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Introduction

Cette thèse a pour objet l’étude des invariants de type fini des sphères d’homologie
rationnelle de dimension 3, et des nœuds homologiquement triviaux dans ces sphères. Les
principaux résultats sont présentés dans le chapitre 2. Ils sont démontrés dans les chapitres
3 à 6. Le chapitre 3 est un article intitulé “Finite type invariants of rational homology
3-spheres”, à paraître dans Algebraic & Geometric Topology. Il décrit le gradué associé à la
filtration de l’espace vectoriel rationnel engendré par les sphères d’homologie rationnelle,
définie par les chirurgies rationnelles préservant le lagrangien. Le chapitre 4 est un article
intitulé “On Alexander modules and Blanchfield forms of null-homologous knots in rational
homology spheres”, publié dans Journal of Knot Theory and its Ramifications. Il contient
la classification des modules d’Alexander des nœuds homologiquement triviaux dans les
sphères d’homologie rationnelle, et une étude des formes de Blanchfield définies sur ces
modules. Dans la suite, on considère les paires (M,K) formées d’une sphère d’homologie
rationnelle M et d’un nœud K homologiquement trivial dans M . Dans le chapitre 5,
on montre que deux telles paires ont des modules d’Alexander rationnels munis de leurs
formes de Blanchfield isomorphes si et seulement si elles s’obtiennent l’une de l’autre
par une suite finie de chirurgies rationnelles nulles préservant le lagrangien, c’est-à-dire
effectuées sur des corps en anses d’homologie rationnelle homologiquement triviaux dans
le complémentaire du nœud. Dans le chapitre 6, on étudie le gradué associé à la filtration
de l’espace vectoriel rationnel engendré par les paires (M,K) définie par les chirurgies
rationnelles nulles préservant le lagrangien. Ces deux derniers chapitres comportent des
travaux en progrès, qui seront complétés avant d’être soumis à publication. On expose
dans le dernier chapitre les questions qu’il reste à étudier pour les compléter.

Le premier chapitre est une introduction aux invariants de type fini. Il présente le
contexte de la thèse, et décrit les principaux résultats connus sur les invariants de Vassiliev
et la filtration de Goussarov-Habiro. Le deuxième chapitre est une description des objets
étudiés et des résultats démontrés dans les chapitres 3 à 6.

Premières définitions et notations

Dans tout le texte, sauf mention expresse du contraire, le terme variété désignera une
variété topologique, compacte, sans bord, connexe, et orientée. Une sphère d’homologie
rationnelle (resp. entière), ou Q-sphère (resp. Z-sphère), ou QHS (resp. ZHS), est une
variété de dimension 3 qui a la même homologie à coefficients dans Q (resp. Z) que la
sphère standard S3. Notons K = Q ou Z. On note M l’ensemble des variétés de dimension
3 à homéomorphisme préservant l’orientation près, et MK l’ensemble des K-sphères à
homéomorphisme préservant l’orientation près.

Un nœud dans une variété de dimension 3 est un plongement d’un cercle orienté. On
note K l’ensemble des nœuds de R3 à isotopie ambiante près. Un nœud K dans une variété
M de dimension 3 est homologiquement trivial si la classe de K dans H1(M ;Z) est nulle.



Une KSK-paire est une paire (M,K) formée d’une K-sphère M et d’un nœud K homo-
logiquement trivial dans M . On note KK l’ensemble des KSK-paires à homéomorphisme
préservant l’orientation près. Un entrelacs dans une variété de dimension 3 est une réunion
disjointe de nœuds.

Le bord d’une variété est orienté selon la convention de la normale extérieure en
premier. Lorsque cela ne prête pas à confusion, on utilise la même notation pour une
courbe et pour sa classe d’homologie.
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1 Définition

Considérons un ensemble X (qui sera dans la suite Zd, l’ensemble K des nœuds de R3,
l’ensemble des variétés de dimension 3, ...). Un invariant rationnel des éléments de X est
une fonction de X dans Q. Pour étudier une fonction, il est souvent pratique d’étudier
ses dérivées, les dérivées de ses dérivées, et ainsi de suite. Si X = Zd, pour f : Zd =
⊕d
i=1Zei → Q, on peut définir des dérivées partielles de f par :

∂f

∂ei
(z) = f(z + ei)− f(z).

La fonction f a toutes ses dérivées nulles si et seulement si elle est constante. Définissons
par récurrence les dérivées n-ièmes de f . On peut alors vérifier que f a toutes ses dérivées
(n+ 1)-ièmes nulles si et seulement si f est une fonction polynômiale de degré n.

De la même façon, pour étudier les invariants topologiques, on peut s’intéresser à leurs
variations sous l’effet d’opérations élémentaires. Notons Θ(X) un ensemble d’opérations
élémentaires agissant sur certains éléments de X. Pour X = Zd, Θ(Zd) est l’ensemble des

(z 7→ z ± ei). Pour X = K, Θ(K) est l’ensemble des changements de croisements (

↔ ). Pour X = MZ ou MQ, on définira dans la suite comme opérations élémentaires
des chirurgies spécifiques.

Si plusieurs opérations élémentaires commutent, on peut les effectuer de façon simulta-
née. C’est le cas ci-dessus pour X = Zd, c’est le cas pour des changements de croisements
s’ils sont effectués dans des boules disjointes, et ce sera le cas pour des chirurgies à support
disjoint. On parle alors d’opérations élémentaires indépendantes. Soit F0(X) le Q-espace
vectoriel engendré par les éléments de X. Pour n ∈ N, si x ∈ X et si o1, o2, .., on sont des
opérations élémentaires deux à deux indépendantes agissant sur x, on définit :

[x; o1, o2, .., on] =
∑

I⊂{1,..,n}

(−1)|I|x((oi)i∈I) ∈ F0(X),

où x((oi)i∈I) ∈ X est obtenu en appliquant à x les opérations oi pour i ∈ I. Pour n ∈ N, on
note Fn(X) le sous-espace vectoriel de F0(X) engendré par les [x; o1, o2, .., on] pour tout
x ∈ X et tout n-uplet (o1, o2, .., on) d’opérations élémentaires deux à deux indépendantes
agissant sur x. L’égalité

[x; o1, o2, .., on, on+1] = [x; o1, o2, .., on]− [x(on+1); o1, o2, .., on]

montre que Fn+1(X) ⊂ Fn(X), pour tout n ∈ N. On note Gn(X) =
Fn(X)

Fn+1(X)
.

Définition 1.1. Une fonction f : X → Q s’étend de manière unique en une application
Q-linéaire f : F0(X) → Q. Pour n ∈ N, l’invariant f est de degré au plus n si et seulement
si f(Fn+1(X)) = 0. L’invariant f est de type fini s’il est de degré au plus n pour un certain
entier n. Le degré d’un tel invariant f est le plus petit entier n tel que f est de degré au
plus n.
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On note In(X) le Q-espace vectoriel des invariants de degré au plus n. On a In(X) ⊂
In+1(X) pour tout entier n ∈ N. Pour n ∈ N, In(X) est canoniquement isomorphe à
( F0(X)
Fn+1(X)

)∗ = Hom( F0(X)
Fn+1(X)

,Q). On a la suite exacte suivante :

0 → Gn(X) →
F0(X)

Fn+1(X)
→

F0(X)

Fn(X)
→ 0.

Comme le foncteur Hom(.,Q) est exact, la suite duale

0 → In−1(X) → In(X) → (Gn(X))∗ → 0

est aussi exacte. Donc In(X)
In−1(X)

∼= (Gn(X))∗.

2 Invariants de Vassiliev

La première notion d’invariants de type fini a été introduite par Mikhail Goussarov et
Victor Anatolievich Vassiliev. Il s’agit des invariants des nœuds de R3 définis par les
changements de croisements. On parle alors d’invariants de Vassiliev.

On peut montrer que tout nœud peut être transformé en un nœud trivial par une suite
finie de changements de croisements. Ainsi G0(K) ∼= Q. Pour étudier les quotients Gn(K)
d’ordre supérieur, il est pratique d’introduire les nœuds singuliers. Un nœud singulier à

••

•

Figure 1 – Nœud singulier à 2 points doubles

n points doubles est une immersion d’un cercle orienté dans R3 avec exactement n points
multiples, qui sont des points doubles transverses. Un point double code le changement de
croisement d’un croisement positif vers un croisement négatif (Figure 2). Ainsi, à un nœud
singulier KS à n points doubles, on associe le crochet [K; (oi)1≤i≤n], où K est obtenu à
partir de KS en remplaçant les n points doubles par des croisements positifs, et l’opération
oi change le i-ème croisement en un croisement négatif. On assimilera un nœud singulier
à son crochet associé. On voit facilement que les crochets définis par des nœuds singuliers
engendrent Fn(K).
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•

croisement

positif

croisement

négatif

Figure 2 – Réalisation d’un point double

•

•

− − + = −

Figure 3 – Crochet associé à un nœud singulier

Étant donné un nœud singulier KS à n points doubles, on définit le diagramme de
cordes Γ(KS) comme suit. On représente la préimage de KS par un cercle orienté en
pointillés, sur lequel 2n points représentent les préimages des n points doubles, et on relie
par des segments en traits pleins (les cordes) les points qui ont la même image. Notons que,

Γ ( ) =
••

•

••

••

Figure 4 – Diagramme de corde associé à un nœud singulier

si f est un invariant de degré n, sa valeur sur KS ne dépend pas d’éventuels changements
de croisements effectués sur KS en dehors des n points doubles, donc f(KS) ne dépend
que du diagramme de cordes Γ(KS). Ainsi les crochets de deux nœuds singuliers auxquels
est associé un même diagramme de cordes ne peuvent être différenciés par un invariant de
degré n. Comme (Gn(K))∗ ∼=

In(K)
In−1(K)

, on en déduit une application Q-linéaire bien définie
et surjective :

φn : Dn ։ Gn(K),

où Dn est le Q-espace vectoriel engendré par les diagrammes à n cordes. Notons que,
comme Dn est de dimension finie, Gn(K) et In(K) sont également de dimension finie.
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•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

Figure 5 – Les diagrammes à trois cordes

On peut vérifier que φn s’annule sur les relations (1T ) et (4T ) ci-dessous.

(1T )
•

•
= 0

(4T )
•

• •
•

−

•

••
•

=
•

• •
•

−

•

••
•

Ainsi φn passe au quotient pour définir une application :

φ̄n :
Dn

((1T ), (4T ))
։ Gn(K).

Grâce à l’intégrale de Kontsevich ZK = (ZK
n )n∈N, Maxim Kontsevich et Dror Bar-Natan

ont montré que cette application est en fait un isomorphisme.

Théorème 2.1 (D.Bar-Natan [BN95], M.Kontsevich). Il existe une famille d’applications

linéaires (ZK
n : F0(K) →

Dn

((1T ), (4T ))
)n∈N telle que ZK

n (Fn+1(K)) = 0 et ZK
n induit

l’inverse de φ̄n de Gn(K) dans
Dn

((1T ), (4T ))
. En particulier :

Gn(K) ∼=
Dn

((1T ), (4T ))
,

et :
In(K)

In−1(K)
∼= (

Dn

((1T ), (4T ))
)∗.

3 Filtration de Goussarov-Habiro

Différentes théories d’invariants de type fini des variétés de dimension 3 ont été construites.
La première historiquement, due à Tomotada Ohtsuki, est définie pour les sphères d’ho-
mologie entière à partir de chirurgies sur les entrelacs algébriquement scindés. Mikhail
Goussarov et Kazuo Habiro ont défini indépendamment une théorie d’invariants de type
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fini des variétés de dimension 3 à partir des chirurgies borroméennes définies par Sergei
V.Matveev dans [Mat87]. La filtration associée a été plus particulièrement étudiée dans
le cas des sphères d’homologie entière.

Soit J un nœud dans une variété M de dimension 3. Soit T (J) un voisinage tubulaire
de J . Soit µ une courbe fermée simple non séparante de ∂T (J). La variété obtenue à partir
de M par chirurgie sur (J, µ) est la variété χ(M, (J, µ)) = X ∪h T , réunion de l’extérieur
X =M \ Int(T (J)) de J et d’un tore plein T recollés le long de leurs bords à l’aide d’un

homéomorphisme h : ∂X −→
∼= − ∂T tel que h(µ) borde un disque dans T . Un méridien

m(J) de J est une courbe fermée simple de ∂J qui borde un disqueD dans T (J), transverse
à J , tel que 〈D, J〉 = 1, où 〈., .〉 désigne le nombre d’intersection algébrique. La courbe µ
est un parallèle de J si 〈m(J), µ〉∂T (J) = 1. Le nœud J est parallélisé s’il est muni d’un
parallèle fixé ℓ(J). La chirurgie sur le nœud parallélisé J est la chirurgie sur (J, ℓ(J)). Un
entrelacs parallélisé L dans M est une réunion disjointe de nœuds parallélisés. La chirurgie
sur l’entrelacs parallélisé L est la chirurgie simultanée sur toutes ses composantes.

Le graphe en Y standard est le graphe Γ0 ⊂ R2 representé Figure 6. Les arêtes dont
les extrémités coïncident sont les feuilles. Le sommet qui relie trois arêtes distinctes est
le sommet interne. À Γ0 est associé un voisinage régulier Σ(Γ0) de Γ0 dans le plan. La

feuille

sommet interne

Γ0

Σ(Γ0)

Figure 6 – Le graphe en Y standard

surface Σ(Γ0) est orientée par l’orientation de R2. Cela induit une orientation des feuilles
dans le sens trigonométrique, et une orientation du sommet interne, c’est-à-dire un ordre
cyclique des trois arêtes, également dans le sens trigonométrique. Soit M une variété de
dimension 3 et h : Σ(Γ0) →֒M un plongement. L’image Γ de Γ0 est un graphe en Y, muni
de sa surface associée Σ(Γ) = h(Σ(Γ0)). Le graphe Γ est équipé d’une parallélisation
induite par Σ(Γ). Un entrelacs en Y dans une variété de dimension 3 est une collection
de graphes en Y disjoints.

Soit Γ un graphe en Y dans une variétéM de dimension 3. Soit Σ(Γ) sa surface associée.
Dans Σ × [−1, 1], on associe à Γ l’entrelacs à six composantes L representé Figure 7, où
chaque composante est munie de son parallèle dans le plan de la figure. La chirurgie
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Γ L

Figure 7 – Graphe en Y et entrelacs de chirurgie associé

borroméenne sur Γ est la chirurgie le long de l’entrelacs parallélisé L. S.V.Matveev a
montré dans [Mat87] qu’une chirurgie borroméenne peut être réalisée en coupant un corps
en anses de genre 3 (un voisinage régulier du graphe en Y) et en le recollant d’une autre
façon.

La filtration de Goussarov-Habiro est la filtration définie sur F0(MZ) par l’ensemble
d’opérations Θ(MZ) constitué des chirurgies borroméennes. Si Γ est un entrelacs en Y à
n composantes dans une Q-sphère M , on note [M ; Γ] le crochet défini par les n chirurgies
borroméennes associées aux composantes de Γ. Les quotients associés Gn(MZ) peuvent
être décrits en termes de diagrammes de Jacobi, d’après un théorème de Thang Le [Le97]
montré à l’aide de l’invariant LMO de Thang Le, Jun Murakami, et Tomotada Ohtsuki.

+ =0 - + =0

Figure 8 – Les relations AS et IHX

Un diagramme de Jacobi est un graphe trivalent dont les sommets sont orientés. Une
orientation d’un sommet d’un tel diagramme est un ordre cyclique des trois demi-arêtes
qui se rencontrent à ce sommet. Dans les figures, cette orientation est induite par l’ordre
cyclique . Le degré d’un diagramme de Jacobi est la moitié de son nombre de sommet.

Notons que c’est un entier. Soit An le Q-espace vectoriel engendré par les diagrammes de
Jacobi de degré n, soumis aux relations AS et IHX (Figure 8). L’espace A0 est engendré par
le diagramme vide. Soit Ac

n le sous-espace de An engendré par les diagrammes connexes.
Soit Γ un diagramme de Jacobi de degré n. Soit ϕ : Γ →֒ R3 un plongement tel que la

projection orthogonale sur R2×{0} de ϕ(Γ) est régulière, et donc induit une parallélisation
de ϕ(Γ). On associe alors à Γ un entrelacs en Y, noté Γ̃, dans S3 en remplaçant les arêtes
de ϕ(Γ) comme indiqué Figure 9.

Théorème 3.1 (Stavros Garoufalidis, Mikhail Goussarov, Michael Polyak, [GGP01] §4).
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• • • •

Figure 9 – Remplacement d’une arête

•

•

•

•

•

•

•

•

Figure 10 – Diagramme de Jacobi et entrelacs en Y associé

Le crochet [S3; Γ̃] ∈ G2n(MZ) ne dépend que de la classe de Γ dans An. D’où :

Φn : An → G2n(MZ)

Γ 7→ [S3; Γ] := [S3; Γ̃]
.

De plus, l’application Φn est surjective.

T.Le, J.Murakami, et T.Ohtsuki ont défini dans [LMO98] un invariant ZLMO =
(ZMLO

n )n∈N des variétés de dimension 3. Dans [Le97], T.Le a montré que ZLMO
n induit

l’inverse de Φn. Finalement :

Théorème 3.2 (S.Garoufalidis, M.Goussarov, M.Polyak [GGP01], K.Habiro [Hab00b],
T.Le [Le97]). Pour n impair, Gn(MZ) = 0. Pour n pair, l’application Φn : An

2
→ Gn(MZ)

est un isomorphisme.

4 Chirurgies préservant le lagrangien

Les chirurgies préservant le lagrangien forment un autre ensemble d’opérations agissant
sur des éléments de M. On définit ci-dessous les chirurgies entières préservant le lagrangien
et les chirurgies rationnelles préservant le lagrangien.

Définition 4.1. Pour g ∈ N, un corps en anses d’homologie entière (resp. rationnelle)
de genre g (ZHH, resp. QHH) est une variété de dimension 3, compacte, orientée, à bord,
qui a la même homologie à coefficients entiers (resp. rationnels) que le corps en anses
standard de genre g.
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Notons qu’un ZHH est un QHH. Un QHH est connexe, et son bord est nécessairement
homéomorphe à la surface standard de genre g.

Définition 4.2. Le lagrangien LA d’un QHH A est le noyau de l’application

i∗ : H1(∂A;Q) → H1(A;Q)

induite par l’inclusion. Deux QHH A et B ont des bords LP-identifiés si on s’est donné
un homéomorphisme h : ∂A→ ∂B tel que h∗(LA) = LB.

Le lagrangien d’un QHH A est un sous-espace lagrangien de H1(∂A;Q) pour la forme
d’intersection.

Soient M une Q-sphère, A ⊂M un QHH, et B un QHH dont le bord est LP-identifié
à ∂A. Soit M(B

A
) = (M \ Int(A))∪∂A=h∂B B. On dit que la Q-sphère M(B

A
) est obtenue à

partir de M par chirurgie rationnelle préservant le lagrangien, ou chirurgie LP rationnelle.
La chirurgie LP est dite entière lorsque A et B sont des ZHH. Notons qu’une chirurgie
borroméenne est un cas particulier de chirurgie LP entière. Si (Ai)1≤i≤n est une famille de
QHH disjoints dans M , et si, pour chaque i, Bi est un QHH dont le bord est LP-identifié
à ∂Ai, on note M((Bi

Ai
)1≤i≤n) la variété obtenue à partir de M par les n chirurgies LP

(Bi

Ai
).
Le résultat suivant, prouvé indépendamment par Nathan Habegger et par Emmanuel

Auclair et Christine Lescop, montre qu’une chirurgie LP entière peut être réalisée par une
suite de chirurgies borroméennes.

Proposition 4.3 ([AL05] Lemma 4.11, [Hab00a] Theorem 2.5). Si A et B sont deux ZHH
dont les bords sont LP-identifiés, alors A et B s’obtiennent l’un de l’autre par une suite
finie de chirurgies borroméennes dans l’intérieur des ZHH.

Ce résultat fournit une définition alternative de la filtration de Goussarov-Habiro de
F0(MZ). En effet, on obtient la même filtration en prenant comme ensemble d’opérations
Θ(MZ) l’ensemble des chirurgies LP entières.

Dans la suite, sauf mention expresse du contraire, les chirurgies LP seront toujours
rationnelles.
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1 Invariants de type fini des sphères d’homologie ra-

tionnelle

Dans cette section, on considère l’ensemble MQ des sphères d’homologie rationnelle à
homéomorphisme préservant l’orientation près, et l’ensemble Θ(MQ) des chirurgies LP
rationnelles. On expose les résultats du chapitre 3, dont le principal objectif est d’identifier
le gradué G(MQ) = ⊕

n∈N
Gn(MQ) à un espace gradué de diagrammes.

1.1 Chirurgies LP rationnelles

De même que les chirurgies LP entières peuvent être réalisées par des chirurgies bor-
roméennes (Proposition 4.3 du chapitre 1), les chirurgies LP rationnelles peuvent être
réalisées par des mouvements plus spécifiques.

Définition 1.1. Soit d un entier strictement positif. Un d-tore est un tore d’homologie
rationnelle Td tel que :

• H1(∂Td;Z) = Zα⊕ Zβ, avec < α, β >= 1,

• dα = 0 dans H1(Td;Z),

• β = dγ dans H1(Td;Z), où γ est une courbe dans Td,

• H1(Td;Z) =
Z
dZα⊕ Zγ.

Définition 1.2. Une chirurgie élémentaire est une chirurgie LP parmi les suivantes :

1. somme connexe (genre 0),

2. chirurgie LP remplaçant un tore standard par un d-tore (genre 1),

3. chirurgie borroméenne (genre 3).

Théorème 1.3 ([Chap. 3] Theorem 1.15). Si A et B sont des QHH dont les bords sont
LP-identifiés, alors A et B s’obtiennent l’un de l’autre par une suite finie de chirurgies
élémentaires et leurs inverses dans l’intérieur des QHH.

Une conséquence immédiate de ce théorème est que les sous-espaces Fn(MQ) de la
filtration sont engendrés par les crochets définis par des chirurgies élémentaires.
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1.2 Invariants de degré 1

Toute Q-sphère peut être vue comme l’union d’une boule d’homologie rationnelle (un QHH
de genre 0) et d’une boule standard B3, recollées le long de leurs bords. Ainsi deux Q-
sphères s’obtiennent l’une de l’autre par une chirurgie LP. On en déduit que G0(MQ) ∼= Q
et que les invariants de degré 0 sont les applications constantes sur l’ensemble des Q-
sphères. Dans le chapitre 3, on montre que les invariants de degré 1 des Q-sphères sont
donnés par les valuations p-adiques du cardinal du premier groupe d’homologie.

Pour un entier premier p, on note vp la valuation p-adique, definie sur N \ {0} par
vp(p

kn) = k si n est premier à p.

Proposition 1.4 ([Chap. 3] Proposition 1.9). Pour tout entier premier p, on définit une
application linéaire νp sur F0(MQ) en posant νp(M) = vp(|H1(M ;Z)|) pour toute Q-
sphère M . Alors νp est un invariant de degré 1 des Q-sphères.

Pour tout entier premier p, soit Mp une Q-sphère telle que |H1(Mp;Z)| = p. On a
νp(Mp) = 1, νp(Mq) = 0 pour tout entier premier q 6= p, et νp(S3) = 0 pour tout entier
premier p. En particulier, si Mp − S3 est la classe de (Mp − S3) dans G1(MQ), la famille
(Mp − S3)p premier est libre. On a en fait :

Proposition 1.5 ([Chap. 3] Proposition 1.8). Pour tout entier premier p, soit Mp une
Q-sphère telle que |H1(Mp;Z)| = p. Alors (Mp − S3)p premier est une base de G1(MQ).

Remarque : Les Q-sphères Mp ne sont pas uniques dans F0(MQ), mais elles sont
uniques modulo F2(MQ).

Corollaire 1.6 ([Chap. 3] Corollary 1.10).
I1(MQ)

I0(MQ)
=

∏

p premier

Q νp.

1.3 Invariants de degré 1 des tores d’homologie rationnelle

Pour décrire les quotients Gn(MQ), on cherche à réduire au maximum l’ensemble de leurs
générateurs. On a vu que ces quotients sont engendrés par les crochets définis par des
chirurgies élémentaires. On peut en fait se limiter aux chirurgies élémentaires de genre 0
ou 3 grâce à l’étude des invariants de degré 1 des tores d’homologie rationnelle parallélisés.

Soit T un tore d’homologie rationnelle. Un méridien de T est une courbe fermée simple
de ∂T dont la classe d’homologie engendre LT . Il existe toujours un tel méridien m(T ),
et sa classe d’homologie dans H1(∂T ;Q) est bien définie au signe près. Un parallèle de
T est une courbe fermée simple ℓ(T ) de ∂T telle que 〈m(T ), ℓ(T )〉∂T = ±1, où 〈., .〉∂T
désigne le nombre d’intersection algébrique sur ∂T . Un tore d’homologie rationnelle est
dit parallélisé s’il est muni d’un parallèle fixé ℓ(T ). On oriente alors le méridien m(T ) de
façon à avoir 〈m(T ), ℓ(T )〉∂T = 1. Étant donnés deux tels tores, la donnée des parallèles
fixés induit une LP-identification canonique de leurs bords.
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Soit TQ l’ensemble des tores d’homologie rationnelle parallélisés. Soit Θ(TQ) l’ensemble
des chirurgies LP rationnelles définies dans l’intérieur de ces tores.

Soit T0 un tore solide standard parallélisé. Pour tout entier premier p, soit Mp une
Q-sphère telle que H1(Mp;Z) ∼= Z/pZ. Soit Bp la boule d’homologie rationnelle obtenue
à partir de Mp en retirant l’intérieur d’une boule fermée plongée.

Proposition 1.7 ([Chap. 3] Proposition 5.1). G1(TQ) =
⊕

p premier

Q[T0;
Bp

B3
]

La famille d’invariants duale de (−[T0;
Bp

B3 ])p premier est donnée par les µp définis comme
suit. À un tore d’homologie rationnelle parallélisé T , on associe une Q-sphère M(T ) = T ∪
T0 obtenue en recollant T et le tore standard T0 le long de leurs bords de façon à identifier
le parallèle préféré de l’un au méridien de l’autre. On pose alors µp(T ) = νp(M(T )).

Corollaire 1.8 ([Chap. 3] Corollary 5.10). Si µ est un invariant de degré 1 des tores d’ho-
mologie rationnelle parallélisés, tel que µ(T0) = 0 et µ(T0♯Mp) = 0 pour tout p premier,
alors µ = 0.

Ce résultat implique qu’un invariant de degré n qui s’annule sur les crochets, définis par
n chirurgies, contenant des chirurgies de genre 0 s’annule aussi sur les crochets contenant
des chirurgies de genre 1 (voir [Chap. 3, Lemma 5.15]).

1.4 Invariants additifs

On a vu la description des quotients G0(MQ) et G1(MQ). Pour les degrés supérieurs, on
détermine dans un premier temps les espaces d’invariants additifs.

Soient M1 et M2 deux Q-sphères. Soit B1 (resp. B2) la boule d’homologie rationnelle
obtenue à partir de M1 (resp. M2) en retirant l’intérieur d’une boule standard fermée
plongée. La somme connexe de M1 et M2 est la variété M1♯M2 obtenue en collant B1 et
B2 le long de leurs bords.

Définition 1.9. Un invariant λ des Q-sphères est additif si λ(M1♯M2) = λ(M1) + λ(M2)
pour toutes Q-sphères M1 et M2.

On note Icn(MQ) l’ensemble des invariants additifs de degré au plus n des Q-sphères.

Notons que Ic0(MQ) = 0 et Ic1(MQ) =
I1(MQ)

I0(MQ)
.

On voit facilement qu’un invariant additif de degré n > 1 s’annule sur les crochets
définis par n chirurgies contenant une chirurgie de genre 0. Les résultats mentionnés ci-
dessus montrent alors qu’un tel invariant est déterminé par ses variations sur les chirur-
gies borroméennes. Dans [Chap. 3, Section 3], on reprend les méthodes de S.Garoufalidis,
M.Goussarov et M.Polyak dans [GGP01] pour étudier les crochets définis par n chirurgies
borroméennes, c’est-à-dire par un entrelacs en Y à n composantes. On voit que, comme



Chapitre 2 : Description des résultats 26

dans le cas de la filtration de Goussarov-Habiro, on est ramené à des diagrammes de
Jacobi.

Soit Ac
n le sous-espace de An engendré par les diagrammes connexes.

Proposition 1.10 ([Chap. 3] Proposition 1.11). Pour n > 1,
Icn(MQ)

Icn−1(MQ)
∼= (Ac

n
2
)∗ si n

est pair, et
Icn(MQ)

Icn−1(MQ)
∼= 0 si n est impair.

Le produit λµ de deux invariants λ et µ vérifie :

λµ(
∑

i∈I

aiMi) =
∑

i∈I

aiλ(Mi)µ(Mi),

pour tout ensemble fini I, tous nombres rationnels ai, et toutes Q-sphères Mi.

Lemme 1.11 ([Chap. 3] Lemma 6.2). Si λ ∈ Ik(MQ) et µ ∈ Iℓ(MQ), alors λµ ∈
Ik+ℓ(MQ).

Ainsi le produit des invariants de type fini induit une structure d’algèbre graduée sur

H(MQ) = ⊕
n∈N

In(MQ)

In−1(MQ)
, où I−1(MQ) = 0.

On définit dans [Chap. 3, Section 6] un coproduit ∆ sur l’algèbre H(MQ), qui la munit
d’une structure d’algèbre de Hopf. John W.Milnor et John C.Moore [MM65] ont montré
que, sous certaines conditions, une algèbre de Hopf est engendrée comme algèbre par ses
éléments primitifs. On donne dans le chapitre 3 une preuve explicite et élémentaire de ce
fait pour l’algèbre H(MQ). Les éléments primitifs de H(MQ) (les invariants λ tels que
∆(λ) = λ⊗1+1⊗λ) sont les invariants additifs. On en déduit que tout invariant de type
fini des Q-sphères, nul sur S3, s’écrit comme somme de produits d’invariants additifs.

1.5 L’algèbre graduée associée à la filtration

Un diagramme augmenté de degré n est l’union d’un diagramme de Jacobi de degré k ≤ n
2

et de (n− 2k) sommets pondérés par des entiers premiers. Notons que le degré d’un dia-

• 2

• 5

• 5

• • •

• •

•

••

••

Figure 1 – Diagramme augmenté de degré 13

gramme augmenté est égal à son nombre de sommets. On note Aaug
n le Q-espace vectoriel

engendré par les diagrammes augmentés de degré n, quotienté par les relations AS et IHX.
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Théorème 1.12 ([Chap. 3] Theorem 1.7). Pour n ∈ N, Aaug
n

∼= Gn(MQ).

Un isomorphisme peut être décrit de la manière suivante. Soit Γa un diagramme aug-
menté de degré n, union d’un diagramme de Jacobi Γ de degré k et de (n− 2k) sommets
isolés pondérés par (pi)1≤i≤n−2k. On définit ϕ(Γ) ⊂ S3 et l’entrelacs en Y associé Γ̃ comme
dans le cas de la filtration de Goussarov-Habiro. Pour tout i, on note Bpi une boule d’ho-
mologie rationnelle telle que H1(Bpi ;Z) ∼= Z

piZ
. On définit alors l’image de Γa comme

[S3; Γ̃, (
Bpi

B3 )1≤i≤n−2k] ∈ Gn(MQ).
La somme connexe, étendue à F0(MQ) par bilinéarité, induit un produit sur le gra-

dué G(MQ) qui le munit d’une structure d’algèbre graduée. Le gradué Aaug = ⊕
n∈N

Aaug
n

est aussi muni d’une structure d’algèbre graduée grâce au produit défini par l’union dis-
jointe des diagrammes. Les isomorphismes décrits ci-dessus induisent un isomorphisme
d’algèbres graduées Aaug ∼= G(MQ).

1.6 Les invariants LMO et KKT

L’invariant ZKKT = (Zn,KKT )n∈N est un invariant des Q-sphères construit par M.Kont-
sevich. Dans [KT99], Greg Kuperberg et Dylan Thurston ont montré que c’est un invariant
universel pour les invariants de type fini des Z-sphères. Dans [Les04], C.Lescop a montré
que cet invariant vérifie des formules de scindement par rapport aux chirurgies LP ration-
nelles. Ces formules nous permettent de d’obtenir la proposition 1.10 en montrant que
ZKKT est un invariant universel pour les invariants de type fini additifs des Q-sphères. Le
théorème 1.12 découle du fait que les valuations p-adiques du cardinal du premier groupe
d’homologie complètent cet invariant en un invariant universel pour les invariants de type
fini des Q-sphères.

Dans [Mas12], Gwénaël Massuyeau a montré que l’invariant ZLMO = (Zn,LMO)n∈N
vérifie les mêmes formules de scindement que l’invariant ZKKT . Il s’ensuit que ces deux
invariants sont équivalents au sens suivant :

Théorème 1.13 ([Chap. 3] Theorem 1.1). Soient M et N des Q-sphères qui vérifient
|H1(M ;Z)| = |H1(N ;Z)|. Alors, pour tout n ∈ N :

(Zk,LMO(M) = Zk,LMO(N) ∀ k ≤ n) ⇔ (Zk,KKT (M) = Zk,KKT (N) ∀ k ≤ n).

2 Caractérisation des classes d’isomorphisme de mo-

dules d’Alexander munis de leurs formes de Blanch-

field

On décrit dans ce paragraphe les résultats du chapitre 4, dont l’objet est l’étude des
modules d’Alexander rationnels, munis de leurs formes de Blanchfield, des QSK-paires.
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Ces invariants jouent un rôle important dans l’étude des invariants de type fini des QSK-
paires.

2.1 Définitions

Soient K1 et K2 deux nœuds disjoints dans une Q-sphère M . Le nombre d’enlacement de
K1 et K2 est le nombre rationnel lk(K1, K2) tel que K1 = lk(K1, K2)m(K2) dans H1(M \
K2;Q), où m(K2) est un méridien de K2. Le nombre d’enlacement est symétrique. Si K2

est le bord d’une surface compacte, connexe et orientée Σ, alors le nombre d’enlacement
lk(K1, K2) est égal au nombre d’intersection algébrique 〈Σ, K1〉.

Soit (M,K) une QSK-paire. Soit T (K) un voisinage tubulaire de K. L’extérieur de
K est X = M \ Int(T (K)). Soit π : π1(X) → H1(X;Z)

torsion
∼= Z la projection naturelle, et soit

p : X̃ → X l’application de revêtement associée au noyau de π. Le revêtement X̃ est le
revêtement infini cyclique de X. Le groupe d’automorphismes du revêtement, Aut(X̃),
est isomorphe à Z. Il agit sur H1(X̃;Q). Soit τ un générateur de Aut(X̃). On définit une
structure de Q[t±1]-module sur A(K) = H1(X̃;Q) en définissant la multiplication par t
comme l’action de τ . Le Q[t±1]-module A(K) est le module d’Alexander de K. C’est un
Q[t±1]-module de torsion.

Sur le module d’Alexander A(K), on définit la forme de Blanchfield, ou forme d’enla-

cement équivariante, bK : A(K)× A(K) → Q(t)
Q[t±1]

, comme suit. On commence par définir
le nombre d’enlacement équivariant de deux nœuds.

Définition 2.1. Soient J1 et J2 deux nœuds dans X̃ tels que J1 ∩ τ k(J2) = ∅ pour tout
k ∈ Z. Soit δ(t) l’annulateur de A(K). Alors δ(τ)J1 et δ(τ)J2 sont des entrelacs triviaux
dans A(K). Le nombre d’enlacement équivariant de J1 et J2 est :

lke(J1, J2) =
1

δ(t)δ(t−1)

∑

k∈Z

lk(δ(τ)J1, τ
k(δ(τ)J2))t

k.

On montre facilement que lke(J1, J2) ∈ 1
δ(t)

Q[t±1],

lke(J2, J1)(t) = lke(J1, J2)(t
−1),

et
lke(P (τ)J1, Q(τ)J2)(t) = P (t)Q(t−1)lke(J1, J2)(t).

Maintenant, si γ (resp. η) est la classe d’homologie de J1 (resp. J2) dans A(K), on définit
bK(γ, η) par :

bK(γ, η) = lke(J1, J2) mod Q[t±1].

La forme de Blanchfield est hermitienne :

bK(P (t)γ,Q(t)η)(t) = P (t)Q(t−1) bK(γ, η)(t)
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et
bK(γ, η)(t) = bK(η, γ)(t

−1)

pour tous γ, η ∈ A(K) et tous P,Q ∈ Q[t±1]. De plus, Richard C.Blanchfield a montré
dans [Bla57] qu’elle est non dégénérée : bK(γ, η) = 0 pour tout η ∈ A(K) implique γ = 0.

On définit de la même façon le module d’Alexander entier AZ(K) de K comme le
Z[t±1]-module H1(X̃;Z), et la forme de Blanchfield bZ,K sur ce module.

2.2 Classification des modules d’Alexander

Une présentation de chirurgie admissible est la donnée d’une QSK-paire (M0, K0) où K0

est un nœud trivial, et d’un entrelacs parallélisé L = ⊔i∈IJi ⊂ (M0\K0), où les Ji sont des
nœuds parallélisés satisfaisant lk(Ji, K0) = 0 pour tout i et det((lk(Ji, Jj))1≤i,j≤n) 6= 0.
Le nombre d’enlacement lk(Ji, Ji) est défini comme le nombre d’enlacement de Ji avec
son parallèle fixé. On note χ(M0, L) la variété obtenue à partir de M0 par chirurgie
sur L. On vérifie facilement que (M,K) = (χ(M0, L), K0) est encore une QSK-paire.
Réciproquement :

Lemme 2.2 ([Chap. 4] Lemmes 2.1 et 2.2). Pour toute QSK-paire (M,K), il existe une
présentation de chirurgie admissible (S3, K0, L) telle que (M,K) ∼= (χ(S3, L), K0).

Une présentation de chirurgie admissible d’une QSK-paire fournit une méthode de
calcul du module d’Alexander et de la forme de Blanchfield associés. C’est cette mé-
thode qu’on utilise dans le chapitre 4 pour étudier le module d’Alexander et la forme de
Blanchfield.

Étant donnée une présentation de chirurgie admissible (M0, K0, L), le revêtement infini
cyclique associé à la QSK-paire (M,K) = (χ(M0, L), K0) s’obtient à partir du revêtement
infini cyclique associé à (M0, K0) par chirurgie sur tous les relevés de L. On en déduit une
matrice de présentation du module d’Alexander A(K).

Proposition 2.3 ([Chap. 4] Proposition 2.5). Soit (M,K) une QSK-paire. Soit (M0, K0,
L = ∐n

i=1Ji) une présentation de chirurgie admissible telle que (M,K) = (χ(M0, L), K0).
Soit X̃0 le revêtement infini cyclique associé à (M0, K0). Pour 1 ≤ i ≤ n, soit J̃i un relevé
de Ji dans X̃0. La matrice d’enlacement équivariant A(t) définie par Aij(t) = lke(J̃j, J̃i) est
une matrice de présentation du module d’Alexander A(K). Cette matrice est hermitienne,
c’est-à-dire que la transposée de A(t) est A(t−1), et elle vérifie det(A(1)) 6= 0.

Cette proposition permet d’établir les propriétés du module d’Alexander, à savoir les
propriétés mentionnées dans le théorème 2.5 ci-dessous. La proposition qui suit permet de
réaliser tout module vérifiant ces propriétés comme module d’Alexander d’une QSK-paire.

Proposition 2.4 ([Chap. 4] Proposition 2.10). Soit A(t) une matrice à coefficients dans
Q[t±1], hermitienne, telle que det(A(1)) 6= 0. Alors la matrice A(t) est la matrice d’enla-
cement équivariant associée à une présentation de chirurgie admissible d’une QSK-paire
(M,K).
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Théorème 2.5 ([Chap. 4] Theorem 1.5). Soit (δ1, . . . , δp) une famille de polynômes de

Q[t±1] tels que δi+1|δi pour 1 ≤ i < p. Alors le module
⊕p

i=1
Q[t±1]
δi(t)

est le module d’Alexan-

der d’une QSK-paire (M,K) si et seulement si les δi vérifient les conditions suivantes :

• δi(1) 6= 0 pour 1 ≤ i ≤ p,

• δi(t
−1) = tqiδi(t),avec qi ∈ Z, pour 1 ≤ i ≤ p,

• si, pour 1 ≤ i ≤ p, on note mi la multiplicité de −1 comme racine de δi, alors, pour
tout entier impair m, le nombre d’indices i tels que mi = m est pair.

Les Q[t±1]-modules apparaissant comme module d’Alexander d’un nœud dans S3 (ou
dans une sphère d’homologie entière) ont été déterminés par Jerome Levine dans [Lev65].
Ce sont tous ceux pour lesquels les δi peuvent être choisis à coefficients entiers et vérifiant
δi(1) = 1. En particulier, −1 n’apparait jamais comme racine de ces δi.

2.3 Caractérisation de la forme de Blanchfield

La proposition qui suit récapitule certaines propriétés du module d’Alexander et de la
forme de Blanchfield.

Proposition 2.6 ([Chap. 4] Proposition 1.2). Soit (A(K), bK) le module d’Alexander
d’une QSK-paire (M,K) muni de sa forme de Blanchfield.

1. Le module A(K) est un Q[t±1]-module de type fini de torsion.

2. L’application x 7→ (1− t)x définit un isomorphisme de A(K).

3. La forme bK est hermitienne et non dégénérée.

Par une étude purement algébrique des modules munis de formes hermitiennes vérifiant
ces propriétés, on obtient :

Théorème 2.7 ([Chap. 4] Theorem 1.3). Si (A, b) vérifie les conditions (1. 2. 3.), alors
A est une somme directe, orthogonale pour b, de sous-modules de ces deux types :

•
Q[t±1]

(πn)
γ, avec π irréductible et symétrique, ou π = t+2+t−1, n > 0, et b(γ, γ) = P

πn ,

P symétrique et premier à π.

•
Q[t±1]

(πn)
γ1 ⊕

Q[t±1]

(πn)
γ2, où π(t) = π(t−1), avec soit π irréductible, non symétrique,

π(−1) 6= 0, n > 0, soit π = 1 + t, n impair, et dans les deux cas b(γ1, γ2) = 1
πn ,

b(γi, γi) = 0 pour i = 1, 2.
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Cette description permet de montrer la réciproque de la proposition 2.6.

Théorème 2.8 ([Chap. 4] Theorem 1.4). Si (A, b) vérifie les conditions (1. 2. 3.), alors
il existe une QSK-paire (M,K) telle que (A(K), bK) est isomorphe à (A, b).

Si une QSK-paire (M,K) est définie comme somme connexe de deux QSK-paires
(M1, K1) et (M2, K2), alors (A(K), bK) est la somme directe orthogonale de (A(K1), bK1)
et (A(K2), bK2). Ainsi, pour obtenir le théorème 2.8, il suffit de réaliser les deux types de
modules munis de formes hermitiennes décrits dans le théorème 2.7. Dans le second cas,
la description donnée montre qu’il existe une unique classe d’isomorphisme de formes de
Blanchfield sur un tel module, donc la réalisation est donnée par le théorème 2.5. Dans le
premier cas, on utilise une expression de la forme de Blanchfield en fonction d’une matrice
d’enlacement équivariant.

Soit (M,K) = (χ(M0, L), K0), où (M0, K0, L) est une présentation de chirurgie ad-
missible. La proposition 2.3 dit que la matrice d’enlacement équivariant A(t) associée à
des relevés J̃i des composantes Ji de L dans le revêtement infini cyclique est une matrice
de présentation de A(K). Les générateurs de A(K) correspondants sont les méridiens mi

des J̃i.

Lemme 2.9 ([Chap. 4] Corollary 3.2). Pour 1 ≤ i, j ≤ n :

bK(mi,mj) = (−A(t)−1)ji mod Q[t±1].

Fixons un module d’Alexander A(K) = Q[t±1]
(πn)

avec π irréductible et symétrique, ou
π(t) = t+2+ t−1. La réalisation du module décrite dans [Chap. 4, Subsection 2.5] fournit
un générateur γ de A(K) tel que bK(γ, γ) =

−1
πn . Tout autre générateur η s’écrit η = Rγ,

avec R premier à π, et on a bK(η, η) =
−RR̄
πn . Ainsi les classes d’isomorphisme de formes de

Blanchfield sont en bijection naturelle avec les classes de polynômes symétriques premiers
à π modulo πn et tous les RR̄. Grâce à des méthodes de théorie algébrique des nombres,
on montre dans [Chap. 4, Subsection 3.4] qu’il existe un nombre infini de telles classes
distinctes.

Proposition 2.10 ([Chap. 4] Proposition 3.8). Soit A = Q[t±1]
(πn)

, avec π irréductible et

symétrique, ou π(t) = t + 2 + t−1, et n > 0. L’ensemble des classes d’isomorphisme de
formes hermitiennes non dégénérées sur A est infini.

2.4 Compléments sur la réalisation des modules d’Alexander

Pour réaliser comme modules d’Alexander les modules vérifiant les conditions du théorème
2.5, on remarque qu’un tel module s’écrit comme somme directe de modules de la forme
Q[t±1]

(P (t))
, avec P (t) symétrique et P (1) 6= 0, et de modules

Q[t±1]

(1 + t)n
⊕

Q[t±1]

(1 + t)n
. Comme le
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D

K0

J

r0 r1 r2 rn

−2n

k =

k twists

k =

k demi-twists

Figure 2 – Première présentation de chirurgie

module d’Alexander d’une somme connexe est la somme directe des modules d’Alexander
des composantes, il suffit de savoir réaliser ces deux types de modules. On obtient facile-
ment cette réalisation à partir des propositions 2.3 et 2.4. On peut cependant l’obtenir de
façon plus élémentaire, en utilisant des présentations de chirurgie définies dans S3. Pour

A =
Q[t±1]

(P (t))
avec P (t) = r0 +

n∑

k=1

rk(t
k + t−k), rk ∈ Z, la figure 2 donne une présentation

de chirurgie (S3, K0, J) qui réalise A comme module d’Alexander associé à la QSK-paire

(χ(S3, J), K0). De même, pour A =
Q[t±1]

(R(t))
⊕

Q[t±1]

(R(t−1))
avec R(t) =

n∑

k=0

rkt
k, rk ∈ Z, la

figure 3 donne une présentation de chirurgie (S3, K0, J1∪J2) qui réalise A comme module
d’Alexander associé à la QSK-paire (χ(S3, J1 ∪ J2), K0).
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J1

D

K0

r0 r1 r2 rn

−2n

J2

Figure 3 – Deuxième présentation de chirurgie

3 Caractérisation des classes de QSK-paires modulo

chirurgies LP nulles

Soit KQ l’ensemble des QSK-paires à homéomorphisme préservant l’orientation près. On
définit ci-dessous les chirurgies LP nulles, qui fournissent un ensemble d’opérations Θ(KQ).
Dans le but d’étudier le gradué associé, on étudie dans le chapitre 5 les classes de QSK-
paires modulo chirurgies LP nulles.

3.1 Chirurgies LP nulles

Soit (M,K) une QSK-paire. Un QHH nul dans M \K est un QHH A ⊂ M \K tel que
l’application i∗ : H1(A;Q) → H1(M \K;Q) induite par l’inclusion a une image nulle. Une
chirurgie LP nulle sur (M,K) est une chirurgie LP (B

A
) telle que A est nul dans M \K.

On note (M,K)(B
A
) la QSK-paire obtenue par chirurgie. Une telle chirurgie préserve le

module d’Alexander et la forme de Blanchfield. Plus précisement :

Lemme 3.1 ([Chap. 5] Lemma 2.1). Soit (M,K) une QSK-paire. Soit A un QHH nul dans
M \K. Soit B un QHH dont le bord est LP-identifié à ∂A. Soit (M ′, K ′) = (M,K)(B

A
).

Alors la chirurgie induit un isomorphisme canonique ξ : A(K) → A(K ′) qui préserve la
forme de Blanchfield.
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Réciproquement, un tel isomorphisme se réalise par une suite de chirurgies LP nulles,
modulo un automorphisme du module d’Alexander induit par un automorphisme du re-
vêtement infini cyclique.

Définition 3.2. Soient (M,K) et (M ′, K ′) des QSK-paires. Soit ξ : A(K) → A(K ′) un
isomorphisme. La τ -classe de ξ est l’ensemble des isomorphismes ξ ◦mk pour k ∈ Z, où
mk est la multiplication par tk.

Théorème 3.3 ([Chap. 5] Theorem 1.11). Soient (M,K) et (M ′, K ′) des QSK-paires. Soit
ξ : A(K) → A(K ′) un isomorphisme qui préserve la forme de Blanchfield. Alors (M ′, K ′)
s’obtient à partir de (M,K) par une suite finie de chirurgies LP nulles qui induit un
isomorphisme dans la τ -classe de ξ.

Pour démontrer ce résultat, on utilise l’expression du module d’Alexander et de la
forme de Blanchfield donnée par une matrice de Seifert.

3.2 Matrices de Seifert

Soit (M,K) une QSK-paire. Une surface de Seifert de K dans M est une surface com-
pacte connexe orientée telle que ∂Σ = K. Une telle surface existe toujours car K est
homologiquement trivial. Soit g le genre de Σ. Une base symplectique de H1(Σ;Z) est une
base (fi)1≤i≤2g dans laquelle la matrice de la forme d’intersection est −J , où J est une

matrice diagonale par blocs, faite de blocs diagonaux

(
0 −1
1 0

)
. Étant donnée une telle

f1 f2 f2g−1 f2g

K

Figure 4 – La surface Σ et les courbes fi

base, la matrice de Seifert de K associée à Σ et (fi)1≤i≤2g est la matrice V ∈ M2g(Q)
définie par Vij = lk(fi, f

+
j ), où f+

j est la courbe fj × {1} définie par un épaississement
Σ× [−1, 1] de Σ dans M . Cette matrice vérifie V −V t = J , où V t représente la transposée
de V . Réciproquement :

Lemme 3.4 ([Chap. 5] Lemma 3.5). Pour toute matrice V ∈ M2g(Q), avec g > 0, telle
que V − V t = J , il existe une QSK-paire (M,K) qui admet V comme matrice de Seifert.
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On appellera matrice de Seifert toute matrice V ∈ M2g(Q) telle que V − V t = J .
À partir de la matrice de Seifert V associée à Σ et (fi)1≤i≤2g, on peut calculer le module

d’Alexander A(K) et la forme de Blanchfield bK . Soit Σ̂ la surface obtenue à partir de
Σ en recollant une bande le long de K, de telle façon que Σ̂ est homéomorphe à Σ et
contient Σ et K dans son intérieur. Soit T (Σ) = Σ̂× [−1, 1] un voisinage tubulaire de Σ.
Pour 1 ≤ i ≤ 2g, soit ei ⊂ (Int(T (Σ)) \Σ) un méridien de fi. Le module A(K) peut être
présenté ainsi :

A(K) =

⊕
1≤i≤2gQ[t±1]bi⊕

1≤j≤2gQ[t±1]∂Sj
,

où les bi sont des relevés des ei dans le revêtement infini cyclique X̃ associé à (M,K),
et les Sj sont des relevés des fj × [−1, 1]. Soit f+

j = fj × {1} et f−
j = fj × {−1}. On

choisit tous les bi dans la même copie de M \ Σ. Pour 1 ≤ j ≤ 2g, soit f̃+
j et f̃−

j les
relevés de f+

j et f−
j dans la même copie de M \ Σ que les bi. On choisit les Sj tels que

∂Sj = tf̃+
j − f̃−

j . Alors ∂Sj =
∑

1≤i≤2g(tV − V t)ijbi, donc tV − V t est une matrice de
présentation de A(K) (voir [Lic97, Chapter 6]). De plus, lke(∂Sj, bi) = (1 − t)δij. En
utilisant l’expression de ∂Sj en fonction des bi, on en déduit que la forme bK est donnée
par bK(bi, bj) = (1− t)((tV − V t)−1)ji mod Q[t±1] (voir C.Kearton dans [Kea75, §8]).

Un QSK-système est un quintuplet (M,K,Σ, f , V ) où (M,K) est une QSK-paire, Σ
est une surface de Seifert de K dans M , f = (fi)1≤i≤2g est une base de H1(Σ;Z), et V
est la matrice de Seifert associée. Étant donné un QSK-système, la famille (bi)1≤i≤2g de
générateurs de A(K) associée est déterminée à multiplication près de toute la famille par
tk pour un k ∈ Z.

3.3 S-équivalence rationnelle

Définition 3.5. Un agrandissement par ligne d’une matrice V ∈M2g(Q) est une matrice

W =



0 0 0
1 x ρt

0 ρ V


, où x ∈ Q et ρ ∈ Q2g. La matrice V est alors une réduction par ligne de

W . Un agrandissement par colonne de V est une matrice W =



0 −1 0
0 x ρt

0 ρ V


, où x ∈ Q

et ρ ∈ Q2g. La matrice V est alors une réduction par colonne de W .

Notons qu’un agrandissement ou une réduction d’une matrice de Seifert est toujours
une matrice de Seifert. Un agrandissement d’une matrice de Seifert correspond à l’ajout
d’un tube à la surface de Seifert.

Définition 3.6. Une matrice P ∈ M2g(Q) est symplectique si PJP t = J . Une congruence
symplectique rationnelle (resp. entière) d’une matrice V vers une matrice V ′ est une
égalité V ′ = PV P t, où P est une matrice symplectique rationnelle (resp. entière).
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Notons que, comme une matrice symplectique a déterminant 1, une matrice symplec-
tique entière est inversible sur Z.

Définition 3.7. Une S-équivalence rationnelle élémentaire est un agrandissement, une
réduction, ou une congruence symplectique rationnelle. Deux matrices de Seifert sont
rationnellement S-équivalentes si elles s’obtiennent l’une de l’autre par une suite finie
S-équivalences rationnelles élémentaires.

En particulier, deux matrices de Seifert d’une même QSK-paire (M,K) sont ration-
nellement S-équivalentes. On déduit facilement du travail de H.F.Trotter dans [Tro73] que
deux QSK-paires ont des matrices de Seifert rationnellement S-équivalentes si et seule-
ment si leurs modules d’Alexander munis de leurs formes de Blanchfield sont isomorphes.
Dans le chapitre 5, on précise ce résultat :

Proposition 3.8 ([Chap. 5] Lemma 2.4, Proposition 1.6). Soient deux QSK-systèmes
(M,K,Σ, f , V ) et (M ′, K ′,Σ′, f ′, V ′). Si V et V ′ sont rationnellement S-équivalentes, alors
toute S-équivalence de V vers V ′ induit une τ -classe canonique d’isomorphismes de A(K)
dans A(K ′) qui préservent la forme de Blanchfield. Réciproquement, si un isomorphisme
ξ : A(K) → A(K ′) qui préserve la forme de Blanchfield est fixé, alors V ′ s’obtient de V
par une S-équivalence rationnelle qui induit canoniquement la τ -classe de ξ.

Une congruence entière symplectique entre deux matrices de Seifert peut s’interpréter
comme un changement de base du H1 de la surface de Seifert. En revanche, il est plus
délicat de donner un sens géométrique à une congruence rationnelle. L’idée de la preuve du
théorème 3.3 est de considérer une S-équivalence rationnelle qui induit la bonne τ -classe
d’isomorphismes, et de réaliser chaque étape élémentaire par des chirurgies LP nulles.
On obtient effectivement une telle réalisation pour les agrandissements et les congruences
entières, et le cas des réductions s’ensuit. Quant aux congruences rationnelles, on montre
qu’on peut s’en affranchir.

Définition 3.9. Deux matrices de Seifert sont semi-entièrement S-équivalentes si elles
s’obtiennent l’une de l’autre par une suite finie d’agrandissements, de réductions, et de
congruences entières symplectiques.

Proposition 3.10 ([Chap. 5] Proposition 1.8). Deux matrices de Seifert sont rationnelle-
ment S-équivalentes si et seulement si elles sont semi-entièrement S-équivalentes. De plus,
soient (M,K,Σ, f , V ) et (M ′, K ′,Σ′, f ′, V ′) des QSK-systèmes. Soit ξ : A(K) → A(K ′)
un isomorphisme qui préserve la forme de Blanchfield. Alors V ′ s’obtient de V par une
S-équivalence semi-entière qui induit canoniquement la τ -classe de ξ.

4 Invariants de type fini des QSK-paires

Dans cette section, on décrit les résultats du chapitre 6, qui concernent les gradués associés
aux filtrations de F0(KQ) et F0(KZ) définies par les chirurgies LP nulles, respectivement
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rationnelles et entières.

4.1 Les quotients Gn(KQ)

Pour toute classe d’isomorphisme (A, b) de modules d’Alexander rationnels munis de
leurs formes de Blanchfield, on note P(A, b) l’ensemble des QSK-paires dont les mo-
dules d’Alexander munis de leurs formes de Blanchfield sont isomorphes à (A, b). Soit
F0(A, b) le sous-espace de F0(KQ) engendré par les QSK-paires (M,K) ∈ P(A, b). Soit
(Fn(A, b))n∈N la filtration définie sur F0(A, b) par les chirurgies LP nulles. Alors, pour
n ∈ N, Fn(KQ) est la somme directe sur toutes les classes d’isomorphisme (A, b) de mo-
dules d’Alexander rationnels munis de leurs formes de Blanchfield des Fn(A, b). On pose
Gn(A, b) = Fn(A, b)/Fn+1(A, b). Le théorème 3.3 implique G0(A, b) ∼= Q. Le quotient
G1(A, b) se décrit comme suit :

Théorème 4.1 ([Chap. 6] Theorem 1.6). Soit (M0, K0) ∈ P(A, b). Pour tout p premier,
on note Bp une boule d’homologie rationnelle telle que H1(Bp;Z) ∼= Z/pZ. Alors :

G1(A, b) =
⊕

p premier

Q[(M0, K0);
Bp

B3
].

Pour étudier les quotients d’ordre supérieur, on introduit des espaces de diagrammes.

Un graphe A-colorié est un graphe uni-trivalent sans bâton (
•

•
), dont les arêtes sont

orientées et coloriées par Q[t±1], dont les sommets univalents sont coloriés par A, et dont
les sommets trivalents sont orientés. Une orientation d’un sommet trivalent d’un tel dia-

• •

• •

• •

• •γ1 γ2
v1 v2

fv1v2(t) =
1

t−1+t−1

1+t
t2

+1

t3+2−t−1

t6

2t−3

t−8

t2−1t

t+2

Figure 5 – Diagramme colorié de degré 6

gramme est toujours la donnée d’un ordre cyclique des trois demi-arêtes qui se rejoignent
à ce sommet, induite dans les figures par l’ordre cyclique . Soit δ(t) l’annulateur

de A. Un diagramme (A, b)-colorié D est un graphe A-colorié, dont les sommets uni-
valents forment un ensemble V , muni d’une famille (fDvv′(t)){(v,v′)∈V 2;v 6=v′} ⊂ 1

δ(t)
Q[t±1]

telle que fDvv′(t) mod Q[t±1] = b(γ, γ′) si γ (resp. γ′) est la couleur de v (resp. v′), et
fDv′v(t) = fDvv′(t

−1). Lorsque cela ne prête pas à confusion, on note fvv′ pour fDvv′ . Le degré
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d’un diagramme colorié est le nombre de sommets trivalents du graphe sous-jacent. Le
seul diagramme de degré 0 est le diagramme vide. Pour n ≥ 0, on pose :

Ãn(A, b) =
Q < diagrammes (A, b)-coloriés de degré n >
Q < AS, IHX, LE, OR, Hol, LV, EV, LD >

,

où les relations AS (antisymétrie), IHX, LE (linéarité pour les arêtes – edges), OR (change-
ment d’orientation – orientation reversal), Hol (holonomie), LV (linéarité pour les sommets
– vertices), EV (edge-vertex), et LD (linking difference) sont décrites Figure 6.

+ = 0

AS

- + = 01
1 1

IHX

x P + y Q
=

xP + yQ

LE

P (t)= P (t−1)

OR

P
Q

R
=

tP
tQ

tR

Hol

x
D1

•γ1
v

+ y
D2

•γ2
v

=
D

•xγ1 + yγ2v

xfD1

vv′ (t) + yfD2

vv′ (t) = fDvv′(t) ∀ v′ 6= v

LV

•
v
γ

PQ

D

=

•
v
Q(t)γ

P

D′

fD
′

vv′(t) = Q(t)fDvv′(t)

∀ v′ 6= v

EV

1

•
v1

γ1

1

•
v2

γ2

D

= 1

•
v1

γ1

1

•
v2

γ2

D′

+

P

D′′

fDv1v2 = fD
′

v1v2
+ P

LD

L’arête de D′′ représentée doit
relier des sommets trivalents,
éventuellement identiques.

Figure 6 – Relations, avec x, y ∈ Q, P,Q,R ∈ Q[t±1], γ, γ1, γ2 ∈ A.

Le groupe d’automorphismes Aut(A, b) est le groupe des automorphismes de Q[t±1]-
module de A qui préservent la forme de Blanchfield. Il agit sur Ãn(A, b) par action si-
multanée sur tous les sommets univalents d’un diagramme. Soit An(A, b) le quotient de
Ãn(A, b) par cette action. Comme l’opposé de l’identité est un automorphisme de (A, b),
on a A2n+1(A, b) = 0 pour tout n ≥ 0.
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Un diagramme (A, b)-augmenté est une union d’un diagramme (A, b)-colorié (sa com-
posante de Jacobi) et d’un nombre fini de sommets isolés pondérés par des entiers premiers.
Le degré d’un diagramme (A, b)-augmenté est le nombre de ses sommets de valence 0 ou
3. Pour n ≥ 0, on pose :

Aaug
n (A, b) =

Q < diagrammes (A, b)-augmentés de degré n >
Q < AS, IHX, LE, OR, Hol, LV, EV, LD, Aut >

,

où la relation Aut identifie deux diagrammes obtenus l’un de l’autre par l’action d’un
élément de Aut(A, b).

Théorème 4.2 ([Chap. 6] Theorem 1.10). Pour tout n ≥ 0, il existe une application
canonique, Q-linéaire et surjective :

ϕn : Aaug
n (A, b) ։ Gn(A, b).

Pour la classe du module d’Alexander trivial A0, on montre que ces applications sont
en fait des isomorphismes. De plus, la somme connexe des QSK-paires dans P(A0) induit
une opération sur le gradué G(A0) = ⊕n∈NGn(A0) qui le munit d’une structure d’algèbre
graduée. De même, l’espace gradué Aaug(A0) = ⊕n∈NA

aug
n (A0) est une algèbre graduée via

le produit défini sur les diagrammes par la réunion disjointe. Les isomorphismes Gn(A0) ∼=
Aaug
n (A0) induisent un isomorphisme d’algèbres graduées.

Théorème 4.3 ([Chap. 6] Theorem 1.11). Aaug(A0) ∼= G(A0)

4.2 Diagrammes coloriés et entrelacs en Y

Pour définir l’application ϕn du théorème 4.2, on la définit d’abord sur An(A, b). Pour cela,
on associe à des diagrammes de Ãn(A, b), qui engendrent Ãn(A, b) sur Q, des entrelacs
en Y nuls dans les QSK-paires de P(A, b).

Un diagramme D ∈ Ãn(A, b) est un diagramme élémentaire si ses arêtes qui relient
deux sommets trivalents sont coloriées par des puissances de t, et si ses arêtes adjacentes
à un sommet univalent sont coloriées par 1. Fixons (M,K) ∈ P(A, b). Soit ξ : (A, b) →
(A(K), bK) un isomorphisme. Fixons un méridien m(K) de K.

Définition 4.4. Soit D un diagramme élémentaire. Un plongement de D dans M \K est
admissible si les conditions suivantes sont vérifiées.

• Les sommets de D sont plongés dans une boule B ⊂ (M \K).

• Considérons une arête coloriée par tk. La classe d’homologie dans H1(M \K;Z) de
la courbe obtenue en reliant les extrémités de cette arête par un chemin dans B est
km(K).
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Il existe toujours un tel plongement. Il suffit de plonger le diagramme dans B, et de
faire tourner chaque arête coloriée par tk autour de K, k fois. À un plongement admissible
d’un diagramme élémentaire, on veut associer un entrelacs en Y nul dans M \K.

Soit Γ un graphe en Y nul dans M \K. Soit p le sommet interne de Γ. Soit ℓ une feuille
de Γ, et soit e l’arête qui connecte p à ℓ. La courbe ℓ̂ dessinée Figure 7 est l’extension de
ℓ dans Γ.

p•

e

ℓ

p•

ℓ̂

Figure 7 – Extension d’une feuille dans un graphe en Y

Soit D un diagramme élémentaire, muni d’un plongement admissible dans M \K. On
munit D de la parallélisation induite par une immersion dans le plan qui induit la bonne
orientation des sommets trivalents. Si une arête relie deux sommets trivalents, on y insère
un petit entrelacs de Hopf, comme le montre la figure 8. À chaque sommet univalent v,

• • • •

Figure 8 – Remplacement d’une arête

on colle une feuille ℓv, de façon à obtenir un entrelacs en Y nul dans M \K, noté Γ. Soit
V l’ensemble des sommets univalents de D. Pour v ∈ V , soit γv la couleur de v, soit ℓ̂v
l’extension de ℓv dans Γ, et soit ℓ̃v le relevé de ℓ̂v défini en relevant le point base dans un
relevé B̃ de B fixé. L’entrelacs en Y nul Γ est appelé une réalisation de D dans (M,K)
par rapport à ξ si les conditions suivantes sont vérifiées :

• pour tout v ∈ V , ℓ̃v est homologue à ξ(γv),

• pour tout (v, v′) ∈ V 2, lke(ℓ̃v, ℓ̃v′) = fvv′ .

Si une telle réalisation existe, le diagramme élémentaire D est dit ξ-réalisable.
Soit D un diagramme élémentaire. Soit V l’ensemble de ses sommets univalents. Soit

(qv)v∈V une famille de nombres rationnels. On définit un diagramme D′ = (qv)v∈V · D à
partir de D de la manière suivante. On conserve le graphe sous-jacent et les couleurs des
arêtes. Pour v ∈ V , on multiplie par qv la couleur du sommet v. Pour v 6= v′ ∈ V , on pose
fD

′

vv′ = qvqv′f
D
vv′ . On montre que pour tout diagramme élémentaire D, il existe (qv)v∈V ⊂ Q

tel que (qv)v∈V ·D est ξ-réalisable.
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Dans [Chap. 6, Section 2], on montre que [(M,K); Γ] ∈ Gn(A, b) ne dépend pas de B,
B̃, (M,K), ξ, et de la réalisation de D, et on prouve :

Proposition 4.5 ([Chap. 6] Proposition 1.14). Soit n > 0. Il existe une application ca-
nonique, Q-linéaire et surjective :

ϕn : An(A, b) ։ Gbn(A, b),

qui associe à tout diagramme élémentaire D, ξ-réalisable pour une QSK-paire (M,K) ∈
P(A, b) et un isomorphisme ξ : (A, b) → (A(K), bK), le crochet [(M,K); ΓD], où ΓD est
une réalisation de D dans (M,K) par rapport à ξ.

L’application du théorème 4.2 s’obtient en étendant cette application ϕn à Aaug
n (A, b).

4.3 La filtration de F0(KZ)

La filtration (Fn(KQ))n∈N généralise la filtration de F0(KZ) introduite par Stavros Ga-
roufalidis et Lev Rozansky dans [GR04]. L’ensemble d’opérations Θ(KZ) considéré par
S.Garoufalidis et L.Rozansky est l’ensemble des chirurgies borroméennes nulles. La pro-
position 4.3 du chapitre 1 montre qu’on obtient la même filtration en considérant les
chirurgies LP entières nulles. À partir de résultats de S.V.Matveev [Mat87], Swatee Naik
et Theodore Stanford [NS03], et H.F.Trotter [Tro73], S.Garoufalidis et L.Rozansky ont
montré que deux ZSK-paires s’obtiennent l’une de l’autre par une suite finie de chirur-
gies borroméennes nulles si et seulement si leurs modules d’Alexander entiers munis de
leurs formes de Blanchfield sont isomorphes [GR04, Lemma 1.3]. On a donc, comme ci-
dessus, une décomposition de la filtration (Fn(KZ))n∈N comme somme directe de filtrations
(FZ

n (AZ, bZ))n∈N de sous-espaces FZ
0 (AZ, bZ) de F0(KZ), où (AZ, bZ) représente une classe

d’isomorphismes de modules d’Alexander entiers munis de leurs formes de Blanchfield.
On note P(AZ, bZ) l’ensemble des ZSK-paires dont le module d’Alexander entier muni de
sa forme de Blanchfield est isomorphe à (AZ, bZ).

S.Garoufalidis, A.Kricker et L.Rozansky ([GK04] et [GR04]) ont identifié le gradué
⊕
n∈N

GZ
n ((AZ)0), pour un module d’Alexander trivial (AZ)0, à une algèbre de diagrammes.

Le théorème 4.3 généralise ce résultat au cas des QSK-paires. Dans le chapitre 6, on établit
les deux résultats suivants sur les quotients GZ

n (AZ, bZ) pour un (AZ, bZ) quelconque.

Proposition 4.6 ([Chap. 6] Proposition 1.15). Soit (M0, K0) ∈ P(AZ, bZ). Soit (A, b) =
Q⊗Z (AZ, bZ). Soit ξ : (A, b) → (A(K0), bK0) un isomorphisme. Soit n > 0. Il existe une
application bien définie, Q-linéaire, et surjective ϕZ

n(ξ) : Ãn(A, b) ։ GZ
n (AZ, bZ) définie

par D 7→ [(M0, K0); ΓD] pour tout diagramme élémentaire D ξ-réalisable, où ΓD est une
réalisation de D dans (M0, K0) par rapport à ξ.

Théorème 4.7 ([Chap. 6] Theorem 1.9). Pour n ≥ 0, GZ
2n+1(AZ, bZ) = 0.



Chapitre 3 : Invariants de type fini des sphères
d’homologie rationnelle

Résumé

Ce chapitre contient la version à paraître dans Algebraic & Geometric Topology

de l’article “Finite type invariants of rational homology 3-spheres”, sans sa bibliogra-
phie, avec une pagination différente, mais avec les numérotations originales. Dans cet
article, on étudie l’espace vectoriel rationnel engendré par toutes les sphères d’ho-
mologie rationnelle à homéomorphisme préservant l’orientation près, et la filtration
définie sur cet espace par les chirurgies LP rationnelles. On identifie l’espace gradué
associé à cette filtration à un espace gradué de diagrammes de Jacobi augmentés.
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Finite type invariants of rational homology 3-spheres

Abstract

We consider the rational vector space generated by all rational homology spheres
up to orientation-preserving homeomorphism, and the filtration defined on this space
by Lagrangian-preserving rational homology handlebody replacements. We identify
the graded space associated with this filtration with a graded space of augmented
Jacobi diagrams.

1 Introduction

1.1 Finite type invariants

The greatest achievements in the theories of finite type invariants are theorems that
express the graded spaces associated with topological filtrations of vector spaces generated
by knots or manifolds as combinatorial vector spaces generated by Feynman diagrams.
The two main examples of these theorems, that are useful to classify invariants and to
evaluate their power, concern the Vassiliev filtration of the space generated by the knots in
S3, and the Goussarov-Habiro filtration of the space generated by the integral homology
3-spheres (ZHS), that are oriented compact 3-manifolds with the same integral homology
as S3. The graded space associated with the Vassiliev filtration was identified with a
space of Jacobi diagrams by an isomorphism induced by the Kontsevich integral (see
[Kon93] and the Bar-Natan article [BN95]). Several filtrations of the space generated
by the ZHS’s were defined. In [GGP01], Garoufalidis, Goussarov and Polyak compared
various filtrations, and defined a surjective map from a graded space of Jacobi diagrams
to the graded space associated with the Goussarov-Habiro filtration. In [Le97], Le proved
that this map is an isomorphism by showing that the LMO invariant that he constructed
in [LMO98] with the help of Murakami and Ohtsuki is a universal finite type invariant
of ZHS’s. In [AL05], Auclair and Lescop defined the Goussarov-Habiro filtration and
the properties of the graded space, algebraically, using Lagrangian-preserving integral
homology handlebody replacements.

In this article, we will consider the rational vector space generated by all the rational
homology spheres (QHS), that are the oriented compact 3-manifolds with the same ratio-
nal homology as S3. We will define a filtration on this space by means of LP-surgeries,
that are Lagrangian-preserving rational homology handlebody replacements. Our main
result (Theorem 1.7) identifies the graded space associated with this filtration with a
graded space of diagrams. The role of the LMO invariant in the integral case will be
held here by the KKT invariant of rational homology spheres constructed by Kontsevich,
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and proved to be a universal finite type invariant of ZHS’s by Kuperberg and Thurston
in [KT99]. Lescop has proved in [Les04] that the KKT invariant ZKKT = (Zn,KKT )n∈N
satisfies a universality property with respect to LP-surgeries. Massuyeau has proved in
[Mas12] that the LMO invariant ZLMO = (Zn,LMO)n∈N satisfies the same property. As we
prove at the end of Section 6, these results and our main theorem imply that ZLMO and
ZKKT are equivalent in the following sense:

Theorem 1.1. Let M and N be QHS’s such that |H1(M ;Z)| = |H1(N ;Z)|, where |.|
denotes the cardinality. Then, for any n ∈ N:

(Zk,LMO(M) = Zk,LMO(N) for all k ≤ n) ⇔ (Zk,KKT (M) = Zk,KKT (N) for all k ≤ n).

1.2 The Goussarov-Habiro filtration

Throughout the article, the manifolds will be compact, connected, and oriented. When
it does not seem to cause confusion, we will use the same notation for a curve and its
homology class.

The standard Y-graph is the graph Γ0 ⊂ R2 represented in Figure 1. With Γ0 is
associated a regular neighborhood Σ(Γ0) of Γ0 in the plane. Consider a 3-manifold M

leaf

internal vertex

Γ0

Σ(Γ0)

Figure 1: the standard Y-graph

and an embedding h : Σ(Γ0) →M . The image Γ of Γ0 is a Y-graph, and Σ(Γ) = h(Σ(Γ0))
is the associated surface of Γ. The Y-graph Γ is equipped with the framing induced by
Σ(Γ). The looped edges of a Y-graph are called leaves. The vertex incident to three
different edges is the internal vertex.

Consider a Y-graph Γ in a 3-manifold M . Associate with Γ the six-component link L
represented in Figure 2. The borromean surgery on Γ is the surgery along the framed link
L. As proved by Matveev in [Mat87], a borromean surgery can be realised by cutting a
genus 3 handlebody (a regular neighborhood of the Y-graph) and regluing it another way.
A Y-link in a 3-manifold is a collection of disjoint Y-graphs.



Chapitre 3 : Invariants de type fini des Q-sphères 45

Γ L

Figure 2: Y-graph and associated surgery link

Consider the rational vector space FZ
0 generated by all ZHS’s up to orientation-

preserving homeomorphism. Let FZ
n denote the subspace generated by all the

[M ; Γ] =
∑

I⊂{1,..,n}

(−1)|I|M(∪i∈IΓi),

where M is a ZHS, the Γi are disjoint Y-graphs in M , Γ = ∪ni=1Γi, and M(∪i∈IΓi) is the
manifold obtained from M by surgery on the Γi for i ∈ I. Here and in all the article,

|I| stands for the cardinality of the set I. The associated quotients GZ
n =

FZ
n

FZ
n+1

can be

described in terms of Jacobi diagrams.

+ =0 - + =0

Figure 3: AS and IHX relations

A Jacobi diagram is a trivalent graph with oriented vertices. An orientation of a vertex
of such a diagram is a cyclic order of the three half-edges that meet at this vertex. In
the pictures, this orientation is induced by the cyclic order . The degree of a Jacobi

diagram is half the number of its vertices. Note that it is an integer. Let An denote the
rational vector space generated by all degree n Jacobi diagrams, quotiented out by the
AS and IHX relations (Figure 3). The space A0 is generated by the empty diagram. Let
Ac
n denote the subspace of An generated by the connected diagrams.

Let Γ be a Jacobi diagram of degree n. Let ϕ : Γ →֒ R3 be an embedding such that
the orthogonal projection on R2 × {0} of ϕ(Γ) is regular, and hence induces a framing of
ϕ(Γ). Now associate a Y-link Γ̃ in S3 with Γ by replacing all edges of ϕ(Γ) as indicated
in Figure 4.
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• • • •

Figure 4: Replacement of an edge

•

•

•

•

•

•

•

•

Figure 5: Jacobi diagram and associated Y-link

Lemma 1.2 (GGP, Corollary 4.2, Corollary 4.6, Theorem 4.11). The bracket [S3; Γ̃] ∈ GZ
2n

only depends on the class of Γ in An. Hence it defines:

Φ : An → GZ
2n

Γ 7→ [S3; Γ] := [S3; Γ̃]
.

Moreover:

Theorem 1.3 (Garoufalidis, Goussarov, Polyak [GGP01], Habiro [Hab00b], Le [Le97]).
For n odd, GZ

n = 0. For n even, the map Φ : An
2
→ GZ

n is an isomorphism.

1.3 Statement of the results

We first define the filtration on the rational vector space F0 generated by all QHS’s up
to orientation-preserving homeomorphism.

Definition 1.4. For g ∈ N, a genus g rational (resp. integral) homology handlebody
(QHH, resp. ZHH) is a 3-manifold which is compact, oriented, and which has the same
homology with rational (resp. integral) coefficients as the standard genus g handlebody.

Such a QHH (resp. ZHH) is connected, and its boundary is necessarily homeomorphic
to the standard genus g surface.

Definition 1.5. The Lagrangian LA of a QHH A is the kernel of the map

i∗ : H1(∂A;Q) → H1(A;Q)

induced by the inclusion. Two QHH’s A and B have LP-identified boundaries if we have
a homeomorphism h : ∂A→ ∂B such that h∗(LA) = LB.
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The Lagrangian of a QHH A is indeed a Lagrangian subspace of H1(∂A;Q) with
respect to the intersection form.

Consider a QHS M , a QHH A ⊂ M , and a QHH B whose boundary is LP-identified
with ∂A. Set M(B

A
) = (M \ Int(A)) ∪∂A=∂B B. We say that the QHS M(B

A
) is obtained

from M by Lagrangian preserving surgery, or LP-surgery. Note that a borromean surgery
is a special type of LP-surgery. If (Ai)1≤i≤n is a family of disjoint QHH’s in M , and if, for
each i, Bi is a QHH whose boundary is LP-identified with ∂Ai, we denote by M((Bi

Ai
)1≤i≤n)

the manifold obtained from M by the n LP-surgeries (Bi

Ai
).

Let Fn denote the subspace of F0 generated by the

[M ; (
Bi

Ai
)1≤i≤n] =

∑

I⊂{1,...,n}

(−1)|I|M((
Bi

Ai
)i∈I)

for all QHS’s M and all families of QHH’s (Ai, Bi)1≤i≤n, where the Ai are embedded in M
and disjoint, and each ∂Bi is LP-identified with the corresponding ∂Ai. Since Fn+1 ⊂ Fn,
this defines a filtration. Set Gn = Fn/Fn+1 and G = ⊕n∈NGn.

Definition 1.6. A finite type invariant of degree at most n of rational homology spheres
is a linear map λ : F0 → Q such that λ(Fn+1) = 0. It is said to be additive if λ(M♯N) =
λ(M) + λ(N) for all QHS’s M and N .

Let In (resp. Icn) denote the rational vector space of all invariants (resp. additive
invariants) of degree at most n. Set Hn = In/In−1 and H = ⊕n∈NHn. Note that In is
canonically isomorphic to (F0/Fn+1)

∗ := Hom( F0

Fn+1
,Q). We have an exact sequence:

0 → Gn →
F0

Fn+1

→
F0

Fn

→ 0.

Since the functor Hom(.,Q) is exact, the dual sequence

0 → In−1 → In → (Gn)
∗ → 0

is also exact. Thus Hn
∼= (Gn)

∗.
We will call augmented diagram of degree n the union of a Jacobi diagram of degree

k ≤ n
2

and of (n− 2k) weighted vertices, where the weights are prime integers. Note that

• 2

• 5

• 5

• • •

• •

•

••

••

Figure 6: augmented diagram of degree 13
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the degree of an augmented diagram is equal to its number of vertices. Let Aaug
n denote

the rational vector space generated by all augmented diagrams of degree n, quotiented
out by the AS and IHX relations. The main goal of this article is to prove the following
theorem:

Theorem 1.7. For n ∈ N, Aaug
n

∼= Gn.

This result will follow from Proposition 1.8, Proposition 1.11, and Proposition 6.9. An
isomorphism can be described in the following way. Consider an augmented diagram Γa
of degree n given by a Jacobi diagram Γ of degree k, and (n− 2k) vertices with weights
(pi)1≤i≤n−2k. Define ϕ(Γ) ⊂ S3 and the associated Y-link Γ̃ as before. For each i, consider
a rational homology ball Bpi such that H1(Bpi ;Z) =

Z
piZ

. Then define the image of Γa as

[S3; Γ̃, (
Bpi

B3 )1≤i≤n−2k] ∈ Gn.
Since connected sums are LP-surgeries of genus 0, one can easily see that G0

∼= QS3.
In Section 4, we give a description of G1.

Proposition 1.8. For any prime integer p, fix a QHS Mp such that |H1(Mp)| = p. Then
(Mp − S3)p prime is a basis for G1.

Remark: The QHS’s Mp are not unique in F0, but we will see in Subsection 4.1 that
they are unique modulo F2.

We will show in Subsection 4.1 that the family (Mp − S3)p prime generates G1. To see
that it is a basis, we will prove the following proposition in Subsection 4.2.

For a prime integer p, let vp denote the p-adic valuation, defined on N\{0} by vp(pkn) =
k if n is prime to p.

Proposition 1.9. For any prime p, define a linear map νp on F0 by setting νp(M) =
vp(|H1(M)|) when M is a QHS. Then νp is a degree 1 invariant of QHS’s.

Since νp(Mp) = 1, νp(Mq) = 0 for any prime q 6= p, and νp(S
3) = 0 for any prime p,

this result shows that the family (Mp − S3)p prime is free.

Corollary 1.10.
I1

I0

= Ic1 =
∏

p prime

Q νp.

In Section 5, we prove:

Proposition 1.11. For n > 1,
Icn
Icn−1

∼= (Ac
n
2
)∗ if n is even, and

Icn
Icn−1

∼= 0 if n is odd.

In this proof, we will use the description of finite type invariants of degree 1 of framed
rational homology tori given in Subsection 5.1.

In Section 6, we use the structures of graded algebras on G and H in order to show
that any finite type invariant λ such that λ(S3) = 0 can be written as a sum of products
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of additive invariants. More precisely, let Iπn denote the subspace of In generated by all
the products

∏
1≤i≤k λi, where k > 1, the λi are additive invariants of degree ki < n, and∑

1≤i≤k ki ≤ n. Our version of the Milnor-Moore theorem about the structure of Hopf
algebras implies that:

Proposition 1.12. For all n > 0, In = I0 ⊕ Icn ⊕ Iπn .

We will obtain this result as a consequence of Proposition 6.9.
In order to describe the spaces of additive invariants, we shall prove that LP-surgeries

can be reduced to more specific moves.

Definition 1.13. Consider a positive integer d. We call d-torus a rational homology
torus such that:

• H1(∂Td;Z) = Zα⊕ Zβ, with < α, β >= 1,

• dα = 0 in H1(Td;Z),

• β = dγ in H1(Td;Z), where γ is a curve in Td,

• H1(Td;Z) = Zdα⊕ Zγ.

Definition 1.14. An elementary surgery is an LP-surgery among the following ones:

1. connected sum (genus 0),

2. LP-replacement of a standard torus by a d-torus (genus 1),

3. borromean surgery (genus 3).

In Section 2, we prove:

Theorem 1.15. If A and B are two QHH’s with LP-identified boundaries, then B can
be obtained from A by a finite sequence of elementary surgeries and their inverses in the
interior of the QHH’s.

This proposition generalises a result of Auclair and Lescop which says that any two
ZHH’s with LP-identified boundaries can be obtained from one another by a finite se-
quence of borromean surgeries in the interior of the ZHH’s ([AL05, Lemma 4.11]).

In Section 3, we recall some facts about borromean surgeries proved in [GGP01], and
we give consequences of these facts that are useful in the sequel.

Acknowledgements I wish to thank the referee for his careful reading. My thanks also
go to my advisor, Christine Lescop, for her helpful advice and rigorous supervision.
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2 Elementary surgeries

2.1 Homological properties of QHH’s

Definition 2.1. Consider the genus g compact surface Σg. A basis (αi, βi)1≤i≤g of
H1(Σg;Z) is called symplectic if the matrix of the intersection form in (α1, ..αg, β1, .., βg)

is

(
0 Ig

−Ig 0

)
.

Notation We denote by Tors(H) the torsion submodule of a module H.

Lemma 2.2. If A is a genus g QHH, then:

• H1(A;Z) ∼= Zg ⊕ Tors(H1(A;Z)),

• H2(A;Z) = 0,

• H2(A, ∂A;Z) ∼= ( H1(A;Z)
Tors(H1(A;Z))

)∗ ∼= Zg.

Proof. The first point is given by H1(A;Z)⊗Q ∼= H1(A;Q) ∼= Qg.
By the Poincaré duality, we have H2(A;Z) ∼= H1(A, ∂A;Z). The universal coefficient

theorem gives H1(A, ∂A;Z) ∼= Hom(H1(A, ∂A;Z),Z). Hence H2(A;Z) is torsion free.
Since H2(A;Q) = 0, we get the second point.

The last point also follows from the Poincaré duality and the universal coefficient
theorem:

H2(A, ∂A;Z) ∼= H1(A;Z) ∼= Hom(H1(A;Z),Z) ∼= Zg.

Lemma 2.3. Consider a genus g QHH A. Consider the map i∗ : H1(∂A;Z) → H1(A;Z)
induced by the inclusion. Set:

LZ
A = Ker(i∗), LTA = (i∗)

−1(Tors(H1(A;Z))).

Then there is a symplectic basis (αi, βi)1≤i≤g of H1(∂A;Z), a family (γi)1≤i≤g of curves in
A, and positive integers di, 1 ≤ i ≤ g, such that:

LZ
A =

⊕

1≤i≤g

Z(diαi), LTA =
⊕

1≤i≤g

Zαi,
H1(A;Z)

Tors(H1(A;Z))
=
⊕

1≤i≤g

Zγi,

and βi = diγi in H1(A;Z)
Tors(H1(A;Z))

for 1 ≤ i ≤ g.

In particular,
LTA
LZ
A

and
H1(A;Z)

Tors(H1(A;Z))⊕ (⊕1≤i≤gZβi)
are isomorphic to

∏

1≤i≤g

Z

diZ
.
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Proof. The exact sequence over Z associated with (A, ∂A) yields the following exact se-
quence:

0 → H2(A, ∂A) → H1(∂A)
i∗

H1(A),

thus LZ
A is a free submodule of rank g of H1(∂A;Z). Hence there is a basis (αi, βi)1≤i≤g of

H1(∂A;Z), and positive integers di, 1 ≤ i ≤ g, such that (diαi)1≤i≤g is a basis of LZ
A. It

follows that LTA =
⊕

1≤i≤g Zαi. Since the intersection form is trivial on LTA, we can choose
the βi in such a way that the basis (αi, βi)1≤i≤g is symplectic.

The boundary map H2(A, ∂A) → H1(∂A) in the above exact sequence induces an
isomorphism H2(A, ∂A;Z) ∼= LZ

A. Thus we can choose a basis (Si)1≤i≤g of H2(A, ∂A;Z)

such that ∂Si = diαi for 1 ≤ i ≤ g. Let (γi)1≤i≤g denote the basis of H1(A;Z)
Tors(H1(A;Z))

Poincaré
dual to (Si)1≤i≤g.

For 1 ≤ i, j ≤ g, < Sj, βi >A=< djαj, βi >∂A= δijdi, where δij is the Kronecker delta,
equal to 1 if i = j, and 0 otherwise. Thus βi = diγi in H1(A;Z)

Tors(H1(A;Z))
.

Corollary 2.4. Let A be a QHH. If the map H1(∂A;Z) → H1(A;Z), induced by the
inclusion ∂A →֒ A, is surjective, then A is a ZHH.

2.2 d-tori

Lemma 2.5. For any positive integer d, there exists a d-torus Td.

Proof. Consider the standard genus 2 handlebody A represented in Figure 7. Consider a

a1

b1

a2

b2

Figure 7: The handlebody A

curve c on ∂A such that c = a1 + db2 in H1(∂A;Z). According to Meyerson in [Mey76],
since c is primitive, it can be chosen simple and closed. The torus Td will be obtained
from A by adding a 2-handle to A along c as follows. Define Td = A ∪h (D

2 × [−1, 1]),
where h : ∂D2 × [−1, 1] → ∂A is an embedding such that h(∂D2 × {0}) = c. We have
H1(Td;Z) =< b1, b2 | db2 = 0 >.

Moreover, we can define curves α, β, γ, on ∂A, with α = b2, β = −a2−db1 and γ = −b1
in H1(∂A;Z) such that the boundary of A is homeomorphic to the surface represented in
Figure 8. We get H1(Td;Z) =< γ, α | dα = 0 >, and H1(∂Td;Z) = Zα⊕ Zβ.
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γ

c

α

β

Figure 8: The surface ∂A

Given a curve γ in a 3-manifold M , we will call exterior of γ in M the complement of
the open tubular neighborhood of γ in M .

Lemma 2.6. Let d be a positive integer. Let Td be a d-torus. Let γ be a curve in Td whose
homology class generates H1(Td;Z)

Tors(H1(Td;Z))
. Let m(γ) and ℓ(γ) be respectively a meridian and

a parallel of γ. For any integer k, there is a symplectic basis (α, β) of H1(∂Td;Z) such
that dα = 0 in H1(Td;Z), and such that the curve β − dℓ(γ) + km(γ) bounds a surface in
the exterior of γ in Td.

Proof. Let X be the exterior of γ in Td. Consider a symplectic basis (α, β0) of H1(∂Td;Z)
such that dα = 0 and β0 = dγ in H1(Td;Z). There is an integer k0 such that β0 − dℓ(γ)+
k0m(γ) bounds a surface in X, i.e. is trivial in H1(X;Z). Since dα bounds a surface in
Td that γ meets once, dα−m(γ) is trivial in H1(X;Z). Let k be any integer, and set β =

β0+(k0−k)dα. The curve β−dℓ(γ)+km(γ) = (β0−dℓ(γ)+k0m(γ))+(k0−k)(dα−m(γ))
is trivial in H1(X;Z).

2.3 Relating QHH’s by elementary surgeries

In this subsection, we prove Theorem 1.15.

Definition 2.7. Consider a QHH A. Consider a simple closed curve γ ⊂ A. Consider
a disk D ⊂ ∂A. Consider two distinct points y and z in Int(D), and a path s from z to
y in Int(D). Consider a cylinder C = h(D2 × [0, 1]) ⊂ A, where h is an embedding such
that:

• h(D2 × {0}) (resp. h(D2 × {1})) is a disk Dy (resp. Dz) in Int(D),

• h(0, 0) = y and h(0, 1) = z,

• C ∩ ∂A = Dy ∪Dz,

• h({0} × [0, 1]) ∪ s is homologous to γ in A.

We will call tunnel around γ such a cylinder C.
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Lemma 2.8. Let A be a QHH of genus g. Let γ be a simple closed curve in A. Let C be
a tunnel around γ. Set B = A \ C. Then B is a QHH of genus g + 1.

Proof. Consider the pair (A,B). By excision, for i ∈ N, Hi(A,B;Q) ∼= Hi(C,C ∩ B;Q).
Since (C,C ∩ B) ∼= (D2 × [0, 1], (∂D2) × [0, 1]), it follows that Hi(A,B;Q) = 0 if i 6= 2,
and H2(A,B;Q) ∼= Q. The exact sequence over Q associated with the pair (A,B) yields
the following exact sequence:

0 → H2(B) → 0 → H2(A,B) ∼= Q → H1(B) → H1(A) ∼= Qg → 0.

Hence H2(B;Q) = 0 and H1(B;Q) ∼= Qg+1.

Lemma 2.9. Let A be a QHH of genus g. The quotient
H1(A;Z)

H1(∂A;Z)
is a torsion module.

Set
H1(A;Z)

H1(∂A;Z)
= ⊕n

i=1

Z

diZ
µi. Let Ci, 1 ≤ i ≤ n, be pairwise disjoint tunnels around the

µi. Then B = A \ (∪1≤i≤nCi) is a ZHH of genus g + n.

Proof. The fact that
H1(A;Z)

H1(∂A;Z)
is a torsion module follows from Lemma 2.3.

By Lemma 2.8, B is a QHH of genus g + n. Hence, by Corollary 2.4, it suffices to
show that the map H1(∂B;Z) → H1(B;Z) induced by the inclusion is surjective, or,
equivalently, that H1(B, ∂B;Z) is trivial. By excision, H1(B, ∂B;Z) is isomorphic to
H1(A, ∂A ∪ (∪1≤i≤nCi);Z), which is trivial by definition of the Ci’s.

For a 3-manifold A, let lkA : Tors(H1(A;Z)) × Tors(H1(A;Z)) → Q/Z denote the
linking form on A, defined in the following way. Consider disjoint representatives α, β of
two homology classes in Tors(H1(A;Z)). Consider a surface S ⊂ A, transverse to β, such
that ∂S = kα for some positive integer k. Then lkA(α, β) = 1

k
< S, β >, where < ., . > is

the algebraic intersection number in A. For a QHS M , the linking form lkM is defined on
H1(M ;Z)×H1(M ;Z), and it is known to be bilinear, symmetric, and non degenerate.

Lemma 2.10. Let A be a QHH of genus g. Assume
LT
A

LZ

A

= 0. Then there exists a QHS

M such that (H1(M ;Z), lkM) is isomorphic to (Tors(H1(A;Z)), lkA).

Proof. By Lemma 2.3, there is a symplectic basis (αi, βi)1≤i≤g of H1(∂A;Z) such that the
αi are null-homologous in A, and H1(A;Z) = Tors(H1(A)) ⊕ (⊕1≤i≤gZβi). Consider a
standard handlebody Hg, and a symplectic basis (ai, bi)1≤i≤g of H1(∂Hg;Z), where each
ai bounds a disk in Hg. Construct a QHS M by gluing A and Hg along their boundaries,
in such a way that, for 1 ≤ i ≤ g, αi is identified with bi, and βi is identified with ai.
We have H1(M ;Z) ∼= Tors(H1(A;Z)). Moreover, the linkings of the curves in A are
preserved, thus the linking forms on H1(M) and Tors(H1(A)) are isomorphic.
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Lemma 2.11. Let A and A′ be QHH’s of genus g with LP-identified boundaries. Assume
LT
A

LZ

A

= 0 and
LT
A′

LZ

A′

= 0. If (Tors(H1(A)), lkA) is isomorphic to (Tors(H1(A
′)), lkA′), then A

and A′ can be obtained from one another by a finite sequence of borromean surgeries.

Proof. Consider a basis (µi)1≤i≤n of Tors(H1(A)), and its image (µ′
i)1≤i≤n under an iso-

morphism (Tors(H1(A)), lkA) ∼= (Tors(H1(A
′)), lkA′). Fix framed representatives of the

µi and µ′
i such that lk(µi, µj) = lk(µ′

i, µ
′
j) ∈ Q for 1 ≤ i, j ≤ n. Consider pairwise

disjoint tunnels Ci (resp. C ′
i) around the µi (resp. µ′

i). Set B = A \ (∪1≤i≤nCi) and
B′ = A′ \ (∪1≤i≤nC ′

i). Extend the identification ∂A ∼= ∂A′ to an identification ∂B ∼= ∂B′

so that the longitude of each µi is identified with the longitude of the corresponding µ′
i.

By Lemma 2.9, B and B′ are ZHH’s of genus g+n. The equality between the linking num-
bers ensures that the identification of their boundaries preserves the Lagrangian. Thus,
by [AL05, Lemma 4.11], B can be obtained from B′ by a finite sequence of borromean
surgeries. Gluing back the cylinders, we get that A can be obtained from A′ by a finite
sequence of borromean surgeries.

Corollary 2.12. Consider a QHH A such that LTA/L
Z
A = 0. Let Hg be a standard han-

dlebody such that ∂Hg and ∂A are LP-identified. Then there exists a QHS M such that
A is obtained from Hg♯M by a finite sequence of borromean surgeries.

Lemma 2.13. Let A be a genus g QHH. Let Hg be a standard handlebody such that ∂Hg

and ∂A are LP-identified. Assume there are a symplectic basis (αi, βi)1≤i≤g of H1(∂A;Z),
a curve γ in A, and a positive integer d such that H1(A;Z) =

Z
dZα1 ⊕ Zγ ⊕ (

⊕
2≤i≤g Zβi)

and β1 = dγ. Then there are a solid torus T0 embedded in Hg, a d-torus Td, and an
LP-identification ∂Td ∼= ∂T0, such that A is obtained from Hg(

Td
T0
) by a finite sequence of

borromean surgeries.

Proof. Consider a tunnel C around γ in A. Set B = A \ C. By Lemma 2.9, B is a ZHH
of genus g+1. There is a surface S ⊂ B such that ∂S ⊂ ∂B is homologous to β1−dℓ+km
in ∂B, where m is a meridian of γ, ℓ is a longitude of γ, and k is an integer. Consider
simple closed curves σ1 and σ2 in ∂B such that σ1 = m− dα1 and σ2 = β1 − dℓ+ km in
H1(∂B). Then (σ1, σ2, α2, . . . , αg) is a basis of LZ

B.
Consider the symplectic basis (ai, bi)1≤i≤g of H1(∂Hg;Z) image of (αi, βi)1≤i≤g by the

LP-identification ∂A ∼= ∂Hg. Consider a simple closed curve representing b1 in Int(Hg),
and a tubular neighborhood T0 of this curve. Consider a d-torus Td, a symplectic basis
(α′, β′) of H1(∂Td;Z), and a curve γ′ in Td, such that H1(Td;Z) =

Z
dZα

′⊕Zγ′ and β′ = dγ′.
By Lemma 2.6, β′ can be chosen so that β′ − dℓ(γ′) + km(γ′) bounds a surface in the
exterior of γ′ in Td (where k is the integer that appears when tunneling A). Choose an
LP-identification ∂Td ∼= ∂T0 that identifies β′ with a curve on ∂T0 homologous to b1 in
Hg \ Int(T0). Set A′ = Hg(

Td
T0
).

Consider a tunnel C ′ around γ′ in A′. Set B′ = A′ \ C ′. By Lemma 2.9, B′ is a ZHH
of genus g + 1. Like in B, there is a surface S ′ in B′ bounded by b1 − dℓ(γ′) + km(γ′),
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and we can define a basis of LZ
B′ similarly. Hence the LP-identification ∂A ∼= ∂Hg

∼= ∂A′

extends to an LP-identification ∂B ∼= ∂B′. By [AL05, Lemma 4.11], B can be obtained
from B′ by a finite sequence of borromean surgeries. Gluing back the cylinders, we get
that A can be obtained from A′ = Hg(

Td
T0
) by a finite sequence of borromean surgeries.

Proof of Theorem 1.15. It suffices to prove the result when B is a standard handlebody.
We will proceed by induction on |LTA/L

Z
A|. The case |LTA/L

Z
A| = 1 is given by Corollary

2.12.
Consider a QHH A of genus g with |LTA/L

Z
A| > 1, and a standard genus g handle-

body Hg whose boundary is LP-identified with ∂A. By Lemma 2.3, there is a sym-
plectic basis (αi, βi)1≤i≤g of H1(∂A;Z), positive integers di, and a basis (γi)1≤i≤g of
H1(A;Z)/Tors(H1(A;Z)), such that, in H1(A;Z), diαi = 0 and βi = diγi + ti, with
ti ∈ Tors(H1(A;Z)). Note that |LTA/L

Z
A| =

∏
1≤i≤g di. Assume d1 > 1.

Consider a tubular neighborhood T of t1, with a meridian m(t1). Consider a d1-torus
Td1 , a basis (α, β) of H1(∂Td1 ;Z), and a curve t in Td1 , such that d1α = 0 and β = d1t

in H1(Td1 ;Z). Define an LP-surgery (
Td1
T
) by identifying α with m(t1) and β with t1. Set

A′ = A(
Td1
T
). In A′, t1 = d1t, thus we have β1 = d1γ with γ = γ1 + t.

Consider a tunnel C around γ. Set B = A′ \ C. By Lemma 2.8, B is a QHH of genus
(g + 1). There is a surface S ⊂ B such that ∂S ⊂ ∂B is homologous to β1 − d1ℓ + km
in ∂B, where m is a meridian of γ, ℓ is a longitude of γ, and k is an integer. Consider
simple closed curves σ1 and σ2 in ∂B such that σ1 = m − d1α1 and σ2 = β1 − d1ℓ + km
in H1(∂B). The curves σ1 and σ2 are null-homologous in B, and (σ1, σ2, α2, . . . , αg) is a
basis of LZ

B. Hence |LTB/L
Z
B| < |LTA/L

Z
A|.

Consider a genus (g + 1) standard handlebody Hg+1 of boundary ∂B, where the σi
and the αi bound disks in Hg+1. By induction, B can be obtained from Hg+1 by a finite
sequence of elementary surgeries or their inverses. Gluing back the cylinder C to Hg+1,
we get a genus g QHH Ã satisfying H1(Ã) =

Z
d1Z
α1 ⊕Zγ ⊕ (⊕2≤i≤gZβi), such that A′ can

be obtained from Ã by a finite sequence of elementary surgeries or their inverses. Hence
A can be obtained from Ã by a finite sequence of elementary surgeries or their inverses.
Since ∂Ã and ∂Hg are both LP-identified with ∂A, they are LP-identified with each other.
By Lemma 2.13, Ã can be obtained from Hg by a finite sequence of elementary surgeries
or their inverses. �

Remark We could have defined elementary surgeries by restricting the genus 1 case
to LP-replacements of standard tori by p-tori, for p prime, and keep Theorem 1.15 true.
Indeed, consider a d-torus Td and the usual curve γ in Td that generates H1(Td;Z)

Torsion
. One

can check that an LP-replacement of a tubular neighborhood of γ by a d′-torus produces
a dd′-torus. Hence, for any positive integer d, a d-torus Td can be obtained from a
standard torus by a finite sequence of “prime” elementary surgeries of genus 1. Use then
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the “tunneling method” to see that any d-torus can be obtained from this Td, with the
right choice of longitude, by a finite sequence of borromean surgeries.

3 Borromean surgeries and clasper calculus

Fix a 3-manifold M , possibly with boundary. Let FZ
0 (M) denote the rational vector

space generated by all the 3-manifolds that can be obtained from M by a finite sequence
of borromean surgeries, up to orientation-preserving homeomorphism. Let FZ

n (M) denote
the subspace generated by the [M ; Γ] for all m-component Y-link Γ in M , with m ≥ n.
Let “=n” denote the equality modulo FZ

n+1(M).

Lemma 3.1 (GGP, Corollary 4.3). Let Γ be an n-component Y-link in a 3-manifold M .
Let ℓ be a leaf of Γ. Let γ be a framed arc starting at the vertex incident to ℓ and ending
in another point of ℓ, embedded in M as the core of a band glued to the associated surface
of Γ as shown in Figure 9. The arc γ splits the leaf ℓ into two leaves ℓ′ and ℓ′′. Denote
by Γ′ and Γ′′ the Y-links obtained from Γ by replacing the leaf ℓ by ℓ′ and ℓ′′ respectively.
Then [M ; Γ] =n [M ; Γ′] + [M ; Γ′′].

γ

ℓ ℓ′′
ℓ′

Figure 9: cutting a leaf

Lemma 3.2 (GGP, Lemma 4.8). Let Γ be an n-component Y-link in a 3-manifold M . If
Γ has a leaf ℓ that bounds a disk in M \ (Γ \ ℓ) and has framing 1, then [M ; Γ] = 0.

These two lemmas imply that the class of [M ; Γ] modulo FZ
n+1(M) does not depend

on the framing of the leaves.

Lemma 3.3 (GGP, Corollary 4.2). Let Γ be an n-component Y-link in a 3-manifold M .
Let K be a framed knot in M \Γ. Let Γ′ be obtained from Γ be sliding an edge of Γ along
K (see Figure 10). Then [M ; Γ] =n [M ; Γ′].
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K

Γ Γ′

Figure 10: sliding an edge

Lemma 3.4 (GGP, Lemma 4.4). Let Γ be an n-component Y-link in a 3-manifold M . Let
Γ′ be obtained from Γ by twisting the framing of an edge by a half twist. Then [M ; Γ′] =n

−[M ; Γ].

In the following, we will consider oriented Y-links, defined as follows. A Y-graph
is oriented if its associated surface is oriented. An orientation of a Y-graph induces an
orientation of its leaves and of its internal vertex, as shown in Figure 11, where the surface
drawn is given the standard orientation of the plane. A Y-link is oriented if its components

Figure 11: oriented Y-graph

are oriented. In this setting, one can twist the framing of an edge only by an integral
number of twists. A half twist corresponds to a change of orientation of the adjacent leaf.

Let Γ be an oriented Y-link in a 3-manifold M . The above results imply that the class
of [M ; Γ] modulo FZ

n+1(M) does not depend on the edges of Γ and on the incident vertices
of the leaves of Γ. We shall see that, in some sense, it only depends on the homology
classes of the leaves.

Lemma 3.5 (GGP, Lemma 2.2). Let Γ be a Y-graph in a 3-manifold M , which has a
0-framed leaf ℓ that bounds a disk in M \ (Γ \ ℓ). Then M(Γ) ∼= M .

Lemma 3.6. Let Γ be an oriented n-component Y-link in a 3-manifold M . Assume Γ
has a leaf ℓ which is trivial in H1(M \ (Γ \ ℓ);Z). Then [M ; Γ] =n 0.
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Proof. We can assume that ℓ is 0-framed. The leaf ℓ bounds a surface Σ whose interior
does not meet Γ. First assume Σ has a positive genus. Thanks to Lemma 3.1, we can
assume Σ has genus 1. Apply Lemma 3.1 to decompose ℓ into four leaves, and apply it
again to re-glue them by pairs, as shown in Figure 12. This leads us to the case of a leaf

Σ

Figure 12: decomposing a leaf

which bounds a disk. The result follows then from Lemma 3.5.

Lemma 3.7. Let Γ be an n-component Y-link in a 3-manifold M . Let ℓ be a leaf of Γ. Fix
Γ\ℓ. Then the class of [M ; Γ] mod FZ

n+1(M) is a linear function of ℓ ∈ H1(M \(Γ\ℓ);Q).

Proof. Consider an n-component Y-link Γ′ that has a leaf ℓ′ such that Γ′ \ ℓ′ coincides
with Γ\ ℓ and ℓ′ is homologous to ℓ in M \ (Γ\ ℓ). Construct another n-component Y-link
Γδ by replacing the leaf ℓ by ℓ − ℓ′ in Γ (see Figure 13). By Lemma 3.6, [M ; Γδ] = 0.

ℓ′

ℓ ℓ− ℓ′

Figure 13: the leaf ℓ− ℓ′

Thus Lemma 3.1 implies [M ; Γ] =n [M ; Γ′]. Hence, for Γ \ ℓ fixed, [M ; Γ] mod FZ
n+1(M)

only depends on the class of ℓ in H1(M \ (Γ \ ℓ);Z). The linearity follows from Lemma
3.1. Since the FZ

n (M) are rational vector spaces, [M ; Γ] mod FZ
n+1(M) only depends on

the rational homology class of ℓ.

Now, in the case of QHS’s, we want to restrict the set of generators of FZ
n (M)/FZ

n+1(M)
to brackets defined by Jacobi diagrams.

Lemma 3.3 implies:



Chapitre 3 : Invariants de type fini des Q-sphères 59

Lemma 3.8. Let J be a Jacobi diagram of degree n
2
. Equip J with a framing induced by

an immersion of J in the plane. Embed the framed diagram J in a 3-manifold M . Let
Γ be the oriented n-component Y-link obtained from J by replacing its edges as shown in
Figure 14. Then the class of [M ; Γ] modulo FZ

n+1(M) does not depend on the embedding
and framing of J .

• • • •

Figure 14: Replacement of an edge

In the sequel, we will denote by [M ; J ] the class of [M ; Γ] modulo FZ
n+1(M).

Lemma 3.9. Let Γ be an oriented n-component Y-link in a 3-manifold M . Assume that
all the leaves of Γ are trivial in H1(M ;Q). Then [M ; Γ] is equal to a Q-linear combination
of terms [M ; J ] for some Jacobi diagrams J , modulo FZ

n+1(M).

Proof. Suppose Γ has a leaf ℓ which is non trivial in H1(M ;Z). Then there is a positive
integer k such that kℓ = 0 in H1(M ;Z). Denote by Γ′ the Y-link obtained from Γ by
replacing the leaf ℓ by a leaf homologous to kℓ in H1(M \ (Γ \ ℓ);Z). By Lemma 3.7, we
have [M ; Γ] =n

1
k
[M ; Γ′]. Thus we can assume that all the leaves of Γ are null-homologous

in M . As we have seen above, we also can assume that they are 0-framed.
Such leaves bound embedded surfaces in M . Thanks to Lemma 3.3, we can assume

that the interior of these surfaces do not meet the edges of Γ. Consider a leaf ℓ of Γ.
Apply Lemma 3.1 to cut ℓ into some leaves which are meridians of other leaves, and one
leaf which bounds a surface in M \ (Γ \ ℓ). The last one can be excluded by applying
Lemma 3.6. Cutting similarly each leaf of Γ, we obtain Y-links whose leaves are linked by
pairs, in the pattern of Hopf links. Since Lemma 3.7 allows us to change the orientation
of a leaf, modulo a sign, we get Y-links obtained from Jacobi diagrams.

Corollary 3.10. Let M be a QHS. Then FZ
n(M)

FZ

n+1(M)
is generated by the [M ; J ] for all Jacobi

diagrams J of degree n
2
. In particular, if n is odd, FZ

n (M) = FZ
n+1(M).

We end the section by focusing the case of Y-graphs.

Lemma 3.11. Let Γ be an oriented Y-graph in a 3-manifold M . Suppose that Γ has two
leaves ℓ and ℓ′ that bound disks in M \ (Γ \ (ℓ ∪ ℓ′)) and that form a positive Hopf link.
Then [M ; Γ] =2 0.

Proof. If the curve α obtained from the leaves ℓ and ℓ′ and their adjacent edges, as
shown in Figure 15, is 0-framed and bounds a disk whose interior does not meet Γ, then,
acoording to [GGP01, Lemma 2.3], the surgery on Γ preserves the homeomorphism class
of M . Lemma 3.3 allows us to reduce the proof to this case.
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ℓ′ℓ
α

Figure 15: The Y-graph Γ and the associated curve α

Lemma 3.12. Let Γ be an oriented Y-graph in a 3-manifold M . If Γ has a leaf ℓ which
is trivial in H1(M ;Q), then [M ; Γ] =2 0.

Proof. As in the proof of Lemma 3.9, we can assume that ℓ is null-homologous in M and
0-framed. Then ℓ bounds a surface Σ. Using Lemma 3.3, we can assume that its interior
Σ̊ does not meet the edges of Γ. However, it can meet the other leaves. Using Lemma
3.1 to decompose the different leaves of Γ, we can restrict to two cases. Either Σ̊ does
not meet Γ, or ℓ is linked with another leaf in the pattern of a Hopf link. Conclude with
Lemma 3.6 in the first case. In the second case, since Lemma 3.7 allows us to change the
orientation of a leaf, modulo a sign, conclude with Lemma 3.11.

Lemma 3.13. Let Γ be an oriented Y-graph in a 3-manifold M . The class of [M ; Γ]
modulo FZ

2 (M) only depends on the classes of the leaves of Γ in H1(M ;Q). Moreover,
the dependance is trilinear and alternating.

Proof. Consider a leaf ℓ of Γ. Consider an oriented Y-graph Γ′ and a leaf ℓ′ of Γ′ such
that Γ′ \ ℓ′ coincides with Γ \ ℓ and ℓ′ = ℓ in H1(M ;Q). Construct another Y-graph Γδ

by replacing the leaf ℓ by ℓ− ℓ′ in Γ (see Figure 13). By Lemma 3.12, [M ; Γδ] = 0. Thus
Lemma 3.1 implies [M ; Γ] =n [M ; Γ′]. Hence, for Γ \ ℓ fixed, [M ; Γ] mod FZ

2 (M) only
depends on the class of ℓ in H1(M ;Q). The linearity follows from Lemma 3.1. To get
the alternating property, note that exchanging two leaves is equivalent to changing the
orientation of the three leaves.

4 Finite type invariants of degree 1

4.1 The family (Mp − S3)p prime generates G1

We denote by “=2” the equality modulo F2. Note that F1 is generated by the (M − S3).
For any QHS M , let lkM : H1(M ;Z)×H1(M ;Z) → Q

Z be the linking form on H1(M ;Z).

Lemma 4.1. Let M and N be QHS’s such that (H1(M ;Z), lkM) ∼= (H1(N ;Z), lkN). Then
M =2 N .
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Proof. By [Mat87, Theorem 2], N can be obtained from M by a finite sequence of bor-
romean surgeries. It suffices to show that M(B

′

B
) =2 M for one borromean surgery (B

′

B
).

This follows from Corollary 3.10.

Like in [KK80], we call linking a pair (H, φ), where H is a finite abelian group, and φ is
a non degenerate symmetric bilinear form on H, with values in Q/Z. Consider the abelian
semigroup N of all linkings under orthogonal sum. We have a homomorphism H from the
semigroup of all QHS’s under connected sum to N, given by H(M) = (H1(M ;Z), lkM).
By [KK80, Theorem 6.1], this homomorphism is onto. So we can define an equivalence
relation on N by H1 ∼2 H2 if H1 = H(M1), H2 = H(M2), and M1 − S3 =2 M2 − S3.

Note that:

M♯N −S3 =2 (M −S3)+ (N −S3). (⋆)

Thus, by Lemma 4.1, in order to prove that (Mp − S3)p prime generates G1, it suffices to
show that any H ∈ N is 2-equivalent to a direct sum of groups Zp := Z/pZ, with p prime,
independently of the associated bilinear form. Since N is the direct sum of the abelian
semigroups Np of linkings on p-groups, we restrict ourselves to the study of p-groups.

Lemma 4.2. Any linking in Np is 2-equivalent to an orthogonal sum of linkings on cyclic
p-groups. Two linkings defined on the same cyclic group are 2-equivalent.

Proof. In the case of odd primes p, by [Wal63, Theorem 4], Np has generators Apk , Bpk ,
k ≥ 1, and sole relation 2Apk = 2Bpk (Rpk), where:

• Apk = (Zpk , φA), φA(1, 1) =
1
pk

,

• Bpk = (Zpk , φB), φB(1, 1) =
x
pk

, with x non square modulo pk.

The relations (⋆) and (Rpk) show that Apk ∼2 Bpk .
In the case of 2-groups, we will use the presentation of N2 given in the introduction of

[Mir84] by Miranda, who gives an alternative version of the description of N2 obtained by
Kawauchi and Kojima in [KK80]. The generators are 4 linkings Ak, Bk, Ck, Dk, defined on
Z2k , and 2 linkings Ek, Fk, defined on Z2k ×Z2k . The relation Ak+Ek = 2Ak+Bk implies
Ek ∼2 Ak +Bk, and the relation 2Ek = 2Fk implies Ek ∼2 Fk. So we’re lead to the cyclic
case. The relations 2Ak = 2Ck, 2Bk = 2Dk, 4Ak = 4Bk, give Ak ∼2 Bk ∼2 Ck ∼2 Dk.

Lemma 4.2 reduces our study to the case of cyclic groups with arbitrary linkings.

Lemma 4.3. Denote by Gpk any linking on Zpk . We have Gpk+k′ ∼2 Gpk + Gpk′ for any
prime p and any positive integers k and k′. It follows that Gpk ∼2 k Gp.

Proof. We will use the following easy result.
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Sublemma 4.4. Let d be a positive integer. Let Td be a d-torus. Let (α, β) be a symplectic
basis of H1(∂Td;Z) such that α generates LTd and β = dγ in H1(Td;Z). Let T be a
standard solid torus trivially embedded in S3. Define an LP-identification ∂Td ∼= ∂T that
identifies β with the preferred longitude of T . Then H1(S

3(Td
T
)) = Zdα⊕ Zdγ.

In S3, consider two disjoint, trivially embedded, tori T and T ′, linked in the pattern of
a Hopf link. Consider the LP-surgeries given by Sublemma 4.4 for d = pk and for d = pk

′

.
We still denote by α, β, γ (resp. α′, β′, γ′) the curves defined in the lemma. We have

H1(S
3(
T
pk

T
)) = Zpkα × Zpkγ and H1(S

3(
T
pk

′

T ′ )) = Zpk′α
′ × Zpk′γ

′. Now, in S3(
T
pk

T
,
T
pk

′

T ′ ),

we have α′ = β = pkγ and α = β′ = pk
′

γ′. Thus H1(S
3(
T
pk

T
,
T
pk

′

T ′ )) = Zpk+k′γ × Zpk+k′γ′.

Conclude with the following equality: S3(
T
pk

T
,
T
pk

′

T ′ )− S3 =2 (S
3(
T
pk

T
)− S3) + (S3(

T
pk

′

T ′ )−
S3).

This achieves the proof of the first part of Proposition 1.8, namely the fact that the
family (Mp − S3)p prime generates G1.

4.2 The invariants νp

In this subsection, unless otherwise mentioned, all the homology modules are considered
with integral coefficients. We prove the following proposition that implies Proposition
1.9.

Proposition 4.5. Consider a QHS M , two disjoint genus g QHH’s A and B in M , and
two QHH’s A′ and B′ whose boundaries are LP-identified with ∂A and ∂B respectively.
Then:

|H1(M)|

|H1(M(A
′

A
))|

=
|H1(M(B

′

B
))|

|H1(M(A
′

A
, B

′

B
))|
.

Proof. The exact sequence associated with (M,A) gives:

0 → H2(M,A) → H1(A) → H1(M) → H1(M,A) → 0.

Set X = M \ Int(A). By excision, we have Hi(M,A) = Hi(X, ∂X) for any integer i. So
the above exact sequence can be rewritten as follows.

0 → H2(X, ∂X)
ϕ1

H1(A)
ϕ2

H1(M)
ϕ3

H1(X, ∂X) → 0

Since H1(M) is finite, H1(X, ∂X) also is, and we have |H1(M)| = |H1(X, ∂X)|.|Im(ϕ2)|.
Similarly, we have an exact sequence:

0 → H2(X, ∂X)
ϕ′
1

H1(A
′)

ϕ′
2

H1(M(
A′

A
))

ϕ′
3

H1(X, ∂X) → 0.
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We get:
|H1(M)|

|H1(M(A
′

A
))|

=
|Im(ϕ2)|

|Im(ϕ′
2)|
.

Similarly arguing with M(B
′

B
) instead of M , and setting X ′ = X(B

′

B
), we have the

exact sequences:

0 → H2(X
′, ∂X ′)

ψ1
H1(A)

ψ2
H1(M(

B′

B
))

ψ3
H1(X

′, ∂X ′) → 0,

0 → H2(X
′, ∂X ′)

ψ′
1

H1(A
′)

ψ′
2

H1(M(
A′

A
,
B′

B
))

ψ′
3

H1(X
′, ∂X ′) → 0,

and we get:
|H1(M(B

′

B
))|

|H1(M(A
′

A
, B

′

B
))|

=
|Im(ψ2)|

|Im(ψ′
2)|
.

We now relate |Im(ϕ2)| and |Im(ψ2)|. Since Im(ϕ2) ∼=
H1(A)
Im(ϕ1)

and Im(ψ2) ∼=
H1(A)
Im(ψ1)

,
we shall study Im(ϕ1) and Im(ψ1).

The following sublemma gives us additional information about X.

Sublemma 4.6. If M is a QHS and if A is a genus g QHH in M , then X =M \ Int(A)
also is a genus g QHH.

Proof. It is clear that H3(X;Q) = 0 and H0(X;Q) = Q.
The Mayer-Vietoris sequence associated with M = A ∪X gives:

0 → H3(M ;Q) → H2(∂A;Q) → H2(A;Q)⊕H2(X;Q) → 0.

Since H3(M ;Q) → H2(∂A;Q) is an isomorphism that identifies the fundamental classes,
we have H2(X;Q) = 0.

The Mayer-Vietoris sequence also gives an isomorphism H1(∂A;Q) ∼= H1(A;Q) ⊕
H1(X;Q), thus H1(X;Q) = Qg.

We have the following commutative diagram, where i⋆ is the map induced by the
inclusion i : ∂A →֒ A.

H2(X, ∂X)
∂

H1(∂A)

ϕ1
i⋆

H1(A)

H2(X
′, ∂X ′)

∂

ψ1
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Denote the images of H2(X, ∂X) and H2(X
′, ∂X ′) in H1(∂A) by F and F ′ respectively.

Since ϕ1 and ψ1 are injective, the two boundary operators also are. Thus, by Sublemma
4.6 and Lemma 2.2, F and F ′ are free submodules of H1(∂A), of rank g. Consider bases γ
of F and γ′ of F ′. Over Q, F generates the Lagrangian LX , and F ′ generates LX′ . Since
X ′ is obtained from X by an LP-surgery, we have LX = LX′ . Hence we have a matrix
R ∈ GLg(Q) of change of basis from γ to γ′. Thus:

|Im(ψ2)| = |
H1(A)

Im(ψ1)
| = |

H1(A)

i⋆(F ′)
| = | det(R)|.|

H1(A)

i⋆(F )
| = | det(R)|.|Im(ϕ2)|.

Since the same submodules F and F ′ occur in the decomposition of ϕ′
1 and ψ′

1, we
also have:

|Im(ψ′
2)| = | det(R)|.|Im(ϕ′

2)|.

Finally,

|H1(M(B
′

B
))|

|H1(M(A
′

A
, B

′

B
))|

=
|Im(ψ2)|

|Im(ψ′
2)|

=
| det(R)|.|Im(ϕ2)|

| det(R)|.|Im(ϕ′
2)|

=
|H1(M)|

|H1(M(A
′

A
))|
.

5 Additive invariants of degree n > 1

5.1 Degree 1 invariants of framed rational homology tori

Fix a genus 1 surface Σ1 and a symplectic basis (α0, β0) of H1(Σ1;Z). Define F0(Σ1)
as the rational vector space generated by all the rational homology tori T , equipped
with an oriented longitude ℓ(T ). Denote by m(T ) the meridian of T that satisfies
< m(T ), ℓ(T ) >∂T= 1. The data of the framing is equivalent to the data of an orientation-
preserving homeomorphism h : Σ1 → ∂T such that h∗(Qα0) = LT , the equivalence being
given by m(T ) = h(α0) and ℓ(T ) = h(β0). In particular, given two framed rational ho-
mology tori, we have a canonical LP-identification of their boundaries, which identifies
the fixed longitudes. Define a filtration (Fn(Σ1))n∈N, and quotients (Gn(Σ1))n∈N, as in the
case of QHS’s. Note that G0(Σ1) ∼= Q.

Denote by T0 the standard solid torus with a fixed longitude ℓ(T0). For any prime
p, fix a QHS Mp such that H1(Mp;Z) ∼= Z/pZ. Define a rational homology ball Bp by
removing an open ball from Mp. In this subsection, we prove:

Proposition 5.1. G1(Σ1) =
⊕

p prime

Q[T0;
Bp

B3
]

Consider a framed rational homology torus T . Set d(T ) = |LTT/L
Z
T | (see Lemma 2.3

for the definition of LTT and LZ
T ). For p prime, define µp(T ) = vp(d(T ) |Tors(H1(T ;Z))|),

where vp denotes the p-adic valuation.
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Lemma 5.2. For any prime p, µp is a degree 1 invariant of the framed rational homology
tori.

Proof. Consider a framed rational homology torus T . Define a QHS M(T ) by gluing T
and the standard torus T0 along their boundaries, in such a way that ℓ(T ) is identified with
m(T0). We have H1(M(T )) = H1(T )

Zℓ(T ) . By Lemma 2.3, |H1(M(T ))| = d(T ) |Tors(H1(T ))|.
Thus µp(T ) = vp(|H1(M(T ))|) = νp(M(T )). The result follows from the fact that νp is a
degree 1 invariant of QHS’s.

Corollary 5.3. The sum
⊕

p primeQ[T0;
Bp

B3 ] is direct.

Lemma 5.4. The space G1(Σ1) is generated by the [T ; E
′

E
], where (E

′

E
) is an elementary

surgery.

Proof. Consider [T ; A
′

A
] ∈ F1(Σ1). By Theorem 1.15, A′ is obtained from A by a sequence

of elementary surgeries, or their inverses, (E
′
i

Ei
)1≤i≤k. Set Ai = A(

E′
1

E1
)(
E′

2

E2
)..(

E′
i

Ei
). Then:

[T ;
A′

A
] =

k−1∑

i=0

[T (
Ai
A
);
Ai+1

Ai
] =

k−1∑

i=0

[T (
Ai
A
);
E ′
i+1

Ei+1

].

Now, for any [T ; E
′

E
] ∈ F1(Σ1), we have [T ; E

′

E
] = −[T (E

′

E
); E
E′ ].

We shall get rid of the elementary surgeries of genus 1 with the help of the following
two lemmas.

Lemma 5.5. Let E be a framed standard torus. Let E ′ be a framed d-torus. Assume
ℓ(E ′) = dγ in H1(E

′;Z) for a curve γ in E ′. Embed two disjoint copies E1 and E2 of E
in Int(E) so that ℓ(E1) = ℓ(E2) = ℓ(E) in H1(E \Int(E1∪E2);Z). Let E ′

1 and E ′
2 be two

copies of E ′. Set A = E(
E′

1

E1
,
E′

2

E2
). Then there is a QHS M such that A can be obtained

from E ′♯M by a finite sequence of borromean surgeries.

Proof. For i = 1, 2, denote by γi the copy of γ in E ′
i, so that ℓ(E ′

i) = dγi in H1(E
′
i;Z).

Note that, in H1(A), ℓ(A) = ℓ(E ′
1) = ℓ(E ′

2), and m(A) = m(E ′
1) +m(E ′

2). We have :

H1(A;Z) = < m(E ′
1),m(E ′

2), γ1, γ2|dm(E ′
1) = 0, dm(E ′

2) = 0, dγ1 = dγ2 >

= < m(E ′
1),m(A), γ1, γ2 − γ1|dm(E ′

1) = 0, dm(A) = 0, d(γ2 − γ1) = 0 >

= Zdm(A)⊕ Z γ1 ⊕ Zdm(E ′
1)⊕ Zd (γ2 − γ1)

Note that ℓ(A) = dγ1. Consider a tunnel C around γ1. Set B = A \ C. There is a surface
S ⊂ B such that ∂S ⊂ ∂B is homologous to ℓ(A)−dℓ+km in ∂B, where m is a meridian
of γ1, ℓ is a longitude of γ1, and k is an integer. Consider simple closed curves σ1, σ2,
µ1 and µ2 in ∂B such that σ1 = m − dm(A), σ2 = ℓ(A) − dℓ + km, µ1 = −ℓ + km(A)
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and µ2 = −m(A) in H1(∂B). The curves σ1 and σ2 bound embedded surfaces in B,
and (σ1, µ1, σ2, µ2) is a symplectic basis of H1(∂B;Z). Thus B is a genus 2 QHH with
|LTB/L

Z
B| = 0. By Lemma 2.12, there are a standard genus 2 handlebody H2 and a QHS

M such that B is obtained from H2♯M by a finite sequence of borromean surgeries.
Now consider the d-torus E ′. It is homeomorphic to E(

E′
1

E1
). Consider a tunnel C ′

around γ in E ′. We can choose a meridian m′ and a longitude ℓ′ of γ in such a way
that there are curves σ′

1 and σ′
2 on the boundary of B′ = E ′ \ C ′ which bound surfaces in

B′ and which are respectively homologous to m′ − dα and β − dℓ′ + km′ in H1(∂B
′;Z).

Thus the LP-identification ∂E ′ ∼= ∂A extends to an LP-identification ∂B′ ∼= ∂B ∼= ∂H2.
Since H1(B

′;Z) = Z(ℓ′ − kα)⊕ Zm′, B′ and H2 are two ZHH whose boundaries are LP-
identified. By [AL05, Lemma 4.11], H2 can be obtained from B′ by a finite sequence of
borromean surgeries. Thus H2♯M , and B, can be obtained from B′♯M by a finite sequence
of borromean surgeries. Gluing back the cylinders, we see that A can be obtained from
E ′♯M by a finite sequence of borromean surgeries.

Lemma 5.6. The quotient G1(Σ1) is generated by the [T ; E
′

E
], where (E

′

E
) is an elementary

surgery of genus 0 (connected sum) or 3 (borromean surgery).

Proof. Consider a framed rational homology torus T and an elementary surgery E′

E
of

genus 1 in T , i.e. E is an embedded standard torus, and E ′ is a d-torus. Fix a longitude
ℓ(E ′) such that ℓ(E ′) = dγ in H1(E

′;Z) for a curve γ in E ′. Choose the longitude ℓ(E)
which is identified with ℓ(E ′) by the LP-identification ∂E ∼= ∂E ′.

Consider the copies E1 and E2 of E in Int(E), the copies E ′
1 and E ′

2 of E ′, the rational
homology torus A, and the QHS M , defined in Lemma 5.5. Set T ′ = T (

E′
1

E1
,
E′

2

E2
) ∼= T (A

E
).

Write A = E ′(B(M)
B3 )(

B′
1

B1
)(
B′

2

B2
) . . . (

B′
k

Bk
), where B(M) is the rational homology ball obtained

by removing a ball B3 from M , and the (
B′

i

Bi
) are borromean surgeries. On the one hand,

we have [T ;
E′

1

E1
,
E′

2

E2
] = 2[T ; E

′

E
]− T + T ′, thus:

T − T ′ = 2[T ;
E ′

E
] mod F2(Σ1),

and, on the other hand:

T − T ′ = [T ;
A

E
] = [T ;

E ′

E
] + [T (

E ′

E
);
B(M)

B3
] +

k∑

i=1

[T (
E ′

E
)(
B(M)

B3
)(
B′

1

B1

)..(
B′
i−1

Bi−1

);
B′
i

Bi

]

Thus:

[T ;
E ′

E
] = [T (

E ′

E
);
B(M)

B3
] +

k∑

i=1

[T (
E ′

E
)(
B(M)

B3
)(
B′

1

B1

)..(
B′
i−1

Bi−1

);
B′
i

Bi

] mod F2(Σ1).
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We shall now restrict the set of generators [T ; E
′

E
] where (E

′

E
) is an elementary surgery

of genus 0.

Lemma 5.7. Let T be a framed rational homology torus and let B be a rational homology
ball. Then [T ; B

B3 ] ∈
⊕

p primeQ[T0;
Bp

B3 ] ⊂ G1(Σ1).

This result follows from the next two sublemmas.

Sublemma 5.8. Let T be a framed rational homology torus and let B be a rational
homology ball. Then, in G1(Σ1), [T ;

B
B3 ] is a linear combination of the [T ; Bp

B3 ].

Proof. Set M = B ∪∂B=−∂B3 B3. We have T ( B
B3 ) = T♯M and T (Bp

B3 ) = T♯Mp. Now use
that (Mp − S3)p prime generates G1 (see Subsection 4.1).

Sublemma 5.9. For any framed rational homology torus T , and any rational homology
ball B,

[T ;
B

B3
] = [T0;

B

B3
] mod F2(Σ1).

Proof. Define T ′
0 as T0 minus a regular open neighborhood of its boundary. We can

suppose that T ′
0 and B3 are disjoint in T0. We have T ∼= T0(

T
T ′
0
), and:

[T0;
T

T ′
0

,
B

B3
] = [T0;

B

B3
]− [T ;

B

B3
].

Proof of Proposition 5.1. By Lemmas 5.6 and 5.7, G1(Σ1) is generated by the [T0;
Bp

B3 ]

and the [T ; A
′

A
] where (A

′

A
) is a borromean surgery. Consider µ ∈ (G1(Σ1))

∗. For all prime
integer p, set cp = µ([T0;

Bp

B3 ]). Set µ̃ = µ−
∑

p prime cpµp. The invariant µ̃ is determined

by its values on the terms [T ; A
′

A
], where (A

′

A
) is a borromean surgery. Let Γ denote the

Y-graph associated with the borromean surgery (A
′

A
). By Lemma 3.13, if T is fixed,

µ̃([T ; A
′

A
]) only depends on the rational homology classes of the three leaves of Γ, and

this dependance is trilinear and alternating. Since H1(T ;Q) ∼= Q, we have µ̃ = 0. Hence
µ =

∑
p prime cpµp. This implies that G1(Σ1) is generated by the [T0;

Bp

B3 ]. Conclude with
Corollary 5.3. �

Corollary 5.10. If µ is a degree 1 invariant of framed rational homology tori, such that
µ(T0) = 0 and µ(T0♯Mp) = 0 for any prime p, then µ = 0.
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5.2 The quotients
Ic

n

Ic

n−1

The main point of this subsection will be the proof of the next proposition. We will end
the subsection by showing that this result implies Proposition 1.11.

Proposition 5.11. If λ is an additive invariant of degree n > 1, then λ|Fn
is determined

by λ(Φ(Ac
n
2
)). In particular, if n is odd, λ|Fn

= 0.

Recall the map Φ : An → GZ
2n has been defined in Lemma 1.2. Since we have a

canonical map GZ
2n → G2n (we will see later that it is an embedding), λ(Φ(Ac

n)) is well
defined.

We will often use the following easy formula.

Lemma 5.12. For any [M ; (
A′

i

Ai
)1≤i≤n] ∈ Fn,

[M ; (
A′
i

Ai
)1≤i≤n] = [M ; (

A′
i

Ai
)2≤i≤n]− [M(

A′
1

A1

); (
A′
i

Ai
)2≤i≤n].

Lemma 5.13. The space Gn is generated by the [M ; (
E′

i

Ei
)1≤i≤n], where the (

E′
i

Ei
) are ele-

mentary surgeries.

To see this, just adapt the proof of Lemma 5.4.

Lemma 5.14. Let λ be an additive invariant of degree n > 1. Consider [M ; (
E′

i

Ei
)1≤i≤n] ∈

Fn. If at least one of the surgeries (
E′

i

Ei
) is an elementary surgery of genus 0 (connected

sum), then λ([M ; (
E′

i

Ei
)1≤i≤n]) = 0.

Proof. Assume E′
1

E1
is a connected sum, i.e. E1 is a ball B3, and E ′

1 is a rational homology
ball. Define a QHS M1 by gluing E ′

1 and a ball B3 along their boundaries.

λ([M ; (
E ′
i

Ei
)1≤i≤n]) = λ([M ; (

E ′
i

Ei
)2≤i≤n])− λ([M♯M1; (

E ′
i

Ei
)2≤i≤n])

= −
∑

I⊂{2,...,n}

(−1)|I|λ(M1)

= 0

Lemma 5.15. Consider a QHS M , and disjoint LP-surgeries (Td
T0
), (

A′
i

Ai
)1≤i≤n−1 in M ,

where T0 is a standard torus, and Td is a d-torus. If λ is an additive invariant of degree

n > 1, then λ([M ; Td
T0
, (
A′

i

Ai
)1≤i≤n−1]) = 0.
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Proof. Fix M , the embedding of T0, and the surgeries (
A′

i

Ai
)1≤i≤n−1. Fix a longitude ℓ(T0)

of T0. For any framed rational homology torus T , set λ̄(T ) = λ([M ; T
T0
, (
A′

i

Ai
)1≤i≤n−1]).

Then λ̄ is a degree 1 invariant of framed rational homology tori:

λ̄([T ;
B′

1

B1

,
B′

2

B2

]) = λ(− [M(
T

T0
);
B′

1

B1

,
B′

2

B2

, (
A′
i

Ai
)1≤i≤n−1]) = 0.

We have λ̄(T0) = λ(0) = 0, and:

λ̄(T0♯Mp) = λ([M ;
Bp

B3
, (
A′
i

Ai
)1≤i≤n−1]) = 0,

since λ is additive, and n− 1 > 0. By Corollary 5.10, λ̄ = 0.

Proof of Proposition 5.11. By Lemmas 5.14 and 5.15, an additive invariant λ of degree
n > 1 is determined on Fn by its values on the [M ; (

B′
i

Bi
)1≤i≤n], for all QHS’s M and all

sets of n disjoint borromean surgeries (
B′

i

Bi
)1≤i≤n in M . Hence, by Corollary 3.10, λ is

determined on Fn by the λ([M ; Γ]) for all QHS M and all Jacobi diagram Γ of degree n
2
.

We can write M = M♯S3 and suppose Γ is embedded in S3. Hence for an additive
invariant λ of degree n, we have λ([M ; Γ]) = λ([S3; Γ]).

If the Jacobi diagram Γ is not connected, we can assume that Γ is made of two
components Γ1 and Γ2 that are embedded in disjoint balls in S3. Noting that (S3,Γ) =
(S3,Γ1)♯(S

3,Γ2), it is easy to see that any additive invariant vanishes on [S3; Γ] in this
case. �

Proposition 1.11 follows from Proposition 5.11 in the case of odd degrees. For even
degrees, it is a consequence of the following lemma.

Lemma 5.16. Let n > 1 be an even integer. Let (Γn,i)i∈Cn
be a basis of diagrams of

the finite dimensional vector space Ac
n
2
. Let (Γ∗

n,i)i∈Cn
be the dual basis of (Ac

n
2
)∗. Let Zn

2

denote the degree n
2

part of the KKT invariant. Let pc : An
2
→ Ac

n
2

be the projection that

maps any non connected diagram to 0 and which restricts to the identity on Ac
n
2
. For

i ∈ Cn, set λn,i = Γ∗
n,i ◦ p

c ◦ Zn
2
. Then (λn,i)i∈Cn

is a basis of Ic
n

Ic
n−1

.

Proof. By [KT99, Theorem 1], pc ◦ Zn
2

is an additive invariant of QHS’s, thus the λn,i
are additive. By [Les04, Theorem 2.4] and [AL05, Proposition 4.1], Zn

2
is a finite type

invariant of degree n and satisfies Zn
2
([S3; Γn,i]) = Γn,i ∈ An

2
. Hence λn,i ∈ Icn, and

λn,i([S
3; Γn,j]) = δi,j. Consider λ ∈ Icn. By Proposition 5.11, λ =

∑
i∈Cn

λ([S3; Γn,i])λn,i
in Ic

n

Ic
n−1

. Hence (λn,i)i∈Cn
is a basis of Ic

n

Ic
n−1

.
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6 The graded algebras G and H

6.1 The products in G and H

Extend the connected sum to F0 by bilinearity:

(
∑

i∈I

aiMi)♯(
∑

j∈J

bjNj) =
∑

i∈I

∑

j∈J

aibj(Mi♯Nj),

for any finite sets I and J , any rational numbers ai, bj, and any QHS’s Mi, Nj.

Lemma 6.1. Fn♯Fm ⊂ Fn+m

Proof. Just check that [M ; (Bi

Ai
)1≤i≤n]♯[M

′; (
B′

i

A′
i
)1≤i≤m] = [M♯M ′; (Bi

Ai
)1≤i≤n, (

B′
i

A′
i
)1≤i≤m].

Thus the connected sum defines a product ♯ : Gn×Gm → Gn+m which induces a graded
algebra structure on G.

Given two finite type invariants λ and µ, note that the product λµ satisfies:

λµ(
∑

i∈I

aiMi) =
∑

i∈I

aiλ(Mi)µ(Mi),

for any finite set I, rational numbers ai, and QHS’s Mi.

Lemma 6.2. If λ ∈ Ik and µ ∈ Iℓ, then λµ ∈ Ik+ℓ.

Proof. Consider [M ; (Bi

Ai
)i∈I ] with |I| = k + ℓ+ 1. We have the following equality.

λµ([M ; (
Bi

Ai
)i∈I ]) =

∑

J⊂I

λ([M ; (
Bi

Ai
)i∈J ])µ([M((

Bi

Ai
)i∈J); (

Bi

Ai
)i∈I\J ]) (1)

Indeed, the right hand side is equal to:

∑

J⊂I

(−1)|J |(
∑

K⊂J

(−1)|K|λ(M((
Bi

Ai
)i∈K)))(

∑

L⊃J

(−1)|L|µ(M((
Bi

Ai
)i∈L)))

=
∑

L⊂I

∑

K⊂L

(−1)|K|+|L|λ(M((
Bi

Ai
)i∈K))µ(M((

Bi

Ai
)i∈L))(

∑

K⊂J⊂L

(−1)|J |).

Since
∑

K⊂J⊂L(−1)|J | =

{
0 if K ( L
(−1)|K| if K = L

, we get (1).

In (1), we have, if |J | > k,

λ([M ; (
Bi

Ai
)i∈J ]) = 0,
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and, if |J | ≤ k, then |I \ J | > ℓ and

µ([M((
Bi

Ai
)i∈J); (

Bi

Ai
)i∈I\J ]) = 0.

Thus

λµ([M ; (
Bi

Ai
)i∈I ]) = 0.

Thus the product of finite type invariants induces a graded algebra structure on H.

6.2 Dual systems in G and H

For an even integer n > 1, consider the basis (Γn,i)i∈Cn
of Ac

n
2

and the associated invariants
λn,i defined in Lemma 5.16. For n > 1 odd, set Cn = ∅. For n = 1, let C1 denote the
set of all prime integers, and for any p prime, set λ1,p = νp and Γ1,p = •p ∈ Aaug

1 . Note
that adding to λn,i a weighted sum of the λk,i, 0 < k < n, i ∈ Ck, does not change
the values of λn,i on Fn. Thus we can (and we do) choose the basis (λn,i)i∈Cn

so that
λn,i([S

3; Γk,j]) = δnkδij for all positive integers n and k, all i ∈ Cn, all j ∈ Ck.
For a multi-index ε = (εt)1≤t≤ℓ, set ℓ(ε) = ℓ. For n > 0, fix a total order on Cn. Let 4

denote the lexicographic order induced on
⋃
n∈N\{0}({n} × Cn). For n > 0, let T π

n denote
the set of all triples (k, i, ε) such that ℓ(k) = ℓ(i) = ℓ(ε), k = (kt)1≤t≤ℓ(k), kt ∈ N and
0 < kt < n for all t, i = (it)1≤t≤ℓ(k) with it ∈ Ckt for all t, (k1, i1) ≺ (k2, i2) ≺ · · · ≺
(kℓ(k), iℓ(k)), ε = (εt)1≤t≤ℓ(ε) with εt ∈ N \ {0} for all t, and

∑
1≤t≤ℓ(k) εtkt = n. Define

a family (λn,ι)ι∈T π
n

of invariants of degree n by λn,ι =
∏

1≤t≤ℓ(k) λ
εt
kt,it

if ι = (k, i, ε). Set
Tn = Cn ⊔ T π

n . We will see in Subsection 6.3 that the family (λk,i)0<k≤n
i∈Tk

is a basis of

In
I0

. The main goal of this subsection is to construct a family (G
(n)
k,i )0<k≤n

i∈Tk

of F1

Fn+1
, dual to

(λk,i)0<k≤n
i∈Tk

.

Definition 6.3. G ∈ F0 is said to be multiplicative if λµ(G) = λ(G)µ(G) for all finite
type invariants λ and µ such that λ(S3) = 0 and µ(S3) = 0.

For any p prime, set G(1)
1,p = Mp − S3. Note that the G(1)

1,p are multiplicative. Fix

n > 1. If n is even, set G(n)
n,i = [S3; Γn,i] for i ∈ Cn. Since [S3; Γn,i] = S3(Γn,i) − S3, G(n)

n,i

is multiplicative for all i ∈ Cn. For ι = (k, i, ε) ∈ T π
n , set G̃(n)

n,ι = ♯1≤t≤ℓ(k)(G
(kt)
kt,it

)♯ εt .

Lemma 6.4. Consider positive integers p and q, additive invariants λ1, . . . , λp, and
elements [M1; (

Bu

Au
)u∈U1 ], . . . , [Mq; (

Bu

Au
)u∈Uq

] of F0, for non empty sets Uj. Then:

(

p∏

i=1

λi)(♯
q

j=1[Mj; (
Bu

Au
)u∈Uj

]) =
∑

j∈Epq

q∏

ℓ=1

(
∏

i∈j−1({ℓ})

λi)([Mℓ; (
Bu

Au
)u∈Uℓ

]),
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where Epq is the set of all surjective maps j : {1, .., p} → {1, .., q}.
In particular, if p < q,

(

p∏

i=1

λi)(♯
q

j=1[Mj; (
Bu

Au
)u∈Uj

]) = 0,

and, if p = q,

(

p∏

i=1

λi)(♯
p

j=1[Mj; (
Bu

Au
)u∈Uj

]) =
∑

σ∈Sp

p∏

ℓ=1

λσ(ℓ)([Mℓ; (
Bu

Au
)u∈Uℓ

]),

where Sp is the set of permutations of {1, . . . , p}.

Proof.

(

p∏

i=1

λi)(♯
q

j=1[Mj; (
Bu

Au
)u∈Uj

])

=
∑

V1⊂U1

. . .
∑

Vq⊂Uq

(−1)
∑q

ℓ=1 |Vℓ|

p∏

i=1

λi(♯
q

j=1Mj((
Bu

Au
)u∈Vj))

=
∑

V1⊂U1

. . .
∑

Vq⊂Uq

(−1)
∑q

ℓ=1 |Vℓ|

p∏

i=1

q∑

j=1

λi(Mj((
Bu

Au
)u∈Vj))

=
∑

j:{1,..,p}→{1,..,q}

∑

V1⊂U1

. . .
∑

Vq⊂Uq

(−1)
∑q

ℓ=1 |Vℓ|

p∏

i=1

λi(Mj(i)((
Bu

Au
)u∈Vj(i)))

=
∑

j:{1,..,p}→{1,..,q}

q∏

ℓ=1

( ∑

Vℓ⊂Uℓ

(−1)|Vℓ|
∏

i∈j−1({ℓ})

λi(Mℓ((
Bu

Au
)u∈Vℓ)))

=
∑

j∈Epq

q∏

ℓ=1

(
∏

i∈j−1({ℓ})

λi)([Mℓ; (
Bu

Au
)u∈Uℓ

])

Lemma 6.5. Let n and k be positive integers. For ι = (k, i, ε) ∈ T π
k , set Tn(ι) =

{(k, i, η) ∈ T π
n | ∀t, ηt ≥ εt}. For κ ∈ T π

n , we have λn,κ(G̃
(k)
k,ι ) 6= 0 if and only if κ ∈ Tn(ι).

Note that the set Tn(ι) is finite.

Proof. Set κ = (ℓ, j, η). We have λn,κ =
∏

1≤s≤ℓ(ℓ) λ
ηs
ℓs,js

and G̃(k)
k,ι = ♯1≤t≤ℓ(k)(G

(kt)
kt,it

)♯εt . By
Lemma 6.4:

λn,κ(G̃
(k)
k,ι ) =

∑

ξ∈Eηε

∏

(t,u)∈Θ(ε)

(
∏

(s,v)∈ξ−1({(t,u)})

λℓs,js)(G
(kt)
kt,it

),
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where Θ(ε) = {(t, u)| 1 ≤ t ≤ ℓ(ε); ∀ t, 1 ≤ u ≤ εt} and Eηε is the set of all surjective

maps ξ : Θ(η) ։ Θ(ε). Since the G(kt)
kt,it

are multiplicative, we get:

λn,κ(G̃(k)
k,ι) =

∑

ξ∈Eηε

∏

(t,u)∈Θ(ε)

∏

(s,v)∈ξ−1({(t,u)})

(λℓs,js(G
(kt)
kt,it

)).

Recall λℓs,js(G
(kt)
kt,it

) = δℓsktδjsit . Hence λn,κ(G̃(k)
k,ι) 6= 0 if and only if ℓ = k, j = i and

ηt ≥ εt for all t.

For n > 1 and ι ∈ T π
n , set G(n)

n,ι =
1

λn,ι(G̃
(n)
n,ι )

G̃(n)
n,ι , so that λn,ι(G

(n)
n,ι ) = 1. Note that,

for all n and all i ∈ Tn, G
(n)
n,i ∈ Fn.

Let n and k be positive integers. For ι ∈ Ck, set Tn(ι) = {(k, i, η) ∈ T π
n | k = (k), i =

(ι)}. The following result is an easy generalisation of Lemma 6.5.

Lemma 6.6. Let n and k be positive integers. For κ ∈ Tn and ι ∈ Tk, we have λn,κ(G
(k)
k,ι ) 6=

0 if and only if κ ∈ Tn(ι).

Corollary 6.7. For n > 0, i ∈ Tn, j ∈ Tn, we have λn,i(G
(n)
n,j) = δij.

For n > 1, define G(n)
k,i ∈ Fk for 0 < k < n and i ∈ Tk, by induction on n, by:

G
(n)
k,i = G

(n−1)
k,i −

∑

ι∈Tn(i)

λn,ι(G
(n−1)
k,i )G(n)

n,ι .

Note that G(n)
k,i = G

(m)
k,i in Gm if m ≤ n.

Lemma 6.8. Let n be a positive integer. The family (G
(n)
k,i )0<k≤n

i∈Tk

of F1

Fn+1
is dual to the

family (λk,i)0<k≤n
i∈Tk

of In
I0

.

Proof. We proceed by induction on n. The result is clear for n = 1. Fix n > 1. We shall
prove that λℓ,j(G

(n)
k,i ) = δℓkδji for all 0 < ℓ ≤ n, j ∈ Tℓ, 0 < k ≤ n, i ∈ Tk. If ℓ = n

and k = n, it is given by Corollary 6.7. If ℓ < n and k = n, it is clear since G(n)
n,i ∈ Fn.

If ℓ < n and k < n, it follows from the induction hypothesis. It remains to show that
λn,j(G

(n)
k,i ) = 0 if k < n. It is immediate if j ∈ Tn(i). Consider j ∈ Tn \ Tn(i). We have:

G
(n)
k,i = G

(k)
k,i −

∑

k<m≤n

∑

ι∈Tm(i)

λm,ι(G
(m−1)
k,i )G(m)

m,ι .

By Lemma 6.6, for k ≤ m ≤ n and ι ∈ Tm(i), λn,j(G
(m)
m,ι ) 6= 0 if and only if j ∈ Tn(ι), and

this implies j ∈ Tn(i). Hence, for j /∈ Tn(i), λn,j(G
(n)
k,i ) = 0.
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6.3 The coproduct on H

In the previous subsection, we have constructed dual systems (G
(n)
k,i )0<k≤n

i∈Tk

⊂ F1

Fn+1
and

(λk,i)0<k≤n
i∈Tk

⊂ In
I0

that satisfy the following properties :

• λn,i is a finite type invariant of degree n,

• Tn = Cn⊔T π
n , λn,i is additive if i ∈ Cn, λn,i is a product of some λk,i, k < n, i ∈ Ck,

if i ∈ T π
n ,

•
Icn
Icn−1

=
∏

i∈Cn

Qλn,i,

• if i ∈ Cn, G
(n)
n,i is multiplicative,

• G
(n)
k,i ∈ Fk, and, if m ≤ n, G(n)

k,i = G
(m)
k,i in Gm.

Proposition 6.9. The family (G
(n)
k,i )0<k≤n

i∈Tk

is a basis of F1

Fn+1
. The family (λk,i)0<k≤n

i∈Tk

is

the dual basis of In
I0

. Moreover:

In
In−1

=
∏

i∈Tn

Qλn,i,
Iπn
Iπn−1

=
∏

i∈T π
n

Qλn,i, Gn =
⊕

i∈Tn

QG
(n)
n,i .

This result implies Proposition 1.12.

Proof. We will proceed by induction. For n = 1, the result follows from Proposition 1.8
and Corollary 1.10. Fix n > 1. We will write η ≤ ε if ηt ≤ εt for all t, η < ε if η ≤ ε and
η 6= ε, and 0 < η if ηt > 0 for at least one t.

Lemma 6.10. Consider λ ∈ In such that λ(S3) = 0. There are constants αm,ι, for
1 ≤ m ≤ n and ι ∈ T π

m , such that:

λ(M1♯M2) = λ(M1) + λ(M2) +
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∑

0<η<ε

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(M1)λ

εt−ηt
kt,it

(M2),

for all QHS’s M1 and M2.
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Remark The above expression of λ(M1♯M2) defines a coproduct ∆ on the algebra H:

∆(λ) = λ⊗ 1 + 1⊗ λ+
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∑

0<η<ε

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it ⊗ λεt−ηtkt,it

.

Thus H has a Hopf algebra structure. The primitive elements associated with this co-
product (the invariants λ satisfying ∆(λ) = λ ⊗ 1 + 1 ⊗ λ) are the additive invariants.
Milnor and Moore ([MM65]) proved that, under conditions, a Hopf algebra is generated
as an algebra by its primitive elements. Here, we give an explicit and elementary proof of
this result in our setting.

Proof. Define a bilinear map µ on F0 by

µ(M1,M2) = λ(M1♯M2)− λ(M1)− λ(M2)

for all QHS’s M1 and M2. Fix M2, and consider [M ; (
A′

i

Ai
)1≤i≤n] ∈ Fn. We have:

µ([M ; (
A′
i

Ai
)1≤i≤n],M2) =

∑

I⊂{1,..,n}

(−1)|I|µ(M((
A′
i

Ai
)i∈I),M2)

=
∑

I⊂{1,..,n}

(−1)|I|(λ(M((
A′
i

Ai
)i∈I)♯M2)− λ(M((

A′
i

Ai
)i∈I)))

= −λ([M ; (
A′
i

Ai
)1≤i≤n,

B2

B3
])

= 0,

where B2 is a rational homology ball obtained from M2 by removing an open ball. Thus
µ(.,M2) is an invariant of degree at most n− 1. Note that µ(S3,M2) = 0. By induction,
In−1/I0 is freely generated by the λk,i for 0 < k < n and i ∈ Tk. Hence we can write:

µ(M1,M2) =
∑

0<k<n

∑

i∈Tk

βk,i(M2)λk,i(M1).

Note that the sum may be infinite. We have βk,i(M2) = µ(G
(n)
k,i ,M2) and βk,i(S

3) = 0.

Extend βk,i to F0 by linearity. Consider [M ; (
A′

i

Ai
)i∈I ] ∈ Fn−k+1, |I| = n − k + 1, and set

G
(n)
k,i =

∑
u∈U cu[Nu; (

B′
j

Bj
)j∈Ju ], where the cu are rational numbers and |Ju| = k for all u.

βk,i([M ; (
A′
i

Ai
)i∈I ]) =

∑

u∈U

cu
∑

I′⊂I

∑

Ku⊂Ju

(−1)|I
′|+|Ku|µ(Nu((

B′
j

Bj

)j∈Ku
),M((

A′
i

Ai
)i∈I′))

=
∑

u∈U

cuλ([M♯Nu; (
A′
i

Ai
)i∈I , (

B′
j

Bj

)j∈Ju ])

= 0
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Thus βk,i is an invariant of degree at most n− k. Using the induction hypothesis, we can
decompose the invariants βk,i and get:

µ(M1,M2) =
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

∑

0<η<ε

α
(η)
m,ι

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(M1)λ

εt−ηt
kt,it

(M2),

where the α
(η)
m,ι are rational constants. It gives:

λ(M1♯M2) = λ(M1) + λ(M2) +
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

∑

0<η<ε

α
(η)
m,ι

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(M1)λ

εt−ηt
kt,it

(M2).

Now, we use the commutativity and associativity of the connected sum to show that the

well-determined constants α
(η)
m,ι do not depend on η. The commutativity gives α

(ε−η)
m,ι =

α
(η)
m,ι. Consider M1 = N1♯N2.

λ(N1♯N2♯M2) =

λ(N1) + λ(N2) + λ(M2) +
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

∑

0<η<ε

α
(η)
m,ι

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(N1)λ

εt−ηt
kt,it

(N2)

+
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

∑

0<η<ε

α
(η)
m,ι

∑

0≤ν≤η

∏

1≤t≤ℓ(k)

(
εt
ηt

)(
ηt
νt

)
λνtkt,it(N1)λ

ηt−νt
kt,it

(N2)λ
εt−ηt
kt,it

(M2)

Consider ν such that 0 < ν ≤ η. The terms

∏

1≤t≤ℓ(k)

λνtkt,it(N1)λ
ηt−νt
kt,it

(N2)λ
εt−ηt
kt,it

(M2)

and ∏

1≤t≤ℓ(k)

λεt−ηtkt,it
(N1)λ

ηt−νt
kt,it

(N2)λ
νt
kt,it

(M2)

must have the same coefficient. Since
(
εt
ηt

)(
ηt
νt

)
=
(

εt
εt−νt

)(
εt−νt
εt−ηt

)
, we have α

η
m,ι = αε−νm,ι = ανm,ι.

Now, consider any η and ν with 0 < η, ν < ε. Either there is τ > 0 with τ ≤ η and τ ≤ ν,
or we have η ≤ ε− ν. In both cases, we get α

η
m,ι = ανm,ι. Finally:

λ(M1♯M2) = λ(M1) + λ(M2) +
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∑

0<η<ε

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(M1)λ

εt−ηt
kt,it

(M2),

where αm,ι is the common value of the α
(η)
m,ι.
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Back to the proof of Proposition 6.9, use the constants αm,ι given by the lemma to
define an invariant λ̃:

λ̃ = λ−
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∏

1≤t≤ℓ(k)

λεtkt,it .

It is easy to see that λ̃ is additive. Thus λ ∈ Icn ⊕ Iπn , and (λk,i)0<k≤n
i∈T π

k

is a basis of Iπn .

It remains to show that (G(n)
k,i )0<k≤n

i∈Tk

is a basis of F1

Fn+1
. It suffices to show that (G(n)

n,i )i∈Tn

is a basis of Gn. Consider G ∈ Gn. We shall prove that the sum
∑

i∈Tn
λn,i(G)G

(n)
n,i is

finite and equal to G in Gn. The term G is a finite linear combination of QHS’s. Let
C1(G) ⊂ C1 denote the set of all prime integers p such that νp(M) 6= 0 for a QHS M in
this combination. The set C1(G) is finite. If an invariant λn,i is a multiple of an invariant
νp for some p /∈ C1(G), then λn,i(G) = 0. Thus if λn,i(G) 6= 0, then λn,i is a product of
invariants νp for p ∈ C1(G) and λk,j for 1 < k ≤ n and j ∈ Ck. Recall the set Ck is finite
for all k > 1. Hence the sum

∑
i∈Tn

λn,i(G)G
(n)
n,i is well defined in Gn, and is equal to G

since the λn,i generate In
In−1

.

Lemma 6.11. Let M and N be QHS’s. For n > 0:

((M−N) ∈ Fn+1) ⇔ (Zk,KKT (M−N) = 0 for all k ≤
n

2
and |H1(M ;Z)| = |H1(N ;Z)|).

Proof. The direct implication is clear since the Zk,KKT , k ≤ n
2
, and the νp, p prime,

are finite type invariants of degree at most n. To see that Proposition 6.9 implies the
converse implication, recall that the invariants λk,i, for 0 < k ≤ n and i ∈ Tk, were
defined in Subsection 6.2 as products of linear combinations of the νp, p prime, and the
λk,i, 0 < k ≤ n, i ∈ Ck, that were defined from the Zk,KKT , k ≤ n

2
in Lemma 5.16.

Proof of Theorem 1.1. According to [LMO98], pc◦ZLMO is additive under connected sum,
where pc is the projection defined in Lemma 5.16. In [Mas12], Massuyeau proved that
ZLMO satisfies the same splitting formulae as ZKKT . Hence, the invariants (λn,i)i∈Cn

of
Lemma 5.16 could have been defined with ZLMO instead of ZKKT . Therefore, Lemma
6.11 holds for ZLMO instead of ZKKT as well. �



Chapitre 4 : Modules d’Alexander et formes de
Blanchfield des nœuds homologiquement

triviaux dans les sphères d’homologie
rationnelle

Résumé

Ce chapitre contient la version publiée dans Journal of Knot Theory and its

Ramifications de l’article “On Alexander modules and Blanchfield forms of null-
homologous knots in rational homology spheres”, sans sa bibliographie, avec une
pagination différente, mais avec les numérotations originales. Dans cet article, on
donne une classification des modules d’Alexander des nœuds homologiquement tri-
viaux dans les sphères d’homologie rationnelle. On caractérise ces modules A munis
de leurs formes de Blanchfield b, et les modules A tels qu’il existe une unique classe
d’isomorphisme de (A, b), et on démontre que pour les autres modules A, il y a une
infinité de telles classes. On réalise tous ces (A, b) par des nœuds explicites dans des
Q-sphères.
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On Alexander modules and Blanchfield forms of
null-homologous knots in rational homology spheres

Abstract

In this article, we give a classification of Alexander modules of null-homologous
knots in rational homology spheres. We characterize these modules A equipped with
their Blanchfield forms b, and the modules A such that there is a unique isomorphism
class of (A, b), and we prove that for the other modules A, there are infinitely many
such classes. We realise all these (A, b) by explicit knots in Q-spheres.

1 Introduction

1.1 Short introduction

The Q[t, t−1]-modules appearing as Alexander modules of knots in S3 were determined
by Levine [Lev65]. They are all the

⊕k
i=1 Q[t, t−1]/(Pi), where the Pi are symmetric

polynomials (Pi(t) = Pi(t
−1)) in Z[t, t−1] such that Pi(1) = 1. We will generalize this

classification to null-homologous knots in rational homology spheres. The Alexander
modules of these knots are finitely generated Q[t, t−1]-torsion-modules on which x 7→ (1−
t)x defines an isomorphism. The equivariant linking number defined in the infinite cyclic
covering induces a hermitian form on these Alexander modules, called the Blanchfield
form since Blanchfield showed that it is non degenerate [Bla57]. We will show that these
properties characterize the Alexander modules A equipped with their Blanchfield forms
b. We characterize these modules A equipped with their Blanchfield forms b, and the
modules A such that there is a unique isomorphism class of (A, b), and we prove that for
the other modules A, there are infinitely many such classes.

In [Kri00], Kricker defined a rational lift of the Kontsevich integral for null-homologous
knots in Q-spheres. Garoufalidis and Rozansky [GR04] introduced a filtration of the
space of these knots by null moves. Null moves preserve the isomorphism classes of
(A, b). Garoufalidis and Rozansky computed the graded space of the filtration for the
isomorphism class of the unknot. This computation allowed Lescop to prove that the
invariant she constructed in [Les10] is equivalent to the 2-loop part of the Kricker lift
for knots with trivial Alexander modules. The work contained here should be useful to
generalize this result.

1.2 Statement of the results

Except otherwise mentioned, all manifolds will be compact and oriented, and all manifolds
of dimension 2 or 3 will be connected. We set Λ = Q[t, t−1].
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A rational homology 3-sphere, or Q-sphere, is a 3-manifold, without boundary, which
has the same rational homology as the standard sphere S3. In such a Q-sphere M , a
null-homologous knot K is a knot whose homology class in H1(M ;Z) is zero. Let T (K)
be a tubular neighborhood of K. The exterior of K is X =M \ Int(T (K)). Consider the
projection π : π1(X) → H1(X;Z)

torsion
∼= Z, and the covering map p : X̃ → X associated with

its kernel. The covering X̃ is the infinite cyclic covering of X. The automorphism group
of the covering, Aut(X̃), is isomorphic to Z. It acts on H1(X̃;Q). Denoting the action
of a generator τ of Aut(X̃) as the multiplication by t, we get a structure of Λ-module on
H1(X̃;Q). This Λ-module is called the Alexander module of K, and we will denote it by
A(K).

On the Alexander module A(K), one can define the Blanchfield form, or equivariant

linking pairing, bK : A(K)×A(K) → Q(t)
Λ

, as follows. First define the equivariant linking
number of two knots.

Definition 1.1. Let J1 and J2 be two links in X̃ such that J1 ∩ τ k(J2) = ∅ for all
k ∈ Z. Let δ(t) be the annihilator of A(K). Then δ(τ)J1 and δ(τ)J2 are rationally
null-homologous knots. The equivariant linking number of J1 and J2 is

lke(J1, J2) =
1

δ(t)δ(t−1)

∑

k∈Z

lk(δ(τ)J1, τ
k(δ(τ)J2))t

k.

One can easily see that lke(J1, J2) ∈ 1
δ(t)

Λ, and lke(J2, J1)(t) = lke(J1, J2)(t
−1). Now,

if γ (resp. η) is the homology class of J1 (resp. J2) in A(K), define bK(γ, η) by:

bK(γ, η) = lke(J1, J2) mod Λ

The Blanchfield form is hermitian (bK(γ, η)(t) = bK(η, γ)(t
−1) for all γ, η ∈ A(K)), and

non degenerate: bK(γ, η) = 0 for all η ∈ A(K) implies γ = 0.

Proposition 1.2. Let (A(K), bK) be the Alexander module and the Blanchfield form of
a null-homologous knot K in a Q-sphere M .

1. The module A(K) is a finitely generated Λ-torsion-module.

2. The map x 7→ (1− t)x defines an isomorphism of A(K).

3. The form bK is hermitian and non degenerate.

Blanchfield showed (3.), we will show (1. 2.) in Section 2.2. We will also show the
following description of (A(K), bK).

Theorem 1.3. If (A, b) satisfy Conditions (1. 2. 3.), then A is a direct sum, orthogonal
with respect to b, of submodules of these two kinds:
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• Λ
(πn)

γ, with π prime and symmetric, or π = t+ 2 + t−1, n > 0, and b(γ, γ) = P
πn , P

symmetric and prime to π.

• Λ
(πn)

γ1⊕
Λ

(πn)
γ2, with either π prime, non symmetric, π(−1) 6= 0, n > 0, or π = 1+t,

n odd, and in both cases b(γ1, γ2) =
1
πn , b(γi, γi) = 0 for i = 1, 2.

This description will allow us to show the reciprocal result of Proposition 1.2.

Theorem 1.4. If (A, b) satisfy Conditions (1. 2. 3.), then there is a null-homologous
knot K in a Q-sphere M such that (A(K), bK) is isomorphic to (A, b).

We will give an explicit construction of a knot for the two kinds of modules of Theorem
1.3, and we will get the general case by using connected sums.

Considering only the Alexander modules, we have the following classification.

Theorem 1.5. Given a family (δ1, . . . , δp) of polynomials in Λ such that δi+1|δi for 1 ≤
i < p, the module

⊕p
i=1

Λ
δi(t)

is the Alexander module of a null-homologous knot in a
Q-sphere if and only if the δi satisfy the following conditions:

• δi(1) 6= 0 for 1 ≤ i ≤ p,

• δi(t
−1) = tqiδi(t), with qi ∈ Z, for 1 ≤ i ≤ p,

• if, for 1 ≤ i ≤ p, mi denotes the multiplicity of −1 as a root of δi, then, for any odd
integer m, the number of indices i such that mi = m is even.

Then the Alexander polynomial of K is the order of A(K), ∆ =
∏p

i=1 δi. The anni-
hilator of A(K) is δ = δ1. This result can be viewed as a corollary of the previous ones,
but we will show it first, independently of the existence of the Blanchfield form.

Moreover, using algebraic number theory, we will show:

Theorem 1.6. Let A =
⊕p

i=1
Λ
δi(t)

, with δi+1|δi for 1 ≤ i < p. Let ∆ =
∏p

i=1 δi be the
order of A. For 1 ≤ i ≤ p, let mi denote the multiplicity of −1 as a root of δi. If ∆ has no
prime and symmetric divisor, and if all mi are odd, then there is a unique isomorphism
class of non degenerate hermitian forms b : A × A → Q(t)/Λ. Otherwise, there are
infinitely many isomorphism classes of such forms.

1.3 Plan of the article

The first section is devoted to the proof of Theorem 1.5. We introduce surgery presen-
tations of knots in Section 2.1, and show in Section 2.2 that the associated equivariant
linking matrices are presentation matrices of the Alexander module. We deduce the prop-
erties of the Alexander modules in Section 2.3. In Section 2.4, we realize any hermitian
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matrix with coefficients in Λ whose determinant does not vanish at t = 1 as an equivariant
linking matrix. We conclude the proof of Theorem 1.5 in Section 2.5.

Section 3.1 gives an expression of the Blanchfield form in terms of an equivariant link-
ing matrix associated with a surgery presentation of the knot. Then, we prove Theorem
1.3 in Section 3.2, Theorem 1.4 in Section 3.3, and Theorem 1.6 in Section 3.4.

1.4 Acknowledgements

I wish to thank Greg Kuperberg and Gaël Rémond for their help and ideas concerning
the use of algebraic number theory in the last section. I am very thankful to my advisor,
Christine Lescop, for her precious guidance and advice.

2 Classification of Alexander modules

2.1 Surgery presentation of a knot

Let M0 be a 3-manifold such that H1(M0;Q) = 0. Consider a link L = ∐i∈IJi in M0,
with knot components Ji. For each i ∈ I, let T (Ji) be a tubular neighborhood of Ji, let
m(Ji) be a meridian of Ji in ∂T (Ji), and let l(Ji) be a parallel of Ji in ∂T (Ji). Define
the manifold M = χ(M0, L) obtained from M0 by surgery along the framed link L by
M = XL ∐h (∐i∈ITi), where XL = M0 \ ∐i∈IT (Ji) is the exterior of L, the Ti are solid
tori, and h : ∂XL = ∐i∈I∂T (Ji) → ∐i∈I∂Ti is a homeomorphism sending ∂T (Ji) onto ∂Ti
and the parallel l(Ji) onto a meridian mi of Ti, for each i ∈ I. We have:

H1(χ(M0, L),Q) =

⊕
i∈I Qm(Ji)⊕
i∈I Q l(Ji)

Remark If H1(M0,Z) = 0, Q can be replaced by Z.
In the manifold M , one can consider the link L̂, whose components are the cores of

the tori Ti, parallelised by the meridians m(Ji). The surgery along L̂ in M is the inverse
surgery of the surgery along L in M0. We have χ(χ(M0, L), L̂) =M0.

A surgery presentation is a triple (M0, L,K0), where M0 is a Q-sphere, K0 is a trivial
knot in M0, and L = ∐n

i=1Ji is a framed link in M0, such that lk(K0, Ji) = 0 for 1 ≤ i ≤ n.
It is called admissible if det((lk(Ji, Jj))1≤i,j≤n) 6= 0.

Lemma 2.1. Set (M,K) = (χ(M0, L), K0).

1. The knot K is null-homologous.

2. The manifold M is a Q-sphere if and only if the surgery presentation is admissible.
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Proof. Consider a diskD bounded byK0, and tranverse to all the Ji. For all i, < Ji, D >=
0. So K bounds a surface obtained from D by tubing, that is by adding tubes around the
Ji connecting pairs of points of Ji ∩D with opposite signs.

We have:

H1(M ;Q) =

⊕n
i=1 Qm(Ji)⊕n
i=1 Q l(Ji)

.

Now l(Ji) =
∑n

j=1 lk(Ji, Jj)m(Jj), so (lk(Jj, Ji))1≤i,j≤n is a presentation matrix for the
Q-module H1(M ;Q). Thus det((lk(Jj, Ji))1≤i,j≤n) 6= 0 if and only if H1(M ;Q) = 0. �

Such a presentation always exists:

Lemma 2.2. If K is a null-homologous knot in a Q-sphere M , then K admits a surgery
presentation (S3, L,K0).

See Garoufalidis and Kricker [GK04, p.117, Fact 1] for the case M = S3. The gener-
alization to any Q-sphere M easily follows from:

Theorem 2.3 (Lickorish-Wallace,1960). Any 3-manifold without boundary can be ob-
tained from S3 by surgery along a framed link.

2.2 Hermitian presentation matrix

Definition 2.4. A matrix A ∈ M(Λ) is called hermitian if Āt = A, where Ā is defined
by Ā(t) = A(t−1).

Given a null-homologous knotK in a rational homology sphereM , we aim to determine
a hermitian presentation matrix of the Alexander module A(K).

Proposition 2.5. Let K be a null-homologous knot in a rational homology sphere M .
Consider a surgery presentation (M0, L = ∐n

i=1Ji, K0) such that (M,K) = (χ(M0, L), K0).
Let X̃0 be the infinite cyclic covering of the exterior X0 of K0, and, for 1 ≤ i ≤ n, let J̃i
be a lift of Ji in X̃0. The equivariant linking matrix A(t) defined by Aij(t) = lke(J̃j, J̃i)
is a presentation matrix of the Alexander module A(K). This matrix is hermitian and
satisfies det(A(1)) 6= 0.

Proof. We will need the following lemma:

Lemma 2.6. Let U be a trivial knot in a Q-sphere M , let X be the exterior of U , and let
X̃ be the infinite cyclic covering associated. We have H1(X̃,Q) = 0 and H2(X̃,Q) = 0.

Proof. Let D be a disk bounded by U , and set Y =M \D. Denote by τ the automorphism
of X̃ corresponding to the action of t. Let Ỹ be (resp. D̃) a copy of Y (resp. D) in X̃.
Set Yp = ∐k∈Zτ

2k(Y ), and Yi = ∐k∈Zτ
2k+1(Y ).
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We first show that H2(X̃,Q) = 0. Use the Mayer-Vietoris sequence associated with
X̃ = Yp ∪ Yi:

H2(∐k∈Zτ
k(D̃)) −→ H2(Yp)⊕H2(Yi) −→ H2(X̃) −→ H1(∐k∈Zτ

k(D̃))

For i > 0, Hi(∐k∈Zτ
k(D̃)) = Λ ⊗Q Hi(D) = 0. Thus H2(X̃) ≃ H2(Yp) ⊕ H2(Yi) ≃

Λ⊗Q H2(Y ). It remains to show that H2(Y ) = 0.
Let V be a regular neighborhood of D. Since Y deformation retracts to Z = M \ V ,

we have H2(Y ) = H2(Z). Then use the exact sequence associated with (M,Z).

H3(M) = Q[M ] −→ H3(M,Z) −→ H2(Z) −→ H2(M) = 0

By excision, H3(M,Z) = H3(V, ∂V ) = Q[V ]. Since [V ] is the image of [M ] by the first
morphism, the second morphism is trivial and H2(Z) = 0.

We now show, with the same method, that H1(X̃,Q) = 0. Use the Mayer-Vietoris
sequence associated with X̃ = Yp ∪ Yi:

0 −→ H1(Yp)⊕H1(Yi) −→ H1(X̃) −→ H0(∐k∈Zτ
k(D̃)) −→ H0(Yp)⊕H0(Yi)

The last morphism is injective, so H1(X̃) ≃ H1(Yp)⊕H1(Yi) ≃ Λ⊗QH1(Y ). It remains to
show that H1(Y ) = 0. We have H1(Y ) = H1(Z). Then use the exact sequence associated
with the pair (M,Z).

H2(M) = 0 −→ H2(M,Z) −→ H1(Z) −→ H1(M) = 0

Thus H1(Z) ≃ H2(M,Z) ≃ H2(V, ∂V ). Since V is a ball, we have H2(V, ∂V ) = 0. �

We now prove the proposition. First note that the Ji lift in X̃0 into homeomorphic
copies, because lk(Ji, K0) = 0. The infinite cyclic covering X̃ associated with K ⊂ M
is obtained from X̃0 by surgery along all the J̃i,k = τ k0 (J̃i), where τ0 is the generator of
Aut(X̃0) which induces the action of t.

We calculate H1(X̃;Q), using the exact sequence associated with the pair (X̃, Z̃),
where Z̃ is the preimage of Z =M0 \ ∐

n
i=1Int(T (Ji)) by the covering map.

H2(X̃, Z̃)
∂

H1(Z̃) −→ H1(X̃) −→ H1(X̃, Z̃)

By excision, we have Hj(X̃, Z̃) = Hj(∐1≤i≤n,k∈ZT̃i,k,∐1≤i≤n,k∈Z∂T̃i,k) for all j, where
the T̃i,k are the lifts of the solid tori Ti glued during the surgery. Thus Hj(X̃, Z̃) =⊕

1≤i≤n,k∈ZHj(T̃i,k, ∂T̃i,k), and we have H1(X̃, Z̃) = 0. For j = 2, we get H2(X̃, Z̃) =⊕
1≤i≤n,k∈Z Q Di,k =

⊕
1≤i≤n Λ Di,0, where Di,k is a meridian disk for T̃i,k bounded by

l(J̃i,k).
We now calculate H1(Z̃;Q) using the exact sequence associated with the pair (X̃0, Z̃).

H2(X̃0) −→ H2(X̃0, Z̃) −→ H1(Z̃) −→ H1(X̃0)
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By Lemma 2.6, H2(X̃0, Z̃) → H1(Z̃) is an isomorphism. Moreover,

H2(X̃0, Z̃) =
⊕

1≤i≤n,k∈Z

Q Σi,k,

where Σi,k is a meridian disk for T (J̃i,k) bounded by m(J̃i,k). So:

H1(Z̃) =
⊕

1≤i≤n,k∈Z

Q m(J̃i,k) =
⊕

1≤i≤n

Q[t, t−1] m(J̃i).

We can then rewrite the first sequence:

⊕

1≤i≤n

Λ Di,0
∂ ⊕

1≤i≤n

Q[t, t−1] m(J̃i) −→ H1(X̃;Q) −→ 0

We get a presentation of H1(X̃;Q) with n generators m(J̃i) and n relations given by the
images of Di,0, that are the parallels l(J̃i).

We now write l(J̃i) in function of the m(J̃i).

l(J̃i) =
n∑

j=1

∑

k∈Z

lk(J̃i, J̃j,k) m(J̃j,k)

=
n∑

j=1

∑

k∈Z

lk(J̃i, J̃j,k) t
k m(J̃j)

=
n∑

j=1

lke(J̃i, J̃j) m(J̃j)

Therefore A(t) is a presentation matrix for A(K).
It follows from the properties of the equivariant linking number that A(t) is hermitian.

Since M is a Q-sphere, we have det(A(1)) = det((lk(Jj, Ji))1≤i,j≤n) 6= 0. �

2.3 Properties of the Alexander module

Consider a null-homologous knot K in a Q-sphere M , and write its Alexander module
A(K) =

⊕p
i=1

Λ
δi(t)

, with δi+1|δi for 1 ≤ i < p. Denote by
.
= the equality modulo a unit of

Λ.

Lemma 2.7. For 1 ≤ i ≤ p, δi(t)
.
= δi(t

−1) and δi(1) 6= 0.

Proof. Consider an equivariant linking matrix A(t) associated with K. By Proposition
2.5, A(t) is a presentation matrix of A(K). The matrix A is equivalent to a diagonal
matrix D with diagonal (1, . . . , 1, δp, . . . , δ1): there are two matrices P and Q in GLn(Λ)
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such that A = PDQ. So A = Āt = Q̄tD̄P̄ t, and A is also equivalent to D̄. By unicity of
the δi modulo a unit of Λ, we have δi(t)

.
= δi(t

−1).
Moreover, det(A(t)) =

∏p
i=1 δi(t), and this determinant does not vanish for t = 1. �

We call degree of a polynomial
∑r

i=q αit
i ∈ Q[t, t−1] with αq 6= 0 and αr 6= 0 the integer

r − q. The δi with even degree can be normalised as symmetric polynomials.

Lemma 2.8. For 1 ≤ i ≤ p, if δi has even degree 2m, then there are rj ∈ Q for 0 ≤ j ≤ m
such that:

δi(t)
.
= r0 +

m∑

j=1

rj(t
j + t−j)

Proof. Multiplying by a suitable power of t, we get δi(t)
.
=
∑m

j=−m rjt
j, with rmr−m 6= 0.

Since δi(t)
.
= δi(t

−1), there is λ ∈ Q and k ∈ Z such that
∑m

j=−m rjt
j = λtk

∑m
j=−m rjt

−j.
Necessarily k = 0, and rj = λr−j for −m ≤ j ≤ m. Thus rm = λr−m = λ2rm, and λ2 = 1.
If λ = −1, then δi(1) =

∑m
j=−m rj = r0 = 0. But δi(1) 6= 0, so λ = 1. �

The degree parity of δi is related to the multiplicity of the root −1. Indeed, since
δi(t)

.
= δi(t

−1), if α is a root for δi, then α−1 is a root for δi with the same multiplicity.
So the roots of δi come by pairs (α, α−1), except for α = ±1. The case α = 1 does not
occur, so δi has odd degree if and only if it admits −1 as a root with odd multiplicity.

Proposition 2.9. Consider a null-homologous knot K in a Q-sphere M , and its Alexan-
der module A(K) =

⊕p
i=1

Λ
δi(t)

, with δi+1|δi for 1 ≤ i < p. The δi satisfy the following
conditions:

• δi(t
−1)

.
= δi(t) and δi(1) 6= 0 for 1 ≤ i ≤ p,

• if, for 1 ≤ i ≤ p, mi denotes the multiplicity of −1 as a root of δi, then for any odd
integer m, the number of indices i such that mi = m is even.

Remark These conditions imply that the Alexander polynomial
∏p

i=1 δi has even degree.

Proof. Proposition 2.5 gives a hermitian presentation matrix A ∈ Mn(Λ) for A(K). There
are matrices P,Q ∈ GLn(Λ) such that D = PAQ is a diagonal matrix with diagonal
(1, . . . , 1, δp, . . . , δ1). The matrix B = Q̄tAQ = Q̄tP−1D is a hermitian matrix which has
its ith column (and thus its ith row) divisible by δi. Moreover, det(B)

.
= det(A)

.
=
∏p

i=1 δi.
The multiplicity of −1 as a root for det(B) is m0 =

∑p
i=1mi. Denote by βij the coefficients

of B. Note that (t+ 1)max(mi,mj) divides βij.

det(B) =
∑

σ

sign(σ)
n∏

i=1

βiσ(i)

=
∑

σ;mi=mσ(i)∀i

sign(σ)
n∏

i=1

βiσ(i) mod (t+ 1)m0+1
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Set Im = {i ∈ {1 . . . n}|mi = m}, J = {m ∈ N|Im 6= ∅}, and Bm = (βij)(i,j)∈Im×Im .

det(B) =
∏

m∈J

det(Bm) mod (t+ 1)m0+1

For m ∈ J , the matrix Bm is hermitian, and has all coefficients divisible by (t + 1)m.
So det(Bm) is symmetric and divisible by (t + 1)mk(m), where k(m) = |Im|. As det(Bm)
is symmetric, it is divisible by an even power of (t + 1), so if mk(m) is odd, det(Bm) is
divisible by (t + 1)mk(m)+1. But

∑
m∈J mk(m) = m0, and det(B) 6= 0 mod (t + 1)m0+1,

so for m ∈ J , the multiplicity of −1 as a root of det(Bm) is mk(m), and mk(m) is even.
Thus, if m is odd, k(m) is even. �

Remark This proposition is a consequence of the existence of the Blanchfield form (see
Theorem 1.3). It shows one implication of Theorem 1.5.

2.4 Realization of equivariant linking matrices

In this subsection, we prove:

Proposition 2.10. Consider a matrix A(t) with coefficients in Λ, hermitian, and satis-
fying det(A(1)) 6= 0. The matrix A(t) is the equivariant linking matrix associated with a
surgery presentation of a null-homologous knot K in a Q-sphere M .

Proof. We first need to realize arbitrary linking numbers in Q-spheres.

Lemma 2.11. Consider coprime integers n and k, with n > 0. In the lens space L(n, k)
obtained by (−n

k
)-surgery on the trivial knot U , we have H1(L(n, k);Z) = Z

nZm(U) and
lk(m(U),m(U)) = k

n
.

Proof. Consider a tubular neighborhood T (U) of U , and the exterior X of U . Define
the preferred parallel l0(U) of U as the intersection of T (U) with a disk bounded by
U , and define the surgery curve of U by l(U) = nm(U) − k l0(U) in H1(∂T (U)). Now
consider the manifold L(n, k) = χ(S3, U). We have H1(L(n, k);Z) =

Zm(U)
Z l(U)

. In H1(X),

l(U) = nm(U). Thus H1(L(n, k);Z) =
Z
nZm(U).

We now compute lk(m(U),m(U)). Let T = S1 ×D2 be the solid torus glued during
the surgery. Set St = {x ∈ D2| ||x|| = t}. Define a homeomorphism h : ∂T = S1 × S1 →
S1 × S 1

2
by (s, x) 7→ (s, 1

2
x), and set mint(U) = h(m(U)). Then lk(m(U),m(U)) =

lk(mint(U),m(U)). Consider a meridian disk D of T bounded by l(U). Then

lk(mint(U), l(U)) =< mint(U), D >=< l(U),m(U) >∂T (U)= k,
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and

lk(mint(U), l(U)) = lk(mint(U), nm(U)− k l0(U))

= n lk(mint(U),m(U))− k lk(mint(U), l0(U)).

Since lk(mint(U), l0(U)) = 0, we have lk(m(U),m(U)) = k
n
. �

Corollary 2.12. Take m > 0, and for all 1 ≤ i ≤ m, consider coprime integers ki ∈ Z
and ni ∈ N∗. There exist a Q-sphere M and curves ci such that H1(M ;Z) = ⊕m

i=1Z/niZ ci,
with lk(ci, ci) =

ki
ni
mod Z et lk(ci, cj) = 0 pour i 6= j.

Proof. By Lemma 2.11, there are m Q-spheres Mi such that H1(Mi;Z) = Z/niZ ci, with
lk(ci, ci) =

ki
ni

. Define M as the connected sum of the Mi. �

Corollary 2.13. For any family of rational numbers (aij)1≤j≤i≤r, there are a Q-sphere
M and simple, closed, pairwise disjoint, framed curves fi, 1 ≤ i ≤ r, in M such that
lk(fi, fj) = aij for j ≤ i.

Proof. Given integers (nij)1≤j≤i≤r and (kij)1≤j≤i≤r, with nij > 0 et kij prime to nij
for all 1 ≤ j ≤ i ≤ r, Corollary 2.12 gives a Q-sphere M such that H1(M ;Z) =⊕

1≤j≤i≤r Z/nijZ cij, with lk(cij, cij) =
kij
nij

mod Z and lk(cij, cst) = 0 if (i, j) 6= (s, t).

For j < i, take nij and kij such that aij =
kij
nij

mod Z. For i < j, set cij = cji, nij = nji,
and kij = kji. Then, for 1 ≤ i ≤ r, choose curves γi such that γi =

∑
l 6=i cil in H1(M ;Z).

For i 6= j, we get:

lk(γi, γj) = lk(cij, cij) mod Z

=
kij
nij

mod Z

For 1 ≤ i ≤ r, choose nii and kii such that lk(γi, γi) +
kii
nii

= aii mod Z, then consider f ′
i

such that f ′
i = γi + cii in H1(M ;Z). Then:

lk(f ′
i , f

′
i) = lk(γi, γi) + lk(cii, cii) mod Z

= aii mod Z,

and, if j < i,
lk(f ′

i , f
′
j) = lk(γi, γj) = aij mod Z.

Now, we can choose the curves fi in the homology classes of the f ′
i , and their preferred

parallels l(fi), such that lk(fi, fj) = aij in Q for all 1 ≤ j ≤ i ≤ r. �

We now prove the proposition, generalizing the method of Levine [Lev65] for knots in
S3.
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Write A(t) = (Pji(t))1≤i,j≤n, and Pij(t) =
∑d

k=−d r
(k)
ij t

k, with r(k)ij = r
(−k)
ji for all i, j, k.

By Corollary 2.13, there are a Q-sphere M0 and pairwise disjoint simple closed framed
curves γik, 1 ≤ i ≤ n, 0 ≤ k ≤ d, such that, for 1 ≤ i, j ≤ n and 0 ≤ k, l ≤ d:

lk(γik, γjl) =





r
(k)
ij if l = 0

r
(l)
ji if k = 0
0 otherwise

Consider a disk D in M0, disjoint from all γik. Set K0 = ∂D. For 1 ≤ i ≤ n and
1 ≤ k ≤ d, connect γi,k−1 to γik with an arc αik such that < αik, D >= 1, where < ., . >
denotes the algebraic intersection number. Choose the αik pairwise disjoint, and disjoint
from all the γik. Now consider a band Bik = hik([−1, 1]× [0, 1]) such that:

• hik({0} × [0, 1]) = αik,

• hik([−1, 1]× {0}) = Bik ∩ (−γi,k−1) ⊂ ∂Bik,

• hik([−1, 1]× {1}) = Bik ∩ γik ⊂ −∂Bik.

We also suppose that Bik meets the tubular neighborhoods T (γi,k−1) and T (γik) along the
preferred parallels l(γi,k−1) and l(γik).

γi,k−1 γik

K0

αik

K0

For all i, define a knot Ji by:

Ji = ((
d∐

k=0

γik) \ (
d∐

k=0

hik([−1, 1]× ∂[0, 1])))⋃(
d∐

k=0

hik(∂[−1, 1]× [0, 1])).

Define the preferred parallels l(Ji) similarly from the l(γik). Note that Ji is homologous
to
∑d

k=0 γik.
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Set L = ∐n
i=1Ji. For all i, we have lk(Ji, K0) = 0. Since det(A(1)) 6= 0, (M0, L,K0) is

an admissible surgery presentation. Set (M,K) = (χ(M0, L), K0).
The Ji lift in the infinite cyclic covering X̃0 associated with K0. Since < Ji, D >= 0,

the lifts are homeomorphic to the Ji. Choose lifts J̃i such that the corresponding lifts of
the γi0 all lie in the same copy of M \D in X̃0. By Proposition 2.5, the equivariant linking
matrix associated with the surgery presentation (M0, L,K0) is a square matrix of order
n, whose coefficients are lke(J̃i, J̃j) =

∑
k∈Z lk(J̃i, J̃j,k)t

k, with J̃j,k = τ k0 (J̃j). We have

lk(J̃i, J̃j,k) =





min(d,d+k)∑

l=max(0,k)

lk(γil, γj,l−k) if − d ≤ k ≤ d

0 otherwise

Fix k such that −d ≤ k ≤ d.

lk(J̃i, J̃j,k) =

{
r
(k)
ij if k ≥ 0

r
(−k)
ji if k ≤ 0

Since r(−k)ji = r
(k)
ij , we get lke(J̃i, J̃j) = Pij(t). �

2.5 Proof of Theorem 1.5

The modules satisfying the conditions of Theorem 1.5 can be written as a direct sum of
terms Λ

(P )
, with P symmetric, P (1) 6= 0, and terms Λ

((1+t)n)
⊕ Λ

((1+t)n)
, with n odd. Hence

we have to realize these two kinds of modules, and the direct sums of Alexander modules.

Lemma 2.14. If P ∈ Λ satisfies P (t−1) = P (t) et P (1) 6= 0, then there exist a Q-
sphere M and a null-homologous knot K in M such that the Alexander module of K is
A(K) = Λ/(P ).

Proof. Apply Proposition 2.10 and Proposition 2.5 to the 1× 1 matrix A(t) = (P (t)). �

Lemma 2.15. For all integer n > 0, there exist a Q-sphere M and a null-homologous
knot K in M such that the Alexander module of K is:

A(K) =
Λ

(1 + t)n
⊕

Λ

(1 + t)n

Proof. Apply Proposition 2.10 and Proposition 2.5 to the matrix:

A(t) =

(
0 (1 + t)n

(1 + t−1)n 0

)
.
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�

Given two null-homologous knots K1 and K2 in Q-spheres M1 and M2, we define the
connected sum K1♯K2 of K1 and K2 in the connected sum M1♯M2 of M1 and M2 in the
following way. For i = 1, 2, remove from Mi a ball Bi which intersects Ki along an arc
αi([0, 1]), trivial in the sense that the complement of a regular neighborhood of αi([0, 1])
in Bi is a solid torus. Orient these arcs from αi(0) to αi(1). Then glue M1 \ Int(B1) to
M2 \ Int(B2) along a homeomorphism h : ∂B1 → −∂B2 such that h(α1(0)) = α2(1) and
h(α1(1)) = α2(0).

Lemma 2.16. If K1 and K2 are null-homologous knots in Q-spheres M1 and M2 respec-
tively, then their connected sum K = K1♯K2 is a null-homologous knot in the Q-sphere
M =M1♯M2, and A(K) = A(K1)⊕ A(K2).

Proof. For i = 1, 2, consider a surgery presentation (S3
i , Li, Ji) of Ki. Setting S3

0 = S3
1♯S

3
2 ,

J = J1♯J2 and L = L1 ∐ L2, we get a surgery presentation (S3
0 , L, J) of K. Proposition

2.5 gives the presentation matrix

(
A1(t) 0
0 A2(t)

)
for A(K), where, for i = 1, 2, Ai(t) is a

presentation matrix for A(Ki). �

3 Blanchfield forms

3.1 An expression of the Blanchfield form

Consider a null-homologous knotK in a Q-sphereM , with a surgery presentation (M0, L =
∐n
i=1Ji, K0). By Proposition 2.5, the associated equivariant linking matrix A(t) is a pre-

sentation matrix of A(K). The generators of A(K) associated with this presentation are
the meridians mi of the J̃i (fixed lifts of the Ji in the infinite cyclic covering X̃0 associated
with K0).

Lemma 3.1. Set L = −A(t)−1. Then lke(mi,mj) = Lji.

Note that lke(mi,mi) is well defined, because the mi are framed by the ∂T (J̃i).

Proof. The parallel l(J̃i) is rationally null-homologous, so it bounds a rational chain Σ
(1)
i

in X̃0, which can be chosen to intersect the T (J̃j,k) along meridian disks. Removing from
Σ

(1)
i its intersections with the interiors of the T (J̃j,k) for all j ∈ {1 . . . n}, k ∈ Z, we get a

new rational chain Σ
(2)
i such that:

∂Σ
(2)
i = l(J̃i)−

n∑

j=1

lke(J̃i, J̃j)mj.
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The chain Σ
(2)
i can be viewed in the infinite cyclic covering X̃ associated with K. Now,

in X̃, l(J̃i) bounds a disk Di,0 contained in the solid torus T̃i,0 glued during the surgery.
Gluing Di,0 and −Σ

(2)
i along l(J̃i), we get a rational chain Σi in X̃ such that:

∂Σi =
n∑

j=1

lke(J̃i, J̃j)mj =
n∑

j=1

Aji(t)mj.

This gives:

lke(∂Σi,mj) =
n∑

k=1

Aki(t)lke(mk,mj).

Now, defining the (mj)int as in the proof of Lemma 2.11, we have:

< (mj)int,Σi >e =
∑

k∈Z

< (mj)int, τ
k(Σi) > tk

= −δij,

where < ., . >e denotes the equivariant algebraic intersection number, given by definition
by the first equality. So lke(mj, ∂Σi) = −δij. Thus

∑n
k=1Aki(t)lke(mk,mj) = −δij. �

Corollary 3.2. For 1 ≤ i, j ≤ n, bK(mi,mj) = (−A(t)−1)ji mod Λ.

3.2 Orthogonal decomposition

In this section, we prove Theorem 1.3. We begin with three useful lemmas.

Lemma 3.3. If γ ∈ A has order P , then there exists η ∈ A such that b(γ, η) = 1
P
.

Proof. If there exists a strict divisorQ of P such that Im(b(γ, .)) ∈ 1
Q
Λ, thenQγ ∈ ker(b),

and so Qγ = 0, which is a contradiction. Thus PIm(b(γ, .)) is an ideal of Λ/(P ) which
contains a unit. So PIm(b(γ, .)) = Λ/(P ). �

Lemma 3.4. Let γ1, γ2 ∈ A have respective orders π1 and π2. If π1 is prime to π2, then
b(γ1, γ2) = 0.

Proof. We have π1b(γ1, γ2) ∈ Λ and π2b(γ1, γ2) ∈ Λ. As Λ is a principal ideal domain,
there are A and B in Λ such that Aπ1 + Bπ2 = 1, thus b(γ1, γ2) = Aπ1b(γ1, γ2) +
Bπ2b(γ1, γ2) ∈ Λ. �

Lemma 3.5. Let F be a Λ-submodule of A, and denote by F⊥ its orthogonal with respect
to b. We have A = F ⊕ F⊥ if and only if F ∩ F⊥ = 0.
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Proof. Write F =
⊕p

i=1
Λ

(Pi)
xi. For y ∈ A, b(xi, y) = P

Pi
, with P defined modulo Pi. So

codimQx
⊥
i ≤ deg(Pi) for 1 ≤ i ≤ p. Now F⊥ = ∩pi=1x

⊥
i , so codimQF

⊥ ≤
∑p

i=1 deg(Pi) =
dimQ F . Thus dimQ F + dimQ F

⊥ ≥ dimQ A. �

We now prove Theorem 1.3. We can write A =
⊕

i∈I
Λ

(π
ni
i )

with I finite and each πi

prime. Lemma 3.4 gives an orthogonal decomposition into terms
⊕

i∈I
Λ
πni

with π prime
and symmetric, and terms (

⊕
i∈I

Λ
(πni )

)⊕ (
⊕

i∈J
Λ

(πni )
), with π prime and non symmetric.

We have three cases to treat (the case π = 1 + t being particular).

First case : A =
⊕

i∈I
Λ
πni

, π prime and symmetric, and I finite. Denote n =
max{ni; i ∈ I}.

First note that there exists γ ∈ A such that b(γ, γ) = P
πn , P prime to π. Indeed, if

such a γ does not exist, then, for η1 of order πn and η2 such that b(η1, η2) = 1
πn , we have

b(η1 + η2, η1 + η2) =
Q
πn with Q = 2 mod π, which gives a contradiction.

Consider such a γ, and denote by F the Λ-submodule of A generated by γ. If x ∈
F ∩ F⊥, then x = λγ for a λ ∈ Λ, and b(x, γ) = 0 implies λ ∈ πnΛ. Hence A = F ⊕ F⊥.

As dimQ(F
⊥) < dimQ(A), we can conclude by induction.

Second case : A = (
⊕

i∈I
Λ

(πni )
)⊕ (

⊕
i∈J

Λ
(πni )

), with π prime, non symmetric, π(−1) 6=
0, and I and J finite. The conditions on π imply that π is prime to π. In particular, in
the direct sum above, the two main terms are submodules isotropic for b.

Denote n = max{ni; i ∈ I ∪ J}. Without loss of generality, we suppose that n
appears as a power of π. Consider γ1 of order πn, and γ2 such that b(γ1, γ2) =

1
πn . Since

projecting γ2 on
⊕

i∈J
Λ

(πni )
does not change b(γ1, γ2), we can suppose γ2 has order πk,

and b(γ1, γ2) =
1
πn implies k = n.

Now denote by G the Λ-submodule of A generated by γ1 and γ2. If x ∈ G∩G⊥, write
x = λγ1+µγ2 with λ, µ ∈ Λ. Then b(x, γ1) = 0 implies µ ∈ πnΛ, and b(x, γ2) = 0 implies
λ ∈ πnΛ. So x = 0. Hence A = G⊕G⊥. Again dimQ(G

⊥) < dimQ(A), and we conclude
by induction.

Third case : A =
⊕

i∈I
Λ

((1+t)ni )
, with I finite. Denote n = max{ni; i ∈ I}.

If n is even, we can replace (1+ t)n by (t+2+ t−1)n/2, and proceed exactly like in the
first case. Now suppose n is odd.

First note that, for all γ ∈ A, b(γ, γ) = P
(1+t)k

, with k even, P (−1) 6= 0 or P = 0.

Indeed, if b(γ, γ) = P
(1+t)k

, we have P
(1+t)k

= P
(1+t−1)k

, so P = tkP , and k odd implies
P (−1) = 0.

Consider γ1 of order (1 + t)n and γ2 such that b(γ1, γ2) = 1
(1+t)n

. Note that γ2 also
has order (1 + t)n. Denote by H the Λ-submodule of A generated by γ1 and γ2. For
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x ∈ H ∩H⊥, write x = λγ1 + µγ2, with λ, µ ∈ Λ. If λ or µ is in (1 + t)nΛ, then x = 0.
Suppose λ and µ are not in (1 + t)nΛ. We have:

{
λb(γ1, γ1) +

µ
(1+t−1)n

= 0
λ

(1+t)n
+ µb(γ2, γ2) = 0

.

Define minimal integers j and k such that (1 + t)jb(γ1, γ1) and (1 + t)kb(γ2, γ2) are in Λ,
and denote by mλ (resp. mµ) the multiplicity of the root −1 in λ (resp. µ). We get:

{
mλ − j = mµ − n
mλ − n = mµ − k

.

This implies n − j = k − n. But n − j ≥ 0 and k − n ≤ 0, so j = k = n, which is a
contradiction, because n is odd, whereas j and k are even. Hence A = H ⊕H⊥.

We have showed in particular that λγ1 + µγ2 = 0 implies (1 + t)n divides λ and µ. So
H = Λ

((1+t)n)
γ1 ⊕

Λ
((1+t)n)

γ2. The last point is to describe the form b over this submodule.
The matrix of the form b on H, with respect to the basis (γ1, γ2), is

(
α(t)

(t+2+t−1)k
1

(1+t)n

1
(1+t−1)n

β(t)
(t+2+t−1)l

)
,

with k, l < n
2
, α and β symmetric. We want to show that there is a basis such that α and

β vanish. We shall first get α = 0. Define η1 = γ1 +
(−1)kα(−1)

2
(1 + t)n−2kγ2. We get:

b(η1, η1) =
α(t) + (−1)kα(−1)

2
(tk−n + tn−k) + α(−1)2

4
(t+ 2 + t−1)(n−k−l)β(t)

(t+ 2 + t−1)k

Since n − k − l > 0, the numerator vanishes for t = −1. So b(η1, η1) can be written
b(η1, η1) = ν(t)

(t+2+t−1)k′
, where k′ < k. Now choose η2 ∈ H such that b(η1, η2) = 1

(1+t)n
.

Replacing the basis (γ1, γ2) by the basis (η1, η2) makes the integer k decrease. Iterating
this process, we get a basis, again denoted (γ1, γ2), such that α = 0.

Now consider γ = γ2 + a(t)γ1. We have:

b(γ, γ) =
a(t) + ā(t)tn + β(t)tl(1 + t)n−2l

(1 + t)n
.

Set a(t) = −1
2
β(t)tl(1 + t)n−2l. Then a(t)tn = a(t), so b(γ, γ) = 0. Hence in the basis

(γ1, γ), we get α = 0 and β = 0. This concludes the proof of Theorem 1.3.
As a direct consequence of Theorem 1.3, we get the following lemma.
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Lemma 3.6. For an Alexander module Λ
(πn)

⊕ Λ
(πn)

, with π prime and non symmetric,

and n odd if π = (1 + t), there is a unique isomorphism class of Blanchfield forms. In
particular, the realization of the Alexander module gives a realization of the Blanchfield
form.

Now, for an Alexander module A(K) = Λ
(πn)

with π prime and symmetric or π = t+2+

t−1, there may be different isomorphism classes of Blanchfield forms. The realization of the
module described in Section 2.5 gives a generator γ of A(K) for which bK(γ, γ) =

−1
πn . Any

other generator η can be written η = Rγ, with R prime to π, and we have bK(η, η) = −RR̄
πn .

Here two questions arise. First, can any non degenerate hermitian form over such a module
be realized as a Blanchfield form ? Second, what are the classes of symmetric polynomials
prime to π modulo πn and all the RR̄ ? The purpose of the next section is to give a positive
answer to the first one. The last section gives a partial answer to the second one, showing
there are infinitely many such classes.

3.3 Realization of Blanchfield forms

Proposition 3.7. Consider a Λ-module A = Λ
(∆)

with ∆ symmetric and ∆(1) 6= 0.

Consider a non degenerate hermitian form b : A× A → Q(t)
Λ

. There is a null-homologous
knot K in a Q-sphere M such that (A(K), bK) is isomorphic to (A, b).

This result, together with Theorem 1.3, Lemma 3.6, and Lemma 2.16, will conclude
the proof of Theorem 1.4.

Proof of Proposition 3.7. Let γ be a generator of A. We have b(γ, γ) = P
∆

, with P prime
to ∆. Suppose there is a hermitian matrix A(t) such that det(A) = r∆ for an r ∈ Q, and
the cofactor (1, 1) of A is −rP . By Proposition 2.10 and Proposition 2.5, the matrix A(t)
is a presentation matrix of a null-homologous knot K in a Q-sphere M . By Corollary
3.2, the first generator m1 of this presentation satisfies bK(m1,m1) =

P
∆

. Let us construct
such a matrix A(t) to conclude.

Set:

A(t) =




α1 1

1
. . . . . . 0
. . . . . . . . .

. . . . . . 1
0 1 αi q

q β




,

with αj, β ∈ Λ and q ∈ Q. For 1 ≤ j ≤ i, consider the following sub-matrix of A(t) :
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Aj(t) =




αj 1

1
. . . . . . 0
. . . . . . . . .

. . . . . . 1
0 1 αi q

q β




.

The determinants of these matrices satisfy the following relations:




det(Aj) = αj det(Aj+1)− det(Aj+2) for 1 ≤ j ≤ i− 2
det(Ai−1) = αi−1 det(Ai)− β
det(Ai) = αiβ − q2

.

Now set R1 = ∆ and R2 = −P . Consider the successive euclidean divisions Rj =
QjRj+1−Rj+2, with d◦Rj+2 < d◦Rj+1. Let k be the integer such that r := Rk+2 is a non-
zero rational number. We want to identify these equalities with the above relations. As r
may not be a square, multiply the equalities by r. This gives (rRj) = Qj(rRj+1)−(rRj+2).
In particular, (rRk) = Qk(rRk+1)− r2. Set i = k, q = r, β = rRk+1, and, for 1 ≤ j ≤ k,
αj = Qj. Then det(Aj) = rRj for all j, and we get the required matrix A(t). �

3.4 Isomorphism classes of Blanchfield forms

Proposition 3.8. Consider the Λ-module A = Λ
(∆n)

, with ∆ prime and symmetric, or

∆(t) = t + 2 + t−1, and n > 0. The set B∆n of isomorphism classes of non degenerate
hermitian forms on A is infinite.

This result and Theorem 1.3 prove Theorem 1.6.

Proof. A non degenerate hermitian form b on A is determined by the value of b(γ, γ) for
a generator γ of A. Consider two such forms b1 and b2, with b1(γ, γ) =

P
∆n and b2(γ, γ) =

Q
∆n , where P and Q are symmetric, prime to ∆, and defined modulo ∆n. The forms b1
and b2 are isomorphic if and only if there is R ∈ Λ such that b1(Rγ,Rγ) = b2(γ, γ), i.e.
RR̄P = Q mod ∆n.

Symmetric polynomials can be written as polynomials in the variable s = t + t−1.
Define ∆s by ∆s(t + t−1) = ∆(t), and set Dn = Q[s]

(∆n
s )

and En = Λ
(∆n)

. Now consider the

application ϕn : E⋆
n → D⋆

n given by ϕn(R)(t+ t−1) = RR̄(t). There is a natural bijection
between B∆n and coker(ϕn) = D⋆

n/ϕn(E
⋆
n). The next lemma allows us to restrict our

study to the case n = 1.

Lemma 3.9. There is an isomorphism coker(ϕn)
∼

coker(ϕ1).
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Proof. Consider the following commutative diagram of groups, where the morphisms πn,
π1, pE, pD are the natural projections:

E⋆
n

ϕn
D⋆
n

πn
coker(ϕn)

↓ pE ↓ pD

E⋆
1

ϕ1
D⋆

1

π1
coker(ϕ1)

Let us show the existence of a morphism pc : coker(ϕn) → coker(ϕ1) such that the diagram
still commutes. We have to show that πn(P ) = πn(Q) implies π1 ◦ pD(P ) = π1 ◦ pD(Q),
i.e. ker(πn) ⊂ ker(π1 ◦ pD).

π1 ◦ pD(ker(πn)) = π1 ◦ pD(ϕn(E
⋆
n)) = π1 ◦ ϕ1 ◦ pE(E

⋆
n) = 0

So pc is well defined, and it is obviously surjective. It remains to show that it is injective.
Consider x ∈ ker(pc). There is y in D⋆

n such that x = πn(y). Then π1 ◦ pD(y) = 1,
so pD(y) = ϕ1 ◦ pE(z) = pD ◦ ϕn(z). Thus pD(yϕn(z

−1)) = 1. It remains to show that
P = yϕn(z

−1) ∈ Im(ϕn).
We can write P = 1+

∑n−1
i=1 Pi∆

i
s with d◦Pi < d◦∆s for 1 ≤ i ≤ n−1. We shall search

R ∈ E⋆
n such that RR̄(t) = P (t+ t−1) of the form R = 1+

∑n−1
i=1 Ri∆

i, with Ri symmetric
and d◦Ri < d◦∆ for 1 ≤ i ≤ n− 1. We have RR̄ = 1 +

∑n−1
i=1 Qi∆

i, where Qi is the sum
of 2Ri and a term depending on the Rj for j < i. So we can define the Ri by induction
in order to get Qi(t) = Pi(t+ t−1). Hence P ∈ ϕn(E

⋆
n). �

We now suppose n = 1, and denote D1, E1, ϕ1, by D, E, ϕ. We first treat the case
∆(t) = t+ 2 + t−1.

Lemma 3.10. If ∆(t) = t+ 2 + t−1, then

coker(ϕ) ∼= Q⋆/(Q⋆)2 ∼= Z/2Z×
⊕

prime integers

Z/2Z.

Proof. We have D = Q[s]
(s+2)

≃ Q and E = Λ
(t+2+t−1)

. The elements of E⋆ can be written
at + b, with a 6= b in Q. Now ϕ(at + b) = a2 + b2 + abs = (a − b)2 mod (s + 2). So
Im(ϕ) = (Q⋆)2.

Each element of Q⋆ can be written uniquely ε
∏

p prime p
n(p) with only a finite number

of non-zero n(p), and ε = ±1. Thus each element in the quotient Q⋆/(Q⋆)2 can be written
uniquely ε

∏
p prime p

n(p) with n(p) = 1 for a finite number of primes p, and n(p) = 0 for
the others. �

We now suppose ∆ prime. In the general case, we will use some material of algebraic
number theory. We will not detail these notions, and we refer the reader to [Sam67].
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Since ∆ is prime, ∆s is prime too, so D is a number field, that is a finite extension of
Q. We can write E = D[t]

(t2−st+1)
, so E is a Galois extension of D of degree 2. We denote by

σ the only non trivial element of its Galois group. Denote by α the image of t in D[t]
(t2−st+1)

.
It is a primitive element in E, i.e. E = D[α], and the morphism σ is given by σ|D = idD
and σ(α) = α−1. Note that σ is induced by the conjugation t 7→ t−1 in Λ. Define the
norm NE/D : E → D by NE/D(x) = xσ(x). On E⋆, the norm NE/D coincides with the
morphism ϕ.

Denote by AD the ring of integers of D. A fractional ideal of D is a AD-module I such
that I ⊂ D and kI ⊂ AD for a k ∈ D⋆. The product of two fractional ideals I and J is
made of all finite sums of products ij with i ∈ I and j ∈ J . It is again a fractional ideal.
With this multiplication, the non trivial fractional ideals of D form a group denoted by
FD. The principal fractional ideals of D are the fractional ideals of type kAD for k ∈ D⋆.
They form a sub-group PD of FD. The quotient group CD = FD/PD is called the ideal
class group of D.

Theorem 3.11 (Dirichlet). ([Sam67, p.71, Theorem 2])
The ideal class group of a number field is finite.

We have a short exact sequence:

0 → PD → FD → CD → 0.

This can be related to D⋆ by the surjective map D⋆ ։ PD given by k 7→ kAD.
The field E also is a number field, so all the previous definitions and results apply to E.

We shall define commutative diagrams based on the above exact sequence and surjective
map, and the norm morphism. For an ideal xAE, define NE/D(xAE) = NE/D(x)AD. Now
we have the following commutative diagram, where the vertical arrows are given by the
norm NE/D.

E⋆ ։ PE
↓ ↓
D⋆ ։ PD

This induces a surjective map coker(NE/D : E⋆ → D⋆) ։ coker(NE/D : PE → PD).
Recall our aim is to show that coker(NE/D : E⋆ → D⋆) is infinite. It suffices to show that
coker(NE/D : PE → PD) is infinite. To see this, we will use the above exact sequence.

For a fractional ideal J of E, define NE/D(J) as the ideal of D generated over AD by
all the NE/D(x) for x ∈ J . For a principal ideal, we recover the previous definition. We
get the following commutative diagram, where the vertical arrows are again given by the
norm NE/D.

0 −→ PE −→ FE −→ CE −→ 0
↓ ↓ ↓

0 −→ PD −→ FD −→ CD −→ 0
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Since CE and CD are finite, it remains to show that coker(NE/D : FE → FD) is infinite.
Any fractional ideal I of D has a unique factorisation I =

∏q
i=1 p

ei
i where q ∈ N⋆ and

for each i, pi is a prime ideal of AD and ei ∈ Z ([Sam67, p.60, Theorem 3]). Now, for any
J ∈ FD, we have NE/D(JAE) = J2 ([Lan94, p.25, Corollary 1]). So I is in the image of
NE/D if and only if, for each i such that ei is odd, pi is in the image of NE/D.

Note that there are infinitely many prime ideals in AD. Indeed, if p is a prime integer,
there is a prime ideal Ip of AD such that Ip ∩ Z = pZ ([Lan94, p.9, Proposition 9]).

Now consider a prime ideal p of AD and set J = pAE. The primes that appear in
the decomposition of J are exactly those whose intersection with AD is p. We have three
cases ([Sam67, §5.2]):

• J = P2, with P prime in AE, and NE/D(P) = p,

• J itself is prime, and NE/D(J) = p2,

• J = P1P2, with P1 and P2 primes, P2 = σ(P1), and NE/D(Pi) = p for i = 1, 2.

In the second case, the ideal p is not in the image of NE/D. It follows from the Tchebotarev
density theorem ([Lan94, p.169, Theorem 10]) that the density of the subset of prime ideals
p of AD for which J is prime is equal to 1

2
in the set of all prime ideals. This concludes

the proof. �



Chapitre 5 : Formes de Blanchfield
rationnelles, S-équivalence, et chirurgies LP

nulles

Résumé

Dans ce chapitre, on montre qu’une chirurgie LP nulle induit un isomorphisme
canonique entre les Q[t±1]-modules d’Alexander des paires concernées, qui préserve
la forme de Blanchfield. Réciproquement, on montre qu’un isomorphisme fixé entre
des modules d’Alexander munis de leurs formes de Blanchfield peut être réalisé,
à multiplication près par une puissance de t, par une suite finie de chirurgies LP
nulles. On montre aussi que ces classes d’isomorphismes peuvent être réalisées par
des S-équivalences rationnelles. Une version antérieure de ce texte a été publiée sur
ArXiv. On y montre que deux QSK-paires ont des modules d’Alexander rationnels
munis de leurs formes de Blanchfield isomorphes si et seulement si elles admettent
des matrices de Seifert S-équivalentes, et si et seulement si elles s’obtiennent l’une
de l’autre par une suite finie de chirurgies LP rationnelles nulles, mais on n’y traite
pas la question de la réalisabilité d’un isomorphisme fixé.
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Rational Blanchfield forms, S-equivalence, and null
LP-surgeries

Abstract

Garoufalidis and Rozansky introduced null-moves on the set of pairs (M,K),
where M is an integral homology sphere and K is a knot in M . These null-moves
are suitable to study the Kricker lift of the Kontsevich integral. They induce a fil-
tration on the space generated by pairs (M,K) up to orientation-preserving home-
omorphism. This filtration splits with respect to the isomorphism classes of inte-
gral Alexander modules equipped with their Blanchfield forms. Null Lagrangian-
preserving surgeries are a generalization of the Garoufalidis and Rozansky null-
moves in the setting of pairs (M,K) composed of a rational homology sphere M

and a null-homologous knot K in M . They are defined as replacements of null-
homologous rational homology handlebodies of M \K by other such handlebodies
with identical Lagrangian. A null Lagrangian-preserving surgery induces a canonical
isomorphism between the Alexander Q[t±1]-modules of the involved pairs, which pre-
serves the Blanchfield form. Conversely, we prove that a fixed isomorphism between
Alexander Q[t±1]-modules which preserves the Blanchfield form can be realized, up
to multiplication by a power of t, by a finite sequence of null Lagrangian-preserving
surgeries. We also prove that such classes of isomorphisms can be realized by rational
S-equivalence.

1 Introduction

1.1 Context

In [GR04], Garoufalidis and Rozansky studied the rational vector space generated by
the pairs (M,K) modulo orientation-preserving homeomorphism, where M is an integral
homology 3-sphere (ZHS), that is an oriented compact 3-manifold which has the same
homology with integral coefficients as S3, and K is a knot in M . They defined a filtration
on this space by means of null-moves, that are surgeries on claspers (see Garoufalidis,
Goussarov and Polyak in [GGP01] and Habiro in [Hab00b]) whose leaves are trivial in
H1(M \K;Z). They studied this filtration with the Kricker lift of the Kontsevich integral
defined in [GK04]. The first step in the study of this filtration is the determination of
the classes of pairs (M,K) up to null-moves. As a corollary of results of Matveev in
[Mat87], Naik and Stanford in [NS03], and Trotter in [Tro73], Garoufalidis and Rozansky
established that two pairs can be obtained from one another by a finite sequence of null-
moves if and only if they admit S-equivalent Seifert matrices, and if and only if they have
isomorphic integral Alexander modules and Blanchfield forms.
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In this article, we consider pairs (M,K), where M is a rational homology 3-sphere
(QHS), i.e. an oriented compact 3-manifold which has the same homology with rational
coefficients as S3, and K is a null-homologous knot in M , i.e. a knot whose class in
H1(M ;Z) is trivial. We define the null Lagrangian-preserving surgeries, which play the
role played by the null-moves in the integral case. We prove that the classes of pairs (M,K)
modulo null Lagrangian-preserving surgeries are characterized by the classes of rational
S-equivalence of their Seifert matrices, and by the isomorphism classes of their rational
Alexander modules equipped with their Blanchfield forms. Furthermore, we prove that a
fixed isomorphism between rational Alexander modules which preserves the Blanchfield
form can be realized, up to multiplication by a power of t, by a finite sequence of null
Lagrangian-preserving surgeries. Null Lagrangian-preserving surgeries define a filtration
of the rational vector space generated by pairs (M,K) modulo orientation-preserving
homeomorphism. This article is a first step in the study of this filtration, that is useful
in the study of equivariant finite type knot invariants.

1.2 Statement of the results

When it does not seem to cause confusion, we use the same notation for a curve and its
homology class.

We first recall the definition of the Alexander module and of the Blanchfield form.
Let (M,K) be a QSK-pair, that is a pair made of a rational homology sphere M and a
null-homologous knot K in M . Let T (K) be a tubular neighborhood of K. The exterior

of K is X = M \ Int(T (K)). Consider the projection π : π1(X) → H1(X;Z)
torsion

∼= Z, and the
covering map p : X̃ → X associated with its kernel. The covering X̃ is the infinite cyclic
covering of X. The automorphism group of the covering, Aut(X̃), is isomorphic to Z. It
acts on H1(X̃;Q). Denoting the action of a generator τ of Aut(X̃) as the multiplication
by t, we get a structure of Q[t±1]-module on A(K) = H1(X̃;Q). This Q[t±1]-module is
the Alexander module of K. It is a torsion Q[t±1]-module.

Definition 1.1. Let (M,K) and (M ′, K ′) be QSK-pairs. Let ξ : A(K) → A(K ′) be an
isomorphism. The τ -class of ξ is the set of the isomorphisms ξ ◦mk for k ∈ Z, where mk

is the multiplication by tk.

Note that the τ -class of ξ is composed of all the isomorphisms that can be obtained
from ξ by composition by isomorphisms of A(K) or A(K ′) induced by automorphisms of
the underlying coverings.

On the Alexander module A(K), one can define the Blanchfield form, or equivariant

linking pairing, bK : A(K)×A(K) → Q(t)
Q[t±1]

, as follows. First define the equivariant linking
number of two knots.

Definition 1.2. Let J1 and J2 be two knots in X̃ such that J1 ∩ τ k(J2) = ∅ for all
k ∈ Z. Let δ(t) be the annihilator of A(K). Then δ(τ)J1 and δ(τ)J2 are rationally
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null-homologous links. The equivariant linking number of J1 and J2 is

lke(J1, J2) =
1

δ(t)δ(t−1)

∑

k∈Z

lk(δ(τ)J1, τ
k(δ(τ)J2))t

k.

One can easily see that lke(J1, J2) ∈ 1
δ(t)

Q[t±1], lke(J2, J1)(t) = lke(J1, J2)(t
−1), and

lke(P (τ)J1, Q(τ)J2)(t) = P (t)Q(t−1)lke(J1, J2)(t). Now, if γ (resp. η) is the homology
class of J1 (resp. J2) in A(K), define bK(γ, η) by:

bK(γ, η) = lke(J1, J2) mod Q[t±1].

The Blanchfield form is hermitian: bK(γ, η)(t) = bK(η, γ)(t
−1) and bK(P (t)γ,Q(t)η)(t) =

P (t)Q(t−1) bK(γ, η)(t) for all γ, η ∈ A(K) and all P,Q ∈ Q[t±1]. Moreover, it is non
degenerate (see Blanchfield in [Bla57]) : bK(γ, η) = 0 for all η ∈ A(K) implies γ = 0.

We turn to the notion of Seifert matrices. Let Σ be a Seifert surface of K, i.e. a
compact connected oriented surface in M such that ∂Σ = K. Such a surface exists since
K is null-homologous. Let g be the genus of Σ. Let (fi)1≤i≤2g be a symplectic basis of
H1(Σ;Z), i.e. a basis such that the matrix of the intersection form in (fi)1≤i≤2g is −J ,

where J is made of blocks

(
0 −1
1 0

)
on the diagonal, and zeros elsewhere. The Seifert

matrix of K associated with Σ and (fi)1≤i≤2g is the matrix V ∈ M2g(Q) defined by
Vij = lk(fi, f

+
j ), where f+

j is a push-off of fj in the direction of the positive normal of
Σ. This matrix satisfies V − V t = J , where V t denotes the transpose of V . Any rational
matrix with this property will be called a Seifert matrix. In Section 5, we prove that any
such matrix is indeed the Seifert matrix of a QSK-pair (M,K).

Given the Seifert matrix V , one can compute the Alexander module A(K) and the
Blanchfield form bK . Construct a surface Σ̂ by adding a band to Σ along K, so that Σ̂ is
homeomorphic to Σ and contains Σ and K in its interior. Let T (Σ) = Σ̂ × [−1, 1] be a
tubular neighborhood of Σ. For 1 ≤ i ≤ 2g, let ei ⊂ (Int(T (Σ)) \ Σ) be a meridian of fi.
The module A(K) can be presented as:

A(K) =

⊕
1≤i≤2gQ[t±1]bi⊕

1≤j≤2gQ[t±1]∂Sj
,

where the bi are lifts of the ei in X̃, and the Sj are lifts of the fj×[−1, 1]. Set f+
i = fi×{1}

and f−
i = fi × {−1}. Assume the bi are all chosen in the same copy of M \ Σ. For

1 ≤ i ≤ 2g, let f̃+
i and f̃−

i be lifts of f+
i and f−

i in the same copy of M \ Σ as the bj.
Assume the Sj are chosen so that ∂Sj = tf̃+

j − f̃−
j . Then ∂Sj =

∑
1≤i≤2g(tV − V t)ijbi,

hence tV − V t is a presentation matrix of A(K) (see [Lic97, Chapter 6]). Moreover, we
have lke(∂Sj, bi) = (1 − t)δij. Using the expression of ∂Sj in terms of the bi, it follows
that the form bK is given by bK(bi, bj) = (1− t)((tV − V t)−1)ji mod Q[t±1] (see Kearton
in [Kea75, §8]).
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A QSK-system is a quintuple (M,K,Σ, f , V ) where (M,K) is a QSK-pair, Σ is a
Seifert surface of K in M , f = (fi)1≤i≤2g is a symplectic basis of H1(Σ;Z), and V is
the associated Seifert matrix. Given a QSK-system, the associated family (bi)1≤i≤2g of
generators of A(K) is determined up to multiplication of the whole family by tk for some
integer k.

Definition 1.3. A row enlargement of a matrix V ∈M2g(Q) is a matrixW =



0 0 0
1 x ρt

0 ρ V


,

where x ∈ Q and ρ ∈ Q2g. Then the matrix V is a row reduction of W . A column

enlargement of V is a matrix W =



0 −1 0
0 x ρt

0 ρ V


, where x ∈ Q and ρ ∈ Q2g. Then the

matrix V is a column reduction of W .

Note that an enlargement or a reduction of a Seifert matrix still is a Seifert matrix.
An enlargement of a Seifert matrix corresponds to the addition of a tube to the Seifert
surface.

Definition 1.4. A matrix P ∈ M2g(Q) is symplectic if PJP t = J .
A rational (resp. integral) symplectic congruence from a matrix V to a matrix V ′ is

an equality V ′ = PV P t for some rational (resp. integral) symplectic matrix P .

Note that, since a symplectic matrix has determinant 1, a symplectic integral matrix
is invertible over the integers.

Definition 1.5. An elementary rational S-equivalence is an enlargement, a reduction, or
a rational symplectic congruence.

Two Seifert matrices are rationally S-equivalent if they can be obtained from one
another by a finite sequence of elementary rational S-equivalences.

In particular, two Seifert matrices of a QSK-pair (M,K) are rationally S-equivalent
(see [Lic97, Theorem 8.4] for the integral case, which easily generalizes). In Section 2,
we prove that, given two QSK-systems, a rational S-equivalence between their Seifert
matrices induces a canonical τ -class of isomorphisms between their Alexander modules
preserving the Blanchfield form. In Section 3, we prove the converse:

Proposition 1.6. Let (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′, V ′) be two QSK-systems. Let
ξ : A(K) → A(K ′) be an isomorphism which preserves the Blanchfield form. Then V and
V ′ are related by a rational S-equivalence which canonically induces the τ -class of ξ.

Definition 1.7. Two Seifert matrices are semi-integrally S-equivalent if they can be ob-
tained from one another by a finite sequence of enlargements, reductions, and integral
symplectic congruences.

In Section 4, as a consequence of Lemmas 4.1 and 4.2, we obtain:
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Theorem 1.8. Two Seifert matrices are rationally S-equivalent if and only if they are
semi-integrally S-equivalent. Furthermore, let (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′, V ′) be
two QSK-systems. Let ξ : A(K) → A(K ′) be an isomorphism which preserves the Blanch-
field form. Then V and V ′ are related by a semi-integral S-equivalence which canonically
induces the τ -class of ξ.

We now define homology handlebodies and Lagrangian-preserving surgeries.

Definition 1.9. For g ∈ N, a genus g rational (resp. integral) homology handlebody
(QHH, resp. ZHH) is a 3-manifold which is compact, oriented, and which has the same
homology with rational (resp. integral) coefficients as the standard genus g handlebody.

Such a QHH is connected, and its boundary is necessarily homeomorphic to the stan-
dard genus g surface. Note that a ZHH is a QHH.

Definition 1.10. The Lagrangian LA of a QHH A is the kernel of the map

i∗ : H1(∂A;Q) → H1(A;Q)

induced by the inclusion. Two QHH’s A and B have LP-identified boundaries if (A,B)
is equipped with a homeomorphism h : ∂A→ ∂B such that h∗(LA) = LB.

The Lagrangian of a QHH A is indeed a Lagrangian subspace of H1(∂A;Q) with
respect to the intersection form.

Let M be a QHS, let A ⊂ M be a QHH, and let B be a QHH whose boundary is
LP-identified with ∂A. Set M(B

A
) = (M \ Int(A))∪∂A=∂BB. We say that the QHS M(B

A
)

is obtained from M by Lagrangian-preserving surgery, or LP-surgery.
Given a QSK-pair (M,K), a null-QHH in M \K is a QHH A ⊂M \K such that the

map i∗ : H1(A;Q) → H1(M \K;Q) induced by the inclusion has a trivial image. A null
LP-surgery on (M,K) is an LP-surgery (B

A
) such that A is null in M \K. The QSK-pair

obtained by surgery is denoted by (M,K)(B
A
).

In Section 2, we prove that a null LP-surgery induces a canonical isomorphism from
the Alexander module of the initial QSK-pair to the Alexander module of the surgered
QSK-pair, which preserves the Blanchfield form. Conversely, in Section 5, we prove:

Theorem 1.11. Let (M,K) and (M ′, K ′) be QSK-pairs. Assume there is an isomorphism
ξ : A(K) → A(K ′) which preserves the Blanchfield form. Then (M ′, K ′) can be obtained
from (M,K) by a finite sequence of null LP-surgeries which induces an isomorphism in
the τ -class of ξ.

We end the article by proving the following proposition in Section 6.

Proposition 1.12. There are QSK-pairs (M,K) and (M ′, K ′) that can be obtained from
one another by a finite sequence of null LP-surgeries, but not by a single null LP-surgery.
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2 Conservation of the Blanchfield form

In this section, we prove that null LP-surgeries (Lemma 2.1) and relations of rational S-
equivalence (Lemma 2.4) induce τ -classes of isomorphisms between the Alexander modules
which preserve the Blanchfield form.

Lemma 2.1. Let (M,K) be a QSK-pair. Let A be a null-QHH in M \K. Let B be a QHH
whose boundary is LP-identified with ∂A. Set (M ′, K ′) = (M,K)(B

A
). Then the surgery

induces a canonical isomorphism ξ : A(K) → A(K ′) which preserves the Blanchfield form.

Proof. Throughout this proof, the homology modules are considered with rational coef-
ficients. Let X̃ (resp. X̃ ′) be the infinite cyclic covering associated with (M,K) (resp.
(M ′, K ′)). The preimage Ã of A in X̃ (resp. B̃ of B in X̃ ′) is the disjoint union of Z
copies Ai of A (resp. Bi of B).

Set Y = X̃ \ Int(Ã). The Mayer-Vietoris sequence associated with X̃ = Ã ∪ Y yields
the exact sequence:

H1(∂Ã) → H1(Ã)⊕H1(Y ) → H1(X̃) → 0.

SinceH1(∂Ã) ∼= H1(Ã)⊕(Q[t±1]⊗LA), we getH1(X̃) ∼=
H1(Y )

Q[t±1]⊗ LA
. Similarly,H1(X̃

′) ∼=

H1(Y )

Q[t±1]⊗ LB
. Since LA = LB, the Alexander modules H1(X̃) and H1(X̃

′) are canonically

identified.
Now consider two null-homologous knots J and J ′ in X̃ that do not meet Ã, and such

that J ∩ τ k(J ′) = ∅ for all k ∈ Z. Consider a Seifert surface Σ of J . Assume that Σ is
transverse to ∂Ã and J ′. Write Σ = Σ1 ∪ Σ2, where Σ1 = Σ ∩ Y and Σ2 = Σ ∩ Ã. Since
J ′ does not meet Σ2, the linking number lkX̃(J, J

′) is equal to the algebraic intersection
number < J ′,Σ1 >. Now ∂Σ2 is an integral linear combination of curves αi ∈ LAi

. In X̃ ′,
each αi lies in LBi

, so each αi has a multiple that bounds a surface in Bi. Thus, there is
a surface Σ3 ⊂ B̃ such that ∂Σ3 = n∂Σ2 for some integer n. We have nJ = ∂(nΣ1 ∪Σ3),
thus:

lkX̃′(J, J ′) =
1

n
< J ′, nΣ1 ∪ Σ3 >=< J ′,Σ1 >= lkX̃(J, J

′).

Since any class γ in H1(X̃) has a multiple that can be represented by a knot J in Y such
that P (t).J is null-homologous for some P ∈ Q[t±1], the Blanchfield form is preserved.

Definition 2.2. An integral null LP-surgery is a null LP-surgery B
A

such that A and B
are ZHH’s.

The previous proof still works, with Q replaced by Z. Therefore:
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Lemma 2.3. Let (M,K) and (M ′, K ′) be QSK-pairs. Assume (M ′, K ′) can be obtained
from (M,K) by an integral null LP-surgery. Then this surgery induces a canonical isomor-
phism between their integral Alexander modules which preserves the integral Blanchfield
form.

Lemma 2.4. Let (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′, V ′) be QSK-systems. If V and V ′

are rationally S-equivalent, then any S-equivalence from V to V ′ induces a canonical τ -
class of isomorphisms from A(K) to A(K ′) which preserve the Blanchfield form.

Proof. Let (bi)1≤i≤2g be a family of generators of A(K) associated with V . Set W =
tV − V t. Recall the Blanchfield form bK is given by bK(bi, bj) = (1 − t)(W−1)ji. Set
b =

(
b1 b2 . . . b2g

)
, and r =

(
r1 r2 . . . r2g

)
= bW . We have:

A(K) =

⊕
1≤i≤2gQ[t±1]bi⊕
1≤j≤2gQ[t±1]rj

.

Define the same notation with primes for the QSK-pair (M ′, K ′).
First assume that V ′ = PV P t for a rational symplectic matrix P . Note that W ′ =

PWP t. Define a Q[t±1]-isomorphism:

ξ̃ :
⊕

1≤i≤2gQ[t±1]bi →
⊕

1≤i≤2gQ[t±1]b′i
bi 7→ (b′P )i

.

We have ξ̃(rj) = (b′PW )j = (r′(P t)−1)j, thus ξ̃(
⊕

1≤j≤2gQ[t±1]rj) =
⊕

1≤j≤2gQ[t±1]r′j.

Hence ξ̃ induces an isomorphism ξ : A(K) → A(K ′). Now, we have:

bK′(ξ(bi), ξ(bj)) = bK′((b′P )i, (b
′P )j)

=
∑

k,l

pkiplj(1− t)((W ′)−1)lk

= (1− t)(P t((P t)−1W−1P−1)P)
ji

= bK(bi, bj).

It remains to treat the case of an enlargement. Assume V =



0 0 0
1 x ρt

0 ρ V ′


. Then:

W =



0 −1 0
t x(t− 1) (t− 1)ρt

0 (t− 1)ρ W ′


 .

Thus b2 is trivial, and b1 is a linear combination over Q[t±1] of the bi for 3 ≤ i ≤ 2g.
Hence there is an isomorphism (A(K), bK) ∼= (A(K ′), bK′) which identifies bi with b′i−2 for
3 ≤ i ≤ 2g. Proceed similarly for a column enlargement.
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Since the families (bi)1≤i≤2g and (b′i)1≤i≤2g are determined up to multiplication by a
power of t, we have associated a τ -class of isomorphisms to each elementary S-equivalence.
For a general rational S-equivalence, just compose the τ -classes associated with the ele-
mentary S-equivalences.

3 Relating Seifert matrices

In this section, we prove the next proposition, which implies Proposition 1.6 for invertible
Seifert matrices V and V ′. We end the section by deducing the general case.

Proposition 3.1. Let (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′, V ′) be two QSK-systems. Let
ξ : A(K) → A(K ′) be an isomorphism which preserves the Blanchfield form. Let b =
(bi)1≤i≤2g (resp. b′ = (b′i)1≤i≤2g) be a family of generators of A(K) (resp. A(K ′)) associ-
ated with V (resp. V ′). If V and V ′ are invertible, then (b) and (b′) are Q-bases of A(K)
and A(K ′) respectively, and V ′ = PV P t, where P is the matrix of ξ with respect to the
bases (b) and (b′).

This proposition specifies a result of Trotter [Tro73, Proposition 2.12].

Lemma 3.2. Let (M,K,Σ, f , V ) be a QSK-system. Let b = (bi)1≤i≤2g be a family of
generators of A(K) associated with V . If V is invertible, then b is a Q-basis of A(K),
and the action of t is given by the matrix V t V −1 with respect to the basis b.

Proof. We have:

A(K) =

⊕
1≤i≤2g

Q[t±1]bi

⊕
1≤j≤2g

Q[t±1]rj
,

where rj =
∑

1≤i≤2g(tV − V t)ijbi. Represent the elements of (Q[t±1])2g =
⊕

1≤i≤2g

Q[t±1]bi

(resp. Q2g) by column vectors giving their coordinates in the basis b (resp. in the canonical
basis). Define a Q-linear map ϕ : (Q[t±1])2g → Q2g by tkX 7→ (V t V −1)kX for all vector
X with rational coefficients. Let us prove that ϕ induces a Q-isomorphism from A(K) to
Q2g.

It is easy to see that rj ∈ ker(ϕ) for all j. Let u ∈ ker(ϕ). Write u =
∑

p≤k≤q t
kXk,

where the Xk are column vectors with rational coefficients. Since
∑

p≤k≤q(V
t V −1)kXk =

0, we have Xp = −
∑

p<k≤q(V
t V −1)k−pXk. Thus:

u =
∑

p<k≤q

(tkXk − tp(V t V −1)k−pXk)

= (tV − V t).
∑

p<k≤q

∑

p<i≤k

ti−1(V −1V t)k−iV −1Xk
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Hence u ∈
⊕

1≤j≤2g

Q[t±1]rj, and it follows that ker(ϕ) =
⊕

1≤j≤2g

Q[t±1]rj.

Consider Q(t) as the direct sum over Q of Λ = Q[t, t−1, (1− t)−1] and the subspace E
consisting of 0 and all proper fractions with denominator prime to t and (1 − t), where
proper means that the numerator of the fraction has strictly lower degree than the de-
nominator. Define a Q-linear function χ on Q(t) by χ(E) = E ′(1) if E ∈ E and χ(E) = 0

if E ∈ Λ. As χ vanishes on Q[t±1], we may also consider it as a function on Q(t)
Q[t±1]

.

Lemma 3.3. For E ∈ E, χ((t− 1)E) = E(1).

Proof. If F ∈ Q(t) has denominator prime to t and 1−t and numerator of degree less than
or equal to the degree of its denominator, then F can be written as the sum of a rational
constant and of an element of E . Hence χ(F ) = F ′(1). Apply this to F = (t− 1)E.

Lemma 3.4. Let (M,K,Σ, f , V ) be a QSK-system. Let (bi)1≤i≤2g be a family of gen-
erators of A(K) associated with V . Define a matrix S by Sij = −χ(bK(bj, bi)). Then
S = (V − V t)−1 = −J .

Proof. We have Sij = χ((t−1)((tV −V t)−1)ij). Let ∆(t) = det(tV −V t) be the Alexander
polynomial of (M,K). Then ∆(1) 6= 0, and since V is invertible, ∆(0) 6= 0 and the degree
of ∆ is equal to the size of the matrix V . Hence, by Lemma 3.3, Sij = ((tV −V t)−1)ij(1).
Conclude with V − V t = J and J−1 = −J .

Proof of Proposition 3.1. Let T (resp. T ′) be the matrix of the action of t in the basis
b (resp. b′). By Lemma 3.2, T = V t V −1 and T ′ = (V ′)t (V ′)−1. Since ξ preserves the
action of t, we have PT = T ′P . Since ξ preserves the Blanchfield form, Lemma 3.4 implies
J = P tJP . An easy computation gives V = (I2g − T )−1J and V ′ = (I2g − T ′)−1J . It
follows that V ′ = PV P t. �

Lemma 3.5. For any matrix V ∈ M2g(Q), with g > 0, satisfying V − V t = J , there
exists a QSK-pair (M,K) that admits V as a Seifert matrix.

Proof. Set V = (vij)1≤i,j≤2g. By [Chap. 4, Corollary 2.13], there is a QHS M and pairwise
disjoint simple closed framed curves fi, 1 ≤ i ≤ 2g, in M , such that lk(fi, fj) = vij for
j ≤ i. Consider bands around the fi, that are images of embeddings hi : [−1, 1]×S1 →֒M
such that hi({0} × S1) = fi, and ℓ(fi) = hi({1} × S1) is the parallel of fi such that
lk(fi, ℓ(fi)) = vii. Connecting these bands as indicated in Figure 1, we get a surface
bounded by a knot K which satisfies the required conditions.

Proof of Proposition 1.6. If V is non invertible, there exists g1 ∈ H1(Σ;Z) such that
lk(g1, γ

+) = 0 for all γ ∈ H1(Σ;Z). Choose for g1 a primitive element of H1(Σ;Z), i.e.
an element whose only submultiples are itself and its opposite. In any symplectic basis of
H1(Σ;Z), g1 has coprime coefficients, hence there is g2 ∈ H1(Σ;Z) such that 〈g1, g2〉Σ = 1,
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f2s−1

l(f2s−1)
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l(f2s)
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l(f2s+1)

f2s f2s+1

Figure 1: Gluing bands

where 〈., .〉Σ denotes the intersection form on Σ. Consider a symplectic basis (gi)3≤i≤2g

of the orthogonal of Zg1 ⊕ Zg2 in H1(Σ;Z) with respect to the intersection form. Then
(gi)1≤i≤2g is a symplectic basis of H1(Σ;Z), and the associated Seifert matrix V1 is a row
enlargement of a Seifert matrix V2. Since V and V1 are associated with the same Seifert
surface, they are related by a change of basis of H1(Σ;Z), i.e. they are congruent. Hence
V is rationally S-equivalent to the smaller matrix V2. Iterating this process, we see that V
is rationally S-equivalent to an invertible Seifert matrix W , where we consider that there
exists an empty matrix, which is invertible. Similarly, V ′ is rationally S-equivalent to an
invertible Seifert matrix W ′. The matrices W and W ′ are invertible Seifert matrices that
define isomorphic Blanchfield forms.

By Lemma 3.5, there are QSK-systems (N, J, S, η,W ) and (N ′, J ′, S ′, η′,W ′). The
rational S-equivalence relation between V and W (resp. V ′ and W ′) induces the τ -class
of an isomorphism ζ : A(J) → A(K) (resp. ζ ′ : A(J ′) → A(K ′)). By Proposition 3.1,
there is an invertible rational matrix P such that W ′ = PWP t and P induces the τ -class
of the isomorphism (ζ ′)−1 ◦ ξ ◦ ζ : A(J) → A(J ′). �
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4 Rational S-equivalence

In this section, we prove Theorem 1.8 by proving that we can realize a symplectic ratio-
nal congruence by a finite sequence of enlargements, reductions, and integral symplectic
congruences which, for given QSK-systems, induces the same τ -class of isomorphisms be-
tween the Alexander modules as the initial congruence. We first treat a particular type
of congruence matrices.

Lemma 4.1. Let V and W be two Seifert matrices such that ∆nV∆n = W , where n or
1
n

is a positive integer, and

∆n =




n
1
n

0
1

0
. . .

1



.

Then there are enlargements Ṽ of V and W̃ of W that are related by an integral symplectic
congruence. Furthermore, if (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′,W ) are two QSK-systems,
W can be obtained from V by a sequence of an enlargement, an integral symplectic con-
gruence, and a reduction, which induces the same τ -class of isomorphisms from A(K) to
A(K ′) as the congruence matrix ∆n.

Proof. Assume n is a positive integer.

Set V =



p q ωt

r s ρt

ω ρ U


. Then W =



n2p q nωt

r s
n2

1
n
ρt

nω 1
n
ρ U


. Note that r = q + 1. Set:

P =




0 n 0 −1
0 0 1 0
1 0 n 0
0 1 0 0

0

0 I




, Ṽ =




0 −1 0 0 0
0 s

n2
r
n

s
n

1
n
ρt

0 r
n

p q ωt

0 s
n

r s ρt

0 1
n
ρ ω ρ U




,

and W̃ =




0 0 0 0 0
1 p np r

n
ωt

0 np n2p q nωt

0 r
n

r s
n2

1
n
ρt

0 ω nω 1
n
ρ U




.
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The matrix P is integral and symplectic, and we have W̃ = PṼ P t.
Let (bi)1≤i≤2g (resp. (b′i)1≤i≤2g) be a family of generators of A(K) (resp. A(K ′))

associated with V (resp. W ). The congruence matrix ∆n induces the τ -class of the
isomorphism ξ : A(K) → A(K ′) such that ξ(bi) = (

(
b′1 . . . b′2g

)
∆n)i. Let us check

that the obtained sequence of an enlargement, an integral symplectic congruence, and
a reduction, also induces ξ. The matrix Ṽ defines a Q[t±1]-module A ∼= A(K) with a
generating family (b̃i)1≤i≤2g+2 subject to the relations (

(
b̃1 . . . b̃2g+2

)
(tṼ − Ṽ t))j. The

enlargement of V into Ṽ induces the τ -class of the isomorphism ζ : A(K) → A such that
ζ(bi) = b̃i+2. Similarly, define A′, (b̃′i)1≤i≤2g+2 and ζ ′. The congruence matrix P induces
the τ -class of the isomorphism ϑ : A → A′ such that ϑ(b̃i) = (

(
b̃′1 . . . b̃′2g+2

)
P )i. Set

ξ′ = (ζ ′)−1 ◦ ϑ ◦ ζ. Let us check that ξ′(bi) = ξ(bi) for all i ∈ {1, .., 2g}. For i ≥ 3, it is
obvious. For i = 1, it follows from the relation b̃′2 = 0 given by the first column of the
matrix tW̃ − W̃ t. For i = 2, we have ξ′(b2) = (ζ ′)−1(−b̃′1). Since the second column of
tW̃ − W̃ t gives:

b̃′1 = (t− 1)(npb̃′3 +
r

n
b̃′4 +

(
b̃′5 . . . b̃′2g+2

)
ω),

and since the first column of tW −W t gives:

b′2 = −(t− 1)(n2pb′1 + rb′2 + n
(
b′3 . . . b′2g

)
ω),

we have ξ′(b2) = 1
n
b′2.

Since ∆ 1
n
= ∆−1

n , the case 1
n
∈ N \ {0} follows.

Lemma 4.2. Any symplectic rational matrix P can be written as a product of integral
symplectic matrices and matrices ∆n or ∆ 1

n
for positive integers n.

Proof.

Step 1: There is no loss in assuming that the first column of P is




1
0
...
0


.

Denote by d a common denominator for the terms of the first column of P . The matrix
P∆d has integral coefficients in its first column. Denote by δ their gcd. The terms of the
first column of P∆d∆ 1

δ
are coprime integers. There is an integral symplectic matrix Q

with the same first column. The matrix Q−1P∆d∆ 1
δ

has the required first column.



Chapitre 5 : Formes de Blanchfield et chirurgies LP nulles 113

Step 2: We can assume that the first two columns of P are




1 0
0 1
... 0
...

...
0 0




.

The matrix P−1 has the same first column as P . Since it is symplectic, its second

column is



x1
...
x2g


, with x2 = 1. Set:

Q =




1 x1 −x4 x3 . . . −x2g x2g−1

0 1 0 . . . . . . . . . 0
0 x3 1
...

...
. . . 0

...
...

. . .
...

... 0
. . .

0 x2g 1




.

Since Q has the same first two columns as P−1, the matrix PQ has the required first
two columns. Now, if n is a common denominator for all the xi, the matrix ∆nQ∆ 1

n
has

integral coefficients, and is symplectic.

Step 3: Induction.

We have P =

(
I2 R
0 Q

)
. Since P is symplectic, R = 0 and Q is symplectic. Thus we

can conclude by induction on g.

5 Topological realization of matrix relations

In this section, we prove Theorem 1.11.

Lemma 5.1. Let M be a QHS (resp. ZHS). Let Σ be a genus g closed connected surface
embedded in M . Then M \ Σ has exactly two connected components, whose closures are
QHH’s (resp. ZHH’s) of genus g.

Proof. Any point of M \ Σ can be connected to a point of Σ × [−1, 1] in M \ Σ. Since
(Σ × [−1, 1]) \ Σ has two connected components, M \ Σ has at most two connected
components. Let x1 and x2 be points of (Σ×[−1, 1])\Σ, one in each connected component.
If there were a path from x1 to x2 in M \Σ, we could construct a closed curve in M which
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would meet Σ exactly once. Since M is a QHS, this is not possible. Hence M \ Σ
has exactly two connected components. Let A1 and A2 be their closures. Note that
∂A1 = ∂A2 = Σ (up to orientation).

For i = 1, 2, we have H3(Ai;Z) = 0 and H0(Ai;Z) = Z. The Mayer-Vietoris sequence
associated with M = A1 ∪ A2 yields the exact sequence:

H3(M ;Z) ∂
H2(Σ;Z) −→ H2(A1;Z)⊕H2(A2;Z) −→ 0.

The map ∂ is an isomorphism that identifies the fundamental classes. Thus H2(A1;Z) =
H2(A2;Z) = 0. It follows that A1 and A2 are QHH’s. Their genus is given by their
boundary.

Assume M is a ZHS. The Mayer-Vietoris sequence associated with M = A1 ∪ A2

yields an isomorphism H1(Σ;Z) ∼= H1(A1;Z)⊕H1(A2;Z). Hence, for i = 1, 2, H1(Ai;Z)
is torsion-free, thus Ai is a ZHH.

Lemma 5.2. Let (M,K,Σ, f , V ) and (M ′, K ′,Σ′, f ′, V ′) be QSK-systems. Let P be an

integral symplectic matrix. Assume V ′ = PV P t. Then there is a null LP-surgery (B
A
) in

M \K such that (M ′, K ′) ∼= (M,K)(B
A
) and the τ -class of the isomorphism ξ : A(K) →

A(K ′) induced by this surgery is the τ -class induced by P .

Proof. There is a homeomorphism h : Σ → Σ′, such that the matrix of the induced
isomorphism h∗ : H1(Σ;Z) → H1(Σ

′;Z) with respect to the bases (fi)1≤i≤2g and (f ′
i)1≤i≤2g

is (P t)−1 (see [FM12, theorem 6.4]). Let Σ̂ be obtained from Σ by adding a band glued
along ∂Σ, so that Σ̂ is homeomorphic to Σ, and contains Σ and K in its interior. Let
H = Σ̂ × [−1, 1] be a regular neighborhood of Σ. Similarly, define Σ̂′ and H ′. Extend h
to a homeomorphism h : Σ̂ → Σ̂′ , and then extend it by product with the identity to a
homeomorphism h : H → H ′.

Let A = M \ Int(H) and let B = M ′ \ Int(H ′). By Lemma 5.1, A (resp. B) is a
QHH, and it is clearly null in M \K (resp. M ′ \K ′). The QSK-pair (M ′, K ′) is obtained
from (M,K) by the surgery (B

A
). Let us prove that the homeomorphism h|∂A : ∂A→ ∂B

preserves the Lagrangian.
For 1 ≤ i ≤ 2g, let ei ⊂ ∂H be a meridian of fi. The Lagrangian LA is generated by

the αi = f+
i −

∑
1≤j≤2g Vjiej, where f+

i is the copy of fi in (Σ×{1}) ⊂ H. Similarly, define
the e′i, (f

′
i)

+ and α′
i. Since h : H → H ′ is a homeomorphism, (h|∂H)∗(LH) = LH′ . Hence

(h|∂H)∗(ei) is a linear combination of the e′j. Since 〈h(ei), h(f
+
j )〉∂H′ = 〈e′i, (f

′
j)

+〉∂H′ = δij,

an easy computation gives (h|∂H)∗(ei) = (
(
e′1 . . . e′2g

)
P)

i
. It follows that (h|∂H)∗(αi) =

(
(
α′
1 . . . α′

2g

)
(P t)−1)

i
. Hence (h|∂A)∗(LA) = LB.

The relation between the h(ei) and the e′i shows that the isomorphism ξ induced by
the surgery is in the τ -class of isomorphisms induced by the congruence matrix P .
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Lemma 5.3. Let (M,K,Σ, f , V ) be a QSK-system. Let W be an enlargement of V . Then
there is a QSK-system (M ′, K ′,Σ′, f ′,W ) such that (M ′, K ′) can be obtained from (M,K)
by a single null LP-surgery, and the surgery and the enlargement induce the same τ -class
of isomorphisms from A(K) to A(K ′).

Proof. We have

W =



0 0 0
1 x ρt

0 ρ V


 or



0 −1 0
0 x ρt

0 ρ V


 .

We want to add a tube to Σ, whose linking numbers with the fi are given by ρ. This may
not be possible in M , so we first modify M by null LP-surgeries.

Set ρ =




c1
d1
...
c2g
d2g


, where the ci and di are integers, and di > 0. Consider trivial knots Ji,

disjoint from Σ, such that lk(Ji, fj) = δijci. For each i, consider a tubular neighborhood
T (Ji) of Ji. By [Chap. 3, Lemma 1.5], there are rational homology tori Ai that satisfy:

• H1(∂Ai;Z) = Zαi ⊕ Zβi, with < αi, βi >= 1,

• βi = diγi in H1(Ai;Z), where γi is a curve in Ai,

• H1(Ai;Z) = Zγi ⊕
Z
diZ
αi.

Let N be the manifold obtained from M by the null LP-surgeries ( Ai

T (Ji)
), where the

identifications ∂T (Ji) = ∂Ai identify αi with a meridian of Ji, and βi with a parallel of
Ji that does not link Ji. We get lk(γi, fj) = δij

ci
di

.
In N , consider a ball B disjoint from Σ and all the Ai. Consider a rational homology

ball B′ that contains a curve γ0 with self-linking (x−
∑

1≤i,j≤2g lk(γi, γj)) mod Z. Note

that lk(γ0, γi) = 0 for 1 ≤ i ≤ 2g. Set M ′ = N(B
′

B
), and K ′ = K.

Define a curve γ′ in M ′ as a band sum of the γi for 0 ≤ i ≤ 2g, with bands outside
Σ. Consider a disk D in Σ, and two distinct points p and q in D. Consider an embedded
band [0, 1]× [0, 1] in M ′ such that [0, 1]× {0} = ([0, 1]× [0, 1]) ∩Σ is a curve from p to q
in D, [0, 1]×{1} = ([0, 1]× [0, 1])∩ γ′, and the tangent vector to {0}× [0, 1] at {0}× {0}
is the positive normal vector of Σ if W is a row enlargement of V , and the negative one if
it is a column enlargement. Figure 2 represents the first case. Now set γ = (γ′∪∂([0, 1]×
[0, 1])) \ (]0, 1[×{1}), and construct a surface Σ′ by adding a tube around γ \ ([0, 1]×{0})
to Σ. The surface Σ′ is a Seifert surface for K ′. On Σ′, consider a meridian f2g+1 of the
tube and a parallel f2g+2 of γ such that < f2g+1, f2g+2 >Σ′= 1 and lk(f2g+2, γ) = x. Note
that the orientation of the meridian depends on the type of enlargement. The Seifert
matrix associated with Σ′ with respect to the basis (f2g+1, f2g+2, f1, . . . , f2g) is W .
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p q

D

γ

γ′

[0,1]×{0}

{0}×[0,1]

D

γ

f2g+2

f2g+1

Figure 2: Adding a tube to Σ

Since the different QHH’s replaced by surgery are disjoint, they can be connected by
tubes. Thus (M ′, K ′) can be obtained from (M,K) by one surgery on a genus 2g QHH. Let
(bi)1≤i≤2g (resp. (b′i)1≤i≤2g+2) be a family of generators of A(K) (resp. A(K ′)) associated
with V (resp. W ). The b′i can be chosen so that the isomorphism ξ : A(K) → A(K ′)
induced by the surgery satisfies ξ(bi) = b′i+2.

Proof of Theorem 1.11. Let V and V ′ be Seifert matrices associated with (M,K) and
(M ′, K ′) respectively. By Theorem 1.8, V ′ can be obtained from V by a sequence of
enlargements, reductions, and integral symplectic congruences which induces the τ -class
of the isomorphism ξ. This provides a finite sequence V1, V2, .., Vn of Seifert matrices such
that V1 = V , Vn = V ′, and Vi+1 is obtained from Vi by one of these equivalences. By
Lemma 3.5, for each i, we can fix a QSK-system Si with Seifert matrix Vi. To see that
Si+1 can be obtained from Si by one, or two successive, null LP-surgeries, which induce
the required τ -class of isomorphisms, apply Lemma 5.2 in the case of a (possibly trivial)
congruence, and apply Lemma 5.3 in the case of an enlargement or a reduction. �

6 Sequences of LP-surgeries

In this section, we prove Proposition 1.12.

Lemma 6.1. There exist two knots in S3 which have isomorphic rational Blanchfield
forms, and different integral Alexander modules.

Proof. In S3, consider a knot K with Seifert matrix

(
−1 0
1 2

)
, and a knot K ′ with Seifert

matrix

(
3 1
2 0

)
. Their Alexander modules have presentation matrices

(
1− t −1
t 2t− 2

)
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and

(
3t− 3 t− 2
2t− 1 0

)
. Both have Alexander polynomial ∆(t) = (2t − 1)(2 − t). Since it

is the product of two dual non symmetric prime polynomials, their rational Blanchfield
forms are isomorphic (see [Chap. 4, Lemma 3.6]). But K has integral Alexander module
Z[t±1]
(∆(t))

, whereas the integral Alexander module of K ′ has a non trivial second elementary
ideal (the k-th elementary ideal associated with a Z[t±1]-module is the ideal of Z[t±1]
generated by the minors of size n − k + 1 of a presentation matrix with n generators of
the module, see [Lic97, Chapter 6]). Indeed, this ideal is generated by (t− 2) and (2t− 1)
in Z[t±1], so the evaluation at t = −1 maps it onto 3Z.

Proof of Proposition 1.12. Consider the QSK-pairs (S3, K) and (S3, K ′) of Lemma 6.1.
By Theorem 1.11, (S3, K ′) can be obtained from (S3, K) by a finite sequence of null
LP-surgeries. Suppose we can restrict to a single surgery (B

A
). Then A and B would be

QHH’s embedded in a ZHS. It follows from Lemma 5.1 that A and B would be ZHH’s.
Thus, by Lemma 2.3, the surgery would preserve the integral Alexander module. �



Chapitre 6 : Invariants de type fini des nœuds
homologiquement triviaux dans les sphères

d’homologie rationnelle

Résumé

Dans ce chapitre, on étudie l’espace vectoriel rationnel F0 engendré par les QSK-
paires, et la filtration définie sur cet espace par les chirurgies LP rationnelles nulles.
On étudie aussi l’espace vectoriel rationnel FZ

0 engendré par les ZSK-paires, et la
filtration définie sur cet espace par les chirurgies LP entières nulles. On étudie les
quotients gradués associés à ces filtrations. On détermine le premier quotient dans
le cas général, et on montre que les quotients impairs associés à la filtration de FZ

0

sont triviaux.
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Invariants of finite null-degree of null-homologous knots
in rational homology 3-spheres

Abstract

We study the rational vector space F0 generated by pairs (M,K), where M is a
rational homology sphere and K is a null-homologous knot in M , and the filtration
defined on this space by Lagrangian-preserving replacements of rational homology
handlebodies whose homology vanishes in M \K. We also study the rational vector
space FZ

0 generated by pairs (M,K), where M is an integral homology sphere and
K is a knot in M , and the filtration defined on this space by the Garoufalidis
and Rozansky null-moves. We study the graded quotients associated with these
filtrations. We determine the first quotient in the general case, and we prove that
the odd quotients associated with the filtration on FZ

0 are trivial. Our determination
of the first quotient can be used to compare the two-loop part of the Kricker rational
lift of the Kontsevich integral defined in [GK04] and the configuration space invariant
of Lescop defined in [Les10].

1 Introduction

1.1 Null LP-surgeries

We first recall the definition of the Alexander module and of the Blanchfield form. Let
(M,K) be a QSK-pair, that is a pair made of a rational homology 3-sphere M and a
null-homologous knot K in M . Let T (K) be a tubular neighborhood of K. The exterior

of K is X = M \ Int(T (K)). Consider the projection π : π1(X) → H1(X;Z)
torsion

∼= Z, and the
covering map p : X̃ → X associated with its kernel. The covering X̃ is the infinite cyclic
covering of X. The automorphism group of the covering, Aut(X̃), is isomorphic to Z. It
acts on H1(X̃;Q). Denoting the action of a generator τ of Aut(X̃) as the multiplication
by t, we get a structure of Q[t±1]-module on A = H1(X̃;Q). This Q[t±1]-module is called
the Alexander module of K. It is a torsion Q[t±1]-module.

On the Alexander module, the Blanchfield form, or equivariant linking pairing, b :
A × A → Q(t)

Q[t±1]
, is defined as follows. First define the equivariant linking number of two

knots.

Definition 1.1. Let J1 and J2 be two knots in X̃ such that J1 ∩ τ k(J2) = ∅ for all k ∈ Z.
Let δ(t) be the annihilator of A. Then δ(τ)J1 and δ(τ)J2 are rationally null-homologous
links. The equivariant linking number of J1 and J2 is

lke(J1, J2) =
1

δ(t)δ(t−1)

∑

k∈Z

lk(δ(τ)J1, τ
k(δ(τ)J2))t

k.
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One can easily see that lke(J1, J2) ∈ 1
δ(t)

Q[t±1], lke(J2, J1)(t) = lke(J1, J2)(t
−1), and

lke(P (τ)J1, Q(τ)J2)(t) = P (t)Q(t−1)lke(J1, J2)(t). Now, if γ (resp. η) is the homology
class of J1 (resp. J2) in A, define b(γ, η) by:

b(γ, η) = lke(J1, J2) mod Q[t±1].

The Blanchfield form is hermitian: b(γ, η)(t) = b(η, γ)(t−1) and b(P (t)γ,Q(t)η)(t) =
P (t)Q(t−1) b(γ, η)(t) for all γ, η ∈ A and all P,Q ∈ Q[t±1]. Moreover, it is non degenerate
(see Blanchfield in [Bla57]) : b(γ, η) = 0 for all η ∈ A implies γ = 0.

Similarly, define the integral Alexander module of K as the Z[t±1]-module AZ =
H1(X̃;Z), and the Blanchfield form bZ on this module.

The Alexander module (resp. integral Alexander module) of a QSK-pair (M,K) en-
dowed with its Blanchfield form is denoted by (A, b)(M,K) (resp. (AZ, bZ)(M,K)).

We now define LP-surgeries.

Definition 1.2. For g ∈ N, a genus g rational homology handlebody (QHH) is a 3-manifold
which is compact, oriented, and which has the same homology with rational coefficients
as the standard genus g handlebody.

Such a QHH is connected, and its boundary is necessarily homeomorphic to the stan-
dard genus g surface.

Definition 1.3. The Lagrangian LA of a QHH A is the kernel of the map

i∗ : H1(∂A;Q) → H1(A;Q)

induced by the inclusion. Two QHH’s A and B have LP-identified boundaries if (A,B)
is equipped with a homeomorphism h : ∂A→ ∂B such that h∗(LA) = LB.

The Lagrangian of a QHH A is indeed a Lagrangian subspace of H1(∂A;Q) with
respect to the intersection form.

Let M be a QHS, let A ⊂ M be a QHH, and let B be a QHH whose boundary is
LP-identified with ∂A. Set M(B

A
) = (M \ Int(A)) ∪∂A=h∂B B. We say that the QHS

M(B
A
) is obtained from M by Lagrangian-preserving surgery, or LP-surgery.

Given a QSK-pair (M,K), a QHH null in M \K is a QHH A ⊂M \K such that the
map i∗ : H1(A;Q) → H1(M \K;Q) induced by the inclusion has a trivial image. A null
LP-surgery on (M,K) is an LP-surgery (B

A
) such that A is null in M \K. The QSK-pair

obtained by surgery is denoted by (M,K)(B
A
).

Replacing Q by Z above, define integral homology handlebodies (ZHH), integral La-
grangians, integral LP-surgeries, and integral null LP-surgeries, similarly.

Let F0 be the rational vector space generated by all QSK-pairs up to orientation-
preserving homeomorphism. Let Fn be the subspace of F0 generated by the

[(M,K); (
Bi

Ai
)1≤i≤n] =

∑

I⊂{1,...,n}

(−1)|I|(M,K)((
Bi

Ai
)i∈I)
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for all QSK-pairs (M,K) and all families of QHH’s (Ai, Bi)1≤i≤n, where the Ai are null in
M \K and disjoint, and each ∂Bi is LP-identified with the corresponding ∂Ai. Here and
in all the article, |.| stands for the cardinality. Since Fn+1 ⊂ Fn, this defines a filtration.

Definition 1.4. An invariant of null-degree at most n of QSK-pairs (M,K) is a linear
map λ : F0 → Q such that λ(Fn+1) = 0.

The following result provides a splitting of the filtration (Fn)n∈N:

Theorem 1.5 ([Chap. 5] Theorem 1.11). A null LP-surgery induces a canonical isomor-
phism between the Alexander modules of the involved QSK-pairs, which preserves the
Blanchfield form. Conversely, any isomorphism between the Alexander modules of two
QSK-pairs which preserves the Blanchfield form can be realized by a finite sequence of
null LP-surgeries, up to multiplication by a power of t.

For an isomorphism class (A, b) of rational Alexander modules endowed with their
Blanchfield forms, let P(A, b) be the set of all QSK-pairs, up to orientation-preserving
homeomorphism, whose Alexander modules endowed with their Blanchfield forms are
isomorphic to (A, b). Let F0(A, b) be the subspace of F0 generated by the QSK-pairs
(M,K) ∈ P(A, b). Let (Fn(A, b))n∈N be the filtration defined on F0(A, b) by null LP-
surgeries. Then, for n ∈ N, Fn is the direct sum over all isomorphism classes (A, b) of
rational Alexander modules endowed with their Blanchfield forms of the Fn(A, b). Set
Gn(A, b) = Fn(A, b)/Fn+1(A, b). The main goal of the article is to study the graded
quotients Gn(A, b). By Theorem 1.5, G0(A, b) ∼= Q. In Section 3, as a consequence of
Theorem 1.10, we prove:

Theorem 1.6. Let (M0, K0) ∈ P(A, b). For any prime integer p, let Bp be a rational
homology ball such that H1(Bp;Z) ∼= Z/pZ. Then:

G1(A, b) =
⊕

p prime

Q[(M0, K0);
BP

B3
].

1.2 Borromean surgeries

Let us define a specific type of LP-surgeries.
The standard Y-graph is the graph Γ0 ⊂ R2 represented in Figure 1. The looped edges

of Γ0 are the leaves. The vertex incident to three different edges is the internal vertex.
With Γ0 is associated a regular neighborhood Σ(Γ0) of Γ0 in the plane. The surface Σ(Γ0)
is oriented with the usual convention. This induces an orientation of the leaves, and an
orientation of the internal vertex, i.e. a cyclic order of the three edges. Consider a 3-
manifold M and an embedding h : Σ(Γ0) →M . The image Γ of Γ0 is a Y-graph, endowed
with its associated surface Σ(Γ) = h(Σ(Γ0)). The Y-graph Γ is equipped with the framing
induced by Σ(Γ). A Y-link in a 3-manifold is a collection of disjoint Y-graphs.
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leaf

internal vertex

Γ0

Σ(Γ0)

Figure 1: The standard Y-graph

Γ L

Figure 2: Y-graph and associated surgery link

Let Γ be a Y-graph in a 3-manifold M . Let Σ(Γ) be its associated surface. In
Σ × [−1, 1], associate with Γ the six-component link L represented in Figure 2. The
Borromean surgery on Γ is the surgery along the framed link L. As proved by Matveev
in [Mat87], a Borromean surgery can be realised by cutting a genus 3 handlebody (a reg-
ular neighborhood of the Y-graph) and regluing it another way. Moreover, this surgery
is an integral LP-surgery. If (M,K) is a QSK-pair and if Γ is an n-component Y-link,
null in M \K, then [(M,K); Γ] ∈ F0 denotes the bracket defined by the n disjoint null
LP-surgeries on the components of Γ.

For n ≥ 0, let Gbn(A, b) be the subspace of Gn(A, b) generated by the brackets defined
by null Borromean surgeries. The following result is a consequence of Proposition 1.14.

Proposition 1.7. For n ≥ 0, Gb2n+1(A, b) = 0.

The filtration (Fn)n∈N generalizes the following filtration introduced by Garoufalidis
and Rozansky in [GR04]. Let FZ

0 be the rational vector space generated by all ZSK-pairs,
that are pairs (M,K) made of an integral homology sphere M and a knot K in M , up
to orientation-preserving homeomorphism. Define a filtration (FZ

n )n∈N of FZ
0 by means of

null Borromean surgeries.
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Lemma 1.8 ([GR04] Lemma 1.3). Two ZSK-pairs can be obtained from one another by a
finite sequence of null Borromean surgeries if and only if their integral Alexander modules
endowed with their Blanchfield forms are isomorphic.

As above, this result provides a splitting of the filtration (FZ
n )n∈N as the direct sum of

filtrations (FZ
n (AZ, bZ))n∈N of subspaces FZ

0 (AZ, bZ) of FZ
0 , where (AZ, bZ) represents an

isomorphism class of integral Alexander modules endowed with their Blanchfield forms.
Let P(AZ, bZ) be the set of all ZSK-pairs whose integral Alexander modules endowed with
their Blanchfield forms are isomorphic to (AZ, bZ).

In Section 4, we prove:

Theorem 1.9. For n ≥ 0, GZ
2n+1(AZ, bZ) = 0.

Remark: Auclair and Lescop proved in [AL05] that two ZHH’s whose boundaries are
LP-identified can be obtained from one another by a finite sequence of Borromean surg-
eries. Therefore, the filtration defined on FZ

0 by integral null LP-surgeries is equal to the
filtration (FZ

n )n∈N defined above.

1.3 Spaces of diagrams

An A-colored graph is a uni-trivalent graph without strut (
•

•
), whose edges are oriented

and colored by Q[t±1], whose univalent vertices are colored by A, and whose trivalent
vertices are oriented. An orientation of a trivalent vertex of such a diagram is a cyclic
order of the three half-edges that meet at this vertex. In the pictures, this orientation
is induced by the cyclic order . Let δ(t) be the annihilator of A. An (A, b)-colored

diagram D is an A-colored graph whose univalent vertices form a set V , equipped with
a family (fDvv′(t)){(v,v′)∈V 2;v 6=v′} ⊂ 1

δ(t)
Q[t±1] such that fDvv′(t) mod Q[t±1] = b(γ, γ′) if γ

(resp. γ′) is the coloring of v (resp. v′), and fDv′v(t) = fDvv′(t
−1). When it does not seem

to cause confusion, we write fvv′ for fDvv′ . The degree of a colored diagram is the number
of trivalent vertices of its underlying graph. The unique degree 0 diagram is the empty
diagram. For n ≥ 0, set:

Ãn(A, b) =
Q < (A, b)-colored diagrams of degree n >
Q < AS, IHX, LE, OR, Hol, LV, EV, LD >

,

where the relations AS (anti-symmetry), IHX, LE (linearity for edges), OR (orientation
reversal), Hol (holonomy), LV (linearity for vertices), EV (edge-vertex), and LD (linking
difference) are described in Figure 3.

The automorphism group Aut(A, b) is the group of the automorphisms of Q[t±1]-
module of A which preserve the Blanchfield form. It acts on Ãn(A, b) by acting on the
colorings of all the univalent vertices of a diagram simultaneously. Let An(A, b) be the
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- + = 01
1 1
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x P + y Q
=
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=
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x
D1

•γ1
v

+ y
D2

•γ2
v

=
D

•xγ1 + yγ2v

xfD1

vv′ (t) + yfD2

vv′ (t) = fDvv′(t) ∀ v′ 6= v

LV

•
v
γ

PQ

D

=

•
v
Q(t)γ

P

D′

fD
′

vv′(t) = Q(t)fDvv′(t)

∀ v′ 6= v

EV

1

•
v1

γ1

1

•
v2

γ2

D

= 1

•
v1

γ1

1

•
v2

γ2

D′

+

P

D′′

fDv1v2 = fD
′

v1v2
+ P

LD

The drawn edge of D′′ must
connect trivalent vertices,

maybe identical.

Figure 3: Relations, where x, y ∈ Q, P,Q,R ∈ Q[t±1], γ, γ1, γ2 ∈ A.

quotient of Ãn(A, b) by this action. Since the opposite of the identity is an automorphism
of (A, b), we have A2n+1(A, b) = 0 for all n ≥ 0.

An (A, b)-augmented diagram is the union of an (A, b)-colored diagram (its Jacobi
part) and of finitely many isolated vertices colored by prime integers. The degree of an
(A, b)-augmented diagram is the number of its vertices of valence 0 or 3. For n ≥ 0, set:

Aaug
n (A, b) =

Q < (A, b)-augmented diagrams of degree n >
Q < AS, IHX, LE, OR, Hol, LV, EV, LD, Aut >

,

where the relation Aut identifies two diagrams obtained from one another by the action
of an element of Aut(A, b).

In Section 3, we prove:

Theorem 1.10. For all n ≥ 0, there is a canonical surjective Q-linear map:

ϕn : Aaug
n (A, b) ։ Gn(A, b).
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In [GR04], Garoufalidis and Rozansky identified the graded quotients GZ
n (A0), where

A0 is the trivial Alexander module, with graded spaces of diagrams. We generalize this
result with the following theorem, obtained as a consequence of Theorem 1.6 and Propo-
sition 5.5.

Theorem 1.11. For n ≥ 0, Gn(A0) ∼= Aaug
n (A0).

1.4 Colored diagrams and Y-links

A diagram D ∈ Ãn(A, b) is an elementary diagram if its edges which connect two trivalent
vertices are colored by powers of t, and if its edges adjacent to univalent vertices are colored
by 1. Below, we associate a null Y-link with some elementary diagrams which generate
Ãn(A, b). Let (M,K) ∈ P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism. Let
m(K) be a meridian of K.

Definition 1.12. Let D be an elementary diagram. An embedding of D in M \ K is
admissible if the following conditions are satisfied.

• The vertices of D are embedded in some ball B ⊂M \K.

• Consider an edge colored by tk. The homology class in H1(M \K;Z) of the closed
curve obtained by connecting the extremities of this edge by a path in B is km(K).

Such an embedding always exists. It suffices to embed the diagram in B, and to let
each edge colored by tk turn around K, k times. With an admissible embedding of an
elementary diagram, we wish to associate a null Y-link.

Let Γ be a Y-graph null in M \K. Let p be the internal vertex of Γ. Let ℓ be a leaf
of Γ, and let e be the edge which connects p to ℓ. The curve ℓ̂ drawn in Figure 4 is the
extension of ℓ in Γ.

p•

e

ℓ

p•

ℓ̂

Figure 4: Extension of a leaf in a Y-graph

Let D be an elementary diagram, equipped with an admissible embedding in M \K.
Equip D with the framing induced by an immersion in the plane which induces the fixed
orientation of the trivalent vertices. If an edge connects two trivalent vertices, then insert
a little Hopf link in this edge, as shown in Figure 5. At each univalent vertex v, glue a
leaf ℓv, trivial in H1(M \K;Q), in order to obtain a null Y-link Γ. Let V be the set of all
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• • • •

Figure 5: Replacement of an edge

univalent vertices of D. For v ∈ V , let γv be the coloring of v, let ℓ̂v be the extension of
ℓv in Γ, and let ℓ̃v be the lift of ℓ̂v defined by lifting the basepoint in some chosen lift B̃
of B. The null Y-link Γ is a realization of D in (M,K) with respect to ξ if the following
conditions are satisfied:

• for all v ∈ V , ℓ̃v is homologous to ξ(γv),

• for all (v, v′) ∈ V 2, lke(ℓ̃v, ℓ̃v′) = fvv′ .

If such a realization exists, the elementary diagram D is ξ-realizable.
Let D be any elementary diagram. Let V be the set of all univalent vertices of D. For

any family of rational numbers (qv)v∈V , define an elementary diagram D′ = (qv)v∈V · D
from D in the following way. Keep the same graph and the same colorings of the edges.
For v ∈ V , multiply the coloring of v by qv. For v 6= v′ ∈ V , set fD

′

vv′ = qvqv′f
D
vv′ .

Lemma 1.13. Let (M,K) ∈ P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism.
Let D be any elementary diagram. Let V be the set of all univalent vertices of D. Then
there exists a family of positive integers (sv)v∈V such that (sv)v∈V ·D is ξ-realizable.

Proof. Let X̃ be the infinite cyclic covering associated with (M,K). Since any homology
class in A has a multiple which can be represented by a knot in X̃, we can assume that
the color γv of each vertex v in V can be represented by a knot in X̃. From D, define
as above a Y-link Γ, null in M \ K, with leaves ℓv which satisfy the condition that ℓ̃v
is homologous to ξ(γv) for all v ∈ V . For v 6= v′ ∈ V , set Pvv′ = lke(ℓ̃v, ℓ̃v′) − fvv′ .
Multiplying if necessary the diagram D by some (sv)v∈V ⊂ (N \ {0}), we can assume that
Pvv′ ∈ Z[t±1] for all v 6= v′ ∈ V . Now, the equivariant linking number lke(ℓ̃v, ℓ̃v′) can be
added any polynomial in Z[t±1] by adding well chosen meridians of ℓv to ℓv′ .

In Section 2, we show that [(M,K); Γ] ∈ Gn(A, b) does not depend on B, B̃, (M,K),
ξ, and the realization of D, and we prove:

Proposition 1.14. Let n > 0. There is a canonical, Q-linear, and surjective map
ϕn : An(A, b) ։ Gbn(A, b) given by D 7→ [(M,K); ΓD] for any elementary diagram D
ξ-realizable, where (M,K) ∈ P(A, b), ξ : (A, b) → (A, b)(M,K) is an isomorphism, and
ΓD is a realization of D in (M,K) with respect to ξ.

The map of Theorem 1.10 will be obtained by extending this map ϕn to Aaug
n (A, b).

In Section 2, we also prove:
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Proposition 1.15. Let (M0, K0) ∈ P(AZ, bZ). Let (A, b) = Q ⊗Z (AZ, bZ). Let ξ :
(A, b) → (A, b)(M0, K0) be an isomorphism. Let n > 0. There is a well-defined, Q-linear,
and surjective map ϕZ

n(ξ) : Ãn(A, b) ։ GZ
n (AZ, bZ) given by D 7→ [(M0, K0); ΓD] for any

elementary diagram D ξ-realizable, where ΓD is a realization of D in (M0, K0) with respect
to ξ.

Fix (AZ, bZ) and set (A, b) = (Q⊗ZAZ, IdQ⊗bZ). The corresponding map ϕn satisfies
ϕn ◦p = ψn ◦ϕ

Z
n(ξ), where ψn : GZ

n (AZ, bZ) → Gbn(A, b) is the map induced by the inclusion
FZ
n (AZ, bZ) →֒ Fn(A, b), and p is the projection p : Ãn(A, b) ։ An(A, b).

2 Borromean surgeries and colored diagrams

In this section, we prove Proposition 1.14 and Proposition 1.15.
For a QSK-pair (M,K), let F b

0(M,K) be the rational vector space generated by all
the QSK-pairs that can be obtained from (M,K) by a finite sequence of null Borromean
surgeries, up to orientation-preserving homeomorphism. For n > 0, let F b

n(M,K) be the
subspace of F b

0(M,K) generated by the [(M,K); Γ] for all m-component null Y-links with
m ≥ n.

Lemma 2.1 ([GGP01] Lemma 2.2). Let Γ be a Y-graph in a 3-manifold V , which has a
0-framed leaf that bounds a disk in V whose interior does not meet Γ. Then V (Γ) ∼= V .

Lemma 2.2 ([GGP01] Theorem 3.1, [Auc] Lemma 5.1.1). Let Γ0, Γ1, Γ2 be the Y-graphs
drawn in a genus 4 handlebody in Figure 6. Assume this handlebody is embedded in a
3-manifold V . Then V (Γ0) ∼= V (Γ1 ∪ Γ2).

Γ0

Γ1

Γ2

Figure 6: Topological equivalence for edge sliding

Lemma 2.3. Let Γ be an n-component Y-link null in M \ K. Let J be a framed knot,
null-homologous in M \K, and disjoint from Γ. Let Γ′ be obtained from Γ be sliding an
edge of Γ along J (see Figure 7). Then [(M,K); Γ] = [(M,K); Γ′] mod F b

n+1(M,K).
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J

Γ Γ′

Figure 7: Sliding an edge

Proof. Let Γ′
0 be the component of Γ′ that contains the slided edge, and let Γ0 be the

corresponding component of Γ. By Lemma 2.2, the surgery on Γ′
0 is equivalent to the

simultaneous surgeries on Γ0 and on a null Y-graph Γ̂0 which has a leaf which is a meridian
of a leaf of Γ0. It follows that [(M,K); Γ]− [(M,K); Γ′] = [(M,K); Γ∪ Γ̂0] ∈ F b

n+1(M,K).

In particular, the above lemma shows that the class of [(M,K); Γ] mod F b
n+1(M,K)

is invariant under an integral number of twists of the edges.

Lemma 2.4 ([GGP01] Theorem 3.1). Let Γ0, Γ1, Γ2 be the Y-graphs drawn in a genus
4 handlebody in Figure 8. Assume this handlebody is embedded in a 3-manifold V . Then
V (Γ0) ∼= V (Γ1 ∪ Γ2).

Γ0 Γ1

Γ2

Figure 8: Topological equivalence for leaf cutting

Lemma 2.5. Let Γ be an n-component Y-link null in M \K. Let ℓ be a leaf of Γ. Let
γ be a framed arc starting at the vertex incident to ℓ and ending in another point of ℓ,
embedded in M \ K as the core of a band glued to the associated surface of Γ as shown
in Figure 9. The arc γ splits the leaf ℓ into two leaves ℓ′ and ℓ′′. Denote the Y-links
obtained from Γ by replacing the leaf ℓ by ℓ′ and ℓ′′ by Γ′ and Γ′′, respectively. If ℓ′ and
ℓ′′ are null-homologous in M \ K, then Γ′ and Γ′′ are null Y-links, and [(M,K); Γ] =
[(M,K); Γ′] + [(M,K); Γ′′] mod F b

n+1(M,K).
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γ

ℓ ℓ′′
ℓ′

Figure 9: Cutting a leaf

Proof. Let Γ0 (resp. Γ′
0, Γ′′

0) be the component of Γ (resp. Γ′, Γ′′) that contains the
leaf ℓ (resp. ℓ′, ℓ′′). By Lemma 2.4, the surgery on Γ0 is equivalent to simultaneous
surgeries on Γ′′

0 and on a null Y-graph Γ̂′
0 obtained from Γ′

0 by sliding an edge along ℓ′′.
Set Γ̂′ = (Γ \ Γ0) ∪ Γ̂′

0. We have [(M,K); Γ̂′] + [(M,K); Γ′′]− [(M,K); Γ] = [(M,K); (Γ \
Γ0) ∪ Γ̂′

0 ∪ Γ′′
0] ∈ F b

n+1(M,K). Conclude with Lemma 2.3.

The next lemma is a consequence of [GGP01, Lemma 4.8].

Lemma 2.6. Let Γ be an n-component Y-link null in M \K. If a leaf ℓ of Γ bounds a
disk in M \ (Γ \ ℓ) and has framing 1, i.e. the linking number of ℓ with its parallel induced
by the framing of Γ is 1, then [(M,K); Γ] = 0 mod F b

n+1(M,K).

The above two lemmas imply that the class of [(M,K); Γ] mod F b
n+1(M,K) does not

depend on the framing of the leaves of Γ.

Lemma 2.7. Let Γ be an n-component Y-link null in M \K. Let ℓ be a leaf of Γ. Assume
Γ \ ℓ is fixed. Then [(M,K); Γ] mod F b

n+1(M,K) only depends on the homotopy class of
ℓ in (M \K) \ (Γ \ ℓ).

Proof. If the leaf ℓ is modified by an isotopy in (M \K)\(Γ\ℓ), then the homeomorphism
class of (M,K)(Γ) is preserved. If the leaf ℓ crosses itself during a homotopy, apply Lemma
2.5, as shown in Figure 10, and conclude that [(M,K); Γ] mod F b

n+1(M,K) is unchanged
by applying Lemma 2.1.

Lemma 2.8. Let Γ be an n-component Y-link null in M \K. Let ℓ be a leaf of Γ. Let
Γ′ be an n-component null Y-link such that Γ′ \ ℓ′ coincides with Γ \ ℓ, where ℓ′ is a leaf

of Γ′. Let Γ̃ \ ℓ be the preimage of Γ \ ℓ in the infinite cyclic covering X̃ associated with
(M,K). Let ℓ̃ and ℓ̃′ be lifts of ℓ and ℓ′ respectively, with the same basepoint. If ℓ and

ℓ′ are homotopic in M \K and if ℓ̃ and ℓ̃′ are rationally homologous in X̃ \ (Γ̃ \ ℓ), then
[(M,K); Γ] = [(M,K); Γ′] mod F b

n+1(M,K).
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Figure 10: Self-crossing of a leaf

Proof. Consider a homotopy from ℓ to ℓ′ in M \ K. Thanks to Lemma 2.7, it suffices
to treat the case when the leaf crosses an edge or a leaf of Γ \ ℓ during the homotopy.
As shown in Figure 11, Lemma 2.5 implies that the bracket [(M,K); Γ] is then added a

Figure 11: Crossing of an edge or a leaf

bracket [(M,K); Γ̂], where Γ̂ is the null Y-link obtained from Γ by adding the cutting arc
to the edge adjacent to ℓ, and by replacing ℓ by a meridian of the crossed edge or leaf.
In the case of a meridian of an edge, Lemmas 2.1 and 2.3 show that the added bracket
vanishes.

Fix a leaf ℓ0 of Γ \ ℓ. Let the [(M,K); Γ̂i], for i ∈ I, be the brackets added during the
homotopy when the leaf ℓ crosses the leaf ℓ0. In each Γ̂i, pull the basepoint of the leaf
replacing the leaf ℓ onto the initial basepoint of ℓ. Let ℓi be the obtained leaf. Let ℓ̃i be
the lift of ℓi which has the same basepoint as ℓ̃. Let Y be the complement in X̃ of the
preimage of ℓ0. In π1(Y ), and hence in H1(Y ;Q), we have ℓ̃ =

∑
i∈I ℓ̃i + ℓ̃′. Since ℓ̃ and

ℓ̃′ are homologous in X̃ \ (Γ̃ \ ℓ), it implies that
∑

i∈I lke(ℓ̃i, ℓ̃0) = 0, where ℓ̃0 is a lift of
ℓ0. By construction of the ℓ̃i, each lke(ℓ̃i, ℓ̃0) is equal to ±tk for some k ∈ Z. Thanks to
Lemmas 2.1, 2.3, and 2.5, it follows that the Γ̂i can be grouped by pairs with opposite
corresponding brackets. Hence [(M,K); Γ] = [(M,K); Γ′] mod F b

n+1(M,K).

Lemma 2.9. Let Γ be an n-component Y-link null in M \K. Let ℓ be a leaf of Γ. Let

Γ̃ \ ℓ be the preimage of Γ\ ℓ in the infinite cyclic covering X̃ associated with (M,K). Let
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ℓ̃ be a lift of ℓ. If ℓ̃ is trivial in H1(X̃ \ (Γ̃ \ ℓ);Q), then [(M,K); Γ] = 0 mod F b
n+1(M,K).

Proof. Since ℓ̃ has a multiple which is trivial in H1(X̃;Z), Lemma 2.5 allows us to assume
ℓ̃ itself is trivial in H1(X̃;Z). Hence ℓ̃ is a product of commutators of loops in X̃. It
follows that ℓ is homotopic to

∏
i∈I [αi, βi] in M \K, where I is a finite set, and the αi and

βi satisfy lk(αi, K) = 0, lk(βi, K) = 0. Construct a surface Σ in (M \K)\Γ whose handles
are bands around the αi and βi, so that ∂Σ is homotopic to ℓ in M \K. Let Γ′ be the Y-
link obtained from Γ by replacing ℓ by ∂Σ. Note that the lifts of ∂Σ are null-homologous
in X̃ \ (Γ̃ \ ℓ). Hence, by Lemma 2.8, [(M,K); Γ] = [(M,K); Γ′] mod F b

n+1(M,K).
Let us prove that [(M,K); Γ′] = 0 mod F b

n+1(M,K). Apply Lemma 2.5 to cut the
leaf ∂Σ into leaves αi, βi, α

−1
i , β−1

i . Apply it again to reglue each leaf αi with the
corresponding leaf α−1

i , and each leaf βi with the corresponding leaf β−1
i . The obtained

Y-links all have a leaf which is homotopically trivial in the complement of K and of the
complement of the leaf in the Y-link. Then the result follows from Lemma 2.7.

Lemma 2.10. Let Γ be an n-component Y-link null in M \K. Let ℓ be a leaf of Γ. Let

Γ̃ \ ℓ be the preimage of Γ\ ℓ in the infinite cyclic covering X̃ associated with (M,K). Let
ℓ̃ be a lift of ℓ. Fix Γ \ ℓ. Then the class of [(M,K); Γ] mod F b

n+1(M,K) only depends on

the class of ℓ̃ in H1(X̃ \ (Γ̃ \ ℓ);Q), and this dependance is Q-linear.

Proof. Let Γ′ be a null Y-link which has a leaf ℓ′ such that Γ′ \ ℓ′ coincides with Γ \ ℓ,

and ℓ̃′ is homologous to ℓ̃ in X̃ \ (Γ̃ \ ℓ), where ℓ̃′ is the lift of ℓ′ which has the same
basepoint as ℓ̃. Construct another null Y-link Γδ by replacing the leaf ℓ by ℓ− ℓ′ in Γ (see
Figure 12). By Lemma 2.9, [(M,K); Γδ] = 0 mod F b

n+1(M,K). Thus Lemma 2.5 implies

ℓ′

ℓ ℓ− ℓ′

Figure 12: The leaf ℓ− ℓ′

[(M,K); Γ] = [(M,K); Γ′] mod F b
n+1(M,K). Linearity follows from Lemma 2.5.

Lemma 2.11. Let (M,K) ∈ P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism.
Let D ∈ Ãn(A, b) be an elementary diagram of degree n > 0. Let Γ be a realization of
D in (M,K) with respect to ξ. Then the class of [(M,K); Γ] mod F b

n+1(M,K) does not
depend on the realization of D.
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Proof. If the ball B of Definition 1.12 and its lift B̃, used to define Γ, are fixed, then
the result follows from Lemmas 2.3 and 2.10. Fix the ball B, and consider another lift
B̃′ = τ k(B̃) of B, where τ is the automorphism of X̃ which induces the action of t, and
k ∈ Z. A realization of D with respect to B̃′ can be obtained from Γ by letting the
internal vertex of each Y-graph in Γ turn around K, k times, and come back into B,
by an isotopy of (M,K,Γ). This does not change the result of the surgeries on these
Y-graphs, hence this does not modify the bracket [(M,K); Γ]. Now consider two balls B1

and B2 in M \ K. If B1 ⊂ B2, a realization of D with respect to B1 is a realization of
D with respect to B2. If B1 ∩ B2 6= ∅, there is a ball B3 ⊂ B1 ∩ B2, and if B1 ∩ B2 = ∅,
there is a ball B3 ⊃ B1 ∪B2. Hence the class of the bracket [(M,K); Γ] does not depend
on the chosen ball B.

In the sequel, if D is a ξ-realizable elementary diagram, [(M,K);D]ξ denotes the class
of [(M,K); Γ] modulo F b

n+1(M,K).

Lemma 2.12. Let (M,K) ∈ P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism.
Let D be an elementary (A, b)-colored diagram. Let V be the set of all univalent vertices
of D. Let (sv)v∈V and (s′v)v∈V be families of integers such that (sv)v∈V ·D and (s′v)v∈V ·D
are ξ-realizable. Then:

∏

v∈V

s′v[(M,K); (sv)v∈V ·D]ξ =
∏

v∈V

sv[(M,K); (s′v)v∈V ·D]ξ.

Proof. Let Γ be a realization of (sv)v∈V ·(s′v)v∈V ·D in (M,K) with respect to ξ. By Lemma
2.10, [(M,K); Γ] is equal to

∏
v∈V sv[(M,K); (s′v)v∈V ·D]ξ and to

∏
v∈V s

′
v[(M,K); (sv)v∈V ·

D]ξ.

Let D be an elementary (A, b)-colored diagram. Let V be the set of all univalent
vertices of D. The above result allows us to define:

[(M,K);D]ξ =
∏

v∈V

1

sv
[(M,K); (sv)v∈V ·D]ξ,

where (sv)v∈V is any family of integers such that (sv)v∈V ·D is ξ-realizable.

Lemma 2.13. Let D be an elementary (A, b)-colored diagram. Let (M,K) and (M ′, K ′)
be QSK-pairs in P(A, b). Let ξ : (A, b) → (A, b)(M,K) and ξ′ : (A, b) → (A, b)(M ′, K ′)
be isomorphisms. Then [(M ′, K ′);D]ξ′ = [(M,K);D]ξ mod Fn+1(A, b).

Proof. Set ζ = ξ′ ◦ ξ−1. By Theorem 1.5, (M ′, K ′) can be obtained from (M,K) by a
finite sequence of null LP-surgeries which induces ζ ◦ mk, for k ∈ Z, where mk is the
multiplication by tk. Assume the sequence contains a single surgery (A

′

A
). Let V be the
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set of all univalent vertices of D. Let (sv)v∈V be a family of integers such that (sv)v∈V ·D
is ξ-realizable by a null Y-link Γ in (M \K) \ A. Then:

[(M,K); Γ,
A′

A
] = [(M,K); Γ]− [(M ′, K ′); Γ].

In (M ′, K ′), Γ is a realization of D with respect to ξ′ ◦mk. Hence it is also a realization
of D with respect to ξ′ (it suffices to change the lift B̃ of the ball B, see Lemma 2.11).

The case of several surgeries easily follows.

In the sequel, the class of [(M,K);D]ξ modulo Fn+1(A, b) is denoted by [(M,K);D].

Proof of Proposition 1.14. Let Dn be the rational vector space freely generated by the
(A, b)-colored diagrams of degree n. If D is an elementary (A, b)-colored diagram, set
ϕ̃n(D) = [(M,K);D] for (M,K) ∈ P(A, b). Define ϕ̃n(D) for any (A, b)-colored diagram
D so that the obtained Q-linear map ϕ̃n : Dn → Gbn(A, b) satisfies the relation LE and
EV. Let us check that ϕ̃n satisfies the relations AS, IHX, OR, Hol, LV, LD, and Aut.
OR is trivial. LV follows from Lemma 2.10. Hol is obtained by letting the corresponding
vertex turn around the knot K. AS and IHX respectively follow from [GGP01, Corollary
4.6] and [GGP01, Lemma 4.10]. Aut follows from Lemma 2.13. For the relation LD, it
suffices to prove that ϕ̃n(D) = ϕ̃n(D

′) + ϕ̃n(D0), where D, D′, and D0 are elementary
diagrams identical, except for the part drawn in Figure 13. Note that the edges adjacent
to v1 and v2 are colored by 1. Since the diagram D0 and the diagram D′

0 drawn in Figure
14 can be realized by the same null Y-link, we have ϕ̃n(D0) = ϕ̃n(D

′
0). To see that

ϕ̃n(D
′
0) = ϕ̃n(D

′′
0), apply the relation LV at the vertex v2 to obtain a similar diagram in

which the vertex v1 is colored by 0 and fv1v = 0 for all v 6= v1, and apply then the relation
LV at the vertex v1. Use again the relation LV to see that ϕ̃n(D′) + ϕ̃n(D

′′
0) = ϕ̃n(D).

•
v1

γ1 •
v2

γ2

D

•
v1

γ1 •
v2

γ2

D′

tk

D0

fDv1v2 = fD
′

v1v2
+ tk

Figure 13: The diagrams D, D′, and D0, where γ1, γ2 ∈ A and k ∈ Z.

Finally, the map ϕ̃n induces a canonical Q-linear map ϕn : An(A, b) → Gbn(A, b). The
surjectivity follows from the fact that, for (M,K) ∈ P(A, b), any n-component Y-link null
in M \ K is a realization of an elementary (A, b)-colored diagram, which is the disjoint
union of n diagrams of degree 1. �

Proof of Proposition 1.15. Check as in the above proof that D 7→ [(M0, K0);D]ξ defines
a Q-linear map ϕZ

n(ξ) : Ãn(A, b) → GZ
n (A, b), and that [(M0, K0); Γ] ∈ Im(ϕZ

n(ξ)) for all
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•
v1

0 •
v2

0

D′
0

fv1v2(t) = tk

fv1v(t) = 0 ∀v 6= v1, v2
fv2v(t) = 0 ∀v 6= v1, v2

•
v1

0 •
v2

γ2

D′′
0

fv1v2(t) = tk

fv1v(t) = 0 ∀v 6= v1, v2
fv2v(t) = fDv2v(t) ∀v 6= v1, v2

Figure 14: The diagrams D′
0 and D′′

0

n-component Y-link Γ null in M0 \ K0. To conclude that ϕZ
n(ξ) is surjective, it suffices

to prove that for any (M,K) ∈ P(AZ, bZ), there is an isomorphism ξ(M,K) : (A, b) →
(A, b)(M,K) such that [(M,K);D]ξ(M,K)

= [(M0, K0);D]ξ for any elementary diagram D.

According to Lemma 1.8, it suffices to prove this for (M,K) = (M0, K0)(
A′

A
), where (A

′

A
) is

a null Borromean surgery. Let V be the set of all univalent vertices of D. Let (sv)v∈V be
a family of integers such that (sv)v∈V ·D is ξ-realizable by a null Y-link Γ in (M0 \K0)\A.
Then:

[(M0, K0); (sv)v∈V ·D]ξ − [(M,K); (sv)v∈V ·D]ζ◦ξ = [(M0, K0); Γ,
A′

A
] ∈ FZ

n+1(AZ, bZ),

where ζ : (A, b)(M0, K0) → (A, b)(M,K) is the isomorphism induced by the surgery (A
′

A
).

�

3 The surjective map ϕn : A
aug
n (A, b) → Gn(A, b)

In this section, we prove Theorem 1.10, and Theorem 1.6.
Let (M,K) be a pair in P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism.

Let n > 0. Let D be an (A, b)-augmented diagram of degree n whose Jacobi part DJ is
elementary. With an isolated vertex colored by a prime integer p, we associate a surgery
Bp

B3 , where Bp is a fixed rational homology ball such that |H1(Bp;Z)| = p. Hence, if DJ is
ξ-realizable, with a realization of DJ , we associate a family of n disjoint null LP-surgeries.

Lemma 3.1. Let (M,K) ∈ P(A, b). Let ξ : (A, b) → (A, b)(M,K) be an isomorphism.
Let n > 0. Let D be an (A, b)-augmented diagram whose Jacobi part DJ is elementary.
Let ( Ci

B3 )1≤i≤n−k be the genus 0 surgeries associated with the 0-valent part of D. If DJ is
ξ-realizable, let Γ be a realization of DJ in (M,K) with respect to ξ. Then:

• [(M,K);D]ξ := [(M,K); ( Ci

B3 )1≤i≤n−k,Γ] ∈ Gn(A, b) does not depend on the realiza-
tion of DJ .

If DJ is any elementary diagram, set [(M,K);D] =
∏

v∈V
1
sv
[(M,K); (sv)v∈V ·D]ξ, where

(sv)v∈V is a family of integers such that (sv)v∈V ·DJ is ξ-realizable. Then:
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• [(M,K);D] ∈ Gn(A, b) does not depend on (sv)v∈V , (M,K), and ξ.

Proof. By Proposition 1.14, we have [(M,K); Γ] =
∑

i∈I ai[(M,K);Di] in Gk(A, b) for a
finite set I, rational numbers ai, and elementary ξ-realizable diagrams Di ∈ Ak(A, b). For
i ∈ I, let Γi be a realization of Di in (M,K) with respect to ξ. We have:

[(M,K); Γ] =
∑

i∈I

ai[(M,K); Γi] mod Fk+1(A, b).

Let p be a prime integer. Let Mp = B3∪∂B3Bp. In the equality in F0(A, b) corresponding
to the above relation, make a connected sum of each QSK-pair with Mp. Then substract
the new equality from the original one, to obtain:

[(M,K);
Bp

B3
,Γ] =

∑

i∈I

ai[(M,K);
Bp

B3
,Γi] mod Fk+2(A, b).

Applying this process n− k times, we get:

[(M,K); (
Ci
B3

)1≤i≤n−k,Γ] =
∑

i∈I

ai[(M,K); (
Ci
B3

)1≤i≤n−k,Γi] mod Fn+1(A, b).

Since we can change the realization of DJ while keeping fixed the right side of the equality,
this proves the first point.

If DJ is any elementary diagram, use Lemma 2.10, as in Lemma 2.13, to prove that
[(M,K);D]ξ =

∏
v∈V

1
sv
[(M,K); (sv)v∈V · D]ξ does not depend on the family of integers

(sv)v∈V such that (sv)v∈V · DJ is ξ-realizable. Conclude by noting that, in the above
computation, the [(M,K); Γi] do not depend on (M,K) and ξ.

The above result implies that the map ϕn : An(A, b) ։ Gbn(A, b) extends to a
canonical Q-linear map ϕn : Aaug

n (A, b) → Gn(A, b), defined by ϕn(D) = [(M,K);D]
for any diagram D ∈ Aaug

n (A, b) whose Jacobi part is elementary, where (M,K) is
any QSK-pair in P(A, b). To prove Theorem 1.10, it remains to show that the map
ϕn : Aaug

n (A, b) → Gn(A, b) is surjective. We first recall a result from [Chap. 3], and give
a consequence of this result.

Definition 3.2. Let d be a positive integer. A d-torus is a rational homology torus Td
such that:

• H1(∂Td;Z) = Zα⊕ Zβ, with < α, β >= 1,

• dα = 0 in H1(Td;Z),

• β = dγ in H1(Td;Z), where γ is a curve in Td,

• H1(Td;Z) = Zdα⊕ Zγ.
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Definition 3.3. An elementary surgery is an LP-surgery among the following ones:

1. connected sum (genus 0),

2. LP-replacement of a standard torus by a d-torus (genus 1),

3. Borromean surgery (genus 3).

Theorem 3.4 ([Chap. 3] Theorem 1.15). If A and B are two QHH’s with LP-identified
boundaries, then B can be obtained from A by a finite sequence of elementary surgeries
and their inverses in the interior of the QHH’s.

Corollary 3.5. The space Fn(A, b) is generated by the [(M,K); (
E′

i

Ei
)1≤i≤n] where (M,K)∈

P(A, b) and the (
E′

i

Ei
) are elementary null LP-surgeries.

Proof. Consider [(M,K); (
A′

i

Ai
)1≤i≤n] ∈ Fn(A, b). By Theorem 3.4, for each i, Ai and A′

i

can be obtained from one another by a finite sequence of elementary surgeries or their

inverses. Write A′
1 = A1(

E′
1

E1
) . . . (

E′
k

Ek
). For 0 ≤ j ≤ k, set Bj = A1(

E′
1

E1
) . . . (

E′
j

Ej
). Then:

[(M,K); (
A′
i

Ai
)1≤i≤n] =

k∑

j=1

[(M,K)(
Bj−1

B0

);
E ′
j

Ej
, (
A′
i

Ai
)2≤i≤n].

Decompose each surgery (
A′

i

Ai
) in this way, and conclude with:

[(M,K);
E ′

E
, (
A′
i

Ai
)2≤i≤n] = −[(M,K)(

E ′

E
);
E

E ′
, (
A′
i

Ai
)2≤i≤n].

Let FQHS
0 be the rational vector space generated by all QHS’s up to orientation-

preserving homeomorphism. Let (FQHS
n )n∈N be the filtration of FQHS

0 defined by LP-

surgeries, as before Definition 1.4. Let GQHS
n =

FQHS
n

FQHS
n+1

be the associated quotients.

Lemma 3.6 ([Chap. 3] Proposition 1.8). For each prime integer p, let Bp be a rational

homology ball such that H1(Bp;Z) ∼=
Z
pZ . Then GQHS

1 =
⊕

p prime

Q[S3;
Bp

B3
].

Lemma 3.7. For each prime integer p, let Bp be a rational homology ball such that

H1(Bp;Z) ∼=
Z
pZ . Let (M,K) ∈ P(A, b). Let B be a rational homology ball. Let (

A′
i

Ai
)1≤i<n

be disjoint null LP-surgeries in (M,K). Then [(M,K);
B

B3
, (
A′
i

Ai
)1≤i<n] is a rational linear

combination of the [(M,K);
Bp

B3
, (
A′
i

Ai
)1≤i<n] and elements of Fn+1(A, b).
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Proof. By Lemma 3.6, there is a relation:

[S3;
B

B3
] =

∑

p prime

ap[S
3;
Bp

B3
] +
∑

j∈J

bj[Nj;
C ′
j

Cj
,
D′
j

Dj

],

where J is a finite set, the ap and bj are rational numbers, the ap are all trivial except

a finite number, and for j ∈ J , [Nj;
C′

j

Cj
,
D′

j

Dj
] ∈ FQHS

2 . Make the connected sum of each
QHS in the relation with M . Since the Cj and Dj are contained in the complement of
the punctured M in these connected sums, for any I ⊂ {1, .., n− 1}, we obtain:

[(M,K)(
A′
i

Ai
)i∈I ;

B

B3
] =

∑

p prime

ap[(M,K)(
A′
i

Ai
)i∈I ;

Bp

B3
] +
∑

j∈J

bj[(M♯Nj, K)(
A′
i

Ai
)i∈I ;

C ′
j

Cj
,
D′
j

Dj

].

Summing these equalities for all I ⊂ {1, .., n− 1}, we get:

[(M,K);
B

B3
, (
A′
i

Ai
)1≤i<n] =

∑

p prime

ap[(M,K);
Bp

B3
, (
A′
i

Ai
)1≤i<n] +

∑

j∈J

bj[(M♯Nj, K);
C ′
j

Cj
,
D′
j

Dj

, (
A′
i

Ai
)1≤i<n].

Corollary 3.8. Let (M,K) ∈ P(A, b). Let (
E′

i

Ei
)1≤i≤n be null elementary surgeries of

genus 0 or 3. Then [(M,K); (
E ′
i

Ei
)1≤i≤n] ∈ ϕn(A

aug
n (A, b)).

Proof. Thanks to Lemma 3.7, it suffices to treat the case when the genus 0 surgeries
are surgeries of type ( B

B3 ) for a rational homology ball B such that |H1(B;Z)| is a prime
integer. In this case, the considered bracket is the image of a diagram given as the disjoint
union of 0-valent vertices and of (A, b)-colored diagrams of degree 1.

To conclude the proof of Theorem 1.10, we need the following result about degree 1
invariants of framed rational homology tori (see [Chap. 3, §5.1] for a definition):

Lemma 3.9 ([Chap. 3] Corollary 5.10). For all prime integer p, let Mp be a QHS such
that H1(Mp;Z) ∼= Z/pZ. Let T0 be a framed standard torus. If µ is a degree 1 invariant
of framed rational homology tori, such that µ(T0) = 0 and µ(T0♯Mp) = 0 for any prime
integer p, then µ = 0.

Proof of Theorem 1.10. Let λ ∈ (Fn(A, b))
∗ such that λ(Fn+1(A, b)) = 0. Assume

λ(ϕn(A
aug
n (A, b))) = 0. In order to prove that ϕn is onto, it is enough to prove that

λ = 0. Let us do it. Thanks to Corollary 3.5, it suffices to prove that λ vanishes on the
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brackets defined by elementary surgeries. For elementary surgeries of genus 0 and 3, it
follows from Corollary 3.8.

Consider a bracket [(M,K); (
Tdi
Ti
)1≤i≤k, (

E′
i

Ei
)1≤i≤n−k], where (M,K) ∈ P(A, b), the Ti

are standard tori null in M \K, the Tdi are di-tori for some positive integers di, and the
(
E′

i

Ei
) are null elementary surgeries of genus 0 or 3. By induction on k, we will prove that

λ vanishes on this bracket. We have treated the case k = 0. Assume k > 0. Fix a parallel
of T1. If T is a framed rational homology torus, set:

λ̄(T ) = λ([(M,K);
T

T1
, (
Tdi
Ti

)2≤i≤k, (
E ′
i

Ei
)1≤i≤n−k]),

where the LP-identification ∂T ∼= ∂T1 identifies the prefered parallels. Then λ̄ is a degree 1
invariant of framed homology tori:

λ̄([T ; B1

A1

,
B2

A2

]) = −λ([(M,K)(
T

T1
);
B1

A1

,
B2

A2

, (
Tdi
Ti

)2≤i≤k, (
E ′
i

Ei
)1≤i≤n−k]) = 0.

Moreover, we have λ̄(T1) = 0, and λ̄(T1(
Bp

B3 )) = 0 by induction. Thus, by Lemma 3.9,
λ̄ = 0. �

Proof of Theorem 1.6. Theorem 1.10 provides a surjective map ϕ1 : A
aug
1 (A, b) ։ G1(A, b).

According to Subsection 1.3, we have Aaug
1 (A, b) = ⊕p primeQ •p. Hence G1(A, b) is gener-

ated by the images of the diagrams •p, that are the brackets [(M0, K0);
Bp

B3
], for all prime

integer p.
For any prime integer p, define a Q-linear map νp : F0 → Q by setting νp(M,K) =

vp(|H1(M ;Z)|) for all QSK-pair (M,K), where vp denotes the p-adic valuation. By
[Chap. 3, Proposition 1.9], the νp are degree 1 invariants of QHS’s, hence they are also in-
variants of null-degree 1 of QSK-pairs. This implies that the family ([(M0, K0);

Bp

B3
])p prime

is free in G1(A, b). �

4 Nullity of GZ
2n+1(AZ, bZ)

In this section, we prove the following proposition, which, together with Proposition 1.15,
implies Theorem 1.9.

Proposition 4.1. Let (M,K) ∈ P(AZ, bZ). Let (A, b) = Q⊗Z (AZ, bZ). Let ξ : (A, b) →
(A, b)(M,K) be an isomorphism. Let n be an odd positive integer. Let D ∈ Ãn(A, b) be
an (A, b)-elementary diagram. Then [(M,K);D]ξ = 0 in GZ

n (AZ, bZ).

Proof. Let Σ be a Seifert surface of K in M . Let Σ̂ be obtained from Σ by adding a band
glued along ∂Σ, so that Σ̂ is homeomorphic to Σ, and contains Σ and K in its interior.
Let H = Σ̂× [−1, 1] be a regular neighborhood of Σ.
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Σ

K

180◦

Figure 15: Hyperelliptic involution

The surface Σ is homeomorphic to the surface drawn in Figure 15. Rotation of 180◦

around the drawn axis defines a hyperelliptic involution of Σ. Let h be a homeomorphism
of Σ, which is isotopic to this involution, and which fixes K pointwise. Extend h to Σ̂ by
the identity on the added band, and then extend h to H by product with the identity.
Note that the isomorphism induced by h on H1(H;Z) is the opposite of the identity.

Let T (K) be a tubular neighborhood of K, included in H. Let X =M \Int(T (K)) be
the exterior of K in M . Set Y = H \ Int(T (K)). Let B ⊂ (Σ× [−1, 1]) \ Int(T (K)) be a
standard ball. Consider an admissible embbeding of D in B. Let Γ ⊂ Y be an associated
null Y-link which realizes D with respect to ξ. We first prove that [(M,K);h(Γ)] =
[(M,K); Γ] in GZ

n (AZ, bZ), and we next prove that [(M,K);h(Γ)] = −[(M,K); Γ] in
GZ
n (AZ, bZ).

Let A = M \ Int(H). Then M = H ∪β A, where β is an orientation-preserving
homeomorphism from ∂H to (−∂A). Define N = H∪β◦h−1A. There is a homeomorphism
from M to N given by h on H and by the identity on A. Hence (M,K,Γ) ∼= (N,K, h(Γ)),
and [(M,K); Γ] = [(N,K);h(Γ)].

By [Chap. 5, Lemma 5.1], A is a ZHH, and it is clearly null in M \ K. Since the
homeomorphism h|∂A preserves the Lagrangian LA, the ZSK-pair (N,K) is obtained from
(M,K) by the integral null LP-surgery (AN

AM
), where AM (resp. AN) is the ZHH A

equipped with the identification β : ∂H ∼= −∂A (resp. β ◦ h−1 : ∂H ∼= −∂A). Hence:

[(M,K);
AN
AM

, h(Γ)] = [(M,K);h(Γ)]− [(N,K);h(Γ)].

It follows that [(M,K);h(Γ)] = [(M,K); Γ] mod FZ
n+1(AZ, bZ).

Let p : X̃ → X be the infinite cyclic covering map. Set Ỹ = p−1(Y ). The homeo-
morphism h induces a homeomorphism h̃ of Ỹ . The isomorphism of H1(Ỹ ;Q) induced
by h̃ is the opposite of the identity. Hence, if Γ̃ is a lift of Γ in X̃, the homology classes
of the leaves of h̃(Γ̃) in A are the opposites of the homology classes of the leaves of Γ̃.
Now, since the homeomorphism h fixes the added band of Σ̂, the edges of h(Γ) respect
the colorings of the edges of D. Hence h(Γ) realizes the elementary diagram obtained
from D by changing the colorings of the leaves into their opposites. Thus Proposition
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1.15 implies [(M,K);h(Γ)] = −[(M,K); Γ] in GZ
n (AZ, bZ), since there is an odd number

of leaves.

5 Case of a trivial Alexander module

5.1 Additive invariants of null-degree n > 1

Let A0 be the trivial Alexander module. If (M1, K1) and (M2, K2) are QSK-pairs in
P(A0), then define their connected sum (M1, K1)♯(M2, K2) = (M1♯M2, K1♯K2) in the
following way. For i = 1, 2, remove from Mi a ball Bi which intersects Ki along an arc
αi([0, 1]), trivial in the sense that the complement of a regular neighborhood of αi([0, 1])
in Bi is a solid torus. Orient these arcs from αi(0) to αi(1). Then glue M1 \ Int(B1)
to M2 \ Int(B2) along a homeomorphism h : ∂B1 → −∂B2 such that h(α1(0)) = α2(1)
and h(α1(1)) = α2(0). We have (M1, K1)♯(M2, K2) ∈ P(A0). Extending this operation
to F0(A0) by bilinearity defines a graded algebra structure on G(A0) = ⊕n≥0Gn(A0). Set
In(A0) = Hom( F0(A0)

Fn+1(A0)
,Q). Set I(A0) = ∪n∈NIn(A0). An invariant in I(A0) is an

additive invariant if it is additive with respect to the connected sum. Let Icn(A0) be
the subspace of additive invariants of In(A0). Let Ac

n(A0) be the subspace of An(A0)
generated by connected diagrams. Note that An(A0) is generated by diagrams without
univalent vertices.

Proposition 5.1. For n > 1,
Icn(A0)

Icn−1(A0)
∼= (Ac

n(A0))
∗. In particular, if n is odd,

Icn(A0)

Icn−1(A0)
= 0.

This result is a consequence of Lemmas 5.2 and 5.3 below.

Lemma 5.2. Let n > 1. Let λ ∈ Icn(A0). Then the image of λ in Ic
n(A0)

Ic
n−1(A0)

is determined

by λ(ϕn(A
c
n(A0))).

Proof. By Theorem 1.10, λ is determined by λ(ϕn(Aaug
n (A0))). Let D be a non connected

elementary augmented diagram of degree n. Write D = D1⊔D2, where D1 and D2 are non
empty augmented diagrams. Let O ⊂ S3 denote the trivial knot. Realize D in (S3,O) so
that D1 and D2 are realized in two summands of (S3,O) ∼= (S3,O)♯(S3,O). From such a
realization, it is easy to see that λ([(S3,O);D]) = 0. This concludes since the connected
diagrams in Aaug

n (A0) and in An(A0) are the same.

Lemma 5.3. Let n > 1 be an even integer. Let (Dn,i)i∈Cn
be a basis of diagrams of

the rational vector space Ac
n(A0). Let (D∗

n,i)i∈Cn
be the dual basis of (Ac

n(A0))
∗. Let

pc : An(A0) → Ac
n(A0) be the projection that maps any non connected diagram to 0 and

which restricts to the identity on Ac
n(A0). For i ∈ Cn, set λn,i = D∗

n,i ◦ p
c ◦ Zn, where Zn
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is the degree n part of the Lescop invariant Ze = (Zn)n≥0 : F0(A0) → ⊕n≥0An(A0) (see

[Les11]). Then (λn,i)i∈Cn
is a basis of Ic

n(A0)
Ic
n−1(A0)

.

Proof. According to [Les12], pc ◦ Zn is an additive invariant of QSK-pairs and Zn is
an invariant of null-degree n that satisfies Zn([(S3,O);Dn,i]) = Dn,i ∈ An(A0). Hence
λn,i ∈ Icn(A0), and λn,i([(S3,O);Dn,j]) = δi,j. Consider λ ∈ Icn(A0). By Lemma 5.2:

λ =
∑

i∈Cn

λ([(S3,O);Dn,i])λn,i mod Icn−1(A0).

Hence (λn,i)i∈Cn
is a basis of Ic

n(A0)
Ic
n−1(A0)

.

5.2 The graded algebra G(A0)

The method for determining G(A0) is the same as the method used in [Chap. 3] to deter-
mine the graded algebra GQHS = ⊕n≥0G

QHS
n . Hence we only give the definitions and the

results. For proofs and details, see [Chap. 3, Section 6].
For n > 0, let Hn(A0) =

In(A0)
In−1(A0)

. Set H0(A0) = I0(A0) and H(A0) = ⊕n≥0Hn(A0).

Lemma 5.4. If λ ∈ Ik(A0) and µ ∈ Iℓ(A0), then λµ ∈ Ik+ℓ(A0).

Thus the product of invariants induces a graded algebra structure on H(A0). The
main idea in the following is that additive invariants generate H(A0) as an algebra. We
construct dual bases of Gn(A0) and Hn(A0) for n ≥ 0.

For an even integer n > 1, consider the basis (Dn,i)i∈Cn
of Ac

n(A0) and the associated
invariants λn,i defined in Lemma 5.3. For n > 1 odd, set Cn = ∅. For n = 1, let C1 denote
the set of all prime integers, and for any p prime, set λ1,p = νp and D1,p = •p ∈ Aaug

1 (A0).
Note that adding to λn,i a weighted sum of the λk,i, 0 < k < n, i ∈ Ck, does not change
the values of λn,i on Fn. Thus we can (and we do) choose the basis (λn,i)i∈Cn

so that
λn,i([S

3;Dk,j]) = δnkδij for all positive integers n and k, all i ∈ Cn, all j ∈ Ck.
For a multi-index ε = (εt)1≤t≤ℓ, set ℓ(ε) = ℓ. For n > 0, fix a total order on Cn. Let 4

denote the lexicographic order induced on
⋃
n∈N\{0}({n} × Cn). For n > 0, let T π

n denote
the set of all triples (k, i, ε) such that ℓ(k) = ℓ(i) = ℓ(ε), k = (kt)1≤t≤ℓ(k), kt ∈ N and
0 < kt < n for all t, i = (it)1≤t≤ℓ(k) with it ∈ Ckt for all t, (k1, i1) ≺ (k2, i2) ≺ · · · ≺
(kℓ(k), iℓ(k)), ε = (εt)1≤t≤ℓ(ε) with εt ∈ N \ {0} for all t, and

∑
1≤t≤ℓ(k) εtkt = n. Define a

family (λn,ι)ι∈T π
n

of invariants of null-degree n by λn,ι =
∏

1≤t≤ℓ(k) λ
εt
kt,it

if ι = (k, i, ε). Set
Tn = Cn ⊔ T π

n .
Construct by induction a family (G

(n)
k,i )0<k≤n

i∈Tk

of F1(A0)
Fn+1(A0)

, dual to (λk,i)0<k≤n
i∈Tk

, as follows.

For any p prime, setG(1)
1,p = (Mp,O)−(S3,O). For n > 1 even, setG(n)

n,i = [(S3,O);Dn,i]

for i ∈ Cn. For n > 1 and ι = (k, i, ε) ∈ T π
n , set G̃(n)

n,ι = ♯1≤t≤ℓ(k)(G
(kt)
kt,it

)♯ εt , and G(n)
n,ι =

1

λn,ι(G̃
(n)
n,ι )

G̃(n)
n,ι . Note that, for all n and all i ∈ Tn, G

(n)
n,i ∈ Fn(A0).
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Let n and k be positive integers. For ι ∈ Ck, set Tn(ι) = {(k, i, η) ∈ T π
n | k = (k), i =

(ι)}. For ι = (k, i, ε) ∈ T π
k , set Tn(ι) = {(k, i, η) ∈ T π

n | ηt ≥ εt ∀t}. For n > 1, define

G
(n)
k,i ∈ Fk(A0) for 0 < k < n and i ∈ Tk, by induction on n, by:

G
(n)
k,i = G

(n−1)
k,i −

∑

ι∈Tn(i)

λn,ι(G
(n−1)
k,i )G(n)

n,ι .

Note that G(n)
k,i = G

(m)
k,i in Gm(A0) if m ≤ n.

Proposition 5.5. The family (G
(n)
k,i )0<k≤n

i∈Tk

is a basis of F1(A0)
Fn+1(A0)

. The family (λk,i)0<k≤n
i∈Tk

is the dual basis of In(A0)
I0(A0)

. Moreover:

In(A0)

In−1(A0)
=
∏

i∈Tn

Qλn,i, Gn(A0) =
⊕

i∈Tn

QG
(n)
n,i .

This proposition is mostly based on the following lemma:

Lemma 5.6. Consider λ ∈ In(A0) such that λ(S3,O) = 0. There are constants αm,ι, for
1 ≤ m ≤ n and ι ∈ T π

m , such that:

λ((M1, K1)♯(M2, K2)) = λ(M1, K1) + λ(M2, K2)

+
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∑

0<η<ε

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it(M1, K1)λ

εt−ηt
kt,it

(M2, K2),

for all QSK-pairs (M1, K1) and (M2, K2).

Note that the invariant λ−
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∏

1≤t≤ℓ(k)

λεtkt,it is additive.

The above expression of λ((M1, K1)♯(M2, K2)) defines a coproduct ∆ on the algebra
H(A0):

∆(λ) = λ⊗ 1 + 1⊗ λ+
n∑

m=1

∑

ι=(k,i,ε)∈T π
m

αm,ι
∑

0<η<ε

∏

1≤t≤ℓ(k)

(
εt
ηt

)
ληtkt,it ⊗ λεt−ηtkt,it

.

Thus H(A0) has a Hopf algebra structure. The primitive elements associated with this
coproduct (the invariants λ satisfying ∆(λ) = λ⊗ 1 + 1⊗ λ) are the additive invariants.

Remark: The graded space Aaug(A0) = ⊕n∈NA
aug
n (A0) is a graded algebra with the

product defined on diagrams by the disjoint union. It is easy to see that the isomorphisms
of Theorem 1.11 provide an isomorphism G(A0) ∼= Aaug(A0) of graded algebras.
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1 Détermination du gradué ⊕
n∈N

Gn(A, b)

On reprend dans ce chapitre les notations du chapitre 6.
Soit δ ∈ Q[t±1]. Un diagramme δ-colorié est un graphe trivalent dont les sommets

sont orientés et dont les arêtes sont orientées et coloriées par 1
δ(t)

Q[t±1]. Le degré d’un
diagramme δ-colorié est son nombre de sommets. On pose :

An(δ) =
Q < diagrammes δ-coloriés de degré n >

Q < AS, IHX, LE, OR, Hol, Hol’ >
,

où la relation Hol’ est représentée Figure 1. Notons que, dans le cas de An(A, b), cette
relation se déduit des relations Hol et LD.

Q

P
=

Q

tP

Figure 1 – La relation Hol’, avec P,Q ∈ Q[t±1].

À un diagramme (A, b)-colorié D, on veut associer un diagramme δ-colorié ψn(D).
Soit VD l’ensemble des sommets univalents de D. Un groupement par paires de VD est une
involution de VD sans point fixe. On note pD l’ensemble des groupements par paires de
VD. Fixons p ∈ pD. On définit un diagramme δ-colorié p(D) de la manière suivante. Si
v ∈ V et v′ = p(v), on remplace dans D les sommets v et v′, et leurs arêtes adjacentes,
par une arête coloriée, comme indiqué Figure 2. On pose alors :

ψn(D) =
∑

p∈pD

p(D).

Notons que, si le nombre de sommets univalents est impair, on a ψn(D) = 0. On obtient

• •
v v′

P Q

P (t)Q(t−1)fDvv′(t)

Figure 2 – Groupement des sommets
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ainsi une application Q-linéaire ψn de l’espace vectoriel rationnel librement engendré par
les diagrammes (A, b)-coloriés de degré n dans An(δ). On vérifie facilement que ψn passe
au quotient en une application :

ψ̃n : An(A, b) → An(δ).

Il sera intéressant d’étudier le noyau de cette application pour déterminer si ψ̃n est un
isomorphisme sur son image, ou, dans le cas contraire, pour déterminer ce noyau et vérifier
que l’application ϕn se factorise bien par ψ̃n.

C.Lescop a décrit dans [Les11] un invariant Ze = ((Ze)n)n∈N des QSK-paires tel que
Zn s’annule sur Fn+1(KQ), et la restriction de Zn à F0(A, b) est à valeurs dans An(δ). La
propriété d’universalité de cet invariant démontrée dans [Les12] implique Zn ◦ ϕn = ψ̃n.
Ainsi, si on montre que l’application ψ̃n est un isomorphisme sur son image, on pourra en
déduire que l’application ϕn : An(A, b) ։ Gbn(A, b) est aussi un isomorphisme.

Obtenir ces isomorphismes nous permettrait d’aborder l’étude de la structure du quo-
tient Gn(A, b).

2 Le gradué ⊕
n∈N

GZ
n (AZ, bZ)

L’application ϕZ
n(ξ) : Ãn(A, b) ։ GZ

n (AZ, bZ) de la proposition 4.6, contrairement à l’ap-
plication ϕn : An(A, b) ։ Gbn(A, b), n’est pas a priori canonique. Pour obtenir une ap-
plication canonique, il faudrait montrer que ϕZ

n(ξ) vérifie une relation analogue à la rela-
tion Aut, définie à partir des automorphismes de (A, b) = Q ⊗Z (AZ, bZ) induits par les
automorphismes de (AZ, bZ) (il se pose ici une question intermédiaire : obtient-on tous
les automorphismes de (A, b) de cette façon ?). Pour cela, il faut revenir au chapitre 5.
D’après [GR04, Lemma 1.3] et [AL05, Lemma 4.11], deux ZSK-paires ont des modules
d’Alexander entiers munis de leurs formes de Blanchfield isomorphes si et seulement si
on peut passer de l’une à l’autre par chirurgies LP entières nulles. Dans le chapitre 5,
on montre le résultat analogue pour les QSK-paires et les chirurgies rationnelles, et, plus
précisement, on montre que toute chirurgie LP rationnelle nulle induit un isomorphisme
canonique entre les modules d’Alexander, qui préserve la forme de Blanchfield, et que
tout isomorphisme entre des modules d’Alexander rationnels munis de leurs formes de
Blanchfield peut être réalisé, modulo multiplication par une puissance de t, par une suite
finie de chirurgies LP rationnelles nulles. C’est ce résultat plus précis qui permet d’obte-
nir une application ϕn canonique qui satisfait la relation Aut. Il serait donc intéressant
de reprendre le chapitre 5 dans le cas des ZSK-paires et des chirurgies LP entières. La
plupart des résultats se transposent facilement. La principale difficulté est de réaliser la
τ -classe d’un isomorphisme entre deux modules d’Alexander entiers munis de leurs formes
de Blanchfield par une S-équivalence entière, c’est-à-dire une succession de congruences
entières et d’agrandissements et de réductions dont tous les coefficients sont entiers. Dans
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le cas rationnel, cela se déduit facilement de la proposition ci-dessous du fait que toute
classe de S-équivalence rationnelle contient une matrice de Seifert inversible sur Q.

Proposition 2.1 ([Chap. 5] Proposition 3.1). Soient (M,K,Σ, f , V ) et (M ′, K ′,Σ′, f ′, V ′)
des QSK-systèmes. Soit ξ : A(K) → A(K ′) un isomorphisme qui préserve la forme de
Blanchfield. Soit b = (bi)1≤i≤2g (resp. b′ = (b′i)1≤i≤2g) une famille de générateurs de A(K)
(resp. A(K ′)) associée à V (resp. V ′). Si V et V ′ sont inversibles, alors (b) et (b′) sont
des Q-bases de A(K) et A(K ′) respectivement, et V ′ = PV P t, où P est la matrice de ξ
par rapport aux bases (b) et (b′).

De même, toute classe de S-équivalence entière contient une matrice de Seifert entière
inversible sur Q, mais pas nécessairement une matrice de Seifert inversible sur Z.

Si ces problèmes sont résolus, on peut alors étudier le gradué associé à la filtration
de F0(MQ) définie par les chirurgies LP entières nulles en suivant le schéma du premier
paragraphe de ce chapitre.
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Résumé

Cette thèse a pour objet l’étude des invariants de type fini des sphères d’homo-
logie rationnelle de dimension 3, et des nœuds homologiquement triviaux dans ces
sphères. Les principaux résultats sont présentés dans le chapitre 2. Ils sont démontrés
dans les chapitres 3 à 6. Le chapitre 3 est un article intitulé “Finite type invariants
of rational homology 3-spheres”, à paraître dans Algebraic & Geometric Topology.
Il décrit le gradué associé à la filtration de l’espace vectoriel rationnel engendré
par les sphères d’homologie rationnelle, définie par les chirurgies rationnelles préser-
vant le lagrangien. Le chapitre 4 est un article intitulé “On Alexander modules and
Blanchfield forms of null-homologous knots in rational homology spheres”, publié
dans Journal of Knot Theory and its Ramifications. Il contient la classification des
modules d’Alexander des nœuds homologiquement triviaux dans les sphères d’homo-
logie rationnelle, et une étude des formes de Blanchfield définies sur ces modules.
Dans la suite, on considère les paires (M,K) formées d’une sphère d’homologie
rationnelle M et d’un nœud K homologiquement trivial dans M . Dans le chapitre 5,
on montre que deux telles paires ont des modules d’Alexander rationnels munis de
leurs formes de Blanchfield isomorphes si et seulement si elles s’obtiennent l’une de
l’autre par une suite finie de chirurgies rationnelles nulles préservant le lagrangien,
c’est-à-dire effectuées sur des corps en anses d’homologie rationnelle homologique-
ment triviaux dans le complémentaire du nœud. Dans le chapitre 6, on étudie le
gradué associé à la filtration de l’espace vectoriel rationnel engendré par les paires
(M,K) définie par les chirurgies rationnelles nulles préservant le lagrangien. Ces
deux derniers chapitres comportent des travaux en progrès.

Abstract

This thesis contains a study of finite type invariants of rational homology 3-
spheres, and of null-homologous knots in these spheres. The main results are de-
scribed in Chapter 2, and proved in Chapters 3 to 6. Chapter 3 is an article entitled
“Finite type invariants of rational homology 3-spheres”, to appear in Algebraic &
Geometric Topology. In this article, we describe the graded space associated with
the filtration of the rational vector space generated by rational homology spheres,
defined by rational Lagrangian-preserving surgeries. Chapter 4 is an article entitled
“On Alexander modules and Blanchfield forms of null-homologous knots in rational
homology spheres”, published in Journal of Knot Theory and its Ramifications. It
contains the classification of the Alexander modules of null-homologous knots in
rational homology spheres, and a study of the Blanchfield forms defined on these
modules. In the sequel, we consider pairs (M,K) made of a rational homology sphere
M and a null-homologous knot K in M . In Chapter 5, we prove that two such pairs
have isomorphic rational Alexander modules endowed with their Blanchfield forms
if and only if they can be obtained from one another by a finite sequence of null
rational Lagrangian-preserving surgeries, i.e. Lagrangian-preserving surgeries per-
formed on rational homology handlebodies homologically trivial in the complement
of the knot. In Chapter 6, we study the graded space associated with the filtra-
tion of the rational vector space generated by pairs (M,K) defined by null rational
Lagrangian-preserving surgeries. These last two chapters contain work in progress.


