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−→Cix

)

,
(

x ≤
−→Cix+1

)

,
(

x ≤
−→Cix+2

)

, . . . ,
(

x ≤
−→CnC

)

}

.

sX≤e

s

ds
s α ≤ β α−Mds ≤ β

M

ds
sX≤e

sX>e
∪

sX≤e
ds

ds

e = 0

e = 1, 2, . . .

(x −→ [Chx
, Cix ]) (x −→ [Chx−1, Cix ])

(x −→ [Chx
, Cix+1])

e



Ω

Ωt1
Ωt2

Ωt3

Ωt

t t ∈ {t1, t2, t3}
Ω

M Ω∗

M

t ∈ T Ωt

t

Ω





i L W

i L W

i L

i L,W

i∗

i∗

g L W

i

i∗

g

L

W







T

A
a ∈ A C

J
aj



t ∈ T

t Et

a ∈ A
I ∈ CI

(

a t
−→ I

)

t a C

I

X

X ⊆ A

ω fω
Et t ∈ T

∀
(

a t
−→ I

)

∈ Et : fω(a) ∈ I.



t





X ⊆ A
J

aj, ∀a ∈ X, j ∈ J C = {C1, . . . , Cn}
L = {l−(C), ∀C ∈ C \ C1}

T Et, ∀t ∈ T
l ∈ L

wt
j, ∀j ∈ J λt

t ∈ T
l



l−(C) l+(C)
C

lj, ∀l ∈ L, j ∈ J j

l

wt
j, ∀t ∈ T , j ∈ J j t

λt, ∀t ∈ T t

[1/2, 1]

Kj(a, l
−(C)), ∀a ∈ X,C ∈ C \ C1, j ∈ J

j

a C

a l−(C)
Kj(a, l

−(C)) a

j l−(C)

Kj(a, l
−(C)) =

{

1 ⇔ aj ≥ l−j (C)

0 .

Ψt
j(a, l

−(C)), ∀t ∈ T , a ∈ X,C ∈ C \C1, j ∈
J

wt
j Ψt

j(a, l
−(C)) =

wt
jKj(a, l

−(C)) wt
j

a j

l−(C)

Ψt
j(a, l

−(C)) =

{

wt
j ⇔ aj ≥ l−j (C)

0 .

s ≥ 0

∀t ∈ T
∑

j∈J

wt
j = 1.



wt
j ≤ 1, ∀t ∈ T , j ∈ J

∀C ∈ C \ {C1, Cn}, j ∈ J

l−j (C) ≤ l+j (C).

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et :

∑

j∈J :aj≥l
−
j (C)

wt
j ≥ λt C 6= C1,

∑

j∈J :aj≥l
+
j (C)

wt
j < λt C 6= Cn.

C

C

Ψt
j(a, l)

∑

j∈J Ψ
t
j(a, l) =

∑

j∈J :aj≥lj
wt

j

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et :

∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt C 6= C1,

∑

j∈J

Ψt
j(a, l

+(C)) < λt C 6= Cn.

Ψt
j(a, l) Kj(a, l)

aj ≥ lj ∀j ∈ J , a ∈ X, l ∈ L

1

M
(aj − lj) < Kj(a, l) ≤

1

M
(aj − lj) + 1.

M −1 <
1
M
(aj − lj) < 1 Kj(a, l)

aj ≥ lj ⇒ Kj(a, l) = 1,



aj < lj ⇒ Kj(a, l) = 0.

[aj ≥ lj] ⇒ [aj − lj ≥ 0] ⇒ [ 1
M
(aj − lj) + 1 ≥ 1] Kj(a, l) ≤

1
M
(aj − lj) + 1

Kj(a, l) [aj ≥ lj] ⇒ [0 ≤ 1
M
(aj − lj) < 1] Kj(a, l)

[aj−lj < 0]⇒ [−1 < 1
M
(aj−lj) < 0] 1

M
(aj−lj) <

Kj(a, l) 0 < 1
M
(aj − lj) + 1 < 1 Kj(a, l)

Kj(a, l) Ψt
j(a, l)

Ψt
j(a, l) = wt

jKj(a, l)

∀t ∈ T , j ∈ J , a ∈ X, l ∈ L

wt
j +Kj(a, l)− 1 ≤Ψt

j(a, l) ≤ Kj(a, l)

Ψt
j(a, l) ≤ wt

j.

Ψt
j(a, l) ≥ 0 wt

j ≤ 1 wt
j − 1 ≤ 0

Ψt
j(a, l) = 0 ⇔ Kj(a, l) = 0 Ψt

j(a, l) =
wt

j ⇔ Kj(a, l) = 1 [Kj(a, l) = 0] ⇒ [wt
j + Kj(a, l) − 1 ≤ 0] ⇒

Ψt
j(a, l) = 0 [Kj(a, l) = 1] ⇒ [wt

j ≤
Ψt

j(a, l) ≤ 1] [wt
j ≤ Ψt

j(a, l) ≤ wt
j]

ε

s

s

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et

∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt + s C 6= C1,



∀t ∈ T :
∑

j∈J

wt
j = 1.

∀C ∈ C \ {C1, Cn}, j ∈ J : l−j (C) ≤ l+j (C).

∀a ∈ X, l ∈ L, j ∈ J :
(aj − lj) + ε

M
≤ Kj(a, l) ≤

aj − lj

M
+ 1.

∀t ∈ T , a ∈ X, l ∈ L, j ∈ J :

{

wt
j +Kj(a, l)− 1 ≤Ψt

j(a, l) ≤ Kj(a, l)

Ψt
j(a, l) ≤ wt

j .















































(E)

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et, C 6= C1 :
∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt.

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et, C 6= Cn :
∑

j∈J

Ψt
j(a, l

+(C)) ≤ λt − ε.

∑

j∈J

Ψt
j(a, l

+(C)) + s < λt C 6= Cn.

νj (C) j ∈ J C ∈ C \ {C1}

νj (C) = l−j (C)− vj
C Vj(a, C), ∀j ∈



J , a ∈ X,C ∈ C \ {C1} j C

a

Vj(a, C) = Dj (a, l−(C)) =

{

1 ⇔ aj < νj (C),

0 .

∀C ∈
C \ {C1}, j ∈ J

νj (C) ≤ l−j (C).

∀Ch ∈ C \ {C1, Cn}, j ∈ J

νj (Ch) ≤ νj (Ch+1).

Vj(a, C) ∀a ∈ X,C ∈ C \
{C1}, j ∈ J

νj (C)− aj

M
≤ Vj(a, C) <

νj (C)− aj

M
+ 1.

Vj(a, C) = 1⇔ aj < νj (C)

∀t ∈ T , ∀
(

a t
−→ [Ch, Ci]

)

∈ Et

∑

j∈J

Ψt
j(a, l

−(Ch)) ≥ λt +
∑

j∈J

Vj(a, Ch)) Ch 6= C1,

∑

j∈J

Ψt
j(a, l

+(Ci)) < λt +
∑

j∈J

Vj(a, Ci+1) Ci 6= Cn.

∑

j∈J Vj(a, C) ≥ 1
C a

a Ch

a

Ch j

Vj(a, l
−(Ch)) = 1 a

Ci



∑

j∈J Vj



































































































(E)

∀t ∈ T , ∀
(

a t
−→ [C,C]

)

∈ Et, C 6= C1 :
∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt +
∑

j∈J

Vj(a,C).

∀t ∈ T , ∀
(

a t
−→ [C,Ci]

)

∈ Et, Ci 6= Cn :
∑

j∈J

Ψt
j(a, l

+(Ci)) ≤ λt +
∑

j∈J

Vj(a, Ci+1)− ε.

∀C ∈ C \ {C1}, j ∈ J : νj (C) ≤ l−j (C).

∀Ch ∈ C \ {C1, Cn}, j ∈ J : νj (Ch) ≤ νj (Ch+1).

∀j ∈ J , a ∈ X,C ∈ C \ {C1} : Vj(a,C) ≥
νj (C)− aj

M
.

∀j ∈ J , a ∈ X,C ∈ C \ {C1} : Vj(a,C) ≤
νj (C)− aj − ε

M
+ 1.

∀j ∈ J , a ∈ X,C ∈ C \ {C1} : Vj ≥ Vj(a,C).

∑

j∈J Ψ
t
j(a, l

+(Ci))

Vj

∀a ∈ X,C ∈ C \ {C1}, j ∈ J

Vj ≥ Vj(a, C).

Min
∑

j∈J

Vj.

t ∈ T



L t W t(L)
wt

j, j ∈ J
λt

W t(L) =
{

(wj, j ∈ J , λ) | ∀
(

a t
−→Ch, Ci

)

∈ Et : a � Ch ∧ a 6� Ci+1

}

.

⊲t J ∀j1, j2 ∈ J

j1 ⊲
t j2 ⇔ wj1 > wj2 , ∀(wj, j ∈ J , λ) ∈ W t(L).

t ⊲t

j1, j2 (wj, j ∈ J , λ) ∈ W t(L)
wj1 > wj2 (w′j, j ∈ J , λ′) ∈ W t(L) w′j2 > w′j1

L ⊲t

t ∈ T j1, j2 ∈ J
t

wt
j1
≤ wt

j2
L

j1
j2

wt
j1
> wt

j2
, ∀(wj, j ∈ J , λ) ∈ W t(L) j1 ⊲

t j2
⊲t

⊲t

t

t ⊲t

j1, j2 j2 j1
⊲t

wt
j2
≥ wt

j1



→ → → →
→ → → →
→ → → →

ν (C3) = 2



l−(C3)
l−(C2)
ν (C3)
ν (C2)



λ

, , , , ,

, , , , ,

, , , , ,

, , , , ,

j j′

j j′



l+(C2)
l+(C1)
ν (C3)
ν (C2)

, , , , , ,

λ = ,



s

X



⊲t



L ≡ {lj(C), ∀C ∈ C \ C1, j ∈ J }
L′ ≡ {l′j(C), ∀C ∈ C \ C1, j ∈ J } lj(C)

C l−j (C)

sε(L,L
′)

L,L′ ε

ε

eε(lj(C), l
′
j(C))

j C lj(C), l
′
j(C)

ε

eε(lj(C), l
′
j(C))⇔

∣

∣⌈lj(C)⌉ − ⌈l
′
j(C)⌉

∣

∣ ≤ ε.



ε

sε(L,L
′) =

∣

∣{(j, C) ∈ J × C \ C1 | eε(lj(C), l
′
j(C))}

∣

∣

|J | |C \ C1|
.

{C1, C2, C3}

l(C2) = 〈30; ; 30〉 l(C3) = 〈60; 60; 〉
l′(C2) = 〈 , ; , ; , 〉 l′(C3) = 〈 , ; , ; , 〉

ε = 2
s2(L,L

′) = 4/6 = 67

P

P

ε



ε

ε = 5





Xj





X =
∏

j∈J Xj C

|C| = k

k− 1
X

ω1, ω2
Lω ⊆ X {wω

j , j ∈ J } λω

ω ∈ {ω1, ω2} lωj , j ∈ J
Xj Xj

Xj

Xj

j

Ej = {lω1j , ∀l ∈ Lω1} ∪ {lω2j , ∀l ∈ Lω2} ∪ Xj ∪ Xj

j

2(k − 1) + 2 = 2k
Xj Ij = {[i1j , i

2
j [, i

1
j , i

2
j ∈ Ej}

Ej 2k − 1

I =
∏

j∈J Ij |I| ≤ (2k−1)|J |

I ∈ I, I ⊆ X I = [i1j1 , i
2
j1
[× [i1j2 , i

2
j2
[× . . .



fω
a ∈ I a =

〈

i1j1 , i
1
j2
, . . .

〉

Cω
I fω ω ∈ {ω1, ω2}

d(I) I

a ∈ I

Cω1
I = Cω2

I

P =
∑

{I∈I|C
ω1
I
=C

ω2
I
}

d(I).

|J | (2k−1)|J |

|J | d(I)
k = 5, |J | = 10 ×

I

aj, j ∈ J
′

J ′ ⊂ J
fω1 fω2

d(
∏

j′∈J ′ Ij′ ×
∏

j∈J\J ′ Xj)

J \ J ′

ω∈{ω1,ω2}w
ω
j

I ∈ I
P I

′

=
∑

{I∈I′|C
ω1
I
=C

ω2
I
} d(I)

I ′ ⊆ I



P I
′

P

I

P I
′

=
∑

{I∈I|C
ω1
I
6=C

ω2
I
} d(I)

P I
′

= 1 − P I
′

P I
′

P I
′

θ
(

|J | (2k − 1)|J |
)

P (≥Ci,≥Cj)
Ci

Cj

P (Ci, Cj)
Ci ω1 Cj

P (≥Ci, Cj) P (Ci,≥Cj)

P =
∑

i∈[1,k]

P (Ci, Ci)

=
∑

i∈[1,k−1]

{

P (Ci, Ci)
}

+ P (Ck, Ck)

=
∑

i∈[1,k−1]

{

[P (≥Ci, Ci)]− [P (≥Ci+1, Ci)]
}

+ P (≥Ck,≥Ck)

=
∑

i∈[1,k−1]

{

[P (≥Ci,≥Ci)− P (≥Ci,≥Ci+1)]

− [P (≥Ci+1,≥Ci)− P (≥Ci+1,≥Ci+1)]
}

+ P (≥Ck,≥Ck).

3k + 1 P (., .)



P (Ci, Cj)
fω1 Ci

Ci l−(Ci)
ω2

P (., .) |J | (2× 2− 1)|J | = |J | 3|J |

k |J | 3|J | k = 5, |J | = 10
×



C1 C4

s1 C2

C3 C4

s1

C2

s1



C1 C2 C3 C4

s1 4 2 1
s2 5 2

s1 s2

〈6, 1〉 〈5, 2〉
〈4, 3〉 〈4, 2, 1〉



C4

C3

C2

C1

g8



(a, b) a

b

a

b

(a, b) a

b b

a





M4 M5



j1 j2 j3 j4 j5 j6 j7
l−(C4)
l−(C3)
l−(C2)
wj , , , , , , ,

λ = ,

M4

j1 j2 j3 j4 j5 j6 j7
l−(C4)
l−(C3)
l−(C2)
wj , , , , , , ,

λ = ,

M5

C

l−(C)

λ = ,

〈80, 1, 2, 2, 2, 0, 0〉 C3

l−(C2)
j1, j2, j3, j5, j6, j7

, ≥ , l−(C3)
j1, j5, j6, j7 , ≥ ,

C4 j6
, < ,



s1 s2 s3 s4 s5 s6 s7 s8 s9 s10
M4

M5

s11 s12 s13 s14 s15 s16 s17 s18 s19 s20
M4

M5



M

ω

M fω ∈ M

fω : A 7→ C fω : A 7→ 2C

Ω∗ M Ω∗

ω

Ω
Ω ⊆ Ω∗

fΩ : A 7→ 2C ∀a ∈ A

fΩ(a) =
⋃

ω∈Ω

fω(a).



Ω

Ω
fΩ

Ω
fΩ a

fΩ
fΩ



M

X

C
vx x ∈ X C T

>T T

t

vx(C) x C vx(C) = 0
x C

vx(C) = t x C

T

t ∈ N
> >T

v

X × C N v(x,C) = vx(C) v

vx(C) > vx(C
′) x C

x C ′



C1 C2 C3 C4

x1 0 2 4 3
x2 6 2 1 0

vx(C) = vx(C
′) x C

x C ′

vx(C) = 0 x C

C x

vx(C) = t x C ′

C ′ 6= C C

x

vx(C) > vy(C
′) x C

y C ′

x1 C1 x1 C3

x1 → C4 x1 → C2

C4

x2 C1

x ∈ X

vx

vx C ∈ C

vx(C) = t.

vx C ∈ C ∀Ci, Cj ∈ C






vx(Ci) ≤ vx(Cj) < vx(C) Ci ⊳ Cj ⊳ C

vx(Ci) ≤ vx(Cj) < vx(C) C ⊳ Cj ⊳ Ci



C1 C2 C = C3 C4 C5

t

C1 C2 C = C3 C4 C5

t

vx
C ∈ C ∀Ci, Cj ∈ C







vx(Ci) ≤ vx(Cj) ≤ vx(C) Ci ⊳ Cj ⊳ C

vx(Ci) ≤ vx(Cj) ≤ vx(C) C ⊳ Cj ⊳ Ci

C1 C2 C = C3 C4 C5

t



C1 C2 C3 C4 C5

t

vx






vx(Ci) ≤ vx(Cj) ∀Ci ⊳ Cj

vx(Cj) ≤ vx(Ci) ∀Ci ⊳ Cj.

T

x t

C
C ∈ C x C

t = 10 x1
Ch Ch

x2
Ci Ci+1 x2

Ci Ci+1

Ci

Ci+1 t

vx

X

C



C1 C2 C = C3 C4 C5

t/2

t

vx x ∈ X C N







vx (C) ∈ {0, . . . , t}, ∀C ∈ C
∑

C∈C

vx (C) = t.

vx C ∈ C

vx(C) > t/2

x C

x

X

v

{x1 → [C2, C4]; x2 → [C1, C3]}



{x1 → [C3] x2 → [C2]}
ΓX

ΓX = {x1 → [C2, C4]; x2 → [C1, C3]}

x1 [C2, C4] x2 [C1, C3]
t

x2 C3

x1

t

v

T N

>T

A

A

a1, . . . , a5



(

9, x1 → [C2, C4]
x2 → [C1, C3]

)

(

8, x1 → [C2, C4]
x2 → [C1, C2]

)

(

7, x1 → [C3, C4]
x2 → [C1]

)

(

6, x1 → [C3]
x2 → [C1]

)



g1 g2 g3
x1 46 12 48
x2 32 87 96
a1 57 42 84
a2 17 85 43
a3 26 32 92
a4 41 2 28
a5 53 84 77

x1 x2

M

Γ
Ω∗

a ∈ A

Γ = {x1 → [C2, C4]; x2 → [C1, C3]} a1
C1

ω ∈ Ω∗ x1 x2 a1
C1

a1 C1 a1
C2

ω l(C2) = 〈26, 0, 41〉
l(C3) = 〈62, 48, 82〉 l(C4) = 〈64, 105, 103〉 〈0, 1, 0〉
fω(x1) = C2, fω(x2) = C3, fω(a1) = C2 a1 → C2

Γ a1
C3 a ∈ A

C ∈ C
Γ = {x1 → [C2, C4]; x2 → [C1, C3]}

Γ

Γ



C1 C2 C3 C4

a1 X X X

a2 X X X

a3 X X X

a4 X X X X

a5 X X X

C1 C2 C3 C4

a1 X X X

a2 X X

a3 X X

a4 X X X X

a5 X X X

a2 C1 C2

C3 C1

C2

n1, n2 n2

n1

X

e x ∈ X

e = x∈X C∈C vx(C)
B











9,

a1 → [C2, C4]
a2 → [C1, C3]
a3 → [C1, C3]
a4 → [C1, C4]
a5 → [C2, C4]

















8,

a1 → [C2, C4]
a2 → [C1, C2]
a3 → [C1, C2]
a4 → [C1, C4]
a5 → [C2, C4]

















7,

a1 → [C3, C4]
a2 → [C1]
a3 → [C1]
a4 → [C1, C4]
a5 → [C3, C4]

















6,

a1 → [C3, C4]
a2 → [C1]
a3 → [C1]
a4 → [C1, C3]
a5 → [C3, C4]











B = {b ∈ N | b = t − e, ∀e ∈ 0, 1, . . . , e}
0, 1, . . . , e ∀b ∈ B

Γb
X : X 7→ 2C X

Γb
X(x) = {C ∈ C | vx(C) > t− b}.

e

Γb
X

A

M

A

M Ω∗ Γb
X

Γb
A

A b

Ω(Γb
X
) = {ω ∈ Ω∗ | ∀x ∈ X : fω(x) ∈ Γ

b
X(x)}.

Ω(Γb
X
) ω

Γb
X

Ω(Γb
X
) = ∅ ω ∈ Ω∗

Γb
X

Γb
X

Γb
X Ω(Γb

X
) 6= ∅

Γb
A : A 7→ 2C

Γb
A(a) =

⋃

ω∈Ω
(Γb

X
)

fω(a).

Γb
A(a) a

Γb
X ΓA

ΓA = {(b,Γb
A), ∀b ∈ B}.

ΓA Γb
A = Γb′

A

b, b′

Γ′A

Γ′A = {(b,Γb
A) ∈ ΓA | ∄(b

′,Γb′

A) ∈ ΓA Γb
A = Γb′

A ∧ b < b′}.



∀(b,Γb
A), (b

′,Γb′

A) ∈ Γ
′
A

b ≤ b′ ⇔ ∀a ∈ A : Γb
A(a) ⊆ Γb′

A(a).

A C

A

C

20 × 3 × 3 = 180
×



g1
g2 g3

C1

C2 C3

C4

x01 〈1, 4, 3〉



g1 g2 g3
x01
x02
x03
x04
x05
x06
x07
x08
x09
x10

C1 C2 C3 C4

x01
x02
x03
x04
x05
x06
x07
x08
x09
x10

C3

C2

C4

C1

a001 a010



x01 x10

x03 〈0, 2, 4, 1〉
〈0, 3, 4, 0〉

a004
〈0, 1, 5, 1〉



C1 C2 C3 C4

x01

x02

x03

x04

x05

x06

x07

x08

x09

x10

a001

a002

a003

a004

a005

a006

a007

a008

a009

a010



C1 C2 C3 C4

x01

x02

x03

x04

x05

x06

x07

x08

x09

x10

a001

a002

a003

a004

a005

a006

a007

a008



C1 C2 C3 C4

x01

x02

x03

x04

x05

x06

x07

x08

x09

x10

a001

a002

a003

a004

a005

a006

a007

a008













A k

A

A1, . . . , Ak
⋃

A1, . . . , Ak = A Ai ∩Aj = ∅, ∀i, j ∈ {1, . . . , k}

Ci Ai



E

(a, [C,C])
(a −→ [C,C])
X

A

lj, ∀l ∈ L, j ∈ J j

l

wj, ∀j ∈ J j

λ [1/2, 1]

Kj(a, l
−(C)), ∀a ∈ X,C ∈ C \ C1, j ∈ J

j

a C

a l−(C)
Kj(a, l

−(C)) a

j l−(C)



Ψj(a, l
−(C)), ∀a ∈ X,C ∈ C \ C1, j ∈

J
wj Ψj(a, l

−(C)) =
wjKj(a, l

−(C)) wj

a j

l−(C)

n(a, C), ∀a ∈ A,C ∈ C
a C

(a −→ C) a

A C

(a −→ C)⇔



















∑

j∈J

Ψj(a, l
−(C)) ≥ λ

∑

j∈J

Ψj(a, l
+(C)) < λ.

Ck

a ∈ A a

(a) a Ck
∑

(a−→Ck)
(a) ≥ 30

Ck x

∑

(a−→Ck)
(a) ≤ x

N
〈

C, η, η, P
〉

, C ∈ C, η, η ∈ R P

A R
A C P η

η η ≤
∑

(a−→C) P (a) ≤ η

n(a, C)
∀a ∈ A,C ∈ C n(a, C) a



C

n(a, C) = 1⇔ (a −→ C).

∀a ∈ A,C ∈ C


















∑

j∈J

Ψj(a, l
−(C)) ≥ λ+ (n(a, C)− 1),

∑

j∈J

Ψj(a, l
+(C)) < λ+ (1− n(a, C)),

n

∀a ∈ A
∑

C∈C

n(a, C) = 1. n

n n(a, C) = 1⇒ (a −→
C) n a

n(a, C) C

n(a, C)
∀
〈

C, η, η, P
〉

∈ N

η ≤
∑

a∈A

n(a, C)P (a) ≤ η.

s



∑

j∈J

wj = 1.

∀C ∈ C \ {C1, Cn}, j ∈ J : l−j (C) ≤ l+j (C).

∀a ∈ X, l ∈ L, j ∈ J :
(aj − lj) + ε

M
≤ Kj(a, l) ≤

aj − lj

M
+ 1.

∀a ∈ X, l ∈ L, j ∈ J :

{

wj +Kj(a, l)− 1 ≤Ψj(a, l) ≤ Kj(a, l)

Ψj(a, l) ≤ wj.

∀(a −→ [C,C]) ∈ E,C 6= C1 :
∑

j∈J

Ψj(a, l
−(C)) ≥ λ.

∀(a −→ [C,C]) ∈ E,C 6= Cn :
∑

j∈J

Ψj(a, l
+(C)) ≤ λ− ε.

∀a ∈ A,C ∈ C :



















∑

j∈J

Ψj(a, l
−(C)) ≥ λ+ (n(a, C)− 1),

∑

j∈J

Ψj(a, l
+(C)) ≤ λ+ (1− n(a, C))− ε.

∀a ∈ A :
∑

C∈C

n(a, C) = 1.

∀
〈

C, η, η, P
〉

∈ N : η ≤
∑

a∈A

n(a, C)P (a) ≤ η.





l−(C3)
l−(C2)

w , , , , ,

λ = ,

l−(C3)
l−(C2)

w , , , , , ,

λ = ,























Ψ(a, b)



A
J

pj, qj

wj, ∀j ∈ J
gj(a), ∀a ∈ A, j ∈ J pj ≥ qj ≥ 0

{(a, b) ∈ A × A}
Ψ(a, b)

gj(b) gj(a)

Ψ(a, b) =
∑

j∈J

wjKj(a, b),

Kj(a, b) =



















1⇔ gj(b)− gj(a) ≤ qj,

1−
(gj(b)− gj(a))− qj

pj − qj
⇔ qj < gj(b)− gj(a) ≤ pj,

0⇔ pj < gj(b)− gj(a).

pj = qj = 0, ∀j ∈ J



P 5

P 1, P 2, P 3

P (a, b) = 1 − Ψ(b, a)

Dj

A J
gj(a), ∀a ∈ A, j ∈ J

pj, vj pj
pj = 0

Dj(a, b) = 0, ∀a, b ∈ A

pj = vj

qj = pj = 0
pj = vj > 0

Dj (a, b) = 1⇔ gj(b)− gj(a) ≥ vj vj > pj

vj = pj = qj Kj(a, b) = 1
Dj (a, b) = 1
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S

λ Sλ



w

wt
j ≥ w, ∀j ∈ J , t ∈ T

w = ,

w = ,





C3

l−(C3)

C2

l−(C2)

C1

⊳

⊳

C1 ⊳ C2 ⊳ C3



l−(C3)
l−(C2)



λ

, , , , , , ,

, , , , , , ,

, , , , , , ,

, , , , , , ,

l−(C3)
l−(C2)
ν (C3)
ν (C2)

ν (C3) = 1 l−(C3) = 5

λ

, , , , , , ,

, , , , , , ,

, , , , , , ,

, , , , , , ,



λ

, , , , , , ,



 

!

"

#

$

%
&











gj



,

≻

〈 〉



〈 〉



〈 〉



vj
vj(x) = ax + b



(a1, a3)
(a2, a1)





vj(x) = 1− e−ax







[0, 1]

[0, 1]
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≻









x









nC = 1



A ⊆ A
Xj gj = a∈A gj(a) gj = a∈A gj(a)

gj(l
−(C1)) = gj, gj(l

+(CnC)) = gj

gj gj j gj
j

gj
∀j ∈ J : δj

j ∀j ∈ J : minj = a,a′∈A |gj(a)− gj(a
′)|

nC nC − 1
[gj(a), gj(a

′)]
j

δj
δj 1

b C C V

V V deltaj = minj/(k + 1)
∀j ∈ J : δbj

gj gj δj

δbj
δbj ≥ (k−1)δj

δbj = kδj
b1 bk−1

Mj



∀j ∈ J : Mj = gj − gj + δbj
j

C C V

V V

δλ
δλ =

,

δvj
V δj

δvj = δj ∗ 2

X ⊆ A
J aj, ∀a ∈ X, j ∈ J

C = {C1, . . . , Ck} L

T Et, ∀t ∈ T
l ∈ L

wt
j, ∀j ∈ J λt

t ∈ T
l

l−(C) l+(C)
C

δj ∀C ∈ C \ {C1, Cn}, j ∈ J

l−j (C) ≤ l+j (C)− δj. b



δj

δj

∀C ∈ C : ∃t ∈ T , a ∈ X | (a
t
−→ [C,C]) ∈ Et

nC ≥ 2 ∀j ∈ J

gj − δbj ≤l
+(C1),

l−(CnC) ≤ gj + δbj .

Kj(a, l)
aj ≥ lj ∀j ∈ J , a ∈ X, l ∈ L

1

Mj

(aj − lj) <Kj(a, l),

Kj(a, l) ≤
1

Mj

(aj − lj) + 1.

δj

lj
∀j ∈ J , a ∈ X, l ∈ L

1

Mj + δj
(aj − lj + δj) ≤ Kj(a, l). C

lj = aj+ε a

j l ε Kj(a, l) = 1
Kj(a, l)

Kj(a, l) = 1



Kj(a, l) ≤
−ε
Mj

+1

Kj(a, l) ≤
1

Mj + xj

(aj − lj − xj) + 1. C

t
xj

Mj+xj

t xj ≥ (Mj + xj)t
aj < l+xj ⇒ Kj(a, l) = 0

lj < aj < lj + xj

∃a ∈ X | aj − xj < lj < aj
xj

xj = δj
δj

Mj+δj
≥ t, ∀j ∈ J

t = 10−5

lj
Kj(a, l)

∀t ∈ T , ∀(a
t
−→ [C,C]) ∈ Et :

∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt C 6= C1,

∑

j∈J

Ψt
j(a, l

+(C)) ≤ λt − δλ C 6= Cn.

δλ

∑

j∈J Ψ
t
j(a, l

−(C)) = λt − ε

a l−(C)
ε

δ′λ



λ = ,

λ λ

λ ε
∑

j∈J |aj≥lj
wj ≥ λt − ε

∑

j∈J |aj≥lj
wj ≥ λt

[λ− ε, λ[

ε < δλ ε = δλ/2

λl − δλ

ε > t t

t = 1
106

ε

Kj(a, l) Ψt
j(a, l)

a ∈ X l ∈ L



P t =
{

(a, l) ∈ X × L | ∃C,C ∈ C, (a
t
−→ [C,C]) ∈ Et | l = l−(C) ∨ l = l+(C)

}

P =
⋃

t∈T

P t.

Kj(a, l) ∀(a, l) ∈ P, j ∈ J
Ψt

j(a, l) ∀t ∈ T , (a, l) ∈ P t, j ∈ J
C C Kj(a, l)

σ σ C σ w

Ψt
j(a, l)

∀t ∈ T
∑

j∈J

wt
j = 1.

∀C ∈ C \ {C1, Cn}, j ∈ J

l−j (C) ≤ l+j (C)− δj. b

∀(a, l) ∈ P, j ∈ J

1

Mj + δj
(aj − lj + δj) ≤Kj(a, l), C

Kj(a, l) ≤
1

Mj + δj
(aj − lj − δj) + 1. C

∀t ∈ T , (a, l) ∈ P t, j ∈ J

wt
j +Kj(a, l)− 1 ≤Ψt

j(a, l) σ

Ψt
j(a, l) ≤ Kj(a, l) σ C

Ψt
j(a, l) ≤ wt

j. σ w

∀t ∈ T , ∀(a
t
−→ [C,C]) ∈ Et :

∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt C 6= C1,

∑

j∈J

Ψt
j(a, l

+(C)) ≤ λt − δλ C 6= Cn.



νj (C) j ∈ J C ∈ C \ {C1}

νj (C) = l−j (C)− vj
C

νj (C) < gj

νj (C) [gj − δvj , l
−
j (C)]

vj = l−j (C) − νj (C)

νj (C)
vj

a

C l−j (C) − aj > vj aj <

νj (C) vj ≥ l−(C)−gj

vj [0, l−j (C) − gj + δvj ]
C

vj ≤Mj + δvj

vj

∀Ch ∈ C \ {C1, Cn}, j ∈ J

νj (Ch) ≤ νj (Ch+1).

vj(Ch)

vj(Ch)− vj(Ch−1) ≤ l−j (Ch)− l−j (Ch−1). v



Vj(a, C)
Vj(a, C) = 1 ⇔ aj < νj (C) ∀a ∈ X,C ∈

C \ {C1}, j ∈ J

νj (C)− aj

M
≤ Vj(a, C) ≤

νj (C)− aj − ε

M
+ 1.

Vj(a, C) = 1⇔ aj ≤ νj (C)
aj 6= νj (C)

l−j (C)− aj − vj + δj

Mj + δj
≤Vj(a, C), V

Vj(a, C) ≤
l−j (C)− aj − vj − δj

2Mj + δvj + δj
+ 1. V

l−j (C) − aj − vj ∈ [−2Mj − δvj ,Mj]
δj V V

V l−j (C) − aj = vj
δj

2Mj+δvj+δj
≥ t t

Vj

Vj

∀j ∈ J

Vj ≥
νj (CnC)− gj + δj

Mj + δj
,

Vj ≥
l−j (CnC)− gj + δj − vj(CnC)

Mj + δj
. V

Vj ≥ Vj(a, C), ∀a, C [∃C ∈ C | νj (C) ≥ gj]⇒ [νj (CnC) ≥

gj]⇒ [νj (CnC)− gj + δj > 0]⇒ Vj = 1



Vj(a, C)

∑

j∈J

Vj.

∀t ∈ T
∑

j∈J

wt
j = 1.

∀C ∈ C \ {C1, Cn}, j ∈ J

l−j (C) ≤ l+j (C)− δj. b

∀(a, l) ∈ P, j ∈ J

1

Mj + δj
(aj − lj + δj) ≤Kj(a, l), C

Kj(a, l) ≤
1

Mj + δj
(aj − lj − δj) + 1. C

∀t ∈ T , (a, l) ∈ P t, j ∈ J

wt
j +Kj(a, l)− 1 ≤Ψt

j(a, l) σ

Ψt
j(a, l) ≤ Kj(a, l) σ C

Ψt
j(a, l) ≤ wt

j. σ w

∀Ch ∈ C \ {C1, Cn}, j ∈ J

vj(Ch)− vj(Ch−1) ≤ l−j (Ch)− l−j (Ch−1). v

∀t ∈ T , (a
t
−→ [C,C]) ∈ Et, C 6= C1, j ∈ J

l−j (C)− aj − vj + δj

Mj + δj
≤Vj(a, C), V

Vj(a, C) ≤
l−j (C)− aj − vj − δj

2Mj + δvj + δj
+ 1. V



∀t ∈ T , ∀(a
t
−→ [C,C]) ∈ Et

∑

j∈J

Ψt
j(a, l

−(C)) ≥ λt +
∑

j∈J

Vj(a, l
−(C)) C 6= C1,

∑

j∈J

Ψt
j(a, l

+(C)) ≤ λt − δλ +
∑

j∈J

Vj(a, l
+(C)) C 6= Cn.

∀j ∈ J

Vj ≥
l−j (CnC)− gj + δj − vj(CnC)

Mj + δj
. V

gj gj Mj δj δbj δvj δλ

Kj(a, l) Vj(a, C) Vj lj gj − δbj ≤ l+(C1)

l−j (CnC) ≤ gj + δbj wt
j Ψt

j(a, l) λt ∈ [1/2, 1]
vj ∈ [0,Mj + δvj ]

n n

n≥(a, C), ∀a ∈ A,C ∈ C \ C1

n≥(a, C) a � C
∑

j∈J Ψj(a, l
−(C)) ≥ λ ∀a ∈ A,C ∈ C\C1

∑

j∈J

Ψj(a, l
−(C)) ≥ λ+ (n≥(a, C)− 1),

∑

j∈J

Ψj(a, l
−(C)) ≤ λ+ n≥(a, C)− δλ.

a � C ⇔ n≥(a, C) = 1

∀
〈

Ch, η, η, P
〉

∈ N

η ≤
∑

a∈A

n≥(a, Ch)P (a)− n≥(a, Ch+1)P (a) ≤ η,

∀a ∈ A n≥(a, C1) = 1 n≥(a, CnC+1) = 0
C1 CnC+1



n(a, C)

Ψj(a, l
−(C)) Kj

n(a, C)
C3





































































pj, qj wj

vj λ

Ψ D

Ψ (a, b) =
∑

{j|gj(a)≥gj(b)}

wj.

Ψ Ψ Kj

pj = qj = 0

D (a, b) =

{

1⇔ ∃j ∈ J | gj(b)− gj(a) > vj,

0 .

S ,λ(a, b) =

{

1 ⇔ Ψ (a, b) ≥ λ D (a, b) = 0,

0 .



S− S∗ S−

S∗

aS∗b aS−b

λ− λ∗

λ− < λ∗ v−j v∗j v∗j ≤ v−j

S−(a, b) =











































1 ⇔































Ψ (a, b) ≥ λ−

D (a, b) = 0

Ψ (a, b) ≥ Ψ (b, a),

0 ,

D v−j S∗(a, b)
λ∗ v∗j

S ,λ

Ψ (a, b) ≥ Ψ (b, a)

aSb bSa

Kj,Ψ, Dj, S

pj, qj, vj, λ, wj



pj qj
pj ≥ qj ≥ 0 wj ≥ 0

P 1
j (a, b) =

{

1 ⇔ gj(a)− gj(b) > 0,

0 ⇔ gj(a)− gj(b) ≤ 0.

P 2
j (a, b) =

{

1 ⇔ gj(a)− gj(b) > qj,

0 ⇔ gj(a)− gj(b) ≤ qj.

P 3
j (a, b) =



















1 ⇔ pj < gj(a)− gj(b),

gj(a)− gj(b)

pj
⇔ 0 < gj(a)− gj(b) ≤ pj,

0 ⇔ gj(a)− gj(b) ≤ 0.



P 5
j (a, b) =



















1 ⇔ pj < gj(a)− gj(b),

(gj(a)− gj(b))− qj

pj − qj
⇔ qj < gj(a)− gj(b) ≤ pj,

0 ⇔ gj(a)− gj(b) ≤ qj.

P : A × A 7→ [0, 1]
(a, b) a

b

P (a, b) =
∑

j∈J

wjPj(a, b),

Pj = P 1
j , P

2
j , P

3
j P 5

j

P (a, b) = 1− Ψ(b, a)

Q+

Q−

Q+(a) =
1

|A| − 1

∑

b∈A\{a}

P (a, b),

Q−(a) =
1

|A| − 1

∑

b∈A\{a}

P (b, a).

Q(a) = Q+(a)−Q−(a).



J

Ψ(a, b) = 1

∃j ∈ J | Dj(a, b) = 1

F F ⊆ 2J

F j ∈ J
j

J ∈ F

∃J ∈ F | j ∈ J ∧ J \ {j} 6∈ F.



w1 = , ;w2 = , ;w3 = , ;λ = ,

S






