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Une méthode énerg étique pour les syst èmes vibro-acoustiques coupl és

Résum é

Ce ḿemoire de th̀ese pŕesente le d́eveloppement de la ḿethode “statistical modal energy dis-
tribution analysis (SmEdA)” pour des systèmes vibro-acoustiques couplés. Cette ḿethode de
calcul est baśee sur le bilańenerǵetique dans des sous-systèmes ferḿes coupĺes, comme une
structure ou une cavité. L’interaction entre de tels systèmes est d́ecrite par des couplages entre
les modes. La version initiale de SmEdA prend en compte seulement les modes qui ont une
fréquence propre dans le bande d’excitation. Le travail présent́e ici étudie l’effet des modes
non ŕesonants sur la réponse et identifie les cas dans lesquels un tel effet devientimportant.
L’introduction des modes non résonants permet d’utiliser la méthode SmEdA dans des cas
d’applications plus larges.
En outre, une nouvelle ḿethode de post-traitement aét́e d́evelopṕee pour calculer des distri-
butions d’́energie dans les sous-systèmes. Finalement, une nouvelle méthode d’approximation
pour la prise en compte des modes de systèmes de grandes dimensions ou mal définis aét́e
formulée. Toutes ces ḿethodes ont́et́e compaŕees avec d’autres ḿethodes de calcul via des
exemples acad́emiques et industriels. Ainsi, la nouvelle version de SmEdAincluant le post-
traitement pour obtenir des distributions d’énergie áet́e valid́e et les avantages et possibilités
d’applications sont montrés.

Mots-clés: SmEdA, ḿethodeénerǵetique, syst̀emes vibro-acoustiques couplés, distribution
d’énergie, systèmes mal d́efinies, ḿethode modal

An energy based method for coupled vibro-acoustic systems

Abstract

This dissertation presents the further development of the statistical modal energy distribution
analysis (SmEdA) for vibro-acoustic coupled problems. This prediction method is based on
the energy balance in bounded coupled subsystems, like a structure or a cavity. The interaction
between such subsystems is described by mode-to-mode coupling. The original SmEdA formu-
lation takes into account only the modes having the eigenfrequencies within the excitation band.
The present work investigates the effect of non resonant modes to the response and identifies
cases in which such an effect becomes important. The inclusion of non resonant modes has thus
resulted in a new SmEdA formulation which can be used in extended applications.
Furthermore, a new post-processing method has been developed to predict energy distribution
within subsystems. Finally a novel approximation method for handling modes of huge or ill-
defined systems has been formulated. All these methods have been compared to other prediction
methods via academic and industrial examples. In this way, the extended SmEdA approach in-
cluding the post-processing for energy distribution has been validated and its advantages and
application possibilities have been demonstrated.

Keywords: SmEdA, energy based method, coupled vibro-acoustic systems, energy distribu-
tion, ill-defined system, modal approach
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1. Introduction and scientific context

The importance of the prediction of the vibro-acoustic behaviour of industrial products is in-
creasing. One reason for this is that more and more producerswant to get products sounding
well and to reduce disturbing noises for the users of their products. To reach this aim without
spending a lot of time for tests on real products, which costsalso a lot, the sound design at
an early stage of development becomes more and more important. Thus, methods have been
developed to study the contribution of different sound sources and the influence of different
transmission paths on the global synthesized sound of a product. Examples for such methods
are the virtual noise synthesis [1] and the virtual acoustic prototype [2]. Another reason for
the increasing of the need of predictive methods is the problem that strong vibrations and high
noise levels can damage structures or electronic equipmentlike in aerospace applications [3].
Therefore, it is necessary to take into account these aspects already in the design stage. To
reach all these aims effective calculations methods are needed to predict for example transfer
functions characterising transmission paths. The frequency range of interest, for which vibro-
acoustic calculations should be executed, is normally quite huge for example 20Hz to 2000Hz
for aerospace applications [3]. Thus, the biggest wavelength at the lowest frequency of interest
can be 100 times bigger or even more than the smallest wavelength at the highest frequency of
interest. That means that the wavelength can be very big and very small in comparison to the
dimensions of a product or a room and so different phenomena are important for the different
wavelengths. Because of that the frequency range can be divided for example in three ranges,
the low, the mid and the high frequency range. In the case of a low damped system the low
frequency range is characterised by the single responses ofsingle modes, because the modal
density is here quite small [4]. Thus, single maxima which belong to the eigenfrequencies
can be seen separately in the frequency response. For this frequency range the finite element
method (FEM) (see chapter1.1.2) is the most popular calculation method. But the computa-
tional cost of FEM is increasing with the frequency because as explained before the wavelength
becomes smaller and so more discrete points are necessary todescribe these vibrations. Also,
in the high frequency range the modal density becomes high and so the response at one fre-
quency is here an average response of a high number of modes. These modes are in addition
very sensitive to small changes of characteristics of the respective systems as explained in [5].
Thus, the responses of nominally identical industrial products excited at high frequencies can
be very different. Because of these reasons it makes no sense to calculate detailed response
for each point with a deterministic method like FEM [5]. The most well known method to cal-
culate such averaged frequency responses in the high frequency range is the statistical energy
analysis (SEA), which is presented more detailed in chapter1.1.1. All in all, there are well
established calculation methods for the low frequency range and for the high frequency range.
But in between in the mid frequency range the modal densities are too low to use SEA and the
computational cost is still quite high using FEM. To solve this problem many different meth-
ods have been developed in the last 10 years. So there are for example the hybrid FEM/SEA
method, the wave based method, the variational theory of complex rays (VTCR) and the com-
plex envelope vectorization (CEV), which are presented shortly in chapter1.1.3. One of these
is also the statistical modal energy distribution analysis(SmEdA), which is the topic of this
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1. Introduction and scientific context

dissertation. The development of SmEdA has been started by Maxit and Guyader [6]. Their
aim was to get an energy based method like SEA, which can be usedat lower frequencies, too.
In the last three years SmEdA has been further developed in the framework of ITN Marie Curie
project GA-214909 “MID-FREQUENCY - CAE Methodologies for Mid-Frequency Analysis
in Vibration and Acoustics”. The main subjects of this research discussed in thesis are:

• a new original method to take into non resonant modes in SmEdA

• a new postprocessing method to predict energy distributions of coherent sound fields with
the modal information and the results of SmEdA

• a novel method to handle ill defined systems

• the discussion of methods for systems with high modal densities to reduce the computa-
tional cost of SmEdA

All the results of the research are summarised, discussed and commented in partI of this thesis
following chapters about the scientific context and the detailed presentation of the subject. The
details of the research like derivations of formulae can be found in the publications of partII . In
this context, it has to be mentioned that some errors in the publications have been corrected and
the appearance of the publications have been adapted to thatof this thesis. Thus, the publications
in part II look not exactly like the original ones. Furthermore, some errors in the publications
have been corrected and the appearance of the publications have been adapted to that of this
thesis. Thus, the publications in partII look not exactly like the original ones.

1.1. Calculation methods in vibro-acoustics

1.1.1. Statistical Energy Analysis

The statistical energy analysis is the most popular energy based method. The development of
it started in the early 1960s with the works over coupled oscillators from Lyon and Smith [7].
At first, simple coupled oscillators and the relation betweentheir energies and the power input
were investigated and discussed in lot of publications like[8], [9] or [10]. These oscillators are
described by two coupled differential equations, which aregiven in the case of a gyroscopic
coupling by

ÿ1(t)+∆1ẏ1(t)+ω2
1y1(t)−

√

M−1
1 M2γẏ2(t) = F1(t)

ÿ2(t)+∆2ẏ2(t)+ω2
2y2(t)+

√

M−1
2 M1γẏ1(t) = F2(t)

(1.1)

where∆i = ωiηi is the damping coefficient,γ is the gyroscopic coupling factor andM1, M2, y1

andy2 are the masses and the displacement of the oscillators one and two. As shown under the
condition of a white noise excitation [8], the time-averaged power flowPex

i j between resonant
excited oscillators is direct proportional to the difference of their time-averaged energiesEi and
E j .

Pex
i j = ηi j (Ei −E j) (1.2)

whereηi j is the coupling factor. From equation (1.1) and (1.2) it follows for the coupling factor
that

ηi j =
γ2
(

ηiωiω2
j +η jωjω2

i

)

(ω2
i −ω2

j )
2+(ηiωi +η jωj)(ηiωiω2

j +η jωjω2
i )

(1.3)
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1.1. Calculation methods in vibro-acoustics

A detailed description of the derivation ofηi j can be found in chapter11. This so defined
exchanged power is used in a power balance equation for the oscillators as follows:

Πi = Πdis
i +Pex

i j = ωcηiEi +ωcηi j (Ei −E j) (1.4)

whereωc is the central frequency of the excited frequency band andΠi andΠdis
i are the input

power and the dissipated power of the oscillatori. This principle to describe coupled oscil-
lators with power balance equations has been extended to a lot of other coupled system like
coupled structures. A derivation of SEA for general coupledsubsystems can be found in [11]
and some application possibilities are shown for example in[12] or in [13]. To predict the
coupling factors for other systems, there are the modal approach, the wave approach and exper-
imental and numerical methods [7]. The first, the modal approach, splits the coupling of two
subsystems into couplings of modes, what is comparable withthe coupling between oscillator.
The same procedure is used for the statistical modal energy distribution analysis (SmEdA) (see
chapter1.1.4.1), and thus SmEdA can be regarded also as a kind of modal approach to calcu-
late SEA coupling factors (see chapter1.1.4.5). The wave approach is discussed in detail for
different types of subsystems by Lyon and DeJong [7]. Here, the coupling factors are defined
by describing the transmission of waves from one semi-infinite subsystem to another. The so
predicted coupling factors for a cavity-plate-cavity system from Lyon and DeJong are explained
in detail in chapters6 and11. As this approach is very common, there can be found coupling
factors predicted in this way also in other publications like for the cavity-plate-cavity coupling
in [14]. Using the experimental method, the energies in the subsystems are measured for a
known power input. In this way, the coupling factors are determined by equation (1.2). More
information about the experimental method can be found for example in [15]. Instead of mak-
ing measurements, the energies of subsystems can be also calculated for a given power input
with numerical methods like the finite element method FEM [16]. Another possibility to get
SEA coupling factors is to combine measurements with mobilities as described in [5].
The big advantage of the SEA method is that there is only a linear system of equations with one
equation for each subsystem, which has to be solved to get results for the energies of these sub-
systems. But SEA is in general only a method for high frequencies, because the modal density
in an excited frequency band has to be high so that the statistical assumption of the equipar-
tition of the total energy on the modes is valid. A detailed discussion of the validity of SEA
can be found for example in [17]. Because of this equipartition assumption it is principally not
possible in SEA to take into account non resonant modes relating to an excited frequency band.
This problem is solved for example for the sound transmission through a structure using non
physical direct coupling factors between two rooms [7]. Moreover, this assumption is also the
reason why SEA can not be used for narrow band excitations without additional statistics [5].
But it can be considered that the energy is ergodic so that a energy averaged over a frequency
band is equal to the average energy of an ensemble of systems with random properties, which
is excited at a single frequency [18]. In this way, a variance of this mean energy of an ensemble
of random structures can be also calculated. Because of that SEA is a good method for taking
into account uncertainties. A last problem of SEA mentionedhere is that only global energies
are output and there is so no information about the distribution of these energies [5].
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1. Introduction and scientific context

1.1.2. FEM for fluid-structure problems

For FEM calculations, like in the commercial program Nastran[19], the following coupled
differential equation formulation is used to describe the coupled fluid-structure problem:

[
Ms 0
−CT M f

][
Ü
P̈

]

+

[
Ds 0
0 D f

][
U̇
Ṗ

]

+

[
Ks C
0 K f

][
U
P

]

=

[
Ls

L f

]

(1.5)

whereU is the vector of the displacements of the FEM-nodes of the structure,C is the coupling
matrix describing the coupling between two systems,P is the vector of the pressures at the
FEM-nodes in the fluid andMs, M f , Ds, D f , Ks, K f , Ls andL f are respectively the mass, the
damping and the stiffness matrices and the external force vectors of the structure and the fluid.
Here, it is assumed that a vibrating structure at the boundary of a cavity can be represented as
a source on a rigid wall of the cavity, whose boundaries are all rigid [20]. Equation1.5can be
symetrisized and also written as a function of the modes of the structure and the cavity instead of
physical degrees of freedom. This procedure is called modalreduction [19] and hence equation
1.5reads:

[
ms 0
0 −mf

][
ξ̈s

ξ̈ f

]

+

[
ds ζ T

ζ −df

][
ξ̇s

ξ̇ f

]

+

[
ks 0
0 −kf

][
ξs

ξ f

]

=

[
fs
−gf

]

(1.6)

where
U = Φsξs, P= Φ f ξ f ,

ms = ΦT
s MsΦs, mf = ΦT

f M f Φ f ,

ds = ΦT
s DsΦs, df = ΦT

f D f Φ f ,

ks = ΦT
s KsΦs, kf = ΦT

f K f Φ f ,

fs = ΦT
s L , gf = ΦT

f Gf = ΦT
f

∫ t
0 L f

(1.7)

andΦs, Φ f , ξs andξ f are the mode shapes and the modal amplitudes of the structurerespect-
ively of the cavity. This modal equation is similar to the system of equations of two coupled
gyroscopic oscillators (equation (1.1)), which is used in SEA and also for SmEdA (see chapter
1.1.4.1). One problem of FEM is that the mesh of nodes for FEM has to become finer and finer
to describe well the displacement if the frequency of excitation grows, because the wavelength
of the modes become smaller in this case. Thus, the computational cost of FEM increases then
and so FEM is in general only a method for low frequencies. Another problem specially of
equations (1.5) and (1.6) for the fluid-structure interaction is that the boundary condition of the
equality of the normal velocities, are not fully respected asdiscussed in chapters9 and11. This
could be especially important if more than two subsystems are coupled.

1.1.3. Mid-frequency methods

1.1.3.1. Hybrid FEM-SEA method

A first example for a mid-frequency method is the hybrid FEM-SEA method [21, 22]. Here,
one system is divided into subsystems like in SEA, but only the subsystems which cannot be
treated as SEA subsystems are handled with FEM. Thus, the first step of the hybrid FEM-SEA
is to define for which subsystems FEM is necessary. This can bedecided for example using
the expected wavelengths of the result [23]. If the wavelengths are big in comparison to the
dimension of a subsystem, it should be tackled with FEM. Next, finite element models are
created for these chosen subsystems. To describe the interaction between the SEA and the FEM
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1.1. Calculation methods in vibro-acoustics

subsystems the sound field of a SEA subsystem is split in a direct field and a reverberant field.
This direct field at the boundary is represented by a direct field dynamic matrix, which is a
function of the degrees of freedom at the boundaries of the FEM subsystems. The matrix can
be calculated using the boundary element method or analyticapproaches [23]. The influence
of the reverberant field is described by a force exciting the FEM subsystems. After that the
variables which are necessary for the SEA equations like thepower input are calculated using
the direct field dynamic matrix and the force representing the reverberant sound field. Finally,
the energies of the SEA subsystems are calculated first from the SEA equations and then the
FEM equations are solved using these energies of the SEA subsystem to get the response in the
FEM subsystems. One advantage of that method is that the computational cost can be reduced
dramatically in this way, because the much more time consuming FEM is used only for limited
parts of a system in which it is an indispensable necessity. Also, the results are ensemble
averaged ones and so uncertainties are directly taken into account in this method [23].

1.1.3.2. Trefftz methods

The wave based method (WBM) [24] and the variational theory of complex rays (VTCR) [25,
26] are examples for Trefftz methods. The differences betweenWBM and VTCR are that
they use different wave functions and different variational formulations [27]. Therefore, the
procedure of calculation and advantages and disadvantagesof a Trefftz method are discussed
in the following only on the example of WBM. This is a method to calculate time independent
dynamic problems, which can be bounded or unbounded. First,the volume of a cavity or the
area of a structure are split in so called “subdomains”. These parts have to be convex and non
overlapping. The variables of the subdomains like pressureor displacement are described then
in this method as a sum over a weighted set of functions. The special feature of such a Trefftz
method herein is that these functions are exact solutions ofthe respective differential equation
and not just arbitrary functions like polynomial functions.To calculate the weighting factors of
these functions a variational formulation of the problem isused. In this way, a linear system
of equations is build which have to be solved to calculate theweighting factors of the wave
functions and so the results for the field variables. One problem of WBM is that it can be
difficult to describe complex geometries with convex subdomains. This can be solved using a
hybrid FEM/WBM method, because in this way small regions with complex geometries can be
described with a FEM mesh and the huge rest with WBM subdomains [28]. Another problem
of WBM is that complex numerical integrations are necessary toobtain the system matrix of
the linear system of equations. This leads to problems with the accuracy of the values of the
matrices and thus to ill-conditioned matrices. Also, the system matrices are fully populated.
On the one hand, these two drawbacks make the WBM calculation more complex than a FEM
calculation. On the other hand, the system matrices are muchsmaller in WBM than in FEM
because of the smaller numbers of degrees of freedom and the convergence rate is also higher in
WBM than in FEM. But all in all the computational cost of WBM is much smaller than that of
FEM and thus it is possible to handle problems at higher frequencies with WBM than with FEM.
Furthermore, WBM can be combined like FEM with SEA (see previous chapter) to reduce the
computational cost again if one or more parts of a systems canbe described statistically [29].

1.1.3.3. Complex Envelope vectorization

The complex envelope vectorization (CEV) [30] is a further development of the complex envel-
ope displacement analysis (CEDA) [31]. In CEDA a complex envelope displacement is used for
the calculation instead of the direct use of the physical displacement. This complex envelope
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displacement is here defined via a Hilbert transform from thephysical displacement. In a more
practical sense this Hilbert transformation can be better understood by a look at the example of
a fast oscillating signal in the time domain. The signal is transformed in the frequency domain
using a Fourier Transform. After that the frequency spectrum is filtered and shift to a lower fre-
quency range. The inverse Fourier transform of this frequency spectrum leads finally to a much
slower oscillating signal in the time domain which is the complex envelope displacement of the
original signal. This CEDA principle used successfully for one dimensional systems was exten-
ded in CEV to three dimensional discrete systems. A field variable is defined in CEV then as a
complex envelope vector. The advantage of this method is thatthe mesh can be much coarser
than normally in FEM because the frequency spectrum of the complex envelope vector consists
of lower frequencies than the real physical field variable asexplained above. Thus, less discrete
points are necessary to describe the longer wavelengths of the complex envelop vector. Because
of that the computational cost is reduced by CEV and calculations of problems in which higher
frequencies play a role become possible. But the disadvantage of this method is that it can be
only really successfully applied if the role of single modescan be neglected. Otherwise the
CEV results show correctly only the principle trend. Therefore, the ideal conditions for the use
of CEV are principally highly damped systems, external acoustic problems or high frequencies.

1.1.4. Statistical modal Energy distribution analysis

1.1.4.1. Basic principle

Maxit and Guyader [32, 6] have started to develop the statistical modal energy distribution
analysis (SmEdA) to get an energy based method like SEA, which can be used also at lower
frequencies. For this purpose it is necessary to overcome the SEA condition of equipartition
of modal energies in an excited frequency band, because thatis only true at high frequencies,
where the number of modes is high. To reach this aim a couplingbetween modes of differ-
ent subsystems is used to determine the interaction betweensubsystems instead of a coupling
between whole subsystems like in SEA. Maxit and Guyader usedthe analogy that the coupling
between modes is equal to a gyroscopic coupling between oscillators (see Figure1.1) as dis-
cussed for example in [33]. This principle is valid if one subsystem can be handled uncoupled
as blocked and the connected one uncoupled as free on the coupling area. This is the principle
of the dual modal formulation first introduced by Karnopp. Itcan be applied for example for
the case of a structure-cavity system (see Figure1.2), at which vibrations of the structure can
be described with in vacuo modes and vibrations in the cavitywith modes predicted under the
assumption of rigid walls. These modes can be calculated analytically for simple geometries
like in [34] and [35] or otherwise with FEM. The gyroscopic coupling factor for such modes is
defined as, [6],

γ12
pq =

1
√

(ω1
p)

2M1
pM2

q

∫

S
p1

pW
2
q n2dS=

W12
pq

√

(ω1
p)

2M1
pM2

q

(1.8)

whereW12
pq, the integral over the coupling areaS of the product of the mode shapes, is the

interaction modal work,n2 is the normal vector of the structure andM1
p andM2

q are the modal
masses of the p-th and q-th mode of the subsystems one and two.In such a case, the coupling
factor β12

pq between two modes is given similar to the coupling factor between two oscillator,
equation (1.3), by, [6]:

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

((ω1
p)

2− (ω2
q)

2)2+(η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

]

(1.9)
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whereM1
p, M2

q, ω1
p andω2

q are the modal masses and the eigenfrequencies of the p-th andthe q-
th mode of the subsystems one and two. In this way, an analogous mechanical model is created
in which every oscillator represents one mode. The masses and the damping factors of these
oscillators are the modal masses and the modal damping factors of the respective modes. Due
to that the modal energies can be calculated with SEA-like power balance equations for each
mode respectively oscillator as follows:

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (1.10)

whereΠ1
p is the power input in the p-th mode of subsystem one. Thus the coupling between

two subsystems is described in SmEdA by modal power balance equations instead of power
balance equations for each subsystem only like in SEA. The whole energyEi of a subsystemi
is the sum of all the energiesEi

n of resonant modes of this subsystem [36, 37].

Ei =∑
n

Ei
n (1.11)

But in this original formulation of SmEdA only resonant modescan be taken into account due
to the assumption of a white noise excitation for the derivation of the modal coupling loss factor,
equation (1.9). Therefore, this total energy is only equal to the real total energy if approximately
all the energy is stored in resonant modes.

G

M1 M2

∆1 ∆2K1 K2

x1 x2

Figure 1.1.: Analogous mechanical model: Two gyroscopic coupled oscillators

Lz

Lx

Ly

x

y

z

h

cavity structure

Figure 1.2.: System in reality: A cavity coupled to a structure
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1.1.4.2. Limits of SmEdA

SmEdA describes all the processes with undamped modes, likeit is described in the previous
chapter, and so it is necessary to pay attention what can be characterised by them. In prin-
ciple every vibration can be described as a sum of these modes, because they are an orthogonal
complete set of function [38]. But one problem in this context is the damping at the boundary,
because systems with damped boundaries are not really “closed”. This cause that the ortho-
gonality relation between the modes which would describe exactly the problem is not valid any
more [38]. Thus, there would be also an interaction between the modeswhich cannot be de-
scribed with the SmEdA method. Especially for fluids in cavities this can be a problem, because
the damping is normally given only through absorbing materials at the walls. In the case of high
damped boundaries the direct field is dominating in a cavity and not the reverberant sound field.
Therefore, to be sure that the influence of the direct sound field is small, the critical distanced,
which is used in room acoustics for diffuse sound fields, can give a rough indication. The crit-
ical distanced is the distance, at which the sound pressure level of the direct and the reverberant
sound field are equal, and is given in [39] by

d =

√

γAs

16π
e

As
S (1.12)

whereγ is the source directivity andS is the interior surface area of the cavity. The equivalent
absorption areaAs can be connected to the damping factor, which is used in SmEdA, for ex-
ample with equation (1.30). If this critical distanced is small compared to the dimensions of
the cavity, the sound field is dominated by the reverberant one and the direct field is negligible.
Another limitation in SmEdA is that the external excitations of different subsystems have to
be uncorrelated, because as explained in chapter11 this is assumed for the derivation of the
coupling loss factor, equation (1.9). Furthermore, SmEdA is a method for stationary problems,
because the used energy balance, equation (1.10), is time independent. To sum up, SmEdA
can be applied only for stationary problems of more or less closed coupled subsystems, whose
external excitations are uncorrelated.

1.1.4.3. Power input of a mode

Besides the coupling loss factors, the damping factors and the eigensystems, the external power
input is one quantity that has to be known in advance for powerbalance equation systems,
equation (1.10). For this purpose analytic solutions in modal descriptionof the uncoupled
subsystems are used as described in [40] (see chapter9). In this way, the frequency averaged
input power of a modem can be written for example for a structure, which is excited between
the frequenciesω1 andω2, as

Πm =
1

∆ω

∫ ω2

ω1

1
2

∫

A
ℜ [pex(A)v

∗
m(A)]dAdω (1.13)

with the uncoupled velocity [38]

vm(A) =
Φm(A)

Mm(ω2
m−ω2+ iηsωmω)

∫

A
iωpex(A)Φm(A)dA (1.14)

whereωm andMm are the eigenfrequency and the modal mass of a modem, pex(A) is an external
pressure acting on an areaA of a structure,Φm(A) is the mode shape of a modem at the
excitation areaA, ω is the excitation frequency,ηs is the modal damping factor and∗ denotes the
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complex conjugate. In the case of a structure excited with a broadband point forceF (|F |= 1N),
it follows analytically that the power input of a resonant mode is given by, [41],

Πm =
π(Φm(ε))2

4Mm∆ω
(1.15)

whereMm is the modal mass of the modem, Φm(ε) is the mode shape at the point of excitation
ε and∆ω is the band width of the excited frequency band. Similar to this equation the power
inputΠin of a whole subsystem is determinate in SEA as follows [7]:

Πin =
Sf ∆ωn(ω)

4M
(1.16)

wheren(ω) is the modal density in the excited frequency band, M is the mass of the subsystem
andSf is the power spectrum of the excitation force. To get the exact power input for all modes,
resonant and non resonant ones, the integral over the excited frequency range in equation (1.13)
has to be predicted numerically as done for the SmEdA calculations in [42], [34], [35],[43] and
[40] (chapters6 to 11). In the same way the power input in cavity subsystems are obtained for
excitations with monopole sources and for excitations via vibrating structures. For the first kind
of excitation, the monopole excitation, the power input is given by, [44],

Πm =
1

∆ω

∫ ω2

ω1

1
2

ℜ [pm(xq)Q
∗]dω (1.17)

with the modal pressurepm(xq) at the locationxq of the monopole

pm(xq) = iωρf Q
Ψ2

m(xq)

Nm(k2−k2
m)

(1.18)

whereQ is the the volume source strength of a point monopole [44], Ψm(xq) is the mode shape
of the cavity modemat the excitation pointxq, ρ f is the density of the fluid andNm is the norm
of a modem. The wavenumberskm andk are defined as

km =
ωm

cf
(1.19)

and
k=

ω
cf (1+ iη f )

(1.20)

wherecf is the sound velocity of the fluid. The relation between the damping factorη f of the
fluid and the dampingη used in equation (2.1) of SmEdA is approximately given by, [40],

η f =
η
2

(1.21)

For the excitation via a vibrating structure, the power input can be written as

Πm =
1

∆ω

∫ ω2

ω1

1
2

∫

A
ℜ
(

pm(A)p∗m(A)
Z

)

dAdω (1.22)

with the modal pressurepm(A) at the excitation areaA, [41],

pm(A) =−ρ f ω2Φm∑
s

asWms

Nm(k2−k2
m)

(1.23)
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whereZ is the impedance of the fluid,Wms is the interaction modal work, equation (1.8), and
as is the modal amplitude of the s-th mode of a structure, which is equal to the amplitude of
the velocityvm(A) from equation (1.14). Finally, for all the different excitation possibilitiesit
is important to pay attention to the correlation between different sources. One example for that
is the excitation of a subsystem with more than one point force. The resulting power input of
each force alone can be only added if the forces are fully uncorrelated. Otherwise, the power
input in a mode have to be calculated for completely correlated forces with equation (1.13) as
follows using the sum of the scalar products (denoted by:◦) between the forces and the modal
shape vectors:

Πm =
1

∆ω

∫ ω2

ω1

ℜ

[

(∑i Fi ◦Φm(εi))
2

Mn(ω2
m−ω2+ iηsωmω)

]

dω (1.24)

whereεi is the point on a structure, at which a forceFi excites the structure. This formula was
used for example for the calculations in [43] and chapter8. A part of a double deck train is
there excited by eight correlated point forces at the bottomof the structure.

1.1.4.4. Damping in SmEdA

For both the power balance equation system of SmEdA, equation (2.1), and the power input
it is necessary to define in advance the damping, which is characterized by a modal damping
factor ηi. The modal damping factors are all equal if the damping is distributed uniformly in
a subsystem. But in the case of a localised damping each modal damping factor has a unique
value. For structures this characterisation of the dampingis not problematic, because here
the damping is normally described with the quantityηi using a complex elasticity modulus
B= B̂(1+ iη ) [38]. Moreover, as explained in chapter9 there are also methods for structures,
like the strain energy method [45, 46] or the complex eigenvalue method [46, 47, 48], to predict
one damping factor for each mode. The strain energy method isused for multi-layered structures
or structures with added damping materials in some areas. Here, it is assumed that the damping
factorηd of the damping material is much bigger than those of the othercomponent. The modal
damping factor for a moden is then given by

ηn =
ηdEs

d,n

Es
n

(1.25)

whereEs
n is the total modal strain energy of moden andEs

d,n is the modal strain energy of a mode
n contained within the area of the damping material. The othermethod, the complex eigenvalue
method, is applied to arbitrary structures like vehicle components [47]. To get a damping factor
for each real mode used for example in SmEdA, the complex eigenvalue problem of a damped
system, which is described by the following equation, is solved first in this method.

Mÿ+Dẏ+Ky= F (1.26)

wherey is the displacement,F is the excitation force vector andM, K andD are the mass, the
stiffness and the damping matrix. The modal damping factorsηm can be calculated from the
real and the imaginary part of the complex eigenvaluesλm as follows [47]:

ηm =
|ℜ (λm)|
|ℑ (λm)|

(1.27)

In cavities the damping is caused in contrast normally by absorbent materials at the boundaries
and not by a damping in the material as for structures. The absorption of these materials at
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1.1. Calculation methods in vibro-acoustics

the boundary is described by an absorption coefficientα or a boundary impedanceZB. Thus,
formulae are needed to calculate equivalent damping factors from these quantities. The relation
betweenα andZB is given in [49] by

α = 1−

∣
∣
∣
∣
∣
∣
∣
∣

ZB

ρ f cf
−1

ZB

ρ f cf
+1

∣
∣
∣
∣
∣
∣
∣
∣

2

(1.28)

whereρ f andcf are the density and the speed of sound of the fluid. Under the assumptions of a
uniformly distributed damping and a diffuse sound field in a cavity, one global damping factor
η f , which is equal for every mode, can be calculated fromα as follows, [14]:

η f =
Af cf

4ωVf
(1.29)

with the equivalent absorption areaAf

Af =∑
n

Snαn (1.30)

whereω is the frequency of excitation,Vf is the volume of the fluid ,Sn are areas of the
boundary surface andαn are the absorption coefficients of these areas. To our knowledge this is
the only relation, which could be found in the literature, betweenα and a damping factorηi and
there are no special methods to predict damping factors for the cavities in the case of a localised
damping as for structures. But maybe the complex eigenvalue method, equation (1.27), can be
also used for cavities to get damping factors for each mode. For all the calculations presented
in this dissertation it was assumed to simplify the problem that the damping is described for
structures and for cavities with one global damping factor.

1.1.4.5. Relation between SmEdA and SEA

As shown and discussed in [50] and [37] it is possible to get good SEA coupling factors using
results of SmEdA . The SEA coupling loss factorsηi j can be namely written as a function of
the modal coupling factorsβ i j

pq, equation (1.9), on condition of modal equipartition of energy
as follows:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (1.31)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (1.32)

wherepmaxandqmaxare the number of resonant modes relating to an excited frequency band of
the subsystems one and two andωc is the central frequency. Only resonant modes can be taken
into account for these formulae, because only for them the assumption of modal equipartition
of energy is so far valid. These SEA coupling factors predicted in this way can be used for a
normal SEA calculation as described in chapter1.1.1or in a hybrid SEA/SmEdA technique.
Such a technique was first used in [50] in connection with structure-structure coupling. Here,
some subsystems are described with SEA-like equations and others with equations for each
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1. Introduction and scientific context

mode. Thus, for example a mixed power balance equation system for two connected subsystems
reads, [50]:

P1 = ωc
(
η 1+η12

)
E1−E2

m∑
n

β12
nm

P2
m =

(

η 2
mω2

m+∑
n

β12
nm

)

E2
m− E1

n ∑
n

βnm

(1.33)

whereω2
m, η 2

m, P2
m and E2

m are the eigenfrequency, the damping factor, the input powerand
the modal energy of the mode m of subsystem two,ωc is the central frequency of the excited
frequency band,n is the number of modes of subsystem one in the excited frequency band and
η 1, P1, andE1 are the damping factor, the input power and the energy of the whole subsystem
one.

1.1.4.6. Postprocessing for energy distributions

The idea in [36], [51] and [52] was to predict with a postprocessing method energy distribu-
tions of subsystems using the modal information and the outputs of SmEdA. In these articles it
is approximated that the modes are uncorrelated. Under suchan assumption, an energy distri-
butionei of a subsystemi can be written as a function of total, kinetic or potential modal energy
distributionsei

n as
ei =∑

n
ei

n (1.34)

The total modal energy density distributionet
n is given in these articles by

ei
n =

En

Nn
Φ2

n (1.35)

whereEn andNn are the total energy and the norm of a moden. The kinetic and the potential
modal energy distributions,ek

n andep
n, are defined as, [37],

ep
n = Ep

n

(

ΦQ
n

)T
KΦn

Kn
=

En

(

ΦQ
n

)T
KΦn

2Kn
(1.36)

ek
n = Ek

n

(

ΦQ
n

)T
MΦn

Mn
=

En

(

ΦQ
n

)T
MΦn

2Mn
(1.37)

This formulation for energy distributions works so far if the damping of the subsystem is small,
as demonstrated in [36]. But in the case of high damping the energy distribution predicted with
this method shows no concentration of energy around the point of excitation as the result of an
analytical approach [36].

1.2. Transmission Loss

1.2.1. Definition

The transmission loss characterises the physical process of the transmission of the acoustical
power through a partition with the transmission factorτ . This factorτ is the ratio between the
transmitted powerPt and the incident powerPi.

τ =
Pt

Pi
(1.38)
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1.2. Transmission Loss

And the transmission lossR is defined with that as follows [53]:

R= 10lg

(
1
τ

)

= 10lg

(
Pi

Pt

)

(1.39)

If there are on both sides of a partition closed rooms, like itis the case normally for transmission
loss measurements, an averaged pressure for each room is calculated from the measured or
predicted pressures. To determine for this case the transmission loss the incident powerPi can
be expressed under the assumption of a diffuse sound field in the sending room as follows, [49]:

Pi =
p̃2

i S
4ρc

(1.40)

Moreover, the transmitted powerPt is equal to the dissipated power in the receiving room and
this power is thus given under the same assumption as forPi by , [49],

Pt =
p̃2

t Ar

4ρc
(1.41)

Here,p̃2
t andp̃2

i are the effective values of the space averaged quadratic pressures in the sending
and the receiving room,S is the area of the partition andρ andc are the density and the speed
of sound of the fluid in the rooms. The equivalent absorption areaAr can be described as a
function of the damping factorηr normally used in SEA under the assumption of equipartition
of the damping in the receiving room as follows, [14]:

ηr =
Arc

4ωVr
(1.42)

whereω is the excitation frequency andVr is the volume of the receiving room. From the
equations (1.40) and (1.41) it follows for the transmission loss:

R= 10lg

(
p̃2

i

p̃2
t

)

−10lg

(
Ar

S

)

(1.43)

The output of energy based methods like SEA and SmEdA is the energy of subsystems. The
transmission loss, equation (1.43), can be written in terms of energies because of the propor-
tionality between the energy and the respective quadratic pressures as:

R= 10lg

(
Ei

Et

)

−10lg

(
Ar

S

)

(1.44)

whereEi andEt are the total energies in the sending and the receiving room.The problem of
these definitions of the transmission loss, equations (1.43) and (1.44), is that they are only valid
under the assumption of diffuse sound fields. In this case thekinetic and the potential energies
are equal, because the space averaged energy densityed is given as twice the potential energy
[44].

ed =
p̃2

2ρc2 (1.45)

But the sound fields of small cavities are not diffuse especially at low frequencies and thus
equations (1.43) and (1.44) are not valid anymore. Because of that it would be necessary to
find another definition of the transmission loss. Another definition for the transmission loss was
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1. Introduction and scientific context

found in [54], The transmission loss is there given under the assumptionof equal rooms on both
sides of the partition by

RN = 10lg

(
p̃2

i

p̃2
t

)

−10lg

(
Ar

S

)

−10lg

(
Ar +As

2S

)

−6 (1.46)

But this definition of the transmission loss by Nilsson seems also not accurate enough. One
reason is that,RN has to converge toR for a frequency, which goes to infinity, because the
number of modes in an arbitrary small frequency band goes then to infinity for a cavity and so
the sound field becomes diffuse. But that is in general not the case forRN. Because of these
problems to find a correct definition of the transmission loss,equations (1.43) and (1.44) are
used for the result presented in this work, like it is done forexample in [55] or [56]. Therefore,
the values for the transmission loss are maybe not fully correct, but in this way the different
calculation methods can be compared together. Also, the effects, which appear in finite small
cavity-structure-cavity systems (see chapter2.2), can be so investigated.

1.2.2. Transmission Loss of infinite plates

To predict the transmission loss many ways have been developed using different calculation
methods. An overview over these different possibilities isgiven in chapters6 and11. In the
following only the excerpt of these chapters about the simple transmission loss models, the mass
law and the formula of Cremer for infinite plates, are presented. For the mass law Newton’s third
law, action is equal to reaction, is used and it is assumed that the plate in between two free sound
fields is rigid [53]. In this way, the transmission loss is given by

RM = 10lg

[

1+

(
ωmcosϑ

2ρc

)2
]

(1.47)

The mass law shows that the transmission loss depends on the mass of a partition (m: mass
per area), the angular frequencyω, the densityρ and the speed of soundc of the fluid and the
angle of incidenceϑ . The theoretical background of this law was first formulatedby Rayleigh
[57] and experimentally verified amongst others by Berger [58]. The further development was
made by Cremer. He used instead of the assumption of a rigid structure the plate equation of
Kirchhoff to describe the deformation of the plate. Under the assumption of an infinite plate
he got the following equation for the transmission loss [53], which depends additionally to the
mass law also on the bending stiffnessB:

RC = 10lg

[

1+

(

ωm−Bω3sin4ϑ
c4

)2(
cosϑ
2ρc

)2
]

(1.48)

This additional dependency characterises the so called coincidence effect. This is a resonance
effect which appears for the case that the fluid wave length projected on the plate and the wave
length of the excited free plate bending wave are equal. The minimal frequency where it can
occur is the critical frequency

fc =
c2

2π

√
m
B
. (1.49)

Due to the simplicity of this formula and the correct tendency it provides, especially above the
critical frequency, it is still often used.
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1.3. Presentation of the subject

1.3. Presentation of the subject

As shown in the previous chapters there are already well developed calculation methods for
vibro-acoustic problems even for the mid-frequency range.Nevertheless, it is interesting to
further develop the statistical modal energy distributionanalysis especially for coupled vibro-
acoustic problems. The beauty of this method is that it is even for complex coupled systems
possible to calculate quite easy an averaged energy like in SEA. But in contrast to SEA energy
distributions for areas of interest of the subsystems can bealso predicted and it is not necessary
that the sound fields are diffuse. As shown in chapter1.1.4.5another good feature of SmEdA is
that it can be simply combined with SEA to extend the range of application to higher frequen-
cies. Furthermore, the energies can be directly calculatedas averages over whole frequencies
band with different bandwidths and not only for excitation with single frequencies like in FEM.
To get a well developed SmEdA, which can be used for a width range of applications, this
method has been further developed in some points through theresearch of the last years presen-
ted in this thesis. As explained in chapter1.1.4.1the original formulation can take into account
only resonant modes relating to an excited frequency. But nonresonant modes are for example
important for highly damped or narrow band excited systems.Because of that the theory of
SmEdA has been extended so that also non resonant modes can berespected in the calculation.
Moreover, a new post-processing method has been developed using the modal information and
the modal results of SmEdA to predict energy distributions also of coherent sound fields and
not only of incoherent ones like in previous works (see chapter1.1.4.6).
Another important topic of the research of the last years wasthe development of a method
which can approximate mode shapes and eigenfrequencies forill defined systems. This method
can be also used to reduce the computational cost, because inthe case of a high modal density
the calculation of modes is quite time consuming using for example FEM. In this context, also
different mixed SEA/SmEdA formulations have been tested for cavity-structure-cavity using
the relation of chapter1.1.4.5, because the number of equations can be reduced dramatically in
this way.
All the new developed methods are presented in the followingchapters. To demonstrate herein
their application possibilities and to validate them in comparison to other methods the results
for simple academic and industrial cases are shown. But it wasnot the aim of this research to
make an extensively comparison to other methods concerningfor example the computational
time, because the aim of this research was more to further develop the necessary theories.
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2. Non resonant modes and SmEdA

2.1. Non resonant contribution in SmEdA

2.1.1. Principle

In chapter11 the analogous mechanical model used of the original SmEdA (see1.1.4.1and
Table2.1) has been extended for the structure-cavity coupling so that all the modes, resonant
and non resonant ones, can be taken into account and not only resonant modes. To reach this
aim the formula of Cremer, equation (1.48), was used as a reference and in contrast to the
original formulation it was payed attention to respect the boundary conditions on the coupling
surface between a cavity and a structure, like the equality of normal velocities. Herein, the
transmission through an infinite plate is described with couplings between modes, resonant and
non resonant ones. In this way, it has been shown that this formula for the transmission loss of
an infinite plate can be derived analytically using the SmEdAformulation. In consequence of
this it follows that the boundary conditions on the couplingsurface correspond in the analogous
mechanical model to responses of the oscillators frequencyaveraged from zero to infinity. The
kinetic and potential energies of the oscillators become equal in this way and thus there are
no differences in the analogous mechanical model between the oscillators, which represent
resonant modes, and those, which represent non resonant modes. But that moreover means that
for the non resonant modes only the total energies are equal to those of the respective oscillators
and the respective potential and kinetic energies are in contrast unequal. Furthermore, because
of the averaged responses of the oscillators the coupling factors for the coupling between the
oscillators are for every possible coupling between resonant and non resonant modes equal to
the modal coupling loss factor of the original formulation,equation (1.9). Because of these
reasons the total energies of these oscillators, which are equal to the respective total modal
energies, can be calculated with a similar power balance equation as for the original formulation
(equation (1.10)).

Π1
o,p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (2.1)

The investigation using the formula Cremer but do not show theconnection between the power
input of a oscillatorΠ1

o,p of the analogous mechanical model and the power input of a mode,
because the transmission loss is independent from the size of the power input. Thus, the next
section shows how this power inputΠ1

o,p results from the power input of a mode. The total
energies of the subsystems are calculated with equation (1.11) like in the original formulation.
All in all, the described extension summarized in Table2.1 allows SmEdA to be used in all
situations where also non resonant modes are indispensablefor correct modelling. Examples
for such cases are highly damped systems or systems excited ata single frequency. The limits of
the extended SmEdA approach are the same as for the original one discussed in chapter1.1.4.2.
But after the integration of the non resonant modes in the approach the only remaining statistical
aspect is that the excitations of different subsystems has to be uncorrelated.
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problem in reality analogous mechanical model

h

z

y

x

F

Ly

Lz

platecavity
Lx G

M1 M2

∆1 ∆2K1 K2

y1 y2

Original SmEdA formulation for resonant modes (see chapter1.1.4.1)
eigenmode → oscillator
interaction between the pressurepcavity

and the velocityvstructure

→ gyroscopic coupling described with the
coupling factorβ12

pq (equation (1.9))
Etot,m = Etot,o

Ekin,m = Epot,m → Ekin,o = Epot,o

ηm = ηo

Πm = Πo

Extensions for resonant and non resonant modes
boundary conditions → frequency averaged response from 0 to

∞ Hz (⇒ Ekin,o = Epot,o)
interaction between the pressurepcavity

and the velocityvstructure

→ gyroscopic coupling described with the
coupling factorβ12

pq, equation (1.9), for
all the coupling possibilities between
resonant and non resonant modes

for non resonant modes:
Ekin,m 6= Ekin,o

Epot,m 6= Epot,o

Πm 6= Πo

Table 2.1.: Representation of coupled structure-cavity problems in the analogous mechanical
model of SmEdA (→: correspond to;Etot,i, Ekin,i, Epot,i: total, kinetic and poten-
tial energy;Πi: power input;ηi: damping factor; m: mode of the real system; o:
oscillator)

2.1.2. Power input of a SmEdA-oscillator

As explained in chapter2.1, the modes are represented in the analogous model by oscillators, for
which the kinetic and potential energies are equal. That means that the velocity or the pressure
of a given non resonant mode and those of the respective oscillator are not equal and thus also
the power inputs of them are different. But the relation between the two velocities is determined
by the equality of the total energies, for example of a structure, as follows

Eo = Em
1
2

Mmv2
o =

1
4

(
Mmv2

m+Kmu2
m

) (2.2)

whereEo, vo are the total energy and the absolute value of the velocity ofan oscillator,Em,
vm andum are the total energy, the absolute value of the velocity and the absolute value of the
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2.1. Non resonant contribution in SmEdA

displacement of a mode andM andK are the modal mass and the modal stiffness. Thus, through
division byMm and usingωum= vm andKm/Mm=ω2

m the relation between the velocities reads:

v2
o =

v2
m

2

(

1+
ω2

m

ω2

)

(2.3)

Moreover, the oscillators can be considered as uncoupled for the calculation of the power input
like it is done also for the power input in modes. Thus, the power inputΠo as a function of the
excitation frequencyω of an uncoupled oscillator is equal to the dissipated powerΠdis, which
is under the assumption of a viscous damping proportional tothe kinetic energyEk

o:

Πo = Πdis = 2ηωEk
o =

ηω
2

Mv2
o (2.4)

whereη is the damping factor of the oscillator respectively of the mode. Insertion of equation
(2.3) in this equation yields a relation between the power inputΠm of a mode and the power
inputΠo of an oscillator.

Πo =
ηω
2

M
v2

m

2

(

1+
ω2

m

ω2

)

=
1
2

(

1+
ω2

m

ω2

)

Πm (2.5)

This relation between the power input is valid in general also for cavities and not only for
structures. This can be demonstrated using the same procedure but in connection with the
formulae for the energies of cavities. Equation (2.5) shows that the power input of a mode
and of a SmEdA-oscillator are equal for resonant modes as assumed in the original SmEdA
formulation (see1.1.4.1and Table2.1) and unequal for non resonant modes. Through insertion
of equation (2.5) in equation (2.1) the power balance equations of an external excited subsystem
can be written for a single frequency excitation also as

Π1
p =

2η 1
pω1

p
(

1+
ω2

p

ω2

)E1
p+

2
(

1+
ω2

p

ω2

)

qmax

∑
q=1

β12
pq(E

1
p−E2

q) (2.6)

It has to be noted that this additional factor has not been taken into account in the calculations
in the publications of part II. Instead, it was considered that the both input of a mode and of
an oscillator are equal. But that is in general not a problem, because the factor plays only an
important role in special situations in which there are no modes in the excited frequency area
like for excitations below the first resonance frequency.

2.1.3. Heavy fluids

One special case in which non resonant modes play an important role is the coupling between
heavy fluids and structures as explained in [59]. In chapter11it is demonstrated that the formula
of Cremer, equation (1.48), can be derived with SmEdA. This formula is not only applicable
to light fluids but to heavy fluids too [60]. The question is if SmEdA can be used also for
heavy fluids or only for light fluids as it was done in all the calculations before. One important
point herein is if the vibrations of the subsystems can also be described in the case of a heavy
fluid as a function of the uncoupled modes. This is investigated by a look at the following well
established differential equation for structures under the influence of fluids [61, 62, 63, 64]

Mÿ+Ky= P− ẏZ (2.7)
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2. Non resonant modes and SmEdA

whereP is the excitation force,y is the structural displacement andM andK are the mass and
the stiffness matrix of a structure. The impedanceZ, which describes the influence of the fluid
and the radiation into the fluid, is in general a complex quantity. The real part ofZ act as a
damping term and the imaginary part ofZ is an added mass term. Thus, because of this added
mass effect a heavy fluid changes the eigensystems of a structure in the general case. But if a
plane wave radiation in a free field is given, like in the formula of Cremer,Z is only real and
reads:

Z = ρ f cf (2.8)

whereρ f andcf are the density and the sound velocity of the fluid. Therefore, there is no added
mass effect in this case and so also no change of the eigensystem of a structure. In the case of a
closed finite cavity equation (2.7) can be expressed as a function of the uncoupled modes of the
structure and the cavity as follows, [20]:

apmp
(
ω2

p−ω2)−2ω2ρ f ap∑
n

µpn =
∫

S
f Φp(S)dS+2ω2ρ f ∑

q6=p
∑
n

aqµpqn (2.9)

where

µpn =

[∫

S
Ψn(S)Φp(S)dS

]2

mn
(
k2

n−k2) , (2.10)

µpqn=

[∫

S
Ψn(S)Φp(S)dS

][∫

S
Ψn(S)Φq(S)dS

]

mn
(
k2

n−k2) , (2.11)

S is the surface of the structure,kn andk are wavenumbers as defined in equations (1.19) and
(1.20), Ψn are the modal shapes of the fluid filled cavity andap, aq, mp andmq are the modal
amplitudes and modal masses of the structural modesΦp andΦq. The real part of the termµpn

acts here as an added mass and thus, the modes of fluid loaded structures are indeed different
to the in vacuo ones, but the vibrations can be expressed as a function of the in vacuo modes as
mentioned in [20]. The reason for that is that the uncoupled modes are mathematically just a
complete set of orthogonal functions and therefore, a sum ofall these functions weighted with
different amplitudes can represent other functions [38] like vibrations under fluid loading. Thus,
it seems that SmEdA is also valid for modelling of heavy fluidsusing uncoupled modes, because
as shown in chapter1.1.4.1the total energies are calculated by summing up the energiesof the
functions “uncoupled modes”. But it has to be clarified in the future for SmEdA calculations
if the assumption, that the coupling has no influence to the power input, is still valid for the
equations of the power input (see chapter2.1.2) in the case of a heavy fluid. Otherwise, a new
formulation for the power input has to be found.
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2.2. Transmission Loss and non resonant modes

In chapter11 it is demonstrated that the transmission loss predicted with SmEdA is equal to
that of the formula of Cremer (see Figure2.1), if the same assumptions are made, i.e. an
infinite plate and a free field (infinite cavity). The transmission loss illustrated in Figure2.1 is
herein averaged over all possible angles of incidence (diffuse field). In this case of the infinite
plate the transmission is fully described via non resonant modes of the infinite plate below the
critical frequency and via resonant modes above the critical frequency. Thus, this comparison
demonstrates that the extended version of SmEdA can in principle respect non resonant modes
in a correct way and that the whole SmEdA approach is valid forthe case of the infinite plate.
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Figure 2.1.: Transmission loss of an infinite steel plate calculated with SmEdA (“Cremer
SmEdA”) and the formula of Cremer (“Cremer original”) (plate dampingηp = 0.1)

To verify the transmission losses predicted with SmEdA for finite systems, in which the sound
fields in cavities are not necessarily diffuse, the results of a small cavity-plate-cavity system
are compared to those calculated with classical SEA and withFEM in chapters6, 9 and11.
But for the SEA coupling loss factors as defined in [7] a diffuse sound field and the mass
law are particularly assumed. The assumption of the diffusesound field may lead to the huge
differences in some cases in comparison to SmEdA which are shown in Figures2.2 to 2.4,
because there are for example only 11, 55 and 125 modes in the receiving room in the first three
excited frequency bands. The results of FEM and of SmEdA are quite different, too (see Figure
2.5). One problem here could be that the used FEM formulation (see chapter1.1.2) is in general
only valid for structure-cavity systems but not for cavity-structure-cavity system as discussed in
chapters9 and11. Because of this reason that no method without limitation wasfound for the
investigated case and the problem with the definition of the transmission loss in connection with
non diffuse sound fields (see chapter1.2), the transmission losses predicted with SmEdA are
here only qualitatively compared to some measurements and calculations for finite plates from
the literature. In this way, the effects which appear for thetransmission loss can be analysed
and compared.
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Figure 2.2.: Transmission loss calculated with different methods (plate dampingηp = 0.001)
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Figure 2.3.: Transmission loss calculated with different methods (plate dampingηp = 0.01)
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Figure 2.4.: Transmission loss calculated with different methods (plate dampingηp = 0.1)

One effect demonstrated by SmEdA is that it depends on the theboundary condition of a
plate if the transmission is dominated below the critical frequency by the resonant modes or the
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Figure 2.5.: Comparison of the transmission loss for different plate damping factorsη calcu-
lated with SmEdA and FEM (frequency band width: 200 Hz)

non resonant modes. So, only the resonant modes are necessary in general for the calculation
of the transmission loss of a simply supported plate (see Figures2.6 to 2.8). Only for special
cases, like a high damping, also non resonant modes have to betaken into account. In contrast,
the transmission in the case of free plate is given only through the non resonant modes below
the critical frequency (see Figure2.9), because the result for the transmission loss is infinite if
only resonant modes are used (see chapter6). Here, it has to be noted that the modes of the free
plate are not exact but only roughly estimated as

Ws
mn= cos

(
mπx
Lx

)

cos

(
nπy
Ly

)

(2.12)

wheremandnare positives integers andLx andLy are the dimension of the plate in the directions
of x andy. The eigenfrequencies are predicted using the formulae of Warburton [65] in the
form of Dickinson [66]. The eigensystems are thus only approximately defined but convenient
to show the effect of a free boundary condition.
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Figure 2.6.: Transmission loss of a simply supported steel plate (plate dampingηp = 0.001;
frequency band width: 400 Hz)
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Figure 2.7.: Transmission loss of a simply supported steel plate (plate dampingηp = 0.01)
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Figure 2.8.: Transmission loss of a simply supported steel plate (plate dampingηp = 0.1)
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Figure 2.9.: Transmission loss of a free steel plate (plate dampingηp = 0.01)
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2.2. Transmission Loss and non resonant modes

To prove if this effect for different boundary conditions appears also in the case of a finite
plate between free sound fields, results for the transmission loss, Figures2.10and2.11, pre-
dicted with the method from Woodcock and Nicolas [63] are used. This calculation method is
based on a variational formulation and uses a basis of polynomials. Furthermore, a free sound
field is assumed there on both sides of the plate. Figure2.10demonstrates that the transmission
through a simply supported small steel plate is dominated byresonant modes, because the trans-
mission loss has minima always at the resonance frequenciesof the plate. Contrary to that, the
transmission loss of a free plate has only a few small minima at a very large angles of incidence
(see Figure2.11). Hence, the resonant modes are more or less not excited and so most of the
sound is transmitted for a free boundary condition through the non resonant modes like in the
calculations with SmEdA.

Figure 2.10.: Transmission loss of a simply supported steelplate under different angles of in-
cidenceΘ [63]
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Figure 2.11.: Transmission loss (“Schalldämmmaß”) of a free plate under different angles of
incidenceΘ [42] (“Massegesetz”: mass law; “frei”: TL of a free plate calculated
with the method of Woodcock and Nicolas)
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2. Non resonant modes and SmEdA

Furthermore, it attracts attention that the minima due to the coincidence effect are not so
distinctive in the transmission losses calculated with SmEdA, Figures2.6 to 2.9, as for infinite
plates. This phenomena was also noticed by Möser [49] in some measurements of the trans-
mission loss (see Figures2.12and2.13). He demonstrates that the coincidence effect is not so
strong if the critical coincidence frequency is low. To explain this, it is first necessary to define
what the coincidence is in the case of a finite plate. Bhattacharya, Guy and Crocker explained
that the coincidence for a plate is a resonance effect between a cavity mode and a structure mode
and is thus influenced by the interaction of the modes [67]. But in contrast to other resonance
effects the wave length of the trace on the plate of the cavitymode is approximately equal to the
wave length of the resonant plate mode. From this result it follows that it is necessary to have
pairs of modes, which couple well, to get a good visible coincidence effect. But if the mode
density is small, this is not necessarily the case. Thus, it can happen that the coincidence is not
so visible as shown in Figure2.14. Here, the transmission loss of a small glass plate was again
calculated with the method of Woodcock and Nicolas.

Figure 2.12.: Measured transmission loss (“Schalldämmmaß R”) of a glass plate [49] (critical
coincidence frequency: 2500 Hz)

Figure 2.13.: Measured transmission loss (“Schalldämmmaß R”) of a plaster plate [49] (critical
coincidence frequency: 350 Hz)
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2.2. Transmission Loss and non resonant modes
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Figure 2.14.: Transmission loss of a small simply supportedglass plate [42] (angle of incidence
Θ= 80◦; “ l∗b 80◦”: TL calculated with the method of Woodcock and Nicolas)

Finally, the transmission loss shown in Figure2.14converges after the the coincidence fre-
quency against the result of the formula of Cremer. This is also the case for all here presented
transmission losses predicted with SmEdA. All in all, most of the effects, which appear in
the SmEdA results, can be found also in measurements and in obtained results for finite plates
between free sound fields. Only the reason for the huge differences in the transmission losses for
different plate damping factors, Figures2.6 to 2.8, could not be investigated very well through
a comparison with results from the literature. It is clear that there is an influence of the plate
damping if resonant modes are important for the transmission like in the case of a simply sup-
ported plate. But the author of this theses could not find a clearanswer in the literature how
big this influence is. In [68] it is demonstrated on calculations of the transmission loss using

Figure 2.15.: Transmission loss of 25mm thick fiberboard panel calculated with the Wave Based
Method (η : damping factor of the panel)

the wave based method (see1.1.3.2) that as shown in figure2.15the influence of the damping
can be similar to the one appearing in Figures2.7and2.8. But this is not for all examples like
that in [68]. One reason for the strong dependency on the damping could be the influence of the
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2. Non resonant modes and SmEdA

small modal densities in the cavities on the transmission. Also, the problem with the definition
of the transmission loss as described in chapter1.2could play a role here. But as demonstrated
in Figures2.10and2.11it is possible to get a transmission loss which is higher thanthat of the
formula of Cremer. The reason for that is in this case that the sound is radiated as non plane
waves [63] and not as plane waves like in the formula of Cremer (see chapter2.1.3). Moreover,
it was shown for example by Bhattacharya and Guy [69] that the geometry of a room, which is
one reason for different sound fields with high or low modal densities, has a significant influence
on the transmission loss. They found this out by comparing transmission losses of plates, which
were measured in different measurement facilities and in different geometric arrangements.

2.3. In which cases non resonant modes are necessary in
general?

As shown in chapter2.2 the boundary condition of a structure is one factor of influence if non
resonant modes play a role in cavity-structure problems. Sois for example the sound transmis-
sion through a simply supported plate in general dominated by resonant modes and through a
free plate by non resonant modes below the critical frequency. But it is also demonstrated on
these examples that the influence of non resonant modes increases with a rising damping of the
plate. Thus, it depends on the damping if a calculation with resonant modes only is sufficient.
Furthermore, in the case of a high structural damping it is necessary to take into account non
resonant modes not only for the structure but also for the nonexternal excited cavity. This ef-
fect is demonstrated in [40] and chapter9 on an example of a plate-cavity system (Figures2.16
and2.17), which is excited by a point force on the structure. The importance of non resonant
modes for the total energies of the subsystems increases here with the damping of the plate. The
damping of the cavity is kept herein constant at 0.01. Figures2.16and2.17demonstrate that the
results with non resonant modes agree well with those predicted by an usual FEM calculation
(see chapter1.1.2), which is used as reference.
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2.16.1:ηp = 0.01
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Figure 2.16.: Energy (10lg[energy/1J] dB) in the cavity at different plate damping factorsηp

(“SmEdA non resonant”: calculation with resonant and non resonant modes; fre-
quency band width: 200 Hz)
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2.17.1:ηp = 0.01
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Figure 2.17.: Energy (10lg[energy/1J] dB) of the plate at different plate damping factorsηp

(“SmEdA non resonant”: calculation with resonant and non resonant modes; fre-
quency band width: 200 Hz)

Moreover, it seems that the characteristics of the subsystems, like geometry and material, and
the resultant particular modal interaction have an influenceif non resonant modes are necessary
for the calculation. That appears for example in the case of apart of a double deck train ([43]
and [40]: chapters8 and9), which is excited at the bottom with eight point forces. Here, the
damping is not very high, structural dampingηs = 0.03 and the cavity dampingηc = 0.02,
and the boundary condition of the structure is simply supported. But nevertheless non reson-
ant modes are important especially for the upper cavity as shown in Figure2.18on the ratios
between the respective modal energies and the total energy of the respective subsystem. These
modal distributions of the total energies do not look as it could be expected in the case of a high
damping, because the energy is concentrated only to few modes outside the excited frequency
band and is not flat like in the case of high damping.
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Figure 2.18.: Energy ratios of the modes (frequency area between the dashed lines: excited
frequency band between 280 and 355 Hz)
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2. Non resonant modes and SmEdA

Furthermore, even if the part of the total energy, which is stored in the non resonant modes,
is small like in Figure2.16.1for a cavity, these modal energies can have a big influence on the
distribution of the energy in the cavity as demonstrated in Figure2.19. How energy distributions
are predicted using the modal outputs of SmEdA is explained in the chapter3. All in all,
because of these reasons it is difficult to say in advance if a calculation with resonant modes
only is sufficient or not. Another question is how many non resonant modes have to be taken
into account to reach an acceptable enough result. In the examples presented in this work this
problem is solved by repeating the calculations several times with an increasing number of
modes until the change of the result is smaller than an a priori specified value, for example 0.3
dB for total energies.

2.19.1: SmEdA
resonant

2.19.2: SmEdA non
resonant
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Figure 2.19.: Energy density distribution in the cavity atz= −0.3624 (frequency band: 600-
800 Hz; plate damping:ηp = 0.01; “SmEdA non resonant”: calculation with
resonant and non resonant modes)
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3. Energy distributions in modal
description

3.1. Postprocessing method

As explained in chapter1.1.4.6the existing postprocessing using modal information cannot
predict in a satisfactory manner coherent energy distributions with for example concentrations
around the area of excitation. Therefore, it was necessary to search for a new extended postpro-
cessing method for energy distribution, which takes into account also the interaction between
the modes of a subsystem. In [35] and chapter7 the derivation of such a new method is de-
scribed. The resultant equation is globally equal to the equation (1.34) of chapter1.1.4.6but
modified with a term describing the correlation between the modes:

ei(∆ω) =∑
m

ei
m(∆ω)+2∑

m
∑

n=m+1
Cmn

√

ei
m(∆ω)ei

n(∆ω) (3.1)

A correlation factorCmn is needed in this equation, because there is no information about the
algebraic sign of the displacement of a modal response usingan energy based method [35]. This
information is necessary to characterise the spatial and the frequency correlation of modes. One
possibility to approximateCmn is given in [35] using the power inputΠm(ω) of the modes:

Cmn=

∫

∆ω
Smn

√

Πm(ω)Πn(ω)dω
√∫

∆ω
Πm(ω)dω

∫

∆ω
Πn(ω)dω

(3.2)

Here, it is assumed that the subsystems can be considered as uncoupled for the postprocessing
calculation of the energy distributions. Thus, the equations for the power input in uncoupled
systems of chapter2.1.2can be used. The factorSmn depends on the given excitation and can
be approximated using analytic solutions from chapter2.1.2for the modal amplitudes of the
velocitiesv̂ or of the pressures ˆp as follows [35]:

Smn= sign(p̂mp̂∗n+ p̂∗mp̂n) = sign(v̂mv̂∗n+ v̂∗mv̂n) (3.3)

where∗ denotes the conjugate complex of a variable. In the publications of partII this equation
is misleadingly written without the terms “+p̂∗mp̂n” and “+v̂∗mv̂n” in the sign function. The other
needed functions, the modal energy distributions appearing in equation (3.1), are discussed for
structures and cavities in the following chapters.
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3. Energy distributions in modal description

3.2. Energy distributions of structures

The new postprocessing given by equation (3.1) was first used for the computation of total
energy density distributions in [35] and chapter7. The total modal energy density distributions,
which are necessary for equation (3.1), are defined in this case as

ei
n =

En

Nn
Φ2

n (3.4)

whereNn, Φn andEn are the norm, the shape and the total energy of a moden. Such energy
density distributions of a simple cavity-plate system are compared in Figures3.1to 3.4to those
calculated with FEM, which is used as a reference. This comparison shows that the interac-
tion between modes have to be respected using equation (3.1) (Figures “SmEdA”) to get good
results. Otherwise, if the equation without a correlation term, equation (1.34), is used like for
the Figures entitled with “SmEdA diagonal”, the differenceswith FEM are larger. The figures
demonstrate also that the results predicted with equation (1.34) become better for small plate
damping factorsηp and if a broadband excitation (Figures3.3 and3.4) is used instead of a
single frequency excitation (Figures3.1 and3.2). The reason for this is that the correlation
between the modes decline in these cases and so the sound fieldbecomes more incoherent [35].

3.1.1: SmEdA
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3.1.2: SmEdA
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Figure 3.1.: Energy density distribution of a plate (excitation: 600Hz; dampingηp = 0.1)

3.2.1: SmEdA
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Figure 3.2.: Energy density distribution of a plate (excitation: 600Hz; dampingηp = 0.01)
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3.3.1: SmEdA
diagonal

3.3.2: SmEdA
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Figure 3.3.: Energy density distribution of a plate (excitation: 600-800 Hz; dampingηp = 0.1)
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Figure 3.4.: Energy density distribution of a plate (excitation: 600-800 Hz; dampingηp = 0.01)

Still, the differences between the results of FEM and of SmEdA plus postprocessing are
noticeable. On the one hand, SmEdA calculations are made using analytic mode shapes and
can thus slightly differ from those obtained with FEM. On theother hand, it was assumed that
the total energy density distributions are two times the kinetic or the potential energy density
distributions. This is approximately correct for the totalpotential and kinetic energies under
the given excitation but the differences in the density distributions of these energies can locally
be large as shown for example in [70]. Because of that in [43], chapter8, the equations (1.36)
and (1.37) from Totaro and Guyader [52] for the modal kinetic and the modal potential energy
distributions of structures,ek

n andep
n, were used and extended for non resonant modes. The

modal energy distributions then read:

ep
n = Ep

n

(

ΦQ
n

)T
KΦn

Kn
=

En

(

ΦQ
n

)T
KΦn

(

1+
ω2

ω2
n

)

Kn

(3.5)

ek
n = Ek

n

(

ΦQ
n

)T
MΦn

Mn
=

En

(

ΦQ
n

)T
MΦn

(

1+
ω2

n

ω2

)

Mn

(3.6)
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3. Energy distributions in modal description

where(ΦQ
n )

T is the transpose of the shape function vector of the moden at a pointQ, Φn is here
the complete shape function vector for all pointsQ, Ek

n andEp
n are the kinetic and the potential

energy of a moden, K andM are the stiffness and the mass matrix predicted with FEM andKn,
Mn andωn are the modal stiffness, the modal mass and the eigenfrequency of a moden. For
a broadband excitationω is approximately the central frequency of the excited band and the
output of equations (3.5) and (3.6) is an energy for each single point and not an energy density
like in equation (3.4). In [43] and chapter8 it was found out that it is necessary that for these
formulae the factorSmn, equation (3.3), should be multiplied by a factorSd

mn to describe the
influence of the angle between two modal vectorsΦQ

m at a pointQ, because this angle is not
always zero for a three dimensional structure like a double deck train. In particular, two modes
are fully uncorrelated if the angle between two modal shape vectors atQ is 90◦. Thus,Sd

mn is
equal to the cosine of the angleα between two modal shape vectors atQ andSmn is in this case
written as

Smn= Sd
mnsign(v̂mv̂∗n) =

ΦQ
mΦQ

n
∣
∣
∣ΦQ

m

∣
∣
∣

∣
∣
∣ΦQ

n

∣
∣
∣

sign(v̂mv̂∗n) (3.7)

Using equation (3.6) a good result for the kinetic energy distribution of a part of a double-deck
train was reached in comparison to FEM (see Figure3.5) On the contrary, using equation (3.6)

3.5.1: SmEdA (using all modes
from 0 to 600 Hz)

3.5.2: FEM

Figure 3.5.: Kinetic energy distribution (10lg[energy/1J] dB) of the train structure calculated
with SmEdA and FEM (excited frequency band: 280-355 Hz)

the potential energy distribution for this example, Figure3.6.1, is equal to the kinetic energy
distribution but not to the potential energy distribution calculated with FEM, Figure3.6.3. As
explained in [40] the problem of this equation is that the potential energy canbe not defined
in single points but only within areas, like the elements of FEM (see chapter9). Therefore,
equation (3.6) has been rewritten for potential energy distributions of elements as follows:

ep
n = Ep

n

(
ΦR

n

)T
KeΦR

n

Kn
=

EnEs
n,R

(

1+
ω2

n

ω2

)

Es
n

(3.8)

whereΦR
n is the modal vector of an elementR of the moden. Instead of calculating directly

with the element stiffness matrixKe the element modal strain energiesEs
m,R and the total modal

strain energyEs
n, which can be calculated with some commercial FEM programs,can be used as
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3.2. Energy distributions of structures

shown in equation (3.8). Using this equation (3.8) the results for the potential energy distribu-
tion (Figure3.6.2) agree well with that of a FEM calculation. Furthermore, equations (3.5) and
(3.8) have been applied successfully in [40] to a cavity-plate example as demonstrated on the
kinetic and the potential energy distributions of the plate, Figures3.7 to 3.10. The eigenmodes
and eigenfrequencies were calculated for these results with FEM and not analytically like it was
the case for the results presented in Figures3.1and3.4.

3.6.1: SmEdA using equation
(3.5)

3.6.2: SmEdA using equation
(3.8)

3.6.3: FEM

Figure 3.6.: Potential energy distribution (10lg[energy/1J] dB) of the train structure calculated
with SmEdA and FEM (excited frequency band: 280-355 Hz)
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Figure 3.7.: Kinetic energy distribution (10lg[energy/1J] dB) of a plate (excitation: 600-800
Hz; dampingηp = 0.01)
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Figure 3.8.: Potential energy distribution (10lg[energy/1J] dB) of a plate (excitation: 600-800
Hz; dampingηp = 0.01)
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Figure 3.9.: Kinetic energy distribution (10lg[energy/1J] dB) of a plate (excitation: 600-800
Hz; dampingηp = 0.1)
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Figure 3.10.: Potential energy distribution (10lg[energy/1J] dB) of a plate (excitation: 600-800
Hz; dampingηp = 0.1)

3.3. Energy distributions of cavities

For the modal energy density distributions in the cavities the following equation, which is equal
to equation (3.4), has been used in all the publications, chapters7 to 9:

en =
En

Nn
Φ2

n (3.9)

whereNn, Φn andEn are the norm, the shape and the total energy of a moden. The distributions
of total energy densities predicted with the postprocessing method in combination with this
equation have been compared to twice the potential energy density distributions calculated with
FEM. This procedure is only correct for resonant modes, but it has been found that this error is
negligible for the results presented in this thesis. The exact way is to predict only the potential
energy density distributionsep

n using the following equation and to compare these with the
pressures respectively potential energies from FEM.

ep
n =

Ep
n

Nn
Φ2

n =
En

Nn

(

1+
ω2

n

ω2

)Φ2
n (3.10)

whereEp
n andωn are the total potential energy and the eigenfrequency of thecavity moden and

ω is the frequency of excitation. The relation betweenEp
n andEn used here follows from the

time and space averaged kinetic and potential energies, which are given in [44] by

Ep
n =

p̃2
nVf

32ρ f c2
f

(3.11)
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3.3. Energy distributions of cavities

Ek
n =

p̃2
nVf ω2

n

32ρ f c2
f ω2

(3.12)

whereEk
n andp̃n are the total kinetic energy and the modal pressure amplitude of a cavity mode

n andVf , ρ f andcf are the volume, the density and the speed of sound of the fluid.Thus, it
follows for the relation betweenEp

n andEk
n that

Ek
n

Ep
n
=

ω2
n

ω2 (3.13)

Finally, the total energy of a moden can be written with this equation as

En = Ek
n +Ep

n = Ep
n

(

1+
ω2

n

ω2

)

(3.14)

Nevertheless, the energy density distribution in the mid ofa cavity (Figure3.11) is quite good
in comparison to that of FEM as demonstrated in [40] and chapter9 on the example of a point-
excited plate coupled to a cavity. Furthermore, it is necessary also for the cavity to respect the
correlation of the modes, because otherwise the differencesto FEM are quite huge (see Figure
3.12) [35].
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Figure 3.11.: Energy density distribution (10lg[energy/1J] dB) in the cavity atz= −0.3624
(excitation: 600-800 Hz; dampingηp = 0.01)
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Figure 3.12.: Energy density distribution in the cavity atz=−0.3624 (excitation: 600-800 Hz;
dampingηp = 0.01)
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3. Energy distributions in modal description

In the case of the example of the double deck train (see chapter 8) the energy density distribu-
tions in the mid of the cavities predicted with SmEdA plus thepostprocessing are quite different
in comparison to those calculated with FEM (see Figures3.13and3.14). The reason for that is
that also the total energies calculated with SmEdA and with FEM are quite different as shown
in Table3.1. The problem could be that the used FEM formulation is valid for cavity-structure
systems but not for cavity-structure-cavity systems [40]. Another problem, which appears for
these energy density distributions and is still unexplained, is the convergence of these energy
density distributions, because they change if more modes are taken into account although these
additional modes play no role for the total energies [40].

total energy [dB] SmEdA FEM difference [dB]
structure -56.8 -56.2 0.6
lower cavity -67.4 -65.7 1.7
upper cavity -81.1 -86.7 5.6

Table 3.1.: Comparison of the total energies (10 lg[energy/1J] dB) of the subsystems calculated
with SmEdA and FEM

3.13.1: SmEdA (using all
modes from 0 to 600 Hz)

3.13.2: SmEdA (using all
modes from 0 to 1000 Hz)

3.13.3: FEM

Figure 3.13.: Energy distribution (10lg[energy/1J] dB) of the central section of the upper cavity
calculated with SmEdA and FEM (excited frequency band: 280-355 Hz)

3.14.1: SmEdA (using all
modes from 0 to 600 Hz)

3.14.2: SmEdA (using all
modes from 0 to 1000 Hz)

3.14.3: FEM

Figure 3.14.: Energy distribution (10lg[energy/1J] dB) of the central section of the lower cavity
calculated with SmEdA and FEM (excited frequency band: 280-355 Hz)
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4. Methods for ill defined systems and
systems with high mode densities

4.1. Hybrid SEA/SmEdA methods

One problem of SmEdA is that the computational cost is increasing with a rising number of
modes, because the number of power balance equations is increasing in this case. As a solution
for that the relation between SmEdA and SEA described in chapter 1.1.4.5can be used to get
SEA coupling factors. If only resonant modes are necessary to get a result with a sufficient
accuracy, a normal SEA can be executed then with them. The advantage of this procedure
is, that the computational cost can be reduced dramaticallyin this way compared to SmEdA,
because the linear system of equations consists of only one equation per subsystem.
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Figure 4.1.: Transmission loss for a plate dampingηp = 0.001 (frequency band width: 400
Hz; “SmEdA non resonant”: resonant and non resonant modes are used for the
calculation)

Such a SEA method using these couplings factors predicted with SmEdA has been successfully
tested on two different examples in [34] and [35] (see chapters6 and7). In [34] the transmission
loss calculated with SEA is compared to that calculated withSmEdA. The plate damping factor
is here 0.001 and the damping factors of both cavities are 0.01. The results of the two methods
agree well with each other (see Figure4.1). There is only a small difference between them at
very low frequencies because of the very small mode density.The second example shown in
[35] is the result for the energies of two cavities (cavity damping factorηc = 0.01) which are
excited by a point force excited plate (plate damping factorηp = 0.01) in between of them. As
demonstrated in Figure4.2the energies predicted with SEA are quite similar to those calculated
with FEM.
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4. Methods for ill defined systems and systems with high mode densities
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4.2.1: Energy in cavity 1
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4.2.2: Energy in cavity 2

Figure 4.2.: Energies (10 lg[energy/1J] dB) in two cavities calculated with different methods
(frequency band width: 200 Hz)

To reduce the computational cost at least also for problems,in which non resonant modes are
additionally needed, the hybrid SEA/SmEdA technique explained in chapter1.1.4.5can be ap-
plied. Here, some subsystems are considered as SEA subsystems and some as SmEdA subsys-
tems. This method was used in [71] for a cavity-structure-cavity example (see chapter10). First,
only the sending cavity was described by a SEA-like equation(line “SEA/SmEdA 1 cavity” in
Figure4.3). In this case the transmission loss of the chosen system predicted with a hybrid
SEA/SmEdA method agrees well with that calculated with a full SmEdA method. In a second
step a SEA-like equation was also used for the receiving cavity (line “SEA/SmEdA 2 cavities”).
But here the differences between the results of SmEdA and of the hybrid SEA/SmEdA method
are quite large as shown in Figure4.3. The reason is that non resonant modes have to be taken
into account also for the receiving cavity to calculate the transmission loss in the case of a plate
dampingηp = 0.1 (see chapter6). This is however not possible for a SEA-like equation as
mentioned before.
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Figure 4.3.: Transmission loss calculated with mixed powerbalance equation systems (plate
dampingηp = 0.1; frequency band width: 400 Hz)
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4.2. Approximation of eigensystems

4.2. Approximation of eigensystems

Amongst the problem mentioned in the previous chapter that the computational cost is increas-
ing with a rising number of modes, the calculation of such a huge number of modes, which have
to be known in advance for SmEdA, can be quite time consuming if FEM is used. This is es-
pecially a problem in the cases of big cavities or of high frequencies. Also, the exact geometry,
which has to be known for such calculations, is sometimes unknown. Hence, it has been started
to develop a method with which the mode shapes of a cavity on the coupling surface and the
cavity eigenfrequencies can be approximated. The eigenfrequenciesωm are given in [71] and
chapter10approximately by

ωm =
3

√

6π2c3
f m

Vf
(4.1)

wherem is a positive integer andcf andVf are the speed of sound and the volume of the fluid in
the cavity. To get also an approximation of the mode shapes ona coupling surface, it is assumed
that the pressure distributions of modes on a surface are equal to these of incident waves. Every
eigenfrequency is attributed to such a wave. The minimal trace wavelengthλ m

min on a surface
of each of these waves is reached for an incidence parallel tothis surface (angle of incidence
ϑ = 90◦). Thus, this minimal wave length is given by

λ m
min =

2πc
ωmsin90◦

=
2πc
ωm

(4.2)
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ϑ
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Figure 4.4.: Sound incident on a boundary surface

Additionally to the angle of incidenceϑ , the direction of incidence with an angleϕ (see Figure
4.4) and the phase shiftδ have to be defined to get a full description of an incident wave. In this
way, the mode shapesΦs

m on the surface of for example a plane structure can be approximated
as

Φs
m = cos

(
2πx
λ s

m,x
+δ
)

cos

(

2πy
λ s

m,y
+δ

)

= cos
(
kf xsinϑ cosϕ +δ

)
cos
(
kf ysinϑ sinϕ +δ

)

(4.3)
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4. Methods for ill defined systems and systems with high mode densities

wherekf is the wavenumber of the fluid andλ s
m,x andλ s

m,x are the approximate wavelengths in
the directions ofx andy. The parametersϕ , δ andϑ are assumed to be uniformly distributed
random numbers between zero and 2π respectivelyπ/2 for ϑ like it would be the case in a
semi-infinite cavity, in which the number of modes between two frequencies is infinite. These
mode shapes and eigenfrequencies predicted in this way are used in SmEdA to calculate first the
modal coupling factors, equation (1.9), and then the modal energies. All in all, this procedure
can be understood also as a combination between a modal and wave approach in the sense of
the prediction of SEA coupling factors (see chapter1.1.1), because on the one hand waves in
a semi-infinite space are considered, but on the other hand their coupling is described with the
modal coupling factor. This approximation method was used in [71] for the calculation of the
transmission loss of a small cavity-plate-cavity system. Here, as shown in table4.1the numbers
of modes in the excited frequency bands are quite small and the difference between the exact
and the approximate number of modes is large especially at lower frequencies.

frequency band
number of modes

sending cavity receiving cavity
exact approximate exact approximate

10 - 410 Hz 11 5 15 7
410 - 810 Hz 55 37 74 54
810 - 1210 Hz 125 100 180 142
1210 - 1610 Hz 237 194 321 277
1610 - 2010 Hz 373 318 517 454
2010 - 2410 Hz 517 473 740 677
2410 - 2810 Hz 741 660 1038 942
2810 - 3210 Hz 951 877 1340 1254
3210 - 3610 Hz 1213 1126 1724 1607
3610 - 4010 Hz 1514 1405 2133 2007
4010 - 4410 Hz 1810 1715 2589 2450
4410 - 4810 Hz 2183 2056 3079 2937

Table 4.1.: Exact and approximate number of modes in the different frequency bands

In spite of the differences mentioned above, the results forthe transmission losses are good
even for small systems. This is demonstrated in the Figures4.5and4.6, where the approximate
results are compared to those predicted with exact mode shapes and eigenfrequencies (line “
SmEdA exact” in Figures4.5 and4.6). Two different phase shiftsδ are tested, because the
approximation of a uniformly random distributedδ is very incorrect in a small system. Another
problem discussed in [71] is also the uniformly distribution of the anglesϕ andϑ , which de-
scribe the direction of wave incidence, because in small systems some directions of incidence
are dominant. Thus, it would be necessary to find convenient distributions for small systems.
Furthermore, it is difficult to calculate the power input from an external source, because the
modes are defined in this way only on the coupling area. One possible solution for this problem
is to assume that the total power input can be equally split toall the resonant modes only, as it
is done in SEA.
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Figure 4.5.: Transmission loss for a plate damping factorηp = 0.01 predicted with approximate
modes
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Figure 4.6.: Transmission loss for a plate damping factorηp = 0.001 predicted with approxim-
ate modes
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5. Conclusion and Perspective

One important research result presented in chapter2 of this dissertation is the extension of
SmEdA for structure-cavity problems so that non resonant modes can be taken into account.
This extension allows SmEdA to be applied to a wider range of problems like narrow band
excitations and highly damped systems. Also, SmEdA may be applied in the future to problems
with heavy fluids as mentioned in chapters2.1.3. In the context of the non resonant modes the
transmission loss of finite systems has been also discussed.All the effects characterising the
transmission loss in measurements and in calculations werefound also in the transmission loss
calculated with SmEdA. As the computation of the transmission loss in between closed cavities
has been not well investigated, a more precise comparison between SmEdA and other methods
was not possible. The important question which arose for allapplications in connection with
non resonant modes is: when is it necessary to take into account non resonant modes and how
many of them. It has been found that many parameters influencethe effect of non resonant
modes, but no clear rule could be found. Thus, this could be investigated in more detail in the
future research.
Another main topic, the energy distributions within subsystems, has been presented in the next
chapter. With a new developed post-precessing it is now possible to predict energy distributions
using the modal information and the modal energies of SmEdA even for very coherent sound
fields, where the energy is concentrated in one region of a subsystem. Here, the convergence of
the method, which is linked to the influence of non resonant modes mentioned before, should be
investigated in the future. The main original idea of this new post-processing is the definition of
a correlation factor, which describes the energy interaction between modes. This point could be
further developed, because there may exist alternative ways to define this factor that are more
convenient for some cases. One future application of this post-processing method is to predict
transfer functions for local receiving points under given excitations. These functions can be
used for example for the virtual noise synthesis.
Finally, a method to approximate eigensystems of cavities was developed. Such a method is
important for ill defined systems and to reduce the computational cost of SmEdA as explained
in chapter4.2. As demonstrated on a transmission loss example the resultsusing this methods
are already relatively good even for small systems. But in thefuture it could be interesting to
extend the method with statistical distributions, which can improve these results and which can
provide good approximations even for low frequencies. Moreover, such methods could be used
in the future to represent in SmEdA uncertainties that have aninfluence on the eigensystems.
For the reduction of the computational cost also the existing relationship between SEA and
SmEdA can be successfully applied as shown on a example of a cavity-structure-cavity case in
chapter4.1.
All in all, SmEdA has reached through the research discussedin this thesis a good level of
theoretical development for coupled vibro-acoustic problems but of course SmEdA has still a
big potential for development. One of the next step should betherefore the development of good
SmEdA computer code, because except for the calculation of the eigensystems only simple and
non efficient programs has been written and used for the theoretical further development of
SmEdA . Because of that it was not possible and also not the aim to compare SmEdA extensively

47



5. Conclusion and Perspective

to other methods. Thus, SmEdA results should be compared in the future to those predicted with
other mid-frequency methods as well as to measurements to assess the ultimate scope of this
approach.
Nevertheless, it can be said in general that SmEdA is an interesting alternative to the well
established numerical methods SEA and FEM, because it combines advantages of the two.
On the one hand, total energies of subsystems for whole frequency bands can be predicted
by SmEdA quite easily and fast like in SEA. On the other hand, it is also possible to create
energy distributions like with FEM. Another advantage of SmEdA is also that only a part of
the complete computation has to be repeated by changing parameters like the excitation or the
damping.
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Abstract
Statistical energy analysis (SEA) is a well-known method, which can be also used for predic-
tion of transmission loss. The difficulty in this method is toestimate the coupling loss factors,
which are needed to calculate the energy transfer between the subsystems. It has been shown
in previous articles on examples for structure-to-structure and structure-to-cavity coupling, that
the statistical modal energy distribution analysis (SmEdA) is a convenient method for calcu-
lating this coupling loss factors. This approach relies on adual modal formulation to describe
vibrations of coupled subsystems. However, the original SmEdA formulation takes into ac-
count only the resonant modes related to a frequency band. That is the reason for developing an
improved approach on the basis of SmEdA in the framework of the Marie Curie project ”MID-
FREQUENCY”. This improved method integrates the non resonantmodes in the calculation.
The application possibilities and the advantages of the newextended version of SmEdA are
demonstrated on the example of transmission loss of a plate between two finite cavities. The
principal advantages are that transmission loss can be predicted for non-diffuse sound fields and
for different boundary conditions.
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1. Introduction

1. Introduction

The well-know transmission lossR is used to characterize the physical process of the transmis-
sion of acoustic power through a partition. It is defined withthe transmission factorτ as follows
[1]:

R= 10lg

(
1
τ

)

. (1)

The transmission factorτ itself is the ratio of the powerPt transmitted through the partition and
the incident powerPi.

τ =
Pt

Pi
(2)

The search for equations forτ depending on the parameters of the incident waves and the
partition is a quite old field of research. The first one was thestill very popular and often used
so called ”mass law”

R= 10lg

[

1+

(
ωmcosϑ

2ρc

)2
]

(3)

It describes the relation between the mass per aream, the angular frequencyω, the densityρ and
the speed of soundc of the fluid, the angle of incidenceϑ and the transmission lossR. The basic
acoustic equations for this law were formulated by Rayleigh and it was experimentally verified
amongst others by Berger. The further development of this physical law was the formula of
Cremer for thin infinite plates. He included the influence of the bending stiffnessB on the
transmission loss using the plate equation of Kirchhoff.

RC = 10lg

[

1+

(

ωm−Bω3sin4ϑ
c4

)2(
cosϑ
2ρc

)2
]

(4)

In the following years till this day many other transmissionloss models have been developed.
For that purpose it exists more or less four different ways tohandle the transmission problem.
The first one is the wave approach, which was also used for the mass law and the formula of
Cremer. Here it is tried to find exact analytical solutions of the wave equations and so to pre-
dict the transmission loss. Such approaches has been established for example for finite plates
by Heckl [1] or for finite plate and finite cavities by Nilsson [2] and by Josse and Lamure [3].
But because of the involved assumptions and simplifications these are only useful for special
cases and provide only rough estimates. The second way is to solve the transmission problem
with a numerical method. This is in principle possible for all cases, even for complex geomet-
ries. Sakuma and Oshima [4], for example, developed a computational procedure for a finite
plate with arbitrary elastic boundary conditions between two semi-infinite rooms with FEM.
The third procedure is to use a variational approach. This isin principle a very general formu-
lation of the transmission problem, but only applicable to simple geometries, like a rectangular
plate. The variational approach was used for example by Gaglardini, Roland and Guyader [5]
(finite systems) and by Woodcock [6] (finite plate) to develop transmission loss models. The
fourth way is to calculate the transmission loss with the statistical energy analysis (SEA), like
Lyon and DeJong [7] or Renji, Nair and Narayanan [8] have done it. SEA is a quite easy
and fast method, because only a linear power balance equation system (one equation for each
subsystem) must be solved. But the problem of this model is thedescription of the cavity-plate-
cavity coupling. In addition SEA is generally only dedicated for high frequencies and diffuse
sound fields. A description of it is given in the following chapter. All in all there are still a lot
of problems to calculate the transmission loss of more or less realistic cases. At the moment
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no calculation method exists, that can be used without restrictions for different geometries of
cavities and plates, for different boundary conditions andfor non diffuse sound fields. The cal-
culation method for the transmission loss with the statistical modal energy distribution analysis
(SmEdA), presented in this paper, can in principle handle these restrictions. SmEdA, which was
developed by Maxit and Guyader [9], is a mixture of the other already described approaches.
The basic equation system is the same as the one of SEA and it needs a functional basis, namely
the eigenmodes of the subsystems, which can be calculated byone of the other methods. The
latter represents a critical point of this prediction procedure, because the mode density increases
with rising frequency and with rising size of the subsystemsand so does the computation time.

2. Theory

2.1. Classical Statistical Energy Analysis

The statistical energy analysis is a well-known energy basedmethod. The development of it
started in the early 1960s with the works about coupled oscillators by Lyon and Smith [7]. The
fundamental equation of this method is the power balance foreach subsystem (for example an
oscillator). This means, that all the powerΠi, which is input to a subsystemi, must be dissipated
(Πi

dis) in this subsystem or must be transmitted into another connected subsystem (Πi
ex).

Πi = Πi
dis+Πi

ex (5)

Lyon has found out that this power exchangeΠi
ex between two coupled subsystems is propor-

tional to the difference of their total time-averaged energies. Also the total energy is linked via
the subsystem damping loss factorηi to the dissipation powerΠi

dis. So it can be written

Πi = ωcηiEi +ωcηi j (Ei −E j) (6)

whereωc is the central angular frequency of the frequency band andηi j is the coupling loss
factor. Moreover, the coupling loss factors of two coupled subsystems are interrelated through
the reciprocity relation

niηi j = n jη ji (7)

with the modal densitiesni andn j of subsystemsi and j. All in all the energies of the subsystems
are calculated with a linear equation system at a given powerinput. So SEA is principally an
easy calculation method, but one problem is the estimation of the coupling loss factors. Also
it produces only global results for the average energy of each subsystem without any further
detailed informations, like the distribution of these energies. One way to predict the coupling
loss factors for the transmission loss calculation of a finite plate between two finite cavities is
described by Lyon and DeJong [7]. They divided the process of transmission into two parts, the
non resonant and the resonant transmission. The first is moreor less an extended version of the
mass law for a diffuse sound field and is characterized by the coupling loss factorη12 for the
direct coupling between the two cavities.

η12 = βcI12
c1

f k2
1V1

τ12,∞(0)
2− τ12,∞(0)

(8)

with the transmission coefficientτ12,∞(0) for normal incidence, the correction factorβc for the
case of low modal overlap, the frequencyf , the correction factorI12 for diffuse sound field and
the sound velocityc1, the wavenumberk1 and the volumeV1 of the cavity one. The second
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part of transmission in the model of Lyon and DeJong, the resonant transmission through the
resonant modes of the plate, is represented by an indirect coupling factorηp2. This is related to
the plate radiation efficiencyσrad as follows:

ηp2 =
ρ1c1

ωρphp
σrad (9)

whereρ1 andc1 are the density and the sound velocity of cavity one,ρp andhp are the density
and the thickness of the plate andω is the angular frequency. Finally the basic power balance
equation system of SEA reads [8]:





Π1

0
0



= A





E1

Ep

E2



 (10)

with

A=





η1+η1p+η12 −ηp1 −η21

−η1p η2+ηp1+ηp2 −η2p

−η12 −ηp2 η2+η2p+η21





At equal fluids in the both cavitiesηp2 is equal toηp1. The rest of the coupling factors can
be obtained from the reciprocity relation (equation (7)). The transmission factor can be then
calculated with the estimated energies using the followingequation, [10]:

τ =
p2

2A2

p2
1S

(11)

where p2 and p1 are the effective values of the pressures in cavity one and two, A2 is the
equivalent absorption area of cavity two andS the surface of the plate. The pressure and the
equivalent absorption area in a cavityi are given by [11, 8]:

p2
i =

ρic2
i Ei

Vi
(12)

and

Ai =
4ηiωcVi

ci
(13)

whereρi , ci andVi are the density, the sound velocity and the volume of cavityi andωc is the
central frequency of the excited frequency band. To sum up, contrary to the mass law and the
formula of Cremer this formulation does not neglect the influence of the cavity parameters, size
and damping, and takes into account the finite size of the plate.

2.2. Statistical modal Energy distribution Analysis

The statistical modal energy distribution analysis (SmEdA) is based on the dual formulation of
two gyroscopic coupled oscillators [9]. Under the assumption of a white noise excitation the
modal coupling loss factor reads:

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

d

]

(14)
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with

d = (η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

+((ω1
p)

2− (ω2
q)

2)2

whereW12
pq is the interaction modal work and whereM1

p, M2
q, η1, η2, ω1 andω2 are the modal

masses, the damping factors and the eigenfrequencies of thep-th and q-th mode of the subsys-
tems 1 and 2. The coupling loss factors of classical SEA can becalculated then on condition of
modal equipartition of energy [12] with the following formulas:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (15)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (16)

where pmax and qmax are the numbers of resonant modes relative to the excited frequency
band with the central frequencyωc. It was shown by some authors, for example by Maxit
and Guyader [13] for structure-structure coupling or by Totaro, Dodard andGuyader [12] for
structure-cavity coupling, that the coupling factors computed by SmEdA agree well with these
obtained by other approaches. Moreover, the energies of thedifferent subsystems can be also
calculated directly usingβ12

pq and a power balance equation system with one equation for each
mode instead of one for each subsystem like in SEA.

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (17)

A main drawback of this original SmEdA approach is that because of the assumption of white
noise excitation only resonant modes in an excited frequency band are taken into account. But
the influence of non resonant modes can be not neglected in some cases, for example in the case
of highly damped systems. To find a solution for this problem it is necessary to have a closer
lock to the original derivation of the method for the case of acavity-plate coupling. In SmEdA
the coupled system is split into a clamped cavity and free plate on the coupling surface to
describe the coupling between the pressure in the cavity andthe plate velocity. This is the same
as the assumption ”blocked pressure” in other transmissionloss models, where it is assumed
that the move of the plate is negligible for the calculation of the surface pressure and the plate is
then excited by the resultant force. But of course for the evaluation of the kinetic energy of the
cavity and the potential energy of the plate the boundary conditions must be respected. These
conditions are the equality of the velocities ˙yb

i and the equality of the products of the stress
tensorsσ ib

rs and normal vectorsni
s at the coupling surface.

ẏb
1 = ẏb

2 (18)

σ1b
rs n1

s = σ2b
rs n2

s (19)

The latter is not the case in the original SmEdA formulation.Finally the coupled system is
defined with four equations, the two coupled differential equations of original SmEdA and the
two boundary conditions, but there are only two variables. Such overdetermined systems have
in general no exact solution and it is difficult to find an approximate solution. Through trial
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and error it was found out that the mass law and the formula of Cremer, equations (3) and (4),
can be derived analytically with the original coupling factor β12

pq, equation (14), and the power
balance, equation (17). Soβ12

pq seems to be also the general coupling factor for any couplingof
two modes, non resonant and resonant ones, because the coupling in the formula of Cremer is
arbitrary and no assumption of white noise is needed. Perhaps this works, becauseβ12

pq can be
also interpreted as the average coupling loss factor between two modes of all possible single-
frequency excitations from zero to infinity. Altogether because of these reasons the non resonant
modes are also taken into account in an extended SmEdA approach usingβ12

pq, whereas the
excitation still remains in a frequency band only. Finally the obtained energies, the geometrical
data and the damping factors of the cavities need only to be inserted in equation (11) to get the
transmission factor and so the transmission loss. This transmission loss depends on the same
parameters as the one obtained by the SEA approach.

3. Comparison of the approaches

3.1. System under study

To compare the results for the transmission loss of the different calculation methods we consider
a basic configuration of a rectangular plate between two parallelepipedic cavities as presented
in Figure 1 and Table 1.

Lz1

Ly

Lz2h

plate
receiving room

z

y

x

sending room

Lx

Figure 1.: Sketch of the system

plate sending
room

receiving
room

Lx×Ly×
Lz(h) (m)

1.2 ×
0.9 ×
0.004

1.2 ×
0.9×0.7

1.2 ×
0.9×1

ρ
(kg/m3)

7820 1.2 1.2

c (m/s) 340 340
η 0.01 0.01 0.01
E (MPa) 210
ν 0.3

Table 1.: Characteristics of the subsystems
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In the present case the eigenmodes and eigenfrequencies canbe calculated quite easily ana-
lytically. The shapespqrs of the eigenmodes and the eigenfrequenciesωqrs for the cavities are
given by [10]

pqrs = cos

(
qπx
Lx

)

cos

(
rπy
Ly

)

cos

(
sπz
Lz

)

(20)

and

ωqrs = c

√
(

qπ
Lx

)2

+

(
rπ
Ly

)2

+

(
sπ
Lz

)2

(21)

For the plate there is the possibility to choose between different boundary conditions. We take
for our study the simply supported and the free boundary condition. The eigenfrequenciesωs

mn
and the modesWs

mn of the simply supported boundary condition are

ωs
mn= π2

[(
m
Lx

)2

+

(
n
Ly

)2
]√

B
m

(22)

and

Ws
mn= sin

(
mπx
Lx

)

sin

(
nπy
Ly

)

(23)

with the mass per areamand the bending stiffnessB of the plate.

3.2. Transmission Loss

3.2.1. Simply supported plate

At first before we compare the results from the SmEdA approachwith those of other models, it
is necessary to compare the different possibilities of calculations with SmEdA. So the next two
Figures (2 and 3) show the results of transmission loss for different plate damping factorsη2

calculated with

- SEA with SmEdA estimated couplings factors (SmEdA SEA CLF; equations (6), (15)
and (16))

- SmEdA direct only with resonant modes (SmEdA resonant; equations (14) and (17))

- SmEdA direct with resonant and non resonant modes (SmEdA non resonant; equations
(14) and (17)).

For the last approach the number of modes, that are taken intoaccount, is enlarged until the
changes in the transmission loss get small, for example smaller than 1 dB. In our case at the
plate damping 0.1 it is necessary to take into account all themodes of the not excited subsystems
from 600 Hz below to 300 Hz above the frequency band (band width: 400 Hz). The non resonant
modes of the excited systems, which are also not excited, do not matter.
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Figure 2.: Transmission loss of the different SmEdA models atη2 = 0.001
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Figure 3.: Transmission loss of the different SmEdA models atη2 = 0.1

All in all Figures 2 and 3 demonstrate that the case with the simply supported boundaries
of the plate is at low damping governed by the resonant modes for the whole frequency range
while the non resonant modes play a role only at quite high damping. Furthermore between the
SEA calculation with SmEdA coupling factors and SmEdA directonly with resonant modes
there is only a difference at low frequencies, because the assumption of modal equipartition of
energy (see equation (7)) is generally not valid for low modaldensities [14]. Because of these
facts only the SmEdA direct calculation without non resonant modes is given in the following
figures, except in the case of high damping, where the non resonant modes are needed. Figures
4 to 6 show now for three damping factorsη2 of the plate the different transmission losses
predicted with the mass law for normal incidence, the formula of Cremer for a diffuse sound
field, the SEA model of Lyon and DeJong and the SmEdA approach.
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Figure 4.: Transmission loss of the different models atη2 = 0.001
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Figure 5.: Transmission loss of the different models atη2 = 0.01

By looking at the results of the different models it attracts attention that both, the SmEdA and
SEA prediction, are sensitive below the critical frequencyto a change of the damping, unlike
the formula of Cremer. The main reason for this is that the dissipation of energy of the vibrating
plate modes rises with increasing damping, because the coupling factors change only a little.
Above the critical frequency the dependency of the transmission loss on the plate damping is
then equal for these three models. This difference between the formula of Cremer and the
SmEdA approach does not come from different descriptions ofthe transmission mechanism.
Under the same assumptions as for the formula of Cremer (diffuse sound field, infinite plate,
etc.) the transmission loss predicted with SmEdA is analytically given by

R= 10lg

[

1+S

(
cosϑ
2ρc

)2
]

(24)

with

S=

(

ωm−ω3B
sin4ϑ

c4

)2

+mBη 2ω4sin4ϑ
c4
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Figure 6.: Transmission loss of the different models atη2 = 0.1

This formulation is compared to the original formula of Cremer (equation (4)) in Figure 7 for
our configuration and a diffuse sound field (average over all possible incident directions). The
damping in this original formula is taken into account via the usual assumption of a complex
bending stiffnesŝB= B(1− iη2).
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Figure 7.: Transmission loss of the infinite models from Cremer and SmEdA atη2 = 0.1

It could be seen, there is only a small difference at the critical frequency between the two
formulations. To sum up, this means that the transmission loss of a small system, where we
have a small plate and no diffuse field at lower frequencies, is quite different than the one of a
big or infinite one below the critical frequency but stays equal above it.

3.2.2. Free plate

As a second example for a plate boundary, the free boundary condition was chosen. In Figure
8 the calculation possibilities of SmEdA with and without non resonant modes and the formula
of Cremer are compared. In this case the plate is 1 cm thick and not 4 mm as in the calculations
for the simply supported plate.
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Figure 8.: Transmission loss of the different models atη2 = 0.01

Using the original SmEdA calculation, i.e. only with resonant modes, the transmission loss
becomes infinite below the critical frequency. This means that all modal works between the
resonant modes are zero. Thus it is necessary to take into account below the critical frequency
all the modes from zero Hz to the upper limit of the frequency band, because the energy transfer
proceeds only through the non resonant modes. This shows, that the configuration with a free
boundary condition has a non resonant behaviour below the critical frequency and a more or
less resonant above it. In comparison to the formula of Cremerthe transmission loss calculated
with SmEdA is much higher. One reason for this is the small number of energy transporting
combinations of plate and cavity modes. In addition to this no diffuse sound field exists in such
a small system with lots of modes, which could excite the plate better.

4. Conclusion

As it is shown on the previous examples, the presented new method to estimate the transmission
loss with SmEdA is an interesting alternative to the other existing prediction models, especially
in the frequency range below the critical frequency and for small systems with non diffuse fields.
Furthermore this method demonstrates that the transmission loss can be smaller or much higher
in this frequency range than the one predicted by the infinitemodels. Another important ad-
vantage is the very general formulation of the transmissionproblem. So not only the presented
cases of a simply supported and a free plate between to finite cavities can be handled but also
cases with arbitrary plate boundaries and complex geometries. Also it would be, for example,
possible to predict the transmission loss with SmEdA for window assemblies, where the plate
is smaller than the corresponding walls of the cavities. Theonly limits are the estimation of the
modes and the computation time growing with a rising number of modes, which are taken into
account.
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Abstract
Statistical modal energy distribution analysis (SmEdA) isa method to compute modal energies
in coupled subsystems. This approach relies on the basic statistical energy analysis (SEA)
relations and on a dual modal formulation to describe responses of coupled subsystems. In
contrast to the classical SEA it describes not the global coupling between the subsystems but
the coupling between each mode of different subsystems. This has the advantage, that it is
possible to estimate in a post-processing step the energy distributions of the subsystems with
the calculated modal energies. The SmEdA approach is intended to be further improved within
the framework of the Marie Curie project ”MID-FREQUENCY” on twopoints. The first is
to include the cross modal terms, which are neglected in previous works, in the calculation
of energy distributions. These terms are important for coherent sound fields, for example that
of a plate excited by only one point force. The second point isto take into account also non
resonant modes relating to an excited frequency band, whichare especially important for highly
damped systems, because this is not done in the original formulation of SmEdA. The application
possibilities and the advantages of the improved approach are demonstrated on the example of
a point force excited plate between two finite cavities.
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1. Introduction

1. Introduction

The most well-known energy based method is the Statistical Energy Analysis. The development
of it started in the early 1960s with the works about coupled oscillators by Lyon and Smith [1].
The fundamental equation of this method is the power balancefor each subsystem (for example
an oscillator). This means, that all the powerΠi, which is input to a subsystemi, must be
dissipated (Πi

dis) in this subsystem or must be transmitted into another connected subsystem
(Πi

ex).
Πi = Πi

dis+Πi
ex (1)

Lyon has found out that this power exchangeΠi
ex between two coupled subsystems is propor-

tional to the difference of their total time-averaged energies. Also the total energy is linked via
the subsystem damping loss factorηi to the dissipation powerΠi

dis. So it can be written

Πi = ωcηiEi +ωcηi j (Ei −E j) (2)

whereωc is the central angular frequency of the frequency band andηi j is the coupling loss
factor. Moreover, the coupling loss factors of two coupled subsystems are interrelated through
the reciprocity relation

niηi j = n jη ji (3)

with the modal densitiesni andn j of subsystemsi and j. All in all the energies of the sub-
systems are calculated with a linear equation system at a prescribed power input. So SEA is
principally an easy calculation method, but the main question is how to determine the coupling
loss factors. For this purpose there are a lot of estimation methods. Some classical prediction
formulas for point, line and area coupling are given for example by Lyon and DeJong [1]. Also
the Power Injected Method (PIM) is often used experimentally or numerically with Finite Ele-
ment software [2, 3]. Another possibility to calculate the coupling loss factors is to use the
Statistical modal Energy distribution Analysis (SmEdA), which was developed at first only for
this purpose by Maxit and Guyader [4]. The advantages of SmEdA in comparison to other
methods at the prediction of coupling loss factors have beenalready demonstrated, for example
on the applications for structure-structure coupling [5] and for structure-cavity coupling [3]. But
SmEdA is not only a method for the prediction of SEA coupling loss factors, but also a fully
independent energy method, as it was shown by Totaro and Guyader [2, 6]. The main difference
between SmEdA and SEA is that SmEdA describes the coupling between all the single modes
of the different subsystems and not only between the entire subsystems like in SEA. For this
reason it is necessary to calculate the eigenmodes and eigenfrequencies, for example with the
Finite Element Method (FEM), to get the basic input information for SmEdA. This cause the
advantage in comparison to SEA that it is contrary to SEA possible to handle the case of a point
force excitation and to evaluate by a post-processing the energy distributions of the subsystems.
Also SmEdA can be used at lower frequencies than SEA. On the other hand, the computation
cost is of course higher with SmEdA. One of the problems of both energy methods, original
SmEdA and SEA, is the fact, that only resonant modes relatingto a frequency band can be
taken into account. Yet the influence of non resonant modes isimportant in some cases, for
example for highly damped systems. For this reason this article presents an extended version
of SmEdA with a non resonant contribution. The second topic of the article is the estimation
of energy distributions in modal description with the calculated modal energies from SmEdA.
Here it is shown, how to handle the cross modal terms, which have been neglected in previous
works [2, 6, 7], because this terms are very important for coherent sound fields. One import-
ant example for such a sound field is the often treated technical case of a single point force
excitation.
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2. Statistical modal Energy distribution Analysis

The statistical modal energy distribution analysis (SmEdA) is based on the dual formulation of
two gyroscopic coupled oscillators [4]. The time-averaged power flowP12 between these two
oscillators is directly proportional to the difference of their time-averaged energiesE1 andE2.
The proportionality factor is the so called coupling factorβ .

P12 = β(E1−E2) (4)

The velocities ˙y1 and ẏ2 and displacementsy1 andy2 of the two oscillators 1 and 2, that are
needed to calculate the energies and the power flow and soβ , are definable through solving the
following coupled differential equation system:

ÿ1(t)+∆1ẏ1(t)+ω2
1y1(t)−

√

M−1
1 M2γẏ2(t) = F1(t)

ÿ2(t)+∆2ẏ2(t)+ω2
2y2(t)+

√

M−1
2 M1γẏ1(t) = F1(t)

(5)

where∆i = ωiηi is the damping coefficient andγ is the gyroscopic coupling factor. Under the
assumption of a white noise excitation, represented through F1(t) and F2(t) (harmonic time
dependence:e−iωt), β is given by

β =
γ2
(
η1ω1ω2

2 +η2ω2ω2
1

)

(ω2
1 −ω2

2)
2+(η1ω1+η2ω2)(η1ω1ω2

2 +η2ω2ω2
1)

(6)

whereη1 andη2 are the damping factors andω1 andω2 are the eigenfrequencies of the oscillat-
ors. A detailed derivation of this equation can be found for example in [1]. This principle was
formulated more arbitrarily and extended to coupled vibrating continuous systems by Maxit and
Guyader [4]. They assumed, that the coupling between each mode of different subsystems is
equal to the coupling between two oscillators, if one systemis uncoupled a blocked system and
the other is uncoupled a free system on the coupling area. This is for example the case for a
cavity-structure coupling. So the first is characterized with stress or pressure mode shapesp1

p

and the second with displacement mode shapesW2
q . In this way the modal coupling coefficient

γ12
pq, equivalent to the gyroscopic coupling factorγ in equation (5), is deduced.

γ12
pq =

1
√

(ω1
p)

2M1
pM2

q

∫

S
p1

pW
2
q dS=

W12
pq

√

(ω1
p)

2M1
pM2

q

(7)

whereW12
pq, the integral over the coupling areaS of the product of the mode shapes, is the

interaction modal work and whereM1
p andM2

q are the modal masses of the p-th and q-th mode
of the subsystems 1 and 2. Finally, under the assumption of a white noise excitation the modal
coupling loss factor reads:

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

((ω1
p)

2− (ω2
q)

2)2+(η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

]

(8)

whereη1, η2, ω1 andω2 are the modal masses, the damping factors and the eigenfrequencies
of the p-th and q-th mode of the subsystems 1 and 2. The coupling loss factors of classical SEA
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can be calculated then on condition of modal equipartition of energy [3] with the following
formulas:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (9)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (10)

wherepmax andqmax are the numbers of resonant modes relative to the excited frequency band
with the central frequencyωc. Moreover, the energies of the different subsystems can be also
calculated directly usingβ12

pq and a power balance equation system with one equation for each
mode instead of one for each subsystem like in SEA, equation (2).

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (11)

The whole energy of a subsystem is then the sum of all modal energies of this subsystem (see
chapter 3). A main drawback of this original SmEdA approach is that because of the assumption
of a white noise excitation only resonant modes in an excitedfrequency band are taken into
account. But the influence of non resonant modes can not be neglected in some cases, for
example in the case of highly damped systems. To find a solution for this problem it is necessary
to have a closer lock to the original derivation of the methodfor the case of a cavity-plate
coupling. In SmEdA the coupled system is split into a clampedcavity and a free plate on
the coupling surface to describe the coupling between the pressure in the cavity and the plate
velocity. This is the same as the assumption ”blocked pressure” in some transmission loss
models, where it is assumed that the move of the plate is negligible for the calculation of the
surface pressure and the plate is then excited by the resultant force. But of course for the
evaluation of the kinetic energy of the cavity and the potential energy of the plate the boundary
conditions must be respected. These conditions are the equality of the velocities ˙yb

i and the
equality of the products of the stress tensorsσ ib

rs and normal vectorsni
s at the coupling surface.

ẏb
1 = ẏb

2 (12)

σ1b
rs n1

s = σ2b
rs n2

s (13)

The latter is not the case in the original SmEdA formulation.Finally the coupled system is
defined with four equations, the two coupled differential equations of original SmEdA (equation
(5)) and the two boundary conditions, but there are only two variables. Such overdetermined
systems have in general no exact solution and it is difficult to find an approximate solution.
Through trial and error it was found out that the mass law and the formula of Cremer

RC = 10lg

[

1+

(

ωm−Bω3sin4ϑ
c4

)2(
cosϑ
2ρc

)2
]

(14)

can be derived analytically with the original coupling factor β12
pq, equation (8), and the power

balance, equation (11), [8]. Soβ12
pq seems to be also the general coupling factor for any coupling

of two modes, non resonant and resonant ones, because the coupling in the formula of Cremer
is arbitrary and no assumption of white noise is needed. Perhaps this works, becauseβ12

pq can
be also interpreted in the sense of the original formulationas the average coupling loss factor
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between two modes of all possible single-frequency excitations from zero to infinity. Altogether
because of these reasons the coupling between a non resonantand a non resonant, a resonant
and a non resonant and a resonant and a resonant mode can be described now using the same
formula for β12

pq, equation (8). For example this allows to make calculationsfor a point force
excitation at only one frequency. This means that the point force excites more or less all the
modes of one subsystem at the excitation frequency and then the modes of the excited subsystem
can be coupled to all modes of the other subsystem.

3. Energy and energy distributions in modal description

The SmEdA approach provides the modal information, shape and total energy, of every mode
(look at the previous chapter) and so it should be in principle possible to compute the energy
density distributions of every subsystem by a post-processing step. This is the topic of the
present chapter.
The kinetic energy densityec

n and the potential energy densityep
n of every moden are defined

as follows [7]:

ec
n =

1
4

Mnu̇2
n =

1
4

Mn( ¯̇un)
2Φ2

n (15)

ep
n =

1
4

Knu2
n =

1
4

Knū2
nΦ2

n (16)

whereun andu̇n are the displacement and the velocity of the moden, ¯̇un andūn are the amp-
litudes of the displacement and the velocity,M andK are the modal mass and the modal stiffness
andΦn is the shape of the moden. The sum of the kinetic and the potential energy densities
gives the required total modal energy densityei

n of the subsystemi.

ei
n = ec

n+ep
n =

1
4

Mn( ¯̇un)
2Φ2

n+
1
4

Knū2
nΦ2

n = RnΦ2
n (17)

The integral over the areaA of this ei
n is on the other hand the known modal energyEn, which

can be computed for example with SmEdA.

En =
∫

A
ei

ndA= Rn

∫

A
Φ2

ndA= RnNn (18)

whereNn is the norm of the mode [9]. Thus it is possible to define the at first unknown factor
Rn and so the total modal energy densityei

n finally reads:

ei
n =

En

Nn
Φ2

n (19)

To predict the energy densityei of a whole subsystemi from these of every mode previous
works [2, 6, 7] assume that all kind of cross modal terms can be neglected and soei is just the
sum of all total modal energy densities of this subsystem.

ei =∑
n

ei
n (20)

But Totaro and Guyader [2] have shown that this is for example not a good assumption for
a broadband point force excited plate with a high damping coupled to a cavity. The problem
of such a case of excitation at one single point is that the resultant sound field is coherent
[10, 11, 12].
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3. Energy and energy distributions in modal description

3.1. Excitation at a single frequency

In arbitrary for all kind of sound fields the superposition principle can be used for the quadratic
value of the total pressurep2 or the total velocityv2 of a subsystem [13] and so it can be written
for example for the total quadratic pressure

p2=

(

∑
n

pn

)2

= p2
1+p2

2+p2
3+ . . .+2ℜ (p1p∗2)+2ℜ (p1p∗3)+ . . .=∑

m
p2

m+2∑
m

∑
n=m+1

ℜ (pmp∗n)

(21)
wherepn is the complex modal pressure of the moden and∗ denotes complex conjugate. In
analogy to this fact the total energy densityei of a subsystemi for a single frequency excitation
can be exactly defined as follows, because the energy is proportional to the quadratic pressure:

ei =

[

∑
n

√

ei
n

]2

= ei
1+ei

2+ei
3+ . . .+2

√

ei
1ei

2+2
√

ei
1ei

3+ . . .=∑
m

ei
m

︸ ︷︷ ︸

=D

+2∑
m

∑
n=m+1

√

ei
mei

n

︸ ︷︷ ︸

=B
(22)

The differences to the previous equation (20) is only the additional factorB, which describes
the influence of the cross modal terms on the energy density. This factorB becomes zero for
incoherent sound fields [13], that means that every excited mode is independent from theothers
and that the excited modes are uncorrelated. The total energy of a subsystem is then the integral
over the areaA of ei.

Ei =
∫

A
ei dA=

∫

A
DdA+

∫

A
BdA (23)

Herein the integral over the area ofB is due to the orthogonality of the mode shapesΦn always
zero [3, 10] and so it follows that the total energy of a subsystemi is always the sum of all the
modal energies.

Ei =
∫

A
DdA=∑

n
Ei

n (24)

In the next step equation (19) is inserted in the termB to have a closer look at it.

B= 2∑
m

∑
n=m+1

√
Em

Nm
Φ2

m
En

Nn
Φ2

n = 2∑
m

∑
n=m+1

[

(±Φm)(±Φn)

√
Em

Nm

En

Nn

]

= 2∑
m

∑
n=m+1

[

SmnΦmΦn

√
Em

Nm

En

Nn

] (25)

The problem of this equation is, that it is necessary to definethe signSnm, plus or minus, of the
mode shapes. But there is no information about it in the previous calculations from SmEdA,
because an energy method, which works at last only with quadratic values of the shapes, does
not need it. At a look at equations (21) and (22), it can be seenthat the searched sign for every
amplitude of every corresponding term must be the same as theanalogous one of the other
equation. From this it follows that

Smn= sign(p̂mp̂∗n) = sign(v̂mv̂∗n) (26)

where ˆ denotes the amplitude. These modal pressure or modalvelocity amplitudes can be
approximated using analytic solutions for the excited uncoupled subsystems.
As examples to demonstrate this procedure, an arbitrary excited structure and a cavity, which is
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excited at the boundary by a vibrating structure, are chosen. The velocity in modal description
of an arbitrary excited plate is given by [14]

v=∑
n

vn =∑
n

Φn

Mn(ω2
n −ω2+dn)

∫

A
iωpexΦndA (27)

whereωn is the eigenfrequency of the moden, ω is the excitation frequency,pex is the excitation
pressure anddn is the modal damping factor. For the modal damping factordn it is possible to
use structural damping,

ds
n = iηpω2

n (28)

or viscous damping,
dv

n = iηpωnω (29)

whereηp is the damping factor of the plate. All in all the signSp
nm for an excited plate then

reads:

Sp
mn= sign(vmv∗n) = sign

(
{[

ω2
m−ω2][ω2

n −ω2]−dmdn
}
∫

A
pexΦmdA

∫

A
pexΦndA

)

(30)

For the special case of an excitation at only one point, whichhas the coordinatesxe andye,
equation (30) becomes

Sp
mn= sign

({[
ω2

m−ω2][ω2
n −ω2]−dmdn

}
Φm(xe,ye)Φn(xe,ye)

)
(31)

The pressurepc of the other example, the cavity excited by a vibrating structure, is described
with modal pressurespc

r as follows [9]:

pc =∑
r

pc
r =∑

r

[

Φc
r

(

−ρcω2∑
s

ap
sWrs

Nr(k2−k2
r )

)]

(32)

whereWrs is the interaction modal work (see chapter 2),Nr is the norm of the moder with the
mode shapeΦc

r andρc is the density of the fluid in the cavity. The modal amplitudeap
s of the

s-th mode of the structure is given by

ap
s =

1
Mn(ω2

n −ω2+dn)

∫

A
pexΦndA (33)

and the wave numbersk andkr are defined as

k=
ω

c0(1+ iηc)
(34)

and
kr =

ωn

c0
(35)

wherec0 andηc are the sound velocity and the damping factor of the cavity. Finally the sign
Sc

mn for the cavity excited by a vibrating structure is calculated again with equation (26). It must
be pointed out at this that equation (32) uses another definition for the damping in the cavity
than the SmEdA approach. For a dampingηc ≪ 1 the relation betweenηc and the dampingηs

of SmEdA is given by [9]

ηc ≈
ηs

2
(36)
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3.2. Broadband excitation

Next the whole formulation for the energy densityei for a single frequency excitation must be
extended for a broadband excitation. For this purpose the superposition principle can be used
to describe the searched solution for the frequency band∆ω as a sum of solutions for discrete
frequency stepsωf .

ei(∆ω) =∑
f

ei(ωf ) = ei
m(ω1)+ei

m(ω2)+ . . .+2
√

ei
m(ω1)ei

n(ω1)+2
√

ei
m(ω2)ei

n(ω2)+ . . .

=∑
m

∑
f

ei
m(ωf )+2∑

m
∑

n=m+1
∑
f

√

ei
m(ωf )ei

n(ωf )

=∑
m

ei
m(∆ω)+2∑

m
∑

n=m+1
∑
f

√

ei
m(ωf )ei

n(ωf )

︸ ︷︷ ︸

=B∆ω
(37)

On the other hand the resultant modal energies from the SmEdAcalculation are values for the
whole frequency band∆ω and so the total energy density must have the following form (S:
SmEdA):

ei
S(∆ω) =∑

m
ei

m(∆ω)+2∑
m

∑
n=m+1

√

ei
m(∆ω)ei

n(∆ω)

︸ ︷︷ ︸

=BS
∆ω

(38)

For an incoherent sound field, whereB∆ω andBS
∆ω are zero, the two equations (37) and (38)

are equal and again the same as equation (20). Also the total energy of a whole subsystems
i is always again just the sum of all modal energies like in equation (24). But for a coherent
sound field there is the problem that the factorBS

∆ω does not agree with the exact factorB∆ω.
This fact shows that for a broadband excitation not only the informations for the sign of the
shape functions (see chapter 3.1) can get lost at an energy method like SmEdA but also the
information how much energy get every mode at every excitation frequency. The information
about the last is important for coherent sound fields, becauseB∆ω describes in this way the
interaction between the excited modes. So the size of the sumover the frequencies step for one
pair of modes in equation (37) is a synonym for the size of the influence on each other. Normally
such a sum can be only big in general, when the difference between the eigenfrequencies of two
modes is small, because then the amount of the energies of theboth modes can be quite big
at the excitation frequencies near their eigenfrequencies. There are now two possibilities to
solve this problem of the broadband excitation for SmEdA. The first one is to calculate the
modal energies also with SmEdA for many discrete frequency steps, but then the calculation
cost grows immense. The second and less computation time intensive one is to make only one
SmEdA calculation for the whole frequency band and to define acorrection factorCmn for each
pair of modes. This correction factor is defined as follows sothat the difference between the
product of the energies for a frequency band of equation (38)and the midmost sum of equation
(37) is equalized:

Cmn=

∑
f

√

ei
m(ωf )ei

n(ωf )

√

ei
m(∆ω)ei

n(∆ω)
(39)
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From this and equation (37) it follows for the total energy density ei of a subsystemi under a
broadband excitation that

ei(∆ω) =∑
m

ei
m(∆ω)+2∑

m
∑

n=m+1
Cmn

√

ei
m(∆ω)ei

n(∆ω) (40)

At lastCmn is nothing else than a kind of correlation factor for every pair of modes, which de-
scribes the relationship between them at a broadband excitation. Through insertion of equation
(19) in equation (39)Cmn becomes then a relation of modal energies

Cmn=

∑
f

Smn(ωf )(Φm)(Φn)

√

Em(ωf )

Nm

En(ωf )

Nn

(Φm)(Φn)

√

Em(∆ω)

Nm

En(∆ω)

Nn

=

∑
f

Smn(ωf )
√

Em(ωf )En(ωf )

√

Em(∆ω)En(∆ω)
(41)

Next it is possible to make the approximation that the pairs of modal energiesEm for single
frequency excitations and for a broadband excitation have the same relation to each other as
the corresponding modal input powersΠm, because the modal input powers of a subsystem are
proportional to the modal energies of this subsystem and areexcept the modal energies the only
factors, which depend on the frequency in the linear equation system of SmEdA (see chapter
2).

Cmn=

∑
f

Smn(ωf )
√

Πm(ωf )Πn(ωf )

√

Πm(∆ω)Πn(∆ω)
(42)

At last it can be also assumed that the frequency band is divided into infinite frequency steps
and the input powerΠn(∆ω) for the whole frequency band can be expressed with the integral
over the frequency band of the modal input powerΠm for a single frequency. FinallyCmn is
then given by

Cmn=

∞

∑
f=1

Smn(ωf )
√

Πm(ωf )Πn(ωf )

√∫

∆ω
Πm(ω)dω

∫

∆ω
Πn(ω)dω

=

∫

∆ω
Smn(ω)

√

Πm(ω)Πn(ω)dω
√∫

∆ω
Πm(ω)dω

∫

∆ω
Πn(ω)dω

(43)

whereSmn(ωf ) is defined by equation (26). The modal input powersΠm can be calculated
with the modal pressurepm(A) and the modal velocityvr(A) of the respective subsystem on the
excited areaA using the following formula:

Πm =
1
2

∫

A
ℜ [pm(A)v

∗
r (A)]dA=

1
2

∫

A

ℜ [pm(A)p∗m(A)]
Z

dA=
1
2

∫

A
Z ℜ [vr(A)v

∗
r (A)]dA (44)

whereZ is the impedance of the material or fluid. For the two examplesfrom the last chapter,
the excited structure and the cavity excited by a structure,equation (27) for the velocity of the
structure and equation (32) for the pressure in the cavity canbe used. So, for example, the factor
Cp

mn of the structure reads as follows for the special case of a point force excitation:

Cp
mn=

∫

∆ω
Sp

mn

√
√
√
√

ω4
[

(ω2
m−ω2)

2−d2
m

][

(ω2
n −ω2)

2−d2
n

] dω

√
∫

∆ω

ω2

(ω2
m−ω2)

2−d2
m

dω
∫

∆ω

ω2

(ω2
n −ω2)

2−d2
n

dω

(45)
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whereSp
mn anddm respectivelydn are defined by the equations (31), (28) and (29).

4. Results

4.1. System under study

To demonstrate the advantages of the extended SmEdA aprroachwith the non resonant contri-
bution and to show the application possibilities of the post-processing method for the energy
distributions we consider a basic example configuration of asimply supported rectangular plate
between two parallelepipedic cavities as presented in Figure 1 and Table 1.

Lz1 Lz2

Lx

Ly

x

y

z

h

F

cavity 1 cavity 2plate

Figure 1.: Sketch of the system

plate cavity 1 cavity 2
Lx × Ly ×
Lz(h) (m)

1.2 ×
0.9 ×
0.004

1.2 ×
0.9×0.7

1.2 ×
0.9×1

ρ
(kg/m3)

7820 1.2 1.2

c (m/s) 340 340
η 0.01 0.01 0.01
E (MPa) 210
ν 0.3

Table 1.: Characteristics of the subsystems

The plate is excited with a point force ([F ] = 1N) at one point, which has the coordinates
xe = 0.211765 andye = 0.189474, and the coincidence frequency of the plate is 2933 Hz. In
the present case the necessary eigenmodes and eigenfrequencies for SmEdA can be calculated
quite easily analytically. The eigenmodespqrs and the eigenfrequenciesωqrs of the cavities are
given by [15]

pqrs = cos

(
qπx
Lx

)

cos

(
rπy
Ly

)

cos

(
sπz
Lz

)

; q, r,s= 0,1,2,3, . . . (46)

and

ωqrs = c

√
(

qπ
Lx

)2

+

(
rπ
Ly

)2

+

(
sπ
Lz

)2

(47)
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The eigenfrequenciesωs
mn and the modesWs

mn of the simply supported plate are

ωs
mn= π2

[(
m
Lx

)2

+

(
n
Ly

)2
]√

B
m

; m,n= 1,2,3, . . . (48)

and

Ws
mn= sin

(
mπx
Lx

)

sin

(
nπy
Ly

)

(49)

with the mass per areamand the bending stiffnessB of the plate.

4.2. Energy

In the Figures 2 to 4 the results for the total energies of the different subsystems calculated with
SmEdA are compared for three 200 Hz frequency bands with thesepredicted with a standard
direct FEM calculation. With SmEdA there are the follwing three calculation possibilities as it
is shown in chapter 2:

- SEA with couplings factors estimated by SmEdA (SmEdA SEA CLF; equations (2), (9)
and (10))

- SmEdA direct only with resonant modes (SmEdA resonant; equations (8) and (11))

- SmEdA direct with resonant and non resonant modes (SmEdA non resonant; equations
(8) and (11)).

For the last approach the number of modes, that are taken intoaccount, is enlarged until the
changes in the values of the energies get small enough, for example smaller than 0.1 dB at an
increase of the frequency range by 300 Hz. In our case (see chapter 4.1) at the plate damping
ηp = 0.1 it is for example necessary at an excitation in the frequency band from 600 Hz to 800
Hz to take into account all the modes from 0 Hz to 1500 Hz above the frequency band. At low
plate damping, for exampleηp = 0.01, the results for the excited plate of all these different
calculations are more or less the same and equal to these obtained by FEM. Also for the energy
in the non directly excited cavities it is not so important, if non resonant modes are taken into
account or not. But at a higher damping,ηp = 0.1, it is really necessary to take into account
also non resonant modes, especially for the cavities, because otherwise we get a difference of 5
dB and more in comparison to the FEM results. The energy values predicted with resonant and
non resonant modes agree then well with these of the FEM calculation.
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2.1: Energy in cavity 1 (η2 = 0.01)
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2.2: Energy in cavity 1 (η2 = 0.1)

Figure 2.: Energy in cavity 1 at different plate damping factorsη2

400 500 600 700 800 900 1000
−90

−85

−80

−75

−70

−65

−60

−55

−50

−45

Frequency (Hz)

E
ne

rg
y 

(d
B

)

 

 

FEM
SmEdA non resonant
SmEdA resonant

3.1: Energy of the plate (η2 = 0.01)
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3.2: Energy of the plate (η2 = 0.1)

Figure 3.: Energy of the plate at different plate damping factorsη2
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4.1: Energy in cavity 2 (η2 = 0.01)
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4.2: Energy in cavity 2 (η2 = 0.1)

Figure 4.: Energy in cavity 2 at different plate damping factorsη2
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4.3. Energy distributions

In this chapter examples for total energy density distributions of the new SmEdA post-processing
procedure, which is described in chapter 3, are compared to these obtained fully analytically and
by classical FEM. For an analytical solution equations (27)and (32) are used, because they are
indeed only solutions for an uncoupled plate and a system forone plate and one cavity, but this
should make not a big difference for our case with a light fluid. Also we want to have a look,
how big is the discrepancy, if the cross modal terms are neglected for the energy distributions
(SmEdA diagonal) like in previous works.

4.3.1. Single frequency excitation

Figures 5 and 6 and show the total energy densities distributions of the plate for two different
damping factors calculated by FEM, analytically and by the SmEdA post-processing procedure
with and without cross modal terms. The plate is herein excited with the point force only at
600 Hz. At the higher plate damping,ηp = 0.1 (Figure 5), the energy density distributions in
absolute values (J/m2) of the different models are quite the same except the one without the
cross modal terms. A little problem at high damping, which cannot be seen in this figure, is
that the energy density predicted by SmEdA can be a little bitnegative in areas of very small
values, if the number of modes, which are taken into account,are not high enough.

5.1: SmEdA diagonal 5.2: SmEdA 5.3: analytic
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5.4: FEM

Figure 5.: Energy density distribution of the plate(frequency: 600Hz; plate damping:η2 = 0.1)

Also at a lower damping,ηp = 0.01 (Figure 6), the SmEdA post-processing procedure with
the cross modal terms agree well again with the analytic solution. Due the quite rough mesh
the FEM energy density distribution is here not so exact and the values are a little bit lower
than these of SmEdA and the analytical method, which work with exact functions and not with
discrete points. To get also such a good detailed energy density distribution with FEM it is
necessary to take a very fine mesh as it is shown in Figure 7 for an uncoupled plate. But one
problem is then, that the value at the excitation point is overestimated by FEM. For the whole
energy of the plate a finer mesh is not necessary, because the change is only plus minus 0.5 dB.
Another important point at Figures 5 and 6 is that they demonstrate that the cross modal terms
are always essential to get good results for the energy density distributions in the case of a single
frequency point force excitation. So this means that the sound field is very coherent here.
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6.1: SmEdA diagonal 6.2: SmEdA 6.3: analytic
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6.4: FEM

Figure 6.: Energy density distribution of the plate(frequency: 600Hz; plate damping:η2= 0.01)
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Figure 7.: Energy density distribution of a uncoupled plateat different FEM meshes (frequency:
600Hz; plate damping:η2 = 0.01)

4.3.2. Broadband excitation

At a broadband excitation we get at a high plate damping,ηp = 0.1 (Figure 8), again a similar
shape for the energy density distribution of the plate as forthe single frequency excitation
(see chapter 4.3.1). The solutions of the different models except SmEdA without the cross
modal terms (SmEdA diagonal) are more or less equal. But at lower plate damping ,ηp = 0.01
(Figure 9), the sound field on the plate becomes more symmetric and the estimation without
the cross modal terms is here relatively good. This effect atthe broadband excitation comes
from the spectral averaging and depends on the bandwidth andthe damping [12]. That means
for example that the sound field becomes more and more incoherent with a decreasing damping
and so also the influence of the cross modal terms declines.
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8.1: SmEdA diagonal 8.2: SmEdA 8.3: analytic
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8.4: FEM

Figure 8.: Energy density distribution of the plate (frequency band: 600-800 Hz; plate damping:
η2 = 0.1)

9.1: SmEdA diagonal 9.2: SmEdA 9.3: analytic
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9.4: FEM

Figure 9.: Energy density distribution of the plate (frequency band: 600-800 Hz; plate damping:
η2 = 0.01)

Finally we want to have a look at the energy density distributions (J/m3) in cavity 1. So
Figure 10 shows the energy density distribution atz= −0.3624 and at a damping ofη = 0.01
in all the subsystems. Here it plays in contrast to the directly excited plate a big role, how much
modes are taken into account for the SmEdA and the analytic calculation, because there is a
quite big difference between the results only with the resonant modes (Figures 10.1, 10.2 and
10.3) and these with non resonant modes (Figures 10.5, 10.6 and 10.7). The energy distributions
calculated with resonant and non resonant modes agree then quite well with the one predicted by
FEM. But of course due to the rough mesh and so on there are the same discrepancies compared
to FEM (Figures 8.4, 9.4 and 10.4) as described in chapter 4.3.1. Also the values of the analytic
approach are in general bigger, because the underlying formula is only for a system of one
plate and one cavity and not for two cavities like in our case.Finally, these energy density
distributions of the cavity points out that the sound field ishere not a diffuse one, in which the
energy would have been the same in every point in the cavity.
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10.1: SmEdA diagonal
resonant
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Figure 10.: Energy density distribution in the cavity atz=−0.3624 (frequency band: 600-800
Hz; damping:η2 = 0.01)

5. Conclusion

As it is shown in the previous examples, it is possible to calculate using the non resonant con-
tribution all cases in the whole frequency range, below and above the critical frequency. So it
is possible to predict for example the energies of highly damped systems and even of systems,
which are excited only at one single frequency. Also the new developed post-precessing method
for coherent energy density distributions works well in comparison to other models. All in all
this two improvements offer big advantages compared to SEA,which can predict only energy
values of whole subsystems. The advantages in comparison toFEM are that the eigenmodes
must be computed for SmEdA, for example with FEM, only once and then only a part or the
whole SmEdA procedure must be recalculated, if the excitation or the damping is changed. Us-
ing FEM, in contrast, the whole calculation for a coupled system must be always repeated, if
one parameter is changed. Furthermore only one simple linearequation system must be solved
in SmEdA for a whole frequency band and not complete independent calculations for a lot of
frequency steps like in FEM. So SmEdA can save time dramatically. To sum up, SmEdA is
because of these arguments a good alternative to other methods, like FEM and SEA, especially
if one is interested in average values for a frequency band but wants to have also a detailed
energy mapping.
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Abstract
The most popular methods for the analysis of vibro-acousticsystems are the finite element
method (FEM) and the statistical energy analysis (SEA). To close the gap in the mid frequency
range between FEM and SEA and to overcome their drawbacks, the statistical modal energy
distribution analysis (SmEdA) was developed. Contrary to SEA, all the modes of different
subsystems are coupled to each other and not only whole subsystems. The newly developed
version of SmEdA, described herewith, can handle coupling between all the modes, resonant
and non resonant ones, and not only between resonant modes like the classical SmEdA. Using
a suitable post-processing, SmEdA enables the calculationof energy distributions. Up to now,
such a post-processing and the improved SmEdA were only tested and validated on simple
academic cases. In the present paper, an application of these methods to real industrial systems
is demonstrated on an example of a double-deck train.
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1. Introduction

1. Introduction

Two classical calculations methods in vibro-acoustics arethe finite element method (FEM) and
the statistical energy analysis (SEA). The finite element method solves in general a problem,
which is described by one or more differential equations, for discrete geometrical points. An
overview and details about FEM can be found in many books like[1]. The number of mesh
points has to become larger if the frequency increases and sodoes the computation time. Thus,
FEM is in general an effective computation method only for lower frequencies. Another dis-
advantage of this method is that a lot of calculation steps are necessary to get frequency band
averaged values, which are often required in practical applications. The second often used
method, the statistical energy analysis, is an energy basedapproach. That means that the basic
equation for each subsystemi is the following power balance equation:

Πi = Πi
dis+Πi

ex (1)

whereΠi is the input power,Πi
dis is the dissipated power andΠi

ex is the transmitted power
into connected subsystems. The dissipated powerΠi

dis is proportional to the total energyEi of
systemi andΠi

ex is proportional to the difference of the total energies between the concerned
subsystem and the connected subsystems [2]. The proportionality factors in these relations are
the damping loss factorηi and the coupling loss factorηi j . Hence, the power balance, equation
(1), reads:

Πi = ωcηiEi +ωcηi j (Ei −E j) (2)

whereωc is the central frequency of an excited frequency band. All inall, only a system of
linear equations with one equation for each subsystem has tobe solved to get global total en-
ergy values for each subsystem. But SEA is in general only valid at high frequencies, because
the mode density has to be high in a frequency band. Details about the validity of SEA are
described for example in [3]. Another deficiency amongst others is that SEA outputs onlythe
global energy values but no information about the distributions of these (see for example [4]).
To close the gap in the mid-frequency range between the low frequency method FEM and the
high frequency method SEA many different methods have been already developed and are still
developed. Examples are the hybrid FEM/SEA method [5], the wave based method [6], the
Variational Theory of complex Rays (VTCR) [7] and the statistical modal energy distribution
analysis (SmEdA) which is the topic of this article. This method is an energy based one like
SEA, but uses the coupling of pairs of modes from different subsystems and not only coupling
between different subsystems. That has the advantage that SmEdA can be used in principal in
the whole frequency range. In the original SmEdA [8] it was only possible to take into account
the coupling between resonant modes relating to an excited frequency band. Because of the
importance of non resonant modes in many acoustical problems like highly damped systems
the SmEdA method has been extended so that couplings betweenall modes, resonant and non
resonant ones, can be taken into account [9, 10]. Furthermore, a post-processing method has
been developed to obtain energy distributions with the modal energies predicted with SmEdA
[10]. In the articles [9] and [10], simple academic examples were presented to demonstrate the
possibilities and advantages of this post-processing method and the improved SmEdA.
To illustrate how the new methods can be used for real complexindustrial structures, a compu-
tation of a part of a double-deck train is presented at the endof this article. First, an introduction
to SmEdA and the post-processing method for energy distributions is given. The latter is ex-
tended in this article – compared to that of [10]– to kinetic and potential energy distributions of
three-dimensional structures.

91



8. Paper III: Improved modal Energy Analysis for industrialproblems

2. Statistical modal Energy distribution Analysis

The eigenmodes and einfrequencies of subsystems, which canbe calculated for example with
FEM, provides the basis of SmEdA. The coupling between thesemodes is characterised in
SmEdA with a dual formulation of two gyroscopic coupled oscillators [8], which are described
by the following coupled differential equations:

ÿ1(t)+∆1ẏ1(t)+ω2
1y1(t)−

√

M−1
1 M2γẏ2(t) = F1(t)

ÿ2(t)+∆2ẏ2(t)+ω2
2y2(t)+

√

M−1
2 M1γẏ1(t) = F2(t)

(3)

where∆i = ωiηi is the damping coefficient with the eigenfrequencyωi and the damping factor
ηi, γ is the gyroscopic coupling factor andM1, M2, y1 andy2 are the masses and displacements
of the oscillators one and two. This is a good analogous mechanical model for example for
coupling between pressure modesp1

p of a fluid filled cavity and displacement bending modes
W2

q of a structure. Furthermore, the exchanged powerP12 between two modes respectively two
oscillators is – similar to SEA, equation (1) – proportional to the difference of their energies.

P12 = β12(E1−E2) (4)

whereβ12 is the modal coupling loss factor. The gyroscopic couplingγ for two coupled modes
is given by, [8],

γ =
1

√

(ω1
p)

2M1
pM2

q

∫

S
p1

pW
2
q dS=

W12
pq

√

(ω1
p)

2M1
pM2

q

(5)

Finally, the modal coupling loss factorβ12 follows from equations (3) to (5):

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

((ω1
p)

2− (ω2
q)

2)2+(η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

]

(6)

whereW12
pq is the interaction modal work and whereM1

p, M2
q, ω1

p andω2
q are the modal masses

and the eigenfrequencies of the p-th and q-th mode of the subsystems one and two. In [9]
and [10] it has been shown that this modal coupling loss factor describes the coupling between
every pair of two modes of different subsystems and not only between resonant ones like it was
demonstrated by Maxit and Guyader [8]. With β12 the energy of every mode is calculated using
a power balance equation system like in SEA, equation (2), but with one equation for every
mode and not only with one for every subsystem.

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (7)

The sum of all these modal energies of a subsystemi gives the whole energyEi of a subsystem
i [11, 10].

Ei =∑
n

Ei
n (8)
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3. Energy distribution

3.1. Energy distribution of a single mode

It has been shown in [11] and [10] that the relation between the total energy distributionet
n of a

moden and the total energyEn of this mode is given exact for a cavity and approximative fora
structure by

et
n =

En

Nn
Φ2

n (9)

whereNn andΦn are the norm and the shape function of the moden. To get also equations for
the distributions of the kinetic and the potential energy,ek

n andep
n, of a mode as a function of

En it is necessary to characterise the relation between the kinetic energyEk
n and the potential

energyEp
n , which are [2]

Ep
n =

1
2

Kny2 (10)

Ek
n =

1
2

Mnẏ2 =
1
2

Mnω2y2 (11)

wherey is the time averaged displacement of a mode,ω is the excitation frequency andKn

andMn are the modal stiffness and the modal mass. Thus, it follows with the quadratic modal
eigenfrequency

ω2
n =

Kn

Mn
(12)

for the relation betweenEp
n andEk

n

Ep
n

Ek
n
=

Kny2

Mnω2y2 =
ω2

n

ω2 (13)

The relations between the total modal energyEn and the modal potential energyEp
n respectively

the modal kinetic energyEk
n are consequently given by

En = Ep
n +Ek

n = Ep
n

(

1+
ω2

ω2
n

)

(14)

En = Ep
n +Ek

n = Ek
n

(

1+
ω2

n

ω2

)

(15)

Finally, the energy distributionsep
n andek

n can be written as follows using the stiffness and the
mass matrix,K andM, like in [12]:

ep
n = Ep

n

(

ΦQ
n

)T
KΦn

Kn
=

En

(

ΦQ
n

)T
KΦn

(

1+
ω2

ω2
n

)

Kn

(16)

ek
n = Ek

n

(

ΦQ
n

)T
MΦn

Mn
=

En

(

ΦQ
n

)T
MΦn

(

1+
ω2

n

ω2

)

Mn

(17)

whereep
n is again only approximative,

(

ΦQ
n

)T
is the transpose of the shape function vector of

the moden at a pointQ andΦn is here the complete shape function vector for all pointsQ. For
a broadband excitationω is approximately the central frequency of the excited band.
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3.2. Energy distributions of whole subsystems

3.2.1. Theory

The energy distribution of a subsystem is given for a broadband excitation as a function of the
modal energy distributions defined in chapter 3.1 as follows, [10]:

ei(∆ω) =∑
m

ei
m(∆ω)+2∑

m
∑

n=m+1
Cmn

√

ei
m(∆ω)ei

n(∆ω) (18)

whereei(∆ω) is the total, kinetic or potential energy distribution of a whole broadband excita-
tion with the bandwidth∆ω. The factorCmn of equation (18) is a correction factor to describe
the correlation between two modes and is given by

Cmn=

∫

∆ω
SmnS

(2)
mn

√

Πm(ω)Πn(ω)dω
√∫

∆ω
Πm(ω)dω

∫

∆ω
Πn(ω)dω

(19)

This correction is necessary, because information, which are important to identify the spatial
and the frequency correlation of modes, get lost using frequency band averaged energies. The
spatial correlation is characterised by the factorsSmn andS(2)mn. Smn compares the signs of the
amplitudes of two modes, which depend on the given excitation, and can be approximated using
analytic solutions for the amplitude of the velocity ˆv or of the pressure ˆp of uncoupled systems
as follows [10]:

Smn= sign(p̂mp̂∗n) = sign(v̂mv̂∗n) (20)

The other factor,S(2)mn, describes the relation between the modes at a pointQ and is for the kinetic
and the potential energy distributions, equations (16) and (17), equal to the cosine of the angle
α between two modal shape vectors atQ (only the translational degrees of freedom are used
here!).

S(2)mn = cosα =
ΦQ

mΦQ
n

∣
∣
∣ΦQ

m

∣
∣
∣

∣
∣
∣ΦQ

n

∣
∣
∣

(21)

For the total energy distribution, equation (9), S(2)mn is 1, because the shape functionsΦn can be
extracted from the root of the second term of equation (18). The second type of correlation, the
frequency correlation, is described with the power inputsΠm(ω) andΠn(ω) in the modesm
andn. They can be again approximated with analytic solutions forthe velocity or the pressure
of uncoupled systems like for equation (20) as follows using the impedanceZ of a structure or
a fluid, [10]:

Πm =
1
2

∫

A
ℜ [pm(A)v

∗
r (A)]dA=

1
2

∫

A

ℜ [pm(A)p∗m(A)]
Z

dA=
1
2

∫

A
Z ℜ [vr(A)v

∗
r (A)]dA (22)

3.2.2. Example: Correction factor for a point force excited structu re

The velocityv in modal description of an arbitrary excited and uncoupled structure is given as
a sum over the modal velocitiesvn [13].

v=∑
n

vn =∑
n

Φn

Mn(ω2
n −ω2+ iηsωnω)

∫

A
iωpexΦndA (23)
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whereηs andωn are the damping factor and the n-th eigenfrequency of the structure andpex

andA are the excitation pressure and the excited area. Thus, it follows for the correction factor
Cmn, equation (19), of a structure excited with a point force at a pointP using equation (22):

Cmn=

∫

∆ω
SmnS

(2)
mn

√
√
√
√

ω4
[

(ω2
m−ω2)

2
+(ηsωmω)2

][

(ω2
n −ω2)

2
+(ηsωnω)2

] dω

√
∫

∆ω

ω2

(ω2
m−ω2)

2
+(ηsωmω)2

dω
∫

∆ω

ω2

(ω2
n −ω2)

2
+(ηsωnω)2

dω

(24)

with
Smn= sign

({[
ω2

m−ω2][ω2
n −ω2]+ηsωmωnω2}Φm(P)Φn(P)

)
(25)

4. Example

4.1. System under study

In the following a section of a double-deck train (Figure2) is chosen as an industrial example of
use to demonstrate the application possibilities of the extended SmEdA approach and the post-
processing method for energy distributions described in chapters 2 and 3. The section of the
train is simulated as a simple supported structure coupled to two cavities. The structure consists
of many different components (windows, stiffnessers, ...)and is excited with 8 point forces at
the bottom between 280 and 355 Hz. The number of degrees of freedom and the number of
modes in different frequency ranges of these three subsystems are presented in Table1.

Table 1.: Degrees of freedoms and number of modes of the subsystems

structure lower cavity upper cavity
degrees of freedom 334920 56699 54079
number of modes
0 - 280 Hz 120 42 24
280 - 355 Hz 72 30 24
355 - 600 Hz 235 222 178
600 - 1000 Hz 648 850 715

4.2. Energies of the subsystems

The energies of the three subsystems calculated with SmEdA and FEM are compared in Table
2. For SmEdA all the modes between 0 and 600 Hz are taken into account and not only those in
the excited frequency band (280-355Hz), because the contribution of the non resonant modes
to the total energies is high, especially for the upper cavity. This is illustrated with the energy
ratios of the modes (modal energy divided by the total energyof the corresponding subsystem)
between 0 and 1000 Hz in Figure1. The resonant modes store only 78%, 62% and 28% of
the energy of the structure, the lower cavity and the upper cavity respectively. Figure1 also
shows that the most of the energy is stored only in a few modes.All in all, the result for the
energies of the structure and the lower cavity of SmEdA are very good compared to these of
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FEM (see Table2). There is only an essential difference for the energy in theupper cavity. But
this is the subsytem that is not directly connected to the excition area and its energy is very
small compared to other energies. Thus, maybe the error of the direct FEM calculation is also
relativly high.

Table 2.: Comparison of the total energies of the subsystems calculated with SmEdA and FEM
total energy [dB] SmEdA FEM difference [dB]
structure -56.8 -56.2 0.6
lower cavity -67.4 -65.7 1.7
upper cavity -81.1 -86.7 5.6
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Figure 1.: Energy ratios of the modes (frequency area between the dashed lines: excited fre-
quency band)

4.3. Energy distributions of the subsystems

The kinetic energy distribution of the structure and the total energy distributions of the central
sections of the cavities are presented as examples in Figures2 to 3. The kinetic energy distribu-
tion of the structure predicted with the the post-precessing method of SmEdA (see chapter 3) is
quite similar to that calculated with FEM. In contrast, there are more discrepancies between the
energy distributions for the lower (Figure4) and the upper cavity (Figure3) predicted with the
post-precessing method and FEM. One reason is certainly thatthe total energies of the cavities
obtained by SmEdA and FEM are differ more than the total energies of the structure (see Table
2) and so do the energy distributions. The problem of the energy distributions of the cavities
predicted from the modal energies with the post-processingmethod is that these converge quite
slowly against a stable solution. This is demonstrated by comparing Figures4 and3, where in
Figures 3.1 and 4.1 all the modes from 0 to 600 Hz and in Figures3.2 and 4.2 all the modes
from 0 to 1000 Hz have been used for calculation. Especially for the lower cavity (Figure4), the
change of the energy distribution is enormous when using more modes, although the energies
of these modes are negligible for the calculation of the totalenergies as demonstrated in Figure
1. Therefore, it is difficult to say how much modes are necessary to get a good stable solution
for the energy distributions of the cavities.
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2.1: model of the train (one
colour for each property)

2.2: SmEdA (using all modes
from 0 to 600 Hz)

2.3: FEM

Figure 2.: Model and kinetic energy distribution [dB] using SmEdA and FEM of the train
structure

3.1: SmEdA (using all modes
from 0 to 600 Hz)

3.2: SmEdA (using all modes
from 0 to 1000 Hz)

3.3: FEM

Figure 3.: Energy distribution [dB] of the central section ofthe upper cavity using SmEdA and
FEM

4.1: SmEdA (using all modes
from 0 to 600 Hz)

4.2: SmEdA (using all modes
from 0 to 1000 Hz)

4.3: FEM

Figure 4.: Energy distribution [dB] of the central section ofthe lower cavity using SmEdA and
FEM

5. Conclusion

As it is demonstrated on the example of a part of a double-decktrain, SmEdA could be an al-
ternative to the existing methods for vibro-acoustic calculations of real industrial problems. An
advantage of SmEdA is in this connection that the predictions of total energies is quite fast and
easy and energy distributions can be generated after this main calculation in a post-processing
applied only to interested areas. In contrast, FEM is in general more time-consuming, because
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the distributions of whole systems must be calculated to getthe total values. And for SEA,
which outputs also total energies, a post-precessing to getenergy distributions is not possible,
because of the missing modal information. But the article shows also that there are two points,
which must be investigated in detail in the future research.The first point is to identify the
reasons for the differences between FEM and SmEdA results, which occur in a few cases. The
other one is the quite slow convergence of the post-processing method for energy distributions
of cavities.
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1. Executive summary

The most popular methods for the analysis in vibro-acoustics are the finite element method
(FEM) and the statistical energy analysis (SEA). FEM is usedfor the low frequency range, be-
cause the computational cost increases strongly with rising frequency. Another disadvantage
of this method is that a lot of calculations for single frequencies steps are necessary to get av-
erage values over frequency bands, which are often used in practical applications. The second
method, the statistical energy analysis, is an energy basedapproach for high frequencies, which
outputs global energy values for each subsystem without anyinformation about the distributions
of these energies.
To close the gap in the mid frequency range between FEM and SEAand to overcome their
described drawbacks, the statistical modal energy distribution analysis (SmEdA) is developed
since more than 10 years. This method is based on the principle of the energy conversation like
SEA but describes contrary to SEA the power exchange betweensubsystems with couplings
between the modes of these subsystems and not only with couplings between whole subsys-
tems. SmEdA is further developed in the framework of “Mid-Frequency” with a focus on the
coupling between fluid filled cavities and structures. Due tothat this method can handle coup-
lings between all modes, resonant and non resonant ones relating to an excited frequency band,
and not only between resonant modes like in previous works. Furthermore, a post-processing
method has been developed to obtain energy distributions using the modal energies predicted
with SmEdA. This extended version of SmEdA can be used in the whole frequency range and
is also principally not statistical. Thus, it is maybe betterto call this method modal energy dis-
tribution analysis (MEDA).
This deliverable gives first an overview over the recent version of SmEdA and the related post-
processing for the prediction of energy distributions. In asecond part the application possibil-
ities and advantages of these methods are demonstrated on some examples. At last, the report
shows also some recent enhancements and a perspective on thefuture research.
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2. Basic concepts

2. Basic concepts

2.1. Statistical modal Energy distribution Analysis

2.1.1. Coupling between modes

The basis of the energy based method SmEdA are the eigenmodesand eigenfrequencies which
have to be calculated first of all for example analytically for easy subsystems or with FEM. To
describe the coupling between these modes of different subsystems the analogous mechanical
model of two coupled gyroscopic oscillators is used. Maxit and Guyader [1] have demonstrated
that this oscillator coupling is equal to the coupling between two modes, if one system is un-
coupled a blocked system and the other is uncoupled a free system on the coupling area. This
is for example the case for a cavity-structure coupling. In this way the well established research
results for coupled oscillators, which can be found for example in [2], [3], [4] or [5], were used
as a basis to define a coupling factor for two coupled modes. Therefore, the coupling factorβ12

pq
between a modep of a system one and a modeq of a system two was deduced in [6] as

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

((ω1
p)

2− (ω2
q)

2)2+(η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)
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qω2

q(ω1
p)

2)

]

(1)

with the interaction modal work

W12
pq =

∫

S
Φ1

p(S)Φ
2
q(S)dS (2)

whereS is the coupling area andM1
p, M2

q, η 1
p, η 2

q , ω1
p, ω2

q, Φ1
p and Φ2

q are respectively the
modal masses, the modal damping factors, the eigenfrequencies and the mode shapes of the
p-th and the q-th mode of the subsystems one and two. In [7], [8] and [9] it has been shown
that this modal coupling loss factor describes the couplingbetween every pair of two modes of
different subsystems (see Figure1) and not only between resonant ones like it was demonstrated
by Maxit [6]. Because of that it is even possible to make calculations with SmEdA for single
frequency excitations and for highly damped structures (see [8]).

2.1.2. Power input

Another quantity, which is necessary for the later calculation of the energies of the subsystems
is the external power input in each mode for example from a point force on a structure or from a
monopole in a fluid filled cavity. For an excited structure thefollowing equation for this modal
power inputΠm can be used:

Πm =
1
2

∫

A
ℜ [pex(A)v

∗
m(A)]dA (3)

wherepex(A) is an external pressure acting on a areaA and∗ denotes the conjugate complex of
a quantity. The modal velocityvm(A) on the excitation areaA of a structure under an arbitrary
excitation is given for an uncoupled system in [10] by

vm(A) =
Φm(A)

Mn(ω2
m−ω2+ iηsωmω)

∫

A
iωpexΦm(A)dA (4)

whereωm is the eigenfrequency of the modem, Φm(A) is the mode shape of the modem at the
excitation areaA, ω is the excitation frequency andηs is the modal damping factor. The power
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input for a mode of a fluid filled cavity is defined similar to (3) as follows:

Πm =
1
2

ℜ [pm(xq)Q
∗]dA (5)

or

Πm =
1
2

∫

A

ℜ [pm(A)p∗m(A)]
Z

dA (6)

whereQ is the the volume source strength of a point monopole [11] andZ is the impedance of
the fluid. In the case of a monopole excitation, equation (5), the modal pressurepm(xq) at the
locationxq of the monopole is given in [11] by

pm(xq) = iωρf Q
Φ2

m(xq)

Nm(k2−k2
m)

(7)

whereΦm(xq) is the mode shape of the modem at the excitation pointxq, ρ f is the density of
the fluid andNm is the norm of a modem. The wave numberskm andk, which includes damping
using a complex sound velocity [10], are given by

km =
ωm

cf
(8)

and
k=

ω
cf (1+ iη f )

(9)

wherecf is the sound velocity of the fluid. The relation between this damping factorη f of
the fluid and a damping factorηe, which is defined in a complex modulus of elasticityD =
D(1+ iηe) and normally used in SmEdA and FEM calculations, is given fora small damping
(4% error forηe = 0.5 [10]) by

η f =
ηe

2
(10)

Furthermore,η f can be linked to the absorption on the boundary surfaces and can be expressed
for the case of equipartition of the absorption as [12]

η f =
Ascf

4ωVf
(11)

whereAs andVf are the equivalent absorption area and the volume of a fluid filled cavity. For the
other possible excitation of a fluid filled cavity, the excitation via a vibrating boundary structure,
equation (6) is used. The modal pressurepm(A) at the excitation areaA reads here [11]:

pm(A) =−ρ f ω2Φm∑
s

asWms

Nm(k2−k2
m)

(12)

whereWrs is the interaction modal work, equation (2). The modal amplitudeas of the s-th mode
of the structure is the amplitude of the velocityvm(A) from equation (4).

106



2. Basic concepts

2.1.3. Energies of subsystems

To calculate first the modal energies and then the total energies of total subsystems a power
balance equation system is used like in SEA, but with one equation for each mode instead of
one for each subsystem. This means, that all the input powerΠi

m (see previous chapter) of a
mode m of a subsystemi must be dissipated (Πi

dis,m) in this mode or must be transmitted into

other connected modes of other subsystems (Πi
ex,m).

Πi
m = Πi

dis,m+Πi
ex,m (13)

Using the modal coupling factorβ12
pq, equation (1), the power balance equation system reads in

terms of the modal energiesE1
p andE2

q of a system one and two [1]:

Π1
p = η i

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (14)

The sum of all these modal energies of a subsystemi gives the whole energyEi of a subsystem
i [13, 8].

Ei =∑
n

Ei
n (15)

If only resonant modes are taken into account, it is also possible to calculate the SEA coupling
loss factorsηi j on condition of modal equipartition of energy and to make a classical SEA
calculation. Those factorsηi j result from the modal coupling loss factors [13] as follows:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (16)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (17)

wherepmax andqmax are the number of resonant modes relating to an excited frequency band
with the central frequencyωc.

   band

frequency

frequency

subsystem 1 subsystem 2
N1 modes N2 modes

Figure 1.: Resonant and non resonant modes and their different coupling possibilities
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2.2. Energy distributions

2.2.1. Energy distribution of a single mode

To characterise the energy distribution of a single mode there are the following equations from
[14] and [15] for the total energy density distributionet

n, the kinetic energy densityek
n and the

potential energy distributionep
n as functions of the modal energyEn.

et
n =

En

Nn
Φ2

n (18)

ep
n(Q) = Ep

n

(

ΦQ
n

)T
MΦn

Mn
=

En

(

ΦQ
n

)T
MΦn

(

1+
ω2

ω2
n

)

Mn

(19)

ek
n(Q) = Ek

n

(

ΦQ
n

)T
KΦn

Kn
=

En

(

ΦQ
n

)T
KΦn

(

1+
ω2

n

ω2

)

Kn

(20)

whereT denotes the transpose of a vector,ΦQ
n is the mode shape of the moden at a pointQ, M

andK are the stiffness and the mass matrix andΦn, Nn, Mn andKn are respectively the mode
shape, the norm, the modal mass and the modal stiffness of a moden. The excitation frequency
ω can be approximated for calculations with non resonant modes for the case of an excited
frequency band as the central frequencyωc of this frequency band. The equations (18) and (20)
are only approximate formulas for structures, because the deformation of a structure can not be
defined for single points like these equations make it with the energies but only for areas. In
contrast, the kinetic energy can be given for single points when a diagonal mass matrix is used,
because that defines a mass for each single point of a mesh. To get a correct solution for the
potential energy of a structure it is necessary to use insteadof the stiffness matrixK the element
stiffness matrixKe like it is done in FEM programs [16]

ep
n =

1
2

uTKeu (21)

whereu is the displacement of the structure. Thus, it results for the potential energy distribution
as a function of the modal energy similar to equation (20)

ep
n = Ep

n

(
ΦR

n

)T
KeΦR

n

Kn
=

EnEs
n,R

(

1+
ω2

n

ω2

)

Es
n

(22)

whereΦR
n is the modal vector of an elementR of the moden. Instead of calculating directly

with the element stiffness matrix it is easier– if for example the FEM program Nastran is used–
to work with the element modal strain energiesEs

m,R and the total modal strain energyEs
n of a

moden like it is shown in equation (22). For a fluid filled cavity equation (18) is applied. This
equation gives here an exact result for the energy density distribution, because the pressure in a
cavity is defined for single points and the energy densityet at a point is so given by [17]:

et =
p2

i

2ρ f c2
f

(23)

wherepi is the pressure at a pointi andρ f andcf are the density and the sound velocity of the
fluid.
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2.2.2. Energy distributions of whole subsystems

The energy distribution of a whole subsystem for an arbitrary excitation has been derived in [8]
from a superposition principle as a function of the modal energy distributions of the previous
chapter as

ei(∆ω) =∑
m

ei
m(∆ω)+2∑

m
∑

n=m+1
Cmn

√

ei
m(∆ω)ei

n(∆ω) (24)

whereei(∆ω) is the total, kinetic or potential energy distribution of a whole broadband excita-
tion with the bandwidth∆ω. The correction factorCmn describes the correlation between two
modes and can be written as [15]

Cmn=

∫

∆ω
SmnS

d
mn

√

Πm(ω)Πn(ω)dω
√∫

∆ω
Πm(ω)dω

∫

∆ω
Πn(ω)dω

(25)

This correction is necessary, because some information, which is important to identify the spa-
tial and the frequency correlation of modes, get lost using frequency band averaged energies.
The spatial correlation is characterised by the factorsSmn andSd

mn. Smn compares the signs of
the amplitudes of two modes, which depend on the given excitation, and can be approximated
using analytic solutions for the amplitudes of the velocitiesv̂ or of the pressures ˆp of uncoupled
systems (see equations (4), (7) and (12)) as follows [8]:

Smn= sign(p̂mp̂∗n) = sign(v̂mv̂∗n) (26)

The other factor,Sd
mn, describes the relation between the modes at a pointQ and is for the kinetic

and the potential energy distributions, equations (19), (20) and (22), equal to the cosine of the
angleα between two modal shape vectors atQ (only the translational degrees of freedom are
used here!) [15].

Sd
mn= cosα =

ΦQ
mΦQ

n
∣
∣
∣ΦQ

m

∣
∣
∣

∣
∣
∣ΦQ

n

∣
∣
∣

(27)

For the total energy distribution, equation (18), Sd
mn is 1, because the shape functionsΦn can

be extracted from the root of the second term of equation (24). The second type of correlation,
the frequency correlation, is described with the power inputs Πm(ω) andΠn(ω) in the modes
m andn, which are given in section2.1.2. In this way the correction factorCmn, equation (24),
can be for example written for a structure excited with a point force at a pointQ as

Cmn=

∫

∆ω
SmnS

(2)
mn

√
√
√
√

ω4
[

(ω2
m−ω2)

2
+(ηsωmω)2

][

(ω2
n −ω2)

2
+(ηsωnω)2

] dω

√
∫

∆ω

ω2

(ω2
m−ω2)

2
+(ηsωmω)2

dω
∫

∆ω

ω2

(ω2
n −ω2)

2
+(ηsωnω)2

dω

(28)

with

Smn= sign
({[

ω2
m−ω2][ω2

n −ω2]+ηsωmωnω2}Φm(Q)Φn(Q)
)

(29)
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3. Performance illustrations

3.1. Plate-cavity system

The first example, which is presented in this deliverable to demonstrate the application pos-
sibilities of the SmEdA approach and the post-processing method for the energy distributions,
is a system of a point force excited rectangular plate coupledto a parallelepipedic cavity (see
Figure2). The plate is excited with a point force ([F ] = 1N) between 600 and 800 Hz at one
point, which has the coordinatesxe = 0.211765 andye = 0.189474. The characteristics of the
plate and the cavity are presented in Table1. Contrary to [8], only a system with one cavity is
used here and the modes for the following calculation examples are predicted with FEM and
not analytically.

Lz

Lx

Ly

x

y

z

h

F

cavity plate

Figure 2.: Sketch of the point force excited system

plate cavity
Lx × Ly ×
Lz(h) (m)

1.2× 0.9×
0.004

1.2× 0.9×
0.7

ρ (kg/m3) 7820 1.2
c (m/s) 340
η 0.01 0.01
E (MPa) 210
ν 0.3

Table 1.: Characteristics of the subsystems
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3.1.1. Energies of the subsystems

In the Figures3and4 the results for the total energies of the different subsystems calculated with
SmEdA are compared for three 200 Hz frequency bands with thosepredicted with a standard
direct FEM calculation. For the SmEdA calculation the results with (SmEdA non resonant)
and without (SmEdA resonant) non resonant modes are shown inthese figures to illustrate the
influence of the non resonant modes for different plate damping factors. For the prediction with
non resonant modes all the modes between 0 and 1500 Hz are taken into account here. There
are 342 cavity modes and 121 plate modes in this frequency range (see table2). For the lower
plate damping,ηp = 0.01, these non resonant modes play for the plate energy and even for the
energy in the cavity a quite small role like Figures3.1and4.1demonstrate. But for the case of
the higher plate damping,ηp = 0.1 (see Figures3.2 and4.2), it is important especially for the
non directly excited cavity to take into account non resonant modes, otherwise the difference to
the FEM calculation is up to 8 dB. All in all, the energy values predicted with SmEdA using non
resonant modes agree well with those of the FEM calculation.Only for the highest frequency
band it would be necessary to increase the number of modes forthe calculation of the cavity
energy – as it was done in [8]– to get a more exact result for the cavity.
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3.1: Energy in the cavity (ηp = 0.01)
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3.2: Energy in the cavity (ηp = 0.1)

Figure 3.: Energy in the cavity at different plate damping factorsηp
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4.1: Energy of the plate (ηp = 0.01)
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4.2: Energy of the plate (ηp = 0.1)

Figure 4.: Energy of the plate at different plate damping factorsηp
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plate cavity
degrees of freedom 12168 62868
number of modes
0 - 400 Hz 28 12
400 - 600 Hz 16 21
600 - 800 Hz 16 34
800 - 1000 Hz 19 51
1000 - 1500 Hz 42 224

Table 2.: Degrees of freedoms and number of modes of the plateand the cavity

3.1.2. Energy distributions of the subsystems

Next, the kinetic and potential energy distributions of theplate calculated with SmEdA and the
post-processing from section2.2are compared for the excited frequency band from 600 to 800
Hz in Figures5 to 8 for the plate damping factorsηp = 0.01 andηp = 0.01 to those predicted
with FEM. For this purpose the modal energy results of the SmEdA calculation are taken,
which use all the modes between 0 and 1500 Hz (see previous section). These comparison
demonstrates that even energy distributions with a concentration of energy at one area around
the excitation can be obtained well with the modal energies calculated with SmEdA and the
used post-processing method. As Figures6.1, 6.2, 8.1and8.2moreover show, it is necessary to
use equation (22) for the modal potential energy distribution in the calculation process instead
of the approximative one, (20), to get a good result for the potential energy distributionat the
boundary.
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5.2: FEM

Figure 5.: Kinetic energy distribution of the plate (plate dampingηp = 0.01)
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6.1: SmEdA using equation
(20)
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6.2: SmEdA using equation
(22)

0 0.5 1
0

0.2

0.4

0.6

0.8

 

 

−95

−90

−85

−80
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Figure 6.: Potential energy distribution of the plate (plate dampingηp = 0.01)
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7.1: SmEdA
0 0.5 1

0

0.2

0.4

0.6

0.8

 

 

−105

−100

−95

−90

−85

7.2: FEM

Figure 7.: Kinetic energy distribution of the plate (plate dampingηp = 0.1)
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8.1: SmEdA using equation
(20)
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8.2: SmEdA using equation
(22)
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Figure 8.: Potential energy distribution of the plate (plate dampingηp = 0.1)

Finally, also the energy density distribution in the mid of the cavity atz=−0.3624 predicted
with SmEdA and FEM is given in Figure9 for the case of the plate dampingηp = 0.01 and the
excited frequency band from 600 to 800 Hz. The result for thisenergy density distribution of
the post-processing method using SmEdA results agrees again –like the energy distributions for
the plate – well with those of FEM.
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Figure 9.: Energy density distribution in the cavity atz=−0.3624 (plate dampingηp = 0.01)
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3.2. Transmission loss

The next example of the performance illustration is quite similar to the first one (see Figure
2) but with one cavity on both sides of the plate (see Figure10) and with an excitation in an
edge of a cavity (sending cavity) with a monopole source. This excitation is more or less equal
to an equal power input in all the resonant modes like it was done in [7]. The transmission
loss of such a small system calculated by SmEdA is compared inthe following sections to the
infinite models, the mass law and the formula of Cremer, and a standard FEM calculation. The
coincidence frequency of the plate is 2933 Hz. The other characteristics of the subsystems are
given in Table3.

Lz1 Lz2

Lx

Ly

x

y

z

h

sending room receiving roomplate

Figure 10.: Sketch of the cavity-plate-cavity system

plate sending
room

receiving
room

Lx × Ly ×
Lz(h) (m)

1.2× 0.9×
0.004

1.2× 0.9×
0.7

1.2× 0.9×
1

ρ (kg/m3) 7820 1.2 1.2
c (m/s) 340 340
η 0.01 0.01 0.01
E (MPa) 210
ν 0.3

Table 3.: Characteristics of the subsystems

In the present case the necessary eigenmodes and eigenfrequencies for SmEdA can be cal-
culated quite easily analytically. The eigenmodespqrs and the eigenfrequenciesωqrs of the
cavities are given by [18]

pqrs = cos

(
qπx
Lx

)

cos

(
rπy
Ly

)

cos

(
sπz
Lz

)

; q, r,s= 0,1,2,3, . . . (30)

and

ωqrs = c

√
(

qπ
Lx

)2

+

(
rπ
Ly

)2

+

(
sπ
Lz

)2

(31)

The eigenfrequenciesωs
mn and the modesWs

mn of the simply supported plate are

ωs
mn= π2

[(
m
Lx

)2

+

(
n
Ly

)2
]√

B
m

; m,n= 1,2,3, . . . (32)

114



3. Performance illustrations

and

Ws
mn= sin

(
mπx
Lx

)

sin

(
nπy
Ly

)

(33)

with the mass per areamand the bending stiffnessB of the plate.

3.2.1. Comparison to the infinite transmission loss models

Like it was demonstrated in section3.1.1 the interaction between a small simple supported
plate and a cavity is dominated for low plate damping by the relation of the resonant modes and
the influence of the non resonant modes relating to an excitedfrequency band grows with an
increasing damping. This behaviour appears also in the caseof the transmission loss of such a
system, because there is only a significant difference in thetransmission loss between SmEdA
with (SmEdA non resonant) and without non resonant modes (SmEdA resonant) at the plate
dampingηp = 0.1 (see Figures11 to 13). The transmission loss graphs in these figures were
calculated for excited frequency bands with a bandwidth of 400 Hz and for the calculations with
non resonant modes all the modes from 800 Hz below to 200 Hz above the respective frequency
band were used. In comparison of these results for the transmission loss predicted with SmEdA
to the infinite transmission loss model, the formula of Cremer, it attracts attention that the
SmEdA results are contrary to the formula of Cremer sensitivebelow the critical frequency to
a change of the damping. The reason for this is that the incident power on an infinite plate is
transmitted below the critical frequency only by the non resonant modes, on which the damping
has no influence, and not by resonant modes like it is the case at a small simple supported
plate. In [7] it is demonstrated that these different behaviour dependsnot only on the size of the
plate but for example also on the boundary condition, becausethe transmission loss of a free
plate is also fully dominated by the non resonant modes belowthe critical frequency. Another
difference between an infinite and a small finite system is thatthe mode densities of a small plate
and of a small cavity (see Figure2) are much smaller than those of infinite systems, which are
infinity. Because of that the interaction between the different subsystems is in general maybe
worser for finite systems at a given frequency if resonance effects plays there not a role. Hence,
the transmission loss of the highly damped small plate (Figure11) is much bigger than those of
the formula of Cremer, because the resonant effects are more or less suppressed.
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Figure 11.: Transmission loss for plate dampingηp = 0.001 (frequency band width: 400 Hz)
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Figure 12.: Transmission loss for plate dampingηp = 0.01 (frequency band width: 400 Hz)
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Figure 13.: Transmission loss for plate dampingηp = 0.1 (frequency band width: 400 Hz)

To demonstrate that all these described effects are not influenced of possible different descrip-
tions of the transmission mechanism of the formula of Cremer and of the SmEdA approach and
to validate the SmEdA transmission loss model, the formula of Cremer was derived analytically
with the SmEdA formalism [9]. Under the same assumptions as for the formula of Cremer (free
sound fields on both sides of the plate, infinite plate, etc.) the transmission loss predicted with
SmEdA is given by

Rs = 10lg

[

1+

(
cosϑ
2ρc

)2
{(

ωm−ω3B
sin4ϑ

c4

)2

+mBη 2ω4sin4ϑ
c4

}]

(34)

whereϑ is angle of incidence,B, η andm are the bending stiffness, the damping and the mass
per area of the plate andc andρ are the density and the speed of sound of the fluid. Compared
to the original formula of Cremer (equation (35)), in which the damping is taken into account
via the usual assumption of a complex bending stiffnessB̂= B(1− iη ), only the damping term
of equation (34) is different.

Rc = 10lg

[

1+

(
cosϑ
2ρc

)2
{(

ωm−ω3B
sin4ϑ

c4

)2

+B2η 2ω6sin8ϑ
c8

}]

(35)

116



3. Performance illustrations

But a graphical comparison in Figure14 of this two equations for a diffuse incident sound
(average over all the angles of incidence) shows that this makes only a small difference at the
critical frequency.
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Figure 14.: Transmission loss of the infinite models from Cremer and SmEdA (plate damping
ηp = 0.1)

3.2.2. Comparison to FEM

To compare the transmission loss calculation with SmEdA andwith FEM the transmission loss
for the plate damping factorsηp = 0.01 andηp = 0.001 is illustrated in Figure15. The band-
width of the excited frequency is here 200 Hz. This Figure shows that contrary to the trans-
missions losses predicted with SmEdA (only resonant modes are used) those calculated with
FEM are less sensitive to a change of the plate damping and always higher in the investigated
frequency range than the transmission loss of the mass law/ formula of Cremer.
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Figure 15.: Comparison of the transmission loss for different plate damping factorsηp calcu-
lated with SmEdA and FEM
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To investigate where this difference come from the FEM formulation must be discussed.
In FEM a coupled fluid-structure system is normally describedwith two coupled differential
equation system as follows [19]:

[
Ms 0
−CT M f

][
Ü
P̈

]

+

[
Ds 0
0 D f

][
U̇
Ṗ

]

+

[
Ks C
0 K f

][
U
P

]

=

[
Ls

L f

]

(36)

whereU is the displacement of the structure,P is the pressure in the fluid andMs, M f , Ds, D f ,
Ks, K f , Ls andL f are respectively the mass, the damping and stiffness matrices and the external
force vectors of the structure and the fluid. One important assumption of this formulation is that
the boundary surface of the cavity are considered as rigid and a vibrated boundary is handled
like a source at these rigid boundaries [20]. In this way the formulation, which describes finally
the interaction between bending modes of a structure and modes of a cavity, does not respect the
boundary conditions of the equality of the velocities on thesurface. That means in the modal
description that the summation of all modes converge against the correct surface pressure but
leads to wrong normal velocities on the boundaries [20]. This is maybe not a problem for a
system which consists of one structure and one fluid filled cavity. But to get a complete and
correct description of coupled fluid-structure problems itis necessary to respect the velocity
boundary condition, like it is also written in [11]. In contrast, this problem with this boundary
condition is taken into account in SmEdA (see [7, 8, 9]). All in all, because of these facts
the mistake, which is made by a such FEM calculation, is big for a transmission loss problem
and thus this FEM formulation seems not to be convenient for systems with more than two
subsystems.

3.3. Double-deck train

In the following a section of a double-deck train (Figure16) is chosen as an industrial ex-
ample of use to demonstrate the application possibilities of the SmEdA approach and the post-
processing method for energy distributions (see chapter2) also on a real complex industrial
case. The section of the train is simulated as a simple supported structure coupled to two cav-
ities. The structure consists of many different components(windows, stiffnessers, ...) and is
excited with 8 point forces at the bottom between 280 and 355 Hz. The number of degrees of
freedom and the number of modes in different frequency rangesof these three subsystems are
presented in Table4.

structure lower cavity upper cavity
degrees of freedom 334920 56699 54079
number of modes
0 - 280 Hz 120 42 24
280 - 355 Hz 72 30 24
355 - 600 Hz 235 222 178
600 - 1000 Hz 648 850 715

Table 4.: Degrees of freedoms and number of modes of the subsystems
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Figure 16.: Model of the train (one colour for each property)

3.3.1. Energies of the subsystems

The energies of the three subsystems calculated with SmEdA and FEM are compared in Table
5. For SmEdA all the modes between 0 and 1000 Hz are taken into account and not only those
in the excited frequency band (280-355 Hz), because the contribution of the non resonant modes
to the total energies is high, especially for the upper cavity. This is illustrated with the energy
ratios of the modes (modal energy divided by the total energyof the corresponding subsystem)
between 0 and 1000 Hz in Figure17. The resonant modes store only 78%, 62% and 28% of the
energy of the structure, the lower cavity and the upper cavity respectively. Figure17also shows
that the most of the energy is stored only in a few modes. All inall, the result for the energies of
the structure and the lower cavity of SmEdA are good comparedto those of FEM (see Table4).
There is only an essential difference for the energy in the upper cavity. This is maybe a mistake
of the used FEM formalism because that does not respect all the boundary conditions as it is
described in section3.2.2.

total energy [dB] SmEdA FEM difference [dB]
structure -56.8 -56.2 0.6
lower cavity -67.4 -65.7 1.7
upper cavity -81.1 -86.7 5.6

Table 5.: Comparison of the total energies of the subsystems calculated with SmEdA and FEM
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Figure 17.: Energy ratios of the modes (frequency area between the dashed lines: excited fre-
quency band)
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3.3.2. Energy distributions of the subsystems

The kinetic energy distribution and the potential energy distribution of the structure predicted
with the post-precessing method of SmEdA (see section2.2) using equations (19) and (22)
are quite similar to that calculated with FEM. If the approximate formula for the modal energy
distribution, equation (20), is used to describe the potential energy (Figure19.1), the differences
are but quite big especially at the boundaries.

18.1: SmEdA (using all modes
from 0 to 600 Hz)

18.2: FEM

Figure 18.: Kinetic energy distribution [dB] of the train structure calculated with SmEdA and
FEM

19.1: SmEdA using equation
(20)

19.2: SmEdA using equation
(22)

19.3: FEM

Figure 19.: Potential energy distribution [dB] of the train structure calculated with SmEdA and
FEM

In contrast, there are more discrepancies between the energy distributions for the lower (Fig-
ure20) and the upper cavity (Figure21) predicted with the post-precessing method and FEM.
One reason is certainly that the total energies of the cavities obtained by SmEdA and FEM are
differ more than the total energies of the structure (see Table 5) and so do the energy distribu-
tions. The problem of the energy distributions of the cavities predicted from the modal energies
with the post-processing method is that these converge quite slowly against a stable solution.
This is demonstrated by comparing Figures20 and21, where in Figures20.1and21.1all the
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modes from 0 to 600 Hz and in Figures20.2and21.2all the modes from 0 to 1000 Hz have
been used for the calculation. Especially for the lower cavity (Figure21), the change of the
energy distribution is enormous when using more modes, although the energies of these modes
are negligible for the calculation of the total energies as demonstrated in Figure17. Therefore,
it is difficult to say how much modes are necessary to get a goodstable solution for the energy
distributions of the cavities.

20.1: SmEdA (using all modes
from 0 to 600 Hz)

20.2: SmEdA (using all modes
from 0 to 1000 Hz)

20.3: FEM

Figure 20.: Energy distribution [dB] of the central section of the upper cavity calculated with
SmEdA and FEM

21.1: SmEdA (using all modes
from 0 to 600 Hz)

21.2: SmEdA (using all modes
from 0 to 1000 Hz)

21.3: FEM

Figure 21.: Energy distribution [dB] of the central section of the lower cavity calculated with
SmEdA and FEM
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4. Recent enhancements and future research in SmEdA

One of the next steps in the future research is the validationof the SmEdA approach with some
of the validation cases, which are defined in the deliverables D8 and D12 of the project “Mid-
Frequency”. Another part of the future research will be the further development of the recent
enhancements in the area of reduction of computational cost. This is an important research
topic to handle systems with high mode densities, because the computational cost grows with
an increasing number of modes. Two ideas to reach this aim arepresented in combination with
first easy applications on the transmission loss problem in the following section. Furthermore,
in many real problems the damping is not uniformly distributed and thus it will be necessary
to investigate in the future how localised damping can be taken into account in SmEdA. Two
methods from the literature, which can be used for this purpose, are described shortly in section
4.2.

4.1. Reduction of computational cost

4.1.1. Approximate modes

In the case of huge fluid filled cavities it costs a lot of computational time to predict the huge
number of eigenmodes and eiegenfrequencies. To solve this problem a method is developed,
which approximate the eigenfrequencies and the shapes of the eigenmodes. For the former the
following approximate formula for the mode densityn [11] is used as a basis

n=
k2Vf

2π2cf
(37)

wherek is the wavenumber andcf andVf are the sound velocity and the volume of the fluid.
From this equation it follows for the number of modesN in a frequency range via integration
overω

N =
∫ ω2

ω1

k2Vf

2π2cf
dω (38)

Under the assumption that a frequency is an eigenfrequencyωm, for which under the condition
of ω1 = 0 the numberN of the modes is an integer, it results from equation (38)

ωm =
3

√

6π2c3
f m

Vf
(39)

wherem is a positive integer. The approximation of the second part of the eigensystem, the
shapes of the eigenmodes, bases upon the idea that every modecan be linked to an angle of
incidence of an incident wave. Thus, it follows that there isa minimal possible on the surface
of a structure projected wavelengthλ m

min for each eigenfrequencyωm, which corresponds to an
incidence parallel to a boundary surface (angle of incidence is 90◦). This wavelengthλ m

min is
given by

λ m
min =

2πc
ωmsin90◦

=
2πc
ωm

(40)

Because of that the wavelengthλ s
m of a mode shape on a surface of a coupled structure can takes

values between this minimum and infinity (equates to normal incidence of a wave) and can be
approximated as follows for each eigenfrequency using a uniformly distributed random angle
of incidenceϑ :

λ s
m =

2πc
ωmsinϑ

≥ λ m
min (41)
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In addition to get a complete description of a mode shapeΦs
m on a boundary surface relating

to a coordinate system it is necessary to define the directionof incidence with an angleϕ (see
Figure22) and the phase shiftδ.These values can be also characterised as uniformly distributed
random numbers, which can take values between zero and 2π. All in all, this random method
to get approximate modes works theoretically exact for infinite cavities, because in this case an
infinite number of modes exists at every frequency and the angle and the direction of incidence
and the phase shift are uniformly distributed. At lower modedensities of real cavities this leads
to an error for the eigensystems, but this error becomes smaller for increasing dimensions.

incident
sound wave

z

x

y

Lx

Ly

ϑ
ϕ

Figure 22.: Sound incident on a boundary surface

In a first example these so approximated eigensystems are used for the calculation of the
transmission loss of the small cavity-plate-cavity systemfrom section3.2. In this case the
approximate mode shapesΦs

m on the surface of the plate are given by

Φs
m = cos

(
2πx
λ s

m,x
+δ
)

cos

(

2πy
λ s

m,y
+δ

)

= cos
(
kf xsinϑ cosϕ +δ

)
cos
(
kf ysinϑ sinϕ +δ

)

(42)
wherekf is the wavenumber of the fluid andλ s

m,x andλ s
m,x are the approximate wavelength in

the directions ofx andy. The so obtained transmission loss is illustrated in Figure23 for the
plate damping factorsηp = 0.01 andηp = 0.001. Using a random phase shiftδ gives here
in general a huge error below the critical frequency. On the other hand, for a constantδ = 0
the difference in comparison to the exact SmEdA calculationbecomes much smaller below the
critical frequency. The reason for this phenomena is that the phase shift of the modes of a finite
cavity is as a consequence of the boundary condition constant like the formula for cavity modes,
equation (30), shows, but at higher frequencies, where the wavelengths are small in comparison
to the dimensions of the cavity the influence of the boundary condition becomes less important.
All in all, with such a approximate method it is possible to reach even for a small system a quiet
good approximation of the transmission loss above the first 400 Hz frequency band, although
the modes are very roughly estimated and the numbers of modesare quite small in the frequency
bands (see Table6).
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Figure 23.: Transmission loss for different plate damping factorsηp predicted with approximate
modes

frequency band
number of modes

sending cavity receiving cavity
exact approximate exact approximate

10 - 410 Hz 11 5 15 7
410 - 810 Hz 55 37 74 54
810 - 1210 Hz 125 100 180 142
1210 - 1610 Hz 237 194 321 277
1610 - 2010 Hz 373 318 517 454
2010 - 2410 Hz 517 473 740 677
2410 - 2810 Hz 741 660 1038 942
2810 - 3210 Hz 951 877 1340 1254
3210 - 3610 Hz 1213 1126 1724 1607
3610 - 4010 Hz 1514 1405 2133 2007
4010 - 4410 Hz 1810 1715 2589 2450
4410 - 4810 Hz 2183 2056 3079 2937

Table 6.: Exact and approximate number of modes in the different frequency bands

4.1.2. Mixed power balance equation systems

Another possibility to reduce the computational cost is to use mixed power balance equation
systems. That means that one power balance equation is used for one whole system and power
balance equations for each mode for another connected subsystem (see equation (14)). But
because of the necessary condition of energy equipartitionof the modal energies (see section
2.1.3) it is only possible to take into account resonant modes for the system, which is represented
only with one power balance equation. The coupling loss factor for this system is equal to the
SEA one and is predicted using equation (16). Finally, a mixed power balance equation system
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for two connected subsystems reads [21]:

P1 = ωc
(
η 1+η12

)
E1−E2

m∑
n

β12
nm

P2
m =

(

η 2
mω2

m+∑
n

β12
nm

)

E2
m− E1

n ∑
n

βnm

(43)

whereβ12
nm is modal coupling loss factor, equation (1), η12 is the SEA couplling loss factor,

equation (16), ω2
m, η 2

m, P2
m andE2

m are the eigenfrequency, the damping factor, the input power
and the modal energy of the mode m of subsystem two,ωc is the central frequency of the
excited frequency band,n is the number of modes of subsystem one in the excited frequency
band andη 1, P1 andE1 are the damping factor, the input power and the energy of the whole
subsystem one. Such a mixed power balance equation system canbe applied for example for
the calculation of the transmission loss, because the non resonant modes can be neglected in
general for the sending room. In this way this transmission loss case can be described with
one power balance equation for the sending cavity and with power balance equations for each
mode of the receiving cavity and of the structure in between the cavities. To demonstrate that
this works the transmission loss of the small cavity-plate-cavity system of section3.2 is given
for the plate dampingηp = 0.1 in the following figure. Here, the transmission loss graphsare
calculated with SmEdA including non resonant modes once using a full power balance equation
system (one equation for each mode of each subsystem) and onceusing the described mixed
power balance equation system.
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Figure 24.: Transmission loss calculated with a mixed powerbalance equation system (plate
dampingηp = 0.1)

4.2. Localised damping

To describe a localised damping in modal methods, like SmEdA, it is necessary to define an
unique damping factor for each single mode, because the assumption of one equal damping
factor for all the modes as used in section2.1.2is only valid for uniformly distributed damping.
These modal factors can be calculated for example for structures using a strain energy method
[22, 23] or a complex eigenvalue method [23, 24, 25]. The strain energy method is used for
multi-layered structures or structures with added dampingmaterials in some areas. Here it is
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assumed that the damping factorηd of the damping material is much bigger than those of the
other component, for example steel. The modal damping factor for a moden is given by

ηn =
ηdEs

d,n

Es
n

(44)

whereEs
n is the total modal strain energy of moden andEs

d,n is the modal strain energy of mode
n contained in the area of the damping material. The other method, the complex eigenvalue
method, is applied to arbitrary structures like vehicle components [24]. To get a damping factor
for each mode, the complex eigenvalue problem of a damped system, which is described by the
following equation, is solved first in this method.

Mÿ+Dẏ+Ky= F (45)

wherey is the displacement,F is the excitation force vector andM, K andD are the mass, the
stiffness and the damping matrix. The modal damping factorsηm can be calculated from the
real and the imaginary part of the complex eigenvaluesλm as follows [24]:

ηm =
|ℜ (λm)|
|ℑ (λm)|

(46)

Such a complex eigenvalue method can be maybe also used for cavities, which have not uni-
formly distributed damping on the boundaries.

5. Conclusion

This deliverable demonstrates after the explanation of thebasic concepts (section2) on some
examples (section3) that SmEdA is a good alternative method for the calculationof coupled
cavity-structure problems. One advantage of SmEdA in comparison to FEM is the faster pre-
diction of total energies of subsystems for broad band excitations, because after the calculation
of eigensystems only one linear power equation system has tobe solved for one frequency
band using SmEdA instead of coupled differential equationsfor a lot of single frequency steps.
Moreover, it is also possible to predict energy distributions of the subsystems with the presented
post-processing method (see section2.2) and not only total energies as is the case with SEA.
But one problem of SmEdA is that the computation time increases for example with rising fre-
quency like in FEM, because the mode density especially of cavities increase and so does the
time for the prediction of the eigensystems and for the SmEdAcalculation procedure. There-
fore, the development of methods, which reduce the computational cost, has been started (see
section4). Other future research topics will be the handling of localised damping in connection
with SmEdA and further application possibilities.
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Abstract
The statistical modal energy distribution analysis (SmEdA) has been developed to bridge the
gap in the mid frequency range between the finite element method (FEM) and the statistical en-
ergy analysis (SEA). SmEdA requires a solution of the eigenvalue problem for each subsystem.
But it can be very time consuming to compute the modal parameters of a subsystem in some
cases, for example that of a large cavity. Also, the information about the mode shapes in the
whole space is not necessary, if one is interested only in total energies of subsystems. Because
of these reasons a method to approximate eigensystems only atthe coupling surface between to
subsystems is developed. Another possibility to reduce thecomputation cost for systems with
high mode densities is to use a hybrid SEA/SmEdA method, which was presented in a previous
article about SmEdA in connection with structure-structure coupling. In the present paper, the
new method to approximate eigensystems and the hybrid SEA/SmEdA method are presented.
The application possibilities of them are demonstrated on cavity-structure systems.

130



1. Introduction

1. Introduction

The most popular methods for the analysis of vibro-acousticsystems are the finite element
method (FEM) for the low frequency range and the statisticalenergy analysis (SEA) for the
high frequency range. To close the gap in the mid frequency range between FEM and SEA, the
statistical modal energy distribution analysis (SmEdA) was developed by Maxit and Guyader
[1, 2] to create an energy based method which can be used at lower frequencies than SEA.
This aim was reached by using a coupling between the modes of different subsystems instead
of the coupling of complete subsystems like in SEA. In this way the key SEA constraint, that
of equipartition of modal energies, is removed. But on the other hand SmEdA uses still the
principle of conservation of energy like SEA. That means in the case of SEA that the basic
equation for each subsystemi is the following power balance equation:

Πi = Πi
dis+Πi

ex (1)

whereΠi is the input power,Πi
dis is the dissipated power andΠi

ex is the transmitted power into
connected subsystems. The dissipated powerΠi

dis is proportional to the total energyEi of a
systemi andΠi

ex is proportional to the difference of the total energies between the concerned
subsystem and the connected subsystems [3]. The proportionality factors in these relations are
the damping loss factorηi and the coupling loss factorηi j . Hence, the power balance, equation
(1), reads:

Πi = ωcηiEi +ωcηi j (Ei −E j) (2)

whereωc is the central frequency of an excited frequency band. How this energy principle is
used in SmEdA for each mode is explained in detail in the next chapter of this article. Moreover,
this chapter gives an overview over the recent extended version of SmEdA for cavity-structure
coupled systems, which takes into account also non resonantmodes contrary to the original
SmEdA [1, 2]. The non resonant modes play for example an important role for highly damped
systems. In previous articles [4, 5, 6], the advantages in comparison to FEM and SEA and
the application possibilities of the extended SmEdA approach have been demonstrated on both
simple academic and industrial cavity-structure problems.But one problem of SmEdA is that
the computational cost grows with increasing mode densities, because each mode is described
with one power balance equation and so the linear equation system increases, which has to be
solved. This is especially a problem for cavities, where themode density increases strongly
with a rising frequency. If only the resonant modes are necessary to get a good result, this prob-
lem can be solved by using SEA with coupling loss factors predicted from the modal coupling
factors of SmEdA as described in [7]. In other cases it may be possible to find some subsys-
tems, which can be handled as SEA subsystems using only resonant modes, and to apply a
hybrid SEA/SmEdA method. Such a technique, which was used first by Maxit and Guyader
[8] in combination with structure-structure coupling, is presented and used for structure-cavity
coupling in this article. Another problem is that the eigensystems, basis of SmEdA, are calcu-
lated normally with FEM, because the computational cost of such a calculation is in the case of
high mode densities also quite high and increases with a rising frequency because of the need of
a finer mesh. Furthermore, a cavity is sometimes ill defined and so the exact shape of it, which
is necessary for a FEM calculation, is not known. Because of these reasons a new method,
described in this article, has been developed to approximate eigensystems of cavities. After the
presentation of this method and of the hybrid SmEdA/SEA method, the advantages and applic-
ation possibilities of the two methods are demonstrated using the examples of transmission loss
calculation, which are discussed in detail in [4], [9] and [10].
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2. Statistical modal Energy distribution Analysis

It was demonstrated by Maxit [2] that the coupling between two modes of different subsystems
can be described as an gyroscopic coupling between two oscillators, if one subsystem can be
considered as blocked on the coupling area and another as free. This is for example possible in
the case of a cavity-structure coupling, where the vibrations in the cavity can be described with
blocked eigenmodes and those in the structure with in vacuo modes. The same analogy is also
used for structure-structure coupling, for example in [2] and [8], but this article is only about
SmEdA for cavity-structure couplings. The advantage of this analogy to coupled oscillators
is that the well established results for coupled oscillators from for example [11], [12], [13]
or [3] can be used. One important result, which was the start of thedevelopment of SEA,
is the description of the coupled problem with one coupled energy conservation equation for
each oscillator. In this way, a first energy based analogous mechanical model consisting of
gyroscopic coupled oscillators (see Figure2) was developed by Maxit and Guyader for the real
problem of coupled subsystems (see Figure1). Here, each mode of a subsystem is represented
by one oscillator whose mass is equal to the respective modalmass. The coupling between
two oscillators is described with a coupling factorβ12

pq as a function of the mode parameters as
follows, [1]:

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
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2+η 2
qω2
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2
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p)

2− (ω2
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qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

]

(3)

whereM1
p, M2

q, ω1
p andω2

q are the modal masses and the eigenfrequencies of the p-th andq-th
mode of the subsystems one and two. The interaction modal work W12

pq is the integral over the
coupling areaSof the product of the mode shapesp1

p andW2
q of the p-th and q-th mode of the

subsystems one and two:

W12
pq

∫

S
p1

pW
2
q dS (4)
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Figure 1.: System in reality: A cavity coupled to a structure

The problem of this first analogous model is that only resonant modes relating to an excited
frequency band can be taken into account, because a white noise excitation is assumed for the
derivation of the coupling factor like in the classical theory of coupled oscillaors [3]. Also, the
boundary conditions between a cavity and a structure, for example the equality of the normal
velocities, are not respected and thus it was necessary to extend this analogous model. In [10]
it has been demonstrated using the formula of Cremer (transmission loss of an infinite plate)
as reference, that the boundary conditions between the realsubsystems can be respected in the
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G

M1 M2

∆1 ∆2K1 K2

x1 x2

Figure 2.: Analogous mechanical model: Two gyroscopic coupled oscillators

analogous mechanical model with the response of the oscillators frequency averaged from zero
to infinity. In this way, the coupling factors between all theoscillators, which represent resonant
or non resonant modes, are equal toβ12

pq of equation (3). Because of this average response the
kinetic and potential energies of all oscillators are also always equal and so they are only equal
to those of the respective modes in the case of resonant excited modes. But the total energy of
an oscillator and its respective mode is of course always equal. The advantage of these equality
of the potential and kinetic energies for the oscillator is,that the real coupled cavity-structure
system can be represented with a power balance equation system as a function of total energies
like in SEA, equation (2), but with one equation for each mode and not only with one foreach
subsystem.

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (5)

whereΠ1
p is the power input in the p-th mode of the subsystem one. The sum of all these total

modal energies, respectively energies of oscillators, of asubsystemi gives the whole energyEi

of a subsystemi [7, 5].
Ei =∑

n
Ei

n (6)

3. Hybrid SEA/SmEdA methods

In the following it is shown how the SmEdA approach can be combined with SEA. If only
resonant modes are necessary to be taken into account for thedifferent subsystems, the SEA
coupling loss factorsηi j can be calculated on condition of modal equipartition of energy from
the modal coupling loss factors (equation (3)) like in [7] as follows:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (7)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (8)

wherepmax andqmax are the number of resonant modes relating to an excited frequency band
with the central frequencyωc. Using equations (7) and (8), it is possible to make a classical SEA
calculation, equation (2). This reduces the computational cost dramatically, because the linear
power balance equation system, which has to be solved, consist here only of one equation for
each subsystem instead of a lot of equations for modes in the case of a SmEdA calculation. In
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[4] and [5] it has been demonstrated yet that this procedure produces good results in comparison
to a usal SmEdA calculation if only resonant modes are necessary and the non resonant modes
do not play a role. If only a part of the subsystems can be described with resonant modes only,
there is also the possibility to generate a hybrid SEA/SmEdApower balance equation system
to reduce the computational cost. For example a mixed power balance equation system for two
connected subsystems reads, [8]:

P1 = ωc
(
η 1+η12

)
E1−E2

m∑
n

β12
nm

P2
m =

(

η 2
mω2

m+∑
n

β12
nm

)

E2
m− E1

n ∑
n

βnm

(9)

whereω2
m, η 2

m, P2
m andE2

m are the eigenfrequency, the damping factor, the input powerand the
modal energy of the mode m of subsystem two,ωc is the central frequency of the excited fre-
quency band,n is the number of modes of subsystem one in the excited frequency band andη 1,
P1, andE1 are the damping factor, the input power and the energy of the entire subsystem one.

4. Approximate modes

To predict approximatively the eigensystems of fluid filled cavities two approximations, one
for the eigenfrequencies and one for the mode shapes, are necessary. From the literature, for
example [14], it is known that the mode densityn is approximately given by

n=
k2Vf

2π2cf
(10)

wherek is the wavenumber andcf andVf are the sound velocity of the fluid and the volume
of the cavity. Thus, the number of modesN in a frequency range,ω1 to ω2, fellows from
integration overω

N =
∫ ω2

ω1

k2Vf

2π2cf
dω (11)

Under the assumption thatω1 is zero and that a frequency is an eigenfrequency, for which the
numberN of the modes is an integer, the eigenfrequenciesωm can be approximated as follows
using equation (11):

ωm =
3

√

6π2c3
f m

Vf
(12)

wherem is a positive integer. For the approximation of the shapes ofthe eigenmodes, it can be
assumed that the shape of a cavity mode at the coupling surfaceis approximately equal to the
distribution of the pressure on a structure of an incident sound wave. The frequencies of these
waves are assumed to be equal to the approximate eigenfrequenciesωm of the modes. In this
way, the wavelengthλ s

m of a mode shape on a surface is equal to the on the surface projected
wavelength (trace wavelength) of the corresponding sound wave. Therefore, it results that

λ s
m =

2πc
ωmsinϑ

(13)
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whereϑ is the angle of incidence of an incident wave (see Figure3). The trace wavelength
becomes minimal for an incidence parallel to a boundary surface (angle of incidence is 90◦).

λ m
min =

2πc
ωmsin90◦

=
2πc
ωm

(14)

Thus, the wavelengthλ s
m of a mode shape on a surface of a coupled structure can takes values

between this minimum and infinity (normal incidence). In addition to get a complete description
of a mode shapeΦs

m on a boundary surface relating to a coordinate system it is necessary to
define also the direction of incidence with an azimuthal angle ϕ (see Figure3) and the phase
shift δ. For example, in the case of a plane structure the approximate mode shapesΦs

m on the
surface can be thus written as

Φs
m = cos

(
2πx
λ s

m,x
+δ
)

cos

(

2πy
λ s

m,y
+δ

)

= cos
(
kf xsinϑ cosϕ +δ

)
cos
(
kf ysinϑ sinϕ +δ

)

(15)
wherekf is the wavenumber of the fluid andλ s

m,x andλ s
m,x are the approximate wavelength in the

directions ofx andy. All these values,ϕ , δ andϑ can be characterised as uniformly distributed
random numbers, which can take values between zero and 2π respectivelyπ/2 for ϑ . The
mode shapes approximated in this way are theoretically exact for infinite cavities, because in
this case an infinite number of modes exists at every frequency and all the incidence parameters
are uniformly distributed. At lower mode densities of real cavities this leads to an error for the
eigensystems, but this error becomes in general smaller with increasing dimensions. All in all,
these approximate eigenfrequencies, equation (12), and these approximate mode shapes on a
coupling surface, equations (13) and (15), are a sufficient description of eigensystems for the
use in connection with SmEdA, because only the mode shapes onthe coupling surfaces and the
eigenfrequancies are necessary to calculate the modal coupling factors, equation (3). But there
is no information in this way about the mode shapes of a cavityin the rest of the volume.

incident
sound wave

z

x

y

Lx

Ly

ϑ
ϕ

Figure 3.: Sound incident on a boundary surface
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5. Example

5.1. System under study

To demonstrate the advantages and the application possibilities of the hybrid SEA/SmEdA
methods and of SmEdA with approximate eigensystems, a basicexample configuration of a
simply supported rectangular plate between two parallelepipedic cavities as presented in Fig-
ure4 and Table1 is chosen. This system is excited in a corner of one of the cavities (sending
room) with a monopole source. The coincidence frequency of the plate is 2933 Hz. The exact
eigenmodes and eigenfrequencies for the SmEdA calculations are calculated in the present case
analytically. The eigenmodespqrs and the eigenfrequenciesωqrs of the cavities are given by
[15]

pqrs = cos

(
qπx
Lx

)

cos

(
rπy
Ly

)

cos

(
sπz
Lz

)

; q, r,s= 0,1,2,3, . . . (16)

and

ωqrs = c

√
(

qπ
Lx

)2

+

(
rπ
Ly

)2

+

(
sπ
Lz

)2

(17)

The eigenfrequenciesωs
mn and the modesWs

mn of the simply supported plate are

ωs
mn= π2

[(
m
Lx

)2

+

(
n
Ly

)2
]√

B
m

; m,n= 1,2,3, . . . (18)

and

Ws
mn= sin

(
mπx
Lx

)

sin

(
nπy
Ly

)

(19)

with the mass per areamand the bending stiffnessB of the plate.

Lz1 Lz2

Lx

Ly

x

y

z

h

sending room receiving roomplate

Figure 4.: Sketch of the cavity-plate-cavity system
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plate sending room receiving room
Lx×Ly×Lz(h) (m) 1.2×0.9×0.004 1.2×0.9×0.7 1.2×0.9×1
ρ (kg/m3) 7820 1.2 1.2
c (m/s) 340 340
η 0.01 0.01 0.01
E (MPa) 210
ν 0.3

Table 1.: Characteristics of the subsystems

5.2. Transmission Loss calculation using hybrid SEA/SmEdA methods

As demonstrated in [4] and [9], it is necessary to take into account non resonant modes to
calculate the transmission loss of the chosen example system, Figure4, if the damping factor
ηp of the plate is high (see Figures5 and6). Therefore, only for a low plate damping it is
possible to reduce the computational cost using a complete SEA calculation with coupling loss
factors predicted from SmEdA as described in chapter3. But in this case the so calculated
transmission loss (line “SEA SmEdA” in Figure5) agrees well with those of the usual SmEdA
calculation. The only difference between the results of thetwo methods exists at very low
frequencies because of the low modal densities [4].
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Figure 5.: Transmission loss for a plate dampingηp = 0.001 (frequency band width: 400 Hz;
graph “SmEdA non resonant”: resonant and non resonant modesare used for the
calculation)
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Figure 6.: Transmission loss for a plate dampingηp = 0.1 (frequency band width: 400 Hz;
graph “SmEdA non resonant”: resonant and non resonant modesare used for the
calculation)

To reduce the computational cost also for the case of a high plate damping a hybrid SEA/SmEdA
calculation, equation (9), can be used. Here, the sending room can be represented withone
SEA-like equation, because the excitation with a monopole in a corner is more or less equal
to an equal nonzero power input in all the resonant modes only[9]. Thus, if the other two
subsystems are described with power balance equations for resonant and non resonant modes,
the transmission loss predicted with such a hybrid method (line “SEA/SmEdA 1 cavity” in
Figure7) is as expected almost equal to the one calculated with a fullSmEdA approach. Next,
the computational cost is reduced further using SEA-like equations for the two cavities for
the calculation of the transmission loss (line “SEA/SmEdA 2cavities” in Figure7). But the
difference in comparison to a complete SmEdA calculation becomes here quite large like for
the calculation without non resonant modes in Figure6. Thus, only the sending room can be
described with one SEA-like power balance equation in this example, because non resonant
modes have to be taken into account for the other cavity (receiving room).

10
3

0

10

20

30

40

50

60

70

Frequency (Hz)

T
ra

ns
m

is
si

on
 lo

ss
 (

dB
)

 

 

mass law normal incidence
formula of Cremer diffuse
SEA/SmEdA 1 cavity
SmEdA full equation system
SEA/SmEdA 2 cavities

Figure 7.: Transmission loss calculated with a mixed power balance equation system (plate
dampingηp = 0.1)
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5.3. Transmission Loss calculation using approximate modes

Next, the transmission losses obtained with approximate eigensystems (see chapter4) for the
two cavities are compared in Figures8 and9 to those predicted with exact analytic eigensys-
tems, equations (16) and (17). As it is not possible to handle localised point excitations with
approximate modes as these are only defined on the coupling surface (see chapter4), only all
the resonant modes have equal nonzero power input, what is nearly the same as with the excit-
ation at one corner [9]. Using a random phase shiftδ gives here in general a huge error for the
transmission loss below the critical frequency. On the contrary, for a constantδ = 0 the differ-
ence in comparison to the exact SmEdA calculation becomes much smaller below the critical
frequency. The reason for this effect is that the phase shiftof the modes of a finite cavity is as
a consequence of the boundary condition constant like the formula for cavity modes, equation
(16), shows. But at higher frequencies, where the wavelengths are small in comparison to the
dimensions of the cavity the influence of the boundary condition becomes less important.
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Figure 8.: Transmission loss for a plate damping factorηp = 0.01 predicted with approximate
modes
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Another problem of the approximate method as described in chapter4 is that the angle of
incidenceϑ is assumed to be uniformly distributed, because especiallyin the case of small
cavities different directions of incidence can be dominantin cavities, which have the same
volume. If for exampleLz (see Figure4) is much larger thanLx andLy, the waves normal to
the plate and with small angles of incidence would be dominant. But all in all, with such an
approximate method it is possible to reach even for a small system a quite good approximation
of the transmission loss above the first 400 Hz frequency band, although the modes are very
roughly estimated and the numbers of modes are quite small indifferent frequency bands (see
Table2).

frequency band
number of modes

sending cavity receiving cavity
exact approximate exact approximate

10 - 410 Hz 11 5 15 7
410 - 810 Hz 55 37 74 54
810 - 1210 Hz 125 100 180 142
1210 - 1610 Hz 237 194 321 277
1610 - 2010 Hz 373 318 517 454
2010 - 2410 Hz 517 473 740 677
2410 - 2810 Hz 741 660 1038 942
2810 - 3210 Hz 951 877 1340 1254
3210 - 3610 Hz 1213 1126 1724 1607
3610 - 4010 Hz 1514 1405 2133 2007
4010 - 4410 Hz 1810 1715 2589 2450
4410 - 4810 Hz 2183 2056 3079 2937

Table 2.: Exact and approximate number of modes in the different frequency bands

6. Conclusion

As demonstrated on the examples of the transmission loss calculations in the previous chapter,
hybrid SEA/SmEdA methods can be successfully applied undersome conditions and can reduce
so the computational cost. But one problem is that it has to be identified first if it is sufficient
to use only resonant modes for a subsystems and thus to describe this subsystem with a SEA-
like power balance equation. At this, also the connected subsystems and their characteristics,
for example the damping, can play a role especially for non direct excited subsystems, like the
sending room of the presented example. Thus, it can be quite difficult to decide a priori if non
resonant modes are necessary to be taken into account or not.Other problems are typical SEA
ones. So it is not possible to respect the differences betweendifferent point excitations in a
SEA-like subsystem. Also, there is no information about thedistribution of the energy in such
a subsystem. The other in this article presented method, thenew method to approximate modes
for ill defined systems or systems with high mode densities, has been tested here for the first
time but on a quite small system with low mode densities. Although this method is designed for
systems with high mode densities because of the assumption of uniformly distributions of the
mode shape describing values, the predicted transmission losses are so far quite good. Thus, it
seems to be a good method to describe ill defined systems and toreduce the computational cost,
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maybe also in combination with the hybrid SEA/SmEdA methods, for systems with high mode
densities, because no time consuming calculation of the eigensystems with FEM is needed. But
to get more exact results with this method also for small systems, it is necessary to research in
the future different distributions for the directions of incidence and the phase shift, which are
used to define the mode shape on the coupling surface. Anotherproblem is, that similar to SEA
no localised external excitations can be handled with theseapproximate mode shape because of
their definition only on the coupling surfaces.
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Abstract
The Statistical Modal Energy Distribution Analysis (SmEdA) has been conceived to close the
mid-frequency gap between the widely used low-frequency FEM and high-frequency SEA. Un-
like SEA which couples the entire sub-systems, SmEdA uses the coupling between individual
modes of subsystems. The original SmEdA formulation is limited to coupling between reson-
ant modes only. This makes it for example less applicable to highly damped systems. A novel
version of SmEdA is presented in the paper, extended to non resonant modes. The advantages
of the new method are demonstrated by modelling the transmission loss of a flat panel inserted
between two cavities. One principal advantage is, that contrary to other methods, which assume
often a diffuse sound field, SmEdA can predict the transmission loss of partitions in between
cavities with non-diffuse sound fields.
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1. Introduction

1.1. Transmission Loss

Different approaches have been in use for vibro-acoustic calculations: – analytical, variational,
finite element and energy methods. One important application of these approaches is the pre-
diction of transmission loss through a partition. Several transmission loss models have been
developed over the past century. The transmission loss characterises the physical process of the
transmission of the acoustical power through a partition with the transmission factorτ , the ratio
between the transmitted powerPt and the incident powerPi. In this way, the transmission loss
R in decibel is defined as follows [1]:

R= 10lg

(
1
τ

)

= 10lg

(
Pi

Pt

)

(1)

The earliest and simplest transmission loss model is the mass law:

RM = 10lg

[

1+

(
ωmcosϑ

2ρc

)2
]

(2)

which assumes a rigid partition between two free sound fields.Equation (2) shows that the
transmission loss depends on the mass of a partition (m: mass per area), the angle frequency
ω, the densityρ of the fluid, the speed of soundc of the fluid and the angular of incidenceϑ .
The theoretical background of this law was first formulated by Rayleigh [2] and experimentally
verified amongst others by Berger [3]. The next development was made by Cremer. He replaced
the model of a rigid partition by the Kirchhoff plate model toaccount for the plate deformation.
Assuming an infinite plate Cremer obtained an expression of the transmission loss which not
only depends on the plate mass but also on its bending stiffness B:

RC = 10lg

[

1+

(

ωm−Bω3sin4ϑ
c4

)2(
cosϑ
2ρc

)2
]

(3)

The additional dependence on stiffness yields the so-called coincidence effect: a resonance
phenomenon which appears when the wavelength of a free platebending wave matches the
wavelength of an incident sound wave projected onto the plate (trace wavelength). The lowest
frequency allowing the coincidence is the so-called critical frequency:

fc =
c2

2π

√
m
B
. (4)

Due to the simplicity of the formula of Cremer and its good approximation of the principal
tendency of transmission loss, especially above the critical frequency, this formula is still of-
ten used. Other analytical solutions were searched and formulated later for more complex and
realistic configurations like for finite plates by Heckl [1] or for finite plates between finite cav-
ities by Nilsson [4] and by Josse and Lamure [5]. But these models are only rough estimates
due to multiple involved assumptions. This has prompted creation of other models to predict
the transmission loss using variational, finite element andenergy methods. The first one, the
variational approach, was used for example by Woodcock and Nicolas [6] for finite plates or by
Gagliardini, Roland and Guyader [7] for a finite plate between two finite cavities. The drawback
of these models is that the functional basis of a complete system, which satisfies the geometrical
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boundary conditions, can be found only for simple geometries like a rectangular plate. How-
ever, there is also a newer variational approach, the wave based method, that overcomes this
obstacle by using the functional basis only for parts of simple geometry. One application of this
approach was demonstrated by Dijckmans and Vermeir [8] for the transmission loss of a real
cavity-plate-cavity system. Another group of calculationtools are the finite element method
(FEM) and the boundary element method (BEM). For example Sakumaa, Egawa and Yasuda
[9] used a combination of FEM and BEM to predict the transmissionloss of finite plates in
between diffuse sound fields. The main difficulty of these methods is the rapid increase of the
computation cost with rising frequency and with increasingsize of the system. Finally, there
are the energy methods, the statistical energy analysis (SEA) and the statistical modal energy
distribution analysis (SmEdA), which is the topic of this article. These two methods are based
on the principle of the balance of energy for each subsystem,like a cavity or a plate, and de-
scribe the coupling between subsystems with one or more coupling factors. In contrast to the
other calculation methods the energy methods output energies rather than pressures, velocities
or displacements.
The original formulations of energy methods can take into account only resonant modes related
to an excited frequency band. But non resonant modes are important for example for highly
damped systems, narrow band excitations or some boundary conditions. In SEA applied to
transmission problem, this is solved by using a non physicaldirect coupling factor between two
cavities. The present paper describes how to handle this nonresonant modes in a new extended
version of SmEdA.

1.2. Statistical energy analysis

The statistical energy analysis is the most popular energy based method. The development of
it started in the early 1960s with the works over coupled oscillators from Lyon and Smith [10].
The fundamental equation of this method is the power balancefor each subsystem (for example
an oscillator). This means, that all the powerΠi, which is input in a subsystemi, is dissipated
(Πi

dis) in this subsystem or transmitted into another connected subsystem (Πi
ex).

Πi = Πi
dis+Πi

ex (5)

It has been found out, that the power exchangeΠi
ex between two coupled subsystems is propor-

tional to the difference of their total time-averaged energies. The total energy of a subsystemEi

is linked over the subsystem damping loss factorηi to the dissipation powerΠi
dis. Thus, it can

be written
Πi = ωcηiEi +ωcηi j (Ei −E j) (6)

whereωc is the central angular frequency of the frequency band andηi j is the coupling loss
factor. Moreover, the coupling loss factors of two coupled subsystems are interrelated through
the reciprocity relation

niηi j = n jη ji (7)

with the modal densitiesni andn j of subsystemsi and j. All in all, the energies of subsystems
at a given power input are calculated with a linear set of equations. Thus, SEA is principally
an easy calculation method, but the key problem is the estimation of the coupling loss factors.
These coupling factors can be predicted for the transmission loss calculation of a finite plate in
between two finite cavities using for example the method of Renji, Nair and Narayanan [11] or
that of Lyon and DeJong [10]. In [10] the process of transmission is divided into two paths, the
non resonant and the resonant transmission. The first is moreor less an extended version of the
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mass law and is characterized by the coupling loss factorη12 for the direct coupling between
the two cavities under the assumption of diffuse sound fields.

η12 = βcI12
c1

f k2
1V1

τ12,∞(0)
2− τ12,∞(0)

(8)

with the transmission coefficientτ12,∞(0) for normal incidence, the correction factorβc for the
case of low modal overlap, the frequencyf , the correction factorI12 for diffuse sound field and
the sound velocityc1, the wavenumberk1 and the volumeV1 of the cavity one. The factorsβc,
I12 andτ12,∞(0) are explained in appendixC. The second path of transmission, the resonant
transmission through the resonant modes of the plate, is represented by the indirect coupling
factorηp2. This factor is related to the plate radiation efficiencyσrad as follows:

ηp2 =
ρ1c1

2π f ρphp
σrad (9)

whereρ1 andc1 are the density and the sound velocity of cavity one,ρp andhp are the density
and the thickness of the plate andω is the angular frequency. For a simple supported thin plate
and light fluids in the cavities the radiation efficiency is approximately given by, [10],

σrad =
2k2

1Ls

πApk3
p

(

1+
πk2

1

2k2
p

) +
1

√
√
√
√

(
k2

p

k2
1

−1

)2(πk4
p

k4
1

+1

)2

+
2π

kp
√

Ap

(10)

with the length of the edgeLs, the plate areaAp and the wavenumberskp andk1 of the plate
respectively of the cavity. Finally, the basic power balance equation system of SEA reads [11]:





Π1

0
0



=





η1+η1p+η12 −ηp1 −η21

−η1p η2+ηp1+ηp2 −η2p

−η12 −ηp2 η2+η2p+η21









E1

Ep

E2



 (11)

Using these energies of the subsystems estimated in this waythe transmission loss is calculated
with the formulas for finite cavity-plate-cavity systems given in appendixA. To sum up, con-
trary to the mass law and the formula of Cremer the present formulation does not neglect the
influence of the cavity size and damping and takes into account the finite size of the plate.

2. Coupling between two oscillators

The statistical modal energy distribution analysis (SmEdA) was developed by Maxit and Guyader
[12] to extend the frequency range to lower frequencies, where energy based methods like SEA
cannot be used. The description of coupling in SmEdA is basedon the dual formulation of two
gyroscopic coupled oscillators (Figure1).

2.1. Resonant excited oscillators

The behaviour of gyroscopic coupled oscillators is described by the following coupled differ-
ential equations:

ÿ1(t)+∆1ẏ1(t)+ω2
1y1(t)−

√

M−1
1 M2γẏ2(t) = F1(t)

ÿ2(t)+∆2ẏ2(t)+ω2
2y2(t)+

√

M−1
2 M1γẏ1(t) = F2(t)

(12)
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G

M1 M2

∆1 ∆2K1 K2

y1 y2

Figure 1.: Two oscillators coupled by a gyroscopic element

where∆i = ωiηi is the damping coefficient,γ is the gyroscopic coupling factor andM1 andM2

are the masses of the oscillators. It was shown that under a white noise excitation the time-
averaged power flowP12 between the oscillators is directly proportional to the difference of
their time-averaged energiesE1 andE2 [13].

P12 = β(E1−E2) (13)

whereβ is the coupling factor. Furthermore,P12, E1 andE1 can be expressed in terms of the
time-averaged velocities〈ẏi〉 of the oscillators [10] as follows :

E1 =
1
2M1

〈
ẏ2

1

〉

E2 =
1
2M2

〈
ẏ2

2

〉

P12 =
1
2ℜ
(
γ
√

M1M2〈ẏ1ẏ2〉
)

(14)

These velocities are calculated for harmonic forcesFi(t) using equation (12). Therefore, for
uncorrelated forcesFi(t) the velocity terms can be written in the following form [14, 10] (∗:
complex conjugate):

〈
ẏ2

1

〉
=
∫

Sl1ω
2 |H11|2dω+

∫

Sl2ω
2 |H12|2dω

〈
ẏ2

2

〉
=
∫

Sl2ω
2 |H22|2dω+

∫

Sl1ω
2 |H21|2dω

〈ẏ1ẏ2〉=
∫

Sl1ω
2H11H

∗
21dω+

∫

Sl2ω
2H12H

∗
22dω

(15)

with the complex frequency response functions

H11 =
−ω2+ iω∆2+ω2

2

M1D

H22 =
−ω2+ iω∆1+ω2

1

M2D

H12 =
iωγ

D
√

M1M2

H21 =
−iωγ

D
√

M1M2

(16)

and

D = ω4− iω3(∆1+∆2)−ω2(ω2
1 +ω2

2 +∆1∆2+γ2)+ iω
(
∆1ω2

2 +∆2ω2
1

)
+ω2

1ω2
2 (17)
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Under the assumption of a white noise excitation, the spectraSi of the forcesFi are given by

Si(ω) = const.6= 0 (18)

in the whole frequency range. Finally, equations (13) to (18) yield:

β =
γ2
(
η1ω1ω2

2 +η2ω2ω2
1

)

(ω2
1 −ω2

2)
2+(η1ω1+η2ω2)(η1ω1(ω2)2+η2ω2(ω1)2)

(19)

whereη1 andη2 are the damping factors andω1 andω2 are the eigenfrequencies of the oscil-
lators.

2.2. Non resonant excited oscillators

The principle stating that the exchanged power of connectedsystems is proportional to the
difference of the energies of these systems is a quite generalconcept which can be used not
only for oscillators excited with a with a white noise, equation (13). Such an example is given
by Lyon and DeJong [10]. They used two connected fluid filled containers as an analogous
model for two coupled subsystems. In the case of two oscillators excited with the same single
frequencyω the relation between the kinetic energies and the exchangedpower can be generally
described using the following equations for the differenceof the kinetic energiesEk

i of two
oscillators and the exchanged powerP12.

2(Ek
1 −Ek

2) =
1
2

ω2(M1
〈
y2

1

〉
−M2

〈
y2

2

〉)
(20)

P12 =
1
2

ω2γ
√

M1M2ℜ (〈y1y2〉) (21)

Solving equation (20) for ω2 and insertion of the result in equation (21) gives:

P12 = 2α
(

Ek
1 −Ek

2

)

(22)

The factorα is given for two uncorrelated forces with equal single excitation frequencies using
equations (15) and (16) by

α =
M1M2γ2ω2(S2M1∆1−S1M2∆2)

S2M2M2
1

(
ω4−2ω2ω2

1 +ω4
1 +ω2∆2

1−ω2γ2
)
−S1M1M2

2

(
ω4−2ω2ω2

2 +ω4
2 +ω2∆2

2−ω2γ2
)

(23)
The factorα is symmetric (α12 = α21) and thus the exchanged power is really proportional

to the difference of the kinetic energies, because the symmetry is a necessary and sufficient
condition for the proportionality [15]. Therefore, an arbitrary power balance equation system
for oscillators can be written – similar to this of SEA, equation (6) – as a function of the kinetic
energies of coupled oscillators.

Πi = 2ωiηiEkin,i +2α (Ekin,i −Ekin, j) (24)
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3. SmEdA

3.1. Original formulation of SmEdA

The coupling between two oscillators was formulated more arbitrarily than in SEA and extended
to continuous vibrating systems. It has been demonstrated in [12], that the coupling between any
two modes of different subsystems is equal to the coupling between two oscillators, if across the
coupling area one system is taken as blocked and the other as free. This is for example the case
of a cavity-structure coupling. The cavity subsystem is characterized here with pressure mode
shapesp1

p and the structure with displacement mode shapesW2
q . In this way, the modal coupling

coefficientγ12
pq, equivalent to the gyroscopic coupling factorγ in equation (25), is deduced.

γ12
pq =

1
√

(ω1
p)

2M1
pM2

q

∫

S
p1

pW
2
q dS=

W12
pq

√

(ω1
p)

2M1
pM2

q

(25)

whereW12
pq, the integral over the coupling areaS of the product of the mode shapes, is the

interaction modal work and whereM1
p andM2

q are the modal masses of the p-th and q-th mode
of the subsystems 1 and 2. Finally, again under the assumption of a white noise excitation, the
modal coupling loss factor reads:

β12
pq =

(W12
pq)

2

M1
pM2

q(ω2
q)

2

[

η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2

((ω1
p)

2− (ω2
q)

2)2+(η 1
pω1

p+η 2
qω2

q)(η 1
pω1

p(ω2
q)

2+η 2
qω2

q(ω1
p)

2)

]

(26)

The modal energies of the different subsystems can be calculated directly withβi j with a system
power balance equations. One equation for each mode is used here instead of one equation per
subsystem like in SEA.

Π1
p = η 1

pω1
pE1

p+
qmax

∑
q=1

β12
pq(E

1
p−E2

q) (27)

The entire energy of a subsystem is the sum of all modal energies of this subsystem [16, 17]
and the transmission loss can be calculated using equations(43) to (45) from A. Moreover, the
coupling loss factors of classical SEA can be calculated with the modal coupling loss factors on
condition of modal equipartition of energy [17] with the following formulae:

η12 =
1

pmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (28)

η21 =
1

qmaxωc

pmax

∑
p=1

qmax

∑
q=1

β12
pq (29)

wherepmax andqmax are the number of resonant modes relating to an excited frequency band
with the central frequencyωc. It was shown by some authors, for example by Maxit and
Guyader [18] for structure-structure coupling or by Totaro, Dodard andGuyader [17] for structure-
cavity coupling, that the SEA coupling factors computed by SmEdA agree well with these ob-
tained by other approaches.
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3.2. Extended version for structure-cavity coupling including non
resonant modes

A main drawback of the original SmEdA approach is that only resonant modes in an excited
frequency band are taken into account in view of the assumption of a white noise excitation.
However, the influence of non resonant modes can not be neglected in some cases, for example
for highly damped systems. To find a solution involving non-resonant modes for the cavity-
structure coupling it is necessary to have a closer look at the original derivation of the method.
In SmEdA the coupled system is split into a blocked cavity anda free structure on the coupling
surface to describe the coupling between the pressure in thecavity and the structure velocity.
This is equivalent to the ”blocked pressure” assumption which is often used, for example in [6]
or [19], where it is assumed that the motion of the plate is negligible for the calculation of the
surface pressure and the plate is then excited by the resultant force. However, the calculation
of e.g. the transmission loss or the sound radiation requires that the boundary conditions are
respected. This is not the case in the original SmEdA formulation. The boundary conditions
are the equality of the velocities ˙yb

i and the equality of the products of the stress tensorsσ ib
rs and

normal vectorsni
s at the coupling surface.

ẏb
1 = ẏb

2 (30)

σ1b
rs n1

s = σ2b
rs n2

s (31)

Finally, the coupled system is defined in this way with four equations, the two coupled differ-
ential equations of original SmEdA, equation (12), and the two boundary conditions. On the
other hand, only two variables are involved. Such an overdetermined system has in general no
exact solution and it is difficult to find an approximate solution. Because of this problem an
exact analytic solution for the fluid-structure interaction, the formula of Cremer (equation (3)),
is used here as a reference to find and to validate an analogousmechanical model consisting of
two gyroscopic coupled oscillators. This model describes the coupling between bending waves
of an infinite plate and waves of free sound fields which can be considered as modes of an infin-
ite plate and of semi-infinite cavities. Here, there is not only coupling between resonant modes
but also between other combinations with non resonant modes.Therefore, different possible
coupling factors can be tested in the following if they can describe also couplings with non
resonant modes.

3.2.1. Infinite transmission loss models expressed with power b alance equations

The coupling in the formula of Cremer concerns one incident wave, respectively one mode,
one plate mode and one transmitted wave. That means this caseis described under inclusion of
chapter 3.2 by three power balance equations with only one nonzero power input.

P1 = 2η1ω1Ekin,1+2β12
(
Ekin,1−Ekin,2

)

P2 = 0= 2η2ω2Ekin,2+2β21
(
Ekin,2−Ekin,1

)
+β23

(
Ekin,2−Ekin,3

)

P3 = 0= 2η3ω3Ekin,3+2β32
(
Ekin,3−Ekin,2

)

(32)

where the indices 1, 2 and 3 identify the sending room, the plate and the receiving room. From
this equation system it follows forEkin,3:

Ekin,3 =
β32β21E1

(η2ω2+β21+β23)

[

η3ω3+β32

(

1− β23

(η2ω2+β21+β23)

)] (33)
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Also, it is assumed thatη3 = η1 = 0 for the infinite models and consequently, it results from
equations (1) and (33) for the transmission factor

1
τ
=

Ekin,1

Ekin,3
= 1+

η2ω2

β12
(34)

Here, the kinetic energies can be used to calculate the transmission loss, because the same
modes are excited in the two cavities and so the relations between the total energies and the
kinetic energies are equal.

3.2.2. Comparison to the formula of Cremer without damping

From the power balance equation system (32) it can be inferred that a coupling factorβ t
12 with

a coupling between one resonant excited cavity mode (ω = ω1, S1(ω1) 6= 0) and one plate
mode, which is excited only by this cavity mode (S2(ω) = 0), could be a correct description of
the coupling. The test modal coupling loss factorβ t

12 can be then obtained from equation (23),
which is a solution for gyroscopic coupled oscillators not subjected to any additional conditions,

β t
12 =

γ2ω2
1∆2

(
ω2

2 −ω2
1

)2
+ω2

1∆2
2−ω2

1γ2
(35)

Upon insertingβ t
12 in equation (34), using the formulae given in appendicesD and E and

assumingη2 = 0 one gets:

1
τ
=

(
ω2

2 −ω2
1

)2

γ2ω2
1

=

(
cosϑ
2ρ1c1

)2
[

ω1m−ω3
1B

(
sinϑ

c1

)4
]2

(36)

This result matches well equations (2) and (3) if the influence of the factor “+1” can be neg-
lected. But this is not the searched exact result of the formula of Cremer and soβ t

12 is also not
a general coupling factor. Next, the originalβ12

pq (equation (26)) is tested in the same way. Here
the obtained result is an exact one, i.e. the searched transmission factor.

1
τ
= 1+

(
ω2

2 −ω2
1

)2

γ2ω2
1

= 1+

(
cosϑ
2ρ1c1

)2
[

ω1m−ω3
1B

(
sinϑ

c1

)4
]2

(37)

To getβ12
pq a white noise excitation is assumed rather than a single frequency excitation like in

the case of the infinite models. This means that there must be asecond way to get an integra-
tion from zero to infinity in equations (15). This other way is to calculate the averages of the
velocity/displacement terms for all possible single frequency excitations from zero to infinity.
For example

〈
ẏ2

1

〉
is then given by

〈
ẏ2

1

〉
=

1
∆ω

(∫ ∞

0
Sl1ω

2 |H11|2dω+
∫ ∞

0
Sl2ω

2 |H12|2dω
)

(38)

The factor 1
∆ω is canceled out using equations (13) and (14) to calculateβ and so the result is a

kind of averaged coupling factor which is equal to that in equation (26).
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3.2.3. Comparison to the formula of Cremer with damping

Normally a complex stiffnesŝB= B(1− iηc) is applied in the formula of Cremer (equation (3))
to take into account the plate damping whereby the transmission loss reads:

Rc = 10lg

[

1+

(
cosϑ
2ρ1c1

)2
{(

ω1m−ω3
1B

sin4ϑ
c4

1

)2

+B2η 2
c ω6

1
sin8ϑ

c8
1

}]

(39)

This assumption is not necessary for SmEdA because of the dependence of the balance equation
system on the plate damping. Therefore, the formula of Cremercan be written as follows using
SmEdA and the coupling factorβ12

pq (equation (26)), which describes correctly the case without
damping (previous chapter):

Rs = 10lg

[

1+

(
cosϑ
2ρ1c1

)2
{(

ω1m−ω3
1B

sin4ϑ
c4

1

)2

+mBη 2
2ω4sin4ϑ

c4
1

}]

(40)

In the case of the two eigenfrequenciesω1 andω2 being equal the transmission loss equation
is equal to that of Cremer, because equation (40) can be then transformed as follows using
equation (66):

Rs = 10lg

[

1+

(
cosϑ
2ρ1c1

)2
{(

ω1m−ω3
1B

sin4ϑ
c4

1

)2

+
ω2

2

ω2
1

mBη 2
2ω4sin4ϑ

c4
1

}]

= 10lg

[

1+

(
cosϑ
2ρ1c1

)2
{(

ω1m−ω3
1B

sin4ϑ
c4

1

)2

+B2η 2
c ω6

1
sin8ϑ

c8
1

}]

= Rc

(41)

In contrast, the damping parts of the two transmission loss equations are not equal for two
coupled modes of different eigenfrequencies. But this mismath is of little importance, because
below the critical frequency, where the difference betweenω1 andω2 is large, the transmission
loss of the formula of Cremer is independent from the damping [20] and the coupling factor,
equation (26), is only dominated by the freqèuency difference. Moreover, Figure2 shows for an
example of a steel plate in between a diffuse sound field (average over all incident angles), that
the transmission losses of equations (39) and (40) are equal for the whole considered frequency
band. The small difference at the critical frequency between the two transmission loss values
appears only because of an error in the numerical integration over the incident angleϑ .

3.2.4. Conclusion from the comparisons with the formula of Creme r

The comparisons with the formula of Cremer in the previous sections demonstrate that the
coupling between two oscillators, which represent two modes in the analogous mechanical
model, is described byβ12

pq (equation (26)). The coupling depends on the modes shapes, the
modal masses, the modal damping factors and the eigenfrequencies but not on the excitation
frequency. This implies thatβ12

pq of the original formulation is the general coupling factor in the
analogous mechanical model to describe every possible combination of coupling of resonant
and non resonant modes. Another consequence of this resulting coupling factorβ12

pq is that
the responses of the coupled oscillators become averaged (see equation (38)) and similar to
those under white noise excitation. This makes the kinetic energies of the oscillators are always
equal to the potential energies like in the case of the white noise excitation [13] resulting in
no difference between oscillators, which represent resonant modes, and those, which represent
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Figure 2.: Transmission loss of the infinite models from Cremer and SmEdA atη2 = 0.1

non resonant modes. Thus the real coupled structure-cavitysystem can be represented by an
analogous mechanical model of gyroscopically coupled oscillators, where the coupling factors
at any frequency equals the coupling factor resulting from the averaged responses and where
the kinetic and the potential energy of each oscillator are equal. This may lead to wrong results
in the kinetic and potential energies of the oscillators in comparison to the real system but
to the right results for the total energies and the transmission loss. As a consequence, the
power balance equation system, equation (24), can be written for this special case of coupled
oscillators as a function of total energies instead of kinetic energies. The resulting equation
system is equal to the one of the original formulation of SmEdA, equation (27). Regarding
the damping it is assumed that the original damping factors of the real cavity-structure system
can be used, because the error made by this assumption is negligible (see previous chapter).
SmEdA becomes in this way a quasi-deterministic method close to FEM or to a variational
approach. The only statistical aspect is that external excitations of different subsystems have
to be uncorrelated, because this is assumed in equation (15). Furthermore, the novel extended
SmEdA approach can be even applied to cases with a singly frequency excitation.
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4. Example

In the previous chapter the new extended SmEdA approach including non resonant modes is
derived and validated using the transmission loss case of aninfinite plate. To investigate the be-
haviour of small systems and to compare SmEdA with other calculation methods the example of
a simply supported rectangular plate in between two parallelepipedic cavities is chosen, Figure
3. The parameters of this assembly are given in Table1. The system is excited in a first case by
a point force on the plate and in a second case by a monopole source at an edge of the sending
room. The modes and eigenfrequencies in the present case canbe calculated analytically as
shown in appendixB.

Lz1 Lz2

Lx

Ly

x

y

z

h

sending room receiving roomplate

Figure 3.: Sketch of the cavity-plate-cavity system

plate sending
room

receiving
room

Lx × Ly ×
Lz(h) (m)

1.2× 0.9×
0.004

1.2× 0.9×
0.7

1.2× 0.9×
1

ρ (kg/m3) 7820 1.2 1.2
c (m/s) 340 340
η 0.01 0.01 0.01
E (MPa) 210
ν 0.3

Table 1.: Characteristics of the subsystems

4.1. Plate excited by a point force

The cavity-plate-cavity system (see Figure3) is first excited by a point force on the plate (ex-
citation point: xe = 0.211765 andye = 0.189474). The plate excitation splits the system into
two separate cavity-plate systems in which the interactionbetween the cavities is negligible. As
shown in Figures4 to 6 the energies of the different subsystems calculated with SmEdA and
FEM are equal in this case. These figures demonstrated that itis necessary to take into account
non resonant modes for a high plate dampingηp = 0.1, line “SmEdA non resonant”. Here,
all the modes from 0 Hz to 1500 Hz above the 200 Hz wide excited frequency bands are used
for the calculation with non resonant modes. The point forceexciton case validates the new
extended SmEdA formulation as a correct method for the calculation of energies of coupled
subsystems.
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4.1: Energy in cavity 1 (ηp = 0.01)
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4.2: Energy in cavity 1 (ηp = 0.1)

Figure 4.: Energy in cavity 1 at different plate damping factorsηp

400 600 800 1000
−90

−80

−70

−60

−50

Frequency (Hz)

E
ne

rg
y 

(d
B

)

 

 

FEM
SmEdA non resonant
SmEdA resonant

5.1: Energy of the plate (ηp = 0.01)
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5.2: Energy of the plate (ηp = 0.1)

Figure 5.: Energy of the plate at different plate damping factorsηp
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6.1: Energy in cavity 2 (ηp = 0.01)
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6.2: Energy in cavity 2 (ηp = 0.1)

Figure 6.: Energy in cavity 2 at different plate damping factorsηp

4.2. Transmission loss of small systems

4.2.1. Comparison to the infinite transmission loss model

For low plate damping the interaction between a small simplysupported plate and a cavity is
dominated by the resonant modes as shown in Figures7 to 9. The influence of the non resonant
modes grows with an increasing damping. At the plate dampingηp = 0.1, the difference in
the transmission loss obtained with (line “SmEdA non resonant”) and without non resonant
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modes (line “SmEdA resonant”) becomes significant. The transmission loss in these figures
was calculated for excited frequency bands with a bandwidthof 400 Hz. The calculations with
non resonant modes comprise the modes in the frequency rangefrom 800 Hz below to 200 Hz
above the respective excited frequency band. In comparisonof these results for the transmission
loss predicted with SmEdA to the infinite transmission loss model, formula of Cremer, under
the assumption of a diffuse field it attracts attention that the SmEdA results are below the critical
frequency sensitive to a change of the damping contrary to the formula of Cremer. The reason
for this is that the incident power on an infinite plate is transmitted below the critical frequency
only by the non resonant modes, on which the damping has no influence, and not by resonant
modes like it in the case of a small simply supported plate. In[21] it has been demonstrated that
these different behaviour depends not only on the size of theplate but for example also on the
boundary conditions, because the transmission loss of a free plate is also fully dominated by the
non resonant modes below the critical frequency. Another difference between an infinite and a
small finite system is that the mode densities of a small plateand of a small cavity are much
lower than those of infinite systems, which are infinity. Because of that the interaction between
the different subsystems is in general maybe worser for finite systems at a given frequency if
resonance effects plays there not a role. Hence, the transmission loss of the highly damped small
plate (Figure7) is much higher than the one of the formula of Cremer, because the resonant
effects are globally suppressed.
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Figure 7.: Transmission loss for plate dampingηp = 0.001 (frequency band width: 400 Hz)

158



4. Example

10
3

0

10

20

30

40

50

60

70

Frequency (Hz)

T
ra

ns
m

is
si

on
 lo

ss
 (

dB
)

 

 

mass law normal incident
formula of Cremer diffuse
SmEdA non resonant
SmEdA resonant

Figure 8.: Transmission loss for plate dampingηp = 0.01 (frequency band width: 400 Hz)
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Figure 9.: Transmission loss for plate dampingηp = 0.1 (frequency band width: 400 Hz)

4.2.2. Comparison to SEA

By looking at the transmission losses predicted with SEA, Figures10 to 12, using the coupling
loss factors described in chapter1.2one notices that below the critical frequency these depend
on the damping like those predicted with SmEdA, but less strongly. Moreover, the transmission
loss is much higher at low frequencies than that of the formula of Cremer, because the used
SEA coupling factors respect only partly the low modal overlap at low frequencies (seeC). But
the transmission loss obtained with SEA is globally more similar to the one of the formula of
Cremer than to the one predicted with SmEdA. This is a consequence of the assumption that
the sound field is diffuse. However the sound field of such small cavities becomes diffuse only
at quite high frequencies. Thus, the SEA coupling factors donot respect all the assumptions
relative to small finite systems.
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Figure 10.: Transmission loss calculated with different methods (plate dampingηp = 0.001)

10
3

0

10

20

30

40

50

60

70

Frequency(Hz)

T
ra

ns
m

is
si

on
 lo

ss
 (

dB
)

 

 

mass law normal incidence
formula of Cremer diffuse
SmEdA 
SEA−model Lyon

Figure 11.: Transmission loss calculated with different methods (plate dampingηp = 0.01)
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Figure 12.: Transmission loss calculated with different methods (plate dampingηp = 0.1)

4.2.3. Comparison to FEM

To compare the transmission loss calculation obtained withSmEdA and with FEM the com-
putation was done using the plate damping factorsηp = 0.01 andηp = 0.001, Figure13. The
bandwidth of the excited frequency band is here 200 Hz. The Figure shows that contrary to the
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transmissions losses predicted with SmEdA (only resonant modes are used) those calculated
with FEM are less sensitive to a change of the plate damping. Moreover the FEM results are
always higher in the investigated frequency range than the transmission loss of the mass law/
formula of Cremer. To find out where the difference comes from the FEM formulation needs to
be discussed.
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Figure 13.: Comparison of the transmission loss for different plate damping factorsηp calcu-
lated with SmEdA and FEM (frequency band width: 200 Hz)

In FEM a coupled fluid-structure system is described with a system of two coupled differential
equation – similar to the equations for the coupled oscillators, equation (12) – as follows [22]:

[
Ms 0
−CT M f

][
Ü
P̈

]

+

[
Ds 0
0 D f

][
U̇
Ṗ

]

+

[
Ks C
0 K f

][
U
P

]

=

[
Ls

L f

]

(42)

HereU is the displacement of the structure,P is the pressure in the fluid andMs, M f , Ds, D f ,
Ks, K f , Ls andL f are respectively the mass, the damping and stiffness matrices and the external
force vectors of the structure and the fluid. One important assumption of this formulation is that
the boundary surface of the cavity is considered as rigid anda vibrating boundary is modelled as
a source distributed across a rigid boundary [23]. In this way, the formulation, which describes
finally the interaction between bending modes of a structureand modes of a cavity, does not
respect the boundary conditions of the equality of the velocities on the surface. This means that
the mode summation converges to the correct surface pressure but produces a wrong normal
velocity on the boundaries [23]. On the contrary, the velocity boundary condition is takeninto
account in SmEdA (see chapter3.2). Such a discrepancy may not be a problem for a system
which consists of one structure and one fluid filled cavity as shown in chapter4.1. This is
also the configuration for that the FEM formulation, equation (42), was developed [23]. Yet a
complete and correct description of coupled fluid-structure problems has to respect the velocity
boundary condition [24]. The comparison of SmEdA and FEM for the two cases of excitation,
monopole and point force excitation, demonstrates that theinfluence of the boundary condition
may be small in the case of two coupled subsystems but huge in the case of three coupled
subsystems. Therefore, the FEM formulation seems to be a convenient method only in the case
of two coupled subsystem, for which it was developed.
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5. Conclusion

As shown in the previous examples for the transmission loss,the new extended SmEdA ap-
proach is an interesting alternative to the existing prediction models for vibro-acoustic systems,
especially in the frequency range below the critical frequency and for small systems with non
diffuse sound fields. Furthermore, this method demonstratesthat the transmission loss can be
smaller or much higher below the critical frequency for finite systems than the one predicted by
the often used infinite models, mass law and formula of Cremer.Another important advantage
of the extended approach is that contrary to the applicable FEM formulation SmEdA respects
the boundary conditions between subsystems and thus becomes useful for cases which consist
of more than two subsystems. Moreover, only one linear system of equations, equation (27), has
to be solved in SmEdA to get a result for a whole frequency band. This stands in strong contrast
with FEM which requires independent calculations for a lot of frequency steps. But on the other
hand FEM is needed to calculate first the eigenmodes and eigenfrequencies of the subsystems,
as analytic solutions exist only for simple cases. This alsoone reason for the increasing of the
computional time with the frequency, because the number of FEM elements have to increase
to predict modes at higher frequencies and so does the computational time. The second reason
for this problem is that also the linear systems of power balance equations, equation (27), in-
crease with the frequency because the mode density especially of cavities rise and so does the
number of modes. To sum up, SmEdA is now a numerical model thatcan be used in the whole
frequency range also for problems in which non resonant modes are necessary like for highly
damped systems or for narrow band excitations. Moreover, SmEdA can be used not only for
cases with simple geometries like in this article but also for real industrial applications with
complex geometries.
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Appendix

A. Transmission factor for a finite cavity-structure-cavity system

The transmission factor for finite cavity-structure-cavity system is , [25],

τ =
p2

2A2

p2
1S

(43)

where p2 and p1 are the effective values of the pressures in cavity one and two, A2 is the
equivalent absorption area of cavity two andS the surface of the plate. The pressure and the
equivalent absorption area in a cavityi are given by [26, 11]

p2
i =

ρic2
i Ei

Vi
(44)

and

Ai =
4ηiωcVi

ci
(45)
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whereρi, ci andVi are the density, the sound velocity and the volume of a cavityi andωc is the
central frequency of the excited frequency band.

B. Modes and Eigenfrequancies of finite plates and cavities

The eigenmodespqrs and eigenfrequenciesωqrs of parallelepipedic cavities are given by [25]

pqrs = cos

(
qπx
Lx

)

cos

(
rπy
Ly

)

cos

(
sπz
Lz

)

; q, r,s= 0,1,2,3, . . . (46)

and

ωqrs = c

√
(

qπ
Lx

)2

+

(
rπ
Ly

)2

+

(
sπ
Lz

)2

(47)

The eigenfrequenciesωs
mn and the modesWs

mn of a simply supported plate are

ωs
mn= π2

[(
m
Lx

)2

+

(
n
Ly

)2
]√

B
m

; m,n= 1,2,3, . . . (48)

and

Ws
mn= sin

(
mπx
Lx

)

sin

(
nπy
Ly

)

(49)

with the mass per areamand the bending stiffnessB of the plate.

C. Factors of the direct coupling factor of Lyon and DeJong

The correction factorβc for the the case of low modal overlap is specified by

βc =
1

{

1+

[
1

2π(β1,net+β2,net)

]8
}1/4

(50)

with the net effective modal overlap factor

βi,net =
πcgl

f ηi,netk2
i Vi

(51)

whereηi,net is the net effective loss factor. The latter is in a first approximation equal to the
damping loss factorηi of the cavityi. The factorI12 is approximately given by

I12 =
2k2

1Ap

π





(

1− k2
1

k2
p

)2(

1+
k2

1

πk2
p

)2

+8τ12,∞(0)

√

1+
2π f ηpρphp

2ρ1c1





(52)

and the normal incidence transmission coefficient is

τ12,∞(0) =
4ρ2

1c2
1

∣
∣2ρ1c1+ i2π f ρphp

∣
∣2

(53)

whereAp, ρp, hp, ηp andkp are the area, the density, the thickness, the damping factorand the
wave number of the plate and whereρ1 andc1 are the the density and the sound velocity of
cavity 1.
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D. Modes and modal works of infinite plates and cavities

The mode of the plateW2 and the cavitiesp1 andp3 can be described under the assumption of
an infinite plate arbitrarily with sine or cosine functions.But since the modal work, equation
(25), is only nonzero for in phase modes the mode shapes are determined as follows (see also
[1]):

p1 = p3 = cos

(
mπx
Lx

)

cos

(
nπy
Ly

)

cos

(
qπz
Lz

)

; m,n,q= 0,1,2,3, . . . (54)

W2 = cos

(
rπx
Lx

)

cos

(
sπy
Ly

)

; r,s= 0,1,2,3, . . . (55)

The corresponding modal masses are given by

M1 = M3 =
2δmnq

8

(
LxLyLz

ρ1c2
1ω2

1

)

(56)

M2 =
∫

V2

ρ2W2dV2 =
2δrs

4
LxLyhρ2 (57)

whereLx, Ly andLz are the lengths of the cavities in the direction of the three dimension andh
andV2 are the thickness and the volume of the plate. For the modal work W12 it follows using
equations (25), (54) and (55):

W12 =
∫

S
pi(S)W2dS=







0 for
r
Lx

6= m
Lx

or
s
Ly

6= n
Ly

LxLy

4
for

r
Lx

=
m
Lx

and
s
Ly

=
n
Ly

LxLy for r = m= s= n= 0

(58)

The missing information on the depthLz in equation (56) is derived from Newton’s third law,
which is used in the original derivations of the mass law and the formula of Cremer. Assuming
the hypothesis ”blocked pressure” this law reads as follows:

ρ2hap = pe+ pr = 2pe (59)

wherepe andpr are the pressures of the incident and the reflected wave andap is acceleration
of the plate. The pressurepe can be written as

pe = ρ1Leae (60)

with a lengthLe and a accelerationae in the direction of the incident wave. The relations
betweenap andae and betweenLe and the depthLz in the z-direction are given by

ae =
ap

cosϑ
(61)

Le =
Lz

cosϑ
(62)

whereϑ is the incident angle (see Figure14). It follows therefore through insertion of equations
(60) to (62) in equation (59):

Lz = h(cosϑ )2 ρ2

2ρ1
(63)
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Figure 14.: Sketch of the transmission problem

E. Relation between the bending wave frequency and the frequency of
the incident wave

The bending wavelength of the plate is described as fellows [27]:

λB =
2π√
ω2

4

√
B
m2

(64)

In the infinite models only the bending wave with the wavelength of the incident wavelengthλe

projected on the plate is excited. This means that

λB =
λe

sinϑ
=

2πc1

ω1sinϑ
(65)

From these two equations it follows for the relation betweenthe free bending wave frequency
and the frequency of the incident wave:

ω2 = ω2
1

(
sinϑ

c1

)2√ B
m2

(66)

Bibliography

[1] M. Heckl, The tenth Sir Richard Farey memorial lecture: Sound transmission in buildings,
Journal of Sound and Vibration 77(2) (1981) 165–189.

[2] J. Rayleigh, The theory of sound, vol. 2, Dover Publications, 1945.
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