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The issue of establishing the status of nonlinear elasticity theory for rubber with respect
to the point of view of polymer physics is at the heart of this manuscript. Our aim is to
develop mathematical methods to describe, understand, and solve this multiscale problem.

At the level of the polymer chains, rubber can be described as a network whose nodes
represent the cross-links between the polymer chains. This network can be considered as
the realization of some stochastic process. Given the free energy of the polymer network,
we’d like to derive a continuum model as the characteristic length of the polymer chains
vanishes. In mathematical terms, this process can be viewed as a hydrodynamic limit or
as a discrete homogenization, depending on the nature of the free energy of the network.
In view of the works by Treloar [86], by Flory [34], and by Rubinstein and Colby [79] on
polymer physics, and in view of the stochastic nature of the network, stochastic discrete
homogenization seems to be the right tool for the analysis. Hence, in order to complete
our program we need to understand the stochastic homogenization of discrete systems.
Two features make the analysis rich and challenging from a mathematical perspective: the
randomness and the nonlinearity of the problem.

The achievement of this manuscript is twofold:

e a complete and sharp quantitative theory for the approximation of homogenized coeffi-
cients in stochastic homogenization of discrete linear elliptic equations;

e the first rigorous and global picture on the status of nonlinear elasticity theory with
respect to polymer physics, which partially answers the question raised by Ball in his
review paper [4] on open problems in elasticity.

Although the emphasis of this manuscript is put on discrete models for rubber, and more
generally on the homogenization of discrete elliptic equations, we have also extended most
of the results to the case of elliptic partial differential equations — some of the results
being even more striking in that case.

Before we turn to the details of our contributions, let us first recall the context of
stochastic homogenization.

The first rigorous results in homogenization of linear elliptic equations date back to the
seventies with the contributions by De Giorgi and Spagnolo [28], Bensoussan, Lions, and
Papanicolaou [8], Murat and Tartar [67,68] to cite a few. Let A be a periodic matrix and
for all e > 0 let A.(-) := A(-/¢) be the associated e-rescaled matrix. Their results ensure
that the solution operator (—=V - A.V)~! converges as ¢ — 0 to the solution operator
(—=V - Apom V) ! associated with a constant matrix Ayem. As a by-product of their analysis
they obtain a characterization of Ay, in terms of the solution of an elliptic equation posed
on the periodic cell (the so-called cell-problem). In this manuscript we are interested in
cases when the corresponding cell-problem is not posed on the periodic cell (also called the
unitary cell), but rather on the whole space. This happens in at least two cases:

e in the linear case when the periodicity assumption on A is replaced by the more general
assumption of stochastic stationarity;
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e in the periodic nonlinear nonconvex case, that is when the linear elliptic equation is
replaced by the minimization of an energy functional u — [, W (z/e, Vu(z))dx, where
u: D — R%is a deformation, Vu(x) is the strain gradient, and W : R¥x M% — R* is the
energy density which is periodic in space and quasiconvex nonconvex in the deformation
gradient (in the linear case, W is simply quadratic).

The rigorous derivation of nonlinear elasticity theory from polymer physics combines these
two cases (in the setting of discrete equations). Stochastic homogenization of linear elliptic
equations has been first studied by Papanicolaou and Varadhan [75] and by Kozlov [47].
The periodic homogenization of nonconvex integral functionals is due to Braides [13] and

to Miiller [64]. The stochastic homogenization of integral functionals is due to Dal Maso
and Modica [26] and Messaoudi and Michaille |61].

This manuscript is organized in four chapters. The first chapter is dedicated to the
quantitative analysis of stochastic homogenization of discrete linear elliptic equations. We
give a complete error analysis for several approximation methods of the homogenized co-
efficients. The second chapter is a natural continuation of the first chapter: we generalize
some of these results to the case of linear partial differential equations, and focus on the
issue of approximating homogenized coefficients in various (general and applied) contexts.
The third chapter deals with the stochastic homogenization of integral functionals. The
aim of this chapter is to understand how qualitative properties of the heterogeneous in-
tegrand W (which are of interest in nonlinear elasticity) can be inherited (or not) by the
homogenized integrand during the stochastic homogenization process. The fourth and last
chapter of this manuscript is dedicated to a complete and rigorous derivation of nonlin-
ear elasticity theory starting from a model based on polymer physics, in the context of
stochastic homogenization of discrete systems.

Chapter 1: Stochastic homogenization of discrete linear elliptic equations

Discrete linear elliptic equations typically model the conduction of electricity in resistance
networks (in Z9, each edge relating two points at distance 1 is typically a conductance).
We assume that the conductances are independent and identically distributed (i. i. d.) in
some bounded interval isolated from 0. They give rise to a diagonal random conductivity
matrix A on Z? and to a discrete elliptic operator using finite differences. This problem is
a linear and scalar counterpart to the discrete model for rubber we shall present later on.

There are two points of view on this problem: the discrete linear elliptic equation as-
sociated with the random conductivity matrix A and the random walk in the random
environment characterized by the conductances. Both points of view allow to prove a ho-
mogenization result. Within the discrete elliptic equation point of view, Kiinnemann [51]
and Kozlov [48] have proved that the large scale behaviour of the (discrete) solution opera-
tor “(—V-AV) ™! is almost surely described by the large scale behaviour of the (continuous)
solution operator (—V - Ape, V) ™! for some deterministic matrix Apon. In terms of random
walk in random environments, Kipnis and Varadhan [45] have shown that the homogeniza-
tion result takes the form of the convergence of the (rescaled) random walk to a Brownian
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motion of covariance 2A;,,, in expectation (the almost sure convergence has been shown
by Sidoravicius and Sznitman [82] and Mathieu [59]). Both points of view rely on the study
of the corrector equation: for any ¢ € R%:

~V A+ Ve¢) = 0in 2%

An equivalent form of this equation can be written in the probability space. The main
difficulty of this equation comes from the lack of Poincaré’s inequality in the probability
space (said differently, with the notation () for the expectation, there is no Poincaré’s
inequality of the type (¢?) < C'(|V@|?) for (stationary) functions ¢ such that (¢) = 0).
This problem is the starting point of troubles in stochastic homogenization. One possibility
to study the corrector equation is to introduce a regularization by a zero-order term, and
consider the unique stationary solution to

T ¢p —V-A(l+Vér) = 0in Z¢

for T > 0, and pass to the limit as T" — oo. To be able to obtain quantitative results, we
need to understand more thoroughly the corrector equation, or equivalently the dependence
of ¢ with respect to T'.

Our first crucial result is that the combination of a spectral gap estimate, a Cacciopoli
inequality in probability, and elliptic regularity theory allows one to derive a “proxy” for
the Poincaré inequality (at least in dimension d > 2). In particular we have shown that for
d> 2,

(o) S1
uniformly in 7. As a consequence, we obtain a complete existence and uniqueness theory
for the corrector equation in the probability space. In other words: there does exist a unique
stationary solution to the corrector equation in dimension d > 2. This result was rather
unexpected. The price to pay for this is to consider i. i. d. conductances (and not only the
much more general assumption of ergodicity used in [51], [48], and [45]). This is a first step
towards a quantitative stochastic homogenization theory.

In a second contribution we devise new approximation formulas for homogenized co-
efficients based on the regularized corrector ¢. This is of practical interest since ¢ can
be accurately approximated on bounded domains whereas ¢ cannot (this is related to
the exponential decay of the Green’s function of the Helmholtz operator compared to the
algebraic decay of the Green’s function of the Laplace operator). Papanicolaou and Varad-
han |75] and Kipnis and Varadhan [45] have given a spectral representation formula for the
homogenized coefficients. We adopt this framework and first define natural approximation
formulas Ay (for £ € N, T' > 0) in terms of their spectral representations. We only later
on re-interpret these formulas in terms of the regularized corrector ¢ in physical space.
Similar approximations can be obtained directly by a Richardson extrapolation in the phys-
ical space. As we shall show, the fundamental property of these approximations is that the
convergence rate to zero of Ay — Apem in function of 7' is driven by the values of some
spectral exponents related to the spectral representation of the elliptic operator —V - AV
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in the probability space. Our second crucial result is a sharp estimate of these spectral
exponents in any dimension, the proof of which is based on induction using functional
calculus, elliptic theory, and the spectral gap estimate.

From a practical point of view one cannot solve the regularized corrector equation in
the probability space to compute expectations: instead, we approximate the regularized
corrector in physical space, and replace the expectation by spatial averages on large do-
mains @ = (0, L)% — this is where the fact that ¢ can be accurately approximated on
bounded domains is important. This gives rise to the approximation A, of Ay r. Note
that Ajp is itself a random variable. The error between the expectation <A£7T> = Apr
of the computable approximation of Ay, and Ay, itself has been estimated using the
spectral exponents. Remains the statistical error: AﬁT fluctuates around its expectation
A . We have essentially proved that the variance of Aﬁ’T has the scaling of the central
limit theorem: var [Aﬁ’T] < L= (up to a logarithmic correction for d = 2). Again, the
proof of this estimate crucially relies on the spectral gap estimate.

The combination of these results then allows us to make a complete and optimal quan-
titative convergence analysis of several approximation methods of the homogenized coef-
ficients. We prove in particular that the popular “periodization method” yields optimal
convergence rates in any dimension.

In the last section of this chapter, we turn to the point of view of the random walk in
random environments, and use the convergence of the random walk to a Brownian motion
with covariance matrix 2A;,, to devise an approximation procedure. The approximation
is based on a Monte-Carlo method and consists in computing independent realizations of
trajectories of the random walk up to some final time ¢ > 0 in independent environments.
Using a quantitative version of the Kipnis-Varadhan theorem together with estimates of
the spectral exponents, we prove that the error at time ¢ between the expectation of our
approximation and the homogenized coefficient is essentially of order 1/t. We complete this
picture by proving large deviation estimates. The results are sharp.

Chapter 2: Quantitative results in homogenization of linear elliptic equations

In this second chapter we generalize some results of Chapter 1 to the case of linear partial
differential equations. This time, the crucial assumption on the random symmetric diffusion
matrix A is that its correlation-length is bounded (that is, there exists some correlation
length C, > 0 such that the random fields A(x) and A(z) are independent if |z —z| > Cp).
Under this assumption we are able to extend the spectral gap estimate from the discrete
setting (in which case the conductances are only countably many) to the continuous set-
ting (in which case the diffusion matrix is a measurable function, and therefore lives in an
infinite-dimensional space). Perhaps the most striking result for a specialist in stochastic
homogenization is the existence of a stationary solution to the corrector equation in di-
mension d > 2. From the PDE point of view, the extension of the results from the discrete
to the continuous setting essentially relies on the De Giorgi-Nash-Moser theory.
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Up to now, we have only focused on the approximation of homogenized coefficients. In
the second section of this chapter we address a different question. Given a linear elliptic
partial differential equation whose diffusion coefficient is perturbed by a stationary noise
with correlation-length ¢ > 0, how does the statistics of the solution depend on € ? Heuristic
arguments give a precise guess on the dependence of some strong and weak norms of the
fluctuation upon . We present a string of arguments which provides optimal results for
small ellipticity ratio only (say when the noise is sufficiently small). This can also be
seen as a first step towards a quantitative analysis of the convergence to the solution of
the homogenized problem in stochastic homogenization of linear elliptic equations, in the
spirit of the work by Yurinskii [91| (who obtains an algebraic convergence rate in e for
d > 2) and by Caffarelli and Souganidis [18] (who treat the much more general case of fully
nonlinear elliptic equations, but only get a logarithmic convergence in ¢).

We come back to the approximation of homogenized coefficients in the third section,
and go beyond the case of stationary diffusion coefficients with finite correlation-length. We
propose a general approximation method of homogenized coefficients which yields optimal
convergence rates both for the stochastic case with finite-correlation length and for the
periodic case. This approach combines a filtering method and the approximation formulas
devised using the spectral representation of the homogenized coefficients. We show that
these approximations are consistent in the general ergodic case using spectral theory, and
provide with numerical examples in the periodic and quasiperiodic case which exemplify
the interest of the method.

The last section of this chapter is an independent work which illustrates:

the interest of the homogenization theory for engineering problems;
the fact that, even in the periodic case, to pass from theoretical to practical results is
not always an easy task in homogenization.

The starting point is a coupled system of elliptic/parabolic equations modeling the trans-
port of nuclear waste in a heterogeneous storage device. Due to the nonlinear coupling we
consider, even if we start from purely periodic coefficients we end up with a cell problem
for the parabolic equation which depends on the space variable through the flux associated
with the homogenized elliptic equation. From a practical point of view this is a disaster:
we have a priori as many (periodic) cell problems to solve as Gauss points in the domain.
A very powerful tool to deal with such parametrized partial differential equations is the
reduced basis method. In this section we show how to apply this method to the homogeniza-
tion problem under consideration, and propose an efficient way to construct the associated
linear systems using a fast Fourier transform. Numerical tests are very promising.

Chapter 3: Homogenization of integral functionals

The current existence theory in nonlinear elasticity [5] is based on the minimization of
energy functionals of the form w +— [, W(x, Vu(x))dz rather than on the associated
Euler-Lagrange partial differential equations. It is therefore not surprising that the ho-
mogenization of integral functionals is used to model composite materials in nonlinear
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elasticity. When dealing with such energy functionals, natural properties can be expected
of the energy density, such as frame-invariance, isotropy, minimality at identity... In terms
of convexity properties, if one expects the energy density W (x, A) to blow up when the
determinant of the d x d matrix A approaches zero (that is one cannot shrink the material
to a point), W (z, -) cannot be a convex function. This blow up is however compatible with
the more general notions of quasiconvexity and polyconvexity. Another subtle property
is strong ellipticity (which is equivalent to the convexity of W (z,-) along rank-one con-
nections). Stability of homogeneous deformations as well as short time existence results
in elastodynamics require strict strong ellipticity. It is also sometimes convenient to re-
strict the analysis to the small deformation regime, for which one expects a linear theory
to be valid at first order. Natural questions in homogenization of integral functionals are
typically:

e under which conditions is the homogenized energy density frame-invariant 7 isotropic 7
e is polyconvexity stable by homogenization (that is, if the heterogeneous energy density
is polyconvex almost everywhere, is the associated homogenized energy density poly-
CODV@X) ? (Quasiconvexity is always stable.)
is strong ellipticity stable by homogenization 7
do homogenization and linearization commute in small deformation ?

The homogenized energy density is frame-invariant provided the heterogeneous integrand is
frame-invariant almost everywhere. The homogenized energy density can never be isotropic
in the periodic case for truly nonlinear and heterogeneous integrands. The other questions
have also been solved in the case of periodic homogenization. Braides [14] has shown that
polyconvexity is not stable by periodic homogenization (see also Barchiesi [6]). Geymonat,
Miiller, and Triantafyllidis [38] have developed a complete theory establishing conditions
under which strict strong ellipticity is conserved or lost by periodic homogenization (both
cases indeed occur). More recently, Miiller and Neukamm [66] proved the commutability of
periodic homogenization and linearization in small deformation (that is, at identity). The
proofs of these qualitative results never rely on soft arguments, and often make a crucial
use of periodicity. The proof by Braides uses the fundamental construction by Sverak [83].
The theory of [38] is based on the Bloch transform, and therefore on the periodic structure.
The proof of the commutability in [66] combines the periodic asymptotic formula for the

homogenized integrand with the deep quantitative rigidity estimate by Friesecke, James,
and Miiller [37].

A large part of the difficulties encountered in these problems originates in the fact
that the cell problem is posed on R? and not on the unitary cell. It would therefore be
very valuable to have an alternative formula for the homogenized integrand depending
on a periodic solution on the unitary cell. In view of the contribution [64] by Miiller, a
natural candidate for the homogenized integrand is the quasiconvex envelope of the cell-
integrand (obtained using a periodic solution of the cell-problem on the unitary cell).
Our first contribution (Section 3.3) shows however that this natural candidate cannot
coincide with the homogenized integrand in general, so that it seems difficult to by-pass
the asymptotic character of the homogenization formula.
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We’ve seen so far that periodic homogenization of integral functionals is rather well-
understood even if the asymptotic homogenization formula is a difficult object to handle.
The picture is quite different for the stochastic homogenization of integral functionals. As
a general principle, “homogenization structures’ (that is, the assumptions on the hetero-
geneities which yield homogenization) are the same for linear elliptic equations and integral
functionals, so that one expects that if one can prove homogenization for linear elliptic equa-
tions one should be able to prove homogenization for general integral functionals. Examples
are of course periodicity, and stochastic stationarity. We illustrate this general principle
on a homogenization structure introduced by Blanc, Le Bris, and Lions [11], which mixes
periodicity and stochastic stationarity in such a way that the obtained structure is neither
periodic nor stationary, although it yields homogenization for linear elliptic equations. We
show in the first section of this chapter that this homogenization structure is “stationary
up to some boundary effects”, so that we may still apply the subadditive ergodic theorem
following the approach by Dal Maso and Modica [26], and therefore homogenize integral
functionals. Regarding the qualitative properties listed above, it is not clear any longer that
what holds for periodic structures holds as well for general homogenization structures, and
in particular for the stochastic stationary case. Conversely, some properties may hold in
some stochastic cases, but not in the periodic case. Isotropy is such an example: the homog-
enized energy density is isotropic in stochastic homogenization provided the heterogeneous
integrand is statistically isotropic. Although periodicity is a particular case of stationarity,
the property of statistical isotropy is incompatible with periodicity.

Let us turn to the question of strong ellipticity. The theory by Geymonat, Miiller and
Triantafyllidis [38] relies on the Bloch transform, so that the periodicity assumption seems
to be crucial. In Section 3.5 we show that the crucial assumption is not periodicity but
rather stationarity, which allows to define a suitable version of the Bloch transform, and
extend the analysis of strong ellipticity to the stochastic stationary case.

Likewise we shall also generalize the commutability result at identity to the case of
stochastic homogenization, and more generally to any homogenization structure. Not only
this analysis extends the result by Miiller and Neukamm [66] but it also implies the weak
locality of the I'-closure at identity. Namely, any homogenized integrand obtained by some
homogenization structure can also be obtained by periodic homogenization when restricted
to the small deformation regime.

In this chapter we essentially extend all the known qualitative results of periodic ho-
mogenization of integral functionals to the case of stochastic homogenization of integral
functionals. The following step is to address similar questions for the stochastic homoge-
nization of discrete systems.

Chapter 4: Homogenization of discrete systems and derivation of rubber elasticity

We turn to the main objective of this manuscript: a rigorous derivation of nonlinear elas-
ticity theory from “first principles” in the form of a statistical physics model for rubber. We
shall start from polymer physics, derive by heuristic arguments a model for polymer-chain
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networks which is suitable for the analysis, and then proceed with the rigorous derivation.
This chapter involves various areas of mathematics: calculus of variations, ergodic theory,
stochastic geometry, Fourier analysis, approximation theory, inverse problems, and scien-
tific computing. Even if all the questions have not been solved yet, we present a rather
global picture of the problem.

The starting point is a heuristic derivation of a discrete model based on a full statistical
physics description of a polymer-chain network. We shall argue that the free energy of a
polymer-chain network under the constraint that the deformation of its boundary is fixed
can be approximated by the minimum of an energy functional over a set of admissible
deformations described by the positions of the end-to-end vectors of each polymer chain
inside the network. The energy functional splits into two terms: the free energies of the
polymer chains RT™ 3 r — f(r) as if they were isolated, and a volumetric term between
polymer chains A +— W, (A), which would ideally ensure incompressibility.

Under the assumption that the network is the realization of some ergodic stochastic
lattice (and provided some control on the growth of f and W) we prove in the second
section of this chapter that the energy functional I'-converges, as the characteristic length
of the polymer chains vanishes, to some integral functional on some Lebesgue space. This
is a counterpart for discrete systems of the result by Dal Maso and Modica [26] for integral
functionals. Note however that the randomness is on the network istelf, not on the inter-
actions, contrary to the case of the linear elliptic equations of Chapter 1. The associated
homogenized energy density Wy, is proved to be homogeneous in space and deterministic
(as a consequence of ergodicity). It is given by an asymptotic formula on R?. The homog-
enized integrand is frame-invariant, and it is isotropic provided the stochastic lattice is
statistically isotropic. Then, if Wy, is isotropic, it admits a dilation among its natural
states, so that the identity is a natural state after rescaling the reference configuration.
This homogenized energy density thus yields a suitable hyperelastic model for rubber.

A question left aside in Section 4.2 is whether statistically isotropic stationary ergodic
lattices do exist. This is indeed the case, and we show that the random parking measure
(cars are randomly parked in some parking lot or bounded domain, with the constraint
that they cannot overlap ; the process ends when no further car can be added) studied by
Penrose [76] yields such an isotropic stationary ergodic point set at the thermodynamic
limit (that is, when the parking lot tends to the whole space). We also prove that the
random parking lattice at the thermodynamic limit can be replaced by the random parking
lattice on large (yet bounded) cubes in the asymptotic formula for the homogenized energy
density. This ensures the convergence of numerical approximations for which the random
parking lattice has to be approximated itself as well.

We turn to numerical approximations in Section 4.4. Unlike the case of the linear discrete
elliptic equations of Chapter 1, we first need to approximate the random point set in order
to approximate the corrector (and therefore Wiy, ). As pointed out already, the random
parking measure on R? can be replaced by its approximation on bounded domains. The
corrector is then approximated on a bounded domain by solving a minimization problem
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on a finite-dimensional space (as typical in finite element methods for nonlinear elasticity).
The theory of Chapter 1, although it does not directly apply here, gives a hint on the
approximation error (statistical fluctuation, systematic error). Numerical approximations
allow us to directly compare the homogenized integrand to the mechanical experiments by
Treloar on rubber. Numerical results confirm the relevance of the discrete model for rubber
and its “thermodynamic” limit to reproduce correctly complex and nonlinear behaviors
with a few parameters to fit (unlike phenomenological constitutive laws, only physical
parameters appear in the discrete model).

Numerical tests tend to show that the homogenized energy density (or at least its
numerical approximation) is strictly strongly elliptic. In view of the work by Geymonat,
Miiller, and Triantafyllidis [38], it is however not clear a priori whether the homogenized
energy density Wyom should be strictly strongly elliptic or not. In Section 4.5 we give two
examples of discrete homogenization of periodic systems which illustrate both strict strong
ellipticity and loss of strong ellipticity of the homogenized integrand. The example which
yields a strictly strongly elliptic homogenized integrand is quite interesting from the point
of view of polymer physics since the property of the discrete model which ensures the strong
ellipticity is satisfied by the free energy f of polymer chains derived in statistical physics.
In particular, this function f is a convex and increasing function of the distance r between
the end-to-end points of the chain (whereas, and it is useful as well, W, is assumed
to be polyconvex). This is enough to ensure that the periodic discrete model satisfies
the Cauchy-Born rule (or affine assumption), so that the homogenized energy density is
explicit and can be checked to be strictly strongly elliptic. When the stochastic lattice is
not periodic, the Cauchy-Born rule does not hold any longer and no explicit formula exists
for the homogenized energy density. However one may still exploit the specific form of the
free energy of polymer chains and prove a perturbation result. Namely, the homogenized
energy density is strictly strongly elliptic provided the deformation of the polymer network
is close to an affine deformation (uniformly in the asymptotic formula). Although even in
the scalar linear case this assumption is not known to hold (in Chapter 1 we prove that
all the finite moments of the corrector are finite for d > 2, but not that the corrector is
essentially bounded), this seems to be the case in numerical experiments. This study gives
a partial answer to the question of strong ellipticity.

From a conceptual point of view one could be satisfied with this study of the discrete
model for rubber: the derivation is rigorous (at least under mild assumptions), the homog-
enized energy density can be computed numerically, and the results are in good agreement
with mechanical experiments. Yet there are two disturbing facts:

e In computational and experimental mechanics, people use rather specific constitutive
laws (Mooney-Rivlin, Ciarlet-Geymonat, Ogden...). What is then the link between Wi,op,
and these models ?

e If this discrete model were to be used in practice (say as the energy density in a finite
element software for nonlinear elasticity) one would face the problem that at each Gauss
point of the domain where the Piola stress tensor 9y Whom(A) has to be evaluated, one
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needs to solve a nonlinear elasticity problem (to approximate the asymptotic formula).
This is simply not feasible.

Our last contribution to the study of this discrete model for rubber addresses both ob-
servations at once. The objective of Section 4.6 is to construct an analytical proxy which
fits the homogenized energy density and can be used in standard softwares. Following the
know-how of mechanical engineers — and guided by our theoretical analysis — we have
chosen to look for an approximation in the class of polyconvex isotropic Ogden materials
whose natural state is the identity. From a practical point of view we then have to solve an
inverse problem: given a sampling of the (numerical approximation of the) homogenized
constitutive law Wyom, identify parameters of an Ogden law W,y that minimizes some error
functional &(Whom, Wog). Since the energy landscape of the error functional is very com-
plex, deterministic optimization algorithms (such as a Newton algorithm) are likely to get
trapped in some local minimum, and we have prefered to use an evolutionary algorithm
combined with a splitting procedure to deal with the constraints. The numerical results
are very convincing, and show the capability of Ogden laws to accurately approximate the
homogenized integrand (which has been itself rigorously derived from the polymer chain
model by discrete stochastic homogenization).

The last chapter of this manuscript introduces a complete framework to pass from
polymer physics to standard constitutive laws for rubber. Several steps of this program are
not rigorous yet and give rise to challenging mathematical problems.



XXI

Personal bibliography since my PhD thesis

Qualitative results for the homogenization of multiple integrals

[BG| M. Barchiesi and A. Gloria. New counterexamples to the cell formula in nonconvex
homogenization. Arch. Ration. Mech. Anal., 195(3), pp 991-1024, 2010.
[Glo08] A. Gloria. Stochastic diffeomorphisms and homogenization of multiple integrals.
AMRX, Article ID abn001, 2008.
|Glol1a] A. Gloria. Stochastic homogenization of nonlinear elastic materials, Bloch waves, and
strong ellipticity. In preparation.
[GN] A. Gloria and S. Neukamm. Commutability of homogenization and linearization at
identity in finite elasticity and applications. Ann. Inst. H. Poincaré Anal. Non Linéaire,
28(6), pp 941-964, 2011.

Qualitative results in homogenization of discrete systems

[ACG| R. Alicandro, M. Cicalese, and A. Gloria. Integral representation results for energies
defined on stochastic lattices and application to nonlinear elasticity. Arch. Ration.
Mech. Anal., 200(3), pp 881-943, 2011.
[BGLTV]| M. de Buhan, A. Gloria, P. Le Tallec, and M. Vidrascu. Reconstruction of a constitutive
law for rubber from in silico experiments. In preparation.
|Glo11b] A. Gloria. Strong ellipticity of nonlinear elastic materials and homogenization of peri-
odic and stochastic discrete systems. In preparation.
[GLTV] A. Gloria, P. Le Tallec, and M. Vidrascu. Foundation, analysis, and numerical inves-
tigation of a variational network-based model for rubber. Accepted for publication in
Cont. Mech. Thermodynamics.
|GP] A. Gloria and M. D. Penrose. Random parking, Euclidean functionals, and rubber
elasticity. Accepted for publication in Commun. Math. Physics.

Quantitative results in stochastic homogenization of discrete elliptic equations

[EGMN]| A.-C. Egloffe, A. Gloria., J.-C. Mourrat, and T. N. Nguyen. Theoretical and numerical
investigation of convergence rates in stochastic homogenization: corrector equation and
random walk in random environments. Preprint.

[Glo12] A. Gloria. Numerical approximation of effective coefficients in stochastic homogeniza-
tion of discrete elliptic equations. M2AN Modél. Math. Anal. Numér, 46(1), pp 1-38,
2012.

[GMa| A. Gloria and J.-C. Mourrat. Spectral measure and approximation of homogenized
coefficients. Probab. Theory Related Fields, DOI: 10.1007/s00440-011-0370-7.

[GMb]| A. Gloria and J.-C. Mourrat. Quantitative version of the Kipnis-Varadhan theorem
and Monte-Carlo approximation of homogenized coefficients. Accepted for publication
in Ann. Appl. Probab.

[GNOa| A. Gloria, S. Neukamm, and F. Otto. Quantification of ergodicity in stochastic homog-
enization: optimal bounds via spectral gap on Glauber dynamics. In preparation.



XXII

[GNOb] A. Gloria, S. Neukamm, and F. Otto. Approximation of effective coefficients by peri-
odization in stochastic homogenization. In preparation.
[GOa| A. Gloria and F. Otto. An optimal variance estimate in stochastic homogenization of
discrete elliptic equations. Ann. Probab., 39(3), 779-856, 2011.
[GOb] A. Gloria and F. Otto. An optimal error estimate in stochastic homogenization of
discrete elliptic equations. Ann. Appl. Probab., 22(1), 1-28, 2012.

Quantitative results in stochastic homogenization of linear elliptic PDEs

[Glol1c] A. Gloria. Fluctuation of solutions to linear elliptic equations with noisy diffusion
coefficients. Accepted for publication in Commun. PDE.
[GOc| A. Gloria and F. Otto. Quantitative estimates in stochastic homogenization of linear
elliptic equations. In preparation.

Numerical issues in homogenization

|[Glol11d] A. Gloria. Reduction of the resonance error. Part 1: Approximation of homogenized
coefficients. Math. Models Methods Appl. Sci., 21(8), pp 1601-1630, 2011.

[Glolle| A. Gloria. Numerical homogenization: survey, new results, and perspectives. Lecture
notes of the CEA-EDF-INRIA winter school “Periodic and stochastic homogenization:
theoretical and computational aspects”. Esaim Proceedings, 2012.

|GGK]| A. Gloria, T. Goudon, and S. Krell. Numerical homogenization of a nonlinearly coupled
elliptic-parabolic system, and application to nuclear waste storage. Preprint.

Miscellaneous

|[CG| J.-F. Coulombel and A. Gloria. Semigroup stability of finite difference schemes for
multidimensional hyperbolic initial boundary value problems. Math. Comp., 80, pp
165-203, 2011.



XXIIT

Notation

e R*=10,+00);

e d,n > 1 are dimensions;

e (ey,...,ey) is the canonical basis of R%;

e D is a bounded open Lipschitz domain of R?;

e C5°(D) is the set of smooth functions with support in D;

e for all p € [1,+00], LP(D) is the Lebesgue space of p-integrable functions on D;

e for all p € [1,+oc], WHP(D) is the Sobolev space of p-integrable functions on D whose

distributional derivatives are p-integrable functions;

for all p € [1,400], Wy?(D) is the subset of W'?(D) whose trace vanishes on the
boundary;

Q = (0,1)? is a unitary cell (sometimes we'll take Q = (—1,1)9), for all N € N,
Qy = (0,N)? and for all R € R*, Qr = (0, R)%;

for all N € N and p € [1, +00), W;p(QN) is the closure in W'?(Qy) of smooth func-
tions of R? which are Qy-periodic (for p = +o0, it is the set of ) n-periodic Lipschitz
functions);

M¥*™ is the set of d x n real matrices, which we endow with the operator norm | - |;
M is the set of d x d real matrices;

for all A € M?, we set ¢, : R? — R4, 2+ Ax;

M‘fr is the set of d x d real matrices with positive determinant;

SO, is the set of rotations of R%;

do is the distance of the supremum in R?;

for any Borel subset D of R?, | D| denotes its Lebesgue measure;

for any Borel subset D of R, fD denotes ‘—é‘ / D

(-) is the ensemble average, or equivalently the expectation in the underlying probability
space;

var [-] is the variance associated with the ensemble average;

cov [+; -] is the covariance associated with the ensemble average;

< and 2 stand for < and > up to a multiplicative constant which only depends on the
dimension d and the ellipticity constants «, 5 (made precise throughout the text) if not
otherwise stated;

when both < and 2 hold, we simply write ~;

we use > instead of 2 when the multiplicative constant is (much) larger than 1;
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1

Stochastic homogenization of discrete linear elliptic
equations

1.1 Corrector equation and random walk in random environment

This section is an informal introduction to two different points of view on the stochastic
homogenization of resistance networks:

e discrete elliptic operator and the corrector equation (PDE),
e random walk in random environment (RWRE).

To be short, the homogenization limit of a discrete linear elliptic equation yields a linear el-
liptic partial differential equation with constant coefficients Ay, whereas the random walk
in random environment leads after rescaling to a Brownian motion with covariance matrix
2Apom- The link between these two points of view is similar in spirit to the interpretation
of the heat equation by a Brownian motion.

We shall start with the description of the network, then turn to the discrete elliptic
point of view, and conclude with the random walk in random environment viewpoint. The
aim of this section is to introduce a formalism, and give an intuition on both points of
view. This is not a rigorous introduction to stochastic homogenization.

Unlike the other three chapters, we do not only recall here standard results, but we also
display the main arguments of their proofs (essentially due to Papanicolaou and Varad-
han [75], Kozlov [47], and Kipnis and Varadhan [45]). These are important facts for the

understanding of the rest of the chapter.

We present the results in the case of independent and identically distributed conductiv-
ities although everything remains valid (in this section) provided the conductivities lie in
a compact set of (0, +00), are stationary, and ergodic.

1.1.1 Random environment

We say that z,y in Z? are neighbors, and write x ~ y, whenever |y — x| = 1. This relation
turns Z¢ into a graph, whose set of (non-oriented) edges is denoted by B. Let us define the
associated diffusion coefficients and their statistics.



2 1 Stochastic homogenization of discrete linear elliptic equations

Definition 1 (environment) Let 2 = [a, B]%. An element w = (w.)eep of 12 is called an
environment. With any edge e = (z,y) € B, we associate the conductance w, ) == we (by
Construction W yy = Wey.z))- Let v be a probability measure on [o, 5]. We endow {2 with the
product probability measure P = v®2. In other words, if w is distributed according to the
measure P, then (w.)eep are independent random variables of law v. We denote by L*({2)
the set of real square integrable functions on (2 for the measure P, and write (-) for the
expectation associated with IP.

We may introduce a notion of stationarity.

Definition 2 (stationarity) For all z € Z¢, we let 0, : 2 — (2 be such that for allw € 2
and (z,y) € B, (0. W)y = Watzytz)- This defines an additive action group {60.},cza on
(2 which preserves the measure P, and is ergodic for PP.

We say that a function f : 2 x Z¢ — R is stationary if and only if for all x,z € Z¢ and
P-almost every w € (2,

flx+z,w) = f(z,0, w).

In particular, with all f € L*(§2), one may associate the stationary function (still denoted
by f) 74 x 2 — R, (z,w) — f(0, w). In what follows we will not distinguish between
f € L3(02) and its stationary extension on Z¢ x 2.

1.1.2 Corrector equation

We associate with the conductivities on B a conductivity matrix on Z.

Definition 3 (conductivity matrix) Let (2, P, and {0.}.cz¢ be as in Definitions 1
and 2. The stationary diffusion matriz A : Z% x 2 — My(R) is defined by

Alz,w) = diag(w(x,x-i-ei)a e 7w(x,x+ed)>‘
For each w € (2, we consider the discrete elliptic equation whose operator is
L=-V"A(,w)V, (1.1)
where V and V* are defined for all u : Z¢ — R by

u(z +ep) —u(x) u(z) —u(r —eq)
Vu(z) = |: , Viu(z) = |: , (1.2)

u(r +eq) —u(x) u(z) — u(r —eq)
and the backward divergence is denoted by V*-, as usual. In particular, for all u : Z¢ — R,

Lu:Z' 5 Rz = Y wiean(u(z) — u(2)). (1.3)

2~z

The standard stochastic homogenization theory for such discrete elliptic operators (see
for instance [51], [48]) ensures that there exist homogeneous and deterministic coefficients
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Apom such that the solution operator of the continuum differential operator —V - ApomV
describes P-almost surely the large scale behavior of the solution operator of the discrete
differential operator —V*- A(-,w)V. As for the periodic case, the definition of Ay, involves
the so-called correctors ¢ : Z% x 2 — R, which are solutions (in a sense made precise below)
to the equations

—V* - Alz,w)(E+ Vo(a,w) = 0, el (1.4)
for all ¢ € R?. The following lemma gives the existence and uniqueness of the corrector ¢.
Lemma 1.1 (corrector). Let 2, P, {0.}.cza, and A be as in Definitions 1, 2, and 3.
Then, for all ¢ € RY, there exists a unique measurable function ¢ : Z% x 2 — R such that

¢(0,-) =0, V¢ is stationary, (Vo) = 0, and ¢ solves (1.4) P-almost surely. Moreover, the
symmetric homogenized matriz Apom 1S characterized by

- Apomé = ((§+V0)- A[E+V09)). (1.5)

The standard proof of Lemma 1.1 makes use of the regularization of (1.4) by a zero-order
term p > 0:

pou(r,w) =V Az, w)(E+ Vo, (z,w)) = 0, r € 72 (1.6)

Lemma 1.2 (regularized corrector). Let 2, P, {0,},cz4, and A be as in Definitions 1,
2, and 3. Then, for all p > 0 and & € R?, there exists a unique stationary function
¢, € L*(02) which solves (1.6) P-almost surely.

Remark 1 Depending on the type of results under consideration we use two different no-
tations for the reqularization, namely > 0 which is meant to be small (and ¢, for the
reqularized corrector), but also p = T with T meant to be large (and the slight abuse of
notation ¢r for the associated regularized corrector).

There are (at least) two ways to prove Lemma 1.2. The first one (which is maybe more
intuitive for a non-probabilist) is to use the Lax-Milgram theorem in the space H = {1 :
7% x 2 — R; 1) is stationary}, which is a Hilbert space when endowed with the norm

2 : 2
lull3, = Jim. o u(z) dz,

which, by ergodicity, can be rewritten as

lullz = (u(0)?),

the crucial ingredient being stationarity:.
However it is more natural (and a posteriori better) to directly work in L?(£2). Following
[75], we introduce difference operators on L?(§2): for all u € L*(£2), we set

u(fe,w) — u(w) u(w) = u(f_e,w)
Du(w):= |: , D' u(w) == | : (1.7)
U(fe,w) — u(w) u(w) — u(f_e,w)
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These operators may not be that intuitive, but they play the same roles as the finite
differences V and V* — this time for the variable w.
This allows to define a stochastic counterpart to the operator L defined in (1.1):

Definition 4 Let 2, P, {0.}.cze, and A be as in Definitions 1, 2, and 3. We define L :
L2(2) — L*(2) by
Lu(w)=—D"-A(w) Du(w)
=) wp(u(w) — u(f. w))

z~0

where D and D* are as in (1.7).

The fundamental relation between L and L is the following identity for stationary fields
w:Z% x 2 — R: for all z € Z¢ and almost every w € 2,

Lu(z,w) = Lu(0,w).

In particular, the regularized corrector ¢, is also the unique solution in L*(£2) to the
equation

pou(w) — D" Aw) (€ +Dou(w)) =0, we
The weak form of this equation reads: find ¢, € L*(£2) such that for all ¢ € L*(12),

<N¢u¢ +D4 - A(f + D¢u)> = 0.

The second proof of Lemma 1.2 simply relies on the Lax-Milgram theorem in L?({2).

To obtain Lemma 1.1 from Lemma 1.2, the starting point is the following bounds

(IVeul*) = (IDeul*) < €, () < Cu,

for some C' independent of p. This allows to pass to the limit in the weak formulations and
obtain the existence of a field @ = (¢, ..., ¢q) € L*(£2,R?) such that for all ¢ € L?(12),

Dy - A+ D)) = 0.
Using the following weak Schwarz commutation rule

V],]{Z € {17 . ‘7d}7 <(DJ ¢)g§k> = <(Dk ¢)Q§J>

one may define ¢ : Z% x 2 — R such that V¢ is stationary, ® = V¢, and ¢(0,w) = 0 for
almost every w € §2. By definition this function ¢ is not stationary. It is a priori not clear
(and even wrong in dimension d = 1) whether there exists some function ¢ € L?(§2) such
that D1 = @ (this is a major difference with the periodic case).

Another delicate question is the uniqueness of @. There are again two proofs of this
fact: the first one exploits the observation that ¢, is sublinear at infinity on Z%, and the
second one uses spectral theory in L?(£2). We sketch the second approach. By the spectral
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decomposition of the unitary group {6,}.czq, there exist spectral projections U(d\) such

that for all z € Z¢,
0, = / =AU (dN).
[_va)d

Let ¥ € L*(2,R?) be such that (¥) = 0 and such that for all ¢ € L*(§2),
(D - AW) = 0, (1.8)

and that satisfies the weak Schwarz commutation rule. Proving that ¥ = 0 will yield the
desired uniqueness of @. We'd like to test the weak formulation (1.8) with ¥ instead of
D). To this aim we construct an approximate Helmholtz projection of ¥ by setting for all
v >0,

where et —1 —7]? := Zkzl(e_”\k —-1- fy)(e“\k —1—7). This is an approximate Helmholtz
projection in the sense that it satisfies for all j € {1,...,d},

(Dj _7)15“/ = wjv

as can be proved using the weak Schwarz commutation rule. We then have by spectral
calculus

d oM _ ] —
<|’WZ’V|2> :/[ ’72 Z ‘e Y j)l(— e 1= (U(dN; ;) .

- k=1

Hence, by the Lebesgue dominated convergence theorem,
tim (|, 12) = (U0}
v—0

But U({0}) is the projection operator onto the functions invariant by {6,},czs, which by
ergodicity are the constant functions. This implies that this limit vanishes since (¥) = 0.
Therefore, testing the equation (1.8) with function v, yields at the limit v — 0,

o (WP < (W Ay = o,
as desired.

We have presented this proof in detail since spectral theory will play a crucial role
throughout this chapter. Note that this argument does not use the symmetry of A. It
is also worth noticing that we could have obtained the existence and estimates on the
approximate Helmholtz projection by PDE arguments as well.

1.1.3 Random walk in random environment

In this subsection we adopt the point of view of the random walk in the random environment
w. This presentation is primarily meant to non-probabilists.
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Random walk in continuous time

We start with a walk in continuous time. Let the environment w be fixed for a while (that
is, we’ve picked a realization of the conductivities w, € [, 5] on the edges e € B). We then
consider a random process (say in another probability space) associated with a random
walker on the graph B which starts its walk at the origin z = 0 € Z¢. We denote by
{X,}1er+ its trajectory. Let the random walker be at some site z € Z¢ at time ¢, and set
Pu(2) = >, wWe,z). The random walker moves when the clock rings, and jumps to one
(of the 2d) neighboring point 2’ (with |z — 2’| = 1) with probability

Pz~ #) =

The time T'(z) after which the clock rings at site z follows an exponential law of pa-
rameter p,(z). This means that for all s > 0, the probability that 7'(z) > s is equal
to exp(—pw(2)s). This choice of the clock makes the random walk a Markov process,
since the probability that T'(z) > s; + so knowing that T'(z) > sy is exp(—p,(2)s2) =
exp(—pu(2)(s1 + 52))/ exp(—pu(2)s1).

The link between this random walk and the elliptic operators of the previous subsection
is as follows. We introduce a semi-group { P };>¢ associated with the random walk, that is
for all f: R? — R continuous and bounded, we set for all ¢+ > 0

Bif(z) = EZ[f(X)],

where E“ means the expectation on the random walk starting at site z € Z? (and not at
the origin) in the environment w. We also denote by P¥ the associated probability measure.
This is a semi-group since X; has the Markov property. The infinitesimal generator of this
semi-group coincides with the elliptic operator —L (where L is defined in (1.1)), as we
show below. We need to compute

iy (21

im .

t—0 t

Let t be small. The probability that the clock rings at least once in [0,¢] is of order
Pu(2)t + O(t?), the probability that it rings twice or more is of order O(#?), so that the
probability that is does not ring if of order 1 — p,,(2)t + O(t?). Hence,

Bif(z) = EZ[f (X))

= (1= pu(2)t)f(2) + pu(2)t (Z Mf(Z’)) +0(t%) (1.9)

s Pu(2)
= [(2) + 1Y weun(f(Z) = f(2) + O, (1.10)

zl~z

so that by (1.3),
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(Ptf(z) - f(Z))

t = > wea(f(Z) — £(2) = —Lf(2).

2~z

lim
t—0

An important feature of this random walk is its reversibility for the counting measure
(that is the measure which weights 1 at each site), which follows from the fact that the
jump rates are symmetric: indeed, as can be seen on (1.9), the probability to go from z to
' within a time ¢ is of order w, .t + O(?), which is symmetric in z and z’. This implies
that the measure

P = PPy (1.11)

is reversible for the Markov process t — w(t) := Oxyw (and therefore the so-called envi-
ronment viewed by the particle ¢ — w(t) is stationary for P). This property is equivalent
to the self-adjointness for P of the semi-group associated with ¢ +— w(t), which is proved
using the translation invariance of P. The reversibility is crucial for the Kipnis-Varadhan
argument (see below).

Random walk in discrete time

For the random walk in discrete time, the random walker jumps at every time ¢ € N. If
the random walker Y is at site z € Z% at time ¢, then the probability that it jumps to site
z' ~ z at time t + 1 is given by

This makes {Y;};en a Markov chain.

For this Markov chain, the counting measure is not reversible any longer. To find a
reversible measure, we look for a measure 7 on Z% which satisfies the detailed balance: for
all z ~ 2/,

w(z,z’) / W(ZVZI)
m(z) = m(Z) :

Pu(2) Pu(z’)
The measure 7(z) = p,(z) satisfies this identity, and one can prove that p, is a locally
finite measure which is reversible for the random walk. This implies that the measure

= . Ppw(O)P“o”
F) = =00

is reversible for the environment viewed by the particle ¢t — w(t) = Oy,w.

(1.12)

The Kipnis-Varadhan argument

The aim of this paragraph is to present an argument which shows that the rescaled Markov
process /e X; /e converges in law to a Brownian motion with covariance 2Ap.m, where Ayop,
is as in (1.5).
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The idea of Kipnis and Varadhan is to find a decomposition of /e X, /. as

\/gXt/e = \/EMt/a + \/gRt/aa (113)

where M, is a martingale and R is some remainder which should be such that \/eR;;. — 0
in L?(£2) (where (£2,P) is the “global” probability space, with P as in (1.11), and E =
(E&) the associated expectation). Let & € RY. The advantage of this decomposition is
that general results ensure that if there exists 02 € R* such that the quadratic variation
(M - &, M -], of My - &, defined by

k—1
(M- &M -] = lim ZO(Mt(jH)/k'f— M - €)°,
p

almost surely satisfies

1 o0

Mg Mgl =3 o
then \/eM,,. - £ converges in law for the Skorokhod topology to a Brownian motion of
variance o2 when & — 0.

It remains to construct the martingale M;. We look for a martingale of the form: M, =
X*(X;) for some function x¥. We recall that M; is a martingale for E¢ if for all t > 0 and
s >0,

E(;[Mt'i‘SLFt] = M,, (1-14)

where F; is the o-algebra generated by {M,, 7 € [0,]}. With the choice above a necessary
condition for M, to be a martingale is that for all z € Z¢,

EZ[* (X))l = x*(2),

which we obtain by taking ¢ = 0 in (1.14) (recall that E“ is the expectation on the random
walk starting at z in the environment w). Since —L is the infinitesimal general of X, a
Taylor expansion yields

EZ (X)) = Pax“(2)
= (e7"x*)(2)
=x“(2) — sLx”(2) + O(s%),

so that this condition turns into Lx“(z) = 0. On the other hand, since we want the
remainder to be small, we expect x* to be a perturbation of the identity, so that a right
choice for x* should be

Xw(z> = z+ ¢(sz) - ¢(07w)7
where ¢ = (¢1,...,04), and for all © € {1,...,d}, ¢; is the corrector of Definition 1.1
associated with & = e; (the ith vector of the canonical basis of R?).

By the following general abstract result, the correctors ¢ are “nice enough” so that
X“(Xg) indeed defines a martingale: if X is a Markov process with generator —L, then for
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all suitable functions f : Z¢ — RY, the process f(X;)+ fot Lf(Xs)ds is a martingale (which
we apply to f = x*). We then consider the decomposition of X, given by

M; = X; + ¢(Xe,w) — ¢(0,w),
Ry = —¢(X4, w) + ¢(0,w).

Since V¢ is stationary, M; has stationary increments.
In order to conclude one needs to prove two results:

e the convergence of the rescaled quadratic variation of M, - £ to 2 - Apemé for all € € R?,
e the convergence to zero in L*({2) of the remainder /£¢(X;/.,w) as ¢ vanishes.

Both results follow from the Kipnis-Varadhan theorem, which relies on spectral theory.
Since the operator £ of Definition 4 is a bounded self-adjoint operator on L?(§2) (this is
equivalent to the reversibility of the measure IP for —L£), £ admits a spectral decomposition
in L?({2). For any g € L?(£2) we denote by e, the projection of the spectral measure of
L on g. This defines the following spectral calculus: for any bounded continuous function
U [0,400) = R,

(#(€)) = [ P )

Let ¢ € R? with |¢] = 1 be fixed, and define the local drift as @ = —V* - A(0,w) =
—D*-A¢. Kipnis and Varadhan have proved that if

/R+ %dea()\) < 00, (1.15)

then
1— —tA

[E(R e =2 [ dea(3) =% 0. (1.16)

Y
Let us give the argument for (1.16). We first expand the square

E[(R; - €)%] = (E§[(R: - £)°])
= (E§[(¢(Xt,w) - € — 6(0,w) - £)%])
=((¢-€)?) — 2 (E§[(¢(Xs,w) - )(6(0,w) - O)]) + (EL[(p( X w) - €)7]).

Using that ¢ — w(t) = Oxw is stationary for P, and assuming that ¢ is stationary for P
(the argument can be made rigorous by using the regularized corrector ¢, and passing to
the limit as g — 0), the last term turns into

(E5[(0(Xs,w) - ©)%]) = (B§(6(0, xmyw) - €)*])
[(6(0, Oxyw) - €)7]
[(6(0,w) - €)?]
¢-€)°%).

E
E
(
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For the second term, using that E¢[¢(X;,w)] = P,¢(0,w) we obtain
(EGlo(Xy,w) - E]o(0,w) - &) = ((¢-&)(Pg-€)) -

Hence,

E[(R:- &)’ =2((¢-€)%) —2((¢-&)(Pp-€)).

Using spectral calculus (the argument can be made rigorous by regularization of the cor-
rector) and the facts that £(¢ - &) = 0 and that P, = e~ on L?(£2), this identity turns
into the desired formula

E[(R, - £)?] :2/ Lo ST dey(N).

NP

It is easy to show that this term is finite provided (1.15) holds, as well as the convergence
to zero in (1.16).

We sketch now the proof of (1.15), which already appears in [75]. The guideline is to
prove that the local drift 9 is in the range of £1/2, that is there exists h € L?(§2) such that
0 = LY2h, since (formally)

(|L~%2) = /[R+ ;dea()\).

As usual, we proceed by regularization, and for all > 0 we set h, := (u+ £)~/?0, which
is well-defined in L?(£2) by spectral calculus. In addition,

= e -

so that (1.15) follows from the monotone convergence theorem provided we prove the
uniform boundedness of h,, in L*(£2). To this aim we will use the following observation: by
integration by parts and Cauchy-Schwarz inequality, for all g € L*(£2),

| (dg) | = | (gD -AE) |
=|(Dg- A¢) |
<(Dg-ADg)"? (¢ A&)"?

< /B lgLg)'"*.

Applied to the test function (p + £)~'/2g this yields:
[ (hug) | = [ {g(p+ L£)"*0) |
= | @[(u+L£)"g]) |
< VB([(n+ L) gLl (n+ £)7g])
= VB{(L(u+ L) g)g)""?
< VB (",
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that is, the uniform boundedness of h,,, which shows the validity of (1.15).

To conclude this section, we give the argument for the fact that the covariance matrix of
the Brownian motion at the limit is 2A4,,,,. The fact that the rescaled quadratic variation
of M, - & converges almost surely to some constant can be proved by a suitable application
of the ergodic theorem. We only give the argument to identify this limit. Since M, - £ is
a martingale with stationary increments, there exists some constant C' such that for all
t>0,

E[(M, -€)?] = Ct.

It is therefore enough to show that
E[(M, - €)*] = 2t& - Apomé + O(t?). (1.17)

The starting point is (1.10) for z = 0 applied to f: 2+ (v - & + ¢(z,w) - &€ — H(0,w) - £)?,
which shows that

ES[(M, €)% = Bg[f(X)] = £(0) + 1Y woen (2 - €+ 6(2,w) - € — 6(0) - €)" + O(t?)

z/'~0

= 2t(£ + V¢<Ov w) : 5) ’ A(07 w)(& + v¢<07 w) : 5) + O(tz)v

which implies the desired expansion (1.17) by taking the expectation (-).

1.2 Existence of stationary correctors for d > 2 [GOa]

The aim of this section is to prove the uniform boundedness of the regularized corrector
for d > 2 in the case when the conductivities are i. i. d. random variables.

Theorem 1 Let 2, P, {0,},czqa, and A be as in Definitions 1, 2, and 3. For all ¢ > 0 there
exist Cy, < 00 and y(q) > 0 such that for all T > 1 and & € R with |£| = 1, the unique
stationary solution ¢p € L*(82) to (1.6) with = T~ satisfies

d=2:Cyy(InT)@
q »q )
forly < {4257 62 (1.18)

Remark 2 In |GNOa|, we have proved that (1.18) holds with v(2) = 1.

In particular this result for ¢ = 2 and d > 2 provides a uniform bound on (¢%) which allows
to obtain the weak convergence of ¢r to some ¢ € L*(£2) up to extraction as T — oo. This
function ¢ is a stationary solution to the corrector equation (1.4). This result is rather
surprising since in dimension d = 1, there cannot exist stationary solutions ¢ € L?(2) to
the corrector equation, as we briefly explain below in the continuous case. The corrector
equations then reads:

(a(x)(1+¢'(x))) =0  inR™

Integrating this equation twice and using that (¢’) = 0, we obtain for all z > 0,
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o1 dt o1 dt
o) - 00) = [t = Ve Vi (f s 1)
o (1/a)af(t) o (L/a)a(t)

and therefore )
(6(2) — H(0))? = 2 [ﬁ (fﬁ% . 1)} |

We then integrate on [0,y] for y > 0:

Frotor—oorss = v (f ity 1)) o=

Let us take the expectation. By the central limit theorem, the term into brackets is es-
sentially of order 1, so that the integral on r. h. s. is of order y. On the other hand, if ¢
were stationary, the 1. h. s. would be bounded, and there is a contradiction. As Theorem 1
shows, there is a transition between unboundedness and boundedness of the corrector in
L?(£2), and dimension d = 2 is critical (so that a logarithm was to be expected in (1.18)).

The proof of Theorem 1 relies on three ingredients: a spectral gap estimate, Cacciopoli’s
inequality in probability, and (sharp) bounds on Green’s functions. We proceed by induc-
tion and only present a simplified string of arguments.

The starting point is the elementary identity for all m € N

(67") = (7)° + var [¢7], (1.19)

which shows that provided we control the variance of moments of ¢, one may bootstrap
moments estimates by induction.

The control of the variance relies on the following weak version of a spectral gap estimate:

Lemma 1.3 (variance estimate). Let 2 = [, 8]® and P be as in Definition 1, and let
X be a Borel measurable function of w € 2 (i. e. measurable w. r. t. the smallest o-algebra
on [a, B]® for which all coordinate functions 2 3 w — w, € [, ] with e € B are Borel
measurable, cf. [46, Definition 14.4]). Then we have

> var @], (1.20)

where @ has the same law as all the w,, e € B.

This lemma can be proved using the Lu-Yau martingale approach (see [54] for related
log-Sobolev inequalities).

We shall indeed apply (1.20) to X = ¢}*. To this aim we need to estimate the suscep-
tibility of the regularized corrector with respect to the conductivities. This is where the
Green’s function comes into the picture. A formal differentiation of (1.6) with respect to
we for e = (2,2),2' = z + e; yields for all x € Z¢
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giT (v) - (V* | Avgif) (2) = (Vior(2) + &) (0(x = 2) = d(z = =) = 0.

T—l

Noting that the Green’s function G : Z¢ x Z? x 2 — R is solution to
T™'Gr(2,y,w) = V; - A(z,w)V,Gr(z, y,w) = §(z —y),

this identity takes the form

Opr
Ow,

(1) = ~(Vibr(=) + &)(Grla, ') — Grl2,2)) = ~(Vibr(2) +6)V.,Crle,2). (121)

From now on we neglect the supremum in (1.20). Although the rest of this section is
therefore only formal, it allows to focus on the core of the argument. By the Leibniz rule,
and replacing the sum on the edges of B by d sums on the sites Z¢, we thus have

var [r(0)"] S D (6r(0)"V(|Ver(2)]* + 1)|V.Gr(0,2)]%) (1.22)

z€74

In view of this estimate, it seems that both sides of (1.19) have the same powers on ¢r.
Yet the spectral gap estimate (1.22) yields a gradient of ¢, from which we can benefit by
the following Cacciopoli inequality in probability: for all n € 2N,

(6r(0)"(IVor(0)* + [V7or(0)[*)) < (6r(0)"). (1.23)

This inequality follows from testing the regularized corrector equation with function ¢2" '
integrating by parts, neglecting the non-negative contribution of the zero-order term, and
taking the expectation. The strategy is then clear: use deterministic bounds on the Green’s
function, appeal to Holder’s inequality in probability with exponents (-5, m) in ther. h. s.
of (1.22), and use the Cacciopoli inequality on the gradient term.

Let us assume for simplicity that |[V.Gr(0,2)] < (1 4 |2]""%) exp(—c|z|/V/T) (this

estimate indeed does not hold pointwise, but survives for squared averages on dyadic annuli
by Cacciopoli’s inequality in space). We then have by Holder’s inequality

var[6r(0)"] S ST (1+ 227 exp(=2elzl /VT) (62(0) V(| Vér (=) + 1))

z€74

<SS+ 122 exp (=262l VT (b0 (0™ ™ (1 + (IVer(2) 7)),

z€74
By stationarity of Vor,
var [or(0)] £ 3 (14 |22 exp(—2¢|2| /VT) {r(0)*) ™™ (1 + (|Vor(0) )™,
2€74

Set pqg(T) = {Z i g llnT . Estimating the sum on Z? yields
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var [¢7(0)™] < pa(T) {$r(0)™) ™™ (1 + (| Ve (0)[2")/™).

Using now the fact that [Vér(0)] < [¢r(0)] + 32, [¢7(x)], the Cacciopoli inequality
(1.23) yields

var [67(0)™] S pa(T) {dr(0)>)' 7™ (1 + (r(0)2™ V(W 67(0)[* + |v¢T<o>|2>>)

<) o0 " (04 Gortopen) ™).

_m_
m—17

We conclude by Hélder’s inequality with exponents ( m) on the second expectation

that
var [¢7] S pa(T)(1 + (2) ™).

By Young’s inequality, this turns (1.19) into

(67) < (61" + pa(D)™
from which Theorem 1 follows using (¢r) = 0.

To turn this simplified string of arguments into a rigorous proof, the crucial additional
ingredient is Meyers’ estimate.

1.3 Spectral exponents and approximation formulas for the
homogenized coefficient [GOb,GMa,GNOa]|

In this section, we fix once and for all some & € RY with |¢] = 1.

1.3.1 Motivation

From the practical point of view, in order to compute a numerical approximation of the
homogenized matrix Apoy, defined in (1.5), the natural starting point is the following con-
sequence of ergodicity: almost surely we have

5 : Ahomg = ]\}l_rfl (5 + V¢(Z)) ’ A(Z)(g + qu(z))dz,
> JQnNZA

where Qn = (0, N)?. We then choose some large N € N, and consider the (random)
approximation Ay of Ao, defined by

£ AN(W)E = ]g 6+ Vo) Al )€ + Vol )

This approximation is still of no practical interest since the equation (1.4) for ¢ is posed
on the whole Z?. We thus need to find a computable approximation of the corrector ¢ on
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@~ - A natural proxy is the solution of the corrector equation restricted on ). The central
question there is the choice of the boundary conditions to impose on 9@y, since the value
of ¢ on 0Qy is also part of the problem. A possible choice is to consider homogeneous
Dirichlet boundary conditions, and replace ¢ by the solution ¢" : Qy NZ¢ — R to

—V* A+ VoY) = 0in Qy NZ4,
&N (2) = 0on 0QN N Z4.

and finally set

£ ANN ()¢ = ][ (€ + VoV (2)) - AQ)(E + Vo ())d. (1.24)

QnnNZa

On may then prove that almost surely AN (w) — Apon. Yet the convergence rate of ANV
t0 Apom is likely to be driven by the effect of the boundary conditions, which is expected
to scale like a surface effect (that is 1/N in any dimension). Indeed, if A were a periodic
function, one would have AN — A, .. ~ N~ Can we do better than this ?

Instead of ¢", another proxy for ¢ could be the regularized corrector ¢ for some large
T > 0 (with T" a function of N'). What we gain by considering ¢ instead of ¢ is that, due to
the exponential decay of the Green’s function Gp(z,y) < (1+|z—y|)* ?exp(—clz—y|/VT),
the solution ¢% : Qr NZ — R to

T7'of = V- A(E+ Vi) = 0in QpNZY,
oF(2) =00n 0Qr N Z4,

is a very good approximation of ¢ on Qy provided R— N > +/T. Hence, one may consider
¢r to a be computable proxy for ¢, and we choose as approximation of Ay, the random
quantity

£ AN (w)E = ]é nzd(g + Vor(z,w)) - A(z,w)(€ + Vor(z,w))dz.

By ergodicity,

lim € AN ()€ = {(€+ Vo) A€+ Vor)) = & Art,
so that one needs to control Ay — Ay (Which we call the systematic error) to study the
convergence of AN (w) to Apom. A direct computation using the corrector and regularized
corrector equations yields

§ (Ar — Apom)€ = ((Vor — Vo) - A(Vor — Vo).

In particular, this approximation is consistent if and only if D ¢y — D¢ in L?(£2). Yet
it seems we only know that this convergence is weak in L?*(f2) since it has been obtained
using the Banach-Alaoglu theorem. This is where spectral theory pops up again.
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In order to show that D¢y — D¢ in L?*(f2), it is enough to show that D g7 is a
Cauchy sequence. By ellipticity of A, self-adjointness of £, and by spectral calculus, for all
15 > 1Ty >0,

(IVor, = Von|*) S{(Vér, — Vor,) - A(Vor, — Vor,))
£(¢T1 ¢T2>>(¢T1 - ¢T2)>

<{£ T +L)” (T2‘1+£)‘1)20}a>

A L 2d A

_ )\(Tz_1 — T1—1)2 .
- /]R+ (T + N2(T ' + )\)zd a(A).

Using that the integrand is an increasing function of 75, we take the limit as 7, — 400 in
the r. h. s., which yields for all T, > T; > 0,

-2

2 Tl
(IVor, — Vo) S /]R+ mdea()\).

In view of (1.15), we conclude by the Lebesgue dominated theorem that V¢r is a Cauchy
sequence in L?({2) so that V¢r converges to V¢ in L?(£2), and

lim Ar = Apom. (1.25)
T—o0
In addition, as a by-product of the analysis we have proved the following identity for all
T >0:

£ (Ap — Apom )& = T72 /R+ mdea(k). (1.26)

We may now put the pieces of the puzzle together. If we knew that A\ — A=3 were
integrable for the measure de,, then Ap — Apom would be of order 772, This we don’t know
at this stage. However, by spectral calculus, Theorem 1 takes the form for d > 2

@) = | germta) S 1

where the bound is uniform in 7'. This shows in particular by the monotone convergence
theorem that

/R+ Sadea() £ 1 (1.27)

Hence the qualitative statement A7r — Apom above, due to Papanicolaou and Varadhan,
can be turned quantitative for d > 2:
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1
5'(AT—z‘1h<>rn)§§T_1/]R+ [CRESY)

1
-1
<T /]R+ ﬁdea()\)
<77, (1.28)

dey(N)

and this gives a first quantitative error estimate for a “computable” approximation of the
homogenized coefficients (note that we still have to control the difference between the
average on )y and the expectation, which we shall do in Section 1.4).

The aim of this section is twofold. We have seen above that bounds on the spectral
measure (typically in the form of (1.27)) yield bounds on the error Ay — Ayopn. Our first
goal is to make this statement a bit more systematic and prove optimal bounds on the
spectral measure, which in turn will give optimal bounds on A7 — Ayom. We shall then see
that the bounds on Ar — Ao depend on the dimension and saturate at 72 in dimension
d = 5. Our second objective is to devise a family of computable approximations { Ag 1 }ren
of Apom for which the error Ay — Apom can be made optimal with respect to the bounds
on the spectral measure (the order k depending on the dimension d).

1.3.2 Definition of spectral exponents
In order to make the link between (1.27) and (1.28) more systematic, we introduce the
following definition of spectral exponents.

Definition 5 Let 2, P, {0.}.cza, and A be as in Definitions 1, 2, and 3. Let L be as in
Definition 4, let g € L*(£2), and let e, be the projection of the spectral measure of L on g.
We say that the spectral exponents of g are at least (v, —q) for v > 1 and q¢ > 0 if for all
>0 we have

/0“ deg(N) < p" I (u™h), (1.29)

where In, (t) = |Int|.

This definition makes sense since if the spectral exponents of g are at least (v, —¢q), they
are at least (7/,—¢) forall 1 <+ <y and 0 <¢ <gq.

The interest of this definition lies in the following two results, which relate the spectral
exponents to estimates of the types (1.27) and (1.28), respectively.

Lemma 1.4. Let e be a non-negative measure. Let k € N. If there exist v' < 2k and ¢ > 0
such that for all p >0

1 o .
/[R+ Wde()\) S 7 Ind (p Y,

then e satisfies (1.29) with exponents (v, —q), v = 2k — /.
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This result directly follows from the inequality: for all u > 0,

/Oude(k) < p? /]R+ Wde(k).

On the other hand, we also have:

Lemma 1.5. Let 2, P, {0.}.cze, and A be as in Definitions 1, 2, and 3. Let L be as in
Definition 4, let g € L*(£2), and let e, be the projection of the spectral measure of L on g.
If the spectral exponents of g are at least (v, —q) for some v > 1 and g > 0, then for all
keN,
N 1 uk . if v > 2k + 1,
—————de,(\) S pFnM ify=2k+1 1.30
8 /Rm(uﬂ)% o) 2 wlln((_))zﬂdkil (1:50)

The proof of this lemma is slightly more subtle than above. Before we give the argument,
we 1llustrate the use of these lemmas to estimate Ao, — A7 in dimension d = 2. The
spectral exponents of the local drift 9 = —D*-A¢ are (2, —q) by Theorem 1, so that
|Ap — Apom| ST Inl 0T for d = 2.

The proof of Lemma 1.5 relies on the following application of the fundamental theorem
of calculus and Fubini’s theorem: for every differentiable functions f : Rt — R,

| Fydea(r A (5)dddes(N) = — /R ) /0 6dea()\)d5, (1.31)

that we apply to f(\) = m We then split the integral into two terms:

/]R+ f(0) /Oédea(k)dé = /01 £(0) /05dea()\)d6+/100 #(5) /:dea()\)dé.

For the first term we appeal to the bounds on the spectral exponents, which give the
r. h. s. of (1.30). For the second term, we use the non-negativity of the measure, the
identity [° dey(A) = (9%) < 1, and the integrability of f” on (1,400) uniformly in .

1.3.3 Approximation formulas for the homogenized coefficients

In view of Lemmas 1.4 and 1.5, in order for some approximation “Ay " of Apom to benefit
from high spectral exponents, the spectral formulation of the error term Ay 7 — Apom should
involve high powers of A~! in the integral. There are then two points of view: devise suitable
approximations of Ap.y, in spectral space (that is in the form of a spectral integral) and
try to translate them back into physical space (that is using the correctors), or devise
suitable approximations of Ay, in physical space directly and show they yield the desired
integrands in spectral space. We quickly present both strategies.

We begin by recalling the spectral representation of Apgy: by definition (1.5) of Apom
and symmetry of A,
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- Apomé = ((E+ V) - A€+ V9)) = (£ A5 +2(5- AV9) + (Vo - AV9) .

Taking the limit 7' — oo in the weak formulation of the regularized corrector equation
(1.6) with test function ¢r yields

(Vo A+ Vo)) =0,

so that by symmetry of A and spectral calculus we end up with

£ Apom€ = (€ AC) — / Lies (). (1.32)

R+ A

The rigorous proof of this fact is made by regularization. Indeed

£ Apé = (£- AL — (Vor - AVor) — 2T (%)

so that
A o271

§-Arg = (€ AE) — /]R+ <(T—1 VR +)\)2)d€a()\)-

We then recover (1.32) by taking the limit 7" — oo, using (1.25), the Lebesgue dominated
convergence theorem, and the monotone convergence theorem.

In view of the spectral formula for Ay, we introduce the following family of approxi-
mations { Ay 7} rem oy of Apom, defined by

£+ Apr€ = (€ AS) —/ BT, 2) dey()),  (1.33)

gt (T7E+ X221+ A2 (28171 + )2

where
P(T))\) = X1 ((T—1 N2 AR I ) - 2k(k‘1)T‘2k).
These rather complicated formulas satisfy two properties. First we have

€ (Apr — Apom)é] < T2 / L eV, (1.34)

re (T714 A)2RA
so that whatever the spectral exponents of the local drift 9 = — D™ - A&, there is always an
integer k which saturates the estimate of Lemma 1.5. The other fundamental property is

that there exist (explicit) real coefficients 7,; and v, ; defined by induction such that we
have the identity

k-1 k=1 k-1
EATE = (4 Vor) - A+ VerN+T™ Y i (3ar)+T > Y i (do-irair)
i—0 i=0 j>i

(1.35)
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This ensures that the approximations Ay r of Apem are computable in practice (up to
replacing the expectations by space averages on )y, and the regularized correctors by
approximations computed on larger boxes Qr, R — N > /T).

So far we have introduced new approximation formulas for Ay, based on a spectral
analysis and extrapolation at the level of the spectral calculus. The rather tedious part
(which is not reproduced here) is to choose the approximation formulas so that they have
a suitable counterparts in physical space. Although this family of approximations makes
the job, if we only focus on their definitions in physical space, we have essentially no
intuition why they behave so well in terms of convergence rate (with respect to the spectral
exponents). The interesting feature of this approach is that abstract analysis has been a
guide to the choice of efficient computable approximations.

There is however a more intuitive way to obtain similar approximations, using a Richard-
son extrapolation method. For all k& > 1, we define approximations Ay of Apem by the
following induction rule: A; 7 = Ay, and for all £ > 1,

5 . Ak+17T§ = ﬁ <2k+1£ : Ak,Tg - 5 : Ak,T/2£) . (136>

The spectral formulation of these approximations also reveal that one can benefit from
large spectral exponents of the local drift 0 provided k is large enough.

In order to complete this analysis, we need to identify the spectral exponents of the
local drift 0.

1.3.4 Estimates of the spectral exponents

The central result of this section is the following theorem.

Theorem 2 Let 2, P, {0.}.cz4, and A be as in Definitions 1, 2, and 3. Let L be as in
Definition 4. The spectral exponents of the local drift 0 = —D*-A¢ € L*(§2) are at least

d=2:(2,—q),
d>2:(d/2+1,0),

for some q > 0 depending only on o, 3.

These exponents are expected to be optimal in any dimension but d = 2. Note that Mourrat
had proved the lower bound (d/2—2,0) for all d > 6 in [63]. Our proof of Theorem 2 is based
on an induction procedure combining three main ingredients: the spectral theorem, an a
priori estimate for elliptic equations, and the variance estimate of Lemma 1.3 (combined
with sharp estimates on Green’s functions).

In what follows we highlight the structure of the proof, and skip all the technical details
— which are essentially of the same type as for the proof of Theorem 1. Since we have
already proved the result for d = 2, we focus on the case d > 2.
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We first introduce a family of functions ¢ry € L*(2) (and their stationary extensions
on Z* x §2) as follows. We set ¢ := ¢7 (the regularized corrector), and for all k > 1, we
define ¢ 441 as the unique stationary solution in Z¢ to

T 11 — V™ - AVOrp = dryop (1.37)

By induction, these functions satisfy (¢r;) = 0, and for all & > 1 there exists ¢, > 0
(independent of T) such that

drps1 = T (O — dr)2k)- (1.38)

The main three ingredients are used as follows.
By the spectral theorem,

1
(1) = /]R+ (T=T+ X271+ N2 . (25171 + )2

dey(N), (1.39)

so that by Lemma 1.4 bounds on <q§?p k> yield bounds on the spectral exponents of ? (and
conversely). Likewise,

A
2
<|V¢T,k| > S /R+ (T_l + )\)2(2T_1 + )\)2 o (Qk—lT—l + )\)

sdea(N), (1.40)

so that bounds on the spectral exponents of d yield bounds on (|Vér|?) following the
proof of Lemma 1.5.

The second ingredient is the variance estimate of Lemma 1.3, which we apply to ¢7
noting that <¢%k> = var [¢7] since (¢7x) = 0. This allows us to prove that there exists
some map F' such that

var (o] S F(d, Tk, {|Vér|*), ([Voral?), ... ([Vore-1]*) . ([Vorul*)). (1.41)

We now turn to the a priori estimate. Testing (1.37) with the function ¢r 1, taking
the expectation and using Cauchy-Schwarz inequality, we obtain the nonlinear estimate

(Vérrnl?) S (650" ($hiin) " = (8h0) " var [pra] 2. (1.42)

Combined with Young’s inequality, this turns (1.41) into
var [¢T7k] 5 F(dv Tv kv <|V¢T‘2> ) <‘V¢T,1‘2> [ <|V¢T,k—1|2> ’ <¢%,k—1>) (143>

for some map F.

The induction procedure is as follows. By (1.39) and Lemma 1.4, if for some k& > 1,
(9%, satisfies
d < 4k — 2. T?=1-4/2,
(¢74) S qd=4k—2:InT, (1.44)
d>4k —2:1,
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then the spectral exponents of 0 are at least as in Theorem 2 up to dimension 4k — 2. More
precisely, for all y > 0,

" d < 4k —2: pd/2+t
/ dey(N) S $ d=4k—2:p**In, p, (1.45)
0 d > 4k — 2 p?,

As induction assumption, we assume at step & > 1 that <¢%k> satisfies (1.44). The
boundedness of (¢%) from Theorem 1 for d > 2 initializes the procedure.

Assume now that <q5¢2pk> satisfies (1.44). We first appeal to the variance estimate in the
form of (1.43). To benefit from this inequality, we use the induction assumption (1.44) at
step k to bound all the terms of the form ([V¢r;|?) for j < k and (¢7,,). This yiclds (1.44)
for k£ + 1, and therefore the optimal spectral exponents up to dimension 4(k + 1) — 2, as
desired.

To conclude this section we combine Theorem 2 with Lemma 1.5 and estimate (1.34)
as follows:

Theorem 3 Let 2, P, {0,},cz4, and A be as in Definitions 1, 2, and 3. Let Apom be as
(1.5) and for all T > 0 and k > 1, let A1 be given by (1.33). Then for all d > 2, there
exists kg € N such that for all k > kg

d=2:T"'In'T,
€ (A — Anom)§| S {d S92,

for some q > 0 depending only o and .

1.4 PDE approximation of homogenized coefficients: a complete
error analysis [GOa,Glo12,GNOb,EGMN]

In this section we present a complete error analysis of two approximation methods of
the homogenized coefficients Ay, defined in (1.5), starting from the corrector equation
(1.4). The first method is based on the regularization of the corrector equation through
the approximations Ay defined in (1.33), whereas the second method is based on the
periodization of the random field. In both cases, we give optimal convergence rates.

1.4.1 Analysis of the regularization method

Let T'> 0, and let R > N € N. As already mentioned in the motivation of Subsection 1.3.1,
the regularized corrector ¢ can be accurately approximated on the box Qy by ¢%, the
unique solution to

TR —V* - A(E+ Vol) =0 in QpNZ,
B=0 onxzeZ\Qr,
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provided R — N >> /T. More precisely, there exists ¢ > 0 depending only the ellipticity
constants «, 8 and on d, such that provided R — N ~ R,

VT

Hence, for all v > 1/2, the error made by replacing ¢r by ¢ on Qy is of infinite order
in T for R = N 4+ T7. In the rest of this section, we will therefore consider that ¢ is a
computable quantity.

- N
][ IVor —Vor|? S T2 exp <—cR ) : (1.46)
QnNNZa

The starting point of this method is the approximation of Ay, by the family {Aj 7}
defined in (1.33). We divide this subsection into three paragraphs. We first explain the
general strategy on the approximation Ar of Ayom, and shall show that the error between
Apom and a computable approximation of Az splits into two parts: the error |Ar — Apon|
(which we have estimated in the previous section), and a term which takes the form of a
variance. We estimate this variance in the second paragraph, and present the global error
estimate in the last paragraph.

General strategy

Let £ € R? with |¢] = 1 be fixed. For all T > 0 and L € N, we define a random approxi-
mation AY of Ar by

£ AN(w)E = f (€ + Vor(z,w)) - Alx,w)(€ + Vor(z,w))d,

QnNZA

where ¢r is the regularized corrector of Definition 1.2 (with 4 = T1). By the ergodic
theorem, almost surely,

dim & AT (W) = &+ Arg.

We’d like to quantify this statement, and estimate the standard deviation of AY from Az as
a function of N. Noting that (AY) = Az, it amounts to estimating ((£ - A& — & - Ap&)?) =
var [¢ - AN¢]. Unlike the field A, the stationary field (z,w) — (£+ Vér(z,w)) - Az, w)({+
Vér(z,w)) is correlated. If the correlations were small enough, AY would essentially behave
as the average of N independent and identically distributed random variables. Hence the
best estimate we can hope for is

var [£ - AY¢] S N7 (1.47)
A direct calculation shows that
<(£ ’ A¥£ - é- : Ahom£>2> = var [5 ’ Ayg] + (é- ! AT& - 5 ! Ahom£)2’ (148>

Hence, the combination of (1.47) with the spectral estimates of Theorem 2 yields
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d=2:N24+T72In’T,

d=3:N34173

CANe _ ¢ 2\ < ’
((€-ATE =€ Aomd)?) S d=4: N4+ T41%T,

d>4: N4 T4

Recall that we need R — N > /T to have this estimate. In particular, at first order,
R ~ N ~ /T, and the systematic error is of higher order than the random fluctuations
up to d = 8. Then, the systematic error dominates. This is one of the motivations to use
the approximations Ay p for k& > 1.

The main achievement of this section is the quantification of var [f . A{X T{} in terms of
N. Yet the result only holds provided we slightly modify the definition (1.48) of AY, and
smooth out the average using a regular mask. Let ny : Z? — R* be a function supported
in Qy, and such that [, ny =1 and sup |Vny| S N~91. We define AY by

¢ AN ()€ = / (& + Vor(z,w)) - Alz,w) (€ + Vor(zr,w))nn(z)de, (1.49)
7d
and shall prove that (1.47) holds, with however a logarithmic correction for d = 2.

Optimal variance estimate

The rigorous version of (1.47) is as follows:

Theorem 4 Let 2, P, {0.}.czqa, and A be as in Definitions 1, 2, and 3. Let & € R? with
€] = 1 be fized, and for all T > 0, let ¢p € L*(£2) be the reqularized corrector, unique
stationary solution to (1.6) with p = T—'. For all N € N let ny : Z* — R*Y be a non-
negative mask supported in QQn such that fzd ny = 1 andsup |Vny| < N4 and let define

the random variable Zﬁ by

e M= [

7.4

(T‘lch(x, w)* + (£ + Vor(z,w)) - A(z,w)(€ + Vor(z, uJ))) v (z)de.

(1.50)
Then there exists ¢ > 0 depending only on o, B and d such that the following two variance
estimates hold:

—N d=2:N"2(In,.T)9,
var [g-ATg] < {d =9, N‘d( ny. T) (1.51)
d:2:(ln+T)q
var o2n }5{ L 1.52
|i/Zd TN d>2N2 d. ( )

Note that provided T > N (which is compatible with the scaling N > +/T') the combination
of (1.51) and (1.52) yields (1.47) with a logarithmic correction for d = 2.

The proof of Theorem 4 is based on the variance estimate of Lemma 1.3 combined with
Theorem 1. The starting point for (1.51) is the following identity for all e = (z,z + €;),
zeZ4ie{l,... d}:
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0
0w,

[ (77163 + (€ Vor) - atg + Vor)

— Q/Zd(& + Vigr(2)) V., Gr(z, @ (wa ej) Vv (2)(; +V;¢T(x))) da

+n(2)(& + Vigr(2))”.
To prove this identity we use that the integrand is an energy density (which is the reason

why the zero-order term has been added into the definition of Zg ), the susceptibility esti-
mate (1.21), and an integration by parts on the weak formulation of regularized corrector
equation (1.6).

If we neglect the supremum in the variance estimate of Lemma 1.3, this yields

var [5-%?5] < Z<<aie/ <T‘1¢%+ (£+V¢T)'A(5+V¢T))mv>2>
/Zd /Z /Z (14 IVor(2)P)IV-Gr(z,2) 1V-Gr (=, )|V (@) [V e (@)

< (U V(@)D (L+ V7)) deda'ds + [ (e {1+ Vor()]) d

Let us assume for simplicity that ¢ € L°°(§2) uniformly in 7" (which is stronger than what
we've proved in Theorem 1), so that Vo € L>(2) as well. We may then bound the first
integrand by:

((1+1V6r(2))V.Gr(z2)[[V-Gr(z, )| [0y () [V v ()|
X (14 V" 6r(@))(1 + [V*or(2')]))
S (19:Gr(z,2) IV-Gr(z ) ) [V (@) V()]
< (IV.Grz,0)?) " (IV.Gr(z,a)) )" 1V ()] |V ().

By stationarity of VGr, we have (|V.Gr(z,2)|*) = (|V.Gr(z,z)*), so that the variance
estimate turns into

var [¢ - A7E] /Z /Z /Zd<|VxGT(z,x)|2>”2<|VIIGT(z,x')|2>1/2

X \V*nN(:L’)||V*7]N(:c’)|d:cd:c'dz+/ nn(2)%dz.

7.4
Combined with the properties of 7y (this is where the assumption that |[Vny| < N-% 1 is
crucial), we are left with

var [g-Z%] < N_z(d“)/ / / <|VxGT(z — x)\2>1/2
74 JQnNNZE J QNNZE

X |V Gr(z — o)) dada’dz + N~
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By Cacciopoli’s inequality in space (used on dyadic annuli), this integral behaves as if the
Green’s function satisfied |VGr(x,0)| < (1 + |2|)'* =@ exp(—c|z|/V/T), so that we end up
with the desired estimate

var |€ - Ane| < N4
¢-Are] <

Yet the assumption that ¢r is uniformly bounded in L*({2) does not hold, and we only
know that ¢ is uniformly bounded in L%({2) for all 1 < ¢ < oo (with the logarithmic
correction in dimension d = 2). To deal with this, we use Meyers’ higher integrability
results which ensure that [VGr|*™7 still has the optimal decay as above when integrated
on dyadic annuli, for some v > 0 depending only on «, # and d. This allows us to make the
argument presented in the case ¢ € L*((2) work with the uniform boundedness provided
by Theorem 1), at the expense of a logarithmic correction in dimension d = 2.

To turn this into a rigorous proof, one also has to deal with the supremum in the variance
estimate of Lemma 1.3. We refer to [GOal for details.

The same strategy allows to prove (1.52) as well.

Complete error analysis
The combination of Theorems 3 and 4 with (1.46) yields the following complete error

estimate:

Theorem 5 Let 2, P, {0,},cz4, and A be as in Definitions 1, 2, and 3. Let Apom be as (1.5)
and for all T > 0 and k > 1, let Ayr be given by (1.33). For all N € N let ny : Z¢ — R*
be a non-negative mask supported in Qy such that [,,ny =1 and sup |Vny| < N1,
We define a random approzimation A{XT of Ak r by replacing the expectation in (1.33) by
the average on Qn with mask ny. Then for all d > 2, there exists kg € N such that for all
k> kg, and all N > 1,

d=2:(N2+T72)In’T,
<(€ : (A;XT - Ahom)€)2> S {d ~9- N—d + T—2N2—d + T_d,

for some q > 0 depending only o, [3.
Remark 3 Combined with the requirement N > /T, Theorem 5 yields the estimate

d=2:N"2In?T,
<(£ : (A]k\{T — Ahom)£)2> 5 {d > 2 N_d,

for some q > 0 depending only on o and 3, provided we take N*> > T > N.

1.4.2 Analysis of the periodization method

In this subsection we turn to a rather popular approximation of Ay, by means of peri-
odization of the random medium.
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Description of the method and error analysis

In the case of i. i. d. conductivities, it may make sense to approximate the homogenized
matrix Ap., using an approximate corrector obtained by solving the corrector equation on
a bounded domain with periodic boundary conditions. For all N > 1, we denote by (bﬁ the
unique solution to

—V* - Az, w) (€ + Vol (z,w)) = 0in Qy, )
¢l is Qn — periodic, fQN ol =0, .
and define the approximation A} (w) of Apem by

- A;i(w)g = ][ &+ V(bgi(x,w)) Az, w) (€ + Vgﬁﬁ(m,w))dm. (1.54)

QnNZA

As proved by Owhadi [73], Ag converges almost surely to Apom as N — oo (in the general
case of ergodic conductivities).

This qualitative result is made quantitative in the case of i. i. d. conductivities in the
following theorem.

Theorem 6 Let 2, P, {0.}.czqa, and A be as in Definitions 1, 2, and 3. Let & € R? with
€] = 1. Let Ayom be as (1.5) and for all N > 1, let A} be defined by (1.54). Then for all
d>2 for and all N > 1,

d=2:N"?2 q
(€ (AY — Aum)e)?) < { oy

for some q > 0 depending only o, [3.

As opposed to Theorem 5, the approximation formula does not depend on the dimension
for the periodization method, which is quite satisfactory. Yet the analysis rests on the fact
that the probability space is a product space. If not, the method has to be carefully adapted
and it is not clear whether this can be done in a general way.

Importance of the product structure

We recall that the probability space is obtained by tensorization: 2 = [, ]® and P = v®®
where v is the common law of the i. i. d. conductivities on [«, 5], and B is the graph
associated with Z¢ for the “nearest neighbor” relation z ~ z if |[x — 2| = 1.

Let N € N. For the @) y-periodization of the medium, the natural probability space
is given by tensorization as well: 2y = [, ]®¥ and P = v*B~¥ where By is the graph
associated with [0, N]?NZ? for the “ N-periodic nearest neighbor” relation z ~ z if |z —z| =
1 Mod(N). We denote by (-)  the associated expectation. The associated translation group
is Oy = {0Y}.cpa, defined on 2y by: for all z € Z¢ and Py-almost every w € 2y,

0Nw :e € By — WetzMod(n)- Given f € L?(2y), we define the N-stationary extension of



28 1 Stochastic homogenization of discrete linear elliptic equations

f on Z4 x 2y by: for all z € Z? and Py-almost every w € 2y, f(z,w) = f(0Yw). The
product structure is crucially used there.
This allows us to interpret the solution qﬁg to (1.53) as the N-stationary extension of

the unique solution in L?(£2y) with vanishing expectation (¢}), =0 to
Dy A(€ + Dyl = 0. (1.55)

where Dy and D}, are as in (1.7) with {Hé\f}ie{l,m’d} in place of {fe, }icq1,..ay. Therefore,
the spectral theory developed in L?({2) can be straightforwardly adapted to L?({2y), and
the bounds on the associated spectral measures are independent of N.

The product structure of {2 and {2y also ensures a suitable coupling of statistics. In
particular, any random variable f € L?*(£2y) can be seen as a random variable in L?({2),
and we have

(v =)

In particular, this ensures that (AJ) N = (AL}, which will be crucial in the proof of
Theorem 6.

Let us conclude by some remarks on the product structure. The spectral gap estimate of
Lemma 1.3 is the only other place in this chapter where the product structure of (2 is used.
Yet, the proof also holds if the conductivities are correlated provided the correlation length
is finite. It is not clear whether this correlated case can be dealt with by the periodization
method. In the particular case when the conductivities are obtained by a deterministic
function of i. i. d. random variables and do have finite-correlation length, the right way to
perform the periodization method is not via (1.53) but via (1.55) where the conductivites
are obtained by the same deterministic function, applied this time to the periodized version
of the i. i. d. random variables.

Structure of the proof

The proof of Theorem 6 is based on Theorem 5. The starting point is the following triangle
inequality:

(€ (o = AP < v [45]" 4 |- (4 = A1) ¢
+ ‘5 (AL pr) — Ak,T)g' + 1€ (Apr — Anom)§],  (1.56)

where for all "> 0, k, N > 1, A 7 is as in (1.33), and the random matrix Ag’kj is defined
as follows. For all T"> 0 and N > 1, we let qbﬁ’T be the unique solution to

T (e, 0) = V- Az, w) (€ + Vo p(z,w)) = 0in Qn,
¢4 p is Qn — periodic.

For all k > 1, we then define the random matrix A}, ; as



1.4 PDE approximation of homogenized coefficients: a complete error analysis [GOa,Glo12,GNOb,EGMN] 29

k—1
E Ar = f €4V A+ IO + T Ym0’
Y P On
k—1 k—1
+7 Z Z Vk,i.j ]é ((75];;&7,2*@)(?%’2,27@)7
=0 7>t N

where the coefficients 7, ; and vy ; ; are as in (1.35).
We now estimate each term of the r. h. s. of (1.56), and then optimize in T". The first
term is a variance. It can be estimated as in Theorem 4, and we have for all k&, N > 1

d=2: N~*(In, N,
e ae) 5 {9250 (157)

for some ¢ > 0 depening only on «, 5.

The second term and the last terms of the r. h. s. of (1.56) are systematic errors and
can be estimated by Theorem 2 and by a variant of Theorem 2 (where spectral analysis is
performed in (L?*(£2y),Py)) together with Lemma 1.5 and (1.34) (and their “periodized”
variants). In particular, this shows that for all d > 2, there exists k; € N such that for all
b2k 11,9

6 (o = A€ + 16 (Ar — A8 el S {555 Tam T

uniformly in N € N.

The genuinely new term in the analysis is the third term of the r. h. s. of (1.56). This
is the only term with relates 7" to N and makes the optimization in 7" nontrivial. The
zero-order term has been introduced in order to be able to compare QSJ#T to ¢r. Again,
the difference between QSJ#T to ¢r is due to boundary conditions. We shall proceed as for
(1.46). The crucial observation is that by N-stationarity,

< F ervoln ac+ v¢z,T>> = {6+ V6N 2(0)) - AO)(E + VO p)(0)), -

N

so that by the coupling of the statistics,

< F e+ voln A+ v¢f;,T>> — (6 4+ V6% 1(0)) - AO)(E + Vo 1)(0))

N

as well. Hence,

‘ <]£2N(§ + Vo) AE+ V¢Q7T)> — (£ + Vor) - A€+ Vr))

_ \ (€ + VoY) - A€ + Vol 1) — (€ + Vor) - A€ + Vo) |

Likewise, for all 7,7 € N,
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' < g ¢z¢z> dri1bas) | = (6N air® ysr — dp-inby it \

Using the regularized corrector equation, the estimate of the third term thus reduces to
the estimate of

<|V¢Q,T - V§Z5T|2> and <(¢ﬁT - ¢T)2>

Using deterministic estimates on the Green’s function, these quantities satisfy
d:2:lniT\/Texp(—c%),

: N
d>2.ﬁexp<—cﬁ>,
d=2:In% TT3?exp ( —c%),

. 3/2 N
d>2:T% exp(—cﬁ>,
where ¢ > 0 depends only on «, 3, and ¢ > 0 depends additionally on d.

We thus end up with

(VoY 7 — Vor)? <

(037 — ¢1)°) <

— 9. 17144 —1 g N

(€ - (Ap —AN)§|2>1/2< d=2:N"IniT+T ln+T+\/Tln+Texp<_cﬁ)’
C N d>2:N_d/2+T_d/2+\/Texp<—C%>>

(1.58)

which implies Theorem 6 taking 7'= N/In, T.

Numerical validation

In the numerical tests, d = 2, and each conductivity of B takes the value « =1 or § =4
with probability 1/2. In this simple case, the homogenized matrix is given by Dykhne’s
formula, namely Apom = aSId = 2Id. We have tested the periodization method and the
method with Dirichlet boundary conditions, whose approximations A} and AMY of Apgp,
are given by (1.54) and (1.24), respectively.

We have plotted on Figure 1.1 an approximation of (|AY — Ahom\2>1/ ? and an approx-

imation of <|AN N Ah0m|2>1/ 2, for which the expectation is replaced by an empirical

1/2

average. In both cases, the apparent convergence rate of N <|Ag — Ahom|2> and

N — (JANN — Ah0m|2>1/2 to 0 is —1. This is in agreement with Theorem 6, and with the
intuition that the use of Dirichlet boundary conditions induces a surface error which scales
as N1 in any dimension. Note that <|Ag — Ahom\2>1/2 < (JANN — Ah0m|2>1/2 in the tests.

We have also plotted on Figure 1.2 an approximation of the systematic errors | <Aﬁ> —
Apom| and | (ANN) — Apop|, where the expectation has been replaced by an empirical
average using 10N? realizations. The apparent convergence rate for the convergence of
N — | <Ag > — Ayom| to zero is close to —2, which is in agreement with the second term of
(1.58) for the borderline choice T'= N?2. This is in contrast with the apparent convergence
rate for the convergence of N — | <AN N > — Apom| to zero , which is only —1 — as expected
due to the surface effect induced by the boundary conditions.
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Fig. 1.2. Systematic errors | (AY) — Apom| (black) and | (AN") — Apow| (blue) in logarithmic scale
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1.5 RWRE approximation of homogenized coefficients: a complete
error analysis [GMb,EGMN]

In this section, we come back to the point of view of the random walk in the random
environment developed in Subsection 1.1.3, to which we refer for the notation. We first
show how information on the spectral exponents of the local drift can be turned into
quantitative estimates within the Kipnis-Varadhan theory. We then describe a Monte-
Carlo method based on the random walk in discrete time, and apply the quantitative
version of the Kipnis-Varadhan theorem to obtain convergence rates on the error between
the expectation of the approximation at some time ¢ and the homogenized coefficients. We
then complete this analysis by large deviation estimates which quantify the distribution of
the approximation at time ¢ around its expectation. Numerical tests confirm the sharpness

of the analysis.
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1.5.1 Quantitative version of the Kipnis-Varadhan theorem

Let £ € R? with |[¢] = 1, 0 = — D*-A¢ be the local drift, and e, be the projection of the
spectral measure of £ = —D*-AD on the local drift. We recall that P is given by (1.11),
and that E denotes the associated expectation.

Let X; be the position at time t > 0 of a random walker starting at 0 in the random
environment with continuous time. By (1.13) one can decompose X; as the sum M, + R,
of a martingale M, with stationary increments and a remainder R;, which are such that

1— 1 — e M t—o00
SEl(R:-€)°) = 2/R+ %dea()\) =% 0, (1.59)

TE[(M, €] = o (1.60)
with 02 = 26 - Aponé.

The objective is to show that if the spectral exponents of ? are at least (v, —q) for some
v > 1 and ¢ > 0, then the above results can be turned into

SR 5 al0) (1.61)
1_

SEI(X0 €] - 0% S nalt) (1.62)

where 1., , : (0, +00) = R* is given by

v <2:t7Ind (2),
ts b (1) = Ly =21l (1),
v>2:0t7h

Estimate (1.61) directly follows from the spectral formula (1.59) combined with formula

(1.31) for f(A) := 1_§;M and with the assumptions on the spectral exponents.

For the estimate (1.62), we expand the square and appeal to (1.60) and (1.61) to obtain

TEI(X - €)= JBI(M,-€7) + FEI(Re €7+ 27EI(M, - )R- )

=0 + 2 E[(M; - €)(Ry £)] + Ol(1).

By reversibility, (w(t—s))o<s<¢ has the same law under P as (w(s))o<s<;- The martingale M,
is unchanged by this time reversal whereas R; is changed into —R;. Hence, E[(M, - &)(R; -
€)] = 0 for all ¢ > 0, and (1.62) follows. This orthogonality argument already appeared
in [29] and [63].
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1.5.2 Approximation method

The Monte-Carlo approximation method we have proposed is inspired by [74] and relies on
the numerical simulation of the random walk X; up to some final time ¢. The combination of
(1.62) with the estimates of the spectral exponents of the local drift obtained in Theorem 2
yields
1 (1)

P

1_ ) d:2
FEI(X - 7 = 26 Apon€| S 1

The numerical simulation of X; requires the computation of the waiting time associated
with the clock. In order to save some computational time we turn to the discrete time
random walk Y;, for which the clock rings at each integer time ¢ € N. In this case, the

Kipnis-Varadhan argument implies that /2Y;/. converges in law under P (see (1.12)) for

the Skorokhod topology to a Brownian motion with covariance o2, = 2¢- A ¢ and with

Aﬁisc — Ahom
Monter-Carlo on the former, and we consider the computable approximation of £ - A
given for n € N and ¢ > 0 by

. Since we have better access to P rather than to P, we prefer to base our

disc
hom

T (0)(E Y2
P pa(0)

where {wk}k€{17...7n} are independent realizations of the environment, and for all k£ &

{1,...,n}, Y} is a realization of a random walk in the environment w* up to time t.

Denoting by 07 4. the expectation of a;(t), for all n > 1 we have 07 ;.. = Ela,(t)].
There is a quantitative version of the Kipnis-Varadhan theorem in the discrete time

setting as well, and we have

an(t)

(1.63)

—

nf (7)
t (1.64)

|0-1?,disc - Uiise| SJ

d=2
1
d>2:—,
t

for some ¢ > 0 depending only on «, 3. The proof of this quantitative version is slightly
different than in the continuous time case because M; and R, are not orthogonal any longer
in the discrete time case. Yet the error to orthogonality can be controlled and the result
still holds. Concerning the spectral exponents, it is worth noting that in the discrete time

case we work in L2(£2,P) with P(w) = pﬁ[g})IP’(w). In particular, the elliptic operator £ is
now given by
~ 1
L= — D*-AD.
P (0)

Likewise the local drift in direction £ is now given by
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~ 1
D(W> N _pw(0>

We have proved that the spectral exponents of £ projected on the local drift 9 are at least

D* - A€,

d=2:(2,—q),
d>2:(2,0),
for some ¢ > 0 depending only on «, 3. This is enough to prove (1.64). To obtain the

estimates on the spectral exponents, we may proceed as in Subsection 1.3.4 with however
the following modified version of the regularized corrector equation:

T ¢p(z,w) —

V* Az, w) (€ + Vor(r,w)) = 0,
pw(l’)

whose dependence with respect to the conductivities w, is more complex than in (1.6), so
that there are additional terms to deal with compared to the susceptibility estimate (1.21).
It is likely that the exponent ¢ is indeed 2 in (1.64), although we have not checked all the
details.

Estimate (1.64) is a systematic error which controls the error between the expectation
of the computed quantity a,(t) and its limit 2€ - Af5¢ €. As for the methods relying on the
corrector equation, one needs to estimate the fluctuations of a,(t) around its expectation.
In this case we are able to prove more than a variance estimate, and we shall indeed give

large deviation estimates.

1.5.3 Large deviation estimates

Let us formalize some more the Monte-Carlo method. Let w!,w?,... be a countable family
of environments, that we denote by @. Let then Y!, Y2 ... be independent random walks
evolving in the environments w!, w?, ... and starting at zero. We write P¥ for their joint
distribution. The family of environments @ is itself random, and we let P® be the product

distribution with marginal P. We finally set
P° = PP, (1.65)

and denote by E” the associated expectation. Note that E~ [an(t)] = 07 ise-
The fluctuations of a,(t) around its expectation E” [a,(t)] is given by
Theorem 7 Let (2, P be as in Definitions 1 and 2, and P® be as in (1.65), and for all

n>1andt >0 let a,(t) be given by (1.63). Then there exists ¢ > 0 such that for alln > 1
andt >0

2
P flant) = ol 2 2/1] < e (- 25).
’ C
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This result is proved using standard tools of large deviation theory (log-Laplace transform)
once we are given sharp upper bounds on the transition probabilities of the random walk
(which are well-known, see [89, Theorem 14.12]).

The combination of the estimate of the systematic error by the quantitative version of
the Kipnis-Varadhan theorem with the large deviation estimates of the fluctuations yields
the following complete error estimate for the Monte-Carlo method based on the RWRE.

Theorem 8 Let 2, P be as in Definitions 1 and 2, and P* be as in (1.65). Foralln >1
and t > 0, let a,(t) be given by (1.63). There exist C,c > 0 such that for all e >0 and all
t large enough

B [lan(t) — 26 - Alie €] > (Cpalt) +2)/t] < exp ( _ )

ct?

where p12(t) = In% (t) for some ¢ > 0 depending only on o, 3, and p4(t) =1 for d > 2.

1.5.4 Numerical validation

In the numerical tests, each conductivity of B takes the value « = 1 or § = 4 with
probability 1/2. In this simple case, the homogenized matrix is given by Dykhne’s formula,
namely Apom = v/aBId = 2Id. For the simulation of the random walk, we generate — and
store — the environment along the trajectory of the walk. In particular, this requires to
store up to a constant times ¢ data. In terms of computational cost, the expensive part
of the computations is the generation of the randomness. In particular, to compute one
realization of a2 (t) costs approximately the generation of t* x 4t = 4t* random variables.
A natural advantage of the method is its full scalability: the #* random walks used to
calculate a realization of as:(t) are completely independent.

We first test the estimate of the systematic error: up to a logarithmic correction, the
convergence is proved to be linear in time. In view of Theorem 7, typical fluctuations of
t(an(e) (t) — 07 gise) are of order no greater than t/4/n(t), and thus become negligible when
compared with the systematic error as soon as the number n(t) of realizations satisfies
n(t) > t*. We display in Table 1.1 an estimate of the systematic error [2a,)(t) — 2|
obtained with n(t) = K(t)t? realizations. The systematic error is plotted on Figure 1.3 in
function of the time in logarithmic scale. The apparent convergence rate (linear fitting) is
—.85, which is consistent with (1.64), which predicts —1 and a logarithmic correction.

t 10 20 40 80 160 320 640
K (t) 10° 3000 | 3000 | 1000 500 100 20
Systematic error|1.27E-017.43E-02[4.17E-02|2.46E-02|1.26E-02[6.96E-03[3.72E-03

Table 1.1. Systematic error in function of the final time t for K (¢)t* realizations.



36 1 Stochastic homogenization of discrete linear elliptic equations
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Fig. 1.3. Systematic error in function of the final time ¢ for n(t) = K (t)t* realizations

We now turn to the random fluctuations of ay,)(t). Theorem 7 gives us a large deviation
estimate which essentially says that the fluctuations of t(a,)(t) — 07 4i.) have a Gaussian

tail, measured in units of ¢/4/n(t). The Figures 1.4-1.7 display the histograms of ¢(a(t) —
07 gise) for t = 10,20, 40 and 80 (with 10000 realizations of ax(t) in each case). As expected,
they look Gaussian.

1.6 Perspectives

First it would be very nice to extend the results of this chapter to the case of systems, since
it would shed some light on the approximation methods of Chapter 3 in simplified cases.
In [GNOa| we have proposed a proof of Theorem 1 which requires mild estimates on the
Green’s function. In particular the proof of [GNOa] only relies on Meyers’ estimates (which
hold for systems as well), and not on the Harnack inequality (which is used in [GOal). Yet
this proof still crucially relies on Cacciopoli’s inequality — which does not hold for systems.

A second direction would be to extend the results the case of the random walk on the
percolation cluster. There again the proof of Theorem 1 presented in [GNOa| seems easier
to generalize since the estimates on the Green’s function are brought to a minimum. The
difficulty of this generalization comes from the fact that constants in these estimates will
depend on the realization of the cluster, so that their control will only be probabilistic (the
constants will typically be good with high probability).
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Fig. 1.4. Histogram of the rescaled fluctuations for t = Fig. 1.5. Histogram of the rescaled fluctuations for t =
10 20

Fig. 1.6. Histogram of the rescaled fluctuations for ¢t = Fig. 1.7. Histogram of the rescaled fluctuations for ¢t =
40 80

A third direction consists in weakening the assumptions on the statistics, namely allow
for long-range correlations. A suitable measure of correlation could be the one introduced
by Dobrushin and Shlosman in [31, 32] for spin systems since the variance estimate of
Lemma 1.3 is inspired by the results of spectral gap, Poincaré, and log-Sobolev inequalities
originally developed for spin systems.

A fourth question is concerned with the estimate of the random fluctuations of Ag .
In Theorem 4 we have estimated the variance. In contrast, for the Monte-Carlo method
based on the RWRE, we have proved large deviation estimates. It would be interesting
to derive such large deviation estimates for Ag as well. Indeed, numerical experiments in
dimension d = 2 tend to show that the distribution of L% 2(AéE — <A{#>) converges to some
Gaussian as L — oo. We learnt very recently that Nolen successfully solved this question
using Chatterjee’s approach of Stein’s method.
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Fig. 1.8. Distribution of Ld/z(Aié — <Ai>) around its

expectation for L = 70

oensy et

Fig. 1.10. Distribution of L%/? (AL — <A7L¢>) around its

expectation for L = 90

Fig. 1.9. Distribution of Ld/z(Ai — <Af¢>) around its
expectation for L = 80
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Fig. 1.11. Distribution of L%/? (AL - <Ai>) around its
expectation for L = 100

Fig. 1.12. Distribution of L%/? (A% — (AL)) around its Fig. 1.13. Distribution of L2 (A% — (AL)) around its

expectation for L = 120

expectation for L = 200



2

Quantitative results in homogenization of linear elliptic
equations

2.1 Quantitative results in stochastic homogenization [GOc|

In this section, we generalize some results of Chapter 1 to the case of linear elliptic equa-
tions. Besides technical adaptations (which are not necessarily obvious), the main achieve-
ment of this section is the generalization of the spectral gap estimate of Lemma 1.3 to
the continuous setting. In the first subsection we recall standard qualitative results in
stochastic homogenization, turn to the spectral gap estimate in the following subsection,
then address the existence of stationary correctors in dimension d > 2, and conclude by
a complete error analysis for the approximation of homogenized coefficients (essentially in
dimensions d = 2, 3).

The notation and assumptions of this section are fixed in Subsection 2.1.1.

2.1.1 Qualitative stochastic homogenization

In this subsection we recall standard qualitative results in stochastic homogenization of
linear elliptic equations. We refer the reader to the original papers [75] by Papanicolaou
and Varadhan, and [47] by Kozlov for details (see also the monography [44]).

Let (£2,F,P) be a probability space, and denote by (-) the associated expectation.
We shall say that the family of mappings (0,),cge from (2 to {2 is a strongly continuous
measure-preserving ergodic translation group if:

e (0.),cga has the group property: 6y = Id (the identity mapping), and for all z,y € R,
Opyy = 05 0 0y;

o (0.).cre preserves the measure: for all z € RY, and every measurable set F' € F, 0, F is
measurable and P(0,F) = P(F);

e (0,).cre is strongly continuous: for any measurable function f on (2, the function
(w,z) = f(O,w) defined on 2 x R? is measurable (with the Lebesgue measure on
R7);

o (0.).cra is ergodic: for all I € F, if for all x € R 0,F C F, then P(F) € {0, 1}.

Let oo > 3> a >0, and let A € L*(£2, M%(R)) be such that for P-almost every w and
all € € R,
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¢ AW)E = algl’,  JAw)E] < BIE]. (2.1)
We define a stationary extension of A (still denoted by A) on R? x (2 as follows:

(z,w) = A(z,w) = A(bw).

Homogenization theory ensures that the solution operator associated with —V-A(x /e, w)V
converges as £ > () vanishes to the solution operator of —V - Ay, V for P-almost every w,
where Apoy, is a deterministic elliptic matrix characterized as follows. For all £, ¢ € R?, and
P-almost every w,

- ApomC = }%im (€ + Vo (z,w)) - Az, w)(C + Vo (x,w))dx
— 00 QR

= ((§+Ve°) - A(C+ V),

where ¢¢ : R? x 2 — R is Borel measurable, is such that ¢%(0,-) = 0, V¢° is stationary,
and ¢¢(-,w) € H (RY) is almost surely a distributional solution to the corrector equation

—V - A(z,w) (€ + V¢ (z,w)) = 0in R, (2.2)

and similarly for ¢¢.

The proof of existence and uniqueness of these correctors is obtained by regularization,
and we consider for all 7" > 0 the stationary solution gb?p with zero expectation to the
equation

T 6% (2, w) = V - Az, w) (€ + Vs (z,w)) = 0in RY

This equation has an equivalent form in the probability space, to which we can apply
the Lax-Milgram theorem. The functional analysis is however slightly more tedious. In
particular, the stochastic counterpart of V; (for i € {1,...,d}) is denoted by D; and

defined b
e () — F()
D; f(w) = }111_{% h :

These are the infinitesimal generators of the d one-parameter strongly continuous unitary
groups on L?(§2) defined by the translations in each of the d directions. These operators
commute and are closed and densely defined on L?*(£2). We denote by H(f2) the domain of
D = (Dy,...,Dy). This subset of L?*(f2) is a Hilbert space for the norm

1£15, = (D FI?) + (f?).

Since the groups are unitary, the operators are skew-adjoint so that we have the “integration
by parts” formula: for all f,g € H((2)

(fDig) = —(g9Di f).

The equivalent form of the regularized corrector equation is as follows:
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T7'¢5 — D A€+ D¢j) = 0, (23)

which admits a unique weak solution in ¢5, € H(£2), that is such that for all 1 € H(£2),
(T7'¢50 +Dy- A(g+Def)) = 0.

Following the approach of Subsection 1.1.2, one may prove that D gbg is bounded in L?({?2)
and converges weakly in L?(f2) some solution @¢, which is a gradient. Using then the

spectral representation of the translation group we may prove uniqueness of the corrector
¢* (which is such that V¢t = @%).

Up to here, we have not required A to be symmetric. Let ./\/liﬁ denote the set of d x d
real symmetric matrices which satisfy (2.1), and set

A=L*R, My). (2.4)

In the rest of this section, we shall consider that A € L*(£2, M%) (although some of
the results will hold true for non-symmetric matrices) so that one can appeal to spectral
theory. Note that the stationary extension of A belongs to L?(£2,.A), and that Ay, is also
symmetric.

Let £ = —D-AD be the operator defined on #H({2) as a quadratic form. We still denote
by L its Friedrichs extension in L?(§2). This operator is a nonnegative selfadjoint operator.
By the spectral theorem it admits a spectral resolution

L= /IR+ AG(d)).

We shall denote by e, the projection of G onto the local drift ? := — D -AE£.
As in the discrete case we have the following useful spectral identities:
1
€ Ao = (€-46) — [ Sdeal),
e A

(167) = [ et

2.1.2 The spectral gap estimate in the continuous case

In this subsection we present an extension of the spectral gap estimate of Lemma 1.3 to
the continuous setting. To this end we first introduce a specific class of random fields A
which generalize the discrete i. i. d. case to the continuous setting.

Let A € L*(02, ./\/liﬁ). We say that A to R? x (2 has finite correlation length c¢;, if for all

z,y € R the random matrices A(z, ) and A(y, -) (understood as the stationary extensions
of A) are independent if |z — y| > ¢. The spectral gap estimate then reads:
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Lemma 2.1. Let (£2,F,P) and {0.}.cra be as in Subsection 2.1.1. Let A € L*(£2, M)
have correlation length ¢, = 1. Let X : A — R,M — X (M) be a function — which
we shall consider as a random variable when applied to A — with the following reqularity
property: X can be uniformly approzimated by functions X : A — R that depend on M
only through the restriction M for some compact set U C R%.

Then we have the following variance estimate

var [X(A)] < </]Rd (AI(ZQSC( )X(A)) dz>. (2.5)

where osc X (A) denotes the oscillation of X(A) with respect to A restricted onto the

cube Qf(z?;(;)f lateral size 8 and center at z € R%. Note that for some set U C R%, osc X (A)
itself is a random variable: Y
<%5X>un=(?fx>uw—(gpﬁ<m
— sup {X(A)\A € A Agay = A‘Rd\U}
_inf {X(A)VI €A Agay = A‘Rd\U} . (2.6)

The proof of this spectral gap estimate is similar to the proof of Lemma 1.3. There are
two differences between these two lemmas. In the discrete case the regularity assumption
on X follows directly from the measurability assumption. Here we have also replaced the
Lipschitz control by the oscillation, which is a more general inequality (since the Lipschitz
constant controls the oscillation on a bounded domain).

2.1.3 Quantitative results on the corrector equation

The variance estimate of Lemma 2.1 allows us to generalize Theorem 1 to the continuous
setting.

Theorem 9 Let 2, P, and {0.},cz4 be as in Subsection 2.1.1, and let A € L*(2, MZy)
have correlation length c;, = 1. For all ¢ > 0 there exist Cy, < oo and v(q) > 0 such that
for all T > 1 and & € R with |£| = 1, the unique stationary solution ¢p € H(£2) to (2.3)
satisfies

d=2:Cyy(InT)@
q »q )
forly < {4257 62 (2.7

The ingredients of the proof of Theorem 9 are the same of for the proof of Theorem 1:
spectral gap estimate, Cacciopoli’s inequality in probability, and elliptic regularity theory.
Besides technical adaptations due to the fact that we do not have the nice algebraic struc-
ture for the susceptility estimate (such as (1.21)), there is a rather important difference
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in the continuous case. In particular, we do not have the discrete LP — L? estimate any
longer, which ensures that ||u|zs(prza) < ||t ze(przey for any domain D of R? provided
that p > ¢ > 1. Instead we rely on the De Giorgi-Nash-Moser theory and intensively use
the Holder regularity of A-harmonic functions.

As in the discrete case, Theorem 9 implies the existence and uniqueness of a solution
¢ € H to the corrector equation

—-D-A(+D¢) =0,

whose stationary extension solves (2.2) for almost every w € {2.

2.1.4 Error analysis for the approximation of homogenized coefficients

In this subsection we only focus on the (random) approximation A% of Ayop, corresponding
to (1.49) in the discrete case, and given for all L > 0, T' > 0, and almost every w € 2 by

£ Abw) = [ (6+ Vorle,)) - Ale,w)(€ + Tor(o,w)m (@),

where 7, : R? — R7 is a smooth function supported in @, and such that fRd nr, = 1 and
sup |V, | < L=4-1

As in the discrete case, ¢ is a computable approximation of ¢ on (); provided the
regularized corrector equation is solved on a domain Qg with R — L > v/T.
Likewise, a direct calculation yields

(6 (45 = Auam)e) ) = var [6- AB€] + (¢ (Ar = A

since <§ - ALg > = Ar by stationarity.

Proceeding as for the discrete case we have proved:
Theorem 10 Let 2, P, and {0.}.czs be as in Subsection 2.1.1, and let A € L*(£2, MZ;)
have correlation length ¢, = 1. Let & € R with |¢| = 1 be fized, and for all T > 0,
let ¢ € H(L2) be the regularized corrector, unique weak solution to (2.3). For all L > 0
let n;, : R — R* be a non-negative mask supported in @ such that fRd n, = 1 and

sup |Vl < L7971, and let define the random variable Z§ by

e = |

R4

(T-lasT(a:,w>2+<s+v¢T<x,w))-A(a:,w><5+v¢T<x,w>>)nL<x>da:. (2.8)

Then there exists ¢ > 0 depending only on o,  and d such that the following two variance
estimates hold:

et {3

d:2:(1n+T)q
var qﬁzn}ﬁ{ - ’ 2.10
[/RdTL d>2: L (2.10)
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The combination of (2.9) and (2.10) yields

d=2:L2(In,T)9,
var [574%5] N {d>2:L—d( o, T) (2.11)

provided T" > L.
For the systematic error the starting point is again the spectral formula

1

mden(k)a

5' (AT - Ahom)g = T_2/
R+

which is also valid in the continuous case. The estimates of the systematic error

d =2: T_1(1n+ T)q,

d=3:T73"2
. — < )
€ (Ar = Awon)ll S 9 g _ g 210, T, (2.12)
d>4:T72

follow from the combination of a “continuous” version of Lemma 1.5 with:

Theorem 11 Let 2, P, and {0.}.cza be as in Subsection 2.1.1, and let A € L*(£2, M)
have correlation length c;, = 1. The spectral exponents of the local drift 0 = —D*-A¢ €
L2(02) are at least

d=2:(2,—q),
2<d<5:(d/2+1,0),

d=6:(4,-1),

d>6:(4,0),

for some q > 0 depending only on o, 3.

Theorem 11 is proved using the induction procedure presented in Subsection 1.3.4. Yet we
have only checked the first two iterations. Although we have not checked all the details,
the induction procedure implemented in its full generality should permit to upgrade these
spectral exponents to (d/2 + 1,0) for all d > 2, as in the discrete case.

The combination of (2.11) and (2.12) for T = L gives a complete error analysis with an
optimal convergence in dimensions d = 2, 3:

1/2 e o1 .
(b= aame) )y 5 {§25 700"

Let us conclude this section by a concrete example and by a comment on the periodiza-
tion method (which we have not analyzed yet in the continuous case).

The simplest example of random diffusion matrix with finite correlation length is as
follows. We let P be a Poisson point process of fixed intensity in R?. With any realization
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of P, we associate the diffusion matrix A € A defined by: for all x € R?, if inf{|z — y|,y €
P} < 1/2 then A(x) := ald, otherwise A(x) := fId. By definition of the Poisson point
process, A(P) has correlation length ¢, = 1.

Let R > 0. In view of the construction of the random diffusion matrix, a natural way
to periodize the medium does not consist in taking the periodic replication of A(§)|g,, but
rather by periodizing {NQ g itself (the periodization of which is denoted by ) and consider
the random diffusion matrix A({gr) — whose realizations are @) g-periodic by construction.

2.2 Fluctuations of solutions to equations with noisy diffusion
coefficients [Glol1c]

2.2.1 Motivation

In this section we contribute to the analysis of a problem posed by Nolen and Papanicolaou
in [71]. Let D be a Lipschitz domain, let f € L*(D), let A be some deterministic diffusion
coefficients, and for all € > 0 let B. be a random diffusion matrix with correlation length
e such that A+ B. € A (where A is defined in (2.4)). For all £ > 0, we let u. € H}(D) be
the unique weak solution to

~V-(A+ B.)Vu. = f. (2.13)

The problem consists in estimating the fluctuations of the solution u. around its expectation
in terms of ¢.

In the case when the noise B, is replaced by a perturbation b. of a zero-order term «a
such that a+b. > 0 almost surely on D, and when u. € H; (D) is the unique weak solution
to

(a +b)us —V-Vu. = f,

the problem of estimating the statistics of u. has been addressed in [33]| and [3|. In par-
ticular, if (b.) = 0, then for all x € D the following convergence in distribution holds for
d<3:
ue (2, w) — (ue(z,-))
~d/2
where G is a Gaussian random variable with covariance o(z) (which can be characterized
explicitly).

— G(o(x),w), (2.14)

In the discrete setting, a similar problem has been addressed by Conlon and Naddaf [24],
who have considered the solution u. € L?(Z?) to

u. — V*- (Id + B)Vu, = *f.  in Z%

where B is an i. i. d. conductivity function with range in [o, ], 5 > a > —1, and f.(z) :=
f(gz) for some fixed f € Cg°(RY). They have proved two types of results, and estimated
both a strong and a weak norm of the fluctuation. The first result is that there exists an
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exponent 0 < 1 < 2, depending only «, 3, d and which goes to 2 as the contrast ; T

such that

— 1,

[ vl ds S 15 ™ (2.15)
VA

The second result is a weak measure of the fluctuation (more in the spirit of (2.14)): for
all d > 2 there exists 0 < 7, < d, depending only «, 8, d and which converges to d as the

contrast }I—g — 1, such that for all g € Cg°(R?)

et | [ 0c(010:(2z] S 11 a9 ™ (216)

In the regime of small ellipticity ratio, one expects v; = 2 and 75 = d (at least for
d > 2). In this section we shall first prove results in the spirit of (2.15) and (2.16) for the
solution u. € H}(D) to (2.13), that is in the continuous setting and on a bounded domain.
We will also give improved exponents for (2.15) and (2.16) in the discrete case — which
are however not yet optimal.

2.2.2 Main result

We present two results. The first one is a weak and a strong estimate of the fluctuation for
solutions on a bounded domain.

Theorem 12 Let D be a bounded domain of R? which satisfies a uniform exterior cone
condition. Let A be as in (2.4). Let A be a conductivity function on D, and B be a stationary
random diffusion matriz on RY with finite correlation length and such that A(z)+B(y) € A
for all x € D,y € R? almost surely. Let f € L*(D), and for all € > 0, let u. € H}(D)
denote the unique weak solution to

~V - (A+B.)Vu. = f,  inD, (2.17)

where B.(-) := B(-/e).

Then, there ezists a Holder exponent 0 <~y < 1 depending only on «, 3, and d (and which
tends to one when 1 — /B — 0) such that for all g € L>®(D), the fluctuation of u. is
estimated by:

d=2:e%,
/ var [ (1)) dir < [|f2agpy 4 d = 3 : rminin) (2.18)
D d>3:e?,
var l/l)g(w)ue(x)dx] S A2y gl ooy €472, (2.19)

Our second result, which is stronger, is an estimate of the fluctuations of the solution to an
equation on the whole R?, for which one can benefit from the stationarity of the Green’s
function.
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Theorem 13 Let A be as in (2.4). Let A be a (constant) symmetric matriz, and B be
a statianary random diffusion matriz on R? with finite correlation-length and such that
A+ B(y) € A almost surely. Let f € L*(RY), and for all ¢ > 0, let u. € H'(RY) denote
the unique weak solution to

ue — V- (A+ B.)Vu. = f, in RY,

where B.(-) := B(-/¢).

Then there exist a Meyers exponent p > 2 and a Hélder exponent v > 0 depending only on
a, B and d (and such that p — oo and v — 1 when 1 —3/a — 0), such that the fluctuation
of u. is estimated by:

(d=2:max{e?|In¢|,
62—(1—7) max{0,4—p} | In E|max{0,4—p}}’
[ vl o 5 1112 ST frp<ioih oy
var |ug-(x)| ax -’ .
i € ~ L*RY) ) =3 - E2|1n€| fmﬂng_%’
g2 forp>3— ﬁ,
[ d > 3:¢2
d=2: gd—(l—y) max{0,4—p}| lng‘max{0,4—p}
2 2
var [/HQd g(z)ua(x)dx] S ||f||L2(Rd)||g||L°°(Rd) {d < 9+ gd—(1—7) max{0,4-p} (2721)

Estimates (2.20) & (2.21) improve estimates (2.18) & (2.19) in the case when A is
constant, since (1 — y)max{0,4 — p} < 2(1 — ). For small ellipticity ratios 3/a —
1, (2.21) is optimal, which is a first step towards the analysis of the disribution of
e ([0 9(x) (ue(x) — (u-(x)))dz), and towards a result of the type (2.14) when the noise
is in the diffusion matrix and not in the zero-order term.

2.2.3 Sketch of the proof

We begin with the strong norm of the variance. The starting point is the change of variable
x +— x/e to make the correlation be of order 1:

/Dvar [us(z)] do = & /D/ var [v.(x)] dz, (2.22)

where v, is the weak solution in H}(D/¢) to
—V - O(2)Vu.(z) = 2f.(x)
with C(x) := A.(z) + B(x), and

and is given for all x € D/e by
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ve(z) = u(ex).

We then use the variance estimate of Lemma 2.1, which yields

var [v.(x)] < /[Rd <§séc(z) ve () > dz. (2.23)

We need to estimate the oscillation of v, with respect to the coefficient B. Let GG, be the
Green’s function associated with —V - (A. + B)V and Dirichlet boundary conditions on
D/e. For |z — x| > 1, we have

o 0.(0) £ [ V,GulePdy [ (90 (2.24)
Big) Q(2) Q(2)

whereas for |z — x| < 1,

osc? v.() ,5/ Vo (y)|*dy + &*
Q=)

f-(y)*dy. (2.25)
Big(z) ) n

Qa(z

The last ingredient is the following Holder estimate of the gradient of the Green’s function:
for all |z — x| > 1,

1/2 d=2: w,
([ WiGwary) = (2.20)
Q(x)ND/e d>2: 5
|z — x|d=2=
where ~ only depends on «, 5 and d (see [40,55]).
The combination of (2.22)—(2.26) then yields
d=2:e272
/ var [u.(z)| dz < Ed/ (|Vve(2)|? + e* fo(2)?)dx { d =3 : gmindl2r}—1
b Dfe d>3:1,

d=2:e272
= ¢? / (|Vue(z)]? + 2 f(2)*)dx { d =3 : gmnil2vi=1,
D

d>3:1,
d=2:e%,
S ||f||%2(D) d=3:gltmin{l.27}
d>3:e%

as desired.

We rewrite the weak norm of the fluctuation as

var { /D ua(x)g(x)dx] = 2lyar [ /D i va(a?)gg(:v)dz} ,
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where g.(z) := g(ex) for all x € D. By the variance estimate of Lemma 2.1,

var [ /D ue(x)g(x)dx} 5g2d< /R d é)iz(i) < /D i vg(x)ge(x)dx) dz>.

Since g. does not depend on B, we may use the elementary inequality

B(T;((jz) ( /D B va(f)ge(x)dx) < /D . B?CS;Z) (ve(x)ga($)> dx

< / ( 0sc UE(LL’)> |ge(x)|dx,
p/e \ Big)
which turns the variance estimate into

var [/D ug(x)g(x)dx] < g /]Rd </D/\E <B(I)ng((:z) ve(:c)) |g€(a:)|d:c>2dz. (2.27)

The estimate (2.19) follows from the combination of (2.27) with (2.24), (2.25), and (2.26).

The proof of Theorem 13 is much more technical than above. The new ingredient there
is the stationarity of the Green’s function on R?, that we combine with Meyers’ estimates.
The starting point is the Green representation formula for smooth r. h. s. f:

wlea) = & [ Gale.prlen)ds

where G.: is the Green’s function associated with (2 — V - (4 + B)V) on R?, from which
we deduce

/ var [ug(z)] do = ™ / / fley) fley)eov [Gea(z,y); G, y)] dydy'd,
R4 R JRA JRE

where cov [-; -] denotes the covariance. We shall then make use of the following generaliza-
tion of the variance estimate: if X and Y satisfy the assumptions of Lemma 2.1, then

1/2 1/2
cov [ X(A+ B);Y(A+ B)] S / < osc? X(A—I—B)> < osc? Y(A—I—B)> dz.
R\ BiQa(a) BiQy(2)

For simplicity, in the rest of the argument we neglect the singularity of the Green’s function
(the argument can be made rigorous). We then essentially obtain

/var[ue( ////fey (ey/) <\VG€zxz||VG€zzy|>l/2
Rd ]Rd ]Rd ]Rd

(IV.Ga2(z,2)*|V.Ge2(2, )| > ? dzdydy'dx.
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Let us assume that for all 7" > 0 and d > 2, z — V,G.2(z,0) has the optimal decay
|z|'~% exp(—c|z|/v/T) when integrated to power 4 on dyadic annuli — which is a conse-
quence of Meyers’ estimate provided [ — « is small enough. By Cauchy-Schwarz inequality
and stationarity of G2, this inequality turns into

[tnasset [ ] fenser (9.6a6 - 20
(IV,Ger (2 — 5, 0) [N |V, Gr (2 — )| dedydy'de

- 5d+4/ (|VoGe(z — 2,0)[)?
R4 JR4
2
([ £ 49,Gate = 00 dy) e
R
< 5d+4/ (|VoGe( — 2,0)[)?
Rd JRd

(/ f(ey) |V, G (= = 9, 0)[) " dy) e

We then use the symmetry of the first integrand in x and z, and the Cauchy-Schwarz
inequality on the last term to obtain

/Rd var [u.(z)] do < & (/Rd <|VIG52(93,0)|4>1/4 d$)2

(et [ sewran) ([ 09,Gat0) )

From the decay assumption on x +— V,G.2(z,0) we deduce that the first factor scales as
£72, the second one as ||f||%2(D), and the last one as 1. This shows (2.20) for p > 4 and
d> 2.

The estimate of the weak norm of the fluctuation can be dealt with in a similar way. In
the case when p < 4, we cannot proceed exactly this way and combine this approach with
the Holder estimate (2.26).

2.2.4 The discrete case

In the discrete setting, we have:

Theorem 14 Let a be a constant conductivity function on B, and b be an i. 1. d. conduc-
tivity function on B such that the associated conductivity matrices A and B on Z% satisfy
A+ B e A Let f € CORY) N LARY) and g € CP(RY) N LA(RY) (that is, continuous,
bounded, and square-integrable), and for all ¢ > 0, let u. € L*(cZ?) denote the unique
solution to

u. — Vi (A+ B.)V.ou, = f, in eZ°. (2.28)
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Then there exist a Hélder exponent O < v < 1 and a Meyers exponent p > 2 depending
only on «, B and d (the latter goes to infinity when 1 — /o — 0), such that the fluctuation
of u. is estimated by:

(d=2:max{e?|In¢|,
62—(1—7) max{0,4—p} | In E|max{0,4—p}}’

2 P-“ﬁ 3 v
var [u.(z)] dz < || f||? << forp <3 -2, 2.29
IR L 1R PP S v A L
g2 forp>3— ﬁ,
[ d >3:¢2
d=2: gd—(l—w) max{0,4—p}| ln5|max{0,4—p}
< 2 2

var [/eZd g(a:)ue(x)d:c] ~ ||fHL2(Rd)||9HLoo(Rd) {d < 9 . gd—(1—y) max{0,4—p} (2.30)

Theorem 14 improves the results of |24, Theorems 1.2 & 1.3] by Conlon & Naddaf. For the
strong measure (2.29) of the fluctuation, we precisely identify the logarithmic correction
for d = 2, provide with an upper bound independent of the ellipticity ratio for d = 3, and
prove an optimal estimate for d > 3. For the weak measure (2.30) of the fluctuation, the
optimal scaling is reached provided p is larger than 4 (whereas the optimal scaling is only
met asymptotically in [24, Theorem 1.3]), and for d > 2 the estimate gives a non-trivial
upper bound uniformly in the ellipticity ratio.

Note that the structure of the proof is completely different than in [24] — which does
not rely on the spectral gap estimate.

2.3 About boundary conditions for the “cell-problem” [Glo11d]

2.3.1 Motivation

Let us come back to the numerical approximation of homogenized coefficients in a general
framework. The aim of this section is to propose a numerical strategy to approximate
homogenized coefficients with the following three features:

e the method should not use the specific structure of the heterogeneities (such as period-
icity, independence, etc.);
the method should converge for “any suitable” structure;
the method should yield optimal convergence rates for standard cases (at least for
periodic structures and stationary structures with finite correlation-length).

Throughout this section the diffusion matrix A is assumed to be symmetric.
2.3.2 General method

Let £ € R? with |¢] = 1 be fixed. We say that some “heterogeneous” matrix A on R? can be
homogenized if there exists a distributional solution ¢ € H}. (R?) to the corrector equation
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~V-AE+Ve) =0  inR% (2.31)
and if the following asymptotic formula makes sense:

5 : Ah0m€ - M{(f + V¢) ’ A(€ + V¢)}a (232)

where M{-} is the average operator on R%:

M{E} = lim 1 E(x)du,

R—co |Qr| Jop

and Qg := (=R, R)%.

To approximate numerically Ayqn,, one needs to approximate the corrector field ¢ and
the average operator M{-}. These two approximations lead to the so-called resonance
error. The simplest way to approximate ¢ and M{-} consists in solving (2.31) on a large
domain Qr = (—R, R)¢ (with suitable boundary conditions, say homogeneous Dirichlet),
and taking the average of the energy density on (Jr. Doing so, we make at least two errors:

e A geometric error (g is not necessarily a multiple of the unit cell in the periodic case,
so that even if the solution on Qg were the true corrector, the average of the energy
density on Q) would not coincide with its average on a periodic cell);

e An error related to the boundary condition (we do not know a priori what to impose
on 0Qg, and consequently we make an error on the corrector).

More precisely, Apom is approximated by

- Apt = [ (6 £ Vor(@) - Alx)(€ + Vor(a))dz,
|Qr| Jon

where ¢ is the unique solution in HJ(Qg) to
LV A€+ Vor) = 0.

In the case when A is periodic, the associated error is of the order

1
|AR - Ah0m| ~ E

in any dimension. Using oversampling and filtering methods, that is setting
- An = [ (€4 Toale) AWNE T Vortr)ma(ri,
R

where 7 is typically a smooth non-negative mask (see Definition 6 herafter), we may hope
to reduce both sources of the error. However, the overall error is still of order

~ 1

|AR - Ah0m| ~ E (233)
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in any dimension, as already noticed by E & Yue in [90]. Only the prefactor may have been
reduced.

In this section, inspired by our analysis of the stochastic case and of the analysis of
the periodic case, we propose to treat separately the two sources of error. The geometric
error is an error localized at the boundary, and a filtering method with a suitable mask
is enough to significantly reduce it. The error we make on the boundary conditions has
however non-local effects due to the poor decay of the Green’s function of the Laplace
operator. To reduce this effect, it is natural as in the stochastic case to add a zero-order
term to the equation, which makes the associated Green’s function decay exponentially fast.
This allows to drastically reduce the spurious effect of the boundary conditions away from
a boundary layer. Yet, this modifies the corrector equation and introduces a bias, which
has to be quantified (typically using spectral theory). The last task consists in suitably
choosing the different parameters at stake.

As a proxy for the corrector field ¢ solution to (2.31), we consider ¢r g, solution to

{T_1¢T,R —V-A+Vorr) =0in Qg,
¢r,r = 0on 0Q,

where T" > 0 controls the importance of the zero-order term and R > 0 is the size of the
domain ). To deal with the geometric error, we shall make use of high order masks:
Definition 6 A function n:[—1,1] — R" is said to be a filter of order p > 0 if

(i) meCP([—1,1]) nWrHhe=((—1,1)),

(ii) [' n(x)dr =1,

(iii) n®(=1) =n® (1) =0 for all k € {0,...,p — 1}.

The associated mask ng, : [—L, L|¢ — R* in dimension d > 1 is then defined for all L > 0
by

(2.34)

d

ni(x) = L[ [ (@ '),

i=1
where x = (z1,...,14) € R

We then define the family of approximations {AkRm 1 }ren of the homogenized coefficients
inspired by (1.36): for k =0,

£ A(IET,LS = / (E+ Vorr(x))  Alx)(€ + Vorr(x))n(z)de, (2.35)
Qr
where 7, is as in Definition 6; and for all £ € N,
1
£ - AkR+1,T,L§ = W(zkﬂf : AkR7T,L£ —-&- A?,T/ZLg)' (2-36>

So defined, the family of approximations does not depend on the particular homoge-
nization structure of A — which makes the numerical method generic, as desired.
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2.3.3 Elements of convergence analysis

In this subsection we show that the approximation formulas Ay 7 1 satisfy the last two
requirements, namely convergence in general and optimal convergence rates for standard
cases.

General convergence result

Let us consider the general case of stationary ergodic media (which covers the typical
cases of periodicity, quasi-periodicity, random with finite-correlation length, etc. see [44]).
In particular, as recalled in Subsection 2.1.1 it is known in this case that the corrector
equation is well-posed, that V¢ is obtained as the (strong) limit of a regularized corrector
in the probability space L?(§2), and that we have spectral calculus at our disposal.

By the triangle inequality,
|Af 1L — Avom| < |Akr — Anom| + [ArrL — Arrl + |Af 7L — Arrol,

where the different quantities are defined below. Recall that for all 7" > 0 the regularized
corrector ¢r is solution to

T 'p —V-A+Vér) =0  inR
The matrice Ay 1 are then characterized for all £ € N by:

§- Ao = M{(E+Vor) - A€+ Vor)} = ((E+Vor) - A€+ Vor)),
§-Apr§ = ﬁ@k“f - Apr€ — & Apr2f).

Using spectral theory, we recall that we have

- At = (6-46) = [ gmrden)
€ Aumé = (¢ 46— [ Sdes(N),

so that by the Lebesgue dominated convergence theorem, Ay converges to Apom as T —
oo. Hence, by definition of the family {Aj r}ren, for all & € N,

lim g'Ak,Tg =& Ahomg- (237>
T—oc0
Let us turn to the second error term |Ay, 7 — Ag 11|, where for all £ € N,

€ Aot e /Q (€ + Vor(x)) - A@)(€ + Vér(e)n (),

1
£ Aprrré = m@kﬂf Aprp§ = € Arrya,ré)-
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It is clear by stationarity and definition of ny that (£ - Ag &) = & - Ap 1€, so that by the
ergodic theorem for all £ € N and T" > 0,

lim Ak,T,L = Ak,T (238)
L—oo
almost surely.

We finally deal with the last error term |AﬁT7 . — Ak 7.1, which we have already estimated
in the discrete case in (1.46). Since the arguments only rely on standard deterministic
elliptic estimates (which still hold in the continuous setting), they carry over to the general
ergodic setting dealt with here, so that we have for all 7> 0, R > L > 0,

R\ 2 R d—1/2 R_1L
‘AkR,T,L —Arrr| S (Z) (ﬁ) T3/4 exp (—C JT ) , (2.39)

for some ¢ > 0 depending only on «, 8 and d.
The combination of (2.37)-(2.39) thus yields the following general consistency estimate:
for all £ € N,

lim lim )AﬁT,L = Anom. (2.40)

T—00 (L—00,R—L—00

Convergence rates

We present convergence rates for two standard cases: stochastic with finite-correlation
length, and periodic.

Stochastic case with finite correlation length

The convergence analysis in the discrete stochastic case with i. i. d. conductivities has been
done in Section 1.4. For the stochastic case with finite correlation-length in the continuous
setting, the analysis of convergence of Agﬂ ;, has been presented in Subsection 2.1.4. In

both cases, provided R — L > /T and R < T, we have for all k € N:

1/2 d=2:L1'In% L,
(l4re = Anoml”) ™ 5 {d _ 3.0,

for some g > 0 depending only on «, § and d. This is the scaling of the central limit theorem,
which is the best one can hope for. In higher dimensions, the analysis is only complete in
the discrete setting (although we believe this could be adapted to the continuous setting
at the expense of technicalities).

Periodic case

The periodic case illustrates quite well the geometric error. The interest of the mask lies
in the following lemma:
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Lemma 2.2. Let n be a filter of order p > 0 according to Definition 6. Let ¢ > 1 and let
¢ € L _(R?) be a Q-periodic function. Then, for all L > 0, we have

loc

\ [ owm(a)is - M@)| 5 10 olina) (2.41)

where Qp = (=L, L) and ny(z) == LT[, n(L'a;), © = (21, ..., 2q4). The constant in
(2.41) only depends on p and 7.

This lemma can be proved using a Fourier series expansion, the Parseval identity for d > 2,
and the Hardy-Littlewood inequality for 1 < ¢ < 2. What Lemma 2.2 shows is that one
can approximate at any order of convergence LP the average of a periodic function by
suitable averages on large boxes ), without knowing the period of the function.

The last argument we need to make a complete error analysis of the periodic case
is an estimate of the spectral exponents. We recall that in the periodic case, L*(§2) is
simply L?*(Q) with @Q the period endowed with the Lebesgue measure (or more precisely
the torus), and H(2) = HL(Q) (the closure in H'(Q) of Q-periodic smooth functions of
R? with vanishing average). Let A € A be a Q-periodic function. The operator £ is given
on HL(Q) by =V - A-V. Let £ € R? with [¢] = 1 be fixed. Since there is a Poincaré
inequality on H #(Q), the spectral measure has a spectral gap, and the spectral exponents
of the local drift 0 = -V - A¢ € H;(Q) (the dual space of HL(Q)) are at least (,0) for
all v > 1. Hence, arguing as in Subsection 1.3.3 we have for all k£ > 0:

€ Apré — € Apomé| S T7204D),

The complete error estimate is as follows:

Theorem 15 Let d > 2, A € A be Q-periodic, n be a filter of order p > 0, and Anom
and Afl;  be the homogenized matriz and its approzimation (2.35)-(2.36) respectively, for
k>0, R*>T >R, R>L~ R~ R— L. Then, there exists ¢ > 0 depending only on o, 3
and d such that we have

R—-L
Az = Avom| S L7 4 7200 £ T exp <‘C NG ) ' (2.42)

2.3.4 Numerical validation

In this subsection we illustrate Theorem 15 in two regimes: L large, and L “moderately”
large (which is the regime where the approximation will be used in practice). In order
to reach large values of L with an affordable computational cost, we treat the case of a
discrete elliptic equation with periodic coefficients. For moderate values of L, we present a
continuous example.

In order to further illustrate the interest of the method, we also display numerical
simulations on a simple quasiperiodic example.
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Discrete periodic example

The matrix A is [0,4)%periodic, and sketched on a periodic cell on Figure 2.1. In the
example considered, a(z,z + e;) and a(x,x + e3) represent the conductivities 1 or 100 of
the horizontal edge [x,x + e;] and the vertical edge [x,x + e3] respectively, according to
the colors on Figure 2.1. The homogenization theory for such discrete elliptic operators is
similar to the continuous case (see for instance 88| in two dimensions, and [1] in the general
case). By symmetry arguments, the homogenized matrix associated with A is a multiple
of the identity. It can be evaluated numerically (note that we do not make any other error
than the machine precision). Its numerical value is Ay, = 26.240099009901 . . ..

Fig. 2.1. Periodic cell in the discrete case

We have considered the first two approximations formulas Af'; ; and Af'. | of Apom. In
all the cases treated, we've taken L = R/3. For the approximation Aé%m 1, we have tested
the following parameters:

e Four values for the zero-order term: 7" = 0o (no zero-order term), T’ ~ R, T ~ R®/?,
and T ~ R7/%;
e Two different filters: orders p = 0 (no filter) and p = oo.

For the approximation A{D:T’ 1, we have tested the following parameters:

e One value of the zero-order term: T~ R3/?;
e Filter of infinite order p = oo.

The predictions of Theorem 15 in terms of convergence rate of AlﬁT, , to Apom in function
of R are gathered and compared to the results of numerical tests in Table 2.1. More details
are also given on Figures 2.2-2.5, where the overall error

Error(k, T, R) := |Anom — AkR,T,L,|

is plotted in log scale in function of R.
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Table 2.1. Order of convergence: predictions and numerical results.

T=co | T~ R |T~R?|T ~R"*

k=0 |pred.|test|pred.|test|pred.|test|pred.|test
p=0| 1 1 1 1 1 1 1 1
p=oo| 1 1 2 2 3 [3.1] 35 |34
k=1 pred.|test

p= oo 6 6

Let us quickly comment on the values of T" in Figures 2.2-2.5. For the three dependences
of T'upon R, we have chosen the prefactors so that their values roughly coincide for 2R = 25
(that is for 25 periodic cells per dimension):
T =2R/25,
T = (8R)*? /1000,
T = (8R)™*/5000.

The numerical result confirm the analysis, and perfectly illustrate the specific influences of
the three parameters k, p and 7T

Continuous periodic example

We consider the following matrix A:

Alx) = 2 + 1.8sin(27zy) N 2 + sin(27mxy) Id,
24 1.8cos(2mzy) 2+ 1.8 cos(2mxy)

(2.43)

used as benchmark tests in [42] and [10]. In this case, a ~ 0.35, 8 ~ 20.5, and Apom =~
2.751d. We take L = R/3, T = R/5 and a filter of order 2. The global error |Af';, | — Anom|
and the error without zero order term and without filtering are plotted on Figures 2.6
& 2.7. Without zero-order term, the convergence rate is R™' as expected, and the use
of a filtering method reduces the prefactor but does not change the rate. With the zero-
order term and the filtering method, the apparent convergence rate is R~ (note that the
asymptotic theoretical rate R~2 is not attained yet), which coincides with the convergence
rate associated with filters of order 2 (cf. Lemma 2.2). This is in agreement with the tests
in the discrete case, and confirms the analysis.

Continuous quasiperiodic example

The last series of tests is dedicated to a quasiperiodic example. We consider the following
coefficients used in [10]:

(44 cos(2m (w1 + x9)) + cos(2mV2(z1 + 7)) 0
Alw) = < 0 6 + sin®(27x1) + sin2(27r\/§x1)) '
(2.44)
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Fig. 2.4. Absolute error in log scale for T = (8R)"/* /5000, no filter (slope —1), infinite order filter (slope —3.4).
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Fig. 2.5. Absolute error in log scale for T = (8R)3/2/10007 Ag;T,L (slope —3.1) and A{?;T,L (slope —6), filter of
infinite order.
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In this case, the homogenized coefficients are not easy to compute. They can only be
extrapolated. We have taken for the approximation of the homogenized coefficients (that
we call coefficient of reference) the output of the computation with &£ = 0, 7" = R/50 and
2R = 52. Although this may introduce a bias in favour of the proposed strategy, it can be
checked a posteriori: the method without zero-order term and without filtering is expected
to converge at a rate R~!. This is effectively what we observe on Figure 2.8 using this
coefficient of reference. Instead, if we use as a reference the output of the computation for
2R = 52 without zero-order term nor filtering, then we observe a super-linear convergence
which is artificial (see Figure 2.8). With the proposed method, as can be seen on Figure 2.9,
the rate of convergence seems to be much better (the slope of the straight line is —5). The
reason for this fact is that there should be a spectral gap in this case as well.

2.4 “Real-life” homogenization: a radioactive example |GGK]

In this section we address a problem suggested by the French agency for nuclear waste
storage. The problematics there is to understand how nuclear waste can spread in a highly
heterogeneous storage device. At first approximation, we consider the medium to be pe-
riodic. We shall see that even in this simple setting, practical homogenization remains a
challenging problem.

2.4.1 Modeling of a nuclear waste depository

We consider the numerical treatment of a nonlinearly coupled elliptic-parabolic system of
equations involving coefficients varying on a fast scale, as encountered in nuclear waste stor-
age devices. Resolving the finest scales induces a prohibitive numerical cost, both in terms
of computational time and memory storage. Our goal consists in finding relevant “averaged”
models, combined with efficient numerical methods (in particular in order to evaluate the
coefficients of the effective equations obtained). A strong motivation is the modeling of
radionuclide transport in nuclear waste storage devices. The realization of routine simu-
lations should rely on fast computations, which excludes to resolve the finest scales. Ho-
mogenization is the natural tool to derive effective models, which hopefully smooth out
in a consistent way the small scale features of the problem. In the case of the nonlinearly
coupled system treated here, (periodic) homogenization alone is not enough to drastically
reduce the computational cost, since a cell-problem has to be solved at each Gauss point
of the computational domain — this could surprise the expert: although diffusion coef-
ficients are assumed to be periodic, and the equations are linear, the nonlinear coupling
condition makes the homogenized diffusion matrix depend on the space variable. This is
where the reduced basis (RB) method comes into the picture: these cell-problems can be
viewed as a d-parameter (in dimension d) family of elliptic equations, which is an ideal
setting for the RB method. A further practical issue is related to the dependence of the
elliptic operator upon the parameters, which is not affine (according to the terminology
of the RB approach) and therefore requires a specific treatment. This section is devoted
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to the homogenization and numerical approximation of solute transfer equations driven by
diffusion and convection, with a coupling with the Darcy law.

2.4.2 Periodic homogenization of a coupled system of elliptic/parabolic
equations

In this section {2 denotes a bounded Lipschitz open domain of R? (and not a probability
space).

We consider the following weakly coupled system of PDEs:

U=-KVoE in £,
V.U =gq in 2, (2.45)
0C -V - (DU)VC -UC)+XC = S in |0,T[x{2.

We let A > 0, and for the source terms we let ¢ € L*>°(£2) and S € L?(0,T; H~'(£2)). The
weak coupling condition reads

D) (x) = Dy (2) + ofU(x)[1d + s DOV @)

—\U @ (2.46)

for a. e. x € 2, where a > 0, 3 > 0. The functions x — K(z) and = — Dy(x) are matrix-
valued; they both satisfy uniform bounds and a strong ellipticity condition, uniformly over
2: namely, there exists A > 0 such that for a. e. # € {2 and all £ € R?

K ()¢ < Alg], & K(x)§ > ATHEP,
[ Do(x)§| < AlEl, & - Do) = ATHE2.

The system (2.45) is completed by boundary conditions and an initial condition, which
for simplicity we take as follows (mixed Neumann-Dirichlet boundary conditions could be
considered as well)

=0 on 0f2,
C (0, ) = Cinit in Q, (247)
C =0 on [0, T[x042,

for some Ciy € L*(£2).

We are interested in the case when K is an e-periodic matrix, and ¢ — 0. Before we
turn to this problem, we first define a notion of weak solution for the coupled system
(2.45)—(2.47), and give an existence and uniqueness result.

Definition 7 A weak solution of (2.45)~(2.47) is a pair (©,C) € HY(2)x L*(0,T; H3(£2))N
C%0,T; L*(£2)) such that 0,C € L*(0,T; H (), fOTfQVC’ - DU)VC < oo with
U = —KV6O, and which satisfies (2.45)—(2.47) in the following sense:

o O is a weak solution in H}(2) to (2.45)12 & (2.47);;
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e Forallv e L*(0,T; HY(2)) N L*(0,T; L=(2)) such that [ [, Vv-D(U)Vu < oo, we

have

T T T
/ <8tC,v>H17H3+/ /VU~D(U)VC’+/ /w-vc
0 0 02 0 (%
T T
+/ /C’U(q—i—)\) :/ <S,U)H,1’Hé.
0 (% 0

The following theorem states the existence and uniqueness of such weak solutions.

Theorem 16 For all ¢ € L>=(2), S € L*(0,T; H(02)), and Ciy € L*((2), there exists a
unique weak solution to (2.45)—(2.47) in the sense of Definition 7.

We now turn to the periodic homogenization of (2.45)—(2.47). Let K be a Y = (0,1)%
periodic matrix. For all € > 0, we consider the coupled system

(U. = —-K.VO. in (2,

V-U. =q in (2,

0,C. =V - (D(U)VC: —U.C.) + XC. = S in ]0,T[x 12, (2.48)
6. =0 on OS2, '
C: (07') = Chnit in {2,
(C: =0 on |0,7T[x012,

where ¢, S, Cipir and the function D are as above, and K. is defined by K.(x) := K(z/¢)
on {2. Theorem 16 ensures the existence and uniqueness of a weak solution (6., C;) of
(2.48) for any € > 0. The following result characterizes the asymptotic behavior of (6., C;)
as € — 0.

Theorem 17 Let g € L>(2), S € L*(0,T; H(2)), Cinit € L*(£2), D be as in (2.46), and
K be a Y-periodic bounded and strongly elliptic matriz. For alle > 0, we set K. := K(-/¢).
Then the unique weak solution (6., C.) to (2.48) converges to some (Og, Cy) in the following
senses: strongly in L*(§2) and L*((0,T) x §2), and weakly in H'(2) and L*(0,T; H*(12)).
In addition C. converges in C°([0, T, L*(£2) — weak) to Cy, and (O, Cy) is the unique weak
solution to

( UO = _K*VQO m Q,

V-Uy=q m {2,

agCO —-V- (D*VCO — U(]C(]) + )\C(] =S5 in ]O,T[X Q, (2 49)
By =0 on 02, '
Co(0,+) = Cinit in {2,
\CO =0 on ]O,T[X@.Q,

where K* is a constant matriz, and D*(x) is a function of VO () which we define below.
To this aim we need to introduce auziliary quantities. For all 1 € {1,...,d}, we let p;
denote the unique periodic weak solution in Hy(Y) to



66 2 Quantitative results in homogenization of linear elliptic equations
The matriz K* is strongly elliptic and characterized by: for all i,5 € {1,...,d}
Y

This allows to uniquely define the funtion ©y through the homogenized Darcy equation
(2.49)1 2. The homogenized drift is then given by

Uy = —K*V6.
It remains to define D*. Let U, D be defined on 2 x Y as follows:
Ua,y) = =K (y)(Id + Vip(y)) VO (), (2.52)

D(x7y>:DO(SL’)+Oé|0(l’,y)‘1d—|—ﬁU(x’y)®U<x7y> ~

Ol Do(x) +D(U(x,y)), (2.53)

where ¢ = (@1, ...,04). For alli € {1,...,d} and a. e. x € (2, we let ;(z,-) denote the
unique periodic weak solution in H#(Y) to the elliptic equation parametrized by x:

¥, D(a,y)(e; + V,i(x,y)) = 0.

The homogenized coefficients D* are then characterized by: for all x € (2 and all i,j €
{1,...,d},

e, D' (a)e, = / (e, + V,@5(x.y)) - D y)(ei + V, Bi(a,y)) dy.  (2.54)

Although the diffusion D* is not of the form (2.46), for all x € 2, D*(x) only depends
on VOy(x), and D* € L*(2). Hence existence and uniqueness of weak solutions for the
homogenized system can be proved the same way as for Theorem 16. From the homoge-
nization point of view, Theorem 17 is a rather direct application of two-scale convergence
and Theorem 16. Although D(U) is unbounded, it is square-integrable and the homoge-
nized system remains elliptic-parabolic (for the homogenization of elliptic equations with
unbounded coefficients which are not equi-integrable, nonlocal effects may appear, see [7]
and [16]). In the case of strong coupling, homogenization has been proved in [20]. Yet [20] is
an overkill for the problem under consideration (uniqueness is not discussed in [20] though),
and a more direct proof can be done.

2.4.3 Numerical strategy: reduced basis method

There are essentially three steps to solve numerically (2.49):

1. the computation of K* and the approximation of ©y. The latter is solution of a standard
elliptic equation once K* is known, see (2.49) ».

2. the approximation of D*(x) at every Gauss point = of 2. This requires to solve a family
of elliptic equations on the periodic cell Y, parametrized by the Gauss points = via

3. To find the solution of the advection-diffusion equation (2.49)s.

The bottleneck of the numerical approximation of (2.49) in terms of computational cost is
the approximation of D*.
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The homogenization limit

To illustrate Theorem 17, we consider a numerical test suggested by ANDRA!. We take
d =2 and let 2 = (0,2)? be a square domain, and [0, 7] be the time interval with 7' = 1.
The permeability is defined on the domain Y = (0, 1)? by:

4.94064, if y» > 0.5,

Yy = (y1,92) €Y, Yy € (0,1), K(y1,92) = {0.57816, if yy < 0.5.
We consider mixed Dirichlet-Neumann boundary conditions, and compare approximations
of the solution (6., C.) to the heterogeneous system (2.48) to approximations of the solution
(6o, Cp) to the homogenized system (2.49), for several values of £ We display in Table 2.2
the L?(£2) norm of the error Oy — O, and the L*(2 x (0,7))-norm of the error Cy — C.
for e € {0.2,0.1,0.05,0.025}. These results are obtained using FreeFem++ (see [36]). The
linear systems are solved with a direct solver. We obtain a first order of convergence for
both errors. As can be seen on Table 2.2 the apparent convergence rates are of order 1,

- |©0 — Oc|| 2 Rate [Co — C:llLz(r2)
1902 1Coll L2 (L2
0.2 1.667e-3 - 5.528e-4 -
0.1 8.095e-4 1.04 2.525e-4 1.13
0.05 3.992¢-4 1.02 1.270e-4 0.99

0.025| 1.983e-4 1.01 6.704e-5 0.92

Rate

Table 2.2. Error in function of ¢

which is consistent with a formal two-scale expansion, and shows the interest of replacing
(6., C.) by its homogenized counterpart (g, Cp).

The reduced basis method

The reduced basis method was introduced for the accurate online evaluation of (outputs of)
solutions to a parameter-dependent family of elliptic PDEs. The basis of the method and
further references can be found in [57]. The application to the homogenization of elliptic
equations is discussed in [12]. Abstractly, it can be viewed as a method to determine a
“good” N-dimensional space Sy to be used in approximating the elements of a set F =
{(51(5),...,@1(5)), £ € 9} of parametrized elements lying in a Hilbert space S, the
parameter £ ranging a certain subset & C R".

Let us describe how the computation of the effective coefficients we are concerned with
enters such a framework. First of all, the auxiliary function @, is simply determined by
solving the problem (2.49), 5, with effective coefficients obtained by solving the cell equa-
tions (2.50). There is no difficulty in this step and V.6, can be considered as given in this

! Agence nationale pour la gestion des déchets radioactifs — http://www.andra.fr
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discussion. Then, we write the coefficient (2.53) for the concentration equation (2.49)3 as
follows

~ o~

D(z,y) = (V260 (x))(y)
where £ € R — Z(€) € L®(Y, M%) is defined by

HE)y) = Do+ alMpea+ pMWESMWE 5 pyrie),

| M (y)&|
M(y) = K(y)(Id + V(y)), (2.55)
© = (p1,...,pq4) solutions of (2.50).

We recall that o, 8 > 0, and Dy is a positive-definite symmetric matrix while M : Y — M4
is a square-integrable function. We are interested in the solution @ (&) to the problem: for

all U € Hi(Y),
/Y VE(y) - D)) (ex + VBL(E)(y)) dy = 0.

In the present context, & = H4(Y) and we wish to find a convenient finite dimensional
approximation space Sy which allows to describe those solutions. The working plan faces
the following technical difficulties:

e Here the parameter ¢ ranges over the whole R? while the method is designed to deal
with parameters lying in a compact set.

e The method simplifies significantly when the dependence of Z upon £ is affine, which
it is not here.

e The matrix M is square-integrable only and not essentially bounded, and the results of
the literature do not apply to this case.

To construct the N-finite dimensional space Sy, we proceed by induction using a greedy
algorithm. We first choose a finite dimensional sampling K of &2, and construct the N-
finite dimensional space Sy using Fx = {(®1(€),...,P4(€)),€ € K}. In order to proceed
we need a distance on Fx, also called an estimator in this context.

Rewriting of the problem: from R? to the unit ball

The starting point to rewrite the problem is the following fact: for all § € R? and all
ke {l,...,d}, the corrector @x(&) € Hy(Y) is solution to

7(€) N
-V ~ |€|(ek + V&,(€)) = 0. (2.56)

Let S?! denote the unit hypersphere in dimension d and let &2 = [0,1] x S9! (which is
nothing but the closed unit ball). Define

2 :10,1] x S — L3(Y, M9)
(p, X) — Z(p, X)
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by

(2.57)

D(p.X): yrs (1— p)Dy +p <a\M(y)X|Id L pMwX e M“”X) ,

| M(y) X|

For all (p, X) € [0,1] x St and k € {1,...,d}, we define @,(p, X) as the unique weak
solution in Hj(Y) to
V. .@(p, X)(ek + V@k(p, X)) = 0.

Let £ € RY, and set

9 3
_ X = >
SRS €]
so that R
O e

the identity (2.56) implies that B B
D(§) = Pi(p, X)

by uniqueness of correctors. In particular, this shows that

{@(5),5 cRL ke {1,.. .,d}} - {@(p,X), (p,X) € [0,1) x STk e {1,.. .,d}}.

What we gain by applying the reduced basis method on this new formulation is that the
parameters now belong to the compact set & := [0, 1] x S L.

To complete the description of the RB method, we need to choose an estimator. Let
j € N and let V; be a subspace of H4(Y) of dimension j. Set for all (p, X) € [0,1] x S%*
and k € {1,...,d},

(0, X.5) \/|ek A <§;(’)’X”ek|v 2.58)

where, denoting by 5i(p, X) the approximation of @ (p, X) in V;, we have
e - E*(p, X)ek = /(ek -+ v&k(p, X)) . .@(p, X)(ek -+ v&k(p, X)) dy, (259)
Y
ex- D" (p, X)ey = / (ex + V&, (p, X)) - Z(p, X)(ex + VB, (p, X)) dy.
Y

Since we also have for all £ € R?
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for p = %\Iﬂ and X = %, it is equivalent to approximate the desired homogenized matrix

D* (see (2.54)) and D". We will focus on the latter in what follows.

Before we turn to fast-assembly, let us make a comment of the RB method used here.
There exists C7 > 0 such that for all j € N, (p, X) € [0,1] x S9!, and k € {1,...,d}, the
estimator (2.58) satisfies

ClIVBr(p, X) — VBo(p, X) |l 1200) < E (p, X, k).

Yet the converse inequality only holds in a weaker sense. In particular, using that ﬁ*(p, X)
and D™ (p, X) can be defined as

er- D (p, X)er = / er 2(p, X)(er + VPi(p, X)) dy,
¥

er- D (0, X)er = / e - D(p, X)(eq + VEL(p, X)) dy,
Y

if M € L?(Y, M%) is square-integrable but not essentially unbounded, we end up with

CoF (0. X, k) < [VBi(p, X) = VB (p. )| s
for some C; > 0. As a consequence, the analysis of the reduced basis method and of the
greedy algorithm in this case does not follow from [9,17,22,23|. Filling the gap for analyzing
the convergence of the RB method when dealing with such unbounded coefficients does
not seem to be an easy task. Nevertheless, the numerical experiments show the efficiency
of the algorithm to treat this case.

Fast-assembly procedure

In order for the reduced basis method to be fast, it is desirable to have a fast-assembly
procedure, which allows to quickly construct the linear system in Sy. Fast-assembly pro-
cedures usually rely on the affine dependence of the diffusion matrix on the parameters.

For notational convience we take d = 2. In dimension 2, the unit sphere S! is
parametrized by [0, 27], so that from now on, we write the element of S' as

X =e(0) = cos(f)e; + sin(f)es, (2.60)

and consider 2 as a function of p and 6 (instead of p and X). The diffusion matrix
2 :10,1] x [0, 27] = L*(Y, M%) given by (2.57), that is

2(p.9): y = (L=p)Do+p (a|M<y>e<e>|1d L pMlyeld) ® M<y>e<e>) |

[ M{(y)e(0)]

is affine with respect to p, but not with respect to 0 € [0, 27].
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To circumvent this difficulty we use a partial Fourier series expansion in the #-variable,
and write:

P(p,0)(y) = (1L —p)Do+p (ao +Z (an(y) cos(nd) + b, (y )sin(n@))) :

where the functions y — a,(y) and y — b,(y) are matrices which depend only on y —
M(y).

Given a finite-dimensional space Vy = span {¥1, ..., ¥y} of dimension N > 1, and some
parameters (p, ) € [0,1] x [0,27] and k € {1,...,d}, in order to approximate the corrector
&, in Vy, it is enough to solve the linear system

M(p, H)U = B(p, 0, k)a
where M(p, 0, k) is the N x N-matrix given for all 1 < j;,jo < N by

M(p. O = (1= p) [ V0, D0, dy+p [ i, 05, ay

+ Z p cos(nb) / VU, - a,(y) VY, dy + Z psin(nf) / VY, - by (y) VY, dy,
Y

and the r. h. s. is the N-vector given for all 1 < j < N by

a
Blp,0.k); = —(1 —p)/V!Pj-Doek dy—p/ij- Oéy)ek dy
Y

— chos(n@ / VY; - a,(y)er dy + Zpsm nd) / VY; - by(y)er dy.
n=1 Y

n=1

In particular, provided we truncate the Fourier series expansion up to some order L € N,
a fast assembly procedure can be devised if the 2(L + 1) following matrices of order N and
2LEk(L + 1) following vectors of order N are stored:

(/VW - Do VY, )]1]2 (/V Vllszd) B

J1,J2

</ VY, - an(y)VY;, dy) </ VY, - b,(y) VY, dy) form e {1,..., L},
jl,Jz 1,7

J1,J2
(2.61)
and for € {1,...,d},

(/ VY; - Doeg dy) : (/ Vy; - ao(y)ek dy) :
Y j Y 2 j

</Yij.an(y)ek dy)j, (/YVLPj-bn(y)ek dy)j forn e {l,...,L}. (2.62)
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Note that the number of real numbers to be stored for the fast-assembly only depends
on L and N. In particular, if the reduced basis vectors ¥; are approximated in a finite-
dimensional subspace of H#(Y), this number is independent of the size of that subspace,
as desired.

In practice, once we are given the reduced basis {¥1, ..., ¥y}, the matrices (2.61) and
vectors (2.62) can be obtained by performing a fast Fourier transform of

(y)e(d) @ M(y)e(d)
| M(y)e(0)]

at each Gauss point y € Y to evaluate the values of a,(y) and b, (y).

0 — o|M(y)e(0)|1d + ﬁM

2.4.4 Numerical results

Let d = 2, Tyn,, Ty 7, be regular tessellations of Y of meshsize hi,hy > 0, and Vi Vo Py
be the subspaces of H;#(Y) made of P;-periodic finite elements associated with Ty, and
Ty 7, respectively. The diffusion matrix M € L*(Y, M%) is defined by

M(y) = K(y)Id + V" (),

where K is a standard checkerboard: for all y = (y1,v2) € Y,

4.94064, if {y; > 0.5, yo > 0.5} or {y1 < 0.5, yo < 0.5},

K =
(y1,92) { 0.57816, elsewhere,

and " = (... @) is the approximation of the correctors of (2.50). In the actual
computations, we take h; € {1/10,1/20,1/40} so that dim V§(7E1 ~ 100,400, 1600. In the
rest of this paragraph, we assume that the corrector equations are solved in Véh .+ S0 that
the reduced basis will be a subspace of Vi |~ as well.

For the reduced basis method we replace the compact space & = [0, 1] x [0, 27| by the
finite set {(p;,0;), (i,7) € {1,...,p} x{1,...,p—1}}, withp > 2, 6; = (j — 1)%, and
pi = (i— 1)]%. Let us denote by Z;, the diffusion matrix obtained by a truncation of the
Fourier series expansion of 2 at order L, and let D denote the homogenized coefficients

defined in (2.59) (where the correctors @(p, X) is in fact approximated in V}, , and with
X related to 6 through (2.60)), and let D} be defined by

e - Dy (p, 0)ey, = /Y(ek +V&i(p,0)) - Z1(p,0)(er, + Vi (p. 0)) dy.

We choose L such that

—x —

D" (pi,8;) — D (ps, ;)]

) 107°.
ivje{l 7777 p} |D (pl’ej)|
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Numerical tests show that L depends both on hy and on p, but not on h;. As can be
expected, the smaller hy, the finer the approximation ¢M of the correctors ¢ of the Darcy
equation, and therefore the more complex 2 (it should however stabilize as h; — 0). We
display the results of the numerical tests on L in Table 2.3.

hi|[1/10{1/20|1/40

p
11 41 | 61 | 61
21 41 | 61 | 61
41 49 | 95 | 175

Table 2.3. Dependence of L upon hy and p

hi|[1/10{1/20|1/40

p
11 21 | 25| 25
21 23 | 38 | 44
41 24 | 47 | 60

Table 2.4. Dependence of N upon h; and p

For all N < p?, we denote by Vy the RB space of dimension N. We then choose N such
that ,
sup (€7 (p,0))” < 107°,
1z

where &V is the estimator associated with 2, and the space Vy, when the equa-
tions are solved in V%ah - As expected, N depends both on h; and on p, but not on
hy € {1/10,1/20,1/40,1/80,1/160,1/320} (which is the desired scaling property). The
dimension N of the reduced basis in fonction of h; and on p is displayed in Table 2.4.

In order to check a posteriori the efficiency of the method (both in terms of L and N), we
have picked at random a set 2 of 100 pairs of parameters (p, ) € [0, 1] x [0, 27|, computed
the corresponding approximations ﬁ*(p, 0) of the homogenized coefficients in V%{,hl, and

compared them to the approximations EZ’N(p, 0) using the reduced basis method of order
N and a Fourier series expansion of & truncated at order L. The numerical tests show
that this error

—% —*7N
sup ‘D (p79_>_ DL (p7 9)|
7 1D (p, 0)]

does not depend on h; but depends again on h; and p. We've chosen p € {11,21,41} so
that the sample sets are included in one another, which ensures that the error due to the
RB method decreases as p increases, as can be checked on Table 2.5. Note also that the
error increases as h; — 0.

A last comment is as follows. For p = 41 and h; = 1/40, the error is not reduced much
with respect to p = 21. On Figure 2.10 the points chosen by the greedy algorithm are
plotted for p = 41 and h; = 1/40 (circles denote points for the corrector in the direction e,
and crosses denote points for the corrector in the direction e;). This figure shows that most
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of the information for the RB lies in the region p close to 1 and 6 in [0, 7] (this latter fact
is indeed a consequence of the identity Z(p,0) = Z(p, ™ — 0)). This motivates us to put
more points in this region rather than in the rest of &2, and allows us to focus on the right
region of the parameters. Taking for instance 5 x 168 points in the region [0.9, 1] x [0, 7] and
10 x 30 in [0, 1] x [0, 7], that is a total of 1140 points (to be compared to the 41 x 40 = 1640
uniformly chosen points in &), the reduced basis has dimension N = 68 for h; = 1/40,

L =177, and the error on the 100 random points of & is reduced to 4.1e — 05 (instead of

2.0e — 04).
» hi|l 1/10 | 1/20 | 1/40
11 1.2¢-04]9.0e-04]1.6¢-03
21 3.4¢-05|1.8¢-042.6¢-04
a1 7.4¢-06|3.5¢-052.0e-04

Table 2.5. Dependence of the RB error upon h; and p on a random sampling of 100 points

25r

15-

051

o}

+ + + 0 0

o 0o & +

o 4

I I I I I
0.5 0.55 0.6 0.65 0.7 0.75

Fig. 2.10. Points chosen by the greedy algorithm for p = 41 and h; = 1/40 (all the points chosen in [0, 1] x [0, 27]

lie in [0.5,1] x [0, 7]).

In conclusion, these tests widely confirm the efficiency of the method.

2.5 Perspectives

There are numerous perspectives related to the results of this chapter.

Quantitative stochastic homogenization theory

In the field of quantitative estimates in stochastic homogenization, an interesting problem is
to understand which type of correlations ensures the validity of the spectral gap estimate.

I I
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0.9

oo
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As in the discrete case, this is a necessary step to extend the quantitative analysis to
nonlinear problems, say to integral functionals with convex integrands.

A second direction is the extension to systems. This requires a proxy for the Cacciopoli
inequality which is crucially used in the proof of Theorem 9.

Concerning the estimate of the fluctuations obtained in Section 2.2, it is not yet clear
how to get rid off the restriction on the ellipticity ratio and obtain the optimal scalings
in the general case. In another direction, for small ellipticity ratio, the weak norm of the
fluctuation has the central limit theorem scaling, and it would be of interest to identify
whether the rescaled process converges to a Gaussian random variable.

In Section 2.2 we have estimated the quantitity [p, ((ue — (uc))?). In order to quan-
tify the convergence rate of u. to its homogenized limit oy, it remains to estimate the
term [, ((u-) — tnom)?. This would hopefully improve the results by Yurinskir [91] and by
Caffarelli-Souganidis [18] in the case of linear elliptic equations whose random diffusion
matrix has finite correlation length.

A completely different direction — which is of interest for applications — would not to
perturb the diffusion matrix but rather its law in general, and try to understand how to
quantify the related uncertainties.

About homogenization structures

In a series of works [69,70] Nguetseng has introduced so-called homogenization structures,
which are meant to be the largest class of structures which ensure homogenization. It
would be satisfying to be able to prove that the general method introduced in Section 2.3
to approximate homogenized coefficients is also consistent in the class of homogenization
structures.

Approximation of homogenized coefficients beyond the linear case

Numerous methods have been proposed in the litetature to perform “upscaling” or “numeri-
cal homogenization” of linear elliptic equations. These approaches can usually be combined
with the method of Section 2.3 to reduce the effect of boundary conditions.

When the elliptic equation is nonlinear, the (possibly expensive) approximation of a ho-
mogenized matrix is not enough, since the homogenized elliptic equation is also nonlinear
itself. Hence we cannot so easily rely on “precomputations”. This explains why these mul-
tiscale methods remain prohibitive in terms of computational cost for nonlinear problems.
In the case of integral functionals, it becomes reasonable to try to approximate the ho-
mogenized energy density. This raises quite interesting questions in approximation theory
and inverse problems: how to reconstruct a convex function from partial measurements,
etc. This approach will be used in the last section of this manuscript in the framework of
nonlinear elasticity — although its analysis is currently out of reach.






3

Homogenization of integral functionals

In this chapter we first recall standard facts on homogenization of multiple integrals, ad-
dressing both periodic and stochastic homogenization. We illustrate the role of the “homog-
enization structure” in the first section. The homogenization structure is the assumption
which ensures that the homogenized integrand does not depend on the space variable
(whence “homogenization”). Typical such assumptions are periodicity and stochastic sta-
tionarity. We address here a variant which mixes periodicity and stochastic stationarity.

The aim of this chapter is to go beyond the standard homogenization result and un-
derstand how important qualitative properties are inherited or not by the homogenized
integrand. This task is made difficult even in the periodic case because of the asymptotic
character of the homogenization formula (see (3.4)). A possibility to get around this dif-
ficulty would be to derive a more tractable homogenization formula. In the periodic case,
a natural candidate is the quasiconvex envelope of the cell formula. Unfortunetaly, we
provide a counter-example which shows that the quasiconvex envelope of the cell formula
does not coincide in general with the homogenization formula. Hence it seems difficult to
by-pass the asymptotic character of the homogenization formula.

A natural approach to obtain qualitative properties on a nonlinear problem is to lin-
earize around an equilibrium. We consider integrands which model standard hyperelastic
materials (frame-invariant, minimal at identity, and which admits a Taylor expansion at
identity). We prove that homogenization and linearization commute at identity in this
class in general — whatever the structure ensuring homogenization. This yields informa-
tion on the Taylor expansion of the homogenized integrand at identity. The key ingredient
which allows to have a uniform control in the asymptotic homogenization formula is the
celebrated quantitative rigidity estimate.

Other qualitative properties are however truly nonlinear. This is the case of strong
ellipticity. Strong ellipticity is a property which guarantees that minimizers are isolated
(and thus stable), and which allows to obtain short time existence theory in elastodynamics.
In the periodic case, a complete theory was developed in the 90’s using Bloch waves. This
has allowed to identify conditions which ensure either that the homogenized integrand
remains strongly elliptic or loses strong ellipticity. We generalize this approach to a more
general homogenization structure: the stochastic stationary case.
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3.1 Well-known facts

In this section, we recall classical results of periodic and stochastic homogenization of
multiple integrals. For general results, we refer the reader to the monographies [15] and [44].
A suitable notion to study homogenization of integral functionals is I'-convergence.

Definition 8 Let U be a metric space. We say that I : U — [—o0, +00| is the I'-limit of a
sequence Iy, : U — [—o0, +00], or that 1), I'-converges to I, if for every u € U the following
conditions are satisfied:

i) Liminf inequality: for every sequence uy in U such that u, — u,

I(u) < liminf Iy (uyg);

k—+o00

i1) Recovery sequence: there ezists a sequence uy in U such that up, — u and

k—+o00

This definition is compatible with minimization problems due to the following result.

Lemma 3.1. Let U be a metric space, let I}, be a sequence of equi-mildly coercive functions
onU (i. e. there exists a compact set K such that infy I, = infx I, for all k € N), and let
I =1 —limy I},; then

dmin/ = lim inf .
u k—+oo U

Moreover, if uy is a converging sequence such that limy, Iy (uy) = limy infy, Iy, then its limit
1s a minimum point for I.

Let d,n > 1 be dimensions, and D be a bounded Lispchitz domain of R?. We focus on
I’-convergence for periodic and stochastic homogenization of integral functionals on the
normed space LP(D,R™), p € (1, +00).

We start with the definition of integral functionals, and more specifically with the defi-
nition of admissible integrands.

Definition 9 A function W : R x M%®>" — R is a Carathéodory function if for every
A e MP W (- A) is measurable and if for almost all x € R, W (x,-) is continuous.

A Carathéodory function on R? x M®*" is equivalent to a Borel function on R% x M®*",

so that for every u € WH(D,R"), the function z — W (x, Vu(z)) is measurable on D.
Let C > 0 and 1 < p < 400. We say that a Carathéodory function W satisfies a

standard growth condition of order p on D if for all A € M%*™ and almost all x € D,

é|/1|p—c < W(z,A) < C(1+|AP). (3.1)

Let Q = (0,1)% The periodicity assumption is as follows.
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Hypothesis 1 The function W : REx M®P™ — [0, +00) is a Carathéodory function, which
is Q-periodic in the first variable, and satisfies a standard growth condition.

Under Hypothesis 1, we consider for any ¢ > 0 the integral functional I, : LP(D,R™) —
[0, +00] defined by

/W(g,Vu(x))da: if we Wl (D,RY,
L(u):={""

+00 otherwise.

Note that if for almost every y € Q, W(y,-) is a quasiconvex function on M**"  then the
functional I. is lower-semicontinuous for the weak convergence in W1?(D,R"). Before we
go further, let us recall that a function f : M*" — [0, 4+00) is rank-one convex if it is
convex along rank-one connections (i. e. the function ¢ +— W (A + ta ® b) is convex for all
A€ M and a € RY b € R"), it is quasiconvex if for all A € Mx"

f(A) = inf{]éf(A+vu(x))dx Cu € W(}’OO(A)},

and f is polyconvex if there exists a convex function f such that f(A) = f(my(A), ..., mg(A))
where my(A), ..., my(A) are the minors of the matrix A. We have the series of implications:

convex ~—>  polyconvex = quasiconvex —>  rank-one convex. (3.2)

Given a function f : M®*™ — [0, +00), its rank-one convex (resp. quasiconvex, polyconvex,
convex) envelope Rf (resp. Qf, Pf, Cf) is the largest rank-one convex (resp. quasiconvex,
polyconvex, convex) function lower or equal to f.

We now define two quantities related to the homogenization of W.

Definition 10 We call cell integrand related to W the function Wegy : MP™ — [0, +00)
defined by

Ween(A) = inf{ ]é Wy, A+ Vo(y))dy : ¢ € W;p(Q,]R")}. (3.3)

We call homogenized integrand related to W the function Wyom : M¥™ — [0, +00) defined
by

Whom(/l) = ]\ll_r)noo |QN|

inf{/ Wy, A+ Vo(y))dy : ¢ € W;”(QN,R")}, (3.4)

where for all N € N, Qny = (0, N)<.

The periodic homogenization theorem is as follows:
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Theorem 18 [13, 64] Assume that W satisfies Hypothesis 1. Then the asymptotic for-
mula (3.4) is well-defined, the homogenized integrand Whyom 1S a quasiconvex function

satisfying (3.1), and for any e \, 07 the sequence I., I'-converges to the functional
Lvom : LP(D,R™) — [0, +00] defined by

/Whom(W(ff))dx if we W' (DR,
D
[hom(u) =

400 otherwise.

In addition, if W (y,-) is convex for a.e. y € Q, then Wyom is convezr and coincides with
the cell integrand Ween related to W.

We turn to stochastic homogenization, and start with some definitions. Let (£2, F,P)
be a probability space. We shall say that the family of mappings (7,).,cpe from 2 to (2 is
a strongly continuous measure-preserving ergodic translation group if:

e (7.).cpre has the group property: 7o = Id (the identity mapping), and for all ,y € R?

Toty = Ty O Ty;

o (7.),cpa preserves the measure: for all z € RY, and every measurable set F' € F, 7. F is

measurable and P(7,F) = P(F);

e (7.).cre is strongly continuous: for any measurable function f on (2, the function

(w, 2) = f(T.w) defined on 2 x R? is measurable (with the Lebesgue measure on R?);
o (7.).cge is ergodic: for all F' € F, if for all 2 € RY 7,F C F, then P(F) € {0,1}.

The assumptions on W in the stochastic case are as follows:

Hypothesis 2 Let (£2, F,P) be a probability space, let (7.),cre be a strongly continuous
measure-preserving ergodic translation group, and let C' > 0 and 1 < p < 400. The function
W R x MP™ x 2 — [0, +00) is such that:

e for almost every y € R? and for all A € MP™, W (z, A,-) is measurable,
o forP-almostw € 2, W(-,-,w) is a Carathéodory function satisfying the standard growth
condition (3.1).

The function W is stationary for (7.),cga: for P-almost every w € §2, almost every x € R¢,
every A € M and every z € R?

Wz +z,Aw) = Wz, A, Tw). (3.5)
Under Hypothesis 2, we consider for any € > 0 the random integral functional I. :
LP(D,R™) x £2 — [0, +o0] defined by
/ W(z,Vu(:c),w)dx if weW'?(D,R"),
D €
I (u,w) ==
400 otherwise.

We may define a homogenized integrand:
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Definition 11 We call homogenized integrand related to W the function Wyom : MP™ —
0, +00) defined by

Wian) = { im0

inf{/Q Wy, A+ Vo(y),w)dy : ¢ € Wol’p(QR,Rd)}> , (3.6)

where for all R >0, Qr = (0, R)¢, and (-) denotes the expectation.
The stochastic homogenization theorem is as follows:

Theorem 19 [26,61] Assume that W satisfies Hypothesis 2. Then the asymptotic formula
(3.6) is well-defined, the homogenized integrand Whom is a quasiconvex function satisfying

(3.1), and for any e \, 07 the sequence I, (-,w) I'-converges for P-almost every w € (2
to the functional Iyom @ LP(D,R™) — [0,400] defined by

[ Wam(Vuta))de i e WD)
D
]hom(u) =

+00 otherwise.

In addition, if W (y,-) is convex for a.e. y € Q, then Wy is conver.

The proof of this result heavily relies on the subadditive ergodic theorem, which allows
to by-pass the existence of correctors (and therefore to deal with nonconvex problems).

Remark 4 We may consider a group parametrized by Z¢ in place of R, Let (2, F,P) be
a probability space. We shall say that the family of mappings (7.),cza from §2 to (2 is a
measure-preserving ergodic translation group if:

o (7.).cza has the group property: 7o = Id (the identity mapping), and for all x,y € 7,
Tty = To O Ty;

o (7.),eza preserves the measure: for all z € 79, and every measurable set F € F, 7,F is
measurable and P(1,F) = P(F);

o (7.).cza is ergodic: for all F € F, if for all z € Z, 7,F C F, then P(F) € {0, 1}.

We define stationarity by restricting the identity (3.5) to all z € Z%: a measurable function
f R x 2 is stationary if for P-almost every w € §2, almost every x € R%, and every
z €7

flz+z,w) = f(z,Tw). (3.7)

The homogenization result of Theorem 19 holds as well in this case.

3.2 Playing with homogenization structures [Glo08]

In this section, we prove a result corresponding to Theorems 18 and 19 when the integrand
is neither periodic nor stationary, but mixes both notions. This extends results by Blanc,
Le Bris, and Lions [11] to the case of integral functionals.



82 3 Homogenization of integral functionals
3.2.1 Mixing periodicity and stationarity

The idea of Blanc, Le Bris, and Lions is to deform a periodic structure by a stationary
stochastic diffeomorphism defined as follows.

Definition 12 Let (2, F,P) be a probability space, and let (7,),cza from §2 to {2 be a
(discrete) measure-preserving ergodic translation group. An application ® : R? x 2 — R?,
which is continuous in the first variable and measurable in the second variable, is said to
be a stationary stochastic diffeomorphism if

e for P-almost all w, ®(-,w) is a diffeormorphism from R onto itself,
o V& is stationary in the sense of (3.7),

if its Jacobian is uniformly bounded from below

essinf det(VO(z,w)) > v >0 (3.8)
we N, xeR?

and if its gradient is uniformly bounded from above

esssup  |VO(z,w)| <M < 0. (3.9)
we 2, reR?

Given an integrand W satisfying Hypothesis 1 or Hypothesis 2 (with however a
discrete ergodic group as in Remark 4), we consider the new integrand (z, A ,w)
W (&' (x,w), A,w) (in the periodic case there is of course no stochastic dependence besides
the change of variables). Under these assumptions, we consider for any ¢ > 0 the random
integral functional I, : LP(D,R™) x 2 — [0, +0o0] defined by

W(@_l(z,w)Vu(x),w)dx if weWh(D,R"Y),
€
I (u,w) = (3.10)

+00 otherwise.

Note that since @ is not assumed to be stationary, #! is not stationary either, so this case
does not enter the assumptions of Theorem 19.
We may define a homogenized integrand:

Definition 13 We call homogenized integrand related to W and @ the function Wyon, :
M — 10, +00) defined by

Whom(A) = { lim inf W (D My, ), A+ Vv, )dy,v € WP (Qn,R?)
N—oo |Qn] On

. 1 . B
- <J&1_r)noo 1Oy inf { / W (y, (VO(y,-)) (A+ Vv),-) det (VO(y,-))dy,

N

ve Wol’p(QN,Rd)}>det (</Q V(z, -)dz>)_l,

(3.11)

where (-) denotes the expectation.
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The homogenization result is as follows:

Theorem 20 Let @ be a stationary stochastic diffeomorphism, and let W satisfy Hypoth-
esis 1 or Hypothesis 2 (with a discrete ergodic group as in Remark /) for some C' > 0
and 1 < p < 4o00. Then the asymptotic formula (3.11) is well-defined, the homogenized
integrand Whem s a quasiconvex function satisfying (3.1), and for any e, N\, 01 the se-
quence I, (-,w) defined in (3.13) I'-converges for P-almost every w € 2 to the functional
Lom : LP(D,R™) — [0, +00] defined by

/Whom(VU(fﬁ))dx if uweWlr(D,R),
D
[hom(u) =

400 otherwise.

For x — @(z,-) = x, we recover the classical result by Braides [13] and by Miiller [64]
in the periodic case, and the result by Dal Maso and Modica [26] and by Messaoudi and
Michaille |61] in the stationary stochastic case.

3.2.2 Sketch of proof

The key observation (and in fact the key motivation for the deformation through @—!
and not @) is the following change of variable: # ~ y = ¢&~'(%,w). This yields for all
u e WhP(D),

I(u,w) :/ %% (@‘1 (g,w) ,Vu(:z),w) dx

-1 (3.12)
:/;1(117 )W(?J/& (VO (y/e,w))” Vii(y),w) det (VO (y/e, w)) dy,

1
where 7 : ¢! (ED,w) — Ry — u(ed(y/e,w)).

What we’ve gained in this formulation is that the integrand is now stationary (provided
we forget that @ depends on w as well). Hence, for any bounded Lipschitz domain A, the
functional F4: LP(A) x 2 — [0, +00] defined by

/AW (y/e, (Vo (y/ze,cu))_1 Vv(y),w) det (V@ (y/e,w))dy, if ve WP(AR"),
FAv,w) =

€

+00 otherwise.
(3.13)

satisfies Hypothesis 2 (for a discrete translation group), and can therefore be homogenized.

It remains to prove that the I'-convergence of F* implies the I'-convergence of I.. Let
us proceed formally. By Theorem 2 there exists some integrand W* : M¥*" — [0, +00)
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such that for every bounded Lipschitz domain A, the sequence F I'-converges P-almost
surely to F : LP(A) — [0, +oc] defined by

/W*(l’)dl’, if veW'r(AR"),
FA() ={ "4

*

400 otherwise.

The argument relies on two further observations:

e for all € > 0 and P-almost every w € {2,
1
ueWiP(ARY) — aeW,? (qﬁ‘l (EA’W) ,R”) :

e there exists an invertible matrix L € M? such that for all z € R% and for P-almost

every w € {2,
limed !(z/e) = L a.
e—0

In addition, this convergence holds locally uniformly.

The combination of both observations yields after some work that for any e, \, 0" and any
sequence ug : D — R™ which converges to some w in LP(D,RR"™), for P-almost every w € (2
the sequence Ty, : e,@ (D /ep,w) — R, 2 — up(e,P(x/ex,w)) converges to U = u o L
in LP(A) for all A strictly contained in L™'(D). Likewise, for P-almost every w € {2,
ex® (D /eg,w) — L7Y(D) (in the sense of that the associated characteristic functions
converge in L'(A)).

We may now try to pass formally to the ['-limit in the r. h. s. of (3.13): the domain
of integration converges to L™!(D), whereas the integrand converges to W*(V(u o L)), so
that

Lhom(u) = / W*(LVu(Ly))dy.
L=Y(D)
The change of variables y ~» x = Ly then yields
Thom (1) = / det(L™HYW*(Vu(z))dx.
D

This formally proves that Wy, = det(L™1)W*.

The last ingredient to turn this into a rigorous argument is the extensive use of the
growth condition. As one may guess, the linear map L is simply given by

L= </Q v¢(z,-)dz>.
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3.3 On the asymptotic periodic homogenization formula [BG]

In this section we come back to the periodic case. We first recall the two-dimensional
example by Miiller [64] which shows that in general, for nonconvex integrands, there may
exist A € M? such that

Whom(A) < Ween(A).
As we shall show, the integrand W, of Miiller’s example is not a quasiconvex function, so

that it cannot coincide with Wi.,. A natural question is whether quasiconvexifying W
yields Whyom. This question

e makes sense because Wy, is a quasiconvex function lower or equal to Wi (so that it
could indeed be its quasiconvex envelope),

e is of interest because it is technically much easier to deal with a quasiconvexification
than with an asymptotic formula.

Miiller’s argument does not allow to decide whether the quasiconvex envelope OW, . of
Ween coincides with Wi, or not. We then provide with an example for which we are able
to prove that for some A € M?

Whom(A> < QWcoll (A> .

3.3.1 Miiller’s counter-example

The energy under consideration W7 : R? x M? — [0, +00), (x, A) +— x"(x)Wy(A) models a
two-dimensional laminate composite, made of a strong material and a soft material. The
coefficient " is the Q-periodic extension on R? of

1 it e(0,1/2)
X!() = {n ito € [1/2,1)

where Q > z = (x1,73) and n > 0. The energy density Wy : M? — [0, +00) is given by
Wo(A) = [A]* + f(det A) where

2
81+9)] g1 ta)—4 if2>0
f=) = 8(?13)2 8(1 + a)?
—— —8(+a)—d- =z if2<0
a

for some a € (0,1).
In particular, W"(x,-) is a polyconvex function satisfying a standard growth condi-
tion (3.1) of order p = 4. Tts zero level-set (W"(x,-))~" is SOy for almost every z € Q.

We denote by W, and W) the cell integrand and the homogenized integrand associ-
ated with W" through (3.3) and (3.4), respectively.

Using the one-well rigidity (Liouville theorem) on the unitary cell ) and using ‘buckling-
like’ test-functions on several periodic cells (see Figure 3.3.1), Miiller obtained the following
result.
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Fig. 3.1. Compression of one periodic cell and buckling of several periodic cells

Lemma 3.2. [64] For all A € (0,1), there exist c1,co > 0 independent of n, such that

Wl?om(/l) < e, Wclll(/l) 2 C, (3'14>
where A = diag(1, \), hence proving that the strict inequality W', (A) > W, (A) holds

provided n 18 small enough.

One may now refine Lemma 3.2. Indeed we have proved that W), is not even a rank-
one convex function (so that, by (3.2) and the fact that Wy, is polyconvex, Weey cannot

coincide with Wiy ):

Lemma 3.3. For all X € (0, 1), there exists ¢ > 0 independent of n such that
RWI,(A) < en, (3.15)

where A = diag(1, \).

The proof of this lemma consists in the explicit construction of an upper bound for

RWCle(A) :

In view of Lemma 3.3, Lemma 3.2 does not allow to conclude whether the inequality
QW (A) > Wy (A) is strict or not. This is rather surprising since this example shows
that buckling can be captured by rank-one convexification of the cell-formula (for which
there is no buckling). In dimension d > 3, rank-one convexification is not enough, but
quasiconvexification is. Hence it is not clear whether microscopic relaxation (such as the

buckling) can be recovered by macroscopic relaxation (quasiconvexification of Weey).

3.3.2 A counter-example from solid-solid phase transformations

The aim of this subsection is to exhibit an example with d = n = 2 for which one can
prove that QWei(A) > Wyom(A) for some A € M2
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The strategy is as follows: we wish to construct an example such that two-well rigidity
implies that W, is bounded from below by a strictly positive constant, whereas Wion
vanishes for some A € M?2.

The construction is a little technical, and we need the following ingredients:

e Matrices in M?
Ay = diag(1,1), Ay := diag(4,3), B; := diag(1,3), By := diag(4,1),

1. 1 11
C = édlag(5,4), R = 7 <_1 1) .

e Compact sets in M?

Kl = SOzAl U SOQAQ, K2 = SOQBl U SOQBQ,
Hl = KlR, H2 = (KZR)pCa

where (K5R)P denotes the polyconvex hull of the set KyR (that is the intersection of
the zero-levelsets f~1(0) of all the non-negative polyconvex functions f : M? — [0, +-00)
vanishing on Ky R).

e Subsets of R?

Thi={zeQ : xa>m+1}, Th:={xeQ : xg>—x + 1},
Ty={reQ @ »n<-xn—-1}Ty={r€qQ : zg <z —1},
U =, T, Uy:=Q\Uy.

Fig. 3.2. Geometry.

The example is as follows:
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Theorem 21 Let WY W? : M? — [0,+00) be two quasiconvex functions satisfying a
standard growth condition (3.1) and such that

(WH=H0) = H, and (W?)7*(0) = H,. (3.16)
Consider the energy density W : R? x M? — [0, +00) defined by
W (z, A) = x(z)WH(A) + (1 = x(2))W*(4),

where x is defined by x = Xy, in Q and extended by periodicity to the whole R*. The
following properties hold:

1) the cell integrand Wee related to W is bounded from below by a constant ¢ > 0;

2) the matriz C'R belongs to the zero level set of the homogenized integrand Whe, related
to W.

Therefore QWeen(CR) > ¢ > 0 = Whom(CR).
The proof of this theorem uses the following facts:

i) The compact set K is polyconvex and rigid, i.e., if U C R? is an open connected set
and v : U — R? is a Lipschitz function such that

Vi(z) € Ky for L?-a.e. v € U,

then 1 is affine. We refer to |84, Theorem 2| and |65, Theorem 4.11] for the proofs. Since
R is a rotation, the same properties hold for H;.
ii) Hy N Hy = 0, because
Hy C{Ae M* : detAe (3,4}

and det A € {1,12} if A € H;. This inclusion is a consequence of the definition of
polyconvexity: the set {det A : A € Hy} is included in the convex hull of {det A : A €
KyR}.

iii) A; is rank-one connected to By and By, and As to By and By also. More precisely, if we
denote by {e;, e;} the canonical basis in R?,

Al — Bl = —262 X ey
Al - BQ = —361 X ey
A2 — Bl = 361 X ey
A2 — BQ = 262 X es.

The proof that W is bounded from below is as follows. First we note that Wee is
a continuous function which satisfies a standard growth condition, so that it is infinite
at infinity and therefore attains its minimum on M?2. We then assume that there exists
A € M? such that We(A) = 0, and let ¢ € W;ép(Q) be a minimizer for (3.3). By
exploiting the rigidity of Hy, we learn that V¢ + A € H; is constant on each triangle T;.
By @Q-periodicity these constant must coincide. We denote by D € H; this matrix. To
conclude, we observe that @+ (A — D)z + ¢(x) € Wy (Us) so that by quasiconvexity,
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Fig. 3.3. The values of CR+ V¢ in R™'(—1/v/2,1/4/2)%. On the left the axis are oriented in the directions R™*e;
and R 'e,.

[U2|Wa(D) < | Wa(D + (A= D)+ Ve(z))dr < [QWeen(4) = 0.
Uz
Hence, D € H; N H, = () and we obtain a contradiction.

For the second claim of the theorem, it is enough to prove that Wy(C'R) = 0, where
Wy : M? — [0, 00) is defined by

A= W (A) = inf{ W(x, A+ Vu(z))dx : v e W;&’p(QQ,R%} ,
Q2
since by the asymptotic formula (3.4) and non-negativity of W, 0 < Wyom < Ws. To this

aim, one needs to construct some ¢ € W;’p (@2, R?) such that

W(x,CR+ V¢(x))dr = 0.
Q2

Such a construction is illustrated on Figure 3.3.
Compared to Miiller’s example, the periodicity constraint is not lost in the x;-direction.
In particular the @Q-periodicity constraint combined with the geometry implies that the

four values in T}, 75, Ts, Ty coincide. This is no longer the case for (o-periodic functions
(as can be seen on Figure 3.3).

Remark 5 In the case of periodic homogenization of discrete systems, Meunier, Pantz and
Raoult [62] have given a nontrivial example for which Wyey, = QW1 £ W1,

3.4 Linearization of the asymptotic homogenization formula at
identity |[GN]

In this section we address the question of the commutativity of homogenization and lin-
earization. Their commutativity would indeed drastically simplify the linearization of the
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homogenized integrand, since it would coincide with the homogenization of the “linearized”
integrand (which is a quadratic integrand). The difficulty comes again from the asymptotic
homogenization formula. In the case of a periodic integrand, if we linearize first and then
homogenize, the cell formula is enough. On the contrary, if we homogenize first, we need
to linearize an asymptotic formula. The key ingredient to prove the commutativity is the
quantitative rigidity estimate [37].

Let p > 2. We consider a sequence of integral functionals I, : LP(D) — [0, +o0c] defined
by

/Wek(x,Vu(x))dx if uweW'”(D,R"),
L D

I, (u) = (3.17)

+00 otherwise.

where W, : D x M? — [0, +00] is a Borel function. As it is common in finite elasticity, we
assume that W, is frame indifferent and minimal at identity. Moreover, we assume that
We, is non-degenerate and admits a quadratic expansion at identity with quadratic term
(), ; as a consequence, in situations when the deformation is close to a rigid-body motion,
say when |Vu —Id| ~ h < 1, we can accurately describe the functional I, (after scaling
by h?) by the quadratic functional E., : L*(D) — [0, +00] defined by

/ Q-, (:L",Vg(z))dx if g(x):=h"(u(r)—2), andue€ HY(D,R"),
E. (u):={""

+00 otherwise.

(3.18)
Since Q., (-, A) genuinely only depends on the symmetric part of the strain gradient A,
the energy FE., corresponds to linear elasticity. On the other hand, if 1., has some specific
structure in space rescaled by &5 (think of periodicity for instance), we may expect a
homogenization property to hold as e; vanishes, which justifies to replace the nonlinear
oscillating-in-space energy density (x,A) — W, (x,A) by a nonlinear homogeneous-in-
space energy density A — Wiom(A) (or more generally by an energy density (z, A) —
W*(x, A) whose oscillations in x are independent of £).

The case when W;, is e;@Q-periodic has been successfully treated by Miiller and
Neukamm in [66]. In this section, we extend the commutation result to the general “com-
pact” case, and give an application of this result to the problem of the determination of
the I'-closure.

3.4.1 Commutation of linearization and homogenization

We say that p is a modulus approximation if it is an increasing function from R to [0, +o0]
such that limj,_,op(h) = 0. We first precisely define the class of nonlinear integrands we
shall consider.
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Definition 14 For all o > 0 and every modulus of approximation p, we denote by W,,,
the set of Borel functions W : M4 — [0, +oc] which satisfy the following three properties:

W is frame indifferent, i.e. (W1)
W(RA) =W (A)  forallAc M? Re SOy
W is non degenerate, i.e. (W2)
W(A) > édistQ(A, SOy) for all A € M,
W is minimal at Id and admits the following quadratic expansion at Id: (W3)
[W(1d+G) — Q(G)]

5 < p(9) for all 6 >0,
0<|G|<6 |G|

where Q : M? — [0,00) is a quadratic form satisfying
0<Q(G) < alGJ? for all G € M,

For all 1 < p < +o0, we further denote by WY | the subset of the integrands of W, , which
satisfy in addition a standard growth condition (3.1). This set is not empty provided p > 2.

In the following two remarks we make important observations on the link between the
assumptions on the nonlinear integrands and linear elasticity.

Remark 3.4. The energy densities of class W, , describe elastic materials with a single,
quadratic energy well at SO,4. The minimality condition in (W3) implies that the reference
state A = Id is stress free. The combination of (W2) and (W3) might be interpreted as
a generalization of Hooke’s law to geometrically nonlinear material laws: for infinitesimal
small strains we expect a linear stress-strain relation. Indeed, in view of condition (W3)
the material law is sufficiently smooth to allow a linearization around the reference state.

Remark 3.5. Let W € W, , and let () denote the quadratic form associated with W through
(W3). Because of (W1) — (W3) the quadratic form @) generically satisfies conditions that
are common in linear elasticity; namely, the growth and ellipticity condition

VG e M?: LlsymG)? < Q(G) < |G (Q1)
for some positive constant o’ that only depends on «, and
VG € M Q(skw@) = 0, (Q2)

where G = symG + skwG is the decomposition of G into its symmetric 1/2(G + GT) and
skew symmetric 1/2(G — GT) parts. The property (Q2) follows from a Taylor expansion
of W at identity using (W3) and the fact that W (A) depends only on ATA by (W1). The
non-degeneracy condition (Q1) on the quadratic form is inherited from the non-degeneracy
condition (W2).

We may now define a class of linearized integrands:

Definition 15 We denote by Qu the set of non-negative quadratic forms @ : M — R*
satisfying (Q1) and (Q2).
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We denote by WE (D x M?) and Q,(D x M?) the sets of Carathéodory integrands
such that for almost every x € D, W(x,-) € WE  and Q(z,-) € Qa, respectively. Given
a sequence {W,, } of integrands in W1 (D x Md), we COHSlder the sequence of inte-
gral functionals I., : L?(D) — [0,+00] deﬁned by (3.17), and the associated sequence
E., : L*(D) — [0,400] of linearized functionals defined by (3.18). Likewise, for any
Carathéodory integrand W*, we consider the integral functional I* : LP(D) — [0, 4+o0]

defined by
/ W*(z, Vu(z))dz if uwe W (D,R"),
IF(u) =3 " (3.19)

+00 otherwise.

If in addition W* admits a quadratic expansion Q* € Q,(D x M%), we consider the
linearized functional E* : L?(D) — [0, +o0c] defined by

/Q*(:c, Vo(e))dr if g(x) = h~'(u(z) —2), andue H(D,R"),
E(u):=4{""

+00 otherwise.

(3.20)
The commutation result is then as follows:

Theorem 3.6. Let 2 < p < 400, {W,, }x be a sequence of integrands in WE (D x M),
and W* be a Carathéodory integrand. Assume that the sequence 1., defined in (3. 17) I'-
converges in LP(D) to I* defined in (3.19). Then there exist positive constants o/, ", a
modulus of approzimation p' (all only depending on o and p), and Q* € Qun(D X ./\/ld)
such that the following properties hold:

(a) W* e WE (D x M?) and the expansion
W*(2,1d+G) = Q*(x,G) + o(|G[*)

holds for almost every x € D and for all G € MY;
(b) the sequence E., defined in (3.18) I'-converges in L*(D) to E* defined in (3.20);
(c) the following diagram commutes

)
gh,&‘k — Ez’;‘k

(2)l l(i’»)

G, —— B
()

where Gy, -, and Gi denote the functionals from H}(D) to [0, +oc] defined as

-
— 1" (p1a + hg);

1 .
—1-(p1a + hg), Gr(g) = 72

gh,E (g) = h2
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and (1),(4), and (2),(3) mean I'-convergence in H} (D) with respect to the strong topol-
ogy of L*(D) as h — 0 and g, — 0, respectively. Moreover, the families (I.) and (E.)
are equi-coercive w. 1. t. weak convergence in H} (D).

Note that the assumptions of this theorem are not restrictive in terms of I'-convergence,
since any sequence I., I'-converges to some integral functional I* up to extraction (by “I'-
compactness”).

The proof of Theorem 3.6 mainly relies on an expansion result around Id for the function

ML A Wp(A) := lim { inf I (¢a+0) } (where p4(z) = Ax).
k—oo | veH} (D)

In particular, we have proved under the assumptions and notation of Theorem 3.6 that

(Wp(Id+G) — vegllfw) E*(pa + )|

G2

< [DI(IGI) (3.21)

for all G € M. The rest of the proof is standard and makes use of the characterization of
integral functionals by their minima [25|. The core of the work is the proof of (3.21). Let
us first proceed formally and fix G € M? We assume that there exists a doubly indexed
sequence v, » which is bounded in W1 (D) and satisfies for all £, and h:

I, (¢ra+nc + hve p) =  inf I, (@ra4na + v).
vEH(D)

We then make a Taylor expansion of the I. h. s.:

L, (pra4na + hve, ) = B2E. (06 + ven) + o(h?)
>h* inf  E. (pc+v)+o(h?)
veHY(D)

where the remainder o(h?) is uniform in g;. Passing to the limit &, — 0, and using the
convergence of infimum problems together with the I'-compactness of quadratic integral
functionals, this yields

Wp(Id+hG) > h* inf E*(pg +v) + o(h?).

vEH(D)
Conversely, let assume there exists a doubly indexed sequence u,, , which is bounded in
Whoo(D) and satisfies for all €, and h:

Eak(‘»OG + uakvh) - eg%f(D) E€k(90G + 'U)'
vty

We then have by definition of w,, , and v., 5, and by a Taylor expansion,

I (o1 +ne + hve,n) < I, (Y1d +ne + hue, n)
= W’E. (pc + ue, ) + o(h?)

=h* inf E. (pg+v)+o(h?).
vEH (D)



94 3 Homogenization of integral functionals

Taking the limit as €, — 0 then yields

Wp(Id+hG) < h* inf E*(pg+v) + o(h?).

veH} (D)

The combination of the two estimates shows that W admits the desired Taylor expansion
at /A = Id. To turn this into a rigorous argument we need to show that the remainders are
uniform in ¢, although the sequence v,, 5 is not bounded in W*(D). The proof makes
use of three arguments:

e the non-degeneracy of W, combined with the rigidity estimate of [37] gives a uniform
control of v, , in Hy(D);
Meyers’ estimates imply that u., j is uniformly bounded in W4(D) for some g > 2;
one may replace u., 5, by a Lipschitz function by a truncation argument of [37], and
quantitatively control the error on the integral functional using Meyers’ estimates.

3.4.2 Locality of the I'-closure at identity

The problem of I'-closure consists in characterizing all the energy densities which can be
reached by I'-convergence starting from a composite made of a finite number of constituents
with prescribed volume fraction. In particular, the I'-closure is said to be local in some
class of integrands if and only if any such “homogenized” energy density is the pointwise
limit of a sequence of homogenized energy densities obtained by periodic homogenization.
In the linear case, this property has been proved independently by Tartar in [85] and Lurie
and Cherkaev in [56]. The corresponding locality property of the G-closure for monotone
operators is due to Raitums in [78] (generalizing an unpublished work by Dal Maso and
Kohn). Related results of locality of the I'-closure in the class of convex integrands can
be found in [2]. Yet, the local character of the I'-closure is an open question in the class
of quasiconvex nonconvex integrands satisfying standard growth conditions. We focus here
on a smaller class. In particular, we consider energy densities which are frame indifferent,
non-degenerate, minimal at identity, admit a quadratic Taylor expansion at identity, and
satisfy standard growth conditions. Then, we show that for any F' — W*(F') in the I'-
closure of this set, there exists a sequence of periodic energy densities whose homogenized
energy densities have quadratic Taylor expansions arbitrary close to the Taylor expansion
of W* at identity. This can be seen as a weak version of the local character of the I'-closure
in this set at identity. Although quite restricted, this is the first such result for quasiconvex
nonconvex energy densities.

The notion of locality of the I'-closure at identity is made precise in the following three
definitions.

Definition 16 Let 1 < p < oo, {Wilieqn,.kp € WE, and 0 € [0,1]F be such that

Zle 0; = 1. We define the set of periodic homogenized energy densities associated with
{Wi,0:}ieqr,.. ) as
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Py, = {(Wx)hom c M?* = [0, 400) : Iy € L=(R% {0,1}%) such that

X 15 Q-periodic with / x:idy = 0;
Q

k
and (Wy )hom is associated with W : (y, A) — Z W;(A)xi(y) through (3.4)},

i=1

and its closure for the pointwise convergence by

Gy = {W* - M- 0, +00) : there exists a sequence {(W,i)hom }ien of Po
such that (Wi )pom — W7 pomtwise}.

K €WE ,, and 8 € [0, 1% such that Ele 0, = 1.

.....

.....

at identity as
Pyt = {W* M= R IWy hom € Po

such that [W*(Id+G) — (Wy)hom(Id +G)| = 0(\G|2)},

and its closure:

Gyl = {W* : M? = R : there exists a sequence { (W) hom Hien of Po

such that |W*(1d +G) — Jim (W )hom(Id+G)| = o(|G]?) } :

.....

{Witieq,..ky is local at identity if and only if for every sequence X' hen of L°(D,{0,1}F)
with >>F Xt =1 and such that

e there exists 0 € L*°(D,[0,1]¥) such that X' converges weakly-* to 0 in L>=(D, [0, 1]%),
e the functional I,i : LP(D) — [0, 4+00] defined by

l

[Xz(u) =

Definition 18 Let 2 < p < oo, {Witic,..iy € WE . We say that the I'-closure of

Z W(Vu(x))xﬁ.(g:)dx if uwe Wb (D,R"Y),

i=1k

+00 otherwise.

I'-converges to the functional I* : LP(D) — [0,400] defined by (3.19),
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one has

for almost every x € D.

The above definition is a weakened version of the standard definition of the locality of the
I'-closure, which we have obtained by restricting the property of approximation by periodic
homogenized energy densities to a neighborhood of identity via a Taylor expansion. We
have:

Theorem 3.7. Let2 < p < oo and {Witicq1,.ky € WS ,, then the I'-closure of {Wi}ic(1,.. ky
15 local at identity.

The proof of this result relies on the combination of the following three arguments:

e By an argument by Babadjian and Barchiesi [2] it is enough to prove the result in the
homogeneous case (that is when W* does not depend on the space variable);

e Theorem 3.6 ensures that W,, and W* admit quadratic expansions with a quantitative
control of the error which is uniform in eg;

e The I'-closure is local for quadratic functionals.

The locality of the I'-closure for quadratic functionals then implies the locality of the I'-
closure at identity for the nonlinear functionals by the uniform control of the validity of
the Taylor expansion.

3.5 Strong ellipticity and stochastic homogenization [Glol1a)]

In Section 3.4 we have shown that linearization and stochastic homogenization commute at
identity for a specific class of integrands. As a by-product, this implies the strong ellipticity
of the homogenized integrand at identity. Indeed, the homogenized integrand admits a
Taylor expansion at identity whose quadratic part satisfies (Q1) & (Q2) by Theorem 3.6,
so that the quadratic form is strictly strongly elliptic (with ellipticity constant “1/a”).

To complement Section 3.4 we’d like to address the question of strong ellipticity at
any deformation gradient A € M?. The new difficulty lies in the fact that (Q1) is not
necessarily satisfied any longer (which implies that the associated quadratic functional
is not necessarily convex). Our aim is to extend the analysis by Geymonat, Miiller and
Triantafyllidis to the stochastic setting. In [38] crucial use is made of the Bloch transform
— which is a powerful tool for periodic problems. To treat the stochastic case, we need to
use a stochastic version of the Bloch transform which replaces periodicity by stationarity.
The stochastic Bloch transform we introduce is inspired by the work [75] by Papanicolaou
and Varadhan on explicit formulas in stochastic homogenization of linear elliptic equations.

The results and proofs are rather technical, and we’ve chosen to insist on the differences
between the stochastic and periodic Bloch transforms rather than introduce the reader to
the (very nice) arguments of [38].
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3.5.1 General framework

We consider an energy density W satisfying Hypothesis 2 for a discrete group of trans-
lations, cf. Remark 4. Theorem 19 ensures the existence of a deterministic homogenized
integrand Wyom. As opposed to the linear case, this homogenized integrand is defined
through a sequence of minimization problems (3.6) and not by a corrector (whose exis-
tence is not known). Let us assume yet that such a corrector exists. Let 4 € M?, and let
V¢ € L=(R? x §2) be a stationary field such that almost surely

Whom(A) = lim W(x, A+ Vo(r,w),w)dr,

R—o0

_ </me; V¢(m,-),-)dm>.

In Section 3.4 we have proved that stochastic homogenization and linearization commute
at identity in some specific class of integrands. We will not prove such a definite result here,
but shall rather make assumptions which in turn imply the commutativity result. Yet the
validity of these assumptions remains open. Provided linearization and homogenization

commute, it makes sense to study the homogenization of the quadratic energy associated
with the fourth-order tensor L(z,w) := 882712[2/(%/1 + Vo(z,w),w), which is a stationary
field by assumption.

Although L is almost surely strictly strongly elliptic almost everywhere, it is not clear

whether, for any general open bounded domain D of R?, the associated energy functional
u € HY (D) / Vu(z) - L(z,w)Vu(z)ds
D

is coercive on Hy (D) or not. This is in contrast to the analysis of Section 3.4. In order for the
homogenization property to hold, a necessary and sufficient condition is the non-negativity
of the following ellipticity constant:

B . Jga Vo(2) - Lz, -)Vo(x)dx
A= <v€Cg°f(Rd) Jga V() [2dz > '

(3.22)

\% -L(z,-)Vu(x)d
By stationarity of L, the quantity  inf Jpa VV(@) - Lix )2 ()l
veCge (RY) fRd Vo (z)|?dx

translation group {7,},cz¢ so that it takes almost surely the value A by ergodicity. The
proof that I can be homogenized provided A > 0 can be done following the argument
of [38] (for A > 0, one may proceed classically, focus on the PDE, define a corrector and
use compensated compactness to prove homogenization, whereas for A = 0 we proceed by
regularization and state the homogenization property solely as a I'-convergence result).

is invariant by the

In the next subsection we introduce a few other ellipticity constants which allow to
decide whether the homogenized fourth-order tensor L., is strictly strongly elliptic or
not.
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3.5.2 Stochastic Bloch transform and definition of ellipticity constants

In this subsection we assume that L : RY x 2 — (M%)? is a bounded random field of
fourth order tensors which is stationary for the discrete ergodic translation group {7,},cza
(in short, Z4-stationary). In order to study the “homogenizability” of integral functionals
associated with L., we focus on various ellipticity constants, next to the constant A defined
in (3.22). To this aim we introduce some functional spaces. For every integer N > 1, we
define the Hilbert space of N-stationary complex functions of H. (R? C?) as:

loc

Hy = {U € HE (R L*(02,CY) |v(x + Nz,w) = v(z, Ty.w) for all x € R% 2 € Zd} ,

endowed with the norm

iRy, = ([ (oo + Dot )P) o).

We extend the Euclidian scalar product to the Hermitian scalar product, that we still

denote by “-”. The link between stochastic Bloch waves and A is encoded (as we shall see
below) in the following ellipticity constants
(Jovv-Lvv) |
Ay = inf v(r,w) =" p(z,w),y € [0,2m), pe Hy ¢,
<fQ |VU|2>
<fQN Vo - ILVU> '
Ao = inf N > 1,v(z,w) = " p(z,w),y € R, p e HL ¢,
<fQN |VU|2>
<fQN Vo - ILVU>
Ay = inf N>1lveHyo,
<fQN |VU|2>
which indeed satisfy
A=A =X = A5 (3.23)

The definition of these ellipticity constants makes use of Bloch waves, which are random
fields of the form (z,w) — €7p(x,w) with p stationary. The last three ellipticity contants
we need are defined as

<fQ(CL®b+Vv)-]L(a®b+Vv)>

A4 = inf acClbeRYveH 3,
<fQ la®b+ Vv|2>
(Jovv L) |
pr— lir% inf v(z,w) = e p(z,w),p € Hy ¢,
i <fQ |VU|2>
(Jovv-Lvv)

X¢ = inf vEH] 5,

(JoI¥ul2)



3.5 Strong ellipticity and stochastic homogenization [Glol1a] 99

and satisfy:
A4 - A5. (3.24)
The combination of (3.23) and (3.24) with the definitions of the ellipticity constants then
yields
A=A =X =M<\ =X < X
since the two inequalities Ay < Ag and A5 > Ay are obvious.

Remark 6 In the periodic case, the corresponding ellipticity constants are recovered by
erasing the expectations, and replacing H) by H#(QN, C%).

Before we define the stochastic Bloch transform and turn to some elements of proof of
(3.23), let us give an interpretation of these ellipticity constants:

e )\ measures the global coercivity of the nonhomogeneous tensor L. It can be computed
using smooth functions or equivalently using Bloch waves via ;.

e )\, = A5 measures coercivity with respect to long-wavelength (v — 0) perturbations or
equivalently with respect to shearing deformations (both modulo Z?stationary contri-
butions).

e )¢ measures coercivity with respect to Z?-stationary, possibly highly localized deforma-
tions.

The main result of the analysis is the following: let Ao, be the best ellipticity constant
for the homogenized integrand Ly, (which exists whenever A > 0). Then, Apom > A4 and
Abom = 0 if Ay = 0.

The structure of the proof of these results follows the string of arguments developed
in [38] provided we define a suitable Bloch wave transform. We illustrate this point by
proving the inequality A > A; in detail. This proof exemplifies very well the differences
between the periodic and stochastic cases, and the adaptations to pass from one to the
other.

Let D be an open bounded Lipschitz domain. We denote by C%(R? R?) the set of
smooth functions from R? to R? with support in D. For all v € L*(2, C%¥ (R, RY)) we
define the Bloch transform of v as follows: for all v € [0,27)4, 0, : 2 x R? — C? is given
by

Uy (z,w) = / y e (4 2, T_w).
ze

Since z — v(z,w) has support in D almost surely, the random field o, is well-defined. The
interest of the Bloch transform is that it maps fields with compact support onto stationary
fields (up to a phase). Indeed, for all x € R, y € Z¢, v € [0,27)%, and almost every w € (2,
we have using the group property of {7,},cza

Uy(r 4+ y,w) = / e (x4 y + 2, T_w)
z€74

=Y / e‘”'(y“)v(x + Y+ 2, T (yg2) Tyw)
2€7Z4

= Y5, (2, T,W),
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so that 0, : (z,w) — e 0, (z,w) is a stationary field. This transform is a natural tool to
relate A to A;.

We have all the ingredients to prove that A > A;. The starting point and crucial obser-
vation is that ergodicity allows us to use stationary functions to bound A\: for all » > 0,
there exists a stationary random field v, € L2(£2, Cg°(R?, R?)) such that

<fRd Vo, - LV’UT>

<f[Rd \er\2>

Here comes the argument. For all L > 0, we let C’gf’L(Rd, R?) be the set of smooth functions
from R? to R? whose support has a diameter at most 2L (i. e. the support is contained in
some ball of radius L). Choose a sequence ry, — 0 and a sequence Lg, — oco. Since the
random variable

<A+1/r (3.25)

- Jga Vo(2) - Lz, -)Vo(x)dx
in
veCE, (RY,RY) Jra [Vu(2)|2da

is Zd-invariant, it is deterministic (up to a negligible set of events), and there exists a
set of events of full measure (2 such that for all k; and ks there exists a stationary field
Wiy by € L2(£2, oL, (R4, RY)) such that for all w € 2,

inf
veCy, (RERY) Jra IV(2)]2dz

Jga V(2) - L(z, w)Vo(z)dz - Jga Vi, iy - LV W, —_
B fRd |Vwk17k2|2 e

Likewise, there exists a set of events of full measure (2, such that for all £y and all w € (2
there exists wy, € C5°(RY, RY) such that

Jga Vwg, (x) - Lz, w) Vwy, (x)d
Jga |Vwg, (x)[2dz

X
S >\—|—7”k1/2.

Since (21 N (25 has full measure, there exists w € 2 such that for all £, if we choose ko
large enough such that wy, € Cgf’% (R4, R?). We then have

fRd Vg, (z) - Lz, w)Vuwy, (z)dx
Jra |V, (2)Pda
> inf Jra Vo(2) - Lz, w)Vo(z)de

T veCyy, (RIRY) Jga | Vu(2)|2da

> <fRd vwkl,kz ' vak17k2 > — /2
N fRd |Vwk17k2|2 v

which yields the desired estimate (3.25). Without loss of generality we assume that

(Jea [VUr?) = 1.
By ergodicity, (3.25) implies that almost surely

)\+rk1/22
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fRd Vo, - LV,
fRd Vo, |2

In order to use the Bloch transform we need the support of v, to be included in a single
open bounded set for almost every w € (2. This is incompatible with stationarity, and we
have to truncate the field v,: for all R > 0 let Qg = (—R/2,R/2)?, and define v, p €
LQ(Q,CE;’R(RC[,RCZ)) by

<A+ 1/r

vy p(z,w) = v(z,w) X p(z/R),

where p is a smooth cut-off function with support in (—1/2,1/2)%. For all v € [0,2m),
we consider the Bloch transform o, g, of v, g. Let @* = [0, 27)%. We then have for almost
every w € (2:

/ V'[}T,’R7.y(;1j', CU) ’ L([L’, w)Vﬁr,R,fy(x, W)d’}/dllf
QJQ*

= / / / / e_i’%(Z—z/)V’UT,’R([L' + 2,7 ,w) ‘L(IIT,W)VUT,R(x + Z,,T_z/f.«d)d’}/dl'
Q Jzezd J ez JQ*

= (27r)d/ V,UT’,R(:E + z, T—zw) ’ L(ZL’, CU)V’UT’R(ZE + z, T_Z(.U)dl'
Q Jzczd

= (27T)d/ / Vo, p(z+ 2z, 7_w) - L(x + 2, 7_.w) Vo, g(x + 2, 7_w)dx,
Q Jzezd

using that fQ* ez~ dy = (27)%),.,, and the stationarity of LL. Since the translation
group is measure preserving, the expectation of this identity turns into

</ / Vo, py(x,w) - L(z,w)Vi, g4 (2, w)dfyd:c>

Q *

= (2m)? </ Vo, gr(z + z,w) - L(z + z,w)Vu, g(z + 2, w)dx>
Q J=zczd

= (2m)? < Vu, g - LVUT7R> )
Rd

By definition of \; and Fubini’s theorem, since for all v € [0,27)%, 0, p,(z,w) =
€70, p(z,w) with 0,z € H}, we have

/ < / Vit s () -L<x,w)varm(:ﬁ,w)d:¢> &y >\ / < / |V@,,R,Y(x,w)\2dx> dy,
Q* Q Q* Q
so that
< VUT,R . ILV'UT»,R> 2 )\1 </ |VUT7R|2> .
R4 Rd

Likewise,



102 3 Homogenization of integral functionals

For almost every w € £2, v,(-,w) has compact support in R? and L is bounded. Hence the
Lebesgue dominated convergence theorem ensures that

lim Vv,, r-LVu.p= er - LV,

R—oo
hm/ IV, g|? /|er|2
R—00

almost surely. Since [, |[Vo,[? =1 and L is bounded, [y, Vv, g - LV, g and [5, |V, g|?
are bounded uniformly in R and w. Another use of the Lebesgue dominated convergence

theorem finally yields
< VUT-LVUT> >\ </ |er|2>,
R4 R

A+ 1/r >N,

from which we deduce

and therefore the desired inequality A > \; by the arbitrariness of r.

3.5.3 Application to nonlinear problems

Recall that W satisfies Hypothesis 2 for a discrete group of translation (see Remark 4), so
that Theorem 19 ensures the existence of a deterministic homogenized integrand Wy, In
this subsection we’d like to apply the analysis sketched above for linear problems to this
nonlinear case. To this aim we need linearization and homogenization to commute, which
we ensure by the following assumption. Let A € M? be fixed.

Hypothesis 3 There exists to > 0 such that for all0 <t <ty and all H = a x b € M¢
with |H| = 1, there exists a stationary field Vo m € L™ (R x ) which satisfies

Whom(A+tH) = I%im W(x, A+tH + Vo (v, w),w)ds (3.26)

almost surely, and such that

Vo arim — v¢A+tH||L°°(Rd><Q) < r(t) (3.27)

where r(t) — 0 as t — 0.

Equation (3.26) states that there exists a corrector whose gradient is stationary (which is
not known a priori since Wy, is only defined using the subadditive ergodic theorem, and
not using the corrector equation), while (3.27) requires that no discontinuous bifurcation
of correctors occurs. To prove the validity of these assumptions remains an open problem
in any framework which makes sense (even in the case of stochastic homogenization of
discrete linear elliptic equations with i. i. d. coefficients !).
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Under this assumption, the linearized elasticity tensor is defined by

2

oW
H"A(wi) = W($,A+V¢A($,W),w),

and the homogenized Piola stress tensor by
. ow
Ihom(A) == lim —(x, A+ tH + Vo (2, w), w)dz.
or 041

Note that the limit exists almost surely and is deterministic by the ergodic theorem since
the integrand is Z%-stationary. We may then define the associated ellipticity constants A(A),
Ai(A), and Ag(A). Provided A(A) > 0, L, can be homogenized and we denote by Lo (A)
the homogenized elasticity tensor.

The main result of this section is the following (partial) characterization of the strong
ellipticity of Wy at A:

Theorem 22 Let 1 < p < +oo. Assume that W satisfies Hypotheses 2 (for a discrete
translation group) and 3, that for almost every x € R? and w € (2 the function F

W (z, F,w) is three times continuously differentiable on M? and that it satisfies for almost
every x € R4, w € 2 and all F € MY,

a—F(ZE, F,w)

'8W

'0W <CA+|FP),

—(z, F,w)

<

for some constant C' > 0 and some locally bounded function h.

(i) If \y(A) > 0, then for all H=a®b e M®* with |H| =1,

t2
Whom(A +tH) = Whem(A) + yom(A) - Ht + §H Lo (A)H + o(t?)

ast — 0 (and H - LyomH > Ay(A)).
(ii) If A\a(A) = 0 and N\g(A) > 0, then there exists H = a ® b € M® with |H| =1 such that

Whom (A + tH) = Whom(A) + o (A) - Ht 4 o(t?)

ast — 0.

This theorem shows that Wy, is strictly strongly elliptic at A in the case (i), and loses
strong ellipticity in the case (7). As in [38], we also have results when Ag(A) = 0, but
they are less complete. The proof of this theorem is a direct adaptation of the proof of [38]
provided we have the stochastic linear theory of Subsection 3.5.2.
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3.6 Perspectives

The following three problems are in the continuation of the results of this section:

e are there nontrivial cases for which the cell integrand coincides with the homogenized
integrand in the periodic case 7
homogenization of one-dimensional elasto-dynamics;
homogenization of polyconvex energy densities which do not satisfy the standard growth
condition from above.

Again, the difficulty to deal with periodic homogenization in nonlinear elasticity partly
comes from the asymptotic character of the homogenization formula (3.4). We've seen
that, in general, the quasiconvex envelope of the cell integrand does not coincide with the
homogenized integrand. This does not preclude the existence of interesting cases for which
Whom = Ween. The asymptotic formula does not reduce to the unitary cell formula in
general due to nonconvexity. The simplest nontrivial such energy density we can consider
splits into two parts: a homogeneous nonconvex part, and a heterogeneous convex part.
For d = n = 2, a typical example is

Wi(x, A) := a(z)|A|* + f(det A),

with f convex, non-negative, and at most quadratic at infinity, and 0 < a < a(z) < < ©
a (Q-periodic function. The precise question is: prove or disprove that Wee = Wiem in this
case. Note that all the known counterexamples to the equality Ween = Whom (Section 3.3
and |2, 64]) crucially rely on the nonconvexity of the heterogeneous part of the energy
density. A related question will appear Subsection 4.5.3.

The homogenization of scalar hyperbolic equations has been treated by Dalibard [27]
using a kinetic formulation. Since there also exists a kinetic formulation for one-dimensional
elastodynamics [77], one may hope to successfully combine the two approaches to homog-
enize the system of one-dimensional elasto-dynamics of hyperelastic materials.

The last mentioned open question is related to the treatment of the volumetric term in
nonlinear elasticity. A standard requirement in hyperelasticity is the blow up of the energy
density when the determinant of the deformation gradient tends to zero. This models the
fact that one has to pay an infinite amount of energy to compress a piece of material to
a point. This behavior is incompatible with the standard growth condition from above in
(3.1). In his fundamental contribution [5] Ball has shown that integral functionals whose
integrands are polyconvex are lower semi-continuous for the weak topology of W1P(D)
and may satisfy the desired physical behavior in compression, which has allowed him to
obtain general existence results in nonlinear elasticity. Yet polyconvexity can be lost by
homogenization |6, 14| (even if W (z,-) is polyconvex for almost every z € @), the asso-
ciated homogenized integrand W}, may be quasiconvex but not polyconvex), so that it
is not clear whether polyconvexity is the best notion to start with at this stage. There
are at least two approaches to prove the periodic homogenization result of Theorem 18:
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the abstract approach by Braides [13] which relies on the growth condition (it uses in-
tegral representation results whose proofs crucially rely on the growth condition), and a
more direct approach by Miiller [64] for which the growth condition from above is not
that relevant (in particular Miiller extends homogenization results to the case of convex
integrands which do not satisfy the standard growth condition from above). The difficulty
to prove the homogenization result for general polyconvex integrands is the construction
of the recovery sequence. A crucial density result was obtained recently [43] for d =n = 2
by Iwaniec, Kovalev, and Onninen. This result could be used to complete the proof of the
homogenization of general polyconvex integrands for d = n = 2 when Dirichlet boundary
conditions are considered.






4

Homogenization of discrete systems and derivation of
rubber elasticity

In his review paper on open problems in elasticity [4], Ball mentions the issue of establishing
the status of nonlinear elasticity theory for rubber with respect to the point of view of
polymer physics. The aim of this chapter is to fill (part of) this gap.

We start with the derivation of a model at the level of the polymer chain network from
a full statistical mechanics description. This model is derived using heuristic arguments
only. A crucial geometric object is the network, which we assume to be given by an ergodic
random point set.

In the second section, we turn to the core of the analysis: we let the typical size of
the polymer chains go to zero, and rigorously derive a continuous model using a discrete
stochastic homogenization process. The integral functional obtained at the limit is proved
to satisfy several typical requirements of nonlinear elasticity models (such as hyperelasticity,
frame-invariance, isotropy, minimality at identity, etc.). The homogenized integrand is given
by an asymptotic homogenization formula.

In the third section we make the model more specific by considering a particular example
of random point set, the so-called random parking measure. This point set has the property
to be ergodic and statistically isotropic (which implies the isotropy of the homogenized
model).

In the fourth section we turn to the numerical approximation of the homogenized model.
We propose and test a numerical method to approximate the random parking measure,
and the asymptotic homogenization formula. This allows to compare this homogenized
model to the popular mechanical experiments by Treloar, and show they are in very good
agreement.

In the fifth section we address the issue of strong ellipticity. Rubber is usually a strictly
strongly elliptic material. It is therefore to be expected that the discrete homogenization
process yields such a property. We show that the specific form of the polymer chain free
energies plays an important role for the strong ellipticity of the homogenized integrand.

The aim of the last section is to construct an analytical approximation of the homog-
enized energy density. We devise a numerical procedure to approximate the homogenized
energy density in a subclass of Ogden materials. The excellent adequacy between the ho-
mogenized energy density and its analytical approximation shows the capability of standard
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energy densities used in the mechanical community to correctly fit the models obtained by
discrete homogenization.

In this chapter we go from polymer physics to Ogden laws, using modeling, analysis,
and numerical simulations.

4.1 A discrete model for rubber [GLTV]

We consider a macroscopic sample of natural rubber D, whose boundary is linearly de-
formed through the map = — A -z, A € M?. The sample is made of a network of cross-
linked polymer chains. The cross-links are assumed to be permanent. In this first (rough)
model, we neglect entanglements, that is, we neglect topological constraints (this will be
made clear in the definition of the network). Each polymer chain is itself made of a given
number of monomers: the energy of a chain for a given configuration is obtained through
the probability density of a random walk (see for instance [50], [86]). We assume that cach
monomer is surrounded by a fixed volume (from which other monomers are excluded), and
that the network of chains is packed and almost incompressible. This assumption adds a
volumetric term to the energy which depends on the configuration of the network. This
volumetric term accounts for the interaction between the chains (which does not appear
in the energy of one single chain). Note that the relevant scale associated with this contri-
bution is much smaller than the one corresponding to the contribution associated with the
random walk variable.

A polymer chain network is parametrized as follows: we denote by u the positions of the
cross-links, and by s = {s;} the positions of the monomers of the chain i. The Hamiltonian
of the system can be split into two parts:

H(u,s) = Hyy(u, s) + Z Hy(u, ;).

The first part Hyo(u, s) is the volumetric energy of the network, which models the interac-
tions between the chains, whereas the second part H;(u, s;) is the energy of each chain as
if it were isolated (and for which u prescribes the end-to-end vector, and s; describes the
positions of the monomers constituting the chain).

At finite temperature g = kBLT, the Gibbs distribution yields the following formula for

the free energy of a given deformed network:

F(A, D) = —%mz

/U/]._[Si(u) exp <—5Hvol(u, s) — ;BHi(U, sz)) dqusi] :

where Z is the partition function, U is the set of admissible positions of the cross-links (sat-
isfying the constraint on the boundary), and S;(u) denotes the set of admissible positions
of the monomers composing the chain i whose head and tail are prescribed by w.

1
=——1n
s
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This free energy is far from being explicit. However, it is possible to further simplify the
problem and still capture some interesting features. We present a heuristic reasoning which
leads to the decoupling of the s; variables. We first assume that Hyo(u, s) = Hye(u) only
depends on u and not on s, which amounts to replacing the excluded volume constraint
around monomers by an excluded volume constraint between cross-links. Note that this
is a rather strong assumption whose effect is to make chains interact via their cross-links
only: this decouples the variables s; from one another. We may then rewrite the free energy
as follows:

F(4.D) =~ [ [ e ( — BHu(w)
43 Z % In [/S

We thus have the following effective Hamiltonian:

Hy(u,B) := Hyo(u) — Z % In |:/S-(u) exp < — BH;(u, s,-))dsi]. (4.1)

e ( — BHi(u, si))dsiDdu] .

i(u

We then make the strong assumption that one can replace the integration on U by taking
the infimum. This amounts to treating the cross-links at zero temperature and all the other
monomers at finite temperature. We are thus lead to

F(A>D) ~ 1nquA(uaﬁ)
Dl Dl

(4.2)

In terms of orders of magnitude, recall that polymer chains are typically 100nm long
whereas the macroscopic sample is of the order of the ¢m, which yields a factor 10°. Hence,
provided D is a macroscopic sample, (4.2) will be close to the “thermodynamic limit”

: 4.3
ID|=oo | D| (43)

where D properly invades R? (see for instance [80]). For such a limit to exist, the network
of polymer chains should have some ergodic property: either the network has some peri-
odic structure (yet we are not dealing with crystals), or the network should yield spatial
decorrelations (in a statistical or stochastic framework) — although other less physically
relevant properties could also be considered stricto sensu.

Such a limiting process is addressed in the following section.

4.2 Homogenization of discrete systems on stochastic lattices

[ACG]

In this section we introduce a general framework which covers the discrete model for
rubber and which is suitable for the analysis. In particular, we first make precise what
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a discrete network is by the use of stochastic lattices — or more precisely random point
sets. We then introduce a “discrete” functional, and prove a homogenization result in the
spirit of Theorem 19. We then study the properties satisfied by the homogenized integrand
associated with the network-based model for rubber. The details on how to make the
network-based model enter this framework will be given in Section 4.4.

4.2.1 Stochastic lattices

Definition 19 Let X C R? be a locally finite set of points. We say that X is general if no
d + 1 points lie in the same hyperplane and if no d + 2 points lie in the same hypersphere.

Definition 20 Let 0 < p; < py < 00. Given D C R?, suppose X is a subset of D. Then
X is said to be (p1, pa)-admissible in D iff for all v # y € X, |x —y| > p1, and for all
z € D, B(z,p) N X # 0, where B(z, ps) denotes the open ball centred in z of radius po
(and B(z,00) :=R%)). The set of (p1, p2)-admissible point sets in R? is denoted by A,, ,,.

In other words, an admissible point set in D is one which satisfies the hard-core and non-

empty space conditions. We shall sometimes write simply ‘admissible’ for ‘admissible in
R

Definition 21 A random subset £ of R? is called a point process. We say that a point
process L in R is isotropic if the distribution of £ and of RL are the same for every
rotation R € SO,.

Let 0 < p;. Suppose X € A, . If X is general and its convex hull has strictly positive
d-Lebesgue measure, then there is a unique Delaunay triangulation of the convex hull
of X, by simplices with edges given by the edges of the Delaunay graph of X' (see [30]
for Delaunay triangulations of R?, and for instance [35| for Delaunay triangulations of
a bounded domain). If X' is not general, there exists a possibly non-unique Delaunay
triangulation of the convex hull of Y.

4.2.2 Discrete homogenization result

Recall that d and n are dimensions. Let 0 < p; < pa < 00. Suppose X' € A,, ,,. Let T(X)
denote a Delaunay triangulation of the convex hull of Y, chosen by some deterministic rule
if the Delaunay triangulation is not unique. We denote by N (X)) the associated neighbour
pairs, that is, those unordered pairs of points {z,y} such that (x,y) is an edge of T :=
T(X). For all ¢ > 0 and for every Lipschitz bounded domain D of R? this allows us to
uniquely define a space of continuous piecewise-affine functions G2 (X) on D NeX:

SP(Y) :=={ue C°D,R") VT € T(X), witheT N D # 0, u.rnpis affine}, (4.4)

From now on, we identify u : e£ N D — R™ with its class of piecewise-affine interpolations
(still denoted by u) in &2(X) c Whe°(D,R™). Note that the extension of u : e£LND — R™
to D\Upcr 5T is not uniquely defined — as we shall see, the energy under consideration
does not depend on the extension. In order to define an energy functional on the set G2 (X)),
we first introduce the following energy functions:
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Definition 22 Let p > 1. We denote by U, the subset of functions f,, of CO(R? x
R"™, [0, +00)) for which there exists C > 0 such that, for all z € R? and s € R",

éw —C < funlzis) < C(Is? + 1). (4.5)

We denote by V), the subset of functions Wy of CO(MP™ [0, 4+00)) for which there exists
C > 0 such that for all A € M¥>",

Wia(A) < C(JAP 4 1). (4.6)

Let p > 1 and f,, € Uy, Wyo € V,. For all u € LP(D,R"™) we define the energy of the
network defined by u by

FP (¥ u)+ FP

1 D
FED(E’ u) = { nn,e V0175(27u) ifue S; (2),

+00 otherwise,

(4.7)

where (with D denoting the closure of D) we have set

FD (Y,u) = > el <y _ M) ’ (4.8)

ely — x|
(z,y) € N(2)
lex,ey] C D
and
F\gl,e(zv U) = Z 6d‘T|Wvol(vu\aT)' (49)
TeT(X)
T C Eefl
As announced, if wuj,uy € &P(X) are such that u; = uy on Uperpe.1pel’, then

FeD(E, ul) = FED(Z, UQ).
Recall d., denotes the distance of the supremum in R?. The following I'-convergence
(or discrete homogenization) result holds

Theorem 23 Let 0 < p; < p2 < 00, let 1 < p < o0, and let D be a bounded Lipschitz
domain of RY. Let L be a stationary and ergodic point process in A, ,,, which is almost
surely general. Let fn, and Wy be of class U, and V,, respectively. Let FP(L) be the
energy functional given by (4.7). Then for every sequence €, — 0, the functionals Fef(ﬁ)
I-converge to the deterministic integral functional F2_: LP(D,R") — [0, +0c] defined by

/Whom(vu(x))dx if uwe WW(D R,
F2 () =77

+00 otherwise.
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where Whom : MP™ — [0, +00) is a deterministic quasiconvex function which depends only
ON frn, Weyol, and on the point process, and which satisfies a standard growth condition (3.1)
of order p. In addition it satisfies the following asymptotic homogenization formula almost
surely:

Whom(A4) = lim inf {FlQR(E, w) | ue SYR(L) such that u(z) = A-

R—o0 ‘QR‘ u

ifx € LOQgR and doo(x,0QR) < 2p2}. (4.10)

Theorem 23 is a particular case of a more general theorem (see [ACG]) which covers
not only nearest-neighbour interactions but also long-range (yet integrable) interactions.
The structure of the proof of this result is standard and follows the abstract approach used
by Marcellini [58|, by Braides [13,15], and by Dal Maso and Modica [26] to prove homog-
enization results for integral functionals. This approach has been adapted by Alicandro
and Cicalese [1] to treat the homogenization of discrete systems on periodic lattices (i. e.

Y =17%.
In the present stochastic setting it consists in four steps:

Step 1 Prove a so-called I'-compactness result for functionals defined on sets (say Lipschitz
domains) and functions;

Step 2 Prove that any ['-limit is the restriction of a Borel function by the De Giorgi-Letta
criteria;

Step 3 Using the Buttazzo-Dal Maso characterization of integral functionals, prove that any
I'-limit is an integral functional (on some Sobolev space) associated with a quasiconvex
integrand;

Step 4 Conclude that the integrand is deterministic and homogeneous in space by a suitable
use of the subadditive ergodic theorem and the characterization of integral functionals
by their minima.

The structure of the proof is quite clear and essentially dates back to Dal Maso and
Modica [26]. The central achievement of the proof of Theorem 23 lies in its level of techni-
cality.

4.2.3 Qualitative properties

Once we have proved the existence of a homogenized model, one may try to identify
the (mechanical) properties satisfied by the homogenized integrand. We now restrict the
analysis to nonlinear elasticity and set d = n. Properties of interest include:

hyperelasticity,

frame-invariance,

isotropy,

blow up of the integrand Wiom(Ax) when det A, — 07,
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e strong ellipticity of Whyemn.

In this section we address the first three properties. The blow up property will be
touched upon in Section 4.7 whereas Section 4.5 is precisely dedicated to the issue of
strong ellipticity.

Hyperelasticity is obvious since the “homogenized material” is chacterized by an energy
which is the integral of an energy density depending locally on the strain gradient.
We also have the following two results:

Theorem 24 In addition to the assumptions of Theorem 23, let us assume that there exists
fon : R % [0, +00) — [0, +00) such that

for all z1, 2z € R4, fun(21, 22) = JEnn(Zla |22]),
for all A € MR € SOy, Wi (RA) = Wi (A).

Then the enerqy density Wyom s frame-invariant: for all A € M? and R € SOy,
Whom (RA) = Whom(A).

Theorem 25 In addition to the assumptions of Theorem 23, let us assume that the point
process L is isotropic and that there exists fn, : [0, +00) x RY — [0, +00) such that

for all z1, 2z € R4, fun(21, 22) = f_nn(|zl|722)7
for all A € MR € SOy, Wiol(AR) = Wi (A).

Then the energy density Wiom 45 isotropic: for all A € M? and R € SOy,
Whom (AR) = Wiom(A).

Note that if £ = Z?, the associated homogenized integrand cannot be isotropic. What
is not clear a priori is whether stationary ergodic isotropic point processes in A do
indeed exist !

P1,02

4.3 Existence of isotropic stochastic lattices and approximation
result [GP]

In this section we show that the so-called random parking measure studied by Penrose [76]
is a stationary ergodic isotropic point process in A, ,, (for some suitable 0 < p; < pa).
In addition this point process can be easily approximated on bounded domains g, and
these approximations can be used in (4.10) in place of £ (the convergence holding almost
surely as well).
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4.3.1 Random parking measure

Rényi’s model of random parking (also known as random sequential adsorption or random
sequential packing), is defined in d dimensions as follows. A parameter py > 0 is specified,
and open balls of radius py (say Bi g, Ba.g, . .. ) arrive sequentially and uniformly at random
in the d-dimensional cube Qr, R > 2py. The first ball is packed. And recursively, an
incoming ball is accepted if it does not overlap the balls that are already packed. Since Qg is
bounded, this process stops after a finite number of arrivals almost surely. We denote by &7
the point process associated with the centers of the packed balls in Q. Penrose |76] proved
that the random parking measure £ in QQr weakly converges in the sense of measures to
a measure ¢ in R?, called the random parking measure in R?.

We first quickly recall the graphical construction of the random parking measure £# in
some Borel set A C R? as introduced by Penrose [76]. Let P be a homogeneous Poisson
process of unit intensity in RY x R*. An oriented graph is a special kind of directed graph
in which there is no pair of vertices {x, y} for which both (z,y) and (y, z) are included as
directed edges. We shall say that x is a parent of y and y is an offspring of x if there is
an oriented edge from z to y. By a root of an oriented graph we mean a vertex with no
parent.

The graphical construction goes as follows. Let pg > 0 and let B denote the Euclidean
ball in R? of radius py centred at the origin. Make the points of the Poisson process P
on R? x R* into the vertices of an infinite oriented graph, denoted by G, by putting in
an oriented edge (X,T) — (X',T") whenever (X' + B)N (X + B) # 0 and T' < T". For
completeness we also put an edge (X,7T) — (X', T") whenever (X'4+B)N(X+B) #0,T =
T’, and X precedes X' in the lexicographical order — although in practice the probability
that P generates such an edge is zero. It can be useful to think of the oriented graph as
representing the spread of an “epidemic” through space over time; each time an individual
is “born” at a Poisson point in space-time, it becomes (and stays) infected if there is an
earlier infected point nearby in space (in the sense that the translates of B centred at the
two points overlap). This graph determines which items have to be accepted.

For (X,T) € P, let C(x 1) (the “cluster at (X,T)”) be the (random) set of ancestors of
(X, T), that is, the set of (Y,U) € P such that there is an oriented path in G from (Y, U)
to (X, T'). As shown in |76, Corollary 3.1], the “cluster” C(x ry is finite for (X,T") € P with
probability 1. It represents the set of all items that can potentially affect the acceptance
status of the incoming particle represented by the Poisson point (X, 7). The method of
recontructing the set of accepted items from the graph G goes as follows. Let A C R? be a
(possibly unbounded) Borel set, and let P4 denote the set P N (A x RT), i. e. the set of
Poisson points that lie in A x R™. Let G4 denote the restriction of G to the vertex set Pa.
Recursively define subsets F;(A), G;(A), Hi(A) of A, i =1,2,3,... as follows. Let F;(A) be
the set of roots of the oriented graph G4, and let G';(A) be the set of offspring of roots. Set
Hi(A) = F1(A)UG,(A). For the next step, remove the set H;(A) from the vertex set, and
define Fy(A) and G5(A) the same way; so Fy(A) is the set of roots of the restriction of G to
vertices in Py \ H1(A), and Go(A) is the set of vertices in P4\ H;(A) which are offsprings of
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Fy(A). Set Hy(A) = Fy(A)UG2(A), remove the set Hy(A) from P4\ Hi(A), and repeat the
process to obtain F3(A), G3(A), H3(A). Continuing ad infinitum gives us subsets F;(A),
G;i(A) of Py defined for i = 1,2,3,.... These sets are disjoint by construction. In the case
when A = R?, we drop the reference to A and use the abbreviation F; and G; for Fj(R?)
and G;(R?).

As proved in [76, Lemma 3.2|, for every bounded nonnull Borel set A in R?, the sets
Fi(A), G1(A), F5(A), Go(A),... form a partition of Py, and Fy, Gy, Fy, Gs,... form a
partition of P with probability 1. In addition, the random parking measure £# in A is given
by the projection of the union U2, Fj(A) on R%. Likewise, the random parking measure &
in R is given by the projection of the union U, F; on R?. As shown in |76, Theorem 2.2|,
&4 weakly converges in the sense of measures to ¢ as A tends to R%.

The random parking measure £ satisfies the following properties:

Proposition 4.1. The random measure £ is stationary (under real shifts), ergodic, isotropic,
and almost surely general.

These properties are essentially inherited from the associated space-time Poisson process
P, as we quickly show below.

Proof. Step 1. Stationarity.

By definition, the Poisson point process P on R% x R and its translation (x, ..., 24,0)+P
have the same distribution for all z = (21, ...,24) € R% Hence the graphical construction
is stationary, and therefore also the random parking measure &.

Step 2. Isotropy.

The proof of the isotropy of £ is similar to the proof of the stationarity. For all R € SO,
the Poisson point process P and its rotated version RP := {(Rz,t) : = € Rt €
R*, (x,t) € P} have the same distribution, which implies that the random parking measure
¢ is isotropic.

Step 3. General position.

For all t > 0 we set Py = {z € R? : 37 € [0,t], (x,7) € P}. Since £ C UpenPy, and since
P, C Pnp for all n € N, the event that £ is not in general position is contained in the
union over n € N of the events that P, is not in general position. Since P,, is a Poisson
process of intensity n in R? the probability that P, is not in general position is zero, so
that the union of this countable set of events has also probability zero, and ¢ is almost
surely general.

Step 4. Ergodicity.

Let us view £ and P as elements of Aldf and .Afljf ! respectively. Also let us extend P to
a homogeneous Poisson process of unit intensity on the whole of R4*! (also denoted P).
Let T, denote translation by an element x of R? (acting either on Aff or Aff ! according
to context). Then as described earlier in this section, £ is the image of P under a certain

mapping h from Aff "to Aff, which commutes with 7}, for any x € R?, that is T,oh = hoT},.
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Suppose A is a measurable subset of Aldf which is shift-invariant, meaning 7, (A) = A
for all z € R?. Then for z € R,

B (A) = b (TL(A)) = T (h™A)

so h™(A) is invariant under the mapping 7, acting on Aflf '. Now, P is ergodic under
translations, that is if B C Aldf ! satisfies T,,(B) = B for some non-zero x € R then
P[B] € {0,1}. See for example the proof of Proposition 2.6 of [60]. Therefore with A as
above,

Pl¢ e A= P[P e h '(A)] € {0,1},
for any x € R?. Thus € is ergodic.

This answers the question left open in the last section.

4.3.2 Approximation result

Another question of practical interest concerns the approximation of the homogenized
integrand Wi, associated with the random parking measure &. Since the convergence in
(4.10) does hold almost surely, a possible approximation of Wy, is given for all A € M4
by

Wit (A) inf {FIQR(Q“,U) u e G9R(¢) such that u(z) = A -z

B 1
|QR| w

if v € £NQg and doo(z,0QR) < 2,02} (4.11)

for some R large enough. By Theorem 23, limp ;oo Wi (A) = Whom(A) almost surely.
The question we address in this paragraph is whether one may “replace” & by &% (the
random parking measure in Q) in (4.11), and still have the almost sure convergence to
the homogenized integrand.

We solve this problem in two steps. First we show that for local functionals of bounded
domains and point sets, provided they satisfy some averaging property and they are “in-
sensitive” to boundary effects, ¢ can be replaced by £f. Second, we show that although the
discrete model for rubber does not yield a local functional (it depends on the Delaunay
triangulation which is itself slightly nonlocal), it can be approximated by a local functional.

Let 0 < p; < pa. Let O(RY) be the set of bounded Lipschitz domains of R%. Given D €
O(R?) and R > 0, let D := {Rx,z € D} be the dilation of D by a factor R > 0. For 7 > 0
set Dp, :=={x € D : do(x,0Dg) > r}. Let D(D) :={Dpg, : R> 0,7 > 0,Dg, # 0}. We
now define functions parametrized by point sets (or restrictions of point sets on bounded
domains).

Definition 23 Let D € O(R?). A measurable function S : O(R?) x A,, ,, — R is said:
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e to be local on D(D) if for all D € D(D), and all ¢, € A, ,, such that (N D =(ND,
we have

S(D,¢) = S(D,¢);

e to be insensitive to boundary effects on D(D) if there exists 0 < a < 1 such that we

have S(D S(D
limsup sup {| (Dr <) _Rd( R’RQ’C”} = 0. (4.12)

R—r400 (€Apy py

e to have the averaging property on A,, ,, with respect to D if for any stationary point set
¢ whose realization almost surely belongs to A, ,,, there exists S € R such that almost
surely

. S(DRaC) _a

For such functions S, we then have:

Theorem 4.2. Let 0 < p; < py < py < 0o. Let D € O(R?), and for all R > 0, let €& = ¢Pr
denote the random parking measure on Dg := {Rx,x € D}, and let & be the random parking
measure on R with parameter py. If the measurable function S : O(R?) x A,, ,, — RT is
local on D(D), insensitive to boundary effects on D(D), and has the averaging property on
A,y with respect to D, then with S given by (4.13), almost surely

: S(DRvé-R) : S(DRvé-) K

1 —— = 1 — = 5. 4.14
R—1>r-ir-loo ‘DR‘ R—1>r-ir-loo |DR| S ( )

This theorem directly follows from the fact that for all 0 < o < 1, there exists an almost-

surely finite random variable Ry such that for all R > R,

S(Dp, e, £°7) = S(Dp,ge, €).

This is a consequence of the stabilization properties of the random parking measure proved
by Penrose, Schreiber and Yukich [81], combined with the Borel-Cantelli lemma.

It remains to apply Theorem 4.2 to the homogenized integrand. For all R > 0 large
enough, we define ¢(* = (£ N Qr_qp, ) USH, where S¥ is a deterministic point set on Qg
such that the convex hull of S¥ is Q and such that ¢# is (p1, 2dp,)-admissible. Hence, the
Delaunay triangulation of (¥ is a triangulation of Qx, and we may define

u € G?R(CR) such that u(x) = A-z if x € 0Qg ¢,

(4.15)
which is a computable quantity. Using a variant of Theorem 4.2 and results of [ACG] one
may indeed prove that almost surely,

W L(A)

1
= gt {Ft

lim WE_(A) = Whom(A).

R—o0
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4.4 Numerical approximation of the homogenized energy density
[GLTV]

4.4.1 The discrete model for rubber revisited

Let us come back to the discrete model for rubber introduced in Section 4.1. The “coarse-
grained” Hamiltonian of the polymer-chain network at deformation u is given by (4.1), and
we have formally argued that the free energy of a macroscopic sample whose boundary is
deformed by the linear map x +— Az for some A € M3 is given by (4.2).

In order to make use of this model in practice, one needs to make precise the structure
of the network and derive some formula for H4(u, ). The strongest assumption we shall
make is that the polymer-chain network is a (Delaunay) triangulation of D into tetrahedra
whose edges are the polymer chains themselves. This allows us to see u as a continuous and
piecewise affine function. For the volumetric energy, we may then consider the standard
Helmholtz energy density Wem : M3 — [0, +00), given by:

Witenn () = K(det(/l)2 19 log(det(/l))>, (4.16)

for some K > 0, so that
Hoo() = / Wit (Va(2)) do.
D

The second part of the Hamiltonian corresponds to the sum of the free energies of the
polymer chains at temperature § if they were isolated and their end-to-end vectors were
given by w. This free energy does have an analytic form derived by Kuhn and Griin in [50]
under a non-Gaussian assumption: each segment of the chain obeys a non-Gaussian random
walk. We refer to [34] for details. In particular, given a polymer chain made of N rigid
segments of length [ at absolute temperature § = kBLT, with a chain density n, the free
energy (of entropic origin) for a chain of length 7. can be modeled by

n Te Te 0 (%) c

where ¢ is a constant and 6 the inverse of the Langevin function ¢ — cotht — %
Note that this free energy is infinite as soon as r. > NI, the total length of the chain.
For discrete to continuum derivations, 6 is usually replaced by the first terms of its series

expansion:

9 297 1539 672
9 _ 7.3 5 7 9 11 4.1
(r)=3r + 57" + —1757" T r’+ 3597" +O(r), (4.18)

although this simplification is not essential for our discussion (e.g. Padé approximations
behave better close to the finite extensibility limit). A series expansion of W, then reads:

w5 5 G (50) ' 5 (50) o )

(4.19)
s (i) | 0 (%))
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The behavior of the polynomial approximation at infinity satisfies the classical coercivity
assumption on hyperelastic materials at infinity. Replacing the inverse of the Langevin
function by the first terms of a series expansion is a rather good modeling at high temper-
ature (see [53]). A remarkable property of such an energy is W,.(0) = 0 and W,(1) > 0. In
particular the prefered configuration of a polymer chain satisfies r. = 0.

When N is fixed, we simply write W.(r.) instead of W,(r., N).

We may now put (4.1) into the form of (4.7). Let g9 > 0 be the intrinsic lengthscale of
the polymer network, that is, the length of a monomer, also denoted by {. We denote by X,
and 7, the point set and the Delaunay triangulation associated with the polymer-chain
network. An edge e of the polymer chain network is then supposed to be made of

e (1))

segments (or monomers) — +/N.l is indeed the average distance of the random walker
from the origin after N, jumps. Hence, if the edge e has length L after deformation, its
free energy is given by

L (L
WC(L,NS):%NE Nle(

n le] 2 Ley . ( Leg 4 (\eig)
=—(— — 0| = | T log ————"—~
B \eo €| €| sinh 6 (ﬁ%)

This formula allows us to properly define the energy function f,, : R? x R4 — [0, +-00]
used in (4.7), and we set

n Ale M le

€0 le|?

g (1A
= —lef p (H) +log <‘e'> (4.20)
Beq €| €| sinh 0 (M)
le]
whereas W, : M3 — [0, +00] is given by
. WHelm(/l) if Ae Mi’_,
Weal(4) = {—I—oo otherwise. (4.21)

With these definitions, we then have

Hy(u, p) = F£(Z, u),
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for ¥ = ;' X, (which we assume to be in A, ,,).
Provided f,,, and Wy, are of class U, and V, for some 1 < p < 400, Theorem 23 and
(a variant of) Lemma 3.1 imply that

u € 6L (X) such that u(z) = Az

er—0 u

|D|Whem(A) = lim inf {Fgg(z, u)

if v € XN D and doo(x,0D) < 25kp2}

or equivalently
F(A, D
i (A, DR)

- Wom/la
R—o0 |DR‘ b ( )

which is the rigorous version of (4.3).

Note however that W, and f,, are not of class U, and V, for any p > 1 because they
blow up on a bounded set. The blow up of W, is related to the issue mentioned in the
first chapter. The second blow up models finite extensibility of the chains. In any case, one
may at first use a cut-off procedure in order to apply Theorem 23. Note that the estimate
from above is satisfied by f,,, provided we consider any order of the Taylor expansion of
the inverse of the Langevin function (for instance (4.19), in which case p = 10).

4.4.2 Numerical method

The starting point for the numerical approximation of Wy, is (4.15), and we proceed in
two steps.

e We first generate the deterministic set of points on Q) and a realization of the random
parking measure of parameter 1/2 in QQg_;. We then construct the associated Delaunay
triangulation of Qg.

e In a second step, we solve the minimization problem associated with (4.15) for R finite
and the Delaunay triangulation of Qg (well-defined as the minimization of a smooth
coercive function on a finite-dimensional space) by a Newton algorithm, as it is classical
in nonlinear elasticity (see for instance [52], and [87]) provided one adds the energy of
the edges (which are “non-standard” one-dimensional elements). Continuation methods
are also used to ensure the convergence of the Newton algorithm.

In practice, we run several independent realizations of the point process and make an empir-
ical average. This enhances the convergence with respect to the randomness. The analysis
of numerical methods to approximate homogenized coefficients in stochastic homogeniza-
tion of discrete linear elliptic equations has been addressed in Chapter 1. Although the
analysis does not cover this nonlinear vector case, it may serve as a guide to understand
the convergence properties involved.

At the end of the minimization algorithm, the homogenized energy Wy, is approxi-
mated by the spatial average over Qg of the energy density of the minimizer which has
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been numerically obtained, and the Piola-Kirchhoff stress tensor is given by the spatial
average on Qg of the associated local Piola-Kirchhoff stress tensor (provided the mini-
mizer is isolated, and the local Hessian is strongly elliptic, see [39, Section 4.2] for related
arguments in the continuous case).

We have conducted two series of tests with two different strain gradients A; and As, the
first in small deformation (~ 25%), and the second in large deformation (~ 300%):

110 0 20 0
A=[012 0 |, A=[030
0 0 25/33 001/6

Both deformations are isochoric: det A; = det A, = 1.

We focus on the first Piola-Kirchhoff stress tensor 2Vhen(d) yye expect the stress tensors

Hl (NR, KR) = [Hl (NR, KR)]ij and HQ(NR, KR) = [HQ(N/;{, KR)]ija associated with Al and
A respectiveley, to be diagonal. We therefore focus on the principal stresses. Each effective
stress tensor is obtained as the empirical average over Ky realizations of a point process
in Qg (with approximately Ny edges). These numbers are gathered in Table 4.1.

Ng| 130 |{1600(6 000{16 000|33 000|59 500
Kr|(2160| 270 | 80 34 18 10

Table 4.1. Number of edges and associated number of realizations.

The (square root of the) variance of each diagonal term is plotted in function of Ny
on Figure 4.1 for A; and Figure 4.2 for Ay, in log-log scale. The straight lines are linear
fittings. Their slopes are approximately —1/2 (between —.45 and —.5), as expected (see
Chapter 1 for related results).

To conclude, we show on Figures 4.3-4.5 and 4.6-4.8 the convergences of the diagonal
terms of the Piola stress tensor (together with their standard deviations) in function of
Ng, for A; and A, respectively. As can be seen, the global error may largely dominate the
standard deviation (see in particular Figure 4.8) so that we expect the systematic error
to be the dominant error (recall that in the linear case, the numerical method used here
is similar to (1.24), which is expected to yield a systematic error of order Np, 3 and a
standard deviation of order (KzrNp)~'/? for d = 3). Throughout this chapter, we shall
consider that the approximation has converged for N ~ 100000 and K ~ 10.

4.4.3 Comparison to mechanical experiments

In this subsection we compare the homogenized limit of the discrete model for rubber to
the popular mechanical experiments by Treloar. The plots 4.9, 4.10, and 4.11 display the
engineering stresses (or nominal stresses) associated with the mechanical experiments in
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Fig. 4.1. Variance of the diagonal terms of the Piola Fig. 4.2. Variance of the diagonal terms of the Piola
stress tensor for A; stress tensor for As

uniaxial traction, biaxial traction, and in planar tension, respectively. We quickly recall the
definitions of the engineering stress for these sollicitations. Uniaxial traction corresponds
to a deformation gradient A of the form

A = diag(\, \"Y2 A2

for some A > 1. The quantity A —1 is called the engineering strain. The associated Cauchy
stress tensor o is diagonal, and the associated engineering stress is given by

011 — 022

A

For biaxial traction the deformation gradient A is of the form

A—=1— Suniaxial -

A = diag(A2,\, \)

for some A > 1. The quantity A\™2 — 1 is called the engineering strain. The associated
Cauchy stress tensor o is diagonal, and the associated engineering stress is given by

011 — 022

)\_2 1= Sbiaxial = -2

Finally, the planar tension experiment corresponds to a deformation gradient A of the form
A = diag(1,\, A7)

for some A > 1. The quantity A —1 is called the engineering strain. The associated Cauchy
stress tensor o is diagonal, and the associated engineering stress is given by

022 — 011

A—=1r Splanar - \
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In addition to the homogenized limit of the discrete model, we also display the results
for two other models: Treloar’s model and the popular Arruda-Boyce model (also based on
polymer-chain statistics) with its standard coefficients to fit Treloar’s data, namely N =
26.5 and % = 0.27. We have not tried to optimize the parameters for the homogenized limit,
and have taken N = 26.5 and % = 0.27 as well, and set K = 5. As can be seen, the results
are promising. The mismatch in large deformations is due to the (bad) approximation of
the Langevin function by its Taylor expansion.
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Fig. 4.9. Uniaxial traction — Treloar’s experiments (AB: Arruda-Boyce, T: Treloar, V: variational — or homog-
enized)

4.5 Strong ellipticity and discrete homogenization [Glo11b]

In this section we address the question of the strong ellipticity of homogenized energy densi-
ties obtained by discrete homogenization. Using discrete Bloch waves it is possible to adapt
the theory by Geymonat, Miiller and Triantafyllidis [38] to the periodic homogenization
of discrete systems. Instead of presenting the general theory, we prefer to give two mean-
ingful examples which yield both a material which fails being strictly strongly elliptic in
compression, and a material which is strictly strongly elliptic at any deformation gradient.



4.5 Strong ellipticity and discrete homogenization [Glo11b] 125

-100~

w  -150- 4
2 150
]
=
-
0
Q0
=]
=
-
]
& 200 — a1
E data
EO + - AB
= -e-T
{} V

-250 L L L L L L
-1 -0.9 -0.8 -0.7 -0.6 -05 -0.4 -0.3

Engineering strain

Fig. 4.10. Biaxial tension — Treloar’s experiments (AB: Arruda-Boyce, T: Treloar, V: variational — or homoge-
nized)

The second example exploits the specific structure of the energy functions of Section 4.1
derived in statistical mechanics. We show in the last subsection that this specific structure
also implies strict strong ellipticity in the case of discrete stochastic homogenization — at
least in a perturbation regime. This result sheds some light on the possible microscopic
origin of macroscopic strong ellipticity of rubber-like materials.

4.5.1 Loss of strong ellipticity in the periodic discrete case

Before we present this example, let us quickly recall some results on periodic homogeniza-
tion of discrete systems. Let 7 be a Q = (0, 1)%-periodic triangulation of R? with vertices in
Z%. For every integer N > 1 we denote by S(Qy,R?) the set of continuous functions from
Qn to R? which are piecewise affine on T, and by Sx(Qx,R?) the corresponding subset
of Qn-periodic functions. Any functional F(-, Q) from S(Qx,R?) to R can be extended by
periodicity to a functional F(-,Qy) on S(Qn,R?) by setting for all v € S(Qn, RY)

F(’U,QN) = Z F(Tzan)a

ke[0,N)dnzd

where T,v(x) = v(z + 2) for all x € Q and z € Z%.
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Fig. 4.11. Planar tension— Treloar’s experiments (AB: Arruda-Boyce, T: Treloar, V: variational — or homoge-
nized)

The model is written on Z? and the geometry corresponds to Figure 4.12, with
Z1 = (07())722 = (170)7 3 = (17 1)7 24 = (07 1)7

NN = {(21,22), (22, 23), (23, 24), (24, 21) },
NNN ={(z2,21), (21, 23)},

and Tﬂ Q = {Tl, TQ} with
T1 = {SL’ = (l’l,xg) € Q T Xg > Il},
Ty ={x=(r1,22) €Q : 71 > x2}.
It is characterized by the following energy on S(Q,R?):
i, = > (ui—v|=1%+n > (lvi—v|— V2,
(4,J)ENN (4, ) ENNN

where v; := v(z;), and > 0 is a physical parameter, which may be seen as the strength of
the soft matrix (and should be small with respect to 1).

This discrete model loses strong ellipticity in compression, and we therefore consider
strain gradients of the form

10
A = <05), 0 €(0,1).

Recall that for all A € M?, we set p, : 2 — Ax. We make the following assumption:
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Fig. 4.12. Geometry, 1-periodic and 2-periodic deformations.

Hypothesis 4 For all 6 € (0,1) and every integer N > 1, there exists a minimizer ¢ of
F'(pa;, ++,Qn) on Su(Qn, R?) which satisfies ¢(z + e1) = ¢(2) for all z € Z2.

This assumption is strong: it implies that the minimizer ¢ : Qn — R?, (21, 22) — ¢ (21, 22)
only depends on zy (and not on x7), which is reasonable physically. The same type of
assumption is made in [38, Section 6|, where the lateral stress is assumed to vanish (see in
particular [38, p. 271]).

We now define the cell integrand W, by

Wl M? — R
A lﬂf{Fn(gOA + ¢7 Q)? ¢ € 8#(@7 R2>}7
and we define the homogenized integrand W)! by

hom
Mﬁ? . 2 ; +
hom * M R

A+ lim
N—oo [Qn|

which is well-defined quasiconvex function (see [1]).
Note that in this case, since the only elements ¢ of Sx(Q,R?) are constant functions
¢ =c € R, we have

Ws(A) = F'(pa, Q) = mf{F"(p1 + ¢,Q), ¢ € S4(Q,R*)} = W](A).
The model is said to satisfy the strict Cauchy-Born rule at A € M? if
(4) = Wig(4).

inf{Fn(SOA + ¢N7 QN)v (b € S#(QNv R2>}7

Wn

hom
We have the following lemma.

Lemma 4.3. Under Hypothesis 4, for all 6 € (0,1) we have

W (4s) = QWI(As) = RV (Ay), (4.22)

hom

where QW' and RW]" denote the quasiconvex and rank-one convex envelopes of W', re-
spectively.
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Lemma 4.3 is a discrete and stronger version of Lemma 3.3: in this specific case, the
homogenized energy density is precisely given by the quasiconvex envelope of the cell energy
density, whereas in the continuous case, we only know that QW}" and W}’  are bounded
from above by some constant times 7. In a recent work [62] it is actually shown that, in

the two-dimensional case above, the identity QW (A) = W,. (A) holds for all A € M?,

hom

independently of Hypotheses 4. Yet this does not imply the conclusion of Lemma 4.3 for
the rank-one convex envelope, so that it seems that Hypotheses 4 cannot be skipped.

From this lemma, we deduce the main result of this paragraph.
Proposition 1 Under Hypothesis 4, there exists n* > 1 such that for all n < n*, there
exists 0* € (0,1) such that

ei®@ej DY W (As)es@e; > 0 Vi, j € {1,2} and all § € (6*,1),

er®ey - Diz Wln(/l(s*)61 X ey = O, (423)
and
Wi (As) = W{(As) for all § € [6*,1), (4.24)
Wl?om(/lg) < Wln(/l(;) for all 6 € (0,5*) '

Hence, the homogenized material loses strong ellipticity at Ag«.
Remark 7 Note that the condition on n in Proposition 1 essentially encodes the fact that
the matriz (or the diagonal springs) is weaker than the fiber (or the vertical springs).

4.5.2 The case of periodic polymer networks

The model is written on Z? and the geometry corresponds to Figure 4.13, with

2 = (0,0), 2 = (1,0), 25 = (1,1), 24 = (0,1), 25 = (1/2,1/2),
NN = {(21,22), (22, 23), (23, 24) (21, 21) },

NN? = {(Z5a Zl)> (25722) (Z5a 23), (25724)}>

NN = NN, UNN;,

Y

and T N Q = {Tl,Tg,Tg,T4} with

T ={x=(x1,22) € Q : 19> 11,22 < 1 — 21},
To={x=( )EQ Ty > x1,m9 > 1 — 171},
Ts={z=(r1,m2) €Q : 11 > x9,00 > 1 — 17},

(z1,22) € Q

T4:{.§L’: X1, T9 ILU1>ZL’2,ZL’2<1—LU1}.

It is characterized by the following energy on S(Q, R?):

F(v,Q) = Z v — v *(|v; — v; 2 + 1) + / Wiol(det Vo),
Q

(1,7)ENN
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Fig. 4.13. Geometry

where v; := v(z;), and W, : M? — RT, A — (det A — 1)? is a volumetric energy. This
model satisfies a standard growth condition of order p = 4, and can be homogenized.
We denote by Wi andf Wi, the associated cell integrand and homogenized integrand,
respectively.

Proposition 2 For all A € M?,
Whom(A) = Wi (A) = Weg(A), (4.25)

and e; @ ¢j - D% Whom(A)e; @ e; > 4 for alli,5 € {1,2}. Hence, the homogenized material
is strictly strongly elliptic for all A € M?2.

Equality (4.25) is a consequence of the decomposition of the energy sketched on Fig-
ure 4.14. The first contribution is given by

X = LXKl

Fig. 4.14. Decomposition of the energy

Fiv,Q = Y |vi—vl(vi—vl>+1),

(4,7)EN N1

the second by
Bv,Q) = Y |oi—v(joy— v + 1),
(4,7)EN N>
and the third one by

Fg(v,Q):/QWVd(Vv).

We claim that for each contribution, the Cauchy-Born rule holds. In particular, the first
two terms F; and F3 are the combination of convex potentials in independent directions,
for which Jensen’s inequality implies that the linear deformation has least energy. The
same conclusion holds for the term Fj by definition of quasiconvexity (recall that W, is
polyconvex). The three contributions are therefore minimized independently at the same
Cauchy-Born deformation, from which we deduce (4.25).

The strict strong ellipticity follows from an elementary calculation.
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4.5.3 Perturbation result for stochastic polymer networks

In this subsection we turn to the discrete model of rubber elasticity introduced in Sec-
tion 4.1. The energy functional splits into two parts: a convex energy (the contributions
of the edges), and a nonconvex energy (the volumetric energy). The nonconvex part is
homogeneous whereas the convex part is heterogeneous. Under the affine assumption this
model yields a strictly strongly elliptic energy density at the “homogenization” limit as
shown above in the periodic case. The aim of this section is to prove that this argument
is stable under suitable perturbations. Our strategy relies on the specific form of the en-
ergy functional. Assuming that the minimizer in the asymptotic homogenization formula
is (uniformly) close to the affine deformation, we shall prove that the convex part of the
energy functional compensates for the variations of the nonconvex part at the level of the
quadratic expansions, so that the sum remains strictly strongly elliptic.

To implement this strategy, we need to introduce several notions and quantities. Let T
be a Delaunay triangulation of R, and let V' be the associated set of (undirected) edges.
We say that T is ng-admissible for some ng € N if any edge of T is shared by at most ng
simplices.

We start with some assumptions on the energy functions which are compatible with the
discrete model for rubber:

Hypothesis 5 The functions f,, : R? x R? — R* and W, : M% — RT are of class U,
and V, for some 1 < p < oo. In addition,

o there exists a continuous function fn, : RTxRT — Rt which is three times continuously
differentiable, convez, increasing in its second variable, satisfies f),.(2,0) > 0 locally
uniformly in z € R, and such that for all x, A € R, fo.(x,\) = fun(z, |N?);

o Wi is a three times continuously differentiable quasiconvex function.

Under these assumptions, we define two maps A : M x T — (M9)? and B : M4 x M? x
T — (M2 by: for all G, A € M? and every simplex T € T

AGT =~ % @%( —y, )§;$ 9e;0 L we,

n
S (z,y)eENNT

1 T — T — r— T —
+4fi (v =916 %ﬁ LeG e (G )|

| —yl" /e =yl [z —yl” =yl |z =y
82WV01 a Wvol
where ji’L and f . denote the first and second derivatives of f nn With respect to its second

variable. These maps take values in the set of symmetric fourth-order tensors and are
essentially parts of the local elasticity tensor associated with the energy functional (recall
however that this is a discrete energy).

Let A € M? and 6 > 0. We say that an open set O of M? is (A, #)-admissible for T,
fnn and Wvol if
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o NeO,
e forall7 €T and all G € O,

(1-0)AG,T) - B(A,G, T) >0
in the sense of symmetric fourth order tensors.

Let £ be an admissible stochastic lattice and T be the associated Delaunay triangulation
of R%. The definition above makes sense for £ and 7T for d = 2 and d = 3 since

e the hard-core and the non-empty space conditions yield a deterministic bound on ng;
e for all A € M? (A, 0)-admissible subsets of M? exist for § > 0 small enough.

We focus on the second statement. Since W, is three-times continuously differentiable,
B(A,G,T)|T|7" is arbitrary small provided O is included in some sufficiently small ball
centered at A. Note that 7 has uniformly bounded edge lengths because of the non-empty
space condition, so that |T| is uniformly bounded. If 7" was a simplex with d edges oriented
in the d canonical directions, the first term in A(G,T’) would yield a coercive fourth-order
2

tensor with coercivity constant % info inf (, ,)en j’i’m r—uy, |G = ), which is positive

|z—y|
uniformly with respect to O, provided O is included in some ball centered at A and of
arbitrary (yet fixed) radius, since & — y lies in a compact set of R for the random parking
measure. [t remains to treat general simplices. In dimension d = 2, the hard-core and
non-empty space conditions together with the properties of the Delaunay triangulation
imply a uniform lower bound on the angles of T, so that A(G,T) is a coercive fourth-
order tensor uniformly in 7" € 7. In dimension d = 3, this is not enough, and nothing
prevents the vertices of the tetrahedron 7' to lie “almost” on the same equatorial plane
of its circumscribed sphere. Denoting by hr the smallest height of 7', one may prove
that (hy)'A(G,T) is a coercive fourth-order tensor uniformly in 7' € 7. Noticing that
(hy)™" ~ |T|7" since the edge lengths are uniformly bounded from above and below, the
additional factor |T'| in the definition of B(A, G, T) compensates for the term (hr) ™! needed
to have the uniformity of the coercivity constant of A. It is now elementary to deduce the
existence of (4, #)-admissible sets of M? for § > 0 small enough, for d = 2, 3.

We have all the ingredients to prove the perturbation result. The perturbation assump-
tion is as follows:

Hypothesis 6 Let A € M?, H=a®be M with |H| =1, and ty > 0. In addition to the
assumptions of Theorem 23, we let f,, and Wy satisfy Hypothesis 5. For all 0 <t < t,
we set oy x> (A+tH)x and let ¢,y € Wy (Qn,RY) be a sequence of functions
such that almost surely

FRN (L, N or + Paremr) = inf {FlQN(E, w) | ue SN(L) such that

u(x) =(A+tH) -z ifr € LNQN and do(z,0QN) < 2p2}.
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We assume that there exists r(t) with r(t) — 0 ast — 0 such that for all N > 1,

IVoR i — Vi lli=@n) < (1)

almost surely, and that there exist § > 0 and a (A, 0)-admissible open subset O of M? such
that for all N large enough A+ V¢Y € O pointwise almost surely.

The first assumption is similar to Hypothesis 3, and ensures the commutation of lineariza-
tion and homogenization. The second part of Hypothesis 6 is the perturbation assumption,
since it implies that V@Y is small. The theorem then reads:

Theorem 26 Letd =2 ord =3, let A € M?, and let f,,, and Wyo be as in Hypothesis 6. If
forall H=a®be& M with |H| = 1, Hypothesis 6 holds, then there exists a deterministic
matriz Ihem € M9, and a strictly strongly elliptic elasticity tensor Lypom such that the
homogenized energy density Whom of Theorem 23 satisfies the Taylor expansion

t2
Whom(A +tH) = Whem(A) 4 tlyem - H + §H LyomH + o(t?)

forall H=a®be& M?* with |H| = 1. Hence Wiy, is strictly strongly elliptic at A.

There are two steps in the proof of this theorem. First we prove the strict strong ellipticity of
Wy(A) = F 1Q N(L, o ++i T Parer) uniformly with respect to N by introducing an elasticity
tensor L. Then we show that one can take the limit as N goes to infinity using the
perturbation assumption. We only display the argument for the first step.

For all N > 1, we define the elasticity tensor Ly by: for all G € MY,
1
G-LyG = m inf {¢ - D? FYN(L, 04+ ¢%)¢ (URS G?N(E) such that ¢ (r) = G-z
N
ifx € LNQy and doo(z,0Qy) < 2p2},

where 1 - D? FPY (L, o4 + ¢ is a notation for the second variation of F@N (L, 4+ ¢%)
in the direction 1. We denote by 1% an associated minimizer.

Recall that VY and V¢l are piecewise constant on 7. By definition of A and B, we
have:

QNG LG > Y VY- A(A+ Ve, T)Vyy

TeT,TCQN
N 82vaol N N
+ ) ITIVG - — 5 (A+ Vo) Vg,
TeT, TCQN
= Z (ng AN+ VY, T)VYG — Vi - B(A, A+ W%T)ng)
TeT,TCQN
82VVVOI

+ ) ITIVE - = 5= () Vg,

TeT,TCQON



4.6 Towards an analytical formula for the homogenized energy density [BGLTV] 133

so that by the perturbation assumption,

QNIG-LyG >0 > Vi A(A+ VoY, T)Vy
TeT,TCQN
82WVO1

+ ) |TIVYE

TeT,TCQN

Let now G be a rank-one matrix, that we denote by H = a ® b € M? with |H| = 1. Then,
since wg —¥YH € H(}(UTCQNT)v
O*W. O*W,
N vol N vol
Y. TV —SE AV = Y TIH =55 (A)H > 0

TeT,TCQn TeT,TCQn

2
vol

0A?

by rank-one convexity of the elasticity tensor (A) (see for instance [19]). Hence
Qn|H -LyH >0 Y Vi) - A(A+ Vo), T)Vyy.
TeT, TCQN

To conclude we recall that due to the admissibility of £, |T|7 A(A, T') is coercive uniformly
in T € T with constant c¢. The same holds for |T|7*A(A + V¢\,T) using in addition
Hypothesis 5. Hence

QvIH -LyH >0 > [TV - [T A(A+ Ve, T)Vy)
TeT,TCQN

>0 Z CvagH%Q(T)

TeT,TCQN

= CQHV@DgH%Q(UTCQNT)’

so that
H-LyH > cf|H* =0c

by convexity of the L?-norm using again the fact that v — oy € H}(Urcg,T). This
ellipticity constant fc is uniform in N, as desired.

4.6 Towards an analytical formula for the homogenized energy
density [BGLTV]

In view of the previous sections one could be satisfied with the analysis and numerical
simulation of the discrete model for rubber. Yet, in order to use this model in computational
mechanics softwares, the evaluation of the Piola-Kirchoff stress tensor should be fast (this
routine is called at each Gauss point of the quadrature rule). Unfortunately this is a very
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expensive computation. To approximate the stress tensor at one single deformation using
the method of Subsection 4.4.2, one needs to solve 10 nonlinear problems with 10° degrees
of freedom. This is too prohibitive and one cannot afford to include it into a nonlinear
elasticity software. (This problematics is similar to the one treated in Subsection 2.4.3 in
another context.)

The aim of this section is to construct an analytical proxy for Wy, using a set of data
generated by the method of Subsection 4.4.2. Data assimilation in rubber elasticity may
be an ill-posed problem because the sets of data which are available are often too partial
(engineering stress for uniaxial and biaxial tractions for instance). In particular all the
regimes cannot be tested by mechanical experiments. On the contrary, for the discrete
model for rubber any strain gradient can be considered. In particular we have at our
disposal an arbitrary amount of data at arbitrary values of the strain gradient. This opens
the door to the use of reliable and efficient data assimilation techniques. In addition, the
analysis of the model and of its thermodynamic limit is also a very good guide to restrict
the class of admissible energy densities in which to solve the inverse problem.

4.6.1 Choice of a parametrization: Ogden’s laws

From the analysis of Section 4.2 we learn that the homogenized integrand W, (after a
change of reference configuration) associated with the discrete model for rubber is quasicon-
vex, frame-invariant, isotropic, minimal at identity, and hopefully strictly strongly elliptic.
Ideally we’d like to use a characterization of this class of functions to devise a paramet-
ric data assimilation method. Yet there does not exist any tractable characterization of
quasiconvexity [49|. This is a serious practical handicap.

As seen in Section 4.5, the specific form of the discrete model for rubber is very “close”
to polyconvexity. In particular if the affine assumption held, the minimum in (4.10) as-
sociated with the energy functions (4.20) and (4.21) would be attained for u(z) = A -z,
and Wyom would be a polyconvex function. Yet, the affine assumption does not hold. Fur-
thermore, unlike quasiconvexity, polyconvexity is not preserved by homogenization (see for
instance [2,14]). Although it is not clear whether replacing quasiconvexity by polyconvex-
ity is justified here, polyconvexity can be handled whereas quasiconvexity cannot and we
shall look for an analytical approximation of W, in the class of polyconvex, isotropic,
and frame-invariant, strictly strongly elliptic energy densities, which admit the identity as
unique natural state.

To proceed we need a characterization of this manifold (that we shall denote by P).
Using the density of convex polynomials in the set of convex functions on bounded domains
for the norm of the supremum, we directly deduce the density of polyconvex polynomials
in the set of polyconvex functions. Again, it is not an easy task to characterize the set of
polyconvex polynomials in terms of their coefficients, and this remains a handicap for the
numerical practice of parameter identification. This is where Ogden’s laws come into the
picture.
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As a first practical example of polyconvex functions, Ball considers in his seminal paper
[5] the case of the Ogden laws introduced in [72] to model frame-invariant isotropic rubber
materials. Relying on the Rivlin-Eriksen representation theorem, Ogden has proposed a
restricted class of energy densities:

k:l kz
Wog(/l) = Z a,-()\‘f” + )\(;L + )\gz) + Z bj(()\l)\g)ﬁj + ()\2)\3)ﬁj + ()\3)\1)Bj) + Wg()\l)\g)\g),
1=1 j=1

(4.26)
where A\j, Ao and A3 are the square-root of the eigenvalues of the Cauchy-Green strain
tensor AT A (or singular values of A), ki, ky € N, a;,b;, i, 3; € R, and W3 is a convex
function. This class of constitutive laws is rather large, although it is not clear whether its
intersection with P is dense in P for the topology of local uniform convergence. The interest
of Ogden’s laws is the following: Ball has obtained in [5] (see also [21, Theorem 4.9-2|) a
rather simple set of conditions which ensures the polyconvexity of Ogden’s laws:

Vie{l,...,kl}, a; > 0,0, > 1, \V/jE{l,...,k‘g}, bj>075j21- (427)

This is of utmost interest to solve the identification problem with the constraint of poly-
convexity (at least in this subclass of polyconvex Ogden’s laws).
The second constraint requires that W,, be minimal at identity:

Wog(Id) = inf W,. (4.28)

The class of functions in which we shall approximate Wy, is the following: Ogden’s laws
(4.26) satisfying the conditions (4.27) and (4.28), with Wj : (0, +00) — R characterized by

Ws(t) = Kt? — 2K,logt

for some K3, Ky > 0, which is a variant of the Helmholtz energy density (replacing a single
constant K by two constants K; and K5 ensures that one can impose the identity to be a
natural state of (4.26)). This manifold is rather complex. Let ky and ko be implicitly fixed,
and set n = 2(k; + ky + 1). Given p = (p1,p2) € R™ with p; = (g, , 0y, b1, 5 Bry)
and py = (K1, Ky, a1, -+, ag,, bi, - -+, by,), we denote by W, the associated Ogden law.

4.6.2 Choice of a cost-function

To find the Odgen constitutive law (4.26) which best approximates W, we have to identify
the corresponding set of parameters p = (p1,p2) € R™ This is done by minimizing a
cost function £ depending on the difference between quantities associated with the energy
density WZ (seen as a function of p) and the corresponding quantities obtained by “in
silico experiments” (namely numerical approximations of Wyop,).

Since we are interested in boundary value problems, the important quantity is not the
energy density Wi, itself, but rather its derivatives. The numerical method of Section 4.4
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which allows us to evaluate Wyon,(A) at any deformation gradient A relies on a Newton
algorithm. In particular this method provides as outputs approximations of:

Ihhom(A) = mgj}om, the first Piola-Kirchhoff stress tensor and
P Whom
Lyom(A) = 5 Ahz , the Hessian tensor.

These approximations are the observations for the inverse problem. Since the material is
isotropic and frame-invariant, W, is characterized by its values on diagonal matrices
A = diag(\1, A2, A\3) and we only consider such deformation gradients. In particular, the

associated Piola-Kirchhoff stress tensor is diagonal and we denote by { ﬁi}lgigg its diagonal

2
hom

2
ij

entries. We also set {gij}lgidgg the entries of the Hessian tensor (which is positive
for strongly elliptic materials).

With this preliminary, we are in position to introduce the cost function we shall consider:

2
S (11— 1 3 P\’
c(p; A1, Aa, Ag) = 1<3 - ) —l—nZZ(H ) ) (4.29)
H;;

2
Zzzl HZ =1 ]:1

where > 0 is a small regularization parameter, and I1? and H? are used for the first
Piola-Kirchhoff stress tensor and Hessian tensor associated with the Ogden law W&, of
parameter p.

In the cost function, we would like to restrain the values of the admissible deformations
A = diag(A1, A2, A\3) to entries in the interval (1/6,6) (deformation up to 500%), and to
give a bigger weight to strain gradients in small deformations (\; close to 1). In order to
do so, we introduce the following importance measure on (1,6):

() = Kio(x — 1)7, (4.30)
where k > —1 and K, is a normalization factor such that :

6
1
/1%(:6)61:5:1 — KR:%. (4.31)

The parameter x can be chosen such that, for some fixed z° € (1,6), we have

0

' = ’ x)dx K= log(2) —
J R B s ey ST

that is the weights given to the intervals (1, z°) and (2°, 6) are the same. This is a convenient
way to give more importance to the small deformation regime. In Figure 4.15, the weight
function (x — 1)~ is plotted for different values of x. The formula (4.30) defines p, on (1,6)
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Fig. 4.15. Jacobi weight function z — (x — 1)" (for k € {—1, —0.75, —0.5, —0.25})

and we extend this function to (1/6,1) by setting p.(1/x) = p.(x) for all x € (1,6). Thus,
the measure pu, gives equal weight to compression and extension.

In the case of quasi-incompressible materials, the nonlinear constraint det A = A\j Ao A3 ~
1 has to be taken into account. To this end, we consider the reduced principal strains

M Ao s

J = )\1)\2)\3, vy = m, Vo = m, and V3 =

As primary variables we take J, 11 and vs, and restrict J to (1 — 9,1+ J), for some small
0 > 0. Finally, we define the following global cost function:

6 6 pl+o 1 "
/ / / c(p; JVB g3, Jl/g—) e (1) i (2)d T dvy diy
_ 1 J1 J1-s5 " Vo

6 6 ,lto
/ / / e (V1) s (12)d T dvy dy
1 J1 Jis

Note that by symmetry of ¢, we take into account all the possible deformation gradients
A = JY3diag(vy, vs, v3) with vy, 15,3 € (1/6,6) such that vi5v3 = 1. The identification
problem consists in finding p € R™ that minimizes F with the constraints (4.27) and (4.28).

We then approximate the integral in J with a standard three points integration rule
and the integrals in 14 and v, by the Jacobi integration rule of order m € N, that is:

1/2

F(p) (4.33)

/1 fla) (@ —1)fde ~ > wif (), (4.34)

where xy, for k € {1,...,m}, are the roots of the (0, x)-Jacobi polynomial of degree m
(after a mapping from (—1,1) to (1,6)) and wy are the corresponding weights.
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The minimization problem we are considering is as follows:

inf {]:(p) ‘P = (p1,p2) €R",p1 = (o, -+, u,, Bry - By )
P2 = (K1>K2>a1a"' 7ak1>bla"' >bk2) .

ai’ﬁi Z 17ai7bi7K17K2 Z 0, ng(:[d) == lan(;Dg}

4.6.3 Numerical method

The minimization problem considered here has the following three properties:

e the cost function F is not convex and defines a rather complex energy landscape with
numerous local minima;
the cost function F is twice-differentiable;
the set of parameters is a nonlinear implicitly defined manifold.

Due to the complexity of the energy landscape, Newton-type algorithms — or more gen-
erally deterministic algorithms — are very likely to get trapped into local infima.

In order to circumvent (or at least reduce) this difficulty, we shall appeal to a stochastic
optimization procedure — namely, an evolutionary algorithm. The fact that F is twice-
differentiable does not help finding the right region of the energy landscape.

The general procedure is as follows. Assume momentarily that we minimize F without
the constraints (4.27) and (4.28), and that the minimizer p of F on R” is unique. Instead
of directly looking for p in R", we look for a probability measure i which minimizes
p = fon F(p)du(p). Of course, by uniqueness of the minimizer, i = d;, the direct mass
at p. The strategy is now to approximate i by a sequence of Gaussian measures Gy,
characterized by their means my, € R", their covariance matrices Cj € SO, (R), and their
standard deviation o € RT. The sequence G} is an approximation of i if limy_,., G = [i
weakly in the sense of measures.

The evolutionary algorithm is characterized by its updating procedure, that is the con-
struction of G4 knowing Gy. Let S > s > 0 be integers. Given a sampling p}, ..., pk of
G, we select the s best search points pF (that is those s points among the S search points
which yield the s minimal values of F). The mean my,; of Gy is then obtained by taking
a (suitable) weighted average of the s best search points, the covariance matrix Cyq is
chosen so that the s search points are a suitable sampling of a Gaussian measure with this
covariance matrix C1. [t remains to choose the standard deviation o4;. The larger o4y 1,
the more regions of the energy landscape will be potentially visited. Yet, G, — [i requires
or — 0. The choice of o1 is therefore crucial, and case-dependent. Once Gy 1 is defined,
one generates randomly S samples pf“. We shall use the Covariance Matrix Adaptation

Evolutionary Strategy (CMA-ES) algorithm. For the precise update of Gy, we refer to [41].
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Let us now describe how the CMA-ES algorithm is used in our context. We first neglect
the constraint (4.28) that the Odgen energy density should be minimal at identity. The cost
function F has a very specific structure, and the parameters p; = (o, -+, agy, B1,*+  PBry)
and py = (K4, Ko, ay,- -+ ,ak,, b1, ,b,) do have different roles. In particular, since the
dependence of F upon p, is quadratic (after taking F to the square), it makes sense to
consider the reduced cost function

Fo(pr) = pizgfof(pl,pz)-

The infimum can indeed be effectively computed by deterministic methods (recall that we
have neglected the constraint (4.28) that W2 is minimal at identity). Since

inf F(p) = inf  F.(p1),

pER™ s. t. (4.27) p1 s. t. (4.27)

one may either apply the CMA-ES algorithm to F or F,.. There are two main differences:
the nonlinearity of the functionals (F, is much more nonlinear than F since the minimizers
po are themselves nonlinear functions of p;) and the dimension of the parameters (ki + ko
for F,., 2(k1+ko+1) for F). In both cases we impose the constraint (4.27) on the parameters
p1 by penalization so that the search space remains the linear space R¥1*%2 and not {p; €
R*¥+*2 guch that (4.27)}.

This picture would be complete if we did not have to deal with the constraint (4.28)
that W, should be minimal at identity. In order to take this constraint into account,
we use a splitting method, and add a projection step to the algorithm. The idea is to
proceed by prediction-correction to take into account the constraint (4.28). This amounts
to minimizing a different functional F, defined as follows. Given p;, we let iy be a minimizer
of F(p1,-) on [0,400)"*7+2 and set p = (p1,p2) € R™. If WZ, satisfies (4.28), we set
Fr(p1) := Fr(p1). Otherwise, we “project” WP, on the set of Ogden laws satisfying (4.28).
To this aim, we let v > 0 be the unique minimizer of ¢ — Wg’g(ﬂd) on R, which we may
compute by a Newton algorithm (the problem is strictly convex), and finally define

Fr(p1) == F(p1,p2)

where py 1= (YK, Ky, v* ay, -, y**1ag,, 77 by, - -+, 4?2y, ). Setting p = (py,p), this
ensures that W7, satisfies the minimality condition at identity (4.28).

The splitting method consists in minimizing the functional p; — F,.(py) on [1, +o00)F++2
by the evolutionary algorithm. For all p; € RF1**2 F (p;) > F,.(p1) by definition. Hence it
is not clear whether minimizing F, is equivalent to minimizing F,. This is the case if any
minimizer p; of F, satisfies the identity

inf f(pl,pg) = inf ]:(pl,pg). (435)

p2 s.t. (4.27)&(4.28) p2 s.t. (4.27)

When this condition does not hold, the splitting procedure only gives an approximation of
the minimizer.
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4.6.4 Numerical results

We present two series of tests based on the minimization of F, by the evolutionary algo-
rithm. In the numerical tests we have not used the stabilization by the Hessian since it does
not provide any significant improvement. It seems from the numerical tests that m = 3 is
enough for the Jacobi integration rule.

In the first series of tests, we start with an Ogden law and try to recover its coefficients.
In the second series of tests, the data are generated by the discrete model for rubber. Note
that in the first case, the property (4.35) holds. In the second case, it is not known whether
(4.35) holds or not.

In the case of the Ogden law, results are gathered in Table 4.2. As can be seen, the coef-
ficients can be recovered quite precisely. In order to check the robustness of the algorithm,

error F k1 ko2 Ki Ko a1 a1 ax a2 as a3 by B1 by Ba

exact 2 1 5.86 10.00 0.15 5.10 4.09 1.80 0.03 2.30
107 1 0 6.20 8.24 1.05 3.89

107 0 1 2.3213.98 9.00 1.30

1077 1 1 4.26 12.61 0.35 4.63 7.55 1.00

1073 2 0 5.90 10.01 0.15 5.10 4.12 1.80

1077 2 1 5.86 10.00 0.15 5.10 4.09 1.80 0.03 2.30

107 2 2 5.86 10.00 0.15 5.10 4.09 1.80 0.03 2.30 10~ 7 6.57
10-7 3 1 5.86 10.00 0.15 5.10 4.09 1.80 10~° 5.43 0.03 2.30

Table 4.2. Recovering process for different k1 and ks starting from an Ogden law.

we have performed the same tests with the addition of noise on the data (by independent
and identically distributed random variables on each data, of the order of a few percents).
The results for typical realizations are diplayed in Table 4.3. These tests show that the al-
gorithm is rather robust, and that the problem is stable (the solution seems to vary rather
smoothly).

noise error F k1 ks K1 Ko a1 a1 ax a2 b B
2 1 5.86 10.00 0.15 5.10 4.09 1.80 0.03 2.30

0.00 1077 2 1 5.86 10.00 0.15 5.10 4.09 1.80 0.03 2.30
0.01 107° 2 1 5.8310.00 0.15 5.10 4.14 1.79 0.03 2.30
0.02 107° 2 1 5.81 10.00 0.15 5.09 4.20 1.78 0.03 2.31
0.05 1072 2 1 5.73 10.00 0.16 5.08 4.39 1.74 0.02 2.35
0.10 1072 2 1 6.02 10.24 0.16 5.09 3.98 1.88 0.03 2.21

Table 4.3. Recovering process with noisy data.

We turn now to the core of this section: the analytical proxy for the discrete model for
rubber. The results are gathered in Table 4.4. Note that in this case, the law we try to
reconstruct does not belong a priori to the search space. In addition, the data we have
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error k1 ko Ki Ko a1 a1 a2 a2 a3 a3 b1 [Bi1 b2 [a
1072 1 0 4.76 5.01 0.22 2.22

1072 1 1 4.755.02 0.21 2.26 0.04 1.00
1072 2 1 4.78 5.05 0.26 2.03 0.001 4.45 0.002 1.81
107% 2 2 4.78 5.05 0.25 2.05 0.001 4.58 0.01 1.00 10°° 3.43
107% 3 1 4.78 5.05 0.21 2.16 0.07 1.16 0.0002 5.16 0.002 1.97
1072 3 2 4.78 5.05 0.21 2.15 0.07 1.16 0.0002 5.16 0.002 1.97 10~ ™ 8.26

Table 4.4. Recovering process for the data generated with the discrete model for rubber.

are only approximations of the homogenized model (cf. Section 4.4), so that a relative
error of order 107 can be considered as a very good result. To complete this picture, we
have plotted on Figure 4.16 the comparison between the engineering stress obtained by a
direct simulation of the discrete model to the engineering stress given by the reconstructed
analytical law on the Treloar experiments (uniaxial compression, uniaxial traction, planar
tension). This illustrates the capability of the reconstructed law to reproduce the behavior
of the homogenized integrand W), in various regimes.

4.7 Perspectives

There are several perspectives to the theory for rubber developed in this chapter.

From the analysis point of view, the discrete homogenization result could be extended
to the case of volumetric energies which blow up as the determinant of the deformation
gradient vanishes, at least in dimensions d = n = 2 and for Dirichlet boundary conditions
(see Section 3.6).

From the modeling point of view, the connectivity of the network we have considered
(Delaunay triangulation associated with the random parking measure) is too high, typically
around 20. In practice, polymer chain networks have a connectivity between 3 and 4. A
possible solution to reduce the connectivity of the network is to delete edges at random (this
procedure is illustrated on Figure 4.18). Yet it is not clear whether the energy functional
remains coercive. Instead of deleting edges one may also multiply the values of their energies
by a parameter that we slowly set to zero, combined with a continuation method. In the
case of uniaxial traction, this yields the results of Figure 4.17, which illustrates the influence
of the connectivity on the engineering stress.

From the physical point of view, the model is rather simplistic at the polymer chain level.
In particular no entanglements or topological constraints are taken into account. It would
therefore be interesting to check the validity of the discrete model at the scale of the polymer
chain network itself. This could be possible using results obtained by F. Boué’s group at
CEA Saclay. This group of physicists has indeed been able to plot the Fourier transform
of the length distribution of the polymer chains in a (two-dimensional) deformed network,
by using optical measurements. Our numerical procedure to approximate the homogenized
integrand W, also allows us to compute (as output) the Fourier transform of the length
distribution of the deformed polymer chains. These two plots could definitely be compared.
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Fig. 4.16. Comparison between the discrete model for rubber and the reconstructed Odgen law. (a) uniaxial
compression (b) uniaxial traction £ = diag(\, %, %) and (c) planar tension £ = diag(), +,1). Evolution of the
engineering stress with respect to the engineering strain A — 1.

From the numerical point of view, our numerical approximation method of the homog-
enized integrand Wy, is rather crude. As we have seen in Chapter 1, an efficient way to
approximate homogenized coefficients in stochastic homogenization of linear elliptic equa-
tions on Z? is the periodization method. In the present case, the method would be as
follows. Let p; > 0 be fixed and let R > 0. Pick a point 2y € Qg, and set Xy = x¢ + RZ?.
The point set X is accepted, and we set Yy = Xj. Pick at random another point z; € Q.
If the points of X; = z; + RZ? are at distance at least p; from the points of Yp, X, is
accepted and Y] = Yy U X;. Otherwise Y; = Yy. We continue this process untill Q (and
in fact RY) is packed by Yy for some large but (almost surely) finite V. The point set Yy
is Qp-periodic. One can associate with Yy a Qg-periodic Delaunay triangulation of R?,
and then approximate Wy, by the infimum of the discrete energy on (Jr with periodic
boundary conditions. In view of the analysis of Chapter 1, the convergence rate to Wy, is
expected to be better than the method used in this chapter. The practical implementation
of this method is however much more involved.
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Fig. 4.17. Uniaxial traction — affine assumption (dashed line), variational model for K = 50 and connectivities
20 and 4 (from top to bottom)

Fig. 4.18. Networks with connectivities 20 and 4
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