N
N

N

HAL

open science

Statistical problems for SDEs and for backward SDEs
Li Zhou

» To cite this version:

Li Zhou. Statistical problems for SDEs and for backward SDEs. General Mathematics [math.GM].
Université du Maine, 2013. English. NNT: 2013LEMA1004 . tel-00808623

HAL Id: tel-00808623
https://theses.hal.science/tel-00808623
Submitted on 5 Apr 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00808623
https://hal.archives-ouvertes.fr

THESE DE DOCTORAT
DE L'UNIVERSITE DU MAINE

Spécialité : Mathématiques
Option : Statistique

Sujet de la these

Problémes Statistiques pour les EDS
et les EDS Rétrogrades

Présentée par
L1 ZHOoU

Pour obtenir le grade de I’Université du Maine

Soutenue le 28 mars 2013

COMPOSITION DU JURY :

DEHAY DOMINIQUE (Université Rennes 2) Rapporteur
HAMADENE SAID (Université du Maine) Examinateur

JI SHAOLIN (Shandong University) Rapporteur
KABANOV YOURI (Université de Franche-Comt¢) Examinateur
KLEPTSYNA MARINA (Université du Maine) Examinateur
KUTOYANTS YURY (Université du Maine) Directeur de these

NIKULIN MIKHAIL (Université Victor Segalen Bordeaux 2) Examinateur






Remerciements

Mes premiers remerciements s’adressent & mon directeur de thése, Youri Kou-
toyants, sans qui cette thése n’aurait jamais pu voir le jour.

Je suis infiniment reconnaissante envers Youri Koutoyants pour la qualité excep-
tionnelle de son encadrement. Sa grande disponibilité, ses conseils avisés et son soutien
de chaque instant m’ont été trés précieux. Je n’oublierai pas la gentillesse avec laquelle
il m’a accueillie dés le début de ma thése ainsi que toute I'attention qu’il m’a accor-
dée. Il m’a en effet guidé, se rendant toujours disponible et partageant avec moi ses
expériences et connaissances précieuses, toujours avec une immense générosité. Je lui
exprime toute mon admiration, tant sur le plan humain que sur le plan professionnel.

Je voudrais témoigner toute ma gratitude & Dominique Dehay et Shaolin Ji qui ont
accepté d’étre les rapporteurs de cette thése. Leur lecture attentive et leurs remarques
précieuses m’ont permis d’améliorer ce travail. Je remercie trés vivement Youri Ka-
banov, Mikhail Nikulin, Marina Kleptsyna et Said Hamadéne qui ont accepté de faire
partie du jury lors de la soutenance de ma thése.

Je voudrais remercier tout les membres de ’équipe «Probabilité et Statistique» de
I'université du Maine. Je garderai un excellent souvenir de la bonne ambiance qui
régne au sein du laboratoire. Un grand merci & tous mes amis doctorants pour les
bons moments que nous avons partagés. Ces années de thése n’auraient certainement
pas été aussi agréables sans mes amis hors laboratoire. Je les remercie tous pour leur
convivialité et leurs aides. Je pense tout spécialement a Jing Zhang pour son amitié,
je n’oublierai jamais ces instants formidables que nous avons partagés.

Enfin, je ne peux conclure qu’en ayant une pensée toute particuliére & ma famille :

mon pére, ma meére et ma soeur qui, malgré la distance, ont toujours été présents.






Résumé

Nous considérons deux problémes. Le premier est la construction des tests d’ajus-
tement (goodness-of-fit) pour les modeéles de processus de diffusion ergodique. Nous
considérons d’abord le cas ou le processus sous 'hypothése nulle appartient a une fa-
mille paramétrique. Nous étudions les tests de type Cramer-von Mises et Kolmogorov-
Smirnov. Le paramétre inconnu est estimé par l’estimateur de maximum de vraisem-
blance ou l'estimateur de distance minimale. Nous construisons alors les tests basés
sur 'estimateur du temps local de la densité invariante, et sur la fonction de répar-
tition empirique. Nous montrons alors que les statistiques de ces deux types de test
convergent tous vers des limites qui ne dépendent pas du parameétre inconnu. Par
conséquent, ces tests sont appelés asymptotically parameter free. Ensuite, nous consi-
dérons I'hypothése simple. Nous étudions donc le test du khi-deux. Nous montrons
que la limite de la statistique ne dépend pas de la dérive, ainsi on dit que le test est
asymptotically distribution free. Par ailleurs, nous étudions également la puissance du
test du khi-deux. En outre, ces tests sont consistants.

Nous traitons ensuite le deuxiéme probléme : I'approximation des équations dif-
férentielles stochastiques rétrogrades. Supposons que 'on observe un processus de
diffusion satisfaisant & une équation différentielle stochastique, ot la dérive dépend
du parameétre inconnu. Nous estimons premiérement le parameétre inconnu et aprés
nous construisons un couple de processus tel que la valeur finale de I'un est une fonc-
tion de la valeur finale du processus de diffusion donné. Par la suite, nous montrons
que, lorsque le coefficient de diffusion est petit, le couple de processus se rapproche
de la solution d’une équations différentielles stochastiques rétrograde. A la fin, nous

prouvons que cette approximation est asymptotiquement efficace.



Abstract

We consider two problems in this work. The first one is the goodness of fit test for
the model of ergodic diffusion process. We consider firstly the case where the pro-
cess under the null hypothesis belongs to a given parametric family. We study the
Cramer-von Mises type and the Kolmogorov-Smirnov type tests in different cases.
The unknown parameter is estimated via the maximum likelihood estimator or the
minimum distance estimator, then we construct the tests in using the local time es-
timator for the invariant density function, or the empirical distribution function. We
show that both the Cramer-von Mises type and the Kolmogorov-Smirnov type statis-
tics converge to some limits which do not depend on the unknown parameter, thus the
tests are asymptotically parameter free. The alternatives as usual are nonparametric
and we show the consistency of all these tests. Then we study the chi-square test.
The basic hypothesis is now simple The chi-square test is asymptotically distribution
free. Moreover, we study also power function of the chi-square test to compare with
the others.

The other problem is the approximation of the forward-backward stochastic dif-
ferential equations. Suppose that we observe a diffusion process satisfying some sto-
chastic differential equation, where the trend coefficient depends on some unknown
parameter. We try to construct a couple of processes such that the final value of one
is a function of the final value of the given diffusion process. We show that when
the diffusion coefficient is small, the couple of processes approximates well the solu-
tion of a backward stochastic differential equation. Moreover, we present that this

approximation is asymptotically efficient.
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Chapitre 1

Introduction

La problématique générale de cette thése porte sur I'étude des tests d’ajustement
de processus de diffusion ergodique et de 'approximation des équations différentielles
stochastiques rétrogrades. Dans le chapitre 2, nous étudions le test d’ajustement
(goodness-of-fit) pour les modéles de processus de diffusion ergodique. Nous introdui-
sons trois types de test : le test de Cramér-von Mises, le test de Kolmogorov-Smirnov
et le test du khi-deux. L’objectif de nos travaux dans ce chapitre est de construire
les tests consistants, et qui ne dépend asymptotiquement pas soit du parameétre ou
soit de la distribution. Une partie des résultats de ce chapitre est issue d'un tra-
vail réalisé en collaboration avec Ilia Negri. Le chapitre 3, quant a lui, est consacré
a I’étude de 'approximation des équations différentielles stochastiques rétrogrades.
Nous construisons un couple de processus dont la valeur finale est une fonction de
la valeur finale d’un processus de diffusion donné, dans lequel la dérive dépend d’un
parameétre inconnu. Nous montrons ensuite que, lorsque le coefficient de diffusion est
petit, le couple de processus se rapproche de la solution d’'une équation différentielle
stochastique rétrograde. Les résultats de ce chapitre sont issus d’un travail en colla-
boration avec Yury A. Kutoyants. Tous nos résultats sont illustrés numériquement

par la méthode numérique.



1.1 Test d’Ajustement

1.1.1 Les cas des v.a. i.i.d. et des processus de diffusion

Nous rappelons dans un premier temps le probléme de test d’ajustement pour
le cas d’observations X" = (Xi,...,X,) de variables aléatoires indépendantes et
identiquement distribuées (i.i.d.), dont la fonction de répartition est F'(x). On teste

I’hypothese H contre 'alternative H;
Ho: F(x)= Fi(x), Hy: F(x) # Fi(x).

Ce genre de probléme a été introduit au début de 20 siécle, et a été bien étudié
pendant les années 50. Nous citons ici les livres de Cramér [7] et de Lehmann &
Romano [32], qui ont introduit différents types de test pour le cas i.i.d.

Cramér [6] et Smirnov [46] ont considéré le test ci-dessous, que 'on appelle main-
tenant test de Cramer-von Mises (test de C-vM) :

o0 2

G (X =Ly hi=n [ [Ri@ - R@)] 4R @),

—00

on ﬁn() est la fonction de répartition empirique, e.; est le (1 — €)-quantile de cette

distribution, c’est a dire la solution de I’équation suivante :
P{w] >e. 1} =e. (1.1)

Ils ont donné la limite wi de la statistique wj, ; sous I'hypothése nulle Hy. Ils ont
vérifié que cette limite ne dépend pas de la distribution, le test n’en dépend pas non
plus. On dit alors que ce test est asymptotically distribution free (ADF).

Par la suite, dans Kolmogorov [26], le test que l'on appelle maintenant test de
Kolmogorov-Smirnov (test de K-S) a été introduit. It a été dévloppé ensuite, par
exemple par Smirnov [47], Fasano & Franceschini [16], etc. Ils ont considéré la statis-

tique de test ci-dessous

~

wno = v/nsup |F, (z) — F. (z)].

xT



Un résultat similaire a celui de C-vM a été présenté : la statistique w, o converge en

loi vers une variable aléatoire wy. Alors, le test de K-S a été défini comme :

¢7’Z72 (Xn) - ]:[{‘Un,2>es,2}7

ol e.5 est le (1 — e)-quantile de la distribution de wy. Etant donné que ce test ne
dépend pas de la distribution, le test est ADF.

Par la suite, le test du khi-deux a été étudié. Nous citons par exemple, Cramér
[7], Cochran [5], Dahiya & Gurland [9], Watson [49] et Greenwood & Nikulin [21].
On partitionne R en r intervalles I} = (ag, a1}, Is = (ay,as|,..., I, = (a,_1,a,), ol
—0 =ag < a; < --- < a, =4o00. On définit p; > 0, la probabilité que X; prenne
les valeurs dans ;. Alors, p; = F.(a;) — Fi(a;—1) > 0 et ipi = 1. La statistique est

i=1
définie comme

Wn,3 = XT: (Ui — npi)Qa

i=0 "pi
ou v; est le nombre des valeurs de 1’échantillon qui appartiennent a I;. Cramer [7] a
montré que, quand n — oo, la limite de la distribution de w, 3 est la loi du khi-deux

avec (r — 1)-degré de liberté, que 1'on note y?(r — 1). Par conséquent, le test

wn,?) (Xn) - ]:[{W7L’3>65’3}7

ol e. 3 est le (1 — ¢)-quantile de la loi x*(r — 1), est ADF.
Ensuite, les modéles avec paramétres inconnus ont été considérés. Kac al. [23],

Durbin [12], Martynov [37] et [38] ont étudié le test d’hypothése suivant :
HO : F(JT):F*(ZL‘,ﬁ),

ot ¥ est un parameétre inconnu. Darling [10] a défini les tests de C-vM et de K-S sous

les formes suivantes :

o0 2

12,171 (X") = H{wi,pes,l}’ Wi; = n/_ [ﬁn (x) — F. (;1:, 5,1)]

o0

et
wn’2 <Xn> = H{Wn,2>ee,2}7 wn,Q = \/ﬁsup

xT




ou 1/9\,1 est un certain estimateur du parametre inconnu, les seuils e.;, pour @ = 1,2,
sont les (1 — ¢)-quantiles de la distribution limite des statistiques. La limite des sta-
tistiques dépend généralement du paramétre inconnu. Mais Darling [10] a vérifié que
la limite des deux stastistiques ne depend pas des parameétres inconnus pour certains
modeles spécifiés (par exemple les modéles a paramétre d’échelle et & parameétre de
position), et certains estimateurs comme 'estimateur de maximum de vraisemblance
(EMV). Pour ces cas le test ne dépend pas non plus du paramétre inconnu, et le test

est dit asymptotically parameter free (APF).

Le probléme similaire existe pour les processus stochastiques en temps continu,
largement utilisés en tant que modéle mathématique dans plusieurs domaines. Le test
d’ajustement a été étudié par de nombreux auteurs : par exemple, Kutoyants [28] a
discuté des possibilités de la construction de ces tests. En particulier, il a considéré la
statistique de K-S et celle de C-vM basées sur 1’observation continue. Supposons que

Pobservation X7 = {X4,0 <t < T} est un processus de diffusion en temps continu
dX; =S (Xy) dt + o(Xy)dWy, Xo, 0<t<T, (1.2)

ou {W;, t > 0} est un processus de Wiener, le coefficient de dérive S (+) est inconnu

et le coefficient de diffusion o(-)? est connu. Il a considéré les hypothéses suivantes
Ho: S()=5.0),  Hi: S()#5.0).
Il a proposé les tests
Ur(XT) = Toroyy, wr =supVT |Jr(e) = £i(a)].
et
r(X7) = Tygyony. Qr=supVT |Fr(a) - Fi()).

ot fr(+) est Destimateur de temps local (ETL) de la densité invariante des obser-
vations, ﬁT() est la fonction de répartition empirique (FRE), f.(z) et F.(x) sont
respectivement la fonction de densité invariante et la fonction de répartition inva-

riante sous I’hypothése nulle, y. et Y. sont respectivement le (1 — ¢)-quantile de la



distribution de limite de wy et de celle de €2p. La statistique de K-S pour les pro-
cessus de diffusion ergodiques a été étudiée par Fournie [19] et Fournie & Kutoyants
[20]. Toutefois, en raison de la structure de la covariance de la limite de processus, la
statistique de K-S définie dans [19] et [20] dépend de la distribution dans les modéles
de processus de diffusion. Plus récemment, Kutoyants [29] a proposé une modification
de la statistique de C-vM et de K-S pour les modéles de diffusion, qui ne dépendt
pas de la distribution. Voir également Dachian & Kutoyants [8] qui ont proposé des
tests d’ajustement pour des processus de diffusion et de Poisson non-homogeéne avec
des hypothéses de base simple. Dans le cas des processus d’Ornstein-Uhlenbeck, Ku-
toyants [30] a montré que le test de C-vM est APF. Un autre test a été étudié par
Negri & Nishiyama [40].

1.1.2 Reésultats principaux

Dans le chapitre 2, nous considérons le test d’ajustement pour les processus de
diffusion dont 1’équation est (1.2). La section 2.1 est consacrée aux conditions et
aux résultats auxiliaires relatifs aux processus de diffusion. Dans les sections 2.2 et
2.3, nous étudions le modeéle défini par (1.2), plus particuliérement dans le cas ou la
dérive S(-) dépend d'un parameétre inconnu, et le coefficient de diffusion o(-)? = 1.

Nous testons I'hypothése suivante
Hy S(x)=58.(x—1v), ¥ve€O=(a,p)

ot S, (+) est une fonction connue et le parameétre de shift ¥ est inconnu. Par consé-

quent, les coefficients de dérive sous 'hypothése nulle appartiennent & I’ensemble
SO)={S.(x—1), Vve06}.
L’alternative est définie comme

Hi S() €S8(0),



ot S(O) = {S, (x —1),9 € o, A]}. La section 2.2 est consacrée au test de type C-
vM. Nous estimons le paramétre inconnu via 'EMV ou via l'estimateur de distance
minimale (EDM), puis nous construisons deux tests de la maniére suivante :

Yy = ]I{6T>d5}7 op = T/Oo (]?T(JU) - f*(iﬁ - 5T))2d33,

et

o0

~ ~ 2
Up = Ta,op,y, Ap=T / (FT(x) _F(x— 19T)> de,

o0
oll U7 est Pestimateur du paramétre inconnu (PEMV ou 'EDM). Nous montrons
que sous certaines conditions de régularités, les deux statistiques convergent en loi
vers deux variables aléatoires § et A respectivement. Ainsi d. et D. sont définies
respectivement comme les (1 — ¢)-quantiles des distributions de § et de A, c’est a dire

les solutions des équations suivantes
P(o>d.)=¢, P(A>D,)=

Notons que les tests ¢ = l5,~4.1 et W = Tya,~p,y sont de taille asymptotique &,
ie.

E.yr =c+o0(l), E.Vr=c¢+0(1),
ou E, est 'espérance mathématique sous I'hypothése nulle. En plus nous démontrons
dans les théorémes 2.2.1 et 2.2.2 que les deux tests sont APF. Dans la proposition
2.2.1, nous montrons qu’ils sont consistants.
Dans la section 2.3, nous étudions les tests de type de K-S pour le méme modéle.
Les tests sont définis comme suit

or = ]I{/\T>c5}7 A = TSUP ‘fT (x - 19T)

rzeR

et
Op = Typ,scy, Ar = VT sup ﬁT(x) — F.(x — 1/9\T)‘ .

z€eR
Nous démontrons dans les théorémes 2.3.1 et 2.3.2 que les deux tests posseédent les

mémes propriétés que celle de C-vM.



Notons que les tests de C-vM et de K-S dépendent toujours de la dérive. Par consé-
quent, nous proposons dans la section 2.4 I'utilisation du test du khi-deux. Supposons
que l'observation satisfasse I’équation (1.2), ou S(-) est inconnue et o(-) est connue.

Nous testons ’hypothése nulle suivante
Ho S(x) =58, (x),

ot S,(+) est une fonction connue. Nous introduisons 1'espace L£2(f,), 'ensemble des

fonctions de carré intégrable avec le poids f.(-)

L(f.) = {h(-): E.h(&)2 :/

o

h(z)2 f.(z)de < oo} .

Soit {¢1, Pa, ...} une base orthonormée compléte de cet espace. Nous introduisons alors

—00

I’alternative : pour N € N fixé
H - S() € SN,

ol Sy est le sous-espace des fonctions de carré intégrable suivant

Sy :{ ) e L(f Z/ di(2)? fo(x)dx < o0,

N

Z (/_Z (W) ¢i(93)fs($)d93)2 > O}.

=1

Nous définissons le test du khi-deux comme

PT.N = ]I{;,LT7N>ZS}7

- ( / (X dXt S*(Xt)dt]>2,

et z. est le (1 — 6)—quant11e de loi du khi-deux x?*(N). Nous démontrons dans le

ou

théoréme 2.4.1 que le test du khi-deux est de taille asymptotique €, qu’il est consistant,
et qu’il ne dépend pas de la distribution. De plus, nous étudions le comportement
asymptotique du test pour l'alternative de Pitman. Nous donnons dans le théoréme
2.4.2 la puissance de ce test. Nous étudions ensuite le cas, plus intétessant, ot N — oc.
Nous démontrons dans la proposition 2.4.1 que la limite de la statistique suit une loi

normale standard.



1.2 Approximation des EDS Rétrogrades

Par rapport au chapitre 3, nous étudions le probléme statistique des équations
différentielles stochastiques rétrogrades (EDSR). Supposons que I’on observe un pro-
cessus de diffusion X7 = {X,0 < t < T} satisfaisant une équation différentielle

stochastique (EDS)
dXt = b(Xt)dt + O'(Xt>th, 0 S t S T, XO = X.

Pour deux fonctions f (¢, x,y,2) et ® (x) données, la question se pose de construire

un couple de processus (Y;, Z;) qui est la solution de I’équation suivante
d}/;g = —f<t, Xt, }/;5, Zt) dt -+ Zt th, 0 S t S T, (13)

avec Yy = @ (Xr) comme valeur finale. La solution de ce probléme est trés connue,
nous citons ici l'article d’El Karoui al. [15]. Dans leur travail, ils ont montré que la
solution de cette EDSR est liée a la solution d'une équation différentielle partielle

(EDP). En fait, notons u (¢,z) la solution de 'équation suivante

Sb(@) g+ g0 (@) 5 =—f (e @) 5), (1.4)
u(T ) z) = ().
En appliquant la formule d’It6 & Y; = w (¢, X;), on obtient
ou ou 1 5 0%u ou
dY; = [E (t, Xi) +b(Xy) 5y b Xe) T 50 (X) o (6, Xe) | db+ o (¢, Xp) 0 (Xe) AW,

=—f(t,X,Ys, Zy) dt + Z, AW, Yo = u (0, 20),
ou Zy = o (X;)u (¢, X;). Ainsi, le probléme (1.3) est résolu et la solution est
Yi=u(t,Xs),Z =0 (X)) u' (t, Xy).
Le chapitre 3 est consacré au probléme suivant

dX, = S, Xy)dt + o(X,)dW,, 0<t<T, X,= .



ou S et o sont des fonctions connues et ¥ € © C R? est un paramétre inconnu.
Dans ce cas, la solution u (¢, x,9) de (1.4) dépend également du parameére inconnu.
Nous ne pouvons donc plus utiliser Y; = w (t, X;,9) ni Z; = o (X;) o' (¢, Xy, 0). Par
conséquent, nous considérons le probléme de construction d’un couple de processus
adaptés (}Aft, Z), ot Y, et Z, sont des approximations de (Y}, Z;). Cette approximation
est réalisée & l'aide de PEMV 9. Nous nous sommes intéressés a une situation ot
I’erreur de cette approximation est petite. Une des possibilités d’avoir une petite
erreur d’approximation est dans un certain sens équivalente a la situation d’avoir
une petite erreur d’estimation du parameétre 1. Ensuite la continuité de la fonction
u (t,x,7) par rapport & ¥ nous donne }A/T ~Yr =2 (Xrp).

Nous pouvons avoir la petite erreur d’estimation dans les situations suivantes : soit
lorsque T' — oo, soit lorsque o (-)> — 0 (& voir par exemple, Kutoyants [28] et [27]).
Dans le chapitre 3, nous étudions ce modeéle avec un petit bruit, c’est a dire que le
coefficient de diffusion tend vers 0. Cela nous permet de garder le temps final T" fixé
et cette asymptotique est plus facile a traiter.

La section 3.1 est consacrée aux résultats préliminaires. Dans la section 3.2, nous
considérons un cas relativement simple, ou la dérive S (¢, x) est une fonction linéaire
de 1, le coefficient de diffuson est €20 (:1;)2 et la fonction f (t,z,y, z) est linéaire par
rapport & x. Supposons que l'observation X7 = {X,,0 < t < T} satisfait I'EDS

suivante

dX, = 9h(X,) dt + eo(X,)dW,, Xo=m, 0<t<T. (1.5)

Notre objetif est de construire un couple de processus (}A/, 7 ) qui se rapproche de la

solution de I’équation
dY, = (k(Xy) + 9(Xy) Y)dt + Z,dW,,, 0<t<T, Yr=®(Xyp). (1.6)

Pour cela, nous estimons tout d’abord ¥ par 'EMV 1/9;7& pour tout 0 < ¢ < T'. Ensuite,

les processus approximés sont définis comme :

}//\;f - U(t, Xt7 /1/9\15,8)’ /Z\t - 80-()(15)’11/(.[:; Xt7 57575)7
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ot u(t,z,v) est la solution de 'EDP

ou ou €2 5 0%
— +Vh(x) — + —o(x) 2

ot or o =k(x)+g()u, u(l,x)=2o(x). (1.7)

Nous montrons, sous des conditions de régularité, que }A/t est proche de Y; pour les
petites valeurs de €. Dans la section 3.3, nous généralisons le résultat au cas non-
linéaire. Dans la section 3.4, nous établissons que 'approximation proposée ci-dessus
est asymptotiquement efficace. A la fin, nous illustrons nos résultats par la simulation

numeérique.



Chapter 2

On Goodness-of Fit Tests for
Diffusion Process

2.1 Introduction

We consider the problem of goodness of fit (GoF) test for the model of ergodic diffusion
process when this process under the null hypothesis belongs to a given family. In
Section 2.2 and 2.3, we study the Cramer-von Mises (C-vM) type and the Kolmogorov-
Smirnov (K-S) type statistics for parametrical family. To construct the test, we use
the local time estimator (LTE) or the empirical distribution function (EDF). We
show that the C-vM type and the K-S type statistics converge in both cases to limits
which do not depend on the unknown parameter, so the test is called asymptotically
parameter free (APF). In Section 2.4, we study the chi-square test for simple basic
hypothesis. We show that the limit of the statistic does not depend on the trend
coefficient, that is the test is asymptotically distribution free (ADF). In addition, all
of these tests are consistent against any fixed alternatives.

Let us remind the similar statement of the problem in the well known case of the
observations of independent identically distributed (i.i.d.) random variables (r.v.)
X" = (Xy,...,X,). Suppose that the distribution of X; under the basic hypothesis is
F (9,z) = F. (x — v), where 9 is some unknown parameter. This kind of parametrical
GoF problem has been studied in Kac al. [23], and then developed by many other

works. We mention here for example, Darling [10], Martynov [38] and Lehmann &

11
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Romano [32]. In these works, the C-vM type and the K-S type tests are proposed as

follows:

U1 (X7) = ]I{w%’1>65,1}’ wg,l - n/

— 00

o0

[ﬁn (z) — F, <x _ 5,” C AR, (x _ ﬁn) ,

Fo(z) — F(z —3,)|,

1/]71,2 (XTZ) = ]I{wn72>e€72}’ wn72 == Sup \/ﬁ

where ﬁn(:p) is the EDF and 6, is certain consistent estimator. They proved that

2
n,1

under the basic hypothesis, the statistics w;; and w, o converge in distribution to
some random variables w? and w,. In addition the limit r.v. w? and wy do not depend

on 9. Thus the threshold e.; can be calculated as solution of the equation
P {w% > esyl} =¢e, P{wr>en}=c

Therefore the tests do not depend on the unknown parameter, that is the C-vM test
and the K-S test are all APF. The details concerning this result can be founded in
Darling [10] and Kac al. [23|. For more general problems see the works of Durbin
[12] or Lehmann & Romano [32].

Otherwise, we are interested in the chi-square test. We mention here the works of
Cramer 7|, Dahiya & Gurland [9], Watson [49] and Greenwood & Nikulin [21]. For
i.i.d. sample {X,,n € N}, one tests hypothesis Hy that the data form a sample of n
values of a r.v. X with the given probability function f(x). We partition the space
of the variable X into r part Iy, ..., I, and consider the statistic

- (vi — np;)?
Wn,3 = ; —npi )

where p; = P(I;) > 0 and ) p; = 1, and v; is the number of sample values which
i=1
belong to [;. Thus Cramer [7] showed that as n — o0, w,3 is distributed in a

x2-distribution with (r — 1)-degrees of freedom (x?(r — 1)). Thus the test

Qﬁn,i% (Xn) - ]I{wn,3>eg,3} )

where e, 3 is the (1 — ¢)-quantile of x?(r — 1), is ADF, i.e. the test does not depend

on the distribution of the sample.
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A similar problem exists for the continuous time stochastic processes, which are
widely used as mathematic models in many fields. The goodness of fit tests (GoF)
are studied by many authors. For example Kutoyants [28| discussed some possibilities
of construction of such tests. In particular, he considered the K-S statistics and the
C-vM Statistics based on the continuous observation. Note that the K-S statistics for
ergodic diffusion process were studied in Fournie [19] and in Fournie and Kutoyants
[20]. However, due to the structure of the covariance of the limit process, the K-S
statistics are not ADF in diffusion process models. More recently Kutoyants [29]
has proposed a modification of the K-S statistics for diffusion models that became
ADF. See also Dachian and Kutoyants [8] where they propose some GoF tests for
diffusion and inhomogeneous Poisson processes with simple basic hypothesis which
are all ADF. In the case of Ornstein-Uhlenbeck process Kutoyants showed that the C-
vM type tests are APF in [30]. Another test was studied by Negri and Nishiyama [40].

In this work we are interested in the goodness of fit testing problems for composite
and simple case. Suppose that the observation X7 = {X;,0 <t < T} is a continuous-

time diffusion process satisfying
dXt =S (Xt> dt + O'(Xt)th, XO, 0 S t S 1—'7 (21)

where {W;,t > 0} is a standard Wiener process, the trend coefficient S (-) is unknown
and the diffusion coefficient o(-)? is known. We introduce some conditions and auxil-
iary results in this section. Let us remind the following condition, to ensure that the
equation (2.1) has a unique weak solution (See Durett [13]).

ES. The function S(-) is locally bounded, the function o(-)? is continuous and for

some C' > 0,

2S(x) +o(x)? < C(1+ 22).

The stochastic process (2.1) has ergodic properties if the functions S(-) and o(-)

satisfy the following two conditions:
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RP.

@ y
V(S,z)= / exp {—2/ iZ)de} dy — +o0, as x — oo
0 o o(z)

and

cxsy:[fa@)2%p{géy5@%u}dy<al

i o(2)?
That is under these two conditions, the process is recurrent positive and has the

following density of invariant law (See Durett [13])

)= G 2 s}

Denote P as the class of functions having polynomial majorants i.e.

P ={h(): |h(x)] <O+ |z")},

with some p > 0. Note that a sufficient condition for RP is
Ay. The coefficient functions satisfy: o™ € P and

|zl|i§oo sen(z) o(x)?

We introduce also the condition which provides the equivalence of measures defined
by different trend coefficient.

EM. The function S(-) and o(-) satisfy condition ES and the densities fs(-), fo(-)
(with respect to the Lebesque measure) of the corresponding initial values have the
same support.

In this chapter, we study the GoF test for the model (2.1), where some auxiliary
results will be required. Therefore, we introduce in the follows some conditions and
results about the ergodic diffusion process, including the properties of the maximum
likelihood estimator (MLE) and the minimum distance estimator (MDE) for unknown

parameter, the LTE for the invariant density function and the EDF.
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2.1.1 Auxiliary results

Suppose that we observe an ergodic diffusion process, solution to the following stochas-

tic differential equation (SDE)
dX; = S(X;,0)dt + o(Xy)dWs,  Xo, 0<t<T, (2.2)

where the functions S(-) and o(-) are known and the parameter ¥ is unknown. In
Kutoyants [28], the author introduced some methods to estimate the unknown pa-
rameter. Under the condition Ag, the diffusion process is recurrent and its invariant

density fs(z,?) can be written as:

1 *S(y, v
009 = G {2 i)

Denote by &y a r.v. having this density fs(x,v), denote by Ey the corresponding
mathematic expectation. For any derivable function h(x,), we denote h'(z,?) the
derivative w.r.t. z and h(x, ) the derivative w.r.t. 0.

Let us introduce the MLE 5T and some properties. We denote L(J, XT) the log-
likelihood ratio

L0, XT) = /OT b;((XTZ’g)dXt - %/OT (%)2 dt. (2.3)

Then the MLE @T is defined as the solution of the equation

L7, XT) =sup L(6, XT).
0O

Let us denote 9y the true value of the unknown parameter, we introduce the con-
dition A:
Ay. The function S(-,-) is continuously differentiable w.r.t. O, the derivative

S(-, -) € P and is uniformly continuous in the following sense:

2

S(€,9) — S(£,9)
a(€)

lim sup Ey,
6=019—py|<6
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As. The Fisher information is positive

1(9) = By (S(w)> =0, (2.4)

and for any v > 0

inf > (.

[9—30|>6

S(6,9) — (€ 00)*
" a(€)
We have the following result.

Lemma 2.1.1. (See Kutoyants [28] Theorem 2.8) Let the condition Ay and A be
fulfilled, Then the MLE 91 1is consistent, i.e., for any v > 0,

lim Py, {|07 —vo| > v} =0,
asymptotically normal
Lo {NT (@ —09)} = N(0,1(0) 1),

and the moments converge: for p >0

-~ p
VT (Jr — 95)| = Eap,

lim Ey,
T—o0

where U is a r.v. of normal distribution N (0, I(99)71).

Now we introduce the LTE fgp(w) and the EDF ﬁT(x) Suppose that the process
observed is a solution to the following SDE

dXt = S(Xt)dt + U(Xt>tha XO, 0 S t S T, (25)

where the trend coefficient S(-) is unknown and the diffusion coefficient o(-)? is a

known continuous positive function. Then the invariant density function is

0= o2 up)

Denote by £ a r.v. having this density fg(z), denote by Eg the corresponding

mathematic expectation. Firstly, we introduce the LTE ﬁp(x) for this invariant den-
sity function. Let us remind the local time for diffusion process (See Corollary 6.1.9
in Revuz & Yor [45]):

1

T
A = lim — iy, _picaro(X,)2dt.
r(z) im 25/0 (X —a|<e} 0 (Xt)
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According to Tanaka’s formula, it can be written as

1 I
Ar(z) = =(| X7 — x| — | Xo — x|) — —/ sgn(X; — z)dX;.
T T J,
Thus we define the LTE for the invariant density function:

Ar(z)
fT( )= To(x)?
Let us introduce the condition O:
O. For some p > 2

(5) I[{§>ac} ¢ FS( ) ]I{U>ac} 50
E{‘ | I e }< |

Note that under the condition A,, we have the law of large numbers

g M@ 7 (F5<Xt>—ﬂ{xt>x})2 _
Py = lim =7 /0 o (X)) fs(Xy) dt = 1;(5,)

where

If(S,x)=4fs<x>2Es( ffé) Hf)”}) |

We have the following result

Lemma 2.1.2. (See Kutoyants [28] Theorem 4.11) Let the condition O be fulfilled,
then the estimator fr(x) is consistent and asymptotically normal

Ls {T'2(Fr(x) = fs(@)) } = N (0, L;(S, ).

Concerning the EDF

~ 1 (T
0

we introduce the condition N:
N. There exists a number p > 2 such that

S Fe(vAnz)(Fs(vVv ) —1) Fs(§Nzx)(Fs(EVa)—1)
" { / O o(©)fs(0)
Let us denote

P

p
< Q.

Fs(ENx)(Fs(§V ) — 1)>2

Ir(5,2) = 4Bs ( (E)fs(©)

then we have the following result
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Lemma 2.1.3. (See Kutoyants [28] Theorem 4.6) Let the condition N be fulfilled.
Then the EDF Fr(x) is consistent and asymptotically normal.

Ls {Tlﬂ(ﬁT(;p) . FS@))} — N (0, In(S,2)).

2.1.2 A special case

In Section 2.2 and 2.3, we are interested in the following model. Suppose that the

observed ergodic diffusion process satisfies the following SDE
dX, =S(X, —9)dt +dW;,, Xo, 0<t<T, (2.6)

where ¥ is the unknown shift parameter.
Under the condition A, the density of the invariant law fs(-,-) can be calculated

as follows:

- 1 x B exp {2 fz Sy — ﬁ)dy}
fs(@,9) = @GXP{QL S(x—ﬁ)dy} % exp {2}55(z—ﬁ)dz} dy

exp {2 fox_ﬁ S(y)dy} -
[ exp{2 [y S(u)du}dv

1= ([ o [ standae) e {2 [ st00).

Let us denote

f(z = 7). (2.7)

Fa) = [ " F)dy,

thus the distribution function of this process is
T z—1
Fsw) = [ fy-oay= [ f)ay =P -0),
Denote by & a r.v. with density function f(z — ¢), denote by Ey the corresponding

mathematical expectation. Correspondingly, & and Eg are respectively the r.v. and

the mathematical expectation for the case 1 = 0.
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The MLE 1/9\T is defined as the solution of the equation
L(@T, X7y =sup L9, X1),
[dSS)

where L(9, XT) is the log-likelihood ratio

L9, XT) = / ' 50X, — 0)dx, - % / " S(x,— o). (2.8)

Note that

Eyh(&y — / flz —O)h(z —V)dzx = / f(z)h(x)dx = Egh(&). (2.9)

Therefore, the Fisher information in this case does not depend on the unknown pa-
rameter vy, i.e.

I =Ey,5 (&g, — V0)” = EoS'(&0)* (2.10)

The condition A in this model can be written as follows:
Ai. The function S(-) is continuously differentiable, the derivative S'(-) € P and
it 1s uniformly continuous in the following sense:

hm sup EO}S &) — S (&% + T)|2 =0.

|T\<V

As. The Fisher information
I =EyS' (&) > 0. (2.11)

In addition, for any v > 0

inf By (S(&) — S(& +7))° > 0.

|T|>v

As that is shown in Lemma 2.1.1, the MLE ET is consistent and asymptotically
normal under conditions A, and A. Let us denote Uy = VT (Y9 — Jp) and define

=1 [ SVImave

with W(y) = Wi(y) for y € R and W (y) = Wa(—y) for y € R, where W; and W,
are independent Wiener processes. Then the asymptotical normality can be written
as

Lo, {Gr} = L {7}, (2.12)
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From the condition Ay, it follows that there exist some constants A > 0 and v > 0
such that for all |z| > A,
sgn(z)S(x) < —. (2.13)

It can be shown that for z > A,

fl@) = G(ls)exp {2 (/0A+/A> S(y)dy} < Ce .

Similar result can be deduced for x < —A, then we have

f(x) < Ce™kl for |z| > A. (2.14)

Moreover, the LTE ]?T(q;) is

~ 1 1 [T
Fr(@) = 21X — 2| — | Xo —al) — = / sen(X, — 2)dX,,
T T 0
and the EDF is
~ 1 (T
FT(Z') = T/ ]I{Xt<x}dt-
0

In fact, these estimators of the invariant density and the invariant distribution
function are consistent and asymptotically normal under condition Ay. This will be
proved in section 2.2.

2.1.3 Main results

Suppose that we observe an ergodic diffusion process
dX; = S(Xpdt +dW;, Xp, 0<t<T. (2.15)

where the trend coefficient S(-) is unknown. We propose three types of GoF test.
In section 2.2, we are interested in the following hypotheses test problem. The basic

hypothesis is

where S, (-) is some known function and the shift parameter ¢ is unknown. Therefore,
the trend coefficients under hypothesis belong to the family

SO)={S.(x—1), ve06}.
The alternative is defined as

Hi S() €S(0),
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where S(0©) = {S, (z — 9),9 € |, 8]}.
Let us fix some € € (0, 1), and denote by K. the class of tests 11 of asymptotic size
g, 1.e.
E*@Z)T =+ 0(1)7

where E, is the mathematical expectation under the basic hypothesis.
We introduce two C-vM type tests. In the first test, we use the LTE fr(x) and the
MLE 9. The statistic is defined as the following integral

5y = T/Z (Frla) - f*(x,q%)f dz.

where f,.(+,) is the invariant density function under hypothesis Hy. We show that
under hypothesis Hy, it converges in distribution to some r.v. ¢ which does not
depend on ¥. Thus we define the C-vM type test as

Yr = Lspsa.y,

with d. the (1 — ¢)-quantile of the distribution of ¢, i.e. d. is the solution of the
following equation
P(O>d.)=¢

We show in Section 2.2 that the test ¢r belongs to K., is consistent and is APF.
The second C-vM type test is based on the EDF FT( ) and the MLE e

(e 9]

~ ~ 2
\I’T = ]I{AT>DE}’ AT = T/ (FT<(L') — F*($,19T)) dZE,

—00
where F (-, -) is the invariant distribution function under hypothesis Hy. The statistic
Ar converges in distribution to some r.v. A which does not depend on ¥, and D, is

the (1 — e)-quantile of the distribution of A. We obtain that the test ¥ belongs to
K. and is APF.

In Section 2.3, we study the same hypotheses testing problem, but for the K-S test.
We introduce two tests via the LTE fr(x) and the EDF Fr(z):

or = Tinpsey, P = Tarscys

where the statistics
A = TSUP‘fT (1'_19T)

zeR

A = VTsup |FPr(z) — F(z — 1/9\T)‘ .

zeR
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These statistics converge in distribution to certain r.v. A and A respectively, which
do not depend on ¥. Thus c. and C. are defined respectively as the (1 — €)-quantile
of the distribution of A and A. We show that these tests ¢ and ®7 belong to K.,
are consistent and are all APF.

In Section 2.4, we study the chi-square test. Suppose that we observe an ergodic
diffusion process

We test the following basic hypothesis:
Ho S(x) =8, (z),

where S,(+) is some known function. We denote always the invariant density function
under the basic hypothesis as f.(-). Let us introduce the space L?(f,) of square
integrable functions with weights f,(-):

e =) s Bhie = [ napr(ae <o

o0

Denote by {¢1, ¢2, ...} a complete orthonormal basis in the space £*(f.). We test the
hypothesis Hy against the alternative

Hl,N : S() € SN,

where Sy is the subspace of square integrable functions such that for fixed N € N,

Sy = {S(-)Eﬁz(f*)

Z/_OO ¢i(2)? fs(x)dr < oo,

N

S ([T (B ) > o}.

i=1
The chi-square test will be denoted as

N

PT.N = ]I{I-LT,N>ZE}7 HT,N = ZTI%N
i=1

where

1 T éi(Xy) B
== /0 e 10X = 8. (X)),
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and z. the (1 — ¢)-quantile of x*(NN).We obtain that the test pry belongs to K., is
consistent and that it is ADF.

After that, we study the chi-square test for the statistic that N — oo. We define
the statistic

N
1 2
= — — 1
Vr N N ;1 (nT,N ) )

which will be proved to converge to normal distribution N(0,1) when 7" — oo and
N — oo. Thus the test pry = Ty, >z, with Z. the (1 — €)-quantile of N'(0,1)
belongs to K., is consistent and ADF.

2.2 The Cramer-von Mises Type Tests

This section is based on the work [41]

Suppose that we observe an ergodic diffusion process, solution to the following
stochastic differential equation

dX, = S(Xpdt +dW;, Xo, 0<t<T. (2.17)
We want to test the following null hypothesis
Hy S(x)=S8.(x—1), ve€O,

where S, () is some known function and the shift parameter ¢ is unknown. We
suppose that 0 € © = (a, 3). Let us introduce the family

SO ={S,(z—v), VeO=(a,B)}.

The alternative is defined as

M . S() ¢8O

Y

~—

where S(0©) = {5, (x — V),V € [a, (]}

We suppose that the trend coefficients S (+) of the observed diffusion process under
both hypotheses satisfy the conditions EM, £S and Aj.

Remind that under these conditions the diffusion process is recurrent and its in-
variant density fs, (z, 1) under hypothesis Hy can be given explicitly as (2.7). Let us

denote o G(g*) exp {2/01 S*(y)dy} .
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then fg,(x,9) = f.(z — ). Denote by & a r.v. having this density f.(x — 1), denote
by Ey the mathematical expectation. Moreover the unknown parameter is estimated
by the MLE 9

L(@T, XT) = sup L(6, XT),
9co

with L(9, XT) the log-likelihood ratio (2.8). Remind that we have in Lemma 2.1.1,
under the conditions Ay and A, the MLE 97 is consistent and asymptotically normal.

2.2.1 The C-vM type test via the LTE

To test the hypothesis Hy, we propose in this subsection the C-vM type test basing
on the MLE 97 and the LTE fr(z)

~ 1 e
fr(z) = =(Xr — x| — | Xo — z|) — —/ sgn(X; — z)dX;.
T T/,

Let us denote the statistic as follows
0, N2
o = T/ (fT(:v) ~ fulx— 0T)) da.

We show that under hypothesis H, the statistic i converges in distribution to

2

—0o0 oo f*(y>
(2.18)

with W(y) = Wi(y) for y € RT and W (y) = Wa(—y) for y € R, where W; and W,
are independent Wiener processes. The C-vM type test is defined as

Y = Lspsd.ys

where d. is the (1 — ¢)-quantile of the distribution of d, that is the solution of the
following equation

P((S > d5> — e (2.19)
The main result for the C-vM test via the LTE ]/”\T(x) is the following:

Theorem 2.2.1. Let the conditions £S, Ay and A be fulfilled, then the test {r =
M5,5q4.y belongs to KC..
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Note that neither § nor d. depends on the unknown parameter, this allows us to
conclude that the test is APF. To prove this result, we have to introduce three lemmas
which will be given later. All these lemmas are given under the assumption that the
hypothesis Hj is true.

Let us define np(z) = VT (fT( ) — fulz — 190)>. According to Kutoyants [2§]
Theorem 4.11, if the hypothesis Hj is true, we have the following representation

nr(z) = VT(fr(z) — fu(z — )
_ _2f*(l‘ — 190) / T <F*(y — 190) — ]I{y>x}) dy

\/T Xo f*(y - 790)
f*(33 — 190) T F*(Xt — 190) — ]I{Xt>;r}
et [ (B o,

Let us put

F*(y) - ]I{y>ac}

Then 17 (z) can be written as
77T ilf \/_/ M ’(90, Tr — 190)th

1 (X

— M(y — 9o,z — 99)dy. 2.21
N (y — Yo,z — Uo)dy (2.21)

We state that
Lemma 2.2.1. Let the condition Ag be fulfilled, then

00 o 2
/ E, < M(y,x)dy) dz < oo.
- 0

o0

Proof. Applying the estimate (2.14), for z > A,

o ([ )
-ute (/
— 4f.(a)" (/ +/

o [ 70

]I{y”}d )2 f.(2)dz
)( i) e
) _

/; F*j”i/(y)

dy> fi(2)dz
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Further,

2

(
< fu@)? /_ : ( / - _y <g*>exp (-2 /u ’ S*(v)dv) dudy+Cl) Fu(2)dz
(

—A —A y 2
§f*(x)2/ Cy / e_QV(y_“)dudy+Cl> fe(2)dz
< Cfil@)? [ (1+2)fu(2)dz < Cfu(x)’ < Cem™®

moreover

fulx)? /: (/OZ ik((z))dy)2f*(2)dz
([ [) ) s
< / ) (Olf(x)+o2 / " ele) dy)Q s

A

S/ (Cle—va_'_Cée—?y(x z) O/ —2y(z— A) .Cle™ 2~/de

x
< e_‘”x/ (Cgezyz + 046_2”) dz < Ce 7,
A

and finally
0 zq 2
( ) reae=per [T [15E) g
/OO (/ / (u= ydudy) e %z
C 2 OO 2 2’yzd C - 2 —2v(s+x) d C 6'yx
< Cfi(x / 2z < Cf.(z)? /0 s“e s < Ce

Then we have

o 2
E, ( M (y, a:)dy) < Ce™ @kl for x> A (2.22)
0
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Similar estimate can be obtained for x < —A, therefore the result holds for |z| > A.

We obtain finally
00 o 2
/ E, ( M (y, :L')dy> dx
—00 0

- (/:; /_i*/;) Eo( O&)M(y,x)dy>2dx

< C’l/ 2 dr + Oy + 03/ e %dx < 0.
—00 A

This result yields directly the conditions O of Lemma 2.1.2:
Ey, M (&9, — U0, ¢ — 99)* = EqM (&, x — ) < o0,

and
2

&o
Ey, ( ’ M(y — Vg, x — ﬁo)dy) < 00.
0

Thus we deduce the convergence and the asymptotical normality of nr(x). In fact
under the condition Ay, the LTE fr(x) is consistent and asymptotically normal, that
is

nr(w) = VT (frle) = fula = o)) = n(z — o),
where n(z) ~ N(0,d(z)?), and

F.(&) - ﬂ{sm})z |

A@)” = 4£.(a) By < f.(&)

Moreover

(Fu(&) = Tigysay) (Filéo) — ]I{fo>y})) .

Eo (n(x)n(y)) = 4f(2)fi(y)Eo ( [ATAE

Let us define

n(z) = / " My, )W ).

The distribution of n(z) is N (0, EqM (&, z)?), and we have the following convergence

nr(x) = n(z — o). (2.23)
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Remind that as that is shown in Section 2.1.2 up = T (1/9\T — 1) converges in

distribution to | e
i--1 [ SVEDW W)

We have

Lemma 2.2.2. Let the conditions Ay and A be fulfilled, then (nr(z1), ..., nr(xk), ur)
1s asymptotically normal:

L (nr(z1),...,nr(xg), ur) = L (n(xy — ), ..., n(xp — Jo), ),
for any x = {1, 29, ..., 73} € R,

Proof. The second integral in (2.21) converges to zero, so we only need to verify the
convergence for the part of Itd’s integral. Let us denote for simplicity

1 /T
Oz)= — | M(X,— Y, z)dW,.
() \/T/o (Xi 0, )dW;

It is sufficient to verify that for any x = {z1, x9, ..., 24},

(1), s mp(n), ) = (n(21), ..., n(w), 4) - (2.24)

Remind that u7 can be defined as follows,

U
Zr(ur) = sup Zr(u), Ur={u:9+ — € 0}, 2.25
r(ur) ueui 7(u) =1 JT } ( )
where 1pT
O+ u?
Zr(u) = dPgﬁ (XT) = exp {uAT - EI + ’I“T} .
Here
1 T 1 T /
AT == ﬁ/o' S*(Xt - ﬁo)th = _ﬁ . S*(Xt - 190)th

and r7 — 0. It was proved in Kutoyants [28|, Theorem 2.8 that Zr(-) converges in
distribution to Z(-), where

u?
Z(u) = exp {UA — El} ,

with A is a r.v. with normal distribution A/(0, I), which can be written as

Az—[%&@nﬁ@mwwy

oo
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Therefore A

iZT == u= 7
Take u = {uy, ug, ..., uy, }. We have to verify that the joint finite-dimensional distri-
bution of Yr

Y = (3 (@), np(22), s N3 (x), Zr(wr), Zr(us), ..., Zr(un))

converges to the finite-dimensional distribution of Y

Y = (n(z1),n(2), oo n(@r), Z(ur), Z(us), .., Z(um))

Since that 77 — 0, we consider only the stochastic term A in Zr(u), so (2.24) is
equivalent to

(77%(331)’ 779“<$2)7 ) H?F(xk)a AT) = (77(331)’ 77(552)7 ) 77(3%)7 A) : (2'26)

Take \ = {)\1,)\2, ey >\k:+1}7 and put
h(y, %, \) Z NM (y, 21) = N1 SL(y).
We have

2
Eg, (€9, — V0, %, 1) = Eoh(&, x,A)? = Eq (Z/\z (€0, 1) — >\k+151(50>>

=1

i F, Tie s ’
=E (; 2\ fuly) (y)f (50{;0 S A\, (§O)>

- Zk: Xk: AN fi (@) [ (2m ) Eq <(F*(€O) ~ Wgo>a}) (F(So) — H{£o>mm}))

=1 m=1 f*2<§0)
. . (F*(g(]) ]I{50>1Ez}) /
;4/\l>\k+1f*(ﬂfl)Eo ( D S (50))

+AZ+1E0 (S;(§0)2) < Q.

The law of large number gives us
i 2 2
T h(Xt — ?90, X, /\) dt — E0h<£0, X, )\) .
0

Moreover, the central limit theorem for stochastic integral gives us
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1 T
— h(X; — 1 AN dW, 0, Eogh A)32) .
ﬁ/ov ( t 0, X, ) t:>N(7 0 (§07X7 ))
k

In addition Y A\m(x;) + Agr1A is a zero mean normal r.v. with variance
=1

X 2
E, (Z i) + )\k+1A>

=1

k k k
=3 > NGBy (n@)n () + 2D M Eo(n(@)A) + ALy Eo(A),
=1 m=1 =1
Furthermore
Eo (n(z))n(zm))

_ T T > (F*(y) - ]I{y>xz})(F*<y) - ]I{y>:cm})
. " " (F*(&)) - ]I{§0>xz})(F*(§0) - ]I{€0>a:m}>
= 4@ f(m)Bo ( 72(&) ) ’
and
Bo(n(e)d) = ~2£(0) [ (Fo) = Tyor) S (1)
. " F*(&)) - ]I{fo>acl} '
2/ (0)E, ( = s*<so>) |
Eo(A)? = / " Sy y)dy = Eo (S1(50)?).
We find that

k 2
Eﬁoh(é.ﬂo — 19(), X, )\)2 = th(&), X, /\)2 = EO (Z )\l?’](l’l) + )\k+1A> .
=1

This yields that

k k
S (@) + Menidr = > Am@) + A A

=1 =1

Thus we have (2.24) and the lemma is proved.
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Lemma 2.2.3. Let the conditions Ay and A be fulfilled, then
e [~ b+ o) e — e [ ) +as@) e

Proof. Denote (r(x) = n(z) + trfl(z) and ((z) = n(x) + ufl(x), we prove the
following properties
i) VL > 0, for z,y € [-L, L] and |z — y| < 1, there exists a constant C' depending
on L, such that
Ey, |¢r(2)* = Cr(y)*]* < Clz —yl. (2.27)

ii) Ve > 0, 3L > 0, such that
E,go/ Cr(r)ide <e, VT > 0. (2.28)
{l21>L}

In fact i) and Lemma 2.2.2 yield the convergence in every bounded set [—L, L]:

L L
£{ / (r(z)?da} = L{ / ((z)*dz}.
- —L
Thus i) and ii) along with and Lemma 2.2.2 give us the result of the lemma.

First we prove i). We have

By, (Gr(2)?) < 2B, ni(x)? + 2 (2) By, < C.

Ey, [¢r(z)® — CT(?/)2|2
= Ey, (|¢r(2) + o) P¢r(z) — ¢r(y)]?)
< CEy, |¢r(2) = Co(y) [
< C(f'(x) = ['(1) By [ur? + Egy | (n7(z) — n7(9)) . (2.29)

For the first part, let us recall the following result, given in Kutoyants [28], page 119:
for any p > 0, R > 0, chosen N sufficiently large, we have

Cn

P {|ur|? > R} < R

Let us denote Fr(u) the distribution of |ur|, we have
By, [ir]? = / WPdFp(u) < 1— / WPl — Py(u)
0 1

> C
1 N
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Remind that under the condition A;, S, and f, are sufficiently smooth. Thus for
x,y € [—L, L] we have

[fe(z) = f@)] = [fi(2)(z —y)| < Clz —yl,

and
[fi(z) — fi)] = 1f1(2) (@ — y)| = |4F(2)S2(2) + 2f.(2)SL(2)| |2 — y| < Clz —y.
So we have

(fi(x) = £i(y) By |tir|* < Clz —y/*.
For the second part in (2.39), note that

E, |(n7(x) — n7(y))?
— O\, (%/ (M(X, — Po,z) — M(X, — b, y))th>
< _/ Eg, (M (X, — Vg, 2) — M(X; — 9g,y))* dt

_ClEU (gOa ) (507 )) :

Suppose that x <y,

By (M(&0,) ~ M) = [ (QF*(Z)(f*(:v)—f*(yD) fu(2)d

s
[ (2 5 (= R + F*(Z)f*(y))) fo(2)dz
a (21_ﬁ—](:;)@(f*(rr> - f*(y))> fu(2)dz

< Ci(w —y)' + Coz —y) + C3(x — y)* < Cly — ).
Similar result holds for x > y. Then we obtain
2
Ey, [n7(2)* = n7(y)’|" < Clz —y|, @,yeR.

Thus we have
Ey, |¢(r(z)? = Cr(y | < Clz —yl.

Now we prove ii). As in Lemma 2.2.1, we have deduced that

E M (&,x)* < Ce ™", for x > A.



Thus for L > A,

E%%fQﬁ@»%x:E%Zf(&?ATMOQ—%JMWOZM

o0

< C’/ EoM (&, z)*dr < C/ e M dy < Ce™ L,
L L
Note that fi(z) = 2S.(z)f.(x) and along with (2.30) we have
/ﬁ By, (1 (x) — fl(2)ir) "de < m/ (2Egynr(2)* + 2f/(2)Eqg,U7) do
L L
< / Ce™"dx = Ce ™.
L
In(e/C)

For any € > 0, take L = —=3= V A, hence we obtain (2.28).

Proof of Theorem 2.2.1.
We have
o = T [ (alw) ~ o= D) Pda
= 7 [ ((Fr@) ~ £ = 00) + (Lo = 0) — £l = 91)
~ [ (VEGr@) - o= 00) + VE@r — )1 a = T)) o
(

o ~\2
= /OO nT(x)—i—an;(x_ﬁT)) dz,

33

where 5T is between vy and 5T which comes from the mean value theorem. Note that

Bo, [ (@i~ 0r) - fila— 00)) do

—00

:E%/f(ﬁiux—my%%—ﬁwﬁdm

o0

The smoothness of S, () and so that of f”(-) give us the convergence

Bo, [ (@i~ 90) - fia— 00)) do — 0.

—00
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Applying Lemma 2.2.1 and Lemma 2.2.3 we get

5T = /OO (T]T(I — 190) -+ UTf (l‘ — 190))2 dx + 0(1)
= / n(z — Vo) + af(z — )’ da

- / (n(y) + f!(y)* dy = / " (1) + 288 (9) ()P dy = 6.

Note that the limit of the statistic  does not depend on ¥y, and the test ¢p = 5,54}

P(é > d5> -

with d. defined by

belongs to K..

2.2.2 The C-vM type test via the EDF
We introduce in this subsection the C-vM type test in using the EDF:

~ 1 [T
FT<(L') = T/ ]I{Xt<x}dt-
0

and its limit in distribution

B 00 00 F*(y)F*(aj) — F*(y/\x) B 1 e 2 )
2= ( /. (2 — L)L) f*(y)> dW(y)) i

This convergence will be proved later. Thus we propose the C-vM type test 230
U7 = Liar>p.y,

where D, is the solution of the equation
P(A = Da) e (2.32)

We have the result
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Theorem 2.2.2. Under the conditions £S, Ay and A, the test Vo = Hia,>p.)
belongs to K. and is APF.

Denote nf(z) = VT (Fr(z) — F.(z — o)) and

F(z)F(x) = Fi(2 A )
fo(2) '

H(z,z) =2

In Kutoyants [28] Theorem 4.6, the following equality is presented:

2 [T F((zAx) =) — Fulz — ) Fu(z — 1)

) = r AEEED *
Xt A l’ ’190) (Xt 190) (l’ — 790)
\/_/ fo(Xy — o) A
= —— ( H(z — 9,2 — 1g)dz — 0H(z—190,a:—190)dz)
/ H 190,.23 — 7.90)th (233)

We present the following lemma

Lemma 2.2.4. Let the condition Ay be fulfilled, then

00 &o 2
/ E, < H(y,a:)dy) dr < co.
—00 0

Proof. In applying (2.13) we have, for x > A,

o0 y
1 —Fi(z) = C/ exp (2/ S*(r)dr> dy < Ce™®*
x 0

1——F*(ac) < C/ e*2v(yfr)dy < C.

For < —A we have F,(z) < Ce ®!*l and we can write

F*(:L‘) - z ox Yy A
e _C/_Oo P<2/x Su(r)dr)dy < C.

and
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So that for x > A,
o ([ tes)
=4/;jxm(4?mm»—mfg}gfdy
+4]Crﬁ4y>([fcﬁxx>—1>§§%§dz)2dy
+4/:O fo() (/Om(F*(:v) —1)]2((;)dz+/: F(x)F;ZEZ; 1dz)2dy.

Note that
/1f@»(ﬁ?ﬂ@»—ﬂ§f§d)iw
[ (fo- )
<R [ i rew s o0 R ce
Further

/Wm(/uF(ﬁﬁ@f@s[mwdfkgﬁﬁﬁy
(] [

< [ L (- dy < Ca+ e,
A

and




and

thus we have

Similarly we get

and

We obtain finally

o0 o 2
/ E, ( H(y,:c)dy> dz < oo.
- 0

[e.9]

This inequality allows us to deduce the following bounds
Ey,H (&9, — U0, 2)° = EoH (&, x)* < 00,

and

2

&9y —Y0 o 2
Ey, (/ H(z,x)dz) =E, ( H(z,x)dz) <o, |z|>A.
0 0

Hence we get the asymptotic normality of n% (x):
np () = 0 (& = do) ~ N(0,Eq (H (o, = — 09))°),

where we define

0" = [ ) T ),

37

(2.34)

(2.35)

(2.36)

As in Lemma 2.2.2 and Lemma 2.2.3, if conditions A and Aq hold, we show the

convergence of the vector (nk(xy), ..., nk(zy), Ur):
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Lemma 2.2.5. Let the conditions Ay and A be fulfilled, then
‘Cﬂo (777}4:($1)7 Sy 775(3%)’ aT) = ‘6190 (77F($1 - 190)a '~'>7771?(l'k - 190)7 iL\)
for any x = {x1, 79, ..., 23} € R

Proof. We omit the proof since that it is similar as Lemma 2.2.2.

Let us define .
_ 1
ng(l’) = ﬁ/o H(Xt — 1907x)th
we prove that

Lemma 2.2.6. Let the conditions A and Aqy be fulfilled, then

Lot [ G+ @) ) — cf [

—00

o0

(1 () + £, (0))de |

Proof. Denote (¥ (z) = pk(z) — Urfi(z). Similar as Lemma 2.2.3, we need to
verify
i) VL>O0,forz,y € [-L,L] and |x — y| < 1, there exists C' depending on L such
that
Ey,|Gr (2)* = G (v)*)* < Cla — y['2. (2.37)

ii)vV e > 0, 3L > 0, such that
Ey, / Ch(x)*dz <&, VT >0. (2.38)
{l=|>L}

Firstly we prove i). Note that

Ey, [¢F(2)? — CF(y)?|”
< O ((ful@) = £ (1) B [ar|* + By (7 (x) — T ()| .

Moreover,
Eq,| (77 () — 7 (y))|*
, 1 99— 4
< CYT™E — H(z,x)— H(z,y))d
<ot B, (o= [ ) - e )

1

T 4
+ CLT 54 Ey, ( / (H(X; — o, ) — H(X, — g, y))th)
0

Ne
o 4
< O,T2E <% i (H(z,z) — H(z, y))dz) + CyTV*E (H(&,x) — H(&, y))4.



Suppose that x <y,
E19() (H(Xta l’) - H(Xt7 y))4

_[" Fi(2) o) — ; FE(2) -1 ) — 5
___wf@%F() ﬂ@m1+y ﬁ@)(F()lﬂwﬂ
v
+/x 7 BEE) = B) + (F() = F(0) d2
< Ci(z —y) 4 Cs(z —y)* + Cow — y)

and

=2 [ ([ D - pwpe) o
2 [ g ([ BB EORE - RO,

s /°° (o) ( / F.(2) — F.(x) + Z(iz)><F*<x> - F.(y)) dz)4 s

/ ( f F.(z) — F*(y))dz)4ds

<Cl( ) +CQ —ZIJ)+03( ) +C4( )
Similar result for x > y. We obtain finally

~ ~ 4
Ey, [ (x) — r(y)|” < Clz =y,

Therefore,
2
Ey, [¢7 (2)* = ¢ (9)*[” < o —y['/2,

Now we prove ii). Thanks to Lemma 2.2.4, we have
By, |5 (2)]* < Ce™ e, 2> A,
Hence for L > A,

/L By, (75() — f.(2)0r) de
< /OO (2E190775(a:)2 + 2f*(:z:)2E190ﬁ%)d:c

§/ Ce %dx = CeE,
L

39

(2.39)
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For any ¢ > 0, take L = (E/C V A, we have (2.38).
Proof of Theorem 2.2.2 We have

Ar = T /Oo<ﬁT(x)—F*<x,@T))2dx

—00

_ /_ " VI (Boa) — Fu(x — 00)) + VT@r — 00)Fula — 97)) e

oo

_ /_ h [nE(x) + T fu (2 — Op)] da

[e.o]

— [ )+ arse - e ol
= / Pl — o) + Uful(z — )] "da
= /_ (1" (y) + Ufuly))” dy = A.

Note that the limit of the statistic A does not depend on ¥y, the test ¥y = Mia,>p.)
with D, the solution of

P(A>D.) =
belongs to K. and it is APF.

2.2.3 Consistency

In this section we discuss the consistency of the proposed tests. We study the tests
statistics under the alternative hypothesis that is defined as

S() ¢ S(6),

where S(0) = {S. (x — ), € [, 4]}
Under this hypothesis we have:

Proposition 2.2.1. Let all drift coefficients under alternative satisfy the conditions
ES, Ay, and A, then for any S(-) ¢ S(©) we have

PS ((ST > dE) — 1,

and

Py (AT > Dg) — 1
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Proof. Remind that under hypothesis H;, the MLE 5’} converges to the point which
minimizes the distance

D(¥) = Es (S.(£ —9) — 5(¢))%,

where ¢ is the random variable of invariant density fs(z) (See Kutoyants 28], Propo-
sition 2.36):

Op — 0 = arg élelg) D(9).

In addition, denoted by || - || the norm in L? we have
Ps (97 > d.) = Ps (Hﬁ () = sem)| = da>
> Py (VT () = st = 30) [ = VT (Fote) - 1o(o)

2
>d€>.

Hence
H\/_<f5 (x—19T>H —T/Z <f5(x)—f(x—1§T))2dx
_ T/oo (Fs(x) = 7l — Do) + 0(1))2 de
=(C+o0(1))T — o0, asT — oo.
Moreover

B (V7 (7w = s5) [ ) = B (7 [~ (Frw) = s ")

< C’/ Es(nr(z)?)dr < C/ e lldr < oo

o0 —0o0

Finally we have the result for d;:
Pg ((ST >d )
2
- po (V7 (0 - )

T (fr(@) = fs(a)

2
>d5> — 1.

A similar result can be obtained for A;.

2.2.4 C-vM test via the MDE

In this part, we discuss the test where the unknown parameter is estimated by the
method of the minimum distance. We consider always the following equation
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and we have to test the following basic hypothesis
Ho S(x) =S (x =), ve=(,[),

against the alternative

Hi o S(@)¢€8(0) ={S(x—-1),9 €, 0]}

Let us consider the following test. The unknown parameter is estimated by the
MDE 9% as follows

O = arg lnf | Fr(-) = E.(,0), (2.41)

where || - || is the norm in L? space:

e = ([~ woa) "

YT = ]I{w%>65}7 w% :THFT() _F*(ve;“)

Thus the test is defined as

2

where e, is the solution of the equation

P(w >e)=c¢

with
s [ ( [ J‘lf*(w)R(y)WdW(y)) e
and
R =210) [ =R TS g [ i

We have the following result

Theorem 2.2.3. Let the conditions ES, Ay and A be fulfilled, then the test pr belongs
to IC. and it s APF.

To prove this theorem, we introduce firstly two lemmas.
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Lemma 2.2.7. Under the conditions Ay and A, the MDE is consistent: for any
v>0
71irn Py, (|95 — Y| >v) =0,

and asymptotically normal
VT (95 — ) = N (0, T 2EgR(&)?) -
Proof. Let us denote

g<V719) = inf HF*(:C - 19) - F*<£IZ' o 9)” ) Q(V> = 1nfg<1/719)
[9—6|>v 9

Note that under the condition Ay, there exists a constant x > 0 such that
o ~ s N\ 12
o(v.0) = it (/ (f*(x — D)W — 9)) dx) > K], (2.42)
—0|>v o
thus ¢g(v) > k|v|. For the consistency, we apply Chebyshev’s inequality:
Py, (|07 — o[ > v)

= Pgo < inf

[0—10|<v

Fr(z) — Fu(z — 9)”)

Fr(x) —F*(x—H)H > inf
\/T‘G*ﬁo‘>u

[0—30|<v

< Pﬁ()( inf_ (|| Pr(@) = Fulx = v0)|| + 1P (@ = 90) — Fua = 0)1])

[0—3F0|>v

> it (IR~ o)~ (o~ )]~ |Br(e) - e - 00)]) )

— Py, <2 HﬁT(@ — Fx— 190>H > it (e = d0) = Fufw 9>||)

4By, ||nk ()|
g(v)*T

= Py, (2 nf )] > VTo) <

—0, asT — 0.

Here we have applied the inequality for norms:
[R]] = llgll < 1A+ gll < [[2l] + llgll,

the boundedness of Eg, ||75 ([E)H2 can be deduced owing to Lemma 2.2.4.

Now we prove the asymptotical normality. Note that under the regularity condi-
tions, the invariant distribution function is sufficiently smooth. Thus the MDE ¥,
can be written as the solution of the following equation

o

% | Pr(x) — P =0 = / 2 (Fr(x) = Fu(w = 0)) Fulw = 0)de =0,

— 00
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which deduces that

/_oo ((Pr(x) = Fulw = 00)) + (B = o) = Fu(x = 0) ) folo = 9;)da

[e.9]

_ /_oo ((Fe(e) ~ Fula = 90)) = 005 — 90)Eulw — 1)) fule — 03)dz = 0.

[e.9]

Thus we have

VT %, (Pr(2) = Pz = 00)) fo(@ = 97)de

wh = ﬁ(ﬁT — ) = — f—oooo felx — 0%) fulx — Op)dx

(2.43)

Note that owing to the convergence ¥, — vy and the continuity of the density function
f«(+), we have

In addition,
VT / h (ﬁT(a;) _F(r— 190)) fule — 95)da

= /_OO 771T:<ZU) <f*(33 — ) —|—f*(x _5T)(19*T . 190)) da

[e.e]

_ /oo nE (@) fu(z — P0)da + 10

—00

Remind that under the condition Ay, we have f,(z) < Ce 2l for |z| > A. This
yields that

B, ( | @i 5T>dx>4

< EOO JREEE ( | (est-dnnta-in) " dx)3
<Ba, [ afwrac ([ (204 1e - T pe - )" dm)3

< C’/ Ey,n5(2)*dz < C (/ —|—/ ) Ey,nh(2)*dz < C.
— 0 |z|>A |z|<A



Thus we have

0 . 2
Barts = 2Ba, ([ @) f.(o - Tr)(0 ~ e

< (B (0 190>4)1/2 <E§0 (/_Z nh(x) fulz — 5T)dx) 4)

< C (Eg, (95 —00)")"* — 0.

Note that
, _ .0 (F(y)F(z) — Fi(y A=)
Hy(zv) =25, ( 7. )
= 2f.(y) (F( )f (j{z>y}) M(z,y)
and that -
W) = "= 00 = [ Hy = 00 VERWE)
We have

/ (x —Yo)dx = / / ]I{y<x}dnT (x — Yy)dx

_ g / i / Ty folr — do)daduf (y)

:/Z (1= Fu(y — o)) dnfi (y)

:>J—1/ (1= F.(y — ) / Hy(zy = 90)V1.(:)AW (2)
/ / (1= E.(y)) M(z,y)/f-(2)dydW (2)

In replacing these results in (2.43), we obtain the asymptotical normality

1/2

VT (95— 0y) = —J~ // (1= F.(y)) M(z, )/ f(z)dydW (z)

~ N(0, J?EoR(&)?)

We define from now on
w=-s [ [ R Me) VAR )

then we have the finite-dimensional convergence

45
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Lemma 2.2.8. Let the conditions Ay and A be fulfilled, then
Loy (07 (1), .onp (@), up) = Lo, (0" (21 — Do), . np (e — Do), u”)

for any x = {x1, 79, ..., 21} € R

Proof. Remind that in Section 2.2.2, we have defined

_ 1 (T
i (z) = ﬁ/o H(X; — Yy, x)dW,.

We define in addition

AL = \/_// M(X,, 2)d=d WV,

/ / (1= Fu(y)) Mz, )/ F(2)dyd W (2)

Note the representation (2.43) and (2.33), in omitting the asymptotically null parts,
we need to prove the convergence

['190 (?]5(1]1), 7’7]7}:(1}]0,/\}) = Lﬁo (nF(Il)a 777712<mk)7A*)
for any x = {z1, 79, ..., 11 }. Let us take A = {\1, Ao, ..., A1 € R¥1} and denote

and

[e.e]

k
h(y.x, ) =Y NH(y,z1) + Mg / (1 — F.(2)) M(y, 2)dz.

=1 —©

We need to verify

I -
ﬁ /0 h(Xt, X, )\)th - ; )\ﬂ]F(ZL’l) + )\k+1A*. (244)

Note that .
1
ﬁ/o h( Xz, x, \)dW; = N (0, Eoh(&o,x, A)?) .
where

o0

EOh(&bxv )‘)2 = EO (Z AlH(g()vxl) + )‘k’-i-l / (1 - ( )) (£Oa ) )

=1 o

:iim Eo (H (&0, 21)H (&0, Tm)) + N2, Eo (/ fo(2)H (&, 2)d )2

=1 m=1

k
+QZ>\1)\k+1Eo ( 5o,$l)/

—00

oo

(1 = F(2) M(&, 2)d )
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k
In addition, >_ \nf(z;) + App1A* is a normal variable with null expectation and
=1

variation

k 2
E (Z '’ () + )\k+1/\)

=1

D D NAGE® (@0 (@) + D A B (2)A") + AL BA)?

=1 m=1 =

Eoh(&, x, \)?

Thus we obtain (2.44), and so that the result of the lemma.

In addition, we have the convergence:

Lemma 2.2.9. Let the conditions Ay and A be fulfilled, then we have

o0

Ll [ @@ @) ) =] [

—00

(1" (2) +U*f*(w))2dx}

Proof. We introduce firstly an estimate (See for example Lemma 1.1 in Kutoyants
[28]): Suppose that

T
E/ h(s,w)*™dt < oo
0

is satisfied, then

E (/OT h(s, w)th) " < (m@2m—-1)"T"'E /OT h(s,w)*™dt.
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Thus we have

Eg,(ur)* = Ey, (% /0 s /_ Z Folz)H(X, — g, 2)dzdW, + 0(1))4
< I, ( | @i, -0 x)da:)4 +o(1)
e ([ f*<x>H<5o,x>dx)4 +o(1)
<CJ ( /_ Z f*(x)4/3dx)3 / T By H (&, )4 dx + o(1)

—00

IN

C </|35§AEOH(€07$>4d$+/|;[;|>AEOH(§O’x)4dx) +o(1)

<C <C’ +/ e27|’”d1:> +o(l) <C
|z|>A

Let us denote all?(x) = ¥ (x) + vk fo(x). Thus following the proof of Lemma 2.2.6,
we have

i)V L >0, for z,y € [-L, L] and |x — y| < 1, there exists C' depending on L such
that

Ey,|CF ()? = (R (y)*]* < Clz — y['/2.
i)V e >0, 3L > 0, such that
"D, )\2
Eﬁo/ (r(x)*de <e, VT >0.
{lz|>L}

Along with the finite-dimensional convergence in Lemma 2.2.8, we obtain the result
of the lemma.
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These lemmas above yield the convergence of the test statistic. In fact

2 —T/_OO (ﬁﬂ )~ F(e—07) da

[e.9]

VT(F F.(z — 1)) + VT(F.(z — 0) — F*(x—ei})>2d:z:

83

(VT
<77 z) + uhF, :v—19T)>2da7

|
g8 83
88

(Kgyesy — fu(e —00)T (1= Fu(y — 90))) dnéT(y)) de + of1)

8 8
88

/
/_ 2
/ (/ Mendrf @)~ e [ —R(y—ﬁo»dn?(y)) dz + o(1)
[
L

¢ (x)? :

—00

(Lgyeoy — ful — 00) 7 (1 - E.(y —ﬁo>>)nT<y>dy) de + of1)

ﬂ

where
¢Pla) =" (x) + u fu(2)
[ (e~ L@ W) [ MepVERE

o0

Thus the test ur belongs to .. Moreover, the limit of the statistic does not depend
on 19, which means that the test ¢ is APF.

Remark 2.2.1. Note that the statistic w? and its limit w* can be presented as follows:

~ il /OO T (ﬁT(x) — F(z— 9))2 da

—00

wh =T | Br() = F(-9%)

(e}

o= [ " (o) + uf(a))? de = i | o)+ ure)as

The advantage of this C-vM type test with MDE is that we do not have to calculate

the real value of the estimator 19 -, in fact the minimum value of Hﬁﬂ) — F(x — 9)‘

18 sufficient to constrcut the test.

Remark 2.2.2. The same procedure can be applied to the case where the test is
constructed by the LTE. In addition, other estimators for the invariant density or the
wwvariant distribution function propose similar result, in providing that the estimators
are consistent and asymptotically normal.
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2.2.5 Numerical example

We consider the Ornstein-Uhlenbeck process. Remind that the tests for O-U process
were studied in Kutoyants [30] as well. Suppose that the observed process under the
null hypothesis is

dXt == _(Xt - ﬁo)dt + th, X(], 0 S t S T

The invariant density is f,(z — 9g), where f,(z) = 7~ /2"
The log-likelihood ratio is

T 1 T
L(XT,09) = —/ (X, —9)dX; — 5/ (X, — 0)2dt,
0 0

so that the MLE 1/9\71 can be calculated as

~ 1 [T Xr—Xo
I = — Xdt + ———.
T T/o (At + T

The Fisher information in this case equals to 1, and the LTE is

> 1 I
Fr() = 70X o) = 1Xo = al) - 7 [ sgn(t; - 2)ax.
0

The conditions Ay and A are fulfilled, then the statistic is convergent:
o= [ ()~ £o =) ae = 0= [ G

where the limit process (i(x) = n(z) — uf’(x) can be written as

at = [ <2f*(fc)F*<y> - (];M ) f*(y)> W (y).

We have a similar result for the test based on the EDF:

Ay = /OO (Fr@) - (e~ 5T))2dx A= /Z (o)) da,

—00

where the limit process can be written as

[ F(y)F(z) - F(y Az i
Go(r) = /OO (2 &0 + fo(x) f*(y)> AW (y).
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Figure 2.1: Distribution function for test statistics and its limit.

This convergence can be verified by numeric method. We take the test statistic via
EDF as an example, Graphic 2.1 is the curves of the distribution function for A and
A, T =10, 100.

We simulate 10° trajectories of § (resp. A) and calculate the empirical 1 — ¢
quantiles of § (resp. A). We obtain the simulated density for 6 and A that are
showed in Graphic 2.2. The values of the thresholds d. for different ¢ are showed in
Graphic 2.3.

2.3 The Kolmogorov-Smirnov Type Tests

This section is based on the work [51]

We consider always the following problem. Suppose that we observe an ergodic

diffusion process

and we have to test the following basic hypothesis
Hy S(x)=8,(x—7v), V€= (a,p)

where S, () is some known function and the shift parameter 1 is unknown. Therefore,
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Figure 2.3: Threshold for different e.

the trend coefficients under hypothesis belong to the parametrical family

S(0)={S,(x—1),

Ve O}.
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The alternative is

H, :  S(z)€S8(0),
where S () = {8, (z —9),9 € [, 5]}

The invariant density function and the invariant distribution function under H,
are denoted as f,(x —¢) and Fi(z —9).

2.3.1 The K-S test via the LTE

Suppose that the trend coefficients S () of the observed diffusion process under both
hypotheses satisfy the conditions EM, £S and Aj. R

The unknown parameter is estimated by the MLE 7, which is defined as the
solution of the equation

L7, X") = sup L0, XT).
00

The LTE ]?T(x) of the invariant density is

~ 1 I
Fr(@) = (1 X — 2| — [ Xo — 2]) — —/ san(X, — 2)dX,.
T T J,
Let us propose a statistic which is defined as follows

Ar = VT sup |fr(e) - fula = Ir)

z€eR

Y

we show that under hypothesis Hy, it converges in distribution to

/_ Z <2 o) W ;é{;ﬂ} 2. (@) (2)S1(v) f*(y)> div(y) .

A = sup
zeR

(2.46)

The K-S test is defined as
o1 = Tapseds

where c. is the (1 — ¢)-quantile of the distribution of A, i.e. ¢, is the solution of the
following equation

P<)\ > cg> =e. (2.47)
The main result for the K-S test based on LTE is the following:

Theorem 2.3.1. Let the conditions £S, Ay and A be fulfilled, then the test ¢pr =
My se.y belongs to K.
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Note that neither A nor ¢, depends on the unknown parameter. Therefore the test

¢r is APF.

Remind that under the condition A the MLE 3T is consistent and asymptotically
normal. Let us define iy = /T(07 — 1), then it converges in distribution to

ap:-}/stwv@xwavw)

Let us define np(z) = VT <fT( ) — fulz —190)>. As that is shown in (2.21), it
admits the following representation

1 X
nr(z) = —ﬁ ; My — 99, x — 0g)dy + — / M(X; — Yo, x — 09)dW,,
0

where

My, 7) = 2f(2) F*(y)f*—(y];{ymy

Remind that nr(x) is convergent and asymptotically normal under the regularity
conditions. In addition, in Lemma 2.2.2, we have the convergence of the joint finite-
dimensional distribution for ur and nr(z):

L (77T<x1)7 "'777T(xk)7i[’\T) =L (U(xl - 190)7 777(3:16 - 190)7@’\) )
for any x = {z1, 29, ..., 7} € R¥ and k = 1,2, 3..., where

n@%:%ﬁ@[fﬁuw‘

Ty>a) 31

We denote (r(z) = VT (fr(z) — f.(z — U7)), then
(@) = VT(fr() = fle = 7))
= (@) + VT (fule = do) = fulw = Ir))
() + Gir fu(@ = do) + o(dr — o).

Denote also
C(z) = n(z)+af(x)
— /_OO <2f*(x) F.(y) ; Tiysay _ %S*(x)f*(x)Si(y) f*(y)) AW (y),

o0 (y)

We will prove that (r(-) converges weakly to ((-). For this, we prove firstly two
lemmas:
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Lemma 2.3.1. Let conditions Ay and A be fulfilled, then
Ey, |¢r(z))” < Ce el g eR.

Proof. We have

—~ 2
Ey, |Gr(2)]" = Eg, |nr(z) +drfl(z — 97)
< 2(fi(x — 97))*Ego|ar|? + 2By, |nr(z) .

For the first part, let us recall the following result, given in Kutoyants [28|, page 119:
for any p > 0,

Ey, |url? < C.

Beside this, we have
fl(z) < Ce Ml vz eR,

because that for large |z|
[fi(@)] = 28.(2) ful2)] < C(L+ JzP)e™® < CeT W,

and for |z| bounded, both S,(-) and f(-) are bounded, then we can find some constant
C such that S, (x)f.(z) < Ce 7,
In addition according to Lemma 2.2.1

1 T 2
Ey, [nr(z)? < 2Ey, (ﬁ /0 M(Xt—ﬁo,x—ﬁo)dwt)

Xr

VT Jx,

4 ¢ ?
— QEOM(&),:@)MTEO (/ M(z,x)dz) < Ce 2l
0

2
+2Ey, ( M(z — 99,2 — ﬁo)dz)

We obtain thus the result of the lemma.

Lemma 2.3.2. Let conditions Ay and A be fulfilled, then

er sl } = £ {sulcto - 001}

zeR z€R
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Proof. Remind that (p(z) = np(z) + VT <f(:r; — ) — flx — 19})) Thus we need
to prove the weak convergence for the two parts:

er {sup larta)l } = £ {sup ot — o0} (2.19)

zeR

and

Lr {suﬂg ]\/T (f(x — ) — fla — 1%)) ‘} — {suﬂg Gf (x — 190)|} L (249)
fAS e

Along with the convergence of the joint finite-dimensional distribution, we have the

result of the lemma.

The convergence (2.48) follows from the Theorem 4.13 in Kutoyants [28]. In ap-
plying the Theorem A.20 (Appendix I) in [22], the Lemmae 2.2.2 and 2.3.1 provide
us the following result: the distribution Q7 in Cy(R) generated by the process nr(-)
converges to the distribution @) generated by the process 7(-). Therefore we have
the weak convergence of nr(z) and further the convergence in distribution of the
supremum of ny(x).

For (2.49), note that

VT (f(e = d0) = fa = 0r)) = VT(Br = 06)f (& = Ir).

Moreover, f”(x) = 25.(x)f(x) + 4S.(x)*f(z) is bounded since that S.(-) and S.(-)
belong to P, and f(z) < Ce 2/l for large |z|. Thus we have

sup ‘f’(m — 57’) — f'(x — o) =sup|f"(2)|- ‘{9} — 190’ — 0.

z€R x€ER
Therefore
sup ‘\/T (£ = o) f(z — 1)) ( — sup |[VT (D7 — 00) f'(a — {9})‘
r€ER zeR
= |u] sup |f'(x — Yp)| .
zeR
Moreover,

sup [((z —do)| = sup |((y)] = sup [C(2)] = A,

z€R (y+90)ER z€R
Thus we have

Note that A does not depend on the unknown parameter vy, we conclude that the
test ¢ = In, ey belongs to K. and is APF.
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2.3.2 The K-S test via the EDF
We introduce in this part the test based on the EDF"

~ 1 [T
FT(I) = T/O ]I{Xt<x}dt‘

Let us introduce the statistic

o~

Ar = VTsup |Fp(z) — F.(z — Vr)

zeR

I

we will prove that it converges in distribution to

| F,(y)F.(x)— Fy,(y Nz 1
A=sup| [ (2P LURD  La) G W) (250)
2€R |/ oo fe(y)
Thus we propose the K-S test
O = Map>cnys
where C. is the solution of the following equation
P(A > CE> - (2.51)

The main result for the K-S test based on EDF is the following:

Theorem 2.3.2. Under the conditions ES, Ay and A, the test &7 = Hip,~c.y belongs
to IC..

Remind that nf(z) = \/T< r(x) — Fo(x — 190)) and

ni(x) = VT(Fr(z) — F.(x —))

1 XT XO
= —— ( H(z — g, x — ¥g)dz — H(z—ﬁo,x—ﬁo)dz>
T \Jo 0
1 [T
S / H(X, — U0, — 99)AW,,
T Jo

where

As that is shown in Lemma 2.2.4, under the condition Ay the EDF ﬁT(x) is consistent
and asymptotically normal, that is

1 (@) = VT (Fele) = Fulw = do) ) = (@ — )
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where
0"@) = [ H.) VGV ) ~ N OB (H(&, o~ 00))).
Moreover we have the convergence of joint finite-dimensional distribution as follows:
L (7 (z1), ...,ng(mk),ﬂT) = L (nF(xl — D), oy (g — o), 1) ,
for any x = {z1, 79, ..., 11} € R*.
Denote (£ (z) = VT (Fr(z) — F.(z — 97)). As in the section above, we prove that
Lemma 2.3.3. Under the conditions Ay and A,
Ey, |C5(m)‘2 <Ce 2kl zeR.
Proof. We have

K W () + A fu(e — )|

< 2(fulw = 1)) By, |ar[* + 2B, 07 ().

Eﬂo IC:,E(QT) = E190

In addition
Eglur]* < C,  fu(x) < Ce™®H,

and

1 T 2
Ey, |7 (2)]? < 2By, <ﬁA H(X; — Vo, — 190)th>
Xr

VT Jx,

4 ¢ ’
= 2BE.H (&, x)* + on (/ H(z,x)dz) < Ce 2l
0

2
+2Ey, < H(z—Yy,x — ﬁo)dz)

We obtain thus the result of the lemma.

Lemma 2.3.4. Let conditions Ay and A be fulfilled, then

Ly {sgﬂrg \g;i(a:)]} — L {sgg ¢F(x — 190)|} :
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Proof. Remind that ¢£(z) = nk(z) + VT (F(x — ) — F(x — 5T)> Thus we need
to prove the weak convergence for the two parts:

r {igg}"z}f(m)!} :>£{i1€1£|77F(x—190)}} (2.52)
and

Lr {Sup ‘\/T (F(m — ) — Fla — q%)) ]} — {Sup af(z — 190)\} . (2.53)

zeR z€R

Along with the convergence of the joint finite-dimensional distribution, we have the
result of the lemma.

The convergence (2.52) follows from the Theorem 4.6 in Kutoyants [28] and the
Theorem A.20 in Ibragimov & Hasminskii [22|. For (2.53), note that

VT (F(x — ) — Flx — ﬁT)) — VT — ) f(x — Ir).
We have

sup | f(@ = Ur) = f (& = Vo) | = sup | @) - [Ir — 0| — 0.

rzeR z€R

Therefore

sup ‘\/T (F(x — ) — Fx — 1%))‘ = sup ‘\/T(ET — o) f(x — 5T)‘

z€R z€R

= [u] sup | f(z — ¥o)|.
zeR

Moreover,

sup [("(z —do)| = sup |¢"(y)]| =sup|¢F(2)] = A.

T€eR (y+90)ER z€R

Thus we have

Note that A does not depend on the unknown parameter 1y, therefore the test
Up = Ta,>c.) belongs to K. and is APF.
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2.3.3 Discussions

We presented two tests and there is a question of comparison of these two tests.
As usual in nonparametric hypothesis testing, the tests are compared under some
parametric alternatives and the result can depend strongly on the choice of these
parametric families. In general the tests based on the estimators of the densities can
be sensitive to the alternatives with the densities having havy tails. If the goal of the
test is to detect such alternatives then the test based on local time estimator can be
preferable.

Below we discuss the consistency of the proposed tests and verify the condition
As. Firstly we study the behavior of the test statistics in the situation when the
hypothesis Hj is not true. We define the alternative hypothesis as

where §(0) = {S, (r — ) ,9 € |«, 8]}. Under this hypothesis we have:

Proposition 2.3.1. Let all drift coefficients under alternative satisfy the conditions

ES, Ay, and A, then for any S(-) ¢ S(©) we have

PS ()\T > Ce) — 1,

and
Ps (AT > Cs) — 1.

Since that the prove is similar as Proposition 2.2.1, we omit it.

Remind that our results are obtained under the assumptions Ag and A. For the
properties of @y, we have applied the condition A = (A, Az). In the case of shift
parameter these assumptions can be reduced to Ay and A;. This is to say that the
condition Ay can be deduced from A and A;.

Proposition 2.3.2. Let the conditions Ay and A; be fulfilled, then we have:
0 < EgS'(&)? < .
Proof. Remind that under Ay we have (2.13), which means that
S(z) < —yforz>A, S(z)>~forzx<—A.

Thus there exists at least one point z such that S’(zg) # 0. Owing to the continuity
of S, there exists p > 0 such that for = € (zg — p, zo + p), S'(x) # 0, then

zo+p

oS (&)? = /_ " (@) () > / S'(2)2f.(x)dz > 0.

0o—p
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On the other hand, S’(-) € P is of p-polynomial majorants, thus

EoS'(&)? = /_00 S'(z)? fo(x)dz

(e}

< C’/ (14 |z[P)? ez < co.

—00

Proposition 2.3.3. Let the conditions Ay and Ay be fulfilled, then we have: for any
v>0

inf By (S(&) — S(& +7))° > 0.

|T|>v

Proof. In Proposition 2.3.2, we have shown that there exists p > 0, such that
S'(x) # 0 for x € (xg — p, g+ p). Thus for 7 < p,

o0

By (S(&) — S(6 +7))° = / (S(x) — S(z + 7)) fu(x)da

(e 9]

ro+p—T
> / (S(z) — S(z +7))? f.(x)dz

o—p+T

To+p—T
= 72/ S'(Z)? f.(x)dz > OT2

o—p+T

On other hand for any 7 > p, according to (2.13), S(xz + n7) # S(x — n1) for n
sufficiently large. Thus S can not be a 7-periodic function, then

Eo(S(&) — S(& +7))* #0.

We obtain thus the result of the proposition.

2.3.4 Numerical example
We consider always the Ornstein-Uhlenbeck process. Suppose that the observed pro-
cess under the null hypothesis is
dXt = _(Xt - ﬁo)dt + th, XQ, 0 S t S T
Remind that the invariant density under Hy is f.(z — ¥p), where f,(z) = 7~ /2",

The MLE 1/9\T can be calculated as

Xr —Xo
T .

The Fisher information in this case equals to 1, and the LTE is

- 1 [T
Up = = X.dt
T T/o At +
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~ 1 1 (T
fT(:c):—(]XT—x\—|XO—x|)——/ sen(X, — )dX,.
T T/,

The conditions Ay and A are fulfilled, then the statistic is convergent:

Ar = ngg‘fT (f—ﬁT)‘
> Fy) = Tysoy N
= sup / . <2f*(1’) ) + filz)V/ e (y)> dW (y)| = A,
Similar result for the test based on the EDF:
Ar = /OO (ﬁT(x) — F.(z — 5T)>2dx — A= /OO (Co(x))? da,
Ar = VTsup|Fy(a) = Pua— )
— | [ <2F*(y”) — WA g ) f*(y)) aw ()] = A,
z€R |J -0 f*(y)

We simulate 10° trajectories of A (resp. A) and calculate the empirical (1 — ¢)-
quantiles of A (resp. A).

We obtain the simulated density for A and A that are showed in Graphic 2.4. The
values of the thresholds c. for different £ are showed in Graphic 2.5.

2.4 The Chi-Square Tests

This chapter is based on the work [50]

2.4.1 Problem statement

We consider the following problem. Suppose that we observe an ergodic diffusion

process
dX, = S(X,)dt + o(X,)dW,, Xo, 0<t<T. (2.54)

and we have to test the following basic hypothesis
Hy S(x) =8, (z),

where S, (-) is some known function.
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Figure 2.5: Thresholds for different . The solid line represents the values for A, the
dotted line represents the values for A.
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Suppose that the trend coefficient S (+) of the observed diffusion process satisfies
the conditions £S and Ap. Remind that under these conditions, the equation (2.54)
has a unique weak solution, the diffusion process is recurrent and its invariant density

fs(x) is f ) 1 . ()
) = GE)o(r P {2/ a<y>2dy} |

Thus the distribution function is

Fs(x) = /_x fs(y)dy, =z €R.

Denote by &g ar.v. with invariant density fs(x) and by Eg the corresponding math-
ematic expectation. To simplify the notations, the invariant density under hypothesis
Hy is denoted as f.(z) and the mathematical expectation is E,.

Let us introduce the space £2(f) of square integrable functions with weight f(-):

20 = {0 B2 = [~ nap s < oo}

[e.9]

Correspondingly, we have £?(f,) the square integrable function space with weight
f«(+). Remind that according to (2.14), under the condition .4, the density function f,
is of negative exponential majorant. Thus E, (S,(£s,))” < oo and so that S, € L2(f,).

Denote by {1, $s,...} a complete orthonormal basis in the space L£2(f.). The
alternative is as follows: for some N € N fixed

HI,N : S() c SN,

where Sy is the subspace of square integrable function such that

Z/_OO ¢i(2)? fo(x)dr < oo,

N

S () HDIsr) > 0}.

2.4.2 The properties of a chi-square test

Sn = {5(')652(];)

We construct the chi-square test. Let us denote

1 T ei(Xy) _
== /0 e 14X, 5. (x)at]
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For the N fixed, we denote

N
_ 2
Hr.N = Ud
i=1

Then we have

Theorem 2.4.1. The test prn = iy vz}, with zo the (1 — e)-quantile of x*(N)
law, is ADF, belongs to K. and is consistent against the alternative Hy n.

Proof. Since that (¢1, @2, ...) is an orthonormal basis in £2( f.), we have E.(¢;(£)¢;(€)) =
d;;. Thus according to the central limit theorem in Kutoyants |28, we have under the
hypothesis Hjy:

M = / 9i(X dXt S, (X,)di]
- ﬁ/o ¢i(Xe)dWy =1 ~ N (0,1), as T — oc.

Moreover, for any k = (ky, ..., ky) € RY,

N N
D ki = / Z ichi (X)W,
=1 =1

and

%/OT <i1 ki¢i,T<Xt))2dt = ikkj <% /OT ¢i,T(Xt)¢jﬁT(Xt)dt)

ijfl
— ZkkE (¢3(€) (€ Zk2
2,7=1

We have the convergence in distribution:

L TNk X,dw, ./\/ONk;2
ﬁ/ozz:;z@( ) dW, = <,;Z>

Thus
(igy i =1, k)= (n;, i=1,...k)
where (11, ...,ny) are N independent gaussian variables: n; ~ N (0,1). Thus we have

pr,y = X*(N). We conclude that the test ppn = Ly, 521 belongs to K., with z
the solution of
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Now we verify the consistency. To simplify the notations, we denote

1 T
G = ﬁ/o ¢i(Xe)dWr,

and
o (500 - .00
¢z
(S(z) — Si(x)) fs(z)dx
We denote the vectors O = (0;7,i =1,...,N) and (v = (G, i =1,...,N), || - || is

the Euclidean norm: for vector x = (1, 22, ..., x,), ||| = /23 + ... + 22.

Under the hypothesis H; n, we have

/ X dXt S.(Xy)dt] = ﬁei,T + G,

N
Note that 6; 7 — 6; according the law of large numbers, and that > 67 > 0. Thus
i=1
we have

N 1/2
VT||br|| = VT (Z 9§T> — 0.
=1

In addition

N N
Es |[¢r]* = Es (Z CZT) = Es (6:(¢s)*) < o0,
i=1 =1

according to the definition of the alternative. We obtain that

Ps(ury > z.) = (i (\/_GIT +(; T) > z€>
P (VT

VTt + G > V)
P (VT |I0zll = lgll > vZ) — 1.

v
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2.4.3 Pitman alternative

Let us consider the asymptotic behavior under the Pitman alternative:

1
Hy: S(z) = Si(x) + ﬁh(x),

where h € £%(f.). Remind that the likelihood ratio in this case is asymptotically
non-degenerate. We construct the test as in the above subsection

1 (" (X))
i = dX; — S, (X,)dt].
mr = == | 28K - 5. (X0
For the N fixed, let us denote

N
_ 2
KT, N = i1
i=1

The chi-square test is prn = Ly, y >z}, With 2z the (1 — €)-quantile of x*(N) law.
Let us denote (71, ...,nnv) a N dimensional independent standard Gaussian random

vector and
[ ¢i() x) f«(z)dx
= [ L@ e

We have the following result

Theorem 2.4.2. Let the conditions ES and Aqy be fulfilled, then the power function
of the test prn is

N N
B(h, prn) =P (Z 771-2,T > Zs) — P (Z(m +6;)* > Zs) :
i=1

=1

Proof. The invariant density function under the alternative is

55 {2 [ d”} = 2] ((;;(é*)) o { il :<(f>>2d“} ’

exp{%/j :((:))2dv} = 1+%/0x :((:))de+o<%)7

fs(x) =

where
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Thus we have for T — o0

1) = L G oo 7 [ ot = e { [
. 0

Therefore

/¢ deQ/d)aj

Furthermore, according to the law of large numbers

We obtain thus 0; 7 — 0; and then

N N
ZU?,T — Z('fh +6,)°.
=1 =1

Therefore the power

N
B(h, prn) = (ZUT>Z>—>P<ZTI+9

(x))dx — 0.

)
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2.4.4 Example

Let us propose an example. Suppose that the observed process satisfies the following
equation under the hypothesis H):

dXt = —CLXtdt + O'th,

where a and o are known parameters. We have the invariant density under this

hypothesis
a a .2
() =] —=e 2",
ful@) =4[ —

Let us define (¢1(x), ¢2(2), ...) the basis in the space L2(f,) as follows

2a V2 \/§a

L, ¢o(x) = 2 ¢3():—7+ g
-

In taking N = 4, we have the statistic for chi-square test as follows

¢1(z) =

= < / Pl X dXt S*(Xt)dt])2:>u4wx2(4).

Then the chi-square test pry = Iy, ,>..} with z the (1 — ¢)-quantile of x*(4) law is
ADF.

We show the convergence of the statistic in graphic 2.6. Note that as T" increases,
the curve is more and more approach to the density curve of x*(4).

2.4.5 Discussions

We consider this kind of test for the advantage that it is ADF, that is the limit
of the statistic does not depend on the coefficient function. But in considering the
consistency, it is not a good choice to fix the number of basis N. In fact, more basis we
take, better test we obtain. Thus it is natural to consider the case where N — oo.
For this purpose, we remind that

Lemma 2.4.1. If X ~ x?(N), then as N tends to infinity, the distribution of (%V)
N(0,1).
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— . — .- Density of mu_ for T=10
— — — Density of mu. for T=100
Density of Chi(4)

8 10 12 14

Figure 2.6: The density of ur4 and x?(4).

Thus we test the hypothesis H, under the alternative H; . Let us consider the

following statistic

where

Then we have

1 N
Vr N = ﬁzzl (n?,T - 1)7

R S (0 O I
e = = /0 e X = 8. (X))

Proposition 2.4.1. The test pry = Iy, y>z.}, with Z. the (1—¢)-quantile of N'(0,1)
law, belongs to K. for T — oo and then N — oo. Moreover, the test is ADF, and
consistent against the alternative Hi .

Remark 2.4.1. A test more interesting is the case where N depend on T, noting
N, such that T and Nt converge to infinity simultaneously. That is, we consider the

following statistic

1 &
- = 2 _
HT = \/m Zzl (T’l,T ]‘) .

We look for Ny such that when T converges to infinity, the statistic is convergent.
This was our first purpose to consider the chi-square test. But it has not yet been
resolved account for the dependance between 1,4, and 1,4, even for long time distance,
that is for |ty — ta] — oco. We will try to resolve this problem in the future.



Chapter 3

Approximation of BSDE

This chapter is based on the work [31]

3.1 Introduction
We consider the following problem.
dXt = b(Xt) dt + G(Xt) th, XO = Xy, 0 S t S T (31)

and we are given functions f (¢, x,y, z) and ® (). We have to construct a couple of
processes (Y;, Z;) such that the solution of the equation

dY; = —f(t, X, Yi, Zy) dt + Z, AW, 0 <t < T, (3.2)

has the final value Yr = @ (X7).

The existence and uniqueness of the solution for backward stochastic differential
equations (BSDE) is well-known owing to Pardoux and Peng [43]. The problem that
we considered above was introduced as forward-backward stochastic differential equa-
tions (FBSDE) in El Karoui & al. [15], the solution for this FBSDEs is presented as a
triple of process (Xy, Yy, Z;)i>0. They proved in [15] that the solution (X;, Yi, Zi)i>0
exists and is unique under the condition that the coefficient functions are all Lips-
chitzian and that they are of linear growth. In addition, they introduced the relation
between a FBSDE and a partial differential equation (PDE). In fact, suppose that
u (t, x) is the solution of the following equation

0 ou 1 0* 0
a—?+b(x)a—z+§a(x)28—;; =—f <t,y,u,a(m) a—i), u(T,x)=o(z). (3.3)

71
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Then applying the It6 formula to process Y; = wu (t, X;), we have the stochastic
differential

du Ju 1 9 82 ou

= —f (t,Xt,}/t,Zt> dt+thWt }/E) :U(O,Xo),

where Z; = a (X;)u (¢, X;). Therefore the problem is solved and the couple (Y3, Z;)
provides the desired solution. More details and explication can be founded in El
Karoui & Mazliak [14] and Ma & Yong [36].

In the present work we consider the similar statement but in the situation when the
trend coefficient b (x) of the diffusion process (3.1) depends on the unknown parameter
¥ €0 C R e, b(z) = S(9,r). In this case the function u (¢, z) satisfying the
equation (3.3) depends on unknown parameter ¢ and we can not put Y; = u (¢, Xy, 9).

dY; = (t, X;) AW,

Therefore, we consider the problem of adaptive construction of the couple (Y;, Zt)
where Y} and Zt are some approximations of (Y7, Zt) This approximation is done with
the help of the maximum likelihood estimator J. We are interested by a situation
when the error of this approximation is small. One of the possibilities to have a
small error of approximations is in some sense equivalent to the situation with the
small error of estimation of the parameter J, then from the continuity of the function
u(t,z,9) wr.t. ¥, we obtain Yy ~ Yy = ® (X7). The small error of estimation we
can have, besides others, in the situations when 7" — oo or when a (-) — 0 (see, e.g.,
Kutoyants [28] and [27]). In our statement we propose to study this model in the
asymptotics of small noise, i.e. the diffusion coefficient tends to 0. This allows us to
keep the final time T fixed and, what is as well important, this asymptotics is easier to
treat. At the beginning, we consider a relatively simple case when the trend coefficient
S (9, x) is a linear function of 9, diffusion coefficient of (3.1) is a (z)* = €20 (z)* and
the function f (¢, z,y,2) is linear w.r.t. x. We show (under regularity conditions)
that the proposed 17} is close to Y; for the small values of ¢.

We believe that the presented results can be valid (generalized) for essentially more
general, say, nonlinear models and the conditions of regularity can be weakened.

3.1.1 Preliminaries

We introduce in this section some regularity results for solutions of PDEs. To be
more clear, we introduce firstly the linear case. Suppose that the observed process
XT = (X;,0 <t <T) satisfies the stochastic differential equation

dXt = ﬁh(Xt> dt + €O'<Xt) th, XO = T, 0 <t< T, (34)

where h (-) and o () are some given functions and ¥ € © = («, 3) is unknown pa-
rameter. We are given as well the functions & (-), g (-) and ® (-) and our goal is to
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construct the couple of process (Y, Z) such that the process Y; satisfies the equation
with the final value Y7 = ®(X7). The corresponding PDE is

ou ou €2 5 0%u
a—i_ﬁh(x)@_x—i_ga(@ @:k(:v)—l—g(x) u, u(T,x) = () (3.6)

The solution of this problem with unknown ¢ is probably impossible to express and
we seek the approximate (Y;, Z;) which are close to (Y3, Z;) for the small values of .

In section 3.2, we consider the system (3.4)-(3.5) with the coefficient functions sat-
isfying the following conditions:

Condition A.

Al. The functions o(z), h(z) ,k(z) and g(x) are bounded and have continuous
bounded derivatives o' (x),h' (z),k (x) and ¢' (x).

A2. The function ®(x) is bounded and continuous.

A3. There exists ro > 0 such that h(xg)* > kg and o(z)* > ko, Vz € R.

Below we remind some preliminary results.

Deterministic case.

Suppose that ¢ = 0. Then the system (3.4)-(3.5) becomes a system of ordinary
differential equations

&Ct

E:ﬁh(mt), xy, 0<t<T, (3.7a)
)
% —k(z)+g @)y  yr=0(r), 0<t<T. (3.7h)

Note that in this case the parameter ¢ can be calculated without error. For example,

we have the equality
—1 8xt

ot
which is valid for all ¢ € (0, 7. To have the final value yr = ® (x7) we can first solve
the equation

V= h(x)

ou oul 0
o () 2 = k() 4 g (a) w (38)

with the final value u° (T, z) = ® (z) and then to put y; = u° (¢, ;). Then we obtain
the soluton y; which satisfies the equation (3.7b) and has the final value ® (x7).
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Therefore, the only thing we need is the initial value yo = u® (0, z¢) for the equation
(3.7b).
Note that the solution of (3.7b) can be written explicitly

ytzyoeXp{/Otg(xs)dS}+/Ote><p{/:g(%)dv}k(xs) ds

and the initial value yo can be found from the following equality

v =wen{ [ a@ias)+ [Cen{ [Tg@iabre) o

Let us change the variables

/0 Y (z5)ds = /0 ) ﬁgh<gj;3)dxs — / :T ﬁgh(é)) Qs = 0 ().

Hence

yr = u° (T, QfT) = (Q;T) {yo + /”CT /] (2’)71 ﬁk}f(zz)) dz

but this solution is not satisfactory because to calculate y, at the instant ¢t = 0 we
have to use the value xr from the future.

Non-deterministic case.

The approximation }Aft we construct with the help of the solution u (¢, z) of the equation
(3.6) and as we are interested by the asymptotics ¢ — 0, we need the convergence of
the solution of (3.6) to the solution u° (¢, z) of the equation (3.9).

As the solution of (3.6), u depends also on ¥, we write from now on u(t, z,v). We
are interested in the regularities of u(¢,x,v9) w.r.t. = and 9, which was studied by
Friedman [18]. Here they studied a similar kind of PDE where the initial value but
not the terminal was given. This does not change a lot because that a change of
variable v(t, x) = u(T — t,x) makes the results coincide with our case. First of all we
give the existence of the solution

Lemma 3.1.1. Let the condition A be fulfilled, then the solution of (3.6) u(t,x,?)
ezists for all (t,z) € [0,T] ® R, and

lu(t,z, )| < Ce™l for (t,2,9) € [0,T] x R x ©.

See Theorem 1.12 in Friedman [18].
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Lemma 3.1.2. Let the condition A be fulfilled, then the solution of (3.6) u(t,z,v)
- 18 2 times differentiable w.r.t. x in bounded domain D € R.
- 15 infinitely differentiable w.r.t. ¥, and these derivatives have derivatives of any
order w.r.t. x.

The first result was given in Theorem 1.16 in Friedman|18]. For the second result,
suppose that I'(¢, z; 7, \) is the fundamental solution of (3.6) (solution for the case k =
0). According to Lemma 9.3 in Friedman|[18|, I'(¢, z; 7, A) is infinitely differentiable
w.r.t. ¢, and these derivatives have derivatives of any order w.r.t. x. Note that the
solution of (3.6) can be presented as (See Theorem 1.12 in Friedman [18])

t
u(t, 7, ) / Dt 210, A 9)B(A)dA — / / Tt 217\, 9)k(\)dAdr.
R 0 Jr
We have this differentiable result w.r.t. ¥ for u(t, z,9).

The convergence of u to u® was studied by Freidlin and Wentzell [17]. We present
in the following lemma

Lemma 3.1.3. Suppose that the conditions Ay and Az are fulfilled, then the solution
of (3.6) converges to the solution of (3.9):

lin% u(t, ,9) = u°(t, z,9).

E—

See Theorem 1.3.1 in Freidlin and Wentzell [17].

General case.

Let us consider a more general case. We deal with the diffusion process
dXt = S(lg,Xt)dt -+ EO'(Xt)th, XO = T, 0 S t S T. (39)

where ¥ € © = (o, ) is an unknown parameter. The parameter ¢ € (0, 1], and the
limit corresponds to € — 0. We have to construct the process i}u Z) which is close
to the solution of the equation (Y;, Z;)

dY; = [k (Xy) + g (Xy) Y] dt + Z, AW, Yr=®(Xr), 0<t<T. (3.10)
The PDE corresponding to this problem is

u du 1, , 0% B
E(t,x,ﬁ)—l—S(ﬂ,x)%(t,x,ﬁ)—f—56 o(z) ﬁ(t,x,ﬁ) = k(z)+g(x)u(t,z,9), (3.11)
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with terminal condition u(t, z,v) = ®(x). For € = 0, we have the deterministic PDE
ou’ ou® 0 0
W(t,x,ﬁ) + S(ﬁ,x)%(t,x,ﬁ) =k(z) + g(x)u (t,z,9), ' (T,z,9)=d(x).
(3.12)
For any function h(t, z,9), h'(t, x,1) is defined as the derivative w.r.t. z. We define
in addition h(t, z, ) and h(t, z,?) the derivatives w.r.t. ¥, and h'(t, z, ) is the second
order derivative w.r.t. x and ¥, etc. Let us introduce the regularity conditions B:

Bi. The functions o(x) and S(9,z) are differentiable w.r.t. x, the function
S, z) € Cé5), and all these derivatives are continuous and bounded. In addition,
there exists k1 > 0 such that o(x)* > k1, T € R.

By. The function ®(x) is bounded and continuous. The function k(z) is bounded
and has continuous bounded derivative k' ().

Bs. For a fized time o, the Fisher information is positive:

§ ¢ 2
I(:c‘s,ﬂ):/ Sw’—xs)ds>0,
0

o(zs)?

and for any v > 0,
5(9,1‘) — 5(19,1‘)

o () > 0.

0

inf
[0—9|>v

Here || - ||; is the norm in the space of square integrable functions:

= ([ fsoras) 1/2.

The following result by Friedman [18] and Freidlin & Wentzell [17] will be used in the
sequel.

Lemma 3.1.4. Suppose that the conditions By and By are fulfilled, then the solution
of PDE (3.11) u(t,x,9) and that of (3.12) u°(t,x, V) exist and

-u(t,x, ) € ct? in any bounded domain D € R.

-u(t,x, ) € C1(95) and these derivatives have derivatives of any order w.r.t. x.

- the solution of (3.11) converges to the solution of (3.12):

lir% u(t, z,9) = u’(t, 2,9).

E—>

We introduce in addition the following condition C:
C1. Suppose that 1°(¢, z,9) and 4% (t,x, ) exist and that they are continuous.
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Ca. Suppose that u(t, z,d), u(t,z,v9), ' (t,z,9), @' (t,z,9) € P, i.e. they are all of
polynomial majorants w.r.t. x.

We show in Section 3.4 that this condition C gives us the asymptotical efficiency
of the approximations.

Remark 3.1.1. We remark that in the following, we will introduce properties of the
approzimations in the following sense: X = X + o(e) means that for any v > 0,

P!

)?—X‘ >v) — 0,
and X = X + O(g) means that for any v > 0,

lim P(e*

C—oo

X—ﬂ>cweo

3.1.2 Main results

We study the following problem: Suppose that our observation X7 = (X, 0 <t < T)

~

satisfies the SDE (3.9), we have to construct a couple of process (}A/, Z), such that it
approximates the solution of the BSDE (3.10). For this, we denote

}//\;‘, == U(t, Xt7 ;’\t,s)a Z\t = 8O-<Xt)ul(t7 Xt7 79\15,8)

where w is the solution of the PDE (3.11) and 1/9\ET = (1%,5, 0<t< T) is the maximum

likelihood estimator-process (MLE-process).

Remind that we have introduced the MLT 1/9\T in Section 2.1. In fact, this estimator
can be defined as a function of time ¢ by introducing the observations X' = { X, 0 <
s < t}. Let us introduce the likelihood ratio

1 ["S(, X,) 1 ("S5, X,)?
L Xt — - 9 S X - 3 S '
(X59) exp{€2/0 53 | oty ds}

Then the MLE-process @75 is defined as
9 t
Uy = arg max L(X",0).

Particularly, for the linear case (3.7a)—(3.7b), the likelihood ratio is

t t 92 2
L(Xt,ﬁ):exp /Md)@—/%ds , ¥ € 0O.
o €20 (Xy) 0 2e%0 (Xy)
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and the MLE-process can be written explicitly

-1
~ "h(X,)? L h(X,
'1915’5 = / (—)2 ds / ( )2 dXS
0 o (X,) 0 0 (X;)
In Section 3.2, we study this problem for linear case. The following result is presented:

Theorem 3.2.1. Under the regularity condition A, the couple (2, Z) admits the

representation

2 =Yi+e ft,1($t> w (t, Xy, 0)+0 (52) ) Z = Zi+e° ft,l(l’t) o(Xy) i’ (t, Xt,9)+0 (53) )

We study the general case in Section 3.3, where we obtain the following result
Theorem 3.3.1. Under the regularity condition B, the couple (}Aﬁ, Z) admits the

representation:
Y, =Y, +e&a(ah,9)alt, X, 0)
+é° (@,2(;&, 0)? 4 (t, Xy, 9) + 1gt,l(g:t, 0 i (t, Xy, 19)) +0 (¢%)
Zy = Zy + €2 a0, 0) 0 (X)) @ (t, Xp,0) + O (),
where & 1(z',9) and & o(2',9) are defined in (3.23) and (3.24).

where

At last, we show in Theorem 3.4.2 that our approximation is efficient.

3.2 Linear Forward Equation

We consider problem for linear system (3.4)-(3.5). Remind that the corresponding
PDE is (3.6).

3.2.1 Maximum Likelihood Estimator.

Our objectif is to use the solution u (¢, z,9) of the equation (3.6) to define Y, =
u(t, Xy, Ye), where 9. is the MLE of the parameter ). Remind that the likelihood
ratio in our problem is the random function

2
L(XT,ﬁ):exp{/ Oh (X dX, — / th s}, ¥ e
0 g0
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and the MLE 1/9\5 can be written as

T 2 -1 or
—~ h (X, h (X
Ve = / ( )2 ds / ( )2 dXs.
o O (XS) o O (XS)
Unfortunately we can not use this estimator for }A/t because it depends on the whole

trajectory X7. That is why we introduce the MLE-process 9J; . defined by the obser-
vations up to time ¢. The likelihood ratio function is

L(Xt,ﬁ) = exp ﬁh dX, — , Y eoO
0 220 (X,)? 252

and the MLE-process is

-1
~ L hi(X,)’ b h(X,
Dpe = / (Xo) 46 / X 4x,.
0 J(Xs) 0 U(XS)
Now we can put Y, = u(t,Xt,gtya) but we need this estimator to be consistent as
e — 0.

We consider two different strategies. The first one uses the MLE-process on the
time interval [d., T, where 0. — 0 and the rate of convergence is such that the esti-

mator 195 < is consistent. The second strategy is based on the estimator 19,55, where
t € [0, T] with fixed §. In this case we have an opportunity to improve the approxi-
mation of the process (Y;, Z;).

To simplify the notations, let us denote

Note that in this linear case, the Fisher information for time ¢ is I(z") which does not
depend on the unknown parameter.
Case 4. — 0. Let us put 6. = e?In L.

Lemma 3.2.1. For any v > 0 we have

te — 79‘ M5 <p<1y > I/} — 0, (3.13)

Pﬁ{A

as € — 0.
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Proof. We have for the estimator 1/9\1575 the representation

Jpe =0 +e¢ (/t ’;gii ds> /t Zg; dw;.

By conditions A1, A3 there exists a constant x, > 0 such that

> K.

Therefore for ¢ € [6.,T] we can write

e |

-

2 _ thi(X 2
< (vkit) 2By </ h(X,) dWS)
0

@’6 — 19‘ > 1/} < v ’E, (
t 2 2

- (Vﬁzt)_QSQ/ Ey <Z<XS)> ds<C = = ¢
0

Case ¢ > 0 fixe. Let us consider the MLE-process 1/9\,5,5, 0 <t < T and introduce
the Gaussian process
J ()
I(zt)’

&a(zh) = §<t<T.

We have the following result.

Lemma 3.2.2. The MLE-process 1/9\,575 s uniformly asymptotically normal in proba-
bility: for any v > 0

~

Vie — U
g

- ft,l(ﬂvt)

> y} — 0. (3.14)

Py { sup
S<t<T

Proof. For the process ;. = gl (1/9\,575 — 19) — &1 we can write

-

I
D-J@)  JEHU () - 1(XY)

Po (el > 1} = Po {|

=

ft(Xt) t I(l‘t)f(Xt)t t t
on [ 5 A )
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Using the estimate I (X') > x2t, we obtain that: for any p > 0 (see Lemma 4.6 in
Lipster and Shiryaev [35])

Po{ s, [Py | > 5 <o g 06 - 091 25
<po{ || [565- aﬁiﬁ] |- 5]
(

4pu h(z,)]?
< ——+ Py _ >
— 02r? * { { o (xs)} ds 2 M}

4 . TTh(X,) A
< E —
R tH 79/0 [U(XS) o

h (Xs) h (xs) 2 2
— <L |Xs— Ey | Xs—z4” < .
el s
Hence
J(XH) —=J(@)] v 4p TL*Ce?
P — 5 <
! {JZ‘EET x| T2 e

4 2
< (52H4V2 +TL C’) e — 0,

where we put pu = ¢.
By a similar way we prove the convergence

J@%U@ﬁ—NXW‘>g}_%Q

Py { sup

S<t<T

I(at) I(XY)

Remark 3.2.1. In fact, if we suppose that the coefficient functions h and o are
infinitely derivable and these derivatives are bounded, then applying the Ité formula,
we have the following representation for ¥y, — 0:

Ope — 0 = &1 (2h) + 260(5") + ...

for example M N
ét,2<$t) = ( I(z") - J(xt)j(xt)Q)
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where

M(zt) = /Ot Mla)ols) = Maa)o'(5s) gy,

o(xs)? ’
[ 2b) W (ol — 2b(@ o ()
N(a') /0 oy (g

and 2V comes from the decomposition of X, = x; + 5m§1) + ..., which is the solution
of the following equation (see Chapter 3 in Kutoyants [27])

dzlV = OB ()2 dt + o (z,)dW,, :v(()l) = 0.
In fact we can prove in a similar way as in Lemma 3.2.2:

Py {572 @,s — U — 5§t,1(35t) - 52§t,2($t) > V}
o, (o[ LN _T6_ M) v

+eJ(z")

T (X ()
J(2") (I (2") — 1 (X"))
I(az') I(X")

N(z")

+ qu {8_1

<Py {5_1

I
(J (X*) = J (o) — 5M(xt))‘ >

1
I(X?Y)
M(a") B _ (st
+ P { | 7rxogies (1K) = 1)
+ Py {81 i

NI (o
oo 0 )

FEach term on the right side converges to zero, thus we have

Py {5_2 1/9\1&,5 — 9 =€ (z') — %6 0(a")

>l/}—>0.

3.2.2 Approximation process
We observe the stochastic process
dX; = 0h (X,)dt +eo (X;) AW, Zo, 0<t<T,
and have to construct a couple of process (2,2) which is close to the true so-

lution (Y}, Z;). This process is given by the equalities Y; = u (¢, X;,9) and Z; =
eo (X3)u' (t, X;,0) and satisfies the equation

AY, = [k (Xy) + 9(Xy) Vo] dt + Z,dW,, Y, 0<t<T. (3.15)
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The initial and final values are Yy = u (0, Xy, ) and Y7 = ® (Xr) respectively.
Let us define the processes fft =u (t,Xt, @78) and Z =co (Xy)u <t, X, @76). Of
course, these processes do not start at ¢ = 0 because that we have no estimator for .

If we start at the moment ¢ = J,, then due to the continuity w.r.t. 9 of the function
u (t,z,9) and boundness of ' (t,y,?) it follows that <Yt,(5g <t< T> converges to

(y,,0 <t < T), the process Z, — 0 and therefore Y7 — ® (z7). This (non random)
limit is probably not satisfactory.

Let us start at t = ¢ and consider the approximation of (Y}, Z;, 6 <t < T) satisfy-
ing the equation

Theorem 3.2.1. Let the reqularity condition A be fulfilled, then the couple (?t, Z)

admits the representation

Y= Yi4e&a(a)alt, X, 0) + 0 (%),
Zy=Zi+ 260 (a") o(Xy) ' (8, X, 9) + O (%) (3.17)

where Yy = u (t, X¢, V) and Zy = o (X)) u' (¢, X¢, V).

Proof. The proof follows directly from the Lemma 3.2.2 and Taylor formula. Re-
mind that the functions u (¢, x,9) and «’ (¢, x,9) have continuous derivatives w.r.t. .

Remark 3.2.2. Applying the Taylor formula, we develop the representation for a
higher order. For example

2 = Y;&+€ £t71(l’t> U (t, Xt, 19)"‘62 (£t72($t>2 U (t, Xt, 19) -+ %{tl(xt) U (t, Xt, 19)) +O (53) .
(3.18)

Note that the process }A/t does not satisfy the equation (3.16) but has the following
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stochastic differential form (by 1t6’s formula)

< |ou  eh (X))’ J (XY Ou u
dy, = | = — — +9h (X dt
t at O_(Xt)QI(Xt)Q 819 < t) a
1 ) 2 Pu 1 2h (X)) 0 e?h(Xy) O%*u
Z X Z
1a° o (%) o2+ 20 (X,)°T(X)?09?  o(Xy)I(X?') 990 dt

8u eh(X;) Ou
83/ o (Xy)I(Xt) o0

_ [k (X)) + g (X)) ?t] dt + Z,dW,

- ou  eh (X)) J(X?) Ou
(19 — ﬁt,g) h@Q)% 3 (X2 1 (X' 3_19] dt

| o (X)) =— ] aw,

+

Z‘:Qh (Xt>2 82u 52h (Xt) a2u

1 N ch(X)  u
20 (X,) (X1’ 09 o (X,)° 1 (Xt)? 900z

RSOGO A

+

where we has used the stochastic differential form of @,e:

Jt> . 8h(Xt)2Jtdt—|— Eh(Xt>

ddye =d (’9 T o (X212 o (X)),

dW,.

Remark 3.2.3. Note that we can simplify the equation for Y} if we take the estimator
?955 and put Y; = u(t, Xy, 1955) Then the SDE for Y, becomes

> ou ou 1 , 0%u ou
Y, = |— X)) — X X)) —
dt |:at+?9h( t)ax+25 ( t) a2:|dt+€0'( t>8th
~ ~ ~ ou
- [k; (X)) + g (X,) Yt] dt + Z,dW, + (19 - 195,5) hX) 5t
3.3 Nonlinear Forward Equation
In this section, we deal with the diffusion process
dXt = S('Lg,Xt)dt + €U(Xt)th, XO = Xy, 0 S t S T. (319)

where 9 € O is the unknown parameter, © is an open, bounded, convex set. Param-
eter € € (0,1], and the limits correspond to £ — 0. We have to construct the process

(f/t, Z) which is close to the exact solution (Y}, Z;) which satisfies the equation

AV, = [k (X)) + g (X)) Y dt + Z,dW,,  Yr=®(Xz), 0<t<T.  (3.20)



85

For this purpose, we first estimate ¢ by observations X' = {X,,0 < s < t}.

Seeing that the case that the beginning time converges to 0, that is t > 6. with
0e — 0 does not help so much in the construction of the approximate process, we
discuss in this section the case where 9 is fixed, and the approximate process (X, Z)
is defined for 6 <t < T.

Denote by x7 = {z;,0 <t < T} the solution of the equation where ¢ = 0:

dxt

E:S(ﬁ,l‘t), Zo, OStST

As that is shown in Kutoyants [27], there exists an expansion for X; at the point z;:

X, =z +ext? + 2P 4 (3.21)

where xgl) is the solution of the following equation

daf" = §'(0, z)aVdt + o (w)dWe, o = 0.

There exist also equations for higher orders in (3.21). We do not present the details
here, the interested reader can find in Chapter 3 in Kutoyants [27].

First of all, we estimate the unknown parameter 9 by the MLE-process @76 which
is defined as follows:

L(X', 1/9;,8) = sup L(X",9),
9ed

where L(X", 4) is the likelihood ratio:
S(W, X,) 1 1S, X,)?
L(X" ) = ——dX, - — | —=—ds. 22
o =em {3 [ S - g [ e 52

To simplify the notations, let us denote K (v,y) = S(? 7)6), then

K(9,y) = Séfy? K9, y) = S0 U(yz_ & )f(ﬁ,x) 7,
K.y = 5(51??;;6)7 K'(9,y) = S’(ﬁ,y)v(y()f&)g(ﬁw)a’(y).
Moreover, we denote
J(X',9) :/Otf((f},XS)dWs, /O " ds,
J (z',9) /OtK(ﬁ,xs)dWS, (2, 9) /Ot 19:1:5 " ds.
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We introduce in addition the Gaussian process for 6 <t < T

J (2, 9)
t o P
§a(2",0) = T(.0) (3.23)
and
J (z 3J (xt
t 7
St,Q(l? ,19) W/ K 0, $5)dW — 2[ xt719 / K ’19 ZL’S ’19 [L’S)d

t
I(a,0)”" / xgl)K’(ﬂ,xs)dWs—% / 2O K9, 1) K (9, 2,)ds. (3.24)
0 ) 0

Note that under the condition Bs, the positive Fisher information and the identi-
fiability are obtained for all ¢ > §:

t ¢ 2 0 C 2
0 0

o(xs)? a(ms)
f S(0,x) — SV, x) > inf S0, z) — S, ) -0
10—9|>v o(z) . 109>y o(z) s

We have the following result.
Lemma 3.3.1. The MLE-process 1?’;,5 admits the following representation: for any

v>0
sup Py
§<t<T

Proof. As that is shown in Theorem 3.1 in Kutoyants [27], under the regularity
conditions, there exist random variables X7;, ¢ = 1,2,3, (r and a set My such that

1/9\1&,5 — - ft,l(xtyﬂ)

g2 €

- 5t,2($t7 19) >

I/} — 0. (3.25)

for sufficiently small ¢, the MLE 1/9\T7E can be presented as follows:
l/g\T,E =9+ {XTJ& + XT72€2 + XT73<€%} I[{MT} + CT]I{MCT]w

where |Xr73] < 1, [(r| and P (M) are small. Applying this result for all @,5, J <
t <T we have: there exist random variables X, ;, 1 = 1,2,3, ¢(; and set M, such that
for sufficiently small €,

1/9\1?,6 =19+ {Xt,15 + Xt,252 + Xt,35g} Toa,y + Gl
where | X, 3| < 1 and for 0 € (1, 3),

Eup Pég) (M) < Craexp {—crie "1}, supP e > %) < ¢ sexp {—cp0e7 2}
€K
(3.26)
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with positive constants Cy;, ¢, V4, @ = 1,2. Following the proof of Theorem 3.1 in
Kutoyants [27], we have fixed C, ¢, « such that (3.26) holds for all § <¢ <T'. Thus:

sup sup P (M$) < Cexp {—ce™}.

0<t<T feK
>V}:P19{ >V,Mt}

> v, Mf} < O(e2) + Cexp {—ce™} —0.

Then we have

.
+Pﬁ{

Now we verify that X;; = &§1(2",¥) and X; o = &2(2', ). Denote 7. = 1/9\757& -9,
then in the set M —t, 7; . is the unique solution for the maximum likelihood equation

tS(19+T,XS) B tS(q?+T,XS) ~ B .
5/0 —O'(XS) dW, /0—0(X5)2 [S(¥+ T, Xs) — S, X,)]ds = 0.

7/9\75,5 - X

2

7/9\75,5 - Xia

g2 €

— X2 — X2

7/5»:,5 - X

g2

— X2

(3.27)

which is equal to
t . t .
6/ K+ 7, X5)dW, — / K@ +7,X,) [K(W+7,Xs) — K(9,X,)]ds = 0. (3.28)
0 0
We denote the left part as F(e,7), the equation becomes Fi(e,7) = 0. Under the
regularity conditions, this equation has a unique solution which depends on &, denot-

ing as 7;(g). Moreover, 7; = 0 is the solution for the case where ¢ = 0, then we can
apply the Taylor formula to 7;(¢):

~ 0 ~ 1 11
Ti(e) =V — 0 =¢e7/(0) + 552@ 0)+ ... (3.29)

where

Ok T) <8E(5,7)>—1 |

e or
A//( ) o _1 aFt(€,7') - 82Ft(€,7‘) aFt(g’T) 2
T, (€)= 5 o 922 5

a?pt(g,T)aFt(s,T)aFt(g,T)+82Ft(5,7) OF,(e,7)\°
00T Oe or o2 Oe ‘

-2
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Note that X is a process depending on ¢, and under the regularity conditions, it is
derivable w.r.t. €. Let us denote Xt(l) = % and Xt(2) = 682;2(2 then we have (see
Chapter 3 in Kutoyants [27])

— o) X
e=0

x M

Thus we have

OR(e,T)) (e /t K+ 7, X,)dW, — /t K9+ 7, X,)%ds
or | 0 0
_ /Ot K@+ 7, X,)[K(W+7,X,) — K9, X,)] ds) = —I(a",9),
and B
% = (/OtK(ﬁ+T,XS)dWS+€/OtK’(19+T,Xs)X§1)dWs
e=0
. /0 XU R 47, X,) K + 7, X,) — K9, X)) ds
_ /Ot XOK@W 47, X)) [K'(0+ 7, X,) — K'(9, X,)] ds) = J(a",9).
Hence h
Xy #(e) = _aFta(?T> (aFta(i, ﬂ)‘l - L;((;CZZ) ). (3.30)

Similarly, we have

82Ft (5a 7-)
00T

t t
= (/ K@+, XS)dWs+5/ XWK' (94 1, X,)dW,
0 0

e=0
t
— 2/ XYK@W 47, X )K' (9 + 7, X,)ds

/X VW 47, X3 [K(9 + 7, Xs) — K (9, X,)] ds

/ x 19+TX)[K’(ﬁ+T,XS)—K’(ﬁ,Xs)]ds>

e=0

t
:/ K(ﬁ,xs)dWs—Q/ s WK (0, 2)K' (0, x,)ds,
0 0
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aQFt(éT, T)

t t
o = <6/ K(ﬂ+T,XS)dWS—3/ KW+ 7, X)K (04 7, X,)ds
T 0 0

e=0

— /t KW+71,X,) [KW+7,X5) — KU, Xy)] d8>

e=0

t
= —3/ k(lg,.fs)K(ﬁ,xs)dS?
0

and

82Ft (5, 7')
02

t t
— ( / XWK' (9 + 7, X,)dW, + / XWK'(9+ 7, X,)dW,
=0 0 0

t t
+ g/ K"+ 7, X,) (XW)* aw, + 5/ XPK'(9+ 7, X,)dW,
0 0
t
— / XPK'(W+7,X)[KW+1,X,) — K0, X,)]ds
0

— /t (Xk§1>)2 K'0+71,X,) [KW+7,X,) — K%, X,)]ds

(X<1>) K' 0 +7,X)[K'(0+71,X,) — K'(9,X,)]ds

t

XOXVK@ +7,X) [K'(0+7,X,) — K'(9, X,)] ds

t

(XY K0 + 7, X,) [K'(9 + 7, X,) — K'(9, X,)] ds

c\%h%

(X<1>) KW +71,X,)[K"(W+71,X,) — K"(¥, X,)] ds>

e=0

=2 [ WKW, z,)dW,,

ﬁ

so that

1, 1(0F(en)\°|?Fe,1) (0F(e,7)\?
Xio = 57} (0)=— 9 (T) D2 or

_yPF(e,7) 0F (e, ) OF(e.7) | O°Fi(e,) (8Ft(e, T))Ql

= ft,2 (.Tt, 19) .

e=0

00T Oe or T2 Oe
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Remark 3.3.1. In fact, as in Section 3.2, we have a better convergence than that is
proved in the theorem: for any v > 0
> V} — 0.

This result needs a lot of further work, we present in appendiz.

Y t
oo [Pt S0
§<t<T € €

Now we construct a couple of processes which approximates to (Y3, Z;) for § <t <
T. Denote u(t,z,v) the solution of PDE

du du 1, , ,0%
E(t, X, ’19) + 5(197 I)@(t, xZ, 79) + 55 O'(I) W
with terminal condition u(, z,19) = ®(z). Denote u’(¢, x,v) the solution for the case
e=0
ou® ou° 0
E(t,x,ﬂ)—l—sw,x)a—x(t,x,ﬁ) = k(z)+g(x)u(t,z,9), ' (T,z,9)=d(x). (3.32)

Define the process ((37,5, Z), 0 <t <T) as follows:

(t,x,9) = k(z)+g(z)u(t, z,v), (3.31)

2 - U(t, Xt; 1/9\15,8)7 Z\t = €U<Xt)ul(t7 Xt7 1/9\1‘,,8)7
where u(t, x,1) is the solution of (3.31). We have

Theorem 3.3.1. Let the regqularity condition B be fulfilled, then the couple ()/}t, Z)

admits the representation:
V=Y, + e (2t 0) a(t, X, )
+ ¢’ (gm(xt, )2 (t, X, 9) + %gt,l(aﬁ, 0) i (t, Xy, 19)) + 0 (%)
Zi=Zi + €2 €1 (x4, 0) o(Xp) i (t, X1, 0) + O (%),
where Y; = u (t, X3, 9) and Z; = co (X)) o' (t, X, 0).
The proof follows directly from the Lemma 5.1 and the Taylor formula.

Remark 3.3.2. All these results can be applied to other consistent estimators. For
evample we can take the minimum distance estimator (MDE) 05 _:

t
Ui, = arg gg(g/o | X, — x| *dt.
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3.4 On Asymptotic Efficiency of the Approximation

Remind that as ¢ — 0, the solution of the PDE (3.31) converges to the solution
of the PDE (3.32). We introduce in this section the asymptotical efficiency of the
approximation }A/t and Z under the condition C that has been introduced in Section
3.1.1.

Under the condition C1, the representations obtained in Theorem 3.3.1 in the above
section for the stochastic process (Y;, Z;) allow us to verify the consistency and the
asymptotical normality of these estimators, i.e. we have the convergence:

el (fft . Yt> — £ (2!, )il (t, 30, 00) ~ N (0, d2(t, 9)?) (3.33)
and
e? (Z - Zt> — &1 (2t D)o ()i (t, z,,0) ~ N (0, dB(t,9)2) (3.34)
where

o uo(t7 T, 790)2

d% _ 2u0,<t7xt7790)2
I(SEt, 190) ’

= oG

Let us consider the following problem: Is it possible to construct the other estima-
tors of the process (Y;, Z;) with the limit variance smaller than d? and d3? In fact,
we have the following result:

Theorem 3.4.1. For any approzimation (Y, Z;) of (Yi, Z;) for § <t < T,

— Uo(t Tt 190)2
limlim sup e 2Ey (Y, — Y, ’> —_—
v—0e—0 I,ﬁ_,ﬂo‘<y v ( ¢ t) ](l‘t, 190)

and

B - 0/ t T ,'9 )2
- AR (7 _ 7\ > 20 (E 21, Yo)”
VILI(l) al—I>I(1) |19—S119101|)<V€ ! ( ' t) N O-(xt) ](‘rt7 190)

Proof. Suppose that the unknown parameter ¢ is a random variable belonging to
an interval [0y — v, g + v] for v > 0. Let us introduce a probability density p(?),
Ve [Jy — v, 99+ v] and p(Jy — v) = p(¥y + v) = 0. Then we can write

Yo+v
sup e 2By (Vi — ul(t, X;,9))° > / Eg (Y, — u(t, X,,9)) p(9)dd.  (3.35)
[V

[9—o|<v 0o—V
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In addition, we have

19()+l/
[t X o)L ap(a)a0
9

o—V

e / " X 9) -2 (L(X, )p(9)) df

= u(t, X¢, V) L(X", 9)p(¥)
' Yo—v Yo—v 879

— /1904-1’ U,(t,Xt,ﬁ)ﬁ In (L()(t7 19>p<19)) L(Xt, 19)]?(19)(119
9 o

o—V

Note that

Yo+v

/ yt(% In (L(XY, 9)p(9)) L(X", 9)p(9)do

Jo—v

Jo+v
—0.

Yo—v

=¥ [ A (X 9)p(0) 40 = Vi (LK, 9)p(9)

o

This gives us

Yo+v
B, / a(t, X, ) L(X*, 9)p(9)d

Jo—v

_E, /19 " =t X)) a% In (L(X*, 9)p(9)) L(X!, 9)p(9)do.

0o—v

The Cauchy-Schwarz inequality yields that

( / Y Bt X, ﬁ)p(ﬁ)dﬁ) 2

Jo—v

Jo+v
< E, / (Vs — ult, X, 9))> L(X", 0)p(9)do
V]

0o—V

Yo+v 2
'Eo/ﬁou <%ln (L(Xf,ﬁ)p(ﬁ))) L(X*, 9)p(9)dd
Yo+v a

— [ B (i X 0) 000 [y (g (EOC00(0) ) )0
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We obtain thus

Jo+v
sup 8_2E19 (E - U(t, Xt7 19))2 > / E19 (E - U(t, Xt7 ﬁ))2p(ﬁ)dﬁ
[9—do|<v Yo—v

2
(o Bailt, X, 0)p(9)av)

> Yo—v
T By (& (LX0)p(0)))” p(9)dY

Yo—v

. (3.36)

2

Let us put ¢ — 0. We have In fact

[Egu(t, X,,0) — 0Ot 2, 9)]
< |Egu(t, Xe,0) — i(t, @, 9)| + |a(t, zp,0) — 0O, 24, 9)]
The regularities of u and u° along with Lemma 3.1.4 yield that the second term

converges to zero. For the first term, remind that in Lemma 1.13 in Kutoyants [27],
there is

E19 ‘Xt — fljt|2 S 052.

Therefore

Egu(t, X,,9) — a(t, z,,9)| < Ey a(t, X,,9) — a(t, z,,9)]
1/2

_ 2 1/2 N2
< (m\u'(axt,m] E, ixt—xtﬁ) < e (Eﬁ (1+1%p) ) <0

Thus we have as ¢ — 0,
Eyu(t, X;,09) — a°(t, z4,9). (3.37)

In addition, note that

0 L)
Ey (% In L(X ,0)) =0,

and

E, <%1nL(Xt,19)> ~E, (1 / t%dm) = (X" 0).
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Then as ¢ — 0,

2 /19 e, <%m (L(Xt,ﬁ)p(ﬁ)))z p(9)dd

o—V

A 0 ’
= 62/ Ey (— In L(X*,9) + —lnp(ﬁ)) p(0)dv
9

- o oV
Jo+v
= 52/ Ey (—lnL (X0 ) < (19)) p(0)dv
Jo—v (?9)
Jo+v Yo+v ,19)2
- By, [(X",9 + e / PO 49
[, Eat s P00)
Jo+v
— I(z",9)p(9)dd.
Yo—v

These convergences and (3.36) give us

2
A0 (¢, 3, V)p(9) 0 )

Yo—v

lim sup e °Ey (Y u(t,Xt,ﬁ))22<

=0 |9_go|<v o It 9)p(9) o

Now we put v — 0. Note that for any continuous function f
Yo+v . Yo+v .
[ rowar = 5@) [ pw)ao = 5@) — s,
Yo—v Yo—v
here ¥ € [y — v, Uy 4 v]. Then we have
Jo+v 2
(/ uo(t,ajt,ﬁ)p(ﬁ)d19> — (¢, 2, 90)?,
Yo—v

and

Yo+v
/ I(z",9)p(9)dY — I(x", )
9

o—V

Therefore we have

-0 2

2 u (t7xt77~90)

limlim sup e ?Ey (Y, —Y;) > — """ 2
v—0e—0 |’l9 ’190‘<I/ 19( t) ]({L‘t7190)

Similarly we have this Cramér-Rao bound for the estimators of Z;.

We define the asymptotically efficient approximation as follows:
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Definition 3.4.1. We say that an approzimation Y or Z is asymptotically efficient,
if for all ¥y € (o, B) and t € [, T'], we have the equalities:

Uo(t T ’190)2
limlim sup e 2Ey (V;—V;)" = — 200
v=0e=0 )y 1901|)<u ! ( t) I(z!, o)

and

iLO,(t Tt 190)2
limlim sup e *Ey(Z, — Z,) =o(x;)> —22 2
v—0e—0 w 190:F|)<1/ v ( t) ( t> [($t,190)

Therefore, the approximate process that we proposed above (?t, Z) is asymptoti-
cally efficient.

Theorem 3.4.2. Let the conditions B and C be fulfilled, then
2 — 'U/(t, Xt; {9\15,8)7 Z\t - €O'(Xt>ul(t, Xt7 {1/9\t,€)
are asymptotically efficient:

Proof. For ?t we have
£ 2K, (2 - Yt> = By (&1 (2", 9)i(t, X, 9))” + O(c)

(fo I(i’sx;)dw (u(t7xt,19) _ 5u/(t,$t,ﬁ)m§1)>> o)

o U(t, Ty, 19)2
o I(2t,9)

’ao(t7 T, 190)2

+O(€) — ](xt,ﬁg)

It can be show that this convergence is uniform w.r.t. ¢ € [Jg — v, ¥ + v]. Therefore
we obtain that for any t € [, T], there is the equality

= 2 U,O(t T 190)2
lim li ’E (Y — Y) = —"—1
Vli%gli%w 811911?@8 s ' I(xt, )

Similarly, we have the same result for Z.

3.5 Example

We consider the linear FBSDE

{ dX, =v9dt + ecdW,, 0 <t < T, Xy = xo, (3.38)

AY, = —(BY, +~Z)dt + Z, AW, 0 <t < T, Yy = ®(X7).
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where 1, o, 3 are constants and ¥ is a unknown parameter. Here the trend coefficient
function of the backward depends also on Z, we see later that this does not influent
the convergence of u to the deterministic case u’. The corresponding PDE of (3.38)
is

ou 1, 202 ou
— —_— = <t <
8t+ €0 5 (19+607)8I+6u 0, 0<t<T,yeR, (3.39)
(T,I)—(I)( )7 yER
with the solution
u(t, z, )
1 W W Heo) (T —t) = 2)?
V2me202(T — t) / exp{ AT 2e?0*(T — 1) pe(z)d:

eﬁ(Tﬁt) S 22

exp{ — ————
ome202 (T — 1) J oo Pl e — )

JO(y + (0 +eoy)(T —t) — z)d=.

Then the solution of the BSDE satisfies

}/;5 - U(t Xtyﬂ) ﬂ( )G(t Xtaﬁ)v
Zy = eou (t, Xy, 0) = eaePT VG (t, X,,0),

where
2
z
t,x, v _ 2 g 9 T e
Gt = \/27r5202——t/ (T—t)} (y+ (@ +eoy) (T —t) - z)dz
Note that
G'(t,x,9)
2
z
27‘(820'2 T—1) / (T }‘I) (y+ (O +eoy)(T —t) — z)dz.
We have
Uy(t, z,0)
(T —_ t)eﬂ(T—t) oo 2’2 /
exXpy — 55 QW+ (0 +eoy) (T —1) — 2)dz
27T€202(T—t) - p{ 202(T—t)} (y ( ’Y)( ) )
= (T = )T NG (t,2,9),
and

W't z,0) = (T — )P TIG" (¢, z,9),
i(t, z,9) = (T —t)?PTVG"(t, z,0)



Suppose that € = 0. Then the differential equation becomes

dxt:ﬁdt, OStST, X():Jfo,
dyt - _6ytdt7 O S t S T7 Yyr = ®(xT)

We solve the PDE

ou’ ou’ 0 0
o tU5 00’ =0, u(T,2) = B(x),

which can be written explicitly as
WOt z) = PTDP(x + (T —t)).

Note that the convergence of u to u° is obvious if ®(-) is derivable.
The MLE estimator for ¢ is ¥, . = @ We have

O
£

:%Wt, for o <t <T.

We construct the process (37}, Z) as follows:
2 = U(t, Xt, 1/9;’5), Z\t = €O’u/<t, Xt, 1/9\75’5).
Note that u(t, z,9) = 0, and |u(t, z,9)| < C for ®'(-) bounded. Thus we have

Yr =Yy = ®(Xz),

and
2=K+§g;ﬁwmﬂawamm+o@%,
e20(T —t)

7, =7, + PTDG"(t, 2, 0)W, + O (%).

Moreover, applying the Itd’s formula to ?/9;,5 and f/t, we have

ﬁt,a
t

~ 1 1 1
d'l9t’5 = — dt + ;dXt = —t—2€0'Wtdt + ;50'th
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Figure 3.1: Approximation of process Y toY.

and

" o Bl 27 02 T 22" 7 902 " 17 7 Grow
S ~ 1
S (ﬁYt n th) dt + ZudW, + ~eoigd W,

9 B u ~ (1, ,Pu 1 , 0% 1, .,
4V, = Lt + 2hdX, + 2add,. + (—52 22 2027 S )dt

—~ 1 1 1
—|—<<19—19t75> —t—»sUWtu—i—Q 2020 + ts 02u)dt

—t
coe® DG (t, X, 9)dW,

S (ﬁ? ’th) At + Z,dW, + -
T

42
+( n coW, PTG (t, 2,9) + —ta o2PT=0G" (¢, x 19)) dt

212

Let us present the numeric result. We fix the value for parameters: ¢ = 5 and the true
value for unknown parameter ¥ = —3 to simulate the process X, choosing § = —1,
v =5, ¢ = 0.1 we plot the true process of ¥ and then the approximate process Y.
See that the approximate process is close to the solution of the BSDE.
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3.6 Appendix

In this section, we prove the result in the Remark 3.3.1:

Theorem 3.6.1. For any v >0
- £
Pﬁ{ sup | —2 _ Gul(@,Y) V} — 0.
§<t<T

g2 £
First of all, we improve the result of Lemma 1.4 and Lemma 1.5 in kutoyants [27].

Lemma 3.6.1. Let {fi(w), 0 < t < T} be an adaptive process which is square

integrable and
T
M:Eexp{/ ffdt} < 00
0

(sup / fsdWj >N) <2+ M)e ™

o<t<T

— 5@2(1’2 ’19) >

then for N > 0

Proof. Put p =1 in Lemma 1.4 in Kutoyants [27], we have

T
P (/ frdW, > N) <(1+M)e ™™
0
Thus

(;t%;/ Fw. > N)

<P ( ([ savi=g [ ras) = 5) +p (s (5 [ £05) - 5)
<P (s e ([ rawe— [as) > ) ep (3 [ pass T
<o 'R (exp (/OTdeWS - %/OTffds)) P (5/0 f2ds > g)

N

<(24+M)e 2,

M\Z

where we applied the Doob’s inequality

t 1 t
P ( sup exp (/ fsdWy — —/ ffds) > K)
0<t<T 0 2 Jo
T 1 /7
< K 'Eexp (/ fdeS_i/ ffds) < K.
0 0



100

Lemma 3.6.2. Let {fi(¥), 0 <t < T} be an adaptive square integrable process for
all ¥ € [a, (] and for some p > 1

M = sup E(/ ft dt) < 00,
a<i<pg

then for N > 0, there exists a constant C' > 0 such that

t t
P ( sup sup </ fs(0)dW; —/ fs(a)dWS) > N) < CON %,
0<t<T a<i<p 0 0

Proof. Below we use the Burkholder-Davis-Gundy inequality: For any p > 1 there
exist positive constants ¢, and C), such that, for all local martingales X with X, = 0,
the following inequality holds.

¢E(X]2) < E ( sup |Xt|) < CE(XE).

0<t<T

Thus we have

t t
P ( sup sup </ fs(0)dW; —/ fs(a)dWS) > N)
O<t<T a<i<p 0 0
t o0
=P ( sup sup (/ / fs(v)dvdWS) > N)
O<t<T a<y<p 0 Ja
t
§P<sup sup < dv) >N)
O<t<T a<i<p « 0
Bl oot
<P < sup < / fs(v)dWy dv) > N> < N™%?E (/ sup
5<t<T \Ja a O<t<T
§N2p(ﬁ—a)2pl/ (sup / fs )dWy ) dv

0<t<T
< C,N~%(3 — )~ 1/ (/ fo(v s) dv < MCy( — ) N~ = CN~?.

v)dW;

/fs \dw,

)
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Proof of the Theorem. According to Chapter 3 in Kutoyants [27], M, is con-
structed by three part M, My, M3, which can be presented in our case as

My, ={w: sup In L(X", 9+ h) <0}
|h|>ve
(sup |[W,| < 719,
0<s<t

t
My, =4 wi sup / K@+ h, X)dW, < e 119,
’ 0

|h|<ve

t
: 1
/ KW, X,)dW, < 55‘1+5I(Xt,19)
v Jo

My ={w: sup |h¥ (g, h)| < 6e 2}

|h|<ve
Let us define M = M; U My U M3 where

My ={w: sup sup InL(X" 9+ h) <0}
0<t<T |h|>ve

sup |W,| < e+,

0<s<T

t
M, w: sup sup / K(Q? + h, X,)dW; < g 1He
0

§<t<T |h|<ve

t
: 1
sup / K0, X)dW, < 55*1”15(19)
0

| 0<t<T

Mz ={w: sup sup |h(3)(50,h)| < 65_%}
S<<T |h|<ve

We prove that

P(M¢) < Cie .

Denote AK.(h) = K(J + h, X;) — K(9, X) and AKy(h) = K(9+ h,z5) — K(9, x).
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For the first set Ay, we have

! 1
Py(M]) =Py ( sup sup </ AK (h)dW, — — ||AK5(h)||2> > 0)
S<t<T |h|>v. \J0O 2¢e

! 1
<Py < sSup sup (/ AK (h)dW; — — ”AKO(h)H?> > 0)
S<<T |h|>ve \JO 4e
I 2 2 1 2
+Py | sup sup | — ‘AKO(h) — AK.(h) | ds — — [JASy(R)|l; ) >0
5<t<T [hf>v. \2€ Jo 4e
! 1
<Py | sup sup / AK_(h)dW, > inf — |AK(h)|
§<t<T |h|>ve J0 |h|>ve 4e

1 t
+ Pg( sup sup — [ |AKo(h) — AK.(h)||AKy(h) + AK.(h)|ds
S<t<T |h>v. 2€ Jo

T |h|>ve 4E

. 1
> inf 4—||AKo(h)||§>

t
< Py ( sup sup / AK.(h)dW, > iﬁ)
S<t<T |h|>ve JO 4e

1 /[t Kv?
+P sup su —/ AKy(h) — AK_(h)|ds > = .
ﬂ(éﬁgwig [ 18s(h) - AK. ) 2006)

We consider separately on h € (v, 5 — ) and h € (o — 9, —v,)

t
Py ( sup  sup / AK (h)dW, > 25_1“5)
0

O<t<T ve<h<fp—10
t
<Py ( sup  sup / (AK.(h) — AK.(v.)) AW, > 551%)
d<t<T ve<h<B—19 J0 8

t
+ Py < sup / AK,(v.)dW, > gaH%)
0

0<t<T

—1425
< Clg2p(lf26) + 0267/@5 + < CEm,

for any m > 3. Here we have applied Lemma 3.6.1 and the Lemma 3.6.2 in choosing
P =575

Similarly we have

0<t<T a—I<h<ve

t
P, < sup  sup / AK (h)dW, > €1+25) < Ce™.
0

K
4
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Further .
1
= [ 1AK0) - AR ()l < © sup 17|
0

0<s<t

In Chapter 1 in Kutoyants [27], there is the following inequality

P{Sup |Wt|>N}§4P{WT>N}§min< \/ )e of
0<t<T
Thus we have
K2
Py sup sup —/ |IAKy(h K.(h)|ds >
S<I<T |h|>ve € 2ChHe

K
<P - W —1426
o ﬁ(oiSETef Wil 2 2COCT€

K K2
- { T~ 2¢,0T" = “eXp 80§C2T38

All these estimates propose us

sup Py (M]) < Ce™. (3.41)
9ek

For the complement of My, we have

t
Py(A5) <P < sup |Wy| > ¢ 1+5 +P ( sup sup / K9+ h, X,)dW, > 81+6>

0<s<T 0<t<T |h|<ve

(sup / K9, X,) 2 1+6L5(19))
§<t<T

< 9¢7are Y (sup / K — v, X)dWj > 1+6)

6<t<T

[\DI»—t

_1+5>

where we have applied the Lemma 3.6.1 and the Lemma 3.6.2 in choosing p = 5"%5.
Thus we have

+P(sup sup/ (K(19+h,XS) K9 — UE,X))d s >
0

0<t<T |h|<ve

FCe T < e T L Oy 4+ e T < O,

supPy (M5) < Ce™. (3.42)
ek
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For the complement of M3, note that

hO(e) = — (B~ [ (BELFE, — 2FL) (FIL(F)) — 2FLLEFL + Flu(FL)?)

— Fyn F(F)* + 2By (F)*(F)* — 2R FL(F)* + F,

(Fp),
where 0TI F(he) are all functions similar as in Lemma 3.3.1. Applying th It 1

ShiD .3.1. Applying the result in
Lemma 3.5 in Kutoyants [27]:

sup sup ’Xt(j)
PEK 0<t<T

J
< M; ( sup |Wt|) . j=1,2,3..k,

0<t<T

with M, are some positive constants, we obtain

supPy (M5) < Ce™. (3.43)
ek

Moreover,

Py ( sup |¢;] > 55> =Py ( sup sup Ly(9+h,Y) < sup sup L9+ h, Y))

5<t<T S<t<T |h|<ve S<t<T |h|>ve

<Py ( sup sup Li(9+h,Y) > O> =Py (MJ).

S<t<T |h|>ve

-

< Pg{ sup ‘Xt,gggﬂ{/\/l}‘ > K} +P19{ sup |5_2CtH{MC} > K}
2 5<t<T 2

5<t<T

We obtain finally

Py < sup
S<t<T

= Pﬁ { sup ‘Xt,3€%]1{/\/lt} + 5_2<tI[{M§}

o<t<T

gt,e - o gt,l(l‘taﬁ)
g2 €

- ft,Q ('Ttv 19)

14

<Py {8311{/\4} > }—I—qu{ sup ‘CtI[{MC}
2 S<t<T

v
> &% sup || > 65}
2 s<u<t

1%
+P19{ sup }Q]I{Mc} > %, sup |G| < 55}
S<t<T 2 S<t<T

-2
< (Zg*%> Py(M) + Py ( sup |G| > 55) + Py (éé]I{Mc} > 5&)
2 S<t<T 2

< 0183 + 02€m72 + Cg€m74+25 — 0.



Conclusions

We have shown in Chapter 2 our works on GoF and in Chapter 3 the works on
approximation of FBSDE.

In Chapter 2, we have shown three types of test for diffusion process: the Cramer-
von Mises type test, the Kolrogomov-Smirnov type test and the chi-square test. The
C-vM and K-S test for diffusion process with shift parameter are shown to be consis-
tent and APF in Section 2.2 and 2.3. Note that in these two sections, we consider only
the SDEs with constant diffusion coefficient: o2 = 1. This is a technical assumption
to obtain the APF property for the test. Then it is natural to consider the gener-
alization of the model. In fact, Kutoyants [30] has considered another possibility of
construction of models which are also APF. In [30], he consider the diffusion process
with scale and location parameters in the drift coefficient S, and with a diffusion
coefficient o2 as a function of x. But the limitation of the model is that the drift
coefficient functions are of form fixed: S(z) = fsgn(z — a)|x — «|7. Thus we have
not yet resolved the problem for a more general case. In Section 2.4, we introduced
the chi-square test for simple case, where the test is shown to be ADF. As that we
remarked at last of the section, our goal is to obtain an ADF test for the whole space
of £L2(f.). That is we consider the case where N converges to infinity. This is an
interesting problem but not yet been treated.

In Chapter 3, we have considered the approximation problem for solution of FB-
SDE. This is a starting work to explore how to put statistical problems for FBSDE.
Remind that the FBSDE model could wildly be applied in many fields. However, as
that is shown in this chapter, our result is limited to the linear case for the backward
equation. Moreover, the conditions on coefficients are very strong. These situations
limit the application of the model. So the further work will be concentrated on weak-
ening the conditions and on generalizing the models. In addition, we will consider
other statements of statistical problems for BSDEs.
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