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Introduction

e reent yers ve witnesse  revolution in onense mtter pysis. It onsiste
in isoverin  welt o new pses o mtter tt re not istinuise y roken
symmetries, ut rom te topoloy o te wve-untions esriin te system 1–3].

e tremenous work rom reent yers s  strtin point in te teoretil proposl
o two-imensionl Z2 topoloil insultors (te quntum spin Hll insultors) 4, 5]
n te rpi experimentl isovery in He/Ce quntum wells 6]. oon  er, it
ws unerstoo tt te 2D quntum spin Hll insultor is ut n instne o possile
topoloil insultors n superonutors. enerle penomen su s te ok-
ley sure sttes 7], te topoloil exittions in te u-rie er-Heeer polymer
in 8], te inteer quntumHll e et 9], nmny oters, were ll put toeter s
piees o  reter piture; tese penomen ruilly epen on te presene o ee
sttes tt re mniesttions o topoloil pses in  ppe ulk.

e topoloil insultors n superonutors sre te sme intriuin eture:
te presene o roust ee sttes in te ulk p. For exmple, te ee sttes re not re-
move uner te tion o wek isorer wi oes not lose te ulk p. Hene te
persistene o tese sttes nnot e ttriute to tepoint roup symmetries, wi n
e estroye in te presene o isorer. In te sene o point roup symmetries, one
is le wit t lest two si isrete symmetries: time-reversl symmetry () n
re onjution or prtile-ole symmetry (H). ey orm te sis or te ls-
si tion o non-intertin ppe Hmiltonins in ritrry imensions 10]. is
llowe to roup te Hmiltonins into ten lsses in e sptil imension.

ore preisely, te time-reversl n re onjution tin on  Hmiltonin
mtrix, in  sis o retion n nniiltion opertors, re represente y te nti-
unitry opertors,T n C, tt n squre to±1 11]. en, ountin lso te possiil-
ity tt te system is not invrint uner tese symmetries, tere re 9 possile lsses. A
tir irl or sulttie symmetry (L) is represente y  unitry opertorS = TC.

e vlue o S is entirely etermine y te evior o C n T, exept in te prti-
ulr se were L is  symmetry o te system wen ot  n H re roken.

is se rises te numer o symmetry lsses to 10 11]. e resultin lssi tion
is represente in . 1.

1



I

ystem Crtn nomenlture  H L d = 1 d = 2 d = 3

stnr A (unitry) 0 0 0 - Z -
(iner-Dyson) AI (ortoonl) +1 0 0 - - -

AII (sympleti) −1 0 0 - Z2 Z2

irl AIII (irl unit.) 0 0 1 Z - Z

(sulttie) BDI (irl orto.) +1 +1 1 Z - -
CII (irl sympl.) −1 −1 1 Z - Z2

BG D 0 +1 0 Z2 Z -
C 0 −1 0 - Z -

DIII −1 +1 1 Z2 Z2 Z

CI +1 −1 1 - - Z

le 1: Clssi tion o ree ermioni ppe Hmiltonins s  untion o sym-
metries: , H n L. e imensionlity is enote y d. e present tesis
toues lmost exlusively moels elonin to te lsses mrke in re. (le tken
rom e. 13].)

Furtermore, not ll ppe roun sttes or  iven lss re ientil. Five lsses
in every imension ve ppe roun sttes tt re ivie into topoloil setors.

e Hmiltonins in tese lsses orm te topoloil insultors n superonu-
tors 11–14]. ote rom . 1 tt tey ve ssoite  esriptor, Z or Z2. is
enotes te topoloil invrint tt esries te roun stte o te system n is
use trouout to ientiy te type o topoloil insultor (superonutor). e in-
vrint ounts ow mny istint ppe pses re in  spei  lss: only two, Z2, or
 numerle in nity o pses, Z. Alwys one o te ppe pses is trivil in te sense
tt it n e itilly onnete to te vuum. ssin rom  ppe pse to n-
oter requires losin te ulk p 12]. Connetin two topoloilly istint ppe
pses o topoloil insultors (superonutors) retes n interewere ee sttes
pper. is enerl result is lle te ulk-ounry orresponene 15, 16] n is
te sis o te pysis rown roun te sujet o topoloil insultors (superon-
utors). e robust ee sttes re  onsequene o onnetin roun sttes wit
i erent vlues o te topoloil invrint. Ain  wek perturtion tt oeys te
symmetries spei  to  lss, nnot estroy tese sttes.

From  prtil perspetive te roustness o ee sttes onstitutes  entrl moti-
vtion to stuy te topoloil mterils. For exmple in 2D n 3D, te ees ror
quntize metlli sttes tt re roust wit respet to isorer n oul rry ur-
rent witout issiption. A prime exmple re te inteer quntum Hll ee sttes.

ey elon to  2D Z insultor in lss A tt is esrie y n inteer topoloil
invrint, te rst Cern numer C. ek isorer oes not estroy te ee sttes
n, urtermore, tey re quntize; tey rry urrent n ve  Hll onutne
proportionl to C 17–19].

ere re ve non-intertin topoloil insultors n superonutors in e

2



I

imension. everteless, not ll o tem ve oun n experimentl reliztion. is
poses  ontinuous llene to onensemtter pysis; rom te experimentl point
o view, it is to n or enineer systems tt will support topoloil pses o mtter
n, o ourse, to etet tese exoti sttes o mtter. e teoretiin nees to pro-
pose possile nites, imine etetion semes n oo quntities to mesure.
Furtermore, te ro e is not entirely mppe. At te moment, it still remins to
ve  systemtil view o te topoloil mtter in te ontext o intertin systems.
Alrey te lssi tion semes or ree Hmiltonins nee to e revise in tis new
lit 20–22].

In this thesis
e present tesis will not well on te strt mtters onernin te lssi tion

o topoloil insultors n superonutors. It is pplie entirely to non-intertin
topoloil insultors n superonutors s te ones lssi e in . 1. e tle
soul e use to pinpoint te ojet o te present stuy in  more enerl ontext.

e tesis is ivie into two prts. E one will reeive  more etile introu-
tion t its respetive einnin. It su es ere to rw te min iretions o reser.

e rst prt o te tesis is ouse mostly on 2D topoloil insultors in lss
A. e most mous initnt ws lrey nme: te inteer quntum Hll e et
(IHE). Here  is roken trou n externl mneti el. However,  i er-
ent possiility exists, tt ws rst illustrte yHlne 23]. eoretilly te IHE
pysis n rise in te sene o n externl el, y in uxes t te sle smller
tt te ell size, ut wi nel overll. us  is still roken, n one oul ex-
pet issiptionless urrent t zero mneti el. u  moel i not ve n exper-
imentl ul llment, ut ws entrl in iminin te rst Z2 insultor in rpene 4].
Due to its onnetion to IHE, te Z insultor ws nme quntum nomlous Hll
(AH) insultor. e topoloil invrint rterizin te 2D AH insultors re-
mins  Cern numer.

e present stuy ouses mostly on miniml two-n moels o AH insultors
n investites te onitions or te proution o ns wit i Cern numer.

e nontrivil spet o te reser is tt te i Cern numer is not otine y
multiplyin te ns, ut y retin  single n wit  i Cern numer. is is
re ete s usul in  multiplition o te ee nnels.

Cp. 1 is onerne entirely wit te ulk rteriztion o AH insultors in
 tit-inin ormultion. It is sown ow one n simpliy te tretment o tese
moels to te stuyo systemswitDirpoints. usequently, prouinierCern
numer reues in tis se to te requirement tt te noes in te ispersion or p-
lessmoels remultiplie trou ition o oppin terms etween istnt sites. e
teory is rst put to test in te ontext o n enoenous rti ilmoelwit veCern
pses, n, seonly, y moiyin te AH Hlne moel.

Cp. 2 ontensmostlywit numeril n nlytil solutions or ee-sttewve

3



I

untions in  moel wit Cern |C| = 2. oreover,  ew extensions to our-n
moels re nlyze usin te metos evelope in te previous pter, n teir
topoloil pse irm is etermine.

e seon prt o te tesis is entere roun te stuy o jorn ermions in
 spin-orit ouple semionutin wire in te proximity o n s-wve superonu-
tor 24, 25]. is pysil system relizes  one-imensionl topoloil superonu-
tor in lss D (see . 1) tt supports prtiulr ee sttes: te jorn ermions.
An introution to tese sintin (qusi)prtiles is o ere in Cp. 3.

InCp. 4 te system is reonsiere in te presene oDresselus spin-orit inter-
tion. It is sown tt te spin o te eletroni erees o reeom o te zero-enery
eemoes respons to rtio etween te s nDresselus spin-orit ouplin.

ere is n opposite spin-polriztion o te ee moes, in  iretion trnsverse to 
mneti el, wi oul e essile trou tunnelin spetrosopy. e ollow-
in pter (5) onsiers yri strutures o te types: superonutor-norml n
superonutor-norml metl-superonutor uilt upon te orementione system.
Furtermore, it investites rin eometries, uner te tion o  uniorm superon-
utin pse rient, wi in ertin onition nemppe to  eterostru-
ture. e entrl interest lies in te extene nture o jorn ermions tt evelop
in te norml prt o te eterostrutures.

Finlly, Cp. 6 nes ers n toues upon jorn ermions in  two-n
tit-inin BDI lss superonutor. e interest lies in te t tt te system is
esriey Z topoloil invrint n supports severaljorn ermions t its ee
(see . 1). It is importnt to note te onnetion wit te Z insultors trete in te
rst prt. e sme menism, i.e. ition o ouplin terms etween istnt sites, is

responsile or retin multiple zero moes. Conlusion n possile perspetives re
ontine in te nl pter.

4
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Topological insulators
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Chapter 1
uantum anomalousHall phases in a

two-dimensional Chern insulator

1.1 Introduction

e quntum spin Hll (H) insultor tt eute te reent exitement in te
el o topoloil insultors (n superonutors) 1–3] s one importnt preur-

sor wi is te sujet o te rst prt o tis tesis. It is te quntum nomlous Hll
(AH) insultor tt reeive  rst teoretil reliztion in teworkoHlne 23].
It is  Z insultor tt s irl ee sttes similr to tose o inteer quntum Hll e-
et (IHE) wit te ruil i erene tt tey exist in zero mneti el. A AH
insultor in two imensions exists only in lss A, wi lks , H or te sult-
tie symmetry (see . 1). It will e lso reerre in te ollowin s  Cern insultor
ue to te t tt it is esrie y Cern topoloil invrint C. Beuse it requires
no prtiulr isrete symmetry, one expets tt ee stte o tis system re extremely
roust, similrly to te ones in IHE 9]. Furtermore, it quires  quntize Hll
onutivity proportionl to te Cern inex, σH = C × e2/h.

e Hlne tit-inin moel is trete in more etil in e. 1.4. It su es to
sy tt it esries spinless eletrons n te  is roken trou urrents inue
t  sle smller tt te ell size. ore enerlly, in  spinul system su pysis oul
e use ymneti orerin in te presene o spin-orit intertion 23, 26]. eo-
retil proposls to relizeAH invoke e ets o isorer inmetlli erromnets 26]
ormneti opin oH insultors 27]. However, to tismoment, tere is no inis-
putle pysil reliztion o te AH insultor, n only reently experimentlists
lim etetion in mneti topoloil insultors 28]. By ontrst, te H e et
ws ostensily investite in He/Ce quntum wells 6]. e irt o te H
insultor is relte to te insit tt ominin AH insultor wit its time reversl
opy proues  time-reversl invrint (I)Z2 insultor tt n ve spin-polrize
irl ee sttes 4].

7



1.2 B C

e question tt rives te rst prt o te tesis is ow to etermine e iently te
topoloil invrint or te se o  two-n non-intertin Cern insultor (see
e. 1.2). oreover, ow n one multiply te topoloil pses in te system wile
keepin only twons? Equivlently, own tere e  sinle nwit  lreCern
numer? ote tt witout te two-n onstrint, te nswer must ollow te sme
lines o te IHE; te numer o ee nnels ismultiplie y vinmore ns 29,
30]. e ser or ns wit i Cern numers in AH insultors s reently
intersete wit te stuy o t n topoloil moels in wi it is expete to
enounter rtionl quntum Hll e et 31–33]. In tis ontext, te ser or i
Cern numers wsmotivte y te nee to isover pysis ove te lowest Lnu
level 34–37].

e sort enerl nswer tt is elorte in te present tesis lims:  sinle n
n inrese its Cern numer y in istnt-site oppins in te system 38]. ( e
sme question ws nswere in te ontext o t-n topoloil moels y sowin
tt  multi-n system n e projete to  two-n moel wit e etive istnt-
neior oppins 37].) In prtiulr, tese questions re iven  more onrete n-
swer y uilin  moel wit ve Cern pses in e. 1.3 n y retin i Cern
pses in te Hlne moel in e. 1.4. is question n e seen s  rie to te
seon prt o te tesis, were ouplins etween istnt sites n proue severl
jorn moes t  sinle ee. ere te time-reversl n irl symmetries ensure
tt tey o not yriize to orm reulr eletroni sttes (see Cp. 6). e seon
pter trets mostly te ee pysis in  moel AH insultor. ere te question is
ow to etermine nlytilly n numerilly te ee sttes in  moel wit |C| = 2.
Finlly, te pter ontins two extensions tt sow wys in wi te nlytil e-
termintion o te Cern numer n e use in ses o our-n moels. e. 2.3
trets  our-n I Z2 moel. Here te ee sttes rom |C| = 2 re ppe y I
one-prtile perturtion. In e. 2.4 teCern numer is use to preit newmetlli
sttes tt pper in  “stripe” topoloil insultor.

1.2 Bulk characterization of a Chern insulator

1.2.1 Topological invariant
Chern number for a class A insulator in 2D

is susetion ontins  esription o te topoloil invrint tt rterizes 
two-imensionlZ topoloil insultor in lss A. is insultin system s no irl
symmetry or ny o te nti-unitry symmetries:  nH. usequently it is r-
terize y  Cern numer. e min rument vne ere is tt te topoloil
invrint n reeive  isrete ormultion tt llows to rw  iret prllel wit te
pysis o Dir ermions. e isrete ormultion o te topoloil invrint s te
e interest tt ives n e ient wy to ompute n isriminte te topoloilly

8



1. AH 2D C

insultin pses o  two-n insultors.
e tit-inin Hmiltonin or  ree ermion teory is written in  site sis

H =
∑

i

εi|i〉〈i|+
∑

ij

tij|i〉〈j|. (1.1)

e on-site enery is iven y εi n te oppin interls etween i erent neior
sites re iven y tij . In te ollowin, only systems witout isorer re onsiere.

ereore te system is invrint uner  trnsltion wit  Brvis lttie vetor. A
Fourier trnsorm llows to express te Hmiltonin in reiprol spe

H =
∑

k∈BZ
H(k)|k〉〈k|, (1.2)

were |k〉 re Blo sttes. Beuse tere re no nti-unitry symmetries impose, te
Hmiltonin H is enerlly  mtrix inHerm(n), te set o n × nHermitin mtries
wit omplex oe ients. ere re n ns tt n e ue to te presene o i er-
ent oritls per site n nonequivlent toms in  unit ell. ote tt te vrile k is
ontinuous n te Brillouin zone is  mniol,  torus T 2. o e point in te B,
H(k) ssoites  vlue, n tereore it is  mppin rom te torus to te prmeter
spe oH

H : T 2 → Herm(n). (1.3)

opoloy enters te isussion wit te ollowin question: wen re two Hmil-
tonins H equivlent? ey re equivlent i te untions n e smootly eorme
into e oter. From  topoloil point o view tey re omotopilly equivlent.

eCernnumer inexes te lsses o omotopilly equivlent untionsH. For
te multin system it n e e ne usin te notion o projetor on te oupie
ns. I tere is  p etween te vlene n onution n, ten te pses re
inexe y

C =
i

2π

∫

BZ
r(dP ∧ PdP ), (1.4)

were P is te projetor on te oupie ns 39].
A non-zero Cern numer n e unerstoo s n ostrution to  lol ue

oie or te wve untion on te B. ysilly tis penomenon is iretly relte
to te quntiztion o teHll onutivity σH = C×e2/h, were C orrespons to te
numer o ee sttes 17, 40].

In te ollowin, te ous is lmost entirely on two-n n trnsltion invrint
Hmiltonins (n = 2). Hene te momentum spe Hmiltonin n enerlly e
eompose in  sis o uli mtries

H =
3

∑

µ=0

hµ(k) · σµ. (1.5)

9



1.2 B C

e σ ulimtries re not iven  pysil interprettion or temoment. eymit
reer to  spe o two oritls on  site or two nonequivlent sites in te unit ell. e
term h0σ0 just si s ientilly te enery ns n oes not moiy te topoloy o
te Hmiltonin. It is nelete in te ollowin, n tereore teHmiltonin res

H(k) = h(k) · σ. (1.6)

is orm is reminisent o  eemn Hmiltonin or  spin 1/2 prtile in  mneti
el, exept tt te “ el” h(k) is e ne in momentum spe. ere re two enery

ns iven y

E± = ±|h|. (1.7)

For n insultin system, tere is lwys  p etween te ns. ereore te
tree vetor omponents o h(k) never vnis simultneously, wen k vries in te B.

en it ollows tt te unit vetor Hmiltonin ĥ

ĥ = h/|h| (1.8)

is well e ne. ner te simpli tion o vin only two ns, te Cern numer
will inex pses o ĥ

ĥ : T 2 → S2, (1.9)

rom te B to te Blo spere. e ns o ĥ orrespon to  ttenin o te ns
pertinin to te oriinl Hmiltonin. is iti ttenin preserves te p n
tus preserves te topoloy or te Hmiltonin 12]. is oservtion mounts to sy
tt te tret spe o h, i.e. R\{(0, 0, 0)}, is omotopi equivlent to S2. en ĥ n
e tout o s  omposition ĥ = proj ◦ h, were

proj : R3\{(0, 0, 0)} → S2 (1.10)

is te entrl projetion to te unit spere.
All untions h tt n e smootly trnsorme into e oter, wile preservin

te spetrl p, orm  omotopy lss. In Z insultors tere is  inteer inex is-
tinuisin te i erent pses (i.e. te i erent omotopy lsses) o h, te Cern
numer C. A i erent wy to express tis ie is to sy tt te omotopy roup o
te mppin ĥ is te roup o inteers Z. itout elortin on tese issues tt o
eyon te sope o te present setion, it is noteworty to point out tt Cern num-
ers inex mppins etween -speres, ere S2 → S2, n te omotopy roup is
π(Sd, Sd) ≡ πd(S

d) = Z. However, te omotopy roup o te torus is equivlent to
tt o te spere,

π(T 2, S2) = π2(S
2) = Z. (1.11)

10



1. AH 2D C

en K numers use to inex te inteer Hll pses 17, 41] re inee Cern
numers 42].

ese onsiertions exten to te se o te n-n systems wit noneenerte
ns were te topoloil invrint is iven y  vetor o Cern numer o imen-
sion n− 1

π2(Herm(n)) =
n−1
⊕

i=1

Z. (1.12)

Ens n ssoite invrint, su tt te sumoCernnumers or te entire
system is zero. e n− 1 imension o te vetor ollows euse te invrint or ny
one o te ns is entirely etermine y te sum o te oter invrints 42].

Chern number as a nite sum

Let us ome k to te two-n se in orer to n  workle ormul or te topo-
loil invrint. e projetor on te oupie n in terms o ĥ res

P =
1

2
(σ0 − ĥ · σ). (1.13)

e sustitution o P in Eq. (1.4) yiels immeitely te expression or te rst Cern
numer or te oupie n

C =
1

4π

∫

BZ
d2k ĥ · (∂kxĥ× ∂ky ĥ). (1.14)

e ove ormul sows tt te Cern numer is  winin numer tt ounts
ow mny times oes te sure tre y h wrp roun te oriin (0, 0, 0) wen k
vries in te B 43]. e only prtil i ulty in eterminin te Cern numer
lies in perormin te intertion in Eq. (1.14). e min point o tis setion is tt
C n e ompute usin  isrete summtion y eterminin iretly te Brouwer
eree o te mp ĥ 44, 45] (e ne elow).

e onition to lulte te eree o ĥ re met: T 2 n S2 re orientle mn-
iols witout ounry n ve te sme imension, T 2 is ompt n S2 is on-
nete. In te enerl se, or  point k in T 2 one e nes te erivtive mp etween
tnent vetor spes

dĥ(k) : TkT 2 → TzS
2. (1.15)

Let sn dĥ(k) stn or te sin o te orresponin Join tk. enCernnumer
C is equl to te Brouwer eree o ĥ t  reulr point z on te unit spere

C =
∑

k∈ĥ−1(z)

sn dĥ(k). (1.16)

11



1.2 B C

e Cern numer n e ompute lso in terms o h in te ollowin wy. For
onveniene, letM enote te ime o te B trou h

h(T 2) = M ⊂ R
3\{(0, 0, 0)}. (1.17)

Consier te set Y = M∩ proj−1(z). en one s

C =
∑

y∈Y

∑

k∈h−1(y)

sn[(∂kxh× ∂kyh) · n], (1.18)

were te n is te unit vetor towrs z. is expression is just te enerliztion o te
lultion o te winin numer or  lose urve in 2D wrppin roun  point
p 45, 46].

e ormul in Eq. (1.18) n e urter simpli e y n pproprite oie o te
point z. e entrl projetion proj mps ny intersetion point etween M n  ry
oriintin t (0, 0, 0) to z. I tis ry oes not ross te sure M tre y h, ten it
ollows tt te sure oes not wrp roun te oriin n te Cern numer is zero.
For  point z on S2, one n immeitely otin  set o points on M tt projet to z
trou proj. ine te expression (1.16) oes not epen on z, te oie o te ltter
n e uie y onveniene. For instne, one n onsier z lyin t  oorinte
xis. Let us oose or exmple te σ3-xis wi intersets M in  set o points. is
is equivlent to sy tt te omponents on te oter xes re zero. i i erently, te
intersetion o M wit te σ3-xis re imes o te n touins oriintin rom
te simpli e Hmiltonin σ1h1 + σ2h2. Consequently, inste o intertin over te
entireB, oneonly nees to onsier te n touins o te simpli eHmiltonin.
ote tt i h3 is lso zero t tese points, ten te system is not in  ppe pse.

It only remins to ount or te orienttion o te sure t te intersetion points
wit σ3-xis. is n e one y stuyin te projetion o te sure norml vetor
on te σ3-xis (∂kxh× ∂kyh)3. en h3 > 0, ssume tt te orienttion is (+1) wen
te sin o te projetion is positive n, (−1), wen te sin is netive; te onverse
is true wen h3 < 0. en nin te Cern numer mounts to  omputtion o 
nite sum. ine te entire σ3-xis ws onsiere, inste o  ry, te sum yiels twie

te vlue o te Cern numer.
e ove rument n e enerlize n summrize in te ollowin ormul

or Cern numers esriin 2-n systems

C =
1

2

∑

k∈Di

sn
(

∂kxh× ∂kyh
)

i
sn(hi). (1.19)

were i is n ritrry xis osen in (pseuo-)spin spe. ereore te interl over
moment k in te B eomes  nite sum over k in te set o Dir points Di or
HmiltoninsH[hi = 0] (wereH is te oriinlHmiltoninh·σ). ote tt ivision
y two is require euse te entire xis ws onsiere, inste o  ry oriintin in
(0, 0, 0).

12



1. AH 2D C

Fi. 1.1: An exmple o  isrete lultion o Cern numer. e topoloil invri-
nt is lulte t sinle point z on te Blo spere. Here it s two preime points
on te B, P1 n P2. ner ĥ,  sis t P2 nes orienttion wen oin to z. en
t z tere re two topoloil res nelin to ive  zero Cern numer.

Discussion

e topoloil invrint or n insultin system ws onnete to  simpler nly-
sis or pless two-n system tt possess Dir points. ne te Dir points were
ienti e, it is immeite to ompute teir irlity χ

χi(κ) = sn[
(

∂kxh× ∂kyh
)

i
]|κ. (1.20)

e quntityχ inites i teBerry pse iney tewve untion roun teDir
point is ±π. usequently te system is ppe y hi, wi is te so lle mss term.

en mss sin hi n te irlity χi re su ient to etermine te Cern numer C
wi inexes te insultin pse o te Hmiltonin. ote tt ue to te enerl
ruments me ove, tere is no intrinsi menin or te mss term n ny ompo-
nent o h n ply te mss role.

ere is n importnt vet to te ove ormul ttnees toe resse: it is not
lwys true tt preime points or te intersetions o xis wit te Blo spere re
Dir points or te pless systems. ey n orrespon to nonliner n touins
su tt te sin o te Join t te n touin κ is not e ne. is sitution
rises wen te n touin is ue to merin oDir points. en te rst eriv-
tives o h vnis, lein to χ = sn[0]. ote tt tese ses orrespon to  olin
o te mniol M extly on te spin xes (see Fi. 1.2). However te Eq. (1.19) re-
mins useul. e rst solution to mintinin its pertinene, is to oose  i erent
xis in orer to voi te iolil points wereM ols. e seon solution, wi
is illustrte in e. 1.4, onsists in eterminin C rom n nlysis o irlities pertin-
in to onverin Dir points. e ie rests on te t tt te merin solutions
requires tunin te onverene o multiple Dir points n it is enerlly unstle to
perturtions. en  smll perturtion in te prmeters o te Hmiltonin ( per-
turtion tt oes not use  topoloil trnsition) splits temerin point into  set

13



1.2 B C

Fi. 1.2: Exmples o situtions tt risewen omputin teCernnumerC s  nite
sum. Here te privilee xis is σ3 n tereore h1σ1 + h2σ2 is  pless Hmiltonin.

e sure tre y te ullh,M, s  ol tσ3-xis, su tt te preime o z ives
 n touin wit qurti ispersion or te pless moel. is is n exmple o
 iolil point on te Blo spere tt must e voie in orer to etermine te
insultin pses o te ull moel, usin Eq. (1.19). At te oter pole, tere is te usul
se o  well-eve point w, tt s  Dir point s  preime. en tere re
only Dir points s preimes o z nw, te topoloil invrint is resolve s  sum
over teir irlities usin te nite sum ormul.

o Dir points. Furtermore, it ws sown tt te topoloil re ssoite to 
n touin wit ier ispersion is onserve n equls te sum over te irli-
ties o te Dir points 47, 48]. en te iolil points n e trete s limit ses
or te sme system lose to te merin point n wit multiple Dir ermions.

Let us suppose or te moment tt te privilee xis is σ3 n te poles ve only
Dir points s preimes in B. ere re  ew interestin onsequenes tt ensue.

e sum over te irlities o Dir points is lwys zero. is is seen y in 
lre onstnt mss term su tt tere is zero Cern numer. Equivlently te Blo
spere is trnslte on te σ3 xis su tt te oriin (0, 0, 0) is no loner inlue in
te spere. en te sin o te mss n e tore out, n uner te onstrint
C = 0, te sum over irlities must yiel zero.

Also note tt in orer to et  nonzero Cern numer, te mss term must ne
its sin t lest one. is ives  menin to te requirement o “inverte p” in orer
to ve nontrivil pses.

14



1. AH 2D C

ere is n equl numer o Dir ermions wit χ = 1 s tose wit χ = −1,
euse te sum over irlities is zero,. It ollows tt tere is lwys n even numer
o Dir ermions. is  rmtion rees wit te preite oulin o ermions on
 lttie 49]. However, n o numer o Dir ermions re permitte wen te ull
Hmiltonin h is onsiere. is is te se t n intere etween two Z insultors
were te Cern numer nes y n o inteer.

Finlly, or  iven moel tere is lwys  limit to te lrest possile Cern pse
n it mniestly epens on te minimum numer o Dir points. Let us suppose
tt te numer is 2n euse tere is n even numer o Dir ermions (n ∈ Z). en
te lrest Cern numer pse s |C| = n n it orrespons to ppin ll Dir
ermions wit  mss term tt nes sin etween te Dir points. ore preisely,
te prout etween te irlity o  Dir ermions n te sin o te mss tt
ps must remin onstnt. is oservtion opens te ro to te present pter tt
essentilly explores te notion o retin lre Cern topoloil pses in moel Z
insultors in lss A.

1.2.2 Examples

e e ieny o Eq. (1.19) to isriminte te topoloil pses is exempli e ere on
 ouple o populr moels o topoloil insultors: te Hlne moel 23] n te
Bernevi-Hues-n 5] (BH) “spin up” Hmiltonin or te He/Ce qun-
tum wells. ey will e trete t  orml level, only s n illustrtion o te tenique.

Haldane model

Let us strt y onsierin te primtiHlnemoel 23]. Amore etile nl-
ysis is unertken in e. 1.4. Here su es to oserve tt it n e seen s  moi -
tion on te rpene tit-inin system. e ltter lives on  exonl lttie uilt
out o two inter-penetrtin trinulr su-ltties wit A n B toms. It is usully p-
proximte s vin only nerest-neior () eletron oppin wit te oppin
interl t1. e Hlne moel ontins lso next-nerest-neior () oppin
t2, su tt wen te oppin is perorme lokwise in te unit ell te eletron ins
 pse φ. However, te overll pse on te unit ell is zero; tere is no net mneti
ux. Let te vetors (a1, a2, a3)esrie te isplements romBtoms toAtoms

n bi =
1
2
ǫijk(aj−ak) vetors reltin sites (see Fi. 1.3). e time-reversl sym-

metry n prtile-ole symmetry is roken y te presene o te ux φ. It lso s
n on-site enery ±M tt s  sin lterntin etween te A n B sites. is term
estroys te irl symmetry o te lttie n tereore orin to te lssi tion
o non-intertin, ppe, ermion systems, te Hlne moel s insultin pses
esrie y  Cern numer.
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1.2 B C

e Blo Hmiltonin res

H(k) =
3

∑

i=1

{

2t2 os(φ) os(k · bi)σ0 + t1[os(k · ai)σ1 + sin(k · ai)σ2]

+
[M

3
− 2t2 sin(φ) sin(k · bi)

]

σ3
}

. (1.21)

a1a2

a3

b3

b1 b2

Fi. 1.3: emti representtion o te
Hlne moel. e A (B) sites re repre-
sente ywite (lk) ullets, ◦ (•). Alon
te se lines n eletron ins  pse φ
in te iretion o te re rrows. e ve-
tors a n b re te  n, respetively,
 isplement vetors.

e term σ3h3 is osen s te mss
term, n tereore te pless sumoel
is te rpene Hmiltonin (M → 0
n t2 → 0). e Dir points in
rpene re positione t time-reverse
pointsK nK′ = −K onB,wereK =
(

4π
3
√
3
, 0
)

. e irlity o teDir points
is reily etermine rom Eq. (1.20)

χ(±K) = ±1. (1.22)

In orer to lulte te Cern num-
er, one must lso onsier te mss sin
t te Dir points,M± := h3(±K),

M± =M ∓ 3
√
3t2 sin(φ). (1.23)

ereore, usin Eq. (1.19) one reovers
Hlne result or te Cern numer

C =
1

2
(snM− − snM+). (1.24)

e trnsition rom  topoloil in-
sultor to  norml insultor is mrke y
 semi-metl stte, were te p loses
t lest t one Dir point wen M =
±3

√
3t2 sin(φ). In te norml insultin pse Dir points ve ientil ssoite

mss sin, su tt C vnises.

BHZ model

e Cern numer lultion n e exempli e in te se o te reently isovere
Z2 insultors su s te 2D He/Ce quntum wells 5]. e low enery Blo
Hmiltonin is written in  sis o our sttes |E1,mJ = 1/2〉, |H1,mJ = 3/2〉,
|E1,mJ = −1/2〉, |H1,mJ = −3/2〉 n it s te orm

H̃ =

(

H(k) 0
0 H∗(−k)

)

. (1.25)
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1. AH 2D C

Dir points (0,0) (π,0) (0,π) (π,π) C
mss h3 M M − 4B M − 4B M − 8B
irlity + − − +
M < 0 − + + − 0
M ∈ (0, 4B) + + + − +
M ∈ (4B, 8B) + − − − −
M > 8B + − − + 0

le 1.1: Cern pses or  “spin-up” BH moel s  untion o system prmeters,
witB > 0.

e systemrespets time reversl symmetry n relizes Z2 topoloil insultor. How-
ever it is ssemle out o two Cern insultors: H(k) n its time reverse opy, in-
exe y C n−C. I tere re no interlokmtrix elements, te topoloil invrint
n e etermine s  spin Chern number, expresse s C mo 2 50].

ereore it is enou to pik one Cern insultor, n illustrte te omputtion
o C[H(k)].

H(k) = A sin(kx)σ1 + A sin(ky)σ2 + [M − 2B(2− os(kx)− os(ky))]σ3,
(1.26)

were A,B,M re mteril prmeters. Let us onsier in te sure tre y h
n oose σ3 s  speil xis. e points were te σ3-xis pieres te sure re iven
y te onition tt h1 n h2 vnis simultneously. t etermines our “Dir
points” (qx, qy) ∈ {(0, 0), (0, π), (π, 0), (π, π)}.

e irlity o e Dir point is iven y Eq. (1.20)

χ(q) = sn[os(qx) os(qy)] (1.27)

evlute t ll Dir points. e mss term h3 s te ollowin expression t teDir
points, h3(0, 0) =M , h3(0, π) = h3(π, 0) =M − 2B n h3(π, π) =M − 4B.

e Cern numer n ten e esily ompute or i erent vlues o M n B
y summin over te Dir points. e results or te se B > 0 re summrize in
. 1.1.

From . 1.1 it ollows tt s M vries etween 0 n 8B, te Cern insultor
H(k) exiits two topoloilly nontrivil pses wit C = ±1. enM is outsie te
(0, 8B) reion tere is only  trivil insultor pse. ereore nontrivil Cern pses
will yiel lso nontrivil Z2 (H) pses.
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1.2  …

1.3 Model building of a topological insulator with large
Chern phases

1.3.1 General discussion
e ojetive o te present setion is to explore in more etil te question o ow to

imine two-n topoloil insultors wit iCern numer. It is rue tt un-
erstnin te topoloil invrint s  nite sum in ition to te symmetry on-
strints is su ient to proue Hmiltonins wit lre Cern pses. In prtiulr,
ollowin teoretil onsiertions,  simple moel wi n e tune trou ve
insultin pses, C ∈ {0,±1,±2} is proue step y step.

ote tt wen more tn two ns re llowe, i Cern pses n ensue
reily y vin e oupie n ontriutin to te overll onutne. is is
inee te se o te inteer quntum Hll e et were te lres Hll onutne
is iven y te numer o ns. However te question pose ere is ow to rete 
single n wit  i Cern numer. Aruly, tere is  in in teoretil ontrol
o tis sitution, wit ll te insultin pses etermine nlytilly.

e nswer to te entrl question ws lrey mentione rie y in te previous
setion. It omes own to te wy Z insultor ws unerstoo y eomposin it into
 pless moel wit Dir ermions n  mss term tt ps tem 38].

For  system wit trnsltion symmetry, te pplition o Blo teorem llows to
write  enerl Hmiltonin in k-spe

H = h · σ, (1.28)

were te ientity h0σ0 ws roppe out euse it oes not wei on te topoloil
properties o te moel. e uli mtries represent  pseuo-spin eree o reeom
ue to te presene o two oritls on  site or two sites in te unit ell.

o x ies, te h3(k)σ3 is osen s te mss term trouout te setion. Hene
te pless moelH12 res

H12 = h1(k)σ1 + h2(k)σ2. (1.29)

e Cern numer rom Eq. (1.19) res

C =
1

2

∑

k∈kerH12

sn
(

∂kxh× ∂kyh
)

3
sn(h3). (1.30)

e kernel oH12 ontins ll te vlues o k or wi h1 n h2 vnis simultneously.
ey re n touins o te te pless moel H12 n, in enerl, tey re Dir

points wit irlity iven y χ = sn
(

∂kxh× ∂kyh
)

3
.

en  neessry onition to otin  Cern insultor wit lre Cern pses is
to rete multiple Dir points. e lrest Cern pse n e otine y tunin 
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1. AH 2D C

mss term su tt te prout o te irlity n te ppin term is onstnt or ll
Dir points. ereore, i tere re 2nDir points te lrest Cern numer is n.

Beuse h is perioi on B, te omponents hi n e Fourier nlyze to ive

hi(k) = c
(i)
00 +

∑

m,n

c(i)m,n os(k · (ma1 +na2))+
∑

m,n

s(i)m,n sin(k · (ma1 +na2)), (1.31)

werem n n re inteers n never ot equl to zero. e vetors a1 n a2 re te
Brvis lttie vetors re . Ain oe ients s n c orrespons to in oppin
terms etween oritls. en multiplyin te Dir points or H12 requires prou-
in istnt-neior oppin termswi ontin sinusoil omponents tt osillte
ster n ster s m n n row. t results in n enery ispersion wi quires
more noes wen istnt-neior oppins re inlue.

e requirement o istnt-neior oppin terms to proue lre Cern pses
poses  prolem rom  pysil point o view. e wve untions in te tit-inin
moel re lolize n presene o istnt-neior intertion n e usully nelet-
e. However it ws lrey sown tt low-enery moels o multi-n system n e
mppe to two-n systems wit lre Cern numer 37]. erless o te pysil
reliztion, te inlusion o ier rmonis (or istnt-neior oppin terms) is
te unvoile requirement to prouin  lre topoloil invrint.

o omplete te isussion it is neessry to exmine te symmetries, or lk tereo,
or te Z topoloil insultor in two imensions. In orer to ve  Cern insultor
in lss A it is neessry to rek te time reversl, te prtile-ole n te irl (or
sulttie) symmetries (see . 1).

e symmetries n impose nerl onstrints on te omponents o h to te e et
o  vnisin Cern numer. For exmple, te  n te H re represente y
nti-unitry opertors tt will relte opposite moment on te B. ereore tey will
impose prity onstrints on te omponents o h. A rule o tum to eliminte tese
symmetries is to mix o n even untions in n ritrry omponent o h. e su-
lttie symmetry is represente y n unitry Hermitin opertor S n it is roken
y in oppin terms etween te equivlent sites (oritls). is orrespons to
estroyin te iprtite nture o te system 51].

Let us elorte on te exmple o te. For spinless eletronmoels onsiere
ere, te time-reversl opertor oes not t on oritl or site spe n ene it is simply
te omplex onjutionK require to reverse te momentum iretion. Demnin
time-reversl invrine n Hermitiity yiels

h1(k) = h1(−k),
h2(k) = −h2(−k), (1.32)
h3(k) = h3(−k).

Hene in  I system te Cern numer vnises euse te intern in equ-
tion (1.14) is n o untion o k,

ĥ · (∂kxĥ× ∂ky ĥ) = 0. (1.33)
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Generlly, i  symmetry imposes tt eiter extly one o te omponents o h is
n o untion, or tt ll omponents re o, ten te Cern vnises uner te
sme rument s ove. e H will not e o onern in te ollowin euse y
onstrution tere re no superonutin pirin terms.

1.3.2 Amodel with ve Chern phases
e ojetive is to rete  toy moel o  spinless Cern insultor wit |C| = 2. It is

sownere tt temoel n e retewit tmost nerest-neior oppin terms.
u moel serves s  proo o priniple or te ormo n insultorwit  lreCern
numer n it will e o use lter, wen te interest si s to te investition o ee
solutions in  Z insultor.

First  pless moel wit our Dir points is propose s  prerequisite. eonly,
teDir points re ppey mss term tt ne lolly tune so tt teHmilto-
nin psses trou ll possileCern pses {0,±1,±2}. e eometril enineerin
o te insultors tkes ple in momentum spe. At te en o te setion,  rel-spe
implementtion o te moel on  trinulr lttie is isusse.

Topological phases for momentum space Hamiltonian

Let us strt wit te pless moel tt serves s  templte or te onstrution o te
insultor. o ve |C| = 2, it is neessry to ve our Dir points. ne o te most
simple moel s only  oppin (m < 1 or n < 1) in te Fourier series (1.31).
Coosin even untions h1 n h2, it ollows tt

H12 = h1(k)σ1 + h2(k)σ2
= 2t1[os(kx)σ1 + os(ky)σ2]. (1.34)

e enery ispersion res

E = ±2t1

√

os2(kx) + os2(ky), (1.35)

wit our Dir points t q = (±π/2,±π/2).
ote tt to ve time reversl invrine in  spinless moel, h2 must e n o

untion. Hene te oie os(ky) ensures tt te  is roken.
e irlity oresponin to Dir points is iven y te sin o te Join

χ(q) = sn[sin(qx) sin(qy)]. (1.36)

is etermines te irlity χ o te our Dir points s summrize in . 1.2.
ote tt te points t q n −q ve te sme irlity. ey will e reerre in

te ollowin s  pir o Dir points.
o otin  Cern insultor one nees to   mss term. As one n see rom Eq.

(1.30), te Cern inex epens on ot te irlities o teDir points n te sin
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Dir points (π
2
, π
2
) (π

2
,−π

2
) (−π

2
, π
2
) (−π

2
,−π

2
)

χ + − − +

le 1.2: Cirlity χ o te our i erent Dir points.

o te mss term in teir viinity. Let us   mss term o te orm h3(q)σ3. ine h3
is  perioi untion on te B, in te enerl se, its zeros orm  set o lose lines
on te two-imensionl torus. e rst onition in orer to p te initil system is
tt tese lines must not pss trou te Dir points. us te lines o zeros elimit
reions, R1 n R2, were te mss term s te sme sin. For  proper oie o te
p term, it is somewt simpler to see te prolem rom  eometril point o view.
In orer to mximize |C|, one nees tt te lines o zeros seprte te pairs o Dir
points su tt  pir o points o  iven irlity re ontine in  reion o positive
mss, wile pir o points o opposite irlity re ontine in  reion o netivemss
reion. In sort, e pair oDir points re ple in reions were temss term s
i erent vlues. n te ontrry, i  pir o Dir points is “roken” (su tt one is
in reion R1 n te oter in reion R2), ten te topoloil res will nel out
s n e iretly inerre rom Eq. (1.30).

Let us rst relize topoloil pses wit C = ±2, were e pir o Dir points
is in  i erent reion R. e irlity is n even untion; ene keepin te prout
o irlity n mss sin onstnt is omplise y n even untion h3. A simple
solution is te perioi untion

h3 ∝ os(kx + ky) (1.37)

wit lines o zeros iven y ky = −kx + 2n+1
2
π. e reionsR1 nR2 or tis term re

represente in Fi. 1.4(). e mss term is netive in reionR1 n positive in reion
R2. e lowest Cern numer C = −2 is otine or tis moel. Let us onsier tt
te term orrespons to  oppin term wit n mplitue t2. Hene, te insultin
Hmiltonin wit |C| = 2 res

H(1)(k) = 2t1 os(kx)σ1 + 2t1 os(ky)σ2 + 2t2 os(kx + ky)σ3. (1.38)

e Cern numer is reily etermine

C(1) = −2sn[t2]. (1.39)

Intuitively tis is unerstoo s  oule overin o te Blo spere y h(1) ue to te
t tt os(kx + ky) s twie te requeny o os(kx,y).

e Hmiltonin in Eq. (1.38) lks trivil insultin pses or Cern pses wit
C = ±1. o proue  trivil pse wit C = 0, it su es to   lre, “stere
potentil”mσ3, su tt ll Dir points re ppe ientilly. en euse te sum
over irlities is zero, C vnises. ote tt sine uli mtries n t on ny eree
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(a) (b)

Fi. 1.4: Di erentmss terms, h3, p i erently teDir points on te B to te e et
o nin te Cern numer. e soli irles represent Dir points o te initil
pless system; te orresponin irlities re mrke y te sins witin. Dse
lines re te zeroes o te mss term, wile R1 n R2 enote reions wit opposite
sin or te mss term. () h3 = os(kx + ky). e mss term nes its sin n o
numer o times etween Dir points o i erent irlity, tereore C = ±2. ()
h3 = sin(kx) + sin(ky). ses wit C = ±1 re possile  er te reminin Dir
points,⊖, re ientilly ppe.

o reeom, te term “stere” oul or instne reer to te t tt two sites in 
ell or two oritls on  site ve n ssoite±m onstnt enery.

ereore te Hmiltonin nes rom H(1) to H(2) = H(1) + mσ3, n, onse-
quently, te Cern numer eomes

C(2) = sn[−m− 2t2] + sn[m− 2t2]. (1.40)

Hene, or  lre enerym, |m| > 2|t2|, te system enters  trivil pse n  trnsition
etween  C = ±2 pse to  C = 0 pse tkes ple.

o rete Cern pses wit C = ±1, it is neessry to p, wit te sme p sin,
 pir o Dir points, wile  seon pir s its respetive mss nin sin etween
te Dir points. Beuse te irlity is n even untion, te mss term s to e n
o untion in orer to et n o untion or te prout etween irlity nmss
sin. e simplest oie woul e to  te term proportionl to sin(kx) + sin(ky).

e mss or one pir o Dir points is unne, wile, or te pir (q,−q)wit q =
(π/2, π/2), te mss nes. I only sin(kx) + sin(ky) is present in te mss term, ten
te system is not n insultor, euse tere re n touins t q = ±(π/2,−π/2)
(see Fi. 1.4()). However in smll even untions in temss ps ientilly tese
Dir points n C = ±1 pses ollow.
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Fi. 1.5: se irm o te system or t2 = 1. E reion is enote y te orre-
sponin Cern numer n represents n insultin topoloil pse. e oun-
ries o te reions represent topoloil trnsitions were te system eomes pless.

Ain ll terms toeter ives te ollowin omplete Blo Hmiltonin or 
moel tt s Cern pses in te set {0,±1,±2}

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+sin(ky))]σ3.
(1.41)

ere re our ree prmeters (m, t1, t2, t3) in te moel. Let us ssume tt ll
prmeters re rel. All te pses n e ree y vryin (m, t2, t3)wile keepin t1
xe. e Cern numer or te nl moel res

C = sn(−m− 2t2) +
1

2
[sn(m− 2t2 + 4t3) + sn(m− 2t2 − 4t3)]. (1.42)

e expression or C yiels immeitely te pse irm ssoite wit te sys-
tem esrie y te Hmiltonin in Eq. (1.41). ote tt te prmeter t1 oes not
enter in te etermintion o te pses, ut mniestly nees to e nite in orer to
ve non-vnisin σ1 n σ2 omponents in te moel. e ormul (1.42) n e il-
lustrte y te pse irm in te Fi. (1.5). is irm ontins only our pses
o te moel; te pse wit C = 2 nees t2 < 0.

Direct space realization

ntil now te system ws esrie strtly in momentum spe. However it will e
o uture interest to investite te struture o its ee n tereore it is neessry to
propose  lttie implementtion or te moel.
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(i+ 1, j)

(i+ 1, j + 1)

(i, j)

E

a1

a2

m

−m

Fi. 1.6: Diret spe reliztion o temoel (1.41), see Eq. (1.43). (i, j) enotes lttie
sites. e Brvis lttie vetors re enote y a1/2, n • (◦) represents oritls wit
enerym (−m). e vertil xis represents te on-site enery i erene etween te
two nonequivlent oritls. Blk lines represent t1 oppins, lue lines, t2 oppins,
n re lines, t3 oppins. An rrow on  link inites tt n eletron oppin in te
orresponin iretion ins  π/2 pse. imilrly  oule line inites  π pse
in.

e system oul e relize on  trinulr lttie wit two oritls on e site.
e prmeters re interprete s kx,y = k · a1,2 wit a1 n a2, te two Brvis vetors.
en te uli mtries re opertin in te spe o two oritls A n B wit enery

±m.
e Hmiltonin (1.41) n e rewritten in iret spe

H =
∑

ij

[

c
†
ij

m

2
σ3cij + c

†
i+1j(t1σ1 + it3σ3)cij + c

†
ij+1(t1σ2 + it3σ3)cij

+ c
†
i+1j+1t2σ3cij +H..

]

, (1.43)

were te Fourier trnsormtion or te nniiltion opertor res

ck =
1√
N

∑

rij

cije
−ik·rij . (1.44)
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e position o sites on te lttie is iven y rij = ia1 + ja2, wit a1 n a2 s Brvis
vetors mkin n nle 2π/3 etween tem (see Fi (1.6)). e lttie onstnt ws set
to one, a = 1.

e moel is represente in Fi. 1.6. n e site tere re two i erent oritls
wit enery ±m. e Hmiltonin (1.43) esries trou t-terms te overlp e-
tween (non)equivlent oritls.

ote tt tere is no net ux perpeniulr to te two imensionl plne. But te
 is roken, euse or ertin lose pts involvin te oppin term t1σ2, or te
eletron movin etween two nonequivlent oritls tere is  in o  pse ±π/2.
However or e pt wit  pse in o π/2 tere is one wit −π/2 n tereore
tere is no net mneti ux over te entire ell. u  system relizes  IHE in te
sene o sene o n externl mneti el. ereore it relizes  Cern insultor
in te sme lss wit te Hlne moel 23].
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1.4 Large Chern phases in the Haldane model
e rst teorize Cern insultor is te Hlne moel. It onsists o  simple tit-

inin moel or spinless eletrons on  exonl lttie.
e moel n e unerstoo s n unerlyin  (nerest-neior) rpene

wit itionl mss terms tt p te system. First tere is n on-site enery ±M
on te two nonequivlent toms in te unit ell, A n B. is term reks inversion
symmetry n retes  p. eonly, tere re 2 (next-nerest-neior) oppins
were n eletron ins  pse φ. is term reks  n is lso lle te Hlne
mss term. e Hmiltonin o te system res

H =
∑

m

Mmc
†
mcm +

∑

〈m,n〉
t1c

†
mcn +

∑

〈〈m,n〉〉
eiφmnt2c

†
mcn. (1.45)

e sumruns over ll te sites on teexonl lttie, n 〈. . .〉 represent nerest nei-
ors n 〈〈. . .〉〉 next-nerest neiors. e oppin interls re enote y tj . e
inex o te oppin interl sini es te orer o te (non)equivlent neiors. e
pse or  lokwise oppin rom n tom is φmn = φ n, −φ, or ntilokwise op-
pin. e on-site enery isMm =M , wenm enotes n A tom, n−M , in se o 
B tom.

Due to temss terms (M n t2), te system is enerlly  n insultor. ote tt
trouout te pter,  system is onsiere n insultor i its ns n e ttene
su tt te Fermi sure rests in te p (n not s usully, i.e. i te Fermi enery
is etween te onutne n vlene n). e essentil eture o te moel rests
in te t tt tere is no net mneti ux per unit ell. ereore su  moel n
e envise in zero externl mneti el. However, one n n pts in rel spe
were te eletron ins  pse.

Even tou tere is no net mneti el, Hlne sowe tt tere re Cern
numers tt inex te insultin pses o te Hmiltonin. en te system is im-
plemente on  nite eometry, tere will e re trnsporte on te ee nnels.
ore preisely tere will e  quntize onutne tt is proportionl to te Cern
numer C. e onutivity is iven similrly to te inteer quntum Hll e et y
σH = e2/h× C. In tis wy, te moel is  reliztion o  Hll e et witout n exter-
nl mneti el.

Altou it ws only  teoretil moel, its importne or te evolution o te
sujet o topoloil insultors nnot e unerstte. e rst proposl orHE in
rpene is inspire iretly rom teHlnemoel 4, 52]. e spin-orit intertion
opens  p in rpene n e spin relizes  opy Hlne wit opposite Cern
numer. ereore it ws preite tt te ppe rpene oul ost irl n
spin resolve ee sttes.

eturnin rom H insultor to te oriinl Hlne moel, note tt te mxi-
mumCern numer is |C| = 1, n tus tere n e tmost one ee stte. In ontrst,
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in te IHE, one n inrese te numer o ee sttes y llin more Lnu levels.
en  nturl wy to inrese te ee onutne in te Hlne moel, woul e

to rete  multi-n system rom  stk o two imensionl Hlne moels, su
tt te ee sttes o every lyer ve te sme irlity.

However, tere is n lterntive route to ument te numer o possile ee n-
nels. e system n e eompose in  pless moel n  mss term. Generlly te
n touins o te pless moel re Dir ermions. en  neessry onition to
ve  Cern numer |C| = n is to ve 2n Dir points. e Cern numer will e
etermine entirely rom te irlity o te Dir ermions n te sin o te mss
term tt ps tem.

e Hlne moel is  prtiulrly interestin pltorm on wi to test tis ie
euse it is eompose in nunerlyin rpenemoel n mss term tt ontins
te pse φ epenene.

First susetion ouses on te stuyo  rpene-likemoelwitistnt-neior-
oppin interls inlue. e solution or ll Dir points re stuie up to 7
(next×6-nerest-neior-oppin) rpene. eir evolution in prmeter spe s
prtiulr points tt re lle super-merins were ll Dir points meet to rete
 n touin wit ier tn liner ispersion reltion. ese re unstle points
tt re rterize owever y  smll topoloil re.

eon susetion onsiers ppin te Dir ermions y te mss term. is
will ve te e et o retin topoloil insultin pses wit lre Cern num-
er. It is equivlent to sy tt more ee nnels n e rete or te nite sys-
tem. At te topoloil trnsitions etween te pses te system eomes metlli
n te exne in Cern numer n e seen in te numer o Dir ermions tt
re orme.53]

1.4.1 Distant-neighbor hopping in graphene
o nlyze te topoloil properties o te moel it is vnteous to o in momen-
tum spe were te topoloil inex is reily e ne. e two-n Blo Hmil-
tonin is evelope in  sis o uli mtries σ in te AB site spe

H =
3

∑

µ=0

hµσµ. (1.46)

For ressin te topoloil properties, one n trow wy te term h0σ0 tt reks
prtile-ole symmetry n si s (topoloilly) trivilly te ns. Let us lso oose
te Brvis lttie vetors a1 n a2, wit a1 =

(

√
3
2
, 3
2

)

a n a2 =
(

−
√
3
2
, 3
2

)

a; a is te
lttie onstnt n it is set to one in te ollowin. en te Hmiltonin res

H = t1[1 + os(k · a1) + os(k · a2)]σ1 + t1[sin(k · a1) + sin(k · a2)]σ2
+ [M − 2t2 sinφ[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]σ3. (1.47)
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hopping physical chemical neighbors gndistance distance
t1 1 1 3 1 + e−ik·a1 + e−ik·a2

t3 2 2 3 2 cos(a1 − a2) + e−ik·(a1+a2)

t4
√
7 2 6 eik·a1 + eik·a2 + e−2ik·a1 + e−2ik·a2 + eik·(a1−2a2) + eik·(a2−2a1)

t7
√
13 3 6 cos(2k · (a1 − a2)) + e−ik·a1 cos(2k · a2) + e−ik·a2 cos(2k · a1)

le 1.3: Hoppin terms etween AB toms. e pysil istne is ounte in units
o lttie onstnt a. e emil istne is te smllest numer o ons pssewen
oppin etween two sites. In te olumn “neiors” it is ounte te numer o sites
situte t te sme pysil istne rom te entrl site.

e unerlyin rpene-like moel ontins only te h1(k) n h2(k) terms. e
Dir points o temoel re otine rom te zeros o te untion f(k) = h1(k)σ1−
ih2(k)σ2. e Dir points re positione in te B t K(′) = (± 4π

3
√
3
, 0). e interest is

to keep te system two-n n to simultneously inrese te numer oDir points.
e lim is tt tis n e relize y inluin istnt-neior-oppin terms.
Let us enerlize te rpenemoel y inluinn (next×(n−1) nerest nei-

or) oppin terms. e AA n BB terms will ontriute only to te ientity term
h0σ0. Beuse tey will not ve n impt on te topoloil inex, tey re roppe
out rom te Hmiltonin. By ontrst, te oppin etween i erent sites, AB, on-
triutes to h1(k) n h2(k) terms.

e Hmiltonin res

H =

(

0 f(k)
f ∗(k) 0

)

(1.48)

wit

f(k) =
∑

n

tngn(k). (1.49)

e ontriutions gn rom te istnt-neior oppins re tulte to rst or-
ers in . 1.3. Here re trete ses up to 7 rpene or wi one n otin
irly stritorwr nlytil solutions or te Dir points. ereore te only op-
pin terms tt pper in f re t1, t3, t4 n t7. In te ollowin te oppin interls
re onsiere in units o t1, su tt tere re 3 ree prmeters le or eterminin
te position o Dir points.

o etermine te position o te zeroes, one n keep on te i symmetry line
etween K n K′. ner te  o te moel n C3 symmetry o te Γ point, ll
te oter solutions reily ollow. ne o te linesKK′ lies t ky = 0. en te eqution
f(k) = 0 epens only on te prmeter kx. I os(

√
3kx/2) is enote y x, it ollows

tt te n touins re iven y te eqution

(1 + 2x)(8t7x
3 + 4t4x

2 + 2(t3 − 4t7)x+ 1− t3 − 2t4 + 2t7) = 0. (1.50)
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t1

t2
t3

t4
t5

t6 t7

t8
t9

Fi. 1.7: e possile oppins in rpene 9 moel. From  entrl B tom, te
neiors re rrne in onentri irles. Hoppin interls etween istnt sites
is enote y ti were i rows wit te istne to te neior.

Eq. (1.50) s lwys  solution t x = −1/2. It orrespons to te reulrK nK′

points in te  rpene. is solution ue to te symmetry o te exonl lttie
is enerl n exists or ny istnt-neior-oppin moel s lon s it respets te
oriinl symmetries o te lttie. ereore tere will lwys e n touins t tese
points in te rpene-like moel.

I ll solutions re rel n istint, ten tey orrespon toDir points. However,
i  solution s multipliity ier tn one, ten tey esrie points wit nonliner
ispersion. In t one n tink o tem s merins o Dir ermions. ey will pose
some oneptul prolem or our meto s te irlity

χ(κ) = sn(∂kxh× ∂kyh)3
∣

∣

κ

, (1.51)

is not e ne t te merin points. ese re points were te rst erivtives vnis
n χ = sn(0) is not well-e ne. However te topoloil re o te merin
points is just te sum o te irlities or te Dir points tt re onverin to it.

is st lultion o re ssoite to  n touin will e reerre to s te
sum rule 48].

ote tt eqution (1.50) s te numer o ree prmeters equl to te orer o
te eqution. is inites tt tere mit e  solution mximlly eenerte. is
unique point in prmeter spe is lle  super-merin.

Let us suppose or te moment tt ll solutions re istint, su tt tey repre-
sent Dir points. e spetrum is symmetri uner rottions wit 2π/3 roun te
enter Γ o te Brillouin zone. ereore or e solution ner one o te points, two
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more ollow roun te entrl one. ner te ,  mirror triplet is sure to exist t
te opposite orner o te B. In onlusion, e x 6= −1/2 solution rries 6 n
touins. Let us tret in etil te ses wit more istnt oppins.

N3 Graphene

e 3 rpene ws lrey investite in e. 54]. Here te presene o  stron
t3 oppin interl ws sown to proue tree more satellite points “oritin” roun
e reulr Dir point. olvin Eq. (1.50) ives  possile n touin ner K:

κ =
2
√
3

3
ros

(

t3 − 1

2t3

)

× (1, 0). (1.52)

e solution is rel only wen t3 oeys

t3 − 1

2t3
∈ (−1, 1). (1.53)

en or  lre oppin t3 ∈ (−∞,−1) ∪ (1/3,∞), tese stellites pper n move
lon te i-symmetry lines etween te reulr Dir points wit te vrition o
t3. Due to te I (time reversl invrine) n C3 symmetry o te spetrum it is
enou to ollow te motion o  sinle stellite Dir point in te B. Coosin te
one in Eq. (1.52), it is seen in Fi. 1.8 tt wen t3 vries rom −∞ to −1 te stellite
points pper t mi istne (point Σ) etween K(K′) points n te enter Γ o te
B, n move to nniilte t Γ. en t3 vries rom 1

3
to∞, te stellite Dir points

pper tM point n vnis t Σ.
It is noteworty tt urin te evolution o  stellite point, tere is  prtiulr

vlue o t3 or wi te stellite points mere wit te reulr Dir points t K(K′).
At t3 = 1/2, tere re tree Dir points merin wit te ssoite reulr Dir
points to orm  point wit qurti ispersion. A merin point, were ll stellites
ollie into te entrl Dir point, is lle  super-merin. It will e sown tt up
to 7 rpene te super-merin is unique.

e reminin stellites n e otine y pplyin rottions o 2π/3 rounK n
K′. For exmple, tere re two stellites roun K, enote or nottion simpliity lso
y κ

κ = ros
(

t3 − 1

2t3

)

×
(

−
√
3

3
,±1

)

. (1.54)

ner time-reversl symmetry tere re itionl Dir points t κ′ = −κ.
e irlity χ o  Dir point ple t k on B is reily etermine y omput-

in te sin o te Join

χ(κ) = sn(∂kxh× ∂kyh)3
∣

∣

κ

. (1.55)
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Γ K MK
′

Σ

Fi. 1.8: In lue we represent te evolution o  stellite point in B, wen t3 vries rom
−∞ to−1 n in re, wen it vries rom 1/3 to∞.

Dir points K 3× κ K′ 3× κ
′

χ 1 −1 −1 1

le 1.4: Cirlity o te Dir points in 3 rpene.

e symmetries o te system llow one to reily reue te prolem to tt o nin
te irlity o only twoDir points:  reulr one n  stelliteDir point ssoite
to it. I one is ple t κ, ten its time reverse prtner exists t −κ n s opposite
irlity. tellite Dir points tt re otine uner  rottion y 2π/3 roun Γ
sre te sme irlity.

As mentione eore, tere re notle exeptions were ormul (1.51) ils or
t3 tune t te merin o stellite points t K(′). is is euse te merin point
s  qurti ispersion n te ormul is une ne. However, ner te merin
point tree stellite points o  iven irlity onvere to  reulr Dir point o op-
posite irlity. u  senrio ws trete eore 47, 48] n ws sown to yiel 
n touin point wit qurti ispersion in ot iretions. e irlity sum-
mtion rule ±(1 − 3) is still pplile n inites tt te merin point t K(′)

is rterize y  irlity ±2. Comprle ses re lso enountere in ilyer
rpene 47, 55, 56].

e topoloil re−2 o te n touin tK n e eqully re y expn-
in in smll moment (qx, qy) roun te merin point

k = K+ q. (1.56)

In tis se, te untion f in te e etive Hmiltonin t in K-vlley is proportionl
to z2, wit z = qx + iqy. e power inites  Berry pse o−2π pike y  ermion
mkin one ounter-lokwise revolution roun temerin pointK. e otermer-
in point is t K′ n will ve  topoloil re 2.
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1.4 L C H

rpene uper-merin
f(K+ q) re

t1 t3 t4 t7
 1 0 0 0 z̄ 1
3 1 1/2 0 0 z2 −2
4 1 2/5 1/5 0 zz̄2 1
7 1 7/12 1/4 1/12 z3z̄ −2

le 1.5: uper-merin rteristis t K. e untion f rom te e etive low-
enery Hmiltonin Heff = 1

2
fσ+ + H.. is written s  untion o smll moment

z = qx + iqy n up to  multiplitive onstnt wi is nelete.

N4 Graphene

In te se o 4 rpene, tere re two itionl solutions possile t

x± = − 1

4t4
[t3 ± (t23 + 8t24 + 4t3t4 − 4t4)

1/2]. (1.57)

ereore te mximum numer o stellites roun K n row up to six. e epen-
ene on two prmeters mkes it rer to n te existene onitions or te stel-
lites. It is owever esy to etermine te prmeters or wi tere is  super-merin
solution. Imposin  triply eenerte solution, x = −1/2 in Eq. 1.50, it ollows tt
te super-merins evelop t

t3 =
2

5
, t4 =

1

5
. (1.58)

By perturin te prmeters roun te super-merin points, one n see in Fi. 1.9
 reulr Dir point n te two triplets o stellites ssoite to it.

Expnin te Hmiltonin in smll moment q roun K revels tt te super-
merin s  ui ispersion,

feff(K+ q) ∝ zz̄2. (1.59)

ote tt ltou teispersion is ui, tepower ountin ives  topoloil re
o one. is inites tt te Berry pse ine y n eletron is only π. is is ue
to te t tt te super-merin is ue to two sets o stellites wit i erent irl-
ity. en te sum rule yiels orinly te irlity o te n touin t K :
1− 3 + 3 = 1.

N7 Graphene and beyond

In 7 pene te position o te itionl n touins is iven y  ui equ-
tion. It is tereore rer to nlyze te solution tt ollows. ou it esier to visu-
lize it rom te super-merin point, wi n e etermine rom te onition tt
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−π −π/2 0 π/2 π−π

−π/2

0

π/2

π

Fi. 1.9: e zero lines o h1 (in reen) n h2 (in re) in 4 rpene. A smll pertur-
tion (+0.001) o t4 t te merin point t3 = 2/5, t4 = 1/5 retes 6 Dir points
roun te stle Dir points K. In te inset tere is  zoom roun K. e Dir
points re represente y ull irles, •; tere is  entrl K Dir point in lk, n 2
sets o stellite Dir points, in lue n re.

x = −1/2 is our time eenerte solution to te eqution (1.50). e super-merin is
unique t

t3 =
7

12
, t4 =

1

4
, t7 =

1

12
, (1.60)

su tt  perturtion will proue  mximum o 9 Dir points roun  reulr
Dir point. e e etive Hmiltonin sows now  qurti ispersion ner K

feff(K+ q) ∝ z3z̄. (1.61)

Ain, ltou tere is  i-orer ispersion, te low topoloil re is expline
y te lterntin irlity or te 3 sets o stelliteDir points ner te super-merin.

ere re no loner unique super-merin points or rpene m, wit m > 7.
is is ue to te t tt lrey n touins in8 rpene ve n eqution tt

remins ui in x. ereore tere is no sinle unique oie o prmeters or wi
te solution x = −1/2 s multipliity our. ereore, even i  more istnt-neior
oppin will  one orer to te eqution, te orer o te eqution will never mt
in te numer o oe ients.

Ftorin out te trivil solution t x = −1/2, te eqution or Dir points in 8
rpene res

8(t7+ t8)x
3+4(t4− t8)x

2+2(t3−4t7− 3t8)x+1− t3−2t4+2t7+3t8 = 0 (1.62)
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1.4 L C H

oppin pysil istne emil istne
t2

√
3 2

t5 3 4
t6 2

√
3 4

le 1.6: First oppin interls etween equivlent sites.

ere re still super-merin points possile, ut tey re no loner unique. ote tt
it is possile to ve prtil merin points were tere re solutions wit i multi-
pliity. erless, s te orer o te polynomil rows n te spe o prmeters
eomes lrer, we onjeture tt it will lwys e possile to n solutions tt re ll
rel n smller tn one in solute vlue. t will le to  multiplition o triplets
o stellite Dir points.

1.4.2 Phases of the Haldane model
e oriinlHlnemoel is uilt on te exonl lttie orrpene y in

2 oppin t2, su tt wen oppin is perorme lokwise in te unit ell n ele-
tron ins  pse φ. It is enou to onsier te mss term h3σ3 n trow wy te
ientity term, wi just reks te prtile-ole symmetry n si s (topoloilly)
trivilly te ns.

e mss term, h3σ3, wi reks time reversl n inversion symmetry, res

h3 =M − 2t2 sinφ[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]. (1.63)

en oppin etween istnt sites is llowe, te enerlize mss term res

h3 =M −
∑

n

2t(n) sin(nφ)[sin(nk · a2)− sin(nk · a1)

+ sin(nk · (a1 − a2))], (1.64)

were n is n inteer tt inites tt oppin tkes ple etween AA or BB sites
situte t  istne o n

√
3a. nly te rst two terms in tis expression re onsi-

ere in te ollowin; tey orrespon to  mximl two-unit-ell oppin. e term
ontinin te oppin interl t5 multiplies te ientity uli mtrix n is nelete
in te ollowin. Interestin or te topoloy o te prolems re oppins lon te
links were te eletrons in te pse φ. e rst two omponents o te mss term
wi ve tis property re te t2 n t6 terms.

Gppin 2nDir points n yielCern numer pses n. In te ollowin suse-
tions, ses were i erent mss term ps te system re stuie or i erent unerly-
in rpene moels.
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−π −π/2 0 π/2 π

φ

−6

−4

−2

0

2

4

6

M
/t

2

−1 1

Fi. 1.10: se irm or te Hlne Hmiltonin s  untion o te on-site en-
eryM , ivie y te oppin interl t2, n te ux φ. e topoloilly nontrivil
insultin pses re olor-ienti e n ve te topoloil inex enote insie te
respetive reions. e topoloilly insultin reions, C = 0, re wite.

Haldane t2 model

 rpene wit  oppin t2 onstitutes te oriinl Hlne moel. e pse i-
rm is otine y oservin tt h3 nes sin etween te Dir points (K(′)) o
rpene. ereore te Hmiltonin exiits tree topoloil pses;  trivil insu-
ltin pse n two |C| = ±1AH pses. Eq. (1.30) yiels in tis se

C =
1

2
(snM+ − snM−), (1.65)

were M± = M ∓ 3
√
3t2 sinφ is te mss term t K′, n K respetively. e pse

irm is represente in Fi. 1.10. e lines M± = 0 represent topoloil trnsition
lines were te ulk p loses t lest t one o te K n K′ points.

Lrer Cern pses eome possile wen te unerlyin moel is 3 rpene.
e mss term s te sme sin or  reulr Dir point n its stellites, n opposite

sin t te time reverse points. ereore, wen te stellites exist, te ppe pses
will e inexe y Cern numer, |C| = 2.

omentum κ
(′) lotes ny stellite point o K(′) n, mniestly, te expression or

χ(κ(′)) ols in te rne o existene o stellite points.
Let us e ne te mss t te reulr Dir pointsM± = M

(

∓ ( 4π
3
√
3
, 0)

)

. e mss
t te stellite Dir points is enote ym+(−), i it is ssoite to te reulr Dir
point K′ (K). en it ollows rom Eq. (1.30) n . 1.4 tt

C =
1

2

[

(snM− − snM+)− 3(snm− − snm+)

]

, (1.66)

35



1.4 L C H

−π −π/2 0 π/2 π

φ

−6

−4

−2

0

2

4

6

M
/t

2

2 −2

−1

−1

1

1

Fi. 1.11: se irm or te3HlneHmiltonin. e oppin prmeters re
t2 = 1/3 n t3 = 0.35 in units o t1.

were te mss o te Dir points res

M± =M ∓ 3
√
3t2 sinφ,

m± =M ∓ 2
t2

t3
(1 + t3)

√

1−
(

1− t3

2t3

)2

sinφ. (1.67)

Eq. (1.66) yiels tepse irm or te systemwenll eitDirpoints re present.
en tere re no stellite Dir points (t3 ∈ (−1, 1/3)), te topoloy o te system is
in t ientil to te oriinl system t3 = 0 n tereore it s te pse irm rep-
resente in Fi. 1.10. en t3 is vrie to o outsie te reion (−1, 1/3), two pses
o ier Cern numer evelop roun teM = 0 line. A typil pse irm or
te se were stellite Dir points exist is represente in Fi. 1.11. For exmple, rom
Eqs. (1.67), it ollows tt tM = 0  reulr Dir point n its stellites will ve te
sme mss. ereore te Cern numer reues to C = snM+ − snM−. is yiels
topoloil pses inexe y±2. By inresin |M |, one rosses  trnsition line were
teHlnemss o ll stellite points in te system eomes ientil, wile it remins
i erent or te reulr Dir points. is trnsition is iven y

m± = 0. (1.68)

is reion extens up to te te lst topoloil trnsition line iven y M± = 0. In
tis reion te Cern numer reues in to te oriinl se (t3 = 0) wit C =
1/2(snM−− snM+). enM is inrese even urter, ll Dir points re ppe
ientilly n tereore tis is te topoloilly trivil reion.

ote tt te C = ±1 pses ompletely vnis t te merin point t3 = 1/2, n
te pse C = ±2 woul ve mximl re elimite yM = ±3

√
3t3 sinφ. en, t
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kx

−3
−2

−1 0 1 2 3
ky

−3−2−1 0 1 2 3

E

−4

−2

0

2
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kx

−3 −2 −1 0 1 2 3
ky

−3−2−1 0
1 2 3

E

−4
−3
−2
−1
0
1
2
3
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Fi. 1.12: Enery ispersion or te Hlne t2 moel on 3 rpene t  topoloil
trnsition etween two AH pses (t φ = π/2 n t2 = 1/3). (a) opoloil trn-
sition etween C = −2 n C = 0 pses t te merin point etween te reulr K′

n its tree stellites κ′ in 3 rpene. e enery ispersion in 3 Hlne sows
 qurti n touin t K′ orM =

√
3, t3 = 0.5. (b) opoloil trnsition e-

tween C = 1 n C = −2 pses. ree Dir ones orm t te stellite points o K′

or t3 = 0.35 nM ≈ 0.95, initin  ne o te Cern numer y 3 units t te
topoloil trnsition.

te topoloil trnsition rom |C| = 2 pse to te trivil insultor, tere is  qurti
n touin tt is represente in Fi. 1.12().

e pse irm in 3 Hlne moel (see Fi. 1.11) s te nie eture tt it
ommotes lines o trnsition were Cern numer nes y 3 units. is is rel-
ize y te ormtion o tree Dir points t te topoloil trnsition. ese n
touins ome rom te vnisin o te Hlne mss t te tree stellite Dir
points previously oun in 3 rpene. For exmple, let us tke prmeters t1 = 1,
t2 = 1/3 n t2 = 0.35 rom te pse irm in Fi. 1.11. en xin φ = π/2, tere
re two trnsition points etween C = −2 n C = 1 pses nerK orK′. In prtiulr,
ner K′, te Dir points orm t te stellites werem+ = 0. e enery ispersion t
te topoloil trnsition is illustrte in Fi. 1.12().

imilrly, one n tke s unerlyin moel te 4 rpene moel wi ontins
te t3 oppin. In Fi. 1.13 re represent te AH pses tt n pper or  prti-
ulr oie o prmeters.

Haldane t6 model

e existene o 2n Dir points or  sumoel ontinin only two sim mtries
llows in priniple to uil topoloil insultors wit Cern pses C = n. e 3
rpenemoel wit eit Dir points n present  lre Cern numer, C = ±4. o
tulize ll possile topoloil pses it is su ient to   t6 mss term. It s te
e et to proue osilltions in te pse-epenent Hlne mss, su tt te term
nes sin etween  reulr rpene Dir point n its stellites in 3 rpene.
As expete, ll pses re ttinle uner tis moi tion o te Hmiltonin.
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−π −π/2 0 π/2 π

φ
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M 1−1
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1−1−1

−1

4

4

−4

−4

Fi. 1.13: se irm sowin te existene o 2 sets o stellite Dir points. e
prmeters re t1 = 1, t2 = 1/3 t3 = 0.59 n t4 = 0.4.

e mss term eomes

h3 =M − 2t2 sinφ)[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]
− 2t6 sin(2φ)[sin(2k · a2)− sin(2k · a1) + sin(2k · (a1 − a2))]. (1.69)

e new pse irm is ompute y onsierin temss term (1.69) t te eit
3 rpene Dir points. en te topoloil trnsition lines re iven y te zeroes
o te newmss terms,M′

±,m
′
±, expresse s  untion o te previousmss terms rom

Eq. (1.67)

M′
± = M± ± 3

√
3t6 sin 2φ

m′
± = m± ∓ 2t6 sin 2φ(2 sin 2κ− sin 4κ), (1.70)

were κ = ros[(t3 − 1)/(2t3)] ols in te omin o existene or stellite Dir
points in 3 rpene.

e epenene o temss term on sin 2φ llows lreCern numer pses, |C| =
±4. Beuse te mss n now ne sin not only etween  reulr Dir point n
its time-revereprtner, ut lso etween te reulr one n its stellites (see Fi. 1.15).

ereore, wen systemprmeters re vrie,6Hlnemoel n present ll Cern
pses etween −4 n 4. A pse irm tt illustrtes tis point is represente in
Fi. 1.14().
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φ

−4

−3

−2

−1

0

1

2

3

4

M 5−5

2−2

2−2

3−3

3−3

1−1

−22

−22

1−1

1−1

−11
00

00

0

0

(b)

φ

Fi. 1.14: (a)All AH pses possile or 3 rpene eome ville in Hlne t6
moel. se irm or te oie t1 = 1, t2 = 1/3, t3 = 0.35, n t4 = 0.26. (b)
Hlne moel rom 4 rpene wit  t6 mss term. Hoppin interls re t1 = 1,
t2 = 1/3, t3 = 0.43, t4 = 0.3, t6 = 0.35 n t7 = 1/3.

−π −π/2 0 π/2 π

−π

−π/2

0

π/2

π

K−K

Fi. 1.15: ADir point tt is represente y • (◦) s irlity+ (−). e olore lines
represent lines o zeros or h1 (reen), h2 (re), n temss term h3 (lue). e reulr
Dir points ple t

(

± 4π
3
√
3
, 0
)

re ppe y  Hlne mss tt s opposite sin.
Also te mss term nes sin etween te reulr Dir point n its stellites. For
prmeters t1 = 1, t2 = 1/3, t3 = 0.35, t6 = 0.26, M = 0 n φ = π/8 te pse is
C = −4.

Let us onsier sortly te se o4 n7 rpenewit t6 mss term. ere re
two new ree prmeters t4 n t7. e prmeters spe eomes quite lre to esrie
nlytilly te ynmis o teDir points n to trk t te sme time te sin o te
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mss t te Dir points. e enerl tesis remins owever orret: lrer n lrer
AH pses eome possile. In te se o 4 rpene tere is  mximum o six
Dir points ner K point; or 7 rpene tere re nine possile Dir points. is
inites tt wit  proper mss term one n ve te lrest Cern pses |C| = 7
(in 4 rpene) or |C| = 10 (in 7 rpene). In Fi. 1.14(), it is represente  se
wit lre C = 5 pses.

1.5 Discussion
e polynomil wose zeroes etermines te position o te Dir ermions eomes

quikly o too i eree or nlytil preension. everteless, wt trnspire ere
is tt truly te topoloil pses wit i Cern numer n e inee inue
trou ition o istnt-neior oppin. As  sie result,  moel or rpene
ws stuie n ws sown tt in istnt-neior oppins inreses te num-
er o Dir points. ey move uner  vrition o prmeters n tere re unique
super-merin points in prmeter spe were ll itionl Dir points mere wit
te K n K′ rom te reulr rpene. ey orm points wit  i-orer enery
ispersion. However, te solute vlue o te topoloil re ssoite to te
super-merin never rows lrer tn two euse te stellite points lwys ome in
triplets wit opposite res. nortuntely te stuy is mostly emi n serves s
 proo o priniple. e eree o ontrol require to relize te super-merins n te
presene o extreme istnt-neior oppin remin rter prolemti. However it
woul e possile to n multi-lyer mterils wi re e mppe to two-n mo-
els wit e etive-lon rne oppin. ese systems oul use te metos evelope
in tis pter to nlytilly rt teir topoloil pse irm 37].
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Chapter 2
Edge states in aChern two insulator

e present pter ouses on te toy moel rom e. 1.3. It ws sown previously
tt tis moel supports topoloil pses wit Cern numer |C| = 2. e pse
irm o te system ws etermine y onsierin only ulk properties. en te
system is relize on  nite eometry, tere will e ees were te system onnets
wit  trivilly ppe pse, ere te vuum. As  onsequene tere will e ee
sttes equl in numer to te Cern inex 15].

e question pose ere is wt quntum numer i erentites te two ee sttes
tt n pper in te moel. Here it is sown trou i erent numeril n nlyt-
il teniques tt it is  vlley numer tt emrtes te ee (es. 2.1 n 2.2).
oreover, te moel is extene y in spin erees o reeom, su tt it is on-
verte in  time-reversl invrint Z2 insultor. e ee sttes rom te |C| = 2 pse
re expliitly ppe y one-prtile I perturtions (e. 2.3). is on rms tt
evenCernnumers proue trivilZ2 pses 52, 57, 58]. In te nl e. 2.4, tere re
n in nite numer o interes enineere etween two lterntin topoloil pses
o te smeHmiltonin. It is possile to eue te topoloil pse o overll moel
rom knowlee o te Cern numer o te onstituent stripes.

e momentum spe Hmiltonin o te moel 1.41 res

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+ sin(ky))]σ3
(2.1)

wit  topoloil invrint iven y

C = sn(−m− 2t2) +
1

2
[sn(m− 2t2 + 4t3) + sn(m− 2t2 − 4t3)]. (2.2)

eHmiltonin (2.1) is implemente on  yliner n, susequently, ee sttes orm
t te ottom n top sies o te yliner were te lttie termintes ruptly. e
ollowin setions investite te ee stte wve untions n teir respetive enery
ispersion.
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2.1 

2.1 Numerical experiments
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Fi. 2.1: i-z ee enery ispersionwen teulkHmiltonin is ini erentCern
pses. e simultion is one or te system on  yliner wit eit o 40 sites n
irumerene o 180 sites. e numer o ee sttes is 2 × |C| euse tere re two
ees. Enery ispersions or () t3 = 0.4 (C = −2), () t3 = 0.85 (topoloil pse
trnsition t losin ulk p), () t3 = 1.6 (C = −1). e oter prmeters re t1 = 1,
t2 = 1,m = −1.4. () e representtion o osen points on te pse irm.

e nite eometry osen or te numeril stuy is  yliner. It is onstrute out
o  pt o te lttie vin te spe o  prllelorm wit Brvis vetors a1 n
a2 s ees. usequently te ees prllel to a2 re lue toeter to otin te te
nl ylinril spe. Beuse trnsltionl invrine is mintine in te iretion

prllel to a1, kx remins  ooquntumnumer. ereore, one n xkx n onsier
te resultin one-imensionl prolem. Let us write te one-prtile solutions o te
orresponin sttionry röiner eqution s

|ψ(kx, j)〉 =
∑

kx

ψj(kx)c
†
kx,j

|0〉, (2.3)

42



2. E C

were j enotes te lyers o sites in a2 iretion, n ψj is  spinor ue to te t tt
tere re two oritls in te prolem.

en or  iven qusi-momentum kx, te röiner eqution res

Γ1ψj + Γ2ψj+1 + Γ†
2ψj−1 = Eψj, (2.4)

were

Γ1 = mσ3 + 2t1 os(kx)σ1 + 2t3 sin(kx)σ3,
Γ2 = t1σ2 + (t2e

ikx − it3)σ3. (2.5)

e yliner s te ees t j = 1 n j = Ly. ere re r wll ounry on-
itions, to te e et tt te mplitues ψ0, ψLy+1 must vnis. e enery ispersion
s  untion o kx is otine y numerilly solvin Eq. (2.4) or te iven ounry
onitions n or i erent oies o te prmeters (see Fi. 2.1). In our numeril
experiments te yliner irumerene is Lx = 180 sites n wit eit Ly = 40 sites.
All te eneries re mesure in units o t1.

e ulk-ee orresponene is illustrte y smplin severl reions o te pse
irm in Fi. 1.5. In non-trivil topoloil reions, ee sttes pper roun te
ens o te yliner. e numer o ee sttes t  iven en equls te solute vlue
o te Cern numer. For exmple, tree sets o prmeter vlues lon te onstnt
m = −1.4 line re tken su tt te trnsition etween te C = −1 n C = −2
pses is explore (see Fi. 2.1()).

ile te ulk remins insultin tere re sttes rossin te p. ese re te
ee sttes n teir totl numer is 2× |C| sine te yliner s two ees. ote tt
te ee sttes t zero enery, ross te p t kx = ±π/2. At ny topoloil trnsition
te ulk loses t lest in one o te speil points kx = ±π/2. A trnsition nin
te Cern numer y two requires tt te p loses t ot points, wile or  ne
o one, only one Dir one orms.

2.2 Analytical solution
A reter insit into te moel is ine y solvin Eq. (2.4) nlytilly. In tis wy,
te pless sttes re lerly ienti e s ee sttes n teir penetrtion lent into te
ulk is etermine. e ee stte ispersion lw n e oun eiter y iretly solv-
in te röiner eqution or iniretly y stuyin te ulk Hmiltonin trou
 meto esrie in e. 59]. Bot pproes re explore in te enerl settin o
te moel n re exempli e or  prtiulr oie o prmeters orresponin to
te pse C = −2.

2.2.1 Edge states from bulk Hamiltonian
As it ws elently prove in e. 59], te onition o existene n ee stte is-
persion n, uner ertin provisions, e oun rom  simple nlysis o ulk Blo
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2.2 A

Hmiltonins. e meto evelope y te utors pplies wen n in nite rion
or  yliner is ut out o te in nite 2D system. e iretion o te ut must ollow 
Brvis lttie vetor. In tis se te momentum prllel to te ut k‖ is onserve n
te system splits into  set o 1D Hmiltonins esriin te motion o te eletron
etween te lyers o sites prllel to te ut. e nl prerequisite to pply temeto
is tt tere re only nerest-neior lyer oppin terms. Eq. (2.4) sows tt it is
inee te se in te present moel wit k‖ = kx.

e key inormtion out te ee sttes n e revele y stuyin te urves
tre y h s  untion o k⊥ wit xe k‖. For te se wit only nerest-neior
lyer oppin llowe, tese urves re plnr (tully tey re ellipses). ereore, h
n e eompose in two prts, h⊥ perpeniulr to te ellipse plne n h‖ te in-
plne omponent. E omponent yiels some importnt piee o inormtion out
te ee sttes. mely, te ee stte wit  iven k‖ exists i n only i te ellipse
treyh‖ enloses teprojetiono teoriinonto teplneo te ellipse. e enery
o te stte is equl to±|h⊥|.

In te present se k‖ = kx n k⊥ = ky. is yiels

h‖ = (0, 2t1 os(ky), 2t2 os(kx) os(ky)+2(t3−t2 sin(kx)) sin(ky)+m+2t3 sin(kx)).
(2.6)

For  xe kx, te eqution (2.6) esries n ellipse prmetrize y ky ∈ [0, 2π). e
onition tt te ellipse enloses te oriin res

|m+ 2t3 sin(kx)| < 2|t3 − t2 sin(kx)|. (2.7)

is eqution etermines te rne in kx were ee sttes exist. e enery o te stte
is±2t1 os(kx).

Altou te ee ispersion is etermine, it still remins to resolve te wve-
untion or te ees sttes. Also te existene onition or |C| = 2 pse must llow
our ee sttes, n tereore it is le to n te extension in kx or e ee solution
seprtely. ese limittions o te ove meto emn  more pplie stuy o te
ee sttes.

2.2.2 Edge states from the Schrödinger equation
e eqution rterizin te wve untion mplitues or te ee sttes ve te

orm o  reurrene reltion. en one n n  solution usin te meto o te
enertin untions. Here te solution ollows losely te meto use in e. 60].
It involves eterminin te enery ispersion y stuyin te poles o te enertin
untion ssoite to te ee sttes. usequently, tis is ollowe y onstrutin
te eienvetors o te röiner eqution yielin lolize wve untions t two
ees o te yliner. It is sown tt te solutions lwys ross t spei  points in te
B n, susequently, n ve n ssoite “vlley” quntum numer.
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2. E C

Let us write te röiner eqution or te ee sttes, omplete wit te oun-
ry onitions. For te moment, ssume tt tere is only one ee n te oter one
is puse to in nity. t is enou to n te enery ispersion n “spinor” wve
untion or te ee sttes.

e roöiner eqution rom Eq. (2.4) wit expliit ounry onition t te
ee, j = 1, res

0 = (Γ1 − E)ψj + Γ2ψj+1 + Γ†
2ψj−1, j > 1,

0 = (Γ1 − E)ψ1 + Γ2ψ2, (2.8)

were

Γ1 = mσ3 + 2t1 os(kx)σ1 + 2t3 sin(kx)σ3,
Γ2 = t1σ2 + (t2e

ikx − it3)σ3. (2.9)

ultiply te jth eqution y zj , were z is  omplex numer. ummin te equ-
tions it ollows tt

∞
∑

j=1

zj−1[Γ†
2ψj + (Γ1 − E)ψj+1 + Γ2ψj+2] = 0. (2.10)

Let us introue te enertin untion

G(z) =
∞
∑

j=1

zj−1ψj. (2.11)

en usin te ounry onition in Eq. (2.10), it ollows tt te röiner
eqution res

[z2Γ2 + z(Γ1 − E) + Γ2]G(z) = Γ†
2ψ1. (2.12)

Ee sttes exist only i its poles ve ll  moulus reter tn one 60]. I ll poles
o te enertin untion ve moulus less ten one, ten tey orrespon to wve
untion mplitues tt row in te ulk. For n exponentilly lolize untion t
te ee, ll poles must e reter tn one.

e enertin untion is iven y

G(z) = [z2Γ2 + z(Γ1 − E) + Γ2]
−1Γ†

2ψ1. (2.13)

Let us enote or onveniene α = 2t1 os(kx), β = m+ 2t3 sin(k), γ = t2e
ikx − it3

n Γ2ψ1 =
(

φ1

φ2

)

. e enertin untion res

G(z) = N(z)/D(z),

N(z) =

(

z2(γ∗φ1 − it1φ2) + z((E + β)φ1 + αφ2) + γφ1 − it1φ2

z2(−γ∗φ1 + it1φ2) + z((E − β)φ2 + αφ1)− γφ2 + it1φ1

)

.
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e enomintorD(z) is  polynomil o orer our in z. ereore it s our enerlly
omplex roots. It s te property tt i z1 is  solution, ten lso 1/z∗1 is  solution. Let
us ssume tt z1,2 re solutions wit |z1,2| < 1. en  lolize ee solution exists,
i te roots z1,2 re simpli e wit te roots o te numertor. t is equivlent to
sy tt te two omponents o N(z) re linerly epenent n ot proportionl to
(z − z1)(z − z2).

ereore te oe ient o z2 n z0 re proportionl, yielin te enery inepen-
ent reltion etween te omponents

(γ∗ − γ)(φ2
1 − φ2

2) = 0. (2.14)

e solution γ∗ = γ is uneptle euse te iète reltions require

|z1z2| = 1. (2.15)

is oes inst te premise tt ot ve moulus smller tn one. ereore it
leves to impose φ2

1 = φ2
2. Hene te ee sttes ψ1 n e osen to e proportionl to

eiensttes o σ1

|x±〉 = 1√
2

(

1
±1

)

. (2.16)

e enery o te ee stte n e etermine y returnin in N(z) n pplyin
in te liner epenene onition wit te onstrint tt φ1 = ±φ2. is yiels
te enery ispersion or ees lolize t j = 1

E± = ±2t1 os(kx), or |x±〉. (2.17)

Let us rete noter ee t j = N . e system is now ylinerwit ottomt j =
1 n top t j = N . ere re rwll ounry onitions or tewve untions, n
ene tere re vnisin mplitues ψ0 n ψN+1. e ee sttes lolize t N will
e similrly eiensttes o σ1 wit respetive eneries, E± = ±2t1 os(kx). However,
it remins to etermine in te ollowin te ey o te ee wve untion in te
ulk, n teir extension inmomentum spe. e ltter is ressewen ssessin te
existene onitions or te solutions. Beuse te numer o ee solutions epens
on te Cern pse, tere re solutions tt must vnis wen moel prmeters re
vrie.

o onstrut te ee wve untion use te Anstz

ψj = zj|x±〉. (2.18)

ote tt te eqution in te ulk o te yliner res

[z2Γ2 + z(Γ1 − E±) + Γ†
2]|x±〉 =

(

0
0

)

(2.19)
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For te |x+〉, n, respetively, |x−〉 it ollows tt

z2(∓it1 + t2e
ikx − it3) + z[m+ 2t3 sin(kx)] + (∓it1 + t2e

−ikx + it3) = 0. (2.20)

ote tt i z1 n z2 re solutions or te eqution orresponin to eiensttes
|x+〉, ten 1/z∗1 n 1/z∗2 re solutions or te eqution orresponin to |x−〉.

en t e ee tere n e tmost two solutions one orresponin to |x+〉 n
one to |x−〉. However to onstrut te wve untion solution is neessry to pply te
ounry onition. is is exempli e in te ollowin or  solution orresponin
to |x+〉 tt is lolize t te ottom ee, j = 1.

Beuse tere re two eienmoes z1,2 ssoite to  “spinor”, te wve untion
res

ψj = (c1z
j
1 + c2z

j)|x+〉, (2.21)

were c1,2 re oe ients. e ounry onition, ψT
0 = (0, 0), onstrins te oe -

ients c+ := c2 = −c1. e oe ients c+,− orrespon to |x±〉 eiensttes. ey re
xe y pplyin ounry onitions t te ees o te yliner, ut tey re not o

onern ere.
us i tere is n ee stte solution, its orm n enery re

ψ
+b(t)
j = c+(z

j
1 − z

j
2)|x+〉, E = 2t1 os(kx),

ψ
−b(t)
j = c−(z

∗−j
1 − z

∗−j
2 )|x−〉, E = −2t1 os(kx), (2.22)

were te inex b (t) enotes n ee stte lolize ner te ottom (top) o te ylin-
er. e eienmoes re etermine rom te qurti Eq. (2.20)

z1,2 =
−b±

√
b2 − 4ac

2a
, (2.23)

wit

a = −it1 + t2e
ikx − it3,

b = m+ 2t3 sin(kx),
c = −it1 + t2e

−ikx + it3. (2.24)

It is mniest tt te moel n ve zero, one or two solutions t n ee. For
onreteness, let us exmine te sttes lolize t yliner’s ottom (j = 1). I te
eienmoes |z1,2| = 1, ten te solutions (2.22) esrie extene ulk solutions. ere
re no ee solutions, i or ny kx,

|z1| < 1 < |z2|, or
|z2| < 1 < |z1|. (2.25)
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Fi. 2.2: Enery spetrum s  untion o momentum kx on  ylinril eometry
(eit 40 sites n irumerene 180 sites). wo ee sttes lote ner j = 1 re
represente in lue, n two t j = 40 in reen. e position n irlity o te ees
is semtilly represente in te inset.

In tis se ll solutions (2.22) ivere or j > 1. niestly, te sme onlusions pply
to te top ee.

Ee solutions n exist wen ot z1 n z2 re simultneously smller or reter
tn one. ote owever tt it is not possile to enounter  lolize solutionψ+b n
ψ−b in te sme rne o kx. is is euse i one is lolize, ten te oter one s
iverin eienmoes z. is inites tt i ψ±b is  lolize solution in  iven kx
rne, ten ψ∓t is  lolize top solution.

Hene tere re  mximum o two wve untion solutions or  iven ee. For
C = 1, only one o te solutions ψ±b ols in te B n te oter is iverin wy
rom te ee. For C = 2, ot solutions ψ±b re possile in istint rnes o kx.

ote tt te enery ispersion lwys rosses te zero enery t kx = ±π/2. At
 iven ee, i tere re two solutions, ten tey re ssoite eiter to kx = π/2 or
kx = −π/2. is nswers te question: wt quntum numer istinuises te ee
stte solutions or |C| = 2? Any ee stte n e inexe  “vlley” quntum numer
±K orresponin to  zero rossin t±π/2.

e existene onitions n te respetive vli ee wve untions re iven y
te ollowin inequlities:

|z1| < 1, |z2| < 1, ψ+b
j n ψ−t

j ,

|z1| > 1, |z2| > 1, ψ−b
j n ψ+t

j . (2.26)

Let us illustrte te ove results or  speil point t1 = 1, t2 = 1, t3 = 0,m = 0
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2. E C

o te pse irm in Fi. 1.5. is point orrespons to te “enter” o te C = −2
pse n is rterize y te lrest p n ttest ns or te spetrum o te
ulk sttes. ne n expet two ee sttes t eiter eno te yliner. e eienmoes
z re etermine rom Eq. (2.20)

z1,2 = ±i
√

(−i+ eikx)(−i+ e−ikx)

−i+ eikx
. (2.27)

e penetrtion lent or te ee sttes is iven y

ξ = −1/ ln(|z1,2|),

=
4

ln[1 + sin(kx)]− ln[1− sin(kx)]
. (2.28)

In tis se te ee sttes ve mximl extension n over te entire B, euse
te existene onition (2.26) is lwys respete exept t points kx = 0 n kx = π.
At tese prtiulr points te ee sttes enter te ulk.

e ove ruments llow to reily otin te our ee stte solutions in te C =
−2 pse or t1 = t2 = 1 n m = t3 = 0. e wve untions n te respetive
eneries re

ψ−Kb
j = c+(1− (−1)j)ρj1|x+〉, E = 2 os(kx), kx ∈ (−π, 0),
ψKb
j = c−(1− (−1)j)ρ∗−j

1 |x−〉, E = −2 os(kx) kx ∈ (0, π),

ψKt
j = c+(1− (−1)j)ρj1|x+〉, E = 2 os(kx), kx ∈ (0, π),

ψ−Kt
j = c−(1− (−1)j)ρ∗−j

1 |x−〉, E = −2 os(kx), kx ∈ (−π, 0). (2.29)

e inies t n b inite weter te ee sttes live lose to te top (j = Ly) or te
ottom (j = 1) prt o te yliner. e inex ±K esintes ees sttes rossin te
zero enery t±π/2 or, equivlently in tis se, weter te solutions extene in te
rit, respetively le , l o te ([−π, π]) B. e oe ients c± re normliztion
oe ients wi re not o interest ere. e ee sttes’ enery ispersion (2.29) re
plotte in Fi. 2.2 toeter wit te numeril solution in orer to sow teir peret
reement.

2.3 Extension: Edges in a Z2 insulator
e lssA topoloil insultor ttws onstrute in te previous susetions n e

esily trnsorme into Z2 topoloil insultor in te sympleti lssAII y imposin
time-reversl symmetry (see. 1). In te ollowin, spin erees o reeomre e
n Hmoel is rete rom two opies o teZ insultor. e ojet o te present
susetion is to ollow te te o te two irl ee stes otine t te intere o
|C| = 2 pses wit te vuum. Cruilly, tese sttes re not roust wit respet to
ritrry one-prtile, time-reversl invrint perturtions.
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emost stritorwr route to rete teZ2 insultor is te one tken ine. 4].
A I moel is onstrute rom  Z insultor moel n its time-reversl opy, wit
opposite Cern numer. I tere re no terms ouplin te two moels, ten ny ee
stte preite rom one o te moels will ve  prtner wit opposite irlity rom
te oter one. Let us  spin vor n ensure tt te spin s3 uli mtrix ommutes
wit te Hmiltonin. E o te spinless Z moel, now represents  polrize spin
up, respetively own moel, n e ee stte is spin polrize.

uppose tt te spin up omponent is esrie y Eq. (1.41), wile te spin own
one represents its time reverse opy. is yiels te ollowin 4-n Hmiltonin:

H(k) = 2t1 os(kx)σ1 + 2t1 os(ky)σ2s3
+ [m+ 2t2 os(kx + ky)]σ3 + 2t3[sin(kx) + sin(ky)]σ3s3, (2.30)

were s uli mtries represent eletroni spin, n σ, te oritl erees o reeom.
Beuse te spin Hmiltonin is rete rom two opies o te spinless Hmilto-

nin, wit no spin mixin terms, te onitions or te enery p re not ne.
t mens te previously oun insultin pses remin insultin or te our-n

moel.
n  ylinril eometry, tere re ee sttes ormin roun te ees o te

yliner. Beuse tere re no spin mixin terms, te enery spetrum is trivilly o-
tine y “oulin” te spetr lrey oun or te spinless Hmiltonin. ore pre-
isely it is otine rom te union o te spinless (now spin up)Hmiltonin spetrum
n its re etion out kx = 0 uner. ereore te numer o ee sttes will lso
oule su tt e oriinl ee stte will et  Krmers prtner.

Altou every previously nontrivil Cern pse will sow ee sttes in te spin-
ul moel, not ll o tem re roust. Inee, te H insultor onstrute rom o
te spinless moel wit |C| = 2 llows one-prtile I perturtions tt estroys te
ee sttes 6, 61].

A smll I perturtion ps te ee sttes t te rossin point kx = ±π/2.
Hene it is su ient to nlyze te system ner te rossins to n su  pertur-
tion. e low-lyin ee sttes re esrie y n e etive Hmiltonin, otine y
linerizin te solutions (2.29) ner rossins kx = ±π/2. At  iven ee, or te pse
wit |C| = 2, tis yiels:

Heff(qx) = Ψ†
KR↑vqxΨKR↑ +Ψ†

−KR↑vqxΨ−KR↑

−Ψ†
−KL↓vqxΨ−KL↓ −Ψ†

KL↓vqxΨKL↓, (2.31)

were Fermi veloity res v = 2t1. e inies o te ermioni retion n nniil-
tion opertorsΨ† nΨ esrie te vlley (±K), te iretion o motion (L orR) n
tt o spin (↑ or ↓). ote lso tt te rst two terms inHeff esrie te ynmis o
spin up eletrons, n tereore orrespon to te oriinl 2-n Hmiltonin, wile
te spin own terms stem rom o time reversl opertor T; TΨKR↑T

−1 = Ψ−KL↓. e
lokin etween te iretion o te spin n tt o motion mens ttHeff esries
 elil liqui 61].
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2. E C

eee sttes ove renot roust euse one n rete te ollowinone-prtile,
I, lol perturtion tt will p te ee elil liqui in Eq. (2.31) (lolmenin
tere is no inter-ee stterin)

Ψ†
KR↑ΨKL↓ −Ψ†

−KR↑Ψ−KL↓ +H... (2.32)

It is possile to uilmnyperturtions t te tit-inin level yielin te ove
orm t low enery. It is noteworty to oserve tt tey ll rek te spin s3 symmetry.
An exmple o  perturtion in te tit-inin ormultion is

t4 sin(kx)σ3s1. (2.33)

For te pses wit |C| = ±1 no one-prtile, lol, I perturtion n result
in kstterin o te ee sttes. e ove exmple rees wit te sttement tt
moels wit n even numer o Krmers pirs o ee sttes re Z2-trivil 62].

2.4 Extension: Stripes of a Z insulator
ere re still wys in wi te Cern numer ompute nlytilly or  two-n

moel ontinues to e useul in multin systems. Amon te more simple ones is te
“stripe” topoloil insultor explore in te ollowin.

Generlly wen two insultin pses wit i erent Cern numer re put in on-
tt, tere re eemoes tt orm etween te pses. Consier now tt one retes
stripes rom te sme systemwitwit o te orer o te lent o te unit ell. ere
re only two type o stripes, i erentite y prmeter vlues (m, ti). A new 2D system
is onstrute y lterntin te two stripes, tus retin interes everywere in te
volume.

e nturl suppositionwoul e tt i te prmeters re ssoitewit i erent
Cern pses ten tere re ee sttes ormin everywere in te moel. is turns
out to e orret; te system eomesmetlli wit trnsport everywere in te ulk in
te iretion o te ees. Let us stuy inmore etil ow te pses n e etermine
rom n nlysis o te pse irm or e stripe Hmiltonin seprtely.

e moel |C| = 2 insultor in Eq. (1.41) is onsiere in. o simpliy te pro-
lem, eliminte te |C| = 1 pse y orin t3 = 0. en te Hmiltonin res

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+sin(ky))]σ3.
(2.34)

e Cern numer tt inexes te insultin pses res

C = sn[−m− 2t2] + sn[m− 2t2]. (2.35)

In orer to rete te stripes, n lterntin vlue or t2 is introue etween two
jent unit ells. In Fi. 2.3 re represente two o te ells n te stripe moel
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2.4 E :  Z

Fi. 2.3: e stripe moel wit lterntin t2 n t′2 oppin term. e re ontour in-
ites te oriinl unit ell. A er te ition o t′2, te unit ell oules its volume
to te lue ontour. e two oritls wit i erent on-site enery ±m re not repre-
sente; te uli mtries σ inite te oppin interls etween oritls lon te
tree iretions in te moel.

wi is otine y repetin to in nity te pttern. e ne is equivlent to ou-
lin te size o te unit ell, wi now ontins t2 n t′2 oppin terms. Hene in
te stripe moel tere re our oritls in te unit ell. A new set o o uli mtries τ
re introue to enote  “ell” eree o reeom.

en te new Hmiltonin in momentum spe res

H = 2t1 os
(

kx

2

)

σ1τ1 + 2t1 os(ky)σ2τ1

+

[

m+ (t2 + t′2) os
(

kx

2
+ ky

)]

σ3τ0 + (t2 − t′2) os
(

kx

2
+ ky

)

σ3τ3.

(2.36)

ereore te enery ispersion res

E = a2 + b2 + c2 ± 2
√

(a2 + b2)c2, (2.37)

wit

a = 2t1

√

os2(kx/2) + os2(ky), b = m+ (t2 + t′2) os(kx/2 + ky),

c = (t2 − t′2) os2(kx/2 + ky)). (2.38)

ote tt euse te unit ell is oule, te Brillouin zone srinks y  tor
o two. However, ere kx ws resle su it ontinues to run rom π to −π. Due
to te olin o te B tere re trivil solutions were te enery oes to zero, i.e.
(kx, ky) ∈ {(0,±π/2), (π,±π/2)}. ese points orrespon to te ees o temetlli
reion. ey orrespon tom = ±2t2 nm = ±2t′2. But tis lines in prmeter spe
orrespon extly to te topoloil trnsitions etween te topoloil pses or te
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Fi. 2.4: () uperimpose pse irm or e o te two stripe-Hmiltonin (one
wit t2, te oter wit t′2) ives te omplete pse irm or te system. e Cern
numers inex te (non)trivil pses orin to Eq. 2.35. In rey is represente te
metlli pse, were Cern numer is exne t every stripe ee in temoel. ()
umeril Cern numer lultion or te reen line on te pse irm (), wit
(t2 = 0.5, t′2 = 1) nm vryin in [−3, 3]. en te line rosses temetlli pse te
Cern numer is not e ne; ere tis is seen s C tkin rtionl vlues etween te
well-e ne C = 0 n C = −2 pses.

ulk Hmiltonin orresponin to te two stripes (see Eq. (2.35)). is solution in-
ites tt, in orer to etermine te pse irm o te moel, it su es to know
te pse irm or te two sumoels.

en te two stripes re in te sme onnete topoloil pse, ten no ee
stte re expete to pper etween tem. ereore teoverll systemstys in te sme
ppe topoloil pse. everteless, or isonnete pses esrie y te sme
inex (or exmple, seprte y  i erent pse), ee sttes mit pper, renerin
te system metlli. In every se were  Cern numer is exne t te intere,
ee nnels will orm, renerin te systemmetlli. en te pse irm n n
e seen y superposin te pse irms or te sumoels (see Fi. 2.4())

e ove result is rst teste y numerilly omputin te enery spetrum. is
on rms te presene ometlli pses in te extwinowpreitey te superposi-
tion rument tt rout te irm in Fi. 2.4(). A more isernin investition
involves omputin te Cern numer or i erent prmeters o te Hmiltonin.

At l- llin, tere re two oupie (inexe y n) n two unoupie ns
(inexe y n′). en te Cern numer is etermine numerilly 17, 41]

C =
1

2π

∫

BZ
d2kΩxy(k), (2.39)
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in terms o Berry urvture, Ωxy, or te oupie ns

Ωxy(k) = −2
∑

n occ.

∑

n′ unocc.

Im[(vx)nn′(vy)n′n]

(En − En′)2
, (2.40)

were (vx)nn′ is expettion vlue o te veloity opertor etween one oupie n
one unoupie n

(vx)nn′ = 〈n|∇kxH|n′〉. (2.41)

For exmple, t2 n t′2 re xe, nm is vrie in Fi. 2.4() to yiel te expete
vlues or te Cern numer. ote tt te Cern numer is not well-e ne in te
metlli reion. is is re ete in spurious rtionl vlues etween well-e ne in-
teer vlues (in te Fi. 2.4(), C = 0 n C = −2).

In onlusion, te our-nmoel pses n e entirely etermine rom te ori-
inl two-n moel. is is not  surprise s te stripe topoloil insultors is o-
tine rom oulin te oriinl moel. In te se o te Z2 insultor, te oulin
o temoel kept ll te ps in te oriinl moel. However, in te stripe topoloil
insultors, i  ee stte orms etween two stripes s  onsequene o isonnete
topoloil pses, ten te entire 2D moel eomes metlli.

2.5 Discussion
e nlytilmetos in stuyin te ee sttes in topoloil insultors nee urter

evelopment. e enompssin enerlity in te esription o ulk pses ontrsts
te sort-siteness o ee stte investitions. For exmple, ot metos use to
ompute te ee stte solution took vnte o te t tt te 1D röiner
eqution tt esries te system onnets only ner-neior sites in te iretion
trnsverse to te ee. is is n rtit o te spei  wy in wi te ee ws ut.
An open question remins ow to equtely esrie generic ee sttes in topoloil
insultors. e eomposition e ete in Cp. 1 o two-n moels into pless
systemplus mss term ives ope tt tis oul e use to esrie su eneri sttes.
In perspetive, it woul tke n extension o metos evelope to stuy enerl ee
sttes in rpene 63, 64] y onsierin now te role o te mss term.

A nl wor o ution is in orer. Ee sttes n lso exist etween zones wit
ientil Cern numer. For exmple, in topoloilly trivial ppe rpene, ee
sttes orm t  omin wll ue to  ne in te on-site enery 65, 66]. e sme
e et ws oserve in simultions rrie in e. 2.4, n le to te pprition ometl-
li pses wen te stripes re rete out o isonnete topoloil pses wit te
sme Cern numer. is surprisin e et nees urter investition to ek te ro-
ustness o te ee sttes. oreover it s  new level o i ulty in esriin te
pysis o te ee sttes, euse it rstilly mens te rule o tum tt equls
te numer o ee solutions to te vrition o te Cern numer ross n intere.
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Majorana fermions

55





Chapter 3
Introduction

is introutory pter ontins  primer to jorn ermions. First tey re pre-
sente s rel solutions to te Dir eqution. eonly tey emere s qusiprtiles
in i erent onense mtter reliztions. Amon tese, two one-imensionl systems
re prtiulrly relevnt in te ontext o tis tesis n tereore re presente inmore
etil: te Kitev moel 67] n te spin-ouple semionutin wire supportin
jorn ermions in proximity o n s-wve superonutor 24, 25]. Finlly, te
pter lso inlues  presenttion o te onept ojorn polriztion s n orer
prmeter to esrie  topoloil trnsition.

3.1 Majorana fermion primer

3.1.1 Dirac equation and theMajorana condition
A ermioni prtile tt is its own ntiprtile is  jorn ermion 68]. For  so-
lution, Ψ, to te Dir eqution, it is possile to e ne te ntiprtile solution, Ψc,
otine uner te re onjution opertion. en te two re equl, tey orre-
spon to  jorn prtile.

Let us etil te re onjution opertion y ollowin e. 69]. e tree-
imensionlDir eqution or  spin-1/2 prtile in te presene o n eletromneti
elAµ res

(iΓµ(∂µ − ieAµ)−m)Ψ = 0. (3.1)

e Greek inies run over te sptil (1, 2, 3) n temporl (0) omponents, wile te
omn inies run only over te sptil ones. e Γs re te 4 × 4 Dir mtries n
re onventionlly osen s

Γ0 = σ0 ⊗ τ3, Γj = iσj ⊗ τ2, (3.2)

57



3.1 

wereσ n τ re te usul 2×2ulimtries. eΓmtries oey teCli or ler

{Γµ,Γν} = 2ηµν , (3.3)

wit ηµν te inkowski metri tensor, i(1,−1,−1,−1).
e re onjute solutionΨc will oey te sme Dir eqution (3.1), ut wit

opposite re −e. t llows one to e ne te re onjution opertor C, tt
yiels te eqution

C(iΓµ(∂µ − ieAµ)−m)Ψ = (iΓµ(∂µ + ieAµ)−m)CΨ,

= 0, (3.4)

were CΨ = Ψc. ote tt te opertor C is nti-unitry n tereore must ontin
te omplex onjution opertorK . It must lso ontin te only iminry Γmtrix
su tt [C, iΓµ] = 0. Hene te re onjution opertor n e represente up to
 lol pse y

C = Γ2K. (3.5)

Let us now onsier te ul lle jorn onition, tt  prtile is ientil to
its ntiprtile

Ψc ≡ CΨ = Ψ. (3.6)

Cruilly tis onition is Lorentz invrint n it is tereore vli in ny reerene
rme 70]. oreover, it is immeite rom eqution (3.1) tt only  neutrl spin-1/2
ermion n oey te onition, e = 0. ereore ot Ψ n Ψc re solutions to te
sme Dir eqution

(iΓµ∂µ −m)Ψ(c) = 0. (3.7)

e oriinl Dir spinor Ψ is  omplex our-omponent spinor. Hene it is e-
srie y eit ree rel prmeters. ner te jorn onition our re xe. For
exmple, i te Dir spinor is written sΨT = (φT , χT ), wit φ n χ two-omponent
spinors, ten te uner jorn onition

Ψ =

(

φ

σ2φ
∗

)

. (3.8)

Beuse φ is enerlly omplex, jorn ermion s only our rel omponents. n-
er  unitry trnsormtion one n otin purely rel jorn ermions, were e
o its our omponents is rel. is ppens in  jorn representtion, were ll te
Γ mtries, not only Γ2, re iminry. Here te re onjution eomes omplex
onjution n jorn onition emeres s  strit relity onition

Ψ = Ψ∗. (3.9)
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A possile oie or  jorn sis is

Γ0 = σ2 ⊗ τ1, Γ1 = iσ3 ⊗ τ0, Γ2 = −iσ2 ⊗ τ2, Γ3 = −iσ1 ⊗ τ0, (3.10)

wit Γs tt ontinue to oey te Cli or ler.
Altou jorn prtiles re teoretilly vli solutions to te Dir eqution,

tey ve never een oun mon te unmentl prtile. o tis moment te neu-
trino remins n open possiility s  mssive jorn prtile.

3.1.2 Particle-hole symmetry
In reent yers, te ie o  jorn ermion ws resurrete in te ontext o on-
ense mtter were it oul e relize s  qusiprtile in  superonutor 71].
Intuitively it is nturl to ser in  superonutor euse qusiprtile exittions
ontin ot prtile n ole erees o reeom. A ole is simply te “ntiprtile”
o n eletron.

In te lnue o retion n nniiltion opertors, te re onjution op-
ertion isusse previously is simply te opertion o tkin te Hermitin onjute.

t ollows euse retin n eletron is ientil to estroyin  ole wit opposite
momentum.

At men el level, te Hmiltonin or  superonutor in te seon qunti -
tion res 13]

H =
1

2
C†HC, (3.11)

wit C† = (c†, c) n c is  row (or olumn, epenin on ontext) vetor omprisin
te nniiltion opertors t ll te lttie sites in  superonutor, eventully wit 
spin inex (c↑ or c↓). e “ rst-quntize’’ Booliuov-e Gennes Hmiltonin res

H =

(

H0 ∆
∆† −H∗

0

)

, (3.12)

were ∆ is te mtrix ontinin te superonutin orer prmeters. e tion o
te re onjution trnsormtion is to onvert  prtile into  ole n vie vers

CcC−1 = c†. (3.13)

e Hmiltonin exiits te re onjution symmetry

[C, H] = 0. (3.14)

oeter wit te Hermitiity o H, it is su ient to etermine te onsequenes o
re onjution symmetry on te BG Hmiltonin,

CHC
−1 = τ1Hτ1 = −H∗, (3.15)
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were τ re te usul uli mtries tin in prtile-ole spe. is llows to e ne
 prtile-ole symmetry represente y n nti-unitry opertor C′ tt ntiommutes
wit te Hmiltonin. ote tt it is not  proper symmetry, ue to te ntiommut-
tion

{C′,H} = 0, wit C
′ = τ1K, (3.16)

nK te omplex onjution opertor. e onsequene o tis property is tt ny
eienstte o te BG Hmiltonin s  prtile-ole onjute wit opposite enery.

t is, te presene o te H immeitely re ets itsel s reunny in te solu-
tions to te BG equtions. For exmple, tke te röiner eqution

HΨ = EΨ, ΨT = (uT , vT ), (3.17)

wereu (v) stns or te prtile (ole) omponent o tewve untion. e solutions
esrie te qusiprtiles exittions ove te BC roun stte. en i (uT , vT ) is
te solution wit eneryE, ten (v†, u†) is te prtile-ole onjute wit enery−E.
In ontrst,  qusiprtile solution is jorn ermion i it is equl to its ownprtile-
ole onjute (nti-qusiprtile), at the same energy. is implies tt  jorn
ermion n e relize only t zero enery.

A solution to te men- el eqution n lso e represente y  qusiprtile re-
tion opertor

γ
†
E =

∑

j

uj,Ec
†
j + vj,Ecj, (3.18)

were j runs over ll te sites (oritls, n spins) in te superonutor. en te
prtile-ole n jorn onitions n lso e onisely expresse s

γE =

{

γ
†
−E, H onition,
γ
†
E, jorn onition.

(3.19)

rivilly ot onitions re stis e t zero enery or uj,0 = v∗j,0.
It is not lwys possile to impose te jorn onitions or te zero moes in

superonutors. In  spin-sinlet superonutor, n exittion s te struture 72]

γ†α =
∑

j

uj,αc
†
j,α + vj,−αcj,−α, (3.20)

were α is  spin inex ↑ / ↓. ow j runs only over te site n oritl erees o
reeom. e jorn onition res γ†α = γα, n te qusiprtile n te nti-
qusiprtile ontin i erent eletron n ole retion opertors. Hene, no mt-
ter te vlue o te oerene tors (ujα, vjα), it is not possile to rete  jorn
ermion.
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In onlusion,  spin-sinlet superonutor oes not llow nturlly te orm-
tion o jorn ermions. everteless, tere re wys to rete jorn ermions
usin spin-sinlet superonutivity in onert wit i erent inreients tt will e
enumerte  erwrs. However up to now, te presene o superonutivity stns
out s  neessry onition or nin jorn ermions in onense mtter. e
menism involves lwys nin  qusiprtile tt is its own ntiprtile.

By invertin te reltion (3.20), one n express te reulr retion n nniil-
tion opertors in terms ojorn ermions. is eomposition is enerlly ville
n resemles te representtion o  omplex numer usin two rel numers, its im-
inry n rel prts. rouout tis tesis te ollowin representtion o  retion
opertor is use

c† =
eiθ/2√

2
(γ1 − iγ2), (3.21)

were te nle θ is n ritrry eree o reeom in e nin te jorn ermions.
ereore te jorn ermions oey te Cli or ler

{γA, γB} = δA,B, (3.22)

were δA,B is te Kroneker symol n A,B re jorn inies, 1 or 2. oreover,
unlike omplex ermions, jorns o not squre to zero, ut γ21,2 = 1

2
.

Let us ouple two jorn ermions, γ1 n γ2. orkin in te sis o te eien-
sttes o γ1 n γ2, te ouplin 2iγ1γ2 will t s  uli σ2 mtrix wit eienvlues
±1 73]. e ouption numer o te ermioni opertor rete rom tejorns
ten res

c†c =
1

2
+ iγ1γ2. (3.23)

ereore te ouption numer c†c is eiter 0 or 1. In te limit o  very wek ou-
plin ε etween tejorn ermions (or exmple tey n e lote r wy), tey
n still rete  nonlol ermioni stte tt is eiter ull or empty. For vnisin ou-
plin, ε→ 0, te roun stte is e etively eenerte, n it osts ε to ll or empty te
ermioni stte. ereore i te system ontins Nγ1 n Nγ2 jorns, te roun
stte eenery will ten e 2N . ystems wit su  ily eenerte stte were pro-
pose ine. 71], were tejorn ermions re trppe in vortex ores o 2D p+ip
superonutor. oreover, internin te jorn ermions trou  ontinu-
ous iti proess enertes  i erent roun stte wve untion tt epens on
te preise trjetory tken y te vorties. is epenene on te topoloy o pts
tken y te vorties inites te non-Aelin rter o te roun stte.

ne o te min interest in nin jorn ermions lies in usin te ily e-
enerte roun stte to store inormtion. en omputtions n e relize on it y
tkin vnte o its non-Aelin rter n te protetion ojorn ermions.

e tlo o opertions on te roun stte orm  representtion o te ri roup
74]. e ol o tis reser is to nlly relize  topoloil quntum omputer 73].
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3.2 Condensedmatter realizations

3.2.1 Overview
e reer is reerre to exellent reviews tt provie  oo pnorm o te reser

onjorn ermions in onensemtter systems 75, 76]. Here it su es tomention
 ew milestone in te evolution o te el.

As seen eore, in onense mtter pysis jorn ermions n e relize s
qusiprtiles in spinless or triplet-pirin superonutors. ey re possile s zero
enery exittions in systems wit prtile-ole symmetry.

turlly tey were rst propose in 2D p + ip superonutors 71], were tey
oul e relize s ounmoes in te vorties o te superonutor. A 1D vrition
ws soon  er trete y Kitev 67], were jorn sttes in  spinless tit-inin
moel pper s oun sttes t te ens o te wire. Di erent proposls ollowe tese
two pts: ounry sttes in p-wve superonutors or Croli-e Gennes-trion
sttes 77], were tejorn ermion pperwen  mneti ux penetrtes  type
II p-wve superonutor. ter mterils in wi jorn ermions re tout to
pper re 2D eletron ses in te rtionl Hll reime t 5/2 llin tor 78], n
two-imensionl strontium rutente, r2u4 79] (n 80] or experiments). ey
were lso propose to orm in p-super uis in ultrol tom ses 81, 82]

e prolem wit te 2D p-wve superonutors is tt tey re rre mterils.
oreover, or te se ojorn sttes oun to vorties, tere remore exite sttes
witin te ulk p renerin rile te protetion o te zero moes 76].

A revolution o te el me wen it ws relize tt one n reple te p-wve
superonutors wit s-wve superonutors n one n ve n e etive p-wve su-
peronutin pirin meite trou s-wve pirin. e rst exmple ws pro-
pose in e. 83]. ere jorn en sttes pper in  2D topoloil insultor
eposite on n orinry s-wve superonutor. e irl ee sttes in te topo-
loil insultor n e ouple trou te s-wve pirin su tt insie te p
one n ve  pir o Fermi points (or more preisely n o numer in l te B)
n n e etive p-wve pirin. umerous proposls ve ollowe wi re usin
topoloil insultors n superonutors s  si setup or retinjorn exit-
tions 84, 85]. ome o te experiments ollowin te teoretil proposls re reporte
in e. 86].

everteless, topoloil insultors remin exoti mterils. ore reently, propos-
ls ve emere were topoloil insultors re reple y reulr semionutin
wires wit  stron-spin orit ouplin uner  mneti el 24, 25, 87]. ey re
one o te min sujets o te tesis n tey will e esrie in more etil in te
next setions. everl rtiles expne on tis iretion, in semionutin quntum
wells 88], or in multin spin-orit ouple wires 89, 90]. Experiments in tese
iretions were pursue y severl roups 91, 92]. ere re lso vritions to tese
systems wi ispense wit te spin-orit ouplin 93, 94].

Let us nlly note te preition o jorn ermions in non-entrosymmetri su-
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(a)

(b)

Fi. 3.1: wo topoloil pses o te Kitev moel. e re n lue enote two
jorn ermions tt ompose  reulr omplex ermion, represente in lk. ()
rivil pse were te jorns re ouple insie e site. () ontrivil pse
were jorn in jent sites yriize to orm  omplex eletron. npire zero
moes re le t te en o te wire.

peronutors 95, 96] n or in ultrol tomi ses wit s-wve superonutiv-
ity 97].

For te etetion o te jorn moes te prinipl iretions re: intererome-
try 98, 99], mesurin nonlol tunnelin 100, 101], rtionl Josepson e et 67,
102], te etetion o zero is onutne pek 103, 104], et.

3.2.2 Kitaev model
e present tesis is limite to te stuy o penomen relte to jorn ermions

risin in one imensionl systems. e ollowin Kitev moel inesply rises s
 prim or 1D systems supportin jorn ermions. ereore it is worty to
proe it in more etil.

e moel ws propose in e. 67] n it is pture y te tit-inin Hmil-
tonin

H =
N
∑

j=1

(

1/2− c
†
jcj

)

µ+ (−tc†jcj+1 +∆cjcj+1 +H..), (3.24)

were j runs over ll te sitesN o  nite lttie. It is  1D toymoel esriin spinless
eletrons tt experiene  superonutin pirin∆, trete t temen- el level; µ
is te emil potentil n t is te oppin strent. It ws rue tt su system
n present jorn, zero enery sttes oun t te two ens o te wire. is work
ws motivte y te ser o  quit tt is protete wit respet to perturtions.

e quit is orme y te two entnle jorn sttes. everteless, te interest in
te ollowin will e entere on te onitions n te esription o te topoloil
pse.

e jorn ermions exist s qusiprtile exittions n tt explins te nee
or superonutivity. e system is spinless, yielin essentilly  p-wve superonu-
tor, wit te qusiprtiles γ oeyin te relity (jorn) onition γ = γ†. ore-
over te system s  ulk p tt protets eventul zero enery moes.
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rou  ue trnsormtion, te pse o te superonutin prmeter n e
sore in te e nition o te retion n nniiltion opertors. For ∆ = |∆|eiϕ
te omplex superonutin, te new opertors re osen su tt

cje
iϕ/2 → cj. (3.25)

en, witout loss o enerlity,∆ is osen ere to e  rel positive quntity.
Any ermioni Hmiltonin supports  rewritin in terms o jorn ermions:

γ1 =
1√
2
(c† + c),

γ2 =
i√
2
(c† − c). (3.26)

us ny omplex ermion is ormlly split into two jorn ermions.
en te Hmiltonin s te orm

H = i

N
∑

j=1

µγ
j
2γ

j
1 +

[

(∆− t)γj1γ
j+1
2 + (∆ + t)γj2γ

j+1
1

]

. (3.27)

e resultin tit-ininHmiltonin n present oun sttes tt onsist in vin
 zero moe jorn ermion trppe t e ee. For exmple,  limit se ollows
or µ = 0 n∆ = t, wen te Hmiltonin reues to

H = 2it
N
∑

j=1

γ
j
2γ

j+1
1 , (3.28)

njorn ermions re ouple only etween neiorin sites. en two unpire
jorn ermions remin t te ens o te in, γ11 n γN2 (see Fi. 3.1()). ey
re ompletely lolize t te extremity sites n ve zero enery s tey re eou-
ple rom te Hmiltonin. However tere will e  resiul intertion etween te
en moes, rpily eresin wit te lent aN o te wireO(e−aN/ξ), were ξ is te
superonutin oerene lent n a = 1, te lttie onstnt. ote tt in te
sene o te oppin t n te superonutin pirins ∆, te Hmiltonin ou-
ples only jorns on te sme site. is ltter limit se represents  trivilly ppe
system, n tomi insultor.

e zeromoes, protete y te ulk p n te H, susist t zero enery wen
prmeters ein to vry rom te vlues set ove. ey will strt to exten, ut tey
will remin jorn ermions. e topoloil pse n e empirilly trke y
knowinwere te ulk p loses in prmeter spe n i tere re su exoti oun
sttes in etween two ulk losins.

e topoloil psews rterize y Z2 topoloil invrint enote yM
in e. 67]. I te wire supports jorn ermions, ten M = −1, n, i te system
is in  trivil ppe pse, tenM = 1. en te ulk p loses,M is une ne.
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Any ree ermioniHmiltonin n e written in te sis ojorn ermions s

H =
i

2

∑

m,n

Am,nγ
m
1 γ

n
2 , (3.29)

were A is  rel, nti-symmetri mtrix (ue to te ntiommuttion o jorn er-
mions). e wy to rterize te topoloil properties o te system involves (nti)-
perioizin te system in  rin orm. en te topoloil invrint ws sown 67]
to e iven y

M(H) = sn([Ap][Aa]), (3.30)

wereAp,a represents te systemwitperioi, respetively ntiperioi, ounry on-
itions n  enotes te  n o te mtrix.

ere is n lterntive wy to rterize te topoloy o te system. ote tt te
system is time-reversl invrint in te lss o irl one-imensionl BDI systems (see
. 1). As su, te system eqully supports  rteriztion y  winin numer
w.

e system is me in nite su tt tere is trnsltionl invrine. Hene mo-
mentum k remins  oo quntum numer. e Hmiltonin is Fourier trnsorme
in momentum spe, so tt in te sis C†

k = (c†k, c−k) it res

H =
1

2

∑

k

C
†
kHCk. (3.31)

e BG Hmiltonin witout te onstnt
∑

j µ/2 tkes te orm

H =

(

−µ− 2t os k −2i∆ sin k
2i∆ sin k µ+ 2t os k

)

. (3.32)

e ulk enery ispersion res

E± = ±
√

(µ+ 2t os k)2 + 4|∆|2 sin2 k. (3.33)

ereore te ulk p loses or k = 0 n µ = −2t, or k = π n µ = 2t.
e Hmiltonin n e expne in  sis o prtile-ole uli mtries τ

H = h2τ2 + h3τ3, (3.34)

wit h2 = 2∆ sin k n h3 = −µ − 2t os k. ote tt te system oeys te ,
represente y te opertor o omplex onjutionK n te irl symmetry, repre-
sente y te opertor τ1. Also note tt te unit vetor Hmiltonin, ĥ, is  mppin
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rom te one imensionl torus T 1 to te irle S1. ereore te evior o h n e
rterize y  winin numer w (see lso e. 6.1.2)

w = −1

2

∑

k∈{0,π}
sn[h3∂kh2],

=
1

2
(sn[2t− µ] + sn[2t+ µ]), (3.35)

were te sum ws perorme over te noes o te ispersion (k = 0 n k = π). e
winin numer is eiter zero, or |µ| > 2|t|, n tere re no ee sttes insie te p,
or one, or |µ| < 2|t|, n it is  jorn oun stte insie te p.

is llows to relte te winin numer to teM topoloil inex:

M =

{

−1, |µ| < 2|t|,
1, |µ| > 2|t|,

(3.36)

were M = 1 enotes tt te trivil stron-pirin pse n M = −1, te wek-
pirin pse (te topoloil pse) 76].

ote tt euse te system is esrie y  Z invrint, it oul sustin multi-
ple jorn moes t  iven ee. e t tt tere tere re only two topolo-
il pses is entirely ue to te t tt it involves only nerest-neior ouplins.
Cp. 6 trets n extension o te Kitev moel in te BDI lss, wit istnt-neior
ouplins, wi exempli es  se wit winin numer ier tt one, |w| = 2 n
two jorn moes t  iven ee.

A i erent evlution o te topoloil invrintM is iven y 24, 67]

M = (−1)ν(π)−ν(0), (3.37)

were ν(k) is te numer o netive eienvlues oH t te k point. Here [0, π] is l
te B n ten ν(π) − ν(0) is te numer (mo 2) o Fermi points in l-B. is
e nition relies on te existene o te H symmetry tt ensures tt te oter l
o te B s te sme numer o Fermi points.

ereore te onitions to ve jorn ermions in te system re, up to now:
vin  spinless or spin-triplet superonutor,  ulk p, n n onumer o Fermi
points in l te B.

3.2.3 1D spin-coupled semiconductingwire in proximity to an s-wave
superconductor

e Kitev toy moel nees to e implemente in  more relisti settin. Amon i-
erent proposls  speil ttention is iven in te present tesis to one wi uses  1D
spin-ouple semionutin wire in te proximity to n s-wve superonutor n
uner te e et o mneti el to relizejorn enmoes 24, 25]. umoel
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Fi. 3.2: emti setup or  1D system supportinjorn ermions. emionut-
in wire (lk) wit stron spin-orit ouplin eposite on  s-wve superonutor
(lue). A mneti elBz ts in z iretion, perpeniulr to te wire.

s reeive  lot o ttention in te experimentl ommunity ue to te use o te sim-
plest inreients. Inste unonventionl superonutors, it nees te more ville
s-wve sinlet superonutors. oreover, y usin semionutors, inste o topo-
loil insultors, it n tke vnte o te tremenous experimentl know-ow in
te rition n mnipultion o semionutin wires.

e re to experimentlly isoverjorn ermionsws purportely enewen
 zero-is onutne sinture ws etete in  superonutor-norml system tt
is se on te orementione moel 91]. However, reent outs ve een rise,
limin tt  roust zero-is sinture n e ue to te presene o isorer 105,
106] or Kono resonnes 107].

In te present setion, te system n its pses will e presente more on  pe-
nomenoloil level. e next pter trets  iret extension o te moel wen 
Dresselus spin-orit ouplin is inlue. t will e te ple or  more etile
nlytil n numeril tretment.

e system is esrie y te Hmiltonin (see lso 108])

H =

∫

dx

[

ψ†
(

p2

2m
− µ+ αpσ2 +Bzσ3

)

ψ + (∆ψ↑ψ↓ +H..)
]

, (3.38)

were σ re te uli spin mtries. is Hmiltonin moels  1D semionutin
wire extene in te x-iretion t emil potentil µ (see Fi. 3.3). e wire experi-
enes  proximity e et ue to te presene o te s-wve superonutor. ese les
to superonutin orreltions insie te wire, wi re expresse t men- el level
y te presene o te superonutin prmeter ∆. ere is lso s spin-orit
ouplin α wi tens to lin te spins in te y-iretion. Finlly tere is  mneti
elBz perpeniulr to te spin-orit el. All tese elements re neessry to repro-

ue t low enery te Kitev moel. First it is neessry to li te spin eenery to
llow or te possiility o n o numer o Fermi points. Let us see ow tis ppens
y stuyin te ulk enery ispersion.

Due to te presene o te nomlous pirins ψ↑ψ↓ one n write te Hmiltonin
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3.2 C

in  BG orm

H =
1

2

∫

Ψ†HΨdx, Ψ† = (ψ†
↑, ψ

†
↓, ψ↓,−ψ↑),

H =

(

p2

2m
− µ+ αpσ2

)

τ3 +Bzσ3 −∆τ1, (3.39)

were τ re te ulimtries in prtile-ole spe. By squrin twie teHmiltonin
H it ollows tt te ulk enery res

E2 = ξ2p + α2p2 +B2
z +∆2 ± 2(ξ2pα

2p2 + ξ2pB
2
z +∆2B2

z )
1/2, (3.40)

wit ξp = p2/2m − µ. Due to te prtile-ole symmetry, ny stte t enery E s 
ounterprt t −E. Also ny stte wit momentum p s  ounterprt wit te sme
enery n opposite momentum. Beuse o tis reunny, it su es to nlyze te
rst qurnt (E > 0 n p > 0) o te ispersion in Eq. (3.40). itout loss o

enerlity µ n e set to zero in te ollowin.
For vnisin mneti el n superonutin orreltions, Bz = ∆ = 0, te

spin y sttes |y±〉 re oo eiensttes o te system. Hene te spin-orit ouplin
yiels two si e prols or te ispersion or te two spins (see Fi. 3.3()). How-
ever te system still nees to e ppe. e superonutin p is not su ient to
enerte jorn ermions. is is euse te system remins time-reversl invrint
n tereore te ps t p = 0 n p = pF (Fermi momentum) re ientil. en or
every enery, tere will e n even numer o Fermi points or p ∈ [0,∞). ereore it
is neessry to rek te time reversl invrine y in  mneti el Bz , wi
ps te system t p = 0 (see Fi. 3.3()).

ote tt tere re two ps in te system. ne t Fermi momentum, wi is pro-
portionl to te inue p∆(pF ) ∝ ∆, n  p t p = 0,∆(0) = Bz−

√

(µ2 +∆2).
Cruilly te p t p = 0 n ne its sin. en te eemn enery omintes te
superonutin p, te p t p = 0 n te p t pF re o o opposite type. is is
te onition or te presene o jorn ermions

B2
z > µ2 +∆2. (3.41)

e ove onition is otine riorously rom n nlysis o topoloil invrints
in te next pter. It su es to sy tt i |∆| < |Bz| tere is  rne o µ or wi
te system is in te topoloil pse. is quntity n e ne y tin n one
wises to ve  winow s lre s possile in te emil potentil. However te
eemn el nnot e inrese ad lib s it tens to estroy teCooper pirs y polr-
izin te eletrons in z-iretion. oreover, te rekin o te time reversl symmetry
mkes te system suseptile to isorer, wi in turn n lose te ulk p 109]. A
lre C is neee to omt te e et o te mneti el y enorin te nti-
linment o eletron spin wit opposite momentum. However, te ownsie is tt 
lre C suppresses te eletron moility 76, 110].
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Fi. 3.3: A representtion o te enery ispersion in te rst qurnt or i erent
vlues o mneti el Bz n inue superonutin p ∆. e mss m n te
s C α re set to 1, te emil potentil µ = 0. () i e prols ue
to te C. e enery eiensttes ve  ler spin iretion: lue ↑ n re ↓. ()
onvnisin mneti el opens  p t momentum p = 0 llowin te possiility
o n o numer o Fermi points. () opoloil trnsition t p = 0 etween two
ppe pses, ∆ = 0.3 nontrivil, ∆ = 0.5 trivil, trou losin o te p wen
Bz =

√

∆2 + µ2, orresponin to∆ = 0.4.

Finlly, it is neessry to lriy ow n n s-wve superonutin pirin∆mei-
te p-superonutivity. For tt one works in te winow provie y te topoloil
onition in Eq. (3.41) 24]. Assumin tt te superonutin prmeter ∆ is very
smll in omprison toBz , one n ionlize te Hmiltonin (3.38) to yiel enery

E± = ξp ±
√

B2
z + α2p2, (3.42)

n te two eienvetors re

ψ± =
1

N±

(

Bz ±
√

B2
z + α2p2

iαp

)

, (3.43)

were N± re osen to normlize te spinors. e Fermi enery is etween te two
ns. en te Hmiltonin wit te superonutin pirin term n e projete
on te lower n, n ten one s ess to te pysis t te Fermi momentum. e
Hmiltonin projete on te oupie n res

H =

∫

dpE−ψ−(p)ψ−(p) +
[

∆−(p)ψ−(p)ψ−(−p) +H..
]

,

∆−(p) =
iαp∆

2
√

B2
z + α2p2

. (3.44)

e e etive pirin is n o untion in temomentum p, pirin prtiles in te sme
n wit opposite momentum. us one s e etive p-wve symmetry or spinless
eletrons inue trou n s-wve superonutin pirin.
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3.3 

3.3 Majorana polarization
is nl introutory setion vnes te notionojorn polriztion 111]. e

onept tries to nswer te nee or  local orer prmeter tt n equtely esrie
te topoloil trnsition rom  trivil ppe pse to  jorn supportin ppe
stte. It will e use in te next pters s  mens to ientiy zero moes in spinul
topoloil superonutors s jorn sttes.

In sort, te jorn polriztion mounts to vin  mesure o te eree o
nomlous triplet pirin in te system. As it ws sown in te previous setions, tis
unonventionl pirin n e e etively proue even in semionutin systems in
proximity to  spin-sinlet superonutor. Here superonutivity is trete only t
temen el level. I t te Fermi enery te system is e etively  triplet superonu-
tor n tere re zero moes protete y  ulk p, ten tey re jorn ermions.
In tis sense, jorn polriztion is n neessry (ut not su ient) onition or
vin jorn ermions.

e Hmiltonin or  spinul 1D superonutor (or in proximity to  superon-
utor) is iven y

H =
1

2

∫

dxΨ†HΨ, Ψ†(x) = (ψ†
↑(x), ψ

†
↓(x), ψ↓(x),−ψ↑(x)), (3.45)

were ψ†
α is  retion opertor or n eletron wit spin α. e Booliov-e Gennes

eqution t  prtiulr point in  1D system res

HΦ(x) = EΦ(x), Φ† = (u↑, u↓, v↓, v↑)
∗ (3.46)

wit u, v mplitues or te eletron, respetively ole, omponents o te wve un-
tion.

e BGeqution is mtrix equtionwere tere re our erees o reeom: spin
↑, ↓, prtile n ole. Generlly tere re our eienvetors n eienvlues solutions
to Eq. (3.46).

In tis prtiulr sis te H opertor, wi ntiommutes wit te Hmilto-
nin, is represente y σ2τ2K . rouout σ re te uli mtries in te spin spe n
τ in te prtile-ole spe. ner te tion o te prtile-ole opertor te wve-
untion trnsorms s

σ2τ2Φ
∗(E) = Φ(−E). (3.47)

en te jorn onition res

σ2τ2Φ
∗(E) = Φ(E). (3.48)

ne n ompute lolly te overlp etween ny eienvetor n its prtile ole on-
jute t te same enery to see ow lose te wve untion respets tejorn on-
ition. However, te prtile ole opertor is e ne up to  pse wi is not esily

70



3. I

etermine in prtil situtions. Hene te ous is on te rel prt o te overlp
ΦTσ2τ2e

−iθΦ∗, wi is enerlly  omplex numer. Let us onsier tis quntity s 
vetor tt n e eompose on te “jorn” x-xis (θ = 0) n y-xis (θ = π/2).

en to ientiy te jorn ermions one n tke te rel n iminry prts o
te overlp s polriztions lon te two xis. e jorn x- n y-polriztions re
e ne s

PMx
(x) = e[ΦT (x)σ2τ2Φ

∗(x)],

PMy
(x) = Im[ΦT (x)σ2τ2Φ

∗(x)]. (3.49)

e jorn polriztion vetor is ten e ne s te solute vlue o te jorn
polriztion vetor

PM(x) = |(PMx
, PMy

)|. (3.50)

Here te normliztion rom  jorn solution is onventionlly osen su tt
te overlp interte over te reion were te zero moe is extene res

∫

dxPM(x) =
1

2
, (3.51)

wi eoes te prtiulr squrin o  jorn ermion, γ2 = 1
2
.

Expliitly, in terms o te wve untion omponents, te jorn polriztion
omponents re

PMx
= 2e[u↓v∗↓ − u↑v

∗
↑],

PMy
= 2Im[u↓v

∗
↓ − u↑v

∗
↑]. (3.52)

ote tt te e nitions involve pirin o eletrons n oles wit te sme spin, in-
itin  spin-triplet pirin in te moel. en  i erent wy to tink out te
jorn polriztion is to see it s  mesure o spin-triplet pirin in te moel. ote
tt it is possile to ve non-zerojorn polriztion, ut jorn ermion exists
only wen itsjorn ensity intertes to 1/2 (see Eq. 3.51) In te 1D spinul system
tt will ppen t zero enery.

It is well suite to ompre te jorn polriztion wit usul opertors use to
investite te lol struture o wve untion. Let us nelet or te moment te ole
erees o reeom. en one n e ne milir onepts s te lol eletroni ensity
o sttes opertor ρ̂(x) n te lol spin polriztion opertor Ŝ(x) t  iven eneryE
s

ρ̂(x,E) =
4

∑

n=1

Ψ†
n(x)

(

σ0 ⊗
τ0 + τ3

2

)

Ψn(x)δ(E − En), (3.53)

n

Ŝ(x,E) =
4

∑

n=1

Ψ†
n(x)

(

σ ⊗ τ0 + τ3

2

)

Ψn(x)δ(E − En) (3.54)
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3.3 

were n inexes te eienvlue n te respetive eienuntion. ote tt Ŝ s  ve-
tor struture wit omponents in x, y n z-spin iretion.

In nloy te jorn polriztion opertors n e e ne rom Eq. (3.52)

P̂Mx
(x,E) =

∑

n

Ψ†
n(x)σ2 ⊗ τ2Ψn(x)δ(E − En), (3.55)

P̂My
(x,E) =

∑

n

Ψ†
n(x)σ2 ⊗ τ1Ψn(x)δ(E − En). (3.56)

ote in tt n eletron (or ole) will lwys ve zero jorn polriztion.
Eq. (3.52) sows tt te sme is te se wit wve untions wit spin-sinlet pirin
o te type (u↑, 0, v↓, 0). is rinsmore support to te ie ttjorn polriztion
mesures  eree o spin-triplet pirin in te system.

jorn polriztion n ensity re not pysil quntities tt one n mesure,
ut tey n e use to ive  piture o jorn exittions t zero enery. wo zero
moes wit opposite jorn polriztions provie  ler illustrtion to te t tt
tey re moes tt n e “omine” to orm  jorn unpolrize eletron (or
ole). wo jorn moes wit te sme polriztion n oexist nery, ut ten to
yriize n orm reulr eletroni sttes i teir polriztion is opposite. A rottion
o jorn polriztion mit e ue to te vrition o pysil prmeters s spin-
oit ouplin or te superonutin pse. ese ses n pose  prolem s te nle
o rottion n e lolly epenent n i ult to interpret. en te solute vlue
o te polriztion vetor, tejorn ensity (3.50) woul emore suite to ientiy
 wve untion s jorn.
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Chapter 4
Topological semiconducting wire with Rashba
andDresselhaus spin-orbit coupling

is pter reonsiers te 1D spin-orit ouple semionutin wire rome. 24,
25] wit n itionl Dresselus spin-orit intertion. e wire supports jorn
moes tt present  prtiulr spin texture. e eletroni erees o reeom o te
jorn ermionsve  trnsverse polriztion to temneti el tt is entirely e-
termine y te iretion o te spin-orit ouplin vetor. ey re lwys opposite t
te two ens o te semionutinwire. Alreyjornmoes or twoimensionl
spin-triplet topoloil superonutors s een sown to exiit n Isin-like spin
ensity tt my llow teir etetion vi ouplin to  mneti impurity 112, 113].
In te sme vein it is sueste tt te spin texture in te 1D superonutor mit e
etete in  spin-polrize snnin tunnelin mirosopy experiment.

Furtermore, te jorn polriztion e ne in e. 3.3 is sown to e  oo
orer prmeter to esrie te topoloil trnsition in te moel.

4.1 Model Hamiltonian
Let us onsier  semionutin wire oriente lon te x-iretion, n in proximity
to n s-wve superonutor. Due to ulk inversion symmetry, semionutin wires
n exiit lon wit te s  intertion nlyze in es. 25, 87, 108], 
Dresselus  intertion 114].

In te present se, Dresselus I to rst orer inmomentum p in te x-iretion
lon te wire tkes te orm βpσ1. e ouplin β n e o te sme orer o mni-
tue wit te s C (∼ 0.1 eÅ) 115]. eHmiltonin esriin te system
res

H =

∫

dx

[

ψ†
(

p2

2m
− µ+ αpσ2 + βpσ1 +Bzσ3

)

ψ + (∆ψ↑ψ↓ +H..)
]

. (4.1)
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4.1  H

e uli mtries σ represent spin. e ientity mtries n te spin inex or te
ermioni el re implie wen sent. e emil potentil is enote y µ, Bz is
te eemn el,∆ is te inue superonutin pirin n α (β) rterizes te
mnitue o te s (Dresselus)  intertion.

Let us onsier or te moment  purely rel superonutin prmeter∆. Due to
te presene o superonutin orreltions, te Hmiltonin n e eqully ste in
 Booliuov-e Gennes orm

H =
1

2

∫

dxΨ†HΨ, Ψ† = (ψ†
↑, ψ

†
↓, ψ↓,−ψ↑),

H =

(

p2

2m
− µ+ αpσ2 + βpσ1

)

τ3 +Bzσ3 −∆τ1. (4.2)

uli mtries τ t in te prtile-ole spe. e prouts o uli mtries tt live
in i erent spes soul e unerstoo s  tensor prouts. e BG representtion
is prtiulrly useul s it llows ionliztion o te Hmiltonin in  sis o qusi-
prtile exittions.

e spin-orit intertion tens to orient te spins in (x, y) plne wit n in-plne
iretion nxy, wile te mneti el remins perpeniulr to te plne. Bot Dres-
selus n s I ten to split te enery ns or sttes wit opposite spins
|nxy+〉 n |nxy−〉. For vnisinBz n∆, |nxy±〉 re oo eiensttes o te Hmil-
tonin

H|nxy±〉 = ξp ±
√

α2 + β2p|nxy±〉, (4.3)

were ξp = p2

2m
− µ.

e mneti el s te e et to open  p t zeromomentum. en te Fermi
enery is in tis p te system eomes e etively “spinless”. Finlly, wen superon-
utin proximity e et is onsiere, n lose to Fermi enery, te system n e
mppe to te Kitev moel. e s-wve pirin ∆ s te e et o openin ps t
Fermi momentum n to meite p-wve pirin or te spinless moel.

e presene o te Dresselus term only trivilly moi es te spetrum or te
trnsltion invrint system25]. e eneryotiney squrin twie teBGHmil-
tonin res

E2 = ξ2p + (α2 + β2)p2 + B2
z +∆2 ± 2[ξ2p(α

2 + β2)p2 + ξ2pB
2
z +∆2B2

z ]
1/2. (4.4)

A numeril nlysis requires implementin te BG Hmiltonin in Eq. (4.2) on 
lttie. rouout te setion, te lttie onstnt a n ~ re set to 1. e quntities
n e expresse in enery units o t = 1

m
. e usul sustitutions

∫

dx→ L
∑

j

, ψ(x) → 1√
L
cj, ∂xψ(x) →

cj+1 − cj−1

2
√
L

, (4.5)
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4.  …

were L is te size o te system, llow to write te iret spe lttie BG Hmilto-
nin:

H =
∑

j

C
†
j [(t− µ)τ3 +Bzσ3 −∆τ1]Cj −

1

2

[

C
†
j (t+ iασ2 + iβσ1)τ3Cj+1 +H..

]

,

Cj = (c†j↑, c
†
j↓, cj↓,−cj↑). (4.6)

e lttie Hmiltonin reproues te ontinuum Hmiltonin t low enery.

4.2 Topological invariant

e omputtion o te topoloil invrint n e rrie out extly in te se o
te lttieHmiltonin. e lultion will sow tt te topoloil onition is not
in uene y te Dresselus C β.

Any one-prtile ermioni Hmiltonin supports  representtion in  jorn
sis 67]. Let us onsier on-site rel qusiprtile exittionopertors (tejorns)

γ
(j)
1,α =

1√
2
(cj,α + c

†
j,α),

γ
(j)
2,α =

1

i
√
2
(cj,α − c

†
j,α). (4.7)

e jorn ermions oey te nti-ommuttion reltion

{γ(i)Aα, γ
(j)
Bβ} = δijδαβδAB, (4.8)

were, (i, j), (α, β), n (A,B) re site, spin, n respetivelyjorn inies. en in
te jorn sis ΓT

j =
(

γ
(j)
1↑ , γ

(j)
2↑ , γ

(j)
1↓ , γ

(j)
2↓
)

te lttie version o Hmiltonin (4.1)
is written

H =
∑

j

(t− µ) +
i

2

∑

i,j

ΓT
i AijΓj (4.9)

wereAij is n nti-symmetri relmtrix. e onstnt termoes not  et teHmil-
tonin topoloy n n e nelete. e mtrixAij enoes only on-site n nerest-
neior oppin terms. ereore one n express teHmiltonin in  smll numer
o 4× 4 lok mtries, A(i− j), wi ontin only spin n jorn inies. ote
tt ue to nti-symmetry

A(i− j) = −A(j − i)T . (4.10)
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4.3 

en, witout te onstnt term, te Hmiltonin res

H =
i

2

∑

j

[ΓT
j A(0)Γj + 2ΓT

j+1A(1)Γj],

A(0) = is2((t− µ) + Bzσ3) + i∆s1σ2,

A(1) = −1

2
[s2(it+ ασ2)− iβσ1]. (4.11)

e uli mtries s re pseuo-spin mtries representin te jorn (1, 2) eree
o reeom. ote tt te mtriesA(0) nA(1) re rel.

IH s  p, ten one n etermine i zero-enery jorn ermions live t te
ee o te 1D system y omputin  topoloil inex. A. Kitev s prove 67] tt
tey n exist only wen te jorn numerM is netive

M(H) = sn([Ã(0)])([Ã(π)]). (4.12)

Here Ã is te Fourier trnsorm o Aij ompute t two exeptionl points 0 n π in
te B. In te present se, wit only on-site n  terms

A(0/π) = A(0)± [A(1)− AT (1)]. (4.13)

ote tt ot spin-orit ouplin terms re symmetri in jorn n spin inies,
n tereore tey rop out rom te topoloil inex.

en te topoloil invrint res

M(H) = sn(µ2 − B2
z + |∆|2)sn((2t− µ)2 − B2

z + |∆|2). (4.14)

e onitions or te existene o te topoloil pse supportinjorn ermions
re un ete y te Dresselus  intertions. As expete rom te experimentl
onsiertions, te nwit t is mu lrer tn te oter prmeters o te sys-
tem, (∆, Bz, α). Hene te seon term is lwys positive, n tus  topoloil pse
ontinues to exist or

B2
z > ∆2 + µ2. (4.15)

It is interestin to note owever tt jorn oun sttes n exist even in te -
sene o te s term, wen only Dresselus  intertions re present. Dressel-
us term s  similr e et s te s term in removin te spin eenery o te
enery ns.

4.3 Majorana wave function solutions
oiretly see te e et o teDresselus C it is opportune to stuy tewve un-
tions or te jorn ermions. It s een sown tt jorn oun sttes n
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4.  …

Fi. 4.1: jorn ermions, represente in re, orm t te intere wit te topoloi-
lly trivil sttes wen te emil potentil retes  omin wll.

rise t te intere etween trivil n topoloil reions o  one-imensionl wire
y onsierin or exmple  position-epenent emil potentil 25]. imilrly, 
moel wire is ivie ere in tree reions wit vrile emil potentil. e emi-
l potentil n e ne trou tin su tt it tkes te vlue µ1 in te entrl
reion [0, L] n µ0 outsie

µ2
1 < B2

z −∆2, x ∈ [0, L],

µ2
0 > B2

z −∆2, x /∈ [0, L]. (4.16)

Hene  topoloil reion is orme in te entrl reion n jorn ermions re
expete t te ounry wit te outer, trivilly ppe reions.

e in nite system exiits ps t p = 0 n  superonutin p t te Fermi
momentum pF 6= 0. e p t zeromomentum is∆−

√

B2
z − µ2, wile te p t pF is

te inue superonutin p ∆. o solve te system nlytilly, one ssumes tt
emil potentils µ1,2 re osen su tt te p t p = 0 is mu smller tn te
superonutin p. Equivlently, i te inue p ∆ is lose in mnitue to te
eemn enery, it is neessry only  smll ne in te emil potentil to swit 
reion rom  trivilly ppe pse to  topoloilly nontrivil pse. Hene te low
enery solutions n e otine y linerizin te BG Hmiltonin (4.2) in p.

H = (αpσ2+βpσ1)τ3+Bzσ3−∆τ1−
∑

j∈{0,1}
µj[θ

(

x(2j−1)
)

+θ
(

(x−L)(2j−1)
)

]τ3,

(4.17)

were θ is te Hevisie step untion.
e jorn wve untion is etermine y serin or zero enery solutions

oun to te ens o te topoloil reion. I te lent o te topoloil reion is
very lre, L ≫ 1, te lolize jorn sttes re oun inepenently t te two
ens. ey ve te orm o our omponent spinors, n te mplitue o te wve
untion must ey wy rom te intere. For exmple, te Anstz or te lolize
untion t x = 0 is ψ0,1 ∝ e±k0,1x, wit wve vetors k0,1 > 0 n 0, 1, enotin te
le (topoloilly trivil), respetively, te rit (topoloilly nontrivil) sie o te
intere.

e llowe wve vetors or te omplete system re otine y solvin or te
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zero enery eienvlues t e intere

k±j =
∆±

√

B2
z − µ2

j
√

α2 + β2
, j ∈ {0, 1}. (4.18)

e omplete solutions re orme y mtin te wve untions ross e in-
tere. er te interes, x = 0, L te wve untions re iven y

ψ(x ∼ 0) =







κu1(µ1)e
k−1 x, x > 0,

κ
2

[

(1 + tanφ1

tanφ0
)u1(µ0)e

k−0 x + (1− tanφ1

tanφ0
)u2(µ0)e

k+0 x

]

, x < 0,
(4.19)

n

ψ(x ∼ L) =







κu3(µ1)e
−k−1 (x−L), x < L,

κ
2

[

(1 + tanφ1

tanφ0
)u3(µ0)e

−k−0 (x−L) + (1− tanφ1

tanφ0
)u4(µ0)e

−k+0 (x−L)

]

, x > L.

(4.20)

e spin-orit vetor is

eiϑ =
(α + iβ)
√

α2 + β2
(4.21)

n te nles φj re e ne s

eiφj =
1√
2

(
√

1 + µj/Bz + i

√

1− µj/Bz

)

. (4.22)

e jorn eienvetors re iven y

u1(µj)
T = (osφje

iϑ,− sinφj, sinφje
iϑ, osφj),

u2(µj)
T = (osφje

iϑ, sinφj,− sinφje
iϑ, osφj),

u3(µj)
T = −(osφje

iϑ, sinφj, sinφje
iϑ,− osφj), (4.23)

u4(µj)
T = (− osφje

iϑ, sinφj, sinφje
iϑ, osφj).

ote tt te otine wve untions re inee jorn ermions respetin te
relity onition trou te pse oie (ϑ+π)/2 or te omplex oe ient κ. e
mnitue o κ is etermine rom te normliztion onitions o te wve untions
n is o te orer o (

√

B2
z − µ2

1 −∆/
√

α2 + β2)1/2.
ewve untions llowone to ompute te spinpolriztiono tejornwve

untion n re iretly te in uene o te Dresselus C. e spin polriztion
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is reore ere only or te eletroni erees o reeom in te jorn wve un-
tion. It is ompute y tkin te zero enery expettion vlue

s(x) = ψ†(x)

(

σ ⊗ τ3 + τ0

2

)

ψ(x). (4.24)

For tejornwve untions romEqs. (4.19) n (4.20) extly t te intere,
x = 0, L, it ollows tt

s(0) = |κ|2
2

(

− sin(2φ1) osϑ, sin(2φ1) sinϑ, os(2φ1)
)

,

s(L) = |κ|2
2

(

sin(2φ1) osϑ,− sin(2φ1) sinϑ, os(2φ1)
)

. (4.25)

e ove results sow tt te wve untions ve te sme spin polriztion in z-
iretion, wi is ue to te tion o te eemn elBz . However, tey ve equl
in mnitue, ut opposite trnsverse spin polriztions. In t, te iretion o te
spin polriztion t ot interes is iven entirely y te reltive weit o te s
n Dresselus C

s2

s1
= −β

α
. (4.26)

e jorn polriztion vetors or te jorn wve untions re lso reily
ville, PM = (PMx

, PMy
)

PM(0) = −PM(L) = −|κ|2(osϑ, sinϑ os(2φ1)). (4.27)

ey re lso opposite or te two en jorn ermions. is ruly llows us to
ll te twomoes s “i erent”jorns. en te twomoes re rout toeter,
tey orm  reulr ermion wit zero jorn polriztion.

For xe prmeters µ, ∆ n Bz , PMx
is proportionl to s1, wile PMy

is propor-
tionl to s2. us, wen only s/Dresselus C is present, te totl trnsverse
spin polriztion is proportionl to te jorn polriztion, wit  proportionlity
onstnt wi epens on te emil potentil potentil n te pplie eemn
el. en ot omponents o te C re present, te jorn polriztion n

te trnsverse spin polriztion vetors re no loner olliner.
Eq. (4.26) inites tt te lol spin ensity or te jorn eletroni erees

o reeom soul rotte in trnsverse iretion uner te in uene o te Dresselus
term. It is importnt to stress tt tere is no trnsverse polriztion o te system. is
sttement remins true i one onsiers te entire jorn untion or i one puts to-
eter n eletron rom its “rtionlize” omponents t te two ens.
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4.4 Numerical study
e numeril stuy supports te nlytil stuy unertken in te previous setion.
e moel BG Hmiltonin is iven in Eq. (4.6), n is implemente in  100-site

system.
As mentione eore, te spin-orit ouplins or te pysil system n e ex-

pete to e o orer 0.1 e Å (~ = 1) or α ∼ β ∼ 104 m/s. Hene te spin-orit ou-
plin enery,mα2, is o te orer 1 K. e eemn enery n e o te orer∼ 100K,
wile te superonutin proximity e et n rete ps o orer∆ ∼ 1− 10K. e
oppin strent t = ~

2

ma2
is o te orer o te nwit ∼ 104 K 76, 108, 115]. In

te numeril simultions, te lttie onstnt a n te reue lnk onstnt ~ re
imensionless n equl to one, a = ~ = 1. All te pysil quntities re mesure in
units o te oppin strent t = 1. Due to nite size e ets on te 100-site system, it
is r to visulize te pysis o te jorn system or smll Bz n ∆ wit respet
to te oppin strent t. ereore,Bz,∆, α re rti illy enne in te ollowin,
wile mintinin tem smller tn t. e reerene vlues or te rest o te simul-
tions re ∆ = 0.3, Bz = 0.4, α = 0.2 n µ = 0, n ny evition rom tese vlues is
expliitly note.

Ext ionliztion o BG Hmiltonin in Eq. (4.6) provies te lol ensity
o sttes, n te lol spin-polrize ensity o sttes lon te x, y, n z iretions.
For exmple te lol (site n) eletroni i-spin polriztion ensity t  iven enery E
is e ne ere s

sn(E) =
4N
∑

j=1

Ψ†(j)
n

(

σ ⊗ τ0 + τz

2

)

Ψ(j)
n δ(E − Ej), (4.28)

were N is te numer o sites in te system, Ej is te jth eienvlue o H n Ψ
(j)
n is

te site n omponent o te jth eienvetor,Ψ†
n

(j)
= (u

(j)
n↑ , u

(j)
n↓ , v

(j)
n↓ , v

(j)
n↑ ). imilrly, it is

possile to ompute te lol jorn polriztions s  lttie version o Eqs. (3.52)

PMx,n =
4N
∑

j=1

2e[u(j)n↓v
∗(j)
n↓ − u

(j)
n↑v

∗(j)
n↑ ]δ(E − Ej). (4.29)

e Dir elt untions re implemente s Gussins o wit∼ 10−4
~vF/a.

e x n z omponents o te spin polriztion, s well s te jorn polriz-
tion, in  system witout Dresselus C, re represente in Fi. 4.2. e nlytil
solution orretly preits tt tere is no y-spin polriztion, wile te zero oun
sttes ve opposite eletroni x-spin polriztion t te two ens. Due to te eemn
mneti el, ot en moes re ientilly z-spin polrize. e zero-enery jo-
rn wveuntions re extene over  smll numer o ee sites, n exiit stronly
mpe sptil osilltions.
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Fi. 4.2: e spin polriztion lon () te z n () x iretions, n () te jorn po-
lriztion PMx

, s  untion o enery n position, ∆ = 0.3, Bz = 0.4, α = 0.2, β = 0 n
µ = 0.

ote tt te nlytil result in Eq. (4.25) preits tt te z-polriztion vnises
or µ1 = 0,

os(2φ1) = 0. (4.30)

is is not te se seen in te numeril simultions, were tere is  ppreile z-
spin polriztion o jorn moes (see Fi. 4.2()). However te nlyti result ws
otine y neletin te kineti term in te Hmiltonin rom Eq. 4.1. o lein
orer, te qurti term ontriutes wit n e etive µ

〈p2〉 ≈ O((∆−Bz)
2), (4.31)

wi retes  negative e etive potentil in qulittive or wit te numeril re-
sults. oreover, tis e etive emil potentil is responsile or te sptil (quikly
mpe) osilltions o te spin polriztion oserve numerilly. Altou tese os-
illtions re not pture y te ontinuum limit lultions, or ny site i te rtio
s2,i/s1,i epens only on te spin-orit ouplins in reement wit Eq. (4.25).

Fi. 4.3 exempli es te se were only Dresselus C is present. e lol en-
sity o sttes revels tt zeromoes oun t te ens o tewire ontinue to e present
(see Fi. 4.3()). jorn n spin polriztion support te nlytil nins. e
moes re entirely polrize on te y-iretion, i.e. ortoonl to te se α 6= 0 n
β = 0. For exmple,  plot o te jorn polriztion PMy

ienti es te zero moes
s jorn sttes in Fi. 4.3().

e numeril results or tejorn polriztion presente in Fi. 4.2 lso ollow
loselyEq. (4.27). e vlues o tejornpolriztion re lwys opposite t te two
ens o te wire. en te Dresselus term is non-vnisin, te moes in  PMy

omponent. itout Dresselus C, PMx
is proportionl in tis se to te x-spin

polriztion. However, in enerl tere is  ruil i erene romte spin-polriztion.
e jorn polriztion vetor rottes in te trnsverse iretion rom site to site.

en ot te s n Dresselus C omponents re present, te jorn
polriztion inEq. (4.27)epens on te os(2φ1) n, susequently, te rtioPMy

/PMx

n vry on te en sites over wi te jorn moe is extene, in ontrst to te
spin se. e preession o jorn polriztion mkes it more vorle to reister
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Fi. 4.3: () Lol ensity o sttes n () jorn polriztion PMy
t∆ = 0.3,Bz =

0.4, µ = 0, α = 0, n β = 0.2. jorn oun sttes re present t te ens o  wire
ontinin only Dresselus C.
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Fi. 4.4: () Lowest-enery eienvlues n te l-wire interl o te jorn polriztion
PMx

(inset) s  untion o Bz . () jorn polriztion PMx
o te lowest-enery stte s 

untion o position nBz . rmeters: ∆ = 0.3, µ = 0, β = 0, n α = 0.2

te jorn polriztion ensity (3.50) n prove tt it is 0.5 or  zero enery moe
oun t te wire extremities.
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Fi. 4.5: () e lowest-enery eienvlues n te l-wire jorn polriztion PMx

interl (inset) re plotte s  untion o µ. In te seon pnel te jorn polr-
iztion PMx

o te lowest-enery stte is plotte s  untion o position n µ. e
prmeters onsiere re∆ = 0.3,Bz = 0.4, α = 0.2, n β = 0.

In te ollowin, te lim tt jorn polriztion is  oo orer prmeter to
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rterize te topoloil trnsition reeives more numeril support. is is one
y vryin e o te prmeters (∆, Bz, µ) to rive te system in  trivil pse. In
Fi. 4.4(),Bz is vrie n it is sown tt te systemeomes trivilly ppe (no-
jorn oun sttes) or Bz ≤ ∆. e inset esries te epenene o te l-wire
interl o tejorn polriztion or one o te lowest-enery sttes s  untion o
Bz (n interl o 0.5 is equivlent to  “ull” jorn stte). e jorn polriz-
tion ereses smootly to zero elow te ritil vlue o Bz . e sme penomenon
n e oserve in Fi. 4.4(), were te sptil istriution o te jorn polriz-
tion is plotte s  untion o Bz . e trnsition eomes srper or n inresin
system size. e sme qulittive etures re otine wen ∆ n µ re vrie ross
te topoloil trnsition. For exmple, te vrition o te emil potentil is repre-
sente in Fi. 4.5.

Discussion
e present pter s sown tt te jorn polriztion (n ensity) is  oo

lol orer prmeter to ientiy te topoloil trnsition t B2
z = ∆2 + µ2. Furter-

more, it ws sown tt tere is  spin texture in te trnsverse plne to te mneti
el n it epens on te reltive strent o Dresselus n s spin-orit ou-

plin. e eletroni erees o reeom o tejorn wve untion t te two ens
o te wire re polrize in opposite iretions on te trnsverse plne. is oul e in
priniple etete trou  ontt to n impurity 112, 113]. However it is neessry
to etil su lim. How is it possile to ve ess only to te eletroni prt o te
wve untion?

ote tt te system remins spin unpolrize t zero enery, n tt oul e re-
lize only i tere is  ompenstion or te spin polriztions t te two extremities o
te wire. en te explntion or te reistere spin-texture must invoke  onserv-
tion o te polriztion in te trnsverse iretion. However, it remins in perspetive
to unerstn in more etil te pysil resons or tis prtiulr spin-texture.
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Chapter 5

ExtendedMajorana states in Josephson
junctions

e one-imensionl topoloil superonutor supportin jorn ermions ws
sown in te previous pters to mit  pertinent implementtion in  eterostru-
ture onstrute rom  spin-orit ouple semionutin wire in proximity to n s-
wve superonutor. Detetion semes o jorn ermions o en require uilin
on tis si struture. In prtiulr, or trnsport mesurements, te eterostruture
n e onnete to  norml metl reion, tus ormin  “superonutor”-norml
metl () juntion. ey were reently investite experimentlly in e. 91] n
 zero-is onutne pek tout to e ssoite wit jorn ermions 103,
104, 116–118] ws etete trou tunnelin spetrosopy. A i erent system n e
onstrute y ouplin two topoloil superonutors trou  normlmetl su
tt jorn ermions orm in te norml reion. e presene o jorn ermions
in tese “superonutor”-norml metl-“superonutor” () juntions ives rise
to  rtionl Josepson urrent wit  4π perioiity 67, 102, 119–121].

In te present pter, severl moels or one-imensionl  n  juntions
re investite numerilly. e interest lies in ollowin te evior o te jo-
rn sttes in tese new eometries. e essentil property quire y te jorn
ermions ue to te ouplin to  norml metl is tt tey n eome extene sttes
(see e. 5.1 n es. 76, 118, 122, 123]) In te se o te  juntion, tis s te
prtiulr e et tt te norml reion supports two extenejorns (see e. 5.3).

is ppens only t  pse i erene π etween te two superonutors; oterwise
te jorn sttes yriize n orm Anreev oun sttes t ier eneries. e
two extenejorn ermions re reonize y rein  totl intertejorn
polriztion o one over te norml reion. Finlly, in e. 5.4.2, te ormtion ojo-
rn ermions is stuie in liner n rin eometries uner  uniorm superonutin
pse rient.? ] e rin eometry is o prtiulr interest s te twistin o te pse
llows te ormtion zero enery oun sttes in  norml reion, similr to te reulr
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5.1  -

(a) (b)

Fi. 5.1: emti representtions o () superonutor-norml n () superon-
utor-norml-superonutor juntions. ey re rete y vin te spin-orit
ouple semionutin wire e on top o n s-wve superonutor (S). A per-
peniulr mneti elBz ts on te wire.

 juntion.

5.1 Superconductor-normal junctions
Let us onsier rst te  juntion tt is semtilly represente in Fi. 5.1(). e
system onsists o  spin-orit ouple semionutin wire in proximity to n s-wve
superonutor. However, te wire sits only prtilly on te superonutor. ere-
ore it is ssume tt te superonutin proximity e et oes not  et te entire
wire. is is moele y vin  onstnt inue p ∆ only onN sites. A vrition
onsiere susequently is tt o  eyin inue p, wi n e ssoite to 
penetrtion lent o Cooper pirs in te norml reion.

e Hmiltonin o te system is n menment to te moel in Eq. (4.6) wit
emil potentil µ, inue p∆, mneti elBz n only te s spin-orit
ouplin α

H =
L
∑

j=1

C
†
j [(t− µ)τ3 +Bzσ3 −∆τ1θ(N − j)]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 + H..

]

,

Cj = (c†j↑, c
†
j↓, cj↓,−cj↑), (5.1)

were L is te totl numer o sites in te system nN , te sites wit inue p. In
numeril simultions, te system sizeL is 100 sites nN is 80 sites. Hene te norml
reion extens over te lst 20 sites. nless expliitly spei e, te moel prmeters
re osen te sme s in e. 4.4, Bz = 0.4, ∆ = 0.3, α = 0.2 n µ = 0, tus
plin te system uner te topoloil onition (3.41). e lttie onstnt a n
te reue lnk onstnt ~ re set to one; ll prmeters re expresse in units were
te oppin strent is one, t = 1. In ontrst to e. 4.4, te elt-untion enterin
te e nition o LD n jorn polriztion re implemente s Gussins o
wit∼ 10−5

~vF/a.
e onition to ve jorn ermions remins te sme s te one inEq. (3.41)

B2
z > ∆2 + µ2. (5.2)

e ruil i erene is tt te rit jorn ermion rom te topoloil super-
onutor exten uniormly over ll sites o te norml reion. e interte -
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Fi. 5.2: esperesenttion o te jorn ensity s  untion o () te emil po-
tentil µ n () te mneti el Bz . e topoloil trnsition were te jorn
ermion sttes ispper t µc ≃ 0.26 nBz = 0.3.

jorn ensity (3.50) (or lttie version (4.29)) over te norml reion is represente
in Fi. 5.2. e t tt it yiels te 1/2 inites tt tere is extly one jorn
ermion extene over te norml reion. Furtermore, te topoloil onition is
veri e y vryin te prmeters o te system. Fi. 5.2() exempli es te vrition o
te emil potentil µ, wile Fi. 5.2(), te vrition o te mneti el Bz . In
ot ses te topoloil trnsition tkes ple t te vlues preite romEq. (3.41);
wen te oter prmeters re xe, te ritil emil potentil is µc ≃ 0.26 n te
ritil eemn el is (Bz)c = 0.3.
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Fi. 5.3: epresenttion o te zero-enery LD epenene on te oppin strent
tSN etween te superonutin n norml reion. A lolize jorn ermion
extens in te norml reion wen inresin ouplin to te ulk vlue t = 1.

e extenenture o tejorn ermions ne visulize y vryin smootly
te ouplin tSN etween te norml n superonutin reion. en te ouplin
is very wek, te superonutin reion is e etively onnete on te rit sie to
 trivil insultor. Hene jorn ermions remin lolize t te en o te super-
onutin reion. However, inresin te ouplin tSN les to extene zero enery
moes. is sitution is illustrte in Fi. 5.3 y reorin te zero-enery lol ensity
o sttes in te norml reion s  untion o tSN .
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Fi. 5.4: Low-enery jorn x-polriztion illustrtes te inresin loliztion o
ritjorn ermions wit te rowt o te superonutin reion y rmpin up
te penetrtion lent ξp. () ξp = 50, () ξp = 100, () ξp = 200.

Let us nlly onsier  smoot ey o te superonutin p into te norml
reion. For  smll penetrtion lent ξp o Cooper pirs into te norml reion, te
system supports, s eore, extene jorn ermions. en te penetrtion lent
eomes lre, te topoloil superonutin reion is prolone into te norml
reion. ereore te jorn ermions eome more n more lolize wit te
iminisin norml reion. In Fi. 5.4 is presente  limit se o te ove sitution.

e wire is onnete to  p-wve superonutor only t its le ee n Cooper pirs
enter into tewire y proximity e et. In te sme sis s eore, teHmiltonin tt
moels te wire res

H =
L
∑

j=1

C
†
j [(t−µ)τ3+Bzσ3−∆e−j/ξp ]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1+H..

]

. (5.3)

Fi. 5.4 illustrtes seswit n inresin penetrtion lent. ote tt te penetrtion
lent n e seen s n estimte o te size o te topoloil superonutin reion
in te wire. As te penetrtion lent rows, te norml reion iminises n te
jorn ermions eome more n more lolize on te rit sie. ote in tt
jorn ermions t te two ens o te wire ve opposite jorn x-polriztion,
ut te extension o te rit jorn oes not wei on te t tt te interl
jorn polriztion in te norml reion yiels 1/2. Hene te “norml reion” osts
 sinle jorn ermion o vrile extension.

e ollowin setions remostly entere on te explortion ojorn ermions
in  juntions. e presene ojorns in te norml reion is ruilly isplye
in te rtionl Josepson e et. e essentil etures o tis prtiulr penomen
re presente next.

5.2 Fractional Josephson e ect
A Josepson juntion is rete y rinin into proximity two superonutors (see
Fi. 5.5). Between tem n eiter e  wek metlli link, or n insultin rrier.
However, Cooper pirs n tunnel etween te two superonutors. is ives rise
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Fi. 5.5: emti piture o  Josepson juntion. itout loss o enerlity, one n
onsier tt te superonutin prmeter s equl solute vlue in te two super-
onutors. e le superonutor is onventionlly onsiere rel, wile tere is 
superonutin pse φ in te rit wire. In te mile tere is n insultin rrier
or  metlli reion.

to te Josepson urrent, tt epens on te pse i erene etween te superon-
utors. Here te ous is on te DC Josepson e et 124], in wi tere is no volt-
e i erene ross te juntion n te pse etween superonutors is onsiere
xe. is results in  iret urrent epenent on te pse i erene φ

IJ ∝ sin(φ). (5.4)

e remrkle eture o teoneimensionl systems supportinjorn ermions
is te presene o  actional DC Josepson e et. e tunnelin etween te super-
onutin islns tkes ple y usinjorn ermions tt re lose on te le n
rit sie o te juntion 67, 102]. is les to tunnelin events involvin sinle ele-
trons inste o Cooper pirs. e resultin urrent-pse reltion s te istintive
4π-perioiity

IJ ∝ sin(φ/2). (5.5)

o unerstn tis reltion, onsier  juntion rete usin te Kitev moel 76,
121]. e juntion is moele y te Hmiltonin

H = HL +HR +HT , (5.6)

were HL represents te Kitev moel (3.24) esriin te le wire, wit rel super-
onutin orer prmeter, n, respetively,HR, te Kitev moel or te rit wire,
wit  enerlly omplex superonutin prmeter, vin  pse φ,∆ → ∆eiφ (see
Fi. 5.5). A sort juntion will ve te tunnelin HmiltoninHT iven y

HT = −Γc†RcL +H.., (5.7)

were Γ is te ouplin etween te superonutin islns. e opertors c†
R/L or-

respon to te ermion retion opertors on te rit n, respetively, on te le sie
o te juntion.

Let us suppose tt le n ritwires re in  topoloil pse, |µ| < 2|t|. en or
wires ple r wy rom e oter, tere re zero enery jorn ermions pinne
t te extremities o te two wires. en  juntion is orme y rinin toeter te
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two wires, te two en jorn ermions n ouple. Furtermore, t low enery, te
pysis is entirely etermine y te two en jorns. is is euse te wires re
ssume lon enou tt te in uene rom opposite en jorn ermions remins
neliile. oreover, ll te oter sttes re eneretilly seprte rom te jorn
ermions y te ulk superonutin p.

o unerstn te pysis o te Josepson juntion it is su ient to tret  limit
se, wen te jorn ermions re ompletely lolize t one extremity site (see
e. 3.2.2) or µ = 0 n∆ = t. en t low enery one uses Eqs. (3.26) to otin

cL → i√
2
γ2,

cR → 1√
2
γ1e

−iφ/2. (5.8)

ote tt in te ove low-enery sustitution, temissinjorn ermions rom te
eomposition o  omplex ermion yriize wit te jorn ermions rom j-
ent sites to rete ulk sttes. ereore te low-enery Hmiltonin o te juntion
res

Heff = −iΓ os(φ/2)γ1γ2,

= −Γ

2
os(φ/2)(2c†c− 1). (5.9)

e seon equlity is otine y usin Eq. (3.23); te e etiveHmiltoninws writ-
ten s  untion o te ouption numer c†c o te eletroni stte ue to te usion
o te jorn ermions γ1 n γ2.

As expline in e. 76], one notes tt te ouption numer is trivilly  on-
serve quntity euse it ommutes witHeff. ereore n oupie stte s enery
E = −Γ/2 t φ = 0 n oes to E = Γ/2 t φ = 2π. e pse φ nees to inrese
y noter 2π or  stte to ome k t te oriinl enery. is is te 4π-perioiity
o te enery spetrum rteristi to te rtionl Josepson e et. As nnoune,
te 4π-perioiity re ets itsel lso in te Josepson urrent

IJ ∝ ∂〈Heff〉
∂φ

=
Γ

2
sin

(

φ

2

)

. (5.10)

ote tt t φ = π/2 tere re two eenerte zero enery sttes: te jorn
ermions. At tis nle tere is  pir o jorn ermions trppe t te juntion.
Awy rom φ = π/2, te enery sttes re li e rom zero n eome Anreev oun
sttes insie te superonutin p. e rest o te pter is evote to vrious in-
rntions o te rtionl Josepson e et in lon juntions.
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γ1 γ2 γ1 γ2∆ ∆

γ1 ∆ γ2 −γ2 ∆e
iπ γ1

Fi. 5.6: A i erent view o rtionl Josepson e et. An  juntion is rete
y onnetin two topoloil superonutin reions wit jorn ermions t ex-
tremities. e rit reion n ve  omplex pse. en te wires re onnete
trou  metlli setion, two entrl jorn ermions exten insie n yriize.
However two entrl jorn ermions re ientil t φ = π n o not yriize.

5.3 Superconductor-normal-superconductor junction

e  juntion onsiere ere is semtilly presente in Fi. 5.1(). e wire is
ple on two s-wve superonutin islns. Due to te proximity e et, tese two
outer reions o te wire re mppe to topoloil superonutors. Conventionlly,
te le reion s  rel superonutin orer prmeter, wile te rit reion s
 omplex superonutin orer prmeter wit  pse φ. e entrl reion o te
wire oes not experiene te superonutin proximity e et n orms te norml
reion o te juntion.

emin purpose o te pter is to illustrte te Josepson e et in tis eometry.
ken seprtely, e superonutin reion supports jorn ermions t its ens.
en tey re onnete trou te norml reion, te two en jorn ermions
n eome extene in te norml reion. is penomenon tkes ple t  pse
i erene φ = π etween te superonutin islns. For i erent vlues, te two
entrljorn ermions ormexteneAnreev sttes t eneries lower tn te ulk
superonutin p.

Here te jorn polriztion is use to illustrte te t tt jorn ermions
t te juntion re o te sme type orφ = π. is suests  i erentwy to look t te
Josepson e et. A rottion o te pse π in  superonutin reion mniests itsel
s  ne γ1 → −γ2 n γ2 → γ1. ereore, t φ = π, te two jorn ermions
t te juntion re o sme type n o not ouple (see Fi. 5.6). For ny oter vlue in
[0, 2π] tere is  yriiztion into Anreev oun sttes. An nlysis o te jorn
polriztion ptures tis result, euse  rottion wit φ proues  rottion o te
polriztion vetor (PMx

, PMy
). At φ = 0 te vetor s only  PMx

omponent (see
Cp. 4). A ne o pse y π rottes te polriztion vetor y π. Hene t φ = π

tere re two zero moes wit te sme jorn polriztion in te juntion, n,
susequently, te norml reion will re  jorn ensity o one.

In te numeril stuy,  L = 100 site system is onsiere. e moel prme-
ters re osen s in te previous setion. e inue superonutin prmeter∆ is
moele s Hevisie step untion. I  smoot ey is onsiere inste, ten only
te extension o jorn ermions in te norml reion is  ete. e Hmiltonin
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Fi. 5.7: () jorn polriztion ensity view o te rtionl Josepson e et. At
nle φ = π tere re two jorn ermions ormin in te juntion. () Density o
sttes in te norml reion tφ = π. oustjornmoes re present in te juntion
wit te vrition o µ. e ritil emil potentil were te jorn moes re
estroye is preite y te topoloil onition (3.41, µc ≃ 0.26.

tt moels te system in Fi. 5.1() res

H =
L
∑

j=1

C
†
j [(t− µ)τ3 +Bzσ3]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 +H..

]

−
N1
∑

j=1

C
†
j∆Cj −

L
∑

j=N2

C
†
j∆e

iφCj, (5.11)

were te norml reion extens etweenN1 nN2. Durin te simultions te nor-
ml reion s 20 sites,N1 = 40 nN2 = 60.

e pysis o te rtionl Josepson e et is veri e y vin wire tt respets
te topoloil onition,B2

z > ∆2+µ2. In Fi. 5.7() is represente tejorn po-
lriztion ensity interte over te norml reion s  untion o te superonut-
in pse. is illustrtes two essentil properties: tere re two jorn ermions in
te juntion (te ensity rees te vlue one) n tey exist only wen te pse is
equl to π. Aitionlly, te jorn ermions tt orm t te juntion re roust
wen nin te prmeters o temoel. is mens tt te topoloil onition
or te existene o jorn ermions remins vli. For exmple, in Fi. 5.7(), te
emil potentil µ is vrie. Consequently, te jorn ermions in te juntion
survive until rein te ritil emil potentil etermine rom te topoloil
onition (3.41), µc ≃ 0.26.

Finlly, te jorn polriztion piture o te rtionl Josepson e et is e-
tile in Fi. 5.8. For  zero pse i erene etween te superonutin islns, tere
re nojorn ermions ormin in te juntion. jorn ermions remin t te ex-
tremities o te wire euse te system sits in  topoloil pse (3.41). e woul-e
jorn sttes in te norml reion yriize n pper s Anreev oun sttes t
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Fi. 5.8: jorn x-polriztion, PMx
, t () φ = 0 n t () φ = π. e jorn

polriztion rottes wit te pse. At φ = π tere re two extenejorn ermion
ormin in te norml reion. () jorn polriztion PMx

(re) n PMx
(lue) or

te jorn ermion trppe t te rit extremity.

eneries lower tn te superonutin ulk p (see Fi. 5.7()). en te pse
vries rom φ = 0, te jorn ermion t te rit en o te wire respons y ro-
ttin its polriztion vetor. e Anreev sttes et rully loser to zero enery s
te pse pproes φ = π n itionlly ne teir polriztion. At φ = π te
Anreev sttes use to rete extene jorn ermions wit te sme polriztion
(see Fi. 5.7()). Hene n interte jorn ensity o 1 (i.e. 2 jorn ermions)
is reore in te norml reion. In Fi. 5.7() is represente te rottion o te polr-
iztion vetor or te rit enjorn ermion. It ws eke in e. 122] tt te
Anreev oun sttes, wen pproin zero enery, rully in  jorn polr-
iztion to ompenste te ne in polriztion o te rit en zero-oun enery
stte.

5.4 Ring with a uniform phase gradient
is setion evelops te previous numeril stuy o te  juntion to rin eome-

tries s te one semtilly illustrte inFi. 5.9(). e spin-ouple semionutin
wire is sione into  rin n ple t on n s-wve superonutor. ne setion
o te wire oes not tou te superonutor n, onsierin tt it oes not experi-
ene te superonutin proximity e et, orms te “norml” reion o te rin. e
rest o te rin relizes  topoloil superonutor. Even i te tewire prmeters re
osen su tt it lls uner te topoloil onition (3.41), tere will e no jo-
rn ermions t te intere etween te norml n superonutin reion. is is
euse te woul-e jorn ermions ormin t te two ens o te superonut-
in reion ommunite trou te norml reion n re li e rom zero enery.
everteless jorn ermions oul still orm i te pse o te superonutor is
llowe to vry lon te wire.

In e. 125], it ws sown tt superurrents in te ulk o te superonutor
oul e use in priniple to mnipulte te jorn ermions. ore preisely, it s
een sown tt  onstnt sptil rient in te pse o te superonutin prm-
eter n rive te system rom  topoloil pse supportin jorn ermions to 
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(a)
φ

x

0

π
(b)

Fi. 5.9: () in eometry were  uniorm pse rient vries te pse o te in-
ue superonutin prmeter rom 0 to φ in te superonutin reion S. e
norml reion () in te wire is represente y  se line. () rition o te su-
peronutin pse in  topoloil Cwire: te pseφ is set to zero in te le reion,
n  onstnt rient is onsiere to e inue in te entrl reion y ulk super-
urrents (in re) su s tt te pse φ rees  vlue o π in te le reion o te
wire.

trivil psewitout zero-enery ounmoes. is is te neessry inreient to orm
jorn ermions in te rin eometry.

Beore tklin te rin eometry, it is instrutive to investite rst te liner eom-
etry in orer to unerstn te tion o te uniorm superonutin pse rient.

is stuy ws rrie out in e. 125] n it is illustrte ere in te ontext o  one-
imensionl tit-inin moel. e liner eometry is ientil to te one trete in
e. 3.2.3 wit te essentil justment tt te superonutin pse is llow to twist
lon te wire vi  uniorm pse rient. ne n lso sion  triprtite system
were te rient ts only on te entrl reion o te wire. A typil sptil epen-
ene o te pse is presente in Fi. 5.9(); tere re two outer reions o onstnt
pse, wit  entrl reion uniorm experienin  pse twist. e min interest lies
in ninweter te uniormpse vritionmy ive rise to similr pysis to te one
oserve in te  juntion. e question is i trou te tion o te pse r-
ient lone it is possile to rin te entrl reion in  “norml pse”. In te seon
susetion, te rin eometrywit uniormpse rient inFi. 5.9() is investite
in orer to ientiy te jorn ermions in te norml reion.

5.4.1 Constant phase gradient in a wire
Consier te system present in te previous setions wit te sme moel prmeters.

e system is ompose o tree prts wit  entrl reion tt experienes te uniorm
pse rient∇φ n is moele y te Hmiltonin

H =
L
∑

j=1

C
†
j [(t−µ)τ3+Bzσ3−∆e−iφj ]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1+H..

]

. (5.12)
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ote tt te pse o te superonutin prmeter, φj , is site-epenent. In te
entrl reion o te wire (etween sitesN1 nN2) tere is  pse rient∇φwi
ts y inresin te pse, φj = φj−1 +∇φ.

Beore lunin into  numeril nlysis o te tit-inin Hmiltonin in
Eq. (5.12), it is worty to onsier te e et o te onstnt pse rient on te topo-
loil invrint. It is not entirely surprisin tt te rient o te superonutinp-
rmeter n mke te system swit etween  topoloil trivil n nontrivil pse.
For  uniorm rient, tis n e reily unerstoo in te limit o n in nite wire. As
sown in e. 125], te pse o te pirin term n e ue wy, wit te e et o
in  rient-epenent orretion to te nonil momentum n o renorml-
izin te oppin prmeter n te spin-orit ouplin. For n in nite tit-inin
wire, te onition to ve  topoloil pse, ompute usin te meto presente
in e. 4.2, yiels
{[

µ− t

8
(∇φ)2

]2

−α2(∇φ)2

4
−V 2

z +|∆|2
}

×
{[

µ−2t− t

8
(∇φ)2

]2

−α2(∇φ)2

4
−V 2

z +|∆|2
}

< 0.

(5.13)

en te nwit t is lrer tn te oter prmeters o te system, te seon
term o te prout is lwys positive. us, or  zero emil potentil µ, te ritil
pse rient is te ext lttie nloue o te ontinuum expression etermine in
e. 125]:

(∇φ)c = 2
√
2

{(

α

t

)2

+

[

V 2
z −∆2

t2
+

(

α

t

)4]1/2}1/2

. (5.14)

A pse rient s  Cooper pir-rekin e et n n lose te superonutin
p t te Fermi momentum. is les to  seon ritil vlue or te pse ri-
ent (∇φ)gl ove wi te ulk p loses n te system enters  pless reime (see
Fi. 5.10). Its ext vlue is etermine y numerilly stuyin te losin o te p
or n in nite system tt experienes  uniormpse rient∇φ. e stuy is rrie
ere on  momentum spe Booliuov-e Gennes Hmiltonin

H =
1

2

∑

k

C
†
kHCk, Ck = (c†k↑, c

†
k↓, c−k↓, c−k↑),

H = (t− µ)τ3 +Bzσ3 − |∆|τ1 (5.15)
− [t os(k) + α sin(k)σ2] os(∇φ/2)τ3 − [t sin(k)− α os(k)σ2] sin(∇φ/2).

For te system prmeters (Bz = 0.4,∆ = 0.3, α = 0.2, µ = 0), te rient or wi
te system enters te pless pse is (∇φ)gl ≃ 0.27, wile te topoloil onition
etermines  ritil pse rient (∇φ)c ≃ 1.57.

Let us enote te entrl reion wi experienes te uniorm pse rient s
G. e wire strts in  topoloil pse t zero rient n ene it supports two
jorn ermions t its extremities. e question to e teste isweter newjorn
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Fi. 5.10: se irm o te spin-orit ouple semionutin wire in proximity to
 superonutor, uner  pse rient∇φ (tken rome. 125]). B is temneti
el (Bz),∆ te inue superonutinprmeter,µ te emil potentil nu te

spin-orit ouplin onstnt (α). e system presents ppe topoloil pses ()
wi supportjorn ermions n trivil pses witoutjorn ermions. ere
re lso pless pses (GL) (mniestly evoi ojorn ermions). Centrl to te
present stuy is te t tt strtin rom  topoloil pse () t zero rient it
is impossile to enter  trivilly ppe stte trou te tion o te rient lone;
te rient puses te system into  pless (nontopoloil) pse.

ermions n orm t te intere o te G wit te outer reions, or extene in te
G s in n  juntion. ote tt te ove onsiertions llow us to eliminte
te rst possiility. Beuse (∇φ)c > (∇φ)gl, te system enters rst  pless reime,
so tere is no ounry to  trivilly ppe pse t te ees o te G. Inspetin
te pse irm in Fi. 5.10 inites tt tis result is enerl in nture. Always
n inresin pse rient puses te system rom  topoloilly ppe pse to 
pless reime n tereore no lolize jorn oun sttes re expete.

I te trnsition tkes ple to  pless pse, ten it still remins open te possi-
ility tt jorn ermions oul orm s extene sttes in G. However te r-
ient s  prtile-ole rekin e et76, 125] n, moreover, losin te protetion
o te ulk p les to te estrution o jorn ermions even or pse rient
vlues ove (∇φ)c. In Fi. 5.11() te pse rient over te 20 entrl sites is π/20,
smller tn te (∇φ)gl vlue n te G remins topoloilly ppe. ere is n
unique topoloil pse in te system n ene tere re only two jorn sttes
wi orm t te wire ens. Beuse o te reltive pse φ = π etween te two outer
reions, te jorn ermions ve ientil jorn polriztions. Inresin te
rient s te e et to pus te system in  pless reime n to rstilly iminis
te p to te rst exite sttes in te G, owever no jorn ermions orm in te
G.
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Fi. 5.11: () e pse o te superonutin prmeter is twiste y π over 20 entrl
sites. e entrl reions remins topoloilly nontrivil n jorn ermions wit
te sme polriztion orm only t te ens o te wire. () se in o 11π over 11
sites. wo jorn ermions orm in te G vin n opposite polriztion wit
respet to te en moes.

everteless, tere is one speil se in wi jorn ermions n orm in te
G. is sitution rises wen te G is onstrute s  series o Josepson juntions
wit pse inrese o (2n+1)π etween twoneiorin sites, witnein n inteer.

e G must onsist o n o numer o sites, to ensure  reltive pse i erene
(2n′+1)π etween te le n rit reions. en extenejorn ermions orm in
te G. is sitution is exempli e in Fi. 5.11(): two extene jorn ermions
orm or  pse i erene o φ = 11π over n 11-site G. Intertin te jorn
polriztion over te entrl reion yiels  totl vlue o one, sowin tt only two
jorn sttes orm in tis reion. is limit se is te only one were jorn
ermions re orme s extene sttes in te G. turlly it is i ult to expet tt
su stron rient n su prtiulr onitions n e oun in  pysil system.

It is noteworty to point te enerl t tt te system is invrint uner  ne
o 2π in te pse rient. Hene or n N -site G, tere is  2πN perioiity in te
totl reltive pse φ etween te le n rit ens o te wire. In te speil se
wen te rient is over n o numer o sites wit jorn ermions ormin t
∇φ = (2n+ 1)π, te perioiity in te totl pse is 4πN (see in Fi. 5.12()).

5.4.2 Ring with a uniform phase gradient

Let us investite te presene o jorn ermions in te rin eometry rom
Fi. 5.9(). e pse o te superonutin pse is twiste wit  pse rient
∇φ. e question is uner wt onitions o jorn ermions orm in te norml
reion.
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5.4 
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Fi. 5.12: () Evolution o te rst two positive eienvlues wit te pse i erene
φ or  11-site G. e onstnt zero-enery moe orrespons to n en jorn
stte. e enery o te otermoe evolves wit φ n rees zero only wen tere is 
(2n+ 1)π pse i erene etween two neiorin sites (tis ppens ere or n = 0
n n = 1, orresponin to φ = 11π n respetively φ = 33π). () Evolution o te
lowest-enery moes wit te pse i erene φ. ote te si δφ rom te expete
ormtion o jorn ermions t π.

e tit-inin Hmiltonin esriin te system res

H =
∑

j∈	

{

C
†
j [(t− µ)τ3 +Bzσ3]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 + H..

]

}

−
N2
∑

j=N1

C
†
j∆e

−iφjτ1Cj. (5.16)

e rst sum runs over te entire rin (	), wile te seon sum runs over te superon-
utin reion etween te sites N1 n N2. In te superonutin reion te pse
rows uner  uniorm rient φj = φj−1 +∇φ.

ile no jorn sttes re orme t φ = 0, or peulir vlues o te pse i-
erene umulte over te superonutin reion, n or pse rients tt re
not too lre, jorn ermions n orm in te norml reion. is n e seen in
Fi. 5.12(), were re plotte te low-enery eienvlues s  untion o te totl
pse i erene. In priniple, wen te umulte pse is π, te woul-e jo-
rn sttes re o opposite type n oul exist s extenemoes in te norml reion.
everteless, note tt in simultions tejorn ermions orm t  pse i erene
slitly lrer tnπ (see Fi. 5.12()). u evition rom π n e ttriute to nite
size e ets n to te ommunition o te zero moes trou te superonutin
reion.67] In numeril simultion,jorn ermions orm t π+δφ n te si δφ

ereses wit system size. e jorn polriztion is plotte t tis prtiulr vlue
in Fi. 5.13(). Intertion o te polriztion sows tt te two zero enery moes
ve te sme polriztion, wi is in up to  vlue o one.

is 2(π+δφ)perioiity in te ormtionojorn ermions is preserve or r-
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Fi. 5.13: () jorn polriztion s  untion o enery n position or  rin wit
 totl pse i erene o π + δφ. e system is perioi wit site rst n lst site
equivlent. Extene jorn moes orm over te entire norml reion. () First
two positive eienvlues or  eresin G lent. e totl pse i erene is kept
t φ = π, wile te numer o sites is vrie. Close to te ritil vlue o te rient
(∇φ)gl = 0.27 ≃ 11.6, te system psses into  pless reime. Due to nite-size e ets
te numeril nlysis reovers tis trnsition t  smller vlue tn te expete 11 or
12 sites.

ients smller tn te ritil pless trnsition rient (∇φ)gl = 0.27, orrespon-
in to  totl pse i erene o φ ≃ 21.6π. As esrie ove, lrer rients re
preite to rive te G to  pless reime. However, numeril simultions ini-
te tt wile lrer rient vlues o seem inee to tke te system into te pless
pse, jorn ermions my still orm or peulir rient vlues; t tis point we
o not unerstn te oriin o tis penomenon.

Anoter wy to illustrte te evolution o te systemwit te vlue o te pse r-
ient is to x te totl pse in φ = π, n to stuy te evior o te low-enery
moes wit te numer o sites in te G ( lrer numer o sites is equivlent to 
smller pse rient). As it s een illustrte in Fi. 5.12(), ue to nite size e-
ets, one s nminip or tewoul-ejorn sttes; te enery p or tismoe
eomes smller n smller wit inresin te numer o sites. en te numer o
sites is reue, te onstrint o onstnt totl pse φ rives te system to lrer n
lrer rients. us it is possile to ttin te ritil vlue o te pse rient tt
sinls te pssin o te system into te pless pse. For n in nite system tis is
(∇φ)gl ≃ 0.27, orresponin to π/11.6. us  pse trnsition is expete wen G
rees te size o 11 − 12 sites. Inee  rossin o te ns n li in o te low-
enery moes ppens or  size o te G o out 9 sites (see Fi. 5.13()).

5.5 Discussion
e present pter s stuie te evior ojornmoes in severl  n 

juntion onstrute rom semionutin spin-ouple wires in proximity to n s-
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5.5 D

wve superonutor. rouout, it ws sown tt ouplin jorn moes to 
norml metl n le to extene jorn moes in te ltter. e extension o te
moes is ontrolle y te penetrtion lent ξp o superonutivity in te norml re-
ion. Inresin te penetrtion lent les to  reution o te norml reion. In
te limit o  penetrtion lent lrer tn te norml reion size, te system eomes
e etively  topoloil superonutor wit lolize jorn ermions.

In te ontext o  juntion, it ws sownowjorn polriztion n e use
to illustrte te pysis o te rtionl Josepson e et. e superonutin pse
les to  rottion o jorn polriztion. In tis mnner, te extene jorn
ermions ormin t  pse i erene φ = π ve te sme polriztion n o not
yriize to orm Anreev oun sttes.

Finlly, ses wit  uniorm rient in te inue superonutin pse were
trete in liner n rin eometries. In te liner se,  topoloil superonutor in
 nontrivil pse   entrl reion sujete to  uniorm rient. However it ws
impossile to inue jorn ermions t te interes wit te outer reions. e
entrl reion oul not e turne into  trivilly ppe pse ue to te t tt te
system lwys enters rst into  pless reime. Hene te possiility to ve lolize
jorn ermions t te intere is exlue. oreover, te rient s  Cooper
pir-rekin e et n witout te protetion o te ulk p tere re no extene
jorn ermions in te “norml” reion. Extene moes were sown to exist only
in te se were te totl pse in is n o multiple o π n, simultneously, te
rient nes y π rom site to site. en te system eves s  series o sort
Josepson juntion e t pse i erene φ = π.

In te se o te rin eometry rryin  “norml” reion, it ws sown tt te
uniorm rient n twist te pse in te topoloil superonutin reion su
tt its two ens ve  i erene o π. en te systemmps to  reulr  juntion
n extene jorn moes orm in te norml setion. Finite size e ets proue
 si δφ rom te iel vlue φ = π. It remins in te uture to investite te pres-
ene ojorn ermions t ier rient vlues ove te trnsition into te pless
reime; tese re not preite y te teory n o not seem to rise wit te perio-
iity 2(π + δφ).
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Chapter 6
MultipleMajorana fermions in a two-band
model

e spin-ouple semionutin wire stuie in te previous pters supports Z2

topoloil pses, were jorn moes pper ue to proximity e et to n s-wve
superonutor. e inexZ2 mens tejorn ermions re essentilly solitry zero
oun moes livin t te intere o te wire wit te vuum. ey re li e rom
zero enery trou ouplin wit noter jorn ermion n tey orm  reu-
lr omplex ermion. Is it possile to ve multiple jorn livin in proximity to
e oter in  1D wire? is question s reently reeive  ler positive nswer. In
e. 126] it ws sown tt in te lss o irl topoloil superonutors BDI, one
n in priniple ve  system esrie y Z topoloil invrint (see . 1). ere-
ore multiple jorn ermions oul e ommote t te ens o  wire. e
possiility ws me more onrete wen  simple two-n tit-inin superon-
utin moel or spinless ermions in te BDI lss ws sown to ol two jorn
moes 127].

In te present pter te moel propose in e. 127] is trete s n iel moel
on pr wit te Kitev moel. It is tully n extension o Kitev moel wit te ru-
il moi tion tt tere re next-nerest-neior oppins n superonutin
prins in te moel. rou simple ruments it is sown ere tt tis is enerlly
 su ient onition to llow or multiple jorn ermions lolize t n ee.

Furtermore, ere re investite te spei  sinture ue to presene o mul-
tiple jorn ermions. For one te presene o severl jorn ermions t one
ee o te superonutin wire opens severl Anreev trnsport nnels in  jun-
tions n tereore te onutne n re te vlue 2e2/h × Q witQ ∈ Z 128].
However, te ous ere is on te question weter te rtionl Josepson e et, or
Josepson juntion onnetin wires wi support multiple jorns, survives n
te nomlous 4π-perioiity o te pse/urrent epenene is mintine.129]

Finlly, te possiility to rete newjornmoes trou te ition o  uni-
orm superonutin pse rient in te entrl reion o te 1D wire is explore.
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6.1  - BDI

e rient n lolly pus te system in  non-trivil Z2 pse, wile te rest o
te system remins  topoloilly trivil Z2 (ut nontrivil Z). en new jorn
ermions orm t te interes wit te uniorm rient reion, wile multiple jo-
rn moes n susist t te en o te wire.

Beore nlyzin te properties o H, let us provie some enerl symmetry ru-
ments wi explin wy  enerl 1D Hmiltonin n sustin pses wit more tn
one jorn en sttes.

6.1 Topological properties of a two-bandBDI topological
superconductor

6.1.1 Symmetry constraints
A1Dsuperonutin system nvemultiplejorn oun sttes t its enswen
te system exiits prtile-ole symmetry n, ruilly is lso time-reversl invrint
(I) 126, 127]. For te two-n Booliuov-e Gennes (BG) Hmiltonin pre-
sente ere, tis n e seen rom te ollowin simple rument. A enerl two-n
BGHmiltoninH oeys Hy onstrution, n n ewritten in te prtile ole
sis s

H = h · τ , (6.1)

were τ s re te uli mtries in te prtile-ole spe. ote tt uner H symme-
try te omponents o te vetor Hmiltonin h oserve

h1(k) = −h1(−k),
h2(k) = −h2(−k),
h3(k) = h3(−k). (6.2)

e time reversl opertor or spinless ermions is just te omplex onjutionopertor.
Hene, i te system is I, te omponents o h oey te ollowin onstrints:

h1(k) = h1(−k),
h2(k) = −h2(−k),
h3(k) = h3(−k). (6.3)

rtile-ole n time-reversl symmetries impose te irl symmetry represente y
te opertor τ1 wi nti-ommutes wit te Hmiltonin

{H, τ1} = 0. (6.4)

I H oeys ll tese symmetries, ten it ollows tt h1 must vnis. Hene H s only
two reminin omponents n, tereore, ĥe nes mppin rom teBrillouinone
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6.   …

(B) to te Blo “irle”

ĥ : T 1 → S1. (6.5)

Hene te mppin is rterize y  winin numer w wi is n inteer 126].
ereore  two-n BG Hmiltonin elons to te topoloil BDI lss r-

terize y  Z topoloil invrint 11–13].

6.1.2 Winding number of a circuit and role of distant site couplings
e ormo tewininnumerwill ive n insit toownone inrese tenumer

o jorn ermions y in istnt-site ouplin terms in te Hmiltonin. Let us
lriy te omputtion o te winin numer o  lose urve roun te oriin in
te 2D plne; te urve is  mppin f : T 1 → R

2\{0}. By omponents te urve res
f(t) = (x(t), y(t)). Let t prmetrize tis urve wit t ∈ [0, 2π). en te winin
numer w o te urve roun te oriin in R res

w =
1

2π

∫ 2π

0

dt
xẏ − ẋy

r2
, r2 = x2 + y2. (6.6)

e winin numer n e ompute usin te Brouwer eree o  urve 45].
In te se tt te kernel o untion x(t) s  nite numer o points t, te winin
numer reues to

w = −1

2

∑

t∈kerx
sn

[

ẋ(t)y(t)
]

. (6.7)

An equivlent ormul or te winin numer n e proue were now one uses 
sum over te zeros o y(t).

In te se o  enerl I, BGHmiltonin presente in te previous susetion,
te winin numer is

w = −1

2

∑

k∈kerh2

sn[∂kh2h3]. (6.8)

ote rom te symmetry onstrints tt te kernel oh2 ontins t lest te speil B
points 0 n π. o rete more jorn oun sttes t one en, te winin numer
must stisy |w| > 1. is implies tt kerh2 must ontin oter points tn 0 n π.

is n ppen y enlrin te unit ell trou te ition o oppin n super-
onutin pir terms ouplin istnt sites. en new noes in te enery ispersion
evelop or k ∈ [0, π] n n le to ier winin numer. Hene te presene o
ier-orer oppin or pirin terms is  su ient onition to ve multiple jo-
rn oun sttes t te ens o  1D wire.
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6.2  H

-2

-1

0

1

2

λ
2

0 1 2 3 4

λ1

0

2

2

1

Fi. 6.1: se irm or te Hmiltonin in Eq. (6.9). e insultin pses re sep-
rte y lk lines. E insultin pse is rterize y  winin numer w in
re. e numer o jorn ermions oun t one en is iven y |w|.

6.2 Model Hamiltonian and phase diagram

e moel propose in e. 127] is  two-n tit-inin moel or spinless ele-
trons. e Hmiltonin res

H =
∑

i

[

− (1− 2c†ici)µ− λ1(c
†
ici+1 + c

†
ic

†
i+1 +H..)

− λ2(c
†
i−1ci+1 + c

†
i+1c

†
i−1 +H.)

]

, (6.9)

were λ1 orrespons ot to te nerest-neior () oppin mplitue n to
te nerest-neior superonutin p wile λ2 enotes te next-nerest-neior
() oppin mplitue n next-nerest-neior superonutin p. In wt
ollows, λ1 is ssume positive. e emil potentil µ is set to one in te ollowin.
en λ2 = 0, te Hmiltonin in Eq. (6.9) orrespons to te Kitev moel 67].

e pse irm o H s een estlise in e. 127]. Here we reover tis
pse irm in  i erent mnner, y usin Eq. (6.8) to unmiuously rterize
e topoloil pse in te (λ1, λ2) plne. is pse irm is rwn or omplete-
ness in Fi. 6.1.

e pse irm ssoite wit H is rterize y pses wit w = 0, 1, 2.
Inee, or λ2 > 1 + λ1 or λ2 < −1 n λ2 < 1 − λ1, H n sustin  pse wit two
jorn zero moes lolize t e wire en 127].
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6.   …

6.3 Transport in SN junctions
Beore nlyzin te pysis o Josepson juntions me wit wires supportin severl
jorn ermions, let us ous on n  juntion or  superonutor esrie y
te HmiltoninH in Eq. (6.9). For  juntion etween  wire wit one jorn en
stte n  normlmetl, it s een preite tt te i erentil onutne exiits
 zero-is pek o eit 2e2/h 103, 104]. A similr question or  juntion etween
 topoloil superonutin wire rterize y  topoloil inex w > 1 n 
norml metl s een reently resse in e. 128]. e utors ve sown tt
or su juntions te onutne G n re  vlue o G = |w| × 2e2/h. is pre-
ition is eke ere y onsierin  juntion etween  wire esrie y Eq. (6.9)
supportin 4jorn ermions, 2 t e o its extremities, n  norml wire.

e low-enery properties o su  system re etermine y te ouplin o te
two en jorn ermions wit te norml metl. is ouplin n e pture y
 2 × 2 yriiztion mtrix Γ. In orer to ompute te low-is trnsport proper-
ties o tis juntion, one n iretly use te S-mtrix ormlism evelope y Flens-
er 104], n notin tt te two wve-untions or te jorn ermions re or-
toonl 127], su tt tere is no inter-jorn ouplin term.

e resultin expression or urrent n e written s 104]

I =
e

h

∫

dωM(ω)[f(−ω + eV )− f(ω − eV )], (6.10)

wereM(ω) = r[GR(ω)ΓGA(ω)Γ(ω)], n GR(ω) = 2[ω1 + 2iΓ]−1 enotes te re-
tre Green’s untion. e i erentil onutne eomes

dI

dV
= −e

2

h

∫

dωM(ω)

[

df(−ω + eV )

dω
− df(ω − eV )

dω

]

. (6.11)

wi t T = 0 reues to
dI

dV
=

2e2

h
M(eV ). (6.12)

kin n expliit tre over te trnsmission mtrix, it ollows tt

dI

dV
=

8e2

h

8 et(Γ)2 + (eV )2r(Γ2)

[(eV )2 − 4 et(Γ)]2 + [2eVr(Γ)]2 , (6.13)

wi t zero is eomes
dI

dV
=

4e2

h
. (6.14)

e zero-is vlue o te i erentil onutne is tus te oule o tt ex-
pete or  juntion wit  sinle jorn ermion t te intere. is is onsistent
wit e intere jorn ontriutin  2e2/h to te totl onutne.
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6.4 J

6.4 Josephson junctions
In tis setion, it is nlyze ow te Jospeson e et is  ete y te presene o sev-
erl jorn zero moes. In prtiulr, only sort Josepson juntions re onsiere
etween two wires wi n sustin severl jorn en sttes. e moel Hmilto-
nin res

H = HL +HR +HT . (6.15)

e Hmiltonin or te le wire, HL, is esrie y te HmiltoninH in Eq. (6.9)
rterize y prmeters (λL1 , λL2 ). e rit wire is rterize y HR, wi is
otine romHL y nin (c†ic

†
j → c

†
ic

†
je

iφ) in Eq. (6.9). ote tt te sme vrile
pseφ is tte to tenpirin terms. e seonwire is rterize
y te prmeters (λR1 , λR2 ). e tunnelin Hmiltonin n e moele s

HT = −(λL1 c
†
NcN+1 + λL2 c

†
N−1cN+1 +H..), (6.16)

were te juntion is me etween site N (lst o HL) n N + 1, ( rst o HR). By
onvention te oppin/pirin o te tunnelin Hmiltonin re tken ientil to
te ones in te le wire.

E wire is lele y  topoloil inexwα = 0, 1, 2wit α = L,R. e solute
vlue o te winin numer inites te numer o jorn ermions t one en in
ewire, tken seprtely. It is useul to tink out te juntion s orme y rinin
itilly te wires toeter. e low-enery pysis o te juntion reues to n
nlysis o te ouplin o te severl jorn moes ross te juntion, s presente
in Fi. 6.2. In te ure re illustrte te vrious wL − wR juntions tt re ein
trete in te ollowin: te 1−1, 1−2 n 2−2 juntions. e numeril simultions
re me on  100-site system wit te juntion t site 50.

Beore nlyzin te Josepson e et in juntionsme romwires supportinmul-
tiple jorn ermions, one my sk i  omplex superonutin orer prmeter in
 topoloil superonutin wire n ve n e et on its pse irm. However,
wileHR(φ) is enerilly omplex, n uniorm pse φ n e ue wy, yielin 
rel Hmiltonin n te sme pse irm s te one epite in Fi. 6.1.

6.4.1 e 1− 1 Josephson junction
Let us onsier rst  Josepson juntion etween two wires wit  topoloil inex
wα = 1. is type o juntion s een extensively stuie n te moel is eke
ere tt it is onsistent wit te known pysis. e moel prmeters re osen s
(λα1 , λ

α
2 ) = (1, 1). ur numeril results or te epenene o te enery levels o tis

juntion wit te pse i erene reover  4π perioiity onsistent wit te nom-
lous Josepson e et (see Fi. 6.3()).
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Fi. 6.2: o orm Josepson juntions, wires rterize y winin numers 1 − 1,
1 − 2 n 2 − 2 re rout into ontt. itout loss o enerlity, te le -n
sie superonutor s rel orer prmeters, wile on te rit-n sie tey ve
 superonutin pse φ. e low-enery Hmiltonin is ssume to ontin only
pse-epenent ouplin terms etween te jorn ermions.
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Fi. 6.3: () e epenene o te lowest-enery eienvlues on te superonutin
pse i erene etween te twowires. () e eienvlue spetrum or tree i erent
vlues o φ = 0, π/2, π. e system exiits our zero-enery moes t φ = π. oel
prmeters re λ1 = 1 n λ2 = 1

In Fi. 6.3() it is plotte te eienvlue spetrum o te juntion or φ = 0, π/2, π.
nly or φ = π one reovers our zero-enery eienvlues wi orrespons to our
jorn ermions: one t e extremity n two t te juntion.

e 4π-perioiity n e unerstoo rom  simple e etive low enery Hmilto-
nin ollowin Kitev 67]. e overlp etween te wve untions o te two jo-
rn ermions t te extremitieswit tejorn ermions t te intere is nelete.

e simplest low-enery e etiveHmiltonin res 24, 67, 102, 119–121, 130, 131].

H1−1
eff = it12 os(φ/2)γ1γ2, (6.17)

were γ1 is  jorn ermion t te rit en o te rst wire, n γ2,  jorn
ermion lolize t te le en o te seon wire. Here t12 is te e etive tunnelin
mplitue (see Fi. 6.2). ne n ek tt te osine evior reproueswell te low
enery spetrum. It is wort empsizin tt iγ1γ2 is trivilly  onserve quntity o
H1−1

eff .
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Fi. 6.4: () e epenene o te lowest-enery eienvlues on te Cpse i erene
etween te two wires. e enery rnes re lele usin te ouption numer
representtion or te two-ermion sttes orme rom usin ourjorns ross te
juntion. At low enery te two enery rnes re linerly tte: E2−2

+ ± E2−2
− =

(d+ ± d−)|φ − π|/2 n te vlue o oe ients d± is isplye. () e eienvlue
spetrum or tree i erent vlues o φ = 0, π/2, π. e system exiits eit zero-
enery moes t φ = π.

6.4.2 e 2− 2 Josephson junction
Let us now onsier  juntion etween two superonutin wires rterize y
winin numers wα = 2.

Analysis of the spectrum

e eienvlue spetrum or  2 − 2 juntion is ompute numerilly. e result is
sown inFi. 6.4(). e rst importnt tin tonote is tt te nomlous4π-perioiity
still ols. e only i erene is tt tere re now our jorn ermions ormin t
te juntion wen te pse i erene is φ = π. At e extremity o te system tere
re lso two jorn ermions wi susist or ny vlue o φ, mkin te roun
stte eit-ol eenerte t φ = π (see Fi. 6.4()).

A low-enery Hmiltonin ple to esrie te numeril results presente in
Fi. 6.4 must involve our jorn ermions. Let us enote y γ1, γ2 te jorn
ermions on te le sie o te juntion n y γ3, γ4 te jorn ermions on te
rit sie o te juntion. A enerl Hmiltonin involvin te our jorns n e
written s

H2−2
eff = iγ1(t13γ3 + t14γ4) os

φ

2
+ iγ2(t23γ3 + t24γ4) os

φ

2
+ it34γ3γ4 sinφ+ it12γ1γ2 sinφ. (6.18)

e pse epenene oH2−2
eff is xe y enorin  2π-perioiity toeter wit

te onstrint tt or φ = 0 tere is no iret ouplin etween γ1 n γ2, nor etween
γ3 n γ4. e os(φ/2) is require y ue invrine. Here re ormlly inlue
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some iret-tunnelin terms etween te jorn ermions on te sme sie o te
juntions (t12 n t34), wi my e non-zero wen φ 6= 0, π (tis explins te sin(φ)).
However, one n rue tt su termsmust e less sini nt sine tey re te result
o ier-oreroppinproesses etween te two superonutors. In t tese terms
turn out to e neliile or te esription o te low-enery spetrum.

Contrry to te 1−1 juntion, were terews n ovious quntity ommutinwit
te Hmiltonin or ll vlues o φ, or te 2− 2 juntion tis is not ovious or φ 6= π.
In te lter se, tere re our jorn ermions usin to orm two reulr ermions
c±. is n e seen rom te spetrl eomposition o te e etive Hmiltonin

H2−2
eff = E2−2

+ (2c†+c+ − 1) + E2−2
− (2c†−c− − 1), (6.19)

were

E2−2
± = d± os(φ/2), (6.20)

wit d± = 1
2
√
2

√

b±
√
b2 − 4a2 wit a = t14t23 − t13t24 n b = t213 + t214 + t223 + t224.

ote tt even i te f22 term inEq. (6.18)wsnelete, te ormo te c± ermions
s  untion o te oriinl jorn ermions remins omplite. For exmple, un-
er te resonle ssumption tt te ouplin strent etween jorn ermions
situte t te sme istne ross te juntion is ientil, t13 = t14, i ollows tt

c± =
1

√

2 + 2g2±
[γ4 + iγ1 + g±(γ3 + iγ2)], wit

g± =
1

2t13

[

t23 − t14 ±
√

4t213 + (t14 − t23)2
]

. (6.21)

However teHmiltonin n te ouption numers o te two ermionsn± = c
†
±c±

trivilly ommute mon e oter. e ouption numers or te two ermions re
onserve n one n use Eq. (6.19) to lel te enery rnes in te ouption
numer representtion o te two-prtile sttes, |n+n−〉 (see Fi. 6.4). e vlue oE2−2

±
n e oun numerilly rom  liner t t low enery ner φ = π in Fi. 6.4. ost
importntly, te 4π perioiity o te DC Josepson e et is mintine.

Analysis of the Majorana polarization

Auseul tool to nlyze te evior ojorn ermions is tejorn polriztion,
 lol topoloil orer prmeter introue in e. 111] n relte to te eree
o nomlous pirin in  1D topoloil wire.

e existene o  jorn ermion is reore s  zero-enery jorn polr-
iztion ensity o 0.5. A jorn ermion n ve  x- n y-jorn polriztion.
en te Hmiltonin is rel t φ = 0 n φ = π, te y-jorn polriztion PMy

is 0. en te superonutin prmeter quires  pse, te polriztion lon te
y-iretion is enerlly nonzero.

109



6.4 J

-2.0

-1.5

-1.0

-0.5

0.0

0.5

P
o
la
r
iz
a
t
io
n
s

0 π/2 π 3π/2 2π

φ

Fi. 6.5: ero-eneryjorn polriztion interte over te 40 sites roun te jun-
tion. Four jorn sttes orm t te juntion or φ = π yielin  x-jorn polr-
iztion o 2, n ompenstin te jorn polriztion o te our en oun stte.

Here, similr to e. 122], te enjorn ermions respon to te vrition o φ
y rottin teir jorn polriztion. is is ue to te superonutin prmeter
eomin omplex. However t φ = π te superonutin prmeter eomes rel
in n te zero-enery en sttes ve te smejorn polriztion. For tis pr-
tiulr vlue o te pse, our newjorn ermions orm t te juntion, two in e
wire, teir x-jorn polriztion ompenstin tejorn polriztion o te en
moes (see Fi. 6.5).

6.4.3 e 1− 2 Josephson junction
In te ollowin, te ous is on te reminin 1 − 2 juntion. is is  prtiulrly
interestin prolem sine two istint topoloil setors re rout into ontt vi 
Josepson juntion.

Analysis of the spectrum

e pysis o tis juntion is expete to e ominte y tree intertin jorn
ermions lolize t te intere. ne n sow tt or  winin numer i erene
o one etween te rit sie n te le sie o te juntion, one jorn moe is
oun t te intere or ny oie o φ. oreover, t φ = π te system is six-ol
eenerte wit tree zero enery jorn in te juntion reion (see Fi. 6.6()).

Let γ1 enote tejorn ermion on te le sie o te juntion, n y γ2, γ3 te
jorn ermions on te rit sie. e ue invrine o te Hmiltonin suests
tt te pse-epenent ouplins etween γ1 n γ2,3 re proportionl to os(φ/2)
to ompenste te sin ne. A low-enery Hmiltonin esriin te jorn
ouplin in te 1− 2 system n tus e written s

H1−2
eff = iγ1(t12γ2 + t13γ3) os

φ

2
+ it23γ2γ3 sinφ. (6.22)
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Fi. 6.6: () e epenene o te lowest-enery eienvlues on te superonutin
pse i erene etween te two wires. e otte line inite te t o te lowest-
enery numeril eienvlue wit te nlytil orm in E+ rom Eq. (6.23). e t
prmeter is a =

√

t212 + t213/4. () e eienvlue spetrum or tree i erent vlues
o φ = 0, π/2, π. e system exiits six zero-enery moes t φ = π.

is Hmiltonin s tree zero-enery eiensttes t φ = π. For  pse i erene o
φ 6= π, te e etive Hmiltonin (6.22) s one zero eienvlue (require y te nti-
symmetry o te 3× 3mtrix) n two non-zero eienvlues. e onstnt zero-enery
stte, wi is  jorn ee stte oun t te intere etween two topoloilly
nonequivlent reions, is te result o te i erene o one unity etween te topolo-
il inies o te two reions.

imilr to te 2− 2 juntion, i te lst term o Eq. (6.22) is nelete, te orm or
te two eienvlues eomes

E± = ±2a os(φ/2). (6.23)

e oppin epenent prmeter a = 1
4

√

t212 + t213 n e etermine rom  low-
enery t o te numeril ispersion presente in Fi. 6.6(). ote tt tkin into
ount lso te term t23 improves te qulity o te t, espeilly in te viinity o
te superonutin p. ote lso tt, wile te t is urte up to eneries lose
to te superonutin p, te e etive HmiltoninH1−2

eff is exlusively  low-enery
e etiveHmiltonin n soul not e expete to reover te ull epenene o te
enery eienvlues on te superonutin pse i erene.

Analysis of the Majorana polarization

In te le -sie wire, esrie y  winin numer w = 1, te superonutin p-
rmeter is osen to e rel n te sinle jorn ermion t te le en is lwys
ully x-polrize. For te rit-n sie wire, t te rit en tere re two jo-
rn ermions tt respon to te twistin o te pse φ y inin  y-polriztion; in
Fi. 6.7() it is presente te evior o te x- n y-polriztions o tese moes.

Let us now nlyze wt ppens t te juntion etween te two wires. At φ = π

it is expete to ve 3 jorn ermions. For ny oter φ tere is lwys t lest one
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Fi. 6.7: () e jorn polriztion o te rit-en jorn ermions interte
over te lst 30 sites. ote te osilltory evior o te x- (re) n y- (lue) -
jorn polriztion omponents wit  totl onstnt jorn ensity o 2 × 0.5, or-
responin to two rottin jorn moes. () ero-enery ensity o sttes inte-
rte over te 40 sites roun te juntion point. () ero-enery jorn polr-
iztion interte over te 40 sites roun te juntion. e x−polriztion (re) n
te y−polriztion (lue). ree jorn ermions vin te sme polriztion re
supporte t te juntion or φ = π.

jorn ermion stuk t te intere etween te two topoloilly nonequivlent
reions. is n e seen y plottin te zero-enery ensity o sttes, s well s te
zero-enery jorn polriztion, interte over te 40 sites roun te juntion. In
Fi. 6.7() it is plotte te interte zero-enery ensity o sttes. ote tt or φ 6= π

te ensity o sttes is onstnt n equl to 0.5 orresponin to  sinle jorn
moe oun t te juntion. e srp jump etween 0.5 n 1.5 t φ = π esries
te ontriution o te two extr jorn moes wi re zero enery t φ = π

(tese two extr zero-enery sttes pperin t φ = π n lso e seen in te spetrum
esrie in Fi. 6.6()). is is lso on rme y  plot o te zero-enery jorn
polriztion, interte over te 40 sites roun te juntion, in Fi. 6.7(); te jump
in te x-jorn polriztion t φ = π n e unerstoo s omin rom te two
jorn moes tt evelop t zero enery. us, t φ = π tere re tree jorn
ermions t te two extremities o te wire (one t te le en n two t te rit
en), ully x-polrize in te positive iretion. ese ermions re ompenste y
tree jorn ermions wi orm in te juntion wi re ully x-polrize in te
opposite iretion.

6.5 Wireswithan inhomogeneous superconductingphase
As it ws sown in e. 127], te system exiits two jorn moes t e en,
provie tt te time-reversl n irl symmetries re not roken, nmely s lon s
te system remins in te BDI lss 12, 13]. Brekin time-reversl symmetry les to
te removl o te protetion or two jorn ermions sine te system now elons
to te D symmetry lss (see . 1). en te system n return to te more typil
stte wit t most one jorn ermion t e en.

Here it is explore  i erent wy to rek , i.e. y in  onstnt pse
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Fi. 6.8: Aonstnt pse rient over 40 sites twists te superonutin pse rom0
to π. () emti piture o te setup. uperurrent in te ulk ne te superon-
utor pse φ in te (lk) wire rom 0 to π. () e onstnt pse rient removes
our B in te mile reion, levin two B t e en, ot x-polrize. ()
jorn moes orm t te ens o  40 site entrl reion riven in  nontrivil Z2

pse y  pse rient∇φ = 2.

rient. Let us tke  wire rterize y te topoloil inex w = 2. Inste o
n rupt ne in te superonutin pse, onsier  lon juntion omprisin 
reion in wi te pse n vry smootly wit  onstnt pse rient. n te
le sie o tis lon juntion, te superonutin pse is ssume to e onstnt n
equl to 0 wile on te rit sie it is suppose to e onstnt n equl to φ = π.

e pse o te entrl reion is suppose to vry smootly rom 0 to π; su  uni-
orm pse rient n e inue or exmple y te presene o superurrents in
te ulk o te superonutor. is sitution is semtilly epite in Fi. 6.8().

e pse rient n e use to mnipulte te retion or estrution o jorn
ermions 125].

Due to te pse rient, te BG Hmiltonin ins  -rekin h1(k) o
omponent:

h1(k) = λ1 sin(k) sin(∇φ/2) + λ2 sin(2k) sin(∇φ)
h2(k) = −λ1 sin(k) sin(∇φ/2)− λ2 sin(2k) os(∇φ) (6.24)
h3(k) = 2− 2λ1 os(k) os(∇φ/2)− 2λ2 os(2k) os(∇φ),

were te rient ∇φ is te ne o pse over one site. ote tt  pse ri-
ent lso retes  non-vnisin h0 omponent tt multiplies te ientity uli mtrix.
Altou it is nelete in te ollowin, it inites te rekin o H n te ten-
eny o te rient to estroy Cooper pirs. is poses  oneptul prolem: ow
re te jorn ermions protete in se o  roken H? In t numeril simu-
ltions sow spurious zero moes tt pper wen te pse rient is present.

Let us nelet or te moment te rekin H, s h0 ≪ h3 wen te rient is
smll. e system is no loner rterize y  winin numer w ut inste y te
Kitev Z2 invrint 67]. Anlyzin te topoloil invrint revels tt te system is
in  topoloilly nontrivil pse i te onition

|1− λ2 os(∇φ)| < |λ1 os(∇φ/2)| (6.25)
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Fi. 6.9: Illustrtion o te rst netive n te rst two positive eienvlues in  100-
site superonutin wire sujete in its entirety to  pse rient tt vries rom
0 to 2π. niorm isorer wit  mnitue o ∼ 10% o te oppin strent λ1
removes spurious zero moes levin zero jorn moes in te winows preite
y te topoloil onition (6.25) (mrke wit se lines). λ1 = 1 n λ2 = −1.5.

is stis e. ote tt t vnisin pse rient, one reovers te pse irm in
Fi. 6.1, wit te only ne tt w = 2 n w = 0 re ot trivil Z2 pses.

ereore in  smll pse rient removes te jorn ermions t te ens
o te entrl reion. is is ue to te t tt lolly ot sies o te reion re
topoloillyZ trivil. However, t ot ens o tewire, in te reionswitout  pse
rient, twojornmoes ontinue to e present euse tey re lolly protete
y te time reversl symmetry.

In ontrst, one n rive te entrl reion to  topoloilly Z2 nontrivil stte,
y inresin te pse rient. is ppens wen te inequlity (6.25) is veri e.

en te entrl reion is onnete to twoZ2 trivil reions n onejorn ermion
orms t e intere. e pir ojorn ermions persist t te ens o tewire (see
Fi. 6.8()).

Due to te twist o tepse yπ, te twojorns t te ens re otx-jorn
polrize in te sme iretion.

It is noteworty to relize tt te vliity o te topoloil invrint n e ques-
tione in te se were H is roken. However one n see tt te topoloil in-
vrint ontinues to ol true. In numeril simultions,  100-site system, oriinlly in
te w = 2 topoloil pse, is sujete in its entirety to  uniorm superonutin
pse rient wire. In Fi. 6.9 one n see tt wen te rient is e te system
eomes  trivil Z2 topoloil insultor, mrke y te loss o te our-ol eener-
y ner ∇φ = 0. purious moes ner zero enery re remove y isorer, n two
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roust jorn moes evelop in te winow preite y te topoloil invrint.
At tis moment, we lk n explntion o te oriin o te spurious zero moes, or or
te perplexin e etiveness o te Z2 topoloil invrint in te sene o te H
symmetry. ese prolems eserve urter reser.

6.6 Discussion
e stuy o te Josepson e et etweenwires supportinmultiplejorn ermions

s revele tt te 4π nomlous perioiity is mintine in juntions rterize
y  srp ne o te superonutin pse. oreover,  smoot pse rient
n e use to estroy te Z pse n to rete jorn ermions t te intere e-
tween trivil n nontrivil Z2 pses. Also  onnetion ws me etween te work
on topoloil insultors wit lreCern numer nBDI lss topoloil superon-
utors. For te two-n moels stuie, it ws sown tt  su ient onition to
rete multiple zero-enery oun sttes t te ees o system is to  ouplin terms
etween istnt sites. Let us nlly remrk tt te Z jorn moes tt pper
in tese system soul e rile wen onsiere in relisti systems s te spin-orit
ouple semionutin wire ue to te neessity o time-reversl symmetry. e rel-
iztion o jorn ermions ws sown to epen ruilly on te presene o  time-
reversl rekin mneti els tt will nturlly t to estroy te i Z pses.
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Conclusion and Perspectives

opoloil insultors n superonutors orm  lss o mterils wit  ulk p in
te enery spetrum, inite y exoti ee sttes. A topoloil invrint rter-
izes te ulk properties o tese systems n it is susequently re ete in te numer
o te ee sttes.

In te rst prt o te tesis, te investitionws entere roun two-imensionl
tit-inin topoloil insultors inexe y  Cern numer. ey re quntum
nomlous Hll insultors tt support n arbitrary numer o ee sttes. However,
lre Cern numer or, equivlently, multiple ee sttes re usully rete y sion-
in multin systems. It ws sown ere tt it is possile to vry te Cern numer
in simple two-n moels y in istnt-neior oppin terms.

e keyo te entire stuy lies inunerstnin tt te topoloil invrint mits
 isrete ormultion. is llows to see n insultor s  “sum” o  pless systemwit
Dir points plus  mss term. Cruely, te topoloil invrint reues to  nite
sum over te Dir points weie y te sin o te mss term. ereore  neessry
onition to inrese te numer o topoloil pses is to multiply te noes in te
enery ispersion. is n e relize y vin oppin terms etween istnt sites.

e onsequenes re explore in two moels:  new rti il moel wit ve Cern
pses n lso y in istnt-neior oppin in teHlnemoel. emeto
llows one to otin omplete topoloil pse irms or te moels.

ere re two iretions in wi to exten te present stuy. e rst onsists in
enerlizin to multin systems. Alrey two our-n moel extensions re is-
usse:  Z2 insultor uilt rom two Cern insultors n  “stripe” Z topoloil in-
sultor tt n ve lremetlli pses. e seon iretion is to ser or possile
pysil reliztions o te moel. e existene o extreme istnt-neior oppin
terms remins rter prolemti; owever multin systemsmit e etively mp to
su moels 37].

ile te ulk mits enerlmetos to esily isriminte etween te topoloi-
l pses, te ee-stte investitions et quiklymire in etils ssoite to te pr-
tiulr eometry o te ees. oreover, te t tt tere oul e severl ee sttes
t n intere s  new lyer o i ulty to nlytilly nin te wve-untion so-
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lutions. Cp. 2 ontins  etile nlysis o  sitution inwi tere re tmost two
ee sttes t n intere. In perspetive, one nees to enerlize to ees o i erent
eometries. ost importntly, one s to lriy te nture o ee sttes wi orm
etween topoloilly ppe pses wit te sme Cern numer. Coneivly, te
eomposition o  topoloil insultor in  pless moel plus  mss term oul e
use to exten previous stuies o ee sttes in pless systems 63, 64] to topoloil
insultors.

e seon prt o te tesis revolves roun te sujet ojorn ermions rel-
ize s qusiprtiles in one-imensionl topoloil superonutors. ere is  eep
nloy to te previous stuy o topoloil insultors. e jorn ermions re te
“ee sttes” o topoloil superonutor n n e preite rom  knowlee o
some ulk properties. ey re preite to emere in  vriety o onense mtter
systems (see e. 3.2.1). However, Cps. 4 n 5 re ouse on  prtiulr teoreti-
l proposl istinuise y te simpliity o its inreients. e jorn ermions
re preite to pper s zero-enery exittions in  1D spin-orit ouple semion-
utin wire uner te e et o  mneti el n in proximity to n s-wve super-
onutor 24, 25]. In Cp. 4,  Dresselus spin-orit ouplin term ws e n
it ws sown tt tere is  spin texture to te eletroni erees o reeom tt orm
tejorn qusiprtile. ey re spin-polrize in opposite iretion in  trnsverse
plne to te mneti el. e ext iretion is etermine y te reltive weits o
s nDresselus spin-orit ouplins. is inormtion oul e use to etet
jorn ermions trou te ouplin to mneti impurities. everteless, it still
remins to expliit tis ie in te orm o  omplete experimentl proposl.

Cp. 5 ontinue te stuy to superonutor-norml metl n lon superon-
utor-norml metl-superonutor () juntions uilt rom te semionutin
wire. ejorn ermions n orm s extene sttes into te norml prt o te sys-
tem. It ws sown tt te extension o temoes n epen on te ouplin etween
te norml n superonutin reions n lso tt lekin o Cooper pirs into te
norml metl n urter lolize te jorn moes. In te  juntion te jo-
rn ermions orm only t pse i erene π etween te two superonutors, ot-
erwise woul-e jorn ermions yriize to orm extene Anreev oun sttes
in te norml reion. is penomenon is  slient eture o te rtionl Josepson
e et. An orer prmeter, te jorn polriztion, introue in e. 3.3 is use to
investite te extene zero-enery sttes in te juntion. Finlly, te stuy turne to
 rin ivie in two reions:  norml metl reion n  topoloil superonutin
one wit  superonutin pse rient. e system n e mppe in tis se to
n  juntion n injorn ermions rise in te norml reionwen te totl
pse twist is lose to π. It is ruil or uture stuies to unerstn in more etil te
tion o te rient. e pse rient s  Cooper pir-rekin e et wi n
le to pless pses in te superonutor. ese re lre-rient pses evoi o
jorn ermions. However tere re peulir vlues were jorn ermions still
orm in te norml reion. ese events re not preite y te teory n pose n
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open question or uture stuies.
e nl Cp. 6 trets  prtiulr moel were te presene o time-reversl n

irl symmetries llows te ormtion o multiplejorn ermions t te sme ee
o  wire 127]. It is sown tt istnt-neior pirin terms ply te sme role s
in te 2D Z topoloil insultors stuie eore: tey ilittes te inrese o te
topoloil invrint n te multiplition o ee sttes. oreover, te presene o
severl jorn ermions llows to onstrut  juntions etween wires in i er-
ent topoloilly nontrivil pses. e rtionl Josepson e et still rterizes
te system n it mintins its sinture 4π-perioiity. Furtermore, te multiple -
jornmoes n e estroye y te ition o  pse rient, wi n trnsorm
te Z insultor into  Z2 insultor wit t most one jorn ermion t n ee. e
presene o  pse rient poses some serious prolems; euse rient tens to
rek te Cooper pirs, te presene o protete zero moes t i rient vlues
remins to e properly expline.

In perspetive, tis nlysis nees to e rrie over tomore relisti spinul systems
to ssess te viility o pses wit multiple jorn. For instne, te spin-ouple
semionutin wire stuie eore oes not seem to e  oo nite, euse te
mneti el reks te  neessry to ve te Z insultor. A nturl nite
to relize topoloil Z superonutors woul e  eterostruture involvin time-
reversl invrint H insultors inste 83].
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