon-
Catalot [22, 25| and Figueroa-Lépez [38]). In this Chapter we try to answer the following
questions.

i) Is it possible to construct an estimator of f when Ar decays slowly to 0, for instance

when A7 vanishes polynomially slowly with 7.

ii) Is it possible to construct adaptive wavelet estimators that attain, over Besov spaces
for the L, loss defined in (3.2), the classical minimax rates of convergence of the exper-
iment where we observe T independent realisations of f.

Without loss of generality, assuming 7T is an integer if we observe T" independent realisations
of a density f of regularity s measured with the L, norm, m > 0, it is possible to achieve
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the minimax rates of convergence for the L, loss —up to constants and logarithmic factors—
which is of the form
T—(s,m.p)

where a(s,m,p) < 1/2 (see for instance Donoho et al. [30] and (3.16) hereafter). When
the process X is continuously observed over [0, 7], we have Ry independent and identically
distributed realisations of f. Moreover for T' large enough, Ry is of the order of 7. That is
why we want compare the performance of estimators of f in the regime Ap — 0 with the
classical minimax rate we would have if X were continuously observed.

3.1.2 Our Results

We build our estimator of f using equation (3.3) and proceed in two steps. The first step
is the computation of the inverse of the operator f — Pa[f]. The inverse takes the form

[e.9]

PV = an(®,Ar)*™,  ve F(R)

m>1

where the (a,,(¢, Ar)) are explicit (see Proposition 1 below). They depend on the intensity
¥ and can be estimated. We take advantage of

f~Lax[Palf]], (3.4)

where L g is the Taylor expansion of order K in A of P'. It depends only on (P Alf™ m =
1,..., K+ 1). That step can be referred as decompounding as introduced in Buchmann and
Griibel [16].

The second step consists in estimating the densities PA[f]|*™, for m = 1,..., K + 1. For
that we use the Ny nonzero increments which are independent and with density Pa[f]. The
difficulty here is that N is random. In Theorem 1 we show that conditional on Ny wavelet
threshold estimators of PA[f]*" attain a rate of convergence —up to logarithmic factors— in
N;*®™P) For T large enough we prove (see Proposition 2 in Section 3.5) that Ny concentrates
around a deterministic value of the order of 7', giving an unconditional rate of convergence
in T-2(mP) We inject those estimators into La x, defined in (3.4), and obtain an estimator
of f that we call estimator corrected at order K.

The study of the rate of convergence of the estimator corrected at order K requires to
control two distinct error terms. A deterministic one due the first step which is the error made
when approximating f by La x [P N f]] in (3.4). And a statistical one due to the replacement
of the PA[f]*™ by estimators in the second step. The deterministic error decreases when K
increases, then the idea is to choose K sufficiently large for the deterministic error term to
be negligible in front of the statistical one. We give in Theorem 1 an upper bound for the
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rate of convergence of the estimator corrected at order K which is in —up to constants and
logarithmic factors—

max{T &™) AR+

It decreases with K and if there exists K such that
TAT <1, (3.5)

since a(s,m,p) < 1/2 the estimator corrected at order K| attains the minimax rates of
convergence. It follows that for every A polynomially decreasing with 7', it is possible to
exhibit K such that (3.5) is valid and the estimator corrected at order K provides a positive
answer to i) and ii). If no K enables to verify condition (3.5), Theorem 1 provides an upper
bound for the rate of convergence of the estimator corrected at order K, in that case the
estimator still provides a positive answer to i).

In the case of a compound Poisson processes, the results of the present Chapter generalise
to some extent those of Bec and Lacour [9], Comte and Genon-Catalot [22, 25] and Figueroa-
Lépez [38]. This is discussed in further details in Section 3.4. In Section 3.2 we give the main
results of the Chapter. We properly define wavelet functions and Besov spaces used for the
estimation before having a complete construction of the estimator corrected at order K. Then
we give an upper bound for its rate of convergence for the L, loss defined in (3.2), p > 1,
uniformly over Besov balls. A numerical example illustrates the behavior of the estimator
corrected at order K in Section 3.3. Finally Section 3.5 is dedicated to the proofs.

The model of this Chapter is central in many application fields e.g. statistical physics (see
Moharir [78]), biology (see Huelsenbeck et al. [56]), financial series or mathematical insurance
(see Scalas [94]). It is well adapted to study phenomena where random independent events
occur at random times. For instance, in insurance failure theory these events can model the
claims that insurance companies have to pay to the subscribers. The insurer’s surplus at a
given time t can be modeled by the following process

K(t):K0+kt—Xt,

where K is the capital of the company at time 0, the second term is a deterministic trend
corresponding to the average income received from the subscribers and X is a compound Pois-
son process modeling the insurance claims occurring at random times with random amount
of money at stake. It is the Cramér-Lundberg model ; see Embrechts et al. [32] or Scalas [94].
Compound Poisson processes can also model the changes of an asset price in finance; see
Masoliver et al. [71].
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3.2 Main results

3.2.1 Besov spaces and wavelet thresholding

To estimate the densities (PA[ mm=1,... K+ 1) we use wavelet threshold density
estimators and study their performance uniformly over Besov balls. In this paragraph we
reproduce some classical results on Besov spaces, wavelet bases and wavelet threshold esti-
mators (see Cohen [19], Donoho et al. [30] or Kerkyacharian and Picard [63]) that we use in
the next sections.

Wavelets and Besov spaces

We describe the smoothness of a function with Besov spaces on D. We recall here some
well documented results on Besov spaces and their connection to wavelet bases (see Cohen
[19], Donoho et al. [30] or Kerkyacharian and Picard [63]). Let (¢»), be a regular wavelet
basis adapted to the domain D. The multi-index A concatenates the spatial index and the
resolution level j = |A|. Set A; := {\, |\ =j} and A = U;>_1A;, for f in L,(R) we have

F=Y23 (fdain (3.6)

7j>—1 /\EAJ'

where 7 = —1 incorporates the low frequency part of the decomposition and (., ) denotes the
usual Ly inner product. We define Besov spaces in term of wavelet coefficients, for s > 0 and
7 € (0,00] a function f belongs to the Besov space B (D) if the norm

. Ry . 1/m
11155 o) == s>up12J(s+l/2 1/ )< S 1) ) (3.7)
o

)\EAJ'

is finite, with usual modifications if 7 = cc.
We need additional properties on the wavelet basis (w A) ,» Which are listed in the following
assumption.

Assumption 2. Forp > 1,
— We have for some € > 1

—1o|A — A _
¢ 1ol@/2-1) < Hz/’/\”ip(p) < @2R@/2=1)
— For some € >0, 0 >0 and for all s < o, J >0, we have

1F =D (ol o) < €271 llss i) (3.9)

J<J AEA,
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- Ifp>1, for some € > 1 and for any sequence of coefficients (u,\)

1/2
ZUA% < "(Z’UA¢A‘2)
AEA Ly(D) AEA

— For any subset Ag C A and for some € > 1

/2
S il < [ (X l@l) <€ S Wm0

AEAg AEAg AEAQ

AEN’

(3.9)

P

g@H Ut
L,y(D) ;A ATA

Property (3.8) ensures that definition (3.7) of Besov spaces matches the definition in
terms of linear approximation. Property (3.9) ensures that (1/))\) , 1s an unconditional basis of
L, and (3.10) is a super-concentration inequality (see Kerkyacharian and Picard [63] p. 304
and p. 306).

Wavelet threshold estimator

Let (¢, 1) be a pair of a scaling function and a mother wavelet that generate a basis (¢A) \
satisfying Assumption 2 for some o > 0. We rewrite (3.6)

F=Y" amdor+ > > B,

keAo §>1 keA;

where dor.(e) = ¢(e — k) and ;. (e) = 27/%)(27 @ —k) and

o = [ dula) f(a)do
ﬁm=/wM@ﬂ@M

For every j > 0, the set A; has cardinality 27 and incorporates boundary terms that we choose
not to distinguish in the notation for simplicity. An estimator of a function f is obtained
when replacing the (aqy) and (8;;) by estimated values. In the sequel we uses (i) to design
either (apy) or (Bx) and (g;x) for the wavelet functions (¢or) or ().

We consider classical hard threshold estimators of the form

= ando(e) + Z Z Bkl e Pn}%k

keAo J=1 keA;

where ag;, and Bj\k are estimators of ag, and i, J and 7 are respectively the resolution level
and the threshold, possibly depending on the data. Thus to construct f we have to specify
estimators (7;5) of the (v;x) and the coefficients J and 7.
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3.2.2 Construction of the estimator

Assume that we have |TA™!| discrete data at times ¢A for some A > 0 of the process X
(Xa.. .. Xiracij).
Introduce the increments
D2X; = Xia — Xa_nya, fori=1,..., |TA™,

where Xy = 0. They are independent and identically distributed since X is a compound
Poisson process. Define

Sy =inf {j,D*X; # 0} AT

Si=inf{j > S_1,D*X; #0} AT fori>1,

where S; is the random index of the ith jump and

a1
Nr= 3 lipaxz
=1

the random number of nonzero increments observed over [0,7]. By Assumption 1, on the
event {D2X; = 0}, no jump occurred between (i — 1)A and iA. In the microscopic regime
when A = Ar — 0 as T goes to infinity infinitely many increments are null and convey no
information on f, hence for the estimation of f we focus on the nonzero ones

(D*Xs,,...,D*Xg,, ).

Proposition 1. The distribution of the increment D> Xg, has density with respect to the
Lebesgue measure given by

PA[f] =) pm(A)f,

where (ﬁA)m
1
pm(A):P<RA:m|RA7éO):eﬁA_1 .

Let Ay be such that
(900)"™

2 st

For A < Ay, we have that
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It is straightforward to verify that the nonlinear operator P, is a mapping from F(R) to
itself. The observations (DAX 51.) are realisations of the density Pa[f] and by Proposition 1
the weight p1(A) — 1 in the limit A = Ap — 0. It follows that for Az small enough most
of the (DAXSi) have distribution f. Then a naive method to estimate f is to apply classical
density estimators to the (DAX g) That estimator requires a convergence condition on Ap
to achieve minimax rate of convergence (see Theorem 1). However we wish to construct an
estimator that attains minimax rates of convergence with weaker conditions on Ar.

We adopt the estimating strategy of section 3.1.2 and construct an approximation of f.

Lemma 1. The inverse PA' of P, such that for all densities f in F(R) if Pa[f] = v we
have Px'[v] = f, is given by

m+1

_ 1 o m xm
Al :MZ —1)1/ .

m=1

The proof of Lemma 1 is given in the Appendix. To build the estimator corrected at order
K we use that Pgl is a power series whose coefficients are equivalent to increasing powers of
A. Then La g the Taylor expansion of order K in A of P! is obtained by keeping the first
K + 1 terms of the inverse

Lak[V] = A Z _T(el9A - )™ ve F(R). (3.11)

Next we construct wavelet threshold density estimators of the first K + 1 convolution powers
of Pa[f] that will be plugged in (3.11). Define

NTm

A = F Z Gk <D XS> m>1, (3.12)

where Np,, = [NT / mJ with Np,,, > 1 for large enough 7" and
D2 Xy =D*Xg, + DAXSNT’mH Tt DAXSW_UNMH-

The (DAXSl.) are independent and identically distributed with density Pa[f], thus the
(DﬁX Si) are independent and identically distributed with density Pa[f]*™. Let n > 0 and

J € N\ {0}, define ﬂ the estimator of PA[f]*™ over D

Pam(z Za% dor(x +225Jk (3o }zp]k z € D. (3.13)

=0 k
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Definition 1. We define %A the estimator corrected at order K for K in N and x in D as

K+1 (_1>m+1 (egTA o 1)m

5 () = _ Pan(z), 3.14
) = 3 == Panla) (3.14)
where
~ 1 R
Ur = A log(1 —pr) (3.15)
and
N
P =17A-T]

is the empirical estimator of p(A) = P(Ra #0) =1 — 794,

Lemma 1 justifies the form of the estimator corrected at order K.

3.2.3 Convergence rates

We estimate densities f which verify a smoothness property in term of Besov balls

F(s,m,M) = {f € F(R),||f

Bs_ (D) < fm},

where 90 is a positive constant. We are interested in estimating f on the compact interval
D, that is why we only impose that its restriction to D belongs to a Besov ball.

Theorem 1. We work under Assumptions 1 and 2. Let 0 > s > 1/m, p > 1A m and P/A:n
be the threshold wavelet estimator of Pa,[f]*™ on D constructed from (¢,v) and defined in
(3.13). Take J such that

2/ Nyt log (N/?) < 1,

and
n = kN /log (N}/?),

for some k > 0. Let

(3.16)

a(s,p,ﬂ):min{ i s+ 1/p—1/m }

25+172(s+1/2—1/m)
1) The estimator P/ATTn verifies for large enough T and sufficiently large kK > 0

sSup (E [HP/A;% - PAT [f]*m”ip(p) ‘NT] ) 1/p < Q:N;Oé(&p,w)’
P [f]*meF(s,m,0)

up to logarithmic factors in T' and where € depends on s, 7, p, M, P, .
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2) The estimator corrected at order K %AT defined in (3.14) verifies for T large enough
and any positive constants T and T

sup sup ([ ffa, — I}, p]) " < €max {T700r0 Af,
V€[, T fEF (s,m, M)

up to logarithmic factors in T and where € depends on s, 7, p, M, ¢, 1, T, T, K.

The proof of Theorem 1 is postponed to Section 3.5. From a practical point of view when
one computes the estimator f{f A, from (3.1) the sample size is Ny, which is why in Theorem
1 we give the resolution level J and the threshold n as functions of Ny instead of replacing
Nr by its deterministic counterpart. Explicit bound for & is given in Lemma 5 hereafter.

In practice the values T and A7 are imposed or chosen by the practitioner. Theorem 1
ensures that the estimator corrected at order K attains the minimax rate 7-*P7) for the
smallest K such that o

Ar = O(T %4,
Since a(s,p,m) < 1/2 it is sufficient to choose K such that
TAZET2 = O(1).
If Ar decays as a power of T i.e. if there exists § > 0 such that for some € > 0
Ar < e,

it is always possible to find a correction level K satisfying the previous constraint. The case
K = 0 corresponds to the uncorrected estimator ; it is the naive estimator one would compute
making the approximation f ~ P[f]. In that case we get a rate of convergence in

maX{T*O‘(S’p’“), Ar},

which attains the minimax rate if 7P Az < 1. Since a(s, T, p) < 1/2, it follows that the
condition T**P™Ap < 1 already improves on the condition TA2% < 1 of Bec and Lacour [9],
Comte and Genon-Catalot [22, 25] or Figueroa-Lépez [38] (see Section 3.4 for comparison
with other works).

3.3 A numerical example

We illustrate the behaviour of the estimator corrected at order K when K increases and
compare its performance with an oracle : the wavelet estimator we would compute in the
idealised framework where all the jumps are observed

fOracle Z aookracle + Z Z Oracle]l ﬁomele|> }w]k )

7=0 k
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FIGURE 3.1 — Density f: f(x) = 0.95f;(x) + 0.05f2(z) x € [—6,6].

where

1 & ~ 1 &
aOOkracle — R_T Z ¢0k(€z) and jOkracle — R_T Z ¢Ok(§z)7
=1 =1

Ry being the value of the Poisson process R at time 7" and (&;) the jumps. The parameters J
and 7 as well as the wavelet bases (¢, 1) are the same as those used to compute the estimator
corrected at order K. We consider a compound Poisson process of intensity ¢ = 1 on [0, 7]
and of compound law

f(@) = (1 —a)fi(z) + afa(z)

where f; is the density of a Gaussian N (0,1) and f; of a Laplace with location parameter 1
and scale parameter 0.1, we take a = 0.05.

We estimate the mixture f (see Figure 3.1) on D = [—6, 6] with the estimator corrected at
order K for different values of K and study the results with the Ly error. We also compare

]?O”“le. Wavelet estimators are based on the evaluation of the first

them with the oracle
wavelet coefficients, to perform those we use Symlets 4 wavelet functions and a resolution
level J = 10. Moreover we transform the data in an equispaced signal on a grid of length
2L with L = 8, it is the binning procedure (see Hérdle et al. [49] Chap. 12). The threshold
is chosen as in Theorem 1. The estimators we obtain take the form of a vector giving the
estimated values of the density f on the uniform grid [—6,6] with mesh 0.01. We use the

wavelet toolbox of Matlab.
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FIGURE 3.2 — Estimators of the density f (plain grey) for 7" = 10000 and A = 0.1 : the
uncorrected (dotted red), the 1-corrected (dashed green) and the oracle (plain dark).

Figure 3.2 represents the corrected estimator for K’ = 0 and K = 1 and the oracle. All the
estimators are evaluated on the same trajectory. They manage to reproduce the shape of the
density f. As expected the oracle looks better than the other two and the uncorrected (K = 0)
seems to make larger errors than the 1-corrected in estimating f. Figure 3.3 represents for
every values in [—6,6] the absolute distance between those estimators —evaluated on the
same trajectory— and the true density f. Therefore it enables to determine in which area an
estimator fails to estimate f and to get an idea of the error made. The graphic was obtained
after M = 1000 Monte-Carlo simulations of each estimator and averaging the results. The
uncorrected estimator is not as good as the estimator corrected at order 1. The oracle and
the estimator corrected at order 1 seem to have similar performances. Each of the estimators
makes larger errors around 1 which is where the density f is peaked.

Evaluation of the Ly errors enables to confirm the former graphical observation. We
approximate the Lo errors by Monte Carlo. For that we compute M = 1000 times each
estimator (for 7'= 10000 and A = 0.1) and approximate the Ly loss by

1200

% Z (Z (F(=6+0.01p) — f(—6 + 0.01p))* x 0.01),

where ]/”\ is one of the estimators. For each Monte Carlo iteration the corrected and oracle
estimators are evaluated on the same trajectory. The results are reproduced in the following
table.
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006

0.04 -

0.0z

FIGURE 3.3 — Mean absolute error between the estimators and the true density (M=1000,
T = 10000 and A = 0.1) : the uncorrected (dotted red), the 1-corrected (dashed green) and
the oracle (plain dark).

Estimator Oracle  K=0| K=1|K=2| K=3
Ly error (x1072) 0.11 0.18 0.13 0.13 0.13
Standard deviation (x107°) | 0.35 0.44 0.44 0.44 0.44

This confirms that there is an actual gain in considering the estimator corrected at order 1
instead of the uncorrected one. In the following table we estimate the (pm(A)) defined in
Proposition 1.

Estimated quantity I D2 D3
Estimation 0.95 0.05 0.00
Standard deviation | 0.0022 | 0.0022 | 0.0004

It turns out that without the correction we estimate the density f on a data set where 5% of
the observations are realisations of a law which is not f. This explains why it is relevant to take
them into account when estimating f. Considering more than 1 corrections is unnecessary
as the Ly losses get stable afterwards. The Lo loss of the oracle is strictly lower than the
loss of the estimator corrected at order K, even for large K. That difference is explained
by the fact that to estimate the mth convolution power we do not use N data points but
Nrm = | Nr/m]. Therefore we do not loose in terms of rate of convergence, but we surely
deteriorate the constants in comparison with the oracle. Numerical results are consistent with



64 Chapter 3. Estimation of a compound Poisson process at microscopic scales

the theoretical results of Theorem 1 where we proved a rate of convergence for the estimator
corrected at order K in

max {T*a(s’p’”) , Af“ } .

Since a(s,p, ) < 1/2, the rate decreases with K and becomes stable once A2XT?T < €. In
the numerical example we took 7' = 10000 and A = 0.1 thus TA* = 1 which explains why
in the example we did not observe improvements when correcting with K greater than 2.

3.4 Discussion

3.4.1 Relation to other works

A compound Poisson process is a pure jump Lévy process and can be studied accordingly
using Lévy-Kintchine formula. Estimating the jump density f is then equivalent to estimating
the Lévy measure since for compound Poisson process it is the product Jf(x)dx. A possible
estimation strategy in that case is to provide an estimator of the Fourier transform of the
density. That strategy is quite different from the one introduced in this Chapter but is usually
adopted when estimating the compound law of a compound Poisson process (see Figueroa-
Lépez [38], Comte and Genon-Catalot [22, 25] or Bec and Lacour [9]).

The nonparametric estimation of the Lévy measure from the discrete observation of a
pure jump Lévy process from high frequency data (which corresponds to our microscopic
regime Ar — 0) has been studied in great detail by Comte and Genon-Catalot [22, 25] and
Figueroa-Lépez [38]. In [38] the nonparametric estimation of the Lévy density is made via
a sieve estimator. They show that it attains minimax rates of convergence for the L, loss
uniformly over a class of Besov functions for a sampling size Ar such that —with our notation—
TAr < 1. Comte and Genon-Catalot [22, 25] construct an adaptive nonparametric estimator
of the Lévy measure, which attains minimax rates of convergence on Sobolev spaces for the Ly
loss for a sampling size Az such that TAr < 1 (or TA2 < 1 under smoother assumptions).
Bec and Lacour [9] obtained similar results when T'A2 < 1. The statistical setting of [25] is
more general since they estimate the Lévy measure from observations of a Lévy process with
a Brownian component.

Our result is limited to the Poisson case contrary to Bec and Lacour [9], Comte and
Genon-Catalot [22] and Figueroa-Lépez [38] who worked on the larger class of pure jump
Lévy processes. However in the case of a Poisson process we generalise them since we provide
an adaptive density estimator which attains minimax rates of convergence, for the L, loss,
p > 1, uniformly over Besov balls for regime where Ar is polynomially slow. If Ar decays
even slower, for instance logarithmically in 7', we still have an upper bound for the rate of
convergence of our estimator.
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3.4.2 Possible extensions

In this Chapter we give an adaptive minimax procedure for the estimation of the com-
pound density of a compound Poisson process in the microscopic regime. The same estimation
problem in an intermediate regime, namely when the process is observed at a sampling rate
A > 0 fixed, has been studied in van Es et al. [103] and in the more general setting of Lévy
processes by Comte and Genon-Catalot [24] and Reif} [83]. van Es et al. [103] provide a con-
sistent kernel density estimator of the compound density of a compound Poisson process of
known intensity. They also focus on the nonzero increments for the estimation, but sidestep
the problem of the random number of data N by assuming that they have a sample of a
given size.

The estimator corrected at order K presented here should extend to intermediate regime
where Ar — A, < 1 and the rate of convergence given in Theorem 1 should generalise in

max {T_O‘(S’p’”), ALY

An improvement of the results would be the estimation of the compound density of renewal
reward processes, or Continuous Time Random Walk, where it is no longer imposed that
the elapsed time between jumps is exponentially distributed. Then the Lévy property is lost,
the increments of the renewal process are no longer independent nor identically distributed.
An estimation strategy based on the Lévy-Kintchine formula is not possible. Such processes
enable to model random phenomena where the elapse time between events is not memoryless ;
they have many applications for instance in finance (see Meerschaert et al. [75]), in biology
(see Fedotov et al. [35]) or for modelling earthquakes (see Helmstetter et al. [52]).

3.5 Proof of Theorem 1

In the sequel € denotes a generic constant which may vary from line to line. Its depen-
dencies may be indicated in the index.

3.5.1 Proof of part 1) of Theorem 1

Preliminary lemmas

To prove part 1) of Theorem 1 we apply the general results of Kerkyacharian and Picard
[63]. For that we establish some technical lemmas.

Lemma 2. If f belongs to F(s,m, M) then for m > 1, PA[f]*™ also belongs to F(s, 7, MN).

Proof of Lemma 2. 1t is straightforward to derive ||P Al f]*mH L = 1 The remainder of the
proof is a consequence of the following result : Let f € B? _ and g € Ly we have

||f*g||s7roo < ||f||57r00||g||Ll(R)' (<)
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To prove the () we use the following norm which is equivalent to the Besov norm (see [49])

a0 (3.17)

Wllsmse = 190120 + 19l 2o + | .

where s =n +a, n € N and a € (0,1], and w is the modulus of continuity

w?(v,t) = supHDhDh[u]

|h|<t Lx(®)

where D"[v](z) = v(z — h) — v(z). The result is a consequence of Young’s inequality and
elementary properties of the convolution product. We use the definition (3.17) of the norm
and treat each term separately. First Young’s inequality gives

1f1 % follo.®) < Ifill. I f2llz, w)- (3.18)

Then the differentiation property of the convolution product leads for n > 1 to

=l G) -

Finally translation invariance of the convolution product enables to get

<[zl

ol (319)

[FEIGRE: \ @)

DD [(fix ),y = IO D A7) 5 ol
< ID"D"[ )|, 1 2l sy (3.20)
(R)

Inequality (<) is then obtained by bounding (3.17) with (3.18), (3.19) and (3.20) lead to the
result. To complete the proof of Lemma 2, we apply m — 1 times (<{») which leads to

Lr

vm e N\ {0}, |[PalfT™"|.. <|Palf

stoo'

The triangle inequality gives ||Pa[f]*" |lsree < || fllsroo < 9t which concludes the proof. [

Lemma 3. Letn > 1 and A > 0, then (D*Xg,,...,D*Xg, ) are independent and identically
distributed and independent of Nr.

Proof of Lemma 3. The idea of proof is the same as for the proof of the reject algorithm.
The result is a consequence of

(S;,i=1,...,n) and (D*Xg,,i = 1...,n) are independent. (3.21)

Indeed if (3.21) holds with the fact that X is a compound Poisson process, we derive that
(D*Xs,,...,D?Xg,) are independent and identically distributed. And the independence
between (DX, ,...,D?Xg, ) and Ny is deduced from (3.21) and

Nr =Y Tgscira-iy-

i=1
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Then to prove the Lemma, we have to prove (3.21). Since the (.S;) are stopping times for
the filtration F, = U(DAXi,i =1,... ,n), by the strong Markov property it is enough to
prove the independence of S; and D? X, for all i. Notice that S; = S;_; + A where A have
geometric distribution with parameter P(D*X; # 0) and S;_; is independent of A and S; by
the strong Markov property. We have for any measurable function h

E[h(DAXSi)]l{SZ:n}} :E[h(D X, )1{DAXS 141=0,...DAX, 1= ODAX,ﬁéO}]

-----

= E[M(D*X1)1(pax, 20 | B(D>X1)" 1, (3.22)

using that the increments are independent and identically distributed. Moreover we have

E[h(D*Xg,)] = iP(DAXl = 0)" 'E[M(D*X1)1(pax,20]

k=1
E[h(D2X)1
_ E[hD2X) 1 s, 0] (3.23)
P(DAX, = 0)
Then from (3.22) and (3.23) we derive (3.21), which concludes the proof. O
Lemma 4. Let 27 < Nr then for allm € N\ {0} and for p > 1 we have
—p/2
E[[5 = [F|Nr] < €m, Hgan(R),m,wNTp/ ;
where 5 7 k is defined in (3.12) and
W0 = [ anPal )y (3.21)

Proof of Lemma 4. The proof is obtained with Rosenthal’s inequality : let p > 1 and let
(Y1,...,Y,) be independent random variables such that E[Y;] = 0 and E[|Y;[?] < co. Then
there exists €, such that

E{ inl ,;p} < QP{iE[|3g|p] + (ilE[mﬂ)p/Q}. (3.25)

The (D57 Xs,) are independent and identically distributed with common density Pa,.[f]*™

and E[ﬁj(km ] = %k . Then %k) yj(k,m) is a sum of Np,,, = | Nr/m] centered, independent and

identically distributed random variables. It follows that
B[ (D X)) < 2272 [ lg(2y = DI Pay [ )y

— 9p9i(p/2-1) / 19(2) PP A, [f] (Z;' k)dz

j(p/2—1
< 2r2I/ )Hg”I[)/p(R)”PAT[f]

*m”
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*m
o0

where we made the substitution z = 2/x — k. To control ||Pa,[f] we use the Sobolev

embeddings (see [19, 30, 49])

! !
Bi < Bi, and Bl B

o000 ?

(3.26)
where p > 7, st > 1 and ' = s — 1/7 4+ 1/p, it follows that
”PAT [f]*mHoo < Q:SJFHPAT [f]*m”B;OO(D

We deduce from Lemma 2 that ||Pa,[f]"" |l < €. We get

)

E[|gj(D5" Xs,)["] < 2027¢2 0| g] |y

and E[|g,(D, P X,)|"] < 9 since [|g]|2 = 1.

Lemma 3 ensures that for all n > 1 the increments (DATX 51y, DATX Sn) are independent
of Ny and then Ny ,,. Indeed the (DATXi,z' =1,..., LTA;IJ) are independent and identi-
cally distributed and the (DATXSi) are constructed with S; = inf {j > Si,l,DATXj #* 0}.
Therefore we can apply Rosenthal’s inequality conditional on N7 to ﬁj(;n) — J(Zl) and derive
forp>1

BRIV < €2 (o) ol + 02Nl
This concludes the proof. O
Lemma 5. Choose j and ¢ such that
2Ny og (N/?) <1 and ¢ > me(zm+ %).
For allm € N\ {0} and r > 1 let k, = cr. We have
P = = 5N log (V%) | Ve ) < N7,

where /7\](21) is defined in (3.12) and VJ(.ZL) in (3.24).

Proof of Lemma 5. The proof is obtained with Bernstein’s inequality. Consider Yi,...,Y,
independent random variables such that |V;| < 2, E[Y;] = 0 and b2 = >_"" | E[Y;?]. Then for
any A > 0,

> A) < 2exp ( — #j/\%ﬂ (3.27)

(3
i=1

For all m > 1, ﬁj(zl) - ](km) is a sum of Nz, = | Nr/m] centered independent and identically

distributed random variables bounded by 27/2||g|,, and Engk(DﬁTXgi)m < M. Lemma 3
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ensures that for all n > 1 the increments (DATX Sy ,DATXSn) are independent of Np, we
apply Bernstein’s inequality conditional on Np. We have

P15 — 01 = NG flog (M) | N7 )

k2N log (N}/?) N2
§2eXp<— og( ) Tm

K N N /24 [log ( N7/%) 2972 g]| oo
S(NT,mm + ! d j( ) ! )
2r NN
=2exp | — i T rlog (NI/Q) .
NTN:Fl/Q log( 1/2)2]'/2||g||<>O
8(m+ . )

Using that

N 3
NN | 2 5

for T' large enough and 2j/2NT_1 log (N1/2) < 1 it follows that
~(m m Rr y—1/2 1/2
]P)(hj(k) - 7§k)| > §NT / \/ log (NT/ )‘NT>

3c2r 12
< 2exp ( — 16m(fm N m-llgoo)TlOg (N ))

With ¢? > 107 (91 + %) we get

~ m Ky o — .
PR — 2ii”) = SN log (3/%)|vr) < N7

The proof is complete. O

Completion of proof of part 1) of Theorem 1

Part 1) of Theorem 1 is a consequence of Lemma 2, 4, 5 and of the general theory of
wavelet threshold estimators of [63]. It suffices to have conditions (5.1) and (5.2) of Theorem
5.1 of [63], which are satisfied ~Lemma 4 and 5- with ¢(7T") = N;l/Q and A,, = ¢(T)~! (with
the notations of [63]). We can now apply Theorem 5.1, its Corollary 5.1 and Theorem 6.1 of
[63] to obtain the result.

3.5.2 Proof of part 2) of Theorem 1

Preliminary result

The result of part 1) of Theorem 1 was given conditional on Np. To prove part 2) we
replace Np by its deterministic counterpart. We introduce the following result.



70 Chapter 3. Estimation of a compound Poisson process at microscopic scales

Proposition 2. For all v > 0, there exist 1 < &y < 00, where ¥ — &y is continuous, such
that

1/€T" <E[N;"] < €T

Proof of Proposition 2. We have

\TAZ
Z Liparx, 20y
i=1

where
E[]I{DATXZ_#O}] = p(Ar) =1 — exp(—VAr).

Introduce Y; = Lipary, 01 — p(Ar), the Y; are centered independent and identically dis-
tributed random variables bounded by 2 and E[Y;?] < p(Ar), it follows from Bernstein’s
inequality (3.27) that for A > 0

IP(‘ LT]X;” - p(AT)‘ > /\> < exp (— 2&;??511)\;\) > (3.28)

p(AT)‘ < A} we have

We choose A\ = p(Ar)/2, on the set {|

Nt
[TALY

p<AT)
2

(AT)

| TAL < Ny < |TA; 1 2R

Moreover for A7 small enough we have that

| B

< p(Ar) =1 —exp(=VAr) < JA7.

We have for all A > 0

E[N;'] = E[N R _p(AT>|>A}}+E[N (AL —p(AT>|sx}]

|_TA |_TA

Since for > 0 the function x — 27" is decreasing and Ny > 1 we have using (3.28) the
upper bound

E[N;'] SP()% (AT)’ (éT)) N (LTAEIQJP(Aﬂ)—T
o0 (~yinn s ()
<ew(-57)+ (F)
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For the lower bound we have

E[N;"] > <3LTA%;Jp(AT>>—" . (?)—ﬁ

Then there exists 1 < €y < oo with ¥ — €y continuous such that

1/€T" <E[N;"] < €T

The proof is now complete. O]

Completion of proof of part 2) of Theorem 1
To prove Theorem 1 we define the quantity for K in N and = in D

S Gl M

fiale) = = Pam(2).

m=1

It is the estimator of f one would compute if ¥ were known. We decompose the L, error as
follows

E[ sy = 18 o)) <@ sy = FEarll o))"
+ B[ sy — £, o))

and control each term separately.
First we control E[HﬁfAT — f ||2£,,(D)}v using the triangle inequality we get

3 D ( T — 1)m/\ -1 P 1/p
< |:H rnz ﬂAT PAT,m - PAT [PAT [f]:| Lp(p)])
+1 ( YA _ 1) - *m »
<3 o, BlUPsrm = Parl 1™, m)) (3.29)
AT _1)™
. %”PAT T Ly (3.30)
m=K+2

To bound (3.29) we use part 1) of Theorem 1 in which the supremum is taken over the class
{Pa,LfI™ € F(s,m,M)}. With the inclusion

{PAfI™, f € F(s,m, M)} C F(s,m,IMN)
and Proposition 2 applied with r = a(s, p, 7)p > 0, we deduce the upper bound for m > 1

E[HP/AT»\W"L_PZ;[PAT[]"]HZP(D)} <€E[ aspTr)p]
< g (3.31)
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where € depends on (s, 7, p, M, ¢, ¢, K, 7). To bound (3.30) Young’s inequality and ||P . [f] HLI(R) =
1 enable to get
Parlf1™ ), < 1Parlflll,, @ form>1.

The triangle inequality leads to ||Pa,[f]]| L@ S | f1|,®) and we use the Sobolev embeddings
(3.26) to get || flL,®) < CsrpM. We derive the upper bound

= 1 (e 1" .
> E(THPATW [

m=K+2
00 1 (eﬂAT . 1)m

<N fllm Y m A,

m=K+2
< CrgmAr™ T (3.32)

Thus from (3.31) and (3.32) we obtain

Sup (E[H%AT - f“i (D)])l/p < €max {T—oz(s,p,w)7 A?H}’
FEF (s,m,0M) P

where € depends on (s, 7, p, M, ¢, ¥, K, ). Since ¥ — € is continuous we get for p > 1

sup  sup (E[H%AT - inp(D)Dl/p < g op max {T‘a(s’p’”), AR
9€[Z,X] fEF(s,m,IM)

where € depends on (s, m,p, M, ¢, 1, K)

We now control E[HE{AT — f{fATH’ip(D)] and use (3.15) to derive

K+1 ~ \—1 m
= P, my
fiar =2, m log(l—pr)  °"

m=1
where P/AT,\WL does not depend on ¥ (see (3.12)). Define

(A—2) 1™

Gm(2) = log(1 — z)

The triangle inequality leads to

(B[ FEar )= FEarll o))

K+1

<> E[(GnlBr) = Gu(B0)) Paglly, )]) "

where p(Ag) verifies p(Ar) =1 — e737 < €Ay since

0<1—e A7 <187 <1 - ™7 <1,



3.5. PROOF OF THEOREM 1 73

Moreover, we have
mxm—l N ™
(I —z)™*tlog(l—z)  (1-— z)™ 1 (log(1 — x))2

then for all m > 1 zG! (x) is continuous over (0,1/2] and converges to 0 when = — 0. We

Go(w) =

Y

deduce
E[ll sy (0) = Fanll )] v
< Coz kA7 E[| (Pr - p(AT))P/AT?“L”Z,(D)] o
Cauchy-Schwarz inequality leads to
E[| (Br — p(Ar) Paganl;, 0]
< E|||5r — p(A0) [ B[ Paranll ]

where using part 1) of Theorem 1 and that Ny > 1 we have

B[ Parnll?, ] < E[IParn = Par U112 00| + P AL
< CE[N PP 4 gn2
<c (3.33)
where € depends on (s, m, p, M, ¢, ). We apply Rosenthal’s inequality (3.25) to conclude the

proof : pr — p(Ar) is the sum of independent and identically distributed centered random
variables

(Y = ]l{DATXﬁEO} - p(AT)az € {]-a B LTAY_“IJ })
where E[|Y;|?] < 2¥E[1% < €,5Ap and E[[Y;[*] < €z zA7. Rosenthal’s inequality
(3.25) gives

(D1 x,0)]

E[HﬁT - p(&r)H%ﬁ]
< €,z | TAZ ([ TAF Ar + ([TAF Ar)P). (3.34)

It follows from (3.33) and (3.34) that

E[| FEar (9) = Finpllipm)] "
< CA TAG T (T 4 T2,

where € depends on (s, 7, p, M, ¢,, %, T, K). We deduce for p > 1

1/
sup sup  (E[IlfFa, (0) = Fia I, m)]) "
9e[,3]fEF (s,m,IM)
< Qf(T (1=1/p)) 4 - 1/2)
where € depends on (s, 7, p, M, ¢,7, %, T, K) and which is negligible compared to T~(*P:7)
since a(s, p, ) < 1/2. The proof of Theorem 1 is now complete.
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3.6 Appendix

3.6.1 Proof of Proposition 1

Let x € R, we have by stationarity of the increments of the process X

m=0
=Y pm(A)P(Xa < 2|Rp = m)
m=1
where P(Xa < z|Ra =m) = [T f*"(y)dy for m > 1. Tt follows

T

PDAXs, <2)= [ Palslw)dy
Immediate computation give the expression of p,,(A). For the control of p;(A) the assertion
p1(A) < 1is immediate since p;(A) is a probability. Moreover we have

exp (1A) — 1 _19A<1+19AZM>,

where

0o m—2
Z M = 12(exp(19A)—1—19A)—>% as A — 0.
=2

(v4)
Since g is continuous, there exists Ay > 0 such that for all A < Ay we have g(A) < 1. It
follows for A < A, that

1
>1- .
1+19A_1 oA

pi(A) >

3.6.2 Proof of Lemma 1

Let F[f] denote the Fourier transform of f and take h such that h = PA[f]. Using the one-
to-one mapping between densities and their Fourier transform we show the relation for the
Fourier transforms. The linearity of the Fourier transform and the relation F[fxg] = F[f]F|[¢]
give

1 & (wA)™
Fib) = F[PAl]) = 5 >

m=1

rip - (22037 =1)

m)!



3.6. APPENDIX 75

from which we deduce

- Lo (1+ (egz— DF[) i (< 1)+ (08 — 1ym

as [|(e"® — 1)F[h]||OO < ||e’ - 1||Oo < 1 holds for A < log2. We take the inverse Fourier
transform of the equality to obtain the result.



76



Chapitre 4

Estimation of a renewal reward
process at microscopic scales

4.1 Introduction

4.1.1 DMotivation and statistical setting

Renewal reward processes are pure jump processes used in many application fields, for
instance in seismology (see Alvarez [3] or Helmstetter et al. [52]), to model rainfall (see
Rodriguez-Iturbe et al. [88]) or in mathematical insurance and finance (see for instance
Scalas et al. [93, 94] or Masolivier et al. [71]). Although many papers are devoted to the
estimation of a discretely observed Lévy process (see for instance Bec and Lacour [9], Comte
and Genon-Catalot [22, 25], Figueroa-Lépez [38] and Chapter 3 for the high frequency case
and Neumann and Reif} [83] and Comte and Genon-Catalot [24] for the low frequency one),
to the knowledge of the author, little exists on the estimation of a discretely observed renewal
reward process. Vardi [102] estimates the density of a renewal process without rewards from
the continuous observation of several independent trajectories. In this Chapter we estimate
the compound law of a renewal reward process when one trajectory is observed at a sampling
rate that goes to 0 arbitrarily slowly.

Let Jy,...,J; be nonnegative independent random variables where Js, ..., J; are identi-
cally distributed. Define T; the time of the ith jump as T; = J;1+...+ J;, © > 1. The associated
counting process or renewal process R is

R, = Z Iy,<, t>0.
=1

The Poisson process is a particular case of a renewal process, corresponding to exponentially
distributed interarrivals (Jz) That latter case excepted, R does not have independent incre-
ments and is usually not stationary i.e. for all positive ¢, h the law of R;,, — R; depends on

7
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t. Assume that the common distribution 7 of the (Jz) has finite expectation

L :/ tr(dt) < oo,
0
define the distribution

_ 1— [ 7(dt)

> (4.1)

To(z)
The process R is stationary if and only if J; has density 7y (see Lindvall [70] p.70). Define
the renewal reward process X as

Ry

thz&, t>0

=1

where the ({,) are independent and identically distributed random variables, independent
of the interarrivals (Jl) Renewal reward processes also correspond to decoupled continuous
time random walks.

Assume that we have discrete observations of the process X over [0,7] at times ‘A for
some A > 0

(Xa, .-, X|ra-1ja). (4.2)
We focus on the microscopic regime namely
A=Ar—0 as T — oo,
and work under the following assumption.

Assumption 1. The law of the & has density f which is absolutely continuous with respect
to the Lebesgue measure.

The law of the J;, i > 2 has density T which is absolutely continuous with respect to the
Lebesgque measure and Jy has density 7.

The necessity of the last part of Assumption 1 is discussed in Section 4.5.

We denote by F(R) the space of densities with respect to the Lebesgue measure supported
by R. We investigate the nonparametric estimation of the density f on a compact interval D
of R from the observations (4.2). To that end we use wavelet threshold density estimators and
study their rate of convergence, uniformly over Besov balls, for the following loss function

E[IF - £18 o))", (4.3)

where f is an estimator of f, p > 1 and ||z, () denotes Ly, loss over the compact set D. We
do not assume the interarrival distribution 7 to be known : it is a nuisance parameter.
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We estimate f from the increments of X, which are dependent. By Assumption 1, on
the event {X;a — X—1a = 0} no jump occurred between (i — 1)A and iA so that the
increment X;an — X(;_1)a gives no information on f. In the microscopic regime A = Az — 0
many increments are zero, therefore to estimate f we focus on the nonzero increments. We
denote by Ny their number over [0,7]. In that statistical context different difficulties arise;
the number of data Ny used for the estimation is random, the increments are dependent,
but more importantly on the event {X;n — X(;_1)a # 0}, the density of X;n — X(_1)a is
not f. Indeed even if A is small there is always a positive probability that more than one
jump occurred between (i — 1)A and iA. Conditional on {X;n — X(_1)a # 0}, the law of
Xin — X(i—1)a has density given by (see Proposition refPropDefOperator Du3 below)

PA[fl(x) = > P(Ra =m|Ra #0)f*"(z), forz€R, (4.4)

m=1
where x is the convolution product and f*™ = f*...% f, m times. Hereafter Lemma 1 gives
for A small enough

1—27(0)A <P(Rx =m|Ra #0) < 1. (4.5)
We deduce from (4.5) the decomposition
Palfl=f+7(d),

where r(A) is a deterministic remainder of the order of A. We will see in Theorem 1 that if
A = Ar goes to 0 fast enough, namely TA% = O(1) (up to logarithmic factor in T') r(A) is
negligible and it is possible to estimate f with optimal rates by ignoring the remainder r(A).
Otherwise, when there exists 0 < § < 1 such that TA% = O(T?) (up to logarithmic factors
in T') the remainder r(A) is no longer negligible. The condition ¢ < 1 ensures that Az goes
to 0 as T tends to infinity. In the sequel we distinguish two different regimes that will be
treated separately.
— Fast microscopic rates when —up to logarithmic factors in T—

TAZ = O(1).

— Slow microscopic rates when there exists 0 < § < 1 such that —up to logarithmic factors
in T—
TA% = O(T°).

Since all the results of the Chapter are given up to logarithmic factors in 7', fast and slow
microscopic rates cover all vanishing behaviours for A = Ap. We try to answer the following
question : Is it possible to construct an adaptive wavelet estimator of f in fast and slow
microscopic regimes which is optimal ? Papers which estimate nonparametrically the Lévy
measure from a discretely observed Lévy process attain optimal rate estimators only for fast
microscopic rates (see for instance Bec and Lacour [9], Comte and Genon-Catalot [22, 24, 25]
and Figueroa-Lépez [38]).
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4.1.2 Our Results

In Section 4.2 we estimate f in the fast microscopic regime, the estimation procedure is
based on the approximation

We construct an adaptive wavelet threshold density estimator from the observations (4.2). It
achieves the minimax rate of convergence which is 7P if f is of regularity s measured
with the L, norm, = > 0, and where a(s,m,p) < 1/2 (see (4.16) hereafter). That procedure
does not depend on the unknown interarrival density 7 apart from Assumptions 1 and 3
hereafter.

In Section 4.3 we estimate f in the slow microscopic regime, the estimation procedure is
the analogue of the one used in Chapter 3. The starting point is that

f =Py [Palf]],

and we proceed in two steps to estimate f. The first step is the computation of the inverse of
the operator P defined in (4.4). That step can be referred as decompounding as introduced in
Buchmann and Griibel [16] or van Es et al. [103]. That inverse cannot be explicitly calculated,
contrary to Chapter 3, but can be approached using a fixed point method. Indeed f is a fixed
point of the operator

HAJ ch — PA[f] +h— PA[h]

which is a contraction if A and f verifies suitable smoothness properties (see Proposition 2
below). If we denote by o the composition product, then the Banach fixed point theorem
guarantees that for K in N and p > 1,

[HLS [Pals] - /]

is small in a sense that we precise later. Next we observe that the Taylor expansion of order
K in A of HY*;[Pal[f]] takes the form

K+1

S (AP (4.6)

m=1

where the (1,,(A)) depend on the unknown interarrival density 7 (see Proposition 1 below).
If 7 is described by an unknown parameter ¥ € R then [,,(A) = [,,,(A,9) is estimated by
plugging an estimator of .

The second step consists in estimating the densities PA[f]*, for m = 1,..., K + 1.
For that we focus on the Ny nonzero increments which have density Pa[f]. The difficulty
here is that we have N dependent observations where Np is a random sum of dependent
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variables. The dependency of the increments is treated using that at each renewal times
the renewal process forgets its past. To cope with the randomness of Ny, we prove that
Np/T concentrates for T' large enough around a deterministic limit using Bernstein type
inequalities for dependent data (see Lemma 3 in Section 4.6 and Dedecker et. al. [31]). In
Theorem 2 we show that wavelet threshold estimators of Po[f]* attain a rate of convergence
—up to logarithmic factors— in 7-*™P) We inject those estimators into (4.6) and obtain an
estimator of f that we call estimator corrected at order K.

The study of the rate of convergence of the estimator corrected at order K requires to
control two distinct error terms. A deterministic one due the first step which is the error made
when approximating f by (4.6). And a statistical one due to the replacement of the P [f]*™
by estimators in the second step. The deterministic error decreases when K increases. We
choose K sufficiently large for the deterministic error term to be negligible compared to the
statistical one. We give in Theorem 2 an upper bound for the rate of convergence of the
estimator corrected at order K which is in —up to logarithmic factors—

max{T &™) AR+
Since a(s, 7, p) < 1/2 if there exists Ky such that
2K0+2
TAZ™ <1,
the estimator corrected at order K, attains the optimal rate.

Remark 1. There is a slight difference of methodology between fast and slow microscopic
rates to estimate f. For fast rates we do not have to estimate the density T to build an
estimator of f. But to build a minimaz estimator of f in slow microscopic regimes, we need
to estimate T as well, in that case we assume that T depends on an unknown parameter.

The Chapter is organised as follows. In Section 4.2 we give an adaptive minimax estimator
of f in the fast microscopic regime. In that Section we also define wavelet functions and
Besov spaces that are used for the estimation and describe the law of the increments. Those
results are also used in Section 4.3 where we give an adaptive minimax estimator of f in
the slow microscopic regime. In both Sections 4.2 and 4.3 we give upper bounds for the rate
of convergence of the estimator of f for the L, loss defined in (4.3), p > 1, uniformly over
Besov balls. In Section 4.4, a numerical example illustrates the behavior of the estimators of
f introduced in Sections 4.2 and 4.3. Finally Section 4.6 is dedicated to the proofs.

4.2 Estimation of f in the fast microscopic regime

4.2.1 Preliminary on Besov spaces and wavelet thresholding

For the estimation, we use wavelet threshold density estimators and study their perfor-
mance uniformly over Besov balls. In this paragraph we reproduce some classical results on
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Besov spaces, wavelet bases and wavelet threshold estimators (see Cohen [19], Donoho et al.
[30] or Kerkyacharian and Picard [63]) that we use in the next sections.

Wavelets and Besov spaces

We describe the smoothness of a function with Besov spaces on D. We recall here some
well documented results on Besov spaces and their connection to wavelet bases (see Cohen
[19], Donoho et al. [30] or Kerkyacharian and Picard [63]). Let (¢»), be a regular wavelet
basis adapted to the domain D. The multi-index A concatenates the spatial index and the
resolution level j = |A|. Set A; := {\,|A\| = j} and A = U;>_1A;, for f in L,(R) we have

F=Y > (fo0un, (4.7)

j>—1 €A

where 7 = —1 incorporates the low frequency part of the decomposition and (., ) denotes the
usual Lo inner product. For s > 0 and 7 € (0, 00] a function f belongs to the Besov space
B: (D) if the norm

) 1)

. w2(f
I 55.e@) = Nl + I oy + |52

4.8
a HLOO(D) ( )

is finite, where s =n+a, n € N and a € (0, 1], w is the modulus of continuity defined by

w72r(f7 t) = sup HDhDh[f]HLW(D)

[fI<t

and D"[f](z) = f(x — h) — f(x). Equivalently we can define Besov space in term of wavelet
coefficients (see Hardle et. al. [49] p. 123), f belongs to the Besov space B (D) if the
quantity

) 1/m
sup 20271/ (3 (400 7)
j==1 AEA;

is finite, with usual modifications if 7 = oc.
We need additional properties on the wavelet basis (w ,\) ,» Which are listed in the following
assumption.

Assumption 2. Forp>1,
— We have for some € > 1

10l — A _
¢ 1ol@/2-1) < "¢A|’ip(p) < @221
— For some € >0, 0 >0 and for all s < o, J >0, we have

1F =32 > (Feall, o) < €271 flls:. o) (4.9)

J<J AEA,
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- Ifp>1, for some € > 1 and for any sequence of coefficients (u,\)

1/2
ZU,\%’ < H(Z‘UM%P)
AEA Ly(D) AEA

— For any subset Ag C A and for some € > 1

/
Y Wl < [ (S I@P) e oalle: @1

AEAQ D " \eho AEAQ

AEN’

¢! (4.10)

Lp(D)

<€ ]
Ly(D) AGZA ATA

Property (4.9) ensures that definition (4.8) of Besov spaces matches the definition in
terms of linear approximation. Property (4.10) ensures that (w,\) , is an unconditional basis

of L, and (4.11) is a super-concentration inequality (see Kerkyacharian and Picard [63] p.
304 and p. 306).

Wavelet threshold estimator

Let (¢,%) be a pair of scaling function and mother wavelet that generate a basis (¢A) \
satisfying Assumption 2 for some o > 0. We rewrite (4.7)

F=Y" ambor+ > > Bk,

keAo §>1 keA;

where @or.(e) = ¢(e — k) and ;. (e) = 27/%)(27 @ —k) and

o = [ dula) f(a)io
Bk = /@Djk(x)f(x)dx.

For every j > 0, the set A; has cardinality 27 and incorporates boundary terms that we choose
not to distinguish in the notation for simplicity. An estimator of a function f is obtained
when replacing the (aqy) and (8;;) by estimated values. In the sequel we uses (7)) to design
either (apy) or (B;x) and (g;x) for the wavelet functions (¢por) or ().

We consider classical hard threshold estimators of the form

Fo) =" anso(e)+> Y B/j\’“]l{@\zn}wjk(.)’

ke j=1 keA;

where ag;, and Bj\k are estimators of ag, and i, J and 7 are respectively the resolution level
and the threshold, possibly depending on the data. Thus to construct f we have to specify
estimators (7;5) of the (v;x) and the coefficients J and 7.
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4.2.2 Construction of the estimator

Assume that we have |TA™!| discrete data at times A for some A > 0 of the process X
(Xa.. .. Xjza-i)a).
Introduce the increments
D2X; = Xia — Xi_nya, fori=1,... |TA™,
where Xy = 0. By Assumption 1, they are identically distributed but not independent.
Proposition 1. The density of the increment D* X, is
(1= p(A))d +p(A)Pa[f]

where 0q is the Dirac delta function, p(A) = P(Ra # 0) and

PA[f] =) pm(A) ™, (4.12)

where x is the convolution product, f*™ is f convoluted m times and
(D) = P(Ra = m|Ra #0).

It is straightforward to verify that the operator P is a mapping from F(R) to itself. The
following Lemma gives a polynomial control of the coefficients (pm(A)) It is widely used in
Sections 4.2 and 4.3 and does not depend on the rate at which Ar decays to 0.

Lemma 1. Assume 7(0) > 0 and let Ay be such that

/0 it <

For all A < Ay we have

and  sup 7(t) < 27(0).
te[0,A0]

DN | —

1-27(0)A <pi(A) <1,

and for m > 2
(2r(0))™"

m)!

0 <pm(A) <2

m—1
A",

where the (pm(A)) are defined in Proposition 1.
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Remark 2. The assumption 7(0) > 0 in Lemma 1 ensures that the given inequalities are
sharp. In the Poisson case it is always true since 7(0) is the positive intensity. In the renewal
case we may have T7(0) = 0, if so two cases must be distinguished. The first one is when T
has infinitely many derivatives null at 0; it is the case if T is bounded away from 0. Then
straightforward computations give for any K in N : p1(A) =1+ O(AK ), thus the procedure
of Section 4.2 enables to achieve optimal rates even in slow microscopic regimes. It is not
the purpose of this Chapter. The second case is T(0) = 0 but there ezists ly in N such that
70)(0) > 0, then Lemma 1 can be adapted replacing 7(0) by 700)(0) and A by Al. In the
sequel we assume that 7(0) > 0 and leave to the reader the changes to be made when 7(0) = 0.

In this Section we consider the regimes for which A = Ar is such that TAZ = O(1),
up to logarithmic factors in 7. To estimate f, we use the approximation Pa.,.[f] = f. It is
equivalent to consider that nonzero increments are realisations of f. We construct wavelet
threshold density estimators of P[f] from the observations

(DX, i=1,...,[TA']).

Define the wavelet coefficients
1 [TA™Y]
Yk = Ny ; 9jk (DAXi)]l{DAXiyéO}' (4.13)
Let n > 0 and J € N\ {0}, the estimator Pa of PA[f] is for z in D
J
Pa(z) = Z;; Gokdok () + ]Zo ZI; Bl {afon} () (4.14)

Definition 1. We define J/”\TA an estimator of f for x in D as

Fra(z) = Pa(x). (4.15)

4.2.3 Convergence rates

We estimate densities f which verify a smoothness property in term of Besov balls

F(s,m, M) = {f € FR),||f

B:_(p) < M},

where 90 is a positive constant. We are interested in estimating f on the compact interval
D, that is why we only impose that its restriction to D belongs to a Besov ball.

Assumption 3. Assume that there exist (U, a,g) positive constants such that

T(z) <Uexp (—az®), Vze[0,00).
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Assumption 3 is a technical condition which ensures that 7 has moments of all order.
It is used in the proofs to replace Np/T by its asymptotic deterministic limit. Compactly
supported densities and densities with subexponential tails satisfies Assumption 3.

Theorem 1. We work under Assumptions 1, 2 and 3, let Ay be such that TAZ = O(1) up to
logarithmic factors in T. Let m >0, 0 > s> 1/m, p > 1 Amw and Pa, be the wavelet threshold
estimator of Pa.[f] on D constructed from (¢,v) and defined in (4.14). Take J such that

2/T  og (T"?) < 1,

and
n= kT2 /log (TI/Q),

for some k > 0. Let

(4.16)

s s+1/p—1/7 }

a(s,p, ™) = min ,
(5,p,) {2s+1 2(s+1/2—1/7)

1) The estimator lgA\T verifies for large enough T and sufficiently large k > 0

E[||Pa, — P b p ¢ -lspm)
PAT[f]SGH}P(S,Tr,W)( |:H Arp Ar [f]HLp('D)}) >~

up to logarithmic factors in T and where € depends on s, w,p, M, P, 1, .
2)The estimator fra, defined in (4.15) verifies for T' large enough, sufficiently large k > 0
and any positive constants a < @

N 1 —ols,p, T
sup sup  (E[||fra, — f“i(p)}) /P < gpalspm)
(n,7(0)€laa?  fEF(s,m,M)

up to logarithmic factors in T, where p = [ t7(t)dt and where € depends on s, 7, p, M, ¢, 1), a
and a.

The proof of Theorem 1 is postponed to Section 4.6.2. Theorem 1 guarantees that when
A = Ar tends rapidly to 0, namely TAZ% = O(1), the approximation f ~ Pa,[f] enables to
achieve minimax rates of convergence (see Section 4.5). The estimator does not depend on 7.

4.3 Estimation of f in the slow microscopic regime

In this Section we consider the regimes for which there exists 0 < § < 1 with TAZ =
O(T?®), up to logarithmic factors in 7.

4.3.1 Construction of the estimator

We construct the estimator corrected at order K, following the estimation procedure
described in Section 4.1.2.
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Construction of the inverse

Define the space

H(s, 7, 0,9) = { b, 8]0y < O, [l oy < N,

where O is any constant strictly greater than 1 and 91 is a positive constant strictly greater
than 9. The space H(s, 7, O, M) is a subset of B (D) which is a Banach space if equipped
with the Besov norm (4.8).

First we approach the inverse of Po with a fixed point method. Consider the mapping
H, ; defined for h in H(s,m, O, M) by

HA’f[h] = PA[f] —|—h—PA[h]. (417)

We immediately verify that f is a fixed point : Ha ¢[f] = f. The constraints 1 < O and
M < N ensure that if f is in F(s,m, M), then Ha ¢[h] sends elements of H(s, m, O, M) into
itself (see Proposition 2). The following Proposition guarantee that the definition of the
operator (4.17) matches the assumptions of the Banach fixed point theorem.

Proposition 2. The following properties hold.
1) Let m > 1, the space (H(s,m,0O,M),|.

then complete.

B;?oo(D)) 15 a closed set of a Banach space and is

2) The mapping Ha ¢ sends elements of H(s,m, O,MN) into itself and is a contraction. For
all hy, he € H(s,m,O) we have that

|[Ha,z[h1] — Ha [hs]|

g py) < R(A) 7 = hallss (D),
where
/(A) = 29(e”% = 1) + 27 (0)A. (4.18)
Moreover since A — 0 we have
R(Ar) <C€Ar <1 (4.19)

for some positive constant € depending on 7(0) and O.

Proposition 2 enables to apply the Banach fixed point theorem ; we derive that f is the unique
fixed point of Ha ; and from any initial point hy in H(s, 7, O, 91) we have

I = B Rl

B%OO(D)%O as K — oo,

where o stands for the composition product and Hfof is Hyafo...oHay, K times. We
choose hy = Pa[f] as a starting point (Lemma 2 in Section 4.6 ensures that P[f] belongs
to H(s,m,O,MN)).
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Proposition 3. Let m > 1 and define the operator La i as the Kth degree Taylor polynomial
of H [PA[f]] in A. It verifies for p > 1

< AR (4.20)

HHOA[,(f [Palf]] - LA,K‘ Lo

where € is a positive constant depending on 7(0), M and O. Moreover we have for T large
enough

K+1

Lok =Y ba(A)Palf]™, (4.21)

where form = 1,..., K + 1 we have |l,,(A)| < €A™ where € is a positive constant that
depends on 7(0) and K.

Construction of estimators of the PA[f]*"

Consider the increments (DAXi = Xija — Xg—pa,t=1,..., LTA”J) introduced earlier
and define the nonzero ones using

Sy =inf {j,D*X; # 0} A [TA™]
Sz‘ = inf {j > Sl',l,DAXj % 0} VAN LTAilj for ¢ > 1,

where S; is the random index of the ith jump. Let

|[TA—L

]
Nr= Y lLpax0
=1

the random number of nonzero increments observed over [0,7]. By Assumption 1, on the
event {D2X; = 0}, no jump occurred between (i — 1)A and iA. In the microscopic regime
when A = Ap — 0 as T goes to infinity many increments are null and convey no information
about f, hence for the estimation of f we focus on the nonzero ones

(D*Xs,,...,D*Xg,, ).

They are identically distributed of density given by (4.12) ; Lemma 1 still applies.
We construct wavelet threshold density estimators of the K + 1 first convolution powers
of Pa[f]; define the wavelet coefficients for m > 1

NTm
~(m 1 -
=1
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where Np,, = [NT / mJ > 1 for large enough T and

D;, X5, = D®Xs, + DX,

+i

A
+---+D XS(m—l)NT7m+i'

Let n > 0 and J € N\ {0}, define E,Tn the estimator of PA[f]*™ over D for m > 1

J
Pam(@) =Y a5 dou(x) + D) B (o) Vin(@), T ED. (4.23)
k gk =

j=0 k
As mentioned earlier 7 is a nuisance that needs to be estimated. To simplify the problem,

we make the following parametric assumption on 7.

Assumption 4. Assume there exists ¥ in © a compact subset of R such that
7(x) = 1(x,9), Vze|0,00),

where 11 is known, 71(0,9) > 0 and ¥ — 71(.,9) is C' . Assume there exists q from © to
0, 1], invertible, such that q(9) = P(Ra # 0) and whose inverse q~* is bounded.

Assumption 4 enables to estimate the unknown coefficients (p,,(A)) and (I,,(A)), and to
compute the estimator of f defined hereafter.

Definition 2. Let ngA be the estimator corrected at order K defined for K in N and x in
D as

K+1

FEA@) = 1A, 97) Pa (@), (4.24)

m=1

where
|TAT)

- 1
Ip :q_1<[TA—1J ; ]lDAXﬁéO>

and the 1,,(A,9) are defined in Proposition 3.

Remark 3. When Ar satisfies TAZ = O(1), ]/”\%A defined in (4.24) with K = 0 and fra
defined in (4.15) coincides. Indeed, when K = 0 we have La o = Pa[f] (see Proposition 3).

4.3.2 Convergence rates

Theorem 2. We work under Assumptions 1, 2, 4 and 8 and assume that there exists 0 <
0 <1 such that
TAL =0(T°),
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up to logarithmic factors in T. Let m > 1, 0 > s> 1/7, p > 1 and P/A;n be the threshold
wavelet estimator of Pa,.[f]*™ on D constructed from (¢,¢) and defined in (4.23). Take J
such that

27T log (Tl/Q) <1,

and
n=rT"%/log (1172,

for some k > 0.
1) For m > 1 the estimator Pa, . of PaL[f]™ verifies for sufficiently large k > 0

E P/\m i o) [*m p eT-o(pm)
PAT[f]*illEPF(S,W,m)( [H A, arlf] ||Lp(D)]) <

up to logarithmic factors in T, where (s, p, ) is defined in (4.16) and where € depends on
s,m,p, M, P, and 9.

2) The estimator corrected at order K ]?%(A for K € N defined in (4.24) verifies for T large
enough, sufficiently large kK > 0 and any compact set © C R

sup sup (E[Hﬁ{a — fH‘Zp(D)])l/p < ¢ max (T’O‘(S’p”’), AXTH),
VEO feF(s,m,0M)

up to logarithmic factors in T and where € depends on s, 7, p, M, P, and K.

The proof of Theorem 2 is postponed to Section 4.6.4. Since a(s,p,7) < 1/2, Theorem 2
ensures that whenever Ar and T' are polynomially related it is always possible to find Ky
such that the estimator corrected at order K, achieves the minimax rate of convergence
(see Section 4.5). If Ar decays slower than any power of 1/7, for instance if it decreases
logarithmically with 7', the estimator corrected at order K still provide a consistent estimator

of f.

4.4 A numerical example

In this Section we illustrate the results of Theorems 1 and 2. In both cases we compare
the performances of our estimator with an oracle : the wavelet estimator we would compute
in the idealised framework where all the jumps are observed

AOracle § AOT‘(lCle E E Oracle
f aOk + ]l BOraz‘le|> } w]k )
=0 k

where

Rr

~UJraclte ) racte 1

ag, l:_z¢0k€z and G5 l:R_TZQSOk(&)’
i=1
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Ry being the value of the renewal process R at time 7" and (&;) the jumps. The parameters
J and 7 as well as the wavelet bases (¢, 1) are the same for all the estimators.

We consider a renewal process with a Beta(1,?) interarrival density 7. We have J = 3,
the first shape parameter is set to 1 to ensure the condition 0 < 71(0,9) < co. We estimate
the compound law given by f(x) = (1—a)fi(z)+afs(z), where f; is the uniform distribution
over [—2,2] and f is a Laplace with location parameter 1 and scale parameter 0.5, we take
a = 0.5. We estimate the mixture f on D = [—10, 10] with the estimator corrected at order
K for different values of K and study the results with the Lo error. We also compare them
with the oracle fomde. Wavelet estimators are based on the evaluation of the first wavelet
coefficients, to perform those we use Symlets 4 wavelet functions and a resolution level J = 10.
Moreover we transform the data in an equispaced signal on a grid of length 2¢ with L = 8,
it is the binning procedure (see Hérdle et al. [49] Chap. 12). The threshold is chosen as in
Theorems 1 and 2. The estimators we obtain take the form of a vector giving the estimated
values of the density f on the uniform grid [—10,10] with mesh 0.01. We use the wavelet
toolbox of Matlab.

4.4.1 Illustration in the fast microscopic case

07
06
0&F
04F

03F

-3 -2

FIGURE 4.1 — Estimators of the density f (plain dark) for 7" = 10000 and A = 0.01 : the
oracle (dotted red) and the estimator fra (dashed green).

1/2

In this case we choose A = T—/*. Figure 4.1 represents the estimator J/C}A of Definition

1 and the oracle. The estimators are evaluated on the same trajectory. They are quite hard
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to distinguish, what is confirmed by the comparison of their L, losses.
We approximate the Ly errors by Monte Carlo. For that we compute M = 1000 times
cach estimator (for 7= 10000 and A = 0.01) and approximate the Ly loss by

1 M 2000 R
=3 (S2 (=104 0.01p) - £(~10+0.01p))° x 0.01).
i=1 p=0

For each Monte Carlo iteration the estimators are evaluated on the same trajectory. The
results are reproduced in the following table.

Estimator Oracle | fra
Ly error (x1072) 0.19 | 0.20
Standard deviation (x107°) | 0.45 | 0.46

4.4.2 Illustration in the slow microscopic case

07

a1 1 | | 1 1 | 1 ]
3 B B

FIGURE 4.2 — Estimators of the density f (plain dark) for 7" = 10000 and A = 0.1 : the
oracle (dotted red) and the estimator ff, for K =0,1,2,3 (dashed light to dark grey).

We now study the behaviour of the estimator corrected at order K for different values of
K. We choose T' = 10000 and A = 0.1. In that case T'A? is large but TA?* is 1. According to
Theorem 2 we should observe that the estimator corrected at order 2, behaves as the oracle.
Figure 4.2 represents the estimators f{f A defined in Definition 2 for K € {0, 1,2,3} and the
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oracle. The estimators are evaluated on the same trajectory. They all manage to reproduce
the shape of the density f, and graphically apart from the estimator corrected at order 0
they are difficult to distinguish. We compare their Ly losses in the following tabular.

Estimator Oracle | K=0|K=1|K=2 | K=3
Ly error (x1072) 0.19 0.52 0.30 0.30 0.30
Standard deviation (x107%) | 0.43 0.78 0.75 0.75 0.75

This confirms that there is an actual gain in considering the estimator corrected at order 1

instead of the uncorrected one. In the following table we estimate the (pm(A)) defined in
Proposition 1.

Estimated quantity D1 D2 D3
Estimation 0.85 | 0.13 | 0.01
Standard deviation (x1073) | 0.92 | 0.74 | 0.16

It turns out that making no correction is equivalent to estimate a density on a data set
where 15% of the observations are realisations of a law which is not target. This explains
why it is relevant to take them into account when estimating f. Considering more than 1
or 2 corrections is unnecessary as the Lo losses get stable afterwards. The Lo loss of the
oracle is strictly lower than the loss of the estimator corrected at order K, even for large K.
That difference is explained by the fact that to estimate the mth convolution power we do
not use Nr data points but Nz, = [ Np/m|. Therefore we do not loose in terms of rate of
convergence, but we surely deteriorate the constants in comparison with the oracle.

4.5 Discussion and Conclusion

Attainable rates. Without loss of generality, assuming 7" is an integer if we observe T’
independent realisations of the density f, it is possible to achieve the minimax rates of con-
vergence T~(™) (see for instance Donoho et al. [30]). When the process X is continuously
observed over [0,7T], we have Ry independent and identically distributed realisations of f.
Moreover for T' large enough, the elementary renewal theorem guarantees that Ry is of the
order of T (see for instance Lindvall [70]). It follows that the estimators of f given in Sections
4.2 and 4.3 enables to attain the minimax rates of convergence of an experiment where X is
continuously observed.

Comparison with a previous work. The results of this Chapter are the generalisation
to the renewal reward case of Chapter 3; a compound Poisson process is a particular renewal
reward process and Theorems 1 and 2 enable to recover the results of Chapter 3. However in
this Chapter we do not have an explicit formula for the estimator corrected at order K but
only a construction method. In the Poisson case it is much more simpler to apply the results
of Chapter 3.
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Extension to the case where A is fixed. We established Theorem 2 for A7 vanishing to
0. Since the approximation of the inverse depends only on the fact that Hx ¢ is a contraction,
the method remains valid for A’s such that K(A) defined in (4.18) is strictly lower than 1.
Which means that we can expand the results to cases where A does not go to 0 but satisfies
R(A) < 1. The value of the maximum value A; satisfying the former inequality depends on
7(0) and O but is not only determined by (4.18). Another hidden condition on A have to be
satisfied for Ha ¢ to send elements of H(s, 7, O, M) into itself. Then to find Ay one has to solve
an optimisation program with constraints to find A; and O giving the maximum coverage
for A. To get an idea of the value of A; we use the function NMaximize of Mathematica and
find that one should take © = 1.645 and A; = 0.071/7(0) > 0, which is positive. The results
of Theorem 2 should generalise to for all Ay — A, such that A, < A; and for K € N the
rate of convergence for the estimator corrected at order K is bounded by

max {T_a(s’p’”), ALY

However to achieve suitable rates theoretically one should consider larger K, therefore the
dependency in K in the constants need to be handled carefully. In practice for 7" = 10000

and A = 0.1 considering K = 2 appears sufficient to have 7-*(»™ predominant compared
to AKFL,

Discussion on Assumptions 1 and 4. In the present Chapter we made two simplifying
assumptions on the interarrival density 7. First we assume that .J; was distributed according
to 79 to work with a process with stationary increments. In fact if 7 has finite expectation this
assumption is not necessary since asymptotically the process has stationary increments (see
Lindvall [70]). The second assumption is that 7 is described by a 1-dimensional parameter 9.
Generalising the result to a d-dimensional parameter should be possible at small cost, but re-
moving all parametric assumption on 7 would demand to solve a nonstandard nonparametric
program for 7 from the observations (4.2) : observations (4.2) only give access to truncated
values of realisations of 7 spaced of more than A. Then the problem of estimating 7 from
(4.2) should be considered separately.

Other generalisations. We constructed in the microscopic regime an adaptive minimax
estimator of the jump density of a renewal reward process. The methodology presented
here should adapt to any process defined similarly to X but whose counting process has
stationary increments and manageable dependencies. We consider in the present Chapter a
renewal counting measure since we are interested in expanding the methodology to other
regimes of A, namely when A = Ar tends to a constant (intermediate regime) or to infinity
(macroscopic regime). The macroscopic regime is of special interest since the observed process
presents diffusive or anomalous asymptotic behaviour determined by the laws f and 7 (see
for instance Meerschaert and Scheffler [73, 74] or Kotulski [66]) and many applications have a
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model based on a macroscopically observed renewal reward processes. For instance in physics
where they are used to model particle motion (see Watkins and Credgington [108] or Cuppen
et al. [27]), in biology to model the proliferation of tumor cells (see Fedotov and Iomin
[35]) or lipid granule motion (see Jeon et al. [60]), they are also used to model records (see

Sabhapandit [90]).

4.6 Proofs

In the sequel € denotes a constant which may vary from line to line.

4.6.1 Preliminaries
In this Section we introduce two technical lemmas used in to prove Theorems 1 and 2.
Lemma 2. If f belongs to F(s,m, M) then for m > 1, PA[f]*™ also belongs to F(s,m,IMN).

To prove Theorem 1, we use Lemma 2 for m = 1, and for Theorem 2 we apply Lemma 2 for
me{l,..., K+1}.

Proof of Lemma 2. It is straightforward to derive ||PA[ f]*mH L = L The remainder of the
proof is a consequence of the following result : Let f € B (D) and g € L; we have

If > gllss0) < 1 fllBso ) l9ll 2y ) (4.25)

To prove (4.25) we use the definition of the Besov norm (4.8); the result is a consequence

of Young’s inequality and elementary properties of the convolution product. First Young’s
inequality gives

1f1 % follo.@) < Ifill. I f2llz, w)- (4.26)

Then the differentiation property of the convolution product leads for n > 1 to

= e < ||— . .
sl -l il < fitl, e 0o

Finally translation invarlance of the convolution product enables to get
D" D (£ % £2) |, py = (D" DD * ol
< DDA, o ol o - (4.28)

Inequality (4.25) is then obtained by bounding || f * g||5s__(p) using (4.26), (4.27) and (4.28).
To complete the proof of Lemma 2, we apply m — 1 times (4.25) which leads to

Vm e N\ {0}, [|Palf]

B0 < |If

L (R)

» < [Palf]

B3 (D)’

The triangle inequality gives |Pa[f]* Bs..(p) < M which concludes the proof.

]



96 Chapter 4. Estimation of a renewal reward process at microscopic scales

The estimators of the convolution powers of Pa[f] depend on Ny which is random and
depends on the D2 X;.

Lemma 3. Work under Assumption 3 and let p(A) = P(Ra # 0) and Ay be such that
fOAl T(z)dr < % Then for all A > 0 and A < Ay we have

]P’( LTJXT” —p(A)‘ > AA) < exp ( - eﬁA),

where € depends on A, a, g, i, \.

Remark 4. The result of Lemma 3 is interesting only in slow microscopic regimes where

VTA — .

Proof of Lemma 3. We have

-1
N, ] |TA—1

[TA1] —p(A) = [TAa7] Z Yi,
i=1
where
Yi = Iipax, -0 -pla), i=1,..., LTA_IJ

are centered random variables, bounded by M = 1 — p(A) and such that
E[Y;’] < p(A).

To show the result, we apply Theorem 4.5 of Dedecker et. al. [31] which is a Bernstein-type
inequality for dependent data. We have to verify conditions (4.4.16) and (4.4.17) of Theorem
4.5 of [31]. With their notation, condition (4.4.16) ensures that for all u-tuples (si,...,s,)
and all v-tuples (¢, ...,t,) such that

1< <...<5, <, <...<t, < |TA™
we have
|C’0v(Yi91 LY YY) S KPMUTT P uup(ty — sy),

for some positive constant K and a nonincreasing function p satisfying (4.4.17) namely

o0

D (s+ 1) p(s) < LiLE(RY”, Yk >0,

s=0

where L1, L, and v are positive constants.
Since X is a renewal process, Ys, ...Y;, and Y, ...Y;, are independent if there exists r
such that s, < r < t; and Y, = 1 — p(A) i.e there is a jump between Y;, and Y;,. For the
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covariance to be nonzero it is necessary that no jump occurred between s, A and (t; — 1)A.
Let s =t; — s, — 1 using that R is stationary we get an upper bound for p

o0

p(ty — su) <P(R-1ja — Rea = 0) =P(Rea =0) = / To(x)dx (4.29)
sA

which decreases with s. Moreover since the Y; are centered and bounded by M < 1 we have
by Cauchy-Schwarz and E[V}?] < p(A)

[Cou(Y;, ... Y, Yy - Y)| < [Cou(Yy,, Y| < /E[YZ]E[VZ] < p(A).

We deduce that condition (4.4.16) is fulfilled with K = p(A)Y/2 and the nonincreasing se-
quence p.
Next we show that p satisfies (4.4.17), using Assumption 3 and (4.29) we get for s > 1

p(s) < %/SAT (1 —/0 T(t)dt)dz < Cexp (— a(sA)gl),

where g < g’ and € depends on 2, a, i, g. Which leads to for £ > 0

(9] 1/A
Zskp <Z$k+€Zsexp —asA))
s=1 = s=1/A

< AHHD e A- st exp (—a(s)?)

s'=1

< eATHD (4.30)

where € depends on 2, a, g, 4, condition (4.4.17) follows with L; = €A™, Ly, = A~ and
v=020.
We can now apply Theorem 4.5 of [31] which gives for all A > 0

?( LT]XT—lj ~p(8)] > 24)

< 2exp < — LTA—1J2A2/\2 )
- 2([TAp(A) + (|TAL]AN)3/2V/25A-2)

Finally we denote by F' the cumulative density function of 7 and use that

1 /A
1—p(A)=P(J; > A) = —/ (1= F(u))du,
K Jo
since J; has distribution (4.1), and derive that there exists A; > 0 such that F(A;) < 1 and
for all A < A; we have
A A
2 ciopay<s (431)
24 1
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We derive for A < Ay

]P’( LTJXle —p(A)‘ > AA) < exp ( - eﬁA),

where € depends on A\, 2L, a, g, 1. The proof is now complete. O

4.6.2 Proof of Theorem 1

Preliminary

In the estimator the quantity Ny appears, but we are in a regime where Lemma 3 cannot
be applied as such. We introduce the following Lemma.

Lemma 4. Let At be such that TA% = O(1), there exist ¢ and § > 0 such that for all T > 0

E[(Leniraiy] < (4.32)
PO~ o) < eexp (- T7), (4.33)

where p(Ar) is defined in Proposition 1, ¢ and € are positive constants that depend on i, a,
g, i and r.

Proof of Lemma 4. Notice that if Ap is such that TA2 = O(1), there exist Ar such that for
large enough T we have Ar < Ap and TA2 = O(T°) for some § € (0,1). The proof is a
consequence of Lemma 3 applied to N which verify Ny < N for all T'. O
Proof of part 1) of Theorem 1

To prove part 1) of Theorem 1 we apply the general results of Kerkyacharian and Picard
[63]. For that we establish some technical lemmas.

Lemma 5. Let 27 < T, then for p > 1 we have
E[|75 = 1]"] < Colgly T 7,
where 7, is defined in (4.13) and
Vit = / 9ix(W)Palf](y)dy. (4.34)

Proof of Lemma 5. The proof is obtained with Rosenthal’s inequality : let p > 1 and let
(Y1,...,Y,) be independent random variables such that E[Y;] = 0 and E[|Y;[?] < co. Then
there exists €, such that

IEUZ”:Y,-
=1

p} < c:p{ ZZ:;E“Y;V’} + (ZEUY;F])W}. (4.35)
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To prove Lemma 5 we first use Cauchy Schwarz inequality to get

E[ng - W’jk}p] < \/E[ d—p& LTA }\/E |’Y]k - ’ng| } (4.36)
where
] \TAZ
Vik = Vjk = (1— p(AT))LTA;FIJ ( Z gjk(DAXi)]l{DAX#O} - %’k)- (4.37)
=1

According to Proposition 1 the (DAT Xi) have distribution

Joar@x, = P(Ar)do(x) + (1 — p(Ar))Pa[fl(x), ze€D
where 4y is the Dirac delta function and p(Ar) = P(Ra, = 0). We derive

— fDATXl( )

E[ gammajk} = /gjk(z)]l{#o}mdz = /gjk(Z)PAT[f](Z)dZ = Vjk-

Then 7, — 7vjx is a sum of centered and identically distributed random variables, define

1
i = ————q; DATXi 1 m.
1_— p(AT) gjk( ) {DA7 X;70}

Since X is a renewal reward process, nonzero and nonconsecutive Z; are independent, then
if we separate the sum in two sums of nonzero and nonconsecutive indices we can apply
Rosenthal’s inequality for independent variables to each sum, it will not affect the rates but
the constant will be modified. For » > 1 we have by the convex inequality

E[|Z —E[Z]|'] < 27E[|Z|]
2r2jr/2
< (1— |g 23?/ k)| ]l{yyéo}fDAT( ) Y

2r2j(r/2 1) 2+ k
:( ) l9(2) ( 2 )dz

where we made the substitution z = 2/y — k. Lemma 2 and Sobolev embeddings (see [19, 30,
49])

! !
B_ B and BB

o000 ?

(4.38)
where r > 7, st > 1land s =s—1/m+ 1/r, give HPAT[f]HOO < M. It follows that

E[|Z —E[Z]["] <2720V g|lf, @@/ (1 — p(Ar))™
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and
E[|Z: - ElZ]|] <M/(1 - p(Ar))

since ||g||z,®) = 1. Rosenthal’s inequality (4.35) gives for r > 1
~ r r 2 571 T r/2 -5
EH%‘k _%‘k‘ } < (’:r{Q <A_T> HgHLT(R)m_’_gﬁ }AT )

where Ar = |TAZ'|(1 — p(Ar)). To conclude it follows from (4.31) that

and using 2/ < T we derive
B~ ] < €702, (0

where € depends on 7, || g/, (r), M and p1. Then (4.32) of Lemma 4, (4.39) and (4.36) completes
the proof. n

Lemma 6. Choose j and ¢ such that

2T og(TY?) <1 and ¢ > 32/1(93?—1— %)

For allr > 1, let k, = cr. We have
P([Fi — el 2 LT flog(12)) < T,

where 7ji, is defined in (4.13) and v in (4.34).

Proof of Lemma 6. The proof is obtained with Bernstein’s inequality. Consider Yi,...,Y,
independent random variables such that |V;| < 2, E[Y;] = 0 and b2 = >_"" | E[Y;?]. Then for
any A > 0,

> )\) < 2exp ( - #j@) (4.40)

P(| v
i=1
To prove Lemma 6 we first have the following decomposition using (4.37)
PR — ~| > =172 1o0(T1/2
ik = el 2 5 og(T"/?)
— P15, — . N Frpaap 1/2 )
P('”ﬂ’f ikl 2 a5 L log (/%)

=~ Rr 71/2\/7 N.
< P<|7jk — Yk > CET log(T1/2)> + P((l—p(AT)TLTA; 7> c) (4.41)
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for some positive ¢. To bound the first term, we keep the notation Z; introduced in the proof
of Lemma 5, 7, — 7 is a sum of centered and identically distributed random variables
bounded by 27/2||g||s/(1 — p(Ar)) which verify

E[|Z; - E[Z]['] < M/(1 - p(Ar)).

After separating the sum to get two sums of nonzero and nonconsecutive indices we ap-
ply Bernstein’s inequality (4.40) for independent variables to each sum, which modify the
constants. It follows that

~ Chy
P( [ = el = TET72 flog(1777))

<9 R2T og(TV?) | TAZ | (1 — p(Ar))
eX — .
o 16(93? + ‘“TTﬂ“x/logéTlﬂ)zj/?Hgnoo)

Using that 277" log(7"/?) < 1 and (4.31) which gives

THTAR (1= p(Ar) = 5

we have
~ CRp
P =l = 2772 flog(172)
2
<2exp < — cr e rlog(T1/2)> <7172,
324 (90 4 il

since ¢? > 32u (M + CHQ%), and ¢ can be chosen greater to 1. Then (4.33) of Lemma 4, (4.39)
and (4.41) completes the proof. O

Proof of of part 1) of Theorem 1. 1t is a consequence of Lemma 2, 5, 6 and of the general
theory of wavelet threshold estimators of Kerkyacharian and Picard [63]. It suffices to have
conditions (5.1) and (5.2) of Theorem 5.1 of [63], which are satisfied ~Lemma 5 and 6— with
c(T) =T7Y2? and A, = ¢(T)~! (with the notation of [63]). We can now apply Theorem 5.1,
its Corollary 5.1 and Theorem 6.1 of [63] to obtain the result. O

Completion of the proof of Theorem 1

To prove part 2) of Theorem 1 we decompose the L, loss as follows

(E[l|fr.a0— f||Lp<D]>””
< ( [HfT,AT—PAT[ ]HLP(D] 1/p+HPAT _fHLp(D)
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An upper bound for the first term is given by part 1) of Theorem 1

(EB[||Frar — Paglflllh p)]) " < er-oterm), (4.42)

where € continuously depends on pu, and on s, 7, p, M, ¢, and pu. Since

Parlf] = f = =1 =pi(A0))f + ) pn(Ar)Pag [fI

m=2
Lemma 1, Young’s inequality, which gives ||[Pa,.[f]" |z, o) < [|f|lz, ) and Sobolev embed-
dings (4.38), which give || f||z,p) < 9 and leads to the bound

QT(O)AT) m-l
m!

[Parlf] = £l p) < 27(0)Ar + 290y ( < ¢Ar, (4.43)
m=2

where € continuously depends on 7(0) and 9. We finish the proof noticing that (4.42) is
predominant compared to (4.43) since a(s,p, ) < 1/2 and TA2 = O(1). Finally we take the
supremum in g and 7(0) over any compact of (0,00) to render the constant independent of
the unknown interarrival law 7. The proof is now complete.

4.6.3 Proof of Proposition 2

First we prove part 1) of Proposition 2. The set H(s,m, O,M) is a subset of

(Broo (D), -

which is a Banach space. We show that H(s, 7, O,9) is complete since it is a closed subset
of a Banach space. For that we establish the following assertions; for all sequence h, €
H(s,m, O,M) such that there exists h with

Bs. (D))

[n —

Bs.(p) — 0, asmn — oo,

we have h € H(s,7,O,M) i.e. ||hl
immediate. The second one is a consequence of the compactness of D. Indeed

B0y < Mand ||h]|,py < O. The first inequality is

[n —

Bs.(p) — 0, asmn — oo,
we have by definition of the Besov norm (4.8) that
|y — R0y =0, asn— oo.
Since D is compact and ™ > 1 we derive from Hélder’s inequality that

[hn = hllLypy =0, asn— o0
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and then ||h||z,p) < O follows. The proof of part 1) of Proposition 2 is now complete.

To prove part 2) of Proposition 2 we show that Ha s sends elements of H(s,m, O,MN)
into H(s,m, O,MM) and that it is a contraction. We start with the first assertion, the triangle
inequality gives for h € H(s,m, O, N)

[Fa 1 = [P0+ (= AN + 3 A" s

where ||PA[f] < ||Palf] = 1. Immediate induction on Young’s inequality leads

to

lz.o) Iz @)

12" |0y < (|RIIZ, 0y < O™
since h € H(s,m,O,M) and with Lemma 1 we get

1
T7(0)A

for A small enough since © > 1. Similar computations and (4.25) give

HHA,f[hH B (D) <HPA ] Bs..(D) T (1= pi(A) [Pl )

+ me W™ 185 o)

|Haf[2]||, <1+ 207(0)A + (2702 _ 1 _207(0)A) < O

<M + 27(0) AN + (29702 1 _207(0)A) <N,

7(0)AD
for A small enough since Mt < N. Then if h is in H(s, 7,0, N), Ha s belongs to H(s, m, O, N).
For the contraction property, we have for all hy, hy € H(s, m, O, N)

Ha s[h1] = Ha ylho] =(1 — p1(A))(h1 — he)

e} m—1
© > pm(A)D hiTxhym (4.44)
m=2 q=0
Lemma 1 gives
0<1-pi(A) < 27(0)A, (4.45)

and with Young’s inequality and since h; and hy belong to H(s,m, O, I) we get

1
| S X it

q=0
for A small enough. Finally injecting (4.45) and (4.46) into (4.44) leads to the contraction
property for all hy, hy € H(s, 7, O, M)

| Ha ¢[71] — Ha £[ho] < (27(0)A + 20 (> 22 — 1))||hy — hy

B;oo(D) —
which concludes the proof.

<20 (094 1) (4.46)

L1(D)

B30 (D)
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4.6.4 Proof of Theorem 2
Proof of part 1) of Theorem 2

As for the proof of part 1) of Theorem 1 we apply the general results of Kerkyacharian
and Picard [63] and first establish some technical lemmas.

Lemma 7. Let 27 < T, then for p > 1 we have for all m > 1
~(m) (m)|p —p/2
]E H’Y.]k - ,y]k‘ ‘ :| S Qtpvm?Hg”Lp(R):mnuﬂTT p/ 9

where %(21) is defined in (4.22) and
v = / 9in()P T (y)dy. (4.47)

Proof of Lemma 7. For m > 1, ﬁj(km) - ](Zl) is the sum of | Np/m| identically distributed
random variables, where Np is random. First we replace Np by its deterministic asymptotic
limit using the following decomposition

B[R — 250" P) =BIAR" 2L e

EN=Y

—p(AT>|zA}}

+ ]E[|/7\J(7kn) - ,y](zz)lp]l{‘L

lTast)

—p(Ar) ‘ <)\}} ’

Take A = 1/4y and denote n,, = |T/myu| and n), = |T/(4mp)]|, we have with that (4.31)
that

m m _ N A
B — 5] <22 lgloB (| pmr — plan)| 2 )
1 & P
E[| > (03X B[]

moi=1

For the first term of the right hand part, TAs = O(T?), Lemma 3 and 27 < T leads to

NT AT /2 5 5;7
P(| | TAZY _p(AT)‘ > E> < ETP2 exp ( — T ) < Cexp(=T%), (4.48)

for some ¢, < ¢ and where € depends on p, [|g||,2l, @, . For the second term we apply
Rosenthal’s inequality (4.35). Since X is a renewal process the variables (Dﬁlezi)i are
independent but dependent of the variables (DqﬁX Soi +1)i which are independent. It ensures
that the variables (DﬁXgi) are distributed according to Pa..[f]*". Moreover if we separate
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the sum ’7\](;”) - vj(?) between odd and even indices we can apply Rosenthal’s inequality for

independent variables to each sum. For p > 1 we have by convex inequality
‘]
<227 [y~ PP, 77 0)dy

. k
<2220 [ g P, 1 (S5 )z,

E[|gjn(D5Xs,) — vie|"] < 2°E[|g;u(D5Xs,)

where we made the substitution z = 2/y — k. Lemma 2 and Sobolev embeddings (4.38) give
|Par [f]*mHOO < M. It follows that

E[|gjk(DnA1Xgi) — %‘kzm < 2p2j(p/2_1)||9||§,,(11%)m

and
E[|g;x(D3Xs,) —vu|’] <M

since ||g||L,r) = 1. We derive for p > 1

1 &

—= > (DhXs, —E[DAXs])| |

/
n
m =1

E|

27\ -1 _
<& {2 (=) gl oy + o2 fl, 702
S €p:'rnﬁ”gHLp(]R)79)?7111'7—‘_17/2' (449)
It follows from (4.48) and (4.49) that
B35 =5[] <Cexp(—T%) + €T~% < €T~%,

since the first term is negligible as ¢ > 0, where € depends on p, m, ||g||z,®), |9/lc0, 2, a, T, 1.
It concludes the proof. O

Lemma 8. Choose j and c such that

2T MNog(TY?) < 1 and ¢ > 256myu (i)ﬁ+ CH;‘JOO)

For allr > 1 let k, = cr. We have for allm > 1
~(m m Y —r
P35 = = ST\ log(17/2)) < 77772,

where ?](21) is defined in (4.22) and ’y](;n) in (4.47).
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Proof of Lemma 8. As for the proof of Lemma 7 we decompose as follow for m > 1

j -

~(m m KZT —
P(hj(‘k) _ (k)| > ?T 1/2 10g(T1/2)>

NT AT
<] Ta; ~ PAn)|2 @)
| )
+B(|- 3 (02X~ BIDAX])| 2 577 log(1),
moi=1

where n,, = |T/mu| and n), = |T/(4mu)|. From TA% = O(T°) and Lemma 3 we derive

Nr Ar
IP’(‘ — (A ( > _) < (—¢T5), 4.50
where € depends on 2, a, . For the second term we apply Bernstein’s inequality (4.40) and
as in the proof of Lemma 7 we separate the sum between odd and even indices to work with
independent variables. We get

L § o
IP’( o ;(DﬁXSi — E[DT,AIXSZ-])’ > 5T 1/2 /10g(T1/2)>

/ifninzT*1 10g(T1/2) )

2exp | — -
( 16(nm£m+“"”_1/2 IOE(TI/Q)Qj/2||gHm

2

c'r
s2exp | - rlog(TY?) |.
o ( 128mpu <£Ut gy 2x/log<T1/2>2j/2||g||m) 8(T"")

24

With 207 log(T"/?) < 1 and ¢ > 256myu (M + 42l=) we have for r > 1

P

where € depends on ¢, m, ||g|oc, I, 1. It follows from (4.50) and (4.51) that

ni, > (DpXs, - E[DﬁXsJ)‘ > %T*W log(T1/2)) <er/?, (4.51)
moi=1

(512 ) 20— er) s er s e

since the first term is negligible since § > 0 and where € depends on ¢, m, ||g]|c0, I, . It
concludes the proof. O

Completion of the proof of part 1) of Theorem 2. 1t is a consequence of Lemma 2, 7, 8 and
of the general theory of wavelet threshold estimators of Kerkyacharian and Picard [63]. It
suffices to have conditions (5.1) and (5.2) of Theorem 5.1 of [63], which are satisfied —Lemma
7 and 8- with ¢(T) = T~/ and A,, = ¢(T)~" (with the notation of [63]). We can now apply
Theorem 5.1, its Corollary 5.1 and Theorem 6.1 of [63] to obtain the result. O
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Completion of the proof of Theorem 2

To prove Theorem 2 we define for K in N and x in D the quantity

K+1

fTA Zl AﬁPAm()

m=1

It is the estimator of f one would compute if 7 were known. We decompose the L, error as
follows

E[FEs, = FI2 o) <E[1FEny = FEnglls o))
+ B[y — FI5 o))"

and control each term separately.
First we look at the second term

B[ fFar = FI,0)) " <E[lFEa, - wazm“’”
+HLATK H [PAT ]HL,,(D)
+HH [PAT }_fHLp(D)' (4.52)

An upper bound for the first term is given by part 1) of Theorem 2, given the definition
(4.21) of La, x and the triangle inequality we derive

iy 1/ —al(s ™
(E[H'f{{AT - LATJ(Hip(D)]) P <er (5P, ), (453)
where € depends on 9, s, 7, p, M, ¢, 1, and K. By (4.20), we have
HLAT,K - HOAI,(f [Pa,lf] HLP(D) < ARt (4.54)

where € depends on ¢, 9 and 9. For the last term we use the fixed point theorem’s approx-
imation, first we have to relate the L, norm with the Sobolev one. The triangle inequality
ensures that if f is in B3 (D) then HY; [P, [f]] — f is in B;_ (D). It follows using Sobolev
embeddings (4.38) that

HH {PAT[ H _f”Lp(D ”H [PAT ” - f‘

B3 (D)’

We now use the approximation given by the Banach fixed point theorem

|HY [Parlf]] = /)

Bs (D) < R(Ar) HHAJ‘[PATUH —PAT[fH

B3 (D)

After replacing Ha 5 [P Arl f]} by its expression and using the triangle inequality we have

|Ha s [Paslf]] = Pa,lf]|

B3 (D) < €Ar,
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which leads to
HH0A{<f [PAT [fH - fHLp(D) < Q:AT'R(AT)Kv (455)

¢ depends on ¥,M, O, K. We conclude by injecting (4.19), (4.53), (4.54) and (4.55) into
(4.52) and taking the supremum in ¢ over the compact set ©.
We now control E[|| /A, — [k Fall? (D) ] the triangle inequality leads to

(s, — a1 (DW
K+1

- Z (A7, 97) = A1, 9)) Pag ol ])

where P/A;n does not depend on ¥ (see (4.22)). Cauchy-Schwarz inequality leads to

B (1 (Ar, 1) =l (A7, 9)) Py )]
< B[ |im(A7,57) = (A, )7 | B[|Parn[ |
where using part 1) of Theorem 2, the triangle inequality and that 7" > 1 we have
E[||Par |l )] < E[1Parn — Par A1 ] + [P L1712
M Ly,(D)| — T,m T Lp(D) Ar Lyp(D)
< T 2lEpm L g < ¢ (4.56)

where € depends on s, 7, p, M, ¢, 1, 9. We conclude the proof with the following Lemma,
proof of which is given in the Appendix.

Lemma 9. Work under Assumptions 4 and 3. We have for all r > 2
E (|l (Ag, 01) — Ln(Ag, 9)[7] < &(T" +T7772)
where € depends on r, 2, a,v.

It follows from (4.56) and Lemma 9 applied with r = 2p that

- . ) .
E[”%AT - f’]f"fAT”Lp('D)} /p < Qf(Tl /@) 4 1/2)7

where € depends on s, 7, p, M, ¢, 1, 2A, a,9. We deduce for p > 1

sup  sup ( HfTAT@ fTAT”LpD)Dl/p
V€O feF(s,m,MM)

< Q:(T—(l—l/(2p)) + T—1/2)

where @ depends on s,7,p, MM, ¢, 1, A, a, K. It is negligible compared to T-**P™) since
a(s,p,m) < 1/2. The proof of Theorem 2 is now complete.
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Appendix

Proof of Proposition 1

Let x € R, we have by Assumption 1 that {Ra # 0} = {Xa # 0}, it follows from
stationarity that

where P(Xa < z|Ra =m) = [*__ f*™(y)dy for m > 1. Tt follows

x

P(DAXs, < 1) = / P [f(y)dy.

—00

Proof of Lemma 1

We start with the second assertion. For m > 1 we have

P(RA = m)
m () = )
(&) = T pRA = 0)
First we derive the lower bound
1[4 A
1—P(RA:0):1—IP(J12A)2; 1—F(A)d:czﬂ (4.57)
0

since F' is a cumulative distribution function; it is positive, increasing and continuous with
F(0) = 0. Then there exists Ay such that for all A < A; we have F(A) < 1. Second we have
forallm>1
A
P(Ra=m) <P +...+J, <A)= / 70 % TN (2)d,
0
where for all z € [0, A

1 1-t1
0% TN (@) = 2™ / To(xty) / T(xta) . ..
0 0

1—t1—...—tym—2o
/ T(Itm_l)T(ZL’(l — tl — ... tm_g — tm_l))dtl e dtm_l.
0
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We derive

To * T*mfl(x)

I—t1—=tm— 2
< z™ ! sup 7'0(75)( sup 7(t / / / ot
te[0,z] telo, ac]

1 m—1
< —( sup 7(¢ —_—
(s )" o o
since
/1 /1—t1 /1—t1—...—tm2 1
dty ... dty—1 = ————.
0 Jo 0 (m —1)!
It follows that
1 m—1A™
P(Ra =m) < —( sup 7(t —. 4.58
(Bs = m) < (sup ()" (458)

Since 7 is continuous, there exists A, such that

sup 7(t) < 27(0).
te[0,Az2]

Taking Ay = A; A Ay, (4.57) and (4.58) lead to the second assertion. The first one is
straightforward from the previous computations.

Proof of Proposition 3

According to the definition of La x inequality (4.20) is immediate. The dependency in
7(0) and 9 of the constant is a consequence of Lemma 1, part 2) of Proposition 2 and
Lemma 2. A rearrangement of the terms enables to write La x as a sum of increasing powers
of PA[f]™. Thus we have to prove that only the K + 1 first convolution powers of Pa|[f]
intervene and that the coefficient /,,,(A) in front of PA[f]™ in the rearrangement satisfies

[l (A)] < &A™

For that we show that for all L > 1 the Taylor expansion of order L in A of H¥ [P Al fﬂ
that we denote LA7K7L, only depends on Pa[f]™, m =1,..., L+1 with coefﬁments such that
TmK(A) < QZT(O)Am_l. We prove the result by induction on K. For K = 1 we immediately
have the result by Lemma 1 since

Ha ;[Palf]] = 2Palf me :
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it follows that
L+1

Lasi=(Q2=p(A)Palf] =D pu(A)P

with ,lvl,l(A) =(2—pi1(A)) <2 and flvmyl(A) = pm(A) < € )A™ 1. Then using the definition
of Ha y we have

H D [Palf]] = Palf] + B [Palf me ) (15 [Palf])

The induction hypothesis and Lemma 1, with part 2) of Proposition 2 which ensures that
HY, [PA[f]] € H(s, 7, O,M), lead to

L+41 .
Laz ki1 =Palfl+Lark — me(A) (LA,L,K>
m=1
L+l L+1 L+1

14+ 3 T AP =3 ) (3 T n(A)Pal™)

= ZTm,L+1(A)PA[f]*ma

where flvl,LH(A) =1 and

linza1(A) =l (D) =Y (D) > Loy (D)l (D)

k=1 ni+...4+ng=m

which we bound with Lemma 1 and the induction hypothesis by

[l ze1(D)] < Q(Am‘l + i ARTLN AT A"k‘1>
k=1

ni+...+ng=m
_ Q:(Am—l + mA"H) < AT,
where € is a positive constant depending on 7(0) and K. We conclude the proof having

L:Kandlm(A):leK form=1,..., K+ 1.

Proof of Lemma 9

Preliminary

Lemma 10. Work under assumptions 3 and 4, for all r > 2
E[|dr — "] < (T +T77?),

where € depends on r,2A, a,v and 1/9; 15 defined in Definition 2.
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Démonstration. Let r > 2, the proof is a consequence of Proposition 5.5 of Dedecker et al.
[31] which is a Rosenthal type inequality for dependent data. Define

|TA™?]

ZYI

where Sy = Xy = 0 and the Y; = Ipay, — ¢(V) are centered identically distributed random
variables bounded by 1. To apply Proposition 5.5 of [31] we have to verify that (Y;) is a
sequence of 0 ,,—dependent random variables. For that Proposition 2.3 of [31] ensures that
it is sufficient to have a 6—dependent sequence which is defined as follows with notation of
[31] ; Let I'(u, v, k) be the set of (i,7) in Z" x Z" such that

N<...<tg<t,+k<ji<...<Jy,

we have to show that for all f € F, the set of bounded function from R* to R and for all
g € G, the set of Lipschitz function from R" to R with Lipschitz coefficient denoted Lipg the
sequence 6(k) defined as

C’ov Y, - Y),9Y;, ..., Y,
O(k) =sup sup sup | ! ) g( & J ))}
u,v (1,5) €T (uyv,k) f EFu,9€G0 UHf”ooLlpg

tends to 0. We denote as Y; and Y respectively (Y;,,...,Y;,) and (Y},,...,Y;,), and due to
the fact that X is a renewal process Y; and Y, are independent if there exists r such that
iy <7 <jpand Y, =1—p(A) i.e there is a jump between Y;, and Y;,. We denote by A the
event ”there exists r such that i, <r < j; and Y, =1 — p(A)- It follows that

[Cov(f(X), 9(X7)| = [E[(f(X:) = EIf (X)) (9(X;) = 9(0;)) Ly ]|
< 2\|fHOOL1ng[HXjH11{A}]
< QUHfHooLing(RkA 7é 0)7
since || X;|| < v as the Y; are bounded by 1, for every L, norm p > 0, and E[14;] is bounded

by P(Rkz # 0). We immediately derive that 8(k) < 2P(Rya # 0) and by Assumption 3 we
derive

(k) < Cexp(—a(kA)?), (4.59)
where g < ¢, it tends to 0. We verify the hypothesis of Proposition 5.5 of [31] and get for all

r>2

|TATL [TA 1

E[|Sr] < e(|TAa™] Y i %06) + IR ")

=1
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where € depends on r. Since we have the upper bound (4.59), we derive applying (4.30) with
k=0and k=r—2

|[TA™1] |[TA—]

Z 9(1) <€A and Z 7,7"*29@)@(@) < cAT !

=1

where € depends on 2, a,¢. It follows

1

R ) m < Tlfr T*T‘/Z
[ TA-1]" UST’ ] = Q:( + )7
where € depends on 7,2, a,1. The case r = 2 is a consequence of

1 2
21 _
B(15:1"] = pramr VOO + pae D Covle X))
1<i<j<T

and the upper bounds V(Y7) < €A where € depends on ¢ and
|Cov(Y;, Yiik)| < Cexp(—akA).

We derive 1

| TA-Y rfloor?
where € depends on 2, a, . We conclude the proof using Assumption 4, for all r > 2
E[[9r — "] =E[l¢”" (a(r)) — ¢ (¢(¥))[']
< g oo Eflg(97) = q()["] < &(T'" +T77/2),

E[|Sr[?] =eT!

where € depends on 7,2, a, . O

Completion of the proof of Lemma 9

The remaining of the proof is now based on the fact that under Assumption 4 the functions
¥ = pm(.,¥) are Lipschitz continuous. We show that their derivative with respect to ¢ is
bounded, we have for m > 1 that

1 A *m—1
Dolpm( A, 9)] :m</o Dolra( ) % 7L )] (2)d2

_ /OA Oalra( 0) % 71, )] (2)2)
2 0slma(z, 9))dz 2 1

_ > To(x, ) *x 1, (.,9)(z)dz
( fUA (2, ﬁ)dz) ( /0

A
_ /0 o, 0) 7™ (., 9) (2)d) (4.60)
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where 75(.,7)/p is the density of J;. Immediate induction gives for m > 1

Og[ma(., 0) * 7™ (, 0)](2) =0g[ma(., )] * 77 (.,9)(2)
+mmy(.,9) % O[T (., D] * 77, 9) (2) (4.61)

and
A
/ g (x)dr < A (4.62)
0
for some constant € and any bounded function g supported by (0, c0). Moreover we have
Op[m2(2, )] / Oy11(z,0)d

and it follows from Assumption 4 that for A small enough we have Vz < A

T1 (07 19)
2

< 7i(z,9) < 27(0,9), (4.63)

and that its derivative is bounded over [0, A]. Finally we bound (4.60), using (4.61) (4.62)
and (4.63), we get

0o lpm (A, 9)]| < €A™,

where € continuously depends on 9. Then taking the supremum in ¥ over the compact set
© we derive

|0s[pm (A, 9)]| < €A™,

where € is a positive constant independent of ¢. It follows that for m > 1, the functions
¥ — pm(., V) are Lipschitz continuous and with Lemma 10 we derive

E[|pm(A, 07) — pu(A,9)|] < €A™ E[|d7 — 9|]
¢

<
< (Tl r T—’I‘/2>’

where € is a positive constant depending on 7,2, a,9. We conclude the proof using that
In(A,9) = U(p1(A9), ..., pm(A,9)) where [ is Lipschitz in every argument and the argument
are bounded by 1.
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Abstract

We consider the macroscopic regime where a compound Poisson process is observed over
[0,7] at a sampling rate A = Ar — oo as T — oo. General limit theorems suggest that
the law of the increments converge in law to a parametric stable law, depending on a small
number of parameters. Thus if the law of the process depends on more parameters, it might
be impossible to identify them all in the macroscopic regime. In this last Chapter we try to
quantify the loss of information in macroscopic regimes.

Keywords : Discretely observed random process, Renewal reward process, Pure jump Lévy
process, Information loss.

Note

Chapter 5 is a work in progress.



Chapitre 5

Quantifying identifiability loss at
macroscopic scales

5.1 Introduction

5.1.1 Motivation and statistical setting

Diffusion models are natural macroscopic models for phenomena observed at a large
sampling rate. In finance asset prices or volumes change at discrete random times (see for
instance Gerber and Shiu [42], Russell and Engle [89], Masoliver et al. [71] or Cont and de
Larrard [26]), however it is common to use continuous diffusion processes in modelling (see
for instance Masoliver et al. [71], Onalan [84], Cont and de Larrard [26] or Hong and Satchell
[55]) when they are observed at a “large” sampling rates. In physics the opposition between
large scale diffusion behaviour and random walks at small scale is popular ; for instance see
Metzler and Klafter [77], Bouchaud and Geoges [14] or Uchaikin and Zolotarev [100] giving a
wide range of physical examples, Fedotov and Méndez [34] for the modelling of a front wave
or Fedotov and Iomin [35, 36] for the modelling of the proliferation tumor cells.

Yet the use of diffusion models may conceal the dynamics of the jumps that occur at
smaller scales. In this Chapter we try to quantify the (possible) loss of information resulting
from the use of diffusive models. In other words does the modelling by diffusions hide infor-
mation on the jumps, information that could have been recovered otherwise. We come across
problems of loss of information as introduced in Chapter 2 again, but this time we focus on
macroscopic regimes.

In what follows, we derive results on a class of compound Poisson processes, denoted by
Fo in the following. However, since a compound Poisson process is both a renewal reward
process and a Lévy process some results derived in this Chapter hold for renewal reward
processes and Lévy processes. Let R be a Poisson process of intensity 1, such that Ry = 0.

117
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Define the compound Poisson process X as
Rs
Xo=) & >0
i=1

where the (52) are independent and identically distributed random variables with density f
with respect to the Lebesgue measure and independent of the (JZ) To identify the law of
X, it is necessary to specify the pair r = (¢, f) giving the intensity and the jump density.
Abusing notation slightly we will refer to r as the density of the compound Poisson process.

Definition 1. The class Fy is the class of compound Poisson processes of density r such that
the norm ||rlla.z = ||[9f]2 is finite!.

Suppose we have discrete observations of a process X in Fy over [0, 7] at a sampling rate
A > 0, namely we observe

(Xa, .-, X|ra-1]a). (5.1)

Definition 2. The observations (5.1) are said to be on a macroscopic regime if A = Ap — 00
and T/Ar — 0o as T — 0.

The condition 7'/Ap — oo ensures there are asymptotically infinitely many observations.
A typical example of macroscopic regime is a sampling rate Ap of the order of 7% as T' — oo
for a in (0, 1).

In a macroscopic regime, between two observations of X many jumps may occur. If X has
finite variance, the central limit theorem applies and the law of the increments can be approx-
imated by the law of a Gaussian random variable. The following Gaussian approximation in
law

XiAT - X(i—l)AT ~ U(WiAT - W(i—l)AT)

should hold, where W is a standard Wiener process and o is positive. Hence in the macro-
scopic regime, only the variance parameter o should be identifiable from (5.1). It follows that
if » depends on more than 2 parameters, information should be lost. The asymptotic be-
haviour of the increments of a process X in JF; is not necessarily Gaussian, other stable laws
can be encountered at the limit (see for instance Gnedenko and Kolmogorov [44], Kotulski
[66] or Levy and Taqqu [69]). The limit law is parametric (see Gnedenko and Kolmogorov
[44]) and may depend on fewer parameters than the number of parameter needed to describe
the compound Poisson density 7. In this Chapter we intend to answer the following questions
which naturally arise :

i) When is the experiment generated by the increments of X asymptotically equivalent
to a Gaussian experiment ?

1. Where ||.||2 denotes the usual Ly norm, ||f|l2 = ([ f(z)?*dz)'/2.
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ii) Isit possible to recover the density r characterising a process in Fy from the observations
(5.1)7

Asymptotic equivalence of a Poisson experiment with variable intensity has been studied
in Brown et al. [15]. Shevtsova [96] looks at the accuracy of Gaussian approximations for
Poisson random sums.

5.1.2 Main results

We explore questions i) and ii), but investigating them directly is sensitive, thus in Section
5.2 we first build and study a toy model. That toy model is a compound Poisson process with
a drift that depends on a 2-dimensional parameter. The process studied in the toy model does
not belong to Fy. The identifiability of the parameter is investigated. In the sequel we say
that the parameter is identifiable if it can be consistently estimated from the observations.
We identify two distinct macroscopic regimes for that toy model.

— A regime where the parameter cannot be consistently estimated, giving a negative
answer to ii).

— A regime where the parameter can be estimated, giving a positive answer to ii), but with
slower optimal rates than the usual parametric ones (see Proposition 1 and Theorem 1
hereafter).

From the study of the toy model, we derive a lower bound in Theorem 2 which gives regimes
where consistent estimation of the law generating a process in Fy is impossible, leading
to a negative answer to ii). Then we investigate question i) focusing on compound Poisson
processes, in Theorem 3 we give asymptotic equivalence results. We distinguish regimes where
the experiment generated by the observation of a process in Fy is asymptotically equivalent
to a Gaussian experiment, giving a positive answer to i). And regimes where compound
Poisson processes depending on a too large number of parameter are not identifiable, giving
a negative answer to ii). In that latter case, the limit number of parameter beyond which
consistent estimation is no longer possible can be related to «, if A is of the order of T
when T" — oo.

This Chapter is organised as follows, in Section 5.2 we construct and study a toy model
and in Section 5.3 we establish the main Theorems 2 and 3. Section 5.5 is devoted to the
proofs.

5.2 Loss of information in a toy model

5.2.1 Building up a toy model

Consider a Poisson process R with unknown intensity ¥ € (0, 00) and independent of the
(&-) which are independent and exponentially distributed random variables with unknown
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parameter A € (0,00), we denote their density by
falz) = e,z € (0,00).

Define the Lévy process X as the sum of a compound Poisson process, with intensity ¥ and
compound law fy, and a drift —J/\

XSZZ&—% s> 0. (5.2)

The process X does not belong to Fy. This toy model, without the drift, has been used by
Alexandersson [2] to model rainfall. Suppose we observe increments of X over [0,7] at a
sampling rate A > 0, namely we observe

X = (XZ- — X@-1)A, izl,...,LTA_lj). (5.3)
We obtain a family of statistical experiments indexed by A
XA = (RIAT pRIAT) {PLA & € 0}),
where @ denotes the unknown parameter
w=(J,\) € ©=(0,00) x (0,00),

and PZA denotes the law of X. The experiment X2 is dominated by the Lebesgue measure
[l on RITA™ Since X is a Lévy process, the X;an — X(;_1)a are independent and identically
distributed, we denote by p_ a their density. The expression of the likelihood is the following

|[TA—?L

dPTA :
d;T (X,7) = H P, (Xia — Xi-1ya).
=1

We intend to study the identifiability of the unknown parameter w from (5.3) in the
macroscopic regimes introduced in Definition 2. Since the (&;) have finite variance, the central
limit theorem gives the following approximation valid in law for A large enough

Xa = N(0,20A/)2).

The parameter w should not be identifiable when A is large, contrary to 9/\%.

5.2.2 Fisher information

We first study the behaviour of the Fisher information of X2. Since the observations
(5.3) are independent and identically distributed the Fisher information Iza-1] a(w@) of X
verifies

ILTA—lLA(w) = LTA_IJ ]1,A(w)
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where

_ 02 _ 0
ILA(W) _ ]E]P’w [881922 logpw,A(XAu 197 /\)} EPW [agg)/\ 1ngw,A<XA7 197 )‘)} . (54)
—Ep_ [m logpw,A(XAa v, )\)} —Ep,, [W log pw,A(XA, v, )\)]

There is no closed form expression of I;pa-1] A(@), the following proposition gives its asymp-
totic behaviour when A goes to infinity.

Proposition 1. Let A = Ap such that Ay — oo and T/Ar — oo as T — oo. We have
1 1
lim I w) = I[(w) = 29? ’9’\).
Jim By (=) = 1) = (2777

Morcover the eigenvalues of Ijpa-1) a, (w), denoted by ey a.(w) and es L. (@), verify

3 | TAL TA
e1.0,(%) = I I6P Ar +OC)
2 1 1y 3(TAT 4 40M%9% 4 5604) | TAL \TAZ ]
€2.0,(%) = (r " ﬁ) T+ —mperam o, OGS

Remark 1. The matriz I(w) is the Fisher information with respect to (9, \) of an experiment
consisting in one variable whose law is N'(0,209/)?).

We deduce from Proposition 1 that whenever T/Ar — oo and T/A2 — 0 the Fisher
information Ijpp-1) A, (w) degenerates to a rank 1 matrix. Indeed we prove in Theorem 1
hereafter that it is not possible to build a consistent estimator of w. On the contrary, when
T/Ar — oo and T/A2% — oo the parameter w remains identifiable and consistent estimators
of w exists. However optimal estimators converge with a rate determined by the slowest
eigenvalue e; o, (w) of the Fisher information which is |TAZ?| “2 1t is a much slower rate
than | TAL'|71/2, the square root of the sample size. In the case where there exists [ € (0, 00)
such that T'/A2 — [, the slowest eigenvalue e; . (@) is asymptotically finite and no consistent
estimators of w exist (see Theorem 1).

5.2.3 Loss of identifiability in macroscopic regimes : the toy model
case

In the following Theorem ||.|| denotes a norm on R? and we set

diam(A) = sup  |laz — aq]|.
ai,a2€AXA
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Theorem 1. Let Ap be such that Ap — 0o and TAL? — [ € [0,00) as T — oo. Then for all
@y € O and § > 0 there exists Vs(wo) C © a neighborhood of wo such that diam (Vs(wy)) < 6,
and

1
lim inf sup Ep 7' [l|l& -] >0
T—oo @ weVs(wo)

where the infimum is taken over all estimators.

From Theorem 1, we see that there is no consistent estimator of @ when Ar goes rapidly
to infinity. It was expected from the behaviour of the Fisher information in those regimes.
Summarising the results obtained from that toy model, it appears that T'/AZ plays the role
of a boundary.

— When T'/AZ% — 0, for instance if Ar is of the order of T for a € (1/2,1), there is no

consistent estimator of w (see Theorem 1). The Fisher information of X7 degenerates
to a rank 1 matrix (see Proposition 1).

~ When T/A% — | > 0, i.e. when a@ = 1/2, there is no consistent estimator of @
(see Theorem 1). The first eigenvalue of the Fisher information of X7 is finite (see
Proposition 1).

— By Proposition 1, when T'/A2 — oo, for instance for « € (0,1/2), optimal estimators
of @ converge at the rate |TAL?|~1/2. Tt is much slower than |[TAL'|~Y/2 the square
root of the sample size.

In that toy model, it is possible to distinguish the regimes for which w is identifiable. In the
next Section we derive non identifiability results for processes in Fq, they are inspired by the
study of that toy model.

5.3 Non identifiability at macroscopic scales in the gen-
eral case

5.3.1 A lower bound

From Section 5.2 we derive a lower bound for the estimation from (5.1) of the law gener-
ating a process in Fy.

Theorem 2. Let Ap — oo be such that T/Ar — oo and T/A% = o((log(T/Ar))~Y4) as
T — oco. Then for all ro € Fo and § > 0, there exist Vs(ro), a neighborhood of ro such that
diam(Vs(rg)) < § and

lim inf sup Eﬁ»m; J[H?_TH?,J%} >0
T—oo T reVs(ro) "

where the infimum is taken over all estimators.
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The rate restriction T/A% = o((log(T/Ar))~'/4) is technical. Indeed to prove Theorem
2 we show that, for Ap satisfying the rate restriction, the experiment X7 introduced in
Section 5.2 is close, for the total variation norm, to an experiment consisting of increments of
a compound Poisson process. It permits to apply Theorem 1 to derive Theorem 2. Weakening
that condition in 7'/A2 = O(1), would ensure Theorem 2 to be true for regimes where Ag is
of the order of T%? as T — 0.

Theorem 2 gives no information on what happens when Ar is of the order of T as
T — oo for o € (0,1/2). Theorem 3 gives asymptotic equivalence results for processes in Fy
in every macroscopic regime.

Remark 2. It follows from Theorem 2 that whenever At is of the order of T* for a € (1/2,1)
it is not possible to estimate the density of a compound Poisson process from (5.1). Compound
Poisson processes are renewal reward processes and Lévy processes. From Theorem 2 we
immediately derive that if Aq is such that T /A% = o((log(T/Ar))~"*) as T — oo, it is not
possible to build consistent estimators of the law generating a renewal reward process or a
Lévy process from (5.1).

5.3.2 An asymptotic equivalence result

Define for K > 3, the parameter p = (J,ms,...,mg) € X where Y is a compact
subset of (0,00) x RE~L. Define for v > 0 the function
hy:p€ Xk — hy(p) = (719,%,...,%),

and the density function f, with respect to the Lebesgue measure such that

/a:fp(z)da: =0, and /xkfp($)d$ =my, k=2,...,mg. (5.5)

Consider two compound Poisson processes Y and Z such that Y has intensity ¢ and com-
pound density f, satisfying (5.5) and Z has intensity 72 and compound density fj, () satis-
fying (5.5).

Remark 3. It is always possible to build a random variable with a density with respect to
the Lebesque measure imposing its K—first moments. Consider for instance the mizture of

K Gaussian random variables
K

> apN(k, k),

k=1

and choose the (ay) such that the K first moments match the desired ones. The construction is
not unique since the same construction can be made with a mizture of any M > K Gaussian
random variables.
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We also define the compound Poisson process U of intensity ¥ and of centred compound
law whose second moment my is finite and third moment msg is zero. The process U then
depends on a parameter ¢ = (9, my) € ', where I' is a compact subset of (0,00) x (0, 00).
Consider finally a centred Gaussian process W of quadratic variation I(¢) = ¥my. Suppose
we discretely observe Y, Z, U and W over [0, 7] at a sampling rate A > 0, namely we observe

(Yia = Yicna,i=1,..., |[TATY]), (5.6)
(Zia — Zi—iyasi=1,...,[TAT]), (5.7)
(Uia = Ui—nyn,i = 1,. LTA—lj), (5.8)
(Wia = Wisna,i=1,..., |[TATY]). (5.9)

We consider the following families of statistical experiments indexed by A

where we denote by P74 the law of (5.6), Q72 the law of (5.7), ]P’g’A the law of (5.8) and
Q;* the law of (5.9).

Theorem 3. Let A — oo be such that T/Ar — 00 as T — oo.
1. If TAL? = o((log(T/Ar))~Y4), the experiments UAT and WAT are asymptotically
equivalent.
2. Let K > 3, if TAL™V? = o((log(T/Ar))~Y4), the experiments Y37 and Z57 are
asymptotically equivalent.

Remark 4. We have U” C Y2 and equality only for experiments consisting in observing a
compound Poisson process whose third moment is null. The two assertions of Theorem 3 do
not always coincides.

From Theorem 3.1. we deduce that when Ay goes rapidly to infinity, for instance if it is
of the order of T* as T — oo for a € (1/2,1), the Gaussian approximation is valid. In other
words it is not possible to distinguish the increments of a compound Poisson process from
the increments of a Gaussian process. From Theorem 3.2. we derive that if A is of the order
of T* as T'— oo for o € (0,1/2) it is not possible to identify the M > K, = [2 — 1] first
moments of the compound law and the intensity of a compound Poisson process from (5.1).
Thus compound laws characterised by their M > K, first moments cannot be identified.

Notice that K = 1 (p = ¢) is a similar case to the one treated in Chapter 2. The
necessary assumption to estimate p is that the amount of data TAL' is asymptotically large.
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An estimator is provided in Chapter 2, in a special case, and is |[TAr| ~1/2_optimal in all
macroscopic regimes. The case K = 2 i.e. p = (1, mz) should behave similarly to the case
treated in Section 5.2, where in some regime it is possible to estimate p but with slower rates
of convergence than the usual parametric rates. In Section 5.3.1 a lower bound (Theorem 2)
shows that it is not possible to estimate p when TAZ? is going to 0.

5.4 Discussion

Summary. From Proposition 1 and Theorems 1, 2 and 3 we distinguish the following
macroscopic regimes that we express for A of the order of 7%, o € (0, 1) for readability. We
set K, = % — 1]. We add in the Table results immediately derived from Theorem 2 (see
Remark 3) for renewal reward processes (a class we denote by Fj) and for Lévy processes
(class we denote by F).

Toy model Process Compound Poisson
(parameter @ € R?) | in Fj or F process
Non identifiability of
SI i \/TAZ2-opti
OW TOEIIES TAz"-optimal the first M > K, compound law

a e (0,1/2 estimators ) )
(0,1/2) moments and of the intensity

No consistent

a=1/2 .

estimator
Fast regimes No consistent No consistent No consistent estimator
ae (1/2,1) estimator estimator Equivalent to Gaussian process

The last two columns of the table are incomplete. For the third column clues on how it can
be completed are provided hereafter. The fourth column gives no information on compound
Poisson processes depending on a small number of parameters, namely a number of parameter
slower than K, if Ar is of the order of T* as T" — oo for a € (0,1/2). From the study of the
toy model, we may conjecture that such processes can be estimated but with optimal rates
of convergence that deteriorate as the number of parameters increases, as it was observed in
the toy model for a 2 dimensional parameter.

Nonparametric estimation in macroscopic regimes is impossible. Theorem 2 en-
sures that for fast macroscopic regimes consistent estimation of processes in JF; or F is
impossible. Theorem 3.2. completes the result and shows that at slow macroscopic scales, it
is possible to build two different compound Poisson processes indistinguishable from (5.1).
Thus it should be possible to derive a lower bound, similar of the one obtained in Theorem 2,
ensuring that consistent (nonparametric) estimation from (5.1) of processes in Fy (and thus
in F; or Fy from Remark 3) is impossible ; making nonparametric inference for processes in
Fy or Fy from (5.1) impossible in every macroscopic regimes.
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The case where Ar goes to infinity slower than any power of T, i.e. &« = 0, has not been
studied here. For Lévy processes, nonparametric estimation of the Lévy density is possible
when Ar is fixed, possibly large (see for instance Neumann and Reif§ [83] or Comte and
Genon-Catalot [24]). In the case in between when A grows arbitrarily slowly to infinity, it
may (presumably with deteriorated rates of convergence) or may not be possible to estimate
(nonparametrically) processes in Fj or F.

5.5 Proof

5.5.1 Proof of Proposition 1

Preparation

The increments of X are independent and identically distributed. First we compute the
density of the Poisson part of X that we denote by Pa[f)], keeping up with the notation of
Chapters 3 and 4. We have for = > 0

e " SN (WA
[f)\ Z]P) RA—m’RA%O) ( :1_6_19AZ(19

m=1

where * denotes the convolution product. Since f, is the density of an exponential distribu-
tion, f}™ is the density of a gamma distribution, we derive for x > 0

e A =L (9AXZ)™
PAe) = e 0an S S

Introduce the functions k € N and = € [0, 00) by

o m

x
— S — 5.10
which is related to the modified Bessel function of the first kind Z;, as follows
gr(z) = k/2 7.(2vx), x>0, (5.11)
where
O s 2mtk 1
Tu(z) = (-) .
() mzo 2 mIT(m + k + 1)
The density Pa[f,] can be rewritten as
—9A

(&

PA [f/\] (.Z') = m@i/\xﬂA)\gl (ﬂA)\QZ’) .

Adding the drift part we derive that the density p, A of an increment is

6—219A

Poa(z) = TN e MIANg (VAT +9°A%), Vo > —IA/A.
— €
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Some technical tools

To prove Proposition 1 we introduce some technical Lemmas.

Lemma 1. The modified Bessel functions of the first kind Zy(z), k € N verify for all M € N
as r — 0o

M 1
_ 1 (=)™ I'(k+m+3) 1
- vl
¢TI = Gy Z @) mll(k —m+ 1) | \ghre
where the remainder depends on k and M.
Démonstration. Lemma 1 can be found in Watson [109]. O

We will need to compute the first moments of XA. To that end we use its characteristic
function given by Lévy-Kintchine formula

Oxn(w) = E[eWXA] = exp (19A((1 —dw/A\) =1 - iw/)\))

and the fact that
i 8m¢XA (w) ‘
™ Jw™ w=0

The asymptotic behaviour of those moments is given by the following Lemma, which apply

E[XX] = , meN.

in a more general setting than the one described in Section 5.2.

Lemma 2. Let XA be an increment of length A of a compound Poisson process whose
compound law is centred and has moment up to order K € N. For A large enough we have
for allm < \_%J

E[XX"] < &A™ and  |[E[XZ"']]| < &A™,
where €1 and €y continuously depend on .

Proof of Lemma 2. We prove the result we using Lévy-Kintchine formula and reasoning by
induction on m. Lévy-Kintchine gives an explicit formula of the Fourier transform of X

-~

¢xs(w) = E[e" 2] = exp (JA(f(w) — 1))

where f(w) = E[e¢] denotes the Fourier transform of the compound law & and ) the intensity
of the associated Poisson process. Moreover we have the following connection between the
moments of X and the derivatives of ¢x,

i am(bXA (w)

m 8wm w:O’

E[XX] = m € N. (5.12)
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To show Lemma 2, we prove by induction the following property, for all m < \_T_lj we have

% = (Pon(w, A) + Qam(w, A)) exp (ﬁA(f(w) ~1))
% = <P2m+1(’w, A) + Q2m+1<w, A)) exp (ﬁA(]?(’LU) _ 1))

where the functions A — Py, (w,A), A = Qon(w,A), A = Py,yq(w,A) and A —
Qom+1(w, A) are polynomials in A, the degree of (s, and Qo,,,+1 is lower than m and there
exist

(CQm,j(-), 02m+1,j(-),j = 1, . ,m)

C'! functions continuously depending on ¥, such that

P2m w A E c?m] QJAm+]

Py (w, A) ZCQm+1j (w)¥ A,
Straightforward computation permits to verify the result for m =1

P0xa(0) _ (yAFO () + (9AF ())?) exp (95 (Flw) — 1))

ow?
83¢X4\. (w)

s (WA (w) + 20”87 F () JP (w) + IAF (w) (9AFP (w) + (IAF (w))?))

x exp (JA(f(w) —1)).
Assuming that the property holds for m — 1, we have
Prox,(w) 0 P oy, (w)

Ow?m  Ow  Qw?m1

= (D Pom1 (w0, A) + 8y Qa1 (w, A) + OAF () (P 1 (0, A) + Qo1 (w, A)))
x exp (VA(f(w) — 1)).

Since

3wP2m—1(w A) = Com—1 1( )/J?/( )Am + sz—1,1(w)f”(w)f/(w)A

+Z (Com—151(w) (@) A™ 4 5y 5y (w)(25 + 1) 7 (w) J(w) ¥ A™H)

and

-1
ﬁAP(x)PQm_l(w, A) =1 C2m—1,j(w)f( )2 AT

1

3

J
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we set

m—2

Pom(w, A) =" (Com-1,j41(w)' F (w) + cam-1,551(w)(2] + 1) " (w)) F' (w)¥ A™+

i=1

Qam(w, A) = 0pQam—1(w, A) + 19Af’($)@2m—1(7ﬂ, A)

where P, has the desired property and we derive from the induction hypothesis that the
degree of (s, is lower than m. Similar computations give the result for P, 1 and Qopi1-

We conclude on the proof of Lemma 2 using the result we have just proven, (5.12) and
the fact that f(0) = 1 and that f is centred : f/(0) = 0. It immediately follows that

E[X3"] < &A™, |[E[X3"T]| < €A™,

where €; and €, continuously depend on the intensity . O]

Remark 5. Lemma 2 provides a bound for the absolute value of the moments, but in what
follows we need to bound E[| X3 || for m > 1, provided it exists. Lemma 2 and the Cauchy-
Schwarz inequality imply E[| X3 ] < ¢A™+Y/2,

Completion of the proof of Proposition 1

Since the observations (5.3) are independent and identically distributed, the Fisher infor-
mation of EPAT verifies

Ipazt)an (@) = [TA7 [T ar (@)

where

_ IAT(ﬁ,ﬁ) IAT<Q97>\)
]1,AT<W) = ( IAT()‘aﬂ) IAT()\,)\) >

where In,. (9,9), In. (0, N), In,. (A, 9) and Ia,. (A, A) are defined in (5.4). From the symmetry
of second derivatives and the regularity of @ — pg A, we have I (9, ) = Ia,. (A, ¥). From
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(5.10) we immediately derive g, (z) = gr+1(x) and computations lead to

AQ —29Ar A2 —9Ap 1
(1 jiﬁAT)Z 1 jee—ﬁAT + @ - 2A%“
— (ANAT XA, + 20A%)

GB3(VATAX A, + 9?AL) G (VATAX A, + 9 AZ)N 2

(gl(ﬁAT)\XAT +92A2) (gl(ﬁAT)\XAT + "ﬁQA%)> )}
G (VATAX A, + 92AF)
G (OATAX A, + V2AZ)
— IAT XA, (ANAT X a, + 20A7)
<gg(19AT)\XAT +9?A7) (gQ(ﬁAT)\XAT + 192A2T)>2)}
G (OATAX A, + D2AZ) GL(OATAX A, + D2AZ)
G3(VATAX A, + V2AZ) Ga(VATAX A, + V2AZ)\ 2

G (OATAX A, + 02A2) ( g1 (OATAX A, + 192A2T)> )}

Go(VATAX A, + V2AZ)
g1 ('ﬁAT)\XAT + 192A%)

In, (0,0) = Ep_ {

In.(9,)) = Ep_ [ — ArXa,

1
In, (M A) =Ep_ {ﬁ — (ﬁATXAT)2<

Finally using (5.11), Lemma 1, Lemma 2, Remark 5 and usual Taylor expansions we derive
the formula announced in Proposition 1 (computations are made with Mathematica.).

5.5.2 Proof of Theorem 1

Preliminary

Lemma 3. Let Ap be such that Ap — oo and TAZ* — 1€ [0,00) as T — oo. We have for
v >0

g1(PoXoArXa,+I3AZ) i 2 9<72 —1) 1
Eg.., [log (53 ToroArKa it giazy) = 200A7(1 —~%) + 3log(7) — 1692000 + O(A;/Q).

Démonstration. We derive the announced asymptotic expansion from (5.11), Lemma 1,
Lemma 2 and Remark 5 (computations are made with Mathematica.). ]

Completion of the proof of Theorem 1
We have the following inequality for all g € © and 6 > 0

-1 —1
sup By [[|& — o] 2/( )E&JATJ[H@—WH}M(W) (5.13)
Vs (zoo

weVs(wo)

where Vs(wyp) is a neighborhood of @y such that diam(Vs(wy)) < § and p is the following
measure on Vs(wy)

=5 Loy + L (wy))

N | —
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and h.(wg) € V(wy) is a perturbation of w, that we explicit later and 1. denotes the Dirac
distribution in w. It follows that

-1 N 1 —1 . .
/v o B (15— o) = 5 (B T8 — ] + BT (18 = ha(=o)l])
s(o

lrazty

1 \TaT \Tar ~ Py, (@
= 5 (B 112 = wmoll] + B (1 — o) |~ 2]

WO

\Taz

e % N
> BT (18 - ol + 18— Ao DL sy, | (514)

dth(Wo) Se—s
LTAT ]

for any s > 0. We use the triangle inequality to obtain a lower bound of (5.14) that does not
depend on @. We get

|TA

LAz )~ e’ Py, (meJ s
[ BTS2 Gl — ol (T > )
[

WO

From Markov inequality and

HP—@Mvzjkm—d@

we derive that for any s > 0 and P and Q some probability we have

dQ 1
sy -5) <1 _ _
IP(CZ]P) > e ) — 1 1 — e ||P QHTV

where ||.||7v denotes the total variation norm. It follows that for all s > 0

LTAZ T~ ¢’ S o
BT 1 - i) > 1m0 — ho(@o)l 5 (1 s [P~ B ).
Vs(@0) ’ - 7

Hence,

TAT TAL
L ]P,L

/v BT i) 2w — ()l e(IBE ) (5.15)
s\Wo

where

1’) o = LV 0 (56)

®(z) = sup ‘ 5

(1-
s€(0,00) 2 1—es

Thus for ® to be strictly positive £ must remain bounded away from 1.

Then if it is possible to choose h, such that

Az \TAT
~ P, A AT — P (=), ATHTV < ¢; < 1 for some constant €,
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— and ||y — hy(wp)|| > €2 > 0 for some constant €, that may depend on w,
we obtain the lower bound announced in Theorem 1. We define the function

hy:w@w — h (@) = (9,9

where 7y is a positive constant. By Pinsker’s inequality we get

HPLTA IiAwo) HTV \/K LTA }L:?WO;) = \/LTATK(PwOa Phw(wo))7 (5'17)

where K is the Kullback divergence and

oo

K(Pwo,ATanwo),AT) = / (108;(1%0 (z)) — 10g(Ph7(wo)($>))pwo (z)dx

—00

:/W(_Q%Au—v%—Awu—vw—M%W)

o0

91 (VAo Ara+IFAT)
+log (91 (73190>\0AT96+7219%TA2T) ) )pwo (z)dz

(DoXo A7 XA, +02A2
= —20pA(1 - 7*) — 3log(7) + Ep.., [log (glfvlSﬁZAzA;XZHgﬁgTA)@)}'

It follows from Lemma 3 that

9(1 —~*)
K (Pay: Proion) = 152505, + O (3m):
and
L L 9(1 —~2) |TAL']
P2 = Btz gy < \/ 220, &, T OaE) (5.18)

Then if T/A2 — 0, we have from (5.18) that for T" large enough there exits €; < 1 such that

N lTaz

hw(m) HTV

|Poe " — P <& <1

The inequality holds for any choice of ! Otherwise when T/A2 — [ > 0, we choose « such

that

0 ! 2 5.19
“mmgg < 1)

and from (5.18) there also exists €; < 1 such that

N lTaz

[Py © " =P, (wO)HTV <¢ <L

Notice that v can be chosen either greater or lower than 1.
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Second we bound from below ||y — h(wo)||, we work with the L, norm since all norms
are equivalent. We have

o — ho(0) | = /(1 = 42)203 + (1 —7)243 = |1 =13/ (L +7)203 + 2.

We choose v # 1 such that (5.19) is satisfied and such that ||h,(wy) — wo|| < J to ensure
h+(wo) € Vs(wp), which is always possible since we can chose either v > 1 or v < 1 avoiding
boundary issues. It follows that there exists €, > 0 depending on v and wy such that

Iz — By (w0)]| = € > 0. (5.20)

We conclude the proof of Theorem 1 by plugging (5.18) and (5.20) into (5.15) and taking
limits.

Remark 6. To bound the total variation norm in (5.17) we prefer the Kullback divergence
over the Hellinger distance since the logarithm renders easier the manipulation of the density
Pwa (Lemma 3).

5.5.3 Proof of Theorem 2
Notation

We keep up with the notation of Section 5.2, we denote as previously by w the parameter
(¥, ) € (0,00) x (0,00) and define t, = (9, f1). Consider the compound Poisson process V'
of intensity 519 and of jump density is f), namely

Vi=> &, s>0 (5.21)
1=1

where N is a Poisson process of intensity 319 and independent of the (¢;) which are centred
independent and identically distributed with density f. defined as

2 2
folz) = 2ae 8 EHV/GN) -y > ) (5.22)

We observe

(Via = Viiena, i=1,...,[TAT]). (5.23)

—1
and we denote by Q& 7 ! the law of (5.23).

Remark 7. The choice of the multiplicative constants % and % n front of ¥ and \ ensures
that XA and VA have same moments of order 2 and 3.
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Preliminary

The model generated by (5.23) is similar to the toy model introduced in Section 5.2; in
(5.3) we have a Lévy process with a drift component whereas in (5.23) we observe a compound
Poisson process belonging to Fy. We cannot directly use the result of Theorem 1, instead we
introduce the following Lemma which ensures that those two models are close for the total
variation norm.

Lemma 4. Let A — 00 as T — oo such that
T/Apr — o0 and T/AZ = o((log(T/Ar))~Y4). (5.24)

Then we have for any compact subset © of (0,00) x (0, 00)

sup [BE°T — @27, 0,

Proof of Lemma 4. The announced result is is implied by (see for instance Tsybakov [99])

[Pz = Qx| 4y, = o((T/A7)7), (5.25)

uniformly over O, since each experiment is the |T A;lj—fold product of independent and
identically distributed random variables?. Let us further denote by pga, and ¢m a, the
densities of X, and of Vi, respectively. We have

H]P)w _QWHTV = / |pw,AT<x) - QW,AT(x)|d$ S I+[]+[I[,
R

where, applying successively the triangle inequality and Cauchy-Schwarz inequality, we have
for any n > 0,

1= VI [ (o)~ ey 0) )

IT =Py (|[Va,| = 1),
[T =P (| Xa,| > 7).

Set n = np = KJ\/AT log(T/Ar). We claim that for x? > 3¢, the terms I, IT and 1]
are 0((T/ A}l)) hence the result. For the term II we apply Bernstein inequality : assume
Ui, ..., U, are centred independent random variables satisfying for a constant K

1< !
SR < a2, vm > 2
n = 2

2. For instance, by using the bound (see Tsybakov [99] pp. 83 — 90)

2"~ @y < V(- (1 - 3P - Qlrv)")
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then for all s > 0 we have

2

- S
P( UiZt)SeX (— )
Z.Z:; P SR+ n+V2s8n +n?

(5.26)

By construction we have that Vi, = ZfiAlT ¢; where ¢; has density fo given by (5.22), it
follows that E[e;] = 0. We readily obtain from the fact that e; is a centred exponentially
distributed random variable and the convex inequality that for all m > 2

o 2 J\ym—1
E[je]™] < 272 / e e =2(2) "

we set & = 2.9/\%. We now apply (5.26) conditional on Ny, and derive that

P ([Var| > nr)
)

9 9
nr )\—2+NAT+\/277T )\_QNATJrNiT

§2<exp<— it )} + P (Na, ZHIAT)>7

nr %+n/AT+\/2nT %K’ATM'?AZ}

for every ' > 0. We use Chernov inequality to bound the last term of the inequality. After
replacing ny by its value we get for 7' large enough

Po(|Varl 2 ) < (T/A7) ™57 + exp (= Ar('log('/(50)) — (' — 30))).

If we have ' < £?/3 and k' > ¥ then IT is of the right order. For the term ITI we proceed
as for 1 since

Poo(|Xag] = 0r) < Po(|Vag] = np — |22 — 281]),

We do not develop computations further. Thus I and 11 have the right order. It remains
to bound the main term /. For that we use that p, A is the density of an increment of a
compound Poisson process with drift and g5 o the density of an increment of a compound
Poisson process. By Plancherel equality we obtain the following

/R(pW7AT($)_Qw,AT($))2d.T
= Cn) [ Boarl©) = sy (O

€9 8 ,i 2
_ (27r)_1/ ‘619AT(1_1.1§/A—1)6—Z§)\T _egﬁAT(me 3&/(%)_1)’ s
R

< IV+V+VI,
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with
_ 1 .
IV = (2r)! / [exp (007 (g — 1)) exp(—i 43T
lE|<pVAr VAN
(BoAL( ! VAT 1)) * 6t
— €XpP\y T TS (& - ‘ )
1—- EWrivsY VAT
1 S 2 d¢
V= (2%)_1/ ‘exp (ﬁAT(—i&e VAT — 1)) —(==,
l¢[>pv/AT 1- o= VAr

VI=(2 1/ exp (S90AF(———— —1))| =,
2 €1>pv/AT (5 T(I—ZQ\/SA%A ) VAT

for any p > 0 and where we replaced ¢ by £/+/Ar. By a first order expansion, we have that
1V is less than

0 ¢8.2(_& g4 ¢
[ ) stk
lel<pv/AT Ar VA7
for some bounded function £ ~ a(§). Set @ = sup, |a(x)|. We thus obtain that IV is less
than a constant times

/ 672 (9—p?a) 58_2 d§
R A VAT
We choose p such that ¥ — p?a > 0, the term IV is then of order A;E’/Q. For the term V and
VI we readily obtain that

e,

exp (19AT( —e

,_.

1+>\2
2 1 - 9£2
VI = (27T>_1/ | exp (§9AT(—e —1))[7d¢ < <27T)_1/ exp (08057 ).
G 1-55 [€1>p 1+ 4,\2

it follows that if we choose p > %)\, then V and VI are of order e ®A7 for some positive
constant € that depends on p and .

In conclusion, we have that Je (Po.ar(x) — qoar (2 ))Qdm is dominated by the term IV
and is thus of order A . It follows that [ is of order 7}1/ 2A 5/% and the choice nr =
rky/Arlog(T/Ar) implies I = o((T/Ar)™") thanks to the restriction condition T'/A% =
o((log(T/Ar))~'/*4). We conclude the proof taking the supremum over ©. O
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Completion of the proof of Theorem 2
We have for all rq € Fy and 6 > 0

sup Eo T U[IIF—rlaz] > swp Bpl T [P = rellag)
reVs(ro) T €Vs(rwg)
where Vs(r9) is a neighborhood of ry such that diam(Vs(rg)) < 9, r is defined from (5.21)
and (5.22) and Vs(r4,) is a neighborhood of 7, such that diam(Vs(ry,)) < 6 and Vs(ry,) C

Vs(ro). Notice that

—1 —1
inf  sup EHL;;AT ! [||?— rw||27;0} = inf sup EEDZAT ! [||?— Tw||27;0}.
T re€Vs(reg) T€Vs(rwg) re€Vs(reg)

Otherwise if 7 ¢ Vs(rs, ), define Iy, ) the projector over Vs(rg,), we immediately get for
all 7o € Vs(1m,)
17 = rellarm 2 Wy 7] — =27

It follows that for all 7, 7 in Vs(ry,) we have
17— rollez < 200 + [[re ll2.7)- (5.27)

The remainder of the proof is then a consequence of Scheffé’s theorem, let ' be a bounded
function we have

[Ee, [F(X)] — Eq, [F(X)]] < [|F]l / |dP, — dQ;| = 2| Fl|oo|[P — Qr[l7v-

It follows from (5.27)

[Tazt

-1
Ep " [IIF = ralom] = Eg. " [IF = rallezm] — 2200 + 7m0 ) |Pe — Qullzv).

We conclude the proof with Lemma 4, Theorem 1 and taking limits.

5.5.4 Proof of Theorem 3

First we prove part 2) of the Theorem ; we plan to prove that for A satisfying the rate
restriction

T/AETV? = o((log(T/Ar)) 1Y), (5.28)

the experiments y[%T and ZI%T are asymptotically equivalent as T" — oo. Experiments y,%T
and ZIA(T live on the same state space RITA7') and have smooth densities with respect to the
Lebesgue measure, therefore to show the asymptotic equivalence of both experiments it is

sufficient to show (see Le Cam and Yang [68])

E Ny Azt
supHIP’p —Qhw(p) HTV—>0 as T — oo.
PEXK
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The bound
-1 -1
HIP’;TAT I Q,ﬁ?f) JHTV —0 as T — oo.
is implied in turn by the bound
HE(YAT) — E(ZAT)HTV = 0((T/AT)_1), (5.29)

since each experiment is the LTA;lj—fold product of independent and identically distributed
random variables®. To show that latter result we apply the same methodology as for the
proof of Lemma 4. Let us further denote by pa,., and ga, ., the densities of YA, and Za,.
respectively. We have

1£(Yar) = L(Zar) v = / Par (%) = dagno(@)lde < T+ 11T+ 111,
R

where, applying successively the triangle inequality and Cauchy-Schwarz, for any n > 0,

I = \/%(/R (pAT,p(x) - QAT,h»y(p)(x))de> 1/2a

IT=P,(|Ya.| > 1),
111 =B, (|78, > 1)

Set n = nr = ky/Arlog(T/Ar). We claim that for k2 > 2Ums, the terms I, I1 and I11
are o((T/A7")) hence (5.29) and the result. For the term I1 we use that since K > 3, Ya,
is a compound Poisson process whose compound law has finite variance my we have

YA,
VAT

Let D ~ N(0,9ms), we have

— N(0,9m3), as Ap — oo.

P,(IYar| = nr) <P(|D] = ry/log(T/Ar))

+ [P(ID] = k+/10g(T/A7)) = B, (|[Yar/VAr| > £y/log(T/Ar))|

where we readily obtain that

P(ID| > rv/log(T]AD) < 2(T/Ag) /2™ = o((T) A7) ™)

3. For instance, by using the bound (see Tsybakov [99] pp. 83 — 90)

[P = Q% < VE(L = (1= 3P = Qllrv)")
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and the second term is bounded using Edgeworth series. Indeed since K > 3, the compound
law has finite moment of order 3 and we obtain from Edgeworth series that

[P(|1D| >k\/108(T/A7)) = P,([Yar/v/Ar| > £1/10g(T/Ar))]

< La_g Ooe—%ds
B \/AT8$3

=r\/log(T/AT)

) ‘1 \/M‘ < egtr/ag) Q\/m () Ag)=/@9m2)
VAL ¥me

=o((T/Ar)™)

where € continuously depends on ¢, my and ms and which is 0((T/ AT)*l) for k2 > 2Um,.

The term I11 is treated similarly as I/, we do not reproduce computations. Thus /I and
IIT have the right order and the choice of x and the bounds on I and I1] can be made
independent of p taking the supremum of the upper bound over the compact set Xx in 9,
meo and ms.

It remains to bound the main term I. By Plancherel equality we obtain the following
explicit expression :

2 — -~ -~
/R (P (7) = g () = (2) /R(pm,p(é“) = T (€))
= (2#)_1/ (eﬁAT(fp(E)—l) VﬁAT(fh,y(p)(ﬁ > d¢
R
1 ﬁAT(f(L)—l) ~O AT (F (—F— £ )—1) d
Z(QW)_/<6 PVADT) T 0 A )_é
R

VAT
< IV+V+VI

with
~ £ =~ £
v — (%)_1/ (eMT(fp(\/E)—l) _ evﬁAT(fhw(m(\/E)—l))z de_
€|<nvBr VAT
V= (271')_1/ 6279AT(fp(\/27T)*1) dg
&|>nvAT VA7

dg
VI = (27r)—1/ Ty (=) —=1
envar VAT Ay

for any n > 0. Since f, and f, (,) have finite K —first moments, we have the following
expansion for any bounded w

-~ mow? iEmgew™
fow) = (1= 255+ + ) = w0 (w)
and K« X
-~ mow T Mmgw
S (o) (W) = (1 2 K ) w ™ ay(w)
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for some bounded functions w ~» a;(w) and w ~ as(w). It follows that that IV is less than

& ; N 92K 42 gt (&

/ e 3 et mae e 26 —a?(4 )62\/5}“1 (*/E> ds
lel<nv/Ar Ar VAT

for some bounded function £ ~ «a(§). Set @ = sup, |a(z)|. We thus obtain that IV is less

than a constant times

LK /2] 2K +2
(—=1)Fmgpn?k—2 K—1=) ¢2 § —2 d§
exp(— ¥(mg — ekl ) 4 2 af) — :
[ o (= 0oma = >0 2 ) e
If we pick n such that
LK/QJ k 2k—2
—1)"m - —1—
ﬁ(m2 - Z ( )2(22]:)7 ) > 27}K 1057
k=2

the term IV is of order A;(QK_D/ ?. For the terms V and VI we apply Riemann-Lebesgue
Lemma that ensures that

lim ]/“\p(f) =0 and lim ﬁw(p)(g) =0.
€] =00 €] =00
Then V and VI are of order e AT,

In conclusion, we have that [, (pas.,(z) — qATvp(x))zdx is dominated by the term IV
and is thus of order A;(QK_I)ﬂ. It follows that I is of order n;ﬂA;(QK_l)M and the choice
nr = ky/Arlog(T/Ar) implies I = o((T/Ar)™") thanks to the rate restriction (5.28).
Finally we take the supremum in p over the compact set ¥x. The proof of part 1) is the same
as for part 2) having K = 3 and replacing p by ¢, ms by 0, y??T by UAT and ZBAT by WAT,
Proof of Theorem 3 is complete.

Remark 8. To prove Theorem 3 of Chapter 2 we also showed an asymptotic equivalence but
we had then the harsher rate restriction

T/AF = o((log(T/Ar))~Y/).

Indeed we studied then a compound Poisson process which was not absolutely continuous with
respect to the Lebesque measure, we had to add a reqularising kernel from which the condition
was imposed. It is unnecessary here because the compound law is absolutely continuous with
respect to the Lebesgue measure.
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