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Generation of zonal winds in 
atmosphere and core 

(alternative mechanism for 
patterns, dynamo,...)

Chapitre 1
Avant-Propos

Nothing before had ever made me thoroughly rea-
lise, though I had read various scientific books, that
science consists in grouping facts so that general
laws or conclusions may be drawn from them.

Charles Darwin

Alors que je suis assis dans mon bureau à écrire mon manuscrit de thèse, j’ai l’impression
d’être immobile. Néanmoins, je suis en rotation permanente, et même, plus précisément, mon
mouvement, selon le référentiel d’étude, est composé de plusieurs rotations.

Figure 1.1 – Vue de Jupiter et
des vents zonaux en surface.

La Terre, par exemple, tourne sur elle-même, ce qui induit un
écoulement dans les enveloppes fluides de notre planète telles
que le noyau terrestre. En plus de cette rotation de la Terre sur
elle-même il faut tenir compte de la rotation de la Terre autour
du Soleil en une année. Ce problème semble déjà assez com-
plexe à cerner. Malgré cela, diverses perturbations s’ajoutent à
la rotation de la Terre : un mouvement de précession, une va-
riation temporelle de sa vitesse angulaire de rotation ainsi que
des déformations de marées générées par la Lune ou le Soleil.

Notons également que la Terre, comme la plupart des pla-
nètes et satellites, est composée de différentes couches. Parmi
celles-ci, certaines sont solides comme le manteau terrestre alors
que d’autres sont fluides comme le noyau externe. La mécanique
des fluides en rotation a été un domaine en pleine essor au cours
du XXe siècle afin de mieux appréhender la dynamique de notre
planète. Ce cadre théorique permet d’étudier la présence et l’in-
fluence d’instabilités, de turbulence ou d’ondes inertielles dans
les couches fluides des planètes et satellites.

Les forçages précédemment évoqués sont généralement de petites amplitudes mais peuvent
avoir une influence non négligeable sur la dynamique du fluide interne aux échelles planétaires.
Ceci nous conduit à la problématique générale de ce travail :

Investigation of internal structure
(Europa Jupiter System Mission : 
exploration of Jupiter’s moons)

Alban Sauret EFMC 9, Rome, 11/09/2012 

Internal structure of satellites!
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Applications
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Model : a rotating incompressible fluid enclosed in a container
Study of the generated flow
Evaluate the role of each process

2
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Longitudinal and latitudinal libration

Latitudinal libration: small oscillation 
of the rotation axis of container 

Longitudinal libration: small oscillation 
of the rotation rate of container 

!(!) = !" + "! cos(# !)

Rotation of a satellite at the mean angular velocity !"
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Ω(t) = Ω0 + δΩ cos(ω t)

Longitudinal/latitudinal 
libration (m=0)

Precession (m=1)

Fluid flows driven by harmonic forcing ?

Small amplitudes         Negligible forcings?

Harmonic Forcings

But can drive inertial waves & instabilities...

!(!) = !" + "! cos(# !)
!"#$ = !+

%

"
cos("#)

!" ∼
!#

!"
∼ #"−$! ∼ "!

!
∼ "#−$ − "#−%

Tides (m=2)
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1 - Theory of rotating flows

2 - Methods of investigations

7.2 Introduction Introduction
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Figure 7.10 – (Color online) Snapshot of the radial velocity field ur for E = 4 ·10−5, � = 0.8, (a) ω = 0.1
and (c) ω = 3. Corresponding power-spectrum of the axial velocity averaged over z for r = 0.2 and (b)
ω = 0.1 and (d) ω = 3.
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5 - Spontaneous generation of inertial waves

Outline
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3 - Mean zonal flow

4 - Resonance of inertial modes
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1 - Theory of rotating flows

2 - Methods of investigations

3 - Mean zonal flow

4 - Resonance of inertial modes

5 - Spontaneous generation of inertial waves

Outline
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Navier-Stokes equation

!"#$%&'($) *+
−,

!"#$%&'()*"+ !

!"#$%&'( )%*#"+ !

Dimensionless form:
∂u

∂!
+ "# (u ·∇)u+ !k × u = −∇$+ %"u

!"#$%&'()#*+,'-.&/ &**/-.&(-#0'1 !" � 2 3 #� 2

∂u

∂!
+ (u ·∇)u+ !"# × u = −∇"

#
+ $$u

!"#$%&'()*+%, %-.")$*/ $/ )0% &*)")$/1 2&"3% ") 4 = 45 k

!" =
!" #$#%&'

()*+),+' -)*%#
=
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From planets to laboratory

!"#$%&

!""#

!"

!!"#

!! =
!"#$

!"

!"#$ = !+
%

"
cos("#)!(!) = !" [#+ " cos(# !)]
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! ∼ !"−# − ! !! ∼ "− #
! ∼ !"−# − ! !! ∼ "− #

Frequency of the forcing

Planets
Laboratory

Libration Tides
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Libration Tides
Planets
Laboratory

Amplitude of the forcing !! ∼ ", #



From planets to laboratory

! ∼ !"−# − !"−$
Planets
Laboratory

Ekman number ! =
"

!" #
#
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Inertial waves are usually damped by viscosity but can be forced...

Inertial waves

Coriolis force: restoring force

!" #$%&'#() *(+%, -"& ! > .

∂u

∂!
+ "# (u ·∇)u = −∇$+ %!u− "k × u
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Plane inertial waves

u = u! "
#(!" "+!# #+!$ $−% &)

!"#$%&#"'( &%)*+"'(, ! = -
"#
|k| = - cos $

! Inertial waves
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Equation for the inertial waves

	�������$!�#������!�#���������������&��'������#$���������!�#������
��������������������
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∂v

∂t
+ (v ·∇)v + 2Ω× v = −∇P + E∇2v

v = v0 e
i(ω t+m θ)

ω: frequency
m: azimuthal wavenumber

Görtler (1957)



Inertial modes
Bounded volume (sphere, cylinder)
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wave becomes phase-coherent, 
multiple reflection : resonance

inertial modes
076602-10 Boisson et al. Phys. Fluids 24, 076602 (2012)
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FIG. 5. Spatial structure, in the vertical plane y = 0, of the oscillating flow excited with ε = 0.04 and at frequency σ 0/2#0
= 0.674 (a)−(c) and σ 0/2#0 = 0.648 (d)−(f). (a), (b), (d), and (e) correspond to the experimental fields extracted by temporal
band-pass filtering around the excitation frequency. (c) and (f) show the corresponding numerical inviscid modes [2,1,+] and
[2,2,+] expected at the same frequency. The libration phase is σ 0t = 0 for (a) and (d), and σ 0t = π /2 for (b) and (e). The gray
shade/color maps the normalized vorticity field ωy/max|ωy|. Resolution of the velocity fields has been reduced by a factor 5
for better visibility (see also Ref. 32).

a good visual correspondence with the experimental fields. Although the vorticity patterns of modes
[2,1,+] and [2,2,+] look similar, with four extrema of alternate signs, their velocity fields are very
different: the vertical velocity is maximum on the vertical axis for [2,1,+], but it is zero for [2,2,+].
The smooth pattern of ωy found experimentally in Fig. 5(b) matches actually well the prediction for
[2,1,+]. On the other hand, the comparison fails for Fig. 5(e), both for the velocity and vorticity
fields, suggesting that the mode [2,2,+] cannot be excited by the longitudinal libration.

We can interpret these observations as follows. For σ 0/2#0 = 0.674, the flow is a superimposition
of the pattern of propagative edge beams and a resonant stationary [2,1,+] mode. Whenever the
libration angle is zero (i.e., at phases σ 0t = 0 and π ), the instantaneous amplitude of the [2,1,+]
mode vanishes, and only the edge beams remain visible. Turning now to the case σ 0/2#0 = 0.648,
the mode [2,2,+] is apparently not excited, and the edge beam pattern remains visible all the time.
Interestingly, it seems that a flow reminiscent of the mode [2,1,+] is excited instead (see Fig. 5(e)),
although with a weak amplitude, probably because of the closeness of the eigen frequencies (less
than 4%) of the two modes. It will indeed be confirmed in Sec. VI that the resonance of the [2,1,+]
mode spreads over a significant frequency range because of viscosity.

C. Flow in the horizontal plane

We finally turn to visualizations in the horizontal plane z = 4L/3, still for the two frequencies
σ 0/2#0 = 0.674 and 0.648. In order to focus on the wave component of the flow, we remove, in the

Boisson et al., Phys. Fluids, 24 (2012)
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Key features
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Resonance of 
inertial modes and 
intense zonal jet

Instabilities and 
spontaneous generation

of inertial waves

7.2 Introduction Introduction
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Figure 7.10 – (Color online) Snapshot of the radial velocity field ur for E = 4 ·10−5, � = 0.8, (a) ω = 0.1
and (c) ω = 3. Corresponding power-spectrum of the axial velocity averaged over z for r = 0.2 and (b)
ω = 0.1 and (d) ω = 3.
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Mean zonal flow 
generation by Ekman 

layers
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1 - Theory of rotating flows

2 - Methods of investigations

3 - Mean zonal flow

4 - Resonance of inertial modes

5 - Spontaneous generation of inertial waves

Outline
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From planets to the laboratory
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!"#$%&

!""#

!!"#

!! =
!"#$

!"

!"#$ = !+
%

"
cos("#)

!!"#

!!"#

rolls

rolls

Malkus W.V.R., GAFD, 48 (1989)
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Experimental setup
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From sphere to spherical shell
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Addition of an 
inner core
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Numerical method

axisymmetric
finite element 

fully nonlinear
time-stepping
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1 - Theory of rotating flows

2 - Methods of investigations

3 - Mean zonal flow

4 - Resonance of inertial waves

5 - Spontaneous generation of inertial waves

Outline
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Experimental observations

!" = #!" + $
#
!",#

! =
"

!" #
#

!(!) = "+ " cos(# !)Longitudinal libration in a sphere

solid-body
rotation

mean zonal
 flow

Estimation?
Calculation?

Busse, JFM, 650 (2010)

! = !."

! = !.!"× !#−"

! = !.!"

Sauret et al., JFM, 662 (2010)
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E

a

1 + cos( t)α ε ω

1 + cos( t)ε ω

a =
Ri

Re
(1)

Ωe = Ω0 + δΩe cos(ωlt) (2)

Ωi = Ω0 + δΩi cos(ωlt) (3)

Ωe = 1 + ε cos(ωt) (4)

Ωi = 1 + εα cos(ωt) (5)

E =
ν

Ω0R2
e

(6)

ε =
δΩe

Ω0
(7)

ω =
ωl

Ω0
(8)

α =
δΩi

δΩe
(9)

1

a =
Ri

Re
(1)

Ωe = Ω0 + δΩe cos(ωlt) (2)

Ωi = Ω0 + δΩi cos(ωlt) (3)

Ωe = 1 + ε cos(ωt) (4)

Ωi = 1 + εα cos(ωt) (5)

E =
ν

Ω0R2
e

(6)

ε =
δΩe

Ω0
(7)

ω =
ωl

Ω0
(8)

α =
δΩi

δΩe
(9)

1

a =
Ri

Re
(1)

Ωe = Ω0 + δΩe cos(ωlt) (2)

Ωi = Ω0 + δΩi cos(ωlt) (3)

Ωe = 1 + ε cos(ωt) (4)

Ωi = 1 + εα cos(ωt) (5)

E =
ν

Ω0R2
e

(6)

ε =
δΩe

Ω0
(7)

ω =
ωl

Ω0
(8)

α =
δΩi

δΩe
(9)

1

Longitudinal libration
frequency of libration
amplitude of libration of the outer sphere
amplitude of libration of the inner sphere

ωl

δΩe

δΩi

a =
Ri

Re
(1)

Ωe = Ω0 + δΩe cos(ωlt) (2)

Ωi = Ω0 + δΩi cos(ωlt) (3)

Ωe = 1 + ε cos(ωt) (4)

Ωi = 1 + εα cos(ωt) (5)

E =
ν

Ω0R2
e

(6)

ε =
δΩe

Ω0
(7)

ω =
ωl

Ω0
(8)

α =
δΩi

δΩe
(9)

1

external radius
Geometry: spherical shell

internal radiusRi

Re

Mathematical formulationa =
Ri

Re
(1)

Ωe = Ω0 + δΩe cos(ωlt) (2)

Ωi = Ω0 + δΩi cos(ωlt) (3)

Ω = 1 + � cos(ωt) (4)

Ω = 1 + �α cos(ωt) (5)

E =
ν

Ω0R2
e

(6)

� =
δΩ

Ω0
(7)

ω =
ωl

Ω0
(8)

1

Fluid: rotating, incompressible,

ν
Ω0

kinematic viscosity
mean rotation rate

homogeneous, viscous
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Sauret et Le Dizès, JFM, (in press)
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Framework of the asymptotic analysis

−
−

=

(u ·∇)u

u = u + u + u

Solid body 
rotation

u! = ! e"
Harmonic flow 

induced by libration

u! = ũ! "
# ! "

Double-harmonic flow 
+ Mean flow correction

u! = ũ! "
! # ! " + ū!

weakly nonlinear analysis! � !

Boundary layer analysis!� !

! > ! No inertial wave
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Harmonic flow structure

In the Stokes-Ekman layer ũ! ∼
sin !

"

�
#
−"+ #̃ + #−"− #̃

�
e$

!̃ =
!− !√
"

!± = (!+ ")

�
"

#
± cos #

ũ! = "(
√
!)In the bulk

Stokes-Ekman layers

!"#

!$#

!"#

bulk

u = u + u + u

!(! "/#)

!(! "/#)

u! = ũ! "
# ! "
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Second harmonic & mean flow correction

Alban Sauret Harmonic forcing in rotating flows      01/02/2013

Sauret et Le Dizès, JFM, (in press)

∂U!

∂!
= " Taylor-Proudman theorem

Non linear interactions in the Ekman layers

Stationary flux in the bulk

Equilibrium of the flux: induced the mean zonal flow

!

Generated by the non-linear interactions u! = ũ! "
! # ! " + ū!

!

Bulk II

Bulk I

19

In the bulk:
∂U!

∂!
+ (U" ·∇)U" + !k×U! = −∇"! + ##U!

= !(! ) = !(! )= !(")



Second harmonic & mean flow correction

Solution in Bulk I
X!(!) = F(!;")

!"(!) = #

Solution in Bulk II

!"(!) =
F(!;")− #"$"F(!/$;")

" (#− !")#/$ + " [#− (!/$)"]#/$

X!(!) =
"!#!("− !!)"/#F(!/#;$) +

�
"− (!/#)!

�"/# F(!;$)

("− !!)"/# + ["− (!/#)!]"/#

!"! =

√
#

$

∂"!
∂$

!!" =
X"
"

!"! =
"

#

∂X!
∂#
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Sauret et Le Dizès, JFM, (in press)
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Generated by the non-linear interactions u! = ũ! "
! # ! " + ū!

!

Bulk II

Bulk I
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Second harmonic & mean flow correction

with

Annexe A : Compléments au chapitre 3

où les coefficients s+ et s− sont définis par :

s+ =

�
ω

2
+ cos θ et s− =

�
ω

2
− cos θ. (A.13)

1.2 Expression de la fonction F(ρ;ω)

Pour une fréquence de libration longitudinale ω > 2, l’expression suivante de la fonction F(ρ;ω),
avec ρ = sin θ, s’applique :

F(sin θ;ω) =
�
(s+3 + s−3) sin

4 θ

32 s+2 s−2
+
(s− − s+) cos θ sin2 θ

8

� �
s+ −

√
cos θ

s+2 + cos θ
−
s− −

√
cos θ

s−2 − cos θ

�

+
sin2 θ(s+ +

√
cos θ)

32 s+3(cos2 θ + 4 s+4)

�
2 s+

2 − 2 s+
√
cos θ + cos θ

� �
sin2 θ + 4 s+

2 cos θ
�

+
sin2 θ(s− +

√
cos θ)

32 s−3(cos2 θ + 4 s−4)

�
2 s−

2 − 2 s−
√
cos θ + cos θ

� �
sin2 θ − 4 s−2 cos θ

�

−
sin2 θ

32 s−3 s+3 (s−2 + s+2) [s−2 + s+2 + 2 s+
√
cos θ + cos θ]2

�
(s−
2 + s+

2)[s−
6 + 7 s+

2 s−
4 + 8 s−

7 s+
3 − 7 s−2 s+4 + 16 s−5 s+5

− s+6 + 4 s+3 s−3 (−3 + 2 s+4)] + [4s−6s+ − s−4s+3 − 16s−2s+5 − 3s+7

+ 4s−
5s+

2(−3 + 16s+4) + s+4s−3(−19 + 32s+4) + s−7(−1 + 32s+4)]
√
cos θ

+ [4s−
8s+

2 − 3s+6 + s−6(1− 20s+4) + s−2s+4(−11 + 4s+4)
+ 4s+

3s−
3(−3 + 16s+4) + s−5(−4s+ + 64s+5) + s−4(s+2 − 20s+6)] cos θ

− [4 s−7 s+2 + 4 s−6 s+3 + s+5 + 56 s−4 s+5 + s−3 s+2 (3− 76 s+4)
+ s−

5 (1− 8 s+4) + 3 s+3 s−2 (1− 4 s+4)] cos3/2 θ
+ [−s−8 − 4s−6s+2 − 4s+3s−5 − 48s−4s+4 + 60s+5s−3 + 20s−2s+6 + s+8] cos2 θ
+ [s−

7 − 4s−6s+ + 8s−5s+2 − 11s−4s+3 + 31s+4s−3 + 20s−2s+5 + 3s+7] cos5/2

+ [−s−6 + 4 s−5 s+ − s+2 s−4 + 12 s+3 s−3 + 11 s−2 s+4 + 3 s+6] cos3 θ

+ (s−
5 + 3 s−

3 s+
2 + 3 s+

3 s−
2 + s+

5) cos7/2 θ
�

+
sin2 θ

4
. (A.14)

La définition des coefficients s+ et s− reste inchangée :

s+ =

�
ω

2
+ cos θ et s− =

�
ω

2
− cos θ. (A.15)

Dans le cas où la fréquence de libration longitudinale ω est inférieure à deux, l’expression (A.14)
s’applique pour ρ > ρc =

�
1− ω2/4. Par contre, pour ρ < ρc , nous devons utiliser l’expression

186

!± =

�
"

!
± cos #

!"#$% &'( ! > )
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Solution in Bulk I
X!(!) = F(!;")

!"(!) = #

Sauret et Le Dizès, JFM, (in press)

!"! =

√
#

$

∂"!
∂$

!!" =
X"
"

!"! =
"

#

∂X!
∂#

Generated by the non-linear interactions u! = ũ! "
! # ! " + ū!
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! = " !

!
!/"

!
!/"!

!/"!

!""#$

!"#$

Stewartson layer structure

smoothing of azimuthal velocity
!"#$%&'( )*#$% +',$% E !/"

!̃ = (! − ")/
�
(!− "")#/$ # !/%

�
!!" ∼

F(";#)

"
− " $ #" $−%̃

!"#$%"&' ()#$% *&+$% E !/"

smoothing of axial vorticity
!"! = #

−"/# $ $! %

("− %!)%/&

!̄ = ("− !)["/(!# ! ("− "!)!)]"/#

!""#$ %&'#$ E !/"

smoothing of axial velocity

!"! ∼ # "/#!
$$ %%!

& &'/!& ('− &!)!"/&#
J

�
"√
'− &!

,
' − &

# '/( ('− &!)'/)

�

Sauret et Le Dizès, JFM, (in press)
Stewartson, JFM, 26 (1966)
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Second harmonic & mean flow correction

Sauret et Le Dizès, JFM, (in press)

2 Solution dans les couches de Stewartson

suivante :

F(sin θ;ω) =
sin2 θ
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Ici, les coefficients l+ et l− sont définis par

l+ =

�
cos θ +

ω

2
et l− =

�
cos θ −

ω

2
. (A.17)

2 Solution dans les couches de Stewartson

Dans cette section, nous présentons les solutions utilisées au chapitre 3 dans les différentes
couches de Stewartson au voisinage du cylindre tangent au noyau interne, situé en ρ = a. Cette
analyse suit principalement le calcul effectué par Stewartson (1966) dans le cas de deux sphères
concentriques en rotation à des vitesses angulaires différentes. Dans toutes les couches, les fonc-
tions ψ2 et χ2 sont reliées, à l’ordre dominant en Ekman, par le même système d’équations que
l’on écrire en coordonnées cylindriques sous la forme

2
∂χ2
∂z
= E

∂4ψ2
∂ρ4
, (A.18a)

−2
∂ψ2
∂z
= E

∂2χ2
∂ρ2
, (A.18b)

où ρ et z sont les coordonnées cylindrico-polaires radiale et axiale. Dans les deux couches externes
(voir figure 3.6), la fonction χ2 demeure, à l’ordre dominant en E, indépendante de la coordonnée
axiale z , de telle sorte qu’une relation simple existe entre ψ2 et χ2. Cette relation s’obtient en
intégrant (A.18b) par rapport à z :

ψ2(ρ,z) = −E
z

2

∂2χ2
∂ρ2

+ B(ρ) (A.19)

où B(ρ) est une fonction à déterminer dans chaque couche externe.
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Deviation to solid-body rotation

Limit →

Busse, JFM, 650 (2010)

! � " � ! ! � " � !

Sauret et Le Dizès, JFM, (in press)
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Comparison and scalings
Sauret et al., JFM, 662 (2010)
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Independent of the 
Ekman number
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Comparison and scalings
Sauret et Le Dizès, JFM, (in press)
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Analogy between azimuthal and time forcing

Tides (m=2) forces a flow 
of azimuthal wavenumber 

m=2

Libration (m=0) forces a 
flow of azimuthal 
wavenumber m=0

Double-harmonic flow 
+ Mean flow correction

Solid body 
rotation

Mean zonal flow (axisymmetric & steady)

−
−

=

(u ·∇)u

=

(u ·∇)u
−

−

u = u + u + u

Harmonic flow

Sauret A. (submitted to Physica D)
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2 - Methods of investigations
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4 - Resonance of inertial modes

5 - Spontaneous generation of inertial waves
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Kalliroscope vizualisation
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Ingersoll 1990 

Kalliroscope vizualisation

Presence of a differential rotation! = !."× !#−$% " = #.#$% &# = #.!'
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Influence of the frequency
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PIV Measurements
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Influence of tides amplitude
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Influence of the Ekman number
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Shear instability
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Shear instability
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Shear instability - scaling
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Shear instability - scaling
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Shear instability - scaling
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Viscous damping term: 

Inviscid criterion:

Experimental results:

Shear instability - scaling
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Ωorb/Ωspin = 0.39

Presence of an inner core
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Instability near the 
outer boundary

Taylor-Görtler vortices

Centrifugal instability
!"#$%&'(%#)* *%+,)&%"#- .(!) = /+ " cos(# !)

Noir et al., PEPI (2009)
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Centrifugal instability
!"#$%&'(%#)* *%+,)&%"#- .(!) = /+ " cos(# !)

Noir et al., PEPI (2009)

J. Noir et al. / Physics of the Earth and Planetary Interiors 182 (2010) 98–106 101

Fig. 2. Taylor–Görtler vortices along the sidewall at the end of the retrograde phase
(˝ = ˝0 − !"ωL). The control parameters in this case are ε = 0.35 and E = 5 × 10−5.
The vertical bar in the center in the image is an aluminum tie rod that connects
device’s top and bottom lids.

instabilities in the form of Taylor–Görtler vortices (e.g., Saric, 1994)
that are confined to the outermost region of the fluid (see Fig. 2).
For large enough ε, the Taylor–Görtler vortices become wavy and
eventually turbulent. No clear transition has been found between
the Taylor–Görtler vortices, the wavy Taylor–Görtler vortices and
the boundary turbulence. Thus, we consider all three to define the
unstable regime. The Taylor–Görtler vortices form primarily dur-
ing the portion of the libration cycle when the shell moves in the
opposite direction to the turntable (retrograde phase) and dissipate
during the rest of the cycle (prograde phase). Similar observations
in spherical shell geometries have been reported by Aldridge (1967)
and Noir et al. (2009).

In the straight cylinder used in the present study, the
Taylor–Görtler vortices and the boundary turbulence appears at
nearly the same time everywhere along the sidewall, as shown in
Fig. 2. As a consequence, we expect any effects of side wall insta-
bilities on the interior flow to be enhanced in a straight cylinder. In
contrast, in a spherical cavity, these instabilities tend to form near
the equatorial region and travel toward the poles due to the advec-
tion from the Ekman pumping (Aldridge, 1967; Noir et al., 2009;
Calkins et al., in press). However, at planetary settings (E ! 10−10),
the Ekman pumping, which is proportional to E1/2 is expected to be
negligible. Thus, the boundary layer instabilities will tend to remain
confined to the equatorial region in a spherical shell at planetary
conditions (Calkins et al., in press).

Fig. 3 represents a compilation of our observations in an (E, ε)
parameter space. The transition from the stable to unstable regime
is well characterized by a constant boundary layer Reynolds num-
ber based on the thickness of the sidewall Stewartson layer, Rebl.
This critical boundary layer Reynolds number, Re∗

bl , represents the
limit above which the adverse gradient of angular momentum over-
comes viscous damping in the boundary layer. We performed a
linear regression on the data points on each side of the transition in
Fig. 3 to determine the critical value of the boundary layer Reynolds
number. We obtain Re∗

bl = 250 ± 5, where the mean value is shown
in Fig. 3. This result can be recast in terms of a critical librational
forcing parameter εc:

εc = Re∗
blE

3/4 (15)

Fig. 3. Compiled experimental results from direct visualization plotted in terms of
the libration forcing ε versus the Ekman number E. Flow regimes: stable bound-
ary layer (©); boundary layer instability (!); constant boundary layer Reynolds,
Rebl = 250 (solid black line).

Further discussions of centrifugal instabilities in librating sys-
tems can be found in Noir et al. (2009) and Calkins et al. (in press).

4.2. Libration-driven zonal flows

Radial profiles of azimuthal velocity have been acquired for
the 9 different parameter sets presented in Table 1. Fig. 4 shows
the six zonal velocity profiles at f = 1. Fig. 4a and c corresponds to
physical quantities; Fig. 4b and d represents the same data plot-
ted in terms of the dimensionless quantities. In the six profiles
presented here, the libration frequency is equal to the rotation
frequency, f = 1. In these cases, the librational forcing parame-
ter, ε, reduces to the amplitude of libration. The first and second
rows in Fig. 4 correspond, respectively, to ε = 0.4 (!" ≈ %/8) and
ε = 0.8 (!" ≈ %/4). In each plot we present the velocity pro-
files for three values of the Ekman number E = 10−4, E = 5 × 10−5

and E = 3 × 10−5, which correspond, respectively, to ˝0 = 14 rpm,
˝0 = 24 rpm and ˝0 = 40 rpm. All of our experiments are carried
out in the unstable regime. (LDV measurements were not possible
in the stable regime due to the small velocities generated at low
ε.) For E = 10−4 and E = 5 × 10−5, both ε = 0.4 and ε = 0.8 correspond
to cases with nearly axisymmetric Taylor–Görtler vortices forming
near the sidewall. In contrast, for E = 3 × 10−5 and ε = 0.8, boundary
turbulence develops during the retrograde phase of the libration
cycle.

In all our experiments, we observe a retrograde flow that is char-
acterized by a nearly solid body rotation in the bulk of the fluid
(s ! 0.7). Between 0.9 ! s ! 0.98, a strong retrograde jet develops,
as seen in Fig. 4. In addition, we measure a prograde flow adjacent
to the sidewall. From Fig. 4b and d, it appears that the zonal flow
profiles converge with decreasing values of E.

Fig. 5a presents radial profiles of dimensionless velocities nor-
malized by ε2 for the f = 1 cases presented in Table 1. At first order,
the various profiles collapse onto the same curve for s ! 0.9. The
results of Figs. 4b, d and 5a suggest that, at low E, an asymptotic
regime exists where the f = 1 zonal flow in the interior (s ! 0.9) is
independent of Ekman and scales as ε2. Similar results are reported
in the numerical study in a spherical shell by Calkins et al. (in press).

The zonal flows we observe may be influenced by the dynamics
of inertial modes at f ≤ 2. To investigate this possibility, we have
carried out complementary experiments at E = 5 × 10−5, ε = 0.8 and
f = 0.5, 2 and 3 (see Table 1). Indeed, at different frequencies, differ-
ent inertial modes are excited, which may contribute to the zonal
flow. If so, we expect a different signature of the inertial mode con-
tribution to the zonal flow at f = 0.5, 1 and 2. For each f in the present
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Analytical determination of the threshold

Sauret et al., Phys. Fluids, 24 (2012)

Experiments (in a cylinder): at the threshold the instability is axisymmetric
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Threshold

Sauret et al., Phys. Fluids, 24 (2012)
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FIG. 5. (Color online) Critical amplitude εc/
√

E for the centrifugal instability obtained by the theory. Solid line: viscous
criterion ε
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√
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√
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The stability curve, defined by σ max = 0, is then given by a curve ε̃ = ε̃c(ω) which is a function
of ω only. Using the primitive variable, the viscous criterion for stability, therefore, reads

ε < ε(V )
c = ε̃c(ω)

√
2 E
ω

. (24)

In Figure 5, we have plotted ε(V )
c (ω)/

√
E as a function of ω. This plot is compared to the

non-viscous prediction ε(N V )
c (ω)/

√
E = 2/

√
ω. Note that when ω → 0, ε(V )

c ∼ ε(N V )
c . This is in

agreement with the system of equations (13)–(16) in which the viscous terms vanish as ω → 0.
However, both ε(N V )

c and ε(V )
c diverge as ω → 0. This divergence is associated with the blow

up of boundary layer thickness when ω → 0. In fact, this boundary layer does not blow up but
transforms into a Stewartson layer of thickness E1/4 when ω becomes of order E1/2 or smaller.
Under the hypothesis ω $

√
E , we never reach this regime. Moreover, we see that neglecting the

viscosity leads to a non-viscous criterion which decreases while increasing ω, in contradiction with
the experiments (see below). On the contrary, the viscous criterion has a correct tendency to increase
with ω.

The above viscous stability criterion has been obtained by considering the most unstable profile
in a frozen state. It should then, a priori, provide a lower limit for the critical destabilization
amplitude. In principle, as the base flow oscillates, a Floquet stability analysis should be performed
to obtain a more precise estimate for the critical amplitude but we discuss below why we do not
think that such a development is worthwhile. Finally, note that the above viscous stability criterion
has only assumed that the boundary layer is locally vertical. It should, therefore, apply close to the
vertical boundary of any axisymmetric containers. In particular, we expect the same criterion to
apply for the flow in a sphere near the equator. In Secs. III B and III C, the viscous stability criterion
is compared to the numerical simulations and experimental observations.

B. Influence of the Ekman number

Our numerical simulations allow us to recover the range of parameters explored in previous
experiments in the literature10 but also to increase the range of studied Ekman numbers. Moreover, we
can explore more precisely the transition between the stable/unstable regimes with the measurement
of the axial velocity. Finally, we can study the influence of the libration frequency which was not
investigated previously. The method used to determine the stability of the flow is the same as the
one used by Calkins et al.:9 for given E and ω, we start at an arbitrary amplitude of libration ε and
observe if the flow is stable (respectively unstable), then we increase (respectively decrease) the
amplitude of libration until we reach an unstable (respectively stable) regime. The determination
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Turbulent
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Generation of 
inertial waves

Transport of energy

wave energy focused in 
favorite wavelength and 

frequency
Sauret et al. (in prep.)
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Preliminary mechanism
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Focalisation & selection
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Figure 7.10 – (Color online) Snapshot of the radial velocity field ur for E = 4 ·10−5, � = 0.8, (a) ω = 0.1
and (c) ω = 3. Corresponding power-spectrum of the axial velocity averaged over z for r = 0.2 and (b)
ω = 0.1 and (d) ω = 3.
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