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Résumé

Résumé

Dans le Chapitre 1, nous explorons le comportement joint des variables d’une
marche aléatoire (Xi,...,X,) lorsque leur valeur moyenne tend vers l'infini quand
n — oo. Il est prouvé que toutes ces variables doivent partager la méme valeur,
ce qui généralise les résultats précédents, dans le cadre de grands dépassements de
sommes finies de i.i.d variables aléatoires.

Dans le Chapitre 2, nous montrons un théoreme de Gibbs conditionnel pour
une marche aléatoire (X7, .., X,,) conditionnée a une déviation extréme de sa somme
(S, = nay) ou (S, > na,) ou a, — oo. Il est prouvé que lorsque les opérandes
ont des queues légeres avec une certaine régularité supplémentaire, la distribution
asymptotique conditionnelle de X; peut étre approximée par la distribution tiltée
au point a, en norme de la variation totale, généralisant ainsi le cas classique du
LDP.

Le troisieme Chapitre explore le principe du maximum de vraisemblance dans
les modeles paramétriques, dans le contexte du théoreme de grandes déviations de
Sanov. Le MLE est associé a la minimisation d'un critere spécifique de type diver-
gence, qui se généralise au cas du bootstrap pondéré, ou la divergnce est fonction
de la distribution des poids. Certaines propriétés de la procédure résultante d’infé-
rence sont présenteés; 'efficacité de Bahadur de tests est également examinée dans
ce contexte.

Mots-clefs

Déviation extréme, Principe de Gibbs, Développements d’Edgeworth, Diver-
gence, Bootstrap pondéré

Abstract

In Chapter one, we explore the joint behaviour of the summands of a random
walk when their mean value goes to infinity as its length increases. It is proved that



all the summands must share the same value, which extends previous results in the
context of large exceedances of finite sums of i.i.d. random variables.

In Chapter two, we state a conditional Gibbs theorem for a random walk (X7, .., X,,)
conditioned on an extreme deviation of its sum (S, = na,) or (S, > na,) where
a, — o0o. It is proved that when the summands have light tails with some addi-
tional regulatity property, then the asymptotic conditional distribution of X; can
be approximated by the tilted distribution at point a,, in variation norm, extending
therefore the classical LDP case.

The third Chapter explores Maximum Likelihood in parametric models in the
context of Sanov type Large Deviation Probabilities. MLE in parametric models un-
der weighted sampling is shown to be associated with the minimization of a specific
divergence criterion defined with respect to the distribution of the weights. Some
properties of the resulting inferential procedure are presented; Bahadur efficiency of
tests is also considered in this context.

Keywords

Extreme deviation, Gibbs principle, Edgeworth expansion, Divergence, Weighted
bootstrap
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Introduction

What portion of a sample makes a statistics large ?

What is done in this thesis

Consider two independent random variables (r.v’s) with common standard nor-
mal distribution on R. The r.v’'s U = (X; + X3) /2 and V = (X; — X5) /2 are
independent, centered and normally distributed. Denote T" := X; + X5. Then the
distribution of (X3 /a, Xs/a) given T' > 2a is that of (U/a,U/a)+(V/a,—V/a) given
U > a. By independence of U and V' the pair (V/a, —V/a) goes to (0,0) as ¢ goes
to infinity. Since U is gaussian, U/a converges to 1 as a tends to infinity. Thus,
conditionally on X + X5 > 2a the pair (X;/a, Xs/a) converges to (1,1) as a tends
to infinity.

This example shows that for fired n, in some cases, the conditional distribution
of X7 = (Xy,...,X,) given (T}, :== X; + ... + X,, > na) concentrates on (a,...,a),
the point in R™ with all coordinates equal to a as a tends to infinity. This fact has
been considered in much greater generality in [4] for many kinds of statistics; this
question is of interest in statistics. In the case of a simple statistics as the sum
of the sample points, it leads to the well known typology of distributions in sub
and over exponential distributions. The extension of this work from fixed sample
size asymptotics to extreme deviations is the starting point of the first part of this
thesis.

The question to be addressed in this work can be written somewhat as follows :

We assume that the generic random variable is non negative and has a light
unbounded tail, namely that its moment generating function is finite in a non void
neighborhood of 0 and inf {x : P (X; > x) = 0} = +oo. We consider the statistics
T,, defined above.

Assuming that for any fixed n it holds

GILIEOP(X{L €aB,|T, >na) =0 (1)

for any Borel set B,, in R" such that (1,...,1) ¢ B,,.
Fix a sequence B,, and define a,, such that for any s > a,

sup P (X7 € sB,|T,, > ns) < 1/n.
S$>an
Such a, surely exists, and is of interest. Obviously we could have defined a,
through some other upper bound for the above probability, and the sequence a,,
depends on the sequence of sets B,,. The qualitative question raised by the existence
of such a,’s is the asymptotic behaviour of the whole sample X' as n increases
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when conditioning upon very rare events of the form (7,, > na,). In other words,
our question is :
For which classes of distributions and for which order of magnitude of the condi-
tioning barrier a,, do we have
lim P (NX; € (an, — en,an +,)|Tn > nay,) = 1.

n—oo

In the above display the sequence ¢, is also a part of the debate : can we have

lim ¢, =0
n—0o0

and, if yes, at which rate ?

Such questions are also of interest in many branches of physics; the illuminating
book by Sornette [75] and the paper by Frisch and Sornette [38] handle the notion of
so-called “democratic localization” of a sample, which correspond precisely to (1) for
fixed n and @ — oo. These authors explore the consequences of (1) in fragmentation
processes and in turbulence, among others; we do not enter these considerations,
out of the field of our knowledge.

Fixed sample size asymptotics have been considered by many authors; the book
by Field and Ronchetti [37] can be considered as a milestone in the area, and has
given rise to the interest for these question in statistical robustness analysis; we
may quote however that the topics considered in these approaches is anyhow different
from the one usually covered by robustness concepts, since small sample asymptotics
have to do with sampling under the assumed sampling scheme, and has nothing to do
with misspecification or outliers. The same approach is handled here. Other related
works, pertaining to fixed sample size asymptotics, include Jureckova ([51], [52] and
[53]), Kusnier and Mizera [57], and Broniatowski and Fuchs [17] among others.

The case when a = a,, grows together with n is clearly related to the extreme
deviation approach, extending therefore the Large deviation case to very rare events.
The papers by Broniatowski and Mason [21] and Nagaev [54] handle these topics.

The main result of the first chapter of this thesis is a characterization of sequences
a, and g, according to the form of the density of X;. By its very nature this result is
strongly dependent upon regularity conditions on the upper tail of the density. These
conditions are best stated in terms of notions imported from asymptotic analysis, as
developed in extreme value theory, with which it bears many similarities. However
we did not establish a precise link with the theory of extreme order statistics; this
link certainly exists, as could be argumented looking at Erdos-Rényi laws for the
largest local slopes of a random walk. An attempt in this direction is presented
shortly in the first chapter, when considering Erdos-Rényi laws for random walks
conditioned on a large deviation event pertaining to its sum. The order of magnitude
of the sequence a,, for which the sequence ¢, obeys lim,_,, €, = 0 is quite large.

Apart from arguments directly related to the proof of the result, it may also be
the case that the requirement that all the summands X;’s share the same behaviour
is quite strong. Besides its probabilistic content, this chapter bears a statistical
question which has been a main motivation for this work; somehow unexpectedly,
robustness and loyalty concepts do not coexist, at least when it turns to statistics.
This is the essence of a deep result by He, Jureskova, Koenker and Portnoy [46],
although not phrased as such in their paper ; we explore their statement and provide
some extension, according to our results, in the following paragraphs.
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Breakdown point, loyalty and robustness

For fized n, let X, ..., X,, be independently random variables distributed with a
common distribution F'(x), and which have a symmetric density f(—x) = f(x) with
x € R. Jereckova [52] shows the following result

Theorem 1. Let T, = X; + ... + X,,, if for someb >0 and r > 1

L —In(l— F(a))

a—00 ba"

=1 (A)

then
In P(|T,| > na)

abso In P(| X, > a)"

The breakdown point as a useful concept in robust statistics has been introduced
since 1970. Hodges [47] gave its oldest definition, Hampel [44] provided a much more
general but rather mathematical formulation, Donoho and Huber [33] introduced a
simple finite sample version of this concept. Let X = (z1,...,2,) denote a finite
sample of size n; we can corrupt this sample by replacing an arbitrary subset of
size m of X with arbitrary values. The proportion of such “bad values” in the new
sample X' is € = m/n. The breakdown point €* is defined as the least e such that

(X, T,) = inf {e

sup |T.,(X)/n — T.(X") /n| = oo}.

Of course, here T,,(X) could be some other statistics, but we are only interested
in the sample sum. Let m* denote the least m such that ¢* attains its minimum, He,
Jureskova, Koenker and Portnoy [46] showed

Theorem 2. Suppose that for any fized ¢ > 0, it holds

. —In(1-F(r+c)
M A Fa)) b (B)

then
In P(|T},| > na)

=n—-—m"+1.
S TP(Xy >a) T

Note firstly that (B) is commonly met ; for example all distributions with Weibull
tails satisfy (B).

Theorem is of great interest since it proves that the lack of robustness of T, ,
as measured by m*, has a strong impact on the weight of the tail behaviour of the
X,;’s in the large values of T,,. When m* = 1, as in the case when 7T,, is the sample
mean, then In P(|T,| > na) = In P*(|X3]| > a) (14 o(1)) as a — oo, which is to
say that T), would take very large and abnormal values only when all the summands
would (see the proof of Theorem 4 for an explanation of this fact). In some sense the
estimator of the mean is “loyal” with respect to the sampling, but is very “weak”
under contamination, which is the meaning of its lack of robustness.

At the contrary, consider a very “robust” statistics of location, the median. It is
well known, and easy to verify, that m* = n/2. Hence n — m* + 1 is minimal, which
proves that robust estimators are unfaithfull in alleagence under the sampling.



12 INTRODUCTION

This is indeed the starting point of our research. In this thesis, we only consider
the case of the empirical mean, for which m* = 1 whenever n is fixed or n tends to
infinity.

Evidently, for fized n, we have ¢* = 1/n and m* = 1. Hence Theorem 2 comes
back to Theorem 1. What interests us is : does Theorem 2 still holds if n goes to co
and a depends on n? When n tends to oo, we prefer the following definition of the
breakdown point

Definition 3. Let X = (z1,...,x,) be a infinite sample of size n, and corrupt this
sample by replacing an arbitrary subset of size m of X with arbitrary values. Denote
by X' the corrupted sample. The breakdown point €* is defined as the least € such
that

(X, T,) = inf {e

lim sup [7,(X')/T, (X)| = oo}.

By this definition, it is straightforward that m* = 1. As a result of this thesis
we obtain the following expansion of Theorem 2

Theorem 4. Let Xy,..., X, be i.i.d. real valued random wvariables with common
density f(x) = cexp (—(g(x) + q(z))), where g(x) is some positive convez function
on R™ and g is twice differentiable. Assume that g(x) is increasing on some interval
[X,00) and satisfies
lim g(z)/z = oo.
Let M(x) be some nonnegative continuous function on Rt for which
—M(x) < q(x) < M(z) for all positive x
together with
M(x) = O (log g(z))
as xr — 00.

Let a,, be some positive sequence such that a, — oo and €, = o(a,) be a positive
sequence. Assume

lim inf 7logg(an)
n—0o0 log n
nlogg (a, + €,)

>0 (0.0.1)

S ey 002)
lim ) _ (0.0.3)

n—oo H(an’ En)

where

H(am En) = min (Fg1 (am 6n)7 Fy, (an’ €n>> - ng(an)7
Glan) = g (an + g(in)> — g(an),

Fy (ay, €,) and Fy,(an, €,) are defined as in Lemma 1.5.1.
Then

lim In P(|T,,| > na,)

=1.
n—=o0 In P(|Xq| > a, — €,)"
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Proof :

P(NX; € (a, — en,an +,)|Tn > nay)
PNX; >a, —¢e,) P(X1>a,—¢e,)"

by Theorem 1.4.1, we have

P(|T,
lim (| 7| > nay,)

=1.
2 PIXT > an = )"

Hence the proof.

Evidently, condition (B) consists of a larger family of density functions than
condition (A). For example, if we set f(z) = cexp(—g(z)), then g(x) can be any
reqularly varying function such that condition (B) is satisfied. But it is not the case
for condition (A).

For applying the results of Theorems 1 and 2 to infinite sample and making a
depend on n, we have to impose further conditions on f(x). Roughly speaking, if
g(x) has the form of a power function, its exponent should be strictly larger than
1. However, our result applies to rapidly varying functions which do not satisfy
condition (B), namely, g(z) tends to oo faster than any power function.

Finally, for simplifying the proof, we suppose x > 0, but it is straightforward
that our results hold still for symmetric density f(z) = f(—=z) with z € R.

Extended Gibbs Principle under extreme deviation

The second chapter considers a Gibbs type result, namely a conditional limit
theorem under extreme deviation in the standard i.i.d. setting. The aim of this
chapter can be stated as follows :

We consider a point conditioning event of the form (7,, = na,,) where the sequence
a, tends to infinity. The chapter provides an approximation of the distribution of
X given (T, = na,) and some extension for the case when the conditioning event
is “thick”, namely (7}, > na,). Compared with the first chapter, it mainly quotes
that such sequences a,, grow to infinity in a much more moderate way. Note however
that the resulting behaviour pertaining to the summands is much weaker, since it
says nothing about the joint distribution of the X;’s.

The classical Gibbs conditioning result in its local form can be stated as follows :
Under (T,, = na) for fixed a # FX; and when X, satisfies a Cramer type condition

o(t) == EexptX; < o0
for ¢ in a non void neighborhood of 0

then
nh—>nolo [ L Pl

where ||®||,, is the total variation norm,

P, .(B):= P (X, € B|T,, = na)
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and I1* is the probability measure with density 7® defined through

exptx

w(x) == T 0(a)

with ¢ defined through (d/dt)log ¢(t) = a. See Diaconis and Freedman [32].

It is of some importance to consider the case when a is substituted by a,, — oo.
In some cases it can be seen that the distribution I1** tends to concentrate around
a, with a smaller and smaller variance; this is indeed the case when X; has a
Weibull distribution with a shape parameter larger than 1. This phenomenon would
obviously be compatible with the result of the first chapter. Therefore the aim of
the second chapter is to consider the validity of

nhjglo ||Pn,an - 1—IanHTV = 0.

This result requires a sharp extension of the local Edgeworth expansion for arrays of
r.v's Z;, of row-wise independent terms where the expectations of the independent
r.v’s (Zivkn)izl,...,kn go to infinity. This extension of Feller’s proof leads to the deve-
lopment of a new proof for the total variation approximation in the same spirit as
developed in Broniatowski and Caron [16]. The analytical form of the underlying
density p of X; borrows some properties from Nagaev [54] and are quite natural for
these problems.

What is not done in this thesis

Obviously the main question is the relation between the present approach and the
theory of extreme order statistics. It is well known that the asymptotic behaviour of
the maximal term of an i.i.d. sample X1, ..., X, approaches a,,, the quantile of order
1 —1/n of the distribution of X; when the tail of this distribution decays rapidly to
0, plus some regularity assumption. A simple sufficient condition is provided by a
criterion stated by Geffroy ([39] [40] and [41]) : whenever 1—F(z) = exp —za(x) log
for some function a(-) which tends to infinity as x tends to infinity, then X, , =
max(Xy, ..., X,,) almost surely satisfies

lim X, , —a, =0. (2)
n—oo
No attempt has been performed to put forwards any relation between this profound
result and the results presented in this thesis.

Also the following facts could (should?) have been studied in connexion with
the present attempt. We still consider the context of light tailed distributions. The
classical Erdos-Rényi law of large numbers asserts that the maximum local slope of
the trajectory of a random walk characterizes the distribution of the i.i.d. summands
when evaluated on blocks of length of order logn. More specifically, almost surely,
for any positive C'

Si+iClogn] = 5j

iy 1< <na]Cogn] C'logn =5 1 B Clogn = He)

where C' — I(C) characterizes the distribution of X;. When C'logn is replaced by
any larger window bin (in order of magnitude, obviously), then the strong law of large
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number applies, so that the limit in the above display is £ X;. This interesting result
can also be compared with the behavior of the local slope for blocks smaller than
C'logn. Not surprisingly the behaviour of this slope depends sharply upon the tail
behaviour of the distribution of X;. When (2) holds the a.s. asymptotic behaviour
of lim,, yoo Ay g, for “small” R, inherits from lim, ,oo A1 = lim, o0 X, . For
larger R,, (still smaller than logn in order of magnitude), then the situation may
be somehow different. We refer to Broniatowski [13] and Broniatowski and Mason
[21] for details. Clearly these facts may be put in relation with the present work :
on the one hand, in the realm of the classical Erdés-Rényi law, the ingredient in
the proof is related to a large deviation result pertaining to i.i.d. sequences, in the
spirit of Cramer or, for sharper results, of Petrov [70] or Hoglund [48] type. It can
readily be seen that the local behaviour of a random walk conditioned on a large
deviation event pertaining to its sum would require extreme deviation probabilities ;
this would be a natural extension of the present work.

Other extensions should be considered in relation with physics. We quoted the
papers by Frisch and Sornette [38], and the book by Sornette [75], which is in close
connection with the present problems on collective behaviour under a constraint.
In the same vein the model in fragmentation processes which is presented in this
book raises questions in accordance with the present cases. Extensions of the Gibbs
conditional principle as presented in Chapter 2 might be put in relation with clas-
sical statistical thermodynamics, for example assuming an increasing density (with
respect to the size of the system under consideration) for a system of particles. The
construction by Lanford [58] would then lead to the present setting (at least for zero
correlation description).

Maximum likelihood, large deviations and weighted sampling

What is done in this thesis

The third chapter of the thesis is of a quite different nature and handles some
topics in mathematical statistics.

It explores Maximum Likelihood paradigm in the context of sampling. It mainly
quotes that inference criterion is strongly connected with the sampling scheme ge-
nerating the data. Under a given model, when i.i.d. sampling is considered and
some standard regularity is assumed, then the Maximum Likelihood principle loo-
sely states that conditionally upon the observed data, resampling under the same
i.i.d. scheme should resemble closely to the initial sample only when the resampling
distribution is close to the initial unknown one.

Keeping the same definition it appears that under other sampling schemes, the
Maximum Likelihood Principle yields a wide range of statistical procedures. Those
have in common with the classical simple i.i.d. sampling case that they can be
embedded in a natural class of methods based on minimization of ¢p—divergences
between the empirical measure of the data and the model. In the classical i.i.d. case
the divergence is the Kullback-Leibler one, which yields the standard form of the
Likelihood function. In the case of the weighted bootstrap, the divergence to be
optimized is directly related to the distribution of the weights.

This chapter discusses the choice of an inference criterion in parametric setting.
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We consider a wide range of commonly used statistical criterions, namely all those
induced by the so-called power divergence, including therefore Maximum Likelihood,
Kullback-Leibler, Chi-square, Hellinger distance, etc. The steps of the discussion are
as follows.

We first insert Maximum Likelihood paradigm at the center of the scene, putting
forwards its strong connection with large deviation probabilities for the empirical
measure. The argument can be sketched as follows : for any putative # in the pa-
rameter set, consider n virtual simulated r.v’s X,y with corresponding empirical
measure P, . Evaluate the probability that P, g is close to P, , conditionally on P,,
the empirical measure pertaining to the observed data ; such statement is refered to
as a conditional Sanov theorem, and for any 6 this probability is governed by the
Kullback-Leibler distance between Py and Fp, where 07 stands for the true value of
the parameter. Estimate this probability for any 6, obviously based on the observed
data. Optimize in 6; this provides the MLE, as shown in the two cases of the i.i.d.
sample scheme ; our first example is the case when the observations take values in a
finite set, and the second case (infinite case), helps to set the arguments to be put
forwards. Introducing MLE’s through Large deviations for the empirical measure is
in the vein of various recent approaches; see Grendar and Judge [43].

We next consider a generalized sampling scheme inherited from the bootstrap,
which we call weighted sampling ; it amounts to introduce a family of i.i.d. weights
Wy, ..., W,, with mean and variance 1. The corresponding empirical measure pertai-
ning to the data set zy , ..., x, is just the weighted empirical measure. The MLE is
defined through a similar procedure as just evoqued. The conditional Sanov Theo-
rem is governed by a divergence criterion which is defined through the distribution
of the weights. Hence MLE results in the optimization of a divergence measure bet-
ween distributions in the model and the weighted empirical measure pertaining to
the dataset. Resulting properties of the estimators are studied, together with the
optimality of some weighting designs in the context of the Bahadur slope.

Optimization of ¢p—divergences between the empirical measure of the data and
the model is problematic when the support of the model is not finite. A number
of authors have considered so-called dual representation formulas for divergences
or, globally, for convex pseudodistances between distributions. We will make use of
the one exposed in [19]; see also [15] for an easy derivation. A somehow similar
approach, using variational techniques, has been proposed by Pelletier [69].

What is not done in this thesis

Two major questions are not discussed in this chapter.

The first one is related to the role of randomly weighting a dataset. The argument
may be seen as follows : randomly weighting data amounts to resampling ; indeed
consider the empirical distribution function F), pertaining to a dataset (Xi, ..., X},)
obtained through i.i.d. sampling with common d.f. F. Let Wy,...,W,, be i.i.d. non
negative random weights with mean 1 and F"Y denote the function defined through

1 n
EV(z) ==Y Wil{X,; <a}.
iz
Plugging this empirical distribution in place of the standard one in estimating equa-
tions produces a simple way to obtain realizations of estimators; indeed this pro-
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cedure is known as “wild bootstrap” or “weighted bootstrap” and the properties of
the resulting estimators, obtained through the classical MLE technique, for example,
have been considered in Barbe and Bertail [3] or Mammen [63]. However we conjec-
ture that weighting the empirical measure can be of greater generality ; this results
from various simulations in the field of biostatistics where this plug in has been
tested in estimating equations. The resulting estimators have been calculated using
the present MLE approach and the resulting estimate has been obtained averaging
the MLE’s obtained on each run. The theoretical aspects have still to be achieved.

The reciprocal question pertaining to weights is as follows : for a given statis-
tical criterion in the class of divergences, is it possible to determine weights such
that this criterion would have some good properties when used under this scheme ?
This question is relevant since the choice of a statistical criterion depends on the
requirement about accuracy ; for example the Chi square distance measures a mean
square relative error and is known to enjoy nice robustness properties. A systematic
approach of this question remains to be performed.






Chapter 1

Stretched random walks and
behavior of their summands

1.1 Context and scope

This paper considers the following question: Let X, X, ..., X, denote real valued
independent random variables (r.v’s) distributed as X and let S := X;+...+X,,. We
assume that X is unbounded upwards. Let a, be some positive sequence satisfying

lim a, = +oo. (1.1.1)
n—oo
Assuming that
Cy = (ST/n > ay) (1.1.2)

holds, what can be inferred on the r.v’s X;’s as n goes to infinity?
Let €, denote a positive sequence and let

I, =N (X, € (an — €nyan +€,)) . (1.1.3)
We consider cases when

nh_{glop(ln] C,) = 1. (1.1.4)
The relation between the various parameters in this problem is of interest and opens
a variety of questions. For which distributions Px pertaining to X is such a result
valid? Which is the acceptable growth of the sequence a,, and the possible behaviours
of the sequence ¢, such that

€n =0 (an) (115)
and is it possible to achieve
lim €, =0 (1.1.6)

under a large class of choices for Px?

In the case when the r.v. X has light tails conditional limit theorems exploring
the behavior of the summands of a random walk given its sum have been developed
extensively in the range of a large deviation conditioning event, namely similar as
defined by C,, with fixed a,, hence lower-bounding S, /n independently on n; the
papers [27], or [32] together with their extension in [30] explore the asymptotic
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properties of a relatively small number of summands; the main result in these pa-
pers, named as Gibbs conditional principle, lies in the fact that under such C,,
the X;’s are asymptotically i.i.d. with distribution II* defined through dlIl*(z) :=
(E (exptX)) " exp(ta)dPx(x) where ¢ satisfies F (X exptX) (E (exptX))™" = a; in
this range (1.1.6) does not hold. The joint distribution of X, .., X, given C,, (with
fixed a,) for large k, (close to n) is considered in [16].

Extended large deviations results for a,, — oo have been considered in [13], [21],
in relation with versions of the Erdos-Rényi law of large numbers for the small
increments of a random walk, and [54].

The case when X is heavy tailed is considered in [2] where the authors consider
the support of the distribution of the whole sample X, ..., X,, when C), holds for
fixed a,, .

A closely related problem has been handled by statisticians in various contexts,
exploring the number of sample observations which push a given statistics far away
from its expectation, for firzed n. Although similar in phrasing as the so-called
“breakdown point” paradigm of robust analysis, the frame of this question is quite
different from the robustness point of view, since all the observations are supposed
to be sampled under the distribution Py, hence without any reference to outliers or
misspecification. The question may therefore be stated as: how many sample points
should be large making a given statistics large? This combines both the asymptotic
behavior of the statistics (as a function defined on R™) and the tail properties of
Pyx. In the case when the statistics is S7"/n and X has subexponential upper tail, it
is well known that, denoting

Co:=(S7/n > a)

only one large value of the X;’s generates C, for a — oo; clearly S,/n is not a
loyal statistics under this sampling. This result turns back to Darling [29]. For light
tails, under C,, all sampled values should exceed a (indeed they should be closer
and closer to a as a — 00), so that S,,/n is faithful in allegiance with respect to the
sample. In this case, denoting

1, = m?:l (X,L > a)

it holds
ah_{goP(Ia| C,) =1 (1.1.7)

Intermediate cases exist, leading to partial loyalty for a given statistics under a given
sampling scheme. See [17], [8], and [4] where more general statistics than S, /n are
considered when a — co. According to the tail behavior of the distribution of X the
situation may take quite different features.

Related questions have also been considered in the realm of statistical physics.
In [38] the property (1.1.7) is stated in an improved form, namely stating that
when the X;’s are i.i.d. with Weibull density with shape index larger than 2 then
the conditional density of (X1, ..., X,,) given (S}'/n = a) concentrates at (a, ...,a) as
a — 00, which in the authors’ words means that the X;’s are democratically localized.
Applications of this concept in fragmentation processes, in some form of anomalous
relaxation of glasses and in the study of turbulence flows are discussed.
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We now come to a consequence of the present results considering the local be-
haviour of a random walk conditioned on its end value. Let S} := X; +... 4+ X, with
1 <1< 73<n andk =k, denote an integer valued sequence such that

k, <n

and
lim k,, = oo.

Let further '
Aj,n = ngif/k
denote the local slope of the random walk on the interval [j + 1,7 + k] where 1 <
Jj < n — k. The limit behaviour of maxi<;j<,—r A;, has been considered extensively
in various cases, according to the order of magnitude of k. The case k = C'logn for
positive constant C' defines the so-called Erdos-Rényi law of large numbers; see [35].
In the present case we consider random walks conditioned upon their end value,
namely assuming that
ST > na

for fixed a > EX. The path defined by this random walk exhibits anomalous local
behavior that can be captured through the extended democratic localization principle
stated in our results. Indeed there exist segments of length k, (say, k, has smaller
order than logn) on which the slope A;,, tends to infinity. Obviously, when «a is not
fixed but goes to infinity with n then the extended democratic localization principle
applies to the whole sample path of the random walk, and its trajectory is nearly a
straight line from the origin up to its extremity. When conditioning in the range of
the large deviation only, this property should hold locally; this will be studied in a
future work.

This paper is organized as follows. Section 2 states the notation and hypotheses.
Section 3 states the results in two cases; the first one pertains to the case when
X has a log-concave density and the second case is a generalization of the former.
Examples are provided. The proofs of the results are rather long and technical; they
have been postponed to Section 1.5.

1.2 Notation and hypotheses

The n real valued random variables X, ..., X, are independent copies of a r.v.

X with density p whose support is R*. As seen by the very nature of the problem

handled in this paper, this assumption puts no restriction to the results. We write
p(x) = cexp (—h(x))

for positive functions h which are defined and denoted according to the context, and
¢ is some positive normalized constant. For x € R™ define

[h (X) = Z h(fEl),

1<i<n
and for A a Borel set in R™ denote

[h<A) = inf Ih (X) .

x€EA
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Two cases will be considered: in the first one h is assumed to be a convex function,
and in the second case h will be the sum of a convex function and a “smaller” function
h in such a way that we will also handle non log-concave densities (although not too
far from them). Hence we do not consider heavy tailed r.v. X.

1.3 Random walks for log-concave Density under extreme
deviation

Lemma 1.3.1. Let g be a positive convex differentiable function defined on R, .
Assume that g is strictly increasing on some interval [Y,00). Let (1.1.1) hold. Then

I,(I; N C,) = min (Fgl(an, €n)s Fyy (an, en)),

where

1
Fyn(ans ) = glan + &) + (0= 1g (a0 = —e0)

and

1
Fy,(an, €,) = glan — €,) + (n —1)g (an + p— 1en> :

Theorem 1.3.1. Let Xy,..., X, be i.i.d. copies of a r.v. X with density p(z) =
cexp (—g(x)), where g(z) is a positive convezr function on R*. Assume that g is
increasing on some interval [Y, 00) and satisfies

lim g(z)/z = oo.

Let a,, satisfy

lim inf 710gg(an)
n—00 log n

>0 (1.3.1)

and that for some positive sequence €,

. nlogg(a, + €,)
lim
n—o00 H(CLn, En)
. nGl(ay)
lim o \%n/)
e H(an, en)

=0, (1.3.2)
=0, (1.3.3)

where
H(an, €,) = min (Fy, (ay,, €,), Fy,(an, €,)) — ng(an),

Glan) =g (an + g(i)> — g(an),

Fy (ay, €,) and Fy,(an, €,) are defined as in Lemma 1.5.1. Then it holds

lim P(I,|C,) = 1.

n—oo
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Remark 1.3.1. Conditions (1.3.1), (1.3.2) and (1.3.3) state the relations between
n, a, and €,. Roughly speaking, under condition (C,), in order that Xi,..., X,
concentrate in the “cube” I,,, we need to control the speed of €, such that it cannot
tend to 0 too fast which is characterized by conditions (1.3.2) and (1.3.3). Intuitively,
this is also correct because if the width (2€,) of the “cube” I, is too “thin”, then there
will be more outliers falling outside I,,.

Example 1.3.1. Let g(x) := 2°. For power functions, through Taylor expansion it
holds

g (an + (1> —glan) = f +o (;) = o (logg(ax))

g(an) n n
hence condition (1.3.3) holds as a consequence of (1.3.2). If we assume that €, =

o(ay), by Taylor expansion we obtain

min (Fg1 (an, €n), Fyy (an, en)) = na’ + Cé%aﬁ”ei + o(aP2e2).

Condition (1.8.2) then becomes

. nloga,
lim —5——
n—00 an 6%

— 0. (1.3.4)

Case 1: 1 < 3 <2.
To make (1.3.4) hold, if we take n = a2 with 0 < o < 3, we need €, be large

enough, specifically,
vVnloga, =o(e,) = o(ay)

[N

1—
Qn

which shows that €, — 0.

Case 2: (> 2.

In this case, if we take n = a% with 0 < o < § — 2, then condition (1.3.4)
holds for arbitrary sequences €, bounded by below away from 0. The sequence €, may
also tend to 0; indeed with €, = O(1/logay,), condition (1.3.4) holds. Also setting
a, ‘= n® for o« > 1/(8 — 2) there exist sequences €, which tend to 0 such that the
conclusion in Theorem 1.3.1 holds.

Example 1.3.2. Let g(x):=e®. Through Taylor expansion

o (ot ) st =140 () = ollozstan) = o (e,

g(az) n
and if €, — 0, it holds

6“”6721 + O(Ga"€2 ).

min (Fy, (an, €,), Fy, (an, €,)) = ne™ + = o

2n—1

Hence condition (1.3.3) follows from condition (1.3.2); furthermore condition (1.3.2)
follows from

na,

lim =0
n—oo eln 6%

if we set a, = n® where o > 0 then condition (1.3.3) holds, and €, is rapidly
decreasing to 0; indeed we may choose €, = o(exp(—a,/4)).
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Corollary 1.3.1. Let X1, ..., X, be independent r.v’s with common Weibull density
with shape parameter k and scale parameter 1,

p(z) =

kak—le=="  when z >0
0 otherwise,

where k > 2. Let

1

a, = ne, (1.3.5)
for some 0 < a < k — 2 and let €, be a positive sequence tending to 0 such that

1-(k—2)/a
lim — logn _, (1.3.6)

n—o0 6%

Then
,}EEOP(IHCn) =1.

Proof. Set g(x) = 2* — (k—1) log z, which is a convex function for k¥ > 2. Also when

r — 00, ¢'(z) and ¢”(z) are both infinitely small with respect to g(x) as z — oo.
Both conditions (1.3.2) and (1.3.3) in Theorem 1.3.1 are satisfied. As regards to

condition (1.3.3), notice firstly that, under the Weibull density by Taylor expansion

1
g(an + Gn) = g(“ﬂ) + g’(an)en + 59//(6%)6% +o (g//(an>€i) .
Hence it holds

log g (a, + €,) <log(3g(a,)) < log <3aﬁ) = log 3 + kloga,,. (1.3.7)

n—

Using Taylor expansion in g(a, + €,) and g (an - 6"1), it holds

Fyy(ans ) = n9(a,) = 9(an + €0) + (n = D)g (a0 = =< ) = ng(an)

= (s(00) + g'(an)eu + 39" @) +0 (53

2

+ ((n —Dg(an) — g'(an)en + ;g"(an)ne_" 1 +o (g”(a@ei)) —ng(an)

_1 " 2 " 2 _k(k_1> k—2 2 k=2 2
- 59 (an>€n +o0 (g (an)6n> - Tan €n +o (an €n> :

In the same way, it holds when a,, — co
Eyy(an, €,) —nglay,) = ————2a"2e2 + o (afl_Qei) :
Thus we have

H(an, €,) = ——a"22 40 (ak_Qez) . (1.3.8)
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Hence, when n — oo, with (1.3.7), (1.3.8), the condition (1.3.2) of Theorem (1.3.1)
becomes

nlog g (a, + €,) < nlog3 + knlog a,

H(an,€,)  — @aﬁ—%ﬁ + o (ak—2€2)
2knlog ay,, 8 nloga,

k(k=1) k—2.2 Lk — k—2.2
Ty ey k=1 ag2€

<

The last step holds from conditions (1.3.5) and (1.3.6). As for condition (1.3.3)
of Theorem 1.3.1, when a,, — o0, it holds

nG(an) = ng (an + g !

an)> —ng(an)

(
— nala ngl(an) o g'(a,) — nala
= ng(an) + g9(an) " <g<an)> 9(an)
. ng/<an) o g'(an) — oln
“ntes 4o (Giay ) = oo

Hence under conditions (1.3.5) and (1.3.6), it holds nG(a,) = o(H (an,€,)), which
means that condition (1.3.3) of Theorem 1.3.1 holds under conditions (1.3.5) and
(1.3.6), which completes the proof.

[

1.4 Random walks for non log-concave Density under ex-
treme deviation

In this section, we pay attention to exponential density functions whose ex-
ponents are non-convex functions. Namely, i.i.d random variables X1, ..., X,, have
common density with

fla) = cexp (= (g(x) +q(a)) )

assuming that the convex function g is twice differentiable and ¢(z) is of smaller
order than log g(z) for large .

Theorem 1.4.1. Xy, ..., X,, are i.i.d. real valued random variables with common
density f(x) = cexp (—(g(x) + q(x))), where g(z) is some positive convex function
on RT and g is twice differentiable. Assume that g(x) is increasing on some interval
[Y, 00) and satisfies

lim g(z)/z = oo.

Let M (x) be some nonnegative continuous function on R for which
—M(x) < q(x) < M(z) for all positive x
together with
M(z) = O (logg(x)) (1.4.1)
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as xr — Q.
Let a,, be some positive sequence such that a, — oo and €, = o(a,) be a positive
sequence. Assume

lim inf 7109; 9(an)
n—oo log n
nlog g (a, + €,)

>0 (1.4.2)

I - 1.4.
lim G0 (1.4.4)

n—oo H(an’ En)
where

H(an, €,) = min (Fy, (ay, €,), Fy,(an, €,)) —ng(an),

Glan) =g (an + g(in)> — g(an),

Fy (an,€,) and F,,(an, €,) are defined as in Lemma 1.3.1. Then it holds
lim P(I,|C,) = 1.
n—oo

Remark 1.4.1. Log-concavity is a classical hypothesis in limit theorems related with
convolution or concentration of measure; in relation with the present context, Jensen
[49] developed a complete set of large deviation sharp results; log concave densities
are closed under convolution. Nearly log-concave densities do not share the same
simple features but, hopefully, their convolutions can be somehow controlled by log-
concave approximating densities. Log concave measures also appear as extending the
gaussian case in the concentration phenomenon; see [7] for details, outside the frame
of the present work.

We now provide examples of densities which define r.v’s X]’s for which the above
Theorem 1.4.1 applies. These densities appear in a number of questions pertaining
to uniformity in large deviation approximations; see [49] Ch 6.

Example 1.4.1. Almost Log-concave densities 1: p can be written as
p(z) = c(x) exp —g(z), 0<z<o0

with g a conver and twice differentiable function, and where for some xq > 0 and
constants 0 < ¢; < ¢y < 00, we have

c <clr)<cy for xp<x <00,
and g(x) is increasing on some interval [Y,00) and satisfies
lim g(z)/z = oo.

Examples of densities which satisfy the above conditions include the Normal, the
hyperbolic density, etc.
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Example 1.4.2. Almost Log-concave densities 2: A wide class of densities
for which our results apply is when there exist constants xo > 0, a > 0, and A such
that

p(z) = Az*~H(z)exp (—g(z)) = >

where I(z) is slowly varying at infinity, g a convexr and twice differentiable function,
increasing on some interval [Y, 00) and satisfies

lim g(z)/z = oo.

Remark 1.4.2. All density functions in Examples (1.4.1) (1.4.2) satisfy the as-
sumptions of the above Theorem 1.4.1 . Also the conditions in Theorem 1.4.1 about
a, and €, are the same as those in the convex case, so that if g(x) is some power
function with index larger than 2, €, can go to 0 more rapidly than O(1/loga,) (see
Ezample 1.8.1); If g(x) is of exponential function form, €, goes to 0 more rapidly
than any power 1/a, (see Example 1.3.2 ).

1.5 Proofs

1.5.1 Proof of Lemma 1.3.1

Proof. Write x := (21, ...,z,) € R, we firstly define the following sets. Let for all
k between 0 and n

A = {there exist i1, ..., 1, such that x;; > a, + ¢, for all j with 1 < j < k}
and
B, = {there exist iy, ..., 1, such that z;; < a, — ¢, for all j with 1 <j < k:} .

Define .
A= U %13‘11 Ay
and .
B = U }Clirll B;..
It then holds
I; =AUB.
It follows that

LIENC) =1, (AUB) NG = b 1(x)

=min ([,(ANC,),1[,(BNC,)).

Thus we may calculate the minimum values of both I,(AN C,) and I,(B N C,)
respectively, and finally 1,(1¢ N C,,).
Step 1: In this step we prove that

L(ANC,) = Fy, (an, ). (1.5.1)
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Without loss of generality, assume that the x;’s are ordered ascendently, 1 < ... <
i < w1 < ...<z,and let 7 and k :=n — ¢ with 1 <7 < n such that

n—=k k
—_——~~
1< <z <apte, <z << 3y

We first claim that k£ < n. Let xanc, := (21, ..., z,,) belong to ANC,, and assume that
I,(ANC,) = I)(xanc,). Indeed let y :=(y1 = ay, — €, Y2 = ... = Y1 = ap +€,)
which clearly belongs to AN C,,. For this y it holds I,(y) = (n — 1)g(a, + €,) +
g(a, — €,) which is strictly smaller than ng(a, + €,) = I,(A, N C,) for large n. We
have proved that xn¢c, does not belong to A, N C,,.

Let a1, ..., , be nonnegative, and write z;11, ..., , as

Tir1] = Qp + €y + Qiip1, ooy, Ty = A + € + Q.
Under condition (C,,), it holds
14 . x> na, — (g + o+ xy)
= nap, — k(an + €,) — (@1 + ... + ).
Applying Jensen’s inequality to the convex function g, we have
IZ; g() = (9(zin) + -+ g(2n)) + (9(21) + . + g(27))

> (9(@ir1) + - + g(z0)) + (n = k)g(x7),

where equality holds when z; = ... = z; = x*, with
o o M~ k(an, + €,) _]E;OéH_l + ...+ ozn). (15.2)
n JE—

Define now the function function (a1, ..., @y, k) = f(Qii1, ..., an, k) through
flaigr, e an, k) = g(xipr) + ... + g(x,) + (n — k)g(z")
=g(an + e, + iy1) + ... +gla, + €, + ) + (n— k)g(x™).
Then I,(ANC,) is given by
I,(ANCGC,) = inf fQigty ey am, k).

Qig1yee,0n>0,1<k<n

We now obtain (1.5.1) through the properties of the function f. Using (1.5.2), the
first order partial derivative of f(ci1, ..., a,, k) with respect to a;yq is

0f(ozl-+1, vy Oy k?)
3062'4-1

= g/(an + €p + O‘HI) - g’(m*) > 0,

where the inequality holds since g(x) is strictly convex and a, + €, + ;41 > x*.
Hence f(ajyi1, ..., an, k) is an increasing function with respect to a;y1. This implies
that the minimum value of f is attained when «;;; = 0. In the same way, we have
Qi1 = ... = o, = 0. Therefore it holds

I,(ANC,) = inf f(0,k),

1<k<n
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with
f(0,k) = kglan + €n) + (n = k)g(x),
where
. k
Ty = n — —— €n-
The function y — f(0,y) with 0 < y < n is increasing with respect to y, since
W) — glan + ) = ad) = ' (0}

_ ne <g(an + €,) — g(x) _ g/($3)> >0,

n—y ap + €, — T

due to the convexity of g(z) and a, + €, > . Hence f(0,k) is increasing with
respect to k; the minimal value of f(0, k) attains with & = 1. Thus we have

I,(ANC,) = f(0,1) = F,,(an, €,)
which proves (1.5.1).

Step 2: In this step, we follow the same proof as above and prove that

I,(BNC,y,) = Fy,(an, €n). (1.5.3)
Assume that the x;’s are ranked in ascending order, with k& such that 1 < k < n and
k n—k
——

1< L <L ay—€, <Tpp1 < ...<1xH

we obtain k < n, otherwise condition (C,) won’t be satisfied. Denote x1, ...,z by
T =0p — € — O, ooy Tp = Ay, — € — O,

where oy, ..., oy are nonnegative. Under condition (C,,), it holds

Tpy1 + oo + 2 > na, — (v1 + ... + )
=na, — k(a, —€,) + (a1 + ... + ag) .

Using Jensen’s inequality to the convex function g(x), we have

n

ZE_: g(w) = (9(z1) + .o+ 9(xx)) + (9(@h11) + - + g(2n))

> (g(w1) + .. + g(ar)) + (n — k)g (%),
where the equality holds when zj,1 = ... = 2, = 2, with

na, — k(a, — €,) + (a1 + ... + ay)
n—k '

Define the function (ay, ..., ap, k) — f(aq, ..., ag, k) through

flag, ..o, k) =g(z1) + ... + g(zg) + (n — k)g('fﬁ)
= g(an — €, — 1) + ... + g(an — €, — ag) + (n — k)g(z"),

ot = (1.5.4)
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then I,(B N C,) is given by
I,(BNC,) = inf flag, ..., ax, k).

at,...,a>0,1<k<n

Using (1.5.4), the first order partial derivative of f(as, ..., ag, k) with respect to
o 18
Of (o, ..., ag, k)
6041
where the inequality holds since g(z) is convex and a, — ¢, — a; < z*. Hence
f(aq, ..., ag, k) is increasing with respect to a;y. This yields

=—g'(ap — €, — 1) + g'(xﬁ) > 0,

ar=..=a=0.

Therefore it holds
Ig(B NC,) = inf f(0,k),

1<k<n
with
f(0,k) = kg(a, —€,) + (n — k)g(xg),
where
§ k
xozan+n_ken.
The function y — f(0,y) with 0 < y < n is increasing with respect to y, since

0
PO — glan— ) = 9(af) + g

ney, , x% —qgla, — €,
Ty (9 ) - g(x%)— (Zi —e) )> -0

ney,

by the convexity of g ; in the above display a:g > a, —€,. Hence f(0, k) is increasing
with respect to k. Thus we have

I,(BNC,) = f(0,1) = Fy,(ay, €,)

which proves the claim.
Thus the proof is completed using (1.5.1) and (1.5.3).

1.5.2 Proof of Theorem 1.3.1

For x := (21, ...,x,) € R} and positive r, define

Se(r) = {X3 > glw) < 7”}-

1<i<n

Then for any Borel set A in R"} it holds

P(A) :c"/AeXp (— > g(ml)) dxy...dz,

1<i<n

- c”exp(—fg(A))/Adacl...dxn/l[ >(3)6_Sds

Zlgzgn g(xz)—lg(ALoo

— ™ exp(—I,(A)) /0 T Volume(AN S,(L,(A) + s))e*ds.  (L5.5)
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For proving Theorem 1.3.1, we state firstly the following two Lemmas.

Lemma 1.5.1. With the same notation and hypothesis as in Theorem 1.3.1, it holds
p<Cn) Z Cn exXp (_[g(Cn) — Tn — nlogg(an)) 3

where
Tp = Ng (an + 1) —ng(ay,). (1.5.6)
g(an)
Proof. By convexity of the function g, and using condition (C,,), applying Jensen’s
inequality, with xy = ... = x,, = a,, it holds
1,(Cy) = ng(ay).

We now consider the largest lower bound for

log Volume (C,, N Sy(1,(C) + 1)) -

Denote B = {x tx; € [an,an + #]J =1, ...,n}, Sg(Ly(Cr)+m,) = {x: X g(x;) <

g(an)
ng(an) + 7a}.
For large n and any x in B, it holds

o) <3 g(ant — ) =ng(an+ ) =ngla) + 7.

2,960 = ot ) Jfa)

where we used the fact that g(z) is an increasing function for large x. Hence
B C Sy(1,(Cy) + 7).

It follows that

log Volume (C,, N Sy(1,(Cy) + 1)) > log Volume(B) = log ( ) = —nlogg(a,),

which in turn using (1.5.5) and (1.5.7) implies

log P(C,,) ::logc”/ exp [— Y g(z) | dxy...dx,
Cn 1<i<n

> nlogc+ log (GXP(—Ig(Cn)) /°° Volume(C, N S,(1,(Cy) + s))e—sds>

> nlogc — 1,(Cy,) — 7, + log Volume(C,, N Sy(1,(C) + 7))
> nlogc— 1,(Cy,) — 7, — nlog g(ay),

This proves the claim. O]
Lemma 1.5.2. With the same notation and hypothesis as in Theorem 1.3.1, it holds
P(I:NC,) < c"exp(—1,(I; NCy) +nlogl,(I;NC,) +log(n+1)) .
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Proof. For positive s, let
Sg(L4(Cr) +5) = {X : Z g(xi) < L,(Cn) + 5}
1<i<n

and
F={x:g(z;) <I,(C,)+s,i=1,...n}.

It holds

Since lim,_,, g(x)/z = +00
Fc{x:z <([,(Cy)+s),i=1,..,n},
which yields
Sy(Iy(Cn) +s) C{x:x; < (L,(Cn) +s),i=1,...,n},
from which we obtain
Volume(Cy, N S,(1,(Cy) + 5)) < Volume(S,(1,(Cp) + 8)) < (I,(Cy,) + s)™.
With this inequality and (1.5.5) we get as n — oo

log P(C,,) :logc"/c exp (— Z g(ml)) dry...dx,

n 1<i<n

=nloge— I,(C,) + log/ Volume(C,, N S,(1,(Cy) + s))e *ds
0
<nlogc—1,(C,) + log/ (I,(C,) + 8)" e*ds,
0
with integrating repeatedly by parts it holds

/ TL(Cy) + 8) e s

= (G 4 [ (1(C) 8 e ds
= 1,(Co)" + 1l (C)"t + n(n — 1) /0 TL(C) 4 8) P e ds
<(n+ 1)19(071)”7 (1.5.8)

where the inequality holds because of 1,(C,,) = ng(a,) with n — oo, hence we have

log P(C},) < nlogc— 1,(C,) +log ((n+ 1)I,(C,)")
=nlogc — I,(C,) +nlog I,(C,) +log(n + 1).

Replace C), by I N C,,. We then obtain
P(I;NnC,) < c"exp(—1,(I; N Cy,) +nlogI,(I; N C,) +log(n + 1))

as sought. O]
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Proof of Theorem 1.3.1. We will complete the proof, showing that

. PIcnCy)
n _o 1.5.
lim 0 0 (1.5.9)

By Lemma 1.3.1,
1y(I; N Cr) = min (Fy, (an, €n), Fy, (an, €n)) -
Using Lemma 1.5.1 and Lemma 1.5.2 it holds

P(IENC,)

P(C,) <exp (—H(an,€,) +nlogI,(I; N Cy) + 7, + nlog g(a,) +log(n + 1)) .
Under conditions (1.3.3), by (1.5.6) when n — oo, we have

T _ nG(ay)
H(ay, €,) n H(ay,,€,)

— 0, (1.5.10)

Using condition (1.3.2), when n — oo,

log(n + 1)
H(ay, €n)

nlog g(ax)

— 0 d
H(an, €,) ’ an

— 0. (1.5.11)

As to the term nlog I,(I5 N Cy,), we have

nlog I,(I5 N C,) = nlogmin (F,, (an, €,), Fy,(an, €,))
< nlog (ng(an + €))
=nlogn+nlogg(a, + €,) .
Under condition (1.3.2), nlog g (a, + €,) is of small order with respect to H(ay, €,)

as n tends to infinity. Under condition (1.3.1), for a,, large enough, there exists some
positive constant ) such that logn < @ log g(a,). Hence we have

nlogn < @nlogg(ay,)

which under condition (1.3.2), yields that n logn is negligible with respect to H (ay, €,).
Hence when n — oo, it holds

nlog (1,(IENCy))

0. 1.5.12
H(ay,€,) — ( )

Further, (1.5.10), (1.5.11) and (1.5.12) make (1.5.9) hold. This completes the proof.
[

1.5.3 Proof of Theorem 1.4.1

The proof is is in the same vein as that of Theorem 1.3.1; some care has to be
taken in order to get similar bounds as developped in the convex case.
Denote x = (21, ...,x,) in RY and, for a Borel set A € R,." define
1

g?q

(A) = )1(r€11f4 Iyq (x),
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where

Iy qe(x) == Z (9(ws) +q(z:)) -

1<i<n

Also for any positive r define
Sga(r) = {X 5 Z (9(zi) + q(x:)) < T} :
Then it holds
P(A)=c" [ exp (-
(A)=c¢ | exP ( >

—¢ eXP(_Igﬂ(A)) /A d...diy / ! |:Z1§i§n(g(l’i)+Q(l‘i))_IQJI(A)voO) (s)e*ds

= ¢ exp(—1, ,(A)) /O " Volume(AN S, q(I, 4(A) + s))e~>ds. (1.5.13)

(g(x;) + q(%))) dxy...dz,

1

IN

The proof of Theorem 1.4.1 relies on the following four Lemmas.

Lemma 1.5.3. With the same notation and hypothesis as in Theorem 1.4.1, it holds
1,,(C,) > ng(a,) —nNlogg(a,).
Proof. For large x it holds

6(2) — M(z) < g(2) + q(&) < 9(x) + M(z). (15.14)
Set g1(z) = g(x) — M(x) and go(z) = g(x) + M(zx), then it follows
10/ (Ca) < 1pg(Ca) < 1u(C). (1.5.15)

In the same way, it holds
I, (I; N Cy) < I, (I:NCy) < 1y, (15N Cy). (1.5.16)

By condition (1.4.1), there exists some sufficiently large positive y, and some positive
constant N such that for x € [y, 00)

M(z) < Nlogg(z). (1.5.17)

Set r(z) = g(x) — Nlog g(x), the second order derivative of r(x) is

N N (¢'(2))?
g<x>> T

where the second term is positive. The function g is increasing on some interval
[Y, 00) where we also have g(x) > x. Hence there exists some y; € [Y,00) such that
g(x) > N when z € [y;,00). This implies that 7”(z) > 0 and 7/(x) > 0 and therefore
r(z) is convex and increasing on [y, 00).

In addition, M () is bounded on any finite interval; there exists some y, € [y, 00)
such that for all 2 € (0, y9)

) = (o) (1-

M(x) < Nlogg(y2). (1.5.18)
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The function g is convex and increasing on [y,, 00). Thus there exists y3 such that

9'(y3) > 2¢'(y2) and g(ys) > 2N. (1.5.19)
We now construct a function h as follows. Let
() = 7(2) Ly 00) () + 5(2) 1 (0,49 (), (1.5.20)

where s(z) is defined by

s(z) = 1(ys) +7'(ys)(x — y3). (1.5.21)

We will show that
g1(z) > h(z) (1.5.22)

for x € (0,00) .
If z € [ys,00), then by (1.5.17), it holds

h(z) =r(z) = g(z) — Nlogg(x) < g(z) — M(x) = g1(). (1.5.23)
If z € (y2,v3), using (1.5.21), we have
s(z) <r(x) = g(z) — Nlogg(x) < g(x) — M(z) = g1(x), (1.5.24)

where the first inequality comes from the convexity of r(z). We now show that
(1.5.22) holds when z € (0, ys] if y5 is large enough. For this purpose, set

t(z) = g(x) — s(x) — Nlog g(va).

Take the first order derivative of ¢ and use the convexity of g on (0, y»]. We have

t'(x) =g'(x) = s'(x) = g'(x) —r'(y3) = g'(2) — (9’(313) - A;ﬁ?)
, N, , N\
=g'(z) - (1—g(y3>>g(y3) < g (y2) — (1—g(y3)>g(y3)

1 / N /
<39 (y3) — (1—g(y3)>9(y3) <0,

where the inequalities in the last line hold from (1.5.19). Therefore ¢ is decreasing
on (0, ye]. It follows that

t(z) > t(y2) = g(y2) — Nlogg(y2) — s(y2) = g(y2) — Nlog g(y2) — 7(y2) = 0,

which, together with (1.5.18), yields, when x € (0, ys]

g1(z) = g(x) — M(x) > g(x) — Nlog g(ya) > s(z).

Together with (1.5.23),(1.5.24) and (1.5.20), this last display means that (1.5.22)
holds.

We now prove that h is a convex function on (0,00); indeed for z such that
0 <z <uys W' (x) =0, and if z > y3, h"’(x) = r"(x) > 0. The left derivative
of h(z) at y3 is h'(y3 ) = '(y3), and it is obvious that the right derivative of h(z)
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at ys is also A'(y3) = r'(y3); hence h is derivable at y3 and h/(y3) = r'(y3), hence
R (y3) = r"(ys3) > 0. This shows that h is convex on (0, 00).
Now under condition (C,,), using the convexity of h and (1.5.22), it holds

Iy, (x) = 2": (9(xi) — M(z;)) > z:h(xz) > nh <?:nlxz> = nh(ay).

i=1

Using (1.5.15), we obtain the lower bound of I, ,(C;) under condition (C,,) for a,
large enough (say, a,, > y3)

1,,(C,) > 1,(C,) > nh(a,) = nr(a,) = ng(a,) —nNlogg(a,).

[]

Lemma 1.5.4. With the same notation and hypothesis as in Theorem 1.4.1, the
following lower bound of P(C,) holds

P(C,) > c"exp <_[g,q<Cn> — 7, —nlogg(ay)),

where T, is defined by

) —ng(a,) + nNlogyg (an + ) + nN log g(an)

N
an) g<an)

= nG(a,) +nNlogg(a,) +nNlogg (an + (1 )> : (1.5.25)
g\an

1
Tn = NG (an+
g(

Proof. Denote B = {x @y € {aman—l— @},i = 1,...,n}. If x € B, by (1.5.17),

which holds for large a,, (say, a, > ys and g is an increasing function on (ys, 00)),
we have

n

2a(3) < 32 (g) + M(z2) < 3 (gles) + Nlogg(z,))

1 i=1

- (oo )i (o L))

1 1
=ng (an—l— 9@71)) +nNlogg <an+ g(%))

=7, + ng(a,) —nNlogg(a,) <7, + 1,,(Cy),

where the last inequality holds from Lemma 1.5.3. Since B C C),, we have
B C CoNSyq(1,4(Cr)+ 7).
Now we may obtain the lower bound

log Volume (Cy, NSy 4(14,4(Cy) + 7)) > log Volume(B) = —nlog g(a,). (1.5.26)
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Using (1.5.13) and (1.5.26), it holds

log P(C),) = log " /Cn exp (— > (glx) + q(a:ﬁ)) dxy...dz,

1<i<n
=nlogec—1,,(C,) + log /OOO Volume(C, NS, 4(1,4,(Cr) + s))e *ds
> nloge—1,,(C,) + log /Oo Volume(Cy, N Sy 4(1y,4(Cr) + 72))e *ds
>nloge—1,,(Cp) — 1, —T':z log g(a,),

so the lemma holds. O

Lemma 1.5.5. With the same notation and hypothesis as in Theorem 1.4.1, the
following upper bound holds

P(I;NC,) < c"exp (=1, 4(I; N Cy) +nlog I,(I; N Cy) + log(n + 1) +nlog2).

Proof. For any positive s,

Sg.q(Lyq(Cn) +5) = {x : P> (9(z;) + q(z;)) < 1,4(Cy) + s}

is included in {x : g(z;) + ¢(x;) < I, ,(Cy) + 5,4 =1,...,n} which in turn is included
in F={x:g(x;) — M(z;) < (I;,(Cp) +5s),i=1,..,n} by (1.5.14).

Set H = {x:=(z1,....,2,) : & < 2(1;4(Cy) +s),i =1,...,n}, we will show it
holds for a,, large enough

FCH. (1.5.27)

Suppose that for some x := (21, ...,x,) in F, some z; is larger than 2(1,,(C,,) + s).
For a, large enough, by Lemma 1.5.3, it holds

z; > 2(154(Cy) + 5) > 2 (ng(a,) — nNlog g(ay,))

> 2 (ng(an) - ing(an)> = ;)ng(an).

Since %ng(an) > %nan for large n, by (1.5.17) and since x — g(z) — Nlog g(z) is
increasing, we have

g(x:) — M(z;) = g(xi) — Nlogg(x:) = g (2(Igq(Cr) + 5)) — Nlog g (2(15,4(Cr) + 5))

(2154(Ca) + ) — 59 (2(Tg(Co) +5)

(2(154(Cn) +5)) = Iy 4(Cy) + s.

>

= e

>

Therefore since x € F, x; < 2(1,,(C,,)+s) for every 4, which implicates that (1.5.27)
holds. Thus we have

Sg,q(Ig,q(Cn) +s) C H,
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from which we deduce that

Volume (C, N Sgq(14.4(Cr) +s)) < Volume (Sy4
< Volume(H)

a(gq(Cn) + 5))
= 2"(1yq(Cn) +5)".

With this inequality, the upper bound of integration (1.5.13) can be given when
n — oo through

1<i<n

log P(C,,) = log ¢ /C exp (- S (glx) + q(:l:i))) dz...dan
=nlogc— 1,,(C,) + log /OO Volume(Cy, NS, 4(1,4(Cy) + s))e *ds
<nlogc— +log/ I,,(Cn) + s)" e *ds + nlog 2.
According to (1.5.8), it holds
| U@+ 5" s < (n+ D4 (Co)"

Hence we have

log P(C},) <nlogc—1,,(C,)+1og((n+1)I,,C,)") 4+ nlog2
=nlogec—1,,(C,) +nlogl,,(C,) +log(n+ 1) + nlog 2.

This completes the proof with replacing C,, by I¢ N C,,. O]

Lemma 1.5.6. With the same notation and hypothesis as in Theorem 1.4.1, we
derive the crude upper bound for 1, (C,)

1,,(C,) <ngla,) +nNlogg(an), (1.5.28)

the lower bound for I, (IS NCy)
[gl(Iﬁ N Cn) 2> min (Fg1 (ana Gn)a Fy, (ana En)) —nNlogyg (an + en) ) (1'5'29)

and the upper bound for log Iy, (15 N Cy)

log I, (I N C,) <logn+log(N +1)+logyg (an + 1) (1.5.30)

Proof. From (1.5.17) and (1.5.18), there exists some a,, € [Y, 00) (say, a,, > ys) such
that
M (x) < max(N logg(an,), Nlogg(x)) (1.5.31)

holds on (0, 00). Hence for a,, large enough

92(x) = g(z) + M(z) < g(z) + max(N log g(a,), N log g(z)),

which in turn yields

I,,(C,) < inf (Zn: g(x;) + zn:maX(Nlog g(a,), N log g(xﬁ)) . (1.5.32)

x€Cn \;39 i=1
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It holds

XGC’n

inf <§: max (N log g(a,), N log g(xz))> =nNlogg(a,) (1.5.33)

which implies that

inf (ig T;) + Zn:maX(Nlog g(a,), Nlog g(a:z)))

x€Cn \i21 i=1
= x1€ncfn <Zzlg x; ) + xlellcfn (Z max(N log g(ay), N log g(xl))>
= inf <Zg ) + nN log g(ay)
xeCp P}
Co) +nN log g(an) = ng(an) +nN log g(an).

Thus we obtain the inequality (1.5.28).

We now provide a lower bound of 1, (ISNC),,). Consider the inequality of (1.5.22)
in Lemma 1.5.3, where we have showed that h is convex for x large enough; hence,
using (1.5.22) when a,, is sufficiently large, it holds

I, (I; N Cy) > Iy(I5 N Cy) = min (Fy, (an, €,), Fry(an, €,)) ,

where the second inequality holds from Lemma 1.3.1. By the definition of the
function h in (1.5.20), for large x it holds h(x) = r(z) which yields the following
lower bound of I, (IS N C,,)

I, (I; N Cy) > LN Cy) = 1,(I; N Cy) = min (Fy, (an, €n), Fry(an, €0)) -
By Lemma 1.3.1, it holds

1
Ey (ans €n) = glan + €,) + (n — 1)g (an - ,HE")

1
— Nlogg(a, +€,) —(n—1)Nlogg (an - 16n)
n p—

1
1en) —nNlogg (a, + €,),

> g(an +€) +(n—1)g (an -

by the same way, we have also

F. (an,€,) > gla, —€,) + (n—1)g (an +

hence (1.5.29) holds.
The method of the estimation of the upper bound of I,,(I¢ N C,) is similar to
that used for I,,(C,) above. In (1.5.32), replace C,, by I: N C,; we obtain

1
1en) —nNlogg(a,+€,),

I,(I;NCy,) < inf <Zg x;) + Zmax Nlogg(ay), N log g(x )))

xeIsNCh =1

< (Zlg 2+ Y max (Nlogg (a+ —"- ) Nlog gm))) -

=1
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Similarly to (1.5.33), it holds

inf < max (N log g (an + Enl) ,Nlogg(xi)>> =nNlogg (an + 6”) ,
i=1 n-—

xeIsNChp n—1

where equality is attained setting =7 = ... = z,_1 = a, + €,/(n — 1), 2, = a,, — €,.
Hence we have, when n — oo

I,(I;NCy) < inf (Z g(z;) + > max (N log g (an + €”1> , Nlog g(:}cﬁ))
i=1 n—=

. ~ €n
= xe}grgcn 2 g(l’z) + nN lOgg ((ln + n—l)

=1,(I. N C,)+nNlogg (an 4+ 1)
n_

1 n
1en> +nNlog g <an + 6)

< n ~— ©tn -1 n
< glan —€) + (n )g<a+ —

gng(an+€")+n]\flogg(an+ En )
n—1 n—1

€
<n(N+1 " LCR
< n(N + >g(a+n_1)

Therefore we obtain (1.5.30). O
Proof of Theorem 1.4.1. We complete the proof of Theorem 1.4.1 by showing that

P(I¢
lim 7< N Ch)

m =5 =0. (1.5.34)

Using the upper bound of P(I¢ N C,) in Lemma 1.5.5, together with the lower
bound of P(C,,) in Lemma 1.5.4, we have when a,, is large enough

P(I5N C,) C C
S AR (= Lyg IS0 Co) = L, g(C)) + nlog L y(I5 1 C)

+ 7, +nlogg(a,) + log(n + 1) + nlog 2)

<exp (— (L, 4(I; N Cy) — 1,4(Cy)) +nlogl, (I, N Cy) + 1, + 2nlog g(ay,))
<exp(— (I, (Is:NCy,) — 1,,(C,)) +nlog Iy, (I; N Cy) + 7, + 2nlog g(ay)) .

The last inequality holds from (1.5.15) and (1.5.16). Replace I, (IS N Cy,), 1,,(C)
by the upper bound of (1.5.28) and the lower bound of (1.5.29), respectively, we
obtain

1, (I; N Cy) — 1, (Cy) > min (Fy, (ay, €,), Fy,(an, €,)) —nNlog g (a, + €,)
- (ng(an) +nN 1Og g(an))
= H<an7 en) —nN logg (an + Gn) —niN logg(an)
> H(an, €,) —2nNlog g (a, + €,) . (1.5.35)

Under condition (1.4.2), there exists some @ such that nlogn < @Qnlogg(a,),
which, together with (1.5.30) and (1.5.35), gives
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P(IcNCy)

AN < exp < — (H(an, €,) —2nNlog (ay, + €,)) + nlogn + nlog(N + 1)

ETL
+ nlogg(an + m) + 7, + 2nlog g(an)>

< exp ( — H(an,€,) +n(2N + 1) log g (a, + €,)
+ 7, + 2nlog g(a,) + nlogn + nlog(N + 1))
<exp(—H(an,€e,) +n(2N + 1) logg (a, + €,) + 7, + 2nlog g(a,) + 2nlogn)
< exp (—H(an, €n) + n(2N + 1) log g (an + €x) + 70 + (2Q + 2)nlog g(ays))
<exp (—H(an, ) + n(2N +2Q + 3)log g (an + €,) + 7). (1.5.36)
The second term in the exponent in the last line above and 7,, are both of small

order with respect to H(ay,¢€,). Indeed under condition (1.4.3), when a,, — oo, it
holds

lim n(2N +2Q + 3)log g (a, + €,)
n—o00 H(&n, En)

= 0. (1.5.37)

For 7,, which is defined in (1.5.25) under conditions (1.4.3), (1.4.4), nN log g(a,)
and nG(a,) are both of smaller order than H(ay,,€,). As regards to the third term
of 7, it holds

o105 (a,+ L) = nviog (o (o 4 1) o0+ 060
<V log (2 (Gla). g(an)

= nNlog2 + max (nN log G(a,),nN log g(a,)) .

Under conditions (1.4.3) and (1.4.4), both nN log G(a,) and nN log g(a,,) are small

with respect to H(ay,, €,); therefore nN log g (a,, + 1/g(a,)) is small with respect to

H(ay,€,) when n — oco. Hence it holds when n — oo

li Tn
im

n—00 H(CLn, En)

= 0. (1.5.38)

Finally, (1.5.36), together with (1.5.37) and (1.5.38), implies that (1.5.34) holds. O






Chapter 2

A conditional limit theorem for
random walks under extreme
deviation

2.1 Introduction

Let X7 := (Xi,...,X,,) denote n independent unbounded real valued random
variables and S} := X; + ... + X, denote their sum. The purpose of this paper is
to explore the limit distribution of the generic variable X; conditioned on extreme
deviations (ED) pertaining to S7. By extreme deviation we mean that S7'/n is
supposed to take values which are going to infinity as n increases. Obviously such
events are of infinitesimal probability. Our interest in this question stems from a
first result which assesses that under appropriate conditions, when the sequence a,,
is such that

lim a,, = o0
n—oo

then there exists a sequence ¢, which tends to 0 as n tends to infinity such that
lim P (N, (Xi € (an —enyan +6,))| ST /0 >a,) =1

which is to say that when the empirical mean takes exceedingly large values, then all
the summands share the same behaviour. This result obviously requires a number
of hypotheses, which we simply quote as “light tails” type. See Chapter 1 for this
result and the connection with earlier related works.

The above result is clearly to be put in relation with the so-called Gibbs condi-
tional Principle which we recall briefly in its simplest form.

Consider the case when the sequence a,, = a is constant with value larger than
the expectation of X;. Hence we consider the behaviour of the summands when
(S7"/n > a), under a large deviation (LD) condition about the empirical mean. The
asymptotic conditional distribution of X given (S7/n > a) is the well known tilted
distribution of Px with parameter ¢ associated to a. Let us introduce some notation
to put this in light. The hypotheses to be stated now together with notation are
kept throughout the entire paper.

It will be assumed that Py, which is the distribution of X, has a density p with
respect to the Lebesgue measure on R. The fact that X; has a light tail is captured
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in the hypothesis that X; has a moment generating function
O(t) := FEexptX;

which is finite in a non void neighborhood A of 0. This fact is usually refered to as
a Cramer type condition.
Defined on N are the following functions. The functions

d
t—m(t) = pr log ®(t)

t— s2(t) = jtm(t)

d .
t— p(t) = £32(t) , J=23,4

are the expectation and the three first centered moments of the r.v. &; with density

exptx

m(x) = s p(a)

which is defined on R and which is the tilted density with parameter t. When ® is
steep, meaning that

lim m(t) = oo

t—tt
where t* := esssup N then m parametrizes the convex hull of the support of Px.
We refer to Barndorff-Nielsen [6] for those properties. As a consequence of this fact,
for all a in the support of Py, it will be convenient to define

™ =m

where a is the unique solution of the equation m(t) = a.

We now come to some remark on the Gibbs conditional principle in the standard
above setting. A phrasing of this principle is:

As n tends to infinity the conditional distribution of X; given (S}'/n > a) is I1%
the distribution with density 7¢.

Indeed we prefer to state Gibbs principle in a form where the conditioning event
is a point condition (S7"/n = a) . The conditional distribution of X given (S}'/n = a)
is a well defined distribution and Gibbs conditional principle states that this con-
ditional distribution converges to II* as n tends to infinity. In both settings, this
convergence holds in total variation norm. We refer to [32] for the local form of the
conditioning event; we will mostly be interested in the extension of this form in the
present paper.

For all o (depending on n or not) we will denote p, the density of the random

vector XT conditioned upon the local event (ST = na) . The notation p, (X k= a:"f)

is sometimes used to denote the value of the density p, at point z¥. The same
notation is used when X1, ..., X}, are sampled under some 1%, namely 7%(XF = z%).

In [16] some extension of the above Gibbs principle has been obtained. When
a, = a > FX; a second order term provides a sharpening of the conditioned Gibbs
principle, stating that

lim / Pa(@) — ga(@)| dz =0 (2.1.1)

n—oo
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where
— 2
ga(z) :== Cp(x)n (a, E x) . (2.1.2)
Hereabove n (a, s, z) denotes the normal density function at point xz with expec-
tation a, with variance s2, and s := s*(t)(n — 1). In the above display, C' is a

normalizing constant. Obviously developing in this display yields

ga() = 7% (x) (1 + o(1))

which proves that (2.1.1) is a weak form of Gibbs principle, with some improvement
due to the second order term.

The paper is organized as follows. Notation and hypotheses are stated in Section
2.2, along with some necessary facts from asymptotic analysis in the context of
light tailed densities. In Section 2.3, the approximations of the expectation and
the two first centered moments of the tilted density are given. Section 2.4 states
the Edgeworth expansion under extreme normalizing factors. Section 2.5 provides a
local Gibbs conditional principle under EDP, namely producing the approximation
of the conditional density of X7, ..., X} conditionally on ((1/n) (X1 + ... + X,) = ay)
for sequences a,, which tend to infinity, and where k is fixed, independent on n. The
approximation is local. This result is further extended to typical paths under the
conditional sampling scheme, which in turn provides the approximation in variation
norm for the conditional distribution; in this extension, & is equal to 1, although the
result clearly also holds for fixed & > 1. The method used here follows closely the
approach by [16]. The differences between the Gibbs principles in LDP and EDP
are discussed. Section 2.6 states similar results in the case when the conditioning
event is ((1/n) (X1 + ... + X,,) > an).

The main tools to be used come from asymptotic analysis and local limit theo-
rems, developed from [36] and [10]; we also have borrowed a number of arguments
from [54]. A number of technical lemmas have been postponed to Section 2.7.

2.2 Notation and hypotheses

In this paper, we consider the uniformly bounded density function p(z)

p(z) = cexp ( - (g(x) — q(x))) r e Ry, (2.2.1)

where ¢ is some positive normalized constant. Define h(z) := ¢’(x). We assume that
there exists some positive constant ¢ , for large x, it holds

sup |q(v)| < : (2.2.2)
lv—z|<dz €T h(:}j)
The function g is positive and satisfies
9(z) — 00, T — 0. (2.2.3)

X
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Not all positive ¢’s satisfying (2.2.3) are adapted to our purpose. Regular func-
tions g are defined as follows. We define firstly a subclass Ry of the family of slowly
varying function. A function [ belongs to Ry if it can be represented as

[(x) =exp (/ E(u)du), x>1, (2.2.4)
1 U

where €(x) is twice differentiable and ¢(z) — 0 as x — 0.

We follow the line of Juszczak and Nagaev [54] to describe the assumed regularity
conditions of h.

Class Rs : h(x) € Rg, if, with 8 > 0 and z large enough, h(z) can be represented
as

h(z) = 2°1(z),

where [(z) € Ry and in (2.2.4) ¢(z) satisfies

lim sup z|€'(x)| < oo, lim sup 2%[¢ ()| < co. (2.2.5)
T—>00 T—00

Class R, : Further, [ € Ry, if, in (2.2.4), I(z) — oo as 2 — 0o and

/ 2 "
im 20 o @ (2.2.6)
T—00 E(fC) T—00 E(x)
and for some 7 € (0,1/8)
lim inf 2€(x) > 0. (2.2.7)

We say that h € R, if h is increasing and strictly monotone and its inverse function
1 defined through
Y(u) = h"(u) :=inf{z : h(z) > u} (2.2.8)

belongs to Ro.

Denote R : = Rz U Ry. In fact, SR covers one large class of functions, although,
Rp and R, are only subsets of Regularly varying and Rapidly varying functions,
respectively.

Remark 2.2.1. The role of (2.2.4) is to make h(x) smooth enough. Under (2.2.4)
the third order derivative of h(x) exists, which is necessary in order to use a Laplace
method for the asymptotic evaluation of the moment generating function ®(t) as
t — oo, where

o(t) = /OOO e p(x)dr = c/oOO exp (K(x, t)+ q(x))dx, t € (0,00)
in which
K(x,t) =tx — g(z).

If h € R, K(z,t) is concave with respect to x and takes its mazimum at & =
h<(t). The evaluation of ®(t) for large t follows from an expansion of K(x,t) in a
neighborhood of x; this is Laplace’s method. This expansion yields

K(z,t) = K(2,t) — ;h/(f)(x - 93)2 - éh”(:@)(x - :@)3 + e(x,t),

where €(x,t) is some error term. Conditions (2.2.6) (2.2.7) and (2.2.5) guarantee
that e(z,t) goes to 0 when t tends to oo and x belongs to some neighborhood of .



2.3. APPROXIMATIONS OF THE EXPECTATION AND MOMENTS OF THE TILTED DENSI'HY

Example 2.2.1. Weibull Density. Let p be a Weibull density with shape param-
eter k > 1 and scale parameter 1, namely

p(z) = ka" ' exp(—2"), x>0
= kexp ( — (xk —(k— 1)10gm)>.

Take g(x) = 2* — (k — 1)logz and q(x) = 0. Then it holds
k—1
x
Set l(x) =k — (k —1)/x* & > 1, then (2.2.4) holds, namely,
l(:z:)zexp(/xe(u)du) x>1,

1

u

k:—l).

xrk

h(z) = ka™ — = xk’l(k -

with
k(k—1)

@) = -1
The function € is twice differentiable and goes to 0 as x — oo. Additionally, €
satisfies condition (2.2.5). Hence we have shown that h € Ry_1.

Example 2.2.2. A rapidly varying density. Define p through
ple) = cexp(—e"), @ >0.

Then g(x) = h(z) = e*! and q(x) = 0 for all non negative x. We show that
h € Ry. It holds ¥(x) = logxz + 1. Since h(x) is increasing and monotone, it
remains to show that ¥ (x) € Ry. When z > 1, Y(x) admits the representation of
(2.2.4) with e(x) = 1/(logx + 1). Also conditions (2.2.6) and (2.2.7) are satisfied.
Thus h € Ry.

Throughout the paper we use the following notation. When a r.v. X has density
p we write p(X = z) instead of p(x). This notation is useful when changing measures.
For example 7%(X = z) is the density at point x for the variable X generated under
7%, while p(X = x) states for X generated under p. This avoids constant changes of
notation.

2.3 Approximations of the expectation and moments of the
tilted density

We inherit of the definition of the tilted density 7® defined in Section 2.1, and
of the corresponding definitions of the functions m, s* and 3. Because of (2.2.1)
and the various conditions on g those functions are defined as ¢ — oo. The following
Theorem is basic for the proof of the remaining results.

Theorem 2.3.1. Let p(x) be defined as in (2.2.1) and h(z) € R. Denote by

d d?

mit) = Slog@(t), 0= Sm(t),  pslt) = T3 loa (1),
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then with 1 defined as in (2.2.8) it holds as t — oo

) U0, PO~ PO, ) ~ )

where Mg is the sixth order moment of standard normal distribution.

Proof. The proof of this result relies on a series of Lemmas. Lemmas (2.7.2), (2.7.3),
(2.7.4) and (2.7.5) are used in the proof. Lemma (2.7.1) is instrumental for Lemma
(2.7.5). The proof of Theorem 2.3.1 and these Lemmas are postponed to Section
2.7.1.

0

Corollary 2.3.1. Let p(x) be defined as in (2.2.1) and h(x) € R. Then it holds as
t— 00

t
mll) (2.3.1)
s3(t)
Proof. Its proof relies on Theorem 2.3.1 and is also put in Section 2.7.1. n

2.4 Edgeworth expansion under extreme normalizing fac-
tors

With 7% defined through

tx

ang o €7p(x)
T (z) = 31

and t determined by m(t) = a,, define the normalized density of 7% by
74 (x) = st (sx + ay),

where s is defined in Section 2.1 (notice that it depends on a, here). Denote the
n-convolution of 7% (z) by 7% (z), and denote by p, the normalized density of n-

convolution 7% (x),
pul) = T (/).

The following result extends the local Edgeworth expansion of the distribution of
normalized sums of i.i.d. r.v/s to the present context, where the summands are
generated under the density 7. Therefore the setting is that of a triangular array
of rowwise independent summands; the fact that a, — oo makes the situation
unusual. We mainly adapt Feller’s proof (Chapter 16, Theorem 2 [36]).

Theorem 2.4.1. With the above notation, uniformly upon x it holds

pule) = 6(o) (1 + g H2 5 (a" —30) ) + o(\}ﬁ)

where ¢(x) is standard normal density.

proof. The proof of this Theorem relies on Lemmas 2.7.6 and 2.7.7. Its proof and
these two Lemmas are postponed to Section 2.7.2. O
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2.5 Gibbs’ conditional principles under extreme events

We now explore Gibbs conditional principles under extreme events. The first
result is a pointwise approximation of the conditional density p,, (y'f) on R* for
fixed k. As a by-product we also address the local approximation of p4, where

DA, (yf) =p (Xf = yf‘ ST > nan) )

However this local approximation is of poor interest when comparing p,, to its
approximation.

We consider the case £ = 1. For Y; a random variable with density p,, we first
provide a density g,, on R such that

Pan, (Y1) = ga, (Y1) (1 + Ry,)

where R, is a function of the vector Y{* which goes to 0 as n tends to infinity. The
above statement may also be written as

Pan (1) = Ga, (1) (1 + 0p,,, (1)) (2.5.1)

where P, is the joint probability measure of the vector Y;* under the condition
(S = na,). This statement is of a different nature with respect to the above one,
since it amounts to prove the approximation on typical realisations under the condi-
tional sampling scheme. We will deduce from (2.5.1) that the L' distance between
Pa, and g,, goes to 0 as n tends to infinity. It would be interesting to extend these
results to the case when k = k, is close to n, as done in [16] in all cases from the
CLT to the LDP ranges. The extreme deviation case is more envolved, which led us
to restrict this study to the case when k£ =1 (or k fixed, similarly).

2.5.1 A local result in R*

Fix y¥ := (y1, ..., y&) in R¥ and define s} := y; + ... +y; for 1 <4 < j < k. Define
t through m(t) = a,, similarly, define ¢; through

i
nay, — si

m(t;) = (2.5.2)

n—1
For the sake of brevity, we write m; instead of m(¢;), and define s? := s*(t;). Consider
the following condition

p(t)?

lim ———— =0 2.5.3
M i 259
which can be seen as a growth condition on a,, avoiding too large increases of this
sequence.
For 0 < i <k — 1, define z; through

m; — Yit1

sivn —i— 1

Zi =
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Remark 2.5.1. Formula (2.5.3) states the precise behaviour of the sequence ay,
which defines the present extended Gibbs principle. In the case when the common
density p(x) is Weibull with shape parameter k, using Theorem 2.8.1, we obtain
Y(t) ~m(t) = a, and P'(t) ~ a2 *. Replace ¥(t) and ' (t) in (2.5.3) by these two

terms, we have

k

a
lim —= = 0.
n—00 \/ﬁ

This rate controls the growth of a, to infinity.

Lemma 2.5.1. Assume that p(x) satisfies (2.2.1) and h(x) € R. Let t; be defined
in (2.5.2). Assume that a, — oo as n — oo and that (2.5.3) holds. Then as n — oo

1
lim sup z; =0, and lim sup zi=o|—]|.
n=00 g<i<k—1 N0 g<i<k—1 vn

Proof. When n — oo, it holds
zi ~mi/sivn —i— 1 ~m;/(siv/n).

From Theorem 2.3.1, it holds m(t) ~ ¢ (t) and s(t) ~ +/¢'(t). Hence we have

S () (2.5.4)
V' (6)
By (2.5.2), m; ~ m(t) as n — co. Then
m; ~ () = a,.
In addition, m; ~ ¥ (¢;) by Theorem 2.3.1, this implies
b(ts) ~ (). (2.5.5)
Case 1: if h(z) € Rs. We have h(z) = 2°1y(z), lo(x) € Ry, 8 > 0. Hence

W (x) = 27 Mo(2) (B + el(a)).
set © = ¥ (u), we get

W () = (6@ o(vw) (8 + e(v(w)))- (2.5.6)

Notice ¢ (u) = 1/h’ (@D(u)), combine (2.5.5) with (2.5.6), we obtain

i) M) @) Tho)@rmn)

PO W) () (0) (8+ e(v(t))

where we use the slowly varying propriety of ly. Thus it holds

W) ~ (2,
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which, together with (2.5.5), is put into (2.5.4) to yield
t
z; ~ w(l) (2.5.8)
ny'(t)
Hence we have under condition (2.5.3)
t)? 2 1 1

U Vv N\

which implies further z; — 0. Note that the final step is used in order to relax the

strength of the growth condition on a,,.

Case 2: if h(z) € Ry. By (2.5.2), it holds m(t;) > m(t) as n — oo. Since the

function t — m(t) is increasing, we have
t <t
Notice the function z — () is also increasing, we get
U(ts) = p(t).

The function 2 — ¢ (z) is decreasing, since

v (r) =— xf e(a:)<1+0(1)) <0 as x — oo.

Therefore as n — oo
P'(t) > '(t;) > 0.

Perform one Taylor expansion of ¢ (t;) for some 6; € (0,1)

D) — (8 = W (0) b — 1) + 0 (6 + 00— ) — 7

_ w(t)te(t) (t; —t) + ;@D”(t 01t — 1)t — )%
By (2.5.5)
V() —¥(t)
om0
which together with (2.5.10) and (2.5.11) yields

Perform one Taylor expansion of ¢/(t;) for some 6y € (0,1)

9(0) — /(0 =4 (O~ ) + 5

_d(ne)
t2

"

(t+0y(t; — 1)) (t; — t)?

(2.5.10)

(2.5.11)

(2.5.12)

(ti —t) (1 + 0(1)) + ;T?W(t +0s(ti — 1)) (t: — )%,

where the first term goes to 0 as n — oo by (2.5.12), and the second term is infinitely

small with respect to the first term (see Section 2.7, e.g. (2.7.18)). Hence

P'(t:) ~ ().
The proof is completed by repeating steps (2.5.8) and (2.5.9).
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Theorem 2.5.1. With the same notation and hypotheses as in Lemma 2.5.1, it
holds

Pan (1) = p(XY = yi|ST = nay) = gn(yy) (1 + 0(\/15))

with
k—1

gm(yf) = H (Wmi (Xip1 = ym))-

i=0
Proof. Using Bayes formula,

Pan (91) = (X} = y}|S} = nay)
k—1
= p(X1 = ST = na,) [] p(Xiva = 4| X = w1, ST = na,)

i=1
k—1 .
= H P(Xit1 = Yir1| S = na, — 7). (2.5.13)
i=0

We make use of the following invariance property: for all ¥ and all o > 0
P(Xip1 = g | X1 = 01, 57 = na,) = 7(Xip1 = yin| Xi = 41, ST = nay)

where on the LHS, the r.v’s X! are sampled i.i.d. under p and on the RHS, sampled
i.i.d. under 7. It thus holds

P(Xiv1 = yin|Siy = nay — S7) = 1™ (Xip1 = i [Sfyy = nan — s7)
T (SP, = na, — si)

i (SP = na, — sb)

VAT iy ) -
= T (X1 =Y — , 0.
- — i+1 = Yi+1 s(0)
where 7,,_;_; is the normalized density of Si!,, under i.i.d. sampling with the density
75 correspondingly, 7,_; is the normalized density of S, ; under the same sampling.
Note that a r.v. with density 7™ has expectation m; and variance s?.
Write z; = 8"3%, and perform a third-order Edgeworth expansion of 7,,_;_1(z;),

using Theorem 2.4.1. Tt follows

= 7" (Xit1 = i)

- i 1
() = 6(z) (1 N e (i 3zl~)> + 0<\/ﬁ) (2.5.15)
The approximation of m,—;(0) is obtained from (2.5.15)
. 1
7nsi(0) = ¢(0)<1 + o(\/ﬁ)> (2.5.16)

Put (2.5.15) and (2.5.16) into (2.5.14) to obtain
P(Xi1 = Yia|Sfiy = na, — S7)

N \/%WW(X“rl - yiH)Zizi)) [1 + 65?\5%@{3 —32) + 0(\}5)]
2w(n — 1)

RV e NGO Yir1)6(z) (1 + Ry + 0(1/V)), (2.5.17)
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where ,
.
6s3v/n —1

Under condition (2.5.3), using Lemma 2.5.1, it holds z; — 0 as a,, — o0, and
under Corollary (2.3.1), p%/s? — 0. This yields

Rn:0<1/\/ﬁ),

which, combined with (2.5.17), gives

R, = (27 — 32).

, 2r(n —1)
p(Xiv1 = yip|sty = na, — Si) = ﬁwmz (Xiv1 = yir1)o(20) (1 + o(1/v/n))

= va‘_lwm (Xis1 = vip1) (1= 27/2+ 0(z)) (1 + o(1/v/)),

where we use one Taylor expansion in second equality. Using once more Lemma
2.5.1, under conditions (2.5.3), we have as a,, — 0o

22 = o(1/y/n),

hence we get

n i V1 — i m;
P(Xip1 = Y| Sy = nan — 1) = N (Xir = yinn) (1 + o(1/v/n)),

which together with (2.5.13) yields

AN
p(XT = yi|ST = na,) = J <\/m

— %0 <7r”“ (Xiy1 = yi+1>> ’:1_[: <\/%> ]:1_[: (1 + 0(\/15))

" ( Xit1 = Yir1) (1 + 0(1/\/ﬁ)>>

1 k—1
=(1+o(— ) H (Wmi<Xi+1 = yi+1)):
(1+e(2) 1T
The proof is completed. O

In the present case, namely for fixed k, an equivalent statement is

Theorem 2.5.2. Under the same notation and hypotheses as in the previous The-
orem, it holds

) = (Xt = 187 = na) = g, 01) (1+ 0(72))

with

90, ) =TT (7 (X = ).
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Proof. Using the notations of Theorem 2.5.1, by (2.5.13), we obtain

k—1
p(XT = yilST = na,) = [] p(Xin1 = 4| SPyy = nay — S5). (2.5.18)
i=0
(2.5.14) is replaced by
i o /(i+Dap—8itt
: vn—1 anifl<ﬁ)
p(Xiv1 = yin1|Siy = na, — 8)) = ————=7""(Xiy1 = ¥is1) — ; )
—i—1 an [tan—>5S
Vit ()

(2.5.19)
where 7", ; is the normalized density of S}, under i.i.d. sampling with 7, here

4 . is the normalized

n—

7w has the expectation a,, and variance s. Correspondingly, 7
density of S}, ; under the same sampling.

. _ qitl
Write z; = m, by Theorem 2.4.1 one three-order Edgeworth expansion

sv/n—i—1
yields
T ; 1
T (z) = 6(z) (1 + Ry, ) + o(\/ﬁ) (2.5.20)
where

. M3
" 6s3y/n— 1

Set ¢ = ¢ — 1, the approximation of {T‘fz ; is obtained from (2.5.20)

(27 — 32).

i(zi1) = d(zi1) (1 + R;—l) + o(\/lﬁ) (2.5.21)

When a,, = oo, using Theorem 2.3.1, it holds

sup 22~ (i +1)%a? < 2k*a? _ 2k%(m(t))?
0<i<k—1 s%n s2n s2n

22 (1)° _ 2k(W(1)* 1 1
v~ Vet Va (ﬁ> 22

where last step holds under condition (2.5.3). Hence it holds z; — 0 for 0 <i < k—1
as a, — oo, and by Corollary (2.3.1), u3/s®> — 0, then it follows

R’ :0<1/\/ﬁ) R :0(1/\/5),
then put (2.5.20) and (2.5.21) into (2.5.19), we obtain

P(Xiv1 = Yint|Sfyy = na, — 1) = \/%Wa" (Xip1 = yi+1)¢?ij—i)l (1 + 0(1/\/5))

= Fﬁ‘_lw (Xir = vir) (1= (2 = 22.0)/2+ o(z2 = 22,)) (1 + o(1/v/n)),

where we use one Taylor expansion in second equality. Using (2.5.22), we have as

ap — 00
|2f — 24| = o(1/v/n),

i

~—
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hence we get

n i Vi —1i a
P(Xit1 = Y| Siy = nan — 57) = i1 "(Xipn = yin) (1+0(1/v/n)),

which together with (2.5.18) yields

p(XT = y¥|ST = na,) = ]:1;[_: (Wa"(XiH = yi+1)\/z) l:lj: (1 + 0(\/15»

k—1

= (1 + 0(%)) 1T <7Ta"(Xz‘+1 = yz‘+1))- (2.5.23)

i=0
This completes the proof. n

Remark 2.5.2. The above result shows that asymptotically the point condition
(ST = nay,) leaves blocks of k of the X|s independent. Obuviously this property does
not hold for large values of k, close to n. A similar statement holds in the LDP
range, conditioning either on (S} = na) (see Diaconis and Friedman 1988)), or on
(ST > na); see Csiszar 1984 for a general statement on asymptotic conditional in-
dependence.

When a,, = a, decide t by m(t) = a, use the same proof as Theorem (2.5.2), we
obtain the following corollary.

Corollary 2.5.1. Xy,..., X, are i.i.d. random variables with density p(x) defined
in (2.2.1) and h(x) € K. Then it holds

1
paly) = p(XE = 157 = na) = () (14 0( 1))

with

a(w) =TT (7% = ).

2.5.2 Strenghtening of the local Gibbs conditional principle

We now turn to a stronger approximation of p,, . Consider Y; with density p,,
and the resulting random variable p,, (Y7). We prove the following result

Theorem 2.5.3. With the same notation and hypotheses as in Theorem 2.5.2, it
holds

Pa, Y1) = ga, (Y1) (1 + Ry)

where

an

gan:ﬂ-

the tilted density at point a,, and where R, is a function of Y{" such that P,, (|R,| > d\/n) —
0 as n — oo for any positive .
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This result is of much greater relevance than the previous ones. Indeed under
P, the r.v. Y; may take large values. On the contrary simple approximation of
Da, DY ga, on R, only provides some knowledge on p, on sets with smaller and
smaller probability under p,, . Also it will be proved that as a consequence of the
above result, the L' norm between p,, and g,, goes to 0 as n — 0o, a result out of
reach through the aforementioned results.

In order to adapt the proof of Theorem 2.5.2 to the present setting it is necessary
to get some insight on the plausible values of Y; under F, . It holds

Lemma 2.5.2. Under P, it holds
}/1 = OPan (an)

Proof. This is a consequence of Markov Inequality:

E (Y157 = na, n
P (Y, > u| ST = nay,) < (Y] Si' = nan) _ an
U u
which goes to 0 for all u = u,, such that lim,_, . u,/a, = co. O

We now turn back to the proof of our result, replacing ;1 by Y in (2.5.19).
It holds

P (S} =na, — Y1)

P (X, =Y 5] =na,) = P(X;=Y)) P (SF = na,)
1 — n

in which the tilting substitution of measures is performed, with tilting density 7%,
followed by normalization. Now if the growth condition (2.5.3) holds, namely
»(t)

lim ——— =0

with m(t) = a,, it follows that
P(Xy =Y1| 8] =na,) =7 (Y1) (1 + Ry)

as claimed where the order of magnitude of R, is op, (1/y/n). We have proved
Theorem 2.5.3.

Denote the conditional probabilities by P, , and G,, which correspond to the
density functions p,, and g, , respectively.

2.5.3 Gibbs principle in variation norm

We now consider the approximation of P,, by G,, in variation norm.

The main ingredient is the fact that in the present setting approximation of p,,
by g., in probability plus some rate implies approximation of the corresponding
measures in variation norm. This approach has been developped in Broniatowski
and Caron [16]; we state a first lemma which states that wether two densities are
equivalent in probability with small relative error when measured according to the
first one, then the same holds under the sampling of the second.

Let R, and G,, denote two p.m’s on R" with respective densities t,, and s,,.
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Lemma 2.5.3. Suppose that for some sequence w, which tends to 0 as n tends to
infinity
tn (Y)") = 80 (17") (1 + 0m, (@) (2.5.24)

as n tends to co. Then
s, (Y)") = v (V") (1 + 0g,, () - (2.5.25)
Proof. Denote

Ano, =y (L —w@n)80 (y7) <t (01) < 5 (U7) (1 + ) } -

It holds for all positive o
lim i)%n (Am(;wn) =1.

n—oo

Write

n

v (Y1)
5n(y?)

R, (An,éwn) = /1An,5wn (y?) 5n(y?)dy?-

Since
S)%n (An,5wn) S (1 + 5wn)6n (An,éwn)

it follows that
nlg{olo Gn (An,ﬁwn) - 1a

which proves the claim. O

Applying this Lemma to the present setting yields

Jar (V1) = pa, V1) (14 0g,, (1/V))

as n — 0o, which together with Theorem 2.5.3 implies

Pay (V1) = ga, (V1) (14 0g,, (1/V)). (2.5.26)

This fact entails, as in Broniatowski and Caron [16]

Theorem 2.5.4. Under all the notation and hypotheses above the total variation
norm between P, and G,, goes to 0 asn — oo.
<9 }

Proof. For all § > 0, let

Pa,, (y) — Yay, (y)
Gan (Y)

E(;::{yE]R:

which by Theorem 2.5.3 and (2.5.26) satisfies

lim P, (E5) = lim G, (Es) = 1. (2.5.27)
It holds
sup ‘Pan (OmEcS)_Gan (CHE5)‘ Sd sup Ya, (y)dy§<5

CeB(R) CeB(R) /CNEs
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By (2.5.27)

Sup |Pan (C m Ek76) - Pan (C)| < 77”
CeB(R)

and

sup |G, (CNEs) — Gy, (C) <y
CEeB(R)

for some sequence n,, — 0 ; hence

sup |P,, (C)—G,, (C)] <0+ 2n,
CeB(R)

for all positive §, which proves the claim.
As a consequence, applying Scheffé’s Lemma

/’Pan—ganld:v—)O as n — oo.

]

Remark 2.5.3. This result is to be paralleled with Theorem 1.6 in Diaconis and
Freedman [32] and Proposition 2.15 in Dembo and Zeitouni [30] which provide a
rate for this convergence in the LDP range.

2.5.4 The asymptotic location of X under the conditioned distribution

This section intends to provide some insight on the behaviour of X; under the
condition (S} = na,,) ; this will be extended further on to the case when (S > na,)
and to be considered in parallel with similar facts developed in [16] for larger values
of a,,.

It will be seen that conditionally on (S} = na,) the marginal distribution of the
sample concentrates around a,. Let &} be a r.v. with density 7% where m(t) = a,
and a,, satisfies (2.5.3). Recall that EX; = a, and VarX; = s>. We evaluate the
moment generating function of the normalized variable (X; — a,) /s. It holds

A
log Eexp A (X — ay) /s = —Aap/s + log @ <t—|— ) —log® (t).
s

A second order Taylor expansion in the above display yields

A2 s? (t 4 2)
log Eexp A (X, —ay) /s = U
s

where § = (¢, \) € (0,1). It holds
Lemma 2.5.4. Under the above hypotheses and notation, for any compact set K,

lim sup w

n—o0 weK 32

= 1.
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Proof. Case 1: if h(t) € Rg. By Theorem 2.3.1, it holds s* ~ /(t) with ¢(t) ~
t/81,(t), where [ is some slowly varying function. Consider ¢'(t) = 1/h ( )
hence by (2.5.6)

=~ 1 (9(0) = v i (000) (5-+ <(w(1))
~ BTV ()5 g ((1)) = o(t),

where [y € Ry. This implies for any u € K

= = o(Vh),
which together with (2.5.7) yields
s*(t+u/s) _Ytt+u/s) ()Mo (@/J(t)) (ﬁ + E(@b(t)))
52 '(t) (00t +1/9)) " 1o (wlt +u/s)) (8 + e(6(t + u/s)))
v A (1)

W(t+u/s)P1 ~ (t+u/s) VBl (t + u/s)P1 — 1

Case 2: if h(t) € Ro. Then (t) € Ry, hence it holds

1 1 I
st T idow Ve .

which last step holds from condition (2.2.7). Hence for any u € K, we get as n — oo

= o(t),

u
S

thus using the slowly varying propriety of () we have

s*(t+u/s) W ttu/s)  Y(t+u/s)e(tt+ufs) ¢

s? i) t+u/s b(t)e(t)
e(t) + O(€(t)u/s
et +ufs) _ e(t) + O(¢(t)u/s) o 2.5.28)
€(t) €(t)
where we use one Taylor expansion in the second line, and last step holds from
condition (2.2.6). This completes the proof. O

Applying the above Lemma it follows that the normalized r.v’s (X; — a,) /s con-
verge to a standard normal variable N (0, 1) in distribution, as n — co. This amount
to say that

Xy = an + sN(0,1) + oran (1).

which implies that &; concentrates around a,, with rate s. Due to Theorem 2.5.4 the
same holds for X, under (S} = na,) .
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2.5.5 Differences between Gibbs principle under LDP and under ED

It is of interest to confront the present results with the general form of the Gibbs
principle under linear contraints in the LDP range. We recall briefly and somehow
unformally the main classical facts in a simple setting similar as the one used in this
paper.

Let X1,..., X, denote n i.i.d. real valued r.v's with distribution P and density
p and let f : R — R be a measurable function such that ®;(\) := Eexp Af(X;)
is finite for A in a non void neighborhood of 0 (the so-called Cramer condition).
Denote mys(A) and s?c()\) the first and second derivatives of log @ (). Consider the
point set condition F, := (% Y, f(XG) = 0) and let €2 be the set of all probability
measures on R such that [ f(x)dQ(z) = 0.

The classical Gibbs conditioning principle writes as follows:

The limiting distribution P* of X; conditioned on the family of events F),, exists
and is defined as the unique minimizer of the Kullback-Leibler distance between P
and €2, namely

P* = argmin {K(Q. P),Q € 2}

where

K(Q,P) = /log ngcg

whenever @ is absolutely continuous w.r.t. P, and K(Q, P) = oo otherwise. Also
it can be proved that P* has a density, which is defined through

(o) = S ate)

with A the unique solution of the equation m¢(\) = 0. Take f(z) = x — a with a
fixed to obtain

p*(x) = (x)

with the current notation of this paper.

Consider now the application of the above result to r.v’s Yi,...,Y, with Y; :=
(X;)> where the X/s are i.i.d. and are such that the density of the iid. r.v’s
Y/s satisfy (2.2.1), where let h € Rg U R, with § > 1. By the Gibbs conditional
principle, for fized a, conditionally on (37, Y; = na) the generic r.v. Y] has a non
degenerate limit distribution

5 ( )._M (v)
py\y) = EexptYlpyy

and the limit density of X; under (X, X? = na) is

* (y) = exp ta?
Pl = Eexth%pX

(y)

whereas, when a,, — 00, Y;’s conditional limit distribution is degenerate and con-
centrates around a,. As a consequence the distribution of X; under the condition
(Xr, X? = na,) concentrates sharply at —,/a, and +./a,.
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2.6 EDP under exceedance

The following proposition states the marginally conditional density under con-
dition A, = {S} > na,}, we denote this density by pa, to differentiate it from
Pa, Which is under condition {S7" = na,}. For the purpose of proof, we need the
following lemma, based on Theorem 6.2.1 of Jensen [49], to provide one asymptotic
estimation of tail probability P(S} > na,) and n-convolution density p(S}/n = u)
for u > a,.

Define

I(z) :=xm " (x) — log @(m‘l(m)). (2.6.1)

Lemma 2.6.1. X1, ..., X,, are i.i.d. random variables with density p(z) defined in
(2.2.1) and h(z) € R. Set m(t) = a,. Suppose as n — oo

\/2%(3“) — 0, (2.6.2)
then it holds
P(ST > nay) = eXp(_”I(an))(l + 0(1)>. (2.6.3)
V2my/nts(t) vn
Let further t. be decided by m(t,;) = T with T > a,, it then holds
p(Sy =n7) = m (1 - o(\/lﬁ)) (2.6.4)

Proof. For the density p(x) defined in (2.2.1), we show g(x) is convex when zx is
large enough. If h(z) € Rg, for x large enough

h(z)

T

12

o' (r) =1 (2) =

If h(z) € R, its reciprocal function ¢ (z) € Ry. Set 2 = ¢ (v), hence
1

(8+ e(@)) > 0. (2.6.5)

/ v
() =h (x) T~ D)) >0, (2.6.6)
where the inequality holds since e(v) > 0 under condition (2.2.7) when v is large
enough. (2.6.5) and (2.6.6) imply that g(z) is convex for x large enough.
Therefore, the density p(z) with h(x) € R satisfies the conditions of Jensen’s
Theorem 6.2.1 ([49]). Denote by p,, the density of X = (X;+...4+X,,)/n. We obtain
with the third order’s Edgeworth expansion from formula (2.2.6) of ([49])

1"

Q

P(S} > na,) =

O (1) exp(—ntay,) s (t)
N (BO(/\H)JrO(WBg(An))), (2.6.7)

where )\, = \/nts(t), Bo(\,) and Bs(\,) are defined by

1 1 1 3
Bon) = (1= 5 Helip) B~ =
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We show, under condition (2.6.2), it holds as a,, — 0o
1 1
- =o(=). (2.6.8)

Since n/\2 = 1/(t*s*(t)), (2.6.8) is equivalent to show
t2s*(t) — oo. (2.6.9)

By Theorem 2.3.1, m(t) ~ 9(t) and s*(t) ~ ¢/(t), combined with m(t) = a,, it
holds t ~ h(ay)li(ay), where [; is some slowly varying function.
If h € Rg, notice

YOS TGO T ) (5 + <) Men (B +ewi®)

hence

a, _aph(an)h(a

hian) (B +e(e(t)  B+e(t(ta)

1252(t) ~ h(an)l(an)’

If h € Ro, then ¥(t) € Ry, thus

t2s3(t) ~ tQW = t(t)e(t) — oo, (2.6.11)

where last step holds from condition (2.2.7). We have showed (2.6.8) , therefore it
holds

Bo(An) = \/127 (1+ o(i)).

By (2.6.9), A\, goes to oo as a,, — 00, this implies further B3(\,) — 0. On the
other hand, by (2.3.1) it holds u3/s* — 0. Hence we obtain from (2.6.7)

O (t)" exp(—ntay) 1
V2mnts(t) (1 * 0<>)

which together with (2.6.1) gives (2.6.3).
By Jensen’s Theorem 6.2.1 and formula (2.2.4) in [49] it follows uniformly in 7

P(ST > nay) =

. V/n®(t.)" exp(—nt.7) 1
p(S}/n=7) = — (I;) (1+ o(ﬁ)),
which, together with p(S} = n7) = (1/n)p(S}/n = 1), gives (2.6.4). O

Proposition 2.6.1. X, ..., X,, are i.i.d. random variables with density p(x) defined
in (2.2.1) and h(x) € R. Set m(t) = a,,. Suppose as n — oo

w(t)?
Vny'(t)

— 0, (2.6.12)
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and
My — 0 and nm™(a,)n, — oo, (2.6.13)
then
1
pa, (1) = p(X1 =yl Sy 2 nay) = gAn(yl)(l * 0(\/5»,
with

an+nn

ga,(y1) = ts(t)e"’ o) /

where g, = 7 with t. decided by m(t,) = .

g-(y1) exp ( —nl(1) —log s(tT))dT,

n

Proof. Denote pa, (y1) by the integration of p,, (y1)

o0

pa, (y1) = / p(X1 = n|ST = n7)p(ST = nt|ST > nay)dr

p(X1 =) /OO
e T n_— — d
P(S{L Z nan) an p(SQ nt yl) T

P2 p(Xl e yl) /an+77n
e 1 —_——— n _ —_
( * P1) P(S} > nay) Ja, p(S; =n7 —y1)dr

P an~+Mn
= (1 + P2) / ! p(X1 =y |ST = n7)p(ST = n7|ST > na,)dr (2.6.14)
1 an

where the second equality is obtained by Bayes formula, and P, = [** p(S5 =

an

nt —y)dr, Py = [;°., p(Sy = nt —y)dr. In fact P, is one infinitely small term

with respect to P;, which is proved below. Further we have
1 1
Py = P(SS > n(an, + 1) — y1> = P(SS > (n— 1)cn>,
n n
1 1
P+ P = P(S;‘ > nay — y1> _ P(Sg > (n— 1)dn>,
n n

where ¢, = (n(an + M) — yl)/(n — 1) and d, = (na, — y1)/(n — 1). Denote
t., =m (c,) and t4, = m~'(d,). Using Lemma (2.6.1), it holds

Pljfpz — (1 + o(\/lﬁ)) idzgd)) exp ( —(n—1)(I(ca) — [(dn))). (2.6.15)
Using the convexity of the function 7, it holds
exp ( —(n = 1)(I(ca) - I(dn))> < exp ( — (= 1)(en — dn)m‘l(dn))>
= exp ( — nnnm’l(dn))

Consider © — m™!(u) is increasing. Since d,, > a,, as a, — 00, it holds m~(d,) >
m~'(a,), hence under condition (2.6.13)

exp < —(n— 1)(I(cn) - I(dn))) < exp ( — nnnm_l(an)> — 0. (2.6.16)
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Then we show

ta,s(ta,)

1. 2.6.1
os(to) — (2.6.17)

By definition, ¢,/d, — 1 as a, — oco. If h € Rg, by (2.6.10), it holds

(tdns(tdn)f N ( duh(d,) )))2<5+e(w(cn)))2 N (h(dn))2 L

te,5(te,) b+ E(w(dn cnh(cn) h(cn)
If h € Ry, by (2.6.11),
1252 (t) ~ tp(t)e(t),

hence

(tdns(tdn))Q dub(da)e(dy) eldy)  e(en = /(0 — 1))

~ = —1
tCn S (tcn ) 7

cnw(cn)ﬁ(cn) €<Cn) G(Cn)

where last step holds by using the same argument as in the second line of (2.5.28).
Using (2.6.15), (2.6.16) and (2.6.17), we obtain

P.
?i :0(1).

Turn back to (2.6.14), pa, (y1) can be approximated by

An+Nn
pa() = (1+0(1)) [ p(X0 = ST = nrp(ST = IS} = nay)dr.

n

(2.6.18)
By Lemma 2.6.1, it follows uniformly when 7 € [ay,, a,, + 1]
n n p(St = nT)
= > = -
p(ST = n7|ST > nay,) PS5y S na)
1\ ts(t)
= (1 7 — —I(ay,))), 6.
( + o(ﬁ)) e (= nl() ~ Ia) (2.6.19)

Inserting (2.6.19) into (2.6.18), we obtain

an+Mn

pa, (Y1) = (1 + 0(\/15»253(15)6"1(“") /an g-(y1) exp ( —nl(1) —log s(tf))dT,

this completes the proof. n



2.7. PROOFs 65

2.7 Proofs

2.7.1 Proofs of Theorem 2.3.1 and Corollary 2.3.1

For density functions p(x) defined in (2.2.1) satisfying also h(z) € 2R, denote by
() the reciprocal function of h(x) and o?(v) = (h’(v))il, v € R,. For brevity, we
write &, o, [ instead of Z(t), a(w(t)),l(t).

When t is given, K(z,t) attain its maximum at & = (¢). The fourth order
Taylor expansion of K(x,t) on z € [ — ol, & + ol] yields

K(z,t) = K(3,) — ;h’(:ﬁ)(x —3) - éh”(i«)(z — )"+ ela,t), (2.7.1)
with some 6 € (0, 1)

e(x,t) = —214h”' (x + 0(x — :@))(x — )% (2.7.2)

For proving Theorem 2.3.1 and Corollary 2.3.1, we state firstly the following
Lemmas.

Lemma 2.7.1. For p(z) in (2.2.1), h(x) € %R, it holds when t — oo,
[log o ((t)))|
Ji W (u)du

Proof. If h(x) € Rg, by Theorem (1.5.12) of [10], there exists some slowly varying
function such that it holds 1 (x) ~ 2%, (z). Hence as t — oo (see [36], Chapter 8)

(2.7.3)

/ " w(u)du ~ 5L (8). (2.7.4)

On the other hand, A'(z) = 2°~1i(x) (ﬁ + e(x)), thus we have as © — oo

1

|logo(z)| = ‘log (h’(:l:))ié = ‘2((6 —1)logz 4 logl(x) + log(B + 6(1’)))‘

(8 +1)log,

<

N | —

set x = 1)(t), then when t — oo, it holds = < 2t'/81,(t) < t'/5+1 hence we get

(B+1)?
2

[log o (¥(t))] < logt,

which, together with (2.7.4), yields (2.7.3).

If h(z) € Ru, then by definition 1 (z) € Ry is slowly varying as « — oo, and as
t — oo (see [36], Chapter 8)

/ltqp(u)du ~ (1), (2.7.5)
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Additionally, we have h'(x) = 1/¢/(t) with & = (t), it follows

1

[log o(w)| = |log (W(x))

Since (t) € Ry, it holds

1 /
= llog /(1)

log (@D(t)dt))‘

llog o (4(1))| = 5] log /(6] = 5 :

= ;’ log(t) + loge(t) — logt‘

1
<logt+ §| loge(t)| < 2logt, (2.7.6)

where last inequality follows from (2.2.7). (2.7.5) and (2.7.6) imply (2.7.3). This
completes the proof. n

Lemma 2.7.2. For p(x) in (2.2.1), h € R, then for any varying slowly function
[(t) = 00 as t — oo, it holds

sup B (& + )0t — 0 as t— oo. (2.7.7)
|z| <ol

Proof. Case 1: h € Rg. We have h(z) = 2°ly(x),lo(z) € Ry, 3 > 0. Then

K (x) = B(B — 1)aP2ly(z) + 28277y (z) + 21, (). (2.7.8)
and
W (@) = BB = 1)(B = 2)2"Plo(x) + 3B(8 — )’ 2y () + 362"y () + "l ().
(2.7.9)
Since ly € Ry, it is easy to obtain
’ lo(x) " lo(l‘) ,
) = = ela),  lyla) =23 (€(@) + z€(z) — e(x)), (2.7.10)
and
gm@:fﬁ?(é@y+wz@k@y—&%m—2mkm+2q@+w%%@)
Under condition (2.2.5), there exists some positive constant ) such that it holds
" lo(x 1 lo(x
) <y < ),

which, together with (2.7.9), yields with some positive constant Q;
h(z)

x3

h"(2)| < (2.7.11)
By definition, we have o?(z) = 1/h'(z) = x/ (h(x)(ﬁ + 6(x))>, thus it follows

i _ Y(1) _ Y
(2)(B+e(®) tB+e@() Bt

2 20ay _
o =0o°(%) :

(1+0(1), (2712
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this implies ol = o(¢¥)(t)) = o(Z). Thus we get with (2.7.11)
" h(i’ ‘l— I‘) t

sup W@ o)l < sup QAT < Qeimgy (27.13)
where Q3 is some positive constant. Combined with (2.7.12), we obtain
" A 474 t 474 _ Qo1
R UM =TD R
as sought.
Case 2: h € Ry. Since & = ¢(t), we have h(Z) = t. Thus it holds
!( 2, 1 (A, wll(t)
N(z) = d h =— , 2.7.14
(2) D) an (%) (w’(t))g ( )
further we get
o v\2
t t)—3 t
iy — OV S(w t) 2.7.15)
(v)
Notice if h(%) € Ruo, then ¥)(t) € Ry. Therefore we obtain
W'(t) = @e(t), (2.7.16)
and
= P (1 D
W) = =S (1 - -5
= —@”g)e(t)(l +o(1)) as t— o0, (2.7.17)

where last equality holds from (2.2.6). Using (2.2.6) once again, we have also 9" (¢)

wo () ) , 2te (1) 1% (t)
0" (1) = et (2+ ) + 316 (6) - 3elr) - Bt )
= wg)g(t) (2 + 0(1)) as t— oc. (2.7.18)

Put (2.7.16) (2.7.17) and (2.7.18) into (2.7.15) we get

h' () = 1+ 0(1))

t
() (t) (

Thus by (2.2.7) as t — o0

" i t+v
up WG+ 0)) = b ey (o)

2t + )8 agtt/E
wi<t/a V3(t+v) P3(t)

(2.7.19)



CHAPTER 2. A CONDITIONAL LIMIT THEOREM FOR RANDOM WALKS UNDER EXTREME
68 DEVIATION

where last inel(};lality holds from the slowly varying propriety: ¢ (t+v) ~ 1(t). Using
o= (&) ", it holds

441781 AN (t)  4€(t)

sup h t+v))ot < — = = — 0.

b A e 3 e R

Hence for any slowly varying function [(t) — oo it holds as ¢t — oo

sup h" (w(t + v))a4l4 — 0.
lv|<t/4

Consider ¥ (t) € Ry, thus Y(t) is increasing, we have the relation

sup B (v(t+v)) = sup B"(E+0),
lv|<t/4 I¢1<[¢1,¢2]

where
G =(3t/4) — 2, G = Y(5t/4) — 7.

Hence we have showed

sup b (&4 C)otlt — 0.
I¢1<[¢1,C2]

For completing the proof, it remains to show
ol <min(|G|, &) as t— oo. (2.7.20)
Perform first order Taylor expansion of ¥(3t/4) at ¢, for some « € [0, 1], it holds

G = B(3H/A) — & = 0(3t/4) — (1) =~ (1 — O‘t/‘l)i - —Wﬁ(t ~at/4),

thus using (2.2.7) and slowly varying propriety of ¢ (t) we get as t — oo

—

= We(t —at/d) > wét)e(t —at/d) > ;igi)s (2.7.21)

L N—1/2 2
On the other hand, we have 0 = (h (515)) V2 <w(t)e(t)/t)l/ , which, together with

(2.7.21), yields

7 < () — 0
Gl N e)ve

which implies for any slowly varying function I(¢) it holds ol = o(|¢1|). By the same
way, it is easy to show ol = o((3). Hence (2.7.20) holds, as sought. O

as 1 — 00,

Lemma 2.7.3. For p(x) in (2.2.1), h € R, then for any varying slowly function
[(t) = 00 as t — oo, it holds
h///(i _'_x)

sup —————al — 0 as t— 00, 2.7.22
oot W(@) ( )

and

KW (#)o®l — 0,  h'(2)o* — 0. (2.7.23)



2.7. PROOFs 69

Proof. Case 1: h € Rg. Using (2.7.8) and (2.7.10), we get b’ (z) = (6(6 - 1)+
0(1))x5_2lo(9&) as x — 00, where [y(z) € Ry. Hence it holds

W (&) = (B(8 = 1) + o(1) ) ()" lo(¥(1)), (2.7.24)
which, together with (2.7.12) and (2.7.13), yields with some positive constant Q)3
sup [H1E+2) <@ ! b, Qs Vi
jaj<ot | R"(Z) 3@/)3( @2V Bt VBU@)PT 2 (Y(E)

Notice () ~ t'/P1,(t) for some slowly varying function [;(¢), then it holds v/t =
0(1/)(15)5*1/2). Hence we get (2.7.22).
From (2.7.12) and (2.7.24), we obtain as t — oo

" 3/2
V@)% = (505 1)+ ov) w0 w0} ()
B—1/2
= (65 = 1)+ o) S (w0

— 11, (¢)P 12
~ %1/2 ;1(/2)“/26 lo(¥ (1)) (2.7.25)

This implies the first formula of (2.7. 23) holds.

Case 2: h € Ry. Using (2.7.14) and (2.7.17) we obtain
ey U0 )
W (&) = ( t))3 ORI (1+0(1)). (2.7.26)
~1/2

Combine (2.7.19) and (2.7.26), using 0 = (h/ (i’)) , we have as t — oo

N h”’(w(t+v>)a<5e2<t>t3/8 L s
ot W@ T 90 Jh@ s e

where €(t) — 0 and v(t) varies slowly. Hence for arbitrarily slowly varying function
[(t) it holds as t — oo

sup Mal — 0.

wi<ta  B'(2)

Define (1, (, as in Lemma 2.7.2, we have showed

W (& +¢)

sup —————ol — 0.
[€I1<[¢1,¢2] h (:L‘)

(2.7.22) is obtained by using (2.7.20). Using (2.7.26), for any slowly varying function,
it holds

1" l
B (2)0%] ~ ————— — 0.

P(t)e(t)t
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By the same method as proving h" ()0l — 0, it is easy to get for Case 1 and
Case 2

17

h(2)o* — 0.
Hence the proof. O

Lemma 2.7.4. For p(x) in (2.2.1), h € R, then for any slowly varying function
[(t) = 00 as t — oo, it holds

sup BOUEDDL_
vel-ty - h'(2)o
where £(z,t) = e(x,t) + q(z).

Proof. A close look to the proof of Lemma 2.7.3, it is straightforward that (2.7.22)
can be slightly modified as

} h///(:/i, _|_ :L,)
u e —
mggz h"(Z)

Hence for y € [—1,1], by (2.7.2) and Lemma 2.7.3 it holds as ¢t — oo

" (& + x)
h”(i’)

gl* — 0 as t— oo.

< su
|z|<ol

ol* — 0. (2.7.27)

e(oy + 2,t)
h"(%)o?

Under condition (2.2.2), set x = 1 (t), we get

1
sup  [q(v)] < :
lo—3(8)| <90 (¢) ty /()
Then we show
q(oy + )
ke (2.725)

Case 1: h € Rg. We have h(x) = 2°ly(z), lo(z) € Ry, 8 > 0. Hence

/

W () = 27 o(x) (8 + €(x)).

Notice o' (t) = 1/h/ (w(t)), it holds as t — o0

ol Y (1)l I

Dp(t) () ) Jr ((t)

It follows

sup  |q(v)] < :
lo—t(t) | <ol t/1(t)
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Using the above inequality and by the second line of (2.7.25), when y € [—[,], it
holds as t — oo

Y

|q(0'y +2) B—1yp(t)" 12

e q<ay+i~>( B an zo<w<t>>) |
VB £3/2

<2|—— sup |q(v
1] st " SO P )
VB Vi
T B =1]0()l(¥(1))
where last step holds since 1(t) ~ t*/81,(t) for some slowly varying function ;.
Case 2: h € Ry. For any slowly varying function [(t) as t — oo

R

W o \wns

— 0,

hence
1
[o—(t)| <ol ot Ju(t

sup  [g(v)] <

~—

Using this inequality and (2.7.26), when y € [—[,[], it holds as t — oo

|q}(:;(y—)|—a:) < 2|q(oy + &)/ 9( t<2 sup |\/¢ t<\/ (t)/t — 0.
()|<o z
(2.7.28), together with (2.7.27), completes the proof. ]

Lemma 2.7.5. For p(z) belonging to (2.2.1), h(z) € R, a € N, denote by

Wit 0)i= [ (o — @)% p(a)de,
0
then there exists some slowly varying function I(t) such that it holds as t — oo

U(t, a) = coTLef@EOT (¢, oz)(l + o(l)),

where
/3 2 a3 8 9
I a Y h'(2)o” 7 314 Y
Ti(t,a) = / 1133 y* exp ( — E)dy — % 1133 YT exp ( — §>dy.
V2 V2

Proof. By (2.7.2) and Lemma 2.7.2, for any slowly varying function [(¢) it holds as
t— o0

sup |e(z,t)] — 0.

|le—2|<ol

Given a slowly varying function [ with {(f) — oo and define the interval I; as follows

; l1/30' 11/30.
b <_ V2 \/5)
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For large enough 7, when ¢ — oo we can partition R, as
Riy={z:0<z<tiU{z:zed+L}U{z:a>10¢ 3+ 1},
where 7 large enough such that it holds for x > 7
p(x) < 2ce™9@), (2.7.29)

Obviously, for fixed 7, {z: 0 <z <7} N{x: 2 € T+ I} = %o since for large ¢
we have min (m Tr e+ It> — o0 as t — oo0. Hence it holds

W(t,a) = [ (@ = 2) e pla)do + (¢ = 2)c*pla)da + [ (x — &) p(x)dx
0 zeZ+1; ¢i+I,x>T
=V (t o) + Uy(t, o) + Us(t, ). (2.7.30)
We estimate sequentially W, (t, «), Us(t, ), Us(t, ) in Step 1, Step 2 and Step

3.
Step 1: Using (2.7.29), for 7 large enough, we have

1(t, o) </ lz — &|%"p(x)dr < 20/ |z — z|*e!* 9@ dy
< 2c/ el < Det~1 3%l (2.7.31)
0

We show it holds for h € R as t — oo
t712%e! = o(o° L eX @R (2)0?). (2.7.32)
(2.7.32) is equivalent to
o A“e”(h”(i))_l = o(eK @),
which is implied by
exp ( — (a+4)logo —logt + alogz + 7t — log h”(i)) = o(efK @),

Since & = (1), it holds

K(2,0) = 16(2) = g((1)) = [ (u)du+w(1) - g(1), (2733

where the second equality can be easily verified by the change of variable u = h(v).
By Lemma (2.7.1), we know logo = o(ef@") as t — co. So it remains to show
t = o(ef@), logz = o(eX@) and logh” () = o(eX@Y).

If h(x) € Rg, by Theorem (1.5.12) of [10], it holds ¥(x) ~ 2'/Al;(z) with some
slowly varying function [;(z). (2.7.4) and (2.7.33) yield t = o(eX@!). In addi-
tion, logZ = log(t) ~ ((1/5) logt + logll(t)> = o(ef@). By (2.7.24), it holds
log h” () = o(t). Thus (2.7.32) holds.

If h(z) € R, ¥(z) € Ry is slowly varying as © — co. Therefore, by (2.7.5) and
(2.7.33), it holds t = o(eX@") and log & = log¢(t) = o(eX@?). Using (2.7.26), w
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have logh” (2) ~ logt — 2log # — 2loge(t). Under condition (2.2.7), log e(t) = o(t),
thus it holds log h" () = o(t). We get (2.7.32).
(2.7.31) and (2.7.32) yield together

U (¢, )| = o(c®TLeX@DR" (£)0?). (2.7.34)

Step 2: Notice min (x T EeET+ It) — 00 as t — 0o, which implies both e(z, t)
and ¢g(z) go to 0 when = € £ + I;. By (2.2.1) and (2.7.1), as t — o0

Uy(t,a) = /{BEME (x — 2)%cexp (K(z, t)+ q(:v))dx
= [ =@ ees (K(ﬁc, £) — ;h’(fc) («—2)

- éh”(i) (0= 2)" +€(w,1) ),

where £(z,t) = e(z,t) + ¢(x). Make the change of variable y = (x — Z) /0o, it holds

us 2 AN 3
o . VZ o Y h (2)o R
Uy(t, o) = co*texp (K(m,t)) / s YT exp ( -5 (6) y® 4 E(oy + x,t))dy.
V2

(2.7.35)

Ony € (= IM3/v/2,1Y2/3/2), by (2.7.23), [h"(2)0*y?| < |B"(2)0l] = 0 as t — oc.
Perform the first order Taylor expansion, as t — co

"o,a 3 "o,oa 3
exp < _h(@) h(z)o

s d y3+§(oy+f7t)) =1-— Y} + &(oy + 2,t) +oi(t,y),

where

Hence we obtain

e y W (2)o”

2 N
/ll/gy exp(— 5 " 6 y3—|—£(0y+x,t)>dy
T V2

/3

2 n"(#)o® R . 2
:/J(ﬁ (1_ (£) y3+§(0y+x,t)+01(t,y))y exp<_%)dy

= 6
/s 2 AN 3 3 2
Z  a Yy hi(Z)o” (75 314 Yy
ziﬁy exp(—;)dy— (6) 7&y3+ exp(—;)dy
7z 7z
s y?
V2 - a
+ / s <€(0y+x,t) + ol(t,y)>y exp (- E)dy-
V2
Define T} (t, ) and Ty(t, @) as follows
us 2 moaN 3 3 2
o y h'(2)0” 177 344 y
Tl(t,a)Z/_@y eXp(—g)dy— 5 _Qy” eXp(—g)dy,
7z 7z
/s 2
Tr(t,a) = /Jlfi (f(ay + 2, t) + o1(t, y))ya exp ( — %)dy. (2.7.36)

V2
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For Ty(t, v), it holds

2

173

Z 2 % a Y

I T2(t, )] < / llf/s (‘S(U?J Z,t)] + |01(tay)|>‘y’ exp(— E)dy
V2

/3 9 /3 9

3 V2 a Yy V2 o Yy
< sup |§(0y+x,t)|/11?3 Y] exp(—g)dy%—/lljg loy(t, )|y exp(—E)dy
yel-L] - _ip
ws .
N V2 a
< sup |§(0y+x,t)|/l1?3 ly| exp(—i)dy
EER -7
() (@) v
# 3 (o5 + \0<g<ay+x,t>>\>,y|aexp (~ )iy
vz
2 1/3 1/3 y2
=2 Ryt '/ !ylaexp(—*)dyﬂ | s 01+ exp (= 5 )y

ye[_lzl]
11/3

"o, a o Yy
=o' @I ( [ 1 b exp(—* dy+ / i bl exp(—Z)dy),

where last equality holds from Lemma 2.7.4. Since the integrals in the last equality
are both bounded, it holds as t — oo

Ty(t,a) = o(h (2)0%).

When « is even, the second term of T3(¢, «) vanishes. When « is odd, the first
term of T (¢, a) vanishes. 2" (2)0® — 0 by (2.7.23), thus T} (t, a) is at least the same
order than h"(#)o3. It follows as t — oo

To(t, ) = o(Ty(t, ). (2.7.37)
Using (2.7.35), (2.7.36) and (2.7.37) we get
Wy (t, @) = co®exp (K (,1))Ti(t a) (1 + o(1)). (2.7.38)

Step 3: Given h € R, for any ¢, K(z,t) as a function of z (x > 7) is concave
since

K"(z,t) = —h'(z) < 0.

Thus we get for x ¢ £ + I and x > 7

K(z,t) — K(i,t) <

= /3,5 N
lﬁ sgn(z — &)
where
1 if x>1,
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Using (2.7.1), we get

1"3q
V2
which, combined with (2.7.39), yields

K(i+

1 1
sgn(z — 2),t) — K(2,t) < —gh'(f)l2/302 = —§l2/3,

2
K(z,t) — K(i,t) < —‘szl/%—lp; _ 3
We obtain
Wy (t, )| < 20/ & — " exp (K (2,1))da
r¢2+1,x>T
i 2
< 2ceK @Y / s |7 — 2| exp ( — £ll/?’a’l|x - :i‘|)dx
|e—2|> L5 8

o . V2
= 2ce @ 5 “/ s Y™ exp ( — 711/3|y|)dy
vI>T5 8

. V2
= 2ce @) +1/|>11/3 exp ( -3 13yl +alog|y|)dy
Yy /2

= 2cel (@) gotl (26_12/3/8(1 + 0(1)>)7

where last equality holds when | — oo (see e.g. Theorem 4.12.10 of [10]). With
(2.7.38), we obtain

Us(t, ) ‘ < e 1%/
Ua(t, o) | = |Ta(t, )|
In Step 2, we know T} (, @) has at least the order h"(#)o®. Hence there exists some

positive constant () and some slowly varying function ly with l5(¢f) — oo such that
it holds as t — oo

Uy(t,)| _ Qe
Uo(t,0)| = KW' (2)o?

For example, we can take lo(t) = (logt)3.
If h € Rg, one close look to (2.7.25), it is easy to know A" (#)o® > 1/t1+1/(0),
with the choice of Iy as above, we have

\Ij3<t7 Oé)
\112 (ta Oé)
If h € R, using (2.7.26), then it holds as t — oo

)| < ey (~ 5+ o 00

= 2Q exp ( —57/8+ (1/2)(10gt + log(t) + loge(t)))
— 0, (2.7.40)

where last line holds since log ¢ (t) = O(logt). The proof is completed by combining
(2.7.30), (2.7.34), (2.7.38) and (2.7.40). O

’ < Qexp (= /8 + (14 1/(28)) logt) — 0.
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Proof of Theorem 2.3.1. By Lemma 2.7.5, if @ = 0, it holds Ti(¢,0) ~ /27 as
t — o0, hence for p(z) defined in (2.2.1), we can approximate X’s moment generating
function ®(¢)

O(t) = /OOO ep(z)dr = v 2noel@ (1 + 0(1)). (2.7.41)

If a =1, it holds as t — oo,

B (2)o® i y? Verh' (2)o?
T1<t7 1) = = (6) ;fs y4 exp ( - E)dy = _2()(1 + 0(1))7
V2

hence we have with U(¢, ) defined in Lemma 2.7.5

U(t,1) = —C\/%UQeK(i’t)h(i)g(l + 0(1)) = —d(t)

which, together with the definition of W(¢, «), yields

n'(2)o*

/OOO vep(x)dr = V(t, 1) + 2P(t) = (ﬁ - (1 + 0(1)))@@). (2.7.43)

Hence we get

mft) = dloi;b(t) _ x;zf)(x)dx P (922)0 (1 +o(1)). (2.7.44)

By (2.7.23), as t — o0
m(t) ~ & =(t). (2.7.45)

Set a = 2, as t — oo, it follows

/3 9

U(t,2) = co®el@Y zlj3 y? exp ( - %)dy(l + 0(1))
V2

= V210 (14 0(1)) = o*@(t) (1 + 0(1)). (2.7.46)

Using (2.7.42),(2.7.44) and (2.7.46), we have

2

/OOO (m - m(t))2etxp(x)dx = /OOO (x -4z - m(t)) e p(z)dx

= o*0(t)(1+o(1)) — K ()" (1) (#)o ) 1+ 0(1)) + (h ()0 >2<I>(t)(1+0(1))

= 0?0(t)(1+ 0(1)) — ————0®(t)(1+ o(1)) = o?®(t) (1 + o(1)),
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where last equality holds since k" (#)o® goes to 0 by (2.7.23), thus as t — oo

Plogd(t) S5 (2 —m(t)) e p(x)da

s3(t) = T 0 ~ o =/(t). (2.7.47)

Set o = 3, the first term of T} (¢, 3) vanishes, we obtain as t — oo

U(t,3 ):—C\/_04K:”t /f\/l_y exp( ;)dy
V2
_ _cMG\/%eK(“ ( +o(1)) = YA (?UGQD(t)<1 +o(1)),
(2.7.48)

where Mg denotes the sixth order moment of standard normal distribution. Using
(2.7.42),(2.7.44), (2.7.46) and (2.7.48), we have as t — 0o

/OO (m —m(t ))3 o(z)dr = /OOO (x -4+ - m(t))gemp(x)dx

- / ( z—2)°+3(z — @)Q(JE —m(t )) +3(x — )(a: — m(t))2 + (i — m(t))g) e p(x)dx
= W(t,3) +3(2 —m(t))U(t,2) + 3(2 — m()) Ut 1) + (3 — m(t)) (1)

— Mg () O(t)(1+ o(1)) + (3/2)h" (2)0" (0?@ (1)) (1 + o(1))
-3<}L(§>“ )2¢<0}L(§)“ (1+0m) + (" &) )3®(ﬂ(1—%0(18

:9}%M@p@@@+dm b (2)osa(n @)

>
N—
o
KH
—~
~
N—

where last equality holds since h ( Jo3 — 0 by (2.7.23). Hence we get as t — 0o
3

(t) = Plog®(t)  Jo (I - m(t)) e"p(x)dx

Pl ="~ D(t)

9—Ms, " .. ¢ 9= Msy'(1) Mg —9 .
~——h (2)o® = O T (t). (2.7.49)

The proof is completed by combining (2.7.45) (2.7.47) with (2.7.49).

P'(t)? =

]

Proof of Corollary 2.3.1. The proof is immediate by (2.7.23) of Lemma 2.7.3, from

which we get h"(#)o® — 0 since I(t) — oo as t — oco. By (2.7.47) and (2.7.49), it
holds as ¢ — oo

M3 9 — M6 ”
B~ S (@) — 0. (2.7.50)

]
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2.7.2 Proof of Theorem 2.4.1

Lemma 2.7.6. With the same notation as in Theorem 2.4.1, it holds

1 a n _ 1.2 U3 3 1.2
< = " - - :
<5 ||y et iy
Proof. Let
_ 3 3
Gl@) = pale) = 6(e) — Gy (2* - 32)¢(x)
From
1 o 1.2
é(x) = 2—/ e~ie =37 dr, (2.7.51)
T J—o00
it follows that
1 o0 . 1
¢" (@) = —5- / (i)}~ e 17 dr. (2.7.52)
T J—00

On the other hand
¢" () = —(z° = 32)¢(x),
which, together with (2.7.52), gives
1 oo .
(2® - 32)p(z) = — / (i7)%e~ e~ 37 dr. (2.7.53)

2T —00

Let ¢ (1) be the characteristic function (c.f) of 7%; the c.f of p, is ((p“” (T/\/ﬁ))n
Hence it holds by Fourier inversion theorem

1

pn(x) = o

/_O:O e e (goa" (T/ﬁ))ndr. (2.7.54)

Using (2.7.51), (2.7.53) and (2.7.54), we have

1 foo n ) .
G(z) = o /_OO 6“((@“”(7/\/5)) —e 2 — 6;%83 (ir)3e2f2>dr
Hence the proof is completed. 0

Lemma 2.7.7. With the same notation as in Theorem 2.4.1, the characteristic
function @ of 7 (z) satisfies

sup [ | (T)|2d7' < o0 and sup | (T)] < 1,
an€RT an€RT,|T|>0>0

for any positive o .
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Proof. 1t is easy to verify that r-order (r > 1) moment " of 7% (x) satisfies

d" log ®(t
) = 710820y e (an),
dtr
By Parseval identity
/ | (7)|?dr = 27r/(7_r"“” (z))*dr < 2w sup 7 (x). (2.7.55)
zeR

For the density function p(x) in (2.2.1), Theorem 5.4 of Juszczak and Nagaev [54]
states that the normalized conjugate density of p(x), namely, 7% (x) has the propri-
ety

lim sup 7% (z) — ¢(z)| = 0.

Anp—>00 zeR

Thus for arbitrary positive 0, there exists some positive constant M such that it
holds

sup sup |79 (z) — ¢(z)] < 0,

an>M xeR

which entails that sup, - sup,cg 7" (z) < co. When a, < M, sup, _jSup,cg 7" (x) <
o0; hence we have

sup sup 7 (z) < oo,
an€RT z€R

which, together with (2.7.55), gives the first inequality of the Lemma. Furthermore,
() is not periodic, hence the second inequality of the Lemma holds from Lemma
4 (Chapter 15, section 1) of [36]. O

Proof of Theorem 2.4.1. We complete the proof by showing that for n large enough

[l ey =t - g o= o( ). s

For arbitrarily positive sequence a,, we have

o0

/OO e R (2)dx

— 00

sup
an€RT

< sup

an eR+ J—o0

et R (1) ’dx =1

@ (1) = sup

an€RT

In addition, 7% (z) is integrable, by Riemann-Lebesgue theorem, it holds when
|T| = o0

— 0.

sup |p™ (1)

an€RT

Thus for any strictly positive w, there exists some corresponding N, such that if
|7| > w, it holds

<N, < 1. (2.7.57)

sup (¢ ()

an€ERT

We now turn to (2.7.56) which is splitted on |7| > w+/n and on |7| < wy/n .
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DEVIATION
It holds

\/ﬁ/lr>w\/ﬁ (@an (T/\/ﬁ)yl —e - 6\/;%33 (iT)Se_%TZ ar

= \/ﬁ/lrlwx/ﬁ (¢“"(7/\/ﬁ))’ndr+ v [T[>wy/n a 6\11/%53 (27)36 7l

< AN /waﬁ (gpan@_/\/ﬁ)) 2d7+\/ﬁ |T\>w\/7767%T2 (1+ 6’5’;3 )dT.

(2.7.58)
where the first term of the last line tends to 0 for n large enough, since

Vg [ (v ar

|T|>wyv/n

1 2
— exp (2 logn + (n —2)log No+log | (o (T/\/ﬁ))‘ dT) 0, (2.7.59)

where the last step holds from Lemma 2.7.7 and (2.7.57). As for the second term

of (2.7.58), by Corollary (2.3.1), for n large enough, we have |u3/s*| — 0. Hence it
holds for n large enough
)d

1
1 3dr = /n exp{—T2+3logT}dT
Ir|>wyn | ‘ Ir|>wyn 2 7l
= 2y/nexp ( —w’n/2 + 0(w2n/2)> — 0,

12

27 1_|_‘
\/ﬁ/r>wfe ( 6\/_83
<vn

(2.7.60)

where the second equality holds from, for example, Chapter 4 of [10]. (2.7.58),
(2.7.59) and (2.7.60) implicate that, for n large enough

an n —1,2 M3 . \3 172
/hW (V)" — e ¥ = syt
If |7| < wy/n, it holds
an n _1.2 125} . \3 1
/mﬁ (oG Vm)" = ¥ = i ye

- an n 1.2 H3 . \3
=S (¢ (r/v/n)) e _1_6\/553(”)

exp{nlogwn(T/\/ﬁ)Jr;Tz}_l_ 3 (i )3

The integrand in the last display is bounded through

dr = 0(\/15). (2.7.61)

2
ldr

_ —372

e 2
IT|<Swy/n

e 1= Bl = (e — ) + (& 1= B < (la— Bl + 2", (2769

where v > max(|al, |3|); this inequality follows replacing e®, e® by their power series
for real or complex «, 5. Denote by

1
v(r) =log ™ (7) + 57°.
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Since 7/(0) = +"(0) = 0, the third order Taylor expansion of v(7) at 7 = 0 yields

1 1 1
7(7) — 7(0) + 7/(0)7_ + 5f)///(0>7_2 + 67”/(6)7—3 — 67”/(€>T37
where 0 < £ < 7. Hence it holds
() = 25 iy = ey - a2
653 316

Here ~" is continuous; thus we can choose w small enough such that |7y (£)| < p
for |7| < w. Meanwhile, for n large enough, according to Corollary (2.3.1) , we have
lus/s®| — 0. Hence it holds for n large enough

Ll

< (h”’(s)\ + p) < p|rl. (2.7.64)

() - 25 iy )

653

Choose w small enough, such that for n large enough it holds for |7| < w

—_
N
—_

<3 hl< g™
For this choice of w, when |7| < w we have
B i, b)) < 7 (2.7.65)
max { | =5 (im)") [y (7)] ) < ;7 7.

Replacing 7 by 7/4/n, it holds for || < wy/n

1
’nlog 0 (1/+/n) + 572 __Hs (it)?

g (r/vi) + (=) - ()

-h(7) -4 (73 | <

where the last inequality holds from (2.7.64). In a similar way, with (2.7.65), it also
holds for |7| < wy/n

=N

(2.7.66)

i

max (’nlog 0 (1/v/n) + ;72 , 6\5%53 (i7)? )
= nmax (‘7(\}%) ) :;«/%) ) < iT2. (2.7.67)

Apply (2.7.63) to estimate the integrand of last line of (2.7.62), with the choice
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of w in (2.7.64) and (2.7.65), using (2.7.66) and (2.7.67) we have for |7| < wy/n

an 1 2 M3 : \3

exp {nlogg) (t/v/n) + 57 } —-1- 6\/ﬁs3<”)
1

o2 (ir)?

216,/ns
)

)

1 M3,
< l an -2 3
< (|r1om et (r/ V) + 57 = g5 ir)

1
X exp [max (‘nlog o (1//n) + 57'2

p| |3 1 - ) 2) < 2)
< — _
B < \/ﬁ 2 6\/%83 (ZT) °XP 4

3 26 2
_ <P|T’ L M8 )exp (7')
Vn o T2nst 4
Use this upper bound to (2.7.62), we obtain

an " 172 H3
/lTISM (e (r/vm)" = e b - N

A N
< - — d
- |T|gw\/ﬁeXp( 4 )( vn + 72n56) ’
2 2 2
_ P T 3 M3 / ( T ) 6
= ~ ) 7P ~ L)%
vn mgmzeXp( 4)|T’ T 72ns8 |T\gw\/ﬁeXp 1 )7

where both the first integral and the second integral are finite, and p is arbitrarily
small; additionally, by Corollary (2.3.1), u2/s% — 0 when n large enough, hence it
holds for n large enough

/|r§wﬁ (o (r/vm)" =77 = 6\5%33 (ir)’e™*" |dr = 0<\/15) (2.7.68)

Now (2.7.61) and (2.7.68) give (2.7.56). Further, using (2.7.56) and Lemma 2.7.6,

we obtain
t onla) = 6(0) = s (0" = 30)ow)| = o 7= ).

which concludes the proof. O]

B3 (iry

"164/ns?

dr

M

(ir)%e 2"




Chapter 3

Weighted sampling, MLE and

minimum divergence estimator

3.1 Motivation and context

This paper explores Maximum Likelihood (ML) paradigm in the context of sam-
pling. It mainly quotes that inference criterion is strongly connected with the sam-
pling scheme generating the data. Under a given model, when i.i.d. sampling is
considered and some standard regularity is assumed, then the Maximum Likelihood
principle loosely states that conditionally upon the observed data, resampling under
the same i.i.d. scheme should resemble closely to the initial sample only when the
resampling distribution is close to the initial unknown one.

Keeping the same definition it appears that under other sampling schemes, the
Maximum Likelihood Principle yields a wide range of statistical procedures. Those
have in common with the classical simple i.i.d. sampling case that they can be
embedded in a natural class of methods based on minimization of ¢—divergences
between the empirical measure of the data and the model. In the classical i.i.d. case
the divergence is the Kullback-Leibler one, which yields the standard form of the
Likelihood function. In the case of the weighted bootstrap, the divergence to be
optimized is directly related to the distribution of the weights.

This paper discusses the choice of an inference criterion in parametric setting.
We consider a wide range of commonly used statistical criterions, namely all those
induced by the so-called power divergence, including therefore Maximum Likelihood,
Kullback-Leibler, Chi-square, Hellinger distance, etc. The steps of the discussion are
as follows.

We first insert Maximum Likelihood paradigm at the center of the scene, putting
forwards its strong connection with large deviation probabilities for the empirical
measure. The argument can be sketched as follows: for any putative 6 in the
parameter set, consider n virtual simulated r.v’s X,y with corresponding empirical
measure P, y. Evaluate the probability that P, 4 is close to P, , conditionally on F,,
the empirical measure pertaining to the observed data; such statement is refered to
as a conditional Sanov theorem, and for any # this probability is governed by the
Kullback-Leibler distance between Py and Py, where 07 stands for the true value of
the parameter. Estimate this probability for any 6, obviously based on the observed
data. Optimize in 0; this provides the MLE, as shown in the two cases of the i.i.d.
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sample scheme; our first example is the case when the observations take values in a
finite set, and the second case (infinite case), helps to set the arguments to be put
forwards. Introducing MLE’s through Large deviations for the empirical measure is
in the vein of various recent approaches; see Grendar and Judge [43].

We next consider a generalized sampling scheme inherited from the bootstrap,
which we call weighted sampling; it amounts to introduce a family of i.i.d. weights
Wy, ..., W,, with mean and variance 1. The corresponding empirical measure per-
taining to the data set xy , ..., z, is just the weighted empirical measure. The MLE
is defined through a similar procedure as just evoqued. The conditional Sanov The-
orem is governed by a divergence criterion which is defined through the distribution
of the weights. Hence MLE results in the optimization of a divergence measure
between distributions in the model and the weighted empirical measure pertaining
to the dataset. Resulting properties of the estimators are studied.

Optimization of ¢p—divergences between the empirical measure of the data and
the model is problematic when the support of the model is not finite. A number of
authors have considered so-called dual representation formulas for divergences or,
globally, for convex pseudodistances between distributions. We will make use of the
one exposed in [19]; see also [15] for an easy derivation.

3.1.1 Notation

Divergences

The space S is a Polish space endowed with its Borel field B (S) . We consider an
identifiable parametric model Pg on (S, B(S)), hence a class of probability distri-
butions Py indexed by a subset © included in R%; © needs not be open. The class of
all probability measures on (S, B (S)) is denoted P and M (S) designates the class
of all finite signed measures on (S, B(95)).

A non negative convex function ¢ with values in R belonging to C? (R) and
satisfying ¢ (1) = ¢’ (1) = 0 and ¢" (1) is a divergence function. An important class
of such functions is defined through the power divergence functions

=y 4y —1
v(vy—1)

oy () : (3.1.1)

defined for all real v # 0,1 with g (z) := —logx + z — 1 (the likelihood divergence
function) and ¢; (z) := xlogx — x + 1 (the Kullback-Leibler divergence function).
This class is usually refered to as the Cressie-Read family of divergence functions,
a custom we will follow, although its origin takes from [74]. When x is such that
¢~ (x) is undefined by the above definitions, we set ¢, (z) := 400, by which the
definition above is satisfied for all ¢.. It consists in the simplest power-type class of
functions (with the limits in v — 0, 1) which fulfill the definition. The L; divergence
function ¢ (z) := |z — 1| is not captured by the Cressie-Read family of functions.

Associated with a divergence function ¢ is the divergence pseudodistance between
a probability measure and a finite signed measure; see [22].
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For P and @) in M define

»(Q,P) ::/ (Z?’) dP whenever @ is a.c. w.r.t. P

= +o00 otherwise.

The divergence ¢ (Q, P) is best seen as a mapping Q@ — ¢(Q, P) from M onto
R+ for fixed P in M. Indexing this pseudodistance by v and using ¢, as di-

vergence function yields the likelihood divergence ¢ (Q, P) = — [ log( )dP
the Kullback-Leibler divergence ¢, (Q,P) = [ log( )dQ the Hellinger diver-

2
gence ¢12 (Q, P) =1 [ <\/ - ) dP, the modified x? divergence ¢_; (Q, P) :=

2
% Ik (Z—g — ) (%) dP. All these divergences are defined on P. The x? divergence

1 (dQ 2ap i
$2(Q, P) =5 (5 — ) dP is defined on M. We refer to [19] for the advantage

to extend the definition to possibly signed measures in the context of parametric
inference for non regular models.
The conjugate divergence function of ¢ is defined through

o () ==y (i) (3.1.2)

and the corresponding divergence pseudodistance ¢ (P, Q) is

5= [+ (5)

which satisfies B
¢ (P.Q)=9(Q,P)

whenever defined, and equals +o0o otherwise. When ¢ = ¢, then ¢ = ¢;_, as
follows by substitution. Pairs (¢.,p1-,) are therefore conjugate pairs. Inside the
Cressie-Read family, the Hellinger divergence function is self-conjugate.

In parametric models p—divergences between two distributions take a simple
variational form. It holds, when ¢ is a differentiable function, and under a commonly
met regularity condition, denoted (RC) in [15]

aclU

&(Py, Py,) = sup ( )d}% /cp (dP9>dPgT (3.1.3)

where o7 (z) := 2¢'(z) — ¢(x). In the above formula, I designates a subset of ©
containing fr such that for any 6,6 in U, ¢ (P, Py ) is finite. This formula holds
for any divergence in the Cressie Read family, as considered here.

Denote p p
P P,
h(d, o, x) := /gp (dP6> dPy — (dPe (x))

&(Py, Po,) :==sup [ h(0,a,x)dPp,(z). (3.1.4)

acl

from which
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For CR divergences

1 dp,\" !
h(o - / R R
(7a7x) 7_1[ (dpa> ?

Weights

2z

For a given real valued random variable W denote
M(t) := log EexptW (3.1.5)

its cumulant generating function which we assume to be finite in a non void interval
including O (this is the so-called Cramer condition). The Fenchel Legendre transform
of M is also called the Chernoff function and is defined through

oV (z) = M*(z) := suptx — M(t). (3.1.6)
t
The function x — " (z) is non negative, is C? and convex. We also assume
/
that EW = 1 together with VarW = 1 which implies " (1) = (goW) (1) =0 and
(ng)H (1) = 1. Hence " (x) is a divergence function with corresponding divergence

pseudodistance ¢" . Associated with ©" is the conjugate divergence QEW with
divergence function ", which therefore satisfies

" (Q,P) = ¢V (P,Q).

Whether there exists a random variable V' satisfying
o =¥

is discussed further on in the paper.

Measure spaces

This paper makes extensive use of Sanov type large deviation results for empirical
measures or weighted empirical measures. This requires some definitions and facts.

The vector space M(S) is endowed with the T—topology, which is the coarest
making all mappings @ — [ fd@ continuous for any @ € M(S) and any f € B(S)
which denotes the class of all bounded measurable functions on (S, B (S)) . A slightly
stronger topology will be used in this paper, the 75 topology, introduced in [27],
which is the natural setting for our sake. This topology can be described through
the following basis of neighborhoods. Consider 8 the class of all partitions of S and
for £ > 1 the class Py of all partitions of S into k disjoint sets, Py := (A, ..., Ax)
where the A;’s belong to B (S) . For fixed P in M, for any k, any such partition Py
in P and any positive £ define the open neighborhood U (P, e, Py) through

U(Pe,Py) = {Q & M such that max [P(A;) ~ Q(A))] < = and Q(A) = 0 if P(4,) = o} .
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The additional requirement Q(A;) = 0 if P(A;) = 0 in the above definition with
respect to the classical definition of the basis of the 7—topology is essential for the
derivation of Sanov type theorems. Endowed with the 7p—topology, M is a Hausdorff
locally convex vector space.

The following Pinsker type property holds

k
Q (Ai)
}D /4i = ,})
w e (Fi)) P =o@p
see [45].

For any P in M the mapping @ — ¢(Q, P) is lower semi continuous; see [18],
Proposition 2.2. Denoting (a, b) the domain of ¢ whenever

im 29 _ i 2@
Tr—a €T x—b €T
xr>a r<b

then for any positive C, the level set {Q : ¢ (Q, P) < C'} is 1p—compact, making
Q — ¢(Q, P) a so-called good rate function. Divergence functions ¢ satisfying this
requirement for example are ., with v > 1; see [18] for different cases.

Minimum dual divergence estimators

The above formula (3.1.3) defines a whole range of plug in estimators of ¢( Py, Py..)
and of Op. Let Xj, ..., X,, denote n iid. r.v's with common didistribution Fy,.
Denoting

1
}%L-:: E:E;;éx&

the empirical measure pertaining to this sample. The plug in estimator of ¢(Fy, Pp,.)
is defined through

On(Pp, Py,) :=sup | h(0,a,z)dP, (x)

acU
and the family of M-estimators indexed by 6

ay, (0) :=argsup [ h(0,a,x)dP, (x)

aceU

approximates 0. In the above formulas U is defined after (3.1.3). See [19] and [76]
for asymptotic properties and robustness results.

Since ¢(Py,, Py,) = 0 a natural estimator of 67 which only depends on the choice
of the divergence function ¢ is defined through

0, := arg i%f On( Py, Py,)

= arg 51615 itelg h(8, o, z)dP, (x);

see [19] for limit properties.
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3.1.2 Main topics treated in this paper

We now turn to the derivation of the ML estimate through the approximations
obtained hereabove. Although much of the development seems unneccessary due to
the very form of the Kullback-Leibler divergence. We intend to stress the fact that a
large deviation rate in Sanov Large deviation Theorem defined through a divergence
function ¢ induces a Maximum Likelihood estimator which is an M-estimator for a
statistical functional defined through the conjugate divergence function of ¢. This is
developped in details for the classical ML pertaining to the simple sampling scheme
and will be extended to the weighted bootstrap sampling scheme in the next section.

3.2 Large deviation and maximum likelihood

3.2.1 ML under finite supported distributions and simple sampling

Suppose that all probability measures Py in Pg share the same finite support
S = {l,...,k}. Let Xj,...,X,, be a set of n independent random variables with
common probability measure F, and consider the Maximum Likelihood estimator
of 7 . A common way to define the ML paradigm is as follows: For any 6 consider
independent random variables (X, ..., X,9) with probability measure B , thus
sampled in the same way as the X;’s, but under some altermative . Define 0,,; as
the value of the parameter 6 for which the probability that, up to a permutation
of the order of the X,y’s, the probability that (X, ..., X, ) occupies S as does
Xy, ..., X, is maximal, conditionaly on the observed sample X1, ..., X,,. In formula,
let o denote a random permutation of the indexes {1,2,...,n} and 6, is defined
through

Orr = arg mglx; S B ((Xa(l),g, ...,Xo(n),g) = (X1, ...,Xn)‘ (X1, ...,Xn))

T oe6

(3.2.1)
where the summation is extended on all equally probable permutations of {1,2,...,n}.
Denote
P=13s
n n Pt Xl‘
and

1 n
Pn’,g = - ZdXi,o
N
the empirical measures pertaining respectively to (X1, ..., X,) and (X9, ..., X5 )
An alternative expression for 6y, is

Oy = arg max Py(P.g= P, P,). (3.2.2)

An explicit enumeration of the above expression Py (P, 9 = P,| P,) involves the
quantities
nj = card{i: X; = j}
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for j =1,...,k and yields

k .
[In!tP (5)™

Py(Png = P,| P,) = =1 (3.2.3)

n!

as follows from the classical multinomial distribution. Optimizing on 6 in (3.2.3)
yields

k
n; ,
Onr = argmgaszl ;Jlogpe ()

1 n
= argmax — > log Py (X;).

=1

Consider now the Kullback-Leibler distance between Py and P, which is non com-
mutative and defined through

=" (n;/n)log n;/n (3.2.4)

where
o) :=zlogr —xz+1 (3.2.5)

which is the Kullback-Leibler divergence function. Minimizing the Kullback-Leibler
distance KL (P,, Py) upon 0 yields

QKL = arg Hbin KL (Pn, Pg)

k
o Lo & .
= argmin — > —log P ()

j=1
k T
— S og Py (j
argmngZI ~log Py ()
:eML-

Introduce the conjugate divergence function @ of ¢, inducing the modified Kullback-
Leibler, or so-called Likelihood divergence pseudodistance K L,, which therefore
satisfies

KL, (P, P,) = KL(P,, P).

We have proved that minimizing the Kullback-Leibler divergence K L (P,, Pp) amounts
to minimizing the Likelihood divergence K L,, (Py, P,) and produces the ML esti-
mate of Or.

Kullback-Leibler divergence as defined above by KL (P,, Py) is related to the
way P, keeps away from Py when 6 is not equal to the true value of the parameter
Or generating the observations X;’s and is closely related with the type of sampling
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of the X;’s. In the present case i.i.d. sampling of the X, y’s under Fy results in the
asymptotic property, named Large Deviation Sanov property

JLIgOTlllog Py(Poy= P Py) = —~KL(P),, P)). (3.2.6)
This result can easily be obtained from (3.2.3) using Stirling formula to handle the
factorial terms and the law of large numbers which states that for all j's, n;/n
tends to Py, (j) as n tends to infinity. Comparing with (3.2.4) we note that the ML
estimator 0y, estimates the minimizer of the natural estimator of K'L (Py,., Py) in 0,
substituting the unknown measure generating the X;’s by its empirical counterpart
P, . Alternatively as will be used in the sequel, #,;;, minimizes upon # the Likelihood
divergence K L, (Py, Py,) between Py and Py, substituting the unknown measure
Py, generating the X;’s by its empirical counterpart P, . Summarizing we have
obtained:

The ML estimate can be obtained from a LDP statement as given in (3.2.6),
optimizing in # in the estimator of the LDP rate where the plug-in method of
the empirical measure of the data is used instead of the unknown measure F,.
Alternatively it holds

Oy = arg H}gin@ (Py, Po,) (3.2.7)

with -
KL, (Py, Py,) =KLy, (P, P,).

In the rest of this section we will develop a similar approach for a model Pg whose
all members Py share the same infinite (countable or not) support S.

The statistical properties of 6, are obtained under the i.i.d. sampling having
generated the observed values.

This principle will be kept throughout this paper: the estimator is defined as
maximizing the probability that the simulated empirical measure be close to the
empirical measure as observed on the sample, conditionally on it, following the same
sampling scheme. This yilds a maximum likelihood estimator, and its properties a
re then obtained when randomness is introduced as resulting from the sampling
scheme.

3.2.2 ML under general distributions and simple sampling

When the support of the generic r.v. X; is not finite some of the arguments above
are not valid any longer and some discretization scheme is required in order to get
occupation probabilities in the spirit of (3.2.3) or (3.2.6). Since all distributions P
in Peo have infinite support, i.i.d. sampling under any Fp yields (X, ..., X, 9) such
that

Py(P,p=P,|P,)=0

for all n, so that we are lead to consider the optimization upon 6 of probabilities of

the type Py (P9 € V (P,)| P,) where V (P,) is a (small) neighborhood of P,. Con-

sidering the distribution of the outcomes of the simulating scheme Py results in the

definition of neighborhoods through partitions of .S, hence through the 7op—topology.
When P, is the empirical measure for some observed r.v's X, ...X,, , an e—neighborhood

of P, contains distributions whose support is not necessarily finite, and may indeed
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be equivalent to the measures in the model Pg when defined on the Borel o—field
B(S).
Let Py := (Ay, ..., Ax) be some partition in ;. Denote

Vi (P) = {Q € M such that max |P,(A) — Q(A))] < = and Q(A;) = 0 if P,(4;) = o}

(3.2.8)
an open neighborhood of P,.
We also would define the Kullback-Leibler divergence between two probability
measures () and P on the partition P, through

Q(A;
KLy, (Q,P):= > lo g( )> Q(A4;).
A €Ps ( )
Also we define the corresponding Likelihood divergence on P, through
(KLp)p, (Q,P) = KLp, (P,Q). (3.2.9)

As in the finite case for any ¢ in © denote (X, ..., X, 0) a set of n i.i.d. random
variables with common distribution Fy. We have

Lemma 3.2.1. For large n

! klog(n + 1
- log Py (Pro € Vie (Po)| Pn) > —KLp, (Ve (Pn), Fy) — g<n>

. ) klog(n + 1)

= geithipy K (@ o) =
Proof. The proof uses similar arguments as in [27] Lemma 4.1. For fixed k and large
n, Py, belongs to V. (P,), by the law of large numbers. Indeed for large n , P, (4;)
is positive and | Py, (A;) — P, (A;)| < e for all j in {1,...,k} . Assuming that for all
0 in ©

KL(P@T,PQ) < 0

and taking into account the fact (see [71]) that for any probability measures P and
Q, K(P,Q) = sup, supp, ey, K Lp, (P, Q) where ;. is the class of all partitions of
S in k sets in B (.59), it follows that

KLp, (Ve (Py), Pp) is finite
for all fixed k and large n. For positive & let P™ in Vj . (P,) with
KLp, (P, Py) < KLp, (Ve (Pa), Po) + 6.
Let 0 < ¢’ < € and non negative numbers r; , 1 < j < k such that
k
‘T’j —P(n) (AJ)‘ < 5/, and ry = 0 if P(n) (AJ) = 0 and ZTJ' =1.

j=1

The probability vector (7, ...,7x) defines a probability measure R on (S,Py), and

R belongs to V. (P,). By continuity of the mapping z — x log Byiay it is possible
J

to fit the r;’s such that for all j between 1 and k

P™ (A;)] o

log ———= —. 2.1
og By (A,) <7 (3.2.10)

r;log — p) (A))

P@(A)
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Indeed since all the F’s share the same support, if P (A;) = 0 then Py, (4;) =0
which in turn yields P,(A;) = 0 which through (3.2.8) implies P (A;) = 0. This
plus the conventions 0/0 = 0 and 0log0 = 0 implies that (3.2.10) holds true for
some choice of the r;’s. Choose further the r;’s in such a way that [; := nr; is an
integer for all j. Let P, denote the empirical distribution of the X;,’s. We now
proceed to the evaluation of Py (P, € Vi (P,)| Pn) . It holds

PH(PR,OE‘/]C,8<PH)|PH)ZPQ(PH,Q(Aj):Tj71§j§k|PTL)

k
Iy,
_ =l

T'j

> (n+1)"exp an]lOng(A)

j=1
where we used the same argument as in [27], Lemma 4.1. In turn using (3.2.10)
; PO (4)
rilo g——2
Z:: e = By (4;)
Kka (Vie (Pn), Py) + 26

+9

M»

and the proof is completed. O

The reverse inequality is as in [27] p 790: The set Vi . (F,) is completely convex,
in the terminology of [27], whence it follows

Lemma 3.2.2. For alln
1
ﬁlOng (Pnﬂ € ‘/}C,ﬁ (Pn)| Pn) S —Kka (Vk,s (Pn> ) PH)

Lemmas 3.2.1 and 3.2.2 link the Maximum Likelihood Principle with the Large
deviation statements. Define

1
Oyrr, = arg max — log Py (Prg € Vie (Pn)| Pn) (3.2.11)
n

and
OrLpp := arg mein —KLp, (Vie (Pn), o)

assuming those parameters defined, possibly not in a unique way. Denote
1
Lk:,s (9) = ﬁ 1og Pg (ng € %78 (Pn)| Pn)

and

K]@E (9) = —Kka (Vk75 (Pn) ,Pg) .
We then deduce that

k
- log(n+1) < Ly, (0mr) — Kie (Onr) <0

k
0<—Lie(Orpp) — Ki: (Opp) < log (n+1)
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whence ]
0 S Lk,e (QML) — Lk’é- (QLDP) S E 10g (n -+ 1) (3212)

from which 6;pp is a good substitute for 0,,; for fixed k£ and ¢ in the partitioned
based model. Note that the bounds in (3.2.12) do not depend on the peculiar choice
of Pk in ‘Bk .

Fix k = k, such that lim, . k, = oo together with lim,_, k,/n = 0. Define
the partition P, such that P,(A;) = k,/n forall j =1, ..., k. Hence A; contains only
k sample points. Let € > 0 such that max;<;<j [P, (A;) — kn/n| < €. Then clearly
Py, belongs to Vi (P,) and V,, . (P,) is included in Vj o (Pp,.) . Therefore for any 6
it holds

KLp, (Vioe (Po,), Po) < KLp, (Vie (P),Py) < KLp, (FPo,, ) (3.2.13)

which proves that infy K Lp, (Vi (Pn), Py) = 0 with attainment on 6’ such that Pp
and Py, coincide on Py.

We now turn to the study of the RHS term in (3.2.13). Introducing the likelihood
divergence ¢ defined in (3.2.9) leads

KL, (Pig, Po) = (KLyn)p, (o, Poy)

whence minimizing K Lp, (Fp,., P) over § in © amounts to minimizing the likelihood
divergence 6 — (K Ly, )p, (Fp, Poy) . Set therefore

O.ppp, = arg Hbin KLp, (Py,, Py) = arg rnein (KLm>7>k (Py, Po,.) -

Based on the o—field generated by P on S the dual form (3.1.3) of the Likelihood
divergence pseudodistance (K Ly,)p, (FPs, Pp,.) yields

. , (P
argmin (K Ly )p, (P, Py,) = argminsup » & (9 (Aj)> Py (4;)

n Bjepk P

"
v [ Po
ST @ (pe)mea). G2
"
with ¢(z) = —logz + 2 — 1 and (p)" (z) = —log (1 — x) . With the present choice
for ¢ the terms in P, vanish in the above expression ; however we complete a full
development, as required in more envolved sampling schemes. Now an estimate of
fr is obtained substituting Py, by P, in (3.2.14) leading, denoting n; the number
of X;’sin A;

5 . (P n; (P
buor, = 3 (1 (4)) B - 5 (1 (4p).
o AjEPy n Ajep, T 7
Letting n tend to infinity yields (recall that k = k)
. (P (o, .
Jimsup|| 0 3(5040) = @) (5040 Por (4))]

A;EPy n A;EPy n

- [/95(]];: (:U))Pe (z) dx —/(95)* <i€ ($)>dPn(.7c)

n

-
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w.p. 1 which in turn implies
lim aLDP,Pk — 0y =0
where 0,7 is readily seen to be the usual ML estimator of # defined through

Gy = arg sup [Ipe (X3)

i=1

where X7, ..., X, have the common density py.

3.3 Weighted sampling

This section extends the previous arguments for weighted sampling schemes. We
will show that the Maximum Likelihood paradigm as defined above can be extended
for these schemes, leading to operational procedures involving the minimization of
specific divergence pseudodistances defined in strong relation with the distribution
of the weights.

The sampling scheme which we consider is commonly used in connection with the
bootstrap and is refered to as the weighted or generalized bootstrap, sometimes called
wild bootstrap, first introduced by Newton and Mason [64]. The main simplification
which we consider in the present setting lies in the fact that we assume that the
weights W; are i.i.d. while being exchangeable random variables in the generalized
bootstrap setting.

Let x4, ...,x, be n independent realizations of n i.i.d. r.v's Xy, ..., X,, with com-
mon distribution Py, It will be assumed that

For all # in ©, FyX and EyX? are finite. (3.3.1)

This entails that both - |
=Y x;and — ) 2
ni=1 "=

converge Pp.—a.e. to Ep. X and E,.X? respectively; also the same holds with 67
substituted by any # in © when x4, ..., z, is sampled under F,. This assumption is
necessary when studying the properties of the estimates of 7 and of ¢ (6, 0) under
some alternative 6.

Consider a collection Wy, ..., W,, of independent copies of W, whose distribution
satisfies the conditions stated in Section 1. The weighted empirical measure PV is

defined through

PV .= ! > Wid,,.
nis

This empirical measure need not be a probability measure, since its mass may not
equal 1. Also it might not be positive, since the weights may take negative values.
The measure PV converges almost surely to P, when the weights W;’s satisfy the
hypotheses stated in Section 1. Indeed general results pertaining to this sampling
procedure state that under regularity, functionals of the measure P!V are asymptoti-
cally distributed as are the same functionals of P, when the X;’s are i.i.d. Therefore



3.3. WEIGHTED SAMPLING 95

the weighted sampling procedure mimicks the i.i.d. sampling fluctuation in a two
steps procedure: choose n values of z; such that they asymptotically fit to P,

which means
n

o1
Hi, 5y 2 0 = Por
deterministically and then play the W;’s on each of the x;’s. Then get PV, a proxy
to the random empirical measure P, .
For any # in © consider a similar sampling procedure under the weights W/

s which are i.i.d. copies of the W;’s. Let therefore x4, ...,2,9 denote n ii.d.
realizations of X g, ..., X,, ¢ with distribution P yielding the empirical measure

Y

n
W/ L 1 /
PTL,G . ﬁ Z Wiéﬁi,g
i=1

the corresponding empirical measure. Note that except for the choice of the gener-
ating measure P , P,%/ is obtained in the same way as P!V. The ML principle turns
out to select the value of # making PT%' as close as possible from PV conditionally
upon PV,

The resulting estimates are optimal in many respects, as is the classical ML
estimator for regular models in the i.i.d. sampling scheme. The proposal which
is presented here also allows to obtain optimal estimators for some non regular
models. This approach is in line with [19] who developped a whole range of first
order optimal estimation procedures in the case of the i.i.d. sampling, based on
divergence minimization.

Using the notations of section 3.1.1, we endow M(S) with 7o-topology rather
than the weak topology, and define accordingly the o-field B(M) on M(S). Denote
by M;(S) the space of probability measure on S, endowed with the 7o—topology.

3.3.1 A Sanov conditional theorem for the weighted empirical measure

The procedure which we are going to develop can be stated as follows.

Similarly as in the simple i.i.d. setting select some (small) neighborhood V, (P}f/ )of
PY and define the MLE of 67 as the value of § which optimizes the probability that
the simulated empirical measure P,‘;Ve' belongs to V. (PZV ) . This requires a condi-
tional Sanov type result, substituting Lemmas 3.2.1 and 3.2.2. This result is pro-
duced in Theorem 3.3.1 in Section 3.3.1. In the same vein as in Lemmas 3.2.1 and

3.2.2, maximizing in 6 this probability amounts to minimizing a LDP rate between
Py and V. (Py,) . The rate is in strong relation with the distribution of the W;’s. Call
it oW (V. (Py,), By) = inf {" (Q, P),Q € Ve (Py,)} -

Since € is small, this rate is of order ¢" (Py,, Py); this is Corollary 3.3.1 in
Section 3.3.1. Turn to the original data and estimate ¢" (P, Py) by some plug in
method to be stated in Section 3.3.2. Define the ML estimator of 67 through the
minimization of the proxy of ¢" (Py,., Pp) . We will prove that minimum divergence
estimators play a key role in this setting.

In order to state our conditional Sanov theorem we put forwards the following
lemma, which is in the vein of Theorem 2.2 of Najim [66] which states the Sanov
large deviation theorem, where the weights are i.i.d random variables. Trashorras
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and Wintenberger [77] have investigated the large deviations properties of weighted
(bootstrapped) empirical measure with exchangeable weights under appropriate as-
sumptions of the weights. Both papers equip M(.S) with the weak topology.

The lemma’s proof is defered to Section 3.7.

Lemma 3.3.1. Assume that Py(U) > 0 for any non-empty open set U € S, and that
lim,,_,oo P, = limn_mo% P10z, = Py € My(S), where the convergence holds under

0. Then P, satisfies the LDP in (M(S), B(M)) equipped with the 1o-topology with
the good convex rate function:

¢ R) = sup { [ fa)Cld) - [ M(f(@)Po(dr)

feBR?)
) Jga M (dpe)dPg, if Cis a.c. w.r.t. Py
B 00, otherwise

where M*(z) = sup, tx — M(t) for all real x and M(t) is the moment generating
function of W.

Let Py = (A4, ..., Ag) denote an arbitrary partition of S with A; in B(S) for all
i=1,....,k , and define the pseudometric dp, on M(S) b

dp,(Q. F) = max |Q(B;) — R(B))l,  Q.ReM(S)

For any positive e, let

V(P) ={Q € M(S) : dp, (Q, PY) < ¢}

denote an open neighborhood of the weighted empirical measure P" in the 7y -
topology. Then we have the following conditional LDP theorem.

Theorem 3.3.1. With the above notation and assuming that Py, is absolutely con-

tinuous with respect to Py, for any positive €, the following conditional LDP result
holds

lim 1long(P g € V( 7EV)UDn) —¢W( (Pyy), Py).

n—oo
Proof. In the following proof, P} is an arbitrary partition on S.
P, (Pm’ e V.(PV )|Pn> =P, (dpk(Pm’, PV < e|Pn>
> Pg(dpk( P Py,)+dp,(Ppy, PY) < [P, >
=P (dpk(P%,PgT) <e—dp,(Py,, P")|P, )

Since dp, (Ps,, PV) — 0 when n — oo, for any positive ¢ and sufficiently large n we
have:

Py (P,ffg' € VE(PXV)|Pn> > Py (dpk(Png,PgT) <e— 5) =P (P,ZY@’ € 1/6_5(P9T)>.
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By Lemma 3.3.1, we obtain the conditioned LDP lower bound

n—oo n,

1
lim inf ~ log P, (PW9 € V.(PM)|P, ) — Y (Vi_s(Pay), o),
In a similar way, we obtain the large deviation upper bound

n,

P, (PW; € V.(PY )|Pn) — P, (dpk(Pm’, PY) < e|Pn>
<P (dpk(P%',PgT) dp, (Ps,, PV) < €| P, )

<P0<d73k( n97P9T)<€+5> <P7%/6‘/;+5I(P9T)>’

for some positive ’. We thus obtain

1 /
limsup —log Py (P € Vi(PY)IP, ) < =" (Vewur(Fay). Fo).

n—oo

Let 0" = max(4,0"), we have

— W (Vi_si(Py,), Py) < liminf ~ long<PW/ € V.(PY )|Pn>

noon

< lim sup — long(P E(PTYV)|PH) — " (Viysn(Po), By).

n—oo T

Denote cl., (Ve(Py,)) the closure of the open set Vi (FPy,.) in the 7p-topology, and note
0" is arbitrarily small, then it holds

—" (V. (Py,), Pp) < hmmflogP9<P 0 € Vi( 7fv)]Pn)

TLOO/n/

1 ,
< limsup ~ log P, (PKVQ € 14(13?)\13,1) < 0" (cloy (Ve Poy)), o).

n
n—oo N

It remains to show that
0" (V(Py,), Po) = 8" (el (Vi(Psy.)), Pr)- (33.2)
Since Py, is absolutely continuous with respect to Py, by Lemma 3.3.1 we have
8" (el (Ve(Poy)), Pp) < 6" (Ve Pay.), Py) < 6" (Poy., Py) < 0. (3.3.3)
Given some small positive constant w, then there exists p € ¢l , (V.(P,)) satisfying
0" (11, Py) < 8" (clny (Ve Poy)), Po) + .

Set v € V.(Fy,), and define z(a) = ap + (1 — a)v, where 0 < a < 1. Obviously, we
have z(a) € V.(Fp,). By Lemma 3.3.1, the map { — ¢((, Fp) is convex, hence we
get

O (VilPy), Pa) < lim " (:(0), Po) < limy (0" (1, P0) + (1= )" (v, )
= " (1, Po) < 8" (cluy(Ve( o)), Py) + w, (3.3.4)

where the equality holds since ¢" (v, P) is finite by (3.3.3). Combine (3.3.3) with
(3.3.4) to get (3.3.2). This proves the conditional large deviation result. O
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Using the above theorem, we obtain the following corollary.

Corollary 3.3.1. Under the assumptions of Theorem 3.3.1, it holds

lim ¢" (Ve(Py,.), Py) = ¢(Pay, Po).

e—0

Proof. By Lemma 3.3.1, the rate function ¢" (u, Py) is a good rate function, hence
it is lower semi-continuous; this implies

lim ¢ (V.(Py,.), Py) > &(Pay,., Ps). (3.3.5)

e—0

For any € > 0, we have ¢V (Py.., Py) > ¢V (V.(Ps,), Py); this together with (3.3.5)
completes the proof.
[

3.3.2 Divergences associated to the weighted sampling scheme

For any () in V,(Py,) rewrite the good rate function using the divergence notation

. d@
SV (Q, Py) = /M (dpg>dpg /gp (dpe>dpg (3.3.6)

from which ¢" (Q, ) is the divergence associated with the divergence function
w *
" = M.
Commuting Py, and Py in (3.3.6) and introducing the conjugate divergence func-
tion "W yields

oW (Q, Py) = /(p (dP0>dP / (dp9>dQ W (P, Q). (3.3.7)

By Theorem 3.3.1, maximizing Pp(P)Y € V.(P)V)|P,) amounts to minimize
oV (V.(Py,), Py). A final approximation now yields the form of the criterion to be es-
timated in order to define the MLE in the present setting. As ¢ — 0 the asymptotic
order of ¢ (V, (PgT) Py) is equal to ¢W(Pg, Py,.) by Corollary 3.3.1 and (3.3.7), which
is a proxy of ¢ (Py,, Ps) and therefore the theoretical criterion to be optimized in
6.

We now state the dual form of the theoretical criterion WV (Py, Pp,) using the
dual form (3.1.3) and (3.1.4). It holds

OV (Py, Py,) = sup [ h(0,a, z)dPy, (x) (3.3.8)

acU

ho.a,2) = [ (¢7) <;l§’> apy — (o7)" (ﬁ (x)>

We now turn to the definition of the MLE in this context, estimating the criterion
and deriving the estimate.

with
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3.3.3 MLE under weighted sampling
Using the dual representation of divergences, the natural estimator of ¢(Py, Py,.)
is
dn(Py, Py,) := sup {/E(@,a,x) dP:;V(x)} (3.3.9)
acl

From now on, we will use ¢(0,60r) to denote ¢(Fy, Py, ); whence the resulting
estimator of ¢(0r,0r) is

Ou(6r,07) = nf 6,(0,07) = inf sup {/h 0, a,2) dPY (2 )}

© qcu

and the resulting MLE of 67 is obtained as the minimum dual (EVVV estimator

Opipw = arg 1nf sup {/h (0, a,7) dPY (x )} (3.3.10)

0€0 qeuy

Formula (3.3.10) indeed defines a Maximum Likelihood estimator, in the vein of
(3.2.1) and (3.2.11). This estimator requires no grouping nor smoothing.

3.4 Bahadur slope of minimum divergence tests for weighted
data

Consider the test of some null hypothesis HO: 67 = 6 versus a simple hypothesis
H1 6 =1¢".

We consider two competitive statistics for this problem. The first one is based
on the estimate of ¢" (P,, P3) defined for all (o, 3) in © x © through

T, (a) :=sup [ gV (m) Pndi — / (QEW>* <Pa> dPY
neO P bs

where the ii.d. sample Xi,..., X, has distribution Pz. The test statistics T, (0)
converges to 0 under HO.
A competitive statistics 1 (0) writes

0 (0) = (0,P7)

where Q@ — ¢ (0, Q) is assumed to satisfy ¢ (6, Py) = 0, and is 7—continuous with
respect to ), which implies that under HO the following Large Deviation Principle
holds

1 ~
nlggo —log Py (w (0) > t) =—1(t) (3.4.1)
= —inf{¢" (P, Q) v (0,Q) > t}
for any positive ¢. Also we assume that under H1, () converges to 1 (6, Py)

lim v (0) =g ¢ (0, Py) (3.4.2)

n—oo
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where (3.4.2) stands in probability under ¢'.

We now state the Bahadur slope of the test ¢" (0,0).
Under HO

lim > log Py (T, (6) > t) = —2inf (" (P, Q), 0" (@, ) >t}

n—oo n,
= —2inf {¢W <P97 Q) 7¢W (P@, Q) = t}
= -2t

while, under H1
dim T, (0) = " (Py, Py) in probability

since P converges weakly to Py.
It follows that the Bahadur slope of the minimum divergence test ¢" (6, 6) is

€Tn(9) = —2¢W (Pg, Pgl) .

Let us evaluate the Bahadur slope of the test 0).
Following (3.4.1) and (3.4.2) it holds

e = —2mf {&" (P, Q)% (6,Q) > ¢ (6, Py) }.

Since inf {gzﬁW (Pp,Q),v(0,Q) > (G,ng)} < ¢ (Py, Py) it follows that €50 <
eTn(g)
We have proved

Proposition 3.4.1. Under the weighted sampling the test statistics @Z (0) is Bahadur
efficient among all tests which are empirical versions of To— continuous functionals.

3.5 Weighted sampling in exponential families

In this short section we show that MLE’s associated with weighted sampling
are specific with respect to the weighting; this is in contrast with the unweighted
sampling (i.i.d. simple sampling), under which all minimum divergence estimators
coincide with the standard MLE; see [15].

Let

po() = exp [Bt(z) — C(8)] du(x) (3.5.1)

be an exponential family with natural parameter € in an open set © in R? and
where p denotes a common dominating measure for the model. We assume that
this family is full i.e. that the Hessian matrix (9?/06%)C(6) is definite positive.
Recall that under the standard i.i.d. Xy, ..., X,, sampling the MLE 6,,,, of  satisfies

VC(G)OJML = ﬁ Zt (Xl) :
i=1
Under the weighted sampling W, , ..., W,, corresponding to the divergence function

©", conditionally on the observed data 1, ..., z,, the MLE writes
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101

_ oY [P _/ v\ (P g pw
Orpw = arg 12(5?;5 (90 ) (pa>pedu (so ) o dp,;".

We prove that 0y, w satisfies
VO GMLW:nZWt :L‘Z .
Denote

0.0 = [ () (2) i [ ()" (1) ar

Clearly, subsituting using (3.5.1) it holds for all 6

inf sup M,, (0, ) > M,, (6,0) = 0.
€0 qe

(3.5.2)

We prove that M, (6w, ) is maximal for a = 6,1 w which closes the proof.
Let Xi,..., X, be n ii.d. random variables with common distribution Fpy, with

O in O. Introduce
, [ AP, " dP

We prove that

a = Oppw is the unique maximizer of M, (Oypw, @)
which yields

iré}fsup Mn (6‘, Oé) S sup Mn (HML,Wa Oé) = Mn (9ML,Wa HML,W) =0

which together with (3.5.2) completes the proof.

Define
M, (0,«a) = /go’ (exp A(0, o, z)) exp B (6, x) d\(x)
M, 2 (0, ) i zn: Wiexp (A (0, o, x;)) ¢ (exp A(0, a, ;)
M, 5 (0, ) ZVVZQO exp A0, a, z;))
with
A, a,z) :=T(z) (0 —a) + C(a) — C(0)
B(0,z) :=T(x)'0 — C(6).
It holds

M, (0,a) = M1 (0,0) — My, 2 (0, ) + M, 3 (6, «)

(3.5.3)

(3.5.4)
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with 9
Mo (6,0),p =~ (1)[VC(0) = VC ()] = 0
for all @,
%Mn72 (07 OC)QZQJ\/IL’W = ()0 (1) ﬁ Z WZ |:_T('T7f> + VC (OC)CVZQMLyw} = O
i=1
and 3 | n
%Mn,i’) (QML,W7 a) = ﬁ Z Wz {—T<l'z) +VC (Oé)azeML’W] =0
i=1
where the two last displays hold iff & = 0. Now
82
e Ma1 (0.0)0cg,, = (#O1) +264(1)) (9°/06%) C(Orrzw)
82
e Mz (0.0)ocy,,, = (69(1) +464(1)) (8°/06%) C(Orrrww)
82
@Mn,g (QML, a)OéZGML,W == (,0(2)(1) (62/892) C(QML,W)y
whence

0
%Mn (9, Oé)
82

da?

which proves (3.5.3), and closes the proof.

In contrast with the i.i.d. sampling case minimum divergence estimators in expo-
nential families under appropriate weighted sampling do not coincide independently
upon the divergence.

=0

a=0r 1w

M, (0, ) = —p(1) (8/96%) C(Orrrw)

a=0nr,w

3.6 'Weak behavior of the weighted sampling MLE’s

The distribution of the estimator is obtained under the sampling scheme which
determines its form. Hence under the weighted sampling one. So the observed
sample x1, ..., x, is considered non random, and is assumed to satisfy

lim l Z(s% = P@T

and randomness is due to the set of i.i.d. weights Wy, ..., W,,.

All those estimators can be written as approximate linear functionals of the
weighted empirical measure P". Therefore all the proofs in [19] can be adapted to
the present estimators. Even the asymptotic variances of the estimators are the same,
and subsequently, Wilk’s tests , confidence areas, minimum sample sizes certifying a
given asympptotic power, etc, remain unchanged. The only arguments to be noted
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are the following: All arguments pertaining to laws of large numbers for functionals
of the empirical measure carry over to the present setting, conditionally on the
observations x1, ..., x, . Indeed consider a statistics

1 n
= — Z Wi f(z
=1
where the function f satisfies

lim — Zf = fi1,f < 00

n—oo n

and

lim — Zf () = po,r < 00.

n—o0 n

Then clearly
8, EUn = s
and
lim Varl, = po 5 — (1, f) .

n—oo
Weak behavior of the estimates follow also from similar arguments: Consider for
example the statistics

T, = /n(Un = pag) [\ b2y — (p1,5)*.

Using Lindeberg Central limit theorem for triangular arrays , we obtain that 7, is
asymptotically standard normal condltlonally upon zy,...,x,. It follows that the
limit distributions of (bW(G GT) and of HMLW conditionally on x1,...,x, coincide

with those of ¢,(0,07) and of 0, as stated in [19] under the ii.d. sampling. Also all
results pertaining to tests of hypotheses are similar, as is the possibility to handle
non regular models.

3.7 Proof of Lemma 3.3.1

Proof. Recall that B(S) denotes the class of all bounded measurable functions on

S. Write B’(S) as the algebraic dual of B(S). We equip B’(S) with B(S)-topology,

it is the weakest topology which makes continuous the following linear functional:
(=< f,(>: B'(S) = R, forall fin B(S),

where < f,( > denotes the value of f(¢). It follows that M(S) is included in B’(.S)
and is endowed with the 7p-topology induced by B(S). Construct the projection:

Pfrtm - B'(S) = R™ m € Z,, namely, ps . 5. () = (< f1,{ >,...,.< fm,( >
)y f1s ooy f € B(9). Then for pf,....fn(PYg) = (< f1, PV >, ... < fin, Bily >) we
define the correspondmg limit logarlthm moment generating function as follows

h(t) := lim — logE(eXp(n <t,Yp >)) = lim —logE exp Z <t f],ZW@L >))

n—o0 n,
7=1 =1

JgrgonZlogEexp (Zt fi(x:) 2) /(ZM )dPg
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where ¢ = (t1,...,tm) € R™ and Y, = (< f1, P)% >, ..., < fm, Py >). The function
h(t) is finite since f € B(S). M(f) is Gateaux-differentiable since the function
s = M(f + sg) is differentiable at s = 0 for any f,g € B(S5)

a J ge! dPy
ds [efdPy ’

where Py is the law of W. Further, the Gateaux-differentiability of M (f) together
with the interchange of integration and differentiation justified by dominated con-
vergence theorem show that h(t) is also Gateaux-differentiable in ¢t = (t1,...,t).
Hence by the Gartner-Ellis Theorem (see e.g. Theorem 2.3.6 of [31]), py,.....1,. (Pry)
satisfies the LDP in R™ with the good rate function

Qs (< f1, 0>, < fr,(>) = sup {Zt<fl,§> /M(Zt.ﬂ)dpg}

t1yeeny tm€R

< sup (< £, >) =0V (¢, ). (3.7.1)
feB(S)

M(f + sg)ls=0 =

Since m is arbitrary positive integer, by Dawson-Gartner’s Theorem (see e.g. The-
orem 4.6.1 of [31]), P)Y satisfies the LDP in B'(S) with the good rate function
d"V (¢, Py), which is:

M (¢ P = sup @5(< £,¢>) = sup { [ f@)(dn)~ [ M(PPofda)}

feB(S) feB(S)

= [ M dp,
/ (dP9> >

note that B’(.S) is endowed with the m-topology, the proof of last equality is given
below. Here we always assume ( is absolutely continuous with respect to Fy, oth-
erwise ¢ (¢, P)) = oo. Consider M(S) C B'(S), and set ¢V (¢, P)) = oo when
¢ ¢ M(S). Hence P}, satisfies the LDP in M(S) with the rate function ¢" (¢, ),
for ( € M(S). As mentioned before, M(S) is endowed with the topology induced
by B'(S), namely the m-topology.

Nown we give another representation of the rate function ¢" (¢, Py). We have:

s, (o= foar (G an)
- (U (/ poc=ae (3) o) = fcan

where the inequality holds from the duality lemma and when d¢ = (dPy)M'(f)
the equality holds. Using once again the duality lemma, we obtain the following
identity:

/SM* <dd]§9> AP, — Cesﬁlzs){[qf(x)g(dx) —/SM(f)dP(,} )

The convexity of the rate function ¢ — ¢" (¢, Py) holds from Theorem 7.2.3 of
[31] where they show the convexity of ¢" (¢, Py) on M(S) endowed with B(S)-
topology. Hence this is also applied to 7-topology which is induced by B(S)-
topology.
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This completes the proof of the lemma.
O

Remark 3.7.1. By the classical Gartner-Ellis Theorem, in (3.7.1), the essential
smoothness of h(t) is needed for @y 1. to be a “good rate function” But on a
locally conver Hausdorff topological vector space, the essential smoothness of h(t)
can be reduced to Gateaux differentiability; see Corollary 4.6.14 (page 167) and the
proof Theorem 6.2.10 (page 265) of [31].

-----
-----

@n@ﬁl 7777 (@), According to Tychonoff’s theorem, the projectiz’/.éwlimz’t ;1 () of the
compact set D5, (a) is still compact, so ¢V (¢, Py) = SUPfep(s) Pr(< f,¢ >) is
also a good rate function in (M(S), B(M)).
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