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RESUME

Cette these est décomposée en deux parties. La premiere partie est consacrée a I’étude
de la restauration d’image et la seconde partie est consacrée a I’étude d’un modele
de Frenkel-Kontorova par des méthodes issues du calcul variationnel et des équa-
tions aux dérivées partielles. Au chapitre 1, nous présentons les questions essentielles
que nous traiterons dans cette these, puis on fait des rappels sur quelques proprié-
tés des espaces des fonctions a variation bornée BV, sur les espaces d’Orlicz et sur
les modeles de Frenkel-Kontorova. Au chapitre 2, nous montrons que les probléemes
de minimisation non convexe (restauration d’image) contenant des termes de régu-
larisation sous-linéaires sont mal posés, en général. Au chapitre 3, nous étudions un
modele de restauration avec un terme de régularisation a croissance non standard,
inspiré du modele proposé par Blomgren et al. : le module du gradient est élevé a une
puissance qui dépend elle méme du gradient, i.e. de la forme [, ’vu‘p(\VuD dx. Dans
notre cadre plus général, on montre un résultat de semi-continutié inférieure pour la
topologie faible-x dans un espace d’Orlicz adéquat. Ceci permet d’établir un résultat
d’existence et d’unicité de la solution. Au chapitre 4, nous étudions un modele de
Frenkel-Kontorova, dont on montre I'existence d’au moins une solution de type onde
progressive.

ABSTRACT

This thesis is divided into two parts. The first one is devoted to the study of image
restoration and the second part is devoted to the study of a Frenkel-Kontorova model
using variational tecnhics and partial differential equations theory. In chapter 1, we
present the key issues that we will discuss in this thesis, and recall the definitions and
some properties of spaces of functions of bounded variation BV, Orlicz spaces and
Frenkel-Kontorova model. In chapter 2, we show that the non-convex minimization
problems (image restoration) involving sublinear regularizing term are ill-posed, in
general. In chapter 3, we study a model of restoration with nonstandard increasing
regularizing terms inspired by the model proposed by Blomgren et al. : i.e, the regu-

IVul) dz. In our more general context, we show

larization term is of the form [, |Vul|?¢
a lower semi-continuity result in the weak-x topology in an adequate Orlicz space.
This allows existence and uniqueness result of the solution. In Chaptre 4, we study
a Frenkel-Kontorova model and show the existence of at least a traveling wave type

solution.
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Chapitre 1

Introduction

Le cadre général de cette these est le calcul variationnel dans des espaces fonc-
tionnels de type Sobolev, Orlicz ou BV. Ce travail est formé de deux parties. Dans
la premiere partie on s’intéresse principalement a la minimisation d’énergies issues de
I’analyse d’image. On distingue deux types d’énergie :

(i) Energies a croissance sous-linéaire a I'infini et qui conduisent & des problémes
mal-posés, en général.

(ii) Energies a croissance sur-linéaire non-standard qui conduisent a des problémes
bien-posés dans des espaces d’Orlicz adéquats.

Dans la seconde partie, on étudie un modele de Frenkel-Kontorova, décrivant le
mouvement d’une chaine de particules interagissant entre elles et soumises a un po-
tentiel périodique. On montre que le probleme possede des solutions de type onde
progressive, a énergie potentielle finie, dans des espaces de Sobolev bien choisis.

1.1 Introduction ala premiere partie : analyse d’image.

Cette partie concerne deux classes de probléemes de minimisation issus de I'analyse
d’image :

1. Minimisation dans BV : régularisation sous-linéaires
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2. Minimisation dans les espaces d’Orlicz : régularisation non-standard sur-linéaires.

La restauration d’image est I'un des objectifs majeurs du traitement d’image : on
cherche a reconstruire I'image originale a partir d’'une image observée qui a subi des
dégradations de type flou et bruit. Typiquement, on observe une image f : 0 — R,
[ € L*(Q), (image en niveaux de gris, définie sur un domaine Q C R?), et on cherche
a retrouver l'image originale v dont f est une version dégradée vérifiant

ol R est un opérateur compact de L*() (qui peut représenter la convolution de u
par un noyau r € L?(2), par exemple) et 7 est un bruit Gaussien.

Une approche classique pour résoudre ce probleme est la minimisation d’une éner-
gie formée d’un terme d’attache a la donnée f, augmenté d’un terme de régularisation.

Il est bien connu que les problemes de minimisation avec des termes de régulari-
sation sous-linéaires sont mal posés dans les espaces de Sobolev.

Une premiere généralisation aux cas des espaces des fonctions a variation bornée
a été obtenue par Aubert et al. dans [10] dans le cas ou la fonction de régularisation
est bornée ainsi que la non présence simultanée de la partie singuliere de la dérivée
distributionnelle et de 'opérateur R.

Dans le chapitre 2, nous allons montrer le caractére mal-posé de ce type de pro-
bleme dans la situation générale ou le terme régularisant est sous-linéaire, mais pas
nécessairement borné. De plus, nous considérons la présence d’un opérateur compact
R simultanément avec une définition tres générale de la variation totale non-linéaire
J @(|Dul) incluant a la fois les parties réguliere et singuliere.

Dans le chapitre 3, nous allons étudier le probléeme de minimisation suivant
.1
nf I = ulzze + A [ (Dul) da,
ou f est une image observée, u est 'image a reconstruire et
W:{u:Q—HR: we L) of /\IJ(]Du|)dx<oo}
Q

est I'espace naturel dans lequel notre énergie est bien définie.

Pour la démonstration de 'existence d’au moins un minimiseur, on utilise les méthodes
directes du calcul des variations. Le seul obstacle auquel on doit faire face réside dans
la semi-continuité inférieure du terme régularisant pour la topologie faible-x de W.
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1.2 Introduction a la seconde partie : modele de
Frenkel-Kontorova

Cette partie est détaillée dans le chapitre 4, ot 'on va étudier 'existence de solu-
tions spéciales pour les modeles de réseaux étendus. Plus précisément, on va étudier le
cas du modele de Frenkel-Kontorova, qui décrit le mouvement d’une chaine de parti-
cules (ou atomes), (¢, )nez, OU chaque particule interagit avec ses deux voisines, cette
chaine étant soumise & un potentiel.

Les équations du mouvement d'un tel systeme est donnée par :

g =Y(@ns1 + Gn-1 — 2¢,) + W'(g,) n ez, (1.2.1)

ou ¢, représente la position de la n-iéme particule, (ou le déplacement de la n-ieme
particule de sa position d’équilibre), v > 0 est une constante mesurant le couplage (qui
est supposé linéaire) entre deux particules voisines et W est le potentiel qui est supposé
1-périodique, analytique au voisinage de 0 tel que W (0) =0 = W'(0) < W"(0).
Dans ce papier, on va s’intéresser aux solutions de type onde progressive, i. e., des
solutions satisfaisant la propriété suivante :

gn(t) =u(n —ct) nez, (1.2.2)

ou ¢ € R est la célérité de 'onde et ¢ > 0 représente le temps. En posant x =n — c ¢,
~v =1 et remplagant ¢, (t) par u(z) dans (1.2.1), on obtient

A" (x) = u(z + 1) +u(z — 1) — 2u(z) + W' (u(x)) pour tout x € R.  (1.2.3)

Pour montrer I'existence d’au moins une solution u € C?(R), on va supposer ¢ > 1 et
que le potentiel périodique W satisfait les propriétés suivantes

W e C*(R),
Wi(a+1)=W(a) pour tout a € R, (1.2.4)
Wi(a) >0=W(0)=W'(0) pour tout a € R\Z.

L’équation (1.2.3) étant variationnelle, on va lui associer une énergie définie sur un
espace adéquat dont les points critiques sont les solutions faibles.

Pour cela, soit H l'espace défini par

H = {u mesurable telle que v’ € L*(R) et W (u) € Ll([R)} :
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Sur H, on définit 'opérateur D par :

zxm@y:m$+;—u@—;)zéiﬂmwﬂ.

On peut vérifier que tout point critique de la fonctionnelle
62 "2 1 2
Jw) = [ (S W)= (D) + W(u) )| da
R\ 2 2
sur H est une solution de (1.2.3).
Pour R > 1 fixé, on remplace H par Hg défini pour ¢ € 7 par

Hgp = {u € H}.(R) tel que u(r + 2R) — u(z) = E}

et J par Jg définie par

Jatw) = [ (;W LD+ W<u>) .

En utilisant des méthodes variationnelles classiques, on montre, pour tout R > 1,
I'existence d’au moins un ur € Hp tel que

JR(UR) = inf JR(U).

veEHR

Ainsi, on obtient une suite (ug)g, puis on fait tendre R vers l'infini. La fonction limite
u € H de ug n’est pas nécessairement une (-transition, i.e. 1_15{1 u(z)— lim u(z) = L.
x o0 x —00
Ensuite, on va prouver que u minimise J sur H, pour cela on montre J(u) = E(¢),
ou pour tout k € Z, on définit £ par
E(k) = . icnf(R){J(kcp—i—@D) : o € C(R), ¢ =0sur]—oo, —1]et ¢ = 1 sur|—1, +ool}.
ecee

De plus, on va montrer que la solution trouvée, u, décroit exponentiellement a I'infini,
i.e. il existe deux constantes C, A > 0 telles que

|f(x) — 1_131 u(r)| < Ce™ pour tout x > 0
et

|f(z) — lim u(z)| < Ce pour tout x < 0.

T—r—00

25

En outre, Pour un bon choix de ¢, ¢ > /57,

on va montrer que :

- L’entier 1 est stable, c’est a dire que
E(1) <E(1—p)+ Ep), pour tout p € Z\{0, 1},

- La solution trouvée u est une 1l-transition, c’est a dire lim w(z) — lim wu(z) = 1.
T—>+00 T—>—00
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1.3 Rappels généraux

1.3.1 Espace de BV

Dans cette sous-section, nous décrivons certaines propriétés, utiles pour la suite,
sur la théorie des fonctions & variation bornée [4, 11]. Soit € un ouvert borné de RY
(N > 2) de frontiére Lipschitzienne et C!(£2,R?) I'espace des fonctions C' & support
compact dans & valeurs dans R?.

Definition 1.3.1 Soit u € L'(Q). On dit que u est une fonction a variation bornée

dans ) si la dérivée au sens des distributions de u est représentée par une mesure de
Radon finie Du = (Dyu, ..., Dyu) dans Q , c.d-d.

9 | Loy
/Q“axj_ /ngd(pju), Vo € CHQR), j=1,...,N. (1.3.1)

L’espace de toutes les fonctions a variation bornée dans §) est noté par BV (Q) ; et la
variation totale de la mesure Du est notée par |Du|(S2). Une défnition équivalente de
lespace BV () est donnée par :

Definition 1.3.2 Soit u € L'(Q). On définit la variation totale de la fonction u sur
Q par :

VT (u) := sup {/ u divg dz; g € CHOQ;R?) et |glpe) < 1}.
Q

Proposition 1.3.3 Soitu € L'(Q). Alors on a l’équivalence suivante u € BV (Q) <=
VT(u) < +o00. De plus, VT (u) = |Du|(2) pour tout u € BV (£2).

Notations : Pour tous u, v € BV (Q)), a € R, on a clairement

1. [D(u+)|(Q) < |Dul(Q) + |Dv|(Q), et

2. |D(au)|(€) = [l Dul (),
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Donc, la variation totale | Du|(§2) est une semi-norme de BV (2). Pour la semi-norme,
nous nous servirons aussi de la notation

[ulsve = [ 1Dul(@)
Muni de la norme

lull Bvi) = llullzr @) + |ulBv ), u € BV(Q),

I'espace BV (2) est un espace de Banach.

Example 1.3.4 Pour u € WH(Q), la dérivée au sens des distributions Du existe et
appartient a L*(Q). Et, pour tout ¢ € CL(Q,RY), telle que ||p|l < 1, on a

/udmpdx;:—/Du-qsdazg/|Du|dx<1.
Q Q Q

Donc,
Wh(Q) c BV(Q).

En particulier, comme () est borné,

WhP(Q) C BV (), V1 <p < +o0.

Remarque 1.3.5 Dans le cas ot u = x4, la fonction caractéristique de l’ensemble
A CRY, alors

/Q|Du| = Perq(A).

Si de plus 0A est suffisamment régulier on peut démontrer que dans ce cas cette
définition correspond avec la notion de périmétre (N = 2) ou d’aire (N = 3) classique.
Ainsi 'espace BV semble bien adapté a notre probléeme. Examinons quelques unes de
ses propriétés fondamentales. Quand w est différentiable, on a

/Q|Du|:/Q|Vu].

Nous résumons ici les propriétés principales de BV (€2) que I'on rencontre en analyse
d’image avec des méthodes variationnelles. Nous supposerons que le bord de €2 est
régulier. L’espace des mesures bornées, réelles ou vectorielles, de Radon sur €2 sera noté
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M(Q). De plus, on dit qu'une suite de mesures (u,), C M(Q) converge faiblement
vers € M(Q), et on note i, — pu, si

lim [ ¢dun= [ odu Ve CULR).

n—-+o0o

Alors l'espace BV vérifie :

1. Semi-continuité inférieure :
Soit (u,), € BV (2) une suite telle que u, — u dans L},.(Q2). Alors u € BV (Q)
et
IDul(9) < limn |Du, ().

2. Trace :
L’opérateur de trace

= U = U0
| BV(Q) — L'(0Q,H )

est linéaire et continu pour la topologie forte de BV (Q). Ici, HY =1 désigne la
mesure (N — 1)-dimensionnelle de Hausdorff.

3. Topologie faible-x sur BV(Q) :
La topologie forte de BV (£2) ne possede pas de bonnes propriétés de compacité.
On lui préfere une topologie affaiblie notée : BV — w* et définie par

Uy =BV = u, —2 @ et Du, — Du dans M(Q).

4. Compacité :
Si (uy,)n, est une suite bornée dans BV (€2) alors elle est relativement compacte
dans LP(Q) pour 1 < p < 5, N > 2. Dong, il existe u € LP(Q) et une suite
extraite (ug(m) telle que uym — u dans LP(Q) pour 1 < p < &5, N > 2.
De plus, il existe une suite extraite (uy)) telle que wuyp) — v dans BV — w*.
L’espace BV (Q2) s’'injecte continiment dans L>(€2) si N = 1 et dans L%(Q)

si N > 2.

5. Décomposition :
Si u € BV() alors la mesure Du peut étre décomposée en la somme d'une
mesure réguliere et d’'une mesure singuliere

Du=Vudr+ Du
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ot Vu € L'(N) est la dérivée de Radon-Nikodym par rapport a la mesure
de Lebesgue et Dyu 1 dx. Il est possible d’aller encore plus loin en ce qui
concerne cette décomposition. Dans [4], Ambrosio a en effet démontré que la
partie singuliere D,u pouvait étre décomposée en une composante de “saut” et
une composante de “Cantor”. Afin de définir ces deux notions, nous introduisons,
pour tout x € 2, la boule B(x,r) centrée en x et de rayon . Nous définissons
d’abord la limite supérieure approchée et la limite inférieure approchée par

ut(z) = inf {t €R: lim do ({u>t}NB(.r)) = 0} ,

r—0 rn
)=t {r Ry A L= 00BED) o]

Si u € LY(Q) alors, pour presque tout x € €, on a

1
lm - / _ dy = 0.
g s [ luGe) = )] dy

Les points de €2 tels que cette égalité est vérifiée sont appelés les points de Le-
besgue (on dit qu’en ces points, la fonction u est approximativement continue).
En effet, on a alors

) 1
u(z) = }}L%m Bler) u(y) dy,
et
u(x) =ut(z) =u ().

Que se passe-t-il alors pour les autres points 7 On définit S, I’ensemble des points
de saut comme étant le complémentaire pour la mesure de Hausdorff HV~! des
points de Lebesgue.

Sy = {x e ut(x) > u_(x)},

ott HV=1 est la mesure de Hausdorff (N — 1)-dimensionnelle. Il est connu que
I'ensemble S, est rectifiable, et on peut définir un vecteur normal n,(z) pour
r €, HN"! presque partout.

Enfin on définit I'’ensemble C, des points de Cantor comme étant ’ensemble
complémentaire des deux ensembles : S, et 'ensemble des points de Lebesgue.
La version améliorée de la décomposition de Lebesgue de la mesure D, pour
une fonction a variation bornée u, due a L. Ambrosio, est donnée par :

Du = Vudr+ (ut — U_)nqu:l + Cy,
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ou J, = (ut — u‘)nu’}-[ljggl est la partie saut de D,,. Nous pouvons alors décrire
la variation totale comme

/ | Dul| :/ |Vul dx+/ lut —u”| d’HN’l%—/ |Cul.
Q Q Su Q_Su

6. Décomposition de Lebesgue et fonctions convexes :
Soit ® : R — R paire, convexe, croissante et linéaire & I'infini. On appelle &>
la fonction de récession de @ définie par :

O>(z) := lim QD(SZ).

S§—00 S

Pour tout u € BV(£2), on définit :

/Qq)(‘Du’) :/Qcp(\vup d:r:+<1>°°(1)/s ut — | dHN 4 (1) /Q

u

|Cul.
Su

Notons que si ®(s) = s, alors on retrouve la variation totale de u, c.a-d. [ |Dul.
Le résultat important dans ce cadre est :

La fonctionnelle : u — / ®(|Dul)est sci pour la topologie BV — w*.
Q

D’ou, si 'on dispose d'une suite (u,), bornée dans BV (2) alors en combinant
les propriétés 4. et 6., il existe une suite extraite, encore notée par (uy)n, et
u € BV(Q) tels que u,, — u dans BV — w*, en outre, on a :

.
| @(1Du)) < liminf [ @(|Du,).

Pour un domaine borné de R™. On pose

ug = <|(12‘ /Qu(x) d:c) 1g, avec u € L*(Q).

Theorem 1.3.6 (Inégalité de Poincaré)
Soit € un domaine borné de R™ a frontiére Lipschitzienne, il existe une constante C
qui dépend uniquement de S telle que

/Q lu — uo| de < C|Du|(Q),  Yue BV(Q).

Theorem 1.3.7 (Inégalité de Poincaré- Wirtinger)
Le point 4. et le théoréme précédent impliquent l'inégalité de Sobolev-Poincaré (aussi
connue par l'inégalité de Poincaré-Wirtinger) :
N
|lu — ugll, < C|Dul(R), Vue BV(Q), 1<p< N_T
Aussi, la constante C' > 0 dépend seulement de 2.
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1.3.2 Espace d’Orlicz

Soit (G, 1) un espace mesuré. Les espaces LP(G, p) sont définis par :

L(Gop) = {f : G =R, [ [f(O)F du(t) < oo}

Munis de la norme .
171 = ([ 1o du®)”

les espaces (LP(G, ), || - ||,) sont des espaces de Banach. Dans leur définition méme,
il apparait la fonction homogene ®(u) = |ulP. Les espaces d’Orlicz constituent une
classe d’espaces plus large que les espaces LP. Leur construction est basée sur la
généralisation de cette fonction ®. L’objet de cette sous-section est de présenter les
bases de la théorie des espaces d’Orlicz utiles pour le Chapitre 3 de ce mémoire.
Les livres de Krasnosel’skii-Ya [32] et celui de Rao et Ren [36] sont des références
completes sur ce theme.

Fonctions de Young

Une généralisation de la fonction définie par ®(u) = |uP, est donnée par la classe
de fonctions suivantes. Soit ®: [0, +00) — [0, +00) une fonction convexe du type

t
d(t) = / o(s) ds pour tout ¢ > 0,
0

ou ¢ : [0,+00) — R est une fonction croissante et continue a droite satisfaisant les
propriétés suivantes :

o(s) >0, Vs >0, ©(0) =0 et lim o(s) = +oo. (1.3.2)
Définissons
P(s) = sup t.
p(t)<s

Il est claire que ¢ satisfait aussi les propertiétés (1.3.2) et que I'on peut trouver ¢ a
I’'aide de ¢ par
p(t) = sup s.

P(s)<t

La fonction ® donnée par

B(s) = /OS¢(0) do
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est dite la complémentaire de ®. De plus, les fonctions complémentaires ¢ et P satis-
font I'inégalité de Young suivante :

st < ®(s) + D(t) Pour tout s,t € R, (1.3.3)

Dans 1.3.3, 'égalité est atteinte si et seulement si t = ¢(s) ou s = (). D’apres cette
derniére inégalité, on trouve que

D(s) = max {st —D(t)}.

Definition 1.3.8 Soient ®; et ®y sont deux fonctions de Young, On dit que ®; do-
mine Py globalement s’il existe une constante k > 0 telle que

Dy (t) < Dy (kt) pour tout t > 0. (1.3.4)

Similairement, ®1 domine ®o au voisinage de l'infini s’ils existent deux constantes k
et to > 0 telles que l'inégalité (1.3.4) reste vraie pour tout t > tg.
Deux fonctions sont dites équivalentes globalement (ou au wvoisinage de l'infini) si
chacune domine l'autre globalement (ou au voisinage de l'infini).

Proposition 1.3.9 Soient ®; et &y deux fonctions de Young. Si @1 et Oy possédent
respectivement les complémentaires él et &JQ, Alors 1 domine ®o globalement (ou au
voisinage de l'infini) si et seulement si ®y domine @, globalement (ou au voisinage
de l'infini).

Par conséquent, ®, et &y sont équivalentes si et seulement si d, et Dy sont équiva-
lentes.

Definition 1.3.10 Soient ®, et 5 sont deux fonctions de Young. Si &1 domine Pqy
au voisinage de l'infini et 1 et Oy ne sont pas équivalentes au voisinage de l’infini,
alors on dit que ®o croit essentiellement plus lentement que ®1 au voisinage de l'infini.
C’est le cas si et seulement si pour tout k > 0

D, (Kt
lim 2(kt)

i B (1) =0

Definition 1.3.11 On dit qu’une fonction de Young, ®, satisfait la condition Ag
globalement s’il existe une constante k > 0 telle que pour tout t > 0,

O(2t) < kD(t), (1.3.5)
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pour simplifier, on écrit ® € Ay globalement.
Similairement, on dit que ® satisfait la condition Ay au voisinage de l'infini, on écrit
® € Ay au voisinage de l'infini, s’il existent deux constantes ty et k > 0 telles que
linégalité (1.5.5) reste vraie pour tout t > tq.

Espace d’Orlicz

Soit 2 un domaine de R”, avec n > 1, et ® une fonction de Young.

Definition 1.3.12 L’ensemble K®(Q) de toutes les classes d’équivalence, modulo
l’égalité p.p. dans €2, des fonctions mesurables u définies sur ) et satisfaisant

[ @(lu(@))) dz < oo,

est appelé classe d’Orlicz.

Definition 1.3.13 ( A-regulier)
Soit ® est une fonction de Young. On dit que la paire (P, ) est A-requlier si

(a) @ satisfait la condition Ay globalement, ou bien

(b) @ satisfait la condition Ay au voisinage de 'infini et ) est de mesure finie.

Remarque 1.3.14 K®(Q) est un espace vectoriel si et seulement si la paire (P, )
est A-requlier.

Definition 1.3.15 L’espace d’Orlicz L*(Q) est défini comme étant l'enveloppe li-

néaire de la classe d’Orlicz K*®(2), c.a d. qu’il est le plus petit espace vectoriel conte-
nant K®().

L*(Q2) muni de la norme

Hu\|¢:inf{)\>0: A@('“(;)') dxgl}
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est un espace de Banach.
Si ¢ et ® sont deux fonctions de Young complémentaires, alors on a une version
généralisée de I'inégalité de Holder

‘/ u(z)v(z) dx‘ < 2||ulle|lv|/z pour tous u € L*(Q) et v € L&;(Q).
Q

Notons E®(Q) la fermeture dans L®(Q2) de I'espace des fonctions u qui sont bornées
dans € et ayant un support compact dans €.
E®(Q) est le plus grand sous-espace linéaire de K®(€2). On a

E*(Q) C K*(Q) C L*(Q).

Lemma 1.3.16 Pour tout v € Lg(ﬂ), la fonction linéaire L, definie par
L,(u) = / u(z)v(z) dr,
Q

est dans {L‘I’(Q)}/. En notant par ||L,|| sa norme dans cet espace, on obtient

[ollg < 1Lo]l < 2w

I3 < I3

Remarque 1.3.17 Ce dernier lemme reste vrai également si L, est limitée a agir
sur E®(Q).

Theorem 1.3.18 L’espace dual [E‘I’(Q)}/ de E*(Q) est isomorphe et homéomorphe
o L2(Q).

Theorem 1.3.19 L*(Q) est réflexif si et seulement si les deuzx pairs (®,Q) et (D, Q)
sont A-requliers.

Espaces d’Orlicz-Sobolev

Definition 1.3.20 Soit Q2 un domaine de R" et ® une fonction de Young. L’espace
d’Orlicz-Sobolev, W™®(Q), est I’ensemble de toute les (classes d’équivalence de) fonc-
tions u € L*(2) dont les dérivées au sens des distributions D*u sont aussi dans L®(Q)
pour tout « tel que |a] < m.
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L’espace W™?®(Q) muni de la norme

lullme = >= [D%ulle,

0<]a|<m

est un espace de Banach.

Théoreme d’injections pour les espaces d’Orlicz-Sobolev

Soit A une fonction de Young. On introduit les hypotheses suivantes :

1A

o A7)
[ ey = o 1
Définissons la conjuguée de Sobolev, A,, de A par :

C A ()
—1

Theorem 1.3.21 Soit Q un domaine borné, ayant la propriété du cone dans R™, si
(H1) et (H2) sont satisfaites, alors l'injection suivante

WhA(Q) — L (Q)

est continue.
De plus, si B est une fonction de Young qui croit essentiellement plus lentement que
A, au voisinage de Uinfini, alors l'injection suivante

whA(Q) — LP(Q)

est compacte.

Theorem 1.3.22 Soit Q un domaine ouvert de R™ dont le bord OS2 est lipschitzien,
Soit ® € Ay, alors linjection suivante :

Whe(Q) — L*(Q)

est compacte.
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1.3.3 Modéle de Frenkel-Kontorova (FK)

Pour un bon apergu sur le modele de Frenkel-Kontorova (FK), le livre de Braun et
Kivshar [16, 17] et 'article [13] de Floria et Mazo constituent deux bonnes références.
Un model simple et classique de FK décrit une chaine de particles interagissant avec
ses voisines et soumise a un potentiel périodique. Ce modele est représenté par le
Hamiltonien suivant :

H=K+U, (1.3.6)

ou K est I’énergie cinétique,
2
m dgn
K=— —
s (%)
m étant la masse de la particule, et I'énergie potentielle U est divisée en deux parties

U= Usub + Uint:

ou d’une part U,,, caractérise une interaction de la chaine avec un potentiel externe
périodique, prenant la forme simple :

=5 i (52

n a

ou ¢ est 'amplitude et a est la période. D’autre part, U;,; prend en considération
I'interaction harmonique des particules voisines dans la chaine,

Uint = gz (Qn-‘rl — Q4n — CL0>2 s (137)

ou g est la constante d’ élasticité et ag est la distance a 1’équilibre du potentiel inter-
atomique.
En renormalisant

2m 2T
n — —n d t— — 2m) t,
Gn =~ ~Gn  an —(e/2m)
le Hamiltonien (1.3.6)-(1.3.7) prend la forme

M 1 (dg,\? 1
i = =2 {2 <dqt) + (1= cosgn) + 59(dn+1 — g — ao)Q} , (1338

(€/2) %

N a 71.2
ol ag — ag(2m/a) et g — 9((232)) .

Dans une telle forme renormalisée, le Hamiltonien (1.3.8) décrit une chaine harmo-

nique d’atomes de masses unité, soumise a un potentiel extérieur sinosoidal de la
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période a = 27 et d’amplitude ¢ = 2.

De I'Hamiltonien (1.3.8) découle I'équation de mouvement
&g
dt?

+sin g, — 9(gns1 + @no1 — 24¢,) = 0.

Dans le chapite 4, nous étudions ’équation

d*q,,

+ W/<Qn) - <Qn+1 + Gn—1 — Qqn) = 07

ou W est une fonction 1—périodique.
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Sublinear minimization problems

A. El Hamidi, S. Issa & M. Jazar
Abstract

It is well known that minimization problems involving sublinear regularization terms
are ill-posed in Sobolev spaces. Extended results to the space of bounded variation
functions (BV) were recently showed in the special case of bounded regularization
terms and unblurred data. In this paper, general sublinear regularization is studied
in BV spaces. We show in a general context that such problems are indeed ill-posed,
except for very special cases which will be described. Our results are then optimal in
the sense that linear regularization leads to well-posed minimization problems in BV
spaces. Applications to image restoration and image decomposition are presented.

Keywords : Total variation, sublinear regularization, image decomposition.

Mathematics Subject Classification (2000) : 35J, 351, 35Q, 49J, 49N.

2.1 Introduction

In this work, minimization problems with sublinear regularization terms are consi-
dered on the space of bounded variation functions. More precisely, we are interested
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by ill-posdness of minimization problems of type :

inf SN(f—Ru / ®(|Du } ,

nt AN =R+ [ e(Du)

where  is a bounded domain in RN, N > 2, f is a given function in L%(Q) and R
N

is a compact operator on L¥-1 () or just the (non compact) identity operator. N is a

given norm on Lebesgue spaces or on distributions subsets, this norm will be specified

in the sequel.

Such minimization problems appear in image processing in the special case N = 2.
In such frameworks, {2 may denote the image domain, f the observed image and R is
a convolution operator, i. e., there is a kernel r € L*(R?) such that :

Ru(a) = [ r(e = y)uly)dy.

which expresses that the original image is blurred. The norm N is introduced to
minimize oscillations between the observed image and the optimal function. The re-
gularization term [, ®(|Du|) allows the selection of the optimal solution among more
reqular functions and not among all functions on which the norm N is defined.

The function ® : [0, +oo[ — [0, +0o0] is a given sublinear function (at infinity),
that is Sli}grnoo ®(s)/s = 0, the measure Du denotes the generalized gradient of the func-
tion u and BV () is the space of functions of bounded variation, a brief description
of this space is given below.

In image restoration, this kind of problems occurs in the situation where an ideal
unknown image @ is corrupted by a compact operator (blur) and an additive noise, that
is f = Ru+n, nis the additive noise. A well-known mathematical method to recover u
is to minimize a certain norm of the noise N'(f — Ru) added to a regularization term,
Jo ®(|Dul), which penalizes functions having high oscillations. To penalize noise but
not edges, one judicious variational idea is to choose ® quadratic in the homogeneous
regions of the image and sublinear in regions with high gradients (edges) [11]. Indeed,
such regularizations induce an isotropic smoothing (Laplacian) effect in flat regions
and preserves edges thanks to their limited cost (the exponent of ® for high gradients
is less that one).

The energy considered in [24] is of the form :

afu'(z)]?

11+ a[u’(m)]de’

Hw) = [ (f(@) = u(a)de+
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where [ is a real open interval, f € L*>°(I) and « is a positive real parameter. Notice
here that the considered regularizing term in [24] is bounded (0 < ® < 1).

The authors showed that minimizers of H are achieved in the Sobolev space
W12(I) only in the case where the observed image f is constant and that the unique
solution is f itself. The key idea is that the sublinearity of the regularizing term allows
the choice of minimizing sequences (u,), such that

2

lim ||u, — fllz2q) =0 and  lim alu, (@) dx

———————dx = 0.
n—+o0 n—+oo J1 1+ aful (z)]?

The purpose of this paper is to generalize such ideas in the framework of BV () in
image restoration and decomposition problems [35] for all sublinear regularizing terms,
in the presence of blur operator, for higher space dimensions and for any observed
image in L*(Q)

In [10], the authors considered the special cases :

— The presence of a blur operator R, but the regularization term depends only on
the regular part of the measure Du, that is /Q<I>(\Du|) = /Q@(|Vu|)dx, where
Du = Vudxr 4+ D? u, is the Lebesgue decomposition of the measure Du.

— The regularization term / ®(|Dul) takes into account both regular and singular
Q

parts of Du, but ® bounded, f € L>(Q) C L*() and R is the identity operator
on L*(Q).
In this paper, we extend the results in [10] without any restriction on the regularization
function ® nor on the observed image f. We suppose however that the operator R is
compact, which is a natural assumption for convolution operators, which belong to a
special class of Hilbert-Schmidt integral operators.

In our opinion, this work provides a complete picture about this large class of

minimization problems :

— If ® is superlinear at infinity, that is, lims_, ., ®(s)/s = +o0, the theory is well
known in the framework of Sobolev spaces.

— If ® is convex and linear at infinity, that is, lims_, . ®(s)/s €]0,+oc[, the
theory is well known in the framework of BV (). Indeed, the associated Sobo-
lev space WH(Q) is not adapted for such growth conditions. The convexity
assumption implies the weak—sx* lower semicontinuity in BV (2) of the map
u = [ ®(|D%|)dx + ¢ [o |D*ul, where ¢ = lims, o ®(s)/s and D*u, Du
denote the absolutely continuous and the singular parts of the measure Du.
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— If ® is sublinear at infinity, that is, lim,, . ®(s)/s = 0, we show here that
the minimization problem is ill-posed, except for data f = R - 1g, up to a
multiplicative constant, where 1 is the indicatrice function of €.

2.2  Functions of Bounded Variation (BV)

For the reader’s convenience, we recall some basic definitions and classical results
on bounded variation functions. Let € be a bounded domain of RN, N > 2, and
u € LY(Q). We say that u € BV () if its distributional derivative Du is an RV -valued
Radon measure with bounded total variation on €) ; this total variation will be denoted
by [ |Du|. Endowed with the norm

Jull = llulzae) + [ 1Dul

the set BV (§2) has the Banach space structure. Moreover, BV (€2) is embedded com-
pactly in LP(Q2) for 1 <p < N/(N — 1) and continuously in L%(Q)

Let us recall also the Lebesgue decomposition for distributional derivatives of
functions with bounded variation [5]. Let u € L*(2), we say that u has an approximate
limit at « € Q if there exists @(z) € R such that

1

lim ——— u(y) —u(x)|dy = 0,
B @) Br(x)l (y) — u(z)]

where B, (z) is the ball centered at = of radius > 0 and |B,(z)| is its volume. The
set C, of all points where u admits an approximate limit is a Borel set, moreover,
almost every point of Q2 belongs to C,. For every x € C,, if u(x) = u(z), we say that
u is approximatively continuous at x.

On the other hand, a point € Q\ C, is an approximate jump for u if there are
two real numbers ™ (z) and v~ (x) and v, (z) € SV~ such that
I : fu(y) — v (@) dy = 0
m-—— u(y) —ur(z)|dy =0,
0| BE (2, vu(@))| /87 @)
where SV 1 is the unit sphere of RN, Bf (z,v, (7)) = {y € B,(z) : (y—x, v,(z)) >
0} and B, (z,v,(z)) = {y € B.(z) : (y—x,v,(z)) < 0}. The set J, of all
approximate jump points of u is a Borel set.
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Let = € C,, we say that u is approximately derivable at z if there exists a vector
Vu(z) € RY such that

i 1
1m
r—0 | B,(x)| /B, (x)

July) — i(x) — (Vu(x), y - )] dy = 0.

The vector Vu(x) is called the approximate gradient of u at z. The set of all points
of 2 where u is approximately derivable is a Borel set and will be denoted by D,,.

We recall that « : C, — R, v, v~ : J, — R, v, : J, — SV ! and
Vu : D, — RY are all Borel functions.

Finally, for every uw € BV(f)), the measure Du can be decomposed as : Du =
D®u+ D*u, where the absolutely continuous part D% := Vu LV |p,, and the singular

part D°u = D7u + D7, is the sum of the jump part and the Cantor part of D*u
respectively. More precisely,

D7 = (ut —u ), HV 7 and D"wu:= Dulc,\p,.

Notice that the Hausdorff dimension of the support of D7« is strictly less than N but
strictly greater than N — 1. Therefore, in the sequel, the measure Du is decomposed
as

Du=Vudz + (u" —u ) v, HN ' 7, + Dulc,\p,
where we used the notation dx for the N-dimensional Lebesgue measure.

Finally, we define the sublinear total variation ®(|Du|) in a general way :

Definition 2.2.1 Let v € BV(QY) and Du its distributional derivative, which is an
RY -valued Radon measure. The sublinear total variation ®(|Dul) is defined by :

®(|Dul) = ®(|Vul) dz + &1 (u™ —u™) dHN " + &y(| D7 ul),

where ®1 and ®y are any nonnegative functions satisfying ®;(s) = 0 if and only if
s=0,1=1, 2.
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2.3 Sublinear Regularization in Image Restoration

2.3.1 The Deblurring-Denoising case

This case is motivated by image restoration. More precisely, in the special case
N =2, let © be a bounded domain in R? and f € L*(2) be an observed image, which
is the result of a compact transformation R (blur) and corrupted by an additive
zero-mean Gaussian noise n € L?(Q) both performed on the ideal image ; that is,
f = Ru+n. It is well-known since the seminal work of Tikhonov and Arsenin [39],
that a good approximation of @ is provided by the minimizer of a certain (strictly)

convex energy \
T(u) = E/pr - Ru)zdx—i—/Q\D(WuDdx,

on an adequate Sobolev space, where the function ¥ has to be chosen to realize some
desired smoothing effects. The parameter A > 0 can be interpreted as the Lagrange
multiplier with respect to the constraint on the variance of n or as a regularizing
weight.

In what follows, consider the functional

T(u) = ;/{;(f—Ru)deJr/QCI)ﬂDuD (2.3.1)

defined on the more realistic functional space BV (€2), where A > 0 is a given parameter
and the regularization term [, ®(|Du|) is defined as in Definition 2.2.1.

It is clear that we can assume, without less of generality,

®(0) =0.
The sublinearity at infinity of the function ® will be assumed, that is, we set the
hypothesis :
. P(s)
H) = =0

We quote here that in [10], the authors consider the special case ® is bounded on R
and R = Id2(q), the identity operator L*(€) .

In this first subsection, the operator R is assumed to be compact from L*() to
itself, it is not necessarily a Hilbert-Schmidt operator.
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Now, we introduce the following subspace of L>(2)
X :={u : Q@ — R s.t. uis piecewise constant}. (2.3.2)

The algebra X C BV(Q) is dense in L?(), with respect to the norm ||. ||;2(q). In
particular, X is dense in (BV(Q), Il LZ(Q)). Then the closure of R(X) with respect
to the L?*(2) norm is not other than the closure of R(L*(Q)) with respect to the L*(Q)

norm, since R(X) C R(X). That is

R(X)=1Im(R), where Im(R) is the range of R.

It is clear that Im(R) is a (convex) and closed subspace of L?(2), then the orthogonal

projection operator on Im(R), i.e., Uz @ L*(Q) — L*(2), is uniquely defined.

Before stating our results, we introduce some technical tools and lemmas.
For every positive integer n, let h,, = 27" and the sequence of squares C{fj = [i hy,, (i+
1) h] X [J s (5 + 1) h], (i,5) € Z X Z.

Let the subsets of R?

on = U Ci; and Q7 = U Cije
{(i.4)€ZxZ : O N Q#0} {@yerxz: Cp;cQ#0}

and the sets of indices
o= {(k, ) €ZxZst.CpnQ #0} and I":={(k,]) €ZxZst.Cp, C Q}.

(2.3.3)
In is clear that 2" C 0 C 7}, for every integer n and that

+oo +oo -
U =Qand (=0
n=0

n=0

We introduce the subspace
X :={ue L*(Q}) : uis constant on every Ci, CQLy

and
X, ={u, : ve X},

where |, denotes the restriction of u to 2.

It is obvious that X, is a strictly increasing sequence of finite dimension subspaces
of X € L*>*(Q) and that

U X, = LX(Q).
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Moreover, since R is continuous from L?(€2) to itself then

U R(X,) = Im(R).

neN

Hence, we get the following lemma :

Lemma 2.3.1 For every g € Im(R), there is a sequence (g,), such that g, € X,, C
L>(Q), for every n, and (g,), converges to g in L*(Q).

Lemma 2.3.2 The hypothesis (Hy) is equivalent to : for every n € N*, there exists
an >0 such that 0 < ®(s) < a, + 5.

Proof. Assume that (H;) holds true and let n € N*. Then there is A, > 0 such

that for every s > A, we have @ < % If we set a, = n[%]aj( } ®(s), it follows that
s€|0,An

0 < ®(s) < ap + 3, for every s > 0. Conversely, for every n € N* (fixed), one has

2(s) < i Hence lim 2(s)

lim

< 0, which implies (H;) since & > 0. O
s—>+o00 g n2 s—>+oc0 g

Remark 2.3.3 In the previous lemma, the sequence (A,), can be choosed an increa-
sing one, in this situation the sequence (ay), is non decreasing. If the sequence (a,)y,
is bounded, this means that the function ® is bounded and this case was studied in [10].
Here, we are concerned with the more complex situation when (ay,), is not bounded.
Then, without loss of generality, we may assume in the sequel that a, — +00 as
n — 400, (if not, we can replace a, by a, + 2", for example).

Theorem 2.3.4 Assume that the operator R is compact from L*(Q2) to itself and
the hypothesis (H) is satisfied. Then, for every u € BV (), there exists a sequence
(wy) € BV(Q) such that

w, — u in LY(Q)

A@WMM)—% 0

as n goes to +oo. Consequently, if the infimum of J on BV (Q) is achieved at U then

A@WMD:Q

In particular, we get u is constant.
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Proof. Step 1. Let u € BV(Q), then applying Theorem 3.9, p. 122 of [5], we can
find a sequence (uy,), C C*(2) N BV (Q2) such that

lim flun — ullpiy =0 and lim ‘/ V| dz — | |Du|‘:0.
Q Q

n—-+o0o n—-+o0o

For any integer p and any (i,7) € 12, defined by (2.3.3), let #7; be the center of the
square C}; C QF.

For every fixed integer n, consider the sequence (v2), C X, defined by
Uz = Z un(xﬁj)lCzja
(i,5)€l”.

where 1.» denotes the characteristic function of C? ;- 1t is clear that
7,] 2

Jm{lon = unllpy9) = 0.

Then for every integer n, there is §(n) > 6(n — 1), such that
0(n) 1
lon™ =l < o
By construction, the map 6 is strictly increasing. If we set v,, := vz(”), we get

ngrfm v — tnl| 21 (@) = 0.

At this stage, let introduce the parameter

5k ‘= min <hk, 1) , (234)

ag

where a;, is defined in Lemma 2.3.2.
Step 2. For any integer k and (i, j) € I*, let DZ’fj C Cffj defined by
D= [ihy + 8y, (i + 1) hy, — 6] % [ b + 05, ( + 1) by — 31,

where § > 2. Using elementary geometrical properties, we can construct a sequence
of continuous functions (w,,), such that w,, = v, on each square DZ g_n) and w,, is afline
on Oz g-") \Dﬁ g-"). Therefore, the slope of these affine functions are controlled by the
inverse of 55@) multiplied by the jump of v, from a rectangle to its neighbors (see

Figure 1).
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FIGURE 2.3.1.1 — Continuous approximations w, of v, s.t. D*w, = 0 (Dw, has no
singular part)

We show that the the sequence (Vw,), is bounded in L'(Q). Indeed, for every
g € BV () and (i,j) € [™, set

Ay g(xi;) = g((i+1)hy, jhn)=g(ihn, jhn) and Ag g(xi;) = g(ihn, (j+1)hn)—g(iha, jhn),

where g((i + 1)hy, jhn) = g(ih,, jhy) if (i + 1,7) & 1" and g(ihy, (j + Dh,) =
g(ihy, jhy) if (i,5 +1) g 1".

/|an|dx = / L5 ) |Vw,| dx
0 an|u D)

@’ Cig

< X (18wl o + A wa(@S) o)

(4,j)et’™

= Z (lAl Un( )|h0(n) + |A2 un( Lij )lhe(n))

0(n)

(1,5)€l”
1ALz 1A un (@,
(i.5)€1’™ b(n) b(n)
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Moreover, since

. |A w, (2 )] |Aguy (2 )] ouy, | |Ouy,
| i w2 / Tl 17 d2.3.5
p%lIJ}loo (i,gejﬂzi ( hp + hp P Q 81‘1 81’2 @ )
< \/5/ V| dz (2.3.6
0
< < (2.3.7)

it follows that

/|an|dx< 3

(i,5)e’™

1AL (21 Ay (2]57))]
+
hoen) hoen)

where ¢g, ¢; are positives constants independent of n.
We claim now that lim ||w, — v, 1) = 0. Indeed,
n——+00

||wn_vn”%1(§2) W — vy

/Qﬂ U( et €N\l

< Y (1A @)y + 10 v (@) 1)

(i,5)e1’™

Ay (205 Ay un (2f))]
= hom) D ( + i)

Using (2.3.5) we obtain that

971 O(n
A un (i), 18w (2057)
hoen) hoen)

2

(i,5)e’™

) Moy < €2

and we get lim,,_, o ||w, — 4| 11() = 0 and obviously

o, = ul ey = 0.

Therefore, the sequence (w,,), is uniformly bounded in BV (€2). Using the continuous
embedding BV (Q2) € L*(Q), (w,), is uniformly bounded in L?*(€2). Then, up to a
subsequence, (w,), converges weakly to u in L*(€). Moreover, since the operator R
is compact from L?() to itself, it follows that

n—-+00
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Concerning the sublinear term :
| @(Dw.)) = [ @(Vu,ydz = [ 6 B(|Vu,|) do

AN,y eroom (Co5ADL)
Vw,
(ag(n) + | 3 |> dx.

per’!
Using the facts that the cardinal of I, is proportional to h;? and 0, = min(a; ", hi),
for any positive integer k, we get for the first term

/ 0(n) 0(n)
Qmu(i,j)eue,("> (s AP )

2,

Qoydr = a0 D om0y

6(n)

/ 0(n) 0(n)
9 oy (CO\ DOC
ﬂU(i,j)euef (G AP ()et-

Q)
< C(Q)ég(:j — 0 as n — +oo since 3 > 2.

B
< o) o) Og(n)

Finally, the second term gives

/ |an|dx < C—?;—>Oasn—>—i—oo.
QﬂU(L n

O(n o(n 2 -
j)eﬂe(n) (C’i’(j )\Di,(j )) n

We conclude that
lim [ ®(|Dw,|)=0.
Q

n—+oo
Now, if u € BV (2) is a minimizer of the functional J on BV (£2). Consider a sequence
w, € BV(Q) such that

~

W, — @ in LY(Q)

[epa) — 0
Q
as n tends to +oo. It follows that
im_ (@) = | Rl > J(@).
Whence [, ®(|Du|) = 0, which achieves the proof. O

At this stage, we show that the minimization problem

Find u € BV(Q) such that J(u) = velBIXl/f(Q) J(v) (2.3.9)
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is ill-posed. For this, we will assume that the operator R does not annihilate constant
functions. More precisely, we assume that :

(H,) R-1q+#0 (2.3.10)

Notice that hypothesis (Hs) is very natural in applications and was introduced first
in [?]. We show in the following that Problem (2.3.9) is ill-posed in general, unless the
data f and the compact operator R are linked by a binding relation on the support
of the function R - 1q.

Theorem 2.3.5 Assume that the hypotheses of Theorem 4.1./ and (Hy) are satisfied.
Then Problem (2.3.9) has a solution if the data [ satisfies

f(x) =th(Q, f) x (R-1q)(x) on the set {x € Q : R-1g(z) # 0},

where t5(S2, f) is defined by (2.3.11) and 1 is the indicatrice function of €.

Proof. If Problem (2.3.9) admits a solution u. From Theorem 4.1.4, the function
u = th(Q, f) - 1g, where the constant t5,(€2, f) realizes the minimum of the real
function t — [o(f —t R-1q)*dwz. Then

t(Q, f) = R (2.3.11)

Suppose that there exists w C {x € Q@ : R-1g(x) # 0} such that t5,(w, f) # t5(2, f),
where t;(w, f) is defined by

tR(W,f) - fw<R ]19)2 dx

Then [,(f —th(w, f)R-1q)*dx < [,(f —tH(Q f)R-1g)*dz. Let a4 = t;(w, f)1, +
tH(2 f)loww. Let (wy), € BV(Q) such that

Wy, — @ in LY(Q)

/QCI>(|Dwn|) — 0

Then
lim J(w,) = /Q(f ~ Ra)dr < J(1),

n——+00



40 CHAPITRE 2. SUBLINEAR MINIMIZATION PROBLEMS

which leads to a contradiction. It follows that for every w C {z € Q : R-1q(z) # 0}
we get th(w) = t5H(Q, f). Now, let a € {x € Q : R-1g(x) # 0}, for w = B(a,¢), the
ball centered at a and of radius e, we get

fla) x (R-10)(a)

yg%tR(B(avg)vf) = (ng)g(a> :tR<Qvf)
Therefore, for every a € {x € Q : R-1g(x) # 0},
fla) = t5(Q, /)(R - 1o)(a),
which ends the proof. O

Remark 2.3.6 In the case where the operator R is the identity, the constant

d
t;d(Qv f) - ffw]lfﬂ C'ZL”

which is no other than the mean of f on ). Therefore, t5(Q, f) gives a natural gene-

ralization, in our context, taking into account of the presence of the compact operator

R.

At this stage, we can state the following result which generalizes the results ob-
tained in [24] for every ® sublinear, for f € L?(2) and in the presence of a compact
operator R, in the framework of Sobolev spaces.

Consider the energy K : Wh1(Q) — [0, +-00| defined by

K(u) == ;\/Q(f—Ru)Qdat+/Q<I>(]Vu\)dx.

Then we have the following

Corollary 2.3.7 For every u € WHY(Q), there exists a sequence (w,) € Wh1(Q)
such that

w, — u in LY(Q)
/QCI)(|an|) s 0

as n goes to +oo. Consequently, the infimum of K on W'(Q) is achieved if the data
f satisfies

fz) =tR(Q, f) x (R-1g)(x) on the set {x € Q : R-1g(x) # 0},
where t*(82, f) is defined by (2.3.11).
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Proof. Using similar arguments as in Theorem 4.1.4, it follows that [, ®(|Va|)dz =0
and then w is constant. We end the proof in the same way as in the previous corollary.

O

2.3.2 The Pure Denoising case

In the previous results, we assumed that the operator R is compact on L?((Q),
which translates the presence of the blur in the observed image. In the case of pure
noisy image (unblurred), the operator R is the identity operator of L?*(£2) which is not
compact. Then, we consider the following energy

B(u) = S1f ~ulli + [ @(Dul),

defined on BV (2), with the same assumptions on €2, f and ®. Notice that in [10],
only the following special case has been investigated : "® is bounded and the observed

image f is bounded" . In the following result, we consider the general case : ® sublinear
and f € L*(Q).

Theorem 2.3.8 Consider the minimization problem

inf E 2.3.12
et (u), (2.3.12)

where the regqularizing function ® is sublinear and the data f € L*(Q)). Then the
following assertions hold true :

) uEJIBI%/f(Q)E(u) =0,

ii) Problem (2.3.12) has a solution if and only if the data f € BV (Q) and [, ®(|Df]) =
0. In this situation, the unique solution is [ itself.

Proof. i) Let (v,), € X, such that 1_131 v, — fll2 = 0. For any integer k& and
(i,7) € Iy, let Df; C CF; defined by

Dy = [i e+ O, (i + 1) he — 8] % [ hae + 6, (5 + 1) by, — 6],

where 5 > 2. Using elementary geometrical properties, we can construct a sequence of
continuous functions (w, ), such that w, = v, on each square Df‘j and w,, is affine on
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Cl; \ Dy';. Therefore, the slope of these affine functions are controlled by the inverse
of 6% multiplied by the jump of v, from a rectangle to its neighbors (Figure 1).

(wy, — v,)2dwy dxy

(wy, — v,)2dw dry = /
/Q QﬂU(i,j)enﬁ (Cirfj\Dtn,j)

A NP A 2
5 [ (el el ) o,

(3,5)€l™ n
1 Z (1AL v (i) ]2 + [ Az vn () P) X 6
(i,5)el™

O
< S0 S 2 (ay) a2

no (i,5)€lR
< 8erhl) ?lunll3.

IN

Using the fact that (v,), is (uniformly) bounded in L?(2), we get

i w, vl =0 and  limfu, — fll = 0.

On the other hand, following the same arguments in Section 1 of Theorem 4.1.4, we
show that the real-valued sequence ([, |Dwy|), is bounded and Section 2 shows that

lim [ ®(|Dw,|) = 0. Therefore, lim E(w,)= 0 and consequently inf FE(u)=
n—+oo JQ n—+o0 u€BV ()

0.
i) This is a direct consequence of 7). O

In the following section, we will show that similar results to image restoration hold
true in image decomposition [35].

2.4 Sublinear Regularization in image decomposi-

tion

The space G(R?), more adapted to capture oscillating patterns in a minimization
problems; was introduced by Y. Meyer [35, 29]. This space was proposed as an alter-
native to the space L*(€) which appears in the Rudin-Osher-Fatemi model and which
is not sensitive to oscillations. For example, on the interval [0, 27|, the two functions
sin(z) and sin(nz), have the same L?(]0, 27[)-norm while the second function is more
oscillating than the first one, for any large integer n. The space G(R?) consists to the
following set of distributions :
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G(R?) == div([L™ (R*)]?).

Endowed with the norm [[v]|gre) := inf{||€|| : & € [L™(R?)]*,v = div(£)}, the
space G(R?) is a Banach space. In this section, we focus ourselves to the case N = 2,
in particular € is a bounded domain in R?. To guarantee that functions (distributions)
of G(€2) have well-defined traces on the boundary 02 and a zero mean value on €,
the authors in [9] gave the following characterization :

G(Q):={v=div(§) : €€L®QRY), €n=0 on 09},

where n is the outward unit normal vector to J2. The space G(£2) is endowed with
a similar norm

e = inf{ll€llo = €€ [LZQ), v=div(€), &pao}-

In the same paper, using a result result due to J. Bourgain and H. Brézis, the authors
gave a more simple characterization of G(2) :

G(Q) = {v e L?(Q);/Qv(x) dz = o} ,

and for a given v € G(Q), there is & € [L®(Q)]* with £, = 0 such that v = div(§).
Moreover, the continuity dependence of the data holds true, that is, there is a constant
C() > 0 such that

[l < 1€l < CQ)vlr2@)- (2.4.1)

In this context, it is proved in [9] that the decomposition problem (texture 4+ geometry)

int Alvllow + [ 1Dul}
(u,v) € BV(Q) x G(R) QO

utv=f

has a solution. We mention here that the used regularization term [, |Du| is not
sublinear. We will show that the sublinearity of ® implies that every minimizing
solution still satisfies the strong condition : [, ®(|Du|) = 0.

Now, consider the nonconvex decomposition/minization problem :

it / d } 2.4.2
(u,v) GBl\l;l(Q)xG(Q) {HUHG(Q) + Q¢(|vu’) x 9 ( )
Ru+wv=Ff
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where f is a given function in L?(Q2) and R is a compact operator on L*(2). For this
introduce the equivalent formulation of (2.4.2)

inf F 2.4.
uegxl/f(ﬂ) (u), (2.4.3)

where BV;(Q) :=={u e BV(Q) : f—RueG(Q)} and

Flu) = |lf = Rullo + | ®(Dul)

Theorem 2.4.1 If the infimum of F' on BV;(QQ) is achieved at u then u is the constant

function given by :
[ 1) da
o 1

/QR-]IQ(m)dx v

U=

Proof. Let u € BV(Q2) be a solution of Problem (2.4.3) and v € G(2) defined by
U := f— Ru. Applying Theorem 4.1.4, we can construct a sequence u,, € BV ({2) such

that
Uy, — U in LYQ)

Ru,  —> Ra in L*(Q)

/Q O(|Du,|) — 0.

In what follows, we will construct a modified sequence (u,) € BV(f2) having the
same convergence properties as (u,). Indeed, set v, := f — Ru, € L*(Q). On one
hand, this sequence satisfies

/ vndx‘ =
Q

S \/ |Q||]Run — RaHL2(Q)

/Q(Un — ) dx‘ =

Ru, — Ru)d

Then

lim v, dr = 0.
n—+oo JO

On the other hand, set

/Qvn(x) dx
+ —/ (o) do 1o € BV(Q),

Uy = Uy,
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where 1 denotes the indicatrice function of the set 2. Then, the sequence u,, converges

clearly to 4 in L'(Q) and

which satisfies .
Q
Finally, by construction, we have D u,, = D u,, which means that

/Qcp(ymny) 0

We conclude that

n—-+00
Therefore, we get necessarily
®(|Du|) = 0.

/ (f —R@,)dr =0 andthen @, € BV;(Q).

Writing @ = (€, f)1q and using the fact that [,(f — R@)(x)dx = 0, we get the

result.

O
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Chapitre 3

Minimization of convex functional
in Orlicz spaces

A. El Hamidi, M. Jazar & S. Issa
Abstract

In this chapter, we consider a minimization problem with superlinear regularizing
term, in the framework of Orlicz spaces. More precisely, we are interested to the
minimization of functionals of the form :

E(u) := /Q (f —u)® do + ;\/Q\I/(]Du]) dx,

where U is a Young and A, function. We show that this this superlinearity condition
leads to existence and uniqueness of a minimizing solution in the Orlicz’s space

We={u:Q >R ue L*(Q)and|Du| € LY(Q)}.

3.1 Introduction

In the previous chapter, we showed that minimizing problems with sublinear regu-
larizing terms are ill posed, in general, in the spaces of functions of bounded variation.
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On the other hand, it is well known that minimizing problems with convex regula-
rizing terms and having linear behavior (at infinity) are well posed in the spaces of
functions of bounded variation. In this chapter, we complete the picture by showing
that minimizing problems with superlinear Young and A, regularizing terms are well
posed in the framework of Orlicz spaces.

Consider the restoration model with additive noise :
f = u+ noise. (3.1.1)

The energy associated to Equation (3.1.1) is then
J(u) = / (f — u)da, (3.1.2)
Q

where Q is a bounded domain in R?. Since this is an ill-conditioned problem, then we
need to add a regularizing term to the energy. It is usually of the form [, ¥(|Dul|) dx
which represents the diffusion. The energy takes then the form

E(u) = ;/Q(f—u)Qdaz—k/Q\IfﬂDu\) dz. (3.1.3)

In this chapter, we generalize the case W(s) = s?, p > 1, by considering a large class of
superlinear functions ¥ at infinity. We show the existence and uniqueness of solutions
for such problem in Orlicz spaces. In what follows, we consider the energy

A 2
E(u) ._5/0(]0 w) da:+/ﬂ\1’(|Du|) dz, (3.1.4)
on the space
W= {u :Q—R; ue L*(Q) and |Du| € L‘I’(Q)},

and we prove the following theorem

Theorem 3.1.1 (Existence and uniqueness of a minimizer of E on W)
Assume that the function ¥: Rt — R is a Young and Ay function. Then E admits
a unique minimaizer u on W.

In the particular case were W(s) = s”(*), p is such that ¥ is a Young and A, function
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Corollary 3.1.2 (Application to Image processing)

Assume p is non-increasing satisfying, for every t > 0, 1 < p(t) < p(0) < +o0 and
the function W(s) = sP®) is a Young and Ay function. Then E admils at least one
minimaizer u on W.

Remarque 3.1.3 Note that, such V is a Young function, if the exponent function p
is conver, i.e. satisfies the following inequality

p"(s)In(s) + 2p/=<98> - p{ij) + (p/(s) In(s) + piis)) > 0.

Strategy of the proof

The difficulty is in the lower semi-continuity of the regularizing term [, ¥ (|Du|) dx.
Many works have dealt with the semi-continuity of vectorial and quasi-convex functio-
nals in these spaces, for instance see M. Forcardi [28], and A. Verde and G. Zecca [7]
that prove the semi-continuity of the functional [, f(Du(z))dz, where € is a bounded
set in RV, with n > 2, f: RV — R is a quasi-convex function satisfying non standard
growth conditions such

a¥(lz]) < f(2) < a1+ @(|2])),

where U and @ are suitable functions and ¢, ¢, > 0, see [7, Section 2] and u: Q — RY.
The proof of [7, Theorem 3.1] could not be directly applied to our case. Indeed, in [7,
Theorem 3.1] and since ¥ # f, we don’t need the intermediate functions ®, I' and r.
Moreover, the condition on the dimensu=ion N < 2 is needed in this case to ensure
compact embedding. Up to our knowledge, nobody cover our problem, since we are
in the case N =1 and ¥ : R" — R and f = . For this purpose, we will adapt [7,
Theorem 3.1] to our case. More precisely, we will prove

Theorem 3.1.4 Let Q be a bounded open set in R?> and V a real Young function
verifying the Ag-condition. Then the functional

[(u, Q) :/Q\If(|Du|) dz

is sequentially lower semicontinuous weak x in WY (Q), i.e. for every sequence u, —
u weak * in WYY (Q), we have

liminf [ W(|Dus|) dz > | W(|Dul) da. (3.1.5)
n Q Q
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In addition, we need to show an inequality that controls the norm ||u||y by the term
Jo ¥(|Du|) dz. This is done in Lemma 3.3.9.

Organization of this paper
In sections 2 and 3 we recall basic properties of Young and quasi-convex functions
and Orlicz-Sobolev spaces. In Section 4, we prove the lower semi-continuity of u —

J U (|Dul) in the weak x-topology of the associated Orlicz-Sobolev space. Finally, the
last section is devoted to show the main result Theorem.

3.2 Young and quasi-convex functions

This section is devoted to recall some definitions and well known properties on
Young and quasi-convex functions (see for instance Adams [1, 32]).

Let ®: [0,400) — [0,400) be a Young function, i.e. a convex function of the type
t
O(t) = / o(s)ds  for every t > 0,
0

where ¢ : [0,+00) — R is non-decreasing, right-continuous function satisfying the
following properties

o(s) >0 Vs >0, ©(0) =0, lim ©o(s) = +o0. (3.2.1)
Define
P(s) = sup t.
p(t)<s

It is easy to check that ¢ satisfies properties (3.2.1) and we can recover ¢ from ¢ via

o(t) = sup s.

P(s)<t

The function ® given by
¥(s) = [ @0)do
0

is said to be complementary to ¥. Moreover the pair ® and ¥ satisfies Young’s in-
equality :
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st < ®(s) + D(t) for every s,t € R,

the equality holds if and only if ¢ = @(s) or s = ¢(t). From the last inequality we can
find

D(s) = max {st —®(t)}.

Definition 3.2.1 (The A, class of functions)

We say that a Young function ® belongs to the class Ao, ® € Ao, if there exists a
constants { > 0 such that

O(2t) < (B(t), V>0 (3.2.2)

Definition 3.2.2 (A, regular pair)

We say that the pair (¥, Q) is Ay reqular if either
(a) W belongs to Ay globally, or
(b) W belongs to Ay near infinity and € has finite volume.

In the sequel, we take ® a young function that belongs to A,.

Lemma 3.2.3 (Properties of functions in As)

For all t > 0, ® satisfies the following inequalities :

B(t) < to(t) < (B(L), (3.2.3)

and
d(M) < ND(t), V>0, YA> 1. (3.2.4)

Lemma 3.2.4 (Sub-additivity of functions of A,)

For every a, b such that 0 < a < b we have

O(a) + P(b) < P(a+0b).
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Using this lemma, we can prove that ¢ > 2.

Lemma 3.2.5 For all a, b € R, ® satisfies the following inequality

|[@(lal) — ()] < @(lal + [b])|a — b].

Definition 3.2.6 (Quasi-convex functions)

We say that a function f : R™ — R is quasiconvex if and only if for all & € R™, all
bounded domain Q@ C R and for every ¢ € D(2) we have

[ 7€+ Do) da 2 (6) mes(@).

Remarque 3.2.7 By Jensen’s inequality we can see that every convex function is
quasi-convez.

3.3 Some properties of Orlicz-Spaces

In this section we recall some basic definitions and properties of Orlicz spaces. For
further results on Orlicz spaces we refer the reader to Adams [1], [3, Ch.8] and Rao
and Ren [36].

Let ¥ be a Young function. The Orlicz class is
KY(Q) = {u : Q — R ;u mesurable and / U(|u(z)|) de < —1—00} .
Q
The Orlicz space LY(Q) is defined to be the linear hull of the Orlicz class KY(Q),

that is, the smallest vector space containing K'Y (Q). Thus KY(Q2) C L¥(Q2); theses
sets being equal if and only if (¥, Q) is A, regular.

The norm on L¥(Q) is defined by

ullo == inf{k>0; Aw('“f”) dr < 1}.
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Endowed with this norm, LY is a Banach space. Moreover, For every f € LY(Q), we
have the following estimate

[fllv <1+ /Q U(|f]) d. (3.3.1)
We will denote by E¥(Q) the dual space of LY ().

Remarque 3.3.1 If ¥ € Ay then EY(Q) = LE’(Q) The space LY (Q) is reflerive if
and only if both W and ¥V belong to As.

Definition 3.3.2 (Strong Convergence in L¥(2))

We say that a sequence (uy), converges strongly in LY () to u, if and only if

n—-+o0o

lim /Q\Il(lun—uD dx = 0.

Definition 3.3.3 (Weak x-convergence in L¥(Q))

We say that a sequence (uy,), weak x-converges in LY(Q) to u, which we will denote
by weak x-LY(Q), if and only if

lim Upv dr = / uv dzx, for every v € E‘i(Q)
Q Q

n—-+o0o

Moreover, u, — u weak x in WYY (Q) if and only if (un), and (Diuy),, i = 1,2,

converge weak x in LY () to u and Dyu respectively.

Lemma 3.3.4 (Weak x-convergence implies boundedness in LY(Q))

If u,, — u weak x-LY () then (uy), is bounded in the strong topology of LY ().
Proof. Let u, — 0 weak %-L"(Q), then [y u,v dz — 0 for all v € Eg(Q) . Conse-

quently, u,v — 0 a.e. in Q and Vv € E¥(Q). Thus u, — 0 a. e. and there exists a

positif constant M such that |u,(z)| < M a. e. Now, since ¥ is non decreasing then
Jo U (un ()] < U(M)[Q].
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If U(M)|Q2] <1 the proof is terminated.

If W(M)|2] > 1, then

4 (2) w(an)o)
/sz‘p<< rm) il Ju 20 < G =

O

Let A and B be two Young functions. We recall the following embedding results due
to Adams (see [1, Theorem 8.23] and [2]).

Theorem 3.3.5 Let Q2 be an open subset of R? with O lipschitzian, let A € Ao, then
the embedding

WhA(Q,R) — LA(Q,R)

18 compact.

Theorem 3.3.6 (see [1])

Let ) have finite volume and suppose that the Young-function B increases essentially
more slowly than A near infinity. Then any bounded subset S of LA(Q)) which is
precompact in L*(SY) is also precompact in LP().

We deduce the following result

Corollary 3.3.7 (see [1])
Let Q be an open bounded set in R?, and let A and B be Young functions. If B increases
essentially more slowly than A near infinity, then the imbedding

WhA(Q) — L (Q)

18 compact.

Proof. Since A dominates B near infinity and || < oo, then the embedding LA(2) —
LB(Q) is continuous, (see [1, theorem 8.12]).
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Since €2 has finite volume we have
WhA(Q) — Wh(Q) — LY(Q),

the latter embedding being compact, (see [1, theorem 6.2]). A bounded subset S of
WHA(Q) is bounded in LA(£2), bounded in WH(Q) and precompact in L'(€2) and
hence precompact in Lp(€2). O

Theorem 3.3.8 [25, Proposition 1.15] If 2 is bounded then L¥(Q) C L*(9).

We terminate this section by a Poincaré-type inequality that will be needed for the
main result. We provide the proof for completeness.

Lemma 3.3.9 (Poincaré - Wirtinger inequality in WY (Q))
There exists a positive constant C' depending on € and V such that, for every function
u e WhHY(Q)

|lu(z) — (u)ql|pv de < C||Du(x)|| dz, (3.3.2)

where (u)q is the average of u over Q.

Proof.

Reasoning by contradiction. Then there exists a sequence (u,),, € WH¥(R) such that

Set, for n > 1,

Up, — (Up)q
[tn = (un)all e
Then (v,)q = 0 and ||v,]|;+ = 1. Therefore (v,), is bounded in W¥(Q). Using
Theorem 3.3.5 there exists a subsequence of (v,),, still denoted by (v,),, and an
element v € WHY(R) such that

Up =

Up — U strongly in LY (Q).

Consequently ||v|lgr = 1, (v)q = 0 and by (3.3.3) we have
1 1 1
[ Dy | < 5”“71 — (v)ellpy < EH%HL‘P =
Using the lower semi continuity of f: ~ [|[Df|/,e in LYY we get, Dv = 0 (a.c.)
hence v = constant (a.e.). But, (v)q = 0, hence, v = 0. This contradict the fact that
[0l v (2) = 1. [
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3.4 Proof of Theorem 3.1.3

Let u, (u,), € WHY(Q) such that u, — u weak x in WH¥(Q).
We will start our proof by a first step where we assume that u is an affine function.
Step 1 : Assume first that u is affine, i.e. there exists zy € R such that Du(z) = z,

for all x € Q. Fix an open set )y which is compactly contained in €2, set K =
dist(Q, 9Q)/2 and let h be a positive integer. For i = 1,..., h, define

0, — {x € Q: dist(z, Q) < ;K}

and choose scalar function ¢; € C3(€;) such that

0<¢; <1,

1 in QZ‘,1 h+1
= < — 4.

Consider the functions v, = u, — u, and v;,, = ¢;(v)v,(z). For every n and i the
function v;,, belongs to Wy"" (Q). Thus

1,9) = [ W(|(Dul) dv=¥()|2 < [ ¥ (z0+ Duiy) da
< [ w(Dulydet [ W(lm+ Dl dot [ W(z)) da
Qi1 Q=1 Q-Q;
< [w(Duwlyde~ [ W(Duu)det [ W(lz+ Dusyl) da
Q Q—Q; 1 Q;—Q; 1

— V(| Dul) dx + ¥(|z0])|2 — Q.
Q-0

Now, summing up with respect to7=1,...,h, we get
h
h/Q\IJ(]DuD dr < hU(|z])Q — Q| + Z/ (|20 -+ D) dr+ h/ﬂ V(| Duy|) de
h
3 / V| Duy|) dx—z / W(|Dul) d (3.4.2)
i=1 7=
On the other hand, we have

1
[ 1wzt Dual) = W(eDuwldr < [ [ p(tlzo + Drial + (1= Dl6iDual)
Q=1 Q;—Q—1 J0
|ZO + Dyi,n — ¢2Dun| dt dx
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IN

1
L [ etz + Dvial +16:Dual)
Q;—Q;_1 J0
(|z0 + Dvj | + |¢iDuy ) dt dz

IN
~

[\
~
\

Y(lz0| + [Dvin| + |91 Dunl) dz

IN

E/ W(J20] + [9:Dva| + [ Déstnl +16:Dun) de

IN

. 1{ (420 + ¥ (4[6:Dv,))}

b1 L VDG + ¥ @D} dr

14
Z\Ifu@owmi—ﬂi_lr L, veDu)

n /Q - U (4] Divy|) +/ U (4|¢;iDuy|) d

IN

(3.4.1) with (3.2.3) implies
[ ot Dvial) = WD) de < €4 (W] 0 -
L (Du)
() [ e
b [ vIDw) do]

Now, summing up with respect to i =1,...,h, we obtain

Z/__ Wz + Drial) — U(|$iDuy)| do < c[Q—QO\Jrcl/Q_QO\I/(]Dvn\)

U (v,

o /QQO (fen])

+cl/ U(|Duy,|) dx
Q-0

where ¢ = ((4)" 10 (|z]), ¢1 = £(4)"" and ¢, = £(4)"! (h“)g,

K

Since u,, — u weak % in Wl"I’(Q), the sequence v, = u, — u is bounded in the
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strong topology of W1¥ (). Therefore there exists a positive constant C; such that
lim supZ/ V(|20 + Dviy|) — V(|¢piDuy|)| de < C4 (3.4.3)
Inequality (3.4.3) implies that
hmmfZ/. U(|zo+ Dviyl) < Cl—i-hmlan/ U(|¢p; Duy|) dx

< +hm1an/ V(| Duy|) di3.4.4)

Since V(z) > 0 for every z > 0, then we deduce that

—}1@9 \D%\M—El/ V(| Dul) dz < 0 (3.4.5)

So, by (3.4.2), (3.4.4) and (3.4.5) it follows that
h/ U(|Dul) dz < hU(|z))|Q — Q| + C1 + (h+ 1) liminf/ V(| Duy|) de
Q n Q

Then, by dividing by A we have
h+1

C
| w(Dul) dz < w(lzo]2 = Qo+ <1+

We obtain the result as h — oo and Qg — €.

1mw/wwwwx
n Q

Step 2 : Removing the assumption that u is affine. The fact that w,, — u weak x in
WE¥(Q) implies u,, —» u strongly in L}, .(Q2) and lim inf o W(|Duy|) dz < +o0.

By extracting subsequences, not relabeled for convenience, we have that
liminf/ U(|Duy,|) de = lim/ U(|Duy,|) dx
o Jo nJo

Moreover, we can assume the existence of a positive and finite Radon measure, u,
such that
po=lim dz|V(|Du,|). (3.4.6)

This latter limit is to be considered in the sense of measures, i.e., for every v €
Co(Q, RY) there holds

lim [ v¥(|Duy,l|) dx = / v¥(|Dul) d
Q

n—oo JO
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We are going to show that for a.e. z € ) there holds

d—'u(x — lim BN (B(z,2))

dz Gt |B(z,¢)| > U(|Dul). (3.4.7)

Indeed, if (3.4.7) holds, we have that for any v € Cy(€, RY) such that 0 < v <1,

lim [ Y(|Duy,|) de > lim / vV (|Duy|) dr = lim / vdp > lim / v¥(|Dul) du.
n—oo /O n—oo /O n—oo /O n—oo /O

Thus the lower semi-continuity inequality follows by letting v increase to 1 and ap-
plying Levi’s theorem.

To prove (3.4.7) we recall that there exists a set 0y C € such that [Q2\Qy| = 0, and
that if x € 0y the quantity
d
ﬁ(m) are finite, (3.4.8)
and
lim lu(y) — u(r) — Du(x)(y — x)| dy = 0. (3.4.9)

e~0" JB(a,e)

Let xg € Qy and let g, — 0 be such that p (0B(z,e1)) = 0, we get

B
lim (B er)) lim lim U(|Duy|) dx
koo |B(z, &) k—00 100 J B(zo,ek)
1
= lim lim ——— U(|Duy,k|) dz,

k—oon=o0 | B(0,1)] JB(0,1)

where for every y € B(0, 1)

1
Up k= ; (Un(xo + 51€y) - U(xo)) .

Notice that (u,x) € WH¥(Q) and (¥(|Du,y)) are L'(2) norm bounded. Indeed, by
the choice of g we have

1
lim lim U(|Dup | de = lim lim —/ U(|Duy|) dx
k—00n=00 /B(0,1) k—oon=00 g1 JB(zo,ex)
d
= |B(0, 1)%(%) < +00. (3.4.10)

By taking into account the strong convergence u,, — u in Ly (Q2) and (3.4.9) for x = zy
and setting ug(x) = Du(xzg)z, we get

Ich—>r£l<> nhiﬁ.lo [tnr = wollL1(Bo,1)) = 0
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Thus (u, ) has a subsequence vy = u,, » which converges strongly in L'(B(0,1)) to
the affine function ug. By (3.4.10) (vy)y satisfies

vy — ug strongly in L, (Q) and li%inf/ U(|Duy,l) de < +oo,
n—oo (9]
by Step 1, Inequality (3.4.7) follows, i.e.

dp 1
— = lim ———— V(| Duvy|) dz > W(|D .
) = Jim o [ W(Du) de 2 (D)

3.5 Proof of Theorem 3.1.1

In this section, we will show the existence of at least one minimizer for the energy

E(u) ::/Q(f—u)2 dm+;\/Q\I/(]Du]) d,

on the space W, where ¥ is a Young and A, function. Recall that in this case, ¥

v _

7 +o00 and

satisfies the following property tligrn
—+00

Wi={u:Q >R we L*(Q) and |Du| € L"(Q)}.

Proof of Theorem 3.1.1

Let (uy), be a minimizer sequence of £ on W, then there exists a positive constant
M such that E(u,) < M for every n. Then, we have :

lunllZoy < I1f = wallZo) + 1120

2M
7 1112y =: N,

IN

/ U (|Duy|) de < M,
Q

and

/Q\p((un)ﬂ) dr = /Q\p<|é|/gun) dz
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1
< U —||un d
el
Ch
< 109 (il )
& (®)
Cy
< Q¥ (N) =: Ny,
2]
where, we have used the fact that W is increasing, €2 is bounded and the imbedding
L*(Q2) C L*(Q) is continuous, i.e., there exists a positif constant C; > 0 such that
HUHLl(Q) S CIHUHLQ(Q)v fOI' every u S L2(Q)
Consequently, (u,), and (|Du,]|), are uniformly bounded in L?(Q2) and in LY(Q)

respectively. Thus there exist a subsequence still denoted by (u,), and an element
u € W such that

(i) u, — u weakly in L*(2), and
(ii) |Du,| — |Du| weak x in LY(Q).
On the other hand, we have

unllzv@ < lun = (un)allv@) + [(wn)ellLv @)
< Cl[Dun[py@) + [[(un)ol v @)
< C<1+/Q\II(]Dun])> + N
< C(1+M)+N,.

where we have used Inequality (3.3.2) in the second line and Inequality (3.3.1) in the
third line.

Consequently, (u,), is also bounded in W1¥(Q2). Thus, using Theorem 3.1.4 and the
weak lower semi-continuity of the norm of L?*(€2), we deduce that

E(u) = lim inf £ (us,).

Hence F(u) = vlgvf[’/ E(v). O

We will start showing the following lemma

Lemma 3.5.1 If p is non increasing and for every t > 0, 1 < p(t) < p(0) < +o0,
then the function W(s) = sP®) belongs to Ao near infinity.

Proof. For every t > 0, we have

U(2t) = (2t)p(2t) —  9p(2)4p(2)
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< 2POpp® — 9PO)g () Wt > 1.

Proof of Corollary 3.1.2
This proof is given by direct application of Lemma 3.5.1 and Theorem 3.1.1. U

An example for such ¥ is ¥(s) = ﬁigﬁig




Chapitre 4

Supersonic traveling wave
in a Frenkel-Kontorova model

Abstract

In this paper, we would solve a Frenkel-Kontorova model, and prove that we can build

a solution admits a /-transition.

Keywords : Traveling wave, Frenkel-Kontorova model, variational calculus.

4.1 Introduction

4.1.1 Setting of the problem

This paper is concerned with traveling waves in a lattice. The dynamics of the lat-
tice is described by the Frenkel-Kontorova model. In this model, each particle interacts
with nearest neighbors and is submitted to a fixed periodic potential. Corresponding



64 CHAPITRE 4. SUPERSONIC TRAVELING WAVE

equations of motion are of the form

Gn = Qo1+ Gn-1 — 2Gn + W'(gn), nelz. (4.1.1)

Here ¢,(t) is the position of the n'* particle at the time ¢. We assume in the whole
paper that the function W satisfies the following assumption

W e C*(R),
Wi(a+1)=W(a) for every a € R,
, (4.1.2)
Wi(a) >0=W(0)=W'0) for every a € R\Z,
w"(0) > 0.

The equation for a traveling wave is obtained by looking for solutions of the form
n(t) = u(n — ct),
where ¢ is a prescribed wave speed. This means that u is solution of
Au'(z) = uw(w +1) +ulz — 1) — 2u(z) + W (u(x)) for every z € R, (4.1.3)
That is to say, we are dealing with a second order forward-backward differential dif-
ference equation. Equation (4.1.3) is supplemented by the following conditions at
infinity :

(4.1.4)

{ u(+o0) € Z,
u(+00) —u(—o0) € 1+ 27.

4.1.2 First properties and definitions
We define the following exponential decay property

Definition 4.1.1 (Exponential decay property)

We say that a function u has the exponential decay property if there exist constants
C >0, A> 0 such that
lu(z) — k| < Ce™ for x >0, where ky = lim u(z) € R,

T—+00

and
lu(z) —k_| <Ce*  forx <0, where k_ = lim u(z) € R.

r——00
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We show the following result

Theorem 4.1.2 (Exponential decay)

65

If w € L™(R) is solution of (4.1.3) with its limits u(£o0) € Z, then u has the expo-

nential decay property.

Define the energy associated by Equation (4.1.3) as following

C

Jw= [ [;<u'>2 L+ W(u(x»] .

where 1 ]
Du(z) :==u(x + =) —u(x — 2).

2 2
J is defined for all u € H, with

H = {u € H..(R); v € L*(R) and W (u) € Ll([R)}.

Note that each minimizer, if it exists, of J on H is solution of (4.1.3). For k € Z\{0}

and ¢ € C*(R) such that
0 if o < —1
‘pm:{ | =1,
and
1= p(=2) = p(2),

set

Ek) = %gg(ﬂ?) J(ko + ).

(4.1.5)

By direct calculation we can show that E is independent of the choice of . We show

that E satisfies the following proposition

Proposition 4.1.3 (Properties of the energy E)

If ¢ > 1, then the energy E satisfies the following properties :
(i) E(0)=0.

(ii) E(k) = E(—k) >0 for all k € Z\{0}.

(iii) E(k) < E(k—p)+ E(p) VkezZ\{0} and Vpe Z\{0,k}.
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4.1.3 Main results

Our first main result is :

Theorem 4.1.4 (Existence of a solution)

Let ¢ > 1, then there exists at least one solution u € C*(R) of (4.1.3)-(4.1.4).

Remarque 4.1.5 The potential W, appearing in equation (/.1.3), is opposed to the
usual W for phase transitions and we construct a transition between two physically
unstable phases.

Now, let us state the following definitions

Definition 4.1.6 (k-transition)

We say a function u is a k—transition if and only if it satisfies the following conditions

u € H,

u(+o0) € Z,

u(+00) — u(—o0) =k,
J(u) = E(k),

u solve (4.1.3).

Definition 4.1.7 (Stability)

We say that k is stable if and only if E(k) < E(k—p)+ E(p) for everyp € Z\{0,k}.

Then we have the following results

Theorem 4.1.8 (Relation between stability and transition)

For ¢ > 1, if k is stable, then there exists a k — transition.
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Theorem 4.1.9 (Existence of a stable odd integer)

For ¢ > 1, there exists k € 1 4+ 2Z which is stable.

Theorem 4.1.10 (k =1 is stable)

For every ¢ > 1/%, the integer 1 is stable and then there exists a 1—transition u.

Remarque 4.1.11 Theorem /.1./ can be seen as a corollary of Theorem /.1.9 and
Theorem 4.1.8.

Remarque 4.1.12 [t would be interesting to study the limit ¢ — +oo, and to study
the uniqueness of the solutions.

4.1.4 Strategy of the proofs

Our approach relies on avoiding a direct study of equation (4.1.3), but instead
recasts the problem of finding a solution of a variational problem. This consists in
looking for minimizers of the functional J on H. For a fixed R > 0, we replace H by
Hpy defined for ¢ € 7 by

Hp = {u € H} (R) such that u(x + 2R) — u(r) = E} :
and J by Jg defined by
Re AV 1 2
Tr(u) = / S = S(Du)? + W(w)| dt (4.1.6)
and we look for minimizers of the problem

inf Jg(v). (4.1.7)

vEHR

Existence of a f/-transition.

We first build “/-transition” ug on interval of length 2R, and then take the limit as
R goes to infinity.
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The limit function u of ug is not necessary a ¢ -transition.

In the simplest case, we may have the situation sketched on the picture 4.1.4.1, where
the /-transition is splitted in two smaller transitions ¢; and /s.

I e 2
Oy L

FIGURE 4.1.4.1 — Splitting of an (-transition in ¢; + /5

We show that this situation can only occur if

E(6) + E(t) < E(0). (4.1.8)

In particular, if ¢ is stable, then it is impossible.

Indeed (4.1.8) can be shown using an argument similar to the concentration-compactness
argument of Lions, (see [34]).

Existence of a stable odd integer /.

Firstly, we choose a ¢ € 1+ 27 such that

E(0)= inf E(k).

kel4-27

We assume by contradiction that we have a splitting of ¢ in a finite sequence of
integers, i.e.

(=0 +...+ N with ¢; € Z foralli=1,... N.
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Then there is at least one integer ¢;, € 1 + 2Z such that
E(l,) + E(t = t;,) < E(0).

From the properties of the energy E (Proposition 4.1.3) and the definition of the
stability of ¢ (Definition 4.1.7), we deduce that

E(l;,) = E(¢) and E(¢ — {;,) =0,

and then ¢;, = ¢.

Justification of the simple scenario.

First, we have a BV estimation for ¢ > 1 which claims that

/[vRvR]

with C'is independent of R and

B(v) = /0 W (w) dw.

Because of the bound (4.1.9), the solution has to be close to constants on large intervals

d

%5(213) dx < C, (4.1.9)

and, in order to minimize the energy, these constants have to be integers.

We get a control on the length of the transition between two integers k; and ks using
the Cleaning Lemma, (see Lemma 4.5.2).

Indeed the Cleaning Lemma states that if u is close to an integers k on two intervals
I, and I, of lengths bigger than 2, then wu is close to this integer k£ on the convex hull
of I, U L.

Using these argument, we can pass to the limit R — 400, and show the existence of
a (-transition.

4.1.5 Organization of the article

In section 2, we prove exponential decay properties and in particular Theorem 4.1.2. In
Section 3, we fix R and construct a minimizer up for problem (4.1.7) (see Proposition
4.3.4). In Section 4, we show boundedness of the sequence (ug)g. In Section 5, we
prove a cleaning lemma for ug (see Lemma 4.5.2), stating that if ug is small on two
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intervals [ and J with lengths > 2 then upg is also small on the convex hull of T J.
Then, in Section 6, we study the distance from ug to Z and prove some bounds on the
jump of ug, uniformly with respect to R (see Proposition 4.6.1). Section 7 is devoted
to the proof of Proposition 4.1.3 and to show the convergence of the sequence (ug)r
to a function u which will be a solution of equation (4.1.3) (see Proposition 4.7.1). In
particular Theorem 4.1.4 is a straightforward corollary of Proposition 4.7.1. In Section
8, we prove Theorem 4.1.8,4.1.9 and 4.1.10. In the apprendix, we put some additional
results a first integral for the solution, u, of equation (4.1.3) (see Lemma 4.9.1).

Notation

For a real number a, we denote by |a| the floor integer part of a.

4.2 An exponential decay property

Proposition 4.2.1 (Exponential decay)

There exists 6o > 0 such that if 6 € (0,0p), then there exist two constants \, kK > 0
such that for any solution uw € L*(R) of (4.1.3), we have the following properties :

(i) If |u(z)| < 9§ for every x > 0, then
lu(z)] < Kde M for x> 0.
(ii) If |u(z)| < 0 for every x <0, then
lu(z)| < kde Al for xz <0.
(iii) If |u(z)| < 6 for every x € I, where I is a bounded interval in R, then
lu(z)| < Koerst@0D) forxel,

where 01 is the boundary of I.

In what follows we denote, for r € R,

M, (u) = sup [u(@).

x>r
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Lemma 4.2.2 (Basic estimate)

There exist 69 > 0, pr € (0,1) and L > 0 such that for all w € L>®(R) solution of
equation (4.1.3), we have

If My(u) < oo, then M,y (u) < pM,(u) for all v > 0.

Proof. Suppose that the result of this lemma is false. Then for every sequences

L, — +o0o,
0, — 0,
n — 1,

there exists a solution u,, € L*(R), of equation (4.1.3), such that

Mo (un) < 0, and My, v, (un) > M, (uy,) for some r,, > 0.

Step 1. Case where the suppremum M, ., (u,) is not reached at infinity

In this case there exists x,, € [L, + r,,+00) such that
MLn‘H”n (un) = ‘un(xn)| = €n

Then, we have
dn > Mo(uy,) > My, v, (Uy) =€, — 0. (4.2.1)

Set
V() = 5;11/%(35 + ),

then v, is solution of the following equation

AVN(w) = vp(z+ 1) Fvp(z — 1) = 20,(2) + 6, W (vne,) - (4.2.2)
By the definition of v,,, we have
0n (0)] = 1.
On the other hand, we have
M g, (v,) = &' sup |un(x+2,)|
x>—Ln

IN

e, sup [un(y)]
yZTn
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= 67:1M7‘n<un)
< et Mipir(un) 1
Hon Hon
Hence, we have
1
log(z)] < — for every x € [—L,, +00). (4.2.3)
Then (4.2.1) implies
e W (vpe,) = W(0) - v, + 0., (1) on [—L,, +00), (4.2.4)

since W'(0) = 0, with o., (1) — 0 when n goes to infinity.

Equations (4.2.2), (4.2.4) and (4.2.3), imply the existence of a constant C; > 0 such
that |v/(z)| < Cy for every @ € [—L,,+00). Consequently there exist a subsequence,
still denoted by (v,,),, and an element v € W#*(R) such that v, — v uniformly on
every compact set of R.

Passing to the limit in (4.2.3) and using (4.2.2), we get

sup |v(x)] < |v(0)] = 1.
z€R

We also have that v is solution of :

AV"(2) =v(x+ 1) +vlz —1) —2v(z) + W'(0)-v  in D'(R). (4.2.5)

Let us apply the Fourier transform to equation (4.2.5), then we obtain :

P(§)0(§) =0, (4.2.6)

with ¢(€) = 262 + (e + 7% — 2) + W"(0) and ¢ is the Fourrier transform to v and
ek

Because W”(0) > 0, we show easily that ¢ > 0. This implies that v = 0.
This contradict the fact that |v(0)| = 1.

Step 2. Case where the suppremum M ., (u,) is “reached at infinity”
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In this case, there exists z,, € [L,, + r,,, +00) such that

n
+1

En = ’un(xn)’ Z MLn"rT'n(un)'

Proof of Propositon 4.2.1

In the sequel, we will show only statement (i). Statements (ii) and (iii) can be proved

in the same manner.

Let 6 € (0,0¢) > 0, such that |u(z)| < § for every x > 0. Then by Lemma 4.2.2, there
exists p € (0,1) and there exists L > 0 such that

My < uM, for all r > 0.
where M, stand for M, (u,).
Since p € (0,1), then there exists o > 1 such that =o'

Fix r such that L <r, and let € R such that = > 0.

For all > 0, there is n € N such that

—r+r

(4.2.7)

On the one hand, we have
Myp < M-y < Moy < ... < "My < p"s.

If z € [nL, (n+ 1)L] for some n > 0, we have

n

p' = exp(nln(u))
exp (a:lrz(u) - ln(u)> .

This implies that |u(x)] < Bde=**, where \ = —% >0 and = i > 0. O

IN
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4.3 Resolution of problem (4.1.7)

Let us define Qr = (—R, R).

Lemma 4.3.1 (Control of the term (Du(z))®)
For all w € Hg, we have the following inequality :

JACER: ;) — - ;))2 do< [ (@) do. (4.3.1)

Proof. For every u € Hg, we have :

/QR(u(x—&-;)—u(x—;))z dr < /QR (/_é u'(x+t) dt>2 dx

%
< / /E [u'(z +t)|* dt dx
Qp /-1

= W ())? de,
[, @)
where we have used Cauchy-Schwarz inequality in the second line, Fubini theorem

and the 2R-periodicity of «' in the third line. O

Lemma 4.3.2 (Poincaré- Wirtinger inequality in Hp)
For every every R > 0, there exists a constant Cr > 0, such that

2
1
/ (u(x) —— | u dx) dr < CR/ (u(2))* dz for everyu € Hp.  (4.3.2)
Qr €2g[ Jor QR
Proof. See [19, Theorem 1, page 275]. O

Lemma 4.3.3 (Coercivity of Jg)

For all ¢ > 1, the functional Jg is coercive on Hpg for the semi norm ||ul|g, =
||| 2(r), and satisfies Jr > 0 on Hp.

Proof. For all u € Hg, we have :
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> ;(02 —1) /QR(U'(:E))2 dr + o W(u(z)) dz (4.3.3)
> 5@ -0 [ W)

where we have used Lemma 4.3.1 in the second line and the fact that W > 0 in the
third line. We deduce that :

Jr(u) — oo as ||u|l g, — oo.

Proposition 4.3.4 (Ezistence of a minimizer for problem (4.1.7))
Let ¢ > 1, then Jg has at least one minimizer ur on Hgr. Moreover ug is solution of

(4.1.3) and ug € C*(R).

Proof. Let (u,), be a minimizing sequence of Jg in Hg, i.e. (u,), C Hg and Jr(u,) —

i = a>0.
7jlergR Jr(v) =ra>0

Step 1 : Extraction of a subsequence

Since Jg(u,) — «, then there exists a constant M > 0 such that :

|Jr(u,)| < M for every n € N.

On the one hand, using (4.3.3) we have

1

2@ 1) [ (@) dr < Jn(u,) <M.

Hence, we obtain the following bound :

2M

! 2 < = (.
/QR<un<x>> dv < 5=y

Moreover, by Poincaré-Wirtinger inequality (Lemma 4.3.2), we have :

() g “> Ao < Cr [ (u(@)? do < CaCh.

a |QR| QR
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For every n € N, we define 4,, := u,, — Lﬁ Jog unJ € Hpg, then

0<

[ G, <1 d i) = .
S QRun_ , an Jr(ty,) = Jr(uy)

Consequently the sequence (@), is bounded in H'(Qpg), implying that there is a
subsequence of (i, )y, still denoted by (@, ),, and an element u € H'(Qg), such that :

Up — U =: Up weakly in H'(Qg). (4.3.4)

Since |2g| is bounded, then by Rellich-Kondrachov theorem, we have :

Uy — U strongly in L*(Qg), up to a subsequence. (4.3.5)

Hence, by the Lebesgue inverse theorem, we have
Up () — u(x) for a.e. x € (1, up to a subsequence,
and particularly, we have
Jim [tn(x 4+ 2R) — U, (2)] = u(z + 2R) — u(z) = ¢,

which implies that v € Hpg.

Step 2 : Jr(u) = inf Jr(v)

veHgr

From relation (4.3.4) and by lower semi-continuity, we get

/QR (W (2))? do < liminf [ (v, (2))° da. (4.3.6)

n—oo  Jo, n

Property (4.3.5) and the periodicity property of D1, imply :

/QR (Du(z))? dz = lim (Diiy(2))* da. (4.3.7)

n—oo QR
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On the other hand, since W is a bounded and continuous function on R, then Lebesgue
dominated convergence theorem implies :

lim [ W (in(z)) do = /Q W (u(a)) de (4.3.8)

n—oo QR

Relations (4.3.6), (4.3.7) and (4.3.8) imply :
Jr(u) < liminf Jp(a,) = ulergR Jr(v).
Since u € Hp, then Jg(u) = inf,cpy, Jr(v).

Step 3 : conclusion

By classical arguments, we get
—*u" — D*u+ W' (u) =0 in  D'(R). (4.3.9)

From the fact that [, u”dz < C, we deduce that u € Lf5.(R) and then from (4.3.9),

loc

we get u € W2°(R), which by bootstrap implies u € C?(R). O

4.4 Uniform bounds on (ug)g

In this section, we make R tend to infinity. Henceforth, we will denote ug the solution
given in Proposition 4.3.4.

Lemma 4.4.1 (Bound on the energy)

Let ugr be the function constructed in Proposition 4.5.4, then there exists a constant
M > 0, independent on R > 1, such that :

Proof. Define the function vy as follows :
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0 if —R<x<0,
vn(z) = lx if0<x <1,
AR I if1 <z <R,

vr(x +2R) —vg(zr) =0 ifx ¢ Qp.

Since vg € Hpr, and ug is a minimizer of Jz on Hg, then

Jr(ur) < Jr(vg)
2
< 5 [ ) dot [ W(up) da
262
< TJFHW”LN([R) t M.
This ends the proof. O

Lemma 4.4.2 (Bound on the total variation of 5(ur))

Let us define f(v) := [y /W (x) dx. Then

TV (B(ur), Qr) = /QR

5(UR(90))‘ do < — = M', (4.4.2)

where M is the constant given in (4.4.1).

Proof. We have
Tnlug) > 62_1/ () d:r+/ un(x)) dz
> e -y | |uR|¢TR

where, in the first line, we have used (4.3.3), and in the second line we have used
Young’s inequality. We conclude to (4.4.2) using (4.4.1). O

dz, (4.4.3)

R %5@}2
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Lemma 4.4.3 (Bounds on W)

There exist vo > 71 > 0 such that

v [dist (a,2))* < W (a) < o [dist (a,2))’ .
The proof is left to the reader, using (4.1.2).

Lemma 4.4.4 (Bounds on 3)

There exist two positive constants Cy and Cy such that

Cymin(v? 1) < [B(v)| < Cyv? for allv e R.

Proof
Step 1 : Proof of the lower bound

For 0 < v < 3, we have

) = [ VW) dy
> VAL dist(y.Z) dy
> ﬁ/ovy dy

U2
> iy

Now, since 3 is nondecreasing, if v > 3, then 5(v) > B(3)

[V
=3

79

(4.4.4)

(4.4.5)

Hence, |3(v)| > min(*2v? ¥2') > Oy min(v? 1), with C; = 2. If v < 0, we get the

same estimate.

Step 2 : proof of the upper bound
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If 0 <wv <1, then dist (y,Z) < |y|, and therefore, proceeding as in step 1, we obtain

2

B < vz

Furthermore, for v > 1 we have

Blv) = /Ovmdy
_ /OL”J\/mczy+/L:J\/mdy
(1 Lo) [ W) dy
< QU/OI\/Wdy§2v2/Ol\/Wdy.

As a conclusion, we get for all v > 0 :

B(v) < Cy?, with Cy = max(\/f, 2/01 VW (y) dy).

IN

If v <0, we get the same estimate.

4.5 Cleaning lemma

Lemma 4.5.1 (Cleaning lemma for ()

Let ug be the function given in Proposition 4.3.4, 0 € (0,1] and a, b are reals numbers
such that : —R<a—-1<a+1<b-1<b+1<R.

If

sup lur(x)| <4, (4.5.1)
z€la—1,a+1]U[b—1,b+1]
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then there exists a positive constant C', independent of 0 and R, such that
d

e

with [ defined in Lemma /./.2 above.

B(uR(z))' dr < CH? where I = [a,b] C Qp, (4.5.2)

Proof.

Set

02

1
Er(u) = E/Iu'2 dr — i/l(Du)2 dx —|—/IW(U(£E)) dx for every u € Hpg.

Step 1 : Bound on E;(ug)

We will prove

21
I

Let

0 if —co<z<a-—1.

ug(a)(z —(a—1)) ifa—1<z<a,

w(x) =14 ug(zr) if a <z <b,

—up(b)(x — (b+1)) ifb<z<b+1,

0 ifo+1<z <400,
Then, we get :

- { L + w<uR<x>>] (15.4)

Notice that

1
2 [a,b]

(Da)? = (Dug)?] dz = 1

Du 2_ D 2 d
2 /[a,a+é]U[b;7b] {( u) ( UR) } €
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1
—= (Dug)?* dx
2 Jla,at+31UIb—1 0]
> —267, (4.5.5)
where we have used the hypothesis (4.5.1).
On the other hand, we have
J(@i) — Er(ug) = / Can 1(Da)2 +W(@)| do— L [(Di)? = (Dug)?| da
(—oo,a) J(byAoo) | 2 2 2 Jia,b]

02

1
< =52 W (i de — = Dil 2 D 2 d
B /(a—l,a)U(b,b.H) [QU + (u)‘| € 2/[a,b] [( U) ( UR) } X
< CO?6% + 29907 4 262
= 0(),

where we have used hypothesis (4.5.1), the fact that W(a) < y2a* and (4.5.5).

Joint to (4.5.4), this shows (4.5.3).

Step 2 : Upper bound on [;

£ Bun(@))| do

In this Step, we will show that

d 1 9
/I'dxﬁ(uR(x))‘ dr < m <O((5 )+ Ez(uR)) . (4.5.6)

From (4.5.3), we have

2

(55 e wow)
> /2> - 1)/1‘25@,%(:5))’ dr,

E(ug) + 0(6%)

v

where we have used (4.4.3).

This show (4.5.6).
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Step 3 : Bounds on E;(ug) in terms of §?

We will define a new candidate u on I = [a, b], as follows :

ug(z) if x € Qgr\|a, b],

() = —ug(a)(z — (a+1)) ifz € (a,a+1),
‘ 0 ifre(a+1,b-1),

ur(b)(x — (b—1)) if x € (b—1,b),

Since ug minimizes Jg, then

JR<UR) S JR(ﬂ).

We want to use this inequality to estimate E;.

We have
Jr(ur) = Er(ur) + Eap1(ur)

and
Jr(u) = Er(u) + Eq\(u)

By relations (4.5.7), (4.5.8) and (4.5.9), we obtain the following inequality

Er(ur) < Jg(u) — Eqpi(ur)

< Er(u) + Egpr(u) — Egpa(ur)

= B -, [ (D0~ (D]
_ 1 _\2 2

= B0 =5 |y ey (Du)* = (Dug)’|
1 2

s Eiw)+ 2 /[a—;}U[b,bJr;](DuR)

< 0.

Therefore Er(up) < O(6?).

Step 4 : Conclusion

83

(4.5.7)

(4.5.8)

(4.5.9)
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Finally, by using steps 2 and 3, we obtain

d
— < 62
/I‘dxﬁ(uR) dz < C§

Lemma 4.5.2 (Cleaning lemma for ugr)
There exists 6y € (0, 1], such that the following holds :

Let a and b be real numbers such that —R<a—1<a+1<b—1<b+1< R. If the
function ug given by Proposition 4.53./, satisfies

sup lug(z)] <0, for some § € (0, )
z€la—1,a+1]U[b—1,b+1]

then there exists a constant v > 1 independent of R and 6 such that

lug(z)| < vd on I =la,b]. (4.5.10)

Proof.

By the Cleaning lemma 4.5.1, we have
/

with C is the constant of lemma 4.5.1.

d

— dr < 062
dx T ’

ﬁ(uR)

Moreover, for every x € [a, b] we have

Blun(e)) = Blun(e)) + [ (Blun(a))) dy.

Hence, using (4.4.5), we get

1Blugr(z))] < Cx6* + C6* = C36°,
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where C3 = Cy + C'. Using (4.4.5) again, we obtain
Cymin(uk(r),1) < |Blur(z))] < C36%.

Consequently, min(ug(x),1) < £26%.

Hence, for 6 < min(1,,/C5/C}), we have

lup(z)| <véd Vawel,

with v = \/Cg/Cl > 1.

4.6 Bounds on the jumps of up

Proposition 4.6.1 (Bound on the "jumps" of ug for finite R)

There exist N € N and 6 > 0, such that for all 6 € (0,8,), there ewists Ls > 0,
such that for all R large enough, there exists ur a solution of (4.1.3) constructed in
Proposition /.3.4, such that there exist an integer K € N\{0} and a finite sequence
K, with k; € Z such that :

of integers (k;)iz1,..,

i. K <N,

ii. kK_;,_l = kl +€,

ii. N> S |k — ki,
LK

vi. supup —infup < N.
Qr Qr

Moreover, there exists a sequence of intervals (I;)i=1.. i, such that :

-----

a. I; CQp fori=1,...,K,
b. supfiginffiﬂ, fori=1,--- K —1,
c. |ug(z) — k| < C6 on I,
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K . K .
d. QR\ U ]z S L5 and then U i Z 2R — L(;.
i=1 i=1
A UR
kit
; 4 :
| | | -
= = T
"R I; Iia R
FIGURE 4.6.0.1 — Here k; and k;,, are two integers.
Proof.

Define the following sets

)
Es = {x € Qr ; dist (ug(z),Z) < 2},

and 5
Fs .= Qr\FEs = {m € Qg ; dist (ug(x),Z) > 2}.
Step 1 : |Es| > 2R — Cs

Let ms be a positive constant such that W > ms > 0 on R\ (Z + By (O)), then we
have :
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ms| Fy| < /F W (ug) do < /Q W(ug) de < Jp(ug) < M.
5

R

where M independent of R, is the constant of Lemma 4.4.1. Notice that we used
(4.3.3) and ¢ > 1.

Hence |Fj| < mﬂé =: (s, notice that Fjs is not necessarily an interval.
Consequently, |Es| > 2R — Cs.
Step 2 : (Bound on the oscillation of up)

By Lemma 4.4.2, we have

TV(ﬁ(uR), QR) < M/.

Then

r?zixﬁ(uR) - mQLnﬁ(uR) <M.

Since [ is nondecreasing then we have

rré&;xﬁ(uR) - rgglﬁ(u}g) =0 <n;1)z;x(u3)> - B <inn(uR)> :

R

Using the 1-periodicity of W and the definition of 3, we get

1 max upR
~ mi VW) dv < [\ [W(o) do < M
{nglgqu %;DURJ/() (v) dv < (v) dv <

minup
QR

Hence
M’ M’

Iy W (v) dv - By’

Step 3 : Definition of the set E* and existence of E* of large measure

maxug —minug <1+
Qr Qr
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Let k£ be an integer, and

EF = {xEQR o Jug(z) — k| < g}

By step 2, there is a finite number of integers k, such that E* # ().

Let K be the set of such k& and set
N := card (K), and E* £(0  ifk €K

In particular we have

M' > TV (B(ur), Qr)

v

N-1
inf Z ‘ﬁ(];’jJrl +ej1) — Bk + ej)'

(e5); j=1

> (v -1 [s0- - sG],

with {k1,...,knv} =K and |e;| < 2 and ky < ...ky. Then

(4.6.1)

Furthermore, we find that .
Es=J E",
keK

then by step 1 .
|Es| = > |E*| > 2R — Cs.

keK
Note that there is at least one set EFo > L;]C‘s.
Step 4 : For k fixed, covering of E* by intervals I} each of length 2

We define the finite sequence (2%),_, Nk, for 1 <i < Nk, as follows :

L. af =inf {z € E*, » > —R},
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2. zf = inf{x EEr zF+2<z< R}.

Let us define the following set IF = [2F, 2% + 2], for every 1 < i < NF.

19

We have also

Notice that I¥ € Qp fori=1,..., NF —1.
Step 5 : Dichotomy on the [*

For every interval IF, there are two possibilities :

89

a. there is an element y* € I such that : |ug(y¥) — k| > §, hence if ur(y¥) > ug(zF)

Blur(y)) — Blur(et)) > /u“R““ } dv

R(zF)

ket (ur(yf —k))
Wiv) d
/ VW) do

+lup(@f)—k|

/k+5
k+

A

3
2

v

> 06

with C' = 1, where we have used Lemma 4.4.3 with § < 3. The case ug(yf) <

ug(zl) < k + ¢ is similar.
Therefore TV(B( r),IF) > ‘B(UR(%’C)) B(ur(z ))‘ > O

b. otherwise |ug(z) — k| < § for every x € IF.
Then we define two subsets of indices following the dichotomy :
Mk = {z € {1,...,NF}, Ik € IF such that |ugr(yF) — k| > 5},

M} = {z € {1,..., N}F} such that |ug(z) — k| < Vz € ]f},
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and the associated sets

EF = U IF where a = a, b.

: ieMk '
Then we have : E5 C E¥ U EF.
Step 6 : Total variation and |E¥| < Cj

TV(B(ur),Qr) > > TV(B(ug), I}) > C8* (card (M}) - 1),

iEMF\{NF}

then card (MF) <1+ CM(;; Consequently, we have :

AR DRI

ieMEk
= 2card (MF)

M/
2 (1 + 052> =: Cj.

Step 7 : Replacement of E* by a large interval

VAN

Let us consider the convex hull : EF = conv ( U Izk) = conv (EF).

ieMf
If card (M]}) > 2, just take the first and last interval, and then apply the Cleaning

lemma 4.5.2 to obtain :
lu(z) —k| <vé  on Ef, (4.6.2)

where v given in Lemma 4.5.2.

If card (MF) = 1 then (4.6.2) is still true.
Step 8 : Definition of L;

Let Rs = Qg\ Urex EF.

We have Qp = UkekEk C Ugek (E'(]lC U E{f)
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Then Rs C QrN (UkelkEZf) As by step 6, |E¥| < Cj thus
|Rs] < card(K)Cs < NC§ =: L,
with N independent on R, bounded in (4.6.1).

Step 9 : Conclusion

Let us define the finite sequence (k;)1<i<r, I = EfiﬂQR # () such that sup I <
inffiﬂ (for § small enough) and (U E{f) NQr = U ;. Notice that Rs =
keK ; K

1=1,...,

We have for R > 1 and kg1 =0+ ky :

2M" > TV (B(ug), (—R,3R))
K
> (len)fz |B(kjs1 + €j41) — B(k; + €5)]
i) j=1
> imax (0, |B(k; +1) — B(k;)| — 2021/252)

K
> Zmax (Oa B<1)|kj+l - k]| - 202]/252) )
j=1

where we have used in the third line the fact that |e;| < 6 and in the fourth line we
have used (4.4.5).

Because [k; 1 —k;| > 1for 1 < j < K —1and for 205026* < P, we get K < 1+ 4.

Notice that we may have kx,1 = ki for kg1 = ki + £.

Moreover,

K 2M K 4M’
E kivi—ki| < ——+ =<1+ .
j:l’ r1 =kl A1) 2 B(1)

Then, we can take

N := max <2M', 1+ g](\f;)
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4.7 The limit as R goes to infinity

4.7.1 The energy F

Proof of Proposition 4.1.3
Proof of (i).

From (4.3.3), we have for all ¢ € C2°(R)

-1
2

JW) = L@ Pda+ [ Ww)de = 0= J(0).

Therefore 0 = J(0) < inf J(¢) = E(0) and then E(0) = 0.
PpeCe(R)

Proof of (ii).
Let k € Z and ¢ € C°(R). Notice that if u € H, then
J(u(=)) = J(u) and Ju+1)=Ju)ifl € Z.

Therefore

where, we have used (4.1.5).
Thus

B(—k) = inf J(—kp ) = Il (g + (=) = E(b)
Proof of (iii).

Let k € Z. We know that E(k) = inf J(ke+ ).
PpeCee(R)
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Then for all § > 0 and j € Z there exist ¥} € C°(R) such that

EG) = JGe +ud)| <o (4.7.1)

Let

W = (k= p)e(- +n) + 457 (- +n) +pp(- — n) +95(- —n) — kp € CZ(R),
then for p € Z, we have

E(k) < J(ke+ )

T ((k = p)e(- +n) + 0577 (-+n) +pol- —n) + ¥5(- — n))
T (ko +n) + 57 +n)) + J (pp(- — n) + 5 (- = n))
E(k—p)+ E(p) + 24,

IA A

IA A

where we choose n in the third line, large enough such that for |a| < §
supp (5 (- +n) +a)) () supp (4577 ((- —=n) —a)) = 0
and in the last line we applied (4.7.1).

Let tend ¢ to zero in the last inequality, we deduce that

E(k) < E(k —p)+ E(p).

4.7.2 Limit as R — +o0

Proposition 4.7.1 (The limit R — oo and bound on the energy)

For any ¢ € Z\{0}, then there is s € Z\{0}, such that there exists a solution u
of (4.1.3)-(4.1.4), with u(4+00) — u(—00) = s, and up to a subsequence up — u as
R — +o00, when ug is given in Proposition /.3./.

Moreover, if £ € 1427, then we can choose s € 14 2Z. The solution u is pictured on
Figure /.7.2.1.
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FIGURE 4.7.2.1 — Schematic graph of the function wu.

Proof of Theorem 4.1.4.
Apply Proposition 4.7.1.

Proof of Proposition 4.7.1.
Step 1 : Normalization of ug.

We fix ¢ € Z\{0}. We first notice that
K

U7

=1

> 2R — Ls.

Then there exists at least one interval I;, such that

I, Zw%—)+ooasR—>+oo,withK§N.

%0

i, |u— k| < C6on I
iii. For kx,.1 = k1 + ¢, then

i.

K

0= (kip1 — ky). (4.7.2)

=1
By periodicity fio + 2R is another interval of length going to +00 as R — 400, such
that |u — (ki, 4+ £)| < C6 on I;, + 2R.

Calling z;, the center of fio and shifting z;, to —R, we get a solution still denoted by
up as on the picture (see Figure 4.7.2.2).
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UR
ki, +1 /
—R | I0 I—; R =x

AR AR ()‘R - +OO)

FIGURE 4.7.2.2 — Schematic graph of the function ug

We may have the other intervals I C (—R, R) of length going to +oo, such that
lu—k| <Cdon .
Recall that

{x € Qr, dist(u(z),Z) > C}| < Ls.

Step 2 : Definition of s

Therefore, there exists at least some s € Z\{0}, with s = s;, is fixed, such that up to
extract a subsequence and to replace ur by ug(z + a) +n with a € R and n € Z, we
have a solution ug of (4.1.3) like on the picture (see Figure 4.7.2.3).
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uB A
+s+0
s
+s5s—90
+ 9 _— . :
O T i i >
1 5 Vi T
—Ls/2 0 Ls/2
KR MR
FIGURE 4.7.2.3 — Graph of the “s-transition ug”
with
lur| < C§ on (—pr — Ls/2,—Ls/2)
lup —s| < C6  on (Ls/2,Ls/2 + pr) (4.7.3)

lug| < N +C6 on (—pg — Ls/2, ur + Ls/2),

with pr — +00 as R — +o0.

Notice that because of (4.7.2), if £ = 1 (mod 2) then there exists iy € {1,..., K}
such that s;, = k;, + ... + k;j; = 1 (mod 2) and then we can choose s = 1 (mod 2).
Therefore, we can pass to the limit in (4.1.3) and get a solution u of (4.1.3) satisfying
(4.7.3) with pr = +o0.

From Proposition 2.1, we deduce that u(—o0) = 0 and u(+00) = s. O

Proposition 4.7.2 (¢ is not stable)

Let u be the function constructed in Proposition 4.7.1. Under assumption of Proposi-
tion 4.7.1, we have
J(u) = E(s), (4.7.4)
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and

E(s)+ E(l —s) < E((). (4.7.5)

Consequently if s # £, then € is not stable.

Proof.
We will prove (4.7.5) in the six first steps and (4.7.4) in the seventh step.
Step 1 : Preliminaries

Let ¢ the function defined in the introduction (see subsection 1.2). Then we set

or(z) =Y ¢(x—2kR)+ > (p(z — 2kR) — 1), (4.7.6)

k>0 k<0

and check that lpr € Hp.

Step 2 : Jr(lpor + ) = J(lp + ) for all ¢ € C=(R).
Straightforward, because pr = ¢ on [-R — 1, R+ 1] for R > 2.

Step 3 : Splitting of uy in “two phase transitions” up and g

We use the same notations as in Step 2 of the proof of Proposition 4.7.1. In particular,
we are in the situation of Figure 4.7.2.3.
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A
s+0 L UR
+s
5§—0 T
)
0
+—0
—QR aR_#TR aR_‘_#TR
| | Il Il | Il
I I I T T T
1| —en-% —antt  ap
0 §

FIGURE 4.7.2.4 — Possible graphs for uy and &.

Let ap = #2ts Tet ¢ € C2(R) such that

1 1 1 1

§=1lon[-ar+ 5 AR~ 5} and  supp(¢) C [—ar — 54t 5]‘
Set
Er(m) =Y &(x —2kR)+ > &(x — 2kR)
k>0 k<-1
and
Or = SOg,

Pr° = ((—s)¢r(-—R),

vh = Pr+0R"

Then we can write up as
Ur = Ugr + Ug, (477)
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where
~ l ~s d Or = (1 — L ~l—s
Ur = &R (uR - SOR) +¢¥r  an g = (1—¢&r) (UR ¢R) + PR
aR“
S__ .
e : S : -
R 71 —GR Y2 0 a1 QR Q2 R
Y1=—Gr—3,72=—ar+ 3,1 =ar— 3 and a2 = ar + 3
FIGURE 4.7.2.5 — Schematic graph for ug.
We have

Mg +1g) — A(tig) — A(tg) = Cilpiy — DugrDig + W (g +tg) — W(tig) — W(tg),
with

[supp(itfy) | supp(Diig) | Jsupp(W (ii))| (Qn C [—ar — 1, ap + 1] = Ip,
and

[supp(ﬁ’R) \supp(Dig) Usupp(W(ﬁR))} Qr C Qr\[—ar — 1,ag + 1] = Ix.

Therefore

Tr(ur)—Jp(tr)—Jr(in) = /~ ity —DupDip+ W (Gp-+ig)—W (iig)— W (ag).

IrNIr
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Let us define I_ = [—ag — 1,ar + 1], I, = [ar — 1,ar + 1]. Then IrNIp=1_ Ul..
From (4.7.3) and the exponential decay property of ug (see Proposition 4.2.1 (iii)) on
[—Ls/2— pur,—Ls/2]) and on [Ls/2, Ls/2 + ug| and using the PDE (4.1.3) satisfied by

upr, we get that
[ug|, |Dug|, [W(ug)| < C'5e 7 on I..

Therefore, we can easily get

JR (TLR) + JR (QR) < JR(UR) + 0(567)\%. (478)
Step 4 : E(s) < J(u)

We define

ugp(—R) =0 for © < —R,

u(z) = ¢ ug(r) for —R<uxz <R,

ur(-+R)=s forxz > R.

Notice that u is constant on (—oo, —R + 1] and on [R — 1, +00). Therefore, J(u) =
JR('LLR).

Moreover, 4 € s 4+ C°(R). Therefore

E(s) < J(@).

Step 5 : E({ —s) < J (u)

We define
ur(—R+ R)=0 forz < —R,

u(zr) = Ugp(r+ R) for —R<z <R,

up(R+R)=(—s forxz>R.



4.7. THE LIMIT AS R GOES TO INFINITY 101

Similarly, we have

E(l—s) < J(@) = /;RA(QR)(x) dz

= Jr(ug),
because g is linear + 2R-periodic.
Step 6 : Conclusion
From (4.7.8) and Steps 4 and 5, we have
E(s)+ E((—s) < J(u)+ J(u)
Jr(tr) + Jr(ug)
Jr(ug) + Coe N7

R

(
JR(&OR + w) + C(Se_)‘T
(

IN A

HR

Jr(lo 4+ 1) + Coe™ 7,

because 0 > 0 is arbitrarily small, we get for all ¢y € C°(R)
E(s)+E(—s)<J({lp+1)). (4.7.9)
Consequently

E(s)+ E(l—s) < E(Y).

Step 7.1 : Jp(ug) < E(s) + E({ —s) +n for R > R(n)

For every n > 0 there exists ¢y € C2°(R) such that
J(se +4) < E(s) +n,
and there exists ¢, ~* € C2°(R) such that
J((C = s)p+1y%) < E(l—s) +1.
For R > 0 large enough (R > 2)
supp ¢, C [—R/4, R/4],

and
supp ¢, ° C [~ R/4, R/4].
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We set
u(x) = spr(x) + Y ¥5(r — 2kR),

kez
@z + R) = (0 — s)ep(z) + Y Ui (x — 2kR),
kezZ
and

u=u'4+10""° € Hp.

Therefore, (@) (z + a)(@*=*)(z) = 0 for every a € [0, 1].

Jr(ug) <

:%

(w)

Jr(@°) + Jp(@ (- + R))

= Jr(sp++¢5) + Jr((€ — s)o + +iby°)
E(s)+ E({ —s)+ 2n,

IA

for any R > R(n).
Step 7.2 : Jg(ur) < E(S)+n for R > R(n)

We recall that
JR(ﬂR) + JR(ﬂR) § JR(UR) + 056_)\%{.

This implies that
Jr(ig) + Jr(ig) < E(s) 4+ E({ — s) + 2+ Cée %
for R > R(0,7n).
On the other hand, we have
E(s) < J(u) = Jg(ug) and E(l—s) < J(u) = Jg(ug).

This implies
0 < Jr(ug) — E(s) <2n

and
0 S JR(UJR) - E(f - S) S 27’].

Step 7.3 : J(u) < E(s)
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For any A > 0, and agr — 1 > A, we get in particular :
JA(ﬁR) S E(S) + 27],

Ur = ug on [—A, A]

and
D(ug) = D(ug) on [—A, A].

This implies that
Ja(ur) < E(s) + 2n.

Passing to the limit R — +o0, we get
Ja(u) < E(s) + 2n.
Because n > 0 is arbitrarily small, we get

Ta(u) < B(s).

This implies (with A — o) that

J(u) < E(s).

4.8 Stability

Lemma 4.8.1 For every function u € H}. (R), such that (u')? has exponential decay

loc

at infinity. Then we have

[ ID@@)? de < [ ()? da.

Proof. Let u € H].(R), such that (u')? has exponential decay at infinity. For every
1
x € R, we have Du(x) = TN u'(s) ds. Therefore

T3

1

[Du@) de = [ s ( /+ o (s) ds>2

< [ dx/f% (W/(s)))? ds

1
2
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< /:Jrf dac/[R(u'(s))2 ds :/(u’(s))2 ds,

R

where in the second line, we used Holder’s inequality. In the third line, we used Fubini’s
theorem.

Proof of Theorem 4.1.10

To show that the integer 1 is stable, we have to prove the following inequality

E(l) < E(s)+ E(1 —s) for every s € Z\{0, 1}. (4.8.1)

Step 1 : Lower bound on E(s)

Using Lemma 4.8.1, we get for any u € sp + C°(R)

<622_1>/R(u’(x))2 dm—I—/RW(u(x)) d.

By Cauchy-Schwarz inequality, we obtain

J(u) > /2(c2 = 1) /J:O o/ () [\/W (u(z)) da.

J(u) >

Making the change of variable y = u(x), we obtain

Ty = 21 [ 1) dy,
where S(y) = [{ /W (v) dv.

If |s| # 0, then setting z = ﬁ, we get

J(w) > [s|y/2( — 1)B(D).
B(s) > sly/2(c — 1)B(L).

Step 2 : Upper bound of E(1)

Therefore
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Let ¢ € C*(R) be a function satisfying ¢(—o0) = 0, ¢(+00) = 1, and % (¢/(x))* =
W (¢(x)). This function exists because of our assumption (4.1.2).

Then, necessarily

J6) < 5 [ @) de+ [ Wio)

= o2 [T @ W (o) dr=ev3 [ Fw) du
= V/26(1).

Using the fact that ¢ can be approximeted by ¢+ with ¢ € C°(R), we deduce that
for any § > 0, there exists ¢° € C®°(R) such that

[T (ur) = J(p +¢°)| < 6.
Therefore,

E(1) J(p+°)

J(p) + 9,

IA A

this implies

E(1) < J(p) < eV25(1).

Step 3. Conclusion

Equality in (4.8.1) never holds for s = —1,0,1,2. Therefore, inequality (4.8.1) is
satisfied if cv/23(1) < (|s| + |1 — s]) B(1)/2(c2 — 1), for s € Z\{—1,0,1,2}, if ¢ <
Ve —=1(s|+ |1 —s]), ie if ¢ < sve?—1.

. . 25
Consequently (4.8.1) is true if ¢ > /57,

Theorem 4.8.2 (Relation between stability and transition)

If ¢ € 7 is stable with respect to E then the solution u, constructed in Proposition
4.7.1, is a L-transition.
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Proof of Theorem 4.1.8. Apply Theorem 4.8.2.
Proof of Theorem 4.8.2.

Let ¢ € Z\{0} stable. Construct an ug such that ug(x + 2R) = ug(z) + ¢. By Pro-
position 4.7.1 and Proposition 4.7.2 there exists a solution u which has a s-transition
with s = /.

Set
I =arg k61113:f22 E(k).

Note that by Step 1 of the proof of Theorem 4.1.10, we have I # ().

Lemma 4.8.3 (Stability of the elements of I)

k is stable for every k € I.

Proof.

Let k € I, we want to show that for any ¢ € Z\{0, k}
E(k) < E(k—10)+ E((). (4.8.2)
By the definition of F, we have
Ek) < E(k—=1)+ E() Vi e Z\{0, k}. (4.8.3)
By definition of I, for any & € 1 + 27, we have
E(K') > peianrf2Z E(p) = E(k). (4.8.4)

Let [ € Z\{0}.
Case 1 : 1 € 27\{0}

Then E(I) > 0 and taking k' = k — [ in (4.8.4), we get E(k —1) > E(k). Then (4.8.1)
implies (4.8.2).
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Case 2 : [ € 1+ 27\{k}

Then E(k —1) > 0 and taking k' = [ in (4.8.4), we get E(l) > E(k). Similarly (4.8.3)
implies (4.8.2), and then it shows that k is stable.

Proof of Theorem 4.1.9. Apply Lemma 4.8.3.

Set

J = arg ke2uzl\f{0} E(k).

Lemma 4.8.4 (Stability of elements of J)

If

. . /
%gamE@0<2<“$ng%)>, (4.8.5)

then any k € J s stable.

Proof. Let kK € J and [ € 7, then we have two possibilities.
Case 1 : 1€ 27\{0,k}

This implies that 0 < E(k) < E(l). On the other hand, we have also k — [ € 2Z\{0}.
Hence

E(k) < Bk — 1)+ E().
Case 2 : [ € 14+ 27\{0}

Then k — 1 € 14+ 27\{0} and

E(l) > E(K') and E(k —1) > E(K) for all k" € I. (4.8.6)

If
E(k) = E(k — 1) + E(l), (4.8.7)

then by equations (4.8.6), we have E(k) > 2FE(k’) for all ¥ € I. This contradict
assumption (4.8.5). Consequently E(k) < E(k —1) + E(I).
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This shows that k is stable.

4.9 Apprendix

4.9.1 First integral

Lemma 4.9.1 ( First integral for the solutions of equation (4.1.3))
For all ¢ € R, every solution u of equation (4.1.3) satisfies the following first integral :

ZCQW — W (u(z +1)) + ; (u(z +1i+41) —u(z +1))* = constant.

i€z

Proof. Let u a solution of equation (4.1.3), and set :

Pim 3 U W a4 )+ 5 o+ 1) — e+ )

then

P = gc%’(eri)u"(eri)—W’(u(eri))u’(eri)

+ (uz+i+l)—ulz+i) (W(e+i+1)—u(z+1))

= % wxz+i+1)+u(z+i—1)—2u(x+1i) + W (u(lz +1i))] v (x+1)

— Wiu(@+i)u'(z+10) + [ul + i+ 1) —ule + )] [u'(z +i+1) — v'(z + )]

= %[u(w—i—i—1)—u(x+i)]u’(x+i)—i—[u(a:—i—z'+1)—u(m+i)]u’(gc+z'+1)

= 0,

where we used equation (4.1.3) in the second line.
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Hence P = constant, which completes the proof.
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